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The article researches a stochastic hepatitis B epidemic model with saturated incidence rate, which is perturbed by both white
noise and colored noise. Firstly, we obtain a significant criterion RS which relies on environmental noises. By means of
Lyapunov function approach, we show that there is a stationary distribution if RS > 1. Its condition implies that when white
noise is small, in the stochastic model, there exists a stochastic positive equilibrium state without changing the basic properties
of its corresponding deterministic model. Secondly, we derive sufficient criteria for extinction of the disease. Finally, we
propose a definition of the solution to an impulsive stochastic functional differential equation with Markovian switching (ISFDM).

1. Introduction

Hepatitis B virus is a severe infectious disease that has
emerged as one of the greatest threats to human health in
the 21st century. An estimated 350 million people worldwide
have been infected with hepatitis B virus [1]. The mathemat-
ical model to describe hepatitis B virus transmission and its
dynamics has been extensively explored, which provides
some effective suggestions for further study on the progres-
sion and its control [2-5]. Recently, Khan et al. [6] investi-
gated a hepatitis B epidemic model with saturated
incidence rate:

ds aSI

a AT T WS

dl aSI

= 1, 1
dt 1+YI (M0+”1+/‘%) ()
dR

E:ﬁl‘f\)s_‘uoR,

with $(0) >0,1(0) >0, and R(0) > 0. In model (1), the birth
rate is denoted by A. The transmission rate of hepatitis B

is given by a, while y, and y,, respectively, demonstrated
the natural and disease-induced death rates. Recovery rate
is denoted by f3, while the vaccination and saturation rates
are v and y, respectively. According to the theory in [6], model
(1) always has the disease-free equilibrium E° = (S°,0, R?),
where the components are defined as $° = A/(y, +v), and
R = Av/(uy(uy +v)). If Ry < 1, E° is globally asymptotically
stable. If Ry > 1, E° is unstable and there exists an endemic
equilibrium E* = (§*, I*, R*) which is globally asymptotically
stable, where Ry = aA/((py +v) (1o + pty + ).

In fact, epidemic models are inherently subject to a
continuous spectrum of disturbances [7-11]. Many
authors demonstrated that the white noise and colored
noise have a great destabilizing influence on the epidemic
transmission. Moreover, considering the effect of environ-
ment noise on the epidemic model has become a popular
trend in controlling the spread of disease [12-16]. In this
respect, some researches on stochastic hepatitis B virus
models have been reported [17-19]. Particularly, in the
epidemic model, the disease transmission rate « represents
an extremely important coefficient [16, 20]. In this paper,
by taking into account the effect of continuous-time Mar-
kov chain on the transmission rate «, we consider a
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stochastic analogue of the deterministic model (1):

ds = (A - %ﬂy)lsl ~ (g + V)S> dt + 0, (E(t))SdB, (1),
e <a(§(t))sz )

ST oty + B ) e+ ()14 1)

dR = (BI +vS — uyR)dt + o5 (£(t))RdBs (1),
(2)

where B;(t) are independent standard Brownian motions
and o7 stand for the intensities of B;(t),i=1,2,3. &(t),¢
>0, is a right-continuous Markov chain on the complete
probability space (Q, %, %) with values in a finite space
M ={1,2,-N} (see [21, 22]).

It is widely known that the stability of biomathematical
model has always been a hot issue in recent years [23-26].
Compared with their corresponding deterministic cases,
lots of stochastic models have no traditional positive equi-
librium state. Consequently, the research of ergodic sta-
tionary distribution of s stochastic biomathematical
model has been a research highlight. In addition, model
(2) incorporates white noise as well as colored noise pos-
sessing important practical significance [27]. The main
aim of this article is to prove the existence of stationary
distribution for model (2). Above all, to guarantee exis-
tence and uniqueness of globally positive solution for
model (2), we establish the following conclusion. Since
the proof is standard, we omit it here.

Lemma 1. For any initial value (5(0),1(0), R(0),&(0)) e R?
x M, there exists a unique positive solution (S(t),1(t), R(¢)
LE(t)) € R x M of model (2) on t >0 almost surely (a.s.).

2. Existence of a Unique and Ergodic
Stationary Distribution

Theorem 2. If RS > I, where

ke (k) A
(0 =+ S @002) (ty 1, + B+ Sream(@R12))

(3)

RS =

then for any initial value (S(0),1(0),R(0),£(0)) € R? x 4,
model (2) has a unique stationary distribution which is
ergodic.

Proof. In order to prove Theorem 2, we need to validate that
the feasibility of (A1), (A2), and (A3) in Lemma 7 in the
appendix holds. We have assumed (A1) holds in Section 1.
To verify (A3), we need to find a nonnegative C*-function
V(S,I,R k) and a compact set D, € R? such that LV <-1
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for all (S,I,R, k) € (R} \ D,) x . Construct a C*-function

V(S,,R)=M(-c; InS—c, InT) + p(k) + (S+I+R)"*
-InS-InI-InR=MV  +V,+V;+V,+V,,

(4)

where V,=—¢, InS—c,InI+p(k),V,=(S+I1+R)"",V,

=-InS,V,=—InL,V;=-InR, and 0<p<2u0/;r}a2)§{6i2
1=1,2,

}, where ¢, = max;, ,{0;(k)}, and constants M, ¢;, ¢c,, com-

pact set D, and function p(k) will be determined later.
Employing It6’s formula [28-34], we can get

al cqa(k)I 1
$V1=—1T+ i-k(y)l +c1<y0+v+§af(k))

B v (B 5aib)

1+yI
oA qa(k)S

=+ Cup(l) ~ -
l;% S 1+9yI

wa (e 3030+ (o + B 3030

+(1+9I)+ Z(klp(l) <=3/ cak)A+1

ledl

1 1
rer (o v+ 3010 ) v (s e S03(0)

cra(k)I
1+yI

(L+9yI)+

c

o(k)I
+yl+ T4yl +l;”€kzp(l)~

(5)

Choose M, (k) =-3/cic,a(k)A+1+c;(uy+v+(1/2)
o1(k)) + ¢y (g + py + B+ (1/2)05(k)); on the basis of the
irreducibility of generator matrix I', one can find that for
0=(6(1),0(2),-,0(N)), there
(p(1), p(2),--p(N))" satisfying the following Poisson sys-
tem I'p = (Zi\’:lnk®(k))T —©. Let ¢, and c, satisfy

exists p=

G (.”0 v+ Z ”ko-%ék)> =¢ (uo +u + B+ z ﬂk@)
ket kel
Dkea (k) A .
(o + v+ Xeari (01 (5)/2)) (4o + 1y + B+ X (03(K)/2))

(6)

Then,

Dkeak(k)A
(Mo +V+ Ykea Mk (f’f(k)/z)) (#tg + thy + B+ Lream (a%(k)/Z))

ca(k)I
+1+yI+
1+yI

PV, <-

<=(R§=1) +yI + &l ==L+ ¢(I),

(7)
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where

A=R5-1,
o(I)=yI +c al,

(8)

and set & = max; ,{a(k)}. Applying It0’s formula, one can
obtain

LV, =(p+1)(S+I+R)P(A—pyS— (pg+ py )T~ yR)
+ %p(p+ 1)(S+I1+R)P (a7 (k)S* + 05 (k)1

+03(k)R?) <
+max{02} (p+1)(S+I+R)" =

(p+1)(S+I+R)P(A—puy(S+I+R))
Alp+1)(S+I+R)P

i=1,2,3
—(p+1)<y 7 max x{7; }) (S+1+R)P*
<B- (o 1)(py- P max{s2} ) (s+1+ R
B 2 2i=123
1 P “ + + +
<504 1) (o= § max{a}) (0 e e,
©)
where
1
B= sup { (p+1)(S+I+R) - E(p+1)
(SLR)eR? (10)
(yo—§1§%{62}>(S+I+R)<P“)}<oo
Denote

C= sup {6 l(p+1 ( Yo — P ma {02}> (sPHt + 17! +RP+1)},
(SLR)eR} 2 2i=1
(11)

where 0=B+ (u, + v+ (1/2)5,%) + (o + 4, + B+ (1/2)5,7)
+ (4 + (1/2)55%). By using Ito’s formula, we also have

A ak) 1
3V3=—§+liijl+y0+v+§af(k),
__oc(k)S 1, 12
4= 1+YI+.”0+.”1+/;+50'2(k)’ (12)

I S 1
LV =—,B§ “vptHt 50§(k>'

Hence, by (7), (9), and (12), we get

—ﬁ— vS+9

LV <-MA+Meo(I)+al - A
S 1+yI

= max{J, })(SP“+IP“+RP“),

1
5(P+1)<#0 2i=123
(13)

where @ = min;_ ,{a(k)}. Here, we choose that the positive
constant M satisfies the following inequality:

~MA+C<-2. (14)

For arbitrary € > 0, define the following bounded closed
set:

1 1 1
Dsz{gSSS,SSIS;SZSRSZ}) (15)
€ € €

where ¢ satisfies the following conditions:

A
-—+K<-1,
€
~MA+ Meg(e) +ae+C< -1,
—E +K<-1,
€
1 1% ) 1 (16)
—5 (Pt 1)(%- 7 max{d; }) i ,
Lo+t P 52 E<-1
_E(PJr ) l‘o_iig%{az} o1 T EsTh
1 P .5 1
_§(P+ 1) <[,to - Eigﬁ%{{ai }> St F<-1,
where

K= sup {Me(I)+al+C},
(SLR)eR?

D=sup {M¢(1) +al+6- 311%{&,20 (1 +RP“)},
ax(57}) (77 + R

E%{af}) (s +1P+1)}.
(17)

(P+1)<ﬂo—

TR SIESTEN

E=sup {M(p(l)+5d+07 (p+1)<!40’

D= NI o -
1
:é

NI‘O

F=sup {M(p(1)+6¢1+6— (p+ 1)(;/10

Furthermore,

R}\D,=D,UD,UD;UD,UD;UD,, (18)



={(S LR eR},0<S<e},
(S,I,R) e R},0<I<e},
Dy={(SLR)€R},0<R<&’S>¢1>¢},

D,=3 (S LR eR’, S>i} (19)

{
D;= {(SIR)G]R3 1> }

1
D = {(S,I,R) eR},R> 8}.

Case 1. If (S, I, R) € D,, we derive that

T
PV <-MA+Mo(l)+al - = - 22
S 1+yl FRTVR

1 P .
3o (i § max(or) )57 et e my
A
<-—+K<-1
€
(20)
Case 2. If (S, I, R) € D,, we have
as I S
PV <-MA+Mo(I)+al- = - 22 _p- > 49
S 1+yI FRVR

(21)
Case 3. If (S, I, R) € D,, we compute
A as I S
FLV<-MA+Mo(I)+al - — - -B=-v—-+0
Moy ral= g = TR VR Y
1 P .
A 1)( 5,-5‘33"3‘{"12}) (7t e+ RO
S—E+K<—1
€
(22)
Case 4. If (S, I, R) € D,, we derive
A as I S
V<-MA+M -2 - B -v2 40
< +Mo(I) + & S Tyl ﬁR vt
1 P .
_2(p+1)(‘u0—2m«(21§{ 2}>(SP+1 +IP 4 Rp+1)
<2 1 p 5.2 D
=5 (P 1) pg =5 ma{d} ) o+
(23)
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Case 5. If (S, I, R) € Ds, we conclude

A
LV <-MA+Mo(I) + &l - = -
S 1+yI "R 'R

1 p
—§(P+1)(P‘o—§§}

b

W
=

<

)
——
N———
—
= @
e

ki

+

—~

Y

k)

+

=

)

ki
SN—

1 P 2
_—5(p+1)<‘u 53;1)}3{{01- }) o +E<-1.

(25)

Then, we can obtain that for a sufficiently small &, LV
<—1 for any (S,I,R) € ]Rfr \ D,. Therefore, we can verify
(A3) in Lemma 7 of the appendix. On the other hand, the
diffusion matrix D(x, k) = diag {0?(k)S?, 03 (k)I*, o3(k)R*}
of model (2) is positive definite, which implies that condition
(A2) in Lemma 7 holds. This completes the proof.(J O

Now, consider the corresponding model (2) without Markov
switching:
I
A as
1+yI

aSI
(Tyl ~(Ho t o + /3)1) dt +0,1dB,(1),

dR = (BI +vS — u,R)dt + o5 RdB; (t).

ds

— (g + v)S) dt +0,SdB, (),

dl

Define a parameter

- ot d
Ry= Yo — (27)
o+ + B+ (‘72/2)

where

ﬂ(x) = Qx—Z—(Z(H0+v))/G%O,*2+( (i‘o*"))/"’%e

(28)
- (2107) ((Alx)+(g+v)),  x € (0,4+00).

Similar to Theorem 3.1 in [35], it is easy to obtain the

following result.

Theorem 3. Let (S(t),1(t), R(t)) be the solution of model
(26). If Ry < 1, for any initial value (S(0),1(0), R(0)) € R?,
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Ficure 1: §(t), I(t), and R(t) have ergodic property. The pictures in (a) are Markovian chain. The pictures in (c) are the density functions of
model (2) for k € # ={1,2,3}. The initial value S(0) =0.8,1(0) = 0.7, and R(0) = 1.1. Step size At =0.001.

then the solution (S(t),I(t), R(t)) of model (26) satisfies

lim I(t)=0a.s.,

t—+00

(29)

and the distribution of S(t) converges weakly to the measure
which has the density

71(x) = Qx—Z—((z(Mgw))/af)0;2+((2(I40+V))/U§)e 50)

—(2007) ((Alx)+(pg+v)),  x € (0,+00),
where Q is a constant such that [°mr(x)dx = 1.

Remark 4. In Theorem 2, we derive R} = R, when a(k) =«
and o,(k) = 0. This conclusion accords with practice.

3. Numerical Examples

In this section, we will test our theory conclusion by Mil-
stein’s higher order method in [36].

Example 1. Let the generator of the Markov chain {;; be

111
2 4 4

r=| L L 1 (31)
6 3 6
111
4 4 2

in which {;; is a right-continuous Markov chain taking value
in J# ={1,2,3}. By solving the linear equation nI" =0, we
obtain the unique stationary (probability) distribution 7 = (
T0y, Ty, 13) = (2/7,317,2/7). Choose parameters A =0.232,y
=0.9, yy = 0.000232, v = 0.02, 4; = 0.0000547, =0.12, a(1

) =0.0013, a(2) = 0.00129, a(3) = 0.00132, 5, (1) = 0.01, 7, (

1) =0.02,05(1) =0.06,0,(2) =0.011, 0,(2) = 0.022, 05(2) =

0.055,0,(3) = 0.009, 5,(3) = 0.019, and 05(3) = 0.063. Then,
R3 =1.2226 > 1. In view of Theorem 2, there is a stationary
distribution of model (2), and it is ergodic. Phase portrait
of (S(¢),I(t),R(t)) and histograms of (S(¢),I(t),R(t)) are
plotted in Figure 1.

Example 2. Select parameters A=0.232,y=0.9,u,=
0.000232, v =0.02, y; =0.0000547, 3=0.12, ¢ =0.04, 0| =
0.1,0,=0.08, and o5 =0.05. By calculation, R, = a/A/((4,
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FiGure 2: The left column reflects the simulation of number variations of S(t),
0.7 and the noise intensities given in Example 2. The right column reveals the relevant histogram of density

0.8,R(0) = 1.1, and I(0) =
functions of the classes S(t),

+v) (4 +py + ) =3.87>1, [xm(x)dx =1.16, and R, =
0.377 < 1. It means that there exists a unique endemic equi-
librium of determined model (1), which is globally asymp-
totically stable. Instead, in view of Theorem 3, we have

lim I(t)=0a.s. and the distribution of S(¢) in model

t—+00

(26) converges weakly to the measure 7(x) (see Figure 2).

R(t), and I(t). Step size At =0.001.

4. Concluding Remarks

The paper successfully investigates extinction and stationary
distribution of a stochastic Markov switching hepatitis B epi-

dy(t)=F, <t, {(t), Y(t),ﬁ Y(t+ G)dyl(e)) dt+F, (t, (1), Y(t)’J

keN,
Y(t) = Hi Y (tg)s

t# b

Y(t)) - keN,

where Y(t+6),—00<0<0, represents C,-value stochastic

process, C, = {yeC((~00,0]; RY): ., = sup_ e | y(s)|<
+00}, g(s)=e®,q>0,y(s |—\/1//1 s) + Y3 (s)+ -y (s),
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R(t) and I(¢) in model (26) with the initial value S(0) =

demic model with saturated incidence rate. Besides the effect
of Markovian switching on the deterministic SIRS epidemic
models [37-39], pulse vaccination strategy (PVS) has been
adopted to control the outbreaks and fastly tackle the spread
of disease by wide areas [40]. In order to help future
research, we propose the following definition related to SIR
model by taking into account Markovian switching, impulse,
and infinite delay.

Definition 5. Considering the following impulsive stochastic
functional  differential  equation = with  Markovian
switching(ISFDM),

0

Y(t+ G)dyz(e))dB(t),

—00

and (v, (s), v, (s),-y,(s)) e R%. Hy>-1, {(t) denotes the
regime switching [41, 42] For i=1,2, u;(0) is a measure
on (—00,0], 0 < t; < t,<- 11m tk = +00. The initial condi-

tion Y, € C, and {(0) =0, where Y,=9={9(0): —00<0<0}
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is an F,-measurable C,-valued random variable such that
9eM?((~0c0, 0] ; RY) which is the family of all %,-measur-
d 0
able, R?-valued processes y/(t), t€(~00,0] such that E[”
ly(t)|*dt<+00. An R¢-value stochastic process Y(t) defined

on R is called a solution of Equation (32) with initial condi-
tion above when Y(¢) satisfies the following criterion:

(i) Y(t) is %,-adapted and continuous on (0,t;) and
(tho L) K € N5 Fy(6,8(2), Y (), 2 Y (2 +0)dps, (6))
e Z' (R, ;RY) and F,(,{(t), Y(t),[° Y (t+6)du,
(0)) € Z*(R, ; R*™M). Here, the interpretations of
Z' (R, ;RY) and Z*(R, ; R*") can be found in
[43]. B(¢) stands for a m-dimension standard Brow-
nian motion

(ii) For each fi, ke N,Y(tf) = lim Y(t) and Y(t;) =Y

t—tf

k

(t;) = lim Y () as.
t—t,

(iif) Y(t) satisfies the equivalent integral equation of (32)
for almost every te€[0,00)\t, and satisfies the
impulsive criterion at each t =t;, k € N with proba-
bility one

Remark 6. Liu and Wang [44] give a new definition of a solu-
tion of an impulsive stochastic differential equation (ISDE).
We propose Definition 5, which generalizes the definition
of a solution of ISDE to ISFDM, because time memory and
Markovian switching are very important in the fields of
infectious disease, biological engineering, chemical engineer-
ing, etc.

Appendix

Let (X(¢),&(t)) be the diffusion process described by the fol-
lowing equation [(31)]:

dX(t) = b(X(1), &(t))dt + (X (1), &(1))dB(t), X(0) = x5, (0) =y,
(A1)

where b(-, - ): Rx 4 — R",0(-, - ): Rx M4 — R™", and
D(x, k) =o(x, k)oT (x, k) = (dl-]-(x, k)). For each ke A, let V
(-, k) be any twice continuously differentiable function; the
operator & can be defined by

n Wik 1 OV (x k
LV =3 b DR 3 2 A ">ax.(axj)
P i i,j= !
N
+ ZSMV(’C’ ).
I=1
(A2)

According to theorems in [27], it follows the following
lemma which provides a criterion for the ergodic stationary
distribution of the solution (X(t),&(t)) to model (A1).

Lemma 7 ([22]). If the following conditions are satisfied:

(A1) 9;;> 0 for any i # j.

(A2) For each ke M,D(x, k)= (dij(x, k)) is symmetric
and satisfies M|’ < (D(x, k)@, @) < A7'|@|” for all @€ R",
with some constant A € (0, 1] for all x € R".

(A3) There exists a nonempty open set D with compact
closure, satisfying that, for each k € M, there is a nonnegative
function V(- k): 2° — R such that V(x, k) is twice contin-
uously differential and that for some a >0, LV (x, k) < —a, (
x, ke D°x M), then (x(t),&(t)) of system (Al) is positive
recurrent and ergodic. That is to say, there exists a unique
stationary distribution.
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In this paper, using the method of moving planes, we study the monotonicity in some directions and symmetry of the Dirichlet

()" u(x) = f(u(x)), xeQ,

problem involving the fractional Laplacian ¢ u(x) > 0,

u(x)=0,

1. Introduction

The fractional Laplacian in R"” is a nonlocal pseudo-
differential operator defined by

u(x) —u(z
(-A)*u(x) = C, , lim J we) ZulE) y
e0)RM\B, (x)
where C, , is a normalisation constant and « is any real
number between 0 and 2. Let

|u(x)]

|n+adx<oo}. (2)

La={u:1R”—>1R1|J (
re 1+ |x

Then, it is easy to verify that for u € L, N C;;}, the integral

on the right-hand side of (1) is well defined. Throughout this
paper, we consider the fractional Laplacian in this setting.
Due to applications in physics, chemistry, biology, prob-
ability, and finance, differential equations involving the frac-
tional Laplacian (-A)*? have received growing attention
from the mathematical communicity in recent years (see
[1-14]). There are many papers devoted to the study of qual-
itative properties of fractional Laplacian equations in

x €0, in a slab-like domain Q=R""' x (0, h) C R".

x€eR"\ Q,

bounded or unbounded domains, but seldom are concerned
with slab-like domains. For example, in [15], the authors
established the symmetry and monotonicity of positive solu-
tions of the following problem with more general nonlinear-
ity on a bounded domain.

~A)u(x) = f(u(x)), x€B,(0),
{( )T ru(x) =f(u(x)), x€B(0) 3)

x€R"\ B (0),

using a direct method of moving planes. For local elliptic
operators, these kinds of approaches were introduced
decades ago in the paper [16] and then summarized in the
book [17], among which the narrow region principle and
the decay at infinity have been applied extensively by many
researchers to solve various problems. For more articles con-
cerning the method of moving plans for nonlocal equations,
please see [18-20] and the references therein.

However, there are some papers of elliptic second-order
boundary value problems concerned with features like
monotonicity in some directions and symmetry for positive
solutions in slab-like domains. For instance, in [21], using
the “sliding method,” the authors studied monotonicity in
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some directions and symmetry of elliptic second-order
boundary value problems of the type.

Au+f(u)=0, xeQ,
u(x) >0, x€Q, (4)
u(x) =0, x €00,

in a slab Q=R x (0, h) ¢ R*. For more articles concern-
ing the “sliding method,” please see [22, 23] and the refer-
ences therein.

Motivated by the above work, in this paper, using the
direct method of moving planes, we study the monotonicity
in some directions and symmetry of fractional Laplacian
boundary value problems of the type.

() u(x) = f(u(x)), xeQ
u(x) >0, x €, (5)
xeR"\ Q,

in a class of special unbounded domains O of R": infinite
cylinders or more generally, product domains of the form

Q=R"7 xw, (6)

where w is a smooth bounded domain in R/.

We denote the variables in Q by (x,y), x' € R"7, and
y €w C R/ with j> 1. It is not assumed that Q is bounded.
The function f appearing in (5) will always be assumed to be
(globally) Lipschitz continuous. We firmly believe that the
result introduced here is of great importance, and the ideals
and methods can be applied to study a variety of nonlocal
problems with more general operators and nonlinearities.

In most of what follows, we consider the case j=1. In
this case, the proof of monotonicity and symmetry yields
the following statement for j= 1.

Theorem 1. Let
Z:{(x’,y)|x'€]R"‘1,0<y<h}. (7)

Suppose u € L, N C.''(X) satisfies

loc
(=8)"u=f(u), inZ,
u(x) >0, inX, (8)
u(x) =0, inR"\ X,

with f(-) being Lipschitz continuous. Then, for any positive
[<hi2,

u(x',y) < u(x',Zl—y),inZl: = {(x',y) |x' eR"™,0<y< l},
9)

and u is symmetric in y about y = h/2.
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If we further assume that u € C; (Z,,,), then

Z—;L>0,inz={<xl,y)|0<y<g}. (10)

h/2

Remark 2. Here, the domain ( is an infinite cylinder, and it
is more general than the usual unbounded domains. For
instance, if we let h — co in Theorem 1, we can get mono-
tonicity of positive solutions of the Dirichlet problem involv-
ing the fractional Laplacian in the half space.

2. Preliminaries and Lemmas

Let T, be a hyperplane in R". Without loss of generality, we
may assume that

T),= {x: (x/,y) eR"" x (0, h) Iy:}k},

Z:{x:(x',y) EIR”_IX(O,h)|O<y</\}‘

A

(11)

And for (x', y) € Z,, welet x* = (x', 21 — y) be the reflec-
tion of x about the plane T,. Denote w, (x) = u(x") — u(x).
For simplicity of notation, in the following, we denote w;
by w and X, by X.

Lemma 3 (Narrow region principle [15]). Let Q be a
bounded narrow region in 3, such that it is contained in {x
[A—1<y<A} with small . Suppose that we L, nCpL(Q)

I loc
and is lower semicontinuous on Q. If c(x) is bounded from
below in Q and

(=0)"w(x) + c(x)w(x) 20 inQ,
w(x) >0 inX\Q, (12)
w (x") =-w(x) inZ,
then for sufficiently small I, we have
w(x) 2 0in Q. (13)

Furthermore, if w= 0 at some point in Q, then
w(x) = 0 almost every where in R". (14)

These conclusions hold for unbounded region Q if we fur-
ther assume that

lim w(x)>0. (15)

[x|—00

Lemma 4 (A Hopf type lemma for antisymmetric func-
tions [24]). Assume that weC; (%), @Zc(x):o(ll
x—>

[dist(x, 02))°), and
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(=2)"w(x) + c(x)w(x) =0 inZ,

w(x)=0 inZ, (16)

w (xl) = —w(x) inX.
Then,
?)_L\L/) <0,x€0X. (17)

3. Proof of Theorem 1

Proof of Theorem 1. Now we carry on the method of moving
planes on the solution u along y direction. O

Step 1. We show that, for sufficiently small A >0,

w) (x) >0,xez, (18)
)

where w) (x) = u(x") — u(x).

As usual, we can easily verify that w, satisfies the following
linear equation

(—A)“/zwA+cA(x)wA:0,xEZ. (19)
)

Indeed, u(x") satisfies the same equation in (8) as u(x);
thus, (19) is obtained by subtracting one from the other
and letting

By the assumption that f is (globally) Lipschitz continu-
ous, with some Lipschitz constant b, we have

h
lexll o, < YA € (0, 5). (21)

From the narrow region principle, we can easily know
that for sufficiently small o >0,

w) (x) 20,¥x € Y, A€ (0,0). (22)
A

Furthermore, it follows from w, (x',0) > 0 that we have
w) (x) > 0,Vx € Z, Ae(0,0). (23)
]
Step 2. The proof in Step 1 provides a starting point, from

which we can now move the plane T, to the right as long
as (18) holds to its limiting position.

Let

Ay = sup {/\E (0, g) | w,(x) >0.Vx € Z,ysk}. (24)
u

In this part, we show that

(25)
w) (x)=0,x€ Z
Ao

Suppose that A < h/2, we show that the plane T can be
moved further. To be more rigorous, we only need to prove
that there exists € > 0, such that for any A € (A, A, +¢€), we
have

wy, (%) >0,xez. (26)
P

This is a contradiction with the definition of A,. Hence,
we have A, = h/2.

Now we prove (26) by the narrow region principle
(Lemma 3). By the definition of A, we can easily have

wy, (%) 20,x€z. (27)
P

In fact, when A, < h/2, we have

(x) > 011w, (x) >0,xez. (28)
T

If not, there exists X such that

w), (%) = nzlAinw,\O (x)=0. (29)

Then, we have

—wy, (2)

~A)Pw, (R)=C, PV| —2—

( ) Wy, (x) na - ‘55_ Z‘m—a
—w,\o(z)

1 (%) . J
2/‘0 |}_ Z|n+tx ]R”\ZAO |X—Z|n+a

=C,,PV

-w, (z w) (z
=C,.PV AA—‘](nBad“J _ Aﬂﬁ 3m dz
s, £ 7| 3, [x-2}
1 1
=C, PV dz -
n,o 2/‘0 <|x_ Zl’nﬂx |£_ Z|n+ot>
w) (2)dz<0
(30)



On the other hand,
(—A)”‘/zw,\o (%)= (—A"‘/z)u(?c"ﬂ) _ (—A"‘/z)u(?c) -
=f(u(x")) - f(u(z) =o0.

This is a contradiction with (30). Thus, (28) holds.
Then, it follows from (28) that there exists a constant
¢, >0 and & >0, such that
w), (%) 2cpx €, 4 (32)

Since w, depends on A continuously, there exists € €
(0,9), such that for all A€ (Ay, Ay +¢), we have

w/\(x) > 0, X € 2)\075‘ (33)

Then, from the narrow region principle (Lemma 3), we
conclude that for all A € (A,, A, +¢),

wy(x)>0,x€X,. (34)

This is a contradiction with the definition of A,.
Therefore, we must have A, =h/2, and

w) (x)=0,x¢€ Z (35)
P

Consequently, for all A: 0 < A < h/2, we have w) >01in X,.
Therefore, (9) holds, and u is symmetric in y about y = h/2.

Further, if we assume u € C; (Z,,,), we now prove (10)
holds. Indeed, w, satisfies the following linear equation

(=A)"w, +¢)(x)w) =0, x € Z, (36)
)

with w, (x', 1) = 0. Also, by the former proof, we know that
w) >0 in X,. Here, we consider the distance from x to the
upper boundary {y = A} of X,, denoted by dist(x, 0%,) = d.
Then, d(x, 0%,) = A — y. Thus, by (20) we know that

x—03, x—02),

lim c(x) [d(ﬂ)?)] = Tim_ c(x)[d(A-x,))*=0.

(37)

Therefore,

fim c(x)=of -
(g, o) = <[d(x,62,1)]2>' 38)
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Consequently, the Hopf type lemma for antisymmetric
functions (Lemma 4) leads to

o (x',/\) = aaL;A (x',)t) <OVx' €eR"™ Le (0, Z)
(39)

which implies that (10) holds. This completes the proof.
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In this paper, we propose a novel and efficient numerical technique for solving linear and nonlinear fractional differential equations
(FDEs) with the ¢-Caputo fractional derivative. Our approach is based on a new operational matrix of integration, namely, the ¢-
Haar-wavelet operational matrix of fractional integration. In this paper, we derived an explicit formula for the ¢-fractional integral
of the Haar-wavelet by utilizing the ¢-fractional integral operator. We also extended our method to nonlinear ¢-FDEs. The
nonlinear problems are first linearized by applying the technique of quasilinearization, and then, the proposed method is
applied to get a numerical solution of the linearized problems. The current technique is an effective and simple mathematical
tool for solving nonlinear ¢-FDEs. In the context of error analysis, an exact upper bound of the error for the suggested
technique is given, which shows convergence of the proposed method. Finally, some numerical examples that demonstrate the

efficiency of our technique are discussed.

1. Introduction

Fractional differential equations are used to describe a wide
range of phenomena in natural science, and because of its
numerous applications in physical, chemical, and biological
sciences, fractional calculus has captivated the scientific com-
munity. Several researchers have recently focused their atten-
tion on the concept of the fractional derivative. The fractional
derivative is introduced in fractional calculus through the
fractional integral. Riemann, Liouville, Caputo, Hadamard,
Grunwald, and Letinkow are the pioneers in this field, having
contributed and published extensively on the subject. The
nonlinear fractional Schrodinger equations with the Riesz
space and the Caputo time-fractional derivatives are studied
using the finite difference/spectral-Galerkin method in [1].
For the Higgs boson equation in the de Sitter spacetime, a
finite difference/Galerkin spectral scheme was introduced in

[2] which retains the discrete energy dissipation property.
For the two-dimensional fractional wave equation with the
Weyl space-fractional operators, Ref. [3] proposes a high-
order compact difference method with fourth-order preci-
sion in space and second order in time. Explicit solutions to
differential equations of complex fractional orders with
respect to functions and continuous variable coefficients are
determined in [4]. Different types of fractional derivatives
have appeared in the literature that strengthen and generalize
the classical fractional operators defined by the aforemen-
tioned authors [5, 6]. Katugampola recently discovered a
new type of fractional integral operator which encompasses
the Riemann-Liouville and Hadamard operators in a single
form [7, 8]. Moreover, several other fractional operators are
being introduced to date. Due to a wide range of definitions
for fractional-order integrals and derivatives [9-11], the idea
of a fractional derivative of one function with respect to
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another function emerged. This class of fractional operators
depends on a kernel function and unifies many definitions
of fractional operators. Almeida used the idea of fractional
derivatives in the Caputo sense and introduced the ¢-Caputo
fractional derivative of one function with respect to some other
function [12]. The proper choice of a trial function helps in the
modeling of physical phenomenon and makes the approach
more suitable from the application point of view [13, 14].
Wavelet analysis is a well-known and widely used math-
ematical method in engineering and other sciences [15, 16].
Wavelets are made up of function expressions that have been
extended into a sum of basic functions. A mother wavelet
function is translated and compressed to obtain these basic
functions. As a result, it inherits properties of locality and
smoothness, making it simple to research the properties of
integer and locality during the process of expressing func-
tions. Wavelets have sparked a lot of interest in using them
to solve classical ordinary and partial differential equations
numerically. Researchers have recently succeeded in extend-
ing several standard wavelet methods to numerical solutions
for fractional differential equations. Numerical integration
and numerical solutions of fractional ordinary and fractional
partial differential equations are some of the other applica-
tions of wavelet methods in applied mathematics. So, for
now, wavelets such as the Haar-wavelet, B-spline, Daube-
chies, and Legendre wavelet are used [17-21]. In Ref. [22],
the Genocchi wavelet-like operational matrix was used
together with the collocation method to solve nonlinear
FDEs. For solving fractional integrodifferential equations,
the Jacobi wavelet operational matrix of fractional integra-
tion is constructed and utilized in [23]. The Haar-wavelet is
a simple form of orthonormal wavelets with compact support
and has been used by many researchers. The Haar-wavelet
family consisted of rectangular functions. It also includes
the lower member of the Daubechies wavelet family, which
is suitable for computer implementation. The Haar-
wavelets are used to transform a fractional differential equa-
tion into an algebraic structure of finite variables [24-27].
For modeling different physical problems, it is difficult to
pick the right operator. Therefore, generalized operators of
fractional order should be developed for which classical oper-
ators are special cases. An effective way to deal with such a
variety is to merge these definitions into one by considering
fractional derivatives of function f with respect to another
function ¢. The Riemann-Liouville operators of fractional
order are generalized by introducing the fractional-order dif-
ferentiation and integration of a function by another function
[28,29].1n [12, 30], Almeida defined the @-Caputo fractional
differential and integral operators and discussed its charac-
teristics. The contribution made by Almeida et al. plays a piv-
otal role in putting together a wide range of fractional
operators. Moreover, recent work on the ¢-Caputo derivative
indicates that ¢-Caputo fractional differential-based mathe-
matical models are more flexible and provide felicitous
results in many situations. In order to evaluate the growth
of the world population, Almeida [12] implemented the ¢-
Caputo derivative and illustrated that the appropriate selec-
tion of a fractional operator determines the model’s preci-
sion. Using fixed-point theorems, Almeida et al. in [13]
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investigated the existence and uniqueness of a solution for
nonlinear FDEs involving a ¢-Caputo derivative. Almeida
et al. in [31] introduced the ¢-shifted Legendre polynomials
for solving fractional oscillation equations containing the ¢-
Caputo derivative of fractional order. We therefore see the
theory of ¢-FDEs as a promising field for further study. In
this paper, taking motivation by the work cited above, we
developed a new numerical method for solving linear and
nonlinear boundary value problems in ¢-FDEs.

The rest of the paper is organized as follows: We start
Section 2 with an overview of the fractional calculus followed
by a discussion of the classical Haar-wavelet and an approx-
imation of the functions by the Haar-wavelet. In Section 3,
we developed the ¢-Haar operational matrix of fractional-
order integration of the Haar-wavelet and then utilize it for
a numerical solution of the ¢-FDEs. In Section 3.1, the error
estimate of the developed technique is discussed in depth.
Section 4 is devoted to some numerical results and figures
that show the precision and effectuality of the developed
technique. Finally, a conclusion is given in the last section.

2. Preliminaries

Here, we present some vital definitions of ¢-fractional oper-
ators and their basic properties which will be used in the sub-
sequent sections of the paper.

Let the function f : [a, 5] — R be integrable, p a posi-
tive real number, # a natural number, and ¢ € C'([a, B]) an
increasing function such that ¢’ (¢) # 0¥ € [a, f].

Definition 1. The Caputo fractional derivative of a function f
is defined by

Cnyf _ 1
SO = )

where { € [, 8], pe R*, and n = [p].
Definition 2 (see [9, 30, 32]). The ¢-Riemann-Liouvile (¢-RL)

integration operator of fractional-order p of a function f({)
is defined as follows:

¢
T () = —J ¢'(3)e(O) - () f(3)dS.  (2)

The ¢-RL derivative operator of fractional-order p of the
function f({) is defined as follows:

DF0) - (%@d%) TEPFQ)

where n=[p] +1.
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Definition 3 (see [12]). Let p be a positive real number, n a
natural number, and f, ¢ € C"([a, 8]) such that ¢ is increas-

ing and ¢’ ({) # OV{ € [a, B]. The ¢-Caputo differential oper-
ator of fractional-order p is defined by

DLfE) =

¢
o | @0 - o@D (as,
(@

where fI(0) = (119" ())(d/d0))"f({), n=p| + 1 if p¢ N,
whereas n=p if p e N.

Remark 4. For particular choices of ¢({), these operators are
reduced to the following given operators of the fractional
order:

(i) ¢(¢) =1 refer to the classical RL and Caputo frac-
tional operators

(ii) ¢(¢) =1In ({) refer to the classical Hadamard and
Caputo-Hadamard fractional operators

2.1. Characteristics of the ¢-Fractional Operators. Some fun-
damental characteristics of the ¢-fractional operators are
listed below [12, 30].

Let f({) = (¢({) — p(a))”, where y > n and p > 0. Then,

1A = o (90 -9l
DO = s (0O 0@
n—1 k,
D) =10 - Y 2 (o10) - gt

k=0

Example 5. Let f({)=({ - a)", with y>n and p > 0. Then,
the Caputo fractional derivative is given by

CDf(f(C) _ FF(Y+ 1)

T+1-p) (C—a). (6)

The Caputo fractional derivatives of sin ({) and cos ({)
are given by
“Dysin (0) = ()P By (1),
(7)
“Dg cos (¢) = (0) PEsy (1),

where E, g is the two-parameter Mittag-Leffler function
defined by

o) («E
Eap= X Tt ) (®)

=0

2.2. Existence and Uniqueness of Solution for Nonlinear ¢-
FDEs. In this section, we provide existence and uniqueness
theorems for nonlinear ¢-FDEs.

Consider the nonlinear ¢-FDE:

DE?y(€) =f (& x(C)),

(9)
tea fl.

We have the initial conditions, namely, y(«) =y, and

y9(a) =yt €=1, -, n—1, where

(1) 0O<p¢Nandn=[p]+1
(2) y, and y%, where £=1, ---,n — 1, are fixed reals

(3) y € C"'[a, B], such that DY exists and is continuous
in [a, 3]

(4) f : [a B] x R —> R is continuous

Theorem 6. A function y € C" [, fi] is a solution to problem
(9) if and only if y satisfies the following fractional integral
equation:

n—-1_¢

YO =FEYE) - Y 25 9@ - @)’ (10)

&t

Theorem 7. Let f be a Lipschitz continuous function with
respect to the second variable, that is, 3 is a positive constant
L such that

f(6x)) = f(Gxz)| < Lixy =], VE € [ BlVxg, x;, € R

(11)

Then, there is a constant h € R*, such that there exists a
unique solution to problem (9) on the interval [, o + h] € [«

Bl

Proof of Theorems 6 and 7 can be seen in [13].

2.3. Approximation of Function by the Haar-Wavelet. The ith
Haar-wavelet defined on the interval [a, 8] is given by

1,  for{ e [, (i), 5,(i)),
hi(€) =< -1, for{ e [u,(i), u5(i)), (12)

0, elsewhere,

where s, (i) =a+ (B—a)(kim), »,(i)=a+ (f-a)(2k+1/
m), u3(i)=a+ (B—a)(k+1/m), and m=2/, where j=0,
1,2,3,---,] and k=0,1,2,3,---,m—1. Here, j and k are
the wavelet’s dilation and translation parameters, whereas
J is the maximum level of resolution. The relationship i
=m+k+1 identifies the wavelet number i. For i>3,
equation (12) holds true.



The corresponding scaling functions of the Haar-wavelet
family for i=1 and i=2 are

() = { 1, for{ela, f,
0, elsewhere,
) a+pf
1, ifle [(x, 5 >, (13)
hy(0) =

1, ifCe {‘”ﬁ,,@),
2
0, elsewhere.

Any function y({) defined and square integrable over the
interval [0, 1) can be expressed in terms of the Haar-wavelet
as follows:

Y€)= Y chi(Q), (14)
i=0
where the coefficients ¢; of the Haar-wavelet are defined by

6= 000 = [ HOm O (15)

0

In practice, only the first m terms of the series in equation
(14) are considered, where m is a power of 2, that is,

m—1
Y(§)=y,u(C) = Z ¢hi(3), (16)
i=0
with vector form as
¥(8) 2y,,(8) = CH,, (), (17)
where CL =[cp> €1 C3r**sCppi] and H,() =
T
[ho($), 1y (0), By (©)e -5y (O)]
[ 0.4342 —-0.2816 —-0.0998 —0.1763
-0.0210 0.1735 —0.0998 0.2392
-0.0739 0.0653 0.0613 -0.0204
0.0653 —0.0653 0 0.1167
Ps,-
—0.0285 0.0022 0.0221 -0.00291
-0.0094 0.0318 -0.0224 -0.00901
0.0064 —0.0064 0 0.06786
| 0.0280 —-0.0280 0 —0.05604
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3. The p-Haar-Wavelet Operational Matrix

In this section, our endeavor is to construct the ¢-Haar-
wavelet operational matrix P?? of fractional-order p and
use it to solve ¢-FDEs numerically. The ¢-fractional integra-
tion of the Haar-wavelet is performed using equation (2).
Mathematically, the generalized fractional-order integration
of the Haar-wavelet, H,, = [hy, hy, h,,'++,h,,_1], is given by

ﬁﬂo=——j¢%mW@ww@wHM@wS (18)

Analytically, these generalized ¢-fractional integrals can
be approximated as follows:

0, if{ < (i),
@, if ¢ € [, (i), (i),
. (19)
( ) (DZ’ 1f{ € (%z(i)>%3(i)}’
(D3, lfc > %3(i)’
where
@, = I“(Pl+ oy le©) = (6 (1))

2= Ty L@ ~90a () = 2(0(0) ~ G ()],

9= o (90 00 () ~2(00) 20
= @(ny(i)))" + big(p(C) — p(3(i)))"].
Equation (19) holds for i > 1; for i = 1, we have

1
I(p+1)

P(() = [#() - p()]”- (21)

The fractional-order ¢-Haar-wavelet operational matrix
PP for the function ¢({) = > and p = 0.75 is given by

~0.0356 —0.0623 —0.0806 —0.0953 ]
-0.0356 —0.0623 0.1297  0.1153
~0.0356 0.0833 —0.0173 —0.0058
0 0  —0.1051 0.1635
(22)
0.0211  —0.0066 —0.0019 —0.0010
0 0.0435 —0.0088 —0.0020
0 0 0.0616 —0.0113
0 0 0 0.0779 |
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Also, the approximate and exact ¢-RL fractional integra-
tion of ¢({) =sin (5¢) for J =6 and various choices of p is
plotted in Figure 1.

3.1. Convergence Analysis of the p-Haar-Wavelet Method. In
[33], the Caputo-type FDEs were recently analyzed for error.
Furthermore, utilizing the Haar wavelet, [34] proves conver-
gence for the solution of the nonlinear Fredholm integral
equations. In the present work, the upper limit for the error
estimate is calculated using the ¢-Caputo fractional differen-
tial operator. The ¢@-Haar-wavelet method for FDEs is shown
to be convergent.

Theorem 8. Let y"({) be continuous on interval |a, 3], and
suppose 3K > 0, such that |y£;'] ()| < KVY( € [a, B], where o, B

€ R, 45(Q) = (19! () (d1d))"y(Q), and DE?y, (¢) is the
approximation of Dy?y((). Then, we have
B-ak(o'8)"" i
IDE?y(§) = DE?Y,, (O)l < Tm-p+1)  kmr I _22(P-m)}(”2) :
(23)
Proof. Di¥y can be approximated as follows:
DEY(§) = Y (), (24)

i=a

where
B
¢ =(Dg?y(0), hi(0)) = J (DE?y(§))h;()dC. (25)

Suppose that D5?y is the following approximation of
Dﬁ"py:

Dy,(0)= Y. ehy(@), (26)
i=0
where m =21 x=1,2,3,---. Then,
DIV = DE, @)= Y @)= Y chi@). (27)

which implies that

¢
IDE73(0) - D2y, Ol = | (D27 D27, @)k

o

-y Y j (ke ().

i= 2K+l .1 2,‘”

(28)

By orthogonality of the sequence {h,,({)}, we have fi

h,,(O)h,, (0)d{ =1,,, where I, is the identity matrix of order
m. Therefore,

IDE?Y(€) = Dy,

@z = Z G (29)

i _2K+1

From equation (25), we have

o= [ Deymera

_ 2(]'/2) Ja+(/3a)(k+(1/2))21
o+(B-a)k27

J~o¢+(,8a)(k+1)21

DE?y(§)dS (30)

,D{:@ymdc}.
a+(B-a)(k+(1/2))27

By the mean value theorem for integration, we have 3¢,
{, € (a, B), such that

oc+([>’—0c)k2j<C1<(x+(ﬁ—(x)(k+%)2j,

oc+(ﬁ—oc)<k+%)2‘j<4”2<oc+(ﬁ—oc)(k+1)2‘1

¢;=202) (B~ (x){ ((x T <k + %) 27— (a+ k2‘f)>D§"”y(C )

— ((a+ (k+ 1)2‘f) - (oc+ (k+ %)Z_j)Dﬁ’(P}’((z)}

=2UR)(B—a) {27771 (DA% () - DOy ((,)) )
(31)

Hence,

G =2 (B- ) (DL7y(G) - DY) (32)
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x107

04N T L5

Max absolute error

Ficure 1: Exact and approximate ¢-RL integration of the function f({) =sin (5¢) for J =6 and various choices of p and their maximum
absolute error.

Employing the definition of the ¢-Caputo fractional

o o . . TaBLE 1: Optimal value of the upper bound of error at different J
derivative, the fact that ¢ is increasing and the condition | and a = 0.25.

yL?](C)I <K, we arrive at

I Wexact = Yapprox(X) H Optimality of the upper bound of error
IDE?y(C,) = DEPy(C,)] 4 35102x1074 ] 0.0714
1 G -5
_ (Pl(c)(([)(( ) _(P(C))m—p—ly[n](c)di' 5 2.8937 x 10 0.0216
L(m=p) J « 1 ’ 6  6.8632x10°° 0.0542
{, _6
_J o' (O (9(L) _go(())m_p_lyga](odg 7 3.2381 x 10 0.0139
< ﬁ Jj(p' O (L) - @) y([;’] ($)d¢ TABLE 2: Maximum absolute error for various choices of p and J.
Z J p=0.50 p=0.70 p=0.90 p=1
—J 9" ()(2(82) = 9(@)" "y () e (33) 05 3.2914x107 24211x107* 23518x 10 2.4036x 107
a( 0.6 1.1220x107* 6.9659x 107> 5.9464x107° 6.0560 x 107
+ J @ (O)(9(C,) = @)™ P b ()dg 07 3.8646x107° 2.0316x10™° 1.5089x 10~ 1.5199 x 103
b . 0.8 1.3413x 107 5.9901x107° 3.8355x107° 3.8072x 107°
1 b m—p—1
< s (J o' (©)[(0(¢) o))"
. Therefore,
- (p(&) ~ )" ||
[0 @) - 90y o). DY) = DEY(Go)] € = (9(Cs) ~ 90"
4 ¢ Otyl otyZ—F(m_p+1)(P2 (Pl .
36
where (36)
K
m-p-1>0= (@) - @(@)" P = (9(L) By mean value theorlem, Ine[{,{,] <o, P, such that ¢
In=pey) (7 T (@) el (=09 (0, we get
— ()" +2(p(6) —9(61)"F).
(34) 2K

DY@ =Dl < = s (=00 00)
Since {; > o, {, > &, and {, > {; and ¢({) is an increasing 2K

function, so < , ! m_P,
I'(m-p+ 1)21<m—P> ((P (‘B))

(@(81) = (@)™ = (9({,) —p(a))" " <0. (35 (37)
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Figure 2: For ] =5, p=0.6, and ¢({) = sin ({): (a) approximate and exact solutions; (b) maximum absolute error.

which gives

4K?

(DY) =Dy &))" S o

! 2(m7P>
el CAC) R
(38)
Putting equation (38) into equation (32), we get

4K?

G <27 (B -a) -
' (F- I*(m—p+1)2%(m=p)

((P' (ﬁ))m_m-

(39)
Equations (29) and (39) give
1D55(©) = D7, Ol
2111
(29
i=2/
KZ

I*(m— p+ 1)24m=r)ti

2(m=p)

=K+l

(2" -1-27+1)

RS ()

e 1
- I’(m-p+1) 2 22i(m=p)
2(m—p)

J=r+1
(B- 'K (' (B)) I I

FZ(m —p+ 1) 22(k+1)(m=p) 1 — p2(p—m) >

which implies that

IDE7Y(€) = Dey,(E)|l e
P

_B-ak('®)"" !

I'(m-p+1) 2 (k+1)(m=p) [1 _ 22(p—m)] (1/2)
(41)
Let k = 2°*1; (41) can also be written as
IDE?y(§) = DE?y, ()l
m—p
B-ok(e'®)" " ! (42)
<

I'(m-p+1) k(m=p) 1- 22<p—m)} (12)”

From the value of K, we can get an upper bound for the
error.

We first estimate the value of K. Since y"({) is continuous
and bounded on [a, fi], so y([; ) (¢) is also continuous and
bounded on [a, ] and is given by

—

m—

>

1=l

1N

700 chi(§) = CpH,, (0),

_ T
where C,, = [€o» €15 € 5Cp1)

[o(0)s 1y (0), 1y ()l ()]
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FiGuRE 3: (a) Approximate and exact solutions of equation (57) for p = 0.6 and ¢({) = ¢* = ¢. (b) Maximum absolute error. (c) Approximate
solutions of equation (57) for ¢({) = {* and various choices of p.

Integrating equation (43), we have Similarly,

e e
YIE) = J YOS + 57 () Q) =j Q) + 3 @)
o (44) (4

¢ ¢
J W) = CLPye, H,(0). J yy N(QdC = CLPe, H,, ().

24

(45)
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Proceeding in the same way, we get

75(8) = CoPrt H,(§). (46)

By defining the points Cj =((j-1/2)/m),j=0,1,2,---,m
Substituting { j in equation (46), we have

Yo (8}) = CoPrst H () (47)

The matrix form of equation (47) is as follows:

m> mxXm=-m

Yy = CuPril o (§)): (48)

where yq) = [y(p(cl)’y(p(CZ)’y(p(c:i)"“’yq)(Cm)]‘

By using equation (48), we can investigate C!. From
equation (43), we may know the value of D"™%({) for each (

€ [a, B].

Suppose t; € [a, ﬂ, fori=1,2,3,---, L, t,=(t; = (i— 1/1)/I)
, and we calculateyy’ (t;) for i=1,2,3,---,I; then, & + max |
,(t;)| may be measured as the approximation for K.

Obviously, this approximation would have additional
precision if ] increases and ¢ is selected as f3. o0

Theorem 9. Let D5y, , achieved by applying the ¢-Haar-

wavelet, be the estimation of Di"y; then, the actual upper-
bound of error is given as follows:

KN 1 1
I(p+)I'(m—p+1)fmr [1- 22(p—m)] (1/2)°
(49)

(€)= (D)l <

where N = max |(8 - a)(9(B))" " (¢(¢) - ¢(0))"|.

Theorem 9 can be proven simply via Theorem 8. From
equation (49), we can understand that [|y() - y,,(0)|| ; tends
to 0 as m tends to 0o, which shows that the @-Haar-wavelet
technique converges.

Example 10. To demonstrate optimality of the upper bound
in equation (49), we consider the following ¢-FDE:

I'(2p+1)

Tprn) PO

DE7Y(§) +3(8) = (9(()* + 0<p<1,{€[0,1],

(50)
with initial condition y(0) =

)= (9(0))%p.

Table 1 shows the optimal values of the upper bound of
error obtained for various options J and p = 0.25.

0, having the exact solution y({

4. Numerical Solutions of ¢-FDEs

In this section, we provide the solution to some problems in
linear and nonlinear ¢-FDEs by employing the ¢-Haar-
wavelet operational matrix technique.

TaBLE 3: Maximum absolute error for various choices of p and J.

] p=0.60

0.5 4.7700 x 107
0.6 1.4816x107°
0.7 4.6410x 1078
0.8 1.4674x10°°

p=0.70
4.4509 x 107
1.2922x107°
3.7700 x 107°
1.1071 x107°

p=0.80
3.833x107°
1.0871 x 107°

p=0.90
3.4673 x107°
9.0534 x 107°

2.3511x107°
6.1074 x 1077

2.9758 x 107°
8.1696 x 1077

4.1. Linear Case. Here, we consider two examples of linear ¢-
FDE:s for the numerical solution by the proposed method.

Example 11. Consider the composite oscillation equation of a
fractional order with the ¢-Caputo fractional derivative:

(@(0)*, 0<ps1,efo,1],

(51)

Dy*y(€) +y(0) = (9(0))" +

Ir@-p)

with the initial condition y(0)=0. The exact solution of
equation (51) is given by y(¢) = (¢(¢))*. For numerical solu-
tions, we approximate D} ?y({) as

Dg*y(¢) = Cy,H,y (0).- (52)

Integrating equation (52) with the ¢-Caputo integral
operator, we have

y(Q)=I0CIH, () +c;=ClPP% H,({)+¢,. (53)

m> mxXm m

Substituting the initial conditions in equation (51), we get

(€)= CoPht,H,, (€) + (9(0))™. (54)

Substituting equations (52) and (54) for equation (51), we
have

Con(H(§) + PLE, HL (0) = (), (55)

where f(0) = (¢(¢))* + (2T (3= p))(9(0))* = ((0))".
Equation (55) can be expressed in the matrix form as fol-
lows:

C(H, Q) + AP} H,, () = F, (56)

where F = (). The value of CI can be obtained from equa-
tion (56). By using C! in equation (54), we can obtain the
numerical solutions. Table 2 represents approximate solu-
tions obtained for various choices of p and J. The exact and
numerical solutions of equation (51) and the maximum
absolute error are plotted in Figures 2(a) and 2(b), respec-
tively, for J =5, p = 0.6, and ¢({) = sin ().
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TABLE 4: Maximum absolute error for ¢({) = > and various choices of J and p.

] p=0.60 p=0.70 p=0.80 p=0.90 p=1

0.5 2.9805x107* 2.6189x 1074 9.0556 x 10~° 8.4937x107° 4.0843 x 107°
0.6 9.3858 x107° 8.2375x107° 7.5629 x 107° 4.5815x107° 3.0209x107°
0.7 8.0570 x 107° 7.5617 x 107° 6.8581x107° 42393 x107° 2.5527 x107°
0.8 4.6741x107° 3.3469 x 107° 5.6175x 107° 3.0351 x 107° 6.3818 x 1077
0.9 3.2109x 107° 23126 x107° 7.8318 x107° 2.6165% 1077 1.5954 x 1077

y(x)

Fi1GURE 4: Approximate solutions for p =1, ] =5, and different choices of ¢({).

