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As has been seen, integral and differential systems in func-
tion spaces are ideal mathematical models in many applied
problems stemmed from the real world. They have in recent
years been major objects of investigations with fast increasing
interest. This special issue is dedicated to the dissemination of
current significant progresses and new trends in this field.

This issue is composed of papers that emphasize different
aspects of the theory of the integral and differential systems
in function spaces and related issues. The topics addressed by
these published papers in the special issue include the stability
of delay differential systems; the Wiener product on a bosonic
Connes space associated to a bilaplacian and the formal
Wiener chaos on the path space; multiplicative and additive
perturbation of convoluted C-regularized operator families,
convoluted C-cosine operator families, and convoluted C-
semigroups related to the differential equations in Banach
spaces; the local Gevrey regularity of the solutions of the
linearized spatially homogeneous Boltzmann equations; the
boundedness of some rough bilinear fractional integral on
Morrey spaces and modified Morrey spaces; the global bifur-
cation of positive solutions for semilinear elliptic equations
with asymptotically linear function on a unit ball; hybrid
gradient-projection algorithm for solving constrained convex
minimization problems with generalized mixed equilibrium
problems; the pointwise estimates for the sharp function of
the maximal multilinear commutators and maximal iterated
commutator generalized by m-linear Calderdon-Zygmund
singular integral operator; and the existence of nontrivial
solutions of a quasilinear elliptic equation.
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Of concern are two classes of convoluted C-regularized operator families: convoluted C-cosine operator families and convoluted
C-semigroups. We obtain new and general multiplicative and additive perturbation theorems for these convoluted C-regularized
operator families. Two examples are given to illustrate our abstract results.

1. Introduction

It is well known that the cosine operator families (resp., the C,
semigroups) and the fractionally integrated C-cosine oper-
ator families (resp., integrated C-semigroups) are important
tools in studying incomplete second-order (resp., first-order)
abstract Cauchy problems (cf., e.g., [1-17]). As an extension
of the cosine operator families (resp., the C, semigroups) as
well as the fractionally integrated C-cosine operator families
(resp., integrated C-semigroups), the convoluted C-cosine
operator families (resp., convoluted C-semigroups) (cf., e.g.,
[15, 18, 19]) are also good operator families in dealing with
ill-posed incomplete second order (resp. first order) abstract
Cauchy problems.

In last two decades, there are many works on the pertur-
bations on the C-regularized operator families (cf., e.g., [16,
20-24]). In the present paper, we will study the multiplicative
and additive perturbation for two classes of convoluted C-
regularized operator families: convoluted C-cosine operator
families and convoluted C-semigroups, and our purpose is
to obtain some new and general perturbation theorems for
these convoluted C-regularized operator families and to make
the results new even for convoluted »-times integrated C-
cosine operator families (resp., convoluted »-times integrated

C-semigroups) (n € N, where N, denotes the nonnegative
integers).

Throughout this paper, N, R, C denote the set of positive
integers, the real numbers, and the complex plane, respec-
tively. X denotes a nontrivial complex Banach space, and
L(X) denotes the space of bounded linear operators from X
into X. In the sequel, we assume that C € L(X) is an injective
operator. C([a,b], X) denotes the space of all continuous
functions from [a, b] to X. For a closed linear operator A on
X, its domain, range, resolvent set, and the C-resolvent set are
denoted by D(A), R(A), p(A), and p.(A), respectively, where
p:(A) is defined by

p.(A):={L e C:R(C) cR(A-A),
€]

A — A is injective} .

K € C([0, 00), C) is an exponentially bounded function, and
for f e R,

ZIKMB]IA) £0  (Red > p), )
where Z[K(t)](A) is the Laplace transform of K(t) as in the
monograph [15]. We define

O (t) = Lt K(s)ds, t>0. 3)



Next, we recall some notations and basic results from
[15, 19] about the convoluted C-cosine operator families and
convoluted C-semigroups.

The following definition is the convoluted version of [15,
Chapter 1, Definition 4.1].

Definition 1. Let w > 0 and (w* 00) C p(A). Let
{Ck(®)}5o(Ck(t) € L(X),t = 0) be a strongly continuous
operator family such that

[Ck ®)] < Me”', t >0, (4)
for some M > 0, and

1
Z [K (] (A)

Re A > max (w, B), x € X.

AW - 4)"Cx = | e e
0

©)

Then, A is called a subgenerator of the exponentially bounded
K-convoluted C-cosine operator family {Cg(t)},,. More-

over, the operator A := C™'AC is called the generator of the
{Cx (D}

Proposition 2. Let A be a closed operator and {Cg(t)},5 a
strongly continuous, exponentially bounded operator family.
Then A is the subgenerator of a K-convoluted C-cosine operator

Sfamily {C (1)}, if and only if
(1) Cx(t)C = CCx(t), t 2 0;
(2) Cx(t)A c ACk(t), t =0, and

A L L Cx (0) xdods = Cg (t) x — O (t) Cx, ©)

t>0, x e X.

Remark 3. It A is the subgenerator of a K-convoluted C-
cosine operator family, then CA ¢ AC.

Definition 4. Let 0 < w < oo and (w,00) C p.(A). Let
{Tx (1)} be a strongly continuous operator family such that

ITx ®)] < Me”', t>0, 7)

for some M > 0, and

1

A-A)'Cx=—
A=4) = koW

ro e MTe (1) xdt,
0 (8)

Re A > max {w, B}, x € X.

Then, A is called a subgenerator of an exponentially bounded
K-convoluted C-semigroup {T(¢)},,. Moreover, the opera-

tor A := C"' AC is called the generator of the {Ti(£)},5-

Proposition 5. Let A be a closed operator, and {T ()} a
strongly continuous, exponentially bounded operator family.
Then, A is the subgenerator of a K-convoluted C-semigroup
{Tx ()} if and only if

(1) Te(t)C = CTx(t), t > 0;

Journal of Function Spaces and Applications

(2) Tx(t)A c ATg(t),t =0, and

AJtTK(s)xds:TK(t)x—®(t)Cx, t>0, x€X. (9)
0

Remark 6. From [15], we know that the C-cosine operator
families (resp., C-semigroups) are exactly the 0-times inte-
grated C-cosine operator families (resp., the 0-times inte-
grated C-semigroups). Let I'(:) be the well-known Gamma
function, and

t(x—l

I'(x)

Then, by Propositions 2 and 5, we get results for the a-times
integrated C-cosine operator families (resp., a-times inte-
grated C-semigroups) as well as C-cosine operator families
(resp., C-semigroups). For more information on various C
operator families, we refer the reader to, for example, [3, 6-
8,14, 15, 17, 22] and references therein.

K(t) = (10)

2. Multiplicative Perturbation Theorems

Lemma 7. Suppose that A is a subgenerator of an exponen-
tially bounded K-convoluted C-cosine operator family on X. If
p(A) #0, then C' AC = A.

Proof. Forany A, € p(A) and x € D(C'AC), let

y=Aox — C'ACx. (11)
Then,
(Ao - A)%C = C(Ao - A)il’
(12)
Cx=(g—-A)'Cy=C(A,-A)"y.
Therefore,
x=(y—A) 'y eD(A). (13)

This means that C"' AC < A. Thus, by Remark 3, we see that
C'AC=A. O

Theorem 8. Let A be a closed linear operator on X and
R € L(X). Assume that there exists an injective operator C
on X satisfying CA ¢ AC, RC = CR. Then, the following
statements hold.

(1) If RA subgenerates an exponentially bounded K-
convoluted C-cosine operator family on X, then AR
subgenerates an exponentially bounded K-convoluted
C-cosine operator family on X.

(2) If AR subgenerates an exponentially bounded
K-convoluted C-cosine operator family on X and
P(RA)+#0, then RA generates an exponentially
bounded K-convoluted C-cosine operator family on X.

Proof. (1) Assume that #A subgenerates an exponentially
bounded K-convoluted C-cosine operator family {Cx(t)},5¢
on X.
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In this case, it is easy to see that for any ¢ > 0, the operator

t
X — AJ Sk (s) Rxds (14)
0
is bounded, since

Jt Sk (s) Bxds € D(RA), (15)
0

where Si(f) = j Ck(s)ds. Now, for each t > 0, we define a
bounded linear operator as follows:

Cxk(Hx=0@t)Cx+A r Sk (s) RBxds. (16)
0

Clearly, the graph norms of %A and A are equivalent.
Therefore, noting that #A subgenerates an exponentially
bounded K-convoluted C-cosine operator family {Cy(t)},5¢
on X, we obtain, for every t,,t, > 0, and x € X, that there
exists a constant M, such that

||6K (t) % - Cx (1) x"

<|©e(t)Cx-0(t,)Cx|

+

A ( SK (s) Bxds — Jtz Sk (s) .%xds)

)
<|®e(t)Cx-0(t)Cx|

+

( SK(S)%xds—J SK()%xds)

)

t t
J Sk (s) Bxds — J Sk (s) Exds
0 0

= (M, +1)[|© (1,) Cx - © (£,) Cx|
+ M, |Cx (1)) x — Cg (£,) x|

t
+ j Sk (s) Rxds
0

t
- J Sk (s) RExds| — 0, ast; —t,.
0

17)

Hence, Cy(-) is strongly continuous.
Similarly, we can prove that Cg(:) is exponentially
bounded; that is, there exists a constant M > 0 such that

ICx 0] < Me™, t>0. (18)

As in the monograph [15], we write

Z[Ce®] W x = j:o eME (1) xt, -

for Re A > max (w, B), x € X.

Then, by (16), we have
ZIKOIO) .,
A

Z[K(#)](A) (
A

Z[Ck ]V x =

+ A V- ZA) CRx.
(20)
Hence,
RZL [Cx ()] (V) x

_ZIK®IW
A

C [:%x + RAN - @A)’lc@x] (21)

“AZ K (O] V) (A - RA) " CFx

eD(A).
Furthermore,
(M -A2)Z[Cc®] M) x

=12 [Cc ] M) x
(22)

“AZ K (O] (W) AN - ZA) Cx

= A\Z [K ()] () Cx.

On the other hand, for each x € D(AZ), Re A > max(w, ),
we obtain

Z KBV

2 [C AN - 24) c] (X - A%) x

(23)
Z[K®)] () Cx.

Therefore,
- 1 -
M¥-ag) C= 5 [1+A(N -24) 2]c. @9
It follows from (20) that
Z[Cc ] M x=AZ[K®)] M) (A - A@)’ICx. (25)

Thus, by Definition1, we know that A% subgenerates
an exponentially bounded K-convoluted C-cosine operator
family on X.

(2) Assume that A% subgenerates an exponentially
bounded K-convoluted C-cosine operator family on X and
P(RA)#0, and let

Ao € p(RA),
L, @
E= (A, - RA) R, = A(A, - BA)
It is not hard to see that E is closed operator on X and

FeL(X), CECEC, FC=CE  (27)



Since FE = A% subgenerates an exponentially bounded K-
convoluted C-cosine operator family on X, we know from (1)
that the operator EF = A subgenerates an exponentially
bounded K-convoluted C-cosine operator family on X.
Noting that p(%#A) # 0 and in view of Lemma 7, we see
that 2 A generates an exponentially bounded K-convoluted
C-cosine operator family on X. O

Theorem 9. Let A be a subgenerator of an exponentially
bounded K-convoluted C-cosine operator family {Cy (t)},s, on
X)

t

Sk () = J Cx (s)ds,

0

t>0, (28)

B € L(X), and R(B) ¢ R(C). Suppose that
(H1) there exists an operator F : X — X such that
F Sk () x =Gk (1) x € C([0,00), X) (29)

is Laplace transformable, and

LG W =(A-A4) Cx, xeX (30)

(H2) for any ® € C([0,00), X), [, Gy(t — s)C™' BO(s)ds e
D(A), and

t t
HA | Gete-9cBo ) ds) < B | & o 1ds,
0 0

t>0,
(31)

where M is a constant;
(H3) there exists an injective operator C, € L(X) such that
R(C,) ¢ R(C) and C,A(I + B) c A(I + B)C;.
Then,
(1) A(I + B) subgenerates an exponentially bounded K-
convoluted C, -cosine operator family,

(2) if p(A) #0, then A(I + B) generates an exponentially
bounded K-convoluted C,-cosine operator family;

(3) if p((I + B)A)#0 and BC, = C,B, C;A < AC,,
then (I + B)A generates an exponentially bounded K-
convoluted C, -cosine operator family on X.

Proof. (1) For each x € X,t > 0, define

60 (t)x =Cg (1) x,

t
C,(t)x = AJ Gy (t—s)C'BC,_, (s) xds,
0

n=12,....
(32)
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Then, the operator family {C,,(t)},>, has the following prop-
erties:

(i) forany x € X, En(t)x € C([0, 00), X);
(i) |C, ()|l < (MM"t"/nl)e”, t > 0,Vn € N,.

Therefore, the following series
YC,mc'c, t=o, (33)
n=0

is uniformly convergent on every compact interval in ¢, and
we set

h()=YC,C'C,, t>0. (34)
n=0
Clearly,
Ik @] < M ™ ¢ >0, (35)

where M, = M "C_ICIH, and

t — h(t) x is continuous on [0,00) for any x € X.
(36)

Moreover,

t

h(t)x = Cp () C'Cpx + A J Gy (t - 5) C™'Bh (s) xds,
0

xeX, t=0.
(37)

As in the monograph [15], we write, for sufficiently large A,
LB V) x = JOOO MR xdt, xeX.  (38)
Thus, by (5), we have
LBV x=rZ[K®)] ) (A - A)’lclx

A=A BL BT W% xeX.
(39)

This implies that
R((I'+B) Z[h(1)] (1) € D(A),
(M -AT+B)Zh®O] V) x
= XL O]V x- AL [K (6] (V) AN - A) Cpx
- AN - A) BL RO (V) x

= AZ[KB]A)Cyx, x€X.

(40)
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Let
t

U ) x = Aj Gy (t — 5)C ' Bxds,
0

xeX, t>0. (41

Then, for large A, we have

M

. @

<

|M3ﬂuunuw=HAL MU (1) dt

So, for sufficiently large A,
L KO W = [a(2*-4) B <1 @3)

This means that the operator I — A\ - A)le is invertible.
On the other hand, since A>— Aand I - A(A> - A) 'Bare
injective, and

(V- a)(1- (2 - A)_lB) x=(P-AU+B)x,

x e D(A(I +B)),
(44)

we infer that A2 — A(I+B) is injective. This together with (40)
implies that
1

A - A+ B))ilclx T ZIKOIA)

(o]
J eMh (t) xdt.
0
(45)
By Definition 1, we know that A(I + B) subgenerates an
exponentially bounded K-convoluted C,-cosine operator
family on X.
(2) By the proof of (1), we see that the operator I — A\ -
A)"'Bis invertible, and p(A) # 0 implies that
p(A(I+B)) #0. (46)
In view of Lemma 7, we get
C;'A(I+B)C, = A(I +B). (47)

(3) By virtue of Theorem 8 (2), we have the conclusion.

O

Remark 10. (1) It is easy to see that if we take

_ (L
F S (£) x (3 <5£[K(t)]()t)

then (H1) is satisfied.
(2) In Theorem 9, if we take
-1
gL
I'(n)’ ar’
then we obtain the perturbations for n-times integrated C-

cosine operator families.
(3) In Theorem 9, if we take

> . SK> O)x, (48)

K(t) = nen, (49)

K(t) = % (t#0) (50)

and & := I, then we have the multiplicative perturbations on
the exponentially bounded C-cosine operator families.

By Theorem 9, we can immediately deduce the following
theorem on K-convoluted C-semigroups.

Theorem 11. Let A be a subgenerator of an exponentially
bounded K-convoluted C-semigroup {Tg(t)},so on X, B €
L(X) and R(B) ¢ R(C). Suppose that

(H1) there exists an operator F : X — X such that
FTg(t)x:= Hg (t) x € C([0,00),X) (51)
is Laplace transformable, and

Z(Hg)M)=(A-A)"'Cx, xeX; (52)

(H2) for any ® € C([0,00), X), [, Hg(t - )C"'BO(s)ds €
D(A), and

t t
‘ij&a—gc”&MQ% <M | & olds
0 0

t>0,
(53)

where M is a constant;

(H3) there exists an injective operator C, € L(X) such that
R(C,) ¢ R(C) and C,A(I + B) c A(I + B)C;.

Then,

(1) A(I + B) subgenerates an exponentially bounded K-
convoluted C,-semigroup on X;

(2) if p(A) #0, then A(I + B) generates an exponentially
bounded K-convoluted C,-semigroup on X.

(3) if p((I+B)A) #0, then (I + B)A generates an exponen-
tially bounded K-convoluted C,-semigroup on X.

Remark 12. (1) In Theorem 11, if we take

n—1 n
K=t g2

> =T, N, 54
T (n) am "€ (54)

then we obtain the perturbations for n-times integrated C-
semigroups.
(2) In Theorem 11, if we take
1
K(t):= n (t+0) (55)
and # := I, then we have the multiplicative perturbations on
the exponentially bounded C-semigroups.

3. Additive Perturbation Theorem

Theorem 13. Let B € L(X), R(B) c R(C), and there exists
an injective operator C; € L(X) such that R(C,) ¢ R(C) and
C,(A+B) c (A+B)C,.

(i) Suppose that A is a subgenerator of an exponen-
tially bounded K-convoluted C-cosine operator family
{Cx (1)} ;s on X. If there exists an operator F : X —
X such that

FCy (1) x = Gy (t) x € C([0,00) , X) (56)



is Laplace transformable, and
2 -1
Z(G)(M) = (M -4A) Cx, xeX, (57)

then A + B subgenerates an exponentially bounded K-
convoluted C, -cosine operator family {Cy ()}, on X,
where

t
Cr ()% = C ()CCx + J Se (£ — ) CUBCy (t) xds,
0

t>0, xe X,

t

Sk (t)x = L Cx (s) xds,

t>0, x € X.
(58)

(ii) Suppose that A is a subgenerator of an exponentially
bounded K-convoluted C-semigroup {T(t)},so on X.
If there exists an operator F : X — X such that

FTg (t)x:=Hg (t)x € C([0,00), X) (59)
is Laplace transformable, and
Z(Hg) M) =(A-A)7"Cx, xe X, (60)

then A + B subgenerates an exponentially bounded K-
convoluted C,-semigroup {Ty (t)},so on X, where

t
Te () x =T () C'Cyx + j Ty (t — s) C' BT (s) xds,
0

t>0, x e X.
(61)

Proof. Replacing (37) with the following equality:

h(t)x=Cr(t)C'Cyx + Lt Gy (t — ) C"'Bh (s) xds, -

xeX, t=0,

and by the arguments similar to those in the proof of
Theorem 9, we can prove (i).
Point (ii) can also be deduced by a similar way. O

Remark 14. In Theorem 13, if we take

tn—l dn
K({t)= —, F = —,
® I (n) dt"

neN,  (63)
then we obtain an additive perturbation theorem for the
exponentially bounded n-times integrated C, -cosine opera-
tor families (resp., n-times integrated C, -semigroups) as well
as C,-cosine operator families (resp., O-times integrated C, -
semigroup).
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4. Examples
Example I. Let
X:=Cy(R)aC,(R)aC, (R),

A(fig.h) ()= (f,’gl’ (X[O,oo) - X(—oo,O]) h)’
where

(f,9.h) € D(A)
={(fign) eX:f €Cy(R), g €Cy(R),h(0) =0},

C(fig:h) = (fg:sin(Vh()), fig.heCy(R).
(65)

(64)

As in [22, Examples 8.1 and 8.2], we can prove that A is the
generator of an exponentially bounded once integrated C-
semigroup ([15]).

Define

B(f.g.h)(t)

t
ot -2t
= <e cost L f(s)ds, e cos2t (66)

t
XJ g (s)ds, te ™ sin t-h(t)),
0

for every t € R, and f,g,h € Cy(R). Then, we can simply
verify B € L(X), R(B) ¢ C(D(A)), and

BC(f,g,h) = CB(f.g,h),
Therefore, taking

(f.g.h) e X.  (67)

K(t)=1, F = —

(t) o
and using Remark 12 (1), we know that A(I + B) subgenerates
an exponentially bounded once integrated C-semigroup on
X.

(68)

Example 2. Let X, = L°(R), X, = L*(R),

— d2 _ 2,00
Al__d§2’ D(A;) =W (R),
(69)
d2
AZ = d_fz’ D(AZ) = H2 (R)

It follows from [15] that A, generates an exponentially
bounded C, -cosine operator family C,(:) on X, where C, =

(1-d? /dEz)fl. Moreover, it is well known that A, generates
a strongly continuous cosine operator family C,(-) on X,.
Let

(O eW ™ ®R), b()eH'R), (70
and define B, : X, — X, B, : X; — X, as follows:

@@@=thwww,

@@@=@®waw
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Set X = X, x X,

A= (f})l Xz), D(A) = D(A,)xD(A,),

(72)
B= (1?2 If)l>, D(B) = X.
Clearly, p(A) #0 and D(A,) = R(C, ). Take
loep(A), C=(,-A)" (73)

Then, A generates an exponentially bounded C-cosine oper-
ator family C(-) on X, where

_(Ci®C (M- AT 0 )
cw- (0 G0 -4y
Hence,

(S OC (- Ay 0 )
Sm‘( 0 50 0-a)")
where

t ¢
S(t) = L C(s)ds, S, (f) := L C, (s)ds, (76)

S, (1) = L C, (s) ds. (77)

Therefore, we have, for each f = (Jf(: ) € C([0,0), X),

jt S(t—5)C'Bf (s) ds

0

: | (78)
_ (Al Jo 81 (=9 CI'BL S ) ds).
A, fo S,(t—s)B,f1(s)ds
Since
R(B,) c D(A,C}'), R(B,) ¢ D(4,), (79)

we see that there exist M, w > 0 such that

<m "I £ ()ds £ 0.
0
(30)

Jt S(t—s)C'Bf (s) ds
0

Consequently, if there exists an injective operator C € L(X)
such that R(C) ¢ R(C) and C(A + B) ¢ (A + B)C, then taking

K(t) = %, F =1 (81)

and using Remark 14, we know that A + B subgenerates a C-
cosine operator family on X.

Moreover, it is not hard to see that there exist M, w > 0
such that

A JtS (t—s)C'Bf (s)ds| < M Jtew“'” 1f ) ds,
0 0

(82)
t>0.

Hence, if there exists an injective operator C € L(X) such that
R(C) ¢ R(C) and CA(I + B) ¢ A(I + B)C, then by Remark 10
(3) (p(A) #0), we know that A(I + B) generates a C-cosine
operator family on X.

Acknowledgments

The authors would like to thank the referees very much
for helpful suggestions. The work was supported partly by
the NSF of China (11201413, 11071042, and 11171210), the
Educational Commission of Yunnan Province (2012Z010),
and the Research Fund for Shanghai Key Laboratory for
Contemporary Applied Mathematics (08DZ2271900).

References

[1] K.-J. Engel and R. Nagel, A Short Course on Operator Semi-
groups, Universitext, Springer, New York, NY, USA, 2006.

[2] X. Gu, M. Li, and F Huang, “Almost periodicity of C-
semigroups, integrated semigroups and C-cosine functions,”
Studia Mathematica, vol. 150, no. 2, pp. 189-200, 2002.

[3] C.-C. Kuo, “On perturbation of local integrated cosine func-
tions,” Taiwanese Journal of Mathematics, vol. 16, no. 5, pp. 1613—
1628, 2012.

[4] C.-C.Kuo and S.-Y. Shaw, “C-cosine functions and the abstract
Cauchy problem. I Journal of Mathematical Analysis and
Applications, vol. 210, no. 2, pp. 632-646, 1997.

[5] C.-C. Kuo and S.-Y. Shaw, “C-cosine functions and theabstract
Cauchy problem. II Journal of Mathematical Analysis and
Applications, vol. 210, no. 2, pp. 647-666, 1997.

[6] Y.-C. Liand S.-Y. Shaw, “Hermitian and positive integrated C-
cosine functions on Banach spaces,” Positivity, vol. 2, no. 3, pp.
281-299, 1998.

[7] J. Liang and T.-J. Xiao, “Higher-order degenerate Cauchy
problems in locally convex spaces,” Mathematical and Computer
Modelling, vol. 41, no. 6-7, pp. 837-847, 2005.

[8] J. Liang, R. Nagel, and T.-]. Xiao, “Approximation theorems
for the propagators of higher order abstract Cauchy problems,”
Transactions of the American Mathematical Society, vol. 360, no.
4, pp. 17231739, 2008.

[9] G. M. N'Guerekata, “On almost periodic solutions of the differ-

ential equation x” (t) = Ax(t) in Hilbert spaces,” International
Journal of Mathematics and Mathematical Sciences, vol. 28, no.
4, pp. 247-249, 2001.

[10] G. M. N'Guerekata, Almost Automorphic and Almost Periodic
Functions in Abstract Spaces, Kluwer Academic/Plenum Pub-
lishers, New York, NY, USA, 2001.

[11] S.-Y. Shaw and Y.-C. Li, “Characterization and generation of
local C-cosine and C-sine functions,” International Journal of
Evolution Equations, vol. 1, no. 4, pp. 373-401, 2005.

[12] S. Wang and Z. Huang, “Strongly continuous integrated &-
cosine operator functions,” Studia Mathematica, vol. 126, no. 3,
pp. 273-289, 1997,

[13] T. Xiao and J. Liang, “Laplace transforms and integrated,
regularized semigroups in locally convex spaces,” Journal of
Functional Analysis, vol. 148, no. 2, pp. 448-479, 1997.

[14] T. Xiao and J. Liang, “Differential operators and C-
wellposedness of complete second order abstract Cauchy
problems,” Pacific Journal of Mathematics, vol. 186, no. 1, pp.
167-200, 1998.



(15]

(16]

(17]

(18]

(20]

(21]

(22]

(23]

(24]

T.-]. Xiao and J. Liang, The Cauchy Problem for Higher-Order
Abstract Differential Equations, vol. 1701 of Lecture Notes in
Mathematics, Springer, Berlin, Germany, 1998.

T.-]. Xiao and J. Liang, “Multiplicative perturbations of C-
regularized semigroups,” Computers ¢ Mathematics with Appli-
cations, vol. 41, no. 10-11, pp. 1215-1221, 2001.

T.-J. Xiao and J. Liang, “Higher order abstract Cauchy problems:
their existence and uniqueness families,” Journal of the London
Mathematical Society, vol. 67, no. 1, pp. 149-164, 2003.

I. Ciordnescu and G. Lumer, “On K(t)-convoluted semigroups,”
in Recent Developments in Evolution Equations (Glasgow, 1994),
vol. 324 of Pitman Res. Notes Math. Ser., pp. 86-93, Longman
Sci. Tech., Harlow, UK, 1995.

M. Kosti¢ and S. Pilipovi¢, “Convoluted C-cosine functions and
semigroups. Relations with ultradistribution and hyperfunction
sines,” Journal of Mathematical Analysis and Applications, vol.
338, no. 2, pp. 1224-1242, 2008.

M. Kosti¢, “Perturbation theorem for convoluted C-semigroups
and cosine functions,” Bulletin T.CXLI de I'’Académie Serbe des
Sciences et des Arts, Sciences Mathématiques, vol. 35, pp. 25-47,
2010.

E Li, “Multiplicative perturbations of incomplete second order
abstract differential equations,” Kybernetes, vol. 37, no. 9-10, pp.
1431-1437, 2008.

E LiandJ. H. Liu, “Note on multiplicative perturbation of local
C-regularized cosine functions with nondensely defined gen-
erators,” Electronic Journal of Qualitative Theory of Differential
Equations, vol. 2010, no. 57, pp. 1-12, 2010.

J. Liang, T.-J. Xiao, and E Li, “Multiplicative perturbations of
local C-regularized semigroups,” Semigroup Forum, vol. 72, no.
3, pp. 375-386, 2006.

T.-J. Xiao and J. Liang, “Perturbations of existence families
for abstract Cauchy problems,” Proceedings of the American
Mathematical Society, vol. 130, no. 8, pp. 2275-2285, 2002.

Journal of Function Spaces and Applications



Hindawi Publishing Corporation

Journal of Function Spaces and Applications
Volume 2013, Article ID 510943, 8 pages
http://dx.doi.org/10.1155/2013/510943

Research Article

Multiplicity and Bifurcation of Solutions for a Class of
Asymptotically Linear Elliptic Problems on the Unit Ball

Benlong Xu

Department of Mathematics, Shanghai Normal University, Shanghai 200234, China

Correspondence should be addressed to Benlong Xu; bxu@shnu.edu.cn

Received 13 December 2012; Revised 25 January 2013; Accepted 6 February 2013

Academic Editor: Ti J. Xiao

Copyright © 2013 Benlong Xu. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper mainly dealt with the exact number and global bifurcation of positive solutions for a class of semilinear elliptic equations
with asymptotically linear function on a unit ball. As byproducts, some existence and multiplicity results are also obtained on a

general bounded domain.

1. Introduction

In this paper, we are concerned with positive solutions of the
following elliptic equation subject to homogeneous Dirichlet
boundary condition

-Au=Af (u), inQ,

p
on 0Q), ( A)

u=0,
where Q) is a smooth bounded domain in RV, A is a positive
parameter, u € C*(Q) NC(Q), and the function f satisfies the
following.

(F1) f:[0,+00) — (0,+00)is a positive C! function, and
f is strictly convex; that is, f'(t) is strictly increasing
int € (0,00).

(F2) f is asymptotically linear, that is,
lim AY)
t

=a € (0,4+00). ¢y
t— 00

For the past years, this problem attracted attentions of

many authors. It was studied in [1-4] with f being strictly

increasing and was studied in [5-7] with a specific function

fu) = (u- b)* + € which is not increasing.

The main goal of this paper is to study the exact number
and bifurcation structure of the solutions of (P;) on a unit
ball Q, with a general asymptotically linear function f.
Some results in this paper (see Section 3) can be viewed
as an extension and improvement of that in [7], but the
argument approach here is very different to that in [7]. As
byproducts, we also get some new results which also hold for
general domain Q (see Section 2). The paper is organized as
follows. In Section 2, we study the existence and multiplicity
of solutions for problem (P,) on a general bounded domain,
with some new results complementing those existing in the
literature. In Section 3, we study the exact number and global
bifurcation structure of positive solutions of (P;) on a unit
ball.

2. Multiplicity of Positive Solutions on
a General Domain

Throughout this section, we assume that Q is a smooth
bounded domain in RY, and f satisfies (F1) and (F2). We
also note that, by maximum principle, all solutions of (P,)
are positive on Q.

Before the statement of our main result, we derive some
preliminary lemmas. Though some of them may be known,
we provide their proofs for reader’s convenience.



Lemma 1. Forany A € (0,,/a), (P,) is solvable.

Proof. Consider the functional

2
Ty () = jQ (@ AF (u)) dx, 2)

where F(u) = _[: f(t)dt.
From (F1) and (F2), it is easy to see that

) <a, (3)

SO

2
F(u) < % + £ (0)u. (4)

Poincare’s inequality jQ w? < (1 /AL fﬂ |Vu|?, and the
imbedding theorem of L*(Q) to L'(Q) yield

2
Ty (u) = J de— @ J uzdx—)tf(O)j udx
o 2 2 Ja Q
V) al 5

> L de - Z_AI L [Vul|*dx — Af (0) Joudx

U1 <1 _ @> J IVuldx - Af (0) C(J |Vu|2)1/2dx

S 2 A/ o Q ’

(5)

so Jy(u) — oo as | uIIHé(Q) — 00, where || uIIHé(Q) =

(f |Vu|? )1/ 2dx, and then J 5 (u) is coercive and bounded from
below. It is also easy to see that ], (u) is weakly lower semi-
continuous [8, page 446, Theorem 1]. By applying direct
variational methods [9, page 4, Theorem 1.2], we can get
the desired result; that is, min,cpq)/y(4) is reached at

some point u(A), and u(A) is a solution of (P,) when A €
(0,1, /a).

Lemma 2. For any A > A,/m, (P,) has no solution, where

m = inf,  (f(£)/t).

Proof. If not, assume that u is a solution of (P,) for some
A > A,/m. Multiplying (P,) by ¢, > 0, the normalized
positive eigenfunction with respect to the first eigenvalue 1,
of —A subject to homogenous Dirichlet boundary condition,
and then integrating by parts, we get

A J up,dx = J —Augp,dx
Q Q
(6)
= )LJ fwedx>A, J ug,dx,
Q Q

which is a contradiction. O

We begin by show the following.

Lemma 3. There exists a number A;/a < A < A,/m, such that
(P,) has at least a solution for A < A and has no solution for
A> A
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Proof. Let
A={)A:(P,) has a solution}. (7)

By Lemmasland 2, A,/a < A < A;/m. We need just to prove
that if (P,) has a solution, then (P, ) also has a solution for all
0 < A < p. This can be done by a simple argument of sub-
sup solution method, since it is easy to see that any solution
of (P,) is a super solution of (P,) and u = 0 a subsolution.

It is easy to see that u, = 0 is a subsolution of (P,),
then a standard sub-super solution method’s argument and
comparison theorems give the following lemma. O

Lemma 4. If (P,) is solvable, then one has a minimal solution
uy, that is, for any solution v of (Py), u, < v. Moreover, u,_is
increasing with respect to A.

Lemma5. IfA € (0,1,/a), then the solution of (P)) is unique.

Proof. Suppose that v, and v, are solutions of (P,). Let v =
v, — v,, then

“Av=A[f(v)-f(v)], inQ, ©
y=0, on 0Q.
By mean value theorem, v satisfies
~Av=f' (@), ©)

where v lies between v, and v,. Multiplying v and integrating,
we get

J |Vv|2dx = )\J f’ @) v*dx
Q Q
N (10)
< a)tj vidx < ar J- Vv dx,
Q A Ja

1

which implies that v = 0. The proof is complete. O

Lemma 6. The minimal solution u, is stable, that is, A, (-A —
Af'(uy))) = 0, where A\(=A — Af'(u,)) denotes the first
eigenvalue of the following problem:
~Aw - Af' () w = pw, in Q,
1D

w=0, onoQ.

Proof. Suppose on the contrary that A;(-A — Af'(u,)) = p <
0, and w > 0 is the corresponding eigenvector. Let v, = u, —
¢, then by (P,) and (11), we have

~Av, = Af (v) = Af (1) = Aef (uy) @
= Af (u) - ep) — peg (12)
= —uep + o (ep) > 0,

when ¢ is small enough, and hence v, = u; — ep is a
super solution of problem (P,). On the other hand, 0 is a
subsolution of (P, ), and Hopf’s boundary lemma implies that
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FIGURE 1: Diagram for A = A, /a.

A/a A A

FIGURE 2: Minimal diagram for A > A, /a.

0 < v, for ¢ > 0 small. An application of sub-sup solution
method guarantees that there is a solution # of (P, ) satisfying
0 < u < uy — &g in Q, which is a contradiction with the
minimality of u,. The proof is complete. O

Now we state our main result.

