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,e 1 : 8 model of turbo-generator vibration isolated foundation of common islands in nuclear plants was established for vibration
characteristic tests and pseudodynamic experiments. ,e finite element model was established by SeismoStruct for time-history
analysis. Frequencies, modal shapes and seismic responses, deformation curves, and spring deformations were compared and
analyzed. Results from tests and experiments show that the natural frequencies of spring vibration isolation foundation are lower
than those of common frame foundations and the vertical frequencies are far from the working disturbance frequency of the
turbo-generator units.,e spring vibration isolation device can reduce the acceleration response of the TG (turbo-generator) deck
and redistribute the horizontal earthquake action of the foundation according to the stiffness to give full play to the seismic
capacity of the columns. ,e errors of natural vibration frequencies and maximum seismic response are approximately 15% and
10%, respectively, and the simulation results are in good agreement with the test and experiment data. ,e proportion and
distribution of spring deformation are close, and the test study shows the convenient and precise realization of the simulation.
Results of seismic experiments and numerical simulations show that the foundation design meets the standard of the “Code for
Seismic Design of Buildings” in China, which realizes the goal of spring vibration isolation and seismic resistance.,e foundation
design is also reasonable, safe, and reliable.

1. Introduction

,e statistics [1] reveal that more than 40 nuclear power
units in mainland China have entered commercial opera-
tion, approximately 20 units are under construction, and
additional units are ready to be built or are being planned.
Figure 1 shows the distribution of nuclear power plants in
mainland China. Turbo-generator (TG) is the “heart” of
power plants and even power systems. TG is the core
component either in thermal power or nuclear power. As the
structure of nuclear power conventional island carrying the
entire TG unit, the turbine foundation not only bears huge
equipment weight but also handles the dynamic load of the
turbine. Figure 2 is a typical conventional turbine founda-
tion [2]. ,e use of a half-speed TG will inevitably increase
with the development of nuclear power design autonomy
and large-scale unit power. However, its 25Hz operating
frequency is close to the vertical basic frequency of common

frame foundation, which is prone to produce the “reso-
nance” effect that is not conducive to unit operation.

Spring isolation technology was first applied to TGmore
than 50 years ago. Researchers [3] found there are two
strategies to reduce the seismic response of turbine foun-
dations: one is to reduce the fundamental frequency of the
structure, and the other is to improve the damping of the
system. ,e spring vibration isolation system, which sepa-
rates the TG deck and the column, can satisfy the two
aforementioned points. ,is system not only substantially
reduces the vertical natural frequency but also adjusts the
damping of the entire system appropriately. Although many
engineering examples of spring vibration isolation foun-
dation are found abroad, no real systematic theoretical or
experimental study, which is limited to the actual mea-
surement of TG on the working state [4], is unavailable.
However, the use of spring vibration isolation foundation in
conventional nuclear power island has no precedent at that

Hindawi
Shock and Vibration
Volume 2021, Article ID 8884920, 16 pages
https://doi.org/10.1155/2021/8884920

mailto:hadesloveln@163.com
https://orcid.org/0000-0003-4848-0149
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/8884920


time in China. ,us, effectively executing design selection,
theoretical analysis, experimental research, and field testing
is necessary. Chinese experts and scholars conducted nu-
merous studies. Luo et al. [3] discussed the seismic per-
formance of three examples using the spring vibration
isolation foundation and obtained similar conclusions de-
spite differences in the foundation model, calculation pro-
gram, calculation assumption, and calculation method.
Spring vibration isolation foundation can also reduce the
basic frequency of turbine foundations, and the use of
dampers to improve the damping ratio of the system can
effectively reduce the seismic responses. Zhu and Chen [5]
established the dynamic equation of the spring vibration
isolation system and conducted the finite element analysis.
,e results reveal that the spring vibration isolation damping
element can advance the basic frequency of the entire

structure system and reduce the probability of resonance
under the working frequency. Song et al.[6] conducted a
series of studies on the foundation selection, design criteria,
vibration analysis, and field test of the first Ling’Ao Phase II
half-speed machine with spring vibration isolation foun-
dation in China.,e results show that the vertical first-order
frequency of the spring foundation is far less than the
working frequency of the half-speed unit which has effective
dynamic characteristics.,e acceleration response of the TG
deck can be reduced by spring vibration isolation, and the
foundation has a good seismic performance. ,e application
of spring vibration isolation foundation in conventional
nuclear power island has been successful. ,e experimental
research is a necessary verification and an important sup-
plement for theoretical analysis and fieldmeasurement. Shao
et al. [4, 7] conducted the first comprehensive model test on

Operating
Under construction

Planned
Spring vibration
isolated foundation

Operable: 45units, Net capacity 42976MWe
Under const: 13units, Net capacity 12841MWe
Planned: 43units, Net capacity 50900MWe
Proposed: 92units, Net capacity 109400MWe
From: World Nuclear Association. www.world-nuclear.org

Figure 1: Nuclear power plants in China.
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spring vibration isolation foundations of TG unit. ,e test
results show that the spring vibration isolation improves the
seismic performance of the foundation, and the increase in
the damping ratio is beneficial to the improvement of the
seismic performance. Considering dynamic characteristics,
the overall calculation model is close to the test results. ,e
spring vibration isolation foundation is the best choice for a
half-speed TG with a working frequency of 25Hz. Re-
searchers tended to provide additional attention to the in-
fluence of dynamic characteristics of turbine foundation on
TG deck vibration and performed numerous investigations
have done a considering common or spring foundation
[8–12]. With the application of spring isolation technology
and additional advanced research methods, Li et al.[12] built
a TG deck and spring isolation foundation combined vi-
bration test bench. Particularly, the influence of spring
isolation foundation on TG deck vibration is investigated. A
300MW turbine-generator-foundation system is analyzed
under earthquakes [13]. A new seismic isolation system
based on spring tube braces was studied [14]. Hur and Park
[15] evaluated the applicability of seismic isolation devices
under seismic loads.

,e TG foundation has the following characteristics. (1)
Installed capacity and number of cylinders affect the TG
deck condition of the unit. ,us, selecting the foundation
and allocating the unit to meet the dynamic characteristics of
the TG deck operation are necessary. (2) Technological
requirements of different manufacturers lead to different
shapes of the foundation structure or different parts of the
location. (3) ,e structure of the foundation is complex, the

weight of the upper structure and equipment is huge, and the
size of the TG deck beam is large. Meanwhile, the space
occupied by the lower condenser is large. However, the size
of the column is relatively small. ,e difference of foun-
dations in the TG foundation model experiments [4, 16–20]
is considerably large. ,erefore, examining the difference
separately is necessary. Especially for spring vibration iso-
lation foundation, the overall dynamic characteristics of the
foundation will change markedly when the spring vibration
isolator is placed at the top of the column. ,e Code for
Seismic Design of Buildings (2016) [21] stipulates that “when
a complex structure adopts vibration isolation design, the
design scheme shall be determined after model test.”

,e seismic performance of spring vibration isolation
foundations of TG units is studied in this paper through
physical modelling and numerical simulation. First, the 1 : 8
spring vibration isolation foundationmodel of the TG unit is
designed and manufactured following similarity theory. ,e
basic frequency and mode shape of the foundation are
obtained by the natural characteristic test. ,en, the current
codes in China and the requirements of manufacturers
indicate that the acceleration time history of 7-degree for-
tification earthquake is input, and the seismic performance
under the horizontal earthquake action of the foundation is
studied by pseudodynamic experiments. Simultaneously, the
finite element software SeismoStruct is used to simulate the
spring foundation, and the simulation results are compared
with the experimental results. Finally, the evaluation of the
seismic performance of the foundation and the suggestions
of similar tests are given to guide for the design and test
loading of this kind of structure.

2. Experimental Investigation

2.1. Model Design and Fabrication. Adopting the frame
structure, the scale ratio of the turbine spring vibration
isolation foundation model is 1 : 8. ,e plan and section of
themodel are shown in Figure 3, the dimensions indicated in
the figure are in millimeters, and the model similarity [22] is
presented in Table 1. ,e model material is similar to the
prototype of the practical project. ,e longitudinal rein-
forcement of the beam, column, and slab is HRB400, the
stirrup is HPB300, and the concrete strength grade is C40.
,e abovementioned grades are Chinese code values. ,e
reinforcement ratio of the foundation model is similar to
that of the prototype. ,e principle of quality similarity
indicates that the quality of equipment used in TGs is
simulated by cast iron block, and the position of the mass
block is consistent with that of equipment.,e concrete base
plate is anchored to the laboratory floor by foot bolts. ,e
concrete construction of the whole foundation structure is
divided into five parts. ,e five parts are as follows: the base
plate, the column and one-story platform, the column and
two-story platform, the upper part of the column, and the
TG deck. ,e spring vibration isolation device is installed
after the upper part of the column has been constructed. ,e
completed model used in natural characteristic tests and
seismic experiments is shown in Figure 4. ,e stiffness of

Turbo-generator

Medium pressure
cylinder

Low pressure
cylinder

Generator

High pressure
cylinder

Frame foundation
Condenser

Elevation

Plan

Elevation

Figure 2: Concrete foundations for turbine generators (HP-IP-LP-
LP with bottom exhaust).

Shock and Vibration 3



each spring isolated device installed in the model is shown in
Table 2.

2.2. Natural Vibration Characteristic Test

2.2.1. Instrumentation. ,e dynamic signal analyzer, data
acquisition, and modal analysis software used in the self-
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Figure 3: Layout drawing of test model (mm).

Table 1: Similarity relation of scale model.

Length Coefficient
Geometry size 1 : 8
Modulus of elasticity 1 :1
Density 1 :1
Force (gravity, horizontal resistance) 1 : 8
Stiffness 1 : 8
Mass 1 : 512
Time (period) 1 : 8
Frequency 8 :1
Acceleration 8 :1
Displacement 1 : 8

Simulated mass block

Exciter

Spring vibration
isolation system

Figure 4: Photo of the experimental model.
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vibration characteristic test are all from Belgium LMS In-
ternational Company. Acceleration and force transducers
were obtained from PCB Company in the United States.

2.2.2. Test Method. ,e multipoint spatial excitation mul-
tipoint three-dimensional measurement method was used to
test the self-vibration characteristics of the model. ,ree
excitation points were selected as horizontal transverse (X
direction), horizontal longitudinal (Y direction), and vertical
(Z direction) excitation points to exert excitation force on
the model, and the responses of several measurement points
selected in accordance with the characteristics of the model
in three directions weremeasured. One of the exciters, which
has a horizontal longitudinal direction (Y direction), is
shown in Figure 4.

2.2.3. Layout of Measuring Points. Under the condition that
the excitation energy is distributed throughout the foun-
dation, the measurement points are arranged, and the ex-
citation measurement model is established. Figure 5 shows
that the excitation points of nos. 30, 3, and 15 are X, Y, and Z
directions, respectively.

2.3. Pseudodynamic Test

2.3.1. Test Setup. Pseudodynamic test is suitable for large-
scale model tests. Actuators are used to exert effects on the
model.,erefore, the influence of the applied effect is similar
to that of the real earthquake. Turbine generator with its
foundation can be modeled as a single degree of freedom
(SDOF) [23]. Single point loading is adopted in this paper.
,e natural frequencies of the two horizontal principal axes
of the spring isolation foundation studied in this paper are
remarkably close. Exerting seismic action on the spring
isolation foundation in two directions is necessary; that is,
the seismic test is divided into longitudinal and horizontal
directions.

2.3.2. Loading System. Pseudodynamic test is a computer-
actuator online test. ,e rated load of the horizontal hy-
draulic servo actuator used in this paper is 500 kN and the
stroke is 250mm. Gravity effect is generally neglected in
conventional dynamic characteristic tests. However, in the
pseudodynamic test of spring vibration isolation foundation,
the gravity effect will influence the vertical deformation of
spring. ,erefore, a vertical preloading hydraulic system is
added to the pseudodynamic test device in this paper to
simulate the gravity effect. ,e test loading device and field
are shown in Figures 6 and 7.

2.3.3. Measurement Scheme. Linear variable differential
displacement transducers are arranged on the intermediate
platform (one and two stories), column top, and beam and
column joints of the intermediate platform to measure the
displacement of the model in real-time during the pseu-
dodynamic test. ,e displacement sensor number is shown
in Figure 3.

2.3.4. Selection of Seismic Waves. ,e fortification intensity
of the project is 7 degree of China code, the basic design
acceleration is 0.1 g, and the earthquake is divided into the
first group and the site category II. First, two typical strong
earthquake records were selected following the requirements
of the manufacturer, namely, Imperial Valley (USA, 1979)
and Alaska (USA, 2002). ,en, the code response spectrum
was used as the target spectrum, and an artificial seismic
wave was generated iteratively. Each seismic wave was
loaded in two directions. ,e digital seismic acceleration
time history was adjusted in accordance with the fortifica-
tion intensity, and its peak value is adjusted to 0.1 g, which is
the basic acceleration of 7-degree fortification earthquake.
,e seismic wave and its response spectrum used in the
pseudodynamic test are, respectively, shown in Figures 8 and
9. According to the different directions of the input seismic
wave, the pseudodynamic test can be divided into six
working conditions, as shown in Table 3.

2.3.5. Parameters. Table 4 lists the test parameters used in
the pseudodynamic test.

3. Finite Element Analysis

SeismoStruct is used in this study to simulate the seismic
response of foundation model structures. ,e program can
consider geometric and material nonlinearities to conduct
structural time-history and IDA analyses.

3.1. Material Model and Element Type. ,e material pa-
rameters of concrete and steel bar used in the numerical
simulation agree with those of the test. Reinforced Mene-
gotto-Pinto model [24] is adopted for the constitutive re-
lationship of steel bars, which is suitable for repeated
loading. ,e concrete adopts the nonlinear constitutive
model of concrete [25]. ,e section of beam and column is
simplified following the test drawings and individual posi-
tions. ,e section can define the diameter, position, and
number of longitudinal reinforcement and stirrups.
InfrmDB element based on displacement is used in the
beam-column element. ,e number of the cross-section
fibers is 150, and the shape of cross-section is slightly dif-
ferent. Rayleigh damping is adopted, and the damping ratio
is 0.05. ,e link element is used to simulate the spring vi-
bration isolation device, and a linear model is used. ,e
horizontal and vertical stiffness are consistent with the
spring vibration isolation device used in the experimental
model. Additional mass is consistent with the position and
size of cast iron mass block in the test. According to the

Table 2: Stiffness of spring isolated device (kN/mm).

Column number C1 C2 C3/C4/C5 C6 C7

Spring stiffness Vertical 30.96 59.09 52.44 36.34 20.89
Horizontal 16.01 29.74 25.44 20.24 11.36
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Figure 6: Loading system for pseudodynamic experiment. (a) Transverse loading. (b) Longitudinal loading.
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Figure 7: Photo of pseudodynamic experiment. (a) Transverse loading. (b) Longitudinal loading.
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Figure 5: Distribution of measuring points for self-vibration test.
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above selection, the SeismoStruct model of the TG spring
foundation in this paper is shown in Figure 10. ,e figure
reveals the division and approximate size of beam-column
section elements. Green squares, blue squares, gray squares,

and green arrows, respectively, denote additional mass,
spring elements, column bottom consolidation, and the
location and direction of ground motion input (taking
longitudinal as an example).
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Figure 8: Earthquake acceleration time-history curves of intensity 7 fortification. (a) Synthesized (transverse input). (b) Synthesized
(longitudinal input). (c) Imperial Valley (transverse input). (d) Imperial Valley (longitudinal input). (e) Alaska (transverse input). (f ) Alaska
(longitudinal input).
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Table 3: Experimental conditions (7-degree fortification).

Earthquake type Direction Number

Artificial synthetic Transverse Condition 1
Longitudinal Condition 2

Imperial Valley Transverse Condition 3
Longitudinal Condition 4

Alaska Transverse Condition 5
Longitudinal Condition 6

Table 4: Experiment parameters.

Parameter Value
Time step (s) 0.00125
Loading speed (s) 10.0
Equivalent mass (kg) 26728
Vertical preload (kN) 1680
Damping ratio (/) 0.05

Initial stiffness (103 kN/m) Transverse 48.4
Longitudinal 50.0
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3.2. Ground Motion Input. In the pseudodynamic test, the
foundation model is approximated as an equivalent single
degree of freedom system because the equipment weight is
concentrated on the TG deck, and the actuator acts on the
elevation of the TG deck. SeismoStruct numerical simulation
does not need to make this approximation. ,e input po-
sition of earthquake motion is directly at the bottom of the
column.

4. Results

4.1. Natural Vibration Characteristics

4.1.1. Natural Frequency. ,e frequency results obtained
from the natural vibration test are converted to the pro-
totype according to the similarity ratio. ,is paper mainly
compares the results of the modal test and numerical
simulation. Twomethods are used for numerical simulation:
one is the SeismoStruct model, and the other is the

STARDYNE program adopted by the manufacturer, which
uses the bar element. Among these methods, the calculation
model of STARDYNE is divided into the top deck model
(without considering the structure below the vibration
isolation device) and overall model (TG deck and sub-
structure considering the column and the intermediate
platform). Table 5 compares the natural frequencies of the
experimental and numerical results. ,e first six frequencies
and modal shapes reveal that the test results are in good
agreement with that of numerical simulation, and the error
is small, which shows that the numerical simulation is
reasonable. In the first six orders, the results of the low-order
model test are smaller than those of the numerical simu-
lation, while the results of the high-order model test are
large. ,is result indicates that the numerical simulation
regards the end of the column as consolidation, which
improves the stiffness of the entire structure, thereby
resulting in the vibration of the TG deck. Moreover, the
results of numerical simulation are large and involve the

Section
mesh

HL1 HL2 HL3 HL4 HL5

Approximate Approximate

ZL1

ZL2

ZL3

Z1
Z2

Reinforcement
constitutive model

Concrete
constitutive model

Confined concrete

Triangle

Figure 10: Model established by SeismoStruct and section mesh.
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vibration of the column, and the results of numerical
simulation are smaller. Overall, the STARDYNE model is
closest to the experimental results. ,e results show that the
natural frequencies of spring vibration isolation foundation
are low, and the vertical natural frequencies are far away
from the unit operating disturbance frequency (25Hz).

4.1.2. Mode Shape. Figure 11 is the modal shape diagram of
the model. ,e test results are listed on the left, the overall
model results of STARDYNE are listed in the middle, and
the results of the SeismoStruct model are listed on the right
(no additional mass and spring elements are shown). ,e
first six vibration modes of the model are the entire vibration
of the platform plate, which shows that the spring vibration
isolation device can separate the foundation platform plate
from the column and achieve a certain degree of dynamic
decoupling. ,us, the dynamic transmission from the
platform plate to the column can be reduced during the
operation of the unit.

4.2. Seismic Test

4.2.1. Seismic Response. Seismic responses obtained from
pseudodynamic experiments applied to the foundation are
transformed into prototype results according to the simi-
larity ratio of the model and prototype. Table 6 lists the
maximum values and comparisons between the experiment
and the simulation results of the foundation seismic re-
sponse under various conditions. SeismoStruct is used to
simulate the seismic response, and the error of the test
results is approximately 10%. Combining with the discus-
sion of 3.1.1 natural frequency, the stiffness of the model
established by numerical simulation is larger than that of the
experimental model, especially the connection between
spring vibration isolation device and column and top deck.
From the viewpoint of restoring force and displacement, the
simulation results are approximately 15% larger than the
experimental results, which is consistent with the analysis of
self-vibration characteristics.

,e requirements of the seismic code indicate that the
structural joint between the foundation slab and the plant
structure shall be taken as 1.2 times of the maximum dis-
placement of the TG deck, which shall not be less than
200mm. ,e test results show that 1.2 times of the maxi-
mum displacement of the foundation slab is less than

200mm. ,us, increasing the structural joint here is
unnecessary.

,e magnification factor of foundation (maximum re-
sponse acceleration divides maximum input acceleration) is
only 0.91 when 7-degree fortification earthquake is the input.
,is factor appearing in working condition 5 is small in
other working conditions. ,e horizontal stiffness of the
spring vibration isolation foundation is substantially lower
than that of the rigid common foundation. ,e first-order
natural frequency test value is 0.92Hz (period 1.09 s), the
calculated value is 1.04Hz (period 0.96 s), and the pre-
dominant period is 0.35 s away from the site. ,is finding
shows that the spring vibration isolation device prolongs the
natural vibration period of the foundation, and the seismic
influence coefficient (amplification coefficient) enters the
less valuable part of the response spectrum. Spring vibration
isolation devices elevate the seismic performance of the
foundation.

4.2.2. Seismic Force Response. Figure 12 shows the force
seismic response time history under each condition.

4.2.3. Seismic Displacement Response. Figure 13 shows a
comparison of the displacement seismic response between
the test and the simulation under each condition. ,e trend
of the time-history curves of the two methods is identical
and the size is close. In case 1, the test is almost the same as
the first 20 s of the simulation, and the test curve deviates
after 20 s. Moreover, residual after the test is still observed,
which indicates the presence of gap between the foundation
and the transverse loading device. Follow-up experiments
corrected this problem, and no similar situation occurs
again. ,e trend and size of displacement time-history curve
in the three conditions of transverse loading are relatively
consistent. ,is finding shows that the numerical simulation
is correct and can simulate the displacement response and
deformation of the foundation. When the curve is loaded
longitudinally, the results of simulation are larger than those
of experiments, such as 10–20 s in condition 2, 10–15 s in
condition 4, and 50–55 s and 80–90 s in condition 6.

4.2.4. Deformation Analysis. Figure 14 shows the maximum
response of seismic displacement at different locations of the
foundation under experiment condition and numerical

Table 5: Contrast of natural frequencies (Hz).

Mode shape characteristics Test
Numerical simulation

SeismoStruct
STARDYNE

Top deck TG deck and substructure
Transverse translation 0.92 1.06 (15%) 1.06 (15%) 1.04 (13%)
Longitudinal translation 1.01 1.15 (14%) 1.12 (11%) 1.09 (8%)
Translation torsion 1.23 1.34 (9%) 1.37 (11%) 1.34 (9%)
Vertical bending 3.48 3.26 (−6%) 3.26 (−6%) 3.25 (−7%)

Vertical swing Transverse 3.57 2.77 (−22%) 3.04 (−15%) 3.04 (−15%)
Longitudinal \ 3.07 (\) 4.34 (\) 4.47 (\)

Note. In parentheses, the percentage of deviation between numerical model and test results is given.
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simulation. ,e measurement points of displacement are
arranged from bottom to top on each column, two inter-
medium platforms, column tops and top deck.,e section of
C2 column and M1/M2 platform is taken as an example for
transverse loading, while C7 column and M3/M4 platform
are taken as examples for longitudinal loading. Among these
examples, B6 and B7 are the measuring points of one-story
platform beam, B2 and B5 are the measuring points of two-
story platform beam, B2 and B6 are the transverse measuring
points, and B5 and B7 are the longitudinal measuring points.
,e figure shows that the deformation at each position of the
foundation is linear, which conforms to the pseudodynamic
experimental hypothesis of single degree of freedom. ,e
experimental and simulated deformation curves of the
foundation are basically the same under transverse loading.
,e deformation of the upper part of the column in case 1
and 5 is larger than that in other cases. ,is phenomenon
may be due to the decrease in rigidity caused by the separate
pouring of the section. ,e loading position of the actuator
under longitudinal loading is far from the displacement
measurement position. ,e deformation along the height of
the foundation is linear after applying seismic action, and the
test deformation curve is smoother. ,e upper part is free in

the numerical simulation, and the stiffness ratio is the main
factor of deformation. ,e constraint of the one- and two-
story platforms induces the deformation curve on the break
point, and the simulation curve shows that the spring de-
formation is large.

4.2.5. Spring Deformation. ,e largest difference between
spring and rigid common foundations lies in the spring
isolation device that separates the column from the top deck,
which will inevitably lead to different displacements of
columns in frame foundation under horizontal earthquake
action. Figure 15 is a comparison of the top displacement of
each column and that of the top deck under the action of
artificial synthetic wave, typical record Imperial Valley, and
Alaska which are 7-degree fortification earthquakes under
lateral loading. ,e first half is the experimental results, and
the second half is the simulation results. ,e displacement
connection at the top of the column to the spring isolator at
the top of the base C2/C3/C4/C5/C6 column has large
stiffness; therefore, the deformation of the spring is small,
which shows the large displacement of the column. ,e
maximum displacement of the top of the column appears in

Table 6: Max values of seismic response.

Seismic experiments SeismoStruct simulation
Displacement

(mm)
Acceleration

(m/s2)
Velocity
(m/s)

Restoring force
(kN)

Displacement
(mm)

Acceleration
(m/s2)

Velocity
(m/s)

Restoring force
(kN)

1 37.17 0.64 0.13 8484 32.55 (12%) 0.60 (6%) 0.12 (8%) 9948 (−17%)
2 32.60 0.69 0.14 9485 35.78 (−10%) 0.77 (−12%) 0.17 (−21%) 9636 (−2%)
3 25.99 0.52 0.11 7081 24.67 (5%) 0.45 (13%) 0.10 (9%) 7727 (−9%)
4 47.43 0.91 0.19 12367 48.59 (−2%) 0.93 (−2%) 0.21 (−11%) 14444 (−17%)
5 41.77 0.73 0.16 9734 37.25 (11%) 0.59 (19%) 0.13 (19%) 9585 (2%)
6 39.14 0.75 0.16 10266 37.84 (3%) 0.85 (−13%) 0.18 (−13%) 12888 (−26%)
Note. In parentheses, the percentage of deviation between test and simulation results is shown.,e positive value indicates that the test results are larger than
the simulation results.
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Figure 11: Modal shape contrast of test and simulation.
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Figure 12: Force seismic response time-history curves. (a) Artificial synthetic-condition 1-transverse. (b) Artificial synthetic-condition 2-
longitudinal. (c) Imperial Valley-condition 3-transverse. (d) Imperial Valley-condition 4-longitudinal. (e) Alaska-condition 5-transverse.
(f ) Alaska-condition 6-longitudinal.
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Figure 13: Continued.
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Figure 13: Displacement seismic response contrast between experiments and simulations. (a) Artificial synthetic-condition 1-transverse.
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C3 and C4 between the two low pressure cylinders in each
condition. ,is phenomenon is due to the absence of other
connections between the column and the entire structure
except through the spring vibration isolator and the top
deck, and the stiffness of the column is lower than that of
other columns. Under the experimental conditions, the
displacement of C7 column at the end of the high-pressure
cylinder of the foundation is large, and the breaking point of
the connecting line appears at C6. ,is situation is absent in
the simulation possibly because the rigid center of the
foundation platform does not coincide with the center of
mass, and the longitudinal dimension is large. Moreover, the
foundation demonstrates a small amount of torsion under
lateral loading.

Table 7 shows the comparison between the maximum
displacement of the top deck and that of the spring obtained
by the test and simulation under various conditions. ,e
dimensions of C3 and C4 columns are the same, and the
horizontal stiffness of the top spring isolator is similar. ,e
spring deformation should be equal regardless of pseudo-
dynamic experiment of the top deck loading or the nu-
merical simulation of the bottom loading of the column.,e

data in Table 7 only prove this point. ,e proportion of the
spring deformation at the top of C3 and C4 is completely
equal when the vertical loading is applied. ,e foundation
model is slightly twisted when the vertical loading is applied,
and the two are still remarkably close. ,e top displacement
of the column from the spring deformation is different
because the stiffness of each column and the corresponding
spring isolator is different. However, the spring deformation
accounts for approximately 20% of the displacement ratio of
the platform plate, and some deformations exceed 40%.
Deformation values are distributed inversely according to
the stiffness of columns and springs.,e top displacement of
columns with small and large stiffness is respectively large
and small. ,e existence of spring vibration isolation device
redistributes the seismic action of columns, induces uniform
force of columns, gives full play to the resistance of each
column, and improves the seismic performance of the
foundation.

4.2.6. Comparison of Deck Displacements. Spring vibration
isolation is an important part of the foundation structure.
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Maintaining the numerical model, only the spring isolators
are removed, and the concrete frame beams and columns are
fixed. ,e seismic response of the foundation slab is studied
under the same conditions. Table 8 shows the comparison
between the maximum displacement of the TG deck before
and after isolation using spring isolators. ,e maximum
displacement of the TG deck before isolation is less than that
after isolation. Although the spring isolator can help the
natural frequency of the foundation structure in avoiding the
vibration frequency of the machine, because of its small
horizontal stiffness, the seismic response of the structure is
larger under horizontal earthquakes.

5. Conclusions

A 1 : 8 scale spring vibration isolation foundation of a nu-
clear power conventional island TG unit, including self-
vibration characteristic test, pseudodynamic seismic
experiments, and finite element simulation, is studied
comprehensively in this paper. ,e results are transformed
to prototype according to the similarity principle, and the
comparative analysis of the test and simulation is conducted.
,e main conclusions are as follows:

(1) ,e first and second modes of the foundation are
transverse and longitudinal translations with cor-
responding frequencies of 0.92 and 1.01 s.,e results
of the SeismoStruct model established in this paper
are the same as those of the test. ,e first and second
frequencies are 1.06 and 1.12 s, respectively. ,e
overall model is closer to the test results. ,e results
of natural vibration characteristics show that the
natural frequency of spring vibration isolation
foundation is low, and the vertical natural frequency
is far away from the unit operating disturbance
frequency (25Hz).

(2) In the pseudodynamic test, the maximum responses
of acceleration, velocity, displacement, and restoring
force of turbine foundation plate under 7-degree
fortification earthquake are 0.91m/s2, 0.19m/s,
47.42mm, and 12367 kN, respectively; in numerical
simulation, the maximum responses of acceleration,
velocity, displacement, and restoring force of turbine
foundation plate under 7-degree fortification
earthquake are 0.93m/s2, 0.19m/s, 48.59mm, and
14444 kN, respectively.

(3) Under the action of earthquake, the acceleration of
the spring vibration isolation base plate is not

amplified, and the device can protect the steam
turbine to reduce the impact of acceleration during
earthquakes.

(4) Vibration isolation spring is crucial in resisting
earthquakes. ,e vibration isolation spring sep-
arates the column and platform, and the dis-
placement of the top of the column is no longer
equal. ,e horizontal seismic force on the entire
foundation is adjusted by the spring vibration
isolation device and redistributed to each column
to give full play to the seismic capacity of each
column.

(5) Comparing the results with physical modelling and
the numerical simulation, the foundation is simu-
lated by the finite element method using SeismoS-
truct software. ,e error of natural vibration
characteristic is approximately 15%. ,e maximum
error of seismic response is approximately 10%, the
trend of displacement seismic response curve is the
same, and the magnitude is close.,e approximation
degree of the deformation curve at each position of
the foundation is relatively high. ,e distribution of
spring deformation is consistent, and the proportion
of spring deformation to TG deck displacement is
close. From the research object of this paper, the
simulation effect is satisfactory and can meet the
needs of the project.

(6) ,e comparison results of the maximum dis-
placement of the TG deck before isolation and after
isolation reveal that the maximum displacement of
the TG deck after isolation is approximately six
times that of that before isolation based on the
seismic test.

(7) ,e result indicates that the foundation design meets
the standard of “Code for Seismic Design of
Buildings” in China and achieves the goal of spring
vibration isolation and seismic resistance. According
to the requirements of the seismic code, 1.2 times of
the maximum displacement of the foundation slab is
less than 200mm.

(8) ,e test process and results show that the loading
mode of the seismic test has some influence on the
seismic response of the structure, which needs fur-
ther study in the future. Numerical simulation
should be conducted in the future to supplement the
research on the seismic performance of such
structures.
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Table 8: Deck displacements before and after isolation (mm).

Earthquake type Number After isolation Before
isolation

Artificial synthetic Condition 1 32.55 5.52
Condition 2 35.78 5.77

Imperial Valley Condition 3 24.67 4.21
Condition 4 48.59 8.22

Alaska Condition 5 37.25 5.03
Condition 6 37.84 4.75
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-e issues of safety and posthazard functionality of structures under multihazard scenarios are some of the significant challenges
in the current dynamic and rapidly growing urban environment. In this paper, multistory base-isolated buildings are investigated
under the independent multihazard scenario of earthquake and blast-induced ground motion (BIGM). Multistory building
models equipped with five different types of isolation systems, namely, the laminated rubber bearing (LRB), lead-rubber bearing
(N-Z system), pure friction (PF) system, friction pendulum system (FPS), and resilient-friction base isolator (R-FBI) are assessed
under bidirectional multihazard excitations. -e suitability of the isolation systems and their key parameters in protecting
multistory buildings is evaluated. Furthermore, the influence of the superstructure characteristics, such as the superstructure
damping and the number of stories, is also assessed.-e effect of bidirectional hazards on fixed-base buildings is also presented for
comparison. -e key response quantities of base-isolated buildings are presented and compared for different isolation systems.
Parametric investigations are also conducted, and the trends of the response quantities are presented to study the influence of
important parameters of isolation systems in protecting the buildings under the multihazard scenario of earthquake and BIGM.
-e results of the investigation show that the behaviors of the buildings equipped with various isolation systems are different for
the two hazards. Moreover, the influences of the key parameters of the isolation systems are found to be different for various
hazards.-erefore, the selection of design parameters of isolation systems shall be made with due consideration of the influence of
multiple hazards. Additionally, the influence of the properties of the superstructure, such as the number of stories and the
damping of the superstructure, on the behavior of the base-isolated buildings under the multihazard loading, is presented.

1. Introduction

Earthquakes have been and remain to be one of the
prominent threats to the safety and serviceability of civil
engineering structures and infrastructure systems. Numer-
ous strategies have been proposed, researched, and imple-
mented for seismic protection of structures [1–4]. -e use of
structural response control strategies has been proven to be
an effective approach. Base isolation is an effective strategy to
protect structures, the inhabitants of the structures, and the
contents housed within the structures against the undesir-
able effects of earthquakes. It reduces the earthquake force
imparted on the superstructure by increasing the

fundamental time period of the structure and dissipating the
earthquake energy [5, 6]. Various types of base isolation
strategies, such as the elastomeric type bearings, sliding
bearings, and rolling bearings, have been proposed [6]. Also,
different active and semiactive seismic isolation strategies
have attracted researchers’ attention in recent years [7–10].

Structures, including those equipped with base isolation
systems, are also likely to be subjected to other hazards in
their service life, which necessitates the consideration of
various types of loadings in the design of structures. Despite
the significant socioeconomic impact caused by various
natural and human-made hazards [11, 12], such as blast,
impact, earthquake, tsunami, and wind, less attention is
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devoted on research and development to understand the
behavior of structures under multiple hazards and to devise
design strategies thereof. Additionally, the risk associated
with the reduced safety and serviceability of key infra-
structures, categorized as lifeline structures, such as hos-
pitals, bridges, power plants, data centers, and
communication centers, is paramount. -erefore, it is
crucial to design structures, especially the critical infra-
structures, by considering all the hazards likely to affect
safety and serviceability. -ere is limited research on the use
of the multihazard approach in the performance assessment
and design of structures. For instance, Messervey et al. [13],
Gardoni and LaFave [12], Mahmoud and Chulahwat [14],
Venanzi et al. [15], and Roy and Matsagar [16, 17] have
conducted studies on the multihazard protection of
structures.

Although base isolation is an effective strategy to miti-
gate the adverse effects of earthquakes, its efficacy in pro-
tecting structures under multihazard loading is not explored
adequately. Most of the studies on the base-isolated struc-
tures also focus on earthquake protection, and therefore,
there are limited studies that are conducted on the per-
formance assessment of base-isolated structures under other
hazards, such as wind and blast. Some of the attempts to
investigate the behavior of base-isolated structures under
wind loading include the studies conducted by Henderson
and Novak [18, 19]. -ey have conducted theoretical and
experimental studies to assess the response of the base-
isolated buildings under wind loading, wherein the theo-
retical and experimental results are compared. Chen and
Ahmadi [20] have evaluated the sensitivity of structures
isolated by the laminated rubber bearing (LRB), high
damping rubber bearing (HDRB), and resilient-rubber
bearing (R-FBI) to wind loading. Furthermore, Kareem [21]
has studied the dynamic response of base-isolated buildings
with passive dampers under wind loading. Later, Liang et al.
[22] have assessed the habitability of base-isolated buildings
under fluctuating wind load. Recently, a probabilistic in-
vestigation on the response of tall base-isolated buildings
under wind loading has been reported by Feng and Chen
[23].

-e response of base-isolated structures under surface
blast has been assessed by some researchers. Zhang and
Phillips [24, 25] have studied the performance of a
multistory base-isolated building with and without
passive supplemental dampers in suppressing the vi-
bration response of the building exposed to blast loading.
Also, Kangda and Bakre [26] have assessed the response
of base-isolated structures subjected to surface blast and
concluded that base isolation could be effective in
mitigating the blast response quantities, such as the peak
story displacement, story drift, and root mean square
(RMS) absolute acceleration. -e performance of base-
isolated buildings under blast-induced ground motion
(BIGM) has also captured attention in the recent times.
Mondal et al. [27, 28] have studied the response of
buildings isolated by lead-rubber bearing (N-Z system)
under BIGM. Further, the performance of a base isolation
system equipped with shape-memory alloy in protecting

buildings under BIGM has been studied by Mondal et al.
[29]. Furthermore, the use of various base isolation
systems in protecting buildings against blast-induced
ground motions has been discussed by Mondal et al. [30].
-e findings of the investigations reveal that base iso-
lation can be beneficial to control the vibration response
of buildings under blast-induced ground motions. -e
performance of base isolation strategies for the vibration
response control of buildings under other nonseismic
hazards, such as train-induced vibrations, has also been
explored [31–33]. -e available limited literature on the
implementation of base isolation for the vibration re-
sponse control of buildings under different types of ex-
citations indicate the potential benefit of the strategy in
mitigating the adverse effects of various types of hazards.
Notwithstanding the vibration protection potential of
base isolation systems, base-isolated buildings could be
influenced differently under distinct types of hazards.
-erefore, it is necessary to consider the multihazard
approach to satisfy safety and serviceability design re-
quirements for base-isolated buildings that are likely to
be subjected to different types of loading. However, there
are no studies which investigate the behavior of base-
isolated buildings subjected to both earthquakes and
blast-induced ground motions. In addition, the influence
of the key parameters of the base isolation systems on the
efficacy of the response mitigation under the multihazard
scenario of earthquake and BIGM has not been explored.

-erefore, it would be essential to investigate and unveil
the performance of buildings equipped with the laminated
rubber bearing (LRB), lead-rubber bearing (N-Z system),
pure friction (PF) system, friction pendulum system (FPS),
and resilient-friction base isolator (R-FBI) under the mul-
tihazard scenario of earthquake and blast-induced ground
motion. Consequently, the behavior of buildings equipped
with various base isolation systems is assessed under mul-
tihazard loading in this paper. -e main objectives of this
study include the following: (a) to assess the performance of
base-isolated buildings under bidirectional near-fault (NF)
earthquake ground motions, far-fault (FF) earthquake
ground motions, and blast-induced ground motions
(BIGMs), (b) to evaluate the effect of the characteristic
parameters of the five base isolation systems, considered
herein, on the behavior of base-isolated buildings under
different hazards, and (c) to study the effect of the properties
of the superstructure on the multihazard response of base-
isolated buildings.

2. Modeling of a Base-Isolated Building under
Bidirectional Excitation

-e schematic diagram and idealized model of the base-
isolated building considered in this investigation are
depicted in Figure 1. -e three-dimensional model of the
base-isolated building portrayed in the figure shows the
orientation of the building, the location of the isolators,
the superstructure properties, and the base excitation.
-e mathematical modeling of the base-isolated building
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under bidirectional base excitation is described as
follows.

2.1. Governing Equations of Motion. -e governing equa-
tions of motion of the base-isolated building, subjected to
ground acceleration, are derived under the assumption that
the superstructure remains in the elastic range. Furthermore,
it is considered that the floors are infinitely rigid, the beams
and columns are axially inextensible, the building is sym-
metric in bothX and Y directions, and the torsional response
of the building is neglected. Accordingly, two degrees of
freedom, lateral displacements in X and Y directions, at each
floor and base mass levels are considered in the formulation
of the equations of motion. -e matrix form of the gov-
erning equations of motion of the base-isolated building
under bidirectional base excitation is given as

M €X + C _X + KX + f � −Mr €Ug, (1)

whereM, C, and K, respectively, are the mass, damping, and
stiffness matrices of the base-isolated building. -ese
structural property matrices are given as

M �

mb 0 0 0

0T Ms 0T 0

0 0 mb 0

0T 0 0T Ms

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

C �

0 c1xr
b 0 0

0T Csx 0T 0

0 0 0 c1yr
b

0T 0 0T Csy

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

K �

0 k1xr
b 0 0

0T Ksx 0T 0

0 0 0 k1yr
b

0T 0 0T Ksy

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(2)

where Ms � diag[m1, m2, . . . , mj, . . . , mN] is the super-
structure mass matrix of size N; N is the number of
stories; mj is the mass of the jth floor; mb is the base mass;
Csx and Ksx, respectively, are the damping and the
stiffness matrices of the superstructure in the X direction;
Csy and Ksy, respectively, are the damping and the
stiffness matrices of the superstructure in the Y direction;
c1x and c1y are the damping constants of the first story of
the building in X and Y directions, respectively; k1x and
k1y are the stiffnesses of the first story of the building in X
and Y directions, respectively; rb � 1, 0, 0, . . . , 0{ } is a row
vector of size N; 0 � 0, 0, . . . , 0{ } is a row vector of size N;
and 0 is a null matrix of size N × N.

Furthermore, the vectors of displacements, velocities,
and accelerations of the base-isolated building, X, _X, and €X,
respectively, the vector of the restoring forces in the isolator,

f , the vector of ground accelerations, €Ug, and the matrix of
influence coefficients, r, are given as follows.

X � xb,XT
s , yb,YT

s􏽮 􏽯
T
,

_X � _xb, _XT

s , _yb, _YT

s􏼚 􏼛
T

,

€X � €xb, €XT

s , €yb, €YT

s􏼚 􏼛
T

,

f � −fbx, 0, −fby, 0􏽮 􏽯
T
,

€Ug � €xg, €xg + €xb􏼐 􏼑, €yg, €yg + €yb􏼐 􏼑􏽮 􏽯
T
,

r �

1 0 0 0

0T r 0T 0T

0 0 1 0

0T 0T 0T r

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(3)

where xb and yb, respectively, are the displacements of the base
mass relative to the ground in X and Y directions; _xb and _yb,
respectively, are the velocities of the base mass relative to the
ground in X and Y directions; €xb and €yb, respectively, are the
accelerations of the base mass relative to the ground inX and Y
directions; Xs � x1, x2, . . . , xN􏼈 􏼉

T and Ys � y1, y2, . . . ,􏼈

yN}T, respectively, are the vectors of floor displacements in X
and Y directions; _Xs and _Ys, respectively, are the vectors of
floor velocities in X and Y directions; €Xs and €Ys, respectively,
are the vectors of floor accelerations in X and Y directions; fbx

and fby, respectively, are the X and Y components of the force
acting on the base isolators; €xg and €yg are the ground ac-
celerations in X and Y directions, respectively; and
r � 1, 1, . . . , 1{ }T is a column vector of influence coefficients of
size N. -e solution of the governing equations of motion is
obtained numerically using state-space formulation.

2.2. Mathematical Modeling of Base Isolators under Bidirec-
tional Excitation. In this study, the multihazard response of
multistory buildings isolated by elastomeric and sliding
bearings are studied. Two elastomeric bearings, the lami-
nated rubber bearing (LRB) and lead-rubber bearing (N-Z
system), are used; whereas, the three types of sliding bearings
investigated are the pure friction (PF) system, friction
pendulum system (FPS), and resilient-friction base isolator
(R-FBI). -e mathematical modeling of the base isolation
bearings is realized by considering their characteristic pa-
rameters. -e LRB is mathematically represented using the
isolation time period (Tb) and the isolation damping ratio
(ξb), whereas the N-Z system is modeled using the isolation
time period (Tb), the isolation damping ratio (ξb), the yield
displacement (q), and normalized yield strength (F0). -e
PF system is characterized using the friction coefficient (μb),
and the isolation time period (Tb) and the friction coefficient
(μb) are used to model the FPS. Furthermore, the isolation
time period (Tb), the friction coefficient (μb), and the
isolation damping ratio (ξb) are used to model the R-FBI.
-e LRB is a linear isolation system, and the restoring forces
of the bearing in X and Y directions can be obtained as
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fbx � cb _xb + kbxb,

fby � cb _yb + kbyb,
(4)

where cb � 2ξbMtωb is the isolation damping coefficient;
kb � Mt(2π/Tb)2 is the isolation stiffness; ωb is the angular
frequency of the isolation system; and Mt � mb + 􏽐

N
j�1 mj is

the total mass of the base-isolated building.
-e N-Z system, PF system, FPS, and R-FBI are non-

linear isolators, and their force-deformation behaviors are
mathematically modeled with and without considering the
bidirectional interaction.-e restoring forces in the isolation
system acting in X and Y directions, respectively, can be
obtained as

fbx � cb _xb + αkixb +(1 − α)Fyhx, (5a)

fby � cb _yb + αkiyb +(1 − α)Fyhy, (5b)

where ki � Fy/q is the initial stiffness of the isolator and α �

kb/ki is the postyield to preyield stiffness ratio of the isolator.
Furthermore, the nondimensional hysteretic displacement
components, hx and hy, are evaluated using a set of non-
linear differential equations proposed by Wen [34, 35] and
Park et al. [36], respectively, for hysteretic behavior without
and with bidirectional interaction. Without accounting for
the bidirectional interaction, the values of hx and hy can be
obtained using the following equations:

q _hx � A _xb + β _xb

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌hx hx

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
n−1

− τ _xb hx

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
n
, (6a)

q _hy � A _yb + β _yb

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌hy hy

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
n−1

− τ _yb hy

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
n
. (6b)

On the contrary, considering the bidirectional interac-
tion, hx and hy can be evaluated based on the following
equation:

q
_hx

_hy

⎧⎨

⎩

⎫⎬

⎭ �
A − βsgn _xb( 􏼁hx hx

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
n−1

− τ hx

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
n

−βsgn _yb( 􏼁hx hy

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
n−1

− τhxhy

−βsgn _xb( 􏼁hy hx

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
n−1

− τhxhy A − βsgn _yb( 􏼁hy hy

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
n−1

− τ hy

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
n

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

_xb

_yb

􏼨 􏼩, (7)

where n� 2 is a parameter used to characterize the
smoothness of the nonlinear force-deformation curve of the

isolation system, and sgn() represents the signum function.
-e values of the dimensionless parameters A, β, and τ,
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Figure 1: Base-isolated building subjected to bidirectional base excitation: (a) schematic diagram, (b) idealized model, and (c) blast-induced
ground motion (BIGM).
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respectively, are given as 1, 0.5, and 0.5 for the N-Z system
[37]; whereas, the values ofA, β, and τ, respectively, are given
as 1, 0.1, and 0.9 for the PF system, FPS, and R-FBI [38].
Also, the value of the yield displacement, q, is taken as 2.5 cm
for the N-Z system [39], whereas q� 0.25mm is used for
sliding isolation systems. Additionally, the damping ratio of
the PF system, the postyield stiffness of the PF system, and
the damping ratio of the FPS are taken as 0. -e yield
strength of the N-Z system is evaluated as Fy � F0Wt, where
F0 and Wt, respectively, are the normalized yield strength of
the isolation bearing and the total weight of the base-isolated
building.-e yield strength of the PF system, FPS, and R-FBI
is evaluated as Fy � μbWt, where μb is the friction coefficient
of the isolation system.

