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Fault detection, isolation, estimation, and accommodation
of dynamic systems play important roles to improve system
reliability and stability. Hence, it is important to develop
novel theories and methods to investigate fault diagnosis
and fault tolerant control or related topics. The papers
selected for this special issue represent a good panel for
addressing this challenge. Of course, the selected topic and
the papers are not an exhaustive representation of the area
of fault detection, isolation, estimation, and accommodation
of dynamic systems. Nonetheless, they represent the rich and
many-facet knowledge, which we have the pleasure of sharing
with the readers.
The special issue contains eleven papers, where one paper
is about fault detection of discrete-time systems, two papers
are related to the observer-based fault estimation, and two
papers are regarding fault tolerant control of dynamical
systems. Finally, six papers introduce the application of fault
detection and fault tolerant control in practical systems.
In a paper entitled “Simultaneous Fault Detection and
Control for Discrete-Time Systems via a Switched Scheme,” J.
Li and X. Dai study the problem of simultaneous fault detection and control for linear systems with a switched scheme.
The switched detector/controller is designed simultaneously.
When the faults are detected, the detector/controller is
switched to reduce the effect of the faults.
In a paper entitled “Robust Fault Reconstruction in
Discrete-Time Lipschitz Nonlinear Systems via EulerApproximate Proportional Integral Observers,” Q. Jia et al.

investigate the problem of observer-based robust fault
reconstruction for a class of nonlinear sampled-data systems.
A discrete-time Lipschitz nonlinear system is first established,
and its Euler-approximate model is described; then, an Eulerapproximate proportional integral observer is constructed.
Finally, a single-link flexible robot is employed to verify the
effectiveness of the proposed fault-reconstructing method.
In a paper entitled “Robust Fault Diagnosis Design for
Linear Multiagent Systems with Incipient Faults,” J. Xia et al.
investigate the design of a robust fault estimation observer
for linear multiagent systems subject to incipient faults. By
considering the fact that incipient faults are in low frequency
domain, the fault estimation of such faults is proposed for
discrete-time multiagent systems based on finite frequency
technique.
In a paper entitled “Sensor Fault Tolerant Control of a
Fast Steering Mirror System Using Adaptive PI-Based Sliding
Mode Observer and Hardware Redundancy,” H. Wang et
al. consider a sensor fault tolerant control scheme for a
two-axis fast steering mirror system with minimum power
consumption and without changing the controller structure.
An adaptive PI-based sliding mode observer is adopted to
estimate the fault signal. The estimation is then used by the
fault isolation logic to identify the fault.
In a paper entitled “Fault Tolerant Control for Uncertain
Time-Delay Systems with a Trajectory Tracking Approach,”
S. Zhao et al. investigate the problem of fault tolerant control
by trajectory tracking for a class of linear time-delay systems.
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Based on Lyapunov-Krasovskii functional approach, stability
problems of the descriptor system are easily solved in terms
of the linear matrix inequalities.
In a paper entitled “Bayesian Network Based Fault Prognosis via Bond Graph Modeling of High-Speed Railway
Traction Device,” Y. Wu et al. first introduce a bond graph
modeling of CRH5 high-speed train traction device, based on
which a multilayer Bayesian network is developed. Later, two
different parameter learning algorithms such as Bayesian estimation and expectation maximization algorithm are adopted
to determine the conditional probability table of the Bayesian
network. Finally, Pearl’s polytree propagation algorithm for
joint probability reasoning is used for failure prediction.
In a paper entitled “Actuator Fault Diagnosis with Application to a Diesel Engine Testbed,” B. Boulkroune et al. study
the issues of actuator fault detection and isolation for diesel
engines. They are particularly interested in faults affecting
the exhaust gas recirculation and the variable geometry turbocharger actuator valves. A bank of observer-based residuals
is designed using a nonlinear mean value model of diesel
engines.
In a paper entitled “Joint Feature and Model Selection
for SVM Fault Diagnosis in Solid Oxide Fuel Cell Systems,”
G. Moser et al. investigate an original technique for the
joint feature and model selection in the context of support
vector machine classification applied as a diagnosis strategy
in model-based fault detection and isolation.
In a paper entitled “Vacuum Large Current Parallel Transfer Numerical Analysis,” E. Dong et al. analyze the transfer
current’s experiments and the real vacuum arc resistance
and precise correctional model in the large transfer current’s
process are obtained.
In a paper entitled “Relationship-Oriented Software
Defined AS-Level Fast Rerouting for Multiple Link Failures,”
C. Li et al. study a local fast reroute approach to effectively
recover from multiple link failures in one administrative
domain. It can handle various types of multiple link failures
that distribute in a vast scope of space and time.
In a paper entitled “SINS/CNS Nonlinear Integrated
Navigation Algorithm for Hypersonic Vehicle,” Y. Yu et al.
design the model of altitude azimuth, platform error angles,
and horizontal position. The SINS/CNS tightly integrated
algorithm. Gaussian particle filter is introduced to solve the
problem of nonlinear filtering.
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The problem of observer-based robust fault reconstruction for a class of nonlinear sampled-data systems is investigated. A discretetime Lipschitz nonlinear system is first established, and its Euler-approximate model is described; then, an Euler-approximate
proportional integral observer (EPIO) is constructed such that simultaneous reconstruction of system states and actuator faults
are guaranteed. The presented EPIO possesses the disturbance-decoupling ability because its architecture is similar to that of a
nonlinear unknown input observer. The robust stability of the EPIO and convergence of fault-reconstructing errors are proved
using Lyapunov stability theory together with 𝐻∞ techniques. The design of the EPIO is reformulated into convex optimization
problem involving linear matrix inequalities (LMIs) such that its gain matrices can be conveniently calculated using standard LMI
tools. In addition, to guarantee the implementation of the EPIO on the exact model, sufficient conditions of its semiglobal practical
convergence are provided explicitly. Finally, a single-link flexible robot is employed to verify the effectiveness of the proposed faultreconstructing method.

1. Introduction
Increasing complexity of modern engineering systems and
higher demand for system performance, particularly in
safety-critical systems, will correspondingly raise the probability of system faults and/or failures. As a response to the
requirement for system safety, reliability, and survivability,
fault diagnosis of dynamic systems has been an attractive
subject during the past few decades. In general, faultdiagnostic module consists of three essential tasks: fault
detection, isolation, and reconstruction (also known as fault
estimation or fault identification) [1–3]. In literature, fault
detection and isolation (FDI) schemes are considered to
be the most important and are of main focuses; nevertheless, fault reconstruction is an indispensable component
in active fault-tolerant control (FTC) systems where faults
can be effectively accommodated utilizing reconfigurable

fault-tolerant controller with reconstructed fault information
in real time.
During the past decade, observer-based methods for
fault reconstruction have been increasingly attracting the
attention of many researchers and different categories of
fault reconstruction observers have been developed, such as
adaptive observers [4, 5], sliding mode observers (SMOs)
[6, 7], learning observers [8, 9], and proportional integral
observers (PIOs) [10, 11], to name just a few. It is worth
noting that most of existing observers are mainly applicable to
continuous-time systems. On the other hand, it is well known
that fault reconstruction for nonlinear discrete-time systems
is considerably practical and challenging because the nonlinearities inherently exist in nature, and most continuous-time
systems are implemented digitally in practical applications.
Under the assumption that nonlinear discrete-time models
are accurate, numerous fault-reconstructing strategies have
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been reported [12–15]. However, the availability of the exact
models, originated from discretization of a continuous-time
plant, is usually unrealistic. A practical solution to this
difficult situation is to employ approximate discrete-time
models, especially Euler-approximate models, instead of
exact models.
More recently, many researchers have paid much attention to observer design and observer-based fault reconstruction for nonlinear discrete-time systems with Eulerapproximate models. Reference [16] proposes a general
framework for nonlinear observer design via the approximate
discrete models. For Lipschitz nonlinear systems, the authors
in [17] suggest a robust 𝐻∞ observer whose main advantage is that maximum admissible Lipschitz constant and
robustness can be solved using LMI optimization techniques.
Based on [16, 17], a Euler-approximate observer (EAO) is
presented for fault reconstruction and active FTC in [18];
however, the robustness is not well guaranteed. For nonlinear
networked control systems, an SMO-based fault reconstruction approach is investigated in [19] where the chattering
phenomenon resulting from the signum function in the
SMO is inevitable. In [20], a Euler-approximate unknown
input observer- (UIO-) based robust fault detection strategy
is developed. However, to the best of our knowledge, few
results have been reported on observer-based robust fault
reconstruction for nonlinear discrete-time systems via Eulerapproximate models. In addition, how to solve the error
problem caused by the approximate models such that the
observer designed under Euler-approximate models can be
implemented on the exact models has still been an interesting
and challenging issue. All of these motivate us to pursue this
investigation.
The main objective of this work is to design and analyze an observer-based robust fault-reconstructing strategy
for a class of nonlinear discrete-time systems using Eulerapproximate models. First, a sampled-data nonlinear system,
satisfying the Lipschitz condition, is formulated into a Eulerapproximate model; then, on the basis of our previous results
in [20], a discrete-time Euler-approximate proportional integral observer (EPIO) is constructed to simultaneously reconstruct system states and actuator faults. The EPIO has an
architecture similar to that of a nonlinear UIO. Compared
with the EAO proposed in [18], the designed EPIO is able to
partially decouple external disturbances and is robust to the
reminding part of external disturbances and measurement
noises. As a result, the accuracy of the EPIO-based fault
reconstruction can be guaranteed. In addition, to guarantee
implementation of the EPIO on the exact models, sufficient
conditions for semiglobal practical convergence, which is
defined in [16], are explicitly provided. Besides, systematic
observer synthesis with an 𝐻∞ technique is effectively solved
using LMI optimization techniques. Simulation results on
a single-link flexible robot are also presented to verify the
effectiveness of the proposed fault-reconstructing method.
The rest of this paper is organized as follows. In Section 2,
an Euler-approximate model of a Lipschitz nonlinear system
is described, and main problems are formulated. In Section 3,
a discrete-time EPIO is constructed, and robust stability and
semiglobal practical convergence of the proposed observer
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are analyzed. Simulation studies are reported in Section 4,
and conclusions are drawn in the last section.

2. System Description and
Problem Formulation
A continuous-time nonlinear system subject to actuator
faults, external disturbances, and measurement noises is
described as
𝑥̇(𝑡) = 𝐴𝑥 (𝑡) + Φ (𝑥 (𝑡) , 𝑡) + 𝐵𝑢 (𝑡) + 𝐷1 𝑑1 (𝑡) + 𝐹𝑓 (𝑡) ,
(1a)
𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷2 𝑑2 (𝑡) ,

(1b)

where 𝑥(𝑡) ∈ R𝑛 , 𝑢(𝑡) ∈ R𝑚 , and 𝑦(𝑡) ∈ R𝑝 , representing
system state vector, control input vector and measurable
output vector, respectively. Variable 𝑓(𝑡) denotes actuator
faults with 𝑓(𝑡) ∈ R𝑚 . Vectors 𝑑1 ∈ R𝑑 and 𝑑2 ∈ R𝑠 ,
representing external disturbances and measurement noises,
respectively. Without loss of generality, matrices 𝐷1 and 𝐶
are assumed to be of full column rank and of full row rank,
respectively. The symbol Φ(𝑥(𝑡), 𝑡) is a continuous nonlinear
function that is assumed to satisfy the Lipschitz condition (at
̂
̂ 𝑡)‖ ≤ 𝐿 𝑔 ‖𝑥(𝑡) − 𝑥(𝑡)‖,
least local), that is, ‖Φ(𝑥(𝑡), 𝑡) − Φ(𝑥(𝑡),
where 𝐿 𝑔 is a Lipschitz constant.
Herein, system control input 𝑢(𝑡) is taken to be a piecewise constant signal as 𝑢(𝑘) during the sampling intervals
[𝑘𝜏, (𝑘 + 1)𝜏] with a zero-order hold, where 𝜏 is the sampling
period. Therefore, the Euler-approximate discrete model of
continuous-time system ((1a), (1b)) can be formulated as
𝑥 (𝑘 + 1) = (𝐼𝑛 + 𝜏𝐴) 𝑥 (𝑘) + 𝜏Φ (𝑥 (𝑘) , 𝑘) + 𝜏𝐵𝑢 (𝑘)
+ 𝜏𝐷1 𝑑1 (𝑘) + 𝜏𝐹𝑓 (𝑘) ,
𝑦 (𝑘) = 𝐶𝑥 (𝑘) + 𝐷2 𝑑2 (𝑘) ,

(2a)
(2b)

where discrete nonlinear term ‖Φ(𝑥(𝑘), 𝑘)‖ still satisfies
Lipschitz constraint, namely,
‖Φ (𝑥 (𝑘) , 𝑘) − Φ (𝑥̂ (𝑘) , 𝑘)‖ ≤ 𝐿 𝑔 ‖𝑥 (𝑘) − 𝑥̂ (𝑘)‖ .

(3)

Before finishing this section, the following lemma is
provided for proof of theorems in the latter section.
Lemma 1. For any positive scalar 𝛿, there exists a positivedefinite symmetric matrix 𝑁 such that the following inequality
holds:
1
2𝑎𝑇 𝑁𝑏 ≤ 𝛿𝑎𝑇 𝑁𝑎 + 𝑏𝑇 𝑁𝑏,
𝛿

∀ (𝑎, 𝑏) ∈ R𝑛 .

(4)

Throughout the paper, 𝐴 > 0 (𝐴 < 0) denotes that 𝐴
is positive (negative) definite, 𝜆 min (𝐴) and 𝜆 max (𝐴) are the
minimum and maximum eigenvalues of 𝐴, 𝜎(𝐴) represents
the maximum singular value of matrix 𝐴, ‖ ⋅ ‖ and ‖ ⋅ ‖∞
represent Euclidean norm and infinity norm of a vector or
matrix, ∗ means symmetric term, 𝐼𝑛 is an identity matrix
of size 𝑛, 0𝑛 is a zero matrix of size 𝑛, † represents a
pseudoinverse of a matrix, and C denotes the set of all
complex numbers.
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3. Fault Reconstruction via Euler-Approximate
Proportional Integral Observers
In this section, we will construct a discrete-time EPIO to
achieve robust actuator-fault reconstruction; then, robust stability and semiglobal practical convergence of the presented
EPIO will be discussed in detail.

where 𝑑11 ∈ R𝑞 and 𝑞 is the maximum number of columns
of the matrix 𝐷1 for which the condition, rank(𝐶𝐷11 ) =
rank(𝐷11 ), is satisfied. Matrix 𝐷11 is composed of 𝑞 columns
of the matrix 𝐷1 while matrix 𝐷12 represents the remaining
part of the matrix 𝐷1 .
Matrix 𝑇 is selected such that the condition, 𝑇𝐷11 = 0,
holds. Herein, we define matrix 𝐸 as [0𝑞 𝐷12 ]. Hence, state
error dynamics (6a) can be further manipulated as

3.1. Design of a Euler-Approximate Proportional Integral
Observer. In order to perform fault reconstruction for actuators in Lipschitz nonlinear system ((1a), (1b)), a discretetime nonlinear EPIO is established for the Euler-approximate
model ((2a), (2b)) as follows:
𝑧 (𝑘 + 1) = 𝑇 (𝐼𝑛 + 𝜏𝐴) 𝑥̂ (𝑘) + 𝜏𝑇Φ (𝑥̂ (𝑘) , 𝑘) + 𝜏𝑇𝐵𝑢 (𝑘)
+ 𝐿 (𝑦 (𝑘) − 𝑦̂ (𝑘)) + 𝜏𝑇𝐹𝑓̂ (𝑘) ,
(5a)
𝑥̂ (𝑘) = 𝑧 (𝑘) + 𝐻𝑦 (𝑘) ,

(5b)

𝑦̂ (𝑘) = 𝐶𝑥̂ (𝑘) ,

(5c)

𝑓̂ (𝑘 + 1) = 𝑓̂ (𝑘) + 𝐾 (𝑦 (𝑘) − 𝑦̂ (𝑘)) ,

(5d)

𝑛

𝑛

𝑝

̂
̂
∈ R , and 𝑦(𝑘)
∈ R ;
where 𝑧(𝑘) ∈ R , 𝑥(𝑘)
they represent the observer state vector, the estimated state
vector, and measurement output vector, respectively. Fault
̂
reconstruction signal 𝑓(𝑘)
is recursively updated by both
itself and output estimation errors at the sampling time 𝑘 − 1.
Here, 𝑇, 𝐻, 𝐿, and 𝐾 are gain matrices with appropriate
dimensions to be determined later.
̂
̂
𝑒𝑦 (𝑘) := 𝑦(𝑘) − 𝑦(𝑘),
and
Defining 𝑒𝑥 (𝑘) := 𝑥(𝑘) − 𝑥(𝑘),
̂ and letting 𝑇+𝐻𝐶 = 𝐼 , estimation error
𝑒𝑓 (𝑘) := 𝑓(𝑘)− 𝑓(𝑘)
𝑛
dynamics can be easily obtained as
𝑒𝑥 (𝑘 + 1) = (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑒𝑥 (𝑘) + 𝜏𝑇ΔΦ (𝑘)
+ 𝜏𝑇𝐷1 𝑑1 (𝑘) − 𝐿𝐷2 𝑑2 (𝑘)

(6a)

𝑒𝑥 (𝑘 + 1) = (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑒𝑥 (𝑘) + 𝜏𝑇ΔΦ (𝑘)
+ 𝜏𝑇𝐸𝑑1 (𝑘) − 𝐿𝐷2 𝑑2 (𝑘)
− 𝐻𝐷2 𝑑2 (𝑘 + 1) + 𝜏𝑇𝐹𝑒𝑓 (𝑘) .
Considering (5d), fault-reconstructing errors 𝑒𝑓 (𝑘) can
be expressed in the following equation:
𝑒𝑓 (𝑘 + 1) = 𝑒𝑓 (𝑘) − 𝐾𝐶𝑒𝑥 (𝑘) − 𝐾𝐷2 𝑑2 (𝑘) + Δ𝑓 (𝑘) , (10)
where fault variation vector Δ𝑓(𝑘) := 𝑓(𝑘 + 1) − 𝑓(𝑘). If
constant actuator faults are considered in system ((1a), (1b)),
then Δ𝑓(𝑘) ≡ 0. Therefore, one obtains
𝑒𝑓 (𝑘 + 1) = 𝑒𝑓 (𝑘) − 𝐾𝐶𝑒𝑥 (𝑘) − 𝐾𝐷2 𝑑2 (𝑘) .

Therefore, a general solution of (12) can be determined by
[𝑇 𝐻] = [𝐼𝑛 0] [

(6b)

̂
where ΔΦ(𝑘) = Φ(𝑥(𝑘), 𝑘) − Φ(𝑥(𝑘),
𝑘).
Since the nonlinear function Φ(𝑥(𝑘), 𝑘) satisfies the
Lipschitz condition, then
ΔΦ𝑇 (𝑘) ΔΦ (𝑘) − 𝐿2𝑔 𝑒𝑥𝑇 (𝑘) 𝑒𝑥 (𝑘) ≤ 0.

(7)

Inspired by disturbance-decoupling principle of UIOs [20,
21], we will design gain matrix 𝑇 such that state estimation
error can be partially decoupled from external disturbances.
As such, state error dynamics (6a) can be reorganized as
𝑒𝑥 (𝑘 + 1) = (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑒𝑥 (𝑘) + 𝜏𝑇ΔΦ (𝑘)
𝑇

𝑇
𝑇
+ 𝜏𝑇[𝐷
11 𝐷12 ] × [𝑑
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
11 (𝑘) 𝑑12 (𝑘)]
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐷1

𝑑1 (𝑘)

− 𝐿𝐷2 𝑑2 (𝑘) − 𝐻𝐷2 𝑑2 (𝑘 + 1) + 𝜏𝑇𝐹𝑒𝑓 (𝑘) ,

(8)

(11)

Remark 2. Equations (8) and (9) display that the designed
EPIO is only partially decoupled from external disturbance
𝑑1 (𝑘). It is because either the number of measurement
outputs is not greater than that of external disturbances or
fault-reconstructing ability of the presented EPIO should be
guaranteed when coupling problem exists between external disturbances and actuator faults. To tackle the above
disturbance-decoupling problem, gain matrices 𝑇 and 𝐻
should be designed such that matrix equations, 𝑇 + 𝐻𝐶 =
𝐼𝑛 , and 𝑇𝐷11 = 0, are satisfied simultaneously. Augmented
matrix equation composing of these two constraints can be
written as
𝐼 𝐷
(12)
[𝑇 𝐻] [ 𝑛 11 ] = [𝐼𝑛 0] .
𝐶 0

− 𝐻𝐷2 𝑑2 (𝑘 + 1) + 𝜏𝑇𝐹𝑒𝑓 (𝑘)
𝑒𝑦 (𝑘) = 𝐶𝑒𝑥 (𝑘) + 𝐷2 𝑑2 (𝑘) ,

(9)

†

𝐼𝑛 𝐷11
] .
𝐶 0

(13)

In addition, to guarantee actuator-fault detectability by the
proposed EPIO, the constraint, rank(𝑇𝐹) = rank(𝐹), should
be also satisfied.
According to (9) and (10), the following augmented error
dynamics can be constructed as
[

𝑒𝑥 (𝑘 + 1)
]
𝑒𝑓 (𝑘 + 1)
=[

ΔΦ (𝑘)
𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶 𝜏𝑇𝐹 𝑒𝑥 (𝑘)
][
] + 𝜏𝑇 [
]
𝑒𝑓 (𝑘)
0
−𝐾𝐶
𝐼𝑚

𝑑1 (𝑘)
𝑑2 (𝑘) ]
𝜏𝑇𝐸 −𝐿𝐷2 −𝐻𝐷2 0 [
].
][
+[
[
0
𝐼𝑚 𝑑2 (𝑘 + 1)]
0 −𝐾𝐷2
[ Δ𝑓 (𝑘) ]

(14)

4

Mathematical Problems in Engineering
Denote
𝑒 (𝑘)
𝑒 (𝑘) = [ 𝑥 ] ,
𝑒𝑓 (𝑘)
𝑇=[

𝑇 0
],
0 𝐼𝑚

ΔΦ (𝑘)
],
ΔΦ (𝑘) = [
0
𝐿
𝐿 = [ ],
𝐾

The linear error dynamics (21) is asymptotically stable if and
only if the pair (𝑇 𝐴, 𝐶) is detectable. It is equivalent to

𝑑1 (𝑘)
[ 𝑑2 (𝑘) ]
]
𝜔 (𝑘) = [
[𝑑2 (𝑘 + 1)] ,
[ Δ𝑓 (𝑘) ]
𝐴=[

rank [

𝐼𝑛 + 𝜏𝐴 𝜏𝐹
],
0
𝐼𝑚

𝐷2 = [0 −𝐷2 0 0] .
(15)

Further, augmented error dynamics (14) can be reorganized into a compact form
𝑒 (𝑘 + 1) = (𝑇 𝐴 − 𝐿 𝐶) 𝑒 (𝑘) + 𝜏𝑇ΔΦ (𝑘)
+ (𝐿 𝐷2 − 𝐷1 ) 𝜔 (𝑘)

(16)

𝑒𝑦 (𝑘) = 𝐶𝑒 (𝑘) − 𝐷2 𝜔 (𝑘) .
Besides, fault reconstruction error 𝑒𝑓 (𝑘) = 𝐶𝑓 𝑒(𝑘), where
𝐶𝑓 = [0 𝐼𝑚 ].
For nonlinear function ΔΦ(𝑘), the following inequality
holds:
𝑇

𝑇

Γ = ΔΦ (𝑘) ΔΦ (𝑘) − 𝑒𝑇 (𝑘) 𝐿𝑔 𝐿𝑔 𝑒 (𝑘) ≤ 0,

(17)

𝐿 𝐼 0
[ 𝑔0 𝑛 0𝑚

where 𝐿𝑔 =
].
It is noticed that augmented error system (16) can be
treated as an observation-error equation of the following
nonlinear system:
𝑥 (𝑘 + 1) = 𝑇 𝐴𝑥 (𝑘) + 𝜏𝑇 Φ (𝑥 (𝑘) , 𝑘) + 𝐷1 𝜔 (𝑘)
𝑦 (𝑘) = 𝐶𝑥 (𝑘) − 𝐷2 𝜔 (𝑘) ,

(18)

(22)

rank [

𝑧𝐼𝑛+𝑚 − 𝑇 𝐴
]
𝐶

𝑧𝐼𝑛 − 𝑇 (𝐼𝑛 + 𝜏𝐴) −𝜏𝑇𝐹
0
(𝑧 − 1) 𝐼𝑚 ] .
= rank [
𝐶
0
[
]

(23)

(1) If 𝑧 = 1,
rank [
[

𝑧𝐼𝑛 − 𝑇 (𝐼𝑛 + 𝜏𝐴) −𝜏𝑇𝐹
0
(𝑧 − 1) 𝐼𝑚 ]
𝐶
0
]

= rank [

𝐼𝑛 − 𝑇 (𝐼𝑛 + 𝜏𝐴) −𝜏𝑇𝐹
]
𝐶
0

= rank [

𝐼𝑛 − (𝐼𝑛 − 𝐻𝐶) (𝐼𝑛 + 𝜏𝐴) −𝜏𝑇𝐹
]
𝐶
0

= rank [

𝐴 𝑇𝐹
].
𝐶 0

(24)

(2) If 𝑧 ≠
1,
𝑧𝐼𝑛 − 𝑇 (𝐼𝑛 + 𝜏𝐴) −𝜏𝑇𝐹
0
(𝑧 − 1) 𝐼𝑚 ]
rank [
𝐶
0
]
[
𝑧𝐼 − 𝑇 (𝐼𝑛 + 𝜏𝐴)
= rank [ 𝑛
]+𝑚
𝐶

(25)

𝑧𝐼 − (𝐼𝑛 − 𝐻𝐶) (𝐼𝑛 + 𝜏𝐴)
= rank [ 𝑛
]+𝑚
𝐶

where
𝑇

𝑥 (𝑘) = [𝑥𝑇 (𝑘) 𝑓𝑇 (𝑘)] ,
𝑇

(19)

Φ (𝑥 (𝑘) , 𝑘) = [Φ𝑇 (𝑥 (𝑘) , 𝑘) 0] .
An augmented state observer can be established for (18) as
follows:
̂ (𝑘) + 𝜏𝑇 Φ (𝑥
̂ (𝑘) , 𝑘) + 𝐿 (𝑦 (𝑘) − 𝑦̂ (𝑘)) ,
̂ (𝑘 + 1) = 𝑇 𝐴𝑥
𝑥
̂ (𝑘) .
𝑦̂ (𝑘) = 𝐶𝑥
(20)
Remark 3. If both the nonlinear term ΔΦ(𝑘) and augmented
disturbance 𝜔(𝑘) are not considered in (16), we can obtain
𝑒 (𝑘 + 1) = (𝑇 𝐴 − 𝐿 𝐶) 𝑒 (𝑘) ,
𝑒𝑦 (𝑘) = 𝐶𝑒 (𝑘) .

∀𝑧 ∈ C, |𝑧| ≥ 1,

and one obtains

−𝜏𝑇𝐸 0 𝐻𝐷2 0
𝐷1 = [
],
0
0 0 −𝐼𝑚

𝐶 = [𝐶 0] ,

𝑧𝐼𝑛+𝑚 − 𝑇 𝐴
] = 𝑛 + 𝑚,
𝐶

(21)

𝑧𝐼 − (𝐼𝑛 + 𝜏𝐴)
= rank [ 𝑛
] + 𝑚.
𝐶
Thus, the pair (𝑇 𝐴, 𝐶) is detectable if and only if
rank [

𝐴 𝑇𝐹
] = 𝑛 + 𝑚,
𝐶 0

𝑧𝐼 − (𝐼𝑛 + 𝜏𝐴)
]=𝑛
rank [ 𝑛
𝐶

(26)

when 𝑧 = −1 and |𝑧| > 1. Therefore, the above two conditions
can be regarded as necessary conditions for existence of the
proposed nonlinear EPIO ((5a), (5b), (5c), and (5d)).
Remark 4. Equations (14)–(20) imply that the design of the
proposed nonlinear EPIO is now converted into the analysis
of robust stability of the augmented error dynamics (16),
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that is, the design of robust observer (20) for the augmented
nonlinear system (18). Therefore, to guarantee the robustness
of the proposed EPIO against the remaining part of external
disturbance 𝑑1 (𝑘) and measurement noise 𝑑2 (𝑘), we shall
design augmented matrix 𝐿, which is composed of two
unknown matrices 𝐿 and 𝐾, such that the robust stability
of the augmented error dynamics (16) is guaranteed with a
prescribed 𝐻∞ performance specification.
3.2. Robust Stability Analysis of the Euler-Approximate Proportional Integral Observer. In this subsection, we will foucs
on the robust stability analysis of the proposed nonlinear
EPIO ((5a), (5b), (5c), and (5d)). Equation (14) shows that different components of the augmented disturbance 𝜔(𝑘) have
different influences on fault reconstruction performance. To
guarantee better robustness of the designed nonlinear EPIO
against external disturbance 𝑑1 (𝑘), measurement noise 𝑑2 (𝑘),

and fault variation vector Δ𝑓(𝑘), multiple attenuation levels
in an 𝐻∞ performance specification will be adopted in the
EPIO synthesis. In what follows, a theorem is presented to
characterize the robust stability of the proposed EPIO ((5a),
(5b), (5c), and (5d)).
Theorem 5. Consider the Euler-approximate discrete model
((2a), (2b)). For a given positive scalar 𝛾𝑖 , 𝑖 = {1, 2, 3, 4}, if there
exist a positive-definite symmetric matrix 𝑃 ∈ R(𝑛+𝑚)×(𝑛+𝑚) , a
matrix 𝑌 ∈ R(𝑛+𝑚)×𝑝 , and positive scalars 𝛿𝑖 , 𝑖 = {1, 2, 3, 4}
such that
−𝑃 √1 + 𝛿1 (𝑃 𝑇 𝐴 − 𝑌 𝐶) 𝜏√1 + 𝛿2 𝑃 𝑇
]
[
𝑇
] < 0,
[∗
0
−𝑃 + 𝛿3 𝐿𝑔 𝐿𝑔
∗
−𝛿3 𝐼𝑛+𝑚 ]
[∗

𝑃𝑇𝐴 − 𝑌𝐶
𝜏𝑃 𝑇 𝜏𝑃 𝑇 𝐸 −𝑌𝐷2 −𝑃 𝐷ℎ 𝑃 𝐼𝑚
−𝑃
𝑇
[
]
𝑇
0
0
0
0
0 ]
[ ∗ −𝑃 + 𝛿4 𝐿𝑔 𝐿𝑔 + 𝐶𝑓 𝐶𝑓
[
]
[∗
∗
−𝛿4 𝐼𝑛+𝑚
0
0
0
0 ]
[
]
2
< 0,
[∗
0
0
0 ]
∗
∗
−𝛾1 𝐼𝑑
[
]
2
[∗
]
𝐼
0
0
∗
∗
∗
−𝛾
2 𝑠
[
]
[∗
0 ]
∗
∗
∗
∗
−𝛾32 𝐼𝑠
∗
∗
∗
∗
0
−𝛾42 𝐼𝑚 ]
[∗
𝐿 𝐼

0

0
2
where 𝐿𝑔 = [ 𝑔0 𝑛 0𝑚 ], 𝐸 = [ 𝐸0 ], 𝐷ℎ = [ 𝐻𝐷
0 ], and 𝐼𝑚 = [ 𝐼𝑚 ],
then the proposed nonlinear EPIO ((5a), (5b), (5c), and (5d))
can realize uniform ultimate boundedness of state-estimating
error 𝑒𝑥 (𝑘) and fault-reconstructing error 𝑒𝑓 (𝑘) with an 𝐻∞
performance criterion:

2
𝑒𝑓 (𝑘) ≤ 𝛾12 𝑑1 (𝑘)2


(29)
2


2
+ (𝛾22 + 𝛾32 ) 𝑑2 (𝑘) + 𝛾42 Δ𝑓(𝑘) .

Moreover, augmented matrix 𝐿 can be determined by 𝐿 =
−1
𝑃 𝑌.
Proof. Consider the Lyapunov function candidate 𝑉(𝑘) =
𝑒𝑇 (𝑘)𝑃𝑒(𝑘). The external disturbance 𝑑1 (𝑘) and measurement
noise 𝑑2 (𝑘) are temporarily dropped; then, the difference
Δ𝑉(𝑘) = 𝑉(𝑘 + 1) − 𝑉(𝑘) is derived as
𝑇

𝑇

Δ𝑉 (𝑘) = [

𝑒 (𝑘)
𝑒 (𝑘)
𝑅 𝜏 (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝑇
][
] [
]
2 𝑇
ΔΦ (𝑘)
ΔΦ
(𝑘)
∗
𝜏 𝑇 𝑃𝑇

+ 2𝑒 (𝑘) (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝐼𝑚 Δ𝑓 (𝑘)

𝑇

2𝑒𝑇 (𝑘) (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
𝑇

≤ 𝛿1 𝑒𝑇 (𝑘) (𝑇 𝐴 − 𝐿 𝐶) 𝑃 (𝑇 𝐴 − 𝐿 𝐶) 𝑒 (𝑘)
+

𝑇

𝑇

where 𝑅 = (𝑇 𝐴 − 𝐿 𝐶) 𝑃(𝑇 𝐴 − 𝐿 𝐶) − 𝑃.

𝑇

≤ 𝛿2 𝜏2 ΔΦ (𝑘) 𝑇 𝑃 𝑇ΔΦ (𝑘)
+

𝑇
1
Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘) ,
𝛿2

where 𝛿1 > 0 and 𝛿2 > 0.
Substituting (17), (31) into (30) leads to
Δ𝑉 (𝑘)
𝑇

𝑒 (𝑘)
𝑒 (𝑘)
𝑅 𝜏 (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝑇
][
] [
]
2 𝑇
ΔΦ (𝑘)
ΔΦ
(𝑘)
∗
𝜏 𝑇 𝑃𝑇
𝑇

𝑇

+ Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘) ,

𝑇

𝑇

𝑇

𝑇

𝑇

𝑇
1
Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘) ,
𝛿1

2𝜏ΔΦ (𝑘) 𝑇 𝑃 𝐼𝑚 Δ𝑓 (𝑘)

≤[

+ 2𝜏ΔΦ (𝑘) 𝑇 𝑃 𝐼𝑚 Δ𝑓 (𝑘)

(28)

Considering Lemma 1, the following inequalities hold:

𝑇

𝑇

(27)

− 𝛿3 Γ + 𝛿1 𝑒𝑇 (𝑘) (𝑇 𝐴 − 𝐿 𝐶) 𝑃 (𝑇 𝐴 − 𝐿 𝐶) 𝑒 (𝑘)
(30)
+

𝑇
1
Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
𝛿1

(31)
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𝑇

𝑇

+ 𝛿2 𝜏2 ΔΦ (𝑘) 𝑇 𝑃 𝑇ΔΦ (𝑘)

Considering external disturbance 𝑑1 (𝑘) and measurement noise 𝑑2 (𝑘), it follows from (17), (30), and (36) that

𝑇
𝑇
1
Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘) + Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
𝛿2

+

𝑇
𝛿3 𝐿𝑔 𝐿𝑔

𝑇

𝑒 (𝑘)
𝑅 +
] [ 1
≤[
ΔΦ (𝑘)
∗
×[

Δ𝑉 (𝑘) + 𝑒𝑓𝑇 (𝑘) 𝑒𝑓 (𝑘) − 𝛾12 𝑑1𝑇 (𝑘) 𝑑1 (𝑘) − 𝛾22 𝑑2𝑇 (𝑘) 𝑑2 (𝑘)
− 𝛾32 𝑑2𝑇 (𝑘 + 1) 𝑑2 (𝑘 + 1) − 𝛾42 Δ𝑓𝑇 (𝑘) Δ𝑓 (𝑘)

𝑇

𝜏 (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝑇
𝑇

(1 + 𝛿2 ) 𝜏2 𝑇 𝑃 𝑇 − 𝛿3 𝐼𝑛+𝑚

]

𝑇
1
𝑒 (𝑘)
1
] + (1 +
+ ) Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
ΔΦ (𝑘)
𝛿1 𝛿2

𝑇

𝑇
1
1
+ ) Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘) ,
≤ 𝜉 (𝑘) Ω𝜉 (𝑘) + (1 +
𝛿1 𝛿2
(32)
𝑒(𝑘)

𝑇
𝑅1 +𝛿3 𝐿𝑔 𝐿𝑔

𝜏(𝑇 𝐴−𝐿 𝐶) 𝑃 𝑇

∗

(1+𝛿2 )𝜏2 𝑇 𝑃 𝑇−𝛿3 𝐼𝑛+𝑚

𝑇

]

𝑇

with 𝑅1 = (1 + 𝛿1 )(𝑇 𝐴 − 𝐿 𝐶)𝑇 𝑃(𝑇 𝐴 − 𝐿 𝐶) − 𝑃 and 𝛿3 > 0.
If Ω < 0, then we have
Δ𝑉 (𝑘) ≤ −𝜖 ‖𝑒 (𝑘)‖2 + ],

(33)

where 𝜖 = 𝜆 min (−Ω) and ] = (1 + (1/𝛿1 ) +
(1/𝛿2 ))𝜆 max (𝑃)‖Δ𝑓(𝑘)‖∞ .
Further, the condition Ω < 0 can be rewritten as
𝑇

𝑇

𝑇

√1 + 𝛿1 (𝑇 𝐴 − 𝐿 𝐶) 𝑃
−1 √1 + 𝛿1 (𝑇 𝐴 − 𝐿 𝐶) 𝑃
]𝑃 [
]
[
𝑇
𝑇
𝜏√1 + 𝛿2 𝑇 𝑃
𝜏√1 + 𝛿2 𝑇 𝑃

By the Scular complement lemma [22], (34) is equivalent to
(27).
Therefore, if (27) holds, then Δ𝑉(𝑘) < 0 for 𝜖‖𝑒(𝑘)‖2 > ],
which means that the trajectory of 𝑒(𝑘) that is outside of
the set Φ = {𝑒(𝑘) | ‖𝑒(𝑘)‖2 ≤ ]/𝜖} will converge to the
set Φ according to the Lyapunov stability theory. Therefore,
the uniform ultimate boundedness of the state-estimating
error 𝑒𝑥 (𝑘) and the fault-reconstructing error 𝑒𝑓 (𝑘) can be
guaranteed.
To guarantee that the proposed nonlinear EPIO ((5a),
(5b), (5c), and (5d)) is robust to 𝑑1 (𝑘), 𝑑2 (𝑘), and Δ𝑓(𝑘), an
𝐻∞ performance index function is chosen as [23]
𝐽=∑
𝑘=0

(𝑘) −

𝛾12 𝑑1𝑇 (𝑘) 𝑑1

(𝑘) −

𝑇

− 2𝑒𝑇 (𝑘) (𝑇 𝐴 − 𝐿 𝐶) 𝑃𝐻𝐷ℎ 𝑑2 (𝑘 + 1)
𝑇

+ 2𝑒𝑇 (𝑘) (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
𝑇

𝑇

+ 2𝜏2 ΔΦ (𝑘) 𝑇 𝑃 𝑇 𝐸𝑑1 (𝑘)
𝑇

𝑇

𝑇

𝑇

𝑇

𝑇

− 2𝜏ΔΦ (𝑘) 𝑇 𝑃 𝐿𝐷2 𝑑2 (𝑘)
− 2𝜏ΔΦ (𝑘) 𝑇 𝑃𝐻𝐷ℎ 𝑑2 (𝑘 + 1)
𝑇

+ 2𝜏ΔΦ (𝑘) 𝑇 𝑃 𝐼𝑚 Δ𝑓 (𝑘) + 𝜏2 𝑑1𝑇 (𝑘) (𝑇 𝐸) 𝑃 𝑇 𝐸𝑑1 (𝑘)
𝑇

− 2𝜏𝑑1𝑇 (𝑘) (𝑇 𝐸) 𝑃 𝐿𝐷2 𝑑2 (𝑘)
𝑇

− 2𝜏𝑑1𝑇 (𝑘) (𝑇 𝐸) 𝑃𝐻𝐷ℎ 𝑑2 (𝑘 + 1)
𝑇

+ 2𝜏𝑑1𝑇 (𝑘) (𝑇 𝐸) 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
𝑇

𝑇

(34)

[𝑒𝑓𝑇 (𝑘) 𝑒𝑓

𝑇

− 2𝑒𝑇 (𝑘) (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝐿𝐷2 𝑑2 (𝑘)

+ 𝑑2𝑇 (𝑘) (𝐿𝐷2 ) 𝑃 𝐿𝐷2 𝑑2 (𝑘)

𝑇

0 ] < 0.
+ [−𝑃 + 𝛿3 𝐿𝑔 𝐿𝑔
∗
−𝛿3 𝐼𝑛+𝑚

∞

𝑒 (𝑘)
𝑒 (𝑘)
𝑅 + 𝛿4 𝐿𝑔 𝐿𝑔 𝜏 (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝑇
] [
]
][
𝑇
2
ΔΦ (𝑘)
ΔΦ (𝑘)
∗
𝜏 𝑇 𝑃 𝑇 − 𝛿4 𝐼𝑛+𝑚

+ 2𝜏𝑒𝑇 (𝑘) (𝑇 𝐴 − 𝐿 𝐶) 𝑃 𝑇 𝐸𝑑1 (𝑘)

𝑇

where 𝜉(𝑘) = [ ΔΦ(𝑘) ] and Ω = [

𝑇

𝑇

𝑇

≤[

𝛾22 𝑑2𝑇 (𝑘) 𝑑2

(𝑘)

−𝛾32 𝑑2𝑇 (𝑘 + 1) 𝑑2 (𝑘 + 1) − 𝛾42 Δ𝑓𝑇 (𝑘) Δ𝑓 (𝑘)] .
(35)
Under zero-initial conditions, the following is obtained:
∞

𝐽 ≤ ∑ [Δ𝑉 (𝑘) + 𝑒𝑓𝑇 (𝑘) 𝑒𝑓 (𝑘) − 𝛾12 𝑑1𝑇 (𝑘) 𝑑1 (𝑘)
𝑘=0

− 𝛾22 𝑑2𝑇 (𝑘) 𝑑2 (𝑘) − 𝛾32 𝑑2𝑇 (𝑘 + 1)
× 𝑑2 (𝑘 + 1) − 𝛾42 Δ𝑓𝑇 (𝑘) Δ𝑓 (𝑘)] .

(36)

+ 2𝑑2𝑇 (𝑘) (𝐿𝐷2 ) 𝑃𝐻𝐷ℎ 𝑑2 (𝑘 + 1)
𝑇

− 2𝑑2𝑇 (𝑘) (𝐿𝐷2 ) 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
𝑇

+ 𝑑2𝑇 (𝑘 + 1) (𝐻𝐷ℎ ) 𝑃𝐻𝐷ℎ 𝑑2 (𝑘 + 1)
𝑇

− 2𝑑2𝑇 (𝑘 + 1) (𝐻𝐷ℎ ) 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
𝑇

+ Δ𝑓𝑇 (𝑘) 𝐼𝑚 𝑃 𝐼𝑚 Δ𝑓 (𝑘)
− 𝛾12 𝑑1𝑇 (𝑘) 𝑑1 (𝑘) − 𝛾22 𝑑2𝑇 (𝑘) 𝑑2 (𝑘)
− 𝛾32 𝑑2𝑇 (𝑘 + 1) 𝑑2 (𝑘 + 1)
− 𝛾42 Δ𝑓𝑇 (𝑘) Δ𝑓 (𝑘)
𝑒 (𝑘)
[ ΔΦ (𝑘) ]
[
]
[ 𝑑 (𝑘) ]
1
]
=[
[ 𝑑2 (𝑘) ]
[
]
[𝑑2 (𝑘 + 1)]
[ Δ𝑓 (𝑘) ]

𝑇

Π11 Π12 Π13
∗ Π22 Π23
∗ ∗ Π33
∗ ∗ ∗
∗ ∗ ∗
[∗ ∗ ∗
[
[
[
[
[
[
[

Π14
Π24
Π34
Π44
∗
∗

Π15
Π25
Π35
Π45
Π55
∗

Π16
Π26 ]
]
Π36 ]
]
Π46 ]
]
Π56 ]
Π66 ]

𝑒 (𝑘)
[ ΔΦ (𝑘) ]
]
[
[ 𝑑 (𝑘) ]
1
] = 𝜁𝑇 (𝑘) Π𝜁 (𝑘) ,
[
×[
]
[ 𝑑2 (𝑘) ]
[𝑑2 (𝑘 + 1)]
[ Δ𝑓 (𝑘) ]
(37)

Mathematical Problems in Engineering

7
𝑇

with Π11 = 𝑅 + 𝛿4 𝐿𝑔 𝐿𝑔 + 𝐶𝑓𝑇 𝐶𝑓 , Π12 = 𝜏(𝑇 𝐴 − 𝐿 𝐶)𝑇 𝑃 𝑇,

where

Π13 = 𝜏(𝑇 𝐴 − 𝐿 𝐶)𝑇 𝑃 𝑇 𝐸, Π14 = −(𝑇 𝐴 − 𝐿 𝐶)𝑇 𝑃 𝐿𝐷2 ,
Π15 = −(𝑇 𝐴 − 𝐿 𝐶)𝑇 𝑃𝐻𝐷ℎ , Π16 = (𝑇 𝐴 − 𝐿 𝐶)𝑇 𝑃 𝐼𝑚 , Π22 =

𝜁 (𝑘)
𝑇

𝑇

𝑇

Π11 Π12 Π13
[ ∗ Π22 Π23
[
[ ∗ ∗ Π33
Π=[
[∗ ∗ ∗
[
[∗ ∗ ∗
[∗ ∗ ∗

Π14
Π24
Π34
Π44
∗
∗

Π15
Π25
Π35
Π45
Π55
∗

Π16
Π26 ]
]
Π36 ]
]
Π46 ]
]
Π56 ]
Π66 ]

𝑇

[

−𝑃 +

𝑇

∗
∗
∗
∗
∗

𝑇

(38)

𝑇

[
[
[
[
+[
[
[
[

𝑇

Π25 = −𝜏𝑇 𝑃𝐻𝐷ℎ , Π26 = 𝜏𝑇 𝑃 𝐼𝑚 , Π33 = 𝜏2 (𝑇 𝐸)𝑇 𝑃 𝑇 𝐸 −
𝛾12 𝐼𝑑 , Π34 = −𝜏(𝑇 𝐸)𝑇 𝑃 𝐿𝐷2 , Π35 = −𝜏(𝑇 𝐸)𝑇 𝑃𝐻𝐷ℎ ,
Π36 = 𝜏(𝑇 𝐸)𝑇 𝑃 𝐼𝑚 , Π44 = (𝐿𝐷2 )𝑇 𝑃 𝐿𝐷2 − 𝛾22 𝐼𝑠 , Π45 =
(𝐿𝐷2 )𝑇 𝑃𝐻𝐷ℎ , Π46 = −(𝐿𝐷2 )𝑇 𝑃 𝐼𝑚 , Π55 = (𝐻𝐷ℎ )𝑇 𝑃𝐻𝐷ℎ −
𝑇
𝛾32 𝐼𝑠 , Π56 = −(𝐻𝐷ℎ )𝑇 𝑃 𝐼𝑚 , and Π66 = 𝐼𝑚 𝑃 𝐼𝑚 − 𝛾42 𝐼𝑚 .
Further, the inequality, Π < 0, can be transformed into

(𝑇 𝐴 − 𝐿 𝐶) 𝑃
(𝑇 𝐴 − 𝐿 𝐶)
[
[
]
𝑇
𝑇
[
[
]
𝜏𝑇 𝑃
𝜏𝑇 𝑃
[
[
]
[
[
]
𝑇
𝑇
[ 𝜏 (𝑇 𝐸) 𝑃 ] −1 [ 𝜏 (𝑇 𝐸) 𝑃
[
]𝑃 [
𝑇
𝑇
[
[
]
[
[
]
𝐿 𝑃
𝐿 𝑃
[
[
]
[ (𝐻𝐷 )𝑇 𝑃 ]
[ (𝐻𝐷 )𝑇 𝑃
[
[
]
ℎ
ℎ
𝑇
𝑇
𝐼
𝑃
𝐼
𝑚
𝑚𝑃
[
[
]
𝑇
𝛿4 𝐿𝑔 𝐿𝑔

𝑇

𝜏2 𝑇 𝑃 𝑇 − 𝛿4 𝐼𝑛+𝑚 , Π23 = 𝜏2 𝑇 𝑃 𝑇 𝐸, Π24 = −𝜏𝑇 𝑃 𝐿𝐷2 ,

= [𝑒𝑇 (𝑘) ΔΦ (𝑘) 𝑑1𝑇 (𝑘) 𝑑2𝑇 (𝑘) 𝑑2𝑇 (𝑘 + 1) Δ𝑓𝑇 (𝑘)] ,

+ 𝐶𝑓𝑇 𝐶𝑓

𝑇

𝑃
]
]
]
]
]
]
]
]
]
]
]

(39)

]

0
0
0
0
0
]
0
0
0
0 ]
−𝛿4 𝐼𝑛+𝑚
]
2
0
0 ]
∗
−𝛾1 𝐼𝑑 0
] < 0.
2
0 ]
∗
∗
−𝛾2 𝐼𝑠 0
]
0 ]
∗
∗
∗ −𝛾32 𝐼𝑠
∗
∗
∗
0 −𝛾42 𝐼𝑚 ]

Using the Schur complement lemma again, (39) is equivalent to (28), which means that, for all nonzero 𝑑1 (𝑘) ∈
𝐿 2 [0, ∞), 𝑑2 (𝑘) ∈ 𝐿 2 [0, ∞), and Δ𝑓(𝑘) ∈ 𝐿 2 [0, ∞), one
obtains 𝐽 < 0. Therefore, we can conclude from (35) that the
𝐻∞ performance criterion (29) is satisfied. This completes the
proof.

then the proposed nonlinear EPIO ((5a), (5b), (5c), and
(5d)) can realize the uniform ultimate boundedness of stateestimating error 𝑒𝑥 (𝑘) and fault-reconstructing error 𝑒𝑓 (𝑘) with
an 𝐻∞ performance criterion: ‖𝑒𝑓 (𝑘)‖ ≤ 𝛾‖𝜔(𝑘)‖. Moreover,

In Theorem 5, multiple attenuation levels in the 𝐻∞ performance criterion (29) are prescribed for better restricting
each component of the augmented disturbance 𝜔(𝑘) on fault
reconstruction performance. If only a single 𝐻∞ attenuation
level is considered for the augmented disturbance 𝜔(𝑘),
the following corollary can be readily obtained based on
Theorem 5.

Proof. The proof of Corollary 6 is similar to that of
Theorem 5; it is thus omitted here.

Corollary 6. Consider the Euler-approximate discrete model
((2a), (2b)). For a given positive scalar 𝛾, if there exist a positivedefinite symmetric matrix 𝑃 ∈ R(𝑛+𝑚)×(𝑛+𝑚) , a matrix 𝑌 ∈
R(𝑛+𝑚)×𝑝 , and positive scalars 𝛿𝑖 , 𝑖 = {1, 2, 3, 4} satisfying (27)
and
𝑃𝑇𝐴 − 𝑌𝐶
𝜏𝑃 𝑇 𝑌 𝐷2 − 𝑃 𝐷1
−𝑃
𝑇
]
[
]
[ ∗ −𝑃 + 𝛿4 𝐿𝑔 𝐿𝑔 + 𝐶𝑓𝑇 𝐶𝑓
0
0
] < 0,
[
]
[∗
∗
−𝛿4 𝐼𝑛+𝑚
0
2
∗
∗
−𝛾 𝐼2𝑠+𝑑+𝑚 ]
[∗
(40)

−1

augmented matrix 𝐿 can be determined by 𝐿 = 𝑃 𝑌.

Remark 7. In Corollary 6, the 𝐻∞ performance criterion with
an attenuation level 𝛾 is adopted such that the designed
nonlinear EPIO is robust to the augmented disturbance
𝜔(𝑘). However, this design inevitably results in conservatism
such that the EPIO has a limited robust performance. To
obtain less conservative result in the EPIO design, the 𝐻∞
criterion with attenuation levels 𝛾𝑖 , ∀𝑖 ∈ {1, 2, 3, 4} is
adopted in Theorem 5 such that the impact of 𝑑1 (𝑘), 𝑑2 (𝑘),
and Δ𝑓(𝑘) on 𝑒𝑓 (𝑘) can be effectively attenuated. Therefore,
Theorem 5 is more flexible than Corollary 6. Compared with
Corollary 6, one may obtain smaller 𝐻∞ attenuation levels
using Theorem 5; that is, 𝛾 ≥ 𝛾𝑖 , ∀𝑖 ∈ {1, 2, 3, 4}. Additionally,
to guarantee accurate reconstruction of time-varying faults,
especially fast-varying faults, we can select a sufficiently small
attenuation level 𝛾4 to restrict variation vector Δ𝑓(𝑘) at the
expense of the robustness against external disturbance 𝑑1 (𝑘)
and measurement noise 𝑑2 (𝑘).
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Considering constant actuator faults in the system ((1a),
(1b)), the results proposed in Theorem 5 and in Corollary 6
can be readily particularized in the following corollaries.
Corollary 8. Consider the Euler-approximate discrete model
((2a), (2b)). For given positive scalars 𝛾1 , 𝛾2 , and 𝛾3 , if there
exist a positive-definite symmetric matrix 𝑃 ∈ R(𝑛+𝑚)×(𝑛+𝑚) ,
a matrix 𝑌 ∈ R(𝑛+𝑚)×𝑝 , and a positive scalar 𝛿 such that the
following LMI holds:
−𝑃

𝑃𝑇𝐴 − 𝑌𝐶

𝜏𝑃 𝑇

𝜏𝑃 𝑇 𝐸 −𝑌𝐷2 −𝑃 𝐷ℎ

[
𝑇
[ ∗ −𝑃 + 𝛿𝐿𝑔 𝐿𝑔 + 𝐶𝑓𝑇 𝐶𝑓
0
0
0
[
0
0
∗
−𝛿𝐼𝑛+𝑚
[∗
[
[∗
0
∗
∗
−𝛾12 𝐼𝑑
[
[∗
∗
∗
∗
−𝛾22 𝐼𝑠
[∗

∗

∗

∗

∗

]

0 ]
]
0 ]
] < 0,
0 ]
]
0 ]
−𝛾32 𝐼𝑠 ]

(41)

𝐿 𝐼 0
[ 𝑔0 𝑛 0𝑚

[ 𝐸0 ],

2
[ 𝐻𝐷
0

], 𝐸 =
and 𝐷ℎ =
], then
where 𝐿𝑔 =
the proposed nonlinear EPIO ((5a), (5b), (5c), and (5d)) can
asymptotically reconstruct constant actuator faults, and faultreconstructing error 𝑒𝑓 (𝑘) satisfies the following inequality:

2
𝑒𝑓 (𝑘) ≤ 𝛾12 𝑑1 (𝑘)2 + (𝛾22 + 𝛾32 ) 𝑑2 (𝑘)2 .



(42)

Moreover, augmented matrix 𝐿 can be determined by 𝐿 =
−1
𝑃 𝑌.
Corollary 9. Consider the Euler-approximate model ((2a),
(2b)). For a given positive scalar 𝛾, if there exist a positivedefinite symmetric matrix 𝑃 ∈ R(𝑛+𝑚)×(𝑛+𝑚) , a matrix 𝑌 ∈
R(𝑛+𝑚)×𝑝 , and a positive scalar 𝛿 such that the following LMI
holds:
𝑃𝑇𝐴 − 𝑌𝐶
𝜏𝑃 𝑇 𝑌 𝐷23 − 𝑃 𝐷13
−𝑃
[
]
[ ∗ −𝑃 + 𝛿𝐿𝑇 𝐿 + 𝐶𝑇 𝐶
]
0
0
[
] < 0,
𝑔 𝑔
𝑓 𝑓
[∗
]
∗
−𝛿𝐼𝑛+𝑚
0
[
]
2
∗
∗
∗
−𝛾
𝐼
2𝑠+𝑑
[
]
(43)
𝐿 𝐼

0

0 𝐻𝐷2
], and 𝐷23 =
where 𝐿𝑔 = [ 𝑔0 𝑛 0𝑚 ], 𝐷13 = [ −𝜏𝑇𝐸
0 0 0
[0 −𝐷2 0], then the proposed nonlinear EPIO ((5a), (5b),
(5c), and (5d)) can asymptotically reconstruct constant
actuator faults, and fault reconstruction error 𝑒𝑓 (𝑘)
satisfies that ‖𝑒𝑓 (𝑘)‖ ≤ 𝛾‖𝜔𝑑 (𝑘)‖, where 𝜔𝑑 (𝑘) =
𝑇

[𝑑1𝑇 (𝑘) 𝑑2𝑇 (𝑘) 𝑑2𝑇 (𝑘 + 1)] . Moreover, augmented matrix 𝐿
−1

can be determined by 𝐿 = 𝑃 𝑌.
Remark 10. Theorem 5 and Corollary 6 can guarantee the
uniform ultimate boundedness of state estimation error 𝑒𝑥 (𝑘)
and fault reconstruction error 𝑒𝑓 (𝑘) such that the designed
EPIO can achieve accurate reconstruction of constant and
time-varying actuator faults. If constant actuator faults are
considered in the system 1, then one obtains Δ𝑓(𝑘) ≡ 0.

