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1. Introduction
Computational imaging has emerged as an exciting research
area in recent years. Unlike conventional imaging, in which
an image is formed directly at the detector, computational
imaging inherently integrates computing in the image formation process. In addition, its unique paradigm of data acquisition and image reconstruction marries optical engineering
and mathematics. Compared with conventional imaging,
this union provides attractive advantages in imaging speed,
signal-to-noise ratio, and information throughput. Leveraging novel mathematical models and algorithms with rapidly
advancing hardware, computational imaging is versatile in
myriad applications, especially where conventional imaging
systems are inapplicable.
This special issue is composed of 12 research articles,
representing both recent developments in computational
imaging algorithms and systems and new applications. A
brief description of each paper follows.

2. Developments in Algorithms and Systems
In “An Improved Nondominated Sorting Genetic Algorithm
for Multiobjective Problem,” R. Wang improves the NSGA2
algorithm by adding a local search in each iteration. The new
algorithm outperforms the original version in solving two
classic multiobjective problems.
A. Sharma et al. present a new algorithm for clustering—
IDBSCAN—that is applicable to arbitrary shapes and huge

data bases in “Improved Density Based Spatial Clustering of
Applications of Noise Clustering Algorithm for Knowledge
Discovery in Spatial Data.” This algorithm holds promise for
a broad range of applications, including medical imaging and
remote sensing.
In “Study on MPGA-BP of Gravity Dam Deformation
Prediction,” X. Wang et al. present a hybrid algorithm that
combines a multiple population genetic algorithm (MPGA)
and a genetic algorithm-based back-propagation neural network (GA-BP). This new algorithm, which provides superior
convergence speed and prediction accuracy, is employed for
analyzing the displacement of a dam in China.
J. Zhao et al., in “A Strong Robust Zero-Watermarking
Scheme Based on Shearlets’ High Ability for Capturing
Directional Features,” use the Shearlet transform to analyze
the direction features in given images. Under various attacks,
such as compression, noise addition, and scaling, the proposed watermarking scheme shows superior performance.
In “A Doubly Adaptive Algorithm for Edge Detection
in 3D Images” S. Lantaron et al. propose a new algorithm,
DA3DED, for edge detection in 3D images. DA3DED is much
faster than the conventional 1D edge detection algorithm for
3D images.
C. Niyomugabo et al. improve the accuracy of face
detection in “A Modified Adaboost Algorithm to Reduce
False Positives in Face Detection.” The algorithm relies on
a new weighting system that gives higher weights to weak
classifiers with the best positive classifications. Experimental
results show that the new algorithm performs comparably
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to the original Adaboost algorithm but reduces false-positive
results by almost four times.

3. Novel Applications
In “3D Modeling of Transformer Substation Based on Mapping and 2D Images,” L. Sun et al. present a new modeling
method with applications in mapping hazardous areas, such
as the transformer substation.
Y. Gao et al., in “Restoration and Enhancement of Underwater Images Based on Bright Channel Prior,” leverage the
bright channel prior and histogram equalization to effectively
enhance the quality of underwater images in experiments.
In “Study on Leading Vehicle Detection at Night Based on
Multisensor and Image Enhancement Method,” M. Chen et
al. propose a computational imaging method to detect a vehicle ahead and decrease rear-end accidents. The experimental
results show that the method can accurately detect leading
vehicles and accurately determine their location.
Z. Fu et al. proposed a direction controlled nonlinear least
squares (NLS) estimation algorithm using the primal-dual
method in “Nonlinear Least Square Based on Control Direction by Dual Method and Its Application.” This algorithm
shows high precision in analyzing satellite images.
In “A Novel Image Retrieval Based on a Combination of
Local and Global Histograms of Visual Words,” Z. Mehmood
et al. present and demonstrate an effect method for identifying words in various image datasets.
In “3D Reconstruction of End-Effector in Autonomous
Positioning Process Using Depth Imaging Device,” Y. Hu
and L. Li use a simple depth device, assisted by Kalman
filtering, a back-propagation neural network, and batch point
cloud modeling, to calculate the space coordinates of an endeffector and a target. They fit a 3D surface by using the radial
basis function and the morphology. Experimental results
demonstrate the effectiveness of this approach in autonomous
positioning.
All submitted papers have undergone peer review. We
hope that these articles will present exciting developments
currently under way and stimulate further advancement in
computational imaging.
Jinyang Liang
Mohammadreza Nasiriavanaki
Ziran Wu
Liang Gao
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Displacement is an important physical quantity of hydraulic structures deformation monitoring, and its prediction accuracy
is the premise of ensuring the safe operation. Most existing metaheuristic methods have three problems: (1) falling into local
minimum easily, (2) slowing convergence, and (3) the initial value’s sensitivity. Resolving these three problems and improving the
prediction accuracy necessitate the application of genetic algorithm-based backpropagation (GA-BP) neural network and multiple
population genetic algorithm (MPGA). A hybrid multiple population genetic algorithm backpropagation (MPGA-BP) neural
network algorithm is put forward to optimize deformation prediction from periodic monitoring surveys of hydraulic structures.
This hybrid model is employed for analyzing the displacement of a gravity dam in China. The results show the proposed model is
superior to an ordinary BP neural network and statistical regression model in the aspect of global search, convergence speed, and
prediction accuracy.

1. Introduction
Dam cracks and displacement monitoring that reflect the
structural aging and disease are widely used in various forms
of dams (e.g., Xianghongdian Dam [1], Chencun Dam [2],
and Dokan Dam [3]). Dam deformation is generally caused
by three primary factors: temperature variation, chemical
reactions, and live loads [4]. Many ideas have been proposed to monitor dam deformation with statistical regression
analysis or mechanical calculation. Tonini [5] proposed that
dam displacement may come from three causative influences:
water pressure, temperature variation, and aging. Other
scholars further researched these influences and proposed
various models.
Statistical regression models [6] have been proposed to
analyze and describe dam deformation data quantitatively.
Improved models used the average temperature, certain interval number of days before the observation, to analyze Castelo
Arch Dam utilizing hysteresis of air temperature in the dam
[7]. Rocha used the power-polynomial of the reservoir water
level value to express hydrostatic pressure factor [6]. It was
not until the failure of Malpasset Arch Dam in France in
1959 and Arch Dam’s reservoir-bank landslide that we began

to realize the importance of dam safety and value safety
monitoring work. Thus, statistical regression model was used
through the finite-element method to calculate influence
factor of the dam deformation [8].
Researchers further studied and proposed deterministic
models [9]. Deterministic model can be used to analyze quantitatively and qualitatively dam time observation sequence
[10]. Multiple linear regression approaches, which are simple
and require no prior knowledge of the structure material
properties, became popular in analyzing the relationship
between environment quantity and effect size [11]. Hybrid
models, a combination of the deterministic models and
purely statistical (regression) models, can be used to analyze
dam displacement through the finite-element theory.
In the last 10 years, artificial intelligence algorithms, such
as the grey system, the fuzzy mathematic theory, the time
series, the wavelet theory, and bionics algorithm, were also
gaining popularity. The grey system has been proposed and
applied to the dam stress grey forecasting model [12, 13].
The fuzzy mathematic theory is used to analyze gravity dam
instability due to interval risk [14]. The method based on the
wavelet theory describes the effect of dam monitoring data of
quantity separating into effect size and environment quantity
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[15]. Recent studies such as artificial neural network [16] and
artificial bee colony algorithm (ABC) [17] provided excellent
fitting precision to assess feasibility and practicability of dam
safety monitoring model.
Artificial neural network, which possesses strong ability
of nonlinear function approximation and self-organizing
and self-adaptive function, has been applied to the data of
dams safety monitoring analysis and forecasting to remove
data irregularity. Backpropagation neural networks have been
proposed to monitor and predict the dam deformation while
based on the actual values of a concrete gravity dam’s horizontal displacement [16]. The prediction accuracy was greatly
improved from previous statistical model. In addition, space
displacement analysis [18] and the forward-inversion analysis
method [19] were also proposed to supervise dam deformation. That BP network model’s shortcomings were optimizing
the structure of the network model and establishing the dam
deformation forecasting model whose BP neural network
was improved [20]. Recent studies [21, 22] have revealed
that the artificial neural network can be applied to monitor
deformation and monitor seepage of earth-rock dams.
Many studies [23, 24] demonstrated that BP neural
network has some defects, such as slow learning convergence speed, local extremism, and the inconsistency and
unpredictability of the structure. Therefore, many scholars
combined BP neural network and other theories to improve
prediction accuracy, such as fuzzy mathematics theory [25,
26]. Such combination provides better results than regression
models. The combination with wavelet decomposition on the
function approximation improved the fitting and prediction
accuracy of dam deformation monitoring [27]. The combination with particle swarm also received good forecasting
results [28]. A hybrid wavelet neural network methodology
shows the superiority in improving prediction precision of
time-varying behavior of engineering structures [29].
As a new type of search methods, genetic algorithm (GA)
has many advantages, such as simple general, high global
searching capability, strong robustness, and wide application
range. Many studies have shown that these advantages can be
used to optimize BP neural network’s structure, the weight,
threshold value, and parameters and improve the prediction
accuracy. Fu et al. [30] combined genetic algorithm backpropagation neural network prediction and finite-element
model simulation to improve the process of multiple-step
incremental air-bending forming of sheet metal. However,
little research has been conducted in dam deformation
analysis. Yin et al. [31] proposed the use of the GA-BP to
optimize the injection molding process parameters. Chen et
al. [32] suggested that GA-based BP neural network could
be a promising approach for anticipating MMP in CO2 -EOR
process. However, the results [30–32] may have been more
beneficial if the phenomenon of premature convergence in
the GA was considered; because all individuals in the population tended to have the same status and stopped evolution, the
algorithm fails to give a satisfactory solution. Furthermore,
when using normal GA to solve practical problems, we
could have been puzzled by setting control parameters and
designing the genetic operator. They tend to be given based
on the actual problem tentatively. As aforementioned, the
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inappropriate setting will largely influence the performance
of the algorithm. Thus further studies are required for
exploring the applicability and reliability of GA-BP in dam
deformation and seeking better methods of improvement.
The objective of this study is to analyze the feasibility
of GA-BP in dam deformation, to explore the usefulness of
proposed multiple population genetic algorithm backpropagation (hybrid MPGA-BP model), and to compare it with
statistical regression model and conventional BP network
model with the same parameter for dam deformation analysis. The rest of the paper is arranged as follows. Section 2
points out the pertinence between the loads and the dam
behavior and then presents a brief review of BP neural
network and MPGA and introduces proposed MPGA-BP
model. Section 3 provides a case study of a gravity dam, which
includes model setting-up, the results of model analysis,
and evaluation. Several figures and tables are presented to
illustrate the comparison among the statistical regression
model, BP neural network model, and MPGA-BP model.
Section 4 presents concluding remarks.

2. Material and Methods
2.1. Statistical Relation between the Loads and the Dam
Behavior. Dam structure is influenced by hydraulic, environmental, and geomechanical factors. Therefore, the situation
requires us to study the variables that affect the dam behavior before applying the improved artificial neural network
approaches. Based on the results of the study of [33, 34],
the approved formulation for deformation 𝑦 of an observing
point located on the dam can be generated as follows:
𝑦 = 𝑦𝐻 + 𝑦𝑇 + 𝑦𝜃 ,

(1)

where 𝑦𝐻 , 𝑦𝑇 , and 𝑦𝜃 are the displacements contributed
by hydrostatic pressure, temperature variation, and aging,
respectively.
As an important factor of deformation, hydrostatic pressure can be expressed as a polynomial function for the
reservoir water level 𝐻 above the foundation as follows:
𝑛

𝑦𝐻 = 𝑎0 + ∑𝑎𝑖 𝐻𝑖 ,

(2)

𝑖=1

where 𝑎0 and 𝑎𝑖 are determined by regression analysis; 𝑛 is
the number of water pressure factors (𝑛 = 3 for the concrete
gravity dam).
The displacement contributed by temperature variation
can be modeled in two ways. If temperature measurements
within the dam body and foundation are adequate and
available, then
𝑛

𝑦𝑇 = 𝑏0 + ∑𝑏𝑖 𝑇𝑖 ,

(3)

𝑖=1

where 𝑇𝑖 is the temperature measured values at temperature
measuring point at point 𝑖; 𝑏0 and 𝑏𝑖 are determined by
regression analysis; 𝑛 is the number of temperature factors.
If temperature measurements are inadequate and unavailable, the form of measured temperature cannot be used to
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describe temperature field’s variation. When dam temperature field closes to the quasi-stable temperature field, we can
describe approximatively the changes of temperature field
within dam body through the changes of temperature outside.
But there is a lag effect on the dam body internal temperature
variation which was influenced by air temperature changes.
So, the influence of air temperature variation on monitoring
effect-quantity also causes a lag effect. As a consequence, average temperature of several days before the day of monitoring
effect-quantity was served as temperature factors. Therefore
the form of temperature temporal loadings can be described
as follows:

yM

..
.

𝑛

𝑦𝑇 = 𝑏0 + ∑𝑏𝑖 𝑇𝑖(𝑙−𝑚) ,

(4)

𝑖=1

where 𝑇𝑖(𝑙−𝑚) is the average value of the temperature factors
𝑖 in the day 𝑙 to the day 𝑚 before observational days; 𝑏0 and
𝑏𝑖 are determined by regression analysis; 𝑛 is the number of
temperature factors. The influence contributed by aging can
be modeled as follows:
𝑛

𝑦𝜃 (𝑡) = 𝑐0 + ∑𝑐𝑖 𝐼𝑖 (𝑡) ,

Input layer

Hidden layer

where 𝐼𝑖 is the relation function of the aging factor; 𝑡 is
order value of observational days; 𝑡𝑜 is the order value of
base day; 𝑛 is the number of temperature factors. 𝑐0 is the
regression constant; 𝑐𝑖 is the regression coefficient; 𝑐0 and 𝑐𝑖
are determined by regression analysis.
2.2. Structure of BP Neural Network. W. McCulloch and W.
Pitts opened an era of neuroscience research in 1943 since
they created the mathematical model of neuron formation
and imitation of biological neuron activity function. As a
mathematical analogue of the biological system, it can be used
to highlight processes, to deal with fuzzy information, or to
display chaotic properties. BP neural network is by far the
most widely used neural network, whose training method is
based on the error backpropagation (BP) to the multilayer
neural network. The topology of the BP neural network
structure is as in Figure 1. In the figure, a three-layer structure
of BP neural network divides into input layer, one hidden
layer, and output layer. The individual neurons connected
between two layers; there is only a connection weight between
adjacent two layers. When a set of data enter the network
structure from the input layer, the value of each hidden
layer node can be obtained, combining with the weights
between input layer and hidden layer and related algorithm.
Then the value of each output node will arise by combining
with the weights between hidden layer and output layer and
the related algorithm. Nevertheless, the expected output and
actual output had certain error; the model would utilize
predetermined error values to adjust the weights between
layers. This process will repeat until the predetermined error
values present.
Assuming the input value of neural network is [𝑥1 , 𝑥2 , . . . ,
𝑥𝑚 , . . . , 𝑥𝑀]T , the output value is [𝑦1 , 𝑦2 , . . . , 𝑦𝑗 , . . . , 𝑦𝐽 ]T and
the target value is 𝑂𝑖𝑗 ; as the hidden layer excitation function,

Desired output

Figure 1: BP neural network topology structure.

𝑓1 adopts the Sigmoid function. Sigmoid function can control
the arbitrary input within the scope of (0, 1). Logarithmic
Sigmoid function relation can be modeled as follows:

(5)

𝑖=1

Output layer

𝑓 (𝑥) =

1
.
1 + exp (−𝑥)

(6)

As the output layer excitation function, 𝑓2 adopts the
linear type function that can be modeled as follows:
𝑓 (𝑥) = 𝑘𝑥 + 𝑐;

(7)

𝑤𝑚𝑘 is connection weight between the 𝑚th input layer neuron
and the 𝑘th hidden layer neuron; 𝑤𝑘𝑗 is connection weight
between the 𝑘th hidden layer neuron and 𝑗th output layer
neuron; 𝜃𝑘 is the threshold value of 𝑘th hidden layer neuron;
𝜃𝑗 is threshold value of 𝑗th hidden layer neuron; 𝜂 is the
learning rate of the network; 𝐸 is error between the output
value and target value.
The BP neural network training process is mainly divided
into the following two steps.
Step 1 (forward propagation). Obtain the input values of the
𝑘th hidden layer neuron as follows:
𝑀

net𝑘 = ∑ 𝑤𝑚𝑘 𝑥𝑚𝑘 .

(8)

𝑚=1

Because the threshold value of the 𝑘th hidden layer
neuron is 𝜃𝑘 , we can get the 𝑘th hidden layer neuron
activation value net𝑘 − 𝜃𝑘 . Therefore, the 𝑘th hidden layer
output value can be expressed as V𝑘 = 𝑓1 (net𝑘 − 𝜃𝑘 ), 𝑘 =
1, 2, . . . , 𝐾. The same can be deduced such that the input value
of the 𝑗th output layer neuron is net𝑗 = ∑𝐾
𝑘=1 𝑤𝑘𝑗 V𝑘 , the
threshold value of the 𝑗th output layer neuron is 𝜃𝑘 , the 𝑗th
output layer neuron activation value is net𝑗 − 𝜃𝑗 , and the 𝑗th
output layer output value is as follows:
𝑦𝑗 = 𝑓2 (net𝑗 − 𝜃𝑗 ) ,

𝑗 = 1, 2, . . . , 𝐽.

(9)
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Figure 2: Calculation flow chart of BP neural network.

Step 2 (reverse propagation). If the difference value between
output value of forward propagation and that we expect is
bigger than set value, the corresponding weights need to
be adjusted backwards constantly. The error function of the
neural network can be expressed as follows:
2
1 𝐽
𝐸 = ∑ (𝑦𝑗 − 𝑂𝑖𝑗 ) .
2 𝑗=1

𝜕𝐸
𝜕𝐸 𝜕𝑦𝑗
= −𝜂
⋅
𝜕𝑤𝑘𝑗
𝜕𝑦𝑗 𝜕𝑤𝑘𝑗

= 𝜂 (𝑂𝑖𝑗 − 𝑦𝑗 ) ⋅

𝑓2

(10)

(11)

⋅ V𝑘 = 𝜂 ⋅ 𝛿𝑖𝑗 ⋅ V𝑘 ,

where 𝛿𝑖𝑗 = (𝑂𝑖𝑗 − 𝑦𝑗 ) ⋅ 𝑓2 , 𝑓2 represents excitation function
𝑓2 (𝑢) derivation of the independent variable 𝑢, and 𝑢 is the
activation value of this layer. In the same way, we can get
threshold value increment of the output layer as follows:
Δ𝜃𝑗 = −𝜂

𝜕𝐸
𝜕𝐸 𝜕𝑦𝑗
= −𝜂
⋅
= −𝜂 (𝑂𝑖𝑗 − 𝑦𝑗 ) ⋅ 𝑓2
𝜕𝜃𝑗
𝜕𝑦𝑗 𝜕𝜃𝑗

Δ𝑤𝑚𝑘 = −𝜂

𝐽
𝜕𝐸 𝜕𝑦𝑗 𝜕V𝑘
𝜕𝐸
= −𝜂 ∑
⋅
⋅
𝜕𝑤𝑚𝑘
𝑗=1 𝜕𝑦𝑗 𝜕V𝑘 𝜕𝑤𝑚𝑘

𝐽

Based on the gradient descent method, the incremental
formula of connection weights between 𝑘th hidden layer
neuron and 𝑗th output layer neuron can be described as
follows:
Δ𝑤𝑘𝑗 = −𝜂

neuron and 𝑘th hidden layer neuron can be described as
follows:

(12)

= −𝜂 ⋅ 𝛿𝑖𝑗 .
Then, based on the same gradient method, the incremental
formula of connection weights between 𝑚th output layer

= 𝜂 ∑ (𝑂𝑖𝑗 − 𝑦𝑗 ) ⋅ 𝑓2 ⋅ 𝑤𝑘𝑗 ⋅ 𝑓1 ⋅ 𝑥𝑚

(13)

𝑗=1

𝐽

= 𝜂 ⋅ 𝑥𝑚 ⋅ ∑ 𝜎𝑖𝑗𝑘 ,
𝑗=1

where 𝜎𝑖𝑗𝑘 = 𝛿𝑖𝑗 𝑤𝑘𝑗 𝑓1 represents excitation function 𝑓1 (𝑢)
derivation of the independent variable 𝑢. Therefore, threshold
value increment of the output layer can be deduced as follows:
𝐽

𝐽

𝑗=1

𝑗=1

Δ𝜃𝑘 = −𝜂 ∑ (𝑂𝑖𝑗 − 𝑦𝑗 ) ⋅ 𝑓2 ⋅ 𝑤𝑘𝑗 ⋅ 𝑓1 = −𝜂 ∑ 𝜎𝑖𝑗𝑘 .

(14)

Through the update incremental formula above, neurons connection weights and thresholds can be iterated
and updated for the next network learning and training.
Subsequently, circuit training the above steps many times,
the neural network connection weights and thresholds are
continually updated. Meanwhile, output error will also tend
to be minimum. When the minimum reaches set value, the
loop is completed; if not reached, the cycle training continues
for many times. The BP neural network calculation flow
diagram was shown in Figure 2.
2.3. Multiple Population Genetic Algorithm (MPGA). Although the genetic algorithm shows excellent characteristics

Mathematical Problems in Engineering

5

Immigration operator

Immigration operator

Immigration operator

SGA

SGA

SGA

Artificial selection

Artificial selection

Artificial selection

Population 1

Population N

Population 1

Elite population
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of its global efficiency, it also has its disadvantages in practical
application. One of the important is premature convergence
which is considered the common phenomenon in the GA. It
has much effect on the solution of the optimal value, whose
main characteristic is that all individuals in the population
present a trend and terminate evolution. Thus, the satisfied
solution cannot be obtained. The multiple population structure has been introduced in order to solve the problem of
premature convergence of the GA. This paper uses multiple
population genetic algorithm replacing conventional standard genetic algorithm. The structure diagram was shown in
Figure 3.
MPGA is mainly done through the following optimization based on SGA:
(1) MPGA introduces multiple populations to optimize
searching simultaneously, while SGA has only a
single population. Different population can achieve
different searching purposes with control different
parameters.
(2) Through the migration operator contacting various
populations, the multiple population coevolution can
be realized. It will eventually obtain the optimal
solution.
(3) Artificial selection operator will save the best individual of each population in evolution, which is regarded
as criterion of the algorithm convergence.
In MPGA, each population selects different control
parameters. Meanwhile, the value of crossover probability
and mutation probability decided the algorithm’s global
search and local search ability. Although many articles and
scholars advised choosing a larger crossover probability 𝑃𝑐
(0.7∼0.9) and smaller mutation probability 𝑃𝑚 (0.001∼0.05),
approaches to 𝑃𝑐 and 𝑃𝑚 are still not sure. Many kinds
of possibility lead to the final optimization results causing
great difference. MPGA overcomes this shortcoming of SGA.
The multiple cooperation in a kind of coevolution with the
population of random control parameters takes into account

the global search and local search ability in SGA. But while
all populations in the MPGA are independent of each other,
they can contact by immigration operator (immigrant). That
immigrant moves the best individual in kinds of population
in the process of evolution into other populations every
certain number of generations for exchanging information
between populations. As aforementioned, the immigrant in
the MPGA is crucial. If the immigrant does not exist, there
is no contact between kinds of population and MPGA is
equivalent to using different control parameters for the SGA
calculation for many times. Then, the problem of premature
convergence is not solved. Every evolution generation should
select the best individual of other populations through
artificial selection operator (EliteIndividual) and put it in elite
population to save. Unlike other populations, elite population
is without related genetic operation, to ensure the integrity
of the best individual. At the same time, elite population
is termination criterion of the algorithm, where one uses
the best individual keeping the number of generations as
termination criterion. This method is more reasonable than
the SGA, whose biggest number of generations is seen as the
termination criterion.
2.4. Multiple Population Genetic Algorithm with Backpropagation (MPGA-BP). As aforesaid, the BP neural network
and the standard genetic algorithm (SGA) have their own
shortcomings. This study suggests using multiple population
genetic algorithm (MPGA) to solve the problem of premature
convergence in SGA and to optimize the BP neural network
weights and threshold for speeding up the learning speed of
network. MPGA-BP model includes the advantages of the BP
neural work, such as nonlinear mapping ability, self-learning
and adaptive ability, and strong fault-tolerant ability. It uses
genetic algorithm to overcome the BP neural network easy
falling into local minimum value, slow convergence speed,
initial threshold and weight values difficult to determine, and
other shortcomings. Meanwhile, it uses concept of multiple
population to solve the problem of premature convergence
of genetic algorithm itself retaining the global search ability
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of genetic algorithm. The modeling steps of MPGA-BP
generally include the following.
Step 1. Determine the topological structure of BP network
(determine the number of weights and thresholds to be
optimized).
Step 2. Genetic operation is based on each population’s
initialized code (put the norm of prediction error matrix as
objective function; design the fitness function).
Step 3. Set crossover and mutation parameters for each
population (introduce multiple population concept to genetic
algorithm).
Step 4. Collect the best individual of various populations
to form an elite population through immigration artificial
selection operation (realize best individual with the optimal
weights and thresholds of the network).
Step 5. Assign the best individual weights and threshold to
the BP neural network.
Step 6. Get the final result through the network training,
testing, and verifying.
2.4.1. Set Parameters. Set the size of the population as 𝑁.
Then, an initial population can be generated randomly as
follows:
T

𝑊 = (𝑊1 , 𝑊2 , . . . , 𝑊𝑁) .

(15)

Each individual population needs encoding because solutions that need to be optimized in initial populations are BP
network’s weights and thresholds. This study adopts binary
encoding method, which encodes every individual into a
binary string. Here, the size of the individual consists of
four parts; there are connection weights of input layer and
hidden layer, thresholds of implicit layer, connection weights
of hidden layer and connection layer, and thresholds of
output. Each individual’s weights and thresholds use 𝑆 bit
binary code. Connecting all codes of weights and thresholds
forms an individual code string. Assume that the input layer
contains 𝑀 nodes, the hidden layer contains 𝐿 nodes, and the
output layer contains 𝐽 nodes; then the length of individual
code string is 𝐾 = (𝑀 ⋅ 𝐿 + 𝐿 + 𝐿 ⋅ 𝐽 + 𝐽) ⋅ 𝑆. Therefore each
individual code string can be expressed as follows:
𝑊𝑖 = (𝑤1 , 𝑤2 , . . . , 𝑤𝑘 ) ,

𝑖 = 1, 2, . . . , 𝑁.

(16)

2.4.2. Design Fitness Function. In the genetic algorithm, the
solution of issue is shown as the values of population individual and survival of the fittest through fitness function. In this
paper, we are going to get the optimal weight and threshold
of BP network, so the individual values are expressed as
weights and thresholds of BP network and the error norm
of the matrix can be chosen as target function. There will
be a positive and negative value of the target function, so
we need to design a fitness function. We need to ensure that
fitness value is nonnegative based on the relationship between

fitness function and target function. At the same time, the
optimization direction of target function is the increased
direction of fitness.
For the optimization problem of target function’s minimum, we need to add a minus sign to transform it into the
optimization problem of target function’s maximum in theory
as follows:
𝐹 (𝑥) = − min 𝑓 (𝑥) .

(17)

For the problem of target function’s maximum, we can
directly set up fitness function as equal to the target function,
when the target function is always positive as follows:
𝐹 (𝑥) = max 𝑓 (𝑥) .

(18)

This paper mainly involves the target function’s minimum, so we choose the fitness function as formula (17).
2.4.3. Design Genetic Operators and Multiple Populations.
MPGA includes SGA genetic operation: selection, crossover,
and mutation. Selection operation is mainly to choose excellent individual with a certain probability from old population
to form new population in order to reach the goal of breeding
the next generation individuals. Crossover operation is to
select two individuals at random from the population and to
pass parents’ excellent genetics to offspring through exchanging and combination of two chromosomes for generating
new excellent individuals. The main purpose of the mutation
operation is to maintain the diversity of population.
In MPGA model, different population has different
crossover probability 𝑃𝑐 and smaller mutation probability 𝑃𝑚 .
Crossover probability 𝑃𝑐 generates in [0.7, 0.9] at random
while mutation probability 𝑃𝑚 generates in [0.001, 0.5] at
random. Then selection of each population uses roulette
wheel to sample. The crossover operator uses simple singlepoint crossover operator while mutation operator adopts
the method of discrete variable. By introducing the migration operator (immigrant) and artificial selection operator
(EliteIndividual), the best individual of various populations
can form elite population. The best individual finally got
is best solution of the error function, which is the optimal
weights and thresholds of the neural network. Multiple
population genetic neural network calculation processes were
shown in Figure 4.

3. Case Study
3.1. Data Set. A series of observations including the water
level, temperature, and aging of a gravity dam in China
were used building the MPGA-BP model. The crest length
of the dam is 1080 m, the crest elevation is approximately
91.7 m, the upstream slope is 95%, the downstream slope is
78%, the profile is approximately the triangle, and the total
reservoir capacity is 11.5 billion cubic meters. Observation
wire system has been set within crest cable corridor. In this
study, we examined the recorded data of the monitoring
point No. 16, which is located at the centre of impervious
reinforced concrete face of the overflow dam section as shown
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in Figure 5. The test data set, built up over a period of ten
years, consists of 489 pairs. These data reflect the change of
displacement, water level, temperature, and aging. In order to
avoid raising the overfitting problem in BP network training,
we use half data for training, a quarter for validating and a
quarter for predicting. By considering the dam characteristics
in Section 2.1 and the available observations, we selected

the ten variables listed in Table 1 as influential factors for
forecasting dam deformation.
3.2. Determinate Hidden Layer Nodes. There exists a Kolmogorov theorem, namely, the continuous function representation theorem, ensuring that any continuous function
or mapping can be used in a three-layer neural network to
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Table 1: Variables used to forecast dam deformation.

Description
Water level

Variable
Var. 1
Var. 2
Var. 3
Var. 4
Var. 5
Var. 6
Var. 7
Var. 8
Var. 9
Var. 10

Temperature

Aging

Calculation
𝐻
𝐻2
𝐻3
𝑇0
𝑇5
𝑇15
𝑇30
𝑇60
𝜃
ln 𝜃

Through observing the relationship between the number
of hidden layer nodes and the MSE value we concluded that if
the number of hidden layer nodes were 13, the MSE value of
network would be smaller. So we determine that the number
of hidden layer nodes is 13 and the network structure is 10-131.
3.3. Sample Data Normalization. On account of the difference of units and dimension within sample data (displacement, water pressure, temperature, and aging), we need to
carry out normalization processing with sample values of
input factors and output factors. Retaining original nature
of sample data makes the values in [−1, 1]. Normalization
formula is as follows:
𝑥nor = 2 ×

realize. The network includes input layer, output layer, and
hidden layer. Then, the number of hidden layer nodes has a
great impact on the generalization and the training speed.
If the number of nodes were too small, network nonlinear
mapping ability would be low, prediction accuracy would be
not high, and the network would be thin. If the number of
nodes were too large, the learning time would be too long and
the training speed would be slow. So the appropriate number
of nodes is crucial to a strong network. At present, there is no
clear theoretical guidance to selection method of the number
of hidden layer nodes. The empirical formula commonly used
in the application is as follows:
𝑙 = √𝑚 + 𝑛 + 𝑎,

(19)

where 𝑚, 𝑛, and 𝑙 are the number of input layer nodes, the
number of output layer nodes, and the number of hidden
layer nodes. 𝑎 is the constant of 1∼10.
In addition, the number of nodes can be found out
through the test algorithm. We eventually get the appropriate
value through either training from smaller number of nodes
and increasing gradually the number of nodes based on
the change of network output error or training from larger
number of nodes and reducing gradually the number of
nodes. This method consumes more time and energy for a
large number of calculations. And not only that, it is able
to quickly find suitable number of hidden layer nodes on
account of strong randomness.
This study uses the method of combining the empirical
formula and test algorithm to determine the number of nodes
in the hidden layer. In the case, 𝑚 and 𝑛 are 10 and 1.
The values range of 𝑙 is 5∼14 based on formula (19). Then,
we utilize the method of gradual growth to start the trial
and compare mean square error values (MSE) of network
verification results under the condition of different number
of nodes. Do test 10 times, respectively, on different number
of nodes (5∼14), and then take their average MSE to compare.
The test results were listed in Table 2:
MSE =

1 𝑁
1 𝑁
2
2
∑ (𝑒𝑖 ) = ∑ (𝑡𝑖 − 𝑎𝑖 ) ,
𝑁 𝑖=1
𝑁 𝑖=1

(20)

where 𝑎𝑖 and 𝑡𝑖 are network output value and desired output
of validation sample.

𝑥 − 𝑥min
− 1,
𝑥max − 𝑥min

(21)

where 𝑥, 𝑥max , and 𝑥min are the original sample data, the
maximum of sample data, and the minimum of sample data.
𝑥nor is the normalized sample data. The premnmx function
can be used to achieve this process in the MATLAB. For
network output value, normalized deformation on the above
formula can be used to obtain sample data.
3.4. Optimization Process of MPGA-BP. Common encoding
includes binary code, grey code coding, and real coding. The
binary coding is one of the most common kinds of coding
way. It not only facilitates implementation of the genetic
operations such as crossover and mutation, but also causes
encoding and decoding operation to be easy. This study uses
a binary code, which is set up of binary notation {0, 1}.
Code string consists of connection weights of input layer and
hidden layer, hidden layer threshold, connection weights of
hidden layer and output layer, and output layer threshold.
As aforementioned, the length of individual coding is 𝐾 =
(𝑀 ⋅ 𝐿 + 𝐿 + 𝐿 ⋅ 𝐽 + 𝐽) ⋅ 𝑆, where 𝑆 are binary digits, which
have been set as 𝑆 = 10. So the length of individual coding
is 𝐾 = (10 × 13 + 13 + 13 × 1 + 1) × 10 = 1570. Then, 𝑁
individuals like these form a group, set 𝑁 = 100. The scope
of the initial weights and threshold has been set in (−1, 1). In
the MPGA, the number of the populations is more than one,
which has been set as MP = 10. There is mutual relationship
between multiple populations.
Fitness function is a method to judge whether individual
population is good or bad. We decode the code representing
weights and threshold on the code string and substitute into
the BP neural network. By using training samples to train
the network and using testing samples to test the network
the test error 𝑒 = ∑ |𝑦𝑖 − 𝑜𝑖 | can be obtained, where 𝑦𝑖
is the expected output of 𝑖th node and 𝑜𝑖 is the predicted
output of 𝑖th node. In order to make the error of predicted
values and expectations as small as possible in the BP network
prediction, we may choose error matrix norm as objective
function. Considering the objective function that the model
final seeks is minimum, we can simply add a minus sign.
Therefore, the fitness function can be used as follows:
𝑓 = −𝑒 (𝑥) .

(22)
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Table 2: Relationships between the number of hidden layer nodes and the MSE value.
𝑛
MSE

5
0.00286

6
0.00247

7
0.0023

8
0.00254

9
0.00242

Table 3: Parameters used in implementing MPGA-BP variable
selection.
Hidden layer transfer function
Output layer transfer function
Training function
Times of training
Training goal
Learning rate
Number of populations
Population size
Generation gap
Binary digits

tansig
purelin
trainlm
2000
0.001
0.1
10
100
0.9
10

In MATLAB, Sheffield genetic algorithm toolbox has a
fitness distribution function named ranking based on the sort
to achieve the goal as follows: Fitn 𝑉 = ranking (−obj), where
obj is the output of the objective function.
The optimization process of MPGA certainly contains
the inherent optimization operation of standard genetic
algorithm (SGA), which has selection, crossover, and mutation operation. Selection operation adopts roulette selection
operator (RWS) in the Sheffield genetic algorithm toolbox.
Crossover operation adopts single-point crossover operator
(xovsp). Crossover probability 𝑃𝑐 arises at random in the
range of [0.7, 0.9]; then they are endowed corresponding
population that generated randomly. Mutation operation
adopts discrete mutation operator (mut). Just like crossover
probability, mutation probability arises at random in the
range of [0.001, 0.05]; then they are endowed corresponding
population that generated randomly. The parameters were
set to default value (see Table 3) so as to obtain the best
exploitation. Not only does MPGA optimization contain
the SGA optimization, but it also contains the migration
operator and artificial selection operator. Various groups are
relatively independent, but they contact with each other by
immigration operator (immigrant). It is able to take the best
individual arising from genetic operation into other populations every certain evolution population. This process allows
the exchange of information between populations. The best
individual in other populations can be selected by artificial
selection operator (EliteIndividual) to preserve within the
elite population. Seeing the minimum preservation population of the best individual as termination substratum, the
elite population no longer does genetic operation. The abovemotioned operation effectively solves the premature problem
in SGA.
3.5. Modeling and Forecasting. In this paper, we established
MPGA-BP model compiled by MATLAB software to train the
sample data and forecast dam deformation. From the error

10
0.00251

11
0.00241

12
0.00243

13
0.00228

14
0.00231

changing curve of the inducing generation (see Figure 6),
we decided to demonstrate the relationship between error
changes and genetic generations. The figure shows a trend
of decrease of network error as a whole with the increasing
of generation. After the genetic generation reached 21 generations, fitness is stable and gradually converges to 0.3781.
Moreover, the optimal initial weights and threshold were
substituted into BP neural network for training. In Figure 7,
the blue line represents the training process while black line
represents the target error. The figure shows the termination
of network training after 8 times of training. The training
error of sample is 0.000864965 which is less than the target
0.001.
On the other hand, stepwise regression and ordinary BP
have the same topological structure 10-13-1 and were also
carried out in this study for comparison with MPGA-BP
model. The same data has been applied to train and forecast.
Details of the investigation are listed in Table 4.
Through the contrast in Table 4 it can be seen that the
error of statistical regression is higher than that of MPGABP model and BP model. The reason is that the limited
data for linear regression model is hard to fitting nonlinear
relationship accurately. The prediction error range of MPGABP network model is in [−1, 1] while that of BP network
model is in [−1.8, 2.6]. By contrast, MPGA-BP model is better
than BP model on the overall accuracy. By calculating, we can
find that the standard deviation of prediction error is 0.4778
and 0.7545, respectively. What is more, the average relative
error is 2.35% and 8.04%, respectively. Statistics indicate that
MPGA-BP model is much more stable than BP model. And
not only that, but the number of network training times is
8 and 14 times, respectively, which means MPGA-BP model
is superior to the BP network model in prediction accuracy
and the convergence. In order to better reflect the superiority
of the three models, test sample error matrix norm of the
predicted and measured values can be used to compare.
Norm results came from the MATLAB and SPSS running in
Table 5.
By contrast, it is not difficult to find that error matrix
norms of MPGA-BP model are smaller than other two models in the process of the training, validation, and prediction.
This reflects that MPGA-BP model is superior to other two
models from another aspect. From Figure 8 we can see the
forecasting process line of three models compared with the
measured values curve. Likewise, from Figure 9 we can see
the comparison between the three kinds of model prediction
error curve.
Figures 10 and 11 are the simulation rendering of MPGABP model and its error distribution curve, respectively.
Figure 10 illustrates that the transformation trend of the
predicted and the measured values is consistent on the whole.
The error distribution interval is in the range of [−1, 1]. It is
only a few points in this interval that fitting precision is low
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Table 4: Comparison of measured value under the conditions and predicted values for three models.

Serial number Measured value
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48

3.42
2.92
2.40
1.61
0.28
−0.66
−2.01
−2.05
−1.05
−0.31
1.54
2.45
3.57
4.03
2.86
1.75
0.25
−0.57
−1.34
−1.71
−1.29
−0.41
1
2.58
3.44
2.78
2.54
1.61
0.34
−0.53
−1.63
−1.81
−1.45
−0.13
1.44
2.65
3.3
3.05
2.55
2.07
0.75
−0.36
−1.29
−2.08
−0.87
0.75
1.22
2.45

MPGA-BP network
Predicted value Absolute error
3.219
−0.201
3.099
0.179
2.2092
−0.1908
0.9662
−0.6438
−0.11
−0.39
−0.4886
0.1714
−5.757
−0.0809
−2.1287
−0.0787
−0.7926
0.2574
−0.3099
0.0001
1.5925
0.0525
2.7487
0.2987
3.5094
−0.0606
3.6277
−0.4023
3.4951
0.6351
1.7595
0.0095
0.133
−0.117
−0.8113
−0.2413
−1.6984
−0.3584
−1.7945
−0.0845
−1.0311
0.2589
−0.4861
−0.0761
0.9514
−0.0486
2.6243
0.0443
3.2802
−0.1598
3.0696
0.2896
2.9736
0.4336
0.9371
−0.6729
−0.0086
−0.3486
−0.7678
−0.2378
−1.6412
−0.0112
−1.6554
0.1546
−1.4973
−0.0473
−0.4999
−0.3699
1.6243
0.1843
2.9985
0.3485
2.9541
−0.3459
3.5091
0.4591
3.0312
0.4812
2.4561
0.3861
0.64996
−0.1004
−0.1018
0.2582
−1.4917
−0.2017
−2.2348
−0.1578
−0.9948
−0.1248
0.7598
0.0098
1.0021
−0.2179
1.7558
−0.6942

BP network
Predicted value Absolute error
2.9499
−0.4701
2.6533
−0.2667
2.6708
0.2708
0.9569
−0.6531
0.617
0.337
−1.8839
−1.2239
−2.4074
−0.3974
−2.2925
−0.2425
−0.4213
0.6287
−0.7973
−0.4873
0.9992
−0.5408
2.8884
0.4384
3.3034
−0.2666
5.1262
1.0962
3.739
0.879
1.2968
−0.4532
0.3085
0.0585
−1.2609
−0.6909
−0.8202
0.5198
−2.1513
−0.4413
−1.137
0.153
−0.6547
−0.2447
0.9505
−0.0495
2.2951
−0.2849
2.2069
−1.2331
2.2219
−0.5581
2.8318
0.2918
0.3634
−1.2466
0.8106
0.4706
−1.0756
−0.5456
−1.3885
0.2415
−1.5228
0.2872
−2.3524
−0.9024
−0.2023
−0.0723
0.8773
−0.5627
2.9386
0.2886
3.5507
0.2507
3.7402
0.6902
3.2089
0.6589
2.5193
0.4493
−0.9744
−1.7244
−0.7845
−0.4245
−1.9291
−0.6391
−3.1187
−1.0387
−0.7079
0.1621
1.1541
0.4041
2.2424
1.0224
1.897
−0.553

Statistical regression model
Predicted value Absolute error
3.4946
0.0746
1.1312
−1.7888
1.0325
−1.3675
−1.6487
−3.2587
−1.8689
−2.1489
−0.6495
0.0105
−1.8241
0.1859
−0.6052
1.4448
0.102
1.152
−0.1388
0.1712
−0.3177
−1.8577
0.3896
−2.0604
5.3142
1.7442
5.4135
1.3835
6.2595
3.3995
3.3688
1.6188
0.0966
−0.1534
−2.2653
−1.6953
−1.2542
0.0858
−0.1046
1.6054
−0.166
1.124
0.8821
1.2921
1.8992
0.8992
2.8736
0.2936
2.0372
−1.4028
0.1712
−2.6088
0.3636
−2.1764
−2.4768
−4.0868
3.3434
3.0034
0.106
0.636
0.4952
2.1252
−0.7823
1.0277
−3.3323
−1.8823
−1.7023
−1.5723
1.2163
−0.2237
4.2088
1.5588
3.9739
0.6739
4.7142
1.6642
3.7868
1.2368
2.9521
0.8821
−0.7985
−1.5485
−3.5358
−3.1758
−1.8964
−0.6064
−2.698
−0.618
2.0642
2.9342
3.0046
2.2546
6.9321
5.7121
1.4844
−0.9656
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Table 4: Continued.

Serial number Measured value
4.09
3.68
2.65
1.63
0.51
−0.28
−2.26
−2.74
−2.13
−0.87
0.19
1.78

49
50
51
52
53
54
55
56
57
58
59
60

MPGA-BP network
Predicted value Absolute error
3.8346
−0.2554
3.7379
0.0579
2.1345
−0.5155
1.4641
−0.1659
−0.1674
−0.6774
−0.4346
−0.1546
−1.3331
0.9269
−2.3767
0.3633
−1.4265
0.7035
−1.3164
−0.4464
0.1876
−0.0024
1.9028
0.1228

BP network
Predicted value Absolute error
3.5129
−0.5771
4.338
0.658
2.0135
−0.6365
1.9165
0.2865
−0.1089
−0.6189
0.4133
0.6933
0.3333
2.5933
−1.9026
0.8374
−2.2508
−0.1208
−1.0228
−0.1528
−0.0096
−0.1096
1.1716
−0.6084

Statistical regression model
Predicted value Absolute error
3.2155
−0.8745
4.2639
0.5839
5.1232
2.4732
4.2448
2.6148
0.1948
−0.3152
−2.697
−2.417
−2.428
−0.168
−3.7954
−1.0554
−4.662
−2.532
−1.1613
−0.2913
1.849
1.659
0.4988
−1.2812

Table 5: The related parameters for three models.
Model

Prediction
error norm

Prediction error
standard
deviation

Prediction
relative error

Training
error norm

Validation
error norm

0.4581
0.6049

0.4778
0.7545

2.35%
8.04%

0.4379
0.4855

0.4769
0.5071

1.6821

1.8539

18.38%

1.5478

1.7456

MPGA-BP network
BP network
Statistical
regression model

Evolutionary process

0.75

Performance is 0.000864965; goal is 0.001

100

Training: blue; goal: black

0.7

Error changing

0.65
0.6
0.55
0.5
0.45
0.4
0.35
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Figure 6: Error evolution process curve of MPGA-BP network.

and error is big. The individual point has certain deviation
because BP network reflects the common sense rather than a
single individual.
To sum up, we suggest that MPGA-BP model is far superior to statistical regression model and BP network model.
It can be proved from three angles of prediction accuracy,
convergence speed, and error matrix norm. It means that
MPGA-BP model that has been built is scientific and effective.

Figure 7: Training process curve of MPGA-BP network.

It is feasible that predicting gravity dam deformation uses this
model.

4. Conclusions
This study extends the methods of genetic algorithm with
backpropagation neural network (GA-BP) and multiple population genetic algorithm (MPGA) to gravity dam deformation analysis. A hybrid multiple population genetic algorithm
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Figure 8: Predicted values of three models compared with the
measured values.

