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This special issue aims to present recent advances in
approaches to modelling water flows and their applications in
engineering. Water occupies about 71% of the earth’s surface
area and is essential for the survival of human beings, but
natural disasters pose substantial societal, environmental,
and economic hazards. Important and extremely challenging
research topics arise from the need to understand water flows
and develop mitigation measures against potential adverse
impacts, such as urban flooding and coastal storm surge
inundation.
Advances in modern computer technology have made it
possible for computational models to be intensively applied to
the study of water flow problems in science and engineering.
In this special issue, X. Li et al. describe the numerical
simulation of an offset jet in bounded pool. P. Qian and
Q. Xu present an embedded element technique for the
permeability analysis of cracked porous media. Y. Yi et al.
describe a one-dimensional model that is applied to a water
transfer project with multihydraulic structures. X. Tang et
al. examine the cavitation characteristics of a double-suction
centrifugal pump. H. Ai et al. simulate earthquake-induced
water waves using a numerical solver based on the shallow
water equations.
As computational methods progress, numerical models
of free surface flow are becoming increasingly effective as
routine analysis tools to improve infrastructure resilience and
identify countermeasures against natural disasters related to
water flows. T. Cheng et al. apply a coupled hydrological and
hydrodynamic model to study flood risks in the main urban
area of Jinan, China. Z. Bai and J. Zhang study the effect
of different turbulence models on numerical simulations for

understanding of pressure distribution in V-shaped stepped
spillways. X. Chen et al. numerically study the behaviour
of near-bed variables in velocity-skewed oscillatory sheet
flow. S. Wang et al. undertake a numerical investigation into
the characteristics of fluid-structure interaction for turbulent
flow through a turbine. M. S. Ali et al. carry out numerical
simulation of two-dimensional flows in an open channel with
groin-like structures.
Meanwhile, new and increasingly accurate, robust
numerical methods are being developed to solve the
governing equations for water flows. Herein, Y. Peng et
al., H. Liu et al., and S. H. Shafiai et al. use the lattice
Boltzmann method to investigate two-phase flows, wavecurrent interaction, and flood inundation. S. Zhang et al.
compare three different parallel computation methods and
apply the methods to the simulation of a two-dimensional
dam-break with a case study for the Pangtoupao flood
storage in Songhua River basin, China. Y. Liu et al. describe
a new numerical method for solving the problem of cuttings
transport in drilling horizontal wells. Y. Peng et al. show
that a multispeed lattice Boltzmann model with spacefilling lattice is able to simulate transcritical shallow water
flows with Froude number larger than one. X. Chen et al.
propose a coupled model for Rossby solitary waves using a
multiple-scales perturbation method and derive its analytical
solution.
The aforementioned examples reflect the development
and application of numerical techniques for water flows
and demonstrate the sheer variety of engineering problems that are tractable through modern numerical models.
Although there is much still to be done to simulate accurately
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complicated environmental water flows involving multiple
scales in space and time, the editors hope that this special
issue meets its primary aim of reporting on recent progress
towards better modelling techniques by which to study
complicated free surface flow problems, leading to a better
understanding of water flows in the natural environment.
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Flow around cylinders is a classic issue of fluid mechanics and it has great significance in engineering fields. In this study, a twodimensional hydrodynamic lattice Boltzmann numerical model is proposed, coupling wave radiation stress, bed shear stress, and
wind shear stress, which is able to simulate wave propagation of flow around cylinders. It is based on shallow water equations and a
weight factor is applied for the force term. An enhanced equilibrium Bhatnagar-Gross-Krook (BGK) scheme is developed to treat
the wave radiation stress term in collision step. This model is tested and verified by two cases: the first case is the flow around a
single circular cylinder, where the flow is driven by current, wave, or both wave and current, respectively, and the second case is
the solitary waves moving around cylinders. The results illustrate the correctness of this model, which could be used to analyze the
detailed flow pattern around a cylinder.

1. Introduction
The phenomena of flow around cylinders, which represent
blunt bodies, widely exist in aviation, mechanical, and
environmental engineering. In recent years, an increasing
number of problems about complex flow around cylinders
have been raised with the development of coastal engineering
projects. Therefore, this topic attracts much attention among
researchers.
Flow around cylinders is a classic and complicated problem. The cross section is contracted, the velocity increases,
and the pressure decreases along the path when the flow
encounters cylinders. The separation of the boundary layer
is formed around cylinders due to the viscous force, which is
called the flow around cylinders. Additionally, cylinders are
non-streamline objects, which influence the characteristics of

flow around cylinders by many factors, such as the Reynolds
number, the surface roughness, the turbulence intensity, and
the cylinder size. All these lead to the complexity of flow
around cylinders. The wave is one of the most common
movement forms in water, and it is worth studying wave
motion in shipping, coastal, and ocean engineering. Therefore, the research of wave propagation around cylinders is
complicated, but significant.
With the development of the fluid mechanics theory
and the continuous updating of computer equipment, computational fluid dynamics has been greatly developed and
numerical simulation became an important tool in research.
Saiki and Biringen [1] introduced a virtual boundary technique to simulate uniform flows around cylinders, and the
oscillations caused by this method can be attenuated by
high-order finite differences. Based on this, Lima E Silva et
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al. [2] proposed the physical virtual model in which this
immersed boundary was represented with a finite number of
Lagrangian points, distributed over the solid-fluid interface.
Ofengeim and Drikakis [3] presented numerical research on
the interaction of plane blast waves and a cylinder, revealing
that the blast-wave duration significantly influenced the
unsteady flow around the cylinder. Breuer [4] computed
the turbulent flow around a cylinder (Re = 3900) via large
eddy simulation. Meneghini et al. [5] used a fractional step
method to simulate laminar flows between two cylinders.
Hu et al. [6] built a fully nonlinear potential model based
on a finite element method to investigate the wave motion
around a moving cylinder, and it provided certain important
features that were absent in the linear theory. Wu and Shu
[7] proposed a local domain-free discretization method that
is able to simulate flow around an oscillating cylinder easier
due to its advantage of handling the boundary. Claus and
Phillips [8] used spectral/hp element methods to study the
flow around a confined cylinder. The nonconforming spectral
element method and adaptive meshes method were tested by
Hsu et al. [9], demonstrating its feasibility on curve surfaces
of cylinder.
The lattice Boltzmann method (LBM) is a promising
numerical simulation method of recent decades. Compared
to traditional methods, LBM has many advantages: the
algorithm is simple; it can deal with complicated boundary
conditions; and it is suitable for parallel processing. These
superiorities lead to wide usage of LBM in many research
fields. Ginzburg and D’Humieres [10] introduced a new kind
of boundary conditions, improving the accuracy close to the
quasianalytical reference solution. Jiménez-Hornero et al. [11]
used LBM to simulate the turbulent flow structure in an
open channel with the influence of vegetation. Liu et al. [12]
established a two-dimensional multiblock lattice Boltzmann
model for solute transport in shallow water flows. Based on
the Chapman-Enskog process, Liu and Zhou [13] proposed a
lattice Boltzmann model to simulate the wetting-drying front
in shallow flows.
At the same time, many scholars have investigated the
flow around cylinders based on the LBM. However, most
studies are related to the heat transfer around cylinders. Yan
and Zu [14] presented a numerical strategy to handle curved
and moving boundaries for simulating viscous fluid around
a rotating isothermal cylinder with heat transfer. Rabienataj
Darzi et al. [15] used the LBM to analyze mixed convection
flow and heat transfer between two hot cylinders. However,
up to now, there is no LBM model for wave-current flow
around cylinders.
In this study, considering wave-current interaction, a
two-dimensional hydrodynamic numerical model is developed based on the LBM. The model couples three types of
stresses, including wave radiation stress, wind shear stress,
and bed shear stress. Meanwhile, an enhanced local equilibrium function is developed to treat the wave radiation stress.
It is used to simulate the propagation of waves in the flow
around cylinders, and then two classic examples are used for
validation, which can provide characteristics of flow around
cylinders.
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2. Methodology
2.1. Governing Equations. The two-dimensional shallow
water equations including the continuity equation and
momentum equation can be written in a tensor form as
𝜕ℎ 𝜕 (ℎ𝑢𝑗 )
= 0,
+
𝜕𝑡
𝜕𝑥𝑗
𝜕 (ℎ𝑢𝑖 ) 𝜕 (ℎ𝑢𝑖 𝑢𝑗 )
𝜕2 (ℎ𝑢𝑖 )
𝜕 ℎ2
= −𝑔
( )+]
+
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑖 2
𝜕𝑥𝑗 𝜕𝑥𝑗
− 𝑔ℎ

(1)

𝜕𝑍𝑏 𝜕𝑆𝑖𝑗
+
+ 𝐹𝑖 ,
𝜕𝑥𝑗 𝜕𝑥𝑗

where the subscripts 𝑖 and 𝑗 represent the space direction
indices and the Einstein summation convention is used; 𝑥𝑗
represents the Cartesian coordinate, taking 𝑥, 𝑦, and 𝑧 in
turn; 𝑢𝑗 represents the velocity component which takes 𝑢
and V corresponding to that in 𝑥 and 𝑦 and directions,
respectively. ℎ represents the water depth; 𝑡 represents the
time; ] represents the kinematic viscosity; 𝑍𝑏 represents the
bed height of the datum plane and 𝐹𝑖 represents the force term
and defined as
𝜏
𝜏
𝐹𝑖 = 𝑤𝑖 − 𝑏𝑖 ,
(2)
𝜌
𝜌
where 𝜏𝑤𝑖 represents the wind shear stress and 𝜏𝑏𝑖 represents
the bed shear stress.
Wave Radiation Stress (𝑆𝑖𝑗 ). Longuet-Higgins and Stewart [16]
defined the difference between the time-average momentum
value and the static water pressure on the water column per
unit area, known as the wave radiation stress.
In (3), the wave radiation stresses 𝑆𝑥𝑥 , 𝑆𝑥𝑦 , 𝑆𝑦𝑥 , and 𝑆𝑦𝑦
are determined via local wave parameters. The wave radiation
stress along the direction of wave propagation is 𝑆𝑥 =
𝐸(2𝐶𝑔 /𝐶 − 1/2), and the lateral one is 𝑆𝑦 = 𝐸(𝐶𝑔 /𝐶 − 1/2),
where 𝐸 = (1/8)𝜌𝑔𝐻𝑤2 , 𝐶 is wave velocity, 𝐶𝑔 represents
the group velocity, and 𝐻𝑤 represents the wave height. The
conversion is conducted in the Cartesian coordinate system
[17]:
𝑆𝑥𝑥 = 𝑆𝑥 cos2 𝜃 − 𝑆𝑦 sin2 𝜃,
𝑆𝑦𝑦 = 𝑆𝑥 sin2 𝜃 − 𝑆𝑦 cos2 𝜃,

(3)

𝑆𝑥𝑦 = 𝑆𝑦𝑥 = 𝑆𝑥 sin 2𝜃 cos 𝜃 − 𝑆𝑦 cos 𝜃 sin 𝜃,
where 𝜃 represents the angle between the wave direction and
the 𝑥-axis.
Bed Shear Stress (𝜏𝑏𝑖 ). Bed shear stress (𝜏𝑏𝑖 ) is generated by
the wave-current interaction in the 𝑖 direction, calculated as
follows [18]:
𝜋𝜌
𝜏𝑏𝑖 = 𝜌𝐶𝑏 𝑢𝑖 √𝑢𝑗 𝑢𝑗 +
𝑓 √𝑢 𝑢 𝑢
8 𝑤 𝑤𝑗 𝑤𝑗 𝑤𝑗
(4)
𝐹𝐵 𝜌
1/2
√
+
2 (𝐶𝑏 𝑓𝑤 ) √𝑢𝑤𝑗 𝑢𝑤𝑗 𝑢𝑤𝑗 ,
𝜋
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in which 𝐶𝑏 represents the bed friction coefficient, which may
be either constant or calculated from 𝐶𝑏 = 𝑔/𝐶𝑧2 , where 𝐶𝑧
represents the Chezy coefficient given based on the Manning
coefficient 𝑛𝑏 ,
𝐶𝑧 =

ℎ1/6
;
𝑛𝑏

4

6

2.2. Lattice Boltzmann Method. On account of the lattice
Boltzmann method with a D2Q9 lattice, an enhanced equilibrium BGK Scheme is developed in this paper. The wave
radiation stress 𝑆𝑖𝑗 is treated in local equilibrium function at
collision step.
The discrete evolution process in the LBM with the
enhanced force term [12, 21] can be written as
𝑓𝛼 (𝑋 + 𝑒𝛼 Δ𝑡, 𝑡 + Δ𝑡) − 𝑓𝛼 (𝑋, 𝑡)

(10)

Therefore, the equilibrium distribution function can be written as
𝑓𝛼eq
𝐴 0 + 𝐷0 𝑢𝑖 𝑢𝑖
{
{
{
{
{
= {𝐴 + 𝐵𝑒𝛼𝑖 𝑢𝑖 + 𝐶𝑒𝛼𝑖 𝑒𝛼𝑗 𝑢𝑖 𝑢𝑗 + 𝐷𝑢𝑖 𝑢𝑖
{
{
{
{
̃ + 𝐵𝑒
̃ 𝛼𝑖 𝑢𝑖 + 𝐶𝑒
̃ 𝛼𝑖 𝑒𝛼𝑗 𝑢𝑖 𝑢𝑗 + 𝐷𝑢
̃ 𝑖 𝑢𝑖
{𝐴

𝛼 = 0,
𝛼 = 1, 3, 5, 7,

(11)

𝛼 = 2, 4, 6, 8,

where there must be
𝐴 1 = 𝐴 3 = 𝐴 5 = 𝐴 7 = 𝐴,
̃
𝐴2 = 𝐴4 = 𝐴6 = 𝐴8 = 𝐴
(8)

𝑒𝛼

where 𝑒 = Δ𝑥/Δ𝑡 and Δ𝑥 is the lattice size.
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𝑓𝛼eq = 𝐴 𝛼 + 𝐵𝛼 𝑒𝛼𝑖 𝑢𝑖 + 𝐶𝛼 𝑒𝛼𝑖 𝑒𝛼𝑗 𝑢𝑖 𝑢𝑗 + 𝐷𝛼 𝑢𝑖 𝑢𝑖 .

(7)

where 𝜔𝛼 represents the weight factor: 𝜔𝛼 = 4/9 for 𝛼 =
0; 𝜔𝛼 = 1/9 for 𝛼 = 1, 3, 5, 7; 𝜔𝛼 = 1/36 for 𝛼 =
2, 4, 6, 8. 𝑓𝛼 represents the distribution function of particles;
𝑓𝛼eq represents the local equilibrium distribution function; Δ𝑡
represents the time step; 𝜏 represents the single relaxation
time; and 𝑒𝛼 represents the velocity vector of a particle in the
𝛼 link.
For the D2Q9 lattice shown in Figure 1, each particle
moves one lattice at its direction. The velocity of each particle
is defined by

𝛼 = 0,
{(0, 0)
{
{
{
{
(𝛼 − 1) 𝜋
(𝛼 − 1) 𝜋
, sin
]
𝛼 = 1, 3, 5, 7,
= {𝑒 [cos
4
4
{
{
{
(𝛼 − 1) 𝜋
(𝛼 − 1) 𝜋
{√
2𝑒 [cos
, sin
] 𝛼 = 2, 4, 6, 8,
{
4
4

7

An equilibrium distribution function 𝑓𝛼eq can be
expressed as

where the external force term can be written as
𝜏
𝜏
1
𝑒 ( 𝑤𝑖 − 𝑏𝑖 ) ,
𝑒2 𝛼𝑖 𝜌
𝜌

1

Figure 1: D2Q9 lattice.

(6)

where 𝜌𝑎 is the density of air; 𝐶𝑤 is the resistance coefficient;
and 𝑢𝑤𝑖 is the component of the wind velocity in 𝑖 direction.

𝐹𝛼 = 3𝜔𝛼

0

5

Wind Shear Stress (𝜏𝑤𝑖 ). Wind shear stress (𝜏𝑤𝑖 ) is usually
expressed as

𝑔ℎ 𝜕𝑍𝑏
1
= − (𝑓𝛼 − 𝑓𝛼eq ) − 3Δ𝑡𝜔𝛼 𝑒𝛼𝑗 2
+ Δ𝑡𝐹𝛼 ,
𝜏
𝑒 𝜕𝑥𝑗

2

(5)

𝑢𝑤𝑖 represents the wave bottom frictional velocity; 𝐹𝐵 represents the wave-current influence factor, which is equal to
0.917 for the waves and currents are in the same direction,
−0.1983 for perpendicular relation and 0.359 for other angles
[19]; and 𝑓𝑤 represents the wave friction factor, which is from
0.006 to 0.001 in practice [20].

𝜏𝑤𝑖 = 𝜌𝑎 𝐶𝑤 𝑢𝑤𝑖 √𝑢𝑤𝑗 𝑤𝑤𝑗 ,

3

(12)

due to symmetry.
Moreover, the local equilibrium distribution function
must satisfy the following three conditions:
∑𝑓𝛼eq (𝑋, 𝑡) = ℎ (𝑋, 𝑡) ,
𝛼

∑𝑒𝛼𝑖 𝑓𝛼eq (𝑋, 𝑡) = ℎ (𝑋, 𝑡) 𝑢𝑖 (𝑋, 𝑡) ,
𝛼

∑𝑒𝛼𝑖 𝑒𝛼𝑖 𝑓𝛼eq
𝛼

1
(𝑋, 𝑡) = 𝑔ℎ2 (𝑋, 𝑡) 𝛿𝑖𝑗 − 𝑆𝑖𝑗
2

(13)

+ ℎ (𝑋, 𝑡) 𝑢𝑖 (𝑋, 𝑡) 𝑢𝑗 (𝑋, 𝑡) .
̃ are
Hence, the relations among 𝐴 0 , 𝐴, and 𝐴

(9)

̃ = ℎ,
𝐴 0 + 4𝐴 + 4𝐴
̃ = 1 𝑔ℎ2 − 𝑆𝑖𝑗 ,
2𝑒2 𝐴 + 4𝑒2 𝐴
2
̃
𝐴 = 4𝐴.

(14)
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𝐵̃ =

We can obtain
𝐵=

̃= ℎ ,
𝐶
8𝑒2

ℎ
,
3𝑒2

̃=− ℎ .
𝐷
24𝑒2

ℎ
𝐶 = 2,
4𝑒
𝐷=−

𝑓𝛼eq

(15)

ℎ
,
6𝑒2

Therefore, the enhanced equilibrium distribution function
𝑓𝛼eq is

5𝑔ℎ2 5𝑆𝑖𝑗 2ℎ
{
ℎ−
+ 2 − 2 𝑢𝑖 𝑢𝑖 ,
{
{
{
6𝑒2
3𝑒
3𝑒
{
{
{ 𝑔ℎ2 𝑆𝑖𝑗
ℎ
ℎ
ℎ
={
− 2 + 2 𝑒𝛼𝑖 𝑢𝑖 + 4 𝑒𝛼𝑖 𝑒𝛼𝑗 𝑢𝑖 𝑢𝑗 − 2 𝑢𝑖 𝑢𝑖 ,
2
{
6𝑒
3𝑒
3𝑒
2𝑒
6𝑒
{
{
{
{ 𝑔ℎ2
𝑆𝑖𝑗
ℎ
ℎ
ℎ
{
−
+
𝑒 𝑢 +
𝑒 𝑒 𝑢𝑢 −
𝑢𝑢,
{ 24𝑒2 12𝑒2 12𝑒2 𝛼𝑖 𝑖 8𝑒4 𝛼𝑖 𝛼𝑗 𝑖 𝑗 24𝑒2 𝑖 𝑖

2.3. Recovery of Wave-Current Coupling Equations. The
recover deductions are following the Chapman-Enskog procedure.
Based on (7), assuming Δ𝑡 is small, taking Taylor expansion in time and space around point (𝑋, 𝑡) leads to

𝜕
𝜕
) 𝑓𝛼 (𝑋, 𝑡)
+ 𝑒𝛼𝑗
𝜕𝑡
𝜕𝑥𝑗

(17)

𝜕
𝜕
1
) 𝑓𝛼 (𝑋, 𝑡) + 𝑜 (Δ𝑡2 ) .
+ Δ𝑡2 ( + 𝑒𝛼𝑗
2
𝜕𝑡
𝜕𝑥𝑗

(18)

Substitution of (17) and (18) into (7), one can obtain

2

(

𝜕
𝜕
𝜕
1 𝜕
) 𝑓𝛼(1) + ( + 𝑒𝛼𝑗
) 𝑓𝛼(0)
+ 𝑒𝛼𝑗
𝜕𝑡
𝜕𝑥𝑗
2 𝜕𝑡
𝜕𝑥𝑗

(21)

1
= − 𝑓𝛼(2) .
𝜏

(1 −

𝜕
1
𝜕
) 𝑓𝛼(1)
) ( + 𝑒𝛼𝑗
2𝜏
𝜕𝑡
𝜕𝑥𝑗
(22)

1
− 𝑓𝛼(2) .
𝜏

𝜕
𝜕
(∑𝑒 𝑓(0) )
(∑𝑓𝛼(0) ) +
𝜕𝑡 𝛼
𝜕𝑥𝑗 𝛼 𝛼𝑗 𝛼

2

1
𝜕
𝜕
+ Δ𝑡2 ( + 𝑒𝛼𝑗
) (𝑓𝛼(0) + Δ𝑡𝑓𝛼(1) + Δ𝑡2 𝑓𝛼(2) )
2
𝜕𝑡
𝜕𝑥𝑗
(19)
𝑔ℎ 𝜕𝑍𝑏
1
= − (Δ𝑡𝑓𝛼(1) + Δ𝑡2 𝑓𝛼(2) ) − 3Δ𝑡𝜔𝛼 𝑒𝛼𝑗 2
𝜏
𝑒 𝜕𝑥𝑗

1 𝜕
= −𝜀 2
(∑𝑒 𝑒 𝐹 ) .
12𝑒 𝜕𝑥𝑗 𝛼 𝛼𝑗 𝛼𝑘 𝑘

(23)

Taking ∑ 𝑒𝛼𝑖 [(20) + Δ𝑡 × (22)] about 𝛼 provides
𝜕
𝜕
(∑𝑒 𝑒 𝑓(0) )
(∑𝑒𝛼𝑗 𝑓𝛼(0) ) +
𝜕𝑡 𝛼
𝜕𝑥𝑗 𝛼 𝛼𝑗 𝛼𝑗 𝛼

+ Δ𝑡𝐹𝛼 .
To order Δ𝑡, it is

+ 𝐹𝛼 .

𝛼 = 2, 4, 6, 8.

Taking ∑[(20) + Δ𝑡 × (22)] about 𝛼 provides

𝜕
𝜕
) (𝑓𝛼(0) + Δ𝑡𝑓𝛼(1) + Δ𝑡2 𝑓𝛼(2) )
+ 𝑒𝛼𝑗
𝜕𝑡
𝜕𝑥𝑗

𝑔ℎ 𝜕𝑍𝑏
𝜕
𝜕
1
( + 𝑒𝛼𝑗
) 𝑓𝛼(0) = − 𝑓𝛼(1) − 3𝜔𝛼 𝑒𝛼𝑗 2
𝜕𝑡
𝜕𝑥𝑗
𝜏
𝑒 𝜕𝑥𝑗

(16)

𝑔ℎ 𝜕𝑍𝑏
𝜕
1 𝜕
= − ( + 𝑒𝛼𝑗
) (−3𝜔𝛼 𝑒𝛼𝑗 2
+ 𝐹𝛼 )
2 𝜕𝑡
𝜕𝑥𝑗
𝑒 𝜕𝑥𝑗

From Chapman-Enskog expansion, we have

Δ𝑡 (

𝛼 = 1, 3, 5, 7,

Substitution of (20) into (21), we have

2

𝑓𝛼 = 𝑓𝛼(0) + Δ𝑡𝑓𝛼(1) + Δ𝑡2 𝑓𝛼(2) + 𝑜 (Δ𝑡2 ) .

𝛼 = 0,

To order Δ𝑡2 , it is

𝑓𝛼 (𝑋 + 𝑒𝛼 Δ𝑡, 𝑡 + Δ𝑡)
= 𝑓𝛼 (𝑋, 𝑡) + Δ𝑡 (

ℎ
,
12𝑒2

+ Δ𝑡 (1 −
(20)

= (−𝑔ℎ

1
𝜕
(∑𝑒 𝑒 𝑓(1) )
)
2𝜏 𝜕𝑥𝑗 𝛼 𝛼𝑗 𝛼𝑗 𝛼

𝜕𝑍𝑏
+ 𝐹𝑖 ) 𝛿𝑖𝑗 .
𝜕𝑥𝑗

(24)
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Table 1: The flow variables and wave parameters.

𝑢0 (m/s)
1
0
1

Test
1
2
3

V0 (m/s)
0
0
0

Wave period (s)
0.5
0.5

Wave amplitude (m)
0.1
0.1

According to the law of conservation of mass, we know
∑𝑓𝛼 (𝑋, 𝑡) =
𝛼

(𝑋, 𝑡) .

(25)

If the center-scheme for the force term is applied, evaluation
of the other terms in the above equations using (13) and (25)
simplifies (23) and (24) and obtains

𝜕 (ℎ𝑢𝑖 ) 𝜕 (ℎ𝑢𝑖 ℎ𝑢𝑗 )
+
𝜕𝑡
𝜕𝑥𝑗

(26)

𝜕𝑆𝑖𝑗
𝜕𝑍
𝜕 ℎ2
𝜕
( )−
Λ 𝑖𝑗 − 𝑔ℎ 𝑏 +
+ 𝐹𝑖 ,
𝜕𝑥𝑖 2
𝜕𝑥𝑗
𝜕𝑥𝑗 𝜕𝑥𝑗

with
Λ 𝑖𝑗 =

r = 0.12 m

1
0

0

2

7
x (m)

Figure 2: The layout sketch of the channel.

𝜕ℎ 𝜕 (ℎ𝑢𝑗 )
=0
+
𝜕𝑡
𝜕𝑥𝑗

= −𝑔

y (m)

2

∑𝑓𝛼eq
𝛼

Δ𝑡
(2𝜏 − 1) ∑𝑒𝛼𝑖 𝑒𝛼𝑗 𝑓𝛼(1)
2𝜏
𝛼

𝜕 (ℎ𝑢𝑖 ) 𝜕 (ℎ𝑢𝑗 )
≈ −] [
+
].
𝜕𝑥𝑖
𝜕𝑥𝑖

(27)

Substitution of (27) into (26) leads to the following equations
which were referred to as wave-current coupling equations
(1).

3. Numerical Tests
3.1. Wave-Current Flow around a Circular Cylinder. This
model is built based on the verified LBM hydrodynamic
model [22]. The layout diagram of the channel is shown in
Figure 2. The length is 7 m, and the width is 2 m. The bottom
is flat and a solid cylinder with a 0.12 m radius is located at
2 m, 1 m. The initial water depth is 1 m and the flows go from
the left to the right. The computational domain is divided by
140 × 40 computational grids. The time step is 0.01 s.
This case includes three different tests, which are driven
by currents, by waves, and by both wave and current,
respectively. The flow variables and wave parameters of three
types situations are shown in Table 1 (𝑢0 is initial horizontal
velocity and V0 is initial vertical velocity).
Test 1 (driven by the current). It can be seen that the water
depth and flow velocity obviously varied due to the presence
of the middle column (see Figure 3).

When the flow encounters the cylinder, it passes around
and a weak area emerges just behind the cylinder, where the
circulation and a drop of water surface can be found.
Test 2 (driven by the wave). The initial water is still and
a wave maker is set at the inlet, where the incident waves
are parallel generated in the 𝑥-axis. The water depth is
intuitively depicted in Figure 4, where one can find regular
wave propagation although there is a deformation caused by
the cylinder.
In terms of the longitudinal velocity 𝑢, it is not always
positive, as the flow is only driven by the wave (see Figures
4 and 5). This phenomenon is further described in Figure 6.
Test 3 (driven by both wave and current). Under the interaction effects of waves and currents, the wave run-up is pushed
higher than before (see Figures 7 and 8), and the deformation
process is more apparent (see Figure 9).
To illustrate the effects of currents and waves, the comparisons of the velocity 𝑢 and the water depth ℎ are plotted in
Figures 10 and 11, respectively. It can be found that the wavecurrent interaction is not a simple superposition of waves and
currents, and furthermore, wave-current interaction effects
are greater than summation of these two effects separately.
3.2. Solitary Waves around Cylinders. This case is a classic
cylinder model that has been simulated by many researchers
before [23, 24]. In this section, a solitary wave around a
cylinder is simulated first. The whole water channel is 60 m
long and 30 m wide, and there is a circular cylinder with
𝑅 = 1.5875 m in the center of the channel. The initial solitary
wave with amplitude of 0.4 m is incident from left. Lattice size
is 0.4 m, and the time step is 0.01 s.
Figure 12 shows the plots of three-dimensional perspective view of water surface at 𝑡 = 8.7 s and 16 s. The solitary
wave climbs up and a sequence of significant disperse waves
after initial wave encountering the cylinder can be observed.
At 𝑡 = 16 s, the solitary wave is about to propagate out of
the area. At the same time, disperse waves are fully developed
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Figure 3: 𝑥, 𝑦 direction of the velocity (𝑡 = 3 s).
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Figure 6: The magnitude of 𝑢 and V (𝑡 = 3 s).
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Figure 5: Velocity vector diagram (𝑡 = 3 s).

to cover almost all the channel behind the frontal wave. The
results are consistent with previous research [23].
Furthermore, a solitary wave around four cylinders is
simulated. The simulation is conducted in an area of constant
water depth (1 m), being 60 m long and 40 m wide. The
distance between the centers of any two adjacent cylinders
is 7.17 m, and the radius of four cylinders is the same with 2 m
(see Figure 13). The whole domain is divided by 150 × 100
computational grids. The time step is 0.01 s.
Figure 14 is the three-dimensional water depth of the
wave around four cylinders at different times. The climbing
up of water on the first cylinder can be observed at 𝑡 = 7 s.
At 𝑡 = 9 s, the solitary wave encounters two middle cylinders
and then runs up the front sides. Furthermore, a circular
back disperse wave begins to turn up and propagates along
the channel. The height of the middle part of the solitary
wave decreases significantly due to obstruction of the frontal
cylinder. The solitary wave encounters the rear cylinder at
𝑡 = 10.5 s. The results show that the back disperse waves
induced by the frontal cylinder form a circular wave pattern
propagating towards the left open boundary. At the same
time, the circular disperse waves, emerging from the two

Figure 7: The magnitude of water surface (𝑡 = 3 s).

middle cylinders, are also expanded. Due to the complicated
interactions between waves and cylinders, the diffracted wave
patterns become fully irregular in the domain at 𝑡 = 16 s.
The results of the proposed model agree well with the work
conducted by Zhong and Wang [23].

4. Conclusion
This paper proposes a two-dimensional hydrodynamic model
to investigate the wave-current interaction around cylinders.
The lattice Boltzmann method was used to discretize the
mathematical model in numerical simulation. A BKG scheme
with an enhanced equilibrium is used to treat the wave
radiation stress. The numerical results of both cases are
in good agreement with practicalities and previous studies,
demonstrating that this new model is able to produce reliable
results for studying cylinders problems.
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Multiphase flows are very important in industrial application. In present study, the force schemes in the pseudopotential LBM
for two-phase flows have been compared in detail and the force schemes include Shan-Chen, EDM, MED, and Guo’s schemes.
Numerical simulations confirm that all four schemes are consistent with the Laplace law. For Shan-Chen scheme, the smaller 𝜏 is,
the smaller the surface tension is. However, for other schemes, 𝜏 has no effect on surface tension. When 0.6 < 𝜏 ≤ 1, the achieved
density ratio will reduce as 𝜏 reduces. During this range of 𝜏, the maximum density ratio of EDM scheme will be greater than that of
other schemes. For a constant 𝑇, the curves of the maximum spurious currents (𝑢 ) has a minimum value which is corresponding
to 𝜏 except for EDM schemes. In the region of 𝜏 < 𝜏 ≤ 1, 𝑢 will reduce as 𝜏 decreases. On the other hand, in the area of 𝜏 ≤ 𝜏 ,
𝑢 will increase as 𝜏 decreases. However, for EDM scheme, 𝑢 will increase as 𝜏 increases.

1. Introduction
Multiphase flows are very important in industrial application
[1]. Recently, the lattice Boltzmann method (LBM) has
been applied widely for studying the two-phase flows and
demonstrated its advantages [2–4]. The LBM for two-phase
flows can be divided into the following four kinds: pseudopotential model [5, 6], free energy model [7], kinetic theory
based model [8], and color model [9, 10], in which the
pseudopotential LBM is very popular because of its simplicity.
In pseudopotential LBM, the interactions between fluids
are simulated by an artificial interparticle potential. So, the
force scheme is very important to simulate two-phase flows
accurately. There are four main kinds of force schemes in
the pseudopotential LBM: the first is Shan and Chen’s force
scheme [5, 6], the second is the Exact Difference Method
(EDM) scheme [11–13], the third is Method of Explicit
Derivative (MED) scheme [8], and the last is Guo’s scheme
which considered the discrete lattice effects [14]. Shan [15]
showed that the spurious current present in LBM is due to
the insufficient isotropy of operator and proposed a method
to improve it. Shan [16] proposed a general approach of

calculating the pressure tensor for nonideal gas LBM. Yu
and Fan [17] combined adaptive mesh refinement method
and lattice Boltzmann method to improve the two-phase
flow simulation. It should be noted that the EDM scheme is
Galilean invariant and the results obtained by EDM scheme
do not depend on relaxation time [11, 18]. Kupershtokh et al.
[13] compared three kinds of approximation of the gradient of
special potential (“local,” “mean-value,” and “general”) and
showed that the “general” approximation was most precise
and stable. Moreover, the maximal density ratio was larger
than 107 for the van der Waals Equation of State and up to 109
for the Carnahan-Starling Equation of State. Recently, Huang
et al. [19] and Sun et al. [20] investigated the performance of
different forcing schemes in the pseudopotential LBM. Li et
al. [21] carried out a theoretical analysis of the Shan-Chen
and EDM schemes in the pseudopotential LBM. Hu et al.
[22] carried out the comparative analysis of different force
schemes in pseudopotential LBM. Zheng et al. [23] studied
the different force treatments in detail in Shan-Chen twophase LBM by theoretical analysis.
Based on above analysis, although some studies have been
carried out on the force schemes in pseudopotential LBM, but
the detailed comparison of different force schemes is scarce in
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available literature. In present study, a detailed comparison of
force schemes including Shan-Chen, EDM, MED, and Guo’s
schemes will be carried out.

The real fluid velocity can be obtained from Ginzburg and
Adler [24] as follows:
̃ =u+
u

2. Pseudopotential Lattice Boltzmann
Model for Two-Phase Flows
2.1. Shan-Chen Scheme. The first pseudopotential lattice
Boltzmann model for two-phase flows is proposed by Shan
and Chen [5, 6] and is expressed as follows:

1
[𝑓 (x, 𝑡) − 𝑓𝛼eq (𝜌, u)] ,
𝜏 𝛼

ueq = u (x, 𝑡) + 𝜏Δu,
Δu (x, 𝑡) =

(7)

2.3. Guo’s Scheme. The pseudopotential lattice Boltzmann
model with Guo’s force scheme [14] can be shown as follows:
𝑓𝛼 (x + e𝛼 Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝛼 (x, 𝑡)

𝑓𝛼 (x + e𝛼 Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝛼 (x, 𝑡)
−

FΔ𝑡
.
2𝜌

−

1
[𝑓 (x, 𝑡) − 𝑓𝛼eq (𝜌, u)]
𝜏 𝛼
1
) 𝐹 (𝑡) Δ𝑡,
2𝜏 𝛼

+ (1 −

(1)

(8)

̃ )/𝐶𝑠2 + (e𝛼 u
̃ /𝐶𝑠4 )e𝛼 ]F.
with 𝐹𝛼 = 𝑤𝛼 [(e𝛼 − u
The density and flow velocity can be obtained by the
following [24]:

F (x, 𝑡) Δ𝑡
.
𝜌 (x, 𝑡)

The equilibrium distribution functions can be calculated
by

𝜌 = ∑𝑓𝛼 ,
𝑓𝛼

eq

𝛼

2

e u (e u)
u2
(𝜌, u) = 𝜌𝑤𝛼 (1 + 𝛼 + 𝛼 2 − ) .
𝜃
2𝜃
2𝜃

The density and flow velocity can be obtained by the
following:
𝜌 = ∑𝑓𝛼 ,
𝛼

u=

(3)

1
∑e 𝑓 .
𝜌 𝛼 𝛼 𝛼

The actual fluid velocity can be defined according to Ginzburg
and Adler [24] as
̃ =u+
u

FΔ𝑡
.
(2𝜌)

(4)

2.4. MED Scheme. The pseudopotential lattice Boltzmann
model with MED force scheme [8] can be shown as follows:
𝑓𝛼 (x + e𝛼 Δ𝑡, 𝑡 + Δ𝑡) − 𝑓𝛼 (x, 𝑡)
eq
1
= − [𝑓𝛼 (x, 𝑡) − 𝑓𝛼 (𝜌, u)]
𝜏

+ Δ𝑡 (1 −

𝛼

𝜌u = ∑𝑓𝛼 e𝛼 +
𝛼

(5)

+ 𝑓𝛼eq (𝜌, u + Δu)
− 𝑓𝛼eq (𝜌, u) ,
where 𝜌u = ∑𝛼 e𝛼 𝑓𝛼 , Δu = FΔ𝑡/𝜌 and the equilibrium
distribution function is shown as follows:
𝑓𝛼

eq

In order to get relatively large density ratio, the CarnahanStarling Equation of State (C-S EOS) is used in the present
study [25]:
2

(6)

(11)

Δ𝑡
F.
2

3. Carnahan-Starling Equation of
State (C-S EOS)

2

e u (e u)
u2
(𝜌, u) = 𝜌𝑤𝛼 (1 + 𝛼 + 𝛼 2 − ) .
𝜃
2𝜃
2𝜃

1 (e𝛼 − u) ⋅ F eq
𝑓𝛼 (𝜌, u) ,
)
2𝜏
𝜌𝑐𝑠2

𝜌 = ∑𝑓𝛼 ,

𝑓𝛼 (x + e𝛼 Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝛼 (x, 𝑡)
1
[𝑓 (x, 𝑡) − 𝑓𝛼eq (𝜌, u)]
𝜏 𝛼

(10)

with 𝑓𝛼 = 𝑓𝛼 − (Δt/2)(((e𝛼 − u) ⋅ F)/𝜌𝑐𝑠2 )𝑓𝛼 eq .
The density and flow velocity can be obtained by

2.2. EDM Scheme. The pseudopotential lattice Boltzmann
model with EDM [11, 12] can read

−

(9)

Δ𝑡
1
̃ = ∑e𝛼 (𝑓𝛼 + 𝐹𝛼 ) .
u
𝜌 𝛼
2

(2)

𝑝 = 𝜌𝑅𝑇

1 + 𝑏𝜌/4 + (𝑏𝜌/4) − (𝑏𝜌/4)
(1 − 𝑏𝜌/4)

3

3

− 𝑎𝜌2 ,

(12)
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MED

Figure 1: Predicted coexistence densities of two-phase separation by of Shan-Chen, EDM, MED, and Guo’s schemes (𝜏 = 1).

in which 𝑎 = 0.4963𝑅2 𝑇𝑐2 /𝑝𝑐 , 𝑏 = 0.18727𝑅𝑇𝑐 /𝑝𝑐 , and 𝑇𝑐 and
𝑃𝑐 can be obtained by
𝑇𝑐 =

0.3773𝑎
,
𝑏𝑅

(13)

0.0706
,
𝑝𝑐 =
𝑏2
where 𝑎 = 1, 𝑏 = 4, 𝑅 = 1 are used in the present study.

4. Application Cases
4.1. Two-Phase Separation. In this section, two-phase separation will be used to test four schemes of Shan-Chen, EDM,
MED, and Guo. The force term can be calculated by the
following:
F (𝑥, 𝑡) = −𝐺𝜓∑𝑤𝛼 𝜓 (𝑥 + e𝛼 Δ𝑡) e𝛼 ,
𝛼

(14)

where 𝑤𝛼 is weights and, for D2Q9 model, 𝑤𝛼 = 4/9 (𝛼 = 1),
𝑤𝛼 = 1/9 (𝛼 = 2, 3, 4, 5), 𝑤𝛼 = 1/36 (𝛼 = 6, 7, 8, 9).
In the present work, the interaction potential is defined
according to the method by Chen et al. [26] as follows:
𝜓 (𝜌) = √

2 (𝑝 − 𝜌𝑐𝑠2 )
𝐺𝑐𝑠2

.

(15)

In computation, 𝜌0 = 1, 101 × 101 grids have been used;
the periodic boundary conditions are used for all boundaries.
The initial density for whole area is critical density, and a
random density fluctuation of plus or minus 1% is added at
the beginning for whole area. When the computation gets to
equilibrium, gas and liquid phases will separate clearly. The
simulated results are shown in Figure 1.
It can be known from Figure 1 that all of four schemes
perform almost the same and agree well with the analytical

solution. Besides, it is clear that the present study agrees with
that by Kupershtokh et al. [13].
4.2. Surface Tension. Surface tension is of great importance in
the two-phase flows and its relationship with bubble radius is
consistent with the Laplace law. In this section, Laplace’s law
will be used to verify four schemes and the effect of 𝜏 and 𝑇
on the surface tension will be discussed. The simulated results
are shown in Table 1 and Figures 2–4.
It can be seen from Figures 2 and 3, the pressure difference
between the inside and outside the bubble is linearly related to
the reciprocal of the radius. This agrees well with the Laplace’s
law. Figure 3 shows that 𝜏 has no effect on surface tension for
the EDM, MED, and Guo’s schemes.
4.3. Maximum Two-Phase Density Ratio. The study shows
that the simulation will become unstable when 𝑇 is low for
four schemes, so 𝑇 has a certain range for stable computation.
To demonstrate the numerical stability of four schemes and
get the minimum 𝑇 with stable computation, two-phase
separation case is tested by adjusting 𝜏 and the results are
shown in Figure 5.
It can be seen from Figure 5 that the minimum 𝑇 will
become larger as 𝜏 reduces when 0.5 < 𝜏 ≤ 1 and it means
that achieved maximum ratio of two-phase densities will
become smaller. For the same 𝜏, the maximum density ratio
of EDM scheme will be larger than those of other schemes for
0.6 < 𝜏 ≤ 1.
4.4. Spurious Currents. The spurious current is one of the
important criteria to evaluate pseudopotential models
because it will lead to the computation instability. In order to
study the effect of four force schemes on spurious current, a
series of tests have been carried out. The maximum spurious
currents for different 𝑇 and 𝜏 have been shown in Table 2
and Figure 6. It shows that the spurious current will increase
as 𝑇 reduces with the same 𝜏 for all of four schemes. That is
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Table 1: The effect of 𝜏 and 𝑇 on the surface tension for 𝑇 = 0.8𝑇𝑐.

Table 1: Continued.

𝜏

0.75

0.8

0.85

0.9

0.95

1

0.8

0.85

1/𝑟
EDM scheme
4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.49𝐸 − 02
6.16𝐸 − 02
7.28𝐸 − 02
4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.49𝐸 − 02
6.16𝐸 − 02
7.28𝐸 − 02
4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.49𝐸 − 02
6.16𝐸 − 02
7.28𝐸 − 02
4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.49𝐸 − 02
6.16𝐸 − 02
7.28𝐸 − 02
4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.49𝐸 − 02
6.16𝐸 − 02
7.28𝐸 − 02
4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.49𝐸 − 02
6.10𝐸 − 02
7.95𝐸 − 02
MED scheme
4.19𝐸 − 02
4.58𝐸 − 02
5.05𝐸 − 02
5.64𝐸 − 02
6.38𝐸 − 02
7.38𝐸 − 02
4.19𝐸 − 02
4.58𝐸 − 02
5.05𝐸 − 02
5.63𝐸 − 02
6.38𝐸 − 02
7.38𝐸 − 02

𝑑𝑝
3.13𝐸 − 04
3.42𝐸 − 04
3.77𝐸 − 04
4.19𝐸 − 04
4.71𝐸 − 04
5.61𝐸 − 04
3.14𝐸 − 04
3.42𝐸 − 04
3.77𝐸 − 04
4.20𝐸 − 04
4.72𝐸 − 04
5.62𝐸 − 04
3.14𝐸 − 04
3.43𝐸 − 04
3.77𝐸 − 04
4.20𝐸 − 04
4.72𝐸 − 04
5.62𝐸 − 04
3.14𝐸 − 04
3.43𝐸 − 04
3.78𝐸 − 04
4.20𝐸 − 04
4.72𝐸 − 04
5.62𝐸 − 04
3.14𝐸 − 04
3.43𝐸 − 04
3.78𝐸 − 04
4.20𝐸 − 04
4.73𝐸 − 04
5.63𝐸 − 04
3.14𝐸 − 04
3.43𝐸 − 04
3.78𝐸 − 04
4.21𝐸 − 04
4.71𝐸 − 04
6.15𝐸 − 04
1.83𝐸 − 04
1.99𝐸 − 04
2.19𝐸 − 04
2.43𝐸 − 04
2.74𝐸 − 04
3.13𝐸 − 04
1.83𝐸 − 04
1.99𝐸 − 04
2.19𝐸 − 04
2.43𝐸 − 04
2.73𝐸 − 04
3.13𝐸 − 04

𝜏

1/𝑟

𝑑𝑝

0.9

4.19𝐸 − 02
4.58𝐸 − 02
5.05𝐸 − 02
5.63𝐸 − 02
6.38𝐸 − 02
7.38𝐸 − 02

1.83𝐸 − 04
1.99𝐸 − 04
2.19𝐸 − 04
2.43𝐸 − 04
2.73𝐸 − 04
3.13𝐸 − 04

0.95

4.19𝐸 − 02
4.58𝐸 − 02
5.05𝐸 − 02
5.63𝐸 − 02
6.38𝐸 − 02
7.39𝐸 − 02

1.83𝐸 − 04
1.99𝐸 − 04
2.19𝐸 − 04
2.43𝐸 − 04
2.73𝐸 − 04
3.13𝐸 − 04

1

4.19𝐸 − 02
4.58𝐸 − 02
5.05𝐸 − 02
5.63𝐸 − 02
6.38𝐸 − 02
7.39𝐸 − 02

1.83𝐸 − 04
1.99𝐸 − 04
2.19𝐸 − 04
2.43𝐸 − 04
2.74𝐸 − 04
3.14𝐸 − 04

0.85

4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.47𝐸 − 02
6.48𝐸 − 02

1.97𝐸 − 04
2.16𝐸 − 04
2.38𝐸 − 04
2.65𝐸 − 04
3.17𝐸 − 04

0.9

4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.47𝐸 − 02
6.48𝐸 − 02
7.54𝐸 − 02

1.97𝐸 − 04
2.16𝐸 − 04
2.38𝐸 − 04
2.65𝐸 − 04
3.17𝐸 − 04
3.75𝐸 − 04

0.95

4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.47𝐸 − 02
6.48𝐸 − 02
7.54𝐸 − 02

1.97𝐸 − 04
2.16𝐸 − 04
2.38𝐸 − 04
2.65𝐸 − 04
3.17𝐸 − 04
3.74𝐸 − 04

1

4.14𝐸 − 02
4.50𝐸 − 02
4.95𝐸 − 02
5.47𝐸 − 02
6.48𝐸 − 02
7.54𝐸 − 02

1.97𝐸 − 04
2.16𝐸 − 04
2.38𝐸 − 04
2.65𝐸 − 04
3.16𝐸 − 04
3.74𝐸 − 04

Guo’s scheme

why computation is instable when 𝑇 is small. The maximum
spurious current of MED scheme is slightly larger than that
of other schemes.
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Figure 2: Relationship between bubble radius and pressure difference at different temperatures for 𝜏 = 0.7.

Moreover, it can be seen from Figure 6 that, with a
constant 𝑇, for Shan-Chen, MED, and Guo’s schemes, the
curves of 𝑢 have a minimum value which is corresponding
to 𝜏 . During this region of 𝜏 < 𝜏 ≤ 1, 𝑢 will reduce as 𝜏
decreases. On the other hand, in the area of 𝜏 ≤ 𝜏 , 𝑢 will
increase as 𝜏 decreases. But for EDM scheme, 𝑢 will increase
as 𝜏 increases. Moreover, present study is compared with that
by Kupershtokh et al. [13] and both of results are similar as
shown in Figure 7.

5. Conclusions
In present study, the force schemes in the pseudopotential
LBM for two-phase flows have been compared in detail and
the force schemes include Shan-Chen, EDM, MED, and Guo’s
schemes. The LBM with four schemes have been used to
study the two-phase separation and surface tension. Besides,

the maximum two-phase density ratio and spurious currents
also are discussed in detail. Based on the above study, the
following conclusions can be drawn:
(1) Numerical simulations confirm that all four schemes
are consistent with the Laplace law. For the EDM, MED, and
Guo’s schemes, 𝜏 has no effect on surface tension.
(2) When 0.5 < 𝜏 ≤ 1, the achieved density ratio will
reduce as 𝜏 reduces. For the same 𝜏, the maximum density
ratio of EDM scheme will be greater than that of other
schemes 0.6 < 𝜏 ≤ 1.
(3) Except for the EDM scheme, the curves of the maximum spurious currents (𝑢 ) have a minimum value which
is corresponding to 𝜏 for three schemes. In the region
of 𝜏 < 𝜏 ≤ 1, 𝑢 will reduce as 𝜏 decreases. On the
other hand, in the area of 𝜏 ≤ 𝜏 , 𝑢 will increase as 𝜏
decreases. But for EDM scheme, 𝑢 will increase as 𝜏 increases.
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Figure 3: Relationship between bubble radius and pressure difference at different 𝜏 for 𝑇 = 0.8𝑇𝑐.
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Figure 4: The density distribution of stable bubble with EDM force scheme.
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Figure 5: The minimum 𝑇 with stable computation at different 𝜏 for Shan-Chen, EDM, MED, and Guo’s schemes.
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Figure 6: The maximum spurious currents of Shan-Chen, EDM, MED, and Guo’s schemes for different 𝜏 and 𝑇.
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8

Mathematical Problems in Engineering
Table 2: Maximum spurious currents for Shan-Chen, EDM, Guo’s, and MED schemes.

𝑇/𝑇𝑐

0.95

0.90

0.85

𝜏
0.90
0.85
0.80
0.75
0.70
0.90
0.85
0.80
0.75
0.70
0.90
0.85
0.80
0.75
0.70
0.65

𝑢
Shan-Chen scheme
9.36𝐸 − 05
8.14𝐸 − 05
7.34𝐸 − 05
6.67𝐸 − 05
6.47𝐸 − 05
4.71𝐸 − 04
4.34𝐸 − 04
3.93𝐸 − 04
3.49𝐸 − 04
3.75𝐸 − 04
1.20𝐸 − 03
1.10𝐸 − 03
1.00𝐸 − 03
9.31𝐸 − 04
1.10𝐸 − 03
1.90𝐸 − 03
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The 𝑘-𝜀 turbulent model and VOF methods were used to simulate the three-dimensional turbulence jet. Numerical simulations were
carried out for three different kinds of jets in a bounded pool with the deflection wall with angles of 0∘ , 3∘ , 6∘ , and 9∘ . The numerical
simulation agrees well with the experimental data. The studies show that the length of the potential core zone increases with the
increase of the deflection angle. The velocity distribution is consistent with the Gaussian distribution and almost not affected by
the deflection angle in potential core zone. The decay rates of flow velocity in the transition zone are 1.195, 1.281, 1.439, and 1.532
corresponding to the unilateral deflection angles, 0∘ , 3∘ , 6∘ , and 9∘ , respectively. The decay rates of velocity in the transition zone are
1.928 and 2.835 corresponding to the bilateral deflection angles 3∘ and 6∘ . It is also found that the spread of velocity is stronger in
the vertical direction as the deflection angles become smaller. The spread rates of velocity with unilateral deflection wall are higher
than those with bilateral deflection walls in the horizontal plane in the pool.

1. Introduction
Jet is an important motion type of fluid and it can be divided
into the laminar jet and the turbulent jet according to its
turbulent intensity. In hydraulic engineering, the jets almost
belong to the turbulent jets [1]. In more detail, As shown
in Figure 1, the jet can be divided into three regions: (I)
core region or potential flow zone: the max velocity in this
zone still maintains the velocity at the jet exit; (II) transition
zone: the velocity in this zone decays rapidly; (III) fully
development zone. When it moves into the limited pool, the
flow is known as confined jets, such as hydraulics jump for
energy dissipation. The flow is called wall jet when the main
flow is closed to the boundary. The flow is called offset jet
when the jet distances away from the boundary. Rajaratnam
[2] has discussed these categories in detail. The hydraulic
jump with sudden enlargement and drop was commonly used
to be an energy dissipator in hydraulic engineering and it
is actually a kind of submerged offset jet. According to the
pressure in bottom, floor can be divided into three regions: A
recirculation region, where jet is not affected by the bottom
floor, B impingement region, where the jet attaches the

bottom floor due to the pressure, and C wall jet region, where
the flow pattern is similar to the wall jet.
Submerged offset jets occur in many engineering applications, so submerged offset jet has received a lot of attention
from researchers. However, there have been fewer investigations of jets with small offset ratios (𝑆/𝑑 < 5) [3–5]. Nasr
and Lai [5] determined the mean velocities and turbulence
characteristics of a turbulent plane offset jet with a small offset
ratio of 2.125 and a Reynolds number of 11,000 using LDA.
Yang and Yeh [6] have numerically studied the field of an
offset jet with Reynolds number of 15,000 for offset ratios
of 3, 7, and 11. In their work, it was revealed that when the
flow is fully developed near the exit and when the walls are
far away from the region of concern, zero normal gradient
boundary condition could be used at the entrainment and exit
boundary. Agelin-Chaab and Tachie [7] reported that, in the
early region of the flow development, the Reynolds number
and the offset ratio have significant effects on the decay of
the maximum mean velocity, but the decay and spread rates
were found to be nearly independent of the offset ratio at lager
downstream distances. Assoudi et al. [8] had investigated the
mean velocity and turbulence characteristics of the turbulent
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Figure 1: The sketch of submerged offset jet inside a unilateral deflection pool. Note. Divided by velocity decay rate in streamwise direction: (I)
core region or potential flow zone, (II) transition zone, and (III) full development zone. Divided by pressure in bottom floor: A recirculation
region, B impingement region, and C wall jet region.

offset jet using PIV technique at 3 velocity ratios and 2 offset
ratios; their results indicated that increasing the offset ratio
gives a better distribution of the jet within the flow field,
giving rise to a better dynamic mixture. Nyantekyi-Kwakye
et al. [9] studied experimentally the jet with different height
ratios (0, 2 and 4); their work revealed that the large scale
structures within the inner layer increase with wall normal
distance from the pool bottom. Further, Rathore and Das [10]
reported a numerical investigation for the turbulent offset jet
and compared with results proposed by Launder and Sharma
[11] and Yang and Shih [12]. They observed a similar profile
in the wall jet region due to the resemblance of an offset jet
with that of a wall jet flow in the wall jet region. Durand
et al. [13] used ADV measuring the velocity of offset jet at
the Reynold numbers of 34,000, 53,000, and 86,000; their
results indicated the wall normal location of maximum mean
velocity and jet spread to be independent of Reynold number.
Kishore and Dey [14] provided an experimental investigation
of hydraulic characteristics of submerged offset jets by ADV;
the streamwise velocity profiles were measured at different
sections. The work of Assoudi et al. [15] studied the mean flow
behavior of a three-dimensional turbulent offset jet issuing
into quiescent ambient; they reported high offset height and
it is shown that reattachment point depends strongly on the
jet form and the offset height.
In addition, most of the previous studies limit the
jet pools to a rectangle. However, sometimes a deflection

stilling basin can easily be used to different upstream and
downstream conditions; it is more economical than costly
transitional structure. The gradually expanding hydraulic
jump had been studied by Omid et al. [16]. Besides, Khalif
and Moccorquodale [17] carried out a mathematical model
of strip integral to investigate radiative hydraulic jump.
With the rapid development of computer power and
numerical methods, it is more feasible to use numerical
simulation to study the complex turbulent jets. Yue-Tzu Yang
(1994), Gu [18], Karim and Ali [19], and Mohammad (2011)
show that the k-𝜀 turbulence model is an effective method
to study the jet. In this paper, the standard k-𝜀 turbulence
model and VOF multiphase flow model were used to study
the submerged offset jet in no deflection pool, unilateral
deflection (deflection angle: 3∘ , 6∘ , and 9∘ ), and bilateral
deflection (deflection angle: 3∘ , 6∘ ), so the understanding of
the flow pattern of the submerged offset jet in a pool with
unilateral and bilateral deflection wall can be deepened.

2. Numerical Model
2.1. Calculation Model. ANSYS 15.0 ICEM was used to carry
out the numerical models for six types of the jet pools, as
shown in Table 1. The computational area contained a circular
jet exit, a pool, an end sill, and a tailwater section. The
diameter of jet exit is 𝑑 = 5 m, the offset height is 𝑆 = 4 m
(offset ratio is 𝑆/𝑑 = 0.8), the width of the start section of the
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Table 1: The jet pool types parameters.

