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Miscellaneous types of function spaces appear very fre-
quently in several mathematical investigations. For example,
function spaces create the fundamentals of the study in
functional analysis, theory of real functions, theories of
differential and integral equations, operator theory, nonlinear
analysis, and control theory. Let us also mention that such
modern branches of mathematics as numerical analysis and
probability theory exploit also methods and tools of the
theory of function spaces.

This special issue presents a lot of ideas appearing in the
above quoted branches of mathematics. It contains twenty-
two papers devoted mainly to the study of function spaces
and their various properties. Moreover, this special issue
includes also a group of papers discussing some aspects of
operator theory in connection with properties of function
spaces in which those operators are investigated. Moreover,
a part of papers included in this issue is dedicated to the
solvability of some functional equations (differential, integral,
etc.) and to properties of solutions of those equations.

The first part of the papers, which are devoted to various
topics of operator theory in miscellaneous function spaces,
contains eight papers. Below we describe briefly those papers.
The paper of J. Huang and Y. Liu discusses a molecular
characterization of the Hardy space associated with the so-
called twisted convolutions. The results of the paper extend

several ones obtained by the first author and other authors.
An application to the boundedness of local Riesz transforms
on the Hardy spaces is also presented. Another paper of
the discussed part is authored by S. J. Chang et al. In
that paper the analysis of a generalized analytic Feynman
integral and a modified generalized analytic functions space
associated with the Feynman integral is conducted. Some
integration formulas for that integral are established and the
applicability to physical circumstances is indicated. . Dong
et al. discuss in their paper the boundedness of singular
integrals associated with Schrodinger operators on Hardy
type function spaces. The main tool used in the investigations
is a molecular characterization of Hardy spaces. The paper of
T. Acar et al. describes a new type Stancu operators which
create the generalization of Srivastava-Gupta operators. With
help of those operators an approximation of functions being
integrable on the interval (0, 00) can be realized. Moreover,
the rate of convergence of the approximations in question for
functions with derivatives of bounded variation is estimated.
X. Feng et al. discuss in their paper a multiplication operator
with a special symbol on the weighted Bergman space of the
unit ball in C". A few necessary and sufficient conditions for
the compactness of the mentioned multiplication operator
are given. In the paper of M. Nowak some general represen-
tation theorems for continuous linear operators acting from
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a suitable function space into a Banach space are obtained.
Moreover, strongly bounded operators are also studied. The
mentioned function space contains vector-valued continuous
functions defined on a completely regular Hausdorft space
with values in certain Banach space. The paper of J. Xu and
X. Yang studies new type of Herz-Morrey-Hardy spaces with
variable exponent. Those spaces are characterized in terms of
atom. With the help of that characterization a few results on
the boundedness of some singular integral operators defined
on spaces in question are derived. The other paper included
in the discussed group is authored by S. He et al. That
paper contains some results concerning the boundedness of
some fractional integrals on an infinitesimal generator of an
analytic semigroup defined on the Hilbert space of Lebesgue
type.

Now, we are going to present the group of six papers
dedicated to investigations connected with the theory of
function spaces. One paper included in this group is the
paper of H. Wang and Z. Wu. The authors deal with the
estimates of the L ) modulus of continuity of some classes
of functions of bounded Waterman-Young variation. The
obtained results are applied in obtaining some estimates of
Fourier coefficients of functions of the mentioned classes,
among others. A. M. Sarsenbi and P. A. Terekhin obtained
in their paper general conditions ensuring that a complete
biorthogonal conjugate system forms a Riesz basis. Moreover,
affine Riesz bases are constructed with the help of the
obtained results. The paper of . Zhou discusses new spaces
of Lebesque measurable functions on the unit circle. That
space is closely related to a Sobolev space. A few results
expressed in terms of Mobius boundedness in a Sobolev
space are derived. Moreover, a dyadic characterization of
functions of the introduced new space with the aim of dyadic
arcs on the unit circle is also presented. In the paper of X.
Guo the representation of g-frames as linear combination
of simpler components (g-orthonormal bases, g-Riesz bases,
and normalized tight g-frames) is considered. Moreover, the
dual and pseudodual g-frames are investigated and the dual
g-frames are characterized in a constructive way. Y. Niu and
H. Wang study in their paper properties of functions in
the class of functions with p-bounded Wiener variation for
0 < p < 1. The main result asserts that each such func-
tion can be represented as the difference of two increasing
functions from that class. The paper of Z. Pavi¢ deals with
convex functions which satisfy some global convexity prop-
erties. The classical ideas associated with Jensen approach
to convexity are extended and studied in the paper in
question.

Two papers published in this special issue are mainly
devoted to operators acting in some function spaces. One
paper of that kind authored by O. Mejia et al. deals with a
necessary and sufficient condition on a real function h = h(t)
such that the composition operator H generated by the func-
tion i maps the space of functions with bounded Schramm-
Korenblum variation into itself and is locally Lipschitzian.
Another announced paper of L. Zhou and J. Lu contains a
result which creates a generalization of the result of Krues and
Zhu concerning the boundedness of an integral operator in
the Lebesgue space L”.
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The fourth group of the papers included in this special
issue is formed by six papers devoted thoroughly to some
differential and integral equations in various function spaces.
One paper written by Z. Dai et al. is dedicated to the
Cauchy problem for the three-dimensional incompressible
Boussinesq equation. A blow-up criterion for weak solutions
of that equation in terms of the pressure is established in
a homogeneous Besov space. Another paper by J. Wang et
al. investigates a class of singular boundary value problems
of a fractional g-difference equation. Using a fixed point
theorem in partially ordered sets a few results on the existence
and uniqueness of solutions of the mentioned equation are
established. The paper of Y. Wu et al. shows how to obtain
limit cycles for a family of generalized nilpotent systems
of differential equations. The results of the paper are well
motivated and appropriately illustrated. The paper of M.
A. Darwish and B. Rzepka deals with the solvability of a
generalized fractional quadratic functional-integral equation
of Erdélyi-Kober type in the Banach space of functions being
continuous and bounded on the real half-axis. The technique
of measures of noncompactness is the main tool used in
considerations. T. Zajac studies in his paper the existence
of nonnegative and monotonic solutions of a nonlinear
quadratic Volterra-Stieltjes integral equation. That equation
is considered in the classical space consisting of continuous
real functions defined on a bounded, closed interval. The
main tools used in considerations are the techniques of
Stieltjes integrals and measures of noncompactness. The
other paper included in the group in question is authored by
N. K. Ashirbayev et al. In that paper it is shown that some
classes of nonlinear integral equations (integral equations of
fractional order, integral equations of Volterra-Wiener-Hopf
type, integral equations of Erdélyi-Kober type, and integral
equations of Volterra-Chandrasekhar type) can be treated as
spacial cases of some nonlinear integral equation of Volterra-
Stieltjes type. Some results concerning Volterra-Stieltjes inte-
gral equations in several variables are also discussed.
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We discuss multiplication operator with a special symbol on the weighted Bergman space of the unit ball. We give the necessary
and sufficient conditions for the compactness of multiplication operator on the weighted Bergman space of the unit ball.

1. Introduction

Let B, denote the unit ball in C", and let v be the normalized
Lebesgue volume measure on B,. For -1 < « < oo, we
denote by v, the measure on B, defined by dv,(z) = ¢, (1 -
|z|))*dv(z), where ¢, = I'(n+a+1)/nT'(x+1) is a normalizing
constant such that v (B,) = 1. For 1 < p < oo, we write
Il p for the norm on Lf(B,,dv,) and (-, for the inner
product on L*(B,,dv,). The Bergman space Ai(Bn) is the
space of holomorphic functions which are square-integrable
with respect to measure dv, on B,. Reproducing kernels K,
and normalized reproducing kernels k* in A2 (B,,) are given
by

1
))n+(x+1 ’

(1-{z,w
1)/2
(1 _ |w|2)(ﬂ+(x+ )/

K} (z) =
1
kS, (2)

= (1 _ (z’w>)n+a+1 ’

respectively, for z,w € B,. For every h € A2(B,) we have
(h,K;,), = h(w), for all w € B,. The orthogonal projection
P, of L*(B,, dv,) onto A>(B,) is given by

(Pg9) (w) =(g,Ky,), = JBn g(2) WCI% (2),

)

for g € L*(B,,dv,) andw € B,

Given f € L'(B,,dv,), the Toeplitz operator Ty L*(B,,
dv,) — Ai(Bn), the Hankel operator Hy : L*(B,, dv,) —
(Ai(B,,))l, and the multiplication operator M I Ai(Bn) —
L*(B,,dv,) are given by

_ f (@) h(w)
(T/h) (2) = an oy dv, (v),

(Hh) (2) = £ (2) g (2) - (T19) (2) 5
M (h) = fh,

3)

respectively. For f € L'(B,, dv,), we define the Berezin trans-
form of f to be the function f; that is,

f(z) = L f W) |ks (w)|2 dv, (w). (4)

If f is bounded, then f is a bounded function on B,. Since
the kernels k] converge weakly to zero as z tends 0B,, we
have that if f is compact, then f — 0asz — 0B,. The
converse (in both cases) is not necessarily true. According to
the definition of Berezin transform, the mean oscillation of f
in the Bergman metric is the function MO( f)(z) defined on
B, by

MO (f) (2) = |f[* &) - |[F @) (5)
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For z € B, let y, be the automorphism of B, such that
v,(0) = zand y, = (y,)”". Thus, we have the change-of-
variable formula

j h(wz(w))'k:(w)z'dvu(w)zj h(w)dv, (W), (6)
B, B,

for every h € L'(B,, dv,).

Multiplication operators are one of the most widely
studied classes of concrete operators. The study of their
behavior on the Hardy and Bergman spaces has generated
an extensive list of results in the operator theory and in the
theory of function spaces [1-6]. One of the useful approaches
is the use of the Berezin transform [7-11]. This method
is motivated by its connections with quantum physics and
noncommutative geometry.

In general, Berezin transform f plays important role in
giving necessary and sufficient conditions for the bound-
edness and compactness of the Toeplitz operator [12, 13].

However Berezin transform |f|?> or the mean oscillation
MOC(f) is used to obtain the necessary and suflicient con-
ditions for the boundedness and compactness of the Hankel
operator or multiplication operator [14, 15]. This work is
partially motivated by using Berezin transform f to obtain
necessary and sufficient conditions for the compactness of
multiplication operator on the weighted Bergman space of
the unit ball.

Throughout the paper, we will use the letter ¢ to denote
a generic positive constant that can change its value at each
occurrence.

2. Main Results

In this section, we give the necessary and sufficient condi-
tions for the compactness of multiplication operator on the
weighted Bergman space of the unit ball. We furthermore
obtain the necessary and sufficient conditions for the com-
pactness of Toeplitz operator and Hankel operator.

Theorem 1. Suppose | f1/(1 — |z|)*"***** is bounded on B,
Then My is compact operator on A2(B,) if and only if

[fl(z) —» 0asz — 0B,

Proof. Suppose [f](z) — Oasz — 0B,.
Since

(Msg.h) = (fg.h), =g fh),. )

it is clear that (M f)* = M?. It suffices to prove that the

operator (M) is compact by showing that (M) can be
approximated by compact operators in the operator norm.
Letg e L2(Bn, dv,). Then (Mf)*g € Ai(Bn), so we have

((M))"9) @) = (M) g.KZ)
(8)
_ L g (w) F (w) K& (w)dv, (w),

forz € B,.
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We define for 0 < r < 1 an operator S, by
(5.0)@ = | xon, @) 9 ) F@IKE v, (@) ©)

Since | f1/(1 - |2])*"***** is bounded on B,, we prove that

I,

n n

- J J 'f(LU)—IWr dva (w) dvoc (Z) (10)
rB, JB,

Yo, (@) F @) K& @) dv, (w)dv, (2)

< +00.
Thus, the operator S, is a Hilbert-Schmidt operator. Since

(M) =5,) 9@)

a
- L (W) X5, (2) (@) KE @)ddv, (w),

(M f)* - §, is an integral operator with kernel K{ (z,w) =

Xp,\r8, (2) f(W)KE ().
By Schur’s test, whenever there exists a positive measur-
able function h on B, and constants ¢; and ¢, such that

L IK! (z,w)|h (@) dv, (2) < b (w), (12)

for all win B,,, and

J,

for all z in B,, we have

K/ (z,w)| h(w) dv, (W) < h(2), (13)

<qo,. (14)

"(Mf)* =S

Let h(z) = (1 — |z)2) ™% D/2 Since

K (v Mk 0) = —— o
1 |Z|2)( +1+a)/2

(1-12P) (1 - |v|2)’

1= (v2)?

(15)

1=y, )" =
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and Holder inequality, it is easy to prove that

)(n+0¢+1)/2

(1-wp
2 dv, (w)

| |2 (n+a+1

J, Ko, @)1 @ KE W)

( B |w|2)(n+oc+1)/2

dea (w)

- [ Hnan, @17 @K @)

= | K, @17 (v @)K (. @)
2\ (n+a+1)/2
% (1 - IWz (w)| )

— K& ()| dv, (w)
(o Kl

(1 _ |w|2)(n+06+1)/2
= || K, @1F (v @) - —

|1 (Z w>|2n+2a+2 Va (w)

= || Ko, @11 (w2 @I (v )

2\ (ntat1)/2
(1-wP)

I Gy

1/2
< opvn, @] [, 17 O @) 0]
n+ot 1/2
(1 fwp?)"™"
X !JB,, If (v. (w))l dea (w)

1/2
< otnm, @] [, 1F (v @) dv, )]

n

1/2
PR dv, (w)]

x HB |f (v, ()] W

n

< c[|i77|(z)]l/2

= Cl’

(16)
where ¢; = c[m(z)]l/z, r<lzl < 1.
Since
{24 o 1
KZ (v, W) kZ (v) = W
(17)
_ 1P
1-(y, (w),z) = T

then we obtain

(1 B |Z|2)(n+(x+1)/2
K* d
JBn XB,\rB, (2) |f (w) K; (w)l (1 - |w|2)(n+¢x+1)/2 Ve (2)

(1 w|2)(n+(x+1)/2

= JB X \r8, (W) |f (2) K (w)] dv, (w)

(1 B |z|2)(n+oc+l)/2

= || s, (v D) @K (v )

2\ (n+a+1)/2
% (1 - lvjz (w)| )

- |k (w)|* dv, (w)
(1 _ |Z|2)( + +1)/2

= J-B XB,\rB, (v, W) |f (2)|

2\ (n+a+1)/2
(= ly- @)

|1 _ (Z, w) |4n+4oc+4

Vg (W)

<6,
(18)

where ¢, is positive number.

By the above analysis, we get (12) and (13). By Schur’s test
we get ||(Mf)* -S|l < ¢¢,, where¢, — 0Oas|z| — 0B, and
¢, does not depend on 7. So [f|(z) — 0asz — OB, implies
that M is compact on Ai (B,)-

Suppose M s is compact on Afx(Bn).

Since the kernels k7 converge weakly to zero as z tends
0B, then we have [ M ¢kZ |, , converges to zero as z tends 0B,,.
So we obtain

. — 1/2
A@<|lff@] =|mH],—o 0

asz — OB,. O

Let f € L'(B,dv,) and let p > 1; we say that f ¢
BMO?(B,) whenever

[z = sup |f ov= = F @), <00 (20

Note that || - ”BMog does not distinguish constants, while
|||f|||a)p = ||f||BMO§ + |f(0)| is a norm in BMOZ?(B,). By
Theorem 5 in [16], we know that BMOZ®(B,)) is equivalent to
BMOé7 (see the definition in [16]).

For any p > 1, let VMO? denote the subspace of BMO?
consisting of functions f such that

lim [fey.-f@],, =0 (21

lz]| =1~

Theorem 2. Suppose f € VMO, and |f|/(1 - |z) et s
bounded on B,. Then the following are equivalent:



(a) f(z) — O0asz — 0B,
(b) M is compact operator on Ai(Bn);
(c) T is compact operator on Ai(Bn).

Proof. It suffices to prove that (a) & (b) and (a) & (¢).
(a) © (b). Since
17 @] <[fl@,

fl@-|fe)
B (1 _ |Z|2)n+oc+1
= JBn (|f (w)| B |f (Z)') de‘x (w)
n+a+ (22)
o (=)
<[ rw-Fel T mmdn @

= || reve - F@dve @

=|fev-rel,,

then we obtain that f(z) — 0asz — 0B, if and only if
[fl(z) — 0asz — 0B,. By Theorem 1, we obtain that My

is compact operator on AZ“(B,[) if and only if f (z) — Oas
z — 0B,.

(a) © (c). Itis clear that f(z) — 0asz — 0B, if and only
if T, with BMO),, symbol is compact operator on A(B,) in

[12]. Since VMO;c C BMO;, then it is clear that f(z) - 0

asz — OB, ifand only if T is compact operator on A%(B,).
O

Corollary 3. Suppose f € VMOL, |fI/(1 — |2y is
bounded on B,, and H is compact operator on A%(B,). Then
M _ is compact operator on A%(B,).

Proof. Suppose H; is compact operator on A%(B,). So
we obtain H ¢ 1s compact operator on Ai(Bn). Since

f-f(z) - 0asz — 0B,, then Tf_ 7 is compact operator
on Aza (B,,)- Since

My 79 =T 79 +H; 79, (23)
we obtain M - is compact operator on A%(B,). O

By Lemma 17 and Theorem 19 in [16] and Theorem 2, we
obtain the following theorem.

Theorem 4. Suppose [ ¢ VMO;, f(O) = 0, and |f|/(1 -
|2) "4 is bounded on B, Then the following are equivalent:
(a) M is compact operator on Ai(Bn);
(b) T is compact operator on Ai(Bn);
(c)H ¢ is compact operator on Afx(Bn).
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The paper deals with convex sets, functions satisfying the global convexity property, and positive linear functionals. Jensen’s type
inequalities can be obtained by using convex combinations with the common center. Following the idea of the common center, the
functional forms of Jensen’s inequality are considered in this paper.

1. Introduction

Introduction is intended to be a brief overview of the concept
of convexity and affinity. Let X be a real linear space. Leta, b €
X be points and let «, 3 € R be coefficients. Their binomial
combination

aa+ b 1)
is convex if «, > 0 and if
a+p=1 (2)

If ¢ = aa+ b, then the point c itself is called the combination
center.

A set & € X is convex if it contains all binomial convex
combinations of its points. The convex hull convd$’ of the set
& is the smallest convex set containing &, and it consists of
all binomial convex combinations of points of §.

Let € < X be a convex set. A function f : € — Riis
convex if the inequality

f (aa + Bb) < af (a) + Bf (b) (3)

holds for all binomial convex combinations aa + f3b of pairs
of points a,b € 6.

Requiring only the condition in (2) for coefficients and
requiring the equality in (3), we get a characterization of the
affinity.

Implementing mathematical induction, we can prove that
all of the above applies to n-membered combinations for any

positive integer #n. In that case, the inequality in (3) is the
famous Jensen’s inequality obtained in [1]. Numerous papers
have been written on Jensen’s inequality; different types and
variants can be found in [2, 3].

2. Positive Linear Functionals and
Convex Sets of Functions

Let 2 be a nonempty set, and let X be a subspace of the linear
space of all real functions on the domain &". We assume that
X contains the unit function 1 defined by 1(x) = 1 for every
xeX.

Let.# ¢ Rbeaninterval, andlet X ; be the set containing
all functions g € X with the image in 7. Then, X is
convex set in the space X. The same is true for convex sets of
Euclidean spaces. Let € < R* be a convex set, and let (Xk)%
be the set containing all function k-tuples g = (g,...,g;) €
X* with the image in €. Then, (Xk)g is convex set in the space
X,

A linear functional L : X — R is positive (nonnegative)
if L(g) > 0 for every nonnegative function g € X, and L
is unital (normalized) if L(1) = 1. If g € X, then for every
unital positive functional L the number L(g) is in the closed
interval of real numbers containing the image of g. Through
the paper, the space of all linear functionals on the space X
will be denoted with L(X).

Let f: R — R be an affine function, that is, the function
of the form f(x) := kx + A where x and A are real constants.
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If g;,...,9, € Xare functions and if L,,..., L, € L(X) are
positive functionals providing the unit equality

YL()=1, (4)
i=1
then

(ZL gl> Z () + ;

- YL (@),

ZL (kg; + A1)

©)

Respecting the requirement of unit equality in (4), the sum
Y Li(g;) could be called the functional convex combina-
tion. In the case n = 1, the functional L = L, must be unital
by the unit equality in (4).

In 1931, Jessen stated the functional form of Jensen’s
inequality for convex functions of one variable; see [4].
Adapted to our purposes, that statement is as follows.

Theorem A. Let 7 C R be a closed interval, and let g € X 5
be a function.

Then, a unital positive functional L € L(X) ensures the
inclusion

L(g)e s (6)
and satisfies the inequality

f(L(9)=<L(f(9) )

for every continuous convex function f : F — R providing
that f(g) € X.

If f is concave, then the reverse inequality is valid in (7). If
f is affine, then the equality is valid in (7).

The interval .# must be closed, otherwise it could happen
that L(g) ¢ .#. The function f must be continuous, otherwise
it could happen that the inequality in (7) does not apply. Such
boundary cases are presented in [5].

In 1937, McShane extended the functional form of Jensen’s
inequality to convex functions of several variables. He has
covered the generalization in two steps, calling them the
geometric (the inclusion in (8)) and analytic (the inequality
in (9)) formulation of Jensen’s inequality; see [6, Theorems
1 and 2]. Summarized in a theorem, that generalization is as
follows.

Theorem B. Let € < R be a closed convex set, and let g =

(G- gr) € (X)g be a function.
Then, a unital positive functional L € L(X) ensures the

inclusion
(L(g1)>---
and satisfies the inequality
F(L(g1)>--»L(g)) <L(f (g1>--->90)) 9)

for every continuous convex function f : € — R providing
that f(gy,...>g,) € X.

If f is concave, then the reverse inequality is valid in (9). If
f is affine, then the equality is valid in (9).

L) €€ (8)
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3. Main Results

3.1. Functions of One Variable. The main result of this sub-
section is Theorem 1 relying on the idea of a convex function
graph and its secant line. Using functions that are more
general than convex functions and positive linear functionals,
we obtain the functional Jensen’s type inequalities.

Through the paper, we will use an interval # € R and a
bounded closed subinterval [a, b] € .# with endpoints a < b.

Every number x € R can be uniquely presented as the
binomial affine combination

x-a

:I;_Za+mb, (10)
which is convex if and only if the number x belongs to the
interval [a,b]. Let f : F — R be a function, and let
fl(i:Z : R — Rbethefunction of the line passing through the
points A(a, f(a)) and B(b, f(b)) of the graph of f. Applying
the affinity of the function f{; »} to the combination in (10),
we obtain its equation

fom (x )— f()

The consequence of the representations in (10) and (11) is the
fact that every convex function f : ¥ — R satisfies the
inequality

(1)

f(x) < fi (x) for x € [a,b] (12)
and the reverse inequality
f) 2 fi (x) for x € 7\ (ab). (13)

In the following consideration, we use continuous func-
tions satisfying the inequalities in (12)-(13).

Theorem 1. Let ¥ € R be a closed interval, let [a,b] € .7 bea
bounded closed subinterval, and let g € X, ;,; andh € X g ;1
be functions.

Then, a pair of unital positive functionals L, H € L(X) such
that

L(g) = H (), (14)
satisfies the inequality
L(f(9) <H(f M) (15)

for every continuous function f: .5 — R satisfying (12)-(13)
and providing that f(g), f(h) € X.

Proof. The number L(g) belongs to the interval [a, b] by the

inclusion in (6). Using the features of the function f and
line

applying the affinity of the function f;;, we get

L(f(9) <L(fiy (g)) i (L(9))
= fiapy (HMW) = H(figy ()~ (6)
< H(f ()
because f1% (h(x)) < f(h(x)) for every x € . O
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It is obvious that a continuous convex function f: .f —
R satisfies Theorem 1 for every subinterval [a,b] € & with
endpoints a < b. The function used in Theorem 1 is shown in
Figure 1. Such a function satisfies only the global property of
convexity on the sets [a,b] and .7 \ (a, b).

Involving the binomial convex combination aa + b with
the equality in (14) by assuming that

L(g) =aa+ Bb=H (h) (17)

and inserting the term af(a) + Sf(b) in (16) via the double
equality

fime (L(g)) = af (@) + Bf (b) = fiog) (H(h))  (18)

which is true because flme (wa + Bb) = af(a) + Bf(b), we
achieve the double 1nequahty

L(f(g)) < af (a)+ Bf (b) <H(f (). (19)

The functions used in Theorem 1 satisfy the functional
form of Jensen’ inequality in the following case.

Corollary 2. Let # € R be a closed interval, let [a,b] € &
be a bounded closed subinterval, and let h € X g ;) be a
function.

Then, a unital positive functional H € L(X) such that

H (h) € [a,b] (20)
satisfies the inequality
fHR) <H(f (W) (21)

for every continuous function satisfying (12)-(13) and providing
that f(h) € X.

Proof. Putting aa + b = H(h), it follows that

fH ) = f (aa+ o) < fohy (ca v f0)
= af (a) + Bf (b) < H(f (W)
by the right inequality in (19). O

Now, we give a characterization of continuous convex
functions by using unital positive functionals.

Proposition 3. Let 5 C R be a closed interval. A continuous
function f . F — R is convex if and only if it satisfies the
inequality

L(f(9)) < fian (L(9)) (23)

for every pair of interval endpoints a,b € .7, every function g €
X(a,p) Such that f(g) € X, and every unital positive functional
L € L(X).

Proof. Let us prove the sufficiency. Let ¢ := aa + b be a
convex combination of points a,b € ¥ where a < b. We
take the constant function g = c1 in X, (actually g(x) = ¢

a b X

FIGURE 1: A continuous function satisfying (12)-(13).

for every x € ) and a unital positive functional L. Then,
connecting

L(f(g) =L(f©1) = f(©) = f (aa + Bb),
Fiai (1(9)) = fiap (aa + Bb) = af (@) + Bf (®)

via (23), we get the convexity inequality in (3). O

(24)

3.2. Functions of Several Variables. We want to transfer the
results of the previous subsection to higher dimensions. The
main result in this subsection is Theorem 6 generalizing
Theorem 1 to functions of several variables.

Let € < R? be a convex set, let A € € be a triangle with
vertices A, B, and C, and let A° be its interior. In the following
observation, we assume that f : € — R is a continuous
function satisfying the inequality

f(P)< fAle (P) for PeA (25)
and the reverse inequality
f(P) 2 fiile, (P) for Pe@\ A7 (26)

where f&a;ec} is the function of the plane passing through the
corresponding points of the graph of f.

It should be noted that convex functions of two variables
do not generally satisfy (26). The next example confirms this

claim.

Example 4. We take the convex function f(x, y) = x* + 7,
the triangle with vertices A(0, 0), B(1,0), and C(0, 2), and the
outside point P(1, 1).

The valuation of functions f and f&a;ec}(x, y) =x+2y
at the point P is

2= f(P) < fiyp (P) = (27)

as opposed to (26).

The generalization of Theorem 1 to two dimensions is as
follows.



Lemma 5. Let € < R* be a closed convex set, let A C € be
a triangle, and let g = (g,,9,) € ), and h = (h,h,) €
(Xz)g\AO be functions.

Then, a pair of unital positive functionals L, H € L(X) such
that

(L(g1),L(g)) = (H (h),H (h,)) (28)

satisfies the inequality

L(f (90 92) < H(f (b1 1)) (29)

for every continuous function satisfying (25)-(26) and provid-
ing that f(g,, g,)> f(hy, h,) € X.

Proof. The proof is similar to that of Theorem 1. Using the
triangle vertices A, B, and C, we apply the plane function

plane . stead of the line function l‘ne O
{A,BC}

The previous lemma suggests how the results of the
previous subsection can be transferred to higher dimensions.

LetS,,...,S;,, € R* be points. Their convex hull

S8 =conv{S,,...,S} (30)
is the k-simplex in R* if the points S, — Sy ..., S;
linearly independent.

Let @ < R* be a convex set, and let & € & be a k-simplex
with vertices S, ..., S, ;. In the consideration that follows,
we use a function f: ¥ — R satisfying the inequality

— Sy are

f(P) < fPB™ (P) for Pe 31)
and the reverse inequality

f(P) > f“ype“"“‘ne (P) forPe%\S°, (32)

.....

where f{};ylpergia?f is the function of the hyperplane passing
through the corresponding points of the graph of f.

Theorem 6. Let € < R be a closed convex set, let & < €
be a k-simplex, and let g = (gy,...,g) € (X5 and h =
(hys... hy) € (Xk)g\éﬂo be functions.

Then, a pair of unital positive functionals L, H € L(X) such
that

(L(g1)s--»L(g)) = (H ()., H () (33)
satisfies the inequality
L(f(gu-->9K) < H(f (hys-.s 1)) (34)

for every continuous function satisfying (31)-(32) and provid-

ing that f(gy,..., gi)> f(hy,.... ) € X
Proof. Relying on the hyperplane function fhyﬁﬁfplane where
Si>--+>Sk4 are the simplex vertices, we can apply the proof

similar to that of Theorem 1.
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Including the (k + 1)-membered convex combination

Zl;“l ¥,S, with the equality in (33) in a way that

k+1

(L(g1)>--L(9) = 27,8y = (H (1), H ()
p=1

(35)
and using the double equality

hyperplane
f{sylp I;k N (L(g1)>--->

.....

L(gx))

k+1

= Zypf (Sp> (36)
p=1

h 1
= FEPEERE (f (1),

SH (1))

we can derive the double inequality

k+1

2 96) < Y f (Sp) < H(Sf (s ).
p=1

(37)

L(f (g1--

The following functional form of Jensens inequality is
true for functions of several variables.

Corollary 7. Let € < R* be a closed convex set, let S < € be
a k-simplex, and leth = (hy,...,h) € (Xk)cg\éﬂo be a function.
Then, a unital positive functional H € L(X) such that

(H(hy),....H(h)) e S (38)

satisfies the inequality

fHR), o H () < H(f (hyoooly)) - (39)

for every continuous function satisfying (25)-(26) and provid-
ing that f(hy,...,h) € X.

Continuous convex functions of several variables can be
characterized by unital positive functionals in the following
way. The dimension of a convex set is defined as the dimen-
sion of its affine hull.

Proposition 8. Let & < R be a closed convex set of dimension
k. A continuous function f: € — R is convex if and only if it
satisfies the inequality

L(f(gus--90) < Fi 5™ (L(g) -

----- Sk+1
for every (k + 1)-tuple of k-simplex vertices Sy,...,S;,; €
@, every function g = (gp....g) € (XN)g such that
f(g1>--->9k) € X, and every unital positive functional L €
L(X).

L(ge)  (40)

Proof. To prove the sufficiency, we take a convex combination
C-= ZI;II ¥pS, of k-simplex vertices S,,..., S, € €. 1fC =
(¢>- .. ¢), we take the constant mapping g = (g;,..., i) €

(X¥) ¢ consisting of constant functions g; = ¢;1 and continue
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the proof in the same way as in Proposition 3. Finally, we get
Jensen’s inequality

k+1 k+1
f ( ZVPSP> < 27 (Sp) (41)
=1 p=1
confirming the convexity of the function f. O

4. Applications to Functional
Quasiarithmetic Means

Functions investigated in Subsection 3.1 can be included to
quasiarithmetic means by applying methods such as those for
convex functions. The basic facts relating to quasiarithmetic
and power means can be found in [7]. For more details on
different forms of quasiarithmetic and power means, as well
as their refinements, see [8].

The next generalization of Theorem 1 will be applied to
the consideration of functional quasiarithmetic means.

Corollary 9. Let ¥ € R be a closed interval, let [a,b] € .7 be
a bounded closed subinterval, and let g,,..., g, € X, and
hys.. by, € X g\ (o) be functions.

Then, a pair of collections of positive functionals L;, H; €
L(X) providing the unit equalities )| L;(1) = 27:1 H;Q1) =
1 and the equality

n m

ZLi (9:) = ZH;‘ (hj) (42)

i=1

satisfies the inequality

SLG@) <Y (F0) @

i=1
for every continuous function satisfying (12)-(13) and providing
that all functions f(g;), f(h;) € X.

Now, we present a way of introducing the functional
quasiarithmetic means. Let g;,...,g, € X be functions,
and let ¢ : F — R be a strictly monotone continuous
function such that all ¢(g;) € X. Let L,...,L, : X —
R be positive linear functionals providing the unit equality
Y%, Li1) = 1. The quasiarithmetic mean of functions g;
respecting the function ¢ and functionals L; can be defined

by
M(,,(Ll---,Ln;gp.--,gn)=¢’1(ZLi(¢(gi)))- (44)
i=1

In what follows, we will use the abbreviation M,(L;, g;)
for the above mean. The term in parentheses belongs to
the interval ¢(.#), and therefore the quasiarithmetic mean
M,(L;, g;) belongs to the interval .7.

In applications of the function convexity, we use a pair
of strictly monotone continuous functions ¢,y : & — R
such that v is convex with respect to ¢ (it also says that
is p-convex), which means that the function f = y(¢™") is

convex on the interval ¢(.#). A similar notation is used for
the concavity.

Instead of the convexity of f, we will apply the conditions
in (12)-(13) via Corollary 9 as follows.

Theorem 10. Let F € R be a closed interval, let [a,b] € &
be a bounded closed subinterval, and let g,,...,g, € X
and hy,..., h, € X g\(qp) be functions. Let L;, H; € L(X) be
a pair of collections of positive functionals providing the unit
equalities Y, L,(1) = 2311 Hj(1) =1.Letg,y : F — Rbe
strictly monotone continuous functions such that all functions
#(g:), 9(h)), y(g), y(h;) € X, and let f = w(e™") be the
composite function.

If f satisfies (12)-(13) and y is increasing and if the equality

M, (L;,g;) = M, (Hh;) (45)
is valid, then we have the inequality
M, (L, g;) <M, (H;h;). (46)

Proof. Wetake 7 = ¢(7)and [c,d] = ¢([a, b]). We will apply
Corollary 9 to the functions u; = ¢(g;) € X 4 and v; =
@(h;) € X (cq) and the function f: 7 — R.

Using the equality (p(M(P(Li,gi)) = <p(M(P(Hj,hj)) and
including the functions u; and v;, we have

zLi () = ZIHJ' (v;)- (47)
i= j=

Then, the inequality

3

L () = 3, (£ (v) 49)

i=1

(.
I
—_

follows from Corollary 9, and applying the increasing func-
tion 1//_1, we get

o (ZL ( (u,.))> cy! < j_iHj ( f(vj))> )

The above inequality is actually the inequality in (46) because
fu;) =y(g;) and f(v) = y(h)). O

All the cases of the above theorem are as follows.

Corollary 11. Let f = y(¢™') be the composite function
satisfying the conditions of Theorem I0.

If either f satisfies (12)-(13) and y is increasing or —f
satisfies (12)-(13) and y is decreasing and if the equality in (45)
is valid, then the inequality holds in (46).

If either f satisfies (12)-(13) and v is decreasing or —f
satisfies (12)-(13) and v is increasing and if the equality in (45)
is valid, then the reverse inequality holds in (46).

A special case of the quasiarithmetic means in (44) is

power means depending on real exponents r. Thus, using the
functions

(50)



where x € (0,00), we get the power means of order r in the

form
n 1/r
<ZL,-(g,-r)> , r+0
i=1
exp <2Li (In gi)> , r=0.

i=1

M, (L;g;) = (51)

To apply Theorem 1 to the power means, we use a closed
interval .F = [g,00) where ¢ is a positive number and the
equality

M, (L, g;) = ZLi (9:)- (52)
i=1

Corollary 12. Let .F = [g,00) be an unbounded closed
interval where ¢ > 0, let [a,b] C & be a bounded closed
subinterval, and let g,,...,g, € Xy and hy,....h, €
X 7\(ap) be functions. Let L;, H; € L(X) be a pair of collections
of positive functionals providing the unit equalities Y| L;(1) =
Z;?“:l Hy1) =1

I

M, (L;, g;) = M, (Hj)h]’) , (53)
then

M, (L, g;) <M, (Hj,hj) forr>1,
(54)
M, (L, g;) = M, (Hj,hj) forr<1.

Proof. The proof follows from Theorem 10 and Corollary 11
by using convex and concave functions such as ¢(x) = x and
y(x) = x" forr £ 0,and y(x) = Inx forr = 0. O

5. Applications to Discrete and
Integral Inequalities

Our aim is to use Theorem 6 to obtain certain discrete and
integral inequalities concerning functions of several vari-
ables. The following is the application to discrete inequalities.

Proposition 13. Let @ < R* be a closed convex set, let S < €

be a k-simplex, let Y| o;A; be a convex combination of points
A; € &, and let Z]mzl B;B; be a convex combination of points

B; €€\ S§°.
If the above convex combinations have the common center

Z‘XiAi = Zﬁij’ (55)
i=1 =1
then the inequality
Z“z’f (4;) < Zﬁ;f (Bj) (56)
i=1 =1

holds for every continuous function f : ‘€ — R satisfying
(31)-(32).
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Proof. We take the set " = € and the space X containing all
real functions on . We also take any simplex vertex S and its
coordinates (s, ..., Sg).

Let g,,h, € X (p =1,...,k) be functions defined by

_1*p (X1 x) €S 57
D R KA S P
S (o) € 5°
P . _ 1% 1 k 58
P(x1 %) {Xp’ (X505 ) € BN S” o
Then, g = (gp-.»gr) € XO)gand h = (hy,...,h) €
OF) g 50-

Let L,H e L(X) be summarizing unital positive func-
tionals defined by

= Z“ig (A)),
i=1

" (59)
Hi = (s,

j=1

Applying the functional L to the functions g, and the
functional H to the functions h,,, we obtain

Za A;=(L(g1)>---»L ()
" (60)

=(H(h),....H(h)) = Zﬁij-

Now, we can apply Theorem 6 and get the inequality
Z“zf L(f(g1>-->96) <H(f (hys... )
" (61)
- Zﬁjf (B])

=1

which concludes the proof. O

Proposition 13 does not generally hold for convex func-
tions. The next example demonstrates a concrete planar case
of k = 2.

Example 14. We take the convex function f(x, y) = x* + 7,

the triangle with vertices A,(-3,0), A,(3,0), and A5(0,3),

and the outside points B, (-2, 2), B,(0,-2), and B;(2, 2).
Then, we have

1 1 1 3 2 3
gAl + EAZ + §A3 = gBl + ng + §B3,
1 1 1
9= (A)+3f(A)+3f(A4) (@
> 2 F(B)+2f (By)+>f(By) =7
8 8 gl N
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More details on the behavior of a convex function of two
variables on the triangle and outside the triangle can be found
in [9, Theorem 3.2]. Triangle cones have a prominent part in
these considerations.

The integral analogy of the concept of convex combina-
tion is the concept of barycenter. Let y be a positive measure
on R¥, and let of < RFbea u-measurable set with u(</) > 0.
Given the positive integer n, let of = U, &/ ,; be the partition
of pairwise disjoint y-measurable sets </,;. Taking points
A,; € A,;, we determine the convex combmatlon

ni>

whose center A, belongs to convg/. The u-barycenter of the
set &f can be defined as the limit of the sequence (A,),; that

is,
52{
)Ani>

£M=

o)

o)

As defined above, the point M(</, ) is in conve/. So, the
convex sets contain its barycenters.

The application of Theorem 6 to integral inequalities is as
follows.

M (o) = lim (
(64)

Proposition 15. Let y be a positive measure on R Let € ¢
R* be a closed convex set, let § < € be a k-simplex, and let
o S8 and B < E\ S° be sets of positive y-measures.

If the above sets have the common p-barycenter

M (o) = M (B, p), (65)
then the inequality
1
#(d) J fxp.x)du < e L-gf(xl""’xk)dM
(66)

holds for every continuous function f : € — R satisfying
(31)-(32).

Proof. The proof is similar to that of Proposition 13 by using
X as the space of all y-integrable functions on €. We apply
the integrating unital positive functional L defined by

L) = i ), 9o mdan (@)

to the functions g, of (57), as well as the integrating unital
positive functional H defined by

H(h) = (%)J h(xp. ) du (68)

to the functions hp of (58). O

IfS,...
unique convex combination 21;11 VpS, satistying

,Sk41 are the simplex vertices, then using the

k+1

M('Q{n”): Zyp p:M(‘%’/‘) (69)
p=1

and applying (37), we obtain the extension of (66) as the
double inequality

k+1

M(W)J' f(xl,...,xk)dyS;ypf(Sp)

<

1
e [@f(xl,...,xk)dy.
(70)

The above inequality is reminiscent of Hermite-Hadamard’s
inequality where discrete and integral terms are replaced, see
the below inequality in (72).

Implementing convex combinations to the integral
method, one may derive the following version of the Hermite-
Hadamard inequality for convex functions on simplexes.

Proposition16. Let u be a positive measure on Rk Let S c R
be a k-simplex of positive y-measure, let S|, . .., Sy, be simplex

vertices, and let ktl o) S be their convex combination.
p=17p°p

If the convex combination center and the y-barycenter of §
both fall at the same point

k+1

ZVP p =

then the double inequality

k+1 k+1
(Z)’p p> (ch)J‘ f(xlv“’xk)dl"spzz‘,l)’pf(sp)

(72)

M(S,u), (71)

holds for every u-integrable convex function f: & — R.

More on the important and interesting Hermite-Hada-
mard’s inequality, including historical facts about its name,
can be found in [10, 11].
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Let X be a completely regular Hausdorft space, and let (E, | - ) and (F, || - [|z) be Banach spaces. Let C, (X, E) be the space of all
E-valued bounded, continuous functions defined on X, equipped with the strict topologies 3., where z = 0,00, p,7,t. General
integral representation theorems of (f3,, || - || z)-continuous linear operators T : C,(X, E) — F with respect to the corresponding
operator-valued measures are established. Strongly bounded and (3,, || - [|z)-continuous operators T : C, (X, E) — F are studied.
We extend to “the completely regular setting” some classical results concerning operators on the spaces C(X, E) and C, (X, E), where

X isacompact or a locally compact space.

1. Introduction and Terminology

Throughout the paper let (E,| - [lg) and (F, |- [|z) be real
Banach spaces, and let E' and F' denote the Banach duals
of E and F, respectively. By Bi and By we denote the closed
unit ball in F' and E, respectively. By Z(E, F) we denote the
space of all bounded linear operators U : E — F. Given a
locally convex space (L,¢) by (L, &) or Llf we will denote its
topological dual. We denote by (L, K) the weak topology on
L with respect to a dual pair (L, K).

Assume that X is a completely regular Hausdorff space.
Let C,(X,E) stand for the Banach space of all bounded
continuous, E-valued functions on X provided with the
uniform norm | - ||. We write C,(X) instead of C,(X,R).
By C,(X,E) we denote the Banach dual of C,(X, E). For
f e Cy(X,E)let f(t) = IIf(t)ll fort € X.

Let 9B (resp., Ba) be the algebra (resp., 0-algebra) of Baire
sets in X, which is the algebra (resp., o-algebra) generated by
the class Z of all zero sets of functions of C,(X). By & we
denote the family of all cozero sets in X. Let B(9, E) stand
for the Banach space of all totally 98-measurable functions
f : X — E (the uniform limits of sequences of E-valued
PB-simple functions) provided with the uniform norm | - |
(see [1, 2]). We will write B(%) instead of B(A, R).

Strict topologies 3, on C,(X) and C,(X, E) (for z = o,
00, p, T, t) play an important role in the topological measure
theory (see [3-12] for definitions and more details). Recall
that a subset H of C, (X, E) is said to be solid if f,; € C, (X, E)
and f, € H with f;(t) < f,(t) fort € X imply that f, € H.
Then f3, are locally convex-solid topologies on C, (X, E); that
is, they have a local base at 0 consisting of convex and solid
sets (see [6, Theorem 8.1], [10, Theorem 5]). We have f3, ¢
B: € Boo € By € Tyyand B, ¢ B, C f,. For a net (f,)
in C,(X, E), f, — 0 for f, if and only if f, — 0 for B, in
C(X) (see [6,10]).

Let C,(X) ® E stand for the algebraic tensor product of
C,(X) and E; that is, C;,(X) ® E is the space of all functions
Y (u; ® x;), where u; € C,(X), x; € Efori =1,...,n, and
(u; ® x;)(t) = u;(t)x; for t € X. Then C,(X) ® E is dense in
(Cy(X, E), B,) for z = 00, 1,1t (see [6, 8]). Moreover, C,(X) ®
E is dense in (Cy(X, E), B,) if X or E is a D-space (see [6,
Theorem 5.2], [13]) and in (C, (X, E), ﬁp) if X is real-compact
(see [10, Theorem 7]).

Let C,.(X, E) denote the Banach space of all continuous
functions i : X — E such that h(X) is a relatively compact
set in E, provided with the uniform norm | - ||. Then C,(X) ®
E cC,(X,E) c B(%,E).
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Linear operators from the spaces C,.(X, E) and C, (X, E),
equipped with the strict topologies 8,(z = 0,00,7) to a
locally convex space (F,&), were studied by Katsaras and
Liu [14], Aguayo-Garrido, Nova-Yanéz and Sanchez [15, 16],
and Khurana [17]. In particular, Katsaras and Liu found
an integral representation of weakly compact operators S :
C,.(X,E) — F and characterizations of (f3,,)-continuous
and weakly compact operators S : C,.(X,E) — Fforz =o0,7
(see [14, Theorems 3, 4, 5]). Aguayo-Arrido and Nova-Yanéz
derived a Riesz representation theorem for (f3,, £)-continuous
and weakly compact operators T : C,(X,E) — Fforz =
00,7 in terms of their representing operator measures (see
[15, Theorems 5 and 6]). If X is a locally compact space,
continuous operators on C,(X, E) were studied by Dobrakov
(see [18]) and Mitter and Young (see [19]).

In this paper we develop the theory of continuous linear
operators from Cy (X, E), equipped with the strict topologies
B, (z = 0,00, p, 7,t) to a Banach space (F, || - |z). In partic-
ular, we extend to “the completely regular setting” some clas-
sical results of Brooks and Lewis (see [20, Theorem 5], [21,
Theorem 5.2], [22, Theorem 2.1]) concerning operators on
the spaces C(X, E) and C,(X, E), where X is a compact or
a locally compact space, respectively. In Section 2, using the
device of embedding the space B(%, E) into C,.(X, E)" (the
Banach bidual of C,.(X, E)), we state the integral represen-
tation of bounded linear operators from C,.(X, E) to F. In
Section 3 we derive general Riesz representation theorems
for (,, |l - lp)-continuous linear operators T : C,(X,E) —
F(z = 0,00,p,1,t) with respect to the corresponding
measures m B — L(EF") (see Theorems 9 and
14 below). Section 4 is devoted to the study of (B, | - llp)-
continuous and strongly bounded operators T : C,(X,E) —
F.

2. Integral Representation of Bounded
Linear Operators on C, (X,E)

Let M(X) stand for the Banach lattice of all Baire measures on
AB, provided with the norm ||| = |v|(X) (= the total variation
of v). Due to the Alexandrov representation theorem Cp,(X)’
can be identified with M(X) through the lattice isomorphism
MX)>v ¢, € Cb(X)', where ¢, (1) = IX udvforu €
C,(X) and |lg, |l = |IvIl (see [4, Theorem 5.1]).

By M(X,E') we denote the set of all finitely additive
measures ¢ : B — E' with the following properties:

(i) for each x € E, the function y, : %8 — R defined by
U, (A) = u(A)(x) belongs to M(X),

(ii) |ul(X) < oo, where |u|(A) stands for the variation of
uonAe %A

In view of [23, Theorem 2.5] C, (X, E)' can be identified
with M(X, E') through the linear mapping M(X,E') > u +>
®, € C,.(X,E)',where ®,(h) = [, hduforh € C,(X,E)and
||®,4|| = |u|(X). Then one can embed B(%, E) into C, (X, E)"
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by the mapping 7 : B(%,E) — C,.(X,E)", where for g €
B(%,E),

n(g) (GD#) = JX gdu forpeM (X,E'). (1

Letip : F — F' denote the canonical embedding; that is,
ir(»(Y') = y'(y) for y € F, y' € F'. Moreover, let j; :
ip(F) — F stand for the left inverse of i; that s, jpoip = idp.

Assume that S : C,.(X,E) — F is a bounded linear
operator. Let

§::S”07T:B(t%)E)—>F”’ (2)

where §' : F' — C..(X, E) and §" : C..(X, E)Y' - F"
denote the conjugate and biconjugate operators of S, respec-
tively. Then we can define a measure m : B — Z(E,F "
(called a representing measure of S) by

m(A)(x) =S(1,0x)=(S"c0n)(1,8x)
3)
for Ae %, x € E.

Then m(X) < 00, where the semivariation #7(A) of m on

A € R is defined by mi(A) = sup || Y m(A;)(x;)|lzn, where

the supremum is taken over all finite &-partitions (A;) of A
and x; € B, for each i. For y' € F' let us put

m (A) (x) = (m(A) (x)) (y') for Ae B,xecE. (4)

Let Imyr |(A) stand for the variation of m., on A. Then (see

y
[1, Section 4, Proposition 5])

i (A) = sup {[m,| (4) : y' € By} (5)
The following general properties of the operator S
B(%,E) — F'" are well known (see [1, Section 6], [2, Section
1], [13, 24]):
S(g) = JX gdm for g € B(%,E), ||§|| =m(X), (6)
and for each y' € F/,

S(9) (y') = JX gdm,, for g € B(%,E). (7)
For A € & let
J gdm = J 1,g9dm for g € B(%B,E). (8)
A X

From the general properties of S it follows that

$(C,. (X, E)) c iy (F),

9)

S(h) = qu hdm) for he C,, (X, E).
X

Hence for each y' € F' we get

' (S(h)) = L hdm, forheC, (X,E), (10)
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and hence my, € M (X, E"). Moreover, we have

Isi = ']
=sup {[s'"(»")]: »" € Br}
= sup{|y" o8| :y € Bw} (1)
o, |- ene)
{

= sup |my:' (X):y € BF/} ,
and using (5) we get
ISI = 7 (X).. (12)

By M(X, Z(E, F'")) we will denote the space of all
measures m : B — L(E,F") such that m(X) < oo and

my € M(X, E') for each y' € F'. Thus the representing

measure m of S belongs to M (X, Z(E, F")).
For any x € E define

S, () =Swex) forueC,(X),

(13)

m, (A) =m(A)(x) for AeRB.

Then S, : C,(X) — F is a bounded linear operator. Let y :

B(3B) — Cy(X )"" stand for the canonical embedding; that is,
for u € B(%B),

x @) (p,) = J udv for v e M (X). (14)
X

Let

S.:=(8,)"ox:B(®B) — F". (15)
Then
8. (Cy (X)) C i (F),
. (16)
S, () = jp (S, (W) forueCy(X).

The following lemma will be useful.

Lemma 1. Let S : C,.(X,E) — F be a bounded linear
operator. Then S" (n(1, ® x)) = (S,)" (x(1,)) for any x € E
and A € B.

Proof. Let y' € F'. Then for each u € C,(X),
! !
(4 oS) W) =y (Suex)
= J (u®x)dm, = J udm, (17
X X

= (me,y' (1/[) °

3
Hence we have
(8)" (x (1)) (")
=X (“A) (S; ()’,))
, (18)
=x (1) (' 28) = x (1) (o)
= J-X ﬂAdmx,y' =My (HA) =my (]]A) (y’) .
On the other hand, for each h € C,.(X,E), (y' o 8)(h) =
jX hdm, = CDmy, (h), and hence
" (n(14®x))
=(1,®x) (S' (y')) =n(1,®x) (y' oS)
=n(1,8x)(®,,) = D, , (14©x)
- JX (Ta®x) dmy, =my, (A)(x) =m,(1,) (y').
(19)

It follows that §" (77(1 4, ® x)) = (S,)" (x(1,4)), as desired. [

From Lemma 1 for A € 9 and x € E we get

m, (4):=8(1,8x)=8" (1 (1,©x)) = (S,)" (x (14)):

(20)
that is,
m, (A) =S, (1,), S, (u) = J udm, for u € B(%).
X
(21)

Now we are ready to prove the following Bartle-Dunford-
Schwartz type theorem (see [25, Theorem 5, pages 153-154]).

Theorem 2. LetS: C,.(X,E) — F bea bounded linear oper-
ator and let M(X, Z(E, F"")) be its representing measure. Then
for each x € E the following statements are equivalent.

(i) S, : C,(X) — F is weakly compact.
(ii) m(A)(x) € ip(F) for each A € B and {jp(m(A)(x)) :
A € B} is a relatively weakly compact set in F.
(iii) m, : B — F" is strongly bounded.

Proof. (i)=(ii) Assume that S, is weakly compact. Then by
the Gantmacher theorem (Sx)"(Cb(X)") C ip(F) and (Sx)" :
Cb(X)" - F"is weakly compact (see [26, Theorem 17.2]).
Hence S,(B(%)) ¢ ix(F) and S, : B(B) — F" is weakly
compact. In view of (21) for each x € E, m,(A) € ip(F) for
A€ Bandm, : B — F" is strongly bounded (see [25,
Theorem 1, page 148]). It follows that {jp(m(A)(x)) : A € B}
is a relatively weakly compact subset of F (see [24, Theorem
71).

(ii)=(iii) It follows from [24, Theorem 7].

(iii)=(i) Assume thatm, : & — F" is strongly bound-
ed. Then by (21) §x : B(B) — F"is weakly compact and in
view of (16) we derive that S, is weakly compact. O



3. Integral Representation of Continuous
Linear Operators on C,(X,E)

The spaces of all o-additive, u-additive, perfect, T-additive,
and tight members of M(X) will be denoted by M, (X),
M (X), MP(X), M, (X), and M, (X), respectively (see [3, 4]).
Then (Cy(X), 8,)" = {9, : v € M,(X)} for z = 7, c0, p, T, t.
For the integration theory of functions f € C,(X, E) with
respect to 4 € M, (X, E') we refer the reader to [6, page 197],
[5, Definition 3.10], [27, page 375]. For z = 0, 00, p, 7, t let

M, (X,E")

= {y € M(X,E') i Yy € M, (X) for each x € E}
(22)

Then |u| € M,(X) if u € M(X, E") (see [5, Proposition 3.9],
[6, Theorem 3.1], [10, Theorem 1]). For ® € C,(X, E) let us
put, for u € C,(X)",

O () := sup {|® (f)|: f €C,(XGE), f<u}.  (23)

Itis known that |®| : C,(X)" — R"isadditive and positively
homogeneous and can be extended to a linear functional on
C,(X) (denoted by |®| again) by |®|(u) = |O|(u") — |O|(u")
for u € C,(X).