Example 12. In this example, consider the FDE involving the
¢-Caputo derivative:

y _ 4 1 3 3 3-
DEY(E) +3(6) = (9(0)" = 3 (9(0)) = s (90
e (PO,

(57)

where 0 < p<1,{ €0, 1], and the initial condition
¥(0) =0. (58)

The exact solution of the problem (57) is given as follows:

y(Q) = (@(0)* = (1/2)(¢(0))’. To get numerical solutions,
the @-Haar-wavelet method is employed as follows. Let

DE*y(¢) = CouH, (- (59)

TaBLE 5: Maximum absolute error for various choices of p and J.

p J=05 J=0.6 J=0.7 J=0.38
0.60 3.9081 x10™* 2.1491x107™* 1.6723x10™* 3.0569 x 10>

0.70 3.6472x 107 1.7153x10™* 3.2854x 107 3.7074 x 107
0.80 3.2019x10™* 1.3570x10™* 2.8061x 107 5.8283 x 107°
0.90 2.6195x107* 9.0689x 107 1.8584x 107 4.1523 x 107°
0.1 22700x107* 5.8851x107° 1.4983x10™° 3.7800 x 107

Integrating equation (59) with the ¢-Caputo integral
operator, we have

(€)= 75" CH,,(0) + . (60)

Substituting initial conditions in equation (60), we get
¢, =y, Equation (60) becomes

(€)= C,PP?H,, () + 3, (61)
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FIGURE 5: Exact solution for p = 1 and numerical solutions for various choices of p.

Substituting equations (59) and (60) for equation (57), we
get

Cou(Hyy(§) +a(Q)PP™H,,(C) + b(C)PP*H,, ({)) = F({),
(62)

where F()=(p(9)" = (112)(9(5))* = (3/T(4 - p))
(@(Q))* " + (24/T(5 - p))(¢({))**. Approximate solutions
are obtained by solving equations (61) and (62). The exact
solution, approximate solutions, and the maximum absolute
error are plotted in Figure 3 for J =6 and p = 0.6. Also, the
maximum absolute errors obtained for various choices of p
and J are given in Table 3. We noticed that the maximum
absolute error decreases with an increase in J.

4.2. Nonlinear Case

Example 13. Consider the fractional-order Riccati differential
equation with the ¢-Caputo fractional derivative:

DY) = () +10<psLleo, (63

subject to the initial condition y(0) = 0. For p = 1, the exact
solution of equation (63) is given by y() = (e#(%) — 1/e#(20)
+ 1). For numerical solutions, we first utilize the quasilinear-
ization techniques to make the nonlinear terms of equation
(63) linear and then solve the linearized problem with the ¢
-Haar-wavelet method. The linearized form of (63) is

Dg’q)yr-ﬁ—l(c) +2yr(c)yr+1(() :y%(c) + 1’ C> 0’ 0< PS 1’

(64)

with the initial condition y,,,(0) =0.

TaBLE 6: Comparison of results obtained in [31] and by our method

for p({) = (§*/2) + (12).

¢ y-  y-Approximate by  Error by Error by our
Exact [31] [31] method
0.0 0.0000 0.00060 60 x 107 60 x 107
0.1 0.0031 0.0037 70x 1074 60x 1074
0.2 0.0144 0.0151 80x 107 70x107*
0.3 0.0380 0.0388 90 x 107 80x 1074
0.4 0.0783 0.0793 10x 107 10x 107
0.5 0.1416 0.1427 11x10™* 12x107°
0.6 0.2313 0.2324 11x107° 11x107°
0.7 0.3542 0.3553 12x10™ 11x10™
0.8 0.5274 0.5284 10x 107 10x 1073
0.9 0.7411 0.7421 10x107* 10 x 107
1.0 1.0000 1.0007 70 x 107 70x107*

Now, we apply the ¢-Haar-wavelet method to equation
(64). Let

DG*¥,1(8) = CouH, (©). (65)

Operating the ¢-Caputo integral on equation (65), we get

Y1 (§) = IPOCLH,, Q) + ¢, = CoPht H (O +¢. (66)

m>- mxXm m

Putting the initial conditions in equation (66) gives

Yr1(§) = CuPh, H,, (0. (67)
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Substituting equations (65) and (66) for equation (64), we
have

Con(Hyu(Q) + 2, (O)PHE, H(Q)) =14 37(0). - (68)
The matrix form of equation (68) is given by
Cou(H, (§) +29,Ph%, H,, (0)) = F, (69)

where F =1+ y2. By solving the algebraic system given by
equation (69) for C! and substituting this value into equa-
tion (67), we will have the required numerical solution. In
Table 4, the maximum absolute error is given for ¢(¢) = ¢°.
Also, approximate solutions for different choices of the func-
tion ¢ are plotted in Figure 4.

Example 14. Finally, consider the Riccati differential equation
of fractional order having the ¢-Caputo fractional derivative:

Dy?y(0) =2y(0) - y(§)* + 1, (70)

where 0 < p<1and {€]0,1].
Then, we subject this to the initial condition:

»(0)=0. (71)

When p=1, y({)=1++/2tanh (v2¢({) + (1/2) log ((
V2-1)/(v/2+1))) is the actual solution of problem (70).
For numerical solutions, we first utilize the quasilinearization
technique to linearize the nonlinear terms in equation (70)
and then solve the linearized FDE by the ¢-Haar-wavelet
method.

Equation (70) in the linearized form is given by

D(’;’(Pyrﬂ - (2 _zyr(c>)yr+l(c) =J’E(O +1,

(72)
with the initial condition y,,, (0) = 0.
Consider
DG*Yp1 = CoHy (0)- (73)
Taking the ¢-Caputo integral of (73),
Ve =70 CuH(§) + 1. (74)

Substituting the initial condition in equation (74), we have
¢ =0.
Using ¢; =0 in equation (74), we get
T pps
yr+1:C PRsH (75)

m> mxXm m*

Substituting equations (73) and (75) for equation (70), we get

Con(H,u(§) = (2= 20,(0))PLE, H, () = F()- - (76)

Required approximate solutions can be obtained by using

{(>0and0<p<1,

Journal of Function Spaces

the value of CVE from equation (76) in equation (75). Table 5
shows that the maximum absolute error decreases by increas-
ing the values of J. Also, the approximate solutions are dis-
played in Figure 5 for various values of p.

Example 15. For comparison with another method, we con-
sider the following problem:

DS y(0) + F(i/z)y(f) = F(i/z) (1 + (‘P(C))<3/2))’ {elo,1],

(77)

with the initial condition y(0)=0. The exact solution of
equation (77) is given by y({) = (¢(¢))’. This problem is
studied in [31] by using the operational matrix of the ¢
-shifted Legendre polynomials.

For ¢({) = ({*/2) + ({/2), a comparison of the results obtained
in [31] and by the proposed method is given in Table 6.

5. Conclusion

In this article, the ¢-FDEs are solved numerically by introduc-
ing the ¢-Haar-wavelet operational matrix of integration of
fractional order. This operational matrix has been used to solve
both linear and nonlinear problems with success. In compari-
son to the other methods, this approach is simple and more
convergent. The developed method is used to solve a number
of linear and nonlinear problems, demonstrating its efficiency
and accuracy. Furthermore, the method’s error analysis is thor-
oughly examined. As a future work, the proposed method may
be applied to different wavelets as well as other operators.
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In this paper, we study the existence of positive solutions for the following nonlinear second-order third-point semi-positive BVP.
We derive an explicit interval of positive parameters, which for any [, y in this interval, the existence of positive solutions to the
boundary value problem is guaranteed under the condition that a(t,x), b(t,x) are all superlinear (sublinear), or one is

superlinear, the other is sublinear.

1. Introduction

In the applied mathematical field, three-point BVP can
describe many phenomena. Moshinsky [1] introduced the
vibrations of a guy wire with a uniform cross-section and
composed of N parts of different densities using a multipoint
BVP. Timoshenko [2] also revealed that the theory of elastic
stability can be used by the method of a three-point BVP. II'in
and Moviseev [3] were the first to study this aspect. Since
then, more general nonlinear BVP have been studied by
several authors [4-25].

In their paper [7], Ma and Wang obtained the existence
of positive solutions for a three-point BVP by Krasnoselskii’s
fixed theorem:

{ u"(t) +a(t)u' (1) + b(t)u(t) + h(t)f(u) =0, 0<t<l,

u(0) =0, u(l) = au(yn),
(1)

where « is a positive constant, 0 <% < 1, a(t) € C([0, 1], RY),

b(t) € C([0,1],R), f € C(R*,R*),h € C([0, 1], R*) and there
exists x, € (0,400) such that h(x;) > 0.

In our paper, we study the existence of positive solutions
of second-order third-point semipositive BVP:

(Lx)(t) + Aa(t, x) + ub(t, x),
x(0) =0,

0<t<l,

(2)
x(1) = ax(§),
where (Lu)(t) =u" (t) + f(t)u' (t) + g(t)u(t), A, u are posi-
tive parameters, 0 < & < 1, f(¢) € C[0, 1], and g(¢t) € C([0, 1],
(—00,0)). And our paper also allows that a(t, x), b(¢, x) are
both semipositive and lower unbounded.
Our main tool is the following fixed point index theory.

Theorem 1 [4]. We suppose that K C E is a cone in E, in which
E is a real Banach space, the open bounded set Q,, Q, is in E,
0eQ, Q,cQ, and T:Kn(Q,\Q,)— K. Suppose
operator T can be completely continuous and satisfies one of
the following conditions:

@) |Tx|| < x|, VxeKnoaQ; ||Tx|= x|, vxeKn
20,

(i) || Tx|| = ||lx|l, Vxe KnoQ; ||[Tx|| < ||, VxeKn
0Q,
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Then, operator T has at least one fixed point x* in K
N2\ Q).

Theorem 2 [4]. We suppose that P C E is a cone in E, in which
E is a real Banach space, the open bounded set ,;, 2,, Q5 is in
E0eQ, Q,cQ, Q,cQ; and T : PN Q; —> P. Suppose
operator A is completely continuous and satisfies the following
conditions:

ITx|| < ||x]|, VYxePnoQ,
| Tx|| > ||x||, Ax#xVxePnoQ,, (3)
ITx|| < ||x|l, VxePnag,.

Then, operator T has at least two fixed points x* and x** in
PN (0Q;/0,), and x* € PN (Q,/Q,) and x** € PN (Q,/0,).

2. Preliminaries and Lemmas

We set a Banach space E = C([0, 1],(—00,+00)) with norm
|lx|| = max,;|x(¢)|. We know of the following lemmas
from Ref. [6].

Lemma 3. Setting€ (t)as the positive solution of the equation,
we have:

LE)(t) =0,
{ (L&) () "

§:(0)=0,
Then, &, () € [0, 1] is strictly increasing on [0, 1], and &/
(0) > 0.

Lemma 4. Setting€,(t)as the positive solution of the equation,
we have:

LE)(H) =0, 0<t<],
{( )(1) <t< 5

L0)=1  &(1)=0.

Then, &,(¢) € [0, 1] is strictly decreasing on [0, 1].

From Lemma 3 and Lemma 4, we know that 0 < &, (£) < 1,
0 < &,(#) < 1. In the rest of our paper, the following condition

is used:

(C1) 0<aé;(n) <1, where&, (t)is given by Lemma 3

Throughout this paper, we shall use the following
notation:

where { =£(0)&,(0).
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Obviously, from Ref. [6], we can be assured that when
(C1) holds, the BVP

Lx =0, 0<t<l,
{( )(1) + (1) st< )

x(1) = au(&),

is equivalent to the following integral equation:

x(t) = JOG(t, s)e(s)y(s)ds + % JOG(E, s)e(s)y(s)ds,
(8)

where e(t) = exp (J“&f(s)ds)
Set z(¢) = min ((&,()/[1,1]), (§,()/[[&,])). From (6), for
t € [0, 1], we know that

z(t)G(s,s) < G(t,5) < G(s, 5). 9)

We present some other lemmas that are important to our
main results.

Lemma 5 [7]. Assume that for any y € C([0, 1], (0,+00)), x(¢)
is the solution of the following BVP:

{(Lx)(t)+y(t)=0, 0<t<l1, (10)
x(0) =0, x(1) = ax(§).
Then, we have

x(t) = z(t)||x|, t €0, I]. (11)

Lemma 6. Assume that w is a solution of the following BVP:

0<t<l1,

12
x(1) = ax(§), 12)

(L)1) = -B(1),
x(0) =0,

where B€ C(0,1), M > 0. Then, there exists constant M > 0
and satisfies

o(t) < M||B||z(t), teo,1]. (13)

Proof. For t € [0, 1], we can have
w(t) = J;G(t, s)e(s)B(s)ds + % J;G(f, s)e(s)B(s)ds.
(14)
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Obviously, for ¢ € [0, 1], we have

)
[ 51(5)52(06(5)3(5)615+Jt€1(f)fz(5)e(S)M($)d5]
1

t 1

S [El(t)iz(t)LB(s)ds + El(t)fz(t)J

e EIE {fm )
AN
EOEO [
TR Tl )d]
)& &)
7¢ z

B(s)ds}

t

o

M(s)ds

0

<t>joB<s>dssM1z<t>||B||,

where M, = (e(1)]|&, [[[8,[1)/¢.

By the same method, we can know that

“51(0 ! <M.z
e | G eBds < Bl. (19

where M, = (ae(1)[|&, ][5, [1)/(1 - a&,())-

So, by choosing constant M > M, + M,, we have

w(t) < M]|B|jz(t), 0<t<l. (17)

d

Lemma 7 [7]. Let 0 < lim(b(t, x)/x) < L, t € [0, 1]. Define the
X000

following function:

G(t)= max b(t, 7). (18)

0<t<1,0<x<tT

Then

(i) G is a nondecreasing function for t
(i) 0< 1;22((;(1)/7) <K,

For g assumptions:

(C2) a(t,x), b(t,x) € C, ([0, 1] X [0,+00)R)

From (C2), there exists a functionB(t) € C[0, 1], B(¢) > 0,
which satisfies

where M||B|| < 1. M is given by Lemma 6.

(C3) B, <a,, <00,B,< b <00

(C4) 0<al <b,0<bl <b,

(C5) K;<a_, <00,0<b <K,
where

—1

min (B, B,) > 2 ((A ) minJ.;G(t, s)e(s)z(s)ds> ,

0<t<1

by +b,< ((A +u)p(1) UIG(S, §)ds+ %J(I)G(z, s)ds] >1,

0

-1

K, >2 (A minJ;G(t, s)e(s)z(s)ds) ,

0<t<1

a, = liimx_wo a(t’ x) >
x
a:;) = h;nx—w)o (t’ X) N
X
boo _liimx_wom
x
- b(t,x
by, =tim, _, (20)
Let e = minz(t), and
0<t<1
_ H(t,x), x=0,
H(t, x)=
F(t,0), x<0,
(21)
_ Y(t,x), x=0,
Y(t,x)=
G(t,0), x<0,
where H(t, x) = a(t, x) + B(¢), Y(t,x) = b(t, x) + B(t).
For any > 0, we set
H/= max H(t,x),
0<t<1,0<x<l
(22)

Y;= max Y(tx).

0st<1,0sx<I
From Lemma 6, letting w(t) = w(t), then x(¢) is the pos-
itive solution of problem (2) if and only if x(¢) = x(¢) + w(¢)
is the solution of the following problem:

(Lx)(t) + AH(t, x —w) + uY (t, x —w) =0, 23)
x(0)=0, x(1)=au(l),
and x(t) > w(t), 0 < t < 1; here, H, Y is given by (21).
Defining the cone P in E, we have
P={xeE:x(t)z|x|q(t), te[0,1]}. (24)



Obviously, problem (18) is equivalent to

x(t) = JOY(t, s)e(s) [/\H(s, x-—w)+uY(s,x- w)] ds

PO Gl e (53 0) 4 T (55~ w)] s

1-af,(§)

0

Defining the operator T : E— E, we have

1

(Tx)(t) = J G(t, s)e(s) [AH (s, x — w) + uY (s, x — w)] ds

“El(t) !
+ T af (6 G JOG(& s)e(s)

- [AH(s, x — w) + uY (s, x — w) | ds.
(26)
Obviously T(P) c P and T is completely continuous.

3. Our Main Three Results

Theorem 8. Suppose condition (C1), condition (C2), and con-
dition (C3) hold. Then, for the small number A, y, problem (2)
has at least one positive solution.

Proof. Firstly, we choose sufficiently small A, y which satisfies
the following:

A+u< <[H1 +Y,]p(1) UIG(S, s)ds + %JIG(E, s)ds} )1,

0 0

Letting Q, ={x € E : ||x|| <1}, for any x e PN OQ,, t €
[0,1], by the definition of operator T, we have

(002 || Glsat, + v, s+ 20

- J;G(E, s)e(s)[AH, + uY,|ds

< (A+u)[H; + Y ]e(1)
: UOG(S, $)ds + %LG(& s)ds] <1=|x|.
(28)

Thus, we have
ITx]| < ||x]|, VYxePnoQ,. (29)

Secondly, by (C3), we know that there exists constant
I, > 0 which satisfies

a(t,x) = Byx, b(t,x) > Bx,¥x>1,,t€[0,1].  (30)
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Letting r=max {2M||B||, (2,/¢),2}, then r>1. Set
Q,={x€E:|x|<r}, for any xe PNoQ,, te0,1], we
have

_ M|Bll,

x(t) —w(t) = x(t) — M||B||z(t) = x(t) .

x(t) = %x(t).
(31)

Therefore, we have x(t) —w(t) > (1/2)x(t) > (||x]|/2)z(¢)
> (er/2) >1,.
Thus, by the definition of H, Y and (30), we can have

AH(s, x(s) —w(s)) + uY (s, x(s) — w(s))

> B A(x(s) —w(s)) + Byu(x(s) — w(s)) (32)
> min (B, By) (1 + ) (x(5) -~ w(s)).

We have

(Tx)(t) > LG(t, s)e(s)[AH (s, x —w) + uY (s, x —w)]ds

> min JlG(t, s) min (B, B,)(A + u)(x(s) —w(s))ds

ost=l1 ],
1 1

> — (A +y) min (B, B,) minJ G(t, s)x(s)ds.
2 ost<1 )

(33)

Then, by Lemma 5, we have

1 . e
I(T(0)] 2 5 (s ) min (By, )i | G )e)2(s)ds 1)
(34)
Therefore, by the definition of B;, B,, we have
(| Tx|| = ||x||, Vxe€KnoaQ,. (35)

Then, by (29), (35) and Theorem 1, operator T has at last
one fixed point x(¢) € P N (0,/0,), i.e, X(t) is the solution of
problem (2), and it is easy to know ||%|| > 1.

Finally, by (C2) and Lemma 3, we have

x(t) = ||x||z(t) = z(t) > M||B||z(t) 2 w(t) =w(t).  (36)
Thus, x = X — w is the positive solution of problem (2). O

Theorem 9. We suppose that condition (C1), (C2), and (C4)
hold, and the following condition also holds:

(C6) There exist constant D > 0, p > 0, and we have

a(t,x) = p,
b(t, x) = p, (37)
x € [D,00),t€[0,1].
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Then, for the small number A, y, problem (2) has at least one
positive solution.

Proof. Firstly, let r = max {2M||B||, (2D/¢), 2}, and

-1

1=2r (minJ1 Y(t,5)e(s)(A+ y)pds) . (38)

0<t<1 0

Set O, ={x€E: ||x]| <r}, for any x e PN 0Q,,s€[0,1],
we have

x(s) —w(s) = x(s) — M||B||z(s) = x(s) - wx(s) > %x(s).

(39)

Thus, x(s) —w(s) = (1/2)x(s) = (||x]|/2)z(s) = (er/2) = D.
Therefore, by (C6) and the definition of operator T, we have

1

(Tx)(t) = J G(t,s)e(s) [AH(s,x —w)+uY(s,x— w)] ds

0‘510‘) !
+1ﬂmaﬁf“”“”

- [AH(s, x — w) + uY (s, x — w)]ds.

For B(t) >0, t € (0, 1), we have

(Tx)(t) > J G(t, s)e(s) [AH (s, x = w) + uY (s, x — w)]ds

0

= | Gt 9 Mp + B(©) + (p + B(o)l

[\
NSYRE

1
gmin | Gt )e(s) (A + ppds=r = ]
(41)
We can know that by the above discussion, we have
|| Tx|| = ||x||,¥Yx € PN 0L2;. (42)

Secondly, by (C4), we can have

H(s,x —
0< lim P&*-w)
X—00 u

Y — 43
0< lim L&*X7W) (43)

X—00 u

s€o,1].
Then, there exists constant [, > 0 which satisfies

H(s,x—w) <bx,
Y(s,x—w) < byx, (44)
Vx>1,,s€[0,1].

Letting R =max {21,,2r}, then r<R. Set O, ={x€E:
|lx|| < R}, for any x € PN 0, t € [0, 1], we have

1

(Tx)(t) < J G(s, 5)[Ab, x(s) + ub,x(s)]ds

“E](t) 1 s)e(s X(S X(S S
e | CE e Mx(9) + ()]s

(45)
Thus, we have

(Tx)(t) < (A + p)[by + byle(1)

[ﬁG@$49ﬁ+T¥%%5FG@$M$%]

(46)
So, we have

I(Tx)(B)[] < (A+ @) [by + byJe(1)

[ otee+ B 66 9 .
(47)
Then, we can have by the definition of b,, b,
(I Tx]| < ||x]|,¥x € K N 0£2,. (48)
d

Then, similar to the proof of heorem 8, we have that
result of heorem 9 by Theorem 1.

Theorem 10. Suppose condition (Cl), condition (C2), and
condition (C5) hold. Then, for sufficiently small A, u, problem
(2) has at least two positive solutions.

Proof. Firstly, by Lemma 7, there exists constant 7 > 0 which
satisfies

G(r) < K,t. (49)

Therefore, setting Q, ={x€E: ||x|| <7}, for any xeP
N 0Q,, t € [0, 1], by the above discussion, for the quite small
A, u, we have

[AH, +uY(7)]e(1) (J;G(s, s)ds + 1?25(11()5) JIG(E, s)ds) <T.



We have
(Tx)(t) < [AH, +uY(7)]
: UOG(t, s)e(s)ds + %JOG(& s)e(s)ds]

< [AH, +uY(7)]e(1)

([ 5l 00

<7=x].
(51)
Then, we have
| Tx|| <||x]|, VxePnoQ,. (52)

Secondly, by (C5), there exists a constant /; > 1, which
satisfies

a(t,x)2K,x, Vx=l;. (53)

Letting r = max {2M||B||, (2l;/¢),27}, and Q, ={x€E:
|lx|| < r}, for any x € PN 9, t € [0, 1], we have

M'J?” x(t) = %x(t).

x(£) —w(t) = x(t) — M| B||2(t) = x(t) -

Then, x(t) —w(t) = (1/2)x(t) = (||x]|/2)z(t) = (re/2) = 5.
Therefore, by the definitions of H, Y and the above dis-
cussion, we have

(Tx)(t) = JOG(t, s)e(s)[AH (s, x —w) + uY (s, x —w)|ds

> JOG(t, s)e(s)AK, (x —w)ds

1
> &A minJ G(t,s)e(s)z(s)ds=r=||x|.

2 ost<l 0
(55)
Thus, we have
| Tx]| = ||x||,¥x € PN 0Q,. (56)
Finally, letting
! 0‘51(1)
R=max < [AH, + uY G(s,s)e(s)ds + ————
{tcr i ([ Gt oess S
1
. J G(&, s)e(s)ds} , Zr},
0
(57)
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then, 7<r<R. Set Q; ={x€E: ||x|| <R}, forany xe PN o
0, t €0, 1], by the definition of operator T, we have

(Tx)(t) < [AHg + pYg]

([ ots.9etentss {20 [ Gt etonas]

(58)
Thus, we have

| Tx|| <||x||, Vx€PnoQ;. (59)

Then, similar to the proof of heorem 8, we have the result
of heorem 10 by Theorem 2. O

Remark 11. The results of these three theorems in our paper
also hold under the condition in which nonlinear a(t, x),
b(t,x) are both lower semicontinuous.

Remark 12. We can obtain the results of Theorem 10 if we
replace condition (C5) with (C6)K; < b_ <00, 0<al <K,.
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In this paper, a quantum neural network with multilayer activation function is proposed by using multilayer Sigmoid function
superposition and learning algorithm to adjust quantum interval. On this basis, the quasiuniform stability of fractional quantum
neural networks with mixed delays is studied. According to the order of two different cases, the conditions of quasi uniform
stability of networks are given by using the techniques of linear matrix inequality analysis, and the sufficiency of the conditions
is proved. Finally, the feasibility of the conclusion is verified by experiments.

1. Introduction

Fractional calculus is an arbitrary extension of integer calcu-
lus in order. It has strong advantages and wide application
prospects in the fields of physics, chemistry, biology, econ-
omy, control, signal, and image processing. It has attracted
extensive attention from scholars at home and abroad and
has become one of the current research hotspots. In recent
years, due to the continuous development of fractional differ-
ential equations, many researchers began to pay attention to
the fractional-order theory, and the combination of
fractional-order and neural network give full play to the
advantages of fractional order. For example, literature [1-4]
combined fractional order with neural network and achieved
a good effect. Among them, Boroomand and Menhaj [4] pre-
sented the fractional-order Hopfield neural network model
and studied its stability through the quasienergy function.
[5-7] study on different fractional-order neural networks
and explore the influence of different factors on fractional-
order neural networks. This paper summarizes the synchro-
nization problem of neural network [8-12]. Dominik et al.
[13] considered discrete fractional-order artificial neural net-
works. Chaos and chaotic synchronization of fractional-
order neural networks are proposed [14]. Literature [15, 16]
explained and analyzed the dynamics of fractional-order
neural networks. The fractional-order neural network was

applied in different fields [17-21]. In recent years, the stabil-
ity of fractional-order neural network system has become a
research hotspot [22-31]. In reference [22], the stability
and passivity of a memristor-based fractional-order compet-
itive neural network (MBFOCNN) are analyzed by using
Caputo’s fractional derivative. The effectiveness of the pro-
posed results is finally verified by using analysis techniques
and other computational tools. In reference [23], the problem
of robust dissipation of Hopfield-type complex valued neural
network (HTCVNN) model with time-varying delay and lin-
ear fractional uncertainty is studied, and many numerical
models are designed to verify the results. In reference [24,
25], the global asymptotic stability of fractional quaternion
numerical bidirectional associative memory neural networks
(FQVBAMNN ) and fractional quaternion numerical mem-
ristic neural networks (FOQVMNNSs) is studied. The effec-
tiveness of the results is proved by using related methods.
In reference [26, 27], the stability of fractional-order contin-
uous time quaternion numerical leaky integral echo state
neural network (NN) with multiple time-varying delays is
studied, and the feasibility of the method is verified by
numerical examples. In reference [28], the uniform stability
of a fractional-order leaky integral echo state neural network
(FOESN) with multiple delays is studied. The simulation
results show the effectiveness of the method. Literature [32,
33] proposed the time-delay correlation study of Caputo
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FIGURE 1: Three-layer feedforward neural network graph structure.

fractional-order neural network. However, there are few
studies on the behavior of fractional quantum neural net-
works with mixed delay. In this paper, a multilayer activation
function quantum neural network model is presented, and
the quasiuniform stability of fractional quantum neural net-
works with mixed delay is studied. It is proved by the formula
and simulated by the numerical case.

This article is organized as follows. In the second section,
we give the structure of the multilayer activation function of
the quantum neural network, based on which a fractional
quantum neural network model with mixed delay is pro-
posed. In the third section, it is proved that the fractional
quantum neural network system with mixed time delay is
quasiuniformly stable by corresponding definitions and
lemmas. In the fourth section, a concrete example is given
to verify the validity and applicability of the given results.

2. Model Composition and Preparation

2.1. Quantum Neural Network. Quantum neural network
belongs to the feed-forward type of neural network [34, 35].
Compared with the traditional feed-forward type of neural
network, the neurons in the hidden layer of quantum neural
network refer to the idea of quantum state superposition in
the quantum theory and carry out the linear superposition
of several Sigmoid functions, which is called the multilayer
activation function. Traditional activation functions can only
represent two states and orders of magnitude. When quan-
tized, a hidden layer neuron can represent more states and
orders of magnitude.

Each Sigmoid function superimposed has a different
quantum interval. By adjusting the quantum interval, the
data of different classes can be mapped to different orders
of magnitude or steps, so that the classification can have
more degrees of freedom. The quantum interval of the quan-
tum neural network can be obtained by training. The uncer-
tainty in the sampled data can be obtained and quantified by
a quantum neural network with an appropriate learning
algorithm.

Figure 1 shows a traditional three-layer feedforward neu-
ral network. Assume that the input layer I has n nodes, the

output layer O has k nodes, and the number of nodes in the
hidden layer H is m. Adjacent layer nodes are fully intercon-
nected, and nodes of the same layer are not connected. The
node output function in the hidden layer is

H,=f(W'X-0)r=12,u (1)
The output function of the node in the output layer is
0,=f(ViH-h)j=1,2,-,n. (2)

In the formula, f adopts Sigmoid function, and W is the
connection weight vector between each neuron in the input
layer and each neuron in the hidden layer. V is the connec-
tion weight vector between each neuron in the hidden layer
and each neuron in the output layer; 9 is the threshold of
the hidden layer, and & is the threshold of the unit of the
output layer.

Quantum neural networks with multiple excitation
functions:

Hr= %if[U(WTX—BS)]. (3)

In the formula: f(x) = 1/(1 + exp (—x)), W is the network
weight vector; X is the network input vector; U is the slope;
WTX is the input excitation of the quantum neuron; 6, is
the quantum interval (s=1,2, -+, n).

The learning of quantum neural network can be divided
into two steps: (1) adjusting the weight to make the input
data correspond to different class spaces; (2) adjust the quan-
tum interval of quantum neurons in the hidden layer to
reflect the uncertainty of data. The BP algorithm is used to
adjust the weight. Once the network weight is obtained, the
quantum interval can be adjusted by an appropriate algo-
rithm [36]. The idea of the algorithm is to minimize the out-
put change of the hidden layer neurons in the quantum
neural network based on the same kind of sample data.
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Assume that for class C,,,
layer neuron changes as:

&= 2 ((O4n) -0y, (4)

X x,€C,,

the output of the ith hidden

in the formula: O,, k represents the output of the iy, neuron in
the hidden layer when the network input vector is x;;

Y. Ou (5)

x;x€C,,

_1
lm_|C|

|Cm| in the formula represents the cardinality of class
|Cm|. It can be seen that e, is a function of the quantum
interval 6,. By taking the derivative of 6,(s=1, -+, n) on both
sides of Equation (4) and finding the minimum value of el -
the variation formula of 6 (i.e., layer S of the ith neuron in
the hidden layer) can be obtained.

20,225 3 ¥ ((0)=0u) (Vi) - Vi)

m=1x; x,.€C,,
(6)

2T Vi (7)

zms | |
mi x. x.€C,,

In formula (6), Z is the learning rate; k, is the number of
nodes in the output layer, namely, the total number of classes;
k is the number of quantum interval layers; x;: x; € C,, repre-
sents all samples belonging to the C,, class.

Among them:

Viks = Oigs * (1= O)- (8)
In the formula: O, =sig(U * (W'x, —6,)) represents

the output of the sth quantum layer of the ith hidden layer
neuron when the input vector is x;(s=1,2, ---, n).

2.2. Caputo-Type Fractional Derivative Definition. In defini-
tion, f(s) is a continuous function over R, for any >0; the
B-order Caputo-type derivative of 0,f(s) is defined as:

DEF =D A= i | =0 e
©)

The following corollary can be drawn:

(1) When 0 < < 1,D4f(s) = (1/(T(1 -
f(r)dr

(2) When f(s) is a constant function, Dﬁ (s)=0

(3) DFDFf(s) = f(s) - T~
< <1, when f(s)

Dy(s=7)

, B> O,especially,when 0

(4) is a one-dimensional function, DPDPf(s) = f(s) - f
(0).

(5) If a and y are two constants, then D (af(s) + yh(t))
=aD Pf(s)+yDPh(t), =0

2.3. Fractional-Order Quantum Neural Network Model. Sup-
pose the following two conclusions are true:

(1) If vector x = (x;) and matrix A = (a;;), we define the
Euclidean norm ||x|| of vector x to be ||x|| =Y |x;|.
The matrix norm of the matrix ||A|| is defined as ||A
| = max,_;, > |a;]|. In this paper, we set C=||C[|, A
=|All, B=||B|, and M = || M]|

(2) The excitation functions F(x), G(x), and H(x) of the
fractional quantum neural network with mixed delay
both satisfy the Lipschiz condition, that is, for any u
,V € R, u#v, there exists a corresponding real num-
ber F, G, H >0, such that ||F(u) — F(v)|| < F|lu—v||
N1G(u) = G(v) [ < GlJu—v]|

The fractional quantum neural network model with
mixed time delay is shown below:

w)du+1I;,

Dﬁx =—cx;( +Zaﬂ‘l +Zb,/g) (t-1 +ZmUJ i(x
x;(t)=v,;(t), te[-y,0),y€max {7,0},

(10)
is converted to:

t

H(p)dp +1,

DPFx(t) = ~Cx(t) + AF(x(t)) + BG(x(t - 7)) + MJ
€[~y,0),y € max {1,0}.

(11)

Among them, 0< 5<1,(i=1,2,---,n), n represents the
number of neurons in a fractional quantum neural network
with mixed delay, and x(t) = (x,(¢),x,(¢),--x,(¢)) €R is
the state vector of the neuron at time ¢.

E(x(t)) = (fi(x2(0)> fo (32 (1) o (% (1))), G(x(1))
= (9:(x1(1)> 92 (%2(1))+ g, (% (1))

and H(x(t)) = (hy (x,(£)), hy(xy(£)), - b, (3, (1)) are the
activation function of fractional quantum neural network;
C=diag (¢;>0), A=(a;), B=(b;), and M = (m;;) are all
constant matrices; ¢; > 0 represents the rate of the isolated
resting state of the first neuron in the fractional-order quan-
tum neural network in the state of unconnected and without
external additional voltage difference; a;, b;;, and m; repre-
sent the weight of the connection between the ]th neuron
and the ith neuron; 7; and 0, represent the transmission delay

of the jth neuron and I=

(I,(£), L, (), -+, I(t))" represents the external input and
deviation of the neuron.

along the axon;



Set the initial conditions of the system, usually assuming
y,(s) € C([-y,0]R), i€ N*, and the norm on C is defined as

[l = sup [[y(s)]].

Assume that x(t) and y(t) are two different solutions
whose initial values of model (11) are y € C and ¢ €C,

respectively, where y/(0) = ¢(0) =0; let o =y — ¢, x(t) = y(¢)
=e(t) = (e,(t), e5(t), - e, (t))" can be obtained:

- C(t)

+A(F(x(t)) — F(y(1)))

+B(G(x(t — 7)) = G(y(t - 1))) (12)
M J ig(H(x(y)) ~ H(y(4)))

~due(t) =(t),

where ¢ € C, ¢(0) =0 is the initial condition of model (12),
gl = supsey, g [l9(s)]]-

Dﬁe(t) =

te[—y,0),y e max{r,0},

3. Main Result

Relevant definition:

Lemma 1. If x(s) € C"[0,+00) and n— 1< a, f<n € Z* then

DD Px(s) =D Px(s), « >0,
DPDPx(s)=x(s), PB=0,
x(s) =x(s), p=0 (13)
n-1 m
_ s m
DPDPx(s) = x(s) - ZoMx( ), B=0

Lemma 2 (Holder inequality). Suppose that the real number
p.a> 1 and p, q satisfies (1/p) +(1/q) = 1, if [f()' [h(:)|"

is a measurable function in space, and f, g : E — R satisfies
plf (x)]dx < 0o, [,[g(x)|dx < 0o, then f(-)h(-) is also a mea-

surable function and satisfies

[ 1rtoncoas< (Lv(x)v’dx)up (] imeoras) ")

In particular, when p=q=2, it is the inequality that we
usually see. That is

[ remass (| 1rrax) ([ 1meoras) ")

Lemma 3. Let k € N, x;, X, -+, x;. be a nonnegative real num-
ber, then it can be obtained for any

k " k
(Z x,.> <K (x)". (16)

i=1 i=1

Lemma 4 (Gronwall inequality). If x(¢),f(¢),g(¢t) =0 is a
continuous function on [0, T), T < co and satisfies the follow-
ing inequality

Journal of Function Spaces

t

x(t) < f(t) +j ()i

0

telo,T). (17)

Then, we can get

g(v)dv}dy, telo,T).

(18)

In special cases, if f(t) is a nonincreasing function, you
can get

x(t) < f(t) exp {th(v)dv}, tel0,T). (19)

0

Definition 5. The initial time of the fractional quantum neu-
ral network system (11) with mixed delay is set to t,. For any
& > 0, there are two constants S and T, 0 < 6 < &, T > 0, so that
for any t € ] =[ty, t,+ T], when ||e(ty)|| <& has |le(t)]| <&,
then the system (11) is called quasiuniformly stable.

Theorem 6. When the order €[0.5,1) of the fractional

quantum neural network system (11) with mixed delay is
established, if the assumptions 2.3.1 and 2.3.2 are true and

I_e—W(t)t
W )

1 _ e @rw)e

\/P + Qe2t + W(t)e(w(t)+2)t (P

2+ W(1)
< g tej,
(20)
is true, where
_ SMPH*YT(2f-1) . SM°H’
- X4 2pT(p)
SMPH*YT(2B-1) S5BGT(2B-1)(1-e?)
Q= + ;
()4 r*(p)4
[ 10r@2B-1) [(C+AF)’ +B°G?e™”]
) (B4 ’
W(t)=L+Nt#F(1-e).
(21)

Then, the system (11) is quasiuniformly stable.

Proof. We set the initial time ¢, = 0 of the error system (12),
the initial condition is e, = ¢(0), and the expression of the
solution of the error system can be obtained from Lemma 1
as
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~9(0)+ Ce(u) + &

From the hypotheses 1 and 2 and the basic properties of
the norm, we can get

lle()l < llp(0)I] + ﬁj;(f—ﬂ)’“[c\\e(#)ll +AF|e(u)]|

u
+ BGlle(u— )| +j
u-o

MHHe(s)Hds] du

<|lp(0)] + ﬁjoa—mﬁ"(c+AF>||ew>||dy

1 i
+ mjo(t—mﬁ BG|e(u— 7)||du

L —u)ft f e(s
g | -0 (j_gMHn ()IIdS)du

<igl| + ﬁjo(f*#)‘g'l(C+AF)IIe(M)Hd#

N ot MHt/3‘e
5 | =0 Bt e s | e
MHolp| [' s

I(®) L“ Kb

(23)

According to the Cauchy-Schwartz inequality in Lemma
2, we know

1 (t h2 12
le()1= ol + 75 ( [[t- e *‘dy)
1/2

: (J;(C +AF)?|le(p) ||2e’2"d#>

1 ([ - 2enan) 2
| (J ;BZGZHe(” -7) IIZe-ZMdH> :
+ ;];“—h([/.%tl); (J;ezﬂdu) - (J;"e(”“'ze_z"dy) 12

2 (o) (o)

(24)

Bring

Jt (t- M)Zﬁ_zez"d,u - Jt 22B-2,2(t2) 4 — eZtJtZZﬁ—Ze—ZZdZ
0 0 0

eZt 2t

i || e 2 rep )
22h1 0!" T ’

(25)

5
into Equation (24) to get
le(t)] < llgll + F(lﬁ) (21“(2/f1 - 1)ezr) 12
' (J;“*AF)ZHe(mnzem)
+ F(lﬁ) (2F(2[);; I)EZt) ”2 (26)

t 1/2
. (J BZGZHe(y _ T)Hze_zyd[/t)
0

M) ([rewrean)”

M s ()

In Lemma 3, let k =5,% =2, we can get

S P SM*H*y’I'(2B-1) [5M*H?¢*T(2-1)
2G2 _ _ ezy
, 5B F(ﬁf(ﬂ;)ﬁ(l )]ey}”(p”z
10I'(2B - 1)[(C+AF) + B> G*e 2]
' Ry
2E2 2B (g2 — ¢
-2 P;/;r((/s) 1)}JO||6(M)|26'2“d/4,
_ . SM’HYT(2B-1)
. I (B)4F

_ 5M*H?

- 2Br(B)’
5BGT(2B-1)(1-e™)

T

_ SMPH*YT(2B-1)
R

>

_ 1002~ 1)[(C+AF) + B*G?e™]

" I* ()4

: (27)

get

le(t)]e™ < (Pe™ + Q) |lg|* + (L +Nt2ﬂ)
: (28)
(1- e*”)jo||e<u>||2e*2“du.

Using Gronwall inequality and letting W (t) = L + Nt*#
(1-e2), get

1_ Wi

2w Ql_vs(f)w)]

lle(t)|Pe™ < {Pe’” +Q+ W(t)evt (p

gl
(29)

SO
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le(t)|[* < | P+ Q& + w(n)eles21 (p1= e WO W
i 2+ W() w(t)
Al
(30)
that is
lle(t)]| < /P + Qe + W(t)ew®+2)t ( p 1— e~ @W)t +Q 1—e Wt
_ 2+ W(t) w(t)
“lioll-
(31)

d

It can be seen that when ||g|| <38, |le(t)]| <& is easy to
know from Theorem 6. From Definition 5, it can be con-
cluded that the fractional quantum neural system (11) with
mixed time delay is quasiuniformly stable.

Theorem 7. If the order 3 € (0, 0.5) of fractional-order quan-
tum neural network system (11) with mixed delay is true,
assuming that 1 and 2 are true and

i’/ﬁ+ée’1’+

is true, where

W(t)P (et — 1)
q+W(r)

Vv(t)Qe(W)w)tU _ E—W(t)t)
W(t)

<§te],

(32)

Bosil o 517 1BIGIE(1 - )

q
L=5T"E(C+AF)?+ 5T B1GIe 1 E,

= [TB-p+D]™ o
E:[W} ,W(t)=L+Nt#¥,N

+ 51 MIHIyIE,

(33)

_ 59104
- PTIB)

then the system (11) is quasiuniformly stable.

Proof from Theorem 6, we get

lle(ll < llll +

i | = AR e

t~ )P ' BGlle(u~ 1) | dp

(1w (j MH|6(5)|d5)dM>
u-o

let p=1+f and p=1+(1/f), obviously p,q>1, from
Holder’s inequality we can get

e <[ ;(t - f‘)”ﬁ"’eﬁf*dﬂ> ’

1/q 1
: (j <c+AF>q\|e<mu‘1e*Wdy) o

(34)

lle()1l <l +

t
0
t

¢ p 1/q
. (J (t—‘u)f’ﬁ’f’epf‘dy> (j BquIIe(y—T)II"e””‘d[A) (35)
0 0
MHtPe? [ (! Y MHo
<J IIe(M)IIqef‘”‘dﬂ> + M
0

" BIp) I(p)
t 1/q
e (t - ‘u)pﬁfpdy> ,

(.
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In Lemma 3, let k =5, = g, we can get

' I(pp—p+ 1))‘”"
7 (B

t
- J (€ + APy ete 57
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Use Gronwall inequality and make W (t) = L + Nt9#, and

get
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It can be seen that when ||¢|| <, it is easy to know
le(#)|| <& from Theorem 6. From Definition 5, it can be
obtained that the fractional quantum neural system (11) with
mixed time delay is quasiuniformly stable.

4. Ilustration

In this part, we give a specific example to verify the validity
and applicability of the given results.

t

[0-1hy (3, () +0.2h; (3, (1)) J g

t-o

(45)

Dﬁ(xl(t)) ==0.1x; (t) + 0.2 (x,(£)) = 0.1/, (x,(#)) = 0.5g, (%, (£ = 7)) = 0.1g, (%, (£ = 7)) + Jt [0.4h; (x; (1)) — 0.1k, (x5 (1)) ] dps.

The activation function in the above formula

is:f (x;(t)) = g, (x;(2)) = hy(x;(t)) = sigmoid(x),i= (1,2 ---),
F=H=G=1.

-0.5 -0.1 _ 0.2 -0.1 _
5 A = N C =
(—0.2 —0.1> (0.1 —0.2>
0.1 O _ 0.4 -0.1
,and M = , inferred B=0.7, A
0 0.1 0.1 0.2

=0.3,C=0.1,and M =0.5.

In this experiment, the experimental data show that by
controlling the corresponding parameters, we can study the
influence of another parameter on the trajectory of x; and
x, with different initial values. We set the parameters & =
0.1,0=0.05,t,=0. Set the parameters when =0.7, find L
=2.7994, Q=0.2278, N=0.6878, W(t)=3.0884, P=
4.9938, and find T = 0.6690 from the following inequality:

By B=

1= (Wt

2t (W(t)+2)t
\/P+Qe +W(t)e (P W 2 +Q

1—eWOry ¢
W(t) ) 5

(46)

When f=0.3, find L=83.7659,Q=9.2269,N =
16.9440, W (t) = 84.1261, P =213.7471, E = 2.4949. Find T
=0.0522 from the following inequality.

Figure 2 is for 0 = 0.1, $=0.7, and x, (t) = 0.5. For differ-
ent 7 values (7 =0.1,0.5,0.8), the corresponding trajectory of
x;. Figure 3 is for 0 = 0.1, $=0.7, and x,(¢) = 0.5. For differ-
ent 7 values (7 =0.1, 0.5, 0.8), the corresponding trajectory
of x,. It can be seen that the state trajectories of x, and x,
converge to the equilibrium point.

Figure 4 shows the trajectory of x; for =1, §=0.7, and
the initial value x, (¢) =0.5, for different values of 0=0.05, 0.2,
0.3. Figure 5 shows the trajectory of x, for r=1, $=0.7, the

t—o

initial value x,(f) =0.5, for different values of o = 0.05,0.2,0.3
the trajectory of x,. It can be seen that the state trajectories of
x, and x, converge to the equilibrium point.

Figure 6 shows the trajectory of x; when $=0.7,0 = 0.05,
and 7= 0.1, and the initial value x, (¢) takes different values.
Figure 7 shows the trajectory of x, when $=0.7, 0 =0.05,
and 7 =0.1, and the initial value x, () takes different values.
It can be seen that the state trajectories of x; and x, converge
to the equilibrium point.

Figure 8 shows the trajectory of x; when =10.3,0 =0.05,
7=0.1, and the initial value x,(¢) takes different values.
Figure 9 shows the trajectory of x, when $=0.3, 0 =0.05,
and 7 =0.1, and the initial value x, () takes different values.
It can be seen that the state trajectories of x, and x, converge
to the equilibrium point.

5. Conclusions

This paper uses the linear superposition of multilayer activa-
tion functions, uses learning algorithms to adjust quantum
intervals and other operations to quantize the neural net-
work, and proposes a quantum neural network model with
multilayer activation functions. On this basis, the quasiuni-
form stability of fractional quantum neural networks with
mixed time delays is studied. When f8 belongs to different
ranges, the sufficient conditions for the quasiuniform stabil-
ity of the fractional quantum neural network system with
mixed time delay are, respectively, discussed. Using the cor-
responding theorem, the proof of the theoretical result is
given. Finally, through numerical simulation, the feasibility
of the conclusions obtained in this paper is verified.
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In this paper, we select eight indicators from the aspects of an enterprise’s bill transaction information, namely, whether the
enterprise’s loan is in breach of contract, effective invoice rate, total utilization rate of price and tax, negative invoice rate,
strength of enterprise, coefficient of variation, flow efficiency of assets, and influence of upstream and downstream enterprises;
then, we construct an evaluation index system. According to different industries, different categories, and the impact of random
factors, we divide the types of enterprises into 10 categories. Then, we use three kinds of Poisson random numbers to carry out
numerical simulation on the total price and tax of enterprises in different industries under the influence of COVID-19.

1. Background

When banks provide loans to small- and medium-sized and
microenterprises (small- and medium-sized and microenter-
prises are abbreviated as SMME:s), they often judge whether
to lend or not through credit risk assessment. Because of
the lack of mortgage assets in SMMEs, the bank will make
credit risk assessment based on the credit policy, influence,
strength, and stability of supply and demand relationship of
the enterprise, and then determine whether to lend, loan
amount, interest rate and term, and other credit strategies.
Some corporate banks have credit records, some have no
credit records. However, in the face of the impact of sudden
random factors on enterprises, how to give the credit strategy
when the annual total credit is fixed.

2. The Selection of Credit Risk
Quantitative Index

This paper analyzes the relevant data indicators of enter-
prises with credit records, takes into account the actual situ-
ation affecting the credit problems of SMMEs and refers to
the advanced international standards, and selects eight quan-
titative indicators affecting the credit risk of enterprises

according to China’s national conditions and the bank’s
credit policy:

(1) Whether the enterprise loan is in breach of contract is
an important indicator for the bank to examine
whether the enterprise can bring the money. Default
is 0 and nondefault is 1. W; means whether ith enter-
prise is in breach of contract. W; = 0 means the enter-
prise defaults, while W; = 1 means that the enterprise
has not breached the contract

(2) Effective invoice rate: it is equal to the ratio of the
number of valid invoices to the total number of
invoices. B; is used to denote the effective invoice rate
of the ith enterprise, YF,; indicates the number of
valid invoices for the ith enterprise, and A, represents
the total invoice number of the ith enterprise. Thus,
the corresponding formula of the effective invoice
rate of the ith enterprise is as follows:

B=—"1. (1)

(3) Utilization rate of total price and tax: it is equal to the
ratio of the total price and tax of the valid invoice to
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the total price and tax of all invoices. Putting f3; rep-
resents the utilization rate of the total price and tax
of an effective invoice of the ith enterprise

(4) Negative rate of invoice z;: it is equal to the ratio of
the number of invoices of the ith enterprise whose

value of the total invoice price and tax is “-” to the
number of total invoices of the ith enterprise

(5) EVA,: itis equal to the ratio of the difference between
the total price and tax of the output and input of
the ith enterprise to the total price and tax of input,
which indicates the strength of the enterprise. Putting
S; represents the total price and tax of the output
(sales revenue) of the ith enterprise, and J; represents
the total price and tax of the ith enterprise’s input
(purchased products), which uses the following cor-
responding formula:

Si_]i

EVA, =

(2)

(6) Coefficient of variation: it indicates the stability of
supply and demand relationship of enterprises. Using
¢; represents the coefficient of variation of the ith
enterprise. x;; represents the total input price and
tax of the ith enterprise in the jth month, s;; is the
total output value tax of the ith enterprise in the jth
month, and I;; represents the net income of the ith
enterprise in the jth month. If x;; = 0, let us take directly
EVA;; = 0. The corresponding formula is follows:

Iij = Sij - X;j»
I;
EVA, = 1,
®)
12 —\2
C’: J(UnEE (EVA, - EVA,)

(1/”)2}21EVAU

where EVA;; represents the average value of EVA;; in 12
months of the ith enterprise

(7) Liquidity efficiency of assets: it refers to the compar-
ative relationship between current assets and current
liabilities of SMMEs in the same period, that is, the
short-term solvency of SMMEs

The following table shows the asset flow data of the ith
enterprise in 12 months, as shown in Table 1.

The net income of the previous month is transferred to
the next month as part of the next month’s input, which
shows the liquidity of funds. The liquidity efficiency of the i
th enterprise asset y, can be expressed as follows:

=, (4)

SV
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where 12 represents 12 months, and m refers to the number
greater than 0 in EVA;; of ith enterprise in 12 months. In fact,

u; is the proportion of the number of months whose value is
greater than 0 to the total number of months. The larger the
value indicates that the better the flow efficiency of ith
enterprise.

(8) Influence of upstream and downstream enterprises v;
: the influence is expressed by the maximum number
of effective cooperation between the ith enterprise
and upstream and downstream enterprises. In order
to quantitatively describe the influence of upstream
and downstream enterprises, the influence function
of upstream and downstream enterprises is intro-
duced with reference to the negative exponential
function of the psychological curve [1]:

1)1/3

v,=1—e (5)

n;

where n; refers to the largest number of input invoice and
output invoice of the ith enterprise in 12 months. Following
the increase of n;, the influence of upstream and downstream
enterprises v; will also increase.

In the quantitative index system affecting the credit risk
of SMMEs, the first to fourth indexes reflect the reputation
of enterprises, the fifth index reflects the strength of enter-
prises, the sixth index reflects the stability of the supply and
demand relationship of enterprises, the seventh index reflects
the size of the credit risk of enterprises, and the eighth index
reflects the influence of enterprises and upstream and down-
stream enterprises.

3. Comprehensive Evaluation of Credit Risk
Quantitative Index System

In order to eliminate dimension and the positive and nega-
tive effects of index, in this paper, the fuzzy membership
method is used to standardize the index. Let y,; be the th
index value of the jth evaluation object; w,; be the standard-
ized value of the tth index of the jth evaluation object and n
be the number of objects to be evaluated. Then, the positive
index standardization formula (6) and the negative index
standardization formula (7) can be used to standardize the
index [2]:

Yy~ miny

I 1gjen’
wy=— 9 (©)
maxy,; — miny,.
1<j<n 1<j<n” Y
maxy,. — y,;
lsjgnyt] yt]
s maxy,. — miny,; 7)
1<jen” U 1<jen’ U

Among the 8 indicators of the quantitative index system
affecting credit risk of SMMEs, the fourth indicator (negative
invoice rate) and the sixth indicator (enterprise coeflicient of
variation) are both negative indicators, which need to be
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TaBLE 1: Asset flow data of enterprises.

Month 1 2 12

Total of input price and tax Xi1 Xiy Xi12

Total of output price and tax S Sin Si12

Net income I =s; — x4 I,=1; +s, —x; Lip=Lin+si— %,
EVA:’;‘ Iiy/xy Ip/x, Lo /X,

processed with the help of formula (7), while other indicators
are calculated with the help of formula (6).

The following uses the entropy weight TOPSIS method to
evaluate the credit risk quantitative index system of SMMEs.
On the one hand, the entropy weight method is used to deter-
mine the coeflicient of the credit risk quantitative index sys-
tem. On the other hand, the TOPSIS method, that is, the
technology of approaching the ideal solution, is used to
determine the ranking of the evaluated object n SMMEs.
The core idea of the TOPSIS method is to define the positive
ideal solution and negative ideal solution of the decision
problem, and then compare and evaluate the distance
between the solution and the positive ideal solution and neg-
ative ideal solution, and finally calculate the relative closeness
degree between each solution and the ideal solution, and
order the advantages and disadvantages of the solution.

3.1. Entropy Weight Method Being Used to Calculate the
Objective Weight of Indexes. Set w;; as the normalized value
of the jth indicator in the ith system, where i=1,2,---,n
andj=1,2, -, 8. For a given index j, the larger the difference
of w;;, the larger the comparative effect of this index has on
the system, that means the more information the index con-
tains and transmits.

The specific steps of the entropy method to determine the
index weight are as follows:

(i) Calculating the entropy value of 8 indicators such as
effective invoice rate. Set e; as the entropy value of

thejth index, the solution process is as follows [3]:

w;

pi' = n 4
/ zirlwij

1 n
€= _@;sz Inp,

where p;; is the characteristic proportion of the jth index in
the ith system, i=1,2,---,n and j=1,2,---,8. Z?:lwij are
the sum of all system observation data of the jth indicator

(ii) Calculation of the coefficient of variance g i of the jth

index 9;= 1- €

(iii) Determine the weight coefficients of 8 indexes
5i= (gj/z;;:lgj)

3.2. Weighting of Standardized Data. Let y,; be the weighted

value of the jth index standardized data of the ith SMMEs,
w;; be the normalized value of the jth index observed value

of the ith SMMESs, and s; be the weight coefficient. According
to the weighting method, it can be seen that

Vij = Wy;S;- )

3.3. Determining the Positive and Negative Ideals of the
Evaluation System. Set y; and y; as the maximum and
minimum value of the jth index observation data, respectively,
j=1,2,"',8:

4
Yj = maxy,

i 1sk'sn (10)
Vi = lrg;;ykj.

It is easy to know that the positive and negative ideal

solutions of the evaluation system are, respectively, y}' =07,

y3oeyg) and yy = (50 yg)-

3.4. Calculating the Euclidean Distance between the
Evaluation System and the Ideal Solution. Let d; be the
Euclidean distance between the weighted value of the ith
enterprise and the positive ideal solution and d; be the
Euclidean distance between the weighted value of the ith
enterprise and the negative ideal solution. Then

d; =\ = ya) + 08 = y) 4+ )

(11)
d; = \/()’f —yu)?+ (77 = ya) (s — i)

3.5. Calculating the Relative Closeness Evaluation Result. Set
f; as the relative closeness of all the indexes and the ideal
solution of the ith enterprise, then

d;
. B 12

wherei=1,2, -, n.

Determine the development status of the evaluated index
by calculating the closeness. The greater the relative closeness
f ;> the closer the evaluated index is to the ideal solution, and
the better the development status.