Case
ND0
UD3
UD6
UD9
BD3
BD6

Deflection angle 𝜃
0∘
3∘
6∘
9∘
3∘
6∘

Deflection pattern
No deflection
Unilateral deflection (left side wall)
Unilateral deflection (left side wall)
Unilateral deflection (left side wall)
Bilateral deflection
Bilateral deflection

Note. The meanings of the abbreviations in the first column of the table are as follows: N is non, U is unilateral, B is bilateral, D is deflection, and the number
is the deflection angle.

pool is 𝐵 = 8 m (expansion ratio 𝑑/𝐵 = 0.625), the length of
the pool is 𝐿𝑥 = 134.5 m, the height of the pool is 𝐿𝑧 = 40 m,
and the height of the end sill is He = 17 m. All of cases were
meshed using structural grids.
2.2. Governing Equations. The standard 𝑘 − 𝜀 model was
considered to be useful when applied to offset jet flow,
Mondal et al. [20], Kumar [21], and Mondal et al. [22]. In
addition, Assoudi (2015) believed that the standard 𝑘 − 𝜀
model is more appropriate for the prediction of the turbulent
offset jet with small offset ratio (the offset ratio is 0.8 in this
paper). So the standard 𝑘 − 𝜀 turbulence model presented by
Launder and Spalding (1972) was used. The equations of the
turbulent kinetic energy, 𝑘, and its dissipation rate, 𝜀, are as
follows:
(1) 𝑘 equation:
𝜕 (𝜌𝑘) 𝜕 (𝜌𝑖 𝑘)
𝜇 𝜕𝑘
𝜕
=
[(𝜇 + 𝑡 )
] + 𝐺𝑘 − 𝜌𝜀.
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑖
𝜎𝑘 𝜕𝑥𝑖

(1)

(2) 𝜀 equation:
𝜕 (𝜌𝜀) 𝜕 (𝜌𝑢𝑖 𝜀)
𝜇
𝜀
𝜕
𝜕𝜀
=
[(𝜇 + 𝑡 )
] + 𝐶1𝜀 𝐺𝑘
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑖
𝜎𝜀 𝜕𝑥𝑖
𝑘
𝜀2
− 𝐶2𝜀 𝜌 .
𝑘

(2)

2

𝑘
𝜀

𝜕𝑢𝑗 𝜕𝑢𝑖
𝜕𝑢
)
.
𝐺𝑘 = 𝜇𝑡 ( 𝑖 +
𝜕𝑥𝑗 𝜕𝑥𝑖 𝜕𝑥𝑗

(3)

When 𝜌 is average density, 𝑢𝑖 is the average velocity
component in the 𝑖th direction; 𝜇 is the dynamic viscosity.
𝐶𝜇 = 0.09, 𝛼𝑘 = 1.0, 𝜕𝜀 = 1.3, 𝐶1𝜀 = 1.44, and 𝐶2𝜀 = 1.92 are
empirical constants; 𝑡 is time, and 𝑃 is pressure.
The volume of fluid (VOF) was used to track the air-water
interface; 𝜌 and 𝑢 in (1) and (2) are given by the following
equation:
𝜌 = 𝛼𝑤 𝜌𝑤 + (1 − 𝛼𝑤 ) 𝜌𝑎
𝜇 = 𝛼𝑤 𝜇𝑤 + (1 − 𝛼𝑤 ) 𝜇𝑎 ,

2.3. Boundary Conditions
(a) Inlet boundary: the inlet is treated as an inlet velocity
boundary, where the velocity is set to 30.66 m/s, so the
mean velocity in the jet exit is 37.48 m/s.
(b) Outlet boundary: the outlet is treated as an outlet
pressure boundary.
(c) Wall boundary: it is assumed that there is a no-slip
velocity boundary condition; near-wall regions of the
velocity are analyzed via the wall function.

Here,
𝑢𝑡 = 𝜌𝐶𝜇

where 𝛼𝑤 is the volume fraction of water, 𝜌𝑤 and 𝜌𝑎 are the
density of water and air, respectively, and 𝜇𝑤 and 𝜇𝑎 are the
viscosities of water and air, respectively.
The governing equations were discretized based on the
finite volume method using the SIMPLE algorithm for the
pressure-velocity coupling. The gradient was calculated by
least squares cell-based method. The pressure was discretized
by PRESTO! and volume fraction was discretized by GeoReconstruct. The second-order upwind scheme was used
for the momentum. The first-order upwind was selected for
discretizing the turbulent kinetic energy and the dissipation
rate.

(4)

(d) Free surface: at the free surface, the inlet pressure
boundary is chosen; the pressure value is standard
atmospheric pressure.
2.4. Grid Testing. In order to verify the accuracy of the
numerical model, the grid convergence index (GCI) (Celik et
al., 2008) was selected to test the uncertainty in the numerical
results with different grid sizes. The procedure is summarized
below.
Step 1. Define a representative grid size ℎ.
1/3

ℎ=[

1 𝑁
∑ (Δ𝑉𝑖 )]
𝑁 𝑖=1

,

(5)

where Δ𝑉𝑖 is the volume and 𝑁 is the total number of grids
used for computations.
Step 2. Select three significantly different set of grids, 𝑁, and
run simulations to determine the values of key variables, 𝜙. It
is desirable that refinement factor 𝑟 = ℎcoarse /ℎfine be greater
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Table 2: Sample calculations of discretization error using the GCI method.
Velocity at 𝑥/𝑑 = 0.4
721854, 379432, 273439
1.9025
1.3876
38.3747
38.4487
38.4645
1.0673
38.2997
0.19%
0.20%
0.24%

𝑁1 , 𝑁2 , 𝑁3
𝑟21
𝑟32
𝜙1
𝜙2
𝜙3
𝑝
21
𝜙ext
21
𝑒𝑎
21
𝑒ext
GCI21
fine

Velocity at 𝑥/𝑑 = 6
721854, 379432, 273439
1.9025
1.3876
29.4978
28.7691
31.9852
4.0300
29.5568
2.47%
0.20%
0.25%

Velocity at 𝑥/𝑑 = 7.6
721854, 379432, 273439
1.9025
1.3876
18.3938
19.9773
20.0786
2.4936
17.9951
8.61%
2.22%
2.71%

Table 3: The parameters of the experiment.
Case
UD6

Deflection angle 𝜃
6∘

Deflection type
Unilateral deflection

Mean velocity in jet exit (m/s)
37.48

than 1.3. Therefore, the sizes of the grids were 𝑁1 (721,854),
𝑁2 (379,432), and 𝑁3 (273,439), giving 𝑟 values of 1.90 and
1.39.
Step 3. Calculate the apparent order 𝑝 of the method using
the next equation. The equation was solved using fixed point
iteration.
𝑝=
𝑞 (𝑝) =

1  


ln 𝜀32 /𝜀21  + 𝑞 (𝑝)
ln (𝑟1 )
𝑝
𝑟21
ln ( 𝑝
𝑟32

− [1 ⋅ sgn (𝜀32 /𝜀21 )]
− [1 ⋅ sgn (𝜀32 /𝜀21 )]

(6)
),

where 𝜀32 = 𝜙3 − 𝜙2 and 𝜀21 = 𝜙2 − 𝜙1 .
Step 4. Calculate the extrapolated values from
𝑝

21
𝜙ext

=

(𝑟21 𝜙1 − 𝜙2 )
𝑝

(𝑟21 − 1)

.

(7)

Step 5. Calculate the approximate relative error 𝑒𝑎21 , extrap21
, and fine-grid convergence index
olated relative error 𝑒ext
21
CGIfine :
GCI21
fine =

1.25𝑒𝑎21
𝑝

𝑟21 − 1

(8)

In this case, the streamwise mean velocity (𝑈) at different
positions on the 𝑥-axis was selected as the variable 𝜙. The
sampling point is selected on the jet exit axis, and the 𝑥/𝑑
range is 0 to 10 due to the high velocity flow in this range
which is the focus of this study. Table 2 shows examples of the
calculation procedure for the three selected grids. According
to Table 1, the numerical uncertainty in the fine-grid solution
for the velocity at 𝑥/𝑑 = 7.6 was 2.71% which corresponded
to ±0.50 m/s.

Reynolds number (Re = V𝑑/]) at jet exit
1.85 × 108

GCI index values are plotted in the form of error bars,
as shown in Figure 2. Based on the grid convergence index,
the maximum discretization uncertainty was 7.9% which
corresponded to ±1.73 m/s. the discretization uncertainty
value ranged from 0.01% to 7.9%, with an average of 1.47%.
Based on these results and considering the computational
accuracy and time, the number of grids was reasonably set
to 379,432.
2.5. Model Validation. In order to verify the numerical
model, the physical model experiments were performed
in the State Key Laboratory of Hydraulic and Mountain
River Engineering, Sichuan University. The physical model
consisted of an upper water tank, a circular tube, a circular jet
exit, a pool, an end sill, a tailwater section, a measuring weir,
and a reservoir. The physical model scale is 1/35. The size of
a jet pool with unilateral 6∘ deflection angle was identical to
that in the numerical model; other parameters are shown in
Table 3. The time average pressure of the bottom floor and
the height of water surface had been measured; the layout
of the pressure measuring point is shown in Figure 3. It is
evident from Figure 4(a) that the water surface height from
computation agrees with the corresponding experimental
results. Figures 4(b), 4(c), and 4(d) show the pressure values
on the bottom of the pool. It can be seen that the numerical
simulations were in good agreement with the experimental
results; the maximum errors in the pressure were 8.01%. The
numerical results thus produced acceptable error values.

3. Numerical Results and Analysis
3.1. Flow Pattern. When the jet enters the quiescent body of
water, there is a velocity shear between the entering and the
ambient water. The velocity shear is unavoidably disturbed
during flow, loss of stability, and develops flow oscillations
in the shear layer. These oscillations will roll up to form
vortexes with increase in size and strength with the axial
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Figure 3: The measured point of time average pressure on the bottom floor in the pool.

distance. The vortexes will influence the entrainment of the
ambient water and the mixing of the ambient water and the
jet water. (1) For the jet pool with no deflection, the volume
of ambient water is relatively small due to the expansion
ratio 𝑑/𝐵 = 0.625; the spread of the flow section is greatly
restricted by the walls on both sides. From Figure 5(a), there
is very small vertical axis vortex on both sides of the front
part of the jet, then disappearing fast as the flow section
spread to the side walls. (2) For the jet pool with unilateral
deflection wall, the ambient water on both sides of the jet is
asymmetrical; the restriction of the jet flow section on the
side of the deflection wall is less compared to the side of
the nondeflection wall; there are recirculation zone and the
vertical axis vortex due to the jet flow interaction with the
ambient water on the side of deflection wall. It is evident from
Figures 5(b), 5(c), and 5(d) that the recirculation zone and
vertical axis vortex are larger as the deflection angle increase.
(3) For the jet pool with bilateral deflection, the process of
mixing between flow jet and ambient water less affected by the
side walls, the oscillations have enough conditions to produce
vortexes, if the deflection angle is large enough. As shown
in Figures 5(e) and 5(f) the recirculation zone and vertical
axis vortex are symmetrically dispersed on both sides of the
jet; the size of the vortexes increases as the deflection angle
increases.

3.2. The Velocity Attenuation of Mainstream. Due to the
lateral transmission of momentum, the entrained fluid gets
momentum and flows forward with the original jet, and the
original fluid momentum decreases and the velocities are lost
to form a certain velocity gradient. The results of the mixing:
the jet flow of section continues to expand, while the velocity
is decreasing. In the mainstream direction, the velocity decay
can be divided into three zones, including (I) potential core
zone—the velocity in this zone still maintains the velocity
at the jet exit; (II) transition zone—the velocity in this zone
decays rapidly; (III) fully development zone—the velocity in
this zone is small.
Figure 6 shows the attenuation of maximum mean velocity Um for all types of jet pool. It can be found that, whether
the jet pool is the unilateral deflection or bilateral deflection,
the length of the potential core increases as the deflection
angle increases. For the same deflection angle, the length of
the potential core in the bilateral deflection jet pool is longer
than that in unilateral deflection pool. The results show that if
the deflection level of the jet pool is higher, flow is less affected
by wall restrictions in the potential core zone, indicating that
the turbulence intensity of the flow in potential core zone also
is smaller, and the energy dissipation effect is worse.
Clark [23] reported that the decaying law of jet mean
velocity in the transition zone is 𝑈𝑚 ∝ (𝑥/𝑑)−𝜂 , where 𝜂
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(a) No deflection 0∘

(b) Unilateral deflection 3∘

(c) Unilateral deflection 6∘

(d) Unilateral deflection 9∘

(e) Bilateral deflection 3∘

(f) Bilateral deflection 6∘

Figure 5: Instantaneous streamlines on different deflection patterns and deflection angle of the jet pool.
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is called decay rate. Figure 7 shows that, within transition
zone, the deflection angle of the pool has significant effect on
the decay rate. The decay rate, 𝜂, varies between 1.281∼1.532
and 1.195∼2.835 for unilateral deflection pool and bilateral
deflection pool, respectively. The decay rate, 𝜂, is lowest at the
no deflection pool and increases with increasing deflection
level.
As the flow oscillations will roll up to form vortexes, the
kinetic energy from the jet flow is transferred to the turbulent
vortexes. As a result, the pool consists of vortexes of different
size. This energy is then handed down to smaller and smaller
scales through an inviscid process called vortex stretching
[24]. At the smallest scales, the vortexes kinetic energy is
dissipated by viscous action. For the transition zone, if the
deflection level of the jet pool is higher, this indicates that the
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1.2
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Figure 8: Velocity distribution in vertical direction at the end of the
potential core. Note. 𝐻𝑟 = 𝑆 + (1/2)𝑑.

deflection level of the pool is higher; the effect of mixing on
the velocity decay is more pronounced.
3.3. Velocity Distribution on Vertical Plane. A jet spreads in
the vertical directions as it entrains the surrounding fluid.
The vertical spread was expanded in both the inner and
outer shear layer. It was expected that the pool floor would
limit the spread in the inner layer. The velocity distribution
in vertical direction at the end of potential core zone with
different deflection angles can be seen in Figure 8. It can be
found that the velocity distribution in the vertical direction
is basically the same at the end of the potential core zone;
it conforms with the Gaussian distribution. The results show
that the velocity distribution characteristics in the potential
core zone have little difference.
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3.4. Velocity Distribution on Horizontal Plane. The velocity
in lateral distribution at the end of potential core zone with
different deflection angle was shown on Figure 11(a). The
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Vertical half-width (𝑍1/2 ) distributions along the streamwise direction were shown in Figure 9 and it can be clearly
seen that when 𝑥/𝑑 ≤ 8, the deflection angle of the jet pool
(no deflection, unilateral deflection, and bilateral deflection)
has little effect on 𝑍1/2 . Besides, in the potential core zone,
the diffusion law of the velocity in the vertical direction is
not affected by the deflection angle of the pool. In addition,
Figure 9 also shows that when 𝑥/𝑑 > 8, the jet flow 𝑍1/2
(vertical half width) is higher when the pool is with no
deflection or bilateral deflection.
Figure 10 shows the distribution of velocity on the bottom
floor (Us) of the pools in streamwise direction. It can be
seen that Us grows rapidly in 𝑥/𝑑 = 5∼13. The max velocity
and velocity gradient are shown in Table 4, for the cases of
unilateral deflection; when the unilateral deflection angle is
3∘ , 6∘ , and 9∘ , the maximum Us variation is very small, which
is 0.29, 0.26, and 0.26, respectively, and these are similar to
the value of pool with no deflection wall. For the cases of
bilateral deflection, it is shown that as the deflection angle
increases the maximum Us decreases. In terms of gradients of
velocity on bottom floor (𝑈∗ ), for the jet pools with unilateral
deflection wall, the maximum 𝑈∗ decreases from 0.12 to 0.04
as the unilateral angle increased from 3∘ to 9∘ . 𝑈∗ are 0.07 and
0.03, when the jet pools are with the bilateral deflection angle
of 3∘ and 9∘ , respectively. 𝑈∗ obtained in this paper is within
the range of 0.03 ≤ 𝑈∗ ≤ 0.16.
The variation rules of maximum Us and the maximum 𝑈∗
reflect the jet flow spread in the vertical direction. The above
results indicate that the deflection angle has significant effect
on the decay rate. This indicates the deflection angle and the
jet spread in the inner layer have strongly contact; the larger
the deflection level, the higher the lateral spread rate of jet
flow; the corresponding vertical spread rate is weakened.

2

0.2
0.1
0
−0.1
0

2

4

f.t., U∗ = 0.16
ND0
f.t., U∗ = 0.07

6

8
x/d

10

12

BD3
f.t., U∗ = 0.03
BD6

(b) No deflection and bilateral deflection

Figure 10: The distribution of velocity on the bottom floor (Us) of
the pools in streamwise direction. Note. The f.t. means fitting curve;
and 𝑈∗ = 𝑑(𝑈𝑠/𝑈𝑚)/𝑑(𝑥/𝑑).

velocity distribution in the horizontal direction for different
cases is substantially the same at the end of the potential
core zone and conforms to the Gaussian distribution. This
indicates that the deflection wall has no significant effect on
the jet spread in horizontal direction when the jet is still in
the potential core zone.
Figure 11(b) shows the distribution of velocity on both
side walls (U𝑤) of the pools in streamwise direction (unilateral deflection); Table 5 shows the maximum U𝑤 and
the corresponding location for all cases. The studies show
that the jet pool is in the form of unilateral deflection;
the maximum velocity U𝑤 at the right side wall during
the change of the deflection angle from 3∘ to 9∘ is always
relatively higher than nondeflection wall. It is shown that
the one side wall deflection of the pool has a little effect on
the lateral spread rate of anther side. Figure 11(c) shows the
distribution of velocity on both side walls (U𝑤) of the pools in
streamwise direction (bilateral deflection); it is obvious that
the jet flows attach the wall which need more distance from
jet exit as the deflection angle increases; at the same time,
the maximum U𝑤 decreases as the deflection angle increases.
Figure 11(d) compared the velocity in the deflection wall
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Table 4: The max velocity and the max velocity gradient on the bottom floor of pools.
Case
ND0
UD3
UD6
UD9
BD3
BD6

Max velocity gradient 𝑈∗
0.16
0.12
0.09
0.04
0.07
0.03

Max velocity on bottom floor (Us/Um)
0.30
0.29
0.26
0.26
0.23
0.14
Table 5: The maximum U𝑤 and the corresponding location for all test cases.
Right side wall

Case

Max (U𝑤/Uj)
0.39
0.34
0.32
0.38
0.18
0.03

ND0
ND3
UD6
UD9
BD3
BD6

Left side wall
Location (x/d)
6.4
8.0
8.8
10.4
10.0
—

Max (U𝑤/Uj)
0.38
0.27
0.13
0.06
0.20
0.06

1.2

0.5

1.0

0.4

0.8
Uw/Uj

0.6

U/Uj

Location (x/d)
6.8
7.6
10.0
19.2
11.6
—

0.4

0.3
0.2

0.2
0.1

0.0
−0.2
−2.0

0
−1.5

−1.0

Gauss
UD3
ND0
UD6

0.0
y/d

−0.5

0.5

1.0

1.5

2.0

0

5

UD3L
UD3R
UD6L

BD3
UD9
BD6

15

20

UD6R
UD9L
UD9R
(b)

(a)

0.5

0.5

0.4

0.4

0.3

0.3

Uw/Uj

Uw/Uj

10
x/d

0.2

0.2
0.1

0.1

0

0
0

5

ND0R
BD3L
BD3R

10
x/d
ND0L
BD6R
BD6L
(c)

15

20

0

5

UD3R
BD3R

10
x/d

15

20

UD6R
BD6R
(d)

Figure 11: (a) Velocity U distribution in horizontal direction at the end of the potential core. (b) Distribution of velocity on the both side wall
(Us) of the pools in streamwise direction (unilateral deflection). (c) Distribution of velocity on both side walls (Us) of the pools in streamwise
direction (bilateral deflection). (d) Comparing the velocity in the deflection wall between unilateral deflection pool and bilateral deflection
pools. Note. The R means the right side wall, and the L means the left side wall.
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between unilateral deflection pools and bilateral deflection
pools; when the deflection angles of unilateral deflection and
bilateral deflection are the same, U𝑤 in unilateral deflection
pools is higher than that of bilateral deflection. It is clear that
when the jet is in the bilateral deflection pool the surrounding
water on both sides of the jet is about twice as much as water
in the unilateral deflection pool. As a result, the jet section is
larger in bilateral deflection pool and velocity decays faster.
This indicates that the spread rates of velocity with unilateral
deflection wall are higher than those with bilateral deflection
walls in the horizontal plane in the pool.

4. Conclusions
The jets in the pool with nondeflection wall, unilateral
deflection wall (3∘ , 6∘ , and 9∘ ), and bilateral deflection wall
(3∘ , 6∘ ) had been studied in terms of decaying and spreading
of the mean velocity. The main conclusions have been drawn
as follows:
(1) For the unilateral deflection pool, there are vertical
axis vortexes near the deflection wall. For the jet pool with
bilateral deflection, the vertical axis vortexes symmetrically
dispersed on both sides of the jet and the vertical axis vortexes
process more symmetrical feature with the increase of angle.
The sizes of these vortexes increase as the deflection angle
increases.
(2) As the deflection angle of the jet pool increases,
the potential core zone will become longer. For the same
deflection angle, the potential core zone in the jet pools with
bilateral deflection wall is longer than that in the pool with
unilateral deflection angle. In the transition zone, the velocity
decay rate 𝜂 in the bilateral deflection pool is larger than that
in the unilateral deflection pool.
(3) In the potential core zone, the velocity distributions in
the vertical and horizontal directions are consistent with the
Gaussian distribution and not affected by the deflection angle.
When the jet pool is in the form of unilateral deflection, the
flow velocity characteristics on the side of the nondeflection
side wall cannot be improved. Compared to bilateral deflection, the jet spread rate of the unilateral deflection is higher
in the horizontal direction.
For further understanding the characteristics of offset jet
in bounded pool with deflection wall, the Reynolds number,
offset ratios, expansion ratio, submergence ratios, and the
shape of the jet exit should act as the variables to analyze.
Furthermore, the fluctuating pressure of the floor and side
walls should be studied through experiments to understand
the vortexes characteristics in the pool.

Notation
𝐵: The width of front part of the pool in 𝑌
direction
𝑑: Circular jet diameter (m)
ℎ: Representative grid size
ℎ𝑡: Tailwater depth (m)
𝑝: The apparent order
𝑟: Refinement factor
𝑒: Error
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He:
𝐿𝑥:
𝐿𝑧:
𝑉:
𝑈:
𝑈𝑗:
𝑈𝑚:

The height of the end sill
The length of the pool in 𝑋 direction
The height of the pool in 𝑍 direction
The volume of computation domain
Streamwise mean velocity (m/s)
Average of mean jet exit velocity (m/s)
Local streamwise maximum mean velocity
(m/s)
𝑈𝑠:
The streamwise velocity in the bottom floor
of pool (m/s)
𝑈𝑤:
The streamwise velocity in the wall of pool
(m/s)
The gradient of Us
𝑈∗ :
𝑁:
The total number of the grids
𝑋:
Streamwise direction (m)
𝑌:
Horizontal direction (m)
𝑍:
Vertical direction (m)
Vertical half width (m)
𝑍1/2 :
𝑍𝑚:
Lateral location of 𝑈𝑚 (m)
𝑆:
Offset height for jet (m)
Re:
Reynolds number
𝜙:
Variables
]:
Kinematic viscosity (cm2 /s)
𝜃:
Deflection angle
𝜂:
Decay rate
GCI21
fine : Fine-grid convergence index.
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Using the method of multiple scales and perturbation method, a set of coupled models describing the envelope Rossby solitary
waves in (2 + 1)-dimensional condition are obtained, also can be called coupled NLS (CNLS) equations. Following this, based on
trial function method, the solutions of the NLS equation are deduced. Moreover, the modulation instability of coupled envelope
Rossby waves is studied. We can find that the stable feature of coupled envelope Rossby waves is decided by the value of 𝑆. Finally,
learning from the concept of chirp in the optical soliton communication field, we study the chirp effect caused by nonlinearity and
dispersion in the propagation of Rossby waves.

1. Introduction
Wave phenomenon exists widely in nature. As a special
and important branch of waves, Rossby solitary waves
have important theoretical significance and research value.
Meanwhile, with the intercross and penetration of different
knowledge, the Rossby solitary waves theory has applied to
many other fields successfully, such as physical oceanography,
atmospheric physics, hydraulic engineering, communication
engineering, and thermal power engineering. In the case of
application of solitary waves in engineering, the application
of optical soliton in communication engineering is the most
representative. Meanwhile, the Rossby waves theory was
widely used in the study of mesoscale eddies and the interaction of large and medium scale motions. Rossby solitary
waves in the westerly shear flow were first found by Long [1].
Afterward, Benny [2] amplified this research and found that
velocity and amplitude of Rossby waves were proportional
and depicted the importance of nonlinearity. In view of the
barotropic fluid and stratified fluid model, the KdV and

mKdV equation are also generated to describe the generation
and evolution of Rossby solitary waves by Redekopp [3].
Compared to KdV equation, the mKdV equation is more
suitable to express the condition with stronger perturbation.
With the development of solitary waves, a variety of equation
models for describing the Rossby solitary waves such as ILWBurgers equation and ZK-Burgers equation were discussed by
Yang et al. [4, 5]. Moreover, the generation and evolution of
solitary waves in different topography condition and different
fluid depths were discussed. Recently, the Rossby parameters
𝛽 along with the changes of latitude were discussed by Luo
[6] and 𝛽 plane approximation was obtained. These Rossby
solitary waves are called classical solitary waves which related
to the KdV-type equations. Later, many researchers have
studied the Rossby wave equation in many aspects [7, 8],
such as integrable system [9, 10], the integrable coupling
of equations [11], and Hamiltonian structures [12]. Unlike
the KdV-type equation, the nonlinear Schrödinger equations
were used to study the evolution of envelope classical Rossby
solitary waves. From the end of the 70’s to the 80’s, driven

2

Mathematical Problems in Engineering

by the study of atmospheric blocking dynamics [13], nonlinear Rossby wave theory had been developing rapidly and
gradually formed Rossby solitary waves theory and dipole
waves theory. In addition, beside the above two theories,
envelope Rossby solitary waves also dropped in the research
scope of the theme. The envelope Rossby solitons in the
barotropic shear and uniform flows were first investigated
by Benney [14] and Yamagata [15]. Afterward, Luo [16] tried
to use this envelope Rossby solitons to explain atmospheric
blocking phenomenon. Later, dissipative NLS equation in
rotational stratified fluids and its solution were obtained
by Shi et al. [17]. As we all know, using the nonlinear
Schrödinger equation describing the Rossby solitary waves,
we can introduce the concept of chirp in optical soliton
communication [18], to study the influence of dispersion and
nonlinearity on solitary waves propagation process. In the
optical soliton communication field, the concept of chirp
[19, 20] is the phenomenon that the central wavelength shifts
when the pulse is transmitted. It is helpful to analyze the
propagation characteristics and the formation mechanism of
solitary waves.
In the domain of solitary wave models, it is necessary
to obtain the exact solutions of solitary wave models by all
kinds of solving methods and analyze the feature of solitary
waves in propagation process based on the exact solutions.
Many methods to solve the equations are proposed, such as
traveling wave method [21], Darboux transformation method
[22–24], Hirota method [25, 26], homogeneous balance
method [27], Jacobi elliptic function method [28], Symmetry
method [29, 30], Rational solutions [31–33]; meanwhile the
features of equations are also discussed [34–36]. In this paper,
we plan to adopt the trial function method and derive the
exact solution of model. The difference between the twodimensional and three-dimensional model will be given and
some features of three-dimensional NLS equation will be
discussed.
We note that the above researches commonly considered
two-dimensional model or single (2 + 1)-dimensional model
to reflect the evolution of envelope Rossby solitary waves.
There are two disadvantages:
(1) The two-dimensional model can only be applied to
describe the evolution of envelope Rossby solitary
waves in a line.
(2) The velocity of the KdV-type soliton is larger than the
real observation.
While, as we know, the (2 + 1)-dimensional model can
be applied to reflect the evolution of envelope Rossby solitary
waves in a plane, which is more suitable for the real ocean and
atmosphere, in this paper, by using the method of multiple
scales and perturbation method, starting from the barotropic
atmospheric vorticity equation, we will derive the coupled
(2 + 1)-dimensional nonlinear Schrödinger equations for
envelope Rossby solitary waves in Section 2. Not only is the
model (2 + 1)-dimensional and more suitable to describe
the feature of two envelope Rossby solitary waves in a plane,
particularly, but also it is a coupled model and can show
the interaction process between two waves. Then, based on

trial function method, we will deduce the solution of the
CNLS equations group and the envelope solitary waves
characteristics in Section 3. Thirdly, we study the modulation
instability of Rossby waves trains in (2 + 1)-dimensional
condition in Section 4. Finally, the concept of chirp in optical
soliton communication is introduced, and the chirp effect
caused by dispersion and nonlinearity is also discussed in
Section 5.

2. Derivation of the (2 + 1)-Dimensional
CNLS Equations
The tropical atmospheric motion is quasihorizontal and quasiconvergent. The governing equation is the quasigeostrophic
barotropic vorticity equation [37].
(

 𝜕𝜓
𝜕
𝜕
+ 𝑈 (𝑦) ) ∇2 𝜓 + (𝛽 − 𝑈 )
𝜕𝑡
𝜕𝑥
𝜕𝑥

(1)

2

= −𝜖𝐽 (𝜓, ∇ 𝜓) ,
and the boundary condition is
𝜕𝜓
= 0,
𝜕𝑥

as 𝑦 = 0, 𝐿 𝑦 ,

(2)

where 𝑥 and 𝑦 are the local Cartesian coordinates pointing
east and north. In this 𝛽 = 𝛽∗ 𝐿2 /𝑈, 𝛽∗ is Rossby parameter.
𝑈 is characteristic velocity, 𝐿 is characteristic length, and 𝐿 𝑦 is
the width of the beta-channel. 𝜖 is small parameter, on behalf
of nonlinear strength. 𝐽 is the Jacobian of (𝐴, 𝐵).
𝐽 (𝐴, 𝐵) =

𝜕𝐴 𝜕𝐵 𝜕𝐴 𝜕𝐵
−
,
𝜕𝑥 𝜕𝑦 𝜕𝑦 𝜕𝑥

(3)

𝜕2
𝜕2
+
.
𝜕𝑥2 𝜕𝑦2

(4)

and ∇2 is Laplace operator
∇2 =

In general, it is difficult to get analytic solution of (1). But,
because of the nonlinear term with a small parameter 𝜀, we
use the multiple scales method and perturbation method to
obtain the nonlinear solution of it. As a preliminary study, we
will consider two waves.
Let us introduce the slow time and space variables
𝑇1 = 𝜖𝑡,
𝑇2 = 𝜖2 𝑡,
𝑋1 = 𝜖𝑥,
𝑋2 = 𝜖2 𝑥,
𝑌 = 𝜖𝑦,

(5)
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so long time and space scales are defined as

+
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Substituting (6) into (1), we obtain
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)+( +𝑈 )
𝜕𝑋1
𝜕𝑥𝜕𝑋1
𝜕𝑦𝜕𝑌
𝜕𝑡
𝜕𝑥

𝜕𝜓
𝜕2 𝜓 𝜕2 𝜓

+
) + (𝛽 − 𝑈 )
𝜕𝑋2
𝜕𝑋12 𝜕𝑌2

𝜕𝜓
𝜕3 𝜓
𝜕3 𝜓
𝜕3 𝜓
+3 2
(2
+ 2 )
𝜕𝑥
𝜕𝑦𝜕𝑥𝜕𝑋1
𝜕𝑦 𝜕𝑌 𝜕𝑥 𝜕𝑌

(9)

(10)

and, substituting (9) into (8), we get the multiple order
questions of the stream function 𝜓.
First, one introduces an operator

𝜕2 𝜓 𝜕2 𝜓
 𝜕𝜓
𝜕
𝜕
+ 𝑈 ] ( 2 + 2 ) + (𝛽 − 𝑈 )
𝜕𝑡
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑥
+ 𝜖 [(

as 𝑦 = 0, 𝐿 𝑦 .

The stream function 𝜓 is expanded according to the small
parameter 𝜖

𝜕𝜓 𝜕∇2 𝜓 𝜕𝜓 𝜕∇2 𝜓
−
) = 0,
𝜕𝑥 𝜕𝑦
𝜕𝑦 𝜕𝑥
𝜕𝜓
= 0, 𝑦 = 0, 𝐿 𝑦 .
𝜕𝑥

[

+

and the boundary condition is
2

𝜕2 𝜓
𝜕𝜓
𝜕𝜓
𝜕𝜓

] + (𝛽 − 𝑈 ) (
+ 𝜖2
)
+𝜖
𝜕𝑥
𝜕𝑋1
𝜕𝑋2
𝜕𝑋22

+ 𝜖(

𝜕𝜓
𝜕2 𝜓
𝜕3 𝜓
𝜕
𝜕
+
+𝑈 )
(
𝜕𝑡
𝜕𝑥 𝜕𝑋1 𝜕𝑋2 𝜕𝑥 𝜕𝑦𝜕𝑋12

(8)

𝜕2 𝜓
𝜕2
+ 2𝜖 (
+
)
𝜕𝑥𝜕𝑋1 𝜕𝑦𝜕𝑌
2

𝜕3 𝜓
𝜕𝜓 𝜕3 𝜓
𝜕3 𝜓
𝜕3 𝜓
)−
)]
+ 2
( 3 +
𝜕𝑦𝜕𝑥𝜕𝑌 𝜕𝑦 𝜕𝑋1
𝜕𝑌 𝜕𝑥
𝜕𝑥𝜕𝑦2

(6)

𝜕
𝜕
𝜕
𝜕
+ 𝜖2
.
→
+𝜖
𝜕𝑡
𝜕𝑡
𝜕𝑇1
𝜕𝑇2

2

𝜕3 𝜓
𝜕3 𝜓
𝜕𝜓
𝜕3 𝜓
𝜕𝜓
(
+
)
−
(2
𝜕𝑋1 𝜕𝑦𝜕𝑥2 𝜕𝑦3
𝜕𝑦
𝜕𝑥2 𝜕𝑋1

𝐿=[


𝜕
𝜕
𝜕
+ 𝑈 ] ∇2 + (𝛽 − 𝑈 ) ,
𝜕𝑡
𝜕𝑥
𝜕𝑥

so that
𝑜 (𝜀0 ) : 𝐿 (𝜓(0) )
=(

(0)
 𝜕𝜓
𝜕
𝜕
+ 𝑈 ) ∇2 𝜓(0) + (𝛽 − 𝑈 )
,
𝜕𝑡
𝜕𝑥
𝜕𝑥

𝑜 (𝜀1 ) : 𝐿 (𝜓(1) )
=(

𝜕2 𝜓(0) 𝜕2 𝜓(0)
𝜕
𝜕
+𝑈
)(
+
)
𝜕𝑇1
𝜕𝑋1
𝜕𝑥2
𝜕𝑦2

+(

𝜕2 𝜓(0)
𝜕2 𝜓(0)
𝜕
𝜕
+2
+ 𝑈 ) (2
)
𝜕𝑡
𝜕𝑥
𝜕𝑥𝜕𝑋1
𝜕𝑦𝜕𝑌


+ (𝛽 − 𝑈 )
−

𝜕𝜓(0)
,
𝜕𝑦

𝜕𝜓(0) 𝜕𝜓(0) 𝜕3 𝜓(0) 𝜕3 𝜓(0)
+
+
)
(
𝜕𝑋1
𝜕𝑥
𝜕𝑦𝜕𝑥2
𝜕𝑦3

(11)

4
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𝑜 (𝜀2 ) : 𝐿 (𝜓(2) )
=(

𝜕2 𝜓(0) 𝜕2 𝜓(0)
𝜕
𝜕
+𝑈
)(
+
)
𝜕𝑇2
𝜕𝑋2
𝜕𝑥2
𝜕𝑦2

+(

(0)

2



𝜕𝜓(0)
𝜕𝑋2

− (𝑖𝜔𝑗 − 𝑖𝑈𝐾𝑗 )

2

2

𝑑𝑦2

𝜕2 𝜓(1)
𝜕2 𝜓(1)
𝜕
𝜕
+2
+ 𝑈 ) (2
)
𝜕𝑡
𝜕𝑥
𝜕𝑥𝜕𝑋1
𝜕𝑦𝜕𝑌
3

(1)

3

𝜙𝑗 (𝑦) = √

(1)

𝜕𝜓
𝜕𝜓
𝜕𝜓
𝜕𝜓
−
+
)
(
𝜕𝑋1
𝜕𝑥
𝜕𝑦𝜕𝑥2
𝜕𝑦3

] 𝜙𝑗 = 0,

as 𝑦 = 0, 𝐿 𝑦 ,

𝑗=1

(16)

(17)

+ 𝑐.𝑐. ,
and, substituting (13) into 𝐿(𝜓(0) ), we have

.

(18)

𝜕
𝜕
+ 𝑈 ) [− ∑𝐴 𝑗 𝜙𝑗 𝐾𝑗2 𝑒𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡)
𝜕𝑡
𝜕𝑥
[ 𝑗=1

2
sin (𝑚𝑦) ,
𝐿𝑦𝑗

(19)

𝑜 (𝜖(1) ) : 𝐿 (𝜓(1) )
(13)

𝜕2 𝜓 𝜕2 𝜓
𝜕
𝜕
+𝑈
)( 2 + 2 )
𝜕𝑇1
𝜕𝑋1
𝜕𝑥
𝜕𝑦

−(

2



𝐾𝑗

Formula (15) under the boundary condition poses a standard
Sturm-Liouville problem. The effects of zonal flows on linear
equation trapped waves were treated in detail by many
researchers. The analytic solution of (15) can be obtained
when 𝑈(𝑦) takes some specific functions. Under normal
circumstance one can only seek numerical solution, so we
consider the higher order question

= −(

𝑒𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡) ] + (𝛽 − 𝑈 )
𝑑𝑦2
]

𝜔𝑗

𝑛𝜋
𝑚 = 1 (𝑛1 = ±1, 2, 3, . . .) .
𝐿𝑦𝑗

2

𝜓(0) = ∑𝐴 𝑗 (𝑇1 , 𝑇2 , 𝑋1 , 𝑋2 , 𝑌) 𝜙𝑗 (𝑦) 𝑒𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡)

𝑗=1

𝑈 − 𝐶𝑗

From (15), we can get the solution of 𝜙𝑗 :

Assume

𝑑2 𝜙𝑗



𝐶𝑗 =

(12)

2

(15)

𝛽−𝑈

𝜕𝜓
= 0,
𝜕𝑥

𝜕𝜓
= 0, 𝑦 = 0, 𝐿 𝑦 .
𝜕𝑥

+ ∑𝐴 𝑗

𝑑𝑦2

and the boundary condition is

𝜕𝜓(1) 𝜕3 𝜓(1) 𝜕3 𝜓(1)
+
)
(
𝜕𝑦
𝜕𝑥3
𝜕𝑥𝜕𝑦2

𝐿 (𝜓(0) ) = (

− [𝐾𝑗2 −

(1)

−(

(1)

𝑑2 𝜙𝑗

where

(1)

𝜕𝜓
𝜕𝜓
𝜕
𝜕
+𝑈
)(
−
)
𝜕𝑇1
𝜕𝑋1
𝜕𝑥2
𝜕𝑦2

+

𝑑𝑦2

− [𝑖𝑈𝐾𝑗3 − 𝑖𝜔𝑗 𝐾𝑗2 − 𝑖𝐾𝑗 (𝛽 − 𝑈 )] 𝜙𝑗 = 0,
𝑑2 𝜙𝑗

−(



𝑑2 𝜙𝑗



𝜕𝜓(0) 𝜕3 𝜓(0) 𝜕3 𝜓(0)
+
)
(
+
𝜕𝑌
𝜕𝑥3
𝜕𝑥𝜕𝑦2

+ (𝛽 − 𝑈 )

𝑑𝑦2

− 𝑖𝑈𝐾𝑗3 𝜙𝑗 + 𝑖𝑈𝐾𝑗

and further

𝜕3 𝜓(0)
𝜕3 𝜓(0)
𝜕3 𝜓(0)
𝜕𝜓(0)
+2
)
(2 2
+ 2
𝜕𝑦
𝜕𝑥 𝜕𝑋1
𝜕𝑦𝜕𝑥𝜕𝑌 𝜕𝑦 𝜕𝑋1

(1)

𝑑2 𝜙𝑗

(14)

𝜕𝜓(0) 𝜕3 𝜓(0) 𝜕3 𝜓(0)
(
+
)
𝜕𝑋1 𝜕𝑦𝜕𝑥2
𝜕𝑦3

−

𝑗=1



𝜕𝜓(0)
𝜕3 𝜓(0) 𝜕3 𝜓(0)
𝜕3 𝜓(0)
+
+3 2
(2
+
)
𝜕𝑥
𝜕𝑦𝜕𝑥𝜕𝑋1
𝜕𝑦 𝜕𝑌 𝜕𝑥2 𝜕𝑌
+

𝑗=1

+ 𝑖𝐾𝑗 (𝛽 − 𝑈 ) 𝜙𝑗 ] ≡ 0,

(0)

𝜕𝜓
𝜕𝜓
𝜕
𝜕
+
)
+ 𝑈 )(
2
𝜕𝑡
𝜕𝑥
𝜕𝑌2
𝜕𝑋1

+ (𝛽 − 𝑈 )

2

− 𝜔𝑗

𝜕2 𝜓(0)
𝜕2 𝜓(0)
𝜕
𝜕
+𝑈
) (2
+2
)
+(
𝜕𝑇1
𝜕𝑋1
𝜕𝑥𝜕𝑋1
𝜕𝑦𝜕𝑌
2

2

⋅ ∑ 𝐴 𝑗 𝜙𝑗 𝑖𝐾𝑗 𝑒𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡) = ∑ 𝐴 𝑗 𝑒𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡) [𝑖𝜔𝑗 𝐾𝑗2 𝜙𝑗

𝜕2 𝜓
𝜕2 𝜓
𝜕
𝜕
+2
+ 𝑈 ) (2
)
𝜕𝑡
𝜕𝑥
𝜕𝑥𝜕𝑋1
𝜕𝑦𝜕𝑌


− (𝛽 − 𝑈 )
+

𝜕𝜓
𝜕𝜓
𝜕3 𝜓
𝜕3 𝜓
−
+ 3)
(
2
𝜕𝑋1 𝜕𝑥 𝜕𝑦𝜕𝑥
𝜕𝑦

𝜕3 𝜓
𝜕𝜓 𝜕3 𝜓
),
( 3 +
𝜕𝑦 𝜕𝑥
𝜕𝑥𝜕𝑦2

𝜕𝜓
= 0, 𝑦 = 0, 𝐿 𝑦 ,
𝜕𝑥

(20)
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5
𝑑2 𝜙4
𝑑𝑦2

and, further, we get
2

2

𝑗=1

𝑗=1

𝐿 (𝜓(1) ) = − ∑𝑔1𝑗 𝑒2𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡) − ∑𝑔2𝑗 𝑒2𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡) 𝐴2𝑗



(21)

− 𝑖𝑔3 𝑒𝑖[(𝐾1 +𝐾2 )𝑥−(𝜔1 +𝜔2 )𝑡] 𝐴 1 𝐴 2
− 𝑖𝑔4 𝑒𝑖[(𝐾1 −𝐾2 )𝑥−(𝜔1 −𝜔2 )𝑡] 𝐴 1 𝐴 2 ,

(𝛽 − 𝑈 ) (𝐾1 − 𝐾2 )
2
] 𝜙4
− [(𝐾1 − 𝐾2 ) −
𝑈 (𝐾1 − 𝐾2 ) − (𝜔1 − 𝜔2 )
[
]
𝑔4
=
,
𝑈 (𝐾1 − 𝐾2 ) − (𝜔1 − 𝜔2 )

where

(24)

𝑔1𝑗 =

𝛽−𝑈



𝑈 − 𝐶𝑗

𝜕𝐴 𝑗

𝜙𝑗 (

𝜕𝑇1

− 2𝑖𝐾𝑗 (𝑈 − 𝐶𝑗 )
𝑔2𝑗 = 𝐾𝑗 (𝜙𝑗

+ 𝐶𝑔𝑗

𝜕𝐴 𝑗
𝜕𝑋1

𝑑𝜙𝑗 𝜕𝐴 𝑗
𝑑𝑦 𝜕𝑌

and boundary condition

)






𝜙2𝑗 𝑦=0 = 𝜙2𝑗 (𝑦=𝐿𝑦) = 𝜙3 𝑦=0 = 𝜙3 (𝑦=𝐿𝑦) = 𝜙4 𝑦=0

= 𝜙4 (𝑦=𝐿𝑦) .

,

We assume the special solution corresponding to the first item
of the right side of (20) is

𝑑𝜙𝑗 𝑑2 𝜙𝑗
𝑑
,
−
)
𝑑𝑦 𝑑𝑦 𝑑𝑦2

(1)

(1)
𝜓1𝑗
= 𝜓1𝑗 𝑒𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡) + 𝑐.𝑐,

𝑑𝜙
𝑑2 𝜙
𝑑
𝑔3 = (𝐾1 𝜙1
− 𝐾2 1 ) ( 22 − 𝐾22 𝜙2 )
𝑑𝑦
𝑑𝑦
𝑑𝑦

(1)
𝑑2 𝜓1𝑗

𝑑𝑦2

𝑑𝜙
𝑑2 𝜙
𝑑
+ 𝐾1 2 ) ( 21 − 𝐾12 𝜙1 ) .
𝑑𝑦
𝑑𝑦
𝑑𝑦

2𝐾𝑗2 (𝑈 − 𝐶𝑗 )
𝛽−𝑈

=



−

−

) 𝜙2𝑗 =

𝜕𝐴 𝑗
𝜕𝑋1

𝑑𝜙𝑗 𝜕𝐴 𝑗
𝑑𝑦 𝜕𝑌

(27)

)

.

(28)

𝑇2 = 𝜀𝑇1 .
(23)

𝑔2𝑗

Substituting (28) into (27) and because 𝜀 is infinitesimal, we
can ignore the first item

2 (𝑈𝐾𝑗 − 𝜔𝑗 )

,

𝑑2 𝜙3
𝑑𝑦2

=−

𝜓1𝑗 



(𝛽 − 𝑈 ) (𝐾1 + 𝐾2 )

] 𝜙3
− [(𝐾1 + 𝐾2 ) −
𝑈 (𝐾1 + 𝐾2 ) − (𝜔1 + 𝜔2 )
[
]
𝑔3
=
,
𝑈 (𝐾1 + 𝐾2 ) − (𝜔1 + 𝜔2 )

𝜕𝜓1𝑗
𝜕 𝜕𝜓1𝑗
( 2 )+𝛽
𝜕𝜉 𝜕𝑦
𝜕𝜉

4𝐾𝑗2 𝑚

𝑦=0

2

𝜕𝑇1

+ 𝐶𝑔𝑗

𝜉 = 𝑋1 − 𝐶𝑔𝑗 𝑇1 ,

(𝑈 − 𝐶𝑔𝑗 )



𝑈 − 𝑐𝑗

𝜕𝐴 𝑗

(1)
) 𝜓1𝑗

The following operators are introduced:

+ 𝑐.𝑐,

where 𝜙2𝑗 , 𝜙3 , and 𝜙4 satisfied
𝑑𝑦2

𝜙𝑗 (

− 2𝑖𝐾𝑗 (𝑈 − 𝐶𝑗 )

𝜓4(1) = 𝐴 1 𝐴 2 𝜙4 𝑒𝑖[(𝐾1 −𝐾2 )𝑥−(𝜔1 −𝜔2 )𝑡] + 𝑐.𝑐,

𝛽−𝑈



𝑈 − 𝐶𝑗



𝑈 − 𝐶𝑗

,

𝐴2𝑗 𝜙2𝑗 𝑒2𝑖(K𝑗 𝑥−𝜔𝑗 𝑡)

(4𝐾𝑗2

𝛽−𝑈

2

𝜓3(1) = 𝐴 1 𝐴 2 𝜙3 𝑒𝑖[(𝐾1 +𝐾2 )𝑥−(𝜔1 +𝜔2 )𝑡] + 𝑐.𝑐,

𝑑2 𝜙2𝑗

− (𝐾𝑗2 −

𝛽−𝑈

=

and the special solution corresponding to the second, third,
and forth item of (21) right side is
(1)
𝜓2𝑗

𝑦=0

(26)

(1) 
= 𝜓1𝑗 
= 0,
𝑦=𝐿𝑦

(1)
satisfied
where 𝜓1𝑗

𝑑𝜙
𝑑2 𝜙
𝑑
+ 𝐾2 1 ) ( 22 − 𝐾22 𝜙2 )
𝑑𝑦
𝑑𝑦
𝑑𝑦

− (𝐾2 𝜙2

𝐶𝑔𝑗 = 𝐶𝑗 +

(1) 
𝜓1𝑗 

(22)

𝑑𝜙
𝑑2 𝜙
𝑑
+ (𝐾2 𝜙2
− 𝐾1 2 ) ( 21 − 𝐾12 𝜙1 ) ,
𝑑𝑦
𝑑𝑦
𝑑𝑦
𝑔4 = (𝐾1 𝜙1

(25)

𝐿𝑦𝑗

(sin 2𝑚𝑗 𝑦)

 2
𝜕 𝐴 𝑗 
𝜕𝜉

(29)

,


= 𝜓1𝑗 
= 0.
𝑦=𝐿𝑦

Obviously the solution for 𝜓1𝑗 may be expressed in the
following form:
𝜓𝑖𝑗 =

2
 2
4𝐾𝑗2 (𝐾𝑗2 + 𝑚2 ) 𝑚 sin (2𝑚𝑦) 𝐴 𝑗 

[3𝑚2 (𝑚2 − 2𝐾𝑗2 ) − 𝑘𝑗4 ] 𝛽𝐿𝑦𝑗

.

(30)
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So we obtained the solution of (20):

and, substituting (35) into (34), we get

(1)
(1)
𝜓(1) = 𝜓1𝑗
+ 𝜓2𝑗
+ 𝜓3(1) + 𝜓4(1) + 𝜙 (𝑦, 𝑇1 , 𝑋1 ) .

So as to obtain the solution of 𝐴, we continue to consider
the question of 𝑜(𝜀2 ). Substituting (19) and (30) into 𝑜(𝜀2 )
and collecting the secular-producing items proportional to
𝑒𝑖(𝐾𝑥−𝜔𝑡) , we have
𝜕𝐴 𝑗
𝑑2 𝜙𝑗
{ 𝜕𝐴 𝑗
+𝑈
) ( 2 − 𝐾𝑗2 𝜙𝑗 )
𝐿 (𝜓 ) = − ∑ {(
𝜕𝑇
𝜕𝑋
𝑑𝑦
2
2
𝑗=1
{
2

(2)

+ 𝑖𝜙𝑗 (3𝑈𝐾𝑗 − 𝜔𝑗 )

+ 2𝑖𝐾𝑗 𝜙𝑗

𝜕2 𝐴 𝑗



𝜕𝐴 𝑗
𝜕𝑋2

𝜕𝑋12

+2

𝜕𝑇1 𝜕𝑋1

+ (𝛽 − 𝑈 )

𝜕2 𝐴 𝑗

𝑑𝜙𝑗
𝑑𝑦

+ 𝑖𝜙𝑗 (𝑈𝐾𝑗 − 𝜔𝑗 )

(

𝜕2 𝐴 𝑗
𝜕𝑇1 𝜕𝑌

+𝑈

(32)

2

𝜙𝑗 + 8𝑖𝐾𝑗3 𝑚2 (𝐾𝑗2 + 𝑚2 )

𝐹𝑗
𝐾𝑗 (𝑈 − 𝑐𝑗 )

,

(36)

multiplying (35) by 𝜑𝑗 , and integrating on 𝑦 from 0 to 𝐿 𝑦 .
The two sides of (35) are equal to zero, so we get the solution
conditions:
𝜕2 𝐴 1
𝜕2 𝐴 1
𝜕
𝜕
+ 𝑐𝑔1
) 𝐴 1 − 𝑖𝛼1
− 𝑖𝛽1
2
𝜕𝑇2
𝜕𝑋2
𝜕𝑌2
𝜕𝑋1

(37)

 2
 2
− 𝑖 (𝜎2 𝐴 2  + 𝛾21 𝐴 1  + 𝜆 2𝑗 (𝑋1 , 𝑌, 𝑇1 )) 𝐴 2 = 0.

𝑋=

𝜕𝜓
= 0, 𝑦 = 0, 𝐿 𝑦 .
𝜕𝑥

1
(𝑋2 − 𝐶𝑔 𝑇2 ) = 𝑋1 − 𝐶𝑔 𝑇1 ,
𝜀

𝑇 = 𝑇2 ,

(38)

and then (37) can be written as

For the sake of obtaining the evolution equation of 𝐴 𝑗 , we
consider another class of nonhomogeneous solutions, assuming

𝑖

𝜕2 𝐴 1
𝜕2 𝐴 1
𝜕𝐴 1
+
𝛽
+ 𝛼1
1
𝜕𝑇
𝜕𝑋2
𝜕𝑌2
 2
 2
+ (𝜎1 ∗ 𝐴 1  + 𝑟12 ∗ 𝐴 2  ) 𝐴 1 = 0,

2

𝜕2 𝐴 2
𝜕2 𝐴 2
𝜕𝐴 2
𝜕𝐴
+ 𝛽2
𝑖 ( 2 + 𝐶𝑔2 ∗
) + 𝛼2
2
𝜕𝑇
𝜕𝑋
𝜕𝑋
𝜕𝑌2

(33)

𝑗=1

(39)

 2
 2
+ (𝜎2 ∗ 𝐴 2  + 𝑟21 ∗ 𝐴 1  ) 𝐴 2 = 0,

introducing (33) into (32), where
𝜕𝐴 1
𝜕𝐴
𝜕2 𝐴 1
𝜕2 𝐴 1
+ 𝛼1 1 + 𝛽1
+
𝑓
10
𝜕𝑇2
𝜕𝑋2
𝜕𝑌2
𝜕𝑋12

 2
 2
+ 𝑓11 𝐴 1  𝐴 1 + 𝑓12 𝐴 2  𝐴 1 + 𝑓13 𝐴 1 ,
𝜕𝐴
𝜕𝐴
𝜕2 𝐴 2
𝜕2 𝐴 2
+
𝑓
𝐹2 = 𝑓2 2 + 𝛼2 2 + 𝛽2
20
𝜕𝑇2
𝜕𝑋2
𝜕𝑌2
𝜕𝑋12
2

𝑈 − 𝑐𝑗

) Φ(2)
𝑗 =

We get the evolution equations group of wave amplitude, that
is, the coupled equations group. To simplify, we introduce the
following transformation:

 2 
𝐴 𝑗  𝐴 𝑗 cos (2𝑚𝑦)
}
 
⋅
},
[3𝑚2 (𝑚2 − 2𝐾𝑗2 ) − 𝐾𝑗4 ] 𝛽𝐿𝑦𝑗
}

𝐹1 = 𝑓1

𝛽−𝑈

𝜕2 𝐴 2
𝜕2 𝐴 2
𝜕
𝜕
(
+ 𝑐𝑔2
) 𝐴 2 − 𝑖𝛼2
− 𝑖𝛽2
2
𝜕𝑇2
𝜕𝑋2
𝜕𝑌2
𝜕𝑋1

)

𝐿 (𝜓(2) ) = ∑𝐹𝑗 (𝑇1 , 𝑇2 , 𝑋1 , 𝑋2 , 𝑌) 𝑒𝑖(𝐾𝑗 𝑥−𝜔𝑗 𝑡) + 𝑐.𝑐. ,



− (𝐾𝑗 −

 2
 2
− 𝑖 (𝜎1 𝐴 1  + 𝛾12 𝐴 2  + 𝜆 1𝑗 (𝑋1 , 𝑌, 𝑇1 )) 𝐴 1 = 0,

𝜕𝑌2

𝜕𝑋1 𝜕𝑌

𝑑𝑦2

(

𝜕2 𝐴 𝑗

𝜕2 𝐴 𝑗

𝑑2 Φ(2)
𝑗

(31)

where
∗
=
𝐶𝑔2

(34)



+ 𝑓21 𝐴 1  𝐴 2 + 𝑓22 𝐴 2  𝐴 2 + 𝑓23 𝐴 2 .

(40)

∗
𝛾12
= 𝛾12 + 𝜆 12 ,

We assume two special nonhomogeneous solutions of (33) are

𝑖(𝐾2 𝑥−𝜔2 𝑡)
+ 𝑐.𝑐. ,
𝜓2(2) = Φ(2)
2 𝑒

𝜎1∗ = 𝜎1 + 𝜆 11 ,
𝜎2∗ = 𝜎2 + 𝜆 22 ,

2

𝑖(𝐾1 𝑥−𝜔1 𝑡)
+ 𝑐.𝑐. ,
𝜓1(2) = Φ(2)
1 𝑒

1
(𝐶 − 𝐶𝑔2 ) ,
𝜀 𝑔1

(35)

∗
𝛾21
= 𝛾21 + 𝜆 21 .

In (38), coefficients 𝛼1 , 𝛼2 , 𝛽1 , and 𝛽2 are dispersion coeffi∗
∗
, 𝛾21
are interaction
cients, 𝜎1∗ , 𝜎2∗ are Landau coefficients, 𝛾12
coefficients, and from their expressions it can be seen that
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their values are related to the base flow function 𝑈(𝑦). The
(38) is called CNLS equations group.

