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With the recent development of high-throughput DNA
microarray and next-generation sequencing techniques
for detecting various genomic variants (SNVs, CNVs,
INDELs, etc.), genome-wide association studies (GWASs)
have become a popular strategy to discover genetic factors
affecting common complex diseases. Many GWASs have
successfully identified genetic risk factors associated with
common diseases and have achieved substantial success
in unveiling genomic regions responsible for the various
aspects of phenotypes.
However, identifying the underlying mechanism of disease susceptible loci has proven to be difficult due to the
complex genetic architecture of common diseases. The previously associated variants through GWASs only explain a
small portion of the genetic factors in complex diseases.
This rather limited finding is partly ascribed to the lack of
intensive analysis on undiscovered genetic determinants such
as rare variants and gene-gene interactions. Unfortunately,
standard methods used to test for association with single
common genetic variants are underpowered for detection of
rare variants and genetic interactions.
This special issue is dedicated to presenting state-ofthe-art statistical and computational methods for finding
missing heritability underlying complex traits with massive
genetic data including GWAS, next-generation sequencing,
and DNA microarray data. The main focus of this special

issue is on data mining and machine learning for advanced
GWAS analysis. The advanced GWAS analysis includes multiSNP analysis, gene-gene and gene-environment interaction
analysis, estimation of missing heritability, and analysis
of population heterogeneity. This special issue provides a
platform to the researchers with expertise in data mining
to discuss recent advancements in analytic approach of
post-GWAS association analysis in field of statistics and
bioinformatics.
The paper by W. Lee et al. proposes an approach to
identifying clinically interesting subgroups in a heterogeneous population. The identification step uses a clustering
algorithm and proposes an improved false discovery rate(FDR-) based measure to remedy the overestimation of
the ordinary FDR-based approach. The paper by Y. Kim
et al. performs heritability estimation by using populationand family-based samples. The main idea lies in utilizing
genetic relationship matrix to parameterize the variance of a
polygenic effect for population-based samples.
Three other papers consider gene-gene and geneenvironment analysis. First, J. Yee et al. proposed interaction
analysis for quantitative traits using entropy. Although
there have been several methods proposed for gene-gene
interaction using entropy, this is a robust entropy-based
gene-gene interaction analysis that does not necessarily
require an assumption on the distribution of trait for
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quantitative traits. Second, S. Y. Lee et al. focused on
identifying multi-SNP effects or gene-gene interactions for
survival phenotypes. In the framework of the multifactor
dimensionality reduction (MDR) method, several extensions
for the survival phenotype are considered and compared
to the earlier MDR method through comprehensive
simulation studies. Third, the paper by H. Xu et al. proposes a new GWAS strategy for detecting gene-gene and
gene-environment analysis by combining the generalized
multifactor dimensionality reduction-graphics processing
unit (GMDR-GPU) algorithm with mixed linear model
approach. It was further employed to investigate the genetic
architecture of important quality traits in rice. The reliability
and efficiency of the model and analytical methods were
verified through Monte Carlo simulations.
The next two papers discuss multi-SNP analysis. Y. J. Yoo
et al. propose a new multi-bin linear combination (MLC)
test for multiple SNP analysis. It first performs clustering
analysis to find cliques, complete subnetworks of SNPs with
all pairwise correlations above a threshold, and then performs
MLC test. Through simulation studies, the clique-based algorithm was shown to produce smaller clusters with stronger
positive correlation than other MLC tests. The paper by S.
Won et al. focuses on comparing penalized and nonpenalized
methods for disease prediction with large-scale genetic data.
It was shown that penalized regressions are usually robust
and provide better accuracy than nonpenalized methods for
disease prediction.
Next, the work of J. Joo et al. considers robust genetic
association tests for GWAS. How these robust tests can be
applied to the replication study of GWAS and how the overall
statistical significance can be evaluated using the combined
test formed by 𝑝 values of the discovery and replication
studies were demonstrated.
Finally, the paper by L. Li and M. Xiong proposes a
dynamic model for RNA-seq data analysis. To extract biologically useful transcription process from the RNA-seq data, the
ordinary differential equation (ODE) model was proposed for
modeling the RNA-seq data. Differential principal analysis
was developed for estimation of location-varying coefficients
of the ODE.
This special issue discusses the most challenging issues
in multiple SNPs approaches including gene-gene interaction
and introduces statistical and computational methods for
data mining and machine learning for revealing hidden
association network of genotype-phenotype relationship. The
nine papers in this special issue provide scientists with
an overview on the recent advancements in multiple SNP
analysis for GWASs. We hope the papers can encourage
researchers towards a more extensive use of statistical genetics and bioinformatics techniques for research in biology and
medical sciences.
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Owing to recent improvement of genotyping technology, large-scale genetic data can be utilized to identify disease susceptibility loci
and this successful finding has substantially improved our understanding of complex diseases. However, in spite of these successes,
most of the genetic effects for many complex diseases were found to be very small, which have been a big hurdle to build disease
prediction model. Recently, many statistical methods based on penalized regressions have been proposed to tackle the so-called
“large P and small N” problem. Penalized regressions including least absolute selection and shrinkage operator (LASSO) and ridge
regression limit the space of parameters, and this constraint enables the estimation of effects for very large number of SNPs. Various
extensions have been suggested, and, in this report, we compare their accuracy by applying them to several complex diseases. Our
results show that penalized regressions are usually robust and provide better accuracy than the existing methods for at least diseases
under consideration.

1. Introduction
Accurate disease prediction is a central goal of clinical
genetics, and much effort has been made to utilize the largescale genetic data for a disease prediction model for complex
disease. However, except for the fully penetrant Mendelian
disorders, effect sizes of most disease susceptibility loci
identified by genome-wide association studies (GWAS) are
usually modest [1] and the presence of much larger number
of genetic variants than the sample size (or so-called “large P
and small N” problem) makes the construction of a disease
risk prediction model intractable. For instance, the variation
of predicted risk scores for each individual is proportionally
related to the number of causal variants, and the accuracy
of the predicted disease status decreases with the increase of

the number of causal variants when the relative proportion
of variance explained by causal variants is fixed [2, 3]. Also
large P and small N problem prevents the estimation of the
joint effect of all markers and thus prediction model building
has been based only on marginal effects of variants [4–
6]. Recently, various nonpenalized and penalized statistical
methods have been suggested to tackle these issues. However,
a comprehensive evaluation of existing methods has not been
conducted yet.
The statistical methods for the disease risk prediction
at the early stage were based on gene scores [4–6]. Causal
variants often have additive effects on phenotypes, and a
simple linear (logistic) regression can be adopted to estimate
marginal effects of each variant under the assumption that
there is no gene × gene and gene × environment interactions.
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Then, the coded genotypes of large-scale genetic data are
multiplied with their marginal effect estimates and their sum
for each individual can be incorporated to build the disease
risk prediction model. Multiple studies showed that gene
score-based approach is practically useful for building disease
risk prediction [7]. This approach is computationally very
efficient, and further extensions based on best linear unbiased
predictor (BLUP) have been proposed in the literature [8–10].
However, for instance, if joint effects between multiple variants are substantial or there is large linkage disequilibrium
between variants, the estimated gene score can be biased and
the predicted disease risk becomes less accurate.
As an alternative to gene score-based approach, one may
consider statistical learning methods in disease risk prediction. Statistical learning algorithms have been successful over
the past decades in various learning tasks including text
categorization, fraud detection, character and image recognition, natural language processing, and marketing. Disease
risk prediction can be naturally posed as a classification
problem, and support vector machines (SVMs) [11] and
ensemble algorithms, in particular, random forests proposed
by Breiman [12], have been often shown to yield more accurate predictions than other classification algorithms [13]. In
particular, SVMs have been an important tool in classification
because of their accuracy and flexibility in modeling different
types of data. However, these methods have some drawbacks
in disease risk prediction. Effects of variants on phenotypes in
the prediction models from ensemble algorithms are difficult
to interpret and SVMs do not provide class conditional
probabilities [14]. Therefore, in this report, we focus on the
penalized methods in logistic regression.
Recently, various penalized methods have been proposed
to resolve the large P and small N problem. Examples include
convex penalizations such as ridge [15–17] and LASSO
[18] and nonconvex penalizations such as the smoothly
clipped absolute deviation (SCAD) [19] and bridge [20].
In general, penalized methods have often provided more
accurate predictions and easier interpretations than nonpenalized methods, especially when the number of samples
is smaller than the number of variables. Some penalized
methods automatically select relevant variables by setting the
estimated coefficients of irrelevant variables as exactly zero.
Also penalized methods enhance the accuracy of predictions
by shrinking the coefficients of nonzero elements with dataadaptive tuning parameters.
In this report, we compare the performances of various
nonpenalized and penalized methods in the prediction of
diseases on data from Korea Association Resource (KARE)
project that is a part of Korea Genome Epidemiology Study.
We select individuals with extreme phenotypes among the
participants in KARE project and consider the type 2 diabetes, obesity, hypertension, and three smoking-related phenotypes. The predictive performances of those nonpenalized
and penalized methods are compared by area under the curve
(AUC). Our results indicate that penalized methods tend to
yield more accurate predictions than nonpenalized methods
although their relative performances depend on particular
diseases.
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2. Methods
2.1. KARE Cohort. The KARE project, with 10,038 participants living in Ansung (rural) and Ansan (urban), was
initiated in 2007 for large-scale GWAS based on the Korean
population. Among the participants, 10,004 individuals were
genotyped for 500,568 SNPs with the Affymetrix GenomeWide Human SNP array 5.0. We discarded SNPs with 𝑝values for Hardy-Weinberg equilibrium (HWE) less than
10−6 , with genotype call rates less than 95%, or minor allele
frequencies (MAF) less than 0.01, and 352,228 SNPs were left
for subsequent analysis. Individuals with low call rates (<95%,
𝑛 = 401), high heterozygosity (>30%, 𝑛 = 11), gender inconsistencies (𝑛 = 41), or serious concomitant illness (𝑛 = 101)
were excluded from analysis. We considered independent
samples and excluded related or identical individuals whose
computed average pairwise identical in state value was higher
than that estimated from first-degree relatives of Korean sibpair samples (>0.8, 𝑛 = 608). In total, 8,842 individuals were
analyzed. From randomly selected 20 duplicate samples, we
found that genotype concordance rates exceeded 99.7%, with
no single SNP excessively discordant. The population substructure was handled with EIGENSTRAT approach [21] and
we chose 10 principal component scores. Missing genotypes
were imputed with Beagle [22].
2.1.1. Type 2 Diabetes (T2D). T2D mainly occurs in people
aged over 40, and it is diagnosed with level of glucose and
hemoglobin a1c (hba1c) in blood. In our studies, individuals
were selected as being affected with type 2 diabetes if their
hba1c are larger than 6.5, fasting plasma glucoses are larger
than or equal to 126, or 2-hour postprandial blood glucoses
are larger than or equal to 200. In total, there were 1182
affected individuals, and 2364 individuals not satisfying
the condition for type-2 diabetes and older than the other
unaffected individuals were considered as controls. As environmental variables, we considered area (Ansan/Ansung),
sex, age, body mass index (BMI), systolic blood pressure
(SBP), diastolic blood pressure (DBP), triglyceride, and ten
PC scores.
2.1.2. Obesity. Obesity status was determined by BMI. Individuals were considered as cases if their BMIs are larger than
27, and there were 1022 affected individuals in KARE cohort.
We also selected 2325 individuals with BMIs less than 27 and
older than the other unaffected individuals as controls. We
considered area, sex, age, height, waist-hip ratio, SBP, DBP,
high density lipoprotein, triglyceride, and ten PC scores as
environmental variables.
2.1.3. Hypertension. Hypertension status was determined by
SBP and DBP. 1035 individuals with SBPs and DBPs larger
than 140 and 80, respectively, were considered as cases. 2290
individuals whose SBPs and DBPs were less than 120 and
80, respectively, were selected as controls. Environmental
variables considered were area, sex, age, BMI, and ten PC
scores.
2.1.4. Cigarettes Smoked per Day (CPD). For smoking-related
phenotypes, we considered only male samples for predicting
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smoking behaviors because the number of female smokers
was very small. CPD was defined to detect the nicotine
dependence of each individual. Individuals whose number of
cigarettes per day was larger than 20 were defined as being
addicted to nicotine, and 333 individuals were selected as
cases. Individuals were chosen as controls if the number of
cigarettes per day was less than 10, and 375 males were chosen
as controls. Environmental variables were area, age, BMI,
waist-hip ratio, triglyceride, SBP, and ten PC scores.
2.1.5. Smoking Initiation (SI). Smoking status for each individual has four categories: never smoked, former smoker,
occasional smoker, and habitual smoker. Males who never
smoked were defined as controls, and males who occasionally
or habitually smoke were defined as cases. There were 3357
cases and 807 controls, and the same clinical variables as in
CPD were environmental variables.
2.1.6. Smoking Cessation (SC). SC was defined with smoking
status as SI, but we used different categories for cases and
controls. Males who never smoked were defined as controls,
and males who occasionally or habitually smoke or smoked
before were defined as cases. The numbers of cases and
controls are 2064 and 1293, respectively, and environmental
variables were the same clinical variables as in CPD.
2.2. Disease Risk Prediction Model Building
2.2.1. Notations. Let 𝑦𝑖 be a dichotomous phenotype for individual 𝑖, and affected and unaffected individuals are coded as 1
and 0, respectively. The sample size is denoted as 𝑛 = 𝑛𝑎 + 𝑛𝑢 ,
where 𝑛𝑎 and 𝑛𝑢 denote the numbers of cases and controls,
respectively. We assume that there are 𝑝1 genetic variants and
𝑝2 environmental variants including an intercept. Therefore
the total number of variables is 𝑝 = 𝑝1 +𝑝2 . x𝑖 denotes a vector
with 𝑝 covariates for individual 𝑖, and the coded genotypes
of the 𝑘th variant and the 𝑙th environmental variable were
denoted by 𝑥1𝑖𝑘 and 𝑥2𝑖𝑙 , respectively. The coefficient vector
of 𝑝 covariates is denoted by 𝛽.
2.2.2. Cross Validation. To see the effect of sample size,
we selected 𝑛 individuals where 𝑛𝑎 cases and 𝑛𝑢 controls
with extreme phenotypes were chosen, and the relative
ratios of 𝑛𝑎 to 𝑛𝑢 are assumed to be equal to their ratios
between all available cases and controls in KARE cohorts.
We evaluated the accuracies of the disease risk prediction
models for different choices of 𝑛. Accuracies of the disease
prediction models were assessed via 10-fold cross validation,
and AUCs were calculated with 10 replicates. All individuals
were randomly divided into 10 different subgroups with the
same number of cases and controls. Each subgroup was used
as test set once across ten replicates and therefore there is no
overlap between test set in different replicates.
2.2.3. Feature Selection and Risk Prediction. Numbers of
available genetic markers seem to be related to the prediction
accuracy, and different numbers of genetic variants were
selected to build the disease risk prediction model. We choose
the top 𝑝1 genetic variants by the order of 𝐹-ratio from
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train set. If we let 𝑥(𝑙)
1.𝑘 be the average expression level of the
𝑘th variant for individuals with phenotype 𝑙 and denote the
overall mean expression level of the 𝑘th variant by 𝑥1.𝑘 , the
𝐹-ratio of the 𝑘th variant [23, 24] is defined as
2

𝐹𝑘 =

∑𝑛𝑖=1 ∑1𝑙=0 𝐼 (𝑦𝑖 = 𝑙) (𝑥(𝑙)
1.𝑘 − 𝑥1.𝑘 )

2

∑𝑛𝑖=1 ∑1𝑙=0 𝐼 (𝑦𝑖 = 𝑙) (𝑥1𝑖𝑘 − 𝑥(𝑙)
1.𝑘 )

.

(1)

Then we build the disease risk prediction model with those
selected top 𝑝1 genetic variants and 𝑝2 environmental variables on train set and apply the prediction model to test set.
2.3. Nonpenalized Methods
2.3.1. Genetic Risk Scores (GRS). The marginal effects of
covariates are tested with 𝐹-ratio [23, 24]. Then, the coded
genotypes of significant variants at 𝛼 = 0.05 level are summed
to calculate GRS, and GRS and environmental variables were
incorporated into the logistic regressions as covariates to
build the final disease risk model on train set. The disease
risk scores are calculated for individuals on test set and its
accuracy of disease risk prediction model is evaluated.
2.3.2. MultiBLUP. Polygenic effects explained by available
SNPs can be modeled by the linear mixed model whose
variance covariance matrix is parameterized with the genetic
relationship matrix [25–27], and BLUP can be used to predict
the disease risk by genetic effects. However, those approaches
assume that effects of all SNPs are homogeneous in spite
of their heterogeneity. For instance, it has been shown that
MAFs of SNPs may reveal some information about genetic
architecture [28] and random effects need to be defined for
SNPs with different spectra of MAFs separately. MultiBLUP
[10] categorizes each SNP into different classes with distinct
effect sizes or linkage disequilibrium block and applies a
linear mixed model with multiple random effects to improve
the accuracy of the prediction model [10].
2.4. Penalized Methods. Various penalized methods have
been recently proposed, and we consider five penalized
methods in our comparison: ridge [29], LASSO [30], elasticnet [31], SCAD [32], and truncated ridge (TR) [33–35].
The 𝑝 dimensional coefficient vector 𝛽 = (𝛽1 , . . . , 𝛽𝑝 )𝑡
can be estimated by minimizing the penalized negative loglikelihood:
𝑝

1 𝑛
 
∑ {−𝑦𝑖 x𝑖𝑡 𝛽 + log (1 + exp (x𝑖𝑡 𝛽))} + ∑ 𝐽𝜆 (𝛽𝑗 ) ,
𝑛 𝑖=1
𝑗=1

(2)

where 𝐽𝜆 is a penalty function and 𝜆 is a vector of tuning
parameter that can be determined by a search on an appropriate grid. Each penalized regression requires the estimation
of 𝜆, and 100 grid points of 𝜆 were considered from “glmnet”
function in 𝑅 for all the methods.
2.4.1. Ridge. In linear regression, estimates from least square
method are quite unstable under severe multicollinearity
because of their large variances. Ridge penalty
𝐽𝜆 (𝑡) = 𝜆𝑡2

(3)

4
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was originally developed to stabilize the sample performance
of least square estimates by shrinking their absolute values
toward zero [29]. Ridge penalty controls the amount of
shrinkage effect by choosing the tuning parameter 𝜆, and
the resulting ridge estimates tend to have a smaller variance
than least square estimates. In particular, ridge regression
can be conducted even when 𝑝 is much larger than 𝑛,
where the least square method does not have a model
identifiability. However, ridge estimates have a drawback in
the interpretation of the final model because all the covariates
are included in the final model regardless of the choice of 𝜆.
Hence, ridge regression must be conducted together with an
extra selection process such as stepwise subset selection or
truncation methods.
2.4.2. LASSO. LASSO was proposed by Tibshirani [30] to
achieve both shrinkage and covariate selection via the penalty
𝐽𝜆 (𝑡) = 𝜆𝑡.

(4)

LASSO selects relevant covariates and estimates their coefficients simultaneously by controlling the tuning parameter
𝜆 [30]. LASSO often shows a quite stable performance,
especially when the sample size is small [32, 36], and achieves
higher prediction accuracy than other penalized methods.
LASSO has been applied to various statistical models such
as Gaussian graphical models [37] because there are fast and
efficient algorithms that are easily implementable [37–40].
However, several defects of LASSO have been reported in the
literature [36, 41–43]. For example, LASSO tends to overfit,
that is, selecting more covariates than expected [39], and is
known to have a confliction between correct selection and
optimal prediction [38]. To remedy such defects, modified
versions of LASSO [36] were proposed and extended to the
large P and small N problem [44].
2.4.3. Elastic-Net. Elastic-net penalty proposed by Zou and
Hastie [31] is a convex combination of LASSO and ridge
penalty is
𝐽𝜆 (𝑡) = 𝜆 (𝑎𝑡 + (1 − 𝑎) 𝑡2 ) .

(5)

Here we considered 20 equally spaced grid points from
zero to one for 𝑎. Elastic-net has more desirable properties
than LASSO and ridge. For instance, ridge tends to keep all
the covariates in the final model and hence is undesirable
when there are many noncausal variants. In contrast, LASSO
cannot select larger number of covariates than the sample
size and tends to select a single covariate among highly
correlated covariates. However, by choosing appropriate 𝜆
and 𝑎, elastic-net enables us to have balanced estimates,
producing a slightly more complex model than LASSO but
far simpler model than ridge. Also it achieves a grouping
effect [30] on highly correlated covariates. However, elasticnet shares the disadvantage of LASSO; that is, it often overfits,
which can be resolved by applying a data adaptive weight
vector [45].

2.4.4. SCAD. The SCAD penalty introduced by Fan and Li
[32] is
𝜕𝐽𝜆 (𝑡)
(𝑎𝜆 − 𝑡)+
= min {𝜆,
}
𝜕𝑡
𝑎−1

for some 𝑎 > 2,

(6)

and 𝑎 = 50 is used for our own optimization algorithm.
SCAD has several desirable properties over LASSO [32]. First,
SCAD produces the same unbiased estimates as usual nonpenalized estimates of the covariates selected by SCAD. Hence
SCAD can be considered as a stable version of best subset
selection [46], achieving a unique benefit of the unbiased
coefficient estimate [32]. Second, SCAD is known to have
the oracle property [32]; that is, the set of selected covariates
are asymptotically equal to the set of true causal variants.
However, in spite of theoretical optimality of SCAD [47], its
estimates can be poor unless the sample size is large and the
effects of signal covariates are strong. In addition, similarity
between numerically estimated values and theoretical ones
cannot be measured because of the nonconvexity of SCAD
penalty, and the computational cost for SCAD is often much
more expensive than LASSO.
2.4.5. TR. As we mentioned above, ridge cannot be directly
used in identifying important covariates. However, TR [35]
can produce sparse estimates and inherits the same shrinkage
effect as ridge that results in high prediction accuracy in the
presence of multicollinearity [48]. To obtain TR estimates,
we first obtain usual ridge estimates with tuning parameter
𝜆 and then truncate them with truncating level 𝑎. Hence TR
declares the ridge coefficients whose absolute values smaller
than 𝑎 as zero and keeps the other large coefficients intact. An
appropriate choice of truncating level enables us to identify
a correct model while the final estimates still keep the same
shrinkage property as ridge [33–35], and 20 grid points
equally spaced in logarithmic scale from 0.01 to 0.001 were
considered for 𝑎.

3. Results
To see the differences of penalized methods, we calculated
AUCs of those methods on test set and the number of
nonzero coefficients as a function of sample size. Figure 1
shows that relative performance of each method substantially depends on phenotypes, and least AUCs are often
observed for SI, followed by SC. Their least AUCs may be
explained by the relative importance of genetic components
for each phenotype. We calculated the relative proportion of
variances, ℎ2 , explained by genotyped variants with GCTA
program [27, 49]. ℎ2 for binary traits was estimated with
all available samples by using default options, and Table 1
shows estimates for ℎ2 . In particular, the proportion between
cases and controls for each phenotype is different from
true prevalence, and the ascertainment bias often happens.
However the performance of each method may be related
to unadjusted estimates of ℎ2 and ascertainment bias was
not taken into account. According to Table 1, the genotyped
variants explain around 25% of phenotypic variances for
hypertension and CPD. However the standard error of ℎ2
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Figure 1: Continued.

200

800

200

800

800

MultiBLUP

1.0

200

800

MultiBLUP

1.0

0.4

800

MultiBLUP

1.0

200

AUC of SC

Elastic-net

1.0

200 400 708

AUC of SI

5

200

800

6

BioMed Research International

AUC of T2D

Ridge

LASSO

Elastic-net

SCAD

GRS

TR

MultiBLUP

1.0

1.0

1.0

1.0

1.0

1.0

1.0

0.9

0.9

0.9

0.9

0.9

0.9

0.9

0.8

0.8

0.8

0.8

0.8

0.8

0.8

0.7

0.7

0.7

0.7

0.7

0.7

0.7

0.6

0.6

0.6

0.6

0.6

0.6

0.6

0.5

0.5

0.5

0.5

0.5

0.5

0.5

200

800
p1 = 200
p1 = 400

200

200

800

800

200

800

0.4

0.4

0.4

0.4

0.4

0.4

0.4

200

800

200

800

200

800

p1 = 800
p1 = 1600

Figure 1: AUCs from test set. AUCs for T2D, obesity, hypertension, CPD10, SC, and SI from test set were calculated for different 𝑛 and 𝑝1 .
TR indicates the truncated ridge.
Table 1: Relative proportion of variance explained by genotyped SNPs.
ℎ2
𝜎(ℎ2 )

T2D
0.147276
0.097091

Obesity
0.14922
0.10029

Hypertension
0.296246
0.100675

for CPD10 is large, and genetic components for all smokingrelated phenotypes seem relatively less informative.
Figure 1 shows that AUCs of two nonpenalized methods,
GRS and MultiBLUP, on test set were generally outperformed
by the penalized methods across various levels of 𝑛 and 𝑝1 .
Both approaches do not consider the joint effects among
multiple causal SNPs. GRS assumes that effect sizes for
causal SNPs are homogeneous and MultiBLUP assumes that
sums of each SNP affect the normal distribution. However,
penalized methods estimate individual effects of each SNP by
shrinking each coefficient. This may explain the superiority
of penalized methods over nonpenalized methods, but if
those assumptions for nonpenalized methods are satisfied,
they may perform better than penalized methods approaches.
Interestingly MultiBLUP performs better than GRS except
OB if 𝑛 is larger, and AUC improvement of MultiBLUP for
larger 𝑛 is more substantial than GRS. Therefore, MultiBLUP
seems to be more reasonable choice than GRS. Comparing
overall performances of penalized methods, it can be seen
that ridge and TR are the best, LASSO and elastic-net are the
second, and SCAD is the last even though the performance
of each method depends on specific diseases and the levels
of 𝑛 and 𝑝1 . Regardless of 𝑛 and 𝑝1 , ridge was the best
performer even for small 𝑛 for all phenotypes except SI. For
SI, it seems that the performance of ridge depends on 𝑛
rather than 𝑝1 . TR virtually has almost the same prediction
accuracy, and Figure 2 shows that its model complexity is
similar with ridge for CPD, obesity, hypertension, and T2D.
This observation is also strengthened by the fact that the
optimal value of truncation parameter, 𝑎, is around 0.001, and
thus the effect of truncation parameter on model complexity
is almost negligible for these data sets. However, Figure 1
shows that differences between ridge and TR are substantial
for SC and SI. AUCs of TR depend on 𝑝1 and, in particular, are
large even when 𝑛 is small, which indicates that AUCs of TR

CPD
0.243554
0.424123

SI
0.052088
0.080256

SC
1.00𝐸 − 06
0.102595

depend less on 𝑛 than ridge. Robustness of TR can be partially
explained by smaller model complexity than ridge in Figure 2.
For instance, TR usually selects quite small number of SNPs
(at most 15.3 SNPs for 𝑛 ≤ 800 and 46.6 SNPs for 𝑝1 ≤ 800)
but achieves higher prediction accuracy than ridge when 𝑛 is
less than 800. However, when 𝑝1 = 𝑛 = 1600, TR selects the
same number of SNPs as ridge. Thus, we can conclude that the
effect of truncation parameter diminishes for large 𝑛, which
explains higher prediction accuracy when 𝑛 is small.
LASSO and elastic-net show relatively large dependency
on 𝑛 and 𝑝1 in prediction accuracy and model complexity for
whole phenotypes except SI, and their AUCs are proportionally related to 𝑛 but inversely related to 𝑝1 . Although their
prediction accuracies are lower than those of ridge and TR
for small 𝑛, they perform as well as ridge with small numbers
of SNPs for large 𝑛. For instance, LASSO includes about 100
SNPs for 𝑛 = 1600 and 𝑝1 = 200 and about 500 SNPs
for 𝑛 = 1600 and 𝑝1 = 1600, which indicates that we can
construct prediction models without using the whole SNPs.
Elastic-net tends to behave quite similarly as LASSO and it
selects slightly larger number of SNPs for whole phenotypes
except SI.
In terms of model complexity, there are substantial
differences among penalized methods. Figure 2 show that
SCAD selects the smallest number of covariates, while other
methods such as LASSO and elastic-net usually include
much more covariates. Ridge always includes all covariates,
and model complexity for TR depends on data. However,
even though SCAD generates the simplest model, SCAD is
less preferable if it achieves the least performance among
penalized regressions. For 𝑛 = 1600, SCAD performs as well
as other methods while still keeping small number of SNPs.
For instance, for obesity, AUCs of SCAD are virtually the best
and select extremely sparse models that have only 7.3 and 3.4
SNPs for 𝑝1 = 200 and 𝑝1 = 1600, respectively. Therefore, we
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Figure 2: Continued.
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Figure 2: Number of nonzero 𝑝1 in the disease risk prediction model. Numbers of nonzero coefficients of SNPs in disease risk prediction
model were provided for different 𝑛 and 𝑝1 . TR indicates the truncated ridge.

can conclude that SCAD is appropriate as long as relatively
large number of individuals is available.

4. Discussion
In this study we have considered five penalized and two nonpenalized statistical methods with six case-control datasets
that are computationally feasible at the genome-wide scale.
Each method was utilized to build the disease risk prediction
model with different sample sizes and numbers of variants,
and the accuracy of disease risk prediction models was
evaluated with cross validation. Cross validation tends to
overestimate the prediction accuracy, and results should be
interpreted with care. A more reliable but time-consuming
way is to compare the methods on random partitions of data.
However cross validation does not have a strong preference
towards a specific method and it may give us a rough idea on
prediction accuracies of methods. According to our results,
dense methods such as ridge and TR are usually more
accurate than sparse methods such as LASSO and SCAD.
For a large sample size, prediction accuracies from penalized
methods are expected to be similar to that from ridge [23, 35,
50].
However, in spite of our comprehensive evaluations,
various factors such as filtering conditions for SNPs or individuals, test statistic for prescreening, and ways of obtaining
tuning parameters can affect the accuracy of the final risk
prediction model, and depending on their choices, accuracy
of disease risk prediction model can be substantially different.
In this context, the 1-standard deviation rule [14] for tuning
parameters was adopted to reduce overfitting problem. However, it did not provide any significant improvement in the
results, which may indicate that there may be many causal
genetic variants with small effects in the analyzed data sets.
This consistently explains the reason why dense methods
outperformed sparse methods such as LASSO and SCAD in
our analysis. Moreover, while the results from SCAD were
quite unstable for 𝑎 = 10, the choice of 𝑎 = 50 led to the
better prediction accuracy. These findings suggest that most
of SNPs have a small causal effect on diseases considered in
this report. In this sense, sparse methods such as SCAD may

not be preferred for infinitesimal model [51] unless the sample
size is sufficiently large.
In this report we have compared various penalized regression methods. However, we have not considered more recent
methods such as bootstrapping methods [33, 52, 53]. Most
of them usually suffer from intensive computational burden
induced by tuning extra parameters such as bootstrap size,
and thus they are not computationally feasible at genomewide scale. Alternatively, in the follow-up studies, we pursue
the direction of refining the penalized methods considered
in this report because there is still a significant room for
improvement.
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With development of sequencing technology, dense single nucleotide polymorphisms (SNPs) have been available, enabling
uncovering genetic architecture of complex traits by genome-wide association study (GWAS). However, the current GWAS strategy
usually ignores epistatic and gene-environment interactions due to absence of appropriate methodology and heavy computational
burden. This study proposed a new GWAS strategy by combining the graphics processing unit- (GPU-) based generalized
multifactor dimensionality reduction (GMDR) algorithm with mixed linear model approach. The reliability and efficiency of the
analytical methods were verified through Monte Carlo simulations, suggesting that a population size of nearly 150 recombinant
inbred lines (RILs) had a reasonable resolution for the scenarios considered. Further, a GWAS was conducted with the above twostep strategy to investigate the additive, epistatic, and gene-environment associations between 701,867 SNPs and three important
quality traits, gelatinization temperature, amylose content, and gel consistency, in a RIL population with 138 individuals derived
from super-hybrid rice Xieyou9308 in two environments. Four significant SNPs were identified with additive, epistatic, and geneenvironment interaction effects. Our study showed that the mixed linear model approach combining with the GPU-based GMDR
algorithm is a feasible strategy for implementing GWAS to uncover genetic architecture of crop complex traits.

1. Introduction
Rice (Oryza sativa L.), a crop species of economic importance, provides the staple food for more than half of the
population in the world. In China, the super-hybrid rice
plays a pivotal role in the country’s food security. There
are almost eighty super-rice varieties, such as Xieyou9308,
that have been successfully bred and commercially released
to rice farmers since the super-rice breeding program was
initiated by the Chinese government in 1996 [1]. Substantial
geneticist’s and breeder’s effort is being expended in attempt
to further investigate the mechanisms underlying high yield

potential, wide adaptability, better grain quality, better disease
resistance, and strong resistance to lodging in super-hybrid
rice. The majority of these traits are quantitatively inherited.
In addition to the increase of grain yield and the improvement
of living conditions, more attention has been being paid
toward improving grain quality, related to preference of
cooking and eating quality of rice varieties.
As an important grain quality trait for rice, the level of
amylose content (AC) is positively correlated with resistant
starch (RS) content of granular starches [2–10], which is
defined as the portion of dietary starch that is not digested
in the small intestine of a healthy human [11]. Gelatinization
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temperature (GT), the critical temperature at which about
90% of the starch granules have swelled irreversibly in hot
water and start to lose crystallinity and birefringence, is
another important criterion for rice quality related to cooking
quality [12]. Gel consistency (GC), a measure of cold pasteviscosity of cooked milled rice flour, is a good index of cooked
rice texture, especially for rice with high AC. Breeders are
trying to develop high-yielding varieties with soft GC [12]
because rices with soft GC cook tender and remain soft even
upon cooling [13]. Therefore, understanding the genetic basis
of these key traits associated with grain quality is essential to
predictive rice improvement.
As high-throughput technologies producing dense single
nucleotide polymorphisms (SNPs) across the whole genome,
the genome-wide association study (GWAS) provides us with
insightful information into genetic architecture of complex
traits and is a common approach to uncover genetic components of agronomic traits. Association mapping is a highresolution method to map quantitative trait SNPs (QTSs)
based on linkage disequilibrium (LD). Association analytical
methods can evaluate whether certain alleles within a population are correlated with the phenotypes of interest more
frequently than the expected ones under the null hypothesis.
Thus, the limitations in the traditional linkage mapping
due to the statistical ambiguity with insufficient molecular
markers can be alleviated. It has been widely applied in plant
resource populations such as rice, maize, barley, and wheat
recently [14–19].
However, the current GWAS analysis fails to detect
epistatic and gene-environment interactions in most studies
such as maize. But phenotypes of all living organisms represent the consequence of several genetic components including epistatic effects and their interactions with environment;
therefore, to estimate genetic merit relevant to the epistases
and their interactions with environment certainly plays a
crucial role in planning an effective breeding regime [20, 21].
Searching for only main effects may miss the key genetic
variants with specific environment response in the context of
complex traits and it is not likely to provide reliable estimates
of genetic component effects [22].
On the other hand, due to the prohibitively intensive
computation required for a GWAS, the available methods are
unpractical and difficult to extend for detection of gene-gene,
gene-environment, and gene-gene-environment interactions
in an experimental data with multiple environments with
enormous SNPs. Currently, a workable solution is provided
with the availability of generalized multifactor dimensionality reduction (GMDR) algorithm on a computing system
with graphics processing units (GPUs), a type of hardware
implementation of parallel computation that can be adapted
for many scientific tasks [23]. The present study first used the
GMDR-GPU software to screen potential candidate variants
and then used the mixed liner model to dissect the epistatic
and gene-environmental interactions of GT, AC, and GC
in a super-hybrid rice Xieyou9308 derived RIL population,
which was preferentially selected as the cardinal population
for the development of BCF1 populations or immortalized
F2 populations for the identification of QTLs associated with
important agronomic traits [24–26]. Before analyzing the real
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data, Monte Carlo simulations were carried out to test the
reliability and efficiency of the model and methods.

2. Materials and Methods
2.1. Field Experiment and DNA Resequencing for Genotyping.
A RIL mapping population consisting of 138 lines, derived
from super-hybrid rice Xieyou9308, was planted in Linshui City, Hainan Province, and Hangzhou City, Zhejiang
Province, in 2009, respectively. Three quality traits, GT, AC,
and GC, were investigated.
DNA resequencing was conducted in Beijing Genomics
Institute (BGI) for two parents with 10X coverage and 138
lines with 2X coverage. The latest version of Nipponbare
sequence [27] was used as the reference genome. Sequence
alignment was conducted between the sequencing sequence
and the reference genome with the software of BurrowsWheeler Aligner (BWA) [28]. SNPs were searched between
the individuals and the reference genome using the software
of Sequence Alignment/Map Tools (SAMtools) [29] with the
criteria of base quality over 30, mapping quality over 20, and
the maximum sequence depth less than 1000. All the results
were integrated by Perl program. A total of 701,867 SNPs
were generated from DNA resequencing for the subsequent
association study.
2.2. Genetic Models and Statistical Methods. Association
mapping was performed using the mixed linear model
approach. Suppose that the genetic variation of one quantitative trait is controlled by 𝑠 genes. An experiment under
multiple environments is conducted for gene mapping. The
phenotypic value of the 𝑘th individual in the ℎth environment
(𝑦ℎ𝑘 ) can be expressed by the following mixed linear model:
𝑠

𝑦ℎ𝑘 = 𝜇 + ∑𝑥𝑖𝑘 𝑎𝑖 + ∑𝑥𝑖𝑘 𝑥𝑗𝑘 𝑎𝑎𝑖𝑗 + 𝑒ℎ
𝑖=1

𝑖<𝑗

(1)

+ ∑𝑥𝑖𝑘 𝑎𝑒ℎ𝑖 + ∑𝑥𝑖𝑘 𝑥𝑗𝑘 𝑎𝑎𝑒ℎ𝑖𝑗 + 𝜀ℎ𝑘 ,
𝑖

𝑖<𝑗

where 𝜇 is the population mean; 𝑎𝑖 is the additive effect
of the 𝑖th SNP with coefficient 𝑥𝑖𝑘 , fixed effect; 𝑎𝑎𝑖𝑗 is the
additive × additive interaction effect between the 𝑖th SNP
and the 𝑗th SNP with coefficient 𝑥𝑖𝑘 𝑥𝑗𝑘 , fixed effect; 𝑒ℎ is the
random effect of the ℎth environment; 𝑎𝑒ℎ𝑖 is the additive
× environment interaction effect of the 𝑖th SNP and the ℎth
environment effect with coefficient 𝑥𝑖𝑘 , random effect; 𝑎𝑎𝑒ℎ𝑖𝑗
is the interaction effect of 𝑎𝑎𝑖𝑗 with the ℎth environment with
coefficient 𝑥𝑖𝑘 𝑥𝑗𝑘 ; and 𝜀ℎ𝑘 is the random residual effect of
the 𝑘th individual in the ℎth environment. The coefficient
𝑥𝑖𝑘 can be determined according to the genotype of the SNP,
taking values of 1 and −1 for the homozygotes of high and low
frequency alleles, respectively, and of 0 for the heterozygote.
A two-step mapping strategy for GWAS was employed to
dissect genetic architecture of AC, GC, and GT. First, we used
GMDR method [30] to screen SNPs potentially associated
with phenotype using 1-locus model, 2-locus model, and
3-locus model, respectively; a set of reduced number of
candidate SNPs was obtained for the AC, GC, and GT.
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Table 1: Estimates of SNP additive effects and interaction effects with the environments under three different population structures (70%).
Chr

SNP ID

1

28

2

100

3

93

a

Pop
100
150
200
100
150
200
100
150
200

Par.

ae1
Est.
−3.32
−3.39
−3.42
−2.79
−2.90
−2.94
−1.86
−1.84
−1.90

−3.24

−2.65

−1.77

Par.
2.65

4.05

3.24

ae2
Est.
2.67
2.81
2.81
4.16
4.26
4.34
3.34
3.34
3.34

Par.