4. Banks’ Credit Strategies for SMMEs under
Random Factors

Let x; be the amount of the bank’s loan to the ith SMMEs and
I; be the interest rate of the bank’s loan to the ith SMMEs.
Whether the bank gives loans to ith SMMEs, we use the 0-1
function

(13)

{ 1, bank made aloan to the ith enterprise,
C: =

0, bank does notlend to the ith enterprise.

The production, operation, and economic benefits of
enterprises may be affected by some unexpected factors,
and the size of the impact is related to different industries
and different types of enterprises. For example, when
COVID-19 became widespread, the demand for medical ser-
vices and products produced by healthcare companies
increased rapidly. With the help of relevant state policies,
the total credit amount of banks to such healthcare compa-
nies and health enterprises will increase. At the same time,
in order to avoid the rapid transmission of COVID-19, the
state often needs to cut off some transmission routes. For
example, during the outbreak of COVID-19, the state issued
policies to close some self-employed small- and medium-
sized enterprises, so as to reduce the movement of people
and avoid cross-infection caused by too many people. In this
regard, banks will reduce the total amount of credit to such
self-employed SMME:s to avoid credit risk.

According to different industries, different categories,
and the size of the impact, we classify enterprises as follows:
self-employed enterprises, trade and transportation industry,
literature and art advertising industry, manufacturing indus-
try, service industry, financial investment industry, medical
and health industry, high-tech enterprises, catering industry,
and other industries.

In order to visually show the impact of credit risk and
possible sudden factors on each enterprise, we carry out the
numerical fluctuation of the total input price tax and the total
output price tax of 10 types of enterprises. According to the
actual impact of COVID-19 on society, the total input price
and tax and the total output price and tax of the medical
and health industry should be increased, while the total input
price and tax and the total output price and tax of the indi-
vidual business should be reduced. The concrete method is
to add random numbers (Poisson random numbers) that
are divided into three types for simulation.

The first category is to increase the total input and output
tax of the medical and health industry, and the total input
and output tax are, respectively, /; and S;. By adding random
number «; (0~100%), the total input price and tax and the
total sales tax after the influence are, respectively (1 + «;)]J;
and (1 + «;)S;. In MATLAB software, the function alphal =
rand (length(location_a), 1) is used to achieve this [4, 5].

In the second category, for self-employed enterprises, the
total input price and tax and the total output price and tax of
the catering industry are reduced. The original total input
price and tax and the total output price and tax are, respec-
tively, J; and S;. By adding random number y; (-100%~0),
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the total input price and tax and the total output price and
tax are (1 +y,)J; and (1 + y,)S;. This is achieved with the help
of the functiongammal = rand (length(location_g), 1).

In the third category, the influence of other industries is rel-
atively small, and the random number ¢, (-50% ~50%) is added
and fluctuates randomly, and the original total of the input
price and tax and the total of the output price and tax are J;
and S, respectively. The total input price and tax and output
price and tax are (1 + ¢;)J; and (1 + ¢,)S;. This is achieved with
the help of the function phil = rand (length(location_p), 1)/2.

5. Multiobjective Planning Strategy of SMME’s
Credit under Random Factors

When the COVID-19 outbreak occurred, the demand for
services and products provided by medical and health enter-
prises also increased rapidly, and the resulting enterprise
profits also increased, so the ability of enterprises to repay
loans increased. It is a pity that the profit of the self-
employed enterprise is reduced or stagnated, and the ability
to repay the loan is weakened. Due to the impact of unex-
pected factors, the repayment ability is weakened and the
bank’s income is affected.

5.1. Determination of Objective Function. From the front, we
can see that f; means the comprehensive evaluation score of
the ith enterprise out of #n enterprises. Let

fmin = min {fi}’
fmax = max {fi}’

i=1,2,-n,
(14)
i=1,2,---n.

Let the ith enterprise repayment for the bank loan ratio
be ;. Taking it here

L 19

Thus, the amount of the loan that the ith enterprise can
repay is 7;x;. To establish the objective function

max Z ¢(1—-f)lTx;. (16)
i=1

On the other hand, the smaller the bank’s lending risk,
the better. f,/]; indicates the unit capital risk of the ith
SMMEs, and x;(f,/];) represents the investment risk brought
by the capital flow x; of the ith SMMEs, and establishes an
objective function for this purpose:

min Z cixi]%. (17)
i=1 i

On the other hand, the bank loan amount should take into
account the business strength of the enterprise. This paper
uses the sample variance index of loan amount and total input
price and tax to describe the balance of credit amount, and
establishes the objective function for this purpose:
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5.2. Determination of Constraints

(i) The loan limit of the established bank to the
enterprise determined to be loaned is 10-100 (ten
thousand), so

10<x,<100, i=1,2,---,n. (19)

(ii) The annual loan interest rate of the bank to the
enterprise determined to lend is 4%~15%. Thus

4% <L <15%, i=1,2,--n (20)

(iii) The balance of a bank’s investment in enterprises.
It’s represented by x;/J;. The demand for services
and products provided by medical and health enter-
prises is increasing rapidly. Therefore, the total input
price and tax of such enterprises should also be
increased, and the amount of bank loans to such
enterprises should be increased. When the number
of self-employed enterprises decreases or stagnates,
the total input value and tax should also be reduced,
and the amount of bank loans to such enterprises
should be reduced. The upper and lower limits of
the total balance of input price and tax for medical
and health input are adjusted to 0.8 and 2. Consider-
ing that an individual business cannot be given a
loan completely, the upper and lower limits of the
total balance of input price and tax of an individual
business are adjusted to 0.3 and 1, the upper and
lower limits of other industries remain at 0.5 and
1.5. Set M = “medical enterprise code”; G = “individ-
ual enterprise code”; and Q = “all other enterprise
codes”. We agreed that

0.8<—2L<2, ieM,
Ji
Xi
03<2<1, ieG, (21)
i
O.SSﬁSI.S, ieqQ.
Ji

(iv) Whether the bank loans to the enterprise and the
loan amount is consistent, let § be a very small pos-
itive number and M be a very large positive number.
The values of 1 and 0 of ¢;, respectively, indicate that
the bank loans to the ith enterprise and does not
lend to the ith enterprise. In order to ensure the con-
sistency of bank loans to the enterprise and the loan
amount, there are constraints

8¢; < x; < M. (22)

(v) Total amount of loan. Assuming that the total
amount of loan is 100 million when the bank loans
to n enterprises, the unit here takes 10000 yuan.
We have

x; = 10", (23)

n
1
i—1

6. Example Checking

This paper verifies the multiobjective planning strategy of
SMMEs under the influence of COVID-19 by using the
related data. The original data of this paper comes from the
data of competition question C for CUMCM-2020 (China
University mathematical modeling competition), which can
be downloaded publicly [6] (http://www.mcm.edu.cn/html_
cn/node/10405905647c52abfd6377¢0311632b5.html).

Firstly, the Poisson random number is considered, and
with the help of the TOPSIS evaluation method, the scores
and ranking comparison table of 302 enterprises before and
after the introduction of random distribution are obtained
[7-17]. The scores and ranking of the top 20 enterprises with
enterprise number before and after the introduction of ran-
dom distribution are shown in Table 2.

It can be seen from Table 2 that, after the introduction of
random distribution, the ranking of enterprises with enter-
prise labels ranging from 1 to 20 changed correspondingly—-
some changed greatly, while some changed less—indicating
that our model has good practicability.

After the introduction of random distribution, the
changes in scores and rankings.

of the top 20 enterprises among the 302 enterprises are
shown in Table 3.

As can be seen from Table 3, after the introduction of
random distribution, the number of the top 20 enterprises
is basically still in the top 20, indicating that our comprehen-
sive evaluation method is relatively good and the ranking dis-
tribution is relatively stable.

From Table 4, we can see the ranking changes of enter-
prises in the case of occurrence of emergent factors and
absence of emergent factors. It can be found that under the
influence of COVID-19, the rating and ranking of enterprises
in the medical and health industry have increased, indicating
that under the influence of COVID-19, such enterprises have
a good credit situation and a low credit risk. However, the
decline in the score and ranking of self-employed enterprises
indicates that under the influence of COVID-19, the credit
situation of such enterprises is poor and the credit risk is
high, which is in line with the actual situation. It indicates
that our TOPSIS evaluation method is effective and can be
better applied to the situation when random factors occur.

When the total annual credit of the bank is 100 million
yuan, we use the data given in the attached table of ques-
tion C to establish the multiobjective programming model
of 302 enterprises.


http://www.mcm.edu.cn/html_cn/node/10405905647c52abfd6377c0311632b5.html
http://www.mcm.edu.cn/html_cn/node/10405905647c52abfd6377c0311632b5.html
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TaBLE 2: Comparison of scores and rankings of the top 20 enterprises with enterprise numbers before and after the introduction of random
distribution.

The score results of entropy weight method before introducing a The score results of entropy weight method after introducing a
random distribution random distribution

Enterprise numbers Score f; Ranking Enterprise numbers Score f; Ranking
1 0.03470546 133 1 0.01051545 258
2 0.03473871 132 2 0.01009714 271
3 0.26589653 77 3 0.2664342 52
4 0.29959602 8 4 0.36079418 3
5 0.26882309 21 5 0.31805003 22
6 0.2663194 61 6 0.04038756 92
7 0.26669382 46 7 0.01158391 189
8 0.26632932 59 8 0.0171994 112
9 0.26681615 40 9 0.01643889 114
10 0.26611135 72 10 0.11524284 72
11 0.26909606 19 11 0.32030139 17
12 0.2667195 44 12 0.31590827 32
13 0.26702299 31 13 0.01160196 187
14 0.26627581 63 14 0.11280042 75
15 0.26699131 33 15 0.31609219 31
16 0.27680573 15 16 0.32686684 12
17 0.2469376 90 17 0.29235498 47
18 0.26674657 42 18 0.31711769 26
19 0.26660041 50 19 0.31528929 40
20 0.24583911 93 20 0.24091041 58

TaBLE 3: Changes in scores and rankings of the top 20 companies after the introduction of random distribution.

The score results of entropy weight method before introducing a The score results of entropy weight method after introducing a
random distribution random distribution

Enterprise numbers Score f; Ranking Enterprise numbers Score f; Ranking
206 0.65353762 1 206 0.74570025 1
30 0.51530701 2 30 0.55732306 2
4 0.36079418 3 237 0.33358854 3
107 0.34892084 4 235 0.31445308 4
92 0.34436155 5 89 0.31144136 5
89 0.34363768 6 107 0.30352414 6
76 0.34281575 7 220 0.30110706 7
220 0.34233996 8 4 0.29959602 8
122 0.33108545 9 92 0.2928879 9
26 0.32893502 10 76 0.29120591 10
62 0.32855488 11 122 0.28217424 11
16 0.32686684 12 26 0.28128101 12
38 0.32600357 13 38 0.28008684 13
45 0.32299682 14 62 0.27817557 14
110 0.32166147 15 16 0.27680573 15
33 0.32044747 16 45 0.27234886 16
11 0.32030139 17 33 0.27128483 17
53 0.3194912 18 110 0.27112156 18
111 0.31946501 19 11 0.26909606 19

63 0.31856213

[\
(=]

63 0.26895159

[\
(=]




Journal of Function Spaces

TaBLE 4: Changes in medical and individual business scores and rankings after the introduction of random distribution.

The score results of entropy weight method before introducing
a random distribution

The score results of entropy weight method after introducing a
random distribution

Enterprise numbers Score f; Ranking Enterprise numbers Score f; Ranking
E195 (medical) 0.266610 48 E195 (medical) 0.314380 44
E398 (medical) 0.014558 189 E398 (medical) 0.012037 166
E420 (medical) 0.014021 227 E420 (medical) 0.013773 184
E373 (individual) 0.014911 162 E373 (individual) 0.009712 279
E124 (individual) 0.034705 133 E124 (individual) 0.010516 258
E125 (individual) 0.034739 132 E125 (individual) 0.010516 271
TaBLE 5: Analysis of different results obtained by different scale coeflicients of the three objective functions.
Plan 1 2 3 4 5 6 7 8
u(1) 0.7 0.6 0.6 0.5 0.6 0.5 0.4 0.3
u(2) 0.2 0.2 0.1 0.25 0.15 0.15 0.15 0.15
u(3) 0.1 0.2 0.3 0.25 0.25 0.35 0.45 0.55
The number of different values of the loan amount 7 9 9 8 11 17 19 20

The multiobjective function includes the following: max
Yire(1 = f)lwx, min X 200ex(f,/7;), and

302 302
1 1 X

2
min > = — Tiﬁ -yt (24)
3014\ T 30250,

The constraint conditions are as follows:

10 < x; < 100,
4% < I, <15%,
T.= fi _fmin

l fmax _fmin

ieM”’ (25)

The software programming of Lingo is used to solve the
above multiobjective function programming model [18]. In
the three target functions, let u(j), (j=1,2,3) be the scale
coeflicient of the jth objective function, which satisfies

u(l)+u(2)+u(3)=1. (26)

Set three different proportional coefficients and get differ-
ent results of different loan amounts, which are analyzed in
the following list (see Table 5).

According to the analysis in Table 5, the balance of credit

amount is important for banks. Finally, the eighth plan is
selected to obtain the specific credit plan for 302 SMMEs,

as shown in Table 6 below. The loan amount of enterprises
not listed in Table 6 is 100,000 yuan.

It can be found that during the COVID-19 epidemic, due
to the rapid increase in the demand for the services and prod-
ucts provided by the medical and health enterprises, the
investment of the finally obtained bank in this industry also
increased, the sales of the self-employed industry decreased
or stagnated, and the investment of the finally obtained bank
in this industry also decreased or stagnated. The investment
of banks in other industries is also adjusted accordingly to
maintain the survival and operation of the industry, which
is more consistent with the actual situation and demonstrates
the effectiveness and practicability of our model.

7. Sensitivity Analysis of the Model

The sensitivity of the model is used to analyze the sensitivity
and stability of the model. In order to test the stability and
effectiveness of the multiobjective programming strategy
model, sensitivity analysis is carried out.

In the case of COVID-19, 3 random Poisson numbers
were added to simulate the total value of the total tax and
total sales tax in each industry. In order to fully demonstrate
the sensitivity of the model, we changed the number of algo-
rithm runs and record the average scores of the 302 compre-
hensive evaluation scores obtained by each algorithm; then,
the average score of the comprehensive evaluation of the 20
algorithms was obtained and drawn. The results are shown
in Figure 1.

By checking whether the average value of the comprehen-
sive evaluation score is stable and centralized when the algo-
rithm runs for 20 times, we can verify whether the model is
stable. One can find that the average value of the comprehen-
sive evaluation score of 20 times is relatively centralized and
stable, floating in a certain range. It can be seen that our
model is stable and practical.



TaBLE 6: List of the specific amount of 100 million yuan loan from

the bank to 302 SMMEs (yuan).

Enterprise number

Loan amount

133
147
149
166
167
171
173
178
179
182
187
190
191
193
198
205
211
242
1

2
212
296
39
58
100
101
103
109
124
125
126
127
128
129
130
131
132
134
135
136
137
138
229

139
140
141
142

880344.8
548104
864340.1
532681.5
867680.4
150709.4
726597.9
836082.4
646818.7
425921
402967.4
414155.8
735308.3
338920
732913.7
313454.6
798931.5
184068.4
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
1000000
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TaBLE 6: Continued

Enterprise number Loan amount
145 1000000
148 1000000
150 1000000
153 1000000
154 1000000
155 1000000
156 1000000
157 1000000
158 1000000
159 1000000
160 1000000
161 1000000
162 1000000
163 1000000
164 1000000
165 1000000
250 1000000
4 100000
169 1000000
170 1000000
174 1000000
175 1000000
176 1000000
177 1000000
181 1000000
183 1000000
184 1000000
185 1000000
186 1000000
189 1000000
196 1000000
197 1000000
199 1000000
200 1000000
201 1000000
202 1000000
203 1000000
204 1000000
258 1000000
5 100000

In this paper, the TOPSIS evaluation method is firstly
used to get the score and ranking comparison of 302 enter-
prises before and after the introduction of a random number,
and the ranking results are analyzed. Then, considering that
different industries each have a different ability to repay loans
when affected by COVID-19, the ratio factor that can repay
bank loans is introduced, and considering the floating
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The average score of entropy weight method

Entropy weight method information after introducing random factors
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FIGURE 1: Sensitivity inspection chart.

amount of loans in different industries under national condi-
tions and policies, the objective function and constraints of
the multiobjective credit optimization model are modified,
and the multiobjective credit optimization model of enter-
prises influenced by COVID-19 is established. When the
total amount is 100 million, the corresponding credit deci-
sion is made. Finally, sensitivity analysis is carried out to test
the stability and effectiveness of the multiobjective program-
ming strategy model.

Data Availability

The original data of this paper comes from the data of com-
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http://www.mcm.edu.cn/html_cn/node/
10405905647c52abfd6377c0311632b5.html. The later data
used to support the findings of this study are included within
the supplementary information file(s).
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This paper is devoted to a class of impulsive fractional semilinear integrodifferential equations with nonlocal initial conditions.
Based on the semigroup theory and some fixed point theorems, the existence theory of PC-mild solutions is established under
the condition of compact resolvent operator. Furthermore, the uniqueness of PC-mild solutions is proved in the case of the

noncompact resolvent operator.

1. Introduction

The fractional evolution equation has been applied to many
fields, and scholars have obtained abundant research
achievements [1-13]. Impulsive fractional integrodifferential
equations can describe some phenomena which often occur
in physics, geology, and economics, for instance, earthquake,
the closing of the switch in the circuit, and so on. Many
scholars are committed to this subject and have achieved
plentiful results [1-7]. Based on the fact that nonlocal initial
conditions are more effective than classical initial conditions
in applied physics, the study of differential equations with
nonlocal conditions has attracted more and more researchers’
attention [8-13].

Ji and Li [14] studied the following impulsive differential
evolution equations with nonlocal conditions:

u' (1) = Au(t) + f(t, u(t)),
Aul_, =Ti(u(t)), i=1,2,m, (1)
u(0) = g(u),

te[0,bl,t#t,

where A is the generator of a strongly continuous semigroup
T'4(t); sufficient conditions for the existence of mild solutions
have been established by the Hausdorft measure of noncom-
pactness and fixed point theorems.

Zhu et al. [15] investigated the fractional semilinear inte-
grodifferential equations of mixed type with nonlocal condi-
tions:

{ DPu(t) = A(t)u(t) + f(t, u(t), Gu(t), Su(t)), te[o, Ty,
u(0) +g(u) = up,

(2)

where 0 < $< 1, A(#) is a closed linear operator with domain
D(A) defined on a Banach space E; the existence and unique-
ness of mild solutions have been established by k-set contrac-
tion and f3-resolvent family.

Gou and Li [16] studied the fractional impulsive integro-
differential equations in Banach space E; local and global
existences of mild solutions have been proved by measure
of noncompactness and Sadovskii’s fixed point theorem:

‘Dfu(t) +Au(t) = f(t, u(t)) + J;q(t —=5)g(s,u(s))ds, t=0,t#t,

A”|r=tk = I (u(ty)),
u(0)=uy €E,

k= 1,2,---,m,

(3)
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where 0< 3<1, A: D(A) CE— E is a closed linear oper-
ator and —A generates a uniformly bounded C,-semigroup
T(t).

Inspired by these contributions, we consider the follow-
ing impulsive fractional semilinear integrodifferential equa-
tions with nonlocal initial conditions:

Dfx(t) - A(t)x(1) = f (1, x(2), (€)(8), (%) (1)),
x(0) + w(x) = xg,

Ax(ti) =T (x(ti))s

te[0,T),t#t;,

k=1,2,---,m,

(4)

where ‘DE is the Caputo’s fractional derivative of order 3, 8
€ (0,1], A(t) is a closed linear operator with domain D(A)
defined on a Banach space E, and two integral operators &
and 7 are defined by

Ox(t) = J g(t, s, x(s))ds,

’ (5)
T
Hx(t)= J h(t,s, x(s))ds,

0

g:BxE—E, h:ByxE—E are continuous and
nonlinear functions, B={(t,s) |0<s<t<T}, By={(t,s) |
0<t,s<T}, f and w are to be specified later, I, : E— E(k
=1,2,---,m) are continuous impulsive functions, the pre-
fixed numbers t,(k=1,2, -, m) satisfy 0 =t, < t; <t, <---<
ty <t =T, x(t;) =x(t;), and x(t;) = hli_r)r(l)ix(tk +h) rep-

resent the left limit of x(¢) at t =t¢,.

In this paper, we demonstrate the existence of PC-mild
solutions for problem (4) via the theory of semigroup and
fixed point theorem under the condition of compact resol-
vent operator. Meanwhile, the uniqueness of PC-mild solu-
tions is proved in the case of noncompact resolvent
operator. The kernels g and h of the integral operators &
and & are nonlinear functions; the function w of the nonlo-
cal conditions is noncompact. In addition, the closed linear
operator A(t) is dependent on t. The rest of this paper is
organized as follows. In Section 2, some basic definitions
and lemmas are collected that will be needed throughout
the remaining sections. The existence and uniqueness of
PC-mild solutions are shown in Section 3 via the theories
of resolvent operators and various fixed point theorems.
Finally, the summary of our results comes in Section 4.

2. Preliminaries

Let (E, ||-||) be a Banach space, J = [0, T] and 0 < T < co. The
collection of all continuous functions from J into E, denoted
C(J, E), is a Banach space equipped with the norm ||x||. =
max {||x(¢)|,t€J} for xeC(J,E). Let PC(J,E)={x|x
: ] — E : x € C((t;, t,,], E), and there exist x(¢; ) and x(t})
withx(t,) = x(t;), k=1,---,m} endowed with the PC-norm
|(|x||PC =sup {||Ix()[,t €T} Jo=[0, 11}, Jy=(ti, o) T =
t

m>
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Lemma 1 (nonlinear alternative for single-valued maps). Let
E be a Banach space, C CE be a closed convex set, V be an
open subset of C, and 0€V. Suppose that Q:V — C is
completely continuous, then either

(i) Q has a fixed point in V or
(ii) thereisau€dV and A € (0, 1) with u=AQ(u)

Lemma 2 (see [17]). Let 0 <y < 1, y > 0, denote

CZ n-2
”;1' Y2+'”+y_’

S,=n"+Co"ly+

where CK = nl/(k!(n—k)!). Then, for any fixed constant 0 <
& < 1 and any real number s > 1, we get

s,50(5) ro(2)-o(2)sen—eo 7

Definition 3 (see [18, 19]). The Caputo fractional derivative
of order 8 of a function f : (0,00) — R is defined as

1 t

D)= ey | (-0 (9
t (I'(n=P)) Jo

where n— 1< 3<n, neN, I'(:) denotes the Gamma func-
tion. The Laplace transform of the Caputo fractional deriva-
tive of order f3 is given as

n-1

Z (D) (5) = Zh)(s) - DL SO
n-1<f<mn,

where (Zf)(s) = [(e™* f(t)dt is the Laplace transform of the
function f(t).

Definition 4 (see [20, 21]). Let A(t) be a closed and linear
operator with domain D(A) defined on a Banach space E
and > 0. Let p[A(t)] be the resolvent set of A(t); A(t) is
called the generator of a f-resolvent family if there exist w
>0 and a strongly continuous function Uy : R? — B(E)

such that {}* : Re A > w} c p(A) and
()tﬁl - A(s))_lx = J e M) Uﬁ(t, s)xdt, Re(A)>w,x€E.
0
(10)

In this case, Ug(t, s) is called the B-resolvent family gen-
erated by A(t).

Lemma 5 (see [21, 22]). Ugl(t,s) satisfies the following
properties:
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(i) Ug(s,s) =1, Ug(t,s) = Up(t,r)Ug(r,s), for 0<s<r
<t<a

(ii) (t,s) — Ug(t, s) is strongly continuous for 0<s<t
<a

(iii) If Ug(t,s) is compact for t,s > 0, then the Up(t, s) is
continuous in the uniform operator topology

Definition 6. A function x € PC(], E) is said to be a PC-mild
solution of problem (4) if x(¢) satisfies the integral equation:

x(t) = Ug(t, 0) (%0 — w(x))
' JoUﬁ(t’ ) (5x(5), (Fx)(5), (ZX)(s))ds (1)
+ Y Ut t)i(x(ty),  tel.

0<t,<t

3. Existence and Uniqueness of Mild Solution

Theorem 7. Assume that the conditions (H,)-(H;) hold true
and the resolvent operator Ug(t,s)(t, s > 0) is compact.

(H,) The function f : ] X Ex Ex E — E is continuous,
and there exist nonnegative Lebesgue integrable functions a,
I, e L(J,R,)(i=1,2,3), for every t € ], x; € E, such that

1 (8 x5 %2 x5) || < a(t) + L (B |21 ]| + L(8) 2| + Ts(2) s

(12)

(H,) There exist nonnegative Lebesgue integrable func-
tions b, ¢, I; € L(J,R,)(i=4,5), for all x € E, such that

llg(t: s x)[| < b(t) + 1,(£) | x]],
1h(t, s, %) || < e(t) + Ls(8) [,

(t,5) €B, (13)

(t,s) € By.

(H;) The functions w : PC(J,E) — E and I, : E—E
are continuous, and there exist constants d, e,, d;, e, >0,
such that

l0(x)[| < do Il pc + €0r  x € PC(J, E),

(14)

()| <di||x|| + e, x€Ek=12--m.

Then, problem (4) has at least one PC-mild solution in
PC(J,E).

Proof. Let us consider the operator Q : PC(J, E) — PC(J, E)
as follows:

(Qx)(t) = Ug(t, 0)(xo — w(x))
+ JOUﬁ(t, $)f (s, x(s), (€x)(s), (#x)(s))ds (15)
+ ) Ug(t ) Ii(x(10))-

0<tp<t

It is easy to see that the operator Q is well defined in PC
(J, E).

At first, we claim that Q : PC(J, E) — PC(J, E) is a con-
tinuous operator. Let {x,},” ¢ PC(J, E) be a sequence such
that x,, — x(n — 00) in PC(J, E). Since for all t € J,

11(Qx,) (1) = (Qx) (1)
<||U(5, 0)(w(x,) - w(x))||

J Up(ts $)(f(5: % (5), (Gx4) (5), (Zx4) (5))

0

+

=S (5, x(5), (9x)(s), (Fx)(s)))ds

+ ;HUﬁ(t’ te) (T (6, (1)) = T (x(8)) | (16)

<M|jw(x,) - w(x)] + MLIIf(S’ %,(5)> (9,) (5)>
H(Zx,)(5) = (5 %(5), (€x)(5), (Zx)(s))| s
+ kZMHIk(xn(fk)) = L(x(t)

where M = max [|Ug(t,s)|. Using the fact that f:JxE

0<s<t<T
XEXE—E, w:PC(J,E)—E, and I, : E— E(k=1,
2 ---m) are continuous, we obtain

| Qx,, — Qx||pc — 0,asn — co. (17)

Therefore, Q : PC(J, E) — PC(J, E) is continuous.

Furthermore, for any R>0, we prove that Q(Ty) is
equicontinuous in J,(k=0,1,2---m). For all xe Tp={x ¢
PC(J, E): ||x|lpc <R} and 7y, 1, € J;(1; <7T,), by the condi-
tion (H,), we have

1(Qx)(72) = (Qx)()|
([Up(72,0) = Ug(z1, 0) ||t — ()|

(T,

Up(t2: 5)f (5:x(5) (9x)(s), (Zx)(s))ds

' j (Up(t29) = Ug(1,9))f (5 X(5), (%)), () (s))ds

0

+ z Up(Ty ti) I (x(2y)) = Z Up(ty B (x(t))

0<t;<1, 0<ty<t,
< [|Ug(72,0) = Up(t1,0)) || (%0 + duR +e,)
| Mf (s x(5), () (), (9)(5)) s

+sup||Up(7,,5) = Up(7y, 9)||
s€]y

: J: [1f (s x(s), (€x)(5), (Zx)(s))]|ds
+ kZHUﬁ(Tp te) = Up(to ) || [ Te(x(t)) | = 1y + 1 + 1 + 1.

(18)



For all x € Ty, s€ ], we get |x(s)[I<R, by the condition
(Hy),

S

()61 =] e .20 v < [ (603) + L0 ()

T

< JTb(v)dv + RJ L,(v)dv,

0 0

(19)
meanwhile,
I(%’X)(S)|SJZIIh(S)v,x(V))IIdVSJZ(C( V) + () [[x(v)[)dv
< J:c(v)dv + RJZZS(V)dV‘
(20)

According to the condition (H,;) and the above
inequalities, for all s € J, we get

[1£ (s x(s), (¥

<a(s)+

<afs) +

x)(s), (Zx)(s))
+LE) )+ LS)(Ex)($)] + ()| (Zx) ()l

2
S)R+1,( (JZ dv+RJ (v )dv)
+15(s )(J c(v )dv+RJTls( )dv) a,(s) +by(s)R,
(21)
where

T T

c(v)dv,
0
T

L(vydv+1, (S)J Is(v)dv.

0

a(s)=a(s)+ lz(S)J b(v)dv+1, (S)J

T

by(s) = h(5) +1 <s>j

0

Obviously, a,(s) and b,(s) are nonnegative Lebesgue
integrable functions, then

Izeruf(s,x(s), (2)(5), (7)(5)) s

1

< MJTZ (a,(s) + by (s)R)ds,

Ty

3—supHU/3 Tp5) = Uﬁ(Tl’S)H

s€fi

' JO [1£(s: x(s), (£x)(s)> (Zx)(s)) || s

< su]p |Ug(72,5) = Ug(7y,9) ||J (ay(s) + by (s)R)ds,
s€]y 0
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||Uﬁ Ty, t) = Uty 1) | 1T (x(2)) |

IN

i MS i Ma

HUﬁ o ti) = Up(Trs 1) || (R + €).

(23)

In view of Lemma 5, the compactness of the resolvent
operator Upg(t,s)(t,s > 0) implies the continuity in the uni-
form operator topology. As a result, from the above
inequalities, we deduce that [|(Qx)(z,) — (Qx)(z,)|| — 0
independently of x€ Ty as 7, —7, — 0. That is, Q(Ty)
is equicontinuous in J (k=0,1,2 - m).

In the end, we demonstrate that Q(
precompact.

For any t(0<t<T), 0<e<t, and x € Ty, the operator
Q,x is defined by

T,) C PC(J,E) is

(Qu)(1) = Up(8,0)(x ~ (x)
' J - Uplt:9f(5:x() (£2)(5), (Zx) () ds
+OZ Up(t )i (x(t)),  te].

(24)

Since Ug(t,s) is compact resolvent operator, the set
Y. (1) ={(Qux)(t): x€ Ty} is relatively compact in E for
every e (0 <e<t).

Moreover, for any x € Ty, t € ], one can show that

1(Qx) (

MJ 1f(s: (s, (Fx)(s), (Zx)(s)) || ds

Qux) (1)

x(s), (9x)(s), (Zx)(s))ds

SML( 1(5) + by (s)R)ds.

Thus, Y(t)={(Qx)(t): xe Ty} is totally bounded.
Hence, Y(t) is relatively compact in E, and so, with the help
of the Arzela-Ascoli theorem, Q : PC(J, E) — PC(J,E) is
completely continuous.

For 0 < A< 1, let x = A(Qx), we get

x(t) = AU4(t, 0)(xy — w(x))
+ /\JO Ug(t, 5)f (s, x(s), (€x)(s), (Zx)(s))ds (26)
+A ) Uglt i) L(x(t))-

0<t<t
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Then, using the conditions (H,)-(H,), it follows that

(0] Mo~ + ] 16509,
0)()lds+ Y ML(x(t)]

k=1

(x)(s), (7
M5 + d R +¢,) +Mj0<a1<s>

R)ds+ ) M(diR +ey)
k=1

+by(s)

T m
M(||%]| + o) + MJ a,(s)ds+ Y Me,
0 k=1

T m
+ (de +MJ by (s)ds + ZMdk>R:: p.
0 k=1

(27)

That is, ||x(¢)|| < p for t € ], then there exists a constant
p; > p such that ||x||pc # p;. Let V = {x € PC(J, E): ||x]|pc <
p, }> obviously, there is no x € 0V such that x = A(Qx) for 0
< A < 1. Therefore, thanks to Lemma 1, one gets that Q has
at least one fixed point x in V, which is a PC-mild solution
of problem (4). This completes the proof. O

Remark 8. Theorem 7 is proved under the condition that
Ug(t, s) is compact for ¢, s > 0 and the functions f, g, h meet

corresponding conditions; in the case that the resolvent oper-
ator Up(t, s) is noncompact, we would obtain Theorem 9 and

Theorem 10.

Theorem 9. Suppose that the conditions (H,)-(Hy) are satis-
T T
fied, M:O?Katug(THUﬁ(t s)|l, and M(L,, + [,L;(s)ds + [, L,(s)
dsfgL4(V)dv + fg dsfo v)dv+ YL L ) <1
(Hy) The function f : ] x E x Ex E— E is continuous,

and there exist nonnegative Lebesgue integrable functions L,
€L(J,R,)(i=1,2,3), forany u;, v; €E, t € ], such that

If (8 gty uz) = (8, v, v v5) |

SLy(8)|lug = vl + Lo(8) ||tz = vl | + L3(2) |1z = vs3|-

(28)

(Hs) There exist nonnegative Lebesgue integrable func-
tions L,, Ls € L(J, R,), for each u, v € E, such that

®)l[u =i,
Ls(t)[|u=v],

(t,s) € B,
(t,s) € By.

lg(t,su) —g(t: 5, v)[| < L, (29)
||h(t, s, u) = h(t, s, v)| <

(Hg) The functions I;, : E— E and w : PC(J,E) — E
are continuous, and there exist nonnegative constants L, Ly
> 0, such that

[lo(u) -
|12 (1) —

@(V)[| < Ly||u = v|[pc>

L) < Ly, [lu= v,

u,v € PC(J, E),
u,veE k=1,2---m
(30)

Then, problem (4) has a unique PC-mild solution x* in
PC(J, E).

Proof. 1t follows from the conditions (H,)-(H,
v€PC(J,E), t € ], one can derive

6), for any u,

[[(Qu)(t) - (Q )(t)ll
< [|Up(, 0)(w(w) H
+OZ HUﬁ (6 te) (e (u(te)) = Le(v(t )))H

+ L Up(t,s)(f (s, u(s), (Gu)(s), (Zu)(s))

(5, v(5), (8)(5), (XV)(s)))ds
ZMnlk

MJOIIf(% u(s), (Fu)(s) (Zu)(s))
—f(s9(5), (9v)(s), (ZV)(s)) | ds

m
SML,[|u=v|pe + Y. MLy [Ju(ty) = v(t)]|

< Ml|e(u) (vt

k=1
+ML(L1(S)Hu(S) —VE)[| + L) [[(Fu)(s) - (Gv)(9)]|
Ly(9)[(FZu)(s) = (Zv)(s)l)ds
SML,||u = Vllpe + kZMszH” ~Vllec
+ MJOL1 (s)ds||u=v||p + <MJOL2 (S)J:)L4 (v)dvds

+ MJtL3 (S)J:LS (v)dvds) [t =vllpc

0

<L " ZL +J S)ds + JTLZ(s)dSJTL4(V)dv

+ J:L3(5)dsJ:L5(v)dV> [t =V][pc

Based on the assumption, we have ||Qu—Qv||pc <
||t — v||pc> which means that the operator Q is a contraction
mapping. Hence, the operator Q has a unique fixed point
x* € PC(J, E), which implies that problem (4) has a unique
PC-mild solution. This completes the proof. O

(31)

Theorem 10. Assume that the conditions (H,) and (H
w=0, M= max [|Ug(t,s)|, a=YL,ML; < 1.
0<s<t<T k

o) hold,



(H,) The function f : ] x Ex Ex E— E is continuous,
and there exist nonnegative Lebesgue integrable functions L
" L', eL(J,R,), for all u, v; € E, t € ], such that

(1f (8 s gy u3) = f (8715 v3 v5) |
<L y()][uy = vyl + L5(8) [ = vl
(Hg) There exist constants Ly, Ly > 0, for all u, v € E, sat-
isfying
(t,s) € B,
k=1,2---m.

g(t,s,u) = g(t 5, v)|| < Ly||u— ]|,

33
1(w) = ()| <Ly =], (32)

Then, problem (4) has a unique PC-mild solution x* in
PC(],E). For all t € ], x, € PC(], E), iterative sequence x,(t)
are defined by

t

5,(6) = Ug(t, 0), + J Up(ts )f (5 %1 (5)
(G5,0)(5), (F%,,)(5))ds (34)
+ ) Up(ts ti) k(%1 (t)) n=1,2,--,

0<ty<t

uniformly converge to the unique PC-mild solution x*(t) in
t € ], and for any s > 0,

N 1
o=l =i )oasn—e0. ()

Proof. Combining the conditions (H) and (Hy), for all ¢ € J,
u,v € PC(J,E), we get

[1(Qu)(t) = (Q)(1)]l
SM.[OIIf(% u(s), (Fu)(s) (Zu)(s))

= f(59(5), (9v)(5), (ZV)(s))l|ds
+ ) M|T(u(t) = Te(v(t)|

0<t <t

< MJt (L1(9) + LY(5)Lys) llu(s) = v(s) s

0

+ i MLy Ju(te) = vt < J;L(S)IIM(S) —v(s)||ds

k=1
m t m

+ ZMLIkHu—vHPCS (JOL(S)d$+ ZMLIk> [t =] pc
k=1 k=1

< ([ 2o a) lu=viye

where L(s) = M(L;(s) + L;(S)LgT). It is easy to see that L €
L(J,R,). Notice that a= )", ML; <1, then there is £>0

such that 0 < b=¢+ a < 1. For the above ¢ > 0, there exists a
continuous function ¢(s) such that

(36)
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T
J IL(s) — ¢(s)|ds < e. (37)
0
Consequently,

@) - @)
< ([0 - o61as= [ 661 ) = vl + allu= vl

< (e+@t)||lu=v|[pe +al|t = V||pe < (b+P)||u = V|5

Ot
= <C(1)b+ C} (1_|)) llu=v[pc

(38)

where @ = max {|¢(s)|: s € J}. We next prove the following
inequalities, for every positive integer n and ¢ € J,

Q") () — (Q")(1)]

< (CObn + Cl bn_l <(Dt)
- n n 1!

(1)
+"'+CnT [t =Vlpcs

where C!' = nl/(m!(n — m)!).
Assume that, for any positive integer k, we have

(@)~ (@v)w]
) (Cgkar i bk_ll(!qjt) *Ci bk_ngt)z (40)

v (o)
+"'+C]1§ (k! ) )””‘VHPC'

bn—Z (<Dt)2

+C '
2! (39)

By the formula C7},, = Ci’ + CZH, forallte],

(@)= (@)
=|le(@u) 1) - (@) )|
<] 1 (s (@) 0% (@) 9 () )
-1 (5 (@) (@) 07 () @) s
+ 2 M@)o - 1(Q) o)

0<ty<t

< MJt (L;(s) + L;(S)Lgs) H (Qku) (s) - (ka> (s) Hds

0

o (@) (@)
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' k _ k d
< x@)- (@) o
ML, |[(QFu)(t) - (Q"v) (¢
L (COIRRCOIT
<[ 1)-¢ <>|<c°b" SEC
bk—Z 2 bO k
+Cﬁ$+---+d,§%>dﬂ|u—v”m
t bl
+L¢(s)|<C°bk+Ck 1(' J
k- k
P s PG Y

k-1
)
+ ZMLI <c°b’< ckw

+Cﬁ

|
k=1 L

bk—Z((Dt )2 bO( )
CiTk-’- +Cll§ k! H _VHPC

bk l(q)t)

k-2 2
Ot

2!

b (@t)* t
+ -+C’,§%>|u—v||PC+(I>L<C2bk

bk—l 1) bk—Z 1) 2
+ Cl ( S) + CZ ( S) +
ST Y

bk 1( )
1!

k!

b2 (01)? L (0n)F
+ G+ G | =vllec

b (®s)*
+C} ( )d||u—v||PC+a<C0bk Ci

L

bk (@) |

k-2 2
ot 10

2!

bo t bk—l(p
@ )>|| v||PC+q>JO<c2bk+c,1 1(! )

k-2 10} 2 0
A ) MPRNC LA o ds||u = V|| e

2! k!

v (ot vl (t)?
( k+1karl Ck+1 ( )+Ck+1 ( )

2!
bo(®t)k+1
k
oG 2 | 4= Vlpe-

(k+1)!

(41)

By mathematical induction, for every positive integer n,
we obtain

7
o w0 U (@)
Q"= Q™| |pe < (c% +C——+ G
. O(@t)"
et G | u=v]lpe-
(42)

Using Lemma 2, it follows that
1
Q=@ 50y ) Il asn—eo. (43

Thus, for any fixed constant s > 1, we can find a positive
integer n, such that, for any u,v € PC(J, E) and n > n,, we
have

1
1Q"u = Q[ < — [l = Vl[pc- (44)
Applying the general Banach contraction mapping prin-
ciple, we deduce that the operator Q has a unique fixed point
x* in PC(J, E), which means that problem (4) has a unique
PC-mild solution x* in PC(J, E). This completes the proof.
d

4. Conclusion

In this paper, we demonstrate the existence theory of PC-
mild solutions for the impulsive fractional semilinear inte-
grodifferential equations with nonlocal initial conditions (4)
via the theory of semigroup and fixed point theorem under
the condition of compact resolvent operator. Meanwhile,
the uniqueness of PC-mild solutions is proved under the con-
dition of noncompact resolvent operator. The kernels g and
h of the integral operators & and 7 are nonlinear functions,
and the function w of the nonlocal initial conditions is non-
compact. In addition, the closed linear operator A(t) is
dependent on t. As a consequence, our main theorems
improve and generalize many existing results on this topic.
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In this paper, we will investigate a multiscale homogenization theory for a second-order elliptic problem with rapidly oscillating
periodic coefficients of the form (0/0x;)(a”(x/e, x)(0u®(x)/0x;)) = f (x). Noticing the fact that the classic homogenization theory
presented by Oleinik has a high demand for the smoothness of the homogenization solution u°, we present a new estimate for
the homogenization method under the weaker smoothness that homogenization solution u° satisfies than the classical
homogenization theory needs.

1. Introduction Oleinik et al. (see [4, 5]) obtained the 1-order approximation

i(x) of u* as follows:
Many people investigated the second-order elliptic problem

with a fixed boundary. As far as we know, there is not any
work related to the elliptic problem with periodic boundary
(see [1-3]). In this article, we will consider the following mul-
tiscale elliptic model problem:

0u’(x)
0x;,

u(x) = uo(x) +eN* (x, g)

(3)

. 0 X out ) where Nk(x, &) is a 1-periodic function and satisfies the fol-
Lo (x) = ox; a1<g,x) 3%, =f(x), inQ, lowing equations:

uf(x) = g(x), on Q. ,
o [ . ONk(x, &) da*(x, &) . .
— [ a’(x, %) =- , inR",
Here, QcR"(n>1) is a bounded domain, and the 9, 0¢; ¢
matrix of coefficients a’(,x): R" — R™" is symmetric
and satisfies the following conditions: J Nk (& x)dE =0,
Q
V€ <al(& x)EE <y £, E € R”, forsomey € (0, 1] ) ) , j
J a/\lj(x) :J (a”(x,f) +a’k(x, E) %{xl))da
Q k

al(E+8) =6 E R E €21 <ijisn
4
) 4)

Assume that Q = [0, 1]". By the homogenization method, ~ and the homogenization solution u° satisfies the problem as
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2
follows:
Lyl (x) = —( N (x) a—) =f(x), nQ,
i 0x; (5)
u° (x) = g(x), on 0.

Oleinik et al. (see [5], p. 28) proved the following result.

We end this section with the details of some notations.
Throughout this paper, the Einstein summation convention
is used: summation is taken over repeated indices, and p(x,
0Q) denotes the distance between x and 00Q.

2. Some Useful Lemmas

Lemma 1. Under the assumption that u’ € H*(Q), there holds
H”S_’:‘HHI(Q) SC‘SWH”OHHZ@- (6)

There are numerous literatures discussing the homogeniza-
tion method (see [1, 2, 4-9]). There also are many works
(see [3, 10-16]) discussing the numerical methods of the
multiscale homogenization problem. We observe that most
of them are based on the assumption 1’ € H?(Q2), which is
unrealistic for some problems. For example, when f ¢ L*(Q
). Let i(x) = (0u’(x)/0x;) + (AN (&, x)/0E,) (0u (x)/0xy).
As far as we know, it is the first time for us to estimate #;(x
) — (0u®(x)/0x;) under the assumption that the homogeniza-
tion solution #° belongs to the Sobolev space H'**(Q) for the
case that 0 <s< 1.

Lemma 2. Assume that u € H**(Q) n Wt (K,,). Then,

1908 = )20y < (Pl + 720Vl ) ()

1920, 2y = (P Ny + 2V ) (8)

Proof. One observes that ||V(u—u,) ||22(Q) can be split into

1V = 14) |72 = IV (0 = )72 k) + 1V (= ) 2 -

©)

We first estimate ||V (1 — u,)Hiz(Q\K?). Assume that x €
O\K, and B(x,r) ={y € Q : |[x— y| < r}. Note that the defi-
nition of w, (z) implies [ w,(x —y)dy = 1. By the definitions
of w,(z) and u,(x), we have, forany 1 <i<n,

u(y)dy

ou
dy:JB( )wr(x—y) a(y)dy.

(10)

du,(x) [ dw,(x-y) 0w, (X~ y)
0x; B JQ 0x; “b)dy = _JQ 9y;

Ju(y)
a)’i

= | wrlx-»
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Using (10), we obtain

Furthermore, from the definition of w,(z) and (11), it fol-
lows that

o

2 ou ou(x :
5 = [ J w, (x-y) <—a(y) - a( )> dy| dx,
Xi k) Jowk, [JBer) Vi X;

(12)

2
0 0
Scr’Z”J J uly) _ ou) dy| dx. (13)
O\K, | JB(xr) 0y; 0x;
Note that

Ou(y) _ du(x) senl ouy) _oux)|, _cupn
L(x,r) 9, ox; o JB(x,r) 9%; 0x; k= .
(14)

This, together with (13), gives

2
Ha(u - ur) : < CrZsfnJ J au()/) _ au(x) |x_y‘fsfn/2dy dx
0x; L(Q\K,) o, | Jaen| i 0x;
< szs[ ‘ au(y) _ au(x) 2|x —y\'zs'”dydx
Jawk, JB(xr) 9y, ox;

SchSHuHiIM(Q).

(15)

Next we estimate ||V (u — u,)||iZ<K - Assume that x € K.
Set @,(x—y) = w,(x —y)/fB(“)wr(x —y)dy. Let x=x or x +
Ax. We have

e j @, (- y)uly)dy
B(x r) (16)
&,(% - »)(u(y) - u(x))dy.

Let |Ax | <r. Note that @, (z) = 0 whenever |z | >r. By (16),
one observes that u,(x + Ax) — u,(x) can be decomposed into
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&, (x+ A~ y) (u(y) - u(x))dy

B (x+Ax,r)

u,(x+Ax) —u,(x) = J
- L( 5= u0) - )y
| o] e sy
B(x+Ax,r) B(x,r)

—u<x>>dy+j3( o+ 25

—@,(x-p)(uly) - u(@)dy =1, + 1.
(17)

We need estimates I; and I,. Assume that y € B(x + Ax,
r)\ B(x,r). Note that x+Axe Q. One observes that

IB(X+AX Nz)&dy > cr". Then, we have

J w,(x—y)dy=c. (18)
B(x+Ax,r/2)

By the definition of @,(x) and (18), we have
|0, (x+Ax —y)| <cr". (19)
Note that
) - ) <ol i,y (20)
Inserting (19) and (20) into (17), we have

1< e xS A e

KZYHAX‘) :

(21)

Korsjax

We turn now to the estimation of I,. We split @,(x + A
x—y)—@,(x—y) into

w,(x+Ax—y) w,(x-y)

Jpraen@r (x+8x=y)dy [0, (x=y)dy

-1
=w,(x+Ax—y) J w,(x+Ax —y)dy
B(x+Ax,r)

- (L(mwr(x y)dy> l}

+ [wr(x+Ax_y) _wr(x_y)
S @ (x = 2)dy

O (x+Ax—y) — @, (x~y) =

:]1+]2~

(22)

We need to estimate the two items of the right-hand side

of (22). Note that

w,(x = y)dy
B(x,r)

J w,(x+Ax—y)dy—J
B(x+Ax,r)

J —J w,(x + Ax —y)dy
B(x+Ax,r) B(x,r)

+J [w,(x+ Ax = y) — w,(x — y)]|dyl Scr”’l\Ax\r’"
B(x,r)

<

+ eyl |Ax| < cr! |Ax|.

(23)
By (22) and (23), we have
[T, < crer™|Ax| < or 7| Ax]. (24)
To estimate J,, we have
T,| < cr ' Ax|r™ < or 7 Ax]. (25)

Plugging the above two estimates into (22), we obtain
|@,(x + Ax = y) —@,(x — )| <cr " Ax]. (26)
This, together with (17), gives
] < @ Al g, ) < A 1 g, - (27)

Inserting (21) and (27) into (17), we have

3+ 4%) = 6, (5) | < [ [,y (29)
Furthermore, let Ax — 0, we have
4 [ wreo i,y < Clletllwroo i, ) (29)

where we have used (28). Then, (7) follows by combining
(15) and (29). We turn now to the estimation of
V24, ]| 2(q)- We decompose [|V?u, |2 into

HVZ”YH;(Q) = HVZ”YH; + HVZ”YH;(K,)' (30)

(O\K,)

We first estimate ||V2u,||22(Q\K )- Assume that x € Q\ K,.
By (10), we have, for any 1 <i,j<n,

O’u,(x) _ 0([ow,(x—y)(9u(y)/9y,)dy)

0x;0x; 0x; (31)
_ awr('x _y) au()’) d
N ox, oy,
0 j Vi

Note that x € Q\ K,. By the definition of w,(x —y), we
have [ (0w, (x —y)/dx;)dy =0. Then, by (28) and (31), we



have

_0([ @, (x = y)(0u(y)/0y,)dy)

a 8 8 ;
X; x] x; (32)

o mpe

1

Finally, similarly to (15), by (32), we have

||V2u HL2 SilH“HH“S(Q)' (33)

(2\K,)

We turn now to the estimation of ||V*u,]|,» (K
to (17), we have

- Similarly

U, (x +2Ax) = 2u,(x + Ax) + u,(x) = J [@,(x +2Ax - y)
B(x,2r)

-20,(x+Ax—y)
+ @, (x = )| (u(y) - u(x))dy.

(34)

Note that the definition of w,(z) implies [|@,[|y2 (gr) < ¢
r~2. Therefore, let Ax — 0, from (34), it follows that

[l weeo (i) < ell@p Tz ey er |l yroo i, )

(35)

<o <cr!

Ul oo, [l wreo k-

The desired result (8) follows by combining (33) and
(35). d

3. A New Estimate for Multiscale
Homogenization Method

In this section, we give the main results as follows.

Theorem 3. Assume that K, ={xe€ Q| p(x,0Q)<r} and Q
=[0, 1]". Assume also that N* € W' (Q) and u’ € H'**(Q)

N W5E®(K,) for some 0<s < 1. Then,
ou* B
sy = (I ey * €1 )

(36)

Assume that x(z) € C®(R") is the cutoff function satis-
fying 0 < x(z) <1, and y(z) =1if |z| <1/2, and x(z) =0 if |
z| > 1. Let w,(2) = x(z/7)l [gux(y/r)dy. One observes that
fB dz-land llw, ||Wkoow)<crk”f0rallk>0 Set

jQ (= y)u(y)dyl [ ;w,(x = y)dy. In the process of
proving Theorem 3, we need the above Lemma 2.
Based on Lemma 2, we can prove Theorem 3 as follows:

Journal of Function Spaces

Proof. Assume that w,(z) is defined as in Lemma 2. Set

‘JﬂQ rx_y) 0( )dy

) (x) =
’ (x-y)d
Ja@rx=y)dy (37)
0 [, 0ul(x)
£ = 5 (3509 252
We introduce #5(x) by the following problem:
Louy(x)=f.(x), inQ,
(x) =f,(x) (38)
ui(x)=u’(x), onodQ.

One observes that u?(x) and #,(x) are the homogeniza-
tion solution of (38) and the 1-order approximation of u(x
), respectively. We decompose 0u®(x)/0x; — i1;(x) into

ouf(x) i, (x) = o(u® —us)(x) N

ox,
+ (a%rsc) - ai(x))

We first estimate V(u® — u%)(x). Let BS(x) =
Note that BS(x) satisfies the following problem:

(1~ ) ().

LBi(x)=f(x) - f,(x), x€Q, »
B{(x)=g(x)—u(x), x€0Q.
One observes that B (x) can be split into
Bi(x) = e, (x) + &5(x), (41)
where ¢, (x) = (u° - #%)(x) and €5(x) satisfies the following
problem:
£ _ 0 X ael (x) .
L.e (x) = (f fr) (x) a_xl <aij (xs g) axj ), in 0,
&(x) =0, on 0Q.
(42)

From the combination of the definition of %Y and (7), it
follows that

[V (@ - u) ||L2(_Q) < C<rSH”OHH“S(Q) + r1/2||”0Hw1'°°(1<2,))‘
(43)

To estimate €5 (x), by (8) and the definitions of %’ (x) and
f.(x), one observes that

I =Fillao

<c||V (@) - u")

Vel |l 2 +||v () - ) HLZ(Q)

HLZ(Q) <ol HHW(Q) (44)

i e,
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Combining (39), (41), (43), and (44), we have

1904 = )2, = 1Bz < (P |

wﬂwmwm)

Next, we estimate (12 —ii,)(x). Set B5(x) = (15 — #1,)(x).
By the method of asymptotic expansion (see [7], p. 27), one
finds that BS (x) can be split into B (x) = w?(x) + 67 (x), where
wi(x) and 67(x) are defined by

(45)

: x () _ OF,,(x)
Lew;(x) = ox; ( (x, E) 0x; > o 0x; in €,
w;(x) =0, on 00
L.0:(x) inQ,
& _ k(% aﬁ? (X)
0.(x) =-eN (g, x) o, , onof,
(46)

respectively, where
X x\ ONI(E) 1\ 0ul(x)
%W=«%@Q+%@Q %, ”Oax

]
ey (xS (2) S,

(47)
We first estimate w’(x). Note that (8) implies
Hﬂ(r)HHZ(Q) s C(fHSHuOHH“S(Q) * fl/z””°’|w‘m(1<2,))' (48)

By the method of asymptotic expansion (see ([7], p. 27),
from (48), it follows that

L L e Ca
o o )

Assume that ¢(x) € C*(Q) is a cutoff function satisfying
$(x) =1 if p(x,002) <&, and $(x) =0 if p(x,902) = 2¢, and
[Vl 1) < 6t We split 67(x) into

e "

07(x) = y;(x) + ¥, (x), (50)
where y¢(x) = —eN¥(x/e, x) (0u° (x)/0x; ) ¢(x) and ¥ (x) sat-

isfies the following problem:

e D x\ 0y, (x)
0 (e D). wen

x € 0Q.

To estimate y*(x), one has

<cer” IHMOHH1 +c:3Hu°||H2 (52)

Wil o)

We now estimate ||i? | (k). Assume that r =g and Vy

denotes the volume of K, if n =3, or the area of K, if n=2.
One observes that

Vi,

1/2||u

|27

0
HH1 e) (53)

< CSI/ZHM

OHW100 K,) OHWLOO(KS)'

The combination of (8), (52), and (53) gives
& 1/2 0 s 0
19 iy < (18 gy *+ €18 o) (59
Using (51) and (54), we derive
) S vl o)

= C(sm 4] wieo,y T &'[|u” HH“‘(Q)) :

190

The above two estimates, together with (50), imply

P e [ P D)
Furthermore, by (49) and (56), we have
|y — Ul ) = ”BSHH‘ = c[(em +e%e )HuOHW“‘O(KZE)

e ﬂWMWJﬂ@WMWWM

+ss||u0HH”‘(Q))’

(57)

We next estimate (0, (x )/ax ) — i1;(x). Assume that r = €.
Note that the definitions of 40 and ¢ imply u?(x) = #?(x). By
(7) and (47), we have

o,
i
ox; ||, ©

<[V )

< (4 )+ Do, )

(58)

Assume that r =e¢. This, together with (39), (45), and

(57), gives the desired result (36). O
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In this paper, the Crank-Nicolson Fourier spectral method is proposed for solving the space fractional Schrodinger equation with
wave operators. The equation is treated with the conserved Crank-Nicolson Fourier Galerkin method and the conserved Crank-
Nicolson Fourier collocation method, respectively. In addition, the ability of the constructed numerical method to maintain the
conservation of mass and energy is studied in detail. Meanwhile, the convergence with spectral accuracy in space and second-
order accuracy in time is verified for both Galerkin and collocation approximations. Finally, the numerical experiments verify

the properties of the conservative difference scheme and demonstrate the correctness of theoretical results.