3. Numerical Study

Base-isolated buildings are studied under bidirectional
multihazard excitations. -e buildings are isolated using five
types of base isolation systems, and the behavior of the
isolated buildings is assessed under near-fault (NF) earth-
quakes, far-fault (FF) earthquakes, and blast-induced
ground motion (BIGM). -e schematic diagram and the
idealized model of the base-isolated building studied in this
paper are portrayed in Figures 1(a) and 1(b). -e masses of
all the floors of the building and the basemass are considered
to be equal (mj � mb � m). Also, the lateral stiffnesses of all
stories are equal for both X and Y directions. -e Rayleigh
method is used to construct the damping matrix of the
superstructure where the damping ratio of the superstruc-
ture (ξs) is considered to be 5%. Five building models having
different number of stories are studied. -e different values
of the number of stories of the five buildings are 1, 2, 4, 6, and
8; whereas the fundamental time period (T) values for fixed-
base buildings are 0.1 s, 0.2 s, 0.4 s, 0.6 s, and 0.8 s,

respectively. Furthermore, the story height (H) of 3.5m is
considered for all the buildings. A summary of the properties
of the superstructure and five base isolation systems used in
this study is presented in Table 1.

In numerical investigations, the performances of the
buildings equipped with five base isolation systems are
assessed by studying different response quantities under NF
earthquakes, FF earthquakes, and BIGMs. -e response
quantities, in X and Y directions, that are evaluated and
studied include the absolute top floor accelerations (€xN and
€yN, respectively); top floor displacements (xN and yN, re-
spectively), relative to the ground; isolator displacements (xb

and yb, respectively), relative to the ground; normalized base
shears (Vn

x and Vn
y, respectively); total superstructure drift

ratio (Δx
total andΔ

y

total, respectively); andmaximum interstory
drift ratio (Max(Δx

j ) and Max(Δy
j ), respectively). -e total

superstructure drift ratio is obtained as the ratio of the total
drift of the superstructure to the total height of the super-
structure. Furthermore, the maximum interstory drift ratio
is obtained as the maximum of the peak values of the
interstory drift ratios of all the stories of the building. In
addition, resultant top floor acceleration (€σN), resultant top
floor displacement (σN), resultant isolator displacement
(σb), resultant normalized base shear (Vn

σ), resultant total
superstructure drift ratio (Δσtotal), and resultant maximum
interstory drift ratio (Max(Δσj )) are also studied.

3.1. Bidirectional Multihazard Condition Considered in the
Study. -e current study focuses on the investigation of the
multihazard behavior of base-isolated buildings under bi-
directional base excitations of different types. -e near-fault
(NF) earthquake ground motions, far-fault (FF) earthquake
ground motions, and blast-induced ground motions
(BIGMs) are imparted on buildings isolated using various

Table 1: Properties of the superstructure and isolation systems of base-isolated buildings.

Component of base-isolated buildings Parameter Unit Values/range of the parameter used in the study

Superstructure

Mass of each floor, mj kg 1,427,100
Base mass, mb kg 1,427,100

Damping ratio, ξs — 0.02–0.08
Fundamental time period, T∗ s 0.1, 0.2, 0.4, 0.6, and 0.8

Height of each story, H m 3.5

Base isolation system

N-Z system

Isolation time period, Tb s 2.5
Isolation damping ratio, ξb — 0.05–0.15

Normalized yield strength, F0 — 0.025–0.2
Yield displacement, q cm 2.5

LRB Isolation time period, Tb s 2, 2.5, 3, and 3.5
Isolation damping ratio, ξb — 0.025–0.25

PF system Friction coefficient, μb — 0.025–0.2
Yield displacement, q cm 0.025

FPS
Isolation time period, Tb s 2, 2.5, 3, and 3.5
Friction coefficient, μb — 0.025–0.25
Yield displacement, q cm 0.025

R-FBI

Isolation time period, Tb s 2.5
Isolation damping ratio, ξb — 0.05–0.15
Friction coefficient, μb — 0.025–0.2
Yield displacement, q cm 0.025

∗-e values are given for the fixed-base models of 1, 2, 4, 6, and 8 story buildings, respectively.

Shock and Vibration 5



base isolation systems. Six recorded bidirectional earthquake
ground motion records are used in this investigation. -ree
of the six earthquake ground motion records (a) the 1979
Imperial Valley with the closest distance to rupture plane,
Rrup, of 3.95 km (IV1979); (b) the 1989 Loma Prieta, Rrup �

3.88 km (LP1989); and (c) the 1994 Northridge,
Rrup � 5.3 km (NR1994) are near-fault earthquake ground
motions. -e remaining three earthquake ground motion
records (a) the 1979 Imperial Valley, Rrup � 22.03 km
(IV1979F); (b) the 1989 Loma Prieta, Rrup � 24.82 km
(LP1989F); and (c) the 1994 Northridge, Rrup � 23.41 km
(NR1994F) are far-fault earthquake ground motions. Table 2
provides the date of the event, the recording station, the
closest distance to rupture plane, the peak ground accel-
eration (PGA) in gravitation acceleration (g) unit, and other
relevant details of the earthquake groundmotion data. In the
table, the two components of each of the six earthquake
events are presented, which are applied as base excitations in
the X direction ( €xg) and Y direction ( €yg) simultaneously.

-e extent of ground vibration due to blast is influenced
by various parameters, such as the type of the explosive, the
weight of the explosive, the type of the ground medium, and
the distance to the charge. In this study, the blast-induced
ground motion is represented mathematically using the
function proposed by Carvalho and Battista [40]. -e ex-
ponentially decaying BIGM acceleration, €Ug(t), that is
imparted on the base-isolated buildings with an angle of
attack (θ) measured from the X-axis (Figure 1(c)) can be
evaluated as

€Ug (t) � −
1
td

􏼠 􏼡 _ug e
− t/td( ), (8)

where t is the time instant; td � R/Cp is the arrival time; R is
the distance to the charge; _ug � 0.3607(Q/V)
0.2872(R/Q(1/3))−1.3375 is the peak particle velocity (PPV) [41];
Cp �

���
E/ρ

􏽰
is the velocity of wave propagation through the

soil medium; E and ρ, respectively, are Young’s modulus and
the average density of the soil medium; V is the charge
chamber volume in m3; andQ is the weight of the equivalent
trinitrotoluene (TNT) charge in kg.

-e values of Cp, R, andV used in this study are 5280m/s,
50m, and 1000m3, respectively, whereas the TNT charge

weight (Q) values of 50 t, 75 t, and 100 t are considered to
evaluate BIGM acceleration. Additionally, the obtained
BIGM acceleration is applied to the base-isolated buildings
with angle of attack (θ) values of 0°, 15°, 30°, and 45°. For
BIGM acceleration acting with an angle of attack θ from the
X-axis, the X component of BIGM can be obtained as
€xg � €Ug cos(θ), whereas the Y component can be computed
as €yg � €Ug sin(θ). -e time histories of the near-fault
earthquakes, far-fault earthquakes, and BIGMs used in the
study are presented in Figure 2, whereas the Fourier spectra of
the three types of excitations are given in Figure 3.

3.2. Effect of Bidirectional Interaction. -e two components
of the considered earthquake ground motions and BIGMs
are applied to the building as base excitations acting in X and
Y directions simultaneously. -e resultant response quantity
can then be evaluated as ψr �

�������

ψ2
X + ψ2

Y

􏽱

, where ψr is the
resultant value of any response quantity, ψX is the value of
the response quantity in the X direction, and ψY is the value
of the response quantity in the Y direction.

For the linear base isolation system, laminated rubber
bearing (LRB), the response of the building under bidi-
rectional excitations can be obtained by evaluating the re-
sponse of the building under the two components of the
excitations applied in X and Y directions without special
consideration of the bidirectional interaction at the isolation
level. However, this approach may lead to incorrect results
for the buildings isolated by nonlinear base isolation sys-
tems. When buildings isolated by nonlinear base isolators
are subjected to bidirectional excitations, the force that is
acting on the base isolators is derived from the excitations
acting in both X and Y directions. -erefore, when the
resultant force in the isolator equals the yield force, the
postyield behavior of the isolation system is activated.

-eX andY components of the yield strength of the isolator
are influenced by relative magnitudes of the isolator forces in X
and Y directions.-e relationship between the normalized yield
strength (F0), the normalized yield strength in the X direction
(FX

0 ), and the normalized yield strength in theY direction (FY
0 )

is given as (F0)
2 � (FX

0 )2 + (FY
0 )2. -e graphical representa-

tion of relationship between FX
0 , FY

0 , and F0 is depicted in
Figure 4, as a function of the angle (direction) of the resultant
isolator force measured from the X-axis (φ).

Table 2: Details of the six bidirectional earthquake ground motions used in the study.

Sl. no. Earthquake event Date of event Rrup (km) Record (NF/FF) Notation Component Direction PGA (g)

1 Imperial Valley Oct 15, 1979 3.95 Array #5 (NF) IV1979 Normal (N) X 0.37
Parallel (P) Y 0.55

2 Loma Prieta Oct 18, 1989 3.88 LGPC (NF) LP1989 Normal (N) X 0.57
Parallel (P) Y 0.61

3 Northridge Jan 17, 1994 5.30 Sylmar (NF) NR1994 Normal (N) X 0.73
Parallel (P) Y 0.59

4 Imperial Valley Oct 15, 1979 22.03 Delta (FF) IV1979F Normal (N) X 0.24
Parallel (P) Y 0.35

5 Loma Prieta Oct 18, 1989 24.82 HDA (FF) LP1989F Normal (N) X 0.27
Parallel (P) Y 0.28

6 Northridge Jan 17, 1994 23.41 Century City (FF) NR1994F Normal (N) X 0.26
Parallel (P) Y 0.22
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Figure 2: Time histories of NF earthquakes, FF earthquakes, and BIGMs used in the study.
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If the response of the building is evaluated inde-
pendently for excitations acting in X and Y directions, it
results in neglecting the effect of the bidirectional in-
teraction. For example, the response of a four-story
building with a fixed-base fundamental time period (T) of
0.4 s and a superstructure damping ratio (ξs) of 0.05
isolated by the FPS is presented in Figures 5 and 6. In
Figure 5, the time histories of the top floor acceleration of
the four-story building isolated by the FPS (Tb � 2.5 s and
μb � 0.1) with and without the consideration of bidirec-
tional interaction are presented. Furthermore, the force-
deformation plots of the FPS, with and without the
consideration of bidirectional interaction under (a)
LP1989, (b) LP1989F, and (c) BIGM, Q � 75 t and θ� 30°,
are shown in Figure 6. -e time history plots and the
force-deformation behavior depicted in Figures 5 and 6

show that the response obtained with and without the
consideration of the bidirectional interaction are sig-
nificantly different.

-erefore, a detailed comparative study is conducted for
determining the degree to which the values of the different
response quantities of base-isolated buildings are influenced due
to the bidirectional interaction. -e response quantities of the
buildings isolated by theN-Z system, PF system, FPS, andR-FBI
are studied under various bidirectional base excitationswith and
without the consideration of the bidirectional interaction. -e
percentage variation between the response quantities of the
building with and without the consideration of the bidirectional
interaction is evaluated as

Δψ �
ψInt − ψNoInt( 􏼁

ψNoInt
× 100, (9)
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Figure 3: Fourier spectra of NF earthquakes, FF earthquakes, and BIGMs used in the study.
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where Δψ is the percentage difference in a response quantity;
ψNoInt is the peak value of the resultant response quantity
when the bidirectional interaction is not considered; and ψInt
is the peak value of the resultant response quantity when the
bidirectional interaction is considered.

-e values of Δψ corresponding to the resultant top floor
acceleration, resultant isolator displacement, and resultant base
shear of the four-story building equipped with four nonlinear
isolators underNF earthquakes, FF earthquakes, andBIGMs are
presented in Figure 7. It is shown in the figure that, for all cases,
the resultant top floor acceleration and the resultant base shear
are overestimated if the bidirectional interaction is neglected.
On the contrary, the neglection of the bidirectional interaction is
observed to result in the underestimation of the resultant
isolator displacement response. -e underestimation and
overestimation of the response quantities arise because of the
modeling approach that neglects the bidirectional interaction.
When the bidirectional interaction is neglected, the isolation
system is modeled in a way such that the postyield behavior is
exhibited at a larger value of the normalized resultant isolator
force than that of the case where the bidirectional interaction is
considered. -is results in the modeling of the isolation system
with increased initial stiffness and reduced flexibility under
bidirectional excitations. Consequently, a smaller value of re-
sultant isolator displacement and larger values of resultant top
floor acceleration and resultant base shear are obtained for the
case where the bidirectional interaction is not considered.

-e extent of the overestimation and underestimation of
the response quantities varies depending on the excitation
and the isolation system. For NF earthquake ground mo-
tions, the neglection of the bidirectional interaction results
in the overestimation of the resultant top floor acceleration

and the resultant base shear by up to 44.5% and 31.9%,
respectively. On the contrary, the resultant isolator dis-
placement is underestimated by up to 32%. For FF earth-
quakes, the neglection of the bidirectional interaction
resulted in the overestimation of the resultant top floor
acceleration and the resultant base shear by up to 31.6% and
33.5%, respectively. Also, the resultant isolator displacement
is underestimated by up to 81.2%. -e resultant top floor
acceleration and the resultant base shear are overestimated
by up to 29.3% due to the neglection of the bidirectional
interaction for the base-isolated buildings exposed to
BIGMs. Furthermore, the resultant isolator displacement is
underestimated by up to 27.6%. Consequently, it can be
concluded that, when the bidirectional interaction is
neglected, the resultant top floor acceleration and resultant
base shear are overestimated, and the resultant isolator
displacement is underestimated considerably under all three
types of excitations. -is influences the multihazard re-
sponse of the base-isolated buildings significantly.-erefore,
the bidirectional interaction should be considered to capture
the behavior of base-isolated buildings under bidirectional
NF earthquakes, FF earthquakes, and BIGMs with adequate
accuracy.

3.3. Multihazard Response of Base-Isolated Buildings under
Bidirectional Excitations. Four-story base-isolated buildings
are studied under NF earthquakes, FF earthquakes, and
BIGMs to understand the effect of the various base isolation
systems on the behavior of the buildings under multihazard
loading. -e base-isolated buildings are subjected to bidi-
rectional excitations, and their response quantities in X and
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Figure 4:-e relationship between the normalized yield strength of the isolator (F0) and its components in X and Y directions (FX
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respectively) for different directions (angle, φ, measured from the X-axis) of the resultant isolator force.
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Y directions and the resultant response quantities are in-
vestigated considering the bidirectional interaction.

3.3.1. Response of the Building Isolated by the N-Z System.
-e trends of the peak values of the X component, Y
component, and resultant response quantities (top floor
acceleration and isolator displacement) of a four-story
building equipped with the N-Z system are presented in
Figure 8. -e fixed-base fundamental time period (T) of the
four-story building used in this investigation is 0.4 s, whereas
a superstructure damping ratio (ξs) of 0.05 is considered.
-e isolation time period (Tb) of 2.5 s, yield displacement
(q) of 2.5 cm, and isolation damping ratio (ξb) of 0.075 are
used. Moreover, the normalized yield strength (F0) of the
N-Z system varied from 0.025 to 0.2.

-e results presented in Figure 8 depict the influence of
the normalized yield strength (F0) of the N-Z system on the
response quantities of the base-isolated building under NF
earthquakes, FF earthquakes, and BIGMs. For NF earth-
quakes and FF earthquakes, the average trends of the

absolute top floor acceleration and the isolator displacement
are also presented in the figure. -e values of the response
quantities for the fixed-base building are also presented for
comparison. For all three types of excitations, the absolute
top floor acceleration response of the building in X, Y, and
resultant directions show a considerable reduction as
compared to the fixed-base response (FBR). -is reduction
highlights the benefit of base isolation in suppressing the
undesirable effect of NF earthquakes, FF earthquakes, and
BIGMs.

-e bidirectional response of the base-isolated
building under BIGMs with different values of equivalent
TNT charge weight (Q) and the angle of attack (θ) is also
presented. -e influence of Q on the response quantities
is observed from the results obtained for BIGMs with a
30° angle of attack and equivalent TNT charge weight (Q)
values of 50 t, 75 t, and 100 t. As expected, the response
quantities are observed to be more for the higher value of
TNTcharge weight. In addition, the influence of the angle
of attack is studied by taking BIGMs with 75 t equivalent
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TNTcharge weight and angle of attack (θ) values of 0°, 15°,
30°, and 45°. As the angle of attack increases, the response
in the Y direction is observed to be increasing and the
same in the X direction is observed to be decreasing. -is
is primarily because the building is symmetrical about X
and Y axes, and the component of BIGM along the Y
direction increases with an increasing angle of attack. -e
results presented in Figure 8 show that the top floor
acceleration and isolator displacement response

quantities show a similar trend for different values of
equivalent the TNT charge weight and angle of attack.
Also, for the four-story building with similar properties
in the X and Y directions, the resultant value of the re-
sponse quantities under BIGMs having different values of
the angle of attack are found to be the same. In addition,
an increase in the normalized yield strength results in a
decreasing trend of the resultant isolator displacement
for the base-isolated buildings under all three types of
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excitations. On the contrary, the resultant top floor ac-
celeration increases with the normalized yield strength
for the base-isolated buildings under FF earthquake and
BIGM. Furthermore, NF earthquakes result in an initial
reduction of the resultant top floor acceleration, up to a
certain value of the normalized yield strength of the
isolator, and further increment of the normalized yield
strength results in an increasing trend of the top floor
acceleration.

To investigate the behavior of the base-isolated buildings
further, under the multihazard scenario of earthquake and
BIGM, the top floor acceleration, top floor displacement,
isolator displacement, normalized base shear, total super-
structure drift ratio, and maximum interstory drift ratio are
evaluated under bidirectional NF earthquakes, FF earth-
quakes, and BIGMs. -e X, Y, and resultant components of
the response quantities are assessed for the buildings
equipped with the N-Z system, LRB, PF system, FPS, and
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R-FBI under multiple hazards. -e average values of the
response quantities obtained under IV1979, LP1989, and
NR1994 earthquake ground motions are taken to obtain
representative trends for the NF earthquake case. Similarly,
the average values of the response quantities obtained under
IV1979F, LP1989F, and NR1994F earthquake ground mo-
tions are taken to obtain representative trends for the FF
earthquake case. -e average response trends are obtained
for the buildings isolated by the five base isolation systems
under NF and FF earthquakes, which are then compared
with the response trends obtained for the base-isolated
buildings subjected to BIGM.

-e comparison of the performance of the N-Z system
(Tb � 2.5 s and q� 2.5 cm) under NF earthquake, FF earth-
quake, and BIGM is depicted in Figure 9 for the four-story
building (T� 0.4 s and ξs � 0.05). -e effect of the normalized
yield strength (F0) of the N-Z system on the resultant top floor
acceleration (€σN), resultant top floor displacement (σN), re-
sultant isolator displacement (σb), resultant normalized base
shear (Vn

σ), resultant total superstructure drift ratio (Δσtotal), and
resultant maximum interstory drift ratio (Max(Δσj )) is pre-
sented.-e trends of the six response quantities obtained for the
N-Z system with different isolation damping ratio (ξb) values
are similar. For all three types of excitations, the resultant top
floor displacement and resultant isolator displacement are
observed to show reduction as the value of the normalized yield
strength of the N-Z system (F0) increases. On the contrary, the
influence of the normalized yield strength on the resultant top
floor acceleration, resultant normalized base shear, resultant
total superstructure drift ratio, and resultant maximum inter-
story drift ratio is found to be different under NF earthquakes,
FF earthquakes, and BIGMs. For the base-isolated building
under NF earthquakes, an increase in the normalized yield
strength of the N-Z system results in an initial reduction of the
four response quantities. However, an increase inF0 beyond the

value of about 0.13 results in an upsurge of the values of the
resultant top floor acceleration, resultant normalized base shear,
resultant total superstructure drift ratio, and resultant maxi-
mum interstory drift ratio. For the base-isolated building
subjected to FF earthquake ground motions, an increase in the
F0 typically results in an increment of €σN, Vn

σ , Δ
σ
total, and

Max(Δσj ), except for a relatively flat trend for small values of F0
(up to 0.065) with isolation damping ratio, ξb, of 0.05 and 0.075.
Furthermore, BIGM results in consistent increasing trends of
€σN, Vn

σ , Δ
σ
total, and Max(Δσj ) for an increase in F0.

3.3.2. Response of the Building Isolated by LRB. -e behavior
of the building isolated by LRB under the three types of
excitations is assessed considering different values of the
isolation time period (Tb) and isolation damping ratio (ξb).
-e isolation damping ratio varied from 0.025 to 0.25,
whereas four different values of the isolation time period (2 s,
2.5 s, 3 s, and 3.5 s) are considered. -e influence of the
isolation damping ratio on the response quantities of the
four-story base-isolated building for the three types of ex-
citations is depicted in Figure 10. -e trends of the resultant
top floor acceleration, resultant top floor displacement,
resultant isolator displacement, resultant normalized base
shear, resultant total superstructure drift ratio, and resultant
maximum interstory drift ratio observed under earthquake
excitation, for an increase in the isolation damping ratio, are
similar. -e values of the six response quantities reduce with
an increase in the isolation damping ratio both under NF
and FF earthquakes. For the building subjected to BIGM, the
resultant normalized base shear, resultant total super-
structure drift ratio, and resultant maximum interstory drift
ratio show a relatively flat trend with an increase in the
isolation damping ratio. On the contrary, an increase in the
isolation damping ratio results in the reduction of the
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resultant top floor displacement and resultant isolator dis-
placement, whereas the resultant top floor acceleration in-
creases with an increase in the isolation damping ratio.

3.3.3. Response of the Building Isolated by the PF System.
-e performance of the PF system under NF earthquake,
FF earthquake, and BIGM is evaluated by varying the
friction coefficient of the isolation system (μb) from 0.025
to 0.25. -e influence of the friction coefficient of the
isolation system on the response quantities of the four-
story base-isolated building under the three types of
excitations is presented in Figure 11. -e results plotted

in the figure show that the trends of the six response
quantities are similar for NF earthquakes, FF earth-
quakes, and BIGMs. For all the three types of excitations,
the top floor displacement and isolator displacement
show a decreasing trend for an increase in the friction
coefficient. Moreover, as the friction coefficient of the PF
system increases, the top floor acceleration, base shear,
total superstructure drift ratio, and maximum interstory
drift ratio increase. Also, the comparison of the residual
resultant isolator displacements of the building equipped
with the PF system to that of the other isolation systems is
presented in Table 3. Because the pure friction system
lacks restoring capacity, the building isolated by the PF

2

4

6

0

2

4

0

5

10

25

50

75

0

10

20

0

25

50

25

50

75

0

10

20

0

25

50

0.2

0.3

0.4

0.0

0.1

0.2

0.2

0.3

0.4

0.1

0.2

0.03

0.06

0.09

0.10

0.15

0.20

0.05 0.10 0.15 0.20 0.05 0.10 0.15 0.20 0.05 0.10 0.15 0.20
0.1

0.2

0.3

0.05

0.10

0.15

0.1

0.2

0.3

FBR: 24.72

BIGM (Q = 75 t, θ = 30°)FF earthquake (average)NF earthquake (average)

FBR: 8.59 FBR: 32.08 N-Z

Tb = 2.5s, q = 0.025mT = 0.4s, ξs = 0.05

FBR: 9.72

FBR: 3.45 FBR: 7.84

FBR: 1.78

Vn
σ

FBR: 0.64

FBR: 1.23

FBR: 0.69

∆σ
to

ta
l (

%
)

FBR: 0.25

FBR: 0.56

FBR: 0.97

M
ax

 (∆
jσ )

 (%
)

F0

FBR: 0.35

F0

FBR: 0.65

F0

σ.. N
 (m

/s
2 )

σ N
 (c

m
)

σ b
 (c

m
)

ξb = 0.05
ξb = 0.1
ξb = 0.15

ξb = 0.075
ξb = 0.125

Figure 9: -e effect of the normalized yield strength (F0) and the isolation damping ratio (ξb) on the response of a four-story building
isolated by the N-Z system under earthquake and BIGM.

Shock and Vibration 15



system is observed to be prone to large residual dis-
placements under the three types of excitations.

3.3.4. Response of the Building Isolated by the FPS. -e
behavior of the four-story building isolated by the FPS
under the independent multihazard scenario of earth-
quake and BIGM is presented in Figure 12. -e isolation
time period (Tb) values of 2 s, 2.5 s, 3 s, and 3.5 s are
considered for the FPS, whereas the coefficient of friction
of the isolation system (μb) is varied from 0.025 to 0.25.
For small values of the friction coefficient of the FPS (i.e.,
approximately up to μb � 0.075), the resultant top floor
acceleration shows small reduction for an increase in μb

under NF earthquakes, whereas the resultant top floor
acceleration exhibits an increasing trend for an increase

in the friction coefficient of the FPS beyond 0.075. Under
FF earthquake and BIGM, the resultant top floor accel-
eration shows a steady increase with an increase in μb. An
increase in the friction coefficient of the FPS affects the
resultant top floor displacement and resultant isolator
displacement similarly. Both the response quantities
reduce with an increase in the friction coefficient under
NF earthquake, FF earthquake, and BIGM. Under NF
earthquake, the resultant normalized base shear, resul-
tant total superstructure drift ratio, and resultant max-
imum interstory drift ratio initially reduce with an
increase in the friction coefficient of the isolator, and after
a certain value of μb, the three response quantities start to
show an increasing trend. For FF earthquake, the three
response quantities show a small reduction for small
values of the friction coefficient of the FPS (μb ≤ 0.05). For
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friction coefficient values beyond 0.05, the trends are
reversed, and the three response quantities increase with
an increase in μb. Moreover, an increase in μb results in a
consistent increment of the resultant normalized base
shear, resultant total superstructure drift ratio, and
resultant maximum interstory drift ratio of the
base-isolated building under BIGM.

3.3.5. Response of the Building Isolated by the R-FBI. -e
performance of the four-story building equippedwith the R-FBI
underNF earthquake, FF earthquake, and BIGM is portrayed in
Figure 13. -e isolation time period (Tb) of the R-FBI is taken
as 2.5 s; the isolation damping ratio (ξb) values of 0.05, 0.075,
0.1, 0.125, and 0.15 are considered; and the coefficient of friction
of the isolation system (μb) is varied from 0.025 to 0.2. -e
overall behavior of the building isolated by the R-FBI is similar
to that of the building equipped with the FPS, except for a small
difference in the trends of the resultant normalized base shear,
resultant total superstructure drift ratio, and resultant

maximum interstory drift ratio under FF earthquakes. For the
building equipped with the R-FBI subjected to FF earthquakes,
an increase in the friction coefficient of the isolation system
results in a consistent increment of the resultant normalized
base shear, resultant total superstructure drift ratio, and re-
sultant maximum interstory drift ratio.

For the building subjected to NF earthquakes, the top
floor displacement, isolator displacement, normalized
base shear, total superstructure drift ratio, and maximum
interstory drift ratio are influenced significantly by the
damping ratio of the R-FBI. For small values of the
friction coefficient of the isolator, a larger isolation
damping ratio results in smaller values of the five re-
sponse quantities. However, as the friction coefficient of
the R-FBI increases, the influence of the damping ratio of
the isolation system diminishes. Moreover, the effect of
the damping ratio of the R-FBI on the top floor accel-
eration is less under NF earthquakes, irrespective of the
value of the friction coefficient. Under FF earthquakes,
the top floor acceleration, normalized base shear, total
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Figure 12:-e effect of the friction coefficient of the isolator (μb) and the isolation time period (Tb) on the response of a four-story building
isolated by the FPS under earthquake and BIGM.

Table 3: Residual resultant isolator displacements of four-story base-isolated buildings under NF earthquakes, FF earthquakes, and BIGMs.

Excitation

Residual resultant isolator displacement for buildings (Ts� 0.4 s, ξs � 0.05)
equipped with different isolation systems (cm)

LRB (Tb � 2 s and
ξb � 0.1)

N-Z (Tb � 2 s, F0 � 0.05,
and ξb � 0.1)

PF
(μb � 0.05)

FPS (Tb � 2 s and
μb � 0.05)

R-FBI (Tb � 2 s, μb � 0.05,
and ξb � 0.1)

NF
earthquake

IV1979 1.24 0.61 102.50 0.41 0.56
LP1989 1.21 0.91 41.74 0.24 0.23
NR1994 0.48 0.19 16.98 0.38 0.13

FF
earthquake

IV1979F 0.62 0.12 11.63 0.62 0.60
LP1989F 2.82 0.59 33.89 0.07 0.10
NR1994F 0.66 0.51 5.19 0.55 0.53

BIGM

Q� 75 t;
θ� 30° 0.06 0.02 101.32 2.26 1.88

Q� 75 t;
θ� 45° 0.06 0.02 101.32 2.26 1.88
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superstructure drift ratio, and maximum interstory drift
ratio are not influenced significantly by the damping ratio
of the R-FBI. Similarly, the influence of the isolation
damping on the normalized base shear and the maximum
interstory drift ratio is small for the base-isolated
building under BIGM. For the base-isolated building with
small values of the friction coefficient of the R-FBI that is
subjected to FF earthquakes and BIGMs, the top floor
displacement and isolator displacement reduce as the
damping ratio of the isolation system increase. On the
contrary, the top floor acceleration and total super-
structure drift ratio increase as the damping ratio in-
creases for the base-isolated building under BIGM.

3.4. Influence of Superstructure Characteristics on Perfor-
mance under Multihazard Scenario. -e behavior of base-
isolated buildings can be influenced by the characteristics of

the superstructure, such as the flexibility and damping of the
superstructure. -erefore, the effect of the characteristics of
the superstructure on the response of base-isolated buildings
is assessed under NF earthquake, FF earthquake, and BIGM
considering the bidirectional interaction. -e influence of
the flexibility of the superstructure is studied by quantifying
the different response quantities of base-isolated buildings
with different number of stories (N), i.e., 1, 2, 4, 6, and 8
stories.-e values of the fundamental time period (T) for the
fixed-base models of the buildings with 1, 2, 4, 6, and 8
stories, respectively, are considered as 0.1 s, 0.2 s, 0.4 s, 0.6 s,
and 0.8 s, whereas the superstructure damping ratio for all
the building models is considered to be 0.05. Five types of
base isolation systems, the LRB (Tb � 2.5 s), N-Z system
(Tb � 2.5 s, ξb � 0.05, and q� 2.5 cm), PF, FPS (Tb � 2.5 s),
and R-FBI (Tb � 2.5 s and ξb � 0.05), are used to isolate the
buildings having different number of stories. -e effect of
the number of stories on the trends of the resultant top floor
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Figure 13: -e effect of the friction coefficient of the isolator (μb) and the isolation damping ratio (ξb) on the response of a four-story
building isolated by the R-FBI system under earthquake and BIGM.
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acceleration and resultant isolator displacement of the base-
isolated buildings under NF earthquake, FF earthquake, and
BIGM is presented in Figure 14. Under the three types of
excitations, the trends of the resultant isolator displacements
of the buildings equipped with five base isolators are ob-
served to be identical for buildings having different number
of stories. Additionally, similar trends of the resultant top
floor acceleration are exhibited by base-isolated buildings
having different number of stories. -ough, the number of
stories of the base-isolated buildings significantly influ-
ences the value of the top floor acceleration of the building
under NF earthquake, FF earthquake, and BIGM. For all
base-isolated buildings under all three types of excitations,
the top floor acceleration increases with an increase in the
number of stories. Moreover, the influence of the number
of stories on the top floor acceleration is found to be
prominent for larger values of the damping ratio of LRB,
larger values of the normalized yield strength of the N-Z
system, and larger values of the friction coefficients of the
PF system, FPS, and R-FBI. On the contrary, it is observed
that the number of stories of the building typically has less

influence on the values of the isolator displacements of the
buildings isolated by the LRB, N-Z system, PF system, FPS,
and R-FBI under three types of excitations.

-e influence of the relative flexibility of the super-
structure in X and Y directions is also studied. -e ratio of
the lateral stiffness of the columns of each story of the
building in the Y direction to that of the X direction
(kj,Y/kj,X) values of 1, 1.2, 1.4, 1.6, and 1.8 is considered. A
four-story base-isolated building with a fixed-base funda-
mental time period of 0.4 s, in the X direction, is studied by
using the different values of kj,Y/kj,X, under the multihazard
scenario of earthquakes (NF earthquake and FF earthquake)
and BIGMs.-e trends of the resultant top floor acceleration
and resultant isolator displacement of four-story base-iso-
lated buildings with different values of kj,Y/kj,X are depicted
in Figure 15.-e figure shows that the values of the resultant
isolator displacements are not influenced significantly by
kj,Y/kj,X for the buildings isolated by the LRB, N-Z system,
PF system, FPS, and R-FBI under three types of excitations.
Also, a larger value of kj,Y/kj,X is observed to result in a
reduced value of resultant top floor acceleration, especially
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for the buildings subjected to BIGM. However, the trends of
the resultant top floor acceleration and the resultant isolator
displacement obtained for different values of kj,Y/kj,X are the
same. -erefore, it can be concluded that the relative flex-
ibility of the superstructure in X and Y directions does not
influence the behavior of the symmetrical building under NF
earthquakes, FF earthquakes, and BIGMs.

-e effect of the damping of the superstructure is
evaluated by investigating the response of the four-story
base-isolated building considering ξs values of 2%, 3.5%,
5%, 6.5%, and 8%. It may be worth mentioning that small
structural damping ratio (i.e., 2% or 3.5%) may not be
feasible for fixed-base multistory buildings when nonlinear
deformation is considered. However, for base-isolated
buildings, small values of superstructure damping can
reasonably be considered because the superstructure is

prominently expected to behave elastically. -e resultant
top floor acceleration and resultant isolator displacement
of the building isolated by the LRB, N-Z system, PF system,
FPS, and R-FBI, under NF earthquake, FF earthquake, and
BIGM, are obtained, and the trends are plotted in Figure 16.
It is observed that superstructure damping does not affect
the trends of the resultant top floor acceleration and re-
sultant isolator displacement of the buildings isolated by
four base isolation systems. Additionally, it is observed that
the superstructure damping ratio does not influence the
value of the isolator displacement for the buildings isolated
by five base isolation systems under all three types of
dynamic base excitations. However, although the trends of
the top floor acceleration are the same, the results presented
in Figure 16 show that a larger superstructure damping
ratio typically results in a smaller value of top floor
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acceleration.-erefore, based on the observations, it can be
concluded that the superstructure characteristics have less
influence on the behavior of the base-isolated buildings
under the multihazard loading scenario of earthquakes (NF
earthquakes and FF earthquakes) and BIGMs, as compared
to the properties of the base isolators.

4. Conclusions

-is study presents an investigation of the behavior of multi-
story buildings isolated by various types of elastomeric and
sliding base isolation systems under multihazard loading. -e
multihazard scenario of earthquakes (near-fault and far-fault
earthquake) and blast-induced ground motion (BIGM) is
considered, wherein the bidirectional effects of the hazards are
taken into account. -e influence of the selection of different
values of the parameters of isolators on the key response
quantities of the buildings, such as the top floor acceleration, top
floor displacement, isolator displacement, base shear, interstory
drift ratio, and total superstructure drift ratio, are assessed under
the multihazard scenario. Furthermore, the influence of the

properties of the superstructure (superstructure flexibility and
superstructure damping ratio) on the behavior of the base-
isolated buildings under multihazard loading is assessed. Based
on the findings of the extensive numerical studies, it is con-
cluded that base-isolated buildings behave differently under the
near-fault earthquake, far-fault earthquake, and blast-induced
ground motion. Consequently, the design of the isolation
systems and the selection of suitable parameters thereof shall be
done cautiously, accounting for the effects of both types of
hazards considered on the buildings.-e specific conclusions of
the study are listed as follows:

(1) Although the base isolation technology can help in
protecting buildings from three types of dynamic
base excitations (NF earthquakes, FF earthquakes,
and BIGMs), the base-isolated buildings behave
differently under different multiple hazards.

(2) -e response quantities of the base-isolated build-
ings obtained with and without the consideration of
bidirectional interaction are significantly different.
-e resultant isolator displacement is
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underestimated, and the resultant top floor accel-
eration and resultant base shear are overestimated
when the bidirectional interaction is neglected.

(3) For the building isolated by LRB, an increase in ξb

results in the reduction of all the six response
quantities of the building under NF and FF earth-
quakes. However, the acceleration response increases
with ξb for the building subjected to BIGM.

(4) For the N-Z system, an increase in F0 results in an
initial reduction followed by an increase in the top
floor acceleration, base shear, interstory drift, and
total superstructure drift of the base-isolated
building under NF earthquakes. On the contrary, all
the four response quantities consistently increase
with F0 for BIGM.

(5) -e trends of the response quantities of the building
isolated by the PF system observed under NF
earthquakes, FF earthquakes, and BIGMs are similar.

(6) For the buildings isolated by the FPS and R-FBI, the
trends of the top floor displacement and the isolator
displacement show a reducing trend for an increase
in the value of μb under NF earthquakes, FF
earthquakes, and BIGMs. However, the influence of
the friction coefficient of the FPS on the trends of the
top floor acceleration, base shear, interstory drift,
and total superstructure drift is different for the three
types of excitations.

(7) Under NF earthquakes, FF earthquakes, and BIGMs,
the trends of the top floor acceleration and the
isolator displacement are similar for the base-iso-
lated buildings with different number of stories (i.e.,
N� 1, 2, 4, 6, 8). Furthermore, the relative flexibility
of the superstructure in X and Y directions does not
influence the behavior of the building for all three
types of dynamic base excitations, NF earthquakes,
FF earthquakes, and BIGMs.

(8) Superstructure damping does not influence the
trends of the top floor acceleration and the isolator
displacement under NF earthquakes, FF earth-
quakes, and BIGMs, for the considered range of
isolator parameters.

(9) -e behavior of base-isolated buildings, under
multihazard loading scenario of earthquakes and
BIGMs, is influenced more by the properties of base
isolators as compared to that of the superstructure.

Data Availability

-e data used to support the findings of this study are
available from the corresponding author upon request.
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Elevated water tanks are categorized as strategic components of water supply systems in modern urban management. Past
earthquake events have revealed the high vulnerability of these structures. *is paper investigates the development of rocking
isolation (RI) to these structures as a response mitigation technique. Using an analytical approach, a dynamic model is developed
for two isolation cases: (1) at the pedestal base and (2) under the tank. *e model incorporates a simplified analogy for simulating
the liquid-tank system which is modified for a tank under rocking motions. Based on the dynamics of rocking structures, the
equations of motion, impact, and uplift transitions are derived. *en, free vibration and seismic response history analyses are
carried out on a sample structure. Discussions are made on the effect of RI on the dynamic and seismic responses of the pedestal
and components of the liquid-tank system. Effects of various RI cases, pedestal heights, and tank filling levels are studied for a
group of structures excited by an ensemble of ground motions. Considering that the system may be vulnerable to other lateral
loadings, the combined effects of seismic and wind hazards are also studied. *e wind loads are assumed to act statically and
simultaneously with the seismic excitations. Results show that the first case of RI decreases the acceleration demands of mid-rise
and tall structures, thus lowering the structural demands to 50% of the fixed-base system. However, the second case of RI has
almost no effect on the performance of the system, upgrading only the response of mid-rise structures. Both RI cases also aggravate
the wave oscillations and increase the freeboard requirements. Finally, while the combined seismic and wind hazards have almost
no effect on the operational performances, the force demands of the structures are increased by 10%.

1. Introduction

Rocking mechanism is a low-damage technology that not
only reduces the spread of nonlinear damage to structural
components but also mitigates the downtime and repair cost
of structures after an earthquake event [1]. Moreover, when
the excitation is over, the rocking structure will return to its
original position and unlike fixed-base structures, no re-
sidual deformations are observed.*is also provides resilient
behavior against cascading hazards such as multiple after-
shocks. *ese aspects of rocking mechanism, in addition to
the ancient structures with unintentional rocking behavior
or modern ones equipped with rocking isolation (RI), which
performed well during past earthquakes [2, 3], have drawn

the attention of many researchers. *e first analytical model
for a rigid-like structure rocking on a rigid base was pro-
posed by Housner [2] in an effort to investigate the behavior
of tall slender structures such as elevated water tanks that
survived during the 1960 Chilean earthquakes. It was shown
that despite the appearance of instability for these structures,
there is a scale effect making the larger structures more stable
than smaller ones with similar geometry.

Hereafter, application of this technique to various
structural systems like buildings and bridge piers has been the
objective of many theoretical [3–11] and experimental studies
[5, 8, 12, 13]. Many of these studies showed the remarkable
dynamic stability and low-damage capability for both rigid
[4–8] and deformable structures [9–13].*is also includes the
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studies on assemblies of rocking bodies such as stacked blocks
[14], rocking ancient frames and elements [15], and rocking
assemblies coupled with SDOF systems such as rocking
podium structures [16] or with TMDs [7, 17]. Moreover, there
are some studies conducted on the intentional application or
development of rocking mechanism for nonbuilding struc-
tures such as industrial equipment [18], bridge piers [19], and
architectural or art objects [20].

Nevertheless, there are relatively fewer studies on the
rocking behavior of liquid storage tanks and even scarce
ones on the RI application to tanks. First, there is a handful
of studies which investigated the effect of rotational/rocking
component of the base excitation on the response of tanks
and the fluid-structure interaction (FSI) system [21, 22].*is
group of studies has a similar approach to the one that was
firstly proposed by Housner [21], i.e., an equivalent ana-
lytical model is presented for seismic response analysis of
tanks under the action of rocking base excitation. *e ad-
vantage of this model is the rotational mass component
added to the former equivalent mechanical model of the
liquid-tank system, which can be used in similar models of
rocking tanks. *e other category of these studies mainly
focuses on the “unintentional” uplift of the bottom plate of
ground-supported tanks [23–25] under seismic or dynamic
actions. Finally, most of the studies carried on the seismic
performance upgrade of storage tanks are involved with the
application of slide isolation technique by using elastomeric
bearings [26–28] or application of baffled damping plates
[29]. Hence, to the knowledge of the authors, there is no
study devoted to the “intentional” application of RI
mechanism to liquid storage tanks (elevated or else) as a
seismic response upgrade strategy. It is noteworthy that the
main difference between the unintentional rocking of the
structures and the intentional application of RI is that the
structure is required to return to its original undeformed
position and no sliding or stepping out is allowed, i.e., a
necessity for a system with resilient behavior.

Although a detailed investigation of the experimental
studies carried on rocking structures is beyond the scope of
this paper, some of the recent campaigns [8, 12, 13] showed
the difficulties and limitations of these studies. *us, de-
velopment of analytical or numerical models for analysis of
rocking structures was considered by many researchers. In
this regard, multiple FEM-based models are proposed for
“rigid” and “deformable” [30–32] rocking structures most of
which validate their corresponding analytical models. Ac-
cordingly, the authors applied an FEM-based approach [33]
using OpenSees framework for seismic analysis of ground-
supported tanks with RI which was limited to ground steel
tanks. However, this model was not validated by the pre-
vious analytical or experimental approaches [23] due to the
limitations of the impact modeling techniques. *us, de-
velopment of an analytical model for liquid storage tanks
with rocking motion is proved to be essential.

To the best of our knowledge, the study by Taniguchi [24]
is the only research to partly investigate the rocking behavior
of ground-supported tanks using an analytical model.
Taniguchi applied a Housner-like [2] approach to the rigid
flat-bottom tanks under the action of the horizontal base

excitation and derived the equations of the rocking motion.
Although he simplified the equivalent analytical model by
omitting the sloshing or convective component from the
liquid-tank system and assuming the tank wall flexibility
component only, the total liquid mass is assumed for
studying the global stability of the structure. Moreover, the
effect of impacts at the rocking interfaces on the response of
the structure is not discussed in his model.

Initially, this paper focuses on addressing the short-
comings of Taniguchi’s model and further developing this
model for planar (2D) seismic analysis of intentionally rock-
isolated elevated tanks under horizontal and vertical base
excitations. For this purpose, firstly the equations and
systematic approach used in the aforementioned studies are
reviewed. *en, the general assumptions made for the de-
veloped model of rocking elevated tanks are presented.
Moreover, the effects of impacts at rocking interfaces on the
global responses are revisited. A numerical algorithm is also
presented for solving the equations of motions which ap-
pears to be less time-consuming in some specific prototypes
with mathematically “stiff” equations.