Est.
−2.46
−2.51
−2.45
−3.79
−3.75
−3.73
−3.17
−3.14
−3.09

−2.65

−4.05

−3.24

Power
99.00
100.00
100.00
100.00
100.00
100.00
87.00
98.50
100.00

Chr: the ordinal number for simulated chromosome; Pop: the population size; Power: the percentage of the detected SNP with significant effect at 0.05 levels;
Par.: the true value of parameter in simulations; Est.: the estimate of parameter; a: additive effect; ae1 and ae2 : the interaction effect of additive with environment
1 and 2, respectively.

Table 2: Estimates of epistasis and interaction effects with the environments under three different population structures (70%).
Chr.i

SNPID.i

Chr.j

SNPID.j

Pop

44

3

63

100
150
200

2

aa
Par.
3.86

aae1
Est.
3.42
3.24
3.21

Par.
4.47

aae2
Est.
4.87
5.05
5.12

Par.
−4.47

Est.
−3.99
−3.90
−3.79

Power
100.00
100.00
99.50

aa: additive-additive epistasis effect; aae1 and aae2 : the environment-specific additive-additive epistasis effect; Pop, Power, Par., and Est. have same definitions
as those in Table 1.

Based on these potential SNPs, the model (1) was applied
for significance test of the genetic effects due to individual
SNP and paired SNPs in terms of 𝐹-statistic and the threshold
specified by the permutation method at the experiment-wise
error rate of 0.05. Then, all the significant SNPs were used
to build a full model and the MCMC method was employed
to generate the distribution of each effect in the full model.
On the basis of the distribution, each effect was estimated
by the mean and its significance is tested by 𝑡-statistic [31].
The data analysis by the two-step strategy was implemented
with a newly developed GWAS software called QTXNetwork
(http://ibi.zju.edu.cn/software/QTXNetwork/).

3. Results
3.1. Monte Carlo Simulations. To investigate the efficiency
and accuracy of the proposed methods, we performed a
series of Monte Carlo simulations to verify the unbiasedness
and robustness as well as statistical power. Because our
real experiment data is based on a rice RIL population,
we conducted the simulations based on this kind of population to examine our methods. Two environments were
considered. 525 SNPs were scattered across 3 chromosomes,
with 175 markers evenly distributed on each chromosome.
Three individual QTSs controlling the quantitative trait were
assigned on 3 chromosomes and two-paired epistatic QTSs
were also set with gene-gene-environment interaction effects.
Our simulations would also investigate the influences of
heritability and population size on estimation of QTS parameters. Different heritabilities and population sizes were used

in simulations. Each simulation generated the experimental
samples according to the parameter setting for analysis and
the results from 200 simulations are summarized in Tables 1–
4.
Under a heritability of 70%, we conducted simulations to
investigate the effectiveness and robustness of our proposed
method in estimating QTS parameters, according to the
results in Tables 1 and 2, it was clear that all the QTSs could be
detected, and all kinds of effects could be estimated effectively
under the three population sizes. Most estimates were close to
true values of parameter, and the estimation accuracy of QTS
effects was acceptable, especially for the QTS main effects.
The estimates of additive-additive interaction effects with
environments were less accurate, which might be due to the
interference additive-additive effects. The statistical power
increased as the population size became bigger and most of
the power under the population size over 150 individuals was
100% except SNP.93 on the third chromosome.
In order to understand the robustness of our method,
we conducted simulations under two heritabilities of 70%
and 50%, respectively, under the population size of 150
individuals. The simulation results (Tables 3 and 4) clearly
showed a very accurate detection of QTSs and estimation of
QTS effects. All the estimates of QTS positions and effects
were quite robust for different heritabilities, but the epistatic
interaction effects with environments between SNP.44 on
the second chromosome and SNP.63 on the third chromosome deviated a little from the true value. Additionally, the
power did not changed very much when the heritability was
increased from 50% to 70%.
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Table 3: Estimates of SNP additive effects and interaction effects with the environments under two different heritabilities.
a

Chr
1
2
3

SNPID

Par.
−0.79
−0.67
−0.40

28
100
93

ae1
Est.

I
−0.81
−0.67
−0.41

II
−0.83
−0.68
−0.41

ae2
Est.

Par.

I
0.65
0.38
0.32

0.63
0.39
0.32

Par.

II
0.67
0.39
0.32

−0.63
−0.39
−0.32

Power
Est.

I
−0.60
−0.37
−0.31

II
−0.58
−0.37
−0.31

I
100.00
100.00
69.00

II
100.00
100.00
70.00

I and II stand for two different heritabilities of 50% and 70%, respectively, which are the proportions of total phenotypic variation ascribed to SNP additive
effects and additive-environment interaction effects; Power, Par., Est., a, ae1 , and ae2 have the same definitions as those in Table 1.

Table 4: Estimates of epistasis and interaction effects with the environments under two different heritabilities.
aa
Chr.i
2

SNPID.i
44

Chr.j
3

SNPID.j
63

Par.
0.39

aae1
Est.

I
0.38

II
0.38

Par.
0.17

aae2
Est.

I
0.18

II
0.17

Par.
−0.17

Power
Est.

I
−0.18

II
−0.16

I
100.00

II
99.50

Power, Par., and Est. have the same definitions as those in Table 1; aa, aae1 , and aae2 have the same definitions as those in Table 2.

In conclusion, according to the increase of population
size, the power values of QTS with median effects became
higher and the estimated effects were closer to the true
parameter values. Therefore, a population consisting of
around 150 or more RILs is a reasonable size to maintain
the estimation efficiency and power for a trait controlled by
modest QTS effects.
3.2. The Genetic Architecture of Rice Quality Traits. Based
on the above simulation consequences, an association study
was conducted to analyze the genetic architecture for three
quality traits of super-hybrid rice Xieyou9308 RIL population
with 138 lines in two environments and the results were listed
in Table 5. Totally, four QTSs were detected on all the rice
chromosomes for the three quality traits, 2 QTSs for AC, 2
QTSs for GC, and 2 QTSs for GT, respectively. One QTS
seemed to be pleiotropic for all the three traits. The total
heritability estimated by the full model for the three traits was
all over 50%, of which the highest was 68.67% for AC and the
lowest was 52.01% for GT.
For AC, two QTSs were detected and involved only in
additive effects with very high significance and both of effects
were negative. Within them, the heritability of rs1644460 was
as high as 51.78% whose proportion was up to 75.4% of total
heritability.
There were also two QTSs discovered for GC. Positive
additive effect of rs1644460 and negative additive effect of
rs919289 were detected, similar to AC; the former, with an
extremely high significance, accounted for more than 89% of
the genetic variance of GC. The special QTS, rs1644460, was
significant in both environments but showed varying effects
in different environments, indicating an unstable expression
of this QTS across different environments.
For GT, two significant QTSs were identified, which were
involved not only in additive effects and additive × environment interaction effects but also in epistasis and interaction of
epistasis with environments. The QTS, rs1289107, with highest
additive effect reached the highest heritability (24%) of all the

effects. Similar to GC, there were two QTSs, rs1289107 and
rs1644460, which were expressed in distinct patterns under
different environments and they reached high heritability in
interaction effects of additive with environments, indicating
that the expression of these two QTSs depended substantially
on environments. It should be noted that one-paired epistatic
QTSs were detected for GT with different pattern epistasis ×
environment interaction effects.
Throughout the three traits, rs1644460 was detected for
all the three quality traits with high significance and heritability, suggesting a pleiotropic role of the QTS for the three
traits. Generally, there were diverse patterns in genetic effects
of QTSs among three quality traits. The QTSs controlling
all the three traits expressed mainly in genetic main effects
and subtle environment-specific additive or additive-additive
epistasis effects were detected. Furthermore, only two highly
significant QTSs (rs1644460 and rs1289107) were expressed
both in genetic main effects and genetic-environment interaction effects. On the contrary, two QTSs (rs1610021 and
rs919289) were expressed mainly in additive effects and
modestly in genetic-environment interaction effects for AC
and GC. Conclusively, environment is a very crucial factor
to affect gene expression for rice quality traits. Most QTSs
interact with environment and the environment can enhance
or weaken the expression of most QTSs for the three quality
traits.

4. Discussion
Epistasis and its interaction with environment have been
recognized as important components of cultivar performance
and have received more attention in rice breeding programs.
Nevertheless, these effects have not yet effectively been
analyzed by the current GWASs for the reason of absence
of appropriate statistical methodology and heavy burden of
computation [32–34]. If a reduced model ignoring epistasis
and gene-environment interaction is employed, the resulting
GWAS would give biased estimation of effects, poor detection
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Table 5: Detected SNPs with significant genetic effects.

Trait

QTS

Chr.

Allele

Effect

Predict

− log10 (𝑃)

ℎ2 (%)

Total

AC

rs1610021
rs1644460

6
6

G/A
C/T

a
a

−2.20
−3.85

26.94
79.97

16.89
51.78

68.67

rs1644460

6

C/T

a
ae1

15.02
−3.48

61.32
2.52

52.15
2.80

3.47
−3.96

2.11
4.97

2.80
3.63

GC

GT

rs919289

7

C/G

ae2
a

rs1289107

6

G/A

a
ae1

−0.54
0.25

25.06
3.49

24.00
5.00

C/T

ae2
a
ae1

−0.25
−0.35
−0.30

2.99
10.73
5.01

5.00
9.81
7.40

0.30
0.21
−0.16

4.05
4.33
1.76

7.40
3.60
2.20

0.17

1.61

2.20

rs1644460

6
6

G/A

ae2
aa
aae1

6

C/T

aae2

rs1289107 and rs1644460

58.58

52.01

AC: amylose content; GC: gel consistency; GT: gelatinization temperature; e1 : environment 1; e2 : environment 2; a: additive effect; ae1 and ae2 : environmentspecific additive effect; aae1 and aae2 : environment-specific additive-additive epistasis effect. − log10 (𝑃) = − log10 (𝑃-value). ℎ2 (%) = heritability (%) due to
the genetic component effect.

precision and power, and low heritability to explain variation
of complex traits [34–37]. This study used a QTS full model
including the additive effect, the additive-additive epistatic
effect, and their interaction effects with multienvironments
of each QTS, to analyze genetic architecture of gelatinization
temperature, amylose content, and gel consistency so that the
estimation accuracy of each effect will be greatly improved
benefiting from elimination of false positive QTS by permutation method and more accurate estimation of residual
effect. In order to alleviate the computing cost, we first
used the GMDR algorithm on GPU to screen the potential
associated markers and then conducted one-dimensional and
two-dimensional searching to detect putative QTSs with the
screened markers as cofactors to control background genetic
effects. Totally, we identified four QTSs with additive effects,
epistasis, and environment interaction effects for the three
quality traits.
Traditional plant breeding is based on phenotypic selection of superior genotypes among segregating progenies,
and its effectiveness is often affected by environment and
genotype-environment interaction. Therefore, it sometimes
leads to unreliable selection of some traits [38–40]. Although
marker-assisted selection (MAS) is an effective way to
improve the efficiency and precision of plant breeding, it
is still under the influence of the strength in association
between markers and genes of target traits. As the highly
significant SNPs identified by GWAS mapping mostly link
tightly to the genes controlling target traits, with assistance
of these detected QTSs in this study, selection of the quality
traits will be more efficient and accurate improvement of
target traits will be fast achieved. Further, based on the
information of genetic main effects of QTSs or interaction
effects of QTSs with environments, it becomes possible for us

to design an universal selection strategy effective for all the
environments or a specific selection strategy for individual
environments.
According to the association analysis, two QTSs
(rs1610021 and rs1289107) of the four QTSs, which are
involved in the genetic variation of three quality traits of rice,
are located in the region of the known genes (Os06g0130100
and Os06g0124300), and the other two, rs1644460 and
rs919289, lie in the upstream or the downstream of known
genes (Os06g0130800 and Os07g0116900). Some of these
genes have been well defined; for example, there is one QTS,
rs919289, near the gene of Os07g0116900 that is described
as NADH ubiquinone oxidoreductase, 20 kDa subunit
domain containing protein. NADH plays essential roles in
metabolism, which emerges as an adenine nucleotide that
can be released from cells spontaneously and by regulated
mechanisms [41, 42]. But the function of the others or the
relationship between the gene and the three quality traits
of rice still remains unexplored, such as Os06g0130100
whose annotation is similar to ERECTA-like kinase 1. It has
been previously reported that ERECTA-family receptor-like
kinases (RLKs) are redundant receptors that relate cell
proliferation to organ growth and patterning [43]. Further
investigation is needed to explain the association between
RLK ERECTA and the three quality traits of rice.
Although the three rice quality traits exhibit different
genetic architecture in the pattern of genetic effects, we
believe that all of these are crucial genetic resources for
improvement of the traits by selection of genetic effects. However, more validation is needed if these QTSs will be extended
to other populations with different genetic background.
In addition, more detailed whole-genome scanning, more
powerful bioinformatics tools, and larger size of mapping
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populations are required since only causative polymorphisms
with large effects can be detected given the size of the used RIL
population [44].
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By measuring messenger RNA levels for all genes in a sample, RNA-seq provides an attractive option to characterize the global
changes in transcription. RNA-seq is becoming the widely used platform for gene expression profiling. However, real transcription
signals in the RNA-seq data are confounded with measurement and sequencing errors and other random biological/technical
variation. To extract biologically useful transcription process from the RNA-seq data, we propose to use the second ODE for
modeling the RNA-seq data. We use differential principal analysis to develop statistical methods for estimation of location-varying
coefficients of the ODE. We validate the accuracy of the ODE model to fit the RNA-seq data by prediction analysis and 5-fold
cross validation. To further evaluate the performance of the ODE model for RNA-seq data analysis, we used the location-varying
coefficients of the second ODE as features to classify the normal and tumor cells. We demonstrate that even using the ODE model
for single gene we can achieve high classification accuracy. We also conduct response analysis to investigate how the transcription
process responds to the perturbation of the external signals and identify dozens of genes that are related to cancer.

1. Introduction
Next-generation sequencing (NGS) technologies have revolutionized advances in the study of the transcriptome. The
newly developed deep-sequencing technologies make it possible to acquire both quantitative and qualitative information
regarding transcript biology. By measuring messenger RNA
levels for all genes in a sample, RNA-seq provides an attractive
option to characterize the global changes in transcription.
To generate RNA-seq data, the complete set of mRNAs are
first extracted from an RNA sample and then shattered and
reverse-transcribed into a library of cDNA fragments with
adaptors attached. These short pieces of cDNA are amplified
by polymerase chain reaction and sequenced by machine,
producing millions of short reads. These reads are then
mapped to a reference genome or reference transcript. The
number of reads within a region of interest is used as a measure of abundance. The reads can also be assembled de novo
without the genomic sequence to create a transcription map.
Compared to microarray which provides limited gene
regulation information, RNA-seq offers a comprehensive
picture of the transcriptome. RNA-seq has made a number
of significant qualitative and quantitative improvements on

gene expression analysis and provides multiple layers of
resolutions and transcriptome complexity: the expression at
exon, SNP, and positional level; splicing; posttranscriptional
RNA editing across the entire gene; isoform and allelespecific expression [1].
Many advantages include strong concordance between
platforms, higher sensitivity and dynamic range, lower technical variation and background signal, and high level of
technical and biological reproducibility, and so on [2–5].
However, some limitations are inherent to next-generation
sequencing technology. For example, the read coverage may
not be homogeneous along the genome, and different samples may be sequenced at different levels of depth in the
experiment. Also, although some genes may have a similar
level of expression, longer genes are more likely to have
more reads than short ones. Therefore, RNA-seq data must
be normalized before any comparison of the counts can be
made. Another consideration is that, in production of cDNA
libraries, larger RNA must be fragmented into smaller pieces
to be sequenced and different fragmentations may create
bias towards different outcomes. Some other informatics
challenges like the storage, transfer, and retrieval of large size
data may bring additional errors [6, 7].

2
Expression variability measured by RNA-seq arises from
three primary sources: (i) real biological differences in different experimental groups or conditions, (ii) measurement
errors, and (iii) random biological and/or technical variation
[1, 8]. The first type of variability is of real biological interest
but is confounded with measurement and sequencing errors
and other random biological/technical variation. How to
appropriately take the latter two types of variability into
account is essential issue in the RNA-seq data analysis.
The purpose of this paper is to borrow dynamic theory
from engineering and use ordinary differential equation
(ODE) for modelling the observed number of reads across
the gene and unravelling the features of gene transcription
[9]. To achieve this goal, we considered the number of
reads or expression level at each position as a function of
the genomic position and viewed the transcription process
as a stochastic process of transcription along the genome.
Instead of taking the derivative of expression level with
respect to time, we calculated the expression level derivative
with respect to genomic position. Specifically, we proposed a
dynamic model for the variation of the transcription process
along the genome. For each gene, we use a second order
ODE with location-dependent coefficient to model that gene’s
transcription process. We develop statistical methods for
estimation of the coefficient functions in the ODE based on
principal differential analysis. Compared to the ODE model
with constant coefficient to capture the stochastic variation
feature of transcription process, the location-dependent coefficients are essential to account for the complicated stochastic
process of gene regulation.
To examine the precision of the ODE for modeling the
RNA-seq data, we split the samples into five groups and use
5-fold cross validation to evaluate the accuracy of predicting
gene expression level across the gene using the ODE model.
To capture stochastic feature of gene regulation, we conduct the response analysis. The response analysis of transcriptional processes for each gene using its fitted differential equation can provide important aspects of transcription, including
alternative splicing, alternative start and end of transcription,
and alternative isoforms. To differentiate feature of gene
regulation between normal and cancer tissue samples, we
develop statistics to test for significant difference in the
response of the gene regulation between the normal and
cancer samples under the perturbation of external signals and
perform genome-wide response analysis of gene regulation.
Using the ODE model, we identified the genes that have
a significantly different transcriptional process (both different magnitude and different patterns) and identified genes
that showed significantly differential stochastic behaviors in
response to environmental perturbations between normal
and cancer samples.
To further explore application of the ODE for RNA-seq
data analysis, we take the location-varying coefficients of the
ODE as features and use FPCA as a tool for extraction of
these features. The FPCA scores are used as features and the
Lasso logistic regression is used as feature selection tool and
classifier for distinguishing the cancer and normal samples.
The data suggest that the dynamic features of gene transcription captured by the coefficient functions can retrieve

BioMed Research International
the original process information. Therefore, they naturally
served as good candidate’s features for clustering genes with
similar transcription process. These groups of genes could
share common biological function, chromosomal location,
pathway, or regulation. The ODE for modeling the RNAseq data has the potential to provide valuable information
for understanding the mechanism of gene regulation and
unraveling disease processes.

2. Materials and Methods
2.1. ODE Model with Varying Coefficients for RNA-seq Data.
Assume that the expression of a gene is measured by the
number of sequence reads mapped to this gene in the region
𝑇 = [𝑎, 𝑏]. Let 𝑡 denote a genomic position, let 𝑦(𝑡) be
observed gene expression level that was measured by the
number of reads mapped to the genomic position, and let 𝑥(𝑡)
be the hidden state that determined the gene expression level
at the genomic position 𝑡. To model transcription process,
the second order ordinary differential equation (ODE) with
location-varying coefficients can be specified as follows:
𝐿 (𝑥 (𝑡)) =

𝑑𝑥 (𝑡)
𝑑2 𝑥 (𝑡)
+ 𝑤1 (𝑡)
+ 𝑤0 (𝑡) 𝑥 (𝑡) = 0,
𝑑𝑡2
𝑑𝑡

(1)

where 𝑤1 (𝑡) and 𝑤0 (𝑡) are weighting coefficients or parameters in the ODE. Its observations 𝑦(𝑡) often have measurement errors:
𝑦 (𝑡) = 𝑥 (𝑡) + 𝑒 (𝑡) ,

(2)

where 𝑒(𝑡) is measurement error at the position 𝑡.
2.2. Estimation of Coefficient Functions in the ODE. Estimation of coefficient functions in the ODE consists of two steps.
̂ from the observed
At the first step we estimate the states 𝑥(𝑡)
number of reads 𝑦(𝑡) assuming that coefficient functions
in the ODE are given. At the second step, we estimate the
coefficient functions in the ODE, assuming that states 𝑥(𝑡)
have been estimated.
Step 1. To estimate 𝑥(𝑡), we first expand the function 𝑥(𝑡) in
terms of basis functions 𝜙(𝑡) and then estimate its expansion
coefficients. Let 𝑥𝑖 (𝑡) be the state variable at the genomic
position 𝑡 of the 𝑖th sample and let 𝑦𝑖 (𝑡) be its observation
(𝑖 = 1, . . . , 𝑛). Then, 𝑥𝑖 (𝑡) can be expanded as
𝐾

𝑥𝑖 (𝑡) = ∑𝑐𝑖𝑗 𝜙𝑗 (𝑡) = 𝐶𝑖𝑇 𝜙 (𝑡) ,

(3)

𝑗=1

where 𝐶𝑖 = [𝑐𝑖1 , . . . , 𝑐𝑖𝐾 ]𝑇 and 𝜙(𝑡) = [𝜙1 (𝑡), . . . , 𝜙𝐾 (𝑡)]𝑇 .
Similarly, the parameters 𝑤1 (𝑡) and 𝑤0 (𝑡) can be
expanded as
𝐾

𝑤1 (𝑡) = ∑ ℎ1𝑗 𝜙𝑗 (𝑡) = ℎ1𝑇 𝜙 (𝑡) ,
𝑗=1
𝐾

𝑤0 (𝑡) = ∑ ℎ0𝑗 𝜙𝑗 (𝑡) =
𝑗=1

(4)
ℎ0𝑇 𝜙 (𝑡) .
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Substituting their expansions into (1), we obtain

Therefore, problem (11) can be reduced as

𝐿 (𝑥𝑖 (𝑡)) = 𝐶𝑖𝑇 Ψ (𝑡) ,
2

(5)

2

ℎ

𝑇

where Ψ(𝑡) = 𝑑 𝜙/𝑑𝑡 + 𝐺(𝑡)ℎ, 𝐺(𝑡) = [(𝑑𝜙/𝑑𝑡)𝜙 (𝑡),
𝜙(𝑡)𝜙𝑇 (𝑡)], and ℎ = [ℎ1𝑇 , ℎ0𝑇 ]𝑇 . To smooth the estimated funĉ we impose the following penalty term:
tion 𝑥(𝑡),
𝜆 ∫ 𝐿 (𝑥𝑖 (𝑡)) 𝐿𝑇 (𝑥𝑖 (𝑡)) 𝑑𝑡 = 𝜆𝐶𝑖𝑇 𝐽𝜙ℎ 𝐶𝑖 ,

(6)

𝑇

where 𝐽𝜙ℎ = ∫𝑇 Ψ(𝑡)Ψ𝑇 (𝑡)𝑑𝑡.
We estimate the state function 𝑥(𝑡) from the observation
data 𝑦(𝑡) by minimizing the following objective function
which consists of the sum of the squared errors between the
observations and the estimated states and the penalty terms:
𝑛 { 𝜏
}
2
∑ { ∑ [𝑦𝑖 (𝑡𝑗 ) − 𝑥𝑖 (𝑡𝑗 )] + 𝜆 ∫ 𝐿 (𝑥𝑖 (𝑡)) 𝐿𝑇 (𝑥𝑖 (𝑡)) 𝑑𝑡}
𝑇
𝑖=1 𝑗=1
{
}
𝑛 { 𝜏
}
= ∑ { ∑ [𝑦𝑖 (𝑡𝑗 ) − 𝑥𝑖 (𝑡𝑗 )] + 𝜆𝐶𝑖𝑇 𝐽𝜙ℎ 𝐶𝑖 } .
𝑖=1 𝑗=1
{
}

(7)

Let
𝑇

𝑌 = [𝑌1𝑇 , . . . , 𝑌𝑛𝑇 ] ,

𝑇
𝜙̃ = [𝜙 (𝑡1 ) , . . . , 𝜙 (𝑡𝑇 )] ,

𝐶 = [𝐶1𝑇 , . . . , 𝐶𝑛𝑇 ] ,

𝑌𝑖 = [𝑦𝑖 (𝑡1 ) , . . . , 𝑦𝑖 (𝑡𝑇 )] ,

̃ . . . , 𝜙)
̃ ,
Φ = daig (𝜙,

𝑇

(8)

𝐽 = diag (𝐽𝜑ℎ , . . . , 𝐽𝜙ℎ ) .

Problem (7) can be rewritten in a matrix form:
min (𝑌 − Φ𝐶)𝑇 (𝑌 − Φ𝐶) + 𝜆𝐶𝑇 𝐽𝐶.
𝐶

(9)

The least square estimators of the expansion coefficients are
then given by
−1

𝐶 = (Φ𝑇Φ + 𝜆𝐽) Φ.

(10)

Step 2. Next we estimate the coefficient functions in the ODE.
The coefficient functions in the ODE can be estimated by
minimizing the following least squares objective function:
̂ (𝑡)) 𝐿 (𝑋
̂ (𝑡)) 𝑑𝑡,
min SSE𝑝 = ∫ 𝐿 (𝑋
𝑇

ℎ

min SSE𝑝 = ∫ Ψ𝑇 (𝑡) 𝐶∗𝑇 𝐶∗ Ψ (𝑡) 𝑑𝑡,

𝑇

(11)

̂
where 𝐿(𝑋(𝑡))
= [𝐿(𝑥̂1 (𝑡)), . . . , 𝐿(𝑥̂𝑛 (𝑡))]𝑇 .
Since 𝐿(𝑥𝑖 (𝑡)) = 𝐶𝑖𝑇 Ψ(𝑡), the 𝐿(𝑥(𝑡)) can be expressed in
terms of the estimated expansion coefficients as
̂ (𝑡)) = 𝐶∗ Ψ (𝑡) ,
𝐿 (𝑋

(12)

where the matrix 𝐶∗ is estimated and hence fixed in minimization problem (14). Setting the partial derivative of SSE𝑝
to be zero,
𝜕SSE𝑝
𝜕ℎ

= ∫ 𝐺𝑇 (𝑡) 𝐶∗𝑇 𝐶∗ [
𝑇

𝑑2 𝜙
+ 𝐺 (𝑡) ℎ] 𝑑𝑡 = 0.
𝑑𝑡2

(15)

Solving (15) for ℎ, we obtain
−1

ℎ = − [∫ 𝐺𝑇 (𝑡) 𝐶∗𝑇 𝐶∗ 𝐺 (𝑡) 𝑑𝑡] ∫ 𝐺𝑇 (𝑡) 𝐶∗𝑇 𝐶∗
𝑇

𝑇

𝑑2 𝜙
𝑑𝑡.
𝑑𝑡2
(16)

In summary, we iteratively determine the expansion coefficients of the state function 𝑋(𝑡) for fixed parameters in the
ODE by (10) and estimate the coefficient functions in the
ODE for fixed expansion coefficients by (16).
2.3. ODE for Classification. To illustrate that the ODE can be
used as a useful tool for modeling the profile of the RNAseq expression we will show that the ODE can capture all
variation of gene expression across the gene and that the
coefficient functions of the ODE are useful feature extraction
of the RNA-seq data. The ODE can be used for classifying
tumor and normal samples.
Since dimensions of the coefficient functions of the
ODE are extremely high, the functional principal component
analysis (FPCA) is used to reduce the dimensions of the
coefficient functions of the ODE.
The FPCA tries to find the dominant direction of variation around an overall trend function [10, 11]. Each principal
component is specified by the weight function 𝛽(𝑡), and the
principal component scores of the individuals in the sample
are defined as the inner product of weight function and
functional curves (𝑤0 (𝑡), 𝑤1 (𝑡)):
𝑧 = ∫ 𝛽 (𝑡) 𝑤 (𝑡) 𝑑𝑡,
𝑇

(17)

where, for convenience, we use 𝑤(𝑡) to denote either 𝑤1 (𝑡)
or 𝑤0 (𝑡), that is, the coordinate value of functional curves at
the direction of 𝛽(𝑡) with highest variability. By projecting
the functional curves onto set of eigenfunctions, we can
reduce the dimension to finite number, functional principal
component scores.
Suppose that for the 𝑖th individual sample we obtain the
functional principal component score:
𝑧𝑖𝑗(1) = ∫ 𝛽𝑗 (𝑡) 𝑤𝑖1 (𝑡) 𝑑𝑡,

where the matrix 𝐶∗ is defined as

𝑇

𝐶1𝑇

[ ]
[ ]
𝐶∗ = [ ... ] .
[ ]
𝑇
[𝐶𝑛 ]

(14)

𝑇

(18)

𝑧𝑖𝑗(0) = ∫ 𝛽𝑗 (𝑡) 𝑤𝑖0 (𝑡) 𝑑𝑡,
(13)

𝑇

where 𝑤𝑖1 (𝑡) and 𝑤𝑖0 (𝑡) are the coefficient functions of the
ODE for the 𝑖th individual sample and 𝛽𝑗 (𝑡), 𝑗 = 1, . . . , 𝐾, are
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a set of eigenfunctions (or principal component functions).
The original functional curves can be reduced to a finite
feature matrix:
(0)
(1)
(0)
(1)
𝑧11
⋅ ⋅ ⋅ 𝑧1𝐾
𝑧1𝐾
𝑧11

]
[
[
..
..
.. ] ,
𝑍 = [ ...
]
.
d
.
.
]
[
(0)
(1)
(0)
(1)
[𝑧𝑛1 𝑧𝑛1 ⋅ ⋅ ⋅ 𝑧𝑛𝐾 𝑧𝑛𝐾 ]

(19)

where the 𝐾 is the number of principal components selected
to explain the total variability.
To improve classification accuracy we use the Lasso
logistic regression as a classifier. In simple logistic regression,
we use the logit link to relate the mean of response with
the covariates of interest. Let x𝑖 = [𝑥1 , . . . , 𝑥𝑝 ]𝑇 be the
vector of observed covariates for 𝑖th observation, and 𝑦𝑖 is the
corresponding response outcome. For simplicity, we consider
binary cases where 𝑦𝑖 = 1 or 0. The model is specified as the
following posterior probability for 𝑖th observation [12]:
𝜋𝑖 (x𝑖 , 𝛽) = Pr (𝑦𝑖 = 1 | x𝑖 , 𝛽) =

exp (𝛽0 + 𝛽𝑇 x𝑖 )
1 + exp (𝛽0 + 𝛽𝑇 x𝑖 )

, (20)

where 𝛽 = [𝛽1 , . . . , 𝛽𝑝 ]𝑇 is the covariate vector of interest and
𝛽0 is the intercept term. And the joint log-likelihood of the 𝑁
subjects is defined as
𝑁

𝑙 (𝛽) = ∑ log 𝜋𝑖 (x𝑖 , 𝛽)

(21)

where 𝑙𝑐 (𝛽) is the constrained log-likelihood and 𝜆 is tuning
parameter to adjust the tradeoff between log-likelihood
function and the size of penalty. Please note that, in Lasso, we
usually do not penalize the intercept term and it is practically
meaningful to standardize the covariates before optimization.
The 𝐿 1 penalty is not differentiable and also 𝛽 is not
linear solution of response y. It is not trivial to get the score
functions but we can still have a solution using nonlinear
programming method [13]. The score functions for variables
with nonzero coefficients have the form
x𝑗𝑇 (y − 𝜋) = 𝜆 ⋅ sign (𝛽𝑗 ) .

Coordinate descent method is one efficient method to compute the Lasso solution. It fixes the penalty parameters 𝜆
and optimize over each parameter successively, while holding
the others fixed at current values. R package glmnet [14] can
efficiently fit the Lasso logistic regression with large 𝑁 and 𝑝.
2.4. Numerical Solution to the ODE with Bounded Values.
We use collocation Runge-Kutta method for the solution of
boundary value problem of the ODE. The basic idea is to
find a set of polynomials 𝑝𝑛 (𝑥) of degree 𝑠 which satisfies the
problem over the interval [𝑥𝑛−1 , 𝑥𝑛 ] for a set of points
𝑥𝑛𝑗 = 𝑥𝑛−1 + 𝑎𝑗 ℎ𝑛 ,

𝑝𝑛 (𝑥𝑛−1 ) = 𝑦𝑛−1 ,

which can be written as

𝑝𝑛 (𝑥𝑛𝑗 ) = 𝑓 (𝑥𝑛𝑗 , 𝑝 (𝑥𝑛𝑗 )) ,

𝑁

𝑙 (𝛽) = ∑ {𝑦𝑖 log 𝜋𝑖 (x𝑖 , 𝛽) + (1 − 𝑦𝑖 ) log (1 − 𝜋𝑖 (x𝑖 , 𝛽))}
𝑖=1

(22)
To estimate the parameter, we set its derivatives to zero and
get the score equations
(23)

Since (23) is nonlinear equation in 𝛽, we usually use some
iterative methods like Newton-Raphson algorithm to get the
solution of 𝛽.
By adding an 𝐿 1 penalty to the joint log-likelihood in (23)
we have the following constrained maximization equation:
{𝑁
𝑇
𝑙𝑐 (𝛽) = {∑ {𝑦𝑖 (𝛽0 + 𝛽𝑇 x𝑖 ) − log (1 + 𝑒𝛽0 +𝛽 x𝑖 )}
{𝑖=1
 }
−𝜆∑ 𝛽𝑗 } ,
𝑗=1
}

where 𝑗 = 1, . . . , 𝑠.
𝑦𝑛 = 𝑝𝑛 (𝑥𝑛−1 + ℎ𝑛 ) .

𝑖=1

𝜕𝑙 (𝛽) 𝑁
= ∑x𝑖 (𝑦𝑖 − 𝜋𝑖 (x𝑖 , 𝛽)) = 0.
𝜕𝛽
𝑖=1

(27)

The numerical approximation at 𝑥𝑛 is given by

𝑇

= ∑ {𝑦𝑖 (𝛽0 + 𝛽𝑇 x𝑖 ) − log (1 + 𝑒𝛽0 +𝛽 x𝑖 )} .

𝑝

where 𝑗 = 1, . . . , 𝑠, 𝑛 = 1, . . . , 𝑁.
(26)

Note that, 0 < 𝑎0 < 𝑎1 < ⋅ ⋅ ⋅ < 𝑎𝑠 < 1, they are distinct
real numbers. Also the polynomial functions 𝑝𝑛 (𝑥) are set to
satisfy

𝑖=1

𝑁

(25)

(24)

(28)

R package bvpSolve implements the method for boundary
value problem [15].
2.5. Response Analysis under Perturbation of External Signal.
Gene regulatory properties are encoded in the parameter
curves of the ODE modeling gene expressions. Testing
significant difference in the parameter curves between two
conditions can be used as a powerful tool to assess differential
changing behaviors of the gene expression across the gene
region between two conditions. Response analysis attempts
to extract inherent features of the systems that capture and
describe the behaviors of the system over genomic positions
under different operating conditions and perturbation of
external signals.
Let 𝑡 denote a genomic region within the gene of interests
and let 𝑥(𝑡) be the number of reads mapped to the genomic
region. And the ODE model used to describe the expression
profile is given as follows:
𝐿 (𝑥 (𝑡)) =

𝑑𝑥 (𝑡)
𝑑2 𝑥 (𝑡)
+ 𝑤1 (𝑡)
+ 𝑤0 (𝑡) 𝑥 (𝑡) = 0. (29)
2
𝑑𝑡
𝑑𝑡
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̂1 (𝑡) and 𝑤
̂0 (𝑡) are estimated from the data. The
Suppose the 𝑤
response of a regulatory system depends on the input signals.
Different signal will cause different responses. For simplicity,
we consider unit-step signal forced on the system and then
solve the responses of the original system between different
̂0 (𝑡):
̂1 (𝑡) and 𝑤
groups using estimated parameters 𝑤
𝑑2 𝑥 (𝑡)
𝑑𝑥 (𝑡)
̂1 (𝑡)
̂0 (𝑡) 𝑥 (𝑡) = 𝑈 (𝑡) .
+𝑤
+𝑤
𝑑𝑡2
𝑑𝑡

(30)

To solve the solution of the estimated ODE with unit-step
force function 𝑈(𝑡), we have to use some numerical methods
̂ We solved ODE numerically
to approximate the solution 𝑥(𝑡).
by considering two-point boundary value problems where
boundary conditions are specified at both ends of the range
of integration. We estimated two initial values at both ends
by evaluating the estimated smoothing expression curves at
start and end positions.
Suppose 𝑅(𝑡) = [𝑟1 (𝑡), 𝑟2 (𝑡), . . . , 𝑟𝑁1 (𝑡)]𝑇 is a vectorvalued function to represent response functional for all 𝑁1
subjects in the normal group and 𝑆(𝑡) = [𝑠1 (𝑡), 𝑠2 (𝑡), . . . ,
𝑠𝑁2 (𝑡)]𝑇 is response functional for 𝑁2 subjects in cancer
group. Therefore, we can construct a Hotelling 𝑇2 . Suppose
that the response functions were expanded in terms of
eigenfunctions 𝜙1 (𝑡), . . . , 𝜙𝐾 (𝑡):
𝐾

𝑟𝑖 (𝑡) = ∑ 𝜉𝑖𝑗 𝜙𝑗 (𝑡) ,
𝑗=1

(31)

𝐾

𝑠𝑖 (𝑡) = ∑ 𝜂𝑖𝑗 𝜙𝑗 (𝑡) ,
𝑗=1

where 𝜉𝑖𝑗 = ∫𝑇 𝑟𝑖 (𝑡)𝜙𝑗 (𝑡)𝑑𝑡 and 𝜂𝑖𝑗 = ∫𝑇 𝑠𝑖 (𝑡)𝜙𝑗 (𝑡)𝑑𝑡 and 𝜉𝑖𝑗
and 𝜂𝑖𝑗 are uncorrelated random variables with zero mean and
variances 𝜆𝑗 with ∑𝑗 𝜆𝑗 < ∞. Define the averages 𝜉𝑗 and 𝜂𝑗 of
the principal component scores 𝜉𝑖𝑗 and 𝜂𝑖𝑗 in the normal and
cancer group. Then we denote the average vector of scores in
normal and cancer group by
𝑇

𝜉 = [𝜉1 , . . . 𝜉𝑘 ] ,

𝑁

𝑁

where 𝜉𝐽 = (1/𝑁1 ) ∑𝑖=11 𝜉𝑖𝑗 and 𝜂𝐽 = (1/𝑁2 ) ∑𝑖=12 𝜂𝑖𝑗 , 𝑗 =
1, . . . , 𝑘.
The pooled covariance matrix is
1
𝑁1 + 𝑁2 − 2
𝑁1

𝑇

(33)

𝑁2

𝑇

⋅ (∑ (𝜉𝑖 − 𝜉) (𝜉𝑖 − 𝜉) + ∑ (𝜂𝑖 − 𝜂) (𝜂𝑖 − 𝜂) ) ,
𝑖=1

3. Results
3.1. Dataset. We apply the proposed model to kidney
renal clear cell carcinoma (KIRC) RNA-seq data, which is
available from The Cancer Genome Atlas (TCGA) project
(https://tcga-data.nci.nih.gov/tcga/). The RNA-seq data is
available for 72 matched pairs of KIRC and normal samples.
The maximum number of genomic positions where the
expressions were measured by the number of reads passing
quality control is 382,239,893 in the raw BAM file. And the
total number of genes is 19,717.
Samtools and bedtools were applied to count number
of reads for each base of the gene. Affected mapping reads
were taken as the scale factor to normalize the reads for each
individual. Hg19 human genome was taken as the reference.
Illumina paired-end RNA sequencing reads were aligned
to GRCh37-lite genome-plus-junctions reference using BWA
version 0.5.7. This reference combined genomic sequences in
the GRCh37-lite assembly and exon-exon junction sequences
whose corresponding coordinates were defined based on
annotations of any transcripts in Ensembl (v59), Refseq, and
known genes from the UCSC genome browser, which was
downloaded on August 19, 2010, August 8, 2010, and August
19, 2010, respectively. Reads mapped to junction regions were
then repositioned back to the genome and were marked with
“ZJ:Z” tags. BWA is run using default parameters, except
that the option (-s) is included to disable Smith-Waterman
alignment. Finally, reads failing the Illumina chastity filter
were flagged with a custom script, and duplicated reads were
flagged with Picard’s MarkDuplicates.
In order to make the data comparable, we applied log
transformation on the observed expression profiles. Some
genomic position has zero counts and we intentionally add
1 to it and then it returns to be zero after log transformation.
After that expression counts for most of genes are of the same
scale. We also mapped the genes onto the interval [0, 100].