Prediction error (mm)
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backpropagation (MPGA-BP) neural network algorithm has
been proposed to cope with premature convergence problem and local extremum problem. A case study using the
observations of a gravity dam in China has been presented
and discussed to examine the performance of the proposed
model. Compared with the statistical regression model and
the traditional neural network algorithm, this model prediction accuracy is improved greatly. The applicability of MPGABP for the prediction of gravity dam deformation has been
highlighted. The results show that the proposed model can
be used as an excellent tool instead of that commonly used in
gravity dam deformation analysis and prediction.
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In this paper, an improved NSGA2 algorithm is proposed, which is used to solve the multiobjective problem. For the original
NSGA2 algorithm, the paper made one improvement: joining the local search strategy into the NSGA2 algorithm. After each
iteration calculation of the NSGA2 algorithm, a kind of local search strategy is performed in the Pareto optimal set to search better
solutions, such that the NSGA2 algorithm can gain a better local search ability which is helpful to the optimization process. Finally,
the proposed modified NSGA2 algorithm (MNSGA2) is simulated in the two classic multiobjective problems which is called KUR
problem and ZDT3 problem. The calculation results show the modified NSGA2 outperforms the original NSGA2, which indicates
that the improvement strategy is helpful to improve the algorithm.

1. Introduction
The maximization of profit is always the pursuit of mankind,
no matter in which field, especially the development of the
energy issues and the population problems in recent years.
For many social and economic problems, it is needed to find
an optimal solution to reduce the input and increase the output. As a result, the optimization problem is more and more
concerned by scholars. In recent years, many scholars have
put forward a lot of optimization problem solving methods
from many aspects. Many of them are to find the value of the
control variables to minimize the single objective. However,
many real world decision problems not only need to consider
just one factor, but a variety of factors to get a decision. In
other words, a lot of practical problems are the multiobjective
programming problem. Therefore, in recent years, scholars
have conducted in-depth research on multiobjective planning
and got a lot of meaningful research results, which lay the
foundation for the future research of multiobjective problem.
In recent years, the heuristic search algorithm has a great
development. Some researchers introduced and developed
many heuristic search algorithm according to the behavior
of the social animal in the nature and the characteristic
of the optimization problems to be optimized like genetic

algorithm [1], particle swarm optimization algorithm [2], differential evolution algorithm [3], shuffle frog leap algorithm
[4], artificial bee colony algorithm [5], and so on. In all of
these heuristic search algorithms, the genetic algorithm is
very representative. According to its good calculation performance and genetic idea, the genetic algorithm is largely used
in many aspects [6–10]. The first genetic algorithm is used to
deal with the single objective optimization problem, while as
the time passes by, many researchers introduce a lot of multiobjective optimization algorithms according to the idea of the
genetic algorithm. These multiobjective optimization algorithms contain vector evaluation genetic algorithm [11],
multiobjective genetic algorithm [12, 13], strength Pareto
evolutionary algorithm [14, 15], and nondominating sorting
genetic algorithm [16]. After several years later, in order to
modify each of these multiobjective genetic algorithms calculating performance, a lot of researchers also introduce the
improved version of these multiobjective genetic algorithms
like strength Pareto evolutionary algorithm 2 [17] which is the
improved version of the strength Pareto evolutionary algorithm, strength Pareto evolutionary algorithm [18] which is
also the improved version of the strength Pareto evolutionary
algorithm, nondominated sorting genetic algorithm 2 which
is the improved version of the nondominating sorting genetic
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algorithm [19] and so on. In this way, many multiobjective
genetic algorithms are proposed in these years, which made a
great contribution to these multiobjective optimization problems.
Nondominated sorting genetic algorithm 2 (which we
call it as the NSGA2 algorithm in the rest of this paper) is
the improved version of the nondominating sorting genetic
algorithm which is first proposed by Deb in 2001. During
these years development and use, the NSGA2 algorithm
has been proved as a very good multiobjective genetic
algorithm which has been successfully used in many multi
objective optimization problems [20–26] because the calculation performance of one algorithm varies very much when
dealing with different optimization problems. Beside this,
the algorithm’s calculation performance also depends on the
optimizing strategy inside of the algorithm itself. So a lot of
researchers also proposed some improvement strategies into
the NSGA2 algorithm to deal with the shortcomings when
optimizing some optimization problems. In this paper, in
order to overcome the poor local search ability problem in
the NSGA2 algorithm, a local search strategy is joined into
the NSGA2 algorithm to enhance the local search ability.
The general idea of the proposed improvement strategy is
to search locally around the optimization solution found so
far to find a better solution, such that the algorithm can get
a better local search ability and can make a more detailed
search. In order to see whether the local search ability can
improve the calculation performance of the original NSGA2
algorithm or not, this paper also introduce two classic multiobjective optimization problems to let the modified NSGA2
algorithm to simulate. At last, the outcome of the simulation
works is compared to the original NSGA2 algorithm. The
comparison shows the local search ability can really improve
the calculation performance of the NSGA2 algorithm.
The rest of this paper is organized as follows: Section 2
describes the mathematical model of the multiobjective problem. Section 3 shows the principles and steps of the NSGA2
algorithm, where we introduce three aspects to describe
the original NSGA2 algorithm: fast nondominate sorting,
crowding distance function, and environmental selection
based on PCD. At the end of Section 3, the basic steps
of the original NSGA2 algorithm are introduced to the
readers. The simulation works and the results analysis of
different multiobjective optimization problem are given in
Section 4, where we introduced two classic multiobjective
optimization problems. Section 5 draws the conclusion of this
paper.

where 𝑓𝑖 (𝑥) represents the 𝑖-th objective function, 𝑋 represents the control variables vector, 𝑛 represents the number of
constrains, and 𝑘 is the total number of the objective to be
optimized.
But the purpose of the decision scheme of the multiobjective optimization problem is not to make each objective
to be optimized optimal, but to provide a series of solutions
for the decision makers. In accordance with their own
decision intention, the decision makers choose the decision
scheme to make decisions. A series of optimal solution set
of multiobjective optimization problems found in the end
is called the Pareto optimal solution set. The mathematical
explanation of the Pareto optimal solution set can be shown
as follows:
𝑃 = {𝑥∗ ∈ Ω | ¬∃𝑥𝑘 ∈ Ω : 𝑥𝑘 ≺ 𝑥∗ } ,

(2)

where the 𝑥∗ represents the Pareto optimal solutions, whose
mathematical expression can be shown as follows:
¬∃𝑥𝑗 ∈ Ω : 𝑥∗ ≺ 𝑥𝑗

(3)

In (3), the expression 𝑥1 ≺ 𝑥2 represents the individual 𝑥1
dominating the individual 𝑥2 . For a minimization optimization problem, a solution dominating another solution in an
multiobjective can be mathematically is expressed as follows:
∀𝑖 ∈ {1, 2, . . . , 𝑁} :

𝑓𝑖 (𝑥1 ) ≤ 𝑓𝑖 (𝑥2 )

∃𝑗 ∈ {1, 2, . . . , 𝑁} :

𝑓𝑗 (𝑥1 ) < 𝑓𝑗 (𝑥2 ) .

(4)

From (4) we can conclude that if a solution 𝑥1 ’s each
objective value in a multiobjective problem is not bigger than
a 𝑥2 ’s corresponding objective value, and at least one objective
can be found the 𝑥1 ’s value is smaller than the 𝑥2 ’s, then we
can say that the solution 𝑥1 dominates 𝑥2 .
The multiobjective optimization problem is exactly
according to seeking the nondominating solution and use
some kind of evolutionary strategy to evolve the evolutionary
population to finally find the Pareto optimization set of
the multiobjective optimization problem to be optimized.
In order to more intuitively demonstrate the value of each
objective value in the Pareto optimal solution set and its distribution in the solution space, the Pareto front is introduced.
The Pareto front is a line or a curved surface formed by the
objective values of each solution in the Pareto optimal set
whose mathematical expression is as follows:
PF = {𝐹 (𝑥) = (𝑓1 (𝑥) , 𝑓2 (𝑥) , . . . , 𝑓𝑚 (𝑥)) | 𝑥 ∈ 𝑃} .

(5)

2. Multiobjective Problem
A multiobjective problem can be seen as a problem which
should optimize at least two objectives while it satisfies a lot
of constrains. A multiobjective optimization problem can be
mathematically described as
Min

𝐹 = {𝑓1 (𝑋) , 𝑓2 (𝑋) , . . . , 𝑓𝑘 (𝑋)}

S.t. 𝑔𝑖 (𝑋) ≤ 0,

𝑖 = 1, 2, . . . , 𝑛

𝑋 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑚 ) ∈ 𝑅𝑚 ,

(1)

3. Improved NSGA2 Algorithm
3.1. NSGA2 Algorithm. The NSGA2 algorithm is the modified
version of NSGA by Deb and other researchers; after several
years of development and use, the NSGA2 algorithm is seen
as a very good and mature multiobjective optimization algorithm at present. In NSGA2 algorithm, the crowding distance
function is used to calculate each individual’s fitness value in
the algorithm. According to the fast nondominating sorting
idea and environmental selection of PCD, the algorithm
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uses the two strategies to evolve the evolutionary population
to optimize the corresponding problem. In the rest of this
paper, three important aspects of this algorithm is introduced
to study the original NSGA2: fast nondominating sorting,
which is used to evaluate each individual in the NSGA2 algorithm; crowding distance function which is used to calculate
each individual’s fitness value. Environmental selection based
on PCD is used to select individuals to the next generation of
the evolutionary population in the algorithm.
3.1.1. Fast Nondominated Sorting (FNS). In the evolutionary
multiobjective optimization algorithm, the evolution of the
population is to eliminate the inferior solution and select the
excellent solutions by a certain strategy, such that the inferior
solution is eliminated and the excellent solution is retained
in the next generation of the evolutionary population so as to
find the final excellent solution set through the step by step
evolution. In NSGA2, the fast nondominated sorting strategy
is used to evaluate each individual’s dominating status in the
evolutionary population, and according to the dominating
status of each individual, the evolutionary population is
divided into different subgroups, which is a necessary way
to calculate the fitness of each individual in the crowd and
to evaluate the quality of each individual. In the fast nondominated sorting strategy, the first step of this strategy is to
calculate each individual’s (e.g., individual 𝑖) corresponding
dominating solutions number 𝑠𝑖 and the individuals number
𝑛𝑖 who dominate the individual 𝑖 in the evolutionary population. When an individual’s corresponding 𝑛𝑖 equals 0, then
send it to the first level of the nondominating individuals. In
the fast nondominated sorting strategy, it declares that when
the nondominating individuals’ dominating grade in a level is
determined already, the level of all individuals in the control
of other individuals is no longer considered. Considering this,
for an individual 𝑖’s dominating individual set 𝑠𝑖 , each of the
individual’s (let us say individual 𝑗) corresponding 𝑛𝑗 in the
𝑖’s dominating individual set 𝑠𝑖 should subtract 1. After the
subtraction, when 𝑛𝑗 = 0, the individual 𝑗 will be put into the
second nondominating level. The rest of the individuals in the
evolutionary population use the same way to find which nondominating level they belong to. After each of the individuals
in the evolutionary population finds its own nondominating
level, the lowest level’s corresponding individuals are close
to the real Pareto front of the multiobjective optimization
problem to be optimized. So the lowest level’s corresponding
individuals are more superior than the other individuals in
the evolutionary population of the NSGA2 algorithm. And
the NSGA2 algorithm exactly uses a larger probability to
select the lowest level compared to the high level into the
next generation of the evolutionary population, such that
the NSGA2 algorithm can evolve to the direction of the real
Pareto optimization set of the multiobjective optimization
problem to be optimized.
3.1.2. Crowding Distance Function. The purpose of the multiobjective optimization algorithm is not just only to find the
Pareto optimal set which is close to the real Pareto optimal set,
but also to find the solutions in the Pareto optimal set have a
very good distribution, such that better and more reasonable
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solutions can be provided to the decision maker. The purpose
of the multiobjective optimization algorithm is to find a series
of uniform distribution of the solution for decision makers to
choose. In order to obtain the distribution of the solution set
well, various evolutionary algorithms have used a lot of different kinds of treatment measures. Most algorithms evaluate
the distribution of each individual by constructing a function
that considers the distribution of individual distribution. In
the NSGA2 algorithm, by introducing the crowding distance
function, the congestion degree of each individual and other
individuals is calculated, and the local aggregation of the solution set is avoided by a certain strategy. The crowding distance
function of the NSGA2 algorithm can be expressed as
PCD (𝑘) =

1 𝑛 𝑓𝑖 (𝑘 + 1) − 𝑓𝑖 (𝑘 − 1)
,
∑
𝑛 𝑗=1
𝑓𝑖max − 𝑓𝑖min

(6)

where PCD(𝑘) represents the 𝑘-th individual’s crowding
distance value, 𝑓𝑖 (𝑘 + 1) represents the 𝑘 + 1-th individual’s
the 𝑖-th objective function value, and the 𝑓𝑖max and the
𝑓𝑖min separately represents the 𝑖-th objective function value’s
maximum and minimum value in the solution set. The
mathematical expression of the crowding distance function
can be seen that the PCD is the mean value of the Euclidean
distance and each objective function of the individual.
On calculating the PCD value of each individual, we need
to notice that the boundary point’s corresponding crowding
distance function value of each objective function is set as
1. From the PCD mathematical expression we can see that
the value of each individual’s PCD value ranges from 0 to
1. The purpose of the introduction of PCD concept into the
NSGA2 algorithm is to evaluate the congestion of each other
in the same nondominated level. A bigger PCD value can tell
the NSGA2 algorithm its corresponding individual is more
sparse with the surrounding individuals. The individuals who
have a small PCD value have a very good distribution in the
evolutionary population in the NSGA2 algorithm. According
to the introduction of the PCD function into the NSGA2
algorithm, the individuals in the Pareto front will have a
great distribution in the Pareto optimal set, such that it can
guarantee the evenness and diversity of the evolutionary
population in the NSGA2 algorithm.
3.1.3. Environmental Selection Based on PCD. In multiobjective evolution algorithm, the individuals evolve towards the
optimal solution set depending on a certain evolution strategy. In the NSGA2 algorithm, the population evolutionary
strategy can be concluded as according to fast nondominated
sorting strategy to determine each individual’s nondominated
level. By comparing the PCD value and each individual’s
nondominated level to determine the elite individuals from
the current population and former population and save the
elite individuals to the next generation, and then the evolution of the dominating individuals in the NSGA2 algorithm
is completed. In the NSGA2 algorithm, the selection of the
individuals to the next generation for evolution follows the
following two rules: (1) if the nondominating level of an
individual 𝑝 is higher than 𝑞, then the former individual is
chosen to the next generation; (2) if the nondominating level
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of an individual 𝑝 is equal to 𝑞, in this situation, the PCD value
of these two individuals should be compared. In the NSGA2
algorithm, the one with a smaller PCD value will be selected
to the next generation evolution population. In the NSGA2
algorithm, 𝑃 ≺ 𝑄 is defined as the following mathematical
form to express the environmental selection strategy:
𝑝rank < 𝑞rank
{
{
{
{
𝑝 ≺ 𝑞 {or
{
{
{
{𝑝rank < 𝑞rank , PCD (𝑝) > PCD (𝑞) .

(7)

Through the NSGA2 algorithm’s environment selection
strategy, we can see when two individuals’ nondominating
level is different, in this situation the individual with smaller
nondominating level, such that the NSGA2 algorithm can
ensure the elite population; on the contrary, when two
individuals’ nondominating level is the same, choosing the
individual with larger crowding distance value can ensure the
diversity of population, such that the evolution speed of the
NSGA2 algorithm can be accelerated.
3.1.4. NSGA2 Algorithm Calculation Steps
Step 1. Randomly initialize the initial population and each
parameter’s value in the NSGA2 algorithm, and then set the
iteration number as 1; then start the algorithm’s iteration
calculation.
Step 2. Determine if the iteration number right now attains
the biggest iteration times set at Step 1; if the former is bigger
than the latter, then end the iteration calculation and output
the Pareto optimal set; if the former is not bigger than the
latter, then continue the iteration calculation until the two
numbers are equal to each other.
Step 3. Use the fast nondominated sorting strategies to
perform the evolutionary population. And then perform the
genetic operation like selection, crossover, and mutation to
the evolutionary population to form the new generation
which is called 𝑄 in this paper.
Step 4. Combine the 𝑃 population and the 𝑄 population as
the new mixture population which is called 𝑅, and perform
the fast nondominated sorting strategy to each individual in
the 𝑅 population; then calculate the crowding distance of each
individual in the 𝑅 population and sort them.
Step 5. Retain the elite individuals as the new generation of
the evolutionary population which we call it as 𝑃𝑡+1 in our
paper.
Step 6. Add 1 to the iteration number 𝑖 = 𝑖 + 1, and one
iteration calculation is done; then go to Step 2 and continue
the rest of the iteration calculation.
3.2. Improvement Strategy. Although the NSGA2 algorithm
is largely and successfully used in many fields as an excellent
algorithm, it still has many drawbacks to be settled. In recent
years, with the heuristic search algorithm being largely used

in many aspects, many researchers have found many evolutionary algorithms having poor local search ability problem
which is very important for the algorithm’s calculation
performance. The algorithm with a better local search ability
can use a more precise way to seek the optimal solution of the
optimization problem to be settled. A better individual can
be found by searching around a nondominated individual.
So, searching around the nondominated individuals for better
individual is needed. The studies show that the local search
ability of the original NSGA2 algorithm is poor; especially
when it is close to the Pareto frontier at the end of the evolutionary process, the evolutionary efficiency is greatly reduced.
To enhance the local search ability, the local search strategy is
added into the NSGA2 algorithm after the next evolutionary
population is generated. The local search strategy is exploring
an individual of the evolutionary population to determine
whether a better performing solution can be found. There are
two types of the mentioned solution with better performance:
(1) the new individual dominates the original; (2) the new
and the original individuals do not dominate each other, but
the fitness of the new individual is better than the original
one. So for an individual 𝑥, search for a new individual 𝑥 in
its neighborhood, if 𝑥 which is a new individual searched
out from individual 𝑥 s neighborhood dominates 𝑥 or its
corresponding fitness is better, replace the latter; otherwise
proceed with the local search.
The specific steps of the local search strategy is as follows.
Step 1. Set the local search iteration time 𝑖 = 1 and start local
search calculating.
Step 2. For each solution 𝑥 in the Pareto optimal set, generate
a new feasible solution 𝑥 around it, and calculate its fitness.
Step 3. If 𝑥 dominates 𝑥 or fitness(𝑥 ) < fitness(𝑥), then
replace 𝑥 with 𝑥 , if not, maintain the 𝑥 unchanged.
Step 4. 𝑖 = 𝑖 + 1.
Step 5. If 𝑖 = 𝑁𝑐, stop local search calculation and output the
Pareto optimal set to the NSGA2 algorithm; if not, continue
the local search calculation.

4. Simulation Works
4.1. Parameter Selection. There are a lot of parameters in
NSGA2 algorithms such as population size, iteration times,
cross probability, and mutation probability. The value of
these parameters has a great influence on the NSGA2 algorithm’s calculation performance. So when we use the NSGA2
algorithm, the parameter value selection becomes a very
important problem. For some complicated multiobjective
problem, a small population size cannot help NSGA2 algorithm achieve a very ideal Pareto optimal set. A very large
population size can slow down the calculation speed of the
NSGA2 algorithm, although it can get a good Pareto optimal
set. So how to select the population size value according to
the complexity of the multiobjective problem is a problem to
be further researched. Right now, the population size value is
selected by the experience of the users. The researcher adjusts
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4.2. Simulation. In order to research the improvement effect
to NSGA2, this paper selects some classic multiobjective
problem for simulation. The first problem is called KUR
which is MISA problem. The mathematical formulation is as
follows:
𝑓1 = −10 exp (−0.2 ∗ sqrt (𝑥2 + 𝑦2 ))
− 10 exp (−0.2 ∗ sqrt (𝑦2 + 𝑧2 ))

2
0
−2
−4
f1

the population value step by step, until the Pareto optimal
set is stable. The NSGA2 algorithm is a variation of the GA
algorithm; they have many things in common although the
first one is multiobjective algorithm while the second one
is single objective algorithm. So the NSGA2 is also uses a
iterative way to calculate the proposed problem. Then a very
important parameter must be valued first which is iteration
times. A very large iteration time can help the NSGA2
algorithm gain a very good Pareto optimal set, but it can also
enlarge the calculation time which is bad to the algorithm
users. While a small iteration times cannot guarantee that
the NSGA2 algorithm achieves an ideal Pareto optimal set
it can help the NSGA2 algorithm calculate very fast. Many
researchers now also use a step by step method to adjust the
iteration time’s value to select it. If the Pareto optimal set
will not change a lot in the NSGA2 algorithm, the iteration
value can be used as the final value of this parameter of the
NSGA2 algorithm. The genetic manipulation includes selection, crossover, and mutation operations [6, 7] which is very
important in the NSGA2 algorithm. In the NSGA2 algorithm
the genetic operations are the main way of evolution which
directly determine the outcome performance. In the genetic
operations, there are a lot of parameters which can change the
genetic evolution performance of the NSGA2 algorithm. So
the genetic parameters is also very important and is key to the
NSGA2 algorithm’s calculation performance. In the NSGA2
algorithm, the tournament selection is used in the selection
process, whose parameter is called tournament value. The
tournament value determines the selection pressure; the
bigger the value is, the bigger the selection pressure is. In
the NSGA2 algorithm, the tournament value is suggested
to set 2. The NSGA2 algorithm crossover process uses a
kind of simulated binary crossover method to cross-over
two individuals. There is also a parameter in the crossover
process which is called crossover distribution parameter. The
value of the crossover distribution parameter determines the
probability of the likelihood of offspring and father individual. The bigger the crossover distribution parameter, the
bigger the probability of the likelihood of offspring and father
individual. This paper sets the value of the crossover distribution parameter as 20. In the NSGA2 algorithm, a kind of
polynomial mutation is used in the mutation process, whose
parameter inside is called mutation distribution parameter.
The mutation distribution parameter is more or less the same
as the crossover distribution parameter. In our paper, the
value of the mutation distribution parameter is set as 20. As
the local search strategy is added in the NSGA2 algorithm, the
local search iteration time should be valued. In this paper, the
value of the local search iteration time is set as 10.
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Figure 1: Two Pareto fronts of KUR problem.

 0.8
𝑓2 = |𝑥|0.8 + 5 ∗ sin (𝑥3 ) + 𝑦 + 5 ∗ sin (𝑦3 )
+ |𝑧|0.8 + 5 ∗ sin (𝑧3 ) ,
(8)
where 𝑥, 𝑦, and 𝑧 are the control variables, and their domains
are all [−5, 5].
Figure 1 shows the NSGA2’s and the I-NSGA2’s Pareto
fronts of this problem. From Figure 1 we can see the difference
of the two algorithms Pareto fronts: the distribution of INSGA2’s Pareto fronts is more uniform than the NSGA2
algorithm. Furthermore, the I-NSGA2’s Pareto fronts is closer
to the coordinate origin. So the I-NSGA2 can get a better
Pareto optimal solution than the original one.
To further study and explain the difference of the two
outcomes, we can conclude that just because of the local
search strategy, when the NSGA2 algorithm finds a Pareto
set solution in each iterative calculation, the local search can
begin a deeper and more accurate search for better solution,
and this is why the M-NSGA2’s Pareto set is more close to the
coordinate origin point than the original algorithm.
The second simulation case is also a classic multiobjective
problem called ZDT3 problem. The ZDT3 problem can be
mathematically expressed as follows:
min 𝑓1 (𝑥) = 𝑥1
min 𝑓2 (𝑥) = 𝑔 [1 − √

𝑓1 𝑓1
−
sin (10𝜋𝑓1 )]
𝑔
𝑔

(9)

𝑛

𝑥𝑖
,
𝑛
𝑖=2 − 1

𝑔 = 1 + 9∑

where 0 < 𝑥𝑖 < 1, and 𝑛 = 30.
The comparison of the two different NSGA2 algorithms
in the ZDT3 problems is shown in Figure 2. From Figure 2
we can clearly see the difference of the two Pareto fronts.
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The Pareto front of the M-NSGA2 algorithm can conclude
the second one, which means the first Pareto front is closer
to the real Pareto front of the ZDT3 problem. By comparing
this case’s results with the first case, we also can see the
more complex the problem is, the more the superiority of the
M-NSGA2 will be obvious. Seeing this comparison we can
conclude that the modified strategy in M-NSGA2 algorithm
can improve the optimization effect of the NSGA2 algorithm.

5. Conclusion
This paper introduced a new improvement strategy to
NSGA2 algorithm, which uses a local search way to search
a better solution around the optimized solution of NSGA2
algorithm. In this paper, we firstly researched the basic
NSGA2 algorithm, from three different but important parts:
the fast nondominating sorting, the crowding distance function, and the environmental selection based on PCD. After
that, we introduced the NSGA2 algorithm calculation steps
for the multiobjective problem. After the introduction of
NSGA2 algorithm, we also introduced the local search
improvement for the basic NSGA2 problem and formed the
M-NSGA2 algorithm. In the end, in order to test effect of
the improvement in NSGA2 algorithm, we use two multiobjective problems to simulate the two algorithms. From
the comparison figures we can see the difference of the two
algorithms calculation results.
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This paper proposes a new algorithm (DA3DED) for edge detection in 3D images. DA3DED is doubly adaptive because it is based
on the adaptive algorithm EDAS-1 for detecting edges in functions of one variable and a second adaptive procedure based on the
concept of projective complexity of a 3D image. DA3DED has been tested on 3D images that modelize real problems (composites
and fractures). It has been much faster than the 1D edge detection algorithm for 3D images derived from EDAS-1.

1. Introduction
Three-dimensional imaging is applied in many topics such
as medicine and materials science among others. 3D medical
imaging models structures of the human body. This is important in many fields as image guided surgery, assessment of
the quality of bones, and so forth; see, for example, [1–3]. The
complex geometric structure of some materials (composites,
foams, etc.) can be treated with 3D images: 3D images of
materials provide data such as the 3D connectivity of a
structure, distribution of particles, etc. These data can be used
in simulations to compute macroscopic material properties,
what can be considered the basis of virtual material design
[4].
The detection of edges is an essential objective in image
processing. Besides the applications aforementioned, it is
useful in the analysis and study of 3D Satellite images, among
others. There are a lot of procedures for determining 3D
edges. These procedures can be classified in Direct Methods
and Indirect Methods [5–7]. Among the direct methods
we can find 1D edge detection methods (1D3DED) [8, 9],
spatial difference filters [10–12], polynomial fitting method
[13], and deformable models [14–20]. We can add to the direct
methods the adaptive splitting methods, which are based on
the adaptive splitting of the domain of the function guided by

the value of an average integral. In [21], an algorithm (EDAS3) to approximate the jump discontinuity set of functions
defined on subsets of R3 based in these methods was
proposed. This algorithm overcomes most inconveniences
presented by deformable models. It exhibits effective edge
detection in 3D models with different interface topologies.
Also, EDAS-3 can obtain the edges with a prefixed accuracy.
The present paper shows an accurate algorithm
(DA3DED) that can obtain a point based representation of
the jump discontinuity set of a 3D image. The algorithm is a
type of 1D edge detection method (1D3DED) and adaptive
splitting method. It begins by considering a region in the
plane 𝑥1 𝑥2 containing the projection of the image and a
set of points in this region. Then, it considers straight lines
perpendicular to the plane 𝑥1 𝑥2 and computes the edge
points lying on these straight lines. This task is accomplished
using the 1D edge detector EDAS-1 [22]. If the number of
edges detected in the region is high or the distance between
them is small, the algorithm concludes that the region under
consideration is complex and performs a subdivision process;
otherwise, the region is not divided and the algorithm studies
a contiguous zone. The process is repeated for the 𝑥1 𝑥3 and
𝑥2 𝑥3 planes. The edge points obtained are stored in a file.
In this way, complex regions are crossed by many lines
and simple regions are crossed by few lines. The resulting
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algorithm is doubly adaptive because the “straight line step”
is performed in an adaptive way by EDAS-1 and the second
step performs an adaptive process based on the complexity of
the image. The algorithm uses less CPU time than previous
algorithm [21]. We will give a C-like pseudocode description
of the constituent algorithms of DA3DED.
Experimental results show a good behavior of DA3DED
on practical 3D problems that model different types of
composite materials and fractures.
The outline of the paper is as follows. Section 2 states
some mathematical preliminary results and details the conceptual and algorithmic constituents of DA3DED: EDAS1 algorithm, discrete and continuous representation of 3D
images, projective complexity, subdivision procedures of
discrete rectangles, and split criterion. It also describes the
algorithm DA3DED. Section 3 shows computational experiments on models of complex materials. Section 4 provides
some concluding remarks.

Step 1. Consider the initial partition (𝑗 = 1), 𝑃𝑗 ≡ {𝑇𝑖 }𝑛𝑖=1 of
𝑅 = [a, b], where a, b ∈ R𝑑 .
Step 2. Put into the set G𝑗 the good simplices of 𝑃𝑗 and put
into the set B𝑗 the bad simplices of 𝑃𝑗 .
𝑇 is a good simplex if (AI𝑇 (𝑓) ≤ 𝐸1 or |𝑇| ≤ 𝐸2 ) and |𝑇| ≤
𝐸4 , where |𝑇| is the diameter of 𝑇, 𝐸1 is the maximum local
error of the approximant 𝐿, 𝐸2 is the approximation error of
the points in Γ𝐽 , and 𝐸4 is a positive real parameter.
Step 3. Divide each bad simplex into two simplices, by
splitting its largest edge. We have a new partition 𝑗 = 𝑗 + 1.
Step 4. Repeat Steps 2 and 3 until B𝑗 = 0.

2. Materials and Methods
2.1. Mathematical Preliminaries. Let 𝑓 be a general piecewise
continuous function in 𝑅 ⊂ R𝑑 , a compact 𝑑-interval.
We assume that 𝑅 = ⋃𝑛𝑖=1 𝐶𝑖 , where {𝐶𝑖 }𝑛𝑖=1 is a series of
connected sets with pairwise disjoint nonempty interiors and
we call Γ𝑖 be the boundary of 𝐶𝑖 , 𝑖 = 1, . . . , 𝑛.
Define Γ ≡ ⋃𝑛𝑖=1 Γ𝑖 . We call Γ𝐽 the set of points in Γ with
jump discontinuities. Achieving a good approximation of Γ𝐽
is our aim.
Let {k0 , k1 , . . . , k𝑑 } be a set of 𝑑 + 1 affinely independent
vectors in R𝑑 and 𝑇 the d-simplex generated by them.
Consider a function 𝑓 : 𝑇 ⊂ R𝑑 → R. We call 𝐿 𝑇 𝑓, the
unique affine map such that
𝐿 𝑇 𝑓 (k𝑗 ) = 𝑓 (k𝑗 ) , 𝑗 = 0, 1, . . . , 𝑑.

(1)

It is proved at [21, 22] that the behavior of the next
average integral AI𝑇 (𝑓) depends on the continuity or lack of
continuity of 𝑓 on 𝑇:
AI𝑇 (𝑓) ≡

EDAS-𝑑. Its validity for 𝑑 =1, 2 has been established in [22].
The case 𝑑 = 3 has been studied in [21].
More details about the implementation and performance
of EDAS-1 can be found in [22].
Next, the steps of the EDAS-𝑑 algorithm are summarized.



∫𝑇 𝑓 (x) − 𝐿 𝑇 𝑓 (x) 𝑑x
V (𝑇)

,

(2)

where V(𝑇) is the Lebesgue measure of 𝑇.
This result is the basis of the algorithm described in the
next section.
For more details about the mathematical preliminaries of
the problem, see [21, 22].
2.2. Constituents of the Algorithm DA3DED. DA3DED is
based on several concepts and algorithms that are described
in this subsection.
2.2.1. Algorithm EDAS-1. EDAS-1 is an algorithm to approximate the jump discontinuity set of functions of one variable.
It is a particular case of the algorithm EDAS-𝑑 for functions
defined on subsets of R𝑑 . In this section, we give an outline of

Step 5. 𝐺 = G𝑗 is the searched partition. Choose the
following subset of 𝐺:
AΓ𝐸𝐽3 ≡ {𝑇 ∈ 𝐺 : AI𝑇 (𝑓) > 𝐸1 , 𝑗𝑎 ≡ max {𝑓 (k𝑖 )}
k𝑖 ∈V(𝑇)

(3)

− min {𝑓 (k𝑖 )} > 𝐸3 } ,
k𝑖 ∈V(𝑇)

where 𝐸3 is the minimum magnitude of jump reported and
𝐸2 is also a stopping criterion.
In the images studied in Section 3, a voxel is considered as
an edge voxel if it contains some barycenter of the simplices
in AΓ𝐸𝐽3 .
In practice, we have implemented the above algorithm
using a binary tree whose leaves correspond to good simplices. In the case 𝑑 = 1, the integrals ∫𝑇 |𝑓(𝑥) − 𝐿 𝑇 𝑓(𝑥)|𝑑𝑥
have been computed using the Gauss-Legendre integration
formula [23]. More details about the implementation and
performance of EDAS-1 can be found in [22].
2.2.2. Continuous and Discrete Representations of a 3D Image.
The algorithm DA3DED uses two different mathematical
representations of a 3D image. It considers that the image is a
function defined on a box in R3 when it computes edge points
using EDAS-1. This continuous representation is also useful
to define the concept of “projective complexity”; we will see
this in the next subsection. In the remaining steps, DA3DED
uses the usual discrete representation. Figure 1 shows the
difference between both representations in the case of a 2D
image. Below we define these concepts.
Let 𝑛 and 𝑚 be positive integers with 𝑛 < 𝑚; define
[[𝑛, 𝑚]] ≡ {𝑛, 𝑛 + 1, . . . , 𝑚}

(4)
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Figure 1: Continuous representation (a) and discrete representation (b) of a 2D image.

A 3D image is given by an 𝑛1 × 𝑛2 × 𝑛3 array 𝐼 = {𝐼𝑖𝑗𝑘 }
with indices (𝑖, 𝑗, 𝑘) ∈ [[1, 𝑛1 ]] × [[1, 𝑛2 ]] × [[1, 𝑛3 ]]. From
a 3D image 𝐼, one can build a piecewise constant function ̃𝐼,
𝐼111 ,
{
{
{
{
{
{𝐼𝑖11 ,
{
{
{
{
{
{
{
𝐼1𝑗1 ,
{
{
{
{
{
{
{𝐼 ,
̃𝐼 (𝑥1 , 𝑥2 , 𝑥3 ) ≡ 𝑖𝑗1
{
{
{
𝐼11𝑘 ,
{
{
{
{
{
{
𝐼𝑖1𝑘 ,
{
{
{
{
{
{
{𝐼1𝑗𝑘 ,
{
{
{
{
{𝐼𝑖𝑗𝑘 ,

defined on [0.5, 𝑛1 + 0.5] × [0.5, 𝑛2 + 0.5] × [0.5, 𝑛3 + 0.5] in
the following way:

if (𝑥1 , 𝑥2 , 𝑥3 ) ∈ [0.5, 1.5] × [0.5, 1.5] × [0.5, 1.5] ,
if (𝑥1 , 𝑥2 , 𝑥3 ) ∈ [𝑖 − 0.5, 𝑖 + 0.5] × [0.5, 1.5] × [0.5, 1.5] (𝑖 > 1) ,
if (𝑥1 , 𝑥2 , 𝑥3 ) ∈ [0.5, 1.5] × [𝑗 − 0.5, 𝑗 + 0.5] × [0.5, 1.5] (𝑗 > 1) ,
if (𝑥1 , 𝑥2 , 𝑥3 ) ∈ [𝑖 − 0.5, 𝑖 + 0.5] × [𝑗 − 0.5, 𝑗 + 0.5] × [0.5, 1.5] (𝑖, 𝑗 > 1) ,

(5)

if (𝑥1 , 𝑥2 , 𝑥3 ) ∈ [0.5, 1.5] × [0.5, 1.5] × [𝑘 − 0.5, 𝑘 + 0.5] (𝑘 > 1) ,
if (𝑥1 , 𝑥2 , 𝑥3 ) ∈ [𝑖 − 0.5, 𝑖 + 0.5] × [0.5, 1.5] × [𝑘 − 0.5, 𝑘 + 0.5] (𝑖, 𝑘 > 1) ,
if (𝑥1 , 𝑥2 , 𝑥3 ) ∈ [0.5, 1.5] × [𝑗 − 0.5, 𝑗 + 0.5] × [𝑘 − 0.5, 𝑘 + 0.5] (𝑗, 𝑘 > 1) ,
if (𝑥1 , 𝑥2 , 𝑥3 ) ∈ [𝑖 − 0.5, 𝑖 + 0.5] × [𝑗 − 0.5, 𝑗 + 0.5] × [𝑘 − 0.5, 𝑘 + 0.5] (𝑖, 𝑗, 𝑘 > 1) .

2.2.3. Projective Complexity of a 3D Image. Several complexity measures for 2D images have been proposed [24, 25].
Some definitions are based on statistical gray level features
(global versus local histograms). Other definitions are based
on spatial distributions of gray levels (edges, symmetry,
and texture). Edges highlight image zones in which there
are abrupt changes in luminosity level usually associated
with surface discontinuities. The rationale is straightforward:
images with more borders contain more objects (or objects
with more facets), thus resulting in a greater perceived
complexity. This has led to the following edge based measure
of complexity. Complexity is measured by the number of
edges per unit area in the image [26]. In the case of 3D images,
we can extend this definition; for example, complexity can
be measured by the number of edge voxels per unit volume.

This definition is not suitable for adaptive algorithms based
on 1D edge detection methods. Therefore, we propose a new
definition consistent with the above one.
Consider a continuously defined function 𝑓 : [𝑎, 𝑏]3 →
R. Let [𝛼, 𝛽] ⊂ [𝑎, 𝑏] and 𝑆 = [𝛼, 𝛽]2 . Let (𝑥1 , 𝑥2 ) ∈ 𝑆 be a
fixed point in 𝑆. Call 𝑒(𝑥1 , 𝑥2 ) the number of edge points of
the function of one variable 𝑓(𝑥1 , 𝑥2 , 𝑥) when 𝑥 ∈ [𝑎, 𝑏]. The
projective complexity of 𝑓 on the set 𝐾 = 𝑆 × [𝑎, 𝑏] is defined
as
PC (𝑓, 𝐾) ≡

∫𝑆 𝑒 (𝑥1 , 𝑥2 ) 𝑑𝑥1 𝑑𝑥2
V (𝑆)

.

(6)

Let 𝑑 be a positive integer. To approximate the above
quantity, we subdivide 𝑆 into 𝑑2 identical squares. Denote the
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center of the squares by (𝑥1𝑖 , 𝑥2𝑗 ), 1 ≤ 𝑖, 𝑗 ≤ 𝑑. Then, (6) can
be approximated by
2

𝑎

PC (𝑓, 𝐾) =

=

(∑𝑑𝑖,𝑗=1 𝑒 (𝑥1𝑖 , 𝑥2𝑗 ) ((𝛽 − 𝛼) /𝑑) )
(𝛽 − 𝛼)
∑𝑑𝑖,𝑗=1 𝑒 (𝑥1𝑖 , 𝑥2𝑗 )
𝑑2

2

(7)

.

where the vectors ℎ and V are given by the following
algorithm:
left = 𝑛 − 0.5; right = 𝑚 + 0.5; up = 𝑞 + 0.5; down =
𝑝 − 0.5;
ℎ[0] = 𝑛; ℎ[𝑑] = 𝑚; V[0] = 𝑝; V[𝑑] = 𝑞;
for (𝑖 = 1; 𝑖 < 𝑑; 𝑖 + +)
{
ℎ𝑡 = left + 𝑖(right − left)/𝑑;
V𝑡 = down + 𝑖(up − down)/𝑑;
ℎ[𝑖] = ⌊ℎ𝑡 + 0.5⌋; if (ℎ𝑡 − ⌊ℎ𝑡⌋ == 0.5) ℎ[𝑖] =
ℎ[𝑖] − 1;
V[𝑖] = ⌊V𝑡 + 0.5⌋; if (V𝑡 − ⌊V𝑡⌋ == 0.5) V[𝑖] =
V[𝑖] − 1;

Observe that PC𝑎 (𝑓, 𝐾) does not depend on the size of the
square 𝑆. We can consider 𝑒 as a vector with 𝑑2 components
and write (7) as
PC𝑎 (𝑓, 𝐾) =

‖𝑒‖1
.
𝑑2

(8)
}

In each experiment, the value of 𝑑 has been almost constant.
Then, using the norm equivalence, we can define the following measure of complexity:
PC∗ (𝑓, 𝐾) = ‖𝑒‖∞ .

(9)

Although we have considered sets in the plane 𝑥1 𝑥2 , similar
definitions can be stated for sets in the planes 𝑥1 𝑥3 or 𝑥2 𝑥3 .
The above definitions are applicable to 3D images because
they can be extended to continuously defined functions using
the procedure detailed in Section 2.2.2.

Observe that ⌊𝑥 + 0.5⌋ returns the integer nearest to 𝑥. The
above algorithm obtains a subset of [[𝑛, 𝑚]]([[𝑝, 𝑞]]) whose
points are distanced approximately by (𝑛 − 𝑚)/𝑑((𝑞 − 𝑝)/𝑑).
If 𝑑 > 𝑛 − 𝑚 or 𝑑 > 𝑞 − 𝑝, the subdivision is not possible.
2.2.5. Split Criterion. The set of indices of a 3D image is given
by
M = [[1, 𝑛1 ]] × [[1, 𝑛2 ]] × [[1, 𝑛3 ]] .

(12)

The projections of this set on the coordinate planes are
R𝑎 = [[1, 𝑛1 ]] × [[1, 𝑛2 ]] ,

2.2.4. Subdivision and Selection Procedures. Consider a 3D
image given by an 𝑛1 × 𝑛2 × 𝑛3 array 𝐼 = {𝐼𝑖𝑗𝑘 } with indices
(𝑖, 𝑗, 𝑘) ∈ [[1, 𝑛1 ]] × [[1, 𝑛2 ]] × [[1, 𝑛3 ]].
The doubly adaptive algorithm performs split and point
selection operations. These procedures are defined on the set
of indices; that is, they consider discrete rectangles. First, we
describe how a discrete rectangle is divided into four almost
equal discrete subrectangles.
Consider the discrete rectangle R = [[𝑛, 𝑚]] × [[𝑝, 𝑞]]
with 𝑛 < 𝑚 and 𝑝 < 𝑞. The subdivision is performed
computing 𝑟 = 𝑛 + ⌊(𝑚 − 𝑛)/2⌋ and 𝑠 = 𝑝 + ⌊(𝑞 − 𝑝)/2⌋ (⌊𝑥⌋
denotes the floor function that returns the greatest integer less
than or equal to 𝑥). The resulting discrete rectangles are
R1 = [[𝑛, 𝑟]] × [[𝑝, 𝑠]] ,
R2 = [[𝑛, 𝑟]] × [[𝑠 + 1, 𝑞]] ,
R3 = [[𝑟 + 1, 𝑚]] × [[𝑠 + 1, 𝑞]] ,

(10)

Suppose now that we want to select (𝑑 + 1)2 points from R,
distributed regularly. The selected points are obtained as the
set

× {V [0] , V [1] , . . . , V [𝑑]} ,

(13)

R𝑐 = [[1, 𝑛2 ]] × [[1, 𝑛3 ]] .
Consider a set R𝛼 , (𝛼 = 𝑎, 𝑏, 𝑐). Suppose that R =
[[𝑛, 𝑚]] × [[𝑝, 𝑞]] is a subset of R𝛼 . The split criterion for R
is defined by the following procedure.
Split Criterion
Step 1. If (𝑑 > 𝑛 − 𝑚 ‖ 𝑑 > 𝑞 − 𝑝) return 0.
Step 2. Select (𝑑 + 1)2 points from R, distributed regularly
(Section 2.2.4). The result is the set N.
Step 3. Consider the straight lines perpendicular to the plane
containing R𝛼 , passing through each point in N.

R4 = [[𝑟 + 1, 𝑚]] × [[𝑝, 𝑠]] .

N = {ℎ [0] , ℎ [1] , . . . , ℎ [𝑑]}

R𝑏 = [[1, 𝑛1 ]] × [[1, 𝑛3 ]] ,

Step 4. Apply EDAS-1 to each one of these lines to obtain
the number of edge points corresponding to each point k ∈
N(NEP(k)); see Figure 2. Compute the minimum distance
between these edge points (MIND(k)). In this step, all the
edge points found are stored in a file.
Step 5. Compute
MAXNEP = max NEP (k) ,
k∈N

(11)

MIND = min MIND (k) .
k∈N

(14)
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Figure 2: EDAS-1 obtains edge points (red) lying on the straight lines perpendicular to the considered plane.

Step 6. If we call TNEP the limit of the maximum number of
edge points and TMIND the limit of the minimum distance
between edge points, then
if ((MAXNEP ≥ TNEP) ‖ (MIND ≤ TMIND)) return 1;
else return 0.
A discrete rectangle is subdivided when the measure of
projective complexity corresponding to the discrete rectangle
(PC∗ ) is greater than a fixed beforehand limit or when the
minimum distance between edge points is less than a fixed
threshold. In this last case, it is possible that the discontinuity
surface is nonsmooth and this makes it necessary to consider
small discrete rectangles to obtain a detailed description of
the jump discontinuity set. Given a discrete rectangle R, the
split criterion is implemented with the function SPC. SPC(R)
takes the value 1 if the split criterion is satisfied and 0 in the
contrary case.

the procedure described in Section 2.2.4. Test whether these
children are good or bad to obtain the sets G𝑗+1 and B𝑗+1 .
Step 3. The algorithm stops if B𝑗 = 0. If the stopping
criterion is not satisfied, go to Step 2.
Step 4. Repeat the above steps for R𝑏 = [[1, 𝑛1 ]] × [[1, 𝑛3 ]]
and R𝑐 = [[1, 𝑛2 ]] × [[1, 𝑛3 ]].
DA3DED has been implemented using a quadtree. Below
we detail this algorithm.
2.3.1. Algorithm to Generate the Quadtree. In this subsection,
we provide a pseudocode of the algorithm used by DA3DED
to generate the quadtree. We start by defining a structure of
type node (each node is associated with a discrete rectangle
R):
struct node

2.3. Doubly Adaptive Algorithm. Consider the discrete rectangle R𝛼 = [[1, 𝑛𝑖 ]] × [[1, 𝑛𝑗 ]]. Let R be a discrete rectangle
contained in R𝛼 . If SPC(R) = 0, we call R a good discrete
rectangle; otherwise, R is called bad.