Theorem 3. Assume that z = o and C,(X) ® E is dense in
(C,(X,E), B,) (resp., z = 00; z = p and C,(X) ® E is dense
in (Cy(X, E),ﬁp); z = 1; z = t). Then the following statements
hold.

(i) For a linear functional ® on C,(X, E) the following
conditions are equivalent.

(a) @ is 3,-continuous.
(b) There exists a unique yu € M (X, E') such that

O(f)=0,(N)= | fau for fec,(xB). @y

(ii) For u € M,(X,E"), |®,/(u) = [, udlul = ¢;,(u) for
u e Cb(X)

Proof. (i) See [6, Theorems 5.3 and 4.2, Corollary 3.9], [5,
Theorem 3.13], and [10, Theorem 8].
(ii) See [6, Theorem 2.1]. O

Assume that .4 is a subset of M,(X,E') and
SUpe 4 |H(X) < 00, where z = 0, 00, p, 7, t. Then we say
that ./ satisfies the condition (C,) if we have the following:

(1) for z = o: sup{|ul(Z,) : u € M} — 0 whenever
Z,10,(Z,)cZ;

(2) for z = co: for every partition of unity (i), for X
and every € > 0 there exists a finite set &/, in & such

that sup,,. , fx(l = Yaear, o)yl < &
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(3) for z = p: for every continuous function f from X
onto a separable metric space Y and every € > 0, there
is a compact subset K of Y such that SUP,c lpl (X

F &)<

(4) for z = 7 sup{|ul(Z,) : u € M} — 0 whenever
Z,10,(Z,) cZ;

(5) for z = t: for every € > 0 there exists a compact subset
K of X such that sup{|u|(Z) : Z € Z,Z c X\ K} <¢
for each p € M.

The following lemmas will be useful.

Lemma 4. Assume that M is a subset of M,(X,E') and
supﬂe/%lptl(X) < 00, where z = 0 and C,(X) ® E is f3,-dense
in Cy(X, E) (resp., z = 00; z = pand C,(X) ® E is ﬁp-dense
in Co(X,E); z = 7; z = t). Then the following statements are
equivalent.

(@) {®, = p € M} is B-equicontinuous.
(i) {|®,| : p € M} is B,-equicontinuous.
(iii) {opy, : p € M} is B,-equicontinuous.
(iv) The condition (C,) holds.

Proof. (i)&(ii) See [9, Lemma 2].

(ii) e (iii) It follows from Theorem 3.

(iii)&(iv) See [4, Theorem 11.14] for z = o; [28, Propo-
sition 3.6] for z = 05 [28, Proposition 2.6] for z = p; [4,
Theorem 11.24] for z = 7; and [28, Proposition 1.1] for z =
t. O

Lemma 5. Assume that z = 0 and C,(X) ® E is ,-dense in
Cy(X, E) (resp., z = 00; z = p, and Cy(X) ® E is fB,-dense in
Co(X,E); z=1;2=t). Lety € M,(X,E'). Then for A € B
the following statements hold.

(i) A functional®, : C,.(X, E) — R defined by ®© ,(h) =
IA hdu is B,|c, (x,p-continuous and can by uniquely

extended to a f3,-continuous linear functional ®, :
C,(X,E) — R, and one will write the following:

| sdu=T() for fec,xm. @)

i) | [, fdul < [, fdlul for f € Cy(X, E).

Proof. (i) Assume that (h,) is a net in C,.(X, E) such that
h, — 0for f3,. Then

|q¢mn:UhM4gjzﬂ“4gjﬁﬂmL (26)
A A X

Since fl“ — 0 for B, in Cp(X) and |u| € M (X), we
obtain that ®,(h,) — 0; thatis, ®, is B,|c (xp-con-
tinuous. Since C,.(X, E) is dense in (Cy(X, E), ,), 4 can
be uniquely extended to a f8,-continuous linear functional
()TA : C,(X, E) — R (see [29, Theorem 2.6]).
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(ii) Assume that f € C,(X,E). Choose a net (h,) in
C,.(X, E) such that h, — f for B,. Then h, — f for f3, in
Cy(X). Then

|| Fedlul - | Falul|< | [~ Fldlud
A A A
(27)
< | [~ 7ldlul,
X
and hence IAfdlyl = lim, IAﬁadlyl. Since JAfdy =
D,(f) = lim, JA h,dy, we get

[ s
A A (28)
<t | Bl = | Falul.
“ Ja A

For z = 0, 00, p, 7, t let us put
M, (X, Z(EF"))
={meM(X,2(EF")):m, e M,(X,E') (29)
for each y' € F'}.

Lemma 6. Assume that z = 0 and C,(X) ® E is ,-dense in
Cy(X, E) (resp., z = 00; z = p, and C(X) ® E is fB,-dense in
Cy(X,E); z = 7; z = t). Assume that m € M, (X, Z(E,F"))
and the set {myr : y' € F'} satisfies the condition (C,). Then
for A € B the following statements hold.

(i) An operator S, : C,.(X,E) — F" defined by S,(h) =
IA hdm is (ﬁzlc,c(X,E))" - | g )-continuous and can be

uniquely extended to a (3, || - ||g)-continuous linear
operator S, : C,(X, E) — F", and one will write the
following.

L fdm=S,(f) for feCy(X.E).  (30)

(ii) For each y' € F', ([, fdm)(y') = [, fdm,, for f €
Cp(X, E).

Proof. (i) In view of Lemma 5 the set {¢},,, | : y' € Bp}is
y

B,-equicontinuous in Cb(X);; . Assume that (h,) is a net in
C,.(X,E) such that h, — 0 for f3,. Let ¢ > 0 be given. Then
there exists a neighborhood V, of 0 for 3, in Cp,(X) such that

supyngF,| IX ud |my|| < eforu € V,.Since h, — 0 for 3,
in C,(X), choose «, such that h, € V, for « > «,. Hence
SUpycp, IX h, d|my,| < efor a > «a. It follows that, for

« > o, and each y' € By,

(] )7

= L?‘ad|my’| = Lﬁad|my’| =&

(31)

and hence,

ISath )] = sup {[Sa (ha) ()| : ¥ € Be} <& (32)
This means that S, : C,.(X,E) — F"is (B.lc. s I - llgn)-
continuous. Since C,.(X, E) is f3,-dense in (C,(X, E), ,),S4

possesses a unique (f3,, || - |z#)-continuous extension S, :
C,(X,E) — F" (see [29, Theorem 2.6]). Let

J fdm==S,(f) for feCy(X.E).  (33)
A

(ii) Let f € C,(X, E). Choose a net (h,) in C,.(X, E) such
that b, — f for B,. By Lemma 5 and (7) for y' € F' we have

(], 7m) (') = (1 ([ i) ()

- lim (L hodmy ) () (34)
= lim

Corollary 7. Assume that z = 0 and C,(X) ® E is [3,-dense
in Cy(X, E) (resp., z = 00; z = p and C,(X) ® E is B,-dense
in Co(X,E); z = 7; 2 = t). Assume that m € M (X, Z(E, F")
and the set {m.,, : y' € Bp} satisfies the condition (C,). Then
for A € B the following statements hold:

(a) |m,|(4)
= sup{|[ mamy|:nec, 00 B <1}

= sup{|JAfdmy:| 1 f € Cu(X,E)||f] < 1}.

(b) m(A)

= sup {‘U hdm
A

= sup{”Lfdm"F” 1 f € Cu(X,E)||f] < 1}.

(35)

theC,(X)®E |h| < 1}

F/

In particular, if U € P, then

(c) |my:' (U) = sup {UU hdmy/

the Cb (X) ® E,
Al <1, supph C U} (36)

Z J uidmxi)y,

>




where the supremum is taken over all finite disjoint supported
collections {uy, ..., u,} < C,(X) with |u;| < 1 and suppu; C
U and {xy,...,x,} C Bg. One has

j hdm
U

Al < 1,supph C U}

(d)ﬁ(U):sup{ :heCy(X)®E,

F"

(37)
= sup {IIJU fdm”F” : f e Cy(X,E),

[£] < 1, supp f ¢ U}.

Proof. Let A € % and y' € F'. Then by Lemma 5 for f ¢
C,(X, E) with | fI| < 1 we have

|| sdmy| < | Famy| < |myl@r. e

On the other hand, let ¢ > 0 be given. Then there exist a finite
RB-partition (A;)\, of Aand x; € By, i = 1,...,n, such that

me,-,y' (Al) .

i=1
(39)

iy () -5 =

i
3

5 m(4) () ) -

By the regularity of m, ,, € M_(X) fori = 1,...,n, we can
choose Z; € Z, Z; ¢ A; such that [m, ,[(A;\ Z;) < &/3n
for i = 1,...,n. Choose pairwise disjoint V; € 9 with
Z; ¢ V.fori = 1,...,n such that Imxi,y/I(Vi \ Z,) < ¢/3n.
Then for i = 1,...,n we can choose v; € C,(X) with 0 <
v, < Ty, v,-IZi = 1, and Vi|X\V,. = 0 (see [4, page 115]).
Define h, = Y-, (v; ® x;). Then ||h,|| < 1 and [, h,dm, =

n N
Y jA vidm, =30, -[V,ﬂA v;dm, . Hence we get

n

n
[y (A) - g < \Ymy (A) = Ym, , (2,)
=1 i=1
i n
+ ; JZ,- vidm, - ; jv,-nA vidm,

|| ndm |
J, o,

= Z 'mxiJ’" (Ai \ Zi) + Z |mxi’)’,| (V’ \Z’)
i i=1

(40)

and hence Imy,|(A) < jA h,d m},rl + €. Thus the proof of (a)
is complete.
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In view of (5), (a), and Lemma 6 we get
p !
m(A) = sup{'my,| (A):y € BF,}
= sup ”(J hdm) (y')‘ theCy(X)®E,
A
Il <1,y e BF,}
= sup ”(J fdm) (y')l 1 feCy(X,E),
A
I£1< 15" € B

= sup ”l(j hdm)ll :heCy(X)®E,|h| < 1}
A F”

=sp{|([ sam)]| 5 e covxmrlst<nfs
(41)

that is, (b) holds.

Assume now that U € P. LetU; = V;NU € Pfori =
1,...,n. Then |mxi,yr|(Ui\Zi) < Imxi’y,|(Vi\Z,~) < ¢/3nfori
1,...,n.Fori=1,...,nchoose u; € Cy(X) with 0 < u; < Ty,
]y = 1andu |y = 0.Leth, = Y., (4;®x;). Then [, < 1
and supp h, € U; and hence by (a), |my,|(U) < IU hodmyfl +
e. Note that IU hodm, = Y, IX w;dm

x.,y'» Where supp u; are

pairwise disjoint and supp u; ¢ U fori = 1,...,n. Thus (c)
holds.

Using (c) we easily show that (d) holds. Thus the proof is
complete. O

Definition 8. Let T : C,(X,E) — F be a bounded linear
operator. Then the measure m € M(X, Z(E, F'")) defined by

m(A) (x) = ((Tlc,c(X,E))” : 7T) (Th®x)

for Ae B,x € E

(42)

will be called a representing measure of T'.

Now we state general Riesz representation theorems for
continuous linear operators on C,(X, E), provided with the
strict topologies f3,, where z = 0, 00, p, 7, t.

Theorem 9. Assume that z = o and C,(X) ® E is ,-dense in
Cy(X, E) (resp., z = 00; z = p, and Cy(X) ® E is ff,-dense in
C(X,Ez=1;2=t).

(I) Let T : C,(X,E) — F bea (B, Ilp)-continuous
linear operator and let m € M(X, ZL(E, F')) be its

representing measure. Then the following statements
hold.

()m € M(X,Z2(E,F")) and {m, : y' € Bp}
satisfies the condition (C,).

(ii) For each y' € F', y'(T(f)) = fX fdmy, for f €
Cy(X, E).
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(iii) For each f € Cy(X,E) and A € B there exists
a unique vector in F", denoted by IA fdm, such

that(IA fdm)(y') = JA fdm,, for each y eF.
(iv) For each A € B, the mapping C,(X,E) > f —

_[A fdm e F'isa (B> I - Il )-continuous linear
operator.

(v) For f € Cy(X, E), IX fdm € ig(F) and T(f) =
je ([ fdm).

i) Tl = m(X).

(II) Let m € M (X, Z(E, F")) and let the set {myr : y' €
By} satisfy the condition (C,). Then the statements (iii)
and (iv) hold and for f € C,(X,E), [, fdm € ip(F)
and the mapping T : C,(X,E) — F defined by
T(f) = jF(IX fdm)isa (B,, | - |p)-continuous linear
operator. Moreover, m coincides with the representing
measure of T and the statements (ii) and (vi) hold.

Proof. (I) In view of (10) for each y' e F, y'(T(h)) =
_[X hdm,, for h € C,.(X, E). By Theorem 3 for each y e F
there exists a unique Hyror € MZ(X,E') such that (y'oT)(f) =
_[X fauy.p for f € Cy(X, E). It follows that, for each y eF,

My = Py (see [23, Theorem 2.5]) and this means that

m e M (X, Z(E, F"")). Hence

V(T (f)) = L fam, for f €Cy(GE).  (43)

Since {y' T : y' € B} is f,-equicontinuous in
C (X, E);Bz’ by Lemma 4 the set {my: : y' € Bp} satisfies the
condition (C,). Thus (i) and (ii) hold. In view of Lemma 6,
(iii) and (iv) are satisfied.

According to (9) for each h € C, (X, E), _[X hdm € ip(F)
and T'(h) = jF(IX hdm). Hence by Lemma 6, .[x fdm € ip(F).
Let f € Cu(X, E). Choose a net (h,) in C,.(X, E) such that
h, — f for 3,. Hence

T(f) = limT (h,) = limjr (L hodm )

= je (1im JX hodm ) = ji <L fdm).

Thus (v) holds. Using (v) and Corollary 7 we get || T'|| = m(X).
(II) By Lemma 6 the statements (iii) and (iv) are satisfied.
Now let f € C,(X, E). Choose anet (h,) in C, (X, E) such

that b, — f for f3,. Then by Lemma 6, Jx fdm = Sx(f) =

lim,, IX h,dm € ip(F) because Ix h,dm € ip(F), and it

follows that T(= jg o Sy) is (B,, || - lz)-continuous.

(44)

Let m, € M(X, Z(E, F"")) stand for the representing
measure of T. Note that, for A € %, x € E, and y' e F
we have

(my (W) ) () = ((Thex) o) (148 2)) ()
—n(1,®x) ((Tlc,c(x,m)l (Y,))
=n(140x) (¥ o (Tle xp))

_ L (1,®x)dm,, = L{ Lydm,

= (m(4) () (')
(45)

that is, m, = m. By the first part of the proof (ii) and (vi) hold.
Thus the proof is complete. O

Following [14, 27] by M,(%a) we denote the space of
all bounded countably additive, real-valued, regular (with
respect to zero sets) measures on Ja.

We define M,(%Ba, E') to be the set of all measures y :
Ba — E' such that the following two conditions are
satisfied.

(i) For each x € E, the function y, : 3a — R, defined
by u, (A) = u(A)(x) for A € Ba, belongs to M, (HBa).

(ii) |#l(X) < oo, where for each A € ZBa, we define
|ul(A) = sup|Y u(A;)(x;)|, where the supremum is
taken over all finite Ba-partitions (A;) of A and all
finite collections x; € Bg.

It is known that if y € M, (Ba, E'), then lpl € M (PBa) (see
[27, Lemma 2.1]).

The following result will be of importance (see [27,
Theorem 2.5]).

Theorem 10. Let u € M, (X, E'). Then y possesses a unique
extension {i € Ma(gga,E') and |p|(X) = |pul(X).

Arguing as in the proof of Lemma 6 we can obtain the
following lemma.

Lemma 11. Assume that C,(X) ® E is ,-dense in C,(X, E)

and u € M_(X, E'). Then for A € Ba the following statements
hold.

(i) A functional @, : C,.(X,E) — R defined by ®,(h) =

f W hdpis Bsle, (x.g)-continuous and can be uniquely

extended to a B,-continuous linear functional ®, :
C,(X,E) — R, and one will write the following:

| fap=®5() for fec,xp.  wo)

(ii) For f € C,(X,E), | [, fdul < [, fdlul.

By M, (X, Z(E, F)) we will denote the space of all oper-
ator measures m : B — ZL(E, F) such that 71(X) < oo and



my € M, (X, E') for each y' € F. By M, (%Ba, L(E, F)) we
will denote the space of all operator measures m : Ba —
Z(E,F) with m(X) < oo such that m, € M (RBa, E) for

each y' € F'.

y

Remark 12. Note that in view of the Orlicz-Pettis theorem
every m € M (%Ba, Z(E,F)) is countably additive in the
strong operator topology; that is, for each x € E, the measure
m, : Ba — F defined by m_ (A) := m(A)(x) for A € Ba
is countably additive. Moreover, in view of [30, Theorem 2]
for each x € E, m, is inner regular by zero sets and outer
regular by cozero sets; that is, for each A € Baande > 0
there exist Z € & with Z ¢ Aand P € & with A ¢ & such
that [|m,[|(A\ Z) < eand ||m,[|(P\ A) < &, (|m,[|(A) denotes
the semivariation of m, on A € Ba).

According to [14, Theorem 7] we have the following
theorem.

Theorem 13. Assume that m € My(X, Z(E,F)) and
{m(A)(x) : A € B} is a relatively weakly compact subset of
F for each x € E. Then m possesses a unique extension m €

M, (Ba, Z(E, F)) such that m(X) = m(X).

For a linear operator T : C,(X,E) — Fand x € E let
T.(u) :=T(u® x) foru € Cy(X). Form € M (5B, Z(E, F')
and x € E let m,(A) := m(A)(x) for A € %.

Theorem 14. Assume that C,(X) ® E is f3,-dense in C, (X, E).

() Let T : C,(X,E) — F bea (B, - lIp)-continuous lin-
ear operator such that T, : C,(X) — F is weakly
compact for each x € E, and let m € M(X, Z(E,F"))
be the representing measure of T. Then the following
statements hold.

(i) m € M,(X, Z(E,F'")) and wi(Z,) — 0 when-
everZ,10,(Z,) C Z.

(i) m(A)(x) € ip(F), for each A € B, x € E, and
the measure mp : B — ZL(E,F), defined by
mp(A)(x) = jp(m(A)(x)) for A € B, x €
E, belongs to M (X, Z(E,F)) and possesses a
unique extension m € M, (Ba, L(E, F)) with
m(X) = m(X) which is countably additive both
in the strong operator topology and in the weak
star operator topology. Moreover, m,, = m for
y' eF.

(iil) For every f € C,(X,E) and A € PBa there exists
a unique vector in F, denoted by IA fdm, such
that, for each y' € F', y'([, fdm) = |, fdm,,.

(iv) For each A € Ba, the mappingT, : C,(X, E) —
F defined by To(f) = [, fdm is a (B, |l - Ig)-

continuous linear operator.

W T(f) =Tx(f) = IX fdm for f € C,(X, E).

(I) Let m € M (X, Z(E,F")) be such that m(Z,) — 0
whenever Z,, | 0,(Z,) ¢ Z and for each x € E, let
m, : B — F" bestrongly bounded. Then the operator
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T : Cy(X,E) — F defined by T(f) = jg(/, fdm) is
(Bg> I - |p)-continuous and T, : C,(X) — F is weakly
compact for each x € E, and the statements (ii)-(v)
hold.

Proof. (I) (i) It follows from Theorem 9.

(ii) In view of Theorem 2 m(A)(x) € ip(F) for A € &,
x € E,and {mp(A)(x) : A € 9B} is a relatively weakly
compact in F for each x € E. Since mp € M (X, Z(E, F)),
by Theorem 13 m possesses a unique extension 7 €
M, (RBa, Z(E, F)) with m(X) = #i(X). By the Orlicz-Pettis
theorem m is countably additive in the strong operator
topology. Moreover, since, for each y' € F', [m,| e
M, (Ba) = ca(PBa), we obtain that my, € ca(%a, E). This
means that m : Ba — Z(E, F) is countably additive in the
weak star operator topology.

Let y' € F'. Then for A € % and x € E we have
my (A)(x) = my (A)(x), and by Theorem 10, my =my.

(iii) For A € Balet Sy(h) := [, fdm for h € C, (X, E).
Proceeding as in the proof of Lemma 6 we can show that
Sy C(X,E) —» Fisa (ﬁalcrc(X,E), | - Ilz)-continuous lin-
ear operator, and hence S, possesses a unique (S, || - Ilp)-
continuous linear extension T : C,(X,E) — F (see [29,
Theorem 2.6]). Let us write the following:

J fdm:=T,(f) for fe€C,(X,E). (47)
A

Let f € Cu(X,E). Choose a net (h,) in C,.(X, E) such that
h, — f for . Foreach y' € F/, m, =m, (see (i)) and by
Lemma 11 we have

5 (L fam) = y/ (tim JA o) = lim 5/ (L )

~tim | hodri, =lim | i
“ Ja “ Ja

(48)

(iv) It follows from the proof of (iii).
(v) Let f € Cy(X, E). In view of Theorem 9, for each y' €

F', y'(T(f)) = [ fdm,. On the other hand by (ii) for y' €
! ! — —

F’ we have y (IX fdm) = IX fdm, = J'X fdm,,. It follows

that T(f) = [, fdm.

(II) Since {m,, : y' € Bp} satisfies the condition (C,),
by Theorem 9 for f e C,(X, E), IX fdm € ip(F) and
the mapping T : C,(X,E) — F defined by T(f) :=
jF(JX fdm)isa (P, || - |z)-continuous linear operator, and m
coincides with the representing measure of 7. Hence in view
of Theorem 2 T, : C,(X) — F isaweakly compact operator.

Thus by the first part of the proof the statements (ii)-(v) are
satisfied. O

4. Strongly Bounded Operators on C,(X,E)

Definition 15. A bounded linear operator T : C,(X,E) —
F is said to be strongly bounded if its representing measure
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m e M(X, Z(E, F")) is strongly bounded; that is, /7(A,) —
0 whenever (A,,) is a pairwise disjoint sequence in 3.

Note thatm € M(X, Z(E,F"))is strongly bounded ifand
only if the family {|m | : y' € Bp} is uniformly strongly
additive.

Now we are ready to state our main results that extend
some classical results of Lewis (see [20, Theorem 5], [31,
Lemma 1]) and Brooks and Lewis (see [22, Theorem 2.1], [21,
Theorem 5.2]) concerning operators on the spaces C(X, E)
and C,(X, E), where X is a compact or a locally compact
space, respectively.

Theorem 16. Assume that C;,(X) ® E is f3,-dense in Cy(X, E).
Let T : C)(X,E) — F bea (B, - |g)-continuous linear
operator and let m € M(X, ZL(E, F'")) be its representing
measure. Then m € M (X, Z(E, F"Y) and the following
statements are equivalent.

(i) T is strongly bounded.

(ii) sup {|m_y,|(An) : y' € Bp} — 0 whenever A, | 0,
(A,) < RBa (here my € M, (Ba,E') denotes the
unique extension of m,; € My (X, E).

(iii) If (A,) is a sequence in Ba such that A, | 0, then there
exists a nested sequence (U,) in P such that A, c U,
forn € Nand sup {(IT(H)ll; : f € CyXE) [l < 1
andsuppf cU,} — 0.

Proof. In view of Theorem 9 m € M (X, Z(E, F"y).

(i)=(ii) Assume that T is strongly bounded. Since the
family {m,| : y' € Bp} is uniformly strongly additive,
according to [25, Lemma 1, page 26] the family {|m,,| : y e
Bpi} is uniformly countably additive (see Theorem 16).

(ii)=(i) It follows from [25, Lemma 1, page 26].

(ii)=(iii) Assume that (ii) holds and (A,) is a sequence
in Ba such that A, | 0. Then there exists A € ca(%Ba)" such
that {Im_yll : y' € Bp} is uniformly A-continuous (see [25,
Theorem 4, pages 11-12]). Let ¢ > 0 be given. Hence there
exists § > 0 such that sup{lm_yrI(A) : y' € Bp} < g/2
whenever A(A) < § and A € JBa. Since A is zero-set regular,
there exists a nested sequence (U,,) in & so that A,, ¢ U,, and
AU, \ A,) < & forn € N. Hence sup{lm_yrl(Un \A,): y' €
B} < €/2 for n € N. In view of (ii) there exists n, € N
such that sup{[,/|(A,) : y' € Bp} < g/2forn > n,.
Hence sup{|my/|(Un) : y' € Bp} < eforn > ng thatis,
sup {|m,, |(U,) : y' € Bp} — 0.

Let f € C,(X,E), Ifl < 1, and supp f ¢ U,. Then by

Theorem 9 we have
[T = sup || samy| 5" < B}
up {J fd|my|:y' e BF,} (49)
X

< sup {'m},/| U,):y e BF:}.

L f e GXE)Ifll <

IA

It follows that sup{IT(f)ll»
fcU,} — 0.

1, supp

(iii)=(ii) Assume that (iii) holdsand A, | 0, (A,) ¢ Ha.
Then there exists a nested sequence (U,,) in & such that A,, C
U, forn € Nand

sup {|T(O : f € Gy (X B | f] < 1 supp £, < U} 50

— 0.

Assume that (ii) does not hold. Then there existe > O andn, €
N such that sup{lmy/|(A ):y € Bp} > eand ||T(f)||F <
(1/8)e whenever f € Cb(X E), Ifll < 1,and supp f ¢ U,

It follows that there exists yo € By such that Imy,|(An£) > e

Hence there exist a finite ZBa-partition (Bi)f.(:1 of A, andx; €
Bgp,i=1,...,k, such that

'm_y’| (A ) m,; (B;) (x;)

Z(m_y!y)xi (Bi) :

(51)

¢ <
4

Since I(m_y;)x_l € M,(%Ba) is zero-set regular (see [4, page
118]), we can choose Z; € Z, Z; ¢ Bj, such that |(m1;) |(B; \

Z;) < ¢ldkfori=1,...
with Z; c V;fori=1,...,

,k. Choose pairwise disjoint V; € &
k such that |mxi,yu’ [(V;\ Z,) < ¢/4k.
LetU; = V;nU, fori=1,...,k.ThenU; € Pand|m, ,|(U;\
Z;) <eldkfori=1,...,k.Fori=1,...,kchooseu; € C,(X)
such that 0 < u; < Ty, u], =0, and u;|x\y, = 0 (see [4, page
115]). Let h, = Y&, (4; ® x;). Then |Ih,|| <
and

1,supph, c U,,

[, oy, - il wdm, . (52)

g =1

Hence we get

[y (A,,) -

NI

(53)
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Hence
J hodm,, | > |m,, n) §s>ls,
U, /4
[Tt > |y (@ ()| = | nodmy| 60
= J h,dm | > le
- U, Yo 4

Thus we get a contradiction to | T'(h,)|lz < (1/8)e.
Thus the proof is complete. O

Theorem 17. Assume that C,(X) ® E is f3,-dense in Cy(X, E).
Let T : C,(X,E) — F bea (Bl p)-continuous and
strongly bounded operator and let m € M(X, Z(E, F")) be its
representing measure. Then the following statements hold.

Q) m e M (X,Z(EF") and m(A)(x) € in(F) for
A € B, x € E, and the measure mp : B — ZL(E, F),
defined by mp(A)(x) = jp(m(A)(x)) for A € %,
x € E, belongs to M (X, Z(E,F)) and possesses a
unique extensionm € M (%Ba, £ (E, F)) with m(X) =
mp(X) = m(X) which is variationally semiregular;
that is, ﬁ(An) — 0 whenever A, | 0, (A,,) C Ba.

(ii) For every f € Cy(X,E) and A € JBa there exists a
unique vector in F, denoted by J , fdm, such that, for

eachy' € F', y'([, fdm) = [, fdm,,.

(iii) For each A € Ra, f f.dm — 0 whenever (f,) is
a uniformly boundedAsequence in C,(X, E) such that
fa(t) = O0fort e X.

(iv) T(f) = [, fdm for f € C,(X, E).

) T(f,) — 0 whenever (f,) is a uniformly bounded
sequence in Cy(X, E) such that f,(t) — 0fort € X.

Proof. (i) Note that, for x € E, [|m (A)|pn < mi(A)|x| g for
A € B.Hencem, : B — FE" is strongly bounded, and
by Theorems 2 and 14 m(A)(x) € ip(F) and mp possesses
a unique extension m € M, (PBa, Z(E,F)) with mXx) =

mp(X) = m(X). Since my, =m, for y' e F, by Theorem 16

we have ﬁ(An) = sup{lmyll(An) : y' € B} — 0 whenever
A, 10,(A,) c RBa.

(ii) It follows from Theorem 14 because for each x € E,
T, :C.(X) — F is weakly compact (see Theorem 2).

(iii) In view of (i) there exists A € ca(%Ba)* such that
{Iﬁyrl : y' € Bp} is A-continuous (see [25, Theorem 4,
pages 11-12]). Let (f,,) be a sequence in C,(X, E) such that
sup, |l f,ll = M < ooand f,(t) — Oforeveryt € X.Lete >0
be given. Then there exists § > 0 such that sup{[m,,|(A) : y' €
B} < €/2M whenever A(A) < §, A € PBa. Since fn € B(AB)
for n € N, by the Egoroff theorem there exists A5 € %Ba with
MX\ As) < Sand supteAafn(t) — 0. Choose n, € N such
that suptGAafn(t) < ¢/2m(X) for n > n,.
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Let A € Ba. Note that m,, = m,, for y' € F'. Then by
Lemma 11 and (ii), for n > n, and y' € By we get

([, )

=], |

< [ Falmy| < | Fdlmy|
I,

fnd|my’| +J XA, ﬁd'my"

(55)

< #@() |my/| (A@) + M - 'my:' (X\AS)

|mr|(X)+M —5

e €
—+-==¢
2M 2 2

€
S —_—
2m (X)
Hence || IA fndﬁn < e for n > n,, as desired.
(iv) It follows from Theorem 14.
(v) It follows from (iii) and (iv). ]

Let £*°(%a, E) stand for the Banach space of all bounded
strongly Ja-measurable functions g : X — E, equipped
with the uniform norm || - ||. Assume thatm : 8 — Z(E, F)
with #1(X) < oo is variationally semiregular. Then every g €
F*°(Ba, E) is m-integrable (see [32, Definition 2, page 523
and Theorem 5, page 524]) and jX g,dm — 0 whenever (g,)
is a uniformly bounded sequence in #*°(%a, E) converging
pointwise to 0 (see [33, Proposition 2.2]).

Recall that a series ) ;) z; in a Banach space G is called
weakly unconditionally Cauchy (wuc) if, for each z' € G/,
2?31 Iz'(zi)l < 00. We say that a linear operator T: G — F
is unconditionally converging if for every weakly uncondition-
ally Cauchy series ) *, z; in G, the series ) ;) T(z;) converges
unconditionally in a Banach space F.

As an application of Theorem 17 we have the following
result.

Corollary 18. Assume that C,(X)®E is ,-dense in C,(X, E),
where E is a separable Banach space which contains no
isomorphic copy of ¢,. Let T C,(X,E) — Fbea
(By I - | p)-continuous and strongly bounded operator. Then T
is unconditionally converging.

Proof. Assumethat )", f;is a wuc series in the Banach space
C,(X, E). Hence Y| |x'(f,~(t))| < ooforeacht € Xand x' €
E' because Or € Cu(X, E)’, where S0 (f) = x'(f(t)) for
f € Cy(X, E). It follows that ) 2°, f;(¢) is an unconditionally
convergent series in E for each t € X because E contains no
isomorphic copy of ¢, (see [34]). Let g, () = lim,,S,,(¢) for t €
X, whereS,(t) = Y™ fi(t) fort € X,n € N. Then sup,,|IS,, || <
00 because Zf:l f; is wuc (see [34]) and S, € ZL*°(%a, E)
because E is assumed to be separable (see [2, Theorem 21, page
9]). Hence g, € &£*°(%a, E) (see [2, Theorem 10, page 6]).
Let m € M, (X, Z(E,F")) be the representing measure
of T and let m € M (%Ba, L(E, F)) be a unique extension
of mp € M, (B, ZL(E,F)) (see Theorem 17). Since m is
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variationally semiregular, in view of [33, Proposition 2.2] we
have

limY T (f) = limj S, i = J g dmcE  (56)
"ia "ox X

Hence Y2, T(f;) = IX godm. Finally, if (n;) is any permu-
tation of N, then lim, }_, Ja, () = g,(t) for t € X. Then
Y2 T(f) = | ¢ 9odm, as desired. O

Remark 19. A related result to Corollary 18 for strongly
bounded operators on the space C,(X, E) of E-valued con-
tinuous functions vanishing at infinity defined on a locally
compact space X was obtained by Brooks and Lewis (see [21,
Theorem 5.2]).

Recall that a Banach space E is said to be a Schur space if
every weakly convergent sequence in E is norm convergent.

As a consequence of Theorem 17 we derive the following
Dunford-Pettis type theorem for operators on Cy(X, E).

Theorem 20. Assume that C,(X)®E is f,-dense in C, (X, E),
where E is a Schur space. Let T : C,(X,E) — Fbea (B, -llg)-
continuous and strongly bounded operator. Then T(f,,) — 0
in F whenever (f,) is a 0(C,(X, E), M, (X, E")) convergent to
0 sequence in C, (X, E).

Proof. Assume that f, — 0 for o(C,(X,E), M,(X,E)).
Then according to [11, Corollary 5], we obtain that sup, || f,,[| <
oo and f,(t) — 0ino(E, E') for each t € X. It follows that
I f,(Ollg — 0fort e X because E is supposed to be a Schur
space. Using Theorem 17 we derive that T(f,) — 0in F, as
desired. O
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We discuss a class of singular boundary value problems of fractional g-difference equations. Some existence and uniqueness results
are obtained by a fixed point theorem in partially ordered sets. Finally, we give an example to illustrate the results.

1. Introduction

In recent years, many papers on fractional differential equa-
tions have appeared, because of their demonstrated applica-
tions in various fields of science and engineering; see [1-11]
and the references therein. Based on the increasingly exten-
sive application of discrete fractional calculus and the devel-
opment of g-difference calculus or quantum calculus (see
[12-19] and the references therein), fractional g-difference
equations have attracted the attention of researchers for the
numerous applications in a number of fields such as physics,
chemistry, aerodynamics, biology, economics, control theory,
mechanics, electricity, signal and image processing, bio-
physics, blood flow phenomena, aerodynamics, and fitting
of experimental data; see [20-23]. Some recent work on the
existence theory of fractional g-difference equations can be
found in [24-29]. However, the study of singular boundary
value problems (BVPs) with fractional g-difference equations
is at its infancy and lots of work on the topic should be done.

Recently, in [25], Ferreira has investigated the existence
of positive solution for the following fractional g-difference
equations BVP

(Dgy)(x)+f(x»y(t)) =0, 0<x<lI,

(D,)y(1)=B=0,

1)
y(0)=(D,) y(0) =0,

by applying a fixed point theorem in cones.

More recently, in [30], Caballero et al. have studied
positive solutions for the following BVP:

(Dgeu) (1) + f (tu (1) =0,
u(0)=u(l)=0,

0<t<l,
(2)

by fixed point theorem in partially ordered sets.

Motivated by the work above, in this paper, we discuss the
existence and uniqueness of solutions for the singular BVPs
of factional g-difference equations given by

(Dgu) )+ f(Lu®)=0, 0<t<l, o
u(0)=u(l)=0, (D,u)(0) =0,

where 2 < a« < 3 and f : [0,1] x [0,00) — [0,00) is
continuous with lim, ,  f(t,-) = oo (ie., f is singular at
t=0).

2. Preliminary Results

For convenience, we present some definitions and lemmas
which will be used in the proofs of our results.
Let g € (0,1) and define

a€R. (4)
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The g-analogue of the power function (a—b)" withn € N,
is

1

S
|

@-0)=1,  @-0"=[[(a-bd"),
k=0 ()
neN, abeR
More generally, if & € R, then
n-1 n
() _ « a-— bq
(a - b) =a QW (6)

Note that if b = 0 then a” = a*. The g-gamma function is
define by

(x=1)

(-9

(1-q*"
and it satisfies l"q(x +1)= [x]qI‘q(x).

Following, let us recall some basic concepts of g-calculus
(12].

I, (x) x € R\{0,-1,-2,...}, (7)

Definition 1. For 0 < g < 1, we define the g-derivative of a
real-value function f as

F9- @)
(1-q)x (8)
(qu) 0) = ,}13}) (qu) ().

(Dyf) () =

Note that limq_> 1-qu(x) = f’(x).

Definition 2. The higher order g-derivatives are defined
inductively as

(DY) ) = f (),
(DZ f)® =D, (DZ_I f)®, neN.

)

For example, Dq(tk) = [k]qtkfl, where k is a positive
integer and the bracket [k] q= (qk - 1)/(q - 1). In particular,
D,(£*) = (1 +q)t.

Definition 3. The g-integral of a function f in the interval
[0, b] is given by

(1)@= [ FOde=x(1-0) Y f (xa)a"

x € [0,b].

If a € [0,b] and f is defined in the interval [0, b], its integral
from a to b is define by

b b a
L Ftyd,t= L £ dqt—JO foydt
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Similarly as done for derivatives, an operator I can be define,

namely,
(I0f) () = £ (x),
(12)
(1;’ =1, (Ig‘1 f)x), neN.
Observe that
Dy f (x) = f (x), (13)

and if f is continuous at x = 0, then Iquf(x) = f(x) - £(0).
We now point out three formulas (;D, denotes the
derivative with respect to variable 7)

[a(t—$)] =a(t-s), (14)

Dyt =)@ = [ad (t - 97,
X x (15)
xDyg J-o fxt)dgt = Jo Do f (x,t)dyt + f(gx,x).

Remark 4. Wenote thatifa > 0anda < b < t,then (t—a)(“) >
(t - b)@ [24].

Definition 5 (see [21]). Let o > 0 and f be a function defined
on [0, 1]. The fractional g-integral of the Riemann-Liuville

type is (Igf)(x) = f(x) and

« L (a-1)
I - _ dt,
( ‘Zf) (X) Fq ((X) J;) (x qt) f(t) qt (16)

a>0, xe€[01].

Definition 6 (see [23]). The fractional g-derivative of the
Riemann-Liuville type of « > 0 is defined by (Dg Hx) =
f(x) and

(D5f) ) = (DY f) ), a>0, 17)
where m is the smallest integer greater than or equal to «.

Lemma 7 (see [21, 23]). Let o, 3 > 0 and let f be a function
define on [0, 1]. Then, the next formulas hold:

(1) (UFIE ) = U2 (),
(2) (D12 )(x) = f(x).

Lemma 8 (see [24]). Let « > 0 and let p be a positive integer.
Then, the following equality holds:

(I;DFf) (x) = (DPISF) (%)

p-1 xa—p+k ) (18)
LGk pe) O

Lemma 9. Let y(t) € C[0,1](L'[0,1] and 2 < « < 3; then
the BVP

(Dgu)(t) +y(t)=0, 0<t<l,
(19)

u(0)=u(l) =0, (D,u)(0) =0,
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has a unique solution

1
u(t) = J G(t,gs) y (s) dgs, (20)
0
where
G(t,s)
1 (a9 o -, 0<s<t<l,
L) |- e 0<t<s<l.
(21)
Proof. By Lemmas 7 and 8, we see that
(DSu) (t) = -y ()
= (LDLu) ) == (1) ®)
= u(t) = qt* " +t*? (22)
_ 1 ¢ (a-1)
+ot" - J t—gs
3 I, @ Jo (t —gs)
X y(s) dqs,

where ¢/, ¢,, and ¢; are some constants to be determined. Since
u(0) = 0, we must have ¢; = 0. Now, differentiating both sides
of (22) and using (15), we obtain

(D) (1) = o = 1],6,t°7% + [or = 2] o,t*
(23)

J o= 1],(t - 3s) 2y (s) dgs.

() )
Using (un)(O) =0and u(1) = 0, we must set ¢, = 0, and

C_1
LT, ()

1
| G-a9“y0ds e

Finally, we obtain

“@:a;ﬂﬁ‘@mw®%s
' (@-1)
1
= L G(t,gs) y (s)dys.
The proof is complete. 0

Lemma 10. Function G defined above satisfies the following
conditions:

(i) G(t, gs) is a continuous function on [0, 1] x [0, 1];
(ii) G(t,gs) = 0 fort,s € [0, 1].

3
Proof. (i) Obviously, G(t, gs) is continuous on [0, 1] x [0, 1].
(ii) Let
91 () = (1 =)D (g =)@,
0<s<t<l, (26)

g, (ts) = (1 - 9@ Vel g<t<s<l.

It is clear that g,(t,qs) > 0, for t,s € [0, 1]. Now, in view of
Remark 4, fort # 0

a—1)

9 (t.gs) = (1 - gs) " — (t - gs)'

_ (a=1)
= ! [(l—qs)(a U—(l—%) ] (27)

>t (1-g9) " - (1-99)7"] =0.
Therefore, G(t, gs) > 0. This proof is complete. OJ

By 7 we denote the class of those functions f3 : [0,00) —
[0, 1) satisfying the following condition; 5(¢,) — 1 implies
t, — 0.

Theorem 11 (see [31]). Let (X, <) be a partially ordered set and
suppose that there exists a metric d in X such that (X,d) is a
complete metric space. Let T : X — X be a nondecreasing
mapping such that there exists an element x, € X with x, <
Tx,. Suppose that there exists 5 € ¥ such that

d(Tx,Ty) < B(d(x. y)) -d (x y)

(28)
for x,y € X with x > y.
Assume that either T is continuous or X is such that
if {x,} is a nondecreasing sequence in X
such that x, — x then x, <x Vn e N. )
Besides if
for each x, y € X there exists z € X 0)

which is comparable to x and y,
then T has a unique fixed point.

Let C[0,1] = {x : [0,1] — R,continuous} be the
Banach space with the classic metric given by d(x,y) =
SuPgper [%(6) - y(O)I.

Notice that this space can be equipped with a partial order
given by

x,y € Cl[0,1],

x<ye=x({t)<y(t), fortel0,1].

(31)

In [32], it is proved that (C[0, 1], <) satisfies condition (29)
of Theorem 11. Moreover, for x, y € CI[0, 1], as the function
max(x, y) € C[0, 1], (C[0, 1], <) satisfies condition (30).



3. Main Result

In this section, we will consider the question of positive
solutions for BVP (3). At first, we prove some lemmas
required for the main result.

Lemmal2. Let0 < 0 < 1,2 < a« < 3and F : (0,1] —
R is a continuous function with lim, _, + F(t) = 00. Suppose
that t° F(t) is a continuous function on [0, 1]. Then the function

defined by

1
H(t) = j G (t.qs) F(s)d,s (32)
0
is continuous on [0, 1], where G(t, s) is Green function be given
in Lemma 9.
Proof. We will divide the proof into three parts.
Case 1 (t, = 0). First, H(0) = 0. Since t° F(¢) is continuous on

[0, 1], we can find a positive constant M such that [t F(t)| <
M for any t € [0, 1]. Thus,

[H (t) — H (0)]
= [H (t)]

= Jl G(t,qs) F(s)dys
0

1
= J G(t,qs)s "s"F (s)dys
0

_ ! (1 - qs)(‘x—l)t‘x_l - (t - qs)(a_l) o0
= JO ) s F(s)dgs
r (L-g9)“ " R,
+ t —rq( ) s)d s

- Jl M TR (s)d,s
0 T,
L (t- . ()(: K COTF(s)dys
<M Ll % s 7dys
o[ S8y
PRl

(33)
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For f;(l - (qs/t))(“’l)s_”dqs, let u = s/t; then we obtain
t (a—1) 1
J <1 - £> s dys =t J (1- qu)(a_l)u_”dqu.
0 t 0
(34)

Hence,

a-1

L1 )@ Do g
) 0( —qs)" s Tdgs

M
IH®I< T

Mtzx—a

I, (@)

(Mtoc 1
T, (@
where 3, denotes the g-beta function.

Whent — 0, we see that H(t) — H(0); that is H(t) is
continuous at £, = 0.

+

1
JL) (1 _ qu)(oc—l)ufodqu (35)

Mt(x a
T, (@) )ﬁq(l >,

Case 2 (t, € (0,1)). We should prove H(t,) — H(t,) when
t, — t,. Without loss of generality, we consider ¢, > ¢, (it is
the same argument for ¢, < t,). In fact,

|H (t,) - H (to)|
)(a 1)

_ Jl tn (1 -gs
0 I, (@)

s s7F (s)dgs

s 7s7F (s)d,s

)(06 1)
s 7s7F (s)d,s

s 7s7F (s)d,s

(e - ) )
J F @ F(s)d s
b (1 — gD _ (p _ pe)@ D
_ J ( n qs) ( 0 qs) asoF (5) dqs
0 I, ()
t, t - (a—1)
ty Fq (@)
M -7 o (@-1)
7 - 7 1- -
< ) L (1-gs)" s 7dgs

to
(a—1) (a-1)\ -0
| (-0 = (- a9 ") 57

! I, (&) Jo
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(a-1) -0
F @ j-:o (t,—qs)" s 7dys

_ M _ a-1 _ ja-1 M
A LA G IR

where

N

ty
b, = J (t, - qs)(a_l)s_adqs.
t

(a—-1) a—1)
g5)™ = (tg - q9)“ ") sds,

(37)

Whenn — oo, we verify a, — 0.
Ast, — t,, then ((t, —qs)* ™" = (t, — gs)“ s — o0,
whenn — co. Moreover,

(a=1)
((ta-99)"" = (to - a5

5 o (38)

[1 - a]q

1
2s°%d s =
J, 24,

We have ((t, — qs)(“fl) - (ty - gs

pointwise to the zero function and (¢,
(a-1)| -0
qs)* s

yeDygo converges
_ qs)(a—l) - (ty -
is bounded by a function belonging to L' [0, 1], by
Lebesgue’s dominated convergence theorem a, — 0 when
n — 0o.

Now, we prove b, — 0whenn — oo.

In fact, as

tﬂ
b, = J (t, - qs)(“fl)s_”dqs
tO
t, Sl—o t,
-0
sj Sdys= (39)
to [ 0]‘1 t
1 1-0 1-o0
= t —t s
[1-o0], ( 0 )

and taking into account that t, — t,, we getb, — 0 when
n — 0o.
Above all, we obtain |[H(t,)-H(t,)| — 0,whenn — oo.

Case 3 (t, = 1). It is easy to check that H(1) = 0 and H(t)
is continuous at t, = 1. The proof is the same as the proof of
Case 1. O

Lemma 13. Suppose that 0 < o < 1. Then,

1 Y Atxfl _Atxfa
max L G(t,qs)s “ds = Wﬁq (1-o0,a), (40)

(e = 1)/(ox = 0)) "/,

where A =

Proof.

1
J G(t,qs)s dys
0

_ J (1-gs) e = (- g9) "
0

s% s
T, () 1

)(afl)

1(1-gs ot
+L L@
_ J‘ (1-gs)" V!
) I, (@)
J (t )(oc 1)
o I CL(w)

a—1

-0
dqs

s_adqs
(41)

—U
dqs

J (1- qs)(“fl)s_adqs

Iy (
ttx—a Jl @-1) —o
- 1-gs s°du
Ew o ‘
tocfl tocfa
= B, (1-0,a)
L@
Let g(t) = t*' —t*, t € [0,1].

Since g'(t) = (- Dt*? - («
we can get g(¢) has a maximum at the point t, =
/(e =),

Hence,

— o)t et g'(t) = 0;
A= ((a -

1 > Aafl _ A%
max L G(t,qs)s "ds = Wﬁq (1-0,a). (42)

O

For the convenience, we denote max) Jol G(t,
gs)s “d,s by K.

Next, we denote the class of functions ¢ :
[0, 00) by o satisfying

[0,00) —

(i) ¢ is nondecreasing;
(ii) ¢(x) < x for any x > 0;
(iii) B(x) = ¢p(x)/x € 7, where ¥ is the class of functions
appearing in Theorem 11.

We give our main result as follows.

Theorem 14. Let0 <0 <1,2<a <3, f:[0,1] x [0,00) —
[0, 00) is continuous and lim,_, o+ f(t,-) = oo, and t° f(t, )
is a continuous function on [0, 1] x [0, 00). Assume that there
exists 0 < A < 1/K such that for x, y € [0, 00) with y > x and
t €[0,1],

0<t’(f(ty)-ftx)<Ap(y—-x),  (43)

where ¢ € . Then the BVP (3) has a unique positive solution
(i.e., x(t) > 0 fort € (0,1)).



Proof. We define the cone P by

P={ueC[0,1]:u(t)>0}. (44)

It is clear that P is a complete metric space as P is a closed set
of C[0, 1]. It is also easy to check that P satisfies conditions
(29) and (30) of Theorem 11.

We define the operator T by

1
(Tw) (£) = J G(t,q9) f (s, () dys
’ (45)

- Jl G(t.qs)s 7s” f (s,u(s)) dgs.
0

In view of Lemma 12, Tu € C[0, 1]. Moreover, it follows from
the nonnegativeness of G(t, gs) and t° f (¢, y) that Tu € P for
u € P. Thus, T: P — P.

Next, we will prove that assumptions in Theorem 11 are
satisfied.

First, for u > v, we have

(Tu) (t) = J G(t,gs) f (s,u (s))dys

J G(t.gs)s’s" f (su(s)d,

(46)
1

> J G(t.gs)s’s" f (s,v(s))dys
0

= (Tv)(t).

Hence, the operator T is nondecreasing. Besides, for u > v
and u # v,

d(Tu,Tv)
= max |(Tu) (t) — (Tv) ()|
te[0,1]
= max ((Tu) (t) = (Tv) (1))
€[0,1]

= max J G(t,gs) (f (ssu(s) - f(s,v(s) dgs

te[0,1]

1
max J G(t,qs)s 7" (f (s,u(s)) = f(s,v(s)d,

te[0,1] Jo

< max Jl G (t,gs)s " A (u(s) = v (s)) dys.

te[0,1] Jo
(47)
Since ¢ is nondecreasing and u(s) — v(s) < d(u, v),
1
d (Tu, Tv) < max J G(t,qs)s AP (d (u,v)) dys
te[0,1] Jo
(48)

1
= Ap (d (u,v)) tre%l))l(] L G(t,gs)s 7d,s

= A (d (u,v)) K.
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Moreover, when 0 < A < 1/K, we get
d(Tu, Tv) < ¢ (d (u,v))

W) |
= ) d(u,v) (49)

=B(dwv)-du,v).

Obviously, the last inequality is satisfied for u = v.

Taking into account that the zero function satisfies 0 < T,
in view of Theorem 11, the operator T has a unique fixed point
x(t) in P.

Atlast, we will prove x(t) is a positive solution. We assume
that there exists 0 < ¢, < 1 such that x(¢,) = 0. Since x(f) of
problem (3) is a fixed point of the operator T, we have

x(t) = Jl G(t.gs) f (s,x(s))dgs, for0O<t<l,
' (50)

1
x(t) = L G (t1,gs) f (5, x(s)) dgs = 0.

For the nonnegative character of G(¢, gs) and f (s, x), the last
relation gives

G(t;,gs) f(s,x(s)) =0

f is continuous and lim, _, 4+ f(¢,) = 0o; then for M > 0, we
can find 6 > 0, and, for s € [0, 1]N(0, §), we have f(s,0) > M.
It is clear that [0,1] N (0,6) c {s € [0,1] : f(s,x(s)) > M}
and u([0,1] N (0,8)) > 0, where u is the Lebesgue measure
on [0, 1]. That is to say, G(t,, gs) f (s, x(s)) = 0 a.e. (s). This is
a contradiction because G(t,, gs) is a rational function in s.

Therefore, x(t) > 0 for t € (0, 1).

The proof is complete. O

a.e. (s). (51)

4. Example

Consider the following singular BVP:

A +1)In(1+u(®) )

5/2
1/2u(t) 7 =0, 0<t<l1, A>0,
u0) =u(1)=0,  (Du)(0)=0
(52)
Here, « = 2.5,q = 1/2, 0 = 1/2, and f(t,u) = A(t* +

1) In(1+ u(t))/tl/2 for (t,u) € [0, 1] x [0, 00). Notice that f is
continuous in [0, 1] % [0, 00) and lim, _, o+ f(¢,-) = 00
At first, we define ¢ by

¢ :[0,00) —

It is clear that ¢(x) = In(1 + x) is a nondecreasing function;
for u > v, we can get

[0,0), ¢(x)=In(1+x). (53)

)~ (v) = 0. (54)
Moreover, for u > v, ¢ also satisfies
¢W)-p(v) <pu-v). (55)
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In fact, when u > v,

Pu—-v)—(pw) -¢()

In(l+u-v)
—(In(1+u)-In(1+v))

n(1+u—v)(1+v) (56)
(1+u)

=ln<l+w>20

1+u

=1

equivalently
W) - <pu-v). (57)

Above all, 0 < ¢p(u) — ¢(v) < p(u —v) for u > v.
Second, for u > vand t € [0, 1], we have

0< ' (ftu) - f(t,v)

=A(£+1)[In(1+uw)-1In(1+v)]
(58)
< /\(t2+1)ln(1+u—v)

<2AIn(1+u-v);

that is, f satisfies assumptions of Theorem 14.

Third, we should prove ¢(x) belongs to /. By elemental
calculus, it is easy to check that ¢ is nondecreasing and ¢(x) <
x, for x > 0.