− 𝜔𝐴 𝑗 + 𝛼𝑗 (

𝜕𝑋2

− 𝐾 𝐴 𝑗 ) + 𝛽𝑗 (

Using the traveling wave transformation, this pair of equations will be analyzed further, let

𝑗 = 1, 2,

[−𝜔 + 2 (𝐾𝐾 𝛼𝑗 + 𝑀𝑀 𝛽𝑗 )]
(𝛼𝐾2 + 𝛽𝑀2 )

𝑑2 𝐹𝑗
𝑑𝜁2

(43)

(44)

𝜕 𝐴𝑗
𝜕𝜑
𝜕𝜑 2
−
𝐴
(
+ 𝛼𝑗 [
)]
𝑗
𝜕𝑇
𝜕𝑋2
𝜕𝑋

𝐹2 :

𝑎4 = −

2

+ 2𝛽𝑗 𝑀

± (𝜁 − 𝜁0 ) = ∫

3
(𝛼 𝐾2 + 𝛽𝑗 𝑀2 ) 𝑎3 = 0,
2 𝑗

(49)

1
(𝛼 𝐾2 + 𝛽𝑗 𝑀2 ) 𝑎1 = 0.
2 𝑗
𝛾𝑗

𝛼𝑗

𝐾2

+ 𝛽𝑗 𝑀2

,

𝑎3 = 0,

𝜕2 𝜑
3
) ] + 𝛾𝑗 𝐴 𝑗 = 0.
𝜕𝑌

𝑎2 =

𝜕𝑌

(48)

From the equations above, we have the results of the system

Further, replacing 𝜑 with (43)

𝜕𝑋

(47)

𝐹3 : 2 (𝛼𝑗 𝐾2 + 𝛽𝑀2 ) 𝑎4 + 𝛾𝑗 = 0,

𝐹0 :

2

+ 2𝛼𝑗 𝐾

− (𝛼𝐾2 + 𝛽𝑀2 + 𝜔) 𝐹𝑗 + 𝛾𝐹𝑗3

𝐹1 : (𝛼𝑗 𝐾2 + 𝛽𝑗 𝑀2 ) 𝑎2 − (𝛼𝑗 𝐾2 + 𝛽𝑗 𝑀2 + 𝜔𝑗 ) = 0,

𝜕𝐴 𝑗 𝜕𝜑
𝜕2 𝜑
+ 𝛽𝑗 (2
+ 𝐴 𝑗 2 ) = 0,
𝜕𝑌 𝜕𝑌
𝜕𝑌

𝜕𝑇

= 0,

Further, according to the balance principle in trial function
method, we will balance 𝐹𝑗 with 𝐹𝑗3 . Using the solution
procedure of the trial function method, we will obtain the
system of algebraic equations as follows:

𝜕𝐴 𝑗 𝜕𝜑
𝜕2 𝜑
+ 𝛼𝑗 (2
+ 𝐴𝑗 2 )
𝜕𝑇
𝜕𝑋 𝜕𝑋
𝜕𝑋

𝜕𝐴 𝑗

𝑑𝜁

𝜔 = 2 (𝐾𝐾 𝛼 + 𝑀𝑀 𝛽) .

𝜕𝐴 𝑗

𝜕𝐴 𝑗

𝑑𝐹𝑗

From the first term of (47), we get

Substituting (42) into (41), let real part and imaginary part be
zero, and we can get the following coupled equations:

𝜕𝐴 𝑗

(46)

= 0.

(42)

𝜑 (𝑇, 𝑋, 𝑌) = 𝜔𝑇 + 𝐾𝑋 + 𝑀𝑌.

𝜕𝑌2

as 𝜁 = 𝜔 𝑇 + 𝐾 𝑋 + 𝑀 𝑌,

𝐴 𝑗 (𝑇, 𝑋, 𝑌) = 𝐹𝑗 (𝜁) ,

(41)

where 𝐴𝑗 (𝑇, 𝑋, 𝑌) is the amplitude portion of the soliton
solutions and 𝜑(𝑇, 𝑋, 𝑌) is the phase portion of the soliton
solution, which is given as

− 𝐴𝑗 (

− 𝑀2 𝐴 𝑗 )

and we have

𝐴 𝑗 (𝑇, 𝑋, 𝑌) = 𝐴𝑗 (𝑇, 𝑋, 𝑌) exp𝑖𝜑(𝑇,𝑋,𝑌) ,

𝜕2 𝐴 𝑗

𝜕𝑌2

(45)

where 𝛼𝑗 , 𝛽𝑗 represent the coefficients of dispersion term. 𝛾𝑗 is
the nonlinear coupling term coefficient, which can be positive
or negative. In order to obtain the traveling wave solutions of
the CNLS equations, we define the transformation which is
the complex number envelope solution:

+ 𝛽𝑗 [

𝜕2 𝐴 𝑗

3

In this chapter, we will discuss the solutions of the (2 + 1)dimensional CNLS equation. Based on our experience, we
should transform the coupled equations into two independent equations. Inspired by [38, 39], (39) can be written with
the following form:

− 𝐴𝑗

2

+ 𝛾𝑗 𝐴 𝑗 = 0.

3. The Solutions of the (2 + 1)-Dimensional
CNLS Equations

 2
𝑖𝐴 𝑗,𝑇 + 𝛼𝑗 𝐴 𝑗,𝑋𝑋 + 𝛽𝑗 𝐴 𝑗,𝑌𝑌 + 𝛾𝑗 𝐴 𝑗  𝐴 𝑗 = 0,

𝜕2 𝐴 𝑗

𝛼𝑗 𝐾2 + 𝛽𝑗 𝑀2 + 𝜔
𝛼𝑗 𝐾2 + 𝛽𝑗 𝑀2

(50)
,

𝑎1 = 0.
= 0,

Therefore, we know that 𝐹 satisfied

1
√𝑎0 + ((𝛼𝑗

𝐾2

+ 𝛽𝑗

𝑀2

+

𝜔) / (𝛼𝐾2

+ 𝛽𝑀2 )) 𝐹𝑗2 − (𝛾𝑗 / (𝛼𝑗 𝐾2 + 𝛽𝑗 𝑀2 )) 𝐹𝑗4

𝑑𝐹𝑗 .

(51)
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If we set 𝑎0 = 0 in (51) and integrating with respect to 𝐹𝑗 , we
will obtain the following soliton solutions of (41) as follows:
𝐴1 = ±√

𝐴 1 = 𝑎 exp 𝑖 (𝑚1 𝑍 − Ω1 𝑇) ,

𝛼1 𝐾2 + 𝛽1 𝑀2 + 𝜔
𝛾1

𝐴 2 = 𝑏 exp 𝑖 (𝑚2 𝑍 − Ω2 𝑇) ,

{ 𝛼 𝐾2 + 𝛽 𝑀2 + 𝜔 
⋅ sech {√ 1 2 1
[𝐾 𝑋 + 𝑀 𝑌
𝛼1 𝐾 + 𝛽1 𝑀2
{

Ω1 = 𝛾1 𝑚12 − (𝜎1 𝑎2 + 𝛾12 𝑏2 ) ,
Ω2 = 𝛾2 𝑚22 − (𝜎2 𝑏2 + 𝛾21 𝑎2 ) .



+ 𝑀𝑌 + 𝜔𝑇)} ,
𝐴2 = ±√ −

𝛼2 𝐾2 + 𝛽2 𝑀2 + 𝜔
𝛾2

(52)

{ 𝛼 𝐾2 + 𝛽𝑀2 + 𝜔 
⋅ csch {√ 2 2
[𝐾 𝑋 + 𝑀 𝑌
𝛼2 𝐾 + 𝛽2 𝑀2
{

𝐴 2 = exp 𝑖 (𝑚2 𝑍 − Ω2 𝑇) (𝑏 + 𝜖𝜙2 (𝑍, 𝑇)) .



and these solutions are the soliton solutions for CNLS
equations, when 𝐾𝐾 𝛼𝑗 + 𝑀𝑀 𝛽𝑗 + 𝜔 > 0.

4. Modulation Instabilities of Coupled
Envelope Rossby Waves

𝑖

2

𝜕𝐴 2
𝜕 𝐴2
𝜕 𝐴2
+𝛽
+𝛼
2
𝜕𝑇
𝜕𝑋
𝜕𝑌2
 2
 2
+ (𝜎1 ∗ 𝐴 2  + 𝑟21 ∗ 𝐴 1  ) 𝐴 1 = 0.

𝑖

𝜕2 𝐴 2
𝜕𝐴 2
 2
 2
+ (𝜎1 ∗ 𝐴 2  + 𝑟21 ∗ 𝐴 1  ) 𝐴 2 = 0,
+ 𝛾2
𝜕𝑇
𝜕𝑍2

where 𝛾1 = 𝛾2 = 𝛼2 cos2 𝜃 + 𝛽2 sin2 𝜃.

+ 𝛾12 𝑎𝑏 (𝜙2 + 𝜙2∗ ) = 0,

(53)

(59)

+ 𝛾21 𝑎𝑏 (𝜙1 + 𝜙1∗ ) = 0.
Further, assume
𝜙2 = 𝑝2 exp (𝑖𝜆𝑍 + 𝜎𝑇) + 𝑞2 exp (−𝑖𝜆𝑍 + 𝜎∗ 𝑇) ,

(60)

and, substituting (60) into (59), we can get
[(𝜎1 𝑎2 − 𝛾1 𝜆2 ) + (𝑖𝜎 − 2𝛾1 𝑚1 𝜆)] 𝑝1 + 𝛾12 𝑎𝑏𝑝2
+ 𝜎1 𝑎2 𝑞1∗ + 𝛾12 𝑎𝑏𝑞2∗ = 0,
𝜎1 𝑎2 𝑝1∗ + 𝛾12 𝑎𝑏𝑝2∗

(54)

+ [(𝜎1 𝑎2 − 𝛾1 𝜆2 ) − (𝑖𝜎∗ + 2𝛾1 𝑚1 𝜆)] 𝑞1
+ 𝛾12 𝑎𝑏𝑞2 = 0,

(53) reduces to
𝜕2 𝐴 1
𝜕𝐴
 2
 2
+ (𝜎1 ∗ 𝐴 1  + 𝑟12 ∗ 𝐴 2  ) 𝐴 1 = 0,
𝑖 1 + 𝛾1
𝜕𝑇
𝜕𝑍2

𝜕𝜙1
𝜕𝜙
𝜕2 𝜙1
) + 𝜎1 𝑎2 (𝜙1 + 𝜙1∗ )
+ 𝛾1 (2𝑚1 𝑖 1 +
𝜕𝑇
𝜕𝑍
𝜕𝑍2

𝜙1 = 𝑝1 exp (𝑖𝜆𝑍 + 𝜎𝑇) + 𝑞1 exp (−𝑖𝜆𝑍 + 𝜎∗ 𝑇) ,

Further, introducing
𝑍 = 𝑋 cos 𝜃 + 𝑌 sin 𝜃,

𝑖

𝜕𝜙
𝜕𝜙
𝜕2 𝜙2
) + 𝜎2 𝑏2 (𝜙2 + 𝜙2∗ )
𝑖 2 + 𝛾2 (2𝑚1 𝑖 2 +
𝜕𝑇
𝜕𝑍
𝜕𝑍2

For coupled envelope nonlinear Rossby waves, they meet the
CNLS equations (39). We set the NLS equation of the (2 + 1)dimension with constant coefficients as

2

(58)

Substituting (58) into (53), we can get the linear equations as
follows:

+ 𝑀𝑌 + 𝜔𝑇)} ,

𝜕2 𝐴 1
𝜕𝐴 1
𝜕2 𝐴 1
+𝛽
+𝛼
2
𝜕𝑇
𝜕𝑋
𝜕𝑌2
 2
 2
+ (𝜎1 ∗ 𝐴 1  + 𝑟12 ∗ 𝐴 2  ) 𝐴 1 = 0,

(57)

We assume that 𝑎, 𝑏 are real numbers and 𝑚1 , 𝑚2 represent
wave number. Equation (54) shows that each nonlinear
Rossby wave dispersion not only contains itself wave number
and amplitude, but also contains another wave amplitude,
which is characteristic of the interaction between wave and
wave.
Next, we will analyze the stability of waves solution below.
Assume the solutions for the disturbance as follows:
𝐴 1 = exp 𝑖 (𝑚1 𝑍 − Ω1 𝑇) (𝑎 + 𝜖𝜙1 (𝑍, 𝑇)) ,

}
− 2 (𝐾𝐾 𝛼 + 𝑀𝑀 𝛽) 𝑡 − 𝜁0 ]} × exp {𝑖 (𝐾𝑋
}


(56)

where 𝑚1 , Ω1 , 𝑚2 , and Ω2 satisfy

}
− 2 (𝐾𝐾 𝛼1 + 𝑀𝑀 𝛽1 ) 𝑡 − 𝜁0 ]} × exp {𝑖 (𝐾𝑋
}


𝑖

From Section 3, we know the exact periodic wave solutions, taking the simple form as follows:

𝛾21 𝑎𝑏𝑝1 + [(𝜎2 𝑏2 − 𝛾2 𝜆2 ) + (𝑖𝜎 − 2𝛾2 𝑚2 𝜆)] 𝑝2
(55)

+ 𝛾21 𝑎𝑏𝑞1∗ + 𝜎2 𝑏2 𝑞2∗ = 0,
𝛾21 𝑎𝑏𝑝1∗ − 𝜎2 𝑏2 𝑝2∗ + 𝛾21 𝑎𝑏𝑞1
+ [(𝜎2 𝑏2 − 𝛾2 𝜆2 ) + (𝑖𝜎 − 2𝛾2 𝑚2 𝜆)] 𝑞2 = 0.

(61)
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4.5

The above equations are linear homogeneous equations for
𝑝1 , 𝑝2 , 𝑞1 , and 𝑞2 . If there are nonzero solutions, the
coefficients determinant must be zero. So we can get the next
type:

4
3.5
3

2

⋅ [(𝛾22 𝜆4 − 2𝛾2 𝜎2 𝜆2 𝑏2 ) − (𝑖𝜎 − 2𝛾2 𝑚2 𝜆) ]

(62)

𝛾1 𝑚1 = 𝛾2 𝑚2 ,

0.5
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Figure 1: Gain spectra for frequency shift.

(63)

and, moreover, set
2𝜎
(𝜆 − 1 𝑎2 ) ,
𝛾1
2

Δ 2 = 𝛾22 𝜆2 (𝜆2 −

2

1

and these are the four algebraic equations of 𝑖𝜎. When the
parameters are certain, the value of 𝜆 makes Re𝜎 > 0. But, for
the influence of the interaction between wave and wave on
the stability of wave, we will give a special case for discussion.
Assume the number of waves satisfies

Δ1 =

2.5

1.5

= 4𝛾1 𝛾2 𝛾12 𝛾21 𝑎2 𝑏2 𝜆4 ,

𝛾12 𝜆2

35 Im 

2

[(𝛾12 𝜆4 − 2𝛾1 𝜎1 𝜆2 𝑎2 ) − (𝑖𝜎 − 2𝛾𝑚1 𝜆) ]

2𝜎2 2
𝑏 ),
𝛾2

(64)

𝑆 = 4𝛾1 𝛾2 𝛾12 𝛾21 𝑎2 𝑏2 𝜆4 .
Clearly, when Δ 1 ≥ 0 the first wave is stable and there is no
interaction and the contrary occurs when Δ 1 < 0 is instable.
Similarly, when Δ 2 ≥ 0 the second wave is stable and there
is no interaction, and the contrary occurs when Δ 2 < 0 is
instable. From (62), we get
{
{
{
𝜎 = Im {𝛾1 𝑚1 𝜆
{
{
{
2

1/2

[ (Δ 1 + Δ 2 ) ± √(Δ 1 − Δ 2 ) + 4𝑆 ]
±[
]
2
[
]

stable nonlinear waves through interaction, the stable feature
is decided by the value of 𝑆.
When Δ 1 < 0 and Δ 2 > 0, corresponding to no
interaction, the first wave is stable, but the second wave is
unstable, while when Δ 1 > 0, Δ 2 < 0, the condition is
opposite.

5. Chirp Effect
With summary of previous studies on Rossby waves, it is not
hard to find that nonlinearity and dispersion are important
factors affecting the propagation of Rossby waves. In this
section, we use the concept of chirp in the field of optical
soliton communication to study the chirp effect caused by
nonlinearity and dispersion in the propagation of Rossby
waves.
when 𝛼 = 𝛽, the NLS equation (41) for describing the
characteristics of Rossby wave propagation transforms to

(65)
}
}
}
,
}
}
}
}

where 𝜎 represents the gain for the frequency shift, which has
been described in Figure 1. Equation (65) shows that when
Δ 1 < 0 and Δ 2 < 0, that is, Δ 1 + Δ 2 < 0, no matter what
value 𝑆 takes, at least there is one which satisfies Re𝜎 > 0;
therefore, the waves have instability. This conclusion shows
that when 𝛾1 𝑚1 = 𝛾2 𝑚2 , two modulated unstable waves, the
interaction of the two waves is still unstable.
When Δ 1 > 0, Δ 2 > 0, that is, Δ 1 +Δ 2 > 0, corresponding
to no interaction, the two waves are stable. If 𝑆 > 0, when
𝑆 ≤ Δ 1 Δ 2 , two waves are stable after interaction. When
𝑆 > Δ 1 Δ 2 , two waves are unstable after interaction. If 𝑆 < 0,
when −(1/4)(Δ 1 − Δ 2 )2 ≤ 𝑆 ≤ Δ 1 Δ 2 , the two waves are
stable. When 𝑆 < −(1/4)(Δ 1 − Δ 2 )2 or 𝑆 > Δ 1 Δ 2 two waves
are unstable after interaction. From the above analysis, we
can find that when Δ 1 > 0 and Δ 2 > 0, even with two

𝑖

𝜕𝐴
𝜕2 𝐴 𝜕2 𝐴
) + 𝛾 |𝐴|2 𝐴 = 0,
+ 𝛼( 2 +
𝜕𝑇
𝜕𝑋
𝜕𝑌2

(66)

where 𝛼 is the coefficient of dispersion and 𝛾 is the nonlinear
coefficient. Here, based on the soliton solution of the NLS
equation, we take the initial wave form of (2+1)-dimensional
Rossby solitary waves as follows, setting 𝐾 = 𝑀 = 𝐾 = 𝑀 =
1:
𝐴=√

2𝛼 + 𝜔
2𝛼 + 𝜔
sech [√
(𝑋 + 𝑌)] .
𝛾
2𝛼

(67)

5.1. Chirp Effect Caused by Dispersion. Let us consider the
dispersion effect of chirp, and (66) becomes
𝐴 𝑇 = −𝑖𝛼 (𝐴 𝑋𝑋 + 𝐴 𝑌𝑌 ) .

(68)
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Reviewing the time 𝑇 from 0 → Δ𝑇, where Δ𝑇 is an
infinitesimal variable, and introducing (67) into (68), we can
get the approximate solution of (68) as follows:
𝐴 (Δ𝑇, 𝑋, 𝑌) = √

2𝛼 + 𝜔
2𝛼 + 𝜔
sech [√
(𝑋 + 𝑌)]
𝛾
2𝛼

⋅ exp {−𝑖 (2𝛼 + 𝜔) Δ𝑇
× sech2 [√

2𝛼 + 𝜔
(𝑋 + 𝑌)]} ,
2𝛼

⋅ tanh [√

2𝛼 + 𝜔
(𝑋 + 𝑌)]
2𝛼

(75)

2𝛼 + 𝜔
(𝑋 + 𝑌)]} .
2𝛼

5.3. Discussion of Total Chirp. According to (71) and (75), the
total chirp is
Δ]𝑠 = Δ]𝐷 + Δ]𝑁 = (√2 − 4√2𝛼) (2𝛼 + 𝜔)3/2

so that the phase of the wave meets
2𝛼 + 𝜔
𝜑𝐷 = −𝑖 (2𝛼 + 𝜔) Δ𝑇 sech [√
(𝑋 + 𝑌)] ,
2𝛼
2

(70)

and, based on (70), we can obtain the chirp effect caused by
the dispersion
Δ]𝐷 = −∇𝜑𝐷 = √2 (2𝛼 + 𝜔)

⋅ tanh [√

Δ]𝑁 = −∇𝜑𝑁 = −4 (2𝛼 + 𝜔)3/2
⋅ √2𝛼Δ𝑇 {sech2 [√

(69)

⋅ Δ𝑇 {sech2 [√

and, based on (74), we can get the chirp effect caused by the
nonlinear

⋅ tanh [√

2𝛼 + 𝜔
(𝑋 + 𝑌)]
2𝛼

(76)

2𝛼 + 𝜔
(𝑋 + 𝑌)]} .
2𝛼

(1) When the dispersion and nonlinear effects cancel each
other, as follows:

3/2

2𝛼 + 𝜔
(𝑋 + 𝑌)]
2𝛼

⋅ Δ𝑇 {sech2 [√

Δ]𝑠 = Δ]𝐷 + Δ]𝑁 = 0,
(71)

2𝛼 + 𝜔
(𝑋 + 𝑌)]} .
2𝛼

(77)

we can get 𝛼 = 1/16.
(2) When the dispersion effect is greater than the nonlinear effect, as follows:

 

Δ]𝐷 > Δ]𝑁 ,

(78)

5.2. Chirp Effect Caused by Nonlinearity. Separately considering the nonlinear effect of chirp, the NLS equation (66)
becomes

we get 𝛼 < 1/16.
(3) When the dispersion is less than the nonlinear effect,
as follows:

𝐴 𝑇 = −𝑖𝛾 |𝐴|2 𝐴,


 

Δ]𝐷 < Δ]𝑁 ,

(72)

and, investigating the condition of time 𝑇 from 0 → Δ𝑇,
where Δ𝑇 is an infinitesimal variable, and introducing (67)
into (72), we can get the approximate solution of (72) as
follows:
𝐴 (Δ𝑇, 𝑋, 𝑌) = √

2𝛼 + 𝜔
2𝛼 + 𝜔
sech [√
(𝑋 + 𝑌)]
𝛾
2𝛼

⋅ exp {−𝑖 (2𝛼 + 𝜔) Δ𝑇
× sech2 [√

(73)

2𝛼 + 𝜔
(𝑋 + 𝑌)]} ,
2𝛼

and the phase of the wave meets
𝜑𝑁 = − (2𝛼 + 𝜔) Δ𝑇 × sech2 [√

2𝛼 + 𝜔
(𝑋 + 𝑌)] ,
2𝛼

(74)

(79)

we get 𝛼 > 1/16. As we know, the total chirp effect is
related to the sea conditions in the propagation region and
the amplitude of the initial wave. If the propagation area and
the sea condition parameter is determined, the total chirp
effect is only related to the initial amplitude. The chirp effect
caused by dispersion and nonlinearity is described in Figures
2 and 3. The above calculation shows that the magnitude
of the initial amplitude is determined by the parameter 𝛼.
Combining Figure 2, Figure 3, and calculation, we can get the
following conclusions.
(1) When 𝛼 = 1/16, the dispersion and nonlinear effects
cancel each other, and solitary waves propagate over long
distances and keep waveforms constant.
(2) When 𝛼 > 1/16, the nonlinear effect is greater than
the dispersion effect, so that the total chirp is not zero. In this
case, the isolated waves present nonlinear characteristics, and
the amplitude of isolated waves is changed periodically.
(3) When 𝛼 > 1/16, the dispersion effect is greater than
the nonlinear effect, so that the total chirp is not zero. In this
case, the isolated waves present dispersion property, and the
amplitude of isolated waves is changed periodically.

Mathematical Problems in Engineering

11
waves. Finally, introducing the concept of chirp in the optical
soliton communication field we study the chirp effect caused
by nonlinearity and dispersion in the propagation of Rossby
waves.
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The widely used approach of mesoscale finite element modeling for permeability analysis is to simulate the matrix and cracks
with continuum elements (CE), whereas this process brings technical difficulties in generating a satisfying mesh conformity at
the interface. In this work, an alternative method based on embedded element (EE) technique is developed for the prediction of
water pressure field and effective permeability in the numerical simulation. Based on the mathematical similarity between elasticity
and seepage problems, water pressure can derive from the corresponding displacement through “elastic analogy.” To assess the
capability of the EE technique, different cases are simulated and compared with the CE model. The results show that there is a
satisfactory agreement in water pressures and velocities between the CE and EE modeling. In the CE model, different factors, such
as permeability contrast between matrix and cracks (𝐾crack /𝐾matrix ) and mesh size, are considered. It is obvious to find that results
will become stable when 𝐾crack /𝐾matrix reaches 104 , and the mesh size has little impact. The effective permeability of 3D porous
media with random cracks is evaluated and the results show that the differential method is accurate for 3D permeability analysis
when the crack density is not large.

1. Introduction
During the period of services, porous media like concrete and
rocks are often subjected to various loads caused by mechanical, thermal, or physicochemical factors; the damage process
generates new microcracks [1–3]. If the microcracks continue
clustering and connecting, the permeability of porous media
will certainly increase, accelerating the deterioration process
and threatening the safety of structures. The cracked porous
media are usually regarded as a two-phase composite which
includes a porous matrix and a large number of cracks for
permeability problems [4, 5]. The X-ray CT scan images of
porous media have shown that the crack distribution varies
with locations, influencing mechanical and permeability
properties [6–8]. The geometrical information of individual
cracks, such as orientation and connectivity, should be
considered on cracked porous media.
The two main categories of models used in permeability
analysis are the equivalent continuum model (ECM) and

the discrete fracture model (DFM) [9, 10]. The ECM is
widely used in field-scale studies, and it contains a limited
number of subdomains in which permeability is assumed to
be uniform [11]. Under this assumption, the effective permeability is an average value over the subdomains that reflects
the comprehensive effects of cracks and matrix [12, 13].
Although the ECM is simple to implement and requires low
computational resources, it is difficult to present a reasonable
representative volume elementary volume for permeability
[14, 15]. Whereas, in small-scale studies, the influence of
the individual cracks cannot be neglected, the DFM are
quite suitable on this condition. In this approach cracks are
represented by line elements or surface elements for 2D problems, and for 3D problems cracks are simulated with surface
elements or body elements [5, 16–18]. Although this method
considers real crack geometry, it is computationally intensive
for models containing large number of cracks. The most
commonly used numerical approaches in three-dimensional
DFM are conventional solid or continuum elements [19, 20].
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Figure 1: The relationship between host and embedded part.

This approach not only describes the actual crack distribution
but also considers water transportation between the matrix
and the cracks. Unfortunately, this process brings technical
difficulties in generating a satisfying mesh conformity at the
interface; therefore software is not able to mesh a geometry
with more than 100 fractures when both the matrix and
fractures must be mesh [21].
Noncontinuous meshing techniques present a practical
solution for the meshing problems in finite element models
applied in DFM [22]. Fish [23] introduced a mesh superposition technique to modeling of laminated composites and
stress-stain fields. Takano et al. [24] proposed an enhanced
mesh superposition method for multiscale finite element
analysis of porous materials. They discretized the domain
into three parts: global, local, and pores parts. Based on
automatic image-based modeling and FE mesh superposition
method, Kawagai et al. [25] study the multiscale modeling
strategy for complex and heterogeneous microstructures of
real materials. The embedded element of the commercial
software ABAQUS can be applied in DFM as a mesh superposition technique [22]. Under the EE technique, the host and
embedded parts can be meshed separately and independently,
resolving difficulties in meshing complex geometry of the
matrix.
Some noncontinuous methods like s-version FE model
are developed and implemented by some authors, which
makes it difficult for other researchers to use and develop
them further. In this case, this paper adopts the EE technique
to simulate pressure fields of cracked porous media. The
results of meso-FE simulations of different cases using the CE
and EE models are investigated and discussed to verify the
EE technique. Meanwhile, some factors such as permeability
ratio between matrix and cracks and mesh size which could
influence results are also taken into consideration. Finally,
effective permeability of 3D porous media with random
distributed cracks are evaluated.

2. Embedded Element Technique
In the EE model, the reinforced part is placed inside the
matrix part. The host is the main part, which is considered
an independent model from the point of view of translational
degrees of freedom (DOFs). The simple form of embedded
element technique is shown in Figure 1. The host part and the
embedded part can be meshed separately.

The weight functions in the famous finite element analysis
software ABAQUS are used to create the geometric relationship between the nodes of embedded and host elements [26],
which is illustrated as follows:
𝑁

U𝑖(Emb) = ∑ 𝑊𝑗 U𝑗(𝐻) ,

(1)

𝑗=1

where U𝑖(Emb) and U𝑗(𝐻) denote the DOF of the embedded
and host nodes and 𝑊𝑗 denotes the weight function. The
value of the weight function is determined by the distance
between the embedded node and the corresponding host
node. A short distance will lead to a large weight function. If
an embedded node is located within a host element, then the
translational DOFs at the node are eliminated and the node
becomes an “embedded node.” The translational DOFs of the
embedded node are constrained to the interpolated values of
the corresponding DOF of the host element.
The host and embedded strain are set to have the equivalent in the superposition regions, which is called the principal
of strain equivalence. Therefore, the composite stiffness S𝐶
can be calculated as follows [27]:
[S𝐶] = [S𝐻] + [S𝐸 ] ,

(2)

where S𝐻 and S𝐸 represent the stiffness for the host and
embedded part separately. Finally, the stress in the embedded
region 𝜎𝐸 can be calculated as
[𝜎𝐸 ] = [D𝐸 ] {𝜀𝐸 } ,

(3)

where 𝜀𝐸 is strain matrix and D𝐸 is the elastic matrix. The
relationships between stresses of different parts are shown in
Figure 2 in a concise way.
Even with the possibility of applying the EE technique in
permeability analysis for cracked porous media, the following
limitations must be eliminated first. Firstly, the EE techniques
are allowed to have rotational DOF, but these rotations are
not constrained by embedding. Secondly, some DOFs such
as rotational, temperature, pore pressure, acoustic pressure,
and electrical potential at an embedded node are not constrained [28]. Therefore, the direct application of the EE does
not work. In this case, an indirect approach called “elastic
analogy” is adopted as an auxiliary method combined with
the EE technique.
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Table 1: Correspondence between elastic and conductive problems.
Problem

Elasticity
Displacement u
Stress 𝜎
Strain 𝜀
(∇u + u∇)
𝜀=
2
External force f
Elastic tensor E
𝜎=E:𝜀
∇⋅𝜎+f =0

Corresponding parameters

Physical equation
Equilibrium equation

Heat conduction
Temperature 𝑇
Heat flux s
Temperature gradient p

Seepage
Water head 𝐻
Flow velocity v
Hydraulic gradient J

p = −∇𝑇

J = −∇𝐻

Heat source 𝑞
Thermal conductivity tensor M
s = −M ⋅ p
∇⋅s+𝑞=0

Water source 𝑔
Hydraulic conductivity tensor K
v = −K ⋅ J
∇⋅k+𝑔=0

And K is a second-order tensor with six independent elements. The equilibrium equation can be expressed as follows:



Enhanced stress
[C ] ≈ [DC ][E ]

∇𝐻𝑇 ⋅ K ⋅ ∇𝐻 + 𝑔 = 0,

Matrix stress
[E ] = [DE ][E ]

where 𝑔 denotes the water source. If the principal axes of the
materials coincide with the coordinate axes, then (6) can be
rewritten as follows:

(6)

𝜕
𝜕𝐻
𝜕𝐻
𝜕𝐻
𝜕
𝜕
(𝑘
)+
(𝑘
)+
(𝑘
) + 𝑔 = 0. (7)
𝜕𝑥 𝑥 𝜕𝑥
𝜕𝑦 𝑦 𝜕𝑦
𝜕𝑧 𝑧 𝜕𝑧

Embedded stress
[H ] = [DE ][E ]

Strain 𝜀 and stress 𝜎 in the elasticity problems obey
Hooke’s law as follows:



𝜀 = C : 𝜎,

Figure 2: The relationship between stresses of different parts.

(8)

where flexibility tensor C is a fourth-order tensor with 21
independent elements. In an orthotropic material, C becomes

3. Elastic Analogy
Heat conduction, mass diffusion, and seepage can be
described by very similar mathematical equations [29]. The
mathematical similarity also exists between elasticity and
seepage problems, which is illustrated in Table 1. For 3D
problems, the displacement vector has three components, and
the water head is merely a scalar. So a seepage field can be
obtained through an analogy of the corresponding elastic
field in the case of constrained DOF. Hence EE technique
for elastic problems can be extended to the corresponding
seepage problems by “elastic analogy” because of such correspondence.
In steady-state seepage analysis, the flow rate q and
water head 𝐻 obey the generalized Darcy law in Cartesian
coordinate system as follows:
q = −K ⋅ ∇𝐻,

(4)

where K is the hydraulic conductivity tensor, which is
expressed as follows:
𝑘𝑥 𝑘𝑥𝑦 𝑘𝑥𝑧
]
[
]
K=[
[𝑘𝑦𝑥 𝑘𝑦 𝑘𝑦𝑧 ] .
[𝑘𝑧𝑥 𝑘𝑧𝑦 𝑘𝑧 ]

(5)

]
]
1
− 12 − 13 0
0
0
[ 𝐸11
]
𝐸
𝐸
22
33
[ ]
]
]23
1
[ 21
]
−
0
0
0 ]
[−
[ 𝐸11 𝐸22
]
𝐸
33
[ ]
]
1
[− 31 − ]32
0
0
0 ]
[
]
[
]
C = [ 𝐸11 𝐸22 𝐸33
],
1
[ 0
0
0
0
0 ]
[
]
𝐺23
[
]
[
]
1
[ 0
0
0
0
0 ]
[
]
𝐺31
[
]
[
1 ]
0
0
0
0
0
𝐺12 ]
[

(9)

where 𝐸𝑖𝑗 and 𝐺𝑖𝑗 (𝑖, 𝑗 = 1, 2, 3) denote the elastic and shear
moduli and ] denotes Poisson’s ratio. In the case of ] = 0, C
becomes a diagonal matrix.
Furthermore, if the principal axes of the materials coincide with the coordinate axes but the displacements in the 𝑋
and 𝑌 directions are constrained to be zero, then the elastic
equilibrium equation in the 𝑍 direction can be simplified as
follows:
𝜕𝑤
𝜕𝑤
𝜕𝑤
𝜕
𝜕
𝜕
(𝐺13
)+
(𝐺23
)+
(𝐸33
) + 𝑓𝑧
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦
𝜕𝑧
𝜕𝑧
= 0,

(10)
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Figure 3: Two-dimensional cracked domain with a single crack: boundary condition (a); mesh of CE method (b); mesh of EE method (c).

where 𝑤 and 𝑓𝑧 are the displacement and body force in
the 𝑍-direction, respectively. This equation is similar to (7).
By equating 𝐺13 , 𝐺23 , and 𝐸33 to 𝑘𝑥 , 𝑘𝑦 , and 𝑘𝑧 , the water
head and flow velocity can be obtained from the values of
displacement 𝑤 and stress components 𝜎13 , 𝜎23 , and 𝜎33 ,
which are determined by (10). This equation is used as the
basis for a seepage field to be obtained by the “degradation”
of a corresponding elasticity field.

4. Numerical Application
This section presents the numerical results obtained using
EE methods described in the previous sections. First, two
examples which contain a single crack are addressed as the
reference problems to verify the validity of the EE method
by comparing with the results obtained from CE method.
In the first one, a single crack in a 2D infinite matrix is
modelled. Similarly, a 3D example with a single rectangular
crack in a porous domain is presented in the second case.
Moreover, an example with eight intersecting cracks is also
presented to illustrate the capacities of the EE method.
Finally, the effective permeability of 3D cracked porous media
with hundreds of random distributed cracks is evaluated
and compared with various analytical effective medium
predictions.
4.1. 2D Example of a Single Crack. In this part, an inclined
crack located in a rectangular matrix is shown in Figure 3
[10]. The matrix has an isotropic permeability, and a constant
conductivity is supposed for the crack along its direction.
Two constant values of pressure are applied on the bottom
and up edges, and a zero normal flux is prescribed on the
left and right edges. The CE and EE methods are used to
generate meshes for this case (Figure 3). It is obvious to
find that the EE modeling has independent meshes between
crack and matrix, and the grid around the single crack seems
intensive as expectation. The pressure fields determined by

the CE method and EE method are compared as shown in
Figure 4. The contours obtained from these two methods
have similar general characteristics which vary rapidly near
the crack tips. However, unlike the displacements, water head
varies continuously through the crack. The pressure profiles
along two vertical sections (𝑥 = 0 and 𝑥 = 3) through the
domain were also created to compare the pressure change
(shown in Figure 5). The results show that there is an excellent
agreement between the two models, which proves the validity
of EE method.
4.2. 3D Example of a Single Crack in a Cubic Domain. The 3D
example contains a single square crack with 20 m long inside
the cubic matrix, and the dimension of the matrix is 100 m ×
100 m × 100 m (shown in Figure 6). The center of the square
crack is located at the position (60, 60, and 60), and its normal

direction is →
n = (0.63, −0.45, 0.63). The matrix and crack are
both isotropic and their relative permeability coefficients are
1 and 10,000, respectively. On faces 𝑎𝑏𝑐𝑑 (𝑍 = 100) and 𝑒𝑓𝑔ℎ
(𝑍 = 0), the water heads are set to be 1.0 and 0.0, and other
faces are set to be impermeable.
4.2.1. Validation of the EE Technique. In this model, eight
special positions in the matrix around the square crack were
selected as reference points for comparing the difference
between the CE and EE models (shown in Figure 7). The
coordinates of these reference points are 𝐴 (60, 57, 32), 𝐵 (60,
62, 33), 𝐶 (60, 67, 38), 𝐷 (60, 67, 46), 𝐸 (60, 53, 33), 𝐹 (60, 53,
38), 𝐺 (60, 57, 45), and 𝐻 (60, 63, 48).
Figure 8 presents the water head fields at the section 𝑥 =
60, and the contour distributions in both models are similar,
except for a slight difference near tips of the crack.
The values of water heads at eight reference points are
listed in Table 2; meanwhile the flow velocities are summarized in Table 3. The results shown in Table 2 reveal
that difference of water head between the two methods is
quite small, and the maximal relative error is less than 3%.
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Figure 4: Pressure and displacement fields obtained from CE (a) and EE method for a single crack domain (b).

150
100

150
100
50

50

0

0
−8

−6

−4
−2
0
2
4
Coordinate in Y direction (m)

6

CE model
EE model

8

−8

−6

−4
−2
0
2
4
Coordinate in Y direction (m)

6

8

CE model
EE model
(a)

(b)

Figure 5: Pressure profile taken through the center of the cracked domain at 𝑥 = 0 (a) and at 𝑥 = 3 (b).

In Table 3, the flow velocities in the 𝑍-direction of the
two methods are nearly the same; in addition the velocity
components in 𝑋 and 𝑌 directions are so small that they can
be omitted. However, what needs to be emphasized is that the
relative errors of flow velocity at different reference points are
all rather small except the point 𝐷, which is very close to the
crack tip. The accuracy of water head filed is excellent on the
whole domain, and the accuracy of flow velocity field is good
enough except the limited area near the crack tip. The good
agreement between the EE and CE modeling indicates the EE
model is accurate.

4.2.2. Effect of the Relative Permeability Ratio. In order to
examine the effect of permeability ratio between crack and
matrix (𝐾crack /𝐾matrix ) upon the flow properties, the 3D
single crack model is studied. The variation of water pressure
(water head) is plotted in Figure 9.
With the increase of 𝐾crack /𝐾matrix , water heads at different locations converge to constant values. When the ratio is
larger than 104 , the water heads at the reference points reach
stability. This result is attributed to the fact that when the
opening of the crack is sufficiently large, the crack becomes a
superconductor and the head losses that occur almost reach
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Figure 7: Locations of the reference points (section 𝑋 = 60).
Table 2: Water heads at different reference points.
Reference point
EE model
CE model
Relative error

𝐴
0.3886
0.3877
0.23%

𝐵
0.3660
0.3601
1.64%

𝐶
0.3734
0.3758
0.65%

𝐷
0.3898
0.3987
2.22%

𝐸
0.4043
0.3969
1.86%

𝐹
0.4109
0.4046
1.57%

𝐺
0.4243
0.4250
0.17%

𝐻
0.4081
0.4114
0.80%

Table 3: Flow velocities at different reference points.
Reference point
EE
𝑋 direction
CE
EE
𝑌 direction
CE
EE
𝑍 direction
CE
Relative error

𝐴
−9.10𝐸 − 5
6.81𝐸 − 7
7.36𝐸 − 5
2.96𝐸 − 6
−1.03𝐸 − 2
−9.98𝐸 − 3
3.21%

𝐵
−1.63𝐸 − 5
−1.19𝐸 − 5
6.60𝐸 − 6
6.70𝐸 − 6
−1.04𝐸 − 2
−9.97𝐸 − 3
4.31%

𝐶
−1.15𝐸 − 5
2.11𝐸 − 5
1.26𝐸 − 5
1.19𝐸 − 5
−1.04𝐸 − 2
−9.94𝐸 − 3
4.63%

𝐷
−2.89𝐸 − 6
−3.10𝐸 − 4
5.22𝐸 − 5
−1.97𝐸 − 4
−1.02𝐸 − 2
−8.63𝐸 − 3
18.08%

𝐸
−4.14𝐸 − 5
0
1.31𝐸 − 4
0
−1.04𝐸 − 2
−1.01𝐸 − 2
2.97%

𝐹
−1.03𝐸 − 5
−3.18𝐸 − 5
−5.24𝐸 − 5
−1.52𝐸 − 5
−1.04𝐸 − 2
−1.01𝐸 − 2
2.97%

𝐺
−2.13𝐸 − 6
−2.61𝐸 − 6
5.29𝐸 − 6
6.25𝐸 − 4
−1.01𝐸 − 2
−1.00𝐸 − 2
1.00%

𝐻
−5.00𝐸 − 6
−4.08𝐸 − 5
−5.28𝐸 − 5
2.07𝐸 − 6
−1.03𝐸 − 2
−1.00𝐸 − 2
3.00%
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Figure 8: Water pressure fields calculated for the single crack model.

provides the values of water heads at the eight different
reference points. The very small differences among different
results conclude that the influence of mesh size upon water
head can be ignored, which are similar to results presented
by Tabatabaei et al. [22].

0.55

Water pressure

0.50
0.45
0.40
0.35
0.30
0.25
10

100

1000

10000

100000

1000000

Permeability coefficient contrast KC /KM
A
E
B
F

C
G
D
H

Figure 9: Effect of permeability coefficient on water pressure.

zero as water flows through. In general, for crack-matrix
composites such as cracked porous media, cracks usually can
be regarded as superpermeable compared with the matrix [5].
4.2.3. Mesh Sensitivity. Different mesh sizes of EE were
investigated in the single crack model of the same 3D case
to evaluate mesh sensitivity in EE modeling. The element size
of the matrix remains constant (𝐿 𝑀 = 5), and the mesh size
of crack has three different values (𝐿 𝐶 = 10, 5, 1). Therefore,
mesh sensitivity analysis is investigated under three different
mesh size ratios (𝑅matrix/crack = 0.5, 1, 5). Figure 10 shows the
water head fields with different mesh size ratios, and Table 4

4.3. Multiple Intersecting Cracks. The case of intersecting
cracks might be more interesting to us. Here consider a
6 m long square domain with nine intersecting cracks [30].
The model boundary condition and its corresponding CE
and EE meshes are shown in Figure 11. The permeability
of matrix and cracks is 1 × 10−15 m2 and 1 × 10−9 m2 ,
respectively. Both the lower and the upper boundary are
impermeable. The left boundary has a constant pressure of
100 kPa, while the right boundary has a constant pressure of
0 Pa.
Figure 12 shows that the displacement filed from the EE
method is similar to the pressure filed from the CE method. In
the center part of the domain, both fields have a relatively flat
change, and the contour lines vary rapidly around different
crack tips. The pressure values at different intersecting points
are also investigated and Table 5 presents the results obtained
from these two methods. It is found that the EE model
provides a little higher values than the results obtained from
the CE model, and the maximal relative error is less than
2%. The results conclude the EE technique is also feasible for
intersecting cracks.
4.4. Effective Permeability of 3D Cracked Porous Media. To
study the effective permeability of 3D cracked porous media,
cracks are supposed to be isodiametric discs and follow
unclustered random distribution. With such assumptions,
the permeability of the cracked porous media is evaluated
for different crack densities. Since the crack radius is kept
constant, the crack density or volume fraction only depends
on the number of cracks. The permeability contrast of crack
to matrix is set to be 10000 to represent the great permeability
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Figure 10: Water pressure fields of 𝑅matrix/crack = 0.5 (a), 𝑅matrix/crack = 1 (b), and 𝑅matrix/crack = 5 (c) at section 𝑋 = 60.

Table 4: Water head results under different mesh sizes.
Mesh
1
2
3

𝑅matrix/crack
0.5
1
5

𝐴
0.3912
0.3982
0.3899

𝐵
0.3550
0.3544
0.3680

𝐶
0.3733
0.3693
0.3742

Reference points near the crack
𝐷
𝐸
𝐹
0.4101
0.3895
0.3997
0.3965
0.4018
0.4085
0.3902
0.4038
0.4108

𝐺
0.4285
0.4294
0.4203

𝐻
0.3935
0.3928
0.4063

7
52.5781
53.4228
1.61%

8
52.9278
53.6258
1.32%

Table 5: Pressure at different intersecting points.
Intersecting point
CE model
EE model
Relative error

1
52.6339
53.6094
1.85%

2
52.5069
53.3770
1.66%

3
52.27433
53.1042
1.59%

4
52.0081
52.9307
1.77%

5
52.2668
52.9644
1.33%

6
52.0307
52.5680
1.03%
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Figure 11: Two-dimensional cracked domain with multiple intersecting cracks: boundary condition (a); mesh of CE method (b); mesh of EE
method (c).

gap between crack and matrix in the real situation. Constitutive equations of flow are given by Darcy’s law, and this law
is based on the establishment of a uniform water gradient
along the domain as a result of applied external water flux.
The side length of the cubic matrix and the radius of all cracks
are taken as 𝑙 = 100 and 𝑟 = 10. In the modeling, two different
water heads are given on two opposite sides of the matrix, and
other sides are impermeable. The mesh schematic with the EE
technique is displayed in Figure 13, where the matrix and the
cracks are meshed separately and independently. Meanwhile,
the crack density adopts definition of volume fraction of
cracks with respect to the reference volume [5, 21]:
𝜌=

∑ 𝑎𝑖3
,
𝑉

(11)

where the crack volume is denoted by the cubic of its radius,
and the reference volume is the cubic of the side length. The
predicted results obtained from effective medium models,
such as the dilute schemes, the differential scheme, and selfconsistent method, are compared with numerical results to
investigate the potential application of the EE technique in
DFM (shown in Figure 14).
The results shows that different approximations fit
numerical results very well for crack density 𝜌 ⩽ 0.04. As
crack density increases, the dilute and difference methods
seem to deviate the numerical solutions. On the other hand,
the self-consistent approach still provides a relatively accurate
fit to the numerical data. The effective medium methods
are based on the assumption of a single inclusion in an
infinite domain, so the effect of intersecting could not be
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Figure 13: Schematic diagram of three-dimensional random cracks: mesh of composite (left); mesh of the matrix (middle); mesh of the cracks
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taken into consideration. It is generally accepted that selfconsistent approach overestimates the effective property for
nonintersecting cracks. However, self-consistent approach
might be more reasonable when cracks comes intersecting.

5. Conclusion and Discussion
In this paper, we have developed a novel numerical method
to calculate permeability of cracked porous media. The EE
technique, combined with elastic analogy, can be utilized
in the permeability modeling for crack-matrix composites
like concrete or rocks. Compared to pressure (water head)
and flow velocity fields obtained from the conventional CE
method, the reliability of the EE technique is evaluated with
different cases, and the results prove its validity and accuracy.
Furthermore, some factors that influence the EE modeling
are also taken into account. Further examinations indicate
that stable calculation results can be induced if the relative

permeability ratio reaches 104 . What is more, the influence of
mesh size upon water pressure is not significant.
For the case of 3D cracks densely and randomly distributed, the EE technique consequently reduces the computational cost since matrix and cracks can be meshed
separately and independently. The numerical results show
that the EE method can be applied to simulate the effective
permeability of cracked porous media, and the self-consistent
approach has a good analytical estimation when cracks come
intersecting.
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Climate change and rapid urbanization have aggravated the rainstorm flood in Jinan City during the past decades. Jinan City
is higher in the south and lower in the north with a steep slope inclined from the south to the north. This results in high-velocity
overland flow and deep waterlogging, which poses a tremendous threat to pedestrians and vehicles. Therefore, it is vital to investigate
the rainstorm flood and further perform flood risk zoning. This study is carried out in the “Sponge City Construction” pilot area
of Jinan City, where the InfoWorks ICM 2D hydrodynamic model is utilized for simulating historical and designed rainfall events.
The model is validated with observations, and the causes for errors are analyzed. The simulated water depth and flow velocity
are recorded for flood risk zoning. The result shows that the InfoWorks ICM 2D model performed well. The flood risk zoning
result shows that rainfalls with larger recurrence intervals generate larger areas of moderate to extreme risk. Meanwhile, the zoning
results for the two historical rainfalls show that flood with a higher maximum hourly rainfall intensity is more serious. This study
will provide scientific support for the flood control and disaster reduction in Jinan City.

1. Introduction
During the past decades, Jinan City has experienced prosperity in social economy. However, a series of urban water
problems such as water pollution, water shortage, and urban
flooding have arisen and posed a great challenge to the
continued healthy development of social society [1, 2]. Severe
climate change and rapid urbanization augment the probability of urban rainstorm flood and cause a large number of
casualties and economic losses [3, 4]. Urban rainstorm flood
has become one of the most concerning problems [5, 6]. In
order to strengthen the work of flood control and disaster
reduction and reduce the casualty and property losses caused
by urban floods, it has become an increasingly common
method to use the urban flood model to simulate the flooding
situation and perform flood risk zoning which provides technical support for flood control and disaster reduction [7–10].
At present, many Chinese scholars have used hydrological
and hydraulic models to carry out a lot of researches on

the urban flooding problem and have accumulated abundant
theoretical and practical experience for flood prevention and
reduction work in our country [8, 11]. Since the 1980s, a
group of Chinese scholars have developed urban rain-flood
models with independent intellectual property rights, but
these models are usually codes or programs used within a
number of research teams. These models are not easy to
operate or interface friendly, and they are not widely used
for the lack of commercial promotion [8]. In comparison, the
SWMM model from the United States is broadly used because
its codes are open-source and it is free to use [12]. MIKE
series (Denmark), InfoWorks ICM (UK), and PCSWMM
(Canada) also have a good number of users due to their strong
hydrodynamic ability and preprocessing and postprocessing
capacity [4, 13]. Yu et al. [14] developed an urban flood
model of city scale in Jinan City by using the SWMM
model. The results are good and the work has provided
scientific and technological support for flood control and
disaster reduction in Jinan City. Huang et al. [15] used the
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InfoWorks ICM model to develop an integrated catchment
model of urban scale in Haikou City. The model has been
verified with monitoring data and the results have shown
that the model has good accuracy and reliability. Wu and
Huang [16] used the PCSWMM model to develop a rainflood model which has been verified with observed data
and used for analyzing the risk for designed rainfalls of
different recurrence intervals. Qi et al. [17] developed a onedimensional and a two-dimensional hydrodynamic model in
the lower reaches of Tiantang River of Beijing based on MIKE
11 and MIKE 21. Then, these models have been coupled using
MIKE FLOOD to simulate the regional flood under different
rainstorm scenarios. The flood risk has been analyzed and has
provided scientific support for the rational selection of the
detention area and the development of a proper dam control
scheme.
Jinan City has repeatedly suffered extreme rainstorms in
history. Its flood problem is very severe due to its special
geography. The city is higher in the south and lower in the
north, so road flood and waterlogging have become a main
threat to pedestrians and vehicles [1, 14]. This paper intends to
use InfoWorks ICM to develop a model coupling hydrological
with hydrodynamic process in the “Sponge City Construction”
pilot area of Jinan City. Several historical rainstorm events
are modeled and verified with the flood monitoring records.
Then, the verified model is used for designed rainfalls of
different recurrence intervals. The water depth and velocity
are recorded and used to perform flood risk zoning. This work
will provide scientific and technological support for flood
prevention and mitigation work of the study area and Jinan
City as well.

2. Methodologies
2.1. Coupled Hydrological and Hydrodynamic Model. The
coupled hydrological and hydrodynamic model based on
InfoWorks ICM consists of a hydrological process and
a hydrodynamic process and their coupled process. As
we know, the hydrodynamic modeling, especially the
two-dimensional hydrodynamic modeling, is very timeconsuming and always a bottleneck for fast and detailed
modeling. The InfoWorks ICM can solve this problem with
its parallel computation based on GPUs. Moreover, table
handling, SQL query, and GIS function are available in the
InfoWorks ICM, which make it easier for data preprocessing
and result postprocessing.
The processes included in the InfoWorks ICM are the
runoff calculation and flow convergence for the hydrological
model, the one-dimensional hydrodynamic simulation for
the underground pipe networks, and the two-dimensional
hydrodynamic simulation for surface inundation. The hydrological model adopts a distributed method to simulate the
rainfall-runoff process by dividing the study area into detailed
subcatchment areas which may have various runoff surfaces
of different flow characteristics. The runoff calculation and
flow convergence process of the hydrological model can
employ various models. In this paper, the fixed runoff
model and SWMM flow convergence model are employed,
respectively, as the object of our study is the urban area.
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The hydrodynamic simulation for the underground pipe
networks is implemented by solving the Saint-Venant equations. The flow in the underground pipes has two states, that
is, surface flow and pressurized flow, and the Preissmann Slot
is used to handle both kinds of flow and their transition. The
mathematical expressions of the Saint-Venant equations are
shown in
𝜕𝐴 𝜕𝑄
+
= 0,
𝜕𝑡
𝜕𝑥
𝜕𝑄
𝑄 |𝑄|
𝜕 𝑄2
𝜕ℎ
) = 0,
+
( ) + 𝑔𝐴 (cos 𝜃
− 𝑆0 +
𝜕𝑡 𝜕𝑥 𝐴
𝜕𝑥
𝐾2

(1)

where 𝐴 is the cross-sectional area of the pipe (m2 ); 𝑄 is the
flow rate of the pipe (m3 ⋅s−1 ); 𝑡 is time (s); 𝑥 is the length
along the 𝑥 direction (m); ℎ is water depth (m); 𝑔 is gravity
(m⋅s−2 ); 𝜃 is the angle between the pipe line and horizontal
line (degree); 𝐾 is the conveyance and is calculated with
Colebrook-White formula or Manning formula; 𝑆0 is the bed
slope.
The two-dimensional hydrodynamic simulation of the
surface inundation is implemented by solving the shallow
water equations (SWE), which are based on the depthaveraged Navier-Stokes equations. The assumption of these
equations is that the flow is mainly in the horizontal direction,
while flow rate changes in the vertical direction are negligible.
The mathematical expressions of the shallow water equations
are shown in
𝜕ℎ 𝜕 (ℎ𝑢) 𝜕 (ℎV)
+
+
= 𝑞1𝐷,
𝜕𝑡
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𝑔ℎ2
𝜕 (ℎ𝑢)
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𝜕 (ℎ𝑢V)
+
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)+
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2
𝜕𝑦
= 𝑆0,𝑥 − 𝑆𝑓,𝑥 + 𝑞1𝐷𝑢1𝐷,

(2)
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𝜕 (ℎV)
𝜕
𝜕 (ℎ𝑢V)
+
(ℎV2 +
)+
𝜕𝑡
𝜕𝑦
2
𝜕𝑥
= 𝑆0,𝑦 − 𝑆𝑓,𝑦 + 𝑞1𝐷V1𝐷,
where 𝑢 and V are the velocity component in the 𝑥 and 𝑦
directions (m⋅s−1 ); 𝑆0,𝑥 and 𝑆0,𝑦 are the bed slope component
in the 𝑥 and 𝑦 directions (m2 ⋅s−2 ); 𝑆𝑓,𝑥 and 𝑆𝑓,𝑦 are the friction
component in the 𝑥 and 𝑦 directions (m2 ⋅s−2 ); 𝑞1𝐷 is the
outflow per unit area (m⋅s−1 ); 𝑢1𝐷 and V1𝐷 are the velocity
component of 𝑞1𝐷 in the 𝑥 and 𝑦 directions (m⋅s−1 ); other
variables not stated here are the same as above.
2.2. Flood Risk Zoning. There is a broad consensus that the
degree of flood risk that flood poses to people (as well
as vehicles, buildings, etc.) is a function of velocity and
depth. Other physical factors such as water temperature, land
surface type, and objects that may cause slippage or fall (e.g.,
“blown” manhole), are likely to have an impact on the risk
for people or objects in the flood. Xia et al. [18, 19] and
Milanesi et al. [20, 21] developed risk calculation methods
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Figure 1: Location of the study area. (a) The overall location of Jinan City in China. (b) The location of the study area in Jinan City. (c) The
layout of the study area where two rivers and the DEM are shown.

of the human body or vehicles through rigorous mechanical
analyses and human engineering. However, these methods
are based on complicated theoretical formula deduction,
restricting their convenient and efficient applications. In this
paper, the empirical method of calculating the flood risk
recommended by Defra/Environment Agency of the United
Kingdom [22] will be used, and the corresponding formula is
shown as
HR = ℎ × (𝑈 + 0.5) + DF,

(3)

where HR is the flood risk value; ℎ is water depth (m); 𝑈 is
the velocity of floodwater (m⋅s−1 ); DF is the debris factor (=0,
0.5, or 1 depending on the probability that debris will lead to
a significantly greater hazard, shown in Table 1).
The risk values calculated with the above formula will be
classified and a detailed classification is shown in Table 2.

Table 1: Debris factors for different flood depths, velocities, and
dominant land uses.
Depth (m) & velocity (m⋅s−1 ) Pasture/arable Woodland Urban
0 < ℎ ≤ 0.25
0
0
0
0.25 < ℎ ≤ 0.75
0
0.5
1
ℎ > 0.75 or V > 2
0.5
1
1

3. Model Application
3.1. Study Area Description. Jinan is the political, economic,
and cultural center of Shandong Province of China. The study
area (as shown in Figure 1) is situated in the south of the
main urban area of Jinan City, where the Liyang River and the
Yuxiu River go through and the “Sponge City Construction”
pilot area is located. The eastern, western, and southeastern
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Table 2: Classification of risk levels.

HR

Degree of flood risk

[0, 0.75)

Description
Caution

Low

[0.75, 1.25]

Moderate

(1.25, 2.5]

Significant

[2.5, ∞)

Flood zone with shallow flowing water or deep standing water
Dangerous for some (i.e., children)
“Danger: flood zone with deep or fast flowing water”
Dangerous for most people
“Danger: flood zone with deep fast flowing water”
Dangerous for all

Extreme

“Extreme danger: flood zone with deep fast flowing water”

Table 3: Parameter attributes for three kinds of surfaces.
Number Surface type
1

Road

2

Roof

3

Others

Runoff
model
Fixed PR
model
Fixed PR
model
Fixed PR
model

Runoff
coefficient

Surface type

Initial losses Initial losses Routine
type
(mm)
model

Routine
type

Routine
parameter

Area
(ha)

0.95

Impervious

Constant

2

SWMM

Relative

0.018

127.1

0.90

Impervious

Constant

1

SWMM

Relative

0.020

231.1

0.60

Pervious

Constant

5

SWMM

Relative

0.025

2014.5

parts of the study area are characterized by mountains and
hills. The area inclines from the south to the north, with a
maximum slope of 35.77% and an average slope of 6.8%. This
area has been planned and constructed ages ago, and the
drainage capacity of the underground drainage pipe networks
is insufficient. The huge body of water from the southern
mountainous area in the fluvial season will easily form a
rapid flood in the study area. Jinan is characterized by a
semihumid continental monsoon climate, and so is the study
area. Rainfall averages at 500 and 600 mm and is unevenly
distributed during the year. Heavy rain events usually occur
from July to August in the summer. The distribution of a rain
event is concentrated and mainly happens in 12 hours, which
generally accounts for more than 80% of the total amount.