Therefore, using Corollaries 8 and 9, the designed EPIO can
asymptotically reconstruct constant actuator faults.
Remark 11. Since the Lipschitz condition (32) is introduced
in the proof of Theorem 5, there may be no feasible solution
for (27) and (28), especially for a large Lipschitz constant.
However, the condition (17) is not overly restrictive because
the Lipschitz constant might be reduced via coordinate
transformation techniques, as discussed in [14, 17, 24]. For
multiobjective observer design, the increased number of LMI
constraints inevitably results in conservatism. It is worth
noting that slack matrix variable technique can be adopted
to reduce this conservatism; the interested readers can be
referred to [14, 25, 26] for detailed information.
According to Theorem 5, the design procedure of the
proposed EPIO will be summarized as follows:
Step 1. Find the maximum number of columns 𝑞 of matrix 𝐷1
for which the condition rank(𝐶𝐷11 ) = rank(𝐷11 ) is satisfied.
Step 2. Solve (13) to obtain 𝑇 and 𝐻, and verify that
rank(𝑇𝐹) = rank(𝐹).
Step 3. Choose appropriate scalars 𝛿𝑖 , 𝑖 = {1, 2, 3, 4}; then,
based on (27) and (40), 𝐻∞ performance level 𝛾 is computed
using the Solver mincx in the LMI toolbox of Matlab.
Step 4. Choose 𝛾𝑖 ≤ 𝛾, 𝑖 = {1, 2, 3, 4}; then, solving (27)
and (28) using the Solver feasp in the LMI toolbox of Matlab,
matrices 𝑃 and 𝑌 can be obtained.
−1

Step 5. Compute 𝐿 = 𝑃 𝑌, then obtain gain matrices 𝐿 and
𝐾.
Step 6. Construct the EPIO based on the above calculated
matrices.
Using the above theorem and corollaries, we can design
observer gain matrices such that the stability and convergence
of the state estimation error and fault reconstruction error
between the nonlinear EPIO and the Euler-approximate
model are guaranteed. However, it might be impossible for
the EPIO designed under the Euler-approximate model to
be implemented on the exact system models. To solve this
problem, the EPIO will be required to satisfy semiglobal
practical convergence property introduced by [16] such that
the EPIO can track actuator faults with satisfactory accuracy.
This is what we shall address in next subsection.
3.3. Semiglobal Practical Convergence Analysis. In this subsection, we will derive sufficient conditions for existence
of observer gain matrices and the sampling interval 𝜏 to
achieve semiglobal practical convergence under the Eulerapproximate model without considering external disturbances and measurement noises. The definition of semiglobal
practical convergence [16] is given as follows.
Definition 12. An observer is said to be semiglobal practical
in the sampling period 𝜏 if there exists a class-KL function

Mathematical Problems in Engineering

9

𝛽(⋅, ⋅) such that, for any 𝐷 > 𝑑 > 0 and compact sets X ⊂ R𝑛 ,
U ⊂ R𝑚 , we can find a number 𝜏∗ > 0 with the property that,
for all 𝜏 ∈ (0, 𝜏∗ ],

With the help of Lemma 1, the following inequalities can
be easily derived:

‖𝑥̂ (0) − 𝑥 (0)‖ ≤ 𝐷,

2𝜏𝑒𝑥𝑇 (𝑘) (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑃1 𝑇ΔΦ (𝑘)

𝑥 (𝑘) ∈ X,

𝑢 (𝑘) ∈ U,

𝑇

∀𝑘 ≥ 0

(44)

≤ 𝜖1 𝑒𝑥𝑇 (𝑘) (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶)

imply
‖𝑥̂ (𝑘) − 𝑥 (𝑘)‖ ≤ 𝛽 (‖𝑥̂ (0) − 𝑥 (0)‖ , 𝑘𝜏) + 𝑑.

× 𝑃1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑒𝑥 (𝑘)

(45)

In reference to the method proposed by [16], the following
theorem presents the semiglobal practical convergence of the
EPIO ((5a), (5b), (5c), and (5d)).
Theorem 13. The proposed nonlinear EPIO under the Eulerapproximate model ((2a), (2b)) is semiglobal practical in the
sampling period 𝜏 if there exist a positive scalar 𝜎1 > 1, a fixed
positive-definite symmetric matrix 𝑄1 ∈ R𝑛×𝑛 , and a positivedefinite symmetric matrix 𝑃1 ∈ R𝑛×𝑛 such that

+

𝑇

≤ 𝜖2 𝑒𝑥𝑇 (𝑘) (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶)

Δ𝑉 (𝑘)
≤ 𝑒𝑥𝑇 (𝑘) (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶)

𝑇

× 𝑃1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑒𝑥 (𝑘)
+

(47)

Since the convergence of the proposed nonlinear EPIO ((5a),
(5b), (5c), and (5d)) to the Euler-approximate model has
been established using the aforementioned theorem and
corollaries, then one obtains


∃𝑀 ∈ (0, ∞) , 𝜆 max (𝑃1 ) 𝑒𝑥 (𝑘1 ) + 𝑒𝑥 (𝑘2 ) ≤ 𝑀. (49)
Thus,




(50)
𝑉 (𝑘1 ) − 𝑉 (𝑘2 ) ≤ 𝑀 𝑒𝑥 (𝑘1 ) − 𝑒𝑥 (𝑘2 ) ,

𝜏2
ΔΦ𝑇 (𝑘) 𝑇𝑇 𝑃1 𝑇ΔΦ (𝑘) ,
𝜖1

2𝜏𝑒𝑥𝑇 (𝑘) (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑃1 𝑇𝐹𝑒𝑓 (𝑘)

𝑇

Proof. Consider the Lyapunov function candidate, 𝑉(𝑘) =
𝑒𝑥𝑇 (𝑘)𝑃1 𝑒𝑥 (𝑘); then,


𝑉 (𝑘1 ) − 𝑉 (𝑘2 )


= 𝑒𝑥𝑇 (𝑘1 ) 𝑃1 𝑒𝑥 (𝑘1 ) − 𝑒𝑥𝑇 (𝑘2 ) 𝑃1 𝑒𝑥 (𝑘2 )


𝑇
= [𝑒𝑥 (𝑘1 ) + 𝑒𝑥 (𝑘2 )] 𝑃1 [𝑒𝑥 (𝑘1 ) − 𝑒𝑥 (𝑘2 )]



 

≤ 𝜆 max (𝑃1 ) 𝑒𝑥 (𝑘1 ) + 𝑒𝑥 (𝑘2 ) 𝑒𝑥 (𝑘1 ) − 𝑒𝑥 (𝑘2 ) .
(48)

(52)

where 𝜖1 > 0,

𝜎1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑃1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) − 𝑃1 = −𝑄1 ,
(46)
𝜆 min (𝑄1 ) = 𝜏.

𝑇

(53)

𝜏2 𝑇
𝑒 (𝑇𝐹)𝑇 𝑃1 𝑇𝐹𝑒𝑓 (𝑘) ,
𝜖2 𝑓

where 𝜖2 > 0, and
2𝜏ΔΦ𝑇 (𝑘) 𝑇𝑇 𝑃1 𝑇𝐹𝑒𝑓 (𝑘)
≤ 𝜖3 ΔΦ𝑇 (𝑘) 𝑇𝑇 𝑃1 𝑇ΔΦ (𝑘)
+

(54)

2

𝜏 𝑇
𝑒 (𝑇𝐹)𝑇 𝑃1 𝑇𝐹𝑒𝑓 (𝑘) ,
𝜖3 𝑓

where 𝜖3 > 0.
Substituting (52)–(54) into (51) leads to
Δ𝑉 (𝑘)
≤ 𝑒𝑥𝑇 (𝑘)
𝑇

× (𝜎1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑃1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) − 𝑃1 )
× 𝑒𝑥 (𝑘) + 𝜎2 𝜏2 ΔΦ𝑇 (𝑘) 𝑇𝑇 𝑃1 𝑇ΔΦ (𝑘)
+ 𝜎3 𝜏2 𝑒𝑓𝑇 (𝑘) (𝑇𝐹)𝑇 𝑃1 𝑇𝐹𝑒𝑓 (𝑘)

𝑇

≤ 𝑒𝑥𝑇 (𝑘)

× 𝑃1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑒𝑥 (𝑘) − 𝑒𝑥𝑇 (𝑘) 𝑃1 𝑒𝑥 (𝑘)

𝑇

× (𝜎1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑃1 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) − 𝑃1 )

𝑇

+ 2𝜏𝑒𝑥𝑇 (𝑘) (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑃1 𝑇ΔΦ (𝑘)

2

× 𝑒𝑥 (𝑘) + 𝜎2 𝜏2 𝐿2𝑔 𝜎2 (𝑇) 𝜆 max (𝑃1 ) 𝑒𝑥 (𝑘)

𝑇

+ 2𝜏𝑒𝑥𝑇 (𝑘) (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑃1 𝑇𝐹𝑒𝑓 (𝑘)
+ 𝜏2 ΔΦ𝑇 (𝑘) 𝑇𝑇 𝑃1 𝑇ΔΦ (𝑘) + 2𝜏2 ΔΦ𝑇 (𝑘) 𝑇𝑇 𝑃1 𝑇𝐹𝑒𝑓 (𝑘)
+ 𝜏2 𝑒𝑓𝑇 (𝑘) (𝑇𝐹)𝑇 𝑃1 (𝑇𝐹) 𝑒𝑓 (𝑘) .
(51)

2

+ 𝜎3 𝜏2 𝜎2 (𝑇𝐹) 𝜆 max (𝑃1 ) 𝑒𝑓 (𝑘) ,

(55)

where 𝜎1 = 1 + 𝜖1 + 𝜖2 , 𝜎2 = 1 + (1/𝜖1 ) + 𝜖3 , and 𝜎3 = 1 +
(1/𝜖2 ) + (1/𝜖3 ) with 𝜖𝑖 > 0, 𝑖 = 1, 2, 3.
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According to (46) and (47), (55) can be reorganized and
simplified
Δ𝑉 (𝑘)
2

≤ − 𝑒𝑥 (𝑘)
𝜏

exist positive-definite symmetric matrices 𝑃2 ∈ R𝑛×𝑛 and 𝑄2 ∈
R𝑛×𝑛 , a matrix 𝐿 ∈ R𝑛×𝑝 , and a positive scalar 𝜖4 , such that
𝑇


2
+ 𝜎2 𝜏𝐿2𝑔 𝜎2 (𝑇) 𝜆 max (𝑃1 ) 𝑒𝑥 (𝑘)

(𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) 𝑃2 (𝑇 (𝐼𝑛 + 𝜏𝐴) − 𝐿𝐶) − 𝑃2 = −𝑄2 ,
(59)
(56)
𝜏 ≤ 𝜏∗ =

2


+ 𝜎3 𝜏𝜎2 (𝑇𝐹) 𝜆 max (𝑃1 ) 𝑒𝑓 (𝑘) .

𝜆 max (𝑄2 ) − 𝜖4 [𝜆 max (𝑃2 ) + 𝜆 max (𝑄2 )]

.
2𝐿 𝑔 𝜎 (𝑇) 𝜆 max (𝑃2 ) √1 + (𝜆 max (𝑄2 ) /𝜆 max (𝑃2 ))
(60)

In addition, the following functions are defined:

2


𝛼1 (𝑒𝑥 (𝑘)) ≜ 𝜆 min (𝑃1 ) 𝑒𝑥 (𝑘) ,

2


𝛼2 (𝑒𝑥 (𝑘)) ≜ 𝜆 max (𝑃1 ) 𝑒𝑥 (𝑘) ,


2

𝜌0 (𝜏) ≜ 𝜏,
𝛼3 (𝑒𝑥 (𝑘)) ≜ 𝑒𝑥 (𝑘) ,

2


]0 (𝑒𝑥 (𝑘)) ≜ 𝜎2 𝜏2 𝐿2𝑔 𝜎2 (𝑇) 𝜆 max (𝑃1 ) 𝑒𝑥 (𝑘) ,
]1 (‖𝑥 (𝑘)‖) ≜ 0,

Proof. The proof of Theorem 14 is similar to that of
Theorem 2 in [18]; it is thus omitted here.

(57)

]2 (‖𝑢 (𝑘)‖) ≜ 0,


2


]3 (𝑒𝑓 (𝑘)) = 𝜎3 𝜏𝜎2 (𝑇𝐹) 𝜆 max (𝑃1 ) 𝑒𝑓 (𝑘) .

4. Simulation Studies

Therefore, the following results can be derived:

In this section, a single-link robot with a flexible joint
borrowed from [28] is employed to illustrate the effectiveness
of the proposed fault-reconstructing method. The considered
system dynamics is described in a form of (1a), (1b) with





𝛼1 (𝑒𝑥 (𝑘)) ≤ 𝑉 (𝑘) ≤ 𝛼2 (𝑒𝑥 (𝑘)) ,
𝑉 (𝑘 + 1) − 𝑉 (𝑘)
𝜏


≤ −𝛼3 (𝑒𝑥 (𝑘))


+ 𝜌0 (𝜏) []0 (𝑒𝑥 (𝑘)) + ]1 (‖𝑥 (𝑘)‖)


+]2 (‖𝑢 (𝑘)‖) + ]3 (𝑒𝑓 (𝑘))] ,

Remark 15. Theorem 5 and Corollaries 6–9 imply that
observer gain matrices 𝐿 and 𝐾 can be conveniently calculated using standard LMI optimization technique; furthermore, using Theorem 13 or Theorem 14, whether or not
semiglobal practical convergence property of the designed
EPIO can be guaranteed can be checked. If yes, the EPIO
designed under Euler-approximate models can be implemented on the exact discrete-time models.

(58)

where 𝛼1 (⋅), 𝛼2 (⋅), 𝛼3 (⋅), and 𝜌0 (⋅) are in class-K∞ and
]0 (⋅), ]1 (⋅), ]2 (⋅), and ]3 (⋅) are nondecreasing functions.
Based on the theorem and corollaries discussed in
Subsection 3.2, it can be known that fault reconstruction
error 𝑒𝑓 (𝑘) are uniformly bounded; herein, they are considered as the external disturbances. According to [17, 27],
the Euler-approximate model is consistent with the exact
discrete-time model. Conditions (50), (58) together display
that all the conditions for semiglobal practical convergence as
required by [16] are satisfied; hence, the designed nonlinear
EPIO is semiglobal practical convergence in the sampling
time in 𝜏. This completes the proof.
Motivated by [18], we will present another sufficient conditions for semiglobal practical convergence of the proposed
nonlinear EPIO ((5a), (5b), (5c) and (5d)).
Theorem 14. The proposed nonlinear EPIO ((5a), (5b), (5c)
and (5d)) designed under the Euler-approximate model ((2a),
(2b)) is semiglobal practical in the sampling period 𝜏 if there

0
1
0
0
[−48.6 −1.25 48.6
0 ]
],
𝐴=[
[ 0
0
0
1 ]
0 −19.5 −1.325]
[ 19.5
0
]
0
],
]
0
[−0.333 sin (𝑥3 (𝑡))]

[
Φ (𝑥 (𝑡) , 𝑡) = [
[

1 0 0 0
𝐶 = [0 1 0 0] ,
[0 0 1 0]

0.1
[0
[
𝐷1 = [
0
[0

0
[21.60]
]
𝐵=[
[ 0 ],
[ 0 ]
0
0.1]
],
0]
0]

𝐷2 = 0.1𝐼3 ,
(61)
where system states are the motor position, link position,
and velocities. Measurement outputs are the first three system
states. In this work, we consider actuator faults that usually
occur in input channels. Therefore, it is reasonable to assume
that fault distribution matrix 𝐹 = 𝐵.
The Lipschitz constant 𝐿 𝑔 for the system ((1a), (1b))
is selected as 0.333 and the sampling period 𝜏 is selected
as 0.01 s. Therefore, an Euler-approximate model of the
considered system ((1a), (1b)) can be established for the
flexible-joint robot.
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In order to achieve robust actuator-fault reconstruction,
observer gain matrices 𝑇 and 𝐻 are chosen as follows:
0
0.5
0
0

0
0
0.5
0

0
0]
],
0]
1.0]

1.0
[0
[
𝐻=[
0
[0

0
0.5
0
0

0
0]
].
0.5]
0]

(62)

Letting 𝛿𝑖 = 0.1, ∀𝑖 = {1, 2, 3, 4}, and solving (27) and
(40) in Corollary 6 using the Solver mincx in the LMI toolbox
of Matlab, one can obtain the 𝐻∞ attenuation level 𝛾 =
2.0230. Further, choosing 𝛾1 = 0.5, 𝛾2 = 2.0230, 𝛾3 = 2.0230,
and 𝛾4 = 2.0230 and solving (27) and (28) in Theorem 5
using the LMI toolbox of Matlab, a feasible solution for gain
matrices 𝐿 and 𝐾 can be obtained as
0.0174
[0.0014
𝐿=[
[0.0358
[1.3353

0.0014
1.6401
−0.0030
−0.2860

0.1951
0.0359]
],
0.3299]
8.8951]

−0.0119
0.0020
−0.1611
0.0164

1.0957
−0.1611
15.0770
−1.3221

−0.0976
0.0164 ]
].
−1.3221]
0.1317 ]

(64)

Further, choosing 𝜖4 = 0.01 and solving (59) lead to
3.5324
[−0.0081
[
𝑃2 = 10 × [
0.2805
−0.0369
[

−0.0081
0.0006
−0.0374
0.0047

0.2805
−0.0374
6.6747
−0.3458

−0.0369
0.0047 ]
],
−0.3458]
0.0376 ]

3.5024
[−0.0044
𝑄2 = 10 × [
[−0.0268
[−0.0077

−0.0044
0.0001
0.0069
0.0006

−0.0268
0.0069
2.3426
0.0201

−0.0077
0.0006 ]
],
0.0201 ]
0.0042 ]

2

2

−0.1111
0.3838
0.1753
1.5168

−0.0104
0.0023 ]
],
0.5899 ]
14.4412 ]

0

−0.05

0

1

2

3

4

5

t (s)
System state x1 (t)
Estimated state x1 (k)

Figure 1: Actual system state 𝑥1 (𝑡) and its estimate.

Using Theorems 13 and 14, it is easily checked that the
EPIO designed using Corollary 8 is also semiglobal practical
convergent in 0.01 s.
In the simulation, the control input signal is assigned
as 𝑢(𝑘) = 0.05 sin 5𝑘; the initial values of the estimated
̂
states are assumed as 𝑥(0)
= [−0.1 0.5 − 0.1 0.2]𝑇 ;
external disturbance 𝑑1 (𝑘) and measurement noise 𝑑2 (𝑘) are
chosen as 0.001 sin(10𝑘) and a Gaussian-distributed random
signal with zero mean and variance of 10−5 , respectively.
Additionally, actuator faults are assumed to be changes of bus
voltage, and two fault scenarios are employed as
(1) a constant fault that is described as

(65)

0.2
𝑓 (𝑘) = {
0

2 s ≤ 𝑘𝜏 ≤ 6 s
others.

(67)

(2) a time-varying fault that is described as

and 𝜏∗ = 0.6162 s, which is greater than 0.01 s. We can
now check that the designed observer gain matrices and the
sampling period 0.01 s can make the Theorems 13 and 14 hold.
Hence, it is concluded that the designed EPIO ((5a), (5b), (5c),
and (5d)) is semiglobal practical convergent in the sampling
period 0.01 s.
According to Corollary 9, let 𝛿 = 0.1; then, (43) can be
solved to obtain 𝛾 = 1.3007. Further, choosing 𝛾1 = 0.3, 𝛾2 =
1.3007, and 𝛾3 = 1.3007, and solving (41) in Corollary 8 leads
to
−0.0167
[−0.1134
𝐿=[
[ 0.02766
[ 0.4578

0.05

𝑇

−0.0067
𝐾 = [ 10.6257 ] .
[−0.4187]
(63)

Therefore, the EPIO designed using Theorem 5 has better
robustness against external disturbances and measurement
noises.
Choosing 𝑄1 = 0.01𝐼4 and 𝜎1 = 1.01, matrix 𝑃1 can be
obtained by solving (46):
0.0961
[−0.0119
𝑃1 = [
[ 1.0957
[−0.0976

Motor position x1 (rad)

0
[0
[
𝑇=[
0
[0

0.1

𝑇

0.0121
𝐾 = [ 0.6371 ] .
[−0.1017]
(66)

0.05 sin (5𝑘𝜏) + 0.05 sin (3𝑘𝜏)
{
{
𝑓 (𝑘) = { + 0.06 sin (2𝑘𝜏) + 0.2,
{
{0

𝑘𝜏 ≥ 2 s
others.

(68)

Using the designed EPIO via Theorem 5, the estimated
system states in fault-free conditions are exhibited in Figures 1, 2, 3, and 4 where the estimated states can track
the original states of system ((1a), (1b)) with satisfactory
accuracy. Further, reconstruction signals for the constant
and time-varying faults obtained by the EPIO designed
using Theorem 5 are demonstrated in Figures 5 and 6 while
constant-fault reconstruction signal by the EPIO designed
using Corollary 8 is illustrated in Figure 7. The above figures
reveal that the proposed EPIO can accurately reconstruct
actuator faults. All of simulation results claim that the EPIObased fault-reconstructing method is effective for Lipschitz
nonlinear systems with Euler-approximate models.
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0.1
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0

0.2

0

−0.05
−0.1
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2

1

t (s)

4
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System state x4 (t)
Estimated state x4 (k)

System state x2 (t)
Estimated state x2 (k)

Figure 4: Actual system state 𝑥4 (𝑡) and its estimate.

Figure 2: Actual system state 𝑥2 (𝑡) and its estimate.
0.08

0.4

0.06

The change of bus voltage (V)

Link position x3 (rad)

3
t (s)

0.04

0.02

0
0

1

2

3

4

5

t (s)
System state x3 (t)
Estimated state x3 (k)

Figure 3: Actual system state 𝑥3 (𝑡) and its estimate.

0.2

0

−0.2

0

2

4

6

8

t (s)

Constant fault
Fault reconstruction signal

Figure 5: Reconstruction signal of a constant fault via the EPIO
designed using Theorem 5.

5. Conclusions
In this paper, a robust fault-reconstructing scheme for Lipschitz nonlinear systems with Euler-approximate models is
investigated. A new discrete-time EPIO is constructed to
achieve robust actuator-fault reconstruction. An important
advantage of the newly designed EPIO is its disturbancedecoupling ability such that the accuracy of the reconstructed
faults can be guaranteed. To ensure convergence of the
estimated states to the system states of the continuoustime model, semiglobal practical convergence of the EPIO
is proved. Another advantage of the proposed approach is
that a systematic observer synthesis with 𝐻∞ techniques
is effectively solved using a standard LMI tool. Simulated

results on a flexible-joint robot have clearly verified the effectiveness of the proposed fault-reconstruction method. With
mismatching errors caused by approximate discrete models
and reconstructed fault signals, active FTC for Lipschitz
nonlinear systems with Euler-approximate models will be our
future research target.
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This paper is concerned with the problem of simultaneous fault detection and control for linear systems with a switched scheme. The
switched detector/controller is designed simultaneously and generates two signals such that it provides fault tolerance, especially
including “destabilizing failure” meanwhile, it generates the residual signal to alarm the fault. When the faults are detected, the
detector/controller is switched to reduce the effect of the faults. When the faults are removed, the detector/controller is switched
to the original detector/controller to guarantee the control objective. In addition, it has time delay in detection of the faults; then
the time-driven switching strategy for asynchronous case is included. Thus a mixed switching strategy is proposed. A two-step
procedure is adopted to obtain the solutions through satisfying a set of linear matrix inequalities. Finally, an example is provided
to demonstrate the effectiveness of the proposed design method.

1. Introduction
The problem of designing reliable control systems has
attracted strong interest and intensive research activities
recently. The objective of this research is focused on designing
an appropriate controller such that the closed-loop system
can guarantee system stability. During the past decades, there
were many results that investigated this important issue. The
problem of the reliable control and the reliable filter has been
thoroughly investigated in [1–5]. Meanwhile, the simultaneous fault detection and control problem also has attracted
a lot of attention in the last two decades. The attention of
this study is to unify the control and detection units into a
single unit; then it ensures that the reliable control is feasible,
and the information of the fault is got. The advantage of
this method is far less overall complexity than the design
method where the two units are designed separately. Thus, the
simultaneous fault detection and control problem has been
addressed by several researches, for example, [6–9].
On the other hand, there has been a great interest in
switching control due to their significance both in theory and
in applications [10–14]. The motivation of studying switched
systems comes from the fact that many physical plants exhibit
the switching feature during multimodels or multicontrollers,

and a suitable switching rule is needed to deal with some
complex tasks or to overcome the shortcomings of the single
controller. Several approaches have been proposed for the
control problem or the filtering problem for switched systems
[15–18]. In addition, when the faults have been detected,
the switched scheme can be applied to the problem of fault
detection and control; then the detected information of the
fault is the switching signal. This problem has been studied by
several researches, for example, [19, 20]. It should be pointed
out, however, that there has been “destabilizing failure” in
many practical systems; that is, the never-faulty actuator
cannot stabilize the considered system. Then, the existing
design approaches are not appropriate for these complicated
cases; the new technique with the switched scheme should be
considered to guarantee the norm of the states of the system
to increase within the acceptable limits and then realize the
reliable control.
In this paper, the detector/controller is designed as a
switched scheme. When the actuator faults are detected, the
detector/controller is switched to reduce the effect of the
faults. When the faults are removed, the detector/controller
is converted back to consider the control performance firstly.
Meanwhile, the detector/controller is designed as a single
unit and generates two signals: a detection signal and a
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control signal, which are used to detect faults and guarantee
fault tolerance, especially including “destabilizing failure,”
respectively. The key idea is to view the information of the
fault detection to preserve the overall system stability and use
the switching strategy to provide fault tolerance, especially
including “destabilizing failure.”
The contributions of this paper are in two respects. Firstly,
the method takes into account the information of the faulty
detection to control the system and improves the results in
[21, 22], which only employ an average dwell-time switching
strategy to stabilize the given system with actuators fault.
Subsequently, it has time delay in detection of the faults;
thus, the asynchronous case is considered in this switching
strategy.

2. Problem Statement and Preliminaries
2.1. System Model. Consider the following discrete-time linear systems:
𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵1 𝑢 (𝑘) + 𝐵2 𝑑 (𝑘) ,
𝑦 (𝑘) = 𝐶𝑥 (𝑘) + 𝐷2 𝑑 (𝑘) ,

(1)

𝑧 (𝑘) = 𝐸𝑥 (𝑘) + 𝐹1 𝑢 (𝑘) + 𝐹2 𝑑 (𝑘) ,
where 𝑥(𝑘) ∈ 𝑅𝑛 is the state, 𝑦(𝑘) ∈ 𝑅𝑚 is the measured
output, 𝑧(𝑘) ∈ 𝑅𝑚𝑧 is the performance output, 𝑢(𝑘) ∈ 𝑅𝑛𝑢
is the control input, and 𝑑(𝑘) ∈ 𝑅𝑛𝑑 is the disturbance input
which is assumed to belong to 𝑙2 [0, ∞). The matrices 𝐴, 𝐵1 ,
𝐵2 , 𝐶, 𝐷2 , 𝐸, 𝐹1 , and 𝐹2 of each subsystem have appropriate
dimensions.
2.2. Fault Model. To formulate the fault detection and control
problem in this paper, the following fault model type is
adopted. The actuator stuck fault defined in [23] is described
as follows:
𝑢𝑓 (𝑘) = 𝜌𝑖 𝑢 (𝑘) + (𝐼 − 𝜌𝑖 ) 𝑓 (𝑘) ,

𝑖 = 0, . . . , 𝑁,

Then system (1) with actuator faults (2) can be described
as
𝐴𝑥 (𝑘) + 𝐵1 𝑢 (𝑘)
{
{
{
{
{
{
{ +𝐵2 𝑑 (𝑘) ,
𝑥 (𝑘 + 1) = {
{
{
𝐴𝑥 (𝑘) + 𝐵1 𝜌𝑖 𝑢 (𝑘) + 𝐵2 𝑑 (𝑘)
{
{
{
{
{ +𝐵1 (𝐼 − 𝜌𝑖 ) 𝑓 (𝑘) ,

fault free case

fault case,

𝑦 (𝑘) = 𝐶𝑥 (𝑘) + 𝐷2 𝑑 (𝑘) ,
𝐸𝑥 (𝑘) + 𝐹1 𝑢 (𝑘)
{
{
{
{
{
{
fault free case
{ +𝐹2 𝑑 (𝑘) ,
𝑧 (𝑘) = {
{
{
𝐸𝑥 (𝑘) + 𝐹1 𝜌𝑖 𝑢 (𝑘) + 𝐹2 𝑑 (𝑘)
{
{
{
{
fault case.
{ +𝐹1 (1 − 𝜌𝑖 ) 𝑓 (𝑘) ,

(4)

Remark 2. In this paper, the case that (𝐴, 𝐵1 𝜌𝑖 ) is not
stabilizable is also included in this paper; then, all the results
which are based on the common assumption are invalid.
To detect the fault and control system (4), design the
detector/controller as the following form:
{𝐴 𝑘 𝑥̂ (𝑘) + 𝐵𝑘 𝑦 (𝑘) , fault no-detected case
𝑥̂ (𝑘 + 1) = {
𝐴 𝑥̂
+ 𝐵𝑘 𝑦 (𝑘) , fault detected case,
{ 𝑘 (𝑘)
{𝐶𝑘 𝑥̂ (𝑘) ,
𝑢 (𝑘) = {
𝐶 𝑥̂
,
{ 𝑘 (𝑘)

fault no-detected case
fault detected case,

𝑦̂ (𝑘) = 𝐶𝑥̂ (𝑘) ,
(5)

(2)

where index 𝑖 denotes the 𝑖th fault mode and 𝑁 denotes the
number of the total fault modes. The diagonal matrices 𝜌𝑖 is
defined as

̂
where 𝑥(𝑘)
is the detector/controller state vector and
𝐴 𝑘 , 𝐵𝑘 , 𝐶𝑘 , 𝐴𝑘 , 𝐵𝑘 , and 𝐶𝑘 , are real matrices of appropriate
dimensions to be determined.

𝜌𝑖 = diag [𝜌𝑖1 , . . . , 𝜌𝑖𝑘 , . . . , 𝜌𝑖𝑛𝑢 ] ,

Remark 3. The detector/controller is switched between the
fault no-detected case and the fault detected case, which can
be seen as event-driven switching control.

(3)

where 𝜌𝑖 ’s diagonal elements are either 1 or 0. Consider 𝑓(𝑘) =
[𝑓1 , . . . , 𝑓𝑘 , . . . , 𝑓𝑛𝑢 ], where 𝑓𝑘 (𝑘 = 1, . . . , 𝑛𝑢 ) is an unknown
constant which means the value of the stuck fault for the 𝑘th
actuator.
Remark 1. Each 𝜌𝑖 corresponds to a fault mode. We assume
that 𝜌0 = 𝐼; then it is fault free case and 𝑢𝑓 (𝑘) = 𝑢(𝑘). Note
that when 𝜌𝑖𝑘 = 0 and 𝑓𝑖𝑘 ≠0, the 𝑘th actuator is stuck. If
𝜌𝑖𝑘 = 0 and 𝑓𝑘 = 0, (2) means that the 𝑘th actuator is outages.
As [24], the fault 𝑓(𝑘) is an intermittent fault, and it can be
eliminated in a limited time.

For fault detection, we can formulate the fault as the
̂
weighted fault 𝑓(𝑘)
= 𝑊𝑓 (𝑧)𝑓(𝑘) with a given stable
weighted matrix. Assume 𝐴 𝑤 , 𝐵𝑤 , 𝐶𝑤 , and 𝐷𝑤 are known
constant matrices; then the minimal realization of 𝑊𝑓 (𝑧) is
𝑥𝑤 (𝑘 + 1) = 𝐴 𝑤 𝑥𝑤 (𝑘) + 𝐵𝑤 𝑓 (𝑘) ,
𝑓̂ (𝑘) = 𝐶𝑤 𝑥 (𝑘) + 𝐷𝑤 𝑓 (𝑘) .

(6)
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Combining (4), (5), and (6), we have the following
augmented model:
𝑥̃ (𝑘 + 1)

Switched detector/controller

r
Threshold and alarm

̃𝑥̃ (𝑘) + 𝐵𝑤
̃ (𝑘) ,
𝐴
{
{
̃
= {𝐴 1 𝑥̃ (𝑘) + 𝐵̃1 𝑤 (𝑘) ,
{
̃
̃
{𝐴 2 𝑥̃ (𝑘) + 𝐵2 𝑤 (𝑘) ,

fault free case
fault no-detected case
fault detected case,

̃𝑥̃ (𝑘) + 𝐷𝑤
̃ (𝑘) ,
𝑟𝑒 (𝑘) = 𝐶

u

(7)

fault free case
fault no-detected case
fault detected case,

̂
where 𝑟(𝑘) = 𝑦(𝑘) − 𝑦(𝑘)
is the residual signal and
̂
̃
𝑟𝑒 (𝑘) = 𝑟(𝑘) − 𝑓(𝑘) is the fault estimate error, 𝑥(𝑘)
=
𝑇

[𝑥(𝑘)𝑇 𝑥(𝑘)
̂ 𝑇 𝑥𝑤 (𝑘)𝑇 ] , 𝑤(𝑘) = [𝑑(𝑘) 𝑓(𝑘)],

[
[
[
[
[
[
[
[
[
[
[

̃
𝐴
̃
𝐴1
̃2
𝐴
̃
𝐶
𝐸̃
𝐸̃1
𝐸̃2

𝐵̃
̃
𝐵1
𝐵̃2
̃
𝐷
𝐹̃
𝐹̃1
𝐹̃2

f

d

𝑧 (𝑘)
̃ (𝑘) ,
𝐸̃𝑥̃ (𝑘) + 𝐹𝑤
{
{
̃
= {𝐸1 𝑥̃ (𝑘) + 𝐹̃1 𝑤 (𝑘) ,
{
̃
̃
{𝐸2 𝑥̃ (𝑘) + 𝐹2 𝑤 (𝑘) ,

[
[
[
[
[
[
[
[
] [
] [
] [
] [
] [
]=[
] [
] [
] [
] [
[
[
] [
[
[
[
[
[

𝐴

𝐵1 𝐶𝑘

0

𝐵𝑘 𝐶

𝐴𝑘

0

0
𝐴
𝐵𝑘 𝐶
0
𝐴
𝐵𝑘 𝐶

0
𝐶
𝐸
𝐸
[ 𝐸

0
𝐴𝑤
𝐵1 𝜌𝑖 𝐶𝑘 0
𝐴𝑘

0

0
𝐴𝑤
𝐵1 𝜌𝑖 𝐶𝑘 0
𝐴𝑘

0

0
𝐴𝑤
−𝐶 −𝐶𝑤
𝐹1 𝐶𝑘
0
𝐹1 𝜌𝑖 𝐶𝑘 0
𝐹1 𝜌𝑖 𝐶𝑘 0

𝐵2

0

𝐵𝑘 𝐷2

0

]
]
]
]
0
𝐵𝑤
]
𝐵2 𝐵1 (𝐼 − 𝜌𝑖 ) ]
]
]
]
𝐵𝑘 𝐷2
0
]
]
]
0
𝐵𝑤
]
.
𝐵2 𝐵1 (𝐼 − 𝜌𝑖 ) ]
]
]
]
𝐵𝑘 𝐷2
0
]
]
]
0
𝐵𝑤
]
𝐷2
−𝐷𝑤 ]
]
]
𝐹2
0
]
𝐹2 𝐹1 (𝐼 − 𝜌𝑖 ) ]
𝐹2 𝐹1 (I − 𝜌𝑖 ) ]
(8)

Remark 4. Since the faults may not be detected instantaneously, but only after a time period, the detector/controller
cannot be available in time to be switched to control the system when the faults occur. Hence, there exists mismatching
case between the detector/controller and the system; then it
is the asynchronous case.
2.3. Problem Formulation. The design problem of the detector/controller addressed in this paper can be expressed as
follows.
The frameworks of the detector/controller: given system
(1), we transform system (1) into system (4) which contains
the faults. Based on model (4), detector/controller (5) is
designed and generates two signals: a residual signal and a
control signal. Meanwhile, augmented system (7) is asymptotically stable, and the disturbances and the faults affect
the performance output 𝑧(𝑘) and the fault estimate errors
𝑟𝑒 (𝑘) are both minimized. When the faults are detected, the
controller is switched to reduce the effect of the faults. When

y

System

Figure 1: Evolution of the procedure.

the faults are removed, the detector/controller is switched to
the original controller, and the residual evaluation function
is reset. The proposed fault detection and control scheme is
described in Figure 1.
To detect the faults and control system, our design
objectives of the detector/controller can now be formulated
as the following performance indices:
(i) for the fault detection objective
∞

∞

𝑘=0

𝑘=0

2
∑ (1 − 𝜍)𝑘 𝑟𝑒 (𝑘)𝑇 𝑟𝑒 (𝑘) ≤ 𝛾𝑠1
∑ 𝑤(𝑘)𝑇 𝑤 (𝑘) ,

(9)

(ii) for the control objective
∞

∞

𝑘=0

𝑘=0

2
∑ (1 − 𝜍)𝑘 𝑧(𝑘)𝑇 𝑧 (𝑘) ≤ 𝛾𝑠2
∑ 𝑤(𝑘)𝑇 𝑤 (𝑘) .

(10)

After designing detector/controller (5), the remaining
important task is to evaluate the generated residual. One of
the widely adopted residual evaluation functions 𝐽𝑟 (𝑘) can be
chosen as [25]:
1 𝑘
𝐽𝑟 (𝑘) = √ ∑𝑟𝑇 (𝑙) 𝑟 (𝑙),
𝑘 𝑙=1

(11)

where 𝑘 denotes the evaluation time step. We propose to use
the following reasonable threshold for the residual evaluation
functions and residual signal:
𝐽th (𝑘) =

sup

𝑑(𝑘)∈𝑙2 [ 0,∞)
𝑓(𝑘)=0,

𝑟th (𝑘) =

sup

𝐽𝑟 (𝑘) ,

𝑑(𝑘)∈𝑙2 [ 0,∞)
𝑓(𝑘)=0,

𝑟 (𝑘) .

(12)

Consequently, the occurrence of faults can be detected by
the following logical relationship:
 


𝐽𝑟 (𝑘) > 𝐽th (𝑘) ,
{
{
{
{
{‖𝑟 (𝑘)‖ > 𝑟 (𝑘) , the system with alarm,
 th 
(13)
{
{
{
and switching the controller,
{
{
the system no alarm.
{others
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When the fault is removed, the residual evaluation function is reset.

3. The Fault Detection and Control Design

satisfying the following inequalities
Δ𝑉1 (𝑥̆
(𝑘)) < −𝛼V1 (𝑥̆
(𝑘)) − Γ,
Δ𝑉2 (𝑥̆
(𝑘)) ≤ 𝛽1 V2 (𝑥̆
(𝑘)) − Γ,

𝑓𝑎𝑢𝑙𝑡 𝑓𝑟𝑒𝑒 𝑐𝑎𝑠𝑒, (16a)
𝑓𝑎𝑢𝑙𝑡 𝑛𝑜-𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑐𝑎𝑠𝑒
(16b)

We let 𝑘𝑖 , 𝑖 ∈ N+ , denote the starting time when the system
resumes normal operations for the 𝑖th time and denote by the
instants 𝑘𝑖1 and 𝑘𝑖2 the instant faults that happen and for faults
that are detected during the interval [𝑘𝑖 , 𝑘𝑖+1 ), respectively.
Moreover, denote T𝑛 (𝑘𝑖 , 𝑘𝑖+1 ), T𝑛𝑑 (𝑘𝑖 , 𝑘𝑖+1 ), and T𝑑 (𝑘𝑖 , 𝑘𝑖+1 )
by the total activation time for fault free case, for fault nodetected case, and for fault detected case in the 𝑖th occurred
fault, respectively. Then, we have the total time for fault
free case T𝑛 (𝑘0 , 𝑘) = ∑𝑖−1
𝑙=0 T𝑛 (𝑘𝑙 , 𝑘𝑙+1 ) + T𝑛 (𝑘𝑖 , 𝑘), the
total activation time for fault no-detected case T𝑛𝑑 (𝑘1 , 𝑘) =
∑𝑖−1
𝑙=0 T𝑛𝑑 (𝑘𝑙 , 𝑘𝑙+1 ) + T𝑛𝑑 (𝑘𝑖 , 𝑘), the total activation time for
fault detected case T𝑑 (𝑘1 , 𝑘) = ∑𝑖−1
𝑙=0 T𝑑 (𝑘𝑙 , 𝑘𝑙+1 ) + T𝑑 (𝑘𝑖 , 𝑘),
and the total activation time for fault case T𝑓 (𝑘1 , 𝑘) =
T𝑛𝑑 (𝑘1 , 𝑘) + T𝑑 (𝑘1 , 𝑘). The time series of system operation
is described in Figure 2.
In this paper, we focus our study of system (4) for
simultaneous fault detection and control on the switching
method. The following definition is first introduced.

̆− 𝛾2 𝑤𝑇 (𝑘)𝑤(𝑘), 𝑔, ℎ ∈ {1, 2, 3},
where Γ(𝑘) = 𝑦𝑇̆
(𝑘)𝑦(𝑘)
and 𝑔 ≠ ℎ, then system (14) is asymptotically stable with
the weighted 𝐿 2 -gain 𝛾𝑠 = 𝜇𝛾 for satisfying the following
constraints:

Definition 5. For any 𝑘0 < 𝑘𝑠 < 𝑘V , denote 𝑁𝜎(𝑘) (𝑘𝑠 , 𝑘V ) by
the number for the operations returning to normal during
(𝑘𝑠 , 𝑘V ). If 𝑁𝜎(𝑘) (𝑘𝑠 , 𝑘V ) ≤ 𝑁0 + (𝑘V − 𝑘𝑠 )/𝜏𝑎 for 𝜏𝑎 > 0
and 𝑁0 ≥ 0, then 𝜏𝑎 and 𝑁0 are called the average dwelltime for resumed normal operations and the chatter bound,
respectively.

where the function ceil(]) represents rounding real number ] to
the nearest integer greater than or equal to ].

Remark 6. The average dwell-time for resumed normal
operations is defined as the average time for T𝑛 (𝑘𝑖 , 𝑘𝑖+1 ) +
T𝑛𝑑 (𝑘𝑖 , 𝑘𝑖+1 ) + T𝑑 (𝑘𝑖 , 𝑘𝑖+1 ).
Before the results are obtained, the simultaneous fault
detection and control problem design can be solved starting
from the weighted 𝐿 2 performance and the conditions for
augmented system (7) with the weighted 𝐿 2 performance are
obtained.
Lemma 7. Consider the discrete-time linear system
̆
𝐴̆
𝑥̆
𝑓𝑎𝑢𝑙𝑡 𝑓𝑟𝑒𝑒 𝑐𝑎𝑠𝑒
(𝑘) + 𝐵𝑤
(𝑘) ,
{
{
̆
𝑥̆
(𝑘 + 1) = {𝐴 1 𝑥̆
𝑤
,
𝑓𝑎𝑢𝑙𝑡 𝑛𝑜-𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑐𝑎𝑠𝑒
(𝑘)
(𝑘) + 𝐵̆
1
{
̆
̆
̆
𝐴
𝑤
,
𝑓𝑎𝑢𝑙𝑡 𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑐𝑎𝑠𝑒,
𝑥
+
𝐵
(𝑘)
(𝑘)
2
{ 2
̆
𝐶̆
𝑥̆
𝑓𝑎𝑢𝑙𝑡 𝑓𝑟𝑒𝑒 𝑐𝑎𝑠𝑒
(𝑘) + 𝐷𝑤
(𝑘) ,
{
{
̆
̆
𝑦̆
=
̆
(𝑘) {𝐶1 𝑥 (𝑘) + 𝐷1 𝑤 (𝑘) , 𝑓𝑎𝑢𝑙𝑡 𝑛𝑜-𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑐𝑎𝑠𝑒
{
̆(𝑘) + 𝐷̆
2 𝑤 (𝑘) , 𝑓𝑎𝑢𝑙𝑡 𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑐𝑎𝑠𝑒
{𝐶2 𝑥̆
(14)
and let 𝛼, 𝛽1 , 𝛽2 , 𝛽, 𝜍, 𝜇, and 𝛾 be some constants satisfying
0 < 𝛼 < 1, 𝛽1 > 𝛽 > 𝛽2 > 0, 0 < 𝜍 < 1, 𝛾 > 0, and 𝜇 ≥ 1. If
there exists Lyapunov-like functions candidate
𝑉 (𝑥̆
(𝑘)) ,
{
{ 1
𝑉 (𝑥̆
(𝑘)) : {𝑉2 (𝑥̆
(𝑘)) ,
{
(𝑘)) ,
{𝑉3 (𝑥̆

𝑓𝑎𝑢𝑙𝑡 𝑓𝑟𝑒𝑒 𝑐𝑎𝑠𝑒,
𝑓𝑎𝑢𝑙𝑡 𝑛𝑜-𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑐𝑎𝑠𝑒
𝑓𝑎𝑢𝑙𝑡 𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑐𝑎𝑠𝑒,

Δ𝑉3 (𝑥̆
(𝑘)) ≤ 𝛽2 V3 (𝑥̆
(𝑘)) − Γ,

𝑓𝑎𝑢𝑙𝑡 𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑐𝑎𝑠𝑒
(16c)

𝑉𝑔 (𝑥̆
(𝑘)) − 𝜇𝑉ℎ (𝑥̆
(𝑘)) ≤ 0,

𝜏𝑎 ≥ 𝑐𝑒𝑖𝑙 [−

3 ln 𝜇
],
ln (1 − 𝜍)

(17a)

T𝑛𝑑 (𝑘0 , 𝑘) ln (1 + 𝛽) − ln (1 + 𝛽2 )
≤
,
T𝑑 (𝑘0 , 𝑘)
ln (1 + 𝛽1 ) − ln (1 + 𝛽)

(17b)

T𝑛 (𝑘0 , 𝑘) ln (1 + 𝛽) − ln (1 − 𝜍)
,
≥
T𝑓 (𝑘0 , 𝑘) ln (1 − 𝜍) − ln (1 − 𝛼)

(17c)

Proof. Denote 𝛼1 = (1 − 𝛼), 𝛽1 = (1 + 𝛽1 ), 𝛽2 = (1 + 𝛽2 ),
𝛽 = (1 + 𝛽), and 𝜍 = 1 − 𝜍. Firstly, the stability of system (14)
with 𝑑(𝑘) = 0 is considered. When the fault does not occur,
that is, 𝑘 ∈ T𝑛 (𝑘𝑖 , 𝑘𝑖+1 ), 𝑖 ∈ N+ , it holds from (16a) that
𝑉1 (𝑥̆
(𝑘 + 1)) ≤ 𝛼𝑉1 (𝑥̆
(𝑘)) .

(18)

When the fault occurs, but the fault is not detected, that
is, 𝑘 ∈ T𝑛𝑑 (𝑘𝑖 , 𝑘𝑖+1 ), 𝑖 ∈ N+ , it holds from (16b) that
𝑉2 (𝑥̆
(𝑘 + 1)) ≤ 𝛽1 𝑉2 (𝑥̆
(𝑘)) .

(19)

When the fault is detected, that is, 𝑘 ∈ T𝑑 (𝑘𝑖 , 𝑘𝑖+1 ), 𝑖 ∈
N+ , it holds from (16c) that
𝑉3 (𝑥̆
(𝑘 + 1)) ≤ 𝛽2 𝑉3 (𝑥̆
(𝑘)) .

(20)

Thus, assuming 𝑘 ∈ T𝑛 (𝑘𝑖 , 𝑘𝑖+1 ), 𝑖 ∈ N+ , and according to
(16d), (18), (19), (20), and Definition 5, we have
(𝑘𝑖 ))
𝑉1 (𝑥̆
(𝑘)) ≤ 𝛼T𝑛 (𝑘𝑖 ,𝑘) 𝑉1 (𝑥̆
(𝑘𝑖− ))
≤ 𝜇𝛼T𝑛 (𝑘𝑖 ,𝑘) 𝑉3 (𝑥̆
≤ ⋅⋅⋅ ≤
1 2
2
3𝑁𝜎(𝑘) (𝑘0 ,𝑘) T𝑛𝑑 (𝑘0 ,𝑘𝑖−1 ) T𝑑 (𝑘0 ,𝑘𝑖 )
𝛽1
𝛽2

≤𝜇
(15)

(16d)

× 𝛼T𝑛 (𝑘0 ,𝑘) 𝑉1 (𝑥̆
(𝑘0 )) .

(21)
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𝒯n (k1 , k2 )

𝒯n (k0 , k1 ) 𝒯nd (k0 , k1 )
k0

k1
k02
𝒯d (k0 , k1 )

k01

𝒯n (ki , ki+1 )

k11

ki

𝒯d (ki , ki+1 )
ki+1

ki1
ki2
𝒯nd (ki , ki+1 )

Figure 2: The time series of system operation.

According to (17b), (17c) and Definition 5 can be rewritten as
3𝑁𝜎(𝑘) (𝑘0 ,𝑘)

𝑉1 (𝑥̆
(𝑘)) ≤ 𝜇

T𝑓 (𝑘01 ,𝑘𝑖 )

𝛽

3𝑁𝜎(𝑘) (𝑘0 ,𝑘) 𝑘−𝑘0

𝜍

≤𝜇

𝑉1 (𝑥̆
(𝑘0 ))

𝑘−𝑘0

≤ 𝜇3𝑁0 (𝜍𝜇3/𝜏𝑎 )

𝛼T𝑛 (𝑘0 ,𝑘) 𝑉1 (𝑥̆
(𝑘0 ))

1 2
3𝑁𝜎(𝑘) (𝑙,𝑘) T𝑛 (𝑙,𝑘−1) T𝑛𝑑 (𝑘𝑗 ,𝑘𝑖−1 −1)
𝛼
𝛽1

+∑ ∑𝜇
𝑗=0 𝑙=𝑘𝑗

T𝑑 (𝑘𝑗2 ,𝑘𝑖 −1)

(22)

× 𝛽2

(24)
According to (17b) and (17c) and from 𝛽1 > 0, 𝛽2 > 0, 𝛽 > 0,
and 𝛼 > 0, we have
2
T𝑛𝑑 (𝑙,𝑘𝑖−1
−1) T𝑑 (𝑘𝑗2 ,𝑘𝑖 −1)
𝛽2

𝛽1

T𝑓 (𝑙,𝑘𝑖 −1)

1
2
T𝑛𝑑 (𝑘𝑗+1
,𝑘𝑖−1
−1) T𝑑 (𝑙,𝑘𝑖 −1)
𝛽2

T𝑑 (𝑘𝑗2 ,𝑘𝑖 −1)

× 𝛽2

2
T𝑛𝑑 (𝑘𝑗1 ,𝑘𝑖−1
−1) T𝑑 (𝑘𝑗2 ,𝑘𝑖 −1)
𝛽2

𝛼T𝑛 (𝑙,𝑘−1) 𝛽

Γ (𝑙)

2
2
3𝑁𝜎(𝑘) (𝑙,𝑘)−1 T𝑛 (𝑘𝑗+1 ,𝑘−1) T𝑛𝑑 (𝑙,𝑘𝑖−1 −1) T𝑑 (𝑘𝑗 ,𝑘𝑖 −1)
𝛼
𝛽1
𝛽2
Γ (𝑙)

1
𝑖 𝑘𝑗 −1

1
2
3𝑁 (𝑙,𝑘)−2 T𝑛 (𝑘𝑗+1 ,𝑘−1) T𝑛𝑑 (𝑘𝑗+1 ,𝑘𝑖−1 −1)
𝜇 𝜎(𝑘)
𝛼
𝛽1

𝜍

3𝑁𝜎(𝑘) (𝑙,𝑘) 𝑘−𝑙−1

+∑ ∑𝜇

Γ (𝑙)

𝜍

Γ (𝑙) ≤ 0.

𝑗=0 𝑙=𝑘𝑗

Moreover, it has
2
𝑖−1 𝑘𝑗 −2

3𝑁𝜎(𝑘) (𝑙,𝑘)−1 𝑘−𝑙−1 𝑇

∑ ∑𝜇

×

3𝑁𝜎(𝑘) (𝑙,𝑘)−2 𝑘−𝑙−1

𝑗=0 𝑙=𝑘𝑗2

Γ (𝑙) .

∑∑𝜇

T𝑑 (𝑙,𝑘𝑖 −1)
𝛽2
Γ (𝑙)

Γ (𝑙)

+∑ ∑ 𝜇

2

𝑗=0 𝑙=𝑘𝑗2

𝜍

𝑖−1 𝑘𝑗+1 −1

̆ ≥ 0 and the zero initial
Due to the fact that 𝑉1 (𝑥(𝑘))
condition, we have

+∑ ∑

≤ 𝜍𝑘−𝑙−1

𝑗=0 𝑙=𝑘𝑗1

(23)

𝑖−1 𝑘𝑗+1 −1

T𝑓 (𝑘𝑗1 ,𝑘𝑖 −1)

≤𝛽

T𝑓 (𝑘𝑗1 ,𝑘𝑖 −1)

3𝑁𝜎(𝑘) (𝑙,𝑘)−1 𝑘−𝑙−1

∑ ∑𝜇

1 2
3𝑁𝜎(𝑘) (𝑙,𝑘) T𝑛 (𝑙,𝑘−1) T𝑛𝑑 (𝑘𝑗 ,𝑘𝑖−1 −1)
𝛼
𝛽1

× 𝛽2

𝑗=0 𝑙=𝑘𝑗1

(25)

𝑙 ∈ T𝑛 (𝑘𝑗 , 𝑘𝑗1 − 1) .

2
𝑖−1 𝑘𝑗 −1

Γ (𝑙)

T𝑑 (𝑘𝑗2 ,𝑘𝑖 −1)

𝑖−1 𝑘𝑗 −1

≤ 𝜍𝑘−𝑙−1 ,

𝛽1

−∑ ∑𝜇
𝑗=0 𝑙=𝑘𝑗

T𝑓 (𝑙,𝑘𝑖 −1)

Then, we have
T𝑑 (𝑙,𝑘𝑖 −1)

𝑖

,

𝑙 ∈ T𝑑 (𝑘𝑗2 , 𝑘𝑗+1 − 1) ,

1
2
3𝑁 (𝑙,𝑘)−2 T𝑛 (𝑘𝑗+1 ,𝑘−1) T𝑛𝑑 (𝑘𝑗+1 ,𝑘𝑖−1 −1)
𝜇 𝜎(𝑘)
𝛼
𝛽1

× 𝛽2
𝑘𝑗1 −1

≤𝛽

𝛼T𝑛 (𝑘𝑗+1 ,𝑘−1) 𝛽

2
3𝑁 (𝑙,𝑘)−1 T𝑛 (𝑘𝑗+1 ,𝑘−1) T𝑛𝑑 (𝑙,𝑘𝑖−1 −1)
𝛼
𝛽1
∑ ∑ 𝜇 𝜎(𝑘)
𝑗=0 𝑙=𝑘𝑗1

𝑗=0 𝑙=𝑘𝑗2

T𝑓 (𝑙,𝑘𝑖 −1)

𝛽1

2
𝑖−1 𝑘𝑗 −1

−∑ ∑

≤ 𝜍𝑘−𝑙−1 ,

𝑙 ∈ T𝑛𝑑 (𝑘𝑗1 , 𝑘𝑗2 − 1) ,

× 𝛼T𝑛 (𝑘0 ,𝑘) 𝑉1 (𝑥̆
(𝑘0 ))

𝑖−1 𝑘𝑗+1 −1

T𝑓 (𝑙,𝑘𝑖 −1)

≤𝛽

𝛼T𝑛 (𝑘𝑗+1 ,𝑘−1) 𝛽

1 2
2
3𝑁 (𝑘 ,𝑘) T𝑛𝑑 (𝑘0 ,𝑘𝑖−1 ) T𝑑 (𝑘0 ,𝑘𝑖 )
𝛽2
𝜇 𝜎(𝑘) 0 𝛽1

−

Γ (𝑙) ≤ 0.