In order to prove B(x) = ¢(x)/x € F, we notice that if
B(t,) — 1, then the sequence (t,) is a bounded sequence
because in contrary case, that is, t, — 00, we get

In(1+t¢,)
= ——

; 0. (59)

B(t,)

n

Now, we assume that ¢, + 0, and then we find ¢ > 0 such that
for each nn € N there exists p, > nwitht, >e.

Since (t,) is a bounded sequence, we can find a subse-
quence (tkn) of (tp,,) with t, — a for certain a € [0,1).
When f(t,) — 1, it implies that

ln(l + tkn)

and, as the unique solution of In(1 + x) = x is x, = 0, we
deduce that a = 0. Therefore, #;, — 0 and this contradicts
the fact thatt; > e foreveryn € N.

Thus, t, — 0 and this proves that § € 7.

Finally, in view of Theorem 14,

1 1
K (/42 = 1/9)"2) /1,5, 3/2)) - Bijp (1/2:3/2)

=~ 10.96511985;

21 <

(61)

that is, when A < 5.48256, boundary value problem (52) has
a unique positive solution.
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We will investigate properties of functions in the Wiener class BV ,[a, b] with 0 < p < 1. We prove that any functionin BV, [a, b] (0 <
P < 1) can be expressed as the difference of two increasing functions in BV, [a, b]. We also obtain the explicit form of functions in

BVP[a, b] and show that their derivatives are equal to zero a.e. on [a, b].

1. Introduction

Let 0 < p < 0o. We say that a real valued function f on [a, b]
is of bounded p-variation and is denoted by f € BV, [a, b], if

n 1/p
V,f = sup <kzl | f (i) - f(xk—1)|P> <oo, (1)

where the supremum is taken over all partitions T': a = x; <
X, <--- < x, =b.When p = 1, we get the well-known Jordan
bounded variation BV[a,b]; and when 1 < p < oo, we get
Wiener’s definition of bounded p-variation. There are many
other generalizations of BV, such as bounded ®-variation
in the sense of Young (see [1]) and Watermans A-bounded
variation (see [2]). The class BV, and generalizations of BV
have been studied mainly because of their applicability to
the theory of Fourier series and some good approximative
properties (see, e.g., [1-7]).

However, it should be mentioned that results of most
papers deal mostly with the case p > 1. This is because that in
this case BV, [a, ] is a Banach space with the norm | f| Bv, =
|f(a)l+ fo (see, e.g., [3]). Inthe case 0 < p < 1, BV, [a, bl is
no longer a Banach space and has not been studied as far as we
know. Nevertheless, functions in BVP[a, b] (0 < p < 1) have
many interesting properties; for example, their derivatives are
equal to zero a.e. on [a, b].

In this paper, we will investigate properties of functions
in the class BV,[a, b] with 0 < p < 1. We will show that
BV, [a,b] is a Frechet space with the quasinorm

a(f) =1f @ +(v,f)". ")

We will get the Jordan type decomposition theorem which
says that any function in BV,la, b] (0 < p < 1) can be
expressed as the difference of two increasing functions in
BV, [a, b]. We also get the representation theorem which gives
the explicit form of functions in BV, [a,b] (0< p<1).

2. Statement of Main Results

Clearly, for any fixed p € (0, 1), the Wiener class BV, [a,b] is
a linear space. We define the functional q on BV, [a, b] by

a(f) =1f @ +(v,f) = |f @
e [f () - Fa)ls O
T k=1

f €BV,[ab].

From the inequality (a + b)Y < af +b? (a,b>0, 0< p < 1),
we get that q(f + g) < q(f) + q(g). It then follows that g is a
quasinorm on BV, [a,b].

Our first result claims that BV,[a, b (0 < p < 1)
equipped with the quasinorm g is a Frechet space.
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Theorem 1. The Wiener class BV, [a,b] (0 < p < 1) equipped
with the quasinorm q is a Frechet space.

From the inequality

0 1/p, 0 1/p,
(Zaf2> g(Zaf”) , 4,20, 0<p, <p, <00,
i=1 i=1

(4)

we get that, for any f € BV, [a,b],

Vo, f <V fo ®)

which means that BV, la, b] ¢ BV, la, b]. Specially, for 0 <
p <1 BVP[a, b] < BVi[a,b] = BV][a,b]. This implies
that BV, [a, b] functions are bounded, and the discontinuities
of a BVp [a,b] function are simple and, therefore, at most
denumerable (see [8, Theorem 13.7 and Lemma 13.2]). By
the Jordan decomposition theorem, we know that every
function f in BV[a,b] can be expressed as the difference
of two increasing functions g and h defined on [a, b] (see
[8, Corollary 13.6]). If f € BVp[a, b] < BV]a,b], we can
require that the above increasing functions g and h are still
in BV, [a, b]. This is our next theorem.

Theorem 2 (Jordan type decomposition theorem). Any func-

tion in BV,,[a,b] (0 < p < 1) can be expressed as the difference
of two increasing functions in BV ,[a, b].

Lett € [a,b],d > 0,and 0 < d’ < d. We set

0, x<t,
hy g (x) = d, x=t, (6)
d, x>t

Then h, ; y(x) is increasing on [a, b] with only one disconti-
nuity point t. Also, (b, 4z (x))" = 0 for x # t.

Let f be an increasing function in BV, [a,b] (0 < p<1).
Denote by A = A(f) the set of points of discontinuity of f.
Then A is at most countable (see [8, Theorem 2.17]). Since f is
increasing, we get that, for any t € A, the right and left limits
f(t+0)and f(t — 0) of the function f at ¢ exist, f(t + 0) —
f(t—=0)>0,and 0 < f(¢) - f(t—0) < f(t+0)— f(t - 0). For
t € A, we define

E; (x)=h, s (x) = ht,f(t+0)—f(t—O),f(t)—f(t—O) (x). (7)
Our next theorem characterizes the form of an increasing

function in BV, [a,b]. Any increasing function f in BV, [a, b]
must be as follows:

N
FG) =Y h g0 +c (8)
n=1

where N < 0o, t,, € [a,b],d, > 0,d. € [0,d,],and ¥ dPf <
Q.
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Theorem 3. (1) If f(x) =c+ ZnN:1 htn,dmdrn(x), where N < 00,
t, € la,b], d, >0, and d; € [0,d,], then f € BVP[a, b] (0 <
p < 1) ifand onlyif ¥ dP < co. In this case,

1/p

N /p N
(Zdﬁ) gvp(f)s<22d§> . )

(2) Let f be an increasing function in BV, [a,b] (0 < p <
1). Then f(x) = Y,c4 1, (x) + ¢, where ¢ is a constant, A is the
set of points of discontinuity of f, and h,(x) is defined by (7).

Finally, for an increasing function f in BV, [a,b] (0 < p <
1), by Theorem 3 we have f(x) = ¥,c4 i, (x) + ¢, where A is
the set of points of discontinuity of f and at most countable.
Since (7, (x) = 0, a.e. x € [a,b], by the Fubini term by
term differentiation theorem (see [9, Proposition 4.6]), we get
f'(x) = 0,a.e x € [a,b]. By Theorem 2, any function f in
BV, [a, b] can be expressed as the difference of two increasing
functions g(x) and r(x) in BV, [a, b]. Applying Theorem 3, we
get the representation theorem of functions in BV,[a, b] (0 <
p < 1) as follows.

Corollary 4. Let f € BVp[a, bl (0 < p < 1). Then f can be
expressed in the following form:

fR)=g)-1(0)= Y hg()= Y h,()+e )

teA, teA,

where ¢ is a constant, g(x), r(x) are increasing functions in
BV,[a,b], h, ;(x) and h, , are defined by (7), A}, A, € A, and
A,, A,, A are the sets of points of discontinuity of g, v, and f,

respectively. Furthermore, f "(x) =0, a.e. x € [a,b].

3. Proofs of Theorems 1-3

Proof of Theorem 1. 1t suffices to prove that BV, [a, b] is com-
plete. Let {f,} be a Cauchy sequence in BV,[a, b]; that is,

q(fu=fm) = |f,,(a)—fm(a)|p+(VP(fn—fm))P — Oasn,m —
0o.Forany¢ € [a,b], using the partition T : a < & < band the
definition of v, f>we get that { £, (§)} is a Cauchy sequence in
R and converges to a number denoted by f(§). For any ¢ > 0,
there exists an integer N such thatg( f,— f,,) < eform,n > N.
LetT :a = x, < x; < --- < x; = b be an arbitrary partition
of [a, b]. Then

|fn @) = £, @[
k
+Z|(fm_fn) (xi)_(fm_fn) (xifl)lp (H)

Sq(fn_fm)g‘g'

Lettingm — o0, we get that

k
[f @ = fu @+ 210 = £u) () = (f = £i) (xi)I <&
(12)
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Taking the supremum over all partitions T, we have g(f —
fa) < eforn > N. This means that f = (f - f,) +
fn € BV,la,bl, and g(f - f,) — Oasn — oo. Hence,
BVP[a, b] (0 < p < 1) is complete. Theorem 11is proved. [

Proof of Theorem 2. Suppose that f € BV, [a,b] (0 < p < 1).
Since f € BVP[a, b] ¢ BV|a, b], by the Jordan decomposition
theorem (see [8, Corollary 13.6]), we have f(x) = g(x)—r(x),
where g(x), r(x) are increasing functions on [a, b]. Indeed,

we can choose g(x) to be V(f), the total variation function
of f defined by

v Bl s el 0

where the supremum is taken over all partitions T : a = x; <
xp < -+ < x, = xof [a,x], r(x) = V(f) - f(x). It suffices to
show that g(x) = V'(f) € BV, [a, b]. For any fixed partition
T:a=x,<x < <x,=Db,wenote that

lg(x:)-g (xi—l)lp = 'V;,-i_lf'p

(8

i
j=1

|/ (&) —f(E,-,j_l)'> (14)

<sup £ (&)~ £ (&)["

i j=1

where the supremum is taken over all partitions T; : x;_; =
i1 <&ip <o <& = x; 0f [x;24, x;]. It follows that

S ool = SiwS. 11 () 6,0

i=1 T; j=1

= sup Zz 'f (fi,j) _f(Ei,j—l)'P

T, 1<isn j=) j=1

< (v, )" .
15

which implies g € BV, [a,b]. This completes the proof of
Theorem 2. O

To prove Theorem 3, we introduce the next lemma.

Lemma5. If f € BV,[a,b] N Cla,b] (0< p<1),then fisa
constant function.

Proof. It suffices to show that, forany d € [a,b], f(d) = f(a).
Assume that there exists d € (a,b] such that f(d) # f(a).
Without loss of generality, we assume that f(a) < f(d). Since
f € Cla,b], there exist n — 1 points £;,&,,...,&,_; such that
a=§ <& <---<§, <& =dand f(&) = f(a)+((f(d) -
f(a))/n)i. Hence,

Vo) = Y 1F ) - £ &)
im1 (16)

=P |f (d) - f @] — oo,

asn — 00, which implies that f ¢ BVP[a, b]. This leads to a
contradiction. Lemma 5 is proved. O

Proof of Theorem 3. (1) Without loss of generality, we may
assume that N =co.LetT:a =y, < y; <--- <y, =bbea
partition of [a, b]. For j, 1 < j < m, we note that

|f(yj) ‘f(yj—1)|P

0 P
=12 (P, (97) = Mo,y (711))

n=1

o

=l 2 dt Y (dmd)+ X4,

J’j—1<yén<}’j tn:rJl’j—l tngyj

4

< Z d,

Y15t <Y

where an empty sum denotes 0. It follows that

SUO)-s0nf x| 3 a)sa

n
Yji-15t,<y;

Mz

1

.
Il

(18)

Taking the supremum over all partitions of [a, b], we obtain
that

(v,r) <2y, (19)
n=1

On the other hand, for any fixed m, by renumbering
{t,}'", if necessary, we may assume thata < t; <t, <--- <
t, < b.Wesety, = ((t; +t;,1)/2) (1 < i < m—1). Then
T:a=yy <y <y << Y, <Y, =Dbisapartition of
[a, b]. It follows that

p
(Vor)" = ) £ () = £ )] 2 2 2
=1 =1 )’j—1<ntn<}’j
> idj.’.
j=1
(20)

Lettingm — oo, we get

) /p
V,f > (Zd5> : (1)
n=1

Combining (19) with (21), we get (9). Hence, f € BV, [a, b]
(0< p<1)ifandonlyif y 2, df < co.

(2) Let f be an increasing function in BV, [a,b] (0< p<
1) and A the set of points of discontinuity of f on [a,b]. We
set hp(x) = ¥, by (x), where Iy, (x) is defined by (7). Similar
to the proof of (21), we have

Y (fe+0)-fE-0) <(V,f) <o, (9

teA



Applying the above proved result, we obtain that hs(x) €
BV,a, b]. We set g(x) = f(x) - hf(x); then g € BV, [a, b].
We will show that g(x) is continuous on [a, b].

Indeed, for x € [a, b], we have

Yh(x)< Y (ft+0) - f(t-0)

teA teA

A e
<[ Y (fFa+0)-f(t-0)

teA

<V,f <oo.

By Weierstrass M-test (see [10, Theorem 7.10]), we get that
the series ¥, , 1;(x) converges uniformly on [a, b]. For x, €
[a,b]\ A, }Tt(x) (t € A) is continuous at x;, so hf(x) =
Yiea (%) is also continuous at x,. It follows that g(x) is
continuous at x,, for x,, € [a,b]\ A.

For xy € A, we set u(x) = Yca\(x,) hy,(x). Then u(x) is

continuous at x, and h f(x) =u(x) + ﬁ;(x). Hence,

he (x0+0) = u(x) + (f (%9 +0) = f (x4 -0)),
hy(xo—0) = u(xp), (24)
hy (%) = u(xo) + (f (x0) = f (30 = 0)).
Thus,

g(xg+0)=g(xg) = g(x-0) = f(x9-0) —u(x),
(25)

from which we can deduce that g is continuous at x,. Hence,
g(x) € Cla, b].

Since g(x) € Cla,b]N BV, [a, b], it follows from Lemma 5
that g(x) is a constant c¢. Thus f(x) = hf(x) +C=Den ﬁt(x) +
c. The proof of Theorem 3 is complete. O
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We introduce a new Stancu type generalization of Srivastava-Gupta operators to approximate integrable functions on the interval
(0, 00) and estimate the rate of convergence for functions having derivatives of bounded variation. Also we present simultenaous

approximation by new operators in the end of the paper.

1. Introduction

To approximate integrable functions on the interval (0, co),
Srivastava and Gupta [1] introduced a general sequence of
linear positive operators G,, . as follows:

G (f3%) =1 P (x30) j Puseis (6:0) F (1) dt
a 0 &

+ Pao (x50) £(0),
for a function f € H_(0,00), where H,(0,00) (o > 0) is

the class of locally integrable functions defined on (0, co) and
satisfying the growth condition

If®] <Mt* (M>0;a>0;t— 00), )
k
o (50 = g0 ), ®)
e ™, c=0
Pue () = {(1+cx)_"/c, ceN:=1{1,2,3,...}. @

The general sequence of operators G, . has many inter-
esting properties in approximation theory, which is an
interesting area of research in the present era, and several
researchers have studied these operators; we can mention
some important studies on these operators (see [1-3]). In
[4], author introduced King and Stancu type generalization
of Srivastava-Gupta operators and presented some direct
results. Also, Verma and Agrawal [5] introduced a new
generalization of Srivastava-Gupta operators and studied the
rate of convergence for the functions having the derivatives
of bounded variation (BV). The rate of convergence for the
functions having the derivatives of (BV) is an active area
of research and many researchers studied this direction. We
refer the readers to [6-10] and references therein.

Stancu [11, 12] introduced generalizations of Bernstein
polynomials with one and two parameters (resp.), satisfying
the condition 0 < « < f3, as

s (fix) = if(k) <Z> H]s:; (x + “5)_1_[?;(1;71 (1 -x+ as)

H?:Ol (1+as)

0<x<1,
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6= 21 (e ) (§) 2o

©)

for any f e C[0, 1]. Stancu type generalization of approxi-
mation operators present better approach depending on «, 3.
Therefore, this kind of generalizations and their approxima-
tion properties have been studied intensively. We refer the
readers to [13-17] and references therein. Mishra et al. [18,19],
V. N. Mishra, and L. N. Mishra [20] have established very
interesting results on approximation properties of various
functional classes using different types of positive linear
summability operators.

The purpose of this paper is to introduce a new Stancu
type generalization of the operators defined in [5] as

(@p) nl ((nfc) +r)T((nfc) —r+1) )
Gnrc (f ) F((I’I/C)+ l)F(n/c) ];)Pnﬂ'c,k (x5¢)

© t
XJ pn (r— 1)ck+rl(lL C)f<n +a>dt'
0 +p

(6)
By the definition of operators, it is clear that G;“r/?( f;x) is
positive and linear. For « = 8 = 0, Gﬁfr(’)z (f; x) reduces

to operators defined in [5]. In this study we obtain the rate
of convergence for the functions having the derivatives of
bounded variation. Also, in the end of the paper, we study
the simultaneous approximation.

2. Auxiliary Results

In order to prove our main results, we need the following
lemmas.

Lemma 1. Let the mth order moment be defined as

U (x) = GEP ((t - )" x)

nrm

= (I’l - T‘C) an-f—rc,k (x; C)
k=0

«© nt+ o "
X L Pr—(r-1)ck+r-1 (t;c) ( nt B - X> dt,
(7)

where n,m € NU {0}, and then, forn > (m + r + 1)c, we have
the following recurrence relation:

n-(r+m+1)c)(n+B)U,

n,r,m+1 (X)

=nx (1 +cx) [( UeP (x)) +mUnrm 1(x)]

n,r,m

+UE (%)

X[m+r+mn+ro)x)n+ (a—(n+p)x)
x(n—(r+2m+1)c)]

+Ufffm L ()

y [cm(oc—(n+ﬂ)x)2—mn(oc—(n+/3)x)]
n+f ’
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Uiy (x) =1,

wp a—(n+B)x n(r+nm+re)x)
Ut () = n+p +(n—(r+1)C)(”+ﬁ)’
ACE el e

(n—(r+1)c)(n—(r+2)c) (n+p)’
+< @ N n(r+ n+rc)x) )

n+B x (n—(r+1)c)(n+p)
n(l+r+(n+rc)x)
n-(r+2)c (n+ﬁ)

( o n(r+ (n+rc)x) )
+ —-x+

n+p (n—(r+1)c)(n+ﬁ)2
x (o= (n+p)x)

L (o=t p)x)(e(a—(n+p)x)-—n)
(n- (r+2)c)(n+ﬁ)

(8)
Furthermore, U, fm(x) is polynomial of degree m in x and
Up ()= O ((n+ p) 1), ©)

Proof. By definition of U,‘frﬁm(x), taking the derivative of
U*E (x), we get

nr,m

(U, )

=—(n-rc) mzanrrc,k (x:¢)
k=0

© nt +a med
X L Pr—r—1)ck+r-1 (5 C)( n+p - X) dt

+ (l’l - TC) Zp:;wc,k (X; C) (10)
k=0

nt+ o m
- dt
+B ")
= —mUyE () + (n=10) Y Pl (5€)

oo nt + o "
X L Pr—(r-1)ck+r-1 (& C)( ntp - X) dt.

)
X J Pu-(r-1)ck+r-1 (t5¢) <
0 n

Hence, using the identity

x (1 +cx) p:mc,k (x50) = (k= (n+7¢) x) Ppyres (X:50)

(11)
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we have

x (1 +¢x) [(U“’ﬁ (x))’ + mUZ’fm_l (x)]

=(n-rc) Z (k= (n+1c)x) Pryrer (X350
k=0

nt+ o

X L Pn—(r-1)ck+r-1 (t;¢) ( . /3 - X> dt

oo (12)
=(mn-rc) kanwc,k (x5¢)

k=0

nt+ o

X L Pr-(r—1)ckrr—1 (& C)( nt B - x) dt

—(n+rc) xU®P (x)

nr,m

=I-(n+rc)xU%* (x).

n,r,m

We can write I as

I= |: (}’l - TC) ZPrHrc,k (X; C)
k=0

X JO k+r-1-(n-(@r-1)0o)t] Pr—(r—1)cksr—1

+(n—-rc)y(n—(r-1)c) Zinc,k (x;5¢)
k=0 (13)

nt+«o

x JO Pr—(r-1)ck+r-1 (t;c) t< n+p - x) dt

- (T’ - 1) (}’l - T‘C) ZPnJrrc,k (x; C)
k=0

nt+a

X L Pr(r—1)cktr-1 (t C)< "t ﬁ - x> dt:|

To estimate I, using t = ((n+ B)/n)[(((nt + «)/(n+ ) — x) -
((a¢/(n+ B)) — x)], we have

L= (n-(r-1)c)(n+p)
L =

=L+L-(r-DU (x).

nr,m

n
X [(n - r¢) anwc)k (x;¢0)
k=0

nt + o

(o]
X JO Pu—(r-1)ck+r-1 (t C)( " ﬁ

- <1’lfﬂ - X) (T’l - rC) :Z:(:)pn+rc,k (X; C)

[e3)
x JO pn—(r—l)c,kﬂ‘—l (t; C) <

m+1
- x) dt

nt+«o

n B —x)mdt:|,

(- -1)0)(n+p)

I =
2 n

X |:(1’l - T’C) anﬂc,k (x; C)
k=0

0
X ~|-0 Pnf(r—l)c,kﬂ‘—l (t; C) ( "

_x)

_(nfﬁ

X ((7/1 - TC) an+rc,k (x; C)
k=0

nt+ o

o
X J;) Pn—(r—l)c,kJrr—l (t; C)

(nt+oc
X —
n+pf

(n-(r-1)c)(n+p)

n

x [Urifmﬂ (x) - (ﬁ - x)

Next to estimate I; using the equality

!
t (1 + Ct) pn—(r—l)c,k+r—1 (t; C)

J4)

U~k (x)] .

n,r,m

m+1
- dt
+p x)

(14)

= [(k tr- 1) - (1’1 - (1’ - 1) C) t] pn—(r—l)c,k+r—1 (t; C) >

we have

Il =(n-rc) zpﬂ+'fC,k (x5¢)
k=0

nt+«o

o)
!
X t;c)t
jO Pn—(r—l)c,k+r—l( ) (n

+c(n—rc) anﬂ“c,k (x;50)
k=0

=71+,

[e)
l 5 [ nt+
X o)t | ——
L pn—('f—l)c,k+r—l( ) < n

o

+B

B —x)mdt

—x> dt

(15)

(16)



Putting t = ((n+)/n)[((nt+e)/(n+f))—x)—((a/ (n+3))—x)],

we get

n+f5

n

F1=

X [(” - T’C) an+rc,k (x; C)

k=0

nt+«o

[ee]
!
X t;c
L pn—(r—l)c,k+r—1 ( )( n+ ﬁ

m+1
x) dt

_ (nfﬁ - x) (n—rc) ,z)pn”c’k (x;¢)

o0 m
’ nt+«
X JO Pur-1)ck+r-1 (t; C)( nt ﬁ - x) dt:| .

17)

Now integrating by parts, we get

J1=—(m+1)(n-rc zpnﬂ’c,k (x5¢)
k=0

o0 nt+«a "
X 0 Pr(r-1)ck+r-1 (t;0) 7’l+ﬁ -x | dt

" (ﬁ - x> (1’1 - TC) ki:opnﬂc,k (x§ C)

X ro (t; ) <nt T x>m1 dt
0 pn—(r—l)c,k+r—1 > n+ ﬁ

=—-(m+1)

X [ (n—rc) zpn+rc,k (x5¢0)

k=0

© nt + o "
X L Pu—(r-1)ck+r-1 (t;0) ( "t ﬁ - X> dt]
+m ( @ - x>
n+pf

x |:(l’l = 70) an+rc,k (x5¢)

k=0

o0 nt+«a m-l
X JO Pr(r-1)ckt+r-1 (t;0) ( " - x> dt

+p
=—(m+ 1)U (x)

o ap
+m|—— —x|U .
" ( n+p x> pran-1 ()

(18)
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Proceeding in a similar manner, we obtain the estimate 7, as

zzjﬂﬁ%ﬁi@%mﬂm

2cm+1)(n+B) [ «
+ n <11 N ﬁ - X) Un,r,m (X) (19)

RUGLIE

2
n n+f3 N x) U:,fmq ()

Combining the equations, we have
n-(r+m+1)c)(n+p) Uf:)’fmﬂ (x)
=nx (1 +cx) [(UZ‘;Bm (x)), + meZ’r,mfl (x)]
+USE (x)
X[(m+r+n+re)x)n+(a—(n+p)x)

X (n—(r+2m+1)0)] + US| (x)

em(a—(n+ ) x)’ —mn(a—(n+p)x)
n+f

(20)

which is the desired result.
Moments for m = 0, 1,2 can be easily obtained by using
the above recurrence relation. O

Remark 2. For sufficiently large n, C > 2, and x € (0, 00), it
can be seen from Lemma 1 that

Coff’f (x)

n+p ’ @)

U (x) <

where fo’f(x) = [x(1 + cx) + x(a + Bx + r(1 + cx))] for the
convenient notation.

Remark 3. By using Cauchy-Schwarz inequality, it follows

from Remark 2 that, for sufficiently large n, C > 2, and
x € (0, 00),

(n=7) D Pasrek (x5€)
k=0

nt+o

n+pf

- X

dt (22)

o
X L Pu-(r-1)ck+r-1 (t;c)

, 12 |Co®F (x)
< [Uf, ()] S\l—wﬁ :
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Lemma 4. Let x € (0,00) and C > 2; then, for sufficiently
large n, we have

An,r (x’ y) = (I’l - T‘C) an+rc,k (x; C)
k=0

y
X J;) pn—(r—l)c,k+r—1 (t; C) dt

- Cx (1 +cx)

< , 0<y<ux,
2
n(x-y)

(23)
1-1,,(x,2)=m~-rc) anﬂc’k (x;¢)

k=0

o)
X j Pn—(r—l)c,k+r—l (t; C) dt
z

Cx (1 +cx)
<——>°, x<z<oo.
n(z-x)

Proof. We give the proof for only first inequality, and the
other is similar. Using Remark2 with « = = 0, for
sufficiently largenand 0 < y < x and ((nt + @)/(n + f)) < t,
we have

My (%9) = (R =7) D" Py (5)

k=0

y
x «[0 pn—(r—l)c,k+r—1 (t; C) dt

< (=7€) ) Prrre (%50) (24)
k=0

(t - x)°

y
X J Pr—-1)ckrr-1 (t;¢c) zdt
0 (y-=x)

- Cx (1 +cx)

Con(x-y)
O

Lemma 5. Suppose f is s times differentiable on [0, 00) such
that f(sfl)(t) = O(t"), for some integer &« > 0 ast — oo.
Then, for any r, s € Ny, and n > max{a, r + s}, we have

N
DG () = (15 ) G () (D7) (29
5T n+ ﬁ 5 5
Proof. Using the identity

p;,k (X) =n [pn+c,k—1 (x’ C) - Pn+c,k (x’ C)] . (26)

One can observe that, even in case k = 0, the above identity is
true with the condition p,,,  yegaive(X>€) = 0. Thus, applying
(26), we have

D621 (fix)

_nl'((n/c) + )T ((nfc) —r+1)
- T ((n/c) + 1) T (n/c)

® nt+«
X L Pr—(r-1)cktr-1 (t; C)f( nt ﬁ >dt

_nl'((n/c) + )T ((nfc) —r+1)
- T ((n/c) + 1)T (n/c)

0
Z Dpn+rc,k (X; C)
k=0

00
X Z (1’1 + T’C) [pn+(r+1)c,k—1 (X, C) - pn+(r+1)f>k (X, C)]
k=0

® nt+«a
X L Po—(r-1)ck+r-1 (& C)f< n+ ﬁ >dt

_nm+rco)T((n/c) +r)T ((nfc) —r+1)
- T ((n/c) +1)T (n/c)

[oe)
X an+(r+1)c,k (x,¢)
k=0
[ee]
X L [Pa-tr-tycker (56) = Puir-1ycierr—1 (t56)]
nt + «
)
n+p

_—n(n+rc)T((nfc) +r)T ((nfc) —r+1)
- (n—rc)T((n/c) + 1)T (n/c)

[0
x an+(r+1)c,k (x,¢)

k=0

e nt + o«
X L Dpn—rc,k+r (t> C)f< n+ ﬁ )dt

_ T ((nfo) +r+ DT ((nfe) = 1)
(n+B)T((n/c) + 1)T (n/c)

0
X an+(r+1)c,k (.X, C)
k=0

* nt+«a
X -[0 pn—rc,k+r (t,C) Df< n+ﬁ >dt

) (n:lﬁ) (6P ] (Dfix),

(27)



which means that the identity is satisfied for s = 1. Let us
suppose that the result holds for s = m; that is,

D"Gf (fix)
_(_"n G me o
_<1’l+ﬁ> nr+mc(f )(D f’ )

:<n:,8>m

nl ((n/c)+r+m)T ((nfc)—r—-m+1)
I'((n/c)+1)T (n/c)

0
X an+(r+m)c,k (X; C)

k=0
«© nt+«
X JO P (r+m—1)c,k+r+m—1 (tc)D f<Tﬁ>dt
(28)
Also, from (26) we can write

Dm+1G a,f) (f;x)

n,r,c

=<n:lﬁ>m

nl' (nfc)+r+m)T((nfc)—r—m+1)
T'((n/c) +1)T (n/c)

0
X Z Dpn+(r+m)c,k (x; C)
k=0

i nt+«a
X JO P (r+m-1)c,k+r+m— l(t C)D f<—>dt

+B
:<n2ﬁ>

nl' (nfc)+r+m)T ((nfc)—r—m+1)
I'((n/c) +1)T (n/c)

0
X Z(n+(r+m)c)
k=0
X [pn+(r+m+l)c,k—1 (.X, C) - Pn+(r+m+1)c,k (X, C)]
0 nt+ o
X L Pn- (r+m—-1)c,k+r+m— l(t C)D f<—>dt

n+f
z(njﬁ>

enl' (nfe)+r+m+ 1T ((nfc)—r-m+1)
I'((n/c) +1)T (n/c)

&)
X an+(r+m+l)c,k (x; C)

k=0

0
x J,() [pn—(r+m—l)c,k+r+m (t; C)

nt+«
- t;c)] D™ dt
pn—(r+m—1)c,k+r+m—1 ( )] f< n+ /3 )
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n m
_<n+ﬁ>
cenl' (nfe)+r+m+1)T((nfc)—r-m+1)
T'((n/c) +1)T (n/c)

0
X an+(r+m+l)c,k (X; C)

k=0

% JOO Dpn—(r+m)c,k+r+m (t;0) Dmf ( nt+ o > dt

0 n—-(r+m-1)c n+pf

(29)
and, integrating by parts the last integral, we have
Dm+1G£;ar ’ ( x)

:(n:l,3>m+l

nl' ((n/c)+r+m+ 1)T ((n/c) —r —m)
I'((n/c)+ 1)T (n/c)

00
X an+(r+m+1)c,k (x; C)

k=0

[e¢]
1 nt+«
X J pn—(r+m)c,k+r+m (t C) D™ f( )dt'
0 +B

(30)
Hence we have
LA n m+1
DG () - ()

nr+m+1c(f )(Dm+1f’x)a

in which the result is true for s = m + 1, and hence by math-
ematical induction the proof of the lemma is completed. [

3. Main Results

Throughout the paper by DB, (0, 00) we denote the class of
absolutely continuous functions f on (0,00) (where g is a
some positive integer) satisfying the conditions:

(i) 1f() <Cjt?and C, > 0,

(ii) the function f has the first derivative on the interval
(0,00) which coincide almost everywhere with a
function which is of bounded variation on every
finite subinterval of (0, c0). It can be observed that
for all functions f € DBq(O, 00) we can have the
representation

f(x)=f(c)+J-x1//(t)dt, xzcz0. (32
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Theorem 6. Let f € DBq(O, 00), g > 0, and x € (0, 00). Then,
for C > 2 and sufficiently large n, we have

CO)  p
I'((n/c) +r)T ((n/c) —r) nrc (f x) f(x)

C(l +cx )[\/7]-’6"' x/k)

x+(x//n)

Y V (nw)r= V (nw)
k=1 x—(x/k) x=(x//n)
C(l +Cx) |f(2 x) = f(x) - xf (x |f(x)||

(n_q)+|f +)|\ij(l+cx)

Jw%mvwrﬂm|vwwfun
+ +
n+pf 2 2

(((x—ﬁx)(n—c(r+1))+2nrcx+nxc+nr)
. (n—(r+1)0) (n+p)
(33)

where C is a constant which may be different on each occur-

rence.

Proof. Using the mean value theorem, we have

CO  wp
T ((n/c) +r)T((n/c)—r) nrc( ;x) = f (x)

= (n=7¢) ) Purrek (%50)
k=0

o R e A

[eS) (nt+e)/(n+3) ©
= J J (n—rc) anm:,k (x;¢)
0 k=0

X

X Pu—(r-1)c,k+r-1 (£5¢) f, (u) du) dt.

(34)

Also, using the identity

P- LB ()
N M sgn (i - x) (35)
- LE06]
where
I, u=x

Xx (u) = {0’ u#x, (36)

7
we have
(n—rc) an+rc,k (x5¢)
k=0
L ([[ro-2E0 ) wa)
X Pu-(r-1)ck+r—1 (tc)dt = 0.
(37)
Thus, using the above identities, we can write
(T (n/c))’ P
|r<(n/c) TR () ) e X =)
< J;) <~[x (n - T’C) ];)pnﬂc,k (x; C)
X Pu—(r-1)eksr—1 (€)
X [—f (x );f () + (f')x (u)] du> dt
+ JO ( J; (1’1 - TC) I;)Pnﬂ’c,k (X; C)
X Pu—r—1)ce+r—1 (£€)
X [M sgn (u —x)] du) dt|.
(38)
Also, it can be verified that
J() (J; (n - TC) kZ:(:)errc,k (X; C)
X Pn—(r—l)c,kJrr—l (t50)
X [M sgn (u — x)]du) dt
< IMG );f &) (U0 0],
(39)
IL <Jx (?‘l - T’C) I;)pnwc,k (x; C)
X pn—(r—l)c,k+r—1 (t; C)
(40)

LT )

JC );f (x‘)iUm o,




Combining (38)-(40), we get

I ((n/c) +r)T((n/c) - Gnre

LOO (J: frw) du) (n—rc)

00
X prrrc,k (x; C) pn—(r—l)c,kﬂ’—l (t; C) dt

k=0

[ ([ fwa)a-ro

X anﬂfc,k (X; C) pn—(r—l)c,kJrr—l (t; C) dt (41)

. [f1 () = 1 ()
2
. [f' (") + f ()

2

2
I (r (I’I/C)) (oc B) (f X) f (X)

<

[Un,r,Z (x)] 2

Un,r,l (x)

[f' (") = £ ()
2

= [ASE (f,x) + BEE (fx)| +

X [Un,r,z (x)]l/z + |f (x ) ; f (x )|Un,r,1 (X) .

Applying Remark 2 and Lemma 1 in above equation, we have

(T (n/c))® P
‘r(("/c)+r)l"((n/c) Gore (fix) = f(x)
(f | + x)|
J Cott |f’ ()~ £ ()
n
n+f P

|f' (") + £ ()
+
2
((a—ﬁx)(n—c(r+1))+2nrcx+nxc+nr)
* (n—(r+ Do) (n+p)

(42)

In order to complete the proof of the theorem, it suffices

to estimate the terms A”‘ﬁ (f.x) and By B(f,x). Applying
Remark 2 with & = f8 = 0, we get

A5 (f)]
[ ([ oo

00
X anJrrc,k (x; C) pn—(r—l)c,kJrr—l (t; C) dt
k=0
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< (7’1 - 1’C) an+rc,k (.X; C)
k=0

()

x JZ (f (t) - f (‘x))pn—(r—l)c,k+r—1 (t; C) dt

X (” - rC) an+rc,k (X; C)
k=0

2x
X J pn—(r—l)c,k+r—1 (t; C) (t - x) dt

X

+

[1-2,, (x,2x)|

J:x ! (u) du

2x
| L@ =2, ol ar

< (n-rc) anﬂ‘c,k (x;¢)

k=0

[e9)
2
X J Pn—(r—l)c,k+r—1 (t; C) Clt dr

2x

+ |f (:C)| (l’l - TC) zpn+rc,k (X; C)
X k=0

X «[0 pn—(r—l)c,k+r—1 (t; C) (t - -x)2 dt
+ |f’ (X+)| (Yl - rc) an+rc,k (x; C)
k=0

&)
x Jz pn—(r—l)c,kJrr—l (t; C) |t - X| dt
X

Cx(1+cx)
+%|f(2x)—

- xf' (x")|
[Vn] x+(x/k)

1+cx)z \x/ (f (x))

x+(x//n)

¥ % \V (fl).

X

(43)

For estimating the integral

- TC) ZP”+TC}C (x C) J- Pn- (r-1)c,k+r—1 (t C) C tzth
(44)



Journal of Function Spaces

we proceed as follows: since ¢ > 2x implies that < 2(f — x)
so by Schwarz inequality and Lemma 1,

(1’1 - T’C) anﬂ*ck (x C) J pn (r—-1)c,k+r-1 (t C)C tzth

(o)
<C 21 (n-rc) anwc,k (x;¢)
k=0

00
X L Pr-G-1)cksr-1 (t;50) C1 (t- x)Zq dt

<C;2U

nr2q (%) as 1 — 00.

=0 (n™)
(45)

By using Holder’s inequality and Remark 2 (¢ = 8 = 0), we
get the estimate as follows:

|fl (X+)| (ﬂ - T‘C) an+rc,k (x; C)
k=0

0
x J Pu—(r-1)ck+r-1 (t;c) [t — x| dt
2x
<[ )]

X ((” - TC) an+rc,k (X; C)
k=0

1/2

x J() pn—(r—l)c,k+r—1 (t; C) (t - x)Z dt)

| )|\/Cx(l+cx)

(46)
Collecting the estimates from (43)-(46), we obtain

lAi’f (f,X)| <o)+ |f' (x+)|

y \/Cx(1+cx) +C(1+cx)
n nx

x |f@x) = f ()= xf' (x") + | f ()|

[Vr] x+(x/k)

SOy TV ()

x+(x//n)

+ % \/ (flw).

X

(47)

On the other hand, to estimate Bzf (f,x) by applying
Lemma 4 with y = x — (x/+/n) and integration by parts, we
have

|BYE (f, )|
x rt
_ L L Flwd,, (x t)‘

- <Ly ! J:) | ®] L, (0] dt
< M joy\t/((f')x) (x_lt)zdt
V)

_ Cx(1+cx) JW x
-

(x=(x/u)
X

+ f'
=V
[Va]  x

(),

k=1 x—(x/k)

(().)

< Cx (1 +cx)
n

X
X
+ JR—
\/ﬁ \/
x—(x//n)
(48)

where u = (x/(x — t)).
Combining (41), (47), and (48), we get the desired result.
O

Corollary 7. Let f(s) € DBq(O, 00), g > 0, and x € (0,00).
Then, for C > 2 and n sufficiently large, one has

(I (n/c))’ <”+ﬁ>s
I'((n/c) +r)T ((n/c) —r) n

x D’G*P (fix)- f (%)

n,r,c

C(l )[\/ﬁ] x+(x/k)
VANl

Ds+1f)x)

k=1 x—(x/k)

x S C(1+cx)
R Ds+1 el S
V) S

x |f @x) = (x) - xD™ f (x*) + | f ()|

Cx (1 +cx)
n

+O0(n)+ |D5“f (x+)| \j
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Coif (x) [D! f (x*) = D' f (x))|
n+f 2

|Ds+1f(x+) + Ds+1f(x—)'
" 2

<(oc—ﬁx)(n—c(r+1))+2nrcx+nxc+nr)
§ (n—(r+1)0) (n+f) ’

(49)

where \/2 f, denotes the total variation of f, on [a,b] and the
auxiliary function D**' f,_is defined by

D' ft)-D f(x7), 0<t<x
D™ f (1) = 0, t=x (50)
D () -D f(xY), x<t<oo.

4. Conclusion

The results of our lemmas and theorems are more general
rather than the results of any other previously proved lemmas
and theorems, which will enrich the literature of applications
of quantum calculus in operator theory and convergence
estimates in the theory of approximations by positive linear
operators. The researchers and professionals working or
intend to work in areas of mathematical analysis and its
applications will find this research paper to be quite useful.
Consequently, the results so established may be found useful
in several interesting situations appearing in the literature on
mathematical analysis, pure and applied mathematics, and
mathematical physics. Some interesting applications of the
positive approximation linear operators can be seen in [21-
24].
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The authors introduce Herz-Morrey-Hardy spaces with variable exponents and establish the characterization of these spaces in
terms of atom. Applying the characterization, the authors obtain the boundedness of some singular integral operators on these

spaces.

1. Introduction

The Herz spaces go back to Beurling and Herz; see [1, 2].
Firstly, they attracted a lot of authors’ attention because they
could be used to characterize Fourier multipliers for Hardy
spaces; see [3]. Then, in 1989 Chen and Lau in [4] and Garcia-
Cuerva in [5] introduced now called nonhomogeuous Herz
type Hardy spaces. They found that these Herz type Hardy
spaces have a decomposition via central atoms. After that,
Lu et al. considered homogeuous Herz type Hardy spaces
and also obtained a central atomic decomposition for them.
Since then Herz type spaces have been studied extensively;
see monograph [6] for details. Meanwhile, in the last three
decades, the interest of the study for variable exponent
spaces has been increasing year by year. Variable exponent
spaces have many applications: in electrorheological fluid
[7], in differential equations [8] and references therein,
and in image restoration [9-11], for instance. Indeed, many
spaces with variable exponents appeared, such as: Lebesgue
spaces, Sobolev spaces and Bessel potential spaces with
variable exponent, Besov and Triebel-Lizorkin spaces with
variable exponents, Morrey spaces with variable exponents,
Campanato spaces with variable exponent, and Hardy spaces
with variable exponent; see [12-23] and references therein.
Moreover, the atomic, molecular, and wavelet decomposi-
tions of variable exponent Besov and Triebel-Lizorkin spaces
were given in [13, 14, 20, 21, 24]. The duality and reflexivity

of spaces B;(.), . and F;(.)’ g Were discussed in [25]. The atomic

and molecular decompositions of Hardy spaces with variable
exponent and their applications for the boundedness of
singular integral operators were obtained in [22, 26].
Recently, as a generalization of Lebesgue spaces with
variable exponent, Herz spaces with variable exponents are
introduced. In fact, in 2010 Izuki proved the boundedness of
sublinear operators on Herz space with variable exponents
K:(q) and Kgf) in [27].In 2012, Almeida and Drihem obtained
boundedness results for a wide class of classical operators

on Herz spaces K;C((:))’q and K;((_';’q in [28]. Shi and the first
author in [29] considered Herz type Besov and Triebel-
Lizorkin spaces with one variable exponent. Then Dong and
first author in [30] established the boundedness of vector-

valued Hardy-Littlewood maximal operator in spaces Kgé;q

and Kg(()) ‘T and gave characterizations of Herz type Besov and
Triebel-Lizorkin spaces with variable exponents by maximal
functions. In [31], Wang and Liu introduced a certain Herz
type Hardy spaces with variable exponent. In 2013, Samko
introduced Herz spaces with three variable exponents and
obtained the boundedness of Hardy-Littlewood maximal
operator on them. In [32-34], the boundedness of singular
integrals and their commutators of BMO functions are
discussed in Herz Morrey spaces with variable exponents.
The Herz-Morrey spaces with constants were considered in
[35, 36]; however, there is no theory of Herz-Morrey type
Hardy spaces. In this paper we fill the gap and introduce Herz-
Morrey-Hardy spaces with variable exponents.
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The outline of the paper is as follows. In the rest of
the section we will recall some definitions and notions. In
Section 2, we will define the Herz-Morrey-Hardy spaces with

variable exponents HMK 20 )Z and HMK;E )3 and give their
atomic characterization. In Section 3, we obtain that certain
singular integral operators are bounded from Herz-Morrey-
Hardy spaces with variable exponents into Herz-Morrey
spaces with variable exponents as an application of the atomic
characterization.

Throughout this paper |E| denotes the Lebesgue measure
and yj the characteristic function for a measurable set E C
R". For a multi-index 8 = (B, -, 3,), we denote |f] =
B+ B, + -+ + B,. We also use the notation a < b if there
exists a constant ¢ > O such thata < cb.Ifa < band b < a we
will write a = b. Finally we claim that C is always a positive
constant but it may change from line to line.

Definition 1. Let E be a measurable set in R" with |E| > 0. Let
p() : E — [1,00) be a measurable function. Denote

LFY(E) = {f is measurable on E: p,, <§) < 00
)

for some constant A > O} ,

where p,,(f) = [ |f(x)P*dx, and

"f“LP(')(E) = inf {/\ >0 pp) <§> < 1} . (2)

Then LP"(E) is a Banach space with the norm | -| L9 (B)

Let L;, (R") be the collection of all locally integrable

functions on R". Given a function f € Lj (R"), the Hardy-
Littlewood maximal operator .Z is defined by

AT (x) = supr’”j |f(P)]dy, vxeR", (3)
r>0 B(x,r)

where and what follows B(x,r) := {y € R" : |[x — y| < r}. We
also use the following notation: p_ := ess inf{p(x) : x € R"}
and p, := ess sup{p(x) : x € R"}. The set P(R") consists
of all p(-) satisfying p_ > 1 and p, < co. B(R") is the set of
p(-) € P(R") satisfying the condition that . is bounded on
LPO(R™). 1t is well known that if p(-) € P(R") satisfies the
following global log-Holder continuous then p(-) € B(R");
see [37-42].

Definition 2. Let a(-) be a real-valued function on R”. If there
exists C > 0 such that, forall x, y € R", |x - y| < 1/2,

C
alx)-a(y)| € ———, (4)
| ]
then a(-) is said local log-Holder continuous on R”.
If there exists C > 0, such that for all x € R",
C
o (x) — (0)| € ————— (5)

log (e +1/ |x])’

then «a(-) is said log-Holder continuous at origin.
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If there exist &, € R and a constant C > 0 such that for

all x e R”

C

4007l < ogle

(6)

then a(-) is said log-Holder continuous at infinity.

If a(-) is both local log-Hélder continuous and log-Holder
continuous at infinity, then «(-) is said global log-Hélder
continuous.

The sets of log-Holder continuous functions, log-Holder
continuous functions at origin, log-Hélder continuous func-
tions at infinity, global log-Holder continuous are denoted by

P8R, g’log(R”) PPE(R™), and P°8(R™), respectively.

loc

We denote p'(-) by the conjugate exponent to p(-), which
means p'(-) = p(-)/(p(-) = 1). It is also well known that p(-) €
B(R") is equivalent to p'(-) € B(R"); see [39].

For simplicity, we denote LF”(R"™) by LF"). We will use
the following results.

Lemma 3 (see [43]). Let p(-) € P(R™).If f € LFY and g €
LP O, then fg is integrable on R" and

[ @a@las<rlflolody. @

wherer, =1+1/p” —1/p".

Lemma 4 (see [27]). Let p(-) € B(R"). Then there exist 0 <

01, 8, < 1, and a positive constant C depending only on p(-)

and n such that for all balls B in R" and all measurable subsets
Ixsllce0 <clB |B|

S CB,
xsll oo <C <ﬂ>6l
“XS"LP( ISI” xsll o0 |B]
xslro C( I8l )52
Ixsll,e |B|

Lemma 5 (see [27]). Let p(-) € B(R"). Then there exists a
positive constant C such that, for any ball B in R”",

(8)

||XB"LP<'> ”XB||L1>’(~) <ClBJ. 9)

To give the definition of Herz-Morrey spaces with vari-
able exponents, let us introduce the following notations. Let
keZ B, :={xeR":|x|<2"),LeZ D, :=B;\B;,,and
Xk = Xp,- The symbol N, denotes the set of all nonnegative
integers. For m € N, we denote x,,, := xp if m > 1and

Xo = XB,:

Definition 6. Let 0 < q < 00, p(-) € P(R"),and 0 < A <
00. Let «(+) be a bounded real-valued measurable functlon

on R". The homogeneous Herz-Morrey space MK, i 1 and

P()
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nonhomogeneous Herz-Morrey space MK;E;K are defined,
respectively, by

(), ()
MRS = {1 €129 RV 0): 1 < oo}

(10)
() 0
MK = {f € L0 () : |l < ]
where
L 1/q
— -LA Ok q

s =52 3 B sull)

(11)

L 1/q
. LA Ok g~ |14
/sy = sup 2 ( 2l kaIILp<->> -
Here there is the usual modification when q = co.

Proposition 7. Let p(-) € P(R"), g € (0,00], and A €
[0, 00). If () € LP(R™) N PE(R™) 0 FP¥(R"), then

]
L 1/q
= 2—L/1 zkoc(O)q q 4 ’
e Lssol,ljgz (k—z—:oo "ka “1;()
. 1/q
P ka(0)q a
L>SOL,IIPEZ |: <k_§_:00 ”ka "Lp( )

L 1/q
w2 (ZZ"‘”("‘”" IIkaIIEM.)) }
k=0
(12)

Proposition 7 is the generalization of Herz spaces with
variable exponents in [28], and it was used in [33, 34].

Lemma 8. Let p(-) € B(R"), 0 < g < 00, and A € [0, 00).
Let a(-) be bounded and log-Holder continuous both at the
origin and at infinity such that —-n§, < a(0) < ay, < nd,,
where 0 < §,, 8, < 1 are constants in Lemma 4. Suppose that
T is a sublinear and bounded operator on LP") satisfying size
condition

rfel<c| " lrolay o)

forall f € L}, (R") with compact support and a.e. x ¢ supp f.

loc
Then there exists a positive constant C such that

I ieos < gieons 1T D < C s

()q
PCLA PO

(14)

for any function f belongs to MKiE;?\ and MK;E;Z respec-

tively.

Lemma 8 is the generalization of Herz spaces with varia-
ble exponents in [28]. For a proof, see [33].

2. The Atomic Characterization

In this section, we will introduce Herz-Morrey-Hardy spaces

with variable exponents HMKZE;;{ and HMK;E;K To do
this, we need to recall some notations. §(R") denotes the
Schwartz space of all rapidly decreasing infinitely differen-
tiable functions on R", and &' (R”) denotes the dual space of
S(R™). Let Gy f be the grand maximal function of f defined

by
Gnf (x) = ¢SE‘§’NI¢$(f)(x)I, xeR, g5

where of ; = {¢ € S(R") : sup|a|’|/3|<N)VxeRnIx“Dﬁ(/)(x)I <1}
and N > n+ 1 and ¢, is the nontangential maximal operator
defined by

¢o () (x) = sup |¢, % f ()],

|y—x|<t

(16)
Vx e R" with ¢, () = t‘"(b(é).

The grand maximal operator Gy was firstly introduced by
Fefferman and Stein in [44] to study classical Hardy spaces.
For classical Hardy spaces, one can also see [45-47]. Nakai
and Sawano generalized them to variable exponent case in
[22].

Definition 9. Let a(-) € L(R"),0 < g < oo, p(-) € P(R"),
0 < A < 0co0,and N > n + 1. The homogeneous Herz-
Morrey-Hardy space with variable exponents HM K?E;g and
nonhomogeneous Herz-Morrey-Hardy space with variable

() .
exponents HMKE(_),Z are defined, respectively, by
(g
HMK PN
-o— ! n . -—

= {f €S (R"): “f”HMK;Ej;:g = "GNf"MK;E;;j < OO]”
a()q
HMK PO

= {f €S (R"): | liznaxceon = 1Gnflagers < OO}.
17)

Remark 10. If a(-) = « and A = 0, these spaces were consid-
ered by Wang and Liu in [31]. If p(-) and «(-) are constant and
A = 0, these are the classical Herz type Hardy spaces; see [6].

Lety(r) = Lforr € [0, 1] and y(r) = rNforr € (1, +00).
Then there exists C > 0 such that ¢(x) < Cy/(|x|) for all ¢ €
9 . Therefore, by [46, Proposition in Page 57], there exists
C > 0 such that Gy f(x) < CMf(x) for all x € R". This
means that Gy f satisfies the size condition in Lemma 8. By
Lemma 8, if —n8; < a(0) < a, < 18, and p(-) € BR"),
then

-a(),q p() _ - a().q
HMK ;3 NL (R"\ {0}) = MK (.5

loc

(18)
(). PO (my _ a()q
HMK (3 0 Ly, (R") = MK 5.

loc



Thus we are interested in the case nd, < «(0), a, < co.
In this case, we will establish a characterization of the spaces
HM KZE;K and HMK;E:;’Z in terms of central atom. Foru € R
we denote by [u] the largest integer less than or equal to u.

Definition 11. Let p(-) € P(R") and a(-) € L*(R") be
log-Hoélder continuous both at the origin and infinity, and
nonnegative integer s > [«, — 1nd,]; here &, = «(0),if r < 1,
and «, = a, if r > 1,10, < «, < 0o and §, as in Lemma 4.

(i) A function a on R" is called a central (a(-), p(-))-
atom, if it satisfies (1) supp a € B(0,7); (2) llall 0 <
B0, )| ™" (3) [, alx)xPdx = 0, B <s.

(ii) A functiona on R" is called a central (a(-), p(-))-atom
of restricted type, if it satisfies (1) supp a ¢ B(0,r),
r > 1;(2) lallyo < 1BO,NI™"5 (3) [, a(x)xPdx =
0, Bl <s.

Remark 12. If p(-) = p and a(-) = « are constant, then taking
8, = 1 —1/p we recover the classical case in [6].

Theorem 13. Let 0 < g < 00, p(-) € B(R"), 0 < A < 00, and
a(-) € L®(R") be log-Hélder continuous both at the origin
and infinity, 21 < «(:), n§, < «(0), o, < 00, and 8, as in
Lemma 4.

() f € HMK)S if and only if f = 322 Meay
in the sense of 8'(R"), where each ay is a central
(a(-), p(-))-atom with support contained in B; and

SuPLezz_LA ZL-OO [A,|? < co0. Moreover,

L 1/q
: -L)
|/ espsiy = inf sup 2 ( > M;J") , (19)

k=—00

where the infimum is taken over all above decomposi-
tions of f.