(32)

𝑇

𝜂 = [𝜂1 , . . . 𝜂𝑘 ] ,

𝑆=

Under null of no difference in the response of the gene
regulation between two groups, the statistics follows 𝜒𝑘2
distribution where 𝑘 is the number of principle component
scores.

𝑖=1

where 𝜉𝑖 = [𝜉𝑖1 , . . . , 𝜉𝑖𝑘 ]𝑇 and 𝜂𝑖 = [𝜂𝑖 𝑖1 , . . . , 𝜂𝑖 𝑖𝑘 ]𝑇 .
Let Λ = (1/𝑁1 + 1/𝑁2 )𝑆; then the Hotelling statistics can
be written as
𝑇

𝑇2 = (𝜉 − 𝜂) Λ−1 = (𝜉 − 𝜂) .

(34)

3.2. Evaluation of the ODE for Modeling RNA-seq Data. To
evaluate the precision of the ODE for modeling the RNAseq data, we first used the ODE to fit the RNA-seq data
where the coefficient functions were estimated. Then, we
used numerical collocation Runge-Kutta method to solve the
fitted ODE. The solutions of the fitted ODE as a function
of genomic position were then compared with the observed
RNA-seq curves.
We estimated the varying-coefficient functions using the
proposed model. The expression function for gene 𝑋(𝑡) was
first estimated by spline smoothing with some initial penalty.
We then update the penalty using the proposed second order
ODE with varying-coefficient functions. We iterated between
curve smoothing and ODE estimation until convergence was
achieved. The smoothing parameters 𝜆 were chosen by cross
validation process. By selecting the value of 𝜆, we trade off
basis expansion fitting error and ODE solution filtering error.
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Larger value of 𝜆 put more emphasis on the ODE penalty and
the solution to ODE with estimated parameters is more likely
to approximate the original data.
To validate the estimates of coefficients functions in the
model, it is essential to compare the observed gene expression curve to the ODE solution with estimated coefficient
functions. We solved ODE numerically by considering twopoint boundary value problems where boundary conditions
are specified at both ends of the range of integration. We
estimated two initial values at both ends by evaluating the
estimated smoothing expression curves at start and end
positions.
Figures 1(a) and 1(b) are fitted results of normal sample
and cancer sample, respectively, for gene CD74. In these
figures, the circles represent observed RNA-seq expression
signal (green: normal; red: cancer); the blues lines are Fourier
basis expansion to approximate the observed signal using
weighted least square methods. The numbers of basis are chosen based on the length of genes and experimental adjustment
to capture the important characteristics of gene expression
curves. The dashed lines are estimated ODE solution using
boundary value problem solver (R package bvpSolve). The
ODE solutions approximate well the observed expression
level of gene CD74, which show that estimated coefficient
functions carry essential information of the original data.
Once we have them, we can retrieve the original data very
well.
To further evaluate the precision of the ODE for modeling
RNA-seq data, we perform 5-fold cross validation prediction
for gene RPL29. This method uses part of the available
data to fit the model and estimate the parameters and uses
the remaining data to test the model validity and estimate
accuracy. We randomly split normal and cancer samples
into five groups. From the estimation of parameters in
the training samples, we solved the ODE with estimated
coefficient functions to predict the expression curves of test
samples. To be consistent, we estimated two initial values at
both ends by evaluating the estimated smoothing expression
curves at start and end positions in test samples. We also
calculated the root mean square prediction error (RMSPE)
for each folder to evaluate the performance of the prediction
which is defined by
𝑁𝑗

RMSPE𝑗 =

1 𝑁
1
2
∑ √ ∑ (𝑦̂𝑖 − 𝑦𝑖 ) ,
𝑁𝑗 𝑗=1 𝑁 𝑖=1

(35)

where 𝑦𝑖 and 𝑦̂𝑖 are observed and predicted expression level;
𝑁 is the number of genomic positions where the RNA-seq is
observed for the gene and 𝑁𝑗 is the number of subjects in the
folder 𝑗.
Table 1 lists RMSPE in each folder for normal and cancer
groups. The normal group has slightly better performance in
terms of prediction on the test samples. But both prediction
errors are relatively small.
Figures 2(a) and 2(b) are prediction results for selected
samples in test set for gene RPL29 in normal and cancer
group, respectively. The gray dot is observed expression
profile, and the solid red lines are Fourier basis expansion

Table 1: RMSPE in each folder for normal and cancer groups.
Folder list
1
2
3
4
5

Normal RMSPE
0.23
0.31
0.24
0.33
0.30

Cancer RMSPE
0.97
0.94
0.79
0.70
0.73

Table 2: The average sensitivity, specificity, and accuracy of top
12 genes to classify normal and KIRC group over 5-fold cross
validation.
Genes
RBBP8
ZFYVE16
LOC100129034
SLC44A2
TTC21B
C18orf56
KCNJ16
PFKP
TMCC1
CDK18
SEC61G
ST6GAL1

Sensitivity
0.903
0.903
0.889
0.931
0.903
0.958
0.889
0.917
0.903
0.917
0.903
0.861

Specificity
0.958
0.958
0.944
0.903
0.931
0.861
0.931
0.903
0.903
0.875
0.889
0.931

Accuracy
0.931
0.931
0.917
0.917
0.917
0.910
0.910
0.910
0.903
0.896
0.896
0.896

approximations to the observed expression data. The dashed
green lines indicate the predicted gene expression profile in
the test set by solving the estimated ODE in the training
examples. We can observe that all of the prediction can
capture the overall shape and fluctuation in the data. Secondly, they can also predict the magnitude of expression value
with decent accuracy. These are predicted very close to the
observed expression profiles.
3.3. Classification Analysis. These data suggest that the estimated coefficient functions capture important features of
expression curves. From the solution to estimated ODE, we
can see the exceptional retrieval of original data. From the
prediction performance in the test set, we can also get wellpredicted curves by just proving two initial boundary data
points. It is natural to consider them as features to classify
phenotype categories.
We obtain two coefficient functions from one expression
function. We can use FPCA to help us to reduce the dimension of features and to ease the computational effort. We first
applied FPCA technique on two coefficient functions 𝑤0 (𝑡)
and 𝑤1 (𝑡) separately; then we combined two groups of the
selected functional principal component scores as aggregated
features before we provided them to classifier. In the end, we
applied Lasso logistic regression to help us select features and
make prediction on the groups.
Table 2 lists top 12 genes to differentiate normal and
KIRC group using 5-fold cross validations. We can see that
using a single gene it can reach as high as 90% classification
accuracy. These data strongly indicate that the ODE model
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Figure 1: (a) Estimate of expression profiles for CD74 by the ODE in a randomly selected normal sample. The green dotted points were
observed expression levels, the blue solid lines are Fourier basis expansions, and the red dashed lines are numerical solution of ODE model.
(b) Estimate of expression profiles for CD74 by the ODE in a randomly selected tumor sample. The red dotted points were observed expression
levels, the blue solid lines are Fourier basis expansions, and the green dashed lines are numerical solution of ODE model.
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Figure 2: (a) Predicted expression curves for normal tissues for gene RPL29: The gray dot is observed expression profile, and the solid red
lines are Fourier basis expansion approximation to the observed expression data. The dashed green lines are predicted gene expression profile
in the test set by solving the estimated ODE in the training examples. (b) Predicted expression curves for tumor tissues for gene RPL29: The
gray dot is observed expression profile, and the solid red lines are Fourier basis expansion approximation to the observed expression data.
The dashed green lines are predicted gene expression profile in the test set by solving the estimated ODE in the training examples.
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effectively captured the inherent features of RNA-seq
expression profile. We also evaluated the performance
of classification result using sensitivity, specificity, and
accuracy. Sensitivity is defined as the percentage of cancer
tissues correctly classified as cancer. Specificity is defined
as the percentage of the normal tissues correctly classified
as normal. The classification accuracy is defined as the
percentage of the correctly classified normal and cancer
tissues. The classification results can reach as high as 99% if
we use all these 12 genes together as predictors.
3.4. Genome-Scale Clustering Analysis. In this section, we
continue to use the estimated coefficient functions as features
to cluster genes expression data to study the genome-wide
transcriptome. By grouping genes with similar patterns of
expression profiles, cluster analysis can provide insight into
gene functions and biological process. It also gives a simple
way of determining the functions of many genes for which
information is not available, as genes with the same functions
may share expression profiles. We assume the coefficient
functions in ODE model help to define these patterns in the
dynamic regulation process and give us clues to functional
discovery and pattern grouping.
After we derive the feature matrix for all the genes from
dimension reduction using FPCA, we merely need to adopt a
metric definition which is used as a measure of similarity in
the behavior of two genes. To calculate the distance matrix we
used Euclidean distance and correlation matrix. This method
computes a dendrogram that combines all genes in a single
tree.
A total of 19717 genes were clustered into 9 groups
according to the cluster analysis (Figures 3(a) and 3(b)).
The functional principal component scores from coefficient
functions in ODE model were used as significant features to
define these patterns in the dynamic regulation process. The
function annotation for each cluster was as follows.
The principle functions of the genes in the first group
are mainly associated with oxidoreductase activity, ligase
activity, dehydrogenase (NAD) activity, and related metabolic
process. The detailed functions include aldehyde dehydrogenase (NAD) activity, translational initiation, mediator
complex, MHC protein complex, mitochondrial membrane
part, ion transmembrane transport, respiratory chain
complex I, proton-transporting ATP synthase complex,
proton-transporting two-sector ATPase complex, protontransporting domain, NADH dehydrogenase (quinone)
activity, oxidoreductase activity, acting on the aldehyde or
oxo group of donors, NAD or NADP as acceptor, positive
regulation of protein ubiquitination, response to unfolded
protein, heterocycle metabolic process, protein modification
process, mitochondrial ATP synthesis coupled proton
transport, glycerolipid metabolic process, macromolecule
modification, proton-transporting two-sector ATPase complex, catalytic domain, regulation of translational initiation,
oxidoreductase activity, acting on the aldehyde or oxo
group of donors, RNA polymerase II transcription mediator
activity, heme binding, positive regulation of ligase activity,
negative regulation of ligase activity, negative regulation
of ubiquitin-protein ligase activity involved in mitotic cell
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cycle, positive regulation of ubiquitin-protein ligase activity
involved in mitotic cell cycle, regulation of ubiquitin-protein
ligase activity involved in mitotic cell cycle, positive regulation of ubiquitin-protein ligase activity, negative regulation
of ubiquitin-protein ligase activity, transferase activity,
glycerolipid biosynthetic process, amine transport, phosphoinositide metabolic process, carboxylic acid transport,
hormone binding, eukaryotic translation initiation factor 3
complex, glycerophospholipid metabolic process, helicase
activity, response to protein stimulus, lipid biosynthetic
process, phosphoinositide biosynthetic process, aldehyde
dehydrogenase [NAD(P)+] activity, proton-transporting
ATP synthase complex, coupling factor F(o), cytosolic part,
nucleobase, nucleoside and nucleotide metabolic process,
proton-transporting ATPase activity, rotational mechanism,
phospholipid metabolic process, phosphorus metabolic
process, phosphate metabolic process, hydrogen-exporting
ATPase activity, phosphorylative mechanism, protontransporting V-type ATPase complex, MHC class II protein
complex, collagen, positive regulation of protein modification
process, and posttranslational protein modification.
The principle functions of the genes in the second
group are mainly associated with hydratase activity, cation
transmembrane transporter activity and hydrolase activity,
and related metabolic process. The detailed functions include
NAD or NADH binding, peroxisomal membrane, microbody
membrane, aconitate hydratase activity, 4 iron, 4 sulfur
cluster binding, regulation of vesicle-mediated transport, lactate dehydrogenase activity, L-lactate dehydrogenase activity,
long-chain fatty acid-CoA ligase activity, fatty acid ligase
activity, homophilic cell adhesion, tight junction, cation
transmembrane transporter activity, occluding junction,
kinesin complex, microbody part, peroxisomal part, actin
filament binding, hydrolase activity, hydrolyzing O-glycosyl
compounds, hydrolase activity, and acting on glycosyl bonds.
The principle functions of the genes in the third group
are mainly associated with monooxygenase activity, receptor
activity, electron carrier activity, sodium ion transmembrane transporter activity, and related metabolic process The
detailed functions include nucleoside binding, purine nucleoside binding, monooxygenase activity, receptor activity,
protein binding, ATP-binding, DNA packaging, chromatin
assembly or disassembly, electron carrier activity, sodium
ion transmembrane transporter activity, actin cytoskeleton,
RNA metabolic process, adenyl nucleotide binding, GTPase
regulator activity, regulation of lipid transport, negative
regulation of lipid transport, adenyl ribonucleotide binding,
protein-DNA complex, very-low-density lipoprotein particle, triglyceride-rich lipoprotein particle, cellular nitrogen compound metabolic process, cellular macromolecule
biosynthetic process, nucleosome organization, chylomicron,
organelle, intracellular organelle, cellular biosynthetic process, keratin filament, regulation of transcription, regulation
of biological process, regulation of cellular process, regulation
of nitrogen compound metabolic process, regulation of RNA
metabolic process, regulation of macromolecule metabolic
process, nucleoside-triphosphatase regulator activity, biological regulation, DNA conformation change, and regulation of
primary metabolic process.
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Figure 3: (a) Circular phylogram tree of 19717 genes that were clustered into nine groups by Dendroscope 3.2.10. (b) Detailed circular
phylogram tree of 19717 genes that were clustered into nine groups by Dendroscope 3.2.10.
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The principle functions of the genes in the fourth
group are mainly associated with acyl-CoA thioesterase
activity, oxidoreductase activity, phosphatase activity, and
related metabolic process. The detailed functions include
organellar small ribosomal subunit, organellar large ribosomal subunit, phospholipid-translocating ATPase activity, glutathione transferase activity, receptor signaling protein serine/threonine kinase activity, transmembrane receptor activity, inward rectifier potassium channel activity, organic acid
transmembrane transporter activity, mitochondrial matrix,
mitochondrial large ribosomal subunit, mitochondrial small
ribosomal subunit, cytosol, translation, translational elongation, cell surface receptor linked signaling pathway, large
ribosomal subunit, small ribosomal subunit, integral to membrane, acyl-CoA thioesterase activity, oxidoreductase activity,
acting on NADH or NADPH, phosphatase activity, cytosolic
ribosome, signaling process, signal transmission, intrinsic
to membrane, negative regulation of protein ubiquitination,
cullin-RING ubiquitin ligase complex, and mitochondrial
lumen.
The principle functions of the genes in the fifth group
are mainly associated with cell projection part, microtubule
associated complex, motor activity, microtubule, axoneme,
microtubule-based process, microtubule-based movement,
microtubule cytoskeleton, dynein complex, cytoskeletal part,
cilium, macromolecular complex, cilium axoneme, cell projection, protein complex, cilium part, pyrophosphatase activity, hydrolase activity, acting on acid anhydrides, hydrolase
activity, acting on acid anhydrides, phosphorus-containing
anhydrides, and nucleoside-triphosphatase activity.
The principle functions of the genes in the sixth group
are mainly associated with intracellular signal transduction,
cholesterol efflux, UDP-galactosyltransferase activity, and
histone demethylase activity.
The principle functions of the genes in the seventh group
are mainly associated with ATP-binding cassette (ABC)
transporter complex, JNK cascade, ATP-dependent peptidase
activity.
The principle functions of the genes in the eighth
group are mainly associated with glutamate receptor activity,
ATPase activity, cytoskeletal protein binding, and myosin
filament.
The principle functions of the genes in the ninth group
are mainly associated with adrenoceptor activity, inhibition
of adenylate cyclase activity by G-protein signaling pathway,
adenosine deaminase activity, hydrolase activity, acting on
carbon-nitrogen (but not peptide) bonds, cyclic amidines,
deaminase activity, adenylate cyclase activity, activation of
protein kinase A activity, alpha-adrenergic receptor activity,
adrenergic receptor binding, epinephrine binding, regulation
of norepinephrine secretion, norepinephrine transport, positive regulation of blood pressure, norepinephrine secretion,
oxidoreductase activity, acting on CH-OH group of donors,
oxidoreductase activity, acting on the CH-OH group of
donors, NAD or NADP as acceptor, and delayed rectifier
potassium channel activity.
Since the ODE model use the dynamic information of
gene expression profiles and we consider genes with similar
expression profiles will share common biological functions.
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Table 3: Genes with significant difference in response behavior
between normal and tumor samples.
ABHD10 MFSD1 SDR39U1 ATP6V1D
OXA1L
SEC31A
BST2
PACSIN2 SMCR8
CD74
PGAM1P5
SSR2
DAP3
PIK3CB TM9SF2
DHX40
PITRM1 UBXN6
EDF1
POLR2B UQCRC2 HLA-DMB
PSAP
VKORC1
HSPA9 PSMB10 ZNF710
ISYNA1
MAT2A PSMB7
PSMC4

Based on the cluster analysis, the genes grouped together
have similar pattern of expression share common biological
function. It directs us a way to find the functions of many
genes for which information is unknown by looking the genes
in the same group.
3.5. Response Analysis of Gene Regulation. The expression
level of a gene measured by sequencing can be viewed as a
curve or function of genomic position. The gene expression
will vary across the gene region. If we treat time and space
position as the same argument, all theories and methods of
dynamic system can be applied to RNA-seq data analysis. The
dynamic behavior of a system is encoded in the temporal
evolution of its states or in the genomic location evolution
of the gene expression in our problem. Therefore, borrowing dynamic theory, we can study the location-dependent
variation of gene expression under the perturbation of the
external signals. The transient response of the dynamic
systems is an important property of the system itself. It
can be used to quantify the space domain characteristics of
the gene regulation system responding to the disturbance
of environments. Our goal is to investigate how the gene
expression level at each genomic position varies in response
to the external perturbation and whether this will affect the
function of cell.
We conducted response analysis of 19,717 genes under
unit-step signal perturbation. We used the Hoteling 𝑇2
statistic that was described in Section 2.5 to identify 31 genes
that showed significant difference in the response property.
The names of 31 genes with significant difference in response
property were summarized in Table 3. In a few cases, the
matrix Λ may be singular; we can use penalized method or
generalized inverse to estimate Λ−1 . However, this will inflate
the false positive rates.
We present Figures 4(a)–4(d) showing the average
expression curves, unit-step response curves, and the coefficient curves of the ODE of gene CD74, respectively. We
observed that gene CD74 not only showed significant difference in gene expression and coefficient curves of the ODE but
also demonstrated strong difference in the unit-step response.
The changing point of gene expression curve and unit-step
response curve occurred between 11b and 12a where a splicing
site is located. It was reported that CD74 played critical role in
cancer cell tumorigenesis [16] and downregulation of CD74
inhibits growth and invasion in clear cell renal cell carcinoma
[17].
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Mean response curves for gene CD74
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Figure 4: (a) Average expression curves of gene CD74 in normal and tumor samples. (b) Average unit-step response curves of gene CD74
in normal and tumor samples. (c) Average coefficient curves of the ODE for gene CD74. (d) Average coefficient curves of the ODE for gene
CD74.

12
Transient response is one of dynamic properties. As
shown in Figures S1A–D in Supplementary Material available
online at http://dx.doi.org/10.1155/2015/916352, gene ABHD10
that did not show significant difference in gene expression
and coefficient curves of the ODE demonstrated strong
difference in the unit-step response.
Figures S2A–D plotted the average expression curves,
unit-step response curves, and the coefficient curves of the
ODE of gene BTS2, respectively. Gene BTS2 was differentially expressed but did not show significant difference in
coefficient of the ODE between tumor and normal samples.
Gene BTS2 was identified to have significant difference in the
unit-step response. The pattern of difference in the unit-step
response may mainly due to rapid changes of gene expression
in the region close to genomic position 20. From the literature
we found that BTS2 was associated with a number of cancers
[18, 19].

4. Discussion
Dominant methods in literature for RNA-seq data analysis
use a single valued summary statistic to represent expression
level of a gene. However, a single number oversimplifies
complex expression variation pattern across a gene and
ignores information on alternative splicing and isoform and
expression level variation at the genomic position level. To
extract biologically useful expression variation signals across
gene from RNA-seq data is a challenge, but important task.
To meet this challenge, we have proposed using the ODE for
modeling the RNA-seq data and addressed several essential
issues for application of the ODE model to RNA-seq data
analysis.
The first issue is how to use the ODE for modeling
the RNA-seq data. We considered the number of reads or
expression level at each position as a function of the genomic
position and viewed the transcription process as a stochastic
process of transcription along the gene. Borrowing dynamic
theory from engineering, we have used the second order ODE
to model the expression function of the gene measured by
RNA-seq. We have employed differential principal analysis to
develop statistical methods for estimation of location-varying
coefficients of the ODE. We observed that the second order
ODE almost has as good accuracy to predict gene expression
as the third order ODE. But the third order ODE requires
one more degree to describe the model. Therefore, the second
order ODE is good enough to model gene expression.
The second issue is the precision of the ODE to model
the RNA-seq data. We randomly split normal and cancer
samples into five groups. From the estimation of parameters
in the training samples, we solved the ODE with estimated
coefficient functions to predict the expression curves of test
samples. We have showed that the accuracy of the prediction
by the second order ODE was very high and the root mean
square prediction errors were quite small.
The third issue is how to extract useful regulatory signals
from the RNA-seq data confound with measurement errors
and sequencing technology variation. Since the second order
ODE can model RNA-seq data very well, the locationcoefficient functions of the ODE may well characterize
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the features of the regulatory process and measure the impact
of the gene expression on the function of the cells and
tissues. We have demonstrated that using location-coefficient
functions of the second order ODE as features we have
accurately classified the tumor and normal samples.
The fourth issue is to explore the applications of the ODE
for RNA-seq data analysis. We have showed that the ODE can
be used as a powerful tool to study the response of the gene
transcription to the perturbation of environments. We have
identified a number of cancer associated genes which showed
significant difference in the response of the gene transcription
between tumor and normal tissues but were not differentially
expressed.
To our knowledge, this is the first time to use the ODE
for modeling the RNA-seq data and investigation of gene
transcription process. Our results were very preliminary. The
samples were used to validate the accuracy of the ODE
model to fit the real RNA-seq data. Large-scale validation and
experiments for evaluating the model precision are urgently
needed. Although the response analysis of dynamic model
for the transcription process can help us to study how the
external signals affect the gene expression variation across
the gene, the mechanism of the gene transcription variation
under the perturbation of external signals is largely unknown.
The experiments for validation of the results of the response
analysis of the dynamic models need to be performed. We
lack consensus methods for RNA-seq data analysis. We are
facing great challenges in developing innovative approaches
and general framework for RNA-seq data analysis.

5. Conclusions
In conclusion, this study proposes the second order ODE for
modeling RNA-seq data. We have demonstrated that the estimated ODE can accurately predict the gene expression level
across the gene. We have showed that the location-dependent
coefficients of the ODE effectively extract regulatory signals
from the RNA-seq confounded with the measurement errors
and sequencing technology variation and capture the inherent features of the transcription process. The results have
showed that using coefficients of the ODE as features we can
reach very high accuracy for classifying tumor and normal
samples. Finally, we have demonstrated that using transient
response analysis of dynamic system we identified 31 genes
with significant differential response behavior between tumor
and normal samples related to cancer.
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In genome-wide association study (GWAS), robust genetic association tests such as maximum of three CATTs (MAX3), each
corresponding to recessive, additive, and dominant genetic models, the minimum p value of Pearson’s Chi-square test with 2 degrees
of freedom, and CATT based on additive genetic model (MIN2), genetic model selection (GMS), and genetic model exclusion
(GME) methods have been shown to provide better power performance under wide range of underlying genetic models. In this
paper, we demonstrate how these robust tests can be applied to the replication study of GWAS and how the overall statistical
significance can be evaluated using the combined test formed by p values of the discovery and replication studies.

1. Introduction
With the advance of biotechnology and substantial reduction of genotyping costs, a genome-wide association study
(GWAS) using hundred thousand markers in several thousand individuals is now increasingly utilized and has been
successful in detecting genetic associations across the entire
genome with complex human traits [1–6]. Among many challenges this application holds; development of more efficient
and robust statistical methodologies with higher power to
detect an association with a single marker has been one of
the most important statistical issues, given that effects of
individual markers are usually characterized as being small to
moderate. One attempt to overcome this challenge is focused
on developing efficient tests that are robust against underlying
genetic model misspecification.
Two most frequently used association tests are the allelebased test (ABT) and the genotype-based test (GBT). ABT
compares the allele frequencies between cases and controls,
while GBT compares the genotype distributions of cases and
controls. The Cochran-Armitage trend test (CATT) [7, 8] is a

popular GBT which takes into account the underlying genetic
model. It is well known, however, that the ABT may inflate
type I error when Hardy-Weinberg equilibrium (HWE) does
not hold in the samples [9]. Even under HWE, when the
genetic model is recessive or dominant, the ABT may suffer
from serious power loss. On the other hand, the CATT does
not depend on HWE, but to apply the CATT the choice of
scores optimal for the underlying genetic model needs to be
specified. For complex diseases, the genetic model is usually
unknown and robust tests such as the maximum of three
CATTs (MAX3) [10] and the maximum efficiency robust
test (MERT) [11, 12] are preferable. Alternatively, Zheng and
Ng [13] and Joo et al. [14] proposed a two-phase analysis
based on the genetic model selection (GMS) and genetic
model exclusion (GME). Moreover, an alternative approach
was proposed by the Wellcome trust case-control consortium
(WTCCC) [5] which used a minimum 𝑝 value of Pearson’s
Chi-square test and additive CATT, and the asymptotic
properties of this approach were studied in detail by Joo
et al. [15]. These methods provide better or comparable power
performance than some of the robust tests such as MAX3.

2
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In this paper, we illustrate how these robust tests can
be applied to a replication study of GWAS and how overall
statistical significance can be evaluated using the combined
test formed by 𝑝 values of the discovery and replication
studies. The importance of replication or validation in GWAS
has been well recognized [16, 17], and joint analysis in a
two-stage design of GWAS has been proved to be more
powerful than replication-based analysis and has been widely
conducted in GWAS with a variety of phenotypes of interest
[18, 19].
The paper is organized as follows. We first describe
the data structures and notation and review existing robust
association tests for a single data set. Then we describe how
to obtain the 𝑝 value for the replication data set, given the
significant result of the discovery stage, using robust tests. In
the next section, a combined test of the 𝑝 values of the discovery and replication data sets is proposed, together with the
way to evaluate the statistical significance for the combined
test. Simulation studies are conducted to compare the type
I error rates and powers of various analytical strategies. For
illustration purposes, the summarized methods are applied
to a non-small-cell lung cancer data set and at the end there
is a discussion.

2. Methods
2.1. Data and Notation. For a marker with two alleles 𝐴 and
𝐵, let the frequencies of 𝐵 in cases and controls be 𝑝 = 𝑃(𝐵 |
case) and 𝑞 = 𝑃(𝐵 | control). Denote three genotypes by
𝐺0 = 𝐴𝐴, 𝐺1 = 𝐴𝐵, and 𝐺2 = 𝐵𝐵. In case-control association
studies, 𝑟 cases and 𝑠 controls are independently sampled
from each population. The observed genotype counts for
(𝐺0 , 𝐺1 , 𝐺2 ) are (𝑟0 , 𝑟1 , 𝑟2 ) in the cases and (𝑠0 , 𝑠1 , 𝑠2 ) in the
controls. Disease prevalence is denoted by 𝑘 = 𝑃(disease)
and penetrance by 𝑓𝑖 = 𝑃(disease | 𝐺𝑖 ) for 𝑖 = 0, 1, 2. Two
genotype relative risks (GRRs) are denoted by 𝜆 1 = 𝑓1 /𝑓0
and 𝜆 2 = 𝑓2 /𝑓0 using 𝑓0 > 0 as baseline penetrance. Under
the null hypothesis of no association 𝐻0 : 𝑓0 = 𝑓1 = 𝑓2 = 𝑘
or alternatively 𝐻0 : 𝜆 2 = 𝜆 1 = 1. Genetic model is recessive
(REC), additive (ADD), multiplicative (MUL), and dominant
(DOM) when 𝜆 1 = 1, 𝜆 1 = (1+𝜆 2 )/2, 𝜆 1 = 𝜆1/2
2 , and 𝜆 2 = 𝜆 1 ,
respectively.
2.2. Review of Association Tests for a Single Data Set. The
association in case-control studies can be tested using various
methods which have been extensively studied. The general
association between the disease status and the SNP can
be tested using Pearson’s Chi-square test which has an
asymptotic Chi-square distribution with 2 degrees of freedom
under 𝐻0 . The test is given by
2

𝑇chi2 = ∑

𝑗=0

2

(𝑟𝑗 − 𝑛𝑗 𝑟/𝑛)
𝑛𝑗 𝑟/𝑛

2

+∑
𝑗=0

(𝑠𝑗 − 𝑛𝑗 𝑠/𝑛)
𝑛𝑗 𝑠/𝑛

2

,

(1)

where 𝑛𝑖 = 𝑟𝑖 + 𝑠𝑖 for 𝑖 = 0, 1, 2 and 𝑛 = 𝑟 + 𝑠. Under HardyWeinberg equilibrium (HWE), an allele-based test (ABT) and

CATT with scores (0, 𝑥, 1) for (𝐺0 , 𝐺1 , 𝐺2 ), where 0 ≤ 𝑥 ≤ 1,
are given by
𝑍ABT =
𝑍𝑥 =

𝑛1/2 {2𝑟 (2𝑠0 + 𝑠1 ) − 2𝑠 (2𝑟0 + 𝑟1 )}
1/2

{2𝑟𝑠 (2𝑛0 + 𝑛1 ) (𝑛1 + 2𝑛2 )}

,
(2)

𝑛1/2 ∑2𝑖=0 𝑥𝑖 (𝑠𝑟𝑖 − 𝑟𝑠𝑖 )
2

[𝑟𝑠𝑛 {𝑛 ∑2𝑖=0 𝑥𝑖2 𝑛𝑖 − (∑2𝑖=0 𝑥𝑖 𝑛𝑖 ) }]

,
1/2

where (𝑥0 , 𝑥1 , 𝑥2 ) = (0, 𝑥, 1) [9]. The optimal choices of 𝑥
for the recessive (REC), additive/multiplicative (ADD/MUL),
and dominant (DOM) models are 𝑥 = 0, 1/2 and 1,
respectively [9, 20]. Both 𝑍𝑥 and 𝑍ABT asymptotically follow
a standard normal distribution under 𝐻0 . 𝑍𝑥 can be used
even when HWE does not hold. However, without the
HWE assumption, 𝑍ABT does not follow a standard normal
distribution due to the correlation between two alleles.
A robust test, MAX3 proposed by Friedlin et al. [10], can
be obtained by taking the maximum of three CATTs under
the three genetic models as MAX3 = max(|𝑍0 |, |𝑍1/2 |, |𝑍1 |).
Parametric bootstrap or permutation methods can be used to
find the 𝑝 value of MAX3 [4].
Let the 𝑝 values of Pearson’s Chi-square test and CATT
under the additive genetic model 𝑍1/2 be 𝑃chi2 and 𝑃1/2 ,
respectively. WTCCC [5] proposed an alternative robust test
MIN2 = min(𝑃chi2 , 𝑃1/2 ). Joo et al. [15] derived the asymptotic
null distribution of MIN2 and using their result the 𝑝 value
of MIN2 can be obtained as
𝑃MIN2
=

1
1
1
exp {− 𝐻1−1 (1 − MIN2)} + MIN2
2
2
2
−

2𝐻−1 (1 − MIN2)
1 −2 log(MIN2) −V/2
𝑒
arcsin ( 1
) 𝑑V,
∫
2𝜋 𝐻1−1 (1−MIN2)
V−1
(3)

where 𝐻1 and 𝐻2 are the cumulative distributions of Chisquare distributions with 1 and 2 degrees of freedom.
On the other hand, Song and Elston [21] considered a
Hardy-Weinberg disequilibrium trend test (HWDTT) given
by
𝑍𝐻 =

̂𝑝 −Δ
̂ 𝑞)
(𝑟𝑠/𝑛)1/2 (Δ
{1 − 𝑛2 /𝑛 − 𝑛1 / (2𝑛)} {𝑛2 /𝑛 + 𝑛1 / (2𝑛)}

,

(4)

̂ 𝑞 = 𝑞̂2 − (̂
̂ 𝑝 = 𝑝̂2 − (𝑝̂2 + 𝑝̂1 /2)2 and Δ
𝑞2 + 𝑞̂1 /2)2
where Δ
are the estimates of Δ 𝑝 and Δ 𝑞 , where 𝑝̂𝑖 = 𝑟𝑖 /𝑟 and 𝑞̂𝑖 = 𝑠𝑖 /𝑠.
Here, Δ denotes the Hardy-Weinberg disequilibrium (HWD)
coefficient defined by 𝑃𝑟(𝐵𝐵) − {𝑃𝑟(𝐴𝐵)/2 + 𝑃𝑟(𝐵𝐵)}2 and
Δ 𝑝 and Δ 𝑞 denote the HWD coefficient in cases and controls,
respectively.
Zheng and Ng [13] used the information contained in the
signs of (Δ 𝑝 , Δ 𝑞 ) to determine the genetic models in their
two-phase method. Their two-phase statistic 𝑍GMS is given
by 𝑍GMS = 𝑍0 if 𝑍𝐻 > 𝑐, 𝑍1 if 𝑍𝐻 < −𝑐, and 𝑍1/2 otherwise, where 𝑐 = Φ−1 (1 − 𝛼𝐻) for 𝛼𝐻 = 0.05. The asymptotic
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correlations between 𝑍𝐻 and three CATTs under HWE were
derived and the significance level was adjusted accordingly to
control the desired type I error. Based on the observation that
this method assumes 𝐵 is the risk allele, Joo et al. [14] studied
the behavior of 𝑍GMS when either one of the alleles can be a
risk allele. They chose the risk allele based on the sign of 𝑍1/2 ;
that is, if 𝑍1/2 > 0, 𝐵 is the risk allele, and 𝑍0 , 𝑍1/2 , and 𝑍1
are chosen for REC, ADD, and DOM models, respectively.
If 𝑍1/2 < 0, the respective test statistics are chosen to
be −𝑍1 , −𝑍1/2 , and −𝑍0 . They incorporate this property in
defining the test statistic for genetic model selection (𝑍GMS )
and calculating the 𝑝 value. Let Θ0 (𝑧) = {𝑧 : 𝑧 > 𝑐},
Θ1/2 (𝑧) = {𝑧 : |𝑧| < 𝑐}, and Θ1 (𝑧) = {𝑧 : 𝑧 < −𝑐}. Then,
the 𝑝 value of this method can be obtained by
𝑝GMS
1

= 2 {∑ ∫

∞

∞

∫ ∫ 𝜙𝑥 (𝑧𝑥 , 𝑧1/2 , 𝑧𝐻) 𝑑𝑧𝑥 𝑑𝑧1/2 𝑑𝑧𝐻}

𝑥=0 Θ𝑥 (𝑧𝐻 ) 0

𝑡

}
{
(−𝑡 ∧ 0) + 𝜌1/2 𝑧
Φ(
) 𝑑Φ (𝑧)} ,
+ 2 {∫
1/2
2 )
Θ (𝑧)
(1 − 𝜌1/2
}
{ 1/2

will adopt the discovery stage selection and the direction of
association.
Suppose that, for simplicity of notation, our interest is
in GWAS with two stages, one for discovery and the other
for replication, although the methodology described below
can be extended to multistages for replication. Let 𝑍𝑥(𝑖) for
𝑥 = 0, 1/2, 1 be the CATT optimal for recessive, additive,
and dominant models and let 𝑃𝑥(𝑖) be corresponding 𝑝 value
for 𝑖th stage (𝑖 = 1 for discovery and 𝑖 = 2 for replication
(𝑖)
(𝑖)
)/{2(1 + 𝜌̂𝑥,1/2
)}1/2
stages). Also, denote 𝑍𝑥(𝑖)∗ = (𝑍𝑥(𝑖) + 𝑍1/2
for 𝑥 = 0, 1/2, 1. Then, for CATT with a preselected genetic
model, 𝑃𝑥(2) = 1 − Φ(sign(𝑍𝑥(1) ⋅ 𝑍𝑥(2) ) ⋅ |𝑍𝑥(2) |) using a one-sided
𝑝 value given the direction of association from the discovery
stage, and 𝑃𝑥(2)∗ = 1−Φ(sign(𝑍𝑥(1)∗ ⋅𝑍𝑥(2)∗ )⋅|𝑍𝑥(2)∗ |). Moreover,
denote the test statistics and 𝑝 values using Pearson’s Chi(𝑖)
(𝑖)
and 𝑃chi2
. Further, let
square test from the 𝑖th stage as 𝑇chi2
(𝑖)
HWDTT from the 𝑖th stage be 𝑍𝐻 . Then, the second stage
𝑝 values, using MAX3, MIN2, 𝑍GMS , and 𝑍GME , denoted as
(2)
(2)
(2)
(2)
𝑃MAX3
, 𝑃MIN2
, 𝑃GMS
, and 𝑃GME
, can be obtained as follows:
(2)
𝑃MAX3
= 𝑃𝑥(2)
∗ ,

(5)

where 𝜌𝑥 = Corr(𝑍𝑥 , 𝑍𝐻) in (5) and 𝜌𝑥,1/2 = Corr(𝑍𝑥 , 𝑍1/2 )
(𝑥 = 0, 1) are replaced by their consistent estimates. Here,
𝑡 = 𝑧GMS and (−𝑡 ∧ 0) = min(−𝑡, 0). Moreover, 𝑧GMS and 𝑧1/2
are the observed values of 𝑍GMS and 𝑍1/2 , respectively.
While studying the properties of GMS, Joo et al. [14]
noticed that the probability of selecting the true recessive or
dominant models using 𝑍𝐻 is very low especially for low
to moderate GRRs, but the unlikely genetic model can be
successfully excluded. This led to genetic model exclusion
method 𝑍GME which is the same as the 𝑍GMS described above
except 𝑍𝑥 for 𝑥 = 0, 1/2, 1 is replaced by 𝑍𝑥∗ where 𝑍𝑥∗ =
(𝑍𝑥 + 𝑍1/2 )/{2(1 + 𝜌̂𝑥,1/2 )}1/2 . And the 𝑝 value of GME can be
obtained as

where 𝑥∗ = arg min 𝑃𝑥(1) ,
𝑥∈{0,1/2,1}

(2)
(2)
(1)
(2)
(2)
(1)
(2)
𝑃MIN2
= 𝑃1/2
⋅ 𝐼 (𝑃1/2
≤ 𝑃chi2
) + 𝑃chi2
⋅ 𝐼 (𝑃1/2
> 𝑃chi2
),
(2)
(1)
(1)
𝑃GMS
= 𝑃0(2) 𝐼 (𝑍𝐻
> 𝑐) + 𝑃1(2) 𝐼 (𝑍𝐻
< −𝑐)

 (1) 
(2)
 ≤ 𝑐) ,
𝐼 (𝑍𝐻
+ 𝑃1/2


(1)
if 𝑍1/2
> 0;

(1)
(1)
< −𝑐) + 𝑃1(2) 𝐼 (𝑍𝐻
> 𝑐)
= 𝑃0(2) 𝐼 (𝑍𝐻

 (1) 
(2)
 ≤ 𝑐) ,
𝐼 (𝑍𝐻
+ 𝑃1/2


(1)
if 𝑍1/2
≤ 0,

(2)
(1)
(1)
= 𝑃0(2)∗ 𝐼 (𝑍𝐻
> 𝑐) + 𝑃1(2)∗ 𝐼 (𝑍𝐻
< −𝑐)
𝑃GME

 (1) 
(2)∗
 ≤ 𝑐) ,
𝐼 (𝑍𝐻
+ 𝑃1/2


(1)
if 𝑍1/2
> 0;

(1)
(1)
< −𝑐) + 𝑃1(2)∗ 𝐼 (𝑍𝐻
> 𝑐)
= 𝑃0(2)∗ 𝐼 (𝑍𝐻

𝑝GME
1

= 2 {∑ ∫

∞

∞

∫ ∫ 𝜙𝑥 (𝑧𝑥 , 𝑧1/2 , 𝑧𝐻) 𝑑𝑧𝑥 𝑑𝑧1/2 𝑑𝑧𝐻}

𝑥=0 Θ𝑥 (𝑧𝐻 ) 0

𝐿

}
{
(−𝑡 ∧ 0) + 𝜌1/2 𝑧
Φ(
) 𝑑Φ (𝑧)} ,
+ 2 {∫
1/2
2 )
Θ (𝑧)
(1 − 𝜌1/2
}
{ 1/2

(6)

where 𝐿 = 𝑡{2(1 + 𝜌̂𝑥,1/2 )}1/2 − 𝑧1/2 for 𝑡 = 𝑧GME .
2.3. 𝑝 Value of Replication Data Using the Robust Method. In
the discovery stage, the 𝑝 value of robust association tests,
including MAX3, MIN2, 𝑍GMS , and 𝑍GME , can be obtained
as described in Section 2.2. For the 𝑝 value of replication data
using the robust method, we use the same analytic method
that was used for discovery and the risk allele identified by
it [16]. This means that when the best test statistic or genetic
model is selected in the discovery stage, the replication stage

 (1) 
(2)∗
𝐼 (𝑍𝐻
+ 𝑃1/2
 ≤ 𝑐) ,

(1)
if 𝑍1/2
≤ 0.