Theorem 7. Suppose that f satisfies (F1) and (F2), then there
exists A € [A/a, A, /m] (where m = inf, ,(f(t)/t)) such that
problem (P,)

(i) has at least one solution for A € (0, A) and a unique

solution for A € (0,A,/a);

(ii) has no solution for A € (A, +00);

(iii) (a) if A = A,/a, then problem (P,) has no solution at
A=A andlim, _, ,_ou,(x) = +oo forall x € Q, where
u, denotes the unique solution of (P,) for A € (0, A)
(see Figure 1),
(b) if A > A,/a, then problem (P,) has a unique
solution for A € (0,A,/a) and A = A, has at least two

solutions for A € (A,/a, A) (see Figure 2 for a minimal
diagram).

Proof. Statement (i) follows from Lemmas 3 and 5. Statement
(ii) follows from Lemma 3. Now we give the proof of state-
ment (iii).

(a) Suppose A = A,/a. The solution (P,) bifurcates at
infinity near A = A, /a (see [2, 10] for details). On the other
hand, (P,) has a unique solution u, for A € (0,1,/a), and no
solution for A > A,/a. Therefore the bifurcation curve from
infinityison theleftof A = A,/a,and hencelim, _, , _ou;(x) =
+oo forall x € Q) by the expression of the bifurcation solution
in Theorem 13 in Section 3.

If (P, ) has a solution, let u, denote the minimal solution
of (P,). By Lemma 4, u; < u, for A € (0, A), contradicting
limy _, s | tyllo = 0.

(b) For clarity, the proof will be divided into 3 steps.

Step 1. The existence and uniqueness of solutions of (P,) for
A=A, /a.

The existence follows directly from Lemma 4. Note that
f' < a, and the uniqueness can be proved in a similar way as
in the proof of Lemma 5.

Step 2. The existence and uniqueness of solutions of (P,) for
A=A

By Lemmas 3 and 4, (P,) has a minimal solution u, for
any A € (0, A), and u, is increasing in A. Let (1,)) € (A,/a, A)

be any sequence such that lim,, _, . ,A,, = A. Firstly we insure
that case (u,\n) is L*(Q) bounded. Suppose the contrary that
lim, o Ity 2 = 00. Letc, =l uy 2 and vy =

uy, /¢, then

A
-Avy, =F(c,vy ), inQ,
Ay, Cnf(n )\,n) (13)

v, =0, on 0Q.

Since f (CRWIL-AY bounded in L*(Q), it follows from (13)
that v, isbounded in H, (). Then subject to a subsequence,
we may suppose that there exits v*, such that

vy —v" weakly in Hy (Q),

vy, — V' strongly in L*(Q), (14)
vy, — v ae in Q.
Then by letting n — 00, we get from (13) in the weak sense
that
-Av* =aAv®, in Q,
(15)

v" =0, on 0Q,

with || v*||2(q) = 1,and v* > 0 by strong maximum principle.
Hence aA = A, thatis, A = A, /a, a desired contradiction.
Now in a similar way, the boundedness of (1, ) in L*(Q)

implies that (u, ) is bounded in H,(Q). Then subject to a

subsequence, we may suppose that there exits u*, such that
uy, —u"  weakly in H, (Q),

u, — u”  strongly in L*(Q), (16)

uy, —u" ae in Q.
;



Then by lettingn — 00, we get
-Au* = Af (u*), in Q,
17)
u* =0, on 0Q,
and the existence is proved.

Now we prove the uniqueness. Let u, be the minimal
solution of (P, ) and u a different solution. Then w := i—u, >
0 satisfies

~Av=Af"(uy, +Ow)w, in Q,
(18)

vy=0, on 0Q,

where 6 : QO — R satisfying 0 < 6 < 1. It follows that
A (A - Af’(uA + 6w)) = 0, where A,(-A - Af'(uA + 6w))
denotes the first eigenvalue of the operator —A — Af'(u, +
Ow) subject to the Dirichlet boundary condition, as defined
in Lemma 1. Since f’(uA) < f’(uA + Bw) in Q, we have that
Al(—A—Af'(uA)) > Al(—A—Af'(uA+9w)) = 0, which implies
that the operator —A— A f'(u, ) is nondegenerate. Then by the
Implicit Function Theorem, the solution of (P)) forms a cure
in a neighborhood of (A, 1, ), which is clearly contradicted to
the definition of A in (7).

Step 3. Prove that (P)) has at least two solutions for A ¢
(A1 /a, A).

Following the argument in [5], we prove it by varia-
tional method of Nehari type (see [11]). As we have known
(Lemma 5), there exists a minimal solution u, of (P) when
A € (Ay/a,A). Now we must look for another solution
u(> u,). Assuming that u = v+u,, with v > 0, then v satisfies

“Av=A[f(v+u) - f(w)], inQ,

on 0Q).

(19)
v =0,

For convenience, let g(v) = f(v + uy) — f(u,) and G(v) =
.[OV g(t)dt, then we have

-Av=2Ag(v), inQ,

(20)

vy=0, on 0Q.

Define
(555 -60)
nw=| (516w )ax

Q 2

(21)

B = [ (9 = g ) dx,
Q
and the solution manifold

My ={veH;(Q):v>0inQ,I, () =0}. (22)
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Firstly we show that M, #¢ for any A € (A,/a, A). Let
¢, be the first eigenfunction of —A in Q subject to Dirichlet
boundary condition and IQ ¢2dx = 1, then

I (tg) = 1,2 = A L tg,g (tg,) dx

t
_p (/\1 _AJ P19 (Pl)dx>’ (23)
Q t
t t
hmj 919(ten) | _ hmj (pf.g(%)dx:
t—o0 Jo t t—o0 Jo t(pl

It follows from (23) that

I) (tg,) <0, (24)

for sufficiently large t if A € (A, /a, A).

On the other hand, let w; be the eigenfunction with
JQ wldx = 1 of the first eigenvalue y, of the following
equation:

—Aw; - Afl (“/\) w; = Py, in 0,

on 0Q.

(25)
w; =0,

Since u; is the minimal solution, it follows from Lemmas
4 and 6 that y; > 0. Then

I (sw,) =5 J Ve, |*dx - /\sJ w,g (sw;) dx
o o
=5 J Ve, |*dx - /\SJ [f' (u,) sw: + o0 (52)] dx
o o

=5 Uﬂ (|Vw1|2 ~Af (uA)w%)dx + 0(1)]
=5 (u +0(1)).
(26)

Hence I, (sw;) > 0 when s is small enough. Now it is easy to
see that M, is not empty. In fact, take w, = t¢, for some large
t,and w* = sw for some small s > 0, such that

I (w,) <0, I (w") >0, (27)

respectively. Define a continuous function G on [0,1],
namely,

GE =1 (¢w, +(1-8w"). (28)

Then G(0) > 0, G(1) < 0, and hence there exist &, € (0, 1)
such that G(§;) = 0, that is, [, (§,w, + (1 — &)w") = 0, and
M, # ¢, a desired conclusion.

Since f is convex, g(v) is convex with respect to v > 0
such that

g =gmM-g0) <g v (29)
Integrating (29) with respect to v from 0 to v, we get

2Gw)<gW)v. (30)
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Therefore, on M,

R0 =3[ lawv-260dxz0 G

that is, J; (v) is bounded from below.

And then we obtain a nonminimal positive solution of
(P,) by using the Nehari variational method. The proof is
complete. O

Remark 8. The solutions that we get from the above discus-
sion are weak ones, but a standard elliptic regularity argument
shows that they are indeed classical solutions.

In view of Theorem 7, we want to know what conditions
ensure that A = A, /aor A > A,/a. Following [4], we consider
the function L(t) = at— f(¢). It is easy to see that L(t) is strictly
increasing, and hence lim, _, . L(t) = L, exists (may be +00).
Also note that L(0) = —f(0) < 0.

Theorem 9. If L < 0, then A = A,/a; if Lo, > 0, then
A> A /a.

Proof. (i) If L, < 0, then f(t) > at for allt > 0. We prove
that (P,) has no solution and hence A = A,/a. Suppose the
contrary that u is a solution (P, ) for A = A, /a, then

-Au = %f (u) = Au. (32)

Let ¢ be a positive eigenfunction of the first eigenvalue A of
—A on Q with Dirichlet boundary condition, that is

Ap+A,9=0, inQ,
(33)
@=0, on 0Q.

Multiplying (32) by ¢ > 0, and integrating by parts, we get
J (f ) —au)pdx =0, (34)
Q

which yields that f(u) = au, contradicting the fact that
f(0) > 0.

(ii) If L, > 0, we prove that A > A, /a.

Let (A(s), u(s)) be the bifurcation curve as described in
Theorem 13 in Section 3, then

Au(s)+A(s) f(u(s)) =0, in Q,
(35)
u(s) =0, on 0Q.
It follows from (33) and (35) that
2O | Fu©eds=1, | updx
Q Q (36)

= LJ au (s) ¢ dx.
a Jo

By the fact that u(s)(x) = s¢(x) + z(s)(x) — 0o (s — ©0)
a.e. in (), we have

J au (s) pdx — J fu(s)edx
Q Q
(37)
= Jﬂ (au(s) = f (u(s)) pdx >0,

for s sufficiently large. It follows from (36) that A(s) > A,/a
when s is sufficiently large, which means that the bifurcation
curve (A(s), u(s)) from infinity is on the right of A = A,/a,
and hence A > A,/a by the definition of A in (7). The proof
is complete. O

Now we define another function which is also crucial in
studying exact multiplicity in the next section. Let

K@®) =tf ®)- f (1), (38)

then K'(t) = tf"(t) > 0 a.e. in (0,+00), and K(¢) is strictly
increasing, and K(0) = — f(0) < 0. Denote

tlgg()[( (t) = K, € (00, +00]. (39)

Theorem 10. If K, < 0, then A = A /a; if K, > 0, then
A> A, /a.

Proof. If K, < 0, then (f(t)/t)' = K(t)/t* < 0 forallt > 0. Tt
follows that f(t)/t is strictly decreasing and hence f(t)/t > a,
which implies that L, < 0.

On the other hand, if K, > 0, by

Lt)-K@® =t(a-f ()>0, V¥t>0, (40)

we get that L., > 0. Then the conclusion follows for
Theorem 9. O

3. Exact Number and Global Bifurcation of
Solutions on a Unit Ball

From Theorem 7, the exact number of solutions (P,) is now
clear in the case of A = A,/a; that is, the solution is unique
if it exists. On the other hand, it is far from known in general
exactly how may solutions of (Py) for A € (1,/a,A) if A >
A,/a. Using the bifurcation approach developed in [12-14],
and also the idea and techniques developed in [7], we solve
this problem on the unit ball under some conditions.

Throughout this section, we suppose that Q) is the unit ball
in RY centered with the origin.

The next remarkable results regarding (P,) are due to
Gidas et al. [15] and Lin and Ni [16].

Lemma 11. (1) If f is locally Lipschitz continuous in [0, c0),
then all positive solutions of (P,) are radially symmetric, that
is, u(x) = u(r), r = |x|, and satisfies

" n—1

u + u'+/\f(u)=0,

r € (0,1), (1)

W (0)=u(l)=0.

Moreover, u'(r) < 0 for all r € (0,1], and hence u(0) =
maXy.,< U(r).

(2) Suppose f € C'(R). If u is a positive solution to (P,),
and w is a solution of the linearized problem (43) (if it exists),
then w is also radially symmetric and satisfies

n n-—1 '
w +——+Af Ww=0, re(01),
" f (u) 0,1) (42)

w' (0) =w(1) = 0.



The next lemma also plays a key role in this section.

Lemma 12. (1) For any d > 0, there is at most one A; > 0
such that (Py) have a positive solution u(-) with A = A, and
u(0) =d.

(2) Let T = {d > 0 : (P,) have a positive solution
with u(0) = d}, then T is open; Md) = A, is a well-defined
continuous function from T to R,

Lemma 12 is well known; see, for example, [13, 17, 18].
A simple proof of the first part of the lemma can be found
n [14]. Because of Lemma 12, we call R* x R = {(A,d) :
A > 0,d > 0} the phase space, {(A(d),d) : d € T} the
bifurcation curve, and the phase space with bifurcation curve
the bifurcation diagram.

We will also need the following theorem of bifurcation
from infinity.

Theorem 13 (see [10, 19]). Suppose f € C'(R). Let
lim, , . f(w/u = a € (0,00) and A, = A,/a. Then
all positive solutions of (Py) near (A, 00) have the form of
(A(s), s¢ + z(s)) for s € (8, 00) and some § > 0, where @ is
a positive eigenfunction of the first eigenvalue A, of —A on Q
subjected to Dirichlet boundary condition, lim,_, . A(s) = Ay,
and || z(s)||C2,a(§n) =o(s)ass — oo.

To make bifurcation argument work, a crucial thing is the
following result.
Let u be a solution of problem (P,), then u is called a

degenerate solution if the corresponding linearized equation

—-Aw = )Lf' Ww, in Q,
(43)

w=0, on 0Q,

has a nontrivial solution.
Now suppose that f satisfies (F1), (F2). As in the end of
Section 2, let

Kt =tf'(t)- f@t)

(44)
Koo = lim K ().

If K, > 0, then there exists a unique real number 8 > 0, such
that

K() <0 forte[0,pB);
(45)
K(t)>0 forte(B,00); K(B)=0.

Lemma 14. Suppose that K, > 0. Ifu is a degenerate solution
of (P,), then u(0) > f.

Proof . Suppose the contrary that 4(0) < f3, then

K () =uf () - f (u) <0,

Let w be a nontrivial solution of the corresponding linearized
equation (43). From (P;) and (43), we get

inQ\{0}.  (46)

0= L (—Awu + Auw) dx = A J;) (uf’ (w-—-f (u)) wd(x. |
47

It appears from (46) and (47) that w must change sign in Q.
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In view of Lemma 11(2), we suppose that [x| = 7, is a
maximal zero in (0, 1). We may also suppose that w(x) > 0,
forall r; < |x| < 1. Then

J (-Awu + Auw) dx
Q\B(ry)
(48)
3| (uf @)~ f @) wdx <0,
Q

where B(r,) denotes the ball of radius r, centered with the
origin.
On the other hand, using integration by parts, we have

0
J (-Awu + Auw) dx = - J uds > o. (49)
O\B(r,) AQ\B(r,)) OV

a contradiction. O

Theorem 15. Suppose that f satisfies (F1)-(F2) with0 < K, <
ap. If u is a degenerate solution of (P)), then any nontrivial
solution of the corresponding linearized equation (43) does not
change sign in Q).

Proof. By Lemma 14, max  gu(x) = u(0) > fB. In view of
Lemma 11, there exists #* € (0, 1), such that u(r*) = f3. Let
w be a non-trivial solution of the corresponding linearized
equation (43), then w(0) #0.

We assert that w(r) has no zeroes on [r", 1). Suppose the
contrary and let ; be the largest zero of w on [r*, 1). We may
suppose that w > 0 in (r;,1). Note that u(r) < B forr ¢
(ry, 1), a similar argument as in the proof of Lemma 14 yields
a contradiction.

Now we prove that w(r) has no zeroes on (0, ™). Suppose
the contrary and let 7, be the smallest zero of w(r) on (0,7%).
We may suppose that w > 0 in B(r,). Multiplying (P,) by
u— 3, (43) by w, subtracting, and integrating on B(r,), we get

J [-Aw (u - B) + Auw] dx
" (50)
= L%) [(u=B) f' W) - f ()] wdx.

Let J(t) = (t — B)f'(t) — f(t), then J(0) = —f(0) <
0, J(co) = lim, , J(u) = Ky, —aB < 0,and J'(t) =
(t-B)f"(t) > 0fort > B. Hence J(u) = (u— ) f' (1)~ f(u) <
0 for x € B(ry). Then

jB(r ) [(u ~F) f’ - f (u)] wdx <0. (51)

On the other hand, by Green formula,

J [-Aw (u - B) + Auw] dx
B(ro)

5 (52)

w
=- — (u—-pB)dx>0.
L(B(ro» 3 P

A contradiction occurs from (50), (51), and (52). Hence w(r)
has no zeroes in (0, 1), that is to say, w does not change sign
in Q. The proof is complete. O
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Now define F : Cg’“(ﬁ) — C*(Q), by
Fu=Au+ Af (u), (53)
then the linearized operator (Frechet derivative) is
E,(Luw)w=Aw+ Af' (1) w. (54)

From the maximum principle, all solutions of (P,) are
positive on Q. Moreover, if (A", ™) is degenerate solution of
(Py), then by Theorem 15, the nontrivial solution w of (43)
does not change sign in Q, and hence w can be chosen to be
positive. Then by Krein-Rutman’s Theorem, N(F,(A*,u™)) =
span{w}, and it follows from Fredholm alternative theorem
that codimR(F,(A*,u")) = 1. Now we prove that F; (A", u") ¢
R(F,(A*,u™)). If it is not the case, then there exists v €
C>*(Q), such that

Av+ X f (W )v=f(u"). (55)
We also have
Aw+ A ' (W) w = 0. (56)

Multiplying (55) by w, (56) by v, subtracting, and inte-
grating, we obtain

J Fu)wdx =0, (57)
Q

a contradiction. As all the conditions of Crandall-
Rabinowitz’s bifurcation theorem [20] are satisfied, the
solutions of (P,) near the degenerate solution (A", u") form
a smooth curve which is expressed in the form

AE),u(s) =" +1(s),ug+sw+z(s)), (58)

where s — (7(s),z(s)) € R x Z is a smooth function near
s = 0 with 7(0) = 7'(0) = 0, 2(0) = 2'(0) = 0, where Z is
a complement of span{w} in X, and w is the positive solution
of (43), which is unique if normalized.

Substituting u and A by expression (58), then differentiat-
ing the equation (P, ) twice, and evaluating at s = 0, we have

Aug + Af (u)ug + 2/\'f' (W) u, + /\f” (u) uf + )L"f () =0,

Aug + A f' @) ug + A f w)yw® + 1" (0) f (u) = 0.
(59)

Multiplying (59) by w, (43) by u,, subtracting, and integrat-
ing, we obtain

T JQf (u*)w’dx

T (0)_ JQf(u*)wdx

<0. (60)

By (60) and the Taylor expansion formula of 7(s) at s = 0,
we conclude that at any degenerate solution (1", u”) of (P,),
the solution curve turns left, that is to say, there is no any
solution (A, u) on the right near (1", u"). This observation is
very important to our proof of the following theorem.

llull oo

A /a A A

FIGURE 3: Precise bifurcation diagram on a unit ball.

Theorem 16. Suppose that Q) is the unit ball in R, f satisfies
(F1)-(F2), and 0 < K, < af. Then for problem (P,),

(1) there exist no solutions for A > A,
(2) there exists exactly one solution for A € (0, A,/a] U{A},
(3) there exist exactly two solutions for A € (A, /a, A).

Moreover, the solution set {(A,u)} of (Py) forms a smooth

curve in the space R x C(Q), which can be roughly described as
in Figure 3.

Proof. By Theorem10, A > A,/a, and Theorem 7 tells
us that (P,) has a unique solution (A,u,) for A = A,
and Implicit Function Theorem implies that (A,u,) is a
degenerate solution. By Theorem 15, non-trivial solution w of
the corresponding linearized equation (43) does not change
sign in Q, and we may suppose that w is positive in Q.
Then Crandall-Rabinowitz’s bifurcation theorem [20] and the
discussion prior to this theorem imply that the solutions near
(A, u,) form a smooth curve which turns to the left in the
phase space. We may call the part of the smooth solution
curve {(A, u)} with u(0) > u,(0) the upper branch, and the
rest the lower branch. We denote the upper branch by u* and
the lower branch by u,.

For the upper branch, as long as (A, u") nondegenerate,
the Implicit Function Theorem ensures that we can continue
to extend this solution curve in the direction of decreasing
A. We still denote the extension by (A, ). This process of
continuation towards smaller values of A will not encounter
any other degenerate solutions. This is because, if, say, (A, u")
becomes degenerate at A = A, the discussion prior to this
theorem implies that all the solutions near (Ay, ") must
lie to the left side of it, which is a contradiction. Lemma 12
tells us that A — u*(0) is decreasing. So in the progress of
extension of (A, u") towards smaller values of A, there are only
the following two possibilities.

(i) The upper branch (A, uA) stops at some (0,1), and
uy(0) > u, (0).

(ii) || uylls goes to infinity as A — A+0,0<A<A.



But case (i) cannot happen, since (0, 1) is obviously not a

solution of (Py). Hence case (ii) happens. We assert that 1 =
A,/a.Infact,let {A,} be an arbitrary sequence such that A, —
A.Denote M,, =|| u, |l v,, = 4,/ M,,, then M,, — oo and
M,v,
Av, + /\nM =0, in Q,
M, (61)

=0, on 0Q.

Since f(M,v,)/M,, is bounded, by Sobolev Imbedding The-
orems and standard regularity of elliptic equation, it is easy
to see that {v,} has a subsequence, still denoted by {v,}, such
that v, — vin C**(Q) (n — ©0), for some v € C**(Q),
v > 0in Q. Lettingn — o0 in (61), we get

Av+Adav=0, in Q, y=0, on 0Q, (62)
which implies that A = A, /a.

Now we study the structure of the lower branch. As in
the case of upper branch, as long as (A, u,) nondegenerate,
the Implicit Function Theorem ensures that we can continue
to extend this solution curve in the direction of decreasing
A. We still denote the extension by (A,u;,). This process of
continuation towards smaller values of A will not encounter
any other degenerate solutions. Lemma 12 implies that A —
u,(0) is increasing. So in the progress of extension of (A, u,)
towards smaller values of A, there are only the following two

possibilities.
(i) The lower branch (A,u,) stops at some (0, u,) with
uy(0) > 0.
(ii) The lower branch (A, u;) stops at some (A, 0) with
0< Ay <A

As before, case (i) will not happen. Then case (ii) happens.
By f(0) > 0, it is easy to see that A, = 0. That is to say, the
lower branch of solutions extends till the origin (0, 0) in the
phase plane.

By the above argument, we obtain a smooth positive
solution curve which consists of an upper branch {(A, uM)}
and a lower branch {(A,u,)}. The lower branch starts from
(A,uy) and stops at (0,0), and A — u,(0) is a strictly
increasing function. The upper branch {(A, ul)} starts from
(A, u,) and stops at (A,/a,00), and A — u*0) is a strictly
decreasing function with e ()) blowingupas A — A,/a +
0. By Lemma 12, all solutions of (P,) are contained in this
smooth solution curve, and the complete bifurcation diagram
can be described as in Figure 3. The proof is complete. [
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Stability is investigated for the following differential equations with nonconstant delay x' () = g(t)F(x(t))— p(t) f (x(t—7(t))), where

p :[0,+00) — [0,+00), g : [0,400) — R, 7 :[0,+00) —

[0,7],and Fand f: R — Rwith xf(x) >0 for x#0 and |x| < a

(a is a positive constant) are continuous functions. A criterion is given for the zero solution of this delay equation being uniformly

stable and asymptotically stable.

1. Introduction

Delays are inherent in many physical and technological sys-
tems. In particular, pure delays are often used to ideally
represent the effects of transmission, transportation, and
inertia phenomena. Delay differential equations constitute
basic mathematical models of real phenomena, for instance
in biology, mechanics, and economics (cf,, e.g., [1-17] and
references therein). Stability analysis of delay differential
equations is particularly relevant in control theory, where one
cause of delay is the finite speed of communication. There
have been a lot of results on the study of stability of delay
differential equations. For example, we can see many earlier
results on this issue from Burton’s book [2]. Recently, in 2004,
Butcher et al. [4] studied the stability properties of delay
differential equations with time-periodic parameters. By
employing a shifted Chebyshev polynomial approximation
in each time interval with length equal to the delay and
parametric excitation period, the system is reduced to a set
of linear difference equations for the Chebyshev expansion
coefficients of the state vector in the previous and current
intervals. In 2005, Wahi and Chatterjee [16] used Galerkin-
projection to reduce the infinite dimensional dynamics of
a delay differential equation to one occurring on a finite
number of modes. In 2009, Kalmar-Nagy [7] demonstrated

that the method of steps for linear delay differential equation
together with the inverse Laplace transform can be used to
find a converging sequence of polynomial approximants to
the transcendental function determining stability of the delay
equation. Most recently, Berezansky and Braverman [3] gave
some explicit conditions of asymptotic and exponential sta-
bility for the scalar nonautonomous linear delay differential
equation with several delays and an arbitrary number of
positive and negative coefficients.

This paper is concerned with the following differential
equations with nonconstant delay:

XO=qOFx@)-p® f(x@t-7@)), O

where a : [0,+00) — [0,+00),q : [0,400) — R, 7T :
[0,+00) — [0,r],and Fand f: R — Rwith

xf(x)>0 for x#0, |x|<a 2)

(a is a positive constant) are continuous functions. We aim
at giving general criterion for the zero solution of this delay
equation being uniformly stable and asymptotically stable.



2. Main Result

Denote by C[t, — r,t,] the Banach space of continuous
functions from [t, — 7, ,] to R with the sup-norm

g1 = max o>
oletrcs =m0l .
for every ¢ € C [ty —1,t,].

We consider (1) for ¢t > t, with the initial conditions (for
any t, > 0)
x(t)=¢(t), to-r<t<ty (4)

where ¢ € C[t, —1,t,].
For an initial function ¢ € Cl[t, — r,t,], we denote by
x(t; ty, @) the solution of (1) such that (4) holds.

Definition 1. The zero solution of (1) is said to be stable if for
any & > 0 and t, > 0, there exists §(¢,, ¢) > 0 such that if

||§0||C[t0—r,t0] <9, (5)
then
|x (t:t,9)| < & V>t (6)

The zero solution of (1) is uniformly stable if the above § is
independent of t,,.

Definition 2. The zero solution of (1) is said to be asymptot-
ically stable if it is stable and if for any t, > 0, there exists
d(t,) > 0 such that if

"(P”C[—r,o] <9, (7)
then
|x (t: £, )| — 0, as t — +oo. (8)

Theorem 3. Assume that

(1) the zero solution to (1) is unique;

(2) if q is nontrivial function and F(-) is nontrivial in any
interval [-b,b] (b > 0), then

t
lim g (t) =0, lim J s)lds =0,
ta+ooq( ) t—+00 Ji_1(p) |q( )I (9)
pt)=u>0, t>0,
for a constant y;
. t
(3) lim, , .o J'tiT(t) p(s)ds = A;
(4) if A+0, then
|f (x)| < %, for x € R, (10)

where0 < A < 1.

Then the zero solution of (1) is uniformly stable.
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Proof. For each € > 0, we set

S(fie) =sup{|f (x)];1x] < e}, 1)

and when ¢ is a nontrivial function and F(-) is nontrivial in
any interval [-b, b] (b > 0), we set

S (F,¢) :=sup {|F (x)|; |x| < ¢}, (12)

I(g) := inf {xf (y);xy >0,
(13)

e<|x| <e,

sS|y|sg}.

From (3) and (2), it follows that for every € > 0, there exists
t(¢) > 0 such that

t
J p(s)ds
t—1(t)
1-1A

— ¢, if A=0,
$min{A lJe+A, ifA#0
4(S(fre)+1) ’ ’ ’
vVt > t(e),

and when g is a nontrivial function and F(-) is nontrivial in
any interval [-b, b] (b > 0), such that

Jt g (s)|ds < 1-1 vt > t(e), (15)

S S
—1(t) 4(S(F,e)+1)

1(¢)
2(8(Fe)+ 1) (e+1)

la)| <u VE>t(e).  (16)

We claim that for any € > 0 and ¢, > t(¢), if

1-A
"(P”C[to—r,to] < TS’ (17)

then
|x (t: £, 9)| <& Vit >t (18)

which means that the zero solution of (1) is eventually
uniformly stable. Actually, if this is not true, then there exist

& < min {a, 1} (19)
and a solution
x(t) = x (t; 15, ¢) (20)
to (1) with II(pIIC[tO_NO] <((1-2)/2)eand
to > t(g) (21)
such that thereisat > ¢,

|x ()] = &. (22)
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Define

t, = inf {t > ty;|x ()] = &}, (23)

1 —
t, = sup {to <t<tylx ()= eo},
2 (24)
Vix)= x’, x€R
Then, together with (21) and (22), we obtain

t(g) <t <ty

1-1)° 2
V@)= VEw) >
and, for t € (t;,1,),
2
L _4” £ <V(x(D) < (26)

and for arbitrary # > 0, there exists & € [t, —#,t,] such that

V' (x (&) > 0. (27)
Therefore,

V' (x(t,)) = 0. (28)
This implies that

t=2t,—1(ty). (29)
In fact, if

t<t,-1(t), (30)

then by (23)-(25), we have

- /\so <|x(t, -1(t,))] < &

(31)
t,—1(ty) >t(g).

It is not hard to see that we can choose t; and ¢, above to make
x(t) have constant sign in [t,,1,].

Case I. When g(t) = 0 or
F(x)=0 for |x|<b, (32)

where b is a positive real number.
In this case, if g(t) = 0, then

VI (x(t)) = =2p (82) x () f (x (t, = 7 (,))) <0, (33)
which contradicts with (28). Moreover, if
F(x)=0 for|x|<b, (34)

for a positive real number b, then it is clear that we can require
& < b. Hence,

Vi(x(t)) =-2p(t)x () f (x(t, - 7(1:))) <0, (39)

which contradicts with (28) too.

Consequently, in this case we have the following observa-
tion.

Case I-1. If A = 0, then we deduce by (23), (24), (1), and (11)
that

€

A
5 + 550 = |x (tz)l - |x (t1)|

< [x () = x ()]

< sz(s) If (x (s — ()| ds

' I 4 G)[1F (x ()l ds (36)

<S(f.&) J.tzp(s)ds

<s(he) [

&
< —.
2

(s)ds
) p

2T\t

This is clearly impossible.

Case I-2. If A# 0, then we deduce by (23), (24), (1), (11), and
(14) that

%0 + %80 = |x (t)] = |x (t,)]
<|x(t) - x(t,)]

< j PO |f (x(s—7(s))] ds

tz lg ()| IF (x (s))] ds

g
gy (2
= E}IJ; p(9)ds (37)
t
< @J. p(s)ds
2A t,—7(t,)
Agy 1-1
— in{A, 1 A
<33 (st mna e )
1-A A
< e+ e
4 2
£
<=
2

This is clearly impossible too.

Therefore, in this case, the zero solution of (1) is even-
tually uniformly stable. This, together with assumption (1),
implies that the zero solution of (1) is uniformly stable.

Case II. q is a nontrivial function and F(-) is nontrivial in any
interval [-b, b] (b > 0).



In this case, by virtue of (1), and assumption (2), (12), (13),
and (16), we get

Vi(x(t)) = -2p (t) x (1) f (x (t - 7(t,)))

+2x () q () F (x (1))
I (50)
< 2wl () T2k 5 ey )
< —ul (¢)
<0,
(38)

which contradicts with (28).
Consequently, in this case we have the following observa-
tion,

Case II-1. If A = 0, then we deduce by (23), (24), (1), (11), (12),
(14), and (15) that

g A

L |x (£,)] = |x (£,)]

< | (8) = x (1)

< J;Zp(s) |f (x(s—7(s)))|ds
N j ()| IF (x ()] ds

<S(f.¢) Jtzp(s)ds

t (39)
+S(F,¢) J; g (s)| ds

2}

<s(f.e) |

(s)ds
t,—1(t,) P
+S(F,¢) J; 2_ ) |q (s)|ds

1-1 1-A
e+
4 4

<

&

N m

This is a contradiction.

Case II-2. If A #0, then we deduce by (23), (24), (1), (11), (12),
(14), and (15) that

~

v Ze=|x(t) - |x (1)

[\
[N}

< | (8,) = x (1)
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< sz(s) |f (x (s — 7(s)))| ds

1

t
+L |q ()] IF (x (s))| ds
g, ("2 f2
< EL p(s)ds +S(E.e) L lq(s)|ds
Ag, sz sz
< — ds + S (F, d
2 tz—r(tz)p(S) o ( 8) tz—‘r(tz) |q($)| )
Mg, 1-A .
Mo 1A Al A
<3 <4<s(f,so>+1>m“‘{ beo t )
1-A
+ &
1-1 A 1-1
< E+ —€+ &
2
_¢
=2

(40)

This is a contradiction too.

Therefore, in this case, the zero solution of (1) is even-
tually uniformly stable. This, together with assumption (1),
implies that the zero solution of (1) is uniformly stable. [

Theorem 4. Assume that
(1) the zero solution to (1) is unique;
(2) ifqt) =0or
F(x)=0 for|x|<b, (41)

for a positive real number b, then
+00
J p(s)ds = +00; (42)
0

(3) if q is nontrivial function and F(-) is nontrivial in any
interval [-b,b] (b > 0), then

t

tEerq ) =0, tEer Jt—‘r(t) |q (S)| ds=0

J‘ q(s)ds < +oo, (43)
0
p)y=u>0, t=0,

for a constant y;

@) lim, o, [} POS)s = A;
(5) if A#0, then

|f (x)| < %, for x € R, (44)

where 0 < A < 1. Then the zero solution of (1) is
asymptotically stable.
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Proof. It follows from Theorem 3 that the zero solution of (1)
is uniformly stable; that is, for arbitrarily given ¢ > 0 and
t, = 0, there exists § = §(¢) > 0 such that if

"(P”C[to—r,to] <9, (45)
then
|x (20, )| <&Vt >t (46)
Next, we will prove that
|x (t; £, )| — 0, as t — +oo. (47)
First, we show that
lim inf |x (£; to, )| = 0. (48)
Suppose that this is not true. Then
lim inf |x (; t0, 9)| > 0. (49)
Hence, for the arbitrarily given
0 < € < min{a, b}, (50)

there exist 0 < ¢, < eand T > t such that

x(tty, @) >e VE2T, (51)
or
x(tty ) < —g VE=T. (52)
Let us now consider
x(tty, @) >e VET. (53)
Case I. When ¢(t) = 0 or
F(x)=0 for |x|<b, (54)

for a positive real number b, we obtain by assumption (2),
(46), (50), and (53)

x(t)=x(T+r)— JT p(s) f(x(s—1(s))ds
t
+ J q(s)F(x(s))ds (55)
T+r

<x(T+r)—inf{f (x);x € [g ]} Jt p(s)ds.
T+r

This implies that
x(t) — —0c0 ast — +00, (56)

which contradicts with (53).

Case II. When q is a nontrivial function and F(-) is nontrivial
in any interval [-b, b] (b > 0), we obtain by assumptions (3),
(46), (50), and (53)

x(t)=x(T+7r) - JT p(s) fx(s—1(s)))ds

+ J q(s)F(x(s))ds
T+r (57)

<x(T+r)—pinf{f (x);x € [eg, €]} (¢t —T - 1)

+sup{IF (0)]x € (ep,€)) L lq(s)|ds.