𝑉1 (𝑥̆
(𝑘0 )) .

If (17a) holds, then 𝜍𝜇3/𝜏𝑎 < 𝜍𝜇−3 ln 𝜍/3 ln(𝜇) = 1. Therefore,
̆ converges to zero as 𝑘 → ∞. Then
we conclude that 𝑉1 (𝑥(𝑘))
if (17a), (17b), and (17c) are satisfied, system (14) is stable.
Secondly, establish the weighted 𝐿 2 performance for
system (14). Let any nonzero 𝑤(𝑘) ∈ 𝑙2 [0, ∞), zero initial
𝑇
̆
̆ − 𝛾2 𝑤𝑇 (𝑘)𝑤(𝑘)
condition 𝑥(𝑘
(𝑘)𝑦(𝑘)
0 ), and Γ(𝑘) = 𝑦̆
and consider the Lyapunov-like functions for the fault free
period, no-detected fault period, and detected fault period,
respectively; then one can obtain that
𝑉1 (𝑥̆
(𝑘)) ≤

1
𝑖 𝑘𝑗 −1

𝑦̆
(𝑘) 𝑦̆
(𝑘)

𝜍

𝑗=0 𝑙=𝑘𝑗1
𝑖−1 𝑘𝑗+1 −1

3𝑁𝜎(𝑘) (𝑙,𝑘)−2 𝑘−𝑙−1 𝑇

+∑ ∑ 𝜇
𝑗=0 𝑙=𝑘𝑗2

𝜍

𝑦̆
(𝑘) 𝑦̆
(𝑘)

(26)
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1
𝑖 𝑘𝑗 −1

3.1. Condition for the Fault Detection Objective

3𝑁𝜎(𝑘) (𝑙,𝑘) 𝑘−𝑙−1 𝑇

+∑ ∑𝜇

𝑦̆
(𝑘) 𝑦̆
(𝑘)

𝜍

Theorem 8. Consider system (7), and let 𝛼, 𝛽1 , 𝛽2 , 𝜇, and 𝛾
be some constants satisfying 0 < 𝛼 < 1, 𝛽1 > 𝛽2 > 0, 𝛾1 > 0,
and 𝜇 ≥ 1. If there exist matrix variables 𝑌𝑎 , 𝐺𝑎 , 𝑍𝑎 , 𝑁, 𝑌𝑎1 ,
̂ 𝐵,
̂ and 𝐶,
̂ and symmetric
̂ 𝐵,
̂ 𝐶,
̂𝐴
𝐺𝑎1 , 𝑍𝑎1 , 𝑁1 , 𝑌𝑎2 , 𝐺𝑎2 , 𝑍𝑎2 𝐴
positive-definite matrices

𝑗=0 𝑙=𝑘𝑗
2
𝑖−1 𝑘𝑗 −1

3𝑁𝜎(𝑘) (𝑙,𝑘)−1 𝑘−𝑙−1 2

≤ ∑ ∑𝜇

𝛾 𝑤𝑇 (𝑘) 𝑤 (𝑘)

𝜍

𝑗=0 𝑙=𝑘𝑗1
𝑖−1 𝑘𝑗+1 −1

3𝑁𝜎(𝑘) (𝑙,𝑘)−2 𝑘−𝑙−1 2

+∑ ∑ 𝜇

𝛾 𝑤𝑇 (𝑘) 𝑤 (𝑘)

𝜍

P𝑎11 P𝑎12 P𝑎13
P𝑎1 = [ ∗ P𝑎14 P𝑎15 ] > 0,
∗ P𝑎16 ]
[ ∗

𝑗=0 𝑙=𝑘𝑗2
1
𝑖 𝑘𝑗 −1

3𝑁𝜎(𝑘) (𝑙,𝑘) 𝑘−𝑙−1 2

+∑ ∑𝜇

𝜍

𝛾 𝑤𝑇 (𝑘) 𝑤 (𝑘) .

P𝑎21 P𝑎22 P𝑎23
P𝑎2 = [ ∗ P𝑎24 P𝑎25 ] > 0,
∗ P𝑎26 ]
[ ∗

𝑗=0 𝑙=𝑘𝑗

(27)
Thus, from 𝜇 > 1, we obtain that
𝑘−1

P𝑎31 P𝑎32 P𝑎33
P𝑎3 = [ ∗ P𝑎34 P𝑎35 ] > 0
∗ P𝑎36 ]
[ ∗

3𝑁𝜎(𝑘) (𝑙,𝑘)−2 𝑘−𝑙−1 𝑇

∑𝜇

𝑦̆
(𝑘) 𝑦̆
(𝑘)

𝜍

𝑙=𝑘0

(28)

𝑘−1

3𝑁𝜎(𝑘) (𝑙,𝑘) 𝑘−𝑙−1 2

≤ ∑𝜇

𝛾 𝑤𝑇 (𝑘) 𝑤 (𝑘) .

𝜍

such that

𝑙=𝑘0
−3𝑁𝜎(𝑘) (𝑘0 ,𝑘)

Multiplying both sides of (28) by 𝜇
obtained that
𝑘−1

, it can be

−3𝑁𝜎(𝑘) (𝑘0 ,𝑙)−2 𝑘−𝑙−1 𝑇

∑𝜇

𝑦̆
(𝑘) 𝑦̆
(𝑘)

𝜍

𝑙=𝑘0

(29)

𝑘−1

−3𝑁𝜎(𝑘) (𝑘0 ,𝑙) 𝑘−𝑙−1 2

≤ ∑𝜇

𝜍

𝛾 𝑤𝑇 (𝑘) 𝑤 (𝑘) .

𝑙=𝑘0

From the above and 𝜇 ≥ 1, we have
𝑘−1

∑𝜇

𝑦̆
(𝑘) 𝑦̆
(𝑘)

𝜍

𝑙=𝑘0

(30)
−3𝑁𝜎(𝑘) (𝑘0 ,𝑙) 𝑘−𝑙−1 2

≤ ∑𝜇

𝜍

𝑇

𝛾 𝑤 (𝑘) 𝑤 (𝑘) .

Moreover, it follows from Definition 5 that 0 ≤ 𝑁𝜎(𝑘) (𝑘0 , 𝑗) ≤
𝑁0 + ((𝑙 − 𝑘0 )/𝜏𝑎 ) ≤ +𝑁0 ((−(𝑙 − 𝑘0 ) ln 𝜍)/(3 ln 𝜇)). Note that
𝜇(3(𝑙−𝑘0 ) ln 𝜍)/(3 ln 𝜇) = 𝜍𝑙−𝑘0 and 0 < 𝜍 < 1; then (30) implies that
𝑘−1

𝑙=𝑘0

𝑙=𝑘0

∑ 𝜍𝑙−𝑘0 𝑦𝑇̆
(𝑘) 𝑦̆
(𝑘) ≤ ∑ 𝜇2 𝛾2 𝑤𝑇 (𝑘) 𝑤 (𝑘) .

∞

𝑙=𝑘0

𝑙=𝑘0

Ω𝑎1 Ω𝑎2 Ω𝑎3 0
[ ∗ Ω𝑎4 0 Ω𝑎5 ]
] < 0,
[
[∗
∗ −𝛾12 𝐼 Ω𝑎6 ]
∗
∗
−𝐼 ]
[∗

(35)

Ξ𝑎2 Ξ𝑎3 0
Ξ𝑎4 0 Ξ𝑎5 ]
] < 0,
∗ −𝛾12 𝐼 Ξ𝑎6 ]
∗
∗
−𝐼 ]

(36)

(37)

where 𝑔, ℎ ∈ {1, 2, 3}, 𝑔 ≠ℎ, 𝛼 = 1 − 𝛼, 𝛽1 = 1 + 𝛽1 , and
𝛽2 = 1 + 𝛽2 ,

(31)
Θ𝑎1

It further implies that
∞

(34)

P𝑎𝑔 − 𝜇P𝑎ℎ ≤ 0,

𝑙=𝑘0

𝑘−1

Θ𝑎1 Θ𝑎2 Θ𝑎3 0
[ ∗ Θ𝑎4 0 Θ𝑎5 ]
[
] < 0,
[∗
∗ −𝛾12 𝐼 Θ𝑎6 ]
∗
∗
−𝐼 ]
[∗

Ξ𝑎1
[∗
[
[∗
[∗

−3𝑁𝜎(𝑘) (𝑘0 ,𝑙)−2 𝑘−𝑙−1 𝑇

𝑘−1

(33)

2

∑ 𝜍𝑙−𝑘0 𝑦𝑇̆
(𝑘) 𝑦̆
(𝑘) ≤ ∑ (𝜇𝛾) 𝑑𝑇 (𝑠) 𝑑 (𝑠) .

(32)

Therefore, we conclude that augmented system (14) is
asymptotically stable with the weighted 𝐿 2 -gain 𝛾𝑠 = 𝜇𝛾 for
satisfying the constraints (17a), (17b), and (17c).

P𝑎11 − 𝐻𝑒 (𝑌𝑎 ) P𝑎12 + 𝑁𝑇 − 𝐺𝑎
P𝑎13
],
=[
∗
P𝑎14 − 𝐻𝑒 (𝑁)
P𝑎15
∗
∗
P
−
𝐻𝑒
(𝑍
)
𝑎16
𝑎 ]
[
Θ𝑎5

𝐶𝑇
= [−𝐶𝑇 ] ,
𝑇
[−𝐶𝑤 ]
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̂− 𝐴
̂
̂ 𝑌𝑇 𝐵1 𝐶
𝑌𝑎𝑇 𝐴 − 𝐵𝐶
𝑎

0

Ξ𝑎6 = [

]
[ 𝑇
𝑇
̂ ̂
̂
Θ𝑎2 = [
0 ]
],
[𝐺𝑎 𝐴 + 𝐵𝐶 𝐺𝑎 𝐵1 𝐶 + 𝐴
𝑇
0
0
𝑍𝑎 𝐴 𝑤 ]
[
Θ𝑎6 = [

Θ𝑎3

Θ𝑎4

𝐷2𝑇

𝑇
−𝐷𝑤

],

̂ 2
𝑌𝑎𝑇 𝐵2 − 𝐵𝐷
0
[
]
𝑇
[
̂ 2
= [𝐺𝑎 𝐵2 + 𝐵𝐷
0 ]
],
𝑇
0
𝑍𝑎 𝐵𝑤 ]
[

∗
∗

[

P𝑎24 −𝐻𝑒 (𝑁)
∗
Ω𝑎5

Ω𝑎2

P𝑎23

]
],

P𝑎25
P𝑎26 −𝐻𝑒 (𝑍𝑎1 )]

𝑇

[−𝐶𝑤 ]

Ω𝑎4

−𝛽1 P𝑎21 −𝛽1 P𝑎22 −𝛽1 P𝑎23

[

∗

−𝛽1 P𝑎24

∗

∗

−𝛽2 P𝑎31 −𝛽2 P𝑎32 −𝛽2 P𝑎33
∗
∗

]
−𝛽2 P𝑎34 −𝛽2 P𝑎35 ]
],
∗

−𝛽2 P𝑎26 ]

̆𝑇 𝑦̆
Δ𝑉1 (𝑥̃ (𝑘)) + 𝛼𝑉1 (𝑥̃ (𝑘))−𝛾2 𝑤(𝑘)𝑇 𝑤 (𝑘) + 𝑦(𝑘)
(𝑘)
𝑥̃ (𝑘)
]
𝑤 (𝑘)

𝑇

̃ − (1 − 𝛼) P𝑎1 + 𝐶
̃
̃𝑇 P𝑎1 𝐵̃ + 𝐶
̃𝑇 𝐷
̃
̃𝑇 P𝑎1 𝐴
̃𝑇 𝐶
𝐴
𝐴
]
×[
̃+ 𝐷
̃𝑇 𝐶
̃
̃
̃𝑇 𝐷
𝐵̃𝑇 P𝑎1 𝐴
𝐵̃𝑇 P𝑎1 𝐵̃ − 𝛾12 𝐼 + 𝐷
×[

𝑥̃ (𝑘)
].
𝑤 (𝑘)
(39)

𝐷2𝑇
𝑇] ,
−𝐷𝑤

𝑇
̂ 2 𝑌𝑇 𝐵1 (𝐼 − 𝜌𝑖 )
𝑌𝑎1
𝐵2 − 𝐵𝐷
𝑎1
[ 𝑇
̂ 2 𝐺𝑇 𝐵1 (𝐼 − 𝜌𝑖 )]
= [𝐺𝑎1 𝐵2 + 𝐵𝐷
],
𝑎1
0
𝑍𝑎1 𝐵𝑤
[
]

[
=[
[

Ξ𝑎4

[
=[
[

Proof. When 𝑘 ∈ T𝑛 (𝑘𝑖 , 𝑘𝑖+1 ), according to Lemma 7 and
along the trajectory of system (7), one has

=[

̂− 𝐴
̂
̂ 𝑌𝑇 𝐵1 𝜌𝑖 𝐶
0
𝑌𝑇 𝐴 − 𝐵𝐶
𝑎1
]
[ 𝑎1
𝑇
𝑇
[
̂
̂
̂
= [𝐺𝑎1 𝐴 + 𝐵𝐶 𝐺𝑎1 𝐵1 𝜌𝑖 𝐶 − 𝐴
0 ]
],
𝑇
0
0
𝑍𝑎1 𝐴 𝑤 ]
[

Ω𝑎3

Ξ𝑎3

then system (7) is asymptotically stable and guarantees the
weighted 𝐿 2 performance (9) with the weighted 𝐿 2 gain 𝛾𝑠1 =
𝜇𝛾1 when system (7) satisfies the constraints (17a), (17b), and
(17c).

𝐶𝑇
[
= −𝐶𝑇 ] ,

Ω𝑎6 = [

],

(38)

−𝛼P𝑎11 −𝛼P𝑎12 −𝛼P𝑎13
[ ∗
−𝛼P𝑎14 −𝛼P𝑎15 ]
=[
],
∗
∗
−𝛼P
𝑎16 ]
[

P𝑎21 − 𝐻𝑒 (𝑌𝑎1 ) P𝑎22 +𝑁𝑇 − 𝐺𝑎1

𝑇
−𝐷𝑤

̂
𝑇
𝑇
𝐵2 − 𝐵𝐷
𝑌𝑎2
2 𝑌𝑎2 𝐵1 (𝐼 − 𝜌𝑖 )
[
]
= [𝐺𝑇 𝐵 + 𝐵
̂ 𝐷 𝐺𝑇 𝐵 (𝐼 − 𝜌 )] ,
2
𝑘
2
1
𝑖
𝑎2
𝑎2
0
𝑍𝑎2 𝐵𝑤
[
]

[

Ω𝑎1
[
=[

𝐷2𝑇

]
−𝛽1 P𝑎25 ]
],
−𝛽1 P𝑎26 ]

Ξ𝑎1

When 𝑘 ∈ T𝑛𝑑 (𝑘𝑖 , 𝑘𝑖1 ), we obtain
̆𝑇 𝑦̆
Δ𝑉2 (𝑥̃ (𝑘)) − 𝛽2 𝑉2 (𝑥̃ (𝑘))−𝛾2 𝑤(𝑘)𝑇 𝑤 (𝑘) + 𝑦(𝑘)
(𝑘)
𝑇

𝑥̃ (𝑘)
= [𝑤 (𝑘)]
×[

̃𝑇 P𝑎2 𝐴
̃1 − (1 + 𝛽1 ) P𝑎2 + 𝐶
̃
̃𝑇 𝐶
𝐴
1
̃1 + 𝐷
̃
̃𝑇 𝐶
𝐵̃1𝑇 P𝑎2 𝐴

̃𝑇 P𝑎2 𝐵̃1 + 𝐶
̃
̃𝑇 𝐷
𝐴
1

]
̃
̃𝑇 𝐷
𝐵̃1𝑇 P𝑎2 𝐵̃1 − 𝛾12 𝐼 + 𝐷

𝑥̃ (𝑘)
× [𝑤 (𝑘)] .
(40)

𝑁1𝑇

− 𝐺𝑎2
P𝑎33
P𝑎31 − 𝐻𝑒 (𝑌𝑎2 ) P𝑎32 +
]
∗
P𝑎34 − 𝐻𝑒 (𝑁1 )
P𝑎35
],
∗
∗
P
−
𝐻𝑒
(𝑍
)
𝑎36
𝑎2 ]
[

[
=[

Ξ𝑎5

̂ 𝑌𝑇 𝐵 𝜌 𝐶
̂ ̂
− 𝐵𝐶
0
𝑎2 1 𝑖 − 𝐴
]
[
]
[
̂
̂
̂
𝑇
𝑇
= [𝐺 𝐴 + 𝐵𝐶 𝐺 𝐵 𝜌 𝐶 + 𝐴
0 ],
𝑎2
𝑎2 1 𝑖
𝑇
0
0
𝑍𝑎2
𝐴 𝑤]
[
𝑇
𝐴
𝑌𝑎2

Ξ𝑎2

𝐶𝑇
[
= −𝐶𝑇 ] ,
𝑇
[−𝐶𝑤 ]

When 𝑘 ∈ T𝑑 (𝑘𝑖1 , 𝑘𝑖2 ), it can be obtained that
̆𝑇 𝑦̆
Δ𝑉3 (𝑥̃ (𝑘)) − 𝛽2 𝑉3 (𝑥̃ (𝑘)) − 𝛾2 𝑤(𝑘)𝑇 𝑤 (𝑘) + 𝑦(𝑘)
(𝑘)
𝑇

𝑥̃ (𝑘)
= [𝑤 (𝑘)]
×[

̃𝑇 P𝑎3 𝐴
̃2 − (1 + 𝛽2 ) P𝑎3 + 𝐶
̃
̃𝑇 𝐶
𝐴
2
̃2 + 𝐷
̃
̃𝑇 𝐶
𝐵̃2𝑇 P𝑎3 𝐴

̃𝑇 P𝑎3 𝐵̃2 + 𝐶
̃
̃𝑇 𝐷
𝐴
2

]
̃
̃𝑇 𝐷
𝐵̃2𝑇 P𝑎3 𝐵̃2 − 𝛾12 𝐼 + 𝐷

𝑥̃ (𝑘)
× [𝑤 (𝑘)] .
(41)
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In addition, due to the relation of the Lyapunov-like
functions at the moment the fault happened, we have that

̃
̃
̃ 𝑇 (P𝑔 − 𝜇Pℎ )𝑥(𝑘),
̃
𝑉𝑔 (𝑥(𝑘))
− 𝜇𝑉ℎ (𝑥(𝑘))
= 𝑥(𝑘)
where 𝑔, ℎ ∈
{1, 2, 3}, 𝑔 ≠ℎ. Thus, if the inequalities

̃ − (1 − 𝛼) P𝑎1 + 𝐶
̃
̃𝑇 P𝑎1 𝐵̃ + 𝐶
̃𝑇 𝐷
̃
̃𝑇 P𝑎1 𝐴
̃𝑇 𝐶
𝐴
𝐴
] < 0,
[
𝑇
𝑇
𝑇
2
̃+ 𝐷
̃ 𝐶
̃
̃
̃𝑇 𝐷
𝐵̃ P𝑎1 𝐴
𝐵̃ P𝑎1 𝐵̃ − 𝛾1 𝐼 + 𝐷

(42)

̃𝑇 P𝑎2 𝐴
̃1 − (1 + 𝛽1 ) P𝑎2 + 𝐶
̃
̃𝑇 P𝑎2 𝐵̃1 + 𝐶
̃
̃𝑇 𝐶
̃𝑇 𝐷
𝐴
𝐴
1
1
] < 0,
[
̃1 + 𝐷
̃
̃
̃𝑇 𝐶
̃𝑇 𝐷
𝐵̃1𝑇 P𝑎2 𝐴
𝐵̃1𝑇 P𝑎2 𝐵̃1 − 𝛾12 𝐼 + 𝐷

(43)

̃𝑇 P𝑎3 𝐴
̃2 − (1 + 𝛽2 ) P𝑎3 + 𝐶
̃
̃𝑇 P𝑎3 𝐵̃2 + 𝐶
̃
̃𝑇 𝐶
̃𝑇 𝐷
𝐴
𝐴
2
2
[
] < 0,
̃2 + 𝐷
̃
̃
̃𝑇 𝐶
̃𝑇 𝐷
𝐵̃2𝑇 P𝑎3 𝐴
𝐵̃2𝑇 P𝑎3 𝐵̃2 − 𝛾12 𝐼 + 𝐷

(44)

P𝑔 − 𝜇Pℎ ≤ 0,

(45)

hold, system (14) is asymptotically stable with the weighted 𝐿 2
performance for satisfying constraints (17a), (17b), and (17c)
according to Lemma 7.
To reduce the conservatism, (42) can be rewritten as
follows:
̃ 𝐵̃
̃ 𝐵̃ 𝑇 P𝑎1
0
𝐴
𝐴
][
]
[
] [
0
−
−
𝛼)
P
(1
𝐼 0
𝐼 0
𝑎1
̃
̃𝑇 𝐷
̃
̃𝑇 𝐶
𝐶
𝐶
] < 0.
+[ 𝑇
2
̃ 𝐶
̃ −𝛾 𝐼 + 𝐷
̃
̃𝑇 𝐷
𝐷
1

̃ we construct the
Consider the structure of the matrix 𝐴;
matrix variable W𝑎 as
𝑌𝑎 𝐺𝑎 0
W𝑎 = [−𝑁𝑎 𝑁𝑎 0 ] .
0 𝑍𝑎 ]
[ 0

(46)

Then, we can obtain that (46) is equivalent to
0
0
̃ 𝐵̃ 𝑇 P𝑎1
𝐴
]
[
𝑇
𝑇
̃
̃
̃ ]
̃
[ 𝐼 0 ] [ 0 − (1 − 𝛼) P𝑎1 + 𝐶 𝐶
𝐶 𝐷
]
[
2
[0 𝐼]
̃𝑇 𝐶
̃
̃
̃𝑇 𝐷
0
𝐷
−𝛾
𝐼
+
𝐷
1
] (47)
[
̃ 𝐵̃
𝐴
[
× 𝐼 0 ] < 0.
[0 𝐼]
On the other hand,
𝑇
0
0
P𝑎1
0 0
̃
̃𝑇 𝐷
̃ ]
̃𝑇 𝐶
[𝐼 0] [ 0 − (1 − 𝛼) P𝑎1 + 𝐶
𝐶
𝑇
2
̃
̃]
̃
̃𝑇 𝐷
−𝛾1 𝐼 + 𝐷
𝐷 𝐶
[0 𝐼] [ 0

0 0
̃
̃𝑇 𝐷
̃
̃𝑇 𝐶
− (1 − 𝛼) P𝑎1 + 𝐶
𝐶
× [𝐼 0] = [
𝑇
2
̃
̃
̃] < 0.
̃𝑇 𝐷
𝐷 𝐶
−𝛾1 𝐼 + 𝐷
0
𝐼
[
]
(48)
Applying Projection Lemma, it follows from (47) and (48)
that
0
0
P𝑎1
̃
̃𝑇 𝐷
̃ ]
̃𝑇 𝐶
[ 0 − (1 − 𝛼) P𝑎1 + 𝐶
𝐶
𝑇̃
2
̃]
̃
̃𝑇 𝐷
𝐶
−𝛾
0
𝐷
𝐼
+
𝐷
[
1
(49)
−𝐼
̃𝑇 ] W𝑎 [𝐼 0 0]) < 0.
+ 𝐻𝑒 ([𝐴
𝑇
[ 𝐵̃ ]

(50)

̂ = 𝐶𝑘 . By Schur
̂ = 𝑁𝑇 𝐴 𝑘 , 𝐵̂ = 𝑁𝑇 𝐵𝑘 , and 𝐶
Define 𝐴
complement, (49) becomes (34). In a similar way, we can
obtain the conditions (35) and (36). Hence, if the conditions
(34), (35), (36), and (37) hold, system (7) is asymptotically
stable and has the weighted 𝐿 2 performance gain 𝛾𝑠1 , which
completes the proof.

3.2. Condition for the Control Objective
Theorem 9. Consider system (7), and let 𝛼, 𝛽1 , 𝛽2 , 𝜇, and 𝛾
be some constants satisfying 0 < 𝛼 < 1, 𝛽1 > 𝛽2 > 0, 𝛾2 > 0,
and 𝜇 ≥ 1. If there exist matrix variables 𝑌𝑏 , 𝐺𝑏 , 𝑍𝑏 , 𝑁, 𝑌𝑏1 ,
̂ 𝐵,
̂ and 𝐶
̂ and symmetric
̂ 𝐵,
̂ 𝐶,
̂𝐴
𝐺 ,𝑍 ,𝑌 ,𝐺 ,𝑍 ,𝑁 ,𝐴
𝑏1

𝑏1

𝑏2

𝑏2

𝑏2

positive-definite matrices

P𝑏1

1

P𝑏11 P𝑏12 P𝑏13
[ ∗ P
]
=[
𝑏14 P𝑏15 ] > 0,
[ ∗

P𝑏2

P𝑏16 ]

P𝑏21 P𝑏22 P𝑏23
[ ∗ P
]
=[
𝑏24 P𝑏25 ] > 0,
[ ∗

P𝑏3

∗

∗

P𝑏26 ]

P𝑏31 P𝑏32 P𝑏33
[ ∗ P
]
=[
𝑏34 P𝑏35 ] > 0,
[ ∗

∗

P𝑏36 ]

(51)
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Ω𝑏1

such that
Θ𝑏1 Θ𝑏2 Θ𝑏3

[
[∗
[
[∗
[

Θ𝑏4
∗

[∗

∗

0

[
=[
[

]
0 Θ𝑏5 ]
] < 0,
−𝛾22 Θ𝑏6 ]
]
∗

(52)

∗

∗

P𝑏24 − He (𝑁)

∗

∗

∗

𝑇
̂
𝐴 − 𝐵𝐶
𝑌𝑏1
[ 𝑇
[𝐺 𝐴 + 𝐵𝐶
̂
[ 𝑏1

(53)
Ω𝑏2 =

Ω𝑏3

[

where 𝑔, ℎ ∈ {1, 2, 3}, 𝑔 ≠ℎ, 𝛼 = 1−𝛼, 𝛽1 = 1+𝛽1 , 𝛽2 = 1+𝛽2 ,

[
=[
[

Ω𝑏4

[

Θ𝑏1

[

P𝑏14 − 𝐻𝑒 (𝑁)

∗

∗

]
],
]
P𝑏16 − 𝐻𝑒 (𝑍𝑏 )]
P𝑏15

0

−𝛽1 P𝑏21 −𝛽1 P𝑏22 −𝛽1 P𝑏23
∗
∗

Θ𝑏3 =

0

[
[
Θ𝑏4 = [

∗

[

0

[

∗

0

]
0 ]
],
𝑇
𝑍𝑏 𝐵𝑤 ]

−𝛼P𝑏14 −𝛼P𝑏15 ]
],
∗

−𝛽1 P𝑏26 ]

∗

P𝑏33
P𝑏35

]
],

P𝑏36 − 𝐻𝑒 (𝑍𝑏1 )]

Ξ𝑏2

̂ 𝑌𝑇 𝐵 𝜌 𝐶
̂ ̂
0
𝑌𝑇 𝐴 − 𝐵𝐶
𝑏2 1 𝑖 − 𝐴
]
[ 𝑏2
]
[
̂
̂
̂
𝑇
𝑇
= [𝐺 𝐴 + 𝐵𝐶 𝐺 𝐵 𝜌 𝐶 + 𝐴
0 ],
𝑏2
𝑏2 1 𝑖
𝑇
0
0
𝑍𝑏2
𝐴 𝑤]
[
𝐹2𝑇
],
Ξ𝑏6 = [
𝑇
(𝐼 − 𝜌𝑖 ) 𝐹1𝑇

−𝛼P𝑏11 −𝛼P𝑏12 −𝛼P𝑏13
∗

∗

P𝑏31 − 𝐻𝑒 (𝑌𝑏1 ) P𝑏32 + 𝑁1𝑇 − 𝐺𝑏1
[
∗
P𝑏34 − 𝐻𝑒 (𝑁1 )
=[

],

̂ 2
𝑌𝑏𝑇 𝐵2 − 𝑝𝑏1 𝐵𝐷
[ 𝑇
[ 𝐺 𝐵 + 𝐵𝐷
̂ 2
[ 𝑏 2

]
−𝛽1 P𝑏24 −𝛽1 P𝑏25 ]
],

[ 𝑇
]
̂ 𝜌 𝐹𝑇 ] ,
Ξ𝑏5 = [−𝐶
𝑖 1
0
[
]

]
[ 𝑇
𝑇
̂ ̂
̂
Θ𝑏2 = [
0 ]
],
[𝐺𝑏 𝐴 + 𝐵𝐶 𝐺𝑏 𝐵1 𝐶 + 𝐴
𝑇
0
0
𝑍𝑏 𝐴 𝑤 ]
[

0

]

𝐸𝑇

̂− 𝐴
̂
̂ 𝑌𝑇 𝐵1 𝐶
𝑌𝑏𝑇 𝐴 − 𝐵𝐶
𝑏

Θ𝑏6 = [

𝑍𝑏1 𝐵𝑤

Ξ𝑏1

𝐸
[ 𝑇 𝑇]
̂ 𝐹 ]
=[
,
[−𝐶
1]
[ 0 ]

𝐹2𝑇

]
],
]

𝑇
𝐴 𝑤]
𝑍𝑏1

0

𝑇

Θ𝑏5

0

𝑇
̂ 2 𝑌𝑇 𝐵1 (𝐼 − 𝜌𝑖 )
𝑌𝑏1
𝐵2 − 𝐵𝐷
𝑏1
[ 𝑇
]
𝑇
̂
𝐵1 (𝐼 − 𝜌𝑖 )] ,
= [𝐺𝑏1 𝐵2 + 𝐵𝐷2 𝐺𝑏1

(55)

∗

0

𝐹2𝑇
],
Ω𝑏6 = [
𝑇
(𝐼 − 𝜌𝑖 ) 𝐹1𝑇

(54)

P𝑏13

]

𝑇
̂− 𝐴
̂
𝑌𝑏1
𝐵1 𝜌1 𝐶
𝑇
̂+ 𝐴
̂
𝐺𝑏1
𝐵1 𝜌1 𝐶

0

[

P𝑏𝑔 − 𝜇P𝑏ℎ ≤ 0,

[
=[
[

]
],
]

P𝑏26 − 𝐻𝑒 (𝑍𝑏 )]

0

[

−𝐼 ]

P𝑏11 − 𝐻𝑒 (𝑌𝑏 ) P𝑏12 + 𝑁𝑇 − 𝐺𝑏

P𝑏25

[ ̂𝑇 𝑇 𝑇 ]
𝜌𝑖 𝐹1 ] ,
Ω𝑏5 = [−𝐶

−𝐼 ]

∗

P𝑏23

𝐸𝑇

Ξ𝑏1 Ξ𝑏2 Ξ𝑏3 0
]
[
[ ∗ Ξ𝑏4 0 Ξ𝑏5 ]
]
[
[ ∗ ∗ −𝛾2 𝐼 Ξ ] < 0,
[
𝑏6 ]
2
[∗

[

∗

−𝐼 ]

Ω𝑏1 Ω𝑏2 Ω𝑏3 0
]
[
[ ∗ Ω𝑏4 0 Ω𝑏5 ]
]
[
[ ∗ ∗ −𝛾2 𝐼 Ω ] < 0,
]
[
𝑏6
2
[∗

P𝑏21 − 𝐻𝑒 (𝑌𝑏1 ) P𝑏22 + 𝑁𝑇 − 𝐺𝑏1

−𝛼P𝑏16 ]

Ξ𝑏3

̂
𝑇
𝑌𝑇 𝐵 − 𝐵𝐷
2 𝑌𝑏2 𝐵1 𝜌𝑖
]
[ 𝑏2 2
],
̂
𝑇
𝑇
= [
𝐵2 + 𝐵𝐷
𝐺
𝐵
𝜌
[𝐺𝑏2
2
𝑏2 1 𝑖 ]
0
𝑍𝑏2 𝐵𝑤 ]
[

[
Ξ𝑏4 = [
[
[

−𝛽2 P𝑏31 −𝛽2 P𝑏32 −𝛽2 P𝑏33
∗
∗

]
−𝛽2 P𝑏34 −𝛽2 P𝑏35 ]
],
∗

−𝛽2 P𝑏36 ]
(56)
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then system (7) is asymptotically stable and guarantees the
weighted 𝐿 2 performance with the weighted 𝐿 2 gain 𝛾𝑠2 = 𝜇𝛾2
when system (7) satisfies the constraints (17a), (17b), and (17c).
Proof. Similar to the process in Theorem 8, the conditions
(52), (53), (54), and (55) can be obtained for system (7) with
the weighted 𝐿 2 performance (10).
3.3. Algorithm. The performances (9)-(10) have been formulated as the inequality conditions in Theorems 8 and 9,
respectively. But the conditions (34), (35), (52), and (53) are
̂ 𝐺𝑇 𝐵1 𝐶,
̂
all nonconvex owing to the product terms 𝑌𝑞𝑇 𝐵1 𝐶,
𝑞
̂ and 𝐺𝑇 𝐵 𝜌 𝐶,
̂ 𝑞 ∈ {𝑎, 𝑏}.
̂ 𝐺𝑇 𝐵 𝜌 𝐶,
̂ 𝑌𝑇 𝐵 𝜌 𝐶,
𝑌𝑇 𝐵 𝜌 𝐶,
𝑞1 1 𝑖

𝑞1 1 𝑖

𝑞2 1 𝑖

𝑞2 1 𝑖

Then a two-step procedure is presented, which follows from
the idea proposed as [26]; it can be summarized as follows.
Step 1. Design robust state feedback gain matrices 𝐶𝑘 , 𝐶𝑘
for the closed-loop system with the state feedback control
𝑢(𝑘) = 𝐶𝑘 𝑥(𝑘) for fault free case and 𝑢(𝑘) = 𝐶𝑘 𝑥(𝑘) for fault
detected case; then the performance index (10) is satisfied.
This problem is convex and see the appendix for the design
of 𝐶𝑘 , 𝐶𝑘 .
Step 2. Put the state feedback gain matrices 𝐶𝑘 , 𝐶𝑘 into
switched system (7) and search for a solution that satisfies
the conditions in Theorems 8 and 9. Given 𝛾2 , solving the
following problem

min
s.t.

𝛾1

where
𝐴 1 𝐵1 𝐵2
[ 𝐶
𝐷2 ]
𝐸
𝐹
1 𝐹2 ]
[
0.50
[ −0.59
[
=[
[ 0.54
[ 0.36
[ −0.01

0.2 0.5 0.10
(60)
−1.3 0.5 −0.1 ]
]
0.5 −0.5 0.4 ]
].
0.1 ]
0.1 0.2 0.2 ]

−0.5060 −0.3372 −1.0051
𝐴 𝑘1 = [ 1.5112 0.1401 2.7485 ] ,
[−0.2425 0.1207 −0.5719]
2.3951
𝐵𝑘1 = [−5.9280] ,
[ 2.1928 ]
−0.0523 −0.1325 −0.3056
𝐴𝑘1 = [ 0.4073 0.2041 0.3789 ] ,
[−0.3925 −0.0723 −0.6093]

(61)

1.5261
𝐵𝑘1 = [−3.5448] ,
[ 2.7507 ]
−0.2413 −0.0327 −0.7715
],
0.1707 −0.4837 −1.1142

(57)
𝐶𝑘1 = [

(52) , (53) , (54) , (55) ,

−0.09
−0.24
0.11
0.32
0.3

Here, we consider the following possible fault modes, and,
choosing 𝛼 = 0.2, 𝛽1 = 60, 𝛽2 = 5, and 𝜇 = 1.2, we can obtain
the gain matrices of the detector/controller as algorithm in
Section 3:

𝐶𝑘1 = [

(34) , (35) , (36) , (37) ,

−0.26
0.64
−0.25
−0.01
0.1

0.0142 −0.1561 −0.5887
].
0.0429 −0.4220 −1.2056

Choosing 𝛽 = 15 and 𝜍 = 0.05, it is obtained that
̂ 𝐵,
̂ and 𝑁, 𝑁 by the optimal solution of (57);
̂ 𝐵,
̂ 𝐴
denote 𝐴
1
the gain matrices 𝐴 𝑘 , 𝐵𝑘 , 𝐴𝑘 , 𝐵𝑘 can be obtained as
−1 ̂

−1 ̂

𝐴 𝑘 = 𝑁 𝐴,

𝐵𝑘 = 𝑁 𝐵,

̂
𝐴𝑘 = 𝑁1−1 𝐴,

̂
𝐵𝑘 = 𝑁1−1 𝐵.

(58)

4. Example
Consider a discrete-time system (1) consisting of two subsystems
𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵1 𝑢 (𝑘) + 𝐵2 𝑑 (𝑘) ,
𝑦 (𝑘) = 𝐶𝑥 (𝑘) + 𝐷2 𝑑 (𝑘) ,
𝑧 (𝑘) = 𝐸𝑥 (𝑘) + 𝐹1 𝑢 (𝑘) + 𝐹2 𝑑 (𝑘) ,

𝜏𝑎 ≥ 𝜏𝑎∗ = ceil [−

3 ln 𝜇
] = 11,
ln (1 − 𝜍)

(62)

T𝑛𝑑 (𝑘0 , 𝑘) ln (1 + 𝛽) − ln (1 + 𝛽2 )
≤
= 0.7329,
T𝑑 (𝑘0 , 𝑘)
ln (1 + 𝛽1 ) − ln (1 + 𝛽)

(63)

T𝑛 (𝑘0 , 𝑘) ln (1 + 𝛽) − ln (1 − 𝜍)
≥
= 16.4322.
T𝑓 (𝑘0 , 𝑘) ln (1 − 𝜍) − ln (1 − 𝛼)

(64)

Thus, if the normal operations are larger than the regular
intervals 11 steps, meanwhile, it satisfies (T𝑛𝑑 /T𝑑 ) ≤
0.7329 and (T𝑛 /T𝑓 ) > 16.4322, then the designed detector/controller makes the closed-loop system asymptotically
stable and guarantees the weighted 𝐿 2 performance.
Here, for 𝑘 = 0, . . . , 500, the disturbances for each
subsystem are 𝑑(𝑘) = 0.5 sin(0.1𝑘)𝑒−0.001𝑘 . We consider the
two kinds of fault mode to demonstrate the effectiveness of
the method proposed by this paper.

(59)
Case 1. The first actuator is stuck and the second actuator
is normal; that is, 𝜌1 = [ 00 01 ], and the 1st actuator has
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(b) The evolution of the residual evaluation function 𝐽𝑟

(a) The residual signal

Figure 3: The detection objectives for Case 1.
1
Performance output z(k)

Performance output z(k)

1

0.5

0

−0.5
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0

−0.5
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(a) 𝑧(𝑘) when the detector/controller is not switched

0

100

200
300
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400
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(b) 𝑧(𝑘) when the detector/controller is switched

Figure 4: Performance output 𝑧(𝑘) when the fault is detected for Case 1.

the fault from step 75 to step 100 with the unit amplitude.
Suppose the total runtime is 500 steps; the condition (64)
̃1 is
has been satisfied; moreover, the closed-loop matrix 𝐴
not Hurwitz. We consider the method proposed in this paper
which considers the switching strategy. The actuator stuck
fault can be detected at step 76; then the controller is switched
at step 76. The condition (63) holds; then the closed-loop
system with the switching strategy is asymptotically stable
and guarantees the weighted 𝐿 2 performance. The generated
residual 𝑟(𝑘) and the evolution of the residual evaluation
function 𝐽𝑟 (𝑘) are shown in Figure 3.
For the detection objectives, it can be seen from Figure 3
that the residual signal 𝑟(𝑘) is larger than the threshold 𝑟th (𝑘)
of the residual in step 76 and the residual evaluation function
𝐽𝑟 (𝑘) is larger than the threshold 𝐽th (𝑘) in step 76. It can be
deduced that the detector/controller with the parameters 𝐴𝑘1 ,
𝐵𝑘1 , and 𝐶𝑘1 is switched at step 76 to guarantee that the norm
of the states increases within acceptable limits. Until the fault
is removed in step 100, the residual evaluation function is
reset to complete fault detection objective.

For the control objective, we will first demonstrate that
the performance output 𝑧(𝑘) is shown in Figure 4(a) if
the detector/controller is not switched when the fault is
detected, while the performance output 𝑧(𝑘) is shown in
Figure 4(b) if the detector/controller is switched when the
fault is detected. Comparing these two figures, it can been
seen that the effects of disturbances 𝑑(𝑘) and the fault 𝑓(𝑘) on
the performance output 𝑧(𝑘) in our method are not disastrous
and the performance output 𝑧(𝑘) slowly varies.
Case 2. Both of the two actuators are stuck, that is, 𝜌2 = [ 00 00 ],
and the fault from step 250 to step 300. As Case 1, we can also
obtain that the conditions (63) and (64) hold, and the closed̃1 is not Hurwitz.
loop matrix 𝐴
The performance output 𝑧(𝑘) for the detector/controller
both no-switched and switched is shown in Figure 5.
From Figure 5, we can see that the performance output 𝑧(𝑘) for the no-switched case varies more sharply
from −12 to 4, while the performance output 𝑧(𝑘) for
the switched case only changes form from −1.1 to 0.4.
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(a) 𝑧(𝑘) when the detector/controller is not switched
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(b) 𝑧(𝑘) when the detector/controller is switched

Figure 5: Performance output 𝑧(𝑘) when the fault is detected for Case 2.

The advantage for our method is obvious for the control
objective.
From Cases 1 and 2, we see that when the conditions
(62), (63), and (64) are satisfied, no matter whether the faults
are in the first or in both actuators, all of them can be
detected, and the closed-loop system is asymptotically stable
and guarantees the given weighted 𝐿 2 performance. The
fault detection and control for the system with the switching
strategy are effective.

5. Conclusion
In this paper, the simultaneous fault detection and control
problem has been presented for discrete-time systems. The
detector/controller is designed as a single unit such that when
the fault is detected, the controller is switched to stabilize
“destabilizing failure.” The switching strategy which combines
event-driven switching with time-driven switching not only

makes the closed-loop system asymptotically stable, but also
guarantees the weighted 𝐿 2 performance. An example is
provided to demonstrate the effectiveness of the proposed
design method.

Appendix
The state feedback case for system (4) is equivalent to consider
the constant state feedback controller 𝑢(𝑘) = 𝐶𝑘 𝑥(𝑘) for fault
free and fault no-detected cases, and 𝑢(𝑘) = 𝐶𝑘 𝑥(𝑘) for fault
detected cases; the following theorem can be used for the state
feedback design.
Theorem A.1. Let 𝛼, 𝛽1 , 𝛽2 , 𝜇, and 𝛾3 be some constants
satisfying 0 < 𝛼 < 1, 𝛽1 > 𝛽2 > 0, 𝛾3 > 0, and 𝜇 ≥ 1. If there
exist matrix variables C𝑘 , C𝑘 and symmetric positive-definite
matrices Q𝑐1 > 0 and Q𝑐2 > 0 such that

0
0
−Q𝑐1 𝐴Q𝑐1 + 𝐵1 C𝑘 𝐵2
[ ∗ − (1 − 𝛼) Q
𝑇
0
0 Q𝑐1 𝐸 + C𝑇𝑘 𝐹1𝑇 ]
[
]
𝑐1
[
]
2
𝑇
[ ∗
] < 0,
∗
−𝛾3 𝐼 0
𝐹2
[
]
[
]
2
[ ∗
]
∗
∗ −𝛾3 𝐼
0
∗
∗
∗
−𝐼
[ ∗
]

(A.1)

0
−Q𝑐1 𝐴Q𝑐1 + 𝐵1 𝜌𝑖 C𝑘 𝐵2 𝐵1 (𝐼 − 𝜌𝑖 )
[ ∗
𝑇
)
Q
0
0
Q
𝐸
+
C𝑇𝑘 𝜌𝑖𝑇 𝐹1𝑇 ]
−
(1
+
𝛽
]
[
1
𝑐1
𝑐1
]
[
2
𝑇
] < 0,
[ ∗
∗
−𝛾
𝐼
0
𝐹
3
2
]
[
𝑇
[ ∗
∗
∗
−𝛾32 𝐼
(𝐼 − 𝜌𝑖 ) 𝐹1𝑇 ]
∗
∗
∗
−𝐼
]
[ ∗

(A.2)

0
−Q𝑐2 𝐴Q𝑐2 + 𝐵1 𝜌𝑖 C𝑘 𝐵2 𝐵1 (𝐼 − 𝜌𝑖 )
𝑇
]
[
𝑇
[ ∗
− (1 + 𝛽2 ) Q𝑐2
0
0
Q𝑐2 𝐸 + C𝑘 𝜌𝑖𝑇 𝐹1𝑇 ]
]
[
] < 0,
[ ∗
∗
−𝛾32 𝐼
0
𝐹2𝑇
]
[
]
[
𝑇 𝑇
2
[ ∗
∗
∗
−𝛾3 𝐼
(𝐼 − 𝜌𝑖 ) 𝐹1 ]
∗
∗
∗
−𝐼
]
[ ∗

(A.3)

Q𝑐𝑔 − 𝜇Q𝑐ℎ ≤ 0,

(A.4)
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where 𝑔, ℎ ∈ {1, 2}, and 𝑔 ≠ℎ, then the closed-loop system for
system (4) is asymptotically stable and guarantees the weighted
𝐿 2 performance. If the conditions (A.1), (A.2), (A.3), and (A.4)
are feasible, the controller parameters can be obtained as 𝐶𝑘 =
−1
C𝑘 Q−1
𝑐1 and 𝐶𝑘 = C𝑘 Q𝑐2 .
Remark A.2. According to Lemma 7, the closed-loop system
for system (4) is asymptotically stable and guarantees the
weighted 𝐿 2 performance if and only if conditions like (16a),
(16b), (16c), and (16d) hold. By some simple calculations like
Theorem 8 and Schur complement, (A.1), (A.2), (A.3), and
(A.4) can be obtained easily, and the state feedback gains 𝐶𝑘
and 𝐶𝑘 can also be obtained.
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Celestial Navigation System (CNS) has characteristics of accurate orientation and strong autonomy and has been widely used in
Hypersonic Vehicle. Since the CNS location and orientation mainly depend upon the inertial reference that contains errors caused
by gyro drifts and other error factors, traditional Strap-down Inertial Navigation System (SINS)/CNS positioning algorithm setting
the position error between SINS and CNS as measurement is not effective. The model of altitude azimuth, platform error angles,
and horizontal position is designed, and the SINS/CNS tightly integrated algorithm is designed, in which CNS altitude azimuth is
set as measurement information. GPF (Gaussian particle filter) is introduced to solve the problem of nonlinear filtering. The results
of simulation show that the precision of SINS/CNS algorithm which reaches 130 m using three stars is improved effectively.

1. Introduction
Hypersonic Vehicle (HV) which refers to a vehicle flying
at Mach 5 or above has already been the research focus
in aeronautic and aerospace fields with its great strategic
military application values [1, 2].
Although Hypersonic Vehicle has many advantages, such
as large flight envelope, high maneuverability, and well penetrability, the dynamic model of an HV is fast time varying
and highly nonlinear because of its Mach numbers [3]. Largescale variations of altitude and velocity lead to uncertainties
in the aerodynamic parameters [4, 5]. As a result, HV is
a highly nonlinear and uncertain system. Consequently, it
is difficult to measure or estimate the dynamic state and
characteristics of the vehicle [6]. Autonomous navigation
system with high accuracy and reliability has been a major
constraint on the improvement in performance of HV.
In recent years, owing to the development of microelectronics and computer technology, as well as the accuracy
improvement of Charge Coupled Device (CCD), Charge
Inject Device (CID) star trackers, and inertial components,
the Strap-down Inertial Navigation System (SINS) and Celestial Navigation System (CNS) are widely used in in aircrafts
[7].

The celestial navigation method is a kind of autonomous
navigation technology which can determine the vehicle’s
position and attitude [8]. Since Celestial Navigation System
(CNS) has characteristics of accurate orientation and strong
autonomy, it has become an important component of integrated navigation system of HV [9].
The conventional celestial navigation utilizes the inertial navigation platform technology to realize the vertical
vector and compute the vehicle’s navigation information by
measuring the relative position changes between the vertical
vector and the celestial vector. The navigation accuracy of this
method depends largely on the accuracy of horizontal reference and celestial sensor measurements [10]. CNS usually gets
the inertial horizon reference by inertial navigation platform.
Considering that the strap-down type replacing the platform
type has been the development trend of INS, it has become
extremely difficult to improve the accuracy of the inertial
horizon references due to the impact of INS core instruments
(gyros and accelerometers) error [11].
In traditional SINS/CNS integrated mode, CNS utilizes
the position and attitude information of INS to calculate
celestial positions and heading attitude and then realize
periodic correction of the INS drifts. This mode can damp
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Table 1: Comparison of SINS/CNS navigation error.
𝛿V𝑒
0.21
0.13
−0.10

One star
Two stars
Three stars

𝛿𝑝/m
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−0.76
−0.38
−0.10

𝛿𝜆
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161.2
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122

𝜆 (deg)

𝛿V/m/s

Error

123

121

120

×104
1.8

119

1.6

118

H (m)

0

1000

1.4

2000
Time (s)

3000

4000

Figure 2: Simulation longitude.
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Figure 1: Simulation trace.

the divergence of INS position errors; however, since the CNS
location and orientation mainly depend upon the inertial
reference that contains errors caused by gyro drifts and other
error factors, this postcorrection method is not effective.
A number of classical approaches, the Kalman filter
(KF), extended Kalman filter (EKF), unscented Kalman
filter (UKF), particle filtering (PF), and so forth, have been
proposed to the information fusion. Kalman filtering is
commonly used algorithms for information integration. A
prerequisite for using Kalman filter is that the system dynamics and noise statistics are known [12]. But considering the
HV is a highly nonlinear system, the dynamic characteristics
of the HV and external environment make these premise
conditions often not met.
PF can effectively solve the problem of nonlinear filtering
[13, 14]. However, its limitation is obvious.
(1) PF occasionally has the particle impoverishment (PI)
problem that results from resampling process [15].
(2) The number of particles will increase at a rapid rate
along with the increase of the system dimensions.
The Gaussian PF avoids the PI problem that is the
disadvantageous feature of PF in the estimation of a static
parameter. Furthermore, resampling process is not required
in the GPF algorithm. Therefore, its computational complexity (CC) is significantly reduced compared to particle
filtering.
This paper will carry out the research on the SINS/CNS
integrated navigation algorithm for the HV. In order to
improve the accuracy and reliability of SINS/CNS integrated
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Figure 3: Compression of longitude error.

systems, the scheme and algorithm of airborne SINS/CNS
integrated navigation based on celestial angle observation
have been presented. The theory of SINS/CNS integrated navigation system based on celestial altitude angle observation
information has been discussed adequately; a model with
celestial altitude angle, platform error angles, and horizontal
position is deduced. Meanwhile, a new SINS/CNS tightly
integrated localization algorithm using Gaussian particle
filter (GPF) is presented, which makes full use of SINS and
CNS navigation information to achieve higher accuracy of
the SINS/CNS integration.

2. SINS/CNS Tightly Integrated Navigation
Model
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Figure 4: Compression of latitude error.
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By using first order approximation of Taylor expansion,
(3) can be expressed as
sinℎ𝑙 = sin𝐿sin𝛿𝐴 + cos𝛿𝐴cos𝐿cos (𝑡𝐺 + 𝜆)
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According to (1) and (4), the relation between computed
altitude angle ℎ𝑙 and observed altitude angle ℎ𝑝 can be
expressed as follows:
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Figure 5: Compression of longitude error.

𝛼1 = −cos𝛿𝐴cos𝑡𝐺sin𝜆cos𝐿
2.1. The Model of CNS Measurement. The basic principle of
astronomical positioning is given by
sinℎ𝑝 = sin𝛿𝐴sin𝐿 + cos𝛿𝐴 cos𝐿cos (𝑡𝐺 + 𝜆) ,

(1)

where ℎ𝑝 is the observed altitude angle of the navigational
stars in Local-Level Frame. 𝜆, 𝐿 are longitude and latitude;
𝛿𝐴 , 𝑡𝐺 are the declination and Greenwich hour angle.
According to (1), using longitude and latitude information from SINS, the computed altitude angle ℎ𝑙 in Local-Level
Frame is received as
sinℎ𝑙 = sin𝐿 𝑠 sin𝛿𝐴 + cos𝐿 𝑠 cos𝛿𝐴 cos (𝜆 𝑠 + 𝑡𝐺) ,

(2)

𝐿 𝑠 = 𝐿 + 𝛿𝐿,

𝜆 𝑠 = 𝜆 + 𝛿𝜆.

𝛽1 = sin𝛿𝐴cos𝐿 − cos𝛿𝐴 cos𝑡𝐺cos𝜆sin𝐿

(6)

+ cos𝛿𝐴 sin𝑡𝐺sin𝜆sin𝐿.
Since CNS gets the inertial horizon reference by SINS, we
can not get the observed altitude angle in Local-Level Frame
in (1) but the observed altitude angle ℎ𝑐 in Computational
Frame.
The celestial vector in Local-Level Frame can be set as
𝑇

X𝑝 = [cosℎ𝑝 sin𝐴 𝑝 cosℎ𝑝 cos𝐴 𝑝 sinℎ𝑝 ] .

(7)

The celestial vector in Computational-Level Frame can be
set as

where 𝐿 𝑠 , 𝜆 𝑠 are latitude and longitude from SINS, and
ℎ𝑙 = ℎ𝑝 + 𝛿ℎ,

− cos𝛿𝐴 sin𝑡𝐺cos𝜆cos𝐿,

(3)

𝑇

X𝑐 = [cosℎ𝑐 sin𝐴 𝑐 cosℎ𝑐 cos𝐴 𝑐 sinℎ𝑐 ] .

(8)
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The relationship between Computational Frame and
Local-Level Frame can be expressed as follows:
X𝑃 = C𝑝𝑐 X𝑐 ,
where C𝑝𝑐 = [

1 −𝜙𝑢 𝜙𝑛
𝜙𝑢 1 −𝜙𝑒
−𝜙𝑛 𝜙𝑒 1

(9)

2.2. Equation of State of SINS/CNS Integrated Algorithm. The
navigation frame is chosen as east-north-upward geographic
frame. The 𝑋-𝑌-𝑍 direction of the body frame is coincident
with the Right-Front-Upward direction of the vehicle body.
The state equations are described as

], and 𝜙𝑒 , 𝜙𝑛 , 𝜙𝑢 are east, north, and

up platform angle error.
From (7)∼(9),

sinℎ𝑝 = sinℎ𝑐 − 𝜙𝑛 × cosℎ𝑐 sin𝐴 𝑐 + 𝜙𝑒 × cosℎ𝑐 cos𝐴 𝑐 . (10)
According to (5) and (10), the relationship between
computed altitude angle ℎ𝑙 in Local-Level Frame and the
observed altitude angle ℎ𝑐 in Computational Frame can be
expressed as follows:
sinℎ𝑙 − sinℎ𝑐 = 𝛼1 ⋅ Δ𝜆 + 𝛽1 ⋅ Δ𝐿
− 𝜙𝑛 × cosℎ𝑐 sin𝐴 𝑐 + 𝜙𝑒 × cosℎ𝑐 cos𝐴 𝑐 .