(7)
It is important to note that even though the direction of
the test statistics and the selected genetic models are used
to obtain the second stage 𝑝 values, the 𝑝 values from the
two stages are independent under the null hypothesis. This
is because, under the null hypothesis, the probability of 𝑍1/2
being positive or negative is simply 1/2, and the probability
of the selection of a certain genetic model is also a constant
(𝛼𝐻 for the recessive and dominant models and 1 − 2𝛼𝐻 for
the additive model).
2.4. Combined Test Using 𝑝 Values and Its Statistical Significance. For a given robust test, we can consider the joint
analysis by combining 𝑝 values from the discovery and
replication stages of GWAS. We consider using 𝑝 values
rather than the test statistics because test statistics can have
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Table 1: Type I error rates of three approaches—replication-based (REP) test, Fisher’s combination (𝑍FC ), and linear combination of test
(𝑍LC )—based on the CATT with an additive model (𝑍1/2 ), 𝜒2 , MAX3, MIN2, GMS, and GME. The disease prevalence 𝐾 = 0.1, 𝑀 = 10
markers, 𝑟 = 1, 500 cases, and 𝑠 = 1, 500 controls are considered based on 20,000 simulations.
MAF

𝜋𝑠

𝛼𝐷
0.05

0.3

0.5
0.1

0.05
0.3

0.6
0.1

0.05
0.4

0.5
0.1

0.05
0.4

0.6
0.1

REP
𝑍FC
𝑍LC
REP
𝑍FC
𝑍LC
REP
𝑍FC
LC
REP
𝑍FC
𝑍LC
REP
𝑍FC
𝑍LC
REP
𝑍FC
𝑍LC
REP
𝑍FC
𝑍LC
REP
𝑍FC
𝑍LC

𝑍1/2
0.00530
0.00500
0.00535
0.00510
0.00565
0.00520
0.00510
0.00445
0.00500
0.00500
0.00465
0.00480
0.00590
0.00575
0.00600
0.00525
0.00515
0.00530
0.00475
0.00460
0.00525
0.00550
0.00520
0.00565

𝜒2
0.00455
0.00535
0.00525
0.00560
0.00535
0.00565
0.00485
0.00455
0.00515
0.00485
0.00490
0.00470
0.00505
0.00430
0.00445
0.00470
0.00510
0.00500
0.00585
0.00470
0.00550
0.00490
0.00370
0.00485

complex forms and obtaining the distribution of the joint test
can be difficult. On the other hand, calculating a 𝑝 value for
each data set might be relatively simple, and the distribution
of 𝑝 values under the null hypothesis of no association is easy
to handle.
There are several methods for combining test statistics
from two stages [22], and two most commonly used forms are
based on Fisher’s combination and a linear combination after
inverse normal transformation [23]. Fisher’s combination
(FC) directly sums 𝑝 values after −2 log transformation; that
is, 𝑍FC = −2𝑤1 log(𝑃(1) ) − 2𝑤2 log(𝑃(2) ), where 𝑃(𝑖) is 𝑝 value
from 𝑖 = 0 for discovery and 𝑖 = 1 for replication stages
using a given robust test. A specification of 𝑤1 = 𝑤2 = 1
gives the same weight for discovery and replication stages,
and one can consider 𝑤1 = 2𝜋𝑠 and 𝑤2 = 2(1 − 𝜋𝑠 )
where 𝜋𝑠 = 𝑁𝐷/(𝑁𝐷 + 𝑁𝑅 ), and 𝑁𝐷 and 𝑁𝑅 are sample
sizes of the discovery and replication data sets. A linear
combination of two 𝑃 values after taking the inverse of the
standard normal cumulative distribution is given by 𝑍LC =
{𝑤1 Φ−1 (1−𝑃(1) /2)+𝑤2 Φ−1 (1−𝑃(2) )}/√𝑤12 + 𝑤22 with a natural
choice of 𝑤1 = √𝜋𝑠 and 𝑤2 = √1 − 𝜋𝑠 . Let the significance
level of the discovery stage be 𝛼𝐷, which means that markers
with 𝑃(1) < 𝛼𝐷 are selected and replicated in the replication
stage. The 𝑝 value of combined test can then be obtained as

𝐹=0
MAX3
0.00505
0.00495
0.00485
0.00565
0.00565
0.00525
0.00480
0.00450
0.00495
0.00485
0.00485
0.00515
0.00530
0.00460
0.00500
0.00535
0.00495
0.00485
0.00480
0.00420
0.00520
0.00515
0.00495
0.00570

MIN2
0.00485
0.00510
0.00510
0.00485
0.00545
0.00520
0.00515
0.00455
0.00520
0.00535
0.00500
0.00490
0.00565
0.00535
0.00540
0.00450
0.00475
0.00475
0.00500
0.00490
0.00580
0.00535
0.00450
0.00530

GMS
0.0050
0.00515
0.0050
0.00525
0.00565
0.00530
0.00480
0.00450
0.00475
0.00530
0.00455
0.00485
0.00505
0.00460
0.00490
0.00480
0.00540
0.00495
0.00515
0.00455
0.00510
0.00555
0.00515
0.00610

GME
0.00490
0.00460
0.00485
0.00545
0.00540
0.00525
0.00500
0.00460
0.00480
0.00505
0.00460
0.00475
0.00510
0.00500
0.00490
0.00515
0.00500
0.00510
0.00495
0.00440
0.00510
0.00540
0.00510
0.00580

𝑝FC = 𝑃𝐻0 (𝑃(1) < 𝛼𝐷, 𝑍FC > 𝑧FC ) where the observed value of
𝑍FC is 𝑧FC . The 𝑝FC are calculated as 𝑒−𝑧FC /2 (1+𝑧FC /2+log 𝛼𝐷)
for equal weights where 𝑧FC > −2 log 𝛼𝐷 and (𝑤1 /(𝑤1 −
−(𝑤 −𝑤 )/𝑤
𝑤2 ))𝑒−𝑧FC /2𝑤1 −(𝑤2 /(𝑤1 −𝑤2 ))𝑒−𝑧FC /2𝑤2 𝛼𝑑 1 2 2 for unequal
weights where 𝑧FC > −2𝑤1 log 𝛼𝐷. Detailed derivations are
described in the Appendix. Equivalently, for an overall type
I error threshold for a single marker of 𝛼, one may obtain
the threshold 𝐶FC of 𝑍FC that satisfies 𝑃𝐻0 (𝑃(1) < 𝛼𝐷, 𝑍FC >
𝐶FC ) ≤ 𝛼. Similarly, for the 𝑍LC , the 𝑝 value is calculated
∞
𝜙(𝑧)[1 −
as 𝑝LC = 𝑃𝐻0 (𝑃(1) < 𝛼𝐷, 𝑍LC > 𝑧LC ) = ∫𝑧
1−𝛼𝐷 /2

Φ((√𝑤12 + 𝑤22 𝑧LC − 𝑤1 𝑧)/𝑤2 )]𝑑𝑧 for 𝑧LC > 𝑧1−𝛼𝐷 /2 where the
observed value of 𝑍LC = 𝑧LC .

3. Simulation Results
3.1. Type I Error. Table 1 provides the type I errors under
different scenarios. A disease prevalence of 10% is assumed,
and a total of 1500 cases and 1500 controls were divided into
two stages. The proportions of samples in the first stage (𝜋𝑠 )
of 0.5 and 0.6 were considered for the minor allele frequency
(MAF) of 0.3 and 0.4. We considered 𝑀 = 10 markers to
control the genome-wide false positive rate at 𝛼 = 0.05 with
the Bonferroni correction. We did not consider a larger 𝑀
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such as 300,000 or 500,000 because this will require more
than 10 million simulations to show a stable estimate of the
type I error rate. With 𝑀 = 10, we performed 20,000
simulations which result in less than 10% of a coefficient
of variation for a significance level 0.05/𝑀 = 0.005 for
each marker [24]. The test statistics considered are 𝑍1/2 ,
Pearson’s Chi-square test, MIN2, MAX3, GMS, and GME. For
the second stage analysis, we considered a replication-based
analysis, 𝑍FC , and 𝑍LC as proposed above. The results are
based on the situation under HWE (HWE coefficient 𝐹 = 0).
As expected, all tests control the type I error reasonablly well,
and similar results were obtained when a slight deviation
from HWE is present with 𝐹 = 0.05 (results not shown).
3.2. Empirical Power. We examined the empirical powers of
different tests considered above. In Figure 1, we considered
𝑀 = 10 markers, a disease prevalence of 10%, the same
genotype relative risk for two stages (𝑟1 = 1.4 and 𝑟2 = 1.4),
and 1,000 cases and 1,000 controls. 2,000 simulations were
performed under HWE (𝐹 = 0) to control the genomewide false positive rate at 𝛼 = 0.05. The recessive, additive,
and dominant models were assumed for the first, second,
and third rows. Both joint analyses showed better power
performances compared to the replication-based analysis (up
to 15.9% in scenarios considered in Figure 1), and LC and FC
have comparable powers with less than 2% difference. The
power gain of using the joint analysis is not as much as that
observed in Skol et al. [18]. However, as reported by Skol
et al. [18], when the between-stage heterogeneity exists and
the risk allele has a larger effect in the first stage than that
in the second stage, much improved power is observed by
using the joint test. Figure 2 shows results under this scenario
with 𝑟1 = 1.6 and 𝑟2 = 1.4, and the observed increase
in power using the joint test is as high as 33.9%. Again,
the difference between LC and FC is minor with less than
3% difference. As for comparison between different robust
methods, MAX3, GMS, and GME perform well under the
recessive model, while 𝑍1/2 , 𝜒2 , and MIN2 are less powerful.
Under the additive model, 𝑍1/2 is most powerful, as expected,
and 𝜒2 is least powerful. Other robust methods perform well
with a slight decrease in power compared to 𝑍1/2 . Under the
dominant model, MAX3, GMS, and GME perform the best
even though all tests show good power performances, and the
difference is minor. Similar patterns were observed when a
slight deviation from the HWE is present (results not shown).

4. Real Data Application
The GWAS on non-small-cell lung cancer (NSCLC) by Yoon
et al. [25] studied 621 NSCLC patients and 1541 control
subjects in the discovery stage. After stringent quality control
steps, a total of 246,758 SNPs were tested for the association
with NSCLC based on 𝑍1/2 . In the replication stage, 168 SNPs
with 𝑝 value less than 1 × 10−4 in the first stage based on 𝑍1/2
were tested using 804 patients and 1470 control samples. We
identified additional 234 SNPs using MIN2 in the first stage
which could be studied in the replication stage if MIN2 was
used instead of 𝑍1/2 since MIN2 produces stronger evidence

5
for the additional SNPs than 𝑍1/2 does. The Manhattan plots
of using MIN2 and 𝑍1/2 are presented in Figure 3. One
example is 𝑟𝑠385272 located in chromosome 2, which had
a 𝑝 value of 1.37 × 10−7 which reached significance level at
Bonferroni correction in discovery samples alone, whereas
𝑍1/2 yielded a 𝑝 value greater than 1×10−4 . Even though there
is possibility of false positive findings, these SNPs could have
been selected for replication if robust methods were used.
Since we do not have replication data for these additional
SNPs selected using MIN2 because the first stage selection
was based on 𝑍1/2 in Yoon et al. [25], just for illustration
purpose of the proposed methods, we present the results of
three SNPs including 𝑟𝑠2131877 that was reported by Yoon
et al. [25]. When the significance level in the discovery stage
is set at 𝛼𝐷 = 5 × 10−5 so that all these exemplary SNPs can
be selected in the discovery stage; the 𝑝 value of combined
test based on four robust methods (MAX3, MIN2, GMS,
and GME) as well as 𝑍1/2 and Pearson’s Chi-square test is
presented in Table 2. Fisher’s combination was used for the
joint test in the second stage. Only 𝑟𝑠2131877 was found to be
significant with Bonferroni correction (𝑝 value < 2.03 × 10−7 )
by all except MAX3 method.

5. Discussion
In genetic association studies, efficiency robust tests whose
performance does not depend on the underlying genetic
model have been extensively studied, and their power benefit
over a wide range of genetic models has been well recognized.
In this paper, we described how the idea of these robust
association tests can be applied to the replication studies and
further how overall statistical significance can be evaluated
using the combined test formed by 𝑝 values of the discovery
and replication studies.
When the robust tests are used, the test statistic of
each stage can have a complex form and thus dealing with
the distribution of the joint test can be difficult, whereas
calculating the 𝑝 value of each stage might be relatively
simple. Because the asymptotic distribution of the 𝑝 value
under the null hypothesis of no association is easy to handle,
the combined test using 𝑝 values rather than the test statistics
themselves can provide computational convenience.
There are several methods for combining test statistics
from two stages and Won et al. [22] compared the performances of various choices. Two most commonly used
forms are based on Fisher’s combination and the linear
combination after the inverse normal transformation [23],
and we presented the test statistics and 𝑝 values of these two
methods. In our limited experience, the linear combination
and Fisher’s combination are fairly comparable. Fisher’s
combination seems to perform slightly better than the linear
combination when there exists some heterogeneity between
stages in terms of the genotype relative risk, while the linear
combination seems to perform slightly better in most of
other situations. However, the difference is extremely minor.
Further research is required for the thorough comparison of
various methods of combining 𝑝 values in the application of
efficiency robust tests to the replication of genetic association
studies.
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Figure 1: Empirical powers based on 2,000 simulations for 𝑀 = 10 markers, genotype relative risks of both stages = 1.4, and disease prevalence
𝐾 = 0.1 under the recessive, additive, and dominant models. 1,000 cases and 1,000 controls are considered to control 𝛼 = 0.05. The first stage
type I error rate for discovery is 𝛼𝐷 = 0.05. Six test statistics, 𝑍1/2 , 𝜒2 , MAX3, MIN2, GMS, and GME, are considered. The first, second, and
third columns depict powers using the replication-based test, 𝑍FC , and 𝑍LC , respectively.
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the 𝑦 axis is the significance (−log10 𝑃) of association. The horizontal line corresponds to the significance level 10−4 .
Table 2: For selected exemplary three SNPs for testing association with NSCLC, 𝑝 value of combined test using additive CATT (𝑍1/2 ),
Pearson’s Chi-square test (𝑇chi2 ), MAX3, MIN2, 𝑍GMS , and 𝑍GME .
SNP
rs2131877
rs905551
rs1695109
SNP
rs2131877
rs905551
rs1695109
SNP
rs2131877
rs905551
rs1695109

Discovery
7.88 × 10−5
1.83 × 10−5
2.48 × 10−4
Discovery
1.53 × 10−4
4.50 × 10−5
3.54 × 10−5
Discovery
1.86 × 10−4
5.19 × 10−5
6.89 × 10−4

𝑝 value of 𝑍1/2
Replication
1.04 × 10−4
7.02 × 10−3
3.46 × 10−2
𝑝 value of MAX3
Replication
4.05 × 10−2
7.02 × 10−3
2.63 × 10−2
𝑝 value of 𝑍GMS
Replication
1.04 × 10−4
7.02 × 10−3
1.27 × 10−1

Combined test
7.97 × 10−8
7.70 × 10−6
2.17 × 10−6

Discovery
1.40 × 10−4
8.06 × 10−5
4.56 × 10−5

Combined test
1.92 × 10−5
1.92 × 10−6
4.64 × 10−6

Discovery
1.32 × 10−4
1.34 × 10−4
2.36 × 10−5

Combined test
1.71 × 10−7
2.16 × 10−6
3.85 × 10−5

Discovery
1.03 × 10−4
7.35 × 10−5
2.69 × 10−5

In a genetic study where the purpose of considering a
replication stage is to validate or replicate the genetic findings
from the discovery stage, which is the case considered in
this paper, the analysis in the replication stage utilized the
test statistic or genetic model that is selected as being the
best in the discovery stage and also the direction of the risk
allele, following guidelines for exact replication in genetic
association studies. If the purpose is to simply combine the
evidence from different data sources such as in meta-analysis,
other strategies may be devised. Further research, again, is
required to provide fully detailed properties of such methods.
Power gain of a joint analysis over the conventional
replication-based analysis was thoroughly studied by Skol et
al. [18, 19]. In our simulation, the amount of power increase
using a joint test compared to the replication-based analysis
was much minor than what was observed by Skol et al.
[18, 19]. The exact reason is not known, but we suspect this
might be due to the power advantages of robust methods
and also due to the fact that the optimal choice from the
first stage is used when calculating the second stage 𝑝 values.

𝑝 value of 𝑇chi2
Replication
1.49 × 10−4
4.89 × 10−2
1.53 × 10−1
𝑝 value of MIN2
Replication
1.04 × 10−4
4.89 × 10−2
2.63 × 10−2
𝑝 value of 𝑍GME
Replication
1.04 × 10−4
8.01 × 10−3
4.19 × 10−2

Combined test
1.84 × 10−7
1.40 × 10−5
2.07 × 10−5
Combined test
1.26 × 10−7
1.99 × 10−5
3.35 × 10−6
Combined test
1.02 × 10−7
3.20 × 10−6
5.40 × 10−6

However, even though it was minor in some situations,
the joint anlysis presented better power performance than
the replication-based analysis in our study. This type of
joint analysis raised concerns about the exact meaning of
replication [17]. However, McCarthy et al. [26] mentioned
that joint analyses “blur the boundaries of where exactly
replication starts, but whichever analytical approach is taken,
confirmation in many independent samples is important and
it is the overall strength of the evidence of association that
matters.” Purpose of the current study was to present how
the overall strength of the evidence of association can be
evaluated when robust tests are used in GWAS replication
studies.
We illustrated how the proposed methods can be applied
in the real data that studied the association of SNPs with nonsmall-cell lung cancer (NSCLC) in discovery and replication
stages. In the original study reported by Yoon et al. [25],
SNPs were selected in the discovery data set not based on
the robust tests but based on additive CATT. Therefore, we
found that some SNPs could have been selected by one
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of the robust methods but they were not included in the
replication data set. For these SNPs, we were not able to
perform the joint analysis that we propose, and it was not
possible to examine whether there are other SNPs that could
have been found to be associated with NSCLC by proposed
methods in the replication study. For this reason, we merely
presented how many additional SNPs could have been further
followed in the replication stage when robust methods were
used. In many GWASs, it is a common practice to report
the summary test statistics and 𝑝 values of the SNPs under
a specific genetic model, usually an additive model, which
were further genotyped in the replication stage and were
finally defined to be significantly associated with a phenotype
of interest. As emphasized in this paper, one may have a
better chance of finding many missing SNPs by applying more
powerful and robust methods that consider different genetic
models simultaneously. Therefore, we urge the community to
share test results under not only an additive model but also
other genetic models, although they were not significant at a
stringent significance level, so that future research may have
enriched data resources, to which robust tests can be applied
in association studies.
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discovery stage, one may want to assign a small weight to the
discovery stage result.
When 𝜋𝑠 is the proportion of samples used in the discovery stage, one selection for weights is 𝑤1 = 2𝜋𝑠 and
𝑤2 = 2(1 − 𝜋𝑠 ) for discovery and replication stages, which
simplifies to equal weights when 𝜋𝑠 = 0.5. Based on these
weights, we consider unequal-weighted Fisher’s combination
as −2 log 𝑃(1)𝑤1 𝑃(2)𝑤2 = 𝑤1 𝑋1 +𝑤2 𝑋2 [27]. Its density function
is given by
𝑥
1
exp (−
)
2 (𝑤1 − 𝑤2 )
(2𝑤1 )

𝑓𝑤 (𝑥) =

1
𝑥
−
exp (−
),
2 (𝑤1 − 𝑤2 )
(2𝑤2 )
and the probability distribution function is
𝐹𝑤 (𝑥) = 1 − {

𝑤1
𝑥
)
exp (−
2𝑤1
(𝑤1 − 𝑤2 )
−

Appendix
𝑝 value of Fisher’s Combination for
Equal and Unequal Weights
Equal Weights. Assume 𝑤1 = 𝑤2 = 1. Under the null
hypothesis of no association, 𝑋1 = −2 log 𝑃(1) and 𝑋2 =
−2 log 𝑃(2) are independent and each asymptotically follows
a 𝜒2 distribution with 2 degrees of freedom Let 𝑓𝑘 (𝑥) and
𝐹𝑘 (𝑥) be the probability and cumulative density functions of
𝜒2 random variable with 𝑘 degrees of freedom Then 𝑓2 (𝑥) =
exp(−𝑥/2)/2, 𝑓4 (𝑥) = 𝑥 exp(−𝑥/2)/4, 𝐹2 (𝑥) = 1 − exp(−𝑥/2),
and 𝐹4 (𝑥) = 1−exp(−𝑥/2)−𝑥 exp(−𝑥/2)/2. Denote the cutoff
of the discovery stage based on 𝛼𝐷 as 𝐶𝐷; that is, 𝐹2 (𝐶𝐷) =
1 − 𝛼𝐷. For observed value 𝑧FC > 𝐶𝐷 of 𝑋1 + 𝑋2 , the 𝑝 value
is written as
𝑃𝐻0 (𝑋1 > 𝐶𝐷, 𝑋1 + 𝑋2 > 𝑧FC )
= 𝛼𝐷 − ∫

𝑧FC

𝐶𝐷

𝑧FC
𝑧
1
) − 𝛼𝐷 + exp (− FC ) (𝑧FC − 𝐶𝐷)
2
2
2
𝑧
𝑧
= exp (− FC ) (1 + FC + log 𝛼𝐷) .
2
2
(A.1)

Unequal Weights. When different proportions of samples are
used in the discovery and replication stages, it may be more
appropriate to assign weights proportional to the sample sizes
for each stage. For example, when only a small portion is
used in the discovery stage, to prevent Fisher’s combination
test from being dominated by the significant result in the

𝑤2
𝑥
)} ,
exp (−
2𝑤2
(𝑤1 − 𝑤2 )

𝑤1 ≠
𝑤2 .
(A.3)

Using the previous notation, we have the following form
of 𝑝 value:
𝑃𝐻0 (𝑋1 > 𝐶𝐷, 𝑤1 𝑋1 + 𝑤2 𝑋2 > 𝑧FC )
= 𝛼𝐷 − ∫

𝑧FC /𝑤1

𝐶𝐷

= exp (−

=

𝑧FC − 𝑤1 𝑥
) 𝑑𝑥
𝑤2

𝑤 − 𝑤2
𝑤1 − 𝑤2
𝑧 ) − exp ( 1
𝑤 𝐶 )}
2𝑤1 𝑤2 FC
2𝑤1 𝑤2 1 𝐷

𝑧
𝑤1
exp (− FC )
𝑤1 − 𝑤2
2𝑤1
−

=

𝑓2 (𝑥) 𝐹2 (

𝑧FC
𝑧
𝑤2
)+
exp (− FC )
2𝑤1
𝑤1 − 𝑤2
2𝑤2

× {exp (

𝑓2 (𝑥) 𝐹2 (𝑧FC − 𝑥) 𝑑𝑥

= 𝛼𝐷 + exp (−

(A.2)

𝑧
𝑤2
−(𝑤 −𝑤 )/𝑤
exp (− FC ) 𝛼𝐷 1 2 2
𝑤1 − 𝑤2
2𝑤2

𝑧
𝑤1
exp (− FC )
𝑤1 − 𝑤2
2𝑤1
−

𝑧
𝑤2
−(𝑤 −𝑤 )/𝑤
exp (− FC ) 𝛼𝐷 1 2 2 ,
𝑤1 − 𝑤2
2𝑤2

(A.4)

where 𝑧FC /𝑤1 > 𝐶𝐷.
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Gene-based analysis of multiple single nucleotide polymorphisms (SNPs) in a gene region is an alternative to single SNP analysis.
The multi-bin linear combination test (MLC) proposed in previous studies utilizes the correlation among SNPs within a gene
to construct a gene-based global test. SNPs are partitioned into clusters of highly correlated SNPs, and the MLC test statistic
quadratically combines linear combination statistics constructed for each cluster. The test has degrees of freedom equal to the
number of clusters and can be more powerful than a fully quadratic or fully linear test statistic. In this study, we develop a new
SNP clustering algorithm designed to find cliques, which are complete subnetworks of SNPs with all pairwise correlations above
a threshold. We evaluate the performance of the MLC test using the clique-based CLQ algorithm versus using the tag-SNP-based
LDSelect algorithm. In our numerical power calculations we observed that the two clustering algorithms produce identical clusters
about 40∼60% of the time, yielding similar power on average. However, because the CLQ algorithm tends to produce smaller
clusters with stronger positive correlation, the MLC test is less likely to be affected by the occurrence of opposing signs in the
individual SNP effect coefficients.

1. Introduction
Current genetic association studies aim to identify genetic
variants responsible for a disease by investigating associations
between single nucleotide polymorphisms (SNPs) and a trait
of interest. In a single-SNP approach, each SNP is analyzed
individually for the marginal association with the trait. In a
multi-SNP approach, a group of SNPs is analyzed together
for polygenic model analysis or gene-based analysis to obtain
a global statistic for the combined effect of a set of SNPs [1–8].
When the gene is the unit of interest in the association analysis, gene-based analyses can be performed with multimarker
methods using multi-SNP genotypes or haplotypes [6, 8–
10]. These methods have the potential benefits of reducing
genome-wide type I error burden and boosting the power of
the study [9].

Most popular multimarker methods have been developed
for the analysis of genotypes. In some methods, the marginal
effects of individual SNPs are combined to form a global
statistic [5, 11]. In others, SNP genotypes are analyzed in
a multiple regression model and global statistics are constructed to represent the joint effects of multiple SNPs in a
gene [3, 8, 12, 13]. Some multimarker tests such as C-alpha
[14], SKAT [11], and CMC tests [15] specifically target rare
variants with minor allele frequency (MAF) less than 1%. On
the other hand, multimarker tests such as SKAT-C [16] and
the test by Curtis [10] can be applied to a combined set of rare
(MAF < 1%), low frequency (1% ≤ MAF < 5%), and common
(MAF ≥ 5%) variants.
Multimarker methods can be roughly divided into two
types: linear and quadratic tests [17]. Linear tests are constructed by combining the individual SNP effects in a linear

2
combination with certain weights [2, 4, 18]. Linear tests can be
powerful if the individual SNP effects have the same direction
but can lose substantial power if this condition is not met
[2, 5, 8, 17]. Since the direction of an effect can be reversed by
recoding the genotype, some researchers developed methods
to recode the risk and base alleles considering magnitude
and direction of pairwise correlations between SNPs [2, 5].
Quadratic tests are constructed as a quadratic form of an
effect vector with corresponding weight matrix [5, 11, 16].
Quadratic tests are more robust to the occurrence of effects in
opposing directions, but the degrees of freedom can be high
if many neutral SNPs are included in the analysis [13].
Yoo et al. [8, 13] proposed the multi-bin linear combination test (MLC), which is a hybrid of linear and quadratic
tests, and evaluated its performance for common SNPs [13]
and for combinations of common and low frequency SNPs
[8]. For the MLC test, SNPs are partitioned into bins or
clusters of highly correlated SNPs according to the pairwise
linkage disequilibrium (LD) measure 𝑟. Then percluster linear combinations of individual SNP effects are combined in a
quadratic form [8, 13]. Because of the quadratic component,
the MLC test is more robust than linear tests and can have
better power than a quadratic test such as the generalized
Wald test under realistic causal model scenarios [8, 13].
For SNP clustering, Yoo et al. [8, 13] previously applied
an algorithm incorporated in the LDSelect program [19].
LDSelect is designed to select tag SNPs and the cluster
partitioning of a gene proceeds by identifying SNPs that
capture the effects of other SNPs through LD. Because its
greedy algorithm begins with a SNP in LD with the largest
number of other SNPs, it tends to first construct one large
cluster. However, for the MLC test, clusters with fewer SNPs
are less likely to include causal effects in opposing directions
and may therefore be more robust. Yoo et al. also showed that
the power of the MLC test is better when correlations between
SNPs within a cluster are large and positive [13].
In this study, we develop a new clustering algorithm
called CLQ that identifies cliques in the network of SNPs. By
definition, all pairwise correlations between SNPs in a clique
are above a prespecified threshold value. We also incorporate
the coding correction algorithm of Wang and Elston [2, 5]
into CLQ so that, after recoding, the cliques consist only of
positively correlated SNPs. We compare the performance of
MLC tests using the previous clustering algorithm, LDSelect,
with that using the new CLQ algorithm in terms of power
and robustness. For power calculations, we use genotype data
from the HapMap Asian population to provide 1000 different
realistic LD structures. For one causal and two causal SNP
scenarios, we consider all possible causal SNP choices within
each gene. Through extensive numerical power calculations
for the MLC test under various causal-gene SNP-trait model
scenarios, we show that the CLQ algorithm is highly suitable
for incorporation into the MLC test.

2. Methods and Materials
2.1. Multi-Bin Linear Combination Test. Suppose 𝑚 SNPs in a
gene are jointly analyzed in a multiple regression. We denote
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the genotypes of 𝑚 SNPs as 𝑋1 , 𝑋2 , . . . , 𝑋𝑚 . The genotypes
can be coded differently depending on the genetic model. For
the rest of the paper, we assume an additive genetic model
such that 𝑋𝑖 is the count of minor alleles for 𝑖th SNP; that is,
𝑋𝑖 = 0, 1, or 2. We set up the regression model as
𝑔−1 {𝐸 (𝑌)} = 𝛽0 + 𝛽1 𝑋1 + 𝛽2 𝑋2 + ⋅ ⋅ ⋅ + 𝛽𝑚 𝑋𝑚 ,

(1)

where 𝑔−1 (⋅) is the link function. For the global hypothesis
of gene-based association, we construct a test using the
estimated beta coefficients, 𝛽̂ = (𝛽̂1 , 𝛽̂2 , . . . , 𝛽̂𝑚 ), and the
̂ Σ.
covariance matrix of 𝛽,
Suppose 𝑚 SNPs are partitioned into several bins or clusters based on the pairwise linkage disequilibrium measure 𝑟
defined as
𝑟𝑖𝑗 =

𝑃𝑖𝑗 − 𝑃𝑖 𝑃𝑗
√𝑃𝑖 𝑃𝑗 (1 − 𝑃𝑖 ) (1 − 𝑃𝑗 )

,

(2)

where 𝑃𝑖 and 𝑃𝑗 are the MAF values of the 𝑖th and 𝑗th SNP
and 𝑃𝑖𝑗 is the frequency of the haplotype consisting of the two
minor alleles. If phase information of genotypes to identify
haplotypes is not available, 𝑃𝑖𝑗 is estimated using maximum
likelihood methods, which is the same as computing the
Pearson correlation coefficient 𝑟 between additive genotypes
𝑋𝑖 and 𝑋𝑗 . If 𝑚 SNPs are partitioned into 𝑙 clusters, we
construct a 𝑚 × 𝑙 matrix 𝐽 to denote SNP assignments such
that 𝐽𝑖𝑗 = 1 if the 𝑖th SNP belongs to the 𝑗th cluster and 𝐽𝑖𝑗 = 0
if not.
Using the assignment matrix 𝐽, we construct an 𝑙 𝑑𝑓 MLC
test statistic such that
−1

̂ (𝑊𝑇 Σ𝑊) (𝛽̂𝑇 𝑊) ,
𝐺𝑀 = (𝑊𝑇 𝛽)

(3)

where 𝑊 = (Σ−1 𝐽)(𝐽𝑇 Σ−1 𝐽)−1 [8, 13].
If only one SNP is assigned to each cluster (singleton), 𝐺𝑀
is the same as the generalized Wald test statistic
̂
𝐺𝑊 = 𝛽̂𝑇 Σ−1 𝛽.

(4)

Moreover, if all SNPs are assigned to one cluster, 𝐺𝑀 is a linear
combination (LC) test [1]. The asymptotic null distribution
of the Wald test statistic is an 𝑚 𝑑𝑓 chi-square distribution,
assuming no linear dependencies among SNP genotypes,
whereas the MLC test statistic follows an 𝑙 𝑑𝑓 chi-square
distribution. The asymptotic null distribution of the LC test
statistic is 1 𝑑𝑓 chi-square.
2.2. Allele Recoding Algorithm. As shown in Yoo et al. [13],
power of the LC and the MLC tests benefits from high positive
correlation between causal and neutral SNPs or between
causal SNPs. The sign of the correlation 𝑟𝑖𝑗 between two SNPs
changes if we switch the risk and base alleles for one of the
two SNPs. For example, if we replace 𝑋𝑖 with a new genotype
variable 𝑋𝑖 = 2−𝑋𝑖 , then the genotype of 𝑋𝑖 = 0, 1, 2 becomes
𝑋𝑖 = 2, 1, 0, respectively, under an additive model. When this
change is applied, the correlation between the genotype 𝑋𝑖
and 𝑋𝑗 becomes −𝑟𝑖𝑗 for 𝑖 ≠𝑗. This coding change will also
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change the sign of beta estimates 𝛽̂𝑖 if 𝛽̂𝑖 ≠0. To make most
pairwise correlations positive for SNPs in the joint analysis,
we apply the Wang and Elston’s SNP recoding algorithm [2],
which is as follows.
Step 1. Count the number of negatively correlated SNPs for
each SNP 𝑖 and denote it as 𝑛𝑖 for 𝑖 = 1, 2, . . . , 𝑚; that is, 𝑛𝑖 =
∑𝑚
𝑗=1,𝑗=𝑖̸ 𝐼 (𝑟𝑖𝑗 < 0), where 𝐼 is an indicator function.
Step 2. Select the SNP with the max{𝑛𝑖 }; then switch the risk
and base allele for the genotype of that SNP.
Step 3. Iterate Steps 1-2 with updated correlations from the
updated genotypes until max{𝑛𝑖 } < 𝑚/2.
For the MLC test based on the LDSelect algorithm, we
applied recoding for each cluster separately after clustering.
With the CLQ algorithm, we incorporate recoding within the
clustering algorithm.
2.3. SNP Clustering Using the LDSelect Algorithm. The LDSelect algorithm [19] is as follows.
Step 1. Set a threshold value 𝑐 for correlation 𝑟 between two
SNPs. Suppose the 𝑚 SNPs in a gene are indexed with 𝑉1 =
{1, 2, . . . , 𝑚}. Let 𝑉 := 𝑉1 .
Starting with 𝐵1 , iterate the selection of the 𝑘th cluster 𝐵𝑘
in Steps 2 to 4.
Step 2. For each SNP 𝑖 in 𝑉 , count the number of other SNPs
having correlation with SNP 𝑖 greater than a threshold value
𝑐 such that 𝑡𝑖 = ∑𝑗∈𝑉 ,𝑗=𝑖̸ 𝛿𝑖𝑗 , where
{1
𝛿𝑖𝑗 = {
0
{

 
𝑟𝑖𝑗  > 𝑐
 
otherwise.

(5)

We call the SNPs that meet this criteria the neighbors of SNP
𝑖. Proceed to Step 5 if 𝑡𝑖 is at most equal to 0 for all 𝑖 ∈ 𝑉 . If
not, proceed to the next step.
Step 3. First, select one SNP (say 𝑗) with 𝑡𝑗 = max𝑖∈𝑉 𝑡𝑖 and
all the neighbors of SNP 𝑗 in 𝑉 and group them as 𝐵𝑘 = {𝑖 ∈
𝑉 : |𝑟𝑖𝑗 | > 𝑐}. When there is more than one SNP with the
maximum number of neighbors, randomly select one SNP
from among them.