(ii) f € HMK;E:;:% if and only if f = Y20 Aday in the
sense of S'(R™), where each ay is a central («(-), p(-))-
atom of restricted type with support contained in By

and sup; 27 ¥ [Al1 < co. Moreover

L 1/q
g =it (S ) o

where the infimum is taken over all above decomposi-

tions of f.

Proof. We only prove (i). The proof of (ii) is similar. We
use the ideas in [6]. To prove the necessity, we choose ¢ €

C;°(R™) such that ¢ > 0, IR” ¢(x)dx = 1, and supp ¢ C {x:
x| < 1}. For j € Ny, let ¢;(x) := 27"$(2'x), Vx € R". For
each f € &' (R"), set fP(x) = f « ¢j(x), Vx € R™ It is
obvious that £ € C*(R") and lim; _, ., f = f in &' (R").
Let v be a radial smooth function such that supp v ¢ {x :
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1/2-¢ < |x] < 1+ & with0 < & < 1/4, yw(x) = 1 for
1/2 < |x| < 1. Let g (x) := w(2x) for k € Z and

A, = {x (2R oFe < x) < 28+ 2ks}. (21)

Observe that supp v, € A, and y(x) = 1for x € Ay :=

{x: 251 < |x] < 25} Obviously, 1 < Y72 (%) <2,x # 0.
Let

Yy (x) x40

Oy (x) := <| Yo ¥ (%) (22)
0, x=0.

Then Y2 @i(x) = 1 for x # 0. For each m € N, we denote
by &, the class of all the real polynomials with the degree

less than m. Let P (x) = Pz (fP0)(x)xz € #,(R")
be the unique polynomial satisfying ,

L (f9 (x) B (x) - BY (x)) xPdx = 0,
e (23)

|B| < m = max {[a (0) - nd, ], [et, — 116, ]}

Write
9 (%) = i (f9 (x) @4 (x) - P (x)) + fp,if) (x)
k=00 k=—co
= Iy + 1
(24)
For the term L) let glij)(x) = f(j)(x)cl)k(x) -

Plij)(x) and a,((j)(x) = g,((j)(x)/)% where A, =
bl Bk+1|°‘k+1/” Z;:kl_l I(Gn f)xillpo and b is a constant which

will be chosen later. Note that supp a,((j)

T oo e ().
Now we estimate || g,i] ) |l .»¢2. To do this, let {(/S;f syl < m}

C By L) =

be the orthogonal polynomials restricted to A, with respect

to the weight 1/|Zk)s|, which are obtained from {x” : 1Bl < m}
by the Gram-Schmidt method, which means

(Wdh) = 7 ), S mac=s,  as)

[Ase] 5.
where §,,, = 1 for v = , otherwise 0.
It is easy to see that Plij)(x) = Z|y|gm<f(j)q)k’¢)]j>¢l}j(x)

for x € Zk,s. On the other hand, from
(/1A [ $5(x)gp(x)dx = 8, we infer that

l,e Le

',A%JX 6 (27) e (27 ) dy =8, (26)

Thus, we deduce gb';(zk_l y) = (pi(y) a.e. That is, </>ff(x) =
¢$(2H<x) almost everywhere for x € A, ,. Therefore
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¢k (x)| < Cforx € A, k.c- By the generalized Holder inequality
we have

| 179 @ o, w]ax
. (27)

(j)cpk"LP(‘)

xx.,

o’

By Lemma 5 we have
< " f(j)q)k“y(_) N ” P

, 1
< " fu)cpk"m + 'Kk S

l4”],

70

k”Lp(’)

X ||ng,£ 'O ||ng,£ §720) (28)
< |70 o + |7 o

s "(f * ¢(j))q)k“m-)
k+1

<C Z "(GNf)Xl"LP('> :

I=k-1

Choose b = C; then [l s> < |By,,| ™" and each a”

is a central («a(:), p(-))-atom with support contained in By,;.
Here and below we abuse o := a,« and it is well defined in
Definition 11. Thus,

L
sug 271 Z Ai|?

k+1 9
< Sup2 LAq Z IBk |q0¢k+1/n< z "(GNf)Xl“LP( )

- I=k-1

< sup
LeZ

27 Z IBk+1 |qak+l/n ||(GNf )Xk"Zp(-)
k=—00
= A.
(29)

Now we estimate A. By the condition of «(-) and
Proposition 7 we consider it in two cases.

Case 1 (L < 0). Consider
L
27 Z |Bk+1|qak+1/n I(Gn f )Xk"?,v(»)
k=—00

< R I il (e (30)
<L<souLpEZ k_z_: 1Gn ) xel e

<[Gnf “?vm“f}g :
PE)s

Case 2 (L > 0). Consider

2t Z |Bk+1|qak+l/n ” GnJf) Xk”Lp()
[

-2
_ 2—L/\q Z 2(k+1)q06(0) “(GNf)Xk"ZP()

k=—c0

5
LM - k+1
+271M Z 2( +1)ga(co) “(GNf)Xk"Zp(-)
k=—1
27t z 2M0 "(GNf)Xk“LP()
k=—0c0
L\ S k
+ 27 NG ) el
k=0
< "GNf"Z/IK‘;E;E .
(31)
Hence,
L
271 AT < IGN I e - 32
b k;m| W' < [Gnf "MKPE;:; (32)

It remains to estimate I1;). Let {w! : Iyl < m} be the dual
basis of {x? : 1Bl <
A, thatis,

B
<‘/’y )= Iz
ke
Similar to the method of [48], let

4 ko (yk () xz () w"” ) xz. (%)
h(]) = Y ~ ke Y _ k+l,e
by (x) Z:Zoo < 'Ak,s| |Ak+1,s'

x JW 2 () @1 (y) y'dy.

m} with respect to the weight 1/ |A kel ON

jX ﬁl[/;j (x)dx = 8ﬁy. (33)

ke

(34)
We write
Iy =Y Y (fP0ux")yh () xz, (%)
k=—0c0 |y|$m
1// (x )XA (x)
fP0, x T e
|ngk—z_:00<'|‘ ) | k,e
o) k .
= Z Z <Z J f(]) (x)@l(x)xydx>
|ylsm k=-o0o \I=-o00 R"
(35)
( ¥y @xa, @ 9 @i, ® >
X —~ —
|Ak>£ 'Ak+1,5
- Z Z “ky ky(x)
|ylsm k=—oc0
DRI HOR
|ylsm k=-o0
where
_ k+1 ;
=b Z 1Gn el ro |Brsa] ™" (36)
I=k-1



and b is a constant which will be chosen later. Note that

k k
J Z |, (x) x"| dx = Z -L |®; (x) x¥| dx
R" 1270 I=—c0 * Ake (37)
< PR

By a computation we have

< 2k(”+|)’|)G f (X)
I=—co

U () Z @, (y) y'dy

38)

X € Bk+2‘

Since

k+1
< 2—k("+|}’|) Z X (X) ,

V@, @ v @, <x>1

'Zk:8| |Xk+1,s I=k-1
(39)
it follows that
() k+1
||hk],y||Lp(») <C Z "(GNf)Xl"LP(') . (40)
I=k-1

Take b = C. It is easy to show that each a,(({; is a central («(-),

p(-))-atom with support contained in A, U A, . C By,
and

k+1

Xy = Cl; "(GNf)Xl“Lp(» |Bk+2
=k-1

Loy (41)

where C is a constant independent of j, f, k, and y. Moreover,
we have

wpr Y Y o |

Lez k=—co |yl<m

k+1 q
< sp2 ™ z Bess |q“m’"< S G Pl )

I=k-1

< sup LA Z |Bk+2|qak+2/n ||(GNf)Xk"Lp<>

LEZ ot
= B.
(42)
Using the same argument as before for A, we obtain
B< "GNqu Ka()q (43)
Therefore,
Y Mgm“” Sl Sy (9
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Thus, we obtain that

9 (%) = Z Aaad (x), (45)

where each a; is a central («(-), p(-))-atom with support

contained in A, U A,,,, C By,,, A, is independent of j
and

-L
sup 2
Lez

L /g
(S ) <Clouflygy <o 69
d=-00 ’

where C is independent of j and f.
Since

—ocz/n

(7 "
sup o] .. 1B (47)

by the Banach-Alaoglu theorem we obtain a subsequence
{aéj”")} of {a(()j ! converging in the weak * topology of L") to

some a, € LPY). It is easy to verify that a, is a central (a(-),
p(-))-atom supported on B,. Next, since

|—¢x3/n

<|B;

(Jing)
’ (48)

sup ’

] N, Lr0)

another application of the Banach-Alaoglu theorem yields
a subsequence {aij"l)} of {aij"")} which converges weak =
in L*" to a central (a(-), p(-))-atom a, with support in B;.
Furthermore,

(iny)

l—(xl/n

\Il

sup ’

Jny €N (49)

P

Similarly, there exists a subsequence {a_ Jl" "} of {a(]l" 1"} which
converges weak # in L7 to some a_; € L, and a_, is
a central («(-), p(-))-atom supported on B;. Repeating the
above procedure for each d € Z, we can find a subsequence
{a; ) } of {a )} converging weak * in L to some a, € L**
wh1ch is a central (a(-), p(-))-atom supported on B,,,. By
using the diagonal method we obtain a subsequence {j,} of
N, such that, for eachd € Z,lim, _, Ooa;]“) = a,; in the weak *
topology of L?* and therefore in &' (R™).

Now we only need to prove that f = Y37 A a, in the
sense of §'(R"). For each ¢ € &(R"), note that supp a;j”) C

(AgeUA ) €Ay UA UA,, UA,,,). Using the same
argument in [48], we have

(o) = lim Y M| o peadr. (50
d=—co0
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Recall that m = max{[«a(0) — nd, ], [a,
by Lemmas 3 and 4 we have

nd,)}. Ifd < 0, then

U (J)(x)q)(x)dx’

0 vy Do) 4
“Rn“d (x)<<p(x) Yy — g )d

|Blsm

< J |at(ijv) (x)| ™ dx
Rn

d(m+1) ()
<2 J |a (x)| dx

< 2d(m+1—txd+2)

' XBd+2

LP’ (O]

d(m+1-oy,,) | d+2|
o (|B|) ™

< 2d(rru—l ad+2+n82)| 2|

|B | “ XB,

j740)

'O

< 2d(m+1—¢xd+2+n82)'

Ifd > 0, let k, € N, such that min{k, +«(0) —n, ky + o, —
n} > 0; then by Lemmas 4 and 3 again we have

|JRn a[(ijV) (x) (P (x) dxl s JRn |a[(lJV) (x)| |X|_k0 dx

< z—d(ko +0g42)

XBu |l p'e)

(52)

d+2|

—d(ky+ety,,)
< 2 0% +2 || ” /.
|B | BO o

< 9 ko ragan)

Let

d<0

Ad 2d(m+17¢xd+2+n62))
Ha = {| | d>0 53)

|Ad I z—d(k0+ocd+2—n) ,
Then

1/q
SLlelgz Z |lua| < (supZ LAq Z A |q>

d=—c0

S ”GNf"MKZ((;g < 00, (54)

][ @9 eaad <lu.

which implies that

Gopd= Y Jimda [ a 0pdn

d——oo

(55)
= Z Ay J az (x) @ (x) dx.

d=-00

This establishes the identity we wanted.

To prove the sufficiency, for convenience, we denote
sup ;2 Y1 IAklT = A. Firstly we have

"GNf"q 5 «x(-m
MK

= max{ sup 2 LA Z qulxw) "(GNf)XkHLP(

L<0,LeZ [

sup Z_LM< Z 2k4e® ||(GNf )Xk”;l;(ﬂ

L>0,LeZ

+ zqu‘x(m) "(GNf)anLp( )}

k=0
< max {L II + IIT},

(56)
where
I= sup 27 3 2O )Gy f)
L<OL22 :Z_:Oo "( Nf Xk"LP(
Sl &7
k=—00

II:= sup 2 Wszq“
L>0,LeZ =0

o) ”(GNf)Xk"Zﬂ-) .

Now we have

I= sup 2 LA Z quDC(O) " Gnf )Xk”Lp(

1<0,LeZ koo
9
< sup 2 -LAq Z okaa(0) (Z |)L | "al"LP())
L<0,LeZ k=—00 1=k

_ q
+ sup 27 Z 2kth(0)< > M ”(GNal)Xk”U’(‘)>
L<0,LeZ k=—0c0 I=—c0

=1, + 1,

-1
I = Z 2N Gy Nl o

(Sl )

-1 k-1 !
+ Z 2kqoc(0)< Z |Al| "(GNal)Xk"LP(')>

k=—00 I=—00

Z 2kqoc

k=—00

= II, + 11,

L
= sup 2775 25 |Gy )xel

L>0,LeZ k=0

q
< s 7052 (5 el

L>0,LeZ k=0 I=k



k-1 !
+ sup 2 ququa ( Z Mllu(GNa’)Xk"Lp(.))

L>0,LeZ k=0 I=—0o
= 11, + IIL,.
(58)

To estimate I, IT, and III we need a pointwise estimate for
Gnay(x) on Dy, where k > [+2. Let ¢ € o, m € Nsuch that
oy —nd, < m+ 1. Denote by P,, the mth order Taylor series
expansion of ¢ at y/t. If |x — y| < t, then from the vanishing
moment condition of g; we have

| = ¢ ()]

@ (e() -2 () o
<t™ jRn |al (Z)l |§ m+1 <1 . lw >(n+m+1) &

< J |al (z)| |Z|m+1 (t n |)’ _ Gzl)—(n+m+1) dz,
R?’l

="

(59)

where 0 < 0 < 1. Since x € D, for k € Z, we have |x| > 2kt
From |x — y| < tand |z] < 2!, we have

Jx|

t+|y—0z|=|x—y|+|y-0z| > x| - 2| = (60)
Thus,
la = ¢, (¥)]
< JRW la; (2)] |z (|Jx=yl+|y- 02])_(”+m+1) dz
(61)
< olm+D |x|—(n+m+l)j la (2)| dz
RYL
< 21(m+1)2—k(n+m+1) lBll—ocz/n "XB " )
~ 10N
Therefore, we have
I(m+1) o —k( 1) -0/
Gy (x)<2 T |Bl| o XB!“LP'(') > (62)

xeDy, kxzIl+2.

To proceed, we consider them into two cases 0 < g < 1
and 1 < g < co.

Ifo<g<1
0 q
I = sup 2 LA Z 2 (Z |)‘l| “(Tbl)Xk"LP('))
1<0,LeZ oo I=k
0 q
< 2-Lq P A 5l
L<SouIzZ :z_:oo (lz—l;' ll )
< sup 27MM 2%
L<0, II,DGZ k;oo

<(Z o Spgraen)

=0
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< sup 27M Z Z|/\ |q (k=D

L<0,LeZ k=—00 I=k

+ sup 27HM Z 2% quMlq ool
k=—00

L<0,LeZ

< sup 27M Z A Z 2O k=q
J=—

L<0,LeZ I oo

+ sup Zz IAq |/\ |q 2(/1 o )lqz—LAq Z 2a(0)kq
L<0,LeZ)—, k=—oco

<A+ 57LAq A2 H(0)(k=D)q
S, ZZL' | ,Z

+A sup Z (A-ag)lg Z 2 0)kq—LAq

L<O0,LeZ)— k=—00

<A+ sup Zz |y 1200 Zz 00D 4 A

L<O,LeZ)_], k=—00
< A+ A sup 2(1 DAq Z Za(o)(k Da
L<O,LeZ)—1, k=—00
< A
N kaa(0) k-1 1
—-L. 0
b= s 27 3 50 (5 Gl
L<0,LeZ - =
< sup 27M
L<0,LeZ
L k-1
x Z qua(o) Z |Al|21(m+1)—k(n+m+1)
k=—0c0 I=—00

q
—oy/n
< el bl

N

L k-1 9
sup 2—LAq Z ( Z |/\ll2(lk)(m+1+n62)(lk)oc(0)>
I=—0c0

L<0,LeZ koo

L k-1 g
sup 2 -LAq Z ( |/\ll 2(l—k)(m+1+n82—o¢(0)) )
L<0,LeZ I~ oo

I\

L-1
sup 2 -LAq Z z |)L |q 2(1 —k)(m+1+nd,-a(0))q
Lo.Lez I=—c0 k=l+1

N

sup 27 Z A
I=—o0

L<0,LeZ

<A
(63)
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Then we turn to estimate II: Third, we estimate I1I:
q 0 q
- ‘00 /
- 320 (S llal ) = sup 23 (5ol )

A

-1 o) q 00 q
< Z 2kqo¢(0) <Z Mll |Bl|az/n> sup 2 Ll\qzqua |B | Aeoq/n (Z |)Ll| |Bl|le/n>
L>0,LeZ k=0 I=k

k=-c0 1=k

o0
>-LAq B, |d/n AlB %eod/n
s 7Y S ]

N

k=-0c0 1=k 1=0

-1 -1 [ee]
< Z zrx(O)kq (Z Mllq z—a(0>lq + Z Mllq 2—rxmlq>
-1 -1

< Z Z |/\l|q 206(0)(k_l)q sup 5 LAqZ Z |/\ |q Z(k Deroq

k=—c0 I=k L>0,LeZ k=0 I=k

N O\ |y (4 I
+ 2 OkGNT 1Y 119 %0lq
2 ;l 1
Z |)L |q Z 2 )(k-D)q Z |/\ |q ZZ (k—Dagoq + Z M |61 Zz(k Doteoq
1=0 I=L

N

sup 27M

(64) L>0,LeZ

A

sup 2 LA"Z A

L>0,LeZ

0 -1
" Mllq 9™ %lq 7(0)kq
; k;oo

Z |)‘ |q +zz—l/\q |/\ lq ) olq Z 2 a(0)kq + sup Zz(l/\q L)Lq)2 1Aq Z M |q sz Detooq/2

I=—0c0 L>0,LeZ)_T i=—00 k=0
d q < (A-ay)lg L «(0)kg © (I-L)Ag 5 (L-Det,q/2
SA+AY T2 Y2 <A+ A sup y2THMy
i= L>0,LeZ)_1,
< A <A+A sup (l L)g(A-ae, /2)
-1 k-1 q L>0,LeZ)_T
I, = Z qua(O)( Z A ||(GNal)Xk||LP(.)) <A
k=—00 I=—c0 -
-1 k-1 o f k-1 1
kqa(0) I(m+1)-k(n+m+1) III, = 2 q 2 4% A G :
< 3§ = 2y (5 Gl
=—00 I=—00
1 -LAq
/ < sup 2
<1 el Do o
_21: < k-1 (s L8100 q « iquaw li |/\ll 2l(m+1)—k(n+m+1)
S |Al| 2 - m N0, )—(L—K)x! ) — “
P W k=0 I=—00
(65) q
-1 k-1 1 B —ay/n
< < Z |)Ll|2(lk)(m+1+n6goc(0))> X | l| "XBI ||LP’(') “XBk "LP('))
k=-00 \I=-0c0
k-1 q
< i N |1, 200K 198,200 < sup 2 “qz D |/\l|2”k)(m*””‘$2)l""*""‘“)
- k=00 \i=—co L>0,LeZ k=0 \/=—00

(
2 -1 2 1
Z |Al|q 2(l—k)(m+1+n62—oc(0))q < sup 2 LAqZ < Z |/‘l| 2(l—k)(m+1+n62)—loc(0)+ktxm >

00 k=I+1 I=—00

- 1>0,LeZ =0

-1 L k—
< ) ' <A + sup 2 ”";)(

1
2o L>0,LeZ 1=0

q
M I 2(l—k)(m+1+n62—ocw) >
I
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L
< sup 2—L/\q22qk[aw—(m+1+m52)]
L>0,LeZ k=0

-1 q
x |A1| 21(m+1+n62—0c(0)) )
<l=zoo

Z |A |q (I-k)(m+14n8, -, )q

0

L>0,LeZ

L k-1
-L
+ sup 2 qu
k=0 I=

z |/\ |‘1 I(m+1+n8,-a(0))q

< sup 27HM
L>0,LeZ %

+ sup 2 L/\qz Z lA |q lk)(m+1+n82—oc )q
L>0Lez 1=0 k=I+1

< sup 27MM Z A+

L>0,LeZ

27y |
ey le

= sup 2qu AT

L>0,LeZ I=—00
(66)

If1<q<oo,wehave

q
L= sup 2 -L\q Z kqa(0) (Z Mll ||al||Lp(-))

1<0,LeZ oo =

8

0 q
< 2714 N QRO (N3 ||
sup Z Zl | |Bi]
~1 q
. e 3| <O k=D
L<SOuIP€Z kzoo<l—zkl ll
L 0 l 9
+ 2t Ay 27%
o 2 3 2 (Z' | )
LA < : ‘1 (0)(k=D)gq/2
< 27t A28
e 2t (S

-1 , q/q
% <szx(0)(kl)q /2)

I=k

+ sup 2 ~-L\q Z 2% a(0)kg (ZM Iq _%ojq/2>

L<0,LeZ oo =

0o . alq
X sz‘xoo]q /2>
<l-0

L -1
Z A7 220D
oo I=k

< sup 27t
L<O0,LeZ

+ sup 2Lq22 qu|,\|‘1 9 0old/2

L<0,LeZ oo =
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< sup 2 -LAq Z |/\ Iq Z 2(0)(k-Da/2

1<0,LeZ s

+ sup Zz Ay, |1 2o/ DNap 1A Z 24

L<0,LeZ|g =
< sup 27HM Z A7

L<0,LeZ =

+ sup 2 L’\qz A Z (0)(k-Da/2

L<0,LeZ
(e8]
+A sup Y2t-ew/a Z SlOkg-L1g
L<0,LeZ ]2 P

<A+ sup 22 Aq A2 2(=DAq
L<OLeZl 7

% Z 2a(0)(k—l)q/2 T A

k=—0c0

<SA+A sup 2‘1 Diq Z 2(0)(k=Dq/2
L<0.LeZj], =

<A

k-1 1
L= sup 27 Z 2kqa(0)< > |/\z|||(GN“l)Xk“LP“>

L<0,LeZ = =
< sup 2_”‘1
L<0,LeZ
L k-1
% Z 2kq¢x(0)< Z |Al|2l(m+1)—k(n+m+1)
k=-00 I=—co

q
—oy/n
< B oo IIXBkIILm)

L k-1
< sup 2 -LAq Z ( Z |/\l|Z(I_k)(m+1+"52)_(1_k)“(0)

L<0,LeZ oo \ e

L k-1 q
< sup 2 ~LAq z ( Z |/\l|z(l—k)(m+1+n52—a(o))>

1<0,LeZ o \ i

L k-1
< sup 2 -LAq z ( Z |/\l|q 2(1—k)(m+1+n82—(x(0))q/2

L>0,LeZ =0

k-1 alq'
X( Z 2(lk)(m+1+n62(x(0))q'/2>
!

L k-1
< sup 2 -LAq Z ( Z Mllq 9 (=R)(m+14nd,~«(0))q/2
I=

L<0,LeZ =
-1
= sup 2 -LAgq Z Z |)L |q 2(1 —k)(m+1+n8,-a(0))q/2
Lo.Lez I=—00 k=I+1

< sup 2 L"qz A7

I<0,LeZ
<A

j
)
)

(67)
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Second, we estimate II. As the same argument before, we
obtain that

1 L o) q
III = Z 2 qa(0) (Z I/\l| "al”LP(’))
k=—0c0

1=k
1 o) q
< 3 20 (Suin")
k=—00 1=k

-1 /-1 9
% (s

k=-0co0 \ j=k

-1 0 . 9
o Sz (Spfr)
k=—00 j=0

1 /-1 -1 alq
k-1 k-1)q
< Z <Z |Al|q 20¢(0)( )q/2> <zza(0)( )q /2>

k=—oco \I=k 1=k

-1 (e 00 , q/ql
+ Z 2(x(0)kq <z 'Aj|q 2—awlq/2> (Zz—awlq /2)
k=-00 1=0 1=0

-1

1
< Z |)Ll|q Z Za(O)(k—l)q/Z
k=—00

k=-00

(o) -1
+ l Allq z—vcoolq/Z Zoc(O)kq
; k:z—:oo

00 1 -1
+ Z(Afam/Z)lqulAq |A ) |q 2oc(O)kq
: 22

00 -1
< A +AZZ(A—%0/2)IQ Z 20‘(0)kq
1=0 k=—00

< A

-1 k-1 q
I, = Z 2kqa(0)< Z A ||(GNal)xk||LP(,,>

k=-00 I=—c0

< i 2kq¢x(0) ( kil |Al| 21(m+1)—k(n+m+l)
k=—c0

I=—c0

x B "

q
P >

XB " [740) "XBk

-1 k-1 q
< Z < Z |Al|2(lk)(m+l+n52)(lk)a(0)>

k=-0co0 \I=-0c0

-1 k-1 q
< Z < Z |Al|2(l—k)(m+1+n62—oc(0))>

k=—co \I=-0c0

1

N

-1 k-1
Z ( Z |Al|q 2(lk)(m+1+n8zo¢(0))q/2>
k=—0co0 \Il=—00

1 alq
><< z 2(l—k)(m+1+n62—rx(0))q’/2)

I=—c0

£ (Bppomran

k=—0c0 \Il=—00
-2 -1
_ Z Z |/\l|q 2(l—k)(m+1+n82—(x(0))q/2

I=—00 k=I+1

-1

S Z !

I=—0c0
< A. (68)
Third, we estimate III. We have
q
Al

L
I = sup 2714 2K g, "t (
; q
MR )

L>0,LeZ k=0
|/\l|q |Bl|*0¢zq/(2n) >

Mg

T
L

Mg

L
< sup 2—L/\q szqzxm |Bk|ocooq/n
L>0,LeZ fard

T
L

Mg

L
< sup Z_M‘izqu“‘” |Bk|“°°q/"<

L>0,LeZ k=0 i
o ) alq'
X (Z |Bl|7“’q /(2n)>
I=k
s sup Z_qui i By | || By
L>0,LeZ P
< sup 2—L/\qi i I/\l|q 2(kfl)ocooq/2
L>0,LeZ k=0 I=k

L l
= sup P [Z A ZZ(k_l)“""q/z

L>0,LeZ 1=0 k=0

[e's) L
+z Mllq Zz(k—l)amq/Z

I=L k=0

L
< sup Z_qu A
>0Lez 5

!
+ sup iz(j/\q—b\q)zflhq Z | Ailq iz(kfl)txooq/z
L>0,LeZ)_1, i=—00 k=0

(e8]
<SA+A sup Y 20PMpNacar
L>0,LeZ)_1,

(o)
<A+ A sup Zz(lfL)q(’F“m/z)

L>0,LeZ)_1,

<A
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k-1 9
III, = sup 2 quzzk% < Z Mlln(GNal)Xk“LP('>)
1

L>0,LeZ k=0

-L
< sup 27HM

L>0,LeZ

L k-1
2kqaoo A 21(m+1)7k(n+m+1)
g (5w
q
wwlyo bl

- 9
s 7S (5 e
1

% |Bl|—fxz/n

L>0,LeZ —_
—1 q

< sup 2 L/\qz< Z I/\ll 2(l—k)(m+1+n82)—la(0)+k(xw)

L>0,LeZ k=0 \I=—oo

q
+ sup 2 LAqZ <Z |/\l| 2(l—k)(m+1+n82—a00)>
L>0,LeZ k=0 1=0
L

< sup 2—quzzqk[am—(m+l+n62)]

L>0,LeZ k=0

_ q
% < Zl: Mll 2l(m+1+n62—oc(0))>
I=—00
k-1
+ sup 2 LAqZ <Z |/\l|q Z(I—k)(m+1+n52—06m)q/2>

L>0,LeZ k=0 \ I=0

k-1 alq
% ( Zz(lfk)(erlJrnSZ—ocm)q’ /2>

1=0

-1
< sup 2—L/\q< Z |/\l|q 2l(m+1+n62—a(0))q/2)
1

L>0,LeZ

-1 A\
% ( Z 2l(m+1+n6270c(0))q /2)

I=—00

+ sup 2 LAqZ Z |A |q (l k) (m+1+n8,—a,)q/2
L>0,LeZ k=0 1=0

< sup 9 LAgq z |A |q I(m+14n8,-a(0))g/2
L>0,LeZ I=—c0

L-1
+ sup 2 LAqZ Z |)L |q 2(1 —k)(m+1+nd,—a,)q/2
L>0.Lez 1=0 k=I+1

< sup 27MM Z A"+

L>0,LeZ

sup 2 LMZ A7

oo L>0,LeZ

= sup 2~ qZ|)L|q

L>0,LeZ e
<A
(69)
Thus, we finish the proof of Theorem 13. O
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3. Applications

Asan application of the atomic decompositions, we will prove
the following result.

Theorem 14. Let0 < g < 00,0 < A < 00, p(-) € B(R"), and
a(-) € L(R") be log-Holder continuous both at the origin and
infinity, 2A < «(:), nd, < «(0), &y, < 00, nonnegative integer
and s = max{[a(0) — n8 ] [ots n8 ,1}, and 8, as in Lemma 4.
If a sublinear operator T satisﬁes that

() T is bounded on LP);
(ii) there exists a constant & > 0 such that s + § >
max{a(0)-nd,, a,,—nb,}, and for any compact support
function f with
J Fxfdx=0, |f<s (70)
RP

Tf satisfies the size condition

ITf (x)] < C (diam (supp £))"*" x| | £].
Ix| (71)
when dist (x,supp f) > ER
Then there exists a constant C such that
1T asison < C M s )
"Tf“MK;((:;’/q\ <C "f“HMK;E;j

for f € HMKp()A and f € HMK™ 1, respectively.

P()
Proof. 1t sufﬁces to prove the homogeneous case. Suppose

fe HMKp()A By Theorem 13, f = Z _oo A jbj converges

in &'(R"), where each bJ is a central («(-),q(-))-atom with
support contained in B; and

L 1/q
) -IA 1
"f"HMKiEf;ZZ = inf ilelzp ? (j:zoo |/\j| > -7

For simplicity, we denote A = sup, ,2~"* ZJL-:_OO |A;1%. By
Proposition 7, we have

"Tf”Z/IKZE;f

~ max{ sup 2 ~LAq Z 2ka(0) ||(Tf)Xk"Lp<> ,

1<0,LeZ koo

sup ZLM< Z 2k ”(Tf)Xk”Lp(

L>0,LeZ

L
N szqocoo ||(Tf)Xk"Lp<>>]’
k=0

< max {LII + IIT},
(74)
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where

I:= sup 27M Z 2+ s )Xk“m

L<0,LeZ

-1
Y 2N e » (75)

k=—0c0

III == sup Z‘WZz"q‘”"
1>0,LeZ =0

I(Tf)Xk"Lp()

To complete our proof, we only need show that there
exists a positive constant C such that I, II, I1T < CA.
First, we estimate I:

I= sup 27 Z 2O NTHxel e

L<0,LeZ

=—00
q
-LAq kqa(0)
s L<S(}1LpeZz _Z ’ <]_ '/\ Hl (T, )Xk“m >
g ) k-1 q
" L<S(}1Lpez2 ZOOZ j;oo '/\J'l “(Tbj)Xk“Lp(»
=1, + 1,
(76)
By the boundedness of T in L"), we have
"(Tbj)Xk“LP(,, < “bj"U’") < |B]-|_“j/n = 27%J (77)

Therefore, when 0 < g < 1, we get

q
L= sup 21 Z 2a(0)kq<Z|AJ'|'(Tb ] oo >

L<0,LeZ e ik

L<0,LeZ

q
< sup 27HM Z 2“(0)kq<Z|AJ'2 >

-LA
< sup 271

L<0,LeZ
S kg [ N[5 4 0-c0iq L S (1 |9 5-ceja
x )2 > "2 ) 2
k=—0c0 j=k Jj=0

< sup 27HM Z Z|Aj|q k=

1<0,LeZ k=-co j=k

+ sup 2 -LAq Z 2oc(O)qu: 'A |q —ocm]q

1<0,LeZ o =0

< sup 2 -LAq Z |/\ |‘7 Z 20((0)(1( g

1<0,LeZ koo

Aq |y |15A-ac)jay-LAq «(0)kq
+LfouL}>EZZ()2 | | 2 2 kz 2

13
-LAq q
< sup 2 A
L<0,LeZ Z | J |
—LAq 9 a(0)(k-j)q
+ sup 2 A 2
1<0,LeZ Z| ' k_z:‘
+ A sup ZZ(A o) jq Z 2oc(O)kq LAq
L0,LeZ ) koo
<A+ sup Zz jrq |)t ' 2(=D)Aq Z 20Ok=)a A
L<O,LeZ = k=
< A+ A sup 2(] L)Aq z 2“(0)(k g
L<0,LeZ ] k=00
< A
(78)

When 1 < g < 00, let l/q +1/q' = 1 and we obtain

q
- -L\q a(0)kq
h= L<SouLpez2 _Z ? <§ |/\ | "(Tb )Xk"m))
q
-Liq «(0)kg 1.
< sup 2 k_z 2 <]Zkl 127 )
-1 q
LA 2| 2@ =i
SL<SOuLpEZZ k_z_: <;| ]|2 )
[e'e) q
-LAq a(0)kq . —0og J
’ L<SOuLP;ZZ Zooz (]ZO |AJ' 2 >
<

sup 2 -Liq Z (Zl: | /\j|‘1 za(O)(kj)q/2>

I<0,LeZ koo \ j=k

4 alq
o
% Zzoc(o)(k—J)q 2
(j—k

+ sup 2" LAq Z th(O)kq (OZO: |Aj'q 20(qu/2>
j=0

I<0,LeZ koo

o q/q
X 22’“00]‘1 /2
<j=0

< ap 7Y S

L<0,LeZ k=—c0 j=k

Yk=)q/2

-LAq a(0)kq q -aw]q/z
+ L<souLp€ZZ Z 2 Z 'A .

—00 j=0
-L\q 2. )(k—j)q/2
< 73RS
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jAq 9 5(A-0y/2)jqn—LAq
+L<s0uizjzoz |A| 2 2 Z 2

< sup 2”‘12 'A|
L<0,LeZ

+ sup 2 L/\qz |/X | Z 2(0)(k=j)a/2

L<0,LeZ koo

+A sup Zz()l A/2)jq z za(O)kq LAq

L<0. LGZ] 0 k=—00

<A+ sup Zz jrq |/\ |q 2(i-DAq Z 2xOk=pajz | o

L<0,LeZj= koo

-1
SA+A sup Y 2UPM Z 2O k=af2

L<0 LEZ] L k=—00

<A
(79)

So, we have I, < A.
Second, we estimate I,. By (71) and Lemma 3, we get

'Tbj (x)| < a0 2j(s+8)J 'bj (y)|dy
B;

< 9 Klnst0) ) (5+9) " b. “m | am (80)
< 2j(s+8—o<j)—k(s+6+n) Xz
- illpe' o "
So by Lemmas 3 and 4, we have
[ e
j(s+6—a;)—k(s+6+n)
2 ' XB 'O "XBk "LP(')
j(s+0—at;)~k(s+8) H—kn -1 )
e R (] P2 eyl P2 (81)
< (s+0-05)k(s+0) "XB 0
e o
< 2(s+6+n62)(j7k)fjocj.
Therefore, when 0 < g < 1, by nd, < a(0) < s+ 6 +nd, we get

A
L= sup 2714y 2%
? Lolez Z

k-1 1
(z |A,-|||<Tbj>xk||w)
j=—00

< sup 27HM

L<0,LeZ

L k-1
a(0)kg 9 ,[(s+8+n8,)(j—k)—ja(0)]q
x D2 <,Z A, 2o )
J=700

Journal of Function Spaces

= sup 2 ~LAq Z 'A |q 2(j—k)(s+5+n82—a(0))q

1<0,LeZ = ]+1

<A
(82)

When 1 < g < 0o, let 1/q + 1/q' = 1. Since nd, < a(0) <
s+ 8 + nd,, by Holder’s inequality, we have

k-1 !
sup 2 -LAq Z 2“(0)]“1( Z |/\J| "(Tbj)Xk"Lp(-))
j=—00

L<0,LeZ

k-1 1
sup 2 -LAq Z 20c(0)kq< Z |Aj|2(s+§+n62)(]k)]oc(0)>

I<0,LeZ oo =0

I

N

—-LAq

N

sup 2
L<0,LeZ

L k-1
a(0)kg 4 (j—k)(s+8+nd,—a(0))gq/2
< 3 zon( 5 rareesn:)
k=—c0 j=—00

j=

k-1 a/d
X( Z 2(j—k)(s+6+n62—a(0))q'/2>
j=

< sup 27MM

L<0,LeZ

L k-1
a(0)kq q 4 (j—k)(s+6+nd,—a(0))q/2
x )2 (,Z il 2 : )
j==c0 -

J==©

= sup 2 -LAq Z 'A |q Z 2(] k) (s+8+n8,—a(0))q/2
L<0,LeZ - k5711
< A
(83)

Hence, we have I < A.
Third, we estimate II. Consider

-1
PO (CpPA e

q
503l

(84)

qa
5 il

+ Z 2ka© <

= II, +II,.

j=—co

When 0 < g <

-1 o) 1
n= 3 (S kel
k=—0c0 j=k
_1 o 1
¢ 3 2o(Sj)
k=—0c0 j=k

1, we get
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¢ $om(Sapaeon Sapaen)

< i i'/\ [ 20 0k=a Z 2a<o)qu' A1 2

k=-00 j=k =-00

3 g 5 r
j=—00 k=—00

0 -1
S 3 oo
S S 3 o

j=—00
<A+A 2117 Y 2 -a)ja (0)kq
,;m il Z k ;00
<A

(85)
When 1 < g < 00, let 1/q+ 1/q’ = 1 and we obtain

-1 00 1
m= 3 20 $h sy, )
k=-00 j=k
-1 o) 1
¢ 3 20a(Spj)
k=—00 j=k
v (v ©O)(k—j) !
s 2 <Z|Aj|2“ ]>

k=-co \ j=k

-1 00 . 9
o Sz (Spfr)
k=—00 j=0

4 alqd
2|1 2@ k=)a/2 2O k=j)q'/2
2 (ghreee) ()

o ald
2a(0)kq 1. 2—0600]q/2 z—aoojq'/Z
L) (8e)

k=-00
< Zl [ z Ha(0)(k=j)a/2
k=—c0 k=—0c0
« A‘qz—aqu/Z < 20c(0)kq
+2 A 2
j=0 k=—co0
-1
s Xl
j=—00

+ ZZ(A ocoo/Z)qu jAq Z I/\ |q Z 70)kq

k=—00

< A+A22(/\*“oo/2)jq Z 201(0)]“1
j=0 k=-00

<A
(86)
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For II,, when 0 < g < 1, by nd, < «(0) < s + & + nd, we get

-1 k-1
1I, = (kg A
? k:z—:oo <]=Z:oo |

k=—0c0 j=—00

- lel > 20

k=j+1

-1 q
< .
< 2yl
k=-00

<A

-1 k-1
L

q
j||1<wj>xk||w)

"1 2[(s+6+n82)(jk)joc(0)]q>

)(s+8+nd,—a(0))gq (87)

When 1 < g < 0o, let 1/g + 1/q' = 1. Since nd, < a(0) < s+
0 + nd,, by Holder’s inequality, we have

-1 k-1
I, = 2{0kq A
’ k:z—:oo (]—Z:oo |

k=-00

k=-00 j=—00

=00

j=—0co
YL
j=—00 k=j+1
< A
So, we have IT < A.

Finally, we estimate III:

Il = sup 27 Zz"%
L>0,LeZ

< sup 2 L)tqzquoc
L>0,LeZ

+ sup 2 LMZqu“
L>0,LeZ

= III, + 111,

-1 k-1
.5 (z ",
j=—00

-1 k-1
(5

-1 k-1
g5
j=—00

q
J u<n,->xk|1w)

q
' 2(s+6+n82)(j—k)—j0¢(0) >

'q 2(j—k)(s+6+n62 —-a(0))q/2 >

k1 ald (88)
><< Z 2(jk)(s+6+n82a(0))q'/2>
j

|q 2(j—k)(s+8+n52—¢x(0))q/2 >

s+0+n8,—a(0))g/2

1T xl e

q
(SR,
2

k-1 q
(5 b,

(89)
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When 0 < g < 1, by the boundedness of T in L”*”, we;have g L>531L222 quza » <Z |/\ | 'le_ajq/ on >
— -LAq aookq
= sup 704 < S ksl )

(S
 sp TS S g, -

L>0,LeZ j=k < sup 2 L)quza okq/2 <Z'A 'q |B]| JQ/(Zn)>

q L>0,LeZ _
< sup 2 quZ%quM 2% ik

L>0,LeZ k=0 —k
j=
-L q 2
= sup 2 qup ' sz Petcod
- L>0,LeZ =0
< sup 2 “‘122"‘ qup |27 sa = k=0
L>0,LeZ k=0 j=k

+ sup 2 LMZPL 'q ZZk’ o0/

_ “LAN |y (k=g L>0,LeZ k=0

S 2 §'|§2

-LAgq 1. '
0 < 2 Zi
AN (k=aseq
+ sup 2 JZL| il ];)2
+ sup Zz(ﬂq LAq) 5=jhq Z |/\ |q sz Peteoq/2
~L\q q L>OLEZ] L i=—00 k=0

< S 2 Z i

[ee]
<A+ A sup Z2(1_]“)’”2@_])"‘0”/2

L>0,LeZiz]
+ sup Zz (1Aq-LAg)5-jAq Z I Zz(k Dot /
L>0 LGZ] L i=——00 k=0 ©
SA+A sup 2U~Dad-ae/2)
0 ) . L>0,LeZ =],
<A+A sup 22(17””2@71)“”‘1 J
L>O,LEZj=L < A
0 (91)
SA+A sup Z2<j—mq@_“m)
L>0,LeZi],
g When 0 < g < 1, by nd, < a(0), o, < s + 6 + 1, we get
S A.
When 1 < g < oo, by the boundedness of T in L**) and 111 2 LAquoc kg li |/l |||(Tb) " !
’ = su ; ;
Hélder’s inequality, we have 2= L0, LI;Z i 7 7 Xl o
-LAq askq ! < sup Z_LAq
11, = sup 2 Zz Z L] [P Lo0Lez
L>0,LeZ
aookq 1. q [(s+8+n8,)(j—k)—je;1q
A K q q/2 x ZZ ' '
< s 7S (§ nuwwmmJ o
L>0,LeZ
= sup 27MM

z%okq

-LAq

i ' A .'q 2[<s+8+n82>(jk>joc<onq>
J

0 L>0,LeZ
(Simnz)” L
=k

< s S iwmw” .
~L>0Lpez iz HLro + sup 2

L>0,LeZ

=

q/2 ¢ Aookq < 4 5 [(s+8+n8,)(j—k)—joroo 19
(Swiis) o (3 ratessarn
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L
< sup 2—Lquz[rxoo—(s+6+n62)]kq

L>0,LeZ k=0

% _Zl: |A]'q 2(s+6+n82—¢x(0))jq
j=—00

+ sup 2 L)qu |A "1 Z 2(] k) (s+0+n8,—a,)q

L>0,LeZ k=0 k=j+1

sup 2 L’\qz |)L 'q

-LA q,
< sup 271 E |/\J|
L>0,LeZ

L>0,LeZ
< A.
(92)

When 1 < g < oo, let 1/g + 1/q' = 1. Since nd, < «(0),
G < s+ 06+ nd,, by Holder’s inequality, we have

k-1 1
I, = sup 2 quz%"kq(Z 'AJH'(Tbj)Xk“m»)

1>0,LeZ 0 =00

k-1 1
< sup 2 quzzzx kq( Z 'Aj'2[(s+6+"62)(j_k)_jaf]>

L>0,LeZ k=0 j=—00

L>0,LeZ k=0 j=—00

q
-1
< sup 2 L/\qzzrx kq( Z 'Aj'z[(SJré\JrnSz)(]k)]oc(O)])

k-1 1
+ osup 2 L/\qzztx kq< |/\ |2[(s+6+n82)(1 k)= jetoo ]>
=0

L>0,LeZ k=0

L
< sup 2—L/\qzz[aoo—(s+5+n82)]kq
1>0,LeZ =0

(2

+ sup 2 L/\qz <kzl 'A]' 2(j—k)(s+8+n62—zxoo) >q
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]

-LAq 9 (s+6+n8,—-a(0)) jq/2
S< sup 2 Z |)L' 2 2 )

L>0,LeZ j=—c0

. ald
X( Z 2(s+6+n52—¢x(0))jq’/2>

j=eo

L>0,LeZ

k-1 ald
% < Zz(j—k)(s+é‘+né‘z—ocoo)q’/2 >

Jj=0

+ sup 2 L/\qZ( 'A "1 2(] k) (s+0+nd, oty )q/2>
j=0

17
-1
-LAq 1. 4 (s+86+n8,-«(0)) jgq/2
< L>Sol)1£ Z2 j;oo' J| 2 2
-LAq 1. (j—k)(s+6+nd, -0ty )q/2
+L>SOuL;;Z2 ;;)JZ)' | 2 2
-LAq 2.
< 7Y b
-LAq q (j—k)(s+0+n8,—a o, )q/2
+ L>souLpEZZ ]ZO')L | kérlz
-LAq -LAgq
. L>SOuIiZ2 Z 'A | +L>SOuIiZ2 Z |A |
<A
(93)

Thus we have III < A. This finishes the proof of Theorem 14.
O

Definition 15. Let K be a locally integrable function on R” x
R”\ {x = y}. Then K is called a standard kernel if there exist
6 € (0,1] and C > 0, such that

A linear operator T : S(R") — &'(R") s called a Cald-
eron-Zygmund operator associated to a standard kernel K if
(i) T can be extended to a bounded operator on LA(R™);

(ii) for any f € L* with compact support and almost
everywhere x ¢ supp f,

T ()= | K(6y) £ () dy. 99

It is well known that a Calder6n-Zygmund operator is

also bounded in L") for any p(-) € B(R"); for example, see
[38].

Corollary 16. Let «(-) be a bounded and log-Hélder contin-
uous both at the origin and infinity such that ndé, < «(0),
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Gy < 10, +06 with 8, as in Lemma 4. Suppose T' is a Calderén-
Zygmund operator associated to a standard kernel K. If p(-) €
HBR"), 0 < g < 00, and 0 < A < 00, then there exists a
constant C such that

175

17f ysgceos

PRA

<C ”f"HMKZE;Z >

(96)
< Cl e

for f € HMKP( 5 Tand f € HMEK™ 1, respectively.

P()
Proof. It is easy to know that s = max{[«(0) — #d,], [«

né,]} = 0 when nd, < «(0) and a, < n8, + 9. Then the result
follows from 'Iheorem 14. O

Remark 17. For Hardy type spaces, there are some char-
acterizations: maximal function, square function, atomic
decomposition, and molecular decomposition. To discuss
the boundedness of singular integrals in Hardy type spaces,
we use the atomic decomposition for the domain Hardy
space, while it is convenient to use another characterization
of Hardy space for the target Hardy space; for example,
see the proof of Theorem 6.7.4 in [49] and [50, 51]. In a
future paper, we will give the molecular decomposition of

spaces HMEK" P( ) 5 1 and HMK;E )’qA Then, by the atomic and

molecular decompositions, we will obtain the boundedness
of T in Corollary 16 from HMK ()q and HMKzE;K into

themselves, respectively.
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Firstly, we study the representation of g-frames in terms of linear combinations of simpler ones such as g-orthonormal bases, g-
Riesz bases, and normalized tight g-frames. Then, we study the dual and pseudodual of g-frames, which are critical components in
reconstructions. In particular, we characterize the dual g-frames in a constructive way; that is, the formulae for dual g-frames are
given. We also give some g-frame like representations for pseudodual g-frame pairs. The operator parameterizations of g-frames
and decompositions of bounded operators are the key tools to prove our main results.

1. Introduction

A sequence ( f;);c; of elements of a Hilbert space H is called a
frame for H if there are constants A, B > 0 so that

ASF < JUERF BT, viem g

i€l

The numbers A and B are called the lower (resp., upper) frame
bounds. The frame is a tight frame if A = B and a normalized
tight frameif A= B = 1.

The concept of frame first appeared in the late 40s and
early 50s (see [1-3]). The development and study of wavelet
theory during the last decades also brought new ideas and
attention to frames because of their close connections. There
are many related references on this topic, see [4-8].

In [9], Sun raised the concept of g-frame as follows, which
generalized the concept of frame extensively. A sequence
{A; € B(H,H;) : i € /}is called a g-frame for H with respect
to {H; : i € //}, which is a sequence of closed subspaces of a
Hilbert space K, if there exist two positive constants A and B
such that, for any f € H,

AlFIP < Y IaifI < BIAT 2)
ieN

where A is called the lower g-frame bound and B is called
the upper g-frame bound. The largest lower frame bound

and the smallest upper frame bound are called the optimal
lower g-frame bound and the optimal upper g-frame bound,
respectively. We simply call {A; : i € A4} a g-frame for H
whenever the space sequence {H; : i € //} is clear. The tight
g-frame and normalized tight g-frame are defined similarly.
We call {A; : i € N} a g-frame sequence, if it is a g-frame for
span{A’(H)}ey. We call {A; : i € A} a g-Bessel sequence, if
only the right inequality is satisfied. A g-frame {I; : j € /}
for H is called an alternate dual g-frame of {A ; : j € W}, if
for every f € H, we have

f=) A #Tf = Y TIAf. (3)
JEN JeEN
If{Aj : j € N}isag-frame for H, then the operator S € B(H)
such that

Sf= Y ASAf, VfeH @

jew

is called the g-fame operator associated with {A ; : j € /}.

It is well-known that {A js*l : j € N}is adual g-frame of
{A; :+ j € W}, which is called the canonical dual g-frame
associated with {A; : j € //}. In this paper, we use dual of
g-frames to denote any of the duals. Recently, g-frames in
Hilbert spaces have been studied intensively; for more details,
see [10-16] and the references therein.
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Frames and g-frames have advantages of allowing decom-
posing and reconstructing elements in Hilbert spaces, in
which the dual and pseudodual of frames (g-frames) play
important roles. Characterizing dual frames and general
frame decompositions is an important problem in pure
and applied fields. In [17-22], the authors study the dual
frames and frame-like decompositions in Hilbert spaces. In
particular, Li derived a general parametric and algebraic
formula for all duals of a frame in [17] and introduced the
pseudoframe decompositions in [18]. In this paper, motivated
by these works on frames, we consider similar problems on
g-frames in Hilbert spaces and generalize the corresponding
results on frames to g-frames. Another interesting problem
in frame theory is representing general g-frames in terms of
special and more simpler g-frames such as g-orthonormal
bases, g-Riesz bases, and normalized tight g-frames. In [23],
the authors study similar questions on frames in Hilbert
spaces by applying the techniques of decomposing linear
bounded operators. In this paper, we will study the decom-
positions of g-frames in Hilbert spaces by using similar
techniques combing with what we have obtained on the
operator parameterizations for g-frames in [24].

Throughout this paper, we use ./ to denote the set of
natural numbers and € to denote the complex plane. All
Hilbert spaces in this paper are assumed to be separable
complex Hilbert spaces. This paper is organized as follows.
In Section 2, we give some definitions and lemmas which are
needed to understand the following sections. In Section 3,
we consider the decomposition of g-frames. In Section 4, the
dual and pseudodual of g-frames are considered.

2. Preliminary Definitions and Lemmas

In this section, we introduce some basic definitions and
lemmas which are necessary for the following sections.

Definition 1. Let A; € B(H,H,),i € /.
@) I{f: A, f =0,i € /} = {0}, then we say that {A; :
i € N'Y}is g-complete.
(ii) If{A; : i € W} is g-complete and there are positive

constants A and B such that, for any finite subset J ¢
Nandg; e Hj, je],

2
I TE ) P O
j€J Jjel

ZA?’%‘
j€l

then we say that {A; : i € A} is a g-Riesz basis for H
with respect to {H, : i € A}

(iii) We say {A; : i € W'} is a g-orthonormal basis for H
with respect to {H; : i € //}ifit satisfies the following:
<Aj9i’A?9j> =0 <gi’gj> ’

Vi,jeN, g;€H, g;cH,

(6)
YA =17 vf eH.
jewn
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Remark 2. It is obvious that any g-frame {A; : i € A} is g-
complete and any g-orthonormal basis is a normalized tight
g-frame.

Definition 3. Suppose that A; € B(H,H;), I; € B(H,H,)
for any j € . 1If for any x,y € H, we have (x,y) =
ZjE/V(ij,ij), then we call {A; : j € #}and {l;: je A}
a pair of pseudodual g-frames for H. In particular, if {A ; : j €
A} is a g-frame for H, we call {I; : j € A7} a pseudodual
g-frame of {A ;: j € N}

Lemma 4 (see [25]). Let H be a Hilbert space. Then,

(1) for every invertible operator U € B(H), there exists a
unique decomposition U = WP, where W is a unitary
operator and P is a positive operator.

(2) for every positive operator P € B(H) with ||P| < 1,
P = (1/2)(W + W"), where W = P+iVI-P2isa
unitary operator.

Lemma 5 (see [26]). Given Hilbert space H and a sequence of
closed subspaces {H; : j € W'} of a Hilbert space K, then there
exists a g-orthonormal basis {Aj € B(H, H]-) 2 j e N} for
H with respect to {H; : j € #}ifand only if ;. y dim H; =
dim H.

Lemma 6 (see [24]). Let {Gj € B(H,Hj) 1 j e N}bea g-
orthonormal basis for H with respect to {H; : j € W'}. Then,
the sequence {A ; : j € N} is a g-Bessel sequence for H if and
only if there is a unique bounded operator V € B(H) such that
A;=0,V forall je .

Remark 7. Given the g-orthonormal basis {0; € B(H,H,) :
i € N}, the operator V in Lemma 6 is called the g-preframe
operator associated with {A; € B(H, H;) : i € N}.