1. Introduction

The Schrodinger equation is one of the most basic equations
in quantum mechanics, which was proposed by Austrian
physicist Schrodinger in 1926. The equation can correctly
describe the quantum behaviors of wave function, which
has made great contributions to the study of quantum
mechanics. Since then, the Schrédinger system has attracted
a large number of mathematicians and physicists to explore
the characteristics of its solution and physical applications.
The study of conservative methods for the Schrodinger equa-
tion is one of the most popular research fields.

Over the past decades, most of the researches on the conser-
vative method of the Schrodinger equation focus on the integer-
order Schrodinger equation (e.g., see Refs. [1-7]). As models of
science and engineering are needed to be more realistic, the
fractional-order Schrodinger equation becomes one of the most
important models in the fields of Bose-Einstein condensation,
plasma, nonlinear optics, fluid dynamics [8, 9], etc. However,
few studies have been investigated on conservative methods
for the fractional Schrodinger equation. Besides that, most of
the existing fractional-order conservative methods are finite ele-
ment and finite difference methods [10, 11].

From the viewpoint of mathematics, the solution of the
Schrodinger system has important geometric structures such
as energy conservation and multisymplectic structure. There-
fore, these properties should be maintained as much as pos-
sible in the construction of numerical methods. In this
paper, we consider the following nonlinear fractional Schré-
dinger equation:

¢ (0 t) + (_A)alz‘p(y’ t) +ikg, (v, )

1
B0 ORI =0, ye(@bpo<tsT, )

subject to the boundary condition
P(a,t)=¢(b,t), 0<t<T, (2)
and the initial conditions

0(,0)=¢(») ¢, (»,0)=¢,(»), ye(ab), (3)

where 8 and « are positive real constants, 1 < a <2, and 7
=-1.¢,(y) and ¢, (y) are given real functions. The fractional
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Laplacian operator (-A)“* can be defined as a pseudo-

differential operator with the symbol —|&|":
—(=A)Pu(x, t) = -F " (|E[ U 1)), (4)

where & is the Fourier transform and # is the Fourier trans-
form of u.

The spectral method is a generalization of a standard sep-
aration variable method, for which Chebyshev polynomials
and Legendre polynomials are generally used as the basic
functions of approximate expansions. And the Fourier series
is convenient to deal with the periodic boundary conditions.
Bridges and Reich [12] first put forward the Hamiltonian sys-
tem using the Fourier spectrum discrete method in 2001.
Based on their theoretical ideas, Chen and Qin [13] in the
same year proposed the Fourier pseudo-spectral method for
the Hamiltonian partial differential equation and used it to
integrate the nonlinear Schrédinger equation with periodic
boundary conditions. For more comprehensive work on the
different conservative Fourier pseudo-spectral methods, refer
to [2, 14-16] and their references.

Since the equation is calculated on a finite interval [a, b],
it is converted into periodic boundary conditions in this
paper and studied on Q = [0, 27z] and I = [0, T] below. Let

2y —a—
x:4(y a b)ﬂ+7-[,

b= a x €[0,27]. (5)

Denote u(x,t) = d(y, t), u(0,t) = u(2m, t), uy(x) = ¢, (y),
and u, (x) = ¢, (). Thus, (1)-(3) become

Uy (x, 1) + M* (=) u(x, t) + ixu, (x, t)
+ Blu(x, t)[*u(x, t) =0, x€(0,27),0<t<T,

(6)

u(0,t) =u(2m, t), (7)
u(x,0) = uy(x), uy(x,0) =uy (x), x€(0,2m), (8)
where M =27/(b - a).
In fact, the nonlinear fractional Schrodinger equation
((6)-(8)) has two conserved quantities:

0<t<T, 9)
where

Q) = 5 [ D]+ Im (1 ),
B(1) = o )3+ M -2 ]+ B )
(10)

with

Hu<~,t>\|€p=jo|u<x,t>|f’dx, p=24 (1)
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The outline of the remainder of this paper is as follows. In
Section 2, a conserved Crank-Nicolson Fourier Galerkin
method and a conserved Crank-Nicolson Fourier collocation
method are constructed to discrete time variables and spatial
variables. Energy-preserving and mass-preserving properties
of the new method are investigated, and the error estimate is
derived in Section 3. In Section 4, numerical experiments are
presented to illustrate the theoretical results. Finally, the con-
clusions are given in Section 5.

2. Crank-Nicolson Fourier Spectral Method and
Conservation Laws

Let Cy.,(€2) be the set of all complex-valued and 27-periodic
C®-functions on Q. Denote (-, - ) as the inner product on the

space L2, (Q) with the L* norm ||-|| (o) (abbreviated as |[-[|):
pee

per

(u(x), v(x) =j ()7 (x)dx,
o (12)
()]l 2 @)=

per

For y as a nonnegative real number, let Hje(Q2) be the

closure of Cp2 (). Note that Hp, (Q) =L, (Q). For any

function u(x) € L;er (Q), the following equations [17] can be
developed easily:

u(x) = Z ﬁwei“’x, (13)
weZ.
where the Fourier coefficients are arranged as

. 1 .
i, = (ue") = ?‘[J ue " dx. (14)
Q

For the Fourier transform of fractional Laplacian —
(=A)*", we have

F{-(=0)"u(x, 1) }(w) = || * F{u(x, 1) }(w).  (15)

In order to discretize the equation in the temporal direc-
tion, the time step is defined by 7 = T/N,. Denote difference
operator

1 n n-1 n+l n
™ —2u"+u u™ —u
2
8t u" = ) > 6tun = 5 6?””
1 ! 1 1 1 (16)
u"tl — oy o ul ¢yt
= , u = N
2T 2

where n is a positive integer (0 <n < N,). Therefore, the
Crank-Nicolson method was used to discretize equation (6)
in the time axis.
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iKdu" = =8, u" — M*(=A)*i"

_ E({un—llz + ‘un+l‘2)an +R" (17)
2 >

where R" = O(7?).

2.1. Crank-Nicolson Fourier Galerkin Method. For positive
even number N, the basis function space can be constructed as

. N N
SN:span{e“"x -—<w< —1}, (18)

where the norm and seminorm of Hy,,(€2) are characterized

by
(N12)-1 12
a 20\ |~ |2
|”|a=< Y (1+]w] )I%) ,
w=-N/2
19
(N12)-1 be (19)
m%( > |w|2“|aw|2> .
w=-N/2
Let

(N/2)-1

uy(t) = i, (t)e™ . (20)
w=-N/2
The orthogonal operators Py : Lper(Q) — Sy are defined
as follows:
(Pyu—u,v)=0, VveSy. (21)
Lemma 1 [18, 19]. Suppose that u € H,,, (Q) forall 0< p < s; it
holds that
1~ Pyu], < CNFu],. (22)
Denote
(Ni2)-1
wy= Yy @e, n=01-N,. (23)
w=—N/2

The time variables of equation (6) are discretized by the
Crank-Nicolson method. And the discrete Fourier Galerkin
approximation for equation (6) has a modified scheme as fol-
lows:

(rru! = T Mi(-A

= (trufy ! + TP ME(=A) U + 20 v)

>a/2ulr<]+1 21“}1\;1’ V)

— (4iud}, v) +_((’ u? n+1+| N1|2 w1 (24)

n+l1|2 nl 112 s
|u +{ N ‘ ),v),

ul, = Pyuy, 8;u%, = Pyu,, (25)
where uj! € Sy, Vv € Sy.

2.2. Crank-Nicolson Fourier Collocation Method. For positive
even number N, consider the points x; = 27j/N, j=0,1, -,
N —1, as collocation nodes. The discrete Fourier coeflicients
[18] of a function u on [0, 27z] with respect to the collocation
points are the following form:

1 N-1 N
Ll —th w=——,- ’7_1 (26)
= 2
]—0
Using the inversion formula, we have
(N/2)-1
u(x)= Y e, j=0,1,-N-1  (27)
w=—-N/2

Define the interpolation operator I, [18] at the colloca-
tion points:

Iyu(x;) =u(x;), j=0,1,--,N-1. (28)
According to (27),
(N/2)-1
(Iyu)(x)= Y G,e™ (29)
w=—N/2

Lemma 2 (18, 19]. For any u € H3, (Q2), s> 1, the estimate

PEV

[Ju = Iyu]| < CNT*lul], (30)
in the sense of the Sobolev norm.

Combining Lemma 2 and the triangle inequality, Corol-
lary 3 is drawn.

Corollary 3. For any u € H,,,(Q), s> 1, there exists a con-
stant C independent of u and N, such that

[ Iyu]] < CN[uf] + [|u]]- (31)

Using the Fourier collocation method to discrete the spa-
tial variables of the equation, we get the fully discrete scheme
for equations (6)-(8) as the following forms:

T;cu;‘\,”( j) - MYi(-A )“/Zu?\,”( ) - 2iull! (xj)
= truly ! (xj) + TZM“i(—A)“/ZuK] ! (xj)
2
(o) iy () + P2
(1 o) ot () + [ () [ () )
T i n n— n— n
o B (o ) P ) + o ) o )

(32)

.
+ 2iuy



y (x;) = g (x;)> Oy (x;) = w4y (x;). (33)

Applying the Fourier transformation to (24), we get the
following form:

(TK— TzM“i|w|“ - )ﬁ;’\]ﬁ = ('nc+ TzM"‘i|w|"‘ +2i)ﬁ1%1

24
_4luNw @F?\Tw’
2
(&), = @), (55%) =@,
w w
(34)
where Flj = (|u"”| it + |u;‘\,‘1|2u + |u”+1| ul !t + |ug ! |

ult!),w=-N/2,---N/2— 1.

2.3. Theory Analysis of Conservation

Theorem 4. The Crank-Nicolson Fourier Galerkin method
(24) of solving equations (6)-(8) preserves the discrete mass
and discrete energy:

0<n<N,

E'=E’ 0<n<N,

where

Q" =1m (8 ay) + 7 ([ +

(X/4”?\I+1H2 " H(_

rx/4 nH )

(36)

M*
E" = 8]+ - ([1(-)

B o+ 1)

Proof. We derive the full discrete Fourier Galerkin method:

(ixdsuly, v) = = (8,2 uy, v) — M (=A)** (i1}, v)
} (37)
_ ﬁ ((‘MNI‘ 4 ’urﬁ—l 2>u;‘\],v).
Let v = 1, in equation (37); it holds that
(ixdzutly, i) = — (8, ufys i) — M*((=A) iy, a}y)
(38)

_ﬁ((‘”Nl| +| ! 2)~K],a§)
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Taking the imaginary part of equation (38), due to

Im (ikSzuy, iy) =« Re (S;ul, iy)

n+l n-1 n-1 n+l
u —u u +u
—x Re N N , N N
2T 2

12
== (H e[ e )
m (8 Zu;’\,, ft?\]) = 21

—Im (6 uy ,uN +u”“)}

[Im (8 up, uN + u;’\,”)

= %[2 Im (8,uy, ufy) + Im (5,uN, upt — uﬁ,)
—Im (8,uy, uﬁ, —uf) —Im (S}, uﬁ,” —uy)
—Im (8,uf ", uy —ul") -2 Im (S,uf ', ul ")

m (S,uy s uy )],

Im ((—8)*u, i) =0,

i ((Jue [+ [ )i ) =o.

1
== [Im (8, uy, uy) —

(39)
Therefore,

Im (8,uf, uy) —Im (Sul ", ul™)

e E (- ) o

(40)

thus,

Im (8,uy, uy) +

2 (| + o)
2 (e + [l ).

The above equality indicates that the method (24) main-
tains the conservation of the discrete mass. The following
items consider the conservation of the discrete energy.

Let v = 8;u}y; according to equation (37), we also get

=Im (S,uy ", uy ') +

iKdul, S:ul) = — 8 uly, O;ul) = M*((-A “/Zu",&u”
(ixdzuy, Ozuy) N> Oty (—=A)" uy, Sruy

1+ s P e ).

(42)
Taking the real part of (42), due to

Re (ixd;uy, S;uy) =0, (43)

Re (8,%u}, Suy) = ZL Re (8,ufy — 8,y S,ul + 8,uy )

_ 18 |8,
27 ’

(44)
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Re ((-4)**@}, 87},

( 2“N "'”Krﬂ up! - ”7\71>
’ 27
— i(( oc/4 n+1 _ )tx/4u;1\r+1) (45)
4
T(( )0(/4 n—1 (_ )tx/4 }1\]1))
_ H( (x/4 n+1H H oc/4u1r<]—lH2

Re ( |uN1| +|u’”r1 z)ﬂﬁ,,&u;‘\,)

n+l1 n+l n-1
—Re 1 etk u ot -
= |ur ] + |uy; ,
2 2T

= o (15 iy = 1 )

(46)

therefore, using (43)-(46), we obtain

2 -1(|2
[[6,un | 21”&”?\1 H +1;i:(u(_A)a/4uK]+1H2

_ || (—A)alﬁlu?\fl ||2>

(47)
thus,
15, UK;||2+ @(H(—A)M”I’GHHZ“L H(_ zx/4 u" H )
B 1+ 18 )
— M“ a n (x n—
= [l |* + 7(||(- P+ ]| (-4 ’4“N1H2)
ﬁ n n— 4
+ 1 (||”NH}4;*(Q) + ||”N IHL“(Q))'
(48)

Based on the above analysis, the method (24) also main-
tains the conservation of the discrete energy. O

3. Theory Analysis of Convergence

In order to simplify the notation, we always assume that C is
a positive constant in this article, which might be different in
every formula.

Lemma 5 [20]. For any discrete function u}, it holds that

o =P = (b0« 5 (1 + P ).

(49)

(H nHHﬁ(Q) - H”K;IHZ(Q)) =0,

Lemma 6. For uy € Hb,, (), there exists a positive constant C,
such that

| n

<G [|(-A)"u}y|| <C |8 up||<C. n=0,1,--+,N,.

(50)

Proof. Using Theorem 4, it yields

MOC
15, UKJHZ + (H(_A)OCM”KTHHZ " H(_ oc/4 ul H )
(51)
+ <|| n+1HL4(Q) + Hu?]”i“(ﬂ)> =E" =E0’

thus,

M~ + a4, n
||8u;s\|2+—(H ()" + [y ) )

n+1 n 4
(H HL"(Q) + HuN”L‘*(Q))‘
Because of 8 > 0, it satisfies

M(X
I8P+ = ([ -2 i |+ [ (-)

oc/4 nH )

(53)

Sum the inequalities of Lemma 5 from 0 to n yields

( )II | <(1+ )||uN|| +TII(WNH “
) 54
+Tz< )

Adding (53) and (54), we can obtain the following items:

(1= 3) s+ 18l
+ %(H
< C+TZ<

B

Tl
2>'

For 7 is sufficiently small (7 < 1), this implies

a/4 u H ) (55)

fH |7+ 118, |
Moc
> (||(—A)

C 2i LIl |2
<C+21 —Hu H+
k—l(2 N

a/4u1r<]+1||2 i ||(_

(x/4 nH )

k—lH2




According to the discrete Gronwall’s inequality, there is

2
tx/4un+l H

Sl + 10,0 + ﬁa(w—m

+H_ tx/4 n”)

Therefore,

(57)

A" <Cdupl<C. (58)
0

Theorem 7. If s > I, assume that u € C*(I ; H3,,(Q) NH(Q))

is the exact solution of (6)-(8), and u}; is the numerical solu-
tion of (24). It possesses the following conclusion:

g~ ule,t,)| S C(E+NZJul,).  (59)

Proof. Let u* =Pyu, e=u—uy, E=u—u*, and n=u* —uy;

then, ¢" = &" + #". From triangle inequality and Lemma 1, it
yields

el < [[&" || + lln"ll < CN"*[Jul + ln"]I- (60)

According to the orthogonality of the projection operator
Py, we get

ik, v) = = (87", v) = M*((-A)"*@", v) o
B (e P + ).

The authors derive the full discrete Fourier Galerkin
method:
(ixdsuly, v) = = (8,2 uly, v) — M ((=A)"*u}, v)

_/3<(|uN1| +| Lyl )ﬁ?\,,v). (62)

Subtracting equation (62) from equation (61), due to

#n+1 #n—1 n+1 n-1 n+1 n-1
5 *n_aAun:u —u _ Uy Uy :’1 -n
! N 27 27 2r
n+1 n n-1 n+1 n n-1
52 4 8.2y = u"™ =2u" +u uy = 2uy tuy
=0, U +0, Uy=— 3 + 5
T T
n+1 —2e" + e 1
:——T2 N
(_A)a/2~;1\] _ (_A)oc/2~n
ult + un+1 u + un+1
_ al2 N N [ A\@2
=AY =~ (-4
2 2
n-1 n-1 n+l n+l
Cay (W =)+ (W -t
2
a2 e 1 + en+1

Re (8,%¢", &m")
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thus,

—(87€", v) - M*((-A)*e", v)

(e ) (64)
(yule ! 2)11}’\,,1/)+(R",v).

iK(0pm", v) =

According to the orthogonality of operator Py, i.e., (Py
u—u,v)=0,VYv € Sy. Therefore,

()= (o) - () o)

= (’1]) rlk>s_])k: 0) 1) "'7Nt~
Let v=38;#" in (64), and taking the real part, due to
Re (ik(8;1", &™) =0, (66)

=Re (5t211”,8;17”)
1 - n n—
=5 Re (8,1" - 8,1 Lé" +8m 1) (

e = o
27 ’

67)

_Re (_A)Mzrln—l+,,ln+l nn+l_17n—1
2 ’ 27
1 /4, n+l /4, n+1 (68)
= (A, (-ay )
_ (( A)a/4]1n 1 (_A)(x/4rln—1))
tx n a/4, n-1|2
_ =4 1H H )|
therefore, using (66)-(68), this implies
S —|6,#™!
Re (R", 6i") = 191 ” 2‘|[| l H 41 (H 0(/4’7n+1H2
~[[ ) ) + Re (67 0",
(69)

where

IG"| = E(( n- 1}2+ |un+1|2>

2
|
2

(|”N1| +|un+1 2>£{?\])
n1| +’ n+1| )”7 ;’“nﬂ

E(|u en—1‘2 + |un+1 _en+1‘2) uy !
2 2
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o (I Ve i

‘E| n—1-n-1~n

n-l-n-1~n n+l-n+l~ n n+l- n+1 n
tu e uyte Uy uytu uN>‘

n+1‘}

u

>

< g (max {|u”_1

- (2]er] + 2] +2|é"|)).

(70)
Thus, according to Lemma 6, we can get
G <C(le !+ et ). (71)
Note Lemma 1; it gives that
n 2 n|2 n-11|2 ntl||2
16717 = | jePaes (e + [l )
o (72)
([l P+ [l ) + Nl
Then,
2 )2
Re (Gn’(s?rln)s HGHH +2||6t’1nH
< s 8at" I+ (o | + I )
+ CN%||ul?,
RY|”+||6;
Re (&% 3pq7) < LI DI Ly e ot
(73)

Thus, (69) becomes

A
2T

m* /4 n+1]|2 a/d n—1112
+ o (Il = [l a2 )
<Ol + ™ [1*) + 180" + C(* + N7|jul2)-
(74)

18.7||*

Because of

n n-1
8’;}’]" — 8t11 +28t’1

and from Lemma 5, it gives that

")) = || "
i il RS (TN T D R

Then, combining (74) and (76) leads to

||6t’1 H B H‘Stﬂ" IH (H
2T 4T
n 1H2

-y« Al

(x/4 n+l (|2
a

<C8a" I+ (|8 ||*+ " + [l | + ")
+ C(T4 + N’25||u||f).
(77)

Summing above inequalities (77) from 1 to n yields

oc/4’7n+1||2 n ||(_

S8+ 2 (-
L 1 .2 M*

<rc Y (3l + 5 (-2

A ) « ) + (et N ).

a/4 n|| )+||’7n||2

al4 i+l ||2

(78)

Hence, using the discrete Gronwall’s inequality gives

1 n M“ « n 2 Ot n n
S8+ == (A |+ |2 ) + 1P
<C(r*+N¥|u|}),
(79)
thus,
I"[[* < C(2* + N72[u[7). (80)
Substituting (80) into (60) can yield
"l = CN*[[ull,+ 7°), (81)
which immediately gives conclusion. O

Similar to the proof of Theorem 7, we can obtain the fol-
lowing theorem.

Theorem 8. Let s> I; assume that ue C*(I; Hy,(Q)NH*
(Q)) is the exact solution of (6)-(8), and u}y; is the numerical

solution of (32). It possesses the following conclusion:
luk = u(x )] < C(T + N~ lu] ). (82)

4. Numerical Example

Numerical examples will be proposed in this section to verify
the correctness of the theoretical analysis, that is, the conver-
gence of the numerical method and its ability to maintain
discrete mass and discrete energy.



FIGURE 1: Numerical solutions for equation (83) with « = 1.4 when
7=0.01 and N =128.

FIGURE 2: Numerical solutions for equation (83) with a = 1.6 when
7=0.01 and N =128.

Example 1. Consider the nonlinear fractional Schrodinger
equation with the wave operator:

S+ (~A)"2¢ +ig, +|(1, 1)*9(,1) =0, y € (~10,10),£€ (0, T],
$(-10,£) = $(10,£) =0, t€[0,T],

$(7,0) = (1+i)y exp (-10(1-y)*), ¢,(3,0) =0, ye(-10,10).

(83)

Let 7=0.01, N =128,and T = 10. Figures 1 and 2 present
the numerical solutions for « = 1.4 and « = 1.6. We can find
that the order of « will affect the shape of the solution.

There is no exact solution of (83) known for 1 <a < 2.
Therefore, numerical solution calculated by the method
(24) with N = 1024 and 7 = 2719 is taken as the reference solu-
tion. Let @ be the numerical solution, and calculate the error
at t =t, in the sense of the discrete L* norm:

error = [|¢" — @"|. (84)

The convergence rates in the direction of time and space
are calculated as
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TaBLE 1: Errors and convergence rates in time for N =512 and T = 1.

o’ T Error Order
27 1.9071e -2 -

1.4 276 4.7789%¢ - 3 1.9966
277 1.1822¢-3 2.0152
270 3.2228e -2 —

1.6 27° 7.8070e — 3 1.9952
27 1.9320e - 3 2.0148

TasLE 2: Errors and convergence rates in space for 7=271" and
T=1.

« N Error Order
128 1.3922¢ -2 _
1.4 256 8.4405e - 3 0.7220
512 3.978% -3 1.0850
128 1.9930e -2 _
1.6 256 1.2081e -2 0.7225
512 5.6949¢ - 3 1.0850
x10713
25
2 4
15 4
s 1
7
SEER
04
-0.5 4
0 1 2 3 4 5 6 7 8 9 10
t
—a=14

FiGure 3: Discrete mass error when 7 =0.01, N =128, and a = 1.4.

log ([lerror(z,)||/|[error()|])

log (,/7
order = 8 (n/m2) (85)
log (|lerror (N, )||/[[error(N,)||)

log (N,/N,)

>

Let T = 1. Tables 1 and 2 show that the numerical method

is proven to have spectral accuracy in space and second-order
accuracy in time for solving equation (83) with a =1.4 and
a=1.6.
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FIGURE 4: Discrete mass error when 7=0.01, N =128, and a = 1.6.

x10713
10

0 1 2 3 4 5 6 7 8 9 10
—a=14

F1GURE 5: Discrete energy error when7=0.01, N=128,and a = 1.4.

Figures 3-6 show the ability of the numerical method
(24) to maintain the discrete mass and discrete energy when
a=1.4 and a=1.6. It can be seen from the figure that the
numerical method (24) maintains the discrete mass and dis-
crete energy well.

5. Conclusion

For the fractional Schrodinger equation with wave operators,
we successfully constructed the effective conservative Crank-
Nicolson Fourier spectral method for solving this equation,
based on the relative theory of a fractional-order derivative
and its property. We give the strict theoretical derivation
for the convergence rate of the numerical method, i.e., O(7?
+ N7°||u,). Finally, numerical examples are introduced to
verify the correctness of the theoretical results and the valid-
ity of our numerical methods. Both theoretical derivation

x10713

— a=16

FIGURE 6: Discrete energy error when 7=0.01, N = 128,and a = 1.6.

and numerical experiment verify that the numerical method
can keep the energy conservation and mass conservation of
the original fractional Schrodinger equation. Both environ-
mental noise and regime switching are important factors
[21-29]; we will introduce them in the model ((6)-(8)) in
the future.
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In this paper, we give a generalized definition namely strongly (a, h-m)-convex function that unifies many known definitions. By
applying this new definition, we present inequalities for unified integral operators which have connection with many of the well-
known results for different kinds of convex functions. Moreover, this paper at once provides refinements and generalizations of
a lot of fractional integral inequalities which are identified in remarks.

1. Introduction

There are many applications of convexity in diverse fields of
mathematics including operation research, mathematical sta-
tistics, optimization theory, and graph theory. In mathemat-
ical inequalities’ point of view, convex functions are very
important. They are extended and generalized in different
ways to obtain corresponding generalizations and extensions
of well-known inequalities. For the detail study of different
kinds of convex functions, we refer the readers to [1-7].

In recent years, the researchers are working on fractional
versions of mathematical inequalities by utilizing classical
and new kinds fractional integral/derivative operators, see
[8-11]. Also, several kinds of convex functions are applied
to obtain these fractional versions, for example, see [1, 12-
17] and references therein. The inequalities for fractional
integrals and derivatives are very useful in the study of frac-
tional differential equations. Using fractional differential
and integral inequalities, qualitative properties of fractional
differential equations involving the Riemann-Liouville and
the Caputo derivatives can be found frequently in literature.

Our objective is to investigate integral inequalities for
newly defined function called strongly (a, h —m)-convex
function. Integral operators (5) and (6) are used to establish

these inequalities, and they have interesting consequences
for distinctive fractional inequalities for various types of
functions. Next, we give some definitions of known general-
ized fractional integral operators which can be directly
obtained from operators (5) and (6).

Definition 1 (see [18]). Let v : [a, b] — R be an integrable
function and & be an increasing positive function defined

on [a, b] has a continuous derivative &' on (a,b). The frac-
tional integrals of a function y with respect to another func-
tion & on [a, b] of order y (R(¢) > 0) are defined by

flav(x) = ﬁr@(x) —E(1)"E (D (t)dt x> a,
b
vl = s | €O -8 e <t
(1)

here, I'(.) represents the gamma function.

One can see a k-analogue of Definition 1 in [16]. The fol-
lowing generalized integral operator is given in [19].
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Definition 2. Let w, & : [a, b] — R, 0 < a < b be the functions
such that y be positive and y € L, [a, b], and & be differentia-
ble and increasing. Also let ¢/x be an increasing function on
[a, 00). Then, for x € [a, ], the left and right integral opera-
tors are defined by

()= [ Pee e
0

Ex '
()= J e

The Mittag-Leffler function was introduced in 1903,
which is generalization of the exponential function just by a
single parameter with a convergence condition. The further
generalization by another parameter was given by Wiman;
further, it was extended by Prabhakar and then by other
authors; to see the importance of these extensions, we suggest
the reader to [20, 21]. By utilizing an extended generalized
Mittag-Leffler function, we have defined a fractional integral
operator.

(Hy(t)dt, x> a,
(2)
(H)y(t)dt,x < b.

Definition 3 (see [12]). Let o, y, 4, ¢, Lw € C, R(«x), R(p), R
()>0,R(c)>R(y)>0and p>0,5 >0 with 0 <k <8+ R(
y). Let w e L,[a, b] and x € [a, b]. The generalized fractional

P:0,k.c

integral operators €, alwat

0.k,
v and s: > - are defined by:
X

(etibiw) esp) = [ (om0 B -

a

£ p)y(t)dt
b
(tibisw) )= | (-0 B e -

X

x)"sp)y(t)dt

(3)
where
c 21,(y+nk,c—y) (c t
B (ip)= Y (o (4)

5 nye-y) Tun+a)(l),,

is the extended generalized Mittag-Leftler function.

Unified integral operator is based on a kernel which also
involves a real valued strictly increasing function along with
two variables. This integral operator also unifies the above
definitions.

Definition 4 (see [22]). Let v, & : [a, )] — R, 0 < a < b be the
functions such that v be positive and y € L,[a, b, and & be
differentiable and strictly increasing. Also, let ¢/x be differen-
tiable and strictly increasing. Also, let [a, 00) and 7,1, y,c € C,
R(T), R >0,R(c)>R(y)>0,p,u, 8 =0and0< k< +p
. Then, for x € [a, b], the left and right integral operators are
defined by

(ePitw) wsp) = [ &

a

L(E2T €5 0)v)dED)),
(5)
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(B2t i) = [ K3 (B2 8:0) w000
(©

where we have

$ED) ~E0)) rose

g Lkt (W) —E0)) ).

(7)

KW(EsziE ¢)

Several recently defined fractional integrals studied in
[12, 14, 18, 21, 23-30] can be reproduced from the above def-
inition, see ([31], Remarks 6 and 7). The following results are
obtained for strongly convex functions in [32].

Theorem 5. Let y : [a, b] — R be a positive, integrable, and
strongly convex function with modulus A>0. Let & : [a, ]
— R be a strictly increasing and differentiable function, also
let ¢/x be an increasing function on [a, b]. If o, y, 1, ¢, | € R,
>y, p 8= 0and 0< k<8 +y, then for x € (a, ), the fol-
lowing inequality holds:

,p50,k.¢

(EF%W ‘/’) (xw;p)+ (£F¢r,1b ‘/’) (x,w;p)
a ,0,k,¢
<K (Bl £56) ((660) - &) (v(x) + y(a)
“Max —a)(2U(a x IE) - (a +x)I(a, %, £))) (8)
X ,0,k,¢
+ K5 (LK 650 ((60) ~ E) (W) +v(x)
-A(b-x)(2I(x, b, 1,;8) — (x+b)I(x, b,§))),

where 1 is the identity function and I(a, b, y) : f w(t

Theorem 6. Under the assumptions of Theorem 5, in addi-
tion, if w(x) = w(a + b —x), then, we have

a+b Ske g A POk
f( 3 )(EF%W )(a’w§P)+Z<EFﬁ,Z¢,1,b' (a+b—2x)2>
a+b 8kc A
X (a,w; p)+f< )(EF;%W )(b,w;p)+Z

,p:0,k,¢
x (sFﬁZW (a+ b—2x)2)(b,w;p)

< F%%‘ﬂp) (a,w;p)+< Fﬁﬁa’icw>(b,w;p)

< (KBl 850) + K (BT 859))

X ((§(b) =&(a))(y(b) +y(a)) — (b—a)A(2I(a, b, 1,8)
—(a+b)I(a, b,f)))

©)

Theorem 7. Let v : [a, b] — R be a differentiable function. If
ly' | is strongly convex with modulus 1>0 and & : [a, ]
— R be strictly increasing and differentiable, also let ¢/x
be an increasing function on [a,b]. If a, v, 1,6, 1€R,, c>y,
P, 020 and 0<k <9+ y, then for x € (a,b), the following
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inequality holds:

|(eFouiw &) rowsp) + (eFinv =€) (xwsp)|
<K (BT 8:9) x (6(0) - E@) (Jv' ()] + v/ @)
- Ax - @) (2@ x5 ) - (a+ x)T(@x,8)))
+ K5 (Bt £:9) ((€(0) - 50) (Jv' 0] + [v' )]
-A(b—x)(2I(x, b, 1,&) — (x+ b)I(x, b,))).

—~  —

(10)

Next, we give some definitions of convex functions. The
definition of (h-m)-convex function is given as follows:

Definition 8 (see [5]). Let ] C R be an interval containing (0
,1)andleth : ] — R be a nonnegative function. A nonneg-
ative function v : [0,b] — R is called (h-m)-convex func-
tion if

Y(Cx+m(1=0)y) <h(Q)y(x) + mh(1=Cy(y),  (11)
holds for all x, y € [0, b], m € [0, 1], and { € (0, 1).

Remark 9.

(i) For m=1, (11) gives the definition of h-convex
function

(ii) For h({) =

function

(ili) For h({) = and m =1, (11) gives the definition of
convex function

{, (11) gives the definition of m-convex

(iv) For h({) =1and m =1, (11) gives the definition of p
-function

(v) For h({) = and m = 1, (11) gives the definition of s
-convex function

(vi) For h({) =1/{ and m =1, (11) gives the definition of
Godunova-Levin function

(vii) For h({)=1/" and m=1, (11) gives the definition
of s-Godunova-Levin function of second

Definition 10 (see [4]). A function y : [0,b] — R, b>0 is
said to be (a, m)-convex if

y(lx+m(1-0)y) <y(x) +m(1-{Yy(y),  (12)

holds for all x, y € [0, 5] { € [0, 1] and (a, m) € [0, 1)
Remark 11.

(i) For (a,
(ii) For (&, m)=(1,1

m)=(1, m), (12) provides m-convex function

), (12) provides convex function

(iii) For (a,
function

m)=(1,0), (12) provides star-shaped

Definition 12 see ([33]). A function v : [0,b)] — R, b >0 is
said to be (s, m)-convex, where (s, m) € [0, 1] if

Y(Gx+m(1-0)y) <Cy(x) +m(1-0y(y),  (13)
holds for all x, y € [0, b] and { € [0, 1].

The following definition unifies (h-m)-convex, (s, m)
-convex, and (a, m)-convex functions in a single inequality.

Definition 13. Let ] € R be an interval containing (0, 1) and
let h: ] — R be a nonnegative function. A nonnegative
function y : [0, b] — R is said to be (&, h-m)-convex func-
tion if

Y(Extm(1-0)y) ShE)y(x) + mh(1- (), (14)
holds for all x, y € [0, ], { € (0, 1), (a, m) € [0, 1].

Next, we give definitions of strongly convex, strongly (s
, m)-convex, and strongly (a, m)-convex functions.

Definition 14 (see [34]). Let I be a nonempty convex subset of
normed space (X, ||.||)- A real valued function v is said to be
strongly convex, with modulus A >0, on I if for each a, b€
and ¢ €0, 1],

- X (1-0)||b-al.
(15)

Definition 15 (see [35]). A function y : [0,400) — R is said
to be strongly (s, m)-convex function, with modulus A >0,
for (s, m) € [0,1)%, if

y(Cx+ (1-0)y) <Cy(x) + (1 -y (y)

Y(Gotm(1-0p) SCy(x) + m(1-Op(y) = Aml (1= 0)(y - ),
(16)

holds for all x, y € [0,+00) and { € [0, 1].

Definition 16 (see [36]). A function y : [0,b] — R, b>0 is
said to be strongly (a, m)-convex, where (a, m) € [0, 1]” if
Y(@x+ m(1-0)y) <L) + m(1 - CYp) - Amd (1= L)y -

(17)
holds for all x, y € [0, b] and ( € [0, 1].

Next, we give a property of the kernel given in (7), which
will be useful for finding the results of this paper.
P: Let & and ¢/I be increasing functions. Then, for u <t

<V, u,v € [a, b, the kernel K, (EZ‘:;“, & ¢) satisfies the fol-

lowing inequality:



4
Ky (B €5 9)8 (0 < KU(ET . E59)E (). (18)
It is easy to prove by using the following inequalities:
&) —Ew) 1 . _ EW) —EW)) ,,
50 -&w) S e —gw) o
ENOR (w(E() — E(w))* s p) < ELOF (w(E(v) — E()) ).

(19)

If £ and ¢/I are of opposite monotonicities, then (18)
holds in reverse direction. For further properties, see [37].

In Section 2, we will define a new notion of strongly («,
h-m)-convex function which unifies several kinds of convex
functions in a single inequality. By applying this new defini-
tion, we give generalizations of results for strongly convex
functions. The results established here will produce general-
izations and refinements of fractional integral inequalities
for different kinds of convex and strongly convex functions
which have been published in various papers.

2. Main Results

We give the definition of a function will be called strongly (
a, h-m)-convex function.

Definition 17. Let ] € R be an interval containing (0, 1) and
let h: J— R be a nonnegative function. A nonnegative
function v : [0, b] — R is said to be strongly (&, h-m)-con-
vex function with modulus A > 0 if

Y(Cx+m(1-0)y) <h({)y(x) +mh(1 -

Y wly) - mAR () h(1-3%) |y - x P,

(20)
holds for all x, y € [0, b], { € (0, 1), (&, m) € [0, 1],

The definition of strongly (h-m)-convexity can be
achieved by taking a =1 in (20).

Definition 18. Let ] € R be an interval containing (0, 1) and
let h: ] — R be a nonnegative function. A nonnegative
function v : [0,b] — R is said to be strongly (h-m)-con-
vex function with modulus A > 0 if

y(Cx+m(1-0)y) < =mAR()h(1 =)y - xf*,

(21)

h(Qy(x) + mh(1=)y(y)

holds for all x, y € [0, b],{ € (0, 1), m € [0, 1].

One can obtain from (20) definitions of strongly convex,
strongly s-convex, strongly m-convex, strongly h-convex,
strongly  (a, m)-convex, and strongly (s, m)-convex
functions.

Theorem 19. Let v € L,[a, b] be a positive strongly (a, h-m)
-convex function with modulus A >0, m € (0, 1],0< a < mb.
Let & be strictly increasing and differentiable function, also

Journal of Function Spaces

let ¢/x be an increasing function on [a, b] and h(x)h(y) < h(
x+y). Ift,n,Ly,ceR, c>y, pu,6=20 and 0<k<S+y,
then for x € (a, b), the following inequality holds:

(eEnricy) owsp) + (eFiisv) (o wsp)
<Ki(E21E3) (- o) (w(@xs (v s )
+ ml//(%) Xﬁ(l -r%h ;5,) Ao ma) h(1) ()

m(x —a)

z<a>>>
+ K3 (B8 859) (b= x (w(B)xE (738

ey (D)3 (1= 38" - A(bm—x);ﬁg)_(igb)_g(x)))

(22)

while X5(r%, ,E’) :féh( NE (x—r(x—a))dr, X4(1-r%h
)= [oh(1 =18 (x = r(x —a))dr.

Proof. Using (P), we can write the following inequalities

(a,%),
(23)

KL (ELyS 659)8 (0 < KU(ELS 656 ) (1)1 €

Kx(Eliff‘,E;gb)f (t )<KX(EZ%C,E;¢)E'U)J€ (%, b)-
(24)

Using strongly (a, h-m)-convexity of y, we have
y(t)<h (j:;) all/(a) +mh <1 - (i:;) a)"’(%) (25)
il (),

y(t) < h(%) aw(b) +mh (1 - (g) a)"/(%)

) 0- (6

From (23) and (25), the following inequality is obtained:

(26)

| e (mLate & gwinaiecn)
W@ (55 9) % [ (’“—‘t)“d@(t»

() Ra (B4 J ( ( . ) ) (1))
L se) [0 (55) () o

(27)

By setting r = (x — t)/(x — a) on the right side and using
(5) on left side of above inequality, we get
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(eFbriky) (ewsp) < Ki(EL2 £ 9) (x—a)
X (w(a)Joh(r“)f’(x —r(x—a))dr

+ mw(%) J;h(l - rE (x—r(x—a))dr

_ A("‘T“’")J'Oh@ =Y h(r)E (x - r(x- a))d’> :

(28)

The inequality (28) can take the following form:
(ePIty) owsp) <K (B2 8:9) (x-a)

X <t//(a)X“<r"‘,h;E'> +mw(—)Xi<1 —r"‘,h;E/) (29)
_ Mx—may’ (( ><s§x> §(a )))_

On the other hand, multiplying (24) and (26), and adopt-
ing the same pattern as we did for (23) and (25), the following
inequality holds true:

(o) swsn o)
* (‘”“)J;h““)f'(x—r(x— b))dr

o (2) [ 1= e -
_ Mem—x)” J
m

0

hu—r“)h(r“)&'(x—r(x—b))dr>.
(30)
The inequality (30) can take the following form:
(EF%ZBbkCI//>(x w; p)<K"( TN ES (/))(b—x)x( (b)ij(r“,h;E’)
(=)
) <bm—x>2h<1>(z<b>—£<x>)>.

m(b—x)
(31)
By adding (29) and (31), (22) can be achieved.(J

Corollary 20. For w =p = 0, (22) gives the following inequal-
ity obtained for fractional integral operator defined in [19]:

(Ff’g‘l/)() (F‘“ )() $(E(x) - E(a))(x - a) .
T T@Em- g@) (v/() x(r,h;{;)

(i) - 22
) (b
o g (O

)@

h(D)(E(b) ~5(x)) \
m(b-x)

<x> - ew»)

()

A(bm x)?

(32)

Remark 21.

(i) For A=0, (22) gives ([38], Theorem 1)
(i) For 7=nand h({) =, (22) gives ([39], Theorem
1)

(iii) For A=0, 7=#, a=m=1, and h({)
gives ([31], Theorem 8)

(¥) For A =0, §(0) = ()™ KT (x), h(Q) = &(t) =¢
,a=m=1,and w=p =0, (22) gives ([40], Theo-
rem 1)

= C) (22)

(v) For A =0, T =, the result of (iv) gives ([40], Cor-
ollary 1)

(vi) For A=0, k=1, and x=a or x = b, the result of
(v) gives ([40], Corollary 2)

(vii) For A =0, k=1, and x = (a + b)/2, the result of
(v) gives ([40], Corollary 3)

(viii) ForA=0,¢({) ={", a=1,and &(¢)
([41], Theorem 1)

(i) For =0, () =", a=m=1, and h({) =&(1)
={, (22) gives ([41], Corollary 1)

(x) For A=0,¢(0)=T(t){",a=1, w=p=
()=, (22) gives ([42], Theorem 2.1)

=(, (22) gives

0, and &(

(xi) For A =0, T =, the result of (x) gives ([42], Cor-
ollary 2.2)

(xii) For A=0,7=1, $(0) = [(x)", w=p =0, () =
{, and a=1 and using ([12], Remark 11), (22)
gives ([42], Corollary 2.3)

(xiii) For A=0, ¢({)=T(7){", a=1, w=p=0, &)
=(, and h({) =1, (22) gives inequality (26) of
([42], Corollary 2.4) similarly, under the same
assumptions along with h({)={?, (22) gives
inequality (27) of ([42], Corollary 2.4)

(xiv) For =0, ¢({)=T(7){", w=p=0, a=m=1,
and &(t) = h({) =, (22) gives ([43], Theorem 1)

(xv) For A =0, 7=, the result of (xiv) gives ([43],
Corollary 1)

(xvi) For A=0, ¢({)=T(7){", w=p=0, a=m=1,
and h({) =, (22) gives ([44], Theorem 1)

(xvii) For A=0, 7=#, ¢({) =T
=1, and h({) =, (22) gives ([44], Corollary 1)

(xviii) For =0, $(¢) =¢", £(¢) = ¢, and h({) =, a=
m =1, (22) gives ([45], Theorem 2.1)

(XIX) For AZO’ T=", (p(C) :(T) E(() = (a a=m=1,
and h({) = {°, (22) gives ([45], Corollary 2.1)

(xx) For =0, w=p=0, a=1, and h({) =", (22)
gives ([46], Theorem 1)

(D), w=p=0,a=m



(xxi) ForA=0,¢({)=¢" h({) =, a=1,and &({) = ¢,
(22) gives ([47], Theorem 1)

(xxii) For A =0, 7 =7, the result of (xxi) gives ([47],
Corollary 1)

(xxiii) For A=0, ¢(¢) = I'(t){"*/kI'.(1), h({) =z, and
w=p=0, (22) gives ([15], Theorem 1)

(xxiv) For A =0, T =7, the result of (xxiii) gives ([15],
Corollary 1)

(xxv) For ¢({)={", £(¢)
([36], Theorem 4)

={, and h({) ={, (22) gives
(xxvi) For 7 =4, the result of (xxiv) gives ([36], Corol-
lary 1)
(xxvii) For w € L [a, b], the result of (xxiv) gives ([36],
Corollary 2)
(xxviii) For =17, the result of (xxvii) gives ([36], Corol-
lary 3)

(xxix) For ¢({) ={, &(0)
([48], Theorem 1)

=({, and A=0, (22) gives

(xxx) For T =17, the result of (xxix) gives ([48], Corol-
lary 1)

(xxxi) For y € L [a, b], the result of (xxix) gives ([48],
Corollary 2)

(xxxii) For 7 =17, the result of (xxxi), gives ([48], Corol-
lary 3)

For the proof of next theorem, we need the following
lemma.

Lemma 22. Let v : [a,b] — R, be a strongly (a, h-m)-con-

vex function with modulus A >0, m € (0, 1], 0 < a < mb. If y(
x) =y((a+ mb —x)/m), then the following inequality holds:

)0
- %h<2—>h(22—_1) (a—x+mb— mx)’.

(33)

Proof. As v is strongly (a, h-m)-convex function, we have

w(“ +2mh> < h(z—la)w((l ~ H)a+mtb) + mh <2a2; 1>w<t i t)b>
- %h(%)h(%) (¢(1 + m)(a— mb) + mb - ma)>.
(34)

Let x = a(1 —t) + mtb. Then, we have a + mb—x=ta +
m(1 - t)b, and using w((a + mb — x)/m) = y(x), the inequal-
ity (33) is obtained.(J
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The upcoming theorem provides the Hadamard inequal-
ity for strongly (, h-m)-convex function.

Theorem 23. Under the assumptions of Theorem 19, in addi-
tion, if y(x) = y((a + mb — x)/m), then, we have

h(1I2) + mPf((Z“ ~1)/2) ("’ (a +2Mb) ((erirsis) @ wsp)
(s o 2n(5)n(2)
% (Pl (a=x+mb—mx)’) (a,wip)
(Fﬁgla’i (a—x+mb— mx) )(b,w;p)))
< (FEy) (bwip) + ((FRN V) (@ wsp)
<(b-a) (K5 (Elo).839) + K5 (Eloi* £39))
x(w(b)XZ( ,h;£>+m1//< )X“<1—r h E)
_ Mb—mayh(1)(§(b) —sw»),

m(b-a)
(35)

Proof. Using (P), we can write the following inequalities:

K (B85 9)8 () <K (Elar €56 ) (0) x € (a.b)

(36)
K5 (gt €5 8)€' (x) < Ki (Bl £59)¢ (x), x € (@),
(37)
Using strongly («, h-m)-convexity of y, we have
(2 woemi- (D)

)t(a—bm)2 X —a\® X —a\®
- h h(1- .
m (b - a) ( (b - a) )
Multiplying (36) and (38) and integrating the resulting
inequality over [a, b], we obtain

rK (El’,fi'f’c, & </>) y(x)d(§(x)) < y(b)K; (E:’jf’c, £; 4,)

—a

«[(1- G2 o - 45

[ G ateten e mo(2) i (125 539)

(39)

By setting r = ((x — a)/(b — a)) on the right side and using
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(5) on left side of above inequality, we get
(eForiw) (@wsp) <K (Eloi €:9) (b-a)

x (w(b)J:h(r"‘)E'(a +r(b-a))dr+my (%)
Aa - bm)?

: J:h(l =& (a+r(b-a))dr-

. Lh(r"‘)h(l —rE (a+r(b- a))dr> .
(40)

The inequality (40) can take the following form:
3. Bk
(eER2F V) (@wsp) <KG(EL E56) (b-a)

x(w(b)XZ(r“,h;E’)+m1//( )X“(l—r h; 5)
_A(a—bm)zha)(f(b)—:(a)))
m(b—a)

(41)

Adopting the same pattern of simplification as we did for
(36) and (38), the following inequality can be observed for
(38) and (37):

(eFiiy) (bows p) < Ky (B[N 8:9) (- ) x (w(bpxs (13
+m1//( ) (1 o hsE
_ Ma=bm)*h(1)(E(b) ~ §(a)) >

m(b-a)
(42)

By adding (41) and (42), following inequality can be
achieved:

(eFmmcy) (bwsp)+ (Futiyv) (@wsp)
< (b-a) (Ko (E5.859) + K3 (B0 8:9) ) (w(o)Xs (1)

+m1//( )X“( r"‘,h;fr)— (a_bm)::((bl)(igb)_f(a))>.

(43)

Multiplying both sides of (33) by K? (E[y;i;c SE5¢)d(E(x))

and integrating over [a, b], one can get

Ny
<((E) ) st
A

(55 [ (Z,‘if‘w)(a x4+ mb - md ().

(44)
By using the Definition 4, one can obtain the following
inequality:

(x)d(f (x))

7
1 a+mb ¢V5kf )
R(1/2%) + mh((2° - 1)/2%) <V’< 2 >(5F1””7 1)@ wip)
+ %h(;) ><h<20627;1> <5F;f’r'fbkc(a—x+mb—mx)2>(a,w;p)>
< (F ) @ wsp).
(45)

Now, multiplying by K’,j(Er,’z’k’c, &;¢0)d(é(x)) on both
sides of (33), then integrating over [a, b], we get

! a+mb $ySke .
h(1/2%) + mh((2% - 1)/2%) ("’( 2 )(fFW,M 1>(h,w,p)
+ %h(%ﬁ) ><h<22_21> ( F%?akc(a—x+ mb—mx)2>(h,w;p))
< (ertyhey) s

(46)

From (43), (45),
achieved.(J

and (46), inequality (35) can be

Corollary 24. For w = p = 0, (35) gives the following inequal-
ity obtained for the fractional integral operator that defined
in [19]:

h(1/2%) + mh((2* = 1)/2%) 2 T(7) T(n)

« F¢E(a7x+mb7mx)2 (a)
) (e
(Fiiz(a —-x+mb-— mx)z) (b) 3 (Fﬁist//) (b) (Ff:iq/) (a)
I(n) R0 G

&b)-¢& il 1 gl
< (b-a)((b) ~¢(a)) ()}S)( )E(ﬂ) (2)) <ﬁ + ﬁ) x <1l/(b)Xb(r JhsE )

(b A G ),

1 a+mb (Ff’ﬁl) (a) (Fi’fl) (b)
e (-

+

m(b—a)
(47)

Remark 25.

(i) For A=0,7=%, a=m=1, and h({)
([31], Theorem 22)

(ii) For A=0, ¢(¢) =I(x){™, h(Q) =E() =¢, a=
m=1,and w=p=0, (35) gives ([40], Theorem 3)

=, (35) gives

(iii) For A =0, T =17, the result of (ii) gives ([40], Corol-
lary 6)

(iv) For A=0, ¢({)=T(t){"", w=p=0, a=m=1,
and &(¢) =h({¢) =, (35) gives ([43], Theorem 3)

(v) For A=0, 7=7, and ¢({) =I'(r){" in the result of
(v) gives ([43], Corollary 6)

(vi) For A=0, ¢({)=T'(t){""", w=p=0, a=m=1,
and h({) =, (35) gives ([44], Theorem 3)



(vii) For A =0, 7 =4, the result of (vii) gives ([44], Cor-
ollary 3)

(viii) For A=0, ¢({)=C"", () =¢, and h({) =, a=
m =1, (35) gives ([45], Theorem 2.4)

(ix) For A =0, 7 =1, the result of (ix) gives ([45], Corol-
lary 2.6)

(x) For ¢({)=¢"", &) =¢, and h({) =, (35) gives
([36], Theorem 6)

(xi) For 7 =1, the result of (xi) gives ([36], Corollary 5)

(xii) For ¢({) =™, E(¢) = ¢, and A = 0, (35) gives ([48],
Theorem 4)

(xiii) For 7 =, the result of (xiii) gives ([48], Corollary 5)

Theorem 26. Let y : [a, b] — R be a differentiable function
such that [y | is strongly (a, h-m)-convex with modulus A > 0
,me (0,1],0<a<mb. Let & : [a, b] — R be strictly increas-
ing and differentiable function, also let ¢/x be a function
which is increasing on the interval [a, b] and h(x)h(y) < h(x
+y). If c>9, p, 620, 7,1, Ly, ceR,, and 0<k<S+y,
then for x € (a, b) the following inequality holds:

[(F2 e 8)) o)+ (FE2SE = 8)) (o3
<K(Eﬁf £;¢) (x—a) (|y/ |X“( s z)
(E) (1= g )AL= h((”(f(

)x)—f(a)))
+ K5 (BT E59) (02 x (v ()X (4 h3E')
(X o ' b-mb & E(x
v () be(imrse) - MG Ee),

+m

(48)

where

(eFuniiv =€) (nwsp) = J

a

L(ELSE 859 )y (Dd(E (),

(cFaitoy +€) mwsn) = [ K (B2 E50)v' (€00

(49)

Proof. Since |y | is strongly (&, h-m)-convex function, one
can have

|y/'(t)|sh(;c:2>a|1r’/l(a)| +mh<1— (;:;)) v’ (%)‘
. A<x;1am>2h(z:;>“h<1_ (;“:2))

(50)
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The inequality (50) can take the following form:
x—t\% , x—t\* L /X

‘("(m) v (“)“’”h(l‘ (m) ) v'(5,)

_A(x—am)2h<x—t>“h(l_(x—t>“>>

m x-a x—a

<y'(1) < <h<j:;>a|wl(a)’ +mh(1 - <i:;)a)

L /X _/\(x—olm)2 x—t\“ C(x—t ¢
v (E)‘ m h(x—a) h<1 <x—a> ))

From inequality (51), we have

y'(t )<h<x ) v’ (a )I+mh(1— (;:;)) y
()

Multiplying (23) and (52) and integrating over [a, x], we
obtain

(52)

[ (Eh 50w wacen)

<ty @ike (5 650) x [ n(222) ace)
( )K“(EZ??C,E'@
LGy
RICEN

<J (- Da)h(xf - e,

which gives

( Fﬁzfu’icw*ﬁ)(x,w;p)
<K4(BI2H.E5¢) (x - x(lwwxﬁ(f”’h;f')
’(%) Xﬁ(l—r“,h;?)

_ Ax = ma)*h(1)E(x) —«a)))_

m(x—a)

(54)

Using the other inequality of (51) and doing on the same
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way as adopted for the right hand inequality, one can get
Bk,
(EFﬁZla y f) (v, w;p)
,0,k,c
( o 9) (-

( (a)|XZ (r"‘, h; f’)

lrhf)

(55)
From (54) and (55), the following inequality is observed:

,y:0:k,¢

|(eFokey &) (rwsp)|
<K“(Eli§“,£ gb)(

)

(st

x;(l —r"‘,h;f')

(56)

By applying strongly (a, h-m)-convexity of [y |, one can

v ()l

W) s )|w<)|+mh€1—(;j—’;)“)a
() (- ()

(57)

By following the same steps as we did for (23) and (50),
from (24) and (57), one can get the following inequality:

|(cESrocy + 8) (xowsp)|
<3 (B 6900 ¢ W (6
ol () (o)

_ Mbm—x7h(1)(§(b) —E(X)))_

m(b - x)
(58)

By adding (56) and (58), inequality (48) can be
achieved.(J

Corollary 27. For w =p = 0, (48) gives the following inequal-
ity obtained for the fractional integral operator that defined
in [19]:

(Ffy=§)o (A8
HORE ()

_ 9E(x) -§(a))(x-a) .
T T(n)Ex) -E@) (ivf \Xx( ,h,e)

+m’1//'(x/m)|Xz<1 _rot,h;gl)
CAMx- ma)zh(l)(f(x) -&(a)) )
m(x —a)
: ((s>)<£<b> (( X)) o (IW’w)IXf:(r“,h;z’)
+mly Getm)| X (11, 15¢)
_ A= mb)’h(1)(§(b) - &(x)) )

§(x))

+

m(b-x)
(59)

Remark 28.