2.4. SNP Clustering Using CLQ Algorithm. Let 𝐺 = (𝑉, 𝐸) be
a graph with a vertex set 𝑉 and an edge set 𝐸 of 𝑉, the set of
some pairs of vertices in 𝑉. If an edge between two vertices is
included in 𝐸, we call these two adjacent. A clique is defined as
a subset 𝐶 of 𝑉 such that all pairs of vertices in 𝐶 are adjacent.
A maximal clique in 𝐺 is a clique whose vertices are not a
subset of the vertices of a larger clique, and the maximum
cliques in 𝐺 are the largest among all cliques in a graph. A
subgraph of 𝐺 is a graph with a vertex set 𝑉 ⊆ 𝑉 and an edge
set 𝐸 ⊆ 𝐸. A subgraph 𝐺 = (𝑉 , 𝐸 ) of 𝐺 is said to be induced
by a vertex set 𝑉 ⊆ 𝑉 when an edge is in 𝐸 if and only if the
edge is in 𝐸. The subgraph induced by a clique is complete (all
possible edges between vertices in clique are included in the
edge set).
The CLQ algorithm is as follows.
Step 1. For a threshold value 𝑐, construct a graph 𝐺1 with a
vertex set 𝑉1 = {1, 2, . . . , 𝑚} corresponding to SNP 1, 2, . . . , 𝑚
in a gene and an edge set 𝐸1 in which the undirected edge
between vertex 𝑖 and 𝑗 is included if |𝑟𝑖𝑗 | > 𝑐 for 𝑖 ≠𝑗. Let
𝐺 := 𝐺1 with 𝑉 := 𝑉1 and 𝐸 := 𝐸1 .
Starting with 𝐵1 , iterate the selection of the 𝑘th cluster 𝐵𝑘
in Steps 2 to 4.
Step 2. For each vertex in 𝐺 , find the maximal cliques that
contain the vertex using the Bron-Kerbosch algorithm [20]
implemented in igraph package [21] and select the largest
clique of maximal cliques found for all vertices. Proceed to
Step 5 if there is no maximum clique with at least two vertices.
Otherwise, proceed to the next step.
Step 3. Apply the recoding algorithm to the maximum
cliques chosen in Step 2. If all pairwise correlations between
SNPs in the clique can be recoded to be positive, then take
the SNPs corresponding the chosen clique as the cluster 𝐵𝑘 .
If negatively correlated SNPs still exist after the recoding
algorithm has been applied to this clique, discard the chosen
clique and select the next largest one. If there are multiple
cliques in 𝐺 with the largest size and all SNPs can be
recoded to be positively correlated, choose the one with the
largest sum of absolute correlation. Repeat application of the
recoding algorithm until 𝐵𝑘 is determined. If there is no
clique with at least two vertices that can be recoded to have
all positive correlations, proceed to Step 5.

Step 4. Remove SNPs in 𝐵𝑘 from 𝑉𝑘 and denote it as 𝑉𝑘+1 =
𝑉𝑘 \𝐵𝑘 . Also, update 𝑉 with 𝑉𝑘+1 . Iterate Steps 2∼4 unless the
condition to proceed to Step 5 is met or all SNPs are assigned
into a cluster.

Step 4. Remove SNPs in 𝐵𝑘 from 𝑉𝑘 and denote it as 𝑉𝑘+1 =
𝑉𝑘 \ 𝐵𝑘 . Also, update 𝑉 with 𝑉𝑘+1 . Update 𝐺 with the
subgraph 𝐺𝑘+1 induced by 𝑉𝑘+1 . The edge set is also updated
by the edge set of 𝐺𝑘+1 as 𝐸 := 𝐸𝑘+1 . Iterate Steps 2∼4 unless
the condition to proceed to Step 5 is met or all SNPs are
assigned into a cluster.

Step 5. If the maximum 𝑡𝑖 for all 𝑖 ∈ 𝑉 is at most 0, the
SNPs in 𝑉 will be partitioned into singleton clusters (each
with only one SNP).

Step 5. If there is no maximum clique with at least two
vertices in 𝐺 , the SNPs in 𝑉 will be partitioned into
singleton clusters.

End. In this way all the SNPs are assigned into clusters
𝐵1 , . . . , 𝐵𝑙 for some 𝑙 ≤ 𝑚. Then 𝑉1 = ∪𝑙𝑘=1 𝐵𝑘 , where 𝐵𝑗 ∩ 𝐵𝑘 =
𝜙 for 𝑗 ≠𝑘 and 𝐵𝑘 ≠𝜙 for 𝑘 = 1, . . . , 𝑙.

End. In this way all the SNPs are assigned into clusters
𝐵1 , . . . , 𝐵𝑙 for some 𝑙 ≤ 𝑚. Then 𝑉1 = ∪𝑙𝑘=1 𝐵𝑘 , where 𝐵𝑗 ∩ 𝐵𝑘 =
𝜙 for 𝑗 ≠𝑘 and 𝐵𝑘 ≠𝜙 for 𝑘 = 1, . . . , 𝑙.

4
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2.5. Comparison of Clustering Results. To compare the clusters produced for a gene by the two different clustering
methods, we used the 𝑆 criterion of Rand [22] and the 𝑆
criterion that is adjusted for chance agreement [23]. Suppose
in one clustering method, 𝑚, that SNPs are partitioned into
𝐵1 , . . . , 𝐵𝑙 and, using another method, they are partitioned
into 𝐶1 , . . . , 𝐶ℎ . The similarity between two clustering results
is defined as
𝑆=

(∑𝑚
𝑖<𝑗 𝑎𝑖𝑗 )
( 𝑚2 )

,

(6)

where 𝑎𝑖𝑗 = 1 if there exist 𝑘 and 𝑘 such that SNP 𝑖 and SNP
𝑗 are both in 𝐵𝑘 and 𝐶𝑘 , or if there exist 𝑘 and 𝑘 such that
SNP 𝑖 is in both 𝐵𝑘 and 𝐶𝑘 while SNP 𝑗 is in neither 𝐵𝑘 nor
𝐶𝑘 , and 𝑎𝑖𝑗 = 0 otherwise. A higher value of 𝑆 corresponds
to more similar performance of two clustering methods for
the given data. When a pair of clustering results are exactly
identical, then 𝑆 = 1, whereas if 𝑆 = 0 there is no similarity.
The adjusted agreement measure 𝑆 is defined as
𝑆 =

∑𝑖,𝑗 (

𝑚𝑖𝑗
2

𝑚⋅𝑗
𝑚
2 )/( 2 )
𝑚
∑𝑖 ( 𝑚2𝑖⋅ ) ∑𝑗 ( 2⋅𝑗

) − ∑𝑖 ( 𝑚2𝑖⋅ ) ∑𝑗 (

(1/2) [∑𝑖 ( 𝑚2𝑖⋅ ) + ∑𝑗 (

𝑚⋅𝑗
2

)] −

,
) / ( 𝑚2 )
(7)

where 𝑚𝑖𝑗 denotes the number of common SNPs that belong
to clusters 𝐵𝑖 and 𝐶𝑗 , and 𝑚𝑖⋅ and 𝑚⋅𝑗 are the number of SNPs
in clusters 𝐵𝑖 and 𝐶𝑗 , respectively [23].
2.6. Numerical Power Analysis Based on HapMap Data.
Based on 1000 gene structures obtained from HapMap phase
III Asian data, we computed MLC test power using LDSelect
clustering (MLC-LD) and CLQ clustering (MLC-CL) for
several alternative trait models with one or two causal SNPs.
The HapMap gene panels were obtained by random selection
from the 8883 genes that had 4∼30 SNPs, excluding SNPs
with MAF < 0.01 or any pairwise LD value |𝑟| > 0.99. Two
sets of 1000 genes were randomly selected, allowing overlap:
one for the analysis of Models A, B, and C and another for
validation analysis. For each set of 1000 genes, two panels of
SNPs with MAF ≥ 0.05 and MAF ≥ 0.01, respectively, were
used in comparisons of clustering results, and one panel with
MAF ≥ 0.01 was used for power analysis. We evaluated a range
of clustering threshold values for 𝑐 equal to 0.3 through 0.9 for
LDSelect and CLQ.
For trait models, we considered models with one to
four causal SNPs within a gene and a linear model for the
quantitative phenotype 𝑌:
𝑡

𝑌 = ∑ 𝑏𝑖 𝐺𝑖 + 𝜀,

(8)

𝑖=1

where 𝑡 is the number of causal SNPs, 𝑏𝑖 is the effect of 𝑖th
causal SNP, 𝐺𝑖 is the number of causal alleles for the 𝑖th causal
SNP, and 𝜀 is the error term assumed to follow a normal
distribution with mean 0 and variance 𝜎2 (Table 1).
Initially we considered three types of trait models: one
with one causal SNP in a gene with effect 𝑏1 = 1 (Model A),

Table 1: Quantitative trait models used for power comparisons of
MLC-LD and MLC-CL.
Model name
Model A
Model B

Model C

Model D

Description
One causal SNP
within a gene
Two causal
SNPs, both
deleterious
Two causal
SNPs, one
deleterious and
one protective
1∼4 causal SNPs,
random
assignment of
the direction of
effects

Trait model parameters∗
𝑏1 = 1
𝑏1 = 1, 𝑏2 = 1

𝑏1 = 1, 𝑏2 = −1
|𝑏𝑖 | is randomly selected
from the
𝑈(0.01 × SD, 0.05 × SD)
where SD is the expected
standard deviation of 𝑌

2
The trait model is 𝑌 = ∑𝐶
𝑖=1 𝑏𝑖 𝐺𝑖 + 𝜀 where 𝜀 ∼ 𝑁(0, 𝜎 ), 𝐶 is the number of
causal SNPs, 𝑏𝑖 is the effect of 𝑖th causal SNP, and 𝐺𝑖 is the number of causal
alleles for the 𝑖th causal SNP. The variance 𝜎2 is adjusted to make the power
of Wald test 60% for each set of causal SNPs for Models A, B, and C and set
to 1 for Model D.

∗

another with two causal SNPs in a gene with effects 𝑏1 = 1,
𝑏2 = 1 (Model B), and a third with two causal SNPs in a
gene with effects 𝑏1 = 1, 𝑏2 = −1 (Model C). Since power
in a linear model depends on the ratio of signal to noise,
that is, (𝑏𝑖 /𝜎), we selected the variance 𝜎2 to correspond to
reasonable power for a given gene structure and choice of
causal SNPs for Models A, B, and C. To clearly see relative
performance of the MLC tests compared to the generalized
Wald test, we adjusted 𝜎2 such that the Wald test power is
60% for each trait model. For Model A, in each gene we chose
each of the SNPs in turn to be the causal SNP, resulting in
over 11,000 trait model settings in total over 1000 genes. For
Models B and C, in each gene we chose each of all possible
SNP pairs in turn to be the causal SNP pair, resulting in nearly
80,000 trait model settings in total for main and validation
sets.
In a fourth trait model (Model D), we also obtained power
over mixed types of causal models with variable effect sizes.
The number of causal SNPs was chosen randomly between
1 and 4, with the deleterious and protective causal SNPs
randomly assigned. For each causal SNP, |𝑏𝑖 | was randomly
selected from the uniform distribution 𝑈(0.01×SD, 0.05×SD)
where SD is the expected standard deviation of 𝑌 following
the effect size estimates for SNPs associated with lipid levels
presented in Willer et al. [24]. Then the error variance 𝜎2 was
fixed as 1.
For power analysis using Models A to D, the genotype
data were randomly generated from the haplotype panel of
HapMap data for 𝑛 = 5, 000 subjects. Power was calculated
numerically for each gene assuming asymptotic chi-square
distributions under the null and alternative trait models.
With a given significance level 𝛼 and number of clusters 𝑙,
the critical value 𝑐𝑙,𝛼 is obtained from the 𝑙 𝑑𝑓 chi-square
distribution such that 𝑃{𝜒𝑙2 > 𝑐𝑙,𝛼 } = 𝛼. Power is computed as
2
𝑃{𝜒𝑙,𝜆
> 𝑐𝑙,𝛼 } with 𝑙 𝑑𝑓 and noncentrality 𝜆 parameter equal
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Table 2: Mean and standard deviation over 1000 genes of agreement measure 𝑆 and 𝑆 for two clustering methods (LDSelect and CLQ) and
number of genes with identical clustering.

Mean
.676
.769
.847
.909
.936
.959
.974
.689
.789
.863
.923
.948
.968
.981

.3
.4
.5
.6
.7
.8
.9
.3
.4
.5
.6
.7
.8
.9

.05

.01

SNP4
SNP10

𝑆

𝑆

𝑐

Allele frequency cut

SNP9

SD
0.203
0.191
0.168
0.123
0.101
0.086
0.069
0.196
0.177
0.151
0.105
0.084
0.068
0.053

0.748

SNP4

0.987
SNP2

SNP5

0.720

SNP12
0.710

0.988
SNP8

SNP6

0.71 4
SNP1
−0.807

SNP3

(a) LDSelect

SNP10

Cases of perfect agreement

SD
0.342
0.336
0.303
0.242
0.210
0.178
0.156
0.376
0.379
0.338
0.267
0.230
0.201
0.172

180
283
388
483
541
648
736
155
254
361
468
536
644
744

0.748

SNP9

SNP7

0.755
SNP11

Mean
.325
.510
.665
.781
.832
.884
.918
.395
.559
.687
.794
.843
.892
.922

SNP7

0.755
SNP11
SNP2

SNP5

SNP1

−0.720

SNP12

0.807

0.710

0.988

−0.714

0.987

SNP8
SNP6

SNP3

(b) CLQ

Figure 1: Clustering of gene ARHGAP29 by LDSelect and CLQ for a threshold value 0.7.

to the expected MLC statistic value under the trait model (see
Appendix in [13]).

3. Results
3.1. Comparison of SNP Clustering by LDSelect and CLQ.
In Figure 1, we illustrate LDSelect and CLQ clustering for
12 SNPs in ARHGAP29 at a threshold value 0.7. By LDSelect,
the largest cluster includes SNPs 1, 2, 3, and 7 since SNP 1 tags
SNPs 2, 3, and 7. However with CLQ, these four SNPs do not
form a clique because the pairwise correlations between SNPs
2 and 3 and between SNPs 3 and 7 are below the threshold
value. By CLQ, SNPs 2, 7, and 9 are clustered as a clique and
SNPs 1 and 3 are clustered as another clique. Here, SNP 1 is
recoded so that the correlation within the clique is positive.
We compared LDSelect and CLQ clustering for each of
the 1000 HapMap genes across a range of threshold values.
For a given threshold, the clustering methods often produce
identical gene clusters, particularly at higher threshold values
(Table 2). For example, at the threshold value 0.7, 54% of
the clustering results are the same. With increased threshold

values, the averages of the agreement measures 𝑆 and 𝑆 also
increase. At threshold values greater than 0.5, the average
agreement measure 𝑆 is greater than 78% overall. Comparison of average 𝑆 and 𝑆 under stratification by five gene-size
groups (≤10, 11∼15, 16∼20, 21∼25, >25 SNPs per gene) showed
that the agreement slightly weakens with increased number
of SNPs (results not shown).
On average, the number of clusters obtained by LDSelect
is usually smaller than that by CLQ for a given threshold
value (Table 3). Cluster sizes are smaller and less variable in
CLQ than in LDSelect, averaged over all gene sizes (Table 3).
Figure 2(a) shows the average over 1000 genes of the ratio
of the number of clusters to the number of SNPs per gene
used for clustering by LDSelect and CLQ given a threshold
value 𝑐. Restricting the SNPs to have higher minor allele
frequency (MAF ≥ 0.05 versus MAF ≥ 0.01) reduces the
ratio similarly for both clustering methods. At the same
threshold value, CLQ produces a larger number of clusters
compared to LDSelect, mainly because CLQ has a stricter
within-cluster LD requirement, but this difference decreases
as the threshold value increases. It follows that the average
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Table 3: The average over 1000 genes of the number of clusters per gene, the mean size of the clusters within a gene, and the standard deviation
of the cluster sizes within a gene for two clustering methods (LDSelect and CLQ).
Allele frequency cut

.05

.01

𝑐
.3
.4
.5
.6
.7
.8
.9
.3
.4
.5
.6
.7
.8
.9

# of clusters∗
LDSelect
CLQ
1.84
2.94
2.43
3.27
3.02
3.67
3.65
4.19
4.36
4.79
5.18
5.52
6.29
6.57
2.40
3.53
3.02
3.91
3.66
4.36
4.35
4.90
5.10
5.57
5.99
6.32
7.17
7.42

Mean size of clusters∗
LDSelect
CLQ
6.39
3.70
4.82
3.40
3.85
3.06
3.13
2.67
2.61
2.32
2.18
2.01
1.76
1.65
5.25
3.28
4.08
3.00
3.32
2.71
2.75
2.40
2.34
2.10
1.98
1.85
1.64
1.56

SD size of clusters∗
LDSelect
CLQ
2.55
2.60
2.82
2.33
2.49
2.02
2.13
1.75
1.75
1.46
1.38
1.19
1.00
0.89
3.33
2.53
3.02
2.25
2.52
1.96
2.07
1.67
1.66
1.40
1.31
1.15
0.94
0.85

∗

The differences of the obtained characteristics within genes are compared by paired 𝑡-test and all results were significant with 𝑃 values <1𝑒−10 except the italic
pairs (𝑃 = 0.61).

size of the largest cluster in each gene is greater for LDSelect
than for CLQ (Figure 2(b)), with greater differences at lower
threshold values. Conversely, CLQ usually produces more
singleton clusters than LDSelect (Figure 2(c)). We conclude
that at the same threshold value, CLQ tends to produce more
clusters of smaller size than LDSelect.
To compare maximum cluster size when the number of
clusters per gene is the same, rather than at a fixed threshold
value, we applied the clustering methods across a range of
threshold values and for each gene matched the LDselect and
CLQ clustering results according to the number of clusters
(Figure 3(a)). At nearly all cluster numbers, the average size
of the largest cluster is again smaller for CLQ. Out of all
clustering results with different numbers of clusters, 69% had
the same maximum cluster size by LDSelect and CLQ, 23%
had a larger maximum cluster by LDSelect, and only 8% had
a smaller maximum cluster size by LDSelect, based on SNPs
with MAF ≥ 0.05. For the SNPs with MAF ≥ 0.01, these
percentages were 65%, 28%, and 7%. For a fixed number of
clusters, the number of singleton clusters was slightly smaller
for CLQ than LDSelect (Figure 3(b)). Out of all clustering
results, 70% had the same number of singleton clusters by
LDSelect and CLQ, 21% had a larger number by LDSelect,
and only 9% had a smaller number of singleton clusters by
LDSelect than CLQ, based on SNPs with MAF ≥ 0.05. For
the SNPs with MAF ≥ 0.01, these percentages were 67%, 25%,
and 8%. We conclude that when the two clustering methods
produce the same number of clusters for a gene, the CLQ
clusters will tend to be less variable in size than the LDSelect
clusters. We draw similar conclusions from the analysis of
validation set (results not shown).
3.2. Comparison of MLC-LD and MLC-CL Test Power. For
the power calculations, the variance of the error term was

set such that Wald test power is 60% for Models A, B, and
C. For Model D, the variance was fixed as 1 and variation in
the regression coefficient determined power. In Table 4, the
average MLC test power values for trait model types A, B, C,
and D using two clustering methods (MLC-LD and MLCCL) vary across values of the clustering threshold 𝑐. When
averaged over all sets of genes and causal SNP choices, MLCLD power and MLC-CL power were both higher than Wald
test power (which was 60% for Models A–C and roughly 35–
38% for Model D). Average power was usually maximized at
𝑐 = 0.6 or 0.7 for LDSelect and at 𝑐 = 0.4 or 0.5 for CLQ.
At threshold values less than 0.7, MLC-CL power was higher
than MLC-LD for all models. At threshold values higher
than 0.6, however, MLC-CL power was less than MLC-LD
for Models A, B, and D. For Model C, MLC-CL power was
higher than MLC-LD for all threshold values. For each model,
the highest average power was achieved by MLC-CL (bolded
entries in Table 4). Comparison of average MLC power values
under stratification by five gene-size groups (≤10, 11∼15,
16∼20, 21∼25, >25 SNPs per gene) generally yielded similar
results (results not shown).
We also compared the proportion of gene-causal-SNP
cases in which MLC-LD power or MLC-CL power was less
than Wald test power (Table 4). The proportion with lower
MLC-CL power was smaller, suggesting improved robustness. At lower threshold values particularly, the proportion
with power less than the Wald test for LDSelect was much
higher, up to 40∼54% for some models, but was less than
25% for CLQ. Plots of gene-specific power obtained for the
cases in which the LDSelect and CLQ clusters differ show that
the MLC test using CLQ is less likely than MLC test using
LDselect to have substantially reduced power relative to the
Wald test (Figure 4). Similar conclusions about relative power
were obtained from the analysis of validation set (results not
shown).

BioMed Research International

7

0.6

Ratio

Ratio

0.6

0.4

0.2

0.4

0.2

0.4

0.6
0.8
c
(A) SNPs with allele frequency ≥ 0.05

0.8
0.6
c
(B) SNPs with allele frequency ≥ 0.01

0.4

10

10

8

8
Size of cluster

Size of cluster

(a) The ratio of number of clusters to number of SNPs

6

6

4

4

2

2
0.4

0.6
0.8
c
(B) SNPs with allele frequency ≥ 0.01

0.4

0.6
0.8
c
(A) SNPs with allele frequency ≥ 0.05
(b) The size of the largest cluster

6

Number of singleton

Number of singleton

6

4

2

4

2

0

0
0.4
Algorithm
CLQ

0.6
c

0.8

0.4
Algorithm
CLQ

LDSelect

(A) SNPs with allele frequency ≥ 0.05

0.6
c

0.8

LDSelect

(B) SNPs with allele frequency ≥ 0.01

(c) The number of singleton clusters

Figure 2: Averages of (a) the ratio of number of clusters to number of SNPs, (b) the size of the largest cluster, and (c) the number of singleton
clusters in each of 1000 genes for LDSelect and CLQ clustering given a threshold value 𝑐.
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Table 4: Average MLC test power over all gene-causal-SNP combinations for LDSelect (MLC-LD) and CLQ (MLC-CL) clustering methods
and the proportion of genes where MLC-LD power and MLC-CL power are less than Wald test power.
All possible causal SNPs and all genes
Model

𝑐
𝑁

Average†,∗

% Power < Wald∗

LDS

CLQ

LDS

CLQ

All possible causal SNPs for the genes where LDSelect
and CLQ clusters are different
Average†,∗
% Power < Wald∗
𝑁
LDS
CLQ
LDS
CLQ

A

0.3
0.4
0.5
0.6
0.7
0.8
0.9

11,117
11,117
11,117
11,117
11,117
11,117
11,117

0.627
0.670
0.716
0.735
0.733
0.719
0.691

0.757
0.758
0.754
0.745
0.730
0.712
0.685

36.6
26.4
14.6
6.7
2.7
1.1
1.4

6.2
3.9
2.2
1.0
0.6
0.6
1.3

9,765
8,867
8,069
7,381
6,234
5,138
3,512

0.614
0.656
0.714
0.742
0.751
0.746
0.726

0.759
0.762
0.759
0.753
0.744
0.731
0.707

40.0
30.5
17.2
8.1
3.4
0.8
0.3

5.8
3.3
1.8
0.7
0.2
0.0
0.0

B

0.3
0.4
0.5
0.6
0.7
0.8
0.9

79,650
79,650
79,650
79,650
79,650
79,650
79,650

0.645
0.682
0.727
0.750
0.748
0.733
0.701

0.771
0.773
0.769
0.760
0.745
0.724
0.692

33.7
25.5
14.5
6.4
3.0
0.9
0.9

5.6
3.6
2.1
1.2
0.6
0.4
0.5

74,715
70,384
66,788
63,848
57,300
48,577
33,403

0.640
0.674
0.723
0.752
0.756
0.752
0.724

0.774
0.775
0.770
0.764
0.752
0.737
0.706

35.0
27.3
15.8
7.0
3.5
0.7
0.8

5.2
3.0
1.7
0.9
0.5
0.2
0.1

C

0.3
0.4
0.5
0.6
0.7
0.8
0.9

79,650
79,650
79,650
79,650
79,650
79,650
79,650

0.499
0.551
0.603
0.637
0.652
0.654
0.645

0.649
0.657
0.662
0.664
0.662
0.657
0.646

54.3
44.1
32.8
23.7
18.1
14.1
10.3

23.7
21.1
18.4
16.4
14.1
11.7
8.8

74,710
70,409
66,772
63,910
57,409
48,669
33,625

0.505
0.557
0.615
0.651
0.669
0.675
0.661

0.663
0.675
0.683
0.682
0.682
0.678
0.662

54.2
44.0
32.0
22.8
17.4
13.8
11.6

21.9
18.6
15.5
14.1
12.2
10.3
8.3

0.3
0.4
0.5
0.6
0.7
0.8
0.9

8,883
8,883
8,883
8,883
8,883
8,883
8,883

0.388
0.408
0.426
0.439
0.439
0.435
0.425

0.444
0.447
0.447
0.445
0.440
0.433
0.423

36.5
28.3
18.8
10.8
6.5
4.4
3.6

12.1
9.7
7.4
5.5
4.2
3.3
3.3

7,054
6,140
5,119
4,420
3,625
2,827
2,103

0.372
0.389
0.404
0.425
0.416
0.419
0.406

0.441
0.440
0.433
0.435
0.414
0.412
0.396

39.7
32.5
22.1
12.5
7.4
4.1
2.7

9.9
7.3
5.0
3.5
3.0
1.7
1.7

D∗∗

∗
The differences of power between two clustering algorithm and the proportions of cases with MLC test power less than the power of Wald test within genes
are compared by paired 𝑡-test and McNemar test, respectively, and all results are significant with 𝑃 values <0.05 except the italic pairs.
∗∗
The power of Wald test for Models A, B, and C were fixed as 0.6, whereas the average power of Wald test for Model D was 0.388 in average over all genes
(left) and 0.377, 0.373, 0.365, 0.368, 0.354, 0.356, and 0.351 for 𝑐 = 0.3 ∼ 0.9, respectively, for genes with clustering results are different (right).
†
Bolded numbers are the maximum average power of MLC over different threshold values within each clustering method, trait model, and the set of genes (all
or the ones with different clustering results by LDSelect and CLQ).

4. Discussion
In previous studies, we reported that power of the MLC
test depends on the correlation structure among SNPs and
we postulated that clusters of strongly correlated SNPs with
positive correlations benefit the test [13]. Therefore, the CLQ
algorithm designed to construct such clusters, in which all
pairwise correlations in the cluster are positive and strong,
should work well for MLC tests. LDSelect and CLQ produced
exactly identical clusters for about 38∼54% of the genes
at threshold values 𝑐 = 0.5∼0.7. This implies that many of
the clusters found by LDSelect using a SNP that tags other

SNPs are actually cliques; that is, the pairwise correlations
between SNPs in the cluster other than the SNP with most
neighbors are also above the threshold, even though the
LDSelect algorithm does not consider that information.
The LDSelect algorithm was originally developed for tag
SNP selection so that indirect associations could be efficiently
captured by genotyping and analyzing only tag SNPs. We
observed that the LDSelect algorithm also works reasonably
well for MLC tests where power depends on formation of
the clusters with large positive correlations. Because the
algorithms produce identical clusters for a substantial portion
of the cases, the average MLC test power values were not
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dramatically different over the genes we tested. However,
robustness as measured by the proportion of gene-causalSNP cases with lower power than the Wald test was better
with CLQ than with LDSelect. The plot of entire power values
for all trait-causal SNP models over 1000 genes also indicated
that the MLC test using CLQ is less likely than LDSelect to

have substantially reduced power relative to the Wald test.
Because the CLQ algorithm produces slightly more clusters
than LDSelect for a given threshold, the degrees of freedom
tends to be higher for the MLC test using CLQ than LDSelect,
and in that matter CLQ has a disadvantage compared to
LDSelect. However, the smaller sized clusters constructed
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by CLQ may be advantageous because SNPs with opposing
effects are less likely to occur in the same cluster.
For power comparisons using different threshold values,
we found that CLQ with threshold values 𝑐 = 0.4∼0.5
usually produces the best average power among all clustering
algorithm-threshold value combinations. In previous studies
[8, 13], we suggested the threshold value 0.3∼0.5 for 𝑟2 (0.5∼
0.7 for |𝑟| ≤ 𝑐) to achieve optimum power using LDSelect
algorithm, which has been validated by the results of this
study. We suggest the threshold value of 𝑐 = 0.4∼0.5 to be
used for CLQ algorithm based on the results of this study.
However, a dynamically determined threshold value after
evaluating the LD structure might be more appropriate for
MLC tests, and being able to choose nonarbitrary threshold
values is more attractive to researchers applying the method.
We applied the CLQ algorithm to a prespecified gene unit
for gene-based analysis, but it could be applied similarly to
intergenic regions, exomes, and promoter regions, that is,
any regional units exhibiting some linkage disequilibrium
between SNPs. If these regions include too many SNPs (e.g.,
more than 100), it is unreasonable to apply MLC tests based
on joint regression models unless the sample size is extremely
large. In that case, it may be desirable to break up the region
into several LD blocks. Another approach would be to apply
variable selection techniques such as penalized regressions
[25, 26] and construct a MLC-type test with the resulting
models.

5. Conclusions
In summary, we observed that CLQ and LDSelect produce
identical clusters about half the time, and in the remaining
cases, CLQ usually produces more clusters of smaller size. On
average, MLC test power using CLQ is similar to that using
LDSelect. The MLC test using CLQ shows better robustness
to the detrimental effects of opposing SNP associations
within the same cluster. Therefore, the CLQ algorithm is a
promising approach for preanalysis clustering of SNPs for
multimarker methods such as the MLC test.
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Biological heterogeneity is common in many diseases and it is often the reason for therapeutic failures. Thus, there is great interest
in classifying a disease into subtypes that have clinical significance in terms of prognosis or therapy response. One of the most
popular methods to uncover unrecognized subtypes is cluster analysis. However, classical clustering methods such as k-means
clustering or hierarchical clustering are not guaranteed to produce clinically interesting subtypes. This could be because the main
statistical variability—the basis of cluster generation—is dominated by genes not associated with the clinical phenotype of interest.
Furthermore, a strong prognostic factor might be relevant for a certain subgroup but not for the whole population; thus an analysis
of the whole sample may not reveal this prognostic factor. To address these problems we investigate methods to identify and assess
clinically interesting subgroups in a heterogeneous population. The identification step uses a clustering algorithm and to assess
significance we use a false discovery rate- (FDR-) based measure. Under the heterogeneity condition the standard FDR estimate is
shown to overestimate the true FDR value, but this is remedied by an improved FDR estimation procedure. As illustrations, two
real data examples from gene expression studies of lung cancer are provided.

1. Introduction
Biological heterogeneity is common in many diseases; heterogeneity complicates clinical management, as it is often the
reason for prognostic and therapeutic failures. Thus, there
have been many attempts to classify a disease into subtypes
with anticipation that different subgroups are associated with
different clinical significance in terms of prognosis or therapy
response (e.g., [1, 2]). A significant progress in designing
efficient specific treatments can be achieved if novel clinically
relevant subtypes are found.
One of the most popular methods for finding unrecognized subtypes is cluster analysis. However, classical clustering methods such as 𝑘-means clustering or hierarchical

clustering are not guaranteed to produce clinically interesting
subtypes because the main statistical variability could be
dominated by genes not associated with interesting clinical
phenotypes. Furthermore, it could be that prognostic factors
shared within a subgroup do not have any important role
in other subgroups. Thus, the association between prognostic factors and a clinical phenotype is attenuated and
not detectable in the whole population. To address these
problems, we extend the standard clustering algorithm to
find interesting subgroups in the sense that within the
subgroup we can find factors (in this paper: genes) strongly
associated with the clinical phenotype. This idea can perhaps
be illustrated more clearly as follows: suppose that 𝑌 is an
outcome (e.g., relapse) and 𝑋 is a randomized treatment;
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it is common to search for a subgroup for which the treatment
effect is largest. In effect we are searching for factors 𝑍 that
have significant interactions with 𝑋, such that a subgroup
defined by 𝑍 will have a large treatment effect on 𝑌. A
unique point in our current application is that both 𝑋 and
𝑍 are given by the same set of gene expression data. Also,
we allow complex subgroups to be discovered by a clustering
method, which makes the process distinct from the standard
interaction analysis.
Given a set of gene expression matrix, our goal of cluster
analysis is to group patients and genes into subgroups that
convey biological or clinical significance. This task can be
translated to the biclustering problem. Biclustering methods
attempt to simultaneously cluster both patients and genes
with the goal of finding subsets of rows and columns in
the expression matrix. Cheng and Church [3] firstly introduced biclustering to gene expression analysis. For reviewing
the details of biclustering algorithms, see [4]. As Nowak
and Tibshirani [5] noticed, however, most of biclustering
algorithms tend to be dominated by groups of highly differentially expressed (DE) genes that may not be relevant
to the biological process in question. In other words, irrelevant genes with strong signal can mask genes of highest biological relevance. Furthermore, iterative optimization
methods adopted in biclustering algorithms depend on initial
conditions. To overcome these limitations, we develop an
extensive clustering search algorithm to find molecular subtypes (CAMS) based on clustering of patients with partially
similar mRNA profile. CAMS is able to uncover the structures
arising from relevant genes that may not be highly expressed
but moderately expressed within each subtype.
CAMS produces many subtypes. For each subtype, 𝑡statistics comparing two distinct phenotype groups (e.g.,
relapsed/not relapsed) are computed for whole genes and
false discovery rate (FDR) estimate is used to correct for
multiple comparisons. The number of genes having small
FDR estimates (say, less than 0.1) is the basis for assessing the
importance of the subtypes. In real data analysis, however,
it is a common occurrence in heterogeneous populations
that 𝑃 value distributions of the two-sample 𝑡-statistics show
substantial shortage of small values compared to the uniform
distribution [6]. If we ignore this effect we would miss
potential discoveries by overestimating FDR. Since subtypes
produced by CAMS still can be heterogeneous, it is crucial to
study how the molecular heterogeneity of distinct subtypes
affects the FDR estimate. In this paper, we introduce unobserved group (or latent group) variables into a simple model
for gene expression and see how the heterogeneity induced
by the unobserved group leads to the depletion of small
𝑃 values even when there are many significant signatures.
Thus, without considering this underlying heterogeneity,
the use of standard FDR estimate might hide promising
discoveries. To resolve this problem, we develop an improved
FDR estimation procedure to address the heterogeneity in a
dataset.
In estimating FDR, the use of correct null density
function is critical. Efron [7] considered three issues that
substantially affect the null density estimate in computing
FDR: (1) a large proportion of genuine but uninterestingly
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small effects, (2) hidden correlations, and (3) unobserved
covariates. Many researchers have studied how they affect
the standard FDR estimate [7–9]. In particular, possible connections between unobserved covariates and FDR have been
explored in [6, 10]. Leek and Storey [6] showed numerically
that the small 𝑃 values range from being inflated to depleted
depending on the configuration of the unobserved covariates.
They developed the so-called surrogate variable analysis
(SVA) for capturing heterogeneity induced by the unobserved
covariates and studied how SVA affects FDR estimate. Stegle
et al. [10] considered a Bayesian method to account for
hidden confounding variation in expression quantitative trait
loci (QTLs) and showed that the method found additional
expression QTLs in real datasets. However, their approaches
were suggested to study the attenuated relationship by heterogeneity between a measured variable of interest and clinical
outcomes, while we focus on finding submerged subtypes
by heterogeneity. The novel contributions of this paper are
(1) to explain how the heterogeneity induced by unobserved
group leads to the depletion of small 𝑃 values analytically,
(2) to analyze the bias of standard FDR estimates under
the heterogeneity, and (3) to develop an improved FDR
estimation procedure. With these in mind a FDR-based measure is considered to assess findings from a novel clustering
procedure. This is illustrated using two datasets on lung
cancer patients.
The rest of this paper is organized as follows. In Section 2,
we describe the implementation details of CAMS. A brief
review of notations and a standard FDR estimation method
are given in Section 3, and it is analytically shown that the
hidden subgroup in the population can induce a bias of
standard FDR estimate in Section 4. We propose a FDR
estimation procedure resolving the bias problem and show
how to assess clustering results from CAMS with it in
Sections 5 and 6. Section 7 includes two real data applications
and is followed by concluding remarks.

2. Clustering Algorithm for
Finding Molecular Subtypes
Consider a set of gene expression profiles from a group of
cancer patients. The premise behind CAMS is that the novel
molecular information on cancer heterogeneity is hidden in
the gene expression profiles. To uncover the heterogeneity,
CAMS implements a two-dimensional clustering “patients
versus genes” extensively. The full algorithm is given in
Algorithm 1.
We first explain the clustering steps of CAMS graphically
in Figures 1(a) and 1(b). In the two figures, a set of gene
expression profiles as a matrix with rows corresponding to
genes and columns corresponding to patients is graphically
represented. For illustrative purposes, we designed the following simple model.
(i) It has two observed groups: for example, relapse yes
(RY) and relapse no (RN) groups.
(ii) It has two unobserved groups: the first two columns
correspond to molecular subtype 1 (MS1) and the
remaining two columns correspond to molecular
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while 𝑟 ∈ {1, 2, . . . , 𝑛perm } do
Shuffle the genes
Partition the genes into 𝑆 disjoint subsets
for 𝑖 = 1 to 𝑆 do
Perform hierarchical clustering on the 𝑖th subset of the genes
for the number of clusters (𝑐) ∈ 𝐶 do
Cut the dendrogram from the hierarchical clustering to yield 𝑐 clusters.
for 𝑗 = 1 to 𝑐 do
Take 𝑗th cluster (a subtype identifier)
Run hierarchical clustering on patients using only the genes
in 𝑗th cluster (Assume that this step yields 𝐾 clusters).
for 𝑘 = 1 to 𝐾 do
Perform two-sample 𝑡-tests (e.g. relapse yes vs. no)
with the individuals in 𝑘th cluster and the whole genes.
Fit the null distribution of the two sample 𝑡-statistics
with known functional forms.
if
(Normal approximation for the null distribution is acceptable) then
Compute the FDR estimate based on the normal approximation.
end if
if
(Normal approximation for the null distribution is not acceptable) then
Compute the FDR estimate based on 𝐾 permutations.
end if
Compute our proposed FDR-based measure (𝑁01)
to assess the resulting cluster.
For a given subtype, compute the 𝑃-value of 𝑁01 by permuting group labels.
end for
end for
end for
end for
𝑟←𝑟+1
end while
Algorithm 1: CAMS.

subtype 2 (MS2). This information is unknown to the
researchers.
(iii) Some genes (marked in black) affect relapse within a
MS.
The two key clustering steps of CAMS are as follows. Step
I is clustering of genes. This step identifies several sets of genes
having similar profiles across the patients. For example, in
Figure 1(a), gene-set A (shaded region) is grouped and this
will be used as a subtype identifier in next step. Step II is clustering of patients using gene-set A only. This step produces
a subgroup of patients (individuals belonging to the shaded
region of Figure 1(b)) with a common expression profile for
gene-set A. Note that this subgroup is homogeneous in terms
of the identified set of genes from the first step but can show
distinct expression profiles between RY and RN on the other
set of genes (e.g., genes marked in black). Thus, we hope that,
within the subgroup of patients, good prognostic models can
be constructed.
Technical description for CAMS is given as follows. In
Step I, the set of gene probes on the microarray chip is
grouped via hierarchical clustering. This is implemented
using hclust in 𝑅. All the hierarchical clustering in this paper

uses complete linkage method and Euclidean metric. This
hierarchical clustering procedure is applied to disjoint subsets
(𝑆) of 𝑚 all available gene probes due to computational limit
(e.g., 𝑚 = 41000 gene probes in the lung cancer dataset).
For example, if 𝑆 = 10, our procedure makes 10 disjoint
subsets of gene probes and each subset has 𝑚/10 gene
probes sampled from the whole list. Then the whole list is
systematically covered by applying the clustering to 𝑆 subsets
sequentially. To allow various groupings of gene probes under
different environments, we shuffle the whole list of gene
probes several times. The number of clusters (𝐶) from each
subset 𝑆 varies on a vector of fixed numbers. For example, if
𝐶 = (2, 3, 4, 5, 6, 7, 8, 9, 10), then 9 different cluster analysis
results are considered in the downstream analysis. Thus each
gene probe could participate in different clustering solutions,
from very large (>500 probes) to small sets. These clustering
results can be used as subtype identifiers in next step.
In Step II, the same hierarchical clustering method is
applied to cluster the patients by using each subtype identifier
separately. Then the dendrogram is cut at the highest level
where the clusters contain more patients than the threshold.
Each subset of patients is treated as a candidate subtype.
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Figure 1: (a) Step I is clustering of genes. Genes (A) (shaded region) are grouped and will be used as a subtype identifier in the downstream
analysis. (b) Step II is clustering of patients using Genes (A) (i.e., a gene-set obtained from Step I). Here, MS1 (a set of patients, shaded
regions) is obtained as a subtype. (c) Step III shows how 𝑁01 is obtained from the FDR curve. We count the number of genes having FDR
< 0.1. We repeat implementing (a), (b), and (c) across different clustering results extensively. Thus, no shaded columns in (b) will be covered
subsequently.