Lemma 8 (see [24]). Suppose that {0; € B(H,H,) : i € N} is
a g-orthonormal basis for H, {A; € B(H,H;) : i € N}isa g-
Bessel sequence for H, and V and S are the g-preframe operator
and g-frame operator associated with {A; € B(H, H;) : i € N},
respectively. Then

(1) {A; € B(H, H)) : i € N} is a g-frame if and only if V is
onto;

(2) {A; € B(H,H;) : i € N} is a normalized tight g-frame
ifand only if V is a coisometry;

(3) {A; € B(H,H,) : i € N} is a g-Riesz basis if and only
if V is invertible;

(4) {A; € B(H,H;) : i € N} is a g-orthonormal basis if
and only if V is unitary.

Lemma 9 (see [23]). Let T € B(H) be onto; then T can be
written as a linear combination of two unitary operators if and
only if T is invertible.
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3. Decompositions of g-Frames

In this section, we do some research on the decompositions
of g-frames in Hilbert spaces by using similar techniques in
[23] combing with what we have established on the operator
parameterizations for g-frames in [24].

Theorem 10. Suppose that {Aj € B(H, Hj) cjoe Nis
a g-Bessel sequence for H. Let T be the g-preframe operator
associated with {A ; : j € W}. Then, for any € € (0, 1), there

exist three g-orthonormal bases {0; cjeNt (1=1,2,3) such
— -1 1 2 3 .
thatAj—(l—s) ||T||(6j+6j+0j)forany]6./V.

Proof. Since we have assumed that all Hilbert spaces are
separable, the g-orthonormal bases for H with respect to
{H; : j € #} exist by Lemma 5. Let {Oj € B(H,H)): jeJ/}
be a g-orthonormal basis for H with respect to {H : j € J/}.
Since {Aj € B(H, Hj) : j € W}is a g-Bessel sequence
for H, there exists a bounded operator T € B(H) such that
A; =0,T" forany j € /' by Lemma 6. Define an operator

U e B(H)byU = (1/2)I + ((1 - €)/2) - (T*/|IT|l), where I is
the identity operator on H. Since
1 1-¢ T
- Uj = ||— - ==
2 27|
SN O
2 2T
NEN L L
2 2 2

U is invertible. By Lemma 4, there exist a unitary V and a
positive operator P such that U = VP. Since

1Pl = |[v™'u| < vl

H 1 ” ” 1-¢ T
_I + .
2 2T

1 1-¢
= -+ <1,
2 2

(8)

P = (1/2)(W* + W), where W = P +iVI — P? is a unitary
operator by Lemma 4. So

rr =20 (g 1))

1-¢ 2
_Aam v -1
—1_£<2(W+W) 2> ©

- I”T” (VW + VW* ~1).

Hence,

A =0T =6, ” ” L wwavw-n)

(10)
_ T (6,

O, VW +0,VW* 6]-).

Denote 9} = 0,VW, 9]2. = 0,VW", and 9]3. = -0, for any
j € . Then, it is easy to see that {9; 1jeNtd=123)
are g-orthonormal bases for H, since V and W are unitary
operators. So A ; = 1- s)_1||T||(0]1. + 65 + 0?) for any j €
N O

Since a g-frame is of course a g-Bessel sequence, the
following corollary is obvious.

Corollary 11. Every g-frame can be represented as a multiple
of sum of three g-orthonormal bases.

Theorem 12. A g-frame {A ; € B(H,H;) : j € W'} for H can
be written as a linear combination of two g-orthonormal bases
for H if and only if {A ; : j € N} is a g-Riesz basis for H.

Proof. =: Suppose that {Fj :jeNrand{L; : j € N} are
g-orthonormal bases for H such that A; = a-T; +b-L;
for any j € /. By Lemma 8, there exist surjective operator T
and unitary operator U such that A ; = I[;T" and L ; = T,;U for
any j € ./I/.So,FjT* =a-T;+b-T;U,Vje ./V.Hence,TI‘; =
a-T; +b-U'T},Vj € #.Ttimplies that T = @-T+b-U", since
Sp?{Aj.(Hj) : j € N} =H.SoT is invertible by Lemma 9.
Hence, {A ; : j € #}isa g-Riesz basis for H.

«<: Since {Aj : j € W}isa g-Riesz basis for H, there
exist a g-orthonormal basis {Gj € B(H, Hj) 1 j € #}andan
invertible operator T € B(H) such that A j = GjT* for any
j € A/ by Lemma 8. There exist two unitary operators U; and
U, in B(H) and constants a, b such that T* = a-U, +b- U, by
Lemma9.S0A ; = 6,T" = 60,(a-U; +b-U,) = a-0,U, +b-0,U,
for any j € /. Since {Gle :j e N}yand {HJ»U2 1 j € N}are
g-orthonormal bases for H by Lemmas 8 and 9, the result
follows. O

Theorem 13. Every g-frame for H is a multiple of two
normalized tight g-frames for H.

Proof. Suppose that {A]- € B(H, Hj) : j € N}isa g-frame for
Hand{6; € B(H,H)) : j € /}isa g-orthonormal basis for
H. Then, there exists a surjective operator T' € B(H) such that
A= HJ»T* forany j € /' byLemma 8. LetU = T/2|T|. Then,
Ul =1/2 < 1and U is also surjective. Suppose that U = VP
is the polar decomposition of U, where V' is a coisometry and
P is a positive operator in B(H). Since |P|| = [V*U| < U] <
1, then P = (1/2)(W + W*) with W = P +iVI — P? being a
unitary operator. SoU = VP = (1/2)V(W + W™). It follows

that T = 2|T||U = ITI(VW + VW™). So
(11)
=TI (6;W V" +6,WV™).
Since VW and VW™ are coisometries, {BjW*V* i je N

and {§;WV" : j € 4} are normalized tight g-frames for H
by Lemma 8. This finishes the proof. O

Theorem 14. Every g-frame for H is a multiple of the sum of
a g-orthonormal basis for H and a g-Riesz basis for H.



Proof. Suppose that {A; € B(H,H;) : j € #}isa g-frame

for H and {Gj € B(H,Hj):j ¢ '} is a g-orthonormal basis

for H. Let T be the g-preframe operator associated with {A ; :

j € Ntthen A ; =6,T" forany j € /. Define operator S by
= (3/9I + (1/49)(1 - &) - (T*/ITI); then

I T
IENE H——— (1-2)-
I
<|z1]+ =< (12)
4 4

31—
||S||§Z+T€<1.

So Sisinvertible. Let S = VP be the polar decomposition of S.
Then, V is a unitary operator and P is a positive operator by
Lemma 4. Since P = V*S, |P|| = [V*S| < [IV*|l - |ISI| < 1. So

= (1/2)(W + W*) by Lemma 4, where W = P+iVI — P? is
aunitary operator. So S = VP = (1/2)(VW +VW™). It implies

that
pe oA (g3 )
4

- wwvw)-20)
(13)

where R = VW™ —(3/2) - I. Since

-3t o
2 4 2

Jil+1;
<I=l+]=-
4 2
1 1 3
=—-+-=-<1,
4 2 4
—(1/2) - R is invertible. Hence, R is invertible. So
2 ||T||
1-

(14)

A;=60,T" =0, (VW +R)

(15)
_20Th (

1-¢

6,VW +06,R).

Since {GjVW : j € N}isa g-orthonormal basis for H and
{O;R : j € W}isa g-Riesz basis for H by Lemma 8, {A; :
j € A} is a multiple of a sum of a g-orthonormal basis and a
g-Riesz basis for H. O

4. Dual and Pseudodual g-Frames

In this section, we consider the characterizations of dual
and pseudodual g-frames. The algebraic formula about the
dual of g-frames for a given g-frame will be given and
some properties on dual and pseudodual g-frames will be
established.
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Theorem 15. Suppose that {Aj € B(H, Hj) cjeNisag-
frame for H and {Gj € B(H,H)): je W'} is a g-orthonormal
basis for H. Suppose that the g-preframe operator associated
with{A ;: j € N}isT;thatis, A ; = 6,T" forany j € /. Then,
{I; € B(H,H;) : j € N}isadual g-frame of {A ; : j € N} if
and only if I; = 0,V" for any j € W, where V is a bounded left
inverse of T".

Proof. =: Suppose that {I; : j € 7} is a dual g-frame of
{Aj:je N} LetV be the g-preframe operator of {T; : j €
A}, Then, Fj = GJV* for any j € /" and V is bounded. Since,
forany f € H, we have f = ZjE/VA’;ij,

f=)TO0V f=T) 6,0V f=TV"f. 16)
jew jewN
It implies that TV* = I. Hence, VT™ = I. It follows that V is
a bounded left inverse of T*.

&: Since VT* = I, V is bounded surjective operator in
B(H). Hence, {Fj : j € N}isa g-frame for H by Lemma 8.

Since

Y AT f= Y TOOV f=TY 6,0,V

JEN JEN jeN (17)
{I;: j € #}is adual g-frame for H. O

Lemma 16. Suppose that {Aj € B(H,Hj) : j € NYisa g-
frame for H, whose g-preframe operator is T. Then, V is a linear
bounded left inverse of T* if and only if

V=s'T+w(I-Ts'T), (18)

where S is the g-frame operator associated with {A ; :
W e B(H), and 1 is the identity operator in B(H).

je N,

Proof. =: Suppose V is a linear bounded left inverse of T".
Let W = V. Then

ST+ V(I - T*S’IT) =S'T+v-vr*s'r

(19)
=S'T+v-§'T=V.

&: Suppose V = S'T + W(I = T*S™'T). Then

VI* =S + W (I-T°S7'T)T
(20)

=SS+ W(T"-T"S'TT") =1

Hence, V is a linear bounded left inverse of T*. O
Theorem 17. Suppose {A; € B(H,H;) : j € N}isag-

frame for H, T is its g-preframe operator, and S is its g-frame
operator. Let {Gj € B(H,H)) : j ¢ N} be a g-orthonormal
basis for H. Then, {I; € B(H,H;) : j € N} is a dual g-frame
of {A; : j € W} if and only if there exists a bounded operator
W € B(H) such that

_ —1 * —1 * .
[=A 8 +OW —ASTTW", View. ()
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Proof. =: Suppose that {l"j € B(H, Hj) : j € N}isadual g-
frame of {Aj € B(H,H)) : j € A}, Then, by Theorem 15,
we know that T; = 6;V" for any j € ./, where V is a
linear bounded left inverse of T*. By Lemma 16, V = S™'T +
W(I-T*S™'T) for some linear bounded operator W € B(H).
Hence, for any j € ./, we have

* -1 * —1 *
I, =6,V =ej(s T+W(I-T"S7'T))
=0,(T"s" +W" - T*S'TW")
(22)
= GjT*S_l +O,W" - OjT*S_lTW*
= AjS’l +0,W" - Ajs*lTW*.

: Suppose that there exists a linear bounded operator W ¢
B(H) such that T; = A ;S + O;W" — A ;S"'TW". Then,

* a—1 * * a—1 *
L =0T°S " +O,W" -0,T°s'TW

=0,(T*s" + W -T*S'TW") (23)
=0,(s'T+W-wr's'T)".

So{l; : j € J}isa g-Bessel sequence for H and the g-
preframe operator associated with {I; : j € '} is

V=S'T+W-wr*s'r
(24)
=S'T+W(I-T"S'T).
Since V is a linear bounded left inverse of T* by Lemma 16,

VT* = I. Therefore, {Fj : j € N}is adual g-frame of {A]- :
j € A} by Theorem 15. O

Theorem 18. Suppose that {A; € B(H,H,) : j € N}isa
g-frame for H. If {I; € B(H,H;) : j € W} is a pseudodual
g-frame of {A ; : j € N}, then{I; : j € N} has lower g-frame
bound.

Proof. Since{I; : j € #}isapseudodual g-frameof{A ;: j €
N A(x,y) = ZjE/V(A % ij) for any x, y € H. In particular,

(6,x) = Yje (A jx,Tjx); that is, Ixl? = ¥jep(A jx,Tx).
Since

IRCVLOEDN DL Y
JEN jeN

1/2 1/2
2 2
(Zhat) (Zhot) e
JEN JeN

< (BIx)" (mwmm

jewN

where B is the upper g-frame bound of {A ; : j € //}, hence,

2 1 2
2 [ = 5 i, (26)
jeN
So{l;: j € #} haslower g-frame bound. O

Corollary 19. Suppose that {A € BH,H) : je Nisa
g-frame for H and {T; : j € ./V }is apseudlodual g-frame of
{Aj:je N then(l;: j e N}is g-complete.

Proof. Since {I; : j € ./} has lower g-frame bound by
Theorem 18, there exists a constant B > 0 such that

Yol = Bl
jen

Vx € H. (27)

Ifij =0,forall j € /, then Bl|x||* = 0; it follows that x = 0.
So{l;: j € #}is g-complete. O

Theorem 20. Suppose that {A; € B(H,H;) : j € N} and
{I; € B(H,H;) : j € W} are a pair of pseudodual g-frames
for H. Then, for any x € H, x = Y icr A’}l“jx if and only if
x=Yien F] A jx, where the series converge in norm of H.
Proof. 1t is obvious that we only need to prove one direction;
the other direction is identical. Now, suppose that x =
Z]E/VA I;x. Since {A; € B(H,H;) : j € J}and {I; €

B(H,H;) : j € W} are a pair of pseudodual g-frames for
H, we have (%, ) = Xjen (A jx.T;y)Vx, y € H. Tt is obvious
that f(y) = | Zﬁil (A % ij)—(x, y)|is a weakly continuous
function on H and limy _, o, fy(y) = 0 for each x € H. Since
the closed unit ball of H is weakly compact, for any ¢ > 0,
there exists N, > Osuch that, forany ||y|| < 1andany N > N,
we have fy(y) < e. So whenever N > N, we have

ZFAx x| = sup ZFAx X,y
j=1 Iyll=1
= sup ZF A jx, y> —{x,y) (28)
Iyl=1
— sup f (7) <&
Iyl=1
Hence, x = ) ;c , I/ A jx. O
Corollary 21. Suppose that {Aj € B(H,Hj) :j e N}yand

{I; € B(H, H;) : j € W}area pair of pseudo g-frames, x, € H.

Ify jen A’;ijo is convergent, then
jen jewn

Proof. Since {A; e B(H,H;)): j € A} and {Fj € B(H,H)) :
j € Nlare a pair of pseudo g-frames, for any y € H, we have

(9 %) = Z <Ajy’rjx0> = <J’) ZA;rj'x0>' (30)
jeN jewN

S0 xg = Yjen ATxo. It follows that xo = ¥y ATjxg =
Yjen Ti A jxo by Theorem 20. O



Theorem 22. Suppose that {6; € B(H,H;) : j € JN}is
a g-orthonormal basis for H and T, and T, are g-preframe
operators associated with g-frames {A ; € B(H,H;) : j € /'}
and {l; € B(H,H,) : j € '}, respectively. Then, {A ; : j € N}
and {T; : j € W'} are g-biorthogonal if and only if T[T, = 1,
where I is the identity operator in B(H).

Proof. Since T, and T, are g-preframe operators associated
with g-frames {A jrjes } and {Fj : j € N}, respectively,
A;=0,T andT; = 0T, forany j € W.So, foranyi, j € N
and any g; € H;, g; € H;, we have

<Ajgi’r;gj> = <T191‘*gi’T26;gj> = <6i*gi’T1T2*6;gj>'
(31)

Ift{A;:je #}and{l;: j € #}are g-biorthogonal, then
(A390T79;) =6, (9 9;) = 6, 9,0;9;)
Vi,je N, Vg €H,

(32)
gj€H;.

So
<079i’T1T;9;g;’> = <0i*gi’6;gj> >

Vi,jeWN, Vg; € H,

(33)
gj € Hj.

It implies that T\ T, = 1.
Conversely, if T, T, = I, then

<A>:gi’r;gj) = (0; g;» T1T2*9;9j>
=(0;9:,9;9,) = 8, ;{9 9;)> (34)
Vi,jeN, Vg €H; g;€H,

So{A;:je#and{l;: j € N} are g-biorthogonal. O
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Let L = —A +V be a Schrédinger operator on R",n > 3, where V' # 0 is a nonnegative potential belonging to the reverse Holder
class B, ,. The Hardy type spaces HY,n/(n+6) < p < 1, for some § > 0, are defined in terms of the maximal function with respect

to the semigroup {e **},.,. In this paper, we investigate the bounded properties of some singular integral operators related to L, such
as LV and VL%, on spaces Hf . We give the molecular characterization of H f , which is used to establish the Hf -boundedness of

singular integrals.

1. Introduction

Let L = —A + V be a Schrédinger operator on R”, n > 3,
where V' # 0 is a nonnegative potential belonging to the
reverse Holder class Bq for some q > n/2; that is, there exists
a constant C > 0 such that the reverse Holder inequality

(%LVq(x)dxy/qSC(l—;I LV(x)dx) )

holds for every ball B in R™. It is well known that if V € B,
then V € B,,, for some ¢ > 0. Also obviously, B, ¢ B,
when g; > q,.

Some singular integral operators related to L, such as the
imaginary power L, and the Riesz transform VL™'/? have
been studied by Shen [1]. Some of his results are following.
The operator L” is a Calderén-Zygmund operator for any
y € R. VL™ is a Calderén-Zygmund operator if g > n.
When /2 < g < n, VL% is bounded on L? for 1 < p < p,,
where 1/p, = 1/q — 1/n. The above range of p is optimal.
Earlier results were given by Fefferman [2] and Zhong [3].

The Hardy type spaces H, n/(n + &) < p < 1 for some
0 > 0, associated with L, are studied by Dziubanski and

Zienkiewicz [4, 5]. They establish the Hf’oo atomic decom-
position theorem and the Riesz transform characterization
of H;. Specifically, VL' is bounded from Hj to L'. We
will investigate the bounded properties of the operators L
and VL™'/? on spaces H?. To do this, we give the molecular
characterization of H?.

Without loss of generalization, we assume that V' € B,/
for some g, > n/2 and set § = min(2-n/q,, 1). When g, > n,
we set = 1 —n/q,. Throughout the paper, we will use A and
C to denote the positive constants, which are independent of
main parameters and may be different at each occurrence. By
B, ~ B,, we mean that there exists a constant C > 1 such that
1/C < B,/B, <C.

Let {T'},.o = {e'"},o be the semigroup of linear
operators generated by —L and K[(x, y) their kernels. Since
V is nonnegative, the Feynman-Kac formula implies that

0< K (x,y) <K, (x—y)= (drt) e @l (2)

where K, (x) is the convolution kernels of the heat semigroup
{Ti}so = {em}t>0. The estimate (2) can be improved as
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follows. We introduce the auxiliary function p(x,V) = p(x)
defined by

1
p(x):sup{r>0: n—ZJ V(y)dygl}. (3)
r B(x,r)
It is known that 0 < p(x) < co. For every N > 0,

Vi vz>‘N

K- (x,y) < c( 0 0
(4)

(cf. [6, Theorem 4.10]). Let 0 < &' < &; for every N > 0 and
all |h] < Wi,

|K; (x + 1, y) = K (x,y)]

TN oo - e lz( VE L)
SCN<\/E>te J'lp +()

©)

(cf. [6, Proposition 4.11]).

We define the Hardy type spaces Hf, n/(n+d) < p < 1,in
terms of the maximal function with respect to the semigroup
{TtL}t>0-

For p = 1, the Hardy space Hj is defined, according to
Dziubanski and Zienkiewicz [4], by

Hy={fel':M'felL'}, (6)
where

M"f (x) = sup [T} £ ()] 7)
t>0

The norm of a function f € Hi is defined to be ”f”Hi =
1M £l

The Hardy spaces, Hf, n/(n+38) < p < 1, consist of some
kind of distributions. But M" f(x) may have no meaning for
a tempered distribution f because K/(x, y) are not smooth.

Let f be a locally integrable function. B = B(x, r) is the ball
of radius r centered at x. Set

f= |B| J f()’)
_ (8)
fp if r<p(x),

f(B,V)={0, if r>p(x).

Letn/n+98) < p < 1,1 < q < 00. A locally integrable
function f is said to be in the Campanato type space A*

if 1/p-14'
1
/ !
— 1-1/p q dx >
I, = s {IBI (J - FBVIT g }
< 00.
)
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All spaces Al/p 1

norms and will be simply denoted by A 1p-1 (cf. [7]). Due to
(4) and (5), for every t > 0,

, are mutually coincident with equivalent

—-d/2p
1/p-1

(cf. [7, Lemma 1]). Thus the semigroup maximal function Mf
is well defined for distributions in (AL1 / P_l)*. We define the

Hardy space, Hf, nf/(n+68) < p<1,by

HE ={fe(af,.) M ferr}, (1)

and set | £l = IM" £l

Similar to the classical case, the Hardy space HY admits
an atomic decomposition. Letn/(n+8) < p<1<g<o0o,p #
g. A function a is called an H*?-atom associated with a ball
B(x,, 1) if

(1) supp a < B(xy, 1),
() llalls < 1B(xg,r)[V47Y2,
(3)if r < p(x,),then [a(x)dx = 0.

Proposition 1 (see [7, Theorem 1]). Given p, q as above, then

f € HY ifand only if f can be written as f = 2 Ajaj, where

P4 4 P
a; are H} ™ -atoms and Zj I/\jl < 00. The sum converges in Hy

norm and also in (AI]/}H)* when p < 1. Moreover,

1/p
”f”Hf ~ "f”Hf'q’“ = inf { (Z'MF) } > (12)
]

where the infimum is taken over all decompositions of f into
H-atoms.

Now we state the main results in this paper.

Theorem 2. For any y € R, the imaginary power L7 is
bounded on HY forn/(n+0) < p < 1. When q, > n, the Riesz
transform VL™ is bounded on H? forn/(n +1n) < p < 1.
Moreover, VL™ is bounded on H| whenever q, > n/2.

Remark 3. When n/2 < g, < n, the kernel of Riesz transform
VL ™'/ only satisfies the Hormander condition with respect
to the second variable, which is weaker than the smoothness
condition of standard kernels. Thus we cannot expect, in
general consideration, to deal with the boundedness of
VL' for the case of p < 1.

In order to prove Theorem 2, we give the molecular
characterization of HY.

Letn/(n+8) < p<l<g<oo,p#qande>1/p-1
Seta=1-1/p+e b=1-1/q+e Afunction M € L7 is
called an H**-molecule with the center x;, if

(1) X M(x) € L%,
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1-a/b

) (M) = @b IMIEE - —xo ™M <1,

@) if IMI}™ < up(xy)", then [ M(x)dx =0,

where p, is the volume of the unit ball.

Theorem 4. Given p,q,e as above, then f € HY if and
only if f can be written as f = };A;M;, where M; are
Hf’q’e-molecules and Zj IAjlp < 00. The sum converges in Hf
norm and also in (ALI/P_I)* when p < 1, where M; are Hf-
molecules. Moreover,

1/p
£y ~ 1l = in {( zw) } L w®
J

where the infimum is taken over all decompositions of f into
Hf‘q’e-molecules.

Remark 5. 1t is easy to verify that any H?"?-atom is an H/**-
molecule with a constant factor less than or equal to 1. We
will see that the image of an H/-atom under the action of a
singular integral operator may not be an H?*“-molecule but
is a sum of two H?"**~molecules up to constant factors. This
is different from the classical case.

This paper is organized as follows. In Section 2, we collect
some useful facts and results about the potential V, the
auxiliary function p(x) and the kernels of operators L', and

VL™'/2, which will be used in the sequel. Most of these results
are already known. In Section 3, we prove Theorem 4. The
proof of Theorem 2 is given in the last two sections. The H? -
boundedness for p < 1 is proved in Section 4 while H; -
boundedness is proved in Section 5.

2. Preliminaries

First we list some known facts and results about the potential
V, the auxiliary function p(x), and the kernels of operators

L and VL V2,

Lemma 6. V(x)dx is a doubling measure; that is, there exists
a constant C, > 0 such that

J V(y)dyscof V(y)dy. (14)
B(x,2r) B(x,r)

Lemma 7. Consider

1

R\"072 1
V dy<C < — )
2 JB(x,r) (y) 4 r

Rn—2

j V(y)dy,
B(x,R)

0<r<R<o0.
(15)

Lemma 8. There exists my > 0 such that

1

WL( R)V(y)dysc<1+i) .36

p(x)

3
Lemma 9. There exists k, > 0 such that
_ —ko B Ko/ (ko+1)
1(1+|x yl) Sp(y)sc(Hlx yl) _
C p(x) p(x) p (x)
7)

In particular, p(y) ~ p(x) if |x — y| < Cp(x).

Let Ff(x, y) and Fy(x, y) be the kernels of L7 and
(-A)7, respectively, and RE(x, y) and R(x, y) the kernels of
-1/2 J1/2 . = _ L
VL an~d V(=A)""", respectively. Set F, (x, y) = F,(x, y) -
E,(x,y),R(x, y) = RY(x, ) - R(x, y).
Lemma 10. L is a Calderén-Zygmund operator. It does not

matter to assume that n/2 < q, < n. The kernel F)f(x, ¥)
satisfies

Ceﬂ|V|/2|h|5 x—y
|F)f(x,y+h) —F]Ij(x,y)| < |x—y|"+6 , |kl < | 5 I,
(18)
and, for any N > 0,
mlyl/2 —y\N
|- (x, )| < 26— ( N y') D)
|x - ] p(y)
In addition,
- Ce™2 [ |x - y| ®
'Fy (x, y)' < n( > . (20)
lx ="\ P(»)

Lemma 11. When n/2 < g, < n, VL™ is bounded on L¥ for
1 < p < py, where 1/p, = 1/qy — 1/n. The kernel R*(x, y)
satisfies, for any N > 0,

C V(z)dz 1
|RL(x,y)' < —N11—1<J — ot T )
|x -y B(xlx-yl/4) |z — x| |x =y

(B0

(21)
In addition,

IR (x, )|
< L
EESUi

(J V (2)dz 1 (lx—y|)8>
X ) + .
Blolx—yl/4) |z — X| lx =\ p(»)

(22)




Lemma 12. When q, > n, VL™ is a Calderén-Zygmund
operator. The kernel R (x, y) satisfies

1
IRE (x,y + 1) ~ R ()| < %
(23)
< 22
s
and, for any N > 0,
-N
R (1 BN e
|x = ] p()
In addition, for any §' < 1,
6,
IR ()| < —C n("“‘y') . 25)
lx ="\ P ()

For Lemmas 6-12, we refer readers to [1]. We also need
the following estimates about Fy(x, y) and R(x, y).

Lemma 13. Whenn/2 < q, <n,

~ ~ ce™2 (1 \°
|Fy(x,y+h)—Fy(x,y)'S <— ,

lx=y"\p(») (26)
I < U
S5
When q, > n, forany 8’ < 1,
_ c (i
Resy+m =R s =S L)
< |x -y
Proof. It is well known that
C |h|
|F], (x,y +h)~F, (x, y)| < —,
|x - ]
< 2
<
(28)
IR(x,y+h)-R(x,y)| < %
S5
Therefore, we also have the estimates
_ _ Ceﬂ|V|/2|h|5 x-y
|Fy(x,y+h)—Fy (x,y)' < W, || < %;
(29)
= = Clh|" x-y
|R(x,y+h)—R(X,y)|Sm, |h|§%
(30)
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We may assume that |x — y| < p(y). Otherwise, Lemma 13 is
obvious.

We will use the following known facts (cf. [1]). Let
I (x, y,7) and I'(x, y, T) denote, respectively, the fundamen-
tal solutions for the operators L + it and —A + it in R", where
7 € R. They satisfy the following estimates. For any k > 0 and
lhl < |x = yl/2,

C, 1
(1 + |T|1/2 |x _ yl)k |x _ yln—z’

(7)<

|FL (x,y+h1) =T (x, 3, T)'

Ci L (1

<
(1 + |T|1/2 |x _ }/l)k |x _ yln—2+6

Sy

(31)

when n/2 < g, < n. Set T(x, Y, T) = FL(x, y,7) = I'(x, y,7).
Then T(x, y, T) is expressed as

T(x,y1)=- JR»« [(x,21)V ()T (2 y,1)dz.  (32)

Thus,

|f (x,y+h71) —f(x,y,'r)|

< J IT (x,2,7)|V (2) |FL (z,y+h1)-T" (2,9, T)l dz
Rn

_ -k
< | (cnv@ (e )" fe- ) “dz)
1/2 k 1/2 k
< ((1+ 121" x=zl) (1+ 12" |z - y|)
n-2+8\"1
x |x - 2" 2|z =y 6)

J )+ J ()
lz—x|<|x=yl/2 lz=yl<lx=yl/2

+ J
lz=x|2|x=y/2,|z=y|2|x-y|/2

=L+ +1;.
(33)

Note that V € B
and B

qote

4, +e for some € > 0. Using Holder inequality
condition, it is easy to see that, for 0 < o < §,

V(y) C J
dy < V(y)dy. (34
JB(x,R) |x _ y|n—2+¢7 y Rn—2+¢7 B(x,R) (y) )’ ( )
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Note that p(x) ~ p(y) when |x — y| < p(y). Making use of
(34), we get

- Cilh° J V(z)dz
(R = o) - e e 2l
3 Cilhl® 1
< (1 R |T|1/2 |x 3 y|)k|x _ y|n72+6 |x _ yln—z
X J V(z)dz
|z—x|<|x—yl/2
<

C ( Ik )‘5
(112 = y]) e = o NP D)
(35)

where we have used Lemma 7 in the last inequality. Similarly,

V(z)dz

n-2+6

5
L T
(1+ 12 |x = y]) |x - ¥

Cylhl® 1
(1 + |T|1/2 Ix _ )’I)klx B yln—2+6 |x _ y|n—2

|zfy|<|x7y|/2 |Z — yl

<

X J- V(z)dz
|z=y|<lx-yl/2

S Ce ( | )‘S.
(1 12 e =) =y 2 AP O)
(36)
To estimate I, we write
8
e Gl
(1+ 121" |x - y])
k- \" V()dz
XJ 1+ ) m-4+o
|z=y|2lx-y1/2 ply |z -y
Culhl’ )

- (1 + |‘r|1/2 |x - y|)k

<J V(z)dz
x 2n—4+8
le-yl/2s|z-yl<p(y) |z - y]

+ p(y)* jl Viz)de ) :

Z-)’|ZP()/) |Z _ ylZn—4+6+k

Using Holder inequality and B, condition, we obtain
0

J‘ V(z)dz
|

x=yl/2s|e=y|<p(y) |z - y|2"_4+6

1/q,
< V(z)*d
= (J |z=y|<p(¥) @ Z)

1/ (38)
“ J dz
< |z-y|2lx-yi/2 |Z _y|(2n—4+6)q(',
C
ST %
e =y["p(y)
Using Lemma 6 and taking k sufficiently large, we get
k Viz)dz
Py) T
le=yl2p(») |z — y|
< Cp(y)4—2n—822—j(2n—4+8+k) J'  V(@@de
i |z==y[=27p(y)
426X j
< CP()’) —2n— ZZ—J(Zn—4+8+k)C(j)J V(Z) dz
=1 |z=y[<p(»)
2-n—08
< Cp(y)
C
Tk
[x=y"p()
(39)
Therefore,

|f(x,y+h,1) —f(x,y,r)|

< Gy ( i )5 (40)
(1 =) ey P D)

We also have
V.T(x,9,7) = —J VI (x%21)V ()T (2 y,1)dz, (41)
Rr

where V_I'(x, z, ) satisfies the estimate

W Gy s —— L
(142" |x = y]) x =l
If g, > n, by the same argument as (40), for any 8’ < 1,
|Vx1~“ (x,y +h1)-V.T(x, T)'
g Cy ( K| )8/ (43)
(i ) ey AP D)



By the functional calculus and making use of (40), we obtain

|ﬁy (x,y+h)- Fy (x, y)'

- o] iy e hn) T () dr

Ce/2 ( Ih| )5
P
x=y"\p()
This proves (26).
Similarly, it follows from (43) that

(44)

|1~Q(x,y+h)—1~€(x,y)|

J (—it)” 1/2(V T(x,y+h7t)- fo(x,y,r))dr

271
C ( Ih| )6
< —
lx=y"\p(»)
(45)
This proves (27). L]

3. Molecular Characterization

Essentially, the proof of Theorem 4 is the same as the usual
molecular theory.

Proof of Theorem 4. By Proposition 1, it is sufficient to prove
that for any HP*“-molecule M(x) admits an atomic decom-
position M = };Aa;, where a; are HP"-atoms and
2l P <C.

We will give the proof in case g = 2. The proof is similar
in the case of ¢ # 2. Suppose M(x) is an Hf’z’e—molecule
centered at x0 Leto = ||M||1/“ Y where ¢ > 1/p-1, a=

1-1/p+e, b=1/2+e.Ifo < ptlp(xo)”, we return the usual
molecular theory (cf. [8]). Thus nothing needs to be proved.
Suppose 0 > u; p(x)". Set

B = {x:|x— x| < 2% "0, k=0,1,2,...,
(46)
EOZBO’ Ek:Bk\Bk—l’ k:1,2,....
Then
M(x)= ) M(x) xp, (x) = Y M (x). (47)
k=0 k=0

Note that supp M, ¢ B, and 26" > p(x,), k =

0,1,2,.... Also we have
IMo|l,> < IMll2 = 0°F = |By|"*72, (48)
P = 2 e
< 2—(k—1)nb "M"a/ a-b)

(49)
_ 2—(k—1)nb oa—b

znb—kna lBkll/Z*I/P'
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Thus My(x) = Aai(x), k = 0,1,2,..., where a; are H-
atoms and Y- AP < C.

Originally, the sum in (47) converges pointwise. When
p = 1, it is easy to see that the sum in (47) converges in L. If

nf(n+68) < p<1, foranygeAl/p b

[(1+1x%) g

LZ

1/2 00
< (J Ig(x)|2dx> + 2270
|x|<p(0) k=1

1/2
x <J : l9 (x)lzdx> (50)
2k-1 p(0)<|x]<2* p(0)

<C Yot gl

1/p-1
=0 /p

<C gl

1/p- 1‘

Therefore,

(1+1x™) "

[Mgl < (1 +1x™) M|,

< 0o. (51)
LZ

It follows that the sum in (47) converges in (AL1 / P*l)*' The
proof of Theorem 4 is completed.

4. H-Boundedness

In this section, we prove the boundedness of L7 on Hf ,n/(n+
8) < p < 1. When g, > n, the boundedness of VL™/? on
H?, n/(n+n) < p <1, can be proved by the same method.
In fact, their kernels satisfy similar estimates.

Let a(x) be an Hf’q—atom associated with a ball B(x,, 1)
for some suitable q. If ¥ > p(x,), we will prove that L7a(x)
is an H*-molecule up to a constant factor. If r < p(x,),
La(x) may be notan H 1{) “+_molecule up to a constant factor
but (~A)"a(x)is (cf. [9]). We will prove that (L —(—=A)")a(x)
isan HP*-molecule up to a constant factor for some suitable
e. This means that |L7a(x)]| S C uniformly. Because

the semigroup maximal function M"f is subadditive, by
Proposition 1, L is bounded on HY, n/(n + 8) < p<L
First, let r > p(x,). Because

|L%a ()], < Clla ()l < C |B(xr)|"",  (52)

wheree > 1/p—1, a=1-1/p+e, b=1-1/q+¢€, wehave

l/a "5 1 px)". (53)

| 2 G
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Thus there needs no the cancelation condition. We only need
to estimate /(L' a). Write

<JW |x - x0|an'LiVa (x)'qu>l/q

. l/q
< (J |x - x0|an|Llya (x)|qu>
B(x0,21’) (54)
) l/q
+ (j | - xo|an|L”’a (x)|qu)
|x—x0|22r
=1, +1,.

It is obvious that

I < r"b"Li”a (x)”Lq <C|B (xo,r)|b 5

x [la ()0 < C |B(x0,7)|"-

For y € B(x,r),if p(y) > r,by Lemma 9, p(y) < C p(x,) <
Cr. Note that |[x — y| ~ |x — x| when x ¢ B(xy,2r),y €
B(x, ). Using Lemma 10, we get

_ nb
I, = |x - x0|
|x—xy|=2r B(xg,r)

< |FE (x y)a(y)'dy)qu>l/q

nb
<[, e0la(f e
B(xy,r) |x—x0 | >2r
q a
L
X 'Fy (x,y)' dx) (56)

N
= C JB(xO,r) |a (y)| " dy

N 1/q
X J |x - x0|(" N4 dx)
|x—x0|22r

<C rn—n/p+Nrnb—n/q'—N
< C |B(x.7)["*
and provide N > ne. Therefore,
'||x - x0|nbLiya (x)"Lq < C |B(xq,1)|" (57)
It follows that

. 1-a/b
||x - xolnbL'Va (x)"Lq <C.

(58)

N (Liya) = ‘u?_”"Liya (x)"z:b

Let us estimate

Next, suppose r < pxp).

(LY = (=A)")a(x)] ;4. Consider

(I,
(0 -comrote
+ (LY - (-8)") a (x)["dx "
2r§|x—x0|<2p(xo)

. . g 1/q
iy ANy
+ (J|xx0|>2p(x0) '(L (=A) )a(x)| dx)

=]1+]2+]3-

(LY - (-8)")a (x)|qu>1/q

(59)

Note that p(y) ~ p(x,), when y € B(x,,r) and by Lemma 10,
we have

Ji

B <L(x0,zr (JB(xo,r) 'ﬁ" (oy)a (y)' dy>qu>1/q

—_ l/q
<[ woN(] IR Gaax)
B(xg,r) B(xy,2r)

dx a

=

< CJ la ()] p(xo) <J — o > dy
B(xor) B(xo.2r) |x — y|

1/q
-8 _n-n/p J dx )
<Cp(xg) 1 —
plxo) ( B3 |x|"0

< Cplie) s
n(a—b)
< Cp(x,) .
(60)

Here we choose g such that 1 < g < n/(n - §) and n/q —
n/p+ 306 > 0 or, equivalently, 1 < g < np/(n — ps). When
2r < |x — x| < 2p(x,), using the cancelation condition of a
and Lemma 13, we obtain

(L7 = (=8)") a ()|

Jo  (Brs2) = Fy (o x0)a () dy

< CP(’CO)_(S (61)



It follows that

1
dx ) /a
nq
rslx—x0|<2p(x0) |X - XOI

o< ol

< Cp(xo)*5rn/q—n/p+6
< Cpliry)" ™.
(62)
When |x — x,| = 2p(x,), by (29), we have
(L7~ 8)) a )|
[ () -F ) a()dy
B(xg,r)
C J 5 (63)
S —05 la ()] [y = x| dy
|X _ x0|n+§ B(xo,r) 0
C rn—n/p+6
- |X _ x0|n+8 :
Then
1/q
]3 < CYﬂn/P+8<J %)
beesaf226(50) [ — g 70
. (64)
< Crn—n/p+8p(xo)—n/q =
< Cplix,)" ™.

We have seen that
i i 1/(a-b) 1 n
(L - o) a2 c p(x,)".  (65)
As above, there needs no the cancelation condition . To finish
the proof, we only need to prove 4 ((L" - (-A)?")a) < C or,
equivalently,
nb i i
l'|x - x| (L Y _(=A) y) a (x)"m <C p(xp)™.  (66)

Write

. . 1/q
([ bl ™ 17 - -0 aof'ex)
R
nbq | iy iy q V4
< <J |x—x0| |L - (-A) a(x)| dx)
B(x,2p(x¢))

. ) 1/q
+ (J |x - x0|"bq 'L’V—(—A)’ya (x)'qu>
|x—2x0122p(x,)

=H, + H,.
(67)
It is clear that

H, < Cp(xo)"|LY = (-8)"a (1), < Cplx)™.  (68)
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By (63),

1/q
H, < Crnn/P+§( J o |0 dx)

|x—x0|22p(x0)

s (69)
Crn—n/p+6p(x0)nb §-n/q

IA

IN

CP(XO)W’

where we have taken € such that 1/p — 1 < e < §/n, which
implies that (nb — n — §)q + n < 0. The proof is complete.

5. H,-Boundedness

In this section we prove the boundedness of VL% on H;
when n/2 < g, < n.

Let a(x) be an H i’q—atom associated with a ball B(x, 1)

for some suitable g. As the above section, if r > p(x,),
we will prove that vL Y 2a(x) is an H i’q‘e-molecule up to a
constant factor. If ¥ < p(x,), we will prove that (VL7V2 -
V(—A)_l/ Ha(x) is an Hi’q’e—molecule up to a constant factor
for some suitable €. In any case we have ||VL_1/2a(x)||Hf <C

uniformly.
Suppose r > p(x,). It follows from Lemma 11 that

[vL2a )|, < Cla@l, < C B, (70)

provide 1 < q < p,y, where 1/p, = 1/q,—1/n, a = € >
0, b = 1 - 1/q + €. Thus there needs no the cancelation
condition. Write

1/q
<J |x - x0|an|VL_l/2a (x)|qu>
R"

1/q
< (J |x - x0|an'VL_1/2a (x)'qu)
B(xp,2r)

(71)
b q Ha
+ (J |x - x0|" Uy 12 (x)| dx)
|x—x0|22r
=1, +1,.
It is obvious that

I, < r"b”VL_l/za (x)“m

(72)

|a

< C|B (x| la (@)l < C [B(xg0r)|"
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On the other hand, we have

nb
I < (I (J |x - x0|
|x—2xy|>2r B(x,1)

x[RE (x, )| [a ()| >qu)1/qdy

o |
,[B(xo,r) o ()] <J|x_x0|22r | — x| (73)

1/q
X |RL (x, y)|qu> dy

IN

JB(x ) G(y) la ()’)l dy.

Note that [x— y| ~ |x—x,| when |x—x,| > 2rand y € B(x,,r)
and by Lemma 11,

G(»)

< Cp(y

y <J (J‘ V (2)dz >q
|x=x0|>2r B(xlx-yl/4) |z — x|n*1

1/q
dx
N-nb+n-1)q

|x = x|

1/q9
dx
+ (N-nb+n) '
|x—x|=2r |x — x0| 1

Since p(y) < Cr for y € B(x,,r), it is clear that

1/q
I
|x—xo|22r IX _ xol(N—nb+n)q (75)

< Crtld < C |B (x0r)|"

)N

(74)

provide N > na. We have taken q such that 1 < g < p,,
where 1/p, =1/q, —1/n.Let1/q=1/s—1/n.Thens < q,,.
Using the theorem on fractional integrals, B, condition, and
Lemma 8, we obtain

P J <J s >q
emxo 220 \JBGxlx—yl/a) |2 — x|
dx a
X |x Cx |(N—nb+n—1)q
0

= 1
N
<
<Cr Z sz < 2+l (n+N-nb-1)q
=1 r<|x—x|< r |x — x0|

1/q

( J V(z)dz )‘1
. — dx
B(x|x-y/4) |z — x|

< Ciz_jN(zjr)_n+nb+l
< &

V@dz \1, \"
U B i ) )
Blx,2*'r) \JB(x,|x-y1/9) |2 — X]|

_Cooz_jN 2j —n+nb+1(J
<cSr)™ (|,

1/s
V(x)sdx>

X0,2/t1r)

< Ciz_jN(zjr)ianH'B(xo, 2j+1r)'1/s_1
=1

X J V (x)dx
B(x0,27"1r)

< Ciz_j(N_mn)(zjr)—n+nb+n/s—l
< 4

i )
-C 9~ i(N-my—na) na
<C |B (xo’ r)la
(76)

provide N sufficiently large. Thus G(y) < C |B(x,, 7). It
follows that

L < J G(y)la(y)|dy
B(xg,r)

(77)
< C|B(xp,7)|"llall s < C |B(xq,7)]|".
Therefore, |- —xol"bVL_l/zaIILq < C|B(xg 1) and
N(VL?a) < C.
12

In case r < p(x,), we need to prove that (VL™
V(—A)fl/z)a(x) is an Hi’q’e—molecule up to a constant fac-
tor for some suitable e. First we give the estimate of
I(VL™Y2 = V(=A)®)a(x)|l 4. Write

(I,

1/
< (J (VL2 - V(—A)_l/z)a(x)|qu> !
B(x,2p(x))

(VL2 - V(-0 ") a (x)|qu)l/q

1/
+ (J’ |(VL71/2 - V(—A)fl/z) a (x)|qu> ’
[x=x4122p(x0)

=]t/
(78)
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We have

1/q
e | wO([, L [RGfax) ay
B(xg,r) B(x4,2p(xy))

) JB(x ,r)é(y) |a ()| dy.

(79)

By Lemma 11,

~ C
G < _—
(y) <jB(X0,2P(X0)) |x - yl(n_l)q

q 1/q
{225 )4)
B(xlx-y/4) |z — x| (80)

dx a

-8

+Cp(y) J —— o
B(xg,2p(x,)) |x — y|

=G, (1) +Gy ().

Note that p(y) ~ p(x,) when y € B(x,, r). It is obvious that

~ -n/q n(a-b
G, (v) < Cp(x) - Cp(xy) @, (81)

provide 1 < g < n/(n — §). On the other hand, using the
theorem on fractional integrals and B, condition with s <
qo1/g=1/s—1/n,and 1 < q < n/(n - &), we get

G, (y) < y S —
1 (y) - Z szj+1p(x0) —j (n-1)q

=0 <lx=yI<27%p(x0) |x =y

(J \mmdz)q y”
. — dx
Blxlx-yI/4) |z — x|

00

Y (27p (x)) "

j=0

8 <J|x_y|<zj+2p(x0)

q 1/q
X <J L)cj_zl ) dx)
Bxlx-y1/4) |z — x|

(o]

3™ (]

j=0

IN

IN

1/s
V(x)® dx)

x—y|<277"3p(x)

(]

CZ(Z_jp (xo))72n+n/s+1 J

=0 |x=y]<27p(x,)

IN

V (x)dx

00

CZ (Z,JP (xo))—n+n/s—12,j5

=

Cp(x,)

IN

n(a— h)

IN

(82)
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where we have used Lemma 7 in the last second inequality.
Thus,

], < I G(y)|a(y)|dy < Cplx,)" ™. (83)
B(x(,,r)

Since |x—y| ~ |x—x,| when |x—x,| > 2p(x,) and y € B(x, 1),
[R(x, y)| < C/|x — y|", it is easy to see that

_ 1/q
J, < I Ia(y)IU IR(x,y)lqu> dy
B(xg,r) [x=x,|22p(x,)

1/q
dx

el won(f . —a) @

B(xoyr) |x-xo[220(x,) 2 = y[™ (84)

n(a—b)

< CJ la ()] p(xo)™ "y

B(xy,r)

n(a—b)

< Cp(x,) :

Therefore we have
|(ve 2 - v(-8)") a ()|, < Cp(x,)" ™. (85)

As above, there needs no the cancelation condition. Write

(J e - x0|an'(VL—1/z _ v(_A)—l/z) a (x)|qu>l/q
R

_ nbq
= (j-B(xU,Zp(xO)) |x xOl

1/q
x |(VL - v(-8)"")a (x)|qu>

nbq -1/2 q 14
+ x—x0| |VL a(x)| dx)

( |x Xo1=2p(x4)

+ |x - x0|"bq

2 q V4
( V(-4)""a (x)| dx)
[x— xo|>2P(Xo)

=H, +H, + H;.
(86)

It is obvious that

< Cp(o) | (VLT = v(=8)") a ()], < Cplxo)™.

(87)
We have

Hs | ja0)
B(x,r)

b
(] e = x| ™
[x—x0|22p(x)

/a (88)
X 'RL (x,y)|qu> dy

B JB(x ,r)GO (y) |a(y)| dy
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Since |x — y| ~ |x — x| and p(y) ~ p(x,) when |x — x| >
2p(x,) and y € B(x,, 1), by Lemma 11,

Go (y)

< Cp(xo

y <J <J V (z)dz >q
ey [220(x0) \JBGcix-y1/) |2 = x|"!

(89)
1/
dx !
N-nb+n-1)q

lx—x0|(

1/q
dx
+ (N-nb+n)
lx=xol22p(x0) |x — x| 1

Similar to G(y) in the proof of (77), we obtain Gy(y) <
Cp(xy)™ by the same argument. It follows that

)N

ms|  GlaO)dy=cplu). o0
B(xo,r)

Using the cancelation condition of a,

me | aO(] o
B(xo,1) lx=x0]>2p(x0)

1/q
x |R(x,y) - R(x, x0)|qu> dy

<c| a0
B(x¢,r)
_ qd 1/q
X (J 2 x((:llﬁ—l—fb) ) dy
lx=xol22p(x0) |x — x| a

< CJ la ()| p(x0) ™ dy

B(xg,r)
< Cp(x)™,

o1
where we have taken € such that 0 < € < 1/n. This proves that

|||x - xolnb (VL_U2 - V(—A)_l/z) a (x)l'Lq < Cp(x,)™. (92)

It follows that W/ ((VL™/? - V(—A)_l/z)a) < C. The proof is
completed.
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/2 e the fractional

Let L be the infinitesimal generator of an analytic semigroup on L*(R") with Gaussian kernel bounds, and let L~
integrals of L for 0 < & < n. Assume that b = (by,b,...,b,,) is a finite family of locally integrable functions; then the multilinear
commutators generated by b and L™/2 are defined by Li‘x/ 2f = [by....[b, [, L7*]],...] f. Assume that b; belongs to weighted

o2

BMO space, j = 1,2,...,m; the authors obtain the boundedness of LI; on weighted Morrey spaces. As a special case, when L = —A

is the Laplacian operator, the authors also obtain the boundedness of the multilinear fractional commutator I’ on weighted Morrey

spaces. The main results in this paper are substantial improvements and extensions of some known results.

1. Introduction and Main Results

Assume that L is a linear operator on L*(R"), which generates
an analytic semigroup e”** with a kernel p,(x, y) satisfying a
Gaussian upper bound; that is,

C —c(|x-y|*
b (o 9)| < e, )

forx, y € R"and all t > 0.

The property (1) is satisfied by a large amount of differen-
tial operators. One can see [1] for details and examples.

For 0 < & < n, the fractional integral L™*/* generated by
the operator L is defined by

- 1 - dt
L2 = j L ——(x). 2
fO=ram ) ¢ Wam®. @
Let b = (b,b ,..>b,) be a finite family of locally

integrable functions; then the multilinear commutators gen-
erated by L™*/? and b are defined by

R NN [N [ | R A (3)

wherem € Z*.
Note that if L = —A, which is Laplacian on R", then L2
is the classical fractional integral I :

f () dy @

n—o 4
x =yl

I'((n-a)/2) J
R

If (x) = 22T ()2)

while L;"/ ? is the iterated commutator generated byl; and I;:

L= (b b (BT ) £ (5)

wherem € Z™.

When m = 1, it is easy to see that L;‘/ 2f = b, L") f
is the commutator generated by L™/ and b, and when b, =
b=---=b, Li“/ ? is the higher commutator.

As we all know, if b € BMO, the commutator of

fractional integral operator [b, I,] is bounded from Lf(R")
to LY(R"), where 1 < p < mnfa and 1/q = 1/p -
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a/n (see [2]). In 2004, Duong and Yan [1] generalized the
above classical result and obtained the (L*, L7) boundedness
of the commutator [b, L] under the same conditions.
Simultaneously, the theory on multilinear integral operators
and multilinear commutators has attracted much attention
as a rapid developing field in harmonic analysis. Mo and
Lu [3] studied the (L?,L9) boundedness of the multilinear
commutators Li“/z, where b = (by,...,b,), bj € BMO, and
j=L2,...,m

On the other hand, Muckenhoupt and Wheeden [4] gave
some definitions of weighted bounded mean oscillation and
obtained some equivalent conditions for them.

Definition I (see [4]). Let1 < p < coand w belocally integral
in R” and let w > 0. A locally integrable function b is said to
bein BMOP(w) if

1

1/p
_hlP 1-p
Q) ,[le (x) bQ| w (x) dx>

1Bllmo, w) = SUP<
Q

<C,
(6)

where b, = (1/]Ql) IQ b(y)dy and the supremum is taken

over all balls Q € R".

We may note that other weighted definitions for the
bounded mean oscillation also have been given by Mucken-
houpt and Wheeden in [4].

Definition 2 (see [4]). Let w be locally integral in R” and w >
0. A locally integrable function b is said to be in BMO(w) if
the norm of BMO(w): || - satisfies

e

1
161l ., = sup

Q w(Q) jQ b (x) - bg,|w(x)dx<C, (7)

where by, = (1/w(Q)) jQ b(z)w(z)dz and the supremum is
taken over all balls Q € R".

The above two definitions cannot contain each other;
throughout this paper, we will make some investigations on
the basis of Definition 2.

Recently, Wang [5] obtained some estimates for the com-
mutator [b, I,] on weighted Morrey space (see Definitions
3 and 4), where b € BMO, (w). Furthermore, Wang and Si
[6] obtained the necessary and sufficient conditions for the
boundedness of [b, L™/?] on weighted Morrey spaces when
b € BMO, (w).

Motivated by [1, 3, 5, 6], it is natural to raise the following
question: how to establish corresponding boundedness of

the multilinear commutator Libo‘/ * f on the weighted Morrey
space, where b = (b, ..., b,,), b; € BMO(w)?

The question is not motivated only by a mere quest to
extend the multilinear commutator L>*/? f from the classical
commutator [b, I,] but rather by their natural appearance in
analysis (see [3]).

To state the main results, we now give some definitions
and notations.
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A weight is a locally integrable function on R" which
takes values in (0, 00) almost everywhere. For a weight w
and a measurable set E, we define w(E) = IE w(x)dx, the
Lebesgue measure of E, by |E| and the characteristic function
of E by xg. For a real number p, 1 < p < oo; p' is the
conjugate of p; that is, 1/p + 1/p’ = 1. The letter C denotes
a positive constant that may vary at each occurrence but is
independent of the essential variable.

Definition 3 (see [7]). Let1 < p < 00,0 <k < l;letwbea
weight; then weighted Morrey space is defined by

LP* (w) = {f € Lfoc (w) : ||f||LP”‘(w) < OO}’ (8)

where

B 1 » 1/p
IIfIILp,x(w)—sgp(—w(B)K Llf(x)l w(x)dx) O

and the supremum is taken over all balls B in R".