This, together with assumption (2), implies that
x(t) — —00 ast — +00, (58)

which contradicts with (53).
Moreover, in a similar way, we can prove that

x(tty @) <—e VE=2T (59)

is impossible.
Therefore, (48) is true.
Based on (48), we will show that

lim sup |x (t; £, )| = 0. (60)
t— +00
Actually, if this is not true, that is,
lim sup |x (t; £, )| > 0, (61)
t — +00

then by (48) we see that there are ¢, with
0 < g < minf{a,b, 1}, (62)

and two sequences {0,,} and {t,,;} such that
0,<t, n=12,...,

0, — +0o t, — +00 as n — +09,

-2, (63)

V(x0) =" V() >

V' (x(t,) >0,

and fort € (0,,t,),

2
-4 g <V (x(t) <e. (64)

By the same reason as that in the proof of Theorem 3, we know
that

t,-7(t,) <6,<t, (65)

Define S(f, ¢), S(F, €), I(¢), and t(¢) as those in the proof of
Theorem 3. Then when # is large enough, we have

t,>t(e). (66)
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Case I. When ¢(t) = 0 or Consequently, (60) is true in this case.

Case II. When q is nontrivial function and F(-) is nontrivial
F(x)=0 for |x| <b, (67) in any interval [-b, b] (b > 0).
Case II-1. If A = 0, then we deduce that

where b is a positive real number.

A
Case I-1. If A = 0, then we deduce that 82_0 + 580 = |x l |x (0, )l
£ lx (tn) - x(en)|
D o= (6] - 1< 6,)]
2 2 tn
< J. PE)|f (x(s=7(s))|ds
< |x(t,) - x(6,)] 2
t'l
< L: PO |f (x(s—T(5)))|ds + L |9 (S)[IF (x ()] ds
t
! <S d
+ Lw |9 ()| IF (x (s))| ds (68) (fre) J p(s)ds
. (70)
<S(f.%) L p(s)ds +S(Fe) L,, lg(s)| ds
" <S(f.e) ¥ p(s)ds
=9 (ﬁ 80) Jtn‘r(tn) p(s)ds Jtn—r(tn)
tﬂ
< %0. + S (F,¢) L*r ") |q (s)| ds
1-A 1-A
This is impossible. S et E
Case I-2. If A # 0, then we obtain <
< -,
2
g
EO " _80 - |x (t | B |x (9 )I This is a contradiction.
< |x (t,) - x (en)| Case II-2. If A # 0, then we obtain
tYl
<[ POl e-rolas S = o)l 6)
t —
+ L |q ()| IF (x (s))] ds < |x(t,) — x(6,)|
n tVl
n < | p@Ifx(s-Te))|ds
< }2% Lt p(s)ds (69) Ln
n t"
. +| |a(®)|IF (x(s)lds
S%r O Lﬂ
t,—7(t, ; ;
< ) Jt p(s)ds+S(F,e) Jt g (s)| ds
e, 1- . 2A Jp, 6,
< (—mm{A,l}so +A>
24\ (re) + 1) e
A2 S Lr(u) Pl
4 2 .
< g +S(F,¢) L_T(tn) g (s)| ds

)LSO 1-1 .
< — (Wmm{A,l}so+A)

This is clearly impossible too.
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1-1
+ &
4
1-A2 A 1-A
< e+ —¢e+ €
2
.
>

(71)

This is a contradiction too.

Therefore, (60) is true in this case. So, (60) holds truly.
This means that the zero solution of (4) is asymptotically
stable. O

Remark 5. Our results are new comparing with the results in
[2, 3] since 7(t) could go to 0 or a big number ast — +oo
and in this case p(t) also could be very large in our theorems.
Moreover, for the case of A = 0, the condition on f in our
results is very weak.
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We obtain the multiplicative perturbation theorems for convoluted C-cosine functions (resp., convoluted C-semigroups) and #-
times integrated C-cosine functions (resp., n-times integrated C-semigroups) for n € N. Moreover, we obtain some new results for
perturbations on C-cosine functions (resp., C-semigroups). Some examples are presented.

1. Introduction and Preliminaries

The a-times integrated C-semigroups, «-times integrated C-
cosine functions (& > 0) [1-6], 0-times integrated semigroups
(i.e., C-semigroups), and 0-times integrated C-cosine func-
tions (i.e., C-cosine functions) [5, 7-11] are powerful tools in
studying ill-posed abstract Cauchy problems. The convoluted
C-cosine functions (resp., convoluted C-semigroups) are the
extension of a-times integrated C-cosine functions (resp., «-
times integrated C-semigroups), they can be used to deal
with more complicated ill-posed abstract Cauchy problems
of evolution equations [5, 12-16].

Many researchers studied the perturbations on C-cosine
functions and C-semigroups [17-22]. In [16], Kosti¢ studied
the additive perturbations of convoluted C-cosine functions
and convoluted C-semigroups. However, to the authors’
knowledge, few papers can be found in the literature for
the multiplicative perturbations on the convoluted C-cosine
functions (resp., convoluted C-semigroups).

In this paper, based on the previously mentioned works
we study the multiplicative perturbations on the convoluted
C-cosine functions and convoluted C-semigroups. More-
over, we obtain the corresponding new results for n-times
integrated C-semigroups (resp., n-times integrated C-cosine
functions) (n € N, N, denotes the nonnegative integers).

Throughout this paper, N, Ny, R, and C denote the
positive integers, the nonnegative integers, the real numbers,

the complex plane, respectively. X denotes a nontrivial
complex Banach space, L(X) denotes the space of bounded
linear operators from X into X. In the sequel, we assume
that C € L(X) is an injective operator. C([a, b], X) denotes
the space of all continuous functions from [a, b] to X. For a
closed linear operator A on X, its domain, range, resolvent
set, and the C-resolvent set are denoted by D(A), R(A), p(A),
and p.(A), respectively, where p,.(A) is defined by

p.(A):={L € C:R(C) C R(A— A)and A — A is injective} .
€))

K € C([0,00),C) is an exponentially bounded function and
for B € R, K(A)#0 (ReX > B), where K(Q) is the Laplace
transform of K(t). We define 9(t) = [, K(s)ds.

The next definition is the convoluted version of Definition
4.1in Chapter 1 of [5].

Definition 1 (see [5, 13, 15]). Let @ > 0. If {A* : Red >
max(w, B)} ¢ p.(A) and there exists a strongly continuous
operator family {Cg(t)},5,(Cg(t) € L(X),t > 0) such that
[Cx ()] < Me“,t > 0 for some M > 0, and

2 -1 _ ; Y
A1 - a) o= o |, etexwxa, o

Re A > max (w, B), x € X,



then it is said that A is a subgenerator of an exponentially
bounded K-convoluted C-cosine function {C(t)},s,. The
operator A := C'AC is called the generator of {Cg(t)},5o-

Theorem 2 (see [13-15]). Let {Cg(t)};s, be a strongly contin-
uous, exponentially bounded operator family, and let A be a
closed operator. Then the statements (i) and (ii) are equivalent,
where

(i) A is the subgenerator of a K-convoluted C-cosine
Sfunction {Cg(t)},50,
(i) (1) Cg(r)C =CCl(t),t =0,

(2) Cx(t)A c ACk(t),t = 0and

t s
AJ J Cx(0)xdods = Cx(t)x-9(t)Cx, t=0,x¢eX.
0Jo

(3)

Definition 3. Let 0 < w < co.If {A : ReA > max(w, §)} C
p:(A) and there exists a strongly continuous operator family
{Tx(t)}so such that [T (t)| < Me“,t > 0 for some M > 0,
and

1 A)! :A; Ry dt,
(A-A) Cx 0 L e Tk (t) xdt W

Re A > max (w, B), x € X,

then it is said that A is a subgenerator of an exponentially
bounded K-convoluted C-semigroup {Tx(f)},s,- The opera-

tor A := C"' AC is called the generator of {Ty(t)},s.

Theorem 4. Let {T(t)},5, be a strongly continuous, exponen-
tially bounded operator family, and let A be a closed operator.
Then the assertions (i) and (ii) are equivalent, where

(i) A is the subgenerator of a K-convoluted C-semigroup
{Tk (O} =0
(i) Q) Tg)C =CTg(t),t =0,
(2) T()A Cc ATg(t), t > 0and

Ar Te(s)xds=Tr () x-9@#)Cx, t=20,x€X. (5

0

Remark 5 (see [16]). In Theorems 2 and 4, putting K(t) =
tT(r), where T(-) denotes the Gamma function, one
obtains the classes of r-times integrated C-cosine functions
and r-times integrated C-semigroups; a 0-times integrated
C-cosine function (resp., 0-times integrated C-semigroup) is
defined to be a C-cosine function (resp., C-semigroup). More
knowledge for them, we refer the reader to, for example, [1-
3, 5, 7-11, 18] and references there in.

Next, we recall the definitions of r-times integrated C-
semigroup and r-times integrated C-cosine functions (r > 0).

Definition 6 (see [5]). Let 0 < w < oo and let r € [0, 00).
If (w?,00) C p(A) (resp., (w,00) < p.(A)) and there
exists a strongly continuous operator family {C,(t)},, (resp.,
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{T,(t)};50) such that [|[C.()] < Me“, t > 0 (resp., IT, (O <
Me™,t > 0) for some M > 0, and

/\()t2 - A)_ICx =)\ J e_)”tC, ) xdt, A>w, x€X,

0

(resp. (A-A)'Cx

- ,VJ eMT, () xdt, A > w, x € X, >
0
(6)

then it is said that A is a subgenerator of an exponentially
bounded r-times integrated C-cosine function {C,(f)},5,
(resp., r-times integrated C-semigroup {T,(t)},5,) on X.If r =
0, then {C,(t)},5¢ (resp., {T,(t)};so) is called an exponentially
bounded 0-times integrated C-cosine function (resp., 0-times
integrated C-semigroup).

We present the definition of C-cosine functions which
will be used in the proof of Theorem 12.

Definition 7 (see [1, 5]). A strongly continuous family
{C(t)};5o of bounded linear operators on X is called a C-
cosine function on X, if CC(-) = C(-)C, C(0) = C and
C(t + s)C + C(|t — s])C = 2C(t)C(s), for all t,s > 0.

2. Main Results

Suppose that A is a subgenerator of an exponentially bounded
K-convoluted C-cosine function {Cg(t)},5o on X, Sg(t) =

jot Ck(s)ds, for any ¥ € C([0,00),L(X)) with [¥(®)]
O(e*"), we set

LV

a
-\t
= sup {J e
0

x € D(A), |x|] < 1} < 00,

jt 5 (A)¥ (s) C PAC, (£ - 5) xds| dt,
0

7)

for some a € (0, +o0o] and A > max(w, ), where 8(A) is some
function and P = B/K(A), B € L(X) with R(B) ¢ R(C).

We have the following multiplicative perturbation theo-
rem.

Theorem 8. Suppose that A is a subgenerator of an exponen-
tially bounded K-convoluted C-cosine function {Cy(t)},so on
X. Let BC = CB, and D(A) is dense in X,

A1 > max(w,B)} c p(T+3(N)B)A).  (8)

If limy _,  L(A)e™ = 0 forall t > 0, then (I + S(A)B)A
subgenerates an exponentially bounded K-convoluted C-cosine
function on X.
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Proof. For all x € D(A), x| < 1, A is large enough and ¢ is
small enough, we have

Jt 5 (W)W (s) C 1 PAS, (£ — ) xds
0

r j 5 (\) ¥ () CPAC, (s — o) xdods

0 Jo
t s
Se“J et J 5 (A)¥ (0) C'PAC, (s - o) xdo] ds
0 0
SeML(/\) <e<l1l, t=0.
9)

Let 7 : [0,00) — L(X) be any strongly continuous
function with |Z°(t)|| = O(e“"); we define

MV (t) x = Lt S(\) ¥ (s) C'PAS (t — s) xds, w0)

xe€D(A), t=0.

Obviously, (A7 )(t)x is continuous on t > 0, from (9)
and the denseness of D(A), /4 maps C([0,00), L(X)) into
C([0, 00), L(X)).
It follows from (9) that (I — .#)"" is bounded. For each
t>0,set
CoWx:=(I—-M)"[C()x] (), xeX. (1)

Then, EK(t)C = CEK(t), and there exists a constant M such
that |C(t)]| < Me®",

t

Cx () x =Cr () x+ 8 (A) L Cy (s) C'PAS (t — s) xds.
(12)

For sufficiently large A, we set
L) x= LOO M () xdt, xeX. (13
Taking Laplace transform of (12), we have
FMNx=ARM) (A -4) Cx

FSMZMNCBAN - A) Cx, xeX.
(14)

Therefore for x € D(A),
WA -T+8(M)B)A)x=AKMN)Cx.  (15)

Noting (8), for x € X, we have
OV -T+8W)BA) (- (I+5(N)B)A) x
(16)
AR M) (A = (I +8 (W) B)A) Cx,

3
that is
1 (® = 1
- d = - )&
0 L e " Cy (t) xdt K(/\)g( ) x
— MR- (T+3(M)B)A) Cx.
(17)

Then from Definition 1, (I + 8(A)B)A subgenerates an
exponentially bounded K-convoluted C-cosine function

{Ckz0- O

Theorem 9. Suppose A is a subgenerator of an exponentially
bounded K-convoluted C-cosine function {Cg(t)}sq on X,
Sk(t) = [, Cx(s)ds. Let B € L(X) with BC = CB and
let R(B) ¢ R(C), and D(A) is dense in X. If for any © ¢
C([0, 00), L(X)),

t
J @ (s) C""BASk (t — s) xds
0

s 18
SMLe 9 1@ () ds - x|, 18)

xe€D(A), t=0,

where M is a constant, then for some (and all) A, ReA >

max(w, B), (I + K(A)B)A subgenerates an exponentially
bounded K-convoluted C-cosine function on X.

Proof. Define the operator functions {C,(t)},-, as follows:

Co(t)x =Cy (t) x,
C,(t)x= J: C,; (s)C'BAS, (t — s) xds,  (19)

xeD(A), t=0,n=12,....

By induction, we obtain

(i) for any x € X, C,(t)x € C([0, 00), X),

(ii) IC,(0)x] < (MM t"/n))e“ x|, t > 0, x € X, for all
n>0.

Define the operator function

h(ty=YC,(t), t=0. (20)

n=0

Noting that the series Z;“;O(Mﬁnt”/n!)e“’t is uniformly
converge on every compact interval in ¢, we can see that the
series (20) is uniformly converge on every compact interval
in t, so does the operator h(t). It is obvious that ||A(t)| <
Me“tM* and t — h(t)x is continuous on [0, 00) for any
x € X. Moreover,

h(t)x = Cg(t)x + Lth (s) C'BAS (t — s) xds, o

xeX, t=0.



For Re A sufficiently large, we set
o0
FWx=| Mhoxd xex. @)
0

Next, we show that the following equalities hold:

ZW[N-(I+KMN)B)A]x=AK(M)Cx, xeD(A),

(23)
[V-(I+KW)B)A|Z(A)x=AK(V)Cx, x€X.
(24)
By induction, it is not difficult to see that
j e_MEn (t) xdt
0
- (25)

= AR W) (22 - A) [RyBA(R - 4) | ex,

x€X, n>0.

Let
Qt)x = JtC_lBASK (t-s)xds, xeD(A). (26)
0

By hypothesis, Q(t) can be extended to X and satisfies

Q< X (e -1), 20 (27)
w
Set
QM) x = JOO eMQ(t) xdt, x€X. (28)
0
Then from (25) and (27), [AQW)| = [C'K(A)BA\? -

A)7'C| < 1 for |\l sufficiently large. Therefore, the series

[ee]

Y[RwyBa(r-a)'|'c
" (29)
= Yc[c 'R Ba(x - ) e’
n=0

converges.
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For x € D(A) and Re A > max(w, ), from (25), we have

W[V -(1+KM)B)A]x

I R TR P 2 =
_L e MY T, (1) [A2 - (I+ R () B) A] xdt

=
-k iA()ﬂ - A) 'Ry BA(2 - A)’l]"
=
xC[A* - (I+K(M\)B)A|x
— AR (M) Cx = MR )’ (2* - 4) ' cBAx
P YARM (- a) [RoyBa(-a) |
=

c(A-A
xC(A* - 4)x 0
- YARW (2 - a) [RyBA(Z - 4) ]

n=1

x CK (1) BAx

CAR () Cx+ Y AR () (2 - 4)”

n=2

x [RQ)BAGR - 4) ' ]'c (- 4)x
_ iu? M2 -a)’ [1‘< (1) BA(A? - A)'l]"
n=1

x CK (1) BAx
= AK (1) Cx.

Similarly, we can prove (24). Now, from Definition 1, we
conclude that (I + K(\)B)A subgenerates an exponentially
bounded K-convoluted C-cosine function on X. O

By the proof of Theorems 8 and 9, we immediately obtain
the following results for K-convoluted C-semigroups.

Theorem 10. Suppose that A is a subgenerator of an expo-
nentially bounded K-convoluted C-semigroup {T i (t)},5, on X.
D(A) is dense in X. Let B € L(X) with BC = CB and let
R(B) c R(C).

(i) One sets

L(A) := sup “O e 6 (V) CTPAT (5) x| ds,
(31)

x € D(A),|x| < 1} < 00,

forsomea € (0,+00] and A > max(w, ), where §(A) is
a function and P = B/K(A). If {A : A > max(w, B)} C
p((I + 8(A)B)A), then (I + 6(A)B)A subgenerates an



Journal of Function Spaces and Applications

exponentially bounded K-convoluted C-semigroup on
X provided that lim, _, . _L(\)e = 0 for all t > 0.
(ii) If for any ® € C([0, 00), L(X)),

t
j @ (s)C'BAT (t - s) xds
0

1 s 32
SMLe“W@@m%WML (32)

xe€D(A),t>0,

where M is a constant, then for some (and all) A, Re A >
max(w, §), (I +K(1)B)A subgenerates an exponentially
bounded K-convoluted C-semigroup on X.

Proof. (i) Forany ¥ e C([ 0,00), L(X)) with ¥ (#)]| = O(e“h),
sufficiently large A and sufficiently small €, we have

jt 8 (X)W (s) C'PAT (t — s) xds
0

t
< M*e()Hw)tJ e—/\s
0

S C'PAT () x|ds (33

<M eMNL N <e<1, t>0, xeD(A),

lxll < 1,

where M™ is a constant. The rest part of the proof is exactly
the same as the corresponding part of the proof of Theorem 8.
The proof of (ii) is similar to the one of Theorem 9. [

In Theorems 8-10, take K(¢) = t"!/T(n), we have the
following result for n-times integrated C-cosine function
(resp., n-times integrated C-semigroup).

Theorem 11. Suppose A is a subgenerator of an exponentially
bounded n-times integrated C-cosine function {C,,(t)},s, (resp.,
n-times integrated C-semigroup {T ,(t)},so) on X. Let B € L(X)
with BC = CB and let R(B) C R(C), and D(A™") is dense in
X.

(i) One sets

L(A) := sup “0 eM Lt S(M)¥(s)C'BA

X (d—nCn (t—s)x) ds

dt, (34
P (34)

xeD(A™),Ix] < 1} < oo,
for any ¥ € C([0, 00), L(X)) with [¥Y(t)|| = O(e"h),

(resp. L(A)

a
—As
= sup {J e
0

x e D(A™), x| < 1} < oo)

n

S(A)C'BA (d—Tn (s) x)

ds, (35
P s, (35)

for some a € (0,+00] and A > w, where §(A) is a
function. If(wz, 00) € p((I+8(A)B)A) (resp., (w, 00) C
p((I + 8(A)B)A)), then (I + 6(A)B)A subgenerates
an exponentially bounded n-times integrated C-cosine
function (resp., n-times integrated C-semigroup) on X
provided that lim, _, . L(\)e™ = 0 for all t > 0.

(ii) If for any ® e C([0, 00), L(X)),

Jt ®(s)C'BA <d—y; S, (t—s) x) ds

0 dt
t
SML“”ﬂ@@Mywm (36)
xeD(A™), t=0,
where S, (t) = Iot C,(s)ds and M is a constant,
t O "
resp. J O(s)C BA| —T,(t—s)x |ds
0 dt"
t
SMJg%W®@M&ML (37)
0

xe D(A”“),tzo)

then for some (and all) A, A > w, (I+K(A)B)A subgen-
erates an exponentially bounded n-times integrated C-
cosine function (resp., n-times integrated C-semigroup)
on X.

When # = 0, from Theorem 11(ii), we immediately obtain
the result of 0-times integrated C-cosine function (resp., 0-
times integrated C-semigroup).

Theorem 12. Let B € L(X) with BC = CB and let
R(B) ¢ R(C), and D(A) is dense in X. Suppose that A is
an exponentially bounded generator of a C-cosine function
At} (resp., C-semigroup {T(t)}) on X. If for any @ €
C([0, 00), L(X)),

jt ® (s) C"'BAS (t - s) xds
0

t
<M | e o@rasa, OY
0
xeD(A), t=0,
where S(t) = jot C(s)ds.
t
(resp. J ® (s) C"'BAT (t — s) xds
0
t
SMJ“”W®®MvML (39)
0

xeD(A),tzO)



forsomea € (0,+00] and A > w, then (I+B)A subgenerates an
exponentially bounded C-cosine function (resp., C-semigroup)
on X.

Noting the Definition 7 and the special properties of C-
cosine functions (resp., C-semigroups), we obtain a different
result from Theorem 11(i) (when n = 0).

Theorem 13. Let B € L(X) with BC = CB and let R(B) C
R(C), and D(A) is dense in X, (w*, c0) C p((I + B)A) (resp.,
(w,00) € p((I + B)A)). Suppose that A is an exponentially
bounded generator of a C-cosine function {C (t)},s, (resp., C-
semigroup {T(t)},50) on X. If

a t
L(A) := sup {L e M J.o C'BAC (t - s) xds|| dt,
(40)
x € D(A), x| <1 } < co,
<reSp- L(A) := sup UO e ™ |C'BAT (s)x” ds,
(41)

x € D(A), x| < 1} <oo>

for some a € (0,+00] and A > w, letting L(co) =
lim, _, . L(A), then for any € < (L(0))™}, (I + eB)A subgen-
erates an exponentially bounded C-cosine function (resp., C-
semigroup) on X.

Proof. We prove only for C-cosine functions. Choose 0 <
U < 4 < p, < 1such thatle] = [/l(L(OO))_l. For any ¥ €
C([0, t], L(X)), pick a A large enough such that L(A)/L(c0) <
t/p, and then pick a 7 € (0,a) small enough such that
e’”supse[o,r] ()l < py/py, then for all x € D(A), x|l < 1,
we have

t
J e¥ (s) C'BAS (¢ — s) xds
0

t s
J J e¥ (o) C"'BAC (s - o) xdods
0 Jo

t
<M J o

J eC'BAC (s — 0) xdo
0 0

ds- sup ¥ ()|l

sel0,7]

<e"le|L(A)- sup |W(s)| <py <1, te[0,1],
s€[0,7]

(42)

where S(t) = Iot C(s)ds.
Let 77 : [0,7] — L(X) be any strongly continuous
function; we define

(A7) (t) x

t
= J €7 (s) C ' BAS (t — s) xds,
0

xeD(A),te[0,1].
(43)
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Obviously, (#7")(t)x is continuous on t > 0, from (42)
and the denseness of D(A), 4 maps C([0, 7], L(X)) into
C([0, 7], L(X)).

It follows from (42) that (I — .#)" is bounded. For each
t € [0, 7], set

Vt)x:=I-A4)"[CH)x](t), xeX (44)

Then, V(t)C = CV/(t), and there exists a constant M such that
IVl < Me®":

t

Vit)x=C(t)x+ J eV (s)C'BAS(t —s)xds, t€[0,7].
0
(45)
Fort € ((n—1)t,nt],n=2,3,..., we define inductively
V)= -VQn-1)1-1t)
(46)

+2C'V@Et-n-DD)V((n-171).

Next, we will prove by induction that for any n € N,
R(V(o)V((n-1)1))  R(C), for o € [0, 7], and that for every
n € N, V() is strongly continuous in [0, n7] and

Vi) x=C@t)x+ Lt eV (s) C'BAS (t — s) xds, w)

x € X, te[0,nr].

Indeed for n = 1, this is true. Assume that (47) holds for .
Then for x € X, o € [0, 7] we get
2V (o) V (nt) x
=2C(0)C(n1)x

+2 J €V (0) V (s) C"'BAS (n7 — s) xds
0

+2 Jg eV (s) C'BAS (0 - s) C (n1) xds
0
=C[C (o +n1t)x+ C(nt - o) x]

+2 J €V (0) V (s) C'BAS (n1 — s) xds
0

12 r eV (5)C'BAS (0 — 5) C(n7) xds
0

=24 [V (0)V (-)] (nt) x+C [C (0 + nt)x+C (n1—0) x]
+C r eV (s)C'BA
0

x[S(nt+0—-s)x—S(nt—o0+s)x]ds.
(48)
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Then for x € X, 0 € [0, 7],
2V (o) V (nt) x

=C(I - M) {C(o+nt)x+C(nt—0)x
+ JU eV (s)C'BA[S(nT+0 —s)x
0
-S(nt—o +s)x]ds}.

(49)

Hence, V(o)V(nt) < R(C), ¢ € [0,7], and ¢ —
C'V(0)V (n1)x is continuous in [0, 7] for each x € X. From
(48), we have
2V (o) V (nt) x
=C[C(oc+nt)x+C(nt—o0)x]

+2 J eV (o) V (s) C'BAS (n — s) xds
0

+CJ SV(S)C_IBA[S(I’IT+U—S))C
0
-S(nt—0o+s)x]ds

ntr

=C[C(0+nr)x+C(n‘r—0)x]+CJ- e[V(o+s)

0
+V (Is = 0])] C'BAS (nt — s) xds
+C reV(s)C_lBA [S(ht+0— ) x

0
-S(nt—o +s)x]ds
=C[C(c+nt)x+C(nt—o0)x]

o+nt
+C J €V (s) C 'BAS (nt + 0 — s) xds

[

o
+C J eV (s) C'BAS (nt — 0 + s) xds
0

nt—o
+C J eV (s)C'BAS (nt — 0 — s) xds
0

+CJ eV (s)C'BA[S(nT+0 —s)x
0

-S(nt—o+s)x]ds
=C[C(o+nt)x+ C(nt—0)x]

o+nt
+C J eV (s)C'BAS (nt + 0 — s) xds
0

+C J eV (s) C'BAS (nt—o0—s)xds
0

=CV (o +nt)x+CV (nt —0) x.
(50)

Therefore, V(-) is strongly continuous in [0,00) and (47)
holds for all ¢+ > 0. Taking Laplace transform of (47), then
the conclusion can be proved in a similar way in the proof of
Theorem 8.

We can prove the case of C-semigroups in a similar way.

O
3. Examples
Example 14. Let

B . ™,
X:=4fe€C?[0,1]: |f]:=sup 7o <oor,
p0 P (51)
d 1
A=-—, D)= {[fex:f eX f0)=0}.

It is well known that there exist positive real numbers m
and M such that

{LeC:ReA >0} Cp(A), IR\, A < Me™ M,

ReA > 0.
(52)

Moreover, A generates an exponentially bounded K, -
convoluted semigroup {Tx(f)},,, for some a > \2m,

where K(t) = (a/@Vat))e /@, t > 0, then K,(A) =
eV Re) > 0 [14, 23]. We set

J x _ gl
J (x =) jeN, xe[0,1],

Bf (X) = Z W'f (S) dS,
n=1 :

feX
(53)

Obviously, B € L(X) and BA ¢ AB. Then from Theorem 10(ii)

Cc =0, I+ e‘“ﬁB)A subgenerates an exponentially
bounded K ,-convoluted semigroup {Tx(t)};, on X.

Example 15. Let X := Cy(R) ® Cy(R) @ C,(R),
A(fig.h) ()= (f" 9’ (Xi0.00) = X(-co01) h) ,
(f.9.h) € D(4)

={(fgh) eX: f €CyR),g €Cy(R),h(0) =0}
(54)
and C(f, g, h) := (f, g,sin(-)h(")), f, g, h € Cy(R). Arguing as
in [3, Examples 8.1 and 8.2], one gets that A is a generator of

an exponentially bounded once integrated C-semigroup [16].
For f,g,h € Cy(R) and t € R, we set

B(f,g,h)(t)

t t
= <eit J f(s)ds, e J g(s)ds, te ' sint-h (t)> .
0 0

(55)



Then one can simply verify that B € L(X), R(B) ¢ C(D(A)),
and BC(f,g,h) = CB(f g-h), (f,g,h) € X. Then from

Theorem 11(i), (I + e~ B)A subgenerates an exponentially
bounded once integrated C-semigroup on X.

Example 16. Let X, = L*(R’), X, = LP(R’) (1 < p < 00),
D(A,)=H*(R%),
+c4 (@a>0, g eR, i=1,2,3,4),

=W (R?).

2—aA+Zc

D(4,)
(56)

Then A, generates a strongly continuous cosine function
C,(-) on X,. It follows from [5] that A, generates an expo-
nentially bounded C,-cosine function C,(-) on X,, where
C,=(1-A)"

Setry(-) € H*(R?), ry() € W*(RY), q,() € CX(R),
q,() € CC(IR3). Define bounded linear operators B, : X, —
X, B, : X; — X, as follows:

BS)O=1® [ a©@¢@dn

(57)
(B:$)© =1, ® | 0 ()9 (@) do.
Let X = X, x X,,
A
A= ( 0 £2>, D(A)=D(A,)xD(A,),
(58)
0 B,
B= <32 0), D(B):=X
Taking A, € p(A) and putting C = (A, — A)', then A

generates an exponentially bounded C-cosine function C(-)
on X, where

_(C (A - A1)71 0 )
cw= ( 0 C,(1)C (A - Ay ) (59)

We denote S,(t) := [ Cy(s)ds, S(2) =

_[Ot C(s)ds, then

(S (-4 0
(0= ( 0 S, (1) Cy (A -

jOt C,(s)ds, S,(t) =

A2>“)’ 0

and forany x = () € D(A),0 < s <t < 00,

C'BAS(t—s)x

- ((/‘0 — A})BiASS, (t-$)Cyl (A - Az)llxz) .
(Ao = A3) BA S (t-5) (Ao —A)) x

(61)
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It follows from R(B;) ¢ D(A) and R(B,) C D(A,) that there
exist M, w > 0 such that

t
t J. C'BAC (t - s) xds
0

(62)
M 5/ w
< —e M(e t—1)||x||,x€D(A),
w

then

L(A) :=sup {Lﬂ e

>

t
J C'BAC (t - s) xds|| dt
0

(63)
x € D(A), x| < 1]» < 00,

and then (40) is satisfied.

Acknowledgments

The authors are grateful to the referee for his/her valuable sug-
gestions. This work was partly supported by the NSF of China
(11201413), the NSF of Yunnan Province (2009ZC054M), the
Educational Commission of Yunnan Province (2012Z010),
and the Foundation of Key Program of Yunnan Normal
University.

References

[1] C.-C. Kuo, “On «-times integrated C-cosine functions and
abstract Cauchy problem. I, Journal of Mathematical Analysis
and Applications, vol. 313, no. 1, pp. 142-162, 2006.

[2] Y. C. Li and S.-Y. Shaw, “On generators of integrated C-
semigroups and C-cosine functions,” Semigroup Forum, vol. 47,
no. 1, pp. 29-35, 1993.

[3] Y.-C.Liand S.-Y. Shaw, “N-times integrated C-semigroups and
the abstract Cauchy problem,” Taiwanese Journal of Mathemat-
ics, vol. 1, no. 1, pp. 75-102, 1997.

[4] T. Xiao and J. Liang, “Laplace transforms and integrated,
regularized semigroups in locally convex spaces,” Journal of
Functional Analysis, vol. 148, no. 2, pp. 448-479, 1997.

[5] T.-J. Xiao and J. Liang, The Cauchy Problem for Higher-Order
Abstract Differential Equations, vol. 1701, Springer, Berlin, Ger-
many, 1998.

[6] T.-J. Xiao and J. Liang, “Approximations of Laplace transforms
and integrated semigroups,” Journal of Functional Analysis, vol.
172, no. 1, pp. 202-220, 2000.

[7] J. Liang and T. J. Xiao, “A characterization of norm continuity
of propagators for second order abstract differential equations,”
Computers & Mathematics with Applications, vol. 36, no. 2, pp.
87-94,1998.

[8] J. Liang and T.-J. Xiao, “Higher-order degenerate Cauchy
problems in locally convex spaces,” Mathematical and Computer
Modelling, vol. 41, no. 6-7, pp. 837-847, 2005.

[9] J. Liang, R. Nagel, and T.-]. Xiao, “Approximation theorems
for the propagators of higher order abstract Cauchy problems,”
Transactions of the American Mathematical Society, vol. 360, no.
4, pp. 17231739, 2008.

[10] T. Xiao and J. Liang, “Differential operators and C-wellpos-
edness of complete second order abstract Cauchy problems,”
Pacific Journal of Mathematics, vol. 186, no. 1, pp. 167-200, 1998.



Journal of Function Spaces and Applications

[11] T.-J.Xiaoand].Liang, “Higher order abstract Cauchy problems:
their existence and uniqueness families,” Journal of the London
Mathematical Society, vol. 67, no. 1, pp. 149-164, 2003.

[12] I Cioranescu and G. Lumer, “On K()-convoluted semigroups,”
in Recent Developments in Evolution Equations (Glasgow, 1994),
vol. 324, pp. 86-93, Longman Scientific and Technical, Harlow,
UK, 1995.

[13] M. Kosti¢, “Convoluted C-cosine functions and convoluted
C-semigroups,” Bulletin. Classe des Sciences Mathématiques et
Naturelles. Sciences Mathématiques, no. 28, pp. 75-92, 2003.

[14] M. Kosti¢ and S. Pilipovi¢, “Global convoluted semigroups,”
Mathematische Nachrichten, vol. 280, no. 15, pp. 1727-1743, 2007.

[15] M. Kosti¢ and S. Pilipovi¢, “Convoluted C-cosine functions and
semigroups. Relations with ultradistribution and hyperfunction
sines,” Journal of Mathematical Analysis and Applications, vol.
338, no. 2, pp. 1224-1242, 2008.

[16] M. Kosti¢, “Perturbation theorems for convoluted C-
semigroups and cosine functions,” Bulletin. Classe des Sciences
Mathématiques et Naturelles. Sciences Mathématiques, no. 35,
pp. 25-47, 2010.

[17] E Li, “Multiplicative perturbations of incomplete second order
abstract differential equations,” Kybernetes, vol. 37, no. 9-10, pp.
1431-1437, 2008.

[18] F Liand]. H. Liu, “Note on multiplicative perturbation of local
C-regularized cosine functions with nondensely defined gen-
erators,” Electronic Journal of Qualitative Theory of Differential
Equations, vol. 57, pp. 1-12, 2010.

[19] J. Liang, T.-J. Xiao, and E. Li, “Multiplicative perturbations of
local C-regularized semigroups,” Semigroup Forum, vol. 72, no.
3, pp. 375-386, 2006.

[20] S. Piskarév and S.-Y. Shaw, “Perturbation and comparison of
cosine operator functions,” Semigroup Forum, vol. 51, no. 2, pp.
225-246,1995.