When the clustering steps of CAMS are performed, only
some of found cancer subtypes would be true discoveries.
To assess whether subtypes are promising or not, 𝑡-statistics
comparing two distinct phenotype groups (e.g., relapsed/not
relapsed) within each subtype are computed for whole genes
and the number of genes having small FDR estimates (say,
less than 0.1) is calculated based on the 𝑃 values of the 𝑡statistics. However, the effect of the molecular heterogeneity
on this assessment has not been explored in detail. To deal
with this issue, we first review a standard FDR estimation
method below.

non-DE genes declared DE and the number of genes declared
DE as
𝑉 (𝑐) = ∑𝐼(𝑃𝑖 ≤𝑐,𝑖∈Null) ,
𝑖

𝑅 (𝑐) = ∑𝐼(𝑃𝑖 ≤𝑐) ,
𝑖

where 𝐼(⋅) is the indicator function. Then, the false discovery
proportion (FDP) is defined as
FDP (𝑐) =

3. Notation and Standard FDR Estimation
In this section some basic notations are introduced to give a
formal definition of FDR. For clarity and simplicity, we will
limit our discussion to the most common problem of finding
differentially expressed (DE) genes between two biological
conditions. Let 𝑧 be a certain statistic to compare the mean
log-expression level. The distribution of observed statistics 𝑧
follows a mixture model
𝑓 (𝑧) = 𝜋0 𝑓0 (𝑧) + (1 − 𝜋0 ) 𝑓1 (𝑧) ,

𝑉 (𝑐)
,
𝑅 (𝑐)

(3)

except in the case of 𝑅(𝑐) = 0, in which case we just
set FDP(𝑐) = 0. The FDP is random proportion of false
discoveries among the genes declared to be DE. The standard
FDR is the marginal average of the FDP; namely, FDR(𝑐) =
𝐸(FDP(𝑐)).
The standard estimate of FDR [8, 11] as a function of the
ordered 𝑃 values is given by
𝜋0 𝑃𝑘
̂ (𝑃𝑘 ) = 𝑚̂
.
FDR
𝑘

(1)

where 𝜋0 is the proportion of truly nondifferentially
expressed (non-DE) genes and 𝑓0 (𝑧) and 𝑓1 (𝑧) are the density
functions of 𝑧 for non-DE and DE genes, respectively.
Suppose we test 𝑚 genes with corresponding statistics
𝑧1 , . . . , 𝑧𝑚 . Let 𝑃1 , . . . , 𝑃𝑚 be the ordered 𝑃 values from 𝑚 test
statistics. For a fixed critical value 𝑐, we define the number of

(2)

(4)

Monotonicity is imposed by taking the cumulative minimum
̂ 𝑖 ) (𝑖 = 𝑘, . . . , 𝑚). A common used formula for 𝜋
̂0
over FDR(𝑃
is
̂0 =
𝜋

(Number of 𝑃 values > 𝜆)
(𝑚 (1 − 𝜆))

(5)
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Figure 2: (a) 𝑃 value = 𝑃(|𝑇| ≥ |𝑡obs |), where 𝑇 is a generic two-sample 𝑡-statistic and 𝑡obs is an observed 𝑡-statistic and (b) average from
50 simulations: true false discovery proportion (FDP) (solid), standard estimate (dashed), and proposed procedure (dotted). The dotted line
coincides with the solid, so it is additionally marked with triangles.

for a certain choice of 𝜆 [11]. Simple choices of 𝜆 such as
0.5 or 0.75 are often used. Note that this standard estimation
procedure does not consider the heterogeneity in population.

Consider genes defining MS and highly expressed in MS1.
Then, we have the following ANOVA representation:
𝜇
𝑌𝑖𝑗 = ( ) 𝐼(𝑗∈MS1) + 𝜀𝑖𝑗 ,
2

4. A Bias of the Standard FDR Estimate
Latent variables have been introduced for various purposes in
multiple testing framework. Friguet et al. [12] and Leek and
Storey [13] considered them as a source of dependence among
genes. In this paper we introduce latent variables as a source
of heterogeneity and design a latent group model leading
to a depleted 𝑃 value distribution near 0. With practical
applications in mind, we will adopt terminologies from twosample microarray studies for cancer. Our toy model is
already graphically represented in Section 2. There are two
unobserved groups (molecular subtypes 1 (MS1) and 2 (MS2))
and two observed groups (relapse yes (RY) and relapse no
(RN)). Genes affecting relapse within a MS are marked black
and genes identifying MS are marked dark gray. More details
to generate Figure 1 are as follows.
(i) For most genes, we choose one MS randomly with
probability 0.5 and generate background effects from
𝑁(𝜇/2, 1). For other MS, we generate background
effects from 𝑁(0, 1). These genes are used to define
specific molecular subtypes (MS1 and MS2) and are
undiscriminating for the two observed groups (RY
and RN).
(ii) Some genes affect relapse within a MS. After choosing
one MS with probability 0.5, we generate background
effects from 𝑁(𝜇/2, 1). Then, we add signal effects
generated from 𝑁(𝜇0 /2, 1) for RY and 𝑁(−𝜇0 /2, 1)
for RN, respectively. For other MS, we generate
background effects from 𝑁(0, 1).

(6)

where 𝑖 is the index for gene, 𝑗 is the index for patient, and
𝜀𝑖𝑗 ∼ 𝑁(0, 1). For relapse-related genes within MS1, we have
the following ANOVA representation:
𝜇
𝜇
𝜇
𝑌𝑖𝑗 = ( ) 𝐼(𝑗∈MS1) + ( 0 ) 𝐼(𝑗∈𝑅𝑌) + (− 0 ) 𝐼(𝑗∈𝑅𝑁) + 𝜀𝑖𝑗∗ ,
2
2
2
(7)
where 𝜀𝑖𝑗∗ ∼ 𝑁(0, 2). In contrast to our model, Efron [7]
considered the following model:
𝑌𝑖𝑗 = (

𝜇0𝑖
𝜇
) 𝐼(𝑗∈𝑅𝑌) − ( 0𝑖 ) 𝐼(𝑗∈𝑅𝑁) + 𝜀𝑖𝑗 ,
2
2

(8)

where 𝜇0𝑖 ∼ 𝑁(0, 𝜎2 ). Note that this model does not consider
unobserved group, and as [7] pointed out, this model can lead
to only a dilated null distribution that explains inflation of
small 𝑃 values (i.e., false positives). In Figure 2(a), however,
our latent group model shows the depletion of small 𝑃 values.
Note that (6) dominates the overall shape of the 𝑃 value
distribution because it has high proportion in the model.
We now see how the unobserved group in the population
induces a bias of standard FDR estimate. As a first step, we
compute two-sample 𝑡-statistic to compare RY and RN. In
RY, there are 𝑛𝑦 patients, where the half are from MS1 and
the other from MS2. In RN, there are 𝑛𝑛 patients and it
has the same structure. Thus, RY and RN groups consist of
two normal distributions having different means. Consider
the genes following (6). Let 𝑅𝑌𝑖 = ∑𝑗 𝑌𝑖𝑗 1(𝑗∈𝑅𝑌) /𝑛𝑦 and

6
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𝑅𝑁𝑖 = ∑𝑗 𝑌𝑖𝑗 1(𝑗∈𝑅𝑁) /𝑛𝑛 . The 𝑡-statistic to test the null
hypothesis (non-DE) is
(𝑅𝑌𝑖 − 𝑅𝑁𝑖 )

𝑧𝑖 =

(̂
𝜎𝑖 √1/𝑛𝑦 + 1/𝑛𝑛 )

,

(9)

Meanwhile, the numerator in (9) is
√𝑛 (𝑅𝑌𝑖 − 𝑅𝑁𝑖 )
= √𝑛 (
= √𝑛 (

∑𝑗 𝑌𝑖𝑗 1(𝑗∈𝑅𝑌)
𝑛𝑦
𝑛𝑦

𝜎̂𝑖 = √

−

2

(∑𝑗 (𝑌𝑖𝑗 − 𝑅𝑌𝑖 ) 1(𝑗∈𝑅𝑌) + ∑𝑖 (𝑌𝑖𝑗 − 𝑅𝑁𝑖 ) 1(𝑗∈𝑅𝑁) )
(𝑛𝑦 + 𝑛𝑛 − 2)

.

∑𝑗 𝑌𝑖𝑗 1(𝑗∈𝑅𝑁)
𝑛𝑛

∑(𝑗∈𝑅𝑌 ⋂ MS1) (𝑌𝑖𝑗 − 𝜇/2)

where
2

−

+

∑(𝑗∈𝑅𝑁 ⋂ MS1) (𝑌𝑖𝑗 − 𝜇/2)
𝑛𝑛

)

∑(𝑗∈𝑅𝑌 ⋂ MS2) 𝑌𝑖𝑗
𝑛𝑦
−

∑(𝑗∈𝑅𝑁 ⋂ MS2) 𝑌𝑖𝑗
𝑛𝑛

)

→𝑑 𝑁 (0, 4) .
(13)

(10)
Thus, we have for large 𝑛
Note that, for large 𝑛𝑦 and 𝑛𝑛 , we have

𝜎̂𝑖 →𝑝 √ 1 +

𝑧𝑖 →𝑑 𝑁 (0,

𝜇2
,
16

(11)

because
2

∑𝑗 (𝑌𝑖𝑗 − 𝑅𝑌𝑖 ) 1(𝑗∈𝑅𝑌)
𝑛𝑦
2

=

=

∑𝑗 (𝑌𝑖𝑗 − 𝜇/4) 1(𝑗∈𝑅𝑌)
𝑛𝑦

+ 𝑜𝑝 (1)

∑(𝑗∈𝑅𝑌 ⋂ MS1) (𝑌𝑖𝑗 − 𝜇/4)

2

𝑛𝑦
+

= (1 +

𝑛𝑦

2

+ 𝑜𝑝 (1)

𝜇2
𝜇2
) + 0.5 (1 + )
16
16

𝜇2
),
16
2

∑𝑗 (𝑌𝑖𝑗 − 𝑅𝑁𝑖 ) 1(𝑗∈𝑅𝑁)
𝑛𝑛
2

=

∑𝑗 (𝑌𝑖𝑗 − 𝜇/4) 1(𝑗∈𝑅𝑁)

→𝑝 (1 +

𝑛𝑛
𝜇2
).
16

(14)

Since 1 + 𝜇2 /16 > 1 for any 𝜇 ≠
0, the use of standard
Gaussian distribution for 𝑧𝑖 leads to inflated 𝑃 values. Thus,
̂0 is overestimated and 𝑅(𝑐) is smaller than it should
in (4), 𝜋
be. Subsequently, (4) overestimates FDR. If the strength of
background signal 𝜇 becomes larger, the degree of depletion
of small 𝑃 values becomes more severe because (14) will be
more concentrated at 0 as 𝜇 increases. Consequently, the
heterogeneity induced by the unobserved group makes the
𝑡-statistics conservative and leads to upward bias of standard
FDR estimate as shown in Figure 2(b). In our simulation, we
use 10,000 genes and 60 patients, with 30 belonging to each
MS. The proportion of genes defining specific MS is 0.99.
Within each MS, the number of RY and RN is assumed to
be same for simplicity and we use 𝜇 = 2 and 𝜇0 = 3.

5. Proposed FDR Estimation Procedure

∑(𝑗∈𝑅𝑌 ⋂ MS2) (𝑌𝑖𝑗 − 𝜇/4)

→𝑝 0.5 (1 +

1
).
(1 + 𝜇2 /16)

+ 𝑜𝑝 (1)

(12)

While performing CAMS, we want to assess whether clustering results are informative or not with respect to a
measure based on FDR. Thus, in computing FDR estimate,
the population heterogeneity should be addressed properly.
Furthermore, when many datasets are considered simultaneously, it is desirable to have a fast and stable algorithm to
compute FDR estimate. Reflecting these aspects, we propose
a new FDR estimation procedure.
Our starting point is Pawitan et al.’s FDR estimation
procedure [9] because it is computationally flexible to accommodate new changes. A similar permutation-based approach
to deal with the dependence in computing FDR estimates
was developed by [14]. Pawitan et al. [9] explored the
variation pattern of the null distribution of test statistics
using the singular value decomposition (SVD) when there are
correlations between genes. To check the validity of the SVD
analysis in our problem, it is needed to confirm whether the
main variation pattern of permutation distribution can represent that of sampling distribution.
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Figure 3: (a) Each simulation contributes a single gray line. The solid black line is the average of 50 simulations, and dashed line is the
expected histogram-count vector from 𝑁(0, 1). (b) shows singular values from the singular value decomposition (SVD) of 𝑌, and the dots in
(c) and (d) are the components of the singular vectors generated by the SVD, and the solid lines are robust smoothing curves.

5.1. The Validity of SVD Analysis. We firstly demonstrate the
variation pattern of the sampling distributions from the latent
group model through the SVD analysis. We partition the
range of the observed statistics into 𝐵 equispaced bins with
width Δ. Let the histogram-count vector y = (𝑦1 , . . . , 𝑦𝐵 )
be the number of statistics that fall into each bin. Each
simulation contributes a single count vector yi . Let 𝜂 be the
expected histogram-count vector from standard Gaussian
distribution and the 𝐵 × 𝐾 matrix 𝑌 the matrix of centered
count vectors yi − 𝜂. 𝐾 is the number of simulations and 50 is
used in our example.
Figure 3(a) shows the total variability of sampling distributions; the solid line is y and the dashed line is 𝜂. The solid
line has higher peak and smaller width than the dashed line,
so this is consistent with our analytical findings. To see the
variability of yi − 𝜂, we perform the SVD of 𝑌. The variation
is dominated by one large singular value, associated with
the pattern seen in the plot of the first singular vector. A
consequence of this pattern is that the sampling distribution
tends to have a leptokurtic shape compared to the standard

Gaussian distribution. Subsequent singular vectors do not
have large contributions to the variation.
In practice, we cannot create real data as in simulation. To
circumvent this problem, we use permutation to generate the
null distribution, but we first check the variability pattern of
the distributions from permutation. Let 𝑋 be a microarray
data matrix, let g = (𝑔1 , . . . , 𝑔𝑛 ) be the vector of group
labels, and let 𝑔∗ be a random rearrangement of 𝑔. With each
permuted dataset (𝑋, 𝑔∗ ), we compute test statistics. So each
permutation contributes a single count vector yi∗ . Let y∗ be
the mean vector of yi∗ over 𝐾 permutations and the 𝐵 × 𝐾
matrix 𝑌∗ the mean-corrected matrix of count vector yi∗ . The
SVD results of 𝑌∗ are reported in Figure 4.
Figure 4(a) shows the total variability of the distribution
over permutations, and the solid line is the average of the
permuted null distributions. In Figure 4(b), the first singular
value is dominating others and Figure 4(c) shows that the
pattern of the first singular vector from 𝑌∗ is very close to
that from 𝑌. This implies that the main variation of permuted
distributions explains that of the sampling distributions well,
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Figure 4: (a) Each permutation contributes a single gray line. The solid black line is the average of 100 permutations. (b) shows singular
values from the singular value decomposition (SVD) of 𝑌∗ , and the dots in (c) and (d) are the components of the singular vectors generated
by the SVD, and the solid lines are robust smoothing curves.

so the SVD analysis for permuted data is valid under our
latent group model.
Since we have the validity of the SVD analysis, Pawitan et
al.’s method [9] can be adopted to correct the overestimation
by unobserved group. We assume that the observed statistics
𝑧 follow a mixture model (1). They suggested to fit
y ∼ Poisson (𝑚Δ𝑓 (𝑧)) ,

(15)

where
𝑓 (𝑧) = 𝜋0 (𝜙0 (𝑧) + 𝑏𝜙1 (𝑧)) + (1 − 𝜋0 ) 𝑓1 (𝑧) ,

(16)

where 𝑓0 (𝑧) = 𝜙0 (𝑧) + 𝑏𝜙1 (𝑧), 𝜙0 (𝑧) is the average of null
distributions over permutations, and 𝜙1 (𝑧) is the first singular
vector of 𝑌∗ . In this paper, the parameter 𝑏 captures the
variation of the null distribution due to the heterogeneity
by unobserved group. The original computing procedure is
given as follows.
(1) Perform 𝐾 permutations of group labels. Each permuted dataset generates a histogram-count vector y∗ .

(2) Compute the predictor 𝜙0 from the average vector y∗
by scaling so that it integrates to 1.
(3) Construct a matrix 𝑌∗ from the y∗ s. Compute the
predictor 𝜙1 from the smoothed first singular vector
𝑢1 .
(4) Since 𝑓1 is unknown, the regression is performed in
two steps. First, fit the reduced model y ∼ Poisson(𝜇 =
𝑚Δ𝑓), where
𝑓 = 𝛽0 𝜙0 + 𝛽1 𝜙1 ,

(17)

and compute the residual vector r = y − ŷ. Estimate 𝑓1
by smoothing the residual vector r/𝑚Δ as a function
of 𝑧.
(5) Fit the full model (16)
𝑓 = 𝛽0 𝜙0 + 𝛽1 𝜙1 + 𝛽2 𝑓1 ,

(18)

and reestimate the full set of coefficients (𝛽0 , 𝛽1 , 𝛽2 ).
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The coefficient of 𝜙0 becomes the estimate for 𝜋0 . Given
estimates of parameters, 𝑃 values inflated by the heterogeneity are corrected by using the following definition:
𝑃 value = ∫

|𝑧|≥|𝑧obs |

̂ (𝑧) 𝑑𝑧,
𝑓
0

(19)

̂ (𝑧) is the null density estimate corrected by the first
where 𝑓
0
singular vector. For the FDR estimate, we have
𝑚̂
𝜋0 ∫|𝑧|>𝑐 𝑓̂0 (𝑧) 𝑑𝑧
.
 
∑𝑖 𝐼 (𝑧𝑖  > 𝑐)

̂ (𝑧) by
(i) Before the permutation step, approximate 𝑓
0
2
𝑁(0, (1 − 𝑏/√2) ) and obtain 𝜙0 and 𝜙1 using known
functional forms [15]. After fitting (16) as described in
Steps 4 and 5 in the previous section, check whether
|𝑏| < 0.2 or not. If |𝑏| < 0.2, compute FDR estimate.
(ii) In the case of |𝑏| > 0.2, perform 𝐾 permutations and
compute (21) for each permuted dataset. Find the top
5 curves that minimize (21) and take the average as the
null density estimate. Estimate 𝜋0 using formula (5).

(20)

6. Assessing the Clustering Results from CAMS

(Strictly speaking, this is an FDP estimate rather than an FDR
estimate.) Simulation studies show that this estimate has a
negligible bias (Figure 2(b)). It may be possible to improve the
null density estimate further using the second singular vector
in some cases, but we will not attempt this here.

CAMS can generate a practically unlimited number of candidate subtypes by permuting the gene probes for doing
extensive search. If a subtype is depleted in small 𝑃 values,
it is desirable to assess it with 𝑁01. To see the proportion of
subtypes requiring such assessment, we define the ratio of low
𝑃 value areas as

̂ (𝑐) =
FDR

5.2. Improved Algorithm for Many Datasets. CAMS generates
many subtypes. Since not all the subtypes are meaningful,
it is needed to assess each of them quickly. In particular,
for the subtypes showing the depletion of small 𝑃 values,
it is desirable to apply our FDR procedure to address such
depletions.
One measure to assess subtypes from CAMS is the
number of genes having FDR < 𝑐, where 𝑐 is a suitably
chosen small value; we use 𝑐 = 0.1 in our examples and call
this measure 𝑁01. Figure 1(c) shows that 𝑁01 is obtained by
counting the number of genes with FDR < 0.1. To compute
𝑁01 for many datasets, the previous procedure becomes
(1) computationally intensive: the permutation step takes
long time;
(2) unstable: some null density estimates have negative
values.
̂ (𝑧) from the
To increase computational speed, we note that 𝑓
0
SVD analysis is empirically well approximated by 𝑁(0, (1 −
𝑏/√2)2 ) for |𝑏| < 0.2, which can be checked before the
permutation step. But this approximation does not seem to
be reliable when |𝑏| > 0.2. Furthermore, the null density
estimates often have negative values when 𝑏 is large and this
leads to a numerical problem in estimating FDR. Thus, we
propose a more stable algorithm to find good approximation
to the null density. The main idea is to pick up a few vectors
y𝑖∗ that are closest to the histogram counts of the observed
test statistics y with respect to a certain metric. To emphasize
goodness of fit at the center of the distribution, we use
𝑇

Dist (y, y𝑖∗ ) = (y − y𝑖∗ ) 𝑊y (y − y𝑖∗ ) ,

(21)

where 𝑊y = Diag(y) as a distance measure. This distance
measure gives larger weights to the central part of the
histogram. We find top 5 curves that minimize (21) and use
̂ (𝑧). For simplicity we estimate 𝜋 with (5).
their average as 𝑓
0
0
The resulting procedure thus becomes as follows.

Ratio (𝜆) =

∑𝑚
𝑖 1(𝑃𝑖 ≤𝜆)
𝑚𝜆

,

(22)

where 𝜆 = 0.2 is used in practice. The denominator corresponds to the expected number of 𝑃 values less than 𝜆 when
the null hypothesis holds. We regard Ratio < 1 as indicating
the targeted situation (the depletion of small 𝑃 values). When
the whole set of patients shows the depletion, we often
observe high proportion of potential subtypes with Ratio < 1,
so it is safe to use 𝑁01 as a default assessment measure.
We provide an implementation of the proposed method
as an 𝑅 package at http://fafner.meb.ki.se/personal/yudpaw/.
Two necessary inputs for the implementation are gene expression data matrix and corresponding group vector (a clinical
outcome such as disease outcome, e.g., relapse indicator). To
enable further analysis when there is auxiliary information
such as survival time, the software stores the following results:
(i) genes defining a cancer subtype,
(ii) patient IDs that belong to a subtype,
(iii) 𝑁01 and respective 𝑃 value.
Note that we may have high 𝑁01 by chance because
several optimization procedures (e.g., the biclustering procedure) are performed before computing 𝑁01. To address this
point, we randomly permute group labels of each subtype
𝑁𝑝 times and compute 𝑁01 based on the permuted data
(𝑁01perm ).
Then, we compute a standardized statistic of 𝑁01 for 𝑖th
subtype:
𝑧𝑖 =

𝑁01𝑖 − 𝑁01𝑖
,
𝑠𝑖

(23)

where N01𝑖 and 𝑠𝑖 are the mean and standard deviation of
𝑁01𝑖 and 𝑁01perm ’s. 𝑁𝑝 = 50 is used in practice. Likewise, we
standardize 𝑁01perm . This standardization enables us to have
precise estimate for 𝑃 value and reasonable resolution for
estimating FDR. After stacking all the standardized statistics
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Figure 5: (a) 𝑃 value distribution of two-sample 𝑡-statistics for detecting differentially expressed genes from a lung cancer data comparing
relapse versus no relapse and (b) the corresponding false discovery rate (FDR) estimate. In (b), the dashed line is the standard FDR estimate
and the solid line is from our proposed procedure. The 𝑥-axis in (b) denotes the ranking of genes where higher ranking corresponds to higher
statistical significance.

in a vector 𝑧perm , the 𝑃 value of 𝑁01 for 𝑖th subtype is defined
as
∑𝑘 𝐼 (𝑧𝑖 ≤ 𝑧perm,𝑘 )

(24)
,
𝐾
where 𝐾 is the length of 𝑧perm and 𝑧perm,𝑘 is the 𝑘th element
in 𝑧perm . Thus, the subtype with large 𝑃 value (24) will not
be considered as an interesting cancer subtype even though it
has high 𝑁01.
To find clinical implication of the subtype, we evaluate
the prognostic signature in the subgroup of patients using
the logistic regression with L1 penalty. We first classify
patients belonging to the subgroup into good and poor
prognosis groups based on cross validated probabilities of
being relapsed patients from the logistic regression. Then,
the strength of the prognostic signatures from the logistic
regression is assessed by computing the survival difference
between good and poor prognosis groups and the area under
the operating characteristic curve (AUC).
𝑃-value𝑖 =

7. Real Data Analysis
7.1. Chemores Data Example. Lung cancer is one of the most
prevalent and deadliest cancers. Human lung cancers are
classified into two major subtypes, small cell lung cancer
(SCLC) and non-small cell lung cancer (NSCLC). NSCLC,
which accounts for around 80% of all primary lung cancers, is
a known heterogeneous group and its prognosis is generally
poor [16]. In the current clinical practice, it is difficult to
perform histopathological classification with small biopsies
[17]. In order to improve the selection of patients who most
likely will benefit from adjuvant chemotherapy (ACT), there
is an urgent need to establish new diagnostic tools.
In this view, a study was organized by the Chemores
initiative, which became an EU funded (FP6) Integrated

Project involving 19 academic centers, organizations for
cancer research, and research-oriented biotechnology
companies in 8 European countries. Tissue samples from
a cohort of 123 patients who underwent complete surgical
resection between 30 January 2002 and 26 June 2006 are
analyzed. All the patients belong to NSCLC and 59 patients
experienced a relapse. This group of patients represents
a heterogeneous group of lung cancers. We assayed the
samples for gene expression, performed using dual-color
human array from Agilent containing 41000 gene probes;
a dye-swap of tumor versus normal lung tissue from same
individual was employed for each sample and the log-ratio
values were combined by averaging (the dataset is available at
http://www.ebi.ac.uk/arrayexpress/experiments/E-MTAB1132). Figure 5(a) shows the depletion in small 𝑃 values of the
two-sample 𝑡-statistics for the 41000 gene probes. Figure 5(b)
shows the corresponding pessimistic standard FDR estimate
by [11] (dashed line). Thus, to take into account the
heterogeneity issue properly, CAMS is needed here. Two
inputs for implementing CAMS are a gene expression matrix
and a relapse indicator. Table 1 shows a summary of output.
The first column of this output contains unique names of
subtypes. The second and third columns tell how many genes
are involved in defining each subtype and the number of
patients in the subtype. The 𝑃 values in the last column are
computed using (24). The full lists of genes and patients can
be identified by SubtypeID.
To reduce the computation time further, we consider
filtering out uninteresting cases in the first stage. We compute
𝑁01 through the FDR based on the normal approximation
only. We call this 𝑁010 . If 𝑁010 is small, we skip the remaining procedure and go to search for next subtype. Figure 6(a)
shows histogram of 𝑃 values for 𝑁01 after filtering out the
uninteresting cases having 𝑁010 ≤ 2. The standard FDR
estimate is given in Figure 6(b), showing some interesting
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Table 1: The output from 𝑅 package.

Subtype ID
..
.

Genes in clusters
..
.

Patients in subtype
..
.

𝑁01
..
.

𝑃 value∗
..
.

1535
124
..
.

69
28
..
.

17
23
..
.

0.020
0.020
..
.

6
7
..
.
∗

The 𝑃 value of 𝑁01 for 𝑖th subtype is computed by using (24).
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Figure 6: (a) Histogram of 𝑃 values for 𝑁01 from a lung cancer data and (b) the corresponding false discovery rate (FDR) estimate.
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Figure 7: The proportion of subtypes showing depleted 𝑃 value
distribution from our clustering results is 0.908 (left side of vertical
dashed line).

subtypes. In this analysis, we compute the proportion of
subtypes showing depleted distributions with (22) and it is
0.908 (Figure 7). Therefore, 𝑁01 is essential in assessing the
quality of each subtype.

From the top list of subtypes, one promising subtype
is further analyzed using survival information to compute
the appropriate prognostic signature for that subtype. To
deal with large number of predictors (genes) we use logistic
regression with L1 penalty [18] where the relapse status is the
response variable. The cross validated probability of being a
relapsed patient is computed from the leave-one-out cross
validation, and the poor prognosis group is defined as the
patients having the probability ≥0.5. To assess the strength
of the prognostic signatures from the logistic regression,
we compute the survival difference between good and poor
prognosis groups. In Figure 8(a), the Kaplan-Meier curves
of relapse-free survival show big difference between those
two groups. Figure 8(b) shows operating characteristic curves
for identifying relapse during follow-up. The area under the
curve (AUC), computed under leave-one-out cross validation, is 0.806.
7.2. Bild et al.’s Data Example. As another application, we
use lung cancer data by Bild et al. [19]. Their research
purpose was to identify gene expression signatures of
human cancers that reflect the activity of a given pathway.
The gene expression dataset for lung cancer consists of 53
squamous cell carcinomas (SCC) and 58 adenocarcinomas
(AC), so we expect that the group of patients represents a
heterogeneous group. Among 58 relapsed patients, 26 and 32
patients belong to SCC and AC, respectively. The expression
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Figure 8: (a) Kaplan-Meier curves of good and poor prognosis groups for a promising subtype and (b) receiver operating characteristic
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dataset was obtained using Human U133 2.0 plus arrays
(Affymetrix) containing 56475 gene probes. It is available at
http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE3141.
For the downstream analysis, we normalized the dataset
for each patient to have zero mean after taking logarithm.
The same procedures as described in analyzing Chemores
data were applied to the normalized data. The proportion of
subtypes showing depleted distributions is 0.798, so 𝑁01 is
crucial in assessing the quality of each subtype. See Figure 9.
Likewise in the previous section, further survival analysis
can be done, but we omit the results here for brevity.

8. Discussion and Conclusions
In this paper, we proposed an extensive clustering algorithm
to find cancer subtypes and have addressed the heterogeneity

issue induced by the unobserved group to assess the resulting subtypes appropriately. The unobserved group creates
a serious conservative bias problem when standard FDR
estimation is used, but our proposed FDR estimation method
resolves it. SVD is used as a tool for discovering the effect
of heterogeneity on the null distribution of the test statistics.
In particular, when many datasets are considered simultaneously, we develop a much faster and more stable FDR
estimation algorithm than the method in [9].
Although we focus only on the heterogeneity issue in
this paper, Efron’s three issues [7] should be considered
simultaneously in high-throughput data analysis. It is difficult, however, to distinguish genes with small effects from
correlation effects because both can produce similarly wide
distributions of the test statistic. We also expect that there is
some confounding between the heterogeneity effect and the
above two effects. Thus, careful joint approaches for dealing
with the three issues are required. For example, Pawitan et al.
[8] showed that it is possible to get less bias by estimating 𝜋0
and 𝑓1 (𝑧) using a joint estimation method. This issue needs
further investigation.
Recently, several biclustering algorithms have been proposed for gene expression data, and a comparative study
was performed in [20]. They pointed out that performance
on synthetic datasets did not always correlate with that on
real datasets and no algorithm is uniformly the best under
different environments. Considering this point, CAMS is also
expected to have its own weakness and strength. Thus, it is
needed to study when CAMS performs well compared to
other biclustering methods. On the one hand, it is possible
to embed existing biclustering algorithms into CAMS with
some modification. Then, we can compare performances of
various biclustering methods when subtypes are assessed by
𝑁01.
In addition to the above issues, there are still many
scientific questions to be considered here. For example,
should two similarly constructed clusters be combined or
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remained separate? How can we assign an independent test
sample to newly constructed subtypes? A practical method
for dealing with these scientific problems will require further
research.
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A number of statistical methods for detecting gene-gene interactions have been developed in genetic association studies with binary
traits. However, many phenotype measures are intrinsically quantitative and categorizing continuous traits may not always be
straightforward and meaningful. Association of gene-gene interactions with an observed distribution of such phenotypes needs
to be investigated directly without categorization. Information gain based on entropy measure has previously been successful in
identifying genetic associations with binary traits. We extend the usefulness of this information gain by proposing a nonparametric
evaluation method of conditional entropy of a quantitative phenotype associated with a given genotype. Hence, the information
gain can be obtained for any phenotype distribution. Because any functional form, such as Gaussian, is not assumed for the entire
distribution of a trait or a given genotype, this method is expected to be robust enough to be applied to any phenotypic association
data. Here, we show its use to successfully identify the main effect, as well as the genetic interactions, associated with a quantitative
trait.

1. Introduction
Recent advances in high-throughput genotyping techniques
have produced massive volumes of genetic data. Although
it is common to analyze single SNP effects extensively, such
approaches cannot adequately explain the intricate genetic
contributions to complex diseases such as hypertension,
diabetes, and certain psychiatric disorders. Consequently
there are still large amounts of genetic components that
remain unexplained. Gene-gene interaction analysis may be
one method to adequately address this missing heritability
problem [1].
For case-control studies, which formulate the measures
for a binary trait, a number of statistical methods for detecting
gene-gene interactions have been proposed. One of the most
popular methods is multifactor dimensionality reduction
(MDR) [2] that converts a high-dimensional contingency
table to a one-dimensional model without raising the issue

of sparse cells. Several variants of MDR have been recently
developed [3–8], while another approach was developed
[9–11] from information theory [12, 13]. More recently, an
entropy-based approach which utilizes the relative gain of
information, as well as its standardized measure, has also
been proposed [14].
However, for quantitative traits such as the blood pressure, body mass index, and patient survival times, relatively
few attempts have been made to analyze the genetic interactions. Because many phenotype measures are intrinsically
quantitative, and categorizing a continuous trait may not
always be straightforward and meaningful, association of
gene-gene interactions with an observed distribution of
such phenotypes needs to be investigated directly without
categorization. To that end, introducing a new statistic is one
way to tackle the problem [15]. Extending the MDR algorithm
to continuous traits, as in the ways of the generalized MDR
(GMDR) and the model-based MDR (MB-MDR), has been

2
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proposed [3, 6]. More recently a quantitative MDR (QMDR)
was proposed to replace the balanced accuracy metric with
a 𝑡-test statistic [16]. However, these MDR-based approaches
may oversimplify the original data to some degree, through
classification of phenotypes. An entropy-based approach may
well be an alternative model. Entropy is commonly used in
information theory to measure the uncertainty of random
variables [12, 13], and information gain or mutual information
has been shown useful to represent association strengths [17–
19]. Although the usefulness of such information theoretical
methods is well known, the statistical methods based on
this approach for analyzing gene-gene interactions of the
quantitative traits are rarely found, with the exception of
one specific case [20]. However, the application may also be
limited by assuming a normal distribution.
Here, we extend the usefulness of the information concept
to quantitative traits by considering nonparametric estimates
based on sample-spacing or 𝑚-spacing [22–25] for the
conditional entropy of a quantitative phenotype, based on
a given genotype. The challenge, therefore, is to couple
a nonparametric entropy estimator to correct and stable
information gains. We thus developed the useful information
gain standardized (IGS) approach and applied it to datasets
composed of several genotypes and the quantitative trait.
This approach could be considered an extension of previous
work on categorical traits [14] to the quantitative phenotypes.
The proposed method, however, does not attempt in any
way to classify quantitative phenotypes like other methods,
such as variants of MDR but instead handles them directly,
providing an intrinsic advantage of removing the chance
of misclassification. While previous entropy-based methods
of analyzing quantitative traits assumed the shape of its
distribution to be normal [20], our method does not need to
specify the distribution to estimate the association. Any regular or irregular distribution would not cause any difficulties.
Although this is also an advantage of GMDR or QMDR, we
propose a method that takes the advantageous characteristics
from both of those methods. We also performed extensive
simulation studies to compare the powers of the proposed
method to QMDR and GMDR, demonstrating its advantage
in detection power.
In the following sections, after a brief review of nonparametric entropy estimation, we describe a new method for
modeling genetic interactions. A nonparametric entropy estimator is shown to successfully couple with genetic datasets
through our modifying work in the Materials and Methods.
Application of this information gain standardized (IGS)
approach is evaluated for both simulation and real datasets
in the Results and Discussions.

2. Materials and Methods
2.1. Estimation of the Entropy for a Continuous Variable. If 𝑋
is a random vector with probability density function, 𝑓(𝑥), its
differential entropy is defined by
𝐻 (𝑓) = − ∫ 𝑓 (𝑥) ln (𝑓 (𝑥)) 𝑑𝑥.

(1)

A well-known approach for estimating a solution to this
equation is to use plug-in estimates. In this approach, 𝑓(𝑥)
is first estimated using a standard density estimation method
such as a histogram or kernel density estimator, and the
entropy is then computed. Integral, resubstitution, splitting
data, and cross-validation estimates are among the usual
plug-in estimates [22]. Another approach is based on samplespacing. Let {𝑋𝑘 } be a set of independent and identically
distributed real valued random variables, with corresponding
order statistics of {𝑋𝑛,𝑘 }. Here, 𝑛 represents the total number
of measured samples. For the arbitrary integers 𝑖 and 𝑚
satisfying the condition of 1 ≤ 𝑖 < 𝑖 + 𝑚 ≤ 𝑛, a spacing of
order 𝑚 or 𝑚-spacing is defined as 𝑋𝑛,𝑖+𝑚 − 𝑋𝑛,𝑖 . A density
estimate, based on sample-spacing, 𝑚, is then constructed as
𝑓𝑛 (𝑥) =

1
𝑚
,
𝑛 𝑋𝑛,𝑖𝑚 − 𝑋𝑛,(𝑖−1)𝑚

(2)

where 𝑥 ∈ [𝑋𝑛,(𝑖−1)𝑚 , 𝑋𝑛,𝑖𝑚 ) [14]. This density estimate is
consistent if, as 𝑛 → ∞, 𝑚 → ∞ and 𝑚/𝑛 → 0
[22]. Several variations of an entropy estimator with minor
differences have been proposed, all based on the above
density estimates [23, 24]. Among them, the following were
reported to approximate with lowered variance [25]:
𝐻𝑚,𝑛 =

1 𝑛−𝑚
𝑛
∑ ln ( (𝑋𝑛,𝑘+𝑚 − 𝑋𝑛,𝑘 )) .
𝑛 − 𝑚 𝑘=1
𝑚

(3)

Asymptotic bias of this estimator can be corrected by adding
additional terms, including the digamma function [22, 28]:
𝐻𝑚,𝑛 =

1 𝑛−𝑚
𝑛
Γ (𝑚)
+ ln 𝑚.
∑ ln ( (𝑋𝑛,𝑘+𝑚 − 𝑋𝑛,𝑘 )) −
𝑛 − 𝑚 𝑘=1
𝑚
Γ (𝑚)
(4)

As 𝑚 increases, the correctional terms become negligible and
the two estimators coincide. Our evaluation of the entropy
of a phenotype, 𝐻(𝑃), of a quantitative trait is based on this
estimator.
2.2. Modification of the 𝑚-Spacing Based Entropy Estimator.
The estimator in (4) has both 𝑛 and 𝑚 as parameters. In
genetic association studies, the number of samples, 𝑛, of
several hundreds is common. However, when the conditional
entropy is estimated, there may be a minor allele that could
have a much smaller number of samples corresponding to
that allele. Moreover, the choice of the sample-spacing, 𝑚,
should affect the resulting estimation of an entropy value.
Therefore, it is required to have an entropy estimation scheme
independent of the number of samples, without the need
of choosing a particular value of the sample-spacing. To
illustrate such a requirement, an ensemble of 3,000 sets of the
random deviation from 𝑁(0, 12 ) was generated for each data
point in Figure 1, where the mean and standard deviation of
the estimates are plotted for each ensemble. On the left panel
of Figure 1, 𝑚 is fixed to 10 and 20 while 𝑛 is varied. The
analytic formula of the entropy for a normal distribution can
be obtained as follows [20], where 𝑒 is Euler’s number:
𝐻 = ln (𝜎√2𝜋𝑒) .