Definition 4 (see [7]). Let1 < p < 00,0 < k¥ < 1;letu, v be
weight; then two weights weighted Morrey space are defined

by
L (us V) = {f "f“LP”‘(u,v) < OO} > (10)
where

= : Pu(x)d " a1
et =500 (55 J, O )

and the supremum is taken over all balls Bin R”. If u = v,
then we denote LP*(u) for short.

Remark 5. 1) If w = 1,k = A/n,and 0 < A < n, then
LP*(w) = LPM(R™), the classical Morrey space.

(2) If k = 0, then L?°(w) = LP(w), the weighted Lebesgue
space; if w = 1, x = 0, then LP*(w) = LP(R"), the Lebesgue
space.

Definition 6 (see [8]). A weight function w is in the Muck-
enhoupt class A, with 1 < p < oo if for every ball Bin R",
there exists a positive constant C which is independent of B
such that

(% JB w(x) dx> <|%| JB w () YD dx)P_l <C. (12)

Whenp=1weA,,if
1 J w (x) dx < Cessinfw (x) (13)
|B| B - XEB ’

When p = co,w € A, if there exist positive constants § and
C such that given a ball B and E is a measurable subset of B,
then

w (E) 1B\’
oo =) 1
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Definition 7 (see [9]). A weight function w belongs to the
reverse Holder class RH,, if there exist two constants r > 1
and C > 0 such that the following reverse Holder inequality

1/r
<% JB w(x)" dx) < CE J w (x) dx, (15)

holds for every ball B in R”".

It is well known thatif w € A, with 1 < p < oo, then
there exists 7 > 1 such that w € RH,. It follows from Holder’s
inequality that w € RH, impliesw € RH, forall1 < s < r.
Moreover, if w € RH,, r > 1, then we have w € RH,,,
for some ¢ > 0. We thus write r,, = sup{r > 1 : w €
RH, } to denote the critical index of w for the reverse Holder
condition.

Definition 8. The Hardy-Littlewood maximal operator M is
defined by

Mf (x) = sup J |f ()| dy. (16)

Let w be a weight. The weighted maximal operator M,, is
defined by

M, f (x) = sup j |f (D) w(y)dy. 17)

(B)

For 0 < a < m,r 2 1, the fractional maximal operator M, , is
defined by

1 . 1/r
_ 18
Mo 0 =sup (o [0 ay)

And the fractional weighted maximal operator M, is
defined by

1/r
Moo f (x) = sup (W J If ) w(y) dy) :
(19)

If « = 0, we denote M, , for short.

Definition 9. A family of operators {A, : t > 0} is said to
be an “approximation to identity” if, for every t > 0, A,
is represented by the kernel a,(x, y), which is a measurable
function defined on R"” x R", in the following sense: for every
felP(RY),p=1,

AS@ =] a(nn) )y
I - lz (20)
|@uwnsmuwrwww<i7i),

for (x,y) € R" x R", t > 0. Here, g is a positive, bounded,
decreasing function satisfying

lim r***g (%) = 0, (21)

r— 00

for some € > 0.

Associated with an “approximation to identity” {A, : ¢t >
0}, Martell [10] introduced the sharp maximal function as
follows:

Mif ) =spo | |- A, f O] dn (2)

where t = 1}, rp is the radius of the ball B, and f € LP(R")
for some p > 1.

Notice that our analytic semigroup {e™~ : ¢ > 0} is an
“approximation to identity.” In particular, denote

—tL

M}f (x) = sup - J lf ) - f)|dy. (@3

Next, we make some conventions on notation. Given
any positive integer m, for all 0 < j < m, we denote by

C;” the family of all finite subsets 0 = {0},0,,...,0;} of
{1,2,...,m} of different elements, and, for any o € Cm let
"= {1,2,...,m}\ 0. Let b= (b, b,,...,b,); then, for any

0 ={0,05,...,0;} € C7', we denote b, = (b5, by, by,
ba(x) = Hajeabaj (x) and "ba"BMO(w) = Hojea”baj "BMO(w)’ and

7 m
"b”BMO(w) = Haje{l,z ,,,,, m} "baj "BMO(w) = Hj:l”bj"BMO(w)'
In this paper, our main results are stated as follows.

Theorem 10. Assume the condition (1) holds. Let 0 < « < n,
1<p<nlal/g=1/p-—a/n0 <k < plgwl? c A,
andr, > (1-«)/(p/q—«), wherer,, denotes the critical index
of w for the reverse Holder condition. If b; € BMO(w), j =
1,2,...,m, then

”L—oc/Z
b

Laxalp (il w) " “BMO (w) "f"U”‘(UD (24)
Theorem 11. Let0 < x < n, 1 < p < n/a, 1/q =1/p —a/n,

w?? € A, andr, > q/p, where r,, denotes the critical index
of w for the reverse Holder condition. If b; € BMO(w), j =
1,2,...,m, then

—a)2
L2

Lq(wq/p) " “BMO (w) ”f "LP(w . (25)

Moreover, if L = —A is the Laplacian, then

1y

" “BMO(w) "f"LP(w (26)

L4 (wq/P)

Remark 12. We note that our results extend some results in
[1, 3]. To be specific, if we takem = 1, w = l,andx = 0
in Theorem 10, it is easy to see that our conclusion is the
main result of Duong and Yan [1]. If we only take w = 1 and
x = 0 in Theorem 10, our result contains the corresponding
conclusion of [3].

The remaining part of this paper will be organized as
follows. In Section 2, we will give some known results and
prove some requisite lemmas. Section 3 is devoted to proving
the theorems of this paper.



2. Requisite Lemmas

In this section, we will prove some lemmas and state some
known results about weights and weighted Morrey space.

Lemma 13 (see [11]). Lets > 1,1 < p < oo, and A; = {w
w' € AL} Then

A%, = Ay p-1ys N RH,. (27)

In particular, A} = A, N RH,.

Lemma 14 (see [10]). Assume that the semigroup e has a
kernel p,(x, y) which satisfies the upper bound (1). Take A > 0,
f e L{)([R{”) (the set of functions in LY(R") with bounded
support) and a ball By such that there exists x, € B, with
Mf(x,) < A Then, foreveryw € A, 0 < n < 1, we can
findy > 0 (independent of A, By, f, x,) and constants C,+ > 0
(which only depend on w) such that

w({x € By : Mf (x) > AL, M! f (x) < y)t}) <Cn'w(By),
(28)

where A > 1 is a fixed constant which depends only on n.

As a result, using the above good-A inequality together
with the standard arguments, we have the following estimates:

For every f € LP"(u,v),1 < p < 00,0 < x < 1;if
u,v € Ay, then

1Al oy < IMF [l oy < "M{f " sy (29)

In particular, when u = v = w, w € A, we have

1A oy < IS oy < ”M}{f “Lp,x(w)' (30)

Lemma 15 (Kolmogorov’s inequality; see [9, page 455]). Let
0 <r <l <oo,for f=0;define|fllo = sup,tl{x €

R™: [ £ ()| > 1M N, () = supg (L fxgl, /lxgll), and 1/h =
1/r = 1/I; then

1/r
o <N ()< (1) Wl O

r

Lemmale6 (see [4]). Letw € A . Then the norm of BMO(w):
- II...» is equivalent to the norm of BMO(R"): || - ||,; that is, if
b is a locally integmble function, then

161l = sup J [b(x) - bou|lw(x)dx<C (32

(Q)

is equivalent to
1
1o, sup al J b (x) - bg|dx < C. (33)
Lemmal7 (see [5]). LetO<a<n 1< p<n/al/qg=1/p-

a/n, and wi'P € Apif0<x < plgr,>Q1Q-x)/(p/qg-x),
then

[Mo. £
It also holds for I,.

L9/ P (WP ) <C "f ”LP*"(w) ’ (34)

Journal of Function Spaces

Lemma 18 (see [5]). Let 0 < a« < n, 1 < p < n/a, 1/q =
1/p—a/n and w?? € A;if0 < x < p/g1 < r < p,
ry > (1 —x)/(p/q — x), then

||Mr,wf||an<q/p(wq/p,w) <C "f"qu/P(wq/P,w) . (35)

Lemma 19 (see [5]). Let 0 < « < n, 1 < p < n/a, 1/q =
1/p—-a/n0<xk< p/qgandw e A,. Then, for 1 <r < p,

"Mvc,r,wf"m"q/?(w) <C "f"LP"(w : (36)

Remark 20. It is easy to see that Lemmas 17, 18, and 19 still
hold for x = 0.

Lemma?2l. Let0 < 0« <n, 1 < p <nfa,1/q=1/p—afn,
and w?? € A;if0 <« < p/g,r, > (1-x)/(p/q - «), then

1]

<C ||f||mrn(w) . (37)

La*alP (WP w)

Proof. Since semigroup e ‘" has a kernel p,(x, y) that satisfies
the upper bound (1), it is easy to see that, for x € R",
L’“/zf(x) < L(f)(x). From the boundedness of I, on
weighted Morrey space (see Lemma 17), we get

ey

La%alP (/P ) = ” f"L‘i"q/P(wq/P w) = <C ”f"LP"(w)
(38)
O

Remark 22. Since I, is of weak (1,n/(n — «)) type, from the
above proof, we can obtain that L2 is of weak (1, n/(n - «))
type.

Lemma 23 (see [1]). Assume the semigroup e 'L has a kernel
p:(x, ¥) which satisfies the upper bound (1). Then, for 0 < a <

n, the differential operator L o2 _ gtlp el
kernel K, ,(x, y) which satisfies

has an associated

t
|x - y[*

wt (%9) (39)

Ix y["

Lemma 24. Assume the semigroup e'" has a kernel p,(x, y)
which satisfies the upper bound (1), b € BMO(w), andw € A,.

Then, for f € LP(R"), p > 1,0 € C7 (j = 1,2,...,m), 1 <
T < 00, and
1 .
sup-e [ [ (6 b), ) ()] dy
x€B |B| (40)

< C"b "BMO T’Wf (),

where tg = r]23 and rg is the radius of B.
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Proof. Forany f € L¥(R"), x € B, we have

5 | e @-v),

i )y )
S_
|B| Jp Jrr

= é JB JZB |pt5 (y,z)| |(b (2) - bB)g‘ f(Z)| dz dy

) (»)|dy

iy (52| (b(2) — by), f (2)] dz dy

(41)
D e
Bl Jp & Joripraip
x|(b(z) - by), f (2)|dzdy
=1+1I.
Noticing that y € B, z € 2B, from (1), we get
b, (3,2)| < Ct5"* < CP2BI ™. (42)
Thus,
I's ij (@) =), | f (2)] d=
[2B| )2 o
(43)

_C J I
|2B| ZBajea

For simplicity, we only consider the case of j = 2. We also
want to point out that although we state our results on the case
of j = 2, all results are valid on the multilinear case (j > 2)
without any essential difference and difficulty in the proof. So
it follows that

< o [ 0= Gl )~ )
% (|6, @ - (b, )23|+|(baz)23—(ba2)3|)|f (2)] dz
<oz |, Jon @)-
+§ﬂ|bww%um%u
oo | (8) = (),

|§3| J |(b"1)23 B (b‘ﬁ)B' '(bdz)zs B (baz)3| |f (2)|dz

=L +L+1;+1.

by, (2) = (bs,) | If (2)] dz.

J

’72 ZB'lf(z)ldz

- (b,,),|If @) dz

~(b,),5) 1f @) dz

(44)
We split I; as follows:

c
heon LB{ by (@)~ (b, )] *

b, @ = (8,5,
(8,)5 = (b0, )| 1 @] 2

(bal )2B,w B (bffl )23”

+

5
C
- ﬁ L ( )ZBw'
(8, ) 0| If @) d2
C
@ J ( )ZBw’
% (bUZ)ZB,w - (b02)23| |f (Z)l dz
C
@ JZB (bal )ZB,w h (b01 )23|
(br,) | 1f ()] d2
C
" @ «LB (bal)ZB,w B (b01)23|
% (bUZ)ZB,w - (b02)23| |f (2)|dz
=1+ Ly + 15+ 1y
(45)

We now consider the four terms, respectively. Choose
T, Ty, T, > lsatisfing 1/7, + 1/7, + 1/7+ 1/s = 1. According
to Holder’s inequality and w € A, we have

7 J
IL,=— b
11 |ZB| 2B ()

() = (B, | 0 @'

(b )s,

x w(z)l/T w(z) " dz

: %(JZB
(L

(J |f @) w(z)dz) T<LBw(z)_SH dZ)l/s

-r,wf (x) w (ZB)I—I/S w (x)—1+1/s |2B|1/s

w(2)'"™|f (2)|

’w'n w(2) dz)l/T1

b"l (Z) - (b01 )2]3

| w(2) dz)l/T2

IZBI

1-1/s
=C ||E(T“* M‘r,wf (X) <U)|§:;?) ) w (x)—1+1/s

<C|b,|, Mewf ().

(46)

In the above inequalities, we use the fact thatif w € A,
then w € A_,. Thus, the norm of BMO(w) is equivalent to
the norm of BMO(R") (see Lemma 16).

For I;,, we first estimate the term that contains (b,,),p.
In fact, it follows from the John-Nirenberg lemma that there
exist C; > 0 and C, > 0 such that, for any ball Band « > 0,

{z €2B:|b,, (2) - (b,,),,| > o}| < C, 12BN,

(47)
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since b € BMO(R"). Using the definition of A ., we get

ol > d)

w ({Z €2B: 'b02 (z) - (b(,z)2

(48)
< Cw (ZB) e*szcB/\Ibgz Il ,
for some § > 0. We can see that (48) yields
J | w(z)dz
2B
- J “w({z €2B: b, (2) - (b,),,] > of ) da
0 (49)

< Cw(2B) JOO o200/, . 1
0
- cu@)|b]..

Thus,

(bffz)zs,w - (baz )23|

b, (2) - (b02)23| w(z)dz (50

1
= w (2B) LB

wepp|. -

O || %

(23)

On the basis of (50), we now estimate I;,. For the above 7,
select u, v such that 1/u+ 1/v+ 1/7 = 1; by virtue of Holder’s
inequality and w € A, we have

1
o). g L o 9 G

1
0y *@J ( >2Bw|

xw (@) |f (@) w @) w @) dz

5
T2l |ZB| 2B

% (LB |f @] w(z) dz)l/T (LB w(@! dZ)l/V

=Cle..

I, <

(2) = (B, )| f )] d2

b, (2) - (b )ZB’w|u w (2) d2>1/u

wa (x) @w (2B)1/u+1/‘r w (x)—1+l/v |ZB|1/V

w (2B) )

—1+1/v
X
25| w (x)

=l Mot (0 (S5

=C[], Mewf G-

(51)

Analogous to the estimate of I;,, we also have I;; <
Clib, Il M, f (x).

Journal of Function Spaces

As for I,,, taking advantage of Holder’s inequality and
(50), we get

1
Iy < o *ﬁj |f (2)| d=
_ |ZBII If @) w @ w @) dz
<clpl. 55 (], r@r wedz)

(fy e )

N 1 I <
=C|g,], ﬁwa (x)w (2B w(x)/" 2B
w (23)) (x)l/‘r'—l
12B]

= CJt]. Mot 0

<C|b,|, Mewf ().

(52)

Collecting the estimates of I, I, I;5, and I, it is easy to see
that

I <C,|, M, f (). (53)

For term I,, using the fact that |b,; — bg| < CJ|b|, (see
[12]), we now get

C
“ *@LB(

b"l (Z) - (bal)zB,w|

+|(80,), 5 = (B0),])
x |f (2)] dz
Clb (54)
- |2;32| * LB by, (2) - (b sz’ |f (2)] dz
C|2b;32| * LB (b"l )ZB,w - (bal )23| |f(Z)|dZ
=1, + L,

By some estimates similar to those used in the estimate for
I,,, we conclude that

Ly <C|b,||, My f (x). (55)

For I,,, using the same method as in dealing with I, we get

Ly < Cllb, ||, My f (). (56)
Therefore,

L < Clb|, Mrwf (). (57)
Analogously,

I; < Cllb |, Moo f (). (58)
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An argument similar to that used in the estimate for I, , leads
to

L < Clb,, Mef 0). (59)
Hence,

I<L+L+I;+1,

(60)
<Clb,|, My f (x).

Next, we will consider the second term IT in (41). For any
y € B,z € 2K"'B\ 2¥B, it is easy to get that |y — z| = 257,
and

~C22 5 (k1)

e
'PtB 2 z)| < CW. (61)

-C22 5 (ke )n

W L,MB |(b(2) - bg),| | f (2)] dz

e—czz“"“ Skt Dn

W
Lk“B | ()~ '

For simplicity, we also consider the case of j = 2.
o C2 T Skt )n
IT'< CZ 2k+lB|

<[ (@ (),
#1050 ~ (5,)])

< ([, @ = (8,) g
#1(80) 0~ (B),]) 1 @)] 2

—cz2 (k=1) (k+1)n

(8,),]1f @)=
(62)

—CZ

a2

% J2k+1B |b"1 (2) - (b‘fl )2k+13

x |65, @) = (bs,) o

_r2(k=1)
00 ,~C2* V5 (kt)n
+CZ
k=1

X JZ"“B |(b‘71)2k+13 - (bal)B'

x [b,, (2) - (b

0, )2k+lB

|f (2)| dz

|2k+lB|

|f (2)]dz

7
00 e—c22<""’2(k+1)n
+ C}; |2k+lB|
J2k+1B | (@) - 2’”13
x|(8s,) o~ (baz)Bl |f (2) dz
o) e—CZZ(’H)Z(kH)n
+ C;; |2k+lB|
x LMB |(b‘71)2k+13 B (b”1)3|
X |(b(72)2k+1B - (bUZ)B| |f (Z)l dz
=11, + 1L, + IT, + 11,
(63)
For II,, similar to the estimate of I}, we have
- o 2(k-1)
I, <C ||bg||* M, f (x) Ze_cz ke n
k=1 (64)
< Cb, |, Mo f ().

Noticing that we could use similar methods of the estimates of
L, I, and I, in the estimates of II,, II;, and II,, respectively.

From this together with the fact that |b,ing — bg| < 2"(j +
Dbl (see [12]), it is easy to get
IL, + 1L, + 11, < C|B, |, My, f (x). (65)
Therefore,
11 < Cllb, Il M, f (x). (66)

According to the estimates of I and II, the lemma has been
proved. O

Now, we will establish a lemma which plays an important
role in the proof of Theorem 10.

Lemma 25. Let0 < o« < n, w € Ay, and b € BMO(w); then,
forallr > 1,7 > 1, and x € R", we have

M} (L F) ()
< C{[p], My (17F) 0
YN AR w (L)@ @)
j= IJEC'"

+ Bl w " Mo f ()

(8], Moy f 0}

Proof. For any given x € R”, take a ball B = B(x,, ) which
contains x. For f € LF(R"), let f; = fyop f>» = f — f1-
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Denote the kernel of L™ by K (x, y), A=OApAy. s A 1

where A; € R", j = 1,2,...,m. Then L>** f can be written IB| Js
b

in the following form:

—rx/Zf ()/) + ﬁ JB et <ﬁ (bj - (bj)B) o > (y)

v2(F6 -6, )0

J g(b () bj (Z))K(x (y,2) f (2)dz + % JB ril Z C]-’meftBL<(b—bB)0 Li:/2f> (y)|dy
= 5 bj —/\j - bj(z)—)tj K,(y,2) f(2)dz il o [

JRH(( (»)-2;)-( ) Ka(3:2) f +ﬁL s < o (u( ~(v),) 1>>(y) dy
Y () -, .

5.5 WﬁLLW<[ymwmgﬁ>m

x J b@) - Ny K, (3,2) f (2) dz.
.

@ o Gl (| CRORINE

Now expanding (b(z) — 1), as

6@ -y = (E@-bO)+EM-V),. (@ o

and combining (68) with (69), it is easy to see that . .
We now estimate the above seven terms, respectively. We take

m = 2 as an example; the estimate for the case m > 2 is the

et ( ;‘/ °f ) () same. For the first term G,, we split it as follows:
m 1 -
= et <H (b - A ) _a/2f> () G, = ﬁ JB |b1 (y) - (bl)B,waz (v) - (bz)B,w”L /zf (;V)| dy
m _ -al2
55 e (- ) ) b | 1 0) = ) [(B)g - @5 ()] dy
j=loeCy (70)

gt o 100 = @l ) = @) 1 F ()]

+ (= -af2 &
e < (Q( )>>“) o 10~ @)~ @5 )]
+(=1)" et <L—oc/2 ( (b 1 )f >> ). =Gy + Gy + Gy + Gy

where ¢ = r; and ry, is the radius of ball B.
Take A; = (b)p, j = 1,2,...,m, and denote BB =
((By)p> (By)ps - -» (b,)p); then

.

:]§

1 (72)

Choose 1,,1,,7,g > 1 such that 1/r; + 1/r, + 1/r + 1/g = 1.
Noticing that w € A, by Holder’s inequality and the similar
estimate of I;, we have

5 5 0) = (15 ) 0] Gy < Cp], M0 (L72) ). 73)
|B| Jgl b

For G,, take 7y,...,7;,7,7 > 1 that satisfy 1/7; + -+ +
1/7; + 1/7 + 1/v = 1; then following Holder’s inequality and

dy the same idea as that of G, yields

1000 - (5),) " ()

m—1
dy G,<C) ) C;

j=1 G'EC;."

Y. Cin (00 =), 151 ) Mo (L)@ o
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To estimate Gj;, applying Lemma 15 (Kolmogorov’s ineq-

uality), weak (1,n/(n — «)) boundedness of L2 (see
Remark 22), and Holder’s inequality, we have
1 — m
Ga = ﬁ J-B L <H(bf - (bj)B)f1> (y)|dy
=1
S [ T - (1)) 5 (75)
|B| i=1 L/ (n—a),00

[1(50)-(5),) F )]

j=1

5 J
< —
|B|"%" )ap

We consider the case of m = 2, for example, and we split G5
as follows:

s e [ 08 0) = @)l #1015~ (1))
< (10 () - (8:)
#1025~ 0 f ()]
< lB% [ 100 = @)aal 18 0) = ()sal 17 )]y
o oy 11 )~ @)l (03]~ @)1 )]
+ |B|1(j(x/n LB |(b1)ZB - (bl)BI lbz () - (bZ)ZBl |f ()’)| dy
i M COR (O S RTAETEY
= Gj + Gsy + G5 + Gy
(76)

Take r,,1,, 7,9 > 1 such that 1/r; + 1/r, + 1/r + 1/q = 1;
by virtue of Hélder’s inequality and the same manner as that
used in dealing with I, I,, I; in Lemma 24, we get

Gy + Gy + Gyy < C ]|, My, 0 f (). (77)
For Gs,,
Gy < Clb], “Bl%/n LB |f (n)]dy o8
< C|p|, My f ).
Therefore,
Gy < C ]|, My f )+ C|B|, Moi f (). (79)

By Lemma 24, we have

o= Moo

m—1 R
G;<C) ch,m| 3

j=1 oeC;.”

a/zf) (x)
(80)

Mo (L F) ).

9
Next, we consider the term Gg:
o= 151 Jo| oo P 042
6 = Bl Js [R"ptB Y
8 <L_a/2 <H(bf - (b),) f1>> (z)dz|d
=
1
= 1Bl JB J;B 'ptB o Z)|
x |L a/2<l‘!(bj—(b]) ) f >(z) dz dy
=
= |_1| J J 'PtB (y,z)|
B Jrm\2B
x L (H(bj - (bj)B) f1> (2)|dzdy
j=
= Gg; + Gy
(81)
For Gg,, since y € B,z € 2B, and |p, (y,2)| < CJ2B|™, it
follows that
c 7oc/2 e
= 12B| J (H( - (b;),) f >(z) dz. (82)

Analogous to the estimate of G5, we have

Gt < C[b], My f () + C |||, My f (). (83)

For Gg,, note that y € B, z € 2°"'B\ 2*B, and lpe, (1, 2)| <

20k
C(e™@®" 2ktDn 2K+ By Hence, the estimate of G, runs as
that of G, yields that

G =C[p],

My, of )+ C|B|, Moy f (). (84)

For the last term G, applying Lemma 23, we have

1 —a/2
Gs—j L2
’ IBIB(

e—tBLL—a/Z)

[1(50-(6),) f @

dzdy
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00 tB
- CZ n—o+2
k=12

k+1B\2kB |x0 _ Zl

x|[1(b; @) - (1)) f (2| dz
j=1
00 2—2k m
<C —J b. (z) - (2)| dz.
I; |2kB|1*0¢/ﬂ Jk+ip E( |f |
(85)
The same manner as that of G5 gives us that
G, < CY 27 (|B], Mayiof () + B, Mo £ ()
k=1

=C "-6"* (Mot,r,wf (x) + M,x,lf (x)) .

According to the above estimates, we have completed the
proof of Lemma 25. 0

3. Proof of Theorems

At first, we give the proof of Theorem 10.

Proof. It follows from Lemmas 13, 14, 25, and 17-21 that

—«/2
|5 s

La%alP (WP w)

s

LaxalP (walP w)

<t

LaKa/P (14! P )

< C{[p]. [ 1)]

53 Z Cim [

j=loeC?”

La%alP (WP w)

Mu(L;" )

La*a/P (4P w)

-

+ Bl e

wrw(f) || Laalp (wal? ) (87)

b * “Ma,l(f)"Lq,Kq/p(wq/p,w)}

<Clel, |11

+ZZC

j=loeC?

La%al P (wilP w)

oc/2
b

Lq,xq/P (w?,w)

I P

% “Moc,r,wf“L%Kq/P(w)

“3 3ol o

La*a/P (wi/ P w)
ey’
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Then, we can make use of an induction on o € {1,2,...,m}
to get that

iz
b

Ao (88)

La%alp (ya/p w) '
This completes the proof of Theorem 10. O

Now, we are in the position of proving Theorem 11. If we
take k = 0 in Theorem 10, we will immediately get our desired
results.
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With the aid of computer algebra system Mathematica 8.0 and by the integral factor method, for a family of generalized nilpotent
systems, we first compute the first several quasi-Lyapunov constants, by vanishing them and rigorous proof, and then we get
sufficient and necessary conditions under which the systems admit analytic centers at the origin. In addition, we present that
seven amplitude limit cycles can be created from the origin. As an example, we give a concrete system with seven limit cycles via
parameter perturbations to illustrate our conclusion. An interesting phenomenon is that the exponent parameter #n controls the
singular point type of the studied system. The main results generalize and improve the previously known results in Pan.

1. Introduction

A famous problem for the plane analytic systems of differ-
ential equations is under what conditions the local phase
portrait at a critical point p is topologically equivalent to
the local phase portrait of the linear part of the system at p.
This problem has been solved by Poincaré and Bendixson for
hyperbolic critical points and for elementary critical points,
that is, for points having zero determinant and nonzero trace
linear part. Another problem is to characterize the local phase
portrait at an isolated critical point p.

When the matrix of the linear part at the origin is not
identically null but has its eigenvalues which are equal to zero,
at this moment, the origin is a nilpotent critical point. An
analytic system having an isolated nilpotent singularity at the
origin, in some suitable coordinates, can be written as follows:

dx < i
Sy Y ay =y X(xy),
i+j=2

p - ey
) _ ij_
i Zbijxy]—Y(x,y).

i+j=2

Suppose that the function y = y(x) satisfies X(x, y) = 0,
y(0) = 0. Amelkin et al. proved (see, for instance, [1]) that
the origin of system (1) is a monodromic critical point (i.e., a
center or a focus) if and only if

Y (x%y(x)=ax"+0 (xZ'H), a <0,

me+wmw]
Y

= ﬁx"fl +0 (x"il), (2)

ax ax =y(x)

ﬁz + 4na < 0,

where n is a positive integer. Andreev [2] shows what the
behavior of the solutions in a neighborhood of the nilpotent
critical point is, except if it is a center or a focus (nilpotent
center problem). This last result can not distinguish between
a focus and a center. Takens [3] and Bogdanov [4] find
easy formal normal forms for the nilpotent critical points.
Moussu [5] has found the C*® normal form for a nilpotent
center and asks if there exists an analytic normal form for
the nilpotent centers. Takens [3] proves that for any analytic
nilpotent center there exists an analytic change of variables
such that the new system can be written as a system of the
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form (1) and it is a time-reversible nilpotent center. However,
the aforementioned result is difficult to implement because,
in general, in order to decide if an analytic system has a
nilpotent center, we must know explicitly the analytic change
of variables which writes system (1) in the Berthier-Moussu
normal form. Writing systems in a convenient normal form,
Teixeira and Yang [6] study the relationship between time-
reversibility and the center-focus problem for elementary sin-
gular points and nilpotent singular points. Giné [7] develops
a method which provides necessary conditions for obtaining
a local analytic integral in a neighborhood of a generalized
nilpotent singular point. Garcia and Giné [8] give a necessary
condition to have local analytic integrability in an analytic
nilpotent center. Giacomini et al. [9] studied the centers of
planar analytic vector fields which are a limit of linear-type
centers.

In this paper, we consider the system of differential
equations in the plane whose origin is a generalized nilpotent
singular point

d _ -

d_’; =y 4y (asx’ + ay Py + apxy™ + agy™)),
dy 3 2n 2n 3n
o =27 + by +bypxy” + by

(3)

The origin of system (3) is a third-order nilpotent singular
point when n = 1, while it is a total degenerate singular point
whenn > 1.

In Section 2, we give some preliminary knowledge con-
cerning the nilpotent critical point. In Section 3, we transform
the origin into a third-order nilpotent singular point by a
homeomorphism. Then, we compute the first several quasi-
Lyapunov constants and derive the sufficient and necessary
conditions for the origin to be an analytic center. In the last
section, we prove that there exist seven small amplitude limit
cycles in the neighborhood of the origin.

2. Computation of Quasi-Lyapunov Constants
and Determination of Analytic Centers

In this section, we first introduce some definitions, notations,
and symbols in order to make the paper compact and clear,
followed by an algorithm to obtain the necessary conditions
for the third-order nilpotent critical point of system (1) to be
an analytic center, and then we present several methods to
prove the sufficiency. More details are due to [10, 11].

If the origin of system (1) is a high-order critical point, it
is called a (2n — 1)th-order critical point when (2) is satisfied,
and it could be broken into 2n — 1 elementary critical points
in the neighborhood of the origin in the complex plane. It
is easy to show that the origin of system (1) is a third-order
monodromic critical point if and only if b,; = 0 and (2a,, —
b,,)* + 8bs, < 0.

Without loss of generality, we assume that

Gy = by =0, by, = 24, by =-2. (4
Otherwise, by letting (2a,, — b;;)* + 8by, = —16A%, 2a,, +
b, = 4Au, and taking the transformation & = Ax,
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n=Ay+(1/4)Q2ay — bn))txz, we obtain the desired form.
Under (4), system (1) becomes the following real autonomous
planar system:

dx _ 2 ij_
P Al i+2%:3aijx Y =X(xy),
(5)

dy 3 x .
—= = =2x7 + 2uxy + Z bix'y’ =Y (x,y).

dt i+2j=4

In the following, we are going to classify the third-order
nilpotent critical point.

Theorem 1. For system (5), there exists a series with nonzero
convergence radius:

u(x,y)=x+ z a['xﬁx“yﬁ,

a+f=2

vy =y+ Y bgx™y by=-u  (6)

a+B=2

o0
(o) =1+ ) cpxyP,

at+p=1
such that, by the transformation

u=u(xy), v=v(xy), dt ={(x,y)dr, (7)

system (5) is reduced to the following Liénard equation:

du o0 [ee] o0
— =v+ ZAku4k + ZBku4k+2 + ZCkquH =Uw,v),
dr k=1 k=0 k=1
d
d_v = —2(1 +‘1,42)u3 =V (u,v),
T
(8)

where B, = 2u. In addition, the origin of system (5) is a center
if and only if C, = 0 for all k.

The following two definitions are taken from [10].

Definition 2. (1) If u # 0, then the origin of system (5) is called
a third-order nilpotent critical point of zero-class.

(2) If u = 0 and there exists a positive integer s, such that
By = B, = --- = B,_; = 0, but B; # 0, then the origin of
system (5) is called a third-order nilpotent critical point of
s-class.

(3) If u = 0 and B, = 0 for all positive integer s, then the
origin of system (5) is called a third-order nilpotent critical
point of co-class.

Definition 3. Let f, g, be continuous and bounded functions
with respect to p and a;;, by, k = 1,2,.... If, for any integer
m, there exist continuous and bounded functions of ¢ and all

b;: E§m), Egm), o ff:‘_)l, such that

T =G+ (B4 8 fyr o+ 8P ), )

aij,
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then we say that f,, and g,, are equivalent, denoted by f,, ~
G- If, for any integer m, we have f,, ~ g,,, we say that the
sequences of functions { f,,} and {g,,,} are equivalent, denoted

bY {fm} ~ {gm}

Remark 4. 1tis easy to see from Definition 3 that the following
conclusions hold.

(1) The equivalence relationship of two sequences of
functions is self-reciprocal, symmetric, and transmis-
sible.

(2) I, for some integer m, f,, ~ g,,, then when f, = f, =
oo = f,_; =0, wehave f,, = g,,.
(3) The relationship f, ~ g, implies that f; = g,.

The following three theorems were proved in [10].

Theorem 5. Ifthe origin of system (5) is s-class, then the origin
of system (5) is a center if and only if there is an inverse
integrating factor M**".

If the origin of system (5) is co-class, then the origin of
system (5) is a center if and only if for any natural number |
there exists an inverse integrating factor M"Y, where M is a
power series given by

[ee]
.
M=x"+y"+ Z Xy (10)
k+2j=5

Theorem 6. For any natural number s and a given number
sequence

{ap), B=3, (11)

terms with the coefficients ¢,z satisfying o # 0 of the formal
series (10) can be constructed successively such that

i( X >+2<L>—L§w X" (12)
Ox \ Mstl dy Mstl ) T M2 = m” >
that is,

0X oY oM oM <
— +— | M - D —X+—Y|= "
(ax + 8y> (s+ )< Ix + oy ) mgéwmx

(13)
where sy = 0.

Theorem 7. For &« > 1, a + f > 3 in (11) and (12), Cop 1S
uniquely determined by the recursive formula

1

“= i Da (Aa—l,ﬁ+1 + Boc—l,ﬁ+l)' (14)

Form > 1, w,,(s, u) is uniquely determined by the recursive
formula

W, = Ao+ B (15)

3
where
a+p-1
A“ﬂ = Z [k — (S + 1) ((X -k + 1)] akjca—k+1,[;—j’
k+j=2
(16)
at+p-1
By = kzz [ =G+ 1) (B=j+ D] bjCaipjr-
+j=

In (15), one sets
o = €10 = ¢ = 0,
G =61 =0, 2 =1 (17)
=0, ifa<0orp<0.

It follows from Theorems 5-7 that if the origin of system
(5) is a center with s-class or co-class, then, by choosing {cyg},
such that

w, =0, k=6,7,.... (18)
The following conclusion holds (see Theorem 3.4 of [10]).
Theorem 8. If the origin of system (5) is co-class, then when

the origin of system (5) is a center, in a neighborhood of the
origin, system (5) has an analytic inverse integrating factor

My, =1+hot. (19)
and an analytic first integral given by
4,2, % k. j
F(x,y)=x"+y"+ Z Crix' y’. (20)
k+2j=5

According to [11], we have the following lemma.

Lemma 9. For system (5), if there exists a first integral which
is the power series (20) in the neighborhood of the origin, then
the origin of system (5) is a center.

By Theorem 1, if the origin of system (5) is a center,
there exist analytic transformations in the neighborhood of
the origin such that system (5) can be transformed into the
Liénard equations:

du < k = k
— =v+ ZAku4 + ZBku4 2,

dr k=1 k=0 1)
@=—2(1+ )u’, By=2
dT Au > 0 tu

The vector field defined in (21) is symmetrical with
respect to the v-axis. Further, by the transformation

2 dT’
w=u, v=u, dr = ——, (22)
2u

system (21) is reduced to

dw < 2k < 2k+1
+
% ==V - ZAkw - ZBkw 5

d
d—:, =(1+y2)w, B, =2u.



In the (w, v)-phase plane, the origin of system (23) is an
elementary critical point (focus or center). Obviously, we
have the following.

Lemma 10. If there exists a power series F = F(u,v) in u, v
satisfying

dF
- =0, 24
dr (21) ( )

then F can be written as a power series in u’, v; namely,
F(u,v) = GW?,v).

Then, we have the following theorem.

Theorem 11. The origin of system (5) is an analytic center if
and only if the origin of system (5) is a center and co-class;
namely, the origin of system (5) is a center and for any natural
number k, By, = 0.

Corollary 12. If u + 0, the origin of system (5) is not an
analytic center.

Theorem 13. The origin of system (5) is an analytic center if
and only if there exists an analytic first integral F(x, y) in the
neighborhood of the origin, which is the power series (23).

From Theorems 8 and 13, we further have the following.

Theorem 14. The origin of system (5) is an analytic center if
and only if in the neighborhood of the origin of system (5) there
exists an analytic inverse integrating factor

M,y=1+ Z C,:jxkyj. (25)
k+j=1
Similarly, by Theorems 5 and 11, we have the following.

Theorem 15. The origin of system (5) is an analytic center, if
and only if, for any natural number s, there exists an inverse
integrating factor M**', where M is the power series (10).

Moreover, Theorems 7 and 15 imply the following.

Theorem 16. The origin of system (5) is an analytic center, if
and only if, for any natural number s, there exists a power series
M satisfying w,,, = 0 in (12) for all m.

Therefore, a new method of determining analytic nilpo-
tent center for a given system has been obtained in Theo-
rem 16.

Theorem17. If the origin of system (5) is a nilpotent center and
system (5) is symmetric with respect to the origin, namely,

X (% -y)=-X (%),
Y (-x,-y)=-Y(xy),

then the origin of system (5) is an analytic center.

(26)
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Theorem 18. If system (5) is symmetric with respect to the x-
axis, then the origin of system (5) is an analytic center.

Remark 19. 1f system (5) is symmetric with respect to the y-
axis, then the origin of system (5) may not be an analytic
center. For example, system (21) is symmetric with respect to
the v-axis, but the origin is an analytic center if and only if
B, =0forall k.

Eventually, by Theorem 11, we have the following.

Theorem 20. The origin of system (5) is an analytic center if
and only if system (5) can be changed into

dV_ 3

du—v+§A u4k
= 7 7

—2u
dr &

(27)

by the analytic transformation (7).

3. Analytic Center Conditions

In this section we will derive conditions for the origin of
system (3) to be an analytic center.
After the change

g dt, = \ny" \dt,

1
=L n=my (28)

and renaming (xy, y;,t,) with (x, y,1), system (3) takes the
form

% =yt Wa30x3 + a5 x°y + nayxy® + nagy’,
. (29)
d—)t/ = —2X3 + nb02y2 + nblzxyz + 1’13/2b03y3-

According to Theorem 7, we have the following.

Lemma 21. Assume that s is a natural number. One can derive
a power series (10) for system (29) under which (12) is satisfied,
where

o =0, ¢ =0, 1 =0, o =0,

(30)

¢ =0, ¢ = 1.

In addition, for any natural numbers o, B, c,p is given by the
following recursive formula:

Caﬁ = (2 (1 + S) (2 + ﬁ) C—4+a,2+ﬁ

1
+—=a30 (3= (1+9) (-3+a)) 310148

Jn

iy (2= (145) (<24 @) €
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+ b1 (2= (1+5) B) Caap

+ap V(1= (1+5) (=14 &) ¢ 1yo14p
+by” (3 (1 +3) (-1 + B)) Colta-144
+ 001 (2= (1+5) B) Craap
—apn(l+s) occa,_2+ﬁ)

x((s+Da)’,
(31

and, for any natural number m, w,, is given by the following
recursive formula:

W, =2(1+8)C 31

1
+—=a3 (3= (=2+m) (1 +5))Cy,mo

\Vn
+bn(3+5)c

Fay (2= (14 m)(1+9)Cypmy (32)

+ by (3 2(1+9) 6y
+apVn(1—=m(1+5)¢, 5 +bpn(3+s)c,
—ag (L +m)n(1+s)cyy, s

Applying Lemma 21 and computing with Mathematica,
we have

4s -1

Wg = ———a
6 \/ﬁ 30°

2
wg ~ —§\/Z(4s -3)(ay, + 3nby;),

w; ~3(s+ 1)

(33)

Wq ~ —4n’* (s - 1) bo2bys-

From w, = 0, the analytic center problem of system (29)
can be broken down into three cases: (1) by, = 0, (2) by; = 0,
and (3) s = 1.

Case 1. Consider by, = 0.
In this case, further calculation gives the following.

Theorem 22. For system (29), the first three quasi-Lyapunov
constants at the origin are given by

1
_a 5
\/ﬁ 30

4 3
As ~ ;” / bos (ay +nbyy).

2
Ay = Ay ~ E\/ﬁ(“u + 3nby3) »

(34)

In the above expression of A, one has already let A; = A, =
ce=M, =0,k=2,3.

From Theorem 22, we obtain the following assertion.

Theorem 23. For system (29), all the quasi-Lyapunov con-
stants at the origin are zero if and only if the first three quasi-
Lyapunov constants at the origin are zero; that is, one of the
following two conditions holds:

a3p = ay, = by, = byz = 0; (35)

ay =by, =0, ay, + 3nby; =0, a,, +nby, = 0.

(36)

Relevantly, both conditions are the analytic center conditions of
the origin.

Proof. When condition (35) is satisfied, system (29) can be
brought to

dx

E = y(l +a21x2 + na03y2),
p (37)
d_)t/ =-x (Zx2 - nbnyz) ,

whose vector field is symmetric with respect to the origin.
When condition (36) is satisfied, system (29) can be
brought to

Z_’: =y (1 — by, = 30" by xy + ”“03)’2)’
. (38)
d_)t/ =-2x" + nblzxy2 + n3/2b03y3,

which is Hamiltonian and possesses the analytic first integral

1
F (x,y)= X+ y2 - nb12x2y2 - 2713/2190396)/3 + Ena03y4.

(39)
O
Case 2. Consider by; = 0.
In this case, A; = A, = 0 yields that
a3y = ayp = by = 0. (40)
Under this condition, system (29) becomes
dx
I = y(l + aﬂx2 + nao3y2) ,
p (41)
d—Jt/ = =2 + nbyyy* + nby,xy’,

whose vector field is symmetric with respect to axis x.
Thus, system (29) has an analytic center at the origin when
condition (40) is satisfied.

Obviously, condition (35) is a special case of condition
(40).

Case 3. Consder s = 1.
In this case, we have the following.



Proposition 24. For system (29), one can determine succes-
sively the terms of the formal series M(x, y) = x* + y* + o(r*),
such that

(25,0 a (D, 20)
ox Oy
(42)

7
= Z)Lm [(Zm -5 x40 (rls)] ,
m=1
where A, is the mth quasi-Lyapunov constant at the origin of
system (29), m = 1,2,...,7.
Further calculation gives the following.

Theorem 25. For system (29), the first seven quasi-Lyapunov
constants at the origin are given by

1
—as),
\/ﬁ 30

2
Ay ~ g\/ﬁ(alz + 3nby3) s

A=

4 3 2,2
Ay ~ =" bos (5(1/21 + 5nb, + 11n boz)>

Ay ~ =0l by (~1475by, + 744nb}, ),

7875
8
2202
2512846875

5

x (5895943754, + 3951958141k, ),

24 13122
4352606774140625 02703

As

x (~1131416865765625by, + 5298937017208021°b, ),

10573115332617676917216 5312, 10
38365073074138357421875 02703

7

(43)

In the above expression of Ay, we have already let A, = A, =
=M, =0,k=2,3,4,56,7.

Ani = 1,2,3,4,5,6,7, in expression (43) vanish if and
only if one of conditions (36) and (40) holds.
Therefore, we see from Cases 1-3 the following.

Corollary 26. The origin of system (29) ((3)) is an analytic
center if and only if condition (36) or (40) holds.

Actually, when condition (36) holds, system (3) goes over
to

Z—f =yt (1 — nbyyx” = 3nbyxy" + a03y2”) ,
J (44)
@y

i 25 + byxy™ + by,
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which is Hamiltonian and possesses the analytic first integral

1 1
E (x,y) = X'+ ;)’zn - blzxz)’ - 2b 3xy "t n a03y .
(45)

When condition (40) holds, system (3) goes over to

Z—f =yt (1 +a, X+ a03y2") ,
p (46)
d}t/ = =2x" + by y*" + byxy™,

whose vector field is symmetric with respect to axis x.

4. Multiple Bifurcation of Limit Cycles

In this section, we are going to establish the conditions for
0(0,0) to be at most a weak focus of order seven, and, more,
we will prove that the perturbed system of (29) can generate
seven limit cycles enclosing an elementary node at the origin.

Fromthefact A, = A, =A; =4, =A; =1, =0,1, # 0,
we obtain the following.

Theorem 27. For system (29), the origin is a weak focus of
order seven if and only if

azy = 0) ap = —31’lb03,
! 2 744,
ay = —g”(5b12 + llnboz), b, = 1475nb02,
_ 395195814 5, (47)
%3 = T 589504375 0
,  529893701720802 5 ¢
- n'by,  bypbys # 0.
037 1131416865765625 2 02%3

Consider the perturbed system of (29):

dx 1
i =6(x+y+ \/_a30(s)x +ay; (e)x y
+ Vnay, (¢) x)’z + nagy; (€) )’3’
(48)
dy _ 3 2 2
i 20 () y — 2x~ + nby,y” + nby, (€) xy

+ n3/2b03 (¢) y3.

In order to get seven limit cycles, we only need to show
that, when condition (47) holds, the Jacobian of the function
group (A, 1,5, A5, A4, A5, A4) with respect to the parameter
group (asg, i, dy;, by, A3, by3) does not equal zero. A direct
calculation gives that

a (Al)AZ: /\3, A4) /\5’ )‘6)

0 (as0 Az 8315 b1y, g3, bys ) (47)

 127789436073926783638623356338176 23 lgb 4 0.
145260521069842113268585205078125 03

(49)

The above discussions indicate the following.
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Theorem 28. If the origin of system (29) ((3)) is a weak focus
of order seven, for 0 < § < 1, making a small perturbation to
the coefficient group (asy, a5, ay;, by, dgs, bys), then, for system
(48), in a small neighborhood of the origin, there exist exactly
seven small amplitude limit cycles enclosing the origin O(0, 0),
which is an elementary node.

Example 29. Take

5(e) = &°, as, (e) = —e*,
9/58877077968978/20801689
a;, (&)= - v 375 / n?c sign (c)
—3ne’ + 830,
a,, (&) = —@nzcz —ne? -
2 1475 ’
b, ()= ——nc" +¢°,
12 (€) 1475
() = 39519814 5 4 o
o3 589594375 ’
bys (€)
3+/58877077968978/20801689 3/ 3 . 5
= 375 n' ¢’ sign (c) + €,

by, = csign(c),
(50)

where c is an arbitrary nonzero real constant.

Straightforward computations by using Theorem 25 give
the first seven quasi-Lyapunov constants at the origin of
system (48):

A= —Le42 + 0(642),

\n

Ay ~ %\/ﬁsw +0 (830) =0.4vne’ + o (830) ,

12+/58877077968978/20801689 5 5 . 20
- 21625 nc”sign(c) €

Ay ~

+o0 (820) ~ -0.391061n°¢c> sign (c) 4o (820) ,

4+/19625692656326/62405067 ¢ 5 . 12
~ 4375 nc’ sign(c) e

Ay

+0 (512) ~ 0.512725n°¢” sign (c) 2 +o (812) ,

8+/15955688129593038/76759 ¢ 5

Ae ~ n°c’ sign (c) &°
5 2839375 ign ()

+0 (86) ~ —1.28458n°C° sign (c) & +o (86) ,

25434897682598496 19/2 5 2 2
6~ n'ce" +o (s )
4352606774140625

= 5.84361’119/26882 +o0 (82) ,

7
A;
N _31719345997853030751648 \/58877077968978/20801689
282942413921770385986328125
xn'c" sign (c) + 0 (1) = —0.188604n"*c"? sign (c)
+o(1).
(51)

Then, for 0 < € < 1, system (48) has seven limit cycles I}, :
r = 7(0, h(e)) in a small neighborhood of the origin, where

h(e) = O(eF), k = 1,2,3,4,5,6,7.
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We prove the condition “c is neither 0 nor a negative integer” can be dropped on the boundedness of a class of integral operators

Su,b,c
the assumptionc =n+1+a+b.

1. Introduction

Let B, be the open unit ball in the complex space C". The
measure,

dv, = (1 - |z|2)tdv (z), ¢))

denotes the weighted Lebesgue measure on B, , where ¢ is real
parameter and v is the normalized Lebesgue measure on B,
such that v(B,) = 1. It is easy to know dv, is finite if and only
ift > —1. Suppose 1 < p < 005 to simplify the notation, we
write LY := LP(B,,v,) for the weighted L?-space under the
measure v, on B, and L? := L? for the usual L?-space under
the measure v.

Suppose a,b, ¢ are real numbers, and a class of integral
operators is defined by

(1-wP)’

L (1= (zw)[

Sunef @ = (1-1=P)" | Fwdv(w). @

The class of integral operators is introduced by Kures and
Zhu [1]. And it is closely related to “maximal Bergman
projection” and Berezin transform. In fact, the boundedness

on L? space, which improves the result by Krues and Zhu. Besides, the exact norm of S

on L? space is also obtained under

a,b,c

of Bergman projection on L? comes from the boundedness
of the operator

F(n+oc+1)J f(w)
B, |1 —¢

Pif(z) =

dv, (w),

nl(ax+1) z, w)|n+1+'x (3)

o> -1,

on Lﬁ; see [2]. Therefore, we can call P(ﬁ by “maximal
Bergman projection,” which is the particular case of S, .
Berezin transforms, whatever the case of the unit disk [3, page
141] or the case of unit ball ([4, page 76], [5, page 383]), are all
concluded in the form of S, ;, . with special a, b, c.

In [1], Krues and Zhu gave the sufficient and necessary
conditions of the boundedness of operator S, .
Theorem A (see [1]). Suppose c is neither 0 nor a negative
integer.

(1) The operator S, is bounded on LY (1 < p < oco) if
andonlyif—-pa<t+1< plb+1), c<n+1l+a+b

(2) The operator S, . is bounded on L} if and only if —a <
t+1<b+l,c=n+l+at+bor-a<t+1<b+1,c<
n+l+a+b.

The main purposes of this note contain two parts. One
part is to prove the condition “c is neither 0 nor a nega-
tive integer” in Theorem A can be removed; see Section 3.
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The other part is to give the accurate norm of the operator
SapeOn L? under the assumption ¢ = n+ 1 +a +b, which can
be seen from the following two theorems.

Theorem 1. Supposec =n+1+a+b. If1 < p < co and
—-pa<t+1<pb+1),then

nl(a+(t+1)/p)T(b+1-(t+1)/p)
I’(n+1+a+b)/2) '

“Sa,b,anf —Lf =

(4)

Else, we also give the sufficient and necessary conditions
of the operator S, . on L and the accurate norm under
¢ = n+1+a+b of this case, where L™ denotes the set of
all essentially bounded and measurable functions under the
measure v, on B,,.

Theorem 2. The operator S, . is bounded on L™ if and only
ifa>0,b>-l,andc=n+1+a+bora>0,b>-1,and
c<n+1+a+b. Moreover, whenc=n+1+a+b, we have

S _ nl'@TI(1+b) 5
Sosclio 1o = B v ar 072 ®

Notice S, ;. is the generalization of “maximal Bergman
projection” and Berezin transform which was first introduced
by Berezin [6]. The boundedness of Berezin transform of
f e L'(D) is a well-known fact; see [7, Proposition 2.2]. But
the norm of it was not calculated out until 2008 by Dostani¢;
see [8, Corollary 2]. Recently, the result by Dostani¢ has been
extended to several complex variables in [9, Theorem L1].
Thus, Theorems 1 and 2 promote the main results in [8, 9].
And they also imply the following corollary.

Corollary 3. Suppose 1 < p < 0o, « > —1, and the norm of
P! on L2 can be

|

Lh—Lh

CT((a+ 1) /p)T((a+1) = (a+1)/p)T(n+a+1)
B R2((n+1+a)/2)T(a+1)

(6)

which implies "P(EHLI; _, 12, §rows at most like(@+ 1) asa —
-1.

Next, we will see that the boundedness of an operator
called Berezin-type transform on L? can also be obtained
from our main results. The Berezin-type transform is defined

by

Brapt (2)
= Ck,zx,ﬁ
(1 _ |Z|2)n+a+ﬁ+k+1(1 3 |w|2)k
dv(w),
X J[B&n (1-{(z, w))n+¢x+k+1(1 —(w, Z))"+ﬂ+k+1 f (w)dv(w)
7)
where
Conp = ITn+ta+k+ )T (n+p+k+1) )

Tn+ DT (k+ DT (n+a+B+k+1)
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andn+a+f > 0n+a > 0n+p > 0,and k >
—1. The transform was introduced by Li and Liu [10] when
they discuss whether the mean-value property implies (e, 3)-
harmonicity for integrable functions on the unit ball in C".
Notice that

"%kﬂ,ﬁf (Z)' < Ck,oc,ﬁsa,b,c |f| (Z) (9)

witha =n+a+f+k+1,b=kandc=n+1+a+b.
And By o f(2) = CrauSapcf(2) as a = . Therefore, the
boundedness of Berezin-type transform %, , s on L? comes

from the boundedness of the operator S, ;. on L. Thus, we
have the following result, which extends Propositions 3.3 and
3.4 in [10] combining the fact of Lemma 2.4 in [10] therein.