[21] T.-]. Xiao and J. Liang, “Multiplicative perturbations of C-
regularized semigroups,” Computers & Mathematics with Appli-
cations, vol. 41, no. 10-11, pp. 1215-1221, 2001.

[22] T.-J. Xiao and J. Liang, “Perturbations of existence families
for abstract Cauchy problems,” Proceedings of the American
Mathematical Society, vol. 130, no. 8, pp. 2275-2285, 2002.

[23] P. C. Kunstmann, “Stationary dense operators and generation
of non-dense distribution semigroups,” Journal of Operator
Theory, vol. 37, no. 1, pp. 111-120, 1997.



Hindawi Publishing Corporation

Journal of Function Spaces and Applications
Volume 2013, Article ID 710592, 4 pages
http://dx.doi.org/10.1155/2013/710592

Research Article

Nontrivial Solutions for a Modified Capillary Surface Equation

Zhanping Liang

School of Mathematical Sciences, Shanxi University, Taiyuan, Shanxi 030006, China

Correspondence should be addressed to Zhanping Liang; lzp@sxu.edu.cn

Received 1 December 2012; Accepted 6 February 2013

Academic Editor: James H. Liu

Copyright © 2013 Zhanping Liang. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

A negative solution and a positive solution are obtained for a modified capillary surface equation by variational methods.

1. Introduction

In this paper, we study the existence of nontrivial solutions to
the following quasilinear elliptic equation:

Vul*?7*v
—div |u|—u = f(x,u) inQ,
V1 + [Vul? 1)
u=0 on 0Q,

where p > 1, and Q is a bounded domain in R™ with smooth
boundary. The function f € C (Q x R, R) with the subcritical
growth

()

Ifat<c(1+1"), teR,xeQ, )

where g € [1,Np/(N - p))if1 < p < Norgq € [1,+00) if
1 < N < p, and c is a positive constant.

In the case that p = 1, (1) is the mean curvature equation
or the capillary surface equation; when f(x,u) = u, it des-
cribes the equilibrium shape of a liquid surface with constant
surface tension in a uniform gravity field, and this is the shape
of a pendent drop [1]. When p > 1, one calls (1) a modified
capillary surface equation which is also worth considering
even though it is not exactly the capillary surface equation
[2]. For the capillary surface equation, radially symmetric
solutions in the case that () is a ball or entire space have been

investigated precisely; See, for example, [3-5] and the refer-
ences therein. In [2], by minimization sequence method and
the Ambrosetti-Rabinowitz mountain pass lemma without
Palais-Smale condition, positive solutions were obtained to
nonlinear eigenvalue problem for the modified capillary sur-
face equation which is of the form

2p-2
|Vu|—Vu =Af (x,u) in Q,
1+ [Vul*?

3)

in Q,

—div

u=>0

u=0 on 0Q,

where A is a positive parameter. In the proof of the main
results of [2], A is crucial not only to the existence of global
or local minimizer but also to the construction of mountain
pass geometry. In our paper, one object is to find existence
conditions of solutions to (1) without the constraint of A.

Since
V14 |Vul?? =1~ |Vulf  as [Vu| — oo, (4)

the other object is to investigate the probability to present the
property of f by the eigenvalue of the problem

—A u= MulPu in Q,
(5)

u=0 on 0Q,

where A ju = div (|VulP V).
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In the following, we recall some known facts about prob-
lem (5). Let A, > 0 be the first eigenvalue of the problem (5).
It is known that A, is characterized by

A, = inf HQ VulPdsx L uldx = Lu e WpF @)\ 0},
(6)

where WO1 ?(Q) is the reflexive Banach space defined as the
completion of C;°(Q2) with respect to the norm [ul :=
(IQ |Vu|de)l/p. Also, A, is single and has an associated
eigenfunction ¢, > 0in Q and ||¢, || = 1. The reader is referred
to [6, 7] for details.

By a solution u of (1), we mean that u satisfies (1) in the

weak sense; that is, for all ¢ € WO1 P (Q),

Vu|*P~2vuv
[ Ty,
Q

1+ [Vul??

A solution such that u(x) > 0 in Q and u # 0, respectively,
u(x) < 01in Q and u #0, is a positive, respectively, negative,
solution.

J-Q f (x,u) pdx. )

Define
J(u) = 1 J <\H + [Vul*? - 1>dx, uce WOI’P Q),
P Ja
K (u) = J Fou)dx, ueW (Q), (8)
Q

Tw)=]w-K@w), uew,? (@),

where F(x,t) = fot f(x,s)ds. From a variational stand point,
finding solutions of (1) in WO1 P(Q) is equivalent to finding
critical points of the C' functional I. As to the differentiability
of the functional I, one can consult [2] for details. Since f
satisfies the subcritical growth condition (f;), stand proofs
show that K is weakly continuous. Since the function ¢(t) =
V1 + 2P is convex, the functional J is also convex. In
addition, J belongs to C'. Hence, J is weakly lower semi-
continuous. Thus, we have shown that I is weakly lower semi-
continuous.
Now, let us state the main results of this paper.

Theorem 1. Let ( f) hold. Furthermore, assume that f satisfies
the following conditions.

(fo) There is some r > 0 small such that

PF(x,t) 2 AJtlP, |t <r, xeQ, 9)

(f) limsup, , o (pF(x,t)/ItIP) < A, uniformly for
x € Q.

Then, (1) has at least a negative solution and a positive solution
which correspond to negative critical values of the associated
functional given by (8).
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Theorem 2. Let (f) and (f,) hold. Furthermore, assume that
f satisfies the following conditions.

(fy) limy _, oo (PE(x, )/t|P) = A, uniformly for x €

>

(f3) limyy, _, o (f(x,t) = pF(x,t)) = +00 uniformly for
x € Q.

Then, (1) has at least a negative solution and a positive solution
which correspond to negative critical values of the associated
functional given by (8).

Remark 3. With the conditions (f;)-(f3), Liu and Su in
[8] have studied the existence of solutions to p-Laplacian
quasilinear elliptic equation
—Apu = f(x,u) in Q,

(10)
u=0 on 0Q.
Under the conditions (f;) and (f;), (10) may be resonant at
the eigenvalue A, near the origin. With the conditions ( f,)
and (f3), it may be resonant at A, both near the origin and
near infinity. In fact, the condition (f;) allows (10) to be
resonant near the origin from the right side of A,, while the
conditions (f,) and (f;) allow it to be resonant at infinity
from the left side of A,.

Remark 4. Theorems 1 and 2 have shown a new fact that
the interaction between the first eigenvalue of —A | with zero
Dirichlet boundary data and nonlinearity f can influence the
existence of nontrivial solutions to (1).

Before concluding this section, we explain some notations
used in the paper. | Q)| is the Lebesgue measure of Q. ¢; (i € N)
is always a positive constant independent of functions. (-, )

is the duality between (W,?(Q2))* and W, (). In addition,
we use | - | to denote the usual norm of RY.

2. The Proof of the Main Results

In this section, we prove Theorems 1 and 2.

Proof of Theorem 1. The proof consists of two steps.
(i) To obtain a positive solution, cut-off techniques are

used. Define
7 | fGet), t=0,
flon= {0, t<0,
F(x,t) = r}(x, s)ds, (1)
0

T(w)=J () - IQ Flowdy, ueWr ().

Since f € C(Q x R,R) and (f1) holds, for any given € > 0,
there exists ¢; > 0 such that

F(x,t)s%()tl—s)ltlp+cl, teR, xeQ. (12)
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By the Poincaré inequality, for u € WO1 2(Q),
- 1 = Q
I(u) = ; J V1 + |Vul*Pdx - J F(x,u)dx — %
Q Q

1 1
> L[ vurax-L, - J rq
Pjol ulPdx p( L —€) Q|u| x

- (cl + %) 0 13)

>t (1 - M) Jull” - (q + 1) (&)
p M p

e 1
= —|ul? - <C + —) [Q].
pAy p

Hence, T is coercive; that is, Iw) — coasn — oo.In
addition, since f also satisfies the condition (f), T is weakly
lower semi-continuous. So, it has a global minimizer.

Take a number ¢, > 0 such that 0 < t,@, < r in Q. By the
condition ( f,), we have that

=~ 1
I(typ,) = ; L < V1+ t§P|V‘P1|2p - 1) dx
- | Pt dx
Q (14)

1
<Ly L ol —Autf L o dx

S S

Thus, the global minimizer of T is a nontrivial critical point,
denoted by u; which satisfies T(ul) < 0. Putting u; (x) =
min{u, (x), 0}, we have that

~2p
[Vu;|

<T’ (1) >”I> = JQ mdx =0. (15)
1

Hence, u; = 0. So, u, is a positive solution of (1), and I(u;) <
0.

(ii) To obtain a negative solution, we only need to replace
f with

~ 0, t>0,
) = 16
feen {f(x,t), t<0. 16)
Similar to step (i), it is shown that (1) has a negative solution
u, with I(u,) < 0.
The proof is completed. O

Proof of Theorem 2. We adopt the notations in the proof of
Theorem 1.

First of all, we show that the functional T is also coercive
under the conditions (f,) and (f;). Write

F(xt) = l)tl(f)" +G (1),
P (17)

Fet) = AP + G (x 1),

3
where t* = max{t, 0}. Given x € Q, we have that
G (x,t
lim L;‘) =0,
t — +00 t (18)

tll)rPOO (g (x,t)t - pG (x, t)) = +00.
Thus, for every M > 0, there exists R,; > 0 such that
goot)t—pG(x,t) =M, t>Ry,xeQ.  (19)

Integrating the equality

i G (x,1) _ 9 (x,t)t - pG (x,1) (20)
dt tP tprl
over the interval [t, T] C [R,;, +00),
G(x,T)_G(x,t)ZM<l_L>' 1)
TP tP P tp TpP

Letting T — +00, we show that G(x,t) < ~M/p,t > Ry,.
Suppose that {u,} c Wol’p(Q) satisfies [u,| — oo and

T(un) < C for some constant C € R. Let v, = u,/llu,|l. Up

to subsequence if necessary, we may assume that there exists

Vo € WO1 (Q) such that

v, — v, inE,
v, — v, in LF(Q), (22)
Vv, (x) — vy (x) aexeQ.

Given M = 1in (19), we have that

t>R,. (23)

Letc, = max(x)t)eﬁx[le’Rl]IG(x, t)|. Thus,

5z ([ Vv, | )
> 1 1+ [VulPPdx - A, | Ju,|Pd

P 2 gl o VIV |l e
18]

pllu”

[Q

plual”

1 —~
- W JQG(X,Mn)dX—

1
. [, (9wl =17 -

\%

1 —_
i W ~[Iun|2R1 G (x’ un) dx

1 J' —
-— G(x,u,)dx
P Jger, €4

1 , » o olQl
> — Vv, [" = A d
o 1 (7l = A7) ax

pll” ol

P p G
J, (wnl? =2l )i+ 2

-

(24)



where ¢; = (1/p+¢,)|Q)|. It follows from (22) and the previous
inequality that

lim supj [Vv,[Pdx < A, J [volPdx. (25)
Q Q

n— 00

Because the norm is weakly lower semi-continuous, using
Poincaré inequality, we get that

limsupj [Vv,[Pdx < A, J lV0|de < J |Vv0|de
Q Q Q

n— 00

n— 00

< liminf J |V, | dx (26)
Q

< lim supJ |Vv,|Pdx.
Q

n— 00

Hence, J |VvolPdx = A, IQ [volPdx and v, — v,in Wol’p(Q)
with [lv, |T1= 1. So, v, is the corresponding eigenfunction to A .
Without loss of generality, we may assume that v, = ¢,. Thus,
u, — +ooae x € Q. Consequently, G(x, u,(x)) — —00
a.e. x € Q. Therefore,

C=> —J G (x,u,) dx — +oo, (27)
o

which contradicts the fact that C € R. From the fact that T
is weakly low semi-continuous, we know that it has a global
minimizer u;. As in the proof of Theorem 1, u; is a positive
solution of (1) with I(u;) < 0. In a similar way, we can obtain
a negative solution with negative critical value.

The proof is completed. O
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We define the Wiener product on a bosonic Connes space associated to a Bilaplacian and we
introduce formal Wiener chaos on the path space. We consider the vacuum distribution on
the bosonic Connes space and show that it is related to the heat semigroup associated to the
Bilaplacian. We deduce a Cameron-Martin quasi-invariance formula for the heat semigroup
associated to the Bilaplacian by using some convenient coherent vector. This paper enters under
the Hida-Streit approach of path integral.

1. Introduction

Let us recall some basic tools of Wiener analysis. Let B; be a one-dimensional Brownian
motion starting from 0. It is classically related to the heat equation on R:

SELFB)) = SE[AF(BY), 1)

where A = 0%/0x? is the standard Laplacian and f is a smooth function with bounded
derivatives at each order. Associated to the heat equation there is a convenient probability
measure on a convenient path space. Almost surely, the trajectory of B is continuous. We
construct by this way the Wiener measure dP on the continuous path space endowed with its
Borelian c-algebra. Let H be the Hilbert space L?([0, 1]; R). We consider the symmetric tensor
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product H®" of this Hilbert space. It is constituted of maps h, (s, .. ., s,) symmetric in s; such
that

lf = [ o s sy < o (12)

We consider the symmetric Fock space F(H) of set o = ', h, such that
lol* = > nlllh* < oo. (1.3)
We consider the vacuum expectation.

ulo] = h. (14)

With an element h,, of H*" is associated the Wiener chaos

Y(h,) = f hy(s1,...,8,)dBs, ---dBs,. (1.5)
]7!

[01

The mat ¥ realizes a isomorphism between F(H) and L?(dP). On the level of the Fock space
some important elements are constituted by coherent vectors:

h®n

i (1.6)
n!

O =

The functional associated to such a coherent vector is a so-called exponential martingale

2
Y(o) = exp [j: hsdB, - @] (1.7)

We refer to the books of Hida et al. [1], to the book of Obata [2], and to the book of Meyer [3]
for an extensive study on that subject. Especially on the Fock space, we can define the Wiener
product:

¥(o1-02) = ¥(01)¥(02), (1.8)

where we consider the ordinary product of the two ¥(o;). For that, we use the Itd table for
the Laplacian

dBg - dBg = 1ds,
2 (1.9)

dB;-ds=ds-ds=0
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which reflect algebraically the Itd formula for the Brownian motion. From this It6 table, we
deduce classically that if o is an exponential vector, ¥ (o) = exp[fé hsdBs — ||h||*/2] and not
exp[fé hsdBs].

The law of B; + fé hsds is absolutely continuous with respect of the law of By, and the

Radon-Nikodym derivative between these two laws is ¥ (o) = exp[- f; hedBs — ||h||*/2]. Tt is
the subject of the Cameron-Martin formula.

The construction of a full path probability measure associated to a semi-group is
related to Hunt theory: the generator L of the semi-group has to satisfy maximum principle.
We are motivated where we take others type of generator. To simplify the computations
we take the simplest of such operators L = —3*/3x*. We have implemented recently some
stochastic tools for semi-groups whose generators do not simplify maximum principle ([4-
10]). We construct in [8, 9] the Wiener distribution associated to a Bilaplacian using the
Hida-Streit approach of path integrals as distribution. We refer to the works of Funaki [11],
Hochberg [12], Krylov [13], and the review paper of Mazzucchi [14] for other approaches.
We refer to the review paper of Albeverio [15] for various approach of path integrals.

In the Hida-Streit approach of path integral, there are basically 3 objects:

(i) an algebraic space, generally a kind of Fock space;
(ii) a map ¥ from this algebraic space into a set of functionals on a mapping space;

(iii) the path integral is continuous on the level of the algebraic set. We say that it is an
Hida-type distribution.

Generally, people were considering map ¥ as the map Wiener chaos. A breakdown
was performed by Getzler [16] motivated by the works of Atiyah-Bismut-Witten relating the
structure of the free loop space and the Index theory. Developments were done by Léandre
in [17, 18]. Especially, in [8, 9] we were using map ¥ as related to cylindrical functional to
define a path integral associated to the Bilaplacian and to state some properties related to this
path integral.

In this paper, we come back to the original map ¥ of Wiener, by using Wiener chaos.
But we use formal Wiener chaos. We consider a continuous path w,. We consider a map
hi}""’i" (s1,---,84) S1 < Sp < -+ < s, < 1 with values in R. We consider the formal Wiener
chaos:

Y(h,) = f Hy i (sy, ..., sp)del - dwll (1.10)

0<sy<-+<s,<1
We put

dw? = 24ds. (1.11)

Ifi > 4, dw' = 0. We use in order to define the Wiener product on formal chaos associated to
the Bilaplacian L the It6 table for the Bilaplacian:

dwidwi = dw'. (1.12)
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In order to simplify the exposition, we use in the sequel Connes space and not a Hida Fock
space. We consider L* the set of map h from [0, 1] into R? such that

sup|h(s)| = [|h]l,- (1.13)

We introduce the bosonic Connes space CO-(L*) (a refinement of the traditional bosonic
Fock space). To 0 € CO-(L*), we associate a formal Wiener chaos ¥ (o). We use the It6 table
for the Bilaplacian in order to define a Wiener product on the bosonic Connes space:

¥(oy - 02) = ¥(01)¥(02). (1.14)

The bosonic Connes space becomes a commutative topological algebra for the Wiener prod-
uct (For similar consideration for the case of the standard Laplacian, we refer to the book of
Meyer [3]).

We consider as classical the vacuum expectation on the bosonic Connes space, and we
state a kind of It6-Segal-Bargmann-Wiener isomorphism, but in this case there is no Hilbert
space involved. We show that for the vacuum expectation w;, has in some sense independ-
ent increments. We consider a type of generalization of the exponential martingale of the
Brownian motion:

Yo =D, hg,dw! - hy, dw, . (1.15)

0<s1<-+-<s, <t

We suppose that h is continuous. Let f be a polynomial on R. We put
QILf] = w[f (w!)¥(on)]. (1.16)
We show the following Cameron-Martin-Maruyama-Girsanov type formula:
%Qi‘ [f] = Q/ [Lnef], (1.17)
where

Ly = L + lowerterm. (1.18)

2. Formal Wiener Chaos Associated to a Bilaplacian

We consider the set L. (L*)®" is constituted of maps:

Z hi"'"'i"(sl,...,sn)ei1 ®---®e, =h,(s51,...,54), (2.1)
i1 i

where e; is the standard basis of R%. On (L*)®", we consider the natural supremum norm
[|hn]|o- Moreover, there is a natural action of the symmetric group on (L*)®". Elements which
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are invariant under this action of the symmetric group are called elements of the symmetric
tensor product (L®)*". COc,(L®) (r > 0,C > 0) is constituted of formal series o = 3 h,
where h, belongs to (L*)“" such that

lolle = Y. C"nll|hyll,, < oo. (2.2)

Definition 2.1. The intersection of all CO¢(L*) is called the bosonic Connes space CO-(L*).
Remark 2.2. In the sequel we could choose an Hida Fock space.

Definition 2.3. The vacuum expectation y on CO,- (L) is defined by
u(o) = he. (2.3)

If h, belongs to (L°°)®", we consider the formal Wiener chaos:

Why) = 3 I Wy sy, .. sy)duol - duws. (2.4)

0<s1<-+<8,<1

We could do the same expression if h, belongs to (L*)®".
Definition 2.4. The map ¥ defined on CO,_(L*) is called the map formal Wiener chaos.

Let{1,...,n}, {n+1,...,n+m]}. Let {I} be a concatenation (or pairing). It is an increas-
ing injective map from a set with [ elementin {1,...,n} into {n+1,...,n+m}. There is at most
C™™ pairing of length I. We consider h.®(1} sn,, h3, where we concatain the time in h, and in
h., according the pairing, and we shuffle according to the shuffle sh; and the time in k. and
hl, between two continuous times in the pairing. When we concatenate two times, we use the
Ito table for the Bilaplacian, and we symmetrized the expression in the time.

The classical product of W(h,)¥(hy,) is equal to X g, ¥(hu®)shy hs,) and
generalized with this new It6 table the standard formula which gives the product of two
Wiener chaos in the Brownian case. There are at most C"*"C.C!, pairing {I} and shuffle
according to the pairing {I}.

Definition 2.5. The Wiener product of hl and h2, is defined by
W (-1, ) = () w(2). (2.5)

Theorem 2.6. The Wiener product endows the symmetric Connes space with a structure of topological
commutative algebra.

Proof. Let us show first of all that the Wiener product is continuous. We have

ek <cm

el ] @6
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Therefore,
hL - h%n”C < CrHmCmm |h}1||oo||h§1||m {%m CH(n +m - 20)). 27)

But
S cl< }l] cic,crmct<cpm(1ect) <y 2.8)

{1),shyy
On the other hand, by the Stirling formula,
() (m!) " (n+m-20)! < Crm (2.9)
We deduce that
lo1 - o2l < Kllowllellozlle (2.10)

and therefore the Wiener product is continuous on the bosonic Connes space.

Let hy,, hy,,, and hy,, be 3 elements of the bosonic Connes space.
Let shi o3 be a shuffle between the 3 sets {1,n1}, {nm + 1,1 + mp}, and {n; + ny +
1,1 +mny+ 113}.

We perform two concatenations between the times when the shuffle is done:

(i) either we concatain 2 contiguous times in {1,7;} and in {n; + 1,11 + n2} and two
contiguous time in {1,n;} and in {n1 + 1o + 1,11 + 1y + n3};

(ii) either we concatain 2 contiguous times in {n; + 1,n; + 1y} and in {1,7n;} and two
contiguous times in {n; + 1,n1 + no} and in {ny + 1o + 1, ny + 1y + n3};

(iii) either we concatain 2 contiguous times in {n; + 1y + 1,11 + 12 + n3} and in {1, }
and two contiguous times in {rny + np + 1,11 + np + n3} and in {ny + 1, n; + ny};

(iv) or we concatain 3 contiguous times in {1,71}, in {n; + 1,1 + np} and in {ny + n, +
1,1’11 +ny + 713}.

When we concatain time, we use the iterated It6 rule:
(deol - dw?) - dwft = dul 5, (2.11)

Such a concatenation is called /1 5 3 and the final result is called hy, ®sp, , 5 11, i, ®@shy 5511 23 Hin - We
deduce the formula

(hﬂl : hnz) : hn3 = Z hi’ll ®Oshi3,h25 hn2®5h1,2/311,2,3 hns' (2.12)
hps,ships
From this formula we deduce the associativity of the Wiener product. O

From the product formula, we deduce easily the next theorem.
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Theorem 2.7 (It6-Bargmann-Wiener-Segal). Let hi:l’”’i"l and hﬂ;"’j"z be elements of the bosonic
Connes space. They are seen as a function on the involved simplices. Then

I’l[lp(hﬂl)lp(hnz)] = 6711,712 H 61'1+]‘1:424nl
(2.13)

Remark 2.8. In the case of the classical Laplacian, this formula justifies the choice of H instead
of L*. But in the previous formula, only a prehilbert space appears. So it is not obviously
justified to choose H instead of L* to perform our computations. We have chosen L* because
the estimates are simpler with this space.

We say that h,, belongs to CO,_; (L*) if h, vanishes as soon as one of the s; > t. We
say that h, belongs to CO_ ;(L®) if h, vanishes as soon as one of the s; < t. We get the next
theorem whose proof is obvious.

Theorem 2.9. CO,_ s (L*®) and COq,_ [t (L*) are subalgebras of COq_ (L) for the Wiener product.
Moreover, if 01 € COq_y (L®) and if 0o € COq_ [t (L*),

(¥ (01)¥(02)] = u[¥(on) Iu[¥(02)]. (2.14)

Remark 2.10. Let us justify heuristically this part. Let Q" be the semi-group generated by L.
Let us suppose that there is a formal measure dyu on a path space t — w; such that

Q![f] = ff (wr)dp. (2.15)

(In the case of the standard Laplacian it is the measure of the Brownian motion). We refer to
[19] for a physicist way to construct this measure. We have

QP[] = 24t (2.16)

So the infinitesimal increment (dwy) of w; should satisfy the Ito table (1.12) and the formal
Wiener chaos should be an extension of the classical Wiener chaos in the Brownian case.

3. A Cameron-Martin-Maruyama-Girsanov Formula
Associated to a Bilaplacian

We put if f is a polynomial,

Q'f] = u|f (i) ¥ (o0, (3.1)
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where

LCAEDY f sdw] - hg,dw) . (3.2)

0<s1<- <s,,<t

We suppose that h is continuous. In this formula, only finite sums appear due to (2.13). We
get the following.

Theorem 3.1 (Cameron-Martin-Maruyama-Girsanov). If f is a polynomial,

0
= [f] = Q' [Luef], (3.3)
where
64 63
Ly= Tt +ahi— 53 (3.4)

Proof. Let us consider the case where f(x) = x". We use w] = fé dw! and the fact that the
Wiener product is associative. We get

(wl + wHAt t) ch <wt> <wt+At ’w})k, (3.5)
We put
]I®Tl
ou = 3, 2 (3.6)

such that by the It6 rules on [¢t,t + At] for At > 0:
Oty At = Ot - OA,- (3.7)
We use Theorem 2.9 and the It6 table on [¢t, t + At]. We deduce that
(o) ] -1 )]
1 n—4
+n(n-1)(n-2)(n-3)pu|(w}) ¥(on|At (3.8)

+ ahyn(n—1)(n - 2)u [(wtl)n_3llf(ot)] A: + o(Ab).

Therefore, the result is obtained. O
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The local Gevrey regularity of the solutions of the linearized spatially homogeneous Boltzmann
equation has been shown in the non-Maxwellian case with mild singularity.

1. Introduction

This paper focuses on the Gevrey class smoothing property of solutions of the following
linear Cauchy problems of the spatially homogeneous Boltzmann equation:

1) 2
a—’: =Lf=Q(n f)+Q(fn), veR, t>0, pu(v)=(2m) e, a1

fli=o = fo,

where the initial datum f, # 0 satisfies the natural boundedness on mass, energy, and entropy:
fo20, f fo(v){l + o7 +1log (1 + fo(v)) }dv < +oo. (1.2)
R3
Q(g, f) is the Boltzmann quadratic operator which has the following form:

Qg f) = J‘]R3 Igz B(v-v,,0){g(v,) f(V") - g(vs) f(v) }do dvs, (1.3)
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where ¢ € S? (unit sphere of R%); the post- and precollisional velocities are given as follows:

., U+ U v+ ., UHU U+
vV=——+——0 v, = ——— - ———0.

14
2 2 ’ * 2 2 (14

The Boltzmann collision cross-section B(|z|, o) is a nonnegative function which depends only
on |z| and the scalar product (z/|z|, o). To capture its main properties, we usually assume

U — Uy Jr
B(|v - v,],0) = ®(jv - v.|)b(cos ), cosO = <mo> 0e [o, E]' (1.5)

u is called the normalized Maxwellian distribution in (1.1). Notice that Q(u, ) = 0.
Recall that the inverse power law potential 1/p°, where s > 1, and p denotes the
distance between two particles, has the form (1.5) with the corresponding kinetic factors:

D(jv-v.)) = v —ov,Y°,
(1.6)

b(cos0) = 6 —0,

Q2+v’

for a constant K > 0and 0 < v =2/s <2. Thecases 1 <s <4, s =4, and s > 4 correspond to
so-called soft, Maxwellian, and hard potentials, respectively.
We will concentrate on the modified hard potentials as follows:

/2
O(jv—v,) = (1 + |v—v*|2>Y , O0<y<l,
(1.7)

b(cos0) = 6—0 0<v<?2,

02+v 4

where the singularity is called the mild singularity when 0 < v < 1 and the strong singularity
when 1 < v < 2. In this paper, we consider only the case of the mild singularity. Before making
the discussion, we start by introducing the norms of the weighted function spaces:

1A = WKloD" f @) W f i = KD D f @) 2, (1.8)

where (|v|) = (1 + |v|2)1/ 2 and (|D|) is the corresponding pseudodifferential operator. And
then, we list the definition of the weak solution in the Cauchy problem (1.1); compare [1].
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Definition 1.1. For an initial datum fy(v) € L;(R“”), f(t,v) is called a weak solution of the
Cauchy problem (1.1) if it satisfies

ft,v) e C(RY 2 (RY)) n2([0, T L3(RY) ) nL=([0,TLLY(RY)),  £(0,0) = fo,
f f(t,0)p(t,v)do - f f(0,0)p(0,v)dv — ft dr f(7,0)0z¢(t,v)dv (1.9)
R3 R3 0 R3

= Jt dTI L(f)(r,v)¢p(t,v)dv,
0 R

for any test function ¢ € L=([0, T]; W>*(R?)).
For the definition of the Gevrey class functions, compare [1-5].

Definition 1.2. Suppose that W is a bounded open set on R?, for s > 1, u € G*(W) which is the
Gevrey class function space with index s, if u € C* (W) and for any compact subset U C W,
there exists a constant C = C(U) > 0 such that for any k € N,

k k+1/1.1\8

||D |, < C R, (1.10)

or equivalently,

k < k+1/7.1\S
(DD ul] , ,, < € kDY, (1.11)
where
2 2 1/2
k - p _ 2

||D “N e %{”D Uy (IPD (1+1D.7) ™. (1.12)

Particularly, u € G*(R%), that is, ||D¥u||2@rs) < CF*1(k!)®, is equivalent to the fact that there
exists o > 0 such that e(IPV""y; € L2(R3).

Notice that G (R?) is the usual analytic function space. When 0 < s < 1, we call G*(R?)
the ultra-analytic function space, cpmpare [4, 5].

There have been some results about the Gevrey regularity of the solutions for the
Boltzmann equation; compare [1, 4, 6-8]. Among them, unique local solutions having the
same Gevrey regularity as the initial data are first constructed in [8]. This implies the
propagation of the Gevrey regularity. In 2009, Desvillettes et al. improved this result for
the nonlinear spatially homogeneous Boltzmann equation, they showed in [6] that, for the
Maxwellian molecules model, the Gevrey regularity can propagate globally in time. Other
results for the nonlinear case can be found in [4], where the Gevrey regularity of the radially
symmetric weak solutions has been proved. Meanwhile, this issue is also considered in [7]
for the Maxwellian decay solutions. For the linear case, the best result so far is obtained by
the work of Morimoto et al. in [1]; they proved the propagation of Gevrey regularity of the
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solutions, without any extra assumption for the initial data. We mention that the crucial tools
in [1, 6] are the following pseudodifferential operator:

1
Gs(t,Dy) = ——————, 0<v<2. 113
o Do) = (1.13)

In the Maxwellian case, this pseudodifferential operator can be used successfully, but it
seems unsuitable for the non-Maxwellian model. The difficulty comes from the commutator
of the kinetic factor @ and the pseudodifferential operator (1.13) which lacks of the effective
estimations. In this paper, we apply a new method which is based on the mathematical
induction to overcome it. Compared with [7], we consider only the local space; however,
we discuss this issue by using the much weaker preconditions (actually, we do not need
any smooth assumption for the initial data). Concerning the same issue for the other related
equations, such as the Landau equation and the Kac equation, compare [2-5].

Now we can state our main result.

Theorem 1.3. Suppose @, b have the forms in (1.7), 0 < v < 1. Let W be a bounded open set of R?,
and f (t,v) be the weak solution of the Cauchy problem (1.1) satisfying

sup || f(t ) || 2w < +oo. (1.14)
te(0,T]

Then for any t € (0, T], there exists a number s = s(t) > 3 satisfying f(t,-) € G*(W). More precisely,
for any fixed 0 < tg < T and compact subset U C W, there exists a constant C = C(U) > 0 and a
number s > 3 such that for any k € N,

sup]"Dkf(t,-)

< CR(RY)®. (1.15)
telto,T ) '

U

From Theorem 1.3, we have the following remark.

Remark 1.4. Suppose that @, b have the forms in (1.7), 0 < v < 1. If the weak solution f(t,v)
satisfies that

tig’l;]llf(tf‘) |2 a3y < +oo, (1.16)

then for any ¢ € (0, T], any bounded open set U C R?, there exists a constant s = s(t) satisfying
f(t,) € G,
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2. Useful Lammas for the Main Result

In order to gain the main result, we need to prove the following lemmas in this section.

Lemma 2.1. Suppose ®(v) = (|v])’ = (1 + [v]2)"/* where y € (0,1),v € R", and n € N. Then the
kth order derivative of ® satisfies

|cb<’<>(v)| < 4k k1D (v) (Jo]) *. (2.1)

Proof. Without loss of generality, we only consider the case of n = 1; the other cases are similar.
By direct calculation, we have

mn /2-i-m .
O () = 3 Conny(y=2) -+ (y =2 -2m +2) (1+27) "o,
i=0
(2.2)
n [2-imm-1
O™ (@) = 3 Ay (- 2) -+ (y - 2i - 2m) (1+27)" )
i=0
In addition,
Cigm +2(i + 1)Civ12m = Aigme1,
(2.3)
(2i + 1) Aipms1 + Aic12me1 = Ciomea-
Thus we obtain
Ci,2m+2 = Ci—l,Zm + (4i + 1)Ci,2m + (Zi + 1)(2i + Z)Ci+1,2m (2.4)
and then we will prove the following inequality:
|Ciam| <2°™|(y = 2i—2m)--- (y —4m +2)|. (2.5)
The inequality is obviously true for m = 1. Suppose it is valid for 1 < m < M, then
|Cizmaz| = |Ciciom + (41 + 1) Cion + (20 +1)(2i + 2)Civa o]
< 22M(4i+1)|y - 2i —-2M| + (y = 2i +2 - 2M) |y - 2i - 2M|
(2.6)

+Qi+1)Q2i+2)]|(y-2i-2-2M)--- (y —4M +2)|

< 220 | (y ~ 2§ =2 -2M) -+~ (y ~4M) (y - 4M - 2)|
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which proves (2.5) by induction. Therefore, we have

|0 @)| < 2|y (y =2) -+ (y ~ 4m +2) 3 (1+02)" 0
i=0

< (m+1)2Y"12m - 1)1 (v)(|o|) " @7

< 477 (2m) D (v)([o]) "

The case of (2m + 1)th order derivative is similar. This completes the proof of Lemma 2.1. [

Setting M (&) = (1+]¢[2)N"/? for any ¢ € R3 and N € N, by using the similar technique
of Lemma 2.1, we conclude the following.

Remark 2.2. For t € (0,1],

|65 M (@)] < 458N HIN(N = 1) -+ (N = ke + 1)

(2.8)
<ARDTIN(N =1) -+ (N =k +1)],
where k e N,1 <k <N.
Lemma 2.3. There exists a constant C such that for any k € N,
af“u(v)| <Ck. k! -max(l, |v|k> - u(v), (2.9)

where p is the absolute Maxwellian distribution in (1.1).

Proof. Without loss of generality, we also only consider the case in the real space R!. Putting

k
ok u(v) = ok <e‘”2/2> = Za}’kvle‘vz/z,
j=0

(2.10)
k
ok u(v) = ok (e”2/2> = Najvle” /2
=0
Evidently,
0< |4, | <aj,
|a§<,k| =axk =1,
@2.11)

1
daji=1<811,
j=0

Ajje1 = aj1k + (G+1) a1k
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Therefore, fixed a number m > 0, together with the following assumption (F,):

Zaj,m <8".m!,
j
we can obtain (F;41)

Zaj,m+1 = Z(aj—l,m +(j+1D)ajam) < (m+2)- (Zaj—l,m + Zaj+1,m>
j j j j
<2(m+2)-8"-m! <8 (m+1).