The cell size of the two-dimensional hydrodynamic
model is set to be less than 50 m2 for road areas and between
50 and 100 m2 for other areas. The exact cell size for each mesh
is decided by the boundary and topography and is generated
with a grid generator embedded in the InfoWorks ICM.
The hydrological model mainly contains parameters for
the runoff process and flow convergence process. The parameter is the roughness of the pipe walls for the one-dimensional
pipe network model and the roughness of the surfaces for the
two-dimensional hydrodynamic model. These parameters
are set and adjusted mainly referring to the InfoWorks ICM
help document [23] and other related researches [1, 24–26].

3.2. Setup of InfoWorks ICM. The Thiessen polygon method
is used to divide the subcatchments of which the runoff
will flow into the nearest manholes. Through this way, the
hydrological model for surface runoff is connected with the
one-dimensional hydrodynamic model for the pipe network.
Meanwhile, the hydrodynamic model for the underground
pipe network is connected with the two-dimensional hydrodynamic model for surface inundation by setting the flood
type of manholes as “2D.” This means the water exchange
between the surface and manholes is calculated using standard weir equations, where the weir width is taken as the
circumference of the manholes. When the drainage capacity
is insufficient, the surface is flooded by overflow from the
manholes, and in turn the water on the ground will return
to the pipe network through the manholes if the drainage
network capacity is restored. This way, the coupled model
simulates the water exchange between these simulation processes.

4.1. Model Calibration and Validation. We have gathered
historical rainfalls and surface inundation records only for
2013-07-23 and 2015-08-03 rainfall events, of which the
inundation record for 2015-08-03 is comparatively complete.
Therefore, the record for 2015-08-03 is used for parameter calibration, and the record for 2013-07-23 is used for
parameter validation. As the InfoWorks ICM cannot perform
parameters autoverification and is not feasible for secondary
development, the parameters are adjusted manually. Through
parameter calibration and validation, the rational parameters
values are finally obtained. The roughness of the pipe walls is
0.013, and the roughness of the surface is 0.025. Parameters
values of the hydrological model are shown in Table 3.
Figures 2(a) and 2(b), respectively, show the hydrograph
of surface inundation for parameters calibration and validation. It can be seen from Figure 2(a) that the simulated maximum water depth for 2015-08-03 rainfall event is 0.078 m
and occurs at 20:05, well in accord with the observed record.

4. Result Analysis and Discussion
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Figure 2: Hydrograph of water depth at the road station for historical rainfall events.
Table 4: Characteristics and areas for different risk levels of historical and designed rainfall events, respectively.
Flood risk area (hm2 )

Total rainfall
(mm)

Maximum hourly rainfall
intensity (mm⋅h−1 )

Low

Moderate

Significant

Extreme

P=1

26.7

–

98.9

0.3

0.7

0.2

P=5

38.84

–

97.6

0.5

1.6

0.5

0.6

2.2

0.5

Designed rainfall &
historical rainfall

44.06

–

P = 20

49.29

–

95.9

0.6

3.1

0.6

2013-07-23

71.3

22.9

99.0

0.3

0.7

0.2

2015-08-03

62.1

39.6

97.5

0.5

1.7

0.4

Owing to the instrument problem, only the maximum water
depth (0.13 m) and the corresponding occurrence time (9:06)
have been recorded for 2013-07-23 rainfall event; those of the
simulation are 0.18 m and 9:30 (see Figure 2(b)). It can be
noticed that the difference of the maximum water depth and
the occurrence time between simulation and observation is
small. Through calibration and validation, it is concluded that
the model has well represented the historical rainfall events
with reasonable accuracy and confidence.
4.2. Road Flood Risk Zoning. Now that the model shows good
performance, it can be applied for urban flood simulation
and risk zoning. The model is used for running with four
designed rainfall scenarios (rainfall duration is 120 min and
recurrence intervals are 1, 5, 10, and 20 years) generated
with the InfoWorks ICM (as shown in Figure 3). The timevariable water depth and velocity for every calculating grid
are obtained and used to calculate flood risk with the formula
in Section 2. And the maximum risk value for each grid along
the simulating period is obtained. The risk level for each risk
value can be calculated referring to Table 2 with which the
risk zoning maps are generated and shown in Figures 4 and
5. Areas with low, moderate, significant, and extreme risk are
summarized in Table 4.
Table 4 shows that, with the increase of rainfall recurrence
intervals, the total area of low risk gradually decreases while
the total area of the risk above moderate gradually increases

Rainfall intensity (mm/h)

P = 10

96.8

160
140
120
100
80
60
40
20
0

0

20

1
5

40

60
Time (min)

80

100

120

10
20

Figure 3: Hydrograph of the designed rainfall events.

on the contrary. The total rainfall of 2013-07-23 event is
greater than that of 2015-08-03 event, whereas the latter has
a larger maximum hourly rainfall than the former. It can be
found that the area of low risk for the former is larger than
the latter while the former has a larger area of risk above
moderate.
4.3. Discussion. (1) It can be seen from Figure 2 that the
simulation shows some discrepancy with the observation.
The simulation results of the two historical rainfall events
show that almost no water accumulates before about 9:20
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Figure 4: Flood risk zoning for historical rainfalls.

and 19:50, respectively, whereas the water depth quickly
rises afterwards. The observed water depth for 2015-08-03
rainfall event shows a fluctuation before reaching the peak
and then inclines quickly (as depicted in Figure 2(a)). There
are two reasons accounting for this phenomenon. First,
the runoff of the subcatchments converges into manholes
without flowing through the surface in the early time. As a
consequence, no water will accumulate on the surface before
the pipe networks become surcharged. Second, the interval
of the rainfall data used here is one hour, which means the
rainfall intensity is constant from 19:00 to 20:00. Therefore,
the simulated surface inundation depth increases gradually.
However, the actual rainfall intensity for historical rainfall
events varies along time, which generates the fluctuated dashdotted line in Figure 2(a). It is deduced that if fully twodimensional hydrodynamic simulation is carried out with
computationally powerful computers and the rainfall data
intervals are smaller (such as 5 min intervals), the simulation
results will be better in line with the observations.
(2) It can be noted from Section 4.2 that the flood risk
zoning results show that the area of risk above moderate for
2013-07-23 rainfall event (more rainfalls) is smaller than that
for 2015-08-03 rainfall event (fewer rainfalls). This is mainly
because the latter has a larger maximum hourly rainfall
intensity. Moreover, the former has two rainfall peaks and the
distribution is more even, while the latter has only one rainfall
peak which is centralized. Owing to the limited capacity
of the underground drainage system, surcharged water will
induce surface inundation if excessive rains flow into the
drainage system within a short time. For the 2013-07-23
rainfall event, the light rain after the first rainfall peak makes
it easier for drainage capacity restoration, while the 2015-0803 rainfall event has an earlier rainfall peak which is relatively
concentrated. For the 2015-08-03 event, the drainage pipes
are overloaded all the time without enough time for their

capacity restoration, and therefore the surface is flooded by
the excessive water from manholes.

5. Conclusions
This paper presents a study on urban flood risk in the
“Sponge City Construction” pilot area of Jinan City. In this
study, the InfoWorks ICM model is used to simulate two
historical rainfall events and four designed rainfalls with
different recurrence intervals. The surface water depth and
flood velocity are recorded. The model is verified with
flood monitoring records and its applicability is proved.
Possible causes resulting in model errors are analyzed. Then,
the recorded water depth and flood velocity are utilized
to estimate the flood risk and perform flood risk zoning.
Through analysis and discussion on the results, the following
conclusions are drawn:
(1) The coupled model developed in this study well
simulates the historical rainstorm events with good
confidence and accuracy. Although the simulated
water depth and occurrence time of the peak for 201307-23 rainfall event show a little discrepancy with
the observed record, the result is reasonable. The
simulating maximum water depth and the occurrence
time for 2015-08-03 rainfall event are almost entirely
the same as the observed records, although the hydrographs of water depth are not completely consistent.
(2) There are two main reasons accounting for the inconsistence of the hydrograph between simulation and
observation for 2015-08-03 rainfall event. First, the
hydrological modeling cannot simulate the surface
inundation, so the surface will not get flooded until
the pipes become overloaded. Second, the rainfall
data used in this study is hourly interval and the
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Figure 5: Flood risk zoning for designed rainfalls.

rainfall intensity is even in an hour, which results
in the gradual increase and decrease of the hydrograph. However, the actual rainfall may change frequently and rapidly, resulting in the fluctuation of the
observed surface water depth.
(3) The flood risk zoning results of the historical and
designed rainfall events show that rainfall with larger
recurrence intervals will produce larger areas of risk
above moderate. The simulation results of the two
historical rainfall events indicate that if the maximum
hourly rainfall intensity is smaller and the rainfall
distribution is more even, the area of risk above
moderate is smaller. This is mainly because the pipes

will not easily get surcharged to make manholes
overflow under this condition. This conclusion is very
constructive to the flood control work. Water storage
devices (e.g., pond, valley dam) can be set up at the
mountain fronts, and water collecting devices such
as Rain Barrels can be placed in the residential area.
These measures will help collect rainwater in the
early raining time, which alleviates drainage pressure,
thereby avoiding urban flooding.
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The long Middle Route of the South to North Water Transfer Project is composed of complex hydraulic structures (aqueduct,
tunnel, control gate, diversion, culvert, and diverted siphon), which generate complex flow patterns. It is vital to simulate the
flow patterns through hydraulic structures, but it is a challenging work to protect water quality and maintain continuous water
transfer. A one-dimensional hydrodynamic and water quality model was built to understand the flow and pollutant movement in
this project. Preissmann four-point partial-node implicit scheme was used to solve the governing equations in this study. Water
flow and pollutant movement were appropriately simulated and the results indicated that this water quality model was comparable
to MIKE 11 and had a good performance and accuracy. Simulation accuracy and model uncertainty were analyzed. Based on the
validated water quality model, six pollution scenarios (𝑄1 = 10 m3 /s, 𝑄2 = 30 m3 /s, and 𝑄3 = 60 m3 /s for volatile phenol (VOP)
and contaminant mercury (Hg)) were simulated for the MRP. Emergent pollution accidents were forecasted and changes of water
quality were analyzed according to the simulations results, which helped to guarantee continuously transferring water for a large
water transfer project.

1. Introduction
Water resource is an important natural source for supporting
and maintaining human health and social sustainable development [1]. Population growth, urban expansion, industrialization, consumption pattern, and energy structure changes
result in the increased demand for freshwater resources [2].
According to the China Water Resources Bulletin 2014, the
national average rainfall was 622.3 mm, while the average
rainfall was 316.9 mm in the Haihe basin and 1100.63 mm
in the Yangtze River basin. The corresponding surface water
resources were 26,263.9 × 108 m3 , 98 × 108 m3 and 10,020.3
× 108 m3 , respectively. This extremely uneven distribution of
water resources pushed China to build the Middle Route of
the South to North Water Transfer Project (MRP) to alleviate
the shortage of water resources in the north and fully utilize
the water resources in the Yangtze River basin.

The MRP consists of open channel and six types of
hydraulic structures. Complex structures are the typical
characteristics of this project. The transferred water needs to
meet the requirement of the Class II water quality standards
of the Environmental Quality Standards for Surface Water
of China (GB3838-2000). Open channel is the main way to
transfer water in south of the Beijing territory for this project.
Meanwhile, transferred water in the open channel has a high
risk of water pollution resulting from atmosphere deposition, groundwater pollution, discharged polluted water, and
sudden pollution accidents [3]. Therefore, protecting water
quality is still an emphasis on water transfer and water
resources management [4].
To ensure water quality of the transferred water to meet
the Class II standards of water quality, it is vital to make
clear the movement rules of flow and pollutant. Especially
for the MRP, water flow is disturbed by lots of complex
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hydraulic structures in the channel. Figuring out the flow
patterns and transfer process of pollutants are difficult to be
observed at structures. Thus, water quality simulation can
be utilized in water quality protection and water resources
management [5]. From the original Streeter-Phelps equation to now integrated water quality models, from zerodimensional model to multidimensional model, water quality
models have achieved great progress. The typical representatives include WASP [6], QUAL2E [7], Environmental Fluid
Dynamics Code (EFDC) [8], Computational Fluid Dynamics
(CFD) [9], and DHI MIKE (Danish Hydraulic Institute)
[10]. These models were widely applied to rivers, lakes,
estuaries, and water transfer projects with large amount of
hydraulic structures (gates, culverts, dams, and bridges) [10–
13]. Although water flow was difficult to be determined when
it gets through hydraulic structures, hydraulic regulation was
crucial for water resources management and water quality
control [14]. In simulating complex water flow, DHI MIKE
11 is a widely used tool of simulating complex flows [10].
It was employed to simulate the water flow and pollutant
movement in an open channel of the Middle Route of the
South to North Water Transfer Project (MRP) with complex
hydraulic structures [13]. The hydrodynamic module (HD)
of MIKE 11 was coupled with MIKE FLOOD, MIKE SHE,
and reservoir scheduling module to expose the influence of
hydraulic structures on hydrological regime and benefit water
resources management and flood forecasting [10, 12, 15].
Although the above-mentioned dominating water quality
models have been constantly improving, for the complicated
MRP, there is no existing model that could directly be used
for this project. Another model WHYSWESS (watershed
hydrology, hydraulic, sediment transport, water quality, and
ecology simulation system) integrates distributed hydrological model, water quality module, and habitat simulation
modules of benthos, fish, and vegetation [16, 17]. Additionally,
it is capable of simulating flows through complex hydraulic
structures. A one-dimensional water quality module was built
on WHYSWESS platform, which simulated the pollutant
movement in the complex MRP.
This paper focuses on a one-dimensional water quality model (WHYSWESS-WQ) for the long distance water
transfer project (MRP) with complex hydraulic structures.
This model included a hydrodynamic module (WHYSWESSHD) and an advection-dispersion module (WHYSWESSAD). Flows in open channel and six types of hydraulic
structures were simulated based on this model. Simulation
results based on the WHYSWESS indicated that it was a good
water quality model when compared with that relying on
MIKE 11. The validated model was then applied to simulate
and predicate sudden pollution accidents for the MRP. Six
scenarios were presented to provide suggestions for water
resources management and forecasting of emergent pollution
accidents in large water transfer projects.

2. Study Area
The MRP stretches across the North China Plain and has
a length of approximately 1277 km. The whole MRP is a
combination of open channel and 1750 hydraulic structures
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[13]. It is a magnificent project in China and results in a
total submerged land area of 30,800 hm2 [19]. This project
transfers water from Danjiangkou Reservoir to Tuancheng
Lake and is constructed mainly to supply drinking water
for cities in North China, including the capital city Beijing.
Since December 12, 2014, the MRP has transferred water
5,000 million m3 and more than 40 million people have
used it (http://www.nsbd.gov.cn/zx/mtgz/201608/t20160829
446841.html). Besides, the MRP has a strict requirement
for water quality on the basis of Environmental Quality
Standards for Surface Water of China (GB3838-2002). Its
long distance, complex hydraulic structures, and strict water
quality requirement push researchers to study the processes
of hydrodynamics and water quality from planning to construction and finally operation [13, 20].
This study was conducted for the approximate 42 km
canal from the starting point Xishi to the ending point
Beijuma River nearby Beijing (Figure 1). Averaged bottom
width ranges from 7.5 m to 11 m in this reach. The slope
and longitudinal gradient are approximately 2.5 and 1/25000,
respectively. The largest discharge should be less than 70 m3 /s.
Six types of hydraulic structures (inverted siphons, culverts,
gates, diversions, tunnels, and aqueduct) were considered
in this reach. All these hydraulic structures are vital to
successfully transferring and diverting water from south to
north, but it is tough to accurately simulate the flow field
around the structure (Figure 1 and Table 1).

3. Method
3.1. Governing Equations
3.1.1. Hydrodynamic Module. The Saint-Venant equations,
classical unsteady open channel flow governing equations,
describe the flow of one-dimensional rivers or channels based
on the following three hypotheses: (1) distribution of velocity
along cross section is uniform and water pressure is regarded
as the hydrostatic pressure; (2) as a result of the small river
slope, sin 𝛼 ≈ tan 𝛼; (3) water flow is described by the
gradually varied flow [21]. Saint-Venant equations are still
employed to indicate water flow in this WHYSWESS-HD and
are represented as follows [13]:
Continuity equation is
𝐵

𝜕ℎ 𝜕𝑄
+
= 𝑞.
𝜕𝑡 𝜕𝑥

(1)

Momentum equation is
𝜕𝑄
𝑄 𝜕𝑄
𝑄2 𝜕ℎ
𝑄 2 𝜕𝐴 
+2
+ (𝑔𝐴 − 𝐵 2 )
−( )

𝜕𝑡
𝐴 𝜕𝑥
𝐴 𝜕𝑥
𝐴
𝜕𝑥 ℎ
𝑔𝑄 |𝑄|
+ 2
= 0,
𝐶 𝐴𝑅

(2)

where 𝑥 and 𝑡 denote the spatial and temporal
coordinates, respectively; 𝑄 and ℎ denote the crosssectional discharge and water level, respectively; 𝐴
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Table 1: List of hydraulic structures of study canal.

Structure (Abbreviation)
Aqueduct (Aq)

Symbol
Aq1
C1
C2
D1
D2
G1
G2
INS1
INS2
INS3
INS4
INS5
INS6
T1
T2

Culvert (C)
Diversion (D)
Check gate (G)

Inverted siphon (INS)

Tunnel (T)

Name
Shuibeigou aqueduct
Leizixi culvert
Leizidong culvert
Jingkeshan diversion
Xiacheting diversion
Beiyishui check gate
Fenzhuang River check gate
Beiyishui inverted siphon
Qilizhuanggou inverted siphon
Matougou inverted siphon
Fenzhuang River inverted siphon
Nanjuma River inverted siphon
Beijuma River inverted siphon
Xishi tunnel
Xiacheting tunnel

Tuancheng Lake
Hebei Province

39∘ 31 30 N

115∘ 32 0 E

115∘ 37 30  E

Distance from initial section (km)
32.133
20.374
20.944
3.697
27.994
4.87
19.575
4.39
10.437
17.077
19.352
38.348
41.25
0.045
26.375
115∘ 43 0  E

N

115∘ 48 30  E

Beijing
Beijuma River
Hebei Province
39∘ 26 0 N

Yellow River

Hubei Province
Yangtze River

39∘ 26 0 N

Henan Province

39∘ 20 30  N

39∘ 20 30  N

Dianbei bridge

39∘ 15 0 N

Qilizhuang

Xishi

0 1.25 2.5

5

7.5

Kilometers
10

MRP
Study cannal
County boundary
Danjiangkou reservoir

115∘ 26 30  E

115∘ 32 0 E

115∘ 37 30 E

115∘ 43 0 E

Diversion/D
Check gate/G
Inverted siphon/INS

Culvert/C
Tunnel/T
Aqueduct/Aq

Figure 1: Map of study canal.

and 𝑅 denote the cross-sectional area and hydraulic
radius, respectively; 𝐵 denotes the width of the river;
𝑞 denotes the lateral inflow; 𝐶 denotes the Chezy coefficient; and 𝑔 denotes the gravitational acceleration.
3.1.2. Water Quality Module. One-dimensional river advection-dispersion equation was used to analyze the movement

patterns of pollutant in this WHYWESS-AD. The specific
equation of mass conservation was used to describe the oneorder degradation process of pollutant in open channel and
represented as follows [22]:
𝜕𝐶1 𝐴 𝜕𝐶𝑄
𝜕𝐶 𝐴
𝜕
+
=
[𝐸 1 ] − 𝐴𝐾𝑑 𝐶1 + 𝐶2 𝑞,
𝜕𝑡
𝜕𝑥
𝜕𝑥
𝜕𝑥

(3)
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Table 2: Solution methods of hydraulic structures in two water quality models.

Items
Aqueduct
Tunnel

WHYSWESS-WQ
Open channel flow with branches
Open channel flow with branches
Discrete gate flow formula is coupled with discrete
Saint-Venant equations. Initial water level, discharge,
and process of control gate opening are provided to
automatically select corresponding flow calculation
formula
Lateral outflow, source-sink term in continuity equation

Control gate

Diversion

MIKE 11
Open channel flow
Open channel flow
Discharge point, single setting; three controlling modes
(𝐻/𝑄, 𝑑𝐻/𝑑𝑄, sum 𝑄); appropriate discrete solution is
coupled
Lateral outflow, inner boundary
Culvert module includes zero flow, upstream controlled
flow, downstream controlled flow for different
computational purposes. Above flow modes consists of
many flow situations and equation. Discrete equations
are solved with Saint-Venant equations

According to the water level, flow contains open flow;
half-pressure flow and pressure flow

Culvert

Discrete pressure flow equation is coupled with discrete
Saint-Venant equations to solve together

Inverted siphon

where 𝐶1 is the concentration of pollutant; 𝐸 is the river
longitudinal dispersion coefficient; 𝐾𝑑 is the first-order decay
coefficient; and 𝐶2 is the concentration of pollutant from
point-source pollution.

As a culvert with fully submerged flow

t
j+ 1

`

1−

P
`

3.2. Solution of Equations. The Saint-Venant equations are
first-order quasilinear hyperbolic partial differential equations and are difficult to directly get the analytical solutions. Therefore, numerical methods, such as finite difference
method, finite element method, finite volume method, and
characteristic line method, are common ways to solve them
[23].
The Preissmann four-point partial-node implicit scheme
is a representative implicit difference scheme and has fast
convergence, high efficiency, and good stability [24]. It was
used in WHYSWESS-HD. Water level ℎ and discharge 𝑄 were
treated as dependent variables. The form of Preissmann fourpoint partial-node implicit scheme was shown in Figure 2.
The discrete Saint-Venant equations are presented as follows:
𝑗+1

𝑗+1

𝑎1𝑖 ℎ𝑖

𝑗+1

𝑎2𝑖 ℎ𝑖

− 𝑐1𝑖 𝑄𝑖

𝑗+1

+ 𝑐2𝑖 𝑄𝑖

𝑗+1

𝑗+1

+ 𝑎1𝑖 ℎ𝑖+1 + 𝑐1𝑖 𝑄𝑖+1 = 𝑒1𝑖
𝑗+1

(4)

𝑗+1

− 𝑎2𝑖 ℎ𝑖+1 + 𝑑2𝑖 𝑄𝑖+1 = 𝑒2𝑖 ,
𝑗+𝜃

𝑗

𝑗

where 𝑎1𝑖 = 1, 𝑐1𝑖 = 2𝜃(Δ𝑡/Δ𝑠𝑖 )(1/𝐵𝑖+1/2 ), 𝑒1𝑖 = ℎ𝑖 + ℎ𝑖+1 −
𝑗

𝑗

𝑗+𝜃

𝑗+𝜃

𝑗+𝜃

𝑗+𝜃

((1 − 𝜃)/𝜃)𝑐1𝑖 (𝑄𝑖+1 − 𝑄𝑖 ) + 2Δ𝑡𝑞𝑖+1/2 /𝐵𝑖+1/2 , 𝑎2𝑖 = 2𝜃(Δ𝑡/
𝑗+𝜃

𝑗+𝜃

Δ𝑠𝑖 )[(𝑄𝑖+1/2 /𝐴 𝑖+1/2 )2 𝐵𝑖+1/2 − 𝑔𝐴 𝑖+1/2 ], 𝑐2𝑖 = 1 − 4𝜃(Δ𝑡/
𝑗+𝜃

𝑗+𝜃

𝑗+𝜃

Δ𝑠𝑖 )(𝑄𝑖+1/2 /𝐴 𝑖+1/2 ), 𝑑2𝑖 = 1 + 4𝜃(Δ𝑡/Δ𝑠𝑖 )(𝑄/𝐴)𝑖+1/2 , 𝑒2𝑖 =
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Figure 2: Sketch of the Preissmann four-point implicit scheme of
WHYSWESS-HD.

3.3. Hydraulic Structures. The main canal of the MRP is
made up of open channel and complex hydraulic structures.
Movement of flows and pollutants around structures were
accurately simulated using WHYSWESS-WQ model. The
specific description of hydraulic structures was listed in
Table 2. Flows in aqueduct and tunnel were rectangular free
surface flow in the MRP, so aqueduct and tunnel were set
as open channels in WHYSWESS-WQ. Flows in gate were
calculated according to the gate outflow formula. Water flows
in diversion were regarded as the lateral outflow through
adding source-sink term in continuity equation. Flows in
culvert were calculated based on the water flow patterns.
Flows in inverted siphon were regarded as the pressure flow.
Discrete pressure flow equation was coupled with discrete
Saint-Venant equations to be solved (Table 2).

4. Results and Discussion
4.1. Calibration and Validation
4.1.1. Hydrodynamic Model. The MRP is a long artificial
canal, which has a uniform roughness coefficient and regular
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Figure 3: Calibration and validation results of WHYSWESS-HD ((a) is the calibration results at Q = 60 m3 /s and (b) is the validation results
at Q = 70 m3 /s).

Table 3: Comparison of parameters between WHYSWESS-WQ and
MIKE 11.

calibration, and validation of this model were specifically
described there.

Parameters
WHYSWESS-WQ
MIKE 11
Hydrodynamic module
Validation
Absolute error (m)
−0.009∼0.022
−0.147∼0.356
Relative error (%)
−0.015∼0.034
−0.24∼0.56
Water quality module
Dispersion coefficient (m2 /s)
3.47
4
Decay coefficient (/h)
TP
0.26
0.24
CODMn
0.097
0.084
NH3 -N
0.21
0.24
F
0.083
0.072
Water quality prediction
Dispersion coefficient (m2 /s)
3.47
4
Decay coefficient (/h)
Toxic organic
Hg
0
Indissoluble heavy metal
VOP
0.00417a

4.1.2. Water Quality Model. Based on the WHYSWESSHD, WHYSWESS-AD for Total Phosphorus (TP), Potassium
Permanganate Index (CODMn ), Fluoride (F), and Ammonia
Nitrogen (NH3 -N) were established. Concentrations of these
four pollutants from October 13, 2008, to August 9, 2009,
were simulated and simulation results were used to validate
the WHYSWESS-WQ. Validation results indicated that the
water quality model adequately reflected change trend of
concentrations of these four pollutants.
Only the first-order decay processes of TP, CODMn ,
NH3 -N, and F have been considered in this paper. Water
quality simulation results based on MIKE 11 were closer
to the measured data than simulation results based on
WHYSWESS, which had a larger dispersion coefficient
(Figure 4 and Table 3). When comparing the calibration
and validation results referenced from Tang et al. [13] with
that of WHYSWESS-WQ, WHYSWESS-WQ had a smaller
longitudinal dispersion coefficient and decay coefficient of
NH3 -N and had a larger decay coefficient of TP, CODMn , and
F (Table 3).

Note. a Based on Zhang [18].

shape. Therefore, steady flow was chose to test the models.
Water levels at discharge of 𝑄 = 60 m3 /s were employed to
calibrate and that of 𝑄 = 70 m3 /s at Qilizhuang section were
used to validate the WHYSWESS-HD. Discharges and water
levels were, respectively, set as the upstream and downstream
boundaries in this hydrodynamic module. Calibrated and
validated results were shown in Figure 3.
According to the calibration and validation results of
WHYSWESS-HD, the error range was relatively low (Figure 3). Maximum absolute error of water levels was 0.022 m
and the maximum relative error was 0.034% (Table 3). A knee
point appeared at this section (Xiacheting tunnel) away from
the initial section of 28 km (Table 1). The big disturbance
might be resulted from the flow around tunnel.
A one-dimensional water quality model based on MIKE
11 was built for the study canal in Tang et al. [13]. Method,

4.2. Parameter Settings. Longitudinal dispersion coefficient
was a crucial parameter in water pollution accidents, and it
was easily affected by hydrodynamic and geometrical parameters [25]. According to model calibration and validation
results, WHYSESS-WQ had a smaller longitudinal dispersion
coefficient than MIKE 11, which showed that a larger water
flow velocity gradient indicated a larger pollutant transport
capacity. Same constant boundaries and initial conditions
were adopted in two water quality models. The dispersion
coefficient of WHYSWESS-WQ was less than that of MIKE
11. This result showed that a discrete degree of water body
simulated by WHYSWESS-WQ was more intense than that
by MIKE 11. The first-order degradation coefficients of TP
and CODMn in WHYSWESS were slightly larger than those
in MIKE 11 and were smaller than those of NH3 -N and F.
Different equation solutions of the Saint-Venant equations
and flow patterns through structures lead to the different
degradation coefficients. Therefore, the two water quality
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Figure 4: Validation results of water quality model based on the WHYSWESS (the point is the measured data; the red line is the simulated
results).

models presented here are reasonable and WHSWESS is
an effective tool of simulating the long canal with complex
hydraulic structures. The first-order decay was considered in
WHYSWESS for CODMn and F. Respirations of algae and
benthos, oxidation of NH3 -N, and transformation between
resolvable P and released P from sediment were considered
in WHYSWESS. Yet sediment in channel is neglected in
this paper. Only the first-order decay for all materials was
considered in MIKE 11.
4.3. Simulation Accuracy. From Table 3 and Figure 3,
WHYSWESS-HD had higher calculation accuracy than
MIKE 11. Maximum absolute error and maximum relative
error of water levels were, respectively, 0.022 m and 0.034% in
WHYSWESS-HD. Validation results in MIKE 11 also showed
the same trend and had an averaged water depth of 4.3 m.
From validation results of hydrodynamic module in MIKE 11,

the maximum absolute error was 0.356 m, and the maximum
relative error was 0.56%. These error ranges represented an
acceptable simulation error (Table 3).
The MRP had characteristics of regular trapezoidal section, uniform longitudinal slope, and gradually decreased
discharges from south to north. The study canal was divided
into 143 sections in this paper. Calculation results indicated
that WHYSWESS had higher simulation accuracy than
MIKE 11. Two main aspects lead the different accuracy
between models: setting of hydraulic structures and the
solution formats of governing equations.
Hydraulic structures were considered differently in governing equations between WHSWESS-WQ and MIKE 11.
Except aqueducts and tunnels, other structures such as control gate, diversion, culvert, and inverted siphon were treated
differently in WHYSWESS-WQ and MIKE 11 (Table 2).
Although hydrodynamic module of MIKE 11 could directly
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set hydraulic structures (weir, bridge, culvert, and pump),
there was a lack of modules for diversion, inverted siphon,
and aqueduct. Therefore, diversions, inverted siphons, and
aqueducts were appropriately adjusted in MIKE 11 to achieve
better simulation results. Aqueducts and tunnels were solved
as open channel just the same as the WHYSWESS-WQ.
Flow through inverted siphons was pressure flow and was
generalized into culverts in MIKE 11 (Table 2).
For the solution formats of Saint-Venant equations,
WHYSWESS-HD is based on the Preissmann four-point
partial-node implicit scheme, while MIKE 11 is based on the
six-point Abbott-Ionescu implicit scheme. Other than the
Preissmann four-point partial-node implicit scheme, main
idea of the latter was using staggered computational grid of
alternating 𝑄 (discharge) and ℎ (water level). In momentum
equation, 𝑄 was the center point, and forward difference
scheme was used to deal with time 𝑡. Water level ℎ was conducted as the central point. Central difference for space was
used to achieve the discrete 𝑥 in continuity equation (Danish
Hydraulic Institute). MIKE 11 has higher simulation accuracy
than HEC-RAS for a 43 km long river [26]. The same rule was
derived in by Bennett et al. [27]. Four-point operators Preissmann implicit finite difference scheme was used in HEC-RAS
[28, 29]. In the case of the same river roughness, boundaries,
and initial conditions, different simulation results originated
from the solution of equations. According to the comparison
of HEC-RAS and MIKE 11, six-point Abbott-Ionescu implicit
scheme was more accurate than Preissmann implicit finite
difference scheme in calculating the river water flow. From
this perspective, more accurate results of WHYSWESS-WQ
than MIKE 11 benefited from the calculation of hydraulic
structures, which reversely explained and supported that
solution formats of governing equations were the main reason
for different calculation results in the two models.
4.4. Model Uncertainty. Model uncertainty in river water
quality modeling mainly results from parameter estimations,
input data and model structure [30]. River cross section and
river bed roughness coefficient used in this study were the
theory data and did not consider the virtual conditions for the
artificial canal. This difference can lead to model uncertainty,
and also, the initial water level and boundary conditions
result in model uncertainty [31]. The measured water levels, discharges, and concentrations of pollutant can result
in model uncertainty, because of monitoring methodology
and subjective judgment of staff [32]. Additionally, model
structure is another main reason for inconsistent coefficients
and calculation accuracy. As commercial software, MIKE 11
had a more mature model framework and a wider application
in hydrodynamic simulation and water quality prediction
than WHYSWESS which later appeared. In summary, the
calculation precision and simulation efficiency of model
established by the WHYSWESS-WQ were acceptable. As an
open-source water quality model, WHYSWESS-WQ would
provide more references and suggestions for further studies
and be more meaning.
4.5. Water Quality Prediction. Sudden pollution accidents
were simulated to provide early warning and emergency
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response for water quality conservation and eutrophication
control [6, 33]. One single or one type of pollutant is not
enough to forecast pollution accidents and give advice for
water resources management and regulation [18]. Water
quality of Danjiangkou Reservoir (the water source region of
the MRP) has to meet the requirement of the Environmental
Quality Standards for Surface Water of China. Due to clean
water sources and artificial channels of the MRP, alga and
sediments in canals were neglected. The MRP stretches across
the Hebei Province from south to north, and 697 bridges
have been built to recover transportation along the canal
[13]. These bridges had potential pollution risk for transferred
water [3].
Volatile phenol (VOP), as a high toxic organic compound,
was widely used in the cooking wastewater at present, and its
solution had a serious effect on human health [34]. Except
organics, heavy metals are also the main pollutants that are
capable of being accumulated in human bodies and other
aquatic organisms and even resulting in deadly hazard [35].
Heavy metal pollution has been attracting more attentions
[36]. Road transport of raw materials made an increased
emergent pollution risks for the MRP under influences of
weather, road, and environmental factors [3]. To forecast
water quality changes and provide suggestions for water
resources regulation, typical nonconservative contaminant
VOP and conservation contaminant mercury (Hg) were
chosen as the emergent pollutants for the MRP in this study.
Point-source pollution occurred in the MRP which was
simulated using the WHYSWESS-WQ. The Dianbei bridge is
located at the place away from the starting section 9.17 km in
the study canal (Figure 1). As a national second-class bridge, it
is busy to be an important traffic artery in the Hebei Province,
China. Therefore, Dianbei bridge is selected as the accidental
place of emergent pollution.
In order to compare the accuracy of the WHYSWESSWQ, sudden pollution accidents were also simulated by
MIKE 11. Point-source pollution was directly added to the
initial conditions in WHYSWESS, while it was treated as
the inner boundary in MIKE 11. Based on WHYSWESSWQ and MIKE 11, six scenarios (two pollutants (volatile
phenol (VOP) and contaminant mercury (Hg)) under three
upstream discharges (𝑄1 = 10 m3 /s, 𝑄2 = 30 m3 /s, and 𝑄3 =
60 m3 /s)) were simulated in this research (Figures 5 and 6).
Leakage concentration 𝐶1 was supposed to be 100 mg/L and
the emission speed (𝑞 ) was 1 m3 /s. Longitudinal dispersion
coefficients were achieved from the calibration results of
water quality modules and decay coefficients were derived
from previous research (Table 3).
Simulated concentrations of Hg at three discharges had
the same change trend in WHYSWESS-WQ and MIKE 11.
Larger discharges lead to quicker diffusion and dispersion of
Hg and VOP. When pollutants arrived at the end section, the
arrival time decreased gradually (Figures 5 and 6). Although
Hg and VOP had the same leakage concentration, Hg could
be only diffused and VOP could be diffused and dispersed.
The maximum concentration of Hg was the same as VOPs,
which was also reasonable. The pollution area was mainly
controlled by the pollutant load. When incoming discharge
was close to 𝑄1 , enough time was needed to remove Hg
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Figure 5: Water quality simulation based on WHYSWESS at Dianbei bridge (𝑄1 = 10 m3 /s, 𝑄2 = 30 m3 /s, and 𝑄3 = 60 m3 /s).

and VOP in the reach. Pollutants were dissolved and carried
in water, which resulted in the coincidence of simulation
results of hydrodynamic and water quality module. Therefore,
pollutant concentrations based on WHYSWESS had a more
change than that based on MIKE 11 due to the larger hydrodynamic simulation errors of MIKE 11. The water standard Class
II (GB3838-2000) indicated that concentrations of Hg and
VOP should not exceed 0.005 mg/L and 0.002 mg/L, respectively, for transferred water. Simulation results showed when
the peak concentration arrived at the end of the study reach,
all concentrations of organic pollutants and heavy metals
exceeded the standard values even at the lowest discharge
of 𝑄1 . Under this serious pollution, it is indispensable to
strengthen the monitoring and management of water quality
for the MRP. Large transfer projects (for an example of the
MRP) cost amount of manpower and public finance; relative

policy and laws should be established and perfected to protect
water resources safety and make full use of the transferred
water.

5. Conclusions
A one-dimensional hydrodynamic and water quality model
(WHYSWESS-WQ) was built for simulating the flow field
and pollutants movement through the MRP, a long distance water transfer project with multiple types of hydraulic
structures. The Preissmann four-point partial-node implicit
scheme was chosen to solve the governing equations in this
study. Validation results of water quality represented that
this model could well describe transport regularities of flow
and pollutants with a maximum relative error of 0.034%,
and it was capable of simulating and providing reference

Mathematical Problems in Engineering
Q1 _Hg

3
Concentration (mg/L)

9

2

2

1

1

0

0
0

10

20
Distance (km)

5 min
30 min
200 min
Concentration (mg/L)

3

30

40

0

10
5 min
30 min
200 min

500 min
1000 min
3

Q2 _Hg

2

2

1

1

20
Distance (km)

30

40

500 min
1000 min

Q2 _VOP

0

0
0

10

20
Distance (km)

5 min
30 min
200 min
3

30

0

40

Q3 _Hg

1

0
10
5 min
30 min
100 min

20
Distance (km)

30

40

20
Distance (km)

30

40

400 min
800 min

Q3 _VOP

3

2

0

10
5 min
30 min
200 min

400 min
800 min

Concentration (mg/L)

Concentration (mg/L)

Q1 _VOP

3

2

1

0

0

300 min
600 min

10

5 min
30 min
100 min

20
Distance (km)

30
40

300 min
600 min

Figure 6: Water quality simulation based on MIKE 11 at Dianbei bridge (𝑄1 = 10 m3 /s, 𝑄2 = 30 m3 /s, and 𝑄3 = 60 m3 /s).

for pollution simulations in large water transfer projects
with complex hydraulic structures. Simulation results were
compared with those simulated by MIKE 11. Comparison
showed WHYSWESS-WQ had higher simulation accuracy
than MIKE 11 when water flow was calculated in a long water
transfer project with complex hydraulic structures. Six water
quality predication scenarios (discharge of 𝑄1 = 10 m3 /s, 𝑄2
= 30 m3 /s, and 𝑄3 = 60 m3 /s) results showed that concentrations of VOP and Hg at the last section of the study’s reach
exceeded Class II standard when the discharge was more
than 𝑄1 = 10 m3 /s. This suggestion would be helpful for the
water quality protection and water resources management,

and relative policy and laws should be established to protect
the water quality.

Notations
𝐴:
𝐵:
𝐶:
𝐶1 :
𝐶2 :
𝐸:
𝑔:
ℎ:

Cross-sectional area
Width of river
Chezy coefficient
Concentration of pollutants
Concentration of point source
Longitudinal dispersion coefficient
Gravitational acceleration
Cross-sectional water level
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𝑖:
𝑗:
𝐾𝑑 :
𝑛:
𝑄:
𝑞:
𝑞 :
𝑅:
𝑡:
𝑥:
𝜑:
𝜃:
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Number of cross sections
Space step
First-order decay coefficient
Time step
Cross-sectional discharge
Lateral inflow
Pollution emission speed
Hydraulic radius
Temporal coordinate
Spatial coordinate
Coefficient
Time weighting factor.
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Three parallel methods (OpenMP, MPI, and OpenACC) are evaluated for the computation of a two-dimensional dam-break model
using the explicit finite volume method. A dam-break event in the Pangtoupao flood storage area in China is selected as a case
study to demonstrate the key technologies for implementing parallel computation. The subsequent acceleration of the methods
is also evaluated. The simulation results show that the OpenMP and MPI parallel methods achieve a speedup factor of 9.8× and
5.1×, respectively, on a 32-core computer, whereas the OpenACC parallel method achieves a speedup factor of 20.7× on NVIDIA
Tesla K20c graphics card. The results show that if the memory required by the dam-break simulation does not exceed the memory
capacity of a single computer, the OpenMP parallel method is a good choice. Moreover, if GPU acceleration is used, the acceleration
of the OpenACC parallel method is the best. Finally, the MPI parallel method is suitable for a model that requires little data exchange
and large-scale calculation. This study compares the efficiency and methodology of accelerating algorithms for a dam-break model
and can also be used as a reference for selecting the best acceleration method for a similar hydrodynamic model.

1. Introduction
Floods are an example of the main types of disaster in the
world; they occur frequently and have extensive influence.
As the main engineering measure for flood prevention, dams
play an important role in flood control. However, along with
its protective benefits, a dam itself brings the potential risk
of collapse. The damage caused by a dam-break flood is far
more than that caused by a general flood; it is enough to take
thousands of lives [1]. Therefore, to reduce the risk of a dam
project and draw up a disaster emergency treatment plan, it is
necessary to establish a precise dam-break model to simulate
the flood evolution.
Many methods have been used to simulate dam-break
flood behavior, and they are broadly classified into simplified
methods and hydrodynamic methods. Simplified methods
[2–5] have the advantage of fast simulation. However, the
results of some processes are not calculated and the predictions are less accurate because these models either have

low-resolution grids or use simplified shallow water equations. To obtain more accurate results, two-dimensional
hydrodynamic models are usually applied to simulate dambreak flooding [6].
The simulation accuracy depends mainly on the resolution of the terrain and the methods of solution. In recent
years, with the development of telemetry technology, the
terrain accuracy has reached the 1 m resolution and is no
longer a constraint on the accuracy of model calculations.
However, at the same time, the cost of high-resolution 2D
dam-break model computation has risen sharply. Taking
a 1 m resolution terrain as an example, according to the
Courant–Friedrichs–Lewy (CFL) condition, it is necessary
that the Courant number should be less than 1.0 so that time
step is small enough for stability and convergence of the
model. For a time step of 0.1 s, there are about 106 meshes per
square kilometer. With roughly 1012 operations per km2 per
day, it is not acceptable to work with general study areas [7].
To solve the challenges of high-precision models, the use of

2
parallel methods is very important and extremely necessary
[7–11].
The parallel computation algorithms of mathematical
models fall into three categories: message-passing interface
(MPI) models, shared memory models (OpenMP), and GPU
general computing models. In a shared memory model,
communication between threads is achieved by reading and
writing directly from shared memory, and it is easy to solve
the traditional programming problem of load balancing.
Models developed under this standard have the advantages
of simplicity, good extendibility, and portability [12]. The
LISFLOOD-FP explicit storage cell model was parallelized
using OpenMP [13], and Neal et al. [14] tested the OpenMP
version of the LISFLOOD-FP for a range of test cases with
grid sizes that varied from 3 km to 3 m. The latter study
showed that such test cases had a significant effect on
acceleration. Zhang et al. [15] applied OpenMP to the parallel
computation of the dam-break model and gained a speedup
factor of 8.64× on a 16-core computer. In the MPI parallel
applications, TRENT [16, 17], CalTWiMS [18], RMA [19], and
Oger et al. [20] used MPI and regional decomposition in the
parallel simulation cases. Pau and Sanders [18] achieved a
speedup factor of 1.5–2× on four cores in an implicit totalvariation-diminishing finite volume scheme. Villanueva and
Wright [17] obtained speedup factors up to 6×, 12×, and
30× on 6, 18, and 32 processors, respectively, in a coupled
1D-2D full shallow water model. Among all the parallel
algorithms, GPU models obtain the best acceleration [21–23].
The multistreaming processors and powerful computational
capabilities of GPUs are vitally important for efficient parallel
computation with large amounts of data and high-precision
requirements [24–28]. Bradbrook et al. [29] rewrote the twodimensional diffusive wave model JFLOW using generalpurpose GPUs and achieved substantially faster computation
on single-accelerator processors. However, it has the limitations of single precision and having to be completely recoded
in a graphics-oriented language. Lamb et al. [30] reported a
speedup factor of 112× for a GPU code run on a NVIDIA
GeForce 8800GTX over the serial JFLOW code. Zhang et al.
[31, 32] applied a GPU-based parallel method, OpenACC, to
the parallel calculation of the flow field and the dam-break
model. Rueda et al. [33] performed parallel experiments on
OpenACC and CUDA based on an algorithm for simulating
flood storage area and on the DEM dataset of Africa. The
single core CPU simulation took 234 s, whereas OpenACC
and CUDA took only 45 s and 11 s, respectively, to complete
the model operation. Although there have been many studies
on parallel computation, most of them focused on special
methods for implementing parallel algorithms and on the
associated acceleration effects. There are relatively few examples of comprehensive comparisons among multiple parallel
methods. Moreover, there is no clear parallel optimization
method for the dam-break model because of the limited cases
of different parallel methods being used for different models
and applications.
To compare the advantages and disadvantages of various parallel methods for dam-break simulations, the most
common way is to use different parallel algorithms for the
same dam-break model and simulation cases. Thus, the
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novel task undertaken here is to build a two-dimensional
hydrodynamic dam-break model and compare the three
main parallel methods, OpenMP, MPI, and OpenACC. The
serial version of the dam-break model is used as a benchmark
for the three parallel versions solving the same problem,
which means that there are four models to be compared: (1)
the serial version of the model; (2) a version of the model
that uses the OpenMP application programming interface
and shared memory; (3) a version of the model that uses MPI
and distributed memory; (4) a version of the model that uses
OpenACC and cooperates with the CPU. To compare their
performances, the four models are run in different context
configurations and the run time for each model version is
recorded separately. In addition to the acceleration effect, the
environmental requirements, the difficulty of rewriting, and
the trend in technological development are taken into consideration. Finally, recommendations are made for selecting
a parallel algorithm for a dam-break model.

2. Method
2.1. Dam-Break Flow Model
2.1.1. Control Equation. The three-dimensional Navier–Stokes
equation can reasonably describe the mechanism of dambreak flow, but it is too complex and expensive to be used
for a large range of flood simulations. Because changes in
the dam-break flow characteristics in the depth direction are
less pronounced than those in the horizontal direction, they
can be regarded as planar and the Navier–Stokes equation
can be simplified by averaging in the depth direction. The
conservative form of the planar 2D shallow water equations
is as follows:
𝜕𝑈
𝜕𝑈 𝜕𝐸 𝜕𝐹
+∇⋅𝐺=
+
+
= 𝑆.
𝜕𝑡
𝜕𝑡 𝜕𝑥 𝜕𝑦
ℎ
[ℎ𝑢]
𝑈 = [ ],
[ ℎV ]
𝐺 = (𝐸, 𝐹) ,
ℎ𝑢
[
2]
]
[
𝐸 = [ℎ𝑢2 + 𝑔ℎ ] ,
[
2 ]
ℎ𝑢V
]
[
[
[
𝐹=[
[

ℎV

]
]
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𝑔ℎ
2
[ℎV + 2 ]
ℎ𝑢V

0
[
]
]
𝑆=[
[𝑔ℎ (𝑆𝑜𝑥 + 𝑆𝑓𝑥 )] ,
[𝑔ℎ (𝑆𝑜𝑦 + 𝑆𝑓𝑦 )]
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𝑆𝑜𝑥 = −

𝜕𝑍𝑏
,
𝜕𝑥

𝑆𝑜𝑦 = −

𝜕𝑍𝑏
,
𝜕𝑦

𝑆𝑓𝑥 = −
𝑆𝑓𝑦

3
The source term solution plays a role in stabilizing
the computational format and improving the computational
accuracy in the model. Using the bottom slope characteristic
decomposition method to obtain a reasonable solution for
the bottom slope source term is realistic for complex terrain
conditions. The upwind interface fluxes for upwind treatment
of the bottom slope source term are

𝑛2 𝑢√𝑢2 + V2
,
ℎ4/3

4 3
𝑖
𝑗
1
𝑆0 = ∑ ∑ [ (1 − sign (𝜆 )) 𝛽𝑗 𝑒̃𝑗 𝑙𝑖 ] ,
𝑖=1 𝑗=1 2

𝑛2 V √𝑢 2 + V 2
=−
ℎ4/3
(1)

Here, 𝑈 is the conservation vector, 𝐺 is the flux vector, 𝐸 is the
𝑥-direction flux, 𝐹 is the 𝑦-direction flux, and 𝑆 is the source
term vector. Terms 𝑢 and V are the water velocities in the 𝑥 and
𝑦 directions, respectively; 𝑔 is the gravitational acceleration,
𝑆𝑜𝑥 and 𝑆𝑜𝑦 describe the bottom slope and 𝑆𝑓𝑥 and 𝑆𝑓𝑦 give
the friction gradients in the 𝑥 and 𝑦 directions, respectively.
Finally, 𝑍𝑏 is the river bottom elevation, and n is the Manning
coefficient.
2.1.2. Model Solving Method. A quadrilateral unstructured
grid is used in the dam-break flow model. A cell-centred
format control volume in which all physical variables are
defined in the centroid of the grid cell is used in model
solving, for which a single grid cell gives the control volume.
Planar 2D shallow water equation (1) is integrated over
the control volume 𝐴:
∫

Aj

𝜕𝑈
𝑑𝐴 + ∫ ∇ ⋅ 𝐺 𝑑A = ∫ 𝑆 𝑑𝐴.
𝜕𝑡
𝐴𝑗
𝐴𝑗

(2)

Gauss’s formula is used to convert (2) to
𝜕𝑈𝑖
Δ𝑆 = − ∮ 𝐺 ⋅ 𝑛 𝑑𝑙 + ∫ 𝑆 𝑑𝐴,
Δ𝑡 𝑖
𝐿𝑖
𝐴𝑗

(3)

where 𝑈𝑖 is the average value of the control unit, 𝐿 𝑖 is the
boundary of control volume 𝑘, 𝑛 is a unit normal vector on
the boundary, and Δ𝑆𝑖 is the area of each calculation unit. The
line integral of (3) is then discretized as
Δ𝑈 = −

Δ𝑡
Δ𝑡 4
∑ (𝐺𝑖𝑗 ⋅ 𝑛𝑖𝑗 ) Δ𝑙𝑖𝑗 +
∫ 𝑆 𝑑𝐴,
Δ𝑆𝑖 𝑗=1
Δ𝑆𝑖 𝐴 𝑗

(4)

where Δ𝑙𝑖𝑗 is the length of each side, 𝐺𝑖𝑗 is the numerical flux
via edge I, and 𝑛𝑖𝑗 is the unit outer normal vector passing
through the unit boundary 𝑗.
For the Riemann problem at the interface, the Roe scheme
is used to solve the normal flux of the computation unit. The
detailed process of solving a Roe scheme has been described
by Toro [34]. The expression is as follows:
𝐺⋅𝑛=

1
 
[(𝐸, 𝐹)𝑅 ⋅ 𝑛 + (𝐸, 𝐹)𝐿 ⋅ 𝑛 − 𝐽̃ (𝑈𝑅 − 𝑈𝐿 )] ,
2

(5)

where 𝐽̃ = 𝜕(𝐺 ⋅ 𝑛)/𝜕𝑈 is a Roe-formatted Jacobian matrix
and 𝑈𝑅 and 𝑈𝐿 are conserved variables on both sides of the
cell.

1
𝛽1 = − 𝑐 𝑧𝑏 ,
2

(6)

2

𝛽 = 0,
1
𝛽3 = 𝑐 𝑧𝑏 ,
2
where 𝑒̃𝑗 (𝑗 = 1, 2, 3) is the eigenvector corresponding to the
three eigenvalues of the Jacobian matrix, sign() is the sign
function, 𝑧𝑏 is the average that calculates the left and right
bottom elevations, and 𝑐 is the average velocity given by the
Roe scheme.
With a completely explicit discretization to deal with the
friction source term in order to further discretize (4), the
following expression for Δ𝑈 is obtained:
Δ𝑈 =

4
Δ𝑡 [
(−∑𝐺𝑖 𝑛𝑖 𝑙𝑖 )
Δ𝑆𝑗
[ 𝑖=1

(7)
𝑖
𝑗
1
+ ∑ ∑ ( (1 − sign (𝜆 )) 𝛽𝑗 𝑒̃𝑗 𝑙𝑖 ) + Δ𝑡𝑆𝑓𝑛 ] .
𝑖=1 𝑗=1 2
]
The flow chart for solving the serial model is shown in
Figure 1.
4

3

2.2. Model Parallelism Analysis. From the above method for
solving the flow, we can see that the variable Δ𝑈 at the
next time step requires only the flow characteristics of the
previous time step. As there is no association with the grid,
this provides the basic conditions for parallelism. Hence, at
the time 𝑇 of entering the grid cycle, all mesh cycles can be cut
to form a few smaller grid cycle blocks. The tasks including
the interface flux calculation, the bottom slope and friction
source term calculation, and the simulation data update,
which belongs to different grid blocks, will be assigned to all
the computing resources. Hence, the grid block can calculate
at the same time and the overall simulation process can be
accelerated.
The FORTRAN language was used to implement the
dam-break model calculation, and the OpenMP, MPI, and
OpenACC parallel methods were used to realize parallel
computing. Of these methods, OpenMP is an implicit parallel
method; it is a shared storage and CPU thread granularity
parallel method. The MPI method is an explicit parallel
method; it is a distributed storage and CPU process granularity parallel method. The OpenACC method is implicitly
parallel; it is a single address storage and GPU parallel
method.
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parallel domains. The overall range of parallelism is the grid
loop part according to the dam-break model flow diagram
and the model parallelism analysis. Thus, the whole model
can be set up with a whole parallel domain. The specific
implementation is as follows: use the $ OMP PARALLEL
directive above the grid loop of the 2D hydrodynamic model
to turn on the parallel domain, and add the $ OMP END
PARALLEL directive at the end of the grid loop to end the
parallel field.

Environment
initialization

Read terrain data, boundary data, and
initial flow field data

No

T < Tmax

T = T + Δt
N=1

Yes
N < Nmax

No

Yes
Calculate the interface flux

Calculate the bottom slope source
term

Parallel
domain

Calculate the friction source term

Update data

(2) Set the Type of Parallel Data Access within the Domain
and the Number of Threads. This is the most critical part
of the parallel process; identifying the data type of each
variable determines the shared boundary within the parallel
domain, and it can save compiler stack space and increase
the efficiency of acceleration. The realization method is as follows: add the directive word SHARED() and add the shared
variables in it; then call the DEFAULT (PRIVATE) directive
to set the remaining parallel domain variables to the privatevariable properties by default. Using the NUM THREADS
directive to define a reasonable number of threads for the
model, the maximum number of threads is the number of
host virtual threads.
(3) Model Task Division. The grid cycle of the dam-break
model is the main part for parallel computation. The $OMP
DO directive is used before the grid loop to dispatch all grid
computing tasks to different threads in order to maximize the
acceleration effect of the model.

N= N+1

Output the result

End model

Figure 1: Flow diagram for solving the serial dam-break model.