Ẋ(𝑡) = F (X (𝑡) , W (𝑡)) ,

(11)
where X(𝑡) is the state variables vector, and

𝑋 (𝑡) = [𝛿𝑞0 , 𝛿𝑞1 , 𝛿𝑞2 , 𝛿𝑞3 𝛿𝑉𝐸 𝛿𝑉𝑁 𝛿𝑉𝑈 𝛿𝐿 𝛿𝜆 𝛿ℎ 𝜀𝑏𝑥 𝜀𝑏𝑦 𝜀𝑏𝑧 ∇𝑥 ∇𝑦 ∇𝑧 ]

𝜀𝑏𝑥 , 𝜀𝑏𝑦 , 𝜀𝑏𝑧 are single-order Markov errors of three gyros, ∇𝑎𝑥 ,
∇𝑎𝑦 , ∇𝑎𝑧 are single-order Markov errors of three accelerometers, and
𝑇

̇ 𝜀𝑏𝑧
̇] = −
̇ 𝜀𝑏𝑦
𝛿𝜔̇𝑏𝑖𝑏 = [𝜀𝑏𝑥

1
𝛿𝜔𝑏 + 𝜎𝜔 (𝑡) ,
𝑇𝜔 𝑖𝑏

1 ̇𝑏
𝑏
̇ ̇𝑇
∇ + 𝜎∇ (𝑡) .
∇̇ = [∇̇
𝑥 ∇𝑦 ∇𝑧 ] = −
𝑇∇

(14)

F is the system matrix, W(𝑡) is the system noise matrix,
and W(𝑡) = [𝜎𝜔 (𝑡) 𝜎∇ (𝑡)].
The attitude equation in the form of a quaternion is
written as
1
1
1
Q̇𝑛𝑏 = [Q𝑛𝑏 ] 𝜔𝑏𝑛𝑏 = ⟨𝜔𝑏𝑖𝑏 ⟩ Q𝑛𝑏 − [𝜔𝑛𝑖𝑛 ] Q𝑛𝑏 ,
2
2
2
Q𝑛𝑏

𝑇

(15)

𝜔𝑏𝑖𝑏

where
= [𝑞0 𝑞1 𝑞2 𝑞3 ] ,
the vehicle body angular
rate measured by gyros in the body frame,
0 −𝜔𝑥 −𝜔𝑦 −𝜔𝑧
]
[
𝜔𝑧 −𝜔𝑦 ]
[𝜔𝑥 0
𝑏
],
[
[𝜔𝑖𝑏 ] = [
]
[𝜔𝑦 −𝜔𝑧 0 𝜔𝑥 ]
[𝜔𝑧 𝜔𝑦 −𝜔𝑥 0 ]

(12)

𝑇

(13)

navigation frame with respect to the earth frame, expressed in
the navigation frame:
0 −𝜔𝑒 −𝜔𝑛 −𝜔𝑢
[
]
[ 𝜔𝑒 0 −𝜔𝑢 𝜔𝑛 ]
𝑛
[
].
⟨𝜔𝑖𝑛 ⟩ = [
0 −𝜔𝑒 ]
[𝜔𝑛 𝜔𝑢
]
[𝜔𝑢 −𝜔𝑛 𝜔𝑒

(17)

0 ]

The definition of the quaternion error between real
quaternion and calculated quaternion is
̂ 𝑛 − Q𝑛 ,
𝛿Q = Q
𝑏
𝑏

(18)

̂ 𝑛 is calculated quaterwhere 𝛿Q = [𝛿𝑞0 , 𝛿𝑞1 , 𝛿𝑞2 , 𝛿𝑞3 ]𝑇 , Q
𝑏
𝑛
nion, and Q𝑏 is real quaternion.
The dynamic vector equation of quaternion error can be
presented as
1
1
1
𝛿Q̇= ⟨𝜔𝑏𝑖𝑏 ⟩ 𝛿Q − [𝜔𝑛𝑖𝑛 ] 𝛿Q + U (Q) 𝛿𝜔𝑏𝑖𝑏
2
2
2
1
− Y (Q) 𝛿𝜔𝑛𝑖𝑛 ,
2

(19)

where 𝛿𝜔𝑛𝑖𝑛 = 𝛿𝜔𝑛𝑖𝑒 + 𝛿𝜔𝑛𝑒𝑛 , and
(16)

𝜔𝑛𝑖𝑛 = 𝜔𝑛𝑖𝑒 + 𝜔𝑛𝑒𝑛 , and 𝜔𝑛𝑖𝑒 is the projection of the earth
rotation rate in the navigation frame. 𝜔𝑛𝑒𝑛 is angular rate of the

−𝑞1 −𝑞2 −𝑞3
]
[
[ 𝑞0 𝑞3 −𝑞2 ]
],
[
Y (Q) = [
]
[−𝑞3 𝑞0 𝑞1 ]
[ 𝑞2 −𝑞1 𝑞0 ]

−𝑞1 −𝑞2 −𝑞3
]
[
[ 𝑞0 −𝑞3 𝑞2 ]
].
[
U (Q) = [
]
[ 𝑞3 𝑞0 −𝑞1 ]
[−𝑞2 𝑞1

𝑞0 ]
(20)

Mathematical Problems in Engineering

5

Dynamic vector equation of velocity errors can be
expressed as

The equations of nonlinear system model are defined as
follows:

𝛿V̇= ΔQ𝑛𝑏̂f𝑏 + Q𝑛𝑏 ∇𝑏 − (2𝜔𝑛𝑖𝑒 + 𝜔𝑛𝑒𝑛 ) × 𝛿V

x𝑘 = 𝑓 (x𝑘−1 , 𝜔𝑘−1 ) ,

+ (V + 𝛿V) × (2𝛿𝜔𝑛𝑖𝑒 + 𝛿𝜔𝑛𝑒𝑛 ) ,

(21)

where 𝛿V = [𝛿𝑉𝐸 , 𝛿𝑉𝑁, 𝛿𝑉𝑈], and ̂f𝑏 represents the specific
force measured by the three accelerometers in the body
frame.
Dynamic equation of position errors can be expressed as

GPF can be described as the following two steps.
Measurement Update. Generate the sample particles following
x𝑘𝑖 ∼ 𝑞 (x𝑘𝑖 | z0:𝑘 ) ,

𝑉𝑁
𝛿𝑉𝑁
𝛿ℎ,
−
𝛿𝐿̇=
𝑅𝑀 + ℎ (𝑅𝑀 + ℎ)2
𝛿𝜆̇=

𝛿𝑉𝐸
𝑉𝐸
𝑉 sec𝐿𝛿ℎ (22)
,
sec𝐿 +
𝑡𝑔𝐿sec𝐿𝛿𝐿 − 𝐸
2
𝑅𝑁 + ℎ
𝑅𝑁 + ℎ
(𝑅𝑁 + ℎ)

𝜔𝑘𝑖

where 𝑅𝑀, 𝑅𝑁 are the earth curvature radius.
From (11), the measurement equation with one navigational star can be set as
(23)

(28)

where 𝑞(⋅) is the importance sampling function, 𝑖 = 1 : 𝑀,
and 𝑀 is the particle number.
And the weights can be approximated by the following:

𝛿ℎ̇= 𝛿𝑉𝑈,

Z (𝑡) = sinℎ𝑙 − sinℎ𝑐 .

(27)

z𝑘 = ℎ (x𝑘 , v𝑘 ) .

∝

𝑝 (z𝑘 | x𝑘𝑖 ) 𝑁 (x𝑘𝑖 ; 𝜇𝑘 ; Σ𝑘 )
𝑞 (x𝑘𝑖 | z0:𝑘 )

,

where 𝑝(⋅) is the filtering density, and 𝜇𝑘 , Σ𝑘 are obtained by
sample mean and covariance of the particles generated in the
previous time update step.
Then compute the 𝜇𝑘 , Σ𝑘 following

If there is more than one navigational star, the measurement equation can be set as

𝑀

𝜇𝑘 = ∑𝜔𝑘𝑖 𝑥𝑘𝑖 ,
𝑖=1

sinℎ𝑙1 − sinℎ𝑐1

]
[
]
[
..
Z (𝑡) = [
] = H (𝑡) X (𝑡) + V (𝑡) ,
.
]
[
sinℎ
−
sinℎ
𝑙𝑛
𝑐𝑛 ]
[

𝑀

[
[
V (𝑡) = [
[

sin𝛿ℎ1
..
.

]
]
].
]

Σ𝑘 = ∑𝜔𝑘𝑖 (𝜇𝑘 − 𝑥𝑘𝑖 ) (𝜇𝑘 −

(24)

where H(𝑡) is the matrix that reflects the relations between
X(𝑡) and Z(𝑡), V(𝑡) is the noise vector of the measurement
information, and

(25)

𝑖=1

𝑖
x𝑘|𝑘+1
∼ 𝑁 (x𝑘𝑖 ; 𝜇𝑘 ; Σ𝑘 ) ,
𝑖
𝑖
∼ 𝑝 (x𝑘+1 | x𝑘|𝑘+1
).
x𝑘+1|𝑘+1

Z (𝑡) = H (𝑡) X (𝑡) + V (𝑡) .

𝜇𝑘+1 =
Σ𝑘+1

3. SINS/CNS Gaussian Particle Filter
Algorithm
The GPF approximates the filtering and predictive densities
by Gaussian distributions in a PF framework. The GPF recursively updates only the posterior mean and the covariance of
the parameter of interest. The basic idea of PF is to represent
a density by generated samples and their associated weights.
The following shows the approximation of a filtering density
by particles and their weights.

(31)

Then compute the 𝜇𝑘+1 , Σ𝑘+1 following

According to (12) and (24), the system equations are
described as
(26)

(30)
𝑇
𝑥𝑘𝑖 ) .

𝑖
𝑖
Time Update. Generate x𝑘|𝑘+1
and compute x𝑘+1|𝑘+1
:

[sin𝛿ℎ𝑛 ]

Ẋ(𝑡) = F (X (𝑡) , W (𝑡)) ,

(29)

1 𝑀 𝑖
∑𝑥 ,
𝑀 𝑖=1 𝑘+1

𝑇
1 𝑀
𝑖
𝑖
=
) (𝜇𝑘+1 − 𝑥𝑘+1
) .
∑ (𝜇 − 𝑥𝑘+1
𝑀 𝑖=1 𝑘+1

(32)

According to (26), the state equation is nonlinear and the
measurement equation is linear; the measurement update of
GPF can be estimated by Kalman filter. Thus, (29) and (30)
can be simplified as follows:
−1

K𝑘 = Σ𝑘 H𝑇𝑘 [H𝑘 Σ𝑘 H𝑇𝑘 + R𝑘 ] ,
𝜇𝑘 = 𝜇𝑘 + K𝑘 [z𝑘 − H𝑘 𝜇𝑘 ] ,
Σ𝑘 = [I − K𝑘 H𝑘 ] Σ𝑘 .
The GPF flow chart for (26) is given as follows.

(33)
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Step 1. Consider
x𝑘𝑖 ∼ 𝑞 (x𝑘𝑖 | z0:𝑘 ) = 𝑁 (x𝑘𝑖 ; 𝜇𝑘 ; Σ𝑘 ) .

(34)

Step 2. Consider
−1

K𝑘 = Σ𝑘 H𝑇𝑘 [H𝑘 Σ𝑘 H𝑇𝑘 + R𝑘 ] ,
𝜇𝑘 = 𝜇𝑘 + K𝑘 [z𝑘 − H𝑘 𝜇𝑘 ] ,

(35)

Σ𝑘 = [I − K𝑘 H𝑘 ] Σ𝑘 .
Step 3. Consider
𝑖
x𝑘|𝑘+1
∼ 𝑁 (x𝑘𝑖 ; 𝜇𝑘 ; Σ𝑘 ) ,
𝑖
𝑖
∼ 𝑝 (x𝑘+1 | x𝑘|𝑘+1
).
x𝑘+1|𝑘+1

(36)

Σ𝑘+1

1 𝑀 𝑖
∑𝑥 ,
𝑀 𝑖=1 𝑘+1

𝑇
1 𝑀
𝑖
𝑖
=
) (𝜇𝑘+1 − 𝑥𝑘+1
) .
∑ (𝜇 − 𝑥𝑘+1
𝑀 𝑖=1 𝑘+1
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Step 4. Consider
𝜇𝑘+1 =

orientation and strong autonomy. Traditional SINS/CNS
integrated mode, which uses celestial positions correcting
the SINS drifts, is not effective because the CNS location
mainly depends upon the inertial reference that contains
errors caused by gyro drifts. In this paper, the theory of
SINS/CNS integrated navigation system based on celestial
angle observation information has been proposed for
HV. The model with altitude angle, platform error angles,
and horizontal position is deduced; the SINS/CNS tightly
integrated localization algorithm using GPF is presented. The
SINS/CNS algorithm is of important value in engineering
application.

Acknowledgments
(37)

4. Simulation and Analysis
The proposed algorithm is testified by the designed track. The
drift of equivalent gyros in inertial navigation system is set
to 0.1∘ /h, the drift of equivalent accelerometer is 10−4 g, and
the period of SINS algorithm is 5 ms. The navigation stars are
Alioth, Arcturus, and Dubhe. The error of star sensor is 10
arc-second, and the period of CNS is 1.0 s; the period of the
GPF is 1.0 s.
The track is set as showed in Figure 1. The longitude is set
as showed in Figure 2.
The errors of longitude and latitude are given as in Figures
3 and 4.
In Figures 3 and 4, “A” represents the results of one
navigation star and “B” and “C” represent two and three
navigation stars.
In Figures 3 and 4, when there are more navigation stars,
the position error is smaller. The mean square error average
is shown in Table 1.
Test results indicate that the precision of position is about
1100 m with one star. The precision of position using three
stars can reach 130 m, which indicate that the method in
the paper can improve the precision of navigation system
effectively.
The comparison of GPF and KF using three stars is given
in Figures 5 and 6.
Through Figures 5 and 6, both KF and GPF can convergence fast, but the accuracy of GPF is higher, and the steady
accuracy is less influenced by the carrier mobility.

5. Conclusion
The SINS/CNS navigation system is an important
autonomous navigation technology of HV for its accurate
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The aim of this paper is to present a sensor fault-tolerant control (FTC) scheme for a two-axis fast steering mirror (FSM) system
with minimum power consumption and without changing the controller structure. In this paper, an adaptive PI-based sliding
mode observer (APISMO) is adopted firstly to estimate the fault signal, which does not require any prior knowledge of the fault.
The estimation is then used by the fault isolation logic to identify the fault. The redundant sensor would be powered up to replace
the faulty one when faults occur. During the backup sensor booting up, for maintaining the normal performance of the closed-loop
system approximately, a fault-free estimation of the position provided by the APISMO is used as feedback signal. Experimental
studies on a prototype system show that the proposed APISMO can effectively reconstruct the fault signals even when the two
primary position sensors are faulty simultaneously. Meanwhile, the effectiveness and performance of the proposed scheme have
been verified.

1. Introduction
The fast steering mirror (FSM) system is popularly applied in
situations that require a precision positioning, such as space
telescopes, adaptive optics, and free-space optical (FSO)
communications [1–3]. In most of the applications, the FSM
is adopted to steer the optical beam precisely. Extensive
researches have been carried out to improve the closed-loop
performance of FSM [4–6]. Most of the control strategies
depend on reliable sensor measurements. However, these
sensors are usually affected by failures such as offset, drift, and
disconnection, which would obviously result in overall performance deterioration. Therefore, it is desirable to develop
a sensor FTC scheme for FSM.
To maintain a high level of reliability, the hardware
redundancy-based technique has been widely used by the
FSM system designed for space application [2, 3, 7]. Because
of mass and power constraints, it is still a challenge to
design a FTC scheme that provides required reliability with

minimum hardware redundancy. In addition, most sensors
and actuators have moving parts and life limited components.
Another challenge is determining whether the redundant
sensors could be kept unpowered and activated only when
necessary [8].
Many approaches have been proposed to overcome the
aforementioned problems [9–13]. Among them, the analytical redundancy method is particularly effective. By developing mathematical model of the system, analytical redundancy
approach could generate estimations of the measurable or
unmeasured variables. The estimations can be used to replace
the redundant hardware sensors or design fault diagnosis
(FD) scheme. To design an active FTC scheme, the first step is
to implement a FD scheme to monitor the system and isolate
the fault. Adaptive observer-based FD and sliding mode
observer-based FD are two extensively studied methods [14–
19]. When the faulty physical sensor has been detected
and isolated, its measurement would be replaced by the
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estimation, which is the so-called virtual sensor. A fault
reconstruction scheme using sliding mode observer is also
given in [18, 20, 21]. FTC scheme in terms of correcting
the measured output signals using reconstructed fault signals
is considered in [17, 21, 22]. However, neither the virtual
sensor nor measurement corrected by reconstructed signal
is as accurate as the fault-free physical sensor. FTC schemes
with only analytical redundancy would have a degraded
performance in case of sensor faults. That is one of the
reasons why the advanced analytical redundancy-based FTC
methods have not been really accepted by the aerospace endusers [23].
This paper develops a FTC scheme for the FSM by
combining the sliding mode observer-based method and
hardware redundancy. The proposed method could improve
the performance of the FSM system with faulty sensors and
make it more acceptable to the end-users. A FSM model
is firstly developed. Based on the FSM model, an APISMO
building on the work [20] is proposed to reconstruct the
sensor faults faithfully. Different from the observer used
in [20], the discontinuous switching function used in conventional SMO is replaced with an adaptive PI function
[24, 25]. The proposed APISMO does not require any prior
knowledge of the faults. The reconstructed information is
then used by the fault isolation logic to identify the fault
and power up the redundant sensors. The redundant sensors
are kept unpowered in fault-free case, which reduces the
power consumption. However, a period of time is required to
activate the backup sensors, during which the measurement
of the backup is uncertain. In this proposed scheme, a faultfree estimation of the position provided by the APISMO is
used as feedback signal to maintain the desired performance
during the cold backup booting-up.
From an industrial perspective, the proposed scheme here
is easier to be implemented than the conventional SMO. It
does not need to know the bounds of the faults and could
maintain the desired fault-free performance in failure case.
Compared with the FSM using triple modular redundancy
(TMR), the proposed scheme could maintain a higher level
of reliability with only dual redundancy. Moreover, the redundant sensors are unpowered in fault-free case. Furthermore,
the controller structure does not need to be changed in failure
case.
This paper is organized as follows. In Section 2, the considered FSM system and its dynamics model are described.
Section 3 presents the fault estimation method based on
the proposed APISMO. Section 4 introduces the proposed
FTC scheme with the hardware redundancy and the fault
isolation logic. Experimental results of the proposed scheme
are given in Section 5, followed by some concluding remarks
in Section 6.

2. FSM Model
2.1. System Description. A FSM is generally defined as a
mirror mounted to a flexure support system and driven by
actuators [6]. The prototype of a two-axis FSM is shown in
Figure 1. It consists of six important components: a mirror
assembly, a flexure suspension, a mirror base, voice coil
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Figure 1: Prototype of the fast steering mirror.
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Figure 2: Schematic diagram of FSM in single axis.

motors (VCMs), proximity sensors, and drive electronics.
Two voice-coils operating in push-pull manner are fixed on
the back of the mirror, rotating the mirror about the axis
that bisects them. Therefore, two actuator pairs are used to
produce two orthogonal rotations (𝜃𝑥 , 𝜃𝑦 ). A flexure suspension system is used to support the mirror carrier which holds
the mirror. This system allows free rotation about orthogonal 𝑥- and 𝑦-axes while constraining piston, side-to-side,
and rotation about the normal axis [26].
2.2. Dynamics Model. To establish the dynamics model of a
two-axis FSM, it is assumed that the motions rotating about
the two orthogonal 𝑥- and 𝑦-axes are decoupling with each
other. The 𝑥-axis motion and 𝑦-axis motion follow the same
working principle. The motions can be equivalently represented by a sketch of spring-mass-dashpot system shown in
Figure 2 [27]. The dynamics model of the two-axis FSM can
be given as
̈ + 2𝐶 𝑙2 𝜃̇ + 𝐾 𝜃 = 2𝐾 𝑖 𝑙,
(𝐽𝑚 + 2𝑚𝑐 𝑙2 ) 𝜃𝑚
𝑚
𝑚
𝑚 𝑚
𝑓𝑚 𝑚

(1)
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where 𝑚 = 𝑥 or 𝑦; here 𝐽𝑚 is moment of inertia of the mirror
rotating about 𝑥- or 𝑦-axis. Parameters 𝑚𝑐 , 𝑙, 𝜃𝑚 , 𝐶𝑚 , and 𝐾𝑚
represent mass of the voice-coil, the distance between actuator and the axis, deflection angle, damping coefficient, and
spring constant, respectively; 𝐾𝑓𝑚 is the force constant and
𝑖𝑚 denotes the driving current.
The actuator driver receives voltage commands from
the controller and converts them to driving current. Its
dynamical characteristics satisfy Kirchhoff ’s voltage law
𝑑𝑖
𝑈𝑚 = 𝐿 𝑚 𝑚 + 𝑖𝑚 𝑅𝑚 + 𝑘𝑏 𝑑𝑚̇ ,
𝑑𝑡

(2)

where 𝑈𝑚 is the voltage and parameters 𝐿 𝑚 , 𝑅𝑚 , 𝑘𝑏 , and 𝑑𝑚
represent the coil inductance, coil resistance, back electromotive force constant, and the displacement of the coil.

The deflection angle is generally very small; thus the
displacement of the coil 𝑑𝑚 can be approximated as a function
of the deflection angle 𝜃𝑚 ; that is, 𝑑𝑚 = 𝑙𝜃𝑚 . Substituting (2)
into (1) yields

...

𝐿 𝑚 (𝐽𝑚 + 2𝑚𝑐 𝑙2 ) 𝜃𝑚 + [2𝐿 𝑚 𝐶𝑚 𝑙2 + 𝑅𝑚 (𝐽𝑚 + 2𝑚𝑐 𝑙2 )]
̈ + (2𝑘 𝑘 𝑙2 + 𝐿 𝑘 + 2𝑅 𝐶 𝑙2 )
× 𝜃𝑚
𝑓𝑚 𝑏
𝑚 𝑚
𝑚 𝑚

(3)

̇ + 𝑅 𝑘 𝜃 = 2𝑘 𝑙𝑈 .
× 𝜃𝑚
𝑚 𝑚 𝑚
𝑓𝑚 𝑚

Rewrite (3) in a state-space form as

𝑋̇(𝑡) = 𝐴𝑋 (𝑡) + 𝐵𝑢 (𝑡) ,

(4)

𝑇
𝑇
𝑋 (𝑡) = [𝑥1 (𝑡) , 𝑥2 (𝑡) , 𝑥3 (𝑡) , 𝑦1 (𝑡) , 𝑦2 (𝑡) , 𝑦3 (𝑡)] = [𝜃𝑥 (𝑡) , 𝜃𝑥̇ (𝑡) , 𝜃𝑥̈ (𝑡) , 𝜃𝑦 (𝑡) , 𝜃𝑦̇ (𝑡) , 𝜃𝑦̈ (𝑡)] ,

0
1
[
0
0
[
[
2𝑘𝑓𝑥 𝑘𝑏 𝑙2 +𝐿 𝑥 𝑘𝑥 +2𝑅𝑥 𝐶𝑥 𝑙2
[ −𝑅𝑥 𝑘𝑥
[
[𝐿 (𝐽 +2𝑚 𝑙2 ) −
𝐿 𝑥 (𝐽𝑥 +2𝑚𝑐 𝑙2 )
𝑥 𝑥
𝑐
𝐴= [
[
[
[
[
[
[
0
[

0
1
−

03∗3

2𝐿 𝑥 𝐶𝑥 𝑙2 +𝑅𝑥 (𝐽𝑥 +2𝑚𝑐 𝑙2 )
𝐿 𝑥 (𝐽𝑥 +2𝑚𝑐 𝑙2 )

3∗3

0
0
−𝑅𝑦 𝑘𝑦
𝐿 𝑦 (𝐽𝑦 +2𝑚𝑐 𝑙2 )

0
[
0
[
[
2𝑘
𝑓𝑥 𝑙
[
[
[ 𝐿 𝑥 (𝐽𝑥 + 2𝑚𝑐 𝑙2 )
𝐵=[
[
[
0
[
[
0
[
[
0
[

3. APISMO Design and Fault Reconstruction
In order to reconstruct the sensor fault signal, an APISMO
based on the dynamics model (4) is proposed in this section.
For better understanding, the preliminaries and design of the
conventional SMO are introduced firstly.
3.1. Preliminaries. This section introduces the preliminaries
for using a SMO to reconstruct sensor faults. Consider the
following linear system affected by sensor faults:
(6)
𝑋̇(𝑡) = 𝐴𝑋 (𝑡) + 𝐵𝑢 (𝑡) ,
𝑌 (𝑡) = 𝐶𝑋 (𝑡) + 𝐹𝑓𝑖 (𝑡) ,

(7)

where 𝐴 ∈ 𝑅𝑛×𝑛 , 𝐵 ∈ 𝑅𝑛×𝑚 , 𝐶 ∈ 𝑅𝑝×𝑛 , and 𝐹 ∈ 𝑅𝑝×𝑟 . The
matrices 𝐶 and 𝐹 are full row and column rank, respectively.

0
0
0
0
0
2𝑘𝑓𝑦 𝑙

1
0
2𝑘𝑓𝑦 𝑘𝑏 𝑙 +𝐿 𝑦 𝑘𝑦 +2𝑅𝑦 𝐶𝑦 𝑙2
2

−

𝐿 𝑦 (𝐽𝑦 +2𝑚𝑐 𝑙2 )

]
]
]
]
]
]
] ,
]
0
]
]
1
2
2 ]
2𝐿 𝑦 𝐶𝑦 𝑙 +𝑅𝑦 (𝐽𝑦 +2𝑚𝑐 𝑙 ) ]
]
−
𝐿 𝑦 (𝐽𝑦 +2𝑚𝑐 𝑙2 )
]

]
]
]
]
]
]
].
]
]
]
]
]
]

𝐿 𝑦 (𝐽𝑦 + 2𝑚𝑐 𝑙2 ) ]

(5)

The function 𝑓𝑖 (𝑡) is unknown but bounded sensor fault
signal.
An effective way to reconstruct the sensor fault 𝑓𝑖 (𝑡) is
introducing a filter first [18, 22]. Define a new state 𝑍𝑓 ,
satisfying
𝑍̇𝑓 (𝑡) = −𝐴 𝑓 𝑍𝑓 (𝑡) + 𝐴 𝑓 𝑌 (𝑡) ,

(8)

where −𝐴 𝑓 ∈ 𝑅𝑝×𝑝 is a stable matrix. Substituting (7) into (8)
yields
𝑍̇𝑓 (𝑡) = −𝐴 𝑓 𝑍𝑓 (𝑡) + 𝐴 𝑓 𝐶𝑋 (𝑡) + 𝐴 𝑓 𝐹𝑓𝑖 (𝑡) .

(9)
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By combining (6) and (9) and defining new states 𝑋𝑎 =
col(𝑋(𝑡), 𝑍𝑓(𝑡)), an augmented system can be given as
̇
𝑋(𝑡)
𝐴
0
𝑋 (𝑡)
𝐵
[ ̇ ]=[
][
] + [ ]𝑢 (𝑡)
𝑍
𝐶
−𝐴
𝐴
(𝑡)
0 ⏟⏟
𝑍
(𝑡)
𝑓
𝑓
𝑓
⏟⏟
⏟
⏟⏟
𝑓
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐵𝑎

𝐴𝑎

𝑋𝑎

0
+[
]𝑓𝑖 (𝑡) ,
𝐴
𝑓𝐹
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

(10)

𝐹𝑎

𝑋 (𝑡)
0 𝐼𝑝 ] [
𝑍𝑓 (𝑡) = [⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
].
𝑍𝑓 (𝑡)
𝐶𝑎

3.2. Conventional Sliding Mode Observer for Fault Reconstruction. Considering the new dynamical system in (10), the
conventional SMO is constructed as [20]
̂𝑎 + 𝐵𝑎 𝑢 (𝑡) − 𝐺𝑙 𝑒𝑦 (𝑡) + 𝐺𝑛 V.
̂̇𝑎 = 𝐴 𝑎 𝑋
𝑋

(11)

In (11), the discontinuous term V is
  𝑃0 𝑒𝑦
{
{−𝜌 𝐹2  

𝑃0 𝑒𝑦 
V={


{
{0

if 𝑒𝑦 ≠
0,

(12)

otherwise,

̂𝑎 − 𝑍𝑓 is the output estimation error and 𝑃0
where 𝑒𝑦 = 𝐶𝑎 𝑋
is a symmetric positive definite (s.p.d.) matrix. The matrices
𝐺𝑙 , 𝐺𝑛 , 𝐹2 , and 𝑃0 will be described later. The scalar 𝜌 must be
upper bound on the faults.
It has been proven in [20] that a SMO of the form (11) and
(12) which is not affected by the fault 𝑓𝑖 (𝑡) exists if and only if
(A1) rank (𝐶𝑎 𝐹𝑎 ) = 𝑟,
(A2) invariant zeros of (𝐴 𝑎 , 𝐹𝑎 , 𝐶𝑎 ) are stable.
Then if the assumptions (A1) and (A2) are satisfied [20],
there exists a change of coordinates 𝑋𝑎 = 𝑇𝑎 𝑋𝑎 , in which the
new triple (𝐴𝑎 , 𝐹𝑎 , 𝐶𝑎 ) has the following structure:
𝐴 𝐴
𝐴𝑎 = [ 11 12 ] ,
𝐴 21 𝐴 22

0
𝐹𝑎 = [ ] ,
𝐹2

(13)

𝐶𝑎 = [0 𝐼𝑝 ] ,
𝑛×𝑛

During the ideal sliding motion, 𝑒𝑦 = 0 and 𝑒𝑦̇ = 0, the
discontinuous signal V will take on average a value to compensate for the fault signal while maintaining a sliding motion
[20, 22]. The average quantity can be computed online as
  𝑃0 𝑒𝑦
,
V𝛿 = −𝜌 𝐹2  

𝑃0 𝑒𝑦  + 𝛿


where 𝛿 is a small positive scalar.
Consequently, a fault reconstruction signal is

𝑃0 𝑒𝑦
−1
 
.
𝑓̂𝑖 (𝑡) ≈ −𝜌 𝐹2  (𝐹2𝑇 𝐹2 ) 𝐹2𝑇 
(17)

𝑃0 𝑒𝑦  + 𝛿


For details, see [20, 22].
In fact, design of the conventional SMO needs to know
the upper bounds of the faults in advance. However, in practice, these bounds are difficult to obtain. Many literatures take
an approximate upper estimation of the faults signal as scalar
𝜌. However, some additional dynamics would be introduced
by this method. Moreover, if the fault is larger than the scalar
𝜌, the conventional method cannot reconstruct the fault
properly.
3.3. APISMO Design and Fault Reconstruction. To overcome
the problems associated with the conventional SMO, an
APISMO building on the conventional SMO is proposed
by replacing the saturation function in (16) with a continuous term determined by an adaptive PI algorithm. The
proposed APISMO has the same structure with the observer
in Section 3.2, except that the saturation function is replaced
with an adaptive PI function.
The proposed PI function in APISMO takes the sliding
surface function 𝑆0 as the input. The PI function is defined as
VPI = 𝑘𝑝 𝑒𝑦 (𝑡) + 𝑘𝑖 ∫ 𝑒𝑦 (𝑡) 𝑑𝑡,

𝑝×𝑛

𝐺𝑙 =

𝐴 12
[
],
𝐴 22 − 𝐴 𝑠

𝐺𝑛 =

𝑇𝑎−1

0
[ ],
𝐼𝑝

(14)

where 𝐴 𝑠 is a stable matrix which is chosen to make (𝐴 𝑎 −
𝐺𝑙 𝐶𝑎 ) stable. The matrix 𝑃0 is the unique solution to the
Lyapunov equation of 𝐴 𝑠 [20].
On condition that the assumptions (A1) and (A2) are
satisfied, it could be shown that an ideal sliding motion takes
place on the surface (15) in finite time:
𝑆0 = {𝑒 : 𝐶𝑎 𝑒 = 0} .

(15)

11 1

12 2

1

̂̇2 (𝑡) = 𝐴 21 𝑥̂1 (𝑡) + 𝐴 22 𝑥̂2 (𝑡) + 𝐵2 𝑢 (𝑡)
𝑥

where 𝐴 11 ∈ 𝑅 is a stable matrix, 𝐴 12 ∈ 𝑅 , 𝐴 21 ∈ 𝑅 ,
𝐴 22 ∈ 𝑅𝑝×𝑝 , 𝐹2 ∈ 𝑅𝑝×𝑟 .
Considering the structure (13), the observer gains in (11)
can be obtained as
𝑇𝑎−1

(18)

where the sliding surface function 𝐶𝑎 𝑒 = 𝑒𝑦 and 𝑘𝑝 and 𝑘𝑖 are
the proportional gain and integral gain.
Substitute (18) into (11) and take a change of coordinates
̂𝑎 . In the new coordinate system, the
̂ = [𝑥̂1 𝑥̂2 ]𝑇 = 𝑇𝑎 𝑋
𝑋
APISMO can be defined as
̂̇ (𝑡) = 𝐴 𝑥̂ (𝑡) + 𝐴 𝑥̂ (𝑡) + 𝐵 𝑢 (𝑡) − 𝐴 𝑒 (𝑡) ,
𝑥
1

𝑛×𝑝

(16)

− (𝐴 22 − 𝐴 𝑠 ) 𝑒𝑦 (𝑡) + VPI ,

12 𝑦

(19)

̂ (𝑡) = 𝑥̂2 (𝑡) .
𝑌
In the new coordinate system, defining new states 𝑋 =
[𝑥1 , 𝑥2 ]𝑇 = 𝑇𝑎 𝑋𝑎 , then the dynamical system given by (10)
has a structure as
[

𝑥1̇ (𝑡)
𝐴 𝐴
𝐵
𝑥 (𝑡)
0
] = [ 11 12 ] [ 1 ] + [ 1 ] 𝑢 (𝑡) + [ ] 𝑓𝑖 (𝑡) ,
𝑥2̇ (𝑡)
𝐴 21 𝐴 22 𝑥2 (𝑡)
𝐵2
𝐹2
𝑌 (𝑡) = [0 𝐼𝑝 ] [

𝑥1 (𝑡)
].
𝑥2 (𝑡)
(20)
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Define the state vector of the estimation error as
𝑇
̂ − 𝑋 = [𝑥̂1 − 𝑥1 𝑥̂2 − 𝑥2 ]𝑇 .
𝐸 = [𝑒1 𝑒2 ] = 𝑋

(21)

By taking the first derivative of (21) and substituting (19)
and (20), we have
𝑒1̇ (𝑡) = 𝐴 11 𝑒1 (𝑡) ,

(22)
𝑒𝑦1 (∞) = lim

𝑠 → 0 𝑠2

𝑒𝑦̇ (𝑡) = 𝐴 21 𝑒1 (𝑡) + 𝐴 𝑠 𝑒𝑦 (𝑡) + 𝑘𝑝 𝑒𝑦 (𝑡)
+ 𝑘𝑖 ∫ 𝑒𝑦 (𝑡) 𝑑𝑡 − 𝐹2 𝑓𝑖 (𝑡) ,

(23)

where 𝑒𝑦 (𝑡) = 𝑒2 (𝑡) in this situation.
For reconstructing sensor faults properly, the sliding
surface 𝑆0 in (15) must be reachable. The reachability of the
sliding surface 𝑆0 is determined by the proportional gain 𝑘𝑝
and integral gain 𝑘𝑖 according to the following theorem.
Theorem 1. Under the assumptions (A1) and (A2), for the
error system given by (22) and (23), the sliding mode surface 𝑆0
in (15) is asymptotically reachable, that is, 𝑒𝑦 → 0 as 𝑡 → ∞,
0 and the roots of
if and only if 𝑘𝑖 ≠
𝑠2 − 𝐴 𝑠 𝑠 − 𝑘𝑝 𝑠 − 𝑘𝑖 = 0

(24)

have negative real parts, where 𝑠 is the Laplace transform
operator.
Proof. Considering that most aerospace systems have selftesting at startup, it is reasonable to assume that there exist no
faults at initial time. Therefore, 𝑓𝑖 (𝑡) has zero initial value and
𝑒1 (𝑡) could have a nonzero initial value, then decomposing
𝑒1 (𝑡) as
𝑒1 (𝑡) = 𝑒10 (0) + 𝑒11 (𝑡) ,

(25)

where 𝑒10 (0) ≡ 𝑒1 (0) is the initial value of 𝑒1 (𝑡) and 𝑒11 (𝑡) is
the other part of 𝑒1 (𝑡) and has zero initial value.
Substituting (25) into (23) yields
𝑒𝑦̇ (𝑡) = 𝐴 21 𝑒10 (0) + 𝐴 21 𝑒11 (𝑡) + 𝐴 𝑠 𝑒𝑦 (𝑡) + 𝑘𝑝 𝑒𝑦 (𝑡)
+ 𝑘𝑖 ∫ 𝑒𝑦 (𝑡) 𝑑𝑡 − 𝐹2 𝑓𝑖 (𝑡) .

It can be seen that the first subsystem (27) is asymptotically stable if and only if the roots of (24) have negative real
0.
parts and 𝑘𝑖 ≠
According to the assumptions (A1) and (A2), the matrix
𝐴 11 is stable, and then 𝑒11 (∞) → 0. Applying the final value
theorem to 𝑒𝑦1 (𝑠) yields

(26)

𝑠 ∗ 𝑠𝐴 21 𝑒11 (𝑠)
= 0.
− 𝐴 𝑠 𝑠 − 𝑘𝑝 𝑠 − 𝑘𝑖

(28)

It is easy to find that the remaining two subsystems are
asymptotically stable if and only if the roots of (24) have
0 and
negative real parts and 𝑘𝑖 ≠
𝑒𝑦 2 (∞) = 0,

𝑒𝑦 3 (∞) = 0.

(29)

Therefore, the error system given by (23) or (26) is asymptotically stable if and only if the roots of (24) have negative
0. Given the stability condition is satisfied,
real parts and 𝑘𝑖 ≠
then
𝑒𝑦 (∞) = 𝑒𝑦1 (∞) + 𝑒𝑦2 (∞) + 𝑒𝑦3 (∞) = 0.

(30)

That is, the sliding mode surface 𝑆0 in (15) is asymptotically reachable.
According to Theorem 1, for a given proportional gain 𝑘𝑝
of the APISMO, there exists a nonzero integral gain 𝑘𝑖∗ such
that the sliding surface (15) is asymptotically reachable; that is,
with VPI = 𝑘𝑝 𝑒𝑦 (𝑡) + 𝑘𝑖∗ ∫ 𝑒𝑦 (𝑡)𝑑𝑡, the condition 𝑆0̇𝑆0 < −𝜂|𝑆0 |
is satisfied, where 𝜂 is a positive scalar [25].
Defining the integral gain estimation error as (31) and a
Lyapunov function as (32)
̃𝑘 = 𝑘∗ − 𝑘 ,
𝑖
𝑖
𝑖
𝑉=

1 2
(𝑠 + 𝛼̃𝑘𝑖2 ) ,
2 0

(31)
(32)

where 𝛼 is a positive constant. Taking the first derivative of 𝑉
yields
̇
𝑉̇= 𝑠0 𝑠0̇ + 𝛼̃𝑘𝑖 𝑘̃𝑖 .

(33)

Substituting (23) and (31) into (33) results in
The system defined by (26) can be regarded as a linear
system with three inputs, that is, 𝑒10 (0), 𝑒11 (𝑡), and 𝑓𝑖 (𝑡). Then
this linear system could be decomposed into three subsystems. Each subsystem takes one of the inputs, that is, 𝑒10 (0),
𝑒11 (𝑡), and 𝑓𝑖 (𝑡), as its input while its output being a part of
𝑒𝑦 (𝑡), that is, 𝑒𝑦𝑛 (𝑡), 𝑛 = 1, 2, 3. For the sliding mode surface 𝑆0
in (15) to be asymptotically reachable, that is, 𝑒𝑦 → 0 as 𝑡 →
∞, the error system (26) must be stable. That is, all the three
subsystems must be stable. Following that, each subsystem
is examined.
The first subsystem has 𝑒11 (𝑡) as input and 𝑒𝑦1 (𝑡) as output.
The transfer function can be obtained as
𝑒𝑦1 (𝑠)
𝑒11 (𝑠)

=

𝑠2

𝑠𝐴 21
.
− 𝐴 𝑠 𝑠 − 𝑘𝑝 𝑠 − 𝑘𝑖

(27)

𝑉̇= 𝑒𝑦 (𝑡) [𝐴 21 𝑒1 (𝑡) + 𝐴 𝑠 𝑒𝑦 (𝑡) + 𝑘𝑝 𝑒𝑦 (𝑡)
+ 𝑘𝑖∗ ∫ 𝑒𝑦 (𝑡) 𝑑𝑡 − 𝐹2 𝑓𝑖 (𝑡)]
̇
− ̃𝑘𝑒𝑦 (𝑡) ∫ 𝑒𝑦 (𝑡) 𝑑𝑡 + 𝛼̃𝑘𝑖 𝑘̃𝑖

(34)

̇
 
≤ −𝜂 𝑠0  − ̃𝑘 [𝑒𝑦 (𝑡) ∫ 𝑒𝑦 (𝑡) 𝑑𝑡 − 𝛼𝑘̃𝑖 ] .
Thus the adaptive law for 𝑘𝑖 can be obtained as
̇ 1
𝑘̃𝑖 = 𝑒𝑦 (𝑡) ∫ 𝑒𝑦 (𝑡) 𝑑𝑡.
𝛼

(35)
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u(t)

Y(t) −

Plant

̂
Y(t)

[

̂̇ 1 (t)
x
̂̇ 2 (t)
x

]=[

A 11 A 12
A 21 A 22

][

̂ 1 (t)
x
̂ 2 (t)
x

]+[

B1
B2

]u(t) − [

A 12
A 22 − A s

PI = kp ey (t) + ki∫ey (t)dt

PI

1
̇
k̃i = ey (t)∫ey (t)dt
𝛼

−1

−(F2T F2 ) F2T

]ey (t) + PI

+

0
[ ]
I

ey (t)

f̂i (t)

Figure 3: Schematic diagram of the proposed APISMO implementation.

uref (t)

Controller

u(t)

Y(t)
Primary
position sensors (D1 , D2 )

Plant

Redundant
position sensors (D3 , D4 )

Y(t)

Fault
isolation

Power on

̂
Y(t)

APISMO

̂ (t)
f
i

Switch

Figure 4: Schematic diagram of the proposed FTC scheme.

Finally, the sensor fault can be reconstructed properly by
the APISMO as
−1
𝑓̂𝑖 (𝑡) ≈ − (𝐹2𝑇 𝐹2 ) 𝐹2𝑇 VPI
−1

≈ −(𝐹2𝑇 𝐹2 ) 𝐹2𝑇 [𝑘𝑝 𝑒𝑦 (𝑡) + 𝑘𝑖 ∫ 𝑒𝑦 (𝑡) 𝑑𝑡] ,

(36)

where the adaptive law for 𝑘𝑖 is
̇ 1
(37)
𝑘̃𝑖 = 𝑒𝑦 (𝑡) ∫ 𝑒𝑦 (𝑡) 𝑑𝑡 = 𝛾𝑒𝑦 (𝑡) ∫ 𝑒𝑦 (𝑡) 𝑑𝑡,
𝛼
where 𝛾 = 1/𝛼.
For better understanding, a schematic representation of
the proposed APISMO and fault reconstruction is shown in
Figure 3.

4. Fault-Tolerant Control Design
In this section, to improve the performance of the system with
only SMO-based FTC scheme, a FTC scheme for FSM is

presented by combining the proposed APISMO and the
hardware redundancy. Position sensors installed with dual
redundancy are used in the proposed FTC scheme. Figure 4
shows the block diagram of the proposed FTC scheme.
4.1. Redundancy Design. At the design stage of the FSM, the
sensors were installed with dual redundancy. The redundant
sensors are functionally identical to the primary sensors by
placing them at symmetrical locations of the primary ones.
The placements of the sensors are illustrated in Figure 5. 𝐷1
and 𝐷2 denote the primary sensor probes; 𝐷3 and 𝐷4 are
redundant ones. Four proximity probe tips are placed at 90
degrees from each other and 45 degrees from each VCM. The
distances between each probe tip and the 𝑥- and 𝑦-axes are
equal, which is denoted by 𝑙.
The proximity sensor system provides an output voltage
that is directly proportional to the distance between probe tip
and the moving mirror. Since deflection angle of the mirror
is generally very small, the output voltage of the proximity
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Figure 6: Schematic diagram of the fault isolation logic.

sensor system can be used to approximate the deflection angle
by the following equation:
𝐷1 = 𝑘𝑙 (𝜃𝑥 + 𝜃𝑦 ) ,

𝐷4 = −𝑘𝑙 (𝜃𝑥 + 𝜃𝑦 ) ,

𝐷2 = 𝑘𝑙 (𝜃𝑥 − 𝜃𝑦 ) ,

𝐷3 = −𝑘𝑙 (𝜃𝑥 − 𝜃𝑦 ) ,

(38)

where 𝐷1 , 𝐷2 , 𝐷3 , and 𝐷4 are the output voltages of the four
sensors and 𝑘 is the proportional scalar of the sensor.
4.2. Fault Isolation Logic. In order to keep the feedback signal
used by controller free from sensor faults, fault isolation
logic shown in Figure 6 is adopted. In fault-free case, the
reconstructed fault signal in (36) is approximately zero. The
measurements of the primary sensors are used as feedback
signals. If the reconstructed signal exceeds a threshold, the
counter Counter FD begins to work simultaneously, which is
used to obtain information on how long a threshold has been
crossed. If the value of the counter is greater than or equal
to 𝑁 counter-steps, the measurement 𝐷𝑖 is identified to be
faulty; a signal would be sent out to power on the redundancy.
Since a period of time is required to activate the cold
backup sensor, during the cold backup booting up, the measurement of the backup is uncertain. A fault-free estimation

of the position provided by the APISMO is used as feedback
signal to maintain the desired performance. The counter
Counter SW is used to calculate the activation time and send
out switch signal. After the backup is activated, the faulty
sensor is replaced by the redundant one and the measurement
of the redundant sensor is used as feedback signal.

5. Experimental Results
In this section, to validate the effectiveness of the proposed
scheme, a series of experimental studies were conducted on a
prototype of the FSM.
5.1. Experimental Setup. The experimental setup of a FSM
system is depicted in Figure 7. The tilt of the mirror relative
to the fixed base is measured by four proximity sensors
placed as in Figure 5. The proximity sensor system provides
a measuring range of 2 mm and an output of 20 V/mm.
In addition, an embedded computer MICROSPACE PC/104
(from Digital Logic corp.) equipped with a PC/104 expansion
board Diamond-MM-16-AT (from Diamond Systems Corp.)
offering 12-bit D/A converter and 16-bit A/D converter is
adopted to produce excitation voltage signals and acquire
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Figure 7: Experimental setup of a fast steering mirror system.

the sensor readings. The APISMO, fault isolation logic, and
conventional PI control algorithms are developed with MATLAB/Simulink software and downloaded to MICROSPACE
PC/104 to realize a real-time fault-tolerant control. The
sampling interval used in the experiments is 200 𝜇s.
5.2. Plant Model Identification. The mathematical model of
the FSM can be identified by using a dynamical signal
analyzer. The swept-sine waves applied to the actuators have
the amplitude of 0.3 V and frequency range of 1–2000 Hz. The
position responses of the steering mirror in two orthogonal
directions are recorded using a sampling rate of 5 kHz. With
a push-pull pair of actuators driven, the magnitudes of the
output displacement in passive axis are 20 dB lower than that
in the major axis, which indicates that the two axial motions
of the steering mirror are decoupled [28]. Transfer function
𝐺𝑝𝑥 of the plant rotating about 𝑥-axis can be identified by
using the input-output data sets.

The identified third-order transfer function is
𝐺𝑝𝑥 (𝑠) =

275100
.
𝑠3 + 2861𝑠2 + 155400𝑠 + 1.715 × 108

(39)

In the same way, transfer function 𝐺𝑝𝑦 of the plant
rotating about 𝑦-axis can be obtained as
𝐺𝑝𝑦 (𝑠) =

𝑠3

+

2543𝑠2

244000
.
+ 154600𝑠 + 1.903 × 108

(40)

The identified models 𝐺𝑝𝑥 in (39) and 𝐺𝑝𝑦 in (40) and
the frequency responses of the FSM obtained from the
experimental data are shown in Figure 8.
Comparing (3) with the inverse Laplace transform of (39)
and (40) yields the system matrix 𝐴 and input distribution
matrix 𝐵 of the state-space model (4)

0
1
0
0
0
0
[
0
0
1
0
0
0 ]
[
]
[−171500000 −155400 −2861
0
0
0 ]
],
𝐴=[
[
0
0
0
0
1
0 ]
[
]
[
0
0
0
0
0
1 ]
0
0
0
−190300000 −154600 −2543]
[
0
0
[ 0
0 ]
[
]
[275100
0 ]
[
].
𝐵=[
0 ]
[ 0
]
[ 0
0 ]
244000]
[ 0

(41)
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Figure 8: Frequency responses of 𝑥- and 𝑦-axes, respectively.

The fault distribution matrix 𝐹 in (7) is defined as 𝐹 =
𝐼2 . In (38), the scale 𝑘 of the proximity sensors is 20 V/mm.
The distance between each probe tip and the rotation axis 𝑙 is
5.02 cm. Thus, the output matrix 𝐶 has the form

𝐶=[

1003.94 0 0 1003.94 0 0
].
1003.94 0 0 −1003.94 0 0

(42)

5.3. Reconstruction of Sensor Faults. In this section, the fault
reconstruction performance of the proposed APISMO is
verified by being compared with that of the conventional
SMO. A conventional SMO is designed firstly. The influence
of filter matrix 𝐴 𝑓 on the performance of fault estimation
system has been investigated in [29]. Here, the matrix was
chosen as 𝐴 𝑓 = 1500𝐼2 . It can be seen that system matrix
𝐴 given in (41) is stable; therefore, the conditions (A1) and
(A2) are satisfied. The design parameters (from (14) and (16))
were chosen as 𝐴 𝑠 = −50𝐼2 and 𝛿 = 0.1. Assuming that the
upper bound of the faults is 0.4 mm, the scalar 𝜌 was set as
𝜌 = 8. The positive-definite matrix 𝑃0 (from (16)) was selected

by solving the Lyapunov function of 𝐴 𝑠 . The associated gains
in (14) were obtained as
0
0
0
0
0 ]
[ 0
[
]
0
0 ]
[ 0
[
]
0
0 ]
[ 0
[ 0
0
0 ]
𝐺𝑙 = [
],
[ 0
0
0 ]
[
]
[−950 0
0 ]
[
]
[ 0 −950 0 ]
0 −950]
[ 0

0
[0
[
[0
[
[0
[
𝐺𝑛 = [0
[0
[
[1
[
[0
[0

0
0
0
0
0
0
0
1
0

0
0]
]
0]
]
0]
0]
].
0]
]
0]
]
0]
1]

(43)

The associated gains for the APISMO were the same as
that in (43). The parameters for the adaptive PI function were
chosen as 𝑘𝑝 = 1000𝐼2 , 𝑘𝑖-initial = 𝐼2 , and 𝛾 = 0.01.
In the experiments, the two primary sensors were corrupted by the faults illustrated in Figure 9 simultaneously. The
system is open-loop system. The value of the fault acting on
sensor 𝐷1 is smaller than the scalar 𝜌, whereas the value of
the fault acting on sensor 𝐷2 is larger than the scalar. It is
shown in Figure 10 that the proposed APISMO reconstructs
the fault faithfully. In comparison, Figure 11 shows the fault
signal reconstructed by the conventional SMO. It can be seen
from Figures 10(a) and 11(a) that both methods could obtain a
very proper reconstruction when the difference between the
fault signal and the scalar 𝜌 is not significant. However, as
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Figure 9: (a) Fault acting on sensor 𝐷1 . (b) Fault acting on sensor 𝐷2 .
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Figure 10: (a) Fault acting on sensor 𝐷1 and its reconstruction by APISMO. (b) Fault acting on sensor 𝐷2 and its reconstruction by APISMO.

shown in Figure 11(b), when the fault signal is larger than the
scalar 𝜌, the conventional SMO cannot reconstruct the fault
signal properly.
Figure 12 shows the positions measured by the two
primary sensors and the estimated positions provided by
APISMO when faults occur. It is observed that, in the
presence of faults, the estimated outputs by APISMO are

maintaining the accurate values. Consequently, the performance of the control system could be kept approximately by
the estimation during the backup booting up.
5.4. Fault-Tolerant Control Implementation. The performance of the proposed FTC scheme is verified by several
experimental studies conducted hereinafter.
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Figure 12: (a) Position measured by sensor 𝐷1 and the position estimated by APISMO when fault occurs. (b) Position measured by sensor
𝐷2 and the position estimated by APISMO when fault occurs.

Since the FSM was designed as a decoupled parallelkinematic structure, for the purpose of validating the proposed FTC scheme, only one traditional PI controller has
been designed to handle the mirror rotating about 𝑥-axis.
The design parameter for fault isolation was chosen as 𝑁 =
10 cycles of the counter, equaling 2 ms at 200 𝜇s sampling

time. This value represents a reasonable compromise between
accuracy and short isolation time. The threshold was chosen
as 0.1 V, that is, 5 𝜇m. The sensor fault acting on 𝐷1 is shown
in Figure 13(a). For the purpose of comparison, Figure 13(b)
shows the position tracking error provided by the traditional
PI controller in fault-free case. When fault in Figure 13(a) is
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Figure 14: The position tracking error in the presence of fault (a) when the FTC scheme is not adopted, (b) when the FTC scheme is
implemented.

acting on the primary sensor 𝐷1 , the tracking error provided
by the PI controller without the FTC scheme is shown in
Figure 14(a). It is obvious that the tracking performance of
the control system is degraded.
The proposed FTC scheme illustrated in Figure 4 has
been implemented to maintain the desired performance in
the presence of sensor fault. The position tracking error
of the proposed FTC scheme is shown in Figure 14(b). As

seen in Figure 14(b), when the reconstructed fault signal has
exceeded the threshold for about 2 ms, the fault would be
detected and isolated by the logic, and the estimation of the
position provided by the APISMO would be used by the
controller. After the backup is activated, the measurement of
the redundant sensor would be used as feedback signal. It can
be seen that the proposed FTC scheme could maintain near
to desired performance when fault occurs.
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6. Conclusion
In this paper, a novel FTC scheme for the fast steering
mirror system was proposed by integrating an adaptive PIbased sliding mode observer and hardware redundancy. The
controller structure did not need to be changed. The proposed
scheme adopted an APISMO to reconstruct the fault signal.
The advantage of this method is that it does not require
any prior knowledge of the faults and has no chattering.
The reachability of the sliding surface has been examined. In
order to keep the controller free from the sensor faults, fault
isolation logic was used to identify the fault and power
up the redundant sensor. During the cold backup booting
up, the performance of the control system was maintained
approximately by estimations of the position provided by the
APISMO. Experiments have been conducted to verify the
scheme. The experimental results confirmed that FSM system
with the proposed FTC scheme could maintain a good
tracking despite the presence of the fault.
Since the proposed FTC scheme is easy to be implemented and does not require any prior knowledge of the
faults, it can be widely extended to other types of beam control systems. In the experiments, since only the position signal
was measured, there was no freedom left to deal with the
measurement noises and model uncertainties. Nevertheless,
experimental results showed that the effect of the noises and
uncertainties on the FTC was not significant. Future works
will focus on dealing with measurement noises and model
uncertainties.
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The design of a robust fault estimation observer is studied for linear multiagent systems subject to incipient faults. By considering
the fact that incipient faults are in low-frequency domain, the fault estimation of such faults is proposed for discrete-time multiagent
systems based on finite-frequency technique. Moreover, using the decomposition design, an equivalent conclusion is given.
Simulation results of a numerical example are presented to demonstrate the effectiveness of the proposed techniques.