(i) For A =0, (48) gives ([38], Theorem 4)

(i) For A=0, 7=#, and h({) =, ((48) gives ([39],
Theorem 3)

(ili) For A=0,7=n,a =m=1,and h({)
([31], Theorem 25)

=, (48) gives

) ‘r/k+1 h(() 5(() C(X—

(iv) For A=0, ¢(¢) =I'(z
=p =0, (48) gives ([40], Theorem 2)

m=1,and w

(v) For A =0, T =, the result of (iv) gives ([40], Cor-
ollary 4)

(vi) For A=0, ¢({) =",
([41], Theorem 2)

(vii) For A=0, m=1, and h({) =
gives ([41], Corollary 2)

(viii) For A=0, ¢(¢) =I'(){™", a=1, w=p=0,and £
(€)=, (48) gives ([42], Theorem 2.6)

a=1,and £(0) =, (48) gives

(, the result of (vi)

(ix) For A =0, 7 = #, the result of (viii) gives ([42], Cor-
ollary 2.7)

(x) For A=0, ¢({)=I'(7){"™", w=p=0, a=m=1,
and &£(0) = h({) =, (48) gives ([43], Theorem 2)

(xi) For A=0, =7, and ¢({) =I'(7){",
(x) gives ([43], Corollary 4)

p=0, $({)=T(){™", a=m=1,
{, (48) gives ([44], Theorem 2)

the result of

(xii) For A=0, w=
and h({) =

(xiii) For A =0, T =1, the result of (xii) gives ([44], Cor-
ollary 2).

(xiv) For A=0, £(¢) = and h({) =, ¢(() =¢™, a=
m =1, (48) gives ([45], Theorem 2.3)
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(xv) For A =0, T =#, the result of (xiv) gives ([45], Cor-
ollary 2.5)

(xvi) ForA=0,w=p=0,a=1and h({) =", (48) gives
([46], Theorem 2)

(xvii) For A=0, h({) =", ¢({) =I'(7){", a=1, and §({
) ={, (48) gives ([47], Theorem 3)

(xviii) For A =0, T=#, the result of (xvii) gives ([47],
Corollary 5)

(xix) For =0, h(¢) =, ¢(0) =T'(1){™*! and w=p
=0, (48) gives ([15], Theorem 2)

(xx) For A =0, 7 =1, the result of (xix) gives ([15], Cor-
ollary 2)

(xxi) For ¢({)={", &) =¢, and h({)={, (48) gives
([36], Theorem 5)

(xxii) For 7 =7 in the result of (xxi) gives ([36], Corol-
lary 4)

(xxiii) For ¢({)=¢"", &)=, and A=0, (48) gives
([48], Theorem 3)

(xxiv) For 7 =#, the result of (xxiii) gives ([48], Corollary
4)

3. Concluding Remarks

A new definition is given and utilized to obtain some integral
inequalities via a unified integral operator. The established
results provide generalizations of many well-known inequal-
ities. They also give refinements of recently published results
for convex, m-convex, h-convex, s-convex, (o, m)-convex, (
s, m)-convex, (h-m)-convex and (a, h-m)-convex functions.
The reader also can obtain more fractional integral inequal-
ities by setting appropriate functions and parameters
involved in the kernel of unified integral operators.
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In view of the lack of objective data support for product evaluation methods in the industry, a triangular verification method was
proposed; it considered nursing beds as the study object and combined subjective evaluation with eye movement and
electroencephalogram. Because the triangular validation method is based on the numerical value between the indicators and the
frequency of ranking, this method is worth investigating for analyzing experimental data more scientifically. This paper focuses
on the further analysis of the experimental data, especially the use of interval estimation method. After analysis, we obtain that
proposal 2 is the optimal solution. This method is more suitable for product evaluation which will collect large amount of
experimental data to obtain more accurate results. For industrial product designers, the evaluation of products by users is very
important. In the design stage, how to grasp the user’s evaluation of the product more accurately is a difficult problem. This
paper takes nursing bed as the research object and studies the user participation design in order to make the product more

acceptable to most people after it is launched.

1. Introduction

Nursing beds are designed as original ordinary steel beds,
mechanical transmission beds, electric beds, or multifunc-
tional beds. With the development of computer technol-
ogy, development of multifunctional nursing beds is
increasing. The development of multifunctional nursing
beds is a breakthrough in realizing comprehensive nursing
and is also an innovation in patient healthcare function
[1]. With the development of information network, sensor,
intelligent control, and bionic technology as well as the
intersection of electromechanical technology and biotech-
nology, the development direction of multifunctional nurs-
ing bed is networking, digitalization, and intellectualization
[2, 3]. The higher the level of medical treatment, the
greater the pursuit of living standards and quality. Users
not only require basic functions, safety, and practicality
of the product but also pay more attention to comfort,

aesthetics, and emotion of the product [4, 5]. However,
the design of medical beds is obviously lacking in terms
of Kansei engineering [6, 7]. As a result, patients not only
suffer from illnesses but also feel inconvenienced due to
unreasonable designs [8]. It is extremely important to
improve and promote the design of medical beds for
patients. In recent years, most studies on nursing beds
focus on function and user experience. The research on
function focuses on solving problems of patients and
nurses when using nursing beds. For example, Enoi et al.
[9] designed a smart bed to help nurses move overweight
patients slowly and smoothly from the bed to other places.
In addition, Takanokura et al. developed a systematic
approach to use sensors around the nursing bed to prevent
falls and secondary injuries.

The evaluation of nursing beds also focuses on func-
tionality. Boorman et al. [10] assessed the value of a
“Clinitron” air-fluidized bed in the setting of a general
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plastic surgery unit by using pressure sensor data in 1981.
Milward et al. [11] put forward the Walsall scoring sys-
tem, which was designed with community patients in
mind; it was later improved by Chaloner and Franks
[12]. A scoring system is typically used to evaluate the
medical system for both hospital and community staff.
Some researchers pay more attention to decompressing
equipment such as the mattress of the nursing bed, which
can also be called a pressure-reducing foam mattress
(PRFM); they evaluated the role of PRFEMs [13-15]. They
also focused on the evaluation of long-term clinical effi-
cacy of PRFMs and found that PRFMs perform well after
3 and 4 years, respectively, in two different clinics [16].
In 2016, Gray et al. not just evaluated PRFMs but also
electric bed frames [17]. All these studies focus on the
functionality of equipment and the extent to which it
can reduce the physical workload of nurses and improve
the dignity and comfort of patients.

In terms of a product evaluation system, the current
evaluation method is mainly based on expert opinions
combined with random sampling. Subjective factors are
major contributors in this evaluation method; it is impos-
sible to determine whether the obtained evaluation is a
true evaluation. Therefore, in a previous article, a triangu-
lar verification method, by combining subjective evalua-
tion, electroencephalogram (EEG) data, and eye
movement data, was proposed for a more convincing eval-
uation method [18].

Based on Kansei engineering [19], the psychological
and physiological data collected from the experiment were
combined, ie., subjective evaluation, eye movement, and
EEG data; a triangular validation system of nursing bed,
which is based on the fact that there is correlation between
subjective evaluation, eye movement, and EEG data, was
established. The specific execution process is shown in
Figure 1.

In Figure 1, we first identify the purpose of the evaluation,
which is proposing four nursing bed designs. Participants
were selected, and the Likert scale method [20] was used to
obtain the subjective evaluation, eye movement, and EEG
data synchronously using an instrument. Finally, the four
proposals were ranked in terms of subjective evaluation, eye
movement data, and EEG data; the final results were verified

to improve the reliability of subjective evaluation. The four
proposed nursing beds are marked as C1, C2, C3, and C4
as shown in Figure 2.

The experimental method is shown in Figure 3. Tobii
X3-120 [21], a small eye movement tracking instrument
developed by Sweden Tobii Company, was used in the
experiment; its accuracy is 0.2 degrees and the sampling
rate is 120Hz. It can provide portability and large head
movement range and ensure high-quality tracking accu-
racy and stable tracking. The EEG signal acquisition
instrument used in the experiment was NeurOne innova-
tive research system produced by Mega Electronics, USA.
It has 24-bit analog-to-digital conversion with sensitivity
of 51nV/bit and input range of +430mV, and the 40-
channel amplifier includes 32 EEG+8 bipolar channels.
This neuroscience measurement system provides a more
accurate and cleaner signal, faster sampling, modular solu-
tions, use of the latest processing in digital signal process-
ing, more flexibility, and scalability.

Data were obtained from 20 participants with normal
vision. All the data in this experiment were obtained
according to relevant standards. The experimental process
is as follows:

(1) Participants washed their hair with shampoo and
dried it

(2) Participants watched and understood the experimen-
tal guidance and signed the statement

(3) Researchers prepared experimental instruments

(4) Researchers explained the experimental process to
the participants

(5) At the beginning of the experiment, participants
looked at the first randomly occurring proposal of
the medical nursing bed and scored by pressing a
button from 1 to 5 (1—worst; 2—worse; 3—nor-
mal; 4—better; 5—best). When the participants
press the button, the first rendering experiment
ends and the second rendering experiment begins
until all the experimental materials are completed.
To ensure the effectiveness of the experiment, after
the first round of grading, four proposals will be
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played randomly. The experiment was repeated 50  tion process is as follows:

times
20
(6) After the experiment was completed, the eye tracker P, = 1 P, (1<i<4;1<j<20),
and brain instrument stopped recording 20 i @)
The experimental procedure is shown in Figure 4. 1
According to the experiment, we obtain the following Pjj= 50 Z Py, (1<i<4;1<j<20;1<n<50)
n=1

data:

(1) The expected value of 20 people’s subjective evalua-
tion 1s (2) The expected value of 20 people’s eye movement data
is

P= (P, PPy Py, (1) B B
Ey By By
o E=| g E. E (3)
P, represents the expected value of the subjective evalua- 31 &3 T3
tion of proposal i and P;; represents the expected value of E,, E, E;

participant j’s subjective evaluation of proposal i; the calcula-
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E,, represents the expected value of the fixation time for
proposal i (i=1,2,3,4) marked as el. E;, represents the
expected value of the number of fixations for proposal i
(1=1,2,3,4) marked as e2. E; represents the expected
value of the first fixation time for proposal i
(i=1,2,3,4) marked as e3; the calculation process is as
follows:

1 20 ) )
Ei]:E;Eiﬂ((ls:s4;1s;s3;1skszo),
1 50
Eijk=%ZEijkn(lsig;lsjg;lskgzo;lsnSSO).

n=1

(4)

(3) The expected value of 20 people’s EEG data is

D, Dy Dy;
Dy Dy, D,
D= ' (5)
D;, Dy, Ds;
Dy Dy Dy;

D;; represents the expected value of index j of EEG data
for proposal i (i =1, 2, 3, 4). In this experiment, the observed
electrodes and overlapping topographic maps are shown in
Figure 5. According to the brain topographic map, 11 elec-
trodes were selected in the most active area, named F4, F7,
F8, FZ, FC1, FC2, FC5, FCe, ft9, ft10, and F3; therefore, in
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this experiment, 1 <j<11.

1 20
DU:Eazﬁ%kagis4usjs3ugkgzm,
k=1
1 50
Dy = %ZDijkn(lsig;lsjg;lskszo;ls:assoy
n=1

(6)

365 186 6.69 128 246 29 267 3.56

3.76 2 7.88 1.21 3.08 297 3.1 4.09

3.07 1.75 6.33 154 1.69 2.64 237 2.63

3.45 185 6.11 137 2.01 274 251 3.01

The correlation analysis of the data is carried out, and the
results are shown in Tables 1-3.

It can be seen from the table that there is a certain corre-
lation between subjective evaluation data, eye movement
data, and EEG data. The first fixation time was negatively
correlated with other indicators because the shorter the first
fixation time, the more attention the participants paid, and
vice versa.

Then, we need to analyze the results in terms of three dif-
ferent factors, namely, subjective evaluation, eye movement,
and EEG data. First, proximity analysis is carried out.

Procedure 1. To calculate the maximum F;;. and minimum F;
of each evaluation index.

F;}=max {Zij}(lsis4;1sjs15),

Fj=min {Z;}(1<i<4;1<j<15).

Procedure 2. To calculate the distance from the maximum to
minimum of each proposal.

4
dij=Z;-Fi(1<i<4;1<j<15).

Procedure 3. To calculate relative closeness of evaluative
value and maximum value for each program.

We use the relative closeness of evaluative value and
maximum value for each proposal as the foundation of the
final evaluation for the design proposal.

Z'——E— 11
VT d+dl (1)
g 1

2.45 411 174 3.15 1.67
343 476 199 331 2.11

255 373 136 243 1.61

Based on the above analysis, we can obtain matrix Z as
follows:

Z=(P,E,D). (7)

The final data obtained are as follows:

6.04 3.97
6.32 4.94

227 376 139 248 139 54 331

5.47 3.49

Through the above steps, we can obtain the results of the
close degree analysis data as shown in Table 4. Because the
first fixation time is negatively related to other indicators,
the smaller the value, the closer will be the ranking.

Then, we use the frequency statistics method for the three
factors and obtain the final ranking method according to the
frequency of the four rankings. The specific calculation for-
mula is as follows:

fipz_lp' (12)

The frequency of proposal i appearing in the P ranking is
the number of effective evaluation indexes in different
dimensions. In this paper, in the subjective evaluation
dimension Z, =1, in the eye movement evaluation dimen-
sion Z, =3, and in the EEG evaluation dimension Z, =11;
f.p is the frequency of proposal i appearing in the P ranking.
The specific frequency of the four proposals under different
dimensions and ranking is shown in Tables 5-7.

From Tables 5-7, we can see that from the perspective of
subjective evaluation, the ranking is C2>C1>C3>C4; from
the perspective of eye movement data, the ranking is
C2>C1>C4>C3; from the perspective of the EEG evaluation
data, the ranking is C2>C1>C4>C3. We can see that from
the three dimensions, which are subjective valuation, eye
movement data, and EEG objective data to evaluate the four
proposals, sorting results are the same. The triangular valida-
tion was passed, indicating that the experimental subject
evaluation is highly reliable.

Because the original triangular validation method mainly
relies on the size of the data value to arrange the data, which
is not convincing to a certain extent, there is contingency;
therefore, this study focuses on data processing, especially
of the confidence interval validation method used in data
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TaBLE 1: Correlation analysis data 1. TaBLE 5: Frequency table of subjective evaluation.
P el e2 e3 F4 F7 F8 FZ Subjective evaluation First Second  Third  Fourth
P 1 0903 0693 -0998 0919 0966 0862 0944  Proposalranking place  place  place  place
R; R, . R R .
el 0903 1 0866 -0.926 0.963 0903 0973 0.949 v Jo Ry Sy Ry Jyp Ry Ty
€ 0693 0866 1 0731 0921 0822 0954 0890  C! 0 000 1 1.00 0000 0 000
€3 0998 0926 -0731 1 -0939 -0973 -0.890 0959 <2 1 10000000 0 000 0 0.00
F4 0919 0963 0921 -0939 1 097 0988 0996 O 0 000 0000 0 000 1 100
F7 0966 0903 0822 -0973 097 1 0921 0988 4 _ 0 0000 000 1 100 0 000
F8 0862 0973 0954 -0.89 0988 0921 1  0.970 Final ranking €2 cl 4 3
FZ 0.944 0949 0.890 -0.959 0.996 0.988 0.970 1
TaBLE 6: Frequency table of eye movement test evaluation.
TasLe 2: Correlation analysis data 2. Subjective evaluation First ~ Second  Third  Fourth
roposal rankin lace lace lace lace
p el e2 e3 F4 F7 F8 FZ prop 8 P P P P
Rip fip Rip fip Rip fip Rip fip
FC1 0.729 0951 0914 -0.767 0.895 0.767 0.951 0.855 C1 0 000 3 100 0 000 0 000
FC2 0.773 0.905 0.993 -0.806 0.960 0.883 0.979 0.938 o 3 100 0 000 0 000 O 000
FC5 0.825 0.859 0.946 -0.847 0.962 0.940 0.944 0.959 c3 0 000 0 000 1 033 2 067
FC6 0.835 0.784 0.865 -0.847 0.922 0.948 0.875 0.936 C4 0 000 0 000 2 067 1 033
FT9 0.872 0.994 0.915 -0.899 0.972 0.898 0.990 0.952 Final ranking I cl c4 3
FT10 0.887 0.872 0.902 -0.903 0.971 0.976 0.937 0.979
F3 0.838 0.951 0.973 -0.867 0.985 0.917 0.996 0.966 .
TaBLE 7: Frequency table of EEG test evaluation.
TasLE 3: Correlation analysis data 3. Subjective evaluation First Second  Third  Fourth
proposal ranking place place place place
FC1 FC2 FC5 FC6 FT9 FT10 F3 Rip fip Rip fip Rip fl_p Rip fip
FC1 1 0917 081 0.687 0969 0.784 0.937 Cl 0 000 10 091 1 009 0 0.00
FC2 0.917 1 0971 0904 0943 0943 0.992 2 11 1.00 0 000 O 000 O 0.00
FC5 0.81 0971 1 098 0.891 0.991 0.964 C3 0 000 0O 000 3 027 8 0.73
FC6 0.687 0904 0.98 1 0.81 0987 0.898 C4 0 000 1 009 7 064 3 027
FT9 0969 0943 0891 081 1 0891 0975  Final ranking 2 cl c4 c3
FT10 0.784 0943 0991 0987 0.891 1 0.95
F3 0937 0992 0964 0.898 0975 0.95 1 . . - . .
analysis. We assume that the reader is familiar with the basic
notions of statistical theory.
TABLE 4: Data table for proximity analysis.
Index C1 C2 C3 C4 Proposal sorting 2. Methods
P 0.84 1 0 0.55 C2>C1>C4>C3 According to central limit theorem [22], for independent
el 0.44 1 0 0.4 C2>C1>C4>C3 random variables, when the number is large, the data distri-
€2 0.33 1 0.12 0 C2>C1>C3>C4 bution follows a normal distribution. Then, according to
3 021 0 1 0.48 C2>C1>C4>C3* the correlation and significance between the fifteen indicators
F4 0.55 ] 0 023 C25Cl>CA>C3 gf dthls experiment, F3 was selected as the specific analysis
index.
F7 0.79 ! 0 0.3 C2>CL>C4>C3 The specific data of proposal 1 of the F3 indicator are as
F8 0.41 ! 0 019 C2>CI>C4>C3 follows:  F3-1=(2.8423.4060.996 0.806 3.580 2.256 7.515
FZ 0.64 1 0 0.26 C2>C1>C4>C3 0.4350.943 1.1650.9910.824 3.616 1.158 1.5869.191 1.447
FC1 0.16 1 0 0.24 C2>C4>C1>C3 3.1891.914 1.321).
FC2 0.37 1 0.03 0 C2>C1>C3>C4 The box diagram of the F3 index is shown in Figure 6.
EC5 0.6 1 0.05 0 C25C1>C3>Ca Because the. experimental data of participant 7 and partici-
FC6 0.82 1 0.06 0 C25Cl>C35Ca pant 16 .d.eV1ated too m.uch from other data, the data of these
two individuals was rejected [23].
FT9 0.39 1 0 0.31 C2>C1>C4>C3 . S
The final data and sample size n, sample mean X, sample
FT10 0.7 1 0 0.08 C2>C1>C4>C3 A . 2 .
standard deviation S, and sample variance S* are shown in
F3 0.4 1 0 0.11 C2>C1>C4>C3

Table 8.
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FIGURE 6: Box diagram of the F3 index.
TasLE 8: F3 index data sheet. TABLE 9: Variance confidence interval data in the F3 index.
Participant F3-1 F3-2 F3-3 F3-4 @ @ @ ‘71372 ‘735372 0%3373
‘72:- =2 G%—'z-z 025'3-4 ‘721-'1-1 ‘72!- 4 ‘72!- 4
2842 3203 4.900 >187  “lowerbound 0393 0500 0351 0673 0473 0372
2 3.406 2:500 1314 1233 Upperbound 1405 1786 1255 2402 1688 1.328
3 0.996 4231 0.898 3.546
4 0.806 0.514 0.095 0.174
> Y 1.805 el 1.341 We need to find a confidence interval with a confidence
6 2256 1.989 1.284 2.605 level of 0.90 for the variance ratio 0%, ,/0%, , [23]. From
8 0.435 0.674 0.457 0.875 Table 8, we know n, =18, S;, , =1.138, n, =18, Si, | =
9 0.943 3.273 1.867 3.999 1.530, and a=0.10.
10 1.165 2.203 1.410 1.482 The F distribution has the following theorem:
11 0.991 1.385 0.568 0.438
12 0.824 2.206 2.159 1.108 S%/S%
F(ny-1,n,-1)~ 5—=. (13)
13 3.616 4.230 2.686 1.148 O'%/O'%
14 1.158 1.287 0.722 1.596
1> 1.586 4.807 2457 1.241 Distribution F(n, — 1,1, — 1) does not depend on any
17 1.447 3.501 1.076 0881 ynknown parameters. Taking (S/S2)/(02/02) as the pivot
18 3.189 2.851 2219 1.999 amount, we can obtain the following formula:
19 1.914 1.530 0.904 1.097
20 1.321 3.301 1.733 2.500 §2/82
n 18 18 18 18 P{Flfa/z(”1—1>”2_1)<ﬁ<Fa/2(”1—1>”2_1)}:1_“~
_ 17¥2
X 1.804 2.527 1.567 1.803 (14)
S 1.067 1.237 1.097 1.309
$ 1.138 1.530 1.204 1.713

According to Table 8, we know the specific data, sample
average, and sample variance of F3-i (i=1, 2, 3,4). Accord-
ing to central limit theorem [22], F3-1 to F3-4 follows normal
distribution N(y,07)(k=1,2,3,4) approximately. Popula-
tion average y, and population variance o} (k=1,2,3,4)
are unknown. (Formulas (13)-(15) and (17)-(20) are quoted
from references [22-27].) First, we analyze F3-1 and F3-2.

Thus, we get a confidence interval of 03/02 with a confi-
dence level of 1 — a:

St 1 S 1
—2 5 —2 . (15)
S5 Fop(ny—1,n,-1) S Fi_gp(n —1n,—1)

According to the data table of F distribution, we can find
that F; s(17,17) =1.89, F, 95(17,17) = 1/1.89. According to
the above formula, it can be concluded that the confidence
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TaBLE 10: Confidence interval data of mean in the F3 index.

Kz ~Hp3-g Hr3-1 ~ Hp3-;3

[ W 4 Upso ~ B3 Hpzg —Hp3s

Lower bound -0.004 -0.467 -0.737 0.229 -0.507
Upper bound 1.450 0.942 0.740 1.692 0.979
TaBLE 11: Confidence interval data of mean in indexes.
Hrg—2 ~ Hps-1 HEg—2 ~Hrs—3 HEz—2 ~Hrpz1 UFz-2 ~HEz3
Lower bound 0.071 0.278 0.584 0.240
Upper bound 1.671 1.828 2.033 1.878

HFr10-2 ~ HFTI10-1
Lower bound 0.031
Upper bound 1.945

Her10-2 ~ HET10-3
0.276
2.181

Her10-2 ~ HFT10-4
0.197
1.988

interval of & =0.10 is as follows:

1138 1 1.138
0% 1.89), (16)
1.530 ~ 1.89” 1.530

that is, (0.393,1.405).

Because the confidence interval contains 1, we can
assume that 0%, | and 0%, , are not significantly different.
Similarly, we can conclude that there is no significant differ-
ence between the variance of the two proposals as shown in
Table 9.

Based on the above analysis, we may consider the vari-
ance of each set of data to be equal and assume that the pop-
ulation variance of each data is equal. Next, we will verify the
confidence interval of the population mean difference pip,_,
—ppyj(1<i#j<4) [28]. We take F3-2 and F3-3 as
examples. We already know that Xp; , ~ N(pp; 5 0%; 5/
Nps) and X py 5 ~ N(pps_ 35 0%3_3/Mp3_3). Due to their inde-
pendence, we know that

o2 o?

o 7 F3-2 F3-3

Xpzy = Xp33~ N(.”mz Uz — T —)’ (17)
Npz_p  Mpa

or it can be written as

(XFS—Z - XFS—S) — (Ups—2 — p3-3)
\/(0%372/”113—2) + (‘71"373/”1?3—3)

~N(0,1).  (18)

A confidence level of Xp; , — Xp;_; is obtained when
(X3 = Xpz3) = (Hpsy — pss)!
/(0% y/Mps_y) + (035 3/nps_5) is chosen as a pivotal
quantity, and the confidence interval of 1 -« is

2 2
_ _ o o

F3-2 F3-3
Xpzp = Xpsty/——+—=1. (19)

Mgz, Mp3_3

Although 0%, , and 0%, _; are unknown but from for-

mulas (12)-(15), we know that 0%, ,=0%, ;; so we can
prove that

(XF3—2 - XF3—3) = (Up32 —Hp3-3)
Sur/(Unps )+ (1ngs 5)

~tH(Npsy + g = 2).

(20)

In this formula, $% =((np_,—1) xSk ,+ (np3_3—1)

X St33)/ (psp + g3 5= 2),S,, = \/g

According to Table 8, we know that X, ,=2.527,
Sp3 =1.040 and Xy 5 =1.567, Sp;_; = 1.097. We want to
verify the confidence interval with a confidence level of 0.95
for the two population mean difference pp, , — ppy 5. We
know 1 -a=0.95, a/2=0.025, n, =18, n; =18, n, + ny -2
= 34, 1,4p5(34) =2.0322, S2 = (17 x 2.527 + 17 x 1.567)/34,

and S, = /% =1.0803.

Based on the above formulas, we can obtain the confi-
dence intervals as

11
— _> = (0.960 £ 0.732),

(XFS—Z = X33 £ Sy X tg.025(34) 8 18
(21)

that is, (0.229,1.189).

Because the lower bound of the confidence interval is
greater than zero, 4, , can be considered to be greater than
Ups_3- Thus, we can infer that according to the F3 index, pro-
posal 2 is better than proposal 3. Similarly, other results are
shown in Table 10.

Similarly, in proposal 3, proposal 1, and proposal 4, the
lower bound of confidence interval is lower than zero; there-
fore, we can conclude that according to the F3 index in this
analysis method, there is no significant difference between
proposal 3, proposal 1, and proposal 4.
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3. Results

The same analysis method was adopted to verify the other 14
indexes; the nine indicators cannot draw a clear conclusion.
Specific conclusions are shown in Table 11. According to
the F8 index and FZ index, we can conclude that proposal 2
is better than proposal 1, and proposal 2 is better than pro-
posal 3. According to the FT10 index, we can conclude that
proposal 2 is better than proposal 1, proposal 3, and proposal
4.

According to the data obtained, we can see that proposal
2 is better than the others, that is, proposal 2 is the best,
which is consistent with the previous conclusion.

4. Conclusions

In this study, we improved the way of data comparison in the
triangular validation method. We apply the confidence inter-
val in statistics to the analysis model and improve the prob-
lem of previous data comparison which is being too simple.
Because less amount of data is collected in this experiment,
a definite result cannot be acquired from a single indicator.
However, according to statistical theory, when the number
of data sample is large, the model constructed will draw a
clear conclusion. This study shows that mathematical statis-
tics can be well used in product evaluation and that triangular
evaluation is deepened to make the evaluation model more
convincing and applicable. With the development of intelli-
gent wearable equipment, data acquisition will become more
convenient in the future. Therefore, this evaluation model
should have an extensive application and research value.
We hope that more mathematical and statistical knowledge
will be used for product evaluation to promote the develop-
ment of industrial evaluation systems. Next, we will analyze
the product evaluation in industrial design and guide the
product design process through the analysis of a large num-
ber of data.
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The recently introduced technique, namely, the extended complex method, is used to explore exact solutions for the generalized
fifth-order KdV equation. Appropriately, the rational, periodic, and elliptic function solutions are obtained by this technique.
The 3D graphs explain the different physical phenomena to the exact solutions of this equation. This idea specifies that the
extended complex method can acquire exact solutions of several differential equations in engineering. These results reveal that
the extended complex method can be directly and easily used to solve further higher-order nonlinear partial differential

equations (NLPDEs). All computer simulations are constructed by maple packages.

1. Introduction

In the 20 century, nonlinear science (NLS) plays a significant
role in special inventions, for example, the invention of the
radio, the discovery of DNA structure for biology, the devel-
opment of quantum theory for theoretical physics and chem-
istry, and the invention of transister for computer
engineering. It is well known that NLS belongs to the
NLPDEs which are introduced in several areas such as fluid
thermodynamics, plasma diffusion, biology, physics, geome-
try, and population dynamics.

Lots of studies are focused on the differential equations
[1-10], and many effective techniques are used to acquire
analytical and numerical solutions for NLPDEs such as
sine-cosine method [11], extended sinh-Gorden equation
expansion method [12], variation iteration algorithm [13],
homotopy perturbation method [14], F-expansion method
[15], Exp-function expansion method [16], first integral
method [17], Ansatz method [18], generalized Kudryashov
method [19], (G'/ G)-expansion method [20], projective Ric-
cati equation method [21], tanh method [22], nonpolynomial
spline method [23], B-spline method [24], B-spline colloca-

tion [25], Weierstrass elliptic function method [26], Laplace
decomposition method [27], extended direct algebraic
method [28, 29], Sub-ODE method [30], Darboux transfor-
mation [31], and extended tanh-coth method [32, 33]. The
generalized fifth-order KdV equation [34] is represented by

w, + sww, + fwrw, +ew,  +pw,, . =0, (1)
where s, f, e, and p are the arbitrary constants. This equa-
tion is a nonlinear model in many long wave physical phe-
nomena. It is used in the shallow water wave with surface
tension and magnetoacoustic wave in plasma. Several
researchers have explored the analytical solutions of gener-
alized fifth-order KdV equation such as Hedli and Kadem
have attained a new analytical solution for the fifth-order
KdV equation by the exponential expansion method [35].
Dinarvand et al. have found approximate analytical solu-
tions of the sawada-kotera and Lax’s fifth-order KdV
equations by homotopy analysis technique [36]. Salas
and Lugo have introduced extended tanh method to
obtain the exact solutions of the general fifth-order KdV
equation [37]. Alam and Xin et al. have attained new exact
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solutions by (G'/G)-expansion method of modified KdV-
Zakharov-Kuznetsov equation [38]. Ganji and Abdollahza-
deh have introduced the sech method and rational exp-
function method to find the exact traveling wave solutions
of the Lax’s seventh-order KdV equation [39].

In the present work, our main purpose is to calculate
the generalized fifth-order KdV equation by the extended
complex method based on the concept of Yuan et al.
[40-46]. It is a remarkable approach to attain exact analyt-
ical solutions. Our technique would be potentially applied
to various processes of the engineering field. This article is
organized as mentioned as follows. In Section 2, methods
and materials are described. In Section 3, the application
of the introduced method is determined. Section 4 deals
with physical phenomena of important results. The com-
parison and conclusions are explained in Section 5.

2. Methods and Materials

Let us consider the general form of NLPDE
l(w, Wy Wy, Wy, Wiy Wy w0 voe o0 )’ (2)

where the unknown function is w = w(x, t) and I is a polyno-
mial in w = w(x, t) and its derivatives.

Step 1. A transformation T : w(x, t) » W(z) is introduced,

and (x,t) can be introduced in different standard; hence,
we have used the transformation such as

w(x, t) = W(z),z=k(x — wt). (3)

Step 2. The w(x,t) = W(z),z=k(x — wt) transform Eq. (2)
into nonlinear ODE:

T(W, w'w', W”',-") =0, (4)

in Eq. (4), where W primes are the derivatives w.r.t z. This
equation is reduced by further integration.
Step 3. Let the meromorphic solutions W of Eq. (4) have at

least one pole, and let us consider p, g € Z. For this condition,
we substitute the Laurent series

[ee]
W(z)= ) Bz"q>0,B#0, (5)
k=—q

into Eq. (4), if we can find p distinct Laurent singular parts:

-1
z B, (6)
k=-q
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then the weak (p, q) condition of Eq. (4) holds. Weierstrass
elliptic function g(z) = p(z, g,, g;) with double periods of
the equation is given as below:

(') =46(2)" - 9,0(2) - g3, o)

and the addition formula is mentioned as below:

plz-20) = () + | [m] ). (®)

Step 4. Putting the indeterminate forms

y-1

4 (-1Y5; ¢ (1[p'(2)+ G,
W= 2 2 G @ (4 {Z()H} M)

2

[
=

; E@'(z) +G; i (—1)187),]- a
2

’ p@)-H, & (-1 &

©(2) + 8,

©)

—_

i=

-+ 0> (10)

W(e™) = i )" A (11)

into Eq. (4); hence, the number of equations is computed by
adjusting the coefficient to zero. These algebraic equations
are calculated by the source of maple. Equation (9) is the
elliptic solution W with pole at z =0, where §_;; are attained
by (4), G =4H; - g,H; - g5, Y, 8_;; = 0. Equation (10) is
the rational function, and Eq. (11) is the exponential function
which are denoted as W(z), W(e**)(a € C), and they have y
(<p) distinct poles of multiplicity g.

Step 5. The meromorphic solutions are got with the arbitrary
pole. Substitute inverse transformation T' into meromor-
phic solutions; then, we obtain the exact analytical solutions
of NLPDEs.

3. Application of the Method

In this section, we would like to find the exact analytical solu-
tions of a generalized fifth-order KdV equation by extended
complex approach. Substitute

w(x, t) = W(z),z=k(x — wt), (12)
into Eq. (1), then obtain

—W' +sWW' + fW2W' +el> W' + uk* w'""" = 0,
(13)
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now, we integrate Eq. (13) w.r.t z; then, we attain new
ODE

w2 w3
W +s— +f— +ek W' +uk*w'"" =0.  (14)
2 3

Putting (5) into (14) then we have p=1 and gq=2;
hence, the weak (1,2) condition of (14) holds. By weak (
1,2) and (10), then rational solutions with pole at z=0
are

substituting the W,(z) into Eq. (14); then, we have

1¢ :
> -1 =0, (16)
i=1
where
c11 =283, f + 3835 — 68w,

€1y =68,,87,f — 1283 f +68,,8,45 — 18875 — 68, + 363w,

€13 =68,,870f +687,8,0f — 308,82, f +3083f + 68,805
+387s— 30611610s +458%)5 — 68,0 + 308,,@ — 908w,

€14 =1281,61,6,f - 248125%0f +287,f - 2487,68,f + 608118%0.7[
+ 128, ek” — 4087, f + 68,85 — 248,805 — 12875
+603,,8,5 — 60825 + 248 ,w — 608, w + 1208,

C15 = 687,810f +68,07,f —3681,8,,810f +363,,870f +368,ek>
— 683, f +3682,8,of — 608,82, f — 368, ek” +308],f + 38,5
—188,,8,;5+ 368125105 +188%,5 — 608,805 + 4587
-368,w +608,;w — 9068 w,

C6 = 1448, K"y + 687,81 f — 1287,8,0f ~ 126,87, +360,,011810f
~ 248,87, f — 728 ,¢k* + 683 f — 2487, 8,of +308,,8%.f
+368,,ek” — 1283, f — 68%,5 + 188,05 — 248,005
— 12875+ 308,805 — 1887 + 248, — 308, @ + 368w,

€17 = 7208,k u — 1448 Ky + 283, f — 68%,8,,f + 687,8,of
+68,0° f — 128,,8,,8,0f +68,,07,f + 368,,ek
~28% f+68%,8,f — 68,07 f — 128, ek* + 283 f
+382,5—68,,0,,5 +68,,0,05 + 3875 — 68,805

+382,5 = 68,0 + 68,0 — 68,w.

By assuming that the coefficients of same powers con-
cerning z in Eq. (16) are zero, then we have numbers of
equations:

c;=0,(i=1,2,--,7). (18)

By solving number of these equations, we obtain

_6v1 \/_kz
0y, = 811 =0,8)0= 19
i )
then
Woo(2) = 6(f1k)/\/ (20)

where =0 and s=—(1/5)(/fev/10/\/f);

24k%e 6 ¢
01, = ,011 =0, 610——5 (21)
then
24k%els L0 &
w = 22
rzo(z) (Z—l)z 5SM ( )
where f=—(5/8)(us*/e*) and w = (3/10)(e*/y).

W(z)=R(n) is a rational function of n=e**(acC),
applying it into Eq. (14) then

2 R3
@R+ s— +f? +Kea? (R";12 +R’11>

+ k4(x4M(R(4),74 4 6R ' 4 7R + R,ﬂ) L (23)
substituting
e (’76—121)2 g o (24)
into the Eq. (23), we attain that
Z e (25)

-1 —1

where

1 =283 f + 3835 — 68w,



Cyy = 608 K + 6073, ek + 681,07, f
— 1283, f +68,,8,05 — 18825 — 68,0 + 368 4w,

Cyy = 968 ok + 6008, K* p + 248 o ek® — 12078 ek’
+68,,07f +687,8,0f — 308,,87.f + 3085, f +68,,8,05
+38%,5—308,,8,05 + 45875 — 68,0 + 308,,@ — 908y,

Cru = 3968,k — 368,07 ek* +128,,8,,8,of — 248,07 f
+287 f —2487,8,f +608,,07,f — 4083, f +68,,0,,s
— 248,805 — 12875 + 603,805 — 60875 + 248, w
- 600w+ 1208, ,w,

€5 = 287, f — 681,81, f +687,8,0f + 681,07, f —1281,8,,8,0f
+68,,870f — 287, f +687,8,0f 68,81 +287,f
+3087,5 —60,,08,,5 + 68,,8,05 + 385 5 — 68,85

+3087)5 — 68,0 + 68,0 — 68w,

Co6 = 216812a4k4;4 - 600c4611k4;4 + 12a26116k2 + 68?2610f
+ 66125%]( —3601,01,00f + 368128%0f - 68?1f
+3607,0,0f — 608,,8%.f +3087,f + 38,5 — 185,,8,,s
+368,,0,05 + 18875 — 608,85 + 45875 — 368,
+606,;w — 909, w,

)y =128,k — 60*8, Ky + 128, a’ek® — 6078, ek’
+601,0,,f = 1283,8,0f — 128,87, f +360,,8,,6,0f
—248,8%,f + 687, f — 24878, of +308,,87,f — 1287.f
— 6825+ 188,05 — 248,,8,05 — 12875+ 308,85
— 18825 + 248, — 308, @ + 368, yw.

(26)

By assuming that the coefficients of the same powers con-
cerning 7 in Eq. (25) are zero, then obtain the numbers of
equations:

=0, (i=1,2,+-,7). (27)
Solve the numbers of these equations, then attain

5, = SYIOVEKE o 6VIOykK e
12 \/f > ¥11 \/f

,819=0, (28)
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where = ¢*(a € C).
6V10,/uk’a?/\/f 610, /uk’a?/\/f
(eaz_l)z ez — 1 >

(6vI0 Aka?r\/f ) e

(e =17

W () =

Ws(eaz) ==

(29)

so, we obtain the simply periodic solutions of Eq. (14) with
poleatz=0

Wyo(2) =- 3\/_1;)7\\;?(2062 (coth2 %z - 1), (30)

where w = a*k*y + a’ek® and s = (1/5)((5a°k*u + €)v/10+/f
//#). Furthermore,

120%ek? 120 ek? 20%ek?
0=~ s 0y =- s 0=~ s (31)

where = ¢%(a € C).

120%ek?s  12a%ek’ls  20lek?

W (074 —
S(e ) (eaz _ 1)2 e*z — 1 s

>

(32)
12oczek2/s) e 2alek?

Ws(eaz) =" ( (eaz _ 1)2 s

>

so, we attain again the simply periodic solutions of Eq. (14)
with pole at z=0

2,12 2,12
3aek (cothzgz) _ Satek

Wo(z) =- S

> (33)

where w = —a?ek® and f = 0.
By the weak (1,2) condition, so, we introduce here the
elliptic solutions by (9) with z =0 pole.

Wao(z) =081,0(2) + 81, (34)

substitute W ;,(z) into Eq. (14); then, we have

Z ct0'(2) = 0, (35)
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FIGURE 1: Perspective view of 3D graph of W, (z) for the fixed
values w=2, z,=0.5, u=1, k=1, and f =1 represents the exact
solutions.

FIGURE 2: Perspective view of 3D graph of W, (z) for the fixed
values w=2, z,=-0.5, u=1, k=1, and f =1 represents the exact
solution.

where

€39 = =010 + %8%05 + %8?0]5 - %ekza% ~128,,9:k'w,
C31 = ~1881,9,k" t + 81,83 + 81,8105 — 810,
1
€3 = E8%25 +087,8,0f +6€k*3 5,

1
€y = gsilf +1208 ,uk*.
(36)

By assuming that the coefficients of the same powers
concerning g(z) in Eq. (35) are zero, then obtain the num-

| |
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_50
L 2
3 _
om0 m o 3m
2 2 ,

FIGURE 3: Perspective view of 3D graph of W (z) for the fixed
values w=9, zy=1/6, u=1, k=1, f =1, and a =1 represents the
exact solutions.

-250

-200

-150

-100

-50

VI I R R S A B AR B SR

FIGURE 4: Perspective view of 3D graph of W_,(z) for the fixed
values w=9, z,=-1/6, u=1, k=1, f =1, and a =1 represents the
exact solutions.

bers of equations:

=0, (i=0,1,--,3). (37)
Solve these equation; then, we have
6v/10, /ik?
__SV10/Ek 8,0=0, (38)

812 - >
VI
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FIGURE 5: Perspective view of 3D graph of W, ,(z) for the fixed
values w=5,z,=1/3, u=1, k=1, s=1, and e= 1 represents exact
solutions.
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FIGURE 6: Perspective view of 3D graph of W,,(z) for the fixed
values w=5, zy=-1/3, u=1, k=1, s=1, and e=1 represents
exact solutions.

and then we have

_6v/10,/uk*
Vv

W (2) = ©(2), (39)

hence, the elliptic general solutions of Eq. (14) with arbitrary
pole are expressed such as

_ 6\/_17\0/}/ﬁk ©(z—2),

Waa(z) = (40)

where z, € C.
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FIGURE 7: Perspective view of 3D graph of W_,(z) for the fixed
values w=6,z,=1/8, y=1,k=1,s=1,e=1, and a =1 represents
exact solutions.

FIGURE 8: Perspective view of 3D graph of W_,(z) for the fixed
values w=6, z,=-1/8, u=1, k=1, s=1, e=1, and a=1
represents exact solutions.

Applying the additional formula to the W, (2), and we
attain

W (2) = —M (—p(z) + 1 (p’(z) + G1> ) . 6/10,/k .

i 1\ p(z) - H, JE

(41)

where e=-24k’y, s=—(24/5)k*\/u/10\/f, w =—18g,k*,
G, =4H; - g,H, - g5, and g, and g, are the arbitrary
constants.
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By the above approach, so, we obtain the meromorphic
solutions of Eq. (14) with arbitrary pole as mention as fol-
lows:

Wr,l (z) =— M’ (42)

(2-2-1)°
where w =0, s =—(1/5)(+/fev/10/, /i), and z, € C.

24kels 6 &2
+ —

W,,(2) = m

—, 43
5 (43)
where f = —(5/8)(us*/€?), w = (3/10)(e*/u), and z, € C.

- 3\/T6\/ﬁk2(x2
i

where w = oa*k'pu + a?ek’, s = (1/5) (562K + €)V/10\/f 1\ /i
), and z, € C.

W,i(z)= (coth2 g (z—25) - 1) , o (44)

30k , 50k
Wi, (z) =~ p (coth E(z—zo)) - (45)

where w = —a?ek?, f = 0, and z, € C.

4. Description about Figures

Here, we display the exact solutions for W, (z), W, (z),
W,,(2), and W,,(z) by graphical phenomena as in
Figures 1-8. These graphs are represented by the source of
maple to persuade important results. Figures 1-8 display dif-
ferent multisolitary wave solutions that are obtained by dif-
ferent values of z, and w, whereas other parameters are
constant.

Figures 1 and 2 indicate the exact solutions for W, ,(z),
adjust the values w=2, z,=0.5, u=1, k=1, and f=1 and
w=2,2zy=—-05pu=1,k=1,and f=1.

Figures 3 and 4 indicate the exact solutions for W, (z),
adjust the values w =9, z,=1/6, u=1,k=1, f=1,and a =
landw=9,z,=-1/6,uy=1,k=1,f=1,and a=1.

Figures 5 and 6 indicate the exact solutions for W,,(z),
adjust the values w=5,z,=1/3, u=1,k=1,s=1,ande=1
andw=5,z,=-1/3,y=1,k=1,s=1,and e=1.

Figures 7 and 8 indicate the exact solutions for W ,(z),
adjust the values w=6, z,=1/8, u=1, k=1, s=1, e=1,
anda=1land w=6,z,=-1/8, y=1,k=1,s=1,e=1, and
a=1.

5. Comparison and Conclusion

Khan et al. [25] represented the modified simple equation
technique for the analytical treatment of generalized fifth-
order KdV equation. This proposed technique provides fresh
exact solutions in the area of engineering and mathematical
physics. The results demonstrated the remarkable exact solu-
tions for this technique. For this purpose, we create the com-

parison between the modified simple equation technique and
the extended complex approach.

We employed the extended complex technique to explore
the exact analytical solutions of the generalized fifth-order
KdV equation. The graphical phenomena are showed by set-
ting the values of arbitrary parameters, and the graphical rep-
resentations are revealed the mechanism of wave behavior,
for example, Figures 1-8 depict that different multisolitary
wave solutions are attained by different values of z, and w,
whereas other parameters are constant. The extended com-
plex approach is calculated by the source of maple software.
This approach is a powerful analytical technique since it pro-
vides different new exact solutions which are indicated by the
forms of rational, periodic, and elliptic function solutions.
These results have been obtained by the extended complex
technique to show a deeper understanding of physical struc-
tures and provide remarkable exact solutions of higher
degree NPDEs.
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Recently, the applications and importance of integral transforms (or operators) with special functions and polynomials have
received more attention in various fields like fractional analysis, survival analysis, physics, statistics, and engendering. In this
article, we aim to introduce a number of Laplace and inverse Laplace integral transforms of functions involving the generalized
and reverse generalized Bessel matrix polynomials. In addition, the current outcomes are yielded to more outcomes in the

modern theory of integral transforms.

1. Introduction

Recently, the integral transforms (or operators) have been
extensively used tools in solving certain boundary value
problems and certain integral equations. They are also useful
in evaluating infinite integrals involving special functions or
in solving differential equations of mathematical physics
(see, e.g., [1-6] and the references cited therein). Laplace
transform is a type of the integral transforms that is the most
popular and widely used in several branches of astronomy,
engineering, applied statistics, probability distributions, and
applied mathematics (see, for instance, [7-13]).

A number of studies on the generalizations of Laplace
transform associated with special polynomials have been
contributed by Ortigueira and Machado [14], Jarad and
Abdeljawad [15], Ganie and Jain [16], and Saifa et al. [17].

In 1949, Krall and Frink [18] introduced and discussed
several properties of the generalized Bessel polynomials
(GBPs), which are given by

%(%ﬁ;fﬁi(’:)(”+06—1)5(%>S- 1)

s=0

These polynomials, which seem to have been considered
first by Bochner [19], are also mentioned in Romanovsky
[20] and Krall [21].

Recently, these polynomials have been investigated in
diverse ways and turned out to be applicable in a number
of research fields (see, to exemplify, [22-25]).

Additionally, various extensions of the classical orthogo-
nal polynomials to matrix setting were investigated. The
matrix generalization of the generalized Bessel polynomials
B%%(z), z€ C, for parameters (square) matrices 6 and ¢,
was also introduced in diverse ways ([26]; see also [27]). Var-
ious studies of the generalized Bessel matrix polynomials
have been presented and discussed (see [27, 28]).

Recently, many works established Laplace integral trans-
forms of special functions like Gauss’s and Kummer’s
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functions [29], generalized hypergeometric functions [30,
31], Aleph-Functions [32], and Bessel functions [33].
Whereas, some formulas corresponding to integral trans-
forms of orthogonal matrix polynomials are little known
and traceless in the literature. This motivates us to discuss
Laplace integral transforms for functions involving general-
ized Bessel matrix polynomials. In particular, we obtain a
number of useful Laplace and inverse Laplace type integrals
of the generalized Bessel matrix polynomials together with
ceratin elementary matrix functions, exponential function,
logarithmic function, generalized hypergeometric matrix
functions, and Bessel functions and products of generalized
Bessel matrix polynomials. We also discuss some interesting
and special cases of our main results.

2. Preliminaries

Here, we state some basic definitions and preliminaries
which will be used in the article (see, for details, [34-36]).
Here and in the following sections, C and N denote the
sets of complex numbers and positive integers, respectively,
and N, =N U {0}. We denote by M,(C) the space of rx r
complex matrices endowed with classical norm defined by

16y
6] = sgg{”y_y”} = sup {16yl Iyl = 1}. 2)
Y

This norm satisfies the inequality |0¢[<[|0]|[l$]l, where 6
and ¢ are in M, (C).

Definition 1. For any matrix 6 in M,(C), the spectrum o(6) is
the set of all eigenvalues of 0 for which we denote

a(0) =max {R(n): neo(0)} andB(0) =min {R(n): € c(0)},
(3)
where a(0) refers to the spectral abscissa of 0 and for which

B(0) = —a(—0). A matrix 6 € M,(C) is said to be positive sta-
ble if and only if 5(8) > 0.

Definition 2 (see [35, 36]). If 6 € M,(C), and w € C, then the
matrix exponential ¢? is given to be

1

eew=1+9w+---+—'w”+---, (4)
n!

where I is the identity matrix in M,(C).

Definition 3 (see [37]). Let 6 be a positive stable matrix in
M, (C) with 0+ nl is invertible for all integers n € N, the
Gamma matrix function I'(6) and the Digamma matrix
function y(6) are defined, respectively, as follows:

reo)= J:Oe_”ue_ldu; Wl=exp (0-D)Inu). (5

y(©O) =" O)r'(0), (6)
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where I'"'(6) and I'' (6) are reciprocal and derivative of the
Gamma matrix function.

Note that the scalar Gamma and Digamma functions are
easily found when r =1 in (5) and (6), respectively (see, e.g.,
[38, Section 1.1])).

Definition 4 (see [?]). For all 8 in M,(C), we assume

0+kI isinvertibleforall ke N, (7)

and the Pochhammer symbol (the shifted factorial) is defined
by

) _{9(9+1).--(e+(r-1)1):r-1(9)r(6+r1), reN,
T 1, r=0.

(8)

Lemma 5 (see [34]). Let O be a matrix in M,(C) such that
16l<1 and |I| = 1. Then, (I+6)" exists, and we have

(I+0) " =1-0+6"-6"+60" -0+ (9)

Definition 6 (see [39]). Let m and n be finite positive integers,
the generalized hypergeometric matrix function is given by

n k

Tonll[(v)) & 00

J=1

mFn(05¢52) =

18

=
Il

0 i

where6;,1<i<mand ¢, 1 <j<nare commutative matrices
in M,(C) with ¢, + kI are invertible for all integers k € N

and 1 <i<m. In [39], Abdalla discussed regions of conver-
gence of (2.6).

Note that for m =1, n=0 in (10), we have the Binomial
type matrix function , F,(6;—;z) [39] as follows:

2 n
00+D2  (0),

1Fo(05=52) = (1 - z)’e =I+0z+ 5 ol

+eonlz <1

(11)

Also, for m =2, n=1in (10), we get the hypergeometric
matrix function ,F, (cf. [40]).

Further, the substitution = 1 in (10) leads to the classical
generalized hypergeometric functions [38, Section 1.5], see
also, [41].

Definition 7 (see [26]). Let 6 and ¢ be commuting matrices in
M, (C) such that ¢ is an invertible matrix. For any natural
number 7 > 0, the n'" generalized Bessel matrix polynomial
B%(z) is defined as
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B (2) = Zo<n> (6+(n-1)D),(z¢™)’
W) )
_ ZO( Lenn, @+ (n- 1)), (67

= ,Fy(-nL 0+ (n-1)l—-z gb‘l).

In addition, the n'" reverse generalized Bessel matrix
polynomial ®%%)(z) is given by (see [27])

O (2)=2"RB% (z7") = (-1)'T"' (-6 - (2n-2)[)I
(=0 + (n=2)I) x | F,(-n;=0 — (2n - 2)I ; $z).0%4)(2)
=Z2"B (") = (-1)'T"' (-6 - (2n-2)I)I
< (=0+ (n—=2)I) x |F|(-nl;=0 - (2n-2)I; ¢z).

(13)

Obviously, the n'" generalized Bessel matrix polynomial
B9 (z) when r =1 is easily found to be the scalar general-
ized Bessel polynomials (1.1).

Definition 8. Let g(t) be a function of T specified for 7 > 0.
Then, the Laplace transform of g(7) is defined by

G(\) = L{g(t): A} = J:Oe“g(f)dr, RA) >0,  (14)

provided that the improper integral exists, e** is the kernel
of the transformation and the function g(7) is called the
inverse Laplace transform of ¥(A) (see [1, Chapter 3]; see
also [7]).

The following Lemma, which may be easily derivable
from (14), will be desired in the sequel.

Lemma 9. Let 0 be a positive stable and invertible matrix in
M,(C) and R(A) > 0. Then, we have

3{16 : )L} :J e M 0dr = A0+ ro+I, (15)
0

3{16 (r+ 1) :/\} =I(0+1)e' T (-6, 1), (16)
where I'(6, A) is the incomplete Gamma matrix function [42].

Sf{ g(1)e” A} —G(AI-0),

(17)
:zﬂ{)r@ : T} = @D 1 (H).

3. Laplace Type Integrals of Functions Involving
%%9(2) and ©79(2)

In this section, we investigate several Laplace-type trans-
forms of functions involving generalized and reverse general-

ized Bessel matrix polynomials asserted in the following
theorems:

Theorem 10. Let z, A € C, R(A) > 0, n € N, and r € N. Also,

let 0, ¢ and A be matrices in M,(C) such that f(A) >0 and
¢ + kI are invertible for all k € N,. For the function

9,(2) =27 B (2), (18)
we have

-nl,0+ (n-1)I,A
(M) =Z{g,(2): A} = A4 T'(A),F, ;—(Aqﬁ)" .

(19)

Proof. From the expansion series of the %¢(z) in (12) and
upon using (15) in Lemma 9, we obtain

N

g1 = i (-n), @+ (n=1)I), (-¢7') g{ZAJr(s—l)I}

s!

G NG NG [P

s!

gy 3 0 (1= DD, (), (C097)"

s!

(20)

Thus, we get the required result (19).

Theorem 11. Let z, A € C, R(A) > 0, n € N, and r € N. Also,
let 6, ¢ and A be matrices in M,(C) such that B(A) > 0,¢ + kI
are invertible for all k€ N, and I — A satisfies the spectral
condition (7). Further, let

9,(2) =210, (6,45 2). (21)
Then,
-nl,0+ (n-1)I
G,(A) = L{g,(z): A} =A™ T'(A),F, A0
I-A
(22)

Proof. Starting from Definition 7, and applying the relation
(15), it follows that



?2(/\) = Zn: (_nI)S(Q + (T’l B I)I)s (_¢_1)S g{zA—(sH)I}

s!

_ i(—"1)5(9+ ("5—' nI, (-¢7')’ A= (A — o)
At iﬁ(—m)s(e +(n- 1)1)5![0 —A)T ()
(23)

Thus, the result (22) is established.

Theorem 12. Let z, y, A € C, R(A— ) >0, n € Ny, and r € N.
Also, let 0, ¢ and A be matrices in M,(C) such that B(A) > 0,
¢ + kI are invertible for all k € N, and I — A satisfies the spec-
tral condition (7). If

gs(z) =" e B (z71). (24)
Then,
-nl,0+ (n—1)I
©5(0) = L{g5(2): A} =(A-u) " T(A),F, s(A-we |
I-A
(25)

Proof. For convenience, let the left-hand side of (25) be
denoted by S and by invoking the series expression of (12)
to S, we obtain

(=nl); 0+ (n = DI); (“/’71)5 ro A g~ (urh)z g,
0

s!

M=

S=

o~
Il

0

(-nI), 0+ (n—-1)I) (-¢")’

s!

(—u+ A" A=D p(A - sT)

Il
M=

0

“©
Il

n

=T(A)A-w™ ZO(—"I)S O+ (n=1)I),

ooy (G208

s!

(26)
therefore, (25) as desired.
Theorem 13. Let z,w,A € C, R(1) >0, ne N, and r e N.
Also, let 6, ¢ and A be matrices in M,(C) such that (A) >0
and ¢ + kI are invertible for all k € N,,. For the function
9i(z) =2 (2 + w)” B (2), (27)

we have

%40 = L{g,(2): A} =w I T(4) M

L (=nl), (0+ (n-1I), (A
XZ( )k(+(k! ))k()kr

(28)
k=0

(T A=K 5 Mw) (~w ™),
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where I'(A,z) is the incomplete Gamma matrix function

defined in [42].