(5)
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Figure 1: The 𝑛-dependence (a) and 𝑚-dependence (b) of the entropy estimator 𝐻𝑚,𝑛 . An ensemble of 3,000 sets of random sampling from
𝑁(0, 12 ) was constructed and used for each point in the plot. The sample-spacing, 𝑚, was fixed while varying the number of samples, 𝑛, (a) to
evaluate the 𝑛-dependence of the entropy estimator. In (b), 𝑛 was fixed and 𝑚 was varied to show the 𝑚-dependence. Analytically obtained
true values are represented by the arrowed horizontal lines.

The calculated value of (5) is pointed on the vertical axis
with a horizontal arrow with the corresponding 𝜎 above
it. The obvious 𝑛-dependence of the estimator can be seen
in this plot, where the estimation approaches the analytic
value, as 𝑛 increases with √𝑛-consistency, as expected [24].
In Figure 1(b), 𝑛 is fixed to 400, while 𝑚 is varied. In this
plot, the estimated entropy again changes in value throughout
the possible range of 𝑚. It is shown that the estimated
value is always smaller than the analytically calculated value.
Therefore, assigning a particular value to 𝑚 such as √𝑛, the
typical choice [25], would not be appropriate in this sampling
range. Because of these 𝑛- and 𝑚-dependences, the estimator
in (4) may need to be modified. Therefore, we modify the
entropy estimator in (4) as follows:

(6)

as the contribution to the conditional entropy by such a minor
allele would be suppressed by the weighting factor of the
marginal probability that should be proportional to the number of corresponding samples. Analytically obtained entropy
values for 𝑁(0, 𝜎2 ), with three different 𝜎’s, are marked on
the vertical axis on the right-hand side. Regardless of the
value of 𝜎, the differences between the analytically obtained
value and the values given by the estimator stay essentially
the same. Considering that the association study measures
the difference between the entropy and the corresponding
conditional entropy, the stability should be a more critical
issue than the absolute value of the estimates. Therefore
compensation of this Δ would not be necessary as long as
it is stable. Furthermore, the underestimation of the entropy
shown in the plot should have little effect on the association
strength. Hence, an entropy estimator has been set up that
should satisfy the practical 𝑛-independence without the need
to find a proper sample-spacing.

In this modification, an entropy estimator is averaged over
the possible 𝑚 values for each 𝑛, which is denoted by ⟨𝑚⟩.
This estimator is used to plot the entropy versus number of
samples in Figure 2. Over a wide range of 𝑛, this entropy estimator yields very stable values, in contrast to Figure 1(a). An
increase in the extremely small 𝑛 range should be within the
tolerable error in an application of genome-wide association,

2.3. Evaluation of a Conditional Entropy. Now let 𝐺 be a
categorical variable assigned to each sample measurement
𝑋𝑘 . 𝐺 may be a genotype given by a measured SNP or a combination of SNPs, while 𝑋𝑘 represents the measured value of
a phenotype. For detecting the main effect of a single SNP, 𝐺
consists of three categories of 𝐺 = 0, 𝐺 = 1, and 𝐺 = 2. For
detecting the interaction between SNP𝑖 and SNP𝑗 , 𝐺 consists
of 9 categories, such that 𝐺 = 0 = (SNP𝑖 = 0, SNP𝑗 = 0),

𝐻⟨𝑚⟩,𝑛 =

1 𝑛−1
1 𝑛−𝑚
𝑛
∑(
∑ ln ( (𝑋𝑛,𝑘+𝑚 − 𝑋𝑛,𝑘 ))
𝑛 − 1 𝑚=1 𝑛 − 𝑚 𝑘=1
𝑚
Γ(𝑚)
−
+ ln 𝑚) .
Γ (𝑚)

4
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2, SNP𝑗 = 2). Detection of the higher order interaction can be
performed in the same way with expansion of the categories
of 𝐺. Then an estimator for each specific component of the
conditional entropy, 𝐻(𝑃 | 𝐺 = 𝑔), can be constructed
using the genotype-selected subset measurements {𝑋𝑛𝑔 ,𝑘 },
along with an individual sample-spacing of 𝑚𝑔 . Extending
(6), while applying the above argument, should now readily
produce the estimators for the entropy of a phenotype and the
conditional entropy. Here 𝑑 denotes the order of a gene-gene
interaction:
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1.0
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𝑛
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𝐻 (𝑃) =
∑(
∑ ln ( (𝑋𝑛,𝑘+𝑚 − 𝑋𝑛,𝑘 ))
𝑛 − 1 𝑚=1 𝑛 − 𝑚 𝑘=1
𝑚
−

Γ(𝑚)
+ ln 𝑚) ,
Γ (𝑚)

0.5

𝐻 (𝑃 | 𝐺)
3𝑑 −1 𝑛
𝑔

= ∑
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𝑛

1
1
∑ (
𝑛𝑔 − 1 𝑚𝑔 =1 𝑛𝑔 − 𝑚𝑔
𝑛𝑔 −𝑚𝑔

⋅ ∑ ln (
𝑘=1

−
3𝑑 −1 𝑛
𝑔

= ∑

𝑔=0

𝑛

𝑛𝑔
𝑚𝑔

Γ (𝑚𝑔 )
Γ (𝑚𝑔 )

102

103

(𝑋𝑛𝑔 ,𝑘+𝑚𝑔 − 𝑋𝑛𝑔 ,𝑘 ))

+ ln 𝑚𝑔 ))

𝐻 (𝑃 | 𝐺 = 𝑔) .
(7)

2.4. Standardized Measure of an Association Strength. Since
the differential entropy values are scale-dependent, when the
above estimators are calculated with {𝑋𝑖 } and {𝑐𝑋𝑖 } (where 𝑐
is a constant scale factor), the difference would be ln 𝑐:
𝐻{𝑐𝑋𝑖 } = ln 𝑐 + 𝐻{𝑋𝑖 } .

(8)

For example, if the phenotype is height it may be measured
in meters or centimeters. In this case, the scale factor is
100. Nevertheless, the association strength should also be the
same. Also note that a negative value is perfectly legitimate
for a differential entropy. Information gain, IG, as in the
form defined with discrete entropies [14], should satisfy scale
independence, while correctly representing an association
strength without being affected by negative values. Therefore,
it should retain its usefulness as a measure of an association
strength:
IG = 𝐻 (𝑃) − 𝐻 (𝑃 | 𝐺) .

(9)

IG would be readily estimated with the above estimator
(7). IG standardized (IGS) is set up with the means and
standard deviations of IGs obtained from repeated shuffling
of the phenotypes while all genotypes remained fixed [14].
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Figure 2: The 𝑛-independence and constant offset from the true
value of the estimates averaged over all possible 𝑚 values for each 𝑛.
Each symbol represents a result of samplings from 𝑁(0, 𝜎2 ). While
varying 𝑛, the number of samples, the estimated entropy values were
averaged over all the possible 𝑚, sample-spacing values. ⟨𝑚⟩ denotes
this averaging, which should not depend on weighting due to the
virtually same standard deviations shown in Figure 1(b). Over a wide
range of 𝑛, the estimated entropy stays effectively the same, showing
𝑛-independence in the range of practical number of sampling.
Moreover, the almost flat line connecting each symbol shifts up or
down following exactly the change of the true value indicated by the
horizontal arrows. The rise in the extremely small 𝑛 range should
be within the tolerable error of any specific application, because
the contribution to conditional entropy by such a case would be
suppressed by weighting, based on the marginal probability that
should be proportional to 𝑛.

Let IG(1)
denote the maximum IG of the 𝑖th permuted
𝑖
dataset. Then, the mean and standard deviation of IG(1)
1 ,
(1)
,
.
.
.
,
IG
can
be
computed
as
follows:
IG(1)
𝑛
2
∑𝑛 IG(1)
IG𝑝 = 𝑖=1 𝑖 ,
𝑛

(1)

2

𝑛
√ ∑𝑖=1 (IG𝑖 − IG𝑝 )
𝑆𝑝 =
,
𝑛−1

(10)

where 𝑛 is the number of permuted datasets. Now IGS is
defined as follows:
IGS =

IG − IG𝑝
𝑆𝑝

.

(11)

3. Results and Discussions
3.1. Demonstration of the 𝑚-Spacing Method. To show
the plausibility of the proposed 𝑚-spacing method,
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Figure 3: Comparison of the QMDR, GMDR, and 𝑚-spacing methods. Association strengths obtained by GMDR versus 𝑚-spacing (a) and
by QMDR versus 𝑚-spacing (b) are compared for a simulated dataset. All three methods were used to evaluate the main effect as well as 2nd
and 3rd order interactions. The dataset was designed to have one 2nd order interaction causal pair.

a representative result is shown in Figure 3, using a
dataset whose quantitative trait was generated from a
normal distribution with a single causal SNP pair simulated,
as described in the next section. The sample size of the
dataset was 400, with 20 SNPs. In panel (a), the association
strengths, obtained by 𝑚-spacing and GMDR, are plotted
as horizontal and vertical coordinates, respectively. Filled
triangles represent the main effects, while open circles are
for the 2nd order interactions. Both methods identify the
same single SNP pair having a prominent interaction plotted
in the upper right corner. One of the SNPs was found to
produce the main effect, in contrast to others. Again, the
result is agreed by both methods. 𝑃 values obtained by
permutation are given in the boxes for those selected points.
Association strengths of the 3rd order interactions are
plotted with a plus sign. Because no 3rd order interaction is
simulated into the dataset, the combinations of SNPs made
by adding a single SNP to the causal pair are expected to
have high association values. Those points are clustered near
the identified causal pair in the upper right corner. In panel
(b) of Figure 3, the same comparison was made using the
result from 𝑚-spacing and QMDR. Both comparisons show
consistent results between the proposed 𝑚-spacing method
and GMDR or QMDR. Note that IGS instead of IG was used.
The distribution of the IG values from a dataset would shift to
a higher direction, with increased order of interactions. Thus,
the more conditions applied, the less entropy may be left to
find. In other words, as the order of interaction increases,
the conditional entropy 𝐻(𝑃 | 𝐺) tends to decrease, while

𝐻(𝑃) remains the same. Therefore IGS is vital if one needs
to compare the association strengths between genotypes
from different orders of interactions. Figure 3 shows that the
simulated causal pair has the largest IGS value among all
points, from different orders of interactions.
3.2. Generation of the Simulation Data. To examine the
performance of the 𝑚-spacing method, an extensive set of
simulation data was necessarily generated. First, three types
of quantitative trait distributions were considered. Two of
them were normal and gamma distributions, and another
one was a mixture of those two types. With single causal
pair designed, 70 different penetrance models, based on [21],
were incorporated. For the case of a normal distribution, a
phenotype value, 𝑦, associated with two interacting SNPs
was selected from a normal distribution, as defined by
the penetrance values tabled for possible combinations of
genotypes associated as follows:
𝑦 | (SNP1 = 𝑖, SNP2 = 𝑗) ∼ 𝑁 (𝑓𝑖𝑗 , 𝜎2 ) .

(12)

Here 𝑓𝑖𝑗 represents the penetrance values tabled for every
model simulated and can be found in [21]. It is tabulated
for each possible pair of genotypes, (𝑖, 𝑗). In 70 different
penetrance models, 14 different combinations of two different
minor allele frequencies (MAFs) and seven different heritability values were considered. Specifically, we considered
the cases when the MAFs were 0.2 and 0.4 and when the
heritability was 0.01, 0.025, 0.05, 0.1, 0.2, 0.3, and 0.4. Three
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Figure 4: Demonstration of the simulation scheme. Phenotype distributions were plotted to associate with the genotypes by two interacting
SNPs, as denoted in the parentheses on top of each plot. SNPs may take values of 0, 1, and 2 or AA, Aa, and aa. For this particular dataset, the
MAF was set to 0.200. On the bottom of each plot, the penetrance value for this particular model is given, which is taken from [21]. Inside
each plot, the number of samples generated to satisfy the simulation constraint is given. The vertical dotted lines are for the mean values of
the high- and low-risk groups. By constraint, the line on the left is for the low-risk group.

different values (0.8, 1.0, and 1.2) of the variance, 𝜎, were used
independently for the high- and low-risk groups, resulting in
9 combinations. The grouping constraint for the generated
event was set such that the averaged 𝑦 of the high-risk group
should be larger than or equal to the overall average. The
averaged 𝑦 of the low-risk group should be less than the
overall average. In Figure 4, 9 possible distributions of a
generated phenotype are shown. In this example, the sample

size is 400. The high- and low-risk groups have the same
number of samples and both have a variance of 1.0. For
gamma distributions, phenotype values follow the rule below:
𝑦 | (SNP1 = 𝑖, SNP2 = 𝑗) ∼ Γ (𝑘, 𝜃) .

(13)

The shape and scale parameters, 𝑘 and 𝜃, were determined
by 𝑓𝑖𝑗 and 𝜎, using the relationship 𝑓𝑖𝑗 = 𝑘𝜃 and 𝜎 = 𝑘𝜃2 .
Penetrance models were classified by 7 heritability values:
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Figure 5: Comparison of the hit ratios or the detection probabilities among the proposed 𝑚-spacing method, QMDR, and GMDR. Genomic
datasets were generated based on 70 different penetrance functions [21], which were, in turn, classified into 7 distinct values of heritability.
For each model, the phenotype values are simulated with normal (a), gamma (b), and mixed (c) distributions. High- and low-risk groups
in a quantitative trait overlapped with 9 different combinations of the standard deviations. Considering all of the above, 100 data files were
generated for each case, adding up to 9,000 simulated files being examined for each point in the plot.

0.01, 0.02, 0.05, 0.1, 0.2, 0.3, and 0.4, resulting in 10 models for
each heritability. The generated data files had a sample size
of 400, with 20 SNPs. In all, 3 × 70 × 9 = 1,890 different
conditions were set up, with 100 simulated data files generated
for each condition.
3.3. Comparison of the Detection Probability and Type I
Error. The “hit ratio,” or detection power, of the IGS was
evaluated and compared. Simulated data files described in
the previous subsection were used. All of them had a single
causal pair to identify. In addition to our proposed 𝑚-spacing

method, QMDR and GMDR were used to compare the
results. Figure 5 shows the comparison. Panels (a), (b), and
(c) are for the quantitative trait of normal, gamma, and mixed
distributions, respectively. Seventy penetrance models were
grouped into 7 cases of heritability on the horizontal axis,
while all 9 combinations of the variances in high- and lowrisk distributions were merged into each heritability case.
With a normal distribution, as shown in Figure 5(a), the
𝑚-spacing’s performance was in between those of QMDR
and GMDR for higher values of penetrance. However, in the
range of penetrance less than 0.2, the 𝑚-spacing performs

8
best. Note that the QMDR shows higher detection probability
than the GMDR throughout the range. In the case of a
gamma distribution, as shown in Figure 5(b), the QMDR’s
performance drops rapidly, as the heritability decreases when
the hit ratios of 𝑚-spacing, as well as the GMDR, stay better
than that of QMDR and are comparable to each other. Note
the switch of the GMDR and QMDR’s performance ranks
with the change of the phenotype distribution. What QMDR
does is essentially the dichotomization of the observed values
of the quantitative phenotypes. Therefore, it should do better
with well-defined symmetric distributions, such as a normal
distribution, than with an asymmetric one (e.g., gamma distribution). The proposed 𝑚-spacing method is expected to be
effective regardless of the shape of the phenotype distribution,
because it makes no assumptions regarding the distribution
and is therefore nonparametric, as demonstrated in Figures
5(a) and 5(b). This nonparameterization is again confirmed in
Figure 5(c), showing that 𝑚-spacing outperforms the QMDR
and the GMDR, throughout the whole range of heritability, in
the case of the mixed form of phenotype distribution. Among
the three methods examined, 𝑚-spacing was the most robust,
performing consistently within the range of conditions for the
simulation.
To estimate the type I error rate, the null datasets were
generated under the same scheme as used for the detection
power analysis except that there was no causal pair intended.
Now there are 20 SNPs that none of the pairs are expected
to have an association. Permutation 𝑃 values for a particular
pair were obtained by permuting each dataset 1000 times.
We took the significance level 𝛼 as 0.05 to get the ratio of
the permutation 𝑃 values smaller than or equal to 𝛼. We
report this ratio as the type I error rate in Table 1, whose
accuracy to one decimal place when expressed in percent was
ensured by the number of the permutation. Table 1 presents
the type I error rate for each combination of three trait
distributions, two MAFs, and seven heritability values, along
with the overall estimates. Throughout these conditions,
the type I error rates are gathered tightly around 5% with
maximum and minimum of 5.4% and 4.3%, respectively.
Moreover there exists no sign of the dependence on the
trait shape, heritability, and MAF. Therefore our proposed
method preserved the type I error rates on these conditions.
3.4. Application to Real Data. A full-scale real dataset from
the Korean Association Resource (KARE) project [20] was
analyzed to investigate the effectiveness of the 𝑚-spacing
method. Among the available phenotypes, “height” was
chosen with a sample size of 8,842 from the population-based
cohort. The total number of SNPs was 327,872, spanning over
22 chromosomes. The “height” phenotype showed to be close
to a normal distribution such that the 𝑚-spacing method may
not take advantage of the shape of the phenotype distribution,
as discussed in the previous subsection. Table 2 lists the
SNPs, selected by the 𝑚-spacing method (IGS), that had the
strongest main effects. Out of 10 selected SNPs, rs2079795
and rs6440003 coincide with two previous reports [26, 27],
although two more matched SNPs, rs11989122 and rs1344672,
could be found as results of our analysis using the same tool
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Table 1: Type I error estimation with the significance level 𝛼 of 0.05.
Type I error rate (%)
0.2
MAF
0.4
0.01
0.02
0.05
Heritability
0.1
0.2
0.3
0.4
Overall

Normal
5.0
5.1
5.3
4.9
5.3
5.0
5.0
4.8
5.1
5.0

Gamma
5.0
5.0
5.0
5.4
4.3
5.3
5.3
4.9
4.7
5.0

Mixed
5.1
5.1
4.8
5.2
5.3
5.1
5.1
4.8
5.3
5.1

as in [26], but using the newly imputed dataset. 𝑃 values
were estimated by permutation of the phenotype values to
make null distributions. Permutations were iterated 100,000
and 10,000 times for the main effect and the interaction,
respectively. A clear distinction between rs11989122 and the
other selected SNPs can be seen in the IGS values. In Table 3,
the 2nd order gene-gene interaction result is given. The top
selected pair (rs6499786, rs1788421) was found to have the
strongest association with “height,” but the distinction was
not so obvious, compared to the case of the main effect.

4. Conclusion
In this paper, we present a modified 𝑚-spacing method for
genome-wide association studies with a quantitative trait.
The robustness of this method makes it useful for a wide
range of sample sizes, while the original 𝑚-spacing method
yields a reliable result only for datasets with a large sample
size. Extensive simulation was performed to produce the
datasets with different shapes of phenotype distributions,
while varying the penetrance functions and adjusting the
heritability as well. Causal pair detection probability was
unaffected the most by the compared methods, based on the
distribution shape and heritability, while GMDR and QMDR
showed more dependency. The proposed 𝑚-spacing method
is proven to outperform the others regardless of the shape of
the trait distribution and also the range of lower heritability.
In the higher heritability region, the performance of the
proposed method is comparable to that of GMDR or QMDR,
whichever shows better performance in that region. This
would lead to versatile applicability of our nonparametric
method for quantitative traits, with various characteristics.
We applied this method to successfully identify the main
effect and gene-gene interactions for the phenotype “height”
with the full set of KARE samples. Although several of them
overlapped with a previous report, new interactions were
also found. Because “height” is presumed to be a trait with a
normal distribution having a higher heritability, our method
may be said to have performed successfully with no advantage
over other methods. More extensive study is needed for
quantitative traits, having various characteristics, to further
demonstrate the expected robustness of our modified 𝑚spacing method.
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Table 2: Application of the 𝑚-spacing method to a full set of KARE samples with the phenotype “height;” main effect.
rs ID

Chromosome

Main effect
IGS

𝑃 value

rs11989122
rs7316119
rs936634
rs7632381

8
12
18
3

11.3892
8.7531
8.6125
7.8235

1 × 10−5
1 × 10−5
2 × 10−5
1 × 10−5

rs2079795

17

7.6542

1 × 10−5

rs1344672
rs2523865
rs3790199

3
6
20

7.6177
7.6044
7.5362

1 × 10−5
4 × 10−5
2 × 10−5

rs6440003

3

7.5231

1 × 10−5

rs17628655

19

7.5117

6 × 10−5

∗

Previous report
∗

5.89 × 10−6
—
—
—
2.92 × 10−6
Ref. [26]
∗
5.21 × 10−7
—
—
3.87 × 10−7
Ref. [27]
—

Identified using the same method as [26] but with imputed data, which is the same one we analyzed.

Table 3: Application of the 𝑚-spacing method to a full set of KARE samples with the phenotype “height;” 2nd order interaction.
rs ID
rs6499786
rs2529232
rs2241704

Chromosome
16
7
19

2nd order interaction
rs ID
Chromosome
rs1788421
21
rs1788421
21
rs1788421
21
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Genome-wide association studies (GWAS) have extensively analyzed single SNP effects on a wide variety of common and complex
diseases and found many genetic variants associated with diseases. However, there is still a large portion of the genetic variants
left unexplained. This missing heritability problem might be due to the analytical strategy that limits analyses to only single
SNPs. One of possible approaches to the missing heritability problem is to consider identifying multi-SNP effects or gene-gene
interactions. The multifactor dimensionality reduction method has been widely used to detect gene-gene interactions based on the
constructive induction by classifying high-dimensional genotype combinations into one-dimensional variable with two attributes
of high risk and low risk for the case-control study. Many modifications of MDR have been proposed and also extended to the
survival phenotype. In this study, we propose several extensions of MDR for the survival phenotype and compare the proposed
extensions with earlier MDR through comprehensive simulation studies.

1. Introduction
In early genome-wide association studies (GWAS), massive
amounts of results have been reported on the associations
between single-nucleotide polymorphisms (SNPs) and diseases. By now, 2,051 studies and 14, 836 causal variants
(𝑝 value ≤ 5.0 × 10−8 ) have been added to catalogue of
published Genome-Wide Association Studies [1]. However, it
has been found that the effective sizes of the loci identified
via GWAS are relatively small and a large proportion of
heritability is still missing. This missing heritability problem
has been studied by either considering gene-gene and geneenvironment interactions or investigating rare variants based
on new generation sequencing technology.
Traditional statistical methods are not well suited for
detecting such interactions since the number of SNPs and
their interactions increase exponentially. To address these
issues, many bioinformatics methods for identifying genegene interactions have been proposed and one such method is

multifactor dimensionality reduction (MDR) [2]. The MDR
method is a computationally efficient method for detecting higher-order interactions between genes (and/or geneenvironmental factors) and a binary phenotype. The key idea
of MDR is to reduce multidimensional genotypes into onedimensional binary attributes by using a well-defined classifier. Many modifications and extensions of MDR have been
developed, which include log-linear models [3], generalized
linear models [4], and model-based methods [5]. Among
those, the generalized multifactor dimensionality reduction
(GMDR) method extends MDR to both dichotomous and
continuous phenotypes and allows for the adjustment of
covariates such as age, sex, and other clinical variables.
In this study, we focus on gene-gene and/or geneenvironment interactions associated with the survival phenotype. In a prospective cohort study, survival time has been
one of the important phenotypes in studies of associations
with gene expression levels measured by high-throughput
microarray technology. Similarly, it has been important to
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identify the effect of SNPs on the survival phenotype in
GWAS. A series of extensions of MDR to the survival
phenotype has recently been proposed, which includes SurvMDR [6], Cox-MDR [7], and AFT-MDR [8]. Those methods
propose new statistics for classifying multilevel genotypes
into a binary attribute under the MDR framework. However,
as shown in the earlier simulation results [8], Cox-MDR has
reasonable power in most cases and is robust to the censoring
fraction, while AFT-MDR has similar power as Cox-MDR
under no censoring but is very sensitive to the fraction of censoring. It is shown that the power of AFT-MDR substantially
reduces, when the fraction of censoring increases more than
30%. That is why we propose two extensions of AFT-MDR,
called dAFT-MDR and rAFT-MDR, to improve the power of
AFT-MDR under heavier censoring.
Recently, a simple approach to MDR analysis of genegene interactions for quantitative traits, called QMDR, has
been proposed [9]. The QMDR method replaces the balanced
accuracy with a 𝑡-test statistic as a score to determine the best
interaction model, which yields much less computing load.
We extend the idea of quantitative MDR (QMDR) algorithm
to Cox-MDR and AFT-MDR methods and propose two
extensions of QMDR, called qCox-MDR and qAFT-MDR.
We compare the power of the proposed methods for various parameters including heritability, minor allele frequency
(MAF), and censoring proportion with and without adjustment of covariates. It has been found that the improvements
of AFT-MDR are less sensitive to censoring fraction than the
original AFT-MDR but tend to have less power as the effect
of covariate increases. On the other hand, the improvement
of Cox-MDR is relatively robust to censoring fraction and
tends to have reasonable power across many combinations of
parameters.

2. Materials and Methods
2.1. Surv-MDR, Cox-MDR, and AFT-MDR. Since the MDR
method has been originally proposed for a binary phenotype
in case-control study, it was extended to quantitative traits
and various sampling designs. Among those, the Surv-MDR
was first proposed [6] for the survival phenotype by using
the log-rank test statistic to classify the multi-genotypes into
high and low risk groups. It replaces balanced accuracy by
log-rank test statistics to determine the best model. However,
Surv-MDR cannot allow for covariate adjustment, although
adjustment of individual-specific covariates is very important
in association studies to remove the confounding effect of
covariates.
To overcome the drawback of Surv-MDR, the Cox-MDR
method was proposed [7], in which the martingale residual
of a Cox model is used as a new score for classifying high
and low risk groups. In other words, if the sum of martingale
residuals is positive for a specific genotype combination,
then the corresponding genotype combination is classified
as high risk group or low risk group, otherwise. Once all of
genotype combinations are classified as either high or low
risk group, the same procedure of original MDR algorithm
is implemented to find the best interaction model. Since
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the martingale residual is obtained from a Cox model with
adjusting covariates, the confounding effect of the covariates
can be adjusted. It was shown from the simulation result in
[7] that Cox-MDR has greater power than Surv-MDR and
becomes much better when the effect of covariate increases.
Furthermore, Cox-MDR keeps reasonable power even when
the fraction of censoring increases, which implies that CoxMDR is robust to heavier censoring.
Similarly, the AFT-MDR method has also been proposed
by using the standardized residual as a new classifier under
the accelerated failure time model [8] and the power of AFTMDR is compared with that of Cox-MDR. As shown in the
simulation results [8], the power of Cox-MDR seems to be
reasonable in most cases and be robust to the fraction of
censoring while the power of AFT-MDR decreases sensitively
as the fraction of censoring increases, whereas it has similar
power as Cox-MDR under no censoring. From the simulation
results, it is shown that the power of AFT-MDR substantially
reduces when the fraction of censoring increases more than
30%. Since censoring is very common to occur in survival
data, we need to make AFT-MDR more robust to heavier
censoring.
2.2. Improvements of AFT-MDR: dAFT-MDR and rAFTMDR. As mentioned in the previous section, the improvement of AFT-MDR is needed to make it more robust to the
fraction of censoring. Based on the simulated data in [8], the
distribution of the standardized residual tends to have a long
tail as the censoring fraction increases. Then the outliers may
have a strong impact on the sum of the standardized residuals
in AFT-MDR as those do on the mean value. We consider two
different improvements to reduce the effect of the extreme
values on the sum of standardized residuals in AFT-MDR.
We first transform the continuous standardized residual
into a binary variable instead of taking their sum as done in
AFT-MDR. In other words, the individual having the positive standardized residual is regarded as a control, whereas
the individual having the negative standardized residual is
regarded as a case. As a result, all data is discretized into 0
or 1 and then the original MDR algorithm is implemented,
which is called dAFT-MDR (discretized AFT-MDR). Though
dAFT-MDR is based on a binary value as the original MDR, it
can adjust the covariate effect using the standardized residual
of the AFT model, whereas the original MDR cannot adjust
the covariate effect.
Secondly, we specify the lower and upper bounds of the
standardized residuals and replace the extreme values of the
standardized residuals beyond these bounds by either lower
or upper bounds. Then we apply the algorithm of AFTMDR, which is called rAFT-MDR (restricted AFT-MDR). By
replacing the extreme values by the prespecified thresholds,
the effect of the outliers on the standardized residual may be
weakened when the distribution of the standardized residual
is extremely skewed under the heavier censoring. However,
the determination of threshold of the lower and upper bounds
seems to be arbitrary and it should be considered with the
behavior of the standardized residuals.
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Table 1: The false detection rate of AFT-MDR, dAFT-MDR, rAFT-MDR, Cox-MDR, qCox-MDR, and qAFT-MDR for the log-normal
distribution with 𝐶𝑝 and MAF when 𝛾 = 0.
MAF
0.2
0.2
0.2
0.4
0.4
0.4

𝐶𝑝
0
0.3
0.5
0
0.3
0.5

AFT-MDR
0.008
0.002
0.007
0.003
0.004
0.007

dAFT-MDR
0.004
0.005
0.005
0.006
0.004
0.006

rAFT-MDR
0.006
0.008
0.004
0.006
0.005
0.005

Cox-MDR
0.006
0.006
0.005
0.004
0.003
0.006

qCox-MDR
0.008
0.007
0.004
0.008
0.006
0.005

qAFT-MDR
0.003
0.005
0.003
0.006
0.003
0.008

MAF: minor allele frequency; 𝐶𝑝 : censoring proportion.

2.3. Improvements of Cox-MDR and AFT-MDR: qCox-MDR
and qAFT-MDR. Recently, a simple MDR approach called
QMDR for the quantitative trait has been proposed [9],
in which the 𝑡-test statistic is used to determine the best
interaction model in the frame of MDR. The key idea of
QMDR can be easily adapted to modify Cox-MDR and AFTMDR since both the martingale and standardized residuals
are quantitative variables.
For Cox-MDR, we obtain the mean value of the martingale residual for each genotype combination and then
compare it with the overall mean of the martingale residual.
If the mean value of the martingale residual from the
specific genotype combination is greater than the overall
mean, the corresponding genotype is considered high risk
group. Otherwise, it is considered low risk group, since
the larger value of martingale residual has higher risk than
expected. Once all of the genotypes are classified as high
risk and low risk groups, a new binary attribute is created
by pooling the high risk genotype combinations into one
group and the low risk into another group. Then we use a
𝑡-test statistic to test the significant difference between high
and low risk groups and choose the best model. The cross
validation procedure for QMDR is the same as that used
in original MDR. The difference is that the training score
and testing score from the 𝑡-test statistics are used instead of
training and testing balanced accuracies. As done in MDR,
the training scores to determine the best 𝑘-order interaction
model are computed and the maximum testing score is used
to identify the best overall model. Similarly, the AFT-MDR
method is also improved by using 𝑡-test statistic calculated
from the standardized residuals of high and low risk groups.
These improvements are called qCox-MDR and qAFT-MDR,
respectively.

3. Simulation Results
We propose various improvements of AFT-MDR and CoxMDR to increase the power for detecting gene-gene interactions with the survival phenotype. We implement the
comprehensive simulation studies to compare the power of
these improvements with those of original AFT-MDR and
Cox-MDR.
For the simulation studies, the two disease-causal SNPs
are considered among 20 unlinked diallelic loci with the
assumption of Hardy-Weinberg equilibrium and linkage

equilibrium. For the covariate adjustment, we consider only
one covariate which is associated with the survival time but
has no interactions with any SNPs. The simulation datasets
are generated from different penetrance functions which
define a probabilistic relationship between a status of high
or low risk groups and SNPs. We consider eight different
combinations of two minor allele frequencies of 0.2 and 0.4
and the four different heritabilities of 0.1, 0.2, 0.3, and 0.4. For
each of the eight heritability-MAF combinations, a total of 5
models are generated, which yield 40 epistatic models with
various penetrance functions, as described in [10].
Suppose that SNP1 and SNP2 are the two disease-causal
SNPs and let 𝑓𝑖𝑗 be an element from the 𝑖th row and 𝑗th
column of a penetrance function. Then we have the following
penetrance function:
𝑓𝑖𝑗 = 𝑃 (high risk | SNP1 = 𝑖, SNP2 = 𝑗) .

(1)

We generate 200 high risk patients and 200 low risk patients
for each of the 40 models which depend on the penetrance
function, MAF, and heritability. A more detailed description
about the heritability assumption is given in [11]. For each
dataset, we implement 5-fold cross validation and repeat it
10 times to reduce the fluctuation due to chance of divisions
of the data. As a result, we have 100 datasets for each model.
To generate the survival time, we consider three different
models: log-normal, Weibull, and Cox model. For each
model, the effect size of the genetic factor is fixed as 1.0 and
the effect sizes of adjusted covariate are given as 𝛾 = 0.0,
1.0. For the censoring fraction, we consider three different
censoring proportions, 𝐶𝑝 = 0.0, 0.3, 0.5, because the power
of AFT-MDR shows substantially decreasing trend when
the censoring is heavier than 0.3 in the previous simulation
results [8].
First, we check whether the false detection rate is close
to the expected value when there is no gene-gene interaction
effect because the best model is selected using the maximum
balanced accuracy in the algorithm of MDR. To do this, we
generate 100 datasets from each of the 40 models, which is
a total of 4000 null datasets. Here the false detection rate
is estimated as the percentage of times that the method
randomly chooses the two disease-causal SNPs as the best
model out of each set of 100 datasets for each model.
Table 1 shows the false detection rate for AFT-MDR, dAFTMDR, rAFT-MDR, Cox-MDR, qCox-MDR, and qAFT-MDR
for the log-normal distribution when the effect size of the
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Figure 1: Comparison of the power of AFT-MDR, dAFT-MDR, and rAFT-MDR for the log-normal distribution when 𝛾 = 0.0. * MAF: minor
allele frequency; ℎ2 : heritability; 𝐶𝑝 : censoring proportion.
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Figure 2: Comparison of the power of AFT-MDR, dAFT-MDR, and rAFT-MDR for the log-normal distribution when 𝛾 = 1.0. * MAF: minor
allele frequency; ℎ2 : heritability; 𝐶𝑝 : censoring proportion.

adjusting covariate is given as 𝛾 = 0.0. Since only two diseasecausal SNPs are considered among 20 SNPs, the expected
false detection rate is given as 0.005. As shown in Table 1,
the false detection rate varies from 0.002 to 0.008 across the
combination of censoring proportion and MAF. For other
simulation settings, the false detection rate behaves similarly
as shown in Table 1 though not displayed here. It can be
concluded that the false detection rate is close to the expected
value.
For the power, we consider 100 simulated datasets for
each of the 40 models, including two disease-causal SNPs,

and we selected the best model over all possible two-way
interaction models without and with adjustment of covariates, respectively. The power of dAFT-MDR is estimated as
the percentage of times dAFT-MDR correctly chooses the
two disease-causal SNPs as the best model out of each set
of 100 datasets for each model. The power of the other
improvements is defined as the same way of that of dAFTMDR.
Figures 1 and 2 present the power of AFT-MDR, dAFTMDR, and rAFT-MDR under the log-normal distribution
when 𝛾 = 0 and 𝛾 = 1, respectively. As shown in
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Figure 3: Comparison of the power of Cox-MDR, qCox-MDR, AFT-MDR, and qAFT-MDR for a Cox model when 𝛾 = 0.0. * MAF: minor
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Figures 1 and 2, the power of AFT-MDR, dAFT-MDR,
and rAFT-MDR has similar trend, which implies that the
power of three methods increases as the heritability increases
but is lower when the MAF increases from 0.2 to 0.4. As
expected, the power of these three methods decreases as the
censoring proportion increases from 0.0 to 0.5. In particular,
the power of AFT-MDR decreases dramatically when the
censoring proportion is lower than 0.3, whereas the power
of dAFT-MDR and rAFT-MDR decreases gradually up to
the censoring proportion of 0.3 but it decreases faster when
the censoring proportion is 0.5. For example, when the
MAF is 0.2, heritability is 0.2 and the censoring proportion
increases from 0.0 to 0.3 and the power of AFT-MDR
decreases from 0.9994 to 0.476 but the power of dAFTMDR decreases from 0.9904 to 0.8068 and the power of
rAFT-MDR decreases from 0.9992 to 0.8072, respectively.
Furthermore, when the censoring proportion increases from
0.3 to 0.5, the power of AFT-MDR decreases to 0.0292,
whereas the power of dAFT-MDR and rAFT-MDR decreases
to 0.3322 and 0.1838, respectively. The degree of decreasing
in power is substantially different by improvement in the
sense that AFT-MDR hardly detects the significant genegene interactions associated with the survival time when the
censoring is heavier than 0.5, whereas the improvements
of AFT-MDR barely detect the gene-gene interactions. As
the heritability increases, the power of AFT-MDR does not
increase at all but the power of dAFT-MDR and rAFT-MDR
increases up to 0.7026 and 0.5925, respectively. Comparing
the power of dAFT-MDR with that of rAFT-MDR, these two
improvements seem to behave similarly under the moderate
censoring proportion but dAFT-MDR performs better than
rAFT-MDR under the heavier censoring as mentioned. This
implies that discretizing the standardized residual is more
effective than restricting the extreme values as the censoring
proportion is heavier than 0.5.