This completes the proof of Lemma 2.3 by induction.

Setting
H'()= (1+ |v*|2>4/4*(v) - (1+ |v*|2>4 (@ +o.),

where v is belong to a bounded set U. Then we state Lemma 2.4 as below.

Lemma 2.4. There exists a constant C = C(U) > 0, which satisfies that for any k € N,

sup agH*(v)| < Ck. (k2.

Proof. Since e~@+0)"/4 < gv*/4. ¢=01/8 and the fact that when [v] > 1,

k k
|vkefvz/4| _ [0 < 0] <2k k1,

(Zacatofr/2nnt) = (/24 Ger2)1)

by using Lemma 2.3, we have

o5 ()] = | (1 +1o.) o' o)

< (1 + IU*IZ>4 - Ck k! max(l, v+ v*|k> (v +v,)
<(1+ Iv*lz)4 -CE K- [max (Lo +o.f) - e—<v+v*>2/4] o~ (+o)/4

<

< (ck : k!)2 < [CU)]*- (k™

This completes the proof of Lemma 2.4.

4
<1 + |v*|2> e‘”f/s] .Ck k! [max(l, o + v*|k> . e‘(”+”*)2/4] e/

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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By applying the Cauchy integral theorem, we will prove the helpful estimates as

follows.

Lemma 2.5. Suppose the Fourier transform for v,,
F(@(jv - v.)pu(04)) (€) = h(v,§)E),

where y is the absolute Maxwellian distribution in (1.1). Then we have

h(o,¢) = ()" f

R

Proof. First we consider the case of n =1,

/2 .
F(O(jv - v )p(v.)) (@) = f (1+fo-0.P)" @) 32 P 2ivt gy,
]Rl
2 / 22
= (2m) % ZJ [1+@-007] 2 it /2,4,
Rl

/2
= (27) /%82 f e /2 [1 +(v-z+ ié)z]Y dz,

C

. /2
ek 2 [1 +o - . - 22 + 2i(0 - v.) .g] do,.
3

(2.18)

(2.19)

(2.20)

where z = v, +i¢, and C denotes the curve: v, +i¢, —co < v, < co. By Cauchy integral theorem

[9], it follows that

/2 /2
f g% /2 [1 +(v-z+ ig)z]Y dz = f e loP/2 [l + (v -0, + ig)z]y do,.
c R!

(2.21)

Now we turn to consider the case of nn = 3. Letting v = (v1, v2,v3), and v, = (Vs1, Vs2, U43) and

using the previous result, we have

F(@(jv - vu)pu(v4)) (§)

_ j (1 +lo- U*|2)Y/2(271_)_3/26—|v*|2/2—iv*~gdv*
R3

= (2mr)%? I

R2

a2 a2 .
x o~ (Vtvl)/2 ’(U*2§2+U*3§3)dv*2dv*3

y/2 .
(J [1 + (01— va)” + (02— V) + (v3 — 0*3)2] e vn /2 ioad dv*1>
R]
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- @) I

. Y/2 s
(I [1 + (Ul — U1 + 1§1)2 + (7)2 - U*Z)Z + (U3 - U*3)2] 5 vfl/z gi/ZdU*l)
R2 R!

A R RN
X e (D*2+ZJ*3)/2 I(U*Z‘§Z+v*3‘§3)dv*2dv*3

y/2
3
= (2%)_3/26"‘§|2/2f 3 gl /2 [1 + D (v —vs + igj)zl do,
R

j=1

= (271')_3/2ﬁ(§) f ool /2 [1 + v - v*|2 - |§|2 +2i(v—vy) - g] Y/zdv*.
R3

(2.22)
Thus we conclude the result of Lemma 2.5. O
Lemma 2.6. For the expression of h(v,¢) in Lemma 2.5, we have
|h(v, 8 < C- (o))" (&),
|V2h(o,8)] < C- (o) (2], (223)
+ 1+ : 6 g
h(v,6") = h(v,§)l < C- (Jo])’(I5]) "'sin 5, 6= arccos o)
where & = (¢ + |¢|o) /2, and C is a constant independent of v and ¢.
Proof. The first inequality is obvious. To prove the third one, set ¢ = (¢, &, &). Since
h(v, &) = F(D(lv - v:l)pu(o.)) (§)
P o (2.24)
— J‘ (1 + |U _ U*|2>Y (2‘”)*3/28—\‘0*‘ /2—lv*‘§dv*,
R3
proceeding as in the proof of Lemma 2.5, we can get
0y (h(v,§)()) = () [0 h(v, &) = &ih(v,§)]
/2 .
= f <1 + v - v*|2>Y (271')_3/26"”*'2/2‘1”*"5(—iv*i)dv*
3
. (2.25)

= (2x)-3/2ﬁ(§) ,[RB [1 +|v - U*|2 _ |§|2 +2i(v —vy) - §]Y/2

— 2 7
ez (=& — 104)dvs.
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Therefore,
2 /2
3y h(v,¢) = (2m)/? f P21+ jo -0, g+ 2i(0 - 0.) ¢
R3
- (=6i — iv.)dvs + §ih(v, §)
(2.26)
2 /2
= (27r)_3/zj e lo-l/2 [1 +]o - v, > = g +2i(v - v,) - §]Y
R3
- (—ivy)do,
which implies that
|Veh(ov,8)] < C- (o)) (1)) (2.27)
By the mean value theorem of differentials, we have
h(v,&") = h(v,8)| < C- [Veh(v, )| - 1§ - ¢
9 (2.28)
<C (D) (|nD)"1g" = 81 < " (o) ([g) ™ sin =,
where 0 = arccos(¢/|¢|, o). Thus the third inequality has been obtained.
Finally, the above way can also be used in estimating the second one. Similarly,
0, (h(w,)(&)) = 0y, (04 (h(2, )(?)))
/2 .
- _ ’[ (1 + |'U _ U*|2>Y (2]1')_3/2€7|U*|2/2iw*‘§v*iv*jdv*
© (2.29)
/2
= - 2m) ) f [1 410 -0, - g +2i(0 - .) ¢
R3
e P2 (0, —ig) (v, — igj) do..
On the other hand,
03, (h(0,&)R)) = 0y {1(¢) [0 h(v, ) - &ih (v, §)] )
(2.30)

= JQ)8h(,8) + 82 h(v,8) ~ 0y h(0,8) - &idyh(v,8)].
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Combining with the above expressions of h(v, ¢) and 0 h(v,¢), we get

& h(v,8) = &0y h(v,8) + &0y h(D,8) - &dih(v, )
/2
— (2) %2 J [1+ 10— 0. - g +2i(0 - ) - g]y
R3
e E2 (g, — i) (v, — igj) do, (2.31)
/2
= —@n)? I [1+ 10— o2~ g +2i(0 - 0.) -]
R3
. e“”*‘z/zv*iv*jdv*.
Therefore,
|V3h(o,8)] < C- (ol (1) (232)
This completes the proof of the second inequality. O

Lemma 2.7. Suppose that 0 < v < 1in (1.7). Then foranyr >0, f € L;Y(Re’) N H**(R3), there
exists a constant C independent of r satisfying

Io(r) = (Q(fs ) AIDN £) 12 < ClLflliy, 1A Nla G+ 3) (233)
Proof. Let & = (¢ £|¢|o) /2, from Bobylev’s formula (see [10]), we have
0w = [ G Fof [ eto-vnb( o )uwrse)
x (e-“v*-é*”"é’) - e-m«-é) do dv dv*] de

- [ [ [ [F@to-ebuwne b
R3 R3J§?

~F(D(jv - 0. u(.)) ()bf (v)|do do dg
(2.34)
=j <|§|>ff<§>j f (h(0,8%) - h(v, &)@ )b f (0" do dv de
R3 R3JS?
+j <|g|>f%j f h(o,&)[EE") - A@)]bf (@)e ™ do dvdg
R3 R3Js?

[ i@ | [ e opebseert - dod

= 101 + IOZ + 103.
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In [1], it is shown that

|ﬁ(§+) _ﬁ(g)l < ﬁ(§+)|§|25in2g, e—|§|2/2 — ﬁ(g) < ﬁ(§+) < e—|‘§|2/4,

(2.35)
<|§|>r+y+2 < (T 4 3)!e<‘§|>(r+}'+2)/(r+3) < (r N 3)!e<|§|>'
Together with Lemma 2.6, we have
ool < C- I flloz, fﬂ@ 12y 7+2e WA F(2)dg
< C g WAl [ e e e
) “ (2.36)

< Co g Il ey | ek

R3

< CNfllz, NNl o+ 3

Now we turn to estimate the terms in Ip; and Ipz. For the case 0 < v < 11in (1.7), it is easy to
see that

|e‘iv'§7—eo|= |—ZSinv.g <sinv'2é +icosv.2g >

> < Clvl|¢7| < Clo||¢] sin g (2.37)

Therefore, applying the above estimates and Lemma 2.6, we also conclude that
ol  Cl Ly 1] +3) (2.39)
for any i € {1,3}. This completes the proof of Lemma 2.7. O

3. Related Analysis

Let f be the weak solution of the Cauchy problem (1.1). For any k € N, the compact support

supp(Mxf) C supp(f), (3.1)

which implies that for any compact subset U C W,

. _|f ifvel,
/ _{0, if v ¢ U, 52)



Journal of Function Spaces and Applications 13

is also a weak solution of the following equation

(Fmir), = (@) + 00 M) 63

L2(R3)

Since Theorem 1.3 is mainly concerned with the Gevrey smoothness property of the solution
f on W, we need only to study the solution of the above equation on any fixed compact
subset of W. That is, we can suppose that f has compact support in U for any t € [0,T],

supp(f) cU,  f(U)=0. (3.4)
Thus, for any p > 0,

||f||L;,(R3) SO fll gy < +oo

”f”HP(]R3) = ”f”HP(LI)'

(3.5)

Together with Lemma 2.6, we can get the fact that f € H**(R3). This proof is similar as
the proof of [11, Theorem 1.1] and hence omitted. Clearly, ||f||g-®s) = ||f||Hrw)- Moreover,
without loss of generality, we restrict T < 1, then for any k € N, it is assumed that

(Ex): forany i€ [0,k —1], sup ||f(t, )]l < C5 (@)%, (3.6)
t€(0,T] ’

where C is a sufficiently large constant satisfying

Co > 16° max( sup |||l i= 1,2). (3.7)
te(0,T]

In the following discussion, we will use C and C;, i € N to denote the positive constants

independent of k and t. Let My(D,) = (IDuY* and @*(v) = (|v - v,])". In order to prove
Theorem 1.3, we need the propositions as below.
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Proposition 3.1. One has

sup ||[[Mk(D), ®*1f(t,v)||,» < C- C5™ (k!)°. (38)
te(0,T]

Proposition 3.2. One has

sup [Tl Mi(Do) 0111012 < C{k+ DIMef @0+ 00} o)

sup || [Mk(Dy), H*]f(t,0)||,. < C- C§™ (K!)°, (3.10)
te(0,T]

where H* is the function which has the form (2.14).

The proof of the above propositions will be given in Section 5.

4, Proof of Theorem 1.3

Now we will prove the main result in this section. For any ¢ € (0,T], we state the following
identity from [11]:

(Q(”'f)’Mif>Lz - (Q(u Mif), Mif) o =i+ I+ I, (4.1)
where
L= LR() LS b(cos )u(0.) (M(2) - M (&)@ F(&")e ¢ M(2)F(2)do do.d,
L= fRé fS b(cos O)u(0) {[Me, O 1 (v)) - Micf (¢ = [ My, D] £ (0) - My f(0) Vo dodo,

I = fw L b(cos 0) u(v,) ([My, @] f (v) - [My, ®*]f (v')) My f (v')do do.dv.
(4.2)

Our purpose is to obtain the estimations of I, I and I5. Setting 77 = |¢[> and n* = |¢*?,
since |¢*] = ¢ cos(0/2) and |¢*]> - |¢|* = |¢[*sin?(0/2), applying the mean value theorem and
the factthat 0 < t < T <1, we have

IMi(@) - Mk @)l = |1+ ) = (1 )|

< Cokt- (n-n")(1+m)"*
(4.3)

<C -kt sinzg(l +11)kt/2

< C' -k -sin?OMy(2),
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where 719 is a number between 7 an 7*. Therefore,

|11|scf f bsinzeMk@)U O (o - v.)p(v.) f (0)e ™4 7 do,do
rR3J s RS

x [kMi@ f(@)]do dé

=cf f bsinzeMk(g)U O(|v.|) p(vs + ) f (v)e 05 ¢ do, do
R3J§? RS

x [kMi@ f(@)]do dé

scf f bsin2e<|v*|>Y‘8-|Mk(g)ﬁ§f(g)|-|kMk(g)f(g)|dodv*d§
R6 Js2
scj f bsin29(|U*|>Y’8-|Mk(§)ﬁ’7(§)|2dodv*d§

RG SZ

+ cf f bsin?0([v.])"8 - |kMk(g)f(g)|2do dv,de = Iy + I1n.
R6 J§?
(4.4)

Here H* is the function which has the form (2.14). It is clear that

I < C'K3||Mif [,

I < CJ' 3 [0y || My (D) H* f|| 3. o,
R
< C [ (ol i, 1o, (45)
R3

[ Qo | Mof| o,

= L1 + Lo
By the hypothesis (3.4), f has compact support in U, we obtain

hia < C [ (o)™ (o + o) Muf|[odo.
R

2
e‘vlz/ZMkf”Lz dv, (46)

< cf oy Se o |
<c|

< O Mif
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Here we use the fact that e10+2:"/2 < glol*/2. o=lo./4 By (3.10) of Proposition 3.2, we get
K+l 2
I <C'- [c0+ (k!)s] . (4.7)
This, together with (4.5)-(4.6), implies
2 2 kil ]2
] < Cr- (K[MifIl7 + [Ch Ge?] ). (4.8)
The cancellation lemma gives (cf. [10, 11])

L =S fw U(v) [My, @] f (v) - My f(v)dv dv,, (4.9)

where S is a constant function. Therefore,

|2l < Cllpllp - T @I |2 - | Mi £l 2

<C-CED el - 1M £ (4.10)

< eof [es ]+ M |

Since [v' — v| < C(|v'|){|vs]) sin(6/2), by using (3.4), Proposition 3.2, and the change of
variables

v—z=0+71(v-7) (4.11)

whose Jacobian is bounded uniformly for v,, o, T (see [11]), we have

1
mi<c [ [ veoso)l~ol - |Muf@)]- [, [My, (0 + 7(0-2)]

do dvdo,dr

x |pu(o.)

< [[[ [ biosoysn Snes )] 92000 0)1 &+ 5(0-0)

x (|v.]) | u(vy)|do do dv.dr
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<C fol fR6 ISZ b(cos ) sing(|v*|>y(v*)
x{|Mif (@) + | Vo [My, @°1f (¢ +7(0 - ©))|* }dodvdo.dr
< C"(IMfII7: + 11V [Mi, @1 £][72)
< cof [es ] = s |
(4.12)

Combining (4.8), (4.10), and (4.12), we obtain
(QUu £), MEF) , = (QUu Mif), Mif) 2 < C4{ [Ch k] + R Mf } (413)

Moreover, by [11, Lemma 2.2] and [11, page 467], we have

2 2

|62 Mif |, = 0| (DD Mif

/2 2 7
HY L)'/Z

(4.14)

2
+ Cuall MifE

Qe Mif), Mef) s < ~Con [ 2Mif

where C,,; and C,,, are the constants depending only on p. Therefore, by (3.4) and (4.14), we
get

(QUu, Micf), Micf) 1z < =Cs| Mif [[51.2 + Coll M| (4.15)

Together with (4.13), we thus have

2
(000 £), M), < o [0 + G RIMF I - ColMus I (426
Let M f be the test function in the Cauchy problem (1.1), for any t € (0, T], we have
t
[Mif(t,0)|5 = || fo@)][ +2 L ’[Rs L(f)(r,0) M2f (r,0)dv dT
t
+ f j f(r,0) (aTMi(T)>f(T,'U)d'U dr
3
o (4.17)

=2[ (@) MEF) ¢ (), M) o

+ ﬂ J‘Rs f(r,0) (aTMi(T))f(T,v)dv dr + || fo(v) ||§2_
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Since

O(1) (kN > 226 [(k +2)11* > (2k + 3)!,
O MG (t,¢) = 2k M7 (t,§) log(¢),
by Lemma 2.7 and (4.16), it holds that
2

t
IMef e o)+ Cs [ NMefl]
Hv/2

< ZkI; | Gog(De)) " (M) ()| ir
+Cy JZ K| M Fadr + Co O (k)] + [ folo) 12

The Young’s inequality gives

4Cg

4Gy 2/v . Cgv
C5 . (v+2)

v+2

cok < | R+ Sy,

2klog e = = log (12))""

4k v/2
< =)

[ 4. (4+v) (@

+4/v - CS v
Cs-v(v+2) N KA (1g)) 2+7<|§|> ,

which implies

t t
2kf | Gos(Da) 2(Mef) o) isz+CgI kM f || dr
0 0

t
?{md‘l’ +Cio - K2V f "Mk—lf"isz'
0

t
<5 Ml
0

Taking (4.21) into (4.19), and applying the assumption (Ej), we have

2 t
IMef &) < [l fo(@)|[72 + Co[CE™ (k)| + Cao - k“/"j M- f |77
0

< fo@|% + Co[Ck (k] + Co- k[ - [k - 1)11°)

<Cn [C§+1(k!)s]2,

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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which implies that

sup | Micf (£, 0) || 12 = sup [|f(t,) [l < Car - G571 (kY (4.23)
te(0,T] te(0,T]

In other words, it follows from (Ej) that

(Eis1): for any i € [0,k],  sup || f(t,)|| e < Cu1 - Cirt (. (4.24)
t€(0,T] ’

Taking the same procedures as above, we can also gain (Eg.2) from (Ek.1), which is described
as below:

(Exs2): for any i € [0,k +1], sup ||f(t )| g < Cy - CGH Y, (4.25)
te(0,T]

that is,

sup || f(t,)|| o < Co(0)* = sup || f(t, )]y < Coy - CH(AH*
te(0,T] te(0,T]

= sup [|f(t, )|, < CF - Co2Y°
te(0,T]

(4.26)
= sup || f(t,)|| e < Cy - 5 (KD
te(0,T]
Let C1; = Cp - C11, we thus conclude that for any k € N,
sup [|f (¢, ) | ey < €' (KD 4.27)
te(0,T]
For any fixed number 0 <t < T <1, suppose that
1
So = <h} + 1)5,
(4.28)

[1/1]

51 = Z (1 - lt)/
i=0
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where [1/t] denotes the smallest integer bigger than 1/t. With a convention that k! = 1 if
0> k € Z, we have

oksi _ ok ok(1-t) | ok(1-2t) _ ok(1-[1/t}t)

§ k! [(1-1)k]! [(1-[1/£]H)k]!
= (kOA-Dk]! kDA -2k (kO - ([1/H + DHK]!
k! (4.29)
2 [(kt)!]([l/tlﬂ)
k!

> ————.
[(kty1=*
This, together with (4.27), implies that

tsz-é}])"]”f(t, )”ka(ll) S Cllc;l (k')s S 2k551C11<;1 [(kt|)]50 S Clgl [(kt')]sor (430)
€0,

where k € N, and Cy; is a constant only depending on t. Furthermore, for any fixed number

to > 0, put
1
Sp = <[t—] +1>s,
0

[1/t0] (4.31)
si= D (1—ity).
i=0
Then for any k € N, we can choose C}, = 25%1Cy, and have the fact that
1\ k+1 s/
suP]||f(fr M < (Cia)™ T(KRDI™. (4.32)

tG[tU,T
This completes the proof of Theorem 1.3.
5. Proof of Propositions 3.1 and 3.2

Proof of Proposition 3.1. We first notice that

[Mk(Do), @"]f (v) = Mi(Dy)(®" f) (0) = @ (v) Mk (Do) f ()

= (F M@ x @) (@) -0 @) (F' M@ * ) @) (5

- [ eIt (1) (@ () - 0.



Journal of Function Spaces and Applications

Using the Taylor formula of order k + 6, we get

k+5

(k +6)!

U~ L) LR BRI 2k iAo
D*(y) - D*(v) = >, f oL ®* (v) + ok ®*(¢)

j=1

for some ¢ € (y,v). Hence,

where

k+5

[My(Dy), ®*]f(v) = >.Tf (v) + Trssf,
j=1

(v-v)

" @)y

Nfw) = [ M@ ()

_ (‘]_?'  OM S ()0 (0)dy
(—i)j 14f ] d*
_ T(sc 0| My, * f)(v) -0, (v),

(y _ ZJ) k+6

k+6 y*
Tror O P©dy

Tiof = [ "9t Me@des (v)

~ (—i)k+6
~ (k+6)!

’[Ré ei(U—y)§a§+6Mk(§)d§f<y)a1lg+6cp* (C)d]/

From Lemma 2.1, Remark 2.2, (3.6), and (3.7), it follows that

k
lelrjf<v>||Lz =,
<

(i)

k . .
o (F1oMix £) @) - 040" (0)

j=1 2

12

< St olm@#r @] Jole @]
vk

k .
< C.Zl6ik...(k—j+1){(k—j)!}s-C(l)(_]Jrl
7

< C-CHY(k-1)1)°K?

< Cl : Clgﬂ(k!)sl

21

(5.2)

(5.3)

(5.4)
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k+5 5 1 j .
Lif)l < 2, 5|9 v @ (v)
]zk;rl” Jf ”LZ - +1]! ” ¢ ||L°°
< C-(k+5)!sup || f(t,0)|,2
te(0,T]
< G- Ch(KY?,
s f ]2 = ”H TR M (@) e f ()0, @ (c)d
k+6J ||[2 = (k+6)' ¢ k Y)0y Y o
k+6
o Hf ok emto]de- 17 ()] - 050 @)|ay]|
< C.CE (Kt f (1+18F) e
R3
< C3- CE(K!)°.
(5.5)
Combining (5.5), we complete the proof of Proposition 3.1. O
Proof of Proposition 3.2. One has
Vo [Mk(Do), @1 f(t,0)|| 2 < C- |[{IEHF([Mr, @*1f) (£, &) || - 5.6)
< C-[[Do) My, @7 f (t,0) = (Do), D" IMi f (£, 0) | 2-
Similar to the proof of Proposition 3.1, we obtain
ID) M @1 o) < C (k4 D[ Mgt o) ]+ €57 k),
(5.7)

| (Do), D IMf (£, 0) |, < c{ | Mef(t,0)|,. + C’g“(k!)s}.

Then (3.9) is obtained. The proof of (3.10) is similar so is omitted. This completes the proof
of Proposition 3.2. O
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We study the boundedness of rough bilinear fractional integral Bg, on Morrey spaces LP*(IR")

and modified Morrey spaces IP*(R") and obtain some sufficient and necessary conditions on the
parameters. Furthermore, we consider the boundedness of B, on generalized central Morrey
space BP?(IR"). These extend some known results.

1. Introduction

In recent years, multilinear analysis becomes a very active research topic in studying
harmonic analysis. As one of the most important operators, the multilinear fractional integral
has also attracted much attention. In this note, we will consider the multilinear fractional
integral with rough kernel. For fixed distinct and nonzero real numbers 0, ...,0,, and
0 < a < n, the m-linear fractional with rough kernel is defined by

i=1

Ioa(f) = J‘Rn ﬁf i(x - 6iy) E?sl/_)a dy, (1.1)

where Q € L$(S§"!) (s > 1) is homogeneous of degree zero on R”, and S*! denotes the unit
sphere of R".

When Q = 1, The L? boundedness of operator I; , has been well studied in [1, 2].
Recently, Hendar and Idha discussed the boundedness property of I; , on generalized Morrey
space in [3].
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Here, without loss of generality, we will study the case m = 2. More specifically, we
will study the rough bilinear fractional integral:

Q
sl )0 = [ Fx- (o) iy, 0<a<n 12)

The study of the operators Bo, and its related operators with rough kernel Q recently
attracted many attentions. In 2002, Ding and Chin first discussed its LP(R") boundedness.
The following theorem is their main result:

Theorem A (see [4]). LetO0<a<n, 1<s <n/aand1 < p1, pr < 0. If

1 1
_+_2

pP1 P2

a 1 1 a
Z, =—+=--, (1.3)
n P1 P2 n

1
q

there exists a positive constant C such that for any f € L' (R"), g € LP*(R"),
(1) when s' < min{p1, p2},

”BQ,u(ffg)”Lq(Rn) < C”f”LPl(]R") g”LPz(Rn)/' (1.4)

(2) when s' = min{p1,p2},

1Baa (fr &)l samqam < ClLA N oo oy 81l 2 ey (1.5)

Later, when g > n/(n—a), Chen and Fan in [5] relaxed the conditions of € in Theorem
A using Holder inequality. Their main result is as follows.

Theorem B. Letg>n/(n—a),0<a <mn, p;,p, > 1and

1_

1 1
— -2 (1.6)
9 p p on

IfQ € LY/ (=) (S"=1) 'then there exists a positive constant C such that

”Bgra(f’g)”Lq(R") < CY[ £l (") g”U’Z(R")' (1.7)

We note that when q < n/(n — a), Holder inequality is not sufficient in Theorem B. So
how to relax the index of g is left. In fact, in [6, 7] the authors have obtained the necessary
and sufficient conditions on the parameters for the m-linear fractional integral operator Iq »
with rough kernel from L”'(R") x LP2(R") x --- LP=(R") to L(R") by using the pointwise
rearrangement estimate of the m-linear convolution.

Theorem C. Let 0 < a < n, Q and be homogeneous of degree zero on R", Q € L (=0 (Sn1) [et
p be the harmonic mean of p1,pa, ..., pm > 1, and n/(n —a) < p < n/a. Then the condition 1/q =
1/p—a/mnis necessary and sufficient for the boundedness of Iq  from LP* (R™) x LP2(R™) x - - - LPm (R™)
to L1(R™).
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This paper is organized as follows: in the second part of this work we prove some
boundedness properties of Bg, on Morrey space and extend Theorem C to Morrey spaces;
in the third part, we obtain the sufficient and necessary conditions on the parameters for
the boundedness of B, on modified Morrey space; in the last part, we find the sufficient
condition on the pair (¢, v) which ensures the boundedness of the operators Bg, on the
generalized center Morrey space. Since Morrey space, modified Morrey space and central
Morrey space all can be seen as generalized L? space.

2. The Boundedness of By, on Morrey Space

The classical Morrey spaces LP* (R") were originally introduced by Morrey in [8] to study the
local behavior of solutions to second-order elliptic partial differential equations. The reader
can find more details in [9].

For x € R" and t > 0, let B(x,t) denotes the open ball centered at x of radius t, and
|B(x,t)| is the Lebesgue measure of the ball B(x, t). When 1 < p < co and A > 0, Morrey space
LPA(R™) is defined by

AR = (£ € LR : |l oy < 0, 2.1)
where
1 e
1f sy = sup (; f If(x)l”dx> : (22)
xeR",t>0 B(x,t)

If 1 < p < oo, then LPO(R") = LP(R") and LP"(R") = L®(R"). When A > n, LPA(R") =
{0}. So we only consider the case 0 < A < n.

Since Morrey space can be seen as the generalized L” space, we will be interested in
the boundedness of Bg , on Morry space LP*(R"). In order to prove our results, we need the
following bilinear maximal function:

M(f,g)(x) = supln |f(x=y)||g(x+y)|dy. (2.3)
r
>0 lyl<r

Lemma2l. Letp>1,0<A<nand1/p=1/p1+1/p>. If

A=ﬂ+&, 0<)L1,)L2<1’l, (2.4)
p Pt P2

then there exists a positive constant C such that

||M(f’g)||LP~\(R") < C”f”LPl"‘(R") g”LPzJ(Rn)' (2.5)
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Proof. In [10], Fefferman and Stein have proved that for every p, 1 < p < oo, there is a constant
Cp > 0 such that for any measurable functions f on R" and ¢ > 0, the following inequality
holds,

[ reypedr<c, [ 1f@I Mo, 26)

where M is the Hardy-LittleWood maximal function. Set ¢(x) be the characteristic function
x(x), when 1 <6 < p, by the above inequality, we can get

IR” (Msf(x)) y(x)dx < Cp jRn | f ()| My(x)dx, (2.7)

where M5 f(x) = (Mfﬁ)l/ﬁ(x).
Taking f € LP*(R"), 0 < A < n, y(x) is the characteristic function of a ball B(x,r) in
R", by simple calculating,

—[B(x r) (M(Sf(x))pdx S C”f”lL’p,,\(Rn)r)L/ (28)

that is, ||[Msfllpa@®n < Cllfllpimny- For More details, see [11] about the boundedness of
Hardy-Littlewood maximal function on Morrey space.
Sowhenp>1,1/p=1/p1+1/p2, A/p=XA/p1+X2/p2, we have

”M(f’g)”LPu\(Rn) < ”Mpl/p(f)Mpz/P(g>”Lp,A(Rn)
< ”MP1 /p (f) ”Lm,h (R™) MPZ/P (g) ”U’z/f\z (Rm) (29)

< C”f”LPlr*l (Rm)

g”Lpz,,\z(]Rn)-
O

Theorem 2.2. Suppose 0 < a < n, and let Q € L5(S"') be homogeneous of degree zero on R", let p
be the harmonic mean of p1 and po, 1 <p <n/a,0<A<n-apand s’ <p. If

SR VR
T AN R g b<n, (2.10)

1
; n-1" p p p

then there exists a positive constant C such that

”BQ,u(ffg)”ml(Rn) S C”f”Lm«*l(Rﬂ) g”LPNz(Rﬂ)‘ (2.11)
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Proof. Let f € LP"M(R™), g € LP>2(R"), 0= (n—as' +1)/2,fors' <pand 0 < A < n - ap, we
cangetA<o<n-as,(n-1)/p>a>(n-o0)/s. First, |Ba.(f, g)(x)|is decomposed by

<f +f >f(x -y)g(x+y) Q(y)
yise  Jlylze |yl (2.12)

: Il(x) + Iz(x).

|Bo.a(f,8) ()]

Estimate of I;(x) is

| (y)l
ly|"™

Li(x) = LM |f(x-y)g(x+y)]

<@ s mliemly
m=1 ly|~g2-m
2 ' ' s (213)
< S @M)W
m=1
M(f S',gs')l/d(x)
= Ce"Ms (£, 8) (%),
and estimate of I(x) is
s ) 1/s
wo< ([ TSN ([ o a)
lylze Iyl lyl>e
< C£(0/5’+a—n)+n/s< fs (x y|)<|g (x + y) ]/> (214)
lyl2e yl°

=: Celo/s e /oF (£, 8) ().

For F;(f, g)(x), we have the following estimates:

Fo(f.8) (@) < <§:J‘ flx-y)g® (x+y)| y>

=0 7 lyl~e2* lyl°

1/
o £ (x-)g” (x+y)]
: kz(:) <—[|y|~ezk [yl dy>

>1/S’
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- o 1/p1 1/p2
< Z(gzk)( e <f| Vis (x—y)ldy> <flyl~52k|g”z(x—y)|dy>

k=0 yl~e2*
0 (n-0)/s'-n/p+l1/p1+r2/p2
S §)<gzk> Al o (R") g||LP2~‘2(R")
<CEO™ I Nl s o 181y
(2.15)
Combining the above estimates, we have
|Boa(f,8) ()] < Ce"My (£, 8) (x) + Ce“™ P | f| s oy I8 ot oy (2.16)
Let &M (f, g)(x) = /P £\ [, then
/ 1-p/ 1-p/
|Baa(f,8) ()] < C(Me (£,2) )N fll g 811 e ()
By computation, we get
1 v
<7f (Mq (f,8)(x))" /q)x"dx>
" JB(x,r)
1 p/s el
=( = M(f%,¢% ) (x) dx>
<rA J B(xr) < < > ) (2.17)
1 1/pyxp/q 1 1/pyxp/q
< — (x)Prdx — f (x)P2dx
<r*1 .[B(mf > <T“ —
/ /
< ”f”’L’mq\l(]Rn g”’L]rfzq\z(Rn
Taking the supremum of r, we have
/ / /
e (£ . oy S IFNE o 81 e oy (2.18)
Hence
”BQra (f' g) ||Lq~\(Rn) < C”f”LPM] (Rm) g”vaJz (Rm)* (2~19)
O

Theorem 2.3. Suppose 0 < a < n, and let Q € L(S™™) be homogeneous of degree zero on R, let p
be the harmonic mean of p1and pp, 1 <p <n/a,0 <A <n-ap,s' <pand A/p = \1/p1+A12/p2, 0 <
A, Xy < m, then the condition 1/q =1/p — a/(n — L) is necessary and sufficient for the boundedness
of Boq from LPVM (R™) x LP>A2(R™) to L4 (R™).
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Proof. Sufficiency part of Theorem 2.3 is proved in Theorem 2.2.
Necessity. Let 1 <p < n/aand f € LP"M1(R"), g € LP>*2(R"). Denote f;(x) =: f(tx) and
gt(x) =t g(tx). Then we have
—n/pr+A —n/pat)
1fellirn oy = € PP S Ny &M ey = £ 18 s ey

Bou(fi, 81)(x) = t “Baa(f,8) (1), ||Baw(fir8) | ponn = £ 7| Baw(f, ) 1os
(2.20)

Since Bg, is bounded from LPiA1(R™) x LP>42(R") to L9*(R"), it is true that

1Beva(f, )iy = £/ B (o 80) s o

< Ctu+n/q—)L/q ”ft

” P11 (R™) gt ” LP2A2 (R™) (221)

< cpenla-Nanlprlp|[ £ 181l ey

where C depends only on p, g, A, and n.

If1/q<1/p-a/(n- 1), then in the case t — 0, for all f € LP"1(R"), g € LP>A2(R"),
we have [|Bo(f, )l e = 0.

If1/q>1/p—-a/(n- 1), then in the case t — oo, for all f € LP"M1(R"), g € LP>A2(R"),
we have ||Bo«(f, §) s @ = 0.