{
int 𝑛; int 𝑚; int 𝑝; int 𝑞;
int spc;
int pt;

Doubly Adaptive Algorithm for 3D Edge Detection (DA3DED)

int ch[4];

Step 1. Consider R𝛼 = [[1, 𝑛1 ]] × [[1, 𝑛2 ]]. Divide R𝛼
into four discrete rectangles using the procedure described
in Section 2.2.4. Apply the split criterion to the resulting
rectangles. The good rectangles are put into the set G1 and
the bad rectangles are put into the set B1 .

int 𝑑;
where, 𝑛, 𝑚, 𝑝, and 𝑞 are the coordinates of the corners of the
discrete rectangle:

Step 2. At each step 𝑗 we have a set of good discrete rectangles
G𝑗 and a set of bad discrete rectangles B𝑗 . Divide each
bad discrete rectangle into four discrete rectangles using

spc: indicator variable that takes the value 1 if the algorithm has applied the split criterion to the rectangle
and 0 otherwise.

}𝑄[ ],
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Figure 3: Spherical inclusions.

(a)

(b)

(c)

(d)

Figure 4: Spherical inclusions (intersection with the plane 𝑥1 = 50). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.

pt: number of the node parent of the current one.
ch[𝑗]: 𝑗th child of the current node (−1 in case of leaf
nodes). ch[0] is the left child and ch[3] is the right
child.
𝑑: determines the subset of R used by the split
criterion.
The algorithm uses alternately two distinct values of 𝑑: 𝑑1
and 𝑑2 , in order to avoid the repetition of computations. In

practice, these values are almost equal. We denote by 𝑅𝑐 the
discrete rectangle associated with the current node 𝑐.
Algorithm to Generate the Quadtree. See Algorithm 1.

3. Results and Discussion
In this section, we have tested DA3DED with several synthetic material models. The results have been compared with
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(i) Input of data: 𝑛𝑘 , 𝑛𝑙 , 1 ≤ 𝑘 < 𝑙 ≤ 3, 𝐸1 , 𝐸2 , TNEP, TDMIN, 𝑑1 , 𝑑2 , 𝑝𝑜 = 0.
(ii) Initialize the node 0:
𝑄[0].𝑛 = 1, 𝑄[0].𝑚 = 𝑛𝑘 ; 𝑄[0].𝑝 = 1; 𝑄[0].𝑞 = 𝑛𝑙 ; 𝑄[0].spc = 1; 𝑄[0].pt = −1;
(iii) Split the node 0 into four discrete rectangles and initialize the nodes 1, 2, 3 and 4.
𝑄[𝑗].𝑛, 𝑄[𝑗].𝑚, 𝑄[𝑗].𝑝, 𝑄[𝑗].𝑞, 𝑗 = 1, . . . , 4, are obtained according to the method described in Section 2.2.4.
for (𝑗 = 1; 𝑗 ≤ 4; 𝑗 + +) {𝑄[𝑗].spc = 0; 𝑄[𝑗].pt = 0; 𝑄[𝑗].𝑑 = 𝑑1 ; }
(iv) Complete the members of the node 0,
for (𝑗 = 0; 𝑗 ≤ 3; 𝑗 + +)𝑄[0].ch[𝑗] = 𝑗 + 1;
(v) Initialize the current node and the counter of nodes 𝑐 = 1; 𝑛𝑛 = 4;
(vi) while (𝑝𝑜 < 4)
{
rch = 𝑄[𝑐].ch[3]; (right child of the current node)
if (𝑄[𝑐].spc == 0) (the split criterion has not been applied to the current node)
{
if (SPC(R𝑐 ) == 1) (the current node satisfies the split criterion)
{
Split R𝑐 into four discrete rectangles,
compute 𝑄[𝑛𝑛 + 𝑗].𝑛, 𝑄[𝑛𝑛 + 𝑗].𝑚, 𝑄[𝑛𝑛 + 𝑗].𝑝, 𝑄[𝑛𝑛 + 𝑗].𝑞,
𝑗 = 1, . . . , 4, by the method described in Section 2.2.4.
if (𝑄[𝑐].𝑑 == 𝑑1 )DV = 𝑑2 ;
else DV = 𝑑1 ;
for (𝑗 = 1; 𝑗 ≤ 4; 𝑗 + +)
{𝑄[𝑛𝑛 + 𝑗].spc = 0; 𝑄[𝑛𝑛 + 𝑗].pt = 𝑐;
𝑄[𝑛𝑛 + 𝑗].𝑑 = DV; 𝑄[𝑐].ch[𝑗 − 1] = 𝑛𝑛 + 𝑗; }
𝑄[𝑐].spc = 1;
𝑐 = 𝑛𝑛 + 1; (new current node)
𝑛𝑛 = 𝑛𝑛 + 4;
}
else (the current node does not satisfy the split criterion)
{
𝑄[𝑐].spc = 1;
for (𝑗 = 0; 𝑗 ≤ 3; 𝑗 + +)𝑄[𝑐].ch[𝑗] = −1;
𝑐 = 𝑄[𝑐].pt;
if (𝑐 == 0)𝑝𝑜 = 𝑝𝑜 + 1;
}
}
else (the split criterion has been applied to the current node)
{
if (𝑄[rch].spc == 1) (all the childs have been visited. Go to the parent)
{
𝑐 = 𝑄[𝑐].pt;
if (𝑐 == 0)𝑝𝑜 = 𝑝𝑜 + 1;
}
else (there exist childs not visited)
{
for (𝑗 = 1; 𝑗 ≤ 3; 𝑗 + +) if (𝑄[𝑄[𝑐].ch[𝑗]].spc == 0)break;
𝑐 = 𝑄[𝑐].ch[𝑗];
if (𝑐 == 0)𝑝𝑜 = 𝑝𝑜 + 1;
}
}
}

Algorithm 1

those obtained with other algorithms: 3D Sobel, 3D Prewitt,
and 3D EDAS-1. The test models have been the following:
(i) Internal inclusions within a material
(ii) Short fiber composites

(iii) Fracture models
Materials with internal inclusions are also called particle
composites (filled materials). For example, internal pores in
aluminium alloys can be obtained by introducing hydrogen in
the melt metal. Since the solubility of the hydrogen decreases
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Figure 5: Spherical inclusions (intersection with the plane 𝑥1 = 150). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.
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Figure 6: Icosahedral inclusions.

with the temperature, when the metal solidifies, the gas is
rejected and forms gas pores which are easily visualized
using X-ray tomography [27]. Icosahedral inclusions have
been described in [28]. Short fiber composites are a kind of
composite materials with short fibers of materials included
in a matrix material. For example, glass or carbon fibers

are used to reinforce polymers. The habitual fibers present a
circular cross section. Nowadays composite research is being
conducted with more exotic fibers: hollow glass fibers and triangular glass fibers. In the case of fibers with triangular cross
sections it is difficult to compute the fiber orientations from
2D images. This makes necessary 3D imaging [29]. Finally, we
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(a)

(b)

(c)

(d)

Figure 7: Icosahedral inclusions (intersection with the plane 𝑥1 = 75). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.

have considered a model of fractured material. The interface
of a fracture model is rather difficult to approximate because
it presents acute dihedral angles. In fact, many procedures
to detect 3D edges assume that the jump discontinuity set is
smooth.
To test the algorithms, we have designed examples having
different complexity in different zones. The box containing
the composite has been divided into eight equal cubes. The
inclusions and fibers have been randomly placed in each cube
with the following distribution:
(i) Spherical inclusions: 60 spheres (with radius 8) in one
of the cubes, each one of the remaining parts contains
4 spheres
(ii) Icosahedral inclusions: 60 icosahedra in one of the
cubes, each one of the remaining parts contains 4
icosahedra
(iii) Cylindrical fibers: 30 cylinders in one of the cubes,
each one of the remaining parts contains 2 cylinders
(iv) Prismatic fibers: 30 triangular prisms in one of the
cubes, each one of the remaining parts contains 2
triangular prisms
The 3D images used in the experiments have been generated
in two steps. First, we have considered a continuous function

with value 1 inside and 0 outside the bodies. In the case of
icosahedral inclusions, prismatic fibers, and fracture model,
we have used the algorithm proposed in [30] to find the
distance from a point to a polyhedron. Then, the above
continuous function has been discretized using a 200 × 200 ×
200 mesh and taking its value at the center of each cell.
The experimental environment has been the following:
(i) CPU Intel(R) Core(TM) i7-4500U CPU 1.8 GHz.
(ii) Running Software Microsoft Visual C++ 2012.
The test 3D images exhibit a complex structure containing
several three-dimensional objects. In complex problems, it
may be difficult to use deformable model algorithms. Therefore, we have compared DA3DED with 3D difference filters
(Sobel, Prewitt) which are suitable for arbitrary (unstructured) images. In the experiments with the 3D Sobel method,
the following mask to obtain the partial derivative of the
image intensity with respect to the variable 𝑥1 was adopted:
MX (:, :, 1) = [−2 0 2; −3 0 3; −2 0 2] ,
MX (:, :, 2) = [−3 0 3; −6 0 6; −3 0 3] ,
MX (:, :, 3) = [−2 0 2; −3 0 3; −2 0 2] .

(15)
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Figure 8: Icosahedral inclusions (intersection with the plane 𝑥1 = 150). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.
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Figure 9: Cylindrical fibers (circular cross section).

The corresponding mask used for the 3D Prewitt method
is
MX (:, :, 1) = [−1 0 1; −1 0 1; −1 0 1] ,
MX (:, :, 2) = [−1 0 1; −1 0 1; −1 0 1] ,
MX (:, :, 3) = [−1 0 1; −1 0 1; −1 0 1] .

(16)

We have used the MATLAB notation for matrices. The
masks for the derivatives with respect to 𝑥2 and 𝑥3 can be
obtained from the above ones [10, 31].
The results obtained with the Prewitt method are similar
to those obtained with the Sobel method, we have not
included them to save space.
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(a)

(b)

(c)

(d)

Figure 10: Cylindrical fibers (intersection with the plane 𝑥1 = 50). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.

Table 1: Performance of 3D EDAS-1 on the test models.
3D image
Spherical inclusions
Icosahedral inclusions
Cylindrical fibers
Prismatic fibers
Fracture model

𝐸1
10−1
10−1
10−1
10−1
10−1

𝐸2
10−2
10−2
10−2
10−2
10−2

𝐸3
10−2
10−2
10−2
10−2
10−2

𝐸4
10
10
10
10
10

𝐸5
10
10
10
10
10

TNI
4770465
6123908
4854444
4940281
8297400

TNJI
93447
229703
102482
112624
452000

CPU (s)
109.8
156.7
111.8
115.1
234.4

Table 2: Performance of DA3DED on the test models.
3D image
Spherical inclusions
Icosahedral inclusions
Cylindrical fibers
Prismatic fibers
Fracture model

TMIND
3
3
3
4
4

TNEP
25
25
25
25
17

3D EDAS-1 consists of applying EDAS-1 to the straight
lines, perpendicular to the plane 𝑥𝑖 𝑥𝑗 , passing through each
one of the points of [[1, 𝑛𝑖 ]] × [[1, 𝑛𝑗 ]]. This process is
performed for each coordinate plane.

𝑑1
10
10
10
6
8

𝑑2
9
9
8
5
7

TNI
2137515
4339122
2774380
3369707
3983960

TNJI
71586
192821
89438
108608
338064

CPU (s)
51.3
110.4
65.8
79.5
124.9

The numerical results for 3D EDAS-1 and DA3DED are
reported in Tables 1 and 2. We call TNI the total number of
intervals and TNJI the total number of intervals containing
jumps, generated in the applications of EDAS-1. 𝐸5 is a
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Figure 11: Cylindrical fibers (intersection with the plane 𝑥1 = 110). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.
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Figure 12: Prismatic fibers (triangular cross section).

parameter of adaptive cubature; see [22]. The results in Table 2
have been obtained with the same values of 𝐸𝑖 , 𝑖 = 1, . . . , 5,
than those in Table 1.
The synthetic models are shown in Figures 3, 6, 9, 12,
and 15. A graphic comparison of the results obtained with 3D
Sobel, 3D EDAS-1, and DA3DED is shown in Figures 4, 5, 7,
8, 10, 11, 13, 14, 16, and 17.

4. Conclusions
Fast and accurate edge detection in 3D images is necessary
in many applications. Some typical examples include image
guided surgery, 3D assisted face recognition, safety and security applications [32], seismic imaging, and satellite images
with natural color [33].
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(a)
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Figure 13: Prismatic fibers (intersection with the plane 𝑥1 = 50). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.
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(d)

Figure 14: Prismatic fibers (intersection with the plane 𝑥1 = 150). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.
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Figure 15: Fracture model.

(a)
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Figure 16: Fracture model (section perpendicular to the 𝑥1 -axis). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.

The problem is challenging because 3D images involve an
enormous amount of data (voxels) that must be processed.
Algorithms that provide a simple point based representation
of the jump discontinuity set (3D filters) process all the voxels
in an image.

However, in most images the complexity varies from
a region to another. The proposed algorithm (DA3DED)
is based on this fact. The depth of the treatment is proportional to the complexity of the region into consideration.
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(a)
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(c)

(d)

Figure 17: Fracture model (intersection with the plane 𝑥3 = 175). (a) Exact intersection, (b) 3D Sobel, (c) 3D EDAS-1, and (d) DA3DED.

DA3DED has been tested on 3D images that modelize
real problems (composites, fractures). It has been much faster
than the 1D edge detection algorithm for 3D images derived
from EDAS-1.
The doubly adaptive algorithm provides a thorough
description of the edges in complex zones. Regions with low
complexity are described in less detail, but in this case the
discontinuity surface can be effectively reconstructed using
techniques such as interpolation.
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This paper proposed a new method of underwater images restoration and enhancement which was inspired by the dark channel
prior in image dehazing field. Firstly, we proposed the bright channel prior of underwater environment. By estimating and rectifying
the bright channel image, estimating the atmospheric light, and estimating and refining the transmittance image, eventually
underwater images were restored. Secondly, in order to rectify the color distortion, the restoration images were equalized by
using the deduced histogram equalization. The experiment results showed that the proposed method could enhance the quality
of underwater images effectively.

1. Instruction
For the past several years, the attention of more and more
scholars was drawn to the field of underwater images
enhancement and restoration. As a result of scattering
and absorption, underwater images always suffer from the
problems of low contrast, blur, and color distortion. So,
underwater image restoration and enhancement has been a
challenging field. Figure 1(a) shows some pictures captured in
underwater environment and we can see the quality decline
obviously.
High quality images are needed in many fields which
use the underwater images to achieve some specific goals,
such as the tracking of underwater objects, 3D reconstruction
of underwater objects, underwater archaeology, underwater
biological research, and sea floor exploration.
In order to obtain high quality images, scholars proposed
different approaches which could be sorted into two categories. One is image restoration and the other one is image
enhancement. The image enhancement technology does not
consider the physics model and it can improve the image
quality by image processing methods simply. The image
restoration technology is based on the physics model of image
formation. But this technology is not good at dealing with the
color distortion. Because the two technologies have their own

advantages and disadvantages, in this paper, we combined the
two technologies and obtained satisfying results.
For the image dehazing questions in air, some scholars
in [1, 2] proposed the method which needed several pictures
obtained under different weathers to get the image without
fog. Recently more and more researchers have begun to
focus on single image dehazing [3–6]. Tan in [3] dehazed
images by maximizing the local contrast of restoration
images. The result of this method was satisfying, but the
saturation suffered from over enhancement. Fattal in [4]
used one single image to obtain a transmittance image and
used this transmittance image to dehaze the image. He et
al. in [5] proposed the dark channel prior to acquire the
transmittance image. He found that one of the three channels
(R/G/B) of images without fog and sky areas normally had
low intensity. Once sky or foggy areas existed in images,
this phenomenon would be invalid. He found this statistics
phenomenon and then proposed the dark channel prior. Ge
et al. in [6] proposed one single image dehazing method by
linear transformation. Li et al. [7] put forward one single
image dehazing method which utilized the detailed prior
information.
For underwater environment, by observing the relationship between the blurring degree and the imaging distance,
Peng et al. [8] applied the blurring method to the imaging
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Figure 1: (a) Degraded underwater image; (b) the improved result of our method.
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Figure 2: Flow chart of the proposed algorithm.

formation model and estimated the distance between the
scene and the camera and then removed the fog. Ancuti et
al. [9] utilized the image fusion method to remove the fog;
up to now this method may be the best method on visual
perception.
Considering the features of underwater environment,
Carlevaris-Bianco et al. in [10] used the notable differences of
attenuation among different channels to estimate the depth
of the scene. Galdran et al. in [11] put forward an automatic
red channel underwater image restoration method, and this
method could be regarded as the deformation of the dark
channel prior method. Wen et al. in [12] used the blue and
green channel without the red channel to redefine a new
dark channel that fitted the underwater image. This slightly
modified dark channel prior based method was successfully
applied to underwater images.
In this paper, we proposed one new restoration and
enhancement method for underwater images: underwater
image restoration and enhancement based on bright channel
prior. Our method could be regarded as the improved version
of preciously reported dark channel prior. Another bright
channel prior based method different from the method
proposed in this manuscript has been reported in [13]. In
[13] the bright channel prior seems to be the opposite of
the dark channel prior in [5]. The flow chart of our method
is shown in Figure 2. Experiment results showed that the
proposed method was of validity to all images of different
scenes, and in a certain degree our method could correct

the color distortion. In our experiment, all parameters of
different images were same.
The structure of this paper is as follows: in Section 2,
the proposed image restoration and enhancement method
is described, including bright channel image acquisition,
the maximum color difference image acquisition, bright
channel image correction, atmospheric light estimation, then
initial transmittance image acquisition, image restoration,
and deduced histogram equalization. Section 3 mainly analyzes the validness of the proposed method and some other
contrast experiments. Section 4 is the conclusion.

2. Underwater Image Restoration
and Enhancement Based on Bright
Channel Prior
2.1. Underwater Imaging Formation. Many image dehazing
methods use the model proposed by Duntley et al. [14]. The
underwater simplified model proposed by Carlevaris-Bianco
in [10] is the same as the standard Duntley model used to
remove the fog in air. So we use the Duntley model to restore
the underwater images:
𝐼 (𝑥) = 𝐽 (𝑥) 𝑡 (𝑥) + 𝐴 (1 − 𝑡 (𝑥)) ,

(1)

where 𝐼 is the observed intensity, the input degraded color
image; 𝑡 is the transmission, which describes the amount of
light without being scattered nor absorbed and reaches the
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Figure 3: (a) Degraded underwater images; (b) dark channels of the degraded underwater images.

observer. 𝑡(𝑥) = 𝑒−𝛽𝑑(𝑥) , 𝛽 is the attenuation coefficient of the
medium, and 𝑑(𝑥) is the distance between the object and the
camera. 𝐴 is the atmospheric light, physically related to the
color of the haze; 𝐽 is the scene radiance or haze-free image.
As we can see, if we know 𝐴 and 𝑡, then we can solve 𝐽.
2.2. Estimate the Transmittance Image through Dark Channel
Prior. By observing, He et al. in [5] found one of the three
channels (R/G/B) of a local area in images without fog and
sky areas had low intensity, which means the light intensity is
a small numeric. Once sky or foggy areas exist in images, this
phenomenon will be invalid. For one image the dark channel
is defined as follows in [5]:
𝐽dark (𝑥) = min ( min 𝐽𝑐 (𝑦)) ,
𝑦∈Ω(𝑥)

𝑐∈{𝑟,𝑔,𝑏}

(2)

where 𝐽𝑐 means the three channels of each image, Ω(𝑥)
denotes a window block centered at pixel 𝑥, and the dark
channel theory is shown as follows:
𝐽dark → 0.

(3)

There are three factors to explain why the dark channel
prior is valid: (a) shades of cars, buildings, trees, and other
objects have low intensity; (b) objects with bright colors
always have one low intensity channel; (c) the intensity of
objects is low. In one word, shade and color of natural scenes
are very normal; the dark channel images of these scenes will
be very gloomy.
By using dark channel prior, the initial transmission can
be solved by
̃𝑡 (𝑥) = 1 − min (min
𝑐
𝑦∈Ω(𝑥)

𝐼𝑐 (𝑦)
).
𝐴c

the dark channel images of underwater images are not the
same as the dark channel images in air. In air, the sky areas
or the distant scenes always have bright dark channel, but
this phenomenon is not valid for dark channel images of
underwater images. So we can come to the conclusion that the
dark channel prior failed to work for degraded underwater
image.
The reason why the dark channel prior failed to work
for degraded underwater image directly is as follows: when
the weather is foggy, atmospheric particle size is larger than
wavelengths of visible light, and scattering effects on visible
lights with different wavelengths are same, so the image tends
to be white or gray. Meanwhile, particle size in water is
usually larger than the wavelengths of visible lights, so the
absorption effect is more obvious than the scattering effect
in water. The scattering effects of visible lights with different
wavelengths are normally the same, but the absorption effects
in air and water are different: the absorption effect in water is
stronger than the absorption effect in air, and it will become
more serious with the wavelength increasing in water. So the
images captured in water are usually blue or green, and the
red channel intensity will be low in the whole picture; this
leads to the problem that the dark channel image of degraded
underwater image will not change with the imaging distance
and the transmittance image is not related to the dark channel
image. In this situation, the dark channel prior has no sense
anymore: with the image being degraded or not, there is
almost always one color channel with low intensity (usually
the red one) [11]. On the contrary, the degraded image in
air does not suffer from the problems of color distortion, so
the dark channel prior works for degraded images in air. In
one word, the dark channel prior fails to work in degraded
underwater images due to the low intensity of the red channel.

(4)

Figure 3 shows several degraded underwater images and
their dark channel images. From Figure 3 we can see that

2.3. Image Restoration Based on Bright Channel Prior
2.3.1. Obtain Bright Channel Image. Assume that the atmospheric light 𝐴 is known (we will introduce how to estimate

4
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(b)

(c)

(d)

Figure 4: (a) Clear underwater images; (b) the bright channel of clearly underwater images; (c) degraded underwater images; (d) the bright
channels of degraded underwater images.

𝐴 in Section 2.3.4); split different color channels and deform
(1), we can obtain the following:

𝐼new (𝑥) = 𝐽new (𝑥) 𝑡 (𝑥) + 𝐴new (1 − 𝑡 (𝑥)) .

𝐼R = 𝐽R 𝑡 + 𝐴R (1 − 𝑡)
1 − 𝐼G = (1 − 𝐽G ) 𝑡 + (1 − 𝐴G ) (1 − 𝑡)

image 𝐽new ; (𝐴R , 1−𝐴G , 1−𝐴B ) is the new atmospheric light;
then we can get the new imaging formation model:

(5)

1 − 𝐼B = (1 − 𝐽B ) 𝑡 + (1 − 𝐴B ) (1 − 𝑡) ,
where 𝐼R , 𝐼G , and 𝐼B are the red, green, and blue channel
images of the degraded underwater image, respectively.
𝐽R , 𝐽G , and 𝐽B are the red, green, and blue channel images
of the nondegraded underwater image, respectively. 𝐴R , 𝐴G ,
and 𝐴B are the atmospheric light of the red, green, and
blue channel images of the degraded underwater image,
respectively.
Equation (5) is completely equal to (1). We combine the
three channel images (𝐼R , 1 − 𝐼G , and 1 − 𝐼B left term of (5))
as the new degraded image 𝐼new , and we call it half-revision
image. Regard (𝐽R , 1 − 𝐽G , 1 − 𝐽B ) as the new nondegraded

(6)

Considering different color channels we deform (6) into
𝐽new𝑐 (𝑥)
𝐼new𝑐 (𝑥)
= 𝑡 (𝑥)
+ 1 − 𝑡 (𝑥) .
new𝑐
𝐴
𝐴new𝑐

(7)

𝑐 ∈ {𝑟, 𝑔new , 𝑏new } denotes different color channels.
Define the bright channel as follows:
𝐽newlight (𝑥) = max (
𝑦∈Ω(𝑥)

max

𝑐∈{𝑟,𝑔new ,𝑏new }

𝐽new𝑐 (𝑦)) .

(8)

Figures 4(a), 4(b), 4(c), and 4(d) show that the bright
channel images of nondegraded underwater images always
have higher intensity, while in the degraded underwater
images the bright channel intensity of the near scene is high.
Otherwise, the bright channel intensity of the distant scene is
low, especially when pure water areas exist in these scenes. So

Mathematical Problems in Engineering

5

Figure 5: The maximum color difference images.

we suppose the bright channel intensity of underwater images
without pure water areas and distant scenes approximate to 1.
We call this bright channel prior
𝐽newlight → 1.

(9)

Maximize both sides of (7) in a local block:
max𝑦∈Ω(𝑥) (max𝑐∈{𝑟,𝑔new ,𝑏new } 𝐼new𝑐 (𝑦))
𝐴new𝑐
= 𝑡 (𝑥)

max𝑦∈Ω(𝑥) (max𝑐∈{𝑟,𝑔new ,𝑏new } 𝐽new𝑐 (𝑦))
𝐴new𝑐

+1

(10)

− 𝑡 (𝑥) .
Depending on (8) and (9) we have the following:
max (

𝑦∈Ω(𝑥)

max

𝑐∈{𝑟,𝑔new ,𝑏new }

𝐽new𝑐 (𝑦)) = 1.

(11)

1
max ( max 𝐼new𝑐 (𝑦))
1 − 𝐴new𝑐 𝑦∈Ω(𝑥) 𝑐∈{𝑟,𝑔new ,𝑏new }
𝐴new𝑐
−
.
1 − 𝐴new𝑐

(12)

If we have known 𝐴new𝑐 , we can compute the initial transmission by using (12). By analyzing (12), we find the following:
𝐴new𝑐 is a constant which is less than 1, 1/(1 − 𝐴new𝑐 ) is a
constant which is more than 1, and the relationship of ̃𝑡(𝑥) and
max𝑦∈Ω(𝑥) (max𝑐∈{𝑟,𝑔new ,𝑏new } 𝐼new𝑐 (𝑦)) is a linear proportional
relationship.
2.3.2. Generate the Maximum Color Difference Image. We
know the red light attenuates fastest while the green and blue
light attenuate slower, so the color distortion will become
more serious with the distance increasing. We define the
maximum color difference image as follows:
bgsubr (𝑥) = 1 − max (max (𝐶max (𝑥) − 𝐶min (𝑥) , 0) ,
max (𝐶mid (𝑥) − 𝐶min (𝑥) , 0)) ,

2.3.3. Rectify the Bright Channel Image. From Section 2.3.1
we know the transmittance image is linearly proportional to
the bright channel image, and from Section 2.3.2 we know
the value of the maximum color difference image is inversely
proportional to the imaging distance. Analyzing (12), we
find that the transmission we get will be smaller than the
real transmission because the bright channel prior assumed
that the bright channel of nondegraded underwater image is
approximate to 1. In order to increase the stability, we rectify
the bright channel image using the maximum color difference
image. The rectifying equation is
lightcorrect (𝑥) = 𝜆 ∗ light (𝑥) + (1 − 𝜆) ∗ bgsubr (𝑥) , (14)

Bringing (11) to (10) we get
̃𝑡 (𝑥) =

maximum one from all candidates. Figure 5 shows the
maximum color difference images by using (13); we can
see that the further the imaging distance, the more obvious
the difference between different channels. The value of the
maximum color difference image is inversely proportional to
the imaging distance.

(13)

where bgsubr is the maximum color difference image, 𝑥
is each pixel, 𝐶max is the channel whose intensity is the
maximum among the three channels, 𝐶mid is the channel
whose intensity is medium among the three channels, and
𝐶min is the channel whose intensity is the minimum among
the three channels; max operation means to choose the

where lightcorrect (𝑥) denotes the rectified bright channel
image, light (𝑥) = max𝑦∈Ω(𝑥) (max𝑐∈{𝑟,𝑔new ,𝑏new } 𝐼new𝑐 (𝑦)) (in
Section 2.3.1) denotes the nonrectified bright channel image
of the degraded underwater image, bgsubr (𝑥) denotes the
maximum color difference image, and 𝜆 is the proportional
coefficient. In our experiments, we found the bright channel
should be the main part to produce the rectified bright
channel image, and 𝜆 should be larger than 0.5; at the same
time, we find that 𝜆 in (15) could satisfy this requirement, so
𝜆 is captured as follows:
𝜆 = max (max (𝑆)) ,

(15)

where 𝑆 is the saturation channel image of the degraded
underwater image in HSV color space. The first max operation means we pick out the maximum value of each column
for the saturation image, and the second max operation
means we compute the maximum value for these maximum
values picked out. Figure 6 shows the restoration images with
the nonrectified and rectified bright channel images, respectively. In Figure 6(b) the image is overrestored especially in
the red rectangle. We can see the rectification of the bright
channel image can restrain the overrestoration.
2.3.4. Estimate the Atmospheric Light. In previous sections,
we assume the atmospheric light is known, but the value of
atmospheric light is also estimated by us. In Section 2.3.1,
we obtained the bright channel image of the degraded
underwater image. In this section we will use the bright
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(a)

(b)

Figure 6: (a) The restored result with the rectification of the bright channel; (b) the restored result without the rectification of the bright
channel.

Figure 7: The estimated atmospheric light point is the white point in the red rectangle.

channel image of the degraded underwater image to estimate
the atmospheric light.
Firstly, we use the gray image of the original degraded
underwater image to produce the variance image (V). For
each pixel in the gray image we compute its variance within a
block which centers at this pixel point. The variance of each
pixel in one block shows the evenness of this block.
Secondly, we pick out the top one percent darkest pixels
in the bright channel. These pixels are usually most hazeopaque. Among these pixels, the pixel with the lowest value
in the variance image V is selected as the atmospheric light.
These pixels are in the red rectangle in Figure 7.
2.3.5. Compute and Refine Transmittance Image. After obtaining the rectified bright channel image and the atmospheric light, we can compute the initial transmittance image
of each color channel. The computing equation is
̃𝑡𝑐 (𝑥) =

(lightcorrect (𝑥) − 𝐴𝑐 )
,
1 − 𝐴𝑐

(16)

where 𝑐 denotes the different color channels, lightcorrect
denotes the rectified bright channel image, and 𝐴𝑐 denotes
the atmospheric light of each channel. After computing the

transmittance image of each channel, we can solve the average
value of the three transmittance images and regard it as the
initial transmittance image.
Figure 8(a) shows the initial transmission we got. The
main problems are some halos and block artifacts, the same
as the transmittance image captured in [5]. So we use the
gray image of original degraded underwater image as the
guide image and the initial transmittance image as the input
image to perform guide filter in [15]. Then, we obtain the
final transmittance image. Figure 8(b) shows the refined
transmittance image.
2.3.6. Restore and Enhance Underwater Image. After obtaining the transmittance image and the atmospheric light, we can
obtain the restoration image:
𝐽𝑐min =
𝐽𝑐middle =
𝐽𝑐max =

𝐼𝑐min (𝑥) − 𝐴𝑐min
+ 𝐴𝑐min
̃𝑡 (𝑥)
𝐼𝑐middle (𝑥) − 𝐴𝑐middle
+ 𝐴𝑐middle
̃𝑡 (𝑥)
𝐼𝑐max (𝑥) − 𝐴𝑐max
+ 𝐴𝑐max ,
̃𝑡 (𝑥)

(17)
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(a)

(b)

Figure 8: (a) The initial transmittance image; (b) the final transmittance image after guided image filter.

(a)

(b)

Figure 9: (a) The result with the bright channel restoration; (b) the result with the bright channel restoration and histogram equalization.

where 𝐶max is the channel whose mean intensity is the maximum among the three channels, 𝐶mid is the channel whose
mean intensity is the medium among the three channels, and
𝐶min is the channel whose mean intensity is the minimum
among the three channels. ̃𝑡 is the transmittance image. 𝐼 is
the degraded underwater image, 𝐴 is the atmospheric light,
and 𝐽 is the restored image.
Equation (17) demonstrates that if the intensity value
of one pixel in one of the three color channels is different
from the atmospheric light in this channel, the difference
will become larger. This can increase the contrast of the
image, but it can also bring some questions. In the maximum
color channel, if the intensity of one point is larger than
the atmospheric light value, the intensity of this point will
become much larger (this makes the color distortion problem
more serious). In the minimum color channel, if the intensity
value of one pixel point is smaller than the atmospheric light
value, the intensity of this point will become much smaller

(this leads to the losing of some detailed information in
low intensity district). So the pixel points whose intensity
values are smaller than the atmospheric light are computed
by using (17) in the maximum color channel. The pixel
point whose intensity value is larger than the atmospheric
light is computed by using (17) in the minimum color
channel. Figure 9(a) shows the four restoration images whose
degraded images have been introduced in previous sections.
Estimating the different transmittance images of different
channels precisely is a challenging question because it is
so difficult for us to estimate the precise transmittance (𝛽)
for different channels. So many methods used the same
transmittance image, which were not good at rectifying the
color distortion. In this paper we use the deduced histogram
equalization method to rectify the color distortion. We do not
equalize the image from 0 to 255; we equalize the restored
image from 0 to a specific value.

8
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Figure 10: (a) The original degraded underwater image; (b) the result with the bright channel restoration; (c) the result with the bright channel
restoration and histogram equalization; (d) the flow chart of the deduced histogram equalization method.

Firstly, we compute the average intensity value of each
channel; then we multiply the three means with three coefficients (𝜆1, 𝜆2, 𝜆3 in Figure 10(d); the three coefficients may
be the same or not). Next, we compare the three products with
255, respectively, and choose the smaller one as the specific
value. Figures 9(b) and 10 show the result of the histogram
equalization method on the restoration images. We can see
that the effect of histogram equalization on rectifying the
color distortion is obvious. Figure 10(d) is the flow chart of
the deduced histogram equalization method.

3. Testing and Analyzing Our Method
3.1. Experiment Result. There are varieties of different scenes
for underwater images, so it is difficult for us to test all scenes.
It is very difficult to assess the performance of an underwater
image restoration algorithm, since there is no ground truth
or uniform measure standard available. To compare different
methods we pick out four underwater images from the website “https://github.com/agaldran/UnderWater.” It is known
that underwater images always appear blue or green; these
four images represent four different scenes of underwater. The
four images are shown in Figure 11.

The color shift changes from blue to green gradually from
Figures 11(a)–11(d). The image of wreck shifts blue the most
seriously among the four images; the image of diver shifts
green the most seriously among the four images.
Figures 12, 15, 18, and 21 are the visual results of the
algorithms in [5, 9–11, 16]. In order to compare these algorithms, we pick out two image features which are regarded
as the standard of different algorithms. One is the amount of
canny edge point; the other is the amount of sift feature point.
Figures 13, 16, 19, and 22 are the results of canny edge point
feature of the algorithms in [5, 9–11, 16]. Figures 14, 17, 20,
and 23 are the results of sift point feature of the algorithms
in [5, 9–11, 16]. The amounts of canny edge point are stored
in Table 1, and the amounts of sift feature point are stored in
Table 2. Figures 24 and 25 are the bar charts of the canny edge
point amount and sift feature point amount, respectively.
The algorithms in Tables 1 and 2 show that they can
improve the quality of degraded underwater images [9, 11]
and the proposed algorithms in this paper are better than the
algorithms in [5, 10, 16] in increasing the visual perception.
The algorithm in [5] could increase the sift feature point
amount of the four images, but it can not increase the canny
edge point amount and it is not obvious in improving the

Mathematical Problems in Engineering

(a)

9

(b)

(c)
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Figure 11: Four underwater images: (a) wreck; (b) coral; (c) fish; (d) diver.

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 12: The visual results of different algorithms.

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 13: The canny edge results of different algorithms.
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Table 1: The canny edge point amount of different algorithms.

Image
Wreck
Coral
Fish
Diver

Original image
32343
66231
19928
9232

[5]
28051
63767
18625
9592

Algorithm
[9]
36899
63501
21267
10685

[16]
32225
56837
19800
11781

[10]
34694
64976
20160
9718

[11]
34137
70381
20235
8709

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 14: The sift feature results of different algorithms.

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 15: The visual results of different algorithms.

Proposed
40889
72531
20062
9396
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Table 2: The sift feature point amount of different algorithms.

Image
Wreck
Coral
Fish
Diver

Original image
2011
4061
154
55

[5]
2494
7195
804
170

Algorithm
[9]
4342
6451
1921
378

[15]
4965
9354
2649
699

[10]
2551
5819
238
99

[11]
3370
3740
1102
229

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 16: The canny edge results of different algorithms.

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 17: The sift feature results of different algorithms.

Proposed
4090
8988
1838
276
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(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 18: The visual results of different algorithms.

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 19: The canny edge results of different algorithms.

visual effect. Ref. [16] is the best in increasing the sift feature
point quantity, but it can not increase the canny edge point
quantity obviously, and the visual effect is not true compared
to the original image. Ref. [10] can increase both feature
point amounts, but the visual effect is not obvious. Ref. [11]
can improve the visual effect obviously but is not superior
to the proposed method in increasing both feature point
amounts. Considering all these factors [9] and the proposed
algorithm have the best performance in improving the quality
of underwater images. Ref. [9] is better than our algorithm

in dealing with the green shifting image, but the proposed
algorithm is better than [9] in dealing with the blue shifting
image. Considering the experiment result we can come to the
conclusion that the proposed method can enhance the quality
of underwater images effectively.

4. Conclusion
In this paper, a new method of the restoration and enhancement of underwater images was proposed. Our algorithm was
inspired by the dark channel prior image dehazing.
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(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 20: The sift feature results of different algorithms.

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 21: The visual results of different algorithms.

Firstly, we proposed the bright channel prior of underwater environment. By estimating and rectifying the bright
channel image, estimating the atmospheric light, and estimating and refining the transmittance image, finally the
underwater images were restored. Secondly, in order to
rectify the color distortion further, we utilized the deduced
histogram equalization to equalize the restoration images.
We carried out our experiments on four different
underwater images which represent four different scenes
of underwater environment. We compared our algorithm

with another five algorithms by using the quantities of
two feature points. The experiment results showed that the
proposed algorithm was effective in improving the quality of
underwater degraded images.
There are still some questions in our method and a lot of
work we should do in the future.
(1) The transmission computed by the bright channel
prior is smaller than the real transmission. This
always leads to the overrestoration question; we used
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(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 22: The canny edge results of different algorithms.

(a) [5]

(b) [9]

(c) [16]

(d) [10]

(e) [11]

(f) Proposed

Figure 23: The sift feature results of different algorithms.

the maximum difference image to rectify this phenomenon, but the rectifying coefficient 𝜆 may not
be the best, and we need to find a better rectifying
coefficient or a better method to solve this question
in the future.
(2) The proposed method used the guided image filter
to refine the transmittance image. Because of the
properties of the guided image filter some detailed
information will be lost in the refined transmittance
image; this leads to the losing of detailed information

in restored image. The future work is to improve the
filter, which can obtain detailed information in the
refined transmittance image.
(3) In this paper we used the deduced histogram equalization method to solve the color distortion problem.
We can see its effectiveness in this paper, but this
method also may not be the best and it may result
in the over equalizing of one channel (like the red
channel). So in the future, we should also try our best
to solve the color distortion problem.
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Figure 24: The canny edge point amount of different algorithms.
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Figure 25: The sift feature point amount of different algorithms.

(4) Since there is no ground truth or uniform measure
standard available, we choose the amount of canny
point and sift feature point to evaluate the performance of different methods, but this also may not be
the most suitable method. So we should also adapt or
define a more suitable measure standard to evaluate
different methods in the future.
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[13]

[14]

[15]
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Zero-watermarking is a blind digital watermarking method. It has reached the point where the robustness and the imperceptibility
can arrive at a good balance. In this paper, a strong robust zero-watermarking scheme is proposed which employs multiresolution
and multiscale representation characteristics of nonsubsampled shearlet transform to analyze the direction features of the given
image. The effectiveness of the proposed scheme for dealing with many kinds of attack such as compression, noise addition, and
scaling is demonstrated by the experimental results. When compared with other zero-watermarking schemes using counterpart
transforms like discrete wavelet transform, the experimental results show that the proposed watermarking scheme can get better
performance.

1. Introduction
Digital watermarking techniques [1–4] are effective means
to protect copyright of the digital media. It has attracted
a lot of attention in the last decade. However, traditional
digital watermarking system which modifies the host image
to some extent has been studied for a long time. There
still remain such problems about watermarks as robustness,
imperceptibility, or unavailability of the host image in the
extracting process. A zero-watermarking system is a type of
watermarking schemes that is encrypted with the host image
[5] instead of hiding information inside the host image. It can
be a good alternative watermarking method for its bringing
no distortion to the host image. Thus, the quality of the host
image can be ensured.
The crucial step in the zero-watermarking system is to
extract stable internal feature information from the host
image. As a higher dimensional signal, images are governed
by anisotropic directional features [6], such as edges or textures. How to efficiently represent images with rich direction
feature information is a central problem in image processing
fields. The wavelet transform is well known for capturing
the geometry of image edges because it provides a good
multiresolution representation of one-dimensional piecewise

smooth signals [7, 8], but it is restricted by the limited
directionality in its filtering structures.
These disappointing behaviors indicate that more powerful representation methods are needed. Thus, numerous
approaches for efficiently representing direction features
in images have been proposed, including directional filter
banks [9], Contourlet [10–12], and shearlets [6, 10, 13, 14].
Among all these representation systems, shearlets exhibit
many outstanding properties: the potential ability to use the
power of multiscale to capture geometry of multidimensional
data, optimally sparse approximation of anisotropic features.
It is an affine system containing a single mother function
that is parameterized by scaling, shearing, and translating
parameters [15]. It is argued that shearlets can capture
direction features more precisely and efficiently [13, 15]. All
these brilliant advantages make shearlets the most successful
and versatile representation system.
Zero-watermark algorithm was proposed by Wen et al.
[16], which does not change the original image. And the most
important step is to construct a zero-watermark with the
essential characteristics of the host image. In previous literatures [17], though NSST was applied in zero-watermarking
algorithms. It was not clearly stated what kind of essential
parts of the images should be considered and why NSST is a
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Figure 1: (a) The illustration of the succession of LP decomposition and shearlet directional filtering. (b) The tiling of shearlets in the frequency
domain.

better tool for representing images. Based on former studies
[18], a novel zero-watermarking scheme is proposed through
using shearlets and matrix norm to analyze image direction
features and transform domain coefficients respectively. In
this paper, image directionality is taken into account as a kind
of essential property. And direction information intensity
is defined to quantify the measurements. The experimental results demonstrate that the proposed algorithm can
get remarkable robust ability. The comparison with latest
methods proves that the zero-watermarking scheme that use
shearlets is superior to those based on DWT.

2. Theoretical Background


2
̂ 2 (2𝑗 𝜔 − 𝑙) = 1,
∑ 𝜓

𝑗

∈ 𝑍, 𝑘 ∈ 𝑍2 } .

(1)

If 𝑆𝐴,𝐵 (𝜓) forms a Parseval frame, the elements of this system
are called composite wavelets. Shearlets are a special example
of composite wavelets in 𝐿2 (𝑅2 ). There are collections of the
form (1) where 𝐴 is the anisotropic dilation matrix and 𝐵 is
the shear matrix:
4 0
),
𝐴=(
0 2
(2)
1 1
);
𝐵=(
0 1
𝜉2
),
𝜉1

(3)

̂ supp 𝜓
̂ 1, 𝜓
̂ 2 ∈ 𝐶∞ (𝑅)
̂ 1 ⊂ [−1/2, −1/16] ∪ [1/16,
where 𝜓
̂ 2 ⊂ [−1, 1] assume that
1/2] supp 𝜓
|𝜔| ≥

1
8

(5)

̂ 1 and 𝜓
̂ 2 , 𝜓𝑗,𝑙,𝑘 in frequency
from the supporting condition 𝜓
domain is supported with
2𝑗−1
̂ (0)
, −22𝑙−4 ]
𝜓
𝑗,𝑙,𝑘 ⊂ {(𝜉1 , 𝜉2 ) : 𝜉1 ∈ [−2
2𝑗−1

,2

 𝜉



] ,  2 + 𝑙2−𝑗  ≤ 2−𝑗 }

 𝜉1

(6)

̂ 𝑗,𝑙,𝑘 (𝑥) is supported on a pair of
That is, each element 𝜓
trapezoids, of approximate size 22𝑗 × 2𝑗 , oriented along lines
of the slope 𝑙2−𝑗 .
Nonsubsampled shearlet transform (NSST) is implemented by two steps. Firstly, apply Laplace Pyramid scheme
to decompose the host image 𝑓 into a low-pass image 𝑓𝐿 and
several different scale levels, namely, high-pass component
𝑓𝐻. Secondly, the high-pass part is decomposed by discrete shearlet transform to get direction subbands. Because
the image is decomposed without either downsampling or
upsampling, the outputs have the same size as the original
image. Figure 1(a) shows the illustration of LP decomposition
succession and shearlet directional filtering. Figure 1(b)
shows the tilling of frequency plane of shearlets.
2.2. Matrix Norm. If 𝐴 is a nonnegative matrix, its singular
value decomposition (SVD) is defined as follows:

for any 𝜉 = (𝜉1 , 𝜉2 ), 𝜉1 ≠ 0, let
̂ (0) (𝜉1 , 𝜉2 ) = 𝜓
̂ (0) (𝜉) = 𝜓
̂ 1 (𝜉1 ) 𝜓
̂2 (
𝜓

|𝜔| ≤ 1;

𝑙=−2

∪ [2

𝑆𝐴𝐵 (𝜓) = {𝜓𝑗,𝑙,𝑘 (𝑥) = |det 𝐴|𝑗/2 𝜓 (𝐵𝑙 𝐴𝑗 𝑠 − 𝑘) : 𝑗, 𝑙

𝑗≥0

2𝑗 −1

2𝑗−4

2.1. Basic Theory of Shearlets [6, 13, 14, 19]. 2-dimensional
affine system with composite dilations is as follows:


2
̂ 1 (2−2𝑗 𝜔) = 1,
∑ 𝜓


for 𝑗 ≥ 0,

(4)

𝐴 = 𝑈𝑆𝑉𝑇 ,
𝑈𝑇 𝐴𝑉 = 𝑆 = diag (𝜎1 , 𝜎2 , 𝜎3 , . . . , 𝜎𝑝 ) ,

(7)

where 𝑝 is minimum of 𝑛 and 𝑚, 𝜎𝑖 is the singular value of
matrix 𝐴, 𝜎1 > 𝜎2 > 𝜎3 ≥ ⋅ ⋅ ⋅ ≥ 𝜎𝑝 , 𝑈 is left singular value
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Table 1: Time costs comparison when calculating SVD and 2-norm
of different matrix.