1. Introduction
In the past two decades, the study of multiagent systems has
been a very hot topic and attracted considerable attention
[1–7]. Multiagent systems appear in various fields, such as
cooperative control of unmanned air vehicles and satellite
formation flying. However, fault diagnosis is an important
problem in automatic control systems and has been an active
research area during the past three decades. Fruitful results
related to this topic can be found in several excellent works
[8–10] and references therein. However, there are very few
results about fault diagnosis of multiagents.
In general, according to the varying rate of faults, the
faults can be classified into abrupt and incipient in practical
systems. Abrupt faults denote system parameter changes
faster than the fault-free cases, whose property is able to
detect this type of fault quickly to avoid serious consequences,
while incipient faults are represented by drift-type changes
and are more important in slowly developing problems.
Compared with abrupt faults, early fault detection is the
key objective for the class of incipient faults. Therefore, the
development of effective fault diagnosis schemes for incipient
faults is very important. In [11, 12], an adaptive online approximation method was proposed to detect incipient faults. And a
system decomposition based method was proposed in [13, 14]

to achieve incipient fault diagnosis, while, in this paper, we
consider the problem of fault diagnosis from the perspective
of frequency property of incipient faults.
As we know the 𝐻∞ performance is the maximum singular value of the transfer function of the studied system. However, if the possible occurring faults are classified into a finitefrequency range, the nominal 𝐻∞ design for the entire range
will bring much conservatism. For example, incipient faults
belong to low-frequency range. Reference [15] not only considered 𝐻∞ properties in different frequency domains, but
also provided exact linear matrix inequalities (LMIs) characterization in finite-frequency ranges, which can be viewed a
useful tool to handle incipient fault diagnosis. Therefore, the
issue of incipient fault estimation of discrete-time multiagent
systems is a meaningful research and motivates our study.
In this paper, on the basis of existing results [16–18], main
contributions of this paper are as follows. According to the
frequency range of incipient faults, a fault estimation observer
is proposed to achieve incipient fault estimation for multiagent systems using the finite-frequency design. Moreover,
an equivalent conclusion of the obtained results is derived by
the decomposition technique.
The rest of this paper is organized as follows. Preliminaries and the system description of multiagents have been
presented in Section 2. In Section 3, the fault estimation
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observer of multiagents with incipient faults is presented.
Simulation results are presented in Section 4 to show the
effectiveness of the proposed approach, followed by some
conclusions in Section 5.

its transfer function can be written as G(𝑒𝑗𝜃 ) = C(𝑒𝑗𝜃 𝐼 −
A)−1 B + D. Given a symmetric matrix Π, the following two
statements are equivalent.
(i) The finite-frequency inequality

2. Preliminaries and Problem Statement

𝑇

2.1. Graph Theory. Consider a directed graph G = (V, E, A)
with a nonempty finite set of 𝑁 nodes V = (V1 , V2 , . . . , V𝑁), a
set of edges or arcs E ⊂ V × V, and the associated adjacency
matrix A = [𝑎𝑖𝑗 ] ∈ R𝑁×𝑁. In this note, the graph is assumed
to be time-invariant; that is, A is constant. An edge rooted at
node 𝑗 and ended at node 𝑖 is denoted by (V𝑗 , V𝑖 ), which means
information can flow from node 𝑗 to node 𝑖. 𝑎𝑖𝑗 is the weight
of edge (V𝑗 , V𝑖 ) and 𝑎𝑖𝑗 = 1 if (V𝑗 , V𝑖 ) ∈ E; otherwise 𝑎𝑖𝑗 = 0.
We assume there are no repeated edges and no self-loops, that
is, 𝑎𝑖𝑖 = 0, 𝑖 ∈ N with N = {1, 2, . . . , 𝑁}. Node 𝑗 is called a
neighbor of node 𝑖 if (V𝑗 , V𝑖 ) ∈ E. The set of neighbors of node
𝑖 is denoted by 𝑁𝑖 = {𝑗 | (V𝑗 , V𝑖 ) ∈ E}. Define the in-degree
matrix as 𝐷 = diag{𝑑𝑖 } ∈ R𝑁×𝑁 with 𝑑𝑖 = ∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 and the
Laplacian matrix as 𝐿 = 𝐷 − A. In this paper, we consider the
case of undirected graph.

G(𝑒𝑗𝜃 )
G (𝑒𝑗𝜃 )
] Π[
] < 0.
[
I
I

(ii) There exist Hermitian matrices P and Q (where 𝑄 >
0), and
𝑇

[

𝑦𝑖 (𝑘) = 𝐶𝑥𝑖 (𝑘) + 𝐷2 𝜔𝑖 (𝑘) ,

𝑦0 (𝑘) = 𝐶0 𝑥0 (𝑘) ,

where
Ξ=[

(6)

for low-frequency range |𝜗| ≤ 𝜗𝑙 , and
Ξ=[

P
−Q
]
−Q −P + 2 cos (𝜗ℎ ) Q

(7)

3. Main Results

(2)

Lemma 1 (see [15]). For the following linear discrete-time system

Y (𝑘) = CX (𝑘) + DU (𝑘) ,

P
Q
]
Q −P − 2 cos (𝜗𝑙 ) Q

for high-frequency range |𝜗| ≥ 𝜗ℎ .

where 𝑥0 (𝑘) ∈ R𝑛 is the state vector and 𝑦0 (𝑘) ∈ R𝑝 is the
output vector. It can be considered as a command generator,
which generates the desired target trajectory. The leader node
can be observed from a small subset of nodes in graph G. If
node 𝑖 observes the leader, an edge (V0 , V𝑖 ) is said to exist with
weighting gain 𝑔𝑖 = 1. We refer to node 𝑖 with 𝑔𝑖 = 1 as a
pinned or controlled node. Denote the pinning matrix as 𝐺 =
diag{𝑔𝑖 } ∈ R𝑁×𝑁.

X (𝑘 + 1) = AX (𝑘) + BU (𝑘)

(5)

(1)

where 𝑥𝑖 (𝑘) ∈ R𝑛 is the state vector, 𝑢𝑖 (𝑘) ∈ R𝑚 is the input
vector, 𝑦𝑖 (𝑘) ∈ R𝑝 is the output vector, 𝜔(𝑘) ∈ R𝑑 is the
disturbance and noise which belong to 𝑙2 [0, +∞), and 𝑓𝑖 (𝑘) ∈
R𝑟 represents the actuator fault. 𝐴, 𝐵, 𝐻, 𝐶, 𝐷1 , and 𝐷2 are
constant real matrices of appropriate dimensions. It is supposed that matrices 𝐻 and 𝐶 are of full rank. It is supposed
that the pair (𝐴, 𝐶) is observable.
The dynamics of the leader or control node, labeled 0, is
given by
𝑥0 (𝑘 + 1) = 𝐴 0 𝑥0 (𝑘) ,

𝑇

A B
A B
C D
C D
] Ξ[
]+[
] Π[
] < 0,
I 0
I 0
0 I
0 I

2.2. Problem Statement. Consider the following multiagent
systems with 𝑁 nodes and a communication graph G:
𝑥𝑖 (𝑘 + 1) = 𝐴𝑥𝑖 (𝑘) + 𝐵𝑢𝑖 (𝑘) + 𝐻𝑓𝑖 (𝑘) + 𝐷1 𝜔𝑖 (𝑘) ,

(4)

For the dynamics (1), the fault estimation observer of the 𝑖th
node is constructed:
𝑥̂𝑖 (𝑘 + 1) = 𝐴𝑥̂𝑖 (𝑘) + 𝐵𝑢𝑖 (𝑘) + 𝐻𝑓̂𝑖 (𝑘) − 𝑅𝜁𝑖 (𝑘) ,
𝑦̂𝑖 (𝑘) = 𝐶𝑥̂𝑖 (𝑘) ,
𝑓̂𝑖 (𝑘 + 1) = 𝑓̂𝑖 (𝑘) − 𝐹𝜁𝑖 (𝑘) ,
where 𝑥̂𝑖 (𝑘) ∈ R𝑛 is the observer state, 𝑦̂𝑖 (𝑘) ∈ R𝑝 is the
observer output, 𝑓̂𝑖 (𝑘) ∈ R𝑟 is an estimate of 𝑓𝑖 (𝑘), and 𝑅 ∈
R𝑛×𝑝 , 𝐹 ∈ R𝑟×𝑝 are observer gain matrices of node 𝑖. 𝜁𝑖 (𝑘)
is the neighborhood output estimation error of the 𝑖th node,
that is,
𝜁𝑖 (𝑘) = ∑ 𝑎𝑖𝑗 ((𝑦̂𝑖 (𝑘) − 𝑦𝑖 (𝑘)) − (𝑦̂𝑗 (𝑘) − 𝑦𝑗 (𝑘)))
𝑗∈𝑁𝑖

(9)

+ 𝑔𝑖 ((𝑦̂𝑖 (𝑘) − 𝑦𝑖 (𝑘)) − (𝑦̂0 (𝑘) − 𝑦0 (𝑘))) .
Remark 2. Here, it is assumed that the state of leader mode is
measured or available, so the observed output obtained from
the observer is equal to the measured output, that is, 𝑦̂0 (𝑘) −
𝑦0 (𝑘) = 0.
For the 𝑖th node, let
𝑒𝑥𝑖 (𝑘) = 𝑥̂𝑖 (𝑘) − 𝑥𝑖 (𝑘) ,

(3)

(8)

𝑒𝑦𝑖 (𝑘) = 𝑦̂𝑖 (𝑘) − 𝑦𝑖 (𝑘) ,

𝑒𝑓𝑖 (𝑘) = 𝑓̂𝑖 (𝑘) − 𝑓𝑖 (𝑘) ;

(10)
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then for the 𝑖th node, it follows that

one gets
𝑒𝑥𝑖 (𝑘 + 1)

𝑒𝑖 (𝑘 + 1)

= 𝐴𝑒𝑥𝑖 (𝑘) + 𝐻𝑒𝑓𝑖 (𝑘)

= 𝐴𝑒𝑖 (𝑘)

− 𝑅 [ ∑ 𝑎𝑖𝑗 (𝐶𝑒𝑥𝑖 (𝑘) − 𝐷2 𝜔𝑖 (𝑘) − 𝐶𝑒𝑥𝑗 (𝑘) + 𝐷2 𝜔𝑗 (𝑘))
[𝑗∈𝑁𝑖
+ 𝑔𝑗 (𝐶𝑒𝑥𝑖 (𝑘) − 𝐷2 𝜔𝑖 (𝑘)) ] − 𝐷1 𝜔𝑖 (𝑘) ,
]

+ 𝑔𝑗 (𝐶𝑒𝑖 (𝑘) − 𝐷2 𝜔𝑖 (𝑘)) ] − 𝐷1 𝜔𝑖 (𝑘) − 𝐼𝑟 Δ𝑓𝑖 (𝑘)
]

𝑒𝑓𝑖 (𝑘 + 1)
= 𝑒𝑓𝑖 (𝑘)

𝑇

𝑒𝑓𝑖 (𝑘) = 𝐼𝑟 𝑒𝑖 (𝑘) .

− 𝐹 [ ∑ 𝑎𝑖𝑗 (𝐶𝑒𝑥𝑖 (𝑘) − 𝐷2 𝜔𝑖 (𝑘) − 𝐶𝑒𝑥𝑗 (𝑘) + 𝐷2 𝜔𝑗 (𝑘))
[𝑗∈𝑁𝑖

+ 𝑔𝑗 (𝐶𝑒𝑥𝑖 (𝑘) − 𝐷2 𝜔𝑖 (𝑘)) ] − Δ𝑓𝑖 (𝑘) ,
]

(11)

𝜔 (𝑘) =

𝑇
𝑇
(𝑘)] ,
[𝜔1𝑇 (𝑘), 𝜔2𝑇 (𝑘), . . . , 𝜔𝑁
𝑇

Δ𝑓 (𝑘) = [Δ𝑓1𝑇 (𝑘) , Δ𝑓2𝑇 (𝑘) , . . . , Δ𝑓𝑁𝑇 (𝑘)] ;
then the global error dynamics can be expressed as

𝑅
𝐴 𝐻 𝑒𝑥𝑖 (𝑘)
]−[ ]
][
𝐹
0 𝐼 𝑒𝑓𝑖 (𝑘)

𝑒 (𝑘 + 1) = (𝐼𝑁 ⊗ 𝐴) 𝑒 (𝑘) − (𝐼𝑁 ⊗ 𝑅)
× [(𝐿 + 𝐺) ⊗ 𝐶𝑒 (𝑘) − (𝐿 + 𝐺) ⊗ 𝐷2 𝜔 (𝑘)]

× [ ∑ 𝑎𝑖𝑗 (𝐶𝑒𝑥𝑖 (𝑘) − 𝐷2 𝜔𝑖 (𝑘) − 𝐶𝑒𝑥𝑗 (𝑘)
[𝑗∈𝑁𝑖

− (𝐼𝑁 ⊗ 𝐷1 ) 𝜔 (𝑘) − (𝐼𝑁 ⊗ 𝐼𝑟 ) Δ𝑓 (𝑘)

+𝐷2 𝜔𝑗 (𝑘)) + 𝑔𝑗 (𝐶𝑒𝑥𝑖 (𝑘) − 𝐷2 𝜔𝑖 (𝑘)) ]
]
𝐷
0
− [ 1 ] 𝜔𝑖 (𝑘) − [ ] Δ𝑓𝑖 (𝑘) .
0
𝐼
(12)

𝑒𝑥𝑖 (𝑘)
],
𝑒𝑓𝑖 (𝑘)

𝐴 𝐻
],
0 𝐼
𝐷1 = [

𝐷1
],
0

𝐶 = [𝐶 0] ,

0
𝐼𝑟 = [ ] ;
𝐼

(16)

+ [(𝐿 + 𝐺) ⊗ (𝑅𝐷2 ) − (𝐼𝑁 ⊗ 𝐷1 )] 𝜔 (𝑘)
− (𝐼𝑁 ⊗ 𝐼𝑟 ) Δ𝑓 (𝑘) ,
𝑇

𝜔 (𝑘)
],
]𝑖 (𝑘) = [ 𝑖
Δ𝑓𝑖 (𝑘)

𝑅
𝑅 = [ ],
𝐹

= [(𝐼𝑁 ⊗ 𝐴) − (𝐿 + 𝐺) ⊗ (𝑅𝐶)] 𝑒 (𝑘)

𝑒𝑓 (𝑘) = (𝐼𝑁 ⊗ 𝐼𝑟 ) 𝑒 (𝑘) ,

Furthermore, denote new vectors and matrices:

𝐴=[

𝑇

𝑇
𝑇
𝑇
(𝑘), 𝑒𝑓2
(𝑘), . . . , 𝑒𝑓𝑁
(𝑘)] ,
𝑒𝑓 (𝑘) = [𝑒𝑓1

(15)

𝑒𝑥𝑖 (𝑘 + 1)
]
𝑒𝑓𝑖 (𝑘 + 1)

𝑒𝑖 (𝑘) = [

Denote the global variable
𝑇

Based on (11), the following augmented system can be
obtained:

=[

(14)

𝑒 (𝑘) = [𝑒𝑇1 (𝑘), 𝑒𝑇2 (𝑘), . . . , 𝑒𝑇𝑁(𝑘)] ,

where Δ𝑓𝑖 (𝑘) = 𝑓𝑖 (𝑘 + 1) − 𝑓𝑖 (𝑘).

[

− 𝑅 [ ∑ 𝑎𝑖𝑗 (𝐶𝑒𝑖 (𝑘) − 𝐷2 𝜔𝑖 (𝑘) − 𝐶𝑒𝑗 (𝑘) + 𝐷2 𝜔𝑗 (𝑘))
[𝑗∈𝑁𝑖

where ⊗ denotes Kronecker product [19].
(13)

Theorem 3. Given scalars 𝛾1 , 𝛾2 > 0. The global error
dynamics (16) satisfy the 𝐻∞ performances ‖𝑇𝜔(𝑘)𝑒𝑓 (𝑘) ‖∞ <
𝛾1 and ‖𝑇Δ𝑓(𝑘)𝑒𝑓 (𝑘) ‖∞ < 𝛾2 if there exist symmetric positive
definite matrices 𝑄1 , 𝑄2 , symmetric matrices 𝑃1 , 𝑃2 , and
matrices 𝑆, 𝑌 such that the following conditions hold:
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𝑇

[
[
[
[
[

𝐼𝑁 ⊗ (−𝑆 − 𝑆 + 𝑃1 ) 𝐼𝑁 ⊗ (𝑄1 + 𝑆𝐴) − (𝐿 + 𝐺) ⊗ (𝑌𝐶)
𝐼𝑁 ⊗ (−2 cos (𝜃𝑓 ) 𝑄1 − 𝑃1 )
∗
∗

∗
∗
∗

[

𝐼𝑁 ⊗ (−𝑆 − 𝑆 + 𝑃2 ) 𝐼𝑁 ⊗ (−𝑄2 + 𝑆𝐴) − (𝐿 + 𝐺) ⊗ (𝑌𝐶)
∗
∗
∗

[

𝐼𝑁 ⊗ (2 cos (𝜃𝑑 ) 𝑄2 − 𝑃2 )
∗
∗

where 𝜙 = (𝐿 + 𝐺) ⊗ (𝑌𝐷2 ) − 𝐼𝑁 ⊗ (𝑆𝐷1 ) and 𝜑 = −𝐼𝑁 ⊗ (𝑆𝐼𝑟 );
then the fault estimation observer gain matrix is given by 𝑅 =
−1
𝑆 𝑌.
Remark 4. In general, the noises are in high-frequency
domain and incipient faults are in low-frequency one. So
according to [17] and Lemma 1, the proof of Theorem 3 can
be deduced by choosing symmetric positive definite matrices
𝐼𝑁 ⊗ 𝑄1 , 𝐼𝑁 ⊗ 𝑄2 , symmetric matrices 𝐼𝑁 ⊗ 𝑃1 , 𝐼𝑁 ⊗ 𝑃2 , and a
matrix 𝐼𝑁 ⊗ 𝑆, 𝐼𝑁 ⊗ 𝑌. For brevity, this proof is not provided
here.
Remark 5. From the process of fault estimation observer
design, we can see that there is no parameter value of leader
node 0 because of the assumption that the state of leader
node is measurable, as shown in Remark 2. Since undirected

[
[
[
[
[

−2 cos (𝜃𝑓 ) 𝑄1 − 𝑃1
∗
∗

[

[
[
[
[
[
[

2 cos (𝜃𝑑 ) 𝑄2 − 𝑃2
∗
∗

where 𝜆 𝑖 (𝑖 = 1, . . . , 𝑁) are the eigenvalues of (𝐿 + 𝐺) and the
−1
fault estimation observer gain matrix is given by 𝑅 = 𝑆 𝑌.
Proof. Since matrix (𝐿 + 𝐺) is symmetric positive definite,
there always exists a nonsingular matrix 𝑉 ∈ R𝑁×𝑁 such that
𝑉𝑇 (𝐿 + 𝐺)𝑉 = Λ and 𝑉𝑇 𝑉 = 𝐼, where Λ = diag(𝜆 1 , 𝜆 2 ,
. . . , 𝜆 𝑁) ∈ R𝑁×𝑁 and 𝜆 1 , 𝜆 2 , . . . , 𝜆 𝑁 are positive. Under the
coordinate transformation
𝑒 (𝑘) = (𝑉 ⊗ 𝐼𝑛+𝑟 ) 𝑒̆
(𝑘) ,
Δ𝑓 (𝑘) = (𝑉 ⊗ 𝐼𝑟 ) Δ𝑓̆
(𝑘) ,

𝜔 (𝑘) = (𝑉 ⊗ 𝐼𝑑 ) 𝜔̆
(𝑘) ,
𝑒𝑓 (𝑘) = (𝑉 ⊗ 𝐼𝑟 ) 𝑒𝑓̆
(𝑘) .
(19)

0

(17)

]
0 𝐼𝑁 ⊗ 𝐼𝑟 ]
] < 0,
]
−𝛾2 𝐼
0 ]
∗
−𝛾2 𝐼 ]

Remark 6. From [20], we can get the matrix (𝐿 + 𝐺) is nonsingular. Furthermore, based on the decomposition design in
[21], an equivalent conclusion of Theorem 3 is obtained, that
is, Theorem 7.
Theorem 7. Given scalars 𝛾1 , 𝛾2 > 0. The global error dynamics (16) satisfy the 𝐻∞ performances ‖𝑇𝜔(𝑘)𝑒𝑓 (𝑘) ‖∞ < 𝛾1 and
‖𝑇Δ𝑓(𝑘)𝑒𝑓 (𝑘) ‖∞ < 𝛾2 if there exist symmetric positive definite
matrices 𝑄1 , 𝑄2 , symmetric matrices 𝑃1 , 𝑃2 , and matrices 𝑆, 𝑌
such that the following conditions hold:

0
−𝛾1 𝐼
∗

−𝑆 − 𝑆 + 𝑃2 −𝑄2 + 𝑆𝐴 − 𝜆 𝑖 (𝑌𝐶) −𝑆𝐼𝑟
∗
∗
∗

𝜑

graph is considered in this paper, matrix 𝐿 is symmetric such
that one of the eigenvalues of 𝐿 is zero, and the others are
positive. Therefore, the presented leader node can be viewed
as a virtual node, whose function is to make matrix (𝐿 + 𝐺)
nonsingular.

−𝑆 − 𝑆 + 𝑃1 𝑄1 + 𝑆𝐴 − 𝜆 𝑖 (𝑌𝐶) 𝜆 𝑖 (𝑌𝐷2 ) − 𝑆𝐷1
∗
∗
∗

0

]
0 𝐼𝑁 ⊗ 𝐼𝑟 ]
] < 0,
]
−𝛾1 𝐼
0 ]
∗
−𝛾1 𝐼 ]

𝑇

[
[
[
[
[

𝜙

0

]
𝐼𝑟 ]
] < 0,
]
0 ]
−𝛾1 𝐼]

𝑖 = 1, . . . , 𝑁,
(18)

0

]
0
𝐼𝑟 ]
] < 0,
−𝛾2 𝐼 0 ]
]
∗ −𝛾2 𝐼]

𝑖 = 1, . . . , 𝑁,

And let
𝑇

𝑇
𝑇
𝑇
̆
𝑒̆
(𝑘), 𝑒2̆
(𝑘), . . . , 𝑒𝑁
(𝑘)] ,
(𝑘) = [𝑒1̆
𝑇

𝑇
𝑇
𝑇
𝜔̆
(𝑘) = [𝜔̆
1 (𝑘), 𝜔̆
2 (𝑘), . . . , 𝜔̆
𝑁 (𝑘)] ,

Δ𝑓̆
(𝑘) =

𝑇
𝑇
𝑇
𝑇
̆
̆
[Δ𝑓̆
1 (𝑘), Δ𝑓2 (𝑘), . . . , Δ𝑓𝑁 (𝑘)] ,
𝑇

𝑇
𝑇
𝑇
̆
̆
̆(𝑘)] ;
𝑒𝑓̆
(𝑘) = [𝑒𝑓1
(𝑘) , 𝑒𝑓2
(𝑘) , . . . , 𝑒𝑓𝑁

(20)
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then it gets

0

𝑒̆
(𝑘 + 1)
= [(𝐼𝑁 ⊗ 𝐴) − Λ ⊗ (𝑅𝐶)] 𝑒̆
(𝑘)
1

+ [Λ ⊗ (𝑅𝐷2 ) − (𝐼𝑁 ⊗ 𝐷1 )] 𝜔̆
(𝑘) − (𝐼𝑁 ⊗ 𝐼𝑟 ) Δ𝑓̆
(𝑘) ,
𝑇
𝑒𝑓̆
(𝑘) .
(𝑘) = (𝐼𝑁 ⊗ 𝐼𝑟 ) 𝑒̆

(21)

2

4

Since Λ is a diagonal matrix, the transfer function
3

𝑇𝜔(𝑘)
̆𝑒𝑓̆
̆
̆
(𝑘) = diag (𝑇𝜔̆
(𝑘),...,𝜔̆
(𝑘) )
1 (𝑘)𝑒𝑓1
𝑁 (𝑘)𝑒𝑓𝑁

Figure 1: The communication topology of multiagent systems.

= (𝑉−1 ⊗ 𝐼𝑑 ) 𝑇𝜔(𝑘)𝑒𝑓 (𝑘) (𝑉 ⊗ 𝐼𝑟 ) ,
(22)
𝑇Δ𝑓(𝑘)
̆𝑒𝑓̆
̆
̆
(𝑘) = diag (𝑇Δ𝑓̆
(𝑘)𝑒𝑓1
(𝑘),...,Δ𝑓̆
(𝑘)𝑒𝑓𝑁
(𝑘) )
1

For these multiagent systems subject to four nodes, we
assume that each node only contacts with its nearest neighbors, as shown in Figure 1. From Figure 1, one gets Laplacian
matrix

𝑁

= (𝑉−1 ⊗ 𝐼𝑟 ) 𝑇Δ𝑓(𝑘)𝑒𝑓 (𝑘) (𝑉 ⊗ 𝐼𝑟 ) ,
where 𝑉 is orthogonal. It follows that






 = max 𝑇𝜔̆
 = 𝑇𝜔(𝑘)𝑒 (𝑘)  ,
𝑇𝜔(𝑘)
(𝑘) 
(𝑘) 
∞ 𝑖=1,...,𝑁  𝑖 (𝑘)𝑒𝑓𝑖̆
∞ 
∞
 ̆𝑒𝑓̆
𝑓






𝑇 ̆
 = max 𝑇 ̆
 = 𝑇Δ𝑓(𝑘)𝑒 (𝑘)  .
 Δ𝑓(𝑘)𝑒𝑓̆
∞ 𝑖=1,...,𝑁  Δ𝑓𝑖 (𝑘)𝑒𝑓𝑖̆
∞ 
∞
(𝑘) 
(𝑘) 
𝑓
(23)

2
[−1
[
𝐿=[
[0
[−1

4. Simulation Results
In this section, the following example is presented to illustrate
the effectiveness of the proposed method. It is assumed that
there are four agents of multiagent systems, that is, 𝑁 = 4,
and each node is
𝑥𝑖 (𝑘 + 1) = [

0.1 −0.1
1.2
] 𝑥𝑖 (𝑘) + [ ] 𝑢𝑖 (𝑘) ,
0.2 0.5
1

(24)

𝑦𝑖 (𝑘) = [1 1] 𝑥𝑖 (𝑘) .
The disturbance matrices are 𝐷1 = [0.1 0.1]𝑇 and 𝐷1 = 0.1.
Here, actuator faults are considered, that is, the fault distribution matrix 𝐻 = 𝐵.

0
−1
2
−1

−1
0]
]
].
−1]
2]

(25)

And only the first node links the leader node, so we have
1
[0
[
𝐺=[
[0
[0

Moreover, by choosing the same matrix variables 𝑄1 , 𝑄2 , 𝑃1 ,
𝑃2 , 𝑆, 𝑌 shown in Theorem 3, one gets the two conditions of
Theorems 3 and 7 are equivalent.
Remark 8. Theorem 7 is an equivalent conclusion of Theorem 3 by using decomposition technique. And note that the
eigenvalues of matrix (𝐿 + 𝐺) are positive; that is, 𝜆 𝑖 > 0,
𝑖 = 1, . . . , 𝑁.

−1
2
−1
0

0
0
0
0

0
0
0
0

0
0]
]
].
0]

(26)

0]

It is readily verified that (𝐿 + 𝐺) is nonsingular and its
eigenvalues are positive, that is, 0.1864, 2.0000, 2.4707, and
4.3429.
It is assumed that the noise is in high-frequency domain
𝜗𝑑 = 𝜋 rad, and the derivative of actuator faults is in lowfrequency domain 𝜗𝑓 = 𝜋/10 rad.
By solving the conditions of Theorem 3, one gets 𝛾1 + 𝛾2 =
4.9257 and the observer matrix
0.0873
[0.2476]
𝑅=[
].
0.0728
[
]

(27)

And we are able to verify that the minimum value is also 𝛾1 +
𝛾2 = 4.9257 by calculating the conditions of Theorem 7.
For simulation, we firstly consider an incipient fault
occurring in the first node as follows:
𝑓1 (𝑘) = {

0,

0 s ≤ 𝑡 < 50 s,

1 − 𝑒−0.05(𝑡−50) ,

50 s ≤ 𝑡.

(28)
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Figure 2: Simulation of the incipient fault in the first node.
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Figure 3: Simulation of the incipient fault in the third node.

Simulation result of this fault in the first node is shown in
Figure 2.
Secondly, we assume that there is an incipient fault in the
third node:
0,
𝑓3 (𝑘) = {
−2 (1 − 𝑒−0.06(𝑡−40) ) ,

0 s ≤ 𝑡 < 40 s,
40 s ≤ 𝑡.

(29)

For such fault, Figure 3 illustrates the online fault estimation.
From simulation results, it is concluded that the presented
fault estimation observer can achieve incipient fault estimation of multiagent systems.

5. Conclusions
In this paper, a fault estimation design has been proposed for
a class of multiagent systems with incipient faults. According
to the frequency properties of incipient faults and noises, a
robust 𝐻∞ design with finite-frequency domain is obtained

in terms of linear matrix inequalities. An equivalent result
of the proposed fault estimation is further presented. Finally,
simulation results of incipient faults in the two different nodes
have been given to illustrate the effectiveness of the proposed
design. Fault diagnosis of nonlinear multiagent systems will
be studied in our future work.
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Reliability of the traction system is of critical importance to the safety of CRH (China Railway High-speed) high-speed train.
To investigate fault propagation mechanism and predict the probabilities of component-level faults accurately for a high-speed
railway traction system, a fault prognosis approach via Bayesian network and bond graph modeling techniques is proposed.
The inherent structure of a railway traction system is represented by bond graph model, based on which a multilayer Bayesian
network is developed for fault propagation analysis and fault prediction. For complete and incomplete data sets, two different
parameter learning algorithms such as Bayesian estimation and expectation maximization (EM) algorithm are adopted to determine
the conditional probability table of the Bayesian network. The proposed prognosis approach using Pearl’s polytree propagation
algorithm for joint probability reasoning can predict the failure probabilities of leaf nodes based on the current status of root nodes.
Verification results in a high-speed railway traction simulation system can demonstrate the effectiveness of the proposed approach.

1. Introduction
CRH (China Railway High-speed) high-speed train traction
system is a complex electromechanical coupling system,
which consists of a lot of electrical and mechanical devices,
such as pantograph, traction transformers, traction converters, and traction motors. Along with the growth of running
time, some components in a traction system like IGBTs
(insulated gate bipolar transistors) and diodes will degrade
with age. These fatigued components are likely to have various
abrupt faults such as short-circuit or open-circuit faults,
which definitely increase the risk of serious accidents in the
entire railway. Thus, fault prognosis is urgently demanded in
high-speed railway traction systems.
Due to the complex structures and behaviors of electromechanical coupling traction systems, it is difficult to
describe the causalities accurately through analytical models,
which limits the application of the existing analytical model
based fault prognosis methods [1]. Instead, the data-driven

statistical model based prognosis methods, especially the
Bayesian networks, have become the mainstream [2–7]. However, constructing an accurate Bayesian network structure
is a big challenge in practice. Some scholars have proposed
approaches to learn the Bayesian network structure from data
[4, 5]. Due to the reason that the accuracy of the learned
Bayesian network is largely affected by the richness of the
data and the prior knowledge of the network ordering, few
attractive results have been obtained, according to which an
idea of constructing Bayesian network via bond graph model
is proposed in this paper.
Bond graph modeling has been widely applied to lots
of engineering fields for modeling various dynamic systems.
It is particularly popular for modeling electromechanical
coupling systems. In bond graphs, different elements that
belong to different energy domains (such as mechanical,
electrical, and electromagnetic domains) can be described by
the same model structure with uniform modeling language.
Bond graph theory and its recent applications have been
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Figure 1: Schematic diagram of CRH5 traction system.

summarized in [8–10]. Due to its capability in describing the
causality of a complex system, bond graph has been investigated in modeling of high-speed railway vehicles in recent
years [11–13]. The bond graph model of a squirrel cage
induction motor is introduced in [14], which contributes
to the bond graph modeling of high-speed train traction
device. Model based [15–17] and data-driven based [18, 19]
FDD (fault detection and diagnosis) approaches, especially
the bond graph based methods [20–25], are becoming hot
research topics. However, the causal relationships in a bond
graph that consist of important information for reasoning are
seldom used in fault prognosis domain directly.
This paper proposes a general procedure for constructing
a Bayesian network structure on the basis of bond graph
modeling for fault prognosis of high-speed train traction
device. The causal relationships revealed by the bond graph
model are combined with the reasoning capacity of the
Bayesian network. For complete and incomplete data sets,
Bayesian estimation and expectation maximization (EM)
algorithm are adopted, respectively, to determine the conditional probability table of the Bayesian network. Pearl’s
polytree propagation algorithm is used for joint probability
reasoning. The failure probabilities of the other leaf nodes
are determined by the current status of root nodes. The
simulation results on CRH5 traction system can verify the
effectiveness of the proposed approach.

2. Modeling of CRH5 Traction Device
2.1. Railway Traction System. CRH5 high-speed trains are
providing convenient public transportation among major
cities in China. According to [26], the CRH5 traction
system is made up of pantograph (model: DSA250), vacuum circuit breaker (model: 22CBNG), traction transformer
(electrical standard: IEC 60310), traction converter (model:
YGN2Q213), traction motor (model: YJ87A, three-phase
squirrel cage induction motor), and other components. An
AC-DC-AC driving method is adopted, as shown in Figure 1,
where 25 kV HVAC (high voltage alternating current) is
transformed into 1700 V AC (alternating current) by the
traction transformer through pantograph; then, the converter
(AC-DC-AC) outputs three-phase AC with controllable voltage and frequency for the traction motors.
For simplicity, the traction system consisting of two sets
of inverters and induction motors is studied in this paper.

The three-phase inverter bridge circuits can realize VVVF
(variable velocity variable frequency) drive of the three-phase
ACIMs (alternating current induction motors). The inverter
circuit, as shown in Figure 2, uses IGBTs as switch elements in
its main circuit and control system design, where the voltagespace vector control scheme is adopted in the inverter control
circuit.
Open-circuit fault and short-circuit fault are two kinds
of common faults in traction inverters. Switch-on failure of
the transistors and breakdown of the motor phase can cause
open-circuit faults, which will increase torque pulsations,
copper losses or reduce mean torque and efficiency. Switchoff failure of the transistors and ground of the phase terminals
can cause short-circuit faults, which will bring overload
burning of the stator and rotor circuits.
2.2. Bond Graph Modeling
2.2.1. Bond Graph: Basis. Electromechanical systems are
governed by many effects issued from different physical
phenomena and various technological components. Bond
graph, a unified and multidomain modeling and simulation
approach, is well suited for such systems. Bond graph provides possibilities for both structural and behavioral system
analysis [27]. According to [28], power variable is the product
of effort (represented by 𝑒) and flow (represented by 𝑓), where
effort variable represents force, voltage, or pressure and flow
variable represents current, flow, or velocity. Capacitance (𝐶),
inertias (𝐼), resistances (𝑅), sources {𝑆𝑒 , 𝑆𝑓 }, gyrator (GY),
transformer (TF), and junctions 0, 1 are generic bond graph
components, which can be classified as 1-port components
{𝑆𝑒 , 𝑆𝑓 , 𝐼, 𝑅, 𝐶}, 2-port components {TF, GY}, and multipleports components {1, 0}. These bond graph components are
connected by a set of bonds represented by half arrows
indicating positive energy flow from one variable to another.
For each bond, an effort and a flow variable were remarked to
describe the signals of the bond graph components connected
to the bonds. The generic components and bond connections
form the structure of bond graph model, where a set of
relations called constitutive relations is used to describe the
behavior of each component [29].
Besides the modeling capability for electromechanical
systems, bond graph approach can derive equations or information from the graph itself by using a concept called the
causality. In bond graphs, a stroke is marked at one end of
each bond, which indicates the direction of an effort or flow
signal. Users can derive the relations or analytical expressions
between system variables to understand how fault signals
propagate in the system.
2.2.2. Equivalent Circuits for CRH5 Traction Devices. The
converter in CRH5 unit consists of two sets of rectifiers,
two sets of inverters, one set of traction control device, and
cooling system. Each traction motor is controlled by one set
of inverters, whose equivalent circuit is shown in Figure 3.
The three-phase AC motors can be equivalent to a series
circuit of resistances, inductances, and counter electromotive
force, where the effect of the counter electromotive force
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can be neglected when the load side is unloaded. For bond
graph modeling of the inverter part, IGBT and diode circuit
can be simplified by a switch model consisting of a turn-on
resistance 𝑅on with low resistor value, a turn-off resistance
𝑅off with high resistor value, and an ideal switch 𝑆. In Figure 3,
the series connecting 𝑅on1 and 𝑆1 is the equivalent circuit of
IGBT 𝑉1 , 𝑅off1 is the equivalent circuit of diode VD1 , and so

on. Different equivalent resistances (𝑅eq ) corresponding to
different status can be calculated as follows:
𝑅
{
{ off
𝑅eq = { 𝑅on 𝑅off
{
≈ 𝑅on
{ 𝑅on + 𝑅off

for 𝑆 turned off
for 𝑆 turned on .

(1)
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The final equivalent circuit of the inverter and three-phase AC
motors for open-circuit fault and short-circuit fault status are
shown in Figures 4 and 5, respectively.
2.2.3. Bond Graph Modeling of Traction System. According
to [28], the main difficulty in bond graph modeling of
power switching device is how to describe the discrete
system dynamics. So far, many bond graph based modeling
approaches for power switching device have been proposed,
such as enumeration method, Petri Net method, and MTF
(multitransformer) method. MTF method is the most popular method, where modulus 𝑚 = 0 or 𝑚 = 1 represents
the status (ON or OFF) of power switching devices. As

shown in Figure 6, 𝑆1 –𝑆12 and 𝑅off1 –𝑅off12 represent switching
tubes 𝑉1 –𝑉12 and diodes VD1 –VD12 , respectively, in the
inverter circuit. In bond graph modeling of the three-phase
AC motors, the resistance 𝑅𝑒 and the winding 𝐿 𝑒 determine
the behavior of the stator circuit; the resistance 𝑅𝑝 and the
winding 𝐿 𝑝 indicate the losses of hysteresis and the magnetic
flux losses in the stator and rotor circuit; the resistance 𝑅𝑟
and the winding 𝐿 𝑟 determine the rotor circuit behavior. The
mechanical power generated by each phase is modeled by the
“MGY” ports. The rotational mechanical power is added to
the “1” junction, which can be applied to the motor shaft
modeling by the inertia port “𝐼” with parameter “𝐽.” The
friction losses are modeled by the resistance port “𝑅” with
parameter “𝜇.”
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Figure 6: Bond graph modeling of CRH5 inverter and three-phase AC motor.

Open-circuit fault and short-circuit fault are two kinds
of common faults in inverter circuits. According to circuit
analysis, the features of the collector-emitter average voltage
of the switching tube are the same when an open-circuit fault
happens on 𝑉1 , 𝑉3 , or 𝑉5 or a short-circuit fault happens
on 𝑉2 , 𝑉4 , or 𝑉6 . Aiming at accurate fault location, define
the behaviors of 𝑅on and 𝑅off as follows: the value of 𝑅on
increases rapidly when an open-circuit fault happens; the
value of 𝑅off decreases rapidly when a short-circuit fault
happens. In Table 1, 𝑒10 , 𝑒13 , 𝑒17 , 𝑒20 , 𝑒24 , and 𝑒27 represent the

collector-emitter average voltages of the bonds numbers 10,
13, 17, 20, 24, and 27, respectively. “0” represents the nominal
value of the collector-emitter average voltage; “+” represents
the increase of collector-emitter voltage; “−” represents the
decrease of collector-emitter voltage.
According to the equivalent circuit shown in Figures 4
and 5, Figure 7(a) shows the bond graph of B-phase circuit
in number 1 inverter, where IGBT 𝑉3 has an open-circuit
fault. Figure 7(b) shows the bond graph of B-phase circuit in
number 1 inverter, where IGBT 𝑉3 has a short-circuit fault.
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Table 1: Common faults in the bond graph model of CRH5 traction system.

Fault
𝐹1
𝐹2
𝐹3
𝐹4
𝐹5
𝐹6

𝑒10
+
−
0
0
0
0

Description
Open-circuit fault (𝑆1 ) or short-circuit fault (𝑆4 )
Short-circuit fault (𝑆1 ) or open-circuit fault (𝑆4 )
Open-circuit fault (𝑆3 ) or short-circuit fault (𝑆6 )
Short-circuit fault (𝑆3 ) or open-circuit fault (𝑆6 )
Open-circuit fault (𝑆5 ) or short-circuit fault (𝑆2 )
Short-circuit fault (𝑆5 ) or open-circuit fault (𝑆2 )

Roff3

Se

0

4

1

𝑒17
0
0
+
−
0
0

𝑒20
0
0
−
+
0
0

19
16

0

𝑒24
0
0
0
0
+
−

𝑒27
0
0
0
0
−
+

Roff6

Roff6

15
1

𝑒13
−
+
0
0
0
0

19

21

MTF

20

Se

(a)

1

0

21

MTF

(b)

Figure 7: Bond graph modeling of B-phase inverter circuit in fault.

3. Fault Prognosis Based on Bayesian Network
3.1. Key Idea. Since the three-phase circuits in the inverter
are exactly the same, B-phase circuit is shown as an example
to study the fault prognosis in this paper. Figure 8 illustrates
the fault prognosis mechanism using the Bayesian network
of B-phase circuit to predict the fault probability of the stator
or rotor circuit. For offline implementation, the bond graph
model of CRH5 inverter and three-phase AC motor are used
to construct a Bayesian network for fault prognosis. The
Bayesian network based fault prognosis module is activated
when the structure of predictive Bayesian network is obtained
and the conditional probability distributions are acquired.
For online implementation, evidence extracted from the
system measurements can propagate through the network
when the probability distributions for each variable are
inferred.
3.2. From Bond Graph to Bayesian Network
3.2.1. Bayesian Network. Bayesian network is a directed acyclic graph (DAG), where nodes represent the random variables. The directed edges leading from cause variables to effect
variables represent the causal relations. The measurements
are donated by conditional probabilities between nodes and
father-nodes. According to [30], prior probabilities need to
be specified for root nodes, while conditional probability
distributions (CPDs) are specified for nonroot nodes. The
edges in the Bayesian network represent the joint probability
distributions which can be defined as
𝑛

𝑃 (𝑥) = ∏𝑃 (𝑥𝑖 | parents (𝑥𝑖 )) ,
𝑖=1

(2)

where parents(𝑥𝑖 ) is the parent set of node 𝑥𝑖 . The equation
above, known as a chain rule indicating the joint probability
distribution of all variables in the Bayesian network, is the
product of each variable’s probabilities when its parents’
values are given. The probability distribution of each variable
or partial variable can be obtained by Bayesian network
inference when other variables are known.
A Bayesian network comprises two parts 𝐵 = ⟨𝐺, Θ⟩,
where 𝐺 is a DAG conveying the direct dependence relationships within the data set, while Θ is the CPD of each variable.
Assume that ∏𝑥𝑖 represents the set of direct parents of 𝑥𝑖 in
𝐺. Θ contains a parameter 𝜃𝑥𝑖 |∏𝑥 = 𝑃𝐵 (𝑥𝑖 | ∏𝑥𝑖 ) for each 𝑥𝑖 ,
𝑖
such that the network 𝐵 can represent the following joint
probability distribution [31]:
𝑛

𝑛

𝑃𝐵 (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) = ∏𝑃𝐵 (𝑥𝑖 | ∏ ) = ∏𝜃𝑥𝑖 |∏𝑥 .
𝑖=1

𝑥𝑖

𝑖=1

𝑖

(3)

3.2.2. Bond Graph Based Causality Analysis. The consistent
causality description facilitates FDI or fault prognosis design
because it is helpful for analyzing the fault propagation in the
whole system. Causal path, a graphic representation based
on the concept of causality, shows the causal relationships
among the system variables. “0” and “1” controlled junctions
are the multiple-ports components in bond graph based
modeling. According to the definition of flow variable and
effort variable, “1” junction indicates that every flow variable
of the bonds connected to the junction equals the other,
where the input variable is defined as the flow variable of
the connected bond that has no causal stroke assigned at the
junction. Similarly, a “0” junction indicates that each effort
variable of the adjacently connected bonds equals the other,
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Figure 8: Overview of the fault prognosis based on Bayesian network.

where the input variable is defined as the effort variable of the
connected bond that has a causal stroke assigned at the “0”
junction. The storage elements are usually assigned preferred
derivative causality [29].
The bond graph modeling implies the state equations
describing the system dynamics. The causal relationships and
power transfer between each component can be obtained
clearly through the state equations coming from the bond
graph. List the causal relationships of B-phase circuit in
number 1 inverter as follows:

𝑒15 = 𝑒1 − 𝑒16 ,
𝑒19 = 𝑒16 = 𝑒18 = 𝑒20 = 𝑒21 ,
𝑓15 =

𝑒15
,
𝑅off3

𝑒40 = 𝑅𝑒 𝑓40 ,
𝑒17 = 𝑒1 − 𝑒18 ,
𝑓41 =

1
∫ 𝑒41 𝑑𝑡,
𝐿𝑒

𝑓17 =

𝑚32
𝑒 ,
𝑅on3 17

𝑒43 = 𝑅𝑝 𝑓43 ,
𝑒19 = 𝑅off6 𝑓19 ,
𝑓44 =

1
∫ 𝑒44 𝑑𝑡,
𝐿𝑝

𝑓20 =

𝑚62
𝑒 ,
𝑅on6 20

Ron3

Roff6

Roff3

e17

e20

Le

Rr

Re

Ron6

Lr

Figure 9: Directed graph of B-phase circuit.

𝑒46 = 𝑅𝑟 𝑓46 ,
𝑓19 = 𝑓16 + 𝑓18 − 𝑓20 − 𝑓21 ,
𝑓47 =

1
∫ 𝑒47 𝑑𝑡,
𝐿𝑟
(4)

where 𝑒𝑖𝑗 represents the effort variable of bond number 𝑖𝑗 and
𝑓𝑖𝑗 represents the flow variable of bond number 𝑖𝑗. According
to (4), the sum of 𝑒17 and 𝑒20 equals a constant value 𝑒1 ,
the DC input, such that the effort variables 𝑒17 and 𝑒20 are
the interrelationship of cause and effect. The directed graph
(DG) of B-phase circuit in number 1 inverter is shown as in
Figure 9.
3.2.3. Building Bayesian Network. The first step is to establish
the directed links between variables for a causal network by
using the causality derived from the bond graph model of
CRH5 traction system. Secondly, use intermediate variables
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Ron3


e17

Roff6

Roff3

e17

e20

Re

For incomplete data sets, the expectation maximization (EM)
based iterative algorithm is used to compute the maximum
likelihood probability of the network. Let initial value of the
parameter be equal 𝜃(0) . Modify the parameter constantly
to achieve its maximum value of the maximum likelihood
probability 𝐸[ln 𝑝(𝑌 | 𝜃)], where 𝑌 is the whole of the
training sample.
The probability distribution expectation of data set 𝑌 is
represented as follows when the observable training sample
𝐷 and current 𝜃 are given:

Ron6

Le

Rr

𝑄 (𝜃(𝑡) | 𝜃) = 𝐸 [ln 𝑝 (𝑌 | 𝜃(𝑡) ) | 𝜃, 𝐷]

Lr

= ∑∑ ln 𝑝 (𝐷𝑙 , 𝑍𝑙 | 𝜃) 𝑝 (𝑍𝑙 | 𝐷𝑙 , 𝜃(𝑡) ) .

Figure 10: Bayesian network of B-phase circuit.

(8)

𝑙 𝑍𝑙

Maximize the function 𝑄(𝜃(𝑡) | 𝜃) by means of maximum
likelihood estimation algorithm:
to obtain the conditional probability distributions (CPDs).
Thirdly, specify the CPDs for each variable.
The directed graph model of B-phase circuit transforming
from bond graph model is shown in Figure 9. Due to the
reason that Bayesian network is a directed acyclic graph, some
necessary simplifications are proposed for directed graph
model having loops in [2]. The Bayesian network of B-phase
circuit is shown in Figure 10, 𝑅on3 , 𝑅off6 , 𝑅off3 , and 𝑅on6 are
the root nodes corresponding to the components of B-phase
circuit in equivalent diagram. 𝑅𝑒 , 𝐿 𝑒 , 𝑅𝑟 , and 𝐿 𝑟 can indicate
the behavior of the stator and rotor circuits which are the leaf

is
nodes in the Bayesian network of the B-phase circuit. 𝑒17
the copied node of node 𝑒17 according to the procedure in
[2].
3.3. The Parameters of Bayesian Network. Different parameter learning algorithms are used to obtain the conditional
probability table of the Bayesian network for complete and
incomplete data sets. For complete data sets, Bayesian estimation algorithm is used for parameter estimation. It searches
the parameter value with maximum posterior probability
according to the a priori knowledge when the topological
structure 𝑆 and training data set 𝐷 are known:
𝑃 (𝜃 | 𝐷, 𝑆) =

𝑃 (𝐷 | 𝜃, 𝑆) 𝑃 (𝜃 | 𝑆)
,
𝑃 (𝐷 | 𝑆)

(5)

where 𝜃 is a fixed unknown parameter and 𝑃(𝜃 | 𝑆) is the
prior probability of 𝜃 under the topological structure 𝑆. Let
polynomial parameters 𝜃1 , 𝜃2 , . . . , 𝜃𝑘 satisfy ∑𝑘𝑖=1 𝜃𝑖 = 1; then
the posterior probability of the parameter can be represented
by (6) when 𝑃(𝜃 | 𝑆) is subject to Dirichlet distribution:
𝑃 (𝜃 | 𝐷, 𝑆) = Dir (𝜃 | 𝛼1 , 𝛼2 , . . . , 𝛼𝑘 )
=

𝑇 (𝛼)

𝑘

𝛼𝑖 −1

∏𝜃
∏𝑘𝑖=1 𝑇 (𝛼𝑖 ) 𝑖=1

.

𝜃(𝑡)

(6)

(7)

(9)

where 𝐷 represents observable data set; 𝑍 represents the data
set which has not been observed; the whole training data 𝑌 =
𝐷 ∪ 𝑍.
3.4. Fault Prognosis Scheme. In this paper, fault prognosis
scheme based on Bayesian network of B-phase circuit is
designed to predict fault probability of stator or rotor circuit
that may cause abnormal behaviors of overall system. The
Bayesian network based fault prognosis is a kind of prediction
mechanism using joint probability distribution to obtain the
fault probability of child nodes, when network structure, fault
probabilities of the root nodes, and conditional probability
table of the other nodes are given. The causal variable analysis
is main application of Bayesian network when the observed
statues on any of the random variables are given. Conditional
probability of unobserved modes is updated through belief
propagation and inference can be made about the most
probable status [32]. In the example of Figure 10, if variable
𝑅𝑒 is observed as true, the statues of 𝑅off6 can be inferred
from this evidence such that the probability 𝑃𝑅off6|𝑅 (𝑎, ture)
𝑒
is needed for this inference, and it can be quantified by
marginalizing the joint distribution under the condition that
the status of 𝑅𝑒 is known:
𝑃𝑅off6 |𝑅𝑒 (𝑎, true)
= ∑∑∑∑∑𝑃 (𝑅off6 , 𝑅on3 , 𝑅off3 , 𝑅𝑒 , 𝑅on6 , 𝑒20 , 𝑒17 )
𝑏 𝑐

𝑒 𝑓 𝑔

= ∑∑∑∑∑𝑃𝑅off6 (𝑎) 𝑃𝑅on3 (𝑏) 𝑃𝑅off3 |𝑅off6 𝑅on3 (𝑎, 𝑏, 𝑐) . . . ,
𝑏 𝑐

The formula of parameter estimation is as follow:
𝜃̂V|𝑢 = Dir (𝛼𝑙 + 𝑁 (𝑥1 , 𝑢) , . . . , 𝛼V𝑘 + 𝑁 (V𝑘 , 𝑢)) .

𝜃(𝑡) = arg max 𝑄 (𝜃(𝑡) | 𝜃) ,

𝑒 𝑓 𝑔

(10)
where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, and 𝑔 are the values of the nodes 𝑅off6 ,
𝑅on3 , 𝑅off3 , 𝑅𝑒 , 𝑅on6 , 𝑒20 , and 𝑒17 . The difficulty of this approach
is that, as the number of nodes grows big, precise calculation
of new condition probability becomes an NP-hard problem.
Due to the reason above, the polytree propagation algorithm,
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a Monte Carlo based approximate reasoning algorithm, is
adopted in this paper. According to the Bayesian network in
Figure 10, the fault probabilities of each node are as follows:
𝑃 (𝑒20 = 𝑓)
=

∑
𝑅on3,6 ,𝑅off3,6

𝑃 (𝑒20 = 𝑓 | 𝑅on3 , 𝑅off6 , 𝑅off3 , 𝑅on6 )
⋅ 𝑃 (𝑅on3 , 𝑅off6 , 𝑅off3 , 𝑅on6 ) ,

𝑃 (𝑒17 = 𝑓)
=

∑
𝑅on3,6 ,𝑅off3,6 ,𝑒20

𝑃 (𝑒17 = 𝑓 | 𝑅on3 , 𝑅off6 , 𝑅off3 , 𝑅on6 , 𝑒20 )
⋅ 𝑃 (𝑅on3 , 𝑅off6 , 𝑅off3 , 𝑅on6 , 𝑒20 ) ,

𝑃 (𝑅𝑒 = 𝑓)
=

∑
𝑅on3,6 ,𝑅off3,6 ,𝑒20

𝑃 (𝑅𝑒 = 𝑓 | 𝑅on3 , 𝑅off6 , 𝑅off3 , 𝑅on6 , 𝑒20 )

Table 2: Conditional probability table of parameter learning.
Conditional probability
𝑃(𝑅on3 = 𝑓)
𝑃(𝑅off6 = 𝑓)
𝑃(𝑅off3 = 𝑓)
𝑃(𝑅on6 = 𝑓)
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑛, 𝑅off6
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑓, 𝑅off6
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑛, 𝑅off6
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑛, 𝑅off6
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑛, 𝑅off6
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑓, 𝑅off6
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑓, 𝑅off6
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑛, 𝑅off6
𝑃(𝑒20 = 𝑓|𝑅on3 = 𝑛, 𝑅off6
𝑃(𝑅𝑒 |𝑒20 )
𝑃(𝐿 𝑒 |𝑒20 )
𝑃(𝑅𝑟 |𝑒20 )
𝑃(𝐿 𝑟 |𝑒20 )

Value
0.137
0.159
0.159
0.137
0
0.95
0.95
0.95
0.95
0.98
0.92
0.92
0.98
0.511
0.511
0.370
0.370

= 𝑛, 𝑅off3 = 𝑛, 𝑅on6 = 𝑛)
= 𝑛, 𝑅off3 = 𝑛, 𝑅on6 = 𝑛)
= 𝑓, 𝑅off3 = 𝑛, 𝑅on6 = 𝑛)
= 𝑛, 𝑅off3 = 𝑓, 𝑅on6 = 𝑛)
= 𝑛, 𝑅off3 = 𝑛, 𝑅on6 = 𝑓)
= 𝑓, 𝑅off3 = 𝑛, 𝑅on6 = 𝑛)
= 𝑛, 𝑅off3 = 𝑛, 𝑅on6 = 𝑓)
= 𝑓, 𝑅off3 = 𝑓, 𝑅on6 = 𝑛)
= 𝑛, 𝑅off3 = 𝑓, 𝑅on6 = 𝑓)

⋅ 𝑃 (𝑅on3 , 𝑅off6 , 𝑅off3 , 𝑅on6 , 𝑒20 ) .
(11)

Firstly, a bond graph model of CRH5 traction system is
formed in the environment of 20-SIM. When open-circuit
fault happens on IGBT V3 , load current 𝑖𝑏 loses its positive
half wave, which may cause the motor stalling. When shortcircuit fault happens on IGBT V3 , 𝑖𝑏 increases rapidly, such
that short circuit on IGBT which may cause catastrophic
failure on stator or rotor circuit is the fault we studied in
simulation section.
In this section, 10000 sets of data produced by experiments are divided into 10 groups, where 600 sets of data
are for training and 400 sets of data are for test in each
group. According to [33], the fault distribution in electric
drive system is as follows: power devices (37%), capacitors
(20%), inductors (5%), resistors (2%), connectors (15%), gate
drives (16%), and others (5%). What is more, in [33], the
fault probabilities of IBGT open-circuit fault (37%) and shortcircuit fault (43%) are also given. Regarding the complete
data from experiments as the training sample of parameter
learning, compute the conditional probability of intermediate
nodes and leaf nodes by maximum likelihood estimation. The
conditional probability table is shown in Table 2, where 𝑛, 𝑓
represent normal nodes and faulty nodes, respectively.
Predict the fault probability of stator or rotor circuit when
short-circuit fault of IGBT components in B-phase inverter
circuit happens. According to Pearl’s polytree propagation
algorithm used for joint probability reasoning, the prediction
results on fault probability of stator and rotor circuit through
10000 sets of complete data are shown in Figures 11 and 12.
In modern engineering systems, some values in the measurement data set are missing such that EM (expectation maximization) method, a well-known parameter estimation algorithm, is used for probabilistic reasoning, combining with
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Figure 11: Fault prognosis of stator circuit.