Proof. To prove (28), we consider

,(\) = JOOZA*I (z +w) " B2 (2)eMdz

0

_$ O (=D, e o)

]
= k!

x J ZEDL )t ez,
0

According to (16) in Lemma 9, we get

(=nI), (0 + (n—1)I)

7 K T(A+kI)

x W EDL A1 - k)T - A, wh) (¢ 50)

ol S (—nD), 0+ (n-1)I), (A
=I(A) v zexkz_(:)( nl), ( +(Z! ) (A)y

x T((1- k)T - A, wh) (~wp ™).
This completes the proof of Theorem 13.

Theorem 14. Let z,A,v € C, R(A) >0, R(v) > 0,n, m e N,
and r € N. Also let 6, ¢ and A be matrices in M,(C) such that
B(A) > 0,¢ + kI are invertible for all k € N,,(1+n)I — A and
(2 - n)I — A — 0 satisfies the spectral condition (7). Further, let

gs(2) =21 B (z7") B (z7). (31)

Then,

G5(A)={gs(z): \} =A* T(A)T(I-A)I(2I-A-0)x I
((I+m)I-A((2-n)I-A-6)x;F,
-ml, (v+n-1)[,2I-A -0
;Ao
(I+n)I-A,(2-nI-A-0
(32)

Proof. To prove (32), we require the relation (15) and Defini-
tion 7, thus we arrive at
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|
=0 =0 s

L f@-jr-a))"
=AAT(AI(I-ATQRI-A-0) T (I-0+n)T"

r
(2= A-0-nl)x 2 (=mI),(vI + (m = D)I), (-A¢")’
5!
j=0

r-4-0),x [(1L+mI-4)] " [(2-mi-4-6)]
(33)

This completes the proof of Theorem 14.

Theorem 15. Let z,A€ C, R(A) >0, n,meN,, and r € N.
Also, let 60,9, ¢ and A be matrices in M,(C) such that f(A)
> 0,¢ + kI, are invertible for all k€ N,9, (0 +A) and 6+ A
— I satisfies the spectral condition (7). Further, let

9s(2) = 2" B (1) By (2) By (-2). (34)
Then,
A 1 A -,
Gs(\) = L{ge(2): Ay = —= 7 @+A-1), T(A)A"[(I-4),]
[ 1,9+ (m- 1)1, 7(6 1), és é(AJr( 1),
E(A—n[) (6+A+n1) £(6+A+(n nI)
x gF;3 16(’\‘/’)72
9[,%(6+A),é(6+A—I) |
(35)
Proof. Applying the following formula (see [39])
1 1
-mL 9+ (m-1)I, E(9—1), E9
B (2) By (2) = 4F, 4722 ¢72
-1
(36)

We thus find that
{ -mL 9+ (m-1)I, —(9 I), ;9
ZA IQGAZI 4Z2 ¢72
9-1
Z": 9+ n-1I Xi( ( -,
i > ; > ol s
(37)
Making use of (15), we observe that
%) = Z (-nl),(0 +'(n - 1)I), (r)
T (-mI 5 (m-1)I),
XFZO +' <2(9 1)>j<%9>j
0=, x (ag ) A I A~ (5= 2
AAT(A) g(_ml)j e ;(m_ 0; G (9—1)>j
(3 9) -0 ()09
J
i 9+(” DD, [(1-A-2j1) ]
=14 % T(A(I-ATQRI-A-6)T
-(1—A+n1)r‘1(2I—A—9—nl)

R ) (1)
(%A)j [(9 1)} B G(A+1)>j
(zara-mn) (Ga-m)

% A+0+nl) >J (1(A+6+(n—1)1)>j
[@(AH)] (54) (;M)]]
[(; (A+6-1) ) 1 i (16(1¢) 2.

(38)

Thus, after a simplification, we get the required result (35).

Theorem 16. Let z, A € C, R(A) > 0, n € N, and r € N. Also,
let 0, ¢ and A be matrices in M,(C) such that B(A) > 0 and
¢ + kI are invertible for all k € N,. For the function



g,(z) =2"" log 2 B (2), (39)

then, we have

n

G, (M) =Z{g,(2): A} =A"T(4) ZO (=nl) (0 + (n = 1)I) (A);
X (_(ASL;)_])S (y(A +sI)—logA),
(40)

where y(A) is the Digamma matrix function defined in (6).

Proof. The proof of this Theorem is quite straight forward as

Z,(\) = J 24 log z B%% (z)e*dz

0

_ Zn:(—l’l[)s(9+(l’l—1)1)k (_¢—1)5 (41)

s!

X J A og ze M dz.
0
Upon using (2,2), we have

I'(A+sl)= J 2D e gy (42)
0

Hence,

I'(A+sl)= J D72 Jog zdz. (43)
0

We thus arrive at

Y(A+sI)=T"(A+sI)I"'(A+s])
0o . (44)
=I"'(A+ sI)J 2D Nog zdz.

0

Therefore, we get

P(A+sD)= AT A+ sI)J D2 Nog (Az)dz
0
=AM A+ sI)J 2D log (M) +log (2)]dz
0
=AM A+ sI)I D2 g (1)dz

0
00

+ AT TN A sI)J DA og (2)dz
0
=log (\) + A 771 (A + sI)J 2D og (2)dz.

0

(45)
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We thus have

J AN Jog (2)dz = A0 T(A + 5T) [¥(A + T) - log A].
0

(46)

From the above equations, we get the required result as
follows:

v (), 0+ (n=1)I) (4)

9N = ZO . :
(-(A¢) ) xAAT(A) [F(A +5]) - log ] (47)
_ AfA F(A) i (_n1)5(6 + (:Z' B 1)1)5 (A)S

s=0

x (~(A¢)™")[¥(A +sI) —log A].

Theorem 17. Let z,A € C, R(A) > 0, n,m, q € Ny, and r € N.
Also, let 0,¢,E,D and A be matrices in M,(C) such that
B(A) > 0, and ¢ + kI are invertible for all k € N,. Further, let

gs(z) =2 F (E;D; 2°) B (). (48)

Then,

2A-1

Gs(N\)=ZL{gy: A} = Zﬁ F(A)F(A+ é) A2

x kzﬂ% (=nI), (6 + (n - DI, (A), <A+ é)k(—zz(/\ng)")k
X oy (E)A+kI,A+ (k+ é)];D;é!(A)’Z),

(49)

where ,,F (E;D;z) is the generalized hypergeometric type

matrix functions defined in (10) such that Re (A) >0 if m <
q-1landRe (A)>|B(A)| ifm=q- 1

Proof. Using Definitions (10) and (12) and upon using (15),
we obtain

(50)
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Thus, after a simplification, we obtain the result (49) in
Theorem 3.11.

Theorem 18. Let z,0,0,A€C, R(A) >0, R(v) >-1,R(0)
>0,n,me N, andr € N. Also, let 0 be matrix in M,(C) such

that 3(A) > 0 and ¢ + kI are invertible for all k € N,,. For the
function

9o(2) =2 ], (2(02)") B (1). (51)

Then, we have

o) = L{go(2): A} =0 0+ 1), ((_i ) ) A~
I+v-m,0+ (n+v)l !
x ,F, -,
I+v,0+v]

(52)

where ], (z) is the Bessel function of the first kind of order v
defined by (see, e.g., [38, 41, 43])

B ) (_1)5 Z\ U+2s
&= Y arrery G) (53)

Proof. According to (12) and (53) and upon sing (15), it fol-
lows that

[eS) )m+(u/2)

?9(A)=${z“/2]u(2( )1/2 ggezxz } Z

— M 1+v+m)

- (—nI),(0 -1)I -1 S+i—k+m
ngo(”)k( Z'(” ))k(—)t )kg Ak }
_ v, N (_U)m

= () /Zn;)m!l"(l+v+m) 8
(AN T v+ m A

_ v/2 yv-1 o (_Or)mkimr(lﬂ—v-l—m)
= (o)A z m!T(1+v+m)

i (-nI), (0 ‘]i!(” -DI),

k=0

c O+ (n- 2 g (O+0
o
& (1+v-n), (v+n)+0),[0+v]),]" ~o\m
,,,Z:o m! (1+0), (T) '
(54)

This completes the proof of Theorem 18.

4. Inverse Laplace Type Integrals of Functions
Involving %9(z)

Here, we obtain the following inverse Laplace type trans-
forms of generalized Bessel matrix polynomials with prod-
ucts of some functions in the following theorem:

Theorem 19. Let z,A,0 € C, R(A) > 1/2|R(0) |, neN,,
and r € N. Also, let A be matrix in M,(C) such that $(A) >

0. If

A-(n+I)I.

su=1a) (1+30) @), ()

Then,
90(2)=2""exp <_710z) (1-02)". (56)

Proof. 1t is sufficient to find Laplace transform of g,,(z)

ZuH :3’{2“ exp (_210z>(1 —oz)"}
()
;0 { A0 g (—71 02)}

:i F(A+k1) <A+1a> —(A+kI)
k=0
- <“ 1) £ ()

(57)

This finalizes the proof of Theorem 19.

Theorem 20. Let z, A, € C, R(A) > 0,R(0) > 0, n € N, and
r € N. Also, let A be matrix in M,(C) such that (A + nl) > 0.
Further, let

€, (M) = (—1)” g#A+nl ) ~(A+(2n+ D)) exp (_TU Z) '@L—A—an,a (A).
(58)

Then,
911(2) =27, (2(02)'"). (59)

Proof. By invoking to (15) and (53), we consider



Tu(h)=2{#"1,(2(02)) }

_ OZO: r! (A + (1 + I")I) (_O)r o 3{2A+(n+r)1}
=0 r!

O [(Aa+n]™

r!

Mg

=2 I A+])

0

I) A—(A+(r+n+l)1)
(

<
Il

(A+(r+n+1

~—

=42 (A + ), A-(AHEDD) ey (‘T")

. i(_nl)’ [(Aa+1),]" (0)

= r! A
e (A+1), A~ (A+@ne1)) exp (‘_;)
& (on), [(A+D), ] oy
. Z r! (X) ’

r=0

Putting n — r = k, we obtain

?11(A) _ (_l)no.%-f—nl A—(A+(2n+l)1) exp (__;)

A A D) ()
k=0 k! o
= (—1)" gHAL (4D oy (;/\‘7 z) B4 ()
(61)

This finalizes the proof of Theorem 20.

The remaining results, which are given in the following
theorems, can also be proven in a similar way. So we prefer
to omit the details.

Theorem 21. Let z, A € C, R(A) > 0, n € Ny, and r € N. Also,
let 6 and ¢ be matrices in M,(C) such that ¢ + kI are invert-
ible for all k € N,. Further, let

—9-2nL,EM
Co(A) = (~9)" A& o1-0) By T (<),
(62)

Then,
gp(2) =2 I B0 (27, (63)

Theorem 22. Let z, A € C, R(A) > 0, n € Ny, and r € N. Also
let 8 and ¢ be matrices in M,(C) such that ¢ + kI are invert-
ible for all k € N,. Further, let

(64)

%, :%ZFO [—n,@— (n+1)I ;Mb_ll |
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Then,
913(2) = 932’¢ (Zil) . (65)

Theorem 23. Let z, A, u € C, R(A) > R(u) >0, ne N, and
r € N. Also let 6 and ¢ be matrices in M,(C) such that ¢ + k
I are invertible for all k € N,. Further, let

-n,0—-(1-n)I

GuM)=(A- H)712F0 (A= !")‘lﬁ .

Then,
914(2) = exp ([42)@2"‘5 (Z_I)- (67)

5. Conclusion

In fact, this work is a continuation of the recent paper by
Abdalla [44]. In the current manuscript, the authors intro-
duced various Laplace integral formulas of generalized Bessel
matrix polynomials with certain elementary matrix func-
tions, Binomial matrix functions exponential function,
logarithmic function, generalized hypergeometric matrix
functions, and Bessel function of the first kind. We also pre-
sented inverse Laplace transforms of generalized Bessel
matrix polynomials with some functions. It is obvious that
the results presented here which are involved in certain
matrices in M,(C) may reduce to yield the corresponding
scalar ones when r = 1. Furthermore, the results derived in
this article yields to many special cases; the interested reader
may be referred to (see, e.g., [1, 7, 45]).

A remarkably large number of Laplace transforms and
inverse Laplace transforms involving a variety of functions
and polynomials have been presented (see, e.g., [45, pp.
129-299]). In this connection, we tried to give matrix ver-
sions of those outcomes for Laplace transforms and inverse
Laplace formulas involving a variety of functions and poly-
nomials (see, [45, pp. 129-299]).
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In this paper, we consider an initial boundary value problem of stochastic viscoelastic wave equation with nonlinear damping and
logarithmic nonlinear source terms. We proved a blow-up result for the solution with decreasing kernel.

1. Introduction blow-up, and other quantitative and qualitative properties
of solutions have been established.

In recent years, stochastic partial differential equations in a In this work, we consider the following problem of sto-

separable Hilbert space have been studied by many authors, hastic wave equation:

and various results on the existence, uniqueness, stability,

t
Uy — uAu— (A + p)V(divu) + J h(t —s)Au(s) ds + |u,|"%u, = u|ulP In |ul* + eo(x, )W, (x, t) in D x ]0,+00],
0

u(x, t) = 0on 0L x [0, +00), (1)
u(x,0) = uy(x), u,(x,0) = u, (x) in P,

where @ is a bounded domain in IR", n € IN*, with a smooth W (x, t) is an infinite dimensional Wiener process, o(x, t)
boundary 09; y, A are the Lamé constants which satisfy 4 >0 is L?(9) valued progressively measurable, and « is a positive
, A+ >0; his apositive function, p > g > 2; the constant kis ~ constant which measures the strength of noise.

a small nonnegative real number; and L*(9) is the set of It is common to observe a wave motion as a physical
square integrable function on 9 equipped with the inner = phenomenon which is mathematically modeled by a partial
product (., .) and its norm ||.||,. differential equation of hyperbolic type. Much has been
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written about such equations regarding their widespread
applications to engineering and sciences. However, for more
realistic models, the random fluctuation had been taken into
consideration which led to introduced stochastic wave equa-
tion in 1960’s. Several examples of linear stochastic wave
propagation and applications can be found in [1]. Mueller
[2] was the first who investigate the existence of explosive
solutions for some stochastic wave equation. Motivated by
Mueller [2], Chow [3] was interested by knowing how does
arandom perturbation affect the solution behavior for a wave
equation with a polynomial nonlinearity. He was concerned
with the existence of local and global solutions of the stochas-
tic equation:

>0,

{ u, =Au+f(u)+o(u)W,(x,t)inx € RY, @)

u(x,0) = g(x), uy(x, 0) = h(x),
where the initial data g and h are given functions and the
nonlinear terms f(u) and o(u) are assumed to be polyno-

mials in u. Four years later, he [4] established an energy
inequality and the exponential bound for a linear stochastic

t

u, — Au+ J h(t—s)Au(s)ds + |u, | T2, = u|u

0
u(x,t) =00n09 x [0, +o0|,

u(x, 0) = ty(x), u,(x,0) = u; (x) in D.

The authors proved that finite time blow-up with non-
negative probability is explosive or it is explosive in energy
sense for p > gq.

t
lu,|Pu, — Au— Auy, + J h(t = s)Au(s)ds + |u, | 2y, = ulu
0

u(x,t) =00n 0P x [0,+00],
u(x, 0) = uy(x), u,(x,0) = u; (x) in D.

They showed the existence of a global solution and blow-
up in finite time.

t
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equation and gave the existence theorem for a unique global
solution for the randomly perturbed wave equation:

{ Uy, + 20, — A(x, 0xX)u(x, t) = f(x, ) + o (x, )W, (x, t) inx e RY,  £>0,
u(x,0) = uy(x), uy(x,0) = vy (x).

(3)

In 2009, Chow [5] studied the problem of explosive solu-
tions for a class of nonlinear stochastic wave equation in a

domain @ c R for d > 3,

{ uy = (CA-a)u+f(u) +o(ux, t)W,(x,t)inx €D, >0,

u(x,0) = g(x), u,(x,0) = h(x).
(4)

We can mention some other works such as Cheng et al.
[6] who studied the existence of a global solution and blow-
up solutions for the nonlinear stochastic viscoelastic wave
equation with nonlinear damping and source terms:

p-2
+eo(x, t)W,(x, t) in D x |0, +00],

Moreover, Kim et al. [7] considered the stochastic quasi-
linear viscoelastic wave equation with nonlinear damping
and source terms:

p-2
+e0(x, t)Wy(x,t)in D x ]0,+00],

Recently, Yang et al. [8] treated the following stochastic
nonlinear viscoelastic wave equation:

|u,|Puy, — Au— Auy, + J h(t = s)Au(s) ds = o(x, t)W,(x, t) in D x |0, +00],

0
u(x,t) =00n 0D x [0, +oo,

u(x, 0) = uy(x), u,(x,0) = u; (x) in D.
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They established the existence of global solution and
asymptotic stability of the solution by using some properties
of the convex function.

However, it was noticed that the logarithmic nonlinearity
appears naturally in many branches of physics such as nuclear
physics, optics, and geophysics (see [9, 10]). These specific
applications in physics and other fields attract a lot of mathe-
matical scientists to work with such problems. In the deter-
ministic case, Al-Gharabli [11] investigated the stability of
the solution of a viscoelastic plate equation with a logarithmic
nonlinearity source term for the following problem:

t

0
u(x,t) =00n 0D x [0, +oo,

u(x,0) = uy(x), u,(x,0) =u,(x) in D,
u,(x,t =7(0)) =fo(x,t = 7(0)) in D x 10, T(0)][.

The paper is organized as follows: in Section 2, we intro-
duce some basic definitions, necessary assumptions, and
lemmas that are helpful in proving our main result. Section
3 is devoted to show the blow-up of the solution of our
problem.

2. Preliminaries

Let (2, &, P) be a complete probability space for which a fil-
tration {&,, t > 0} of increasing sub o — fields &, is given and
W (x,t) be a continuous Wiener random field in this space
with a mean zero and the covariance operator Q satisfying

Tr(Q) =) A < co. (10)

i1

W (x, t) is defined by
Wex )= \/}Tjﬁj(t)ej(t), jeIN*,t>0,  (11)
j=1

where f3,(t) is a sequence of real-valued standard Brownian

motions mutually independent on the probability space (Q
» &, P), A are the eigenvalues of Q, and ¢; are the correspond-
ing eigenvectors. That is,

Qe; = Aje;. (12)

t
Uy + AU+ u+ J h(t - $)Au?(s)ds = u In |u|* in D x ]0, +oo0],
0

u= % =0in 092 x )0, +oo],

u(x,0) = uy(x), u,(x,0) = u, (x)in D,

(8)

where @ € R? is a bounded domain with a smooth boundary
09. The vector v is the unit outer normal to 09, and h is the
nondecreasing nonnegative function.

Mezouar et al. [12] treated a more general problem where
they considered the following nonlinear viscoelastic Kirch-
hoff equation with a time-varying delay term:

|, |'uy =M (IVull?) Au - Auy, + J h(t—s)Au(s) ds+ p, g, (u,(x, 1)) + py g, (u,(x, t = 7(t))) = ku In |u] in D x |0, +00],

Note E(.) stands for expectation with respect to probabil-
ity measure P. Let & be the set of L) = L*(Q"?V, V)-valued
processes with the norm

t

19 = [ 10(0)ds = [ Tr(0(6)00" (s < co,

0 (13)

where ¢*(s) denotes the adjoint operator of ¢(s) and V =
H{} (D) which is equivalent to H'(2). For any process ¢(s)
€ I, we can define the stochastic integral with respect to
the Q-Wiener process as fg(/)(s)dW(s) which is a martingale.
For more details about the infinite dimension Wiener process
and stochastic integral, we refer to Da Prato and Zabczyk (pp.
90-96, [13]).

To state and prove our result, we need some assumptions.

Al. Assume that h : IR" — IR" is a C' nonincreasing
function satisfying

h(0) >0,y—roh(s)ds=l>0, (14)

and there exist tow nonnegative constants ¢; and ¢, such that

—,h(t) <h'(t) <=g,h(t), t>0. (15)



A2.
00 )
Jh@%<y@ . (16)
0 (r-1)
A3.p>q=2and
2n-1
2<p< 2N s,
n-2 (17)
2 <k<+oo, ifn=1,2.

The following theorem states the existence and unique-
ness of a local solution of our problem; the proof can be
established by combining the proof given in [6, 12].

Theorem 1. Assume that (A1) and (A3) hold. If (u,, u;) € H)
(2) x Lz(QZ)andEfglla(t) I3t < co, then there exists a solution

in whichuholds (1) on the interval [0, T| in the sense of distribu-
tions over (0, T) X D for almost all w a test function such that

du = vdt,

t

0
u(x,t) =00n 0D x [0, +oo,

u(x, 0) = uy(x), v(x, 0) = u; (x) in P,

which can be written as the integral equation

t

u(t)=uy+ J v(s)ds,

0

v(t)=v(0) + J.o
u(x,t)=00n0D x [0, +o0],
u(x, 0) = uy(x), v(x, 0) = u; (x) in D.

Lemma 2 [14] (Sobolev-Poincaré’s inequality). Let m be a
number with

2<m<+oo(n=1,2) (23)

|:(AA1,£ +(A+u)V(div u) - J;h(s — 1) Au(r) dr - |v |12y + u|u

Journal of Function Spaces

(1, u,) € LP(Q; L°([0, T]; (H*(2) N HY(D)) x Hy(D)))
NL*(Q;C([0, T]; Hy(D) x I(2))).
(18)

We define the energy associated to the solution of system
(1) by

1 1 t
e(t) = 2 ||Mt||§ + 3 ([4 - J h(S)dS) ||Vu||§
0
+ A% ldiv ull3 + %(hoVu)(t) “dx, (19)
k 1|
+ S lull - 7J 1P Inju
P 9| |u|
where
t
(hov)(t) =J h(t =s)Ilv(.t)=v(.9)I* ds. (20)

0

We rewrite (1) as an equivalent Itd’s system

dv=|pulu+ (A+u)V(div u) —J h(t - s)Au(s) ds — |[v|7*v + ufuff > In |u\k dt +eo(x, t)dW,(x, t) in D x |0, +0c0],

(21)
p-2 ot
In u|k:| ds + J eo(xs)dW,(x 1)inDx |00, (22)
0
or
2<m<2n
(24)

(n—2)(n23)'
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Then there exists a constant C, = C,(D, m) such that
lull,,, < CIVull,, forue Hé(@). (25)

Lemma 3 [15]. For h, ¢ € C'([0,+00], IR), we have

|| 1= opate=- o015+ 5 (h'ap) )

S | (oo = ([ e 1o
(26)

Lemma 4. Let (u, v) be a solution of the problem (21) with the
initial data (ug,v,) € H)(2) x L*(D), E[yllo(s)l3ds < co.
Then, the energy functional defined by (19) satisfies

e(t) =¢e(0) - J;”V”st - éj;h(s) IIVu(s)Ilgds

+ ;Jt (h'oVu) (s)ds + J (v(s), eo(x,5)dW,)  (27)

0 0

e[ 20,8 2
+ EZJ J@Ajej (x)0°(x, 5)dxds.

j=1J0

Proof. We can apply the It6’s formula to (21) for each x € 9
after integrating the above equation over 2 to get

Iv()I3 = Iv(0)l13 + ZJQJtv(s) [uAu+ (A +u)V(div u)

—J h(s - 7)Au(t)dt — [v[T%v + u|ulP In |u]"|dsdx
0

+ ZJ (v(s), e0(x, s)dW )

Jt J gAfef (x)0? (x, s)dxds.

By using integration by parts, we get

t t
yJ J Auv(s)dxds = —yJ J VuVvdsdx
2J0 2J0 (29)

- _g (IVu(t)I3-1Vu(0)113),

J gj (A4 )V (div u(9)w(s)dsdx

2J0

=-(A+ ;/L)J Jt div u(s) div v(s)dsdx (30)
2Jo
_A+M

[div w(t)[3-1l div u(0)[13].

By applying Lemma 3, we have

J; J@ﬁ)h(s —7)Au(7)v(s)drdxds
_ _Jt Lzrh(s ) Vu(r)Vy(s)drdxds

0JaJo 31
(o ngs

0
s

+ %% {(h oVu)(s) - J h(t)dt) ||Vu(5)||§] > ds.

0

We have

[ ferrl

[ [ 32 (o) m fuasas
J;{J@{;;s(“@l” In Jul*) (32)
- Sluto 5 () s

Lz(? (|u|P In [ul ))dx— el

By replacing (29)-(32) in (28) and multiplying equation
(28) by 1/2, we arrive at (27).

k
u,dsdx

3. Blow-Up

We prove our main result for p > g; we purpose

EJ J o’ (x, t)dxdt < co, (33)
0Jo

2 00

G(t)= %Z EJOL%AjeJZ» (x)02 (x, s)dxds, (34)

J=1

2 o0

E00 .2 (x)o?(x, s)dxds
J‘—ZILJ@“()G( ) (35)

Tr(Q)céEJ J 0’ (x,s)dxds = E, < 0o,
5]

(o]

G(00) =

N

82
<
2

0

where

Tr(Q) = Z /\j <ooand¢, = sup llejllo < 00 (36)

j=1 j=1



Lemma 5. Let (4, v) be a solution of system (21) with initial
data (uy,vy) € H)(D) x L*(D). Then, we have

d I s 1o
- Ee(t) = —Elv(t)l§ = Sh(OEIVu(t)I} + EE(h oVu)(t)

2 00
" iZEJ A ()0 (x, )dx,
247,
(37)

E(u(t), v(t)) = E{ugp, u;) — ‘uJ;EHVu(s)Hgds

-(A+ y)JoEIIdiV u(s) ||§ds

+E Oﬁ)h(s = 1)(Vu(r),Vu(s))drds

—-E 0<u(s), [v(s) |q_2v(s)>ds

t

+E 0<u(s),u(s)|u(s)|P*2 In \u(s)|k>ds

+E| |lv(s) ||§ds.
Jo

(38)

Proof. Using the Itd’s formula and by following the same way
as our discussions in Lemma 4 with taking the expectations,
we obtain (37).

We multiply the second equation in (22) by u and inte-
grate the result over &, and we take expectation; we obtain
(38).

We set H(t) = G(t) — Ee(t). As h is a positive decreasing
function so

/ ! d 1 )
H'(t)=G (1t) - 2 Ee(t) = Elvl+ S h(HEIVu(t)I} )
_ EE(la’ow) (1) 2 Elv]4.

Consequently,
H'(1)>0. (40)

Lemma 6. Let (4, v) be a solution of system (21). Assume that
(A1) holds. Then, there exists a positive constant C such that

Ellu(t)ll5,, < C(G(t) - H(t) - éEIIvIIé

k

+£EJ |u|? In|u dx—lE(hoVu)(t) (41)
P Jo 2

A+ . 1
- 2 L Bldiv ul} +E||u||§i1),

where 2<s<p+ 1.

Journal of Function Spaces

Proof.
1o, 1 .
G(t)—H(t) - ZElvl5 + —E| |ulf In |u|*dx
2 P Jo

1 A+ .
- EE(hoVu)(t) - TMEIIdlv uII% +E||u||§ﬁ
1 1
= Ee(t) - —E|vIl; + —EJ |ul? In |u|*dx
2 P Jo
1
~ S E(hoVu) (1) + Ellull}) -
1 1
= EE"%"% + 2E(‘u —J

A+p oo o1 k
+ TE”dN ull5 + EE(h oVu)(t) + FEllullg (42)

A+p .
— Idiv ull;
t

h(s)ds) ||Vu||§

0

1 1
- —EJ |ul? In [u|*dx — = E|lv])?
P Jo 2
1 1
+ —EJ |ulf In |u\kdx— ~E(hoVu)(t)
P Jo 2

A+ )
- T“Eudw ull2 + Elullh

1 t k
=3 <y - J h(s)ds> E|Vul; + — Elullf + E||u||§:}
0 p

1
> SIE|Vul; + Ellull}.
The last inequality is getting from (Al).

Case 7. If [lull,,, <1, then [lull,,, <llul

By applying Lemma 2, we obtain IIullf,+1 < CIIVulli, then

s 2
p+1 p+1°

1 k 1 k
S IENVull; + FEuuu"“ > S IElully, + Pﬂnunf’“ > Ellul’

p+l = p+1 p+1°
(43)
P+1 s
Case 8. If ||u||PJrl > 1, then IIuIIP+1 > "”"p+1-
Hence,
1 2 p+1 1 2 s s
5lE||Vu||2 +E||u||erl > ElE||Vu||2 +E||u||p+1 2E||ullp+1. (44)

Consequently, we obtain (41).
We are ready to state and prove our main result for p > q.
For this purpose, we define

L(t)=H"%(t) + 8E(u, v), (45)
where
. p-1 ptl-q
ocoemn Sy Geaa) 0

and § is a very small constant determined later.
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Theorem 9. Assume (A1) and (A2) hold. Let (u, v) be a solu-
tion of system (21) with initial data (uy, v,) € H)(D) x L*(D)
satisfying

Ee(0) < —(1+ P)E,

where [ is a nonnegative constant and E; is given in (35). If
P > q, then there exists a positive time T, € [0, T| such that

(47)

tlin}fE(e(t)) = +00, (48)
where
I-«a
Ty= ——7——)
0 aKL¥1=%(0) (49)
L(0) = H"(0) + 8E(uy, u;) > 0,
and K is given later.
Proof. Let
L(t)=H"*(t) + 8E(u, v). (50)

A direct differentiation of L(t) gives
L'(t)= (1 - a)H*(t)H'(t) + 8 [-uE|Vu(t)l
- (A + w)Eldivul; + Eth(t —r)(Vu(r),V

= Eu(t), |v(t)|Tv(t))

+E<u(t), u(t)[u(t)* In |u(t)|k> + Ellv(t) 3]
=(1-a)H *(t)H'(t) + 8[-pEIVu(t)l3

— (A + w)E|div u||§ + EJth(t = 1)(Vu(r),Vu(t))dr

= E(u(t), [v(t) " v(t)) + E(u(t), u(t)|u(t) P In u(t)[*)

+E|lv(t)I3] + 8p[H(t) — G(t) + Ee(t)].

u(t))dr

(51)

Recalling (39) and (19), (51) leads to
L'(t)= (1 - a)H *(1)ElvII + Sp(H(t) - G(t))
; 5(? - ) EIVu (o)1 + 5(‘52’ +1) Bl

-2 6P ‘ 2
~8B(u() (O 2v(0)) - LE| hastvu:

0
+ SEJth(t —r)(Vu(r),Vu(t))dr
0

¥ —pE(h o) (1).

By using Young’s and Holder’s inequalities, we get

t
EJh
0

= EJ h(t =r)(Vu(r)-Vu(t),Vu(t))dr + EJ

0

(t=r)(Vu(r),Vu(t))dr

h(s)ds|| Vu(t)|?

0

> —%’E(h o) (t) - 2—1PEJ'

0

h(s)ds|Vu(t)I?

+EJ;h<s)ds||Vu(t)||§.
(53)

Hence,

L'(t) = (1 - a)H*(t)Elv]E + Sp(H(t) - G(¢))

. 5(% - ) EIVu(o) + 6(§ +1) Ellvl

= 8E(u(t), |v(1)|"*v(1))

. 5(1 _ % - “2’) Ej;h@)dsnw(t)n%

. %pE(h oVu) (£) + —pE(h oV (£)
r o (5 - 1) Eldiv i+ SEEI (59
> (1 - a)H *(t)ElvII + 8p(H(t) - G(t))

. 5(% - ) EIVu(e) I} + 5(% +1)Ellvl

~ OB (u(t), [y (1) 20(1))

N 5(1 - % _ %’) Ej;h(s)danu(t)H%

Sk
A+ “)5(%’ - 1>E||div ul2 + ?Enung.

As q<p+1, then Elu(t)|2<cElu(t)Ib}] so by using
Young’s and Hélder’s inequality; we obtain
-1/ 1/
E<u<t>,|v<t>|q*2v<>><(Env<>nq)q q<E” (1)
e(Bmveom)" (Ewe) "
+ + 1)
e(BIvm) " (Bl ;i)) 0 (Erug) )
_1 .
(qq () + (Enu 5&))

(1p+1)-(1/q)
< (Elu(I) ,

IN

IN

(55)
where & and ¢ are constants.
We consider the following partition of 2:
={x€D:|u|>1},D,={xeD: |ul<l}. (56)



We have
EJ |u? In |u|kdx:E |uff In |u\kdx+EJ |u? In |u|kdx
2 2, 2,

<E| |ufln |u\kdx

1

<E k|u|p“dx

2,
< kE|lull)}}.
(57)
By (40), (47), and —Ee(0) = H(0), we have
(1+B)G(t) < (1+B)E, <H(0)<H(t)
<G(t) + EEJ |uf? In |u*dx. (58)
P o
Therefore,
1
G(t) < 1+ﬁH(t). (59)
From (57), (58), and (59), we get
KBRS 2| a2 () - 6(0) 2 L H)
(60)

As H is increasing positive nonnegative function and by
recalling (46), we get

)1/p+1 (1/9)
(1/p+1)—(1/q) ( (1)
H 1/p+1)—(1/q t
(p K1+ P) ) Q
(1/p+1)—(1/q)
H™(t
“(rete) "

+
3 , ﬂ (1/p+1)—(1/q)
"\ k(1+pP)

Taking into account (61) in (55), we find

O

IN

(61)

H™(0).

E(u(t), v(6)| (1)
(1/p+1)7(1/q)
) ) e

q
C(k(lpfﬁ)>(1/p+1) (1/q)> ngq (Ellu( )||§ﬂ) *(0).
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Substituting (62) into (54), we get
L'(t) = (1 - a)H () Ellv|{ + Sp(H(t) - G(t))
+ou(® - D) Evun R+ 5 (2 + 1) Emmie

+5<1 - % - %’) EJ;h(s)dSMVu(t)II%
+ (w3 (5 - 1) Elldiv ul}
s <‘fq e (mmvig) (o

Sk
_ 1-q P+l 14
q q€ (EII IIPH) “(0) + » Elully,

where a, = c(pB/(k(1 + p)))MPr-00)
Using Lemma 6, we arrive at

L'(t)> (1—

~G(t) + 5,4(%’ - 1)EIVu()3+ a(P +1) Bl
" 5(1 - % - 1_2’> EJ;h(s)dSMVu(t)ug

+(A+ H)a(g - 1) Idiv ul} - 5%51‘qH*“(0)c

B 5@{) H*(1)EIVI + Sp(H(t)

1 1
. (G(t) —H(t) - EEIIVII% + I—)ELZMP In |u|kdx

1
+ Elull}} -

+ %Ellullp
p

1
SE(hovu)(t) - AzﬂEudiv u||§>

(64)

Once ¢ is fixed, we pick 6 small enough so that
1—a-08 Ve (65)
q

It implies that
INOE 6(1) + azfl_q) (H(t) - G(1))
48 (p +1+a, ; E”) ElvI;
o, EEJ (ul? In Juffdx + S(A + )
P o

(8% (%’ - 1)) Eldiv ul3

1
+0a,E' 1 5 E(hoVu) (1) + dasE|Vu(t) I3

(66)

Sk _
+ 5 Elulf — 8a & Bl
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where a, = (allq) ~(0) and a3 =u((p/2)-1)+(1-(1/
— (p/2)) [ h(s)ds which is positive from (A2).
From (A1), (19) and Lemma 2, we have

1 2
H(t) = G(t) = = Bl - (5 +2C, ) EIVul?
A 1
- %Elldiv ul} - S E(hoVu)(t)
k 1 1
— ZElullf + —EJ ul? In |ulfdx + Eulf’’}.
pz P P 9' | | | p+1

(67)

Now we add and subtract da,(H(t) -
using (67), we find

G(t)) in (66), and

L' ()2 8(p-a,+ a8 ) (H(t) - G(1))
+5(P+1_%+a2;f Q>Envn§

+SA (812 4 (‘g ~1) - %) Eldiv ul?

+0 (azelﬂ % - a4) E(hoVu)(t)

(a3—a4( ))EHV O3
ok )

+—(1-Z2)Eult + = (a, — a,&1 EJ ulP In |ul*dx
p( p) "p(“z)@" .

1- +1
+8(a,- a8 BNl

(68)

where a, = min {a,&' "%, (2a,/(u + 4C,))} > 0.
Using (60), we obtain

L'(t)z&p%H( )+8<p +1- % +a2;£1 q>E||v||2
#OA+u) (812 4 (’% -1)-

+ g (aszq - '14)E(h oVu)(t)

+4C
+5(a3—a4<“ - S)>E||Vu(t)||§
Sk a, 1-, +1
— (1= 2)Elul? +6(a, - ) Ellul?
e 08 (1l 0 (1 =)

>yp(H(t) + Ellv]3 + Elldiv ull} + E(h oVu)(t)

4 2
7)Elldlv ull;

+ EIVu(t)|}+ Elull) + Elul} ) >0,

(69)
where y > 0 is the minimum of the coefficients of H(t), E ||v||§,

E||div ullg, E(hoVu)(¢), E|Vu(t) II§, and EIIuIIf; in (69).
Consequently,

L(t) 2 L(0) >0, Vt>0. (70)

Next, we have

(L(1)! = (H (1) + 8B ()

< 21/1—(X <H(t) + 81/1—0(

EJ uvdx
2

1/1¢x> (71)

Therefore, by using Holder’s and Young’s inequalities, we
obtain

1/1-«

12 12 1/1-«
’EJ uvdx < (E||M||p+1) (ElIvI3) )
)
/(2(1-« «
<c(E||u||,,+1) T

n(2(1-a))
(Ellullpﬂ) (EIE) 0
<c + >
n ¢

with (1/5) + (1/¢) = 1.
We choose =2(1 —a),n=(2(1-
(46), so (72) becomes

«))/1 - 2a, and we use

1/1-«

<c[(1- 20 Bl + Elvi]

’EJ uvdx
2

2/1-2. 2
SC[EHuIIPH “+E||v||2]

(73)

By applying Lemma 6 with s=2/1 -2« and recalling
(19), we obtain

1/1-«

’EJ@uvdx <c [G(t) - H(t) - %E”V"%

1 1
+ —EJ |ulf In |u|kdx— —E(hoVu)(t)
P Jo 2

A+ . 1
- 22 el + BN £

1 1 t
< C[EEHvII% + > (;4 - J h(s)ds)EHVull%
0
A+p 5k 1
+ TEIIle ull; + FE”””g + EE(hoVu)(t)
- 1EJ |ulf In |u|kdx— lEIIvII% + lEJ |ulf In |u|kdx
P Jg 2 P Jo

1 A+ )
- 5E(hoVu)(t) - T#Elldw ull5 + EvI; + E||u||‘;ﬁ]

1 k A+ .
< C[Envng 3 HE|Vull3 + FEHuHE + 2B Bldiv u)?

+ %E(hoVu)(t) + E||u||§:}} .
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Hence,

1
(L(t)) o < 2V (H(t) + oMo {Envn; 3 HEIVul2

A+ . k 1
+ T‘“Endw uII% + FE””llg + 5E(hoVu)(t‘) + EIIuIIﬁI}})
< C[H(t) + EIIvII% + EIIVuII% + E||div ullg + E||u||§

+ E(hoVu)(t) + Ellullpﬂ} ,

p+1
(75)
where  C=2"1"% max {1, 8", 8" (A + p)/2), 8¢
(kip*)}-
According to (69) and (75), we have
mn-a_ C o oyt
(L()) < ;L (t) <KL (1). (76)
In a direct integration of (76), we get
1/1-a 1
(L))" "= (77)

(L(0))""% = (Kat/(1 - &)

Therefore, L(t) blows up in time T<T,=(1-a)/

(aKL*'"*(0)), and the proof is completed.
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In this paper, numerical methods for solving fractional differential equations by using a triangle neural network are proposed. The
fractional derivative is considered Caputo type. The fractional derivative of the triangle neural network is analyzed first. Then, based
on the technique of minimizing the loss function of the neural network, the proposed numerical methods reduce the fractional
differential equation into a gradient descent problem or the quadratic optimization problem. By using the gradient descent
process or the quadratic optimization process, the numerical solution to the FDEs can be obtained. The efficiency and accuracy
of the presented methods are shown by some numerical examples. Numerical tests show that this approach is easy to implement

and accurate when applied to many types of FDEs.

1. Introduction

Fractional differential equations (FDEs) have been a hot
topic in many scientific fields, such as dynamical system con-
trol theory, fluid flow, modelling in rheology, dynamic pro-
cess of self-similar porous structure, diffusion transport
similar to diffusion, electric network, and probability statis-
tics [1-9]. These problems in science and engineering some-
times require us to get the solutions of various fractional
differential equations. But as we know, it is difficult to find
the exact solutions in most cases. So, we have to use numer-
ical methods to solve fractional differential equations.

In the literature, some numerical methods for solving
FDEs have been proposed, such as nonlinear functional anal-
ysis methods, including monotone iterative technique [10],
topological degree theory [11], and fixed point theorem
[12]. In addition, someone proposed the following numerical
methods: random walk [13], Adomian decomposition
method and variational iteration method [14], homotopy
perturbation method [15-17], etc.

In recent years, some scholars try to use the neural net-
work to solve differential equations [18-20]. Lagaris et al.
[21] proposed an artificial neural network method for solving
initial and boundary value problems. In their work, a trial
solution is adopted and written as the sum of two parts.
The first part satisfies the initial or boundary conditions
and does not contain adjustable parameters while the con-
struction of the second part does not affect the initial and
boundary conditions. Then, the neural network is trained
to satisfy the differential equation at many selected points.
The question for this method is that it is difficult to construct
the first part of the trial solution and this method cannot be
applied to fractional partial differential equations.

Piscopo et al. [22] also introduced a method to find the
numerical solutions of many types of differential equations.
The proposed method does not depend on the trial solution
and therefore has more flexibility in many cases. It can be
used for solving many types of ODE and PDE. The two men-
tioned neural network techniques motivate us to develop
more neural network methods to solve FDEs, but how to
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get the fractional order of the neural network is a difficult
problem.

To overcome this difficulty, in this work, we use a triangle
base neural network as basis function to propose an alterna-
tive method called triangle neural network methods. This
paper is organized as follows. In Section 2, we study the frac-
tional derivative of the triangle base neural network and pres-
ent the numerical method for solving many types of FDEs. In
Section 3, we show the efficiency of the proposed method by
some numerical examples. Section 4 is the conclusion.

2. Fractional Derivative of Triangle Neural
Network and Numerical Algorithm

2.1. Ordinary Fractional Differential Equation. To solve the
following fractional initial value problem (1) and boundary
value problem (2),

{ DIy =f(x.y),
y9(0) =y
where m = [a]:

{ a(x)D@y + b(x)DPy = f(x),
y(0) =yo y(1) =y,

(2)

where a(x) and b(x) are real functions, 1<a<2,0<f<1.
D and D'®) are Caputo fractional derivative operators.
We consider the following triangle base neural network 1
(see Figure 1) to approximate the solution of problems (1)
and (2), where w; are weights for the neural networks and

C;(x) are triangle base functions as the following:

cos (jx), j=0,1,2,--+, N,
Cj(x)z . . . (3)
sin [(]—N)x], j=N+1,N+2,---,2N,

where C;(x) are activation function of neurons in the hidden
layer of the above neural network and N is an integer and x
€ [0, 7).

Let the weight matrix be w = [wy, wy, -+, w,y]" and the
activation matrix be C(x) = [cy(x), ¢; (%), -+ &,y (x)]". The
triangle base neural network can be written as

y= ijCj(x). (4)

When this neural network is used to be the numerical
solution of problem (1), the loss function is

S (D) - Flrore)] . G

k=1

~
Il
SN
Ms
II
N =

P
Il
—_
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FIGURE 1: Triangle neural network 1.

For problem (2), The loss function is

2

=33 [atmD )+ D)~ )]

(6)

\4
l\)l'—'
MS
NI»—‘

T
L

where x,,t=1,2,---,m are training points. We have two
methods to minimize the loss function to get the correspond-
ing numerical solution. One is the gradient descent algo-
rithm, and another one is the optimization process. For
both methods, we need to compute the a derivative of the tri-
angle neural network. For this purpose, we have the following
theorems.

Theorem 1. For given a € R, f(x) € C'(R), then

D(a)f(Ax) = Auf(u”u:)tx' (7)

Proof. Since D f(x)

)=1UI'(l-« Lj dr.

We have

Let At = u, we have

o 1 M)
D )f(/\x)_l"(l—(x) s =
S
I'l-a) )y (Ax—u)*A™"
LW

“Ta-w)), Ga—uf ™

RSN A A C) PTA
= Tia), (M_u)adu_a D f(Ax).

We also have the following.
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Theorem 2. Given a« € R*, A, b € R, then

D@ [sin (Ax + b)] = A sin (/\x +h+ g)

(10)

D¥ [cos (Ax + b)] = A" cos (Ax +b+ ﬂ)

2

Proof.

D@ [sin (Ax + b)] = D [sin (Ax) cos b+ cos (Ax)sin b)].

(11)

From Theorem 1, we have

cos bD' sin (Ax) + sin bD' cos (Ax)
= cos bA% sin (/\x + ﬂ) + sin bA* sin ()Lx + @>
2 2
o an
=A% sin (/\x+b+ 7)
(12)

The second part of this theorem can be verified in the
same way. Based on Theorems 1 and 2, we can get the «
derivative of the triangle base neural network.

In fact, let the solution to problems (1) and (2) be

N N
= ij €cos jx + ZwN+j sin jx

j=0 j=0
13
N N (13)
=w, + ij cos jx + Zwmj sin jx.
=1 =1
We can get

N
@)y = Zj"‘wj cos (jx+ grr> z] Wy, sin (]x+ 271)

j=1 j=1
(14)

Thus, we get the loss function for problem (1):

I, 1< [0 2
J=32 20 =5 [D9y(x) ~f(xy(x))]

25 23

1 N N ' & (15)

EZZ [(] w; cos (th+ Eﬂ)

t

Il
—_

1

gy sin (734 57) ) = fxy)]

To carry out the gradient descent process, we have
m N
awk LZIJZO]“(w cos (]x + = n)
+wy,; sin (jx+ gn)) —f(x,y)] (16)

. (k“ cos (kx[ + gn> ~f, (x> y) cos (kxt))

forj=0,1,2,,

m N a
= [ZZj“wj cos (jxt+ ET[)

=1j=0

N, and we also have

+wy,; sin (jxt + gﬂ)) —f(xt’)’>]

. (k“ sin (kxt + gﬂ> —fy(xpy) sin (k —N)xt)
(17)

forj=N+1,N+2,---,2N.

So, we can see that getting the numerical solution of (1) is
equivalent to finding w;s by minimizing the loss function J.
Usually, we have two methods to do this work. One is the
gradient descent method, and another one is adopting the
optimization process.

The gradient descent method is as below:

(n41) _ n) a] P
- =1,2,---,2N, 18
Wy nawk ( )

where 7 is the step size for the gradient descent. If the func-
tion f(x, y) is a linear function of y, the initial value problem
can also be reduced to

. 1 [ 2
min ] = 5}; [D( Ve _f(xk’yk)} (19)
s.t. (0) =y,-

That is,

xk’yk)} ’

: 1¢
min J= 2; [
N
s.t. Zwi =Yo
i=0

(20)

which is a quadratic optimization problem. For fractional
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FiGUure 2: Neural network 2.

boundary value problem (2), the numerical solution can be
reduced to the following optimization process:

2
min J=

2. [aCe)Dily + b Dy, = )

NI'—‘
uMs

w; =Yo»

M=

Il
—

cos(il)w; + sin (N + i)lwy,; = y;.

'MZ

i
o

(21)

So, there are two methods to solve this problem. One
method is to get the solution through the gradient descent
method. Another method is using the optimization
technique.

2.2. Fractional Partial Differential Equation. For fractional
partial differential equation problem

0% u(x, t) B 82u(x, t)
TR A CE) (22)

u(0,t) = uy(t), u(1,t) = uy (t), u(x, 0) = v(x),

where 0 < « <1, and problem
ou(x,t) oPu(x, 1)
o0 w0 (23)
u(0,t) = uy(t), u(1, t) = uy (t), u(x, 0) = v(x),
where 1 < 8 <2. We use the triangle base neural network (see

Figure 2) to approximate the solution of problems (22) and
(23). The triangle base neural network can be written as

N
x%y)= Zwi sin (a
i=1

ax+apy—b;), (24)

where g;,, a;, are weights for the import layer in the neural
network, b; are bias parameters for the hidden layer in the
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neural network, w; are weights for the export layer in the
neural network, and sin (x) is the activation function of neu-
rons in the hidden layer.

Based on Theorems 1 and 2, we can get the fractional
derivative of the neural network as below:

a u(x, y o
Z w;a;; sin <ai1x +apy+b+ 57'[>,

; (23)

0 N o

% ;w,ag sin (ailx +apy+b;+ Eﬂ) :

The loss function for problem (22) is

m

2
f(tk’xk):| +% > [u(te xi) — Bt X))
(

tioX,)EB

138 (0% 0%u
min J = - e
2; {Mk 0x}

(26)

where (f,x;) are training points and B is the boundary of
problem (22) and

(
B(L 1) = (1), (27)

The loss function for problem (23) can be given in the
same way.

We use the gradient descent algorithm to train the neural
network. In fact, we can train the neural network by layers.
First, we train the export layer to get w;s, then the bias
parameters to get b;s in the hidden layer, and finally, we train
the import layer to get a;;s and a;,s

3. Numerical Experiment

3.1. Numerical Test 1. Consider the following example 1:

+F(3—(x)x ' (28)

where 0 < a < 1. The exact solution to this problem is y = x
+ 1. We let « be 0.5,0.9 and use the optimization method
when N =5,N =15 and gradient descent method when N
=5,N=15, respectively. The computational results are
listed in Tables 1 and 2.

3.2. Numerical Test 2. Consider the following example 2 for
boundary value problem:

D1y 4 D@y = \/§s1n(x+ 4)cos%+ 2cos<x+%)sing,

2
y(0)= O,y(g) =1,
(29)
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TasLE 1: Computational errors for example 1 where « =0.5, h=0.1.
x l1h 2h 3h 4h 5h 6h 7h 8h 9h 10h
optimi (N =5) 0.010 0.013 0.015 0.016 0.018 0.019 0.021 0.022 0.024 0.026
optimi (N = 15) 0.003 0.003 0.008 0.009 0.012 0.014 0.013 0.014 0.015 0.016
grad, N=5 0.011 0.013 0.017 0.019 0.025 0.021 0.020 0.019 0.027 0.030
grad, N=15 0.008 0.008 0.007 0.004 0.005 0.009 0.012 0.018 0.015 0.013
TaBLE 2: Computational errors for example 1 where « =0.9, h=0.1.
x 1h 2h 3h 4h 5h 6h 7h 8h 9h 10h
optimi (N =5) 0.000 0.010 0.010 0.011 0.012 0.014 0.018 0.017 0.018 0.020
optimi (N = 15) 0.000 0.002 0.006 0.008 0.010 0.010 0.011 0.010 0.012 0.012
grad, N=5 0.009 0.013 0.012 0.014 0.021 0.020 0.020 0.016 0.021 0.021
grad, N = 15 0.005 0.006 0.003 0.002 0.007 0.012 0.013 0.010 0.010 0.010
! Ik We let a be 0.8 and N =20, N = 30. The computational
097 . it error is listed in Figure 4.
0.8 . As we see in example 1, the solution becomes more accu-
0.7 - cil rate when N is increased. And for the boundary value prob-
0.6 N lem, we use two constraints when we use the optimization
r i rocess.
0.5 1 i P
0.4 - 3.3. Numerical Test 3. Consider the following example 3:
0.3 - 2
0.2 - .
' 0% u(x, t) L(4) u(x, t)
014 @ - )
. ot* I'(4-a) 0x? (30)
0 T T T T T T T

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

+Exact solution
sNumerical solution N = 30
Numerical solution N = 45

F1GUrE 3: Solution of Test 2 when a=0.5.

1 )
0.9 - s 217
0.8 - L1k
0.7 1 Lok
0.6 Lot
0.5 BE
0.4 it
0.3
0.2 t
014 =

0+—- : : : : : .

0 02 04 06 08 1 12 14 16

« Exact solution
» Numerical solution N = 30
Numerical solution N = 45

Fi1GURE 4: Solution of Test 2 when a =0.8.

where 0 < a <1. The exact solution to this problem is y =
sin x.

Welet e be 0.5and N = 30, N = 45, respectively; the com-
putational error is listed in Figure 3.

u(0,t) = u(m, t) =0, u(x,0) =0,

where 0 < a < 1. The exact solution to this problem is u =
sin x.

We use the gradient descent method to solve this
problem, and the computational error is listed in
Figure 5. In the training process of the neural network,
we set a stopping criteria J < 107 for the computing pro-
cess to stop. If this stopping criteria cannot be achieved,
the computing will be stopped when 10° times of training
is completed.

3.4. Numerical Test 4. Consider the following example 4:

ot 0xP
u(0,t) =u(m, t)=0,u(x,0)=0,

ou(x,t)  oPu(x,t
upt) _Fut) 5 (x+§ﬂ)+3tzsmx,

(31)

where 1 < 8 < 2. The exact solution to this problem is u = #*
sin x.

We use the gradient descent method to solve this prob-
lem, and the computational error is listed in Figure 6.
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4. Conclusion

The neural network method is a promising approach for
solving fractional differential equations. The difficulty for this
method is how to calculate the fractional derivatives of the
involved neural network. In this paper, we propose numeri-
cal methods for solving fractional differential equations
including the initial problem, boundary value problem, and
partial FDEs by using the triangle base neural network and
gradient descending method. All the involved fractional
derivatives in this work are considered as Caputo type. We
first analyze the fractional derivative of the triangle base neu-
ral network. Then, based on the loss function, the proposed
numerical methods reduce the fractional differential equa-
tion into the gradient descent process or the quadratic opti-
mization problem. By carrying out the gradient descent
process or the quadratic optimization process, we can get

the numerical solutions. Numerical tests show that this

approach is easy to implement and the solution is accurate
when applied to many types of FDEs.
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In this paper, we are concerned with Toeplitz operators whose symbols are complex Borel measures. When a complex Borel measure y
on the unit circle is given, we give a formal definition of a Toeplitz operator T, with symbol 4, as an unbounded linear operator on the

Hardy space. We then study various properties of T',. Among them, there is a theorem that the domain of T, is represented by a
trichotomy. Also, it was shown that if the domain of TH contains at least one polynomial, then TM is densely defined. In addition,

we give evidence for the conjecture that T, with a singular measure y reduces to a trivial linear operator.

1. Introduction

A classical Toeplitz operator is the compression of a multipli-
cation operator on the Lebesgue space L*(T) of the unit circle
T to the Hardy space H?(T). The study of Toeplitz operators
seems to have originated from the paper of Toeplitz [1]. In
the paper [2], he used Toeplitz matrices to characterize non-
negative continuous functions on the unit circle in terms of
their Fourier coeflicients. The remarkable paper of Brown
and Halmos [3] started the systematic study of spectral prop-
erties of Toeplitz operators. Since then, the theory of Toeplitz
operators has been studied in various ways. Recently, the the-
ory of Toeplitz operators has been studied in a variety of set-
tings and connections with other fields. One direction is to
deal with Toeplitz operators on reproducing kernel spaces
like Bergman spaces, Dirichlet spaces, or Fock spaces (cf.
[4-8]). Another direction is to study Toeplitz operators with
operator-valued symbols (cf. [9-11]). Also, truncated Toe-
plitz operators have attracted attention. A systematic
approach on truncated Toeplitz operators can be found in
the paper of Sarason in 2007 [12]. In that paper, he has used
“compatible” measures to describe bounded truncated Toe-
plitz operators. The boundedness of infinite Hankel matrices
is also related to the compatibility of measures: the infinite
Hankel matrix of the moment of a nonnegative Carleson
measure is bounded and vice versa [13]. (For related recent

studies, see [14].) These works inspired us to consider Toe-
plitz operators whose symbols are measures. The Toeplitz
operators whose symbols are measures have been studied in
the setting of Bergman spaces and other spaces (cf. [15],
chapter 7).