Input: matrices 𝐴 and 𝐵
Let 𝐶 be a new matrix of the appropriate size
For 𝑖 from 1 to 𝑛:
For 𝑗 from 1 to 𝑝:
Let sum = 0
For 𝑘 from 1 to 𝑚:
Set sum ← sum + 𝐴 𝑖𝑘 × 𝐵𝑘𝑗
Set 𝐶𝑖𝑗 ← sum
Return 𝐶

Size of matrix
Lena (128 × 128)
Lena (256 × 256)
Man (128 × 128)
Man (256 × 256)
Plane (128 × 128)
Plane (256 × 256)

SVD (s)
0.0083
0.4043
0.0071
0.2474
0.0084
0.0508

2-norm (s)
0.0030
0.1051
0.0054
0.1022
0.0039
0.0298

Algorithm 1:

3. A Novel Zero-Watermarking Scheme
vector, and 𝑉 is right singular value vector. Spectrum norm
and 𝐹-norm of nonnegative matrix 𝐴 are defined as follows:
‖𝐴‖2 = √𝜆 max (𝐴𝑇 𝐴) = 𝜎1 ,
𝑚 𝑛

𝑝

𝑖=1 𝑗=1

𝑖=1

‖𝐴‖𝐹 = √ ∑∑ 𝑎𝑖𝑗2 = ∑𝜆 𝑖 = 𝜎12 + 𝜎22 + ⋅ ⋅ ⋅ + 𝜎𝑝2 .

(8)

(9)

Matrix’s spectrum norm is maximal singular; 𝐹-norm is the
square sum of all singular values. From formula (8), when
𝐹 = 2, the matrix 2-norm is equivalent to the largest singular
value.
SVD is widely applied to digital watermarking technologies [20, 21] and it effectively reveals that the larger
singular values of an image do not change significantly when
common image processing attacks are performed on this
image. However, SVD calculating will increase algorithm’s
complexity and computing cost, since the SVD process has
matrix product. The definition of matrix multiplication is that
if 𝐶 = 𝐴𝐵 for an 𝑛 × 𝑚 matrix 𝐴 and an 𝑚 × 𝑝 matrix 𝐵, then
𝐶 is an 𝑛 × 𝑝 matrix with entries.
From this, a simple algorithm can be constructed which
loops over the indices 𝑖 from 1 through 𝑛 and 𝑗 from 1 through
𝑝, computing the above using a nested loop in Algorithm 1.
This algorithm takes time 𝑂(𝑛𝑚𝑝). A common simplification for the purpose of the algorithm analysis is to assume
that the inputs are all square matrices of size 𝑛 × 𝑛, in which
case the running time is 𝑂(𝑛3 ). The intimate relationship
between matrix 2 norm and singular value is that matrix 2norm is equivalent to the largest matrix singular value. Here
we compared the calculating costs of SVD and matrix 2norm. Table 1 shows the time costs when calculating SVD
and 2-norm of a matrix by Matlab, R2013b. The CPU is Intel
Core 2, 3.00 GHz, 32 bit.
From Table 1, calculating 2-norms is faster than calculating SVD. When matrixes size become larger, like Lena
(256 × 256), the advantage of using 2-norm instead of
SVD to acquire largest singular value becomes much more
explicit. For the sake of time consuming, therefore, in this
paper, matrix 2-norm is used instead of singular values
to zero-watermarking embedding because of the intimate
relationship between matrix norm and singular values.

3.1. Image Multidirection Features. There exist many kinds
of directional components in the host image like textures or
edges. A large number of literatures [22, 23] talked about
methods to portray texture and edge directionality. Inspired
by this special characteristic, in the proposed algorithm,
multidirectionality of an image is regarded as a stable feature
that should be given more attention in digital watermarking
techniques.
Since the direction feature of an image is diverse, however,
it is undisputable that only a few directions that DWT or
DCT provides may not be sufficient enough to represent
the direction information of an image [24]. Thus, high
direction sensitivity becomes the most important property
of the tool selected for image direction analysis. According
to the discussion of shearlets in Section 2, NSST is suitable
for dealing with this task because of its direction sensitivity
and sparse approximation of anisotropic features. Figure 2
illustrates the two-level NSST of the Zoneplate image. The
first scale-level is decomposed into 4 directional subbands,
and the second scale-level is decomposed into 8-directional
subbands. In the following, NSST is used to illustrate the
method to extract direction feature information.
Let artificial image (a) in Figure 3 be denoted as 𝐼, and
then perform the forward NSST to obtain multidirection and
multiscale representation:
𝑆𝐻 = NSST+ (𝐼) ,

(10)

where NSST+ denotes forward NSST and 𝑆𝐻 = {𝑆𝐻𝑠,𝑑 }
denotes the NSST coefficient matrix set of 𝐼 at scale 𝑠,
direction 𝑑. As is shown in Figure 3, when single direction
coefficients are reconstructed to the time domain, specific
image direction features can be seen clearly. However, as
is shown in Figure 4, there are many kinds of direction
components existing in real images, such as geometrical
lines, edges, and textures. Direction information intensity
here is adopted to measure how much feature information
the subband has in given direction. Direction information
intensity is defined by the following rule:
𝑆𝑠,𝑑 = NSST− (𝑆𝐻𝑠,𝑑 ) ,
𝑀 𝑁



𝐴 𝑑 = ∑ ∑ 𝑆𝑠,𝑑 (𝑖, 𝑗) ,
𝑖=1 𝑗=1

(11)
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(a)

(b)

(c)

(d)

Figure 2: An illustration of NSST. (a) Original image (b) low-pass coefficients. Image of the detail shear coefficients are shown in (c) and (d)
with 4 and 8 directions, respectively, corresponding to the different directional bands illustrated in Figure 1(a).

Table 2: The eight direction feature information intensity values of
image Lena.
𝐴1
Values (∗ E05) 1.24

𝐴2
1.37

𝐴3
1.38

𝐴4
1.45

𝐴5
1.59

𝐴6
2.31

𝐴7
2.08

𝐴8
1.36

where NSST− denotes inverse NSST, 𝑆𝑠.𝑑 indicates the direction coefficients in the time domain. The larger the 𝐴 𝑑 is, the
richer the direction information the subband has at scale 𝑠,
direction 𝑑.
This direction feature information can be used for selecting watermark embedding position. To obtain the robustness,
the directional subband with the largest direction feature
information intensity will be selected to construct zerowatermark. Table 2 shows direction feature information
intensity values 𝐴 𝑑 of image Lena.
3.2. Proposed Algorithm. Based on the former analysis, a
novel zero-watermarking scheme is proposed in this section.
The actual watermark is a binary image denoted as 𝑊 =
{𝑤(𝑖, 𝑗) = 0/1, 1 ≤ 𝑖 ≤ 𝑚, 1 ≤ 𝑗 ≤ 𝑛}. The host image is a
gray-level image denoted as 𝐹 = {𝑓(𝑖, 𝑗), 1 ≤ 𝑖 ≤ 𝑀, 1 ≤ 𝑗 ≤
𝑁}. Without the loss of generality, the size of host image and
watermark must satisfy 𝑀/𝑛 = 𝑝, 𝑁/𝑛 = 𝑞 𝑝, 𝑞 are integers.

In this paper, the size of watermark is 32 × 32, the size of the
host images is 512 × 512. That is, 𝑝 = 𝑞 = 16.
(1) Watermark Embedding
Step 1. Apply forward NSST to decompose the host image 𝐹
to gain multiscale and multiresolution representation.
Step 2. Reconstruct coefficients of 8 direction subbands to
the time domain. All these 8-direction subbands are marked
from 𝑑1 to 𝑑8 .
Step 3. Calculate direction feature information intensity
of each subband according to formula (9) to determine
embedding position 𝑑𝑖 .
Step 4. Divide the selected subband into nonoverlapping 𝑚×𝑛
blocks followed by calculating 2-norms of each block and the
largest 2-norm is 𝑎; the minimum 2-norm is 𝑏. Then, compare
all these 2-norms with the threshold 𝑡 defined as below:
𝑡=

𝑎+𝑏
.
2

(12)

When the 2-norm is larger than 𝑡, 𝐾(𝑖, 𝑗) = 1; otherwise,
𝐾(𝑖, 𝑗) = 0.
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Figure 3: Eight direction components extracted by inverse NSST at 𝑠 = 2, 𝑑 = 1, 2, . . . , 8.

Step 5. The zero-watermarking 𝑍𝑊 is obtained from the
binary embedding key 𝐾 and the actual watermarking 𝑊
based on the exclusive-or (XOR) operation:
𝑍𝑊 = XOR (𝐾, 𝑊) .

(13)

At last, 𝑍𝑊can be used to assert the copyright of the
image when needed.
(2) Watermark Extracting
Step 1. Apply forward NSST to decompose the tested image
𝐹 .
Step 2. The extracting position and embedding position must
be the same; thus, the extracting position is also 𝑑𝑖 .
Step 3. Divide the selected subband into nonoverlapping 𝑚×𝑛
blocks followed by calculating 2-norms of each block and
the largest 2-norm is 𝑎 , the minimum 2-norm is 𝑏 . Then,
compare 2-norms with the threshold 𝑡 defined below like
(12). When the 2-norm is larger than 𝑡 𝐾 (𝑖, 𝑗) = 1, 𝐾 (𝑖, 𝑗) =
0:
𝑡 =

𝑎 + 𝑏
.
2

(14)

Step 4. The extracted watermark 𝑊 can be obtained based on
the following XOR operation
𝑊 = XOR (𝑍𝑊, 𝐾 ) .

(15)

4. Performance Evaluation and Analysis
To verify the effectiveness of the proposed algorithm, a series
of experiments were conducted using images from USISIPI image database. Here six 512 × 512 sized grayscale
images, which are shown in Figure 5, are taken as host
images to quantify analysis of the proposed watermarking
scheme. Structural similarity (SSIM) [25], which is used to
measure the perceived quality of two images, and normalized
correlation (NC), which is used to measure the resemblance
between extracted and actual watermark, are applied. The
SSIM index is calculated on various windows of an image.
The measure between two windows 𝑥 and 𝑦 of common size
𝑁 × 𝑁 is
SSIM (𝑥, 𝑦) =

(2𝜇𝑥 𝜇𝑦 + 𝐶1 ) (2𝜎𝑥𝑦 + 𝐶2 )
(𝜇𝑥2 + 𝜇𝑦2 + 𝐶1 ) (𝜎𝑥2 + 𝜎𝑦2 + 𝐶2 )

,

(16)

where 𝜇𝑥 and 𝜇𝑦 are the averages of 𝑥 and 𝑦, 𝜎𝑥2 and 𝜎𝑦2 are the
variances of 𝑥 and 𝑦, and 𝜎𝑥𝑦 is the covariance of 𝑥 and 𝑦. 𝐶1
and 𝐶2 are constants, where 𝐶1 = (𝑘1 𝐿)2 , 𝐶2 = (𝑘2 𝐿)2 , 𝑘1 =
0.01, 𝑘2 = 0.03 by default, and 𝐿 is the dynamic range of the
pixel-values.
NC is calculated as
NC =

𝑛

∑𝑚
𝑖=1 ∑𝑗=1 𝑊 (𝑖, 𝑗) ∗ 𝑊 (𝑖, 𝑗)
2
2
𝑛
𝑛

√∑𝑚
√∑𝑚
𝑖=1 ∑𝑗=1 [𝑊 (𝑖, 𝑗)]
𝑖=1 ∑𝑗=1 [𝑊 (𝑖, 𝑗)]

, (17)
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(a)

(b)

Figure 4: (a) is Lena. (b) Eight Shearlet direction coefficients in the time domain.

where 𝑊 and 𝑊 are the original and extracted watermark
signals, respectively.
Figure 6 shows the extracted watermark from original
images before attacking and it turns out that the watermark
can be perfectly extracted.
In the following subsection,, various attacks, like JPEG
compression, adding noise, median filtering et al., are performed on the original images to test the robustness of the
proposed scheme.

figures, it can be concluded that the performance of the proposed algorithm in anti-median filtering is different among
different host images. For example, the SSIM values of the
host image Baboon show that the image is easily distorted
by median filtering. And thus, it cannot get strong robustness
like other host images. Table 4 shows the SSIM and NC values
after three kinds of median filtering. And three extracted
watermarks are selected to show visual quality in Figure 8
after 5 × 5 median filtering.

4.1. Robustness to JPEG Compression. JPEG compression is
one of the common attacks in image processing realm. Table 3
shows the values of SSIM and NC after JPEG compressing
with various quality factors. It reveals that no matter what
compressing factor is, NC values are all above 0.96. Therefore,
the proposed algorithm is very robust against jpeg compressing. And three extracted watermarks are selected to show
visual quality in Figure 7 with the compressing factor 𝑄 = 30.
It is not hard for anyone to notice that the watermarks can be
perfectly extracted.

4.3. Robustness to Gaussian Noise and Salt and Pepper Noise.
Adding noise is carried out to test antiattacking capacity
with different standard deviations. Tables 5 and 6 show SSIM
values of distorted host images and NC values under different
variances of Gaussian noise and Salt and Pepper noise when
the noise means are all set to 0. And the standard deviations
are set at 0.001, 0.005, 0.01, 0.05, and 0.1. Figures 9 and 10
show the quantitative results of extracted watermarks. From
the figures, though noise brings perceptibility distortion to
the host images, the extracted watermarks can be seen clearly.

4.2. Robustness to Median Filtering. Figure 8 gives the results
of extracted watermarks after median filtering. From the

4.4. Robustness to Scaling. Four scaling operations are utilized to deteriorate the host images and scaling parameters
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5: The host images (a) Baboon, (b) Barbara, (c) Boats, (d) Goldhill, (e) Peppers, and (f) Man.

Table 3: The SSIM values of distorted host images and NC values of extracted watermarks after JPEG compressing.
Host image
Boat
Goldhill
Baboon
Barbara
Peppers
Man

JPEG20
SSIM/NC
0.90/0.9961
0.84/0.9830
0.78/0.9671
0.87/0.9974
0.83/0.9993
0.84/0.9882

JPEG30
SSIM/NC
0.93/0.9987
0.89/0.9869
0.83/0.9830
0.91/0.9980
0.86/0.9993
0.88/0.9928

Figure 6: The extracted watermark from all host images before
attacking (NC = 1.0000).

are 1/2, 1/4, 2, and 4. Table 7 shows the values of SSIM and
NC at different scaling parameters. And Figure 11 shows the
attacked images and extracted watermarks at scaling parameter = 1/4. From the SSIM values, it shows that the scaling
attack brings little distortion to host images except that when
scaling parameter is 1/2. But the extracted watermark is still
pretty similar to the original watermark according to NC
values.
4.5. Robustness to Rotating. No matter images are rotated
by which angle, the inherent image direction information
cannot be altered. In conventional DWT based algorithms,

JPEG40
SSIM/NC
0.94/0.9980
0.90/0.9882
0.85/0.9829
0.93/0.9974
0.87/0.9987
0.90/0.9935

JPEG60
SSIM/NC
0.98/0.9948
0.97/0.9961
0.89/0.9889
0.98/0.9993
0.89/1.0000
0.92/0.9954

JPEG70
SSIM/NC
0.99/0.9980
0.99/0.9980
0.92/0.9830
0.99/1.0000
0.90/1.0000
0.94/0.9948

images are only decomposed in horizontal, vertical, or diagonal direction. Direction shortness in DWT leads to poor
performance in analyzing rotated images. However, this kind
of disadvantage can be perfectly resolved by NSST. Both
transform directions and bases structure can be adjusted to
adapt rotated images. Table 8 shows SSIM and NC values in
experiments of six images rotated in 5 kinds of angles. And
from Figure 12, the watermarks can be extracted without too
much distortion.

4.6. The Comparison of Related Algorithm. Comparative
experiments are implemented in order to verify the antiattacking capacity between the proposed algorithm in this
paper and the other two schemes in paper [5], which use
the counterpart transform, DWT. The scheme-1 first divide
the host image into overlapping blocks. Each block is further
decomposed up to level-one using DWT followed by singular
value decomposition. Scheme-2 first applies DWT on the
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Figure 7: The attacked host images and extracted watermarks from Boats, Barbara, and Peppers after JPEG compressing (𝑄 = 30).

Figure 8: The attacked host images and extracted watermarks from Boats, Barbara, and Peppers after 5 × 5 median filtering.

Figure 9: The attacked host images and extracted watermarks from Boats, Barbara, and Peppers under Gaussian noise (V = 0.01).

Figure 10: The attacked host images and extracted watermarks from Boats, Barbara, and Peppers under Salt and Pepper noise (V = 0.01).

Figure 11: The attacked host images and extracted watermarks from Boats, Barbara, and Peppers after scaling (1/4).
Table 4: The SSIM values of distorted host images and NC values of extracted watermarks after median filtering.
Host image
Boat
Goldhill
Baboon
Barbara
Peppers
Man

Median filter 3 × 3
SSIM/NC
0.93/0.9823
0.89/0.9744
0.73/0.9596
0.84/0.9836
0.89/0.9993
0.90/0.9796

Median filter 5 × 5
SSIM/NC
0.83/0.9862
0.77/0.9711
0.51/0.9515
0.67/0.9830
0.85/0.9987
0.80/0.9750

Median filter 7 × 7
SSIM/NC
0.75/0.9849
0.69/0.9697
0.42/0.9576
0.65/0.9643
0.83/0.9987
0.73/0.9710
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Table 5: The SSIM values of distorted host images and NC values of extracted watermarks under Gaussian noise.
Host image
Boat
Goldhill
Baboon
Barbara
Peppers
Man

V = 0.001
SSIM/NC
0.72/1.0000
0.76/0.9922
0.85/0.9941
0.77/0.9974
0.70/0.9987
0.75/0.9961

V = 0.005
SSIM/NC
0.43/0.9980
0.45/0.9876
0.61/0.9719
0.50/0.9961
0.38/0.9987
0.45/0.9902

V = 0.01
SSIM/NC
0.32/0.9974
0.31/0.9830
0.48/0.9562
0.39/0.9941
0.26/0.9993
0.33/0.9823

V = 0.05
SSIM/NC
0.13/0.8728
0.11/0.8644
0.20/0.6668
0.17/0.9915
0.10/0.9922
0.12/0.8182

V = 0.1
SSIM/NC
0.08/0.6977
0.07/0.8870
0.13/0.7733
0.11/0.9683
0.06/0.8675
0.08/0.8577

Table 6: The SSIM values of distorted host images and NC values of extracted watermarks under Salt and Pepper noise.
Host image
Boat
Goldhill
Baboon
Barbara
Peppers
Man

V = 0.001
SSIM/NC
0.97/1.0000
0.98/0.9993
0.98/0.9961
0.98/0.9993
0.97/1.0000
0.98/0.9967

V = 0.005
SSIM/NC
0.88/0.9993
0.89/0.9967
0.91/0.9711
0.90/0.9993
0.87/0.9993
0.89/0.9830

V = 0.01
SSIM/NC
0.78/0.9961
0.79/0.9889
0.85/0.8992
0.81/0.9980
0.76/0.9993
0.79/0.9777

V = 0.05
SSIM/NC
0.38/0.9922
0.38/0.9723
0.50/0.7856
0.43/0.9928
0.33/0.9830
0.38/0.8949

V = 0.1
SSIM/NC
0.21/0.9393
0.20/0.9237
0.32/0.8135
0.26/0.9928
0.17/0.9381
0.21/0.8662

Table 7: The SSIM values of distorted host images and NC values of extracted watermarks after scaling.
Host image
Boat
Goldhill
Baboon
Barbara
Peppers
Man

1/2
SSIM/NC
0.91/0.9836
0.88/0.9763
0.73/0.9676
0.80/0.9783
0.89/0.9817
0.89/0.9784

1/4
SSIM/NC
0.97/0.9810
0.96/0.9869
0.88/0.9770
0.92/0.9889
0.93/0.9993
0.95/0.9856

2
SSIM/NC
0.99/0.9980
0.99/0.9915
0.97/0.9928
0.98/0.9922
0.98/1.0000
0.99/0.9948

4
SSIM/NC
0.99/0.9980
0.99/0.9915
0.97/0.9922
0.98/0.9922
0.98/1.0000
0.99/0.9948

Table 8: The SSIM values of distorted host images and NC values of extracted watermarks after rotating.
Host image
Boat
Goldhill
Baboon
Barbara
Peppers
Man

5∘
SSIM/NC
0.87/0.9776
0.83/0.9643
0.66/0.9389
0.75/0.9608
0.85/0.9809
0.83/0.9466

10∘
SSIM/NC
0.83/0.9776
0.80/0.9629
0.64/0.9327
0.72/0.9622
0.82/0.9776
0.81/0.9466

15∘
SSIM/NC
0.81/0.9716
0.77/0.9616
0.62/0.9327
0.69/0.9662
0.79/0.9762
0.78/0.9418

20∘
SSIM/NC
0.79/0.9763
0.75/0.9677
0.61/0.9343
0.67/0.9673
0.77/0.9885
0.76/0.9549

40∘
SSIM/NC
0.75/0.9706
0.71/0.9669
0.58/0/9334
0.63/0.9673
0.73/0.9849
0.72/0.9590

Figure 12: The attacked host images and extracted watermarks from Boats, Barbara, and Peppers after rotating (10∘ ).
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Table 9: Seven kinds of attacking style.

1
2
3
4
5
6
7

0.85

0.75

1

2

3

4
5
Attacking style

Scheme-1 in paper [5]
Scheme-2 in paper [5]

1
0.95

6

7

Scheme in this paper

Figure 14: Similarity comparison statistics of watermark extracted
from Barbara.

0.9
NC

0.95

NC

Attacking style
Gaussian noise adding (5%)
JPEG compression (𝑄 = 40)
Resizing (512-256-512)
Median filtering (5 × 5)
Average filtering (7 × 7)
Rotate
Histogram Equalization

0.85
0.8
0.75

1

2

3

4
5
Attacking style

Scheme-1 in paper [5]
Scheme-2 in paper [5]

6

7

robustness ability significantly against rotating than the other
two methods.
From the above analysis, the proposed algorithm takes
more advantage in robustness performance and, therefore, it
gets a higher security than the other two zero-watermarking
algorithms.

Scheme in this paper

Figure 13: Similarity comparison statistics of watermark extracted
from Peppers.

whole image and LL subband is then selected for the following
processing.
Figures 13 and 14 demonstrate NC values comparing
results and seven kinds of attacking style are listed in Table 9.
The host images are Peppers and Barbara, respectively. It
can be easily seen from these two figures that the proposed
scheme in this paper generally outperforms the other two
zero-watermarking methods. From Figure 13, the antiattacking ability of the proposed scheme is higher than other two
methods, except that NC value of the third attacking is a bit
lower. From Figure 14, NC values of our scheme are lower
than the scheme-1 when attacking is resizing (512-256-512),
median filtering (5 × 5), and average filtering (7 × 7). But
according to the experimental data, NC values of our scheme
are all above 0.96. That is to say, the proposed scheme is also
a good method.
However, it cannot be ignored that DWT based methods
are slightly better than the proposed algorithm in antiresizing. DWT has been widely used in watermarking mainly
owing to its good ability in modeling the human visual
system. The most important feature of NSST is its appropriate
representation of direction feature parts, like textures or
edges. When images are resized from 512 × 512 to 256 × 256,
some direction feature information may be missing to some
extent. This is the main reason why extracted watermark is
slightly different from the original. However, it cannot be
overlooked that the proposed algorithm shows the strong

5. Conclusions
A digital watermarking scheme based on NSST has been
described in this paper. Experimental results demonstrate
that the NSST improves the digital watermarking performance considerably when compared to other methods based
on DWT. The results show the good robustness against
common attacks. In conclusion, it can be argued that a
NSST-based watermarking scheme has a good perspective for
effective digital right management.
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A direction controlled nonlinear least square (NLS) estimation algorithm using the primal-dual method is proposed. The least
square model is transformed into the primal-dual model; then direction of iteration can be controlled by duality. The iterative
algorithm is designed. The Hilbert morbid matrix is processed by the new model and the least square estimate and ridge estimate.
The main research method is to combine qualitative analysis and quantitative analysis. The deviation between estimated values and
the true value and the estimated residuals fluctuation of different methods are used for qualitative analysis. The root mean square
error (RMSE) is used for quantitative analysis. The results of experiment show that the model has the smallest residual error and
the minimum root mean square error. The new estimate model has effectiveness and high precision. The genuine data of Jining area
in unwrapping experiments are used and the comparison with other classical unwrapping algorithms is made, so better results in
precision aspects can be achieved through the proposed algorithm.

1. Introduction
During the course of data processing of measurement, most
problems are nonlinear ones. In the classical least square,
the nonlinear approximation function is expanded at the
approximate value. This transformation can linearize the
data; then the problem can be solved through the linear least
square. The precondition of this model is that the initial
value of parameter is sufficiently reaching the adjusted value.
Otherwise the model error is hard to be ignored.
NLS is one of the optimization methods. And NLS problem can be solved by the optimization method [1–3]. Primaldual method is a very important and effective optimization
method. NLS problems can be transformed into primal-dual
model and then be solved.
A direction controlled estimate model is proposed. The
least square model is transformed into the primal-dual model
[4]; then the direction of iteration can be controlled by

duality. In the primal-dual method, a nonlinear optimization
problem (primal problem) can be converted into another
nonlinear optimization problem (dual problem). The solution of the primal model can be gotten through duality
problem [5, 6]. The theory of primal-dual model is introduced
and the algorithm is proposed. The model is contrasted with
LS and the ridge estimate. The simulated data are used to
check the model. The root mean square error (RMSE) and
the deviation between estimated values and the true value are
taken as the indexes. The results from the experiments show
the feasibility and effectiveness of the model. Unwrapping
experiments using genuine data of Jining area and comparing
with LS unwrapping algorithms [7], the proposed algorithm
achieved better results in precision aspects. Computation
time, 𝜀 value, and the RMSE are taken as quantitative indexes.
The dual method achieved better results with regard to all of
computation time and the RMSE between rewrapped results
and original wrapped phase and 𝜀 value.
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2. Primal-Dual Models
The primal problem of quadratic optimization with equality
constraints is defined as follows [8, 9]:
1
𝑓 (𝑥) = 𝑥𝑇 𝐻𝑥 + 𝑝𝑇 𝑥
2

min
s.t.

(1)

𝐴𝑥 = 𝑏,
𝑥 ≥ 0,

where 𝐻 ∈ 𝑅𝑛×𝑛 , 𝑝 ∈ 𝑅𝑛×1 , 𝐴 ∈ 𝑅𝑚×𝑛 , and 𝑏 ∈ 𝑅𝑚×1 . 𝐻 can
be seen as a symmetric matrix.
The Lagrange function of (1) is
1
𝐿 (𝑥, 𝑢) = 𝑥𝑇 𝐻𝑥 + 𝑝𝑇 𝑥 + 𝑢𝑇 (𝐴𝑥 − 𝑏) .
2

(3)

If 𝐻 is a positive semidefinite matrix, then 𝑓(𝑥) is a
convex function. In this case, if there is at least one vector
quantity 𝑥 satisfying the equality constraints and 𝑓(𝑥) is
lower bounded in the feasible region then quadratic optimization has a global minimum. If 𝐻 is the positive definite
matrix then the quadratic optimization has a global unique
minimum.
Nonlinear model is defined as follows:
𝐿 = 𝑓 (𝑥) + Δ,

(4)

where 𝐿 = (𝐿 1 , 𝐿 2 , . . . , 𝐿 𝑛 )𝑇 is 𝑛 × 1 vector; 𝑓 is nonlinear
function; 𝑋 = (𝑋1 , 𝑋2 , . . . , 𝑋𝑡 )𝑇 is 𝑡×1 vector to be estimated;
and Δ = (Δ 1 , Δ 2 , . . . , Δ 𝑛 )𝑇 is 𝑛 × 1 vector of observing error.
The error equation of (4) is
𝑉 (𝑥) = 𝑓 (𝑥) − 𝐿.

(5)

𝐹 (𝑥) = 𝑉𝑇 (𝑥) 𝑃𝑉 (𝑥)
𝑇

= [𝑓 (𝑥) − 𝐿] 𝑃 [𝑓 (𝑥) − 𝐿] .

(6)

𝑥=𝑥𝑘

min
s.t.

𝐹 (Δ𝑥𝑘 ) = 𝑉𝑇 𝑃𝑉

𝐹 (𝑥) = 𝐹 (𝑥𝑘 + Δ𝑥𝑘 )

where 𝐵(𝑥𝑘 ) = (𝜕𝑓(𝑥)/𝜕𝑥)|𝑥=𝑥𝑘 , 𝐶(𝑥𝑘 ) = 𝑓(𝑥𝑘 ), and the
positive definite matrix 𝑃 is weight matrix. Equation (10) is
convex programing.
The equivalent quadratic optimization of (10) can be
expressed as follows [11]:
𝑇

𝐹 (Δ𝑥𝑘 ) = [𝑉𝑇 (Δ𝑥𝑘 ) ] (

min

𝑉
𝑃 0
) ( 𝑘)
0 0
Δ𝑥

𝑉

(11)

[𝐼 − 𝐵 (𝑥𝑘 )] ( 𝑘 ) + 𝐿 − 𝐶 (𝑥𝑘 ) = 0.
Δ𝑥

s.t.

The Lagrange function of (10) is
𝐿 (𝑥, 𝑢) = 𝑉𝑇𝑃𝑉 + 𝑢𝑇 (𝐵 (𝑥𝑘 ) Δ𝑥𝑘 + 𝐶 (𝑥𝑘 ) − 𝐿)

(12)

and the dual model is
𝑉𝑇 𝑃𝑉 + 𝑢𝑇 (𝐵 (𝑥𝑘 ) Δ𝑥𝑘 + 𝐶 (𝑥𝑘 ) − 𝐿) .
𝑔 (𝑢) = inf
𝑥

(13)

The Lagrange function of (11) is

𝑉
𝑃 0
𝑇
) ( 𝑘)
= [𝑉𝑇 (Δ𝑥𝑘 ) ] (
0 0
Δ𝑥

(14)

and the dual model is
𝑇
1
(Δ𝑥𝑘 ) 𝐺𝑘 (Δ𝑥𝑘 ) ,
2

(7)

𝑇

[𝑉𝑇 (Δ𝑥𝑘 ) ] (
𝑔 (𝑢) = inf
𝑥

where
𝑔𝑘 = [

(10)

𝑉 = 𝐵 (𝑥𝑘 ) Δ𝑥𝑘 + 𝐶 (𝑥𝑘 ) − 𝐿,

𝑉
+ 𝑢𝑇 ([𝐼 − 𝐵 (𝑥𝑘 )] ( 𝑘 ) + 𝐿 − 𝐶 (𝑥𝑘 ))
Δ𝑥

The second-order Taylor series expansion of (6) is

≈ 𝐹 (𝑥𝑘 ) + 𝑔𝑘 Δ𝑥𝑘 +

(9)

𝐿 (𝑥, 𝑢)

Least square principle needs to be satisfied; that is,
min

𝜕2 𝐹 (𝑥)
𝜕2 𝐹 (𝑥) 
⋅⋅⋅

𝜕𝑥1 𝜕𝑥2
𝜕𝑥1 𝜕𝑥𝑡 ]
]
]
𝜕2 𝐹 (𝑥)
𝜕2 𝐹 (𝑥) ]
]
⋅
⋅
⋅
𝜕𝑥2 𝜕𝑥𝑡 ]
𝜕𝑥22
]
⋅⋅⋅
⋅⋅⋅
⋅⋅⋅ ]
]
]
𝜕2 𝐹 (𝑥)
𝜕2 𝐹 (𝑥) ]

⋅⋅⋅
𝜕𝑥2 𝜕𝑥𝑡
𝜕𝑥𝑡2 ]

is the Hessian matrix.
Formula (7) can be converted into the quadratic optimization with equality constraints as follows [10]:

(2)

The dual problem of (1) is defined as follows:
𝐿 (𝑥, 𝑢) .
𝑔 (𝑢) = inf
𝑥

𝜕2 𝐹 (𝑥)
[ 𝜕𝑥2
[
1
[ 2
[ 𝜕 𝐹 (𝑥)
[
𝐺𝑘 = [
[ 𝜕𝑥1 𝜕𝑥2
[ ⋅⋅⋅
[
[ 2
[ 𝜕 𝐹 (𝑥)
[ 𝜕𝑥1 𝜕𝑥𝑡

𝜕𝐹 (𝑥) 𝜕𝐹 (𝑥)
𝜕𝐹 (𝑥) 
⋅⋅⋅
]
𝜕𝑥1
𝜕𝑥2
𝜕𝑥𝑡 𝑥=𝑥𝑘

is Jacobi matrix which is the gradient of 𝐹(𝑥) at 𝑥𝑘 .

𝑇

(8)

𝑘

𝑉
𝑃 0
) ( 𝑘)
0 0
Δ𝑥
𝑉

(15)
𝑘

+ 𝑢 ([𝐼 − 𝐵 (𝑥 )] ( 𝑘 ) + 𝐿 − 𝐶 (𝑥 )) .
Δ𝑥
The optimal solution of NLS can be gotten by solving
quadratic program and its dual problem.
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Based on the primal-dual form to the problem (10) and
(13), an iterative algorithm is proposed. This paper gives some
matrixes and vectors as follows:
𝑇

𝐴 = (𝐴 1 , 𝐴 2 , . . . , 𝐴 𝑚 ) ,
𝐴 𝑖 = (𝑎𝑖1 , 𝑎𝑖2 , . . . , 𝑎𝑖𝑛 ) ,

Table 1: The estimated value by dual method, LS method, and ridge
estimate.
Comparison
value

(16)

𝑇

𝑏 = (𝑏1 , 𝑏2 , . . . , 𝑏𝑚 ) ,

̂
𝑋

𝑇

𝑥 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) .
The steps of algorithm are shown as follows:
(1) The initial values are 𝑄(0) = 𝐻−1 and 𝑥(0) = −𝑄(0) 𝑝,
the control error is 𝜀 (𝜀 > 0), and the number of
iterations is 𝑘 (𝑘 = 0).
(2) The iterative formulas are represented as shown
below:
𝑥

(𝑘+1)

=𝑥

(𝑘)

+

−1
(𝐴 𝑖 𝑄(𝑘) 𝐴𝑇𝑖 )

(𝑘)

𝑄

𝐴𝑇𝑖 [𝑏𝑖

(𝑘)

− 𝐴 𝑖𝑥 ] ,

−1

𝑄(𝑘+1) = 𝑄(𝑘) − (𝐴 𝑖 𝑄(𝑘) 𝐴𝑇𝑖 ) 𝑄(𝑘) 𝐴𝑇𝑖 𝐴𝑄(𝑘) .

(17)

(3) If ‖𝑥(𝑘+1) − 𝑥(𝑘) ‖ ≤ 𝜀, the result is 𝑥∗ = 𝑥(𝑘+1) ;
otherwise return to (2) until the condition is met.

RMSE
The standard deviation

3. Experiment Results and Analyses

̂
𝑋

1
,
𝑖+𝑗−1

𝑖 = 1, 2, . . . , 11; 𝑗 = 1, 2, . . . , 9.

(18)

The true value is 𝑋 = 1. There are two cases of noise
in experiments: 1.0 × 10−5 and 1.0 × 10−2 . The condition
number of matrix is 8.9859 × 1016 , so this is an ill-condition
problem. By using the primal-dual method, LS method, and
ridge estimate, the results are compared and analyzed.
The evaluations of experiment are shown in Tables 1 and
2 when the noise is 1.0 × 10−5 .
The noise has small influence on estimates because it is
very small. The estimates of three methods are very close to
the true value, which illustrates that all of the methods can
accurately estimate the solution. From the RMSE and the
standard deviation, ridge estimate model is the best and the
dual method is better than LS method.
When the noise is 1.0 × 10−2 , the evaluations of experiment are shown in Tables 3 and 4.
Dual method and ridge method can obtain accurate
results. As the noise increases, the RMSE and the standard
deviation of three methods are bigger. Dual method is the
best. This illustrates that the dual method is better than other
algorithms in stability.
From both noises, the dual method not only obtains good
results but also has better stability.

LS method
1.0001
0.9976
1.0163
0.9753
0.9526
1.0169
1.0833
0.7300
1.0032

Ridge
method
1.0001
0.9994
1.0011
1.0011
0.9992
0.9979
0.9983
1.0001
1.0032

Dual
method

LS method

Ridge method

0.0197
0.0144

0.1136
0.3370

1.2144 × 10−4
0.0046

Table 3: The estimated value by dual method, LS method, and ridge
estimate.
Comparison
value

𝑎𝑖𝑗 =

Dual
method
1.0000
0.9999
0.9851
0.9826
0.9888
1.0000
1.0136
1.0283
1.0433

Table 2: The error of dual method, LS method, and ridge estimate.

Following the similar ideas of [12], if matrix 𝐻 is positive
definite, the algorithm is convergent. If matrix 𝐻 is semipos𝑇
itive definite, but 𝐻 + 𝜆 ∑𝑚
𝑖=1 𝐴 𝑖 𝐴 𝑖 is positive definite (𝜆 is a
constant), the algorithm is convergent.

3.1. Simulated Data. In this case, 𝐴𝑋 = 𝑏, where 𝐴 =
(𝑎𝑖,𝑗 )11×9 is a Hilbert matrix [13].

True
value
1
1
1
1
1
1
1
1
1

True
value

Dual
method

LS method

Ridge
method

1
1
1
1
1
1
1
1
1

1.0000
0.9709
0.9673
0.8735
0.9103
1.1105
0.9577
0.9885
1.2147

1.0079
0.7354
2.7178
−2.1462
−2.3567
9.7344
11.5079
−28.6162
14.4586

1.0049
0.9366
1.1139
1.1102
0.9203
0.7954
0.8278
1.0138
1.3164

Table 4: The error of dual method, LS method, and ridge estimate.
Dual
method
RMSE
The standard deviation

0.0979
0.0691

LS method Ridge method
11.8750
9.4341

0.1518
0.0987

3.2. Phase Unwrapping Experiment. The data that were
plugged into this experiment came from ALOS satellite. The
area which this paper studied is located in Jining, Shandong
province of China. Figure 1 shows the study area and its
surrounding enhanced thematic mapper (ETM) stack digital
elevation model (DEM) three-dimensional diagrams.
Table 5 shows the basic parameters of ALOS satellite data.
Figure 2 shows the map of wrapped phase. The sizes of
images are 140 pixels × 120 pixels.
From the map of wrapped phase, the interference fringes
are clear. Because of the noise, the lower-right sections are
discontinuous. After being filtered, the fringes are enhanced,
but the noise is still obvious.
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Table 5: The basic parameters of ALOS satellite data.

Number Satellite
Date
Orbit Path/frame Polarization Track Latitude of centre Longitude of centre Observation mode
1
PALSAR 22/12/2007 10175
448/700
HH
A
35.654
117.061
FBS
2
PALSAR 06/02/2008 10846 448/700
HH
A
35.639
117.074
FBS
116

116

116

116

116

116

116

35
35
35
35

35

35

35

35

35

116

35

116

116

(a)

(b)

Figure 1: Study area and the surrounding terrain map. (a) Sketch map of study area. (b) Study area and its surrounding ETM stack DEM
three-dimensional diagram.
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Figure 2: The map of wrapped phase.

Figure 3 shows the unwrapping results after the different
algorithm.
Both unwrapping methods can run successfully. LS
method does well in the relatively noise-free area. In high
noise area, the unwrapping results are unsatisfactory. Not
only is error transfer clear, but also the incoherent area
becomes bigger. The dual method can reduce phase transmission error and get better unwrapping results.
Table 6 shows computation time, 𝜀 value, and the RMSE
between rewrapped results and original wrapped phase.
The computation time of LS method is slightly more compared to dual method, which illustrates that both algorithms
are at the same complicated degree. The RMSE and 𝜀 value
of dual method are smaller compared to LS method, which
illustrates that the difference between rewrapped results and

Table 6: Computation time and 𝜀 value and RMSE between
rewrapped results and original wrapped phase.
Computation time

𝜀 (rad)

RMSE (rad)

66.22
58.41

0.0089
0.0066

7.5326
3.2105

LS method
Dual method

original wrapped phase is small. Thus the unwrapping phases
of dual method are smoother and more reliable.

4. Conclusions
A direction controlled nonlinear least square (NLS) estimation algorithm using the primal-dual method is proposed.
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Figure 3: Comparison of different algorithms unwrapping results.

The least square model is transformed into the primal-dual
model; then direction of iteration can be controlled by duality.
Under mild conditions, the algorithm is global convergence.
The Hilbert morbid matrix and phase unwrapping are used
to verify the method. The proposed algorithm achieves better
results, and the effectiveness is demonstrated.
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Low visibility is one of the reasons for rear accident at night. In this paper, we propose a method to detect the leading vehicle based
on multisensor to decrease rear accidents at night. Then, we use image enhancement algorithm to improve the human vision. First,
by millimeter wave radar to get the world coordinate of the preceding vehicles and establish the transformation of the relationship
between the world coordinate and image pixels coordinate, we can convert the world coordinates of the radar target to image
coordinate in order to form the region of interesting image. And then, by using the image processing method, we can reduce
interference from the outside environment. Depending on D-S evidence theory, we can achieve a general value of reliability to test
vehicles of interest. The experimental results show that the method can effectively eliminate the influence of illumination condition
at night, accurately detect leading vehicles, and determine their location and accurate positioning. In order to improve nighttime
driving, the driver shortage vision, reduce rear-end accident. Enhancing nighttime color image by three algorithms, a comparative
study and evaluation by three algorithms are presented. The evaluation demonstrates that results after image enhancement satisfy
the human visual habits.

1. Introduction
According to the statistics, the number of traffic accidents
was up to 196812 in 2014; they caused 58523 fatalities, 211882
injuries, and 1075.42-million direct property loss [1]. While
rear collision accidents represented 17.27% of total traffic, the
represented 9.84% of fatalities, 10.7% of injuries, and 20.8% of
direct economic loss in 1995 in China [2].
With the development of processor technology and
sensor technology, more and more security systems are
applied to the field of the vehicle. To reduce rear accident,
a preceding vehicle detecting method at night based on
multisensor and image enhancement method are proposed.
Owing to a lack of enough light at night, most of vehicle
feature information during the daytime is not available, so
daytime vehicle detection algorithm is basically ineffective.
Vehicle taillight is obvious vehicle features at night; at present,
the studies on leading vehicle detection and recognition at
night mainly use single vision sensor to obtain preceding
vehicle’s visual information and identify preceding vehicle

based on image information extracting taillight features. Liu
et al. combine vehicle taillight color and brightness to detect
taillight in [3]; Wu et al. track vehicles through using a pair
of headlights [4]; Tang et al. extract the region of interest
by using the frame difference method [5]; Wang present
an image segmentation method based on fuzzy theory,
extracting the license plate and taillights feature in [6]; Qi
and Chen distinguish the vehicle position based on the HSV
color model to segmental taillight color information in [7];
Zhou segments image based on R channel histogram in RGB
color space by the use of adaptive threshold, and the effect
is not very satisfactory [8]. Digital camera is an effective
sensor for detecting a vehicle, but it has some limitations,
considering digital camera, and laser radar information to
detect target vehicle was put forward in the literature [9, 10].
To a certain extent, although laser radar and digital camera
are complementary, laser radar is very sensitive to weather,
lighting, and surface smoothness of obstructions, so it is not
suitable for complex road environment. Since the millimeter
wave radar is less susceptible to outside interference and the
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distance measurement accuracy is high, it also can get the
exact preceding vehicle speed, angle, and so forth. We present
a technique for leading vehicle detection at night by the use
of millimeter wave radar and digital camera fusion getting
multisensor data, screening obstacles data that was detected
by using millimeter wave radar through prior knowledge,
establishing initial dynamic region of interest (ROI) by the
use of radar data and image information, and extracting
the vehicle feature within the narrow range based on vision
sensors; we use D-S evidence theory information to reduce
the amount of calculation and subjective threshold impact
on detection accuracy and improve the accuracy of vehicle
location and execution efficiency.
While the detection system of preceding vehicles can
reduce the risk of rear vehicle, it cannot reduce the driver
psychological pressure during driving at night. Since the
distance that the system detected is in the range of 60 m–70 m
and rear collision may be in an emergency situation when
we detected vehicle, in this case, using this system cannot
completely avoid rear collision accidents. The statistics show
that more than 80% of the road environment information is
acquired by the driver vision. Thus, in order to avoid traffic
accidents fundamentally, we need to improve the driver visual
perception in the traffic scene at night.
Driver visual is limited at nighttime and visual range is
short, so it is easily prone to fatigue and it is hard to observe
road traffic conditions. According to the statistics, the driver
is more intense and the reaction time is longer during driving
at nighttime than at daytime when emergency braking, which
may result in a serious accident. The night image enhanced
algorithm remains to be study.
This paper is organized as follows. Section 2 presents
the preceding vehicle detecting method at night based on
multisensor. Section 3 presents image enhancement theories.
The result of image enhancement methods is illustrated in
Section 4. Finally, we conclude the paper in Section 5.

2. Nighttime Vehicle Detection Algorithm
The approach consists of hypothesis generation (HG) and
hypothesis verification (HV). In hypothesis generating process, we can obtain candidate target distance, angle, speed,
and other pieces of information by radar and then get the
world coordinates of the candidate target, on the basis of an
inverse, the camera calibration principle; we obtain conversions relationship between the world coordinates and image
pixel coordinates, initially identified region of candidate
targets on the image, namely, the region of interest (ROI).
Hypothesis verification process for image segmentation is
processed through improved OTSU and then we use the
image processing method, prior knowledge, and D-S evidence theory to detect the presence of the vehicle features in
ROI. Algorithm flow chart is shown in Figure 1.
2.1. Processing Radar Data and Determining Candidate Target.
Millimeter wave radar receives hexadecimal data; according
to the agreement, we can calculate radar data and extract
useful information that can be used to detect a vehicle;
the data include angle of preceding vehicle relative to our
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Radar

Distance
judgment

The same lane
judgment

Candidate
target

Velocity
judgment

Machine
vision

Obtaining initial ROI by
data fusion

Image processing

Extracting vehicles feature and
fusing information by using D-S
evidence theory

No

Vehicle of ROI
judgment
Yes
Test result

Figure 1: Night preceding vehicle detection method flowchart based
on information fusion of the millimeter wave radar and digital
camera.

vehicle, distance, speed, and reflection intensity. In actual
measurement, a part of millimeter wave radar signal is empty
target signal, the inactive target signal, and stationary target
signal. First, we remove the interference of three target signals
(empty target signal, the inactive target signal, and stationary
target signal). If the signal value is in the range of distance
threshold and the relative velocity threshold, the data are
stored. According to the longitudinal width threshold, we
judge the target vehicle and own vehicle in the same lane
and then further record preceding goal vehicle that has been
screened in accordance with from near to far principle. Radar
scan plane is shown in Figure 2, in which 𝑅 indicates the
radar scan radius that detected vehicle (the distance threshold
is 50 m and the relative velocity threshold is 30 m/s and the
width of the lane is 4 m; |𝑅 × sin 𝛼| ≤ 2).
The valid targets are shown in Table 1. Assuming the front
vehicle is stationary, relative velocity threshold is the speed of
our vehicle relative to leading vehicle; it is positive or negative.
If relative velocity threshold is a negative value, it indicates
that our vehicle speed is higher than the front vehicle; a
positive value indicates that our vehicle speed is lower than
the leading vehicle.
2.2. Fusion Digital Image and Radar Data. Coordinate systems of radar sensors and digital image are different; we
must establish conversion model of two sensor coordinate
systems to achieve spatial integration of radar and machine
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Table 1: Primary effective target signal.