Pearl’s polytree propagation algorithm. Each iteration step of
EM algorithm contains two steps: the E-step (expectation)
and the M-step (maximization). The procedure alternates
between the two steps until convergence is achieved. It should
be pointed out that the search speed will slow down when EM
algorithm comes close to its convergence point.
In this simulation, 10000 sets of data are hidden randomly
by 20% to imitate the data missing. The remaining sets are
divided into 10 groups, where 600 sets of data are for training
and 200 sets of data are for test in each group. The conditional
probability table of each node can be obtained by EM
algorithm. Predict the fault probability of leaf nodes by Pearl’s
polytree propagation algorithm when prior probabilities of
the root nodes are given. In Figures 13 and 14, the prediction
results of stator or rotor circuit under incomplete data can
also verify effectiveness of the proposed approach.
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Figure 12: Fault prognosis of rotor circuit.
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Figure 14: Fault prognosis of rotor circuit.
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5. Conclusion
According to the schematic diagram of CRH5 traction system, a bond graph based model of inverter circuit and threephase AC motor is built. Then, a bond graph and Bayesian network based fault prognosis approach is proposed to
predict the fault probability of stator and rotor circuit, when
the prior fault probabilities of IGBT components are given.
The bond graph based model of CRH5 traction system is used
for building the Bayesian network, which can solve the problem of constructing an accurate Bayesian network structure
in practice. Different parameter learning algorithms, such
as Bayesian estimation and EM algorithm, are adopted to
determine the conditional probability table of the Bayesian
network for complete and incomplete data sets. The fault
probabilities of leaf nodes (stator and rotor circuit) can be
predicted by joint probability reasoning through Pearl’s polytree propagation algorithm. The simulation results can verify
its effectiveness in fault prognosis for both complete and
incomplete data sets. Our future works lie in the following:
(1) the bond graph modeling of junction parts should be
considered; (2) some new bond graph modeling approaches
of power switching device (IGBT) can be adopted in our
future work to achieve a more accurate modeling.
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This paper studies the problem of fault tolerant control by trajectory tracking for a class of linear constant time-delay systems.
The aim is to design a control law by considering the fault detected by the observer to make the faulty system track the reference
model even if faults occur. By considering two kinds of actuator faults, one constant and another time-varying, the corresponding
proportional integral observers and active FTC control laws are designed, respectively. State tracking error, state estimation error,
output estimation error, and fault estimation error are combined into a descriptor system. Based on Lyapunov-Krasovskii functional
approach stability problems of the descriptor system are easily solved in terms of the Linear Matrix Inequalities (LMI). Finally, a
numerical example is considered to prove the effectiveness in both cases.

1. Introduction
Over the past few decades, problems of fault tolerant control,
well known as FTC, in dynamic systems have attracted lots of
attention [1, 2]. FTC has been developed to preserve the system stability and maintain acceptable performances in case of
faults occurring. The existing FTC strategies can be divided
into two categories. The first one, named as the passive FTC,
treats the fault as uncertainty; therefore, it involves no fault
detection and estimation (see [3–5]). The second one, the
active FTC, differs from the passive FTC in that it requires
a fault detection and isolation (FDI) block to detect, isolate,
and estimate faults which are used to compensate the fault
and ensure an acceptable system performance (e.g., [6–8]).
As the obtained fault information is used, the active FTC is
more reliable.
On the other hand, time-delay is another factor that can
degrade system performance; it is a built-in feature in many
engineering systems. The presence of time-delay, together
with faults, could cause system to be instable easily. Therefore,
researching on FTC design of time-delay system has great
practical and theoretical significance [9]; this challenging
topic has ignited the interest of some authors. For example,
[10, 11] provide a kind of fault detection method based on an

iterative learning observer for nonlinear constant state delay
systems. Reference [12] designs 𝐻∞ fault detection filters
for multiple time-delay discrete-time systems. Based on a
switched descriptor observer approach, [13] deals with sensor
fault estimation and compensation problems of time-delay
switched systems. In [14], for both additive and multiplicative
faults, a robust fault detection and isolation scheme is proposed for uncertain continuous linear systems with discrete
state delays. In [15], a fault detection filter is investigated for
a class of discrete-time switched linear systems with timevarying delays so that the different estimation errors are
minimized. In [16], some adaptive fault diagnosis observers
(AFDO) are designed to deal with fast fault estimation and
accommodation problems for time-varying delay systems.
Recently, there is also an active FTC approach based on
trajectory tracking, developed to solve the FTC problem.
This scheme is composed of faulty system, reference model,
observer, and controller and its aim is to design a control law
by considering actuator faults detected by observers and to
make the faulty system states track the reference model states
which are not effected by faults [17–19].
This paper is about to develop a strategy for linear
constant time-delay systems based on trajectory tracking.
The motivation of this paper mainly stems from two facts:
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(1) some FTC schemes of time-delay systems are obtained
[20, 21], but less work which studies on FTC problems
employs the descriptor redundancy property and solves
the fault isolation, estimation, and FTC problems together;
(2) there is some work addressing FTC designs based on
trajectory tracking which focused on linear time invariant
(LTI) system without time-delay, but few work is focused
on FTC of time-delay systems. Our work will extend earlier
results of fault estimation using trajectory tracking to the
time-delay systems.
In this paper, our purpose is to study the FTC design
problem for linear state time-delay systems subjected to
constant or time-varying faults. The main idea is to design
an active FTC controller and PI observer and to use the
virtual dynamic [22–24] in both active FTC law and output
estimation error expression to turn the problem under study
into a descriptor system. By using the Lyapunov-Krasovskii
functional approach, the stability of the descriptor system
has been proved. The advantages of the proposed method
is also based on the above two facts: (1) the introduction of
trajectory tracking can ensure the tracking of faulty systems
to reference models, which could guarantee an acceptable
system performance even if faults occur; (2) the descriptor
redundancy property can avoid crossed terms in the LMI
and then decrease the number of LMI conditions and consequently relax the conservatism [17].
This paper is organized as follows. In the next section,
the system under study and the active FTC scheme based on
trajectory tracking are presented. In Section 3, FTC design
for linear state time-delay systems affected by constant fault
without uncertainties is established. Then, some FTC design
for linear state time-delay systems affected by time-varying
faults with uncertainties is given. In the last section, a
numerical example for constant faults without uncertainties
and time-varying faults with uncertainties is considered to
illustrate the applicability and effectiveness of the proposed
approaches.
Notations. In a block matrix, the notation ∗ stands for
the terms induced by symmetry. The superscript 𝑇 denotes
matrix transpose, sym(𝐴) denotes 𝐴 + 𝐴𝑇 , and diag{⋅ ⋅ ⋅ }
stands for a block-diagonal matrix.
The following lemma is needed to provide LMI conditions.
Lemma 1. For any matrices 𝑋, 𝑌, and Σ(𝑡) with appropriate
dimensions and Σ𝑇 (𝑡)Σ(𝑡) < 𝐼 and for any positive real number
𝑡, it follows that
𝑋𝑇 Σ𝑇 (𝑡) 𝑌 + 𝑌𝑇 Σ (𝑡) 𝑋 ≤ 𝑡𝑋𝑇 𝑋 + 𝑡−1 𝑌𝑇 𝑌.

(1)

2. Problem Formulation
Consider the following system without faults corresponding
to a reference model:
𝑥̇(𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) + 𝐴 𝑑 𝑥 (𝑡 − ℎ) ,
𝑦 = 𝐶𝑥 (𝑡) + 𝐶𝑑 𝑥 (𝑡 − ℎ) ,

(2)

where 𝑥(𝑡) ∈ 𝑅𝑛 is the state vector, 𝑢(𝑡) ∈ 𝑅𝑚 is the input
vector, and 𝑦(𝑡) ∈ 𝑅𝑝 is the output vector. 𝐴, 𝐵, 𝐴 𝑑 , 𝐶, and 𝐶𝑑
are known constant real matrices of appropriate dimensions.
ℎ is the state delay and ℎ ∈ 𝑅+ is a constant real number.
Consider the faulty system given by
𝑥𝑓̇ (𝑡) = 𝐴𝑥𝑓 (𝑡) + 𝐴𝑑 𝑥𝑓 (𝑡 − ℎ) + 𝐵𝑢𝑓 (𝑡) + 𝐵𝑓 (𝑡) ,
𝑦𝑓 (𝑡) = 𝐶𝑥𝑓 (𝑡) + 𝐶𝑑 𝑥𝑓 (𝑡 − ℎ) ,

(3)

where 𝑥𝑓 (𝑡) ∈ 𝑅𝑛 , 𝑢𝑓 (𝑡) ∈ 𝑅𝑚 , 𝑦𝑓 (𝑡) ∈ 𝑅𝑝 , and 𝑓(𝑡) ∈ 𝑅𝑚
are the faulty state vector, the fault tolerant control vector, the
faulty output vector, and the fault vector affecting the system
behavior. And the uncertainties of system (3) are defined by
𝑋 (𝑡) = 𝑋 + Δ𝑋 (𝑡) ,

𝑋 ∈ {𝐴, 𝐴 𝑑 , 𝐵, 𝐶, 𝐶𝑑 } ,

(4)

where Δ𝐴, Δ𝐴 𝑑 , Δ𝐵, Δ𝐶, and Δ𝐶𝑑 are time-varying
unknown matrices describing the bounded model uncertainties, defined by
Δ𝑋 (𝑡) = 𝑀𝑥 𝐹 (𝑡) 𝑁𝑥 ,
(𝑋, 𝑥) = {(𝐴, 𝑎) , (𝐴 𝑑 , 𝑎𝑑) , (𝐵, 𝑏) , (𝐶, 𝑐) , (𝐶𝑑 , 𝑐𝑑)} ,

(5)

where 𝑀𝑎 , 𝑀𝑎𝑑 , 𝑀𝑏 , 𝑀𝑐 , 𝑀𝑐𝑑 , 𝑁𝑎 , 𝑁𝑎𝑑 , 𝑁𝑏 , 𝑁𝑐 , and 𝑁𝑐𝑑 are
known constant real matrices with appropriate dimensions
and the matrix function 𝐹(𝑡) is bounded by
𝐹 (𝑡) 𝐹 (𝑡)𝑇 ≤ 𝐼.

(6)

In order to estimate the fault vector 𝑓(𝑡) which is required
by the FTC scheme and the faulty system states 𝑥𝑓 (𝑡), we
consider the PI observer as follows:
̂̇𝑓 (𝑡) = 𝐴𝑥̂𝑓 (𝑡) + 𝐴 𝑑 𝑥̂𝑓 (𝑡 − ℎ) + 𝐵𝑢𝑓 (𝑡)
𝑥
+ 𝐵𝑓̂ (𝑡) + 𝐻1 (𝑦𝑓 (𝑡) − 𝑦̂𝑓 (𝑡)) ,
𝑓̂ (𝑡) = 𝐻2 (𝑦𝑓 (𝑡) − 𝑦̂𝑓 (𝑡)) ,

(7)

𝑦̂𝑓 (𝑡) = 𝐶𝑥̂𝑓 (𝑡) + 𝐶𝑑 𝑥̂𝑓 (𝑡 − ℎ) ,
where 𝐻1 ∈ 𝑅𝑛×𝑝 and 𝐻2 ∈ 𝑅𝑟×𝑝 are the observer’s gain
matrices to be determined.

3. Fault Tolerant Controller Design
In this section, two cases are considered according to the
characteristics of faults. First, we assume that the fault is a
constant one and there are no uncertainties in faulty system
(6). Second, assume that the fault is a time-varying one and
there are uncertainties in the faulty system.
The FTC design scheme is illustrated in Figure 1. The
objective of this work is to ensure the tracking of the faulty
system to the nominal one. In other words, the scheme is to
design FTC law and observer gain matrices to minimize the
differences between the faulty states of (3) and the reference
states given by model (2), the faulty system states and the
observer states, the faulty system estimation output and
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The fault estimation error dynamics 𝑒𝑓 (𝑡) is expressed as
follows:

f(t)
u(t)

uf (t)

System

yf (t)

Observer

−

Controller

Reference model

(12)

The output estimation error 𝑒𝑦 (𝑡) can be written in the
form of

̂ f (t − h)
̂ f (t) x
x

̂
f(t)
uc (t)

̂̇(𝑡) = −𝐻 𝑒 (𝑡) .
𝑒𝑓̇ (𝑡) = 𝑓 ̇(𝑡) − 𝑓
2 𝑦

𝑒𝑦 (𝑡) = 𝐶𝑒𝑠 (𝑡) + 𝐶𝑑 𝑒𝑠 (𝑡 − ℎ) .

(13)

+

x(t)

In order to organize the above equations into the form of
descriptor systems, we can introduce a “virtual dynamics” in
the output estimation error; this latter can be rewritten as

x(t − h)

0𝑒𝑦̇ (𝑡) = 𝐶𝑒𝑠 (𝑡) + 𝐶𝑑 𝑒𝑠 (𝑡 − ℎ) − 𝑒𝑦 (𝑡) .

Figure 1: The controller scheme.

the reference model output, and the nominal input and the
FTC input plus the fault.
From the FTC scheme of Figure 1, the following FTC law
structure is proposed [17]:
𝑢𝑓 (𝑡) = 𝑢 (𝑡) + 𝐾1 (𝑥 (𝑡) − 𝑥̂𝑓 (𝑡)) − 𝑓̂ (𝑡)
+ 𝐾2 (𝑥 (𝑡 − ℎ) − 𝑥̂𝑓 (𝑡 − ℎ)) ,

(9)

In the following part, to ensure the tracking, we first give
state error, fault estimation error, output error and tracking
error, and the difference between nominal input and FTC
input plus the fault, respectively, by
𝑒𝑝 (𝑡) = 𝑥 (𝑡) − 𝑥𝑓 (𝑡) ,
𝑒𝑠 (𝑡) = 𝑥𝑓 (𝑡) − 𝑥̂𝑓 (𝑡) ,
(10)

𝑒𝑦 (𝑡) = 𝑦𝑓 (𝑡) − 𝑦̂𝑓 (𝑡) ,
𝑒𝑢 (𝑡) = 𝑢 (𝑡) − (𝑢𝑓 (𝑡) + 𝑓 (𝑡)) .
By using formulae (2), (3), (7), and (10), the dynamics of
𝑒𝑝 (𝑡) and 𝑒𝑠 (𝑡) are given by
𝑒𝑝̇ (𝑡) = 𝐴𝑒𝑝 (𝑡) + 𝐵𝑒𝑢 (𝑡) + 𝐴 𝑑 𝑒𝑝 (𝑡 − ℎ) ,
𝑒𝑠̇(𝑡) = 𝐴𝑒𝑠 (𝑡) + 𝐵𝑒𝑓 (𝑡) − 𝐻1 𝑒𝑦 (𝑡) + 𝐴 𝑑 𝑒𝑠 (𝑡 − ℎ) .

0𝑒𝑢̇ (𝑡) = 𝐾1 𝑒𝑝 (𝑡) + 𝐾1 𝑒𝑠 (𝑡) + 𝐾2 𝑒𝑝 (𝑡 − ℎ)

(15)

(8)

3.1. First Case: Constant Fault without Uncertainties. It is here
considered that the fault which affects the system actuator is
a constant bias. Obviously, it is a special case that the fault
satisfies

𝑒𝑓 (𝑡) = 𝑓 (𝑡) − 𝑓̂ (𝑡) ,

By adding and subtracting 𝐾1 𝑥𝑓 (𝑡), 𝐾2 𝑥𝑓 (𝑡 − ℎ), and 𝑓(𝑡)
in (8) and using (10), one can obtain

+ 𝐾2 𝑒𝑠 (𝑡 − ℎ) + 𝑒𝑓 (𝑡) + 𝑒𝑢 (𝑡) .

where 𝐾1 , 𝐾2 ∈ 𝑅𝑚×𝑛 are the state feedback gain matrices to
guarantee the stability of the faulty system even if the fault
occurs and minimize the difference between the faulty system
and the reference one.

𝑓 ̇(𝑡) = 0.

(14)

(11)

The combinations of (11), (12), (14), and (15) yield a
descriptor system expressed as follows:
̃ (𝑡) + 𝐴
̃𝑑 𝑒 (𝑡 − ℎ) ,
𝐸𝑒 ̇(𝑡) = 𝐴𝑒

(16)

where 𝐸 = diag{𝐼2𝑛+𝑚 , 0𝑚+𝑝 },
𝑇

𝑒 (𝑡) = (𝑒𝑝𝑇 (𝑡) , 𝑒𝑠𝑇 (𝑡) , 𝑒𝑓𝑇 (𝑡) , 𝑒𝑢𝑇 (𝑡) , 𝑒𝑦𝑇 (𝑡)) ,
𝐴
[0
[
̃= [ 0
𝐴
[
[𝐾1
[0

0
𝐴
0
𝐾1
𝐶

0
𝐵
0
𝐼
0

𝐴𝑑 0
[ 0 𝐴𝑑
[
̃𝑑 = [ 0 0
𝐴
[
[ 𝐾2 𝐾2
[ 0 𝐶𝑑

𝐵 0
0 −𝐻1 ]
]
0 −𝐻2 ]
],
𝐼 0 ]
0 −𝐼 ]
0
0
0
0
0

0
0
0
0
0

(17)

0
0]
]
0]
].
0]
0]

The main proposed result can now be established [25].
Theorem 2. The tracking error 𝑒𝑝 (𝑡), the state error 𝑒𝑠 (𝑡), and
fault estimation error 𝑒𝑓 (𝑡) asymptotically converge to zero if
there exist some matrices 𝑃1 > 0, 𝑃2 > 0, 𝑃3 > 0, and matrices
𝑌2 and 𝑌 with appropriate dimensions, such that the following
inequalities hold:
[
[

Ω
𝑌

𝑇

𝑌
𝑃 ] < 0,
− 3
ℎ]

(18)
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where the expression of Ω is shown as follows:

Proof. Choose a Lyapunov-Krasovskii functional candidate
as

𝑇
𝑇
− 𝑊𝑝ℎ 𝑃2 𝑊𝑝ℎ
Ω = 𝑊𝑝 𝑃2 𝑊𝑝𝑇 + ℎ𝑊𝑝1 𝐸𝑇 𝑃3 𝐸𝑊𝑝1

𝑉 (𝑡) = 𝑉1 (𝑡) + 𝑉2 (𝑡) + 𝑉3 (𝑡) ,

𝑇
𝑇
+ sym [𝑊𝑝 𝑃1 𝑊𝑝1
+ 𝑌𝐸𝑊𝑃𝑇 + 𝑌𝐸𝑊𝑝ℎ

𝑉1 (𝑡) = 𝑒𝑇 (𝑡) 𝐸𝑇 𝑃1 𝑒 (𝑡) ,

+ (𝑌2 𝐴 0 − 𝐻𝐶1 − 𝑋𝐶2 ) 𝑊𝑝𝑇

0

𝑉2 (𝑡) = ∫ ∫
𝑉3 (𝑡) = ∫

𝑊𝑝ℎ = [0 𝐼2𝑛+2𝑚+𝑝 0] ,

𝑇

𝑇

𝑇

0
𝐴
0
0
𝐶

0
𝐵
0
𝐼
0

𝐵
0
0
𝐼
0

0
0]
]
0]
],
0]
−𝐼]

𝐴 𝑑0

𝑡

0
0
0
0
0

0
0
0
0
0

0
0]
]
0]
],
0]
0]

𝑌11 0 0 0 0
[ 0 𝑌12 0 0 0 ]
]
[
̃2 = [ 0 0 𝑌13 0 0 ] ,
𝑌
]
[
[𝑌16 0 0 𝑌14 𝑌18 ]
[𝑌17 0 0 0 𝑌15 ]
where 𝑌12 , 𝑌13 , and 𝑌14 are invertible matrices and 𝑌11 , 𝑌15 ,
𝑌16 , 𝑌17 , and 𝑌18 are slack matrices.
The observer and controller gains are then computed by
−1

𝐾2 = (𝑌14 ) 𝐾42 ,

−1

𝐻2 = (𝑌13 ) 𝐻32 .

𝐻1 = (𝑌12 ) 𝐻21 ,

𝑡−ℎ

𝑒 ̇(𝜔) 𝑑𝜔] = 0,
(25)

̃ (𝑡) − 𝐴
̃𝑑 𝑒 (𝑡 − ℎ) − 𝐸𝑒 ̇(𝑡)] = 0,
Π2 = 𝜉 (𝑡) 𝑌2 [𝐴𝑒
𝑇

where 𝑌, 𝑌2 are appropriate dimensioned matrices and 𝜉(𝑡) =
̇ 𝑇 ]𝑇 .
[𝑒𝑇 (𝑡), 𝑒𝑇 (𝑡 − ℎ), (𝐸𝑒(𝑡))
Adding 2Π1 , 2Π2 , and ℎ𝜉𝑇 (𝑡)𝑌𝑃3−1 𝑌𝑇 𝜉(𝑡) and subtracting
𝑡
∫𝑡−ℎ 𝜉𝑇 (𝑡)𝑌𝑃3−1 𝑌𝑇 𝜉(𝑡)𝑑𝜔, respectively, in (24) yield (26) which
is shown as follows:

−∫

𝑡

𝑡−ℎ

𝑒𝑇̇ (𝜔) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝜔) 𝑑𝜔 + 𝑒𝑇 (𝑡) 𝑃2 𝑒 (𝑡)

− 𝑒𝑇 (𝑡 − ℎ) 𝑃2 𝑒 (𝑡 − ℎ)
𝑡

𝑡−ℎ

(20)

Remark 3. It should be mentioned that the free weighting
𝑇
̃𝑇 𝑌
̃ 𝑇 ] . But the
̃𝑇 𝑌
matrix 𝑌2 has the structure of 𝑌2 = [𝑌
2
2
2
conservatism would increase; in order to obtain a tractable
matrix condition, we can adopt the method by defining
̃2
𝑌
𝛼1 𝐼 0 0
[
]
[
̃2 ] ,
𝑌2 = 0 𝛼2 𝐼 0
𝑌
̃2 ]
[ 0 0 𝛼3 𝐼] [𝑌

Π1 = 𝜉𝑇 (𝑡) 𝑌𝐸 [𝑒 (𝑡) − 𝑒 (𝑡 − ℎ) − ∫

+ 2𝜉𝑇 (𝑡) 𝑌𝐸 [𝑒 (𝑡) − 𝑒 (𝑡 − ℎ) − ∫

−1

−1

(24)

𝑉̇(𝑡) = 2𝑒𝑇 (𝑡) 𝐸𝑇 𝑃1 𝑒 ̇(𝑡) + ℎ𝑒𝑇̇ (𝑡) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝑡)
(19)

𝐾1 = (𝑌14 ) 𝑋41 ,

𝑒𝑇̇ (𝜔) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝜔) 𝑑𝜔 + 𝑒𝑇 (𝑡) 𝑃2 𝑒 (𝑡)

According to the Newton-Lebniz formula and closedloop system equation, the following equations are true:

𝐶3 = 𝐶2 ,
𝐴𝑑 0
[ 0 𝐴𝑑
[
=[
[0 0
[0 0
[ 0 𝐶𝑑

𝑒𝑇 (𝜔) 𝑃2 𝑒 (𝜔) 𝑑𝜔,

− 𝑒𝑇 (𝑡 − ℎ) 𝑃2 𝑒 (𝑡 − ℎ) .

𝐶1 = [0 0 0 0 𝐼] ,

𝐶2 = [𝐼 𝐼 0 0 0] ,

𝑡

𝑡−ℎ

̃𝑇 𝐻 ] ,
̃𝑇 𝐻
𝐻 = [𝐻

̃ = [0 𝐻𝑇 𝐻𝑇 0 0]𝑇 ,
𝐻
21
32

𝐴
[0
[
𝐴0 = [
[0
[0
[0

−∫

𝑇
̃𝑇

̃ = [0 0 0 𝐾𝑇 0] ,
𝐾
42

(23)

𝑉̇= 2𝑒𝑇 (𝑡) 𝑃1 𝐸𝑒 ̇(𝑡) + ℎ𝑒𝑇̇ (𝑡) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝑡)

̃𝑇 𝐾
̃𝑇 ] ,
̃𝑇 𝐾
𝐾 = [𝐾

𝑇

𝑒𝑇̇ (𝜔) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝜔) 𝑑𝜔 𝑑V,

where 𝑃1 satisfies 𝐸𝑇 𝑃1 = 𝑃1 𝐸.
The time derivatives of 𝑉(𝑡) are given by

̃𝑇 𝑋
̃𝑇 ] ,
̃𝑇 𝑋
𝑋 = [𝑋

̃ = [0 0 0 𝑋𝑇 0]𝑇 ,
𝑋
41

𝑡

𝑡−ℎ

𝑊𝑝1 = [0 0 𝐼2𝑛+2𝑚+𝑝 ] ,
̃𝑇 𝑌
̃ 𝑇] ,
̃𝑇 𝑌
𝑌2 = [𝑌
2
2
2

𝑡

−ℎ 𝑡+V

𝑇
+ (𝑌2 𝐴 𝑑0 − 𝐾𝐶3 ) 𝑊𝑝ℎ
],

𝑊𝑝 = [𝐼2𝑛+2𝑚+𝑝 0 0] ,

(22)

(21)

where 𝛼1 , 𝛼2 , and 𝛼3 are the real number.
By choosing these scalars appropriately, the conservatism
cannot increase much. This method has been used by [23].

𝑒 ̇(𝜔) 𝑑𝜔]

̃ (𝑡) + 𝐴
̃𝑑 𝑒 (𝑡 − ℎ) − 𝐸𝑒 ̇(𝑡)]
+ 2𝜉𝑇 (𝑡) 𝑌2 [𝐴𝑒
= 2𝑒𝑇 (𝑡) 𝑃1 𝐸𝑒𝑇̇ (𝑡) + ℎ𝑒𝑇̇ (𝑡) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝑡)
−∫

𝑡

𝑡−ℎ

𝑒𝑇̇ (𝜔) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝜔) 𝑑𝜔 + 𝑒𝑇 (𝑡) 𝑃2 𝑒 (𝑡)

− 𝑒𝑇 (𝑡 − ℎ) 𝑃2 𝑒 (𝑡 − ℎ)
+ 2𝜉𝑇 (𝑡) 𝑌𝐸 [𝑒 (𝑡) − 𝑒 (𝑡 − ℎ) − ∫

𝑡

𝑡−ℎ

𝑒 ̇(𝜔) 𝑑𝜔]

̃ (𝑡) + 𝐴
̃𝑑 𝑒 (𝑡 − ℎ) − 𝐸𝑒 ̇(𝑡)]
+ 2𝜉𝑇 (𝑡) 𝑌2 [𝐴𝑒
+ ℎ𝜉𝑇 (𝑡) 𝑌𝑃3−1 𝑌𝑇 𝜉 (𝑡) − ∫

𝑡

𝑡−ℎ

𝜉𝑇 (𝑡) 𝑌𝑃3−1 𝑌𝑇 𝜉 (𝑡) 𝑑𝜔
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= 𝜉𝑇 (𝑡) Ω𝜉 (𝑡) + ℎ𝜉𝑇 (𝑡) 𝑌𝑃3−1 𝑌𝑇 𝜉 (𝑡)
−∫

𝑡

𝑡−ℎ

Equation (29) and (30) can be rewritten as
0𝑒𝑢̇ (𝑡) = 𝐾1 𝑒𝑝 (𝑡) + 𝐾1 𝑒𝑠 (𝑡) + 𝐾2 𝑒𝑝 (𝑡 − ℎ)

[𝜉𝑇 (𝑡) 𝑌 + 𝑒𝑇̇ (𝜔) 𝐸𝑇 𝑃3 ]
×

𝑃3−1

+ 𝐾2 𝑒𝑠 (𝑡 − ℎ) + 𝑒𝑢 (𝑡) + 𝑒𝑓 (𝑡) ,

𝑇

[𝑌 𝜉 (𝑡) + 𝑃3 𝐸𝑒 ̇(𝜔)] 𝑑𝜔.
(26)
ℎ𝑌𝑃3−1 𝑌𝑇

Then, we know from (26) that Ω +
< 0
̇ is nonpositiveness for nonzero 𝜉(𝑡).
which guarantees 𝑉(𝑡)
One can always find a sufficiently small 𝜖 > 0 such that
̇ ≤ −𝜖‖𝑒(𝑡)‖2 and the asymptotic stability of the system
𝑉(𝑡)
is proved.
3.2. Second Case: Time-Varying Fault with Uncertainties. In
this part, we consider system (3) with the uncertainties and
the fault being time-varying one. Here, we modify PI observer
slightly as follows:
̂̇𝑓 (𝑡) = 𝐴𝑥̂𝑓 (𝑡) + 𝐴 𝑑 𝑥̂𝑓 (𝑡 − ℎ) + 𝐵𝑢𝑓 (𝑡)
𝑥
+ 𝐵𝑓̂ (𝑡) + 𝐻1 (𝑦𝑓 (𝑡) − 𝑦̂𝑓 (𝑡)) ,
̂̇(𝑡) = 𝐻 (𝑦 (𝑡) − 𝑦̂ (𝑡)) − 𝑓̂ (𝑡) ,
𝑓
2
𝑓
𝑓

(27)

𝑦̂𝑓 (𝑡) = 𝐶𝑥̂𝑓 (𝑡) + 𝐶𝑑 𝑥̂𝑓 (𝑡 − ℎ) .
The dynamics of 𝑒𝑝 (𝑡), 𝑒𝑠 (𝑡), and 𝑒𝑓 (𝑡) are given by
𝑒𝑝̇ (𝑡) = 𝐴𝑒𝑝 (𝑡) + Δ𝐴𝑒𝑝 (𝑡) + 𝐵𝑒𝑢 (𝑡) + Δ𝐵𝑒𝑢 (𝑡)
+ 𝐴 𝑑 𝑒𝑝 (𝑡 − ℎ) − Δ𝐴𝑥 (𝑡)
+ Δ𝐴 𝑑 𝑒𝑝 (𝑡 − ℎ) − Δ𝐴 𝑑 𝑥 (𝑡 − ℎ) − Δ𝐵𝑢 (𝑡) ,
𝑒𝑠̇(𝑡) = −Δ𝐴𝑒𝑝 (𝑡) + 𝐴𝑒𝑠 (𝑡) + 𝐵𝑒𝑓 (𝑡) − Δ𝐵𝑒𝑢 (𝑡)
− Δ𝐴 𝑑 𝑒𝑝 (𝑡 − ℎ) + 𝐴 𝑑 𝑒𝑠 (𝑡 − ℎ)
+ Δ𝐴𝑥 (𝑡) − 𝐻1 𝑒𝑦 (𝑡) + Δ𝐵𝑢 (𝑡) + Δ𝐴 𝑑 𝑥 (𝑡 − ℎ) ,

0𝑒𝑦̇ (𝑡) = −Δ𝐶𝑒𝑝 (𝑡) + 𝐶𝑒𝑠 (𝑡) − 𝑒𝑦 (𝑡) − Δ𝐶𝑑 𝑒𝑝 (𝑡 − ℎ)
+ 𝐶𝑑 𝑒𝑠 (𝑡 − ℎ) + Δ𝐶𝑑 𝑥 (𝑡 − ℎ) + Δ𝐶𝑥 (𝑡) .

The combination of (28) and (31) leads to the following
descriptor system:
̃ + Δ𝐴)
̃ 𝑒 (𝑡) + (𝐴
̃𝑑 + Δ𝐴
̃𝑑 ) 𝑒 (𝑡 − ℎ)
𝐸𝑒 ̇(𝑡) = (𝐴
̃ V (𝑡) ,
+ (𝐵̃ + Δ𝐵)

𝐴
[0
[
̃= [ 0
𝐴
[
[𝐾1
[0

0
𝐴
0
𝐾1
𝐶

0
𝐵
−𝐼
𝐼
0

𝐵 0
0 −𝐻1 ]
]
0 −𝐻2 ]
],
𝐼 0 ]
0 −𝐼 ]

Δ𝐴
[−Δ𝐴
[
̃= [ 0
Δ𝐴
[
[ 0
[−Δ𝐶

0
0
0
0
0

0 Δ𝐵 0
0 −Δ𝐵 0]
]
0 0 0]
],
0 0 0]
0 0 0]

0
[0
[
𝐵̃ = [
[0
[0
[0

0
0
𝐼
0
0

0
0]
]
𝐼]
],
0]
0]

0
0
0
0
0

0
0
0
0
0

(33)

−Δ𝐴 −Δ𝐴 𝑑 −Δ𝐵 0 0
[ Δ𝐴 Δ𝐴 𝑑 Δ𝐵 0 0]
]
[
0
0 0 0]
Δ𝐵̃ = [
],
[ 0
[ 0
0
0 0 0]
0 0 0]
[ Δ𝐶 Δ𝐶𝑑
0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

0
0]
]
0]
],
0]
0]

The output estimation error 𝑒𝑦 (𝑡) is given by
𝑒𝑦 (𝑡) = −Δ𝐶𝑒𝑝 (𝑡) + 𝐶𝑒𝑠 (𝑡) − Δ𝐶𝑑 𝑒𝑝 (𝑡 − ℎ)

V (𝑡) = [𝑥𝑇 (𝑡) , 𝑥𝑇 (𝑡 − ℎ) , 𝑢𝑇 (𝑡) , 𝑓𝑇 (𝑡) , 𝑓𝑇̇ (𝑡)] .

+ 𝐶𝑑 𝑒𝑠 (𝑡 − ℎ) + Δ𝐶𝑥 (𝑡) + Δ𝐶𝑑 𝑥 (𝑡 − ℎ) .

𝑇

(29)

The substitution of 𝑒𝑢 (𝑡) in (8) implies
𝑒𝑢 (𝑡) = −𝐾1 𝑒𝑝 (𝑡) − 𝐾1 𝑒𝑠 (𝑡) − 𝐾2 𝑒𝑝 (𝑡 − ℎ)
− 𝐾2 𝑒𝑠 (𝑡 − ℎ) − 𝑒𝑓 (𝑡) .

(32)

̃𝑑 , and 𝑒(𝑡) have been given above and the
where 𝐸, 𝐴
̃ Δ𝐴,
̃ 𝐵,
̃ Δ𝐵,
̃ Δ𝐴
̃𝑑 , and V(𝑡) are shown as
expressions of 𝐴,
follows:

Δ𝐴 𝑑
[−Δ𝐴 𝑑
[
̃𝑑 = [ 0
Δ𝐴
[
[ 0
[ −Δ𝐶𝑑

̂̇(𝑡) = −𝑒 (𝑡) − 𝐻 𝑒 + 𝑓 (𝑡) + 𝑓 ̇(𝑡) .
𝑒𝑓̇ (𝑡) = 𝑓 ̇(𝑡) − 𝑓
𝑓
2 𝑦
(28)

(31)

(30)

The condition ensuring the stability of the descriptor
system (32) and the attenuation level 𝛾 > 0 from the
perturbation-like term V(𝑡) to the error dynamic 𝑒(𝑡) are
provided in the following theorem.
Theorem 4. System (32) describing the different errors is stable
and the gain from V(𝑡) to 𝑒(𝑡) is bounded by 𝛾 > 0 if there exist
some matrices 𝑃1 > 0, 𝑃2 > 0, and 𝑃3 > 0 and matrices 𝑌2 , 𝑌
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with appropriate dimensions and positive scalars 𝑡1 , 𝑡2 , 𝑡3 such
that the matrix inequality (34) holds.
̃
𝑌 𝑌2 𝑀𝑒𝑎 𝑌2 𝑀𝑒𝑏 𝑌2 𝑀𝑒𝑎𝑑
Ω
𝑌2 𝐵
𝑇
[∗ −𝛾2 𝐼 + 𝑡2 𝑁𝑒𝑏
𝑁
0
0
0
0 ]
𝑒𝑏
]
[
]
[
𝑃3
]
[∗
∗
−
0
0
0
] < 0,
[
ℎ
[∗
0
0 ]
∗
∗
−𝑡1 𝐼
]
[
[∗
0 ]
∗
∗
∗
−𝑡2 𝐼
∗
∗
∗
∗
−𝑡3 𝐼 ]
[∗
(34)
and the observer and controller gains are then computed by
−1

𝐾1 = (𝑌14 ) 𝑋41 ,
−1

𝐻1 = (𝑌11 ) 𝐻21 ,

−1

𝐾2 = (𝑌14 ) 𝑋42 ,
−1

𝐻2 = (𝑌12 ) 𝐻32 .

(35)

Proof. Let us consider the weighted 𝐿 2 constraint given by
𝑡

𝑇

2

𝑡

𝑇

∫ 𝑒 (𝜎) 𝑄𝑒 (𝜎) 𝑑𝜎 < 𝛾 ∫ V (𝜎) V (𝜎) 𝑑𝜎,
0

0

(36)

where 𝛾 is the attenuation level from the perturbation-like
term V(𝑡) to the error 𝑒(𝑡) in (32) and 𝑄 is a symmetric
semipositive-definite weighted matrix. It is well known that
the constraint is satisfied if there exists a Lyapunov-Krasovskii
function such that
𝑉̇(𝑡) + 𝑒𝑇 (𝑡) 𝑄𝑒 (𝑡) − 𝛾2 V𝑇 (𝑡) V (𝑡) < 0.

(37)

Choose Lyapunov-Krasovskii functional candidate as
𝑉(𝑡) = 𝑉1 (𝑡) + 𝑉2 (𝑡) + 𝑉3 (𝑡) and 𝑉1 (𝑡), 𝑉2 (𝑡), 𝑉3 (𝑡) are defined
in (22).
Adding 2Π1 , 2Π2 , and ℎ𝜉𝑇 (𝑡)𝑌𝑃3−1 𝑌𝑇 𝜉(𝑡) and subtracting
𝑡
∫𝑡−ℎ 𝜉𝑇 (𝑡)𝑌𝑃3−1 𝑌𝑇 𝜉(𝑡)𝑑𝜔, respectively, in (37) yield (38) which
is shown as follows:
𝑉̇(𝑡) ≤ 2𝑒𝑇 (𝑡) 𝐸𝑇 𝑃1 𝑒 ̇(𝑡) + ℎ𝑒𝑇̇ (𝑡) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝑡)
−∫

𝑡

𝑡−ℎ

𝑒𝑇̇ (𝜔) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝜔) 𝑑𝜔 + 𝑒𝑇 (𝑡) 𝑃2 𝑒 (𝑡)

− 𝑒𝑇 (𝑡 − ℎ) 𝑃2 𝑒 (𝑡 − ℎ)
+ 2𝜉𝑇 (𝑡) 𝑌𝐸 [𝑒 (𝑡) − 𝑒 (𝑡 − ℎ) − ∫

𝑡

𝑡−ℎ

𝑒 ̇(𝜔) 𝑑𝜔]

̃ + Δ𝐴)
̃ 𝑒 (𝑡) + (𝐴
̃𝑑 + Δ𝐴
̃𝑑 ) 𝑒 (𝑡 − ℎ)
+ 2𝜉𝑇 (𝑡) 𝑌2 [(𝐴
̃ V (𝑡) − 𝐸𝑒 ̇(𝑡)]
+ (𝐵̃ + Δ𝐵)
= 2𝑒𝑇 (𝑡) 𝑃1 𝐸𝑒 ̇(𝑡) + ℎ𝑒𝑇̇ (𝑡) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝑡)
−∫

𝑡

𝑡−ℎ

𝑒𝑇̇ (𝜔) 𝐸𝑇 𝑃3 𝐸𝑒 ̇(𝜔) 𝑑𝜔 + 𝑒𝑇 (𝑡) 𝑃2 𝑒 (𝑡)

− 𝑒𝑇 (𝑡 − ℎ) 𝑃2 𝑒 (𝑡 − ℎ)

𝑡

+ 2𝜉𝑇 (𝑡) 𝑌𝐸 [𝑒 (𝑡) − 𝑒 (𝑡 − ℎ) − ∫

𝑡−ℎ

𝑒 ̇(𝜔) 𝑑𝜔]

̃ (𝑡) + 𝐴
̃𝑑 𝑒 (𝑡 − ℎ) + 𝐵V
̃ (𝑡) − 𝐸𝑒 ̇(𝑡)]
+ 2𝜉𝑇 (𝑡) 𝑌2 [𝐴𝑒
+ sym (𝜉𝑇 (𝑡) 𝑌2 𝑀𝑒𝑎 𝐹5 (𝑡) 𝑁𝑒𝑎 𝑒 (𝑡)
+ 𝜉𝑇 (𝑡) 𝑌2 𝑀𝑒𝑎𝑑 𝐹5 (𝑡) 𝑁𝑒𝑎𝑑 𝑒 (𝑡 − ℎ)
+𝜉𝑇 (𝑡) 𝑌2 𝑀𝑒𝑏 𝐹5 (𝑡) 𝑁𝑒𝑏 V (𝑡)) .
(38)
By applying Lemma 1, (38) yields
̃ (𝑡) + 𝑡−1 𝜉𝑇 (𝑡) 𝑌2 𝑀𝑒𝑎 𝑀𝑇 𝑌𝑇 𝜉 (𝑡)
𝑉̇(𝑡) ≤ 𝜉𝑇 (𝑡) Ω𝜉
1
𝑒𝑎 2
𝑇
+ 𝑡2−1 𝜉𝑇 (𝑡) 𝑌2 𝑀𝑒𝑎𝑑 𝑀𝑒𝑎𝑑
𝑌2𝑇 𝜉 (𝑡)
𝑇 𝑇
+ 𝑡3−1 𝜉𝑇 (𝑡) 𝑌2 𝑀𝑒𝑏 𝑀𝑒𝑏
𝑌2 𝜉 (𝑡)

(39)

̃ (𝑡) + 𝑡2 V𝑇 (𝑡) 𝑁𝑇 𝑁𝑒𝑏 V (𝑡) ,
+ 2𝜉𝑇 (𝑡) 𝑌2 𝐵V
𝑒𝑏
̃ is expressed as follows:
where the Ω
̃ = 𝑊𝑝 𝑄𝑊𝑇 + 𝑡1 𝑊𝑝 𝑁𝑇 𝑁𝑒𝑎 𝑊𝑇
Ω
𝑝
𝑒𝑎
𝑝
𝑇
𝑇
+ 𝑡3 𝑊𝑝ℎ 𝑁𝑒𝑎𝑑
𝑁𝑒𝑎𝑑 𝑊𝑝ℎ
+ 𝑊𝑝 𝑃2 𝑊𝑝𝑇
𝑇
𝑇
+ ℎ𝑊𝑝1 𝐸𝑇 𝑃3 𝐸𝑊𝑝1
− 𝑊𝑝ℎ 𝑃2 𝑊𝑝ℎ
𝑇
𝑇
+ sym (𝑊𝑝 𝑃1 𝑊𝑝1
+ 𝑌𝐸𝑊𝑃𝑇 + 𝑌𝐸𝑊𝑝ℎ

(40)

+ (𝑌2 𝐴 0 − 𝐻𝐶1 − 𝑋𝐶2 ) 𝑊𝑝𝑇
𝑇
+ (𝑌2 𝐴 𝑑0 − 𝐾𝐶3 ) 𝑊𝑝ℎ
).

̃2 , 𝑋, 𝐾, 𝐻, 𝐶1 , 𝐶2 , and 𝐶3 are defined
𝑊𝑝 , 𝑊𝑝1 , 𝑊𝑝ℎ , 𝐴 0 ,𝐴 𝑑0 , 𝑌
by Theorem 2 and 𝑀𝑒𝑎 , 𝑀𝑒𝑏 , 𝑀𝑒𝑎𝑑 , 𝑁𝑒𝑎 , 𝑁𝑒𝑏 , and 𝑁𝑒𝑎𝑑 are
shown as follows:
𝑀𝑎 0 𝑀𝑏 0 0
[ 0 𝑀𝑎 0 𝑀𝑏 0]
[
]
]
𝑀𝑒𝑎 = [
[ 0 0 0 0 0] ,
[ 0 0 0 0 0]
[ 0 0 0 0 0]
𝑁𝑎
[−𝑁𝑎
[
𝑁𝑒𝑎 = [
[ 0
[ 0
[ −𝑁𝑐

𝑀𝑒𝑎𝑑

0
0
0
0
0

0 0
0
0 0
0]
]
0 𝑁𝑏 0 ]
],
0 −𝑁𝑏 0 ]
0 0 𝑀𝑐 ]

0
𝑀𝑎𝑑
[−𝑀𝑎𝑑 0
[
0
=[
[ 0
[ 0
0
0
𝑀
𝑐𝑑
[

0
0
0
0
0

0
0
0
0
0

0
0]
]
0]
],
0]
0]
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𝑁𝑒𝑎𝑑

𝑁𝑎𝑑
[−𝑁𝑎𝑑
[
=[
[ 0
[ 0
[ 0

0
0
0
0
0

0
0
0
0
0

0
0
0
0
0

7

0
0]
]
0]
],
0]
0]

1
0.9
0.8
0.7
0.6

0
−𝑀𝑎 𝑀𝑏 −𝑀𝑎𝑑 0
[ 𝑀𝑎 −𝑀𝑏 𝑀𝑎𝑑 0
0 ]
]
[
[
0
0
0
0 ]
𝑀𝑒𝑏 = [ 0
],
[ 0
0
0
0
0 ]
0
0
𝑀𝑐 𝑀𝑐𝑑 ]
[ 0

0.5
0.4
0.3
0.2
0.1
0

0 0 0
𝑁𝑎 0
[0
]
0
−𝑁
𝑏 0 0]
[
].
0
0
0
0
𝑁
𝑁𝑒𝑏 = [
𝑎𝑑
[
]
[ 𝑁𝑐 0
0 0 0]
[ 0 𝑁𝑐𝑑 0 0 0]

0
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Following the similar steps of previous proofs and applying Schur complement on (39), the sufficient LMI conditions
proposed in Theorem 4 follow.
Remark 5. It should be mentioned that our study to this
paper is mainly motivated by the work of [17]. There are three
differences between the work given in [17] and ours. First,
the system in [17] are Takagi-sugeno fuzzy models and in our
study, the linear system is investigated; however, the results
of the linear system theories can be applied for the design
of Takagi-sugeno fuzzy models. Second, the Takagi-sugeno
models of the work [17] taken are combinations of linear time
invariant systems. Our study is the extend of linear systems
to linear time-delay systems, but it is not taken into account
in [17]. Third, problems of the stability and the 𝐻∞ control
for delayed systems use the Lyapunov-Krasovskii approach
other than the Lyapunov-Razumikhin approach and the
results of using Lyapunov-Krasovskii approach are usually
less conservative than those using Lyapunov-Razumikhin
approach [25].

4. Numerical Example

𝐴𝑑 = [

0.25 0
],
0 0.25
𝐶𝑑 = [

𝐵=[

𝐶=[

40

50
60
Time (s)

70

80

90

100

Figure 2: Fault and its estimation.

can obtain the following solution by solving the conditions in
the Theorem 2:
𝐻1 = [

(43)

𝐾1 = [−0.1582 0.0076] ,
𝐾2 = [0.2101 0.7059] .
The simulation results are shown in Figures 2, 3, 4, and 5.
In Figure 2, the real fault and its estimate are depicted. Figures
3 and 4 compare the state variables of the reference model, the
observer, and the faulty system with FTC. Figure 5 shows the
comparison of the nominal control input and FTC signal.
In the next, we will consider the time-varying fault with
system uncertainties; the uncertainties are defined by
𝑀𝑎𝑑 = 𝑀𝑏 = 𝑀𝑎 = diag {0.1, 0.1} ,
𝑀𝑐 = 𝑀𝑐𝑑 = diag {0.1, 0.1} ,
𝑁𝑎 = 𝑁𝑎𝑑 = 𝑁𝑐 = 𝑁𝑐𝑑 = diag {0.01, 0.01} ,

0
],
0.3

0.1 0
],
0 0.1

0.7233 2.3038
],
−9.2496 5.2505

𝐻2 = [−1.8912 5.6556] ,

In this section, we will provide a numerical example to
demonstrate the effectiveness of the design methods proposed in the previous section. This example is taken from [23]
and the faulty system is defined by
−1.4274 0.0757
],
−1.4189 −0.9442

30

Fault estimation
Fault

(41)

𝐴=[

20

(44)

𝑁𝑏 = [0.01, 0.01]𝑇 .
(42)

0.1 0
].
0 0.1

We assume that the time delay is given by ℎ = 0.1. Letting
the nominal input signal 𝑢(𝑡) = sin(𝑡) and the constant fault
𝑓 = 1 affecting the system behavior at 30 s ≤ 𝑡 ≤ 100 s, one

The system uncertainties are given by 𝐹(𝑡) = 0.5 sin(𝑡).
The definition of the time delay ℎ and the nominal input
signal 𝑢(𝑡) is given by ℎ = 0.1 and 𝑢(𝑡) = sin(𝑡). The timevarying fault 𝑓 = sin(0.5 ∗ 𝑡 − 8) ∗ cos(𝑡) affects the system
behavior at 30 s ≤ 𝑡 ≤ 100 s.
When choosing the free weighting matrix 𝑌2 =
𝑇
𝑇
̃
̃ 𝑇 ] and solving the conditions in Theorem 4 with
[𝑌 0 𝑌
2

2

8

Mathematical Problems in Engineering
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0
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−1.2

0
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60
Time (s)
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90

100

90

100

Nominal input
FTC

Figure 3: Comparison of reference mode state 𝑥1 , faulty system state
𝑥𝑓1 , and the observer state 𝑥̂𝑓1 .

Figure 5: Nominal input 𝑢(𝑡) and FTC 𝑢𝑓 (𝑡).

1

0.3

0.8

0.25

0.6

0.2

0.4
0.2

0.15

0

0.1

−0.2
−0.4

0.05

−0.6

0
−0.05
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−0.8
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0
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State of observer
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80

90
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60
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Fault estimation
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Figure 6: Fault and its estimation.

Figure 4: Comparison of reference mode state 𝑥2 , faulty system state
𝑥𝑓2 , and the observer state 𝑥̂𝑓2 .
0.015

𝑄 = diag{𝐼2 , 𝐼2 , 𝐼1 , 𝐼1 , 𝐼2 }, one can obtain the attenuation value
𝛾 = 0.346928 with
𝐻1 = [

0.005

0.9485 2.1521
],
3.8575 109.0013

𝐻2 = [0.0278 2.5129] × 103 ,

0.01

0

(45)

𝐾1 = [28.9781 −2.7970] ,
𝐾2 = [4.1592 3.4426] .
In order to show the effective influence of the FTC on
the system trajectory, we make the comparison between
the systems with and without FTC when faults occur. The
simulation results are shown in Figures 6, 7, 8, 9, 10, and 11.
Figure 6 illustrates the simulation result of fault estimation.
Figures 7 and 8 show the state variables of the reference

−0.005
−0.01
−0.015

0

10

20

30

40

50
60
Time (s)

State of faulty system
State of observer

70

80

90

100

State of reference system

Figure 7: Comparison of reference mode state 𝑥1 , faulty system state
𝑥𝑓1 , and the observer state 𝑥̂𝑓1 with FTC.
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Figure 8: Comparison of reference mode state 𝑥2 , faulty system state
𝑥𝑓2 , and the observer state 𝑥̂𝑓2 with FTC.

70

80

90

100

State of reference system

Figure 11: Comparison of reference mode state 𝑥2 , faulty system
state 𝑥𝑓2 , and the observer state 𝑥̂𝑓2 without FTC.
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1
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Figure 9: Nominal input 𝑢(𝑡) and FTC 𝑢𝑓 (𝑡).
0.02

5. Conclusion

0.015
0.01
0.005
0
−0.005
−0.01
−0.015
−0.02
−0.025

model, the observer, and the faulty system with FTC. The
comparison of the nominal control and FTC signal is shown
in Figure 9. Figures 10 and 11 show the state variables of the
reference model, the observer, and the faulty system without
FTC.
Two different cases are considered including constant
fault without uncertainties and time-varying fault with uncertainties. From the above simulation results, one can see that
the synthesized observers and FTC controllers showed their
effectiveness, since the fault is estimated (Figures 2 and 6)
and the state variables of the faulty system with FTC are
closed to reference model (Figures 3, 4, 7, and 8), and the
tracking between the faulty system and the reference model
is ensured. On the other hand, if FTC is not employed in the
faulty system (Figures 10 and 11), the state trajectories of faulty
system deviate from the state trajectories of reference model
and the tracking is not achieved.

0

10

20

30

40

50
60
Time (s)

State of faulty system
State of observer

70

80

90

100

State of reference system

Figure 10: Comparison of reference mode state 𝑥1 , faulty system
state 𝑥𝑓1 , and the observer state 𝑥̂𝑓1 without FTC.

In this paper, the problem of active FTC design for linear time-delay systems with and without uncertainties is
treated. The aim of the FTC law and observer design is
to ensure the trajectory tracking of faulty system. By considering the descriptor redundancy of closed-loop systems
and using Lyapunov-Krasovskii functional approach, the
proposed FTC scheme has been easily formulated in LMI
terms. Two kinds of faults have been considered. The first
one deals with the constant faults without uncertainties as a
special case, and the other deals with the time-varying faults
with system uncertainties. Finally, one example has been
considered to illustrate the efficiency of the proposed scheme
in both cases. In addition, it is interesting to develop the FTC
control law by taking into account modeling multiplicative
faults and some external perturbations and considering how
to deal with sensor faults and how to apply this scheme to T-S
models.
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This work addresses the issues of actuator fault detection and isolation for diesel engines. We are particularly interested in faults
affecting the exhaust gas recirculation (EGR) and the variable geometry turbocharger (VGT) actuator valves. A bank of observerbased residuals is designed using a nonlinear mean value model of diesel engines. Each residual on the proposed scheme is based
on a nonlinear unknown input observer and designed to be insensitive to only one fault. By using this scheme, each actuator fault
can be easily isolated since only one residual goes to zero while the others do not. A decision algorithm based on multi-CUSUM is
used. The performances of the proposed approach are shown through a real application to a Caterpillar 3126b engine.