Hereafter, another objective of the paper is to obtain basic
information on the applicability and effectiveness of RI as a
seismic response upgrade technique.*us, following a similar
approach applied in previous studies on slide-isolated ele-
vated tanks or similar structures [26–28, 34], two cases of RI
are investigated: (1) isolation at the base and (2) isolation
under the tank. In both cases, the elevated tanks are assumed
to be located on stiff soil sites and soil-foundation interaction
is neglected. Considering that the proposed system may be
vulnerable to other lateral loadings, the combined effects of
seismic and wind loads are also studied. *e wind loads are
assumed to act statically and simultaneously with the seismic
excitations. Accordingly, parametric studies are carried out on
a group of prototypes with various pedestal/shaft heights and
tank filling levels which are analyzed under the combined
action of seismic and wind hazards.

2. Analytical Model of the Rocking
Elevated Tank

2.1. Review of Similar Analytical Models. Firstly, by applying
the same assumptions applied in Housner’s analytical model
[2], the equation of rocking motion for a 2D homogenous
rigid block with an aspect ratio of α and a diagonal of length
2R under the horizontal and vertical base excitation is as
follows:

Io
€θ � −m g + €u

Y
g􏼐 􏼑R sin[αsgnθ(t) − θ(t)]

−m€u
X
g (t)R cos[αsgnθ(t) − θ(t)],

(1)

where θ is the rotational response of the block, m is the total
mass of the block, and IO is the rotational mass inertia of the
block about one of its pivot points (O or O′). Also, €uX

g and €uY
g

are, respectively, the horizontal and vertical components of
base acceleration.
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Taniguchi [23] applied the same approach to a ground-
supported steel tank under horizontal base excitation
(Figure 1). Considering only the first vibration mode of the
liquid-tank system, the equations of planar rocking motion
are derived as follows:

Io
€θ � −MOgRO sin αO − θ(t)􏼂 􏼃 + sgnθ(t)HI CI _xI + KIxI( 􏼁,

(2)

MI €xI − sgnθ(t)MIg sin θ + sgnθ(t)MIRI
_θ
2
sin αI

+ sgnθ(t)MIRI
€θ cos αI + MI €u

X
g cos θ + CI _xI + KIxI

� 0,

(3)

where MI, KI, and CI are, respectively, the mass, stiffness,
and damping coefficients corresponding to the first vibration
mode of the liquid-tank system and xI is the first mode
displacement response. Also, θ is the rocking response of the
tank. Finally, MO and IO are, respectively, the mass and
rotational mass inertia of all tank liquid about one of its pivot
points (O or O′).

Regarding its assumptions and approach, Taniguchi’s
model has the following shortcomings:

(i) Including the total values of liquid mass MO and its
rotational inertia IO in equation (2) unrealistically
stabilizes the tank during rocking motion and thus
produces smaller and nonconservative values for
rotational and translational responses. Accordingly,
researchers have shown that proportions, and not
the total values, of these parameters especially for IO

should be used in the analysis of rocking tanks [21,
22] disregarding the rigidity of the bottom plate.

(ii) *e effect of the convective component of the liq-
uid-tank system is not included in this model,
which, as discussed later, shows notable effects on
the global dynamic stability and rocking and dis-
placement responses of rocking elevated tanks.

(iii) *e details of the analytical model for including the
effect of the impacts at rocking interfaces on the
postimpact responses of the tank are not discussed
in this model and only an imperfect restitution
coefficient (e), the value and calculation method of
which is not clarified, is used for determination of
postimpact rotational response.

(iv) Change in the pressure responses acting on the tank
wall due to the rocking motion of various com-
ponents of the system is not studied.

Observing the aforementioned remarks, one of the main
goals of this paper is to focus on resolving these short-
comings and develop the model for seismic analysis of
rocking elevated tanks.

2.2. General Assumptions of the Developed Model. As men-
tioned before, a rocking elevated tank with shaft staging is
studied in this paper. Two cases of RI at different levels are
presumed for this structure: (C1) at the base or under the

pedestal/shaft (Figure 2) and (C2) under the tank or top of
the pedestal (Figure 3). As shown Figures 2 and 3, the liquid-
tank system is modeled by an equivalent mechanical analogy
including lumped masses, springs, and dashpots. Properties
of this simplified model which is a combination of analytical
approaches presented by Housner [35], Haroun [36], and
Haroun and Ellaithy [21] are shown in Figure 4. *e main
advantage of this analogy is its ability to study the combined
effect of translational and rocking motions on the response
of the liquid-tank system. *is is mainly accomplished by
considering a modified rotational inertia (Ir) for the liquid-
tank impulsive/rigid component which is of great impor-
tance in analyzing systems experiencing rocking motions. In
Figures 2–4, the subscripts of “C”, “1,” and “0” describe the
“full-contact” geometrical properties (aspect ratio, α, and
radial distance to the pivot points, R) of the masses corre-
sponding to the convective, wall flexibility, and impulsive
components of the simplified liquid-tank system, respec-
tively. Similarly, the subscripts of “r”, “f,” and “S” correspond
to the tank roof, tank floor, and supporting shaft centers of
gravity (C.G.). HL is also the filling level of the “liquid.”
Moreover, the following assumptions are made while ana-
lyzing both RI cases:

(i) *e tank structure storing liquid and its compo-
nents including roof slab, floor slab, and its framing
beams and also the foundation of the structure are
assumed to be rigid. However, in all cases, the
supporting/shaft structure is assumed to be laterally
deformable. *e tank wall flexibility is also con-
sidered via the aforementioned simplified liquid-
tank system (Figure 4).

(ii) *e liquid-tank system is assumed to be fully con-
strained with the tank structure in the perpendicular
direction of the floor, and its components move
rigidly with the tank wall in that direction.

(iii) For the system to be resilient, the rocking body
(shaft in C1 or tank in C2) is constrained not to slide
or roll out of its initial position. *is constraint is
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Figure 1: Analytical model for the rocking behavior of ground-
supported tanks presented by Taniguchi [23].
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assumed to be a shear key provided at the interfaces.
In the first case (C1), the shear key is provided in the
foundation and under the bottom of the shaft

(Figure 2). For the second case (C2), a similar shear
key is assumed in the bottom face of the tank floor
and over the top of the shaft. *ese shear keys are
assumed to ensure the direct transformation of
shear forces and deformations between the shaft
and the foundation or tank.

(iv) *e structures are assumed to be located on stiff soil
sites (class B or C according to ASCE 7-16 [37]), and
soil-foundation interaction is negligible. Specifi-
cally, it is assumed that in the first case of RI, the
structure rocks on a rigid foundation which is fully
constrained to the bottom soil.

(v) *e rocking or contact surfaces in both isolation
cases are assumed to remain intact and without
crushing during the rocking motion. Moreover,
sliding is constrained on these surfaces.
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Figure 2: Configuration of rocking elevated tank model with isolation at the base (C1): (a) initial position; (b) preuplift phase of motion; (c)
under rocking motion.
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Figure 3: Configuration of rocking elevated tankmodel with isolation under the tank (C2): (a) initial position; (b) preuplift phase of motion;
(c) under rocking motion.
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Figure 4: Mechanical analogy of the simplified liquid-tank system
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(vi) *e impact effects on postimpact response condi-
tion of the structure and energy dissipations are
mainly based on assumptions of Housner’s ana-
lytical approach [2] and other following researchers
such as Chopra and Yim [4] and Vassiliou et al. [10].
More detailed assumptions are presented and dis-
cussed for each RI case.

2.3. Preuplift Phase ofMotion and Uplift Transition. *e first
class of equations needed for analyzing the rocking
structure includes (1) equations of motion in the preuplift/

full-contact phase and (2) uplift initiation equation which
is usually defined as a conditional equation for the mini-
mum horizontal acceleration needed to initiate rocking of
the structure. As shown in Figures 2(b) and 3(b), in the
preuplift phase, the system acts like a fixed-base structure
and has three degrees of freedom that are uC (total dis-
placement of the convective mass), x1 (relative displace-
ment of the wall flexibility mass), and zS (flexural
deformation of shaft top end). *erefore, the motion of the
system is described by the following system of differential
equations:

mC 0 0

0 m1 m1

0 0 􏽥mS + mimp

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

€uC

€x1

€zS

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

CC 0 −CC

0 C1 0

−CC −C1
􏽥CS + CC

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

_uC

_x1

_zS

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ +

KC 0 −KC

0 K1 0

−KC −K1
􏽥KS + KC

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

uC

x1

zS

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � −€u
X

g

mC

m1

􏽥LS + mimp

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (4)

where mC, CC, and KC are the mass, damping, and
stiffness coefficients corresponding to the convective
component of response in the liquid-tank system, re-
spectively. Similarly, m1, C1, and K1 are the mass,
damping, and stiffness coefficients of the wall flexibility
component. *e mass of impulsive components, i.e., roof
mr, floor mf, and m0, is also summarized in mimp. Also,
􏽥mS, 􏽥CS, 􏽥KS, and 􏽥LS are the generalized mass, damping
coefficient, stiffness coefficient, and excitation coefficient
of the shaft, respectively, which are defined by assuming
the shaft as a generalized SDOF system. *us, lateral
deformation of the shaft top end (zS(t)) is assumed as the

generalized coordinate of the shaft with uniform mass
and flexural stiffness.

Following the previous studies, the uplift criterion for
the planar rocking of a rigid block is derived by equating the
static overturning and restoring moments about one of the
pivot points. However, for the rocking elevated tank, the
presence of the liquid-tank system in addition to the system
geometrical and mechanical properties modifies this equa-
tion. According to Figure 2, the overturning (MOT) and
restoring moment (MRT) of the forces acting on the whole
structure with C1 during the preuplift phase and immedi-
ately before uplift are as follows:

MOT � − €u
X
g + €zS􏼐 􏼑 􏽘

i�0,r,f

miRi cos αi
⎛⎝ ⎞⎠ − 􏽚

H

0
€zSψ(y) + €u

X
g􏽨 􏽩ydm − 􏽘

j�1,C

mjRj cos αj €u
X
g + €uj􏼐 􏼑, (5)

MRT � g + €u
Y
g􏼐 􏼑 􏽘

i�0,r,f

mi

D

2
∓zS􏼒 􏼓 + mS

D

2
∓0.363zS􏼒 􏼓 + 􏽘

j�1,C

mj

D

2
∓uj􏼒 􏼓⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦, (6)

where D, m(i/j), α(i/j), and R(i/j) are the parameters used for
the definition of mass and different geometrical properties of
various components of the structure (i � r, f, S) and the
liquid-tank system (i � 0, j � 1, C) (Figure 2). Also,

considering the relative displacement of the flexibility mass,
x1, one can obtain in the preuplift phase: u1 � x1 + zS. By
equating these, the rocking criterion is determined as
follows:

MOT
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌>MRT⟹ − €u
X
g + €zS􏼐 􏼑 􏽘

i�0,r,f

miRi cos αi
⎛⎝ ⎞⎠ − mSH 0.269€zS +

1
2

€u
X
g􏼒 􏼓 − 􏽘

j�1,C

mjRj cos αj €u
X
g + €uj􏼐 􏼑

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

> g + €u
Y
g􏼐 􏼑 􏽘

i�0,r,f

mi

D

2
∓ zS􏼒 􏼓 + mS

D

2
∓ 0.363zS􏼒 􏼓 + 􏽘

j�1,C

mj

D

2
∓ uj􏼒 􏼓⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

(7)
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where mS is the total mass of the shaft. *e upper signs in
equations (5)–(7) correspond to uplift about the right pivot
point ( €uX

g < 0) and vice versa. Accordingly, for C2, external

forces acting on the shaft are omitted and the effect of its
deformability is considered as follows (Figure 3(b)):

− €u
X
g + €zS􏼐 􏼑 􏽘

i�0,r,f

miRi cos αi
⎛⎝ ⎞⎠ − mCRC cos αC €u

X
g + €uc􏼐 􏼑 − m1R1 cos α1 €u

X
g + €x1 + €zS􏼐 􏼑

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

> g + €u
Y
g􏼐 􏼑

D

2
􏼒 􏼓 􏽘

i�0,r,f

mi
⎛⎝ ⎞⎠ + mC

D

2
􏼒 􏼓∓ uC − zS( 􏼁􏼔 􏼕 + m1

D

2
􏼒 􏼓∓ x1( 􏼁􏼔 􏼕

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
.

(8)

2.4. Equations of Rocking Motion. After the initiation of
rocking, the motion of the system in both cases of RI is
described by four degrees of freedom: θ (rocking response),
uC (horizontal displacement of the convective mass), x1
(relative displacement of the flexibility mass), and zS (rel-
ative displacement of the shaft top end). *e equations of
motion (EOM) are derived using Lagrangian formulation:

d

dt

zT

z _qi

􏼠 􏼡 −
z(T − V)

zqi

􏼠 􏼡 � Qqi
�

zW

zqi

􏼠 􏼡, (9)

where T and V are the kinetic and potential energy of the
system, respectively, and Qqi

is the nonconservative force
acting along the DOF qi, which for the studied model is the
damping forces of various component. *e latter is deter-
mined by the variation of work (δW) done by the

nonconservative force during an admissible virtual dis-
placement of δqi:

Qqi
�

zW

zqi

􏼠 􏼡 ≡
δW

δqi

􏼠 􏼡. (10)

Equation (9) is also known as Lagrange’s EOMs which
are a direct result of applying Hamilton’s variational prin-
ciple [38] to all systems (linear or nonlinear) with a specific
condition: that the energy and work terms can be expressed
by the selected DOFs (qi), their time derivatives, and also
their variations ( _qi and δqi).

Placing origin of the axis at the centerline of the shaft on
its base (Figure 2(c)), total displacement field of various
components of the system with C1 is given by the following
expressions:

ui � Ri sin sgn(θ)αi􏼂 􏼃 − sin sgn(θ)αi − θ􏼂 􏼃( 􏼁 + zS cos θ, i � 0, r, f, m,

wi � Ri cos sgn(θ)αi − θ􏼂 􏼃 − cos sgn(θ)αi􏼂 􏼃( 􏼁 − zS sin θ, i � 0, r, f, m.
(11)

It is worth to note that the subscript m stands for the
equal-displacement pointm representing the tank wall at the
level of the convective mass (Figure 5). Similarly, for C2,
displacement field of the tank is obtained by following
expressions:
ui � zS + Ri sin sgn(θ)αi􏼂 􏼃 − sin sgn(θ)αi − θ􏼂 􏼃( 􏼁, i � 0, r, f, m,

(12)

wi � Ri cos sgn(θ)αi − θ􏼂 􏼃 − cos sgn(θ)αi􏼂 􏼃( 􏼁, i � 0, r, f, m.

(13)
*e equal-displacement “point” m is a virtual point

assumed to be located at the level of the convective mass with
equal distance from the tank walls and moves rigidly with
them (Figure 5(b)). *e location of this point is of great
importance in simplification and describing the terms of
convective damping and potential energy of the liquid-tank
system.Moreover, considering assumptions of the simplified
model introduced in Figure 5 and observations made in
some experimental programs [23], the convective mass link
to the tank wall is presumed to remain horizontal during
rocking motions.

Accordingly, for C1, the total displacement field of the
tank wall flexibility component including the relative dis-
placement (x1) measured in its normal direction
(Figure 2(c)) is as follows:

u1 � R1 sin sgn(θ)α1􏼂 􏼃 − sin sgn(θ)α1 − θ􏼂 􏼃( 􏼁 + x1 + zS( 􏼁cos(θ),

w1 � R1 cos sgn(θ)α1 − θ􏼂 􏼃 − cos sgn(θ)α1􏼂 􏼃( 􏼁 − x1 + zS( 􏼁sin(θ),

(14)

where the term x1 + zS is equal to the selected DOF for the
flexibility component (z1). Now, by applying equation (9) to
the first DOF (uC), first EOM for C1 is as follows:

€uC −
1
2

􏼒 􏼓 _θ
2
2uC − sgn(θ)D􏼂 􏼃 + 2 _θ _zS sin θ􏼚 􏼛

+ ω2
C uC − Rm sin sgn(θ)αm􏼂 􏼃 − sin sgn(θ)αm − θ􏼂 􏼃( 􏼁􏼂

− zS cos θ􏼃 + 2ξCωC _uC − Rm
_θ cos sgn(θ)αm − θ􏼂 􏼃( 􏼁􏼐

− _zS cos θ + zS
_θ sin θ􏼑 � −€u

X
g ,

(15)
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where ωC and ξC are the equivalent fundamental frequency
and viscous damping ratio corresponding to the convective
component of the liquid-tank system, respectively.*e other
EOM corresponding to the second DOF (x1) is also ob-
tained as follows for C1:

€x1 + €zS + 2ξ1ω1 _x1 + ω2
1x1 + R1

€θ cos sgn(θ)α1􏼂 􏼃

− _θ
2

zS + x1 − R1 sin sgn(θ)α1􏼂 􏼃( 􏼁 + €u
X
g cos θ

− g + €u
Y
g􏼐 􏼑sin θ � 0,

(16)

where ω1 is the fundamental frequency of the tank wall
flexibility component.

Equations (14) and (15) are similarly developed for C2
considering the displacement field described by equations
(12) and (13). For the sake of brevity, these EOMs in addition
to the ones corresponding to the third and fourth DOFs, i.e.,
zS and θ, are presented in [39]. It should be noted that for C1,
by omitting the rotational responses (€θ, _θ, and θ) from
equations (15) and (16), the EOMs in preuplift phase
(equation (4)) and rocking initiation equation (equation (7))
are reproduced. *is gives the second class of equations
needed for analyzing the rocking elevated tanks under
horizontal and vertical base excitations.

2.5. 9e Impact Effects. Among important issues to be
addressed about rocking structures are the impacts at the
rocking surfaces and modification methodology of the
postimpact responses of the structure. *ese specifically

include the postimpact velocities of the 4 DOFs of the
structure. *e continuation of the rocking motion after each
impact “event” directly relates to the calculation of these
responses as the “next” initial values of the motion. *e
postimpact motion of the structure is analyzed by the same
EOMs, but by using the new initial values obtained from the
“immediate” postimpact state. Although various analytical
models for the impact transitions of rocking structures have
been proposed by many researchers [2, 4, 8–10], the main
assumptions of most of these models are almost as follows:
(1) the impact transitions are inelastic, (2) the impact
transitions and the change of rocking corners are instan-
taneous, and (3) the impact forces are concentrated at the
new pivot point (impacting corner). Following an approach
firstly mentioned by Meek [40] and extended by Vassiliou
et al. [10], it is observed to be more conservative to presume
the impacts to be “perfectly” inelastic with no bouncing. It
means that at each impact event, the structure sticks to the
rocking interface in a “full-contact” phase and the vertical
component of the shaft velocity is damped out. Hence:

θ2 � _θ2 � 0, (17)

where the index “2” corresponds to the postimpact state.
Moreover, the conservation of linear momentum (COLM)
of the whole system along the horizontal direction gives an
equation for the postimpact velocity of the shaft, _zS,2. For C1,
it is given by (Figures 6(a) and 6(b))

_zS,2 − _zS,1􏼐 􏼑 􏽥LS + 􏽘
i�0,r,f

mi
⎛⎝ ⎞⎠ + − _θ1􏼐 􏼑

mSH

2
􏼒 􏼓 + 􏽘

i�0,r,f

miRi cos αi
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ + 􏽘

j�1,C

mj _uj,2 − _uj,1􏼐 􏼑 � 0, (18)

where mS is the total mass of shaft. All other parameters have
been defined and shown in Figures 2(a), 6(a), and 6(b).

Removing effect of the rocking shaft also gives the following
equation for C2:

uc
DT/2DT/2

Point 1 Point 2
Point m

Hc

mc

m1Rm

m0αm

(a)

uc

DT/2
DT/2

Point 1′
(after uplift)

Point m′

(after uplift)

Point 2′
(after uplift)Point m

(b)

Figure 5: Geometrical properties used in analysis of the tank structure, specifically, the location of virtual point (m) (a) before and (b) after
uplift.
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_zS,2 − _zS,1􏼐 􏼑 􏽥LS + 􏽘
i�0,r,f

mi
⎛⎝ ⎞⎠ + − _θ1􏼐 􏼑 􏽘

i�0,r,f

miRi cos αi
⎛⎝ ⎞⎠

+ 􏽘
j�1,C

mj _uj,2 − _uj,1􏼐 􏼑 � 0.

(19)

It should be noted that the velocity field of the above
components is derived from different displacement fields of
the corresponding RI cases. Regarding the 4 DOFs of the
system, two more equations are needed to find the post-
impact responses.*e other two impact conditions are based
on this assumption that the relative velocities between the
convective and flexibility components and the tank structure
do not change before and after an impact. *us:

_uC − _um( 􏼁1 � _uC − _um( 􏼁2, (20)

_x1( 􏼁1 � _x1( 􏼁2. (21)

By solving the equations (17)–(21) simultaneously, one
can obtain the postimpact responses of the rocking elevated
tank. Accordingly, the transition of the motion to other
phases is chosen by substituting these responses in equation
(7) or (8), which can be the continuation of rocking motion
(Section 2.4) or restart of the preuplift phase of motion
(Section 2.3). It is worth to note that by adopting mC � m1 �

0 in C2, a set of equations similar to those presented in [6]
for a rocking block standing free on a seismically isolated
base is derived.

2.6. Validation of the Analytical Model. *e analytical ap-
proach used in this study basically originates from the ap-
proach which was first introduced by Housner [2] and later
was developed in other studies, such as Meek [40], Chopra
and Yim [4], and Spanos et al. [14]. Although rigorous FEM

models for rocking structures are much more developed in
recent years, these models still needed an acceptable
benchmark to be compared and validated with. Due to the
difficulties and limitations of experimental campaigns [8, 12,
13, 23, 31], this benchmark was usually chosen from well-
established analytical problems to test the numerical model
in the limit case [10, 16, 17, 31].

Accordingly, although the present work is not com-
pletely new, the approach itself was the first step in a val-
idation process. *e authors used this approach and also
experimental campaigns [33, 39] to validate and improve a
previously introduced FEM model [33].

Nevertheless, some verifications were also conducted
[39] based on the result of similar analytical problems. For
the first case of RI (C1), by removing the convective and
flexibility components (mC � m1 � 0), the results were
verified by those presented for a deformable cantilever
structure rocking on a rigid surface [10]. Similarly, the
analytical model developed for C2 was compared well with
that of a rocking block standing free on a seismically isolated
base [6].

3. Procedure of the Numerical Solution

Despite some differences between the RI system and its
governing equations studied in this paper, the algorithm of
the analysis (Figure 7) is basically similar to that of other
rocking structures [4, 8, 10]. Nevertheless, there are some
modifications. Firstly, the EOMs are integrated numerically
using “ode45” solver package of MATLAB [41].*is package
is based on an explicit Runge–Kutta (4, 5) formula, namely,
the Dormand–Prince pair [42], which is a one-step differ-
ential equation solver needing only the solution at the
immediately preceding time point. During each phase of the
motion, the EOMs are integrated using the initial state value
(IVs) of each component, including initial displacement and
velocity fields.
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ẇj,1
θ1

+ ≈ θ

Ii
Gθ̇ 1

CL

uj,1

Riθ̇ 1

Ri

H + Hj

D/2 D/2

O′ O

Rigid foundation

Just before impact

(a)

u̇j,2
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Figure 6: Configuration of the rocking elevated tanks with (right) C1 and (left) C2: (a, c) just before and (b, d) immediately after the impact
at the left corner (O′).
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To produce solutions with enough accuracy, a local error
(ε) is estimated at each time step by the solver which must be
less than or equal to an acceptable error (εa) as follows:

ε≤ εa � max[RelTol × abs(y(i)),AbsTol(i)]. (22)

In this equation, RelTol is a scale of the error relative to
the size of each solution component and roughly controls
the number of correct digits in all solution components.
Also, AbsTol is a limit quantity belowwhich the value of each
component is “unimportant.” *is tolerance specifically
determines the accuracy when a solution component ap-
proaches zero [41], as in the impact events of rocking
structures where θ and _θ reaches zero.

Accordingly, the aforementioned acceptable error is
used to control the time-step size (dt) used in the integration
process. *is, again, should be carefully controlled during
the impact events. On the other hand, since the EOMs in the
rocking phase of motion are nonlinear and mathematically
“stiff,” the maximum time-step size should be limited so that
the solver does not increase the time step too much and step
over the impact events or other critical events.

In addition to the above arguments, relative toler-
ances, absolute tolerances, and the maximum step size
used in this study were determined based on a sensitivity
analysis of the results. *us, the relative and absolute
tolerances were selected as small as 10-11 and 10–12,
respectively, which the former corresponds to a same rate
of accuracy. Finally, considering the smallest vibration

period of the system components, the maximum time-step
was set to 10–3.

In addition to the numerical stiffness of the EOMs, the
solver configurations described above resulted in time-
consuming calculations. *us, another modification was
also adopted. It was observed that over 90% of the time
needed for running the analysis procedure of a sample
structure is consumed in the rocking phase of motion and
for detecting the “major” impact events. *e term “major” is
described as follows: it is observed that a major impact is
followed by a combination of multi serial microimpacts
located at very small time intervals and also negligible
postimpact response amplitudes (see Section 5.1). Generally,
solution of the rocking EOMs is done over the time intervals
of tuplift (uplift time instant) to tfinal, which is the time instant
for a major impact. From this instant onward, there is not a
significant rocking motion for some time. *us, if tfinal is
determined, neglecting the effect of other microimpacts,
whose calculation is futile and time-consuming, the rocking
phase can be stopped sooner and the time needed for
running the script reduces significantly. For this purpose, if
the time intervals between the microimpact events and their
corresponding postimpact responses simultaneously be-
come too small (<10–8), it is concluded that the rocking
phase was terminated by a “major” impact. While these
conditions are not verified for most of the analyses on C1,
the solution process of which is not very time-consuming,
this strategy is more useful for C2. *e aforementioned
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Figure 7: Flowchart of the analysis procedure implemented in MATLAB.
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numerical procedure is implemented in an original MAT-
LAB script, the flowchart of which is illustrated in Figure 7.

4. Description of the Study Group

A study group including 18 structures with various
geometrical and structural properties as the “prototypes”
is selected in this paper so that the extensibility of the
analyses can be verified. *e base geometry of the pro-
totypes was selected in accordance with a real structure,
namely, water tower No. 1 which was located in Rasht,
north of Iran, and collapsed during 1990 Manjil earth-
quake [43]. A schematic section of this structure is shown
in Figure 8(a). Dimensions of the simplified model studied
here with a concrete tank is shown in Figure 8(b).

Assuming the basic 25-meter-high shaft as a mid-rise
structure, two other heights, 15 (m) for low-rise and 35 (m)
for high-rise structures, were also chosen to include the
effect of shaft height in the study. Moreover, 3 different tank
filling levels (full, half, and empty) are also selected to study
the effect of liquid heights on the flexibility and convective
components of the response. Both the shaft and the tank of
all prototypes are presumed to be symmetric cylindrical shell
structures. Finally, assuming (HL/R) equals 1 and the wall
thickness to radius ratio (t/R) equals 0.04 for the concrete
tank, characteristics of the equivalent models are calculated
per the analytical analogy of Figure 4 and Section 2.2 and
given in Table 1.

5. Results Description for a Sample Structure

5.1. Free Vibration Analysis. One of the introduced pro-
totypes with a 25-meters high shaft and a concrete tank in
full case (25-1-CONC) is chosen as the sample structure.
*e normalized free vibration response of this sample
structure to a given initial tilt angle of θ0 � 0.0065(rad) is

shown for the first and second cases of RI in Figure 9.
*ese results are also compared to those of a “similar”
fixed-base structure (with subscript “mFB”) which is
analyzed with an initial displacement of θ0HS assigned at
the end of its shaft. Portions of the flexibility response in
Figure 9 (blue boxes) which experience high-frequency
vibrations are shown separately in zoomed-in views of
Figure 10.

It is worth to note that in these analyses, the fixed-base
damping ratio of the shaft and the tank wall is taken to be
0.015 while the damping ratio of the convective component
is equal to 0.005. *ese values are proposed mainly for a
structure/tank which is assumed to remain elastic during a
seismic excitation [10, 44]. Accordingly, the following re-
marks are drawn:

(a) Convective response: between every two consec-
utive impacts, the system components except
convective enter a state of motion, i.e., “uplifted
state,” which experiences higher frequency elastic
vibrations and damping ratio. *is is a similar state
reported by other researchers for structures with
foundation uplift [4] or deformable rocking
structures [10]. However, the response of the
convective component does not follow this state
and frequency decreases in both RI cases. For
instance, linearizing equation (15) and omitting
the term of base excitation gives

€uC + ω2
C − _θ

2
􏼒 􏼓 uC − zS( 􏼁 + 2ξCωC _uC − _zS + Hm

_θ􏼐 􏼑􏽨 􏽩 � 0.

(23)

Hence, from equation (23), the uplifted frequency,
ωC,up, and uplifted damping ratio, ξC,up, of the con-
vective component are approximately as follows:

15
00

m
3  ta

nk

25
 m

et
er

s h
ei

gh
t

su
pp

or
tin

g 
sh

af
t

Fo
un

da
tio

n

(a)

16.3
0.2

Freeboard = 1.5

0.3
8.0

0.8 C
on

cr
et

e t
an

k

6.8
25.0

0.4

Rigid foundation

(b)

Figure 8: (a) Schematic section of water tower No. 1 located in Rasht, north of Iran, which collapsed during Manjil, 1990, earthquake, and
(b) dimensions of the simplified concrete model
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Figure 9: Normalized time histories of free (A) rocking, (B) convective, (C) wall flexibility, (D) impulsive, and (E) shaft top end responses
for a sample structure with “first case of RI-C1” (a) and “second case of RI-C2” (b) to an initial tilt angle.

Table 1: *e characteristics of the equivalent simplified liquid-tank system calculated for the sample structures with various filling levels.

System parameters Analytical values
Full case Half-full case Empty case

Convective component

mC (ton) 667.0 513.2 —
HCb (m)∗ 6.2 6.1 —

KC (kN/m) 1463.1 866.3 —
CC (kN.s/m) 9.9 6.7 —

Flexibility component
m1(ton) 1060.0 524.6 —
H1b(m)∗ 5.8 5.4 —

K1 (kN/m) 5.9 × 107 1.1 × 108 —

Impulsive component
m0 (ton) 181.3 76.8 358.1+

I0G (ton.m2) 7.8 × 103 7.9 × 103 1.4 × 104
H0b (m)∗ 3.8 3.8 4.75++

∗*e subscript “b” indicates that the equivalent heights are calculated with the inclusion of the effect of the pressure variation on the tank floor. +Mass of the
tank wall. ++C.G. height of the tank wall.
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ωC,up �

�������

ω2
C − _θ

2
􏽱

, (24)

ξC,up ≈ ξC

ωC�������

ω2
C − _θ

2
􏽱⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠, (25)

where by increasing _θ, the uplifted frequency de-
creases but the damping ratio increases.

(b) Wall flexibility response: it has been reported ex-
perimentally [12] that stiffer structures experience
stronger vibrations after each impact. *is explains
the high-frequency vibrations of the wall flexibility
components illustrated in Figure 10. But, from an-
other point of view, wall flexibility component is so
stiff (ωfund > 200) that its motion is constrained with
the shaft motion, i.e., moving “in phase” with the
shaft and oscillating with a close amplitude ratio of
the shaft:

x1

x1,mFB
􏼠 􏼡 ≈

zS

zS,mFB
􏼠 􏼡. (26)

Hence, even after uplift, oscillation amplitude of the
wall flexibility component in the first case of RI (C1)
is reduced with almost the same ratio of the shaft.
But similar high-frequency vibrations
(Figure 10(a)) persist because of its even larger
stiffness (ω1,up >ω1,fund). *is is not, however, the
case for the second case (C2). Applying the RI only
to the tank does not reduce the shaft response as
that of C1. *us, the wall flexibility component in
C2 is affected more by the impacts and experiences
stronger frequency vibrations (Figure 10(b)). *is
results in even larger deformations than the fixed-
base structure.

(c) Impulsive and shaft responses: the impulsive re-
sponse in C1, which is also studied as the tank C.G.,
is dominated by the rocking response of the whole
structure and increases up to 12% of that of the fixed-
base system. But, in C2, it is a superposition of the
shaft and rocking responses with more domination
from the shaft. *us, it does not change notably
compared to the fixed-base system.

(d) Interaction of convective and rocking response: in
structures with C1, the interaction of convective
response affects the history of rocking response (θ),
number of impacts, and the ratio of dissipated en-
ergy. For instance, after the second impact at 1.4 (s),
while the third peak θ tends to decrease, the con-
vective response acts in the opposite direction, and
hence the peak decreases more. In this case, the
convective and rocking responses acted “out of
phase.” But, the opposite happens after the third
impact at 2.1 (s). While it is expected that θ decreases
because of the new impact and its energy dissipation
mechanism, being the convective component, “in
phase” of θ results in a larger absolute peak (0.0043
(rad)) in comparison to the previous peak value
(0.0040 (rad)). Although this continues for the rest of
the motion, the rocking response keeps decreasing in
an irregular pattern (Figure 11(a)) that differs from
other structures with RI. Comparison of these results
with those of a similar RI system with equivalent
mass and geometry but without the “interacting”
effect of the convective component is shown in
Figure 11(a). As illustrated for the sample structure,
existence of the convective component increases the
number of impacts and also the amount of dissipated
energy over the same time duration (Figure 11(b)).
*is also shows that the convective component can
be proposed as an “additional” energy dissipation
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Figure 10: Zoomed-in views of the high-frequency vibrations of flexibility components in Figure 9 for the system with C1 (a) and C2 (b).
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and damping mechanism in structures with free
rocking motion, which are generally considered as
systems with very low radiation damping [45, 46],
i.e., from the radiated energy on each impact. *us,
the convective component plays a notable role in the
dynamic analysis of liquid tanks with RI.

(e) Energy dissipation in C2: as discussed in [45, 46],
squat rocking structures (H/B≤ 1) show larger ra-
diation damping. Hence, after the third impact in
C2, the rocking response damps out greatly, ap-
proximately becoming zero. However, it is then
followed by a series of microimpact-uplift transitions
as shown in Figure 10 (right top) which is originally a
numerical instability issue emerging from the pro-
cedure described in Section 3. Nevertheless, this
phenomenon has resulted resulted in resonance and
high-frequency vibrations of the flexibility compo-
nent as described in (c).

5.2. Seismic Response History Analysis (SRHA)

5.2.1. Deformation and Rotation-Based Responses. *e re-
sults of seismic response history analyses of the same sample
structure under the action of 1990 Manjil earthquake
recorded at Tonekabon station (R#4-PEER RSN 1640 [47])
(Figure 12) are presented in this section. As shown later
(Section 6.1), this was a far-field event with a weak vertical
component and higher spectral powers in the frequency
ranges of 1.2–1.5 (Hz). Namely, the lateral displacement and
hydrodynamic pressure demands of the convective
(uC andPC), flexibility (x1 andP1), and impulsive
(uI andPI) components of the liquid-tank system in addi-
tion to the deformation response of the shaft (zS) are ob-
tained and normalized to the maximum responses of the
similar fixed-base structure (mFB). Deformation responses
of the sample structure with “first case of RI” (C1-isolation at

the base) and “second case of RI” (C2-isolation under the
tank) are, respectively, shown in Figure 13.

As discussed in free vibration analysis (FVA), under the
action of 1990 Manjil earthquake, same “uplifted states” are
observed. *is is specifically the case for the shaft flexural
response in C1. Moreover, while the oscillation amplitude of
the tank wall decreases up to 40% of the fixed-base system
with C1, it increases up to 20% for C2. Similarly, other
remarks explained in FVA section hold for the response of
other components. It is noteworthy that the seismic rocking
motion of C2 is a serial pulse-like motion with rocking
responses as low as 0.0004 (rad.) (Figure 13(a)). Firstly, it
seems that these finite uplifts make no difference in the
seismic response, comparing to a fixed-base tank. But the
succession of these finite uplifts simulates an uplifted state
which results in lower deformation responses of the tank and
shaft (Figures 13(b) (D) and (E)). But, the convective re-
sponse of the system is not affected by this phenomenon due
to small values of _θ (equation (24)). Nevertheless, response
of the shaft in C2 acts more like the slide-isolated systems
[26, 28] with no considerable change in oscillation frequency
or phase.

5.2.2. Acceleration-Based Responses. For response assess-
ment of rocking structures, the effect of RI is often studied
on the rotational [2–8] or displacement demands [9–11, 16,
48] of the system. However, in liquid storage tanks, accel-
eration is also a crucial response component for determining
force and pressure demands. *e lateral hydrodynamic
pressure demand Pn induced by each component of the
liquid-tank system is calculated by

Pn � €u total
n mn, (27)

where mn is the mass of the corresponding component
(n�C, x, I) and €utotal

n is the “total” acceleration response
which is described by
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Figure 11: Time history of absolute rocking response (b) and normalized total energy (a) of the system with C1: “with” and “without” the
convective component.
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€u total
n � Rn

€θ cos αn + Rn
_θ
2
sin αn + €zn

, (28)

for various components. Sum of these hydrodynamic forces
gives the total shear at the base of the tank wall.

Accordingly, time histories of the normalized hydro-
dynamic forces acting on the tank wall of this prototype are
plotted in Figure 14. As defined by equation (27), it can be
shown that the same discussions for deformation responses,
such as uplifted states, govern acceleration responses of the
system too. Hence, the same changes are observed in ac-
celeration responses and hydrodynamic force histories of the
liquid-tank system. However, €utotal

n for flexibility and im-
pulsive components is also affected by the sudden changes in
the signs and values of angular/translational velocity com-
ponents ( _θ, _zn) due to impact transitions (equations
(19)–(21)). *e effect of close/serial impacts is the other
parameter acting on the acceleration responses; specifically
look at response of the structure with C2 (Figure 13(a)) or
the beginning part of the response of the one with C1
(Figure 13(a)). *e larger are the time intervals between the
two consecutive impacts; the structure has more time to
damp out the vibrations and to reduce the acceleration
responses. *us, it can be concluded that the first case of RI
(C1) generally decreases the acceleration responses of the
structure, while C2 holds the opposite. Nevertheless, in
neither of the RI cases, the acceleration response of the
convective component (€ut

C) is not affected by the impact
transitions, as discussed in the next section.

Superposition of all hydrodynamic forces of the liq-
uid-tank system gives the “tank-base” shear force history
(VTank). Impulsive force demands of tank roof and floor
are also added to this force. *en, by adding this shear
force to the shear force induced by shaft vibrations, total
base shear (VTotal) (shaft-base) is calculated (Figure 15).
As shown, (VTank) and (VTotal) of the structure with RI are
reduced more in C1 (10%) than C2 (50%). Moreover,
studying (VTotal), while the rocking shaft in C1 decreases
(VTank) by almost 4% more, the fixed-base shaft in C2
increases (VTank) by almost the same amount. It should be
noted that although hydrodynamic forces of flexibility and
impulsive components in both RI cases are separately
larger than those of the fixed-base structure in some
timespans (Figure 14), but the components act in the
opposite direction of each other during these timespans.

Hence, the summation, i.e., (VTank), is lower than the
fixed-base structure.

5.2.3. Sloshing and Wave Oscillations. Finally, the fluid
inside storage tank sloshes during an earthquake event, and
thus a freeboard allowance is needed. For this purpose,
maximum wave oscillation Δwave caused by earthquake
acceleration and the required freeboard allowance is defined
and calculated as the vertical displacement of the fluid
surface by

Δwave �
D

2
􏼒 􏼓 Atot/g( 􏼁, (29)

where D is inside diameter of the tank, Atot is the total
acceleration of the convective component ( €ut

C � €uC + €uX
g ) of

the liquid-tank system, and g is the gravitational
acceleration.

Time histories of wave oscillation of the sample
structure are normalized to the 1.5m freeboard provided
for the similar fixed-base structure (Figure 8) and shown
in Figure 16. As discussed previously (equation (24)),
seismic oscillation frequency of the convective compo-
nent decreases in the system with both RI cases.

Additionally, interacting effect between rocking and
convective motions in C1, as discussed in the FVA section,
leads to slightly larger convective acceleration response.
*us, larger wave vibrations are obtained. However, the
sample structure with C2 does not experience any notable
change in acceleration response under the action of 1990
Manjil earthquake (R#4). It is shown in the next section that
freeboard requirements of rocking elevated tanks are needed
to be revisited.

6. Parametric Analysis of the Response under
Multiple Hazards

In previous sections, the analytical abilities of the developed
model are exemplified. Hereafter, the objective of the study
is to obtain basic information on the applicability of the RI as
a seismic response upgrade technique for elevated tanks.
Various parameters were included in the analysis based on
the various properties of the study group introduced in
Section 4.
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Additionally, considering that the system with RI may also
be vulnerable to other lateral loadings, the effects of wind loads
are also studied in this section.*ewind loads were assumed to
act statically in two combinations: (1) independently before or
after the seismic excitation and (2) simultaneously with the
seismic excitation. In the latter case, it is assumed that the wind
durationwas long enough [49] to happen concurrently with the
maximum ground accelerations. It is worth to note that in
some seismic prone zones, such as the city of Manjil, north of
Iran, average wind speed is always so high [50]. *us, the
second combination could be the worst scenario of lateral loads
acting on an essential structure such as an elevated water tank.

6.1. Seismic Excitations. *e introduced study group (Section
4) was excited by an ensemble of 3 pairs of recorded far-field
ground motions with properties shown in Table 2. Each pair
includes the horizontal and vertical components of the event
(Figure 17).*e accelerograms are recordedmostly on firm site

(site class C) and are chosen from the PEER NGA-West 2
database [47]. *e records were scaled to the MCER response
spectrum of ASCE 7-16 [37] for the high-seismicity zones, i.e.,
SD1� 0.66 (g) and SDS� 1.26 (g).

In free rocking structures such as the system studied
here, the oscillation frequencies change with the rocking
amplitudes and there are no unique fundamental fre-
quencies. However, as discussed in Section 5.1, the system
can be studied over a range of frequencies close to the
frequencies of the similar fixed-base system. *us, the
period range for scaling has an upper bound corre-
sponding to the “first convective mode” and a lower
bound that corresponds to the first vibration mode of an
empty structure, i.e., almost 0.15 (s). *e records were
scaled such that the average spectrum of all horizontal
components does not fall below 90% of the target spec-
trum for any period within the mentioned range
(Figure 17(c)). Accordingly, the spectral properties of the
ensemble were chosen so that each pair excites various
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Figure 13: Normalized time histories of (A) rocking, (B) convective, (C) flexibility, (D) impulsive, and (E) shaft top end deformation
responses for the structure with C1 (a) and with C2 (b).
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Figure 15: Normalized tank-base (VTank) (top) and shaft-base (VTotal) (bottom) shear forces for the sample structure with C1 (a)(left) and
C2 (b).
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Figure 16: Normalized tank-base (top) and shaft-base (bottom) shear forces for the sample structure with C1 (a) and C2 (b).
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üY g (
g)

0.2

0.1

0

–0.1

–0.2
0 5 10 15 20 25 30

0 10 20 30 40

0 10 20 30 40
t (s)

t (s)

t (s)

RSN1640-Majil, Iran, 1990-Tonekabon

RSN1634-Majil, Iran, 1990-Abhar

RSN900-Landers, 1992-Yermo F.S.

(b)

0 0.5 1 1.5 2.52 3 3.5 4

0 0.5 1 1.5 2.52 3 3.5 4

0 0.5 1 1.5 2.52 3 3.5 4

Hor.comp.
Ver.comp.
ASCE7-16 high seismicity

Hor.comp.
Ver.comp.
ASCE7-16 high seismicity

Hor.comp.
Ver.comp.
ASCE7-16 high seismicity

5

4

3

2

0

1

pS
a 

(g
)

6

4

2

0

pS
a 

(g
)

3

2

1

0

pS
a 

(g
)

t (s)

t (s)

t (s)

(c)

Figure 17: Ensemble of the scaled seismic records used as the base excitations: (a) (left) horizontal components, (b) (middle) vertical
components and (c) (right) comparison of pseudo-acceleration spectra with the target spectrum.

Table 2: Properties of the recorded ground motions used for the seismic response analysis.

No. Event Year Station PEER RSN MW RDF∗ (Hz) VCS∗∗ PGAscaled (g) ∗∗∗

1 Manjil 1990 Tonekabon 1640 7.4 1.2–1.5 Low 0.53

2 Manjil 1990 Abhar 1634 7.4 0.27–0.32
1.5–4.0 Low 0.43

3 Landers 1992 Yermo Fire Station 900 7.3 0.6–5.0 High 0.61
∗Record dominant frequencies: the range of frequencies with higher spectral power. ∗∗Vertical component significance: “high” for records with strong vertical
component and vice versa. ∗∗∗PGA of the scaled horizontal component (g).
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ranges of frequency. *e third pair (RSN900) was spe-
cifically chosen to study the effect of vertical component.

6.2. Details of theWind Load. *e wind loads are evaluated
based on the requirements of ASCE 7 for Risk Category
IV structures [37]. *e basic wind speed for determi-
nation of the design loads was selected to be 45 (m/s)
which corresponds to wind hazard zones with highest
gust speed in Iran [51], such as Manjil. Wind load pa-
rameters are summarized in Table 3. Distributions of
design wind loads in the height of the prototypes are also
shown in Figure 18.