ID

Angle (∘ )

Distance (m)

Relative velocity
(m/s)

Reflectivity
(db)

Screening condition

39
57
53
45
60

10.0
2.2
−2.0
0
2.4

10.00
12.50
17.00
30.00
34.90

−7.23
−0.02
−8.05
−3.90
−0.01

−6
2
21
10
−9

The same lane from close to far

Z0

YW

R sin 𝛼

P (XC , YC , ZC )

OW

Lane line

ZC

XW

ZW
R
O
XC

𝛼

P

90
30
O0

YC
X0

Figure 2: Radar scan plane.

radar vision so that it can convert from the radar coordinates
to image pixel coordinates [11]. We established coordinate
system in accordance with the principles of the right-handed
coordinate system, and then we can establish the spatial
relationship between the radar coordinate system and the
image pixel coordinates by formulas (1)-(2).
(𝑋𝑊, 𝑌𝑊, 𝑍𝑊) of the world coordinate system is converted to (𝑢, V) of the image pixel coordinates. Let 𝑓 be focal
length: distance between the image plane and the projection
center. (𝑋𝐶, 𝑌𝐶, 𝑍𝐶) expressed the camera coordinate system;
let (𝑢0 , V0 ) be principal point, let 1/𝑑𝑥 and 1/𝑑𝑦 be the distance adjacent pixels in the horizontal and vertical directions
of the image sensor, and 𝑍𝐶 expressed the optical axis of the
camera. The conversion equals the following:
𝑢
[V]
𝑍𝐶 [ ]
[1]
1/𝑑𝑥

[
=[ 0
[ 0

0
1/𝑑𝑦
0

(1)
𝑋𝑊
𝑓 0 0 0
[
]
] 𝑅 𝑡 [ 𝑌𝑊 ]
[
]
V0 ]
] [ 0 𝑓 0 0] [ 𝑇 ] [
[ ].
0 1 [ 𝑍𝑊 ]
1 ] [ 0 0 1 0]
[ 1 ]

𝑢0

Figure 3: The relationship between the world coordinate system and
the camera coordinate system radar scan plane.

Among them, there is a relationship shown in Figure 3
coordinates between the world coordinate system and the
camera coordinate system: let 𝑅 be rotation matrix, and 𝑡
expressed translation matrix.
𝑋𝑊
𝑋𝐶
[
[ ]
𝑅 𝑡 [ 𝑌𝑊 ]
]
[ 𝑌𝐶 ]
]
[ ]=[
][
[𝑍 ] .
[𝑍 ]
𝑇
0 1 [ 𝑊]
[ 𝐶]
[ 1 ]

(2)

[ 1 ]

The transform between the camera coordinates and
image physical coordinates is shown:
𝑋𝐶
𝑓𝑋 0 0 0 [ ]
] [ 𝑌𝐶 ]
[ ] [
]
𝑍𝐶 [𝑦] = [ 0 𝑓𝑌 0 0] [
[𝑍 ] .
[ 𝐶]
[ 1 ] [ 0 0 1 0]
[ 1 ]
𝑥

(3)

The transform between the physical coordinates and
image pixel coordinates is shown:
𝑥
1/𝑑𝑥 0 𝑢0
𝑢
[ V ] [ 0 1/𝑑 V ] [𝑦]
[ ]=[
𝑦
0] [ ] .
[1]

[ 0

0

1 ] [1]

(4)
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Figure 5: Dynamic region of interest in pixel coordinates.
Figure 4: Positional relationship between the radar coordinate
system and the world coordinate system: 𝑂0 −𝑋0 𝑌0 𝑍0 expressed millimeter wave radar coordinate system and 𝑂0 − 𝑋𝑊𝑌𝑊𝑍 expressed
the world coordinate system.

Preceding obstacle information we acquired by millimeter wave radar is two-dimensional information in polar
coordinates; the information of the barrier 𝑃 (Figure 2) is
converted from polar coordinates under a two-dimensional
Cartesian coordinate system to rectangular coordinate system.
𝑋0 𝑌0 𝑍0 plane of radar coordinate system and 𝑋𝑊𝑂𝑍𝑊
plane of the world coordinate system are parallel (Figure 4),
the distance between the two planes is 𝑌0 , and center point of
preceding vehicle can be projected to radar plane as the point
𝑃; we can obtain relative distance 𝑅 and angle 𝛼 that point
𝑃 relative to the radar and we can determine the coordinates
of the point 𝑃 in the world coordinate system; its conversion
relationship is as follows:
𝑋𝑊 = 𝑅 × sin 𝛼 × 1000
𝑌𝑊 = −𝑌0 × 1000

(5)

𝑍𝑊 = −𝑅 × cos 𝛼 × 1000.
We get center point of the preceding vehicle by the
radar as input. By the use of the relationship between the
radar coordinates and image pixel coordinates, we can get
projection of the preceding vehicle on the pixel plane. Based
on a common shape of the vehicle (aspect ratio) being
projection on the pixel plane, we can establish a dynamic
region of interest which will change according to the change
of distance, so we can shorten search time on the image and
reduce the amount of calculation. Dynamic region of interest
in pixel coordinates was shown in Figure 5.
According to the statistics, we found that in general the
aspect ratio of the vehicle is in the range of 0.7 to 2.0; for
example, the aspect ratio of car, SUV, van, and commercial
vehicle models is in the range of 0.7 to 1.3 [12]. In order
to avoid missing target vehicle taillights in the subsequent

f

H

h

R cos 𝛼

Figure 6: Derivation of ℎ.

taillight detection process, in our paper we select 1.3 as
maximum aspect ratio of several common models. According
to (3), the recognized dynamic region of interest was shown
in Figure 3.
𝑥𝑙𝑡 = 𝑥 −

1 𝑊
⋅
⋅ℎ
2 𝐻

1
𝑦𝑙𝑡 = 𝑦 − ℎ
2
𝑥𝑟𝑏 = 𝑥 +

1 𝑊
⋅
⋅ℎ
2 𝐻

(6)

1
𝑦𝑟𝑏 = 𝑦 + ℎ
2
ℎ=

𝑓
⋅ 𝐻.
𝑅 cos 𝛼

It is assumed that ℎ expressed the height at which the object
is projected onto the image plane, the scan radius of the radar
𝑅, and vehicle height 𝐻, in order to adapt to every vehicle.
We assume it as 2 m, so we obtained ℎ and dynamic region
of interest changing according to the distance to the radar
scans preceding vehicle, so that the identification frame of
the front vehicle becomes larger with the distance becoming
smaller and becomes smaller with the distance becoming
larger. Figure 6 shows derivation of ℎ.
(𝑥𝑙𝑡 , 𝑦𝑙𝑡 ), (𝑥𝑟𝑏 , 𝑦𝑟𝑏 ), respectively, represent the pixel coordinates of the top left corner point and bottom right corner
point of the rectangular area in dynamic region of interest,
(𝑥, 𝑦) represent the pixel coordinates of the vehicle center
point, and 𝑊/𝐻 is aspect ratio of the vehicle common shape.
Target vehicle of radar coordinates is shown as the region of
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(a)

(d)

(b)

(e)

(c)

(f)

Figure 7: Radar target on the image of ROI. From top to bottom: the distance between detected leading vehicle and our vehicle was 5.6 m,
7.6 m, and 18.3 m.

interest of image by the coordinate transformation. As shown
in Figures 7(a)–7(c), Figures 7(d)–7(f), respectively, represent
an enlarged view of the radar scans (a), (b), and (c). Size of the
dynamic region of interest will vary according to the distance
from our vehicle to the target vehicle, in order to obtain more
appropriate size of the region of interest to satisfy the next test
verifications; narrowing the detection range, we can reduce
the amount of computation and improve real-time detection.
Region of interest was shown in Figure 8.
2.3. Image Segmentation. There is significant difference
between vehicle taillight and the road surface background
in gray scale; using threshold segmentation method, we can
segment taillights quickly and accurately. In this paper, we use
the improved OTSU algorithm to segment image to highlight
taillight section that can represent features of the vehicle.
The improved OTSU algorithm is based on traditional OTSU
algorithm; it traverses every pixels from the minimum gray
value to maximum gray value, according to the following

equation: 𝜎2 = 𝑤0 × 𝑤1 × (𝜇0 − 𝜇1 )2 , where 𝑤0 expressed
after image segmentation percentage of foreground pixels
representing the total image pixels points, 𝑤1 expressed, after
image segmentation, percentage of background pixels representing the total image pixels points, 𝜇0 expressed average
gray of foreground pixels, and 𝜇1 expressed average gray of
background pixels. When 𝜎2 is maximum, the distinction
between vehicle taillight and the road surface background is
maximum, so we get threshold value 𝑇 and initial vehicle
taillight image. By use of conventional OTSU algorithm
again, we get threshold value 𝑇0 that is bigger than 𝑇 and
binary segment region of interest with 𝑇0 ; 1 represents target
gray and 0 represents background gray, as shown in Figure 9.
2.4. Image Processing Based on Prior Knowledge and Image
Morphology. Due to the effect of noise, the image boundaries
after threshold are not very smooth. There are some noise
holes in object region and the background areas are dotted
with small noise objects, so, after image segmentation, we
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(a)

(b)

(c)

Figure 8: ROI image.

(a)

(b)

(c)

Figure 9: Segmented image.

process image by the use of morphological opening operation
process and closing operation process to eliminate small
objects, isolated slim object point, and smooth border of
larger objects, but it does not significantly change the area.
Erosion operation will remove the object edge point. All the
points of small objects will be regarded as an edge point, so
the points will be entirely omitted. Then, we perform dilate
process; the large object left behind will be changed to its
original size and small objects that have been deleted will be
gone forever. Dilation operation causes outward expansion
to the object boundary. If there are some small holes inside
the object, these holes will be filled up through the dilation
operation, so it is no longer a border. Then, we perform
erosion operation again, external border will be changed back
to its original appearance, and these internal voids will be
gone forever [13]. Operational rules of opening operation and
closing operation are as follows:
OPEN (𝐴, 𝐵) = (𝐴 ⊝ 𝐵) ⊕ 𝐵
CLOSE (𝐴, 𝐵) = (𝐴 ⊕ 𝐵) ⊝ 𝐵.

(7)

𝐴 expressed the input image and 𝐵 expressed structural
element, ⊝ expressed morphological dilation operation, and
⊕ expressed morphological corrosion operation.

We collect 253 pieces of images with 768 ∗ 576 pixels
at different distances, and after processing we conclude that
areas of vehicle bright block are not less than 10 and not
exceeding 300; for the same vehicle, horizontal distance
between left vehicle taillight bright blocks and right vehicle
taillight bright blocks is not less than 20 and not greater than
300. At the same time, the literature [14] presents that, in the
range of 0–100 meters, bright block area of vehicle taillight
image collected at different distances is not less than 10.
Therefore, according to the area threshold level of the bright
spots and horizontal distance threshold, we can remove some
interference bright spots on the region of interest, as shown
in Figure 10.
2.5. D-S Evidence Theory Fusion Characteristic Information.
We label connected region on the region of interest after the
image processing and extract vehicle features such as area
ratios of connected area and overlap rates in the vertical
direction. We can obtain the total confidence value by fusion
of D-S evidence theory and vehicle feature information.
Definition 1. Assuming that the elements of collection 𝑈 are
incompatible, the basic probability function value 𝑚(𝐴) is
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(a)

(b)

(c)

Figure 10: Image after image processing based on a priori knowledge and morphology.

a mapping that, from collection 2𝑈 to [0, 1], the following
conditions are met:
𝑚 (𝑓) = 0
∑ 𝑚 (𝐴) = 1.

(8)

𝐴⊆𝑈

In the paper, we defined identified framework as 𝑈 =
{true, false}, the area ratio of connected area and overlap ratio
in the vertical direction were two propositions under the
frame of discernment, respectively, representing 𝐴 1 , 𝐴 2 , and
the evidence probability functions of 𝐴 1 , 𝐴 2 , respectively,
represent 𝑚1 , 𝑚2 . When area ratio of connected region is
close to 1, the probability that the two connected regions
belong to the same vehicle is relatively large. If overlap rate
in the vertical direction is closer to 1, there is a greater probability that two connected regions belong to the same level, so
the basic probability function values of two propositions are
determined by the following formula:
𝑚1 (true) = AR
𝑚1 (false) = 1 − AR
𝑚2 (true) = OR
𝑚2 (false) = 1 − OR,

(9)

(10)

where AR represents area ratio of connected region and OR
represents overlap rate of connected region in the vertical
direction. If probability of two car taillights area ratio AR is
close to 1, the probability value 1−AR is close to 0. Probability
of two car taillights vertical overlap ratio OR is close to 1 and
the probability value 1 − OR is close to 0. Results are in line
with formula (8) D-S evidence theory.
According to D-S evidence theory combination rules, we
integrate probability distribution values for compatible proposition, so we get the probability distribution values of these
intersection propositions of compatible proposition. We
assume that the focal element of two basic probability functions 𝑚1 , 𝑚2 , respectively, represents 𝐵1 ⋅ ⋅ ⋅ 𝐵𝑘 , 𝐶1 ⋅ ⋅ ⋅ 𝐶𝑘 , by

the use of orthogonal rules; the two bodies of evidences were
combined output:
𝑚 (𝐴) =

∑𝐵𝑖 ∩𝐶𝑗 =𝐴 𝑚1 (𝐵𝑖 ) 𝑚2 (𝐶𝑗 )
1−𝐾

, 𝐴 ≠ ⌀,

(11)

where 𝐾 = ∑𝐵𝑖 ∩𝐶𝑗 =⌀ 𝑚1 (𝐵𝑖 )𝑚2 (𝐶𝑗 ), 𝑚(𝐴) represents integrated probability value of 𝑚1 , 𝑚2 , 𝐵𝑖 represents (9), and
𝐶𝑖 denotes (10). In this article, if 𝑚(𝐴) is more than 0.9, we
believe that two taillights come from the same car. Eventually,
we establish trust threshold to verify the vehicle, as shown in
Figure 11.
2.6. Results. In the paper, we present a method to fuse
data based on millimeter wave radar and digital image,
focusing on researching the detection method of how to
identify the preceding vehicle under complex environment at
night. The hardware operating environment is Intel Pentium
E6500CPU, software environment including Windows XP
system, VC ++ 6.0 integrated development environment, and
Opencv open source computer vision library [15]. We transfer
data between the millimeter wave radar system and the visual
system to achieve preceding vehicle identification at night as
shown in Figure 12.

3. Color Image Enhancement
By leading vehicle detection system, the real-time gray
images are captured to detect the preceding vehicle. Although
nighttime vehicle detection system can effectively identify the
leading vehicle, the statistics show that driver’s reaction time
at night was significantly longer than during the day. Figure 13
shows that different braking distance is caused by different
reaction times at different brake initial velocity. When vehicle
detection system detects leading vehicle, the braking time was
extended and increases the risk of rear-end.
In the meanwhile, the human eye is more sensitive to
color images than gray images. Currently, most of image
enhancement methods are used to enhance the gray image.
Based on the human perception of color, while the human
visual system can perceive about twenty different gray levels,
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(a)

(b)

(c)

Figure 11: Detection of the vehicle taillight by the use of the D-S evidence theory.

300

Braking distance (m)

250

(a)

200
150
100
50
0
20

40

60
80
100
Braking initial speed (km/h)

120

140

Driver reaction time t = 1.5 s
Driver reaction time t = 3 s
Driver reaction time t = 5 s

Figure 13: Different braking distance caused by different reaction
times at different brake initial velocity.

(b)

(c)

Figure 12: Preceding vehicle identification at night.

it can identify thousands of colors. In generally, a threechannel RGB color image can be obtained by in-vehicle

camera, such as automobile data recorder. In this paper, we
enhance color images under nighttime conditions.
There are several methods to enhance image degraded
by irregular illumination, including image contrast enhancement, histogram equalization [16], and retinex [17, 18]. These
methods usually enhance an input image by increasing
its contrast. Retinex can process color images, which can
improve image quality caused by insufficient lighting at night.
It has become a hot research field of image enhancement
processing. This part will discuss how to enhance overall
nighttime image by McCann99 Retinex, Frankle-McCann
Retinex, and single-scale retinex (SSR).
3.1. The SSR Algorithm. Retinex theory plays an important
role in the development of image enhancement. The color of
the object is determined by reflectivity that is the inherent
property of the object within some band, and it does not
depend on the light source. In the SSR, based on the
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Figure 14: Gaussian function with different scales; scale parameters of (a), (b), and (c) are chosen as 250, 110, and 30.

image formation model, each color component image is as
follows:
𝐼𝑖 (𝑥, 𝑦) = 𝑅𝑖 (𝑥, 𝑦) ∗ 𝐿 𝑖 (𝑥, 𝑦) ,

(12)

where ∗ represents convolution operator, 𝐼𝑖 (𝑥, 𝑦) represents
the input color component image, 𝐿 𝑖 (𝑥, 𝑦) represents the illumination, and 𝑅𝑖 (𝑥, 𝑦) represents the reflectance component,
𝑖 = {𝑅, 𝐺, 𝐵}. The illumination is estimated by applying a
Gaussian function to the input color component image as
follows:
𝐿𝑖 (𝑥, 𝑦) = 𝐼𝑖 (𝑥, 𝑦) ∗ 𝐹 (𝑥, 𝑦) ,

(13)

where 𝐿𝑖 (𝑥, 𝑦) represents the estimated illumination and
𝐹(𝑥, 𝑦) represents the Gaussian filter function as follows:
2

2

2

𝐹 (𝑥, 𝑦) = 𝑘𝑒−((𝑥 +𝑦 )/𝑐 ) ,

is better. (c) Gaussian function is sharper, the central pixel
receives more impact from neighbor pixels, and the details
of enhanced image are better and include greater dynamic
range, but enhanced image is dark and has more distortion.
In this paper, we select 110 as scale parameter and 𝑘 represents
normalized factor. Finally, the output color component image
is as follows:
𝑅𝑖 (𝑥, 𝑦) = log 𝐼𝑖 (𝑥, 𝑦) − log 𝐿𝑖 (𝑥, 𝑦) .

(15)

𝑅𝑖 (𝑥, 𝑦) represents the output of Retinex. By using SSR
algorithm to enhance nighttime image, we can overcome the
situation that leading vehicle cannot be recognized properly
at night, and ultimately we obtain a similar visual effect as in
daytime.

(14)

where 𝑐 represents the scale parameter; in Figure 14, (a)
Gaussian template was very smooth, dynamic range of
enhanced image was compressed, and image become locally
blurred. (b) Gaussian function is relatively smooth; although
the pixel dynamic range is smaller than (a), image fidelity

3.2. McCann99 Retinex Algorithm and Frankle-McCann Retinex Algorithm. McCann99 Retinex algorithm and FrankleMcCann Retinex algorithm come from Retinex algorithm
based on multiple iteration strategy. Essentially, there is
no difference between McCann99 Retinex algorithm and
Frankle-McCann Retinex algorithm. The two algorithms,
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Figure 15: Pyramid model of McCann99 Retinex algorithm.

including taken points, compare and average iterate operating. But retinex mccann99 algorithm is more time-consuming than Frankle-McCann Retinex algorithm.
McCann99 Retinex selects pixels by using the image
pyramid model layer by layer. Topmost layer image resolution
is the minimum size of rows×cols and the bottom layer image
resolution is the maximum size of 𝑛rows ⋅ 2𝑛 × 𝑛cols ⋅ 2𝑛 ,
rows ≥ cols, and 1 ≤ cols, rows ≤ 5, where 𝑛 represents
the number of layers. In the calculation process, each pixel
compares with its eight neighboring pixels to obtain estimated reflectance component from top layer to bottom layer.
We use the estimated reflectance component interpolating
operation at the previous layer. So the size of the upper layer
of the pyramid image is the same size as the image size of the
lower layer by interpolating operation. Repeat interpolation
and comparison operation until the end of the bottom of
the pyramid image. Eventually, we can get the final color
enhanced image after comparing with the original image
(Figure 15).
Frankle-McCann Retinex uses spiral path to select the
gray value of the estimated pixel to estimate and remove
luminance component of the image. The closer to the prediction the center point is, the more points should be selected,
because the point that is near the center point is more relevant
to the center point. Each step will be relatively rotated 90
degrees clockwise; the distance is halved until it reaches the
unit pixel distance (Figure 16).
3.3. Comparison and Analysis on Results. We used software
environment including MATLABR2009a development environment and Windows XP operating system. The camera
system provides images with a resolution of 640 ∗ 480
pixels. The image is obtained under night conditions. They
compared the performance of the SSR, that of the FrankleMcCann Retinex, and that of McCann99 algorithm as shown
in Figures 17–20.

Figure 16: Spiral structure path of Frankle-McCann Retinex algorithm.

4. Image Enhancement Evaluation
Looking at the results of the enhanced image, we can see
that the nighttime color image is really well restored. We
realize the restoration from nighttime image to the daytime
image. Although the human visual system is an effective
image evaluation standard, it is a subjective standard. The
distribution of visual effect is proposed as shown in Figure 21;
the region of gray average between 100 and 200 and the
standard deviation between 35 and 80 is the optimal visual
[19].
It is difficult to acquire a reference image of normal
daytime in the same scene. Therefore, we evaluate enhanced
image by the use of no-reference objective quality evaluation
methods. In order to illustrate the results objectively, we use
objective evaluation criteria to evaluate the image quality
and the effectiveness of the algorithms. Five simple and
effective indicators are proposed, including time, average
gray, standard deviation, average gradient, and color image
information entropy. Specifically, average gray denotes the
quantity of lighting. Standard deviation indicates the contrast
of the image. Average gradient indicates the structural features of the image. Color image information entropy indicates
the image information [17] (the larger value contains the more
information). The results are shown in Tables 2–6.
The evaluation results are presented in Tables 2–6. Specifically, (1) the results of the average gray show that the entire
image is excessively bright by McCann99 retinex algorithm
and Frankle-McCann Retinex algorithm, compared to the
original image, the average gray of the SSR algorithm is
improved significantly, the overall image brightness is moderate, and it is consistent with human visual experience. (2)
For standard deviation, Table 6 shows that the SSR algorithm
is better than the other two algorithms. It indicates that by
the SSR algorithm image contrast is significantly enhanced
and image detail is obviously restored. (3) For average
gradient, the value after image enhancement is significantly

Mathematical Problems in Engineering

(a)

11

(b)

(c)

(d)

Figure 17: The comparative results of nighttime images with different algorithms. From left to right, respectively, the following are represented:
original image, result image of the SSR, result image of Frankle-McCann, and result image of McCann99.
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Figure 18: The comparative results of nighttime images with different algorithms. From left to right, respectively, the following are represented:
original image, result image of the SSR, result image of Frankle-McCann, and result image of McCann99.
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Figure 19: The comparative results of nighttime images with different algorithms. From left to right, respectively, the following are represented:
original image, result image of the SSR, result image of Frankle-McCann, and result image of McCann99.
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Figure 20: The comparative results of nighttime images with different algorithms. From left to right, respectively, the following are
represented: original image, result image of the SSR, result image of Frankle-McCann, and result image of McCann99.
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Table 2: Value of objective quality evaluation indicators in Figure 17.

Image
Original image
SSR
Frankle-McCann
McCann99

Time/s

Average gray
31.92982
141.8557
199.6077
214.7166

1.4016
5.1601
11.8914

Standard deviation
34.98492
41.64908
37.73374
31.36178

Average gradient
3.5399
6.273184
6.524014
6.272066

Entropy
12.33508
12.28285
15.21484
15.53807

Table 3: Value of objective quality evaluation indicators in Figure 18.
Image
Original image
SSR
Frankle-McCann
McCann99

Time/s

Average gray
37.94249
150.6972
203.9687
216.4873

1.2482
5.2597
11.9153

Standard deviation
39.99101
40.35202
36.41923
31.04334

Average gradient
4.507647
6.813414
6.963894
6.892464

Entropy
12.5453
12.38998
14.86078
15.06419

Table 4: Value of objective quality evaluation indicators in Figure 19.
Image
Original image
SSR
Frankle-McCann
McCann99

Time/s

Average gray
38.59828
151.7639
203.4209
215.9715

1.2267
5.3112
12.294

Standard deviation
40.25505
40.02642
37.85475
31.64369

Average gradient
4.488318
6.728982
7.044147
6.91563

Entropy
12.44471
12.29864
14.73618
14.95177

Table 5: Value of objective quality evaluation indicators in Figure 20.
Image
Original image
SSR
Frankle-McCann
McCann99

Time/s

Average gray
40.37639
158.1363
208.9884
217.2379

1.3189
5.154
12.3286

Standard deviation
34.98972
35.42366
33.03515
30.50799

Average gradient
4.077814
5.541599
5.65034
5.569753

Entropy
13.34691
13.25223
14.97016
15.2272

Table 6: Average value of objective quality evaluation indicators.
Image
Original image
SSR
Frankle-McCann
McCann99

Time/s
1.298
5.221
12.107

Average gray
37.212
150.613
203.996
216.103

255

Average gray

200

100

0

Optimal visual

A (poor
contrast)
B (poor
contrast and
insufficient
light)

C (insufficient light)

35

80
Standard deviation

Figure 21: Distribution of visual effect.

Standard deviation
37.555
39.363
36.260
31.139

Average gradient
4.153
6.339
6.545
6.412

Entropy
12.668
12.556
14.945
15.195

higher than the original image; it means that we obtain the
better structural features. (4) In terms of entropy, McCann99
algorithm is better than the other two algorithms; it indicates
that the enhanced images by McCann99 algorithm have
more information. (5) Processing time, the SSR algorithm is
shorter than the other two algorithms. In order to reduce the
statistical errors, the data in Table 6 is the average of Tables
2–5.
According to five objective criteria for evaluation, the
restored images that are produced by the SSR enhancement
algorithm appear more naturally than the other two algorithms, and, according to the subjective judgment of the
human visual system, its color scenes reproduction capability
is the strongest. The SSR can effectively improve visibility of
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the nighttime color image and restore the image details and
image enhancement results satisfy the human visual habits.

5. Conclusion
In this paper, in order to reduce rear accident at night, a
leading vehicle detection method at night based on millimeter wave radar vision is proposed, using the fusion of
data from multisensor to detect the preceding vehicles. Our
results show that radar can determine the preceding vehicle
distance, speed information, and form a region of interest.
In the region of interest, we verify vehicle based on digital
image information, which not only reduces the interference
of the external environment, but also reduces the scope of
inspection and the amount of calculation. Test results show
that the method based on fusion of millimeter wave radar
and digital image can be used to identify preceding vehicle
effectively at night. The method for vehicle taillight with the
other shapes also has good recognition results, since taillights
overlap or block will cause verifying fault, which is focus of
our study in the future.
By the image enhancement algorithms, night images
are enhanced and results have been assessed by objective
evaluation and subjective evaluation. The evaluation results
show that the image enhancement results satisfy the human
visual habits. We believe that SSR algorithm is the best
compared to Frankle-McCann and McCann99. In this paper,
visual enhancement algorithms have the following disadvantages. The image enhancement algorithms cannot apply to
real-time process and all nighttime images. In particular,
the efficiency of the algorithm needs to be optimized and
improved based on the actual the application process. Visual
image enhancement algorithms applied to general image are
worth to be further studied.
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We present a modified Adaboost algorithm in face detection, which aims at an accurate algorithm to reduce false-positive detection
rates. We built a new Adaboost weighting system that considers the total error of weak classifiers and classification probability. The
probability was determined by computing both positive and negative classification errors for each weak classifier. The new weighting
system gives higher weights to weak classifiers with the best positive classifications, which reduces false positives during detection.
Experimental results reveal that the original Adaboost and the proposed method have comparable face detection rate performances,
and the false-positive results were reduced almost four times using the proposed method.

1. Introduction
Face detection is a computer technology that determines the
location, size, and posture of the face in a given image or video
sequence [1]. Face detection is an active research area in the
computer vision community; locating a human face in an
image plays a key role in applications like face recognition,
video surveillance, human computer interfaces, database
management, and querying image databases [2, 3]. The most
successful face detection method was developed by Viola and
Jones based on the Adaboost learning algorithm [4]. Although
their method was successful in face detection, it faces false
alarm challenges, which may increase in the presence of a
complex background. False positives in an application can
be a source of errors and need additional postprocessing to
remove them. As our contribution to reduce the number
of false positives, we propose a probabilistic approach to
modify the weighting system of the Adaboost algorithm,
which includes the expansion of key ideas and supporting
experimental results over the preliminary version [5].

2. Face Detection and Adaboost
A number of promising face detection algorithms have been
published. Among these, the Adaboost method stands out

because it is often referred to by other face detection studies.
In this section we present the outline and main points of some
of face detection algorithms.
2.1. Face Detection. Madhuranath developed the “modified
Adaboost for face detection.” In their method, multiple strong
classifiers based on different Haar-like types trained on
the same set of input images are combined into a single
modified-strong classifier [6]. Viola and Jones [4] presented
the fundamentals of their face detection algorithm. This
algorithm only detects frontal upright faces; however, a
modified algorithm was presented in 2003 that detects profile
and rotated views [7]. In “Face Detection Using a Neural
Network” [8], the authors computed an image pyramid to
detect faces at multiple scales. A fixed size subwindow was
subjected to each image in the pyramid. The content of
the subwindow is corrected for nonuniform lightening and
subjected to histogram equalization. The processed content
is passed to parallel neural networks that carry out the actual
face detection. The outputs are combined using logical AND
to reduce the amount false detection rate. In its first form this
algorithm also only detects frontal upright faces.
Schneiderman and Kanade [9] calculated an image pyramid and fixed size subwindow scans through each layer of
this pyramid. The content of the subwindow was wavelet

2

Mathematical Problems in Engineering

analyzed and histograms were prepared for the different
wavelet coefficients. These coefficients were fed to different
trained parallel detectors sensitive to various orientations of
the object. The orientation of the object is determined by
the detector that yields the highest output. In contrast to the
basic Viola–Jones algorithm, this algorithm detects profile
views. AL-Allaf reviewed face detection studies based on
different ANN approaches [10], whereas C. S. Patil and A.
J. Patil combined skin color information and Support Vector
Machine to detect faces [11].
One of the fundamental problems with real-time object
detection is that the size and position of a given object within
an image are unknown. An image pyramid was computed to
overcome this obstacle, and a detector scans each image in
the pyramid. However, this process is rather time consuming;
thus, Viola and Jones presented a new approach based on
Adaboost algorithm to solve the problem. However, one of
the disadvantages was a high false-positive rate.
2.2. Adaboost Learning Algorithm. First introduced by Freund and Schapire [12], the Adaboost algorithm is short
for Adaptive Boosting. This algorithm strengthens overall
performance when used with other weak learning algorithms.
A weak learning algorithm consists of a learning algorithm
that classifies the input data better than random.
The Adaboost algorithm is adaptive in that misclassified
data from previous classifiers are boosted during training
by assigning them higher weight than that of the correctly
classified data. The training database is input data set and
associated classification labels. Adaboost repeatedly calls a
weak learning algorithm over the training data set. Most optimal parameters of weak learning algorithms are computed at
each stage, which minimizes the classification error. A weak
learning classifier with optimal parameters at a given training
stage is called a best weak classifier [4]. The input data
set is initially weighted equally; however, the weak learning
algorithm puts emphasis on the misclassified data more than
the correctly classified data during the training process. This
is accomplished by raising the weights of the misclassified
data during each stage with respect to the correctly classified
data. The main steps for the Adaboost algorithm to classify
data efficiently are presented in the following.
Pseudocode for the Adaboost Learning Algorithm
(1) Given data and corresponding labels (𝑥1 , 𝑦1 ), . . . ,
(𝑥𝑛 , 𝑦𝑛 ) where 𝑥 is the input data and 𝑦 = 1, 0 are
the labels for positive and negative examples with the
size of the input data being 𝑛.
(2) Initialize weights 𝑤 of the input data equally; 𝑤1,𝑖 =
1/2𝑛, where 𝑖 = 1, . . . , 𝑛 and 𝑖 is the 𝑖th index of the
data.
(3) For 𝑡 = 1, . . . , 𝑇, where 𝑇 is the number of stages of
training,
(3.1) normalize the weights 𝑤 of the 𝑡th stage:
𝑤𝑡,𝑖
,
𝑤𝑡,𝑖 = 𝑗=𝑛
∑𝑗=1 𝑤𝑡,𝑗

(1)

(3.2) select the best weak classifier ℎ𝑡 () in terms of
parameters of the 𝑡th stage 𝑟𝑡 which minimizes
the classification error between the weak classifier output ℎ𝑡 (𝑥𝑖 , 𝑟𝑡 ) over the 𝑖th index of the data
and the corresponding label 𝑦𝑖 , over all indices
𝐼 of the data, 𝐼 = 1, . . . , 𝑛:
𝑖=𝑛



𝜀𝑡 = ∑ 𝑤𝑡,𝑖 ℎ𝑡 (𝑥𝑖 , 𝑟𝑡 ) − 𝑦𝑖  ,

(2)

𝑖=1

(3.3) compute the 𝑡th stage exponent 𝛽𝑡 ;
𝛽𝑡 =

𝜀𝑡
,
1 − 𝜀𝑡

(3)

a weak classifier ℎ(), which classifies the input
data better than random will result in 𝜀𝑡 which
is less than 0.5; thus 𝛽𝑡 will be less than 1.0,
(3.4) classify the 𝑖th index of the data 𝑥𝑖 with this weak
classifier ℎ𝑡 (), compare with the actual label 𝑦𝑖 ,
and store the error in classification 𝑒𝑖 over all
indices 𝐼 = 1, . . . , 𝑛, of the data:
{0, if ℎ𝑡 (𝑥𝑖 , 𝑟𝑡 ) = 𝑦𝑖
𝑒𝑖 = {
1; if ℎ𝑡 (𝑥𝑖 , 𝑟𝑡 ) ≠ 𝑦𝑖 ,
{

(4)

(3.5) update the weights 𝑤 of the input data during
this 𝑡th stage using the exponents 𝛽𝑡 computed
in step (3.3). Since the weights are being normalized in step (3.1) the weights of the incorrectly
classified data are boosted; this is the basic idea
behind Adaboost.
1−𝑒𝑖

𝑤𝑡+1,𝑖 = 𝑤𝑡,𝑖 𝛽𝑡

.

(5)

(4) The final strong classifier, 𝐶(𝑥), is the weighted
majority of the individual weak classifiers chosen in
step (3.2) of each stage 𝑡.
{
{1;
𝐶 (𝑥) = {
{
{0;

𝑇
1𝑇
if ∑𝛼𝑡 ℎ𝑡 (𝑥, 𝑟𝑡 ) ≥ ∑𝛼𝑡
2 𝑡=1
𝑡=1
otherwise,

(6)

where 𝐶(𝑥) is the strong classifier, 𝛼𝑡 = log(1/𝛽𝑡 ) is
the weight, ℎ𝑡 (𝑥, 𝑟𝑡 ) is the weak classifier of the 𝑡th
stage, 𝑥 is the input data, 𝑟𝑡 are the parameters, and
ℎ𝑡 () is the Haar-like feature type.
Freund and Schapire [12] showed that the training error
on the final hypothesis is upper bounded and if the individual
weak hypothesis classifies the input data better than random,
the training error decreased exponentially with an increase
in the number of stages. The generalization property of
Adaboost is a gradient-descent method in the space of weak
classifiers, as shown by Schapire and Singer [13].
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2.3. Face Classification Using Adaboost. Faces and nonfaces
with their corresponding labels become the input data set
for the Adaboost algorithm. Each Haar-like feature ℎ() is
evaluated as the sum of the pixels in the image corresponding
to the white portion subtracted from the sum of the pixels
in the image corresponding to the black portion. A weak
classifier has been correctly classified, if the value of the Haarlike feature at a particular location (𝑥, 𝑦) on the image is
greater than the threshold 𝜃, and the polarity, 𝑝, determines
the sign of this inequality in
𝑝 ∗ ℎ (𝑥, 𝑦) > 𝑝 ∗ 𝜃.

(7)

Classification of the weak classifier depends on the evaluation of the Haar-like feature ℎ() on the image 𝐻 at the
location (𝑥, 𝑦), the threshold 𝜃, and polarity 𝑝. Image 𝐻,
location (𝑥, 𝑦), polarity 𝑝, and threshold 𝜃 are the weak
classifier parameters, and the output of the weak classifier is
represented as ℎ(𝐻, 𝑥, 𝑦, 𝑝, 𝜃). Thus, the data in the Adaboost
learning algorithm is image 𝐻, and the parameters become the
location, polarity, and threshold (𝑥, 𝑦, 𝑝, and 𝜃). During the
training stages of a single weak classifier, the Haar-like feature
ℎ() is evaluated at each location (𝑥, 𝑦) across all 𝑛 images
𝐻𝑖 , 𝑖 = 1, . . . , 𝑛. The weighted sum of the error between the
correct and the actual classification |ℎ𝑡 (𝐻𝑖 , 𝑥, 𝑦, 𝑝, 𝜃) − 𝑦𝑖 | for
all location (𝑥, 𝑦) is computed. The location (𝑥𝑡 , 𝑦𝑡 ), threshold
𝜃𝑡 , and polarity 𝑝𝑡 of the Haar-like feature ℎ𝑡 () of the 𝑡th
stage, which minimizes the weighted error, are chosen as the
weak classifier parameters ℎ𝑡 (𝐻𝑖 , 𝑥𝑡 , 𝑦𝑡 , 𝑝𝑡 , 𝜃𝑡 ). This minimum
weighted error for the 𝑡th stage, represented as 𝜀𝑡 , is shown in
𝑖=𝑛



𝜀 = min ∑𝑤𝑖 ℎ𝑡 (𝐻𝑖 , 𝑥𝑖 , 𝑦𝑖 , 𝑝𝑖 , 𝜃𝑖 ) − 𝑦𝑖  .
𝑥,𝑦,𝑝,𝜃

(8)

𝑖=1

The exponent 𝛽𝑡 used for updating the weights is computed
based on this weighted error, as shown in
𝛽𝑡 =

𝜀𝑡
.
1 − 𝜀𝑡

(9)

Typically, 𝛽𝑡 will be less than unity. The classification of the
image 𝐻𝑖 based on the optimal weak classifier ℎ𝑡 (𝐻𝑖 , 𝑥𝑡 , 𝑦𝑡 , 𝜃𝑡 )
is performed as shown in
{0,
𝑒𝑖 = {
1;
{

if ℎ𝑡 (𝐻𝑖 , 𝑥𝑖 , 𝑦𝑖 , 𝑝𝑡 , 𝜃𝑖 ) = 𝑦𝑖
if ℎ𝑡 (𝐻𝑖 , 𝑥𝑖 , 𝑦𝑖 , 𝑝𝑡 , 𝜃𝑖 ) ≠ 𝑦𝑖 .

(10)

The classification error 𝑒𝑖 is used to update the weights of the
(𝑡 + 1)th stage, 𝑊𝑡+1,𝑖 based on the weights of the 𝑡th stage
and 𝑤𝑡,𝑖 according to the Adaboost method of updating the
weights, as shown in
1−𝑒𝑖

𝑤𝑡+1,𝑖 = 𝑤𝑡,𝑖 𝛽𝑡

.

(11)

As 𝛽𝑡 is less than unity, the correctly classified images are
weighted lower than the misclassified images. The process of
normalizing the weights in the next training stage results in
lower weights of the misclassified images than those of the
present stage. When all training stages 𝑇 are complete, the

final strong classifier is the weighted majority of the optimal
weak classifiers ℎ𝑡 (𝐻𝑖 , 𝑥𝑡 , 𝑦𝑡 , 𝑝𝑡 , 𝜃𝑡 ) of each stage, as shown in
𝑇
𝑇
{
{1; if ∑𝛼𝑡 ℎ𝑡 (𝐻𝑡 , 𝑥𝑡 , 𝑦𝑡 , 𝑝𝑡 , 𝜃𝑡 ) ≥ 1 ∑𝑎𝑡
𝐻 (𝑥) = {
(12)
2 𝑡=1
𝑡=1
{
0;
otherwise,
{
where 𝐻(𝑥) is the strong classifier, 𝛼𝑡 = log(1/𝛽𝑡 ) is the
weight, ℎ𝑡 (𝐻𝑡 , 𝑥𝑡 , 𝑦𝑡 , 𝑝𝑡 , 𝜃𝑡 ) is the weak classifier of 𝑡th stage,
𝜃𝑡 is the threshold, and ℎ𝑡 () is the Haar-like feature type.

3. Probabilistic Weighting Adjusted Adaboost
The main objective of our proposed method is to reduce the
number of false-positive results. We want to reduce the number of regions in the image that are classified falsely as faces.
Therefore, our contribution changes the weighting system
of the original Adaboost algorithm based on a probabilistic
approach [14].
3.1. Best Weak Classifier Selection. As in the Viola–Jones
method, we used training data made of positive (cropped
face) and negative (random images without faces) images and
used Haar-like features to build the full dictionary of weak
classifiers. Note that weight was normalized in step (3.1) of
the pseudocode for the Adaboost learning algorithm, which
makes the total weighted error sum to 1. As in the Viola–
Jones method, a weak classifier is selected as the “best weak
classifier” once its total weighted error 𝜀𝑡 is less than 0.5 [4].
In the proposed procedure, a weak classifier was classified as
the best one when the weighted positive error was less than
0.05 to keep the positive detection rate at about 95%.
For a given pattern 𝑥𝑖 each best weak classifier ℎ𝑗 provides
ℎ𝑗 (𝑥𝑖 ) ∈ {1, 0}, and the final decision of the committee 𝐻 of
selected best weak classifiers is 𝐻(𝑥𝑖 ), which can be written
as the weighted sum of the decision of the best weak classifier
as follows:
𝐻 (𝑥𝑖 ) = 𝛼1 ℎ1 (𝑥1 ) + 𝛼2 ℎ2 (𝑥2 ) + ⋅ ⋅ ⋅ + 𝛼𝑚 ℎ𝑚 (𝑥𝑖 ) ,

(13)

where ℎ1 , ℎ2 , . . . , ℎ𝑚 denote 𝑚 best weak classifiers selected
from the pool. The constants 𝛼1 , 𝛼2 , . . . , 𝛼𝑚 are weights
assigned to each classifier decision in the committee. Recall
that every ℎ𝑗 just answers “yes” (1) or “no” (0) to a classification problem, and the result is a linear combination of
classifiers followed by a nonlinear decision (sign function).
In the Viola–Jones method, the weight given to each best
classifier only depends on the total error that each classifier
committed in a training set, as shown in (9). In the original
Adaboost method, if two best weak classifiers have the same
error, their opinions are given the same weight no matter how
different their probabilities of classifying positive or negative
images may be. We introduce a new weighting system; the
weight given to the opinion (“yes” or “no”) of the best weak
classifier considers the ability of the best weak classifier to
classify positive images on one side as well as negative images.
Therefore, this information will be very useful to build a
system that reduces the false-positive rate by giving more
weight to the best weak classifier with a high probability of
classifying the positive images correctly.
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3.2. Best Weak Classifier Classification Probability and Weighting. A weak classifier from the pool is voted to be the best
weak classifier once once it classifies the input data better
than random [4]. Now, let us consider that the output from
a given best weak classifier is made for a given number of well
classified images, false-positive (negative images classified as
positive) and false-negative images (positive images classified
as negative). The “false-positive error probability” and the
“false-negative error probability” can be computed as follows
[14]:
𝐸
𝑃FP = FP ,
𝐸Total
𝑃FN =

𝐸FN
,
𝐸Total

1 − 𝜀𝑡
),
𝜀𝑡

1 − 𝜀𝑡
1 − 𝑃FN
)] × (
).
𝜀𝑡
𝑃FP

𝑤𝑡,𝑖 =

𝑤𝑡,𝑖
,
𝑗=𝑛
∑𝑗=1 𝑤𝑡,𝑗

(17)

(3.2) select the best weak classifier ℎ𝑡 () with respect to
the weighted error:
𝑖=𝑛

𝐸Total = 𝜀𝑡 = min ∑𝑤𝑡,𝑖 𝑐𝑖 ,

(18)

𝑖=1

(15)

where 𝜀𝑡 is the total error of a considered classifier at stage
𝑡. The new alpha called “probabilistic alpha” is computed as
follows considering the previously calculated probabilities:
𝛼 = [log (

(3.1) normalize the weights w of the 𝑡th stage

(14)

where 𝐸Total is total error, 𝐸FP is the false-positive error,
𝐸FN is the false-negative error, 𝑃FP is the false-positive error
probability, and 𝑃FN is the false-negative error probability.
After calculating the probabilities we used them to
build a new weighting system that considers both error
and probabilities for weighting each classifier’s opinion. In
fact, two classifiers with the same error but with different
classification probabilities will have different weights because
the probability is considered while assigning weights to the
classifiers. The weight in the original method (12) can be
rewritten as
𝛼 = log (

(2) Initialize weights 𝑤1,𝑖 = 1/𝑚, 1/𝑙, where 𝑚 and 𝑙
are the numbers of positive and negative images,
respectively.
(3) For 𝑡 = 1, . . . , 𝑇

where
{0, if ℎ𝑡 (𝐻𝑖 , 𝑥𝑖 , 𝑦𝑖 , 𝑝𝑡 , 𝜃𝑖 ) = 𝑦𝑖
𝑐𝑖 = {
1; if ℎ𝑡 (𝐻𝑖 , 𝑥𝑖 , 𝑦𝑖 , 𝑝𝑡 , 𝜃𝑖 ) ≠ 𝑦𝑖 ,
{

(3.3) compute false-positive error over all indices 𝑖 of
face images, 𝑖 = 1, . . . , 𝑃;
𝑖=𝑃

𝐸FP = ∑ 𝑤𝑡,𝑖 𝑐𝑖 ,

Pseudocode for the Proposed Algorithm
(1) Images (𝑥1 , 𝑦1 ), . . . , (𝑥𝑛 , 𝑦𝑛 ), where 𝑦 = 1, 0 for face
and nonface images, are given.

(20)

𝑖=1

(3.4) compute false-negative error over all indices 𝑖 of
nonface images, 𝑖 = 1, . . . , 𝑁;
𝑖=𝑁

𝐸FN = ∑ 𝑤𝑡,𝑖 𝑐𝑖 ,

(21)

𝑖=1

(3.5) compute weak classifier classification probabilities;

(16)

The proposed alpha is inversely proportional to the falsepositive error probability; thus, when a given classifier has a
high false-positive error rate, its weight is lowered; otherwise
the inverse is true. Once a best weak classifier produces high
𝑃FP , it is given a relatively small weight, which produces a
strong classifier that reduces the number of false positives.
Note also that when a classifier produces an increasing 𝑃FN ,
the value of the numerator of the term after the multiplication
sign in (16) decreases and this also lowers the weight of the
proposed alpha. The probabilistic alpha on updating weight
allows greater update from misclassified images compared to
the original method. This is because the proposed alpha will
always be greater than the original alpha according to (16).
Hence, misclassified images are relatively highly weighted
using the proposed method; therefore, accuracy is higher for
the best weak classifiers. The following shows the pseudocode
for the proposed algorithm.