1. Introduction
On-board diagnosis of automotive engines has become
increasingly important because of environmentally based legislative regulations such as OBDII (On-Board DiagnosticsII) [1]. On-board diagnosis is also needed to guarantee highperformance engine behavior. Today, due to the legislation,
the majority of the code in modern engine management
systems is dedicated to diagnosis.
Model-based diagnosis of automotive engines has been
considered in earlier papers (see, e.g., [2, 3]), to name only
a few. However, the engines investigated in these previous
works were all gasoline-fuelled and did not include exhaust
gas recirculation (EGR) and variable geometry turbocharger
(VGT). Both of these components make the diagnosis problem significantly more difficult since the air flows through
the EGR valve, and also the exhaust side of the engine has
to be taken into account. An interesting approach to modelbased air-path faults detection for an engine which includes
EGR and VGT can be found in [4, 5]. By using several

models in parallel, where each one is sensitive to one kind
of fault, predicted outputs are compared and a diagnosis is
provided. The hypothesis test methodology proposed in [4]
deals with the multifault detection in air-path system. In [5]
the authors propose an extended adaptive Kalman filter to
find which faulty model best matches with measured data;
then a structured hypothesis allows going back to the faults.
A structural analysis for air path of an automotive diesel
engine was developed in order to study the monitorability
of the system [6–8]. Other approaches to detect intake
leakages in diesel engines based on adaptive observers are
proposed in [9, 10] and recently in [11]. Note that, in all these
approaches, the leakage size is assumed to be constant. To
overcome this limitation, an approach based on a nonlinear
unknown input observer (NIUO), for intake leakage detection, is proposed in [12]. No a priori assumption about the
leakage size is made. In [13, 14], an interesting method for
bias compensation in model-based estimation using model
augmentation is proposed. The extended Kalman filter (EKF)
is used for estimating the states of the augmented model. Also,
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Figure 1: Caterpillar testbed 3126, Sussex University.

the observability of the augmented model is well discussed.
Recently, an automated model-based and data-driven design
methodology for automotive engine fault detection and
isolation (FDI) is proposed in [15]. This methodology, which
combines model-based sequential residual generation and
data-driven statistical residual evaluation, is used to create a
complete FDI system for an automotive diesel engine.
The problem of designing unknown input observers
(UIO) has received great attention in literature. This problem
is motivated by certain applications such as fault diagnosis
and control system design. If this issue in linear case is well
solved, it remains an open problem in the nonlinear case. The
first unknown input observers dedicated to linear systems
were proposed in [16, 17]. Necessary and sufficient conditions
of the existence of the UIO have been well established. New
sufficient conditions formulated in terms of linear matrix
inequality (LMI) were given by [18]. This result is extended in
[12] to cover a wide class of nonlinear systems that cannot be
treated by the previous approach as well as nonlinear systems
with a large Lipschitz constant.
Our aim is to address the issue of actuator fault detection
and isolation for diesel engines. Indeed, actuators (EGR and
VGT) fault diagnosis is necessary and crucial to guarantee
its healthy operation. In this work, a fault detection and
isolation (FDI) system is developed. The proposed FDI
system is composed of two parts: residual generation and
decision system. A multiobserver strategy is used for residual
generation. A mean model of diesel engine is exploited for
the design of a set of nonlinear unknown input observers.
These observers are designed in order to estimate the states
behavior without any knowledge of the unknown inputs. The
sufficient conditions of the existence of the NUIO are given
in terms of linear matrix inequalities (LMIs). The advantage
of this method is that no a priori assumption on the unknown
input is required and also can be employed for a wider class
of nonlinear systems. To achieve fault detection and isolation,

a decision system based on a statistical approach, multiCUSUM (cumulative sum), is used to process the resulting
set of residuals.
This paper is organized as follows. The experimental
setup is described in Section 2. The diesel engine model
and its validation are described in Section 3. A nonlinear
unknown input observer is presented in Section 4. Section 5
describes the residual generation system while the decision
system is presented in Section 6. The experimental results and
discussion are presented in Section 7. Finally, conclusion and
future works are given in the last section.
The notations used in this paper are quite standard. Let R
denote the set of real numbers. The set of 𝑝 by 𝑞 real matrices
is denoted as R𝑝×𝑞 . 𝐴𝑇 and 𝐴−1 represent the transpose of
𝐴 and its left inverse (assuming 𝐴 has full column rank),
respectively. 𝐼𝑟 represents the identity matrix of dimension 𝑟.
(∗) is used for the blocks induced by symmetry. ‖⋅‖ represents
the usual Euclidean norm. L𝑟2 denotes the Lebesgue space. 𝑓𝑎,𝑖
denotes the 𝑖th component of the vector 𝑓𝑎 .

2. Experimental Installation
The testbed is built with a Caterpillar 3126b truck engine
coupled to a SCHORCH dynamometer controlled by CP
Cadet Software. The Caterpillar engine is presented in
Figure 1. The front and back view of the testbed are shown
by the pictures numbered (1) and (2), respectively. Engine’s
components are inlet manifold (3), encoder for measuring of
the engine speed (4), intake air flow meter (5), exhaust manifold (6), GT3782VA variable geometry turbocharger, (7) and
exhaust gas valve (8). In order to enable a transient control
of the EGR and VGT, a dSPACE MicroAutoBox 1401/1501
real-time controller is connected (see Figure 2). Apart from
the standard OEM electronic sensors built in for ECU and
dynamometer control, additional sensors and actuators have
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Sensors signal
SCHORCH

CAT 3126B engine

Actuators signal

dynamometer

Actuators signal

Sensors signal

CP Cadet

Control room

Hardware programming
dSPACE MicroAutoBox

Data recording
Matlab/Simulink and
ControlDesk®

Figure 2: Experimental installation schematic, Sussex University.

Compressor

Table 1: Sensors and actuators list.
Sensors

Actuators

Inlet temperature sensor

EGR valve drive actuator
VGT vanes drive
actuator

Inlet air flow meter
Inlet pressure sensor
Pre-turbo exhaust pressure sensor
Acceleration pedal position sensor
Engine speed sensor
Inlet manifold oxygen sensor
Exhaust manifold oxygen sensor
Exhaust opacity sensor (AVL
Opacimeter 439)
Exhaust emission sensor (Testo 350
Engine test kit)
EGR position feedback sensor
VGT position feedback sensor

been wired in specifically for the MicroAutoBox. These
sensors and actuators are listed in Table 1.
The data and control signal flow are illustrated in Figure 2.
The engine is connected with two control platforms, which
are CP Cadet and dSPACE Control Desk. The engine tests
are conducted and monitored by CP Cadet Platform while
the EGR and VGT valve positions can be adjusted through
dSPACE Control Desk in real time. Testing data can be
collected from both platforms and used for data analysis
purpose.

Pressure
sensor

Cylinders

Intercooler

Air flow
meter

Pressure
sensor

AFR
sensor

Exhaust
manifold

Inlet
manifold
EGR gas
cooler

VGT

EGR
Crankshaft

Figure 3: Turbocharged air-intake system schematic.

The specification of the Caterpillar 3126b midrange truck
engine is given in Table 3.

3. Engine Model and Validation
The considered diesel engine is a six-cylinder engine with a
high-pressure EGR and VGT. A principle illustration scheme
of the air-path system is shown in Figure 3. It consists of
two parts: the turbocharger and exhaust gas recirculation.
The turbocharger is a turbine driven by the exhaust gas and
connected via a common shaft to the compressor, which

4

Mathematical Problems in Engineering

compresses the air in the intake. The exhaust gas recirculation
(EGR) allows for recirculating gas from the exhaust manifold
to the intake manifold. First, the mixture of air coming
from the compressor and exhaust gas coming through the
EGR valve enters the intake manifold before injecting it
into the cylinders. Then, the fuel is injected directly in the
cylinders and burned, producing the torque on the crank
shaft. Exhaust gases are expelled into the exhaust manifold.
As shown in Figure 3, part of exhaust gas comes out from
the exhaust manifold through the turbine and the other
part is recirculated through EGR valve. We noted that the
temperature of gases (compressed air and EGR gas) entering
the intake manifold is reduced using the intercooler and the
EGR cooler.
The mean value engine modeling approach is one of
the most considered approaches in the literature [19]. It
uses temporal and spatial averages of relevant temperatures,
pressures, and mass flow rates. The engine model is derived
based on the laws of conservation of mass and energy and also
on the ideal gas law (see, for instance, [5, 20]). As an example,
the pressure dynamics in the inlet manifold is obtained by
differentiating the ideal gas law equation 𝑃𝑉 = 𝑚𝑅𝑇.
The complete considered mean value model is expressed as
follows [5]:
̇
𝑃Inlet
=

1
𝑉Inlet

(

𝑅Air 𝑐𝑝,Air
𝑐V,Air
−

𝑊HFM 𝑇CAC +

𝑅Inlet 𝑐𝑝,Inlet
𝑐V,Inlet

𝑅Exh 𝑐𝑝,Exh
𝑐V,Exh

𝑊EGR 𝑇EGR

𝑊Inlet 𝑇Inlet ) ,

𝑚Air
𝑊 ,
𝑚̇Air = 𝑊HFM −
𝑚Air + 𝑚EGR Inlet
𝑚̇EGR = 𝑊EGR −

𝑚EGR
𝑊 ,
𝑚Air + 𝑚EGR Inlet

𝑚̇Exh = 𝑊Exh − 𝑊Turb − 𝑊EGR
with
𝑝1 (𝜅+1)/𝜅
𝑝1 2/𝜅
2𝜅
{
{
√
)
−
(
)
)}
{((
{
{
{
𝜅−1
𝑝0
𝑝0
{
{
{
{
{
{
𝑝
2 𝜅/(𝜅−1)
{
{
𝑝1
if ( 1 ) ≥ (
)
Ψ( ) = {
𝑝0
𝜅+1
{
𝑝0
{
{
{
{
2 (𝜅+1)/(𝜅−1)
{
{
√
{
𝜅
(
)
{
{
𝜅+1
{
{
otherwise,
{
𝑊EGR =

𝐴 EGR 𝑃Exh
𝑃
Ψ𝜅 ( Inlet ) ,
√𝑅Exh 𝑇Exh Exh 𝑃Exh

𝑊Inlet = 𝑓vol (𝑁Eng ,
𝑇Inlet =

𝑁Eng 𝑃Inlet 𝑉Eng
𝑃Inlet
)
,
𝑇Inlet 𝑅Inlet 𝑇Inlet 𝑅Inlet 120

𝑃Inlet 𝑉Inlet
,
(𝑚Air + 𝑚EGR ) 𝑅Inlet

(1)

𝑇EGR = (

𝑃Inlet (𝜅Exh −1)/𝜅Exh
)
𝑇Exh ,
𝑃Exh

𝑊Exh = 𝑊Inlet + 𝑊Fuel ,
𝑇Exh = 𝑇Inlet +
𝑃Exh =
𝑊Turb =

𝑄LHV ℎ (𝑊Fuel , 𝑁Eng )
𝑐𝑝,Exh (𝑊Inlet + 𝑊Fuel )

,

𝑚Exh 𝑅Exh 𝑇Exh
,
𝑉Exh

𝑃Exh
𝑃
𝜏 ( Exh , 𝑢XVNT ) ,
𝑃Atm
√𝑇Exh

𝑅Inlet =

𝑅Air 𝑚Air + 𝑅Exh 𝑚EGR
,
𝑚Air + 𝑚EGR

𝑐V,Inlet =

𝑐V,Air 𝑚Air + 𝑐V,Exh 𝑚EGR
,
𝑚Air + 𝑚EGR

𝑐𝑝,Inlet = 𝑐V,Inlet + 𝑅Inlet ,
𝐴 EGR = 𝐴 EGRmax 𝑓EGR (𝑢EGR ) ,
(2)
where 𝑃Inlet is the pressure in intake manifold. 𝑚Air and
𝑚EGR are, respectively, the mass of air and EGR-gas in intake
manifold. 𝑚Exh represents the mass of exhaust gas in exhaust
manifold. The other model variables and constant parameters
with their value are listed in Table 4. The temperatures 𝑇EGR
and 𝑇Exh are assumed to be constant and equal to 329.436 K
and 837 K, respectively. 𝐴 EGRmax is the maximum opening
area for the EGR. The EGR valve (VGT) is closed when
𝑢EGR = 0% (𝑢XVGT = 0%) and open when 𝑢EGR =
100% (𝑢XVGT = 100%). The static functions, 𝑓vol , 𝑓EGR , ℎ,
and 𝜏, are represented as interpolation in lookup tables. All
these parameters are estimated using weighted least squares
optimization approach. It is worth noting that the compressor
and the CAC are not considered in the model as in [3] since
the mass flow and the temperature after the charge-air cooler
(CAC) are known variables because they are measured by
the production sensors. The considered control inputs are the
VGT vane position 𝑢XVGT and the EGR valve position 𝑢EGR .
Notice that the following variables: 𝑇CAC , 𝑊HFM , 𝑁Eng , 𝑊Fuel ,
and 𝑇Exh are considered as measurable signals. The measured
outputs are the inlet and exhaust pressures.
We draw the reader’s attention that another more general
mean value model composed of eight states is developed,
parameterized, and validated in [21]. The obtained model
describes the gas flow dynamics including the dynamics in
the manifold pressures, EGR, turbocharger, and actuators.
The mean value model described in the previous section was simulated and compared with real measurements
obtained from the Caterpillar testbed. The results are depicted
in Figures 4–7. The input variables used for the validation purpose are illustrated in Figure 4. The measured and
modeled outputs (𝑃Inlet and 𝑃Exh ) are presented in Figure 5.
The absolute value of the difference between the real and
estimated variables is shown in Figure 6. One can conclude
that the used model can reproduce engine dynamic behavior
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Figure 4: Input variables: (a) EGR position [%], (b) VGT position [%], and (c) engine speed [min−1 ].
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Figure 5: Modeled (blue color) and measured (red color) inlet and exhaust pressures.
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Figure 6: Absolute value of the difference between the measured and modeled pressures: (a) inlet pressure error and (b) exhaust pressure
error.
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Figure 7: Air and EGR mass flows (𝑚Air and 𝑚EGR ).

with good accuracy since the obtained average error is below
3%. Besides, the output measurements are very noisy as
shown in Figure 5. Furthermore, the air and exhaust gas mass
flows (𝑚Air and 𝑚Exh ) are also presented in Figure 7.

considering the form (3a) and (3b), this will allow us to tackle
our synthesis problem based on Lyapunov theory for LPV
systems. Thus, let us consider the general class of nonlinear
systems described by the following equations:

4. Nonlinear Unknown Input Observer Design

𝑥̇= ∑ 𝜌𝑗 𝐴 𝑗 𝑥 + 𝐵𝑔 𝑔 (𝜐, 𝑦, 𝑢) + 𝑓 (𝑥, 𝑢) + 𝐵𝑓 𝑓𝑎 + 𝐵𝑤 𝑤,

𝑛𝜌

In this section, we will present briefly a nonlinear unknown
input observer developed in [12]. It was proposed for a
class of Lipschitz nonlinear systems with large Lipschitz
constant. The sufficient existence conditions for this observer
are formulated in terms of LMIs.
Obviously, engine model (1) can be put into the form (3a)
and (3b). One can see that this form contains three parts:
one linear parameter varying part, a nonlinear term with
known variables, and a nonlinear state-dependent part. By

𝑗=1

(3a)
𝑦 = 𝐶𝑥 + 𝐷𝑤 𝑤,

(3b)

where 𝑥 ∈ R𝑛𝑥 is the state vector, 𝑢 ∈ R𝑛𝑢 is the control input
vector, 𝑓𝑎 ∈ R𝑛𝑓𝑎 represents the actuator faults assimilated
as unknown inputs, 𝑦 ∈ R𝑛𝑦 is the output vector, 𝑤 ∈ R𝑛𝑤
is the vector of disturbances/noises, and 𝜐 ∈ R𝑛𝜐 is the
vector of measurable signals. Notice that 𝜐 contains any other
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measured signals which have no link with the system output
(𝑦) (e.g., temperature measurement, air mass flow (𝑊HFM ),
etc.). 𝐴 𝑗 , for 𝑗 = 1, . . . , 𝑛𝜌 , 𝐵𝑔 , 𝐵𝑓 , 𝐵𝑤 , 𝐶, and 𝐷𝑤 are
constant matrices with appropriate dimensions. Without loss
of generality, the matrix 𝐵𝑓 is assumed to be of full column
rank. The functions 𝑔(𝜐, 𝑦, 𝑢) and 𝑓(𝑥, 𝑢) are nonlinear. No
assumption is made about the function 𝑔(𝜐, 𝑦, 𝑢). However,
the function 𝑓(𝑥, 𝑢) is assumed to be once differentiable
with large Lipschitz constant. The weighting functions 𝜌𝑗 are
assumed to be known and depend on measurable variables.
They verify the convex sum property:
𝑛𝜌

∑ 𝜌𝑗 = 1,

𝜌𝑗 ≥ 0, ∀𝑗 ∈ {1, . . . , 𝑛𝜌 } .

𝑗=1

(4)

̂ − 𝑥(𝑡),
By defining the state estimation error as 𝑒(𝑡) = 𝑥(𝑡)
the error dynamics can be expressed as
𝑒 ̇= 𝑁𝑒 + (𝐺 − 𝑀𝐵𝑔 ) 𝑔 (𝜐, 𝑦, 𝑢) + (𝑁𝑀 + 𝐿𝐶 − 𝑀𝐴) 𝑥
− 𝑀𝐵𝑑 𝑑 + 𝑀𝑓̃ + (𝐾𝐷𝑤 − 𝑀𝐵𝑤 ) 𝑤 − 𝐸𝐷𝑤 𝑤̇

̂ 𝑢) − 𝑓(𝑥, 𝑢) and 𝐾 = 𝐿 + 𝑁𝐸. Now, if the
with 𝑓̃ = 𝑓(𝑥,
following matrix equations are satisfied:
𝑁 (𝜌) = 𝑀𝐴 (𝜌) − 𝐾 (𝜌) 𝐶,

(5)

where 𝐵𝑓,𝑖 is the distribution matrix of the fault 𝑓𝑎,𝑖 .
The aim is to construct an NUIO-based residual generator
which is insensitive to only one actuator fault (e.g., 𝐵𝑓,𝑖 𝑓𝑎,𝑖 ).
By choosing the unknown input (scalar) 𝑑 = 𝑓𝑎,𝑖 , the system
(3a) and (3b) can be rewritten as

𝐺 = 𝑀𝐵𝑔 ,

(9c)

𝑀 = 𝐼 + 𝐸𝐶,

(9d)

𝑀𝐵𝑑 = 0,

(9e)

𝑒(𝑡) goes to zero asymptotically if 𝑤 = 0 and is invariant with
respect to the unknown input 𝑑(𝑡). The notation 𝐼 stands for
the identity matrix.
Conditions (9d) and (9e) are equivalent to 𝐸𝐶𝐵𝑑 = −𝐵𝑑 .
One necessary condition to have for 𝐸𝐶𝐵𝑑 = −𝐵𝑑 is that 𝐶𝐵𝑑
is of full column rank since 𝐵𝑑 is of full column rank. If 𝐶𝐵𝑑
is of full column rank, then all possible solutions of 𝐸𝐶𝐵𝑑 =
−𝐵𝑑 can be expressed as follows [18]:

𝑛𝜌

𝐸 = 𝑈 + 𝑌𝑉

𝑥̇= ∑𝜌𝑗 𝐴 𝑗 𝑥 + 𝐵𝑔 𝑔 (𝜐, 𝑦, 𝑢) + 𝑓 (𝑥, 𝑢) + 𝐵𝑑 𝑑 + 𝐵𝑤 𝑤, (6a)
𝑗=1

𝑦 = 𝐶𝑥 + 𝐷𝑤 𝑤,

(6b)

where 𝐵𝑑 = 𝐵𝑓,𝑖 , 𝐵𝑤 = [𝐵𝑤 𝐵𝑓 ], 𝐷𝑤 = [𝐷𝑤 0], and
𝑤

𝑤 = [ 𝑓 ] with 𝑓𝑎 the actuator fault vector 𝑓𝑎 without the
𝑎

𝑖th component. 𝐵𝑓 is the matrix 𝐵𝑓 without the 𝑖th column.
It is worth noting that the necessary condition for the
existence of a solution to the unknown input observer
design is the following ([18, 22] for a more explanation):
Rank(𝐶𝐵𝑑 ) = Rank(𝐵𝑑 ), where 𝐵𝑑 is a matrix of full column
rank as is a column of the matrix 𝐵𝑓 which is assumed before
to be full column rank.
The considered residual generator for the system (6a) and
(6b) is given by
̂ 𝑢) + 𝐿 (𝜌) 𝑦,
𝑧̇= 𝑁 (𝜌) 𝑧 + 𝐺𝑔 (𝜐, 𝑦, 𝑢) + 𝑀𝑓 (𝑥,

(7a)

𝑥̂ = 𝑧 − 𝐸𝑦,

(7b)

̂
𝑟 = Π𝑟 (𝑦 − 𝐶𝑥)

(7c)

𝑛𝜌
𝜌𝑗 𝑁𝑗
∑𝑗=1

𝑛𝜌
∑𝑗=1
𝜌𝑗 𝐿 𝑗 .

and 𝐿(𝜌) =
Π𝑟 is a known
with 𝑁(𝜌) =
matrix. 𝑥̂ represents the state estimation vector. Matrices 𝑁,
𝐺, 𝑀, 𝐿, and 𝐸 are the observer gains and matrices which
must be determined such that 𝑥̂ converges asymptotically to
𝑥. Notice that the index 𝜌 is omitted where it is not necessary
to simplify the notations.

(9a)
(9b)

𝑛𝑓𝑎

𝑖=1

with each 𝑁𝑗 stable,

𝐿 (𝜌) = 𝐾 (𝜌) × (𝐼 + 𝐶𝐸) − 𝑀𝐴 (𝜌) 𝐸,

Let us first rewrite 𝐵𝑓 𝑓𝑎 as follows:
𝐵𝑓 𝑓𝑎 = ∑𝐵𝑓,𝑖 𝑓𝑎,𝑖 ,

(8)

(10)

with 𝑈 = −𝐵𝑑 (𝐶𝐵𝑑 )† and 𝑉 = (𝐼 − 𝐶𝐵𝑑 (𝐶𝐵𝑑 )† ) where 𝑌 can
be any compatible matrix and 𝑋† = (𝑋𝑇 𝑋)−1 𝑋𝑇 .
Then, the error dynamics becomes
𝑒 ̇= (𝑀𝐴 − 𝐾𝐶) 𝑒 + 𝑀𝑓̃ + (𝐾𝐷𝑤 − 𝑀𝐵𝑤 ) 𝑤 − 𝐸𝐷𝑤 𝑤.̇ (11)
In order to minimize the effect of disturbances on the
observer error, the 𝐻∞ performance criterion can be used.
However, the presence of the term 𝑤̇makes the task difficult
because it should be discarded from the derivative of the
Lyapunov function as we will see later. Another solution is
to add a negative term depending on 𝑤̇𝑇 𝑤̇as proposed in
[23]. This solution needs to modify the classical 𝐻∞ criterion.
In this work, the modified 𝐻∞ criterion presented in [23] is
used.
The modified 𝐻∞ estimation problem consists in computing the matrices 𝑁 and 𝐿 such that
lim 𝑒 (𝑡) = 0 for 𝑤 (𝑡) = 0,

𝑡→∞

‖𝑒‖L𝑛2𝑥 ≤ 𝛾 ‖𝑤‖𝑟1,2

for 𝑤 (𝑡) ≠
0; 𝑒 (0) = 0,

(12a)
(12b)

where ‖ ⋅ ‖𝑟𝑘,𝑝 represents the Sobolev norm (see [23]).
Then to satisfy (12a)-(12b), it is sufficient to find a
Lyapunov function Υ such that
Γ = Υ̇+ 𝑒𝑇 𝑒 − 𝛾2 𝑤𝑇 𝑤 − 𝛾2 𝑤̇𝑇 𝑤̇< 0,

(13)
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where Υ = 𝑒𝑇 𝑃𝑒 with 𝑃 a positive definite symmetric matrix.
From (11), Γ is given by

a positive definite symmetric matrix 𝑃, and a positive scalar
𝜇 such that the following LMIs are satisfied:

Γ = 𝑒𝑇 ((𝑀𝐴 − 𝐾𝐶)𝑇 𝑃 + 𝑃 (𝑀𝐴 − 𝐾𝐶)) 𝑒
̃ 𝑇 𝑃𝑒
+ 𝑒 𝑃𝑀𝑓̃ + (𝑀𝑓)
𝑇

𝑇
+ 𝑒𝑇 𝑃 (𝐾𝐷𝑤 − 𝑀𝐵𝑤 ) 𝑤 + 𝑤𝑇 (𝐾𝐷𝑤 − 𝑀𝐵𝑤 ) 𝑃𝑒 (14)

− 𝑒𝑇 𝑃𝐸𝐷𝑤 𝑤̇
𝑇

− 𝑤̇𝑇 (𝐸𝐷𝑤 ) 𝑃𝑒 + 𝑒𝑇 𝑒 − 𝛾2 𝑤𝑇 𝑤 − 𝛾2 𝑤̇𝑇 𝑤.̇
Before introducing our main result, let us present the
modified mean value theorem [24] for a vector function.
Theorem 1 (see [24]). Let the canonical basis of the vectorial
space R𝑠 for all 𝑠 ≥ 1 be defined by

𝑃 > 0,

(17a)

Φ𝑘 −𝑃𝑌𝐷𝑤 − 𝑌𝑉𝐷𝑤
Ξmax
𝑖𝑗𝑘
]
[
] < 0,
[ (∗) −𝜇𝐼
0
]
[
−𝜇𝐼
(∗)
(∗)
]
[

(17b)

Φ𝑘 −𝑃𝑌𝐷𝑤 − 𝑌𝑉𝐷𝑤
Ξmin
𝑖𝑗𝑘
]
[
]<0
[ (∗) −𝜇𝐼
0
]
[
−𝜇𝐼
(∗)
(∗)
]
[

(17c)

∀𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑛 and 𝑘 = 1, . . . , 𝑛𝜌 , where
𝜇 = 𝛾2 ,

Φ𝑘 = −𝐾𝑘 𝐷𝑤 + 𝑃 (𝐼 + 𝑈𝐶) 𝐵𝑤 + 𝑌𝑉𝐶𝐵𝑤 ,
𝑇

max

Ξmax
𝑖𝑗𝑘 = [(𝐼 + 𝑈𝐶) (𝐴 + 𝐻𝑖𝑗 )] 𝑃
max

𝑇

+ 𝑃 (𝐼 + 𝑈𝐶) (𝐴 + 𝐻𝑖𝑗 ) − 𝐶𝑇 𝐾𝑘

𝐸𝑠
𝑇

max 𝑇

𝑖𝑡ℎ
{
}
⏞⏞⏞⏞⏞⏞⏞
. . . , 0, 1 , 0, . . . , 0) , 𝑖 = 1 ⋅ ⋅ ⋅ 𝑠} .
= {𝑒𝑠 (𝑖) | 𝑒𝑠 (𝑖) = (0,
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑠 𝑐𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡𝑠
{
}
(15)
𝑛

− 𝐾𝑘 𝐶 + (𝐴 + 𝐻𝑖𝑗 ) 𝐶𝑇 𝑉𝑇 𝑌
max

+ 𝑌𝑉𝐶 (𝐴 + 𝐻𝑖𝑗 ) + 𝐼,

Let 𝑓(𝑥) : R → R be a vector function continuous on
[𝑎, 𝑏] ∈ R𝑛 and differentiable on convex hull of the set (𝑎, 𝑏).
For 𝑠1 , 𝑠2 ∈ [𝑎, 𝑏], there exist 𝛿𝑖𝑗max and 𝛿𝑖𝑗min for 𝑖 = 1 ⋅ ⋅ ⋅ 𝑛 and
𝑗 = 1 ⋅ ⋅ ⋅ 𝑛 such that

Ξmin
𝑖𝑗𝑘 = [(𝐼 + 𝑈𝐶) (𝐴 + 𝐻𝑖𝑗 )] 𝑃
min

min 𝑇

− 𝐾𝑘 𝐶 + (𝐴 + 𝐻𝑖𝑗 ) 𝐶𝑇 𝑉𝑇 𝑌
min

𝑛,𝑛

𝛿𝑖𝑗max , 𝛿𝑖𝑗min ≥ 0,

𝛿𝑖𝑗max + 𝛿𝑖𝑗min = 1,
(16)

where
(i)

𝑇

+ 𝑌𝑉𝐶 (𝐴 + 𝐻𝑖𝑗 ) + 𝐼,

= [( ∑ 𝐻𝑖𝑗max 𝛿𝑖𝑗max ) + ( ∑ 𝐻𝑖𝑗min 𝛿𝑖𝑗min )] (𝑠2 − 𝑠1 )
𝑖,𝑗=1
[ 𝑖,𝑗=1
]

ℎ𝑖𝑗max

𝑇

+ 𝑃 (𝐼 + 𝑈𝐶) (𝐴 + 𝐻𝑖𝑗 ) − 𝐶𝑇 𝐾𝑘

𝑓 (𝑠2 ) − 𝑓 (𝑠1 )
𝑛,𝑛

(18)

𝑇

min

𝑛

𝑇

≥ max(𝜕𝑓𝑖 /𝜕𝑥𝑗 ) and

ℎ𝑖𝑗min

≤ min(𝜕𝑓𝑖 /𝜕𝑥𝑗 ),

(ii) 𝐻𝑖𝑗max = 𝑒𝑛 (𝑖)𝑒𝑛𝑇 (𝑗)ℎ𝑖𝑗max and 𝐻𝑖𝑗min = 𝑒𝑛 (𝑖)𝑒𝑛𝑇 (𝑗)ℎ𝑖𝑗min .
The proof of this theorem is given in [24].
In our case, the nonlinear function 𝑓 depends on the
state vector 𝑥 and also on the known input 𝑢. Although the
previous theorem is applicable in our case, 𝑢 is bounded.
Now, we can give a sufficient condition under which the
observer given by (7a), (7b), and (7c) is a NUIO. Thus, the
negativity of Γ is ensured by the following theorem.
Theorem 2 (see [25]). The observer error 𝑒(𝑡) converges
asymptotically towards zero if there exist matrices 𝐾𝑘 , 𝑌,

max

𝐻𝑖𝑗

min

= 𝑍𝐻𝐻𝑖𝑗max ,

𝐻𝑖𝑗

= 𝑍𝐻𝐻𝑖𝑗min

with 𝑍𝐻 = 𝑛 × 𝑛. Solving LMIs (17a)–(17c) leads to determine
matrices 𝑃, 𝑌, and 𝐾𝑘 . The matrices 𝐾𝑘 and 𝑌 can be obtained
from 𝐾𝑘 = 𝑃−1 𝐾𝑘 and 𝑌 = 𝑃−1 𝑌. The other matrices 𝑁 and 𝐿
can then be deduced easily from (9a) and (9b), respectively.
Proof. The proof is omitted. A sketch of this proof is presented
in [25].
Notice that if there exist terms such that 𝜕𝑓𝑖 /𝜕𝑥𝑗 = 0,
max
then the scaling factor ∑𝑛,𝑛
+ 𝛿𝑖𝑗min ) is less than 1.
𝑖,𝑗=1 (𝛿𝑖𝑗
Consequently, the scaling factor 𝑍𝐻 must be redefined as
follows:
𝑛,𝑛

𝑍𝐻 = ∑ (𝛿𝑖𝑗max + 𝛿𝑖𝑗min ) = 𝑛 × 𝑛 − 𝑛0 ,
𝑖,𝑗=1

max
+ 𝛿𝑖𝑗min )
∑𝑛,𝑛
𝑖,𝑗=1 (𝛿𝑖𝑗

𝑍𝐻

(19)
= 1,

where 𝑛0 is the number of terms in 𝜕𝑓𝑖 /𝜕𝑥𝑗 that equal zero.
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Figure 8: FDI system.

The procedure to design the NUIO parameters is summarized by the following algorithm.
Algorithm 3. NUIO design is as follows:
(1) compute 𝑈 and 𝑉 from (10),
(2) determine matrices 𝑌 and 𝐾𝑘 , with 𝑘 = 1, . . . , 𝑛𝜌 from
the LMI sets (17a)–(17c),
(3) compute the observer matrices 𝐸, 𝑀, 𝐺, 𝑁, and 𝐿
from (10), (9d), (9c), (9b), and (9a), respectively.

5. Residual Generation
This section addresses the problem of actuator faults isolation
based on a bank of residual generators (see Figure 8). Each
residual on the proposed scheme is an NUIO based on
model (6a) and (6b). Notice that the system (1) can be
easily rewritten in a state space form as (3a) and (3b) (see
Appendix C). Furthermore, each residual is designed to be
insensitive to only one fault. Thus, the actuator faults can be
easily isolated since only one residual goes to zero while the
others do not. Therefore, for our application, the combination
of two observers is sufficient to detect and isolate any faulty
actuator. It is also assumed that only a single actuator fault
can occur at one time.
To construct the bank of residual generators we have to
(i) design an NUIO which generates the residual 𝑟1
insensitive to 𝑓𝑎,1 by taking
𝐵𝑑 = [

𝑅Exh 𝑇EGR 𝐴 EGRmax 𝑐𝑝,Exh
𝑉Inlet 𝑐V,Exh

𝑇

0 𝐴 EGRmax −𝐴 EGRmax ] ,
(20)

(ii) design an NUIO which generates the residual 𝑟2
insensitive to 𝑓𝑎,2 by taking
𝐵𝑑 = [0 0 0 1]𝑇 .

(21)

Table 2: Effect of the faults on the residuals.
𝑟
𝑟1
𝑟2

𝑓1
0
×

𝑓2
×
0

To obtain 𝐵𝑑 as in (20), it suffices to replace in the original
system the input vector 𝑢 by 𝑢 + 𝑓𝑎 , where 𝑓𝑎 represents
the actuator fault vector. Thus, 𝐵𝑑 can be obtained easily by
gathering the terms multiplying the vector 𝑓𝑎 in one matrix.
Each residual, 𝑟𝑖 (𝑡) (𝑖 = 1, 2), computed from (7a), (7b),
and (7c), is a 1-dimensional vector associated with one of the
actuators 𝑢EGR and 𝑢XVGT . By stacking the two vectors, one
defines 𝑟(𝑡) = [𝑟1 (𝑡), 𝑟2 (𝑡)] . In the absence of faults, this
vector of residuals has zero mean, while, upon occurrence of
a single step-like fault, the effect on each of its components
is indicated in Table 2. A “×” is placed when the fault located
in the corresponding column affects the mean of the residual
component on the corresponding row, and a “0” when the
residual component presents very low sensitivity to the fault.
The sampled vector 𝑟(𝑘) can be rewritten as
2

𝑟 (𝑘) = 𝑟0 (𝑘) + ∑ ]ℓ Γℓ (𝑘) 1{𝑘≥𝑘0 } 𝛿ℓ ,

(22)

ℓ=1

where the sample number 𝑘 corresponds to the time instant
𝑡 = 𝑘𝑇𝑠 with 𝑇𝑠 denoting the sampling period, 𝑟0 (𝑘) is the
fault-free residual, Γℓ (𝑘) is the dynamic profile of the change
on 𝑟(𝑘) due to a unit step-like fault 𝑓ℓ , and ]ℓ is the magnitude
of fault ℓ. Model (22) will be used as the basis for the decision
system design in the next section.
One can see that residuals are designed in a deterministic
framework. However, due to measurement noise and system
disturbances, parameters uncertainties, and variations, the
computed residuals are stochastic signals. As a consequence,
a multi-CUSUM method will be used for the decision step.
Another way would have been to consider the noise and
stochastic disturbances characteristics to design robust residuals, analyze the stochastic characteristics of the residuals,
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Table 3: Caterpillar 3126B engine characteristics.
Description

Model
Caterpillar 3126B
Type of engine
Inline, 4-stroke
Number of cylinders
6
Number of inlet valves
2
Number of exhaust valves
1
Firing order
1-5-3-6-2-4
Type of combustion
Direct injection
Maximum torque
1166 Nm @ 1440 rpm
Maximum power
224 kw @ 2200 rpm
Idle speed
700 rpm
Maximum speed
2640 rpm
Geometrical characteristics
Bore
110 mm
Stroke
127 mm
Compression ratio
16
Total displacement
7.25 liter
Connecting rod length
199.9 mm
Crank throw radius
63.5 mm
Injection system
Type
HEUI
Injection pressure
200–145 bar
Injection orifices number
6
Type of combustion
Direct injection
Geometrical characteristics of manifolds and pipes
Intake manifold
5L
Exhaust manifold
0.945 L

where 𝑘0 ∈ [1, 𝑘], and 𝜇ℓ = 𝜇0 + ]ℓ Γℓ is the mean value of
the residual sequence when the ℓth fault has occurred, for
ℓ ∈ {1, 2}. The decision system is based on a combination of
CUSUM decision functions [27], each of them involving the
log-likelihood ratio between hypotheses Hℓ and H0 , namely,
𝑠𝑘 (ℓ, 0) = ln

𝑝ℓ (𝑟 (𝑘))
,
𝑝0 (𝑟 (𝑘))

where 𝑝ℓ is the probability density function of 𝑟(𝑘) under
the hypothesis Hℓ . Under the Gaussian hypothesis, the loglikelihood ratio can be rewritten as
𝑇

𝑠𝑘 (ℓ, 0) = (𝜇ℓ − 𝜇0 ) Σ−1 (𝑟 (𝑘) −

1
(𝜇 + 𝜇0 )) .
2 ℓ

6. Decision System
In this section, we will present a decision system based on a
statistical approach proposed in [26]. This approach, named
multi-CUSUM, was developed in [27] and refined in [28].
Indeed, in model (22), it is seen that an actuator fault induces
a change in the mean of the residual vector 𝑟(𝑘). Thus,
the problem amounts to detecting and isolating a step-like
signal within a white Gaussian noise sequence. Therefore,
the change detection/isolation problem can be stated as the
following hypothesis testing:
H0 : L (𝑟 (𝑖)) = N (𝜇0 , Σ) ,

𝑖 = 1, . . . , 𝑘,

Hℓ : L (𝑟 (𝑖)) = N (𝜇0 , Σ) ,

𝑖 = 1, . . . , 𝑘0 − 1,

L (𝑟 (𝑖)) = N (𝜇ℓ , Σ) ,

𝑖 = 𝑘0 , . . . , 𝑘,

(23)

(25)

The CUSUM decision function is defined recursively as
𝑔𝑘 (ℓ, 0) = max (0, 𝑔𝑘−1 (ℓ, 0) + 𝑠𝑘 (ℓ, 0)) .

(26)

In order to estimate the fault occurrence time, the number
of successive observations for which the decision function
remains strictly positive is computed as 𝑁ℓ (𝑘) = 𝑁ℓ (𝑘 −
1)1{𝑔𝑘−1 (ℓ,0)>0} + 1. To decide whether fault ℓ has occurred,
one has to check that, on average, all the likelihood ratios
ℓ ≤ 2, are significantly larger than
𝑠𝑘 (ℓ, 𝑗), for 1 ≤ 𝑗 ≠
zero. Noticing that 𝑠𝑘 (ℓ, 𝑗) = 𝑠𝑘 (ℓ, 0) − 𝑠𝑘 (𝑗, 0), one can build
a CUSUM algorithm to decide between hypotheses Hℓ and
H𝑗 by taking into account the difference between 𝑔𝑘 (ℓ, 0) and
𝑔𝑘 (𝑗, 0). Hence a decision that Hℓ holds can be issued when
the following decision function becomes positive:
𝑔ℓ = min (𝑔𝑘 (ℓ, 0) − 𝑔𝑘 (𝑗, 0) − ℎℓ,𝑗 )
0≤𝑗=ℓ≤2
̸

and design the decision algorithm with respect to these
characteristics. However, this would be too complex to do for
our application and would lie anyway on given assumptions
on the stochastic disturbances.

(24)

(27)

for ℓ = 1, 2 and 𝑔𝑘 (0, 0) = 0.
Like in [26, 27], it is advisable to consider only two values
for the thresholds ℎℓ,𝑗 , for each ℓ = 1, . . . , 𝑛𝑓 , namely,
{ℎℓ𝑑 , for 𝑗 = 0,
ℎℓ,𝑗 = {
ℓ ≤ 𝑛𝑓 ,
ℎ , for 1 ≤ 𝑗 ≠
{ ℓ𝑖

(28)

where ℎℓ𝑑 is the detection threshold and ℎℓ𝑖 is the isolation
threshold. Notice that the mean detection delay, the mean
time before false alarm, and the probability of a false isolation depend on the choice of these thresholds. Indeed, the
thresholds ℎℓ𝑑 and ℎℓ𝑖 can be linked to the mean detection
delay (𝜏) for the fault ℓ thanks to the following expression
[27] assuming that ℎℓ𝑑 = 𝛾ℎℓ𝑖 where 𝛾 ≥ 1 is a constant:
𝜏 = max (

ℎℓ𝑑
ℎℓ𝑖
)
,
𝜅ℓ,0 min𝑗=0,ℓ
̸(𝜅ℓ,𝑗 )

as ℎℓ𝑖 → ∞,

(29)

where 𝜅ℓ,𝑗 is the Kullback-Leibler information defined as
𝜅ℓ,𝑗 =

𝑇
1
(𝜇ℓ − 𝜇𝑗 ) Σ−1 (𝜇ℓ − 𝜇𝑗 ) .
2

(30)
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Table 4: The variables used in the engine model.

Symb.
𝑃Inlet
𝑝Atm
𝑊Turb
𝑢XVNT
𝑁Eng
𝑊Fuel
𝑄LHV
𝐴 EGR
𝑅Inlet
𝑊Inlet
𝑇Inlet
𝑚Air
𝑚EGR
𝑊Exh
𝑚Exh
𝑃Exh
𝑐𝑝,Inlet
𝑐V,Inlet
𝜅
𝑊HFM
𝑊EGR
𝑉Inlet
𝑅Air
𝑐𝑝,Air
𝑐V,Air
𝑅Exh
𝑐𝑝,Exh
𝑐V,Exh
𝑇CAC
𝑇EGR
𝑇Exh
𝑉Eng
𝑉Exh

Quantity
Pressure in intake manifold
Atmospheric pressure
Exhaust mass flow past the turbine
Position of VNT vanes
Engine speed
Mass flow of injected fuel
Lower heating value
Effective area of EGR valve
Gas constant in intake manifold
Mass flow into engine inlet ports
Temperature in the intake manifold
Mass of air in intake manifold
Mass of EGR gas in intake manifold
Exhaust mass flow into the exhaust manifold
Mass of exhaust gas in exhaust manifold
Pressure in exhaust manifold
Specific heat at const. pres. in intake manifold
Specific heat at const. vol. in intake manifold
Ratio of specific heats
Air mass flow past the air mass flow sensor
EGR mass flow into intake manifold
Volume of intake manifold
Gas constant of air
Specific heat at const. pres. of air
Specific heat at const. vol. of air
Gas constant of exhaust gas of exhaust gas
Specific heat at const. pres. of exhaust gas
Specific heat at const. vol. of exhaust gas
Temperature of the air after the charge-air cooler
Temperature of EGR gas flow into the i.m.
Temperature in exhaust manifold
Engine displacement
Volume of exhaust manifold

When considering ℎℓ,𝑑 = ℎℓ,𝑖 = ℎℓ , (31) is used instead of
(27):
𝑔ℓ∗ = min (𝑔𝑘 (ℓ, 0) − 𝑔𝑘 (𝑗, 0))
0≤𝑗=ℓ≤2
̸

(31)

and an alarm is generated when a 𝑔ℓ∗ ≥ ℎℓ .
The reader can refer to [26, 27] for more detailed information.

7. Experimental Results and Discussion
The proposed fault detection and isolation approach has
been tested on the caterpillar 3126 engine located at Sussex
University, UK. The aim is to detect and isolate any additive
actuator fault. The detection delay 𝜏 should be lower than
0.01 s in average. This delay is defined as the difference
between the alarm time and the actual fault occurrence time.

Value/unit
Pa
Pa
kg⋅s−1
%
min−1
kg⋅s−1
J⋅kg−1
m2
J⋅(kg⋅K)
kg⋅s−1
K
kg
kg
kg⋅s−1
kg
Pa
J⋅(kg⋅K)
J⋅(kg⋅K)
𝑐𝑝 /𝑐V
kg⋅s−1
kg⋅s−1
1.8 × 10−3 m3
288.2979 J⋅(kg⋅K)
1067.4 J⋅(kg⋅K)
779.1021 J⋅(kg⋅K)
290.155 J⋅(kg⋅K)
1288.08 J⋅(kg⋅K)
997.9250 J⋅(kg⋅K)
322.5 K
322 K
837 K
7.239 × 10−3 m3
9.4552 × 10−3 m3

7.1. Design Parameters. For the design of the residual generators, the gain matrices given by (9a)–(9e) should be
determined. Unfortunately, we cannot present their values
due to pages limitation. Notice that the LMIs (17a)–(17c) are
solved by using the software YALMIP toolbox, which is a
toolbox for modeling and optimization in Matlab. Matrix Π𝑟
for the two residual generators is chosen as Π𝑟 = [0, 1]. The
sampling period 𝑇𝑠 is set as 10−3 s.
Remark 4. It is worth noting that no feasible solution is
obtained with the approach presented in [18] due to the
Lipschitz constant value of the nonlinear function 𝑓 (see
(C.7)). In fact, the Lipschitz constant value is bigger than
1010 in our case. Other methods can be used, or extended
to our case, as that proposed in [23] for estimating the state
and unknown input vectors. Unfortunately, these methods
are computationally demanding since the number of LMIs,
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Figure 9: Experimental results: (a) EGR and VGT actuators, (b) residuals (𝑟𝑖 ), and (c) multi-CUSUM decision functions.

in each residual generator, that should be solved is equal to
𝑁LMI = 2𝑛×𝑛𝑓 , where 𝑛𝑓 is the number of nonlinearities in the
system. So, in our case 𝑁LMI = 24×4 = 65536. In addition, it
is only proposed for the standard systems with a linear timeinvariant part (𝐴𝑥). We know that the number of LMIs will
be strongly increased if this method is extended to our LPV
case.
The covariance matrix Σ and the mean 𝜇0 used for
designing the multi-CUSUM algorithm are estimates of the
variance and the mean of 𝑟 obtained from a set of simulation
data generated in healthy operating conditions. Assuming
that all considered faults should be detected and isolated with
a mean detection delay 𝜏 ≤ 0.1 s, the threshold is selected as
ℎℓ = 1000.
7.2. Validation Step. For illustrating the performance of
this approach, the following scenario is considered. First, a
positive step-like change in the EGR actuator appears when
𝑡 ∈ [6.5, 8] s. Next, a single negative step-like fault in the VGT
actuator is introduced in the time interval [8.9, 11.5] s.
The experiment is performed with engine average speed
𝑁Eng = 1800 rpm, where the minimum and maximum

value of 𝑁Eng (𝑁Eng and 𝑁Eng ) are 1700 rpm and 1900 rpm,
respectively. The initial conditions for the two observers are
randomly chosen as follows:
𝑇

𝑧10 = [12 0 2 × 10−7 10−10 ] ,
−7

𝑧20 = [12 0 2 × 10

−10 𝑇

10

(32)

] .

The experimental results are shown in Figure 9. First,
the actuators (𝑢EGR and 𝑢XVGT ) behavior is illustrated in
Figure 9(a). Then, the normalized residuals 𝑟1 and 𝑟2 are
shown in Figure 9(b). Finally, the decision functions resulting from the multi-CUSUM algorithm are presented in
Figure 9(c). It is clear from the last figures (Figure 9(c)) that
only the exact decision function 𝑔2∗ , corresponding to an
occurred fault in 𝑢XVGT , crosses the threshold. It means that
this fault is correctly detected and isolated. The obtained
mean detection delay 𝜏, given by (29), is equal to 0.0890 s.
As expected, this fault is detected and isolated with a mean
detection delay 𝜏 ≤ 0.1 s.
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8. Conclusion
The problem of actuator fault detection and isolation for
diesel engines is treated in this paper. The faults affecting the
EGR system and VGT actuator valves are considered. A bank
of NUIO has been used. Each residual is designed to be insensitive to only one fault. By using this kind of scheme and by
assuming that only a single fault can occur at one time, each
actuator fault can be easily isolated since only one residual
goes to zero while the others do not. A multi-CUSUM algorithm for statistical change detection and isolation is used as a
decision system. Fault detection/isolation is achieved within
the imposed timeslot. Experimental results are presented to
demonstrate the effectiveness of the proposed approach.
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where 𝑁Eng and 𝑁Eng are, respectively, the minimum and
maximum value of the measurable variable 𝑁Eng . 𝜌1 and 𝜌2
are defined as

Appendices
A. Engine Characteristics

𝜌1 =

See Table 3.

𝑁Eng − 𝑁Eng
𝑁Eng − 𝑁Eng

,

𝜌2 =

𝑁Eng − 𝑁Eng
𝑁Eng − 𝑁Eng

.

(C.3)

The matrices 𝐵𝑔 , 𝐶, and 𝐵𝑤 are expressed as

B. Nomenclature
See Table 4.

C. Diesel Engine Model
The system (1) can be easily rewritten in state space form
as (3a) and (3b). Indeed, it suffices to extract the linear part
by doing product development and to separate the nonlinear
part with known or measurable variables (𝜐, 𝑦, 𝑢). The rest
is gathered in the general nonlinear part (𝑓(𝑥, 𝑢)). The state,
known input and output vectors, and the variables 𝜌 and 𝜐 are
defined as

𝑇

𝑢 = [𝑢EGR 𝑢XVNT ] ,
𝑇

(C.1)
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moy

where 𝑇Exh is the mean value of measurable variable 𝑇Exh .
The matrix 𝐵𝑓 and the vector 𝑓𝑎 are chosen as follows:
[
[
[
𝐵𝑓 = [
[
[

𝑇

𝑥 = [𝑃Inlet 𝑚Air 𝑚EGR 𝑚Exh ] ,

𝑦 = [𝑃Inlet 𝑃Exh ] ,

𝑅Air 𝑐𝑝,Air
[𝑐 𝑉
[ V,Air Inlet
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𝑃Inlet
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[ √𝑅 𝑇 Ψ𝜅Exh ( 𝑃Exh ) 𝑓EGR (𝑢EGR )]
Exh Exh
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].
]
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𝜏(
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𝑃Atm
√𝑇Exh
]
[

𝜌 = 𝑁Eng ,
𝑇

𝜐 = [𝑇CAC 𝑊HFM 𝑊Fuel ] .
The matrices 𝐴 1 and 𝐴 2 are given by

Finally, the functions 𝑔 and 𝑓 are given by
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As mentioned in Section 3, the parameters 𝑓vol , 𝑓EGR ,
𝜏, and ℎ are computed by interpolation in lookup tables.
However, in this work, we are interested in the diagnosis in
the steady state. So, we choose these parameters constant at
each operating point to validate our approach. Furthermore,
the proposed approach can take easily the parameter variation into account. For example, if we choose 𝑓vol as variable
parameter, the variable 𝜌 can be chosen as 𝜌 = 𝑓vol 𝑁Eng
instead of 𝜌 = 𝑁Eng . By doing this, there is no need to change
the design approach since the engine model has always the
form (3a) and (3b).
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This paper describes an original technique for the joint feature and model selection in the context of support vector machine
(SVM) classification applied as a diagnosis strategy in model-based fault detection and isolation (FDI). We demonstrate that the
proposed technique contributes to the solution of an open research problem: to design a robust FDI procedure, correctly functioning
with different operating conditions and fault sizes, specifically settled for an electric generation system based on solid oxide fuel
cells (SOFCs). By using a quantitative model of the generation system coupled to an optimized SVM classifier, a satisfactory FDI
procedure is achieved, which is robust against modeling and measurement errors and is compliant with practical deployment.

1. Introduction
The interest in electric generation plants based on the fuel
cell (FC) technology [1, 2] is constantly growing owing to
their high energy conversion efficiency and environmental
compatibility. However, plants based on FC stacks still suffer
from a low reliability and a limited lifetime, and thus the
development of specific methods for the automatic online
fault diagnosis is of paramount importance for their commercial diffusion. According to [3, 4], among the possible FDI
approaches, the model-based scheme [5, 6] is currently the
preferred one in the context of the FC technology.
Although systems based on SOFC stacks are universally
reputed to be one of the best options for distributed electric
generation plants, the literature regarding the FDI procedure
in these systems is still scarce [7–10]. Moreover, in many
of these papers [7, 8], the proposed diagnosis strategy [6]
is limited to inference approaches that use a binary fault
signature matrix arranged according to a fault tree analysis
(i.e., a deductive top-down tool, typically used in safety
and reliability engineering) or an improved version of such

a matrix [10]. To overcome the weaknesses of the binary
signature matrix [11], we recently proposed [9] a supervised
classification approach, implemented through a SVM, as
a possible diagnosis strategy. We demonstrated that the
detection and isolation of faults of random size, occurring in
an SOFC generation system that works under many different
steady-state operating conditions, is possible by using a
supervised SVM classifier.
However, only preliminary results (obtained under the
assumption that the model provides exact predictions) are
reported in [9], leaving many issues unresolved. One of
them is the choice of the best physicochemical variables to
be measured during the system operation and used for the
FDI procedure. Although virtually all the physicochemical
variables that characterize the functioning of an SOFC plant
can be predicted by the related mathematical model [6],
the practical measurement of these variables offers different
levels of difficulty, from variables that are easy to measure to
variables that are extremely difficult to measure. Therefore,
the evaluation of the contribution that each of these variables
provides to the FDI procedure is of crucial importance.
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An additional open issue regards the model selection
for the SVM classifier. Model selection generally consists
in tuning the parameters of the SVM classifier, affecting
the FDI performance and possibly choosing the kernel
function. When the kernel is predefined, the values of the
parameters of the SVM need to be optimized prior to the
training phase of the classifier. In turn, this optimization
depends on the features that are chosen for the classification
procedure. Because in model-based FDI the residuals (i.e.,
the differences between the values of the physicochemical
variables measured during SOFC system operation and the
values of the same variables predicted by the system model)
are used as features [6], it is evident that the selection of
the variables to be used and the parameter optimization are
strictly interconnected and need a combined investigation.
In this paper, we propose an original technique to carry
out feature selection and parameter optimization jointly,
in the context of a model-based FDI procedure applied to
SOFC systems and performed through SVM classification.
Dimensionality reduction has received great attention in
the fault diagnosis field [12–15]. It can be performed with
projections that create a set of a few synthetic features (i.e.,
feature transformation methods [12, 13, 15]) or by selecting the
most relevant features (i.e., a subset of residuals) for diagnosis
[14, 16, 17].
To determine, among the variables that can be measured
in the SOFC system, those which play the most critical
role in view of the discrimination among the considered
fault classes, we focus on feature selection. This approach
preserves the physical meaning and interpretability of the
features used for classification purposes. Here, a technique
based on the minimization of an analytical error bound
[18, 19] is proposed. Many previous feature selection methods
apply discrete optimization algorithms either to interclass
distance measures (e.g., Bhattacharyya or Jeffries-Matusita
distances), computed through parametric (usually multivariate Gaussian) models for the feature statistics conditioned
to class membership, or to the classification accuracy on a
validation set [17]. However, the former method does not
fit the FDI procedure addressed here well because no welldefined parametric model is available for the joint statistics
of highly heterogeneous physicochemical variables of an
SOFC system. The latter method would be pursuable in the
present application, but it would require setting aside part
of the samples available for the training phase and using
them only for validation purposes. Instead, the proposed
technique extends the algorithm in [20] by combining it with
a nonparametric error bound that can be derived as a byproduct of the SVM training. In this way, the feature selection
is performed without reserving a portion of the training
samples for the validation.
Moreover, while a given kernel function (e.g., a Gaussian
radial basis function, RBF) is predefined, the feature selection
technique is also integrated with the optimization of the
parameters of the SVM classifier (i.e., the model selection)
in a single, innovative method. Working in this way, feature
selection indicates which variables need to be measured
in the SOFC system to attain a given (optimized) level of
performance. In addition, by combining this outcome with
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the measurement difficulty, it is possible to derive subsets
of variables that provide a satisfactory performance with an
acceptable measurement difficulty.
The present paper is organized as follows. Section 2 introduces the background concepts, describes the joint feature
and model selection, and presents the SOFC system, its
quantitative model, and the faults considered. The generation
of the dataset and the achieved results with different feature
subsets are described in Section 3. Finally, the conclusions are
drawn in Section 4.