6.3. Dimensionless Parameters. Numerous properties of the
selected prototype structures and also a high number of
dominant parameters make dimensionless response as-
sessment difficult. However, the responses can be normal-
ized to those of a fixed-base structure with similar
geometrical and engineering properties.*us, interpretation
of the results and lateral performance upgrade of the

prototypes become more practical. For this purpose, 5 di-
mensionless parameters (λis for deformation and Πis for
force/moment responses), each as a ratio of the maximum
responses, were defined as follows:
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Figure 18: Distributions of design wind load in the height of the prototypes (dimensions are in meters). (a) 15-meter-high shaft. (b) 25-
meter-high shaft. (c) 35-meter-high shaft.

Table 3: Design wind load parameters of the circular shaft and tank.

Risk
Category V (m/s) Exposure

Category
Enclosure

Classification Kd Kzt Ke G Kz (α� 0.9, zg � 274) Cf

IV 45.0 C Partially open 1.0 1.0 1.0 0.85 (rigid
structure)

2.01(4.6/zg)
2
α , z≤ 4.6(m)

2.01(z/zg)
2
α , 4.6< z< zg

0.7
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where the parameters with subscript “FB” corresponds to the
similar “fixed-base” structure with its provided freeboard
assumed to be 1.5 (m). Moreover, u0 is the horizontal
displacement of the impulsive mass (m0 in Figure 4)
which approximately estimates the displacement at the
C.G. of the liquid-tank system. It is worth to note that the
practical ratios of importance factor to the response
modification factor (I/Ru) for the fixed-base elevated
storage tanks are almost equal or smaller than 1 [37, 44].
*us, the aforementioned parameters provided compa-
rable information about design applicability and effec-
tiveness of RI for response mitigation of elevated liquid
storage tanks. Using these parameters, “three” main
performance categories of the systems were evaluated: (1)
operational (λΔ, λC.G), (2) structural (λS), and (3) force
performances (ΠV,ΠM).

In the following illustrations (Figures 19–22), the di-
mensionless parameters were obtained and compared for
various RI cases, seismic excitations, shaft heights, and tank
filling levels. Accordingly, two load combinations including (1)
independent seismic hazard and (2) concurrent seismic and
wind hazards (S+W), were distinguished in these illustrations.
Moreover, the red dashed baseline in some graphs showed the
cases that their responses went beyond those of a similar fixed-
base structure. Specifically for force/moment responses, this
demonstrates the downgrade of the performance.

7. Discussion of the Results and Performances

In this section, the effect of various parameters on the (1)
operational, (2) structural, and (3) force performances of the
proposed RI systems is discussed.
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Figure 19: Performance of the prototype structures with “full tank” and various “shaft heights” (15, 25, and 35 (m)).
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7.1. 9e Effect of RI Cases

(1) *e convective response and wave oscillations, as
main “operational” components, are directly affected
by RI. *e wave oscillations are increased by both
large rocking responses (θ) and also amplified
convective accelerations (€uC) at the level of the tank.
*e other operational component is the tank C.G.
displacement (u0) which is mainly affected by
rocking response of the whole system.
As discussed in Section 5, the first RI case (C1: RI at
the base) developed larger rocking responses (?) than
C2. *us, the prototypes with C1 experienced larger
C.G. displacements than those with C2 (Figure 19,
20, 22 (middle), and 21 (top)). Under the action of

the considered ensemble of the seismic motion, the
prototypes with C2 showed almost no advantage
over the fixed-base structures. Nevertheless, the
prototypes with C1 underwent responses 10 to 50
times larger than those of the fixed-base structures.
*is corresponded to rocking responses about 0.1
(rad), which was also in a safe margin of overturning,
i.e., θcr ≈ 0.2 (Figure 22).
Unlike the C.G. displacements, the convective
performances and freeboard allowances were
downgraded in both RI cases. Although highly
affected by the properties of the seismic excitation,
the prototypes with C2 which were more stiff than
C1 oscillated with higher frequencies (Figure 8(b))
and thus developed larger accelerations. *is
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Figure 20: Performance of the prototype structures with “half tank” and various “shaft heights” (15, 25, and 35 (m)).
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resulted in larger wave oscillations (equation (29)).
However, in the case of prototypes with C1, wave
oscillations were mainly caused by larger rocking
responses, rather than amplified accelerations.
*is phenomenon was also observed in similar
rocking structures [10].

(2) “Structural” performances which were described by
the shaft response followed the similar pattern of the
C.G. displacements. Under the action of the con-
sidered ensemble of the seismic motion, the structural
performance of C2 prototypes showed almost no
advantage over the fixed-base structures
(0.8< λS < 1.1). Similarly, short C1 prototypes (C1-
15) experienced such strong impacts and high-fre-
quency oscillations that the displacements became
larger than those of the corresponding fixed-base
structure (λS ≈ 1.8). However, the structural perfor-
mance of the mid-rise and tall C1 prototypes (C1-25
and C1-35) were upgraded to at least 50%, i.e., de-
creasing the deformation demands of the shaft to half
of the corresponding fixed-base structure (λS ≤ 0.5).
*us, the best structural performances were expected
from slender prototypes equipped with C1.

(3) As shown in the bottom row of Figures 19–22, the
“force” performances followed the similar patterns of
the C.G. and shaft displacements. *us, the force
performance ratios were almost equal to those of the
structural performances.

7.2. 9e Effect of Seismic Base Excitations. *e effect of
earthquake records on the performance of prototype structures
was implicitly discussed in previous section. It was shown that
the records with predominant ranges of frequencies (or pe-
riods) close to the components of the liquid-tank system or the
shaft imposed higher demands on these components.

(1) As shown in Figure 17, record no. 2 had higher
spectral power around the frequency of the convective
component. *us, it developed larger accelerations
and convective responses for stiff prototypes. How-
ever, for flexible prototypes, such as those with C1,
large convective responses were also developed under
the action of record no. 3. *is record pair covered a
wider range of frequencies and also a stronger vertical
component (higher VCS). *us, it produced larger
rocking responses. Same patterns were also observed
for C.G. displacements and performances. It was
concluded that the operational performances could be
more downgraded under the action of the records
with wider ranges of dominant frequencies.

(2) *e structural performances of the mid-rise and tall
C1 prototypes (C1-25 and C1-35), with the highest
upgrade ratios, were not affected by the properties of
the seismic records. However, the performances of
other prototypes were affected by the records pre-
dominant ranges of frequencies. For instance, the
response of the short C1 prototypes (C1-15) was
more affected by record no. 1.
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Figure 21: Performance of the prototype structures with “empty tank” and various “shaft heights” (15, 25, and 35 (m)).
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(3) As shown in the bottom row of Figures 19–21, the
“force” performances followed the similar patterns of
the structural performances and C.G. displacements.

7.3. 9e Effect of Shaft Heights

(1) As shown in Figures 19–22, various shaft heights had
almost no effect on the operational performances.
However, the short prototypes with C1 experienced
larger C.G. displacements than the corresponding fixed-
base structures.*is, as described before, was a result of
high-frequency oscillations and stronger impacts which
is experienced by stiff rocking structures.

(2) *e shaft height had almost no effect on the oper-
ational performances of the C2 prototypes. However,
as discussed before, due to higher stiffness, short C1
prototypes (C1-15) underwent larger shaft

displacements than the mid-rise or tall prototypes.
*e latter demonstrated almost similar
performances.

(3) As shown in the bottom row of Figures 19–22, the
“force” performances followed the similar patterns of
the structural performances and C.G. displacements.

7.4. 9e Effect of Tank Filling Levels

(1) Various tank fillings levels, as shown in Figure 22, had
almost no effect on the operational performances of
full tanks. Nevertheless, the prototypes with half tanks
experienced lower wave oscillations than those of the
corresponding fixed-base structures (λΔ < 1.0).
However, the freeboard allowances must be evaluated
based on the results of the full-tank prototypes, which
are 1.5–2 times of the required freeboard of the fixed-
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base structures. It is noteworthy that, as shown in
Figure 22 (middle), the full and empty tanks devel-
oped almost similar C.G. displacements. *us, unlike
the fixed-base structures, the empty structures should
also be considered as a critical design case.

(2) Similarly, various tank fillings had almost no effect on
the structural performances of C1 prototypes. How-
ever, half and empty short structures (C1-15) expe-
rienced larger shaft displacements. *e C2 prototypes
with half and empty tanks were also not affected by RI.

7.5. 9e Effect of Combined Seismic and Wind Hazards.
*e concurrent effect of seismic and wind hazards on the
maximum responses of the prototypes is summarized in
Figure 23. Moreover, Figure 24 shows the maximum dif-
ference ratios of various parameters which were produced
under combined loadings. Since the wind loading, as de-
scribed in Section 6.2, was assumed to act statically, no
changes were applied to dynamic responses of system, such
as the acceleration. Only the static deformation and dis-
placement of the tank and shaft were superposed with the

responses of the seismic loading. Moreover, due to higher
stiffness of the tank structure in comparison to the sup-
porting shaft, the tank deformations under wind were also
smaller than those of the shaft.

(1) Accordingly, the convective responses and maxi-
mum wave oscillations under concurrent seismic
and wind loadings (S+W) were not modified in
comparison to the seismic-only responses. As shown
in Figure 24, the maximum ratio of the convective
responses was less than 1%, which was produced due
to the increased rotation of the liquid-tank system
under wind loading.
Similar pattern was observed for the C.G. dis-
placements of the prototypes with C1. Since the
tank in C1 is constrained to the shaft, wind loading
did not increase C.G. displacement any more.
However, considering that the tank is free to rotate
in C2, larger rotations than those of the C1 were
observed. *us, the C.G. displacements of C2
prototypes were increased up to 7% under com-
bined loadings.
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Figure 23: Maximum performance parameters of the prototypes under various lateral load combinations (green bars: seismic +wind).
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(2) Following a similar pattern, the shaft displacements
and structural performance of the C1 prototypes
were increased up to 7% under combined loadings.
*is ratio was about 5% for C2 prototypes.

(3) Considering that the main part of the wind load is
acting on the shaft, force performances of C2 pro-
totypes were modified less than 3% under combined
loadings. However, for tall structures with C1, the
base shear ratio was about 10%, the largest ratio
under combined loadings.

8. Conclusions

*is paper addressed response mitigation of elevated liquid
storage tanks equipped with RI using a developed analytical
model. Two different positions of isolation were assumed.
*e study was carried out for a study group geometrically
similar to a real structure, but with various shaft heights,
tank materials, and filling levels. Additionally, considering
that the system with RI may also be vulnerable to other
lateral loadings, the combined effects of seismic and wind
loads were also studied in this paper. An unprecedented
interacting effect of the convective component and rocking

motion was noted for this system which also provided an
additional source of energy dissipation. Unlike the other
components, frequency decrease was observed for the
convective component. *is showed that the convective
component plays a critical role in seismic analysis of these
structures. *e effect of RI was then studied on the accel-
eration response of the system, directly affecting the hy-
drodynamic pressure, base shear, and base moment
demands. Parametric studies showed that the first case of RI
(C1) decreases the acceleration demands of slender struc-
tures, while C2 had almost no effect on the response. As a
result, one could obtain more economic designs for the shaft
and foundation of the slender system with C1. Moreover,
various shaft heights and tank filling levels had almost no
effect on the operational and structural performances. Fi-
nally, while the combined seismic and wind hazards had
almost no effect on the operational performances, the force
performances of the C1 prototypes were increased up to
10%.

It was also shown that earthquake records with strong
vertical components aggravate performance of the structures
with C1. Additionally, the performance of various components
is more intensified by the records with wider ranges of
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Figure 24: Maximum ratios of various response parameters under the assumed lateral load combinations (seismic +wind/seismic). (a) C1
RI at the base. (b) C2 RI under the tank.
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predominant frequencies. Nevertheless, probabilistic analyses
with a higher number of seismic excitations might be needed
for a better understanding of the effect of various properties of
the earthquake excitations. Finally, some of the short proto-
types with half or empty tanks and C1 isolation case undergo
such large rocking responses that application of additional
restoring systems, such as vertical restrainers, might become a
necessity. However, this is the goal of future studies.
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lytical model of a deformable cantilever structure rocking on a
rigid surface: experimental validation,” Earthquake Engi-
neering & Structural Dynamics, vol. 44, no. 15, pp. 2795–2815,
2015.

[13] S. Acikgoz, Q. Ma, A. Palermo, and M. J. DeJong, “Experi-
mental identification of the dynamic characteristics of a
flexible rocking structure,” Journal of Earthquake Engineering,
vol. 20, no. 8, pp. 1199–1221, 2016.

[14] P. D. Spanos, P. C. Roussis, and N. P. A. Politis, “Dynamic
analysis of stacked rigid blocks,” Soil Dynamics and Earth-
quake Engineering, vol. 21, no. 7, pp. 559–578, 2001.

[15] V. Drosos and I. Anastasopoulos, “Shaking table testing of
multidrum columns and portals,” Earthquake Engineering &
Structural Dynamics, vol. 43, no. 11, pp. 1703–1723, 2014.

[16] J. A. Bachmann, M. F. Vassiliou, and B. Stojadinović, “Dy-
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(e tuned mass damper (TMD) can be applied to suppress earthquake, wind, and pedestrian- and machine-induced vibration in
factory buildings or large span structures. However, the traditional TMD with a fixed frequency will not be able to perform
effectively against the frequency variations in multiple hazards. (is paper proposed a frequency-adjustable tuned mass damper
(FATMD) to solve this limitation of current TMD. (e FATMD presented in this paper is composed of a simple assembly
consisting of a supported beam with a mass, in which the frequency of the FATMD is changed by adjusting the span of the beam.
(e kinematic equation of a single degree of freedom (SDOF) structure installed with an FATMD is established to analyze the
effect of the damping ratio, mass ratio, and stiffness on the vibration damping. (e fundamental frequency of the FATMD at
different spans is verified by simulation and experiments. Forced vibration experiments with different excitation frequencies are
also conducted to verify the performance of the FATMD.(e results show that the proposed FATMD can effectively suppress the
vertical vibration of structures at different excitation frequencies, including frequencies at a range higher than what a traditional
TMDmay not be able to suppress. Additionally, the proposed FATMD is applied to a long-span pedestrian bridge which vibrates
frequently due to the walking of pedestrians, the running of escalators, and earthquakes. (e numerical results indicate that the
FATMD can effectively reduce the vertical vibration of the pedestrian bridge under the excitations of pedestrians, escalators,
and earthquakes.

1. Introduction

(e rapid development of mechanical automation has given
rise to the increasing presence of large equipment in fac-
tories and the construction of large span structures. Factory
buildings and large span structures often house high-power
equipment, which can generate strong vibrations that can
affect the integrity of the surrounding structures. If the
structural vibration exceeds a certain level, it will negatively
affect the function and performance of other devices in the
building [1, 2]. (e vibration can also lead to a reduced level
of comfort for the working personnel [3, 4]. In extreme
cases, the vibration can even cause structural damage [5].
(ere are numerous ways to reduce the vibration of a
structure within comfortable levels. One way is to increase
the stiffness of the structure, thereby increasing the natural

frequency of the structure and shifting it from the range in
which it can be easily reached [6, 7]. Wang et al. [8]
strengthened the floor slab and secondary beams to increase
the natural frequency of the floor, thereby reducing floor
vibrations caused by wheat bran finishers and flour purifiers.
However, increasing stiffness may waste the performance of
the material and can become expensive. Another method is
to utilize vibration-control technologies. Since the concept
of vibration control was first proposed by Yao [9] in 1972,
numerous vibration-control techniques have been devel-
oped and applied to enhance the functionality and safety of
structures. Lee et al. [10] utilized multiple viscoelastic
dampers to suppress microvibrations in the floor induced by
automated guided vehicles in thin-film transistor liquid
crystal display factories. (e dampers effectively suppressed
the dynamic responses to a desired vibration criterion level.
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Zordan et al. [11] proposed an active micromachined vi-
bration isolator to isolate high-frequency mechanical vi-
brations in low-pressure environments, which is suitable for
use in or as packaging for sensitive electronic and micro-
electromechanical systems (MEMS). Setareh et al. [12]
proposed a pendulum tuned mass damper to control the
excessive vibrations of building floors.

As one of the most popular and flexible vibration control
devices, the tuned mass damper (TMD) boasts the advan-
tages of a simple set up, effective vibration suppression, and
not needing an energy source (i.e., passive control). TMDs
are widely applied in the engineering community, such as in
the Condo tower in San Francisco and the Citicorp Building
in New York City. Sun et al. [13] analyzed the vibration
control effect of TMDs installed on the Chongqing Bridge
under Typhoon Chan-hom and demonstrated the effec-
tiveness of the TMDs and their ability to suppress vibrations
under a wide range of wind conditions. Caetano et al.
[14, 15] evaluated the efficiency of the lateral and vertical
TMDs on the Pedro e Inês footbridge in Portugal. Carpineto
et al. [16] simulated the dynamic response of suspension
footbridges with and without multiple TMDs (MTMDs)
under pedestrian-induced excitations. (e simulation in-
dicated that MTMDs can effectively reduce vibrations of
suspension footbridges. Considering uncertainties present
in the structural parameters and the MTMD design, Vellar
et al. [17] proposed a new methodology for simultaneous
optimization of parameters and positions of MTMDs in
buildings that may be subjected to earthquakes.(ey applied
the proposed methodology in a 10-story building to confirm
its effectiveness. Elias et al. [18] applied different TMD
schemes to reduce structural dynamics under wind and
earthquake excitations and found that, for the purposes of
multihazard response control, distributed TMDs with equal
stiffnesses are preferable compared to those with equal
masses. Gerges and Vickery [19] demonstrated the superi-
ority a wire rope spring TMD over a normal TMD and
verified the vibration control performance of the new TMD
through shaking table tests. He et al. [20] set up TMDs in a
cabin to restrain large vibration displacements caused by
loads from offshore floating wind turbines, which often face
harsh marine conditions. (e researchers also simulated the
dynamic responses of the wind turbine with and without
TMDs under different combined wind and wave loads.(eir
analyses showed that TMDs can effectively reduce vibration
responses for offshore floating wind turbines. Wu et al. [21]
proposed a magnetic TMD which is reliable and robust in
controlling the vibrations of structures. Bakre and Jangid
[22] derived optimum parameters for a TMD system at-
tached to a viscous damped main system.(e TMDwas able
to be tuned for various combinations of excitation and
response parameters. Kang and Peng [23] determined the
optimal parameters for large mass ratio TMDs subjected to
harmonic loads and random, stationary white noise loads
and studied the control effect of large mass ratio TMDs. Lu
et al. [24] proposed a particle TMD and evaluated its
damping performance through aeroelastic wind tunnel tests
on a benchmark high-rise building. (e results showed that
the particle TMD can effectively suppress the wind-induced

vibration of the structure. Lu et al. [25] evaluated the ef-
fectiveness of the eddy-current TMD (EC-TMD) in sup-
pressing the vibration of the structure through shaking table
tests, and the results showed that the EC-TMD can effec-
tively reduce the displacement response, acceleration re-
sponse, interstory drift ratio, and maximum strain of the
columns under different earthquake excitations. Zhang et al.
[26] proposed a pounding TMD (PTMD) and numerically
simulated the PTMD on a 55 m tower model to verify the
effectiveness of the pounding TMD. (e results demon-
strated that the PTMD is able to suppress vibrations faster
and more strongly than the normal TMD. Xue et al. [27]
examined the application of the PTMD in reducing the
vibration of offshore jacket-type platforms and showed that
the PTMD performed better than the traditional TMD in the
desired frequency bandwidth. He et al. [28] proposed a TMD
with poles and torsional pendulums (TMDPP).(e TMDPP
can simultaneously control the translational responses and
the torsional angle of asymmetric structures. Santos et al.
[29] tested a TMD control system to reduce the excessive
vibrations of a gym floor in a commercial building in
Brasilia, Brazil. Nguyen [30] optimized the parameters of a
symmetric TMD using an analytical method that considers
specific vibration duration and stability criteria. Tarng et al.
[31] mounted a piezoelectric inertia actuator on the cutting
tool, which can suppress the vibration and improve cutting
stability in turning operations. Yang et al. [32] designed and
optimized MTMDs to increase the chatter resistance of
machine tool structures.

However, a major drawback of the conventional TMD is
that if the TMD is detuned form the natural frequency, a
significant loss of vibration control performance can occur.
(erefore, the conventional TMD with a fixed frequency
cannot perform effectively against the frequency variations
inmultiple hazards. To overcome this issue, many semiactive
or active methods have been proposed. Chang et al. [33]
reported the use of an adjustable, vertically moving TMD
(VTMD) to suppress machine-induced vertical vibration of
structures. Abdel-Rohman et al. [34] studied the influence of
the time delay on the performance of a semiactive TMD and
proposed two methods to compensate for the time delay and
ensure the vibration suppression effect. Jiang and Hanagan
[35] proposed a semiactive variable damping TMD
(SAVDTMD) with piezoelectric friction dampers as an al-
ternative to existing methods to control floor vibrations,
especially vibrations induced by pedestrian traffic. Esteki
et al. [36] described the use of a magnetorheological fluid-
based semiactive TMD to suppress the seismic response of a
40-story steel-frame building in Vancouver. (e new sem-
iactive suppressed structural vibrations more effectively than
the classic passive TMD. Nagarajaiah et al. [37, 38] devel-
oped a semiactive or smart TMD (STMD) using a semiactive
variable stiffness system, which is robust against changes in
the natural frequency of the host structure since the STMD
always stays tuned. Ryan et al. [39] proposed an adaptive
passive vibration absorber and experimentally validated the
effectiveness through experiments.(e results demonstrated
that the adaptive absorber is able to achieve 25 dB of at-
tenuation in the vibration of a model building. Contreras
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et al. [40, 41] proposed an adaptive length pendulum smart
TMD (ALP-STMD) in which natural frequencies are time
invariant. (ey experimentally validated the ability of an
ALP-STMD to adequately control a structural system.
Similar devices were applied towards bridge vibration
control [42]. Shi et al. [43] proposed a self-adjustable var-
iable mass TMD (SAVM-TMD) and experimentally vali-
dated the effectiveness under different pedestrian
excitations. (e results demonstrated that the SAVM-TMD
is able to suppress pedestrian vibrations better than the
normal TMD. Venanzi et al. [44] proposed an active TMD to
mitigate wind-induced vibrations of tall buildings and op-
timized the number and positions of active TMDs. Rahman
et al. [45] investigated the seismic performance of a 10-story
building and demonstrated the efficiency of using multiple
adaptive TMD to dampen seismic-induced structural
vibrations.

(e traditional TMD is a type of frequency sensitive
control device.(us, the potential for unintended detuning of
the TMD’s natural frequency is a major drawback of the
traditional TMD. When the frequency of the TMD is not
matched with the frequency of the host structure, the TMD
can suffer a significant loss of vibration control performance.
(e vibration frequencies of structures are often varied due to
the degradation of structural parameters in multiple hazard
scenarios, which requires that the frequency of TMD should
be easily tuned to better respond to this variation.(e natural
frequency of the TMD is determined partially by its stiffness,
which, in current TMDs, is usually provided by springs. (e
stiffness of the spring is difficult to be set precisely due to
unavoidable errors in the manufacturing process, and thus, it
is difficult to guarantee the exact frequency of the vibration
control system. (erefore, the TMD is usually adjusted by
changing the mass of the system after the spring is fabricated.
However, doing so means that there is a very narrow tuning
range for setting the frequency of the TMD. Furthermore, the
traditional TMD is only suitable for mitigating low-frequency
vibrations and has trouble of controlling high frequency vi-
brations often generated by mechanical equipment. To
overcome these issues, a frequency-adjustable tuned mass
damper (FATMD) is proposed in this study. (e FATMD
utilizes a beam instead of a spring to provide the stiffness to
the control device and can effectively suppress high-frequency
vibrations. (e frequency of the FATMD can be adjusted by
adjusting the span of the beam. In this paper, the kinematic
equations of the structure with a FATMD are established to
analyze the effect of damping ratio, mass ratio, and stiffness
on its ability to dampen vibrations. Subsequently, the fun-
damental frequencies of the FATMD with different adjusted
spans are verified by simulation and experiments. To verify
the vibration suppression performance of the FATMD, the
FATMD is subjected to forced vibrations at different exci-
tation frequencies.

2. The FATMD

(e schematic of the FATMD is shown in Figure 1. (e
FATMD consists of an easy-to-implement assembly of a
bottom plate, vertical columns, a weighted steel plate, and a

beam. As shown in Figure 1(b), the pedestals of columns (3)
are bolted between the bottom plate (1) and the pressure plate
(2). Before the columns are fixed, the span of the beam (6) can
be adjusted by moving the pedestals of the columns (3) along
the length of the bottom plate (1) and, thereby, allow the
continuous adjustment of the natural frequency of the
FATMD. (e beam (6) is installed on the rectangular plat-
form of formed by the columns (3) and is fixed via the bolted
column fastener (7).(e weighted box (4) is fixed to the beam
(6) through a set of fasteners. (e beam (6) is clamped be-
tween the weighted box (4) and the fastener, and a gasket
placed between the beam and the weighted box prevents the
weighted box from sliding along the beam’s axis. (e bolt
holes are set to straight notches, which are perpendicular to
the axial direction.(eweighted box (4) can be finely adjusted
along the length of the beam to avoid any eccentricity of the
FATMD caused by the weight box. (e counterweight steel
plate (5) hangs from the weighted box and, thus, reduces the
footprint of the FATMD. (e frequency of the FATMD can
be finely adjusted by changing the mass of the plates.

3. Control Equations of an SDOF Structure with
the FATMD

(e TMD is one of the earliest passive control devices used
in structural vibration control. When the main structure
vibrates under external excitation, the TMD control system
is driven to vibrate together with the structure.(en, inertial
forces generated by the relative motion of the TMD acts
against the motions of the structure and, thus, can reduce the
dynamic response of the structure. To illustrate the working
principle, a single degree of freedom (SODF) primary
structure installed with the FATMD is illustrated in Figure 2,
where m1, c1, and k1 are, respectively, the mass, damping,
and stiffness of the SDOF structure. m2, c2, and k2 are the
mass, damping, and stiffness of the FATMD, respectively.

According to D’Alembert’s principle, the kinematic
equations of the SDOF structure with the FATMD are as
follows:

m1€x1 + c1 + c2( 􏼁 _x1 − c2 _x2 + k1 + k2( 􏼁x1 − k2x2 � f(t),

m2€x2 + c2 _x2 − _x1( 􏼁 + k2 x2 − x1( 􏼁 � 0,

(1)

where x1, _x1, and €x1 are the displacement, velocity, and ac-
celeration of the structure relative to the ground, respectively.
x2, _x2, and €x2 are the displacement, velocity, and acceleration of
the FATMD relative to the ground, respectively.

(e equations can be solved by expressing them in the
form of a transfer function. (us, after applying the Laplace
transform,

m1s
2

+ c1 + c2( 􏼁s + k1 + k2( 􏼁􏽨 􏽩X1 − c2s + k2( 􏼁X2 � f(s),

m2s
2

+ c2s + k2􏼐 􏼑X2 − c2s + k2( 􏼁X1 � 0,

(2)

where s represents the independent variable after the Laplace
transform of the original function.
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Equation (5) can be organized as follows:

s
2

+ 2ω1ξs + ω2
1􏼐 􏼑X1 + μs

2
X2 �

f(s)λ2μω2
1

k2
, (3)

where ω1 and ξ1 are, respectively, the frequency and the
damping ratio of the structure. μ is the ratio of the mass of
the TMD to the total mass of the structure.

ω1 �

���
k1

m1

􏽳

,

ξ1 �
c1

2m1ω1
,

μ �
m2

m1
.

(4)

(us, the overall transfer function for the primary
structure is as follows:

H(s) �
1

m1s
2

+ c1 + c2( 􏼁s + k1 + k2( 􏼁 − c2s + k2( 􏼁
2

􏼐 􏼑/ m2s
2

+ c2s + k2􏼐 􏼑􏼐 􏼑
.

(5)

4. Parametric Analysis of the FATMD

(e previous section considered the SDOF structure coupled
with an FATMD (Figure 2) as an analytical model and
established the control equations for the whole system. In
this section, a parametric analysis for the system under the
sinusoidal excitation is provided to verify the influences of
parameters of the FATMD on its effectiveness, which can
provide useful information for designing the FATMD. (e
parameters of the FATMD are as follows based on
practicality:

(1) λ: the ratio of the frequency of the FATMD to the
fundamental frequency of the structure

(2) μ: the ratio of the mass of the FATMD to the total
mass of the structure

(3) ξ: the damping ratio of the FATMD

As shown in Figure 3, the logarithmic amplitude-fre-
quency characteristic curves of the structure with and
without the FATMD are plotted for different values of λ
when μ� 0.01. (e curves can illustrate the trend of changes
on the amplitude of the structural response at different
frequencies. By comparing the amplitudes of the uncon-
trolled and controlled structural vibrations, it is noted that
the vibration of the structure can be effectively reduced by
the FATMD. When the frequency of the external excitation
is 15.7Hz, the vibration of the structure without control
peaks is due to resonance.(e vibration suppression effect of
the FATMD is stable between λ� 0.9–1.1, with λ� 1.0 being a
relatively optimal value according to the curves. Addition-
ally, the vibration suppression effect of the FATMD is
pronounced when the frequency of the FATMDmatches the
excitation frequency.

(a)

4

7
7

6

5

3
3

2
1 

(b)

Figure 1: Schematic of the FATMD. (a) (ree-dimensional schematic, (b) elevation drawing. 1—bottom plate; 2—pressure plate;
3—column; 4—weighted box; 5—counterweight steel plate; 6—Beam; and 7—column fastener.

m2

k2 c2

k1 c1

m1
f (t)

Figure 2: Diagram of an SDOF structure with an installed
FATMD.
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In Figure 4, the logarithmic amplitude-frequency
characteristic curves of the system are plotted for different
values of μ when λ� 1.0. A comparison of the seven curves
with and without control reveals the obvious vibration
mitigation effect of the FATMD. By increasing the mass of
the FATMD, the effective bandwidth of the FATMD widens
and the vibration suppression effect on the structural vi-
brations also increases. Furthermore, in Figure 5, the log-
arithmic amplitude-frequency characteristic curves of the
system are plotted for different values of ξ when λ� 1.0 and
μ� 0.01.(e figure shows that the greater the damping ratio,
the weaker the vibration reduction effect of the FATMD
becomes. (us, the damping ratio of the FATMD should be
minimized in the cases that the frequencies of excitation
deviate far from the one of the structure.

5. Vibration Control Experiments of
the FATMD

5.1. Experimental Setup. To verify the vibration suppression
performance of the FATMD, the FATMD and the structure
are subjected to forced vibrations at different excitation
frequencies. (e primary structure is a model steel floor
elevated on four steel legs. (e size of the steel floor is
100× 20×1.5 cm. (e height of the structure is 40 cm, and
the total weight of the structure is 32.52 kg. (e natural
frequency of the structure is 25.8Hz. As shown in Figure 6,
the FATMD mainly consists of a bottom plate, vertical
columns, a steel weight, and a beam, similar to the schematic
shown in Figure 1. (e beam is a steel pipe with a length of
1m and 1mm thick steel walls. Two kinds of steel pipes with
different diameters are tested for the verification experiment.
One pipe has a line inner radius of 5mm, and the other has a
line inner radius of 6mm. (e rubber gaskets are installed
between the column and the beam to prevent the beam from
sliding in the axial direction between the platform and
fastener of the column. Amass of 0.5 kg is fixed in themiddle
of the beam and the frequency of FATMD can be fine-tuned
by changing the mass.

As shown in Figure 7, the shaker is installed at the
bottom of the primary structure and is used to excite the
vertical vibration of the primary structure during the test.
(e shaker (model: JZK-20) can be controlled by a signal
generator and can continuously output a sinusoidal signal
with a frequency between 1–10000Hz. Without any loads,
the maximum displacement is 10mm, and the maximum
output force is 200N. Two accelerometers (model: Lance
LC0101) are mounted to measure the absolute acceleration.
One is fixed onto the primary structure, and the other is fixed
onto the FATMD. Data are collected by using an acquisition
device (Model: NI 6366) connected to a laptop installed with
LabVIEW.

To demonstrate that the frequency of the FATMD is
adjustable, the first-order frequency of the FATMD under
different spans is measured by the knocking method [46].
(en, the FATMD is tested with forced vibrations at dif-
ferent excitation frequencies and configurations. (e di-
rection of the applied excitation is vertical. (e vibrations of
the structure and the FATMD are also vertical.

5.2. Experimental Results. (e first-order frequency of the
FATMD at different adjusted spans is plotted in Figures 8
and 9, and the values of the frequency are listed in Table 1. L
is length of the beam span in the FATMD. (e figures show
that the frequency of the FATMD decreases when the beam
span increases. As shown in Table 1, when the beam has a
radius (r) of 5mm and a span of 0.5m, the first-order
frequency of FATMD is 38Hz. When the span of the beam
increases to 1m, the first-order frequency of FATMD is
17.3Hz. As shown in Table 1, when the beam has a radius of
6mm and a span of 0.5m, the first-order frequency of
FATMD is 42.7Hz. When the span of the beam increases to
1m, the first-order frequency of FATMD is 20.1Hz. (e
data, therefore, demonstrates that by changing of the beam
span, the frequency of the FATMD can be adjusted.

To evaluate the vibration control performance of the
FATMD, the vibration reduction ratio (J) is defined as
described in equation (8).

J �
a0 − a1

a0
× 100%, (6)

where a1 and a0 are the maximum vertical acceleration of the
structure with and without the FATMD, respectively.

As shown in Figure 10, the vertical accelerations of the
primary structure with and without the FATMD are plotted
against time for the tested excitation frequencies. Table 2 lists
the vibration reduction ratios of the FATMD under different
excitation frequencies. In the experiment, the span was
adjusted to make the frequency of the FATMD match the
excitation frequency.When frequencies of the excitation and
FATMD are both 26.5Hz, the vibration reduction ratio of
the FATMD is 96.1%, thus effectively suppressing the forced
vibration of the structure. As shown in Figures 10(g)–10(n),
the FATMD can still effectively suppress the structural vi-
bration at other high frequency excitations. For example,
when the excitation frequency increases to 38.0Hz, the
vibration reduction ratio is 64.7%. In case where the
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Figure 3: Logarithmic amplitude-frequency characteristic curves
of the structure with and without the FATMD (varying λ).
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Figure 6: Photos of the FATMD (1—beam; 2—column; 3—bottom plate; and 4—counterweight).
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frequency of the external excitation or structure changes, the
beam span can be changed to adjust the frequency of the
FATMD accordingly to preserve highly effective vibration
suppression.

6. Vibration Control of a Long-Span Pedestrian
Bridge with the FATMD

(ere is a pedestrian bridge in Shenyang, China, with the
span of 49m. (e main structure of the bridge is a single-
span steel box girder with the simple support at both ends.
(e deck width of the bridge is 3m, and the linear density of
the bridge is 1.179136 kg/m. (e moment of inertia of the
girder section is 0.0694m4, and the elastic modulus is
200GPa. (e first frequency of the structure on the vertical
direction is 2.2Hz, which is close to the one of pedestrian
walking. As a result, the large vibration can be felt when
people walk through the bridge. In addition, the running of
escalators connected to the bridge can also excite the vi-
bration of the bridge. (e vibration of bridge due to the
walking of pedestrians and running of escalators can cause
the uncomfortableness of people on the bridge and even
result the fatigue damage of the structure. An FATMD is
installed on the midspan of the pedestrian bridge to reduce
the vertical vibrations under the excitations of pedestrians,
escalators, and earthquakes. As shown in Figure 11, the
FATMD can be installed under the guardrails of the pe-
destrian bridge, which will not affect the normal use of the
bridge. (e ratio of the total mass of the FATMD to the one
of the bridge is 2%. Considering that the counterweight steel
plates of the FATMD are relatively large, the stiffness and the
span of the beam on the FATMD should be designed
reasonably.

Figure 12 shows the simplified analysis model of the
pedestrian bridge installed with an FATMD. (e kinematic
equations of the bridge with the FATMD are as follows:

EI
z
4
y

zx
4 + M

z
2
y

zt
2 + C

zy

zt
� F + f,

m€y1 + c _y1 − _y0( 􏼁 + k y1 − y0( 􏼁 � 0,

(7)

where EI is the flexural stiffness of the bridge. M(—) is the
linear density of the bridge. m, c, and k are the mass,

(a) (b)

Figure 7: (e experimental setup and data acquisition system.
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Figure 9: (e first-order frequency of the FATMD with different
spans (r� 6mm).

Table 1: First-order frequency of the FATMD at different spans.

Span (m) 0.5 0.6 0.7 0.8 0.9 1.0

Frequency (Hz) r� 5mm 38.0 32.6 26.1 22.3 19.2 17.3
r� 6mm 42.7 38.0 31.5 26.5 23.0 20.1

Shock and Vibration 7



0 0.2 0.4
Time (s)

0.6 0.8 1

8

6

4

2

0

–2

A
cc

el
er

at
io

n 
(m

/s
2 )

–4

–6

–8

×10–4

No control
With FATMD

(a)

5 15 2010
Frequency (Hz)

20 30

A
cc

el
er

at
io

n 
(m

/s
2 )

10

8

6

4

2

0

×10–4

No control
With FATMD

(b)

0 0.2 0.4
Time (s)

0.6 0.8 1

A
cc

el
er

at
io

n 
(m

/s
2 )

1

0.5

0

–0.5

–1

×10–3

No control
With FATMD

(c)

5 15 2010
Frequency (Hz)

20 30

A
cc

el
er

at
io

n 
(m

/s
2 )

10

8

6

4

2

0

×10–4

No control
With FATMD

(d)

0 0.2 0.4
Time (s)

0.6 0.8 1

A
cc

el
er

at
io

n 
(m

/s
2 )

1

1.5

–1.5

0.5

0

–0.5

–1

×10–3

No control
With FATMD

(e)

0 10 20
Frequency (Hz)

30 40 50

A
cc

el
er

at
io

n 
(m

/s
2 ) 1

1.5

0.5

0

×10–3

No control
With FATMD

(f)

Figure 10: Continued.
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Figure 10: Acceleration of the structure with and without an FATMD for different excitation frequencies. (a) Acceleration of the structure
vs. time (f� 20.1Hz, L� 1.0m), (b) acceleration of the structure vs. frequency (f� 20.1Hz, L� 1.0m), (c) acceleration of the structure vs. time
(f� 23.0Hz, L� 0.9m), (d) acceleration of the structure vs. frequency (f� 23.0Hz, L� 0.9m), (e) acceleration of the structure vs. time
(f� 26.5Hz, L� 0.8m), (f ) acceleration of the structure vs. frequency (f� 26.5Hz, L� 0.8m), (g) acceleration of the structure vs. time
(f� 28.5Hz, L� 0.76m), (h) acceleration of the structure vs. frequency (f� 28.5Hz, L� 0.76m), (i) acceleration of the structure vs. time
(f� 30.0Hz, L� 0.72m), (j) acceleration of the structure vs. frequency (f� 30.0Hz, L� 0.72m), (k) acceleration of the structure vs. time
(f� 38.0Hz, L� 0.6m), (l) acceleration of the structure vs. frequency (f� 38.0Hz, L� 0.6m), (m) acceleration of the structure vs. time
(f� 45.5Hz, L� 0.43m), and (n) acceleration of the structure vs. frequency (f� 45.5Hz, L� 0.43m).

Table 2: Vibration reduction ratios of the FATMD.

Excitation frequency (Hz)
Acceleration (mm/s2)

Vibration reduction ratio (%)
Uncontrolled With FATMD

20.1 0.497 0.179 64.0
23.0 0.685 0.256 62.6
26.5 1.033 0.040 96.1
28.5 1.864 0.447 76.0
30.0 1.030 0.338 67.2
31.5 1.108 0.386 65.2
38.0 3.463 1.217 64.9
42.7 1.633 0.407 75.1
45.5 1.473 0.094 93.6

Figure 11: Schematic of a pedestrian bridge installed with an FATMD.
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damping, and stiffness of the FATMD, respectively. y is the
displacement of the bridge in the vertical direction. y0 is the
vertical displacement of the midspan of the bridge. y1 is the
displacement of the FATMD in the vertical direction. F is the
external excitation. f is the control force exerted on the
structure by the FATMD.

f � c _y1 − _y0( 􏼁 + k y1−y0( 􏼁. (8)

According to the mode analysis method, the vertical
responses of the bridge can be expressed as follows:

y(x, t) � 􏽘
n

Yn(t)ϕn(x), (9)

where Yn(t) is the generalized coordinate; ϕn(x) is the mode
function.

ϕn(x) � sin
nπx

L
. (10)

(us, the kinematic equations of the bridge with the
FATMD can be simplified as follows:

€Yn + 2ξnωn
_Yn + ω2

nYn �
1

Mn

F1 + f1( 􏼁

m€y1 + c _y1 − _Ynϕn(x)􏽨 􏽩 + k y1 − Ynϕn(x)􏼂 􏼃 � 0,

(11)

where

Mn � 􏽚
L

0
ϕ2n(x)mdx,

ωn � n
2π2

����
EI

mL
4

􏽳

,

ξn �
Cn

2Mnωn

,

F1 � 􏽚
L

0
ϕn(x)Fdx,

f1 � 􏽚
L

0
ϕn(x)fdx � ϕn(x) c _y1 − _Ynϕn(x)􏽨 􏽩􏼚

+ k y1 − Ynϕn(x)􏼂 􏼃􏼛.

(12)

According to research by Poovarodom et al. [47], the
effect of the crowd dynamic load on the pedestrian bridge
can be converted into a concentration force at the midspan
of the bridge as follows:

p(t) � 0.4W
��
np

􏽰
sin 2πfpt􏼐 􏼑, (13)

where W is the average weight of pedestrians on the bridge
and taken as 700N in this paper; np is the number of people
walking on the bridge at the same time, and the maximum
value can be about 265 based on the area of the bridge deck;
and fp is the frequency of pedestrian loads.

(e vertical responses of the bridge with and without
the FATMD are computed under different frequencies of
the pedestrian load. (e frequency of the FATMD is set to
match the excitation frequency. Figure 13 shows the ac-
celeration time history in the midspan of the bridge under
the frequency of the pedestrian load is 2.2 Hz.(e first 10 s
is the forced vibration of the bridge under the pedestrian
load, and the last 5 s is the free vibration of the bridge. It
can be seen that the FATMD can effectively reduce the
forced and the free vibration of the bridge. Figure 14
shows the acceleration envelope diagram of the bridge. A
comparison of the two curves reveals the obvious vi-
bration mitigation effect of the FATMD on the peak
acceleration of the whole bridge. Table 3 lists the dynamic
responses of the bridge with and without the FATMD
under different frequencies of the pedestrian load. (e
results show that the FATMD can effectively suppress the
maximum responses of the bridge under various fre-
quencies of the pedestrian load, especially at the excitation
frequency of 2.2 Hz, in which the vibration reduction rate
is over 75%.

According to the code for design of antimicrovibra-
tion of a multistory factory floor (GB 50190-93) [48], the
disturbing force of the escalators can be computed as
follows:

p0(t) � m0e0ω
2
0 sinω0t, (14)

where m0 is the total mass of the escalators; e0 is the ec-
centricity; and ω0 is the working circular frequency of the
escalators.

In this section, the frequency of external excitation
generated by the escalator is 21Hz and the amplitude of the
excitation is 3216.3N. (e frequency of the FATMD is set to
match the excitation frequency. Figure 15 shows the time
history of the vertical acceleration in the midspan of the
bridge under the action of escalators. Figure 16 shows the
acceleration envelope diagram of the bridge. (e results
show that the FATMD can effectively reduce the vertical
vibration of the bridge. (e vibration reduction rate of the
peak acceleration is 70.4%.

m

Ly

EI M—
x

Figure 12: (e simplified model of a pedestrian bridge with an FATMD.
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Furthermore, the vertical responses of the bridge with
and without the FATMD are computed under three
different seismic records (Table 4), including the Imperial
Valley earthquake, the Kobe earthquake, and the Borrego
earthquake. (e frequency of the FATMD is set to match
the natural frequency of the bridge. (e peak ground
accelerations (PGA) of each seismic record are, respec-
tively, adjusted to be 0.2 g. Figure 17 shows the time
history of the vertical acceleration in the midspan of the
bridge under the three earthquakes. Table 5 lists the
dynamic responses of the bridge with and without the
FATMD under different earthquakes. It is concluded that
the FATMD can effectively suppress the vertical accel-
erations and displacements in the midspan of the bridge
under the three earthquakes.
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Figure 13: (e acceleration time history in the midspan of the bridge (fp � 2.2Hz).
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Figure 14: (e acceleration envelope diagram of the bridge (fp � 2.2Hz).

Table 3: Dynamic responses in the midspan of the bridge with and without the FATMD.

fp (Hz)
Peak displacement (mm)

Vibration reduction ratio (%)
Peak acceleration (m/s2)

Vibration reduction ratio (%)
Uncontrolled With FATMD Uncontrolled With FATMD

1.8 0.35 0.24 31.43 0.54 0.36 32.58
2.0 0.57 0.30 47.37 0.97 0.50 48.45
2.2 1.50 0.36 76.00 2.89 0.69 76.12
2.5 0.53 0.24 54.72 1.20 0.53 55.83
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Figure 15: (e acceleration time history in the midspan of the
bridge.

12 Shock and Vibration



0 5 10 15 20 25
L (m)

30 35 40 45 50

0

–0.5

–1

–1.5

–2

No control
With FATMD

A
cc

el
er

at
io

n 
(m

/s
2 )

Figure 16: (e acceleration envelope diagram of the bridge.

Table 4: Seismic records.