Therefore, we get1/q=1/p-a/(n-1). O

Corollary 2.4. Let 0 < a < n, Q € L5(S"!) be homogeneous of degree zero on R", p be the harmonic
mean of pyand pp, 1 <p<n/a,0<A<n-ap,ands <p.If

A = £+ﬁ, 0<Mt,hp<m, (2.22)
P P P2

==
==
RIR
= I=

then there exists a positive constant C such that

"BQ,a(f/g)”Lan) < C”f”an (R") g”LPZ'*Z(R")' (2.23)

Proof. By Holder inequality, it is easy to know when t = (n - \)q/(n — p), we have L (R") C
L3#(R"), through the given condition, 1/t =1/p —a/(n — 1). Applying Theorem 2.2, we get

”BQ/“(f’g)”LW(R") < ”BQr"‘(f’g)”L'ﬂ\(R") < C”f”LﬂMl(Rn) g||LP2'*2(R")' (2.24)

From the inequality (x) and Theorem 2.2, we obtain an Olsen inequality involving a
multiplication operator. O
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Corollary 2.5. Suppose 0 < a < n, and let Q € L5(S"') be homogeneous of degree zero on R, let p
be the harmonic mean of py and po, 1 <p <n/a,0< A <n-ap,s <p,and W € L0=V/@X(Rm)_[f

o e A b by e (2.25)
p n=-\A p p p

One has

”W : BQ,a (f/ g) ||LP~\(Rn) < CHW”L(HWJ(R")

f”LPMl (R") g”LPzﬂ\z(]Rn)' (226)

3. The Boundedness of B, , on Modified Morrey Space

After studying Morrey spaces in detail, people are led to considering the local and global
counterpart. There are many famous work by V. I. Burenkov, H. V. Guliyev and V. S.
Guliyev, and so forth and (see [12-20]). Recently, Guliyev et al. have considered the following
modified Morrey spaces LPA(R™) in [21].

Definition 3.1. Let1 < p < o0, 0 < A < mand [t]; = min{1,¢}. EP')‘(R") is defined as the set of
all functions f € L;"C(R”), with the finite norms

1 1/p
1= s (o] roray) &
B(x,t)

x€RM, 0 [t]{‘

Note that

LPAR") = PO(R") = LP(R"),
~ (3.2)
@G EYNLP®RY,  max{[|fllp 1 fllo )< 1l

and if A <0 or A > n, then LP(R") = LPA(R") = {0}.

In [21], the authors discussed the boundedness of maximal function in modified
Morrey spaces LP*(R") and obtained the following generalized Hardy-Littlewood-Sobolev
inequalities in modified Morrey spaces.

Theorem D. Let 0 < a <nand 0 < A <n-a. If1 < p < (n-\)/a, then condition a/n <
1/p-1/q < a/(n— 1) is necessary and sufficient for the boundedness of the operator I, from LP~(R")
to LA (R™).

We also can extend Theorem D to the multilinear case.
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Lemma3.2. Letp>1,0<A<nand1/p=1/p1+1/p>. If

A_h by L<n (3.3)
P P P2

then there exists a positive constant C such that

|M(f, &) ”iM(Rn) < C”f”IW(Rn) g||ipz~\(Rn)‘ (34)
Proof. When 1 < 6 < p, the following inequality:
IR (Msf (x))! x(x)dx < C, IR | f ()| My (x)dx (3.5)

holds, where M is the Hardy-littlewood maximal function and M5 f (x) = (M f 5)1/ 6(x).
Taking f € LPA(R"), 0 < A < n. Using the method in [21], we get 1M fllzpamny <
C”f”ip,A(Rny
Hence, with the same arguments in Lemma 2.1, we complete the proof of Lemma 3.2.
O

Theorem 3.3. Suppose 0 < a <n, Q € L*(S"™!) and let be homogeneous of degree zero on R", let p
be the harmonic mean of prand po, 1 <p <n/a,0 <A <n—-ap, s <pand A\/p = \i/p1 + X2/ p2,
0 < A1, Ay < n. Then the condition a/n < 1/p—1/q < a/(n — X) is necessary and sufficient for the
boundedness of Bg,q from LPiA1 (R™) x LPA2 (R™) to L4 (R™).

Proof. (1) Sufficiency. Let f € IPM1(R"), ¢ € L (R"), 0 = (n - as' + 1)/2, since s’ < p and
O<A<n-ap,wecangetA <o <n-as,(n-1)/p>a>(n-o0)/s’and A <n-((n-0)/s)p <
n—ap.

Do the same decomposition of Bg,(f, g)(x) in the proof of Theorem 2.2, then we only
need to estimate F,(f, g)(x). We can easily obtain

/ ) 1/s

£ (x-y)g' (x+)|

5 dy
lyl

o (n-0)/s'-n/p U
< >(2%) Ulyﬂk |7 (= v) Idy>

k=0

1/p2
x (J |87 (x = y)ldy>
|y|~e2k

I (n-0)/s'-n/p Ap
< (@S () (2], 1 M o
k=0

(3.6)

8 ” Ir22 (Rn)
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For0<e<1/2, we get

[log, (1/2¢)] < k) (n-0)/s'-n/p+)/p

i:<2k>(n_g)/s'—n/p[Ezk]j/p: Z eMr(o

k=0 k=0

. < ok (n-0)/s'-n/p (3.7)
k=[log,(1/2¢)]+1

< C(g*/” + £<n—a>/s’—n/p> < CeVr.

While € > 1/2, we obtain

i <2k>(n—0)/5’—n/p [SZk] i»/P _ i <2k> (n-0)/s'-n/p <C. (3.8)

k=0 k=0

Thus, we obtain

Fo(f,8)(x) < C&) 1P 1P| £l 1y oy 18 s gy

8172, (R"))

|Baa(f,2) ()| < ("M (f, 8) (%) + &P el " || f [0,
(3.9)

s Cmin{g“Ms, (f, g) (x) + Sa_n/p”f”ZmAl (R™) g”ZPZf“Z(R")’

g”f}’zr*z(Rn) }

"My (f,8)(x) + 5u7(n71)/p”f”iﬂlr*l (®7)

Set
)P/ (n—-1)

£= <Ms'(f/g)(x)_l”f”imr*l(]R") g”ir’zr*z(ﬂv) ’

(3.10)

p/n
g ” 22 (Rn)) s

e = (Mo (£, ) ) If N e

we have

|Ba(f, g) (x)]

1-pa/(n-\) 1-pa/n
< Crmin < M (f, 8)(x) > ’ < M; (f,8)(x) > ’
- ) ”f”i”l"*l(R") g“iszz(RW)

£ 1l (R") 8llzrn (Rn

< || Fll i (Rm) g"ZPZV"Z(R")
1-p/q

1-p/
i g”ipz,,\z (Rn)'

<C(Ms(£,8) ) NIl

(3.11)
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Hence, by the boundedness of M(f,g)(x) in Lemma 3.2, we prove that Bg, is
bounded from LPtA1 (R™) x LP>42(R") to L9 (R™).

(2) Necessity. Let 1 < p < n/a and f € LP*1 (R"), g € LP>*2(R"). Denote f;(x) =: f(tx),
gi(x) =: g(tx), and [t]; , = max{1,t}. Then from [21], we have

”ft”me Rr) = t_n/pl Al/plllf”m A1 (Rm)” ”gt”U"z Ao (Rr) T s (] AZ/PZ”]C”U’Z A2 (Rm)”

~a —a-n A/
Bou(fi, 81)(x) =t *Baa(f, g)(tx), ”BQa(ftfgf)”Lq\(Rn =t /q[t q”BQu(f g)”Lq\(R"

(3.12)
By the boundedness of Bg 4, we have
,)L/
1B ) sy = 0; NBea (fr ) s e
< Crenlay] _Mq||ft||m 1 e gt||Lpzxz(Rn) (3.13)

< Ctu+n/q—(n/p) [t]?/f_l/q”ft

” e gy 1| 8t ” Ip2 2 (R

If1/g>1/p—-a/(n— 1), thenin the caset — 0, forall f € Lpih (R™), g € Lp2 (R™),
we have [|Bo«(f, &) ll7s: @ny =0
If1/g<1/p—-a/(n-1), thenin the caset — oo, forall f € LPrA1(R™), g€ LrA2(R?),

we have ”BQ,a(frg)”Lq,/\(Rn) =0.
Therefora/n<1/p-1/qg<a/(n-14). O

4. The Boundedness of B, , on Generalized Center Morrey Space

Definition 4.1. Let ¢(r) be a positive measurable function on R, and 1 < p < co. We denote
by BP#(R") the generalized central Morrey space, the space of all functions f € L},"C(R") with
finite quasinorm

||f||Bp,({7(Rn) = SU(P))(P(T')_l|B(0,T)l_l/p”f”Lp(B(g,r))r (4])
>

where B(0,r) denotes a ball centered at 0 with side length r and |B(0,r)| is the Lebesgue
measure of the ball B(0, ).

According to this definition, we recover the spaces BP*(R") under the choice ¢(r) =
r™. About the BP*(R") space, the readers can refer to [22], In fact, we can easily check that
BPA(R™) is a Banach space, BP*(R") reduce to {0} when \ < —1/p, B»1/P)(R") = LP(R") and
BPO(R") = BP(R™).

There are many papers that discussed the conditions on ¢ to obtain the boundedness
of fractional integral on the generalized Morrey spaces, see [23, 24]. In [25] the following
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condition was imposed on the pair (¢, ¢):

< Coa(r) (4.2)

J‘°° ess infiscoo 1 (s)s™/P

, t"/‘f”

for the fractional integral I,, where 1/q =1/p —a/n and C (> 0) does not depend on r.

Theorem E (see [26]). The inequality

esssupw(t)Hg(t) < cesssup v(t)g(t) (4.3)
t>0 t>0

holds for all nonnegative and nonincreasing g on (0, oo) if and only if

t
A =sup w(t) f dr < oo, (4.4)
0 L Joesssup,  v(s)

and ¢ = A, where the H is the Hardy operator
1 t
Hg(t) := n f g(r)dr, 0<t<oo. (4.5)
0

In this section we are going to discuss the boundedness of Bq , on generalized central
Morrey space.

Lemma 4.2. Suppose 0 < a« < n, 1/p =1/p1 +1/p2,1/q = 1/p—a/n, and s > p', then for
1 < p <n/a, the inequality

| Bao(f, ) ||L4(B(0,r))

© / dt \P'P/(® / dt \"'"
<crn ([ WM ) (J, Nslon )
2r ad

(4.6)

holds for any ball B(0,r) and for all f € Ly*(R") and g € Ly (R™).

Proof. Let1l <p <n/a,1/p=1/p1+1/p2,1/q=1/p—-a/nand s > p'. For any r > 0, set
B = B(0,r), we write

f(x) = f(x)xs8(x) + f(x)x@B) (%) := f1(x) + f2(x),
g(x) = g(x) y3p(x) + g(x) x3B)c (%) := g1(x) + g2(%).

(4.7)

Hence

”BQr“(f’g)”Lq(B) S ”Bﬁrtx(flrgl)”m(B) + ”BQr“(fl'gZ)”Lq(B)

+ ”BQ/DC(fZ/gl)”La(B) + ”BQ/u(fZlgl)”La(B)'
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Since Bg 4 is bounded from L' x LP> to L9, we have

||BQr“(f1’g1>”L‘7(B) < ||B9r“<fl’gl)”Lﬂ(R") < Cllfull (R")

< C||f||Lm(3B) ”g”va(w),

8l (Rn)
(4.9)

where the constant C > 0 is independent of f and g.
To estimate Bg «(f1, §2), it follows that

o = || LB,

2/p x — e
< (JR |77 (2 - y)e(y) )dy>p/m ( f . i /|y( |<n:>/p)zi(y) | dy)

1/p } pipr
<([ 1 wlay) (] G- nlay)
B 4B
/
. J- |gP2/P(y)Q(x—y)|dy P
2B)° |y|("—a)P2/P
. . / © gt p/p
<commt (il [ o)
/p2
T b
p2/p - —
" <f(23)c|g (y)0(x y)| J‘|y| |t (r-p/pe dy>
n/pip'+n 1 * / —dt "
< Crp/pvsnplap <Lr ||f||gu’<g3(o,t>)tn/q+1>

(oo} jee)
(L]
2r 2r§|y|<t

wooe-a (7 fmre dt_\"'"
n-a
< Cr'/n <J‘2 ||f||Lm (B(0,4)) t"/q”)
r

© p2/p dt Pipe
X g '
J‘Zr || || L2 (BO)) |t|(n—a)p2/p+1*(fl/}7 )

e / dt \"'m
<c([ I o )

o p/p2
« |#|P/P) (n-a) I ”PZ/P dt
2r Sl o) |t (n=0p2/p+1=(n/¥)

a \""
P (y)Q(x - y) |dyW>
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o / dt \P'P
< C(I ”f“FL)]Pl fB(o,t)) tn/q+l>
2r

p/p
([ allien )
, 8 L2 (BO1) jyn/q+1 :

(4.10)
So
P/Pl o0 dt P/Pz
/ /
||B§za(f1,gz) ”Lq(B(o r) = < Cri/a (f ”f”rL);’l fB(o D) $(n/q) +1> (Lr ”gH’L’isz(OJ)) t(n/q)+1>
(4.11)

By the same estimating, we also can obtain

T T T A A
QalJ2:81) || LaBor)) = . LU (B(0.) ¢(n/q)+1 8l (BOH) (n/q)+1 ’
(4.12)

To estimate B «(f2, §2), we get

B (2 22)| = ‘ [ fx ek )ew)

| |na

(f 7 o] >/
"\

< |g;/”<x y>9<y>| >/

<f L ()2 =) y>”/’”
@By yl™*

< gm/r’<y>sz<x—y>|dy>”/“
@B’ ™"

p/p
o[, lrrwae-yl [ a)

(J..
(.

p/p2
ermaty)| [ ola)
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© Ao
<cC f j
2r J 2r<|y|<t
© oo
(L]
< 2r J 2r<|y|<t

p/p
([ 1mnzrs) ([ Moo s )
= . LP1(B(0,t)) i/ g+l . LP2(B(0,t)) |t|n/q+1

(4.13)

at \""
Prae-plats)

dt p/p2
g (y)Q(x - y)l‘@w)

Combining the above estimates, we end the proof of Lemma 4.2. O

Theorem 4.3. Suppose 0 <a<n, 1/p=1/p1+1/p2,1<p<n/a, 1/g=1/p—a/n,ands >p'.
If (¢1,v1) satisfies the condition

<o), (414)

’[w ess inft<s<oo(p’1’1/P(s)s"/P

, tn/q+1

and (o, v2) satisfies the condition

<o), (4.15)

© ess inft<5<oo(p§1/P(s)s"/P
i/ q+1

r

where the constant C > 0 does not depend on 1. Let ¢p = v1vs, then Bg o is bounded from BP/#1 x BP2#2
to B4,

Proof. By Theorem E and Lemma 4.2, we have

~ o) / At p/m
||Bg,a(f,g)||3q,w(Rn) < Csrliop(l’(r) 1<J; ||f||r[j”1€’B(0,t))W)

e , a \"'"
x (L ”82”?;2513(0,9) |t|n/q+1>

- , r/p
— -1/ pi/p
- Csup<v1(r) pi/p L [l (B(O,”/n))dt>

>0

ol ) p/p2
)/ p2/p
X (Vz(r) & pfo ”gZHLPz(B(O,H/"))dt>

B p/p
~ _a/n\ PP " pi/p
= Csup (3 (r ) " Ayt

r>0

smy-parp P2/p s
_ _ 2
X (W(T armyre pfo ”gz”LPz(B(O,t’q/"))dt)
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_ /Pl
~a/m\ PP g/ pi/p .
< Csup (o1 (o) " A )

r>0

. p/p2
—am\ PPy p2/p
X sup <‘P2 <r I ) ri p”g”Lpz(B(o,fq/n))

>0

S C”f”Bplf‘Pl(R") g”BPZf‘PZ(R")‘

(4.16)
O

Corollary 4.4. Suppose 0 < a <n,1/p=1/p1+1/p2, 1 <p<n/a,1/qg=1/p-a/n s>p,
M < —ap/np1, \a < —ap/npy, and A < Ay + Ay + a/n, then Bg , is bounded from BP1*\1 x B2 to
B,

Remark 4.5. Although we worked on the bilinear case. Applying same ideas in the argument,
we may obtain similar extension of Ig(f).
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It is well known that the gradient-projection algorithm (GPA) for solving constrained convex
minimization problems has been proven to have only weak convergence unless the underlying
Hilbert space is finite dimensional. In this paper, we introduce a new hybrid gradient-projection
algorithm for solving constrained convex minimization problems with generalized mixed
equilibrium problems in a real Hilbert space. It is proven that three sequences generated by this
algorithm converge strongly to the unique solution of some variational inequality, which is also
a common element of the set of solutions of a constrained convex minimization problem, the set
of solutions of a generalized mixed equilibrium problem, and the set of fixed points of a strict
pseudocontraction in a real Hilbert space.

1. Introduction

Let H be a real Hilbert space with inner product (:,-) and norm || - ||. Let C be a nonempty
closed convex subset of H and let Pc be the metric projection of H onto C. Recall that a
p-Lipschitz continuous mapping T : C — H is a mapping on C such that

ITx-Tyll <pllx-vll, vxyec, (1.1)

where p > 0 is a constant. In particular, if p € [0,1) then T is called a contraction on C; if p = 1
then T is called a nonexpansive mapping on C. A mapping A : C — H is called monotone if

(Ax - Ay,x-y) >0, VYx,yeC. (1.2)
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A mapping A : C — H is called a-inverse strongly monotone if there exists a constant a > 0
such that

(Ax - Ay, x - y) Za”Ax—Ay”z, Vx,y € C; (1.3)

see, for example, [1]. A self-mapping S : C — Cis called k-strictly pseudocontractive if there
exists a constant k € [0, 1) such that

|Sx = Sy||” < |x-y|* +k|(I - S)x - I -S)y||>, Vx,yeC; (1.4)

see, for example, [2]. In particular, if k = 0, then S reduces to a nonexpansive self-mapping
onC.
Consider the following constrained convex minimization problem:

minimize{ f(x) : x € C}, (1.5)

where f : C — R is a real-valued convex function. If f is (Frechet) differentiable, then
the gradient-projection method (for short, GPM) generates a sequence {x,} via the recursive
formula

Xne1 = Pe(xn = AV f(xy)), VYVn>0, (1.6)

or more generally,
Xpe1 = Po(xn = AuVf(xn)), Vn2>0, (1.7)

where in both (1.6) and (1.7), the initial guess xq is taken from C arbitrarily, the parameters,
A or A, are positive real numbers, and Pc is the metric projection from H onto C. The
convergence of the algorithms (1.6) and (1.7) depends on the behavior of the gradient V f. As
a matter of fact, it is known that if V f is strongly monotone and Lipschitzian; namely, there
are constants 7, L > 0 satisfying the properties

(V) =Vf(y),x-y)znllx-yl’, (1.8)
[Vf) -V )l <Llx-yl (19)

forall x,y € C, then, for 0 < A <27/ 12, the operator
T :=Pc(I-AVY) (1.10)

is a contraction; hence, the sequence {x,} defined by algorithm (1.6) converges in norm to
the unique solution of the minimization (1.5). More generally, if the sequence {1, } is chosen
to satisfy the property

2
0 < liminfl, < lim supl, < — (1.11)

n—oo L
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then the sequence {x,} defined by algorithm (1.7) converges in norm to the unique minimizer
of (1.5). However, if the gradient V f fails to be strongly monotone, the operator T defined in
(1.10) would fail to be contractive; consequently, the sequence {x,} generated by algorithm
(1.6) may fail to converge strongly (see Section 4 in Xu [3]). The following theorem states that
if the Lipschitz condition (1.9) holds, then the algorithms (1.6) and (1.7) can still converge in
the weak topology.

Theorem 1.1 (see [3, Theorem 3.2]). Assume the minimization (1.5) is consistent and let Q denote
its solution set. Assume the gradient V f satisfies the Lipschitz condition (1.9). Let the sequence of
parameters, { A, }, satisfy the condition

0 < liminfi, <limsupl, < % (1.12)

n— oo n—oo

Then the sequence {x,} generated by the gradient-projection algorithm (1.7) converges weakly to a
minimizer of (1.5).

From the above theorem, it is known that the gradient-projection algorithm has weak
convergence, in general, unless the underlying Hilbert space is finite dimensional. This gives
naturally rise to a question how to appropriately modify the gradient-projection algorithm so
as to have strong convergence. Xu [3] gave two such modifications, one of which is simply
a convex combination of a contraction with the point generated by the projected gradient
algorithm.

Theorem 1.2 (see [3, Theorem 5.2]). Assume the minimization (1.5) is consistent and let Q denote
its solution set. Assume the gradient V f satisfies the Lipschitz condition (1.9). Let Q : C — C be
a p-contraction with p € [0,1). Let a sequence {x,} be generated by the following hybrid gradient-
projection algorithm:

X1 = Xy Qxy + (1 — ay) Pe (= Ay V f (x4)), VYn>0. (1.13)

Assume the sequence {\,} satisfies the condition (1.12) and, in addition, the following conditions are
satisfied for {A,} and {a,} C [0, 1]:
(1) ay, — 0;

(i) X2 oty = o0;
(iii) ZZO:O a1 — an| < oo;
(iv) 2o [Ans1 = Al < oo,

Then the sequence {x,} converges in norm to a minimizer of (1.5) which is also the unique solution
of the variational inequality of finding x* € Q such that

(I-Q)x*,x-x")>0, VxeQ. (1.14)

In other words, x* is the unique fixed point of the contraction PoQ, x* = PoQx™.

On the other hand, Peng and Yao [4] recently introduced the following generalized
mixed equilibrium problem of finding x € C such that

O y)+¢(y) -9 +(Fx,y-x)>0, VyeC, (1.15)
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where F : C — H is a nonlinear mapping and ¢ : C — Risa functionand @ : CxC — R
is a bifunction. The set of solutions of problem (1.15) is denoted by GMEP. Subsequently, Yao
etal. [5] and Ceng and Yao [6] also considered problem (1.15).

The problem (1.15) is very general in the sense that it includes, as special cases, opti-
mization problems, variational inequalities, minimax problems, Nash equilibrium problems
in noncooperative games, and others; see, for example, [7-15]. Here some special cases of
problem (1.15) are stated as follows.

If F = 0, then problem (1.15) reduces to the following mixed equilibrium problem of
finding x € C such that

O(x,y) +o(y) —¢(x) 20, VyeC, (1.16)

which was considered by Ceng and Yao [7] and Bigi et al. [16]. Very recently, Peng [10]
further discussed this problem. The set of solutions of this problem is denoted by MEP.

If ¢ = 0, then problem (1.15) reduces to the following generalized equilibrium problem
of finding x € C such that

OF,y) + (FX,y-%) >0, YyeC, (1.17)

which was studied by S. Takahashi and W. Takahashi [8].
If p = 0and F = 0, then problem (1.15) reduces to the following equilibrium problem
of finding x € C such that

o(x,y) >0, VyeC. (1.18)

If© =0,¢ =0and F = A, then problem (1.15) reduces to the following classical
variational inequality of finding x € C such that

(A%,y-%)>0, VyeC, (1.19)

whose solution set is denoted by VI(C, A).

The variational inequalities have been extensively studied in the literature; see [14, 17—
27] and the references therein. In 2006, Nadezhkina and Takahashi [22, 25] and Zeng and
Yao [18] proposed some variants of Korpelevit’s extragradient method [17] for finding an
element of Fix(S) N VI(C, A), where S is a nonexpansive self-mapping on C.

Very recently, Peng [10] also introduced a variant of Korpelevit’s extragradient
method [17] for finding a common element of the set of solutions of a mixed equilibrium
problem, the set of fixed points of a strict pseudocontraction, and the set of solutions of a
variational inequality for a monotone, Lipschitz continuous mapping.

Theorem 1.3 (see [10, Theorem 3.1]). Let C be a nonempty closed convex subset of a real Hilbert
space H. Let © : C x C — R be a bifunction satisfying conditions (H1)-(H4) and ¢ : C — Ra
lower semicontinuous and convex function with assumptions (A1) or (A2), where

(H1) ©(x,x) =0, forall x € C;

(H2) © is monotone, that is, ©(x,y) + O(y, x) <0, forall x,y € C;
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(H3) for each y € C, x — O(x, y) is weakly upper semicontinuous;
(H4) for each x € C, y — ©O(x, y) is convex and lower semicontinuous;

(A1) for each x € H and r > 0, there exists a bounded subset D, C C and y, € C such that for
any z € C\ Dy,

O(z,yx) +9(yx) — 9(z) + %(yx—z,z—x> <0; (1.20)

(A2) C is a bounded set.

Let A : C — H be a monotone and L-Lipschitz-continuous mapping and S : C — C be a k-strict
pseudocontraction for some 0 < k < 1 such that Fix(S) N VI(C, A) N MEP #@. For given xo € H
arbitrarily, let {x,}, {t.}, {yn}, {un}, {zn]) be sequences generated by

1
O(tn,y) +9(y) — o(t,) + r—(y —tytn—x,) 20, VyeC,

Yn = PC(tn - -)‘nAtn)/
uy, = Pc (tn - -’lnAyn)/
Zp = anuy + (1 — a,)Suy,, (1.21)

Co={z€C:llzn -2l < lxw = 217 = (1= ) (@0 = &)t = Stall”},

Qu={z€eH:{(x,—z,x—x,) >0},

Xni1 = Pc,ng,x, Vn>0.

Assume that {A,} C [a,b] for some a,b € (0,1/L), {a,} C [c,d] for some c,d € (k,1) and let
{rn} C (0, 00) satisfy liminf, o1, > 0. Then, {x,}, {tx}, {yn}, {tn}, {zn} converge strongly to
w = Prix(5)nv1(C,A)"MEPX.

Furthermore, related iterative methods for solving fixed point problems, variational
inequalities, equilibrium problems, and optimization problems can be foundin [1, 2, 6,11, 13-
16,19, 20, 24, 26-35].

In this paper, let C be a nonempty closed convex subset of a real Hilbert space H.
Let © : C x C — R be a bifunction satisfying conditions (H1)-(H4) and ¢ : C — R
a lower semicontinuous and convex function with assumptions (Al) or (A2). Suppose
the minimization (1.5) is consistent and let Q denote its solution set. Let the gradient
Vf be L-Lipschitzian with constant L > 0 and F : C — H be an a-inverse strongly
monotone mapping. Let S : C — C be a k-strictly pseudocontractive mapping such that
Fix(S)NQNGMEP #0.Let Q : C — C be a p-contraction with p € [0,1/2). For given x( € C
arbitrarily, let the sequences {x,}, {y,} and {z,} be generated iteratively by

O(zn,y) +9(y) — @(zn) + (Fxp, vy — zn) + %(y —Zn,Zn—Xn) 20, VyeC,

Yn = a,Qx, + (1- an)PC(Zn - )‘nvf(zn))/
Xn+l = ,Bn-xn + YnPC(Zn - -)anf(zn)) + 6n5yn/ Vn >0,

(1.22)
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where {1,} € (0,2/L], {rn} C (0,2a] and {a,}, {Bn}, {yn}, {6x} are four sequences in [0, 1]
such that g, + v, + 6, = 1 for all n > 0. It is proven that under very mild conditions, the
sequences {x,}, {y»} and {z,} converge strongly to the unique solution of the variational
inequality of finding x* € Fix(S) N Q N GMEP such that

((I-Q)x*,x—x*)>0, VxeFix(S)nQNGMEP. (1.23)

*

In other words, x* is the unique fixed point of the contraction Prixs)nencmerQ, x* =
Prix(s)nancmerQx*. The result presented in this paper generalizes and improves some well-
known results in the literature. Indeed, compared with some well-known results in the
literature, our result improves and extends them in the following aspects.

(i) Compared with Xu [3, Theorem 3.2], a weak convergence result, our result is a
strong convergence result.

(ii) Our problem of finding an element of Fix(S) N € N GMEP is more general than the
problem of finding an element of Fix(S) N VI(C, A) in [14, 18, 22, 23, 25].

(iii) In our algorithm (1.22), Xu’s modified gradient-projection algorithm in [3, Theorem
5.2] is rewritten as the second iteration step

Yn = 0,Qxy + (1 = ay) Pc(zn — 1uV £ (24)). (1.24)

Here the main purpose of the reason why we use such an iteration step is to play a
convenience and efficiency role in the computation of an element of Q. Therefore,
Xu’s algorithm (1.13) is extended to develop our algorithm (1.22).

(iv) Our problem of finding an element of Fix(S) N & N GMEP is more general than the
problem of finding an element of Q in Xu [3]. In addition, it is worth pointing out
that Xu’s conditions X7 |an+1 — @n| < oo and X7 [Aus1 — An| < oo in the above
Theorem 1.2 are replaced by the weaker conditions lim,_, o (a, — an1) = 0 and
lim, (A, — Ai1) = 0 in our result (see Theorem 3.2 in Section 3).

2. Preliminaries

Let H be a real Hilbert space with inner product (:,-) and norm || - || and C a nonempty closed
convex subset of H. We write — to indicate that the sequence {x,} converges strongly to x
and — to indicate that the sequence {x,} converges weakly to x. Moreover, we use wy,(x,) to
denote the weak w-limit set of the sequence {x,}, that is,

W (xy) = {x : x,, = x for some subsequence {x,,} of {x,}}. (2.1)
For every point x € H, there exists a unique nearest point in C, denoted by Pcx, such
that

llx = Pex|| < ||lx -y

, VxeC (22)

Pc is called the metric projection of H onto C. We know that Pc is a firmly nonexpansive
mapping of H onto C; that is, there holds the following relation:

>, Vx,yeH. (2.3)

(Pcx = Pcy,x-y) > ||Pcx — Pcy
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Consequently, Pc is nonexpansive and monotone. It is also known that Pc is characterized by
the following properties: Pcx € C and

(x = Pcx,Pex—y) >0, (2.4)

[l = y|I* > llx - Pex|* + ||y - Pex]||”, (2.5)

forall x € H, y € C; see [36] for more details. Let A : C — H be a monotone mapping. In
the context of the variational inequality, this implies that

x € VI(C,A) = x = Pc(x - AAx) VA>0. (2.6)

A set-valued mapping T : H — 2! is called monotone if for all x,y € H, f € Tx and
g € Ty imply (f - g,x —y) > 0. A monotone mapping T : H — 2H is called maximal if
its graph G(T) is not properly contained in the graph of any other monotone mapping. It is
known that a monotone mapping T is maximal if and only if for (x, f) € HxH, (f-g,x-y) >
0 for every (v, g) € G(T) implies f € Tx.

Let A: C — H be a monotone, k-Lipschitz-continuous mapping and let Ncv be the
normal cone to C at v € C, thatis, Ncv = {w € H : (v—u,w) >0, for all u € C}. Define

To < Av + Nco, %f veC, 27)
@, ifvé¢C.

Then, T is maximal monotone and 0 € Tv if and only if v € VI(C, A); see [37].
Recall that a mapping S : C — C is called a strict pseudocontraction if there exists a
constant 0 < k < 1 such that

Sx = Syll> < lx-yl* + k|| T -S)x - T -S)y|>, vxyeC. (2.8)

In this case, we also say that S is a k-strict pseudocontraction. A mapping A : C — H is
called a-inverse strongly monotone if there exists a constant & > 0 such that

(Ax - Ay, x - y) > a|Ax - Ay|]’, Vx,yeC. (2.9)

It is obvious that any a-inverse strongly monotone mapping is Lipschitz continuous. Mean-
time, observe that (2.8) is equivalent to

1-k
(sx-Syx-y) < x-ylF - SENa-S)x - -5y, vryec  @1w0)

It is easy to see that if S is a k-strictly pseudocontractive mapping, then I — S is ((1 - k)/2)-
inverse strongly monotone and hence (2/(1 — k))-Lipschitz continuous. Thus, S is Lipschitz
continuous with constant (1 + k) /(1 — k). We denote by Fix(S) the set of fixed points of S. It
is clear that the class of strict pseudocontractions strictly includes the one of nonexpansive
mappings which are mappings S : C — C such that ||Sx - Sy|| < |[x — y|| forall x, y € C.
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In order to prove our main result in the next section, we need the following lemmas
and propositions.

Lemma 2.1 (see [7]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let © : C x
C — Rbea bifunction satisfying conditions (H1)-(H4) and let ¢ : C — R be a lower semicontinuous

and convex function. For r > 0 and x € H, define a mapping T,(@”‘”) :H — Cas follows:
Tr(@,tp)(x) = {z €C:0(z,y)+o(y) —¢(z) + %(y -z,z-x)>0,Vy e C} (2.11)

forall x € H. Assume that either (A1) or (A2) holds. Then the following conclusions hold:

(1) Tr(e’(”) (x) #0 for each x € H and Tr(e’(") is single-valued;

(ii) %% is firmly nonexpansive, that is, for any x,y € H,

2
T -y | < (1% - Ty, x -y ); 2.12)

(iii) Fix(T,°?) = MEP(O, ¢);
(iv) MEP(©, ¢) is closed and convex.

Remark 2.2. If ¢ = 0, then T,(e’(‘u) is rewritten as T?.
The following lemma is an immediate consequence of an inner product.

Lemma 2.3. In a real Hilbert space H, there holds the inequality

lx+y|)> < lxI? +2(y, x +y), Vx,y€H. (2.13)

Proposition 2.4 (see [6, Proposition 2.1]). Let C, H, ©, ¢, and Tr(e’(”) be as in Lemma 2.1. Then
the following relation holds:

2 s—t
LT < = (1P - 1/, 1O x - x) (2.14)

forall s,t >0and x € H.

Recall that S : C — C s called a quasi-strict pseudocontraction if the fixed point set of
S, Fix(S), is nonempty and if there exists a constant 0 < k < 1 such that

ISx=p|* < |lx=p|* + kllx - Sx|* Vx € C, p € Fix(S). (2.15)

We also say that S is a k-quasi-strict pseudocontraction if condition (2.15) holds.

Proposition 2.5 (see [2, Proposition 2.1]). Assume C is a nonempty closed convex subset of a real
Hilbert space H and let S : C — C be a self-mapping on C.
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(i) If S is a k-strict pseudocontraction, then S satisfies the Lipschitz condition

1+k
||Sx—Sy||SlJ_r—k||x—y, Vx,y € C. (2.16)

(ii) If S is a k-strict pseudocontraction, then the mapping I — S is demiclosed (at 0). That is, if
{xn} is a sequence in C such that x,, — X and (I — S)x, — 0, then (I — S)X = 0, that is,
x € Fix(S).

(iii) If S is a k-quasi-strict pseudocontraction, then the fixed point set Fix(S) of S is closed and
convex so that the projection Prix(s) is well defined.

The following lemma was proved by Suzuki [30].

Lemma 2.6 (see [30]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {f,} be
a sequence in [0,1] with 0 < liminf, _, B, <limsup, ., Bn < 1. Suppose xps1 = (1= Pn)Yn + PnXn
for all integers n > 0 and limsup, ___ (11 = Yall = [Xus1 ~xall) < 0. Then, limy o[y — xall = 0.

Lemma 2.7 (see [34]). Let {a,} be a sequence of nonnegative numbers satisfying the condition

ans1 < (1 -06y)ay + 6,0, Vn2>0, (2.17)

where {6, }, {0y} are sequences of real numbers such that

(i) {60} € [0,1] and 357, 64 = oo, or equivalently,

ﬁ(l—én) ~ lim 11[(1-5,-) _0; (218)
n= j=

(i) limsup, , 0, <0, 0r,

(iil) 2y 640y is convergent.
Then lim,, _, xa, = 0.
3. Strong Convergence Theorem
In order to prove our main result, we shall need the following lemma given in [21].