On the other hand, the power of AFT-MDR, dAFT-MDR,
and rAFT-MDR behaves similarly when the effect of the
covariate increases from 𝛾 = 0.0 to 𝛾 = 1.0 as shown
in Figures 1 and 2. This is because the effect of covariate is
adjusted by calculating the standardized residual from the
AFT model with the adjusted covariates. In addition, the
simulation results for the Weibull distribution show the same
trend as those for the log-normal distribution though not
shown here.
Figures 3 and 4 show the power of Cox-MDR, qCoxMDR, AFT-MDR, and qAFT-MDR for a Cox model and the
log-normal distribution, respectively, when the effect size of
the adjusted covariate is 𝛾 = 0.0. The power of these four
methods performs similarly when the covariate effect is 𝛾 =
1.0. In addition, the power of these four methods for the lognormal distribution is almost the same as that for Weibull
distribution though not shown here.
Comparing the simulation results shown in Figures 3
and 4, the power of Cox-MDR, qCox-MDR, AFT-MDR,
and qAFT-MDR for a Cox model is rather lower than that
for the log-normal model though these two power trends
are consistent under the various combinations of the MAF,
heritability, and the censoring proportion. The power of
these four methods commonly increases as the heritability
increases but decreases as the censoring proportion increases
and the MAF increases from 0.2 to 0.4. However, the power
of Cox-MDR and AFT-MDR is always lower than that of
qCox-MDR and qAFT-MDR and decreases substantially as
the censoring is heavier than 0.3. For a Cox model, when
the MAF is 0.2, the heritability is 0.2 and the censoring
proportion increases from 0.0 to 0.3, the power of Cox-MDR
decreases from 0.334 to 0.196, and the power of AFT-MDR
decreases from 0.270 to 0.018, respectively, whereas the power
of qCox-MDR decreases from 0.812 to 0.738 and the power
of qAFT-MDR decreases from 0.818 to 0.038, respectively.
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Figure 4: Comparison of the power of Cox-MDR, qCox-MDR, AFT-MDR, and qAFT-MDR for a log-normal distribution when 𝛾 = 0.0.
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Furthermore, when the censoring is heavier than 0.5, the
power of Cox-MDR and AFT-MDR decreases to 0.142 and
0.010, respectively, whereas the power of qCox-MDR and
qAFT-MDR decreases to 0.594 and 0.014, respectively. As
shown in Figure 3, only the power of qCox-MDR is robust
to heavy censoring mechanism, whereas the power of CoxMDR, AFT-MDR, and qAFT-MDR is very low when the
censoring proportion is heavier than 0.3.
On the other hand, for a log-normal model, the power
of Cox-MDR decreases from 0.650 to 0.458 as the censoring
fraction increases to 0.3 when the MAF is 0.2 and the
heritability is 0.2, whereas the power of qCox-MDR changes
from 0.958 to 0.960. In addition, the power of Cox-MDR
decreases to 0.360 as the censoring fraction increases to 0.5,
but the power of qCox-MDR is 0.95, which implies that qCoxMDR is very robust to the censoring fraction. Under the
same setting, however, the power of AFT-MDR decreases
from 0.738 to 0.302 and the power of qAFT-MDR decreases
from 0.998 to 0.564, respectively, as the censoring fraction
increases to 0.3. As the censoring fraction increases to 0.5, the
power of AFT-MDR and qAFT-MDR decreases to 0.098 and
0.232, respectively. This result is consistent for both the Cox
model and the log-normal model, which implies that only the
power of qCox-MDR is robust to heavy censoring, though
the power of qAFT-MDR is rather higher for the log-normal
model than that for Cox model. These trends are similar for
Weibull distribution.
In summary, the simulation results show that AFTMDR, dAFT-MDR, rAFT-MDR, and qAFT-MDR are more
sensitive to heavy censoring (more than 0.5) than Cox-MDR
and qCox-MDR across various situations. However, for the
moderate censoring (less than 0.3), dAFT-MDR, rAFT-MDR,
and qAFT-MDR perform much better than the original AFTMDR.

4. Conclusions
Since many findings from GWAS have been published for the
last decades, there is still a missing heritability problem. In
order to search the missing heritability, we focus on genegene interactions because most of common diseases may be
due to the complexity of gene-gene and/or gene-environment
interactions rather than a single gene effect. Many plausible
approaches have been developed by extending existing methods into a more general framework.
In this paper, we propose various improvements to AFTMDR and Cox-MDR, which include dAFT-MDR, rAFTMDR, qAFT-MDR, and qCox-MDR. The motivation to
propose dAFT-MDR and rAFT-MDR is to improve the power
of AFT-MDR because the performance of AFT-MDR is
poor when censoring becomes heavier than 0.3. To reduce
the effect of heavy censored observation, we discretize the
standardized residual into a binary value, which yields dAFTMDR. Alternatively, we truncate the extreme values and
replace them by specified lower and upper bounds, which
leads to rAFT-MDR. As shown in the simulation results,
both AFT-MDR and rAFT-MDR have larger powers than the
original AFT-MDR for the moderate censoring but still have
low powers for the heavy censoring.
In addition, we considered the improvement of QMDR,
which has been recently proposed in [9]. By regarding the
martingale residual and the standardized residual as the
quantitative traits, we adapted the main idea of QMDR
and applied it to Cox-MDR and AFT-MDR, which yield
qCox-MDR and qAFT-MDR, respectively. As shown in the
simulation results, qCox-MDR and qAFT-MDR provided
improved performances compared to those of the original
Cox-MDR and AFT-MDR, respectively. In particular, qCoxMDR showed the consistent power regardless of the censoring fraction. However, qAFT-MDR yielded the weak power
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when the censoring fraction is heavier than 0.3. The censoring
fraction seems to have a larger effect on the standardized
residual than on the martingale residual. It would be desirable
to consider how to make the standardized residual more
robust to censoring mechanism.
In conclusion, the improvement of Cox-MDR, say qCoxMDR, has reasonable power and is robust to the heavy
censoring, whereas the several improvements of AFT-MDR,
say dAFT-MDR, rAFT-MDR, and qAFT-MDR, perform
better than AFT-MDR but are not robust to heavy censoring.
More studies on the behavior of the standardized residuals are
needed to improve the power of AFT-MDR under the heavier
censoring.
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For a family-based sample, the phenotypic variance-covariance matrix can be parameterized to include the variance of a polygenic
effect that has then been estimated using a variance component analysis. However, with the advent of large-scale genomic data,
the genetic relationship matrix (GRM) can be estimated and can be utilized to parameterize the variance of a polygenic effect
for population-based samples. Therefore narrow sense heritability, which is both population and trait specific, can be estimated
with both population- and family-based samples. In this study we estimate heritability from both family-based and populationbased samples, collected in Korea, and the heritability estimates from the pooled samples were, for height, 0.60; body mass index
(BMI), 0.32; log-transformed triglycerides (log TG), 0.24; total cholesterol (TCHL), 0.30; high-density lipoprotein (HDL), 0.38;
low-density lipoprotein (LDL), 0.29; systolic blood pressure (SBP), 0.23; and diastolic blood pressure (DBP), 0.24. Furthermore, we
found differences in how heritability is estimated—in particular the amount of variance attributable to common environment in
twins can be substantial—which indicates heritability estimates should be interpreted with caution.

1. Introduction
Under polygenic inheritance, the effects of segregation at
single loci are assumed to be too small to estimate individually and the total genetic variance has been considered to
identify the overall genetic effect underlying a trait. Genetic
variance consists of additive, dominant, and epistatic components. However, the amount of dominant variance is usually
assumed to be relatively small compared to the additive variance and is never identified without a family-based sample

that includes bilineal relatives. Similarly, estimation of the
epistatic variance (which may include additive components)
requires special relationships in family data and is also
assumed to be small. Therefore, the estimation of genetic variance has been confined to the additive genetic variance and,
to estimate heritability, the proportion of the phenotypic variance attributable to only additive genetic variance has been
used even though this can lead to biased estimation in the
presence of dominant variance, epistatic variance, and gene ×
environmental interaction [1].

2
In general, a parameter allowing for additive polygenic
variance can be incorporated into the phenotypic covariances
between pairs of individuals, and there are two main ways
for incorporating this parameterization. In the absence of
population substructure, dominance or any environmental
effect shared by family members, the phenotypic covariances
can be expressed as a function of the kinship coefficient
between family members in family-based samples. Under this
parameterization, the additive polygenic variance is obtained
from the covariances between family members using variance
component models [2–5]. Alternatively, since the advent of
large-scale genome data, which reveals similarity in genotypic
background, the genetic relationships between individuals
have become estimable from genome-wide data and this has
also been used to identify population substructure. In the
same context, the phenotypic variance explained by additive
polygenic variance can also be estimated in population-based
samples from the genetic relationships obtained in this way
[6, 7]. In particular, the individuals in population-based
samples are not closely related and share much less common
environmental exposures than do the family members in
family-based samples. For this reason Yang et al. [8] suggested
excluding closely related individuals from the analysis when
estimating heritability from population-based samples, noting that the environmental effect shared by family members
seems to be inversely related to their degree of physical proximity, so that close relatives inflate any estimate of heritability.
In this paper, motivated by wishing to calculate the
heritability of cardiovascular disease related traits in the
Korean population, we examine to what extent estimates of
heritability depend on how they are estimated. We calculate
the heritability of various traits related to cardiovascular disease in a Korean population using two family-based cohorts,
the healthy Twin Study, Korea (HTK) [9] and Ansung Family
(ASF) cohorts, and one population-based cohort, that for
the Korean Association Resource (KARE) [10] project. Comparing the heritability estimates from family-based and
population-based samples, disturbing differences were found.
With simulation studies we show that the meaning of heritability estimates can be affected by the absence of highly
correlated samples and be substantially inflated by variance
attributable to common environment. Thus heritability estimates should be interpreted with caution.

2. Materials
Three cohorts, all part of the Korean Genome Epidemiology
Study (KoGES) which is an ongoing prospective epidemiological study, have been utilized to estimate heritability: the
KARE project [10] cohort and the HTK [9] and ASF cohorts.
These cohorts were genotyped in the Korean Genome Analysis Project (KoGAP) by the Center for Genome Science in
the Korea Center for Disease Control and Prevention, which
was launched in Korea between 2001 and 2007.
2.1. KARE Project. The KARE project, with 10,038 participants who were living in Ansung (rural) and Ansan (urban),
was initiated in 2007 for large-scale genome-wide association
studies (GWAS) based on the Korean population. Among
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the 10,038 participants, 10,004 individuals were genotyped
for 500,568 SNPs with the Affymetrix Genome-Wide Human
SNP array 5.0. We discarded SNPs with 𝑃 values for departure
from Hardy-Weinberg equilibrium (HWE) less than 10−5 ,
with genotype call rates less than 95%, or minor allele
frequencies (MAF) less than 0.01, leaving 350,364 SNPs for
subsequent analysis. Individuals with low call rates (<95%,
𝑛 = 401), high heterozygosity (>30%, 𝑛 = 11), gender inconsistencies (𝑛 = 41), or serious concomitant illness (𝑛 = 101)
were excluded from analysis, along with 601 individuals
related or identical whose computed average pairwise identical in state value was higher than that estimated from firstdegree relatives of Korean sib-pair samples (>0.8). In total
8,842 individuals were analyzed. In 20 randomly selected
duplicate samples, we found that genotype concordance rates
exceeded 99.7%, with no single SNP excessively discordant.
2.2. HTK Cohort. The HTK cohort was initiated to identify
genetic variation responsible for complex traits as well as the
role of the environment in the etiology of complex diseases.
Some healthy twins in this cohort were recruited through
advertisements in a nationwide newspaper and through
posters in about 300 hospitals. Other twin families were
selected from the large Korean Genomic Cohort Study of
adult individuals and the KoGAP. Then the family members
of the selected twins were recruited into this cohort. It should
be noted that health status was not considered for sampling.
This type of family study can be useful for detecting quantitative trait loci and genetic variations underlying common diseases [11]. Among the 2,473 participants enrolled from April
2005 to December 2008, there are 990 individuals comprising
monozygotic (MZ) twins and 234 individuals comprising
dizygotic (DZ) twins, and 1861 of these individuals could be
genotyped with the Affymetrix Genome-Wide Human SNP
array 6.0. We discarded SNPs with 𝑃 values for departure
from HWE less than 10−5 or MAF less than 0.01. In addition,
SNPs were excluded if Mendelian errors or double recombinants were found in at least 3 families, and in total 520,484
SNPs were used for analysis. We calculated the proportion of
genotypes identical in state between individuals in each family and excluded those with any inconsistency between the
genetic and reported relationship (𝑛 = 58). Also, individuals
who had coding errors for MZ/DZ status (𝑛 = 2) were
excluded, and as a result genotypes for 1801 family members
were available for analysis. Among the genotyped individuals,
there are 4 pairs of MZ twins and 393 genotyped individuals
whose MZ twin siblings were not genotyped. Also 84 pairs
of DZ twins were genotyped, and there are 16 additional
genotyped individuals whose DZ twin siblings’ genotypes
were unknown. There are 162 nuclear families and 3 families
consisting of individuals in three generations that include
MZ/DZ twins.
2.3. ASF Cohort. In the Ansung area, 5,018 unrelated and
related participants were initially recruited for the KARE
project; another cohort to study type 2 diabetes was initiated
in this area in 2007. In this cohort, some individuals were
selected from the KARE project, and their family members
and other individuals from the Ansung area who were not in
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the KARE project were included, if they were diagnosed as
having type 2 diabetes and agreed to participate in this study.
This sampling scheme could lead to the presence of ascertainment bias, but the small correlations between type 2 diabetes
status and the traits of interest (see Table S1 in Supplementary
Material available online at http://dx.doi.org/10.1155/2015/
671349) reveal that any ascertainment bias would not be
substantial. In these samples, 456 individuals who were
included in the KARE project were genotyped with the
Affymetrix Genome-wide Human SNP array 5.0, and another
781 individuals were genotyped with the Affymetrix Genomewide Human SNP array 6.0. Individuals were excluded if they
reported relationships in the family inconsistent with the
genotypic relationships estimated by the proportion of genotypes identical in state (𝑛 = 41) or had unavailable trait
data (𝑛 = 412). Also, SNPs were excluded if Mendelian
inconsistency was found in at least 3 families, the 𝑃 values for
HWE were less than 10−5 , or the MAF was less than 0.01. As a
result, 784 family members with 417,719 SNPs were used for
our analysis.

3
3.1. Heritability Estimation Using Familial Relationships.
Under the multivariate normality model, the covariance
between family members can be expressed as a function of
their kinship coefficients and this can be utilized to estimate
heritability. We estimated the heritability from the family
data, separately in the HTK and ASF cohorts, with the ASSOC
program in S.A.G.E. (ver. 6.2) [12]. ASSOC is based on a linear
mixed model and the parameters are estimated by the maximum likelihood (ML) method. Let 𝑦𝑖𝑗 denote the response for
individual 𝑗 in family 𝑖, where 𝑖 = 1, . . . , 𝑛 and 𝑗 = 1, . . . , 𝑛𝑖 ;
𝑛 and 𝑛𝑖 indicate the number of families and the number
of individuals in family 𝑖, respectively. Also, let 𝑥𝑖𝑗 indicate
covariates that affect 𝑦𝑖𝑗 . Then, denoting 𝜋𝑖𝑗𝑗 as the kinship
coefficient between individual 𝑗 and individual 𝑗 in family 𝑖,
we let
𝑥𝑖1
.
X𝑖 = ( .. ) ,
𝑥𝑖𝑛𝑖

3. Methods
To estimate heritability we used the freely available software
Genome-wide Complex Trait Analysis (GCTA) [8] and the
ASSOC program in the Statistical Analysis for Genetic
Epidemiology (S.A.G.E.) [12] package. We considered eight
traits: height, body mass index (BMI), triglycerides (TG),
total cholesterol (TCHL), high-density lipoprotein (HDL),
low-density lipoprotein (LDL), systolic blood pressure (SBP),
and diastolic blood pressure (DBP). We included age, age2 ,
and sex as covariates. In particular, the linear mixed model for
GCTA is robust to population substructure, and the EIGENSTRAT method [13] which includes PC scores as covariates
was not applied. The effect of a living environment variable
(urban versus rural) was not significant at the 0.05 significance level for any of the eight traits and so was not included
as a covariate in the detailed analyses reported in Tables S2–
S9. Quantile-quantile plots in Figures S1-S2 indicate that TG
is not normally distributed and log-transformed TG (log TG)
was used to obtain approximate normality. For the other
phenotypes, the original scales were used because heritability
estimates on the original scale and after inverse-normal
transformation were almost the same and interpretation is
not straightforward for the inverse-normal transformed data.
The missing rates for each phenotype were calculated (see
Table S10) and were usually very small. ASSOC parameterizes
the phenotypic correlations between individuals using the
reported familial relationships and can split the nonpolygenic
variance into components for measurement error, sibling,
and marital effects, and these results were summarized.
GCTA estimates heritability by parameterizing phenotypic
correlations with the estimated genetic relationship matrix
(GRM) from the standardized genotypes. In particular, the
results from GCTA were obtained with and without the
default GRM-cutoff option. In addition, we separately analyzed monozygotic (MZ) and dizygotic (DZ) twin data, to
estimate the relative proportion of the phenotypic variance
attributable to common environmental effects.

𝑦𝑖1
.
Y𝑖 = ( .. ) ,

(1)

𝑦𝑖𝑛𝑖
1
Φ𝑖 = (2𝜋𝑖21
..
.

2𝜋𝑖12 ⋅ ⋅ ⋅
1

d) .

d

d

We denote the additive polygenic, dominant polygenic, and
random error variances, respectively, by 𝜎𝑎2 , 𝜎𝑑2 , and 𝜎2 . If we
also denote the 𝑤 × 𝑤 identity matrix by I𝑤 , the linear model
used in ASSOC for random mating and only additive effects
is
Y𝑖 = X𝑖 𝛽 + 𝜀𝑖 ,

where 𝜀𝑖 ∼ MVN (0, 𝜎2 I𝑛𝑖 + 𝜎𝑎2 Φ𝑖 ) . (2)

B𝑖 will be called the familial relationship matrix (FRM) in the
remainder of this paper. Furthermore, ASSOC can estimate
the variances separately attributable to polygenic, common
sibship, and marital effects as described by Elston et al. [14].
S.A.G.E. ASSOC was used to estimate heritability in the
family-based HTK and ASF cohorts and, for a fair comparison with GCTA, only genotyped individuals were analyzed
this way. In the HTK cohort, 1801 genotyped individuals were
considered, and there are 4 pairs of MZ twins among those
genotyped. S.A.G.E. cannot easily handle MZ twins, and a
single individual for each MZ twin was randomly selected for
analysis with both ASSOC and GCTA. There is other software
available that can handle MZ twins [15–17] in pedigrees, but
this was not considered because the number of genotyped
MZ twins is very small and so the variance attributable to
common environment could not be well estimated in these
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cohorts using the GRM. We used the program PEDINFO in
S.A.G.E. to provide descriptive statistics of the pedigree data.
3.2. Heritability Estimation Using Estimated Genetic Relationships. When large-scale genotypes are available, the GRM
can be estimated with the software GCTA [8] and, instead
of the FRM, the estimated GRM can be incorporated into
the same linear mixed model (2) as available in ASSOC, to
estimate 𝜎𝑎2 . The minor allele frequencies for GRM were estimated by using all individuals even when some individuals
were correlated. Because the genetic relationship is estimated
with genotypes, GCTA can be applied to both familybased and population-based samples. In addition, the GCTA
program can estimate the variance components by both the
restricted maximum likelihood (REML) and ML methods.
The REML method provides more unbiased estimates of the
variance components than the ML method. Therefore we
estimated heritability by the REML method when applying
GCTA to the KARE project, the HTK cohort, and the ASF
cohort, though for these large samples the difference in the
estimates is expected to be trivially small. Yang et al. [8] suggested excluding closely related individuals from the analysis
when estimating genetic variation captured by all the SNPs,
using a GRM-cutoff option. However, for the analysis of
family-based samples, family members are highly correlated
and most individuals become excluded from the analysis if
the GRM-cutoff option for individual selection is activated.
We report the results of both with and without the GRMcutoff option, and we used 0.025 as the GRM-cutoff.
3.3. Estimating Familial Correlations with S.A.G.E. FCOR in
S.A.G.E. [12] can estimate familial correlations for all pair
types existing in a set of pedigrees. FCOR cannot handle the
effect of covariates, and thus for height, BMI, log TG, TCHL,
HDL, LDL, SBP, and DBP, we calculated the residuals from
the linear model with age, age2 , and sex as covariates. Residuals from this linear model were used to estimate the empirical correlations between family members and their 95%
confidence intervals with FCOR in S.A.G.E.
3.4. Estimating Variance Attributable to the Common Environment with Twins. If we assume an additive model with no
interaction, the phenotypic variance consists of the genetic
variance and a common environmental variance component.
However, the variance for environmental effects shared by
family members is in general unidentifiable. If we further
assume that the amount of covariance between MZ twins
attributable to a common environmental effect is similar to
that between DZ twins [18] and that any dominant or epistatic
polygenic effects are relatively small compared to the additive
genetic and common environmental effects, the covariance
attributable to the common environmental effect can be
estimated.
We separated out all the MZ and DZ twins, whether
genotyped or not, from the HTK cohort, so that the members
in each family are always either MZ or DZ twins in this
analysis. In total, 958 individuals (479 pairs) comprising MZ
twins and 224 individuals (112 pairs) comprising DZ twins
were analyzed. If we denote the common environmental
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variance by 𝜎𝑐2 , the polygenic model provides the following
variance-covariance structure between twins:
2
2
2
{𝜎𝑐 + 𝜎𝑎 + 𝜎𝑑
cov (𝑦𝑖1 , 𝑦𝑖2 ) = {
𝜎2 + 0.5𝜎𝑎2 + 0.25𝜎𝑑2
{ 𝑐

for MZ twins
for DZ twins.

(3)

To construct this variance-covariance structure for MZ and
DZ twins in our linear mixed model, we denote 𝜎𝑌2 = var(𝑦𝑖𝑗 ),
𝑟DZ = (𝜎𝑐2 + 0.5𝜎𝑎2 + 0.25𝜎𝑑2 )/𝜎𝑌2 , and 𝑟MZ = (𝜎𝑐2 + 𝜎𝑎2 + 𝜎𝑑2 )/𝜎𝑌2 .
We define two matrices A and B as follows:
A = (𝑎𝑖𝑗 ) ,

{1 𝑖, 𝑗 are MZ twins
𝑎𝑖𝑗 = {
0 otherwise,
{

B = (𝑏𝑖𝑗 ) ,

{1
𝑏𝑖𝑗 = {
0
{

(4)

DZ twins
otherwise.

Then, our linear model becomes
Y = X𝛽 + 𝜀,
𝜀 ∼ MVN (0, 𝜎𝑌2 V) , where V = I𝑛 + 𝑟MZ A + 𝑟DZ B.

(5)

Here 𝑟MZ and 𝑟DZ should be between −1 and 1. We used the
REML method to estimate variance parameters, and each
parameter was estimated by the average information method
[19, 20]. R code for the proposed method can be downloaded
from http://healthstat.snu.ac.kr/data/heritability Rcode.zip.
It is simple to show that, ignoring any epistatic effects, 2𝜎DZ −
𝜎MZ is 𝜎𝑐2 − 0.5𝜎𝑑2 and, if we assume that 𝜎𝑑2 = 0, 2𝜎DZ − 𝜎MZ
becomes 𝜎𝑐2 and the proportion of variance attributable to
common environment, 𝜌𝑐 , can be calculated by 2𝑟DZ − 𝑟MZ .
If we let P = V−1 − V−1 X(X𝑡 V−1 X)−1 X𝑡 V−1 , the Fisher
information matrix for 𝜎2 , 𝑟MZ , and 𝑟DZ can be obtained by
𝑛−𝑝
2𝜎4

1
1
tr (PA)
tr (PB)
2𝜎2
2𝜎2
1
1
( 1
tr (PAPA)
tr (PAPB))
Ψ = ( 2 tr (PA)
) , (6)
2𝜎
2
2
1
1
1
tr (PB) tr (PAPB) tr (PBPB)
( 2𝜎2
)
2
2
where 𝑛 is a sample size and 𝑝 is the number of covariates. Thus the variance of 𝜌𝑐 can be obtained by (0, −1,
2)Ψ−1 (0, −1, 2)𝑡 . Provided the environmental correlation is
the same for both MZ and DZ twins, this estimate can be
utilized as a lower bound for the variance attributable to the
environmental effects shared by siblings.
3.5. Simulation Studies. With extensive simulation studies,
we investigated the accuracy of heritability estimates for
various scenarios. We generated 5000 pairs of individuals
with 100,000 SNPs, and heritability was estimated by GCTA
without activating the GRM-cutoff. The individuals in different pairs were generated to be independent and the correlations of genotypes, 𝑟, between individuals in each pair were
generated to be 1/2, 1/4, . . . , 1/128, or 0. A pair of individuals
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Table 1: Descriptive statistics for the traits in each cohort.

Trait
Sex (m/f)
Age
Height
BMI
log TG
HDL
LDL
SBP
DBP
TCHL

1st Q
35
155.6
21.47
4.17
41
91
108
70
164

HTK (𝑛 = 1801)
Median
711/1090 (0.39/0.61)
43
160.9
23.61
4.55
48
110
118.7
72
187

3rd Q

1st Q

57
167.7
25.9
4.94
57
132
130
80
211

35
155.4
22.21
4.36
37
93.6
110
72
165

ASF (𝑛 = 784)
Median
372/412 (0.47/0.53)
46.5
162.1
24.39
4.71
43
115
120
79
185

3rd Q
60
169
26.64
5.106
51
135.3
130
84
210.2

KARE (𝑛 = 8842)
Median
4183/4659 (0.47/0.653)
44
50
153.3
159.7
22.51
24.48
4.605
4.913
37
44
114.2
115.7
104.67
115.33
68.67
74
167
189
1st Q

3rd Q
60
166.6
26.5
5.252
50
136.4
128
81.33
214

Table 2: Estimates (s.e.) of heritability.
Cohort
Family-based

Traits

Height
BMI
TG
TCHL
HDL
LDL
SBP
DBP

HTK
0.76 (0.04)
0.43 (0.05)
0.37 (0.05)
0.47 (0.05)
0.72 (0.04)
0.43 (0.05)
0.37 (0.05)
0.53 (0.05)

ASF
0.66 (0.09)
0.41 (0.08)
0.27 (0.08)
0.50 (0.08)
0.50 (0.07)
0.47 (0.08)
0.23 (0.08)
0.21 (0.08)

with 𝑟 = 1/2 indicates siblings or a parent-offspring pair. To
generate pairs of individuals with correlation of genotypes 𝑟,
randomly selected alleles from two individuals were generated to be identical by descent with probability 𝑟/2. The minor
allele frequencies were generated from 𝑈(0, 0.4) and genotypes were generated with the binomial distribution under
Hardy-Weinberg equilibrium (HWE). Monomorphic variants were excluded from the analyses, and all markers were
assumed to be in linkage equilibrium. If there are too many
redundant SNPs in linkage disequilibrium with the causal
variants, the empirical standard deviation of heritability
estimates can be inflated and the analysis with GCTA should
be modified as indicated by Speed et al. [21].
The traits were generated by summing a polygenic effect
and a random effect. The random effect was generated from
𝑁(0, 𝜎2 ). To create a polygenic effect we simulated 100 independent causal SNPs and we assumed that all or 50 randomly
selected ones of these causal SNPs were genotyped. The additive disease mode of inheritance was assumed and a single
SNP genetic effect is denoted by 𝛽𝑙 . Letting 𝑝𝑙 be the allele
frequency for causal SNP 𝑙 (𝑙 = 1, 2, . . . , 100) and heritability
be ℎ2 , the genetic effect, 𝛽𝑙 , was calculated as
𝛽𝑙 = √

ℎ2 𝜎2
.
200𝑝𝑙 (1 − 𝑝𝑙 ) (1 − ℎ2 )

(7)

Here 𝑝𝑙 were generated from 𝑈(0, 0.1) or 𝑈(0.1, 0.4), respectively, and the genetic effects 2𝛽𝑙2 𝑝𝑙 (1 − 𝑝𝑙 ), for the 100 causal

Population-based
KARE
0.32 (0.04)
0.15 (0.04)
0.21 (0.04)
0.18 (0.04)
0.16 (0.04)
0.16 (0.04)
0.26 (0.04)
0.21 (0.04)

All
0.60 (0.02)
0.32 (0.02)
0.24 (0.02)
0.30 (0.02)
0.38 (0.02)
0.29 (0.02)
0.23 (0.02)
0.24 (0.02)

SNPs, were taken to be equal. 𝜎2 was assumed to be 1 and ℎ2
was taken to be 0.1, 0.3, 0.5, 0.7, or 0.9.

4. Results
4.1. Estimates of Heritability in a Korean Population. Table 1
shows the descriptive statistics for eight traits: height, BMI,
log TG, TCHL, HDL, LDL, SBP, and DBP. Interquartile ranges
for these traits show that the traits in the three cohorts are
comparable. We calculated heritabilities in the HTK, ASF,
and KARE cohorts separately, and they were also combined
to calculate overall heritabilities by pooling the samples and
including two dummy (0/1) covariates to adjust for the effects
of each sample. Table 2 shows that the heritability estimates
from the pooled samples with GCTA were, for height, 0.60;
BMI, 0.32; log TG, 0.24; TCHL, 0.30; HDL, 0.38; LDL, 0.29;
SBP, 0.23; and DBP, 0.24. In each case these heritability
estimates are between the limits of those from the individual
KARE, HTK, and ASF cohorts. Tables S2–S9 show that, in
the samples where both GCTA and S.A.G.E. can be applied,
the heritability estimates from S.A.G.E. and GCTA are usually
comparable. GCTA estimates heritability with the REML
method based on an estimated GRM, while S.A.G.E. estimates heritability with the ML method based on the FRM.
The estimates from the REML and ML methods must be very
similar for a large sample size, and thus the convergence of the
estimated GRM to FRM [22] explains their similarity.
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Table 3: Estimates of variance components in the HTK cohort. MZ and DZ twins were separated out and used to estimate correlations of MZ
and DZ twins. 𝜌𝑐 indicates a lower bound for the proportion of variance explained by the environmental effects shared by family members.
Height
BMI
log TG
TCHL
HDL
LDL
SBP
DBP
a

cor (MZ)a
0.970
0.729
0.551
0.624
0.677
0.656
0.601
0.646

cor (DZ)b
0.832
0.232
0.336
0.382
0.476
0.342
0.453
0.585

𝜌𝑐 (95% confidence interval)
0.694 (0.690, 0.698)
0.266 (0.061, 0.496)
0.121 (0.070, 0.172)
0.139 (0.093, 0.185)
0.275 (0.240, 0.310)
0.028 (−0.022, 0.078)
0.306 (0.268, 0.344)
0.524 (0.501, 0.547)

Correlation of MZ twins. b Correlation of DZ twins.

4.2. Overestimation of Heritability in Family-Based Samples.
From Table 2, we see substantial differences between the heritability estimates from population-based samples and those
from family-based samples. Our estimates with populationbased samples, KARE, are, for height, 0.32; BMI, 0.15; log TG,
0.21; TCHL, 0.18; HDL, 0.16; LDL, 0.16; SBP, 0.26; and DBP,
0.21 (with the living area variable (urban/rural) included as
a covariate; for height, 0.32; BMI, 0.15; log TG, 0.24; TCHL,
0.15; HDL, 0.16; LDL, 0.13; SBP, 0.22; and DBP, 0.16). The
largest difference between the family-based and populationbased samples was found for HDL, followed by height.
However, the phenotypic variances are usually similar and so
it is unlikely there exists heterogeneity of heritability between
the two types of sample. (It should be noted that the probands
in ASF were selected from KARE.) Alternatively, these differences could be explained by the different properties of
family-based and population-based samples. The variance
attributable to the shared environmental effects by family
members was estimated for HTK and ASF with ASSOC. Significant marital effects were found for height and DBP, which,
respectively, explain 17% and 16% of the phenotypic variance
in the HTK cohort (Tables S2–S9). The marital effect may
be related to natural/positive/negative selection and, in particular, assortative mating is known to occur for height
[23, 24]. In addition, we found significant common sibling
effects (% total phenotypic variance) for BMI, 0.94 (10%);
log TG, 0.03 (11%); TCHL, 151.28 (12%); HDL, 9.63 (7%); LDL,
141.50 (16%); and SBP, 23.27 (10%) in the HTK cohort; and
HDL, 17.57 (16%) in the ASF cohort (Tables S2–S9). These
significantly large percentages indicate a tendency for the
environmental elements common to siblings to be similar.
However, even though ASSOC can detect the presence of
some environmental effects shared by family members, the
heritability estimates it produces for family-based samples
are still much larger than those produced by GCTA from
population-based samples. Examination of the familial correlations (Table S11) provides evidence that heritability estimated with family-based samples may be inflated if, unlike
the analysis we performed with ASSOC, the sibling and
marital correlations are ignored. First, the mother-father
correlations for height, BMI, and DBP are significantly larger
than 0 at the 0.05 significance level, whereas the usual polygenic model assumes that their correlations are 0. At the same

time, in large pedigrees this positive mother-father correlation could lead to inflated parent-offspring correlations, but
this effect cannot be completely handled in the existing software. Even though ASSOC can allow for a mother-father correlation, the parent-offspring correlation could be larger than
expected as a result of the positive mother-father correlation;
to allow completely for this, the polygenic variance should
be allowed to decrease from one generation to the next.
The larger correlations between siblings than those between
parents and offspring could thus conceivably be partially
attributable to this. Second, correlations between siblings
are much larger than those between parents and offspring.
In particular for log TG, TCHL, and LDL, this occurs even
though the mother-father correlations are around 0. If we
assume that dominant polygenic effects are small, the environmental effect shared by siblings seems to be larger than
that shared by parents and offspring. The program ASSOC in
S.A.G.E. appropriately allows for both a marital correlation
and a common sibling component of variance over and above
that due to an additive polygenic variance, though that
variance is assumed to be constant across generations.
Table 3 shows correlations between DZ and MZ twins that
were estimated with the linear mixed model. The correlations
between MZ twins are expected to be around twice as large as
those between DZ twins in the absence of both environmental
effects shared by family members and dominant polygenic
effects. However, for all traits other than BMI, twice the correlation between DZ twins is much larger than the correlation
between MZ twins. 𝜌𝑐 shows that the proportion of variance
explained by shared environment for height may be 69.4%,
and we can conclude that the correlations generated by the
environmental effects shared by family members are usually
much more substantial than we expect.
4.3. Underestimation of Heritability in Population-Based Samples. Figures 1-2 show heritability with GCTA using the GRM
estimated from 100 K simulated SNPs. All causal variants
were generated from 𝑈(0, 0.1) or 𝑈(0.1, 0.4), respectively.
Each case was summarized with 200 replicates, and in Figures
1-2, we assumed that the number of causal SNPs was 100 and
ℎ2 was set at 0.5. The results show that heritability estimates
are always around the proportion of variances explained by all
causal variants, 0.5, when all the causal SNPs are used to
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Figure 1: Heritability estimates for various levels of genetic correlation with 10,000 individuals when ℎ2 was set at 0.5 and all causal variants
were generated from 𝑈(0, 0.1). We generated 5,000 pairs of individuals with 100,000 SNPs, and each box-plot was generated with results from
200 replicates. The dashed horizontal line indicates the proportion of the total phenotypic variance explained by the SNPs used for calculating
the GRM, and the estimates of heritability with GCTA are plotted against the correlation between family members. In (a), 100 causal SNPs
were used to estimate the GRM, and in (b), 50 randomly selected causal SNPs were used. The horizontal dotted line indicates the relative
proportion of variance explained by the SNPs.
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Figure 2: Heritability estimates for various levels of genetic correlation with 10,000 individuals when ℎ2 was set at 0.5 and all causal variants
were generated from 𝑈(0.1, 0.4). We generated 5,000 pairs of individuals with 100,000 SNPs, and each box-plot was generated with results
from 200 replicates. The dashed horizontal line indicates the proportion of the total phenotypic variance explained by the SNPs used for
calculating the GRM, and the estimates of heritability with GCTA are plotted against the correlation between family members. In (a), 100
causal SNPs were used to estimate the GRM, and in (b), 50 randomly selected causal SNPs were used. The horizontal dotted line indicates the
relative proportion of variance explained by the SNPs.

estimate the GRM. However, when half the causal SNPs
are used to estimate the GRM and 𝑟 is larger than 0.125,
heritability estimates are overestimated. There is a tendency
for the overestimation to be proportional to 𝑟. Figures 1-2 also
show that the interquartile distance for a heritability estimate
is inversely related to 𝑟. In Supplementary Figures 3–6 ℎ2 was
assumed to be 0.1, 0.3, 0.7, or 0.9, respectively, and we found
that our results are the same as in Figures 1-2.

5. Discussion
As a simple dimensionless overall measure of the importance
of genetic factors, heritability has been used to determine the
potential for predicting the genetic risk of disease. Estimating
heritability requires information about genetic or familial relationships to parameterize the variance component
explained by genetic factors, and formerly this was feasible
only with family-based samples. With the advance of genotyping technology, large-scale genome-wide data has enabled
estimation of the GRM from population-based samples, and
now both family-based and population-based samples can be
utilized to estimate heritability.

Heritability is a population-specific and trait-specific
parameter, so it is natural that estimates have been diverse,
depending on the samples and traits studied. However, we
found substantial differences between the heritability estimates from population-based samples and those from familybased samples for the same trait even though both came
from the same country. Although the significant differences
between the two heritability estimates might be explained
by heterogeneity between the samples, the estimates using
population-based samples must be understood as the relative
proportion of variance explained by the SNPs used to estimate the GRM [8], and this fact has been utilized to explain
the missing heritability. Unbiased heritability estimation
requires some individuals with large genotype correlations
and the degree of genetic relationship between the individuals
studied can be a more influential factor when estimating heritability. Furthermore, we attempted to quantify the variance
attributable to common environment with MZ/DZ twins
and found that the amount of heritability inflation can be
substantial. For instance, the proportion of variance generated by shared environment is 69.4% for height, which indicates that the large value of previously reported heritability
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estimates for height may be generated by a large common
environment component. If extended families are utilized,
the amount of overestimation seems to be less substantial, but
further investigation of appropriate statistical methods and
study design is necessary on how to prevent the inflation of
heritability estimates due to common environment effects.
Of course, in spite of our comprehensive analysis, there
are several limitations to our conclusions. First, we estimated
the amount of variance attributable to common environment
by assuming its equivalence between MZ and DZ twins
which, depending on the trait, may not be true; and there may
be heteroscedasticity between MZ and DZ twins, or between
twins and nontwins. If we have available MZ twins who lived
apart, more accurate estimates for the variance attributable
to common environment may be obtainable. Second, phenotypic differences between populations can be induced by
genetic and/or environmental differences, and under population substructure the phenotypic covariance can be inflated
if there are phenotypic differences between populations
attributable to environmental differences. Third, it has been
shown that epistasis can inflate the additive polygenic variance [1] but it is unclear whether our conclusions are still preserved in such cases. Further studies for better study design
and statistical algorithms are necessary to clarify these issues.
Heritability has been a useful measure to motivate genetic
studies and many statistical algorithms have been implemented to estimate it. However, complex traits result from
a complex interplay of genotype and environment, and any
model used to estimate heritability has a limited meaning
because of the so-called phantom heritability [1]. Therefore
we can conclude that it may not be always good to trust
current estimates under the study designs and methodologies
employed so far.

6. Conclusion
We estimated the heritability of traits related to cardiovascular disease, from both family-based and populationbased samples, collected in Korea, and substantial differences
were found between the family-based and population-based
samples when using genetic markers to estimate relationship.
With extensive simulations, we found that the meaning
of heritability estimates can be different depending on the
correlations between individuals. Furthermore, we identified
the amount of variance attributable to common environment
with twins and found that heritability inflation can be
substantial, which indicates heritability estimates should be
interpreted with caution.
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