Earthquake Event date Recording station Acceleration component Peak ground acceleration (m/s2)
Imperial Valley 5/19/1940 El Centro East-west 0.659
Kobe 1/16/1995 Taka tori North-south 8.178
Borrego 10/21/1942 El Centro East-west 1.961
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Figure 17:(e acceleration time history in the midspan of the bridge. (a) Imperial Valley earthquake, (b) Kobe earthquake, and (c) Borrego
earthquake.
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7. Conclusions

In this paper, an FATMD composed of a simple supported
beam with a mass is proposed to suppress high-frequency
vibrations that can be generated by heavy machinery. Forced
vibration experiments are conducted to verify the vibration
suppression capabilities of the FATMD. Numerical and
experimental analysis verified that the natural frequency of
the FATMD can be adjusted and that the FATMD frequency
decreases with the increased beam span. (e FATMD can
effectively reduce the structural vibrations at different tested
high frequencies. (e vibration suppression effect of the
FATMD is stable between λ� 0.9–1.1, with λ� 1.0 being a
relatively optimal value according to the curves. (e vi-
bration control effect of the FATMD increases with in-
creased mass ratio and decreased damping ratio.
Furthermore, the FATMD is an easily assembled structure
that can be quickly adjusted for various natural frequencies,
thus enabling the FATMD to be simpler to use than the
normal TMD.(e numerical results of the pedestrian bridge
with an FATMD indicate that the FATMD has a significant
effect on reducing the vibration of the pedestrian bridge
under the excitations of pedestrians, escalators, and
earthquakes.

However, the beam needs to remain in its elastic range
for the FATMD to be effective, which limits the allowable
range of stiffness that the FATMD can be tuned. (ere-
fore, the FATMD may be detuned under high-intensity
excitations, and its effectiveness may be significantly
degraded. In the future work, the proposed FATMD will
be optimally designed to improve its vibration control
performance. (e multiple FATMDs will be numerical
and experimentally studied for the vibration control of
structures with the consideration of multiple hazards,
including the machine-, pedestrian-, earthquake-, and
wind-induced vibrations.
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Effectiveness of friction dampers (FDs) is investigated for connected dynamically similar and dissimilar steel buildings under
uncorrelated seismic ground motion and wind excitations. (e steel buildings involving moment-resisting frame (MRF) and
braced frame (BF) are varied from five storeys to twenty storeys, which are connected by different configurations of the FDs. (e
steel buildings without and with bracing systems are modeled as plane frame structures with inertial masses lumped at each joint
node. (e FDs are modeled an element having yield force equal to slip load, with force-deformation behavior as elastic-perfectly
plastic material. (e dynamic responses of the unconnected and connected steel buildings are obtained in terms of top floor
displacement and acceleration under the considered ground motion and wind excitations. It is concluded that the FDs help
minimizing the gap between two adjacent buildings having utilized the space to connect the buildings. Moreover, the effectiveness
of the FDs in terms of response reduction in dynamically dissimilar buildings is more than that in the similar buildings under the
considered excitation scenarios. However, the effectiveness of the installed devices varies significantly under the multiple loading
scenarios. Finally, the separation gap may be reduced by ∼30%, which would eventually minimize structural pounding as well as
utilize the space for effective construction. Hence, important essential guidelines are outlined for structures installed with such
passive control devices against such multiple scenario loadings.

1. Introduction

Structures constructed in moderate-to-high seismicity and
windy regions have experienced damages due to extreme
vibrational effects under severe ground shaking and gusty
wind loading imparted [1–6]. To minimize these damaging
effects and improve the behavior of the structures under
such dynamic excitations, friction damper (FD) has been
one of the potential passive response control devices de-
veloped in minimizing the large response of a structure
under the extreme earthquake and wind excitations [7, 8]. In
a typical FD, the generated frictional force helps to dissipate
the external energy and stabilize the structure under the
dynamic excitation scenarios [9]. (e FDs are also not prone
to thermal effects and possess a stable hysteretic behavior for
a considerable number of cycles under such dynamic

excitations [10]. Moreover, the FDs have a reliable perfor-
mance under the dynamic excitations as compared to the
other conventional methods and their installation and
maintenance are relatively simple. (erefore, these advan-
tages make the FDs a suitable choice for design of new
structures as well as rehabilitation and strengthening of
existing structures to achieve safety of the structures under
the multiple catastrophic seismic and wind hazards [11, 12].

With the recent increase in urbanization and global-
ization, the structural engineers and designers are enforced
to construct buildings at a close vicinity resulting in in-
sufficient separation gap between the buildings. Such in-
sufficient gap leads to structural pounding under the effects
of seismic ground motions and gusty winds, which may lead
to catastrophic collapse of the buildings, as observed during
1985 Mexico City earthquake. (e primary reason of impact
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between the adjacent buildings under the effects of earth-
quake (or wind excitations) is the difference in their dynamic
properties. (ese differences in structural properties lead to
out-of-phase vibrations causing structural pounding, which
warrants technical knowhow for constructions in high-ur-
banized regions across the world [13]. Hence, in order to
have effective utilization of the space between two structures,
coupling of the adjacent structures with suitable control
mechanisms becomes an effective solution to reduce the
overall responses of the building systems under the effects of
earthquake and wind excitations [14].

(e friction damper (FD) was initially used in steel
buildings for improving the seismic performance [15, 16].
(e proposed device was helpful to upgrade the seismic
resistance of the existing building frames. (ereafter, the
FDs were adopted for braced frames, buildings with shear
walls, and low-rise buildings to mitigate the large defor-
mations caused by earthquake ground motions and winds
[17–19]. (e application of this novel structural system was
further focused on construction of an 18-storey steel
apartment building in India [20]. It was observed that
significant seismic response reduction was achieved on
application of the Pall FDs in the steel building. Research
further progressed in assessing and designing the parameters
of the FDs for different structural systems under ground
motion excitations [10, 21]. Lately, the FDs were used in
mid-rise to high-rise buildings along with diagonal bracing,
which reduced the seismic responses considerably [22, 23].
Moreover, Montuori et al. [24] presented an innovative
approach to design a seismic resistant system for the
combination of moment-resisting frame (MRF) and a
bracing system installed with the FDs. (ereafter, multi-
objective optimization procedure was applied to find the
optimal placements of the FDs in building frame [25–27].
Research is also conducted to optimize the slip load and
investigate the hysteretic behavior of structures using ro-
tational FD [28, 29]. (e FD has also found its application in
the infrastructure system, such as transmission tower to
control the large seismic deformations [30].

Coupling of adjacent buildings has been an emerging
technique to mitigate the large structural responses due to
wind and seismic excitations [31, 32]. (e concept allows
two dynamically similar and/or dissimilar structures to
exert the forces upon one another for overall response
reduction of the system. (e available studies showed
improved performance of the structural systems by
connecting different passive control devices to limit the
pounding actions under earthquake ground motions
[14, 33–39]. Overall, the FDs have offered its potential in
minimizing the extreme vibrations installed in a structure;
however, research strategies have not been implemented
to assess the response and quantify the effectiveness of the
FDs for coupled adjacent buildings under both seismic
and wind excitations. (erefore, it becomes important to
investigate the connected structures installed with the FDs
to mitigate the responses of adjoining building and
avoiding poundings against the multihazard scenario of
earthquake and wind loadings during design life of
structures.

Herein, effectiveness of the FDs is investigated for
connected dynamically similar and dissimilar adjacent steel
moment-resisting frame (MRF) and braced frame (BF)
buildings with varying storeys under the multihazard un-
correlated scenarios of seismic and wind hazards. Site-
specific earthquake ground motions and wind excitations
are assumed to describe the multihazard scenario for as-
sessment of the unconnected and connected steel structures.
In view of the abovementioned gaps, the main objectives of
the current study are as follows: (i) to study the effectiveness
of the FDs for the connected dynamically similar and dis-
similar multistorey buildings under multihazard earthquake
and wind excitations and (ii) to investigate the effects of
varying number of storeys of the connected dynamically
similar and dissimilar multistorey buildings under earth-
quake and wind excitations evaluating the response of the
FDs in multihazard conditions.

2. Mathematical Modeling

Mathematical models for N-storey dynamically similar and
dissimilar moment-resisting frames (MRFs) and braced
frames (BFs) connected by the FDs are developed for dif-
ferent configurations, as shown in Figures 1 and 2, under the
dynamic earthquake and wind loadings. (ree configuration
systems for the connected buildings, viz., configuration A, B,
and C are considered to assess the effectiveness of the FDs.
Configuration A has two friction dampers at each storey in X
crossing pattern, with cross-bracing at all floor levels, as
shown in Figures 1(c) and 2(c). Configuration B has one
friction damper at each storey in a zigzag pattern as shown in
Figures 1(d) and 2(d). Configuration C has two friction
dampers at each storey in X crossing pattern up to 0.4N of
upper storey of the building from the top, as shown in
Figures 1(e) and 2(e), where N is the number of storey. (e
assumptions made for developing the mathematical models
are as follows: (i) the building members except the FDs are
assumed to remain in the elastic limit, a design decision in
structural control, (ii) one degree of freedom (DOF) at each
floor level in the direction of earthquake ground motion and
wind is considered, (iii) the inertial mass is lumped at each
floor level, (d) the floors are assumed to be rigid in their own
plane, and (e) strength degradation of friction dampers is
presently ignored in the analysis.

2.1. Moment-Resisting Frame (MRF). (e governing differ-
ential equation of motion for the MRF, in general, is written
as

[M] €u(t){ } +[C] _u(t){ } +[K] u(t){ } � F(t), (1)

where [M], [C], and [K] are the mass, damping, and stiffness
matrices of the primary structure, respectively. Moreover,
{ü(t)}, _u(t){ }, and {u(t)} are the acceleration, velocity, and
displacement response of the primary structure, respectively.
Furthermore, F(t) is the external force exerted on the
structure, either during the earthquake or wind event. Here,
F(t)� − [M] r{ } €ug(t)􏽮 􏽯 is the inertial force vector induced
because of the earthquake ground motion applied to the
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structure (base-excited structure), or F(t)� {F1, F2, F3,. . ., Fn}T
is the applied wind force vector at the floor mass on each
storey (mass-excited structure). Here, the earthquake
ground acceleration is denoted by üg(t) and {r} is the in-
fluence coefficient vector. (e wind force, Fn(t)�

0.5ρCdA(V+Δv)2, depends on the environment and building
conditions, such as, density of air, ρ; coefficient of drag, Cd;
depending on shape of the building; area of wind load ex-
posure for nth floor, An; mean wind speed,V; and fluctuating
wind component, Δv. For the MRF, the structure is defined
by its mass matrix, damping matrix, and stiffness matrix as
[M], [C], and [K], respectively. Here, [M] is a diagonal
matrix with the diagonal element mjj �mj, the mass lumped
at the jth floor. Flexural rigidity of the columns provides
lateral force resistance in the MRF; therefore, only column
stiffness contributes towards the formation of [K] matrix.
(e mass and stiffness matrix of the N-storey MRF can be
given as

[M] �

m1 0 0 · · · 0 0

0 m2 0 · · · 0 0

0 0 m3 · · · 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 · · · mN− 1 0

0 0 0 · · · 0 mN

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (2)

[K] �

k1 + k2 − k2 0 · · · 0 0
− k2 k2 + k3 − k3 · · · 0 0
0 − k3 k3 + k4 · · · 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 · · · kN− 1 + kN − kN

0 0 0 · · · − kN kN

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(3)
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Figure 1: Mathematical models of N-storey: (a) unconnected (U) moment-resisting frame (MRF), (b) unconnected (U) braced frame (BF),
(c) connected frames (configuration A), (d) connected frames (configuration B), and (e) connected frames (configuration C) for equal storey
height.
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Figure 2: Mathematical models of N-storey: (a) unconnected (U) moment-resisting frame (MRF), (b) unconnected (U) braced frame (BF),
(c) connected frames (configuration A), (d) connected frames (configuration B), and (e) connected frames (configuration C) for unequal
storey heights.
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2.2. Braced Frame (BF). (e governing differential equation
of motion for the BF is written as

[M] €u(t){ } +[C] _u(t){ } + [K] + Kb􏼂 􏼃cos2θ􏼐 􏼑 u(t){ } � F(t),

(4)

where [M] and [C] matrices are constructed similar as that in
case of the MRF. In the BF, stiffness of the structure is the
combined effect of the stiffness imparted by the columns, i.e.,
[K], and the braces, i.e., [Kb]. Here, θN is the angle of the
brace with horizontal at theNth storey level and kbi � kb1, kb2,
kb3 . . . kbN denote the axial stiffness of the braces:

Kb􏼂 􏼃 �

kb1 + kb2 − kb2 0 · · · 0 0

− kb2 kb2 + kb3 − kb3 · · · 0 0

0 − kb3 kb3 + kb4 · · · 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮

0 0 0 · · · kb(N− 1) + kbN − kbN

0 0 0 · · · − kbN kbN

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(5)

In the BF, the braces are assumed to carry only the axial
force and the brace sections are so chosen to ensure that they
do not buckle under compression and do not yield under
tension.

2.3. Connected Frame Using Friction Damper (FD).

Coulomb’s dry friction is used to model the nonlinear be-
havior of the FDs. (e nonlinearity is concentrated only in
the friction dampers, assuming rest of the building members
(the primary structural system) is in elastic range. (is is
done to ensure that the energy dissipation occurs in friction
dampers only and not by yielding of any other structural
members. Hence, the structures with the FDs can be treated
as a dual system consisting of nonlinear energy-dissipating
devices exhibiting elastoplastic behavior and a primary
structural system exhibiting linear behavior. Based on this
assumption, the governing equation of motion can be
written as

Meff􏽨 􏽩 €u(t){ } + Ceff􏽨 􏽩􏼐 􏼑 _u(t){ } + Keff􏽨 􏽩 u(t){ } + Fd � F(t),

(6)

where Ceff �C+Cd and Keff �K+Kd. C is the equivalent
damping of the building systems, and Cd is the equivalent
damping of the FD. Similarly, K is the equivalent stiffness of
the building systems and Kd is the equivalent stiffness of the
FD, which is assumed to be zero here. Fd(t)� μmNgsgn(u̇) is
the frictional force exerted by the FD under the earthquake
or wind load, and mNg or W is the slip load for the FD at
each storey level, with g denoting the acceleration due to
gravity. (e matrices for equation (6) are discussed as
follows:

Meff􏽨 􏽩 �
MA 0

0 MB

􏼢 􏼣, (7)

MA􏼂 􏼃 �

m1A 0 0 · · · 0 0
0 m2A 0 · · · 0 0
0 0 m3A · · · 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 · · · mP− 1,A 0
0 0 0 · · · 0 mP,A

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (8)

MB􏼂 􏼃 �

m1B 0 0 · · · 0 0
0 m2B 0 · · · 0 0
0 0 m3B · · · 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 · · · mQ− 1,B 0
0 0 0 · · · 0 mQ,B

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (9)

Keff􏽨 􏽩 �
KA 0
0 KB

􏼢 􏼣, (10)
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KA �

k11,A + k21,A − k21,A 0 · · · 0 0
− k21,A k21,A + k31,A k21,A + k31,A · · · 0 0
0 − k31,A k31,A + k41,A · · · 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 · · · kP− 11,A + kP1,A − kP1,A

0 0 0 · · · − kP1,A kP1,A

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (11)

KB �

k11,B − k21,B 0 · · · 0 0
− k21,B k21,B + k31,B − k31,B · · · 0 0
0 − k31,B k31,B + k41,B · · · 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 · · · kQ− 11,B + kQ1,B − kQ1,B

0 0 0 · · · − kQ1,B kQ1,B

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (12)

Ceff􏽨 􏽩 �
CA 0
0 CB

􏼢 􏼣, (13)

CA􏼂 􏼃 �

c11,A + c21,A − c21,A 0 · · · 0 0
− c21,A c21,A + c31,A − c31,A · · · 0 0
0 − c31,A c31,A + c41,A · · · 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 · · · cP− 11,A + cP1,A − cP1,A

0 0 0 · · · − cP1,A cP1,A

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (14)

CB􏼂 􏼃 �

c11,B + c21,B − c21,B 0 · · · 0 0
− c21,B c21,B + c31,B − c31,B · · · 0 0
0 − c31,B c31,B + c41,B · · · 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 · · · cQ− 11,B + cQ1,B − cQ1,B

0 0 0 · · · − cQ1,B cQ1,B

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (15)

Cd􏼂 􏼃 �

Cd􏼂 􏼃 0 − Cd􏼂 􏼃

0 0 0
− Cd􏼂 􏼃 0 Cd􏼂 􏼃

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (16)

Cd􏼂 􏼃 �

cd1 0 0 · · · 0 0
0 cd2 0 · · · 0 0
0 0 cd1 · · · 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 · · · cd,N− 1 0
0 0 0 · · · 0 cd,N

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (17)

Moreover, Fd(t)� μmNgsgn(u̇) is the frictional force
exerted by the FD under the earthquake or wind load, and
mNg orW is the slip load for the FD at each storey level, with
g denoting the acceleration due to gravity. Figure 3 shows
the force-deformation behavior of the FD assumed for this
study. Furthermore, the stiffness of the brace of the FD is
neglected; however, considering realistically the force-

deformation behavior of the friction damper does include
initial stiffness provided by the brace.

(e numerical solution of the governing differential
equations given above for the MRF and BF connected by the
FD are obtained by using Newmark’s method of nonlinear
modal time history adopting linear variation of acceleration
over an interval of Δt. (e time interval for solving the
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equations of motion is taken as Δt, which also depends on
the time step for the external load applied (earthquake
ground motion or gusty wind loading).

3. Multihazard Scenario under Earthquake and
Wind Excitations

(e multihazard assessment strategy involves proper se-
lection of hazard models to assess a structure under the
effects of earthquake and wind loadings in a region [40].
(e hazard models may be generated using empirical
equations, spectra established on physical models, or
adopting the already available data from the past earth-
quake or wind events recorded at the nearest station. For
the present study, actual time history data of the earth-
quake from a recorded station and synthesized time
history data of the wind loading from the same region
are assumed to investigate the effectiveness of the FD
when used to connect adjacent buildings. (e time his-
tory data are chosen for two different regions, viz., Cal-
ifornia region of the United States of America (USA),
and Kobe city in the southeast region of Japan. (e lo-
cations are carefully chosen in such a way that the
probability of occurrence of the multiple hazards is
considerably higher than other regions of the world.
Moreover, the considered earthquakes have caused ex-
treme devastations to socioeconomic life as observed from
the global statistics. (e wind loads, with static and
fluctuating components, are simulated from the NatHaz
online wind simulator (NOWS): simulation of Gaussian
multivariate wind fields [41]. (e simulation technique
involves obtaining discrete frequency function with
Cholesky decomposition and fast Fourier transform (FFT)
for wind speed, which is considered as the wind hazard
parameter here. (e time histories of the wind speeds are
obtained thence by summing the static and the fluctuating

components obtained from the simulation based on
Bernoulli’s theorem.

4. Numerical Study

Herein, a numerical study is conducted to evaluate the ef-
fectiveness of the FDs for the connected steel MRF and BF
buildings. Modal damping of ξ � 2% is considered for the
two steel buildings. (e normalized slip load for the FD at
each storey level considered for the study is assumed 30% of
the storey weight (W), which can suitably be optimized
otherwise. (e other relevant parameters adopted to model
the FDs for the connected steel buildings are shown in
Table 1. For further study, the variation of height is con-
sidered in 5, 10, 15, and 20 storey for dynamically similar
and dissimilar building frames connected by the FDs. Free
vibration analysis is conducted to obtain the modal re-
sponses for the unconnected MRFs and BFs, and the results
are shown in Table 2. Four historical earthquake ground
motions and synthesized wind excitations are selected for
the numerical study, for which the details are given in
Tables 3 and 4. (e response spectrum of ground motion
acceleration and displacement is plotted for the selected
earthquakes to demonstrate the nature of the responses
obtained for the steel buildings, as shown in Figure 4. (e
wind hazard incorporated in the study is simulated from the
NatHaz online simulator with gust speed as 30m/s, 37m/s,
43m/s, and 50m/s located in urban and suburban areas with
numerous closely spaced obstructions (category-B) having
cutoff frequencies obtained from the free vibration analysis
of the building frames. (e gust wind speeds are noted from
the regions of interest where multiple hazard scenarios exist.
Time history of the wind excitation for different gust speeds
along with the corresponding fast Fourier transform (FFT)
for the steel buildings is plotted in Figure 5. (e FFT
spectrum refers to the frequency in the considered wind
loads, essential in evaluating the nature of the structural

Brace
force

Brace
force

Restoring
Force, R

Damper
displacement

Damper-brace
displacement, y

Brace
displacement

kb E2

E1

Rt T
E0

C

yt
yc

ymax

Rc

Figure 3: (a) Elastic behavior of brace, (b) hysteretic loop of friction damper, and (c) resultant elastoplastic behavior of the friction damper
in brace.

Table 1: Modeling properties of the elastic-plastic friction damper (FD).

Properties of friction damper Values
Effective stiffness 0
Stiffness 5000k, k is the stiffness of each storey
Yield strength 0.3W, W is the storey weight
Postyield stiffness ratio 1× 10− 6

Yielding coefficient 20
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Table 3: Details of the earthquake ground motion.

Sl. No. Earthquake Year Recording station Component PGA (g)
1 Imperial Valley 1940 El Centro S00 E 0.34
2 Loma Prieta 1989 LGPC N00 E 0.56
3 Northridge 1994 Rinaldi N360S 0.83
4 Kobe 1995 JMA Record EW 0.67

Table 4: Details of the wind time history.

Sl. No. Wind speed (m/s) Cutoff frequency (Hz) Exposure category Duration (s)
1 30

0.5 B 30002 37
3 43
4 50

Imperial valley, 1940
Loma prieta, 1989

Northridge, 1994
Kobe, 1995
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Figure 4: Acceleration and displacement response spectra of the considered historical earthquake ground motions.

Table 2: Modal periods of the unconnected steel MRF and BF structures.

Building type
Modal periods

First Second (ird
5-storey MRF 0.54 0.18 0.12
10-storey MRF 1.02 0.34 0.21
15-storey MRF 1.51 0.51 0.31
20-storey MRF 1.90 0.63 0.38
5-storey BF 0.32 0.11 0.07
10-storey BF 0.62 0.21 0.13
15-storey BF 0.91 0.31 0.18
20-storey BF 1.15 0.38 0.23
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responses under the gusty wind loads. (e top floor dis-
placement (un, n� 5, 10, 15, or 20) and acceleration (ün,
n� 5, 10, 15, or 20) of dynamically similar and dissimilar
unconnected buildings are compared with the connected
buildings to evaluate the effectiveness and to obtain the best
suitable configuration of the FDs. Note, hence on the peak
top floor displacement is denoted by xn; whereas, the peak
top floor acceleration is denoted by xn̈. (e connected
structures considered in the study are as follows: (a) MRF-
MRF, (b) BF-BF, (c) MRF-BF, (d) BF-MRF, (e) different
storeys for MRF-MRF, and (f ) different storeys for BF-BF,
also summarized in Table 5, which constitutes of the most
prominent configurations of the buildings. (e direction of
loading, earthquake or wind, is applied in the direction of left
to right of the shear frames, i.e., along the degree of freedom
(DOF) considered at the lumped masses. (e wind load is
applied from 10m above ground level at the center of mass
of the structure, as shown in Figure 2(d). (e direction of

wind load has no contribution to the objective of the study,
rather it is just a choice of analysis procedure. Finally, the
buildings are connected by the FDs keeping 5m separation
gap distance, as recommended by most of the building
bylaws across the world.

4.1. Effectiveness of FD for Dynamically Similar Connected
Buildings. Herein, the effectiveness of the FDs is investi-
gated by comparing the responses of the unconnected (U)
and connected (C) steel MRFs and BFs for different con-
figurations of the passive FD under earthquake ground
motions and wind forces. (e responses are illustrated in
terms of time history plots under the considered loading
scenarios to demonstrate the effectiveness of the FDs.
Moreover, peak responses are plotted to understand the
variation in the responses for the considered connected
buildings obtained under the dynamic loading scenarios.
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Figure 5: Wind speed at specific height for 10- and 15-storey buildings along with the frequency content (FFT spectra).

Table 5: Combinations of dynamically similar and dissimilar connected buildings considered for the study.

Similar buildings Dissimilar buildings
MRF∗-MRF BF∗-BF MRF∗-BF BF∗-MRF MRF∗-MRF BF∗-BF
5-5 5-5 5-5 5-5 5-10 5-10
10-10 10-10 10-10 10-10 5-15 5-15
15-15 15-15 15-15 15-15 5-20 5-20
20-20 20-20 20-20 20-20 10-15 10-15
— — — — 10-20 10-20
— — — — 15-20 15-20
∗Responses shown for that particular building.
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Figure 6: (a) Time history response of top floor displacement and acceleration of connected steel 5-5 MRF-MRF buildings under different
earthquake ground motions. (b) Time history response of top floor displacement and acceleration of connected steel 5-5 BF-BF buildings
under different earthquake ground motions.
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Figures 6(a) and 6(b) show the displacement and acceler-
ation responses in time history scale for the dynamically
similar connected 5-storey MRF and BF under the con-
sidered earthquake ground excitations, whereas Figure 7
shows the dynamic responses of the connected 15-storey
MRF under the considered wind forces.

Considering top floor displacement, the reduction in peak
response for 5-5 MRF-MRF when connected using config-
uration A is obtained from ∼7% to 41%, whereas the re-
duction is, respectively, obtained from 6% to 29% and ∼3% to
11% for configurations B and C under the historical earth-
quakes. Furthermore, for the top floor acceleration, the re-
sponse reductions for configurations A, B, and C are,
respectively, obtained from ∼7% to 28%, ∼4% to 22%, and
∼1% to 7%. Similar observations are also noted for the 5-5 BF-
BF. Hence, the FDs used in configuration A are able to
dissipate the highest amount of induced input energy as
compared to the other configuration of FDs. For the con-
sidered wind loads, 15-storey connected MRF is studied, and
it is observed that the reduction in the peak top floor dis-
placement is also the highest for configuration A (∼23% to
25%) as compared to configurations B (∼17% to 20%) and C
(∼21% to 23%). However, the range of difference under the
wind loads is quite small as compared to the range under the
earthquakes. For the peak top floor acceleration, the highest
response reduction is also obtained for configurationA (∼16%

to 29%), whereas the least response reduction is observed
under configuration B under both earthquake andwind loads.

Similarly, the displacement and acceleration responses
for all the considered dynamically similar buildings with
increased storey heights under earthquakes and winds are
compared from Tables 6 and 7 as well as from Figures 8(a)
and 8(b). Overall, under the earthquake excitations, the
response reduction for top floor displacement and accel-
eration of the low-rise buildings is significantly higher as
compared to high-rise buildings, which is observed to be
contrary for the wind scenario that has increased response
reduction for high-rise buildings. (e characteristics of the
obtained dynamic responses depend mainly on the modal
properties of the structure and nature of the dynamic
excitations. (e displacement responses for the dynami-
cally similar connected buildings under the earthquakes
and winds increase with increase in building height.
Moreover, the displacement responses obtained under the
earthquakes increased significantly as compared to the
responses obtained under the wind loadings. (is implies
that the energy content of the earthquake is comparably
higher and has significant effect in determining the re-
sponses of the structure. On the other hand, the accel-
eration responses for the dynamically similar connected
buildings under the earthquakes decrease with increase in
building height. Conversely, the acceleration responses
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Figure 7: Time history response of top floor displacement and acceleration of connected steel 15-15 MRF-MRF buildings under different
wind gust speeds.
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obtained under the wind loadings increases with increase
in building height, thus demonstrating the influence of
acceleration as a design parameter for high-rise structures.
(erefore, installation of such passive device to minimize
structural response under a particular hazard may not
necessarily yield satisfactory performance under the other
hazard, which becomes a possible example of a multi-
hazard situation wherein careful selection of the design
parameters for such structures is a necessity for modern
constructions in the regions where such multihazard
scenario prevails.

4.2. Effectiveness of FD for Dynamically Dissimilar Connected
Buildings. (e effectiveness of the FDs used to connect the
adjacent steel buildings with dissimilar dynamic properties

is likewise assessed from the displacement and acceleration
responses obtained under the earthquake ground motion
and gusty wind excitations. (e dissimilarity in their dy-
namic properties is judged based on the difference in modal
properties as well as storey heights of the adjacent steel
buildings, such as 5-5 MRF-BF and 5-10 MRF-MRF.
Figures 9(a) and 9(b) and Tables 8 and 9 show the peak
displacement and acceleration responses of the dynamically
dissimilar connected buildings with equal storey height
under earthquakes and winds. (e peak displacement re-
duction for the dynamically dissimilar connected buildings
with equal storey height is again observed to be the highest
for configuration A; however, the range of the difference is
significantly large as compared to the dynamically similar
buildings of equal storey height.

Table 7: Peak top floor displacement and acceleration responses of similar connected buildings for equal storey height under simulated
wind forces for different gust speeds.

Frame Wind speed (m/s)
Peak top floor displacement, xn (cm) Peak top floor acceleration, ẍn (g)
U A B C U A B C

5-5 MRF-MRF

30 1.74 1.74 1.74 1.74 0.10 0.097 0.10 0.10
37 2.16 2.16 2.16 2.16 0.24 0.24 0.24 0.25
43 3.87 3.66 3.76 3.72 0.39 0.38 0.38 0.38
50 3.90 3.69 3.69 3.69 0.30 0.29 0.29 0.29

20-20 MRF-MRF

30 25.74 16.74 18.74 17.74 0.23 0.15 0.17 0.16
37 28.16 19.16 20.16 19.88 0.35 0.234 0.264 0.25
43 32.87 21.66 23.76 22.82 0.42 0.27 0.31 0.29
50 37.90 24.69 28.69 26.69 0.48 0.32 0.35 0.32

5-5 BF-BF

30 0.23 0.23 0.23 0.23 0.039 0.039 0.03 0.039
37 0.29 0.29 0.29 0.29 0.093 0.093 0.09 0.093
43 0.52 0.51 0.51 0.51 0.15 0.15 0.15 0.15
50 0.50 0.50 0.50 0.50 0.094 0.093 0.094 0.093

20-20 BF-BF

30 4.09 3.31 3.60 3.42 0.064 0.059 0.061 0.060
37 5.69 4.61 5.01 4.75 0.098 0.081 0.088 0.082
43 6.75 5.47 5.94 5.64 0.12 0.098 0.11 0.10
50 8.95 7.25 7.88 7.48 0.14 0.12 0.12 0.12

Table 6: Peak top floor displacement and acceleration responses of similar connected buildings for equal storey height under historical
earthquake ground motions.

Frame Earthquake
Peak top floor displacement, xn (cm) Peak top floor acceleration, ẍn (g)
U A B C U A B C

5-5 MRF-MRF

Imperial Valley, 1940 11.49 6.81 8.15 10.20 1.52 1.16 1.18 1.35
Loma Prieta, 1989 26.67 19.48 22.07 24.68 3.57 2.57 3.06 3.13
Northridge, 1994 16.96 15.79 15.86 16.04 2.68 2.49 2.56 2.66

Kobe, 1995 12.10 10.80 10.92 11.71 1.72 1.35 1.44 1.55

20-20 MRF-MRF

Imperial Valley, 1940 22.18 15.82 19.24 21.81 0.59 0.43 0.45 0.51
Loma Prieta, 1989 81.23 59.32 68.11 73.82 2.10 1.74 1.81 1.86
Northridge, 1994 81.67 72.70 76.64 78.10 1.63 1.53 1.54 1.58

Kobe, 1995 37.41 30.32 35.72 36.78 1.31 1.12 1.24 1.29

5-5 BF-BF

Imperial Valley, 1940 3.66 2.01 2.30 2.64 1.44 1.06 1.06 1.08
Loma Prieta, 1989 7.15 4.96 5.70 6.08 2.65 1.54 1.84 1.95
Northridge, 1994 10.61 9.67 9.90 10.07 4.00 3.16 3.36 3.51

Kobe, 1995 8.97 5.45 5.67 5.98 2.94 1.83 1.83 1.95

20-20 BF-BF

Imperial Valley, 1940 15.72 7.21 10.58 12.74 0.77 0.60 0.65 0.71
Loma Prieta, 1989 46.08 35.28 42.91 44.81 1.86 1.60 1.75 1.80
Northridge, 1994 40.27 29.97 34.87 36.71 2.25 1.94 2.15 2.15

Kobe, 1995 33.50 27.11 27.53 28.55 2.08 1.74 1.89 1.94
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Considering 5-5 MRF-BF and 5-5 BF-MRF, the dis-
placement response reduction in the first building, i.e., MRF
in first case and BF in second case, is observed in the range of
∼19% to 80% and ∼8% to 40%, respectively. Similarly, for the
connected 20-20 MRF-BF and 20-20 BF-MRF, the range of
displacement response reduction is also observed to be more
for the first MRF building, although the difference in range is
relatively lesser as compared to the 5-storey case. (is in-
dicates that the BF itself dissipates the earthquake-induced
energy even before transferring to the FDs. Under the wind

loads, the reduction for the higher number of storey is
similarly more as compared to the lower number of storey;
however, the range of response reduction is rather negligible.
(is indicates that the wind force has negligible impact on
low-rise building in case of the MRF, and for high-rise BF,
the bracings resist the dynamic wind loads, thereby trans-
ferring lesser energy to the FDs. Similar observation is made
for the peak top floor acceleration responses under both
earthquake and wind loadings. (erefore, for the dynami-
cally dissimilar connected buildings with equal storey height,
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Figure 8: (a)Peak top floor displacement and acceleration responses of similar connectedMRF-MRF buildings for equal storey height under
historical earthquake ground motions and simulated wind forces. (b) Peak top floor displacement and acceleration responses of similar
connected BF-BF buildings for equal storey height under historical earthquake ground motions and simulated wind forces.
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configuration A serves as an excellent choice for the dynamic
response reduction; on the other hand, configuration C is
relatively inefficient to reduce the response significantly for
dynamically dissimilar connected buildings.

Similarly, the responses for the adjacent steel buildings
with dissimilar dynamic properties for unequal storey
heights are also quantified under the considered ground
motion and gusty wind excitations. Tables 10 and 11 show
the peak responses of the first building for the dissimilar
connected buildings under the earthquakes and winds,

respectively. Figures 10(a) and 10(b) also, respectively,
illustrate the displacement and acceleration responses for
the adjacent connected MRF and BF steel buildings with
unequal storey height under earthquakes and winds. It is
observed that the response reduction for the low-rise
building (say, 5 storeys) by the FDs is significantly high
under the earthquakes as compared to the winds. For the
same configuration, the response reduction obtained for
the high-rise building (say, 20 storeys) under the winds is
substantially higher than the earthquakes as observed
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Figure 9: (a) Peak top floor displacement and acceleration responses of dissimilar connected MRF-BF buildings for equal storey height
under historical earthquake ground motions and simulated wind forces. (b) Peak top floor displacement and acceleration responses of
dissimilar connected BF-MRF buildings for equal storey height under historical earthquake ground motions and simulated wind forces.
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from the difference in the responses from the plots. From
the response reductions obtained, configuration A again
provides with the most effective option to mitigate the

dynamic responses under the earthquakes and winds,
whereas the configuration C is apparently the least ef-
fective option.

Table 8: Peak top floor displacement and acceleration responses of dissimilar connected buildings for equal storey height under historical
earthquake ground motions.

Frame Earthquake
Peak top floor displacement, xn (cm) Peak top floor acceleration, ẍn (g)
U A B C U A B C

5-5 MRF-BF

Imperial Valley, 1940 11.49 2.37 3.88 3.17 1.51 0.83 0.88 0.99
Loma Prieta, 1989 26.67 9.78 14.37 14.02 3.70 1.42 1.91 2.10
Northridge, 1994 16.96 13.77 14.22 14.58 2.68 2.61 2.59 2.62

Kobe, 1995 12.10 7.60 8.89 8.74 1.72 1.53 1.51 1.55

20-20 MRF-BF

Imperial Valley, 1940 22.18 9.19 11.17 11.93 0.79 0.79 0.76 0.79
Loma Prieta, 1989 81.23 52.99 56.80 65.99 2.10 1.71 1.63 2.09
Northridge, 1994 81.67 57.46 65.42 60.99 1.63 1.53 1.57 1.54

Kobe, 1995 37.41 23.67 24.76 24.21 1.31 1.12 1.29 1.30

5-5 BF-MRF

Imperial Valley, 1940 3.36 2.13 2.33 2.27 1.44 1.13 1.06 1.16
Loma Prieta, 1989 7.15 4.28 5.19 4.90 2.65 1.56 2.00 1.91
Northridge, 1994 10.61 9.81 9.92 9.91 4.00 3.21 3.32 3.33

Kobe, 1995 8.97 6.17 5.89 5.97 2.94 2.01 1.86 1.87

20-20 BF-MRF

Imperial Valley, 1940 15.72 9.36 11.79 11.84 0.77 0.66 0.73 0.69
Loma Prieta, 1989 46.08 43.59 41.61 48.97 1.86 1.69 1.78 1.74
Northridge, 1994 40.27 37.22 36.84 37.18 2.25 1.85 2.18 2.17

Kobe, 1995 33.50 24.01 25.00 24.72 2.08 1.33 1.65 1.51

Table 9: Peak top floor displacement and acceleration responses of dissimilar connected buildings for equal storey height under simulated
wind forces for different gust speeds.

Frame Wind speed (m/s)
Peak top floor displacement, xn (cm) Peak top floor acceleration, xn̈ (g)
U A B C U A B C

5-5 MRF-BF

30 1.74 1.74 1.74 1.74 0.11 0.097 0.10 0.10
37 2.16 2.16 2.16 2.16 0.25 0.25 0.25 0.25
43 3.87 3.65 3.75 3.72 0.39 0.39 0.39 0.39
50 3.90 3.70 3.69 3.70 0.30 0.29 0.29 0.29

20-20 BF-MRF

30 4.09 3.37 3.62 3.45 0.064 0.059 0.061 0.060
37 5.69 4.70 5.03 4.80 0.098 0.081 0.086 0.082
43 6.75 5.58 5.97 5.70 0.13 0.097 0.11 0.10
50 8.95 7.40 7.92 7.56 0.14 0.12 0.13 0.12

Table 10: Peak top floor displacement and acceleration responses of dissimilar connected buildings for unequal storey height under
historical earthquake ground motions.

Frame Earthquake
Peak top floor displacement, xn (cm) Peak top floor acceleration, ẍn (g)
U A B C U A B C

5-10 MRF-MRF

Imperial Valley, 1940 11.49 6.43 6.52 8.01 1.51 0.89 0.96 0.92
Loma Prieta, 1989 26.67 12.86 9.09 11.32 3.58 1.65 1.36 1.85
Northridge, 1994 16.96 10.43 11.73 12.35 2.68 2.06 2.59 2.08

Kobe, 1995 12.10 10.47 10.01 11.20 1.72 1.69 1.65 1.58

15-20 MRF-MRF

Imperial Valley, 1940 16.77 10.79 14.82 15.20 0.86 0.65 0.61 0.50
Loma Prieta, 1989 77.69 59.52 66.83 68.43 1.90 1.53 1.69 1.69
Northridge, 1994 86.91 67.88 70.78 73.00 2.36 1.24 1.45 1.35

Kobe, 1995 25.19 22.82 23.13 23.21 1.26 1.14 1.15 1.16

5-10 BF-BF

Imperial Valley, 1940 3.36 2.39 1.86 2.06 1.44 0.89 0.93 0.90
Loma Prieta, 1989 7.15 3.87 4.10 4.37 2.65 1.08 1.14 1.34
Northridge, 1994 10.61 7.39 8.46 8.14 4.00 2.44 2.72 2.67

Kobe, 1995 8.97 3.84 4.64 4.43 2.94 1.43 1.67 1.56

15-20 BF-BF

Imperial Valley, 1940 19.74 6.19 9.11 10.67 1.25 0.85 0.67 1.02
Loma Prieta, 1989 34.99 27.85 32.11 32.97 2.58 1.58 1.81 1.78
Northridge, 1994 28.01 25.94 26.94 26.80 2.00 1.86 1.88 1.90

Kobe, 1995 50.33 31.96 34.88 36.20 2.70 1.81 2.01 1.98
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Table 11: Peak top floor displacement and acceleration responses of dissimilar connected buildings for unequal storey height under
simulated wind forces for different gust speeds.

Frame Wind speed (m/s)
Peak top floor displacement, xn (cm) Peak top floor acceleration, ẍn (g)
U A B C U A B C

5-10 MRF-MRF

30 1.75 0.88 0.88 0.88 0.11 0.08 0.076 0.076
37 2.17 2.16 2.17 2.17 0.25 0.25 0.25 0.25
43 3.87 3.83 3.86 3.86 0.39 0.39 0.39 0.39
50 3.91 3.70 3.72 3.69 0.30 0.29 0.29 0.29

15-20 BF-BF

30 2.20 2.23 2.30 2.26 0.068 0.068 0.071 0.068
37 3.68 3.56 3.73 3.62 0.11 0.11 0.11 0.11
43 4.21 4.07 4.25 4.14 0.12 0.11 0.12 0.11
50 5.41 5.23 5.45 5.31 0.14 0.13 0.14 0.13

5-10 MRF-MRF
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Table 12 shows the effectiveness of the FDs in terms of
average response reduction for the different configurations
of the connected dynamically similar and dissimilar steel
buildings. Based on the effectiveness achieved, it can be
stated that configuration A is best suited to minimize the
desired responses under the earthquakes and winds. On the
other hand, the least effectiveness is achieved for configu-
ration B for dynamically similar connected buildings and
configuration C for dynamically dissimilar connected
buildings. Moreover, for limited cases, with increasing the
number of storeys, the effectiveness of the dampers increases
for high-rise buildings under the wind loadings, becoming
almost similar to response reductions under the earthquake
loadings. Although the FDs are able to reduce the responses
under the earthquakes for higher storeys, the effectiveness of
the passive devices is restrained when used in higher stories,
demonstrating a need for the multihazard analysis and
design under earthquake and wind during design life of the

structures. To our belief, there are several structures influ-
enced by the effects of earthquakes and winds, and such
structures are required be assessed considering the multi-
hazard effects during their design (service) life. Hence, it can
be concluded that the passive FDs are more effective for low-
rise buildings under the effect of seismic ground motions,
whereas the same control devices show their effectiveness for
high-rise buildings under the effect of gusty wind speeds.

As observed from the data, the maximum top floor
displacement under the earthquakes for the unconnected
MRFs of 5, 10, 15, and 20 storeys are, respectively, obtained
as 11.49 cm to 26.67 cm, 21.61 cm to 47.53 cm, 16.77 cm to
86.91 cm, and 22.18 cm to 81.67 cm. Similarly, for the un-
connected BFs, the peak displacements, respectively, range
from 3.32 cm to 10.32 cm, 11.11 cm to 37.45 cm, 20.13 cm to
49.16 cm, and 15.69 cm to 45.67 cm for increasing height of
the buildings. Considering 20-storey building, the minimum
separation gap distance required to be kept is ∼1.75m for the
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Figure 10: (a) Peak top floor displacement and acceleration responses of the adjacent dissimilar connected MRF-MRF buildings with
unequal storey height under historical earthquake ground motions and simulated wind forces. (b) Peak top floor displacement and
acceleration responses of the adjacent dissimilar connected BF-BF buildings with unequal storey height under historical earthquake ground
motions and simulated wind forces.
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unconnected situation. Now, when this 20-storey building is
connected by the passive response control devices, FDs, the
separation gap distance reduces to minimum ∼1.52m con-
sidering the worst case out-of-phase movement at uncon-
nected floors. Hence, there is an opportunity to reduce the
separation gap distance by ∼30%, thereby constructing
buildings at a close vicinity, which would eventually mini-
mize, if not eliminate, structural pounding as well as utilizing
the premium space for effective construction.

5. Conclusions

(e performance of dynamically similar and dissimilar
adjacent steel buildings connected with friction dampers
(FDs) is assessed under a set of historical earthquake and
simulated wind loadings. (e displacement and acceleration
responses are compared in order to establish effectiveness of
the FDs under the multihazard uncorrelated scenarios of
earthquakes and winds. (e FDs are capable to reduce the
displacement and acceleration responses substantially;
however, different configurations are effective under the two

hazards for varying building types. (is is a concern where
the FDs designed for earthquake loading consideration may
not necessarily perform better under wind loading. Hence,
further investigations are deemed necessary on multihazard
analysis and design of the passive response control devices.
Nonetheless, from the study conducted herein, the major
conclusions drawn are as follows:

(1) (e displacement response increases with increase in
building height, whereas the acceleration response
under the earthquakes decreases with increase in
building height for the connected buildings under
the seismic ground motions. On the other hand, the
dynamic response obtained under the wind loadings
generally increases with increase in height of the
buildings.

(2) (e FDs are more effective in reducing the responses
of connected dynamically dissimilar adjacent
buildings as compared to the dynamically similar
buildings, which is evident from the extent of dy-
namic response reduction achieved. Moreover, the
effectiveness of the FDs has decreased under the
earthquakes on increasing the number of stories,
whereas their effectiveness substantially increased
under the wind loading scenarios.

(3) For the dynamically similar and dissimilar connected
buildings, configuration A, with cross-bracing at all
floor levels, is most effective in minimizing the re-
sponses under seismic and wind excitations, whereas
configuration B and C are least effective, respectively,
for the dynamically similar and dissimilar connected
buildings.

(4) (e structures designed to resist the seismic forces in
their design (service) life might become vulnerable
against the wind loadings. Such structures are re-
quired to be assessed and designed carefully to
mitigate the responses against the multihazard ef-
fects of earthquakes and winds.