(19)

𝑃FP =
𝑃FN

𝐸FP
,
𝐸Total

(22)

𝐸
= FN ,
𝐸Total

(3.6) compute alpha 𝛼𝑡 ;
𝛼𝑡 = [log (

1 − 𝜀𝑡
1 − 𝑃FN
)] × (
),
𝜀𝑡
𝑃FP

(23)

(3.7) update the weights


𝑤𝑖(𝑚+1) = 𝑤𝑖𝑚 𝑒(𝛼𝑡 𝑐𝑖 ) .

(24)

(4) The final strong classifier, 𝐻(𝑥), is
𝐻 (𝑥)
{
{1;
={
{
{0;

𝑇

if ∑𝛼𝑡 ℎ𝑡 (𝐻𝑡 , 𝑥𝑡 , 𝑦𝑡 , 𝑝𝑡 , 𝜃𝑡 ) ≥
𝑡=1

1 𝑇 
∑𝛼
2 𝑡=1 𝑡

(25)

otherwise,

where 𝛼𝑡 is the probabilistic weight and ℎ𝑡 () is the
weak classifier of the 𝑡th stage.
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Table 1: Comparison of the Viola–Jones and the proposed algorithm; the number of false-positive results is almost four times lower using
the proposed algorithm.
True positive
(detecting faces)

False positive

False negative
(missing faces)

Precision,
TP/(TP + FP)

220
216

495
115

20
24

30.8%
65.3%

Viola–Jones algorithm
Proposed algorithm

(a)

(b)

Figure 1: Detected faces by the Viola–Jones method (a) and the proposed method (b).

4. Experimental Classification
Results and Analysis
We trained and tested data sets, such as the CMU/MIT
face data set for training and Georgia Tech face database
made of 50 distinct persons (15 images per subject) for
testing. The Georgia Tech images were taken at different times
with different lighting, facial expressions (open/closed eyes,
smiling/not smiling), and facial details (glasses/no glasses).
All images were taken against a complex background with
the subjects in an upright and frontal position (with tolerance
for some side movement). We evaluate the performance of
the algorithms using the precision. The precision for a class
is the number of true positives divided by the sum of true
positives and false positives, which are items incorrectly
labeled as belonging to the class. High precision means that an
algorithm returned substantially more relevant results than
irrelevant.
Experimental results obtained from the Viola–Jones and
the proposed probabilistic method are described in Table 1.
The number of false-positive results is reduced about four
times using the proposed method and the precision of the
proposed algorithm is twice as high as that of Viola–Jones
algorithm without much deteriorating the accuracy. The
processing speed is around 30 fps for both methods.
The faces detected by the Viola–Jones method and the
proposed method are shown in Figure 1. Figure 1(a) shows
a false-positive result and Figure 1(b) shows the same face
detected without the false-positive by the proposed probabilistic weighting.

5. Conclusion
The challenge in face detection using Adaboost is the number
of false-positive results that accompany actual faces detected
on a complex background. In this study, we presented
a probabilistic weighting adjusted Adaboost algorithm for
detecting faces in a complex background that reduced falsepositive errors. We want to reduce the number of regions in
an image that are classified as faces but that are not faces.
Therefore, we propose a modified version of the Adaboost
algorithm that classified weak classifier probabilities for
weighting the decisions of each best weak classifier. Classifiers
with the same total error have the same weight in the original
Adaboost algorithm. However, classifiers with the same
error in our proposed probabilistic approach have different
probabilities and different weights. In this new weighting
system, the classifier’s weight is inversely proportional to the
false-positive error probability; thus, when a given classifier
has a high probability of false-positive errors, its weight
is decreased. Experimental results reveal that the proposed
algorithm reduces the number of false positives almost four
times compared to that of the original Adaboost.
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A new method for building 3D models of transformer substation based on mapping and 2D images is proposed in this paper. This
method segments objects of equipment in 2D images by using 𝑘-means algorithm in determining the cluster centers dynamically
to segment different shapes and then extracts feature parameters from the divided objects by using FFT and retrieves the similar
objects from 3D databases and then builds 3D models by computing the mapping data. The method proposed in this paper can
avoid the complex data collection and big workload by using 3D laser scanner. The example analysis shows the method can build
coarse 3D models efficiently which can meet the requirements for hazardous area classification and constructions representations
of transformer substation.

1. Introduction
In recent years, substations under centralized management
control mode has also been exposed to many problems with
the increasing size of the grid, such as the following: the
station complex and diverse equipment are too difficult to
observe, the staff cannot quickly master station equipment
environment [1–5]. Creating a visual system is a great help for
the training of the operators. However, traditional workload
of 3D modeling for transformer substation is too great, and
the work period is too long.
In order to protect the security of staffs and facilitate their
training, the 3D models of transformer substation by using
laser scanning technology have increasingly aroused concerns of experts [6–9]. The rise of 3D laser scanning technology can solve the problem of the data acquisition and precision
of the model while it may get a lot of points of information
that leads to accurate modeling of the substation equipment
[10–12]. However, the complex substation equipment structure will bring high point density by using 3D laser scanning
technology which will increase the difficulty and time data
collection and make the model work overload [13–15].
3D reconstruction is one of the main research contents
of the computer vision technology. In engineering and many

other areas, in order to get useful information for research, we
usually analyze the 3D structure of the objects. The research
on 3D reconstruction has important practical significance
and has a broad range of applications, such as archaeology,
architecture, materials processing, industrial inspection, and
medical imaging equipment industry [16–18].
In order to reduce the modeling workload, researchers
have raised lots of 3D modeling methods by using 2D images
[19–21]. Dr. Macro proposed a 3D reconstruction method by
using a 2D detector under varying illumination conditions
[22]. The method proposed by Dr. Macro is applied in head
tracking which can extend the range of head motion and
ensure the reconstruction fast and reliable. Literature [23]
proposed a 3D modeling method based on 2D sketch. In
literature [24] a reconstruction method by using new Zernike
comparator is proposed which can provide a more accurate
similarity measure, together with the optimal rotation, angle
between the patterns, while keeping the same complexity as
the classical approach. The method can ensure the automatic
transcription of sketched storyboards into reconstructed 3D
scenes. These method are more focused on 3D modeling
based on texture map image; however the 3D modeling
of transformer substation is more focused on the external
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Figure 1: Flow chart of 3D modeling.

structure and shape of power equipment in order that staffs
can zone security area and understand the environment of the
substation easily [25, 26].
The method proposed in this paper is a 3D reconstruction
technology based on 2D images which segments objects of
equipment in 2D images to consist of a correspondingly
shaped device model that is retrieved from the objects library.
Then the size, spacing, and other parameters can be determined by the device mapping data. The 3D model established
by this method not only can meet the requirements of zoning
security, the substation shows, and so on, but also can reduce
modeling costs and time greatly.

2. Principle of the Modeling Method
The difficulty of building 3D models from 2D images lies
in lack of depth data. The method proposed in this paper
takes shot from multiviews of equipment in the substation
and then maps the position information of each device and
gets equipment size, equipment location coordinates, and
other information according to the scale. After making pixel
division of the equipment, we retrieve the similar objects
from the objects library by using the extracted features. The
3D size dimension of the objects is calculated according to the
pixel in the image. Then determine the distance between the
device and other aspects based on mapping data to establish
the 3D modeling of the transformer substation. The user can
also adjust the color and the concrete models. The process of
establishing the 3D modeling is shown in Figure 1.

3. Image Segmentation
This paper sets sides of objects as 𝑛 side and 𝑡 side. We
solve the energy function by using the improved 𝑘-means

algorithm for cluster of different connection components,
and then we can complete the image segmentation.
𝑠 is the source point and 𝑡 is the terminal point, the connection side between 𝑠 and 𝑡 point is the 𝑡 side. 𝑃 and 𝑞 point
are neighbor points, and the connection side between 𝑝 and
𝑞 point is the 𝑛 side.
We create a dynamic array 𝐺 = {𝑂0 , 𝑂1 , 𝑂2 , . . .} to store
values of different segmentation shapes. Every side has a
weight value 𝑤. Segmentation cost is defined as the summation weight value of all sides which is shown as
𝐶 (𝑂𝑛 , 𝑂𝑛+1 ) =

𝑤 (𝑝, 𝑞) .

∑
𝑝∈𝑂𝑛 ,𝑞∈𝑂𝑛+1

(1)

(𝑝, 𝑞) means the connection side between 𝑝 and 𝑞 point,
𝑤(𝑝, 𝑞) is the weight value of (𝑝, 𝑞), 𝐶(𝑂𝑛 , 𝑂𝑛+1 ) is the
segmentation cost between the 𝑛th shape and (𝑛 + 1)th
shape. We define the segmentation cost as the sign of the
segmentation effect. The less the segmentation cost is, the
better the segmentation effect is. Equation (2) is Gibbs
function that can minimize the segmentation cost.
𝐸 (𝑋) = ∑ 𝐸1 (𝑥𝑝 , 𝑠 | 𝑡) + 𝜆 ∑ 𝐸2 (𝑥𝑝 , 𝑥𝑞 ) .
𝑝∈𝛿

(𝑝,𝑞)∈𝜀

(2)

As shown in (2), energy value function 𝐸(𝑋) consisted of
the 𝑡 side energy values and 𝑛 side energy values. 𝐸1 (𝑥𝑝 , 𝑠 |
𝑡) is the energy values of 𝑡 side which is the connection side
between 𝑠 and 𝑡 point. 𝐸2 (𝑥𝑝 , 𝑥𝑞 ) is the energy values of 𝑛 side
which is the connection side between 𝑝 and 𝑞 point. 𝜆 ≥ 0 is
the parameter used to balance the two values. 𝑥𝑝 , 𝑥𝑞 are pixels
values of 𝑝 and 𝑞 point. 𝛿 is the set of points and 𝜀 is the set
of sides.
The 𝑛th cluster center is defined as 𝑂𝑛 , and the Euclidean
distance from one point to the 𝑛th cluster center is 𝑑𝑝𝑜𝑛 =
𝑜
min𝑛 ‖𝑥𝑝 − 𝑜𝑛 ‖ and to the previous cluster center is 𝑑𝑝𝑛−1 =
min𝑛−1 ‖𝑥𝑝 − 𝑜𝑛−1 ‖. If the Euclidean distance is smaller, the
point will be more similar to the previous cluster center. The
Euclidean distance from point 𝑝 ∉ {𝑂𝑛 } ∪ {𝑂𝑛−1 } to the 𝑛th
cluster center is shown as
V=

𝑜

𝑑𝑝𝑜𝑛

𝑜

𝑑𝑝𝑛 + 𝑑𝑝𝑛−1

.

(3)

We can get 𝐸1 (𝑥𝑝 , 𝑠 | 𝑡) that is shown as
𝑝 ∈ {𝑂𝑛 } 𝑝 ∈ {𝑂𝑛−1 } 𝑝 ∉ {𝑂𝑛 } ∪ {𝑂𝑛−1 }
𝐸1 (𝑥𝑝 = 1)

0

∞

V

𝐸1 (𝑥𝑝 = 0)

∞

0

1−V

(4)

According to above-mentioned equations and analytical
result, we can get which energy values belong to 𝑂𝑛 and which
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Figure 2: The 2D image of the sample.

energy values belong to 𝑂𝑛−1 . If a point belongs to neither
𝑂𝑛−1 nor 𝑂𝑛 , it will be defined as the (𝑛 + 1)th source point 𝑠
to repeat above process until all of the points are traversed.
For the 𝑛 side, we determine their respective section
according to the relationship with the surrounding pixels.
The more similar the 𝑝 and 𝑞 point are, the higher the value
of 𝐸2 is; on the contrary, the value of 𝐸2 will tend to 0.
According to the color Euclidean distance between two pixels,
we can define the energy value of 𝑛 side connection between
the 𝑝 and 𝑞 point as
2

𝑥𝑝 − 𝑥𝑞 
1
 ).

exp (−
𝐸2 (𝑥𝑝 , 𝑥𝑞 ) =
√2𝜋
2

1/2

𝐹𝑖 = ( ∑𝐴 𝑗 )

, 𝑖 = 0, 1, 2, . . . , 256.

(8)

𝑗=0

Normalizing above equations we can get characteristic
component of the target object as
𝑆𝐹𝑖 =

𝐹𝑖
256
∑𝑖=0

𝐹𝑖

.

(9)

Then we can the similarity degree between the retrieved
object and the retrieval object by using Euclidean distance as
255

2

1/2

𝑆(𝑞,𝑑) = (∑ (𝑆𝐹𝑖 𝑑 − 𝑆𝐹𝑖 𝑞 ) )

.

(10)

𝑖=0

4. Image Reconstruction
This paper extracts feature parameters from the divided
objects by using FFT. For pixels are discrete in the 2D image,
we can descript the pixels in 𝑁 × 𝑀 image as
𝑓 (𝑥, 𝑦)
𝑓 (0, 0)

𝑓 (0, 1)

⋅⋅⋅

𝑓 (0, 𝑁 − 1)

𝑓 (1, 0)

𝑓 (1, 1)

⋅⋅⋅

𝑓 (1, 𝑁 − 1)

..
.

..
.

⋅⋅⋅

..
.

]
] (6)
]
].
]
]

[𝑓 (𝑀 − 1, 0) 𝑓 (𝑀 − 1, 1) ⋅ ⋅ ⋅ 𝑓 (𝑀 − 1, 𝑁 − 1)]

We set 𝑁 = 𝑀 for convenience and then we can get
discrete Fourier transform result as
𝐹 (𝑢, V) = I [𝑓 (𝑥, 𝑦)]
=

256

(5)

At last by solving the energy function we can determine
the different outer contour shape and centroid of the objects,
so that we can complete the image segmentation.

[
[
[
=[
[
[

Since the original image has been divided into simple 3D
geometric objects that contain a small amount of information, setting 𝑁 = 256 can meet the requirement of retrieving.
Then we can get 𝑖th energy response as

1 𝑁−1𝑁−1
∑ ∑ 𝑓 (𝑥, 𝑦) 𝑒−𝑗2𝜋((𝑢𝑥+V𝑦)/𝑁) .
𝑁 𝑥=0 𝑦=0

(7)

Then use the most similar objects after setting their 3D
size to reconstruct the equipment.

5. Case Analysis
To verify the validity of the proposed method, we give an
example of 3D model reconstruction analysis by combining
objects. The 2D image of power equipment models is shown
in Figure 2.
As mentioned above, objects shown in Figure 2 are
composed of basic shapes. Segment Figure 2 as the method
proposed in this paper, and we can get parts of objects as
samples shown in Figure 3. In Figure 3 we can see that the
basic shapes retrieved from the objects library are similar to
the original basic shapes that can meet the requirements of
building 3D transformer substation models.
By calculating according to the pixel in the image, we can
get the 3D models of independent equipment as shown in
Figure 4.
Then determine the distance between the device and
other aspects based on mapping data to establish the 3D
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Figure 3: Parts of the divided objects.

Figure 4: The 3D models image.
DPI: 600
Pixel : actual distance (mm)
1 : 0.48 (mm)

1952

Figure 5: The 3D combination chart of the three power equipment.

model of the 2D image as shown in Figure 5. DPI of the image
in Figure 5 is 600, and the scale of it is a pixel to 0.48 mm. The
distance labeled in the image is 1952 pixels, and the distance
converted by the scale is 937 mm while the actual distance
shown in Figure 2 is 853 mm. So the result of modeling can
meet basic needs.

At last we built a 3D modeling of a transformer substation
that its panorama, local view, and local enlarged view are
shown as Figures 6, 7, and 8.
To verify the superiority of the method proposed in this
paper, we make the curves of precision ratio-times as shown
in Figure 9 by using three methods to retrieve a simple model.

Mathematical Problems in Engineering

5

Figure 6: The 3D panorama of the transformer substation.

1.0

Figure 7: The 3D local view of the transformer substation.
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Method proposed in this paper
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Figure 9: The precision ratio of three methods.
Figure 8: The 3D local enlarged view of the transformer substation.

As shown in Figure 9, the speed of 3D modeling method
based on 2D sketch is the fastest while its precision ratio
is lowest. 3D laser scanning technology can make the most
accurate modeling; however it will increase the difficulty and
time data collection and make the model work overload. The
method proposed in this paper can achieve a high accuracy
with a little time which can verify the validity of the method.

6. Conclusions
The diverse equipment in transformer station is too difficult to observe and the staff cannot quickly master station
equipment environment. In order to protect the security of
staffs and facilitate their training, this paper proposed a 3D
modeling method based on mapping and 2D images. This
method segments objects of equipment in 2D images by

using 𝑘-means algorithm in determining the cluster centers
dynamically to segment different shapes and then extracts
feature parameters from the divided objects by using FFT
and retrieves the similar objects from 3D databases and then
builds 3D models by computing the mapping data. The 3D
model established by this method not only can meet the
requirements of zoning security, the substation shows, and so
on, but also can reduce modeling costs and time greatly.

Competing Interests
The authors declare that they have no competing interests.

Acknowledgments
This work is supported by the project National High-Tech
R&D Program (863 Program) of China (2015AA050603).

6

References
[1] H. Zhang, A. Chen, M. Niyi, and J. Ding, “Research on the key
technology of smart substation model configuration and check,”
in Proceedings of the International Conference on Advanced
Power System Automation and Protection (APAP ’11), pp. 291–
294, October 2011.
[2] G. Romero, J. Maroto, J. Félez, J. M. Cabanellas, M. L. Martı́nez,
and A. Carretero, “Virtual reality applied to a full simulator of
electrical sub-stations,” Electric Power Systems Research, vol. 78,
no. 3, pp. 409–417, 2008.
[3] S.-Y. Park and M. Subbarao, “An accurate and fast point-toplane registration technique,” Pattern Recognition Letters, vol.
24, no. 16, pp. 2967–2976, 2003.
[4] G. W. Yan, L. Zhang, and Y. F. Wang, “Research and implementation of the auto-generating system of three-dimensional
substation simulation scene,” in Proceedings of the IEEE International Conference on Intelligent Computing and Intelligent
Systems (ICIS ’10), pp. 768–771, IEEE, Xiamen, China, October
2010.
[5] D. Engel, C. Herdtweck, B. Browatzki, and C. Curio, “Image
retrieval with semantic sketches,” in Human-Computer Interaction-INTERACT 2011, vol. 6946 of Lecture Notes in Computer
Science, pp. 412–425, Springer, Berlin, Germany, 2011.
[6] K. Xu, H. Zheng, H. Zhang, D. Cohen-Or, L. Liu, and Y.
Xiong, “Photo-inspired model-driven 3D object modeling,”
ACM Transactions on Graphics, vol. 30, no. 4, article 80, 2011.
[7] Y. Liu, M. Zhou, and Y. Fan, “Using depth image in 3D model
retrieval system,” Advanced Materials Research, vol. 268–270,
pp. 981–987, 2011.
[8] C. Goldberg, T. Chen, F.-L. Zhang, A. Shamir, and S.-M.
Hu, “Data-driven object manipulation in images,” Computer
Graphics Forum, vol. 31, no. 2, pp. 265–274, 2012.
[9] T. Lan, W. Yang, Y. Wang et al., “Image retrieval with structured
object queries using latent ranking SVM,” in Proceedings of
the 12th European Conference on Computer Vision (ECCV ’12),
Florence, Italy, October 2012, vol. 7577 of Lecture Notes in
Computer Science, pp. 129–142, Springer, 2012.
[10] J. Gaspar, Google Sketchup Pro 8 Step by Step, Vectorpro
Publisher, 2011.
[11] S. Henrichs, “3ds max environment modeling#1: procedural stone,” 2010, http://saschahenrichs.blogspot.com.eg/2010/03/
3dsmax-environment-modeling-1.html.
[12] J. W. H. Tangelder and R. C. Veltkamp, “A survey of content
based 3D shape retrieval methods,” Multimedia Tools and
Applications, vol. 39, no. 3, pp. 441–471, 2008.
[13] D. Scharstein and R. Szeliski, “A taxonomy and evaluation of
dense two-frame stereo correspondence algorithms,” International Journal of Computer Vision, vol. 47, no. 1–3, pp. 7–42, 2002.
[14] R. Hartley and A. Zisserman, Multiple View Geometry in Computer Vision, Cambridge University Press, Cambridge, UK, 2nd
edition, 2003.
[15] M. Z. Brown, D. Burschka, and G. D. Hager, “Advances in
computational stereo,” IEEE Transactions on Pattern Analysis
and Machine Intelligence, vol. 25, no. 8, pp. 993–1008, 2003.
[16] O. Faugeras and Q.-T. Luong, The Geometry of Multiple Images,
The MIT Press, Cambridge, Mass, USA, 2001.
[17] M. Pantic and L. J. M. Rothkrantz, “Automatic analysis of facial
expressions: the state of the art,” IEEE Transactions on Pattern
Analysis and Machine Intelligence, vol. 22, no. 12, pp. 1424–1445,
2000.

Mathematical Problems in Engineering
[18] C. Tomasi and T. Kanade, “Shape and motion from image
streams under orthography: a factorization method,” International Journal of Computer Vision, vol. 9, no. 2, pp. 137–154, 1992.
[19] N. Iyer, S. Jayanti, K. Lou, Y. Kalyanaraman, and K. Ramani,
“Shape-based searching for product lifecycle applications,”
Computer Aided Design, vol. 37, no. 13, pp. 1435–1446, 2005.
[20] C. Migniot and F. Ababsa, “Hybrid 3D-2D human tracking in
a top view,” Journal of Real-Time Image Processing, vol. 11, no. 4,
pp. 769–784, 2016.
[21] R. Ohbuchi and T. Furuya, “Scale-weighted dense bag of visual
features for 3D model retrieval from a partial view 3D model,”
in Proceedings of the 12th IEEE International Conference on
Computer Vision Workshops (ICCV ’09), pp. 63–70, IEEE,
Piscataway, NJ, USA, May 2009.
[22] M. L. Cascia, S. Sclaroff, and V. Athitsos, “Fast, reliable head
tracking under varying illumination: an approach based on
registration of texture-mapped 3D models,” IEEE Transactions
on Pattern Analysis and Machine Intelligence, vol. 22, no. 4, pp.
322–336, 2000.
[23] X. Xiaohua, “Three dimensional shape retrieval based on two
dimensional skeches,” Journal of Integration Technology, vol. 4,
no. 2, pp. 22–33, 2015.
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There are many techniques available in the field of data mining and its subfield spatial data mining is to understand relationships
between data objects. Data objects related with spatial features are called spatial databases. These relationships can be used for
prediction and trend detection between spatial and nonspatial objects for social and scientific reasons. A huge data set may be
collected from different sources as satellite images, X-rays, medical images, traffic cameras, and GIS system. To handle this large
amount of data and set relationship between them in a certain manner with certain results is our primary purpose of this paper.
This paper gives a complete process to understand how spatial data is different from other kinds of data sets and how it is refined
to apply to get useful results and set trends to predict geographic information system and spatial data mining process. In this
paper a new improved algorithm for clustering is designed because role of clustering is very indispensable in spatial data mining
process. Clustering methods are useful in various fields of human life such as GIS (Geographic Information System), GPS (Global
Positioning System), weather forecasting, air traffic controller, water treatment, area selection, cost estimation, planning of rural
and urban areas, remote sensing, and VLSI designing. This paper presents study of various clustering methods and algorithms
and an improved algorithm of DBSCAN as IDBSCAN (Improved Density Based Spatial Clustering of Application of Noise). The
algorithm is designed by addition of some important attributes which are responsible for generation of better clusters from existing
data sets in comparison of other methods.

1. Introduction
There are so many techniques and algorithms to discover
meaningful and useful results from a large amount of spatial
databases [1]. Clustering is one of the major data mining
methods for spatial databases. Recently this technique has
become the most popular method for research work in SPDM
area. Spatial database contains different objects with similar
attributes and properties and these properties are responsible
for grouping of similar types of objects in a group which is the
basis of clustering. So clustering is the process of grouping of
large data sets into different groups according to their similar
properties.
Every SPDM algorithm has its own advantages and
disadvantages. Some algorithms require predefined values of

attributes and some are applicable on certain types of data
sets, that is, not applicable on arbitrary shape of data [2].
Other methods are based on static nature that is incapable
of handling change of dynamic databases and some are not
applicable on dense region and presence of physical obstacles.
We have studied all possible methods of clustering and their
advantages and limitations against the applicability. Our data
sources may be tabular file, shape file, comma separated
variable (csv) file, rgs file, dbf file, xls file, png file, image file,
and so forth. Selection of attributes produces more refined
clusters and formation of clusters gives desired results in
terms of better efficiency with improved space and time
complexity. In Figure 1, we are showing different databases
and clusters with application of different methods. These are
taken from SEQUOIA 2000 benchmark databases.
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Figure 1: Different shades of spatial data sets from different data collection methods of SPDM.

After detailed study we came to know that still none other
than DBSCAN algorithm is yet available for giving better
results in the field of clustering. So our area of interest is
to design and develop new density based algorithm with
better performance. Our improved algorithm will work better
in adverse conditions and arbitrary selection of databases.
The size and shape and also amount of database will not
change the accuracy of creation of clusters. The process of
clustering is used for various scientific and social areas [2] like
association of business rules, health data, medical imaging,
seismology, land treatment, water treatment, cost analysis,
and many more.
Spatial data mining works on spatial data. Spatial data
mining is the discovery of interesting similarities of characteristics and patterns which may exist in large spatial data
sets. Spatial clustering is the key concept to get all possible
trends and clusters according to given nature of data sets.
As discussed above our main objective is to design improved
DBSCAN algorithm [3] for spatial data sets. In DBSCAN, the
density is measured in the form of point which is obtained
by counting the number of points in a region of specified
radius around the point. Points with a certain threshold value
and densities form the clusters. Major issue in DBSCAN is

the selection of clustering attributes, detection of noise with
different densities, and large difference of values of border
objects in opposite directions of the same clusters. A point
of any object is visited at least once and it may be visited
multiple times if it is a candidate of different clusters. This
paper is basically designed to give a complete working process
of spatial data mining with new ideas of improvement in
respect of drawbacks of previous work, that is, DBSCAN.
Data collection [4] is a very important and typical process
in spatial data mining and knowledge discovery but with the
help of efforts of government agencies, scientific needs, and
other private sectors it is possible to collect huge data sets
of spatial features. For multidimensional data [5], moving
objects and dynamic data selection needs new and advance
methods of mining and knowledge discovery. To handle such
kind of challenges and research activities, spatial data mining
has developed as strong tool with geovisualization concept.
Significance of Work. Algorithm DBSCAN is improved as
IDBSCAN with capacity of recognizing irregular shapes,
including concave and nested shapes or satellite images. The
IDBSCAN algorithm reduces time of computation as shown
in Figure 9 and it is insensitive to bulky amounts of noise.
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A very significant point is that here user does not require
domain knowledge of input, that is, amount of clusters to be
generated.
Primary motive of this paper is to design new and
efficient system and algorithms for spatial data mining
research, geocomputation, and map analysis. Spatial analysis
and mining include various steps of knowledge discovery as
data selection, data collection, data cleaning, preprocessing,
clustering, classification, and transformation with the help of
known and unknown results of knowledge discovery. Various
simulative software programs [5, 6] such as GRASS, ERDAS,
WEKA, ArcGIS, DIVA-GIS, and MapCalc are available for
better experiments.
The rest of this paper is organized in the following
manner. First we summarize almost all possible and available
clustering methods and algorithms with their positive and
limited aspects. Point 3 explains the process and meaning
of BDSCAN algorithm. Point 4 shows limitations of existing DBSCAN algorithm. Point 5 shows our proposed and
improved algorithm (IDBSCAN) which is the novelty of
this research article. Point 6 shows analysis of algorithm
(IDBSCAN). Point 7 gives idea of results. Finally in point 8
conclusion and future scope is discussed.

2. Related Work and Its Overview
In this section we will study the current and previous research
work in spatial data mining and knowledge discovery [4]. As
we have discussed clustering plays a key role in understanding
and application of spatial data in real applications. So we
will focus on meaning and methods of clustering in spatial
data sets. Recent work in the database community includes
density based methods, hierarchical methods, partition based
methods, grid based methods, and constraint based methods
[3, 7]. A brief idea of each and every method is given here
with their positive and limited aspects.
2.1. Density Based Methods. This kind of methods considers
clusters as dense region of objects that are different from
lower dense regions in the data space. Density based regions
are more appropriate and applicable in arbitrary shaped
clusters but selection of attributes and selection of clusters
with algorithms are more complex. It has the feature to merge
two clusters that are sufficiently close to each other.
Density biased sampling, DBSCAN (Density Based Spatial Clustering of Applications with Noise), OPTICS (Ordering Points to Identify Clustering Structure), DENCLUE
(DENsity CLUstEring), and so forth are example of this
method.
This method is our major discussion of this research
paper so it will be discussed later in detail in the following
sections.
2.2. Hierarchical Based Methods. Hierarchical based methods
put the data in a tree-like structure. These clusters are classified into agglomerative and divisive hierarchical clustering,
depending on whether the decomposition is formed in a
bottom-up or top-down manner.
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Figure 2: A sample of figure with data points for grid based
clustering method.

BIRCH (Balanced Iterative Reducing Clustering and
using Hierarchies), CURE (Clustering Using REpresentatives), CHAMELEON, and ORCLUS (arbitrary ORiented
projected CLUSter generation) are the basic methods of this
category.
This (hierarchical methods) can also recognize arbitrary
shaped clusters and handles outliers or noise excluding to
some special conditions but this method does not work well
for special characteristics of individual clusters and it is also
time consuming for high dimensional data.
2.3. Partitioning Methods. This method divides 𝑛 objects,
which we want to cluster, into 𝑘-partitions, where each partition represents a cluster and 𝑘 is a given parameter. Such algorithms form the clusters to optimize an objective criterion
similarity function such as distance as a major parameter [1].
Partitioning methods cover the following five common
algorithms: 𝑘-means, 𝑘-medoids, and CLARANS (Clustering
Large Applications based upon RANdomized Search).
Although partitioning methods are better in generation
of clustering results by using 𝑘-mean, 𝑘-medoids are easier
to implement but selection of 𝑛 is random so no guarantee
of quality of clustering and desired clusters is required in
advance which is not more realistic. To handle outliers is also
a big problem for such kind of methods. A major drawback
of this method is that it is not applicable for large databases.
2.4. Grid Based Methods. Grid based methods summarize
the data space into a finite number of cells that form a grid
structure on which all of the operations for clustering are
performed. These methods are fast in nature and independent
of the number of the data objects but dependent on the
number of the cells in each dimension in related space of
generated results. This method contains the following wellknown algorithms STING (STatistical INformation Grid),
wavecluster, CLIQUE (CLustering In QUEst), and STING+.
An experimental result is shown in Figure 2.
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These methods automatically find subspaces of the highest dimensionality and they are insensitive to the order of
records but the accuracy of the clustering result may be
degraded at certain points. Major applications of such kind of
methods are military deployment, situation awareness, and so
forth. Most probable results of grid based methods are shown
in Figure 2.
2.5. Constrained Based Methods. In our previous paragraphs,
we studied that there are so many algorithms and methods to
implement and apply clustering in real life and various social
purposes. Unfortunately, most of the algorithms are not able
to understand or specify real life constraints such as physical
obstacles. So it was realized that there should be a method that
can handle the concept of clustering in presence of physical
obstacles. These are application specific and used as special
cases.
Constraint based clustering in large databases method
gives a novel concept called microclustering and sharing
to scale up the algorithm or its working procedure. Other
constraints are also discussed in this category as universal,
and existential as averaging and summation.
COD-CLARANS (Clustering with Obstructed Distance
based on CLARANS) is the first clustering algorithm that
solves a problem which is known as the problem of clustering
with obstacles entities (COE).
This method, that is, constraint based clustering, is not
well suitable due to NP hard nature of the problems and the
fact that there is no guarantee of accuracy of results when
number of points is very large, that is, 𝑁. To handle outliers
is also a big problem with such kind of methods.
2.6. Spectral Clustering. Spectral clustering is a modern type
of clustering method and is being used as a new approach of
clustering. For graph and Laplacians based application it is
mainly used with standard concept of mathematics and algebra. When constructing similarity graphs the goal is to model
the local neighborhood relationships between the data points
which is entirely different from 𝑘-means and other methods.
The main tool to understand spectral clustering is Laplacians
graph matrices. First compute the unnormalized Laplacian
𝐿 from given graph and then determine the eigenvectors of
the computed 𝐿 as 𝑢1 , 𝑢2 , . . . , 𝑢𝑛 . Same procedure is used
for normalized Laplace 𝐿 and eigenvectors. This property is
useful due to nature of change of Laplacian graph method.
Output comes in the form of clusters. Consistency of normalized Laplacian data objects is much better than unnormalized
ones so we should prefer normalized method of computing of
Laplacian 𝐿 and then apply 𝑘-neighborhood method rather
than Sigma neighborhood method to select clusters and
distance between data points. A very important and popular
reason of being successful with spectral clustering is the fact
that there is no consideration or assumption on the basis
of clusters forms and their numbers in advance. Spectral
clustering can solve very simple problems like intertwined
spirals and it is used for large data sets, if points are given
in the form of sparse. Spectral clustering is used as black box
testing method which is the key concept of various clustering
and scientific methods.
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3. Basics of Density Based
Clustering (DBSCAN)
Clustering and cluster analysis [3, 6, 8] is a widely used
method of data analysis, and its function is to organize
similar types of set of data items or objects into groups
(cluster) so that items in a cluster are similar and different
from other clusters. There are many different methods as
discussed in our previous paragraphs of this paper about
clustering. Density based methods are more effective and
efficient for handling large spatial data. We can say that there
is no other algorithm that can do what DBSCAN can do in
the field of spatial clustering. DBSCAN has altered time to
time by various researchers and project agencies in terms
of various parameters. Smart definition of parameters gives
better results. Selection and application of parameters is a
great job in DBSCAN and a situation is shown here.
After study of many clustering algorithms [3, 9] we have
decided to select and improve DBSCAN algorithm. Some of
the reasons why we have selected DBSCAN are its positive
points as discussed in the following:
(i) It is capable of discovering clusters with arbitrary
shapes.
(ii) There is no need to predict the number of clusters in
advance and hence it is more realistic.
(iii) There are greedy methods to replace R∗ -tree data type
greedy queries.
(iv) Selection and application of attributes is always open
to improve time and space complexity.
(v) It is robust to outliers and merging is possible with
other clusters if they are similar.
We have tried to improve DBSCAN in the following directions. The first one is to make DBSCAN handle spatial,
nonspatial, and temporal data at a time and distinguish
them clearly. The second is to provide a certain density to
each cluster so that we can make dense or nondense region
accordingly. The third is selection of threshold value 𝜖 which
is more realistic and understandable.
Some concepts and definitions of DBSCAN which are
directly and indirectly related to DBSCAN are explained here:
(1) Cluster: in a database with given 𝑁 data objects as
𝐷 = {𝑂1 , 𝑂2 , . . . , 𝑂𝑛 } the procedure of partitioning
database 𝐷 into smaller parts which are similar in
certain standards as 𝐶 = {𝐶1 , 𝐶2 , . . . , 𝐶𝑖 } is called
clustering; 𝐶𝑗 ’s are clusters, where 𝐶𝑗 ≤ 𝐷 (𝑗 =
1, 2, 3, . . . , 𝑖).
(2) Neighborhood: a distance function (e.g., Manhattan
distance and Euclidean distance) for any two points 𝑝
and 𝑞 denotes dist(𝑝, 𝑞).
(3) Eps-neighborhood: the Eps-neighborhood (threshold distance) of a point 𝑝 is defined by {𝑞 ∈ 𝐷 |
dist(𝑝, 𝑞) ≤ Eps}.
(4) Core object: a point 𝑝 is a core point if at least Minpts
points are within distance ∈ of it, and those points are
said to be directly reachable from 𝑝. In other words,
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a core object is a point that its neighborhood of a
given radius (Eps) has to contain at least a minimum
number (Minpts) of other points as shown in Figure 4.
(5) Directly density reachable: an object 𝑝 is directly
density reachable from the object 𝑞 if 𝑝 is within Epsneighborhood of 𝑞 and 𝑞 is a core object.
(6) Density reachable: a point 𝑞 is reachable from 𝑞 if
there is a chain 𝑝1 ⋅ ⋅ ⋅ 𝑝𝑛 with 𝑝1 = 𝑝 and 𝑝𝑛 = 𝑞,
where each 𝑝𝑖+1 is directly reachable from 𝑝𝑖 with
respect to Eps and Minpts, for 1 ≤ 𝑖 ≤ 𝑛, 𝑝𝑖 ∈ 𝐷.
(7) Density connected: an object 𝑝 is density connected
to object 𝑞 with respect to Eps and Minpts if there is
an object 𝑂 ∈ 𝐷 such that both 𝑝 and 𝑞 are density
reachable from 𝑜 with respect to Eps and Minpts.
(8) Density based clusters: a cluster 𝑐 is nonempty subset
of 𝐷 satisfying the following “maximality” and “connectivity” requirements:
(i) ∀𝑝, 𝑞: if 𝑞 ∈ 𝐶 and 𝑝 is directly reachable from
𝑞 with respect to Eps and Minpts, then 𝑝 ∈ 𝐶.
(ii) ∀𝑝, 𝑞 ∈ 𝐶: 𝑝 is density connected to 𝑞 with
respect to Eps and Minpts.
(9) Border objects: an object 𝑝 is a border object if it is
not a core object but density reachable from another
core object.
(10) Noise: all points are not reachable from any other
point, that is, neither a core point nor density reachable, as shown in Figure 4 as point 𝑁 in blue color.
Noise = {𝑝 ∈ 𝐷 | ∀𝑖 : 𝑝 ∉ 𝐶𝑖 }.

4. Problems of Existing Approaches
In a nutshell those problems can be summarized as follows
[8, 10]:
(i) Identification of proper clusters for different types of
spatial data sets.
(ii) Deficiency of methods in predicting the similarity
and number of clusters in advance when the variations of data sets are used.
(iii) Difficulty in increasing and decreasing of the interdistance between clusters.
(iv) Problem of identification of actual noise points and
border objects.
(v) Results being not consistent when clusters of different
densities are present.
(vi) The problem that if the measurements of the neighbor
objects have minor differences, then problem of
identification of adjacent clusters arises as a major
problem; the values of border objects may differ
largely from opposite side of same cluster.
Situations go uncontrollable if we get data sets with arbitrary
shapes like active and inactive volcanoes, polluted areas of
Delhi city, and other GIS patterns and outputs of these data
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sets produce very adjacent and close clusters with overlapping
boundaries [6, 7]. A result of DBSCAN is shown in Figure 4.
Different results are also shown in Figure 1.

5. Proposed Solution with Development of
New Algorithm (IDBSCAN)
Our research object is to get solutions of given problem
in Section 4. Here we have decided to design and develop
new methods, techniques, and algorithms to find efficient,
effective robustness to noise and outliers, tuning of proper
parameters, and so forth. This can be achieved by considering
only important components of existing algorithm and selection of data sets.
However DBSCAN requires two important parameters as
follows [2, 10, 11]:
(i) Eps is the radius that represents spatial attribute
(latitude and longitude) that delimitates the neighborhood area of a point.
(ii) Minpts is the minimum number of points that must
exist in the Eps-neighborhood.
This method is highly dependent on parameters provided by
the users and expensive in computation when size of input
data is unlimited.
Our proposed algorithm I-DBSCAN requires 5 parameters as follows:
𝑘 is the neighbor list size.
Eps1 is distance for spatial data objects.
Eps2 is distance measure for nonspatial data objects.
Minpts is minimum number of points within a cluster
and Eps1 and Eps2.
𝜖 is a threshold value.
IDBSCAN works as follows. The algorithm begins with
any arbitrary point, 𝑝, from database 𝐷 and retrieves all
points density reachable from 𝑝 wrt to Eps and Minpts.
The retrieval of density reachable objects is performed by
iteratively collecting directly density reachable objects. If 𝑝
is a core point (i.e., |𝑁Eps (𝑝)| ≥ Minpts), then 𝑝 and all points
that are density reachable are collected in one cluster. If 𝑝
is a border point and no points are density reachable as per
definition from 𝑝 then algorithm explores next point of the
database. If 𝑝 is not a core point, then 𝑝 is considered as
outlier and discarded later as noise if it does not belong to
any cluster. The algorithm terminates when no new points
can be assigned to any cluster. These attributes are described
in Figure 3 and definitions from 1 to 10.
Flowchart of IDBSCAN algorithm is depicted in Figure 5
for better understanding of IDBSCAN and in Algorithm 1.
Use of stack is necessary to get density reachable objects
from directly density reachable objects. If two clusters 𝐶1
and 𝐶2 have very less distance between them, a point 𝑝
may belong to both clusters 𝐶1 and 𝐶2 . Here this point will
be considered as border point for both clusters and finally
algorithm assigns this point 𝑝 to the first discovered clusters.
So in this way we can overcome the problem of outliers and
border object.

6

Mathematical Problems in Engineering

N
A

C

B

Figure 3: Points with red color are core points; points B and C with yellow color are density reachable and the point with blue color N is a
form of noise.

Input:
(1) A set of 𝑁 objects in a spatial area as 𝐷 = {𝑂1 , 𝑂2 , . . . , 𝑂𝑛 )
(2) 𝐾, The neighbor list size
(3) Eps points –radius for spatial and non-spatial data objects
(4) Minpts- The minimum number of points that must exist in the Eps neighborhood
(5) 𝜖- Threshold value to be included in a cluster.
Output: Clusters with their core objects and noise points as 𝐶 = {𝑐1 , 𝑐2 , . . . , 𝑐𝑛 }.
Method:
(1) Set cluster layer = 0;
(2) Initialize a loop for selecting objects from the given data base 𝐷
For 𝑖 = 1 to 𝑛 do
//select an arbitrary object 𝑂𝑖 and check if it is visited or not
If 𝑜𝑖 does not belong to any cluster, then
Move forward to process next point
𝑃 = process neghbors as region query(𝑂𝑖 , Eps);
If sizeof(𝑝) < Minpts then
Mark next point(𝑜𝑖 ) as noise
Else
Cluster layer = Cluster layer + 1; //Increase the cluster number
For 𝑗 = 1 to sizeof(𝑝) // set cluster number to all points in 𝐷
End (of marking)
Expand cluster by pushing all points to 𝑝
Expand cluster(push() all objects to 𝑃)
While (𝐷! = empty()) //Repeat the process while database is not empty
Object = pop(); //Apply pop operation on current object
𝑄 = process neighbors(current point, Eps1, Eps2) //spatial and non spatial objects distance
If 𝑄 ≥ Minpts then
For 𝑘 = 1 to 𝑂𝑛 in 𝑄
If (𝑜 is not visited and not identified as a noise and sizeofneghborpts ≥ 𝜖) then
Add 𝑂 with current cluster
End if
End if
Push(𝑜)
End for
End for
Region Query(𝑝, Eps)
End while
End of algorithm
Return all points with cluster number and Eps-neighborhood.
Algorithm 1: Algorithm IDBSCAN.

Mathematical Problems in Engineering

7

35

Start

30

Y coordinates

25

Set D = Data set

20
Loop

15
10

Select an arbitrary point P
from D

5
0

0

5

10

15
20
X coordinates

25

30

Cluster 0
Cluster 1
Cluster 2

Figure 4: Result of DBSCAN algorithm for different data sets with
different clusters.

Is P a
core point?

This session analyzes the working performance and its complexities for the new designed algorithm. Major notation used
in this algorithm is number of objects 𝑁 in the database 𝐷 and
𝑘 is the size of list.
A well-structured and stored database gives better results.
So performing query operation and accessing data from
database is a major role playing function to optimize overall
performance. Indexing of data and selection of data are also
a matter of consideration. It has been proved that sequence
of selection of data points does not affect the time complexity
[10]. Step by step analysis is given here:
(1) Initialization of cluster will execute only once, that is,
+1.
(2) Counting of loop will take 𝑁 + 1 times.
(3) Comparison step < 𝑁 + 1 and hence total time 𝑁 + 1.
(4) Discarded or noise points decrease the number of
visits in logarithmic form so size of list decreased by
log 𝑁 time.
(5) Again increment step is executed 𝑛 times.
(6) Finally the total time is calculated as 1 + (𝑁 + 1) + 𝑁 ⋅
log 𝑁 = 𝑂(𝑁 log 𝑁).
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6. Analysis of Performance of Algorithm
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Yes
End

Figure 5: Flowchart of given pseudocode of IDBSCAN algorithm.

Well-known indexing technique R-Tree and order of query is
also helpful in reduction of time unit.

7. Results and Discussion
Sources of data collection are satellite images, medical images,
geographic images, and various research and project agencies
[5, 12]. The data is collected in the form of .png, .shp, .tab, .dbf,
.txt, .csv, .rgs, .tif, .xls, and so forth. Results and performance
are shown in Figures 6, 7, 8, and 9.

Figure 6: Satellite image of Mumbai city.

With application of density based clustering (IDBSCAN)
on image of Figure 6, we get the result shown in Figure 7.
For Figure 7 we have used a different color for identification of noise as blue point and black point as input data and
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Figure 7: Output of Figure 6 in clustered form with the application
of IDBSCAN.
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Figure 9: Working performance of DBSCAN and IDBSCAN.