2.3. Dam-Break Model Based on OpenMP. The general
realization method of the OpenMP interface is that the
calculation task should be allocated to all virtual threads of
the CPU according to the OpenMP directives given to the
compiler, wherein each thread completes part of the grids’
calculation task. There is no difference with the serial model
outside the OpenMP parallel part. In the OpenMP parallel
part, OpenMP directives are used to convey information.
Shared memory is applied for the shared parameters of the
threads and independent storage space is applied for the
private variables of the independent thread. The information exchange speed between threads is the memory-level
exchange speed.
Rewriting the dam-break model with OpenMP includes
the following four steps.
(1) Determine the Scope of the Parallel Domain. All of the
parallel operations need to be carried out in their respective

(4) Parallel Protection Measures and Optimization. When the
private variables in the parallel domain are turned on, they
apply storage memory according to the number of threads;
the applied memory will increase along with the increasing
amount of threads opened. Because the applied memory for
parallel computing will be used when the model runs the
PARALLEL directive, if the compiler stack space is insufficient, the compiler can compile the program successfully,
but the running program will exit because of a shortage of
memory. To solve this problem, one method is to increase the
compiler stack storage; another is to redetermine the shared
storage variables in the parallel domain so as to decrease the
memory needed. The DYNAMIC directive should be added
after the $OMP DO directive to ensure that the task allocation
is sufficiently reasonable, so that more calculation tasks can be
assigned to faster threads.
The solving flow chart of the OpenMP parallel dam-break
model is shown in Figure 2. The program directive statements
are used to provide parallel purposes to the compiler, and
the specific implementation of the parallel computation is
completed by the compiler itself. If the directives added in
the program are ignored, the program will automatically
degenerate to the serial version, so this type of parallel
method has good reversibility.
2.4. Dam-Break Model Based on MPI. The thinking behind
the MPI interface takes the following steps. Firstly, the
calculation tasks are divided manually according to their
parallel computation characteristics, and then each divided
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!$OMP PARALLEL NUM_THREADS (x)

Allocate storage memory for shared variables and private variables of each thread
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K = dynamic size value)
···

···
Thread i

Thread 1

The
life time of
the thread
variables

Thread x

Grid calculation tasks
1→K

Grid calculation tasks
L→ L+K−1

(M + K → M + 2K − 1)

(ＨＯＧ − K + 1 → ＨＯＧ)

···
Calculate the interface
flux
Calculate the bottom
slope source term
···
Calculate the friction
source term
···

···
Calculate the interface
flux
Calculate the bottom
slope source term
···
Calculate the friction
source term
···

···
Calculate the interface
flux
Calculate the bottom
slope source term
···
Calculate the friction
source term
···

Update data
···

Update data
···

Update data
···

···

Grid calculation tasks
M→ M+K−1

The scope
of the
parallel
domain

···
!$OMP END DO

Figure 2: Flow diagram for solving the OpenMP dam-break model.

part is sent to a different process to run. The data exchanges
between the processes are achieved by calling the MPI library.
All the processes run synchronously and apply their own
space, as in the serial program. The data exchange is transmitted internally on the same computer, and the transmission
efficiency depends on the means of transmission between
different processes under different computers. Unlike the
thread-opening method in the OpenMP parallel model, the
number of opening processes, including the number of hosts
and the opening process number of each host, should be
controlled by the mpich2 software in MPI. MPI itself does
not provide a parallel guidance statement; its main roles are
message communication, data management, and input and
output. Thus, it is impossible to add MPI directives directly
in the 2D hydrodynamic model to achieve parallelism; the
model should be reconstructed based on the serial code. The
key points of the reconstruction are the task division and the
control of message communication.
Rewriting the dam-break model based on MPI can be
divided into the following steps.
(1) MPI Initialization and Environment Identification. Firstly,
the MPI environment should be opened by calling the
MPI INIT (ierr) function after the data input part of the

model. The current process number and the number of
total opening processes should then be obtained by calling
the MPI COMM RANK (MPI COMM WORLD myid ierr)
and MPI COMM SIZE (MPI COMM WORLD proc ierr)
functions; the values will be stored in the myid and proc
variables.
(2) Calculate the Offset Array and Data Receiving Array. Data
and calculation task division of the model require two key
arrays: the offset array and the data receiving array. Setting
up these arrays is a key step in the MPI rewriting. The two
arrays are used throughout the MPI parallel model, named
displs and recvcounts, respectively, and apply memory space
according to the total number of processes. The average
number of meshes per process (num) can be calculated
by dividing the total number of grids (nelem) by the total
number of processes (proc). Hence, the last item of the
recvcounts array is the sum of num and the remainder, and the
remaining items are num. The first item of displs is 0, and the
following item value can by calculated by accumulating the
num value. The main purpose of task division is to consider
multiple grid computing units as a whole; the calculation task
is distributed manually to each process according to the offset
array and data receiving array.
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Cycle
synchronization

···

0

1
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start = 1
end =
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end =
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Allgetherv

Allgetherv
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···
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transfer data
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File I/O

Data 1
Data 2

displs
Data 3

Data 4

recvcouns

Figure 3: Flow chart for solving the dam-break model based on MPI.

(3) Data Communications and Synchronization. When the
grid calculations of all processes are completed, the results
from different processes need to be exchanged with each
other to enter the next time step of the calculation. The
method of broadcast communication is used to exchange data
because of the large amount of data exchange. This performs
an all-gather collection operation of variable length and uses
the in place mechanism of the intergroup communication
communicator. To realize data exchange, the start and end
points of the calculation process can firstly be used to
determine the sizes of the data receiving array and storage
location offset array. The MPI ALLGATHERV function can
then be used to realize data transmission. The send port uses
MPI IN PLACE and the value is zero, and the receiver port
should set the array name that needs to be received and
then put the offset array and data receiving array into the
function to complete the operation. Thus, the model result in
the process has been completed in exchange between different
processes when the model runs into the next round of cycle
time.
At this point, the manual task allocation and data communication of the dam-break model are complete. However,

the average distribution of tasks cannot guarantee that the
end time was the same. Therefore, the MPI Barrier function
is called after each grid cycle; the communicator identifies
the processes that run the program at the same time and
that maintain interprocess synchronization. The solving flow
chart of the dam-break model based on MPI is shown in
Figure 3.
2.5. Dam-Break Model Based on OpenACC. The OpenACC
interface is similar to OpenMP in that all operations are done
through directive statements. Firstly, the memory is applied
in the graphics memory, and then data are transmitted to
the GPU and the model calculations are completed on the
accelerator. Finally, the results are sent back to the host. The
task division on the accelerator has different accelerating
effects according to the directive. In this paper, the KERNELS
directive is used to realize parallel computing, and this
directive can make each accelerator core obtain a basic
calculation unit. The data transmission between the GPU
and the CPU depends on the data bandwidth between the
GPU and the host’s external interface. Generally, because of
the impact of data packets, the real transmission efficiency is
slightly lower than the bandwidth.
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Figure 4: Flow chart for solving the dam-break model based on OpenACC.

There are three steps to implement the dam-break model
based on OpenACC.
(1) Subroutine Processing. A number of functions of the dambreak model are realized through the FORTRAN subroutine,
such as the functions of interpolation and the bottom slope
source calculation. Unlike OpenMP, these subroutines cannot be loaded directly into the GPU. Modularity is used in
OpenACC to realize the usage of subroutines. On the one
hand, this method maintains the readability of the model,
and on the other hand, it reduces the workload of the parallel
model modification. The concrete realization is as follows: all
of the functions and subroutines are written in front of the
main program, the directives MODULE and END MODULE
are used to modularize them, and finally the ROUTINE
directive is used to transmit information to the GPU. The SEQ
directive is used to ensure that the functions and subroutines
are calling in single-thread mode.
(2) Environment Setting and Data Copying. Before the dambreak model runs to the time loop and uses the parallel computing, the acc init function should be called firstly to turn on
the OpenACC environment, and then the acc set device num
function should be called to determine which graphics card
is to be used in the following calculation. In order to reduce
the data exchange between the GPU and CPU, the directives
DATA, COPYIN, and COPY should be used to define the
exchanged variables and transmission method. The simulated
value cannot be used in the CPU if the variable is transmitted
to the GPU by the COPYIN directive. In addition, if some
temporary variables need not be transmitted between the
CPU and GPU, the CREATE directive will be used to define
them. The directives DATA and END DATA define all the
variables used to exchange between the CPU and GPU.

(3) Task Division. The directive KERNELS LOOP is used to
set the parallel instructions at each loop. In order to further
optimize the data management of the hydrodynamic model,
the directive PRIVATE is used to privatize the variables that
are calculated repeatedly, and the INDEPENDENT directive
is used to extract the data dependency of KERNELS LOOP.
There are many differences between the OpenACC and
OpenMP models; the choice of KERNELS is also important in
addition to the above differences in steps. OpenACC also has
a PARALLEL directive; multiple GANGs can be created and
multiple WORKS can be distributed in the parallel domain to
maintain the accelerated state. The solving flow chart of the
dam-break model based on OpenACC is shown in Figure 4.

3. Case Study
3.1. Study Area. The Pangtoupao flood storage area is located
in the Songhua River basin of China (Figure 5); it undertakes flood control tasks for Harbin City and has a direct
impact on the safety of the lives and property of the city’s
residents. The elevation of the Pangtoupao flood storage
area drops gradually from northwest to southeast, and its
average east–west width and north–south length are 46 km
and 58 km, respectively. It covers an area of 1,994 km2 and
its volume is about 5.5 billion cubic meters. According to
flood data measured in 1998, flooding caused multiple levee
breaches on the Songhua Rivers, with the Pangtoupao dam
being breached on August 15. Outburst floods spread rapidly
to the northeast and caused a huge flooded area.
3.2. Dam-Break Event Simulation. A DEM (resolution of
10 m) of Pangtoupao and the flood data for the Songhua River
in 1998 were used to build the hydrodynamic model. In total,
337,084 quadrilateral unstructured meshes were partitioned
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Figure 5: Location of the Pangtoupao flood storage area.

by the gambit software; the average grid length is 80 m. The
Manning roughness value of the study area is 0.055. The
measured flood occurred on August 15, 1998. The breach
expanded rapidly to 530 m, and therefore this breach width is
used for the dam-break simulation. The time from the levee
breaches to reaching the maximum inundated area of the
flood was 320 h, so the simulation time is chosen as 320 h. To
examine the accuracy of the model, the maximum inundated
area is calculated and compared with the measured value.
3.3. Parallel Efficiency Comparison Scheme. The simulation
of the 320 h flood process takes approximately 170 h, which
would be too long to compare the efficiencies of different
parallel methods if the whole flood process was to be
simulated. Instead, here 6,000 time steps (2,988 s) are used to
compare the efficiencies of the different parallel computing
methods.
The model operating environment of OpenMP and MPI
is as follows: a Windows 7 64-bit operating system with
Intel Parallel Studio XE 2016 compiler, an Intel Xeon E52640v3 CPU with a basic frequency of 2.6 GHz, 16 GB of
memory, and a dual processor with 32 virtual cores. The
model operating environment of OpenACC is as follows:
a Windows 7 64-bit operating system with the PGI PVF
version 14.9 compiler, an Intel Xeon E5-2603 CPU with a
basic frequency of 1.8 GHz, 4 GB of memory, and an NVIDIA
Tesla k20c graphics card. The CPU gap did not affect the
consistency of the results because OpenACC mainly uses the
GPU to realize acceleration.

Even-numbered threads from 2 to 24 were selected to
test the calculation time of the OpenMP parallel model.
Even-numbered processes from 2 to 24 were selected to
test the calculation time of the MPI parallel model. For the
OpenACC parallel model, the calculation time was tested on
the computer with the NVIDIA Tesla k20c graphics card.

4. Results and Discussion
4.1. Calculation Results. The results of the model show that
the maximum inundation area is 1,180 km2 , which is close
to the measured value of 1,160 km2 . Figure 6 shows the
flow field and inundation area of the dam-break flood. The
parallel results are consistent with the serial results, and the
calculation times used to simulate 2,988 s of the dam-break
flood are given in Table 1. For this, the speedup ratio 𝑆 is
calculated as follows:
𝑇
𝑆= 𝑆,
(8)
𝑇𝑃
where 𝑇𝑆 is the serial computation time and 𝑇𝑃 is the parallel
computation time. The time-saving ratio 𝛿𝑇 is calculated as
follows:
(𝑇 − 𝑇𝑃 )
(9)
.
𝛿𝑇 = 𝑆
𝑇𝑆
The speedup ratios of OpenMP and MPI in different
threads/processes are shown in Figure 7. From Table 1 and
Figure 7, we can see that the OpenACC parallel method

Mathematical Problems in Engineering

9
Water depth (m)
8.0
7.5
7.0
6.5
6.0
5.5
5.0
4.5
4.0
3.5
3.0
2.5
2.0
1.5
1.0
0.5

Figure 6: Flow field and inundation area of the dam-break flow in the Pangtoupao flood storage area.

Table 1: Calculation time and acceleration effect of different models
(total simulation time: 2,988 s).
Speedup ratio

Time-saving
ratio (%)

1,639

1

0

79

20.7

95

168

9.8

90

324

5.1

80

8
Speedup ratio

Serial model
OpenACC
model
OpenMP
model
MPI model

Shortest time
(s)

10

6

4

2

achieved the best acceleration effect. The OpenMP parallel
model achieved the biggest speedup ratio of 9.8 and was better
than the MPI parallel model when the number of threads was
greater than 12. The MPI parallel method was slightly better
than the OpenMP acceleration effect for fewer than 12 threads
(processes) and it achieved the biggest speedup ratio of 5.1.
As two of the more mature parallel approaches, the
performance comparison between OpenMP and MPI is well
known, although fine-grained OpenMP is not necessarily
more efficient than MPI. For the dam-break model, the
number of atomic operations is very small, with no extra
mutex overhead, so OpenMP gets the upper hand. In the case
of low computational resource consumption (fewer than 12
processes and threads), the task allocation overhead of the
OpenMP directive is significantly higher than the message
delivery cost in MPI, so the MPI acceleration efficiency
is higher at the beginning. Along with more allocation
of computing resources, MPI will be slightly weaker than
OpenMP because of load balancing.
Because only the total amount of the loop (not the
amount of calculation) can be divided in MPI, we cannot

2

4

6

8 10 12 14 16 18 20
Number of threads/processes

22

24

OpenMP
MPI

Figure 7: Speedup ratios of OpenMP and MPI parallel methods for
different numbers of threads or processes.

determine which process is more efficient in order to obtain
more computation; the main program has to wait for the
slowest process to complete the calculation task before the
next round of time cycle. At the same time, the MPI data
communication costs are also increasing with the number
of processes. This is because each process has to broadcast
to all the other processes in order to exchange results
when the calculation task has been completed in each time
step. In addition, the means of communication are related
directly to the communication consumption. In this paper,
a single server was used to test the MPI model. The internal
transmission speed between different processes is equal to the
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memory exchange speed, which is close to twice the speed of
universal optical fibre transmission. Even so, the benefits of
an increment in computing resources is still counteracted by
the data exchange and other expenses. A linear increment in
the amount of data exchange locks the speedup ratio of MPI
to 5.1, which then declines smoothly.
The OpenACC parallel model realizes its acceleration
based on the graphics card, whose computational capability is
much higher than that of the CPU. Although it is not as flexible as the CPU parallel mode, which can adjust the amount
of calculation resources, the overall acceleration capability
of the GPU is considerable. In addition, the development of
GPU technology has been very fast in recent years, including
the graphics card and the GPU parallel language. Hence,
the GPU acceleration mode has great potential in parallel
computing.
4.2. Implementation Method Discussion. In order of implementation difficulty from high to low, the three parallel methods are listed as OpenACC, MPI, and OpenMP. Despite the
fact that OpenMP requires the least rewrite work, developer
has to understand the calculation flow and variables of the
program clearly in order to find the correct variables to set
as shared variables. The program can still run and achieve
correct results with different shared- and private-variable
conditions, but the acceleration efficiencies are different. For
example, setting the constant variables to private variables,
the acceleration effect still exists, but the cost of the error significantly reduces the speed of the original OpenMP model.
Overall, OpenMP parallelization has the lowest degree of
rewrite difficulty, good reversibility, and high fault tolerance.
It is easy to debug and its acceleration efficiency is middling.
The rewrite workload of MPI is large because the serial
code should be rewritten totally, and it is difficult to reverse.
However, the rewrite difficulty level is low because the
data division and transmission of the MPI model are clear.
The MPI model can be debugged and tested easily in a
single computer, whereas it is more difficult to debug on a
multimachine cluster. It is suitable for conditions with less
data exchange and sufficiently large amounts of calculation.
The OpenACC parallel model has hard rewrite difficulty and
is difficult to debug, but its reversibility and fault tolerance are
good, and its acceleration effect is the best.
From the point of view of hardware requirements, the
OpenACC model needs a high-performance graphics card.
With the development of graphics cards, their price is likely
to decrease continually; the price of a common graphics card
used in parallel computing is now the same as a personal
computer. The MPI model generally needs to be run on a
computer cluster. The requirement of a single calculation
node is low; a common personal computer could be used
as a calculation node, although the CPU frequency and
memory size will influence the acceleration efficiency. Of
course, a huge amount of calculation requires a sufficient
number of calculation nodes, which would increase the
hardware costs. In addition, because the data transmission
method is one of the most important factors influencing
the acceleration efficiency, the general recommendation is to
use fibre-optic cable or high-efficiency wireless to undertake
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the transmission. The OpenMP model requires a multicore
computer, so the number of cores, the basic frequency, and
the memory size are the factors that influence the acceleration
efficiency.

5. Conclusion
In this paper, high-performance dam-break flow simulation
models based on the finite volume method were established.
An explicit scheme was used to discretize the 2D shallow
water control equations, and Roe’s approximate Riemann
solution for the finite volume method was adopted for the
interface flux of the grid cells. For the dam-break flow
observed in 1998 in the Pangtoupao flood storage area, three
parallel computing methods, OpenMP, MPI, and OpenACC,
were used to accelerate the dam-break model calculation. The
characteristics of these three methods and their acceleration
effects were compared and analysed. The conclusions are as
follows.
(1) To obtain more accurate results, hydrodynamic models are usually used to simulate dam-break flooding instead
of simplified methods. To speed up the calculation, an
explicit discrete technique was used to solve the governing
equations. Moreover, there is no correlation between the grid
calculations in a single time step, so the 2D hydrodynamic
dam-break model can be calculated in parallel using the loop
structure of the grid calculations. This modification does not
substantially change the original program code, so it is easy
to convert the original serial model into one that can be
computed in parallel.
(2) In the acceleration effect, the OpenACC method was
the best. It achieved a 20.7 speedup ratio, with OpenMP and
MPI achieving 9.8 and 5.1, respectively. The simulation time
for the Pangtoupao dam-break event (320 h) was shortened
from 170 h to 8.2 h with parallel computing, which effectively
improved the simulation speed of the dam-break model.
(3) In the implementation method, the OpenMP parallel
method had the lowest degree of difficulty, good reversibility,
and high fault tolerance; it was easy to debug but it was
difficult to achieve the best acceleration effect. The code
rewrite of the OpenACC model was more difficult, and it
was also difficult to debug, but its reversibility and fault
tolerance were good. The code rewrite workload of MPI was
very large, although the work was not very difficult because
data division and transmission could be realized manually.
Its reversibility was poor and it was difficult to debug on a
multicomputer cluster. It is suitable for calculation cases with
less data exchange and sufficiently large calculation tasks.
(4) In the case of small-scale calculations, if the memory
of a single computer is enough to calculate the task, the
OpenMP parallel method is recommended as a simple and
effective method to achieve a better effect. If higher acceleration performance is required, the OpenACC parallel method
should be considered. In the case of large-scale calculation,
because of the single-machine memory bottleneck, the MPI
method is a better choice. In addition, a combination of parallel methods, such as MPI + OpenMP or MPI + OpenACC,
would also be effective for large-scale computing acceleration.
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This study presents the results obtained from the numerical simulation on turbulent flows around a single groin for different
orientations. Here iRIC Nays2DH, which is based on 2D model, is used to simulate the flows in a straight open channel with
groin of 45∘ , 90∘ , and 135∘ angled with the approaching flow. A depth-averaged 𝑘-𝜀 model is used as turbulence closure model with
finite differential advections as upwind scheme. The numerical results of velocity and bed shear stress profiles are compared with
the available experimental data. Good agreements are found between experimental and calculated results. From the simulation, it
is observed that the peak of velocity and bed shear stress is maximum at the position of head of groin when lateral distance 𝑦/𝑙 = 1,
where l is the groin length. The position of maximum velocity and bed shear stress is found to be shifted towards downstream
with increasing 𝑦/𝑙. The maximum velocity and bed shear stress for 135∘ groin are found lower than the other two cases for all the
sections of 𝑦/𝑙.

1. Introduction
The simulation of water flow and sediment transport in
rivers has been the subject of many researches in the field of
hydraulics and river engineering [1]. In hydraulics and coastal
engineering, groins are very important structures for river
navigation, coastal protection, and beach reclamation [2]. It
is an elongated obstruction having one end on the bank of the
stream and the other end projecting into the current. Groins
have been used extensively all over the world as river training
and bank protection structure to reduce the current along
the stream bank, thus reducing the erosive capacity of the
stream and in some cases inducing sedimentation between
two groins. It can be built at right angles to the bank or current (normal/deflecting groin) or angled towards upstream
(repelling groin) or angled towards downstream (attracting
groin). The obstructed flow field in the downstream of a single
groin or the flow field enclosed by two consecutive groynes
is low velocity region compared to mainstream. This type of
zone is generally termed as dead zone [3]. Flow velocity inside

such kind of arrangement is lower than main channel. In
addition to engineering applications, such structures increase
the biodiversity of aquatic species by creating habitat and
providing shelter for them. The main stream of a river, where
the velocity is high, is not suitable for weak and small fishes.
That is why the dead zone is a suitable shelter for them.
Many experimental and numerical researches have been
performed to investigate the flow pattern and scouring
around groins [4–7]. Those studies were carried out in
different conditions in terms of groin length, groin inclination
angle to the flow direction, permeable or impermeable
states, submerged and nonsubmerged states, flow separation,
recirculating length, and number of groins. The groin which
is placed perpendicular to the river approaching flow causes
narrowing and deviation of the flow and consequently this
gives a complex three-dimensional form to flow around a
groin [4, 5]. However, dealing with the practical engineering problems, such as alluvial geomorphic processes, it is
computationally efficient to use 2D models compared to 3D.
In this study, 2D software called iRIC Nays2DH (available
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in http://www.i-ric.org) has been used which is based on
Navier-Stokes equations to simulate the flows in an open
channel with groin-like structures.
It is well known that the RANS (Reynolds Averaged
Navier-Stokes) type turbulence models, such as two-equation
model or Reynolds stress model, are the most popular tool
used for practical engineering applications [8–10]. Because it
requires less CPU time and computer memory compared to
LES and DNS. Therefore, the clarification of the possibility,
the limitation, and areas of improvement of RANS models
should be still paid attention to. To resolve the Reynolds
stress term which appeared in the averaged Navier-Stokes
equations, the 𝑘-𝜀 model is one of the most frequently
adopted ones [10, 11]. However, the standard 𝑘-𝜀 model
cannot produce satisfactory results for the flow field having
high rate of strain and rotation [12, 13]. In iRIC Nays2DH, a
nonlinear 𝑘-𝜀 model is used to predict the turbulent flow field
by capturing the anisotropic turbulence.

2. Basic Equations of the Model
iRIC (International River Interface Cooperative), pre- and
postprocessing software application and framework for computational models of flow and sediment transport in rivers,
is used in this study. The application is a Graphical User
Interface (GUI) that allows the model user to build, run, and
visualize the results of the system’s computational models.
The GUI provides tools for building both structured and
unstructured grids, defining topography and other boundary
conditions on the grid, and defining grid-dependent values
such as grain size, vegetation, and obstacles by mapping
measured values to the grid or by creating user-defined
polygons with attributes of grid-dependent value. It combines
the functionality of MD SWMS, developed by the USGS
(U.S. Geological Survey), and RIC-Nays, developed by the
Foundation of Hokkaido River Disaster Prevention Research
Center. The details of the model can be found in iRIC [14] and
Jang and Shimizu [15].
For the analysis, the general curvilinear coordinate system is adopted, allowing direct consideration of complex
boundaries and riverbed shapes. Basic equations of twodimensional plane flow at orthogonal coordinates (𝑥, 𝑦) are
transformed into general coordinates (𝜉, 𝜂). By transforming
the equations into general coordinates, it becomes possible
to set a calculation mesh of any shape (in keeping with the
boundary conditions). The basic equations in an orthogonal
coordinate system (𝑥, 𝑦) are as follows [16].
Equation of Continuity
𝜕ℎ 𝜕 (ℎ𝑢) 𝜕 (ℎV)
+
+
= 0.
𝜕𝑡
𝜕𝑥
𝜕𝑦

(1)

Equations of Motion
2
𝜕 (𝑢ℎ) 𝜕 (ℎ𝑢 ) 𝜕 (ℎ𝑢V)
𝜕𝐻 𝜏𝑥
+
+
= −ℎ𝑔
−
+ 𝐷𝑥 ,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑥
𝜌
2
𝜕 (Vℎ) 𝜕 (ℎ𝑢V) 𝜕 (ℎV )
𝜕𝐻 𝜏𝑦
+
+
= −ℎ𝑔
−
+ 𝐷𝑦 ,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑦
𝜌

(2)

where ℎ is water depth, 𝑡 is time, 𝑢 is velocity in the 𝑥
direction, V is velocity in the 𝑦 direction, 𝑔 is gravitational
acceleration, and 𝐻 is the total water depth. Here, the bed
shear stresses in 𝑥 and 𝑦 directions (𝜏𝑥 and 𝜏𝑦 ) are expressed
by using coefficient of riverbed shearing force 𝐶𝑓 as
𝜏𝑥
= 𝐶𝑓 𝑢√𝑢2 + V2 ,
𝜌
𝜏𝑦
𝜌

= 𝐶𝑓 V√𝑢2 + V2 .

(3)

In the model, the bottom friction is set using Manning’s
roughness parameter. The coefficient of riverbed shearing
force 𝐶𝑓 is estimated by Manning’s roughness parameter 𝑛𝑚
as follows:
𝐶𝑓 =

2
𝑔𝑛𝑚
.
3
√ℎ

(4)

The diffusion terms in 𝑥 and 𝑦 directions are expressed as (5)
and (6), respectively. Here, V𝑡 is the eddy viscosity coefficient.
𝐷𝑥 =

𝜕 (𝑢ℎ)
𝜕 (𝑢ℎ)
𝜕
𝜕
[V𝑡
]+
[V𝑡
],
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦

(5)

𝐷𝑦 =

𝜕 (Vℎ)
𝜕 (Vℎ)
𝜕
𝜕
[V𝑡
]+
[V𝑡
].
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦

(6)

2.1. Depth-Averaged 𝑘-𝜀 Model. The eddy viscosity coefficient
V𝑡 in the standard 𝑘-𝜀 model is expressed by the following
equation:
V𝑡 = 𝐶𝜇

𝑘2
,
𝜖

(7)

where 𝐶𝜇 is a model constant. 𝑘 and 𝜖 are obtained by the
following equations [16]:
𝜕𝑘
𝜕𝑘
𝜕𝑘
𝜕 V𝑡 𝜕𝑘
𝜕 V𝑡 𝜕𝑘
+𝑢
+V
=
(
)+
(
) + 𝑃ℎ
𝜕𝑡
𝜕𝑥
𝜕𝑦 𝜕𝑥 𝜎𝑘 𝜕𝑥
𝜕𝑦 𝜎𝑘 𝜕𝑦
+ 𝑃𝑘V − 𝜖,
𝜕𝜖
𝜕𝜖
𝜕𝜖
𝜕 V𝑡 𝜕𝜖
𝜕 V𝑡 𝜕𝜖
+𝑢
+V
=
(
)+
(
)
𝜕𝑡
𝜕𝑥
𝜕𝑦 𝜕𝑥 𝜎𝜖 𝜕𝑥
𝜕𝑦 𝜎𝜖 𝜕𝑦

(8)

𝜖
𝜖2
+ 𝐶1𝜖 𝑃ℎ + 𝑃𝜖V − 𝐶2𝜖 ,
𝑘
𝑘
where 𝐶1𝜖 , 𝐶2𝜖 , 𝜎𝑘 , and 𝜎𝜖 are model constants whose
respective values are shown in Table 1. Note that 𝑃𝑘V and 𝑃𝜖V
are calculated with the following equations:
𝑃𝑘V = 𝐶𝑘

𝑢∗3
,
ℎ

𝑢4
𝑃𝜖V = 𝐶𝜖 ∗2 .
ℎ

(9)
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Figure 1: Groin orientation for 45∘ angled to the direction of flow (case 1).
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Figure 2: Groin orientation for 90∘ angled to the direction of flow (case 2).
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Figure 3: Groin orientation for 135∘ angled to the direction of flow (case 3).

Table 1: Model constants for nonlinear k-𝜀 model [16].
𝐶𝜇
0.09

𝐶1𝜀
1.44

𝐶2𝜀
1.92

𝜎𝑘
1.0

𝜎𝜀
1.3

3. Numerical Tests
3.1. Flow Domain and Hydraulic Parameters. The hydraulic
parameters for different test cases that were simulated are
shown in Table 2. The parameters for case 2 of flows in a
straight open channel with groin of 90∘ angle to the direction
of flow were taken the same as the experiments by Rajaratnam
and Nwachukwu [7]. In their experiments, a 37 m long, 0.9 m
wide, and 0.76 m deep flume with smooth bed and sides were
used. The groin was an aluminum plate with 3 mm thickness
and 152 mm length and was projected partly above the water
surface. The hydraulic parameters for the 45∘ and 135∘ angled
groin are the same as case 2.
Figure 2 shows the sketch of the flow domain for flows
in a straight open channel with groin of 90∘ angled to the
direction of flow which was performed under the same
conditions of the experiments conducted by Rajaratnam and
Nwachukwu [7]. Figures 1 and 3 show the sketch of the flow
domain for 45∘ and 135∘ which were performed under the
same conditions as case 2. For all these cases, 120 × 20 grids
were used considering fixed bed condition. Figure 4 shows a

sample of computational mesh that consists of 120 grids in the
longitudinal direction and 20 grids in transverse directions.
For all the cases of numerical simulation, the computational domain was 6 m in length and 0.9 m in width. The
upstream and downstream boundaries were located at 2 m
and 4 m away from the groin, respectively. The constant
discharge at upstream was 0.043 m3 /s, and at the downstream
the constant flow depth was 0.189 m. Manning’s roughness
coefficient 𝑛 = 0.01 and the time step Δ𝑡 = 0.003 sec are
assigned in the present computation. The simulations are
performed in fixed bed condition with bottom slope, 𝑆𝑜 =
0.001.
Quanhong and Pengzhi [17] also used the same experimental data of Rajaratnam and Nwachukwu [7] to validate
their model. Governing equations of their model were shallow water equations and depth-averaged 𝑘-𝜀 model as the
turbulence model. According to Quanhong and Pengzhi [17]
model, the computational domain was 6 m in length and
0.9 m in width. Flow flux of 0.047817 m2 /s and water depth
of 0.189 m are specified at the upstream and downstream
boundaries, respectively. For the same flow geometry and
hydraulic conditions, Sarveram et al. [2] also simulated
the flow field around 90∘ groin using semi-implicit semiLagrangian method and compared their computed results
with the Rajaratnam and Nwachukwu’s experimental result.
In the present study, the simulated flow field is compared with previous experimental results of Rajaratnam and
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Table 2: Hydraulic parameters for the simulated cases.
𝐿 (m)

Groin
position

U/S

D/S

Case 1

45∘

2

Case 2

∘
∘

Cases

Case 3

90

135

𝑊 (m)

𝑄𝑜 (m3 /s)

ℎ𝑜 (m)

𝑆𝑜

𝑛

4

0.9

0.043

0.189

0.001

0.01

2

4

0.9

0.043

0.189

0.001

0.01

2

4

0.9

0.043

0.189

0.001

0.01

Transverse
direction, y

Here, 𝐿 = length of the straight channel, 𝑊 = width of channel, 𝑄𝑜 = upstream discharge, ℎ𝑜 = water depth at downstream, 𝑆𝑜 = channel slope, and 𝑛 = Manning’s
roughness coefficient.

Longitudinal distance, x (m)

Figure 4: Plan of input grid for simulation of flow around groin with 45∘ angle (case 1).

Left bank

Right bank
(b)

(a)

(c)

Figure 5: Computed velocity vector for (a) case 1, (b) case 2, and (c) case 3 developed by iRIC Nays2DH.

Nwachukwu [7] as well as previous simulation results of
Quanhong and Pengzhi [17] and Sarveram et al. [2].
3.2. Computational Scheme. The governing equations for
mean velocities and turbulent flows were discretized with the
finite difference method based on full staggered boundary
fitted coordinate system. The basic equations are discretized
as fully explicit forms and solved successively with the time
increment step by step. It is solved using iterative procedure at
each time step. Constant discharge at upstream and constant
depth with zero velocity gradients were given as downstream
boundary conditions. Finite difference scheme was used for
the solution of the equations, where the nonlinear convection
terms were discretized with the upwind scheme.

4. Simulated Flow Field
Figures 5 and 6 show the predicted velocity vector of the flow
field around the groin for different angles with the flow. For
all the cases, the model is found to reproduce the general
flow features of the flow field around the groin successfully.
From the simulated results, it is seen that at the upstream

boundary the flow is uniform and hence the flow vectors
are straight and parallel to bank. However, when the flow
approaches the groin, the flow is deviated towards the left
bank compared to the right due to obstruction of flow by
the groin. A recirculation zone is observed just downstream
region of the groin for all the cases.
Figure 7 shows the streamline around a groin, which is
obtained by the present study. From the streamline contour,
it is also found that at the position of groin head the flow is
deviated towards the opposite bank and at the downstream
of the groin there is a circulation. Figures 6 and 7 depict that
for case 1 (45∘ groin) the deviations of vectors and streamlines
are higher compared to case 2 (90∘ groin). 135∘ groin for case 3
shows the least deviation compared to other cases. The length
of circulation zone at downstream of the groin is also higher
for case 1 and lower in case 3.

5. Comparison of Simulated Results with
Previous Studies
Simulated results such as computed velocity profiles and bed
shear stress profiles for 90∘ groins (case 2) are compared with
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Left bank

(a)

(b)

(c)

Figure 6: Computed velocity vector and recirculation zone around groin for (a) case 1, (b) case 2, and (c) case 3 developed by iRIC Nays2DH.

(a)

(b)

(c)

Figure 7: Streamline around a groin for (a) case 1, (b) case 2, and (c) case 3 developed by iRIC Nays2DH.

previous experimental as well as available previous simulation results. The comparison is described in the following
sections.
5.1. Velocity Profiles. For 90∘ groins, the resultant velocity
profiles are compared with available experimental results
measured at 𝑦/𝑙 = 1.0, 1.5, 2.0, 3.0, and 4.0, where 𝑙 = 152 mm
is the length of the groin. Figure 8 shows the comparison of
velocity profiles for different lateral distances (𝑦/𝑙). Here, the
initial flow velocity and water depth were 𝑈𝑜 = 0.253 m/s and
𝐻 = 0.189 m, respectively. In the figure, all the velocities were
normalized by 𝑈𝑜 . In the figure, 𝑥/𝑙 = 0 indicated the groin
position along flume direction.
Good agreements are found between experimental and
calculated results. For the velocity profiles, the only large
discrepancy occurs at 𝑦/𝑙 = 2, where the calculated results
underpredict the experimental data in the downstream zone
of the groin. It is noticed that the numerical results reported
by Quanhong and Pengzhi [17] and Sarveram et al. [2]
also underpredicted the experimental data largely in this
region. This may be due to the very high velocity gradient
arising in this region which makes the depth-averaged model
inapplicable. Otherwise, the possible reason may come from
the experimental measurement errors in this region [17].

5.2. Bed Shear Stress Profiles. Figure 9 shows comparison
of bed shear stress profiles (𝜏) of predicted results with
the available previous studies. In the figure, all the shear
stresses are normalized by 𝜏𝑜 = 0.1293 N/m2 . The comparison
between the numerical results and experimental data shows
reasonable agreement. For the lateral sections up to 𝑦/𝑙 =
2, the simulated results underpredict the downstream shear
stress slightly. The numerical results reported by Quanhong
and Pengzhi [17] also show similar prediction. It may be the
deficiency of the depth-averaged model to account for the
high velocity gradient arising very near to the groin.

6. Simulation Results for Different Cases
6.1. Predicted Velocity Profiles. Figure 10 shows the comparison among predicted velocity profiles (𝑊) for case 1, case 2,
and case 3. For each case, the longitudinal velocity profiles
are compared at a lateral position of 𝑦/𝑙 = 1.0, 1.5, 2.0, 3.0,
and 4.0. In the figure, all the velocities are normalized by 𝑈0
= 0.253 m/s and here 𝑥/𝑙 = 0 indicates the groin position in
the longitudinal direction. The comparisons among the three
cases show reasonable differences. Along line 𝑦/𝑙 = 1, the
peak of velocities is found at longitudinal distances of 𝑥/𝑙 =
−0.28, 0.0, and 0.56 for case 1, case 2, and case 3, respectively.
For 𝑦/𝑙 = 1.0, in all the cases, the velocity is found to be
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Figure 8: Comparison of resultant velocity profiles (𝑊) with the available previous studies for 90∘ groin (case 2).

decreased from upstream velocity just before the position of
groin head. In other words, in addition to the circulation zone
at downstream of groin, a small low velocity zone is observed
just upstream of groin at right bank. Along the line 𝑦/𝑙 =
1.5, the peak of velocities is found at longitudinal distances
of 𝑥/𝑙 = −1.0, 0.22, and 0.67 for case 1, case 2, and case 3,
respectively. These peak velocities are found to be decayed
with the longitudinal distance 𝑥/𝑙. For 𝑦/𝑙 = 2, the peaks of
velocities are found at a distance of 𝑥/𝑙 = −0.11, 1.22, and 2.54
for case 1, case 2, and case 3, respectively. For 𝑦/𝑙 ≥ 2, the
decay of velocity along the downstream is found to be slower
compared to the region y/l ≤ 1.5. Along the line 𝑦/𝑙 = 3,
the peak of velocities is found at longitudinal distances of
𝑥/𝑙 = 2.87, 3.53, and 3.88 for case 1, case 2, and case 3,
respectively. Along the line 𝑦/𝑙 = 4, the peak of velocities is

found at longitudinal distances of 𝑥/𝑙 = 3.33, 3.89, and 4.44
for case 1, case 2, and case 3, respectively.
From the figures, it is observed that the peak of velocity
is found maximum at the position of head of groin when
𝑦/𝑙 = 1. However, this position of maximum velocity is found
to be shifted towards downstream with increasing 𝑦/𝑙. The
maximum velocity for case 3 is found lower than the other
two cases for all the sections of 𝑦/𝑙. However, 𝑊/𝑈𝑜 for 90∘
groin is found maximum for 𝑦/𝑙 ≤ 2; and for 𝑦/𝑙 > 2, the
velocity is maximum for 45∘ angled groin.
6.2. Predicted Bed Shear Stress Profiles. Figure 11 shows the
predicted bed shear stress profiles (𝜏) of the proposed model
for case 1, case 2, and case 3. For each case, the longitudinal
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Figure 9: Comparison of bed shear stress profiles (𝜏) with the available previous studies for 90∘ groin (case 2).

shear stress profiles are compared at a lateral position of 𝑦/𝑙
= 1.0, 1.5, 2.0, 3.0, and 4.0. In the figure, all the shear stresses
are normalized by 𝜏𝑜 = 0.1293 N/m2 , which is the value of
upstream region. Here, 𝑥/𝑙 = 0 is the groin position along
longitudinal direction. The profiles of bed shear stress are
found in similar pattern of velocity profiles. For different
values of 𝑦/𝑙, the peak of shear stresses is found at the same
longitudinal distances (𝑥/𝑙) as reported in velocity profiles.
For 𝑦/𝑙 = 1.0, in all the cases, the shear stress is found to be
decreased from its upstream value just before the position of
groin head.
From the figures, it is observed that the peak of bed
shear stress is found maximum at the position of head of
groin when 𝑦/𝑙 = 1. However, this position of maximum
bed shear stress is found to be shifted towards downstream
with increasing 𝑦/𝑙. These peak shear stresses are found to
be decayed with the longitudinal distance 𝑥/𝑙. However, for
𝑦/𝑙 ≥ 2, the decay of shear stress along the downstream is
found to be slower compared to the region 𝑦/𝑙 ≤ 1.5. The

maximum bed shear stress for case 3 is found lower than the
other two cases for all the sections of 𝑦/𝑙. However, 𝜏/𝜏𝑜 for
90∘ groin is found maximum for 𝑦/𝑙 ≤ 1.5, and for 𝑦/𝑙 ≥ 2,
the velocity is maximum for 45∘ angled groin.
6.3. Velocity and Bed Shear Stress Contour. Figure 12 shows
the simulated velocity contour in shaded color for case 1, case
2, and case 3, respectively. The results are found to be similar
in nature. For all the cases, the velocity contour along the
left bank is higher than the right bank at the downstream
region of the groin; it indicates the deflection of flow towards
right bank and sheltering of flow by groin at east bank. The
downstream circulation zone is found to be larger for 45∘
groin compared to 90∘ groin; similarly the circulation zone
for 90∘ groin is found to be larger compared to 135∘ groin.
In the figure, the flow field is seen to be divided into four
distinct regions: (i) the uniform flow at upstream end, (ii)
big circulation of low velocity zone at the downstream of the
groin created due to sheltering of groin where the velocity
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Figure 10: Comparison between resultant velocity profiles (𝑊) of present study for case 1, case 2, and case 3 along lateral distance, 𝑦/𝑙 = 1,
1.5, 2, 3, and 4.

is zero in the center of the circulation zone, (iii) a small low
velocity zone near the foot at the upstream of groin, and (iv)
high velocity zone opposite to the circulation zone created
due to the deflected flow. The high velocity zone is found
to be decayed towards downstream and the low velocity in
circulating zone is found to be regained.
Figure 13 shows the simulated bed shear stress contour in
shaded color for case 1, case 2, and case 3, respectively. The
results are found to be similar in nature. Like the velocity
contour, for all the cases, the shear stress contour along the left
bank is higher than the right bank at the downstream region
of the groin. Four distinct flow regions as described in velocity
contour are also clearly visible in the contour of shear stress.

7. Conclusions
This simulation has provided us with detailed information
regarding the flow pattern, the velocity, and bed shear stress
profiles of a groin. This adds to the effort of work done
by others on different types of groins. In the simulation,

the general flow features around a groin is reproduced
successfully. The flow field is found to be divided into four
distinct regions: (i) the uniform flow at upstream end, (ii)
big circulation of low velocity zone at the downstream of the
groin created due to sheltering of groin where the velocity
is zero in the center of the circulation zone, (iii) a small low
velocity zone near the foot at the upstream of groin, and (iv)
high velocity zone opposite to the circulation zone created
due to the deflected flow. The high velocity zone is found
to be decayed towards downstream and the low velocity in
circulating zone is found to be regained.
The computed velocity and bed shear stress profiles of
present study are compared among case 1, case 2, and case 3.
From the simulation, it is observed that the peak of velocity
and bed shear stress is found maximum at the position of
head of groin when lateral distance 𝑦/𝑙 = 1, where 𝑙 is the
groin length. The position of maximum velocity and bed
shear stress is found to be shifted towards downstream with
increasing 𝑦/𝑙. The maximum velocity and bed shear stress
for 135∘ groin are found lower than the other two cases for all
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Figure 11: Comparison between computed bed shear stress profiles (𝜏) of proposed model for case 1, case 2, and case 3 along lateral distance,
𝑦/𝑙 = 1, 1.5, 2, 3, and 4.
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Figure 12: Velocity contoured around a groin for (a) case 1, (b) case 2, and (c) case 3 at the end of simulation by iRIC Nays2DH.
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Figure 13: Bed shear stress contour around a groin for test (a) case 1, (b) case 2, and (c) case 3 at the end of simulation by iRIC Nays2DH.

the sections of 𝑦/𝑙. 𝑊/𝑈𝑜 and 𝜏/𝜏𝑜 for 90∘ groin are found
maximum for 𝑦/𝑙 ≤ 2, and for 𝑦/𝑙 > 2, the velocity and
bed shear stress are maximum for 45∘ angled groin. The
downstream circulation zone is found to be larger for 45∘
groin compared to 90∘ groin; similarly, the circulation zone
for 90∘ groin is found larger compared to 135∘ groin.
In order to validate the present model, the computed
results are compared with previous numerical and experimental results. The comparison between numerical and
experimental results showed that except in areas where
strong downward flow is observed there are good agreements
between experimental and calculated results.
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V-shaped stepped spillway is a new shaped stepped spillway, and the pressure distribution is quite different from that of the
traditional stepped spillway. In this paper, five turbulence models were used to simulate the pressure distribution in the skimming
flow regimes. Through comparing with the physical value, the realizable 𝑘-𝜀 model had better precision in simulating the pressure
distribution. Then, the flow pattern of V-shaped and traditional stepped spillways was given to illustrate the unique pressure
distribution using realizable 𝑘-𝜀 turbulence model.

1. Introduction
The unique structure of the stepped spillways causes abundant vortices near the steps [1–3], which results in high energy
dissipation and aeration than that of smooth spillways [4, 5].
For these reasons, the stepped spillways have been widely
used [6, 7].
Considering that the flow pattern of the stepped spillway
reflects the hydraulic characteristics of the flow, many scholars have also studied the flow regimes. The flow regimes of a
stepped spillway can be divided into nappe flow, transition
flow, and skimming flow [8–10]. Pressure distribution in
stepped spillways also became a research focus for negative
pressure on the step surface which may lead to cavitation
damage. Many scholars have studied the pressure distributions of stepped spillways through physical models, such as
Zhang et al. [11], Fratino et al. [12], Sánchez-Juny et al. [13, 14],
Amador et al. [15], Zhang et al. [16], and Dhatrak and Tatewar
[17] and so on. With the development of computer science
and computational technology, the numerical method has
become an efficient method to study the pressure distribution
of stepped spillways. Chen et al. [2] studied the pressure
distribution of traditional stepped spillway using 𝑘-𝜀 turbulence model and satisfactory results were obtained. Qian et al.

[18] compared four turbulence models (realizable 𝑘-𝜀 model,
SST 𝑘-𝜀 model, V2 -𝑓 model and LES model) and found that
the realizable 𝑘-𝜀 model was the most efficient in simulating
flow overstepped spillways which involves rotation. And the
pressure field was studied using the realizable 𝑘-𝜀 model.
Chakib [19] also got the contours of pressure distribution
in simulating air-water interaction using 𝑘-𝜀 turbulence
model and VOF model. Daneshfaraz et al. [20] adopted
standard 𝑘-𝜀, renormalization group 𝑘-𝜀, and standard 𝑘𝜔 turbulence model to simulate the four step arrangements
stepped spillways. And pressure distribution was studied
by RNG 𝑘-𝜀 turbulence model, which was regarded as the
optimal turbulence model through comparing the physical
value and numerical value of water level.
In this paper, the stepped spillways of 𝜃 = 120∘ and 𝜃 =
∘
180 are named as V-shaped and traditional stepped spillway,
respectively (shown in Figure 1). V-shaped stepped spillway
is a new type of stepped spillways, which has distinguished
three-dimensional flow program and greater aerated characteristic. In this paper, the pressure distribution along the Vshaped stepped spillway in the skimming flow regime was
studied through numerical simulations with five kinds of
turbulence models and the unique pressure distribution was
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analyzed through the comparison of the flow pattern between
traditional and V-shaped stepped spillways. These results can
be used to choose a better turbulence model to study the
pressure distribution of V-shaped stepped spillway.

2. Numerical Simulation
Fluent software was used to perform these simulations using
the finite volume method (FVM). The numerical model of the
stepped spillway (shown in Figure 1) consists of a press slope
section, a smooth section, a stepped section, and tail water
section. The chute width is 𝐵 = 0.4 m, the height of the model
inlet is ℎ = 0.12 m, and the outlet of the press slope section
is 0.08 m. The step section consists of 56 steps, which were
numbered #1 to #56. The first 28 steps are transitional steps for
improving the flow patterns; then there are 28 uniform steps
(6 cm high, 12 cm long). The slope of the stepped spillway is
1V:2H.
2.1. Fluid Volume Model. The volume of fluid (VOF) was used
to track the air-water interface, which was presented by Hirt
and Nichols [21]. In each computational cell, the sum of the
volume fractions of air, 𝛼𝑎 , and water, 𝛼𝑤 , is unity and can be
given as
𝛼𝑤 + 𝛼𝑎 = 1;

0 ≤ 𝛼𝑤 , 𝛼𝑎 ≤ 1.

(1)

In this approach, the tracking interface between air and
water was accomplished by the solution of the continuity
equation for the volume fraction of water:
𝜕𝛼𝑤 𝜕𝛼𝑤 𝑢𝑖
= 0.
+
𝜕𝑡
𝜕𝑥𝑖

(2)

2.2. Turbulence Models
2.2.1. ST 𝑘-𝜀 Model for the VOF Flow. The standard (ST)
𝑘-𝜀 turbulence model presented by Launder and Spalding
[22] was useful in practical engineering flow calculations
for the advantages of economy and reasonable accuracy. The
equations of turbulent kinetic energy, 𝑘, and its dissipation
rate, 𝜀, are as follows:
𝜕 (𝜌𝑘)
𝜇
𝜕
𝜕𝑘
𝜕
(𝜌𝑘𝑢𝑖 ) =
[(𝜇 + 𝑡 )
] + 𝐺𝑘
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜎𝑘 𝜕𝑥𝑗
+ 𝐺𝑏 − 𝜌𝜀 − 𝑌𝑀 + 𝑆𝑘
𝜕 (𝜌𝜀)
𝜇
𝜕
𝜕𝜀
𝜕
(𝜌𝜀𝑢𝑖 ) =
[(𝜇 + 𝑡 )
]
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜎𝜀 𝜕𝑥𝑗

(3)

𝜀
+ 𝐶1𝜀 (𝐺𝑘 + 𝐶3𝜀 𝐺𝑏 )
𝑘
𝜀2
− 𝐶2𝜀 𝜌 + 𝑆𝜀 ,
𝑘
where 𝐺𝑘 , 𝐺𝑏 are the generation of turbulence kinetic energy
due to the mean velocity gradients and buoyancy, respectively; 𝑌𝑀 is the contribution of the fluctuating dilatation in
compressible turbulence to the overall dissipation rate; 𝑢𝑖 is

the mean velocity component in the 𝑖th direction; 𝜇𝑡 is the
turbulent viscosity and calculated by 𝜇𝑡 = 𝜌𝐶𝜇 (𝑘2 /𝜀); 𝐶𝜇 , 𝐶1𝜀 ,
𝐶2𝜀 , 𝜎𝑘 , and 𝜎𝜀 are model constants which are specified as
follows: 𝐶𝜇 = 0.09, 𝐶1𝜀 = 1.44, 𝐶2𝜀 = 1.92, 𝜎𝑘 = 1.0, and 𝜎𝜀 =
1.3. 𝑆𝑘 and 𝑆𝜀 are user-defined source terms.
This model is a semiempirical model based on transport equations for turbulence kinetic energy and turbulence
kinetic energy dissipation rate. For its assumption of fully
turbulent, it is valid only for fully turbulent flows.
2.2.2. RNG 𝑘-𝜀 Model for the VOF Flow. The renormalization
group (RNG) 𝑘-𝜀 turbulence model was presented by Yakhot
and Orszag [23]. The equations of turbulent kinetic energy, 𝑘,
and its dissipation rate, 𝜀, are as follows:
𝜕 (𝜌𝑘)
𝜕𝑘
𝜕
𝜕
(𝜌𝑢𝑖 𝑘) =
[𝛼𝑘 𝜇eff
] + 𝐺𝑘 + 𝐺𝑏
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜕𝑥𝑗
− 𝜌𝜀 − 𝑌𝑀 + 𝑆𝑘
𝜕 (𝜌𝜀)
𝜕𝜀
𝜕
𝜕
(𝜌𝑢𝑖 𝜀) =
[𝛼𝜀 𝜇eff
]
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜕𝑥𝑗

(4)

𝜀
+ 𝐶1𝜀 (𝐺𝑘 + 𝐶3𝜀 𝐺𝑏 )
𝑘
− 𝐶2𝜀 𝜌

𝜀2
− 𝑅𝜀 + 𝑆𝜀 ,
𝑘

where 𝛼𝑘 , 𝛼𝜀 are the inverse effective Prandtl numbers; 𝐶1𝜀
= 1.42, 𝐶2𝜀 = 1.68 are model constants; 𝑅𝜀 = 𝐶𝜇 𝜌𝜂3 (1 −
𝜂/𝜂0 )𝜀2 /(𝑘(1+𝛽𝜂3 )), where 𝜂 ≡ 𝑆𝑘/𝜀, 𝜂0 = 4.38, and 𝛽 = 0.012.
This model was derived using a rigorous statistical technique. Although it is similar in form to the ST 𝑘-𝜀 turbulence
model, there are some refinements: (1) adding an additional
term in turbulence kinetic energy dissipation rate equation
which improves the accuracy for rapidly strained flows; (2)
the effect of swirl is included to enhance accuracy for swirling
flows; (3) the turbulent Prandtl numbers are got by analytical
formula.
2.2.3. Rl 𝑘-𝜀 Model for the VOF Flow. The realizable (Rl) 𝑘𝜀 turbulence model was presented by Shih et al. [24]. The
equations of turbulent kinetic energy, 𝑘, and its dissipation
rate, 𝜀, are as follows:
𝜕 (𝜌𝑘)
𝜇
𝜕
𝜕𝑘
𝜕
(𝜌𝑢𝑗 𝑘) =
[(𝜇 + 𝑡 )
] + 𝐺𝑘
+
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑗
𝜎𝑘 𝜕𝑥𝑗
+ 𝐺𝑏 − 𝜌𝜀 − 𝑌𝑀 + 𝑆𝑘
𝜕 (𝜌𝜀)
𝜇
𝜕
𝜕𝜀
𝜕
(𝜌𝑢𝑗 𝜀) =
[(𝜇 + 𝑡 )
]
+
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑗
𝜎𝜀 𝜕𝑥𝑗
+ 𝜌𝐶1 𝑆𝜀 − 𝜌𝐶2

𝜀2
𝑘 + √]𝜀

𝜀
+ 𝐶1𝜀 𝐶3𝜀 𝐺𝑏 + 𝑆𝜀 ,
𝑘

(5)
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Figure 1: The numerical model layout.

where 𝐶1 = max[0.43, 𝜂/(𝜂 + 5)] and 𝜂 = 𝑆𝑘/𝜀, 𝑆 =
√2𝑆𝑖𝑗 𝑆𝑖𝑗 , where 𝑆𝑖𝑗 = 0.5(𝜕𝑢𝑗 /𝜕𝑥𝑖 +𝜕𝑢𝑖 /𝜕𝑥𝑗 ); ] is the turbulent
kinematic viscosity; 𝐶1𝜀 = 1.44, 𝐶2 = 1.9, 𝜎𝑘 = 1.0, and 𝜎𝜀 = 1.2
are the empirical constants.
This model can accurately simulate the spreading rate of
both planar and round jets and the flows involving rotation,
boundary layers under strong adverse pressure gradients,
separation, and recirculation.
2.2.4. ST 𝑘-𝜔 Model for the VOF Flow. The standard (ST)
𝑘-𝜔 turbulence model was presented by Wilcox [25], which
incorporates modifications for low-Reynolds-number effects,
compressibility, and shear flow spreading. The equations of
turbulent kinetic energy, 𝑘, and its dissipation rate, 𝜔, are as
follows:
𝜕 (𝜌𝑘)
𝜕𝑘
𝜕
𝜕
(𝜌𝑢𝑖 𝑘) =
(Γ𝑘
) + 𝐺𝑘 − 𝑌𝑘 + 𝑆𝑘
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜕𝑥𝑗
𝜕 (𝜌𝜔)
𝜕𝜔
𝜕
𝜕
(𝜌𝑢𝑖 𝜔) =
(Γ𝜔
) + 𝐺𝜔 − 𝑌𝜔
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜕𝑥𝑗

This model is an empirical model based on model
transport equations for the turbulence kinetic energy and
turbulence kinetic energy dissipation rate.
2.2.5. SST 𝑘-𝜔 Model for the VOF Flow. The shear-stress
transport (SST) 𝑘-𝜔 turbulence model was developed by
Menter [26]. The equations of turbulent kinetic energy, 𝑘, and
its dissipation rate, 𝜔, are as follows:
𝜕 (𝜌𝑘)
𝜕𝑘
𝜕
𝜕
(𝜌𝑢𝑖 𝑘) =
(Γ
) + 𝐺𝑘 − 𝑌𝑘 + 𝑆𝑘
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗 𝑘 𝜕𝑥𝑗
𝜕 (𝜌𝜔)
𝜕𝜔
𝜕
𝜕
(𝜌𝑢𝑖 𝜔) =
(Γ𝜔
) + 𝐺𝜔 − 𝑌𝜔
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜕𝑥𝑗

(7)

+ 𝐷𝜔 + 𝑆𝜔 ,
where 𝐷𝜔 is the cross-diffusion term.

(6)

+ 𝑆𝜔 ,
where 𝐺𝜔 is the generation of 𝜔; Γ𝑘 and Γ𝜔 are the effective
diffusivity of 𝑘 and 𝜔, respectively; 𝑌𝑘 and 𝑌𝜔 are the
dissipation of 𝑘 and 𝜔, respectively; 𝑆𝜔 is the user-defined
source term.

2.3. Boundary Conditions
(1) Inlet Boundary. At the inlet, velocity inlet was used and the
velocity was 2.61–4.08 m/s according to the unit discharges;
(2) Outlet Boundary. At the outlet, the pressure outlet boundary was chosen and the normal gradient of all variables were
0.
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Figure 2: The physical model layout.

(3) Free Surface. Pressure inlet was presented at the free
surface;
(4) Wall Boundary. The no-slip velocity boundary condition
was used on the wall surface and the standard wall function
was chosen to specify the near-wall regions of the flow.
2.4. Validation Model. A physical model of V-shaped stepped
spillway is shown in Figure 2, which was performed in the
State Key Laboratory of Hydraulics and Mountain River
Engineering, Sichuan University, Chengdu. The total model
height was 5.4 m and the size of the stepped spillway was
identical to that in the numerical model, as shown in Figure 1.
Piezometer tube was used to measure the time-averaged
pressure.

3. Results and Analysis
3.1. Pressure Distribution. Figure 3 shows the pressure distribution on steps, where 𝐿 represents the width of the step
and 𝐻 represents the height of the step. The figure shows
that (1) for traditional stepped spillway, the pressure does
not change along the cross section, but there are obvious
changing at different profiles of V-shaped stepped spillway;
(2) the extreme values of pressure locate at the sidewalls in
V-shaped stepped spillway, but they locate along the cross
section in traditional stepped spillway; (3) the maximum

pressure on horizontal step surface of V-shaped stepped
spillway is larger than that of on traditional stepped spillway
and the minimum pressure on vertical step surface of Vshaped stepped spillway is smaller than that of on traditional
stepped spillway.
3.2. Pressure Distribution of the Profiles. Since the pressure
distribution changed along the cross section in V-shaped
stepped spillway, three rows of pressure measurement points
were adopted, and the position of rows was in 𝑍/𝐵 = 0, 𝑍/𝐵
= 0.25, and near the 𝑍/𝐵 = 0.5, respectively. The interval of
pressure measurement points was 1 cm in each row, which
means that each step horizontal surface had 11 points and 5
points on vertical surface in each row, as shown in Figure 4.
In this section, we take the pressure distribution on one
step (#43) when Fr = 5.99 as an example to illustrate. Figure 5
shows the pressure distributions of physical model and five
turbulence models on #43 step. Note from Figure 5 that (1)
the numerical values at all pressure measurement points show
a good agreement with the physical values at each profile;
(2) it also can be regarded as an S-shaped variation on
horizontal step surface, but the fluctuation decreases from
both sidewalls to the axial plane; (3) on vertical step surface,
from the step’s lower edge to its upper edge (𝑌/𝐻 = 1.0),
the pressure gradually decreases at all the profiles and at
the same step height, from the axial plane to sidewalls,
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pressure also gradually decreases; (4) at 𝑍/𝐵 = 0.25, the
pressure distributions of V-shaped and traditional stepped
spillways are nearly the same; from the profile of 𝑍/𝐵 =
0.25 to sidewalls, the fluctuation of pressure distribution is
larger on the horizontal step surface and the pressure is lower
at the same position on vertical step surface than those of
in traditional stepped spillway; otherwise, from the profile
of 𝑍/𝐵 = 0.25 to axial plane, the fluctuation of pressure
distribution is smaller on the horizontal step surface and the
pressure is larger at the same position on the vertical step
surface than those of in traditional stepped spillway; finally,
at 𝑍/𝐵 = 0, the pressure is nearly the same on the horizontal
step surface and the pressure is positive on the vertical step
surface.