Data Availability

All data used to support the findings of the study are in-
cluded within the article.
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A unified design model is proposed for various kinds of passive dynamic absorbers (PDAs) attached to buildings with different
lateral resisting systems. A total of five different PDAs are considered in this study: (1) tuned mass damper (TMD), (2) circular
tuned sloshing damper (C-TSD), (3) rectangular tuned sloshing damper (R-TSD), (4) two-way liquid damper (TWLD), and (5)
pendulum tuned mass damper (PTMD). +e unified model consists of a coupled shear-flexural (CSF) discrete model with
equivalent tuned mass dampers (TMDs), which allows the consideration of intermediate modes of lateral deformation. By
modifying the nondimensional lateral stiffness ratio, the CSF model can consider lateral deformations varying from those of a
flexural cantilever beam to those of a shear cantilever beam.+e unified model was applied to a 144-meter-tall building located in
the Valley of Mexico, which was subjected to both seismic and along-wind loads. +e building has similar fundamental periods of
vibration and different nondimensional lateral stiffness ratios for both translational directions, which shows the importance of
considering both bending and shear stiffness in the design of PDAs. +e results show a great effectiveness of PDAs in controlling
along-wind RMS accelerations of the building; on the contrary, PDAs were ineffective in controlling peak lateral displacements.
For a single PDA attached at the rooftop level, the maximum possible value of the PDA mass efficiency index increases as the
nondimensional lateral stiffness ratio decreases; therefore, there is an increase in the vibration control effectiveness of PDAs for
lateral flexural-type deformations.

1. Introduction

Increasing urbanization in recent decades has led to the
construction of high-rise buildings, which are usually sus-
ceptible to wind loads worldwide. However, tall buildings
located in seismic zones, e.g., cities along the Pacific coast of
Mexico, are not only subjected to wind loads but also to
seismic ones. While shear and flexural beams can provide
adequate models for certain types of buildings, there are
many types for which these two extreme modes of lateral
deformation may not be appropriate. Generally speaking,
low-rise buildings usually deform as pure shear beams,
whereas in medium-rise and high-rise buildings, the flexural
deformation is as significant as the shear deformation.

Complex structural systems as high-rise buildings can be
reduced to equivalent continuous beam models using two
different arrangements of bending and shear stiffness: (1) a
continuous Timoshenko beam model that reflects a series
coupling [1] and (2) a coupled shear-flexural (CSF) con-
tinuous model that couples both stiffness in parallel [2].
Dym and Williams [3] concluded that a series coupling of
both stiffness does not display the correct dependence of
frequency on building height, particularly in shear wall-
frame buildings and tube-and-core constructions with the
parallel nature of the two-beam model in which transverse
displacements due to bending and to shear are identical. In
conclusion, it appears that the CSF model seems to be the
best model for estimating the frequencies of medium-rise to
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high-rise buildings because it provides predictions that are
consistent with the observed data [3].

Generally speaking, the common techniques used for
vibration control can be classified into three categories:
active, passive, and hybrid devices. Unlike active vibration
control [4, 5], passive vibration control [6, 7] dissipates
energy without incorporating mechanisms powered by an
external energy source. On the other hand, hybrid vibration
control [4, 8–14] combines features of active and passive
control systems. Passive dynamic absorbers (PDAs) are
devices tuned to a particular structural frequency so that
when that frequency is excited, the device resonates out of
phase with the structural motion. +ere are several types of
PDAs such as tuned mass dampers (TMDs), tuned liquid
dampers (TLDs), and pendulum tuned mass dampers
(PTMDs), among others.

A tuned mass damper (TMD) is a device consisting of a
mass, a spring, and a damper that is attached to a structure in
order to reduce its dynamic response. Den Hartog [15]
derived the formula for the optimum values of the TMD
parameters for an undamped single degree of freedom
(SDOF) structure subjected to harmonic excitation. War-
burton and Ayorinde [16] derived closed-form expressions
for obtaining TMD parameters for an undamped SDOF
system for base harmonic and white noise random excita-
tion. For seismic applications, Sadek et al. [17] suggested a
method for estimating the design parameters of TMDs at-
tached to a damped SDOF structure.

A tuned liquid damper (TLD) is a special type of TMD
where themass is replaced by a liquid (usually water). A TLD
utilizes the sloshing of the liquid in the container, but only a
fraction of the liquid participates in the sloshing motion
tuned to the dominant vibration frequency of the primary
structure. Tuned liquid column dampers (TLCDs) are a
special type of TLDs that rely on the motion of a column of
liquid in a U-tube like container to counteract the acting
forces on the structures. In a similar way, tuned sloshing
dampers (TSDs) are a special type of TLDs consisting of
tanks partially filled with liquid that use the sloshing energy
of water to reduce the dynamic response of the structure.
+ere are two types of TSDs based on the geometry of the
tank: circular tuned sloshing damper (C-TSD) and rect-
angular tuned sloshing damper (R-TSD). For bidirectional
control of building structures, a two-way liquid damper
(TWLD) is another special type of TLD that consists of a
combination of a TLCD and a R-TSD to mitigate the dy-
namic response of the primary structure.

Kareem [18] studied the reduction of wind-induced
motion in shear buildings using a TSD. Chang and Gu [19]
studied the control effects of R-TSDs installed on a tall
building that vibrates due to vortex excitation. For industrial
practice, Wu et al. [20] proposed some useful guidelines for
designing TLCDs for damped SDOF structures under a
white noise type of wind excitation. Tait [21] developed
equivalent linear damping ratio expressions for structure-
TSD systems subjected to both sinusoidal and random
excitation. Lee et al. [22] explored the effect of the coupled
TLCD-TSD force on the dynamic properties of a TWLD.
Subsequently, Min et al. [23] developed a design procedure

of TWLDs for attenuation of wind-induced responses of tall
buildings, whereas Rozas et al. [24] proposed a new bidi-
rectional tuned liquid column damper for controlling the
seismic response of structures.

+e natural frequencies of a structure are often difficult
to predict accurately. For this reason, it is desirable that the
natural frequency of the TMD be tunable on site, which can
be easily accomplished by using TLDs or PTMDs. A pen-
dulum tuned mass damper (PTMD) consists of a mass
supported with cables, which allows the system to behave
like a pendulum.+erefore, the device generates a horizontal
force that opposes the floor motion. For high-rise buildings
with large mass and low frequencies, a cable-supported
pendulum system in which the natural frequency is tunable
by changing the pendulum length is highly recommended
[25]. For both seismic and wind loads, Gerges and Vickery
[26] proposed optimum design parameters for PTMDs by
using equivalent TMDs. Shu et al. [27] implemented the
performance-based analysis and design methodology to
assess the seismic vulnerability of a coal-fired power plant
and to optimally design its equivalent pendulum-type tuned
mass damper system such that the direct losses are
minimized.

Assuming the primary structure as a generalized SDOF
system, Chang et al. [28, 29] established unified design
formulas for various kinds of PDAs (TMD, TLCD, and
TSD) under both seismic and wind loads by using
equivalent TMDs. Both studies [28, 29] demonstrated that
PDAs can be modeled as equivalent TMDs; however,
PDAs are usually studied using building models that
cannot couple the bending and shear stiffness in parallel
[30–35]. Balendra et al. [36] studied the effectiveness of
TLCDs in reducing the along-wind response of tall
buildings using a CSF continuous model subjected to a
reduced external force; that is, they did not incorporate
the TLCDs in the equations of motion of the CSF con-
tinuous model. Afterwards, Huergo and Hernández [37]
proposed a CSF discrete model with TMDs, which ade-
quately incorporates the TMDs in the equations of mo-
tion; therefore, the main novelty of this paper is the
incorporation of different kinds of PDAs into the CSF
discrete model by using equivalent TMDs. For practical
design purposes, the consideration of different lateral
resisting systems by using the CSF discrete model with
TMDs [37] could lead structural engineers to optimize not
only the design of TMDs but also the design of other kinds
of PDAs such as TLDs.

In this paper, Section 2 shows the design procedure of
five different kinds of PDAs (TMD, C-TSD, R-TSD, TWLD,
and PTMD) by modeling the devices as equivalent TMDs. In
Section 3, the five different kinds of PDAs are incorporated
into the CSF discrete model [37] in order to reproduce the
vibration control of buildings with different lateral resisting
systems. In Section 4, the effect of the lateral resisting system
on PDAs is shown for the maximum PDA/SDOF nondi-
mensional mass ratio. Assuming a single PDA attached at
the rooftop level, Section 5 shows the numerical assessment
of a 144-meter-tall building subjected to both seismic and
along-wind loads.
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2. Design Procedure of Passive
Dynamic Absorbers

+e aim of Section 2 is to provide a unified analytical
formulation for the CSF model with PDAs. +e tuning of
passive dynamic absorbers (PDAs) to a particular structural
frequency achieves input energy dissipation due to the
damper inertia force acting on the structure. For engi-
neering purposes, PDAs can be modeled as equivalent
tuned mass dampers (TMDs) [26, 28, 29]. Figure 1 shows
the geometry of five different kinds of PDAs (TMD, C-TSD,
R-TSD, TWLD, and PTMD), where mPDA, kP DA, and cP DA

are defined as the mass, spring stiffness, and damping
coefficient of the PDA modeled as an equivalent TMD,
respectively.

2.1. Tuned Mass Dampers. +e mass of a TMD (see
Figure 1(a)) is given by the following equation:

mPDA � μmSDOF, (1)

where μ is the TMD/SDOF nondimensional mass ratio that
may be chosen in the range of 1/50 to 1/15 for a first design
approach [38] and mSDOF is the structural mass of an
equivalent single degree of freedom (SDOF) system, which is
given by the following equation:

mSDOF �
ϕi􏼈 􏼉

T
[M] ϕi􏼈 􏼉

ϕ2i zPDA( 􏼁
, (2)

where ϕi􏼈 􏼉 is a vector containing themodal amplitudes of the
ith lateral mode of vibration of the building that will be
tuned to the frequency of the PDA, [M] is the lumped mass
matrix of the building, zPDA is the height above ground level
of the attachment point of the PDA, and ϕi(zPDA) is the
modal amplitude of the ith lateral mode of vibration of the
building at zPDA. +e angular frequency, spring, stiffness,
and damping coefficient of the TMD are defined, respec-
tively, as follows:

wPDA � Rfwi, (3)

kPDA � mPDA wPDA( 􏼁
2
, (4)

cPDA � 2ξPDAmPDAwPDA, (5)

where wi is the angular frequency of the ith lateral mode of
vibration of the building that will be tuned to the frequency
of the TMD, Rf is the TMD/SDOF nondimensional fre-
quency ratio, and ξPDA is the optimum damping ratio of the
TMD. Table 1 shows some optimum tuning conditions for
damped TMDs attached to an undamped primary structure
[39].

2.2. Circular Tuned Sloshing Dampers. Tuned sloshing
dampers (TSDs) can be broadly classified into two cate-
gories: shallow-water and deep-water dampers. +is clas-
sification is based on the ratio of the water surface elevation
in the direction of motion to the water depth [18]. In the

shallow-water case, the TSD damping originates primarily
from energy dissipation through the action of the internal
fluid viscous forces and from wave breaking [18]. Wave
motions in shallow-water TSDs are generally complex due to
strong nonlinearities such as wave breaking; however,
shallow-water TSDs provide high damping of liquid sloshing
and an efficient moving mass [40]. On the other hand, deep-
water TSDs provide low damping and an inefficient moving
mass because a large portion of the liquid below the free
surface does not participate in sloshing. However, the
presence of baffles or screens may further increase the
damping [18, 21].

It is important to consider the effect of the nonlinear
water sloshing when a TSD is employed in a structure
subjected to large amplitude excitations such as earthquakes.
+e presence of several sloshing modes, each with separate
frequencies, reduces the inertial forces tuned to damped
structural movement [41]. +ere has been research con-
cerning the effectiveness of sloshing liquid damping systems
for high amplitude excitations galore; however, it is im-
portant to realize that such systems act more like chaotic
energy dissipators as opposed to indirect inertial damping
systems [41–43].

On the other hand, when a TSD is subjected to small
amplitude excitations, the nonlinearities in its response are
largely absent. +e amplitudes of motion resulting from
wind loading are sufficiently small, so much so that the
fundamental sloshing mode of a TSD is practically the only
one that is excited. For this reason, and because of the highly
periodic nature of wind excitation, TSDs are well suited to
reduce structural motion due to wind [41]. Although re-
searchers have extended the theoretical model to account for
breaking wave motion in rectangular tuned sloshing
dampers (R-TSDs) [44], it is difficult to develop a model for
breaking wave motion in circular tuned sloshing dampers
(C-TSDs) [43].

According to Chang and Qu [28], the mass, spring
stiffness, and damping coefficient of a linear C-TSD (see
Figure 1(b)) are given by the following equations:

mPDA �
ρπr3

4.39
tanh

1.84h

r
􏼠 􏼡,

kPDA � 0.419ρπgr
2tanh2

1.84h

r
􏼠 􏼡,

cPDA � 2ξPDAmPDAwPDA,

(6)

where ρ is the liquid density (usually water), r is the radius of
the circular tank, h is the liquid depth, g is the gravitational
acceleration, and ξPDA is the optimum damping ratio of the
C-TSD.

Assuming a linear wave and small amplitudes, the
fundamental angular frequency of the sloshing liquid is
calculated as follows:

wPDA �

�����
kPDA

mPDA

􏽳

�

����������������
1.84g

r
tanh

1.84h

r
􏼠 􏼡

􏽳

. (7)
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Substituting equation (3) into equation (7) leads to the
following equation:

h � 0.5435r tanh− 1 0.5435r Rfwi􏼐 􏼑
2

g
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

� 0.2718r ln
g + 0.5435r Rfwi􏼐 􏼑

2

g − 0.5435r Rfwi􏼐 􏼑
2

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦,

(8)

where wi is the angular frequency of the ith lateral mode of
vibration of the building that will be tuned to the frequency
of the PDA and Rf is the C-TSD/SDOF nondimensional

frequency ratio. In equation (8), only values of
r<g/[0.5435(Rfwi)

2] guarantee real values of h.
According to Chang [28, 29], the C-TSD/SDOF non-

dimensional mass ratio and the C-TSDmass efficiency index
are defined, respectively, as follows:

μ �
ρπr2 h

mSDOF
,

λ �
mPDA

mSDOF
�

ρπr3

4.39mSDOF
tanh

1.84h

r
􏼠 􏼡,

(9)

where mSDOF is the structural mass of an equivalent SDOF
system, which was defined in equation (2). Table 2 shows

kSDOF

kPDA

cPDA

cSDOF

mSDOF

mPDA

(a)

h

2r

Direction of motion

(b)

h

Direction of motion

a
b

(c)

t
t

t
h

TSD action, y

TLCD action, x
Lw

Lh

(d)

lp

mPDA

θ

(e)

Figure 1: Geometry of the five PDAs. TMD: tuned mass damper; C-TSD: circular tuned sloshing damper; R-TSD: rectangular
tuned sloshing damper; TWLD: two-way liquid damper; PTMD: pendulum tuned mass damper. (a) TMD-structure interaction system.
(b) C-TSD. (c) R-TSD. (d) TWLD. (e) PTMD.

Table 1: Optimum tuning conditions for damped TMDs attached to an undamped primary structure.

Loading case Optimization criteria
Optimum tuning conditions

Rf ξPDA

Harmonic load applied to
primary structure

Minimum relative displacement amplitude of
primary structure 1/(1 + μ)

��������������

(3μ)/(8(1 + μ)3)

􏽱

Minimum relative acceleration amplitude of
primary structure 1/

������
(1 + μ)

􏽰 ��������������
(3μ)/8(1 + 0.5μ)

􏽰

Harmonic base acceleration

Minimum relative displacement amplitude of
primary structure (

�������
1 − 0.5μ

􏽰
)/(1 + μ)

���������������������
(3μ)/(8(1 + μ)(1 − 0.5μ))

􏽰

Minimum absolute acceleration amplitude of
primary structure 1/(1 + μ)

�������������
(3μ)/(8(1 + μ))

􏽰

Random load applied to
primary structure

Minimum root mean square value of relative
displacement of primary structure (

�������
1 − 0.5μ

􏽰
)/(1 + μ)

�����������������������������
(μ(1 + 0.75μ))/(4(1 + μ)(1 − 0.5μ))

􏽰

Random base acceleration Minimum root mean square value of relative
displacement of primary structure (

�������
1 − 0.5μ

􏽰
)/(1 + μ)

�����������������������������
(μ(1 − 0.25μ))/(4(1 + μ)(1 − 0.5μ))

􏽰
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some optimum tuning conditions for TLDs attached to an
undamped primary structure [19, 29].

2.3. Rectangular Tuned Sloshing Dampers. For shallow-
water dampers, the movement of the water within a tank is
not as neat and easy to predict as the lateral oscillation of a
mass-spring system. +e presence of several different modes
of sloshing coupled with nonlinear effects such as wave
breaking and slamming impacts, can make an accurate
prediction of sloshing behavior difficult [41]. To account for
breaking waves inside rectangular containers, Sun and Fujino
[44] proposed two coefficients into the equations of motion: a
damping coefficient that represents the increase in liquid
damping and the frequency shift coefficient that represents
the phase velocity shift of liquid motion. +e nonlinear
damping force of a rectangular tuned sloshing damper (R-
TSD) can be replaced by a linearized generalized damping
term by minimizing the error between the actual damping
force and the linearized generalized damping force [21, 45].

Neglecting the nonlinear behavior of liquid sloshing, the
mass, spring stiffness, and damping coefficient of a R-TSD
(see Figure 1(c)) are defined, respectively, as follows [28]:

mPDA �
8ρba2

π3 tanh
πh

a
􏼠 􏼡,

kPDA �
8ρbag

π2
tanh2

πh

a
􏼠 􏼡,

cPDA � 2ξPDAmPDAwPDA,

(10)

where ρ is the liquid density (usually water), a is the length of
the TLD along the liquidmotion direction, b is the width of the
tank, h is the liquid depth, g is the gravitational acceleration,
and ξPDA is the optimum damping ratio of the R-TSD.

According to the shallow-water wave theory that is
applied to the R-TSDs with the depth ratio h/a ranging from
0.04 to 0.5, the liquid level sloshes within a rectangular
container with the following fundamental frequency [40]:

wPDA �

�����
kPDA

mPDA

􏽳

�

������������
πg

a
tanh

πh

a
􏼠 􏼡

􏽳

. (11)

Substituting equation (3) into equation (11) leads to the
following:

h �
a

π
tanh−1 a Rfwi􏼐 􏼑

2

πg
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ �

a

2π
ln

πg + a Rfwi􏼐 􏼑
2

πg − a Rfwi􏼐 􏼑
2

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦, (12)

where wi is the angular frequency of the ith lateral mode of
vibration of the building that will be tuned to the frequency
of the PDA and Rf is the R-TSD/SDOF nondimensional
frequency ratio. In equation (12), only values of
a< πg/(Rfwi)

2 guarantee real values of h.
According to Chang [28, 29], the R-TSD/SDOF non-

dimensional mass ratio and the R-TSDmass efficiency index
are defined, respectively, as follows:

μ �
ρabh

mSDOF
,

λ �
mPDA

mSDOF
�

8ρba2

π3mSDOF
tanh

πh

a
􏼠 􏼡,

(13)

where mSDOF is the structural mass of an equivalent SDOF
system, which was defined in equation (2). According to
Chang et al. [19, 29], the values of ξPDA and Rf can be
obtained from Table 2.

2.4. Two-Way Liquid Dampers. Lee et al. [22] proposed a
two-way-liquid damper (TWLD) which behaves as both
tuned liquid column damper (TLCD) and tuned sloshing
damper (TSD) in both orthogonal directions (see
Figure 1(d)). For bidirectional control of building structures,
the TLCD action (x-direction) is tuned to a particular
structural frequency in xz plane and the TSD action (y-
direction) is tuned to a particular structural frequency in yz
plane. To ensure the U-shape, three constrained conditions
are required: 2t< Lh, t< h and

Le � 2h − t + Lh, (14)

where Le is the effective length of the TLCD, that is, the total
liquid column length; h is the liquid depth; t is the thickness
of the TLCD and Lh is the horizontal liquid column length.

For both orthogonal directions, the fundamental angular
frequencies of both TLCD and TSD are defined, respectively,
as follows [23]:

wPDA,x �

���
2g

Le

􏽳

,

wPDA,y �

������������
πg

Lw

tanh
πh

Lw

􏼠 􏼡

􏽳

,

(15)

where g is the gravitational acceleration and Lw is the width
of TSD.

Table 2: Optimum tuning conditions for TLDs attached to an undamped primary structure.

Optimization criteria Loading case
Optimum tuning conditions

Rf ξPDA

Minimum relative displacement amplitude
of primary structure

Seismic load (
����������
1 + μ − 1.5λ

􏽰
)/(1 + μ) (1/2)

����������������������������������
(λ(1 + μ − 1.25λ))/((1 + μ)(1 + μ − 1.5λ))

􏽰

Along-wind
load (

����������
1 + μ − 0.5λ

􏽰
)/(1 + μ) (1/2)

����������������������������������
(λ(1 + μ − 0.25λ))/((1 + μ)(1 + μ − 0.5λ))

􏽰

Across-wind
load 1/(

�����
1 + μ

􏽰
)

����������������������������
(

�����
1 + μ

􏽰
−

��������
1 + μ − λ

􏽰
)/(2

�����
1 + μ

􏽰
)

􏽱
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For TLCD action (x-direction), the TLCD/SDOF non-
dimensional mass ratio and the TLCD mass efficiency index
are defined, respectively, as follows [22, 23]:

μx �
ρLw tLe

mSDOF,x

,

λx � μx

Lh

Le

􏼠 􏼡

2

�
ρLwtL2

h

LemSDOF,x

,

(16)

where ρ is the liquid density (usually water) and mSDOF,x is
the structural mass of an equivalent SDOF system in xz
plane. For TSD action (y-direction), the TSD/SDOF non-
dimensional mass ratio and the TSD mass efficiency index
are defined, respectively, as follows [22, 23]:

μy �
2ρLwth

mSDOF,y

,

λy � βμy �
2βρLwth

mSDOF,y

,

(17)

where mSDOF,y is the structural mass of an equivalent SDOF
system in yz plane and β is the first modal mass participation
factor of liquid sloshing, which is given by the following
equation:

β �
8Lw

π3h
tanh

πh

Lw

􏼠 􏼡. (18)

According to Figure 1(d), Le, Lw, Lh, h and t are computed
by solving the following system of nonlinear equations:

ρLwtLe − mSDOF,xμx � 0, (19a)

2ρLwth − mSDOF,yμy � 0, (19b)

2h − t + Lh − Le � 0, (19c)

wxz,iRf,x −

���
2g

Le

􏽳

� 0, (19d)

wyz,iRf,y −

������������
πg

Lw

tanh
πh

Lw

􏼠 􏼡

􏽳

� 0, (19e)

where wxz,i and wyz,i are the angular frequencies of the ith
lateral mode of vibration of the building in xz plane and yz
plane, respectively. According to Chang [19, 29], Rf,x and
Rf,y can be obtained from Table 2 based on the values of μx,
λx, μy, and λy.

For TLCD action (x-direction), themass, spring stiffness,
and damping coefficient are given by the following equations
[22]:

mPDA,x � ρLwtLe, (20)

kPDA,x � mPDA,x wPDA,x􏼐 􏼑
2

� 2gρtLw, (21)

cPDA,x � 2ξPDA,xmPDA,xwPDA,x, (22)

where ξPDA,x can be obtained from Table 2 based on the
values of μx and λx. For TSD action (y-direction), the mass,
spring stiffness and damping coefficient are given by [22]

mPDA,y � βmPDA,x �
8L2

wρtLe

π3h
tanh

πh

Lw

􏼠 􏼡, (23)

kPDA,y � mPDA,y wPDA,y􏼐 􏼑
2

� πgβρtLetanh
πh

Lw

􏼠 􏼡

�
8LwgptLe

π2h
tanh2

πh

Lw

􏼠 􏼡,

(24)

cPDA,y � 2ξPDA,ymPDA,ywPDA,y, (25)

where ξPDA,y can be obtained from Table 2 based on the
values of μy and λy.

2.5. Pendulum Tuned Mass Dampers. Neglecting both the
rotational stiffness and rotational damping coefficient of the
pendulum, the mass, spring stiffness, and damping coeffi-
cient of a PTMD (see Figure 1(e)) are defined, respectively,
as follows [46]:

mPDA � μmSDOF,

kPDA �
mPDAg

lp
,

cPDA � 2ξPDAmPDAwPDA,

(26)

where μ is the PTMD/SDOF nondimensional mass ratio that
may be chosen in the range of 1/50 to 1/15 for a first design
approach [38]; mSDOF is the structural mass of an equivalent
SDOF system, which was defined in equation (2); g is the
gravitational acceleration; lp is the pendulum length; ξPDA is the
damping ratio of the PTMD; andwPDA is the angular frequency
of the pendulum, which is given by the following equation:

wPDA �

�����
kPDA

mPDA

􏽳

�

��
g

lp

􏽳

. (27)

Substituting equation (3) into equation (27) leads to the
following equation:

lp �
g

Rfwi􏼐 􏼑
2, (28)

where wi is the angular frequency of the ith lateral mode of
vibration of the building that will be tuned to the frequency of
the PTMD and Rf is the PTMD/SDOF nondimensional fre-
quency ratio. Table 3 shows some optimum tuning conditions
for PTMDs attached to an undamped primary structure [26].

3. Coupled Shear-Flexural Discrete
Model with PDAs

Huergo and Hernández [37] proposed a CSF discrete model
with TMDs, which adequately reproduces the lateral de-
formation of buildings with different lateral resisting

6 Shock and Vibration



systems. In this section, five different kinds of PDAs (TMD,
C-TSD, R-TSD, TWLD, and PTMD) are unified by using
equivalent TMDs. +erefore, a fixed-base N-story building
with NPDA PDAs can be schematically represented as shown
in Figure 2.

According to Figure 2, the shear wall (flexural beam) and
rigid frame (shear beam) are assumed to be connected by a
finite number of axially rigid members that transmit hori-
zontal forces; thus, both cantilever beams in the coupled
system undergo the same lateral deformation, u(z, t). For
j� 1, 2, 3, . . ., N, the jth axially rigid member is represented
by a spring whose stiffness tends to infinity, that is,
ka

j⟶∞, which guarantees a parallel coupling of the
bending and shear stiffness of the building. +e total length
of each cantilever beam, H, is discretized into N linear finite
elements, where the length of the jth finite element is
denoted by Lj(j� 1, 2, 3, . . ., N). +e mass, spring stiffness,
and damping coefficient of the jth PDA are represented by
mP DA ,j, kP DA ,j and cP DA ,j, respectively, whereas the lateral
displacement in the time domain of the jth PDA is repre-
sented as uPDA,j(t).

If floormasses and lateral stiffness are assumed to remain
constant along the height of the building, the degree of
participation of overall flexural and overall shear defor-
mations in the CSF model is controlled by a nondimensional
lateral stiffness ratio given by the following equation:

α � H

����

GAS

EI

􏽳

, (29)

where EI is the flexural rigidity of the building and GAS is
the effective shear rigidity of the building. A value of α⟶ 0
represents a pure flexural model (Euler–Bernoulli beam),
whereas a value of α⟶∞ represents a pure shear model.
According to Miranda and Reyes [47], the lateral defor-
mation of shear wall buildings, shear wall-frame buildings,
and moment-resisting frames can usually be approximated
by using values of 0≤ α≤ 2, 1.5≤ α≤ 6, and 5≤ α≤ 20, re-
spectively. According to Miranda and Taghavi [2], EI and
GAS are given by the following equation:

EI �
4mπ2H4

T1c1( 􏼁
2

c2
1 + α2( 􏼁

, (30)

GAS
�

4mπ2α2H2

T1c1( 􏼁
2

c2
1 + α2( 􏼁

, (31)

where m is the mass per unit length of the building; H is the
total height of the building; T1 is the fundamental period of
vibration of the fixed-base building, which can be computed
by any of the existing empirical formulas [48–52]; and c1 is

an eigenvalue parameter related to the first mode shape of
the CSF continuous model, that is, the first root of the
following characteristic equation [2]:

2 + 2 +
α4

c2
i α2 + c2

i( 􏼁
􏼠 􏼡cos ci( 􏼁cosh

������

α2 + c2
i

􏽱

􏼒 􏼓

+
α2

ci

������
α2 + c2

i

􏽱⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠sin ci( 􏼁sinh
������

α2 + c2
i

􏽱

􏼒 􏼓 � 0,

(32)

where i� 1, 2, 3, . . .,∞. In a pure shear model, α⟶∞ and
c1⟶ π/2; however, Miranda and Reyes [47] indicated that
α � 20 represents a model very close to the pure shear model.
Figure 3 shows the first root of equation (32) and its cor-
responding polynomial curve fitting.

For 0≤ α≤ 20, the polynomial curve fitting shown in
Figure 3 is given by the following equation:

c1 � 8.0564 × 10−10
􏼐 􏼑α7 − 1.3677 × 10−7

􏼐 􏼑α6

+ 8.4444 × 10−6
􏼐 􏼑α5 − 2.5511 × 10−4

􏼐 􏼑α4

+ 4.0722 × 10−3
􏼐 􏼑α3 − 3.2706 × 10−2

􏼐 􏼑α2

+ 9.0619 × 10−2
􏼐 􏼑α + 1.8603.

(33)

Neglecting axial deformation, each node of each
cantilever beam (see Figure 2(b)) has two local degrees of
freedom (transverse displacement and rotation).
According to the Euler–Bernoulli beam theory, a 4 × 4
stiffness matrix is assumed for each finite element related
to the flexural cantilever beam, considering the flexural
rigidity, EI, shown in equation (30). On the other hand,
according to the Timoshenko beam theory, a 4 × 4 stiffness
matrix is assumed for each finite element related to the
shear cantilever beam, considering an equivalent flexural
rigidity, (EI)S⟶∞, and the effective shear rigidity, GAS,
shown in equation (31). For the shear cantilever beam,
pure shear deformation is guaranteed, regardless of the
slenderness ratio, by assuming that (EI)S⟶∞ [37].
+en, the 2N × 2N stiffness matrices of both cantilever
beams are assembled by the conventional numerical as-
sembly technique for the finite element method. Subse-
quently, the condensed stiffness matrix of the decoupled
flexural beam, [KF

Δ]N×N, and the condensed stiffness
matrix of the decoupled shear beam, [KS

Δ]N×N, are com-
puted by the well-known static condensation technique
[53], considering that only translational degrees of free-
dom remain active. Reference [37] contains more explicit
details on the formulation of the condensed stiffness
matrices of both decoupled beams.

Table 3: Optimum tuning conditions for PTMDs attached to an undamped primary structure.

Optimization criteria Excitation
Optimum tuning conditions

Rf ξPDA

Minimum root mean square value of relative displacement of
primary structure

Force (
�������
1 + 0.5μ

􏽰
)/(1 + μ)

�����������������������
(μ + 0.75μ2)/(4 + 6μ + 2μ2)

􏽰

Base
acceleration (

�������
1 − 0.5μ

􏽰
)/(1 + μ)

�����������������������
(μ − 0.25μ2)/(4 + 2μ − 2μ2)

􏽰
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+e lumped mass at the jth story of the building is
represented by mj(j � 1, 2, 3, ..., N) in such a way that mN �

0.5m(LN) and mn � 0.5m(Ln + Ln+1), where n � 1, 2, 3,

. . . , (N − 1) and m is the mass per unit length of the
building. +en, the total mass of the building is split in half;
thereby, the lumped mass matrices of both decoupled beams
are represented as [MF

Δ]N×N � [MS
Δ]N×N � 0.5 diag

[m1 . . . mN]. According to Huergo and Hernández [37], the
lateral damping matrix of the decoupled flexural beam,
[CF
Δ]N×N, and the lateral damping matrix of the decoupled

shear beam, [CS
Δ]N×N are computed with the help of the

Rayleigh’s approach [53] using the same damping ratio in all
modes.

Assuming that NPDA � N (see Figure 2(b)), the equa-
tions of motion of the CSFmodel with PDAs can be grouped
in the matrix system given by Huergo and Hernández [37]:

MCSF􏼂 􏼃 €uCSF(t)􏼈 􏼉 + CCSF􏼂 􏼃 _uCSF(t)􏼈 􏼉 + KCSF􏼂 􏼃 uCSF(t)􏼈 􏼉

� FCSF(t)􏼈 􏼉,

(34)

where

Shear
wall

Axially rigid link
TMD

Rigid slab

Column

uN (t)

uN–1 (t)

u3 (t)

u2 (t)

u1 (t)

TLCD

R-TSD

C-TSD

PTMD

(a)

z

H

LN

kPDA.N

cPDA.N
kPDA.N–1

cPDA.N–1
kPDA.j

cPDA.j
kPDA.3

cPDA.3

kPDA.2
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Figure 2: Coupled shear-flexural model for an N-story building with PDAs. (a) Sketch. (b) Equivalent discrete model [37].
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MCSF􏼂 􏼃 �

MF
Δ􏼂 􏼃

MF
PDA􏼂 􏼃

MS
Δ􏼂 􏼃

MS
PDA􏼂 􏼃

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (35)

M
F
PDA􏽨 􏽩 � M

S
PDA􏽨 􏽩 �

1
2

mPDA,1

⋱
mPDA,N

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (36)

KCSF􏼂 􏼃 �

KF
Δ􏼂 􏼃 + KA􏼂 􏼃 + KF

PDA􏼂 􏼃 − KF
PDA􏼂 􏼃 − KA􏼂 􏼃 [0]N×N

− KF
PDA􏼂 􏼃 KF

PDA􏼂 􏼃 [0]N×N [0]N×N

− KA􏼂 􏼃 [0]N×N KS
Δ􏼂 􏼃 + KA􏼂 􏼃 + KS

PDA􏼂 􏼃 − KS
PDA􏼂 􏼃

[0]N×N [0]N×N − KS
PDA􏼂 􏼃 KS

PDA􏼂 􏼃

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (37)

K
A

􏽨 􏽩 �

ka
1⟶∞

⋱
ka

N⟶∞

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (38)

K
F
PDA􏽨 􏽩 � K

S
PDA􏽨 􏽩 �

1
2

kPDA,1

⋱
kPDA,N

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (39)

CCSF􏼂 􏼃 �

CF
Δ􏼂 􏼃 + CF

PDA􏼂 􏼃 − CF
PDA􏼂 􏼃 [0]N×N [0]N×N

− CF
PDA􏼂 􏼃 CF

PDA􏼂 􏼃 [0]N×N [0]N×N

[0]N×N [0]N×N CS
Δ􏼂 􏼃 + CS

PDA􏼂 􏼃 − CS
PDA􏼂 􏼃

[0]N×N [0]N×N − CS
PDA􏼂 􏼃 CS

PDA􏼂 􏼃

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (40)

C
F
PDA􏽨 􏽩 � C

S
PDA􏽨 􏽩 �

1
2

cPDA,1

⋱
cPDA,N

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (41)

uCSF(t)􏼈 􏼉 � uF
Ψ(t)􏼈 􏼉 uS

Ψ(t)􏼈 􏼉􏼈 􏼉
T
, (42)

u
F
Ψ(t)􏽮 􏽯 � u

S
Ψ(t)􏽮 􏽯 � u1(t) . . . uN(t)uPDA,1(t) . . . uPDA,N(t)􏽮 􏽯. (43)

For seismic loads, the external forces of the CSF model
are given by

FCSF(t)􏼈 􏼉 � − MCSF􏼂 􏼃 1{ }4N×1 €ug(t), (44)

where €ug(t) is the horizontal ground acceleration, whereas
for wind loads, the external forces of the coupled system are
given by the following equation:

FCSF(t)􏼈 􏼉 �
1
2

F1(t) . . . FN(t) 0{ }1X NF1(t) . . . FN(t) 0{ }1X N􏼈 􏼉
T
,

(45)

where Fj(t) is the wind force acting on the jth story.
+e matrix equation (34) can be expressed as follows:

_q(t)􏼈 􏼉 � [A] q(t)􏼈 􏼉 + Fe(t)􏼂 􏼃, (46)

where for NPDA � N,

q(t)􏼈 􏼉 �
uCSF(t)􏼈 􏼉

_uCSF(t)􏼈 􏼉
􏼨 􏼩

8N×1
,

_q(t)􏼈 􏼉 �
_uCSF(t)􏼈 􏼉

€uCSF(t)􏼈 􏼉
􏼨 􏼩

8N×1
,

[A] �
[0]4N×4N [I]4N×4N

− MCSF􏼂 􏼃
−1

KCSF􏼂 􏼃 − MCSF􏼂 􏼃
−1

CCSF􏼂 􏼃
􏼢 􏼣

8N×8N

,

Fe(t)􏼈 􏼉 �
0{ }4N×1

MCSF􏼂 􏼃
−1

FCSF(t)􏼈 􏼉
􏼨 􏼩

8N×1
,

(47)
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and [I]4N×4N is the identity matrix.+ematrix equation for a
numerical integration solution using the state space method
[54] is as follows:

q tv+1( 􏼁􏼈 􏼉 � e
[A]Δt

q tv( 􏼁􏼈 􏼉 + e
[A]ΔtΔt Fe tv( 􏼁􏼈 􏼉, (48)

where Δt is the integration time step.
Once the relative displacements have been determined

by equation (48), the element forces for structural design can
be determined by static analysis of the structure at each time
step. At any instant of time, the equivalent static forces are
the external forces that will produce the relative displace-
ments at the same instant of time in the stiffness component
of the structure [53].

+e ith effective modal mass of the fixed-base CSF model
with PDAs is given by the following equation:

meff ,i �
ϕCSF,i􏽮 􏽯

T
MCSF􏼂 􏼃 1{ }4N×1􏼒 􏼓

2

ϕCSF,i􏽮 􏽯
T

MCSF􏼂 􏼃 ϕCSF,i􏽮 􏽯
, (49)

where ϕCSF,i􏽮 􏽯 is the ith mode shape vector of the coupled
model. +erefore, the participating mass ratio of the ith
mode of vibration is defined as meff ,i/mT, where the total
mass is given by mT � 􏽐

N
j�1 mj + mPDA,j.

+e consideration of NPDA <N is achieved by assuming
that some PDAs have mass, spring stiffness, and damping
coefficient equal to zero. In this case, the matrices [MCSF],
[KCSF], and [CCSF] will have some rows and columns with all
zero entries, which must be removed before performing a
linear time-history analysis. In addition, the size of uCSF(t)􏼈 􏼉

and FCSF(t)􏼈 􏼉 must also be changed.

4. Effect of theLateralResistingSystemonPDAs

According to the uniform CSF continuous model [2],
equation (2) can be expressed as follows:

mSDOF �
mH 􏽒

1
0 ϕ

2
i (z)dz

ϕ2i zPDA( 􏼁
, (50)

where m is the mass per unit length of the building; H is the
total height of the building; z � z/H; zPDA � zPDA/H; and
ϕi(z)is the ith mode shape of the CSF continuous model [2],
which is given by the following equation:

ϕi(z) � sin ciz( 􏼁 −
ci������

α2 + c2
i

􏽱 sinh z

������

α2 + c2
i

􏽱

􏼒 􏼓

− ηi cos ciz( 􏼁 + ηicosh z

������

α2 + c2
i

􏽱

􏼒 􏼓,

(51)

where i� 1, 2, 3, . . .,∞; ci is the ith root of equation (32) and

ηi �
c2

i sin ci( 􏼁 + ci

������
α2 + c2

i

􏽱
sinh

������
α2 + c2

i

􏽱

􏼒 􏼓

c2
i cos ci( 􏼁 + α2 + c2

i( 􏼁cosh
������
α2 + c2

i

􏽱

􏼒 􏼓

. (52)

+e effect of the lateral resisting system of the building
on the value of mSDOF is shown in Figure 4, considering
different attachment point locations of the PDAs.

For a PDA tuned to the first mode of vibration, Figure 4
shows that for lower stories mSDOF increases as α decreases;
on the contrary, for upper stories, mSDOF increases as α
increases. +erefore, for lower stories, the PDA/SDOF
nondimensional mass ratio,μ, increases as α increases; on the
contrary, for upper stories, μincreases as α decreases. In
conclusion, a PDA tuned to the first mode of vibration is
more effective in controlling vibrations at lower stories when
the primary structure deforms like a pure shear beam. On
the contrary, its effectiveness in vibration control increases
at upper stories for flexural-type deformations.

For both second and third modes of vibration, mSDOF
changes significantly for middle stories as α changes. For the
second mode of vibration, μ increases as α increases when a
single PDA is attached in the range 0.2H≤ zPDA ≤ 0.8H,
whereas for the third mode of vibration, μ increases as α
decreases when a single PDA is attached in the range
0.4H≤ zPDA ≤H. Furthermore, for the first three modes of
vibration, μ increases as α decreases when zPDA � H; thus, a
single PDA installed at the rooftop level could be more
effective for multimode control than an equal-mass PDA
installed at lower stories.

According to the shallow water wave theory [40], the
depth ratios h/2r and h/a of C-TSDs and R-TSDs, respec-
tively, must be ranged from 0.04 to 0.05. Both depth ratios
are generally in this range in order to obtain high damping of
liquid sloshing and efficient movingmass [40]; that is, for the
same value of μ, the values of ξPDA and mPDA increase as the
depth ratio decreases. Assuming shallow water waves with a
mass density of 1000 kg/m3, Figure 5 shows the
maximum efficient moving mass computed for both a cir-
cular tuned sloshing damper (C-TSD) and a rectangular
tuned sloshing damper (R-TSD, a � b), considering a single
TSD on the rooftop level tuned to the fundamental mode of
vibration with a depth ratio equal to 0.46. +e geometry and
equivalent TMD mass related to Figure 5 are shown in
Table 4.

Figure 5 shows that the maximum possible value of the
mass efficiency index, c, increases as the fundamental period
of vibration of the building increases. Figure 5 also shows
that c increases as α decreases; thereby, larger TSDs can be
installed at the rooftop level in buildings that deform as pure
flexural beams in order to increase the effectiveness in vi-
bration control. For the same depth ratios (see Figure 5 and
Table 4), c and mPDA are greater for a square tuned sloshing
damper even though the total liquid mass μmSDOF, is greater
for a circular tuned sloshing damper. +erefore, a R-TSD
could be a better option for vibration control than a C-TSD.
Furthermore, a R-TSD is a more versatile device because it is
able to be tuned to both translational directions by changing
the dimensions of the tank.

For the special case of TWLDs, a parametric analysis for
different values of α is impractical due to the system of
nonlinear equations (19a)–(19e) and the three constrained
conditions that ensure the U-shape on the device. However,
greater values of μ and mPDA can be expected for high-rise
buildings that deform as pure flexural beams (see Table 5). In
addition, equations (20) and (23) demonstrate that the
equivalent TMDmass is always greater for the TLCD action.
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Figure 4: Structural mass of an equivalent SDOF system. (a) ZPDA � 0.2H. (b) ZPDA � 0.4H. (c) ZPDA � 0.8H. (d) ZPDA�H.
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Figure 5: Maximum efficient moving mass of a single TSD attached at zPDA � H: h/2r � h/a � 0.46 and Rf � 1. (a) C-TSD. (b) R-TSD
(a� b).

Table 4: Geometry and equivalent TMD mass of a single TSD attached at zPDA � H: h/2r � h/a � 0.46 andRf � 1.

T1 (s) Type of TSD 2r (cm) a � b (cm) h (cm) μmSDOF (kg) mPDA (kg)

1 C-TSD 85.44 — 39.28 225.23 52.13
R-TSD — 69.82 32.07 156.32 78.52

2 C-TSD 341.76 — 157.13 14414 3336.6
R-TSD — 279.26 128.28 10004 5025.4

3 C-TSD 768.97 — 353.54 164190 38006
R-TSD — 628.59 289.1 114230 57333

4 C-TSD 1367.1 — 628.52 922530 213540
R-TSD — 1117 513.12 640270 321620
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For the rooftop level, the same behavior occurs for the
solid mass vibration absorbers (TMD and PTMD). +at is,
the maximum possible value of μ increases as T1 increases
and α decreases; however, the mass efficiency index, c, for
both devices is equal to one. +erefore, solid mass vibration
absorbers generally are more effective in vibration control,
even though both devices are more expensive than tuned
liquid dampers. For PTMDs, the pendulum length increases
as the fundamental period of vibration of the building
increases.

According to Section 2, the PDA/SDOF nondimensional
frequency ratio, Rf, and the PDA optimum damping ratio,
ξPDA, represent the most important parameters for opti-
mizing the vibration control of buildings. However, scien-
tific literature [17, 19, 26, 29, 39] only features formulas for
Rf and ξPDA that do not include the nondimensional lateral
stiffness ratio, α. In future works, the optimum tuning
conditions will be studied by using the CSF model with
TMDs [37] subjected to several loading cases.

5. Numerical Example

In this section, the improved CSF model (see Figure 2(a)) is
used to assess the vibration control of a 37-story building
located in the Valley of Mexico (see Figure 6(a)). +e length,
depth, and height of the building are 44m, 22m, and
144.24m, respectively.+e building has composite steel deck
floors with 4 cm concrete slabs (see Figure 6(b)). +e lateral
resisting system of the building in x-direction consists of
moment-resisting frames. On the other hand, the lateral
resisting system of the building in y-direction consists of a
combination of 12 cm masonry shear walls and braced
frames. +e mechanical properties and dimensions of the
structural elements of the building are described in detail by
Huergo et al. [55]. For both translational directions, the first
lateral modes of vibration of a fixed-base 3D finite element
model (FEM) are shown in Figure 7.

+e building was idealized as a fixed-base CSF discrete
model, where each beam was discretized into 37 finite el-
ements of equal length, that is, Lj � 3.8984m for
j � 1, 2, 3, . . . , 37. For this numerical example, it was as-
sumed that (EI)S � 1 × 10100 Nm2, which guarantees a pure
shear deformation for the shear cantilever beam. According
to equation (38), it was assumed that ka

j � 1 × 1015 N/m for
j � 1, 2, 3, . . . , 37, which guarantees the parallel coupling
between the flexural and shear cantilever beams. Table 6
shows the mechanical properties of the equivalent fixed-base
CSF model. For the first mode shape in both translational

directions, Figure 8 shows a comparison between the fixed-
base 3D FEM and the fixed-base CSF continuous model [2].
Furthermore, Table 7 and Figure 9 show the first three
modes of vibration of the fixed-base building in both
translational directions, which proves that the assumed
values of α adequately represent the higher modes of
vibration.