In this paper, we consider Toeplitz operators on the
Hardy space, whose symbols are measures. In this study,
unbounded Toeplitz operators arise naturally. When study-
ing unbounded Toeplitz operators, it was usually considered
that the symbols come from L?(T). In 2008, Sarason [16]
treated not only the case of L?(T)-symbols but the case of
analytic functions on the open unit disk D. It is natural to
attempt to extend the symbols of Toeplitz operators to mea-
sures, because the initial reasearch for them was related to the
moment problem. As mentioned before, Toeplitz and Hankel
operators associated with measures can be seen in the papers
[13] and [12]. In this paper, we provide an explicit definition
of Toeplitz operators whose symbols are complex Borel mea-
sures and then consider their unbounded operator theory. As
the study on Toeplitz operators whose symbols are functions
shows the interplay between function theory and operator
theory, the study on Toeplitz operators whose symbols are
measures is also expected to show the interplay between mea-
sure theory and operator theory.

Our consideration for the symbol of a Toeplitz operator,
denoted by T, is a complex Borel measure y on the unit cir-
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cle. When we study an unbounded linear operator, we usu-
ally assume that its domain is dense, i.., the operator is
densely defined. Hence, one may ask if T, is densely defined,

ie, the domain is dense in H?. Toeplitz operators with
L*-symbols are always densely defined. Unlike when the
symbol is a function, it does not seem easy to answer the
question. Nonetheless, we will show that the domain of T,
is represented by a trichotomy (Theorem 8). In particular,
we can show that if the domain of T, contains at least one
polynomial, then T, is densely defined (Proposition 10).
We also give evidence for the conjecture that the cases of sin-
gular measures induce trivial linear operators (Theorem 15).

The organization of this paper is as follows. In Section 2,
we give notations, definitions, and preliminary facts, which
will be used in the sequel. In Section 3, we give a formal def-
inition of Toeplitz operators whose symbols are complex
Borel measures on T and then investigate their properties
in the viewpoint of unbounded linear operator theory.

2. Preliminaries

Let T be the unit circle in the complex plane. Let m be the
normalized Lebesgue measure on T, so that m(T) = 1. For 1
< p <00, we write LP(T) = LP(T, m) for the Lebesgue space
on T and H?(T) for the Hardy space on T. Note that H?(T)
is a closed subspace of L?(T).

Let D be the open unit disk and let D be the closed unit
disk in the complex plane. Let C, (D) denote the disk algebra,
i.e., the set of all continuous functions on D which is analytic
on D.

For 1 < p < 00, we write H? (D) for the Hardy space on D.
Two spaces HP(D) and HP(T) are identified via nontangen-
tial limits and Poisson integral. Thus, we often write H? to
denote the both of them. The norm in LP(T) (or H?(D)) will
be denoted by |||, and the inner product in L*(T) (or H*(D))
will be denoted by (-, - ). We refer the reader to the texts [17-
19] and [20] for details of Hardy spaces.

The shift operator and its adjoint are one of the most
interesting operators on the Hardy space. For convenience,
we define them on H(D), the class of all analytic functions
on D. For f € H(D), define

8f(z) = 2f(2)(z € D),
$'f(2) =w(ze D). .

The operators S and S* are often called the unilateral shift
and the backward shift, respectively. We refer the reader to
the text [21] which treats the shift operator in great detail.

One of the most remarkable theorems in analysis is
Beurling’s theorem (cf. [18, 20, 22]), which characterizes all
S-invariant subspaces of H2. (We use the term “subspace”
for a closed linear subspace.) For a nonzero subspace M of
H?, M is S-invariant if and only if

M=6H={6f : f e H*}, (2)
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for some inner function 6€ H®. A bounded analytic
function 6 on D is called an inner function if its radial limit
0% (e") =lim,_,,_6(re") has a unit modulus for almost all
¢’ €T. If an inner function has no zero in D, we call it
a singular inner function.

Let M(T) be the set of all complex (finite) Borel measures
on T. Note that M(T) is a Banach space with the total varia-
tion norm ||p|l = | u|(T), where |u| is the total variation
measure of 4. We may regard the normalized Lebesgue mea-
sure m as a finite positive Borel measure. Hence, m € M(T).
We write %y for the o-algebra of all Borel sets in T. We
say p is singular if pLm.

Suppose that y € M(T). For any function f € L'(T,|u| ),
let f - y denote the complex Borel measure on T defined by

(f - #)(E) =jEfdy<Ee%T>- (3)

Then, |f-ul =I|fI-lul. Hence, |f-ull=Ifllp)y)- In
particular, for every f € C(T), the measure f -y is defined
and |f - <l ool

For u € M(T), the nth Fourier-Stieltjes coeflicient of y is
given by

(n) J ¢ du(0)(n < 2). (4)

For any y € M(T), the bilateral sequence pi = {zi(n)},.,
is bounded and the mapping y— { is a bounded linear
transformation from M(T) into £*°(Z). Note that the map-
ping p+— i is one-to-one, and hence, a measure y € M(T)
is completely determined by its Fourier-Stieltjes coefficients.
By the theorem of F. and M. Riesz, if y € M(T) is analytic, i.e.,
p(n)=0 for all n<0, then u < m and du/dm € H'(T); in
other words, = f - m for some f € H'(T).

For the definition of Toeplitz operators whose symbols
are measures, we use the Cauchy transform as the “projec-
tion” of measures. For this reason, we use the notation Py
instead of Ky for the Cauchy transform of y. We refer the
reader to the text [23] for thorough treatments of the Cauchy
transform. For pe M(T), the analytic function Py on D,
given by

P = | o dutd) - Y Am)(zeD), (5)

T 1_(2 n=0

is called the Cauchy transform of y. Clearly, the mapping
P is a linear transformation from M(T) into H(D). We
may regard f € L'(T) as the absolutely continuous mea-
sure f-m € M(T). Hence, we denote P(f - m) by Pf, ie.,

f©

T I—ZZ

(e = LEL an) - 2?<n>z"<ze D). (6)

— —~

(Clearly, f-m(n)=f(n).) As we have identified H*(D)
with H?(T), the mapping P may be regarded as the
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orthogonal projection of L*(T) onto H*(T) (the so-called
Riesz projection).

Let ¢ € L*(T). The Toeplitz operator T, with symbol ¢ is
the linear operator on H? with domain

9(T,) = {f € H*(D): P(¢f) € H*(D)}, (7)

given by
Tof =P(ef)(f € 2(T,)). (8)
(Recall that every function in H*(D) may be identified with

its nontangential limit function which belongs to H*(T).)
Clearly, C,(D) € 9(T,,). Hence, T, is densely defined. Also,

Tq, is closed. Observe that

e =927 = 3(i-j), 9)

for every i, j € N U {0}. Hence, the matrix representation of T,
with respect to the orthonormal basis {1, z, 2%, ---} is

P0) (1) 9(-2)
P 90) (- o)
) P01

¢(0)

A matrix of this form is called a Toeplitz matrix; in other
words, an infinite matrix {«; j}ij> , is called a Toeplitz matrix if

Qij = Xir1,js1> (11)
for every i,j e N U {0}.

For a bilateral sequence s = {s,},,., of complex numbers,
we denote by T'(s) the infinite Toeplitz matrix corresponding
to s, i.e, T(s) is the infinite matrix whose (i, j)-entry is s;_;.
Note that if ¢ € L*(T), then the matrix representations of T,
is T(¢p). For n € NU{0}, we denote by T,(s) the (n+1)
x (n+ 1) Toeplitz matrix corresponding to s, i.e.,

So S S_
St % Son+l

T,(s) = (12)
Sn Sl So

3. The Main Results

Let p be a complex Borel measure on T. For any function f
€ C,(D), f - u is a complex Borel measure on T, and hence,
the Cauchy transform P(f - i) is an analytic function on D.
Define

D(T,)={f €Ca(D): P(f-u) € H*(D)}. (13)

It is easy to show that (T,) is a linear manifold of
H?*(D). Now define

T.f=P(f-u)(fe2(T,)) (14)

Then, T, is a linear operator on H?*(D) with domain
2(T,).

Definition 1. The operator T, is called the Toeplitz operator
with symbol .

We begin with the following:
Proposition 2. Suppose that yu < m and the Radon-Nikodym

derivative ¢ = du/dm belongs to L?(T). Then, 2(T,) =C,(D)
and

T f=T,f, (15)

for every f € C,(D).

Proof. Suppose that y = ¢ - m, where @ € L*(T). Let f be an
arbitrary function in C, (D). Then,

f©

T I—ZZ

dm(C) = P(¢f)(2),
(16)

= [ 19700

P o)) = |

for every z € D, and so, P(f - u) = P(¢f). Since ¢f € L*(T), it
follows that P(f - u) € H*(D). Hence, f € 2(T,) and

Tuf =P(f-u)=P(ef) = Tyf- (17)

This completes the proof.

Proposition 2 shows that the notion of T, is a kind of

generalization of the Toeplitz operators whose symbols are
L*-functions.

Remark 3.

(a) Toeplitz operators with L' -symbols: every function
@ €L (T) would be regarded as the absolutely
continuous measure ¢ -m € M(T). Hence, we may
use Definition 1 to define Toeplitz operators with
L'-symbols: if ¢ € L'(T) and u=¢-m, then

9(T,) = {f €CA(D): Plof) e *D)},  (18)

Tuf = P(¢f), (19)
for f € X(T,).



(b) Toeplitz operators with H' -symbols: let ¢ € H'(T)
and put y=¢-me M(T). For every f € C,(D), of
€ H'(T). Hence, P(¢pf)=¢f (if we view ¢ in the
right-hand side as a function in H'(D)). It follows that

P(T,) ={f € Ca(D): gofeHz(ID)}, (20)

T.f =¢f, (21)

for f€(T,). This shows that a Toeplitz operator with

H'-symbol behaves as a multiplication. Notice that the
action of T, is the same as that of T, defined in ([16],

Section 5). (In that paper, the domain of T, is given by
- 2(m). 2 . .

2(T,) ={f € H*(D): ¢f € H*(D)}.) Moreover, since ¢ is

of Smirnov class, ¢ = b/a for some a,b € H*(D) such that

a is an outer function, a(0) >0, and |a|* +|b]*=1 on T. In
this case, 2(T,,) = aH*(D) (cf. [16]). It follows that

9(T,) =2(T,) NC4(D)=aH*(D)NC,(D).  (22)

Since a is an outer function, it follows that aH?*(D) is
dense in H*(D).

Question: is aH*> N C, (D) dense in H*?

We give some concrete examples.

Example 4.

(a) Let ¢ be the analytic function on D such that
(p(z))>=(1-2)" and @(0)=1. Then, ¢ ¢ H'(D)
but ¢ ¢ H*(D). Put y = ¢ - m. By Remark 3, (b), we
have

9(T,) ={f € Cs(D): ¢f e H*(D)}. (23)

How large is the domain (T ,)? Suppose that g € C, (D)

and g(1) #0. Then, there exists a constant ¢ > 0 such that |g
| >c on a neighborhood of { = 1. It follows that g ¢ H*(D).
Hence, g ¢ 2(T,). This shows that

D(T,) <{f € C4(D): f(1)=0}. (24)

On the other hand, if >0 and if y, is the function in
C,(D) which satisfies (,(z))""" =1~z and y,(0) = 1, then,
for every g € C,4(D),

Journal of Function Spaces

lpy,gll; = L PO [y, (P9I dm(¢)

~ |1_C|2r 5 "
= | g 9OP dm)

<lgl2, - j 1= dm(Q)

2 e
= %J ’1_3”|2r71 dt
2 ),

2 Vs
< "gi'rwj 2t dt
-7

2
B ||9||007Tir
T 2r’

and hence, py,g € H*(D), ie, v,g € D(T,). It follows that

Uv.Ca(D) c2(T,). (26)

r>0
Since y, = 1 — z, we have
(1-2)-Cy(D)cD(T,). (27)

In particular, 2(T,) contains all polynomials vanishing at

(=1

(b) Let y=4; be the unit point mass concentrated at
{=1. Note that the measure y is discrete. Observe
that, for f € C,(D),

f(©

Tl—ZZ

au@) =" cep). )

1-z

P )= |

Since 1/(1 —z) = Y72, 2", the function 1/(1 — z) does not
belong to H*(D). It follows that P(f - u) € H*(D) if and only
if f(1) = 0. Therefore,

D(T,) ={f € C4(D): f(1)=0}. (29)
Also, we have
T,f=0, (30)

for all fe Q(T#). Hence, TM is trivial, i.e., Tpf =0 for all f
€ 2(T,). Consequently, T, is bounded (on Z(T,)). Notice
that 9(T,) does not contain the constant function 1. We
show later (see Remark 11) that 2(T,) is dense in H?*(D).

(c) The Cantor middle-third measure: let C denote the
Cantor ternary set and let ¢ be the Cantor function,
ie, forx=32 (a;/3/) € C,
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a2
e (31)

18

P(x) =

-
I
—

and @(x) =sup {@(y): y <x,y € C} for x ¢ C. Then, ¢ is con-
tinuous and monotonically increasing. Hence, there exists a
positive Borel measure ¢ on T such that

y({ezmg :0<0< t}) =@(t)(0<t<). (32)

The measure y (the so-called Cantor middle-third mea-
sure) is a typical example of a singular continuous measure.
We refer the reader to the papers [24] and [25] which treat
measures of the Cantor type. It is known that

w(n)=(-1)" ﬁ cos —5- (nez). (33)
Hence,
lun(n)? = H (1 — sin? 2;”) (nez). (34)

Since 0 < sin®(271/3/) <1 for each jand Y7, sin’(27n/

37) < 00, it follows that i (n) # 0. Note also that g (—n) = pi(n)
and fi(3n) = p(n) for every n € Z. We may here ask the follow-
ing questions:

(a) Whatis 9(T,)? Is 2(T,) dense in H*(D)?
(b) What is TM? Is TM trivial?

We next ask: when is the domain (T ) dense in H*(D) ?

It does not seem easy to answer this question in general.
The following lemma is used to derive some properties
of P(T,) which are helpful to determine the density of

2(T,) in H*(D). Recall that S is the shift operator on
H(D), ie, if fe H(D), then Sf(z)=zf(z) for z€D.

We then have the following:

Lemma 5. For every u € M(T) and f € C,(D),
P(Sf-u)=SP(f ) + P(Sf-p)(0).  (35)

Proof. For each z € D,

€ - j LF(Q) du(d)

T I—ZZ
{z

P(Sf - 1) (2) = P(Sf - 1) (0) = J O 4

The following proposition gives an important informa-
tion for the domain of T,.

Proposition 6. Let y € M(T) and let a be a complex number
such that |a | # 1. Then, the following statements hold:

(a) For f € Cy(D), f € D(T,) if and only if (S—a)f €D
(Ty)

(b) For f e H*(D), f € cly2(D(T,,)) if and only if (S - «)
fedy:(2(T,))

Proof. (a) Suppose that f € C,(D). Then, by Lemma 5,

P((S—a)f -u)=P(Sf -u) - P(af - )
=SP(f - ) + P(Sf - )(0) —aP(f -u) (37)
=(S=a)P(f - )+ P(Sf - u)(0).

Hence, P((S— a)f - u) € H*(D) if and only if (S — &)P(f -
y) € H*(D). Since P(f - ) € H(D) and |a | # 1, it follows that
P(f - u) € H*(D) ifand only if (S — &)P(f - u) € H*(D). There-
fore, f € P(T,) ifand only if (S — &) f € D(T ). This proves (a).

(b) Suppose that f € H*(D) and f € cly2(2(T,)). Then,
there exists a sequence {f;} in P(T,) such that [|f - f,l,
— 0. Since S — « is a bounded operator on H?(D), we have

(- a)f = (S=a)f lo=l(S-a) (f~f;)l,—0. (38)

By (a), each (S - a)f; belongs to 2(T,). It follows that
(S—a)f €clyp(D(T,)).

Conversely, suppose that f € H*(D) and (S — a)f € clyp (
2(T,)). Then, there exists a sequence {g;} in 2(T,) such
that

IS =a)f =gjll, — 0. (39)

We want to show that f € cl2(2(T),)). To see this we
consider two cases.

Case 1. (Jor| <1). Assume first that g;(a) = 0 for all j. Then,

g;= (S~ ‘x)fj’ (40)

where f; € C,(D). Since g; € 2(T,), it follows from (a) that
f;€2(T,). Note that the approximate point spectrum of
the operator § on H*(D) is 0, (S) = T (cf. [26]). Since & does

not belong to T, the operator S — « is bounded below on H 2
(D). It follows that there exists a constant ¢ > 0 such that

I(S=a)f =gl =N(S—a) (f~F;)bze-1f =l (41)

for all j. This implies that ||f - f;ll, — 0. Therefore, f € cl
(2(T,))-



In the case that gj(oc) # 0 for some j, we may assume that
g,(a) #0. Note that g, — (S—a)f weakly. Hence, g;(z)
— ((S—a)f)(z) for each z € D. In particular, we have

gj(@) — 0. (42)
Now put
hj:gj_ z:((‘;;gl (i=123,-). (43)

Then, h; € 2(T,) and h;(«) = 0 for all j. Observe that

g;(«)
I(S—a)f ~hl, <I(S—a)f — gl + Imlllgll\z. (44)

It follows that
II(S—oc)f—thI2 — 0. (45)

Hence, by the preceding paragraph, we conclude that
fecdyp (D(T,)).

Case 2. (l| >1). The operator S—a on H?(D) is invertible.
Hence,

If = (S-a)"g,ll, —o. (46)

Since (S—a) ' = -, §"/a"! and 9(T,) is S-invariant
by (a), each (S—« 71gj belongs to cly2(2(T,)). 1t follows
that f € cl2(2(T,)), and the proof is complete.

Remark 7. If we take a =0 in Proposition 6, then the linear
subspaces Z(T,) and its closure cl2(2(T,)) are S-invari-

ant. Also, the equality in Lemma 5 can be rewritten as S$*P
(Sf - ) =P(f - ). Consequently, we have S*T,Sf =T ,f for
every f € P(T,).

As a consequence of Proposition 6, we derive the follow-
ing theorem which describes the domain 9(T,). Recall that

an inner function is said to be singular if it has no zero in
the unit disk.

Theorem 8. Let p € M(T). Then, one of the following holds:
(i) 2(T,) ={0}
(ii) D(T,) is dense in H*(D)

(iii) cly(D(T,)) = OH?(D), where 6 is a singular inner
function
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Proof. By Proposition 6, clyz(2(T,
space of H?(D). It follows from Beurling’s theorem that

)) is an S-invariant sub-

cip (2(T,)) = 6H* (D), (47)

where 6 is an inner function or 8 = 0. If 6 = 0, then the case (i)
occures. If 8 is a nonzero constant function, case (ii) occurs.
Now, suppose that 8 is nonconstant. We show that 6 has
no zero in D. To see this, choose any nonzero function f in
2(T,). Fix an arbitrary point a of D and let n be the multi-

plicity of the zero of f at a. Then,
/(@)= (z-a)g()(z€D), (48)

where g € C,(D) and g(«) # 0. Hence, by a repeated applica-
tion of Proposition 6(a), we have

ge2(T,) <OH*(D). (49)

It follows that g=06h for some h € H*(D). Thus, 6(«)
cannot be 0. Since o was arbitrary, we conclude that 6 has
no zero in D. Therefore 0 is a singular inner function.

Remark 9. Unfortunately, we cannot find a concrete example
for the third case. It would be possible that the third case
never occurs.

The following proposition is another consequence of
Proposition 6 which gives a sufficient condition for the
domain P(T,) to be dense in H*(D).

Proposition 10. If cly2(2(T,)) contains a polynomial, then
D(T,) is dense in H*(D).

Proof. Suppose that cl;2(2(T,)) contains a polynomial.
Then, by Proposition 6, (b), there exists a polynomial p € ¢
li2(2(T,)), all of whose zeros are in T, such that p(0) = 1.

Let ¢}, ---,{y € T be the zeros of p, listed according to their
multiplicities. Then,

p@)=(1-8z) - (1-8x2). (50)

Choose a sequence {k,} in N such that k,,,, > Nk, (e.g.,
k,=(N+1)"). For each n € N, define

2 <1— ((_ﬂ)kj) <1 - ((;vZ)kj) (51)

J

Pe)=

All of them are polynomials, divisible by p. Since
cyp(2(T,)) is S-invariant, the polynomials p, belong
to P(T,). It follows by a direct computation that

s ()G

for every neN. This implies that p,— 1 in H*(D).
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Therefore, the constant function 1 belongs to cl(2(T,)).
Since cl;2(2(T,)) is S-invariant, we conclude that cl2 (2(
T,)) = H*(D); in other words, 2(T,) is dense in H*(D).

Remark 11. Proposition 10 shows that the domains 2(T ),
presented in (a) and (b) of Example 4, are dense in H*(D),
because they contain the polynomial p(z) = 1 - z. The proof
of Proposition 10 shows that every polynomial, all of whose
zeros are in T, is an outer function.

In order to consider the matrix representation of a linear
operator on H*(D), it is necessary that its domain contains all
polynomials. Let us interpret the condition that (T ) con-
tains all polynomials. Note that this is equivalent to the con-
dition that 9(T,) contains any polynomial which does not
vanish on T, by Proposition 6, (a).

Lemma 12. Let y € M(T). Then, the following are equivalent:

(i) D(T,,) contains all polynomials, or equivalently,

D(T,) contains the constant function 1

(ii) < mand duldm € H*(T) + H)(T)

Proof. (i) = (ii): suppose that the constant function 1 belongs
to P(T,). Then, Pu= P(1 - u) € H*(D). Let y denote the non-
tangential limit function of Py. Since Py = Y2 ti(n)z", it fol-
lows that (n) = gi(n) forallne NU{0}. Put v=p—y-m.
Then, v € M(T) and

v(n)=H(n) =y (n) =0, (53)

for all n e N U {0}. It follows from the F. and M. Riesz theo-

rem that v < m and v = x - m for some y € Hy(T). Thus, we
have y=v+y-m=(y +y) - m. This proves (ii).

(ii) = (i): suppose that (ii) holds so that y=(y + x) - m
for some y € H*(T) and y € Hy(T). Then, zi(n) = y(n) for
all n e N U {0}. Hence, we have

Mg

() < co. (54)

=
Il
(=]

Since Pu=Y72, ti(n)z", it follows that P(1-u)=Pue
H?*(D). Clearly, the constant function 1 belongs to C,(D).
Therefore, 1 € .QZ(TM). Now, Proposition 6, (a), implies that

2(T,) contains all polynomials.

Corollary 13. Let y € M(T) be a real measure. Then, (T )
=C,(D) if and only if y < m and duldm € L*(T).

Proof. Suppose that P(T,)=C,(D). Then, y<m and

p=(y+yx) -m for some yeH*(T) and yeHy(T) by

Lemma 12. Since p is a real measure, we have

pem=| Zrau=| Zau=pe.  59)

for every neZ. Thus, x(-n)=y(n) for every neNN.
Since y € H*(T), we have
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yAmP <o, (56)

Y IxAm)f =

n=—00

=
Il
—_

It follows that ye€ Hg(T). Therefore, du/dm=y +y
e L*(T).
The converse is a part of Proposition 2.

On the other hand, we would like to conjecture the
following:

Conjecture 14. Every Toeplitz operator with a singular sym-
bol is trivial.

We give evidence for Conjecture 14 by using the known
fact about the Cauchy transform. Let E be a closed subset of
T and let

F(E):{gEHZ([D):g:PptforsomeyeM(E)}. (57)

Then, it is known that F(E) = {0} if and only if m(E) =0
(cf. [23], Theorem 5.5.2).
We then have the following:

Theorem 15. If y € M(T) is singular and m(sup pu) = 0, then
T, is trivial.

Proof. Let E=sup py. By assumption, m(E)=0. Thus,
F(E) ={0}. Suppose that f€(T,), ie, f€C,y(D) and
P(f - u) € H*(D). Note thatsup p(f - u) € sup py = E. Hence,
f-peM(E). So the function P(f-u) € H*(D) belongs to
F(E)={0}. It follows that P(f-u)=0. We have shown
that P(f - u) € H*(D) implies P(f - 4) =0. In other words,

fea(T,)T,f=0. (58)

Therefore TH is trivial (on its domain).

Remark 16. Conjecture 14 seems to be known when y is a
positive singular measure. Indeed, if y is a positive singular
measure, then its Poisson integral is the real part of (1 +0)/
(1-0) for some inner function 0 (cf. [23], Remark 9.1.4).
Now, if f € C,(D) and P(f - u) € H*(D), then the function



g=(1-0)P(f-u) belongs to H?*(D)OH*(D) (cf. [27],
Chapter I1T), and hence, 0g € zH?*(D). Since 1 — 8 is the outer
H?-function, it follows that

_9_ 9 _
P(f- )——6———‘@’ (59)

which implies that P(f - 4) € zH?(D). Therefore, P(f - u) =

The Cantor-middle-third measure y in Example 4, (c), is
a singular continuous measure, and its support is the Cantor
set (in T) whose Lebesgue measure is 0. Hence, Theorem 15
implies that T, is trivial.

We have seen that the Toeplitz operator T, in Example 4,

(b), is a densely defined trivial linear operator. This result can
be extended to the case that p has a finite support. In this
case, the fact that T, is trivial may follow from Theorem

15. However, we give a direct proof and also show that T,
is densely defined.

Proposition 17. Let y € M(T) be a discrete measure whose
support is a finite set. Then, the Toeplitz operator T, is a

densely defined trivial linear operator with domain
@(T#) ={f € C,(D): f({) =0forevery{ € sup pu}. (60)

Proof. Suppose that sup py consists of N distinct points {,
-+, {y of T. Then,

ﬂ:C16C1+"'+CN6CN, (61)
where ¢, -+,

unit point mass concentrated at {.
We first show that

D(T,) ={f € Ca(D): f(§)) =

For any f € C, (D),

i C]P(f 5()

j=

¢y are nonzero complex numbers and &; is the

=f(Cn) =0} (62)

Mz
o
=
|~
~
m
2

—
.
1l
—
—
—.
N

It follows that

{feCu@): f(§) =+ =f(Cx) =0}t cD(T,).  (64)

Conversely, let f € Z(T,). Then, P(f-u) € H?*(D). For
each j, put
F ()= <§2 CeT). (65)

Then, F = Zjl\il Fjis the nontangential limit function of
P(f - ). Thus, F € H*(T). Choose disjoint open arcs I, €T
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with {; € I,. Fix an index j, and let y denote the characteristic
function of I; . Then, x - F € L*(T). Also, y - F; e L*(T) for
each j # j,. Hence,

X-Fj=x-F=) (x-F)elXT). (66)
7o

Since (1—-y)-F i € L®(T), it follows that
Fi =x-F +(1-y)-F, eL*(T). (67)
This implies that f({; ) =

T). Since j, was arbitrary, we have f({;) =
lows that

0, because otherwise, F; ¢ L*(
0 for each j. It fol-

D(T,) <{f €Ca(D): f(G1) =+ =f(Ey) =0} (68)
This proves (62). In particular, 2(T,) contains the poly-
nomial p(z) = (z—{;) --- (z— {y). Hence, by Proposition 10,
2(T,) is dense in H*(D).
Equations (62) and (63) imply that TJ =0forall feD
(T,), ie., T, is trivial. This completes the proof.

Example 18. Let y € M(T) be a discrete measure whose sup-
port has only finitely many limit points, for example,

1
%, (69)

K
NGE

I
—

n

where {, =¢™?". By an argument similar to the proof of

Proposition 17, we may show that

2(T,)

and T,,f =0 for all f € H(T,). Hence, T, is trivial. Note that

every polynomial has only finitely many zeros. It follows that
2(T,,) cannot contain any polynomial. Nevertheless, 2(T,)

={f € C,(D): f(¢)=0forevery{ €sup pu}, (70)

contains a nonzero function by Fatou’s theorem for C,(D),
which says that, for any given closed set K< T with m(
K) =0, there exists a function in C,(D) which vanishes
precisely on K (cf. [19]). Hence by Theorem 8, QZ(TH)
is dense in H*(D) or cly2 (2(T,))
lar inner function 6. But it does not seem easy to determine
whether P(T,) is dense in H*(D) or not.

=6OH?*(D) for some singu-

To each Toeplitz operator T, there corresponds an infi-

nite Toeplitz matrix T(p). In general, however, it is a bit
awkward to call T(z) as the matrix representation of T,

because the domain (T ) may not contain the monomials
z". Nevertheless, often, information about T, gives informa-
tion about T(4). The following is one of such example.
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Corollary 19. Let yu € M(T) be a discrete measure whose sup-
port consists of N points of T. Then,

det T, (i) =0, (71)
foralln>N.

Proof. Suppose that y is the discrete measure given by (61).
Then, the domain (T ,) is given by (62). Choose any poly-

nomial p in P(T,) whose degree is N (e.g., p(z) = (z - ()
- (z={y)). Write p= Y} a,zF. Since Tﬂzk =y h(n-
k)z", it follows that

N N 00
0=T,p= Z akTMzk = Z a Z U(n—k)z"
k=0 k=0 n=0
w /N (72)
= Z Z ap(n-k) |z"
n=0 k=0
Hence, we have
N
Y ai(n-k)=0, (73)
k=0
for all n>0. Now, let > N and put
x=[a, - ay0 - 0T eC™. (74)

Then, by (73), T, (¢)x =0, i.e.,x e ker T, (p). Since x # 0,
the square matrix T,(4) is not invertible, or equivalently,
det T,({)=0

Lastly, we may ask: what is the adjoint of T, ? To answer
this question, we need the following:

Lemma 20. Let y € M(T). Then,
(1.f.9)=| fodu 75)
for every f € D(T,) and g € C,(D).

Proof. Suppose that f € P(T,) and g € C,(D). Then, T f €
H*(D). Write T, f = Y7y a,2" and g = 3% b,2". Then,

8

(T f.9)= ) aub,. (76)

=
Il
(=]

Observe that, for each z € D,

(TJ)(z)j (2 au(C) J Zczdy

(77)

9
Hence, we have
0= | SO du(@) (78)
T
Observe that, for each 0 < r < 1,
Z b,r"z" € C,(D). (79)
It follows that
(19,0 = Y b= 3 | SO, dutd)
n=0 n=0 JT (80)

- Lf(()Zn:O

If we let r — 1, then [|g - g, |, — 0, and hence, (T f,
g,) — (T.f>g)and [ fg,du— [ fgdu. This proves (75).

b du0)= | fo,du

Assume that y € M(T) and P(T,) is dense in H?(D).
Then, the adjoint T; of T# can be defined; the domain of
T, is
9(1;) = {g € H(D): 3he B (D)s.t(T,f,g) = (f )Vf € D(T,)},

(81)

and, for each g€ P(T}), T,g is the (unique) element of
H?*(D) such that

(T.f.9)= <f, T,’jg>, (82)

for every f € D(T,).

If 9 € L°(T), then T = T¢. Hence, it is reasonable to
expect that the adjoint of T, is the Toeplitz operator induced
by the “complex conjugation” of y. For y € M(T), define

A(E) = u(E)(E € By). (83)

Then, gt € M(T). Of course, p € M(T) is a real measure if
and only if i = y. Note that

f(n) = p(-n), (84)

for every n € Z.
We now have the following:

Proposition 21. Let y € M(T). Assume that D(T
H?(D). Then,

) is dense in

TyeTy, (85)

that is Q(T‘a) <(T;) and Ty=T, on 9(Tﬂ).
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Proof. Let g € QZ(T‘Q). By Lemma 20, it follows that

(Tf.9)=| sadu=| of du=(.Tys). (0

for every f € 2(T,). It follows that g€ (T}) and T,g=
Tyug. Therefore, we conclude that

9(@1) c 9(T;), (87)

and T,g=Tpg for every ge¢ QZ(T‘a). This completes the
proof.

If p € M(T), and T is the restriction of the Toeplitz oper-
ator T, to cl;2(D(T,)), then T is a densely defined linear

operator. In this case, T* is a linear operator from H?(D)
onto cl;2(2(T,)). By the same argument as the proof of

Proposition 21, we have 9(Ty) € 2(T") and T*g=Tyg
for ge Q(Tﬂ).
We also have the following:

Proposition 22. Let u € M(T) be positive. Then, the following
hold:

(a) T, is positive, i.e, ,f,f>0 forall fe(T,)
(b) ker T, ={f € C4(D): f({) = 0forevery { € supp u}

Proof. (a) Suppose that £ > 0. Then, by Lemma 20, we have

(Tofof) J fPdu =0, (88)

for every f € 2(T ).
(b) Suppose that y € M(T) is positive. If f € ker T, then
I \fI* du= (T,f,f)=0. Hence, f =0y-ae. on T. We show

that f =0 on supp p. Assume to the contrary that f({,) #0
for some {,, € sup pu. Since f € C,(D), there exist a constant
€>0and an open arc I € T with center {, such that |f({) | >¢
for all ¢ €. Since {, € supp y, we have p(I) > 0. It follows
that

j \flzdﬁzj fPduze >0, (89)
T 1

which is a contradiction. Hence, f({) =0 for all { € supp p.
Therefore,

ker T, < {f € C4(D): f=0o0n supp u}. (90)

The reverse inclusion is trivial.
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The operator T, may be positive even though y is com-
plex. For example, for any complex number «, the measure
« - 8, is trivial, and hence, it is positive.

We conclude with a remark on the boundedness of T,. It
is well known (cf. [3]) that for ¢ € L*(T), T, is bounded if
and only if ¢ € L*(T), in which case, || Tl =Nl If p=0
and T, is bounded, then

L|f\2dm-ufu§ (fe2(r)). OV

Let us call a positive measure y € M(T) a compatible
measure if y satisfies (91) for all f € C, (D). The word “com-
patible” comes from the paper [12]. One can show that the
following statements are equivalent:

(i) p is a compatible measure
(ii) u < mand du/dm e L°(T)

(iii) 2(T,) contains all polynomials and T/, is bounded

If these conditions are satisfied and if ¢ = du/dm, then
2(T,) =C4(D) and

T.f=T,f, (92)

for every f € C,(D). In (iii), we cannot reduce the condition
that 9(T,) contains all polynomials to the condition that

D(T,) is dense in H*(D): there is a measure y € M(T) which
is not compatible such that T, is densely defined and
bounded (see Example 4, (b)).
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The present research paper is related to the analytical studies of p-Laplacian heat equations with respect to logarithmic nonlinearity
in the source terms, where by using an efficient technique and according to some sufficient conditions, we get the global existence

and decay estimates of solutions.

1. A Brief History and Contribution

Consider the following nonlinear p-Laplacian problem:
equation with logarithmic nonlinearity:
u, = div (|VulP?Vu) + |uff?u=uf?uln |u, x€Q, t>0,
u(x,0) =uy(x), x €,
u(x,t)=0, x€0Q, t>0,
(1)

where Q C R" is a bounded domain with smooth boundary
00, the function u is given initial data and exponent p verify

2<p<oo, ifn<p,

np )
2<p< m— ifn>p.

In the last few decades, the researchers have shown sig-
nificant interest in polynomial nonlinear terms in different
areas, such as edge detection, viscoelasticity, engineering,
electromagnetic, electrochemistry, cosmology, signal pro-
cessing material science, turbulence, diffusion, physics, and
acoustics. Many other problems in applied sciences are also
modeled by linear and nonlinear evolutionary partial differ-
ential equations [1-13]. Various dynamical systems in phys-
ics and engineering are also modeled by using evolutionary
differential equations. Many researchers have contributed a
lot to provide an outstanding history of the evolutionary dif-
ferential partial equations related to p(x)-Laplacian such as
[13-17].

The majority of problems in science are nonlinear, and it
is not easy to find its analytical solutions. The physical prob-
lems are mostly designed by using higher nonlinear partial
differential equations (PDEs). It is found to be very difficult
to find the exact or analytical solutions for such problems.
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However, in the last several centuries, many scientists have
made significant progress and adopted different techniques
to study the analytical side of the nonlinear PDEs. Through
recent years and in the literature on nonlinear PDEs, loga-
rithmic nonlinearity has received much interest from mathe-
maticians and physicists. If we read in recent research, we
notice that logarithmic nonlinearity has been entered into
nonrelativistic wave equations that describe spinning parti-
cles that move in an external electromagnetic field and in
the relativistic wave equation for spinless particles (see, for
example, [2, 4, 18, 19]). In addition to what we mentioned
above, this type of nonlinearity is used in various branches
of physics such as optics, nuclear physics, geophysics, and
inflationary cosmology (to read about this in detail, see
[18-31]). Given all the basic previous meanings in physics,
the study of universal solutions of this type of nonlinear log-
arithms is of great interest on the part of mathematicians.

Recently, Wu and Xue in [32] gave the uniformly proof of
energy decay of the solution using the multiplier method of
the following problem:

uy = div (|VulfP?Vu) = Au, + |u, | = [P (3)

Moreover, the author in [33] studied the exponential and
polynomial decay rate of solutions for seminar problem (3)
by applying the inequality of Nakao.

On the another handle, for a Laplacian parabolic equa-
tion related to the logarithmic in the right-hand side, the
authors in [24] gave the analytical side of the following prob-
lem:

u,—Au—Au,=ulnu. (4)

Then, in [27], Nhan and Truong studied the global exis-
tence, decay together with the blow up the solutions of the
following problem:

u, —div (|Vulf?Vu) - A, = [uPuln [u], (5)

where p > 2. In addition, in [25], Cao and Liu gave for 1 < p
< 2, the blow up and global boundedness results of problem
(5).

Most recently, in [14], Piskin et al. studied the p-Lapla-
cian hyperbolic case

= div (|VulPVu) + |uff 2w+ u, = [u’uln [u], x€Q, £>0.

(6)

Motivated by the last mentioned papers, especially [14],
in this current research, we consider problem (1) with the
presence of nonlinear diffusion A, =div (|Vu/’ Vu), loga-
rithmic nonlinearity [u["*u In |u| together with a damping
term which is an extension of the previous recent analytical
study in [14], where the authors considered the hyperbolic
case without damping terms. Our goal is to exploit a potential
well method for problem (1) in order to obtain global exis-
tence and decay estimate of solutions. More precisely, we give
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the global existence and decay estimates of solutions under
some sufficient conditions.

2. Preliminaries

In this section, we put the definitions and lemmas that we
need in the rest of the paper:

1p
ol = el 80 = e, = (Ol + 191,)

(7)
for 1 < p < co. We denote the positive constants by C and C,

(i=1,2,-).
We give the function of energy by

1 1 1 1
Et=—VuP+—uP——J In |u|ufdx + — ||ul|P. (8
() pH 115 p” 15 ), |u| p2” 5 (8)

Lemma 1. E(¢) is a nonincreasing function, for t >0

E'(t) =~||u’<o0. )

Proof. Multiplying equation (1) by u, and using the integra-
tion on (2, we have

—J div (|Vu|P’2Vu)u,dx+J |u\p’2uutdx+J u,u,dx
0 0 0

= J uP~?u In |u|u,dx,
)

(10)

d /1 1 1 1
22 Pyl = 2] 1 P Zyllr ) = — 2
dt<P||Vu||p+p||u||p an\u\”dﬁsz“Hp) A
(11)
Thus,

E'(t) = = u]. (12)

Lemma 2 (see [5, 14]). Let u be any function u € Wy (R") \
{0} . Then, forp>1, u>0

pJ u” In _ dx
R ”u”LP(R")

(13)
< Vuldx— " In pue J ulPdx,
”JRn Vufdx=3 <n5£p o

where

7 =P
n

) ] 00
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Remark 3. Let u € WP () \ {0} and by defining u(x) = 0 for
x € R"\ , we can write

pJ u In id dx
Q [l ()

n pue
<u VulPdx - — In | —— J ulPdx.
JQ | | p <nzp) o | |

Lemma 4 (see [27]). Let 9 > 0. Therefore, we can easy give the
following result:

(15)

log s < Cs”, (16)

Vs € [1,00), such as C=¢e1/9.

Remark 5. According to Lemma 4, we have
s log s < Cs"9, s € [1,00). (17)

Lemma 6 (see [34]).

(i) For all function u € Wy (Q), we have

[l < By Vull (18)

as|

forevery g e [loolifn<p,and1<q<np/(n—p)ifn>p. We
choose constant B, , related only on , p and q. Denote B,, , by
B,.

p

(ii) For every u € Wé’p(Q),p > 1 with r > 1, we get

lully < ClIValpull, ™ (19)

where C > 0,

and we have the following:

(i) Forp>n=1r<q<00

(ii) Forn>1and p<nqelr,(np/n-p)| if r<npin—p
and q € [r, (np/n—p)|if r<np/n—p
(iii)) Forp=n>1,r<q< 00

(iv) Forp>n>1r<g<oo

3. Result of the Global Existence

We give in this section the proof of the global existence for
(1). First, putting the following functionals:

1 p+1 1
J(u) = = ||Vul|l? + up——J In |u|ufdx, 21
()p|| II5 p2||||pr |ul (21)
I(u) = ||Vu||§ + ||u||§ —J In |u|ufdx. (22)

o

Hence, (21) and (22) give

1 1
J(u) = I—)I(“) i w]l55 (23)

and we have
E(u) =] (u). (24)

As in [35], the potential depth of the well is given as

0<d:inf{sup](/lu): uEWé’P(Q),|u|§¢O}, (25)

oL A0

0<d:iur€1}fz]'(t). (26)

Hence, two sets can be assigned, the first stable W and the
second V unstable by

W= {u € WP (Q): J(u) < d, I(u) > o} u {0},
(27)
V= {u e WP (Q): J(u) <d, I(u) < o}.

Lemma 7. Let u be all function ue Wy (Q)\ {0}, ||u||1; #0
and let (A) = J(Au). Hence, we have

(1) lim g(A) = ~co, lim g(A) =0
>0, 0<A<AY,

(i) I(Au) =Ag' (M) =0, A=21%,

<0, A < A" <oo,

where
Vull? + ||ullP - [ . In |u||ulPdx
v (I I~ Do I llaPds
(]l
Proof.

(i) From g(A) which we get



1
g0 =1 (k)= AV + b

1 AP
- —J In |Au|(Au)Pdx=— ||Vu||§
Plao p

N p+1
+ —[— =In|A| )|ju||f
p(p |>|| Ilp

p
- /\—J In |u|ulfdx.
P Jo

(29)

According to HuHﬁ #0, we find Alim g(A) = —00, and liné
g(A)=0.

(i) From the derivative of g(1), we get

=X ([Vulp+ (L=t ADJul? (30)
—J In |u|u|de>.
Q

There exists a unique A verify (d/dA)J(Au)|,_,-, by tak-
ing

iy

Vull? + [|ullP = [ In |u||ulPdx
_— (n I+ - J n ol ) a

Of course, we note that the recent property is the result of
the following:

A =g’ (A) =I(Au). (32)

Thus, we have the desired results such that

>0, 0<A<AS,
IAu)=Ag' (M) =0, A=1%, (33)

<0, A<A'<oo.

Lemma 8. For every uc Wé’p (Q)\ {0} and [ = elnp)ip?

(pz/ngp)mpz, we get

(i) If 0<||ull, <1, then I(u) >0
(ii) If I(u) < 0, then |[ul|, > 1
(iii) If I(u) = 0, then |[ul|, >
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Proof. According to inequality of logarithmic Sobolev, it can
be found

1) = vl - | ( H‘ |'|

> ([Vally+ (1=1In ], ) ]}
- EJ VulPdx— L In il J ulPdx
[P Q Ve P nZ, ) )a .
“ n [ pue
> (1— 1—7)||Vu||§+ <l—ln \|u\|p+117 In ( ))II [

(34)

+In ||u||p> |ulf dx

Selecting y = p in (34) gives

_ " pe p
I(u) > (1 In {|u]|, + o In (}@)) |l |- (35)

Thus, we have

(i) If 0 < ||ul|, <1 then I(u) > 0 using the last inequality

(ii) Suppose that I(u) < 0. This is due to (35), and it

5 nlp
n+p*)/p? p _
], 2 ") <7> =1 (36)

(iii) Similar to the proof of (ii), we prove (iii)

As for functional J, it represents the Nehari manifold
N= {u € WP (Q)\ {0}: I(u) = 0}‘ (37)

Using Lemma 7 in order to prove that X is an unempty
set, consider that if u € X, we obtain

1
J(u) = ?Ilullﬁ (38)

We use (23). Further, it proves that J is coercive with
respect to N. In addition, if we give 2, and Q, such that

={xeQ:|u(x)<1|},

(39)
Q,={xeQ:|u(x)=21]}.
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From Remark 5, we can get that

J |u|f In |u|dx£J |ulf In |u\dx+J |ulf In |u|dx
0

1 2

< cJ Juf?*dx < Cl[ul 25,
QZ

(40)

where { > 0. Under Lemma 6, we get

JQ In [ dx < Cllul[p 15 < CI[Vul[ 52 u 00, (41)

where
AR I VA T B A
“_<E p+<>(n p+p> vy P

Choosing { < p*/n, we obtain
a(p+¢)<p- (43)

By using Young’s inequality together with (41), we get
ul? n uldx < e[Vl + C, (Julf) s (44)
o = p e r)>

wheree>0and f=(1-a)(p+{)/ip-a(p+{)>1. AsueX,
by (22) and (44), we get

Jull2+ |Vt = jg juf? In |uldx,

B
lly+ 1Vl < €V + C, (J1uly)
vl < e ut + €, (el
P~ P € r)’
P P p
(1= )| ullp < C. (Il " (45)
Select € < 1. Then, combining (38) and (44), we find
1 1B
1) = o5 lully > €. (vulfy) ™ (46)

Hence, the coercivity of ] on N.
Lemma 9.

(i) The depth of the potential well is given by

d= irelkgl(u) =inf {sup](/\u): ue Wé’P(Q)/{O}, HuHi + O}

A0
(47)
(ii) d admis a positive lower bound, given by
1 5 nlp P
ds Lelmrye( P~} P g (48)
P2 n, P?

where Z,, is given as in Lemma 2

(iii) There exists a positive function u € R, verify J(u) =d

Proof.

(i) According to Lemma 7, it implies that for every u €
W () \ {0}, there exists a A*, verify I(A*u) =0,
that is A" u € N. Using (47) gives

J(A u) > infJ(u) =d. (49)

ueN

From Lemma 7, the maximizer of J(Au) is exact A*, such
that

1 1 1
supJ(Au) = J(A*u) = ZT(A u) + — |[MulP = = (|2 u|P.
AZg() ( )p( )pzll I, p2” [y

(50)

By the combination of (50) and (49), we find

inf supJ(Au)=  inf

J(A u) > d. (51)
ueWy” (2)/{0} 10 ueWy? (2)/{0}

So that, as u € Wy () \ {0}, we have d #0. And if u € R
by (30), we obtain that A" is the only critical point in (0, co)
of the mapping g(A). Therefore,

supJ (Au) = J(w), (52)

A>0
for any u € N. Then,

inf  supJ(Au) <inf supJ(Au) =infJ(u)=d. (53)
ueW,? ()/{0} 150 UEN 350 ueR

By (51) and (53), (i) is obtained.

(i) From Lemma 7, Vu € W¥(Q)\ {0}, we get I(A"¢)
=0. Lemma 8 gives



5 nip?
* nip?)ipr [ P _
A" ul], 2 el (qu,) =1 (54)

By using (50) and (54), we get

P
sup/(Au) > — =K. 55
A>E( ) P2 ( )

According to (i), we find that d > K.

(iii) Consider the minimize sequence {1}, Cu € N for

], verify

lim J(uy) =d. (56)

k—oo

Hence, we have {|u;|};” cueX is also a minimizing
sequence for J due to |u,| cue X and J(|uy|) =J(u;). For
this, we can suppose that #;, > 0 a.e. Q for any k € u € X.

From it, we note that J is coercive on u € X; in other

words, {1, }° is bounded in W”(0). Since W (Q)LA(Q
) is compact embedding, Ju is a function and a subsequence
of {u}¢, still given by {u; };°, such that

u, — uweakly in Wé’p(Q),

uy. — ustrongly in IF (Q), (57)

U (x) = u(x)a.ein Q.

Hence, u >0 on Q and

1 p+l 1
J(t) = = ||Vul||? + =——— up——J In |u|udx
() pH 117 7 [[ull, AR |u|
e (P e L p_ L »
S]}L%lo1nf(p2 \|u\|p+p|\Vu||p ’ an|u|u dx
= lim inf J(u,)=d.

k—o0

(58)

J Wu\p’ZVqudx+J \u|p’2uw(x)dx+J
Q Q Q

u(x, 0) = uy(x).

Lemma 11. Let u,eW,*(Q)\{0} and =)
(pz/nffp)"/pz. Suppose that 0 < E(0) < IP/p? < d.

(i) Ifuge W, thenueW for0<t<T
(ii) Ifuye V, thenueV for 0<t<T,

u,w(x)dx = kJ
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We apply Lebesgue dominated convergence theorem and
weak lower semicontinuity.

As u €ueX, we have u, € WoP(Q)\ {0} and I(u,)
which implies

5 n/p2
(n+p2)/p2 p _
[ugl[, 2 € —nZP . (59)

According to Lemma 8, we have [u,#0 converge

strongly in L?(Q); that is to say, that ue W;*(Q)\ {0}.
Moreover, using weak lower continuity, we find

I(u) = Hqu + ||Vu||§ - JQ In |u|ufdx

< lim inf (|u|"+|Vu||P—J 1n|u|u1’dx> (60)
k—00 P p O

= lim inf I(u)=0.

k—o0

As a final stage of proof (iii), we prove that I(u) =0. If
this is false, we get I(u) <0; hence, by Lemma 7, 31" <1
which verifying I(A*u) = 0. Further, we find

0<d<iw= S ups AL tim inf up
preo T P ke o (e1)
= (A"’ lim inf J(u) = (A*)d <d.

And it produces a stark contrast. Meaning that the proof
of Lemma 9 has ended.

Definition 10. We say that function u(t) represents a weak
solution to problem (1) on Q x [0, T), if

ue c<(o, T); W})’P(Q)) NCH((0, T); L2(02)), )
u, € L°((0, T); L*(£2))

satisfies

, In |u(x, t)|ul 72 (x, t)w(x)dx, Yw € Hy(Q), (63)

such that T is the maximum time of existence of u(t).

Proof.

(i) We put T is the maximum time of existence of solu-
tion u. From (24) combined with (47), we find
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J(u) <J(uy) <dVtel0,T). (64)

Then, we have u(t) € W for every t €0, T). If it is false,
hence 3t, € [0, T) verify u(t,) € 9W, we get either I(u,) =0
and ||A(ug)|| # 0 or (b) J(uy) =d.

According to (64), (b) is impossible, that is, I(u,) =0
and [|A(u)|| #0. But it is IJ(uy) =d if 0<d=ir€1£](u).

From this, we have a stark contrast, u(t) € W is obtained
for Vt €0, T).

(ii) In the same way, we prove case (ii)

Theorem 12. Consider u,(x) € WP (Q)\ {0}. If I(uy) >0
and E(0) <d or ||u0\|§ = 0. Therefore, problem (1) admits a

weak  global  solution  u(t) € L(0,00;W " (2)\ {0}),

u,(t) € L(0,00,L%(Q)).

J |Vu’”|"72Vu’”dex+J |u”’|P72u"’w(x)dx+J
Q

(0] 0

u™(0)=uy =

Mz

(uo’wj)wj.

-
Il
—

It produces an ordinary differential equation system
(ODE) made up of unknown functions h?'(t). Starting from

the standard theory of existence, there are functions
By [0 t,) > Rj=1,2,m, (69)

which verify (68) in a maximal interval [0,t,,),0<¢, <T.
Next, we prove that t,, = T and that the local solution is uni-
formly bounded independent of # and ¢. For this purpose, let
us replace w by " in (68) and integrate by parts, we get

d m m
BT () =~ <0, (70)

such as
E"(t)= —||[Vu" ||} + =5~ |u Hﬁ——J " P In | |dx.
p p Plo
(71)

Integrating (70) from O to ¢, and using (24), we obtain

Iy + j s = E7(0). (72)

u'w(x)dx = kj

Proof. Consider the orthogonal basis {w; };):1 of the “separa-
ble” space W ¥ (€2) which is orthonormal in L*((2). Let the
following subspace V,, on the finite dimensional

V.p = spanf{w,, w,, -+, w,, }, (65)

where the projections of the initial data be defined by

™:

I
—_

aw;(x) — uy in Hy(Q), (66)

Uy (x) = 2, aw;

J

forallj=1,2,---,m.
Now, we can see the approximated solutions of (1) as in
the following form

u™(x, t) = i W (twj(x), (67)

of the approximate problem in V,

™ P72 (x, ) In [ (x, £) |w(x)dx, w e V,,
O
(68)

According to (68), with m — oo, we find E™(0) — E(0).
We select m large enough; we find

t
J(u™) +J (|| ds < d. (73)
0

Hence, by (23), we have

J(u) = I—ﬁf(u) + pi Jull. (74)

Byu,e W,
J(u™(0)) =E(0); (75)

we select m large enough and 0 < t < co; we find u™(0) € W.
By (24) and Lemma 11, by picking m large enough and 0 <
t <00, we get "(t) € W. Further, according to (24) and
(21), we obtain

1 p+1 1 t
Z||Vu™ P + umP——J u™P In umdx+J ul!’ lds<d,
pH II; Iz [izaale 5 Q| " In [u™] OH [

(76)



where 0 <t < co. By choosing m large enough and 0 <t < co
(76), we get

V"5 < pd,

2

P

d;
p+1

Jum <

t
J [ ||Pds < d. (77)
0
According to Remark 5, we find

J |u™F In |um|dx£J |u" P In |[u™|dx
Q

1

+J " In [ dx (78)

2

¢ P+
< CJQ " [P dx < Cllu™ |52
2

where { is pick satistying p + { <np/(n—p) asp<nand { >0
asp2nand Q, ={xeQ: |u"(x)<1|} and Q, ={xecQ: |
u™(x) > 1}.
Applying the embedding theorem, Lemma 6 and Young’s
inequality, gives from (78):
J In [u"||u" [Pdx
Q
¢
< Cllu"|lpg
< Cllvumqu(PJr() ||um||1(71*0¢)(1>+() (79)

” o (=@ plp=a(p+0)]
< e[ Vaulf + C, (11"}
< C[|Vu"ulfp.

Therefore, we choose 0 < { for p > a(p + (), where € € (0
, 1) with

Gy e
(80)

Using (79) and (76), for 0 < t < co, we find
J In [u"||u"Pdx < C,pd. (81)
0

Hence, we get

u™ is uniformly bounded in L® (0,00;W(l)’p (Q)) ,

u;" is uniformly bounded in L™ (O,OO;L2 Q).
(82)
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Using the integration on (68), we get for 0 <t < 0o
t

J u"wdx =J uyw,dx +J J In [ ¥ P~ w dxds

Q Q 0Ja

t
- J J |Vu™ P72 (s)Vu™ (s) Vw,dxds
Q

[ ] o

0 (83)

Further, after passing through the limit in (ref 4030), we
arrive at the weak solution left(u right) to the problem (ref
300). According to the initial data in (ref 300), we conclude

that (u(x, 0)) = (1,) in W
4. Decay of Solution

In this section, by using the Lyapunov functional, we show
the decay of solution to (1).
First, we define the Lyapunov functional by

uldx, (84)
Q

L(t) = E(t) + ;J

where ¢ > 0. We will prove the equivalence between L(t) and
E(t).

Lemma 13. For € > 0 small enough, we have
BiL(t) <E(t) < B,L(2), (85)

where 3, 3, > 0.
We find L ~ E by choosing € small enough.

Theorem 14. Let u, € V. Assume further 0< E(0) < (p+ 1)/

p*ulf < d, where
nlp?
[= en+p2/p2 P2 ,
nZ,

1-plp .
Wp%%uw@%)<P ) y PB-P) BT

nZ, (B-p)
(86)
hence, Ic,, ¢, > 0 satisfies
0<E(t)<ce, t>0. (87)
Proof. A differentiation of L(t) and equation (1) gives
L'(t)y=E'(t)+ eJ uu,dx = —||u,||*
. (88)

—e(||Vu\|1; + Huug) +eJQ In [ufu? dx.
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Adding and subtracting ¢BE(t) into (88) (>0), we

obtain
)|Vu||f’+s(’3 p)nunP
p

In |u|udx + pl£/3||u||p —eBE(t)

L'(t) = ||| + &

<ﬁ
()] e
)1

+£(/3 P> |u||§+s< -IE))JQ In [u|uPdx.