For comparing the turbulence models performance statistically, the root mean square error (RMSE) criterion was
estimated using
2
1 𝑛
RMSE = √ ∑ (Pressurephysical − Pressurenumerical ) , (8)
𝑛 1

where 𝑛 is the number of pressure measurement points
in each profile, pressurephysical and pressurenumerical are the
physical and numerical values of the pressure, respectively.
According to the definition of RMSE, the lower the RMSE
value is, the more accurate the model is.
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Table 1: The RMSE values of different turbulence models.
Step surface
Horizontal surface

Vertical surface

St 𝑘-𝜀
0.98
2.00
2.56
0.82
1.15
1.70

Profile
𝑍/𝐵 = 0
𝑍/𝐵 = 0.25
𝑍/𝐵 = 0.5
𝑍/𝐵 = 0
𝑍/𝐵 = 0.25
𝑍/𝐵 = 0.5

RNG 𝑘-𝜀
1.93
1.39
1.63
0.75
1.06
2.49

Rl 𝑘-𝜀
1.30
1.20
1.11
0.53
0.99
1.51

St 𝐾-𝜔
2.25
1.71
1.98
0.67
1.15
1.96

SST 𝐾-𝜔
2.81
1.93
1.80
0.59
1.12
1.85

Flow

(a)

(b)

Figure 6: The free water surface of physical model and numerical model ((a) physical model, (b) Rl 𝑘-𝜀 model).

Table 1 presents the RMSE values of five turbulence
models. It can be seen that (1) all the numerical turbulence
models show satisfactory results at each profile; (2) the Rl 𝑘𝜀 model can be regarded as a better model to simulate the
pressure distribution of V-shaped stepped spillway according
all the RMSE values.
3.3. The Flow Pattern. Figure 6 is the free water surface of the
physical model and numerical model. It can be seen that (1)
the results of the free water surfaces of numerical model and
physical model are similar; (2) the free water surfaces of the
axial plane and near sidewall were higher, and it is lower in
other places, like a “W” shape, which is different from that of
the traditional stepped spillway.
For stepped spillway, when the flow transitions from
one step to the next step, a part of the flow travels in the
downstream direction, and the other part changes direction
because of the collision between the water and the steps. The
flow that changes direction forms a reflux and collides with
the vertical step surface. Then, the flow is forced to climb and
blocked by the mainstream, forming stable vortices.
To clearly show the spiral flow and downstream flow,
the streamlines are shown in different steps in Figure 7(d).
From Figure 7(a), we can see that the velocity vectors are
parallel to the axial plane, so the vortices are parallel to the
axial plane (as shown in Figure 7(c)) and the flow pattern
can be regarded as a two-dimensional flow, so the pressure
distribution of traditional stepped spillway does not change
along the cross section. However, from Figure 7(b), we can
see that the velocity vectors are not parallel to the axial plane
in V-shaped stepped spillway, and there is transverse velocity
which is from the sidewall to the axial plane. So the water is

nearly void at the sidewalls and causes the minimum pressure
at the upper ledge of vertical step surface at sidewall profiles.
And the collision is formed through the vortex flow from
the sidewall to the axial plane at near the axial plane, so
the water surface is high at near the axial plane and the
flow pattern can be regarded as a three-dimensional flow (as
shown in Figure 7(d)). For this kind of unique flow field,
the pressure distribution of V-shaped stepped spillway is
obviously different at different profiles.
This flow field in V-shaped stepped spillway increases the
turbulence intensity; therefore, there will be better energy
dissipation rate and aeration properties and this will be
studied in the future.

4. Conclusions
In this paper, the pressure distribution of V-shaped stepped
spillway was studied using five turbulence models. The
following conclusions can be drawn:
(1) Although all the numerical results show a good
agreement with physical values, the realizable 𝑘-𝜀 model is
slightly better than other turbulence models in simulating the
pressure distribution of V-shaped stepped spillway.
(2) Compared to traditional steps, the negative pressure is
greater than the traditional steps, but the order of magnitude
has not changed. So near the sidewalls, compared to the Vshaped steps, although the traditional steps are more resistant
to cavitation damage, there is no obvious difference between
them. Considering better energy dissipation rate and aeration
properties, there are broad application prospects, especially
in ecological water conservancy and aeration tanks.
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Cuttings transport problem has long been recognized as one of the key difficulties in drilling horizontal wells, and the models in
cuttings transport research are usually formulated with highly nonlinear equations set. When using Newton methods to solve real
engineering problems with nonlinear equations set, the problems of result dependence on initial values, Jacobian matrix singularity,
and variable outflow of its definition domain in iterations are three of the often-encountered difficulties. In this paper, the ant colony
algorithm is applied to solve the two-layer cuttings transport model with highly nonlinear equations set. The solution-searching
process of solving nonlinear equations set is transformed into an optimization process of searching the minimum value of an
objective function by applying ant colony algorithm. Analyzing the results of the example, it can be concluded that ant colony
algorithm can be used to solve the highly nonlinear cuttings transport model with good solution accuracy; transforming the
solution-searching process of solving nonlinear equations set into an optimization process of searching the minimum value of
the objective function is necessary; the real engineering problem should be simplified as much as possible to decrease the number
of unknown variables and facilitate the use of ant colony algorithm.

1. Introduction
Cuttings transport problem has long been recognized as
one of the key difficulties in drilling horizontal wells. Over
the past 30 years, considerable effort has been expended
on solving cuttings transport problem in drilling horizontal
wells. Many researchers developed various models [1–10] to
investigate this problem, among which the two-layer model is
one of the analytical research models and is formulated with
highly nonlinear equations set.
Nevertheless, solving the complicated highly nonlinear
model to get a reasonable and stable solution has long been
a challenge to researchers. Usually, the Newton methods,
including the Newton iteration method, Discrete Newton
method, and Newton Downhill method, are used in solving
nonlinear equations set. However, the result solved by using
the Newton methods is highly dependent on the initial values,
and finding proper initial values for nonlinear equations

set is not an easy job. Meanwhile, since the gradient or
the Jacobian matrix has to be calculated and updated in
the iteration, singularity problem of Jacobian matrix often
occurs in the computation, and this problem will probably
make the iteration prematurely terminated. In addition,
when these Newton methods are applied to solve real engineering problems in which the variables usually have to
fall within their specific definition domain, the solutionsearching process often causes the variable outflow of its
definition domain, which often leads to failure of getting
reasonable results. Obviously, the result dependence on initial
values, Jacobian matrix singularity, and variable outflow of
its definition domain in iterations are three of the oftenencountered difficulties when using Newton methods to solve
real engineering problems.
Recently, some researchers [11–19] used artificial intelligence algorithms, such as Genetic Algorithm, Simulated
Annealing Algorithm, and Artificial Fish-Swarm Algorithm,
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Figure 1: Schematic of cuttings condition under two-layer model [1].

to solve nonlinear equations set and obtained satisfactory
results. The artificial intelligence algorithms search solutions
in the whole definition domain and the result does not
depend on the initial values. Moreover, the artificial intelligence algorithm does not need to calculate the Jacobian
matrix and the variable definition domain can be artificially
preset according to real problems requirements. Therefore,
the initial values sensitivity problem, the singularity problem
in calculating Jacobian matrix, and the variable outflow of
its definition domain problem can be effectively avoided
when using artificial intelligence algorithms to solve problems with nonlinear equations set. Ant colony algorithm is
one of the artificial intelligence algorithms and has been
widely used in optimizing engineering problems. Since solving real engineering problems needs much more work on
model formulation, model simplification, variable definition
domain determination, model solution, and so on, it is much
more complicated than solving pure mathematical nonlinear
equations set. Some researchers [18, 19] tried to solve pure
mathematical nonlinear equations set with ant colony algorithm, but few applications of ant colony algorithm in solving
real engineering problems with nonlinear equations set have
been reported.
The objective of this paper is to apply the ant colony
algorithm to solve the cuttings transport problem with highly
nonlinear equations set so as to simplify the process of solving
cutting transport model and provide a new way to solve
nonlinear engineering problems.

2. Formulation of Cuttings Transport Problem
2.1. Model Formulation. In order to formulate the model of
cuttings transport problem, material and momentum balance
analysis are needed. In the formulation of material and
momentum balance equations, 𝐴, 𝐶, V, 𝑆, and 𝜏 refer to
area, cuttings concentration, velocity, wetted perimeter, and
shear stress, respectively. The subscripts, 𝑠, 𝑏, 𝑖, and 𝑡, refer to
suspension layer, cuttings bed, suspension-bed interface, and
total quantity, respectively.
Under steady flow conditions, assuming no slip between
the liquid and solid phases, the material balances can be
expressed as follows.
For solid phase [1],
𝐴 𝑠 𝐶𝑠 V𝑠 + 𝐴 𝑏 𝐶𝑏 V𝑏 = 𝐴 𝑎 𝐶𝑡 V𝑡 .

(1)

For liquid phase,
𝐴 𝑠 (1 − 𝐶𝑠 ) V𝑠 + 𝐴 𝑏 (1 − 𝐶𝑏 ) V𝑏 = 𝐴 𝑎 (1 − 𝐶𝑡 ) V𝑡 ,

(2)

where 𝐴 𝑎 is the annular area. In Figure 1, 𝐷 is the hole
diameter and 𝑑 is the drill pipe diameter. SI units are adopted
if units are not specially indicated.
Under steady flow conditions, the forces acting on the
cuttings bed and suspension layer must equal zero. Therefore,
the momentum balances can be written as follows.
For cuttings bed,
−𝐴 𝑏 (

Δ𝑝
) − 𝜏𝑏 𝑆𝑏 + 𝜏𝑖 𝑆𝑖 − 𝐺𝑏 − 𝐹𝑏 = 0.
𝐿

(3)

For suspension layer,
−𝐴 𝑠 (

Δ𝑝
) − 𝜏𝑠 𝑆𝑠 − 𝜏𝑖 𝑆𝑖 − 𝐺𝑠 = 0,
𝐿

(4)

where Δ𝑝 is the pressure loss, 𝐿 is the length for one
particular section, 𝐺𝑏 and 𝐺𝑠 are the gravitational forces
on the cuttings bed and the suspension layer in the flow
direction, respectively, and 𝐹𝑏 is the frictional force on the
cuttings bed at the wellbore-bed interface.
The cuttings concentration in the suspension layer is
assumed to submit to the diffusion law, which can be
expressed as follows:
𝐶𝑠
V sin 𝛼
1
=
(𝑦 − ℎ𝑏 )) 𝑑𝐴,
∫ exp ( hin
𝐶𝑏 𝐴 𝑠 𝐴 𝑠
𝜀𝑝

(5)

where Vhin is the hindered cutting falling velocity due to
cuttings collision in the suspension layer, 𝛼 is the well
inclination angle, ℎ𝑏 is the cuttings bed height, and 𝜀𝑝 is the
diffusion coefficient of cuttings in the suspension layer.
In (1)–(5), ℎ𝑏 , V𝑠 , V𝑏 , 𝐶𝑠 , and Δ𝑝/𝐿 are the unknown
variables. Once these unknowns are determined, all the other
variables can be calculated. The detailed derivations of the
model equations are documented in [1].
2.2. Model Simplification. From Figure 1, it can be seen that
the values of 𝐴 𝑠 , 𝐴 𝑏 , 𝑆𝑠 , 𝑆𝑏 , and 𝑆𝑖 are all dependent on the
cuttings bed ℎ𝑏 (see reference [20]). For the other variables,
the shear stresses 𝜏𝑠 , 𝜏𝑖 , and 𝜏𝑏 are functions of variables V𝑠 or
V𝑏 . The gravitational forces 𝐺𝑠 and 𝐺𝑏 are functions of 𝐴 𝑠 and
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𝐴 𝑏 , respectively, and hence they are functions of ℎ𝑏 . Cuttings
hindered falling velocity Vhin and diffusion coefficient 𝜀𝑝 are
functions of V𝑠 .
The analysis above shows that (1)–(5) are highly nonlinear. The main challenge in solving this cuttings transport
problem is to solve this set of highly nonlinear equations
and obtain a stable and reliable solution. In solving nonlinear
equations set, it is much better to simplify the equations set
and reduce the number of unknown variables. Therefore, this
set of nonlinear equations in cuttings transport problem will
be analyzed to reduce the number of equations in order to
decrease the solution difficulty.
When solving the cuttings transport problem in horizontal section (i.e., 𝛼 = 90∘ ), the cuttings bed does not move at
the lower side of the wellbore and thus V𝑏 = 0. Equation (3)
can be eliminated for it is meaningless to analyze the force
balance on a static cuttings bed.
Adding (1) and (2) gives
𝐴 𝑠 V𝑠 = 𝐴 𝑎 V𝑡

(6)

𝐴 𝑠 V𝑠 = 𝑄,

(7)

which is

Dorigo in 1992 and has been widely used in many areas
[21–32], such as fuzzy predictive control, behavior learning
and reproduction by robots, and mobile ad hoc network
optimization. The general idea of ACA is to mimic the process
of ants seeking an optimum path between their colony and
a source of food. The ants will leave pheromones on the
path when they are searching food. There are the most
pheromones accumulated on the shortest path. The ants
exchange information through the pheromones on the path
and finally all the ants seek food along the shortest path. This
is a path optimization process.
The initial design of ant colony algorithm is only applicable to discrete domains, such as in TSP problems. When
the algorithm is applied in continuous domains, it should be
modified. For example, the selection probability is calculated
by the fitness value which is related to the objective function
value rather than the distance between two discrete cities in
the TSP problem.
In this paper, 𝐹 is set as the optimization objective, and
2 − 𝐹 is used as the pheromone accumulation value (i.e.,
fitness value), and the selection probability of one ant for one
particular path in one generation is defined as
 𝑝
𝑝
 𝜏best − 𝜏𝑖 
 .

prob = 

 𝜏𝑝


best

where 𝑄 is the flow rate, which is a known variable.
Comparing (6) with the simplified (1), we can get
𝐶𝑠 = 𝐶𝑡

(8)

in which 𝐶𝑡 is the cuttings supply concentration, which can
be determined by the rate of penetration.
The pressure loss per unit length Δ𝑝/𝐿 is only shown in
(4), so it can be obtained using the value of other variables
after the other equations are solved. Therefore, the nonlinear
equations’ set to be solved only consists of (7) and (5).
Through the analysis above, it can be seen that solving the
five nonlinear equations set can be simplified into two steps.
First, solve the equations set of (7) and (5) to get the value
of V𝑠 and ℎ𝑏 , and then substitute the values of V𝑠 and ℎ𝑏 to (4)
to get the value of Δ𝑝/𝐿.
2.3. Formulation of the Objective Function. In order to apply
the ant colony algorithm to the cuttings transport problem,
an objective function has to be formulated before the calculation. Transforming (7) and (5), define the objective function
𝐹 as


𝐹 = 𝐴 𝑠 V𝑠 − 𝑄


(9)
𝐶
V sin 𝛼


(𝑦 − ℎ𝑏 )) 𝑑𝐴 .
+ 𝐶𝑠 − 𝑏 ∫ exp ( hin
𝐴 𝑠 𝐴𝑠
𝜀𝑝


If 𝐹 reaches its minimum value (i.e., close to zero), the values
of V𝑠 and ℎ𝑏 can be recognized as the solution of (7) and (5).

3. Two-Dimensional Continuous-Domains
Ant Colony Algorithm
3.1. Ant Colony Algorithm Mechanism. Ant colony algorithm
(ACA) is a heuristic algorithm initially proposed by Marco

(10)

The pheromone update rule is calculated as
𝑝

𝑝−1

𝜏𝑖 = (1 − Rho) ∗ 𝜏𝑖

𝑝

+ 𝑇𝑖 ,

(11)

𝑝

where 𝜏best is the largest value of pheromone accumulation
𝑝
among all ants in the 𝑝th generation, 𝜏𝑖 is the value
of pheromone accumulation for the 𝑖th ant in the 𝑝th
𝑝−1
is the value of pheromone accumulation
generation, 𝜏𝑖
for the 𝑖th ant in the (𝑝 − 1)th generation, Rho is the
𝑝
pheromone evaporation coefficient, and 𝑇𝑖 is the newly
added pheromone value, that is, the function value for the 𝑖th
ant in the 𝑝th generation.
For the formulation of the fitness value of each ant, choose
arbitrary values within their definition domain (e.g., 1.53 m/s,
0.059 m) and then calculate the value of 𝐹 (e.g., 0.0171). The
fitness value can be set as 2 − 𝐹 in order to get a higher
value as the objective function 𝐹 goes lower. The fitness
value represents the pheromone accumulation, and all the
ants are designed to move towards the position where the
accumulated pheromone is the largest. The ants will select
moving paths according to the selection probability calculated based on the fitness value. After sufficient generations,
all the ants will gather at the position where the pheromone
accumulation (i.e., fitness value) is the largest.
3.2. Problem Description. Objective function:
min 𝐹


= 𝐴 𝑠 V𝑠 − 𝑄



𝐶
V sin 𝛼


+ 𝐶𝑠 − 𝑏 ∫ exp ( hin
(𝑦 − ℎ𝑏 )) 𝑑𝐴 .
𝐴 𝑠 𝐴𝑠
𝜀𝑝



(12)
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Start

End
Yes

Set the numbers of ants
and generations
No
Set the scope of
optimization parameters
and initiate positions
of all the ants

No

Calculate the selection
probability; then get the
temporary ant positions
according to the selection
probability

FＮ？ＧＪ < F＜？＠ＩＬ？ , and all the
constraints are satisfied?

Reaching the
maximum generations?

All the ants converging
at the same position?

Yes

Ants take
temporary positions
Yes

Update the
pheromones

No
Randomly reset
the ant positions

Figure 2: Flow loop of equation solving with ant colony algorithm.

Fitness value: 2 − 𝐹.
Variables: V𝑠 , ℎ𝑏 .
Definition domain: V𝑠 > 0, ℎ𝑏 ∈ (0, 𝐷).
3.3. Solution-Searching Procedure. The solution-searching
procedure with ant colony algorithm is shown in Figure 2.
The ant colony algorithm is solved by Matlab programming
and the detailed process of solving the problem is as follows.
(1) Set the numbers of ants and iteration generations.
In the ant colony algorithm, the ants will search solutions
within the preset generations. If the ants could not find
solution with the preset generations, probably, more ants and
generations are necessary. The quantity of ants and iteration
generations can be adjusted by doing tests for different
problems. Generally, 6–10 ants and 300–700 generations are
sufficient for a common optimization.
(2) Set the scopes of optimization parameters, which are
the cuttings bed height and the suspension layer velocity.
When using the ant colony algorithm to solve the cuttings
transport model, it only needs setting the scopes of optimization parameters, which are the cuttings bed height and the
suspension layer velocity, rather than providing accuracysensitive initial values. The two parameters will change within
the preset scope, and the ant will find solution within
their preset scope. This successfully avoids the difficulty of
providing the result-sensitive initial value selection problem.
The scopes of optimization parameters can be set according
to common drilling experiences.
(3) Conduct the optimization and obtain the optimum
cuttings bed height and suspension layer velocity.

The detailed solution-searching process with ant colony
algorithm is as follows.
First, the ant colony algorithm randomly assigns positions (i.e., cuttings bed height and suspension layer velocity)
within the two preset optimization scopes for each ant to
initiate the ant positions. After doing this, each ant has
an initial position with two parameters (i.e., cuttings bed
height and suspension layer velocity). Then, these chosen
parameters for each ant are sent to evaluate the objective
function (i.e., (12)) and the fitness value (i.e., the pheromone
accumulation in (11)). In the whole optimization process,
the ants tend to find the position with the largest fitness
value, which mathematically means the smallest error for
solving the nonlinear equations set (i.e., the smallest objective
function value in (12)). Next, use the fitness value to calculate
the selection probability by (10). The selection probability
represents the distance between each ant position and the
optimum ant position (i.e., ant position with the largest
fitness value). The ants with higher selection probability,
which means they are comparatively farer from the ant
with the largest fitness value, are designed to move faster
towards the ant with the largest fitness value. According to
the value of selection probability for each ant, all the ants
will be accordingly assigned a temporary position at each
generation. If the fitness value at the temporary position is
higher than the fitness value at the previous position, those
ants will take the temporary positions as their new positions.
The ant positons (i.e., cuttings bed height and suspension
layer velocity), at which their fitness values do not increase,
are sent to reset their values randomly. At each generation, all
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Table 1: Parameters used in the model.
Values
0.127
0.04826
0.295
0.698
1.102 × 103
90∘

4
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Parameters
Hole size, m
Drill pipe size, m
Consistency coefficient, Pa. s𝑛
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Drilling fluid density, kg/m3
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Figure 4: Distribution of ants at generation = 55.
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Figure 3: Initial distribution of ants.

the ants tend to move towards the position where the fitness
value is the largest, and the fitness values (i.e., pheromones)
are updated by (11). Therefore, it can be expected that after
certain generations, all the ants will gather at the position
with the largest fitness value, and the optimum ant position
(i.e., the optimum cuttings bed height and suspension layer
velocity) is obtained.

4. Example
4.1. Example Data. The parameters used in the cuttings
transport model are shown in Table 1.
The ant population size, maximum generations, and the
pheromones evaporation coefficient are taken as 10, 700, and
0.8, respectively.
4.2. Result and Discussion. Figures 3–5 demonstrate the process of how the ants find the solution at flow rate 0.014 m3 /s.
First, the ants dispersed randomly in the scopes of suspension
layer velocity V𝑠 and cuttings bed height ℎ𝑏 as shown in
Figure 3. After 55 generations shown in Figure 4, it can be
apparently seen that the ants tend to gather towards the
positions where the fitness value is higher. When the 550
generations pass, shown in Figure 5, all the ants stay at
around (1.3303 m/s, 0.0070 m), where the fitness value is the
highest (i.e., 1.9999). The highest fitness value means that
objective function value reaches the lowest, very close to zero
(i.e., 0.000063), which mathematically corresponds to the
solution of the nonlinear equations set. Therefore, the value

4
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Figure 5: Final distribution of ants at generation = 550.

(1.3303 m/s, 0.0070 m) can be taken as the solution for V𝑠 and
ℎ𝑏 .
The relationship between the average objective function
value and iteration generations is shown in Figure 6. It can be
seen from Figure 6 that the objective function value decreases
quickly as the generation increases. At generation 550, the
objective function value is very close to zero (0.000063), and
the values of V𝑠 and ℎ𝑏 (1.3303 m/s, 0.0070 m) in Figure 5 can
be used as the solution of the nonlinear equations set.
The cuttings transport problem is also solved with Discrete Newton method. When using Discrete Newton method,
one should be very careful with dealing with the singularity
problem of the Jacobian matrix and try to keep the variation
of variables in the reasonable scope in the iteration. If the
values of variables go beyond the reasonable scope, it can
lead to obtain unreasonable results or possibly failure to
converge. However, when using ant colony algorithm, there
is no need to calculate the gradient and Jacobian matrix, so
the singularity problem of the Jacobian matrix is avoided.
Moreover, the scope of variable variation can be artificially
set within the reasonable scope. For instance, the cuttings bed
height should vary within the limit of hole diameter, so the
variation range of cuttings bed height can be artificially set
within the scope (0, 0.127 m), so the variable outflow of its
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Table 2: Comparison of results calculated by Discrete Newton method and ant colony algorithm.
3

Flow rate, m /s

Variables
V𝑠 , m/s
ℎ𝑏 , m
V𝑠 , m/s
ℎ𝑏 , m
V𝑠 , m/s
ℎ𝑏 , m

Q = 0.010
Q = 0.012
Q = 0.014

Discrete Newton method
1.0282
0.0178
1.1688
0.0111
1.3285
0.0070

Ant colony algorithm
1.0270
0.0179
1.1663
0.0110
1.3303
0.0070

Error
0.12%
0.56%
0.21%
0.90%
0.14%
0.00%

Table 3: The values of all the variables at flow rate 0.014 m3 /s.
Flow rates, m3 /s
0.014

Suspension layer
velocity, m/s

Cuttings bed height,
m

Pressure loss per unit
length, Pa/m

Cuttings concentration
in suspension layer

Velocity of cuttings
bed, m/s

1.3303

0.007

756.23

0.0025

0

Average objective function value

0.014
0.012
0.01
0.008
0.006
0.004
0.002
0

0

100

200

300
400
Generations

500

600

Figure 6: Relationship between the average objective function
values and generations.

definition domain problem is avoided. Meanwhile, since the
ant colony algorithm initiates values of variables randomly
in the optimization domain, the optimization result has no
dependence on the initial values. Therefore, using ant colony
algorithm can avoid the result dependence on initial values
problem, Jacobian matrix singularity problem, and variable
outflow of its definition domain problem. The solution result
comparison between the Discrete Newton method and ant
colony algorithm is presented in Table 2. As can be seen from
Table 2, the error between these two methods is below 1%,
which proves the effectiveness of using ant colony algorithm
to solve the cuttings transport problem.
The values of pressure loss per unit length Δ𝑝/𝐿 can be
calculated after the values of V𝑠 and ℎ𝑏 are obtained. One
group of values for 5 unknown variables in the cuttings
transport model is presented in Table 3.
4.3. Advances of Using the New Method. The cuttings transport model is formulated with nonlinear equations set, and
traditionally it is solved by the Newton methods. When the
Newton methods are used to solve the nonlinear equations

set, the result dependence on initial values, Jacobian matrix
singularity, and variable outflow of its definition domain are
three of the often-encountered difficulties. These problems
will lead to the failure of getting reasonable results when
Newton methods are used to solve real engineering problems.
Compared to the Newton methods, the ant colony algorithm method does not need the selection of result-sensitive
initial values but only needs a comparatively large solutionincluded scope, which greatly decreases the difficulty of providing result-sensitive initial values. Since there is no Jacobian
matrix in the ant colony algorithm, the new method avoids
the Jacobian matrix singularity problem which often occurs
when using Newton methods. The ant colony algorithm
searches solution in the preset scope, so there is no problem
such as variable outflow of its definition domain. Therefore,
compared to Newton methods, using ant colony algorithm
makes solving the nonlinear cuttings transport model easier
and more stable and provides a new way of solving cuttings
transport problem.
The present study mainly focuses on proposing a new
method of using ant colony algorithm to solve the cuttings
transport model. The new method effectively avoids the
initial values selection, the singularity problem of Jacobian
matrix, and the variable outflow of its definition domain
problem in solving the model and meanwhile does not
decrease the accuracy, which greatly simplifies the process
of solving the nonlinear equations model. The application of
using the ant colony algorithm to solve the cuttings transport
problem in the field will be further explored in the future
research.

5. Conclusions
(1) The ant colony algorithm can be used to solve cuttings
transport model with highly nonlinear equations set,
and the solutions solved by ant colony algorithm and
Discrete Newton method show good agreement with
each other.
(2) Transforming the solution-searching process of solving nonlinear equations set into an optimization process of searching the minimum value of the objective
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function is necessary in applying the ant colony
algorithm to real nonlinear engineering problems.
(3) The real engineering problem should be simplified
according to its physical characteristics as much as
possible in order to decrease the number of unknown
variables and facilitate the use of ant colony algorithm.
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Inspired by the recent success of applying multispeed lattice Boltzmann models with a non-space-filling lattice for simulating
transcritical shallow water flows, the capabilities of their space-filling counterpart are investigated in this work. Firstly, two lattice
models with five integer discrete velocities are derived by using the method of matching hydrodynamics moments and then tested
with two typical 1D problems including the dam-break flow over flat bed and the steady flow over bump. In simulations, the derived
space-filling multispeed models, together with the stream-collision scheme, demonstrate better capability in simulating flows with
finite Froude number. However, the performance is worse than the non-space-filling model solved by finite difference scheme. The
stream-collision scheme with second-order accuracy may be the reason since a numerical scheme with second-order accuracy is
prone to numerical oscillations at discontinuities, which is worthwhile for further study.

1. Introduction
The shallow water equations (SWEs) have been used to
model free surface flows in rivers and coastal areas under the
assumption of the hydrostatic pressure [1]. Numerically, the
SWEs can be solved by using conventional numerical method
such as finite difference methods [2], finite element methods
[3], and finite volume methods [4]. Alternatively, the lattice
Boltzmann method (LBM) [5–8] can be used to model SWEs
at mesoscopic level [1, 9–18]. In particular, one-dimensional
shallow water flows have been studied by Frandsen [19],
Thang et al. [20], and Chopard et al. [21].
A major limitation of LBM is its inability to model supercritical flows. For this reason, Chopard et al. [21] developed
an asymmetric lattice Boltzmann model for one-dimensional
flow flows which can simulate flows with Froude numbers
larger than 1. La Rocca et al. [22] proposed a multispeed
model with a non-space-filling lattice which is solved by finite
difference scheme and successfully simulated supercritical
flows. Here, by using the word “multispeed,” it means lattices
that have more than one nonzero speed in one dimension;
see, for example, La Rocca et al. [22] and Brownlee et al.
[23]. For instance, the commonly used D1Q3, D2Q9, and

D3Q19 lattices are not classified as multispeed lattice. Also,
“non-space-filling”/“space-filling” means a lattice model that
cannot/can fit into the standard steam-collision scheme.
Inspired by the success of the non-space-filling multispeed model, the capability of their space-filling counterpart
will be investigated on simulating flows with finite Froude
number. Specifically, two space-filling models will be derived
by matching hydrodynamic moments (see, e.g., [1, 22, 24])
and then tested by using two typical shallow water problems.

2. Multispeed Lattice Boltzmann Models for
1D Shallow Water Equation
The one-dimensional SWEs read
𝜕ℎ 𝜕 (ℎ𝑢)
+
= 0,
𝜕𝑡
𝜕𝑥
2
𝜕𝑧
𝜕 (ℎ𝑢) 𝜕 (ℎ𝑢 )
𝜕 ℎ2
𝜕2 (ℎ𝑢)
− 𝑔ℎ 𝑏
+
= −𝑔 ( ) + ]
𝜕𝑡
𝜕𝑥
𝜕𝑥 2
𝜕𝑥2
𝜕𝑥

+ 𝐹,

(1)

2
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which describe the evolution of water depth ℎ and depthaveraged velocity 𝑢. The force term 𝐹 is used to model various
interesting effects such as wind-induced surface stress and the
bed gradient.
SWEs can be modelled by using a mesoscopic evolution
rule
𝑓𝛼 (𝑥 + 𝑒𝛼 Δ𝑡, 𝑡 + Δ𝑡) − 𝑓𝛼 (𝑥, 𝑡)
1
1
= − (𝑓𝛼 − 𝑓𝛼eq ) + Δ𝑡𝑆𝛼 (𝑥 + 𝑒𝛼 Δ𝑡, 𝑡)
𝜏
2

(2)

which describes the fluid motion using a distribution function 𝑓. Important factors, such as wind-induced surface
stress, are also modelled by a force term at the right hand side;
that is, 𝑆𝛼 = 𝑤𝛼 𝑒𝑎𝑖 𝐹𝑖 /(cs)2 and 𝐹𝑖 = 𝐹𝑖 (𝑥 + (1/2)𝑒𝛼 Δ𝑡, 𝑡). The
weight factor is denoted by 𝑤𝛼 for a discrete velocity 𝑒𝛼 , and
the sound speed cs can be calculated by using 𝑒/𝜆, where 𝜆 is
a reference quantity varying with lattice.
To successfully simulate shallow water flows, the key is to
define an appropriate local equilibrium function 𝑓𝛼eq and the
associated lattice. Here, the equilibrium distribution function
in Zhou [1] is generalized to
𝑓𝛼eq
𝑔ℎ 𝑢𝑖 𝑢𝑖
1
{
𝛼 = 0,
{
{𝑤0 ℎ ( 𝑤 − 𝐴 𝑒2 − 2cs2 )
0
={
𝑒 𝑒 𝑢𝑢
{
{𝑤𝛼 ℎ (𝐵 𝑔ℎ + 𝑒𝛼𝑖 𝑢𝑖 + 1 [ 𝛼𝑖 𝛼𝑗 𝑖 𝑗 − 𝑢𝑖 𝑢𝑖 ]) 𝛼 ≠ 0,
𝑒2
cs2
2
cs4
cs2
{

(3)

where the coefficients 𝐴 and 𝐵 can be adjusted to satisfy the
conservation of mass and momentum, i.e.,
ℎ = ∑𝑓𝛼eq ,
𝛼

𝑔ℎ2
ℎ𝑢 +
= ∑𝑒 𝛼 𝑒 𝛼 𝑓𝛼eq .
2
𝛼

(4)

2

By substituting (3) into (4), the following equations can be
obtained:
𝑤0 𝐴 = ∑𝑤𝛼 𝐵
𝛼

∑
𝛼

𝑒 𝛼 𝑒 𝛼 𝑤𝛼 𝐵 1
=
𝑒2
2

(𝛼 ≠ 0) ,
(5)

(𝛼 ≠ 0) .

The weights 𝑤𝛼 in (3) will depend on the choice of lattice.
Here two sets of velocity lattices will be adopted, that is,
discrete velocities (0, ±1, ±2) derived by Qian and Zhou [25]
and (0, ±1, ±3) derived by Chikatamarla and Karlin [26].
They are named as D1Q5A and D1Q5B, respectively, and the
relevant parameters are listed in Table 1. For convenience, the
standard (0, ±1) (D1Q3) lattice also is listed and it will be used
for comparison in the following simulations.

3. Case 1: 1D Dam-Break Flow
To test the ability of the derived space-filling models, firstly
a simple but challenging 1D dam-break flow over flat bed

Table 1: Parameters of three lattice Boltzmann models. The reference quantity and the weights for D1Q5A and D1Q5B are adopted
from Qian and Zhou [25] and Chikatamarla and Karlin [26],
respectively.
𝐴
𝐵
𝜆
𝑤 (0)
𝑤 (±1)
𝑤 (±2) or 𝑤 (±3)

D1Q3
3/4
3/2

D1Q5A
1/2
1/2

√3
2/3
1/6
—

1
1/2
1/6
1/12

D1Q5B
(110 + 23√10)/48
(5 − √10)/6
√(5 − √10)/3
(16 − 4√10)/45
(24 + 3√10)/80
(16 + 5√10)/720

is used. Initially, the water is stationary but there is a
discontinuity in the middle of computational region (𝑥 =
1000 m), described as follows:
{ℎ1 , 0 ≤ 𝑥 ≤ 1000 m
ℎ (𝑥) = {
ℎ , 1000 m < 𝑥 ≤ 2000 m.
{ 2

(6)

The discontinuity will then propagate stream-wise and
change its shape. The sharp gradient at the wave front is
difficult to be captured smoothly.
In simulations, 2000 cells are used and therefore Δ𝑥 is
1 m and Δ𝑡 is 0.1 s. The initial upstream water depth is set
to be 5 m for all tests. Firstly, in order to verify the two
multispeed lattice models, the water depth of 3 m is specified
in the downstream, where the maximum Froude (Fr) number
is 0.26. In Figure 1, the predictions of water depth and velocity
of two models and the D1Q3 model are compared with the
corresponding analytical solutions [27]. It is shown that all
three models are satisfactory, which is as expected since the
Fr is relatively low.
To examine the capability of simulating flow with higher
Froude number, a series of tests will be carried out by adjusting the downstream depth. It is found, as shown in Figure 2,
that the D1Q5B model can simulate flows with Fr = 1.14 if the
relaxation time is set to be 1.99, although there are errors near
the discontinuity perhaps due to the numerical oscillations.
The D1Q5A is able to simulate flows with Fr = 1.07, while the
D1Q3 model fails to simulate Froude number beyond unity.
The difference between two multispeed models shows that the
capability can also be impacted by the lattice structure.

4. Case 2: 1D Steady Flow over Bump
A steady flow over a bump bed will be utilized to further test
the multispeed models. For this flow problem, the subcritical
flow over the same bump has been studied by Goutal and
Maurel [28], Zhou [1], and Peng et al. [18].
For testing, the bed bottom is defined as
2
{0.2 − 0.05 (𝑥 − 6) ,
𝑍𝑏 (𝑥) = {
0,
{

8 m < 𝑥 < 12 m
else.

(7)

The inlet boundary condition is specified by setting a constant
discharge of 𝑄 = 4.42 m2 /s. The length of channel is 25 m.
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Figure 2: Water depth and velocity profiles predicted by D1Q5B
models at 𝑡 = 80 s with ℎ2 = 0.61 m and maximum Fr = 1.14 [(a)
water depth, (b) water velocity].
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Figure 1: Water depth and velocity profiles predicted by D1Q3,
D1Q5A, and D1Q5B models at 𝑡 = 80 s (ℎ1 = 5 m and ℎ2 = 3).
zb + ℎ (m)

A fixed water depth ℎ0 will be used at the outlet boundary,
which will be reduced gradually to find the maximum Fr that
can be simulated. The space step Δ𝑥 is set to be 0.1 m to get
the grid-independent solution according to Peng et al. [18]
and the time step Δ𝑡 = 0.002 s. A relaxation time of 1.99 is
employed for all simulations except for the cases shown in
Figure 3. Besides, the bed friction is ignored here.
First, the case with a downstream water depth of 2 m is
tested to verify the multispeed models. As shown in Figure 3,
all models agree well with the analytical solution, which again
confirms capability of multispeed model in the relative low
Froude number.
Then the downstream water depth is adjusted to test
the capability of higher Froude number, that is, to find the
minimal downstream water depth. The corresponding results
are presented in Figure 4. It is found that the maximum
Fr for D1Q3 is 0.69, which is consistent with the previous
findings by Zhou [1]. The D1Q5B model can simulate flows
with a Froude number of 1.09, while the D1Q5A model fails
to simulate Froude number beyond 0.91, which also shows the
importance of lattice structure.

Water surface profiles
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Figure 3: Water surface profiles with ℎ0 = 2 m.

5. Concluding Remarks
In this study, the space-filling multispeed lattice Boltzmann
model has been investigated to simulate the transcritical
shallow water flows. By matching hydrodynamics moments,
two lattice models with five integer lattice velocities have been
derived, which are tested together with the standard model
with three discrete velocities for a 1D dam-break and a 1D
steady flow over bump.
It is encouraging to find that the space-filling multispeed
model can improve the capability of simulating flows with
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Figure 4: Water surface and Froude number profiles with minimum
water depth for three models (ℎ0 = 1.93, 1.77, and 1.71 and Fr = 0.69,
0.91, and 1.09 for D1Q3, D1Q5A, and D1Q5B models, resp.).

higher Fr, particularly compared with the standard D1Q3
model. The different performances between two multispeed
models show that capability can be impacted by the lattice
structure.
In comparison with the non-space-filling model proposed by La Rocca et al. [22], the space-filling versions
here demonstrate limited capability in terms of finite Froude
number although similar numbers of discrete velocities are
used in these two studies. This is potentially due to the fact
that the stream-collision scheme is a second-order scheme.
It is well known that a numerical scheme of second-order
accuracy is prone to numerical oscillations at discontinuities.
The impact of the stream-collision scheme will be studied
further in the future.
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Département Laboratoire National d’Hydraulique, Groupe
Hydraulique Fluviale, Electricité de France, France, 1997.
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The near-bed sediment concentration and vertical sediment flux are important in sediment transport mechanics, but they are known
much less than the horizontal sediment flux, especially for fine sediment in unsteady flows. A developed two-phase model is applied
to study the near-bed sediment concentration, vertical sediment flux, and the relevant total sediment amount for the velocityskewed oscillatory sheet flow transport. With the sediment concentration hindered fall velocity, the classical reference concentration
formulas conducted by Engelund and Fredsoe (1976) and Zyserman and Fredsoe (1994) are utilized for the comparison with the twophase model and illustration of the phase-lag and sediment size effects in near-bed sediment concentration and vertical sediment
flux. The concentration and vertical flux predicted by the two-phase model agree well with experimental data and are better than
empirical formulas. Furthermore, the sediment size effect for pick-up flux function over starved bed is shown to be quite different
from that containing sufficient sediment in oscillatory flows.

1. Introduction
The phenomenon of sediment entrainment and settlement is
universal in river and coastal environment and extraordinarily important in the subaquatic geomorphology. The vertical
sediment fluxes consist of pick-up flux due to turbulence,
settling flux due to gravity, and their summation denoting
the variation rate of total sediment amount. Associated
with the sediment concentration, they represent the vertical
sediment exchange strength and are important for the study
of sediment settling down to deposition and picked up into
suspension. Most sediment models need a type of nearbed condition associated with vertical sediment flux for
bottom boundary conditions. So the predictions of nearbed concentration, vertical sediment flux, pick-up flux, and
settling flux are very fundamental for such sediment models.
In fully developed steady flows, the pick-up flux and
settling flux are in balance and the total vertical flux is zero.
Numerous steady flow formulas have been carried out to

predict the vertical sediment flux over loose sediment bed
in developed equilibrium steady flows. Generally, some are
straight driven by the pick-up function based on clear water
flow over starved bed without considering the influence of
suspended sediment [1, 2], so they are not appropriate in the
flow already containing large amount of suspended sediment.
The others are evaluated by the balance of pick-up and
settling down according to the concentration and sediment
fall velocity [3], and the relevant concentration denotes the
vertical sediment flux strength.
The near-bed sediment concentration and vertical sediment fluxes in unsteady flows are much more complicated
than that in steady flows due to the phase-lag effect, and
formulas in unsteady flows are lacking. So the near-bed
concentrations denoting vertical flux strength in steady flows
[4–6] are applied and widely used in unsteady numerical
models for sediment transport [7–9], and even their concentrations drop to zero near the flow reversal when the bottom
shear stress is under a threshold. The knowledge of vertical
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sediment flux in unsteady flow is still necessary for numerical
models’ boundary conditions in engineering.
In unsteady flows, the vertical sediment flux can be
derived from the variation rate of sediment amount in movement [10], which can be obtained by single phase models or
two-phase models. The single phase numerical models are
dependent on the reference concentration or vertical flux as
the bottom boundary conditions and cannot describe the
vertical flux below reference height. The two-phase models
[11–13] can obtain the details of reference concentration and
vertical flux as a result of the turbulent upward effect and
gravitational settlement. Yu et al. [12] study the vertical flux
for medium and coarse sediment, but the model is not valid
for fine sediment (diameter 𝐷 < 0.2 mm) when the phase-lag
is obvious due to the sediment stress. In addition, the vertical
sediment fluxes have not been extracted accurately enough
due to the noise or error of modelling high concentration.
Very little is known about the near-bed concentration and
vertical flux for fine sediment and the phase-lag effects, which
are important in the generation of net sediment transport,
especially in velocity-skewed oscillatory flows with a sharp
wave crest and gentle wave trough.
Present study utilizes a two-phase model to study the
near-bed sediment concentration and vertical fluxes in
velocity-skewed oscillatory sheet flows containing sufficient
amount of sediment. The results mainly exhibit and explain
the phase-lag characteristics in concentration and vertical
flux at the reference height, near-immobile bed, and very low
concentration area for difference sediment sizes.

2. Applied Models
Chen and Yu [13] two-phase model is utilized to obtain the
sediment concentration and vertical fluxes. For comparison,
several steady flow empirical formulas are also applied.
2.1. Two-Phase Flow Model. The two-phase model includes
Reynolds averaged continuity and momentum equations:
𝜕 [(1 − 𝛼) 𝑢𝑓,𝑗 + 𝛼𝑢𝑠,𝑗 ]
𝜕𝑥𝑗
𝜕𝛼
+
𝜕𝑡

𝜕 (𝛼𝑢𝑠,𝑗 )
𝜕𝑥𝑗

𝜕 [(1 − 𝛼) 𝑢𝑓,𝑖 ]
𝜕𝑡
=−

= 0,

𝜕 [(1 − 𝛼) 𝑢𝑓,𝑖 𝑢𝑓,𝑗 ]
𝜕𝑥𝑗

𝜕 [(1 − 𝛼) 𝑘] 𝜕 [(1 − 𝛼) 𝑘𝑢𝑓𝑗 ]
+
𝜕𝑡
𝜕𝑥𝑗
=

𝜕𝑘
𝜕
[(1 − 𝛼) ]𝑓𝑘
] + (1 − 𝛼) (𝐺 − 𝜀)
𝜕𝑥𝑗
𝜕𝑥𝑗

𝜕 [(1 − 𝛼) 𝜀] 𝜕 [(1 − 𝛼) 𝜀𝑢𝑓𝑗 ]
+
𝜕𝑡
𝜕𝑥𝑗
=

(1)

𝐹
1 − 𝛼 𝜕𝑝 𝜕𝜏𝑓𝑗
+
+ (1 − 𝛼) 𝑔𝑖 − 𝑖 ,
𝜌𝑓 𝜕𝑥𝑖 𝜕𝑥𝑗
𝜌𝑓

𝜕 (𝛼𝑢𝑠,𝑖 ) 𝜕 (𝛼𝑢𝑠,𝑖 𝑢𝑠,𝑗 )
𝐹
𝛼 𝜕𝑝 𝜕𝜏𝑠𝑗
=−
+
+ 𝛼𝑔𝑖 + 𝑖 ,
+
𝜕𝑡
𝜕𝑥𝑗
𝜌𝑠 𝜕𝑥𝑖 𝜕𝑥𝑗
𝜌𝑠
where 𝛼 is the sediment volumetric concentration; 𝑢 is the
velocity; 𝑥 is the Cartesian coordinate; 𝑡 is the time; the
subscripts 𝑓 and 𝑠 stand for the fluid and the sediment

(2)

𝜕𝜀
𝜕
1−𝛼
[(1 − 𝛼) ]𝑓𝜀
]+
(𝐶1 𝐺𝜀 − 𝐶2 𝜀2 ) ,
𝜕𝑥𝑗
𝜕𝑥𝑗
𝑘

where 𝑘 is the turbulent kinetic energy (TKE); 𝜀 is the
turbulent kinetic energy dissipation rate (DTKE); ]𝑓𝑘 = ]𝑓𝑡 ,
]𝑓𝜀 = ]𝑓𝑡 /1.33, 𝐶1 = 1.44, and 𝐶2 = 1.92; 𝐺 is the turbulence
generation term [13].
Equations (1) and (2) are applied for sheet flows happening at maximum Shields parameter 𝜃 > 0.8–1.0 when large
amounts of sediment are in movement. The computation
domain covers the immobile bed and the water tunnel top.
The initial bed is located at 𝑥2 = 0. The still water condition is
assumed to be the initial condition. At the time 𝑡 = 0, all flow
variables are zero, while 𝛼 = 0 at 𝑥2 > 0 and 𝛼 = 0.6 at 𝑥2 ≤ 0.
At the tunnel top, 𝑢𝑓,1 = 𝑈(𝑡) = 𝑈0 {0.8 cos[2𝜋(𝑡/𝑇 −
0.21)] + 0.2 cos[4𝜋(𝑡/𝑇 − 0.21)]}, where 𝑈 is the free stream
(Figure 1); 𝐴 = 𝑑𝑈/𝑑𝑡; 𝑈0 and 𝐴 0 are the amplitudes of 𝑈 and
𝐴; 𝑇 is the period; subscripts 𝑎 and 𝑑 denote acceleration and
deceleration stages; scripts 𝑐 and 𝑡 denote the crest and trough
durations. Positive (𝑡/𝑇 = 0–0.42) and negative (𝑡/𝑇 = 0.42–1)
𝑈 denote onshore and offshore durations, respectively. The
vertical gradient of all variables vanished, and the sediment
flux is
]𝑠𝑡 𝜕𝛼
− 𝑢𝑠,2 𝛼 = 0.
𝛿𝑠 𝜕𝑥2

] 𝜕𝛼
𝜕
=
( 𝑠𝑡
),
𝜕𝑥𝑗 𝛿𝑠 𝜕𝑥𝑗
+

phases; the indices 𝑖, 𝑗 = 1, 2 represent horizontal and
vertical components and obey summation convention; ]𝑠𝑡 is
the sediment turbulent viscosity confirmed by fluid turbulent
viscosity ]𝑓𝑡 ; 𝛿𝑠 = 1 is the Schmidt number; 𝑝 is the pressure;
𝜏 is the stress; 𝜌 is the density; 𝑔 is the body force; 𝐹 is the
interaction force. ]𝑠𝑡 , ]𝑓𝑡 , 𝜏, and 𝐹 can be seen in Chen and
Yu [13]. Equations (1) are closed by 𝑘-𝜀 turbulent equations:

(3)

Nonslip condition is assumed at the bottom that 𝛼 = 0.6
and the other variables are set to be zero.
In the lateral boundaries, the horizontal gradients of 𝛼, 𝑢,
𝑘, and 𝜀 are all zero. The flow is driven by a horizontal pressure
gradient:
𝜕𝑝
𝑑𝑈
= −𝜌𝑓
.
𝜕𝑥1
𝑑𝑡

(4)

2.2. Flux Definition and Empirical Formulas. The sediment
amount in movement is defined by Nielsen et al. [10]:
∞

𝑄 (𝑥2 , 𝑡) = ∫ 𝛼 (𝑦, 𝑡) 𝑑𝑦.
𝑥2

(5)
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Figure 2: Reference 𝛼 against 𝜃 in steady flow.

Figure 1: Free stream velocity and acceleration.

Table 1: Computation conditions.

The total vertical flux is
𝑞𝑡 (𝑥2 , 𝑡) =

𝜕𝑄 (𝑥2 , 𝑡)
,
𝜕𝑡

(6)

and the downward settling flux is
𝑞𝑑 (𝑥2 , 𝑡) = −𝛼 (𝑥2 , 𝑡) 𝑤 (𝑥2 , 𝑡) ,

(7)

where 𝑤 is the fall velocity equal to −𝑢𝑠,2 . The pick-up flux is
𝑞𝑢 (𝑥2 , 𝑡) = 𝑞𝑡 (𝑥2 , 𝑡) − 𝑞𝑑 (𝑥2 , 𝑡) .

(8)

The dimensionless equations (10)–(12) are Φ = 𝑞[(𝑆 −
1)𝑔𝐷3 ]−0.5 , where the specific gravity 𝑆 = 2.65. In the twophase model, 𝛼 and 𝑤 are straight given by (1), and 𝑞𝑢 =
−]𝑠𝑡 /𝛿𝑠 (𝜕𝛼/𝜕𝑥2 ).
For 𝑞𝑑 comparison, the classical Engelund and Fredsoe
[4] formula (EF76) and Zyserman and Fredsoe [5] formula
(ZF94) for reference 𝛼 defined at 𝑥2 /𝐷 = 2 and 𝑤 = 𝑤0 (1−𝛼)𝑛
are applied. 𝑤0 is the single sediment fall velocity in still water
[14] and 𝑛 is the same as Yu et al. [12]. The EF76 formula is
𝛼 (2𝐷, 𝑡) =

0.6
,
(1 + 𝜆)3

(9)

𝜆
= 𝜅𝑐𝑟 √

𝜋𝜇 4
𝜋𝜇
𝜃 − 𝜃𝑐
4
{1 −
[(𝜃 − 𝜃𝑐 ) + ( ) ]
0.013𝑆𝜃
6
6

−1/4

},

(10)

where 𝐷 is the sediment diameter; 𝜆 is the linear concentration; 𝜅 = 0.4 is the Karman constant; 𝑐𝑟 = 2 is associated with
the bed roughness; 𝜃𝑐 = 0.05 is the critical Shields parameter;
𝜇 = 0.6 is the dynamic friction coefficient. The ZF94 formula
is
1.75

𝛼 (2𝐷, 𝑡) =

0.331 (𝜃 − 𝜃𝑐 )

𝑐𝑚

1.75

𝑐𝑚 + 0.331 (𝜃 − 𝜃𝑐 )

,

(11)

where 𝑐𝑚 = 0.46. Figure 2 shows the reference 𝛼 against 𝜃 for
the two empirical formulas. The EF76 considers the dispersive

𝑈0
1.5
1.5
1.5

Test case
Fine: FA5010
Medium: MA5010
Coarse: CA5010

𝐷 (mm)
0.13
0.27
0.46

𝑇 (s)
5.0
5.0
5.0

𝑤0 (m/s)
0.0126
0.0387
0.0672

stress from suspended sediment and drag of moving bed, so
the reference 𝛼 is mildly increased when 𝜃 > 1 and is hindered
mildly to be a constant. ZF94 is based on Garcia and Parker’s
[3] prohibiting a particular trend toward a limitation for high
sediment concentration. So the ZF94 also has a limitation of
𝛼 and keeps a mild increment after 𝜃 > 6 (Figure 2).
For 𝑞𝑢 comparison, van Rijn [1] pick-up function over a
starved bed is applied:
Φ𝑢 =

𝑞𝑢
√(𝑆 − 1) 𝑔𝐷3
(12)

0.1

1.5
(𝑆 − 1) 𝑔𝐷3
𝜃
= 3.3 × 10 ( − 1) [
]
𝜃𝑐
]2𝑓0
−4

,

where ]𝑓0 is the fluid molecular viscosity. 𝑞𝑑 in EF76 and
ZF94 formulas and 𝑞𝑢 in van Rijn [1] drop to zero when 𝜃 < 𝜃𝑐
without phase-lag effect.

3. Results
Computations are based on the O’Donoghue and Wright [15]
experiments in Table 1, where the phase-lag effect increases
with the decrement of 𝐷. Results are shown for the classical
reference height 𝑥2 /𝐷 = 2 first and second the near-immobile
bed and low concentration areas.
3.1. Reference Vertical Flux. The references 𝛼 and Φ𝑑 are
shown in Figure 3. The absolute locations of 𝑥2 /𝐷 = 2 are
slightly different and are very close to each other, so they
can be treated as an approximation to the initial bed. The
𝛼 distribution pivot, around which 𝛼 is almost constant in a
wave period, exists at the location a little below the initial bed
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Figure 3: Reference 𝛼 and Φ𝑑 .