Lemma 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S : C — C
be a k-strictly pseudocontractive mapping. Let y and & be two nonnegative real numbers. Assume
(y +6)k <y. Then

ly(x-y) +6(Sx-Sy)| < (y +6)|lx-yll, Vx-yeC 3.1)

We are now in a position to state and prove our main result.

Theorem 3.2. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let © :
C x C — R be a bifunction satisfying conditions (H1)-(H4) and ¢ : C — R a lower semicontinuous
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and convex function with assumptions (A1) or (A2). Suppose the minimization (1.5) is consistent
and let Q denote its solution set. Assume the gradient V f is L-Lipschitzian with constant L > 0
and F : C — H is an a-inverse strongly monotone mapping. Let S : C — C be a k-strictly
pseudocontractive mapping such that Fix(S) N Q N GMEP #0. Let Q : C — C be a p-contraction
with p € [0,1/2). For given xy € C arbitrarily, let the sequences {x,}, {y,}, and {z,} be generated
iteratively by

O(zn,y) +9(y) — @(zn) + (FXp, y — z) + Tl(y —Zn,Zn—Xxn) 20, YyeC,

Yn = anQxp + (1-an)Pc (Zn - )tnvf(zn))/
Xn+l = ﬁnxn + YnPC (Zn - )‘nvf(zn)) + GnSyn/ Vn >0,

(3.2)

where {A,} € (0,2/L], {rn} C (0,2a], and {a,}, {Bn}, {yn}, {6a} are four sequences in [0,1] such
that

(i) 0 < liminf, A, <limsup, | A, <2/Land lim, Ay = Aps1) = 0;
(ii) 0 < liminf, ., 1, <limsup, | 7, < 2a and lim, _, (1, — 7p41) = 0;
(iii) Bu + yn + 60 = Land (yn + 60)k < yn < (1 = 2p)6,, forall n > 0;
(iv) limy, o, = 0and X5 ay = o0;

(v) 0 <liminf, ., ,f, <limsup, , p, <1andliminf,_, 6, >0;
)

(vi) limy, - o0 (a1 /(1 = Prs1) = Yu/ (1 = Bn)) = 0.

Then the sequences {x,}, {yn}, and {z,} converge strongly to the unique solution of the variational
inequality of finding x* € Fix(S) N & N GMEP such that

(I-Q)x*,x—x")>0, VxeFix(S)NnQNGMEP. (3.3)
In other words, x* is the unique fixed point of the contraction Prixs)nencmerQ, x* =
Prix(s)nonGMEPQX™.
Proof. First it is obvious that there hold the following assertions:

(a) x* € C solves the minimization (1.5);

(b) x* solves the fixed point equation

x* = Pc(I-AVf)x?, (3.4)

where A > 0 is any fixed positive number;

(c) x* solves the variational inequality of finding x* € C such that

(Vf(x*),x—x*)>0, VxeC, (3.5)

where its solution set is denoted by VI(C, V f).
We divide the proof into several steps.

Step 1. We claim that lim,, _, oo || X1 — x| = 0.
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Indeed, first, we can write (3.2) as xp+1 = Bnxn + (1 — Bu)uy, for all n > 0, where u,, =
(xp41 = Puxn) /(1 = By). It follows that

Xn+2 — ﬁn+1xn+l Xn+l — ﬁnxn

S R B
_ Yn+1PC(Zn+1 - )Ln+lvf(zn+1)) + 6n+1syn+1 B YnPC (Zn - )anf(zn» + 6nsyn
1- ,Bn+1 1- ﬂ"
_ Y1 [PC (Zn+1 = At vf(zn+1)) - Pc (Zn - An Vf(Zn))] +0Opi1 (S]/n+1 - S]/n)
1- ﬂn+1
Yn+1 Yn On+1 On >
+ - Pc(z, - A, Vf(z,)) + - Sy,.
<1_ﬂn+1 1_,611) C(Z f(z )) <1_,6n+1 1_ﬂn 4

(3.6)
From Lemma 3.1 and (3.2), we get

| yne1 [P (zner = Med Vf (2041)) = Po (20 = MV f (20))] + 6541 (SYne1 — Sy ||
< |lyne1 (Yns1 = Yn) + 601 (SYna1 — Sym) ||
+ Yus1|| [Pc(zns1 = A1V f(Zn41)) = Ynsa] + [Yn = Pe (20 = 4aV f(z0))] || (3.7)
< (Yns1 + 6ni1) || Vi1 = Y| + Y1 @i || Qxns1 = Pe(znin = Mua Vf (zwnr)) ||
+ Yns10n | Qxn = P (20 = AV £ (z0)) |-
Let {T,(n@"‘a)} be a sequence of mappings defined as in Lemma 2.1. Note that the L-Lipschitz
continuity of V f implies that the gradient V f is (1/L)-ism [31]. Since V f and F are (1/L)-

inverse strongly monotone mapping and a-inverse strongly monotone mapping, respectively,
then we have

1T = AV fx = (1 - AV fy |
= llx =yl -2V (x) = VF (), x = y) + P V£ () - V@)
<=l o1 (1-2)Ivs - vl Y
1t = pF)x = (I = pF)y || < |x = y||” + (- 20) | Fx = Fy||*.

Itis clear thatif 0 < A <2/Land 0 < u < 2a, then (I - AV f) and (I — puF) are nonexpansive. It
follows from that
”PC (Zn+1 - J\n+1vf(zn+1)) - Pc (Zn - )anf(zn)) ”
< ||Zn+1 - )‘n+1vf(zn+l) - (Zn - )‘nvf(zn)) ”
< ”Zn+1 - )‘n+1vf(zn+l) - (Zn - )‘n+1vf(zn))” + |/\n+1 - An”lvf(zn)”
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<lzne1 = znll + A1 — )tn|||Vf(Z,,)||

(SX (SX
= 799 (1 = s Ftnar) = TP (300 = ruF ) || + s = Al |V £ (z0) |
o, (SX
< Tr(,,ﬂtp) (xn+1 — T FXp1) — Trg,,ﬂtp) (xn —r,Fxy,)
O, O,
+ | TS99 (x, = ruFx) = T (st = raF ) || + 1At = Ll |V (z0)|

< ||(xn+1 - rn+1Fxn+1) - (xn - rann)”

O, O,
T( (P)(xn — 1, Fxy) - Tr(n (P)(xn — 1 Fxp)

Tn+1

+ + M1 = Al [V f (z0) ||

< epar = T Fxpan) = (X = 11 Fxn) || + |71 = 7| || F X |

T(@’(”)

Tn+1

. _gon

(xy = 1ruFxy) (xy = 1ruFxy)

+ A1 — )Ln|||vf(zn)”

o, O,
T( g (X — 1 Fxy) = Tr(,, ? (xp — 1 Fxy)

Tn+1

< ||xn+l - xn” +

+ |ne1 = TalllFxul + [An — )tn|||vf(zn)”

(3.9)
Then,
[EZ=
< ”PC (Zn+1 - )ln+1vf(zn+l)) - PC(Zn - )lnvf(zn)) ”
+ A1 ”an+1 - PC<Zn+1 - )‘n+1vf(zn+l)) ” + an”an - Pc (Zn - )‘nvf(zn)) ”
< Hlxpar — x| + Tr(,irtp)(xn - 1.Fx,) - Tr(:a,lp) (xn — 1 Fxy)
+ |rn+1 - rn”lFxn” + |-)‘n+1 - An”lvf(zn)”
+ an”an - Pc (zn - /\nvf(zn)) ” + Ayl ”an+1 - Pc (Zn+1 - -)Ln+1vf(zn+1)) ”
(3.10)
So, from (3.6), (3.7), and (3.10), we have
i1 = tenll <[22 = x| + (1 +3 f"; 1)an||an = Pc(zn = 4uV f (za)) ||
n+
+ (1 + Yl >“n+1 ”an+1 - Pc (Zn+1 = Ans1 Vf(zm—l)) ”
1- ﬂn+1
Yn+1 _ Yn _ (311)
T e ((LICEPRER YA )
+ Tr(,?{(p)(xn —1nFxy) - Tr(?,(p)(xn — 1, Fxy)

+ [Ts1 = Tull|Fxal| + [ A1 — )‘nlnvf(zn)”
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Utilizing Proposition 2.4 and condition (ii), we have

lim T (x, = raFxy) = TP (20 — ruFax) || = 0. (3.12)
This implies that
tim sup (fttns1 = ]| = 111 = xall) < 0. (3.13)
Hence by Lemma 2.6, we get lim,, _, - ||, — x,,|| = 0. Consequently,
Jim s =l = Jim (1= ) e = ) = 0 (314)

Step 2. We claim that lim, _, ||V f(z,) = V f(x*)|| = 0 and lim,, _, - || Fx, — Fx*|| = 0.
Indeed, let x* € Fix(S) N Q N GMEP. Then we have x* = Sx*, x* = Pc(x* — 1,V f(x*))
and

x* =T (x* - r,Fx"). (3.15)
Hence from (3.8), we have
1Pe (20 = 1V f(za)) = Pe(x" = 1V F N |* < (|20 = 1V f () = (" = 1V F )
R It | \Z{COELERT @
(3.16)

2
llzn = x"||° =

(G‘P (xp =1y Fxy) — @‘P)( -1y Fx* )”
<|[(xtn = raF2xy) = (x* = 1, Fx") |

< % = x*|* + 1 (r — 2a) || Fx, — Fc*||*.

(3.17)
It follows from (3.2), (3.16), and (3.17) that
[y = 2 ||* < (1= @) | Pe(zn = 1V £ (z0)) = Pelx™ = 1V £ () || + | Qaen — x*[
< apl|Qxn = x°|I* + |20 = x| + Ay (A - —) IV £ (z0) = V£ () ||
(3.18)

2 2 2
< anl|Qxn = X7 + [lxtn = X¥||° + 7 (70 = 20) | Foxn — FX7|

“ (x - —)IIVf(zn) ~VFE]P
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Utilizing the convexity of || - ||, we have

2
[l = x|

2

ﬁn(xn -x*)+(1- ﬁn)l_l—ﬁn[}fn(PC(zn - )‘nvf(zn)) -x") + 6n(Syn -x")]

2
< ﬂn“xn - x*“2 + (1 - .Bn) 1 Znﬂn (PC(Zn - Aan(zn)) _ x*) 4 : fnﬂn (S]/n 3 x*)
— ¥ ok )
= uloin = x|+ (1= o) | LA OB =) O (2, 1,7 (2) - Q)
1-pn -
* ok 2
< Bl — 2+ (1 gy || 2= )1+_<;n(5yn s e

< Bullxtn = |2+ (1= Bo) |yn — x*||* + Max,,,

(3.19)
where M > 0 is some appropriate constant. So, from (3.18) and (3.19), it follows that
[E x*”2 < lxn = x*”z + 1 (rn — 2a) (1 - ﬁn)“Fxn - FX*HZ
) e ;. (3.20)
+ A <xn - E) (1=B)IVF () = VP + (M +11Qx, = 21 ) .
Therefore,
2 . x
0(F =00 ) (U= BV FGza) = VA 1 2= 1) (1 B2) [P~ F P
< 1t = %" = s = x° I + (M + 11Qxn = x°II ) (3.21)

< (e = 2l + ener = %" Dl = el + (M + 11Qx, = 1) .

Since liminf, _, oA, (2/L — A,)(1 = B,) > 0, liminf, _, o7, (2 = 1,) (1 = B) >0, ||y — Xps1|| — O
and a,, — 0, we have

1im ||V (z) = VF()| =0, lim ||Fx, — Fx'[| = 0. (3.22)

Step 3. We claim that lim, —, oo ||Sy» — Y|l = 0.
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Indeed, set v, = Pc(zy — AyV f(2,)). Noticing the firm nonexpansivity of T ¥, we
have

2
llzn — x|l

o, 0,0) / « o |12
T (= 1) = T (= 1 Fc') |

< {(x, —1,Fx,) — (x* —r,Fx*), z, — x*)

1 * * * * * *
= 5 (lltn = = ru(Fx = Fx) |+ [z = 21 = 16 = ) = 7 (Fxn = Fx*) = (20 = x|

1 v *(|2 *\ 12
< 5 (llen = I+ N1z = 21 = (6 = za) = 1l Fa = Fx)I)
_ 1 *)(2 *(2 2 * 2 *112
= 5 (It = 21+ Wz = 1P = [ = Zall? + 20 = 20, Ft = Fx') = 12| Fa = F'I1),
(3.23)
[0, = x*|1°
= ||Pc(zn = AaV £(24)) = Pe(x* = LV £ (x) ||
<(zn = MV f(zn) = (X = X,V f(x*)), 0 — x*)
1 * * *
= 5 (20 = 1V f(z0) = (" = 2V F D + llow = x°IF
_”Zn - /\nvf(zn) - (x* - )lnvf(x*)) - (vn - x*) ”2) (3.24)
1 * *
< 5 (llzn = xIF + llow =21 = |z = 0l
20V f (20) = VF ("), 20 = 0) = 22|V f(z0) = V()|
1 * * *
< 5 (Il = xIP + o = 2" 1 = l120 = 0all® + 20(V f (20) = V£ (x"), 20 = ).

Thus, we have

1z = x*|* < |2 = x*|1* = [|1X0 = Zal* + 270 (X — Zu, Fxp — Fx*) = 72||Fx, — Fx*|?,  (3.25)

lon = x*|1 < {260 = X*I1° = |20 = ©all® + 240 ||V f (z0) = V£ () || 120 = 0nll- (3.26)

It follows that

2
”yn - x*” < an”an - x*llz +(1- “n)”vn - X*”z
2 2
< || Qxy — X7 + [lon — X7

< an]| Q= X2 + 10 = XN = 120 = Oul? + 240 ||V £ (20) = VF () |12 = ©nll-
(3.27)
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From (3.18), (3.19), and (3.25), we have
1% = x*12 < Bulloen = x*|* + (1 = Bu) al|Qxn = X°[* + (1= Bo) 120 = x°|I* + Mar,
< e = %[ = (1= Bu) 1200 = Zall® +2(1 = Bu)ulltn = zulll Fx = Fx*|| (3.28)
+ (M +1Quxy = x|t
It follows that

(1= )l = 2l < (Uen = 1+ s = Dl =l + (M o+ 1Qx = [y 529

+2(1= B)ralln = Zalll Fx = F.
Note that ||xp+1 —x4|| = 0, &, — 0and ||[Fx, — Fx*|| — 0. Then we immediately deduce that
im [l =z, = 0. (3.30)
From (3.19) and (3.27), we have

1241 — x*llz <l — x*“2 - (1 - ﬂn)“zn - Un||2
(3.31)
+ 20, (1= )|V F(z0) = VF ) [z = 0all + (M + Qs = | )t

So, we obtain

(1= Bu)llzn = vall* < (%0 = x|+ lxme1 = ¥ [12041 = X

(M +1Qx = x I ) + 20, (1= B) |V £ (20) = V£ () |12 = 0l
(3.32)

Note that ||x+1 — x4]| — 0, @y — 0and [|[Vf(z,) — Vf(x*)]| — 0. Then we immediately
conclude that

lim ||z, — v, = 0. (3.33)
This together with ||y, — v,|| < a,[|Qx,, — v,|| — 0, implies that

lim ||z, = yn| = 0. (3.34)
Thus, from (3.30) and (3.34), we deduce that

lim ||x, — ya|| = 0. (3.35)

n— oo
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Since

||6n(syn - xn) ” < lxns1 = xall + Yn”PC (Zn - -)anf(zn)) - xn”

(3.36)
< ||xn+1 - xn” + Yn”yn - xn” + Ynan”an - PC (Zn - /\an(Zn)) ”
Therefore,
lim [|Syn —xu|| =0, lim [[Syn — || = 0. (3.37)

Step 4. We claim that limsup,, _, (Qx* - x*, x,, — x*) <0 where x* = Prix(s)nancmerQX*.
Indeed, since {x,} is bounded, there exists a subsequence {x,,} of {x,} such that x,, —
u and

lim sup(Qx* — x*, x, — x*) = im (Qx™ — x*, xp,, — x*) = (Qx* — x*, u — x*). (3.38)

n—oo

We can obtain that u € Fix(S) N Q N GMEP. First, we show u € Q (= VI(C, Vf)). Since
X, —z, — 0and v, — z, — 0, we conclude that z,, — u and v,, — u. Let

Tv:{Vf(v)+ch, ifv eC, (3.39)

0, ifoéC,

where N¢v is the normal cone to C at v € C. We have already mentioned that in this case,
the mapping T is maximal monotone, and 0 € Tv if and only if v € VI(C, V f) (= Q); see [37].
Let G(T') be the graph of T and let (v, w) € G(T). Then, we have w € Tv = V f(v) + Ncv and
hence w - V f(v) € Ncv. So, we have (v —t,w — Vf(v)) >0 forall t € C. On the other hand,
from v, = Pc(z, — 1,V f(z,)) and v € C, we have

(zn = MV f(zn) —Vn, v —v) 20 (3.40)

and hence

<v — vy, U"; Zn oy Vf(zn)> > 0. (3.41)

From (v —-t,w—-Vf(v)) >0forallt € C and v,, € C, we have

(v — vy, w)

> (0~ ,, Vf(2))

> (v -0y, Vf(v)) - <v — Uy, v"");zni + Vf(zni)>

i

= (0= On, VF(0) =V f(0n)) + (0 = 00, T f (00) = V[ (20)) — <v ~ o,

Un,

2 <U ~ Unis Vf(v"i) - vf(z‘rli)> B <U ~ Onis l); - >

i
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Hence, we obtain (v — u,w) > 0asi — oo. Since T is maximal monotone, we have u € T~'0
and hence u € VI(C, Vf) (= Q).

Secondly, let us show u € Fix(S). Since x,—y, — 0and x,, — u, wehave y,, — u. Also,
since y, — Sy, — 0, it follows that y,,, — Sy,, — 0asi — oo.So, in terms of Proposition 2.5(ii)
we obtain u € Fix(S).

Next, let us show u € GMEP. From z,, = Tr(?"’]) (x5, — ryFx,), we know that

O(zn,y) +9(y) — @(zn) + (FXp, y — zn) + %(y —Zn,Zn—Xn) 20, VyeC. (3.43)
From (H2), it follows that
1
0(y) = @(zn) + (FXp, y — z) + T—(y —Zn, Zn — Xn) 2 O(y,24), VyeC. (3.44)

Replacing n by n;, we have

Zy, — X,

@(y) = ¢(zn) + (FXn,, Y = 2Zn,) + <y - Zn > >0(y,zn), VYyeC. (3.45)

n;

Put z; = sy + (1 —s)u for all s € (0,1] and y € C. Then, we have z; € C. So, from (3.45), we
have

(Zs - Zni/FZs> > <Zs - ZnuFZs> - (P(zs) + ‘/’(Zni) - <Zs — Zn, Fxn,-)

Zn. — X,
- <ZS = Zny, — : > +O(zs, Zn;)
Tn;

(3.46)
=(2Zs— Zn, Fzs = Fzp,) + (25 — Zn;, F2n, — FXy,) — p(25) + 0(21,)

Zp — X,
- <ZS = Znys lr 1 > +O(zs, Z,;).

ni

Since ||zy,—xn,|| — 0, wehave ||Fz,,—Fx,,|| — 0.Further, from the monotonicity of F, we have
(2zs—2zn,, Fzs—Fz,,) > 0.50, from (H4), the weakly lower semicontinuity of ¢, (z,,—Xy,)/tn, —
0 and z,, — u, we have

(25 — zn, Fzs) > —p(25) + (u) + O(z,,u), (3.47)
asi — oo. From (H1), (H4), and (3.47), we also have

0 =0O(zs, z5) + (25) + (25)
< 80(zs,y) + (1-8)O(zs,u) + 5p(y) + (1 = s)ep(u) — ¢p(25)
=5[0(zs,¥) + 9(¥) — @(z5)] + (1= 5) [O(zs,u) + (1) - ¢(z5)] (3.48)
<s[0(zs,y) +9(y) —9(zs)] + (1 -5)(zs —u, Fz,)
=5[0(z5,y) +9(y) - p(z5)] + (1 - 8)s(y —u, Fz),
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and hence
0<0O(zs,y) +9(y) —(zs) + (1 - s)(y —u, Fz,). (3.49)
Letting s — 0, we have, for each y € C,
0<O(wy) +9(y) —pw) +(y - u, Fu). (3.50)

This shows that u € GMEP. Therefore, u € Fix(S) N Q N GMEP. Hence, it follows from (2.4)
that

limsup(Qx* — x*,x, — x*) = Im (Qx* — x*, x,, —x*) = (Qx" —x", u —x*) <0. (3.51)

n— oo

Step 5. We claim that lim,, _, .- ||x, — x*|| = 0.
Indeed, from (3.2) and the convexity of || - ||, we have

21 — x|
= ”ﬂn(xn -x") + Yn(yn -x) + 6n(5yn -x") + Yn“n(PC(Zn - )‘nvf(zn)) - an)||2

< |1Ban = x) + ¥ (Y = %) + 64 (S — x*) ||

+ 2Yuttn(Pe (2 = AV f(22)) = QX X1 = x7) (352)

2

1
m[Yn(yn —-x*) + 6n(5yn - x%)]

+ 2000 (Pe (20 — MaV £ (2)) = X, X1 — XY + 2y (X* = Qxp, X1 — X7).

< Ballxn = x| + (1= Pu)

Utilizing Lemma 3.1, we get from (3.52)

st = x|
< Pulltn =217 + (1= Bu) g = [+ 21ctul| Pe (zn = MV £ (2)) = " [[1tss = 7
+ 2Yn (X — Qxy, X1 — X¥)
< Pl =P+ (1= o) [(1 = ) 120 = I + 2 (Qxs = X,y = )]

+ 2Ynn ||z — X ||| 201 — X + 2y (X — Qxp, Xy — X7).
(3.53)
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From (3.17), we note that ||z, — x*|| < ||x, — x*||. Hence we have

21 — x>
< Bulloen = X7+ (1= Bu) (1= @) o0 = |7 + 2 (1 = B) (Q2n = x*, Y — x7)
+ 2 nn |y — X ||| Xpe1 — XT|| + 2yn@n (X" — Qxp, Xpps1 — X¥)
< [1= (1= Bu)an] l1xn — X" |7 + 2000 (QXn — X", Y — X1 )
+ 20,6, (Qxn — X, Y — XY + 2 Y[l — x*||[| X041 — 7|
< 1= (1= Bu)an] lxn = xIP + 200yl Qxn = X7l || Y = Xsa |
+ 20,6, (Qxn — X%, %0 = x") + 20,6, (QXn — X", Y = X ) + 200 Y20 = 2" ||[| 20021 — x|
< [1= (1= Bu)an] llxn = x"|* + 200y l|Qxn = x"[|[| i = s |
+20,6up||%n — x*||2 + 20,6, (Qx* — x*, x, — x*)
+ 20,6, [1Qx0 = |||y = xu || + 20 ynll2cn = X*[[[| 26001 — x|
< [1= (1= Bu)an]lIxn = x*|I” + 2yl Qs = x| || Y = X1 |

+ 20, 6up|| %0 — x*||2 + 20,6, (Qx* — x*, x, — x*)

2 2
+ 20,6, [|Qox — x*|[||yn — xa]| + zxnyn<||xn —x*||° + ||xpsr — x¥|| ),

(3.54)
that is,
%41 = X7
1-2 6n_n 1-2 6n_n n
. [1— (1-2p)6u -y an]”xn oo L2200~ e
1-a,y, 1-auyn
2}’,1 26n
X —”an - x*””]/n — Xn 1” + —”an - X*||||]/n - xn”
{(1—2,0)511—}’;1 ’ (1_2p)6n_Yn
26,

+m<Qx* —x*,xn - x*)}
(3.55)

Note that liminf, _, , ((1-2p)6, —Vu)/ (1 —ayys) > 0. It follows that (35 (1 -2p)6, —yn) /(1 -
AyYn))®&y = oo. It is clear that

. 2Yy . 26, .
hflsgp{(l_TMHan SRl B e e R [ 2R
26,

+m<Qx* - x*, xy, —x*)} <0.
(3.56)
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Therefore, all conditions of Lemma 2.7 are satisfied. This immediately implies that x,, — x™*.
It is readily seen that both {y,} and {z,} converge strongly to the same point x*. The proof is
complete. m

Utilizing Theorem 3.2, we establish the following corollaries.

Corollary 3.3. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let
© : CxC — R be a bifunction satisfying conditions (H1)-(H4) and ¢ : C — R be a lower
semicontinuous and convex function with assumptions (A1) or (A2). Suppose the minimization (1.5)
is consistent and let Q denote its solution set. Assume the gradient V f is L-Lipschitzian with constant
L>0and F: C — H is an a-inverse strongly monotone mapping. Let S : C — C be a k-strictly
pseudocontractive mapping such that Fix(S) N Q N GMEP #@. For fixed u € C and given xy € C
arbitrarily, let the sequences {x,}, {y.} and {z,} be generated iteratively by

O(zn, y) +9(¥) = 9(2n) + (Fxn, y = 2) + %(y = Zn Zn—Xn) 20, VY €C,

Yn = ayu + 1 -a,)Pc (Zn - /\an(zn))/ (3.57)
X1 = PnXn + YnPc (20 — My V f(24)) + 6,Syn, Yn >0,
where {A,} C (0,2/L], {rn} C (0,2a], and {a,}, {Bun}, {yn}, {64} are four sequences in [0,1] such

that:
(i) 0 < liminf, A, <limsup, | A, <2/Land lim, _, o (Ay = Aps1) = 0;
(ii) 0 < liminf, ., 1, < limsup, | 1, <2a and lim, (1, — 141) = 0;
(iii) P + yn + 0 = Land (yn + 6p)k < yn < 6, forall n > 0;
(iv) limy, oy, = 0and 357 ay = oo;
(v) 0 <liminf, ., f, <lim sup,_, f, <1andliminf,_ 6, > 0;
(Vi) iMoo (st /(1= 1) = Y/ (1 = B) = 0.

Then, {x,}, {yn} and {z,} converge strongly to the same point x* = Prix(s)n@nGMEPU.

Corollary 3.4. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let
© : C x C — R be a bifunction satisfying conditions (H1)-(H4) and ¢ : C — R be a lower
semicontinuous and convex function with assumptions (A1) or (A2). Suppose the minimization (1.5)
is consistent and let Q denote its solution set. Assume the gradient V f is L-Lipschitzian with constant
L>0and F: C — H is an a-inverse strongly monotone mapping. Let S : C — C be a nonexpansive
mapping such that Fix(S) N QN GMEP #0. Let Q : C — C be a p-contraction with p € [0,1/2).
For given xq € C arbitrarily, let the sequences {x,}, {yn} and {z,} be generated iteratively by

O(zn,y) +9(y) — ¢(zn) + (Fxn, y — zn) + %(y ~Zn,Zn—%,) 20, YyeC,

Yn = @, Qx, + (1- an)PC(Zn - )‘nvf(zn))/ (3.58)
Xn+l = ﬂnxn + YnPC(Zn - )anf(zn)) + 6nsym Yn >0,
where {A,} C (0,2/L], {ra} C (0,2a] and {ay}, {Pn}, {yn} } are four sequences in [0, 1] such

that
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(i) 0 <liminf, A, <limsup, | A, <2/Land lim, _, Ay — Aps1) = 0;
(ii) 0 < liminf, ., 1, <limsup, 7, <2« and lim, _, (1, — 7p41) = 0;
(iii) P + yn + O6n =L and y, < (1 =2p)6,, for all n > O;
(iv) imy, oy, = 0and Y57 a, = o0;

(v) 0 <liminf,_, f, <lim sup, , _f, <1andliminf,_, .y, > 0;
)

(Vi limnﬁw(Yn-;.l/(l —ﬂn+1) - Yn/(l _ﬁn)) =0.

Then {x,}, {y.}, and {z,} converge strongly to the same point x* = Prix(s)nancmerQX™.

Corollary 3.5. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let © :
C x C — R be a bifunction satisfying conditions (H1)—(H4) and ¢ : C — R a lower semicontinuous
and convex function with assumptions (A1) or (A2). Suppose the minimization (1.5) is consistent
and let Q denote its solution set. Assume the gradient V f is L-Lipschitzian with constant L > 0 and
F : C — H is an a-inverse strongly monotone mapping. Let S : C — C be a nonexpansive mapping
such that Fix(S) N Q N GMEP #0. For fixed u € C and given xo € C arbitrarily, let the sequences
{xn}, {yn}, and {z,} be generated iteratively by

O(zn, y) +9(y) = 9(2n) + (Fxn, y = 2) + %(y = Zn Zn—Xn) 20, VY €C,

Yn =g+ (1 —a,)Pc (Zn - )Lan(zn)), (3.59)

Xn+l = ﬂnxn + YnPC<Zn - )‘nvf(zn)) + 6nS]/n/ Vn >0,

where {A,} € (0,2/L], {r,} C (0,2a], and {an}, {Pr}, {yn}, {On} are four sequences in [0, 1] such
that:

(i) 0 < liminf, A, <limsup, | A, <2/Landlim,_ (A, — Ays1) = 0;

(ii) 0 < liminf, ., 1, < limsup, | 7, < 2a and lim, _, (1, — 7p41) = 0;

)
)
(iii) Py + yn + 6n = Land y, < 6, forall n > 0;
(iv) limy, oy, = 0and 357 ay = oo;

(v) 0 <liminf, ., f, <lim sup,_, fn <1andliminf, . .y, > 0;
(Vi) T op (Y1 / (1 = Bret) = Y/ (1 = i) = 0.

Then, {x,}, {yn}, and {z,} converge strongly to the same point x* = Prix(s)nQnGMEPU.

Corollary 3.6. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Suppose
the minimization (1.5) is consistent and let Q denote its solution set. Assume the gradient V f is L-
Lipschitzian with constant L > 0 and A : C — H is an a-inverse strongly monotone mapping. Let
S : C — C bea k-strictly pseudocontractive mapping such that Fix(S) nQ N VI(C, A) # 0. For fixed
u € Cand given xq € C arbitrarily, let the sequences {x,}, {yn}, and {z,} be generated iteratively by

zn = Pc(xn = 1nAxn),
Yn=agu+(1-a,)Pc (Zn - -)lnvf(zn))/ (3.60)
Xn+l = ﬂnxn + YnPC(Zn - )anf(zn)) + 6nsyn/ Vn > 0/



Journal of Function Spaces and Applications 23

where {A,} C (0,2/L], {rn} C (0,2a], and {a,}, {Pn}, {yn}, {On} are four sequences in [0, 1] such
that:

(i) 0 < liminf, A, <limsup, | A, <2/Landlim,_ (A, — Ayi1) = 0;
(ii) 0 < liminf, ., 1, < limsup, | 7n < 2a and lim, _, (1 — 7p41) = 0;
Pn+Yn+ 6, =1and (y, + 6,)k <y, < 6y foralln > 0;

)

)

(iii)

(iv) limy, o, = 0and X5 a, = o0;
)
)

(v) 0 <liminf, ., f, <lim sup, , f, <1andliminf,_, 6, > 0;
(Vi hmn—>oo(Yn+1/(1 - ﬂn+1) - Yn/(l - ,Bn)) =0.

Then, {x,}, {yn} and {z,} converge strongly to the same point x* = Prix(s)n@nvi(c,a) U

Proof. In Theorem 3.2, putting © =0, ¢ = 0 and F = A, the following relation
1
O(zn,y) +¢(y) = ¢(zn) + (Fxw y = 2n) + (Y =20 20 = %) 20, Vy€C, (3.61)

is reduced to

AXy, Y — Zyn) + l —Zu, Zn—xn) >0, VyeC. (3.62)
y - y y

This implies that

(Y = zn, Xn — 1y Axy —2,) <0, VyeC. (3.63)
So, it follows that z, = Pc(x, — r,Ax,) for all n > 0. Then, by Theorem 3.2, we obtain the
desired result. 0

LetT : C — Cbea E—strictly pseudocontractive mapping. For recent convergence
result for strictly pseudocontractive mappings, we refer to Zeng et al. [38]. Putting F =1 -T,
we know that

|- F)x-I-F)y|*<||x-y|*+k||Fx-Fy|>, Vvx,yeC. (3.64)
Note that
|- F)x=(I-F)y|* = |x - y|* + |Fx - Fy|* - 2(x = y, Fx - Fy). (3.65)
Hence
(x -y, Fx-Fy)> #”Fx—]—"y”z, Vx,y € C. (3.66)

This implies that the mapping F =1 — T is ((1 - k)/ 2)-inverse-strongly monotone.
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Corollary 3.7. Let C be a nonempty bounded closed convex subset of a real Hilbert space H. Let © :
C x C — R be a bifunction satisfying conditions (H1)—(H4) and ¢ : C — R a lower semicontinuous
and convex function with assumptions (A1) or (A2). Suppose the minimization (1.5) is consistent and
let € denote its solution set. Assume the gradient V f is L-Lipschitzian with constant L > 0 and T :

C —Cisa %-strictly pseudocontractive mapping. Let S : C — C be a k-strictly pseudocontractive
mapping such that Fix(S) N Q N GMEP #0, where F = I —T. For fixed u € C and given xo € C
arbitrarily, let the sequences {x,}, {y,}, and {z,} be generated iteratively by

Zpy = T,(n@"”)((l —1n)xy + 1y Txy),
Yn =+ (1 —a,)Pe(zn — AV f(20)), (3.67)
Xpi1 = PnXn + YnPC(Zn - )anf(zn)) +6,Sy,, Yn>0,

where {\,} C (0,2/L], {ra} C (0,1-k] and {ay)}, {Bn}, {yn}, {6} are four sequences in [0,1] such
that

(i) 0 < liminf, A, <limsup, A, <2/Land lim, _, o (Ay — Aps1) = 0;

(ii

(iii

0 <liminf, o7, <limsup, | 1, <1- k and lim,, o (1 — 7ne1) = 0;
PBn+Yn+ 6, =1and (y, + 6,)k <y, < 6y foralln > 0;
(iv) limy, o, = 0and X5 a, = o0;

)
)
)
)

(v) 0 <liminf, ., f, <limsup, B, <1landliminf, .6, >0;
(Vl) hmn—>oo(Yn+1/(1 - ﬁn+l) - Yn/(l - ﬂn)) =0.

Then, {x,}, {yn} and {z,} converge strongly to the same point x* = Prix(s)n@nGMEPU.

Proof. Since T is a l;-strictly pseudocontractive mapping, the mapping F = I -T is (1 - k)/2-
inverse-strongly monotone. In this case, put a = (1 — k) /2. Then, we conclude that

z2n = T (xy = 1) = TP (a0 = 10 (I = T)xn) = TOP (1 = 1) 20 + 10 Txy).  (3.68)
So, by Theorem 3.2, we obtain the desired result. O
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This paper is concerned with the pointwise estimates for the sharp function of the maximal multi-
linear commutators Ty, and maximal iterated commutator T}},, generalized by m-linear operator
T and a weighted Lipschitz function b. The (LP' () x - - x LP»(u), L (u'")) boundedness and the
(LPr(p) x -+ x LPn(p), L™ (u'=™")) boundedness are obtained for maximal multilinear commutator
T, and maximal iterated commutator T}, respectively.