Corollary 4. If1 < p < cosuch that —p(n+a+ B +k+1) <
t+1 < p(k + 1), then the Berezin-type By, g is bounded on

LY and

Tn+ta+k+ )T (n+B+k+1)
2n+1+(a+pB)/2+k)

>

(10)

<
90asly 1 = e

where

Atafp

 T(nta+Brk+1+(t+1)/p)T(k+1-(+1)/p)
- T(n+a+Pf+k+1)T(k+1)

(1)
Moreover, the Berezin-type transform is bounded on L™, and

ITn+a+k+ )T (n+B+k+1)
I2(n+1+(a+p)/2+k)

“ggk’%ﬁ“w—ww < . (12)

2. Preliminaries

A number of hypergeometric functions will appear through-
out. We use the classical notation ,F,(a, 3;y; z) to denote

< (“)k(ﬁ)k Z_k

Fy (. Brys2) = , (13)
2 kgo (V)k k!
with y #0,-1,-2,..., where
(0) =1, () =a(@+1)---(a¢+k-1) fork>1.
(14)

And the hypergeometric series in (13) converges absolutely
for all the value of |z| < 1. Moreover, as |z] — 17, it is easy
to know that

1, ify—a-p>0;

log1_|zl, ify-a-=0 (15)
(1-|z))7™ P, ify-—a-B<0,

oFy (a0 Brysz) =
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where a(z) = b(z) represents the ratio and a(z)/b(z) has a
positive finite limit as |z| — 1. Now we list a few formulas
for easy reference (see [11, Chapter II]):

T(y)T(y—a-p)
T(y-a)T(y-p) (16)

Re(y—a—pB) >0,
F (o Biysz) = (1 —z)/ o F B (y-ay-Byz), (17)
oFy (o, Bsy5 2)

_ T
TMI(y-2)

oF (o Bysl) =

(18)
1
< J A1 =P F (o s Ast2) di,

0

Rey>Red>0; |arg(l-2)|<m z#1

Lemma 5. Suppose Red > 0 and Re(A+8 —a— f3) > 0. Then

Jl A1 -0 F, (a, B Ast) dt
' (19)
CTTO)T(A+8-a-p)

CTA+0-a)T(A+6-p)°

Proof. Note that, under the assumption of the lemma, both
sides of (18) are continuous at z = 1. The lemma then follows
by letting z — 1 in (18) and applying (16). O

The following integral formulae concerning the hyperge-
ometric function are significant for our main results. And all
these formulae are contained in [12]. Now we list them.

Lemma 6 (see [12, Corollary 2.4]). Fora € Randy > -1, we
have

dv (w)

J (1- )’

2«
. 11— (z,w)] (20)

_ ol (1+y)

2
= m ,F (oc,oc;n+1+y;|z| )

Lemma 6 is also contained implicitly in the proof of
Theorem 1.4.10 in [13] (see the formula in page 19, line 5 of
[13]).

Lemma 7 (see [12, Corollary 2.5]). Suppose thata, 3 > 0,y €
R, andn+a+ -2y > 0. Then

(1- 1)

28 _ \a-1
JB 1 (1 1 ) {J[EB,. |1—(z,w)|2de(w)} @)

n

_ nm)T(@T(B)T(n+a+pf-2y)
Zn+a+p-y) ’

(21)

3
Proof. Using Lemma 6 in the inner integral, we have
n!l’ a-1
(B) J |Z|2ﬁ(1 B |z|2)
T (n+p) Je,
x ,F, (y, p;n+ s |z|2) dv(z)
(22)
1
_ nm)T (/3) J rn+ﬁ—1(1 _ r)a—l
T(n+pB) Jo
x ,F, (y, y;in+ s |z|2) dr.
Then (19) gives the result. ]

The following result, usually called Schur’s test, is a very
effective tool in proving the LP-boundedness of integral
operators. See, for example, [3].

Lemma 8. Suppose that (X, ) is a o-finite measure space,
K(x, y) is a nonnegative measurable function on X x X, and T
is the associated integral operator:

)= [ Ko fdu). @)

Let1 < p < coand 1/p + 1/q = 1. If there exist a positive
constant C and a positive measurable function u on X such that

| KGyu)au) scuwt, e

for almost every x in X, and
LwawmwmmSwuﬂ (25)

for almost every y in X, then T is bounded on L¥(X, p) with
ITl < C.

3. The Improvement

The section mainly proposes the condition “c is neither 0 nor
a negative integer” can be omitted in Theorem A. Notice the
condition is only used to give ¢ < n+1+a+b while proving the
necessity for the boundedness of the operator S, . on LY (1 <
p < 00);see [1,lemma 12]. Now we will give a new proof of the
necessity for the boundedness of S, on L in Propositions
9 and 11 to introduce the condition can be put off.

Proposition 9. Suppose the operator S,;, . is bounded on

L}:(l < p < 00),andthen —pa <t+1 < pb+1),c<
n+l+a+b.

Proof. Let g be the number such that 1/p + 1/g = 1. For any
fixed € > 0, define

9. W) =Cy(e)(1- |w|2)(€‘(f+1))/p’
(26)

\E=t+1))/q,  2(b+1+(e—t—1
]’le(Z)ZCz(E)(l—|Z| ) |Z| (b+1+(e—t )/P))



4
where
-1/p
o [TOTmra D rale-@r1)/p)] "
2(6) = T(ntq+1)+q(e—(t+1))/p+e) '
(28)

Easy calculation shows || g.|| ot = (1A gt = 1. Notice the fact

”Sa,b,c "Lf N 1}:

sup

1 llp,=1
lglge=1

X

(29)
Then the boundedness of the operator S, . on LY leads to the
integral
a b-t
[ ], G
w) dv, (w
[Bn Bn |1 _ <Z,w>|c ge t
(30)
x h, (z)dv, (z)
<

|

L (1,0

"Sa,b,c"L‘t’ -1 < +00.

(1 _ |w|2)b—t
x mf (w) dv, (w) | g (z)dv, (2)

} |

Hence, using Lemma 7 with & = a+€/q+ (t + 1)/p, B =
b+1+(e—(t+1))/p,and y = ¢/2, we can conclude that

a+

e t+1

+ >0, b+1+

n+l+a+b+e—-c>0.

Then the arbitrariness of € gives

-pa<t+1<pb+1),

Now, we will give the proof by dividing into the following

two cases.
When ¢ =n+ 1+ a+ b, by Lemma 7, the integral in (30)

equals

e—(t+1)

> 0,

c<n+l+a+b.

(31)

(32)

nil (a+(e/q) + ((t+1)/p))T(b+1+((e - (t+1))/p))

d
d

I’(n+1+a+b)/2+e¢)

F(n+e)}l/p
T (n)

T(n+qb+1)+qe—(t+1))/p+e)

T(n+tqb+1)+qe—(t+1)/p)

}l/q

(33)
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Then lettinge — 07, by (30), we can know the limits

o < lim nl(a+(e/q) +(t+1)/p)T(b+1+((e-(t+1)/p))
T eoot IZ(n+1+a+b)/2+¢€)

< ”Su,b,c ”Lf L

(34)
Then the boundedness of the operator S, ;, . gives —pa < t +
1< pb+1).
When ¢ < n+ 1+ a + b, take the function

@ =(1-12P)" (35)

with A > a. The condition (32) implies the function f, € L.
And using Lemma 6, we have

(1~ wP)’
1= (z,w)|

anlT(1+b+A)
— (1 -1z O
( |Zl)r(n+1+b+)t)

Sanchn (@)= (1=1=P)" | £, w) dv (w)

x ,F, (S,E;n+ 1+b+ A |z|2>.
2°2
(36)
According to (15), we can obtain that S, . f;(2) = (1 - FIRE

Thus the boundedness of the operator S, ;. on L¥(B,,) gives
that pa + t > —1; thatis, —pa < t + 1. Now we consider the

adjoint operator S}, . of the operator S, ; that s,
a+t
bt [ (1 [w]?)
St f @) =(1-z? J-—wde.
e @)= (1= 12F) | e f w)dv (w)

(37)

The boundedness of S,;,. on L implies the boundedness of

Sy on L. With the similar discussion above, we can obtain
thatq(b—t) +t > —1; thatis, t + 1 < p(b + 1). O

When ¢ =n+ 1+ a+ b, (34) implies the following result.

Corollary 10. Supposec =n+1+a+bandl < p < 0o,
-pa<t+1< plb+1),and then

s nl(a+@t+1)/p)T(b+1-(t+1)/p)
[Sancli; -1z 2 I>((n+1+a+b)/2) '

(38)

Proposition 11. The operator S, . is bounded on L} if and
onlyif-a<t+l<b+l,c=n+l+a+bor-a<t+1<
b+1l,c<n+1l+a+b Andwhenc=n+1+a+b, wehave

nl(l+a+t)T(b-t)

"Sa,b,c"u L = 2 (n+1+a+ b) /2) ’ %)

Whenc<n+1+a+b, —a<t+1=>b+1, wehave

nl(l+a+b)T (o)
S 1 1= > 4
Sasell; -1, = = (r1rarbro 0

whereo =(n+1+a+b)—c.
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Proof. By Lemma 6, we have

”Sa,b,C“L} —L! = Sa,b,c"LmHLoo
a+t
bt 1- |w|2
= sup(l - |z|2) J %dv (w)
z€eB, B, 11—z, w)]
nl'(1+a+t) 2\b-t
= —sup(l - |z )
F(n+1+a+t).es,
cc
x,F (—,—;n+ l+a+t |z|2>,
22
(41)
where S, . denotes the adjoint operator of S,;, .. Then, using

(15), we can obtain that the operator S,,, . is bounded on L} if
and only if

l+a+t>0,
b-t>0, (42)

n+l+a+t-c>t-b,
or

l+a+t>0,
b-t=0, (43)

n+l+a+t—-c>0,

which gives the first part of the proposition.

Now we will give the second part. Whenc <n+1+a+
band —a < t +1 = b + 1, the hypergeometric function in
(41) is increasing since its Taylor coeflicients are all positive.
Applying (16), we have (40). When ¢ = n+1+a+b, (17) gives

n+l+a+b n+l+a+b 2
2B 3 , 5 sn+l+a+t;z|

_ (1 - |Z|2)t—b

n+l+a->b n+t+l+a->b
x 5 F, +t, +1;
2 2

(44)

n+1+a+t;|z|2>.

Thus (41), the increase of the last hypergeometric function,
and (16) lead to

1Sapelz: - 1

*
= [Sanello - i

_ o nll(1+a+t)
T T(n+l+a+t)

5
<n+1+a—b n+l+a->b
x ,F, +t, +t;
2 2
n+1+a+t;l>
nll(1+a+t)T(b-1t)
T I2((n+1+a+b)/2)’
(45)
]
4. The Proof of Theorems 1 and 2
Proof of Theorems 1 and 2. Since
b
af (1-1wP)
Su cllpeo o = 1- ZZ J ch >
ISeseli o = sup(1 =) || ey @)
(46)

therefore Theorem 2 comes out as the same discussion as
Proposition 11.

Next, we will concentrate on the proof of Theorem 1.
Remember the hypothesis ¢ = n + 1 + a + b throughout
the following proof. Since (39) gives the case of p = 1, for
the case 1 < p < 00, Corollary 10 gives the lower bound of
[Sapcl L1 Thus we only show the fact

nl(a+@t+1)/p)T(b+1-(+1)/p)

“S“»b’C“L‘Z -Ly = IR2((n+1+a+b)/2)

(47)
To this end, we will use Schur’s test (Lemma 8) with

a b—
(=P O-wf)” )

K (z,w) =
|1 _ (Z, w)|n+1+a+b

Set

—(t+1
u (2) = (1-12P) ", (49)

where g is the conjugate exponent of p such that 1/p+1/g = 1.
It then suffices to show

(1 _ |w|2)l’7*l‘
(1- 121" JBn TR

g nl(a+@t+1)/p)T(b+1-(t+1)/p)
- I?((n+1+a+b)/2)

u,(w)1dv, (w)

u ()%,

(50)
forallz € B,, and
e (1-121%)" ,

(1= 1l)™ | @ @
<n!l"(a+(t+1)/p)1"(la+1—(t+1)/p) »
= T2 ((n+1+a+b)/2) ()

(51)



for allw € B,. We only prove (50), since (51) comes from the
same way as (50). Applying Lemma 6 and (17), we have

(1-1) | Lo

B, |1 _ (z, w>|n+1+a+b

u,(w)1dv, (w)

i sa nC(b+1=(t+1)/p)
_(1—IZI ) T(n+b+1-(t+1)/p)

<n+1+a+b n+l+a+b
X, F ;

> >

2 2
n+b+l—u;|z|2> (52)
p

_ nll(b+1-(t+1)/p) (1—|z|2

)*(Hl)/P
T T(n+b+1-(t+1)/p)

>

n+l+b-a t+1 n+l+b-a
x ,F 2 - IS 2

t+1 t+1
——;n+1+b——;|z|2).
p p

By (16), the last hypergeometric function is bounded from the
above by

t+1 n+l+b-a

>

n+l+b-a
21

2 p 2
t+1 t+1
——;n+1+b——;1> (53)
p p

IT(n+1+b-(t+1)/p)T(a+(t+1)/p)
I’((n+1+a+b)/2)

>

since it is increasing on the interval [0, 1). This proves (50),
which in turn implies (47). The proof is completed. O

5. Remark

The topic on the exact norm of an operator is an interesting
but difficult problem. In this note, we only give the accurate
norm of the generalized operator S, ;. on L} under ¢ = n +
1 + a + b. But for other cases, except the particular case (40),
we can give an upper bound of |IS,[l;»_, ;> by Theorem 1
according to the fact

(1 - |Z|2)a(l - |w|2)b_t _ 20(1 _ |Z|2)“(1 B |w|2)b—t

(54)
|1 _ (Z, 'LU>|C |1 _ <Z, w>|n+1+a+b

and a lower bound for one fixed € > 0 by (30) and Lemma 7;
thus the problem of the norm of other cases may be left as an
open problem to consider.
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The Boussinesq equations describe the three-dimensional incompressible fluid moving under the gravity and the earth rotation
which come from atmospheric or oceanographic turbulence where rotation and stratification play an important role. In this paper,
we investigate the Cauchy problem of the three-dimensional incompressible Boussinesq equations. By commutator estimate, some
interpolation inequality, and embedding theorem, we establish a blow-up criterion of weak solutions in terms of the pressure p in

50
the homogeneous Besov space B .

1. Introduction

This paper is devoted to establish a blow-up criterion of
weak solutions to the Cauchy problem for 3-dimensional
Boussinesq equations:

U, +u-Vu—nAu+ Vp = Oe, @
0, +u-V0—-vA0 =0, 2)
V-u=0, 3)

t=0:u=uy(x), 0=0,(x), (4)
where u is the velocity, p is the pressure, and 0 is the small
temperature deviations which depends on the density. 7 > 0
is the viscosity, v > 0 is called the molecular diffusivity, and
e; = (0,0, 1T, The above systems describe the evolution of
the velocity field u for a three-dimensional incompressible
fluid moving under the gravity and the earth rotation which
come from atmospheric or oceanographic turbulence where
rotation and stratification play an important role.

When the initial density 6, is identically zero (or con-
stant) and # = 0, then (1)-(4) reduces to the classical incom-
pressible Euler equation:

u,+u-Vu+Vp =0,
V-u=0, (5)

u (%, )]mg = g (x) .

From the investigation of (5), we cannot expect to have a
better theory for the Boussinesq system than that of the Euler
equation. For the Euler equation, a well-known criterion for
the existence of global smooth solutions is the Beale-Kato-
Majda criterion [1]. It states that the control of the vorticity
of the fluid w = curlu in L' (0, T; L*) is sufficient to get the
global well posedness.

The Boussinesq equations (1)-(4) are of relevance to
study a number of models coming from atmospheric or
oceanographic turbulence where rotation and stratification
play an important role. The scalar function 6 may for instance
represent temperature variation in a gravity field and Oe,
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the buoyancy force. For the regularity criteria of the Navier-
Stokes equations, we can refer to Zhou et al. [2-9], Fan and
Ozawa [10], He [11], Zhang and Chen [12], and Escauriaza et
al. [13].

From the mathematical point of view, the global well
posedness for two-dimensional Boussinesq equations which
has recently drawn much attention seems to be in a satis-
factory state. More precisely, global well posedness has been
shown in various function spaces and for different viscosities;
we refer, for example, to [14-19]. In contrast, in the case
when # = v = 0, the Boussinesq system exhibits vorticity
intensification and the global well-posedness issue remains
an unsolved challenging open problem (except if 6, is a
constant, of course) which may be formally compared to
the similar problem for the three-dimensional axisymmetric
Euler equations with swirl.

In the three-dimensional case, there are only few results
(see [20-24]). Hmidi and Rousset [23] proved the global well-
posedness for the three-dimensional Euler-Boussinesq equa-
tions with axisymmetric initial data without swirl. Danchin
and Paicu [20] obtained a global existence and uniqueness
result for small data in Lorentz space.

Our purpose of this paper is to obtain a blow-up criterion
of weak solutions in terms of Besov space.

Now, we state our result as follows.

Theorem 1. Assume that (u,,0,) € H3(R®) with div uy = 0in
R®. Assume that the pressure p satisfies the condition

2/3

JT IVe@l 5
0 <1+ln(1+||Vp(t)||Bgm))2/3

dt < +00; (6)

then the solution (u, 0) can be extended smoothly only up to T.

The paper is organized as follows. We first state some
important inequalities in Section 2. We will prove Theorem 1
in Section 3.

2. Preliminaries

Throughout this paper, we use the following usual notations.
LP(R%) denotes the Lebesgue space and H™(R®) denotes the
standard Sobolev space. BMO denotes the space of bounded

mean oscillations. Bm ., is the homogeneous Besov space,

where 0 < m, n < +00.

Lemma 2. There exists a uniform positive constant C, such
that

171 < €Il 1 oo @)
1£lin, < C(1+ 11l 0 e+ [fli)) — ®

hold for all vectors f € H*'(R) with s > 5/2.

Proof. See, for example, [19] or [25]. O
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Lemma 3. From (1), one has

Vel < C(lu-Vulz +1612),

©)
IVpl:2 < C (I vull}22 + 10132

Lemma 4. Assume that A = (—A)l/z; one has the commutator
estimate due to Kato and Ponce [24]:

|4° (f9) - FA°gll
(10)

< (Il X7l + 18 Fll Il )

withs >0,1/p=1/p, + 1/q, = 1/p, + 1/q,.

Lemma 5 (the Gagliardo-Nirenberg inequality). Consider

91, < AL IafIE (1)
IVfls < CvrIE a1 (12)
| £, < CIVFIRLS ot ]2 (13)

3. Proof of Theorem 1

Proof of Theorem 1. Multiplying (1) by u, using (3), and inte-
grating in R®, we derive

d 2 2
5 7 1l + nIVull:

| 0y < 1012l (14)

||9I|Lz + > IIuIILz :

Multiplying (2) by 6, using (3), and integrating in R’, we
obtain

1d
ST 16112 + v [[VO] > = 0. (15)

Combining (14) and (15), using the Gronwall inequality,
we deduce that

”u"Loo(O’T;LZ) + ”u"LZ(O’T;Hl) < C,
(16)
"0”L°°(0,T;L2) + ”6"L2(0,T;H1) S C
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Multiplying (1) by lul?u, using (3) and (7), and integrating
in R®, we derive

J [|u|2-u(ut+u-Vu—11Au+Vp)]

= }Ldi J |ul* dx + J [ul* - u* - Vudx
1y
17)
o [l P e+ [ G Vp) v
= J [ul® - u - Oeydx
CJ(|u|4 161" dox;
that is,
}lj J |u| dx + g J (V |u|2)2 dx + 11] |u|2 |Vu|2 dx
<= [ G Vo)l dx+C [l + o1 d "

< Nullis |Vp| . + Cllullfs + C Ol

1/2

VP2 + Clluls + Cl6IL

< Cllulys |Vpl 2

Multiplying (2) by 16126, using (3), and integrating in R,
we arrive at

[ (6r-0-6,+1070-u-vo - vioP -6 20) dx
_1d J 101 dx + vj 01 (VO)? dx (19)
4dt
v J 161 (div 6)* dx.
Combining (18) and (19), using (9) and (16), we derive that

ijtj(m +Jul )dx+”J(V|u| ) dx

‘y j jul? Vul? dxc + vj 01 (V0)? dx

N g J 10 (div 0)? dx,

1/2 1/2

< Cllullys Vol [Volsuo + C iz + 1Bl (20)

< Clude (e - Va2 + 10132) IV et
+C llull}s +C 16l

< 2C ulls [V pliio + 2 Ml Vul:

+CI017: + Cllullgs + C 16174,

which implies

:lit J(IHI + ful )d’”’?J(V Iulz)zdx

‘y J (uf? [Vul? dx + vJ 10 (V0)? dx

vj 612 (div 6)? dx
< 8C|lullt: V|2 + 4C 61

+4C |lull}s +4C |0]|3s

2/3 1/3

< 8C Jullys Vol (1+[Vpll)

+4C|6]2. +4C ||u||4L4 +4C|0]1%s (21)

< 8C lullys Vel

x In'? (1 + |VAul| 2 + [|A0]|2)
+4C 0] + 4C ||ull;s + 4C |6]|3

Vel .

(1+1n(1+ ||vP||Bgm))2/3

xIn (1 + |VAull 2 + [1A6]]2)

< 8C |lulljs

+4C||0]17. + 4C ||ull1s + 4C ||0]|7 -
Choosing t € [T, T] and setting

yO= s (V20 +1860).

we have

sup (lullps +100z) < C. (1+y )™, (23)

te[T,,T]

where ¢ is a small enough constant, such that
T
JT* (

Next, we want to estimate the L>-norm of Vu and V6.
Multiplying (1) by —Au, integrating in R?, and using (3)
and (11), we derive that

2/3

1Vl

1+In(1+ ||vP||Bgm))2’3

(24)

J u, - (—Au)dx + J (u - Vu) (-Au) dx
+7 ||Au||iz + j Vp - (-Au)dx (25)

- J Oes - Audx;



% J |Vul* dx + n J |Aul* dx

= J (u-Vu) Audx - J@e3Audx
<l IVull o [Aull 2 + | Aul 2 161l 2

n
< Cllulle Nl 18wl N Aull + . IAul?. +C 11613
n 2 12 N 2
< 7 18wl + Cluly? + 5 IAuly: + C 1Ol 1401 2

<2 IIAuIILz + Cllulli + ~ IIAGIILz +Cl6l7 -

(26)

Multiplying (2) by —A#, integrating in R?, and using (3)
and (11), we derive that

j 6, - (~A0) dx + j (1~ V0) (~A0) dx + v | AO]% = 0; (27)
that is,

1d j VP dx + vj O] dx
2 di

- J (4 76) 86+ 1 [aull, + C 161} d

< ol V6l 1062 (28)

< Cllull 16135 186112 126] 2

<< ||A9IIL2 + C llull 3 16117+ -

Combining (26) and (28), using (16), we deduce

1d

35 | (9l 4 1907) dx [ 1ol -+ | 0P ax

n v
<3 IAul? + C llull? + : 126117, + C 11617

+ - IIAGIILz +C Jlull 5 1017

IIAuIILz + > IIAGIILz +C llull i + C16I7

+ C llull 5 1017+ 5
(29)

that is,

4 [ (v 1907 dx [ 1”4 » [ 12617 v
dt (30)

< 2C JlullE +2C 017> + 2C llull 5 16117
which implies that

IVa (&, )15 + 190 ()17 < C(1+y ). (3D
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Last, we will estimate the H>-norm and H*-norm of u and
0 and use the operator A to derive our goal.

Applying A = (—A)3/ % to (1) and then multiplying (1)
with A*u, we deduce

JA3ut -Aludx + JA3 (u-Vu) - Nudx

_WJASAu.A3udx+ JA3Vp (A3u) dx (32)

= J A3963 - ANludx;
that is,

Zdt,[lAul dx+nJ|A u| dx

- J [A3 (u-Vu) —u- VA3u] CAludx + JA3063A3M dx

< C(Ivalys 2%l + A%l [A%],.) + ] 160
< CIVulL A% vl 2 |lA s
16 |Atu
< CIvul 2 [aul 2 A%
16 A%,

< L+ CIVul 0 A%}

i+ ClBle + 1=
< CIvall” |wull a'uly + c|aull,

o)

_ 2+ CIvuE A%

2 +Cl6ll:

(33)

Similarly, applying A’ to (2) and multiplying (2) by A’6,
we derive

| 2%, (%) dx + [ 47 - v0) A0 dx
(34)
~v [ A0 N0dx =0
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that is,
1d
S [ Iwef dx-v [ |at6f ax
2dt

-j/ﬁ (- VO) A0 dx

2
= ClIVul |A%6] . + [ A%u],, IVl |A%6] .
< CIVulRl [Au] 1ver7 "A 0
5/6 1/4
+C|[Vull} . VOl
5/6
x VO,
3/2
< ClVul}; L IVOI7 +
1/3 5/3
+CIVul]
1/2 5/3
+C|IVol}: . VOl
3/2
< C|IVul? L IVel2. + -
+C ||Vu||Lz + - ||A
9 3413 2 v
+CIVOly: [A%6]  IVOIT: + |a
Combining (33) and (35), we have
1 d 3 2 3 2
S5 ([ 1] el ax)
4 |2 4|2
+11J"A u' dx+vJ|A 9' dx
< D|atull, + crvun aul,)
2
2
L +Cl6l
9/2 || A3, |13/? 4
+ CIVul 2 | A%u| ; IV6I%: + 5 ||A 6||

3
+ C|[Vuly + CIVOIZ: |A%6] . IV 5

that is,
‘. (] a2l a0 ax)
+7 J |A4u|2 dx +v J |A49|2 dx

< 2C IVul 210 |Au )

2
S +2C 0l

(35)

(36)

+2C[|Vul

/2 2 2
2 IVOll7> + 2C |[Vull}»

+2C[VOl: A’

|V6I|Lz
(37)

Choosing € small enough, using (16), (23), and (24), we
conclude that

||u||L°°(O,T;H3) + ”u"LZ(O’T;HA) < C,
(38)
||6”L°°(O,T;H3) + ”9||L2(0,T;H4) S C

We complete the proof. O
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We are going to discuss some important classes of nonlinear integral equations such as integral equations of Volterra-Chandrasekhar
type, quadratic integral equations of fractional orders, nonlinear integral equations of Volterra-Wiener-Hopf type, and nonlinear
integral equations of Erdélyi-Kober type. Those integral equations play very significant role in applications to the description of
numerous real world events. Our aim is to show that the mentioned integral equations can be treated from the view point of
nonlinear Volterra-Stieltjes integral equations. The Riemann-Stieltjes integral appearing in those integral equations is generated by
a function of two variables. The choice of a suitable generating function enables us to obtain various kinds of integral equations.
Some results concerning nonlinear Volterra-Stieltjes integral equations in several variables will be also discussed.

1. Introduction

In the theory of integral equations and their numerous appli-
cations, one can encounter some classes of integral equations
having an important significance. This fact is mainly con-
nected with applications of the mentioned classes of integral
equations to the description of several real world events
which appear in engineering, mechanics, physics, mathemat-
ical physics, electrochemistry, bioengineering, porous media,
viscoelasticity, control theory, transport theory, kinetic the-
ory of gases, radiative transfer, and other important branches
of exact science and applied mathematics (cf. [1-12]).

Let us distinguish and describe some important classes of
nonlinear integral equations mentioned tacitly above.

The first class we are going to present is the class
of the so-called quadratic integral equations of Volterra-
Chandrasekhar type (see [1, 7, 13, 14], e.g.). The interest in
the study of those integral equations was initiated around
1950 by the famous astrophysicist Chandrasekhar [1], who
investigated the following integral equation:

Uy
x@®) =1+x(@) L ¢ (s) x (s)ds, 1

being the so-called quadratic (nonlinear) integral equation
and called the Chandrasekhar integral equation.

Nowadays, integral equation (1) has been generalized
in a few directions but in general two principal types of
generalizations of (1) are investigated, namely, the quadratic
integral equation of Fredholm-Chandrasekhar type

x0=a+faxe) [ 2@
0 t+s
and the quadratic integral equation of Volterra-Chandrasekhar

type
x(t)=a()+ f(t,x (1)) r st. (3)

0
We will focus on integral equations having form (3), that is,
on nonlinear integral equations of Volterra-Chandrasekhar
type.

The second class of nonlinear integral equations which
will be discussed is the class of the so-called nonlinear integral
equations of fractional order. Such equations have the form

[t x (1) Jt v(t,s,x(s))
T Jo (-9

x({)=a(t)+ ds, (4)
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where « € (0,1) is a fixed number and I'(«) denotes the
gamma function.

Observe that (4) is the so-called singular integral equation
(of Abel type). These equations were very intensively studied
during the last three decades and found a vast number
of applications. Mathematicians working in the theory of
integral equations of fractional orders wrote several papers
and monographs devoted to those equations [4, 5, 8-11, 15-
20].

The next, third class of nonlinear integral equations which
we would like to present, is associated with the so-called
nonlinear integral equations of Volterra-Wiener-Hopf type.
Such equations are a special case of integral equations with
kernels depending on the difference of arguments and they
also play very important role in applications (cf. [3, 12, 21-
23]).

The Volterra-Wiener-Hopf integral equation has the form

x(t)=a(t)+ J(: k(t—-s)v(s,x(s))ds, (5)

wheret € R, =[0,00) ort € [0,T] with T' > 0.

Now, let us describe the fourth class of nonlinear inte-
gral equations being the object of our study as well as
being recently very intensively investigated with regard to
its numerous applications [24-30]. That class comprises
integral equations called the nonlinear Erdélyi-Kober integral
equations and having the form

x({t)=a(t)+ ds, (6)

1 Jt ms™ Py (t, s, x (s))
() Jo (tm — smyl@

where «, m, and p are positive constant and & € (0, 1).
Moreover, t € I =[0,1] (or I = [a,b]).

Obviously, the integral equation of Erdélyi-Kober type
creates the generalization of the integral equation of frac-
tional order (4). Indeed, putting in (6) m = 1 and including
the factor s? into the function v(¢, s, x), we obtain (4) with
flt,x) = 1.

Our aim in this paper is to show that all four classes
of nonlinear integral equations (3)-(6) can be treated from
one point of view. More precisely, we show that with help of
nonlinear Volterra-Stieltjes integral equations we are able to
unify all those classes in such a way that they are particular
cases of the mentioned Volterra-Stieltjes integral equations.

The paper has a review character and is based on the
results from [14, 21, 25, 31].

2. Notation, Definitions, and Auxiliary Results

In this section, we provide notation, definitions, and auxiliary
results which will be needed in our further considerations.
Firstly, we recall a few facts concerning functions of bounded
variation [32]. Thus, assume that x is a real function defined
on the fixed interval [a, b]. Then, the symbol \/Zx denotes the

variation of the function x on the interval [a, b]. If \/ﬁx < 00,
we say that x is of bounded variation on [a, b]. Similarly, if
we have a function u(t,s) = u : [a,b] X [¢c,d] — R, then we
denote by \/L pu(t, s) the variation of the functiont — wu(t, s)
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on the interval [p,q] C [a,b], where s is a fixed number in
[c,d]. In a similar way, we define the quantity \/_ pu(ts).

Now, assume that x and ¢ are two real functions defined
on the interval [a, b]. Then, we can define the Stieltjes integral
(in the Riemann-Stieltjes sense)

b
J x(t)de (1), (7)
a
under appropriate assumptions on the functions x and ¢ (cf.
[32]). For example, if we require that x is continuous and ¢ is
of bounded variation on [a, b], then the Stieltjes integral (7)
does exist [32].

Let us mention that in our considerations we will often
use the following two important lemmas [32].

Lemma 1. If x is Stieltjes integrable on the interval [a, b] with
respect to a function ¢ of bounded variation, then

b t
stnnm<V¢) (8)

Lemma 2. Let x,,x, be Stieltjes integrable functions on the
interval [a, b] with respect to a nondecreasing function ¢, such
that x,(t) < x,(t) fort € [a, b]. Then,

b
jxm@m

b b
J x, (1) do () < J x, () de(t). 9)
a a

Obviously, in a similar way we can also consider Stieltjes
integrals of the form

b
j- x(s)dsg (t,s), (10)

a

where g : [a,b] x [a,b] — R and the symbol d, indicates
the integration with respect to s. The details concerning the
integral of this type will be given later.

Now, assume that x is a real function defined on the
interval [a, b]. Denote by w(x, &) the modulus of continuity of
the function x defined by the formula

w (x, &) =sup{|x () - x(s)| :
(11)

t,s € [a,b],|t—s| < ¢€}.

Similarly, if p(t,s) = p : [a,b] x [c,d] — R, then we can
define the modulus of continuity of the function p(t, s) with
respect to each variable separately. For example,

w(p(t,),e) =sup{|p(t,u) - p(t,v)| : -
u,veled],lu-v <el,

where t is a fixed number in the interval [a, b].

In what follows, we recall some facts concerning measures
of noncompactness which will be used later on [33].

To this end, assume that E is an infinite dimensional
Banach space with the norm || - || and zero element 6. Denote
by B(x, r) the closed ball centered at x and of radius r. The
symbol B, will denote the ball B(9, r).
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For a given nonempty bounded subset X of E, we denote
by x(X) the so-called Hausdorff measure of noncompactness
of the set X [33]. This quantity is defined by the formula

X (X) =inf {¢ > 0: X has a finite e-net in E}. (13)

Let us mention that the function y has several useful
properties and is often applied in nonlinear analysis [33].
Obviously, the concept of a measure of noncompactness may
be defined in a more general way [33, 34], but for our purposes
the Hausdorff measure of noncompactness defined by (13)
will be completely sufficient.

Indeed, in our further considerations, we will work in
the Banach space C(I) consisting of real functions defined
and continuous on the interval I = [a, b], with the standard
maximum norm. If X is a nonempty and bounded subset of
C(I), then the Hausdorff measure of noncompactness of X
can be expressed by the formula [33]

X(X) = S, (X), (14

where

wp (X) = lime (X,e), (15)

and the symbol w(X, ¢) stands for the modulus of continuity
of the set X defined in the following way:

w(X,e) =sup{w(x,¢e): x € X}. (16)

In our further considerations, we will utilize the fixed
point theorem of Darbo type [33], which is formulated below.

Theorem 3. Let Q) be a nonempty, bounded, closed, and convex
subset of the space E and let Q : QO — Q be a continuous
mapping such that there exists a constant k € [0, 1) for which
x(QX) < kx(X) for an arbitrary nonempty subset X of Q.
Then, Q has at least one fixed point in the set Q).

Further on, we recall some facts concerning the so-called
superposition operator [35]. To this end, assume that I =
[a,b] and f : [a,b] x R — R is a given function. Then,
to every function x : I — R, we may assign the function Fx
defined by the formula

(Fx) (t) = f (£, x (1)), 17)

for t € I. The operator F defined in such a way is called the
superposition operator generated by the function f = f(¢, x).
For our further purposes, we will need the following result
concerning the behaviour of the superposition operator F in
the space C(I) [35].

Lemma 4. The superposition operator F defined by (17)
transforms the space C(I) into itself and is continuous if and
only if the function f generating the operator F is continuous
on the set I x R.

3. A Nonlinear Volterra-Stieltjes Integral
Equation and Its Special Cases

The considerations of this section are focused on the follow-
ing nonlinear Volterra-Stieltjes integral equation:

f(tx(0)

x({t)=al(t)+ I @

t
J v(t,s,x(s)dg (ts), (18)
0
where t € I = [0,1] and I'(«) (similarly as earlier) denotes
the gamma function. Moreover, « is a fixed number in the
interval (0,1). Let us notice that the interval [0, 1] can be
replaced by any interval [a, b].

The details concerning assumptions imposed on the
components of (18) will be given later. Now, we show
that integral equation (18) unifies all previously considered
integral equations (3)-(6).

At the beginning, denote by A the triangle

A={(ts):0<s<t <1}, (19)

and consider the function g(t,s) = g : A — R defined in the
following way:

t+s
tln—— for 0 <t
g(t,s) = n t orvss (20)
0 for t = 0.

It is easy to see that the above function g(t, s) is continuous
on the triangle A. On the other hand, we get

d.g(ts) = (%g(t, s))ds - #ds. 1)

Hence, we see that the integral equation of Volterra-
Chandrasekhar type (3) (or (1), in the simplest case) can be
treated as a special case of (18).

Further, consider the function g(t,s) defined by the
formula

g(t,s)=—[t*=(t-s)"], (22)

1
fo'

where (t,s) € A. Obviously, we have

d,g(t,s) = ds, (23)

(t _ S)l—tx

which shows that the integral equation of fractional order (4)
is also a particular case of (18).

To show that the Volterra-Wiener-Hopf integral equation
(5) is a special case of (18), let us consider the function g(t, s)
given by the formula

g(t,s) = L k(t-2)dz, (24)

under appropriate assumptions imposed on the function k =
k(u) (cf. [21]). Obviously, we have

dg(ts) = % (Ek(t—z) dz) ds=k(t—s)ds, (25)

and we see that (5) is in fact a special case of (18).



Finally, let us take into account the nonlinear Erdélyi-
Kober integral equation (6). Then, putting

g(t,s)=t"" —(t" - "), (26)
for (t,s) € A, we have that
ams™ !
d.g(t,s) = ————ds. 27
g (t:s) g (27)

Thus, we see that the integral equation (6) is also a special case
of (18).

Now, we formulate theorem on the existence of solutions
of Volterra-Stieltjes integral equation (18) imposing assump-
tions of such a type that the obtained theorem will ensure
also the existence of solutions of all particular cases of (18)
mentioned above.

We will consider the existence of solutions of (18) under
the following hypotheses.

(i) The function a = a(t) is continuous on the interval I.

(ii) The function f(t,x) = f: I x R — R is continuous
and satisfies the Lipschitz condition with respect to
the second variable; that is, there exists a constant k >
0 such that

|f (%)= f(ty)| <k|x-y|, (28)

forallt € Iand x, y € R.
(iii) The function g(t,s) = g: A — R is continuous.

(iv) The function s — g(t,s) is of bounded variation on
the interval [0, t] for each fixed t € I.

(v) For any ¢ > 0, there exists § > 0 such that, for all
t,t, € I t; < ty,and t, —t; < 6, the following

inequality holds:
tl
[g9(trs) =g (ts)] <e. (29)
s=0
(vi) g(t,0) =0 foranyt € I.

(vii) v : AX R — R is continuous such that |v(t, s, x)| <
¢(|x|) for all (t,s) € A and for each x € R, where
¢: R, — R, isanondecreasing function.

Now, we provide a few properties of the function g =
g(t,s) which will be needed in our further considerations.
Obviously, we will assume that g satisfies assumptions (iii)—
(vi).

Let us notice that these properties were proved in [14].

Lemma 5. Let assumptions (iii)-(v) be satisfied. Then, for an
arbitrarily fixed numbert, € 1 (¢, > 0) and for any e > 0, there
exists § > 0 such that ift,t, € I, t; <t,, andt, —t; < then

\/g (tys) <e. (30)

s=t,
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Lemma 6. Under assumptions (iii)-(v), the function

t— \/g (t, ) (31)
s=0

is continuous on the interval I.

Corollary 7. There exists a finite positive constant K such that

K:sup{\/g(t,s):tel}. (32)

s=0

In fact, the above statement is an immediate consequence
of the continuity of the function

t

t—\/gts). (33)

s=0

Further, let us denote by F, the finite constant (cf.
assumption (iii)) defined by the formula

F, = max{|f (t,0)| : t € I}. (34)

Now, we are prepared to formulate the last assumption
utilized in our considerations.

(viii) There exists a positive solution r, of the inequality

lall + K (kr + F,) ¢ (r) <1, (35)

such that kK¢(r,) < 1.
Our main result is formulated in the form of the following

theorem.

Theorem 8. Under assumptions (i)-(viii), there exists at least
one solution x = x(t) of (18) belonging to the space C(I).

Proof. Atthe beginning, let us introduce two functions M(e),
N(e) defined in the following way:

21

Me) = sup {v [0t ) =g (10 9)]

s=0

tioty € Lty <tyty— 1 33},

t
N (e) = sup{\/g(tz,s) ittty € Lty <ty t,—t; Sé‘}.

s=t,

(36)

Notice that in view of assumption (v) we have that M(e) — 0
as e — 0. Similarly, N(¢) — 0ase — 0 which is an easy
consequence of Lemma 5.

Next, for a fixed x € C(I) and ¢ € I, let us denote

(Fx)(t) = f (t,x (1)),
(Vx) (t) = L v(t,s,x(s)d,g(t,s), (37)
(Qx) (t) = a(t) + (Fx) (t) (Vx) (t) .
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Further, fix arbitrarily ¢ > 0 and take t,,¢#, € I such that
t, < t,and t, —t; < e Then, in view of our assumptions
and Lemmas 1 and 2, for a fixed x € C(I), we obtain

(V) (1) = (Vix) (t,)]

<

t, 1y
L v(ty, s x(s))dg (ty,s) — JO v(ty s x(s))dg (£, )

+ J 1 v(ty,5,x(s)) dog (£, 5)
0

ty
— J;) 14 (tp S, X (S)) dsg (tl’ S)

+ J Ny (t1,5,x(5))dsg (£ 5)
0

— J;; 1% (tpsa X (S)) dsg (tl’ S)

< J:Z |v(ty,5,x (5))| d <\5/9 (t2>P)>
1 =0
+ Ltl [v(ty, 8% (s)) = v (£, x (5))| d <\S/g (tz,p))
p=0
+ J:l v (t1, 5% ()] dg (\5/ [9(t2p) - g (tpp)])

p=0

< ¢ (1xI) j d, (\/g (t»p))
p=0

t s
+J |v(t2,s,x(s))—v(tl,s,x(s))|ds<\/g(t2’P)>
0 p=0

roab [,V loear) - 960

p=0

< ¢ (Il [\7g (trs) - \/9 (tz,s)]
s=0 s=0
+0©\/g(tns) + $UxD\/ [0 (t2:5) - 9 (61,5)]
s=0 s=0

< ¢ (el \/ g (t3,5)

s=t
+@(©) \/g(tz8) + d (lxl) M ()
s=0

< ¢ (lIxl) N (e) + Ko (&) + ¢ (llxl) M (¢) ,
(38)

5
where we denoted
w (¢)
= sup{|v(t2,s, J’) - V(tl’s’ )’)l :
(t15), (tys) € Aty =t <&y € [ lx]l, I} -
(39)

Moreover, the functions M(e), N(¢e) are defined by (36) and
the constant K is defined by (32).

Observe that in view of the uniform continuity of the
function v on the set Ax[—||x||, || x||] we infer that w(e) — 0as
e — 0. Linking this fact with Lemma 5 and the properties of
the functions M(¢e) and N(¢) indicated previously, we deduce
from (38) that the function Vx is continuous on the interval
1.

On the other hand, the function Fx is continuous on
I which is an easy consequence of assumption (ii) and
Lemma 4. Thus, keeping in mind the above established facts,
assumption (i), and (37), we conclude that the function Qx is
continuous on the interval I. This means that the operator Q
transforms the space C(I) into itself.

In what follows, we show that the operator Q is contin-
uous on the space C(I). To this end, let us first observe that
in view of the properties of the superposition operator F (cf.
Lemma 4) it is sufficient to show that the operator V' defined
by (37) is continuous on C(I).

To do this, fix e > 0 and x € C(I). Next, take an arbitrary
function y € C(I) with [|x—y|| < . Then, in view of Lemma 1,
for an arbitrary fixed t € I, we obtain

|(Vx) () = (Vy) (8)]
¢ s (40)
< J [v(t,s,x(s) = v(t,s, y(s))|d, (\/g (t,p)) :
0 p=0
Now, let us denote

P=|xl+e
wp (v, €) = sup{|v(t,s,w) — v (L s u)l:

(t,s) € A,w,u € [-P,P],|w—u| <é&}.
(41)

Then, from (40), we derive the following inequalities:

|(Vx) () = (Vy) (0)]

< L wp (v,e) ds (Z\_/Og (t’ Z)> (42)

< wp (v,€) \/g (t,s) < Kwp (v,€).
s=0

Hence, in virtue of the uniform continuity of the function v
on the set A x [P, P], we deduce that V is continuous on the
space C(I).



In what follows, let us fix arbitrarily x € C(I). Then,
taking into account the imposed assumptions and applying
Lemmas 1 and 2, for a fixed t € I, we get

[(Qx) ()] < la (1)l
+|f(t,x(t))|j |v(t,s,x(s))|d5(\/g(t,p)>

0 p=0
< llall +[|f (& x () = f £,0)] +

x jt¢(||x||)ds (\S/g(t, p))
0 p=0

|f 0]

< llall + (kllxll + ) ¢ (lxl) \ /g (8. 9).
s=0
(43)

Hence, in view of Corollary 7, we derive the following
estimate:

Qx| < llall + (k llxll + Fy) K¢ (llx1))- (44)

Then, keeping in mind assumption (viii), we deduce that
there exists a number r, such that Q transforms the ball B,
into itself and kK¢(r,) < 1.

In what follows, let us take a nonempty subset X of the
ball B, and x € X. Next, fix e > 0 and choose t,,¢, € I such
thatt, <t, andt, — ¢, < e. Then, applying (38), we obtain

(Qx) (t,) - (Qx) (1,)]
<la(ty) -a(t)|
+[(Fx) (t,) (Vx) (t,) = (Fx) (£) (V) (1,)]
+[(Fx) (t,) (Vx) (t,) = (Fx) (£,) (V) (1))

<w(a,e)
+|(Fx) (£)] [(Vx) (8,) = (V) (t,)]
+|(vx) (,)] |[(Fx) (t,) = (Fx) (1,))

Sw(a,e) +[|f (tpx(ty)) = f (t2,0)| +|f (£,,0)|]
x {¢ (Ix) N (¢) + Kaw (¢) + ¢ (Ix[) M (&)}

+ le(tl,s,X(S))dsg(tl’s)
0

X {lf (trx(t,)) —f(tz,x(tl))|
+|f (o x (81)) = f (£, x(8)))]}
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<w(ae)+ (kx| +F)

x{¢ (Ix]) N (&) + K (e) + ¢ (Ix[l) M (e)}
f[ s o), (\/gm,m)
0 =0

X {k |X () - x (t1)| + “’:0 (f,s)} >
(45)

where we denoted
w, (f€) = sup{|f (t,,%) - f (t,, )| :

tht € L|t, -ty <& x € [-ry, 1y}
(46)

Further, from (45), we get
|(Qx) (tz Qx) 1)|
<w(a, )+ (kry+ F))

x{¢ (1) N (e) + Kw (¢) + ¢ (ro) M (e)}

rO)Ltld$<\s/g(tl,p)>{kw(xe ) + w) ( 8)}
p=0

<w(a,e) + (kry+ F))
x{p (ry) N (e) + Kw (€) + ¢ (ry) M (e)}

+ K¢ (ry) {ke (x, ) + w;, (o)}
(47)

Hence, we have
w (Qx, ¢)
<w(a,e) + (kry + F,)
x{¢ (ro) N () + Kaw () + ¢ (ro) M ()}
+ K (ry) {kw (x,0) + ), (fre)}

(48)

Consequently, we derive the following inequality:

w (QX,¢€)

<w(a,e)+ (kry + F))
(49)
x{¢ (r,) N (¢) + Kw (¢) +¢ (ry) M (¢)}

+ K¢ (ry) {kw (X,8) + w; (fre)} -

Now, taking into account the fact that w(e) — 0, M(e) —
0,and N(¢) — Oase — 0 and keeping in mind that the
function f is uniformly continuous on the set I x [—7,, 7],
we derive from (49) the following estimate:

wy (QX) < kK¢ (1) wy (X) . (50)
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From the above estimate, assumption (viii), and Theorem 3,
we infer that there exists at least one fixed point x of the
operator Q in the ball B, . Obviously, the function x = x(f) is
a solution of (18). This completes the proof. O

In order to illustrate the result contained in Theorem 8,
we provide an example.

Example 9. Let us consider the following nonlinear integral
equation of Erdélyi-Kober type:

x(t) =texpt
1 t (4/3)s7° (t +sin 8% + /x2 (5)) (51)
+ I (1/2) L (143 - s3)1/2 ds,

fort € I = [0, 1]. At first, let us observe that this equation can
be written in the form (6). Indeed, we have

x(t) =texpt
1 t (4/3) '3 (t +sins® + /x? (s))d
I'(1/2) ,[0 (t4/3 _ S4/3)1/2 s
(52)

Thus, (52) is a particular case of (6) if we put a(t) = texpt,
a=1/2,m=4/3, p=2,and

v(t,s,x) =t +sins* + X3 (53)

Further, let us notice that (52) can be treated as a particular
case of Volterra-Stieltjes integral equation (18) if we take into
account the fact that the function g = g(t, s) appearing in (18)
has the form (26); that is,

g t,s) = t2/3 _ (t4/3 _ 54/3)1/2. (54)

It is easily seen that such a function g(t, s) satisfies assump-
tions (iii)-(vi) of Theorem 8. Moreover, we see that f(t,x) =
1and |v(t, s, x)| < 2 + x*.

Thus, applying Theorem 8, we can accept that ¢(r) = 2 +
*3. We omit further, technical details (cf. [25]) but the final
conclusion asserts that (52) has a solution in the space C(I)
belonging to the ball B,.

4. Further Results and Remarks

The result contained in Theorem 8 does not cover some
cases being important with regard to applications. Obviously,
we can also formulate a more general theorem than that
presented above and concerning the existence of solutions of
(18) which are defined, continuous, and bounded on R, and
are satisfying some other conditions (e.g., having a limit at
infinity).

On the other hand, we can always adapt a suitable version
of Theorem 8 in combination with the considered particular
class of integral equations discussed above.

For example, if we consider the Volterra-Wiener-Hopf
integral equation (5), then its generalized Volterra-Stieltjes
counterpart has the form

x(t)=a(t)+ L v(s,x(s))dg(t,s), (55)

with the function g(t,s) of the form (24). Then, we can
formulate the following existence result concerning (55) [21]
(cf. also [36]).

Theorem 10. Assume that the following hypotheses are satis-
fied.

(i) The function a = a(t) is continuous and bounded on
R,. Moreover, there exists the limit lim, _, . a(t) (of
course, this limit is finite).

(i) v : R, xR — R is continuous and there exists a
functiony : R, — R, being nondecreasing on R,
y(0) = 0, and lim, _, yy(t) = 0 such that

[v(s,x) =v(s,p)| <y (|x-y]), (56)

foralls € R, and x, y € R.

(iii) The function s — v(s,0) is bounded on R .

(iv) g(t,s) = g : A — R is uniformly continuous on the
triangle A = {(t,s) : 0 < s < t}.

(v) The function s — g(t,s) is of bounded variation on
the interval [0, t] for each fixed t € R,.

(vi) For any € > 0, there is § > 0 such that, for all t,t, €
R,, t; <ty andt, —t; <6, the inequality

t

V0g(tns)-g(t,9)] <e (57)

s=0

holds.
(vii) g(t,0) = 0 forallt > 0.
(viii) The functiont — \/Z:Og(t, s) is bounded on R ,.
(ix) There exists a positive solution 1, of the inequality

lall + (w (r) +V})K <, (58)

where |la|l = sup{la(t)| : t = 0}, V; = sup{|v(s,0)| :
s> 0}, and K = sup{\/'_,g(t,s) : t = O}.

Then, (55) has at least one solution x = x(t) which is defined,
continuous, and bounded on R, and has a finite limit at

infinity.

Further, let us mention that the crucial role in Theorem 8
is played by assumption (v) (the same assumption appears as
assumption (vi) in Theorem 10). That assumption seems to
be rather difficult to be verified in practice. But it turns out
that, in considerations which cover all our particular classes
of the above indicated integral equations, we can replace the
mentioned assumption by less restrictive ones which are very
convenient in verification.

For example, we formulate below the assumption of such
a type which is connected with Theorem 10 (see [21]).



(x) Forarbitraryt,,t, € R, suchthatt, < t,,the function
s — gl(t,,s)—g(t;, s) is nonincreasing on the interval
(0,1, ].

Then, we have the following lemma [21].

Lemma 11. Let assumptions (iv) and (vii) of Theorem 10 be
satisfied. Moreover, we assume that the function g = g(t,s)
satisfies condition (x). Then, g satisfies assumption (vi) of
Theorem I0.

It can be shown that Lemma 11 enables us to formu-
late convenient requirements concerning, for example, the
function k = k(u) appearing in (6), which guarantee
that the Volterra-Wiener-Hopf counterpart of (55) satisfies
assumptions imposed in Theorem 10. We omit details which
can be found in [21].

5. Remarks concerning Nonlinear
Volterra-Stieltjes Integral Equations
in Two Variables

In this final section, we indicate the possibility of investi-
gations concerning the nonlinear Volterra-Stieltjes integral
equations with an unknown function of two or more variables
(cf. [31]). For example, the Volterra-Stieltjes integral equation
in two variables has the form

u(t,x)=a(t,x)+ f ¢t xu(tx))

t rx
<[ | vsmru(sr) e 6 da ),
0 Jo (59)

for (t, x) € I>, where I = [0, 1]. Obviously, the interval [0, 1]
can be replaced by any closed and bounded interval [a, b].

We will not formulate in detail assumptions concern-
ing the functions involved in (59). Those assumptions are
combinations and a refinement of assumptions imposed in
Theorem 8 (cf. [31]).

It is worthwhile mentioning that the Volterra-Stieltjes
integral equation in two variables (59) covers a lot of
particular cases being a combination of nonlinear integral
equations of the type (3)-(6). For example, we can consider
the functional integral equation with functions involved
depending on two variables which has the form

u(t,x) =al(t,x)

f(txu(tx)) Jt J" v(t,s,x,y,u(s,y))dsdy

T@TB) oo (¢ - g1 - )1 F

(60)

for t,x € I and for «, 3 being fixed numbers in the interval
(0, 1). Obviously, (60) is a particular case of (59) if we put

g, (t,s)==[t"—(t-9)"],
(61)

92 (%) = 2 [ = (=),
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for (t,s) € A, and (x,y) € A,, where A; = {(t,s) : 0 < s <
t<1lfand A, ={(x,y):0< y <x <1}

On the other hand, we can also consider the functional
integral equation with functions depending on two variables,
which has other mixed forms composed of functions g =
g(t, s) appearing in previously investigated integral equations
(3)-(6).