[15]. In Figures 3(a), 3(c), and 3(e), the location 𝑥2 /𝐷 = 2 is
very close to the pivots, and both the maximum free stream
flow and flow reversal would probably lead to 𝛼 peaks. For the
experiment (dot), the 𝛼 difference between flow crest (𝑡/𝑇 =
0.21) and flow trough (𝑡/𝑇 = 0.71) is not obvious and even
the crest flow strength is much larger than that at flow trough

(Figure 3), because many sediments picked up at the flow
crest are still in movement at the flow trough. Large 𝐷 corresponds to small concentration magnitude due to the large fall
velocity. 𝛼 never decrease to zero in a period due to the phaselag effect. The results of two-phase model exhibit clearly the
decrement of concentration magnitude when 𝐷 increases,

Mathematical Problems in Engineering

5

Table 2: Root-mean-square (RMS) errors at 𝑥2 /𝐷 = 2.
𝛼
MA5010
0.039
0.094
0.094

and the computed 𝛼 is also always above a proper nonzero
value (Figures 3(a), 3(c), and 3(e)) due to the phase-lag. Some
differences between two-phase model and experimental data
exist from a qualitative perspective, probably due to the high
concentration measurement uncertainties [15] without mass
conservation.
The EF76 and ZF94 are strictly in phase with 𝑈 without
any phase-shift. Mild increment at large shear stress (Figure 2) leads to a small concentration variation near onshore
flow peak around 𝑡/𝑇 = 0.21 (Figures 3(a) and 3(c)). There are
also small concentration variations for EF76 and ZF94 near
the offshore flow peak (𝑡/𝑇 = 0.6∼0.8) caused by the nearly
constant U (Figure 1). When 𝜃 is less than a critical level, EF76
and ZF94 predicted 𝛼 are unrealistic zero (Figure 2), because
the formulas are derived without the phase-lags. Predicted
concentrations of EF76 and ZF94 increase rapidly in the
acceleration stage and decrease fast in the deceleration stage
(Figures 3(a), 3(c), and 3(e)). Furthermore, their prediction
between onshore and offshore are quite different because of
the large different flow strength and bottom shear stress.
Although both EF76 and ZF94 can predict the experiments
near the flow trough (𝑡/𝑇 = 0.6∼0.8), they much overestimate
the experiments near the flow crest (𝑡/𝑇 = 0.21). Generally,
the EF76 and ZF94 are weaker than the two-phase model
results at the flow reversal and flow crest. RMS errors in
Table 2 for two-phase model are much less than EF76 and
ZF94 formulas.
Corresponding to the concentration due to phase-lag,
the experimental Φ𝑑 never decreases to zero near the flow
reversal in Figure 3, and the value near the flow crest is
close to that near the flow trough. The two-phase model
predicted computed Φ𝑑 agree very well with the experiments
for nonzero duration and the magnitude increment with 𝐷.
Although the 𝛼 magnitude decreases with the increment of
D, the magnitude of Φ𝑑 increases with the increment of 𝐷 in
Figure 3, because the flux is hindered by high concentration
at small sediment size. Based on the same 𝑈0 = 1.5 m/s, the
pick-up flux (Φ𝑢 = −Φ𝑑 ) against 𝐷 for ZF94 and ZF76 in
steady flow is shown in Figure 4, where the dimensionless
𝐷 is represented by 𝑤0 /𝑈0 . The flux increases first and then
decreases with D (𝑤0 /𝑈0 ). The Φ𝑑 magnitude would decrease
with small 𝛼 when 𝐷 is large enough as the balanced pick-up
flux (Φ𝑢 = −Φ𝑑 ) in Figure 4, and finally it decreases to zero
when reference 𝛼 magnitude reduces to zero.
Near the flow crest, there are hollows in EF76 and ZF94
that predicted Φ𝑑 which are far from the experiments (Figures 3(b), 3(d), and 3(f)) with overestimation of 𝛼 (Figures
3(a), 3(c), and 3(e)), because the maximum Φ𝑑 and optimal
𝛼 exist in the two empirical formulas when we applied
𝑤 = 𝑤0 (1 − 𝛼)𝑛 , as seen in Figure 5. The maximum Φ𝑑
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0.095

CA5010
0.053
0.118
0.106

0.06

Φu

Two-phase model
EF76
ZF94

FA5010
0.051
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Figure 4: Φ𝑢 in steady flow.
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Figure 5: Φ𝑑 of different 𝐷 in steady flow.

approximately corresponds to optimal 𝛼 = 0.14, after which
Φ𝑑 decreases with the increment of 𝛼 by the hindered fall
velocity. Near the flow trough, both EF76 and ZF94 can
predict Φ𝑑 well due to the agreement of concentration. At
flow reversal, both the EF76 and EF94 predicted Φ𝑑 drop to
zero because of unrealistic zero 𝛼 (Figures 3(a), 3(c), and 3(e))
when 𝜃 is less than a critical value. Predicted Φ𝑑 of EF76 and
ZF94 changes rapidly near flow reversal with rapid change of
𝛼. Generally, the RMS errors for EF76 and ZF94 are much
larger than two-phase model for Φ𝑑 (Table 2).
Against the settling down induced by gravity, the pickup effect induced by turbulence maintains the suspension
of sediment, and the total vertical sediment flux (Φ𝑡 ) is the
balance of pick-up flux (Φ𝑢 ) and settling flux (Φ𝑑 ). Figure 6
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Figure 6: Vertical sediment flux and immobile bed surface.

shows the two-phase model computed Φ𝑡 and Φ𝑢 at 𝑥2 /𝐷 =
2 and the immobile bed surface level denoted by 𝑍 (𝛼 =
0.594). To illustrate their relationships availably and validate
Φ𝑢 indirectly, Φ𝑑 in Figure 3 is included again. Magnitudes
of Φ𝑢 and Φ𝑑 are around each other with opposite direction,

and they are in periodic averaged balance with averaged
Φ𝑡 = 0. As the difference of Φ𝑢 and Φ𝑑 , Φ𝑡 is almost one
magnitude smaller than Φ𝑢 and Φ𝑑 . Φ𝑢 increases and reaches
a local maximum value before flow crest (𝑡/𝑇 = 0.21) or
flow trough (𝑡/𝑇 = 0.71) and decreases to a local minimum

Mathematical Problems in Engineering

Φu

0.2

0.1

0

0

0.2

0.4

0.6

0.8

1

t/T
Fine
Medium

Coarse

Figure 7: Pick-up function of van Rijn.
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value before flow reversal both in the onshore and in the
offshore durations. Correspondingly, Φ𝑡 almost follows the
same variation tendency as Φ𝑢 . Similar process can be seen
in Ribberink et al. [16], Nielsen et al. [10], Li et al. [17], and
Bakhtyar et al. [11]. Onshore magnitudes of Φ𝑢 and Φ𝑡 are
larger than that at offshore, and the onshore variations are
more rapid than offshore.
𝑍 almost varies together with Φ𝑡 which decided the bed
morphology in the present three cases in Figure 6. The bed
morphology repeats periodically in oscillatory sheet flow
conditions without horizontal variation. When Φ𝑡 > 0, 𝑍
decreases because sediment below the initial bed is picked
up. 𝑍 decreases to minimum (t/T = 0.25–0.3) almost after
Φ𝑡 decreases to zero. While Φ𝑡 < 0, 𝑍 increase because
sediment above the initial bed settles down. 𝑍 increases to
local maximum (t/T = 0.45–0.5) almost after Φ𝑡 increases
to zero. 𝑍 never drops to zero due to the phase-lag effect.
For comparison, 𝑍𝑚 𝜃/𝜃𝑚 is shown considering theoretical
𝑍/𝑍𝑚 = 𝜃/𝜃𝑚 in steady flow, where 𝑍𝑚 is the maximum
𝑍. The difference between 𝑍 and 𝑍𝑚 𝜃/𝜃𝑚 denotes the phaselag. There is a time phase-shift between 𝑍 and 𝑍𝑚 𝜃/𝜃𝑚 . For
fine 0.13 mm, the phase-lag effect is the largest with the most
obvious difference between 𝑍 and 𝑍𝑚 𝜃/𝜃𝑚 , while the phaselag effect for 0.46 mm is the smallest because present 𝑍 almost
coincides with 𝑍𝑚 𝜃/𝜃𝑚 .
Corresponding to Φ𝑑 , the Φ𝑢 magnitude also increases
with the increment of 𝐷 for the three sizes. But it does not
increase with the increment of 𝐷 monotonously, which is
similar to Figure 4. In the two-phase model, Φ𝑢 is obtained
from the turbulence diffusion term −]𝑠𝑡 /𝛿𝑠 (𝜕𝛼/𝜕𝑥2 ) modelled by the classical gradient transport assumption. There
are two reasons for the smallest Φ𝑢 amplitude with fine D
= 0.13 mm in Figure 6: the concentration gradient and the
turbulence intensity. With D = 0.13 mm, much sediment is
picked up for suspension and 𝜕𝛼/𝜕𝑥2 at 𝑥2 /𝐷 = 2 becomes
smaller than D = 0.27–0.46 mm. When much sediment is
already in suspension in the boundary layer, much turbulence
energy is dissipated [15, 18] corresponding to small ]𝑠𝑡 and
restrains other sediments to be picked up.
For comparison without the effect of suspended hindered
sediment, van Rijn [1] pick-up flux function is shown in
Figure 7 under the same 𝑈0 = 1.5 m/s. van Rijn [1] pickup function decreases with the increment of 𝐷, which is
opposite to the flows containing sufficient sediment amount
in Figures 4 and 5. The onshore magnitude is much larger
than offshore magnitude without the effect of suspended
hindered sediment. In the experiment [15], Φ𝑢 did not drop
to zero due to the shear (velocity overshoot) and turbulence
that exist near flow reversal. But van Rijn [1] function based
on steady flow drops to zero around flow reversal. Comparing
the van Rijn pick-up function (Figure 7) with Φ𝑢 given by
two-phase model (Figure 6), their Φ𝑢 magnitudes are the
closest only for 𝐷 = 0.46 mm when the suspension sediment
amount is the smallest (Figure 8). Over all, the van Rijn [1]
pick-up function is not valid for the oscillatory sheet flow
when the maximal 𝜃 > 0.8–1.0 and sufficient sediment is in
suspension.
In developed oscillatory sheet flow, the averaged Φ𝑡 is
zero, and suspended sediment is quasi-steady saturated and
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Figure 8: Sediment amount above 𝑥2 /𝐷 = 2.

hinders the pick-up process. The vertical fluxes display the
sediment exchange in vertical direction, but they can not
be used as the index for the sediment-laden capacity of
oscillatory sheet flow. The sediment amount 𝑄 is in a quasisteady status in the developed stage and can be used to
estimate the sediment-laden capacity. 𝑄 above 𝑥2 /𝐷 = 2 is
shown in Figure 8, where 𝐻 = 0.5 m is the water depth. 𝑄
increases with the decrement of 𝐷. The variation rate of 𝑄
is Φ𝑡 (see (6)), so 𝑄 reaches a local maximum value when
positive Φ𝑡 decreases to zero near the flow peak and reaches a
local minimum value when negative Φ𝑡 increases to zero near
the flow reversal. Due to large phase-lag, the 𝑄 magnitude’s
ratio between onshore (𝑡/𝑇 = 0–0.42) and offshore (𝑡/𝑇 =
0.42–1) for 0.13 mm case is 0.87, much larger than 0.41 for
0.46 mm case.
3.2. Other Vertical Fluxes. The near-bed flux at the locations
above or below the reference height is essential for better
understanding of the near-bed sediment exchange. Figure 9
shows the two-phase model computed vertical fluxes at 𝑥2
= 10 mm and 𝑥2 = −3.5 mm. −3.5 mm is in the main eroded
area with high concentration and almost fully hindered 𝑤0 .
10 mm is out of the sheet flow layer where particle interactions
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Figure 9: Computed vertical flux at 𝑥2 = −3.5 mm and 𝑥2 = 10 mm.

can be negligible and is still in the oscillatory boundary layer
with small concentration and unhindered 𝑤0 . Because the
absolute locations of 𝑥2 /𝐷 in the main eroded area or low
concentration area for three sizes are far from each other,
the vertical locations in Figure 9 are in absolute millimetres
rather than as a function of the diameter. At 𝑥2 = −3.5 mm,
Φ𝑢 , Φ𝑑 , and Φ𝑡 decrease with the increment of 𝐷. Two peak
values exist in Figure 9(a) and onshore magnitude is larger
than offshore, but only one peak value exists near the onshore
flow crest in Figure 9(c), while in Figure 9(e) almost zero

fluxes exist because −3.5 mm is nearly located at the immobile
bed for D = 0.46 mm. At 𝑥2 = 10 mm, obvious phases for all
the fluxes are shifted after 𝑥2 /𝐷 = 2. Both the maximum
Φ𝑢 and Φ𝑑 are around 0.01, which are much larger than Φ𝑡 .
For fine and medium sediment (Figures 9(b) and 9(d)), their
magnitudes of Φ𝑢 , Φ𝑑 , and Φ𝑡 are similar to and larger than
coarse sediment (Figure 9(f)). For coarse sediment, both Φ𝑢
and Φ𝑑 only exist near the onshore flow peak, and Φ𝑡 almost
disappear compared to the fine and medium sediment cases.
Comparing the results in Figure 9 to that in Figure 6, all Φ𝑡 ,
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Φ𝑢 , and Φ𝑑 decrease from the initial bed toward the immobile
bed and the top of tunnel. The decrement is also seen in Li et
al. [17] and Bakhtyar et al. [11]. All the fluxes finally decrease
to zero when the location is down into the immobile bed or
up to the top of tunnel.
Also, 𝑄 above the locations −3.5 mm and 10 mm are
shown (Figure 10). At 𝑥2 = −3.5 mm and 𝑥2 = −10 mm, the
variation amplitudes of each sediment sizes are much smaller
than that at 𝑥2 /𝐷 = 2 (Figure 8) due to smaller Φ𝑡 in
Figure 9. Finally, the 𝑄 variation amplitudes decrease to zero
in the immobile bed or tunnel top corresponding to Φ𝑡 = 0
(Figure 9).

4. Conclusions
The present work studies the near-bed conditions in velocityskewed oscillatory sheet flows with a two-phase model and
classical empirical formulas. The phase-lag and sediment size
effects in concentration, vertical sediment flux, and sediment
amount are focused on the area near the initial bed, the
immobile bed, and the low concentration area.
Due to the phase-lag, the reference concentration and
the settling flux never drop to zero in a period even at the
flow reversal, and the relevant magnitudes between onshore
and offshore are similar. The two-phase model computed
reference concentration and settling flux by two-phase model
agree with experiment very well and are better than empirical
formulas. Under the same flows, reference concentration
magnitudes decrease with the increment of sediment size due
to the increment of fall velocity. While, for settling flux, as
the product of concentration and fall velocity, the magnitude
increases first and then decreases with the increment of
sediment size.
The pick-up flux and settling flux are in periodic averaged
balance in oscillatory sheet flow, and their magnitudes are
around each other with opposite direction. The pick-up flux
increases and reaches a local maximum value before flow
peak and decreases to a local minimum value before flow
reversal both in the onshore and in the offshore durations.

Corresponding to the settling flux, the pick-up flux also
increases first and then decreases with the increment of
sediment size.
The sediment amount magnitude increases with the
decrement of sediment size. Phase-lag effect increases the
sediment amount magnitude’s ratio between onshore and
offshore. As the sediment amount variation rate, the total
vertical flux is much smaller than the pick-up flux and varies
almost following the pick-up flux. The vertical sediment flux
magnitude decreases from the initial bed toward immobile
bed and top of tunnel.
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The extraordinary flood had hit the residential area at Taman Raia Mesra, Gopeng, Perak, Malaysia, in November 2016. The event
illustrated how the river basin had been fully inundated due to the heavy rainfall and caused the overflow to this affected area. It
was reported that the occurrence became worst as the outlet of retention pond which connects to the river is unsuitable for the
water outflow. Henceforth, this paper attempts to evaluate the causal factor of this recent disaster by using a model developed from
Lattice Boltzmann Method (LBM). The model also incorporated with the rainfall and stormwater in LABSWE. The simulation
was commenced with the basic tests for model validation comprising turbulent and jet-forced flow in a circular channel, which
resulted in a good agreement for both models. The simulation continued by using LABSWE model to reveal the water depth and
velocity profile at the study site. These results had proven the incompatibility size of the outlet pond which is too small for the
water to flow out to the river. The study is capable of providing the authorities with a sustainable design of proper drainage system,
especially in Malaysia which is constantly receiving the outrageous heavy rainfall.

1. Introduction
A flood is well defined as the overflow of high water from
the occupied water basin system including river and stream
[1]. Flood is ranked as a third largest of the disastrous events
among the Asian countries after wave surge and wind storm
[2]. The occurrence can be dangerous to life and can lead to
economic and properties loss. In Malaysia, a flood is not a
new occasion especially for those who settled at the northeast
of Peninsular Malaysia. Generally, the area will be flooded
during northeast monsoon season held between October and
March almost every year.
Perak which is located nearby the northeast state of
Peninsular Malaysia is not exempted from the flood attacks.
In December 2014, the state of Perak was affected by the
astonishing flood on a scale that has never been experienced
before. It is reported that more than 50 relief centres have
been operated due to this event, with Perak Tengah as the
most affected district. Typically, the cause of flood is a heavy
continuous rainfall; however, the major triggering factor for
the flood is the improper drainage system [3]. Yoon et al.

(2010) investigated that almost 30% of the flood is contributed
by the improper setup of a drainage system, followed by
pollution and urbanization management with 20% and 18%,
respectively [3]. The flood can affect one’s life (death) and
health including psychological or physiological problems
[4].
Recognizing the adverse consequence of the flood, there
is a need to demonstrate such a natural phenomenon by
using a model or device that provides an accurate prediction.
The Computational Fluid Dynamics (CFD) model applied
in the water sector is a prevailing device to simulate the
condition of the fluid especially in urban hydrology and
water management field [5]. The ability to investigate the
real situation by using a device can help to predict the
future condition [6]. Hence, we benefit by comparing and
improvising both theory and the real-life situations. There
are numerous numbers of computer models for simulating
the water sector including WEST, SIMBA, and MIKE. The
evolution in technology enables the researchers to study their
scope up to the microscopic scale, and today it is even possible
to formulate the complex system.

2
Lattice Boltzmann Method (LBM) is a modern computer model using High-Performance Computing (HPC)
efficiently for fluid simulation within the complex geometries
[7]. LBM is an advanced technique evolved from the Lattice
Gas Automata (LGA) method. LGA method represents the
macroscopic physical variables; meanwhile, LBM is able to
solve the flow problem up to the microscopic equation [8].
LBM is proposed to allow an easy program and can be used
for simulating the complex flow in complex geometries. The
LBM comprised three criteria including lattice Boltzmann
equation, lattice pattern, and local equilibrium distribution
function. These tasks are responsible for forming a lattice
Boltzmann equation for shallow water flows known as LABSWE.
The LABSWE had been applied in various conditions of
water flow by many scientists including steady and unsteady
flows, tidal flows, and turbulent flows in different dimensions
[7]. The findings were compared with the physical modelling
or analytical solutions in order to demonstrate their validation. The result shows that the accuracy of the LABSWE is
very promising, hence proving the efficiency and capabilities
of the method in simulating fluids.
The flood study by using the numerical approached had
been explored by many researchers [9, 10]. However, these
studies focus on the scope of macroscopic result only. On
the other hand, the study on flood is by using the LABSWE
providing a microscopic outcome. The research may involve
several variables including river profile, water flow direction,
and water depth profile which help to estimate the future
occurrence of the flood, hence reducing the risk of flood [11].
Taman Raia Mesra located at Gopeng, Perak, is under
construction for the residential area. The project site is about
30 acres of land with the presence of retention pond located
nearby the housing area. The retention pond is attached with
the adjacent river by an outlet. In November 2016, the area
was flooded which caused a major loss to the developer. The
area received about 821 mm rainfall intensity throughout the
event. The continuous heavy rainfall is causing the water
from the nearby river, Sg Tekah, to overflow at the site. It is
mentioned that the housing area was inundated by flood for
about three days. The ground visit observed that one of the
factors that may cause the flood is the size of outlet drainage
of the retention pond which is too small.
The study was then started immediately after the event to
overcome the problem. The LABSWE is used in this study
to analyse the flood at Taman Raia Mesra. The model also
incorporates in the LABSWE the rainfall and stormwater
parameters that lead to the flood. The few basic tests were
investigated for the model validation including turbulent flow
and jet-forced flow in a circular channel. The simulation
results of the study area are capable of providing the authorities with a sustainable design of proper drainage system at
Taman Raia Mesra, Gopeng, Perak, hence, preventing the
occurrence of a future flood at the site.
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Figure 1: Lattice pattern with a 9-velocity square [12].

equation (LABSWE) based on the 9-velocity square lattice
pattern is approached. The lattice pattern indicated the
movement of the particle on a lattice unit at its velocity along
one of the eight links specified 1–8 (Figure 1). Meanwhile, the
zero value means the particle is at resting phase with zero
speed.
The Lattice Boltzmann equation (LBE) can be determined
as
𝑓𝑎 (𝑥 + 𝑒𝛼 Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝛼 (𝑥, 𝑡) +

Δ𝑡
𝑒 𝐹 (𝑥, 𝑡) ,
𝑁𝛼 𝑒2 𝑎𝑖 𝑖

(1)

where 𝑓𝑎 is the particle distribution function; 𝑒 = Δ𝑥/Δ𝑡,
where Δ𝑥 is the lattice size and Δ𝑡 is the time. 𝑁𝛼 is a constant
determined by
𝑁𝛼 =

1
1
∑𝑒 𝑒 = ∑𝑒 𝑒 .
𝑒2 𝛼 𝑎𝑥 𝑎𝑥 𝑒2 𝛼 𝑎𝑦 𝑎𝑦

(2)

There are two steps in LBM including streaming and
collision. If the particles move at their own velocities towards
their nearest neighbours, it is called streaming step. On the
other hand, collision step occurs when the particles arrive
at lattice point and have interaction with one another. This
interaction, according to the scattering rules, will affect their
velocities and direction. Hence, the new distribution function
is expressed as
𝑓𝛼 (𝑥, 𝑡) = 𝑓 𝛼 (𝑥, 𝑡) − Ω𝛼 [𝑓 𝛼 (𝑥, 𝑡) − 𝑓𝛼eq (𝑥, 𝑡)] ,

(3)

where Ω𝛼 is the collision operator and 𝑓𝑎eq is the local equilibrium distributions function. The combination of streaming
and collision steps in a 9-velocity square lattice modified the
lattice Boltzmann equation as
𝑓𝑎 (𝑥 + 𝑒𝛼 Δ𝑡, 𝑡 + Δ𝑡) = 𝑓𝛼 (𝑥, 𝑡)

2. Materials and Methods

−

1
[𝑓 (𝑥, 𝑡) − 𝑓𝛼eq (𝑥, 𝑡)]
𝜏𝑡 𝛼

2.1. Lattice Boltzmann Model for Shallow Water Equation
with Turbulent Flow (LABSWE). The LBM for shallow water

+

Δ𝑡
𝑒 𝐹,
6𝑒2 𝛼𝑖 𝑖

(4)
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where 𝜏𝑡 is the total relaxation time for modelling flow
turbulence and can be calculated from
𝜏𝑡 = 𝜏 + 𝜏𝑒 ,

𝜏𝑒 =

In order to identify the velocity vector of particles in the
square lattice, the equation that follows will be approached:
𝑒𝛼

−𝜏√𝜏2 + 18𝐶𝑆2 / (𝑒2 ℎ) √Π𝑖𝑗 Π𝑖𝑗
2

(5)
.

In the equation above, 𝜏𝑒 is the eddy relaxation time, and Π𝑖𝑗
is defined as
Π𝑖𝑗 = ∑𝑒𝛼𝑖 𝑒𝛼𝑗 (𝑓𝛼 − 𝑓𝛼eq ) .
𝛼

𝑓𝛼eq

(6)

ℎ = ∑𝑓𝛼 ,
𝛼

1
∑𝑒 𝑓 .
ℎ 𝛼 𝛼𝑖 𝛼

(9)

2.2. Flood Model. There are a few parameters taken into
account for the flood model in this study. The discharge
rainfall (𝑄) was focusing on the data on November 2016 with
the catchment area located in a nearby city; Ipoh is taken
as a reference. The discharge can be calculated by using the
Rational Formula based on urban Stormwater Management
Manual for Malaysia (MSMA 2):
𝑄=

𝐶×𝑖×𝐴
,
360

(10)

where 𝑄 is a peak flow (m3 /s), 𝑖 is the average intensity of
rainfall, and 𝐴 is site area. 𝐶 is the coefficient of a rainfall that
can be obtained from the table provided by MSMA 2.
The discharge of a domestic waste usage is derived from
the continuity equation
𝑄 = 𝐴𝑉,

(11)

where 𝑄 is a peak flow (m3 /s), 𝐴 is an average intensity of
rainfall, and 𝑉 is the water velocity. The velocity of the water
flow is obtained by using Manning’s equation
𝑉=

1 2/3 1/2
𝑅 𝑆 .
𝑛

(12)

In (12), 𝑉 is defined as the velocity of water in the drain
(m/s), 𝑛 is Manning’s Roughness coefficient obtained from

(7)

Hence, to solve the shallow water equations using LBM, a
local equilibrium function is defined as

5𝑔ℎ2 2ℎ
{
ℎ
−
− 2 𝑢𝑖 𝑢𝑖 ,
{
{
{
6𝑒2
3𝑒
{
{
{ 𝑔ℎ2
ℎ
ℎ
ℎ
={
− 2 𝑒𝛼𝑖 𝑢𝑖 + 4 𝑒𝛼𝑖 𝑒𝛼𝑗 𝑢𝑖 𝑢𝑗 − 2 𝑢𝑖 𝑢𝑖 ,
2
{
6𝑒
3𝑒
2𝑒
6𝑒
{
{
{
2
{
ℎ
ℎ
ℎ
{ 𝑔ℎ
−
𝑒 𝑢 +
𝑒 𝑒 𝑢𝑢 −
𝑢𝑢,
{ 24𝑒2 12𝑒2 𝛼𝑖 𝑖 8𝑒4 𝛼𝑖 𝛼𝑗 𝑖 𝑗 24𝑒2 𝑖 𝑖

where ℎ is water depth and 𝑢𝑖 is flow velocity which can be
obtained through

𝑢𝑖 =

𝛼 = 0,
(0, 0) ,
{
{
{
{
{
(𝛼 − 1) 𝜋
(𝛼 − 1) 𝜋
, sin
],
𝛼 = 1, 3, 5, 7,
= {𝑒 [cos
4
4
{
{
{
(𝛼 − 1) 𝜋
(𝛼 − 1) 𝜋
{√
2𝑒 [cos
, sin
] , 𝛼 = 2, 4, 6, 8.
{
4
4

𝛼 = 0,
𝛼 = 1, 3, 5, 7,

(8)

𝛼 = 2, 4, 6, 8,

the MSMA 2. 𝑅 (m) is referred as a hydraulic radius and 𝑆
(mm/hr) is a drain slope.
For the simulation process, the inlet drainage to the river
is set up with a rectangular channel with dimension and
slope of 300 mm × 600 mm and 𝑆𝑎 = 0.002, respectively.
Meanwhile, the river nearby is defined to be rectangular
stream channel with a flatbed bathymetry. The layout plan
of the river is developed by integrating the AutoCAD system
into LABSWE.

3. Results and Discussion
3.1. Turbulent Flow within a Channel with a Circular Cavity.
The flow in a channel with a circular cavity is simulated
to demonstrate the ability of the model in simulating the
effect of the turbulent flow in a river attached to a lake
[12]. The shape of the model prediction for the simulation
is prepared as illustrated in Figure 2. The model is designed
with a rectangular channel 1.89 m wide and 18.9 m long. The
channel is attached to a circular sidewall cavity on the right
side of the channel with a radius of 3.15 m.
The simulation is set up to a constant value of flow velocity
components, 𝑢 = 0.25 m/s and V = 0 m/s. The water depth is
maintained at ℎ = 0.25 m. A 190 × 70 lattice with grid space
of Δ𝑥 = 0.1 m applied. A semislip boundary condition has a
surface roughness coefficient 𝐶𝑓 = 0.0045 and is used at the
solid walls. The relaxation time and Smagorinsky constant are
applied with 𝜏 = 0.6 and 𝐶𝑆 = 0.3, respectively. A time step
of Δ𝑡 = 0.03 s is applied in this model.
The model reached its steady state after 10000th iteration
with relative error 𝐸𝑅 = 5.24 × 10−9 . The fully convergence
flow of velocity vectors and streamlines are generated in
the cavity by the model as illustrated in Figures 3 and 4,
respectively.
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Figure 2: Dimension of the open channel with circular sidewall cavity [12].

7
6
y (m)

5
4
3
2
1
0

2

4

6

8

10
x (m)

12

14

16

18

Figure 3: Velocity vectors in the circular sidewall cavity [12].
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Figure 4: Streamlines flow in the circular sidewall cavity [12].

The 𝑢 and V velocity components along the vertical (aa) and horizontal (b-b) cross section were validated (Figures
5 and 6) by comparing the data with data from Kuipers and
Vreugdenhill (1973) [13]. The evaluation demonstrates that
the model used in this study generates a better outcome than
the previous data.
3.2. Turbulent Jet-Forced Flow in Circular Basin. The jetforced flow in the circular basin was simulated by using the
LABSWE [12]. The model of the simulation is designed in the
symmetrical shape which is a standard profile of the circular
basin. The dimensions and flow parameters for the model are
shown in Figure 7.

The simulation flow is prepared with the radius of a basin
𝑟 = 1.0 m with an opening of inlet and outlet is at an angle of
𝜋/16 rad. The outlet position is separated by 7𝜋/8 rad from
the inlet. The model is utilized with 280 × 160 lattice grid
spacing Δ𝑥 = Δ𝑦 = 0.0125 m with time step Δ𝑡 = 0.00625 s.
For boundary conditions, there is a similar set up at upstream
and downstream channel. The model is arranged with a water
depth of ℎ = 0.1 m and velocity components of 𝑢 = 0.1 m/s and
V = 0 m/s.
The simulations of the turbulent jet-forced flow show
that the model reached a steady state condition at 10000th
iteration, with a relative error 𝐸𝑅 = 1.54 × 10−7 . The optimum
streamline with the required circulation length and pattern
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Figure 5: Velocity components 𝑢 at the vertical (a-a) cross section [12].
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Figure 6: Velocity components V at the horizontal (b-b) cross section [12].
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Figure 7: Dimension of the jet-forced flow for the symmetrical circular basin [12].

Figure 8: Velocity vectors of jet-forced flow in the symmetrical circular basin [12].

Figure 9: Streamline contours of jet-forced flow in the symmetrical circular basin [12].

is obtained from 𝜏 = 0.55 and 𝐶𝑆 = 0.25. The symmetrical
channel model also generated velocity vectors of eddy and
well-developed circulation flows as illustrated in Figures 8
and 9, respectively.

The validation is done by comparing the LBM data with
the numerical result by Barber’s model. Figure 10 shows the
velocity component, 𝑢 profile across the mid-section for
LBM, and Barber’s model. It is suggested that the LBM and
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(a)

(b)

Taman Raia Mesra,
Gopeng

(c)

Figure 11: Location of the case study; Taman Raia Mesra, Gopeng, Perak. (a) Map showing the location of the study area in Perak, Malaysia.
(b) Project plan at the study area. (c) Retention pond attached with the nearby river at the site.

the boundary-fitted primitive variable scheme results are in
good agreement especially in the recirculation zones.
3.3. Case Study: Flood at Taman Raia Mesra, Gopeng, Perak,
Malaysia. Taman Raia Mesra, Gopeng, is located at the

district of Kampar, Perak, within a Peninsular Malaysia
(Figure 11). This 30-acre land is a project site for the residential area. The area was flooded at the end of 2016 and
is believed to occur due to the overflow of water from the
nearby river basin. The retention pond found nearby the area
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Figure 12: Cross section of the layout.

River upstream
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300 mm (width)
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300 mm (width)
12 m

River downstream

Figure 13: Data input for simulation showing the outlet of the pond to the river.

is a function to hold the excess water from the land and is
attached to the river by a small outlet.
The cross section layout for the focusing area including
a pond, outlet pond, and river is illustrated in Figure 12.
The 60 m pond is attached with a drainage 1 as inlet pond
and drainage 2 as outlet pond and inlet river in unison. In
simulation test, the inlet pond is set up with a peak flow of
𝑄 = 0.0036 m3 /s, the height of ℎ𝑑 = 0.025 m, and velocity in
the 𝑥 direction of 𝑢 = 0.5 m/s. Meanwhile, both outlet pond

and inlet river are arranged with 𝑄 = 0.74 m3 /s, ℎ𝐷 = 0.011 m,
and 𝑢 = 0.5 m. The simulation was done in a domain area of
63.5 m × 30.7 m.
The LABSWE model is used to investigate the behaviour
of the water flow. The simulation test was carried out by
using a model resulted from a conversion of AutoCAD file
into PNG image comprising a grid lattice size of 396 × 154
(Figure 13). The time step used is 𝑑𝑡 = 0.01 with an iteration
of 10,000. The kinematic viscosity is set up with 𝜏 = 1.1 and
𝑑𝑥 = 1.0.

Water depth (m)
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Figure 14: Water depth at an outlet of the pond at 100 s.
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Figure 15: Contour of water depth at the domain area for 100 s.
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Figure 16: Velocity vectors for a whole domain area at 100 s with the scale of 1 : 3.

The simulation results were observed for every 5 seconds
starting from 0 s up to 100 s. The analysis revealed the water
depth at the outlet of the pond and velocity profile of the
domain area as plotted in Figures 14–18.
The water depth at the outlet of the pond has been
recorded for 100 sec. The result shown in Figure 14 illustrated
that the water depth in the outlet increased from 0.9 m until
0.92 m. There are no significant changes of water profile
observed during the simulation. However, it is noticed that
a hydraulic jump profile had occurred within the channel.
The occurrence can be related to a steep slope and high
velocity.

Figure 15 shows a contour of water depth in the domain
area. The highest water depth is observed at the beginning
of the channel due to the very steep slope for the outlet. The
water depth will increase with time due to the size of the outlet
channel that is too small for capturing the water flow.
In order to understand the flow directions in the domain
area, the figure of velocity vectors has been produced as
shown in Figures 16 and 17. Figure 16 is the velocity vectors
for the whole domain area. It is observed that there are no
anomalies in the simulation result. However, a close-up view
has been done near to the outlet pond area such as in Figure 17
shows that the water is flooding from the river into the outlet
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Figure 18: Velocity contour of water flow at 100 s.

pond channel. This is a very significant effect that can cause
flooding to the residential area.
In addition, towards the results analysis, a velocity contour of the domain area has been produced and studied as
illustrated in Figure 18. The water velocity in the stream has
increased from 0.5 m/s to 1.09 m/s due to the heavy rainfall
event.

4. Conclusions
The LABSWE is used for simulating a flood event at Taman
Raia Mesra, Gopeng, Perak. The turbulent flow and jet force
flow in a circular channel had been tested for a model
validation. The outcome for both validations shows a very
satisfactory result. The LABSWE also has been incorporated
with rainfall and storm water parameters for November 2016.
The investigation had proven the incompatibility of the size
of the outlet pond which is too small for the water to flow out
to the river. The situation then can cause a flood to the pond
area and will finally overflow to the residential area. In order
to overcome this problem, equatorial countries like Malaysia
should consider the heavy rainfall and stormwater discharge
when designing an outlet as the country is always receiving
the heavy rainfall continuously.
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The RNG k-𝜀 turbulence model combined with cavitation model was used to simulate unsteady cavitating flows inside a doublesuction centrifugal pump under different flow rate conditions based on hexahedral structured grid. The numerical external
characteristic performances agree well with the experimental performances. The predicted results show that the turbulence kinetic
energy and the turbulence dissipation rate inside the impeller at design flow rate are lower than those at other off-design flow rates,
which are caused by various vortexes. Based on frequency-domain analyses in the volute casing, the blade passing frequency is the
dominant one of the pressure fluctuations except the vicinity of volute tongue for all operating cases, and the dominant frequency
near the volute tongue ranges from 0 to 0.5 times the blade passing frequency for other off-design points, while the blade passing one
near the volute tongue is the dominant one of the pressure fluctuations at design point. The increase of flow rate reduces the pressure
fluctuations amplitude. For cavitation cases, the blade loading of the middle streamline increases a bit during the initial stage, but,
for serious cavitation, the blade loading near the blade inlet reduces to 0 and even negative values, and the serious cavitation bubbles
block the blade channels, which results in a sharp drop in pump head. Under noncavitation condition, the predicted power related
to the pressure in the impeller channels increases from the inlet to the exit, while, under different cavitation conditions at the
design flow rate, these power-transformation distributions in the impeller channels show that these power conversions are affected
by the available NPSHa and the corresponding work in leading regions of the blades increases increases gradually a bit, and then it
increases sharply in the middle regions, but it decreases in the blade trailing regions and is greatly influenced by secondary flows.

1. Introduction
Centrifugal pumps are the most commonly used type among
various pumps, where double-suction centrifugal pumps
have advantages of large flow rate, high efficiency, high head,
and so forth, which occupies a large proportion of the
pump products. The internal flow inside a double-suction
centrifugal pump is unsteady and extremely complex. There
are some possible phenomena in the flow, such as rotor-stator
interaction, rotating stalling, and cavitation [1–3]. With rapid
development in computer technology and computational
fluid dynamics (CFD), the CFD method is a good tool to
investigate complex turbulent flows inside pumps [4]. In

numerical simulation of a centrifugal pump, blade angles,
blade number, and turbulence model have great effect on the
predicted performances of centrifugal pump [5]. Shigemitsu
et al. [6] numerically studied three types of impellers with
different outlet angles in the mini turbo-pumps and found
that the change of the blade outlet angle has effect on performance and internal flows in mini turbo-pumps. Chakraborty
et al. [7] analyzed the static pressure distribution and characteristics of the two-dimensional (2D) incompressible flow
inside a centrifugal pump’s impellers with different blade
numbers, and the predicted results displayed that the head
and static pressures of the pump increase with the increase
of the blade number, while the efficiency with seven-blade
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pump is optimal. González et al. [8] investigated numerically
the internal flow inside a double-suction centrifugal machine
in the pump operation mode and found that the flow in the
double-suction chamber is uniform at design flow rate but
has a strong unsteady characteristic at off-design flow rates.
At the same time, the cavitation is a common phenomenon
in centrifugal pumps. When the pressure inside the pump
is below the saturation water vapor pressure, cavitation may
occur. It will cause noise, performance breakdown, and costly
damage to hydraulic machineries [9]. Liu et al. [10] used
the standard RNG k-𝜀 model and two modified RNG k𝜀 models, that is, density correction based model (DCM)
and filter-based model (FBM), to simulate the unsteady
attached sheet-cavitating flows in centrifugal pumps, and
the studies suggested that all the turbulence models rarely
affect the evolution of cavitation bubbles, but the advanced
turbulence model can significantly improve the prediction
precision of head coefficients and critical cavitation numbers.
Thai and Lee [11] predicted the cavitation characteristics
of the centrifugal pump with two types of short and long
blades at on-design and off-design points, respectively. The
numerical results showed that the pump can safely operate
without cavitation at design point, but the cavitation develops
inhomogeneously in the blade channels at off-design points.
The main focus of our work is to investigate the hydraulic
performance and the cavitation performance of a doublesuction centrifugal pump. Firstly, based on ANSYS CFX
solver, the RNG k-𝜀 turbulence model was used to calculate
the unsteady flow fields inside the pump without cavitation
at different flow rates. The predicted external characteristics
of the pump were in good agreement with the experimental
ones. For different NPSHa , the blade loading and the vapor
volume fraction for cavitation flows in the impeller were
simulated numerically and analyzed systematically at design
point, and the studies on the influence of the cavitation and
secondary flows on power distributions were carried out.

2. Basic Parameters and Computational Grids
The flow characteristics inside a double-suction centrifugal
pump with a specific speed 𝑛𝑠 of 160 (r/min⋅(m3 /s)1/2 ⋅m−3/4 )
was investigated here, and the main hydraulic components
of the pump include a suction chamber, an impeller, and
volute casing. The basic geometric parameters of this pump
are the pump inlet diameter 𝐷in of 300 mm, the pump
outlet diameter 𝐷out of 250 mm, the 355 mm cutwater diameter 𝐷3 of the volute, the impeller inlet diameter 𝐷1 of
200 mm, and the impeller outlet diameter 𝐷2 of 348 mm.
The blades on the two sides of the impeller are arranged in
a staggered angle of 30 degrees shown in Figure 1, and the
blade number 𝑁 on each side is 6. In addition, the rated
rotating speed 𝑛 is 1480 r/min and the design flow rate 𝑄𝑑 is
808.38 m3 /h. The experimental performance parameters are
listed in Table 1, where 𝑄, 𝐻, 𝑃, and 𝜂 represent the flow
rate, the pump head, the shaft power, and the pump efficiency,
respectively.
Based on 3D CAD software, the computational domain
of the pump was constructed as shown in Figure 2. The
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Z

Impeller
Y
X

Volute

Outlet pipe

Inlet pipe

Suction chamber

Figure 2: Computational domain.

Cartesian 𝑥, 𝑦, and 𝑧 coordinate system is adopted here;
the 𝑥 axis is the rotating one of the impeller and 𝑥 = 0
m for the 𝑦-𝑧 symmetry plane of the suction chamber. The
computational grids based on the hexahedral structured grid
were generated as shown in Figure 3, and the grid quality
value calculated based on determinant 3 × 3 × 3 method
is above 0.4. A localized refinement of grids was employed
near the volute tongue and the blade leading and trailing
edges of the impeller to capture accurately the flow field
structure. Also, 4 different grid systems were used to perform
the independent-grid verification at design flow rate as shown
in Figure 4. It can be seen that when the grid number is more
than 2.39×106 , the predicted head will not change apparently
and its increase rates are less than 0.2%. So the final grid
number for the computation was selected as 2.39 × 106 , and
the node and grid numbers of each hydraulic component
are listed in Table 2. This computation was done on a PC
(configuration: Intel (R) Core (TM) 2 Quad CPUs; memory,
8 G).

3. Turbulence and Cavitation Models
3.1. Turbulence Model. The RNG k-𝜀 turbulence model proposed by Yakhot and Orszag [12] has its unique advantages
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Table 2: The node and grid numbers of each of the hydraulic
components.
Hydraulic
components

Suction chamber Impeller Volute casing

Node number (×106 )
Grid number (×106 )

Grids detail

1.01
0.96

0.99
0.87

0.59
0.56

paper. The RNG k-𝜀 turbulence model is as follows:
𝜕 (𝜌𝑘) 𝜕 (𝜌𝑘𝑢𝑖 )
𝜕
𝜕𝑘
=
[𝛼𝑘 (𝜇 + 𝜇𝑡 )
] + 𝐺𝑘
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜕𝑥𝑗
+ 𝜌𝜀,

Figure 3: Computational grids.

𝜕 (𝜌𝜀) 𝜕 (𝜌𝜀𝑢𝑖 )
𝜕
𝜕𝜀
∗ 𝜀
=
[𝛼𝜀 (𝜇 + 𝜇𝑡 )
] + 𝐶1𝜀
+
𝐺
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜕𝑥𝑗
𝑘 𝑘

32.0

− 𝐶2𝜀 𝜌

H (m)

31.8

31.6

31.4

𝜇𝑡 = 𝜌𝐶𝜇

𝑘2
,
𝜀

𝐺𝑘 = 𝜇𝑡 (

𝜕𝑢𝑖 𝜕𝑢𝑗 𝜕𝑢𝑖
+
)
,
𝜕𝑥𝑗 𝜕𝑥𝑖 𝜕𝑥𝑗

31.2
∗
= 𝐶1𝜀 −
𝐶1𝜀

31.0
1.0

1.5

2.0

2.5
3.0
3.5
Grid number (×106 )

4.0

4.5

5.0

Figure 4: Head variation with grid number of pump grid system at
design flow rate.

Table 1: The experimental performance parameters of pump at different flow rates.
Q (m3 /h)

𝑛 (r/min)

𝐻 (m)

P (kW)

𝜂 (%)

0.57𝑄𝑑

459.48

1480

39.17

63.792

76.84

0.72𝑄𝑑

583.38

1480

37.22

69.411

85.2

Flow rates

0.82𝑄𝑑

659

1480

35.57

73.276

87.11

0.91𝑄𝑑

738.74

1480

33.44

76.16

88.33

1.00𝑄𝑑

808.38

1480

31.5

77.757

89.18

1.07𝑄𝑑

861.4

1480

29.65

79.772

87.18

1.16𝑄𝑑

936.4

1480

26.71

82.157

82.91

1.20𝑄𝑑

971.7

1480

24.55

81.495

79.73

𝜀2
,
𝑘

𝜂=

(1)

𝜂 (1 − 𝜂/𝜂0 )
,
1 + 𝛽𝜂3

√2 𝜕𝑢𝑖 𝜕𝑢𝑗 𝑘
+
) ,
(
2 𝜕𝑥𝑗 𝜕𝑥𝑖 𝜀

where 𝜇𝑡 stands for the turbulent viscosity and 𝐺𝑘 represents
the turbulence production due to turbulent forces. The model
coefficients are taken as 𝐶1𝜀 = 1.42, 𝐶2𝜀 = 1.68, 𝐶𝜇 = 0.0845,
𝛼𝑘 = 𝛼𝜀 = 1.39, 𝜂0 = 4.377, and 𝛽 = 0.012.
3.2. Cavitation Model. It is necessary to introduce a twophase mixture model and a cavitation model in cavitating
flow calculation. The basic governing equations of the twophase mixture are based on the Navier-Stokes equations [13],
and the continuity equation of the two-phase mixture is given
as
𝜕𝜌𝑚
+ ∇ ⋅ (𝜌𝑚 u) = 0;
𝜕𝑡

(2)

the momentum equation is as follows:
of turbulent viscosity modified based on standard k-𝜀 turbulence model and allowing high curvature and strain rate
for the rotation and the swirl flow of the average flow. So
the turbulence model was adopted to investigate the complex
turbulence flows in double-suction centrifugal pump in this

𝜕 (𝜌𝑚 u)
1
+ ∇ ⋅ (𝜌𝑚 u) = −∇𝑝 + ∇ [(𝜇𝑚 + 𝜇𝑡 ) ∇ ⋅ u]
𝜕𝑡
3
+ ∇ [(𝜇𝑚 + 𝜇𝑡 ) ∇ ⋅ u] .

(3)
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The cavitation model used is the transport equation
deduced from the Rayleigh-Plesset equation [14]. Considering the growth and collapse of cavitation bubbles, the mass
transport equation is expressed as
𝜕 (𝛼V 𝜌V )
+ ∇ ⋅ (𝛼V 𝜌V u) = 𝑚eva − 𝑚con ,
𝜕𝑡
𝑚eva = 𝐶eva

3𝛼V 𝜌V 2 max (𝑝V − 𝑝, 0)
√
,
𝑅𝑏
3
𝜌𝑙

𝑚con = 𝐶con

3𝛼V 𝜌V 2 max (𝑝 − 𝑝V , 0)
√
,
𝑅𝑏
3
𝜌𝑙

(4)

where 𝜌𝑚 represents the mass density of the two-phase
mixture; u represents the velocity vector of the two-phase
mixture; 𝜇𝑚 represents the dynamic viscosity coefficient of
the two-phase mixture; 𝛼V represents the volume fraction of
bubbles; 𝜌V and 𝜌𝑙 represent the mass densities of vapor and
liquid, respectively; 𝑚eva and 𝑚con represent the evaporation
rate and condensation rate of water vapor in unit volume,
respectively; 𝐶eva and 𝐶con represent the evaporation rate
coefficient and condensation rate coefficient of water vapor
in unit volume, respectively; the saturated vapor pressure 𝑝V
of water is 3170 Pa at the temperature of 25∘ C, and the average
diameter of the bubbles 𝑅𝑏 is 2 × 10−6 m.

4. Numerical Methods and
Boundary Conditions

5. Analyses of Internal Flow in
Noncavitation Condition

The ANSYS CFX solver was selected in this study. In the
discrete process of governing equations, the time-dependent
terms were discretized with the second-order backward Euler
scheme, the second-order central scheme was used for the
diffusive terms, and the high resolution was used to solve
the convection terms. In the ANSYS CFX solver, the high
resolution is a special discrete scheme for the convection
terms. When dealing with the convection terms, the convective fluxes at the integral points are approximated by those of
the adjacent nodes, which can be expressed as
𝑟 ,
𝜑𝑝 = 𝜑𝑛 + 𝛽∇𝜑 ⋅ Δ→

The solving process was based on the fully implicit grid
coupling solution technique. The rotating period 𝑇 of the
impeller was 0.0405 s. The time step was set to 2.252 × 10−4 s
in the transient calculation. Number of periods per time
step was set to 10 to achieve the periodic unsteady solution
convergence, and the convergence criterion was set to RMS
residuals of 10−5 . The steady solution was used to initialize
the unsteady calculation.
In order to minimize edge effects and to improve numerical stability, two extension domains were added upstream
and downstream. The normal velocity condition was used at
the inlet. The static pressure condition was used at the outlet
and the pressure values were given by the experimental data.
The dynamic-static coupling between the suction chamber
and the impeller was realized by setting the rotor frozen
interface and the same setting was also used for the dynamicstatic coupling between the impeller and the volute casing.
Simultaneously, the no-slip boundary condition was used on
the solid wall, and the near-wall region was treated by using
scalable wall function. The cavitating flow was simulated
by gradually reducing the static pressure at the outlet, and
the reference pressure value of fluid domain was set to 0.
Besides, the cavitating flow calculation was initialized by the
solution of single-phase noncavitating flow calculation. At the
beginning of cavitating flow calculation, the volume fraction
of vapor phase was set to 0, and that of liquid phase was set
to 1.

(5)

where 𝜑𝑝 and 𝜑𝑛 denote the convective fluxes at the integral
points and the upwind nodes, respectively; ∇𝜑 denotes
the convective flux gradients within the control volumes;
𝛽 represents the coefficient of the numerical convection
𝑟 is the vector from the upwind node to the
correction; Δ→
integral point. Different discrete schemes differ in choices for
𝛽 and ∇𝜑. In the high resolution scheme, 𝛽 at each node is
computed to be as close to 1 (not exceed 1) as possible by using
a special nonlinear recipe that is based on the boundedness
principles used by Barth and Jespersen [15]. Obviously, (5)
indicates that the high resolution scheme preferentially uses
the second-order backward Euler scheme and reverts to the
first-order backward Euler scheme only when the convective
flux gradients are very small somewhere within the control
volumes.

5.1. The External Characteristics Curves. The numerical efficiency is only the hydraulic efficiency 𝜂ℎ . In fact, there
are also mechanical loss and volumetric loss in the pump
operation. In order to do comparisons between the numerical
results and the experimental data, the total pump efficiency
𝜂 must be considered, which is actually composed of the
hydraulic efficiency 𝜂ℎ , the mechanical efficiency 𝜂𝑚 , and the
volumetric efficiency 𝜂V [16], expressed as
𝜂 = 𝜂ℎ 𝜂𝑚 𝜂V .

(6)

The mechanical efficiency 𝜂𝑚 is calculated by the empirical formula as follows:
𝜂𝑚 ≈ 1 − 0.07

1
7/6

(𝑛𝑠 /100)

.

(7)

The volumetric efficiency 𝜂V caused by volumetric loss is
calculated by the following empirical formula:
𝜂V ≈

1
1 + 0.68𝑛𝑠−2/3

.

(8)

It can be seen from Figure 5 that, with the increase of
flow rate, the pump head drops gradually, while the pump
shaft power rises. The calculated pump head is larger than
the experimental data at large flow rates but smaller than the
experimental data at small flow rates. The trends between the
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Figure 5: Comparison between performance curves.

calculated pump shaft power and the experimental data are
roughly identical, and the calculated value is lower than the
experimental one. The efficiency increases with the increase
of flow rate at first, and it reaches the highest point at design
flow rate; then as the flow rate continues to increase, it begins
to decline gradually. The calculated efficiency is higher a little
than the experimental one. Overall, the calculated results
agree well with the experimental data.
5.2. Static Pressure Distribution in the Impeller. Viewed from
the pump inlet, the pump is divided by the 𝑦-𝑧 symmetry
plane of the suction chamber into two parts, that is, left part
and right one. Figure 6 shows the static pressure distributions
on the hubs of the right part and the left one at different flow
rates. It can be seen that the static pressure increases gradually
from the impeller inlet to the outlet, and the fluid flows
inside the left and right parts are symmetric. An obvious lowpressure region appears near the impeller inlet and near the
blade suction surface; the static pressure reaches the lowest
and cavitation may happen here as shown in Figure 7. When
the fluid enters into the impeller channel, it can get the energy
due to the work done by the impeller. It is shown in Figure 7
that the static pressure on pressure surface is higher than
that on suction surface, and the pressure difference causes the
moment of resistance on rotating impeller.
5.3. Analysis of Pressure Fluctuations in the Volute Casing.
There is dynamic-static coupling between the volute casing
and the impeller, which may cause the pressure fluctuations
and affects the stability of the pump. The pressure fluctuations
characteristics are usually characterized by pressure coefficient 𝐶𝑝 [17], which is defined as
𝐶𝑝 =

𝑝−𝑝
,
0.5𝜌𝑢22

(9)

where 𝑝 represents the transient pressure, 𝑝 is the average
value of all the transient pressure at all monitoring points for

8 rotor revolutions, 𝑢2 represents the circumferential velocity
at the impeller outlet, and 𝜌 is the fluid mass density.
In order to monitor the pressure fluctuations in the volute
casing, 6 monitoring points (namely, 𝑉0, 𝑉1, 𝑉2, 𝑉3, 𝑉4, 𝑉5)
are set on the symmetric plane of the volute casing, as
illustrated in Figure 8. The sampling frequency 𝑓𝑠 is 4440 Hz
(𝑓𝑠 = 1/𝑇) and the results for 8T sampling time are selected
for analysis. The blade passing frequency 𝑓𝑏 is 296 Hz.
At design flow rate, the dominant frequency of the
pressure fluctuations at monitoring point 𝑉0 is mainly caused
by the blade passing frequency shown in Figure 9, followed
by the frequencies that are 0∼0.5 times the blade passing
frequency. However, at monitoring points from 𝑉1 to 𝑉5,
the blade passing frequency is the dominant frequency of the
pressure fluctuations, followed by the second harmonic of the
blade passing frequency. At off-design flow rates, the dominant frequency of the pressure fluctuations at monitoring
point 𝑉0 is 0∼0.5 times the blade passing frequency, and, in
contrast, the dominant frequency of the pressure fluctuations
at monitoring points from 𝑉1 to 𝑉5 is mainly brought about
by the blade passing frequency, followed by the frequencies
that are 0∼0.5 times the blade passing frequency. Besides, the
pressure fluctuations amplitudes at all monitoring points in
volute casing decrease gradually with the increase of the flow
rate.
5.4. Distributions of the Relative Velocity and Streamline
in the Hydraulic Components. Figure 10 shows the relative
velocity and streamline distributions in the impeller and
the volute casing at different flow rates. At the flow rate of
0.72𝑄𝑑 , the relative velocity distribution in the impeller is
nonaxisymmetric; there is an obvious low-velocity region in
the impeller channel near the volute tongue and an axial
vortex appears in the low-velocity region. In most regions of
the impeller channels, the relative velocity is higher near the
suction surface than that near pressure surface of the blade.
The relative velocity and the streamlines in the volute casing
distribute nonsmoothly. At the flow rate of 1.0𝑄𝑑 , the relative
velocity distribution in the impeller appears axisymmetric
and uniform, and the axial vortex in blade channel disappears
at flow rate of 0.72𝑄𝑑 . What is more, the relative velocity and
the streamlines in the volute casing distribute much more
smoothly. The relative velocity and streamline distributions
in the impeller and volute casing at the flow rate of 1.2𝑄𝑑 are
roughly similar to those at the flow rate of 1.0𝑄𝑑 , but the flow
in the impeller at the flow rate of 1.2𝑄𝑑 is less axisymmetric
than that at flow rate of 1.0𝑄𝑑 . In addition, it can be concluded
from Figure 10 that, under the off-design conditions, a lowvelocity region will appear in the vicinity of volute outlet,
which is caused by the reverse flow.
Relative velocity and streamline distributions on the
plane of 𝑥 = 0.16 m in the suction chamber are shown in
Figure 11. It can be found that the relative velocity increases
along the streamwise direction and reaches the highest value
at the regions near the outlet. The mean relative velocity in the
whole channel increases with the increase of the flow rate. The
semivolute spiral streamlines distribute smoothly and finally
surround the impeller inlet. It is obvious that some vortexes
appear in the vicinity of baffle tongue, which is because
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Figure 6: Static pressure distributions on impeller hub at different flow rates.
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Figure 7: Static pressure distribution on blade surfaces.

the liquid flow is blocked here. All the calculated results
show that these vortexes gradually evolve, shedding from the
vicinity of baffle tongue into the impeller, and bring velocity
circulation here, which affects the hydraulic efficiency and the
anticavitation performance of the impeller.

6. Analyses of Cavitation Characteristics

5.5. Distributions of Turbulence Kinetic Energy and Dissipation
Rate in the Impeller. The distributions of turbulence kinetic
energy 𝑘 and turbulence dissipation rate 𝜀 in impeller from
the inlet to the outlet are shown in Figures 12 and 13,
respectively. In the figures, 𝑅1 is the inlet radius of impeller,
𝑅2 stands for the outlet radius, and 𝑅 represents the radial
distance between a point in the blade channels and the
rotating center. It can be seen that the variation tendencies
between 𝑘 and 𝜀 are very similar. At different flow rates, 𝑘
and 𝜀 increase at first and then decrease until reaching the
minimum values in the middle of the flow channels and
finally increase again. At the flow rate of 0.72𝑄𝑑 , there is a
sharp increase in k and 𝜀 near the point of (𝑅−𝑅1 )/(𝑅2 −𝑅1 ) =
0.2 due to the existence of axial vortexes here, which enlarge
the energy dissipation. However, at the flow rates of 1.0𝑄𝑑 and
1.2𝑄𝑑 , the changes of k and 𝜀 are relatively slow. On the whole,
k and 𝜀 are lowest at design flow rate, which indicates that the
efficiency is highest.

NPSHa =

Normally, to avoid cavitation, the static pressure head at the
pump inlet must be higher than the saturated vapor pressure
by some margin, which is defined as the cavitation margin
and is expressed as [18]
𝑝in − 𝑝V
,
𝜌𝑔

(10)

where 𝑝in and 𝑝V represent the static pressure head at the
pump inlet and the saturated vapor pressure, respectively.
Figure 14 shows the predicted cavitation characteristic curve
at design flow rate. If the point on the curve where the head
drops by 3% is regarded as the critical cavitation point, NPSHr
of this pump at design flow rate is about 4.7 m.
6.1. Blade Loading Distribution in the Impeller. The blade
loading is defined by the pressure difference between the
pressure surface and the suction surface of one blade at the
same radius location. The blade loading distribution of the
middle streamlines on the blade surfaces under different
cavitation margin conditions is shown in Figure 15, where
𝐿 is the total length of the middle streamlines on the blade
surfaces and 𝑙 represents the distance from the blade inlet
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Figure 10: Relative velocity and streamline distributions in the impeller and volute casing.

edge to a point of the middle streamlines on the blade surfaces
along the streamlines. It can be found that when NPSHa =
11.4 m and 6.33 m, the cavitation does not occur and the blade
loading is not affected. Under the condition of NPSHa =
4.27 m, the pressure distribution of the middle streamline on
the pressure surface does not change, but it obviously reduces
on the suction surface, and thus it increases the blade loading.
When NPSHa drops to 3.94 m, the cavitation is more serious,
which makes the pressure in the middle streamlines on both
the suction surface and the pressure surface of blade reduce
a lot. In the positions from 𝑙/𝐿 = 0 to 𝑙/𝐿 = 0.3, the blade
loading is almost 0 and even reaches negative values.