(89)

Using the inequality of logarithmic Sobolev together with
||”||§ <C ||VM||§(C* > 0) gives

e B2
. e(ﬁ;p) Jull2+ s(l - 5) JQ In [u]ufdx - eBE()

s-optl) -l re(F00) (1o po s - B ol

B-p n pue
_8(7) |:ln HuHP— (Pz In (ngp) + 1):| ||u||§

(90)

Noting that 0 < 8 < p and using (21) and Theorem 12, we

find
» P
In ||u||pS1n <P+ 1](u)> <In <P+ 1E(t)>
<In P E(0) | <In (ulf)
s 1 slin(p (91)
» nl/p
- nptip [ PH
By u satisfying
1-plp .
n—p*/np (1—p)(ﬂ+P2) L <u< p(ﬁ P) +ﬁc 9
I <n g) [Z B-7) (92)

we guarantee

(1 " p(g—ﬁp) B g) > g

In [|uf, - (}% In (fg) " 1) >0; (94)
p

9
then, we obtain
L' (t) < -eBE(t) - ||| (95)
Hence, inequality (95) becomes
L'(t) < —eBE(t). (96)
According to (85), we get
L'(t) < —efB,L(t). (97)
Setting ¢, = ¢33, > 0 and integrating (97) yield
L(t) < e, (98)

Finally, by (85), we obtain (87). This is the end of the
proof.

5. Conclusion

As mentioned earlier in the introduction, the majority of
problems in science are nonlinear and their analytical solu-
tions are not easy to find, and most physical problems mostly
use higher nonlinear partial differential equations (PDEs). It
has been found to be extremely difficult to find accurate or
analytical solutions to such problems. However, in the past
several centuries, many scientists have made great progress
and adopted various techniques to study the analytical side
of these famous problems, and nonlinear logarithmic has also
received much attention from physicists and mathemati-
cians. Log nonlinearity was introduced into the relativistic
wave equation describing spinning particles moving in an
external electromagnetic field and in the relativistic wave
equation (see, for example, [1-3, 6, 14, 18, 19, 29, 36, 37]);
in this contribution, under some sufficient initial and bound-
ary conditions, we have studied the analytical side of p
-Laplacian heat equations with respect to logarithmic nonlin-
earity in the right-hand side, where the global existence and
decay estimates of weak solutions are proved. In the next
work, we extend our recent work to the coupled system for
this important problem. Also, some numerical examples will
be given in order to ensure the theory study by using some
famous algorithms which are presented in [38, 39].
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In this paper, we discuss a class of fractional semilinear integrodifferential equations of mixed type with delay. Based on the theories
of resolvent operators, the measure of noncompactness, and the fixed point theorems, we establish the existence and uniqueness of

global mild solutions for the equations. An example is provided to illustrate the application of our main results.

1. Introduction

Fractional calculus can be used to describe some nonclassical
phenomena in natural science and engineering applications.
Fractional differential equations have been applied in differ-
ent fields ranging from engineering, finance, and physics in
the past few decades. Researchers have conducted extensive
explorations on this subject and have achieved fruitful results
for the fractional differential equations [1-13]. Zhu and Han
[10] and Chadha and Pandey [11] studied the fractional inte-
grodifferential equations and discussed the existence of mild
solutions. Based on the theory of the resolvent family and
fixed point theorems, Chen et al. [14-17] analyzed nonau-
tonomous evolution equations in a Banach space. Moreover,
some researchers considered sufficient conditions on the
existence of mild solutions for fractional differential equations
by the measure of noncompactness [4, 18, 19]. The initial
boundary value problem for the fractional integrodifferential
equations with delay has been investigated by using fixed point
theorems [4, 5, 18, 20]. In [3, 21-24], differential equations of
mixed type have been studied and some results have been
concluded.

Chen [22] studied the fractional nonautonomous evolu-
tion equations of mixed type:

u(t), Tu(t), Su(t)),

t e (0,al,

{ DPu(t) + A(tyu(t) = f(1,
u(0) :A_I(O)uo,
(1)

where

Tu(t) = JtK(t, s)u(s)ds,
° @)
Su(t) = J H(t, s)u(s)ds,

0

where the kernels K and H are linear functions. The operator
T is an integral with a variable upper limit, and the operator S
is an ordinary definite integral; accordingly, problem (1) is
called fractional semilinear integrodifferential equations of
mixed type.

Liand Jia [25] investigated the existence of mild solutions
for abstract delay fractional differential equations:

{ DPu(t) = Au(t) + L Pf(tu,), te[0,T], .

u(t)=¢(t), te[-r,0],
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where f€(0,1), ]:713 is the Riemann-Liouville fractional
integral, the linear operator A is independent on t, and the
Lipschitz coefficient of f is constant.

To the best of our knowledge, there are no results on the
fractional integrodifferential equations of mixed type with
delay. Motivated by this idea, we consider the following
problem:

{ DPx(t) = A(O)x(t) + J1 PF(t, % Hxp, Hx), L]0, Ty,
x(t)= (1), te[-r0],

(4)

where € (0,1], CDf is the Caputo fractional derivative of
order f3, A(t) is a closed and linear operator with domain

D(A) defined on a Banach space E, ]}_ﬁ is the Riemann-
Liouville fractional integral of order 1 -, % and # are
defined by

(5)

where K : Dx C([-r,0]; E) — Eand H : D, x C([-1,0]; E)
— E are continuous and nonlinear functions, D= {(t,s)
€R*:0<s<t<Ty}, J=[0,Ty), Dy={(t,s) €R*: 0<t,s<
Ty}, ¢ € C[-r,0], f is to be specified later, and x, means
the element of C([-r,0]; E) defined by x,(0) =x(t +6), —r
<0<0, forx e C([-r, Ty] s E), t €].

We demonstrate the existence and uniqueness of global
mild solutions for problem (4) under the conditions of the
compact resolvent operator and noncompact resolvent oper-
ator, respectively. The kernels K and H of the operators #
and Z are nonlinear functions. In addition, the operator A
(t) is dependent on t. The rest of this paper is organized as
follows. Basic definitions and auxiliary results are presented
in Section 2. In Section 3, we prove the existence and unique-
ness of mild solutions via various fixed point theorems, the
measure of noncompactness, and the Banach contraction
mapping principle. An example is provided to illustrate the
main theorems in Section 4. Finally, Section 5 is the summary
of our results.

2. Preliminaries

Definition 1 [6, 26]. The Riemann-Liouville fractional inte-

gral If and derivative Df of a function f : (0,00) — R of
order 3> 0 are defined by

Lt —5)P1f (s)ds
gy~ s

D)= 1 @ J;(t g

TEf(t) =

f(s)ds,

n-1<f<n,

(6)
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where f(t) € L!
tion, and n € N.

((0, Ty) 5 E),

I'(-) denotes the gamma func-

Remark 2 [25]. DEF(t) = D) Pf(t), where D" = d”/d¢™
and J"Pf(t) e W™1((0,T,) ; E).

Definition 3 [26, 27]. The Caputo fractional derivative of
order 3> 0 of a function f : (0,00) — R is given by

t

o — )" P (5)ds

“DIf(t) =

n-1<p<n.
(7)
Remark 4 [25]. For the Riemann-Liouville fractional integral

operator and the Caputo fractional derivative operator, the
following conclusions are obtained:

- Sito)

(8)

Definition 5 [28, 29]. Let A(t) be a closed and linear operator
with domain D(A) defined on a Banach space E and 3> 0.
Let p[A(t)] be the resolvent set of A(t). A(t) is called the
generator of a S-resolvent family if there exist w >0 and
a strongly continuous function Ug : R? — B(E) such that

{A\P :Re A >w} cp(A) and
(Aﬂl - A(s)) 71x = Jo e M) Uﬁ(t, s)xdt, Re(A)>w,x€E.
9)

In this case, Ug(t,s) is called the f-resolvent family
generated by A(t).

Remark 6 [29, 30]. Ug(t, s) satisfies the following properties:

(1) Ug(s,s) =1 and Ug(t,s) =
<r<t<a

Ug(t, r)Ug(r,s), for 0<s

(2) (t,5) — Ug(t,s) is strongly continuous for 0 <s<t
<a

(3) If Ug(t,s) is compact for t, s > 0, then Up(t, 5) is con-
tinuous in the uniform operator topology

Lemma 7 [21]. Let BCC[J,E] be equicontinuous and

bounded; then, CoBc C[],E| is also equicontinuous and
bounded.
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Lemma 8 [24]. Let BCC[J,E] be equicontinuous and
bounded; then, a(B(t)) is continuous on J and

tx(LB(s)ds) < J]oc(B(s)ds), a(B) = rrtleajxoc(B(t)), (10)

where a denotes the measure of noncompactness.

Lemma 9 [21]. Let E be a Banach space and D CE be
bounded; then, there exists a countable set D, C D such that
a(D) < 2a(D,).

Lemma 10 [31]. Let E be a Banach space and D CE be a
bounded closed and convex set. Assume that Q : D— D is
a strict set contraction mapping; then, Q has at least one fixed
point in D.

Definition 11. A function x € C([-r, T,] ; E) is a mild solution
of problem (4), if x satisfies the following equations:

()= Up(t,0)$(0) + L Up(t,s)f (s, xp Hx,, Hx)ds,  t €0, Ty,

$(t), tel-r0].
(11)

3. Main Results

Let us introduce the operator ¥ : C([-r, T,]; E) — C([-1,
To]; E) by

Wx(t) - Up(t,0)¢(0) + J)OUﬁ(t, )f (s, x5 Hx, Hxg)ds, te[0, Ty,

(1), tel-n0].
(12)

Theorem 12. Assume that the following conditions hold:

(H,). The resolvent operator U(t, s) is compact for all t,
$>0,M* =max ||Ug(t,s)[| < +00,0<s<t < T,

(H,). K:DxC([-r,0]; E) — E and H : D, x C([-r, 0]
; E) — E are continuous; there exist nonnegative Lebesgue
integrable functions p, € L(J,R,)(i=1,2) such that |K(t,s,
l<p,Olxle(ropey and 1H(E, s, x)I<p,(H)Ixllc(ro,e) for
all (t,s) € D, (t,s) € Dy, x € C([-r,0] ; E).

(Hy). f:]xC(]-r,0];E) x C([-r,0]; E) x C([-r, 0] ; E)
— E is continuous; there exist nonnegative Lebesgue inte-
grable functions a,L; € L(J,R,)(i=1,2,3) such that |f(t,
X Xy x3)I<a(t) + Zf:ILi(t)||xi||c([,r)0];E), for all te],x;eC
([=r, 0 E).

Then, problem (4) has at least one mild solution x € C
([=r. Tyl s E).

Proof. Let us set the notation R, > 0 such that

R > M*¢, +M*f§°a(s)ds
Y (.[(?”Ll(s)ds + [1oL,(s) [Top, (v)dvds + [ToLs(s), gopz(v)dvds)

(13)

>

where ¢, =¢(0)|| and ([, "oLy(s)ds + [4°Ly(s) [4°p, (v)dv
ds + jg°L3 (s) g"pz (v)dvds)™ > M*.

First of all, we consider the set By ={x € C([-, T, E)
s Ixlleqrr, ) S R} and show that WBp C Bp . By using
conditions (H,) and (H;), for all x € By, > we have

1(#x)(1)]| < || Ug(t, 0)¢(0) || + JOHUﬁ(t, f (5,0 Hx T x,)||ds
Mg, +M*Jt £ (s, %o Ky, T x)||ds < M* ¢,
0

+M*L(ﬂ($) +Ly(S)llxll + Lo ()| F || + L (s) | x| ) s

<M* ¢, +M*Jta(s)ds +M” <JtL1(s)ds + Jth(s)

0 0

s t T,
[ wavas [ 1| p2<v>dvds)nxucqfnm£>

T, T, T,

"Ly (s)ds+ [ Ly(s)

£M*¢0+M*‘
. 0

a(s)ds + M* (J

0 Jo
TO

TO
Ls(s) [0 pz(v)dvds> \|x||c([7r‘T0];E) <R,.

(14)

. JTOpl(v)dvds + J
Jo .

0

So, we conclude that ¥ maps By into itself.

Second, we prove that ¥ : By — By is continuous.

Let {x,}," c C([-r, Ty|;E), with x, — x(n—00), x
€ C([-r, Ty] s E). Using the fact that K : Dx C([-r,0]; E)
—E, H: DyxC([-r,0];E) —E, and f : J x C([-1,0];
E) x C([-1,0]; E) x C([-1,0] ; E) — E are continuous, we
obtain

F (6 () H (%) X (%)) — f (1 %0 Hxpp Hx,) (n——00),
(15)

for any t € ] uniformly. That is, for any &> 0, there exists
a natural number N, for n> N, t € ], such that

I (s oo ) 7 050)) = (630 Fx 70| < e

(16)

>

which implies that

[(Fx,) (1) = (Fx) ()] = LUﬂ(t» (s (%n)o F () H (x,),) s

ot
- J Ug(t, s)f (s, X Hxy, Hx,)ds

0

sMLW@m»%m»%mm

. €
—f(s,x,, Kx, x,)||ds <M TOM*_TO =e

(17)

In consequence, ¥ : By — By is continuous.
Furthermore, we prove that l1”(BR1) is equicontinuous.



To do this, let L(s) = L;(s) + L,(s) g‘)pl(v)dv +L,(s) g
p,(v)dv. Obviously, it is a nonnegative Lebesgue integrable
function. For all x € By , t,, 1, € J(t; <t,), we have

[[(#2)(12) = () (1)1 (Up(t5, 0) = Up(t1, 0)) $(0)
+ J Uﬁ ty, $)f (s, X X, Hx;)ds
+ Jo Ug(ty,s) = Ug(ty,s))f (s x,, Hxg, Hx)ds

<¢OHU (tZ’ ) U[3 tl’ || +M" J ||f(5’xs"%xs’%xs)”ds
+51€1})’|Uﬁ(t2, s) — Uﬁ t,s HJ ILf (s, x Hx, HX,)||ds
S

< @[ Ug(t2,0) - Ug(t,,0 ||+MJ (a(s) + L(s)R, )ds

t

+sup||Ug(ty,s) = Up(ty, s HJ )+ L(s)R,)ds

seJ

=1 +1,+I;.

(18)

In view of condition (H,), compactness of the resolvent
operator Upg(t,s)(t,s) >0 implies the continuity in the uni-
form operator topology. That is, for any & >0, there exists
8, >0, for any |t,—t;| <8, ¢, t, €], such that I; <e/3.
Hence, for the above &> 0, by using properties of Ug(t,s)
and the above inequalities, there exists 6 >0 (§ <J;) such
that || (¥x)(t,) — (Px)(t,)|| <& for any |t, — ;| < 5, ¢, t, €]
. Consequently, ¥(By ) is equicontinuous.

In the end, we prove that ¥(By, ) is precompact.

For any fixed #(t € [-r, T]) and 0< e <t, the operator
(¥.x)(t) is defined by

rf—¢

Up(t,s)f (s, x Fx, Hxg)ds,  te0,Ty),

()= { R
8(t), te[-n0l.

(19)

Since Up(t,s)(t,s) >0 is a compact resolvent operator,
then the set Y, () = {(¥.x)(t): x € B } is relatively com-
pact in E for any € (0<e<t).

Moreover, for any x € By , one can find that

t
J Up(ts )f (s % FHx Z x;)ds

t—e

1#2)(6) ~ (P )(0)] = \

t
<M J f(s x5 Hx, Hx,)ds

t—¢

IN

M J (a(s) + L(s)R,)ds

t—¢

<M ([la(s)] + IL(s)[[R,)e-
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Thus, Y(t) = {(¥x)(t): x € B } is totally bounded. Hence,
Y (¢) is relatively compact in E, and so, based on the Arzela-
Ascoli theorem, ¥ : By — By is completely continuous.
As all the assumptions of the Schauder fixed point theorem
are satisfied, the conclusion implies that the operator ¥ has
a fixed point x in C([-r; T}, E), which is a global mild solu-
tion of problem (4). This completes the proof.

Next, we develop the existence of global mild solutions
for problem (4) via the measure of noncompactness and
fixed point theorem. Furthermore, we employ the nota-
tions: Ty ={x€C([-r, To|; E): |[x[|c(—p.r, 5y < R}> Ko =sup
{IK(% 5, x| (8,5, %) € Dx C([=r, 0] s E)}, hy = sup {||H(¢,

x,)||: (t.s,x,) € Dy x C([-1,0];E)}, and R >max {Tk,,
Tohy}-

Theorem 13. Assume that (H,) and the following conditions
hold:

(H,). The function f : ] x Ty x Ty x Ty — E is bounded
and continuous, which satisfies

) M(R) 1
RILHSO sup —— < TN (21)

where M(R) = sup {||f(£,x;, x5 x3)||: (£, %}, x5, x3) €
X Tpx Ty}

(H;). For any R, there exist nonnegative Lebesgue integra-
ble functions q; € L(J, R, ), (i=1,2, 3,4,5) such that for any
equicontinuous and countable set D; C Tp(i=1,2,3), a(f(t,

D}, D;,Dy) < ¥L,q,(t)a(D;),  a(K(t,5, D)) < q,(H)a(D),
and oa(H(t, 5’D3))<‘J5( )o(D).
(He). 2M* [%(q,(s) + 4, (s

v)ds< 1.
Then, problem (4) has at least one mild solution.

Jx Ty

)dv +q;(s) [1°q5(v)d

fo (v

Proof. By (H,), there exists 0 <y <1/T;M* and R, >0, for
any R > R, such that

M(R) < uR. (22)

Let R* =max {Ry, M*¢,(1 - M*Tou)™'}; we first con-
sider the set By ={x€C([-r, To|; E): |[x[lc(r,r,p) S R'}
and show that WBy. C Bg.. From the above 1nequa11ty, for
all x € Bg., we have

¥l ey < [[Up (1 0)$(0) | + LHU/s(f) |If (s x Fx, Hx,) || ds

<M* ¢y + M*TyM(R*) < M* ¢y + M* TouR* <R*.

(23)

Meanwhile, applying the arguments employed in the
proof of Theorem 12, we conclude that ¥ is a continuous
and bounded operator on Bi-.
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Then, we prove that ¥(By.) is equicontinuous. For any
X € Bpe, t), 1, € J(t; < t,), we have

[[(F2)(12) = () (11) <[ (Up (12, 0) = Up(11,0))$(0) |

+ Jtz H Up(ty, s)f (s, X Fxy, Hx,) Hds

3

1
+ JO || (Uﬁ(tz,s) - Uﬁ(tl,s))f(s, X KX, %xs)Hds
< ¢0|‘Uﬁ(t2)0) - Uﬁ(tl»O)H +M"(t, — t;) M(R")
+ su})HUﬁ(tz,s) - Uﬁ(tl,s)HM(R*)tl.
NS

(24)

By (H,), the compactness of Ug(t,s), for (ts)>0,
implies the continuity in the uniform operator topology.
Namely, for any & > 0, there exists §; >0, for any |t, — t; | <
8., 1, t, €], such that

sup||Up(t25) = Ug(t109) [ MR )1, < @
S€

Therefore, for the above & > 0, there exists § >0 (6 < 9J,)
such that ||(¥x)(t,) — (¥x)(t,)]| <&, for all x € By., |t, — t,]
<0, t;,t, € J, which shows that ¥(Bg.) is equicontinuous.
In view of Lemma 7, Co¥(Bg.)C By is bounded and
equicontinuous.

Finally, we prove that ¥ : Co¥(Bg.) —> Co¥(By-) is a
condensing operator. By Lemma 9, for any D ¢ Co¥(Bg.),
there exists a countable set D, = {x,} ¢ D such that

a((D)) < 2a(¥(Dy)). (26)

By using condition (Hs) and Lemma 8, we obtain

a(¥(Dy)(t)) =« <L Ug(t:5)f (s, (Do) F (Do) # (D0)5>ds>

O“(f(s’ (Dy) > F (Dy),» %(Do)s))ds

O(%(S)“((Do)s) + Q2(S)“(%(Do)s)

+45(s)a (X (D), ) )ds

t

<M*

<M*

S

(ql(S) 0,9 a0

0

<M*

+q3<s>j0°q5<v>d<v>>dsrx(D).
27)

In addition, using Lemma 8, we have

a(¥(Dy)) = maxa(¥(Dy)(t))- (28)

te]

Consequently,

T,

v 2t [ (a0 + 0.0 g

N (29)

“a,6) q5<v>d<v>)dsa<D>-

By (Hg), we obtain that ¥ is a condensing operator on
Co¥ (Bg-). By Lemma 10, there exists at least one fixed point
x € Co¥(Bg.) c C([-r, T, ; E) for ¥. In conclusion, problem
(4) has at least one global mild solution. This completes the
proof.

Remark 14. Theorems 12 and 13 above are concluded under
the conditions that Ug(t,s) is compact for £,s>0 and the

functions f, K, and H satisfy corresponding conditions; in
contrast, when the resolvent operator Ug(t,s) is noncom-

pact, we could obtain Theorem 15 if f, K, and H meet the
Lipschitz conditions.

Theorem 15. Assume that the following conditions hold:

(H,). f:]xC([-r,0];E)xC([-r,0];E)x C([-r,0];E)
— E is continuous; there exist nonnegative Lebesgue inte-
grable functions g, € L(J,R,)(i=1,2,3), for all t € J,u;,v; €
E, such that

3

f (bt s us) = f (8, v v v3)[| < D gi(8) |t = Ville(-rape)-
i=1

(30)

(Hg). K: Dx C([-r,0]; E) — E and H : Dy x C([-, 0]

; E) — E; there exist nonnegative Lebesgue integrable func-

tions g, gs €L(J,R,), for all u,veE,(ts)eD,(ts)eD,
such that

[K(t, s, u) = K(t:5,v)[| < g4 () |4 = V]| o(-r,08)
[H(t, s, u) = H(t,s,v) || < gs ()[4 = Vlie(r o)

(31)

(Hy). M*[*(g,(5) + 9.() [5 9, (vV)dv + g5(5) [ 595 (v)d
v)ds< 1.
Then, problem (4) has a unique mild solution.

Proof. For any u,v € C([-r, To| ; E),
t
1(u)(£) - (%) (8) < M*jouﬂs, g Ht, )
t
— f(s, v v, %mudssM*j (04(5) 11, v,
0
.T0
+ 9(5)| Hu, — Fv,|| + ga(5) |, - %vsn)dssM*J
0

Ty

Ty
: (91(S) +0,09] a,vvra, o) o (v)dv) P T

(32)

By (Hy), we have [[¥u = V|| ¢y 1) < 14 = Vilorryie)-



These arguments enable us to conclude that the operator ¥ is
a contraction mapping. Hence, the operator ¥ has a unique
fixed point x* € C([-r, T, ; E), which implies that problem
(4) has a unique global mild solution. This completes the
proof.

Remark 16. In Theorem 15, we develop the uniqueness of the
mild solution for problem (4) via the Banach contraction

2
cnB _ 0 1-B
Dix(z, t) = tzﬁx(z, t)+]; <

ze0,0¢€[-10],
x(z,0)=9(2,0), ze0,0¢[-r,0],

t
1+t2x(z,l‘+6)+

0<t<l,

where 0< f< 1, CDE is the Caputo fractional derivative of

order 3, ] :_ﬁ is the Riemann-Liouville fractional integral of
order 1-, QcR" is a bounded domain with regular
boundary 90, and ¢ € C([-,0]; E), E=C(Q;R),Q=0Q|J
0Q.

By setting x(¢) = x(-, t), problem (33) can be rewritten as
the following abstract form:

{qfqg=Aayaw4T%quz%w%%; telo,1],

x(t)=¢(t), te[-r0],

(34)

where x, = x(t +0), f(t, x, Fx, Hx,)=((t/(1+*))x, + (1/
(1+ tz))ﬁ)a(s)xsds +(1/(1+ e’))f(l)b(s)xsds), and

D(4)= {x e C(QR): x" e C(AR) |,
(35)
A(t)x=x"", tel-r0].
It is well known that the operator A(t) generates a 8
-resolvent family Ug(t,s) [23, 25]. Let equation (34) satisfy
the conditions of Theorems 12-15; then, problem (34) has
a global mild solution, which means that problem (33) has
a mild solution.

5. Conclusion

In this paper, we study the existence and uniqueness of the
global mild solutions for the fractional integrodifferential
equations of mixed type with delay. Under the condition of
the compact resolvent operator, we obtain Theorems 12
and 13, respectively, via various fixed point theorems and
the measure of noncompactness. Theorem 15 is established
by using the Banach contraction mapping principle under
the condition of the noncompact resolvent operator. Further-
more, an example is provided to illustrate the main theorems.

1+
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mapping principle. In conditions (H,) and (Hg), g; € L(J,
R,)(i=1,2,3,4,5) turn out to be nonnegative Lebesgue inte-
grable functions instead of constants.

4. An Application

In order to show the application of the main results, we con-
sider the following problem:

Jta(s)x(z, s+0)ds+ %et Jl b(s)x(z,s + O)ds) ,

0 0 (33)

The kernels K and H of the operators % and # are nonlin-
ear functions; meanwhile, the operator A(t) is dependent on
t. As a consequence, our main theorems improve and gener-
alize many corresponding results by using different methods.
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This paper studies the system of coupled nondegenerate viscoelastic Kirchhoft equations with a distributed delay. By using the
energy method and Faedo-Galerkin method, we prove the global existence of solutions. Furthermore, we prove the exponential
stability result.

u(x,0), ¥(x,0)) = (g (x), % (1)), in €2,
(%,0), v4(x,0)) = (u; (x), v, (%)), in 2, (3)
(1), i) = (o5 1), 9y, 1), in 2% (0, 73),

u(x,t) =v(x,t) =0,in 0Q x (0, co),

(
1. Introduction (
(

L
L

where 2 be a bounded domain in R” with smooth boundary
0Q, >0 and A is the Laplacian operator, and the functions

Jr,

Yy Yy [Ty, T,] — R are bounded, with 0 <7, < 7,, and the
(1)  relaxation functions are denoted by g,, g,. The function M
is given by
M:R, —R,,

(4)
= Y
. @) r—M(r)=a+br?,
with a,b>0, and y>1, and the functions f,,f, will be
defined later.
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In 1976, Kirchhoff developed an equation describing the
vibrations produced by a fixed series at its end, since it is con-
sidered a generalization of the d’Alembert equation, and it
belongs to the wave equation models. Over time, many
researchers and authors addressed these issues and problems
with their continuous and rapid development, for example,
see [1-4].

As for viscoelasticity, it is possible to delve into the fol-
lowing works for further clarification [3-10].

Also, the time or delay recorded in many natural and
physical phenomena, especially problems resulting from
vibrations, is an important factor for stability in general.
And it has been studied extensively by many authors, includ-
ing [5-7, 11-21]. Recently, in the presence of the varying
delay, Mezouar and Boularrass studied system (1); for more
information, see [22]. Based on these works, we in this work
expand the results in [22] by adding the term of distributed
delay.

We, under appropriate conditions, obtained the global
existence of solutions, and we proved the exponential stabil-
ity result of the system.

And we divided the paper into the following: in the sec-
ond part, we set out the necessary hypotheses and the main
result; in the third part, we prove the global existence of solu-
tions, while in the fourth part, we present our result for expo-
nential stability.

2. Preliminaries

In this section, we set the necessary hypotheses for proving
the main result.

We need the following assumptions:

(A1) g, : R, — R,,i=1,2 are C' functions satisfying

g(0)>0,a—J gi(s)ds=k>0,i=1,2. (5)
0

(A2) 3&; > 0 satisfying

gty <-Eg,(t),i=1,2,t20. (6)

t

0
PZ (%6 p0t) + Z,(xp0t) =0,
PY (%P 1)+ (% 0, 1) =0,

Journal of Function Spaces

(A3) The number / satisfying 0 </ <y and

< 2 ifn>2
< ifn>2,
n-2 (7)
y<oo if mn<2.
(A4)
Filwv) = ayy+ byt (8)
Fo(wv) = agu+ byu| ™ v,
where a,>0,b,=(p+1)(p+q),b,=(q+1)(p+¢g) such

that pand q are onjugate ((1/p) + (1/q)=1),p,q<y—(1/2)
and satisfy

n .
2m-2) it n>2, o)

oo if n<2.

2<p,g<

We set the notations
! 2
(9=9)(0)= | gt=9)¥() - ¥ Pds. (10
0
As in [17], we introduce the new variables
{ u,(x, t—0p) = Z (%, p, 0. ),
vi(xt-ep) =¥ (xpQt).
We have
QZ (% p Q1)+ Z (%, p, 0, 1) =0,
u,(x, 1) = Z(x,0,0, ),
{ Q¥ (. pt) + ¥ (%, pr2st) =0,
V(%) =Y (x,0,0,t).

Consequently, problem (1) is equivalent to

IWWn—A4WV“W)A”—Aun+Jgdt—ﬂAuGﬁh—J 11 (QIAZ (x, 1, 0 t)de + £, (1, v) =0,
0

Ty

=M1 v = A, + | (e~ ) dv(s)s - rwz(qnw(m 1,0, t)do + f,(1, ) =0, (13)

T
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where

(%, p,5,1) €Qx(0,1) x (11, T,) X (0,00), (14)

with the initial and boundary conditions

((x, 0), v(x, 0)) = (14 (%), o (x)), in 2,

(14,(%,0), v,(x, 0)) = (1 (x), v, (%)), in 2,

(1, (x,=1), vy (%:=1)) = (fo (% 1), Go (%, 1)), i 2 x (0, 73),
u(x,t) =v(x, t) =0,in 002 x (0, c0),
Z(x,p,0,0) =f,(x, p@),in 2% (0, 1) x

(%, 0,0) = gy (%, pQ)-

(0,73)s

We need the following lemma.

Lemma 1. The energy functional E, given by

1 b
B(t) = g (Wi vli3) + 5

(-

1 t 1
+ 5 (a - J gz(s)ds> ||Vv||2+5 (IIVut||2+||Vvt||2)
0

(VP2 w0 ) +

N~

+ 5V + 500 + 5 | [ oo

0J1,;

AVEZ + |y (p) IV ) dpdp + (xJ uvdx
0

Fora)|

(16)
satisfies
E'(02B| (m@IVEE 1o 0 + (o)
VY (5, 1o )P + A(IVu I Vv, )
1/, 1/, 1 17)
+ 5 (g1vu) () + 5 (909v) () = 59,0
Vu(t)l? - égz(f)IIW(t)llz,
where $=((1-6,)/2) >0,
and A=max {A; = ((8,+1)/2) [?|u,(p)ldp, A, = (&, +

1)12) [y (p)ldp}, 6, < 1.

Proof. Multiplying equation (13), , by u;, v;, and we use (15),
one gets

AL e — 2w+ (oo [ gy)ds
dt l+2 Ml ® o0y 2 g

1 1
Vul? + E||Vu,||2 + E(glovm(t)} -3 (gioVu)(t)

1 &
5o OUOF+ | ] n(@AZ (5 1,0 1)deds
(0]

L3t
dt

+ 2(}/111) IIVvt”z(VH) + % <a - J;gz(s)ck) IVv|?
_||Vvt|| + - (gzoVV)( )} _ %(géon)(t)

d
+J utvdx+blj uu|ulP T dx - — { v, 112
(0] 0

# 3R OOF + | ] @14y (5 1,0 fdeds
(0]

T
+J v,udx + bZJ vy |vIP~ |7 dx.
0 Q
(18)

And multiplying equation (13); by —AZ|u,(0)|, and
integrating the result over Q x (0,1) X (7,,7,), one gets

di1 1 p7, 5
Ejﬂjojrlqwlm)uvz) dodpds

17,
:—J JJ |, (Q)IVEVZ ,dodpdx
0JoJ 1,
5| [ @15 (7 dadpa
2 0JoJr t dp P

r 1 (QI((VZ(x,0,0.1)* = (VZ(x, 1,0, 1))*) dedx

NI»—‘ NS

l,
= 5] In@lde] v~ ;j J o

|.“1 |dQ>

NVl - j 1, (@IIVE (x. L o, 1) Pde.

(VZ(x, 1,0 t)) dodx =

l\)l'—‘
/\

(19)

Similarly, multiplying equation (13), by —A% | u,(p) |,
we find
17, 5
||| elt@lvyyidodpas
Q
! 2
3| et@lde 1w (20)

1
-5 | @Iy 100 Pe



by using the inequalities of Young and Cauchy-Schwartz for
8, >0, we have

J VutJ |41 (Q)|VZ (x, 1,0, t)dadx
Q Ty

< % <J| #1(Q)IdQ> G (21)

O
2 @Iz e olde

Similarly, we get

J er |4, (Q)|VY (%, 1, 0, t)dadx
Q T

%(J e >|dq>||w,n2+8—J we)

VY (31,0 £)2de.

By summing (18)-(20) and using (21) and (22), and
choosing &, such that §; <1, we find (16) and (17). This
completes the proof.

3. Global Existence

Theorem 2. Suppose that (5)-(8) hold. Then, given (u,,v,)
€ (H(Q)NHY(Q)) (uv) € (H)(Q)), and (fy, g) €
(HY(Q, (0, 1), (T),7,))), there exists a weak solution (u, v,
Z,Y) of problem (13)-(15) such that

(v, Z, Y) e L°(R,, ), u,
€LV(R, H(I)(Q)) Uy Vy (23)
€ L’(R,, Hy(Q)),

where

%, = (H(Q)nHY(Q)) x (H(2 (0. 1), (1,,7,)))°. (24)

Proof. Let the Galerkin basis uj, v;, Z, %}, for n > 1, we set

W, =span{u, uy,. -+, U, }, (25)
K, =span{v,,v,,. ==+, v, }.

The sequences Z(x,7,p), %;(x, 7, p) are defined for 1
<j<nby

Zj(%0,p) =u;(x), Z;(x, 0, p) = v;(x). (26)
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Then, taking Z;(x, 0, p), %;(x, 0, p) by over L*((0,1) x
(0,1) x (1,,7,)) and denoting

Z,=span{Z, Z,,.--, Z,},

(27)
Y, =span{¥, ¥ > Y u}-

Given initial data ug, v, € H*(Q) NH(Q), uy, v, € H}
(Q), and f;, g, € L*((©2) x (0,1) x (11,7,)), we define the
approximations

j=1
Vo= D Hi(£)v(x),
j=1
]n (28)
Zp= ) fimZ(%T,p),
j=1
Y= ) k()Y (6 7.p)-
j=1
It investigates the following problem:
(1t s ;)M (V0,1 (V73
+ (vumtt’ ) ( 1 (s Vi) ])
t
- J 9y (t=5) (Vi (5),Vu;)ds
0
[ @1 (V7 1,0, ) de =0,
1
(19l Vs ;) +M AT, (1) (79,7, )

+ (V0 V7)) + (F2 (s V1) )

- J;gz(t -5) (va (s),ij)ds

[ b @19 s 10,0175 =0
(0F (%, ;), 01, ) + (Lol o0 t), Z)) =

Q6P 1), Y) + (Y p(xpr 0, 1), Y) =

with initial conditions
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which satisfies

ult — ug, in H(Q) N Hy (Q),

U — u,,in Hy(Q

)
)
: 61)
)

(

vy — v, in H(Q) N Hy(Q),
V' — vy, in Hy (Q),

Fy — Zoin (2% (0,1) x (1,,7,)),

Yy — Yy 2@ (0,1) % (1,,7,)).

Noting that (I/(2(1+1))) + (1/(2(I+1))) + (1/2) =1, by
using Holder’s inequality, we get

(‘umt‘lumtt’ ”j) = JQ|umt|l”mtt”jdx
1/(2(1+1))
([ )02
0

Metiellp gy sl

As (8) holds, using the embedding of Sobolev, the
terms (|umt‘lumtt’ uj) and (|th|l"mzta vj) in (29) make
sense (see [22]).

First estimate.

As the sequences u{', v, ul*, v, Z¢'(.,.,0) and Z7'(.,.,0)
converge and from (17) and Gronwall’s lemma, we get C, > 0
independent of m such that

E, () + ﬁrg(wl(g)uwzm(x, Lol

+ 6 (QIVY (% Lo 1)) de < Cy,
where

b
2(y+2)

1 t
+ IIvaIIZ(“Z)) *3 (a —J gl(s)dS) 1V, |1
0

1 t 1
3 <a -J gz(s)ds> 19,0l 5 (1931, + 19,1
0

1
En(t)= 15 (i3l ) + 55 (19, P02

# 3 (015,) (1) % 3 (6:57,) (1)

' %J JTZQWI(Q)“'V%HZ + i (@IVY,,I?)dodp

0J 1,

+0cJ umvmdx+(p+q)J |um|P”|vm|q“dx,
Q Q

(34)

5
using (33) and (8), one gets
U, v, are bounded in LY, (R, Hy (€2)),
Upps Vo are bounded in Lfy, (R, Hy(Q)), (35)

Zu(%p0 1), Y., (x, p, 0, t) arebounded in
LY (R,, Hy(2x (0,1) x (T, T,)).

loc

The second estimate.
We multiply equation (29),, by g mtt> h

jmes DY summing

j from 1 to n, one gets
[ et P | MU ()11, Tt
Q Q
+ |vumtt|2dx + J fl(um’ Vm)umttdx
Q Q

t
- J g,(t =s)Vu,,(s)Vu,,,dsdx
alo

T2
+J J |t (P)|VE (%, 1, p, 1) Vid,ydpdx = 0,

(36)
j |vmt|l|vmn\2dx+j MUV, ()99, Vv,
0 0O

+ |vatt‘2dx + J f2<um’ Vm)vmttdx
Q Q

t
- J g, (t=8)Vv,,(5)Vv,,, dsdx
Jalo

+ J |1, (Q)IVY u(x: 1,0, 1)V, dodx = 0.

alq
By differentiating (29); 4, we get
@Z (% 0 1) + (%, P, 1), £ ) =
(@Y it (% P @ 1) + Y o pr 0 1), %) = 0.
And we multiply (37), by Z,,, and (37), by % ,,;; by

summing j from 1 to #, we have

1 d , 1d 2

EQE”:ZW” +§%||3°mt|| =0,

1 d 1d (38)
2 2 _

EQE”?”M” + Ed—p”?mt” =0.

Integrating the result (38) over (0, 1) with respect to p, we
obtain

1d (! 1 1
Edl’J Q” mt”2dp + 5 ”zmt(x’ 1’ Q> t>||2 - 5 ”umtt(x’ t)||2 = 0,
0
d 1 2 1 ) 1 5
EdtJ ol il dp + E"?mr(x’ Lo t)l" - E”tht(x: t)||*=0.
0



Summing (36) and (39) and using M(r) > a, we get

J |umt|l|umtt|2dx+||vumtt"2
0
1 d s 2
e Quzmtu dp+ L1Z (01,9, 1))
1
< 2l —j 0y Vit = |t 9t
Q (0]
t
+j J Gyt = 5)Vit, (5) Vit sl
0Jo

P
- j J 1y (@I Z (26 1 0 )V ityedd,
QJr1,

J el [V P+ 19,
(0]

1 d
o o 17

< W O —J AV, Vvl
0O

| ot

[ [ @9 1009,
QJr

t
) mttdx+J ng(t—S)VVm() Vi dsdx
olo

(40)

At this point, we estimate the RHS of (40).
Integrating by parts, and using Young’s and Poincare’
inequalities, one gets

2

H it V)t < S ([Tt P+ [T0,?)
(0]

b iq q+1)
+ 1MC
2

b, C¥’ )
+ |V, 17+
81

QT [Vy,, 90D
(41)
Similarly, we get

Ci(x 2 2
- fz(um’vm) mttdx 2 (Hvumt" +”va£" )
(0}

Ap(p+1)
+ blrlc* |Q|(p—l)/2pllvu "4p(p+1)
) m
b, C¥ . b c2
o 81 Vv "2q + =V mtt"

(42)

b,C2
2 Vit
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And, by using the inequality of Young, we get

2
J avu, Vu, ,dx| <yl Vu, | + Z_nwmuz,
¥ ! (43)
a
J avv,, Vv, dx §11||va”||2 + —||va||2,
Q 4n
we have
t
J J g,(t=s)Vu,, (s)Vu,,,dsdx
alo
a-k)g,(0) (*
<AVl + (4)7191()J Vit ()1,
’ (44)

L}thz(t = $)Vv,,(5) V¥, dsdx

% J;Hva (s)Ids.

2
SHIVY e I” +

Similarly, we get

U j 4@V Z (5 1, @, 1)Vt
0O T,

< 1y | Vit + EJ @IV Z (0 1o, )P

T,

U J |, (Q)IVY (%, 1,0, 1) Vv, dodx
QJr

<ALV P + 4;1J lt, (QIIVY (%, 1,0, 1) 7 de,

(45)

substituting (41)-(45) into (40), and using (17), one gets

Jo|umt| 2,011 dx+( { (A +2)+ %})

1d
JQuzmtu Ao+ 3 1% (6 1.0 1)

||VumttH R~ de

1
<G+ E(a -k)g,(0)C, T,

1 2
J |vmt| ‘tht| dx + ( { (A, +2) %})
o 2

1

Q| el *de + —II?W(%1 e 1)’

0

<G, o (“ k)g,(0)C,

”vatt ”

N|>—‘
&'Q_‘

(46)

where C, > 0 depends on #,,a,C,, b, b,,p,q,C
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Integrating (41) over (0, t), we get
' ! 2
||| 1@ ) Pt
0o

+ (1 - {r;(/\l +2) + (1+5)C, i’l)@})

t 1 1
[ IVt (@ s 5 [ @7 e
0 0

1 t
# 3| 1w 1o o) Pdo
0

1
<G+ —(a-k)g,(0)C, T T,
( an ) (47)

JtJQ’th(o)l’tht(U) dedo

(1= {rrns 080

t 1 1
| 19vma(@Pde + 5 [ el 7mlPde
0 0

1 t
+ EJ | Y (%, 1,0, 0)||*do
0
1
< <C2 + élr](a_k)gZ(O)ClT> T.

At this stage, choosing # > 0 such that

(1 - {11(/\1-+2) + %}) >0,fori=1,2, (48)

we find

[[ 19t @ + 195,0) )
° (49)

1 1
# 3| PN Tl + 175 €

We have from (17) and (49) that there exist subsequences
(u;) of (u,,) and (v;) of (v,,) such that

(th, Vi) — (1, v) weakly star in L (0, T, Hé(Q)),
(t4ges Vi) — (43 v,) weakly star in L (0, T, Hy(€2)),
(thggps Viee) — (144> v ) weakly star in L (0, T, Hy(Q)),
(Z1 Yr) — (£, ¥) weakly star in

L®(0, T, L*(Q2x (0,1) X (1}, 7,)),
(Zro> Y1) = (£ ¥ ) weakly star in
L®(0, T, L*(2x (0,1) x (1, T,)).
(50)

We work now with the nonlinear term. From (17), we

find

2(1+1)
| ke ||2(l+1)dt

T
!
u|'u =
H' el e 12(0.T.L2()) J0|

) (51)
< ci“*”j g 2V de < C,,
0

where C, depends onlyon C,, C,, T, I.

And from the theorem of Aubin-Lions (see Lions [23]),
we deduce that there exists a subsequence of (1), given by
(u.), such that

uy, — u, stongly in L? (0, T, L*(Q2)), (52)
we get
uy, — u, almost everywherein Q x R, . (53)
Hence,
|y |4y, — |u4,|'u, almost everywherein @ x R,.  (54)

Thus, using (46) and (48) and the Lions lemma, we derive

|ukt|lukt — |ut|lut weakly in L (0, T, LZ(Q)). (55)
Similarly,
Vee|'Vie = |v,|'v, weakly in L? (0, T, 1*(2)), (56)

(Zp Y ) — (£, ¥) stongly in

L*(0, T,L* (2% (0,1) X (1}, 7,))s 7)
which implies
(Zw Y1) — (2, y) almost everywherein Q x (0, 1) (58)
X (1), T,) XR,.
The sequences (1) and (v,) satisfy
f1(us vi) — £y (1, v) stongly in L (0, T, L*(02)), (59)

f> (s vi) — f5 (1, v) stongly in L (0, T, L*(02)).
We have

2
1y (40 vi) = f (0, v) | =J [Vl 7 1t P2, = V|7 el u] .
(0]

(60)

Noting that (I/2p) + (1/2g) + (1/2) = 1, by applying the
generalized Holder’s and Young’s inequalities, and (8), we get

1y (o vi) = f1 (w9 |* < CUIV (s = ) |* + [V (v, = )]
(61)



As (u;) and (v,) are Cauchy sequences in L*(0, T, Hy(
Q)) (prove it as in [1]), then we get (59),. Similarly, we get
the convergence (59),.

Multiplying (29) by ¥ (¢) € 2(0, T) and integrating the
result over (0, T), we get

1 T
_mjo (‘”mtvumtt’ ”j)'}/’(t)dt

T
+ OM(HVum(t)H)(Vum,Vuj)'f’(t)dt

| (Vityueo Vi) ¥ (t)dt+J (f1 (s> V) ) P (1)t
9y (t =) (Vi (5), V) ¥ (t)dsdt

14, (Q)[(VEZ (% 1,0, £),Vu) ¥ (t)ddt = 0,

1 T

_mj (|th‘lvmtt’ Vj)l‘y,(t)dt
0

T

+ 0M(||va(t)||)(va,ij)‘P(t)dt

T
+ (VVmeVj)‘P(t)dt+J (2( o Vo )> ])‘P(t)dt

0
T

- Jt Gy (t =) (Vv,,(5),Vv)) ¥ (t)dsdt

0J0

v;) ¥ (t)dedt =0,

T 1,
“| [ @I (v s 10 01

0J1;

T
J (QZ (% p 0 t) + Z (%, @ 1), Z;) ¥ (1)dE =0,
0

T

L (PY (5, o0 1) + Z (5, 0 £), U ¥ (1) =0,

Vj: 1’ ceem
(62)

We obtain (62) by the convergence of (50), (54), (56), and
(59). This completes the proof.

4. Exponential Decay

In this section, the stability result of the system (13)-(15) is
proved.
We need the following lemmas.

Lemma 3. The functional

1
Fi(t) = mJQ(|uz|lutu + |vt\lvtv) dx

(63)
+ J (Vu,Vu+Vvy,Vv)dx,
Q
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satisfies

1 1+2 2\, 1 2 2
Fy() < 5 (Il + ||vt||,12) + 5 (V] + [ 97,]1)

I+ 12 | 1+2 1+2
+< e ) (19w oy ),
(64)

! 1 1+2 1+2 2 2
Fi(t) < 1o (ll22+ 1l22) + (1] + [0, P)
o))

+{£1(a—k+A)—k+ (bl;rbz +

1 (%
;j (I @IIVE (5 Lo D

- (IVul® + |Vv)%) +
1

+ |, (Q)| VY (x, Lo 1) || ) de + = (g,°Vu + g,oVv).

(65)

Proof.

(1) By applying the inequalities of Young and Poincare’,
we find

142 ( 1)_1
(O] < g g+ S22

(l+1)7 1+2 2 P
el + 2 (V] + | uP)
1 L I
IVl 191 < g (Il + 2

T3
1 (1) o, €
+ (19 + |9]) + ( I cnal

(Va2 + | vv) )

1
) + 7 vl

1+2

(66)

(2) Direct computation using integration by parts, we get

J (|vt|lvtt) vdx

vl | A+ v P
Q

1+2
1+2 1+2
7 (i3 + w13)

M([[vv]*) Vvl

(0= () s 3+

l+1|

- | Av,vdx + HVvt||2 =
Q

oJ

= M(|Vul]*) | Vu|* -

t
+ VuJ g, (t = s)Vu(s)dsdx
0

JQ

t
+ VVJ g, (t = s)Vv(s)dsdx
o Jo
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—J VuJ |, (Q)|VZ (x, 1,0, t)dodx
[0} Ty
|V 2 - JQWJ (@Y (3 1, 0, ) dodx

+ | Vv, ||* = (b, + bZ)J V| |l dx - 2ocJ uvdx,
Q Q

(67)

estimate (65) easily follows by using M(r)=>a,
Young’s inequality for &, > 0, and (8).

Lemma 4. The functional

ey [ (= ) [ oute=s)(u(e) = st

o[ (4= il [ aute= 9wt - visis
(68)

satisfies

Fa(t) < s (I3 + Iil52) + 5 (19 12+ 192,])

+ ((l l++1;_1 (a- k)1+zcl*+2221+1>
. <||vu||2(1+1) + HVV||2(I+1))

-1
.{1+(l+1)
I+2

+é(a—k)

(a- k)ICIIZ} (g,°Vu+ g,oVv),

(69)

and for any €, > 0,

P s i | (1-] sl (1- [ autoas)

! aC?
] + (2esa=k2+ 552 ) (17 + o)

+ 82{((1 —-k)+ (ll:l;il

4(p+1) 2
ct c
R } (173 93

+{(ak)( ;

q+1
2
+b1 } (IvvI?)[1vvll

(gl (0>>l+2ci+222(l+1)

( 2( )) +2Cl+222 (I+1)

(e [a e ) 19+ o)

1

t
NVE (o 1 py 1) dp+ ( - gz<s>ds> G
0

j () [VY (3 1, p, )| Pdp

M([IVull? 2
+{(" ul’) + <2£2+ A + ac*)(a—k)}
4e, 4e, 2

M (Vv A 2
- (g,°Vu) + {7(" ") + (282 + 2 ocC*>
4e, 4e, 2

(a-k) } (9,09v) - g;i? (1 +

~ <g1<0>>’c’:2) (giovu) - 2

4e,

- (1 - %(gzwnlci“) (g1s%).

(70)

Proof.

(1) By using Young’s inequality and the conjugate expo-
nents p' =(1+2)/(I+1), q¢'=1+2, and Holder’s
inequality, we obtain

1+2 ( +
)

e [ S

_l+2|

N 1
(2R + S (6w ) |

HQV”tJ tf’l(t = $)(Vu(t)=Vu(s))dsdx

1 72)
< SV + 5 (a— k) g,V
Similarly, we get
1 t
| il gate= 000 - st
1+2 (l+1) 1 A2 73
S psllis S a-wie o9

N 1
(2= S0



10

‘_ngvfj;gz(t — 5) (V¥ (t)-Vv(s))dsdx

1 1
< 5 ||V"t||2 + 5 (a—k)(g,°Vvy)

By combining (71)-(74), we find (69).

(2) By derivation of F,, and integrating by parts and (15)

we find

!

Fit) =
_ LJ; g.(t- s)Vu(s)dsJ;gl (t-9)
- (Vu(t)=Vu(s))dsdx + JQJTZ

T

. (J;gl (t- s)(Vu(t)—Vu(s))ds) dpdx

Vutjt g1(t =) (Vu(t)=Vu(s))dsdx

J JO (t=s)Vv(s thz(t—s)

~(Vv(t)=Vv(s ))dsdx+J

. (Jogz(t—s)(Vv( )-v (s))]ds> dpdx
[ 5w ante= 9010 - v s

0

vitjt g(t = s)(Vv(t)-Vv(s))dsdx

,i 1 vi'v J gyt = $)(v(t) = v(s))dsdx

—(thn e rrpoll) ([ aae)

Using Young’s, Cauchy-Schwarz, Holder’s, and Poin-

caré’s inequalities, and [ <y, we obtain (70)

At this point, let us introduce the functional given by

(74)

J M(”VuHZ)VuJ gl(t—s)(Vu(t)—Vu(s))dsdx
Q 0
1 (P)IVZ(x, 1, p, 1)
| 9] 9100 =9)(u(0) - (9

Q 0
il J 91(t = 5) (1) - u(s)) dsdx
: (iw + i) ([Lono)

o] Mo wj 9a(t =) (VY(1)~V(s)dsdx

[ty o

Journal of Function Spaces

Lemma 5. The functional

Fi0= [ | [0 ()1 + )9 dpdpa
(76)

satisfies

F3(f)SJQJ:J:P(Im( 72+ |us(p)) 72| pdpds, (77)

Fy(t) < —mjoj”p(|m<p>|z||2 @ IZ1P)
dpdp-+ ([T + [, - mr(lm(p)l

7

I Z (5 L, 1)]|7 + | (p) | Y (3 1, ps t)[|7) dpdp,
(78)

where 17, > 0.

Proof. By derivation of F;, and using equations (13); and
(13),, we get

17,
F==2| | [ e (pvve, v pp. ) dpdpds
0JoJ 1,
1 p7,
—ZJ ” ePPluy(P)IVYVY (% ps p, t)dpdpdx
0JoJ T,
1 p7,
=] [ ] perln vz dpdpas
0Jo

T

| [ ol 100 - 9220 0,0
11,
dpd [ | [ pelu(p) V9 dpdpd
0JoJ 1,

- JQJ IGIGAZZCITY)
-V%*(x, 0, p, t)]dpdx.

(79)

Applying the equality Z(x,0, p,t) =u,(x, ), ¥(x,0, p, t)
vi(x,t),and e <e PP <1, forany 0 < p <1, we get

F(t) = —joj”pe'”’<|m<p>|||vz|2 @YY

-dpdp—J2

Ty

(| (P)IVE (% 1, p, 1)

HluPIIVY (6 1. 1) [2)dp (80)

+ (ﬁul(pndp) 92, + (j”uz<p>|dp>

(V.
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As —e7F is an increasing function, we have —e™” < —e ™2,
for any p € [1y, 7,).

Then, setting #, = ™™, we find (78).

Theorem 6. Assume (5)-(8) hold, then 3(,,{, > 0 such that
the energy functional (16) satisfies

E(t) <{e ™, Vet (81)
Proof. We define the functional of Lyapunov
Z(t)=NE(t) + F(t) + N,F,(t) + F;(t), (82)

where N, N, > 0.
First, if we let

F(t) = Fi(t) + N Fy(t) + F5(1), (83)

then, by (64), (69), and (77), we get

(1) < cE(1). (84)
Consequently,
[(0)| = | (¢) - NE(t)| < cE(#), (85)
which yields
(N = 0)B(t) < Z(t) < (N + O)E(t). (86)

By derivation (82) and applying (17), (65), (70), (78), and
(6), one gets

1

I I
< {1 =ho) + N} 2+ 2]

+{A(1+N) + N, +& = ho}(||Vas||* + [ Vvi]?)
1 -1
+ {szMO ((a —k)+ (Gl (h,C,)"2220+D) 4 R1>
1+2
+N, (sl(a—k+/\)—k+ (bl erbz +oc>Ci>

+ (282(a— k)* + g) } [[[Vae]|* +[|VY]*]

2
+ ! %+ 252+i+“c* (a—k)+&
& \4e, 4e, 2 4e,

Z'(t)

11

() + (g2v)] -mffp(|m<p>|||z||2

0

Nl
+ |, ()| Z|I*) dpdp - {171 +NB-¢ - 4—81}

~ j (I (N Z (o1, o 1) P

()Y (s 1, )| dpdp,
(87)

where  hy =min ( f)"gl (s)ds, fgogz (s)ds), M, =max (M(
I9all?), M| V¥[*)), By =min (g, (0). ,(0)). hy = max (g,
(0), 9,(0)).€ =max (£},&,), and R, =min (b, (C{7/2) +
b,(CH12), by (CLP*1)12) + b, (C#12)).

At this stage, choosing two fixed numbers N, N, such
that N —¢>0, and

h; =A(1+N)-N, >0,

(88)

a,=h,—1-N, >0,

we choose &, small enough such that
a,=h; —A1+N)-N, -¢>0. (89)

After that, we choose ¢, small enough such that

N
(x3=111+N/3—82—E <0,
1

1 -1
a, = {—32M0<(a—k)+ U;; (hyC, )23+ +R1>

+N1<k—£1(a—k+)t)— (bl;rbz +a>Cﬁ)
2
- (282(a—k)2+ Of*)} >0,
2
ocsz{l(Nl +% + (232+ i+ aC*)(a—k))
E\4e, e, 4e, 2

-1
—ﬁ+ﬁ<1+ (+1) (hl)’ci+2>}>o.
PR I+2

(90)

Thus, we get

' 1 142 142 2 2
Z(t) < T1% [”utHl:Z + HVsz:z} =, ([Ver || + ||V, 1%)

— oy [[1Vull + V] - s | (g1ovu) + (g25V)|
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] [ ol @I+ (e 11 dpdp

0J 1,

+%f1m@wszmnWﬂm@n

Ty

(1% (%1, p,t)[|*)dpdp,

o E(t) < Z(t) <c,E(t), Vt 20, (92)

using (16), estimates (91) and (86), respectively, we get
L' (t) <=k, E(t) - k,E' (£) .Vt > t,, (93)

for some ki, k,, ¢;, ¢, > 0.
By the combination of (93) with (92), we obtain

R (t) <M R(1), (94)
where
R(t)=ZL(t) + k,E(t) ~ E(t). (95)
Integrating the result (94) over (¢,, t), we find
R(t) < R(ty)e ), Vi, > t. (96)

It follows from (95) that (81) holds. This completes the
proof.
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