A single PDA (TMD, C-TSD, R-TSD, TWLD, and
PTMD) attached at zPDA � H was tuned to Txz,1 � 3.65 s
and Tyz,1 � 3.44 s. Assuming the Cartesian coordinate sys-
tem shown in Figure 6(b), the structural masses of the
equivalent SDOF systems at zPDA � H are mSDOF,x �

1.6996 × 107 kgand mSDOF,y � 1.1009 × 107 kg for xz plane
and yz plane, respectively. All the PDAs were optimized
based on Tables 1–3. For the special case of a single TLD (C-
TSD, R-TSD, and TWLD), the device was designed in such a
way that its natural frequency is tunable by changing the
liquid depth, assuming that the mass density of the water
inside the container is equal to 1000 kg/m3.

According to the shallow-water wave theory [40], the
maximum possible values of μ for C-TSDs were computed in
such a way that both a real solution and a depth ratio of
h/2r< 0.5 are guaranteed. +e same values of μ were as-
sumed for R-TSDs, which also guarantees shallow-water
waves for rectangular containers. For R-TSDs, the depth
ratio, h/a, is generally in the range of 0.04 to 0.5 in order to
obtain high damping of liquid sloshing and efficient moving
mass; that is, for the same value of μ, the values of ξPDA and
mPDA increase as the ratio h/a decreases. For both TMD and
PTMD cases, the same values of μ computed for C-TSDs and
R-TSDs were chosen in order to compare the effectiveness of
the four different PDAs (TMD, PTMD, C-TSD, and R-TSD)
in controlling the dynamic response of the building in both
translational directions. For the TWLD case, the TLCD
action (x-direction) and the TSD action (y-direction) take
place in xz plane and yz plane, respectively; however, the
maximum possible values of μ are lower compared to those
computed for the other four PDAs (TMD, PTMD, C-TSD,
and R-TSD). +e geometry and dynamic properties of the
five different PDAs are shown in Tables 8–12.

For the numerical example, geometry and dynamic
properties of the PDAs are shown in Tables 8–12, where
TPDA is the fundamental period of vibration of the PDA.

5.1. Earthquake-Induced Vibrations. For buildings without
passive energy dissipation devices, the elastic CSF model is
not useful when strong earthquakes generate an inelastic

Table 5: Numerical example of the maximum mass parameters of a TWLD: T1,x � T1,y � H/46, m � 200000 kg/m, and Rf � 1.

T1,x (s) T1,y (s) α
μ c mPDA (kg)

TLCD action TSD action TLCD action TSD action TLCD action TSD action

4 4 0 0.015 0.01 0.0049 0.0064 138000 88297
∞ — — — — — —

6 6 0 0.04 0.035 0.0016 0.021 552000 326310
∞ 0.015 0.01 0.0022 0.0064 414000 265410

8 8 0 0.035 0.03 0.022 0.020 644000 431030
∞ 0.015 0.01 0.0018 0.0064 552000 353190
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dynamic response. For a time-domain inelastic analysis,
maybe a possible solution could be to compute the elon-
gation of the fundamental period (i.e., stiffness degradation)
at each time step by using hysteresis loops. In this way, the
stiffness matrix of the coupled system, [KCSF], could be
assembled at each time step from the new values of EI and
GAS. However, further research related to the possibility of
an extended CSF model capable of computing the inelastic
response must be done. On the other hand, a linear elastic

behavior can be considered acceptable when the passive
energy dissipation devices are effective in controlling
earthquake-induced vibrations.

An earthquake ground motion record is composed by
three orthogonal components: one vertical component and
two horizontal components. For earthquakes acting in two
directions, the two horizontal components of the ground
acceleration must be applied to each translational direction
of the CSF model by independent time-domain dynamic
analyses. +e Mexico City building code classifies the soil of
the Valley of Mexico as firm (i.e., hard rock), lakebed (i.e.,
high water content clay underlain by resistant sands), and
transition (i.e., between firm soil and lakebed zone). +ree
different stations are considered for the Mexico City
earthquake of September 19, 1985: the N90E component
recorded at station Central-de-Abastos-Frigoŕıfico (CDAF),
the N58E component recorded at station Sismex-Viveros
(SXVI), and the S90W component recorded at station
Ciudad-Universitaria-Mesa-Vibradora (CUMV). +e
earthquake ground motion records related to Table 13 are

(a)

x

y z

I-2

I-3I-1

I-4

I-5

(b)

Figure 6: 144-meter-tall building located in the Valley of Mexico [55]. (a) General view. (b) Floor system.

Masonry walls

Cross-bracing

(a) (b) (c)

Figure 7: First lateral modes of vibration of a fixed-base 3D FEM [55]. (a) Lateral resisting system. (b) Txz,1 � 3.65 s. (c) Tyz,1 � 3.44 s.

Table 6: Mechanical properties of the fixed-base CSF discrete
model.

Mechanical property xz plane yz plane
m (kg/m) 235664 235664
H (m) 144.24 144.24
T1 (s) 3.65 3.44
c1 1.5708 1.9173
α 1× 10100 3.5
EI (N·m2) 1.2251× 10−186 5.8129×1012

GAS(N) 5.8885×109 3.4225×109
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shown in Figure 10(a), whereas the elastic input energy
spectra, related to a structural damping ratio of 5%, are
shown in Figure 10(b). Both Table 13 and Figure 10 clearly
show that the soil type significantly modifies the duration,
peak ground acceleration, and energy content of the
earthquake ground motion records, particularly for the

CDAF station, where the seismic waves were significantly
amplified by the geologic conditions of the lakebed zone. For
the three seismic records, Table 14 shows that peak values of
input energy are related to periods lower than Txz,1 � 3.65 s
and Tyz,1 � 3.44 s. +erefore, PDAs could be less effective in
controlling earthquake-induced vibrations because soil-
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Figure 8: Mode shape of the first mode of vibration: 3D FEM vs. CSF model [55]. (a) xz plane. (b) yz plane.

Table 7: Periods and participating mass ratios of the fixed-base building: CSF model vs. 3D FEM [55].

Mode
Period (s) Participating mass ratio (%)

xz plane yz plane xz plane yz plane
CSF 3D FEM CSF 3D FEM CSF 3D FEM CSF 3D FEM

1 3.65 3.65 3.44 3.44 81.03 77.26 67.94 66.01
2 1.22 1.25 0.89 0.98 8.98 8.86 13.17 10.62
3 0.73 0.75 0.38 0.48 3.22 2.76 5.71 3.57
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Figure 9: Mode shapes of the fixed-base building: CSF model without PDAs. (a) xz plane. (b) yz plane.
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building resonance is avoided for both orthogonal direc-
tions. For the purposes of this numerical example, the soil-
structure interaction effects are neglected; that is, the same
modes of vibration of the fixed-based 144-meter-tall
building are considered for the three seismic records shown
in Figure 10(a).

According to the geometry and dynamic properties
specified in Tables 8–12, 15 and 16 show the periods and
modal participating mass ratios of the building with a single

PDA when the primary structure is subjected to the hori-
zontal ground accelerations shown in Figure 10(a).

Tables 15 and 16 show that if a total of NPDA PDAs are
attached to the building, the first NPDA modes of vibration
will be under the influence of NPDA PDAs, and the
(NPDA + 1)th mode of vibration will actually be the first
mode of the building [37]. For example, if a single PDA is
attached to the building, the first mode will be related to the
PDA vibration, the second mode will be related to the first

Table 8: Dynamic properties of a TMD attached at zPDA � H.

Loading case and optimization criteria Plane μ TPDA(s) ξPDA mPDA(kg)
kPDA
(N/m)

cPDA
(N s/m)

Harmonic base acceleration for minimum relative displacement
amplitude of primary structure

xz 0.0140 3.71 0.0722 237944 680961 58132
yz 0.0276 3.56 0.1011 303848 946709 108403

Harmonic load for minimum relative acceleration amplitude of primary
structure

xz 0.0141 3.68 0.0725 239644 700260 59367
yz 0.0281 3.49 0.1019 309353 1003833 113613

Table 9: Geometry and dynamic properties of a C-TSD attached at zPDA � H.

Parameter
Seismic load Along-wind load

xz plane yz plane xz plane yz plane
μ 0.0140 0.0276 0.0141 0.0281
TPDA(s) 3.69 3.51 3.68 3.49
ξPDA 0.0323 0.0420 0.0324 0.0421
r (m) 5 5 5 5
h (m) 3.02 3.862 3.05 3.94
mPDA(kg) 71968 79600 72258 80125
kPDA (N/m) 208960 255630 210650 259010
cPDA(N s/m) 7930.3 11978 7993.8 12133

Table 10: Geometry and dynamic properties of a R-TSD attached at zPDA � H.

Parameter
Seismic load Along-wind load

xz plane yz plane xz plane yz plane
μ 0.0140 0.0276 0.0141 0.0281
TPDA(s) 3.70 3.52 3.69 3.51
ξPDA 0.0448 0.0580 0.0448 0.0581
a (m) 8.69 8.68 8.69 8.68
b (m) 8.71 8.69 8.67 8.68
h (m) 3.14 4.03 3.18 4.10
mPDA(kg) 138030 151530 138170 152340
kPDA (N/m) 398040 482800 400610 488150
cPDA(N s/m) 20998 31356 21086 31691

Table 11: Geometry and dynamic properties of a TWLD attached at zPDA � H.

Parameter
Seismic load Along-wind load

xz plane yz plane xz plane yz plane
μ 0.003 0.003 0.003 0.003
TPDA(s) 3.54 3.46 3.53 3.46
ξPDA 0.0273 0.0274 0.0160 0.0218
Lh (m) 3.60 — 3.62 —
Lw (m) — 6.82 — 6.80
h (m) 2.02 2.02 2.01 2.01
t (m) 1.20 1.20 1.21 1.21
mPDA(kg) 50988 32469 50988 32503
kPDA (N/m) 160570 107240 161440 107480
cPDA(N s/m) 4949.2 3228 2896.6 2581.5
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mode without PDAs, and the third mode will be related to
the second mode without PDAs, etc. For different lateral
resisting systems, the structural mass of an equivalent SDOF
system at zPDA � H increases as the value of α increases, that
is, mSDOF,x � 1.6996 × 107 kg and mSDOF,y � 1.1009 × 107 kg.
In a similar way, the participating mass ratio related to the
first mode of vibration without PDAs also increases as the

value of α increases, that is, meff ,1/mT � 0.8103 and
meff ,1/mT � 0.6794 for xz plane and yz plane, respectively.

For the five different PDAs shown in Tables 8–12, 36
time-history elastic analyses were carried out assuming that
the building is subjected to the horizontal ground acceler-
ations shown in Figure 10(a). Assuming a structural
damping ratio of 5% and neglecting soil-structure

Table 13: General characteristics of the Mexico City earthquake of September 19, 1985.

Origin Surface-wave
magnitude

Depth
(km) Station Soil type Epicentral distance

(km)
Peak ground acceleration

(m/s2)
Duration

(s)

Subduction 8.1 15
CDAF Lakebed 430 1.1749 143.19
SXVI Transition 422 0.4163 129.15
CUMV Firm 419 0.3828 62.58

Table 14: Elastic input energy of interest: Mexico City earthquake of September 19, 1985.

Station CDAF SXVI CUMV
Period (s) 3.03 3.44 3.65 2.60 3.44 3.65 2.02 3.44 3.65
Input energy/mass (m2/s2) 6.6986 2.0964 1.2506 0.3186 0.1150 0.0885 0.1083 0.0897 0.0682

Table 12: Geometry and dynamic properties of a PTMD attached at zPDA � H.

Parameter
Base acceleration Force

xz plane yz plane xz plane yz plane
μ 0.0140 0.0276 0.0141 0.0281
TPDA(s) 3.71 3.56 3.69 3.51
ξPDA 0.0589 0.0822 0.0591 0.0829
lp (m) 3.43 3.15 3.38 3.07
mPDA(kg) 237940 303850 239640 309350
kPDA (N/m) 680960 946710 695390 990120
cPDA(N s/m) 47381 88205 48220 91813
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Figure 10: Mexico City earthquake of September 19, 1985. (a) Earthquake ground motion records. (b) Elastic input energy spectra.
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interaction effects, the peak displacements and peak inter-
story drift ratios (IDR) are shown in Figures 11–14; whereas
the peak values related to the critical storey are shown in
Tables 17 and 18. Furthermore, Table 19 shows the peak
values of both base shear force and base overturning mo-
ment, which were computed by the equivalent static load
method [53].

According to Tables 17–19, all the PDAs are ineffective in
vibration control for the CDAF and SXVI stations.
According to Soto and Ruiz [56], the effectiveness of TMDs
is higher for systems with small nonlinearity produced by
small and moderate earthquakes, than for systems with high
nonlinear behavior, generally associated with high-intensity
motions. +e ineffectiveness of vibration control of all PDAs
in the CDAF and SXVI stations could be related to the high-
intensity motion despite the assumed linear elastic behavior
of the CSF model. +e seismic response of a linear elastic
building subjected to the narrow-band long duration can be
significantly reduced if a TMD is included on its top;
however, this reduction does not always represent a real
advantage for buildings with a period near the dominant of
the soil, because for intense motions the maximum-in-time
base shear ratio still results too high [57], e.g., the case for 2 s
period buildings located on soft soil in the Valley of Mexico.

For CUMV station, all the PDAs are slightly more ef-
fective for the vibration control of the primary structure.
Approximately a 6% reduction is achieved for peak dis-
placements and peak internal forces at the base. For low-to
moderate-intensity motion (e.g., CUMV station), the ef-
fectiveness of TMDs in vibration control of buildings with a
period near the dominant of the soil (i.e., 2 s period building)
can significantly increase as the value of μ increases (e.g., by
using distributed multiple TMDs) [37]. However, larger
values of μ are not possible when TLDs (C-TSD, R-TSD,
TWLD) are attached to the 144-meter-tall building (see
Tables 8–12). According to Tables 8–12, the same values of μ

for four different kinds of PDAs (TMD, C-TSD, R-TSD, and
PTMD) lead to different values ofmPDA and ξPDA , that is, the
PDA mass efficiency index, λ , of the liquid mass vibration
absorbers leads to lower values of mPDA and ξPDA.+erefore,
the solid mass vibration absorbers (i.e., TMD and PTMD)
are slightly more effective in controlling the seismic response
in CUMV station (see Tables 17 to 19).

According to Table 18, the damage index is usually
expressed in terms of the peak interstory drift ratio. For xz
plane, the greatest damage is located at z � 0.22H,
z � 0.027H and z � 0.027H for CDAF, SXVI and CUMV
stations, respectively; however, for the solid mass vibration
absorbers (TMD and PTMD), the greatest damage in the
CUMV station is located at z � 0.081H. For yz plane, the
greatest damage is located at z � 0.51H, z � 0.68H, and z �

0.43H for CDAF, SXVI, and CUMV stations, respectively;
however, for the solid mass vibration absorbers (TMD and
PTMD), the greatest damage in the CUMV station is located
at z � 0.59H. +erefore, the critical story depends not only
on the value of αbut also on the earthquake ground motion
record and the equivalent parameters of the PDA.

+e earthquake-induced vibrations shown in this section
cannot be generalized because duration, peak ground ac-
celeration, and energy content of earthquake ground motion
records change depending on the epicentral distance, geo-
logic conditions, and origin of the earthquake (e.g., local
earthquakes, continental-plate earthquakes, normal-faulting
earthquake, subduction earthquakes). In future works, the
effectiveness of PDAs in controlling earthquake-induced
vibrations will be studied using a flexible-base CSF model
[58] subjected to several earthquake ground motion records.

5.2. Along-Wind Vibrations. +e 144-meter-tall building is
located in a suburban area with a roughness length of 0.3m.
Assuming an annual probability of 0.1, the mean wind

Table 16: Periods and participating mass ratios for yz plane of the building with a single PDA: seismic load.

Case
Period (s) Participating mass ratio (%)

Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 4
No PDAs 3.44 0.89 0.38 0.21 67.94 13.17 5.71 3.10
TMD 3.80 3.22 0.89 0.38 29.37 35.48 12.42 5.37
C-TSD 3.62 3.32 0.89 0.38 26.29 38.31 12.53 5.41
R-TSD 3.69 3.28 0.89 0.38 28.22 36.47 12.50 5.40
TWLD 3.54 3.35 0.89 0.38 29.08 35.47 12.56 5.42
PTMD 3.80 3.22 0.89 0.38 29.37 35.48 12.42 5.37

Table 15: Periods and participating mass ratios for xz plane of the building with a single PDA: seismic load.

Case
Period (s) Participating mass ratio (%)

Mode 1 Mode 2 Mode 3 Mode 4 Mode 1 Mode 2 Mode 3 Mode 4
No PDAs 3.65 1.22 0.73 0.52 81.03 8.98 3.22 1.63
TMD 3.91 3.47 1.22 0.73 37.19 39.85 8.45 3.03
C-TSD 3.79 3.55 1.22 0.73 35.25 41.67 8.51 3.04
R-TSD 3.85 3.52 1.22 0.73 36.16 40.80 8.48 3.04
TWLD 3.71 3.48 1.22 0.73 58.96 17.95 8.51 3.05
PTMD 3.91 3.47 1.22 0.73 37.20 39.84 8.45 3.03
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velocity at 10m height is equal to 15.02m/s [59]. In a wind
field, the drag force at the jth story is given by the following
equation:

Fj(t) �
1
2
ρaAjCD U zj􏼐 􏼑 + u zj, t􏼐 􏼑􏽨 􏽩

2
, (53)
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Figure 11: Seismic peak displacements of the building: xz plane. (a) CDAF. (b) SXVI. (c) CUMV.
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Figure 12: Seismic peak displacements of the building: yz plane. (a) CDAF. (b) SXVI. (c) CUMV.
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Figure 13: Seismic peak interstory drift ratios of the building: xz plane. (a) CDAF. (b) SXVI. (c) CUMV.
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where ρa is the air density; Aj is the projected area of the jth
story; CD is the drag coefficient, which was assumed as equal
to 1.1 and 1.45 for xz plane and yz plane, respectively [59];
U(zj) is the mean wind velocity at zj; and u(zj, t) is the
fluctuating part of the wind field, which can be treated
mathematically as a stationary stochastic process with a zero
mean value. Assuming the Solari spectrum [60], the fluc-
tuating component was computed by using the spectral

representation technique [61]. According to equation (53),
the simulated drag forces for the building are shown in
Figure 15.

For wind engineering, the total damping ratio is com-
posed of the structural part and the aerodynamic part, where
the aerodynamic damping is caused by the interaction be-
tween themotion of a structure andmotion of the air around
it [62–64]. +e aerodynamic damping increases the total

Table 18: Peak interstory drift ratio at the critical story.

Station Case
xz plane yz plane

z/H Peak interstory drift ratio (%) z/H Peak interstory drift ratio (%)

CDAF

No PDAs 0.22 0.7542 0.51 0.8968
TMD 0.22 0.7644 0.51 0.8468
C-TSD 0.22 0.7644 0.51 0.9049
R-TSD 0.22 0.7647 0.51 0.8907
TWLD 0.22 0.7672 0.51 0.9002
PTMD 0.22 0.7669 0.51 0.8584

SXVI

No PDAs 0.027 0.2198 0.68 0.2113
TMD 0.027 0.2147 0.68 0.2050
C-TSD 0.027 0.2204 0.68 0.2147
R-TSD 0.027 0.2176 0.68 0.2129
TWLD 0.027 0.2226 0.68 0.2140
PTMD 0.027 0.2148 0.68 0.2075

CUMV

No PDAs 0.027 0.1536 0.46 0.1344
TMD 0.081 0.1439 0.59 0.1247
C-TSD 0.027 0.1503 0.43 0.1322
R-TSD 0.027 0.1461 0.43 0.1297
TWLD 0.027 0.1541 0.43 0.1319
PTMD 0.081 0.1443 0.59 0.1267
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Figure 14: Seismic peak interstory drift ratios of the building: yz plane. (a) CDAF. (b) SXVI. (c) CUMV.

Table 17: Peak seismic displacement [cm] at z�H.

Plane Station No PDAs TMD C-TSD R-TSD TWLD PTMD

xz
CDAF 77.72 78.55 78.72 78.69 78.92 78.81
SXVI 18.14 18.11 18.30 18.08 18.42 18.21
CUMV 13.44 12.28 12.52 12.35 13.17 12.27

yz
CDAF 101.21 95.29 101.98 100.31 101.51 96.54
SXVI 23.32 22.56 23.75 23.53 23.66 22.87
CUMV 15.18 14.07 14.33 14.42 14.58 14.31
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damping for along-wind vibration depending on the wind
profile and the fundamental mode of vibration of the
building [63], whereas the aerodynamic damping could be
negative for across-wind vibrations [64]. In this paper, the
aerodynamic contribution was neglected because the main
aim is the unification of different PDAs by using a CSF
model. +e structural part of the damping ratio depends not
only on the type of structural material but also on the in-
tensity of themotion, which is why structural damping ratios
are usually lower in wind engineering, particularly for the
assessment of the serviceability limit state. According to
Tamura and Kareem [62], the structural damping ratio of
100–200-meter-tall buildings under wind loads is approxi-
mately equal to 1%.

For the five different PDAs shown in Tables 8–12, 12
time-history elastic analyses were carried out, assuming that
the building is subjected to the along-wind forces shown in
Figure 15. Assuming a structural damping ratio of 1% and
neglecting soil-structure interaction effects, the peak

displacements are shown in Figure 16, whereas Table 20
shows the peak values of the internal forces at the base,
which were computed by the equivalent static load method
[53].

Generally speaking, Figure 16 shows that the five dif-
ferent PDAs are ineffective in controlling the along-wind
peak lateral displacements of the building in both transla-
tional directions. Figure 16(a) shows that the five different
PDAs are slightly more effective in controlling the peak
lateral displacements in xz plane. Consequently, Table 20
shows low effectiveness of PDAs in controlling both base
shear force and base overturning moment.

+e RMS accelerations are usually used to assess the
serviceability limit state, which is why these are shown in-
stead of the peak accelerations. +e along-wind RMS ac-
celerations are shown in Figure 17, where the rooftop RMS
accelerations are shown in Table 21.

As was expected, Figure 17 shows a great effectiveness of
the five different PDAs in controlling along-wind RMS

Table 19: Seismic peak values for the internal forces at the base.

Station Case
Base shear force (MN) Base overturning moment

(GN m)
xz plane yz plane xz plane yz plane

CDAF

No PDAs 42.051 47.731 4.5766 5.2590
TMD 43.063 44.254 4.6588 4.9498
C-TSD 43.060 47.654 4.6630 5.3189
R-TSD 43.088 45.873 4.6473 5.2067
TWLD 43.263 47.828 4.6798 5.2915
PTMD 43.232 45.119 4.6726 5.0238

SXVI

No PDAs 13.099 14.283 1.065 1.1675
TMD 12.818 13.572 1.0681 1.122
C-TSD 13.148 14.081 1.0747 1.138
R-TSD 12.988 13.748 1.0612 1.1362
TWLD 13.266 14.299 1.0816 1.1482
PTMD 12.827 13.776 1.0733 1.1425

CUMV

No PDAs 9.0401 10.64 0.7935 0.8227
TMD 8.4385 10.338 0.7298 0.7466
C-TSD 8.8659 10.06 0.7408 0.7997
R-TSD 8.622 10.287 0.7308 0.7797
TWLD 9.0824 10.43 0.7773 0.7994
PTMD 8.4015 10.495 0.7289 0.7622
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Figure 15: Along-wind forces for the building. (a) xz plane. (b) yz plane.
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accelerations of the building. According to Tables 8–12,
values of μ are the same in each plane for TMD, R-TSD,
C-TSD, and PTMD cases. Generally speaking, solid mass

vibration absorbers (TMD and PTMD) are more effective in
vibration control of RMS accelerations than tuned sloshing
dampers (C-TSD and R-TSD) because the mass efficiency
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Figure 16: Along-wind peak displacements of the building. (a) xz plane. (b) yz plane.

Table 20: Along-wind peak values for the internal forces at the base.

Case
Base shear force (MN) Base overturning moment (GN m)

xz plane yz plane xz plane yz plane
No PDAs 1.7811 4.600 0.1411 0.4202
TMD 1.6624 4.5055 0.1312 0.4141
C-TSD 1.7091 4.5427 0.1345 0.4187
R-TSD 1.6661 4.5310 0.1311 0.4169
TWLD 1.7177 4.5490 0.1352 0.4195
PTMD 1.6625 4.5012 0.1311 0.4123

No PDAs
TMD
C-TSD

R-TSD
TWLD
PTMD

u″

RMS (cm/s2)

1

0.8

0.6

0.4

0.2

0

z/
H

0.2 0.4 0.6 0.80

(a)

No PDAs
TMD
C-TSD

R-TSD
TWLD
PTMD

u″

RMS (cm/s2)
0 0.5 1 1.5 2 2.5

1

0.8

0.6

0.4

0.2

0

z/
H

(b)

Figure 17: Along-wind RMS accelerations of the building. (a) xz plane. (b) yz plane.
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index is equal to 100% for solid mass vibration absorbers.
For the solid mass vibration absorbers, the RMS value of
acceleration response at the rooftop is reduced by 31% and
49% in xz plane and yz plane, respectively.

As it was previously mentioned, when a TSD is subjected
to small amplitude excitations such as wind vibrations, the
fundamental sloshing mode of a TSD is practically the only
one that is excited. For this reason, and because of the highly
periodic nature of wind excitation, TSDs are well suited to
reduce structural motion due to wind [41]. Both TSDs
achieve a great effectiveness in vibration control even though
the mass efficiency index is less than 100 %; in fact, C-TSDs
and R-TSDs achieve approximately 67% and 84% of the
vibration control effectiveness of a TMD, respectively.
+ereby, Figure 5 and Table 21 show that R-TSDs could be
more effective in the vibration of RMS accelerations than
C-TSDs; furthermore, a R-TSD is a more versatile device
because it is able to be tuned to both translational directions
by changing the dimensions of the tank. Unlike solid mass
vibration absorbers (TMD and PTMD), tuned sloshing
dampers offer the following benefits: low initial cost, easy
and inexpensive installation, little to no maintenance, use in
retrofit cases, and ease to design, among others.

According to Table 21, the TWLD was the least effective
PDA in vibration control; however, the along-wind accel-
erations were significantly reduced even though the related
values of μ are low in both translational directions
(i.e.,μ � 0.003). For a TWLD, the participation of the liquid
is always greater in the TLCD direction; therefore, the values
of mPDA and ξPDA are lower in the TSD direction. However,
the RMS value of acceleration response at the rooftop is
reduced by 10.51% and 24.08% in TLCD direction (xz plane)
and TSD direction (yz plane), respectively; this demonstrates
that the vibration control increases at upper stories for
flexural-type deformations (see Figure 4). In fact, this par-
ticular behaviour is achieved with all kinds of PDAs attached
at the rooftop level; that is, the effectiveness in vibration
control of RMS accelerations increases as the value of α
decreases (see Figure 4(d)).

In future works, the effectiveness of PDAs in controlling
wind-induced vibrations will be studied using a flexible-base
CSF model [58] subjected to both along-wind and across-
wind forces.

6. Conclusions

A fixed-base coupled shear flexural (CSF) discrete model
with TMDs is used to unify the design procedure of five
different types of passive dynamic absorbers (PDAs): tuned
mass damper (TMD), circular tuned sloshing damper (C-

TSD), rectangular tuned sloshing damper (R-TSD), two-
way liquid damper (TWLD), and pendulum tuned mass
damper (PTMD). By modifying the nondimensional lateral
stiffness ratio, the CSF model can consider lateral defor-
mations varying from those of a flexural cantilever beam to
those of a shear cantilever beam. +e unified model was
applied to a 144-meter-tall building located in the Valley of
Mexico, which was subjected to both seismic and along-
wind loads. Accordingly, the following conclusions were
obtained:

(a) For the first mode of vibration, the structural mass of
an equivalent SDOF system at lower stories increases
as the nondimensional lateral stiffness ratio de-
creases; on the contrary, for upper stories, it in-
creases as the nondimensional lateral stiffness ratio
increases. +erefore, if a single PDA attached at the
rooftop level is tuned to the first mode of vibration,
the maximum possible value of the mass efficiency
index of the PDA increases as the nondimensional
lateral stiffness ratio decreases. Furthermore, the
mass efficiency index of the PDA also increases as the
fundamental period of vibration of the building
increases. Generally speaking, there is an increase in
the vibration control effectiveness of PDAs for high-
rise buildings that deform as pure flexural beams.

(b) For the second mode of vibration, the PDA/SDOF
nondimensional mass ratio increases as the nondi-
mensional lateral stiffness ratio increases when a
single PDA is attached in the middle stories, whereas
for the third mode of vibration, the PDA/SDOF
nondimensional mass ratio increases as the nondi-
mensional lateral stiffness ratio decreases when a
single PDA is attached in themiddle stories. For both
the second and third mode of vibration, the PDA/
SDOF nondimensional mass ratio increases as the
nondimensional lateral stiffness ratio decreases,
when a single PDA is attached at the rooftop level.
Furthermore, for higher modes of vibration, the
PDA/SDOF nondimensional mass ratio increases as
the height of the attachment point of the PDA in-
creases. +us, a single PDA installed at the rooftop
level could be more effective for multimode control
than an equal-mass PDA installed at lower stories.

(c) For the same depth ratios, the mass efficiency index
and the equivalent TMD mass of a TSD are greater
for a rectangular container even though the total
liquid mass is greater for a circular container.
+erefore, a R-TSD could be a better option for
vibration control than a C-TSD. Furthermore, a
R-TSD is a more versatile device because it is able to

Table 21: Along-wind RMS accelerations at z�H.

RMS Plane No PDAs TMD C-TSD R-TSD TWLD PTMD

Acceleration (milli-g) xz 0.6889 0.4761 0.5586 0.5144 0.6165 0.4781
yz 2.5124 1.2987 1.6417 1.4731 1.9075 1.2861

Reduction (%) xz — 30.88 18.92 25.33 10.51 30.59
yz — 48.31 34.65 41.37 24.08 48.81
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be tuned to both orthogonal directions by changing
the dimensions of the tank. Wave motions in
shallow-water TSDs are generally complex due to
strong nonlinearities such as wave breaking; how-
ever, shallow-water TSDs provide high damping of
liquid sloshing and an efficient moving mass.

(d) For earthquake-induced vibrations, the location of
the peak interstory drift ratio could depend not only
on the value of the nondimensional lateral stiffness
ratio but also on the features of the earthquake
ground motion record and the equivalent parame-
ters of the PDA. Particularly, the location of the peak
interstory drift ratio changed at the CUMV station
for the specific case of the solid mass vibration
absorbers (TMD and PTMD). However, further
research is needed in this regard.

(e) For along-wind vibrations, the five different PDAs
(TMD, C-TSD, R-TSD, TWLD, and PTMD) showed
great effectiveness in controlling RMS accelerations.
For the same values of the PDA/SDOF nondimen-
sional mass ratios, solid mass vibration absorbers
(TMD and PTMD) were more effective in vibration
control of RMS accelerations than tuned sloshing
dampers (C-TSD and R-TSD) because the mass
efficiency index is equal to 100% for solid mass vi-
bration absorbers. However, tuned sloshing dampers
offer the following benefits: low initial cost, easy and
inexpensive installation, little to nomaintenance, use
in retrofit cases, and ease to design, among others.
+e TWLD was the least effective PDA in vibration
control. However, the along-wind accelerations were
significantly reduced even though the maximum
possible value of the PDA/SDOF nondimensional
mass ratio was lower in both orthogonal directions.

(f ) +e attachment of uniformly distributed PDAs could
be related to great effectiveness in controlling the
dynamic response compared to a single PDA at-
tached at the rooftop. However, it is highly rec-
ommended to use uniformly distributed PDAs in
taller buildings in order to guarantee both a real
solution and a possible geometry for the devices,
particularly when TLDs are used to dissipate input
energy.

(g) Literature features several formulas for optimum
tuning conditions of PDAs; however, these formulas
are not related to different lateral resisting systems.
For this reason, these formulas are not the best
option to optimize the passive vibration control in
medium-rise to high-rise buildings, where the
flexural deformation is as significant as the shear
deformation.
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Based on the principle of conservation of energy, analytical modelling of the energy response of continuous beam bridges with
friction pendulum bearing (FPB) was carried out for foundation-induced vibrations. A three-dimensional finite element analysis
of a multispan continuous concrete girder bridge with FPB was established using the nonlinear time-history method to verify the
accuracy of analytical modelling.+e influence of the friction coefficient and isolation period of the FPB on the energy response of
isolated bridge was then investigated under multihazard source excitations (e.g., El Centro and Taft waves) with different
dominant periods and durations. +e variations of structural response energy, sliding displacement, energy dissipation ratio, and
acceleration of the isolated bridges are plotted. +e results of analytical modelling and finite element simulation show good
agreement. In addition, there exist particular values of the friction coefficient and isolation period of FPB, for which the structural
response energy of the isolated bridges attains the minimum value. +e optimal parameters of FPB are greatly influenced by
seismic waves, and the friction coefficient of FPB should be increased with the increase of seismic fortification intensity. In
addition, the energy dissipation capacity of FPB used in isolated bridge is excellent.

1. Introduction

Seismic isolation devices are now widely used for pro-
tection and retrofit of bridges. +e purpose of the isolation
devices is to insulate the dynamic movements of the super-
and the substructures (e.g., the main beam and the pier of
the bridge, see Figure 1), to provide a form of damping
force to dissipate kinetic energy, and to reduce the relative
displacement of movement between the structure com-
ponents [1–3]. Due to their potential effectiveness in re-
ducing bridge damages, isolation devices have been studied
extensively for their performance. Tubaldi et al. [4] pro-
posed a formulation for the seismic assessment of partially
restrained seismically isolated (PRSI) bridges based on the
complex modes superposition method. Zhang et al. [5]
proposed a new isolation device FRPEIs, and it is feasible to
use FRPEIs in seismic isolation of short span bridges in low
seismic regions. Ismail et al. [6, 7] carried out numerical

simulation of the seismic performance of cable-stayed
bridges using a Roll-N-Cage (RNC) isolator and showed
that the RNC isolator is a convenient isolation system in
protecting cable-stayed bridges against near-fault (NF)
earthquakes. Zhong et al. [8] studied the influences of the
peak ground accelerations, the principal dynamic param-
eters on the input energy, and the hysteretic energy ratio
using lead rubber bearing as isolation devices. Different
isolation designs were studied by Dicleli et al. [9], Taflanidis
[10], and Ates and Constantinou [11] for their effectiveness
against seismic waves, including the probabilistic perfor-
mance, and for applications to different bridge designs,
such as for curved bridges and cable-stayed bridges. Jangid
[2, 12] studied the equivalent linearization approximate
method of isolated bridges using lead-rubber bearing
(LRB), the results showed the yield strength of LRB, and the
bidirectional interaction of bearing restoring forces had
considerable effects on the seismic response of bridges.
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Among various isolation devices, the design of friction
pendulum bearing (FPB) has gained strong popularity due to
its simplicity in design, effectiveness of energy dissipation,
the capacity of self-returning to the original position, and
low cost of construction and maintenance. A FPB utilizes a
spherical surface for the contact between the super- and
substructures. Such surfaces allow sliding movement be-
tween the two contacting bodies to dissipate energy through
friction. +e spherical profile of the contact surfaces also
allows the superstructure to return to its balanced position
under gravity [13]. Compared with other isolation devices,
FPB has better vertical bearing capacity, energy dissipation
capacity, durability, among other advantages [14, 15].
Lei et al. [16] studied the dynamic characteristics and re-
sponses of two curved bridges considering or not bearings
friction sliding isolation used shaking table tests, and con-
cluded that the isolation model curved bridge suffered less
seismic damage than the seismic model curved bridge.
Dicleli and Mansour [17] showed that the use of FPB can
mitigate seismic forces and eliminate the need for retrofit-
ting the substructure components of the bridge.

Several studies have been conducted for seismic response
and optimization of FPB system subjected to random
earthquake. Hwang et al. [18] studied the isolated regular
bridges, and suggested that a bridge can be modelled as a
two-degree of freedom system underground excitations.
Jangid [19, 20] studied the seismic response of a multistorey
building and bridge isolated by the friction pendulum
system using equivalent linearization system, and they
concluded that there are optimum friction coefficient and
isolation period of the FPS, for which the acceleration of the
top floor or deck attains a minimum value, and the optimum
friction coefficient varies with the change of seismic forti-
fication intensity. Ates et al. [21] investigated the effect of the
spatially varying earthquake ground motions on the sto-
chastic responses of isolated bridges with FPS, and a cal-
culation method using equivalent linearization techniques
for the response amplitude of isolated bridges is proposed.
Eröz et al. [22, 23] investigated the effects of modelling and
bridge design parameters on the seismic response of FPS-
isolated bridges through a 3D analytical model with the

nonlinear time-history method. Saha et al. [24, 25] studied
the response of the highway bridge isolated with a poly-
nomial friction pendulum isolator (PFPI) and passive hybrid
control system, and the result indicated that a passive
supplement damper with a PFPI system is significantly
reducing the seismic response of the highway bridge.

Seismic energy response can better reflect the cumulative
damage of the seismic wave on isolated bridge with FPB.+e
review of above studies indicates that there had not been
sufficiently significant information to investigate the influ-
ence of the friction coefficient and isolation period of the
FPB on the energy response of isolated bridges in order to
minimize the structural response energy. In this paper, we
present an analytical solution for the energy and dynamic
responses of continuous beam bridges with FPB under
seismic wave loading. +e purpose is twofold. An analytical
model is a simpler tool for the design purpose, particularly at
the conceptual stage. Such a model also allows for the
identification of key parameters and their effects on the
overall performance of the system. In addition, numerical
simulations using a commercial finite element code
SAP2000 [26] were carried out and compared with the
results of the theoretical model, through which the energy
response and parameters optimization of FPB were analyzed
under multihazard source excitations with different domi-
nant periods and durations. Results show that the analytical
and numerical approaches agree well, and the outcome
provides useful guidelines for optimal design of FPB.

2. Mechanical Model of Isolated Continuous
Beam Bridges

2.1.-eFrictionPendulumBearing (FPB). A FPB is a sliding-
based seismic isolator, which is installed between the su-
perstructure and the substructure, as shown circled in
Figure 1(a). A structural illustration of FPB is shown in
Figure 1(b) where part 1 is fixed under the main bridge
beam, or the superstructure, and can rotate about part 2, the
articulated slider. +e surfaces of part 1 and part 2 are
perfectly fit with the same radius of curvature. +is ensures
that the superstructure remains horizontal [26] during

Superstructure

Substructure

FPB

(a)

1

2
3

O

O1 O2

D

R

W

WD/R

θ

θ

(b)

Figure 1: (a) Isolated bridge with 2 FPBs in view of the axial direction of the bridge. (b) Structural illustration of a FPB (circled in (a)), (1)
upper support plate, (2) articulated slider, and (3) lower support plate.
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movement. Part 2 and part 3 are in a spherical joint with
radius R where part 2 can have frictional sliding on part 3,
which is fixed on the top of the pier or the substructure.

Assuming that the superstructure has a horizontal dis-
placement D measured from its original balanced position
O1 and the corresponding angle of rotation is θ, for a small
displacement assumption, the tangential component of the
weight of the superstructure W becomes W sin θ ≈W D/R.
+is is the main restoring force to bring the superstructure
back to its original position after movement. +is is in the
same principle of a pendulum, thus the name frictional
pendulum bearing (FPB) for this type of joint. Such a joint is
also called an isolation device as it dissipates the kinetic
energy following seismic loading and limits the motion of
the bridge upper deck.

+e (tangential) force–(horizontal) displacement be-
havior of a FPB can be approximately described by a bilinear
hysteresis model [22], as shown in Figure 2. +e force-
displacement hysteresis loop can be defined by equation (1)
where μ is the kinetic friction coefficient and R the radius of
the concave surface. +e equivalent linear stiffness (ke) is
illustrated graphically in Figure 2 and defined by equation
(2). +e period of vibration (Tp) after the activation of an
FPB isolator can be defined by equation (3) [3].where D0 is
the maximum value of horizontal displacement of FPB in the
cyclic movement.

F �
WD0

R
+ μWsgn( _θ), (1)

ke �
W

R
+
μW

D0
, (2)

Tp � 2π

��
R

g

􏽳

, (3)

For calculating the energy dissipation by the friction
effect, ε1 is defined as the equivalent damping ratio following
Dicleli and Mansour [17]. A FPB can be simplified equiv-
alently as a viscous spring damper. Letting the energy dis-
sipation of a FPB and that of an equivalent viscous spring
damper be the same in one cycle movement, where ΔE being
the hysteretic energy dissipation of a FPB, the equivalent
damping ratio of FPB can be obtained as given in equation
(4). Details of the derivation are given in Appendix A:

ε1 �
ΔE

2πk1D
2
0

�
4μWD0

2πD0 WD0/R( 􏼁 + μW( 􏼁
�

2μ
π D0/R( 􏼁 + μ( 􏼁

.

(4)

2.2. Dynamic Equations. Two FPBs are normally installed
between the superstructure and the substructure as shown in
Figure 1(a), with equal distribution of the weight of the
superstructure on each FPB. A bridge pier typically has less
flexural rigidity in the bridge axial direction than that in the

transverse direction, and the seismic response will occur in
the weaker direction. Hence, an isolated bridge can be
modeled as a two-degree of freedom system in the axial
direction of the bridge [5]. +e main beam and pier can be
described by an equivalent model shown in Figure 3. u1 and
u2 are the displacements of the main beam and the pier
relative to the ground along the bridge direction. x repre-
sents the axial direction of the bridge, and y represents the
vertical direction of the bridge.

+e vibration equation of the system shown in Figure 3 is
given by

m1 0

0 m2
􏼢 􏼣

€u1

€u2
􏼨 􏼩 +

c1 −c1

−c1 c1 + c2
􏼢 􏼣

_u1

_u2
􏼨 􏼩

+
k1 −k1

−k1 k1 + k2
􏼢 􏼣

u1

u2
􏼨 􏼩 � −

m1 0

0 m2
􏼢 􏼣

1

1
􏼨 􏼩€ug,

(5)

where m1 is the equivalent weight of the main bridge beam
or the superstructure and m2 is the equivalent weight of the
pier or the substructure. +e top of the pier and the bottom
of the main beam are constrained interactively by the
isolation devices or FPBs between them. k2 is the stiffness of
the pier, and c1 and c2 are the equivalent viscous damping
coefficients of the two FPBs and pier, respectively. +e
energy transferred to the superstructure is mainly con-
sumed by the FPBs; the equivalent viscous damping co-
efficient of FPB is much larger than that of the main bridge
beam, so the equivalent viscous damping coefficient of the
main bridge beam is neglected, and the assumption has
little effect on the results. €ug is the ground acceleration by
the seismic wave.

k1 is the equivalent linear stiffness of the two FPBs (i.e.,
2ke). As D0 is not a known priori, for calculating k1 using
equation (2), its value can be chosen as the maximum al-
lowable displacement of the superstructure determined by
the design specification, given a conservative design, or
through a finite element analysis as a function of the input
energy. Detailed discussion on the latter approach using an
FE analysis is beyond the scope of this paper and will be
provided elsewhere [27].

Following the classical vibration analysis, we have

F

D0 D

μW
kd

ke

Figure 2: Bilinear hysteresis model.
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ω2
1 �

k1

m1
,

ω2
2 �

k2

m2 + m1( 􏼁
,

c1 � 2m1ε1ω1,

c2 � 2 m2 + m1( 􏼁ε2ω2,

(6)

where ω1 and ω2 are the fundamental frequencies of the
isolated system and ε1 and ε2 the equivalent damping ratios
of the FPB and pier, respectively. In practice, ε2 is usually

selected as a value recommended by design codes and
standards, for instance, 0.05; and ω2 and c2 are chosen as
constants, depending on the design of the pier.

3. Energy Equations

For an isolated bridge system, energy equations can be
obtained by integrating equation (5) to the relative dis-
placements into a weak form as given in equation (7) (also
see [28]). +e energy of each mass is first calculated, and the
energy of the whole system is then obtained by
superposition:

􏽚
t

0

_u(t)

_u2(t)
􏼨 􏼩

T
m1 0

0 m2
􏼢 􏼣

€u1(t)

€u2(t)
􏼨 􏼩dt + 􏽚

t

0

_u1(t)

_u2(t)
􏼨 􏼩

T
c1 −c1

−c1 c1 + c2
􏼢 􏼣

_u1(t)

_u2(t)
􏼨 􏼩dt+

􏽚
t

0

_u1(t)

_u2(t)
􏼨 􏼩

T
k1 −k1

−k1 k1 + k2
􏼢 􏼣

u1(t)

u2(t)
􏼨 􏼩dt � − 􏽚

t

0

_u1(t)

_u2(t)
􏼨 􏼩

T
m1 0

0 m2
􏼢 􏼣

1

1
􏼨 􏼩€ug(t)dt.

(7)

Terms in the left-hand side of equation (7) represent the
kinetic energy EK(t), the mass-damping and friction hys-
teretic energy E D(t) and EF(t), and the elastic strain energy
EP(t). +e right-hand side is the seismic input energy EO(t).
Equation (7) can be written into equation (8), and the kinetic
energy of the system and the elastic strain energy are given in
equations (9) and (10):

EK + E D(t) + EF(t) + EP(t) � EO(t), (8)

EK(t) �
1
2
m1 _u

2
1(t) +

1
2
m2 _u

2
2(t), (9)

EP(t) �
1
2
k1 u1(t) − u2(t)( 􏼁

2
+
1
2
k2u

2
2(t). (10)

Time step Δt (�ti+1 − ti) has an important influence on
the computational accuracy and efficiency; so, the appro-
priate Δt is selected by comparing the calculation results of
different time steps in the following section. To solve the
energies over a small time stepΔt, the following assumptions
are made within a time step:

(1) the ground acceleration €ug(t) and the point mass
velocity _u(t) vary linearly in time

(2) Acceleration €u(t) is assumed constant, taken as the
average value over Δt

While it is also possible to assume a constant value of
€ug(t) within Δt, it was found that a linear assumption ac-
tually makes calculation simpler. As long as Δt is kept small

u2

u1

m2 k2 c2

m1 k1 c1

Figure 3: A two-degree-of-freedom system of the continuous beam bridge with 2 FPBs, showing corresponding displacements of the
masses.
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enough, there is negligible difference between the linear and
constant assumptions.