6.2. Vapor-Phase Volume Fraction Distribution in the Impeller.
Figures 16 and 17 show the distribution of the vapor-phase
volume fraction in the impeller under conditions of different
NPSHa . It can be concluded that the vapor-phase volume
fraction increases with the decrease in NPSHa , and the
cavitation bubbles gradually spread from the impeller inlet
to the outlet. And the bubbles mainly concentrate around
the blade suction surfaces near the inlet, which is because
of the low pressure appearing near the suction surfaces.
When NPSHa = 11.4 m and 6.33 m, the vapor-phase volume
fraction is almost 0 from the impeller inlet to the outlet,
which indicates that the cavitation phenomenon does not
appear and the pump head is not affected, which can be
confirmed from the pump cavitation characteristic curves

shown in Figure 14. But when NPSHa = 4.27 m and 3.94 m,
a large number of cavitation bubbles appear in the impeller;
particularly when NPSHa = 3.94 m, the cavitation is more
serious. The bubbles have blocked the blade channels, and
the pump head drops by more than 20%. In addition, the
distribution of vapor-phase volume fraction in the blade
channels is nonaxisymmetric, which may be caused by the
dynamic-static coupling between the tongue of the volute
casing and the impeller.
6.3. Streamline Distribution in the Impeller. The streamlines
in the impeller distribute smoothly under noncavitation
condition as shown in Figure 18(a), while the streamline
distribution in impeller channels is relatively disordered
under cavitation condition as shown in Figure 18(b), which is
caused by the secondary flows near the exit of the impeller.
These vortices have great effects on the pump head, as is
shown in Figure 14.
6.4. Power Distribution in the Impeller. The impeller is the key
component of the pump for energy conversions. In addition,
because the cavitation occurrence is closely related to the
pressure, the power related to the pressure plays an important
role in the impeller channels; the power 𝑃sec on the cross
section of the passage is defined as
𝑃sec = ∫ 𝑝𝑡 v ⋅ n d𝑆,
𝑆

(11)
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Figure 11: Relative velocity and streamline distributions in the suction chamber at different flow rates.

where 𝑝𝑡 represents the total pressure of the fluid based
on the absolute coordinate system, v represents the fluid
absolute velocity, and n represents the unit vector normal
to the cross section. And the integral term 𝑝𝑡 v ⋅ n represents the power density on the cross section. 7 cross
sections in each impeller channel are selected to investigate the power distribution, and these cross sections in
impeller channels are located on the cylinders, the radii
of which range from 60 mm to 174 mm as shown in
Figure 19.
It can be seen from Figure 20 that the power in the
impeller channels increases with the increase of the radius
because the fluid obtains the work done by blades. In the blade
leading regions, the power is very low and increases slowly
for different NPSHa and its growth rate decreases as NPSHa
decreases, which is related to the cavitation. In the blade
middle regions, a sharp increase in the power occurs because
a large proportion of energy conversion happens here, and

the energy conversion becomes worse for serious cavitation.
In the blade trailing regions, the power increases slowly when
NPSHa = 11.4 m and 6.33 m, and, in contrast, the secondary
backflows cause drop in the power for NPSHa = 4.27 m and
even sudden drop for NPSHa = 3.94 m, which can be confirmed by Figure 18. Overall, the power distribution in the left
part of the impeller is the same as that in the right part of the
impeller.
The power density distributions on the cylindrical
cross sections in the impeller under noncavitation and
cavitation conditions are shown in Figure 21. It can
be seen that the power density on each cross section
distributes nonuniformly, and the averaged power density on the cross sections in the impeller under noncavitation condition is larger than that under cavitation
condition. In the same impeller channel, the averaged
power density increases gradually from the inlet to the
exit.
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7. Conclusions
Based on the RNG k-𝜀 turbulence model and the hexahedral
structured grid, the unsteady flow inside a double-suction
centrifugal pump was numerically investigated under different flow rate conditions. In addition, the blade loading and
power distributions related to the cavitation at design flow
rate were analyzed systematically. The results are listed and
discussed as follows:
(1) The external and internal flow characteristics of the
pump obtained by numerical simulation are in accord
with the general law and agree well with the experimental results.

(2) The predicted variation tendencies of the turbulence
kinetic energy k and the turbulence dissipation rate 𝜀
are very similar under different flow rate conditions,
but k and 𝜀 at design flow rate are lower than those at
other off-design flow rates.
(3) The blade passing frequency is the dominant frequency of the pressure fluctuations in the volute
casing except the vicinity of the volute tongue for all
operating cases, and the dominant one near the volute
tongue is the blade passing frequency at the design
point and 0∼0.5 times the blade passing frequency at
other off-design points.
(4) At the design flow rate, the cavitation causes the blade
loading of the middle streamline to increase a bit
during the initial stage, and serious cavitation causes
the blade loading near the blade inlet to reduce to
0 and even negative values, which results in a sharp
drop in the pump head.
(5) The power obtained from the impeller increases
with the increase of radius in the whole impeller
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Figure 20: Power curves of the impeller sections.
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channels, but the power in leading regions of the
blades increases gradually a bit, and then it increases
sharply in the middle regions. In the blade leading regions, the power increases slowly for noncavitation cases, while it decreases for cavitation
cases; in particular, it suddenly drops for serious cavitation, which is caused by the secondary
flows.

Nomenclature
𝐷in :
𝐷out :
𝐷1 :
𝐷2 :
𝐷3 :
𝑁:
𝑛𝑠 :
𝐻:
𝑃:
𝑃sec :
𝑄:
𝜂:
𝜂𝑚 :
𝜂V :
𝜂ℎ :
𝜌:
𝜌V :
𝑝V :
𝑝:
𝐶𝑝 :
𝑘:
𝜀:
NPSHa :
NPSHr :
𝑚eva :
𝑚con :
𝐶eva :
𝐶con :
𝑇:
𝑓𝑠 :
𝑓𝑏 :

Pump inlet diameter
Pump outlet diameter
Inlet diameter of impeller
Outlet diameter of impeller
Cutwater diameter of volute casing
Blade number
Specific speed of the pump
Pump head
Pump shaft power
The power on the cross section of impeller
Flow rate
Pump efficiency
Mechanical efficiency
Volumetric efficiency
Hydraulic efficiency
Fluid mass density
Mass density of vapor phase
Saturated vapor pressure of water
Transient pressure
Pressure coefficient
Turbulence kinetic energy
Turbulence dissipation rate
Available net positive suction head
Required net positive suction head
Evaporation rate of water vapor
Condensation rate of water vapor
Evaporation rate coefficient of water vapor
Condensation rate coefficient of water vapor
The rotating period of the impeller
Sampling frequency
Blade passing frequency.
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A shallow-water equation (SWE) is used to simulate earthquake-induced water waves in this study. A finite-difference method is
used to calculate the SWE. The model is verified against the models of Sato and of Demirel and Aydin with three kinds of seismic
waves, and the numerical results of earthquake-induced water waves calculated using the proposed model are reasonable. It is also
demonstrated that the proposed model is reliable. Finally, an empirical equation for the maximum water elevation of earthquakeinduced water waves is developed based on the results obtained using the model, which is an improvement on former models.

1. Introduction
Strong earthquakes shake the banks of reservoirs and can
consequently generate large water waves that may result in
a geohazard in mountainous earthquake-prone areas [1].
Hydrodynamic pressures in dam reservoirs during earthquakes were first rigorously analyzed by Westergaard in
1933 [2]. In his study, the hydrodynamic equations were
derived in terms of the theory of elasticity of solids, and
an analytical solution was obtained. Later, Sato modeled a
seismic wave as a simple sine wave and proposed a formula
for an earthquake-induced water wave using analytical calculations based on linearized shallow-water equations (SWEs)
[3]. Chopra and coworkers provided a revised solution to
account for the effects of water compressibility on pressure
distribution and to investigate dam-water interaction using a
finite-element method [4, 5]. They found that the effects of
water compressibility for most dams should be considered in
their earthquake-response analysis. Hung and Chen analyzed
the variation of the water surface and the hydrodynamic
pressures of dam-reservoir systems during the El Centro

Earthquake, solving Euler equations by a finite-element
method [6]. Chen et al., solving three-dimensional coupling
Euler equations and incompressible continuity equations
with a complete three-dimensional (3D) finite-difference
scheme, calculated the hydrodynamic pressures and waterlevel increase for nonlinear conditions, including the nonvertical dam face and the nonhorizontal reservoir bottom.
They concluded that the geometry effects of reservoir shape
on hydrodynamic pressures were significant and the effects of
surface wave and convective acceleration on hydrodynamic
pressure were about the same [7–9]. C.-H. Zee and R. Zee
assumed that water was incompressible and modeled the
water flow in reservoirs with a Laplace equation. They studied
the hydrodynamic pressure on dams during a horizontal
earthquake with a computer program [10]. Demirel and
Aydin developed a wave-absorption filter for the far-end
boundary of semi-infinite large reservoirs and computed the
earthquake-excited surface waves and nonlinear hydrodynamic pressures in a dam-reservoir system based on solving
the Navier-Stokes equations and a depth-integrated continuity equation. They used the numerical model to compute
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the maximum wave run-up height on the dam face during
earthquakes. Based on the data obtained from numerical
simulations for nine selected earthquake ground motions,
they presented a relationship between dimensionless run-up
height and the Froude number that was defined in terms of
maximum ground velocity and water depth [11, 12].
Earthquake-excited reservoir systems have been modeled
as a shaking-wave tank by many researchers. Faltinsen
studied shaking-wave-tank problems with the boundaryelement method, solving the Laplace equation based on
potential-flow theory [13]. Cooker used linearized SWEs
to model a horizontal rectangular wave tank. The freesurface boundary conditions were linearized by potentialflow theory [14]. They found that time-periodic solutions
existed for the system. Liu and Lin developed a numerical
model to study 3D nonlinear liquid sloshing with broken
free surfaces under 6-degree-of-freedom excitations [15].
Godderidge et al. developed an inhomogeneous multiphase
model for the computational-fluid-dynamics (CFD) analysis
of violent sloshing flows [16]. Chen et al. solved the Reynoldsaveraged Navier-Stokes (RANS) equations in both water
and air regions to study the sloshing-tank problems [17].
Du et al. approached the characteristics of seismic surges
using a shaking-water-tank experiment. They proposed two
empirical relationships between the maximum water wave
height and the peak ground acceleration for low- and highfrequency seismic waves, respectively [18].
Given the above, investigations of earthquake-induced
water waves may apply three methods: analytical calculations,
numerical simulations, and experimental studies. In the
present study, for an inviscid and incompressible fluid, SWE
is developed to simulate earthquake-induced water waves
based on Chen’s hydrodynamic model [9]. A finite-difference
method is used to discretize the SWE. The accuracy and
applicability of our method were verified by the results of
several classical models, which include analytical solutions
of Sato [3] and numerical solutions of Demirel and Aydin
[12]. Finally, we propose an empirical equation to predict
the maximum water elevation of earthquake-induced water
waves based on the calculated results of the proposed model.

2. Mathematical and Numerical Model
2.1. Basic Equations. Figure 1 is a sketch of the dam-reservoir
system studied in this paper. As seen in the figure, 𝑥, 𝑦, and 𝑧
are space coordinates; 𝐿, 𝑊, and 𝐻 are the length, width, and
height of the reservoir, respectively; ℎ is the water depth; ℎ0 is
the still water depth; and 𝜂 is the free-surface displacement.
The 3D equations of motion of fluid in this dam-reservoir
system during an earthquake, proposed by Chen and Yuan
[9], can be written as
𝜕 (𝑢0 + 𝑢)
𝜕𝑢
𝜕𝑢
𝜕𝑢
1 𝜕𝑝
+𝑢
+V
+𝑤
=−
,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑧
𝜌 𝜕𝑥
𝜕 (V0 + V)
𝜕V
𝜕V
𝜕V
1 𝜕𝑝
+𝑢
+V +𝑤
=−
,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑧
𝜌 𝜕𝑦
𝜕 (𝑤0 + 𝑤)
𝜕𝑤
𝜕𝑤
𝜕𝑤
1 𝜕𝑝
+𝑢
+V
+𝑤
=−
− 𝑔.
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑧
𝜌 𝜕𝑧

(1)

z
W
y

H


h

ℎ0
x

L

Figure 1: Sketch of the dam-reservoir system studied.

The corresponding continuity equation of an incompressible fluid is
𝜕𝑢 𝜕V 𝜕𝑤
+
+
= 0,
𝜕𝑥 𝜕𝑦 𝜕𝑧

(2)

where 𝑢, V, and 𝑤 are the fluid velocity components in the
𝑥, 𝑦, and 𝑧 directions, respectively; 𝑢0 , V0 , and 𝑤0 are the
instantaneous ground-velocity components the in the 𝑥, 𝑦,
and 𝑧 directions, respectively; 𝜌 is the fluid density; 𝑔 is the
gravity acceleration; and 𝑝 is the hydrodynamic pressure.
The 3D hydrodynamic model proposed by Chen focuses
on the nonlinear hydrodynamic pressures on the banks
during earthquakes and is calculated by a complete 3D
finite-difference scheme. This work described in this paper
focused on the maximum water elevation on the reservoir
bank during earthquakes, which can be used for the critical
hydrologic condition of geohazards such as a moraine-lake
burst with overflow [19]. In order to simplify the calculation,
we operated under the following hypotheses.
(1) For the external seismic excitation, we assume that
there is only the horizontal vibration without the vertical
seismic motion, so
𝑤0 = 0.

(3)

(2) As there is only the horizontal vibration, the vertical
acceleration of the fluid is far smaller than that of the
gravity acceleration, so the assumption of nearly uniform
vertical distribution of the hydrostatic pressure distribution
is reasonable [20]; then,
𝜕𝑝
= 𝜌𝑔.
𝜕𝑧

(4)

(3) The reservoir banks are vertical and rigid. There is no
wave absorption and the water waves are totally reflected at
the reservoir banks.
Based on the above assumptions, by depth integration
of (1) and (2), the basic equations of the SWE model for
simulation of earthquake water waves can be written as
𝜕ℎ 𝜕ℎ𝑢 𝜕ℎV
+
+
= 0,
𝜕𝑡
𝜕𝑥
𝜕𝑦
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Δxi

(2) Spatial-Derivative Terms
𝑛
𝑛
𝑛
𝑛
(ℎ𝑖+1/2,𝑗
𝑢𝑖+1/2,𝑗
− ℎ𝑖−1/2,𝑗
𝑢𝑖−1/2,𝑗
)
𝜕ℎ𝑢 𝑛
(
,
) =
𝜕𝑥 𝑖,𝑗
Δ𝑥𝑖

n
i,j+1/2

yj+1/2

n
ui−1/2,j

yj

n
ui−1/2,j

n
ℎi,j

(
Δyj

n
i,j+1/2

yj−1/2

xi−1/2

xi+1/2

𝜕ℎ (𝑢 + 𝑢0 ) 𝜕ℎ𝑢
𝜕ℎ𝑢V
𝜕ℎ
+
+
= −𝑔ℎ ,
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑥

(5)
2.2. Numerical Implementation. In this study, a finitedifference method was used to calculate (5). As shown in
Figure 2, the parameters 𝑢, V, and ℎ are defined in the cell.
The continuity equation and the momentum equations in the
𝑥 and 𝑦 directions, respectively, are discretized in the center
of the cell at the (𝑛 + 1)th time step. The derivative terms of
(5) can be discretized as shown in the following.
(1) Time-Derivative Terms
𝑛+1
𝑛
ℎ𝑖,𝑗
− ℎ𝑖,𝑗
𝜕ℎ 𝑛
,
( ) =
𝜕𝑡 𝑖,𝑗
Δ𝑡
𝑛

𝜕ℎ (𝑢 + 𝑢0 )
)
𝜕𝑡
𝑖,𝑗

Δ𝑡
𝑛

(

𝜕ℎ (V + V0 )
)
𝜕𝑡
𝑖,𝑗
=

𝑛+1
ℎ𝑖,𝑗

𝑛+1
(V𝑖,𝑗

+

V0𝑛+1 )
Δ𝑡

−

𝑛
ℎ𝑖,𝑗

𝑛
(V𝑖,𝑗

+

V0𝑛 )

.

,
(7)

𝑛
𝑛
𝑛
𝑛
𝑛
𝑛
𝑢𝑖,𝑗+1/2
V𝑖,𝑗+1/2
ℎ𝑖,𝑗+1/2
− 𝑢𝑖,𝑗−1/2
V𝑖,𝑗−1/2
ℎ𝑖,𝑗−1/2

Δ𝑦𝑗
2

𝜕ℎ (V + V0 ) 𝜕ℎV𝑢 𝜕ℎV
𝜕ℎ
+
+
= −𝑔ℎ .
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕𝑦

=

Δ𝑥𝑖

,

2

𝑛
𝑛
𝑛
𝑛
𝑛
(V𝑖,𝑗+1/2
) ℎ𝑖,𝑗+1/2
− (V𝑖,𝑗−1/2
) ℎ𝑖,𝑗−1/2
𝜕ℎV2
(
,
) =
𝜕𝑦 𝑖,𝑗
Δ𝑦𝑗

2

𝑛+1
𝑛+1
𝑛
𝑛
ℎ𝑖,𝑗
(𝑢𝑖,𝑗
+ 𝑢0𝑛+1 ) − ℎ𝑖,𝑗
(𝑢𝑖,𝑗
+ 𝑢0𝑛 )

𝑛
𝑛
𝑛
𝑛
𝑛
𝑢𝑖+1/2,𝑗
V𝑖+1/2,𝑗
ℎ𝑖+1/2,𝑗
− 𝑢𝑖−1/2,𝑗
V𝑖−1/2,𝑗
ℎ𝑖−1/2,𝑗

𝜕ℎ𝑢V 𝑛
(
)
𝜕𝑦 𝑖,𝑗
=

2

2

𝜕ℎ𝑢V 𝑛
)
𝜕𝑥 𝑖,𝑗
=

Figure 2: Single cell of the staggered grid and the locations of
variables.

(

2

𝑛
𝑛
𝑛
(𝑢𝑖+1/2,𝑗
) ℎ𝑖+1/2,𝑗 − (𝑢𝑖−1/2,𝑗
) ℎ𝑖−1/2,𝑗
𝜕ℎ𝑢2
(
,
) =
𝜕𝑥 𝑖,𝑗
Δ𝑥𝑖

(

xi

𝑛
𝑛
𝑛
𝑛
(ℎ𝑖,𝑗+1/2
V𝑖,𝑗+1/2
− ℎ𝑖,𝑗−1/2
V𝑖,𝑗−1/2
)
𝜕ℎV 𝑛
,
) =
𝜕𝑦 𝑖,𝑗
Δ𝑦𝑗

,

(6)

𝑛

𝑛

𝑛

𝑛

(𝑔ℎ

ℎ
− ℎ𝑖−1/2,𝑗
𝜕ℎ 𝑛
𝑛 𝑖+1/2,𝑗
,
) = 𝑔ℎ𝑖,𝑗
𝜕𝑥 𝑖,𝑗
Δ𝑥𝑖

(𝑔ℎ

ℎ
− ℎ𝑖,𝑗−1/2
𝜕ℎ 𝑛
𝑛 𝑖,𝑗+1/2
.
) = 𝑔ℎ𝑖,𝑗
𝜕𝑦 𝑖,𝑗
Δ𝑦𝑗

(3) The Middle Terms
𝑛
=
ℎ𝑖+1/2,𝑗

1 𝑛
𝑛
),
(ℎ + ℎ𝑖+1,𝑗
2 𝑖,𝑗

𝑛
ℎ𝑖,𝑗+1/2
=

1 𝑛
𝑛
),
(ℎ + ℎ𝑖,𝑗+1
2 𝑖,𝑗

𝑛
𝑢𝑖+1/2,𝑗
=

1 𝑛
𝑛
),
(𝑢 + 𝑢𝑖+1,𝑗
2 𝑖,𝑗

𝑛
𝑢𝑖,𝑗+1/2
=

1 𝑛
𝑛
),
(𝑢 + 𝑢𝑖,𝑗+1
2 𝑖,𝑗

𝑛
V𝑖+1/2,𝑗
=

1 𝑛
𝑛
),
(V + V𝑖+1,𝑗
2 𝑖,𝑗

𝑛
V𝑖,𝑗+1/2
=

1 𝑛
𝑛
),
(V + V𝑖,𝑗+1
2 𝑖,𝑗

(8)

where superscript 𝑛 denotes the time step, Δ𝑡 represents the
time-step size, subscript (𝑖, 𝑗) denotes the spatial node, and
Δ𝑥𝑖 and Δ𝑦𝑗 represent the spatial step sizes in the 𝑥 and 𝑦
directions, respectively. Considering (6)–(8), the continuity
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equation and the momentum equations can be discretized as
follows:
Δ𝑡 𝑛
𝑛+1
𝑛
𝑛
𝑛
= ℎ𝑖,𝑗
−
(ℎ
𝑢𝑛
− ℎ𝑖−1/2,𝑗
𝑢𝑖−1/2,𝑗
)
ℎ𝑖,𝑗
Δ𝑥𝑖 𝑖+1/2,𝑗 𝑖+1/2,𝑗
(9)
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𝑛
𝑛
𝑛
𝑛
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(ℎ
V
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Δ𝑦𝑗 𝑖,𝑗+1/2 𝑖,𝑗+1/2
𝑛+1
=
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𝑛
ℎ𝑖,𝑗
𝑛+1
ℎ𝑖,𝑗

𝑛
(𝑢𝑖,𝑗
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2

−

−

−

𝑛
𝑛
𝑛
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) ℎ𝑖+1/2,𝑗
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𝑛
𝑛
𝑛
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𝑛
𝑛
𝑛
− 𝑢𝑖,𝑗−1/2
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𝑛+1
Δ𝑦𝑗 ℎ𝑖,𝑗

𝑛
𝑛
𝑛
𝑔ℎ𝑖,𝑗
Δ𝑡 (ℎ𝑖+1/2,𝑗
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𝑛+1
Δ𝑥𝑖 ℎ𝑖,𝑗

𝑛+1
V𝑖,𝑗
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−

𝑛
ℎ𝑖,𝑗
𝑛+1
ℎ𝑖,𝑗

−

(10)

,

𝑛
(V𝑖,𝑗
+ V0𝑛 ) − V0𝑛+1

𝑛
𝑛
𝑛
𝑛
𝑛
Δ𝑡 (𝑢𝑖+1/2,𝑗
V𝑖+1/2,𝑗
ℎ𝑖+1/2,𝑗
− 𝑢𝑖−1/2,𝑗
V𝑖−1/2,𝑗
ℎ𝑖−1/2,𝑗 )
𝑛+1
Δ𝑥𝑖 ℎ𝑖,𝑗
2

−

Δ𝑦𝑗
(14)
Δ𝑥𝑖
, 
).
= CFL min (  
1/2
1/2
𝑢  + (𝑔ℎ )
V  + (𝑔ℎ )
 𝑖,𝑗 
 𝑖,𝑗 
𝑖,𝑗
𝑖,𝑗

2

𝑛+1
Δ𝑥𝑖 ℎ𝑖,𝑗

2

𝑛
𝑛
𝑛
𝑛
) ℎ𝑖,𝑗+1/2
− (V𝑖,𝑗−1/2
) ℎ𝑖,𝑗−1/2
]
Δ𝑡 [(V𝑖,𝑗+1/2

(11)

𝑛+1
Δ𝑦𝑗 ℎ𝑖,𝑗
𝑛
𝑛
𝑛
𝑔ℎ𝑖,𝑗
Δ𝑡 (ℎ𝑖,𝑗+1/2
− ℎ𝑖,𝑗−1/2
)
𝑛+1
Δ𝑦𝑗 ℎ𝑖,𝑗

=

.

ℎ𝐵𝑛 ,

𝑢𝐵𝑛+1 = −𝑢𝐵𝑛 ,
V𝐵𝑛+1

=

(12)

V𝐵𝑛 ,

and the boundary conditions in the y direction are updated
by using
ℎ𝐵𝑛+1 = ℎ𝐵𝑛 ,
𝑢𝐵𝑛+1

=

2.5. Computational Cycle. With a chosen finite-difference
mesh, and given initial conditions and ground acceleration
for each time step, the complete cycle for the explicit iterative
procedure can be summarized as follows.
(1) Compute all the variables at the 𝑛th time step,
𝑛
𝑛
, 𝑢𝑖,𝑗
,
including variables at the center of the cell, such as ℎ𝑖,𝑗
𝑛
𝑛
and V𝑖,𝑗 , and variables at the faces of the cell, such as ℎ𝑖+1/2,𝑗 ,
𝑛
𝑛
, and V𝑖+1/2,𝑗
.
𝑢𝑖+1/2,𝑗
(2) Compute the continuity equation (9) and the momentum equations (10) and (11) at the (𝑛 + 1)th time step to obtain
𝑛+1
𝑛+1
the new water depths ℎ𝑖,𝑗
and the new water velocities 𝑢𝑖,𝑗
𝑛+1
and V𝑖,𝑗 .
(3) Update the boundary conditions with (12) and (13).
(4) Now all of the new variables at the (𝑛 + 1)th time step
have been obtained, so repeat Steps (1)–(3) and enter the next
cycle.

3. Numerical Validation

2.3. Boundary Conditions. In this paper, we have assumed
rigid and totally reflective boundary conditions. In order
to treat these boundary conditions, one extra ghost grid is
introduced outside the computational space domain [21]. The
parameters of the boundary cell, namely, ℎ𝐵 , 𝑢𝐵 , and V𝐵 , are
defined at the center of the boundary cell. The boundary
conditions in the 𝑥 direction are then updated using
ℎ𝐵𝑛+1

2.4. Stability Condition. The stability and accuracy of the
numerical results significantly depend on the spatial step
sizes and the selected time step. In this paper, the continuity
equation and the momentum equations are discretized by an
explicit difference scheme using a sequential iteration. Thus,
the Courant-Friedrichs-Lewy (CFL) stability criterion is used
[22], and the joint stability conditions for the time step Δ𝑡 are
as follows:
Δ𝑡

𝑢𝐵𝑛 ,

V𝐵𝑛+1 = −V𝐵𝑛 ,
where superscript 𝑛 denotes the time step.

(13)

To demonstrate the accuracy and applicability of the present
model for earthquake-induced water waves, the calculated
results of two classical models, which include analytical
solutions of Sato and numerical solutions of Demirel and
Aydin, will be used to facilitate a comparison to the results
obtained using the present model. Three different seismic
waves, namely, a Wolong wave, Mexicali wave, and Tongmai
wave, having varied peak ground acceleration (PGA), are
used in the comparison of calculated results.
3.1. Comparative Models. Two models of earthquake-induced
water waves are used to facilitate the comparison to the
present model.
(1) Sato’s Model (1967). Sato modeled the seismic wave
as a simple sine wave and assumed that the earthquakeinduced water waves were generated by horizontal movement
of a vertical wall, and then proposed a formula for the
earthquake-induced water wave using analytical calculations
as follows:
𝜂=

𝑎0 √𝑔ℎ0
,
2𝜋𝑓

(15)

where 𝑎0 = 𝑎/𝑔 is nondimensional, 𝑎 is the peak ground
acceleration of the earthquake, and 𝑓 is the dominant
frequency of the earthquake.
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Table 1: Details of seismic waves used in the comparison of calculated results.
Seismic wave types
PGA (g)
Wolong wave
PGV (m/s)
PGA (g)
Mexicali wave
PGV (m/s)
PGA (g)
Tongmai wave
PGV (m/s)

0.1
0.051
0.05
0.0353
0.05
0.0518

0.2
0.102
0.1
0.0706
0.25
0.1969

0.3
0.1535
0.15
0.1059
0.4
0.448

0

−1

0.4
0.2048
0.2
0.1412
—
—

0.3

Acceleration (g)

Acceleration (g)

1

Dominant frequency (Hz)
0.5
2.34
0.256
0.25
0.38
0.1857
—
0.39
—

0

20

40

60

80
100
Time (s)

120

140

160

0.0

−0.3

180

0

where 𝐹 = V/√𝑔ℎ0 is the earthquake Froude number and V is
the peak ground velocity (PGV).
3.2. Earthquake Excitations. Three kinds of earthquake excitations are used in the comparison of calculated results. A
Wolong seismic wave was recorded in the Wenchuan Ms 8.0
earthquake on 12 May 2008 at Wolong Station, as shown
in Figure 3; a Mexicali seismic wave was recorded in the
California Ms 7.2 earthquake on 4 April 2010 at Mexicali,
as shown in Figure 4; and Tongmai seismic waves were the
synthetic waves that were based on rock-response spectra
(supplied by the Institute of Crustal Dynamic China and
CCCC First Highway Consultants Co., Ltd., 2005), as shown
in Figure 5. Details of the seismic waves and corresponding
PGA and PGVs are shown in Table 1.
3.3. Calculated Results and Analysis. Before the numerical
validation of the present model, the reservoir system is
assumed to be a rectangular tank with a length of 300 m,

Acceleration (g)

(16)

Acceleration (g)

(2) Demirel-Aydin’s Model (2016). Demirel and Aydin used a
numerical simulation method to compute breaking surface
waves in the reservoir and to predict the maximum height
of an earthquake-induced water wave. On the basis of these
numerical simulation results, they presented the following
equation for predicting the maximum wave height:
𝜂
= 0.55𝐹0.72 ,
ℎ0

20

30
40
Time (s)

50

60

70

Figure 4: Mexicali earthquake.

Acceleration (g)

Figure 3: Wolong earthquake.

10

0.5

P = 2%

0.0
−0.5

0

5

10
Time (s)

15

0.5

20

P = 10%

0.0
−0.5

0

5

10
Time (s)

15

0.5

20

P = 63%

0.0
−0.5

0

5

10
Time (s)

15

20

Figure 5: Tongmai earthquake with different exceeding probabilities.

a width of 150 m, and an initial water depth of 30 m. The
simulations of earthquake-induced water waves based on the
present model were then carried out with varied seismic
waves at different output times, as seen in Figures 6(a)–6(f).
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(d) Mexicali wave, PGA = 0.25 g and 𝑡 = 30 s
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(e) Tongmai wave, PGA = 0.4 g and 𝑡 = 5 s
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(f) Tongmai wave, PGA = 0.4 g and 𝑡 = 20 s

Figure 6: Earthquake-induced water waves with varied seismic waves at different output times.
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Figures 6(a) and 6(b) show the numerical water waves
at different output times (𝑡 = 30 and 60 s) generated by a
Wolong seismic wave with a 0.5 G horizontal acceleration. It
can be seen in Figure 3 that the peak value of the acceleration
of the Wolong seismic wave appeared at approximately 𝑡 =
30 s and the main quake ended at approximately 𝑡 = 60 s.
Figures 6(c) and 6(d) show the numerical water waves at
different output times (𝑡 = 15 and 30 s) generated by a
Mexicali seismic wave with a 0.25 G horizontal acceleration. It
can be seen in Figure 4 that the peak value of the acceleration
of the Mexicali seismic wave appeared at approximately 𝑡 =
15 s and the main quake ended at approximately 𝑡 = 30 s.
Figures 6(e) and 6(f) show the numerical water waves at
different output times (𝑡 = 5 and 20 s) generated by a Tongmai
seismic wave with a 0.25 G horizontal acceleration. It can be
seen in Figure 5 that the peak value of the acceleration of the
Tongmai seismic wave appeared at approximately 𝑡 = 5 s and
the main quake ended at approximately 𝑡 = 20 s.
By comparing the water waves generated by the three
kinds of seismic waves, it can be seen that, compared
to the other two seismic waves, the wavelength of water
waves generated by a Wolong seismic wave is shorter, the
amplitude of water waves is smaller, and the water waves
generated by a Wolong seismic wave calm down faster. These
numerical results are reasonable. On one hand, the dominant
frequency of a Wolong seismic wave is higher than the other
two. During earthquakes, water waves are generated by the
shaking bank, which is a kind of forced-vibration problem,
and the frequency of water waves depends on the dominant
frequency of the seismic wave. On the other hand, the
dominant frequencies of all of the seismic waves are higher
than the natural frequencies of reservoir water, which are very
low. Then, for higher excitation frequency, the amplitude of
water waves is smaller and decays faster [23].
3.4. Comparison to Former Models. The value of the present
model, which will be used for comparison with former
models, is the maximum water elevation at the right-hand
side of the rectangular tank, as shown in Figure 6. In order
to obtain the calculated results of the other models, the data
of seismic waves in Table 1 and (15) and (16) are used. The
initial water depth varies from 20 to 40 m at intervals of
5 m. Figure 7 depicts the comparison of the maximum water
elevations under varied conditions obtained in the present
model, in Sato’s model, and in the Demirel-Aydin model. As
seen in Figure 7, the calculated values of the present model
are all between the calculated results of the other two models
[except in Figure 7(l)]. The results indicate that the calculated
results of the present model are within the scope of the results
of previous models, so the present model is reliable. The
calculated results of the present model are closer to the results
of the Demirel-Aydin model in most cases. This is because the
present model and the Demirel-Aydin model both consider
the time-history curve of an earthquake wave’s acceleration
and use the seismic wave data more sufficiently. However,
Sato’s model takes the seismic wave as a simple sine wave, may
ignore more information, and could become more sensitive
to the dominant frequency of an earthquake and to the PGA.

7
3.5. Prediction of the Maximum Water Elevation. By comparing the calculated results of the three models, it can be seen
that the calculated results of the present model are closer to
those of the Demirel-Aydin model in most cases. However,
while the dominant frequency of an earthquake is lower, the
calculated results of the present model are also close to the
results of Sato’s model. The Demirel-Aydin model considers
that the PGV and the initial water depth are the main factors
that influence the maximum water elevation of earthquakeinduced water waves, while ignoring the influence of the PGA
and the dominant frequency of the earthquake. Sato’s model
simplified the seismic wave, which may increase the influence
of the PGA and the dominant frequency of an earthquake.
In this paper, the PGA, PGV, dominant frequency of an
earthquake, and initial water depth are considered to be the
main factors that influence the maximum water elevation of
earthquake-induced water waves. As there is a significant correlation among the PGA, PGV, and the dominant frequency
of an earthquake [24], the PGA, PGV, and initial water depth
are finally selected as the factors influencing the maximum
water elevation. The three factors can be combined into two
dimensionless parameters that can be calculated as follows:
𝐹=

V
,
√𝑔ℎ0

𝑎0 =

𝑎
.
𝑔

(17)

The dimensionless wave height 𝜂+ for the maximum
water elevation of earthquake-induced water waves is defined
by
𝜂+ =

𝜂
.
ℎ0

(18)

In Section 3.4, we described the 65 group tests with varied
conditions for earthquake-induced water waves that were
carried out using the present model; the calculated results for
the maximum water elevations are given in Table 2.
An empirical equation can then be developed for the
dimensionless wave height by means of nondimensional
multiple linear regression analysis. The relationship between
the dimensionless wave height and the two dimensionless
factors is expressed as follows:
𝜂+ = 0.7305𝑎0 −0.2105 𝐹0.8233 .

(19)

In Figure 8, we compare the results calculated using the
present model and those using (19) for the 65 group tests.
The correlation coefficient between the two sets of calculated
results is 0.9045. Therefore, (19) can be used to estimate
the maximum water elevation of earthquake-induced water
waves if no better method is available.

4. Conclusions
In this study, a 2D SWE model was used to simulate
earthquake-induced water waves. We used two former classical models to verify the accuracy and reasonability of our new
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Figure 7: Continued.
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Figure 7: Comparison of the maximum water elevations predicted by the present, Sato, and Demirel-Aydin models.

Table 2: Results of the maximum water elevation calculated using the present model.
Seismic waves

Wolong wave

Mexicali wave

Tongmai wave

PGA (g)
0.1
0.2
0.3
0.4
0.5
0.05
0.1
0.15
0.2
0.25
0.05
0.25
0.4

20
0.174
0.294
0.402
0.500
0.593
0.238
0.379
0.498
0.603
0.724
0.182
0.499
0.914

model and drew the following conclusions from the results of
our study.
(1) It can be seen from the numerical results of the
present model that, for a higher dominant frequency of an
earthquake, the wavelength of water waves induced by an
earthquake is shorter and their amplitude is smaller and
decays faster.
(2) The results calculated using the present model are
within the scope of the results of previous models, which
indicates that the present model is reliable. Furthermore,
they are closer to results calculated using the Demirel-Aydin
model in most cases. This is because the present model and
the Demirel-Aydin model both consider the time-history
curve of the earthquake wave’s acceleration and use the
seismic wave data more sufficiently.

25
0.200
0.339
0.462
0.575
0.681
0.277
0.441
0.579
0.702
0.842
0.210
0.575
1.054

Initial water depth (m)
30
0.224
0.379
0.518
0.644
0.764
0.314
0.500
0.656
0.795
0.954
0.235
0.646
1.185

35
0.247
0.418
0.570
0.710
0.841
0.349
0.555
0.728
0.883
1.059
0.260
0.713
1.308

40
0.268
0.454
0.620
0.771
0.914
0.382
0.608
0.797
0.967
1.160
0.283
0.777
1.424

(3) An empirical equation for the maximum water elevation of earthquake-induced water waves was developed
based on the results calculated using the present model. The
empirical equation selects the PGA, PGV, and initial water
depth as factors influencing the maximum water elevation,
which is an improvement to both Sato’s and the DemirelAydin model.
Ultimately, we have provided a new numerical model to
calculate earthquake-induced water waves, and its calculation
method is reliable. An empirical equation for the maximum water elevation of earthquake-induced water waves
was developed that is an improvement to the former models. Moreover, our calculation method can greatly improve
preventive engineering and provide references for disaster
prevention and mitigation engineering.
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Figure 8: Verification of (19) for calculating maximum water
elevation.
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Flow condition was simulated in a shaft tubular pump by using the Shear-Stress Transport (SST) 𝑘-𝜔 turbulence model with high
quality structured grids in design condition. Corresponding structural vibration characteristics were then analyzed based on twoway coupled Fluid-Structure Interaction (FSI) method. Fluid results showed that flow in the outlet flow passage was a combination
of the axial flow and circumferential rotation motion. Time and frequency domain analysis of pressure pulsation of typical measure
points indicated that larger pulsation amplitudes appeared in the tip of the blades and the main vibration source was the pressure
pulsation induced by rotation of the blades. The fluid pulsation amplitudes decreased gradually along the flow direction, which can
be ascribed to the function of fixed guide vane. Structural analysis of the blades in both pressure and suction side indicated that
significant stress concentration was formed at the blade and hub connection near the leading edge. Maximum effective stress of the
blades varied periodically, so prevention measures of the fatigue of blades should be taken. This research can provide important
reference for the design of the tubular pump.

1. Introduction
Rapid development of the industry and agriculture puts
great demand on the water conservancy facilities, which
gives rise to more pumping stations. Because of its less
hydraulic loss, high efficiency, and compact structure, convenient installation, and maintenance, tubular pump, a kind of
axial flow pump, presents wide popularity and development
potential worldwide. Nevertheless, it is a bit difficult for the
design and performance prediction of the tubular pump.
Experimental model testing is one of the solutions for
performance prediction but it is costly and time-consuming
[1]. By contrast, numerical simulation is a powerful tool to
provide information of the fluid flow behavior accurately,
thus helping the scholars to obtain a thorough performance
evaluation of a specific design [2–4].
Numerous CFD simulations were performed to analyze
the flow features of the pump and then corresponding
optimization design was provided. Jafarzadeh et al. [3] presented a general three-dimensional simulation of a highspeed centrifugal pump to predict velocity and pressure field.
The optimum pumping operation was explored in terms of
turbulence models and the number of blades. Shojaeefard

et al. [5] investigated the effects of the blade outlet angle and
passage width on the centrifugal pump performance during
the pumping of water and oil, and they found pump head
and efficiency can be increased with a proper modification of
the original geometry. Zhu et al. [6] applied a multiobjective
optimization design system to the design of a middle-highhead pump-turbine runner and concluded that the choice of
blade loading and the meridional channel shape is crucial to
efficiency and operation stability. All their researches have
beneficial enlightenment, but without taking the coupled
effect of the fluid and solid into account, their concern is
mainly the fluid feature.
Analysis of the stress distribution characteristics of a
centrifugal pump was conducted in [7, 8]. Results showed that
the maximum stress on the blade appeared on the pressure
side near the hub, and the maximum static stress increased
with the decreasing of the flow rate. However, like previously
mentioned researches, they focused on the centrifugal pump,
and enough importance was not attached to the axial flow
pump.
Shi and Wang [9], Tang et al. [10], and Zhang et al. [11]
calculated the stress and deformation of the axial impeller and
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found similar law of stress and deformation distribution. But
guide vanes and tip clearance were omitted for simplification
in their structure simulation, which could not reflect the
actual characteristics of the pump. There is tremendous need
for the detailed study of the axial flow pump based on twoway coupled Fluid-Structure Interaction approach [12].
On account of the scarcities above, this research performed simulation of the actual flow in a shaft tubular pump
to acquire the general features of the fluid flow and vibration
characteristics of the blades in design condition. Based on
two-way coupled FSI approach, a three-dimensional unified
model for a shaft tubular pump was established, including
the whole flow passage, the structure of the impeller, and
the fixed guide vane. Analysis of flow pattern was performed
using the SST 𝑘-𝜔 turbulence model to obtain the general
law in the flow passage. Time and frequency domain analysis
of the fluid pressure pulsation was conducted to explore
its vibration characteristics. For the structure, features of
effective stress, strain, deformation, and velocity distribution
in both pressure and suction sides of the blades were analyzed
and the property of maximum dynamic stress was evaluated.
Note that the whole calculation was performed with the
commercial software ADINA.

2. Basic Theory and Method
2.1. Basic Equations. For the fluid flow analysis, the continuity equation and Reynolds-Averaged Navier–Stokes equation
for an incompressible flow have been used in the following
form [13]:
𝜕𝑢𝑗
𝜕𝑥𝑗

= 0,

(3)

𝑛 ⋅ 𝜏𝑓 = 𝑛 ⋅ 𝜏𝑠 ,

(4)

where 𝑑𝑓 and 𝑑𝑠 are, respectively, the fluid and solid displacements, and 𝜏𝑓 and 𝜏𝑠 are, respectively, the fluid and solid
stresses. The underlining denotes that the values are defined
on the fluid-structure interfaces only.
When no-slip or slip condition is applied separately, the
fluid velocity condition that resulted from the kinematic
condition is expressed in (5) and (6), respectively.
V = 𝑑̇ 𝑠 ,

(5)

𝑛 ⋅ V = 𝑛 ⋅ 𝑑̇ 𝑠 .

(6)

Fourier analysis is employed in vibration analysis of the
pressure pulsation in fluid domain and dynamic stress in solid
domain. Given a time history 𝑓(𝑡), defined from 𝑡0 to 𝑡1 , the
Fourier series corresponding to 𝑓(𝑡) is expressed as follows:
∞

𝑓 (𝑡) = 𝑎0 + ∑ (𝑎𝑛 cos 𝑛𝜔1 𝑡 + 𝑏𝑛 sin 𝑛𝜔1 𝑡) ,

(7)

𝑡

𝜕𝑢
𝜕𝑢𝑖
𝜕 𝑢𝑖
1 𝜕𝑝
𝜕
+𝜐
−
(𝑢 𝑢 ) + 𝑓𝑖 ,
+ 𝑢𝑗 𝑖 = −
𝜕𝑡
𝜕𝑥𝑗
𝜌 𝜕𝑥𝑖
𝜕𝑥𝑗 𝜕𝑥𝑖 𝜕𝑥𝑗 𝑖 𝑗

(1)

where 𝑢𝑖 is an average velocity component, and 𝑢𝑖 𝑢𝑗 is the
turbulent stress. In this research Shear-Stress Transport (SST)
𝑘-𝜔 turbulence model proposed by Menter is used to acquire
the features of unsteady flow in CFD calculation. SST 𝑘-𝜔
turbulence model can yield more accurate and reliable results
for simulating flows with adverse pressure gradient [14], flows
around complex geometry [15], transonic flows [16], and so
forth. Equation for SST 𝑘-𝜔 turbulence model is expressed as
follows [17–19]:

𝜌

𝑑𝑓 = 𝑑𝑠 ,

𝑛=1

2

𝜌

𝜔, respectively, 𝑌𝑘 and 𝑌𝜔 are the dissipation terms of 𝑘 and
𝜔, respectively, 𝐷𝜔 is the cross-diffusion term, and 𝑆𝑘 and 𝑆𝜔
are source terms.
The fundamental conditions applied to the FSI [20] are
the kinematic condition (or displacement compatibility) and
the dynamic condition (or traction equilibrium), and corresponding equations are expressed in (3) and (4), respectively.

𝜕𝑘
𝜕
𝜕
𝜕𝑘
(𝑘𝑢𝑗 ) =
(Γ𝑘
) + 𝐺𝑘 − 𝑌𝑘 + 𝑆𝑘 ,
+𝜌
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑗
𝜕𝑥𝑗

(2)
𝜕𝜔
𝜕𝜔
𝜕
𝜕
(𝜔𝑢𝑗 ) =
(Γ𝜔
) + 𝐺𝜔 − 𝑌𝜔 + 𝐷𝜔
+𝜌
𝜕𝑡
𝜕𝑥𝑗
𝜕𝑥𝑗
𝜕𝑥𝑗
+ 𝑆𝜔 ,

where 𝑘 and 𝜔 are turbulent kinetic and turbulence dissipation rate, respectively, 𝐺𝑘 is a productive term of the turbulent
kinetic, 𝐺𝜔 is a productive term of the turbulence dissipation
rate, Γ𝑘 and Γ𝜔 are the effective diffusion coefficients of 𝑘 and

where 𝜔1 = 2𝜋/𝑡𝑝 , 𝑡𝑝 = 𝑡1 − 𝑡0 , 𝑎0 = (1/𝑡𝑝 ) ∫𝑡 1 𝑓(𝑡)𝑑𝑡, 𝑎𝑛 =
𝑡

𝑡

0

(2/𝑡𝑝 ) ∫𝑡 1 𝑓(𝑡) cos 𝑛𝜔1 𝑡 𝑑𝑡, 𝑏𝑛 = (2/𝑡𝑝 ) ∫𝑡 1 𝑓(𝑡) sin 𝑛𝜔1 𝑡 𝑑𝑡.
0
0
Equation (7) could be rewritten as (8) due to sine and
cosine transforms:
∞

𝑓 (𝑡) = 𝑐0 + ∑ 𝑐𝑛 cos (𝑛𝜔1 𝑡 − Φ𝑛 ) ,

(8)

𝑛=1

where 𝑐𝑛 = √𝑎𝑛2 + 𝑏𝑛2 , Φ𝑛 = tan−1 (𝑏𝑛 /𝑎𝑛 ).
Conceptually, the function 𝑓(𝑡) is considered to contain
the frequencies 0, 𝜔1 , 2𝜔1 , . . .. The constants 𝑐𝑛 and Φ𝑛 are
the amplitude and phase angle of that portion of 𝑓(𝑡) which
oscillates at frequency 𝑛𝜔1 .
2.2. Numerical Model. A unified finite element model was
established to analyze the coupled vibration of the pump.
The fluid domain, as shown in Figure 1, is composed of inlet
flow passage, an impeller chamber, a guide vane chamber, a
water-guide cone, and outlet flow passage. The solid domain,
as shown in Figure 2, contains impeller, guide vanes, waterguide cone, and shaft. The geometric parameters of the pump
model are as follows: impeller diameter 𝐷2 = 3.25 m, flow
rate in design condition 𝑄 = 30 m3 /s, rated head 𝐻 = 1.96 m,
rated rotation speed 𝑛 = 105 rpm, and rotation frequency
𝑓𝑛 = 105/60 = 1.75 Hz. The number of impeller blades
is 3, and the number of guide vanes is 5. Tip clearance is
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(a) Integral flow passage

(b) Water around impeller

(c) Water around guide vanes

Figure 1: Structured grids for fluid domain.

Figure 2: Structured grids for solid domain.

Figure 3: Three-dimension distribution of velocity magnitude and
streamlines.

considered and the value is 5 mm. Density for fluid and solid
is 1000 and 7850 kg/m3 , respectively. Structured grids are
chosen and designed on the basis of different topology and
finer grids are applied to the rotational zone and field near
the wall to ensure high-accuracy results. For most of the
first cells near the wall, the y+ values are in the variation of
30 to 500 to ensure correct utilization of the model. Mass
convergence criteria are adopted in equation residual with a
tolerance of 0.0001. For this study, the chosen computation
is comprised of 123519 grid nodes and 106892 elements in
fluid domain, including 25536 elements in inlet flow passage,
23964 elements in an impeller chamber, 15600 elements in
the guide vane chamber, 16192 elements in the water-guide
cone, and 25600 elements in outlet flow passage, and 24690
grid nodes and 18230 elements in solid domain, including
4680 elements in impeller, 6320 elements in guide vanes, 3000
elements in water-guide cone, and 4230 elements in shaft.
The FSI simulation is carried out in design condition with
blades rotating under dynamic operation. The inlet boundary
condition is set as a uniform velocity of 0.575 m/s in terms
of the flow rate 30 m3 /s, normal to the inlet. Fully developed
turbulent flow is supposed at the outlet and outflow is
defined as the outlet boundary condition. The rotational
speed of 105 rpm is assigned to the impeller, where the
sliding mesh boundary condition is employed to satisfy the

compatibility, continuity, and completeness conditions along
the nonconforming interfaces. Wall boundary condition is
imposed on the outmost layer of the flow body with noslip velocity assumed. For the interface between fluid and
structure, FSI boundary condition is assigned to make the
mutual transmission of velocity and pressure.
The commercial software ADINA is adopted to study the
performance of the pump under transient state in ADINA
CFD module and dynamic-implicit analysis in ADINA structure module. The entire fluid domain of the pump is formed
by combining the components with an interface between
impeller and guide vanes. Total calculation time is set as 10
seconds to obtain reliable simulation results. There are 2000
steps calculated and the time step is 0.005 seconds.

3. Analysis of the Results
3.1. Fluid Vibration Analysis
3.1.1. Analysis of Flow Pattern. Figure 3 presents the velocity
distribution band and three-dimensional streamlines in the
flow passage at 𝑡 = 10 s and Figure 4 is close look in typical
sections. With steady flow pattern, there is no reflux in the
inlet flow passage during the pump operation. The velocity
increased greatly and the flow pattern remains steady as
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(m/s)
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(m/s)
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4

3.5

3.5
3

z = 1m

3

y = 1m

2.5

2.5

2

2
z = 0m

y = 0m

1.5

1.5
1

1
0.5

z = −1 m

(a) Three horizontal sections in the inlet flow passage (𝑧 = −1 m,
0 m, 1 m)

0.5

y = −1 m
(b) Three vertical sections in the outlet flow passage (𝑦 = −1 m, 0 m, 1 m)

Figure 4: Distribution of velocity magnitude and streamlines in typical sections.
Table 1: First main frequency and amplitude of measure points.
Measure points
First main
frequency (Hz)
Amplitude (Pa)

P11

Before impeller
P12
P13

P14

Between impeller and guide vanes
P21
P22
P23
P24

Behind water-guide cone
P31
P32
P33
P34

5.25

5.25

5.25

5.25

5.25

5.25

5.25

5.25

1.50

1.50

1.50

1.50

3371

3251

2437

1785

2321

2087

1383

1040

754

762

773

781

the water flows into the impeller. Although most circulation
generated by the work of impeller is rectified and recovered by
the fixed guide vane, there is still certain velocity circulation
and reflux in the outlet flow passage, which can also be
ascribed to the diffuse type of the outlet flow passage. The
streamlines deflect in the outermost section and have friction
with the pump casing. In total, the design of the pump flow
channel is reasonable, so the stability and safety of operation
can be guaranteed.
3.1.2. Analysis of Fluid Pressure Pulsation. Vibration analysis
of pressure pulsation enhances both hydraulic and dynamic
performance and assures safety and reliability of the pumping
station. As shown in Figure 5, four measure points are chosen
along the radius direction to conduct vibration response
analysis in time and frequency domain, the locations of which
are from blade tip to hub, respectively. The measure sections
where the measure points are placed are before the impeller,
between impeller and the guide vanes, and behind the waterguide cone.
Time history curves and spectrum analysis of pressure
pulsation are presented in Figures 6–8 and first main frequency and amplitude are shown in Table 1. Since fluctuation
of the nodal pressure remains periodically steady at about
𝑡 = 6 s, the regularity of pressure pulsation is analyzed
within the time range of 𝑡 = 6 s to 𝑡 = 10 s. It is clear
that the pressure pulsation of the measure points at the same
cross section has the similar trend. For the section before
impeller, the pressure magnitude varies between 30000 Pa
and 44000 Pa and increases with less amplitude from tip
to hub with a dominant frequency of 5.25 Hz, shown in
Figure 6(b), which equals the product of blades number 3
and rotation frequency 1.75 Hz. Pressure magnitude of the

P31
P11
P12
P13
P14

P21
P22
P23
P24

P32
P33
P34

Inlet flow
passage

Impeller

Guide vane

Guide cone

Outlet flow
passage

Figure 5: Measure point distribution in the flow passage of the
pump.

measure points between impeller and guide vanes varies
between 40000 Pa and 50000 Pa and has similar vibration features, which illustrates that the pulsation is mainly
caused by blades rotation. For the section after water-guide
cone, the pressure magnitude varies between 47000 Pa and
51000 Pa and decreases with more amplitude from tip to
hub with a dominant low frequency of 1.50 Hz, illustrated in
Figure 8(b).
When analyzing these measure points together, we find
that the pulsation amplitudes decrease gradually along the
flow direction; that is, the pressure pulsation amplitude
before the impeller is larger than that between impeller
and the guide vanes, and both amplitudes of them are
larger than that behind the water-guide cone. Due to the
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(a) Time domain graph

(b) Frequency domain graph

Figure 6: Pressure pulsation analysis of measure points before the impeller (P11–P14).
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Nodal pressure (Pa)
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7.5
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P22

8.0 8.5
Time (s)

9.0

9.5
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(a) Time domain graph

(b) Frequency domain graph

Figure 7: Pressure pulsation analysis of measure points between impeller and the guide vanes (P21–P24).
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Figure 8: Pressure pulsation analysis of measure points behind water-guide cone (P31–P34).
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Table 2: Main frequency and amplitude of maximum effective stress of the blades.

Frequency (Hz)
Amplitude (MPa)
Multiple of the rotating frequency 1.75 Hz

0.25
0.19
Low frequency

1.75
0.43
1

3.5
0.25
2

7
0.17
4
Effective stress
(MPa)

Effective stress
(MPa)
Z
X

Z

22
Y

8.75
0.12
5

22
20

20
Y

18

X

18

16

16

14

14

12

12

10

10

8

8

6

6

4

4

2

2

(a) Pressure side

(b) Suction side

Figure 9: Effective stress distribution of the blades.

constraint function of the guide vanes, the pressure tends
to be stable and the pulsation amplitude is greatly reduced.
Great attention should be paid to the inlet of the impeller
chamber in future hydraulic design as the disturbance of the
blades has already existed before the water flowed into the
impeller.
3.2. Structural Vibration Analysis
3.2.1. Effective Stress and Strain Analysis of the Blades. For
pump design, the major mission is to analyze the structural
response to the flow induced excitation and diagnose the
faults early. Figure 9 shows the effective stress distribution
of the blades in both pressure and suction side at 𝑡 = 10 s
in dynamic design operation. The maximum effective stress
of blades is 23.59 MPa, appearing at the blade root near the
leading edge. Because of the huge flow impact generated in
the leading edge of the blades, the stress concentration is
formed and it is prone to crack and fracture. The effective
stress distribution basically declines from the joint of the
blade root to the trailing edge and the tip, where the stress is
much lower. Figure 10 is the corresponding strain at 𝑡 = 10 s.
The distribution of the strain is coincident with that of the
stress.
3.2.2. Deformation Analysis of the Blades. Figure 11 is the
deformation distribution of the blades at 𝑡 = 10 s in dynamic
design operation. The deformation magnitude augments with
the increase of the radius in both pressure and suction side.
On account of the larger centrifugal force, thinner thickness,
and insufficient rigidity of the tip, the maximum deformation

appears at the blade tip, which is consistent with the result of
the maximum effective stress distribution.
3.2.3. Velocity Analysis of the Blades. Velocity distribution of
the blades at 𝑡 = 10 s in dynamic design operation is shown
in Figure 12. We can see that velocity increases gradually
with the increase of radius. The maximum velocity magnitude
appears at the blade tip, which is coincident with the manual
calculation result; that is, V = 𝜔 ⋅ 𝑟 = 10.99 × 1.625 =
17.86 m/s.
3.2.4. Dynamic Stress Analysis of the Blades. Figure 13 is
the time history curve and Fourier frequency analysis
of maximum effective stress of the blades and Table 2
is corresponding magnitude of the main frequency and
amplitude. It is clear that the maximum effective stress
changes periodically as time changes, with magnitude varying between 22 and 25 MPa. Frequency analysis illustrated
in Figure 13(b) and Table 2 shows that the first main
frequency of the maximum effective stress is 1.75 Hz, and
the corresponding amplitude is 0.43 MPa, which illustrates
the periodically varying stress is mainly influenced by the
rotational frequency of impeller. The static stress can not
make the blades damaged because the value of maximum
effective stress is much less than the limit stress of material.
However, practice shows that the alternating stress could
cause abrupt fracture of the structure with no significant
plastic deformation before occurrence of fracture, even if
the stress magnitude is much lower than the yield limit.
Therefore, prevention measures of the fatigue of impeller
should be taken due to the period variation of the effective
stress.
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Figure 10: Strain distribution of the blades.
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(a) Pressure side

(b) Suction side

Figure 11: Deformation distribution of the blades.

4. Conclusion
In present investigation, numerical simulation of flow condition in a shaft tubular pump was performed and the
vibration characteristics of the blades in design condition
were analyzed. The numerical method was based on the SST
𝑘-𝜔 turbulence model and the two-way coupled FSI approach
under transient state. The following conclusions can be made
by analysis of the results:
(1) The flow pattern is steady in the inlet flow passage
in design condition. Due to the incomplete recovery of the
flow circulation by the fixed guide vane and the diffusion
shape of the outlet flow passage, vortex occurs in the center
and the streamlines deflect in the outer section of the outlet
flow passage, which illustrates that the flow in outlet flow
passage is a combination of the axial flow and circumferential

rotation motion. In total, the design of the pump flow channel
is rational and the stability and safety of operation can be
guaranteed.
(2) Time and frequency domain analysis shows that the
fluid pressure magnitude increases with less amplitude from
blade tip to hub before impeller and between impeller and
guide vanes with a dominant frequency of 5.25 Hz. The fluid
pressure magnitude decreased with more amplitude from tip
to hub after water-guide cone, and its dominant frequency is
1.50 Hz. Larger pulsation amplitudes appear in the tip of the
blades, which indicates that optimizing the airfoil shape and
structural parameters of the blade tip is an important way to
improve the pressure pulsation condition in pump operation.
The dominant frequency shows the main vibration source in
fluid flow is the pressure pulsation induced by blade rotation.
The pulsation amplitude decreases along the flow direction
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Figure 12: Velocity distribution of the blades.
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Figure 13: Time and frequency domain graph of maximum effective stress of the blades.

with the maximum before the impeller, which illustrates that
the fixed guide vane has a function of restricting pressure
pulsation and greatly improving the flow pattern in the
pump.
(3) Analysis of the stress, strain, deformation, and velocity
distribution of the blades is performed based on FSI. The
result demonstrates that the maximum effective stress occurs
between blade and hub near the leading edge, which requires
the designers to attach importance to the strength check of
the root. The stress at trailing edge and the tip is comparatively smaller, which is coincident with the result of strain.
The tip has maximum deformation, which is prone to friction
damage of the blade tip and pump casing because of the tiny
clearance between them. Maximum velocity occurs at the
tip, which is coincident with the manual calculation results.
Although the value of maximum effective stress is much less
than the yield limit, prevention measures of the fatigue of

impeller should be taken due to the period variation of the
effective stress.
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