2. Materials and Methods
2.1. Model-Based FDI. In model-based fault diagnosis [5, 6],
a model of the monitored system (encompassing all the
system components) is used to predict the values of several
physicochemical variables that characterize the behavior of
the nonfaulty system under different operating conditions.
The predicted values of these variables are then compared
to the real values and measured during plant operation,
and the residuals (i.e., indicators of deviations between the
measurements and model-based predictions) are used in the
FDI procedure through an appropriate diagnosis strategy.
When the model is run in parallel with the real system
(with the same inputs), the residuals can be computed for
each variable through parity equations [6], whereby the
values predicted by the model are subtracted from the those
measured in the real system.
Because the model and the real system receive the same
inputs and because the model simulates a nonfaulty system,
when the real system is nonfaulty as well, the residuals are
zero for less than the model uncertainty and measurement
tolerance. Instead, when a fault occurs, the magnitudes of one
or more residuals increase, allowing for fault detection and
possible isolation. As mentioned above, the diagnosis strategy
can be implemented through an inference or classification
approach [6]. In the present study, we propose a classification approach; specifically, we use the classify-before-detect
paradigm [21, 22]. According to this paradigm, the detection
and classification are not a sequence of distinct tasks but
are instead performed jointly, defining the nonfaulty state
as a class of the classification scheme. The advantage of this
approach is that setting (fixed or adaptive) thresholds for the
detection task is no longer necessary.
To train and test an FDI procedure, samples (i.e., sets
of residuals) obtained from the monitored system working
under several different faulty operating conditions are necessary. To circumvent the problems arising from implanting
real faults in real systems (i.e., irreparable damage with related
economic loss), we follow the approach described in [23].
Indeed, fictitious faults can be implanted into the same model
used to predict the physicochemical variables of the healthy
system. In this way, as illustrated in Figure 1, two models are
run in parallel: the first in place of the real system, operating
under healthy or faulty conditions; the second to predict the
variables characterizing a healthy system. The replacement
of the real system with a model able to simulate also the
faulty conditions is effective only if the model is reliable
and accurate. This requirement is typically satisfied when
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set. An SVM classifier assigns an unknown sample x ∈ R𝑑 the
̂ = sgn 𝑓(x), where the discriminant function
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𝑓(⋅) is the following kernel expansion:
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Figure 1: Schematic of the simulated deployment of the modelbased FDI procedure in industrial plants, according to the approach
of parity equations [6].

a quantitative mathematical model (i.e., a model that is based
on the physical equations ruling all the processes governing
the real system, also called the “first-principle” or “whitebox” model [4]) is available and has been validated with
experimental trials encompassing several operating conditions. Section 2.5 reports further details about the model of
the electric generation SOFC system under consideration in
the present paper.
The scheme in Figure 1 can be used to both train and test
the FDI procedure [23]. However, the samples used for the
SVM classifier training (i.e., the training set, exploited also
for the joint feature and model selection) should be different
from the samples used to evaluate the FDI performance (i.e.,
the test set).
Training the classifier requires a substantial amount of
data, representative of the possible combinations among
operating conditions, fault classes, and fault sizes. Large data
collections joined with pattern recognition techniques are
typical of data-driven FDI approaches [23–25]. Although
model-based and data-driven approaches are traditionally
considered distinct, alternative approaches to the FDI problem such as our model-based approach include some aspects
of data-driven approaches. Some authors identified this case
as the hybrid or integrated approach [24, 25]. More precisely,
in the FDI system we propose, data produced by quantitative
experimental validated physically based simulations are used
to assemble a statistical knowledge of the relationships
between residuals and faults, that is, to train the SVM classifier [23].
2.2. SVM Classification. SVMs are a family of learning
machines that are based on methodological contributions
from statistical learning, kernel-based processing, functional
analysis, and optimization theory [26]. SVM approaches have
been proposed for classification [19, 26–28], regression [26,
29], and probability density modeling [30].
Focusing first on binary classification, let ℓ samples,
associated with faulty or nonfaulty situations, be generated
through the quantitative model. Let 𝑑 be the number of
features (here, the residuals), let x𝑖 (𝑖 = 1, 2, . . . , ℓ) be the 𝑑dimensional vector collecting the 𝑑 residuals, and let 𝑦𝑖 be a
binary variable (named label) that takes on the value +1 or
value −1 depending on the membership of the 𝑖th sample to
either one of the two classes. The set {(x𝑖 , 𝑦𝑖 )}ℓ𝑖=1 is the training

(1)

𝑖=1

and 𝐾(⋅, ⋅) is a kernel function. The coeffcients 𝛼𝑖 (𝑖 = 1,
2, . . . , ℓ) are determined by solving the following quadratic
programming (QP) problem (multidimensional vectors are
considered column vectors, the 𝑖th component of u ∈ R𝑛 is
denoted as 𝑢𝑖 (𝑖 = 1, 2, . . . , 𝑛), and the superscript “𝑇” denotes
matrix transpose):
1
min
( 𝛼𝑇 𝑄𝛼 − 1𝑇 𝛼) ,
𝛼
2
y𝑇 𝛼 = 0,

0 ≤ 𝛼𝑖 ≤ 𝐶,

(2)

𝑖 = 1, 2, . . . , ℓ,

and the bias 𝑏 is derived as a by-product of this solution.
The matrix 𝑄 is the ℓ × ℓ matrix whose (𝑖, 𝑗)th entry is
𝑄𝑖𝑗 = 𝑦𝑖 𝑦𝑗 𝐾(x𝑖 , x𝑗 ), 1 is an ℓ-dimensional vector with unitary
components, y is the vector of the labels of the ℓ training
samples, and 𝐶 is a parameter [26]. The expansion (1) is
typically sparse; that is, 𝛼𝑖 = 0 for the majority of training
samples; those for which 𝛼𝑖 > 0 are named support vectors.
A function 𝐾 of two vectors is a kernel if it is equivalent
to the evaluation of an inner-product in some nonlinearly
transformed space. Specifically, there are a separable Hilbert
space H and a mapping Φ : X → H from a compact
subset X of R𝑑 to H, such that 𝐾(x, x ) = ⟨Φ(x), Φ(x )⟩
for all x, x ∈ X (where ⟨⋅, ⋅⟩ denotes the inner product
on H) [26, 31]. The compactness of X yields no loss of
generality because a compact subset (e.g., a box or a closed
ball) that includes all training samples always exists. The socalled Mercer’s conditions are known for a function 𝐾 to be a
kernel. Details can be found in [26]. Here, we only recall that
a well-known example is the Gaussian RBF kernel:

2
x − x 

 )
𝐾 (x, x ) = exp (−
2𝜎2


(x, x ∈ X) ,

(3)

where 𝜎 is a positive parameter.
It is also possible to prove that (1) is equivalent to a linear
discriminant function in the transformed space H:
𝑓 (x) = ⟨𝑤, Φ (x)⟩ + 𝑏,

(4)

where 𝑤 ∈ H and the bias 𝑏 ∈ R solve the following minimization problem [26]:
1
min ( ⟨𝑤, 𝑤⟩ + 𝐶 ⋅ 1𝑇 𝜉) ,
𝑤,𝜉,𝑏 2
𝑦𝑖 (⟨𝑤, Φ (x𝑖 )⟩ + 𝑏) ≥ 1 − 𝜉𝑖 ,

(5)

𝜉𝑖 ≥ 0, 𝑖 = 1, 2, . . . , ℓ.

{𝜉𝑖 }ℓ𝑖=1 is a set of slack variables that determine if and how
much the discriminant function erroneously classifies the
training samples. On one hand, the term 1𝑇 𝜉 to the objective
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function in (5) favors fitting the discriminant function with
the available training set. On the other hand, it can be proven
that the term ⟨𝑤, 𝑤⟩ in (5) favors minimizing the expectation
(over the probability distribution of the training samples)
of the error on an unknown test sample and minimizing
overfitting [26]. 𝐶 tunes the tradeoff between the two terms.
Mapping to the usually higher (possibly infinite) dimensional space H optimizes the chances that a linear decision
boundary can effectively discriminate the classes, while
equivalently providing a flexible nonlinear decision boundary
in the original space R𝑑 . At the same time, H is never
computationally involved because all calculations only use
the kernel 𝐾 (see (1) and (2)).
Unlike other popular approaches to nonparametric learning, such as neural networks, the training problem (2) is
quadratic and is not plagued with many local minima. Casespecific numerical algorithms have also been proposed to
efficiently address it [32].
Generalization to 𝑀 classes (𝑀 > 2) is usually achieved
by decomposing the multiclass problem into a collection
of binary subproblems [19, 26, 28]. Here, the one-againstone (OAO) approach is used, which is usually a good
tradeoff between accuracy and computational burden. First, a
binary discriminant function 𝑓ℎ𝑘 (⋅) is separately determined
to discriminate between the ℎth and 𝑘th classes (ℎ, 𝑘 =
1, 2, . . . , 𝑀; 𝑘 > ℎ). Then, to label an unknown sample x, each
function 𝑓ℎ𝑘 (⋅) is applied to x and a vote is cast in favor of
either the ℎth or the 𝑘th class depending on the sign of 𝑓ℎ𝑘 (x).
Finally, x is assigned to the class that received the most votes.
2.3. Feature and Model Selection. A relevant issue in the
present FDI scheme is to determine which of the residuals
are most informative with respect to the discrimination of
the considered classes to minimize both the number of measurements to be taken on the SOFC system and the memory
and computational requirements of the FDI procedure. At
the same time, the SVM classifier involves parameters (i.e.,
𝐶 in the QP problem (2)) and possible additional parameters
in the kernel (e.g., 𝜎 in (3)). Their values generally affect
the classification performance and need to be set prior to
training.
Here, a novel method is developed and embedded into the
proposed FDI procedure to select jointly the most informative residuals (i.e., to perform feature selection) and optimize
the parameters (i.e., to perform model selection, after fixing
the kernel type). The goal is to achieve full automation of
the FDI procedure. The key idea is to identify the feature
subset and the parameter configuration that minimize an
analytical error bound, that is, the so-called span bound.
Under mild assumptions, the span bound can be proven to
be a tight upper bound on the leave-one-out error rate [18]. It
also exhibits a usually high correlation with the error rate on
test samples disjointed from the training samples, provided
that they are drawn from the same distribution [19, 29].
However, its computation remarkably involves only training
samples and no additional validation data. To minimize the
span bound, the proposed method combines the approaches
introduced in [19, 20] for SVM parameter optimization and
feature selection, respectively.
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Let R, S, and 𝜃 be the set of all 𝑑 features (i.e., the
residuals), a subset of 𝑚 features (S ⊂ R), and a vector
collecting the input SVM parameters (e.g., 𝐶 and 𝜎, if the
Gaussian RBF kernel is used), respectively. Considering again
the binary case first, let us explicitly stress the dependence on
S and 𝜃 by denoting as 𝛼𝑖 (S, 𝜃) (𝑖 = 1, 2, . . . , ℓ) and 𝑓(⋅ | S, 𝜃)
the solution of the QP problem in (2) and the discriminant
function in (1), respectively, when the SVM is trained using
the 𝑚 features in S and the input parameter vector 𝜃. The
span bound is defined as the fraction J(S, 𝜃) of the training
samples such that 𝛼𝑖 (S, 𝜃) > 0 and (𝑖 = 1, 2, . . . , ℓ):
𝛼𝑖 (S, 𝜃) 𝑆𝑖2 (S, 𝜃) ≥ 𝑦𝑖 𝑓 (x𝑖 | S, 𝜃) ,

(6)

where the coefficient 𝑆𝑖2 (S, 𝜃) (named span) can be obtained
as a by-product of the training phase by solving a further
QP problem [18] or through a fast linear algebra argument
[33]. In the multiclass case, J(S, 𝜃) is computed through
OAO as a weighted average of the span bound values obtained
separately for each pair of distinct classes, the weights being
proportional to the relative frequencies of the classes in the
training set [19]. Further details on this point can be found in
[19, 33].
Indeed, J(S, 𝜃) is a nondifferentiable function of 𝜃 [18].
According to the definition recalled above for the binary
case, ℓ ⋅ J(S, 𝜃) is integer-valued and J(S, 𝜃) proves to be
piecewise constant on the space of the admissible parameter
vectors 𝜃. Similar comments hold in the multiclass case
as well. This prevents applying numerical minimization
algorithms that make use of derivatives (e.g., the gradient
or the Newton-Raphson’s methods) [34]. In general, suitable
numerical gradients and difference quotients might be used
to replace gradients and derivatives, but ad hoc convergence
theorems would be necessary for their specific application to
the span bound. In [34], a regularized differentiable version
of the span bound is introduced to allow gradient descent
to be applied, but an additional regularization parameter,
which has to be manually tuned, is necessary. Here, similar
to [19], the Powell’s algorithm is used to minimize J(S, 𝜃)
with respect to 𝜃. Powell’s method is an unconstrained
minimization technique that emulates the behavior of the
conjugate gradient method without using derivatives and
converges, under mild assumptions, to a local minimum [35].
To minimize the resulting functional,
J∗ (S) = minJ (S, 𝜃) ,
𝜃

(7)

with respect to S, the steepest ascent algorithm in [20] is
adapted and extended. It is an iterative algorithm, initialized
with a preliminary subset of 𝑚 features, which has been
demonstrated to be effective when applied to the maximization of Bayesian interclass distance measures in problems
of remote sensing image classification [20, 36]. Here, it is
extended to the minimization (steepest descent) of the span
bound functional, combined with the Powell’s algorithm, and
integrated in the proposed FDI procedure.
Specifically, given a subset S of 𝑚 features, the proposed
feature selection and parameter optimization method evaluates each possible replacement of one of the 𝑚 features in
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Input: set ℛ of all available features (residuals); desired number m of features

Initialization through SFS

Set 𝒮 = 𝜙, ℐmin = +∞

For each feature r+ outside 𝒮, that is, r+ ∈ ℛ − 𝒮:
Compute ℐ∗ (𝒮 ∪ {r+ }) by running Powell’s algorithm until convergence to minimize ℐ(𝒮 ∪ {r+ }, 𝜃) wrt 𝜃.
If ℐ∗ (𝒮 ∪ {r+ }) < ℐmin , then update 𝒮 = 𝒮 ∪ {r+ } and ℐmin = ℐ(𝒮).

|𝒮| = m?

No

Yes

Set ℐ∗ = +∞
For each feature r− ∈ 𝒮:
For each feature r+ outside of 𝒮, that is, r+ ∈ ℛ − 𝒮:
Compute ℐ∗ (𝒮 − {r− } ∪ {r + }) by running Powell’s algorithm until convergence to minimize ℐ(𝒮 − {r− } ∪ {r + }, 𝜃) wrt 𝜃.
If ℐ∗ (𝒮 − {r− }∪ {r+ }) < ℐ∗ , then set 𝒮 = 𝒮 − {r− }∪ {r+} and update ℐ∗ = ℐ∗ (𝒮 ).

No

ℐ∗ < ℐmin

Stop

Yes

Update 𝒮 = 𝒮
and ℐmin = ℐ∗
Steepest descent iterations

Figure 2: Flowchart of the proposed joint feature and model selection algorithm for FDI in SOFC systems. R, S, and 𝑚 denote the set of all
available features (residuals), a feature subset, and the desired number of features to be selected, respectively. |S| denotes the cardinality of S.

S by one of the (𝑑 − 𝑚) features outside S (i.e., in R −
S) by computing the corresponding value of J∗ (⋅), that is,
by running Powell’s algorithm until convergence (see (7)).
Let J∗ be the minimum span bound obtained across all
these 𝑚(𝑑 − 𝑚) possible replacements. If J∗ < J∗ (S), the
replacement is performed and S is correspondingly updated.
This procedure is iteratively repeated, while reductions in
the span bound are feasible through some replacement of a
feature inside by a feature outside the current subset.
The collection of the subsets of 𝑚 features is finite, so
finite-time termination is guaranteed. As discussed in [20],
convergence to a local minimum of J∗ (⋅) is also guaranteed,
whereby the notion of the local minimum is interpreted by
endowing the discrete space of the subsets of R with a metricspace topology through the well-known Hamming distance.
This property, together with the aforementioned convergence
behavior of the Powell’s algorithm, suggests that, at the least,
local minima of the span bound functional are identified by
the proposed method in the searches for both a feature subset
and a parameter vector.
Initialization of the method is performed through the
sequential forward selection (SFS) algorithm, that is, a wellknown suboptimal approach to feature selection [17]. First,
SFS starts from an empty subset of features, separately
computes the values of J∗ (⋅) associated with the 𝑑 subsets
composed of one feature each, and selects the feature corresponding to the smallest value of J∗ (⋅). Then, it evaluates

J∗ (⋅) for all the (𝑑 − 1) subsets of two features, which are
obtained by separately pairing the previously selected feature
with each other feature. Again, the resulting feature pair with
the smallest value of J∗ (⋅) is selected. Then, the procedure is
repeated iteratively, progressively adding one feature at a time
until the desired number 𝑚 of features is reached. Figure 2
displays a flowchart of the proposed feature selection and
parameter optimization algorithm. Further details on the SFS
and steepest descent (ascent) algorithms can be found in
[20, 36].
2.4. SOFC System Description. In this study, the model-based
FDI scheme and SVM classification are applied to an electric
generation system consisting basically of a reformer, an SOFC
stack (formed by a number of planar cells superimposed
to each other), and a post burner. The reformer contains a
suitable catalyst that promotes the steam reforming reaction
within the feeding mixture (3 : 1 vol. methane and steam),
which is partially converted into hydrogen and carbon
monoxide. This partially reformed fuel is then fed into the
anode compartment of the SOFC stack, while air is fed
into the cathode side. The SOFC stack (average operating
temperature of 850∘ C) is composed of a number of rectangular planar cells superimposed onto each other, each
of which develops an electrochemical reaction producing
steam and carbon dioxide along with electrical power and
heat. Nevertheless, the anode exhaust contains a significant
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percentage of flammables. Thus, the anode exhaust is mixed
with the cathode exhaust and burned in an off-gas burner to
reduce the release of pollutants and increase the temperature
of the flue gas for further utilization or energy recovery in
subsequent components (not considered here). The system
scheme is displayed in Figure 3; further details can be found
in [37].
2.5. Quantitative Model and Fault Classes. The model of the
electric generation SOFC system is a quantitative model,
which embeds the physical equations of the phenomena
occurring in the process, earning the classification of “firstprinciple” or “white-box” model. Overall, the model is
obtained by coupling the quantitative models of the three
components, that is, reformer, fuel cell stack, and burner.
The SOFC stack model assumes all cells are identical along
the stack. The single cell model is then developed according
to a typical scheme applied to chemical reactors [38] and
includes the equations of the local chemical and electrochemical reaction kinetics. In turn, the latter includes the
evaluation of the Nernst voltage and of all the sources of
losses (anodic activation, cathodic activation, and ohmic).
The local kinetics is then coupled to local mass, energy, and
momentum balances. A partial differential/algebraic system
of equations is obtained, integrated using a relaxation method
for the energy balance, and combined with a finite difference
method to solve the other equations. Reformer and burner are
simulated through macroscopic mass and energy balances. In
the previous case, the steam reforming reaction is assumed
to be at thermodynamic equilibrium. In the latter case, all
the flammables are considered to be combusted completely.
Further details can be found in [37].
In principle, the model is developed to simulate nonfaulty
operating conditions, but it can also be extended to simulate
faulty operating conditions by including suitable equations
for the simulation of typical faults occurring in SOFC systems
[37]. Thus, the following four main fault classes have been
simulated [37].
SOFC Stack Degradation. A number of different faults can
occur inside the SOFC stack, affecting the cell structure and,
in particular, the electrolyte/electrodes coupling in different
ways. A comprehensive overview is given in [37], in which it
is also demonstrated that, for the purposes of plant simulation
under faulty conditions, the effect of all these different faults
is correctly simulated with an increase of the overall internal
stack losses. Thus, the latter have been increased between
105% and 160% of their nominal value.
Air Leakage. In addition to providing the oxidant necessary
for the electrochemical reaction, the cathode air flow allows
the temperature of the stack to be controlled. A potential air
leak between the air flow meter and the SOFC stack has been
simulated by reducing the flow entering the stack to between
50% and 95% of its nominal rate.
Fuel Leakage. Inside the reformer, the methane/steam feed is
converted into a mixture with a high percentage of hydrogen.
Fuel leakage is likely to occur because of the low dimension
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Figure 3: Schematic of the SOFC system.

and high diffusivity of the hydrogen molecule. A leak between
the exit of the reformer and the entrance of the stack has been
simulated by reducing the flow rate to between 75% and 95%
of its nominal value.
Reformer Degradation. A reduced conversion of methane
can be achieved in the reformer due to a number of faulty
effects (e.g., catalyst degradation, carbon deposition, or sulfur poisoning). Several possible degrees of deviation from
equilibrium have been simulated by reducing the equilibrium
constant of the steam reforming reaction to between 30% and
95% of its thermodynamic value.
As indicated in Figure 3, the SOFC plant under consideration includes an SOFC stack, a methane steam reformer,
a burner, a fuel feeding system, and an air feeding system.
Given that the burner is a well-tested and mature technology,
its faults are not taken into account. On the other hand, the
faults of the other four plant components are all considered,
one fault for each component. As mentioned above, the
different faults that can occur in the SOFC stack end up
giving similar effects [37]. Thus, they can be lumped together
as one single fault class. Similar considerations hold for the
steam reforming reactor. Consequently, the FDI procedure
proposed here cannot be used to distinguish among the
different types of faults that can occur in the SOFC stack
or in the methane steam reformer. If necessary, further
investigations (e.g., chemical or electrochemical tests) must
be carried out to identify in detail the microscopic cause of
the failure, as suggested in [37].
The reliability of the predictions obtained by the SOFC
system model is assured by its validation against experimental
data. This validation was performed under both steady-state
and dynamic working regimes. Moreover, as described in
[37], for these working regimes, different operating conditions have been considered. Circumscribed experimental
validation under faulty operating conditions has been performed as well [39].
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Even if our model of the SOFC system is able to simulate faults occurring during transient system operation, as
discussed in [39], the development of an FDI procedure for
application in transient conditions requires an analysis of
the time-dependent behavior of residuals that is beyond the
scope of the present paper. The latter is devoted to an investigation of faults occurring during steady-state operation of
the system. Starting with the system working in an unfaulty
steady-state operating condition, we simulate the occurrence
of a fault, which triggers a transient behavior that is simulated
by our model until a new (faulty) steady-state condition is
reached. Residuals that we consider are those calculated as the
difference between values of the observed physicochemical
variables in the faulty and unfaulty steady states.
The experimental SOFC plant that provided the experimental data is identical to the plant described above (see
Figure 3). The plant has been manufactured by Staxera GmbH
(D) [40] and tested by EBZ GmbH (D) within the European
project GENIUS [41].
2.6. Computation of Residuals. As discussed previously and
according to [23], in this study, the real plant is replaced by a
copy of the quantitative model, modified in view of simulating the effect of different faults of various size occurring in the
plant (see Figure 1). Whereas ideal conditions were assumed
in [9], here, the model uncertainty and measurement tolerance are considered by adding random errors to the values
of the physicochemical variables simulated for the real plant
(see Figure 1). This allows us to attain realistic residuals and
to investigate the sensitivity of the FDI procedure by testing
different error magnitudes.
To introduce the model uncertainty and measurement
tolerance, each observed variable calculated by the model
used in place of the real plant is multiplied by a random
variable 𝛾𝜀 , uniformly distributed in [1 − 𝜀, 1 + 𝜀], where
100𝜀 represents the maximum percentage error. Therefore,
the residual 𝛿𝑉 related to a given monitored variable 𝑉 is
computed as follows:
𝛿𝑉 = 𝑉𝑚 𝛾𝜀 − 𝑉𝑝 ,

(8)

where 𝑉𝑚 is the observed variable calculated by the (simulated) plant under faulty and nonfaulty conditions and 𝑉𝑝
is the same variable predicted by the model for a nonfaulty
plant. The value assumed by the random variable 𝛾𝜀 is updated
each time the residual 𝛿𝑉 is computed.
The residuals of the ten physicochemical variables of the
SOFC system, listed in Table 1, are used as features for the
classification algorithm. Although these ten variables are easy
to access in numerical simulations, their measurement in a
real plant raises some complexity concerns. Thus, we have
classified them as easy to extremely difficult to measure, as
reported in Table 1. The feature selection method proposed
here makes it possible to assess the contribution provided
by each of these variables toward a correct classification.
This information, combined with the measurement difficulty,
allows us to select the variables to be monitored in a real
application of the FDI procedure.

Table 1: Residuals used for the FDI procedure with the related
measurement difficulty.
Number Residual
1
2
3

5
6

Generated electric power
Air flow rate entering the stack
Fuel flow rate entering the stack
Air pressure loss between the inlet and
outlet of the FC stack
Temperature at the burner outlet
Average stack temperature

7

Anodic activation losses

8

Cathodic activation losses

9

Ohmic losses

10

Nernst voltage

4

Measurement
difficulty
Easy
Easy
Easy
Easy
Easy
Difficult
Extremely
difficult
Extremely
difficult
Extremely
difficult
Extremely
difficult

2.7. Control Strategies and Operating Conditions. In this
study, both typical control strategies employed in FC generation plants (i.e., constant-current and constant-voltage)
have been considered. The generation plant is assumed to
be equipped with a power inverter that, in addition to the
task of converting the DC electrical power to AC electrical
power, controls the power supplied by the plant and the
operation mode of the stack. Thus, the inverter can force
the stack to generate a constant voltage or constant current
according to the 𝑉-𝐼 characteristic curves of the SOFC
stack.
The reference operating condition for the SOFC plant
described above includes a constant electrical current of
26.2 A (or a constant SOFC stack potential of 42.5 V), a
fuel utilization factor of 0.75, a reformer temperature of
650∘ C, and an average SOFC stack temperature of 850∘ C.
In this condition, the plant generates an electrical power of
approximately 1.1 kW. Starting from this reference operating condition, for each control strategy, different operating
conditions are defined by tuning the values imposed for
the constant current (or constant voltage) and the fuel
utilization factor. During operation, the reformer is kept at
fixed temperature (650∘ C) through an electrical heater, and
the SOFC stack temperature is maintained at the desired level
by regulating the air inlet flow rate. For the constant-current
control strategy, ten operating conditions are considered by
modifying the electrical current (ranging from 6 to 30 A)
and/or fuel utilization factor (ranging from 0.35 to 0.75) with
respect to their reference values. For the constant-voltage
control strategy, ten operating conditions are considered as
well. The stack potential is modified between 41 and 53 V,
and the fuel utilization factor is modified between 0.35 and
0.75.
Further details regarding the control strategy and operating conditions of the SOFC generation plant under consideration are given in [37].
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3. Results and Discussion
3.1. Model Uncertainty. As mentioned in Section 2.5, the
SOFC system model has been validated experimentally. The
maximum difference between the measured and predicted
values of the monitored variables is approximately 3% [37].
On the basis of this value, the maximum magnitude for the
random errors to be introduced when the measurement of
the ten observed variables is simulated (see Figure 1) can be
set. Here, the following three values are considered for the
maximum percentage error: 2%, 4%, and 6%.
3.2. Dataset Composition. Due to a generalized lack of experimental faulty data in SOFC systems [41], which in turn is
strictly related to their high cost, the simulated approach
depicted in Figure 1 is used to assemble the dataset. Although
the available experimental data are not sufficient to train
and test an SVM classifier, they are adequate for validating
a physics-based quantitative modeling tool, able to simulate
unfaulty [37] and faulty [39] operating conditions, which can
then produce the dataset pool necessary for training and
validating the SVM classifier.
For each operating condition, ten different sizes of a given
fault (inside the range defined in Section 2.5) are considered.
Thus, for a given control strategy, 100 combinations of steadystate operating conditions and fault sizes are identified for
each fault. After setting the maximum error magnitude, independent random errors are introduced for each monitored
variable of each combination. As a result, for each control
strategy, a dataset of approximately 500 feature vectors is
available (5 classes are indeed considered: 4 faulty classes and
the nonfaulty class). The hundred vectors for the nonfaulty
class are generated by repeating the realization of the random
errors for each operating condition ten times.
Subsequent realizations of the independent random
errors enable the generation of an arbitrary number of
datasets. Thus, we have produced a pool of datasets for
each control strategy (i.e., constant-voltage and constantcurrent) and for each maximum percentage error (i.e., 2%,
4%, and 6%). Each dataset is composed of approximately 500
feature vectors, and each feature vector is composed of ten
features (see Table 1). In each resulting dataset, the sets of
training samples of the various classes have approximately
the same size. A fuel cell will for the most part operate in a
nonfaulty state, so the nonfaulty class is expected to have a
larger prior probability than the individual faulty classes, a
common situation in a detection problem. This may suggest
using a larger training set size for “no-fault” than for the
other classes. However, SVM-based classifiers are known to
be generally sensitive to significantly unbalanced numbers
of training samples per class. Therefore, the aforementioned
approach was used to take benefit from the opportunity
to actively generate the training set and make sure that
balanced sets were constructed for the various classes. Indeed,
if a different strategy was used and more training samples
were available for the nonfaulty class than for the other
classes, sample pre-selection algorithms such as [42] could
be applied to make sure that strongly unbalanced classes are
avoided.
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All the features of a given dataset have been preliminarily
normalized to ensure that each has a zero mean and unitary
variance. This normalization is necessary because of the
significantly different orders of magnitude of the measured
residuals. It also helps preventing overflow and favors numerical stability in the solution of the QP problem for SVM
training.
3.3. Fault Detection and Isolation. In real systems, the design
of a classifier that, working with a given residual subset, provides a satisfactory performance when the error magnitude is
not perfectly known and potentially varies over time has great
relevance. To this end, a training set has been composed for
each control strategy by joining three datasets together: one
dataset for each maximum percentage error (i.e., 2%, 4%, and
6%). Here, this training set is used to train SVM classifiers in
which the Gaussian RBF kernel in (3) is adopted. The joint
feature and model selection method described in Section 2.3
provides the optimal feature subset, when the number of
residuals 𝑚 is increased from 1 to 10.
For each control strategy and optimal feature subset, the
SVM classifier trained using the aforementioned mixture of
error magnitudes is tested with several datasets (excluding
those already used to compose the training set), characterized
by given error magnitudes. The performance of the classifier
is evaluated through the overall accuracy (OA), that is, the
fraction of the correctly classified test samples (an estimate
of the probability of correct classification). An average OA
(referred to as OAavg ) is introduced by averaging the three
OA values obtained with regard to the 2%, 4%, and 6% error
magnitudes. Finally, to evaluate the classifier performance for
each specific class, the average producer accuracy (PAavg ) is
introduced; that is, the fraction of the test samples belonging
to a given class that are correctly classified, averaged over the
three error magnitudes (2%, 4%, and 6%).
The OAavg value of the classifiers, trained with the mixture
of error magnitudes, with the number of adopted features
increasing from 1 to 10, is reported in Table 2 for the constantvoltage case and in Table 3 for the constant-current case.
The subset of residuals obtained by the feature selection
technique and the value of OA for each error magnitude
are also listed. For the sake of brevity, the corresponding
parameter configurations obtained by the proposed joint
model and feature selection algorithm are not listed. However, as detailed in [19, 29], the parameter vector obtained
by minimizing the span bound through Powell’s algorithm
typically yield classification accuracies very similar to those
obtained by time-expensive grid searches for the minimum
cross-validation error rate over a predefined grid in the
parameter space. Details on this aspect can be found in
[19, 29] with regard to SVM for classification and regression,
respectively.
Except for 𝑚 = 1, the classification performance decreases as the error magnitude increases, as expected, and the OA
values obtained for the constant-voltage control are higher
than the related values obtained for the constant-current
control.
The performance behavior as a function of the number
of features 𝑚 is more complex. For both control strategies,
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Table 2: Residuals and OAs, with the number of features 𝑚
increasing from 1 to 10, for the constant-voltage case. Training set
including a mixture of error magnitudes.
𝑚

Residual subset

1
2
3
4
5
6
7
8
9
10

9
1, 2
2, 3, 8
2, 3, 4, 8
1, 2, 3, 4, 8
1, 2, 3, 4, 8, 9
1, 2, 3, 4, 7, 8, 9
1, 2, 3, 4, 5, 7, 8, 9
1, 2, 3, 4, 5, 6, 7, 8, 9
1, 2, 3, 4, 5, 6, 7, 8, 9, 10

Overall accuracy (OA)
Test-set max. error
OAavg
2%
4%
6%
0.42
0.41
0.42
0.42
0.87
0.90
0.88
0.82
0.88
0.95
0.89
0.80
0.91
0.97
0.92
0.84
0.90
0.97
0.90
0.83
0.89
0.98
0.89
0.80
0.89
0.98
0.88
0.79
0.91
0.98
0.92
0.82
0.92
0.98
0.92
0.86
0.92
0.98
0.92
0.86

Table 3: Residuals and OAs, with the number of features 𝑚
increasing from 1 to 10, for the constant-current case. Training
including a mixture of error magnitudes.
𝑚

Residual subset

1
2
3
4
5
6
7
8
9
10

2
2, 3
2, 3, 4
2, 3, 4, 7
1, 2, 3, 4, 7
1, 2, 3, 4, 7, 8
1, 2, 3, 4, 5, 7, 8
1, 2, 3, 4, 5, 7, 8, 9
1, 2, 3, 4, 5, 6, 7, 8, 9
1, 2, 3, 4, 5, 6, 7, 8, 9, 10

Overall accuracy (OA)
Test-set max. error
OAavg
2%
4%
6%
0.59
0.61
0.59
0.58
0.75
0.76
0.76
0.72
0.82
0.83
0.83
0.79
0.83
0.90
0.84
0.75
0.81
0.90
0.81
0.72
0.82
0.90
0.83
0.72
0.82
0.92
0.81
0.73
0.82
0.92
0.80
0.73
0.67
0.69
0.68
0.63
0.74
0.76
0.75
0.72

the value of OAavg monotonically increases moving from 𝑚 =
1 to 𝑚 = 4. In the constant-current case, for 4 ≤ 𝑚 ≤ 8, the
OAavg value is nearly constant, exhibiting small oscillations
that do not exceed 0.02. For 𝑚 > 8, the OAavg value sharply
decreases. In the constant-voltage case, for 𝑚 ≥ 4, the OAavg
value is nearly constant, exhibiting small oscillations that do
not exceed 0.02. Concerning the residuals that are selected
when the value of 𝑚 is increased, we can observe that, in
the constant-current case, the residuals selected for a given
𝑚 are those selected for 𝑚 − 1 plus one new residual. This
behavior is not forced by the feature and model selection
method presented in Section 2.3. In fact, in the constantvoltage case, this behavior is observed only for 𝑚 > 3, where
the performance approaches its maximum.
Because the use of a number of residuals larger than four
does not increase or increases negligibly the performance,
in the following sections of this paper, we focus on the
performance achieved for 𝑚 = 4 and the related residuals.
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Table 4: OA when two subsets of easy-to-measure residuals are
adopted. The training set included a mixture of error magnitudes.
Control str.

Residual
subset

Constant-voltage

2, 3, 4
1, 2, 3, 4

Overall accuracy (OA)
Test-set max. error
OAavg
2%
4%
6%
0.78
0.87
0.78
0.70
0.89
0.97
0.89
0.82

Constant-current

2, 3, 4
1, 2, 3, 4

0.83
0.90

0.83
0.82

0.79
0.74

0.82
0.82

In the constant-voltage case, OAavg is equal to 0.91 and OA
decreases by 0.13 when increasing the error magnitude from
2% to 6%. The selected residuals are those numbered with 2,
3, 4, and 8 in Table 1. In the constant-current case, OAavg is
equal to 0.83, and the OA decreases by 0.15 when increasing
the error magnitude from 2% to 6%. The selected residuals are
those numbered with 2, 3, 4, and 7. We note that residuals 2, 3,
and 4 are selected for both control strategies. These residuals
are considered easy to measure in Table 1 (as opposed to
residuals 7 and 8, which are extremely difficult to measure).
Moreover, when 𝑚 increases from 4 to 5, the feature that
is selected is residual 1, which is easy to measure. We can
conclude that among the easy-to-measure residuals, those
numbered with 2, 3, and 4 are the most informative for both
control strategies. In addition, the residual numbered with 1
is potentially useful.
3.4. Performance of Easy-to-Measure Residuals. The results
obtained by the joint feature and model selection can be used
to design a classifier that working with a limited number
of easy-to-measure residuals provides performance close to
the optimal one. In other words, we attempt to exclude
the residuals that are not easy to measure, limiting the
performance decrease.
On the basis of the considerations drawn in Section 3.3,
we analyze the performance of the SVM classifiers that use
the two following subsets of residuals, (2, 3, 4) and (1, 2, 3,
4), and are trained by the aforementioned mixture of error
magnitudes (see Table 4). While the residual subset (2, 3,
4) is the optimum choice for the constant-current case with
𝑚 = 3 (see Table 3), all the three remaining combinations
reported in Table 4 are surely suboptimal. To maximize the
performance, for the four possible combinations between
control strategy and residual subset, the model parameters
of the SVM classifiers have been optimized by minimizing
the span bound (computed for a given subset of features)
through the Powell’s algorithm, according to the description
in Section 2.3.
Table 4 displays the performance of the four classifiers
when tested with samples with a given error magnitude
as well as the average figure OAavg . Comparing Tables 2
and 4, we observe that for the constant-voltage case, the
performance obtained with the residual subset (2, 3, 4) is
significantly lower than that obtained with the optimum
subset (2, 3, 8). Instead, when four features are adopted, the
use of the easy-to-measure subset (1, 2, 3, 4) provides an OAavg
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Control str.

Residual
subset

Average producer accuracy (PAavg )
Class number
4
0
1
2
3

Constant-voltage

2, 3, 4
1, 2, 3, 4

0.87
0.89

0.68
0.89

0.88
0.89

0.88
0.92

0.49
0.85

residual 5 slightly decreases the OA values, especially when
the maximum error is equal to 6%.
Finally, it is worth noting that the PAs for the nonfaulty
class (i.e., the class number 0) were generally high; that is,
a few false alarms were generated by the proposed system,
although the nonfaulty class is expected to have a larger prior
probability than individual faulty classes. This confirms the
discrimination capability of the SVM approach and suggests
that the generation of balanced sets of training samples per
class did not erroneously favor the faulty classes.

Constant-current

2, 3, 4
1, 2, 3, 4

0.97
0.85

0.45
0.57

0.83
0.90

0.89
0.86

0.97
0.99

4. Conclusions

Table 5: PAavg when two subsets of easy-to-measure residuals are
adopted. The training set included a mixture of error magnitudes.
Class number meaning: 0: nonfaulty system; 1: SOFC stack degradation; 2: air leakage; 3: fuel leakage; 4: reformer degradation.

that is only marginally lower than that obtained with the
optimum subset for 𝑚 = 4 (i.e., 0.89 against 0.91). In addition,
in the constant-current case, the use of the easy-to-measure
subset (1, 2, 3, 4) provides an OAavg that is only marginally
lower than that obtained with the optimum subset for 𝑚 = 4
(i.e., 0.82 against 0.83). However, this performance is equal to
that obtained by using the optimum subset (2, 3, 4) composed
of only three features. In the constant-current case, the choice
between three and four features can be driven by the error
magnitude that is expected in real applications. The subset (2,
3, 4) provides a higher OA when the maximum error tends to
6%; the subset (1, 2, 3, 4) is preferable when the maximum
error tends to 2%. On the contrary, in the constant-voltage
case, the results reported in Table 4 indicate that the subset
(1, 2, 3, 4) is always preferable.
While OAavg encompasses the results related to the five
considered classes, PAavg provides a performance evaluation
for each specific class. Table 5 displays the PAavg values for
the four classifiers that work with a limited number of easyto-measure residuals, that is, the classifiers considered in
Table 4. We observe that in the constant-voltage case, the
addition of the feature number 1 improves all the PAavg values,
especially those related to classes numbers 1 and 4. With
the feature subset (1, 2, 3, 4), the nonfaulty status and all
the considered faults are identified with an average accuracy
higher than 85%. In the constant-current case, the addition
of feature number 1 improves the PAavg values for classes
1, 2, and 4 and worsens the PAavg values for classes 0 and
3. Although the OAavg does not change (see Table 4), better
performance uniformity is obtained. All the considered faults
except for SOFC stack degradation are identified with an
average accuracy higher than 85%. PAavg for SOFC stack
degradation does not exceed 57% when the constant-current
control is adopted, demonstrating that in this specific case
the identification of this fault through four easy-to-measure
residuals is critical. We also verified that the addition of the
last easy-to-measure residual (i.e., feature number 5) to the
subset (1, 2, 3, 4) does not improve this performance. A
further investigation of this specific misclassification shows
that the feature vectors for the SOFC stack degradation fault
are sometimes assigned to the fuel leakage fault.
More generally, the addition of residual 5 to the subset (1,
2, 3, 4) does not provide any improvement in the obtained
performance. In the constant-voltage case, the addition of

In the context of SVM classification, we propose an original
technique for the joint feature and model selection. This
technique is applied to an open research problem: the design
of a model-based FDI procedure, integrated with a datadriven diagnosis, for an SOFC electric generation plant. The
FDI procedure is demonstrated to perform properly in a wide
range of steady-state operating conditions and fault sizes and
for various statistics of the random errors affecting the model
predictions.
The joint feature and model selection make it possible
to evaluate the relative importance of the residuals used as
features for the robust FDI procedure, assuring the optimum
performance for every cardinality of the feature vector. Moreover, for a given residual subset, if the maximum prediction
error is increased by a factor of 3 (from 2% to 6%), the related
OA decreases by a factor that does not exceed 1.26. Thus,
because the performance reduction is very gradual despite
the wide range of operating conditions and fault sizes that
are considered, the robustness of the FDI procedure against
modeling and measurement errors is proven.
Joining the results achieved by the feature selection to
the evaluation of the difficulty in measuring the different
residuals, we conclude that the use of the easy-to-measure
residuals numbered 1, 2, 3, and 4 altogether are sufficient
to achieve an overall performance that is very close to the
absolute maximum observed when the use of all the residuals
is enabled. This holds for both constant-voltage and constantcurrent control strategies. The only exception is the identification of the SOFC stack degradation under constant-current
control. The accuracy for this fault is significantly lower
than those observed for other faults. Further electrochemical
investigations will be devoted to individuate new residuals
able to provide a better discrimination of the SOFC stack
degradation fault.
When a large number of combinations between the
operating conditions and fault sizes are considered (for both
training and testing), the SVM classifier using the four
aforementioned residuals provides an OA, averaged over
three values for the maximum prediction error (i.e., 2%, 4%,
and 6%) that is higher than 80% for the constant-current case
and is close to 90% for the constant-voltage case.
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The stable operation and reliable breaking of large generator current are a difficult problem in power system. It can be solved
successfully by the parallel interrupters and proper timing sequence with phase-control technology, in which the strategy of
breaker’s control is decided by the time of both the first-opening phase and second-opening phase. The precise transfer current’s
model can provide the proper timing sequence to break the generator circuit breaker. By analysis of the transfer current’s
experiments and data, the real vacuum arc resistance and precise correctional model in the large transfer current’s process are
obtained in this paper. The transfer time calculated by the correctional model of transfer current is very close to the actual transfer
time. It can provide guidance for planning proper timing sequence and breaking the vacuum generator circuit breaker with the
parallel interrupters.

1. Introduction
With the rapid development of the power system and
the increase of the transmission capacity, it requires safer
and more stable environment. The fault current’s breaking
capacity and the longevity of high voltage circuit breaker
that controls and protects power system are essential to the
reliable operation of electric power systems. It can effectively
reduce the average arcing time and peak arc current to use
synchronous technology [1] to control the separate moment
of breaker’s contacts through the zero point and it is useful to
improve the breaking capacity of circuit breaker and reduce
contact’s wear [2].
The rated current of single vacuum circuit breaker is less
than 5 ka. And the single breaker is unable to burden the
high rated continuous current and break the large shortcircuit current [3–6]. In order to improve the vacuum circuit
breaker’s rated current and the capacity of the breaker,
two parallel interrupters are used to share a large current
especially for the generator circuit breaker and the occasion
that needs to break the large current [7, 8]. However two pairs
of contacts are impossible to absolutely separate at the same
time due to the manufacture of breakers, the dispersion of
actuators, and the arrangement which leads to a failure to
break the whole fault current [9].

The parallel vacuum interrupters are used to share the
rated large current. When the fault current occurs, main
vacuum interrupter (MVI) is opened firstly. The fault current
gradually is transferred from MVI to AVI (auxiliary vacuum
interrupter). At the same time, the current constantly decays.
At the end of the current-transfer process, the fault current through AVI is removed with phase-control technology
[10–12]. But in the transfer process, the multiplication of
AVI’s inductance and the instantaneous current is greater
than MVI’s arc voltage, which leads to uncontrollable transfer
process and the current cannot transfer from MVI to AVI.
The successful breaking of the AVI depends much on the
precise calculated transfer time. So an accurate model of the
transfer current is needed.
In the paper [13], the mathematical model of transfer
current is provided through the relevant theoretical derivation. It is helpful to analyze the transfer process. The arc
resistance’s value in the model is constant, which leads to
a large deviation for transfer time. So this model cannot
provide accurate timing sequence for using the phase-control
technology [10–12]. The success rate of transferring is related
to transfer current’s value, the time of breaking MVI, and so
forth. This transfer current’s model needs to be corrected. In
this paper, the vacuum arc resistance’s formula is obtained by
Matlab through the analysis of experimental data of transfer
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i1

MVI

R1

AVI

R2

𝑇1 is the moment of breaking MVI. 𝑇2 is the moment
of breaking AVI. 𝑅1 does not contain contact resistance
between a pair of contacts when MVI is separated in (2) and it
mainly consists of arc resistance and the resistance of internal
conductive rod in MVI. So the differential equation (3) is
derived from (2):

L1
L2

i2
Is (t)

𝑑𝐼𝑠 (𝑡)
𝐿2
𝑑𝑖1 (𝑅1 + 𝑅2 )
𝑖 =
+
𝑑𝑡 (𝐿 1 + 𝐿 2 ) 1 (𝐿 1 + 𝐿 2 ) 𝑑𝑡

Figure 1: MVI and AVI share the large current.
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.
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(𝐿 1 + 𝐿 2 )
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(3)

𝑖1 is the instantaneous value of the transfer current [9] in
the following:

L2

i2

𝑖1 = 𝐶𝑒−((𝑅1 +𝑅2 )/(𝐿 1 +𝐿 2 ))𝑡 −

Is (t)

Figure 2: Equivalent circuit when MVI’s contacts are opened.

current. The arc resistance changes with time and transfer
current. Finally, the correctional model of transfer current is
derived with the real arc resistance.

+ √2𝐼𝑒
− √2𝐼𝑒
− √2𝐼𝑒

𝐿 2 − 𝑅2 𝜏sys
(𝐿 1 + 𝐿 2 ) − (𝑅1 + 𝑅2 ) 𝜏sys
𝜔𝐿 1 𝑅2 − 𝜔𝐿 2 𝑅1
2

𝐼𝑠 (𝑡) = √2𝐼𝑒 sin (𝜔𝑡 + 𝛼 − 𝜑𝑑 )
+ [𝐼𝑒 sin (𝛼 − 𝜑) − √2𝐼𝑒 sin (𝛼 − 𝜑𝑑 )] 𝑒−𝑡/𝜏sys .

(1)

𝑖1 + 𝑖2 = 𝐼𝑠 (𝑡) ,
𝐿1

𝑑𝑖1
𝑑𝑖
+ 𝑅1 𝑖1 + 𝑈𝑎 = 𝐿 2 2 + 𝑅2 𝑖2
𝑑𝑡
𝑑𝑡
(𝑇1 ≤ 𝑡 ≤ 𝑇2) .

(2)

2

sin (𝜔𝑡)

(𝑅1 + 𝑅2 ) 𝑅2 + 𝜔2 𝐿 2 (𝐿 1 + 𝐿 2 )
2

2

(𝑅1 + 𝑅2 ) + 𝜔2 (𝐿 1 + 𝐿 2 )

cos (𝜔𝑡) .

In (4), 𝜑𝑑 is 𝜋/2. 𝑅1 is the equivalent resistance of MVI’s
branch. 𝐿 1 is the equivalent inductance of MVI’s branch.
𝑅2 is the equivalent resistance of AVI’s branch. 𝐿 2 is the
equivalent inductance of AVI’s branch. 𝑇𝑘 is the moment at
which MVI is opened. The differential constant 𝐶 is shown
in the following:
𝐶 = 𝑒((𝑅1 +𝑅2 )/(𝐿 1 +𝐿 2 ))𝑇𝑘
×{

In (1), 𝐼𝑒 is the effective value before short circuit occurring. 𝜏sys is the decay constant of the system. 𝜔 is the current’s
angular frequency. 𝛼 is the initial phase angle of power
source’s voltage when short circuit occurs instantly. 𝜑𝑑 is the
impedance angle after short circuit occurring. And 𝜑 is the
impedance angle before short circuit occurring.
The impedance of power source can be ignored when it
is compared with the interrupter’s resistance and the system
capacity is much larger. Considering the constant arc voltage
𝑈𝑎 when the MVI is opened, the transfer current in Figure 2
can be expressed with [9]

𝑒−𝑡/𝜏sys
(4)

(𝑅1 + 𝑅2 ) + 𝜔2 (𝐿 1 + 𝐿 2 )

2. The Model of Transfer Current
At the beginning, the large rated current is shared by MVI
and AVI as shown in Figure 1.
When the short-circuit fault occurs, MVI is opened firstly.
The large current gradually is transferred from MVI to AVI.
The equivalent circuit is shown in Figure 2.
Short-circuit current of the system [13]:

𝑈𝑎
𝑅1 + 𝑅2

𝐿 2 − 𝑅2 𝜏sys
𝑈𝑎
− √2𝐼𝑒
𝑒−𝑇𝑘 /𝜏sys
𝑅1 + 𝑅2
𝐿 1 + 𝐿 2 − (𝑅1 + 𝑅2 ) 𝜏sys
+ √2𝐼𝑒
+ √2𝐼𝑒

𝜔𝐿 1 𝑅2 − 𝜔𝐿 2 𝑅1
2

2

(𝑅1 + 𝑅2 ) + 𝜔2 (𝐿 1 + 𝐿 2 )

sin (𝜔𝑇𝑘 )

(𝑅1 + 𝑅2 ) 𝑅2 + 𝜔2 𝐿 2 (𝐿 1 + 𝐿 2 )
2

(𝑅1 + 𝑅2 ) + 𝜔2 (𝐿 1 + 𝐿 2 )

+ √2𝐼𝑒 sin (𝜔𝑇𝑘 + 𝛼 −

2

cos (𝜔𝑇𝑘 )

𝜋
)
2

+ [𝐼𝑒 sin (𝛼 − 𝜑𝑑 ) − √2𝐼𝑒 sin (𝛼 −

𝜋
)] 𝑒−𝑇𝑘 /𝜏sys } .
2
(5)

The emulational value is deviated from the actual value,
because arc resistance is assumed to be constant and
unchanged with time in the model of transfer current.
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Figure 5: Transfer current of 9.6 ka and voltage.

Figure 3: The two parallel breakers.

Figure 4: Transfer current of 5.2 ka and voltage.

3. Mathematical Model of Vacuum
Arc Resistance
In the experiment, two parallel breakers are used to share the
large current as shown in Figure 3. The interrupter’s model is
BD-12/1250-20A produced by the Kaisaier. The large current
is generated by the Synthesis loop. Its half cycle is 12.5 ms and
the current’s value is adjustable.
The two breakers controlled by the controller are opened
according to the timing sequence. The current signal of the
two breakers is collected by Rogowski coil and the arc voltage
is collected by the resistance-type voltage divider that is
parallel with the MVI. In Figures 4 and 5, the current value
of 1200 A corresponds to 1 V, which is the output of Rogowski
coil. The curve 2 which is collected by resistance-type voltage
divider amplified 22.6 times is the voltage between MVI. In
this paper, the times of breaking MVI are 1.4 ms, 4.4 ms,
5.0 ms, 6.2 ms, 7.0 ms, and 8.3 ms. The transfer currents are
3.7 ka, 5.2 ka, 6.4 ka, 7.7 ka, and 9.6 ka. All current values are
the peak of transfer currents.
The current that transfers from MVI to AVI is prevented
by AVI’s reactance. So the moment of breaking MVI needs to
avoid the current’s peak and it is better to choose the time in

which current’s value is relatively low. In the moment that is
close to current’s zero crossing, the success rate of transferring
is higher. The enough computation-time of the controller
is required to break AVI with the phase-control technology
and the result in the moment is more obviously and more
representatively compared with all experimental data. So the
time of breaking MVI is selected at 8.3 ms in this paper. The
waveforms of the oscilloscope are only listed in 5.2 ka and
9.6 ka due to limited space. MVI’s current (curve 1) and the
voltage (curve 2) across the interrupter are shown in Figures
4 and 5.
In Figures 4 and 5, curve 2 is the voltage between MVI. At
the beginning, the voltage is zero. When large current flows
through MVI, its voltage has a slight uplift and maintains a
stable value. At the moment at which MVI is opened, MVI’s
current drops rapidly and the arc is generated and the voltage
pulse [14] increases immediately. The arc voltage is higher
with the increase of transfer current. But the voltage’s growth
rate is low with the increase of transfer current. At the end
of the transfer process, the arc is extinguished. The sinusoidal
voltage is not the arc voltage but the voltage of AVI’s branch
in Figures 4 and 5. The voltage declines until AVI is opened.
At the same time, the voltage pulse is the superposition of
AVI’s voltage and AVI’s arc voltage in the negative half-cycle.
Finally, the voltage is raised to the voltage of current source’s
capacitor and remains unchanged as shown in Figures 4 and
5.
It is shown how the MVI’s and AVI’s currents change in
the first half-cycle when MVI is opened in Figures 6 and 7.
MVI’s current is 1.8 times larger than AVI’s current before
8.3 ms. The large current of the MVI is transferred from MVI
to AVI at 8.3 ms. In the transfer process, the MVI’s arc voltage
in 9.6 ka is shown in Figure 8. Figure 8 is the amplification of
arc voltage in Figure 5.
The real vacuum arc resistance is calculated with transfer
current and arc voltage as shown in Figures 9 and 10.
The vacuum arc resistance is close to exponential growth.
The arcing time becomes longer with the increase of transfer
current. At the beginning of the transfer process, arc resistance grows very slowly at a low level. On the contrary, the
arc resistance increases rapidly to a high value when the arc
is extinguished.
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The mathematical formula of the arc resistance is
expressed with (6) through the analysis of experimental data:
𝑅arc(𝑡) = 𝑎𝑒𝑏𝑡 + 600 𝜇Ω,
−3

𝑎 = 2.794 × 106 × 𝑒[−3.024×10

(2.892×10−4 𝐼2 MVI −0.8731𝐼MVI +2729)]

Figure 9: The vacuum arc resistance in transfer current of 9.6 ka.

The red points are the experimental data and the blue
curve is the calculated value by the mathematical model of
vacuum arc resistance. The calculated arc resistance is very
close to the actual value with the model as shown in Figures
11, 12, 13, and 14.

𝑏 = 2.124 × 𝐼MVI + 2376.
(6)

4. The Correctional Model of Transfer Current

In (6), 𝑡 is the arcing time. 𝐼MVI is the transfer current.
The arc resistance is related with transfer current and
arcing time. The arcing time becomes longer with the increase
of the transfer current and the accumulation of heat becomes
more and more. In (6), a becomes smaller and b becomes
greater with the increase of the transfer current. In fact, arc
resistance is related to contact material, the structure, the
spacing of the contact, and so forth. The constants in (6) need
to adjust in quite different experimental condition.

The 𝐼(𝑇1) is the part of particular solution of differential
equation (3). At this moment, the arc is not generated and
the 𝑅1 remains constant. The constant 𝑅1 in other items of
(4) is replaced with 𝑅1 + 𝑅arc(𝑡) and the correctional model of
transfer current is deduced as shown in the following:
𝐼(𝑇1) = 𝐶𝑒−((𝑅1 +𝑅2 )/(𝐿 1 +𝐿 2 ))𝑡 −

𝑈𝑎
𝑅1 + 𝑅2

(𝑡 = 𝑇1) ,
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Figure 14: Arc resistance fitting in transfer current of 9.6 ka.
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The correctional transfer time is calculated with the
correctional model of transfer current. The primary transfer
time is calculated with the model of transfer current ((4)(5)) in Figures 15 and 16. The actual transfer time is the
experimental data.
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So the correctional model can provide more accurate
transfer time than the primary model for using the phasecontrol technology. The main contribution of the models can
provide guidance for planning proper timing sequence and
breaking a vacuum generator circuit breaker with the parallel
interrupters.
Because the vacuum arc is affected by many factors, there
is much work to research the more accurate vacuum arc’s
model.
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5. Conclusion
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Figure 15: Three kinds of transfer time’s comparison in different
currents.
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Figure 16: Three kinds of transfer time’s comparison at different
time of breaking MVI.

The mathematical model of vacuum arc resistance and the
correctional model of transfer current are established in this
paper. By the analysis of experimental data and the results of
simulation, the changing of real arc resistance is described
and the real vacuum arc resistance is close to exponential
growth. At the beginning of the transfer process, the arc
resistance’s growth rate is very low. But when the arc is
extinguished, the real arc resistance increases rapidly to a high
value. The arcing time becomes longer and the arc voltage is
higher with the increase of the transfer current. At the same
time, the duration of the low arc resistance’s state maintains
more time.
Although the mathematical model of vacuum arc resistance and the correctional model of transfer current are
obtained under specific experimental condition, each of the
important parameters in the models is adjustable according
to specific circumstances. The real vacuum arc resistance’s
model and the correctional model of transfer current are
widely applicable.
Because the transfer time calculated by the correctional
model of transfer current is very close to the actual transfer
time and the deviation is smaller, the models can provide
proper guidance for breaking a large generator current with
the phase-control technology.
As future work, there is much work to integrate the robust
control algorithm [15] into the breakers and regulate the
speed of breakers’ movement. The authors plan to improve
the scalability and fault tolerance [16] of the models at a satisfactory quality level and add the reciprocal determination
process [17] where the models can take into account the speed
of breakers and the type of fault current.
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