+e energies can then be solved as shown in Figure 4
where the ordinate represents the velocity of the point mass,
and the abscissa represents time. Within the time step from
ti to ti+1, _u(t) varies linearly:

_u(t) � _u ti( 􏼁 +
€u ti+1( 􏼁 + €u ti( 􏼁

2
t. (11)

Similarly, we can develop the ground acceleration €ug(t)

as

€ug(t) � €ug ti( 􏼁 +
€ug ti+1( 􏼁 − €ug ti( 􏼁

Δt
t. (12)

Integration of the seismic input energy over the time step
can be carried out as

ΔEO(n) � 􏽘

ti+1

j�1
􏽚

ti+1

ti

mj _uj(t)€ug(t)dt

� 􏽘
Δt

j�1
􏽚
Δt

0
mj × _uj ti( 􏼁 +

€uj ti+1( 􏼁 + €uj ti( 􏼁

2
t􏼢 􏼣 × _ug ti( 􏼁 +

€ug ti+1( 􏼁 − €ug ti( 􏼁

Δt
t􏼢 􏼣dt

� 􏽘
2

j�1

−mj _uj ti( 􏼁€ug ti( 􏼁Δt −
mj

2
_uj ti( 􏼁 €ug ti+1( 􏼁 − €ug ti( 􏼁􏼐 􏼑􏽨 􏽩Δt

−
mj

4
€ug ti( 􏼁 €uj ti( 􏼁 + €uj ti+1( 􏼁􏼐 􏼑􏽨 􏽩Δt2 −

mj

6
€ug ti+1( 􏼁 − €ug ti( 􏼁􏼐 􏼑 €uj ti( 􏼁 + €uj ti+1( 􏼁􏼐 􏼑􏽨 􏽩Δt2

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

.

(13)

Summing up over all time steps for the total gives

EO(t) � 􏽘
n�t/Δt

1
ΔEO(n). (14)

Using MATLAB [29], we can develop the energy
equations for ΔE D and ΔEF,

ΔE D(n) + ΔEF(n) � c1 _u
2
1 ti( 􏼁Δt + _u1 ti( 􏼁 €u1 ti( 􏼁 + €u1 ti+1( 􏼁( 􏼁

Δt2

2
+

€u1 ti( 􏼁 + €u1 ti+1( 􏼁( 􏼁
2

12
Δt3􏼨 􏼩 + c1 + c2( 􏼁

_u
2
2 ti( 􏼁Δt + _u2 ti( 􏼁 €u2 ti( 􏼁 + €u2 ti+1( 􏼁( 􏼁

Δt2

2
+

€u2 ti( 􏼁 + €u2 ti+1( 􏼁( 􏼁
2

12
Δt3􏼨 􏼩 − 2c1 _u1 ti( 􏼁 _u2 ti( 􏼁Δt

− c1 _u1 ti( 􏼁
€u2 ti( 􏼁 + €u2 ti+1( 􏼁( 􏼁

2

2
Δt2 − c1 _u2 ti( 􏼁

€u1 ti( 􏼁 + €u1 ti+1( 􏼁( 􏼁
2

2
Δt2 − c1

€u1 ti( 􏼁 + €u1 ti+1( 􏼁( 􏼁 €u2 ti( 􏼁 + €u2 ti+1( 􏼁( 􏼁

6
Δt3,

(15)

and the mass-damping and friction hysteretic energy

E D(t) + EF(t) � 􏽘
t/Δt

1
ΔED(n) + ΔEF(n)􏼂 􏼃. (16)

In the following sections, measured earthquake wave
signals are used as case studies in the model developed above
for numerical solutions of the response isolated bridges with
FPBs.

4. Numerical Solutions

4.1. Multihazard Source Excitations. El Centro [30] was the
seismic wave signals recorded in 1940 and has been widely
used in seismic response analyses. Taft [30] was another
wave signal recorded in 1952. +e traces of the wave signals

are shown in Figures 5 and 6, respectively, and their
characteristics are given in Table 1. As case studies, the peak
accelerations of the two waves were adjusted to 0.3g and
0.4g, following the US bridge design code AASHTO LRFD
[31] for the seismic zone four, representing two cases of the
seismic fortification intensity, respectively.

4.2. Time Step. +e published data on the time step of El
Centro and Taft waves available by recording were 0.02 s.
And the energy responses of isolated bridges with FPB in
different time steps (e.g., 0.02 s, 0.01 s, 0.005 s, and 0.0025 s)
were obtained; the detailed data are shown in Figure 7 and
Tables 2 and 3, respectively. Figure 7 and Table 2 show the
influence of time step on the time history and amplitudes of
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Figure 4: Velocity variation in time step.
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Figure 5: El Centro seismic wave.
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Figure 6: Taft seismic wave.

Table 1: Characteristics of seismic waves.

Wave

Peak acceleration (g)
corresponding to the

acceleration
coefficient

Duration (s) Dominant period of the ground motion (s)

El Centro 0.3 0.4 27 0.54
Taft 30 0.36
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the energy response under the El Centro wave with a peak
acceleration of 0.4g, respectively. +e appropriate time step
should be selected according to the seismic wave to ensure

the convergence and efficiency of a computational algo-
rithm. It can be seen that the results are basically consistent
when the time step is less than 0.01 s, so the time step should
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Figure 7: Comparison of time history of the energy response in different time steps, Tg � 2.84 s, μ� 0.05; El Centro seismic wave; peak
acceleration is 0.4g. (a) Δt� 0.02 s, (b) Δt� 0.01 s, (c) Δt� 0.005 s, and (d) Δt� 0.0025 s.

Table 2: Amplitudes of energy response: the El Centro seismic
wave.

Step time
(s)

EO

(N·m)
EF

(N·m)
EK

(N·m)
EP

(N·m)
E D

(N·m)

0.02 341360 295510 40865 14331 43265
0.01 217500 189450 25740 8029 25831
0.005 217510 189460 25994 8033 25829
0.0025 217490 189450 26017 8033 25826

Table 3: Amplitudes of energy response: the TAFT seismic wave.

Step time
(s)

EO

(N·m)
EF

(N·m)
EK

(N·m)
EP

(N·m)
E D

(N·m)

0.02 457200 409142 66571 22060 46828
0.01 457225 409223 66485 21966 46772
0.005 457192 409356 66495 21975 46805
0.0025 457180 409428 66485 21968 46800
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be selected as 0.01 s for the loading case of El Centro. And the
time step should be selected as 0.02 s for the loading case of
TAFT according to Table 3.

4.3. Calculated Time History of the Energy Response. To
study the energy variation over time, the time history of
energy response of an FPB isolated bridge was solved using
the model discussed in Section 3. +e structural parameters
of the bridge are given in Appendix B. In the calculation, the
isolation period of the FPB was taken as 2.84 s and the
friction coefficient as 0.05. Table 4 shows the kinetic pa-
rameters of the bridge system, with k1 and c1 being calcu-
lated by equations (2) and (5), and the peak accelerations of
the seismic wave was set to 0.4g. As the horizontal dis-
placement D is related to the seismic wave, kinetic pa-
rameters are different in the cases of El Centro and Taft.
Figure 8 illustrates the time history of the energy response.

In Figure 9, EO is the seismic input energy obtained by
the right hand side of equation (6). EO

′ is the summation of
the left hand terms of equation (7). +e two results are
virtually identical through the duration of seismic waves. It
can be seen that the seismic input energy EO, the friction
hysteretic energy EF, and the mass-damping energy E D all
increase with the duration of seismic waves. +e numerical
results indicate a highly effective damping effect of FPBs with
around 90% of total input energy dissipated through friction
(EF to EO).

5. Finite Element Modelling

5.1. Results of the SAP2000 Model. A finite element model
was built for a four-span continuous bridge section using
SAP2000 [26], a commercially available finite element code
for the general structural analysis. +e model is shown in
Figure 9, including five piers and ten FPBs, with two FPBs on
each pier. Mid-thick shell elements provided by the FE code
were used for the beams and the piers. +e frictional
function of FPBs was modeled by the link-element available
in the code.+e link-element is a nonlinear element with the
friction coefficient of FPB, the spherical radius of contact
surfaces, and the vertical stiffness being the defined pa-
rameters. A mesh sensitivity study showed that a total of 725
elements and 855 nodes provide an appropriate model with
good convergence.

5.2. Modal Analysis. Figure 10 shows the modal period and
mode shape of formal six modes when the radius of the
spherical pendulum bearing was set as 2m.

Mode 1 and mode 2 were the isolation modes of the
bridge structure in transverse and longitudinal direction,
respectively. +e radius of the concave surface of FPB was
constant in both directions, so the isolation periods of mode
1 and mode 2 were the same, and the isolation period was
2.95 s. +e isolation period calculated by theoretical calcu-
lation was 2.84 s according to equation (3). +e results of
numerical simulation and theoretical calculation were in
good agreement.

5.3. Influence of Structural Parameters on the Dynamic Re-
sponses of the Bridge. El Centro wave was used as the dy-
namic loading, with a peak acceleration of 0.4g. All
structural and mechanical parameters used in the FE model
were the same as in the theoretical analysis.

Figures 11(a) and 10(b) show the seismic input energy in
terms of the frictional coefficient of FPB when the isolation
period of the spherical pendulum bearing is set as 2.46 s and

Table 4: Kinetic parameters when Tg � 2.84 s, μ� 0.05, and the
peak acceleration is 0.4g.

Parameters k1 k2 c1 c2 ε1 ε2 ω1 ω2

Unit N/
mm

N/
mm

N·s/
mm

N·s/
mm — — Hz Hz

El Centro 5283 87000 1110 753 0.336 0.05 3.15 25.5
Taft 6108 87000 1313 754 0.375 0.05 3.17 34.9
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Figure 8: Time history of the energy response, Tg � 2.84 s, μ� 0.05,
and peak acceleration is 0.4g; El Centro wave.
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Figure 9:+e finite elementmodel of a four-span continuous beam
bridge unit with FPBs. (1) Main bridge beam; (2) pier; (3) FPB; and
(4) fixed boundary constraints to piers.
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2.84 s, respectively. +e energy response of the theoretical
and FEA results agrees well broadly. Figure 11 also illustrates
that the input energy to the bridge increases approximately
linearly with the friction coefficient under the small dis-
placement assumption. And the isolation period appears to
have only a moderate effect on the input energy.

In industrial practice, the pier stiffness k2 is normally
chosen in the range of 80–300 kN/m [32]. Taking the two
range-end values (i.e., 80 and 300) as the minimum and
maximum cases, Figure 12 illustrates the effect of k2 on the
response of the beam-pier system under the El Centro wave
with a peak acceleration of 0.4g.

Figures 12(a) and 12(c) show that the dynamic responses of
the main beam are virtually identical under the two range-end
values, i.e., not affected by k2. In contrast, the pier is more
sensitive to k2 (as shown in Figures 12(b) and 12(d)). It can be
seen that both the displacement and the acceleration of the pier
decrease when the pier becomes more rigid with a higher k2.

5.4. Parameter Optimization of FPB. +e energy dissipation
of a FPB can be described by a ratio between its friction
hysteretic energy and the seismic input energy, detonated as
λ,

Undeformed shape

Deformed shape
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x
y
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Figure 10: Modal periods and mode shapes when R� 2m.
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Figure 11: Comparison of seismic input energy between FE and analytical results. (a) Tg � 2.46 s and (b) Tg � 2.84 s.
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Figure 12: Comparison of the dynamic responses of the main beam and the pier for the minimum and maximum values of k2. Tg � 2.84 s,
μ� 0.05. Minimum:k2 � 80 kN/m. Maximum: k2 � 300 kN/m. (a) Displacement of the main beam, (b) displacement of the pier, (c) ac-
celeration of the main beam, and (d) acceleration of the pier.
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Figure 14: Seismic response amplitude (El Centro, peak acceleration 0.3g). (a) Structural response energy; (b) energy consuming ratio;
(c) acceleration amplitude of the main beam; (d) displacement amplitude of the main beam.
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λ �
EF(t)

EO(t)
. (17)

+e control targets for design optimization are to
minimize the structural response energy; to maximize the
energy consuming ratio, thus a higher λ; and tominimize the
acceleration and displacement of themain beam. For the two
loading cases of EI Centro and Taft, design control pa-
rameters are discussed in more detail in the following
sections based on theoretical calculations as discussed in
Section 3.

5.4.1. El Centro SeismicWave. Calculated time histories of
λ are shown in Figure 13 for different friction coeffi-
cients of FPB under El Centro wave of a peak accel-
eration of 0.4g. λ first increases rapidly with time and
reaches a plateau value close to the full capacity of
energy dissipation of FPB. +e percentage of dissipation
increases slightly with an increasing frictional coeffi-
cient of FPBs.

Figures 14 and 15 show the influence of the peak ac-
celeration on the kinetic and elastic strain energy, the energy
dissipation ratio, the acceleration, and the displacement of
the main beam versus the friction coefficient μ. +e influ-
ences of the isolation period of the FPB, Tg, are also included
by three different values. It shows that in terms of the friction
coefficient μ, the structural response energy, the energy
consuming ratio, and the main beam acceleration do not
change monotonically. +ere is either a maximum or
minimum, allowing optimal values to be chosen for design.
For instance, for a minimum structural response energy, a
maximum energy consuming ratio, and for a minimum
acceleration and displacement of the main beam, an optimal
value of μ and R might be chosen as, respectively, μ� 0.03-
0.04 and Tg � 3.17 s for the peak seismic acceleration of 0.3g

and μ� 0.04-0.05 and Tg � 2.84 s–3.17 s for the peak accel-
eration of 0.4g.

5.4.2. Taft SeismicWave. Similar to the loading of EI Centro,
Figures 16–18 illustrate the influence on the structural
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Figure 15: Seismic response amplitude (El Centro, peak acceleration 0.4g). (a) Structural response energy; (b) energy consuming ratio;
(c) acceleration amplitude of the main beam; (d displacement amplitude of the main beam.
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Figure 17: Seismic response amplitude (Taft, peak acceleration 0.3g). (a) Structural response energy; (b) energy consuming ratio;
(c) acceleration amplitude of the main beam; (d) displacement amplitude of the main beam.
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Figure 18: Seismic response amplitude (Taft, peak acceleration 0.4g). (a) Structural response energy; (b) energy consuming ratio; (c)
acceleration amplitude of the main beam; (d) displacement amplitude of the main beam.

Table 5: +e optimal parameters in different cases.

Parameters
Cases

El Centro Taft
Sichuan

0.3g 0.4g 0.3g 0.4g

μ 0.03-0.04 0.04-0.05 0.06-0.07 0.09-0.1 0.04–0.06
Tg 3.17 s 2.84 s–3.17 s 3.17 s 3.17 s 3.17 s

H1

H
3

H2

H
4

H
5

H6

Figure 19: Cross section of span double line box beam.
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parameters under the Taft wave with peak accelerations of
0.3g and 0.4g, respectively. Following the same analyses and
discussions, we may draw the conclusion that the optimal
design values of FPB unit might be chosen as μ� 0.06-0.07
and Tg � 3.17 s for the peak seismic acceleration 0.3g

and μ� 0.09-0.1 and Tg � 3.17 s for the peak acceleration is
0.4g.

A further case study is given here on the Sichuan
Earthquake in 2008, which was measured at 8.0Ms. Using
the seismic data available, the optimal value of the friction
coefficient and the spherical radius of FPB would be chosen
as μ� 0.03–0.05 and R � 2.5m. Table 5 summaries the op-
timized parameters of the friction coefficient and the
spherical radius in different cases.

6. Conclusions

Based on energy balance equations of continuous beam
bridges with FPBs, analytical modelling and finite element
simulations were carried out. Numerical results of the
theoretical analysis agree well with those of the finite element
modelling. It shows that in order to control the dynamic
response of bridges under seismic loading, optimal design
values can be chosen for the friction coefficient and the
isolation period of FPB. +e following conclusions can be
drawn:

(1) +e appropriate time step should be selected
according to the seismic wave to ensure the con-
vergence and efficiency of computational algorithm,
and the time steps are selected as 0.01 s and 0.02 s for
El Centro and TAFT waves, respectively.

(2) +e seismic input energy to the bridge structure
increases with the increase of the friction coefficient
of FPB, and the influence of the isolation period
(2.46 s–3.17 s) on the seismic input energy to the
bridge structure is less.

(3) Selection of the optimal values of the friction coef-
ficient μ and the isolation period Tg of FPB under
different seismic loading can be based on the
structural energy response and the dynamic response
of themain beams. Recommended values of μ andTg

were given for the benchmark wave data EI Centro
and Taft. +e structural energy response decreases
with the increase of the isolation period of FPB.

(4) +e longitudinal stiffness of piers should be in-
creased to the upper end of the allowable range (such
as those defined in design codes/standards) in order
to decrease the peak displacement and acceleration
of piers.

(5) +e friction coefficient of FPB μ should be pro-
portionally increased in line with the expected
seismic fortification intensity.

(6) +e energy dissipation ratio can reach up to 90% by
introducing properly designed FPBs.

+e proposed analytical modelling can be used for
design optimization of FPBs for seismic loading isolation
in bridges, through which, design guidelines and some
recommended design values have been given. It should be
noted that though the theoretical modelling and finite
element simulations show good agreement, further
comparison with experiment results, particularly full-
scale site measurement is needed. +is remains the scope
for future work.

Appendix

A. Derivation of Equivalent Damping Ratio

FPB can be simplified equivalently as a viscous spring
damper with one-degree of freedom. Energy dissipations of
FPB in one cycle is given as

L

H

Figure 20: Cross section of round ended pier.

Table 6: Structural parameters of high-speed railway bridges.

Parameters H1 H2 H3 H4 H5 H6 m1 H L m2

Unit m m m m m m t m m t
Values 12.4 6.12 2.00 0.30 0.25 0.45 510 1.5 6.3 142
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Following the classical vibration analysis, we have

c1 � 2ε1
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(A.2)

Hence,

ΔE′ � π · 2ε1
����

k1m

􏽱

·

��

k1
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􏽳

· D
2

� 2πε1k1D
2
. (A.3)

+e hysteretic energy dissipation of FPB in one cycle is

ΔE � 4μW D. (A.4)

Let ΔE′ � ΔE, we have

2πε1k1D
2

� 4μW D. (A.5)

Substituting equation (2) into equation (A.5) leads to

ε1 �
2μ

π(μ +(D/R))
. (A.6)

B. Details of an Isolated Bridge Unit Used in
the Analysis

+e unit structure of an isolated bridge with FPB consists of
a span of the main beam and a pier. +e main beam is
supported by FPB, with the FPB fixed on the top of the pier.
Based on a high-speed railway bridge design, the main beam
span considered here is 24m, and the height of the pier is
6m. Figures 19 and 20 show the cross sections of main beam
and the pier. +emainly structural parameters of bridges are
given in Table 6, wherem1 andm2 are the weight of the beam
and the pier in metric ton.

Data Availability

All data relevant to the article will be made available upon
request for research purpose.

Conflicts of Interest

+e authors declare that they have no conflicts of interest.

Acknowledgments

+is study was supported by the Doctoral Scientific Research
Foundation of North China University of Water Resources
and Electric Power and the Key Research Projects of Higher

Education Institutions in Henan (18A460004) and the In-
ternational Exchanges Programme Scheme project by the
Royal Society and National Natural Science Foundation of
China (51811530311).

References

[1] T. L. Karavasillis, T. Blakeborough, and M. S. Williams,
“Development of nonlinear analytical model and seismic
analyses of a steel frame with self-centering devices and
viscoelastic dampers,” Computers & Structures, vol. 89, no. 11-
12, pp. 1232–1240, 2011.

[2] R. S. Jangid, “Equivalent linear stochastic seismic response of
isolated bridges,” Journal of Sound and Vibration, vol. 309,
no. 3–5, pp. 805–822, 2008.

[3] A. M. Avossa, D. D. Giacinto, P. Malangone, and F. Rizzo,
“Seismic retrofit of a multispan prestressed concrete girder
bridge with friction pendulum devices,” Shock and Vibration,
vol. 2018, Article ID 5679480, 22 pages, 2018.

[4] E. Tubaldi, A. Dall’Asta, and L. Dezi, “Seismic response
analysis of continuous multispan bridges with partial isola-
tion,” Shock and Vibration, vol. 2015, Article ID 183756,
15 pages, 2015.

[5] H. Zhang, J. Li, and T. Peng, “Development and mechanical
performance of a new kind of bridge seismic isolator for low
seismic regions,” Shock and Vibration, vol. 20, no. 4,
pp. 725–735, 2013.

[6] M. Ismail, J. R. Casas, and J. Rodellar, “Near-fault isolation of
cable-stayed bridges using an RNC isolator,” Engineering
Structures, vol. 56, pp. 327–342, 2013.

[7] M. Ismail and R. Casas, “Noval isolation device for protection
of cable-stayed bridges against near-fault earthquakes,”
Journal of Bridge Engineering, vol. 19, no. 8, 2014.

[8] T. Y. Zhong, C. Y. Zhang, and F. L. Yang, “+e parameter
study of the seismically isolated bridge system by lead bearing
based on energy analysis,” in Proceedings of the International
Symposium on Seismic Engineering, ASME, Baltimore, MD,
USA, pp. 217–223, 2011.

[9] M. Dicleli, “Seismic design of lifeline bridge using hybrid
seismic isolation,” Journal of Bridge Engineering, vol. 7, no. 2,
pp. 94–103, 2002.

[10] A. A. Taflanidis, “Optimal probabilistic design of seismic
dampers for the protection of isolated bridges against near-
fault seismic excitations,” Engineering Structures, vol. 33,
no. 12, pp. 3496–3508, 2011.

[11] S. Ates and M. C. Constantinou, “Example of application of
response spectrum analysis for seismically isolated curved
bridges including soil-foundation effects,” Soil Dynamics and
Earthquake Engineering, vol. 31, no. 4, pp. 648–661, 2011.

[12] R. S. Jangid, “Seismic response of isolated bridges,” Journal of
Bridge Engineering, vol. 9, no. 2, pp. 156–166, 2004.

[13] G. Mosqueda, A. S. Whittaker, and G. L. Fenves,
“Characterization and modeling of friction pendulum
bearings subjected to multiple components of excitation,”

16 Shock and Vibration



Journal of Structural Engineering, vol. 130, no. 3,
pp. 433–442, 2004.

[14] F. Khoshnoudian and A. Hemmati T, “Impact of structures
with double concave friction pendulum bearings on adjacent
structures,” Proceedings of the Institution of Civil Engineer-
s—Structures and Buildings, vol. 167, no. 1, pp. 41–53, 2014.

[15] Y.-S. Kim and C.-B. Yun, “Seismic response characteristics of
bridges using double concave friction pendulum bearings
with tri-linear behavior,” Engineering Structures, vol. 29,
no. 11, pp. 3082–3093, 2007.

[16] L. Yan, Q. Li, C.Han, andH. Jiang, “Shaking table tests of curved
bridge considering bearing friction sliding isolation,” Shock and
Vibration, vol. 2016, Article ID 6245062, 14 pages, 2016.

[17] M. Dicleli and M. Y. Mansour, “Seismic retrofitting of
highway bridges in Illinois using friction pendulum seismic
isolation bearings and modeling procedures,” Engineering
Structures, vol. 25, no. 9, pp. 1139–1156, 2003.

[18] J. S. Hwang, K. C. Chang, and M. H. Tsai, “Composite
damping ratio of seismically isolated regular bridges,” Engi-
neering Structures, vol. 19, no. 1, pp. 55–62, 1997.

[19] R. S. Jangid, “Stochastic response of bridges seismically iso-
lated by friction pendulum system,” Journal of Bridge Engi-
neering, vol. 13, no. 4, pp. 319–330, 2008.

[20] R. S. Jangid, “Optimum friction pendulum system for near-
fault motions,” Engineering Structures, vol. 27, no. 3,
pp. 349–359, 2005.

[21] S. Ates, D. Aydin Dumanoglu, and A. Bayraktar, “Stochastic
response of seismically isolated highway bridges with friction
pendulum systems to spatially varying earthquake ground
motions,” Engineering Structures, vol. 27, no. 13, pp. 1843–
1858, 2005.
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'is paper presents an experimental investigation of stayed cable vibrations in dry-wind and rain-wind coupling hazards. To
mitigate large vibrations of the cable, the use of spiral wires wrapped around the cable is proposed. By testing two cable models in a
wind tunnel in dry and rain conditions for different yaw angles and wind speeds, the effectiveness of using the spiral wires to
mitigate large vibrations is clarified. Finally, the paper provides a further understanding of the complex mechanism of wind-
induced and rain-wind-induced vibrations. It is found that the low-frequency vortex flows in the wake play a significant role in the
excitation of large responses of the cable in high wind speeds. 'e spiral wires dismiss these low-frequency flows and then reduce
the large vibrations.

1. Introduction

Stay cables, such as members of cable-stayed bridges, are
very sensitive to wind loading, leading to large oscillation
amplitudes, even to collapses due to aeroelastic instability.
'ey are also vulnerable to large vibrations due to rain-wind
coupling actions. Study on aerodynamics and aeroelasticity
of cables has attracted much interest for many years. It has
been shown that common types of large vibrations of cables
include vortex-induced vibration (VIV), galloping, and rain-
wind-induced vibrations (RWIV). 'e studies on these
topics have not only focused on understanding the physics
andmechanics of the phenomena but also providedmethods
to mitigate the vibrations.

It is well known that the classical VIV occurs when a Von
Karman vortex is shed with a frequency close to structural
frequency.'is resonance then results in large vibrations. For an
inclined cable, an axial vortex flow exits along the cable and near
the wake. It interacts and mitigates Von Karman vortex and
then excites large vibrations of the cable in high wind speeds.
'e role of the axial vortex on large vibrations of cables and its
mechanism has been investigated though pioneering studies by

Matsumoto and his colleagues [1–6]. 'e phenomenon related
to these large amplitude vibrations of cables in dry conditionwas
referred to as dry galloping and also considered as a special case
of VIV due to the presence of the axial vortex. It has been
recognised that wind flow around inclined cables as well as
aerodynamic and aeroelastic behaviour of the cables is so-
phisticated that needs further investigations.

In the 21st century, a number of studies on dry galloping
of inclined cables have been conducted in different parts of
the world. In an attempt to explain the mechanism of dry
galloping of inclined cables, Macdonald [7] used quasisteady
theory to predict successfully the occurrence of galloping
that was observed in wind tunnel tests by Cheng et al. [8].
Macdonald’s study shows that drag crisis in the critical
Reynolds number range causes the dry galloping. Later,
quasisteady conditions for the occurrence of galloping of
inclined cables were developed [9, 10]. Wind tunnel ex-
periments on cables have been carried out to understand
further the phenomenon [11–17]. Despite many efforts, the
mechanism of excitation of large vibrations of cables re-
mains unclear and therefore is deserved for further
investigations.
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'e first report on violent vibrations of stay cables in the
coupling of rain and wind actions was provided by Hikami
and Shiraishi [18] based on full-scale measurement.'e field
observations on this phenomenon were documented later by
other researchers [19–23]. Due to the nature of complexity
and uncertainty in field measurement, it is difficult to clarify
the mechanism of RWIV. A number of wind tunnel ex-
periments on cable models have been conducted to un-
derstand the phenomenon. To simulate rain water on cables,
fixed artificial water rivulets were attached on the cable
surface [2, 24], or liquids were sprayed on the cables [25–29].
Recently, rain simulators were employed in wind tunnel to
have better rainfall simulations, in which rainfall intensity
can be adjusted in the tests [30, 31]. According to those
studies, the existence of axial flows, water rivulets, and thin
waters plays significant roles in RWIV. However, their roles
as individuals or as combinations have not been clearly
understood [31].

In order to mitigate large responses of stayed cables in
dry and rain conditions, two main approaches have been
applied in research as well as in real practices. 'e first
method is to use one or two external damper devices at-
tached near a cable anchorage, such as viscous dampers,
fluid dampers, tuned mass dampers, tuned inerter dampers,
and magnetorheological dampers. Although there are many
studies on dynamic properties and effectiveness of those
dampers for the mitigation of structural vibrations [32–36],
very few studies are on how these dampers affect the oc-
currence of large vibrations of cables in winds. Nguyen and
Macdonald [37] first addressed the galloping issue of a taut
cable with an attached viscous damper.

In the second method, cables are wrapped with single
or multiple spiral protuberance wires (helical fillets). 'e
efficiency of this method has been shown through wind
tunnel tests. For example, a series of experiments in the
wind tunnel of Yokohama National University success-
fully used the spiral wires to reduce dry galloping [38, 39].
Larose and Smitt [27] reported an effective application of
a single spiral protuberance for mitigating RWIV. Nev-
ertheless, full-scale monitoring at Øresund Bridge re-
ported that the use of spiral wires was not effective as
initially expected [23].

'e above remarks have motivated this study, in which
vibrations of two cable models in dry and rain conditions
were studied by means of wind tunnel tests. One of the
models is a circular cylinder with smooth surface. Another is
as the same as the smooth cylinder but is wrapped with spiral
wires as a proposed method for mitigating large responses of
the cable in dry-wind and rain-wind coupling. Rainfall was
simulated through a rain simulator system, which allows
controlling the rain intensity and provides better and more
realistic rain modelling compared with others in the liter-
ature. Finally, mechanism of the large vibrations of the two
models was investigated that provides a further under-
standing of the complex phenomena of wind flows which
passed an inclined cable.

'e paper is structured into five main sections. Section 2
presents the details of the wind tunnel testing setup and
results of themeasurement of the aeroelastic responses of the

two cable models in dry and rain conditions. Section 3
explains themechanism of the large vibrations of the circular
cable through the measurement of the flow field in the wake
of the fixed cable. Section 4 presents the further tests on the
fixed cable wrapped by spiral wires to assess the reduction of
the large vibrations of the cable. Finally, critical comments
are provided in Section 5.

2. Vibrations of Cables in Dry Wind and Rain
Wind and Their Mitigations

2.1. Setup of Wind Tunnel Tests. Wind tunnel tests on two
stay cable models were conducted in a wind tunnel of the
Yokohama National University. 'e wind tunnel has a
working section with the dimension of 1.3m width and
1.8m height. 'e maximum wind speed is about 20m/s.

Model 1 is a plain high-density polyethylene (HDPE)
tube of 158mm diameter and 1500mm length (Figure 1(a)).
Model 2 is the same as Model 1 but is wrapped with 12 spiral
protuberances (Figure 1(b)). 'e spiral wires were arranged
with a spiral angle of 27°. 'e dimensions of each spiral wire
are 7.5mm width and 5mm height.

'e cable models were supported by a system of springs
allowing the vibrations only in vertical direction, i.e., normal
to the wind flow, as one-degree-of-freedom (1DOF) system.
'e orientation of the cable with respect to the wind flow is
determined through the angles α, β, and c defined as in
Figure 2. 'e angles a and β are commonly referred to as
inclination angle and yaw angle, respectively. 'e tests were
conducted for an inclination angle α� 25° and four yaw
angles β� 0°, 15°, 30°, and 45° in smooth wind with dry and
rain conditions.

Rain was simulated by a system of water nozzles located
up-front of the Model (front wind) and at the ceiling of the
working section of the wind tunnel (Figure 3).'e rainwater
was sprayed from these nozzles to the cable models. 'e rain
volume can be controlled through a volume adjustment
system located outside the wind tunnel.

In the arrangement of measurement systems, dynamic
pressure and wind speed were measured by a Pitot Tube. An
accelerator system was used to capture cable vibrations in
time. Each accelerometer has a rate capacity of 49.03m/s2.
To measure the cable vibrations, an accelerometer was
mounted at each end of the cable. 'e vibrations were
recorded for a duration of 60 seconds with the sampling
frequency 50Hz.

'e structural, wind, and rain parameters used in the
tests are given in Table 1. For each yaw angle β, dynamic
parameters of the cable models, including the fundamental
frequency fs (Hz) and damping ratio ξ (%), were estimated
from free vibration tests and showed in Table 2.

2.2.Wind-Induced Responses of the Circular Cable in Dry and
Rain Conditions. Figures 4(a) and 4(b) show the reduced
amplitudes, yr, of the cable displacements versus reduced
wind velocity, Ur, in dry and rain conditions, respectively,
for different yaw angles.'e reduced amplitude and reduced
wind speed are defined as follows:
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yr �
y

D
,

Ur �
U

fsD
,

(1)

where y, U, and fs are the maximum amplitude (peak-to-peak
displacement response, unit: m), inlet wind velocity (m/s), and
structural fundamental frequency (Hz), respectively.

For dry condition, it can be seen from Figure 4(a) that
the responses are generally larger for higher wind speeds.
Among the four yaw angles β, the cable exposes to smallest
responses for β� 0° (when wind is normal to the cable plane)

(a) (b)

Figure 1: Spiral protuberance cable Model.

Wind

Cable model

α

β

γ

Figure 2: Definition of cable angles.

Figure 3: Rain simulator system.

Table 1: Structural, wind, and rain parameters.

Parameters Value
Rain volume (mm/h) 40–50
Cable diameter: D (mm) 158
Effective length: L (mm) 1500
Inclination angle: α (°) 25

Mass: m (kg/m) 9.9 (Model 1)
10.8 (Model 2)

Reynolds number 0–2.1× 105
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and largest responses for β� 45°. For most of the cases, the
amplitudes increase for increasing reduced wind speed. For
β� 45°, there is a sudden reduction of amplitude at Ur � 76.
'e reduction of amplitude is also seen for β� 0° and β� 15°
but less significant. 'is amplitude reduction feature has
been previously observed in the literature [5, 12, 17, 30]. In
addition to Figure 4(a), at a given reduced wind speed, the
cable does not vibrate with larger amplitudes for higher β as
seen that the responses for β� 15° are larger than those for
β� 30°. For a range of low reduced wind speeds from 0 to 15,
there is an apparent peak response for β� 30° at Ur � 6.5,
looking similar to the classical vortex-induced vibration
(VIV) due to Von Karman vortex. For other yaw angles,
observation of VIV responses is not clear. 'is will be
explained in the next section.

For rain condition, the vibration amplitudes do not
always increase for increasing wind speeds. Instead, for each
yaw angle, the amplitude is increasing for increased wind
speed but significantly reduced at a higher wind speed as
seen in Figure 4(b). 'ese shapes of the responses are typical
for rain-wind-induced vibration (RWIV) of cables as
documented widely in the literature [3, 18, 24].

Comparing the responses of the cable in rain and dry
condition, it reveals that, depending on the value of the
reduced wind speed, the cable in wind condition can expose

larger or smaller vibration amplitudes. Taking β� 30° as an
example, for Ur � 57.3–111, the cable vibrates violently in
rain condition with amplitudes much larger, up to 4 times,
than those without rain. However, for stronger wind with
reduced speed higher than 111, rain can lead to reduction of
cable vibrations. In summary, rain can be beneficial for the
cable vibrating in high wind but significantly detrimental for
the cable in a certain rain of wind speeds.

2.3. Mitigating Cable Vibrations with Spiral Wires.
Section 2.2 has shown the large vibration amplitudes of the
smooth cylinder (Model (1) in both cases with and without
rain. To mitigate the large responses, 12 spiral wires were
used to wrap around the smooth cable. 'e experimental
results on the spiral cable (Model (2)) are shown below.

Figure 5 plots the reduced amplitudes of the cable with
(w) and without (w/o) using spiral wires in rain and dry
conditions for various yaw angles.'e substantial reductions
of vibration amplitudes can be seen when the cable is
wrapped with the wires. 'is shows the efficiency of using
spiral wires as a method to mitigate the cable vibrations.

Looking at the vibrations of the cable with the spiral
wires, their amplitudes generally increase for increasing
wind speeds, both in rain and without rain. Also, it can be
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Figure 4: Wind-induced responses of circular cable in dry condition (a) and rain condition (b).

Table 2: Dynamic parameters of cable Models for different yaw angles.

β� 0° β� 15° β� 30° β� 45°

f s ξ f s ξ f s ξ f s ξ
Model 1 (circular) 0.9 0.16 0.9 0.14 0.86 0.16 0.86 0.16
Model 2 (spiral) 0.88 0.14 0.86 0.11 0.86 0.16 0.86 0.14
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observed from Figures 5(a)–5(c) that, for yaw angles β� 0°,
β� 15°, and β� 30°, wind induces larger vibration ampli-
tudes in rain than in dry condition. For β� 45°, the vibration
amplitudes in rain are larger or smaller than in dry con-
dition, depending on the wind speed.

In addition to the vibrations of the cable with the spiral
wires, particularly in rain, the variation of the amplitudes of
Model 2 (with the spiral wires) against wind speeds has
different pattern from those of Model 1 (without the spiral
wires).'e later has been discussed in the previous section in
relation to Figure 4. As shown in many studies [28, 31, 40],
the formation and vibration of water rivulets on the cable in

rain give rise to large amplitude vibrations of cables without
spiral wires. 'e appearance of the spiral wires herein in-
terrupts the oscillations of water rivulets on the cable, re-
ducing cable vibrations and changing their patterns.

3. Mechanism of Large Amplitude Vibrations of
the Circular Cable

Since the cable exposes to large amplitude vibrations as
shown in Figure 4, it is important to understand the
mechanism of cable vibrations in wind. For this purpose,
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Figure 5: Reduced amplitudes of cable vibrations with and without using spiral wire in rain and dry condition for (a) β� 0°, (b) β� 15°, (c)
β� 30°, and (d) β� 45°.
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vertical component of fluctuating velocity in the wake of the
cable is investigated through further wind tunnel tests.

In the experimental setup, the circular cable (Model 1)
was statically fixed in the wind tunnel for α� 25° and β� 30°.
A hot-wire anemometer was used to measure the fluctuating
wind speed in the wake of the cable. As illustrated in Fig-
ure 6, it is located in the wake of the cable with the coor-
dinates of 0.5D and 2D and varied along the cable with
distances from 2D to 7D, allowing the fluctuating speeds to
be measured at different locations.

Due to technical difficulty in measuring the fluctuations
using hot-wire anemometer in rain, only dry condition was
considered during the measurements. For the interest of
understanding the flow in the wake of cable in rain, readers
might refer to the studies mentioned in Section 1, which
used artificial rivulets.

Figure 7 shows the power spectral density (PSD) of the
vertical fluctuating wind velocity in the wake along the cable
at different locations X, which is a distance from the top end
of the cable to the measured location, for α� 25° and β� 30°.
'e inlet mean wind velocities in the wind tunnel are 5m/s
(Figure 7(a)), 10m/s (Figure 7(b)), and 15m/s (Figure 7(c)).
'e reduced frequency, denoted as fr as in the figure, is
defined as

fr �
fwD

U
, (2)

where fw is the frequency of the vertical fluctuating velocity.
For the inlet wind speed U� 5m/s, as shown in

Figure 7(a), there are slight PSD peaks at reduced frequency
fr � 0.15; that is, Strouhal number St� 0.15. Such St implies
the Von Karman vortex of the circular cable [3, 5, 14],
leading to the classical VIV, theoretically at a critical wind
speed Ur � 1/St� 6.67. 'is explains the peak amplitude at
Ur � 6.5 in the dynamic tests as shown in Figure 4(a),
showing the excellent agreement between the theoretical
prediction and experiment.

'e situation changes for the inlet wind speed 10m/s. It
can be seen from Figure 7(b) that the dominant PSD peaks
are at a low reduced frequency fr � 0.013, equivalent to a
relatively high reduced velocity Ur � 76.9. 'e appearance of
this low-frequency flow weakens the Von Karman vortex as
seen in Figure 7(b) and generates larger responses for higher
wind speed than those for Ur � 6.5 (Figure 4(a)).

It can be seen from Figure 7(c) that when the inlet wind
speed increases to 15m/s, Von Karman vortex is signifi-
cantly mitigated and two clear PSD peaks appear at reduced
frequencies fr1 � 0.009 and fr2 � 0.017, equivalent to reduced
velocities Ur1 � 111 and Ur2 � 58.8, respectively. To have a
further insight into these peaks, Figure 8 shows the wavelet
map of the fluctuating wind velocity at the location X� 6D,
which is near the middle of the cable. 'e Morlet wavelet
mother function was used in the wavelet transform. It can be
observed that the mode associated with the reduced fre-
quency fr1 is dominant between the two modes and more
consistent in time. From (2), the flow at this mode has a
frequency of 0.85Hz, which is close to the structural fre-
quency; therefore, it excites large vibrations of the cable at
the high reduced wind speed Ur1.

In summary of the observations from Figures 7 and 8, it is
evident that the low-frequency flows in the wake of the cable
are more dominant and Von Karman vortex is weaker for
higher wind speed. 'ese low-frequency flows contain high
energy at high wind speed and so excite large vibrations of the
cable. 'e phenomenon was referred to as dry galloping,
according to important investigations by Matsumoto and his
colleagues with similar observations [2, 5]. 'ese studies
showed that low-frequency axial flows along the cable and near
the wake are the main cause of large responses at high wind
speeds. On the other hand, in the present study, the low-
frequency flows are associated with vertical fluctuation. 'is
implies three-dimensional characteristics of the low-frequency
flows in the wake of the cable. 'is remark agrees CFD
simulations of wind flow which passed a yawed cable in [41].

To have a further illustration of the dominating vortices
as increasing wind speed and to summarise the mechanism
of the large vibrations, Figure 9 shows the normalised PSD,
denoted as Sn and given by (3), against the reduced fre-
quency for different wind speeds:

Sn �
PSD
σv

, (3)

where σv is the standard deviation of the vertical fluctuating
wind speed in the wake.

It can be seen from Figure 9 that Von Karman vortex is
apparent at low reduced wind speed.When the wind speed is
increasing, this vortex is gradually suppressing. At the same
time, low-frequency flows are developing and getting
stronger for higher wind speeds. 'e low-frequency flows
contain high energy that excites the vibration of the cable to
higher amplitudes for higher wind speeds.

4. Mechanism of Vibration Stabilisation of the
Cable with Spiral Wires

For further understanding how spiral wires can help re-
ducing large vibrations of the cable, it is important to

0.
5D

Cable model
D = 158mm

2
5

7

2D

Wind flow

5D
7D

3
4

6

2D

Hot wire

Figure 6: Locations of the hot-wire anemometer in the wake and
along the cable.
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investigate the vibration mechanism of the cable when it is
wrapped with the spiral wires. For this purpose, the vertical
component of the fluctuating wind speeds in the wake of
Model 2 (Figure 1(b)) was measured.'e experimental setup
for this measurement with the use of hot wire was the same
as described in Section 3, with the same inclination angle and
yaw angle; that is, α� 25° and β� 30°. 'e inlet wind flow is
smooth with the speed U� 15m/s.

Figure 10 compares the spectrums of the vertical
fluctuating wind speeds at the location X � 6D, i.e., near
the middle of the cable, for Model 1 (without spiral wires)
and Model 2 (with spiral wires). It can be seen that the

dominant spectrum in the low-frequency regime is sig-
nificantly mitigated when the cable is wrapped with the
spiral wires. As these low-frequency vortices are weaken,
their energies are too low to excite large vibrations in high
wind speeds.

With the presence of the spiral protuberance, the
dominant spectrum associates with Von Karman vortex
(St� 0.2). 'en, the critical reduced velocity for the oc-
currence of Von Karman VIV is 1/St� 5. For higher wind
speeds, the vortex’s frequency is different from the frequency
of the cable. As a result, the VIV is diminished, showing
small amplitude vibrations of the cable.
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Figure 7: PSD of vertical fluctuating wind speeds for different locations in the wake of the cable, (a)U� 5m/s; (b)U� 10m/s; (c)U� 15m/s.
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5. Conclusions

'is paper studies the vibration characteristics of stayed
cables in wind with and without rain through a series of wind
tunnel experiments. A rain simulator system in which rain
intensity can be controlled was used to simulate a more
realistic rainfall and water on the cable surface. 'e tests
were conducted for four yaw angles (0°, 15°, 30°, and 45°).
Also, the use of spiral protuberance wires wrapping around
the cable as a method to mitigate cable vibrations is
investigated.

'e tests on the smooth cable (without spiral wires)
showed that, in dry condition, Von Karman VIV was
apparent for yaw angle 30° and weak for other yaw angles.
Meanwhile in rain condition, VIV disappeared for all

angles. In addition, for each yaw angle, RWIV with large
amplitudes were observed for a range of wind speeds.
'ese amplitudes were larger, up to 4 times, than those
without rain. For higher wind speeds outside this range,
the amplitudes were significantly reduced. Among tested
yaw angles, for the both cases with and without rain, the
cable is exposed to smaller vibration amplitudes when
being normal to the wind (zero yaw angle) than when
being yawed to the wind.

On the other hand, the tests on the cable wrapped with the
spiral wires showed considerable reduction of vibrations am-
plitudes in both dry and rain conditions. Typical RWIV were
then suppressed, although they had slightly larger amplitudes
than in dry condition. 'is observation implies the role of the
spiral wires in mitigating the larger responses of cable in wind
hazards with and without the coupling of rain.

In an attempt to understand the mechanism of the
large amplitude vibrations as well as the mechanism of
mitigating such amplitudes, the vertical fluctuations in the
wake of the cable models were measured. 'e low-fre-
quency vortex flows were found. 'ey play a vital role in
generating large responses of the smooth cable in high
wind speeds. 'ese vortices interrupt the Von Karman
vortex, shed continuously and regularly in time, and
contain high energy that excites the vibration of the cable.
When the spiral wires were wrapped around the cable, they
dismissed the low-frequency flows and so reduced the
vibration amplitudes.
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