Figure 8: This form of screenshot for given data in Table 1 is
generated from SPDM Software DIVA-GIS in the form of .shp file
format.

red point is used to represent core point. Other details are as
follows. The results with Eps set to 0.0045 and MinPts = 7
give 3700 clusters, and 488,763 out of the total of 710,148
points end up in a cluster.
Data collected from different research agencies are available but an example is shown here [12–14] in table form with
spatial attributes.
The algorithm was implemented as per sequence of
pseudocode in c language and then from the program [15],
input and output forms are given as follows:
(0,100)(0,200)(0,275)(100,150)(200,100)(250,200)(0,
300)(100,200)(600,700)(650,700)(675,710)(675,720)
(50,400).
Eps = 100.0
Minpts = 3
Output of this input may be as
Cluster 1- (0,100)(0,200)(0,275)(100,150)(0,300)(100,
200).
Cluster 2- (600,700)(650,700)(675,700)(675,710)
(675,720)
Noise points will be identified as – (200,100)(250,200)
(50,100).
From the above discussion, pictorial data and textual data
output may be different but anyhow results are based on
working of algorithm of density based concept. IDBSCAN is

applicable for both and above described formats of data or file
types. It has been noticed that, for large data size, generation
of results degraded in the form logarithmic nature. Another
screenshot is given here for estimation of performance. It is
shown in Figure 9.
As shown in Figure 9 the performance of IDBSCAN is
better in terms of data units and run time. IDBSCAN creates
a linear increase in computing time related to the number
of points in database. Figure 9 is generated on various size
of data units and results are computed at general computer
machine. Limitation and future aspects are mentioned in the
next phase.
A logical comparison between DBSCAN and IDBSCAN
may be summarized as follows [16]:
(1) DBSCAN is density based approach but it is weak
in density reachability of a point to others, whereas
IDBSCAN is more accurate in density reachability
approach.
(2) DBSCAN can find arbitrary shaped clusters but it is
weak to separate those clusters who are very close
(but not overlapped) where our IDBSCAN gives
better performance for close points having dissimilar
properties and very close clusters at boundary, that is,
border points.
(3) Both do not require number of clusters (𝑘) in advance
but DBSCAN cannot cluster data sets well with large
differences in densities, whereas IDBSCAN can do it
properly.
(4) DBSCAN requires 2 parameters while IDBSCAN
requires 5 parameters.
(5) Outlier detection is much better in IDBSCAN.
(6) Computational difference is given in Figure 9.
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Table 1: Data collected from government agencies for traffic controller and land use.
Category
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone
Loading zone

Type
Commercial and passenger
Commercial and passenger
Commercial and passenger
Commercial and passenger
Commercial
Commercial and passenger
Commercial and passenger
Commercial and passenger
Commercial and passenger
Commercial and passenger
Commercial and passenger
Commercial and passenger
Commercial and passenger
Commercial

SHAPE AREA
114.3193935
36.30879624
15.1329729
46.3432375
22.23059338
33.66437817
79.2862063
28.21015191
15.94021067
58.98030586
74.1102419
30.57185763
34.18517554
22.73934692

SHAPE LEN
102.6164835
35.57997895
19.40907856
46.33549105
21.35827733
34.46180399
80.89769525
26.75254133
18.61440417
67.1753521
58.92336639
33.71165202
35.05289705
30.41373818

POINT 𝑋
153.0301
153.028
153.0273
153.0299
153.025
153.0269
153.0303
153.0298
153.0295
153.0239
153.0204
153.0286
153.0259
153.0289

POINT 𝑌
−27.4672
−27.4716
−27.4721
−27.4687
−27.4685
−27.4714
−27.4691
−27.4695
−27.471
−27.4726
−27.4768
−27.4723
−27.4735
−27.4675

8. Conclusion and Future Work
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(i) The first reason is to modify DBSCAN to cluster
spatial data of any kind such as .png, .dbf, .csv, .rgs,
.xls, .scr, and .txt.
(ii) This algorithm can find a cluster completely surrounded by different and very close clusters of different densities.
(iii) The second modification is about using five parameters instead of two as in DBSCAN.
(iv) The effectiveness of proposed algorithm was demonstrated by using a real and synthetic database.
(v) This paper gives an opportunity to apply clustering
algorithm over new types of data and new application
areas such as moving objects and trajectories, spatially
embedded social networks, and geocoded multimedia and web based data.
From experimental results it has been found that very large
and dense data needs higher computational power. So, for
further extension it may be designed for parallel and multithreading concept. Experimental results are very relevant
according to our objective and improved algorithm.
Selection of Eps and Minpts with threshold Δ𝜖 may be
more intelligent and heuristically efficient.
Scope of designing of new spatial data mining algorithm
is still considerable for neighborhood objects and graphs.
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The real-time calculation of positioning error, error correction, and state analysis has always been a difficult challenge in the process
of manipulator autonomous positioning. In order to solve this problem, a simple depth imaging equipment (Kinect) is used and
Kalman filtering method based on three-frame subtraction to capture the end-effector motion is proposed in this paper. Moreover,
backpropagation (BP) neural network is adopted to recognize the target. At the same time, batch point cloud model is proposed in
accordance with depth video stream to calculate the space coordinates of the end-effector and the target. Then, a 3D surface is fitted
by using the radial basis function (RBF) and the morphology. The experiments have demonstrated that the end-effector positioning
error can be corrected in a short time. The prediction accuracies of both position and velocity have reached 99% and recognition
rate of 99.8% has been achieved for cylindrical object. Furthermore, the gradual convergence of the end-effector center (EEC) to
the target center (TC) shows that the autonomous positioning is successful. Simultaneously, 3D reconstruction is also completed to
analyze the positioning state. Hence, the proposed algorithm in this paper is competent for autonomous positioning of manipulator.
The algorithm effectiveness is also validated by 3D reconstruction. The computational ability is increased and system efficiency is
greatly improved.

1. Introduction
In computer vision, 3D reconstruction refers to the process
of 3D scene restoration based on a single view or multipleview images. There are four kinds of reconstruction methods:
binocular stereovision, sequence image, photometric stereo,
and motion view analysis. Binocular stereo method is suitable
for larger objects. Sequence image method is suitable for
small objects. Photometric stereo and motion view analysis
methods are suitable for large and complex scene reconstruction. Because single video information is incomplete,
its reconstruction needs to use the empirical knowledge. The
multiview reconstruction is relatively easy. That is to calculate
the pose relation between image coordinate frame and the
world frame. Then, 3D information is reconstructed by using
plurality of 2D images. But computational complexity is high,
and the cost is more expensive. For 3D reconstruction using
the simple depth image apparatus, a few scholars begin to
study and have achieved certain results. Izadi et al. [1] propose
a new 3D reconstruction technology based on Microsoft

Kinect. However, due to the limitation of TOF technology,
accuracy of the surface texture information is not high.
The significance of 3D reconstruction is to make real-time
monitoring for end-effector positioning process and error.
At the same time, it can lay the foundation for debugging
and analysis of manipulator autonomy job task. Ma et al. [2]
propose a gradual human reconstruction method based on
individual Kinect. Body feature points are positioned in the
depth video frames combining with feature point detection
and error correction processing algorithm. And human body
model is obtained by estimating the body size. Guo and Gao
[3] propose a robust automatic UAV image reconstruction
method under batch framework. Li et al. [4] seek multiview
reconstruction method from the perspective of motion visual
analysis. The sparse point cloud and initial mesh are built by
each view bias model. Lü et al. [5] propose a Bayesian network
model that describes body joints spatial relationship and
dynamic characteristics. Golf swing process 3D reconstruction system is built by the similarities of swing movements.
The problem of limb occlusion is effectively solved using

2
easy depth imaging device to capture the motions. Lin et al.
[6] utilize adaptive window stereomatching reconstruction
method based on integral gray variance and integral gradient
variance. Image texture quality is determined according to
integral variance size. Related calculation will be done if
it is more than a preset variance threshold. And it needs
to traverse the whole image to obtain dense disparity map.
Izadi et al. [7] get point cloud data using a single mobile
Kinect and four fixed ones. The point cloud alignment and
fitting problems are also solved by iterative closest points.
Kahl and Hartley [8] convert 3D reconstruction into norm
minimization problem. A closure approximate solution is
derived by second-order cone programming (SOCP). In the
case of the known camera rotating, shifting and spacing
position of the camera can be solved simultaneously. In
this paper, the reconstruction process by capturing endeffector motion and recognizing the target object needs to be
understood. The model is 3D point cloud fitting.
(1) Paper’s whole engineering problem: the visual system
is used to guide the positioning control of manipulator.
Each joint trajectory of manipulator is corrected continuously
according to the positioning error information. A Internal
and external parameters of Kinect are obtained by camera
calibration. They provide the known conditions for solving
the 3D model. B Establishment of the kinematics model can
guide the motion control of manipulator. C The movement
of end-effector is detected and tracked using Kalman filtering
by RGB images. And the motion state is estimated (including
the end-effector’s position and velocity). D The object to
be positioned and TC’s position are determined by target
object recognition. E The manipulator’s motion is corrected
until the positioning is successful by the error information
between EEC and TC. F Effectiveness of the algorithm
can be verified by 3D reconstruction in the positioning
process. Simultaneously, it also provides the convenience for
visualization monitoring.
(2) Paper’s research intention: firstly, we hope to improve
autonomous operability of the manipulator and the adaptability to environment. Secondly, we hope that the system has
the capability of visualization monitoring in the positioning
process. And the positioning error can be calculated and
analyzed in real time.

2. Camera Calibration
2.1. Kinect Hardware. A simple depth imaging device Kinect
is used as a sensor which consists of RGB camera, IR camera,
rotating motor, and speech array. IR camera consists of
infrared transmitter and infrared receiver as shown in Figures
1(a) and 1(b). RGB camera outputs color images. IR camera
outputs depth images directly as shown in Figures 1(c) and
1(d). Figure 1(c) denotes the depth point cloud information.
Figure 1(d) denotes the mapping between depth point cloud
and the distance. Figure 1(e) denotes the real-time depth value
corresponding to point (320, 240). RGB camera includes
three-frame rate modes: 1280 ∗ 960 @ 12 fps, 640 ∗ 480 @
30 fps, 640 ∗ 480 @ 15 fps. Frame rate mode of IR camera
is 640 ∗ 480 @ 30 fps. So far, most studies are about human
detection and pose estimation based on Kinect images. New
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research is about human behavior recognition. Hassine et
al. [9] use Kinect to detect and identify the target object
and calculate the target position in real time. Akshara et
al. [10] propose a new autonomous positioning method of
manipulator based on machine learning and Kinect camera.
Autonomous learning algorithm (target feature set is trained)
based on Kinect is studied by Cornell University [11]. In
this paper, RGB images are used for object recognition,
segmentation, motion capture, and state estimation. Depth
images are used to calculate the target’s 3D information
(including EEC, TC, and 3D surface fitting).
2.2. Kinect Calibration. Internal parameters describe the
transform relation between camera coordinate frame and
image coordinate frame. External parameters describe the
transform relation between camera coordinate frame and
world frame. Thence, camera calibration is the premise of 3D
reconstruction. It is convenient to use OpenCV, but the calibration results are often inaccurate and unstable. Paper uses
Matlab toolbox for calibration. Then, the calibration results
are applied to stereomatching and parallax calculation. The
radial distortion coefficients are estimated by least squares
method in Zhang’s calibration [12, 13]. And internal and
external parameters are estimated by a closed-form solution.
External parameters of Kinect are formed by 𝑇𝑑 and 𝑇𝑐 .
𝑇𝑑 is composed of rotation and translation matrix from
calibration plate to the camera coordinate frame in IR camera.
𝑇𝑐 is composed of rotation and translation matrix in RGB
camera. Herrera method [14] is used for Kinect calibration.
Firstly, Zhang’s method is used for parameters initialization.
Nonlinear minimization of cost function is used to estimate internal and external parameters by using LevenbergMarquardt method. Perspective projection transformation
describes the mapping from space point X = [𝑋, 𝑌, 𝑍]𝑇 to
2D point x = [𝑥, 𝑦]𝑇 . It is denoted by 3 × 4 matrix P:
̃ = K [R, t] X,
̃
𝜇̃x = PX

(1)

where 𝜇 denotes nonzero scale factor. x̃ denotes homogeneous pixel coordinate. R denotes 3 × 3 rotation matrix. t
denotes 3 × 1 translation vector. R and t describe the camera
direction and position in world frame, respectively. K denotes
𝛼 𝛾 𝑢0
𝛽 V0
0 0 1

internal parameter matrix K = [ 0

]. 𝛼 and 𝛽 denote

conversion factors between imaging plane pixel and space
physics length. In RGB image, one pixel represents 5.48 𝜇m.
So, focal length is 𝑓 = 𝛼∗5.48 = 𝛽∗5.48. In depth image, one
pixel represents 10.34 𝜇m. So, focal length is 𝑓 = 𝛼 ∗ 10.34 =
𝛽 ∗ 10.34. 𝛾 denotes a skew factor; here, 𝛾 = 0. (𝑢0 ,V0 )
is origin coordinate between axis and the image plane. The
distortion coefficients are not included in (1). But they can be
obtained by Herrera method [14], where 𝑘1 and 𝑘2 denote the
radial distortion coefficients. 𝑘3 and 𝑘4 denote the tangential
distortion coefficients.
The length and width of calibration plate are 575 mm and
350 mm, respectively. Simulink is used to read Kinect depth
video [15–17]. Twenty videos are obtained from different
perspectives. And each video records the calibration plate
within 2∼3 seconds. Each video is transformed into images
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Figure 1: Kinect hardware.

frame by frame, in which there are 20 images clustered from
different perspectives as shown in Figure 2. The calibration
can be divided into two steps: initialization and nonlinear
optimization. Optimization is an accurate calculation process
by iterative gradient dropping of Jacobian matrix. Color
camera calibration results are shown in Table 1, its rotation
−0.3302 0.9425 −0.0505
matrix R = [ 0.5463 0.1472 −0.8244 ] and translation vector
−0.7696 −0.2999 −0.5636
t = [−390.1895 mm 271.2135 mm 1392.7619 mm]. Depth
camera calibration results are shown in Table 2, its rotation
−0.3302 0.9425 −0.0505
matrix R = [ 0.5463 0.1472 −0.8244 ] and translation vector t =
−0.7696 −0.2999 −0.5636
[−375.1875 mm 270.4205 mm 1394.5524 mm].

3. Kinematics Modeling
Manipulator motion control is guided by forward and inverse
kinematics model. The system obtains the position of the
target by Kinect. Then, the inverse kinematics model is
used to get the rotation angles of each joint. Secondly, the
corresponding command is sent to control the movement

Table 1: Internal parameters of color camera.
Focal length [pixel]
𝛽
𝑓 [mm]
531.39
2.92
Distortion coefficients
𝑘1
𝑘2
𝑘3
𝑘4
0.2447 −0.5744
0.0029
0.0065
𝛼
532.02

Origin [pixel]
𝑢0
V0
316.71
238.44
Pixel error [pixel]
𝑒𝑥
𝑒𝑦
0.630
0.882

Table 2: Internal parameters of depth camera.
Focal length [pixel]
𝛼
𝛽
𝑓 [mm]
587.944
589.418
6.1
Distortion coefficients
𝑘1
𝑘2
𝑘3
𝑘4
−0.307
0.729
0.048
0.013

Origin [pixel]
𝑢0
V0
313.222
259.304
Pixel error [pixel]
𝑒𝑥
𝑒𝑦
0.630
0.882

of each joint. Thus, the end-effector can reach the target
position.

4
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Figure 2: Calibration plates.
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Figure 3: Manipulator diagram.

This paper is illustrated by the example of 5-degree-offreedom (DOF) manipulator. There are five rotation axes, six
joints, and three links as shown in Figure 3. The rotation axes
are waist rotation axis, arm pitching axis, forearm pitching
axis, wrist pitching axis, and wrist rotation axis, respectively.
Forward kinematics model is established. The end-effector
motion trajectory is derived by each joint angle. Define
0

𝑁

T𝑁 = 0 𝑇𝑁 (𝜐) = 0 T1 1 T2 ⋅ ⋅ ⋅ 𝑁−1 T𝑁 = ∏𝑖−1 T𝑖

[0

0

0

1]

i−1

Ti = Trans (𝑥, 𝑎) Trans (𝑧, 𝑑) Rot (𝑥, 𝛼) Rot (𝑧, 𝜃)
c𝜃 −s𝜃 0 a
[
]
[c𝛼s𝜃 c𝛼c𝜃 −s𝛼 0]
]
=[
[s𝛼s𝜃 s𝛼c𝜃 c𝛼 d] .
[
]
[ 0

𝑖=1

𝑛𝑥 𝑜𝑥 𝑎𝑥 𝑝𝑥
[
]
[𝑛𝑦 𝑜𝑦 𝑎𝑦 𝑝𝑦 ]
[
],
=[
]
[𝑛𝑧 𝑜𝑧 𝑎𝑧 𝑝𝑧 ]

where

(2)

0

0

(3)

1]

It is a homogeneous transformation matrix from 𝑖 − 1 to
𝑖 coordinate frame. 𝑁 denotes the number of joints. 𝜐 =
𝑇 𝑇
] denotes the link parameter vector. Sine and
[V1𝑇 , V2𝑇 , . . . , V𝑁
cosine functions are abbreviated as s and c. Inverse kinematics
model is established as shown in [18].
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4. Manipulator End Motion Capture

Covariance estimation is

The proper detection of the end-effector motion is important
for postprocessing. In this paper, the changing pixel regions
are detected from image sequences. And the moving object
is extracted from a static background using three-frame
differencing method. Consecutive three-frame differencing
method [19] can better deal with environmental noise, such as
weather, light, shadow, and messy background interference.
It is better than two-adjacent differencing method [20] in
double-shadow treatment. Then, morphology erosion and
dilation are operated for the binary image to remove holes.
The motion state is estimated after moving end-effector
was extracted. So, it is convenient to calculate the position
error between end-effector and target object. The end-effector
movement is a discrete-time dynamic system in video. State
vector is x𝑘 = [𝑥(𝑘), 𝑦(𝑘), 𝑥 (𝑘), 𝑦 (𝑘)]𝑇 , where 𝑥(𝑘) and 𝑦(𝑘)
denote the end-effector center coordinates on x- and yaxes, respectively. 𝑥 (𝑘) and 𝑦 (𝑘) denote the velocities on xand y-axes, respectively. Assume that observation vector is
z𝑘 = [𝑥𝑐 (𝑘), 𝑦𝑐 (𝑘)]𝑇 , where 𝑥𝑐 (𝑘) and 𝑦𝑐 (𝑘) denote the observations on x- and y-axes, respectively. The system status is
predicted and tracked by using Kalman filtering [21]. State
equations can be expressed as follows:
x𝑘 = Φ𝑘 x𝑘−1 + Γ𝑘 u𝑘−1 + b𝑘−1 ,
z𝑘 = H𝑘 x 𝑘 + k𝑘 ,

(4)

where 𝑡𝑘 denotes the iteration time. x𝑘 denotes system status
from 𝑡𝑘−1 to 𝑡𝑘 . u𝑘−1 denotes system control variable. In paper,
assume that the system is free from outside influence, so here
u = 0. z𝑘 denotes measurement value from 𝑡𝑘−1 to 𝑡𝑘 . b𝑘−1 and
k𝑘 denote process noise and measurement noise, respectively.
They are assumed to be white Gaussian noise (WGN). Φ𝑘
denotes the state transition matrix of system from 𝑡𝑘−1 to
𝑡𝑘 . Since the end-effector’s movement is approximated as
1010

uniform motion, the state transition matrix is Φ𝑘 = [ 00 10 01 10 ].
0001

Γ𝑘 denotes transformation matrix of control coefficients. H𝑘
denotes measurement transition matrix, also called observation matrix; here Η𝑘 = [ 10 01 00 00 ]. In other words, the state
vector can be observed directly. Prediction is a process of
estimating the state of next moment according to the current
state and the error covariance. Thereby, a priori estimate
is obtained. Correction is a process of feedback. The new
actual observation value and a priori estimate are considered
together. Thereby, a posteriori estimate is obtained. When
the system is represented by (4), it is possible to estimate
the posterior probability density function of the mean and
covariance. State prediction equation is
+
+ Γ𝑘 u𝑘−1 .
x𝑘− = Φ𝑘 x𝑘−1

(5)

Covariance prediction equation is
P−𝑘 = Φ𝑘 P+𝑘−1 Φ𝑇𝑘 + Q𝑘−1 .

(6)

Kalman gain matrix is
−1

K𝑘 = P−𝑘 H𝑇𝑘 [H𝑘 P−𝑘 + H𝑇𝑘 + R𝑘 ] .

(7)

−1

P𝑘 = [I − K𝑘 H𝑘 ] P−𝑘 .

(8)

x𝑘+ = x𝑘− + K𝑘 (z𝑘 − H𝑘 x𝑘− ) ,

(9)

State estimation:

+
denotes the
where x𝑘− denotes the state prediction at 𝑡𝑘 . x𝑘−1
+
state measurement at 𝑡𝑘−1 . x𝑘 denotes the state measurement
at 𝑡𝑘 . P−𝑘 denotes prediction covariance matrix at 𝑡𝑘 . P𝑘
denotes measurement covariance matrix at 𝑡𝑘 . P+𝑘−1 denotes
measurement covariance matrix at 𝑡𝑘−1 . Q𝑘−1 denotes covariance matrix of process noise. R𝑘 denotes covariance matrix
of measurement noise. K𝑘 denotes Kalman gain matrix. After
the completion of each prediction and correction, a priori
estimate will be predicted by posterior estimate at the next
time. And repeat above steps. This algorithm does not need
to save the last measurement data. After the data is updated,
the new parameters will be estimated according to recurrence
formulas. Thus, storage and computation of filtering device
are greatly reduced. And system operational efficiency is
improved.

5. Object Recognition
5.1. Image Preprocessing. This section describes the preprocessing based on Kinect RGB images. Target recognition is
illustrated by the example of cylindrical target object (CTO).
End-effector and CTO will appear in the same video. Firstly,
image gray processing is carried out. It is the process which
the color images are converted into gray images. And this
process can reduce the computation greatly. Gray image
gradation is 0∼255. Grayscale method, gray = 0.114B +
0.587G + 0.299R [22], was used in paper.
Secondly, image median filtering is carried out. It cannot
blur the edges while suppressing random noise [23]. It is
a kind of nonlinear smoothing method. Gray values of the
pixels are sorted in the sliding window. The original gray value
of the pixel in the window center is substituted by the median.
Thirdly, mathematical morphology operation is carried
out. Dilation and erosion operations are used [24]. It is
widely used in edge detection, image segmentation, and
image thinning as well as noise filtering and so forth. Assume
that E(𝑥, 𝑦) denotes binary image. B(𝑠, 𝑡) denotes structural
elements. The following operations are used:
(1) Morphology dilation:
𝑋 = E ⊕ B = {(𝑠, 𝑡) : B (𝑠, 𝑡) ∩ E ≠ ⌀} .

(10)

(2) Morphology erosion:
𝑌 = E ⊙ B = {(𝑠, 𝑡) : B (𝑠, 𝑡) ⊂ E} .

(11)

Then, make a weighted fusion between an input image
and its “canny” operator detection. Threshold segmentation
of fusion image is carried out. Image segmentation is the basis
for determining the feature parameters. The whole contour of
the object is obtained after image segmentation. An example
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Figure 4: The calculation example of feature parameters.

is demonstrated in Figure 4. Shaded area represents the
boundary.
At last, autonomous positioning algorithm should make
the system possess the capability of automatically extracting
geometric features. These features should keep invariant
when the image is transformed, such as translation, rotation,
twisting, and scaling.
There are two kinds of CTO feature parameters, edge contour feature and shape parameters. The parameter of contour
points belongs to edge contour feature. Shape parameters
include perimeter, area, longest-axis, azimuth, boundary
matrix, and shape coefficient.
A Contour points represent the required number of
pixels which can outline the contour. The number of contour
points is 22 in Figure 4.
B Perimeter represents the contour length of outer
boundary. And it can be calculated by the sum of the
distance between two adjacent pixels on outer boundary. In
the boundary, assume that the distance between two adjacent
edge pixels is 1 in horizontal or vertical direction. The distance
between two adjacent edge pixels is √2 in oblique direction.
So, perimeter is 14 + 8√2 in Figure 4.
C Area can be represented with the number of pixels in
target region. So, area is 41 in Figure 4.
D The longest-axis denotes the maximum extension
length of target region, that is, the connection line of the maximum distance between two pixel points on outer boundary.
So, the longest-axis is 8 in Figure 4.
E Azimuth represents the angle between the longest-axis
and 𝑥-axis in target region. So, azimuth is 0 in Figure 4.
F Boundary matrix denotes the minimum matrix
encompassing the target region. And it is also the intuitive
expression of flat level of target region. It is composed of
four outer boundary tangents. Two of them are parallel to
the longest-axis, and the other two are perpendicular to
01111000
01000110

[0 0 1 0 0 0 0 1]
the longest-axis. So, boundary matrix is [ 1 1 0 0 0 0 0 1 ] in
10000010
01011010

[0 1 1 0 0 1 1 0]

Figure 4.
G Shape coefficients denote the ratio of the area to square
of the perimeter. So, shape coefficient is 0.0639 in Figure 4.
5.2. Neural Network Recognition. This section describes the
recognition based on Kinect RGB images. BP neural network
learning algorithm is used in this paper. It is a learning

process of error back propagation algorithm. This network
can learn and store a large amount of input-output mappings.
And it is also the mathematical equation without describing
these mappings in advance. Its learning rule is the gradient descent method. Mean square error is minimized by
adjusting the network weights and thresholds continuously.
Network topology includes input layer, hidden layer, and
output layer.
Feature vectors are extracted as training sample. Neural
network is used as a classifier instead of Euclidean distance
method to implement target recognition.
The design of input and output layers in neural network
is as follows: the number of nodes is 7 in input layer. The
elements of the input vector are contour points, perimeter,
area, longest-axis, azimuth, boundary matrix, and shape
coefficients, respectively. The number of nodes is 3 in output
layer. The elements of output vector are cylinder, square,
and spherical, respectively. Normalized values of output are
0.1, 0.2, and 1, respectively. The design of hidden layer is
as follows: there are two hidden layers which include a
logarithmic characteristic function and a “purelin” function.
The number of nodes is 20 in the first hidden layer. The
number of nodes is 3 in the second hidden layer. Linear
excitation function is used in output layer. The number of
hidden layers is related to the number of neurons and specific
issues. At present, it is difficult to give an accurate function to
describe this relation. Experiments show that it is not sure
to improve the accuracy of the network when increasing the
number of hidden layers and neurons. The initial number
of the hidden layers can be selected via 𝑛 = √𝑚 + 𝑛 + 𝑎.
Wherein, “𝑚” denotes the number of neurons in input layer.
“𝑛” denotes the number of neurons in output layer. “𝑎”
denotes an integer from 1 to 10. Here, “𝑛 ” is set to 15.
Sample Set. Sample set is collected from the shooting scene
of Kinect. In Figure 5, there are cylindrical objects, square
objects, and spherical objects. There are 30 kinds of cylindrical objects (Figure 5(a)), 10 kinds of square objects (Figure 5(b)), and 10 kinds of spherical objects (Figure 5(c)).
For each target object, there are 20 different viewing angles
(schematic diagram in Figures 5(d), 5(e), and 5(f)). So, the
numbers of cylindrical objects, square objects, and spherical
objects are 600, 200, and 200, respectively, in sample set. In
Figure 5(g), edge contour is extracted.
Network Training. The weights of neurons are adjusted in the
process of training network. The training stops until the mean
square error (mse) reaches 10−7 . The maximum number of
iterations is set to 10000. The momentum constant is set
to 0.8. The initial learning rate is 0.01. Increasing ratio of
learning rate is 1.05. Reduction ratio of learning rate is 0.7. The
dimension of training set is 1000 × 8 (cylindrical 600, square
200, and spherical 200). The dimensions of validation set and
testing set are all 100 × 7 (cylindrical 60, square 20, and
spherical 20). Sample set (including training set, validation
set, and testing set) is the normalized data. And the range is
[0, 1]. Normalization function is 𝑓(𝑥) = 1/(1 + 𝑒−𝑥 ).
After the identification, we need to calculate the target
centroid (TC). The shape of target object is regular, so
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(a) 30 kinds of cylindrical objects. Note: from left to right, the first-tea box,
the first cup, the second cup, the second-tea box, the third cup, the firstpill bottle, glue bottle, tape measure, marker, herborist bottle, the second-pill
bottle, the third-tea box, dishwashing liquid bottle, sealant bottle, the fourth
cup, the first pop-top, AA battery, the first-reagent bottle, the second-reagent
bottle, the third-reagent bottle, the fourth-reagent bottle, the fifth-reagent
bottle, the second pop-top, lubricant oil box, the sixth-reagent bottle, screen
cleaner bottle, xylitol cans, sauce bottle, the third pop-top, and glasses cleaner
plastic bottle

(b) 10 kinds of square objects. Note: from left to right, square tea box, slide
caliper box, rhinitis ning granule box, iPhone 6S plus box, drink box, book
needle box, toothpaste box, square box, seed wine packaging, and fingerprint
box

(c) 10 kinds of spherical objects. Note: from left to right, basketball, walnut,
ping-pong ball, shuttlecock (to remove feathers), kumquat, longan, orange,
pear, sweet dumplings, and Citrus junos

(d) RGB images and binary segmentation of cylindrical objects from different
perspectives

(e) RGB images and binary segmentation of square objects from different
perspectives

(f) RGB images and binary segmentation of spherical objects from different
perspectives

(g) Edge contour extraction

Figure 5: Images preprocessing.

the spatial position of TC is the destination of end-effector
positioning. TC is calculated as follows:
𝑗

𝑖

𝑥=

∑𝑖𝑒𝑏 ∑𝑗𝑒𝑏 𝑖 (𝑝𝑖𝑗 − 𝑇)
𝑖

𝑗

∑𝑖𝑒𝑏 ∑𝑗𝑒𝑏 (𝑝𝑖𝑗 − 𝑇)

,

∑𝑖𝑒𝑏 ∑𝑗𝑒𝑏 𝑗 (𝑝𝑖𝑗 − 𝑇)
𝑖

𝑗

∑𝑖𝑒𝑏 ∑𝑗𝑒𝑏 (𝑝𝑖𝑗 − 𝑇)

6. 3D Reconstruction
(12)

𝑗

𝑖

𝑦=

object, respectively, along the column direction. “𝑇” denotes
an adaptive threshold. 𝑝𝑖𝑗 denotes the grayscale value.

,

where 𝑖𝑏 and 𝑖𝑒 denote minimum pixel and maximum pixel
of target object, respectively, along the row direction. 𝑗𝑏 and
𝑗𝑒 denote the minimum pixel and maximum pixel of target

This section describes 3D surface fitting based on Kinect
depth images. Vision system captures the end-effector
motion. In other words, moving objects can be recognized
and tracked. At the same time, the motion state is estimated.
Thence, 3D reconstruction is carried out in the positioning
process. There is not a full synchronization and alignment
between color-frame-stream and depth-frame-stream, so it
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represent the optical-axis centers of IR camera, RGB camera,
and infrared transmitter, respectively.
For Brown distortion model [28], make the world coordinate frame and camera coordinate frame coincide. So,
rotation matrix R is equal to I (R = I). And translation matrix
C is equal to 0 (C = 0). Spatial coordinate of the target point
can be expressed as follows:
𝑥𝑤
𝑥IR
[ ]
[ ]
R C [𝑦𝑤 ]
[𝑦IR ]
[ ]=[
][ ]
],
[𝑧 ]
0 1 [
[ 𝑧𝑤 ]
[ IR ]

P(xd , yd ) P(xu , yu )

v

[ 1 ]

[1]

𝑥IR
𝑥𝑤
−1 [
]
[ ]
R C
[𝑦IR ]
[𝑦𝑤 ]
[
]
[
] [ ]
X=[ ]=[
]
0 1
[ 𝑧IR ]
[ 𝑧𝑤 ]

Zw

Ow

(14)

[1]
L2

Yw

I 0
]
=[
0 1

Xw
Z IR

P(xw , yw , zw )

[ 1 ]
−1

Figure 6: 3D mapping model from 2D.

𝑥IR

𝑥IR

[ 1 ]

[ 1 ]

(15)

[ ] [ ]
[𝑦IR ] [𝑦IR ]
[ ] = [ ].
[𝑧 ] [𝑧 ]
[ IR ] [ IR ]

From pinhole model of the camera, we can get
is necessary to correct these two data streams. For 3D reconstruction of the positioning process, the system requires faster
processing speed and the capacity of a large amount of data
processing. So, we use the batch mode of sequence images.
According to depth imaging principle [25–27], the extraction
model of 3D point cloud is established as shown in Figure 6.
𝑂𝑤 𝑋𝑤 𝑌𝑤 𝑍𝑤 denotes the world frame. 𝑂IR 𝑋IR 𝑌IR 𝑍IR denotes
IR camera coordinate frame. 𝑋𝑂𝑌 denotes image physical coordinate frame. 𝑢𝑜V denotes image pixel coordinate
frame. In 3D space, there is point 𝑃 whose coordinate is
𝑃(𝑥𝑤 , 𝑦𝑤 , 𝑧𝑤 ). Camera coordinate frame is established on the
optical center of IR camera. 𝑃(𝑥IR , 𝑦IR , 𝑧IR ) denotes the coordinate in camera coordinate frame. 𝑃(𝑥𝑢 , 𝑦𝑢 ) and 𝑃(𝑥𝑑 , 𝑦𝑑 )
denote ideal coordinate and actual coordinate, respectively,
in image physical coordinate frame. (𝑢 , V ) and (𝑢, V) denote
ideal coordinate and actual coordinate, respectively, in image
pixel coordinate frame. The formulas are as follows:
𝑢

𝑥𝑢

[ ]
]
[V ] = K [
[𝑦𝑢 ] ,
[ ]
[1]
[1]
𝑥𝑑
𝑢
[𝑦 ]
[V]
[ ] = K [ 𝑑] .
[1]

(13)

[1]

Ideal coordinate denotes the coordinate without distortion. Actual coordinate denotes the coordinate with radial
distortion or tangential distortion. 𝐶IR , 𝐶RGB , and 𝐶projector

𝑥IR 𝑦IR 𝑧IR
=
=
.
𝑥𝑑
𝑦𝑑
𝑓

(16)

From formula (16), the following can be obtained:
𝑦
𝑥IR
𝑧
= IR = IR .
𝑓𝑥𝑢 𝑓𝑦𝑢
𝑓

(17)

It can be deduced that
𝑥𝑢
𝑥𝑤
𝑥IR
[𝑦 ] [𝑦 ] [𝑦 ]
𝑧IR [ 𝑢 ] = [ IR ] = [ 𝑤 ] ,
[1]

[ 𝑧IR ]

(18)

[ 𝑧𝑤 ]

𝑥𝑢
𝑥𝑑
[𝑦 ]
2
4 [ ]
[ 𝑑 ] = (1 + 𝑘1 𝑟 + 𝑘2 𝑟 ) [𝑦𝑢 ]
[1]

[1]
2𝑘3 𝑥𝑢 𝑦𝑢 + 𝑘4 (𝑟2 + 2𝑥𝑢2 )
]
[
2
2 ]
+[
[2𝑘4 𝑥𝑢 𝑦𝑢 + 𝑘3 (𝑟 + 2𝑦𝑢 )] ,
1
]
[

𝑟2 = 𝑥𝑢2 + 𝑦𝑢2 ,

(19)

(20)

where 𝑘1 and 𝑘2 denote radial distortion coefficients. 𝑘3 and
𝑘4 denote tangential distortion coefficients. 𝑧IR denotes the
depth value of IR camera. 𝑧IR can be extracted from depth
image directly. So, (𝑥𝑢 , 𝑦𝑢 ) can be solved by formulas (13),
(19), and (20). Then, we can get (𝑥𝑤 , 𝑦𝑤 , 𝑧𝑤 ) when (𝑥𝑢 , 𝑦𝑢 ) is
substituted into formula (18). But formula (19) is a bivariate
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quartic equation set, so (𝑥𝑢 , 𝑦𝑢 ) is difficult to solve. In the case
of only radial distortion, it can be deduced from formula (19)
that
[𝑦 ]
2
4 [ ]
[ 𝑑 ] = (1 + 𝑘1 𝑟 + 𝑘2 𝑟 ) [𝑦𝑢 ] .
[1]

(21)

[1]

= (1 + 𝑘1 𝑇 + 𝑘2 𝑇 )

𝑇

p = [𝑏1 , 𝑏2 , 𝑏3 , 𝑏4 ] ,

In formula (28),
𝐴 𝑖 = 𝑥𝑑𝑖 + 𝑥𝑑𝑖 (𝑘1 𝑟𝑖2 + 𝑘2 𝑟𝑖4 ) + 2𝑘3 𝑥𝑑𝑖 𝑦𝑑𝑖

2

𝑥𝑑2 = (1 + 𝑘1 𝑇 + 𝑘2 𝑇2 ) 𝑥𝑢2 ,
2 2

(27)

𝑇
e = [𝐴 1 − 𝑥𝑢1 , 𝐵1 − 𝑦𝑢1 , . . . , 𝐴 𝑁 − 𝑥𝑢𝑁, 𝐵𝑁 − 𝑦𝑢𝑁] . (28)

Let 𝑇 = 𝑟2 ; it can be deduced from formula (21) that

𝑦𝑑2

𝑁 = 80,
2
2
+ 𝑦𝑑𝑖
,
𝑟𝑖2 = 𝑥𝑑𝑖

𝑥𝑢

𝑥𝑑

Let vectors p and e be

2
+ 𝑘4 (𝑟𝑖2 + 2𝑥𝑑𝑖
),

(22)

𝑦𝑢2 .

𝐵𝑖 = 𝑦𝑑𝑖 + 𝑦𝑑𝑖 (𝑘1 𝑟𝑖2 + 𝑘2 𝑟𝑖4 ) + 2𝑘4 𝑥𝑑𝑖 𝑦𝑑𝑖

In formula (22), two equations add

2
+ 𝑘3 (𝑟𝑖2 + 2𝑥𝑑𝑖
).

2

𝑥𝑑2 + 𝑦𝑑2 = (1 + 𝑘1 𝑇 + 𝑘2 𝑇2 ) (𝑥𝑢2 + 𝑦𝑢2 ) .

(23)

Formula (20) is substituted into formula (23):
2

𝑥𝑑2 + 𝑦𝑑2 = (1 + 𝑘1 𝑇 + 𝑘2 𝑇2 ) 𝑇.

(24)

(𝑥𝑑 , 𝑦𝑑 ) can be solved by formula (13). So, formula (24)
becomes a quadratic equation and “𝑇” is obtained. Then, “𝑇”
is substituted into formula (21). Then, (𝑥𝑢 , 𝑦𝑢 ) is solved. At
last, 3D coordinate of target point is obtained by substituting
(𝑥𝑢 , 𝑦𝑢 ) into formula (18). Since the distortion of Kinect itself
cannot be ignored, we must consider the radial distortion and
tangential distortion simultaneously. Therefore, formula (15)
becomes [29]
𝑥𝑤
[𝑦 ]
[ 𝑤]

According to formula (25), vectors p, e, and S meet e =
S ⋅ p. And we can get p = (S𝑇 S)−1 S𝑇 e by the least squares
method. At last, 3D coordinate of target point is obtained by
substituting (𝑥𝑢 , 𝑦𝑢 ) into formula (25).
After point cloud of the target is obtained, surface fitting
will be made by using triangular facets [30–32]. This process
is also called grid generation. In real space R3 , 𝑁 scattered
points {x1 , x2 , . . . , x𝑁} are given. Each point corresponds to
constraint {ℎ1 , ℎ2 , . . . , ℎ𝑁}. Function 𝑔 : R3 → R is constructed. For each scattered point, it satisfies
𝑔 (x𝑖 ) = ℎ𝑖

(𝑖 = 1, 2, . . . , 𝑁) .

R3

[ 𝑧𝑤 ]

+

𝑧𝑥𝑑 + 𝑧𝑥𝑑 (𝑘1 𝑟2 + 𝑘2 𝑟4 ) + 2𝑧𝑘3 𝑥𝑑 𝑦𝑑 + 𝑘4 𝑧 (𝑟2 + 2𝑥𝑑2 )

[
] (25)
[
]
(𝑏1 𝑟2 + 𝑏2 𝑥𝑑 + 𝑏3 𝑦𝑑 + 𝑏4 ) 𝑟2 + 1
[
]
[
]
=[
2
4
2
2 ],
[ 𝑦𝑑 𝑧 + 𝑦𝑑 𝑧 (𝑘1 𝑟 + 𝑘2 𝑟 ) + 2𝑧𝑘4 𝑥𝑑 𝑦𝑑 + 𝑘3 𝑧 (𝑟 + 2𝑦𝑑 ) ]
[
]
[
]
(𝑏1 𝑟2 + 𝑏2 𝑥𝑑 + 𝑏3 𝑦𝑑 + 𝑏4 ) 𝑟2 + 1
𝑧IR
[
]

where 𝑏1 , 𝑏2 , 𝑏3 , and 𝑏4 denote implicit factors. 𝑘1 , 𝑘2 , 𝑘3 , and
𝑘4 are obtained by calibration. 𝑏1 , 𝑏2 , 𝑏3 , and 𝑏4 can be solved
by converting into least squares problem. Assume that there
are a total of 𝑁 calibration points. (𝑥𝑑𝑖 , 𝑦𝑑𝑖 ) and (𝑥𝑢𝑖 , 𝑦𝑢𝑖 )
denote actual value and ideal value, respectively, in image
physical coordinate frame. Three vectors X𝑈𝑖 , Y𝑉𝑖 , and S are
given:

𝑇

Y𝑉𝑖 = [𝑦𝑢𝑖 𝑟𝑖4 , 𝑦𝑢𝑖 𝑥𝑑𝑖 𝑟𝑖2 , 𝑦𝑢𝑖 𝑦𝑑𝑖 𝑟𝑖2 , 𝑦𝑢𝑖 𝑟𝑖2 ] ,
𝑇

S = [X𝑈1 ,Y𝑉1 , . . . ,X𝑈𝑖 ,Y𝑉𝑖 ,X𝑈𝑁,Y𝑉𝑁] .

2
ℎ𝑦𝑧

(x) +

2
ℎ𝑧𝑥

(26)

(31)

(x)] .

Variational technology is used to solve the minimum problem
of energy function. General solution forms
𝑛



𝑔 (x) = 𝜕 (x) + ∑𝜔𝑖 ⋅ Φ (x − x𝑖 ) ,

(32)

𝑖=1

where Φ : R → R denotes radial basis function (RBF). x
denotes any one point on surface. x𝑖 denotes a scattered point
and is also called sample point. 𝜔𝑖 denotes the weight of RBF.
‖x − x𝑖 ‖ denotes the Euclidean distance. Φ(𝑟) = ‖𝑟3 ‖ is usually
selected as RBF during the interpolation of scattered points.
In order to ensure the continuity and linear of surface, 𝜕(x) is
defined as follows:
𝜕 (x) = 𝑎0 + 𝑎1 𝑥𝑤 + 𝑎2 𝑦𝑤 + 𝑎3 𝑧𝑤 .

𝑇
[𝑥𝑢𝑖 𝑟𝑖4 , 𝑥𝑢𝑖 𝑥𝑑𝑖 𝑟𝑖2 , 𝑥𝑢𝑖 𝑦𝑑𝑖 𝑟𝑖2 , 𝑥𝑢𝑖 𝑟𝑖2 ] ,

(30)

The number of solutions to (30) is infinite. Ideal solution is
the minimum of energy function (31) when satisfying the
constraint of formula (30):
2
2
2
2
𝐸 = ∫ [ℎ𝑥𝑥
(x) + ℎ𝑦𝑦
(x) + ℎ𝑧𝑧
(x) + ℎ𝑥𝑦
(x)

X𝑈𝑖 =

(29)

(33)

In order to minimize the energy function and make (32) have
a unique solution, the orthogonalization condition is defined:
𝑛

𝑛

𝑛

𝑛

𝑖=1

𝑖=1

𝑖=1

𝑖=1

∑𝜔𝑖 = ∑𝜔𝑖 𝑥𝑤 = ∑𝜔𝑖 𝑦𝑤 = ∑𝜔𝑖 𝑧𝑤 = 0.

(34)
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Figure 7: Experimental platform.

7. Experiment and Analysis

7.1. End-Effector Motion Capture. The video is converted into
image frame format (480 × 640 × 3). There are a total of
73 frames. The target region will be captured when the endeffector is moving in each frame image. Regional boundaries
are described by wireframe and its geometric center. Motion
capture result of the end-effector is in square region at 𝑡𝑘 as
shown in Figure 8. Blue “∘” denotes the center of target region
obtained by three-frame differencing method. Blue frame
denotes the moving region boundary obtained by threeframe differencing method. Motion state of the end-effector is
estimated by Kalman filter. Thereby, the position and velocity
of the end-effector are obtained. At time 𝑡0 , the measurement
100
0
0
0

0
100
0
0

0
0
100
0

350

300

250

200

150

Experimental platform is composed of computer (Acer
TMP455, 16 G memory, 500 G SSD), manipulator system, and
Kinect vision as shown in Figure 7. The effective measurement range of Kinect is 0.8∼2.3 meters. And measurement
accuracy decreases with increasing distance. The software
includes VC++ 2010, Matlab 2012a, and Kinect for Windows
SDK v1.7.
In accordance with 3D reconstruction steps, the experiments can be divided into end-effector motion capture, target
recognition, and 3D surface fitting. The experiment of endeffector motion capture includes RGB video converting to
frame stream, image fusion, image binarization, and the state
estimation. The experiment of target recognition includes
feature extraction, gray processing, threshold segmentation,
feature vectorization, data normalization, and BP identification. The experiment of 3D reconstruction includes information extraction of target point cloud and surface fitting.

covariance matrix is P0 = [

Figure 8: Motion capture of the end-effector at 𝑡𝑘 .

Image y-axis (pixel)

Additional constraint points are calculated on the basis of
normal direction of scattered points. Interpolation constraint
points and additional constraint points are substituted into
formulas (32), (33), and (34). Thus, unique solution is
obtained. Then, 𝜔𝑖 and 𝑎𝑘 are substituted into 𝑔(𝑥). Thus,
surface equation is obtained. At last, Bloomenthal algorithm
[33] is used to achieve triangular facets of surface. In this situation, 3D surface obtained is often rougher. And the quality
of interpolation surface is also affected by many narrow
triangular facets. Therefore, triangle mesh needs some local
optimization-processing.

0
0 ]. The measurement
0
100

100
440

460

480

500

520

540

560

580

Image x-axis (pixel)
Real position
Predicted position

Figure 9: Position estimate.

0.0045
noise covariance matrix is R0 = [ 0.2845
0.0045 0.0455 ]. The process

noise covariance matrix is Q0 = [

0.01 0
0
0
0 0.01 0
0
0
0 0.01 0 ].
0
0
0 0.01

Red “◻”

denotes the center of target region obtained by Kalman filter.
Red frame denotes the moving region boundary obtained
by Kalman filter. During the experiment, blue center “∘” is
tracked by red center “◻.” And blue frame is tracked by red
frame.
Figure 9 shows the relation between actual position and
predicted position. Here, the actual values represent the
measurements, also called the observations. The curve is
fitted by image pixel coordinates of 73 centers. And it reflects
that center position changes in image sequences. The green
line indicates the actual position of end-effector. The red
line represents the Kalman estimate position of end-effector.
From Figure 9, the position tracking is very stable in the
initial period of time. But, in the intermediate period of time,
there is a certain amount of pixel error. And the maximum
error is 8 pixels. The reason is the variable motion of endeffector. In the end period of time, the position of end-effector
is corrected, and the tracking becomes stable again. Thus, the
position of end-effector can be obtained in real time.
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Best validation performance is 8.5716e − 06 at epoch 47
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5
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Figure 10: Velocity estimate.