1. Introduction and Notation

The theory of multilinear Calderén-Zygmund singular integral operators,originated from the
work of Coifman and Meyers’, has an important role in harmonic analysis. Its study has been
attracting a lot of attention in the last few decades. So far, a number of properties for multi-
linear operators are parallel to those of the classical linear Calderén-Zygmund operators but
new interesting phenomena have also been observed. A systematic analysis of many basic
properties of such multilinear operators can be found in the articles by Coifman and Meyer
[1], Grafakos and Torres [2—4], and Lerner et al. [5]. So we first recall the definition and results
of multilinear Calderén-Zygmund operators as well as the corresponding maximal multi-
linear operators.

Definition 1.1. Let T be a multilinear operator initially defined on the m-fold product of
Schwartz space and taking values into the space of tempered distributions:

T: S(R") x -+ x S(R") —> S'(R"). (1.1)
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Following [2], we say that T is an m-linear Calderén-Zygmund operator if for some 1 <
gj < oo, it extends to a bounded multilinear operator from L7 x --- x LI to L9, where 1/g =
(1/q1)+---+(1/qm), and if there exists a function K, defined off the diagonal x = 11 = - -+ = yp,
in (R")™"!, satisfying

T(fi--os ) (%) =f o KV Ym) f1(y1) - () dymy - (12)

(R

for all x & NZ;suppf;.

And
A
|K(]/0/y1/-~-/]/m)| S mn’ (13)
<ZZfz=o|yk - yl|>
, Aly-vi|
|K(y0,...,y]~,...,ym)—K(yo,...,yj,...,ym>|S - e (1.4)
<Zk,l=0|yk - yl|>
for some £ > 0 and all 0 < j < m, where |y; - y;.| < (1/2) maxockem|y; — Yl
The maximal multilinear singular integral operator was defined by
T*<f>(x) :sﬁup|T5(f1,...,fm)(x)|, (1.5)
>0
where T is the smooth truncation of T given by
Tﬁ(fl,-../fm)(x):fl ’ I s K(xryll'-'/ym)fl(yl)"‘fm(ym) dyl dym
X=Y1| x| >62
(1.6)

As pointed in [4], T*( f ) is pointwise well defined when f; € L9 (R") with 1 < g; < co.

The study for the multilinear singular integral operator and its maximal operators
attracts many authors’ attention. For maximal multilinear operator T*, one can see [4] for de-
tails. We list some results for T* as follows.

Theorem A (see [4]). Let 1 < q; < coand qsuch that1/q= (1/q1) +---+ (1/qm) and w € Ag N
+N Ay, Let T be an m-linear Calderon-Zygmund operator. Then there exists a constant Cp 4 < oo,

such that for all f = (f1,..., fn) satisfying

()

S C"/q(A"'W)H”f]'”m(w)' (1.7)
j=1

Li(w)

where W is the norm of T in the mapping T: L' x --- L' — L™,
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Theorem B (see [4]). Let T be an m -linear Calderén-Zygmund operator. Then, for all exponents
P, P1,-- -, Pm, satisfying (1/p1) + -+ (1/pn) = 1/p, one has

T : L' x---x LP" — [P, (1.8)

when1 < p1,...,pm < oo, one also has
T : [PV x -ox LPm —s [P, (1.9)

when at least one p; is equal one. In either cases the norm of T* is controlled by a constant multiple of
A+W.

Definition 1.2 (see [5] (commutators in the jth entry)). Given a collection of locally integrable
function b = (by,...,by), we define the commutators of the m-linear Calderén-Zygmund
operator T to be

m 5 =\
TZb(fl/”'/fm) =ZTl]7]<f>’ (110)
j=1
where each term is the commutator of b; and T in the jth entry of T, that is
T (F) =6 T(frrs fivoos ) = T(Frre o bif oo fon). (1.11)

In [6], the following more general iterated commutators of multilinear Calderén-
Zygmund operators and pointwise multiplication with functions in BMO were defined and
studied in products of Lebesgue spaces, including strong type and weak end-point estimates
with multiple Az weights. That is,

T (£) () = [by, [b, - s, [0, Tl 1),

= L )mK(x'y1'-~-fym)ﬁ(bf(x)-bj(yj))fl(%)‘-'fm(ym)dyl'-. AYom.
R i

(1.12)

For the operator [b,T], when T is the Calderén-Zygmund singular integral operator
and b € [\ﬂ (R") (the homogeneous Lipschitz spaces), Paluszynski [7] established the (L?, L7)
boundedness with1 <p <1/fand 1/q =1/p + p/n. Hu and Gu [8] extended this results to
the case: b € Lip; , with p1 € Ay.

Now we present the definitions of two classes of maximal commutators of multilinear
singular integral operators. One is

75, (£) ()

m
S
60 | j=1 Y I lx-vil>62

K1, ym) L) - (0i(x) = by (y)) £ (y3) -+ fon (V)|

(1.13)
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the other is

T () ) = sup| by, [B2, -, B, (B, Tl o1, (F) (0|

6>0

= supl Koy ) LT8G0 by () fo (1) = fn () 8,
6>0 [/ 37 |x-yil*>62 j=1
(1.14)
where dij = dy; -+ dyn. Itis obvious to see that
15, (F) ) < 257 (F) . (1.15)
j=1

The main purpose of this paper is to extend the results in [8] to the maximal commutators
generated by multilinear singular integrals T and Lip, , functions b.
We can formulate our result as following.

Theorem 1.3. Assume that the kernel K satisfies (1.3) and (1.4). Let 1 < qu,...,Gm, q < oo be given
numbers satisfying 1/q = (1/q1) + -+ + (1/gm). And assume that T maps LT (R") x - -- x LI (R")
to L1(R™). For j e {1,...,m}andlet 1/r = (1/p) = (B/n), 1 <p<r<oo,0<pf<1,andl/p=
/pi+---+1/pmwithl <p; <oo,i=1,...,m. Given p such that p € Ay(R") and b; € Lipg ,(R")
(j=1,...,m), then one has

. =\ m A
72 My < MM LT il 7 =2, (116)
From (1.15) and (1.16), one can get
N m m
720, = 2y, T T (117)

If 4 = 1, one can get the following.

Theorem 1.4. Assume that the kernel K satisfies (1.3) and (1.4). Let 1 < qu, ..., Gm, q < oo be given
numbers satisfying 1/qg = (1/q1) + -+ + (1/gm). And assume that T maps LT (R") x - .- x LI (R")
to L1(R™). For j € {1,...,m}andlet 1/r = (1/p) - (f/n), 1 <p<r<oo,0<pf<land1/p =
(1/p1) +--+ (1/pm) with1 <p; < oo,i=1,...,m. Set b; € Lipﬁ(R”)(j =1,...,m), then one has

PR m .
T,/ (f> “U(RW) < c||b]-||Ll.pﬂ];[||fi||L,,i(w), j=1,...,m (1.18)



Journal of Function Spaces and Applications 5

From (1.15), one can get

m m
T;b(f)”L,(R,,) < Cj;”bf”Lipﬂ]l;[”fi”LPi(]R")' (1.19)

The following theorem states the weighted estimates with two different weights for
maximal iterated commutator of multilinear singular integrals.

Theorem 1.5. Assume that the kernel K satisfies (1.3) and (1.4). Let 1 < qu,...,Gm,q < oo be given
numbers satisfying 1/qg = (1/q1) + -+ + (1/gm). And assume that T maps LT (R") x - -- x LI (R™)
to L1(R™). Let 1/r; = (1/pi) = (Bi/n), 1 <pi<ri<oo, 0<pfi<1li=1,... muwithl/p =
A/p1) +-+ A/ pm), V/r=Q/r1) +--+ A/ 1), and p = p1 + - + B, 0 < p < 1. Given p such
that p € Ay (R") and b; € Lipﬂi,ﬂ(R")(i =1,...,m), then one has

m
Tiw(f) Loy Cll;lllbi|lLipﬂm||f illgo- (1.20)

Similarly as Theorem 1.4, one also obtains the unweighted estimates of maximal iterat-
ed commutators.

Theorem 1.6. Assume that the kernel K satisfies (1.3) and (1.4). Let 1 < g1,...,qm,q < oo be given
numbers satisfying 1/q = (1/q1) +- -+ (1/qm). And assume that T maps L9 (R™) x - - - x L (R") to
LI(R™). Let1/ri = (1/pi)—(fi/n), 1 <pi<ri<oo,0<pi<li=1,...,mwithl/p=1/p1)+: -
+(1/pm), 1/r=Q/r1)+ -+ U/ 1), and p=P1+---+ P, 0 < p <1 Set b; € Lipﬂi(]R")(i =
1,...,m), then one has

m
Tt () [y < CL 0B, L flls e (121)

The rest of this paper is organized as follows. In Section 2, we recall some standard def-
initions and lemmas. Section 3 is devoted to the proof of our theorems. Throughout this
paper, we use the letter C to denote a positive constant that varies line to line, but it is inde-
pendent of the essential variable. For any 1 < p < oo, the p’ is always used to denote the dual
index such that (1/p) + (1/p') = 1.

2. Preliminaries

A nonnegative function y defined on R" is called weight if it is locally integrable. A weight p
is said to belong to the Muckenhoupt class A, (R"), 1 < p < oo, if there exists a constant C such
that

s%p<|1§| JB pt(x)dx) <|1F| fo(x)l/(p1> dx)lg_1 <C<oo, (2.1)
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for every ball B ¢ R". A weight y is said to belong to class A;(R") if
1 . n
(—I y(x)dx) < Cinfpu(x), almostall x € R", (2.2)
|B| B xeB

for every ball B 5 x. The class A (IR") can be characterized as Ac = U<peoo Ap-
Many properties of weights can be found in the book [9], we only collect some of them
in the following lemma which will be used bellow.

Lemma 2.1. (i) Ap C Aqfor 1<p<g<oo;
(ii) if p € Ay, then u® € Ay for0< 0 < 1;
(iii) for 1 <p < oo, p € A, if and only if u'* € A,

A locally integrable function f belongs to the weighted Lipschitz space LipZﬂ(]R") for
1<p<oo,0<pf<landpe A, if

/p
(B)ﬁ/n< J‘ |f( ) — fB|pl’l(x)1 P dx) <C< oo (2.3)

The smallest bound C satisfying (1.19) is then taken to be the norm of f denoted by || f ”UPZ .
2

Put L1p = L1p B
If ueA,be L1pﬁ (0 < p <1), from the definition of ||f||L1p , it is obvious to see

A\
b — boyer| < Cky(x)y(B(x, ok 1R>) Iblluip,, (2.4)

where bp = (1/|B]) [, b(y) dy.

The important properties of the weights are the weighted estimates for the maximal
function, the sharp maximal function and their variants. One first recalls the maximal func-
tion defined by

1
M(H)@) = supes [ [£(3)lay, @3

It is well known that for 1 < p < oo, M maps L (y) into itself if and only if 4 € A, see [10].
The sharp maximal function is defined by

M (@) =suprz [ 700 - foldy =supinfrze [ |70 —clay. o)

One also recalls the variants Ms(f)(x) = (M(|f|°)(x))"/®, and ME(f)(x) = (M*(|f]°)(x))"/°.
We denote the weighted fractional maximal operators by

1/s
a,us(f)(x) = sup<—smj |f<]/)| /«l(]/)d]/) . (27)
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Recall that M, := M, is the weighted fractional maximal operators, that is

M) s (i [ V@ way ) 29

(B)l (a/m)

The following lemmas are all from [11].

Lemma 2.2 (Kolmogorov’s inequality). Let (X, pt) be a probability measure space and let 0 < p <
q < oo then there exists a constant C = Cp, 4 such that for any measurable function f

1Ay < UM o (2.9)

Lemma 2.3. Let 0 < p,6 < oo and p € A, (R"), there exists C > 0 depending on the Ay (R™)
constant of p such that

M5 ()l < C|MECS) (2.10)

)’

for any function f for which the left side of the above inequality is finite.

Lemma 2.4. Supposethat 0 <a <n,0<s<p<a/n,1/q=1/p)—(a/n). If u € A (R"), then
there exists a constant C = C, ; such that for any measurable function f

[ Mapus ()l oy < ClF Nl - (2.11)

Lemma 2.5. Suppose that 0 <a <n,0<s<p<a/n,1/q=1/p) - (a/n).If p € Aryg/p)(R"),
then there exists a constant C = C, ; such that for any measurable function f

”Ma (f)”Lq(‘u) < C”f”[}’(l,{p/q)' (2~12)

3. Two Estimates for Maximal Multilinear Commutators
We will prove our theorems in this section. To begin, we prepare another two iterated opera-

tors to control the commutators.
Let ¢, ¢ € C*([0, +o0)) such that |¢'(¢)| < C/t, |¢'(t)| < C/t and satisfying

X1200) (B) S 0(1) < X100 (1), X121 (F) < 0(F) < X11/231(F)- (3.1)
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We define the maximal operators

ﬁfi(yi)dﬁ ,

=1

- |x =]+ + [x = ym]
(I)*<f>(x)=sup K(x,y1,---, Ym)® \/
(Rm)™ n

n>0

VIx=yil+ s Jx=ym] | 2
1

g+ ( f) (x) = sup I(Rn)m KOy, Ym)y l:llfi(yi)dﬁ :

n>0

(3.2)

For simplicity, we denote Ky, (x, y1, ..., Ym) = K(x, y1,... ,ym)(p(\/|x —yil+. .+ |x—yml/n),
K([J,ﬂ(x/ylr- . ;]/m) = K(le/ll- . /]/m)(lf(\/|x - ]/1| +eeet |x - ]/m|/71) and

©,(f)(x) = Koy ym) [ 1fi(yi) 7,
(Rm)™ i=1 (33)

=\

(7= [ Koyl T

The kernels of ®, and ¥, satisfy conditions (1.3) and (1.4) uniformly in 7, respectively. And
by the same argument in [4], both ®* and ¥* have the same weighted estimates to T* that
appeared in Theorems A and B.

It is easy to see that T ( f ) < D f )+ ¥ ( f ). Moreover,
5 (f) < @y, <I7> + ¥, (f)r Ty, (f) < Opy, (JF) + ¥, <]7>/ (3.4)
where

=\

5, (f) (x) = sup

n>0

S| Kealom oy i)

j=1

- (bj(x) = b (y;)) fi (vj) "'fm(ym)d?‘

m
< Sup
j=11>0

LW Kon(x,y1,-- ym) f1(y1)

(b (*) = b () fi(Yg) -+ fn (ym) i

- 307 (F) ),
j=1
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m

> I(Rn)m Ky (%, 1, ym) fi(y1)

j=1

=\

vy, <f> (x) = sup

n>0

w (b () = b () fi (i) - o (ym) iy

< isup

j=11>0

[ Konoyr ) i)

w (b () =bj(y)) fi (i) - fon (ym) iy

@, ( f) (x) = sup [bl, [bz, ., [bm,l, [bm,d)n]m] e ]2]1 ( f) (x)

4

= sup f Ko (o y1,-- o ym) [ T (0 ) = b1 (wp) [ Tfi(vi) 7
(R)™ j=1 i=1

n>0

Wiy, (F) ) = sup| by, [b2r-- o, [bmcs, [, W4),,] .]2]1 (f) (x)‘

7n>0

= sup f Ky (X, 1, ym) [ [0 () = b (i) ] [fi(yi) i
Rm)™ j=1 i=1

17>0

(3.5)

For simplicity, we will only prove for the case m = 2. The arguments for the case m > 2 are
similar. For the similarity to the two commutators @5, ( f ) and W5, ( f ), we might as well con-
sider the former. We only consider the former. And we establish the following crucial lemma.

Lemma 3.1. Let u € A;(R") and bj € Lipy , with0 < <1,j=1,2 Let0<6<1/2<1<s<
n/p. Then one has

M@ (1 £2)| () < Cu@IB . Mpjos(@° (1, £2)) () + Cui) 1oyl
x (M5 (£1) GOM(f2) () + M(f1) (x) Mp s (f2) (),
M| (1, £2)] ) < Cueo bl Mpgos (¥ (f1, £2)) () + Cu@) Ity 5,

x (Mpu,s(f1) )M (f2) (x) + M(f1)(x) Mps(f2)(x)).

(3.6)

(3.7)
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Proof. Without loss of generality, we only consider the case j = 1 and denote b; by b for con-
venience. Fix x € R"” and let B = B(x,R), A = bp. be the average of b on B*, where B* =
B(x,2R). To proceed, we decompose f; = f; + f*°, where f{ = fiyp, i = 1,2. Let ¢ be a con-
stant to be fixed along the proof.

Since 0 < 6 <1, we have

o)< (i .

< (i [ 16w -0 )1 dy)
(i,
(i,
(i,

1 1/6
<Ef Sup|(b*l((b M f50)(y) _C| dy>

o (f1, f2) () - C|6d}/>1/6

<|;7| J;‘ |®Z'1(f1,fz)(y)|6 — 1]

1/6

o (b-0f 1) )| dy) -

o (b~ 0, 7)) dy>1/5

o (b-0fe 1) )’ Idy)w

=1+II+I1II+1IV +V.
(3.8)

ForI,since0<6<1,u€e Ayand b € Lip, , by Holder’ inequality, we have
H Ppu OY q Y

< 57 | 16) -0 (5, 7))y

= IB_C*I f Jb) ~bp () 2" (fu, f2) (W) () *dy

<], (@ -w ) a)" ([ oG uwar)

1 s 1/s B* (B/n)+(1/5)
< (g [, 1000 oty ™ ay) 69)

1/s
1 S * S)— n
x <W JB* @ (fi, f2) (v) #(y)dy> p(B7) o

B*
< Clblluip, , Mpyos (" (f1, f2)) (x) #|§3*|)

< CHO bl Mpos (O (f1, £2)) (0.
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To estimate the second term 1. Since 0 < 6 < 1/2, using Kolmogorov’s inequality with

p=6,q9=1/2,X =B, w =dx/|B| and the (L'(R") x L}(R"), L'/>*(R"))-boundedness of ®*,
we derive that

1< o (-0 2|

LI/Z,w(dy/‘Bl)

< (g1 | 1@ -v) il ) (5 [ 1))
< C<|1;*| fB*|(b(y1) ~bp) f1 (y1)|dy1> <% IB* |f2(yz)|dy2>

< Cp()blluip, Mpps (f1) IM(f2) (x),

(3.10)

where we have used the analogous technique in I to get the last inequality.
For the term I1I, using the fact |y — v»| ~ |y» — x| for any y, € (B*)", y € B, and note
that K, satisfies (1.3) uniformly in 77, we obtain

1< oz [ |0 (0-0£2, 7))y

<if f Alb(y1) = M| Ai(y) [ f2(v2)]
T Bl sy (ly-m| + |y -ve])”

dyi dy, dy

f |b(y1) - b |f1(y1)|dyf |f2(y2)|

- (3.11)

C<’[B* |b(y1) = b || f1 (1) |d3/1) <§: L Vel y2>

ko1 2B\2-1B |y — x|

L — be < —-kn 1
< i ([ 1o bl wlen ) (S i [, Vst

k=1

< Cp() bllp, Mps (1) (X)M(f2) ().

For the term IV, using the fact |y — y1| ~ [y1 — x| for any y; € (B*), y € B, and note that K, ,
satisfies (1.3) uniformly in 7, and using (2.4), we obtain

W<® @ﬂthﬁﬂM@

1 Alb(yr) = M| fr(y)|| f2(y2) |
=

(ly-wnl+ly-n|)™

|b(y1) - b3||f1(y1)|
SCJR”\B e f | f2(y2)|dy2
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(51 L) ) )

C<§ BT f b)) - bB||f1(y1)|dy1><J |f2(y2)|dy2)

IA
e

IN

5C<§:2_kn|zk+113*| 2k+1B*|b(y1)—bB*||f1(y1)|dy1><|Bl*f |f2(y2)|dy2>

k=0

& 1
< CM() 0932 ([ ) =L )

k=0

+|bp - bzk+1B*|f |f1 (v1) |dy1)
2k+1B*

<CM(f) (x)iZ_k" <u(x) 1812y, M s (f1) (%)

k=0
p/n
$(B(x,2'R))
kbl T [ )l

< Cp) Bl M (f2) () My (f2) ().
(3.12)

For V, fix the value of ¢ by taking ¢ = ®*((b - 1) f{°, f5°)(x), recall that K, , satisfies

(1.4) uniformly in 7, then we can obtain

< 5 | 19 (@=0F7, 52 () -0 (0= f7, £7) )y

<151 J, SUplOn(@ = 07 ) () - @y (07 ) oly

1
SEJ‘BLR" Sup|K<pq(]//]/11]/2) Ko (x,y1,v2) | [b(y1 = V) || fr (1) ]

\B*)* >0

x | f2(y2) |[dy1 dya dy

C x-y|°
< f f | | 5 | (0(y1) = be) fr(v1) f2(y2) | dyr dya dy
IBl J ) &5 (|y 1

IN

<C

|+ 1y -v2])
CcC& x-vyl|°
fZI |—2|,1+g|(b(y1) =bg) fr(y1) || f2(v2) |[dy1 dy2 dy
k= 2k+1B*\2kB* |y1 _ xl
[ee] B*E/Tl
S [ | O sl ) ([ 150e)1)
sz* k+1 = 2k+1 =
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= C<iz_k6 |2k+113* LME* |(b(y1) - bs-) f1(y1) |dy1> <|2,<+B LMB* |f2(y2) |dy2>

k=0

< Cp()blluip, Mpps (1) IM(f2) (x), o)

where in the last inequality, we use the same computation in the I'V term.
Consequently, combining the estimates of I, 11,111, and V, we conclude the proof of
Lemma 3.1. O

Now we are ready to return to prove Theorem 1.3.

Proof. First, by Lemma 2.1, we have that p € A; C A,, and hence ,ul" € A, C Ay. Then by
Lemma 2.3, we obtain

||‘I’Z}j (f1, f2) ()

< os(o3 )

Lr(#l—r) -

< [i(@;/ G ) ).

Lr(p')

Lr(p')
(3.14)

For j = 1,2, by Lemma 3.1, we reduce to bound the || - ||-(,1--) norm of the right-hand side of
(3.6). For the first term, since 1/r = (1/p) — (f/n) and taking s such that 1 <s <p <n/p, by
Lemma 2.4, and Theorem B(ii), we have

[|1Mps (O (f1, f2)) ”Lr(,ﬂfr) = || M (@ (f1, f2)) ”Lr(ﬂ)
< C”(D*(fl/fZ) ”U'(y) (3.15)

< C”fl”m (W) ||f2||U’z(,4)-

For the second term, welet1/r =1/p,+1/1,and 1/1 = 1/p1—B/n. Then by Lemma 2.4
again, together with Holder’s inequality, we obtain

”.”Mﬂ,ﬂs(fl)M(fZ) Ly = ”Mﬂwﬁ(fl)M(fZ) Lr(p)
< ”Mﬁribs(fl)”LI(#)”M(ﬁ)”U’z(ﬂ) (3.16)

< C”fl”Lm (/‘)”fZHLPz (#)

We can obtain that

o3 (f1. £2) < Clllsp,, 1l o 12l - (3.17)

Lr(ptr) —
Similarly, we have

Consequently, by the above arguments, we conclude the proof of Theorem 1.3. O

Ile(fler) < C”b”Lipﬁrﬂllfl”U’l(‘u)”fZ”LFZ(‘u)' (3.18)

Lr (,/ﬂ—r) -
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Similarly as the proof of Lemma 3.1 and that of Theorem 1.3, we only consider the case
m = 2 and establish the following sharp maximal function for ®@f,,.

Lemma 3.2. Let p € A1(R") and b; € Lipy ,, i=1,2p=p1+pp,and0<f<1. Andlet0<6 <
1/3<1<s;<n/pi,i=1,2. Then one has

2
M (D5, (f1, f2)) (x) < ﬂ(x)zl_—llnbf”u;aw
j= g

(3.19)
X (M s (O (f1, £2)) () + Moo (£1) () Mo (£2) (),
2
MG (¥, (fi, £2)) () < T TIIbj 1,
! » (3.20)

X (Mpjus (7 (f1, £2)) () + M s (1) () Mp s (£2) (%))

Proof. Fix x € R" and let B = B(x, R) with n > 0. Taking \; = (b;)., the average of b; on B*,
i =1,2, where B* = B(x,2R). Let ¢ be a constant to be fixed along the proof. We split @}, (f1,
f2)(y) in the following way:

Oy, (f1, f2) (v) = ig}gl (b1(y) = 4) (b2(y) = 22) @y (f1, f2) (v)

— (b1(y) = M) Dy (f1, (b2 = 12) f2) () = (b2(v) — L2) Dy, (3.21)
x((br = W) f1, f2) (y) + @y (b1 = M) f1, (b2 = A2) f2) () |-

Since 0 < 6 < 1/3, then we have
1 . 5 1/8
Bl “(Dnb(flff2)(y)| ‘|C|6'dy
|B| Jp
1 * 5 16
< (i [ 1900 2 ) -cl’ay)

< ([, |0 - @ato) - M)@*(fl,fz)(y)fdy)w
1 5 1/6
' <|F| J <i}i%"<"1 () = W)@y (f1 (b2 = X2} fo) <y>|> dy>

5 1/6
+ <% IB <sq1i(}))|(b2(y) - L2) @, ((b1 = M) f1, f2) (y)|> dy)

1/6
- <ij sup @y (b1 — M) f1, (b2 = A2) f2) — C|6dy>
1Bl J5

>0
= U1+UQ+U3+U4.
(3.22)
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For the term U, since 0 < 6 < 1/3, and f§ = 1 + p», then by Holder’s inequality, we have

1/36

s (g [, - ) (i et - )
(i [ G Fay)
<7 [, 1) = @0wlay ) (5 [ 12) - o1t
| 1ot )lay)

IN

B* f ) |b2(y) - (bz)B*|S,.”(y)lis, dy>l ’ <|Bl_*| IB*y(y)dy>l/s (3.23)

(

(7
c<| J*|bl(y)—(bl)mIS'#(y)l-s'dy>1 s<|B* J. #(y)dy>1/s
(1

(7

T Gy G

1 1 o 1s 1/s #(B*) (Br/m)+1

<cC ( f bi(y) - (b1) d ) pEB) T
#(B*)ﬂl/n ‘H(B*) B | 1(y) ( 1)B | I’l(y) Yy |B*|

1 1 o g >1/s'ﬂ(B*)(ﬁz/n)+1

X b - (b)) . d L S

1/s * - * -
#(B )(1/5) (ﬂ/n)‘u(B )(1/5) 1

1 « s
X <WJ‘B*CD (f1.f2)(y) #(y)dl/> B

< Cp(x)?||by ||Lipl,w 1b2lluip, , Mp s (@ (f1, f2)) ().

For the term U, noting that 0 < 6 < 1/3, we use the facts 1 = 6 + (1 - 6) and 0 <
6/(1 - 06) <1/2, then by Holder’s inequality and Komolgorov’s inequality (Lemma 2.2) and
Theorem B, we have

1 1 (1-6)/6
<€ <ﬁ fB* [1(y) = G1)g |dy> <ﬁ fB* upl @y (f1, (b2 = 12)f2) () |6/<1-5>dy>

1-6/6

<|B*J |b1(y) = (1) Idy><|B*J' |D* (f1, (b 1\2)fz)(y)|6/(1_6)dy>

: <W JB* b1 (y) = (b1)- |dy> |©°(fi, (b2 = 12) f2) ”Ll/zf“(dy/\B*\)

<|Bl—*| IB*|b1 (v) - (b1)3*|dy> <|31—| ’[B*|f1 (y1) |d]/1>

IN
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x <|31—| fB*l(bz(yz) - (bz)B*)f2<y2)|dy2>
< (i [ 10 - @0pFu)“ay) ([ utpay)”
(), 'fl(y1)|s”(yl)dyl>l/s<|1;_*|JB*”@O‘S’/W)USI

1/s

X % (JB |b2(y2) — (b2) . |s,#(y2)1_5,d3/2>1/5, (IB | f2(v2) |s#(y2)dyz>

1 ( 1 f ¢, A1 >1/S'y(B*)(ﬂ1/")+1
< b(y) - bp dy) ——m——
(B \ (B @) =t [ p(y)  dy B

1/s w\(1/8)=(B/n) w\—1/s
1 s u(B")" p(B")
x <—#(B*)1_<sﬂ/n> J‘B* |fi(yn)] ﬂ(yl)dm) 5

1/¢ #(B*)(ﬂz/")ﬂl/s’)

1 1 s 1-5'
<H(B*) _[B*|b2(y)—(b2)s*| u(y) dy2> B

X
(B

1/s
1
——— s x\ (1/5)=(B/n)
8 <”(B*)1(Sﬂ/n) IB* | f2(2) | #(yz)dyz> u(B*)

< Cpl) b1l 102l M (f1) () M (f2) ().

Similarly, for the term U3, we have

Us < Cu(x) b1l 12, Mpjos (1) (0 M s (f2) (0.

(3.24)

(3.25)

Now we turn to estimate the last term Uy. To proceed, we denote that f; = fio +f7,

where fio = fixp,i=1,2. Letc = c1 + ¢ + c3, where

c1 = Dy ((by = M) 7, (b2 = 2) f5°) (),
c2 = Dy (b = M) £, (b2 = A2) f3) (),

c3 = @y ((b1 — M) f°, (b2 — A2) f5°) (x).
We split IV in the following way:

Uy SUgy + Uy + Uyz + Uy,

(3.26)

(3.27)
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1
Uy = —J su
“ <|B| P

1
Uy = —f su
? <|B| P

where

1/5
‘Dn<(bl ~ M) fY, (b2~ iz)f?) (v) |6dy> ,

(1 =h)f7, (br=12) f5°) ()

@, (1= £, (b2=12) f5°) (x) |6dy)1/6,

O, (111 £, (b=12) f5) (v) (3.28)

1
= (5 [ e
‘(Dn<(b1—f\1)f1°°r(b2—)tz)f§>(X)|6dy)l/6,

Uy = iJ‘ sup| @y ((b1-M1) f°, (b2—12) £5°) (v)
Bl J g

1n>0

5 1/6
~@, ((b1=M1) £, (ba=42) f5°) (x) | dy) :

For the term Uy, we choose 1 < pg < 1/26 and use Kolmogorov’s inequality and
Theorem B, then we use the same computation as U> to deduce that

1 Po& 1/pob
< (=
u41—<|B| JB dy)

A (CRENVACESIZ] N
< (17| |@@) =202 |an ) (15 | @2 -1 w2 av2)
< (1 | 1@ = @0s) fimldn ) (G [ 1@202) = @) ) lde

< Cpl) b1l 1020, M (f1) () M (f2) ().

@*((bl - ) f], (b2 - )Lz)fzo> (v)

<

(3.29)

For Uy, by the fact |y — y2| ~ |y2 — x|, for any y, € (B*)“, y € B, and note that Ky
satisfies (1.4) uniformly in 7, then we get that

Uy < <|1§| JB SuP|‘Dq<(b1 -\ f), (b2 —)tz)fzw)(y)

n>0

0, ((bl - ) f, (ba - Az)fz‘”) (x) Idy>

—x[¥|b —\
|y = x|"|b2(12) ZHfiS/:)'d 2>dy
(ly-wil+ 1y -v2])

< I%I J‘B (L |(b1(y1) = 1) f1 (1) |[dyn _[(B*)c
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< ([ 101 - @) fiw)lan )
x if |y = x|"[b2 (v2) = (b2) - 1G],
2k+1 B \2kB

2n+e
k=0 |x - v2

< ([ 16t = @)1 00l

o |B*|£/n
<\ D J‘ZMBJZ’Z(J/Z) = (02)p || f2(v2) |dy2

k=0 |2kB*

< (i | 1010 = @0 o) )

(St [ ) - L e

k=0

1

< Cp()[1brlluip, , Mpys(f1) (x)zz_k€|2k+13*

k=1

| <f2k+13* |02(y2) = (b2)yserp || f2(v2) | Ay

A | ol ldv2)

< Cp(0 bl 102, , Mips (1) () M5 (f2) (3),

(3.30)
where we have used the same computation of IV to gain the last inequality.
Similarly as Uy, we can get the estimates for Uys,
Wis < CHE) il N2l Mp s (f1) ()M (f2) (). (3:31)

Now we turn to Uy, by the fact [y —y1| ~ [y1—x|, [y—y2| ~ [y2—x]| for any y1, y» € (B¥)S,
y € B, and recalling that K, satisfies (1.4) uniformly in 7, then we can obtain

| @y (b1 = A1) f7°, (b2 = 02) £5°) () = @y (b1 = M) f7°, (b2 = L) £5°) (x) |

S lx -y
<C I
kz:(:) (2k+1B*\2k B*)? (|y—y1| " |]/—yz|)2n+£

| (01 (y1) = 0) f1 (1) (b2(y = 2) = 42) fa(v2) [y Ay

SCE[ ny Toe i 100) A ) 0209 =2) - ) o)

k=0 (2k+1B*\2k3*)2 |y_

S [ ) ) -0 o [ 1a0) =) ol
: |2kB* ok+1 g ok+1 g
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<C22_k€< 2k+1 Bx .[k+ *|(b1(y1)—)t1)f1(y1)|dy1>

’ <|z’<;B Lh]B*'(”z(yz) - )‘2)fz(yz)|dy2>

< Cu() 1l Nballusp,, M (f1) (2 M (f2) (2):

(3.32)

Therefore,

Uy < “13' Bsulg|q)q((b1 - M) f2, (b = \2) f5°) (v) — Dy (b1 — M) 12, (b2 — A2) f5°) (x) | dy
Tl>

< Cl) 1l Nballusp,, M (f1) () My (f2) (2):
(3.33)

Consequently, the estimate for U, together with those of Uy, U3, and Uy, can conclude the
proof of Lemma 3.2. O

Now we return to prove Theorem 1.5.

Proof. Similarly as the proof of Theorem 1.3,

19, (F1o £2) 1 ooy < 1M (@ (P ) oy < | M@, (1 £2)) ), (3.34)

l Zr)

We reduce to bound the || - ||r-(,1--) norm of the right-hand side of (3.19). We estimate each
term as follows. For the first term, since 1/r = (1/p) — (f/n) and choosing s such that1 < s <
p <n/p, by Lemma 2.4 and Theorem A and observe that y € A;, we obtain

”//l Mﬂﬂs(q) (flffZ))“ |Mﬁys(cD*(f1/f2))
< IO (f1 ) g (3.35)

< ClLAN o 1 £2 2 oy

Lr( 1- 27) Lr

For the second term, since 1/r = (1/r1) + (1/12), by Holder’s inequality and Lemma 2.4, we
get

1 Mp s (FYMps (2, 1y = 1M1 ()M ()l
<|l Mpus(f1) L () | Mpus(f2)

< Cl Al o ll 2Nl -

(3.36)

L2 (p)
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Similarly, we also have

15 (fi, f2) L (1-2) SC“fl“m(ﬂ)||f2||m(,4)- (3.37)

This estimate together with that for @, (f1, f2) finishes the proof of Theorem 1.5. O
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