20
25
47 epochs

30

35

40

45

Best
Goal

Figure 11: BP training.

7.2. Target Recognition Experiment. Edge contour of target
object is extracted according to Section 4. Then, calculate
the shape parameters (7 kinds) to obtain the sample set.
Normalization processing of sample set is carried out. The
situation of BP network training is shown in Figure 11.
This training takes 5 seconds with 47 iterations. Sample
set is divided into automatically training set, validation set,
and test set. Blue line, green line, and red line represent
their convergence situations, respectively. The network stops
training when “mse” reaches 1.24𝑒 − 8. Validation set has a
convergence when “mse” reaches 8.57𝑒 − 6. Test set has a
convergence when “mse” reaches 7.84𝑒−5. Function gradient
decreases from 1.49 to 9.41𝑒 − 6. Thin dotted line and “ ⃝ ”
denote the best status of validation set. Thick dotted line
denotes preset “mse” of stopping training.
The result of the identification is shown in Figure 12.
The horizontal axis denotes the number of verification and
test samples/group. Vertical axis denotes the classification
(identification result). Blue “∙” denotes network predictive
result. Red “∘” denotes the actual classification. If the classification is equal to 0.1, the target is cylindrical object. If
the classification is equal to 0.2, the target is square object.
If the classification is equal to 1, the target is spherical
object. From Figure 12, we can see that there is a one-to-one
correspondence between network classification and actual
result. For validation sample, the recognition rate is 0.998.
For test sample, the recognition rate is 0.997. High recognition

Output/class

1.5
1
0.5
0

0

10

20

30

40
50
60
70
Validation sample/group

80

90

100

30

40
50
60
70
Test sample/group

80

90

100

Prediction
Actual
1.5
Output/class

Figure 10 shows the relation between actual velocity
and estimated velocity. Here, the actual values represent the
measurements, also called the observations. And it reflects
that center velocity changes in image sequences. The green
line indicates the actual velocity of end-effector. The red line
represents the Kalman estimate velocity of end-effector. From
Figure 10, the velocity tracking is basically stable the whole
time. Thus, 3D reconstruction can be carried out in real time
in the positioning process.

1
0.5
0

0

10

20

Prediction
Actual

Figure 12: Recognition result.

rate shows that the extracted features are comprehensive and
critical. And it also shows that the design of BP network is
rational. At last, a cylindrical object is selected randomly from
test sample. Its coordinate of TC is (507 pixels, 306 pixels)
according to formula (15).
7.3. Reconstruction Experiment. First of all, calibration results
are imported. There are 20 calibration images. There are 4 calibration points in each image. Focal length is 𝑓𝑐𝑥 = 587.944,
𝑓𝑐𝑦 = 589.418, and 𝑓 = 6.1 mm. Origin is 𝑢0 = 313.222
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5th frame

25th frame

45th frame

65th frame

73rd frame

(a) 3D point cloud

5th frame

25th frame

45th frame

65th frame

73rd frame

(b) Surface fitting

Figure 13: Reconstruction result.

and V0 = 259.304. Radial distortion coefficients are 𝑘1 =
−0.307 and 𝑘2 = 0.729. Tangential distortion coefficients
are 𝑘3 = 0.048 and 𝑘4 = 0.013. The coordinates of 80 calibration points are shown in Table 3. On the left is the image
pixel coordinate. On the right is the image physical coordinate. Clamping mechanism (also called end-effector) has the
maximum opening range 287 mm. According to the actual
positioning requirement, the maximum permissible errors
are 20 mm, 25 mm, and 20 mm, respectively, along “x-,”
“y-,” and “z-”axis.
3D coordinates (including end-effector and cylindrical
TC) are calculated according to formulas (13)–(28). Cylindrical TC is 214.2 mm, −3.9 m, and 825 mm. Under ideal conditions, it indicates the positioning successful if TC coordinates
coincide with the center coordinate of end-effector. But, in the
experiment, it is normal if there is a certain deviation. And the
center coordinate of end-effector should gradually converge
to TC coordinate.
For the video (including 73 frames), image coordinates
and 3D coordinates of end-effector centers are shown in
Table 4. (𝑢, V) denotes image coordinate. (𝑥, 𝑦, 𝑧) denotes

spatial coordinate of end-effector center with respect to base
coordinate frame. From the table, we can see that the center
of end-effector gradually approaches TC in the time domain.
Absolute errors are 214.2 − 212.8 = 1.4 mm, −3.3 + 3.9 =
0.6 mm, and 825 − 823 = 2 mm along “x-,” “y-,” and “z-”axis,
respectively.
Theoretical values are constant along “x-”axis. But experimental data fluctuate within a certain range. And the maximum random fluctuation is 225.7 − 208.2 = 17.5 mm. Theoretical values are decreasing along “y-”axis. Experimental
data are also decreasing. Theoretical values are increasing
along “z-”axis. Overall trend of experimental data is also
increasing. But, sometimes, these data are unchanged (such as
34th∼39th frame and 40th∼41st frame) or fluctuant (such as
42nd∼46th frame and 50th∼52nd frame) in some consecutive
frames. The reason of deviation is low pixel accuracy of
Kinect. 3D point cloud extraction is shown in Figure 13(a).
Surface fitting is implemented by using triangular facets and
morphological processing as shown in Figure 13(b). Paper
only displays the reconstruction results of 5th, 25th, 45th,
65th, and 73rd frame.

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

Calibration
images (𝑁)

1
(pixel)
(395.44, 277.95)
(316.38, 89.96)
(386.20, 78.20)
(427.13, 27.68)
(279.39, 112.28)
(328.32, 19.74)
(511.48, 85.75)
(466.40, 174.56)
(441.64, 411.50)
(248.51, 271.29)
(303.88, 294.29)
(368.17, 223.77)
(502.23, 402.00)
(294.12, 222.68)
(338.10, 223.56)
(327.46, 185.72)
(535.38, 156.60)
(376.88, 19.36)
(425.73, 59.90)
(375.46, 78.39)

2
(pixel)
(419.34, 431.35)
(325.04, 384.09)
(376.58, 400.37)
(409.01, 443.65)
(367.26, 281.19)
(383.67, 444.30)
(356.46, 400.65)
(352.62, 367.62)
(238.88, 369.16)
(503.75, 260.67)
(593.38, 315.16)
(422.15, 434.15)
(123.60, 443.40)
(416.12, 422.37)
(336.59, 445.48)
(418.51, 284.77)
(398.36, 407.26)
(388.37, 445.41)
(407.40, 425.41)
(357.55, 397.71)

3
(pixel)
(211.45, 276.86)
(143.69, 50.58)
(181.60, 59.85)
(152.58, 16.75)
(162.72, 226.26)
(68.72, 48.74)
(258.13, 25.40)
(214.13, 166.97)
(346.80, 237.88)
(168.48, 408.76)
(197.27, 387.80)
(211.43, 224.87)
(404.50, 282.87)
(133.91, 218.88)
(184.89, 177.12)
(204.42, 286.52)
(173.82, 149.55)
(235.43, 78.19)
(266.62, 90.41)
(203.60, 16.85)

Calibration points (𝑁)
4
1
(pixel)
(mm)
(183.37, 435.75)
(0.0101, −0.051)
(151.97, 425.29)
(−0.059, −0.360)
(176.88, 408.30)
(0.0564, −0.381)
(155.62, 443.42)
(0.0101, −0.051)
(179.53, 444.50)
(−0.122, −0.323)
(181.87, 416.62)
(−0.040, −0.478)
(154.26, 442.60)
(0.2614, −0.370)
(185.33, 380.02)
(0.1866, −0.221)
(155.20, 251.66)
(0.1464, 0.1689)
(407.92, 362.78)
(−0.174, −0.063)
(557.31, 446.40)
(−0.081, −0.023)
(180.48, 439.08)
(0.0247, −0.139)
(114.67, 295.45)
(0.2447, 0.1503)
(178.59, 444.40)
(−0.097, −0.140)
(87.08, 389.13)
(−0.024, −0.143)
(213.21, 449.03)
(−0.042, −0.202)
(190.53, 430.82)
(0.3013, −0.254)
(246.70, 396.15)
(0.0384, −0.478)
(245.44, 382.71)
(0.1211, −0.410)
(184.36, 444.33)
(0.0368, −0.382)

Table 3: Calibration point coordinates.
2
(mm)
(0.1094, 0.2014)
(−0.048, 0.1243)
(0.0402, 0.1461)
(0.1094, 0.2014)
(0.0231, −0.046)
(0.0505, 0.2234)
(0.0060, 0.1514)
(0.0001, 0.0948)
(−0.189, 0.0978)
(0.2498, −0.078)
(0.3969, 0.0089)
(0.1139, 0.2047)
(−0.379, 0.2227)
(0.1037, 0.1845)
(−0.027, 0.2260)
(0.1079, −0.040)
(0.0747, 0.1641)
(0.0591, 0.2249)
(0.0877, 0.1900)
(0.0065, 0.1472)

3
(mm)
(−0.2342, −0.053)
(−0.348, −0.427)
(−0.283, −0.409)
(−0.2342, −0.053)
(−0.314, −0.138)
(−0.470, −0.427)
(−0.156, −0.4673)
(−0.229, −0.235)
(−0.010, −0.118)
(−0.304, 0.1654)
(−0.257, 0.1286)
(−0.233, −0.140)
(0.0873, −0.040)
(−0.362, −0.151)
(−0.279, −0.216)
(−0.245, −0.038)
(−0.296, −0.261)
(−0.193, −0.380)
(−0.144, −0.362)
(−0.2474, −0.481)

4
(mm)
(−0.280, 0.208)
(−0.330, 0.190)
(−0.295, 0.1651)
(−0.280, 0.208)
(−0.287, 0.2236)
(−0.284, 0.1752)
(−0.330, 0.2193)
(−0.278, 0.1177)
(−0.326, −0.094)
(0.0891, 0.0864)
(0.3374, 0.2266)
(−0.285, 0.2151)
(−0.395, −0.024)
(−0.288, 0.2243)
(−0.439, 0.1304)
(−0.231, 0.230)
(−0.270, 0.1981)
(−0.177, 0.1423)
(−0.176, 0.1236)
(−0.278, 0.222)
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Table 4: Coordinate mapping of EEC.

Frames (F)

(𝑢, V)
(pixel)

1

(0, 0)

2

Coordinates (pixel/mm)
𝑥
𝑦
(mm)
(mm)

(508.4553, 149.0902)

0
211.5

0
−205.5

Table 4: Continued.
𝑧
(mm)

Frames (F)

(𝑢, V)
(pixel)

Coordinates (pixel/mm)
𝑥
𝑦
(mm)
(mm)
−72.6

𝑧
(mm)

0

46

(516.8702, 253.1202)

221.4

818

47

(515.9355, 254.5369)

220.0

−71.5

811

(515.6318, 257.4846)

220.5

−67.6

813

(516.2515, 259.7152)

222.4

−65.1

815

811

3

(509.6101, 150.4026)

216.4

−201.9

818

48

4

(510.5211, 151.8155)

215.8

−199.2

819

49

5

(511.7326, 154.8328)

213.1

−196.9

821

50

(515.8500, 261.7526)

221.3

−62.5

816

(515.4668, 265.0079)

221.3

−57.1

816

6

(517.1071, 155.5721)

215.0

−194.6

822

51

7

(516.2842, 153.7535)

216.4

−188.9

823

52

(516.9849, 267.5525)

222.4

−54.3

815

820

53

(514.6148, 268.7528)

219.1

−52.9

813

(514.1781, 270.8958)

219.1

−50.2

813

8

(512.8059, 162.4985)

215.8

−187.8

9

(515.8507, 157.8256)

213.1

−185.3

820

54

10

(517.8562, 167.0576)

221.2

−182.7

820

55

(511.7849, 272.8321)

214.9

−47.6

813

819

56

(512.3674, 274.2286)

216.3

−44.9

813

818

57

(513.0664, 278.0799)

217.8

−39.5

813

(513.4077, 279.9725)

217.8

−38.1

813
813

11
12

(518.5200, 170.5581)
(517.8046, 172.1101)

221.2
222.2

−177.3
−174.5

13

(518.7650, 174.1318)

221.9

−173.1

816

58

14

(520.5103, 176.8343)

221.4

−170.4

820

59

(511.8389, 280.8945)

215.0

−36.9

15

(516.6733, 177.7260)

222.4

−167.8

818

60

(512.3725, 276.9616)

216.4

−34.2

813

(511.8123, 285.3395)

215.8

−30.2

816
816

16

(516.5375, 178.9579)

219.1

−165.1

818

61

17

(517.3276, 183.5082)

219.1

−159.7

820

62

(509.4354, 287.7515)

213.1

−27.6

18

(516.6664, 184.1815)

214.9

−158.3

820

63

(512.0752, 291.5637)

217.8

−22.1

818

(511.1836, 293.4690)

217.0

−19.5

820
818

19

(515.8422, 183.4009)

216.3

−157.1

818

64

20

(518.1490, 188.9494)

210.8

−154.4

818

65

(507.0845, 292.9423)

210.8

−20.9

820

66

(508.7903, 294.5573)

212.2

−18.2

818

(509.1120, 299.4822)

214.2

−11.4

820

21

(516.7696, 193.0880)

212.2

−151.8

22

(516.4275, 194.7317)

214.2

−146.3

818

67

23

(514.9372, 196.9299)

208.2

−143.7

820

68

(505.7227, 301.1344)

208.2

−8.8

818

818

69

(506.8830, 303.1554)

209.6

−6.0

818

816

70

(508.0559, 305.9869)

212.9

−3.2

820

(507.6709, 305.8390)

211.5

−3.1

820

24
25

(515.4128, 200.1725)
(516.3984, 203.2776)

209.6
212.9

−142.3
−139.6

26

(514.6664, 203.9622)

211.5

−132.8

816

71

27

(515.3714, 208.1466)

216.4

−130.2

815

72

(509.1354, 305.9515)

210.3

−3.2

823

28

(514.3249, 209.6533)

215.8

−127.4

813

73

(508.1354, 306.3515)

212.8

−3.3

823

29

(513.2491, 214.3007)

213.1

−124.7

809

30

(519.5372, 214.9963)

217.8

−122.1

805

31

(519.6129, 217.2171)

217.0

−116.7

805

32

(511.5682, 220.1829)

210.8

−114.2

803

33

(520.2266, 222.1736)

212.2

−111.5

803

34

(519.8394, 224.4393)

223.1

−110.2

801

35

(518.6933, 226.3423)

221.7

−107.5

801

36

(518.2638, 228.8997)

221.6

−104.9

801

37

(521.0255, 232.5297)

225.7

−99.5

801

38

(518.5646, 234.5279)

221.5

−97.0

801

39

(519.1914, 236.7338)

222.9

−94.3

801

40

(516.9438, 238.1292)

219.3

−92.0

803

41

(519.1306, 240.7258)

223.4

−89.2

803

42

(517.4656, 241.7497)

221.2

−88.2

805

43

(517.3734, 244.1388)

221.2

−84.2

805

44

(517.4305, 247.5676)

222.2

−80.6

809

45

(516.0781, 249.6231)

221.9

−78.3

813

7.4. Comparative Experiment. In [1], accumulated error cannot be corrected. In [4], 3D reconstruction based on monocular camera only rely on mathematical model. And the requirement for light source is harsh. In [6], 3D reconstruction based
on binocular vision requires pattern matching and a lot of
computing. And the effect of reconstruction is significantly
reduced in the case of large baseline distance. From Table 5,
we can obtain the following conclusions. Paper’s method
(1) can meet large computational applications, (2) has low
light source demanding, and is mainly subject to ultraviolet
rays. (3) Neural network recognition algorithm reduces
the reliance on mathematical model and (4) improves the
reconstruction efficiency and accuracy.

8. Conclusion
First of all, paper proposes the Kalman filtering method
based on three-frame differencing to capture the end-effector
motion. Secondly, target objects are identified by using BP
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Table 5: Method comparison.

Parameters
A Amount of calculation
B Time consuming/s
C Subject to light source influence
D Rely on mathematical model
E Reconstruction accuracy/mm

Reference [1]
47548
5.405
Small
Large
0.15

Reference [4]
32361
10.249
Larger
Larger
0.40

Reference [6]
61387
15.652
Larger
Larger
0.19

Paper’s method
53982
2.081
Small
Large
0.15

Note: A denotes the amount of 3D point cloud.

classification idea. And calculate the coordinates of TC.
Then, the center of end-effector gradually converges to TC.
This convergence indicates that the positioning is successful.
Finally, surface fitting of 3D point cloud is achieved by
triangular facets and morphology processing. Comparative
experiment shows that paper’s method is more practicable
and efficient.
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Content-based image retrieval (CBIR) provides a sustainable solution to retrieve similar images from an image archive. In the last
few years, the Bag-of-Visual-Words (BoVW) model gained attention and significantly improved the performance of image retrieval.
In the standard BoVW model, an image is represented as an orderless global histogram of visual words by ignoring the spatial
layout. The spatial layout of an image carries significant information that can enhance the performance of CBIR. In this paper, we
are presenting a novel image representation that is based on a combination of local and global histograms of visual words. The
global histogram of visual words is constructed over the whole image, while the local histogram of visual words is constructed
over the local rectangular region of the image. The local histogram contains the spatial information about the salient objects.
Extensive experiments and comparisons conducted on Corel-A, Caltech-256, and Ground Truth image datasets demonstrate that
the proposed image representation increases the performance of image retrieval.

1. Introduction
CBIR is used to search the images from an image archive
that are in a semantic relationship with the query image
[1–3]. Occlusion, overlapping objects, spatial layout, image
resolution, variations in illumination, semantic gap, and
exponential growth in multimedia contents make CBIR a
challenging problem [1–3]. In CBIR, the feature vector is
used to represent the image in the form of low-level visual
features [1, 2]. The feature vector of a query image is computed
and compared with the feature vectors of the images placed
in an image archive [4]. The closeness of the feature vector
values determines the output. The appearance of a similar
view in the images belonging to the different classes result
in the closeness of the feature vector values and it decreases
the performance of image retrieval [4]. The main focus of
the research in CBIR is to retrieve the images that are in a
semantic relationship with the query image [3, 5].

In the standard BoVW model [6], an image is represented
as an orderless global histogram of visual words by ignoring
the spatial layout of 2D image space. The spatial attributes of
an image carry information that enhances the performance of
image retrieval [7]. The approaches based on query expansion
[8], large vocabulary size [7], and soft quantization [9]
are applied to enhance the performance of CBIR. All of
these approaches ignore the spatial layout that provides the
discriminating details [7]. According to Anwar et al. [10],
two approaches add the spatial information to the inverted
index of the BoVW based image representation. The first
approach deals with the visual words cooccurrence and
requires computational cost with the larger size vocabulary
[11]. The second approach divides an image into subregions
and construct histograms from each of the subregions [12].
Various types of image representations are proposed by
selecting different semantic regions from the images [12–
16].
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Figure 1: Images from four different classes of Corel-A image benchmark.

Keeping in view the robust performance of the second
approach [12, 14], the proposed research is constructing two
histograms from a single image. The global histogram of
visual words is constructed over the whole image, while
the local histogram of visual words is constructed over the
local rectangular region of the image. The details about the
selection of the local rectangular area for the construction
of local histogram are mentioned in Section 3. Figure 1 is
representing the images from four different classes (Africa,
Beach, Elephants, and Horses) of Corel-A image benchmark.
Grass, sky, and trees are in the global appearance of all
these images, while the objects of interest or salient objects
lie in the central region of the images (like people, beach,
elephant, and horses). There is no semantic relationship
between these images, as they belong to the different classes.
The discriminating information is likely to be available in
the central region of an image. The second row of Figure 1 is
representing the extracted local rectangular regions of these
images (area of the image that is selected for the construction
of local histogram of visual words). The extracted local
rectangular regions of all of these images are discriminating,
as they contain the information about the salient objects
of the image. Figure 2 is representing an image from the
semantic class Elephant of the Corel-A image benchmark.
The global appearance of the image contains sky, trees, and
grass, while the main object of interest in the image is
elephant. The construction of a local histogram from the
image central area adds the spatial attributes of the salient
object to the inverted index of the BoVW representation.
Keeping these facts in view, dense features are extracted
from a set of training and test images; the feature space
is quantized to construct a visual vocabulary. Images are
represented as histograms of visual words (by using a combination of local and global histograms of visual words). The
local histogram that is constructed over the local rectangular
region of an image contains the spatial information about
the salient objects. The global and local histograms of visual
words are concatenated and this information is added to
the inverted index of the BoVW representation. The main
contributions of this paper are
(1) image representation as a combination of local and
global histograms of visual words;

(2) the addition of spatial information from the central
area of the image to the inverted index of BoVW
representation;
(3) reduction of semantic gap between the low-level features of an image and high-level semantic concepts.
The rest of the paper is organized as follows. Section 2 is
about the related research. Section 3 describes the proposed
research methodology. Section 4 is about the experimental
details and results conducted on three image benchmarks.
Section 5 concludes our research work and points towards the
future directions.

2. Related Work
Query by Image Content (QBIC) is the first system launched
by IBM for image search [2]. After that, a variety of image
retrieval techniques are proposed that are based on color,
texture, and shape [1–3, 5]. Interest points detectors like Histogram of Oriented Gradients (HOG) [22], Scale-Invariant
Feature Transform (SIFT) [23], Maximally Stable Extremal
Regions (MSER) [24], Speeded-Up Robust Features (SURF)
[25], and BRISK features [26] are used for robust contentbased image matching [27]. Ashraf et al. [28] proposed an
image retrieval by using a combination of color features and
bandlet transformation. The bandlet transformation-based
representation was selected to extract the salient objects
from the images. Artificial Neural Networks (ANN) with an
inverted index was selected for an efficient image retrieval.
Zeng et al. [29] proposed an image representation based
on spatiogram that was generalized histogram of quantized
colors. In the first step, the color space was quantized
by applying the Gaussian Mixture Models (GMM) and
Expectation-Maximization (EM) algorithm. The number of
quantized color bins was determined on the basis of Bayesian
Information Criterion (BIC). A spatiogram was based on a
histogram with a spatial distribution of color and each bin
represents the weighted distribution of pixels. The similarity
between the two images was determined on the basis of
the similarity between the respective spatiograms. Walia and
Pal [30] proposed a framework for color image retrieval
by using a combination of low-level features. The Color
Difference Histogram (CDH) was used to extract the color
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(a)

(b)

Figure 2: (a) is presenting the procedure for computation of global histogram, while (b) is presenting the procedure for the extraction of
local histogram.

and texture. The shape features were extracted by applying an
Angular Radial Transform (ART). The retrieval effectiveness
of the proposed framework was enhanced by modifying
the CDH algorithm. Irtaza and Jaffar [31] proposed a combination of Genetic Algorithm (GA) and Support Vector
Machines (SVM) to reduce the semantic gap. Images were
represented as a combination of curvelet, wavelet, and Gabor
features. Relevance Feedback (RF) was applied to enhance
the accuracy of the proposed work. Tian et al. [19] proposed
a rotation-invariant and scale-invariant Edge Orientation
Difference Histogram (EODH) descriptor. Steerable filter and
vector sum were applied to obtain the main orientation of the
pixels. The effectiveness of the feature space was improved by
selecting a combination of Color SIFT and EODH. Codebook
was constructed by applying the weighted average of Color
SIFT and EODH. Yu et al. [32] proposed an image retrieval by
using a combination of Local Binary Pattern (LBP) with HOG
and SIFT. The midlevel features’ combination was selected
to achieve high performance for the complex background.
Visual features were separately extracted from the images by
using SIFT and LBP. Weighted average clustering was applied
for the codebook construction to obtain the integration
of two midlevel features. According to the experimental
results [32], the best performance of image retrieval was
obtained by applying the feature integration of SIFT and LBP.
Wang et al. [15] proposed Spatial Weighting Bag-of-Features
(SWBOF) framework and extracted spatial information from
the subblocks of the images. Local entropy, local variance,
and adjacent blocks distance were selected to calculate the
spatial information. According to experimental results [15],
SWBOF with spatial information performs better than the
traditional BoF representation. Yildizer et al. [33] proposed
CBIR by using multiple Support Vector Machines ensemble.
SVM is used for regression and Support Vector Regression
(SVR) ensemble is selected for classification. According to
the experimental results, the proposed technique improves
the accuracy of image retrieval. Cardoso et al. [20] proposed
iterative technique for CBIR that is based on Multiple SVM
Ensembles. Discrete Cosine Transform (DCT) is selected for
feature extraction and multi-SVM is used for classification.
Yildizer et al. [21] integrated wavelets for an effective contentbased image retrieval. k-means with B+-tree data structure is
used for clustering with Daubechies wavelet transform that
has excellent spatial and spectral locality properties, which
make it very useful for CBIR; it is applied to partitioning the
images into different levels. Youssef [17] proposed a novel

Integrating Curvelet Transform with Enhanced Dominant
Colors extraction and Texture (ICTEDCT) analysis for efficient CBIR. Curvelet multiscale ridgelets were integrated with
region-based vector codebook subband clustering to enhance
dominant colors extraction and texture analysis.

3. Proposed Methodology
The lack of spatial information is the main problem in
the standard BoVW representation [7, 15]. Visual words
are represented in a histogram without considering their
locations in the 2D image plane. The spatial information
carries discriminating details that enhance the performance
of CBIR [7, 15]. The block diagram of proposed research
methodology is presented in Figure 3.
(1) In the BoVW representation, a raw image 𝐼 is represented as
𝐼 = (𝑎𝑖,𝑗 ) ,

(1)

where 𝑎𝑖,𝑗 is the pixel at the position (𝑖, 𝑗).
(2) Dense SIFT features are extracted from the image and
an image 𝐼 is represented as
𝐼 = {𝑑1 , 𝑑2 , . . . , 𝑑𝑚 } ,

(2)

where 𝑑1 to 𝑑𝑚 are image descriptors.
(3) Quantization algorithms like k-means clustering is
applied to construct a visual vocabulary (codebook)
consisting of 𝑛 visual words, represented as
voc = {𝑤1 , 𝑤2 , . . . , 𝑤𝑛 } ,

(3)

where 𝑤1 to 𝑤𝑛 are visual words.
(4) For the construction of global histogram of visual
words, mapping of each visual word is done over the
whole image. For the construction of local histogram
of visual words, mapping of each visual word is done
by extracting the image central area by using (5). The
nearest visual words are assigned to the quantized
descriptors by using the following equation:
𝑤 (𝑑𝑘 ) = argmin Dist (𝑤, 𝑑𝑘 ) ,
𝑤∈voc

(4)

where 𝑤(𝑑𝑘 ) is representing the visual word assigned
to the kth descriptor 𝑑𝑘 , while Dist(𝑤, 𝑑𝑘 ) is the
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Figure 3: Block diagram of proposed research based on a combination of local and global histograms of visual words.

distance between the descriptor 𝑑𝑘 and visual word
𝑤. Each image is represented as a collection of patches
and each patch is represented by visual words.
(5) Two histograms of 𝑁 visual words are extracted
from a single image. The computed local and global
histograms are concatenated and this information is
added to the inverted index of BoVW representation.
The visual words of the local histogram are mapped to
a rectangular area that is defined by image width (W)
and height (H). Four points are defined to extract the
optimized local rectangular area as follows:
𝑝1 = 𝑊 × 𝑥,
𝑝2 = (𝑊 × 𝑦) + 𝑝1 = (𝑊 × 𝑦) + (𝑊 × 𝑥)
= 𝑊 × (𝑥 + 𝑦) ,
𝑝3 = 𝐻 × 𝑥,

(6) Consider 𝑁 as the number of visual words of the
vocabulary. Let 𝐷𝑖 be the set of the descriptors that
are mapped to the visual word 𝑤𝑖 ; then the 𝑖th bin of
the histogram of visual words 𝑏𝑖 is the cardinality of
the set 𝐷𝑖 :
𝑏𝑖 = Card (𝐷𝑖 ) ,
𝐷𝑖 = {𝑑𝑘 , 𝑘 ∈ (1, . . . , 𝑁) | 𝑤 (𝑑𝑘 ) = 𝑤𝑖 } .

3.1. Image Classification. SVM is a state-of-the-art supervised
learning classification algorithm [5]. The linear SVM separates two classes by using a hyperplane. The dataset with two
classes is represented as
𝑁

{(𝑥𝑖 , 𝑦𝑖 )}𝑖=1 𝑦𝑖 = {+1, −1} ,
(5)

𝑝4 = (𝐻 × 𝑦) + 𝑝3 = (𝐻 × 𝑦) + (𝐻 × 𝑥)
= 𝐻 × (𝑥 + 𝑦) ,
where 𝑥 is the normalized starting point and 𝑦 is the
ending point of the local rectangular area.

(6)

(7)

where 𝑥𝑖 and 𝑦𝑖 are input datasets and +1 and −1 are the correspondence labels of the classes, respectively. The hyperplanes
are generated by finding the values of the coefficients:
𝑤𝑇 ⋅ 𝑥 + 𝑏 = 0,

(8)

where 𝑤 is weight vector and 𝑏 is bias. The maximum margin
is determined by 2/‖𝑤‖ hyperplanes and the two classes
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are separable from each other according to the following
equations:
𝑤𝑇 ⋅ 𝑥𝑖 + 𝑏 = 1,
𝑇

𝑤 ⋅ 𝑥𝑖 + 𝑏 = −1.

(9)

(10)

The kernel method [34] is used in SVM to compute the
dot product in the high-dimensional feature space that provides the ability to generate nonlinear decision boundaries.
The kernel function permits using the data with no obvious
fixed dimensions. The histograms of visual words constructed
over the local and global areas of the image are normalized
and SVM Hellinger kernel [35] is applied on the normalized
histograms by using following equation:
𝐾 (ℎ, ℎ ) = ∑√ℎ (𝑖) ℎ (𝑖),
𝑖

(11)

where ℎ and ℎ are the normalized histograms.
The SVM Hellinger kernel is selected because of its low
computational cost and instead of computing the kernel
values, it explicitly computes the feature map and the classifier
remains linear. The one-versus-one rule is applied for 𝑘
number of classes; 𝑘 ⋅ (𝑘 − 1)/2 classifiers are constructed and
each classifier trains the data by using two classes.

4. Experiments and Results
This section is about the details of experiments conducted for
the evaluation of the proposed image representation based
on a combination of local and global histograms of visual
words. The proposed research is evaluated on Corel-A image
benchmark, Caltech-256, and Ground Truth image datasets.
The images are randomly divided into training and test
datasets. The visual vocabulary (codebook) is constructed
from the training images and retrieval precision is calculated
by using the test dataset. Keeping in view the unsupervised
nature of clustering by applying k-means, each experiment
is repeated 10 times and average values of precision are
reported. In order to evaluate the performance of proposed
research, we determined the relevant images retrieved in
response to a query image. A computer simulation is used to
select images randomly from test dataset and use them as a
query image. The response to the query image is evaluated on
the basis of relevant images retrieved. Precision determines
the number of relevant images retrieved in response to a
query image and it shows the specificity of the image retrieval
system:
Precision =

Recall =

Number of relevant images retrieved
.
Total number of relevant images

(13)

The details about experimental parameters are given
below.

This can be expressed equivalently as
𝑦𝑖 (𝑤𝑇 ⋅ 𝑥𝑖 + 𝑏) ≥ 1.

retrieved to the total number of images of that class in the
image benchmark:

Number of relevant images retrieved
. (12)
Total number of images retrieved

Recall measures the sensitivity of the image retrieval
system. Recall is calculated by the ratio of correct images

(1) Vocabulary Size. The size of visual vocabulary is a
major parameter that affects the performance of contentbased image matching [36, 37], increasing the size of visual
vocabulary at certain level, and increases the performance
and larger size visual vocabulary tends to overfit. Different
sizes of visual vocabulary are constructed for the Corel-A (20,
50, 100, 200, and 400), Caltech-256 (20, 50, 100, 200, 400,
and 600), and Ground Truth (10, 20, 30, 40, and 50) image
benchmarks in order to evaluate the best performance of the
proposed image representation.
(2) Dense Pixel Stride. The dense SIFT features are extracted
from the training and test images. For a precise contentbased image matching, we extracted dense features using
three different scales. The dense pixel stride or the step size
is used to control the spatial resolution of the dense grid. A
smaller pixel stride results in a finer grid, while a larger pixel
stride makes the grid coarser. With a pixel stride of 5, 15, and
25, we considered every 5th, 15th, and 25th pixel, respectively,
as a features to calculate the SIFT descriptor from local and
global regions of each image.
(3) Feature Percentage for the Vocabulary Construction. The
feature percentage to construct a visual vocabulary from
a training dataset is one of the parameters that affect the
performance of image retrieval. According to [36], increasing
the percentage of features for visual vocabulary construction
increases the performance of content-based image matching
and vice versa. In experiments, different percentages (10%,
25%, 50%, 75%, and 100%) of dense features per image are
used to construct visual vocabulary.
(4) Value of 𝑥 and y. x and 𝑦 are used for the extraction of
local rectangular area. After a number of experiments, the
optimized normalized starting value of 𝑥 = 0.22 and ending
value of 𝑦 = 0.60 are selected for training and test images.
4.1. Retrieval Performance on Corel-A Image Benchmark. The
Corel-A image benchmark (http://wang.ist.psu.edu/docs/
related/) is selected for the evaluation of the proposed
image representation and results are compared with the
standard BoVW representation [6] and the state-of-the-art
CBIR research [4, 15, 17–19]. The Corel-A image benchmark
contains 1000 images that are divided into ten semantic categories, namely, Africa, Buildings, Beach, Dinosaurs, Buses,
Elephants, Horses, Flowers, Mountains, and Food. Each
semantic category consists of 100 images with a resolution of
256 × 384 pixels or 384 × 256 pixels. Figure 4 is representing
the images from all the semantic classes of Corel-A image
benchmark.
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Figure 4: Samples of images from each category of Corel-A image benchmark.
Table 1: MAP of the proposed image representation on a vocabulary size of 200 visual words and pixel stride of 5.
Vocabulary size &
features% used
10%
25%
50%
75%
100%
MAP
Standard deviation
Confidence interval
Standard error

20

50

100

200

400

77.40
77.74
77.85
78.08
78.36
77.88
0.3609
77.43–78.33
0.1614

80.27
80.92
81.06
81.16
81.32
80.95
0.4050
80.44–81.44
0.1811

81.98
82.02
82.53
83.07
83.27
82.57
0.5899
81.84–83.30
0.2638

84.01
84.12
84.25
84.33
84.38
84.21
0.1522
84.02–84.40
0.0680

82.57
83.16
83.01
83.24
83.29
83.05
0.2905
82.69–83.41
0.1299

In order to maintain a balance, 50% images are used for
the training and the remaining 50% images are used for the
testing. Different sizes of visual vocabulary (20, 50, 100, 200,
and 400) are constructed from a set of training images. Mean
Average Precision (MAP) is calculated by a random selection
of 500 images from the test dataset. MAP for top-20 image
retrievals as a function of vocabulary size and percentage of
dense features per image used in vocabulary construction are
presented in Table 1.
The additional statistical investigation in Table 1 reinforces our described results. We have calculated standard
error as description and estimated 95% confidence interval
as inferential results. From these results, we can easily
conclude that both the lower and the upper bounds at 5%
level of significance exceed 84% of MAP and the smaller
value of standard error further enhances the fact that the
visual vocabulary of size 200 visual words shows precise
and consistent result as compared to other sizes of visual

vocabulary on different features percentages (10%, 25%, 50%,
75%, and 100%).
The MAP obtained by using proposed image representation based on a combination of local and global histograms
of visual words (by using a vocabulary size of 200 visual
words) on the pixel strides of 5, 15, and 25 is 84.21%,
82.12%, and 78.29%, respectively. The MAP of the proposed
image representation is compared with the standard BoVW
representation (without considering the spatial information
of local histogram). The MAP comparison of the proposed
research and standard BoVW as a function of vocabulary size
on the pixel strides of 5, 15, and 25 is graphically represented
in Figure 5. The proposed image representation outperforms
the standard BoVW representation on all vocabulary sizes
(pixel strides of 5, 15, and 25). According to the experimental
results, the MAP for all vocabulary sizes on a pixel stride of 5
is greater than pixel strides of 15 and 25.
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Table 2: Comparison of MAP for top-20 image retrievals on Corel-A image benchmark.
Class & method
Africa
Beach
Buildings
Buses
Dinosaurs
Elephants
Flowers
Horses
Mountains
Food

Proposed research
73.03
74.58
80.24
95.84
97.95
87.64
85.13
86.29
82.43
78.96

Youssef [17]
63.5
64.2
69.8
91.5
99.2
78.1
94.8
95.2
73.8
80.6

Irtaza et al. [4]
65
60
62
85
93
65
94
77
73
81

Poursistani et al. [18]
70.24
44.44
70.8
76.3
100
63.8
92.4
94.7
56.2
74.5

Tian et al. [19]
74.6
37.8
53.9
96.7
99
66
92
87
58.5
62.2

Wang et al. [15]
64
54
53
94
98
78
71
93
42
50

Table 3: Comparison of recall for top-20 image retrievals on Corel-A image benchmark.
Class & method
Africa
Beach
Buildings
Buses
Dinosaurs
Elephants
Flowers
Horses
Mountains
Food
Mean

Proposed research
14.61
14.92
16.05
19.17
19.59
17.53
17.03
17.26
16.49
15.79
16.84

Youssef [17]
12.70
12.84
13.96
18.30
19.84
15.62
18.96
19.04
14.76
16.12
16.21

Irtaza et al. [4]
13.00
12.00
12.40
17.00
18.60
13.00
18.80
15.40
14.60
16.20
15.10

85

MAP

80

75

0

100

200
300
Size of vocabulary

Proposed research with a pixel stride of 5
BoVW with a pixel stride of 5
Proposed research with a pixel stride of 15
BoVW with a pixel stride of 15
Proposed work with a pixel stride of 25
BoVW with a pixel stride of 25

Figure 5: MAP as a function of vocabulary size.

400

Poursistani et al. [18]
14.05
8.89
14.16
15.26
20.00
12.76
18.48
18.94
11.24
14.90
14.57

Tian et al. [19]
14.92
7.56
10.78
19.34
19.80
13.20
18.40
17.40
11.70
12.44
14.55

Wang et al. [15]
12.80
10.80
10.60
18.80
19.60
15.60
14.20
18.60
8.40
10.00
13.94

In order to present a sustainable performance of the
proposed research, the image retrieval precision and recall
for the top-20 image retrievals are compared with the stateof-the-art research of CBIR [4, 15, 17–19]. Tables 2 and 3 are
presenting the classwise comparison of average precision and
recall of the proposed research (with a vocabulary size of 200
words on a pixel stride of 5 and by using 100% features per
image) with the existing state-of-the-art techniques of CBIR.
The MAP comparison is shown in Figure 6, while precisionrecall curve is shown in Figure 7.
The experimental results conducted on Corel-A image
benchmark prove the robustness of the proposed image
representation. The MAP of the proposed research is higher
than the existing state-of-the-art research [4, 15, 17–19]. The
MAP obtained from the proposed image representation is
84.21% (with a vocabulary size of 200 visual words on a pixel
stride of 5 and by using 100% features per image).
The image retrieval results obtained by using proposed
image representation for the semantic class “Buses” and
“Beach” are shown in Figures 8 and 9, respectively, in response to the query images that shows reduction of semantic
gap in terms of classifier decision value (score). The classifier
decision label determines the class of the image, while
classifier decision value (score) is used to find the similar
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1.90792
90
84.21

85

81.07

80

75.50

75

74.34

72.77

1.91177

1.897

1.92121

1.88865

1.8671

1.96715

1.84608

1.81437

1.8053

1.77793

2.04835

2.0671

2.07091

1.73708

1.70756

2.12566

2.12677

1.68814

1.68421

2.14148

69.70

70
65
60
Proposed research
Youssef et al.
Irtaza et al.

Poursistani et al.
Tian et al.
Wang et al.

Figure 6: Comparison of MAP with the state-of-the-art methods
on Corel-A image benchmark.
100

Figure 8: Image retrieval result shows reduction of semantic gap for
the semantic class “Buses.”

Precision (%)

80

2.09122
60

2.10937

2.11198

2.06148

2.05414

2.14339

2.03655

2.02284

2.00182

1.97978

2.20837

2.21345

1.94183

1.94074

2.25197

1.9114

1.90409

1.86

1.82063

1.81495

1.81279

40
0

20

40

60
Recall (%)

80

100

Proposed research with pixel stride of 5
SIFT-LBP [32]

Figure 7: Precision-recall curve for Corel-A image benchmark.

images. The real values shown at the top of each image are
the classifier decision value (score) of the respective image,
computed by applying the Euclidean distance between score
of the query image and scores of the retrieved images. Top-20
retrieved images, whose score is close to the score of the query
image are more similar to the query image and vice versa (due
to limited space, the retrieval results in response to the query
images are shown for two semantic classes only).
4.2. Performance on Caltech-256 Image Benchmark. Caltech256 image benchmark (http://www.vision.caltech.edu/) consists of 256 semantic classes and each semantic class contains
80 to 827 images. For the simplicity, we randomly selected
10 classes from the Caltech-256 image benchmark. The
selected classes are Motorbike, Faceeasy, Fireworks, Bonsai,
Butterfly, Leopard, Airplanes, Ketch, and Hibiscus as shown
in Figure 10.
Different sizes of visual vocabulary (20, 50, 100, 200, 400,
and 600) are constructed from a set of training images. 50%

Figure 9: Image retrieval result shows reduction of semantic gap for
the semantic class “Beach.”

images are used for the training and the remaining 50%
images are used for the testing. The MAP of the proposed
research is compared with standard BoVW representation
(without considering the spatial information) on different
pixel strides (5, 15, and 25), vocabulary sizes (20, 50, 100,
200, 400, and 600), and feature percentages (10%, 25%,
50%, 75%, and 100%) for vocabulary construction. The MAP
obtained from the proposed image representation and the
standard BoVW representation by using different parameters
is graphically presented in Figure 11.
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Figure 10: Samples of images from 10 semantic classes of Caltech-256 image benchmark.

90

Precision (%)

MAP

85

80

75

80

70

60

50
0

100

200

300

400

500

600

Size of vocabulary
Proposed research with pixel stride of 5
BoVW with pixel stride of 5
Proposed research with pixel stride of 15
BoVW with pixel stride of 15
Proposed research with pixel stride of 25
BoVW with pixel stride of 25

Figure 11: MAP as a function of vocabulary size for the Caltech-256
image benchmark.

The experimental results conducted on 10 semantic
classes of Caltech-256 image benchmark prove the robustness
of the proposed image representation. The MAP obtained by
using the proposed image representation (with a vocabulary
size of 400 visual words and by using 100% features per image)
on the pixel strides of 5, 15, and 25 is 86.50%, 83.98%, and
81.71%, respectively, while MAP obtained by using the same
experimental parameters for standard BoVW representation
is 85.45%, 83.05%, and 80.95%, respectively. According to
the experimental results, the MAP for all vocabulary sizes
decreases by increasing the pixel stride as shown in Figure 11,
while precision-recall curve is shown in Figure 12.

0

20

40

60
Recall (%)

80

100

Proposed research with pixel stride of 5
BoVW with pixel stride of 5

Figure 12: Precision-recall curve for Caltech-256 image benchmark.

4.3. Performance on Ground Truth Image Benchmark.
Ground Truth image benchmark (http://imagedatabase.cs
.washington.edu/groundtruth/) is a publicly available image
benchmark and is used for the evaluation of CBIR research
[20, 21, 33]. There are a total of 1109 images that are divided
into 22 semantic classes. We manually selected all the images
from 5 different semantic classes of Ground Truth image
benchmark. The selected classes for the evaluation of the
proposed image representation are Abro green, Cherries,
Football, Green Lake, and Swiss Mountains as shown in
Figure 13. The 5 classes are selected in order to compare
the performance of the proposed image representation with
existing state-of-the-art research [20, 21, 33] because these
researchers also reported their results on the same number
of classes of Ground Truth image benchmark.
50% images are used for the training and the remaining
50% images are used for the testing. Different sizes (10, 20,

10
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Figure 13: Samples of images from 5 semantic classes of Ground Truth image benchmark.

85

82.84

Table 5: Computational cost (in seconds) of the proposed algorithm.

81.33

80

Number of images retrieved
Top-5
Top-10
Top-15
Top-20
Top-25
Top-30

MAP (%)

75
70
65

62.80
59.09

60
55
50

Proposed research
0.2872
0.3972
0.6470
0.7837
0.9184
1.1103

45
Proposed research
Cardoso et al.

Yildizer et al.
Yildizer et al.

Figure 14: Comparison of MAP with the state-of-the-art methods
on Ground Truth image benchmark.

Table 4: Classwise comparison of average precision.
Class & method
Abro green
Cherries
Football
Green Lake
Swiss Mountains

Proposed method
75.25
71.94
90.18
84.23
92.63

[20]
80
80
100
80
60.67

[21]
66.67
50
75
50
50

30, 40, and 50) of visual vocabulary are constructed and
MAP on the vocabulary of these different sizes is calculated.
According to the experimental results, the MAP of 82.84% is
obtained by using the proposed image representation (with a
vocabulary size of 40 visual words on pixel stride of 5 and
by using 100% features per image). The classwise average
precision obtained from the proposed image representation
is presented in Table 4, while MAP is graphically presented
in Figure 14.

Experimental results and comparisons conducted on the
Ground Truth image benchmark prove the robustness of the
proposed research based on a combination of local and global
histograms of visual words. The MAP obtained from the
proposed image representation is higher than the existing
state-of-the-art research [20, 21, 33].
4.4. Complexity Performance. The computational cost of the
proposed algorithm is calculated using Intel(R) Core i3
(fourth generation) 1.7 Ghz CPU with 4 GB RAM (DDR3),
3 MB L3 cache, and Windows 7 operating system. The
proposed algorithm is implemented in MATLAB and visual
vocabulary is constructed offline using a training dataset and
tested at run time using a test dataset. The average CPU
time (in seconds) required from features extraction to image
retrieval is presented in Table 5.

5. Conclusion and Future Directions
In this paper, we proposed a novel image representation
based on a combination of local and global histograms of
visual words. The local histogram of visual words adds the
spatial information of the central area to the inverted index of
BoVW representation. The combination of local and global
histograms of visual words is a possible solution to capture
the semantic information from the image. The performance
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of the proposed image representation is evaluated on three
challenging image datasets. The proposed image representation outperforms the state-of-the-art research including
the standard BoVW representation. For the future work, we
plan to replace the BoVW model with either Fisher kernel
framework or the Vector of Locally Aggregated Descriptors
(VLAD) model to evaluate a large-scale image retrieval.
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