Thus, we can consider the nonlinear Volterra-Stieltjes
integral equation with an unknown function depending on
two variables and having the form

u(t,x) =al(t,x)

+ f(t,xu(tx)) Jt Jx tv(t’s’x’y’u(s’y))dsdy,

I'(«) 0 Jo (t+5)(x—y)17“

(62)

for t,x € I and for « being a fixed number in the interval
(0, 1).
Observe that (62) is a particular case of (59) if we put

t+s
tlnT forO0<s<t

0 fort =0,

g(t,s) =
(63)

62 (5y) =~ [x = (x= )],

for (x, y) € A,.

Hence, we see that (62) represents the mixed type of
Chandrasekhar and fractional order integral equations.

Obviously, it is not difficult to construct other mixed types
of nonlinear integral equations with unknown functions in
two variables which are particular cases of (59). For example,
we can construct nonlinear integral equation in two variables
of mixed type of Erdélyi-Kober and fractional order, of
Erdélyi-Kober and Wiener-Hopf type, and so on.

The details are rather involved and we will not present
details (cf. [31]).
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We give a necessary and sufficient condition on a function & : R — R under which the nonlinear composition operator H,
associated with the function i, Hu(t) = h(u(t)), acts in the space k®BV [a, b] and satisfies a local Lipschitz condition.

1. Introduction

Given a function 4 : R — R, the composition operator H
associated with the function 4 maps each function u
[a,b] — R into the composition function Hu : [a,b] — R
defined by
Hu(t) :=hu (), (t€lab]). @
More generally, given k1 : [a,b] xR — R, we consider the
operator H, defined by

Hu(t) :=h(t,u(t)), (telab]). (2)

This operator is also called superposition operator or sub-
stitution operator or Nemytskij operator associated with h. In
what follows, we will refer to (1) as the autonomous case and to
(2) as the nonautonomous case. For an extensive treatment of
composition operator and function spaces we refer to the
monographs Appell et al. [1], Appell and Zabrejko [2], and
Runst and Sickel [3].

In 1984, Sobolevskij [4] proved the following statement:
“the autonomous composition operator associated with h :
R — Riislocally Lipschitz in the space Lip[a, b] if and only
if the derivative /' exists and is locally Lipschitz.” In recent
articles Appell et al. [5] and Merentes et al. [6] obtained sev-
eral results of the Sobolevskij type. As the authors explain in
the introduction, the significance of these results lies in the
fact that in most applications to many nonlinear problems it is

sufficient to impose a local Lipschitz condition, instead of
a global Lipschitz condition. In fact they proved that
Sobolevskij’s result is valid in the spaces BV, [a,b], HBV[a, b],
RV, [a, b], and ®BV[a, b].

Motivated by the work done in the papers [5, 6], we
establish a similar result to the one given by Sobolevskij, in the
space of functions k®BV [a, b].

Although the composition operator (or Nemytskij opera-
tor) is very simple, it turns out to be one of the most inter-
esting and important operators studied in nonlinear func-
tional analysis; the behavior of this operator exhibits many
surprising and even pathological features in various function
spaces. For example, about 35 years ago Dahlberg [7] proved
the following: for 1 < p < coand 1+(1/p) < m < n/p integer,
if H maps the Sobolev space W;” (R") into itself, then h
is a linear function. Among these pathologies there is one
called degeneracy phenomenon, which states that the global
Lipschitz condition necessarily leads to affine functions in
various functions spaces. This property was first proved in [8]
for the space Lip[a,b]. Additional information about the
degeneracy phenomena can be found in [9, 10].

This paper is organized as follows: Section 2 contains def-
initions, notations, and necessary background about the class
of functions of bounded x®-variation in the sense of
Schramm-Korenblum; Section 3 contains the main theorem.
Also in this section we state and prove a Helly-type theorem,
which plays a crucial role in the demonstration of our
Sobolevskij-type result.
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2. Some Function Spaces

The concept of functions of bounded variation has been well
known since C. Jordan gave the complete characterization of
functions of bounded variation as a difference of two increas-
ing functions in 1881. This class of functions exhibits so many
interesting properties that it makes a suitable class of func-
tions in a variety of contexts with wide applications in pure
and applied mathematics [1, 11].

Definition 1. Let f : [a,b] — R be a function. For a given
partition 7w : a =t, < t; < --- < t, = b of the interval [a, b],

o (i) =0 (fmlab) =Y 1F ()~ F ()] O

is called the variation of f on [a, b] with respect to 7.
The (possibly infinite) number,

V(b)) = sy I e)- £l @

where the supremum is taken over all partitions 7 of the
interval [a, b] is called the total variation of f on [a,b]. If
V(f;[a,b]) < 0o, we say that f has bounded variation. The
collection of all functions of bounded variation on [a, b] is
denoted by BV [a, b].

This notion of a function of bounded variation has been
generalized by several authors. One of these generalized
versions was given by Korenblum in 1975 [12]. He considered
a new kind of variation, called x-variation, and introduced a
function « for distorting the expression |¢; —; ;| in the par-
tition itself, rather than the expression | f (¢ - f j-1)| in the
range. One advantage of this alternative approach is that a
function of bounded k-variation may be decomposed into the
difference of two simpler functions called x-decreasing func-
tions.

Definition 2. A function « : [0,1] — [0, 1] is called a distor-
tion function (x-function) if «x satisfies the following
properties:

(1) x is continuous with x(0) = 0 and (1) = 1;

(2) x is concave and increasing;

(3) lim, _, o+ (x(t)/t) = oo.

Korenblum (see [12]) introduced the definition of
bounded x-variation as follows.

Definition 3. Let x be a distortion function, f a real function
f:la,b] - Ryandm:a=t, <t <---<t,=bapartition
of the interval [a, b]. Let one consider

Y lf () - £ ()]
Yk ((ti—tiy)/ (b-a)) (5)

wV (f) = wV (filab]) = supx (f7),

k(fim) =
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where the supremum is taken over all partitions 7 of the
interval [a, b]. In the case ¥V (f; [a,b]) < oo one says that f
has bounded «-variation on [a,b] and one will denote by
kBVa, b] the space of functions of bounded «-variation on

[a,b].
Schramm in 1985 [13] considered a ®-sequence as follows.

Definition 4 (d-sequence). Let ® = {¢,},., be a sequence of
increasing convex functions, defined on R, = [0, c0) such
that

1) ¢,(0)=0,n>1;
(2) ¢,(t) > 0fort > 0.

We will say that @ is a @*-sequence if ¢, (t) < ¢, (¢) for
all nand t and a @-sequence if in addition Y, ¢,,(¢) diverges
fort > 0.

From now on, all sequences considered in this work will
be @-sequences. We will consider a nonoverlapping family of
subintervals I, = [t,_;,t,] of the interval I = [a,b], (n =
1,2,...); it means that I; N I; either is empty or contains a
single point fori, j = 1,2,...,i # j.

Definition 5. If @ is a ®-sequence, one says that a function
f : [a,b] — R is of bounded ®-variation if the ®-sums

Y. .1, — f(t,_)) < oo for any nonoverlapping collec-
tion {I,} of the interval I.

Definition 6 (condition &, generalized for small values G ).
The ®-sequence ® = {@,},., satisfies condition G, if and
only if there exist £, > 0 and M(t,) > 0 such that

b, 2) S M(tg) Y b () 0<t<ty, m=21. (6)
n=1 n=1

We may define, for f of bounded ®-variation, the total
®-variation of f by

Vo (f) = Vo (fi [a,b]) = sup ;¢n (If (t) = £ (t.-)D)
)

where the supremum is taken over all {[,},I, < [a,b].
Hernandez and Rivas (see [14]) showed that if ® = {¢,},>; is
a @-sequence and @ satisfies condition G , then Vi, [a,b] is a
linear space. We denote by ®BV[a,b] the collection of all
functions f such that cf is of bounded ®-variation for some
c>0.

S. K. Kim and J. Kim in 1986 [15] considered a bounded
k®-variation as follows.

Definition 7. Letx : [0,1] — [0, 1] be a distortion function
and @ = {¢,},., a P-sequence and let f : [a,b] — R. One
defines

o Z:anl ¢n (|f (tn) B f (tn—l)l)
oy (f,1,) = S et~ t,) [(b—a) .

Ve (f) = xVe (f [a,b]) = supxoy (f.1,) -
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If Vg (f;[a,b]) < oo, we say that f has bounded x®-
variation in the interval [a, b] and this number denotes the
k®-variation of f in Schramm-Korenblum’s sense in [a, b].
The class of functions that has bounded x®-variation in the
interval [a, b] is denoted by xVg[a, b]. The vector space gen-
erated by this class is denoted by k®BV[a, b].

Let us consider «Vg(cf) as a function of variable c. If ® =
{¢,,},51 is a sequence of increasing convex functions, ¢,(0) =
0,t > 0, we have ¢, (ct) < c¢,(t), 0 < c < 1. Let Vg (f) < 00
and let 0 < ¢ < 1. Then kVg(cf) < ckVg(f) — Oasc — 0.
With this in mind, we define a norm in the space k®BV,, =
{f e kOBV | f(a) = 0} as follows:

||f||:inf{c>0|KV®<i>sl}. (©)
c
We will consider the following norm in the space k®BV [a, b]:

1o = 1/l + 146 (F)

where py(f) = inf{c > 0 [ ¥V, (f/c) < 1} and || - [l
the supremum norm.
By the above definition, we have the following.

(f € k®BV [a,b]), (10)

denotes

Theorem 8 (see [16]). Let {f,} ¢ k®BV,, be a sequence such
that f, converges to f almost everywhere with f € x®BV,.
Then

|/l < Jim_inf | £,] ()

n— 00

that is, the Luxemburg norm is lower semicontinuous on
k®BV,,.

Theorem 9 (see [15]). (k®BV, || - |I) is a Banach space.

Definition 10 (see [17]). Let ® = {¢,},-; be a P-sequence. A
real function f : [a,b] — R is said to be k®-decreasing on
[a,b] if there exists a positive constant ¢ such that for each
subinterval I of [a, b]

'f'a). (12)

Lemma 11 (see [16]). For any k-function and any ®-sequence
@ = {¢,},,1> one has the following:

M Vo (f/fllp) < 1, f € DBV,
) ifIfll o < 1, then Ve (f) < I fll 0 f € KDBV.

Lemma 12 (see [18]). Letx : [0,1] — [0, 1] be a distortion
function and ® = {¢,},5; a D-sequence and let f ¢
x®BV(a,b] and ¢ > 0. Then ps(f) < c if and only if
kVe(f/c) < 1.

Theorem 13 (see [15] or [17]). Ifa function f is k®-decreasing
on [a, b], then one has the following properties.

8. (1f O < ex (5

(1) f is of bounded k®-variation.

(2) f(xy) and f(y,) exist for anya < x, < band a <
Yo <b.

(3) f is continuous on [a, b].

Theorem 14 (see [18]). Letx : [0,1] — [0, 1] be a distortion
function, let ® = {,},, be a O-sequence, leth : R — R, and
let H be the composition operator associated with h. H maps
the space Lip [0, 1] into the space k®BV[0, 1] or kBV[0, 1] if
and only ifhis locally Lipschitz. Furthermore, the operator H is
bounded.

The following lemma is basic for our main result.

Lemma 15 (invariance principle). Let h : R — R be a
function. Then the composition operator (1) maps the space
k®BV [a, b] into itself if and only if it maps, for any other choice
of c < d, the space k®BV [c, d] into itself.

Proof. Suppose that the composition operator defined by
Hu = hou maps the space k®BV [, b] into itself. The function

a:[c,d] — [a,b] defined by
b-a
a(t)=——(@{-c)+a (c<t<d) (13)
d-c

is a strictly increasing homeomorphism between [c,d] and
[a, b] with inverse

al(s) = _;(s—a)+c (a<s<b) (14)

b—
which satisfies a(c) = a and a(d) = b. Let P([a,b]) denote

the family of all partitions of [a,b]. Thus, & : P([c,d]) —
P([a, b]) with

@ ({to’ | SERRREY MY tm})

={a(to)sa(tr), (b)) (8)}

defines a one-to-one correspondence between all partitions
of [¢, d] and all partitions of [a, b].

Given v € k®BV|c, d], the function u := v o o™ belongs
to k®BV[a, b], by the definition of functions of bounded x®-
variation, and so Hu = h o vo ' belongs to k®BV[a, b], by
assumption. But for P € %([c,d]) and «(P) € P([a,b]) as
above we have

(15)

Koy (hou,a(P))

:KO'¢( ovon >

LP)
a(t)))

Z] 19 ([ (u( — (s (e - )))i)
1CK |u oc(t])) u((x(tJ 1) '/(b a) (16)
_ XY |h(V(fJ)) h(( )))
CSe(fo () v ()] @ =)
=x0y (hov,P).

Passing to the supremum with respect to P € P([c,d])
and a(P) € P([a,b]) we conclude that Vg (h o v; [c,d]) =
Vg (hou; [a, b]). O



3. Main Results

In the proof of the main result of this paper, we will employ a
compactness result, for instance, Helly’s selection principle or
second Helly’s theorem. Helly’s theorem for functions of
generalized variation has been of some importance for a long
time. Helly’s selection principle has been the subject of inten-
sive research, and many applications, generalizations, and
improvements of them can be found in the literature (see, e.g.,
[19-21] and the references therein).

In this part we will state and prove our main results. In the
proof of our main result we make use of a Helly-type selection
theorem for a k®-decreasing function.

In the paper [22] Cyphert and Kelingos proved the same
result for an arbitrary infinite family of functions defined on
[0, 1] which is both uniformly bounded and uniformly -
decreasing.

Theorem 16 (Helly-type selection theorem). An arbitrary
infinite family of functions defined on [0, 1] which is both uni-
formly bounded and uniformly k®-decreasing contains a sub-
sequence which converges at every point of [0,1] to a xk®-
decreasing function.

Proof. Letus denote by # an arbitrary infinite family of func-
tions defined on [0, 1], which is both uniformly bounded and
uniformly k®-decreasing. Then, there exists a constant ¢ > 0
such that for every f € # and everypair0 < x < y <1

|f ()] < e, 17)
¢, (f(y) - f () serc(y-x). (18)

Using (17) we can, by means of the standard Cantor diago-
nalization technique, find a sequence of functions f; in F
which converges pointwise at each rational point of [0, 1], to a
function g. Since each f, satisfies (18), so does g, for all
rational numbers x, y € [0, 1].

Define g at irrational points x by

g(x)= lim g(y), y rational. (19)
y—ox

The existence of this limit can be seen as follows:

A = liminfg(y) < limsupg(y) =B asy — x,
Q3y—x~ Q3y - x~ (20)

y rational.

Let {y;} and {y/} be two sequences of rational points
converging to x, arranged so that y; < y; < y, < yj < -+ < x
and such that g(y;) — Aand g(y;) — Basi — oo.Then

¢, (9(7) -9 () <ex (¥ - 5),
b (9(2)-9()) = ¢, (ylgrr;,g () lim g (y)) e

= ¢, (B—A) < 0.

Then ¢,(B— A) = 0, and hence A = B.
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From (19) we obtain, by taking limits of rational points in
inequality (18), that g satisfies (18) for all pairs of positive real
numbers; that is, g is k®-decreasing with constant ¢ on [0, 1].
By Theorem 13 g is of bounded x®-variation and g is con-
tinuous. Hence, by another Cantor diagonalization process, a
convergent subsequence of the functions f; can be found.

Now, let us consider 0 < t < 1and & > 0. Then, we fix two
rational numbers y, and y, with y, <t < y, such that

e .
g -g0l <3, i=12,

(22)
CK(lyl_t|)<§: i:1,2.

Since the sequence {f;}, k = 1,2,..., converges to g in the
rational numbers, there exists N > 0 such that

feG)-gOl<3 i=12 k=N (@3
Now, from (22) and (23) we obtain
g0 - fi®= (fi(n) - fi®)+(g®) - g(5))
+(9 () - fi (02))

sca(y, =) + (g - g(n)) (24)
+(g(7) = fi (1))

Similarly,

fi®=-g®) = (f®) - fi ) +(g(n)-g®)
+(fi 01) =g (n))

< e (|t =) (25)
+(g () =g ®) + (f ) -9 (n))
& & &
< +Z4+Z=¢
3 3 3
Then, | fi(t) — g(t)] < . O

We are now in a position to formulate and prove our main
result.

Theorem 17. Let us suppose that the composition operator H
associated with h maps the space k®BV [a, b] into itself. Then H
is locally Lipschitz if and only if h' exists and is locally Lipschitz
in R.

Proof. First let us assume that k' is locally Lipschitz in R.
Givenu € k®BV|[a, b], for r > 0, we denote by K, () the min-
imal Lipschitz constant of 4’ and by K, (r) the supremum of
|| on the bounded set

B.:= |J fu®: lul <1} cR. (26)

a<t<b
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The finiteness of K, (r) implies that H satisfies a local Lip-
schitz condition with respect to the norm || - ||, so we only
have to prove alocal Lipschitz condition for H with respect to
the x®-variation norm. We will prove this by applying twice
the mean value theorem.

Infact,letusfixu, v € k®BV[a, b] withu # vand |lu,4 <

7, IVl o < 7. Given a partition P = {t(,t,,..., t,.} of [a,b], we
split the index set {1, ..., m} into a union I U J of disjoint sets
I and ] by defining the following:
jelrif
Ju (£7) = v (t)] + e (810) = v (£0)]
(27)
<fu(ty) (e + v (1) = v(85))]
and j € Jif
ju (1) = ()] + Ju (t51) = v (£50))]
(28)

> [ (t) = (t0)] + v (1) = v ()]
By the classical mean value theorem we find « i between v(t j)
and u(tj) such that

Hu(t;) = Hv(t;) = B (o) [u(t;) = v(t)]

(j=12,....,m).

(29)

Now, by definition of I we have
oy =] < 2fu () = u(t0)| + 2 v (8;) = v (1)) (30)
(jel).
A straightforward calculation shows then that
[Fu (t;) = Hv (t;) = Hu(t;,) + Hv (1)
= [ () [ (1) = v (£)] = ' (o) [ (850) = v (2120 |
=|(r (@) =" (@) [u (1) - v (1))]
' (o) [ (t) = v () = u () + v (150)]]
<Ky (1) oy = oy | = vl
H K () |u(ty) = v(t;) = u(ti) +v (1)
< [2K; (1) [lu = vllo + K, ()]
x[[ue(t) = (t0) [ + v (1) = v (10)]]
=Ky () [Ju(t;) - u ()] + |v(8)) - v (0[]

(3D
Since ¢, (t;) < ¢, (t,) for t; < t,, we obtain that
¢ (|Hu(t;) - Hv(t;) - Hu (1) + Hv(t,,)|)

<@ (K O [Ju () =u (1) + [ (1)) = v (1))

(32)

5

and dividing by Z;il K(|tj —ti |/(b—a)) and addingon j € I
we get that

jeI

z(@(tHu(tj)—Hv(tj)—Hu(t;1>+Hv<rj1>|>

<y < (1/2) ¢ (2K5 () [u (t;) = u (t;1)])

(|t =tia] /0~ a)

. (1/2) ¢, (2K3 (r) |V(tj) B V(tj-l)') >
St -] 16 -a)

JjeI

1 1
= SK0y (2K; (r)u, P) + %% (2K;5 (r) v, P)
< K (r) (luleo + Vo) < Ky (1) 1= Vo

(33)

Again, by the mean value theorem, we find f3; between
u(tj) and u(tj,l) and Yj between v(tj) and v(tj,l) such that

By definition of ] we have

'ﬁj - yj| <2 |u (tj) - v(tj)| +2 |u (tj,l) - v(tj,1)|. (35)

A straightforward calculation shows that

|Hu (t;) = Hv (t;) = Hu (t;.,) + Hv (t;,)|

= |n (B;) [u(t;) —u ()] = () [v () = v (£,)]]



=|(r (B;) = 1 () [ (t) — e (2-1))]
W () [ (t) = e (t50) = v (&) + v (1)}
<Ky () [B; = vy e (1) = u (1520
() —u(tin) +v(t00)
< 2Ky ) [[ue (1) = v (1)) fus (50) = v (110
x () = u(tj)
+ K, (r) |u(t u(t;,

J

+ K, (r) |u(

D+ () = (t50)]]
< 4K, (1) llu = Voo [ (£;) - u(t;,)]
K fu(t) —u(tn)]
- (t)]
< (4K, (1)~ Yo + K, () Ju (1))
v(t)]

< Ks () |u(t;) - u(ti)| + Ko 0]v (1))

+ K, (r) |v(tj)
u(to)
+ K, (r) |v (t])

~v(tj)]-

(36)

Since ¢,(t,) < ¢,(t,) for t; < t,, we obtain that

¢ ([Hu (t;) = Hv(1;) - Hu (1) + Hv (t;,)])
—u(t)| + K ) |v (1) = v (t54)])

(37)

<o, (K5 (r) |u (t])

and dividing by Y7, «(lt; -
we get that

tj_ll/(b—a)) and addingon j € J

Z(%Wﬂ@;+w@%kuJmeJD>

jel ;n:lk('tj_tjq'/(b_a))
sZ(%WwﬂMﬂ—(%M
j€J
0 (6)=v(61))

X@me
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u(t0)])

tj_ll/(b— a))

v(t 1)I)>
,ll/<b a))

1 1
= 2K (2Ks (r)u, P) + %% (2K, (r) v, P)

< Ko (1) (1l + Vleor)

< Ky (1) 1 = V-

3

j€l

<(1/2)¢j(2K5(r) lu(t;)
St (|t -
(1/2></>J (2K, (n) |v (¢
Z] LK |t

(38)

Summing up both partial sums and observing that K, ()
and K (r) do not depend on the partition P we conclude that
(4%
* ( (K, (r) + K7 (1) Ju -

) <1 (39)
v”KCD
which proves the assertion.

Conversely, suppose that H satisfies a Lipschitz condition.
By assumption, the constant

Hu - Hy

"Hu - HV"K(D

:u,v € kOBV [a,b],
llu = Vllo

K (r) := sup {
(40)

il < 72 Vo < 7o # v}

is finite for each » > 0. Considering, in particular, both func-
tions v and v in (40) constant, we see that

lh(w)-hW)|<K@)|lu-v] WwveR|ul<r|v|<r).

(41)

This shows that & is locally Lipschitz, and so the derivative
h' exists almost everywhere in R. It remains to prove that /'
exists everywhere in R and is locally Lipschitz. For the proof
of the first claim we show that /' exists in any closed interval
I=[a,b].

Given r > 0, we consider z € k®BV[a, b] with ||z, <
/2. Let {a,}2, be a decreasing sequence of positive real
numbers converging to 0; without loss of generality, we may
assume that a, < r/2 for all n € N. We define a sequence of
functions h,  : [a,b] — Rby

he . (6) = h(z()+ o::) “h)

n

€[ab]). (42)

Since the composition operator H associated with 4 acts
in the space k®BV/[a, b], by assumption, the functions h, .
given by (42) belong to k®BV [a, b].

Now, we show that the sequence {h, .},°, has uniformly
bounded x®-variation for all z € KCDBV[a, b] with ||z, <
r/2.Infact,letm = {t,,t,,...,t,,} beapartition of the interval
[a, b]. For each n € N we define functions u, and v by

v(t)=z(@) (telab]). (43)

Then |lu,l., < rand ||v|., < r. Furthermore, from
Lemma 11, (42), and (43), we obtain the estimates

u, (t) =z () +«,,
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27 85 ([t [z (6)) = Pae (850)]] /1Hu, = Hl o)

2211 x(b-a)
_ 29 (I (= (5;) + ) =1 (2(t;) =B (2 (1) + @) + B (2 (t10))| /NHu, — Vo)
27:1 k(b-a)

_ X3 0 ( (sa () =1 (v () = (s (520)) + B (v (850) )/ 1H, = HY ) (44)

22":1 k(b —a)

Yo ¢; (Hu, — Hv) /|Hu, - Hv| o)

Z;"zlx(b—a)

Hu, — Hv
<kVy| —2———;[a,b] | < 1.
=x @(uHun—Hvu,@ . ])<

Since the partition w = {ty,¢,,...,t,,} was arbitrary, the

inequality

<V ‘thocn,z
*\|Hu, - Hv]

; [a, b]) <1 (45)
holds for every n € N and each z € k®BV[a, b] with |zl <
r/2. From Lemma 11, the definition of the function hawz in
(42), and the definition of the functions u, and v in (43), we
further get

= Iz +a) = h@)]
= [I1 () =R )] (46)

”‘xnhan,z

<K(r) ||un - "”mp =K(r)«a,

and hence ||k, | < K(r). By Lemma 11, we conclude that

-
1V (B, 2) < K (1), (47)

which shows that the sequence {h, },?, satisfies the hypothe-
ses of Theorem 16. ’

Theorem 16 ensures the existence of a pointwise conver-
gent subsequence of {h, ,}7?,; without loss of generality we
assume that the whole sequence {h, .};°, converges point-
wise on [a, b] to some function f € k®BV{a,b].

Now we define z(t) := At, where A > 0 is so small that
Izl < 7/2. By (43) we see that

h(z(t) +a,) —h(z(t))

[04

f@ = lim,
! (48)

. h(M+a,)-h(At)
= lim

n— 00

= A (Ar)

Xn

for almostall t € [a, b]. Since the primitive of f and the func-
tion t — h(At) are both absolutely continuous and have the
same derivative on [a, b], we conclude that they differ only by

some constant on [a, b], and so i’ exists everywhere on [a, b].
From the invariance principle (Lemma 15) we deduce that the
derivative i’ of h exists on any interval and so everywhere in
R.

It remains to prove that /' satisfies a local Lipschitz condi-
tion. Denoting by F the composition operator associated with
the function f from (48), we claim that, for z € k®BV[a, b]
with ||zl < 7/2, we have

IFzllo < K(r), (49)

where K(r) is the Lipschitz constant from (40). In fact, we
conclude that

Iflo < Jim inf A, ] o (50)

n— 00

whenever the sequence {h,}, of functions h, € k®BV [a, b]
converges pointwise on [a, b] to a function f. Combining this
with (47) and the observation that the sequence {h, .(a)}
converges as 1 — 00, we obtain (49). We conclude that the
composition operator F maps the space k®BV[a,b] into
itself, and so the corresponding function f islocally Lipschitz
on R. By (48), the same is true for the function H.
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We introduce a new space Qg (0D) of Lebesgue measurable functions on the unit circle connecting closely with the Sobolev space.
We obtain a necessary and sufficient condition on K such that Qg (dD) = BMO(0D), as well as a general criterion on weight
functions K; and K,, K; < K, such that Qi (D) ¢ Q, (D). We also prove that a measurable function belongs to Q(dD) if

and only if it is M6bius bounded in the Sobolev space LZK(alD). Finally, we obtain a dyadic characterization of functions in Q. (0D)

spaces in terms of dyadic arcs on the unit circle.

1. Introduction

In recent years a new class of Mobius invariant function
spaces, called Q spaces, has attracted a lot of attention. These
spaces were originally defined in [1] as spaces of analytic
functions in the unit disc D in the complex plane C. Later
on, some further generalizations such as F(p,q,s) and Qg
appeared; see [2, 3], for example. Let 0D be the boundary
of D. For p € (-00,00), Xiao studied the space Qp(alD) in
paper [4], consisting of all Lebesgue measurable functions
f:0D — Cwith

£, @y

1/2 1)
(1 lfw-fo)f
- sn g ], e )<

where the supremum is taken over all subarcs I ¢ 0D and |I|is
the arc length of I. A series of results of Q ,(dD) can be found
in [4-6]. Note that if p = 2, then Qp(g[D) coincides with
BMO(0D), the space of measurable functions of bounded
mean oscillation on 0D introduced by John and Nirenberg
in [7]. For any given arc I ¢ dD and L*(0D) function f, the
square mean oscillation of f on I is defined by

1

@)= o | 17 = £ @

where
1
fi= Lf(u) \du]. 3)

Then a function f € L*(dD) is said to belong to the space
BMO(0D) if and only if | f [5yop) = SuPscap®(I) < 0.

In paper [2], Essén and Wulan studied Qg spaces of
holomorphic functions on the unit disc D and developed
their general theory. Later on, Wulan and Zhou gave a
decomposition theorem on Q spaces and built a relationship
between Qg spaces of analytic functions and the Morrey type
space; see [8, 9], for example. Our aim in this paper will be
to extend these ideas to the real Qy spaces so that we may
obtain related results on the “real Qy spaces” by using known
results on real Hardy spaces. Historically, the “real variable”
theory of Hardy spaces has proved to be important in the
development of harmonic analysis. We feel that these spaces
are intrinsically interesting and that understanding them
better will help inform our study of spaces of holomorphic
functions.

As a continuation of [2], Essén et al. described the

boundary values behavior of analytic functions in Qg spaces
[10] as follows.
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Theorem EWX. Let K : [0,00) — [0, 00) be nondecreasing
and satisfy the conditions

1
| o0 % <co @)
0 t
e dt
| o5 <o (5)
where
K
Qx (s) = 0s<1t1£)1 K((S:)), 0<s<oo. (6)

Then f € H* belongs to the space Qy i and only if

/2
If @)= FOP [ lu-v] '
Iscua%< ”1 — K( i ) |dul|dv| < co.
(7)

The above theorem suggests the following definition of
Qg (0D) spaces on the unit circle. Let K : [0,00) — [0, 00)
be a nondecreasing function. The space Qx(0D) consists of all
Lebesgue measurable functions f on 0D for which (7) holds.
IfK(t) = t£,0 < p < 00, Q(0D) coincides with Q, (D).
The space Qg (0D) first appeared in [11], where Pau gave that
the Szegd projection from Qg (0D) to Qg is bounded and
surjective. By [10] and [11] we know that Qg = H*n Qg (0oD)
if the weight function K satisfies conditions (4) and (5).

In addition, f < g (for two functions f and g) means
that there is a constant C > 0 (independent of f and g) such
that f < Cg. We say that f = g (i.e.,, f is comparable with g)
whenever f < g < f. In the whole paper we assume that K is
doubling; that is, K(2t) = K(t).

2. BMO and Q,(0D) Spaces

In this section, we investigate the relationship between spaces
Qg (0D) and BMO(0D) and study how Qg (dD) depends on
the weight function K.
The following identity is easily verified:
1
i?
Proposition 1. Qy(9D) is a subset of BMO(0D) for all K.

HIIf W)~ £ )" 1dul |dv] = 20 (I). (8)

Proof. For I c 0D, it is easy to see that
IxI
={zw):0<|z-w| < |l|,zw e I}| J{(z.2),z € I}.
)

Note that the area measure of {(z, z), z € I} is zero. For z, w €
I, we have

{zy,w) : 0< |z—w| < |I],z,w € I}

N Nl 1 (10)
ck!l{(z,w).z—k <lz-wl< F}
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Suppose that f € Qg(0D). For I ¢ 0D and integer k, denote
by 27¥7 the subarcs of I with arc length 27X|1]. Then

”IIf )~ £ O dul |d
< 2
: I;IJ|I|/2k<Iu—v|£II|/2k‘1 |f -7 (V)| ldul 1]
1 0 |I| 2
T K1) ,;(?)

— 2 —
JJ|u—v|£|I|/2k’l ! (Tb)t - 1{|2(V)| K ( IZu‘k I;I| )

A

X

x |du| |dv|
1 00 |I| 2
s K(1)k§<2k>
fff  Lw-rof
X2 J-II/2k‘1 lu— v

|u— vl
X K(zl*k i > |du] |dv|

< |I|2||f”<22,<(am)~
(11)

We have f € BMO(dD) by (8). O

Corollary 2. The space Qg (0D) is Banach with the norm of
1A= 15O + 11 fl o @) where |l fllg, o) is the supremum of
(7).

Proof. Let {f,} be a Cauchy sequence in Qg(dD). By
Proposition 1 we know that Q(dD) is subset of BMO(dD).
Hence {f,} is a Cauchy sequence in BMO(0D) as well and
f» — f in BMO(0D) for some f. It follows from Fatou’s
lemma that, for every integer n > 1,

If - fn”QK(aID) S liﬁsip|'fj - f"”QK(aD)' (12)

This gives f, — f in Qg(dD). O

Theorem 3. Qg (D) = BMO(ID) if and only if

Jl KO s < o (13)
0 S

Proof. Assume that f € BMO(dD) and (13) holds. We use nl
for the arc in 0D which has the same center as I and length
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n|I| for a nonnegative integer n. For any given I ¢ dD and
[t] < |I], then

JI ' f (ei(6+t)) _f

<J s @)= s

< || "fHZBMO(aD) + L |f (ei(6+t)) - f31|2d9

(")

+|f(¢°) - [ } a0

(14)

+ 11| f3r = fllz

2
< 1 "f“BMO(aD)'

By the inequality 2x/m < sinx < x for 0 < x < 77/2 and
the above estimate, we have

i0 io\|2 i ;
[[if(e‘)—f(ewn K"e — | o
I |ele _ ez(p|2 |I|
g [
“ < I |ei(9+t) _ e,-glz

' SO+ _ ei6|
x K <—|> dodt

|I

15)
K (Isin (¢/2)| / |1])
< 1/ Prioemy 11 ngm = ema

”me)
(t/2)

S ||f||123MO(aD) I Jo

K (s)
S

< hawouo [,

The above estimate shows that BMO(dD) < Qg(dD). This
and Proposition 1 imply BMO(0D) = Qg (dD).
Conversely, suppose that Qi (dD) = BMO(dD). If

rK®¢=m’ (16)
0

s2

we can choose an integer sequence {A j}‘ﬁl such that

1
J J,KégdSZj, j=1,2,3,.... 17)
22 7
Define a function f as follows:
i0 <1 i2%ie
f(e ) = Z;e . (18)
=1

Then f € BMO(9D) ([12], page 178). By assumption we have
f € Qg(0D). It is easy to see that

o 9+t) 19 < !
J, e )do=3 5

12 it 1| ) (19)

3
We give the following estimate which will be proved later:
T K T K
J sinzn—tﬁdtzj #dt, n=12,.... (20)
0 2t 2n/n t
By (17), (19), and (20), we have
i0 iv)|? 0 i
| f (V) - f(e? e’ —e?
ﬂlﬂ')ngKl ) do
0 |619 _ et(p| 27
o . 12 it eit 1
sl (e,
F=EARCI 1| 2
© 1 (7 sin’ 2A1t/2
2271 me
a7 o sin? (t/2) 1)
S 1 ﬂ K
2 Z_z J sin”=— 't (t) dt
=R
w1 (7 K
ZZGJ P
i) a2t
w1
2 Z—, =00
=

We now prove (20). Note that j/n > (j+1)/2nis valid for
all j,n=1,2,...and K(2t) = K(t). Then

Jn . zntK(t)
sin” —
2t

0

(DM 1 _ cosnt K (t)

Z: Ln/n 2 t2

N "< K(jr/n) J((j“)/")" 1 — cosnt
S+ Da/m)’

TK(G+)n/n) n
= ((j+ D)m/n)* 2n

— ((G+1)/m)m
S s
2: j+1 i t

jm/n
> | K 4.

27t/n t2

dt

dt
jr/n 2

(22)

2z

The proof is complete. O

It is reasonable to assume that lim, ,,+K(r) = 0 for
otherwise weight function K basically dose not play any role.
Moreover, the function f must be at least locally L* on the
boundary when f belongs to the Qg spaces. Therefore the
weight function K plays a role only if t is small. Then the
following result is obvious.



Theorem 4. Let r, € (0,1) such that K(r,) > 0, and set
K, (r) = inf(K(r), K(ry)). Then Q, (dD) = Qg (D).

Proof. Since K; < K and K is nondecreasing, it is easy to see
that Qg (0D) ¢ Qx, (0D). We now prove Qx, (0D) c Qk(oD).
Note that there exists an integer m € N such that m™" < r,/2.
If f e Qg, (0D), then f € BMO(dD) by Proposition 1. For
any I ¢ 0D, divide I into the m subarcs of length |I|/m. For
1 < j < m, denote I, the jth subarcs, arranged in the natural
order. Let I;; be the smallest subarcs containing I; and I;.

Then we have
Y L_Lk @ - ol ( 7 >|d||dv|

jk=1 j |u_v|

k-1<j<k+1

- S [ - f ol < v')ldu||dv|
Prati A lu—v|* 1]

” |f ) - f(v)l

| —vf?

< — ) \du| |dv|
11|

< "f“QKl @D’

= 3 ], |f(1|2_v|(w| (v

k=1 j
j>k+1,j<k-1

ua 2
<K (1 m T
j,kzzzl <I> Lj JIk |f(u) f(v)| |dul |dv]|
j>k+1,j<k-1

S (] lrw-s,

jok=1
J>k+1,j<k-1

Idul

)

! L |f(v) ~ i 2

2 2
<|f ”BMO(B[D) <|f ”QK1 @D)*
(23)

The above estimate gives

” If w) - f W)

| = vf?

(22 i v
I ”

=A+B< "f“zgkl(am)'

Hence f € Qg(dD). So we have Qg, (0D) ¢ Qg(0D). The
proof is complete. O

The following result is natural in view of Proposition 1and
Theorem 3.
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Theorem 5. Let K; < K, and assume that K,(r)/K,(r) — 0
asr — 0.If

J 24 ds = oo, (25)
0

$2
then Qx, (0D) ¢ Qg, (oD).

Proof. Obviously, we have Qg (D) ¢ Qg (dD). We assume
that Qg (0D) = Qx, (0D). The open mapping theorem tells
us that the identity map from one of those spaces into the
other one is continuous. Therefore there exists a constant
C such that | - ”sz(aﬂ)) < C|- IIQK1 (@p)- By the assumption,

there exists an integer m such that K, (t) < (2C)71K2(t) for
t < m™'. Forany I ¢ 9D, divide I into the 2m subarcs of
length |I|/(2m). For 1 < j < 2m, denote by I f the jth subarcs,
arranged in the natural order. Applying the same manner in

handing A and B in the proof of Theorem 4, we can deduce
thatif f € QKZ(BID), then

171, oo
i0) ip)|?
ngup” |f(e ) f(i )|
rcopdl 1 |e - ef?|
'eie _ei(pl
2m 2m
= Csup Z + Z
Icob k=1 k=1
k-1<j<k+1  j<k-1,j>k+1
i0) ip)|? 0 ip
[ O ey,
1 J1, |el9—e"ﬂ|2 1]
1 & If W~ f W[
C - YA AL
= IS;% 2C jg_;l JI] Lk lu — v K

x ( lu—vl ) \du |dv]
11|
2m
+ Csup Z J J —|f f(V)| K;
1coD k=1 1 Jg lu—v|

j

X < lu =] ) \du| |dv|
1]

= E”f"é,(z(an)) + M“f”lZSMO(E)[D)’

j<k-1,j>k+1

(26)
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where M is a constant which is dependent on C. Conse-
quently, for any f € Qg (dD) and I ¢ 0D, we have

If - fW] (lu=+]
”1 lu— v)? K2 < 1] > ldul 1dv] < | Flssiony
(27)

A simple computation shows that z" € Qg (D) for
n=+1,+2,....So all polynomials belong to Qx (dD) spaces.
For any given g(u) = }7°_, au/ € BMO(0D), denote by
g,(u) = Z;‘}n ajuj the truncation of the function g. Then
9n € Qx,(0D) and |g,lgmoep) < 19lmoen)- ApPlying
Fatou’s lemma, we deduce that

|g(u)—g(v)|2 <|u—v|>
sup ”I K, ] |du| |dv|

1coD lu—v|

(28)

2
< ”g"BMO(a[D)‘

Equation (28) and Proposition 1 show BMO(dD) = Qx, (0D).
It follows from Theorem 3 that the integral (13) with K = K,
must be convergent, which contradicts our assumption. We
conclude that we must have Qx, (0D) ¢ Qx, (oD). O

3. Méobius Invariant Q. (dD) Spaces

Let K : [0,00) — [0,00) be a nondecreasing function.
The Sobolev type space L3 (dD) consists of those Lebesgue
measurable functions f: 0D — C satisfying

||f||L§<(auj>)
2 1/2
) <” BD%K(W —v|) |dul |dv|> (29)
< 0.

IfK(t) = t7,0 < p < 0o, then L3(dD) = L;(a[D) are sobolev
spaces and are introduced in [4]. See [13] about the theory of
Sobolev spaces. If K(t) = t¥, p > 1, then L*(0D)isa subspace
of L%(E)[D). From Section 2 it turns out that Qi (0D) is closely
related to the Sobolev type space L% (9D) on the unit circle. By

(7) and (29) it follows that Q(0D) is a subspace of L%(B[D).
As a matter of fact, we have the following result.

Theorem 6. Let K satisfy condition (4). Then f € Qi (oD), if
and only if

|||f|||QK(aD) = 2‘elg||f ° ¢a"LZK(aD) < 00, (30)

where ¢,(z) = (a — z)/(1 — az) is a Mdbius transformation of
the unit disk for a € D.

Proof. We acknowledge that this proof is suggested by the
technique of [4]. Firstly, we give the following equality for
u=¢,(z) and v = ¢,(w):

2
”amlf b @)= S0 b @ (12w

Iz —wl®

- f ) - f ) -

u—v?

K(M> \dul |dv] .

[1—aul||l -av|

Sufficiency. Suppose that (30) holds. Choose an arc I ¢ dD.
Without loss of generality, we assume |I| < 1/4. We choose a
point of a € D (a # 0) such that a/|a| and 272(1 — |al) are the
center and arc length of I, respectively. We have the following
estimate:

1 1
|l—au| = m, uel. (32)
Then
If @) - fFOP (lu-v|
”1 v — K( 1] ) dul dv]
|f @) - F )
= ”an lu—v|? (33)

K<M> |dul |dv].

|1 —aul |l -av|

By (31) we complete the proof of sufficiency.

Necessity. We assume that f € Qg(0dD). For anya € D, let I,
be the arc in dD with the midpoint of a/|a| and the arc length
of 2r(1 — |al). If a = 0, we set I, = 0D. Also, define

I =2"I,

n a

n=01,...,N-1, (34)

where N is the smallest integer such that 2V|I| > 27; that is,
Iy = 0D. Then

” If - f o)
oD

| —vf?

K<|u—v|(1— lal®)

————— | ldul|dv|
[1—aul| |l -av| (35)

N-IN-1

EEL L

n=0m=0 n+1\I, m+1\Im

2
< "f”QK(a[D) +A+B,



where

N-1N-1 If (u) f(v)lz

a3 3| ] :
nz()rr;n In+1\1n L\ |u_ Vlz
lu—v|(1-la
K # |dul |dv],
[1—aul| |1 -avy|
_ 2
B- NZINZJ | |f () - f )]
n=0m>n Ins1\1, Lt \In Iu - vlz

lu=v|(1-laf
K{ ————— ( — ) |dul |dv].
|1 —aul| |1 -ay|
(36)
For any given u €

L, \IL,n=12,...,wehave

1 1
2" (1= lal)’

|1 -au| ~ (37)

By (32) and (37), we obtain that

N |f ) - f )|
nZo”IM\In 2

|u— vl

K (Iu_i'(—l_'am) |dul |dv|

[1—au| |l -av|

Y ” [f @) - fO0f

-~ 2
bur SULD SRRV S [V Y

K (VY g (38)
2|1

B, Lt

. [u—v|
WK (YN 1
2n+1 |IOI

()
<o || 2P
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On the other hand, by Lemma 2.1 of [10], condition (4)
implies that K(¢) < t for small enough ¢ > 0. Then

|f W) - f )
O O H e

n=1m<n-1
| —v| (1 - laf?
[1—aul| |l -av|

N-1

N J J If ) = f 0’
- n=1m<n-1 T \Iy Iy \Iy (2” _2m)2|10|2
n_ Am 2
x K <(2+2—)|§0|) |dul |dv|
om n|10|
N-1
SPREy
n=1m<n-1 2
2 2
[ ] (rw-nfelrm-5l)
In+1\In Im+1\Im
% (22°1,%) " Idul dv]
N-1 m(1-c)
D=
n=1m<n-1 2
1
X ("fHZBMO(a[D) + m

<f . Ar =g )

n+1 n

m(1—c)

”f"BMo @D) (1 +(n—m) )

) 0 1’12
<|f ”BMO(auz»)Zlﬁ'
n=

(39)
Here we apply the following estimate:
[ +1|J RCEAR
|+1|I 'f(u -1, |dul+|f1 fI,,HZ
T +1|J I @) - £, | Idul o)

(g0
j=m+1

<(n- m)2l|f||]23MO(BD)'
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The above estimate gives that

N-1
(2o 2] )

DR SR

n=1m<n-1

< ||f||2QK(aD)'

Applying the same manner in handing A, we have B <
I f ”(ZQK(Z)[D)' Therefore, we obtain

N-1

” If @) - f )
oD

lu—vI?

) (42)
K |u—V|(1_|a| ) Id ||d |<||f||2
—————— | |du||dv| < .
1 —au||1-av| Qx
The proof is complete. O

Corollary 7. QK(aID) is a Mobius invariant space in the sense

that III f Naoeeny = S ° Palllg @p) Jor any f € Qg (oD) and
aeD

Proof. Corollary 7 is obvious by Theorem 6. O

4. Dyadic Characterization

For given arc I ¢ 0D, denote by I, the set of the 2" arcs of
length 27"|I| obtained by n successive bipartition of I. The
discrete characterization of QP(BD) space is given in [5]. We
will prove a discrete characterization of Qx(dD) spaces. The
following is the principle result of this section.

Theorem 8. Let K satisfy condition (4). Then f € L*(0D)
belongs to the space Qg (0D), if and only if

supZZK( )CDf(])<oo (43)
1coD = 0 Jel,

We first acknowledge that this proof is suggested by the
technique of [5]. To prove Theorem 8, we need the following
lemmas.

Lemma 9. Let I C dD be an arc. If f € L*(OD), then

Vi ()= Y W )+ Y 1f - fils (44)
Jel, Jel,
where
\PfK(D—ZZK( -) o0, (45)
n=0 JeI,

Proof. The following result can be found in [5]:

Z‘Df N+ Z|f] fil. (46)

Jel,

(1) =

Note that I, = U Ji; and K(27) KQ ™Yk =

0,1,2.... By (46), we have

\ny(z)_q>f(1)+ZZ ZK( ) )

k=1Jel, Uel_,

=Y (¥ D+ D+ - £ (47)

Jel

=Y (YD +|fy - f1|2)-

Jel,
The proof is complete. O

Lemma 10. Let K satisfy condition (4). Let L1, I" be three
arcs of equal length: |I| = [I'| = 1", such that I' and I" are
adjacent and I c I' UT". Then for any f € L*(0D), we have

Vi D <Y (1) + ¥ (1) + | fr = fir]. (48)

Proof. See [5] about the proof of the following inequality:

o, (D)<, (1) + 0, (I") +|fy - fr. (49)

Without loss of generality, we assume that [ "=1[0,1)andI" =
[1,2). For each integer j > 0, let {Ij)k},zc:rl1 be the set of the 2/

dyadic arcs of length 27/ contained in I' UI", arranged in the
natural order. If J € I;, then J € I;; U I;,, for some k; by
(48) we have

O (1) < @ (L) + @ (Ligers) + | fr, = 10| -

The different choices of ] € I; yield different k. Summing over
all jand J, we have

Y=Y Yk(L) o0

(50)

j=0JeI;
oo 2/
<2). ZK( S) s (1) (51)
Jj=0 k=1
o0 21711
3 3 K(55) f = Fu
j=0 k=1
It is easy to see that
00 2/
ZZK<21>CDf(Jk)<\PfK( (1) (652
j=0k=1

The following estimate about the final double sum first
appeared in Lemma 1 of [5]. Consider

2t

Z ‘flj,k - flj,k+1
k=1

Z Z lzq)f(])+|f1’— I”|-

=1 IEI’ I"
(53)



If K satisfies condition (4), Lemma 2.1 in [10] implies that
there exists some small enough ¢ > 0 such that t “K(¢) is
nondecreasing. Substituting j = m + [ and summing over j,
we finally obtain

2
ij,k+1

<Y Y k(za)te,0

=\ (54)

! dt
tlfo =gl [ oS
0
<o (1) +¥pu (I") + | frr = for .

Thus we have proved (49) and hence the proof is complete.
O

Lemma 11. If K satisfies condition (4), then there exists a
p € (0,00) such that K(t)/t? is nonincreasing. Furthermore,
K(t) = K(2t) forany 0 < t < co.

Proof. Lemma 11 can be found in [14]. O

Proof of Theorem 8. We now prove the necessity. It is easy to
see that

|| 1w o ian =200 )

By (55), we have

22k 5
YD =33 S (o) i) - s o wdia
- ”an"" ) |f @)~ f @) 1dul ldv],
(56)
where
2k
ar (u,v) = z z < ) ZX] (1) x; v) (57)

k 0 JEI,

and x;(u) = 1, foru € ], and y;(u) = 0, foru € dD \ J.

Note that |u — v| < 2_k|I| because of u,v € J € I,.. Since
K satisfies condition (4), by Lemma 11 we may assume that
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2K (1) is nonincreasing. In fact, if p > 2, we can replace K(t)
with ¢* by Theorem 3. Then

i
o= 13 i () Z g

k 0J€I;

|I| 22k
< 2 K(zkm)? )

2K lu—v|<|1|

< Ku—vI/11)

|u—vf?
This gives
¥ (D s ”IU(”) f|z(v)| ( v )Id ldv]. (59)

|u -

For sufficiency, we claim that

(Mgt

Ve (I +t})dt + ¥ep (D),

” lf - fof
I | — v| (60)
1 1
<
= ] =1
where {I +t} = {z + ",z € I} for I c dD.
In fact, by (56) and Fubini’s theorem, we have

1 M
— LII Ve ({I+1})dt

]
) ” m Jlﬂl vy (V) dlt (61)

oo ||

| f @)~ f 0)| |dul |dv] .

This and (56) show that it suffices to verify

K(lu—-v/11)

111
P < m LII i (W, V) dt + oy (u,v) . (62)

First, suppose that u, v € I with [u—v| < |I|/2andlet! € NUO
be such that 2772|I| < lu—v| < 2_1_1|I|.Notingthatu ¢ {I+t}
and thus a7, (u, v) = 0 when [t] > [I],

1 1] p
— o u,v)at
1] J—m e} (4 7)

1 J' < 1 ) 1
> — K ——x; W) x; (v)dt
211 Jov IE{ZP:rt}z 2 P

221 1
) WK (?) 2 LD Xirey @) Xiyay (7) dit

Jen

(63)

1 K (Ju—vl/1)
=1 | Il/;_:| ]; J XiJ+t} (u) X+t (v) dt.

For each J, the final integral equals |J| — [t —v| > |]|/2. Hence
the sum over J is atleast |I|/2 and (62) holds for |u—v| < |I]/2.



Journal of Function Spaces

Ifu,v € I with [u—v| > |I]/2, by (57) we have

1N 1 K(lu-vl/I)
0‘1(”"’)2K<‘>W 2 W

2 (64)

Hence (62) holds in this case.

We now assume that f is defined on R with constant f;
outside I. Let I, and I_ be the two arcs of the same length
as I that are adjacent to I on the left and right, respectively.
Note that Wy (1) = WYsx(L,) = 0and f; = f; = f;. Note
that{I+t} c TUI, for0 <t < |I|and{I +¢} c TU I for
—|I| <t < 0. Lemma 10 and (60) give

”I|f(”)_f(v)|1<('”_V')|du||dv|

|~ vf? 1

1 M1
— J \Pf,K (I +th)dt+ \Pf,K (I)

<
1l J-im (65)
1
s [ Wedrs Y
1l Jon ’
Sk (D).
The proof is complete. 0

Corollary 12. Let 0 < p < co. Then f € L*(dD) belongs to
Q, (D) if and only if

supz z<i>P®f(])<oo. (66)

n
IcoD =0 Jel, 2

Proof. The nondecreasing function K satisfies condition (4)
if K(t) = 7,0 < p < oo. The desired result follows from
Theorem 8. O
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In this paper we find the general conditions for a complete biorthogonal conjugate system to form a Riesz basis. We show that if
a complete biorthogonal conjugate system is uniformly bounded and its coefficient space is solid, then the system forms a Riesz
basis. We also construct affine Riesz bases as an application to the main result.

1. Main Result

The aim of this paper is to find the general conditions for
a complete biorthogonal conjugate system to form a Riesz
basis, following the results obtained by Bari [1], Christensen
[2], Sarsenbi with coauthors [3-5], San Antolin and Zalik [6],
and Guo [7].

Let {u,(x)}2; and {v,(x)} 2, be a complete biorthogonal
conjugate system of functions from L*(0, 1) space.

By system coefficient space {u,(x)} ., we denote the
space X (u) of all the numeric sequences a = {a,},_, such that
the series ) 2 a,u,(x) converges in L%(0,1). It is evident that
coeflicient space X(u) is complete under the norm |al x,, =
supenll Y re; @i ()1, and a natural basis g; = {(Sij};?zl, ieN,
where 61»1- is a Kronecker delta, forms a X (1) space basis.

A Banach coordinate space X of numeric sequences a =
{a,}2, is said to be solid if b € X follows from a € X and
1b,| < la,l, n € N (the inequality [|b]x < llalx, as it is put by
the precise definition, is not required here).

It is clear that X(u) space is solid if natural basis is
an unconditional basis for X(u). The latter follows from
unconditional basicity for a system {u,,(x)}- ;.

Theorem 1. Let {u,(x)},2, and {v,(x)};>, be a complete
biorthogonal conjugate system of functions that is uniformly
bounded:

1 1
J |u, (x)lzdx <C, J v, (x)|2dx <C, neN. ()
0 0

Let there be given coefficient spaces X(u) and X(v) which are
both solid. Then {u,,(x)};2, and {v,(x)},, system form a Riesz
basis.

Proof. We consider the series Y., a,u,(x) for a numeric

sequence {a,}>, € ¢£* and show that series converges for
almost all choices of signs, that is, series

Y a,r, () u, (x), )
n=1

where {r, (t)}72, is the Rademacher system and converges for
almost all t € [0,1] in L* metrics by variable x (e.g. [8,
Chapter 2]).

We use the results from [8] claiming that convergence of
series 7 f,,(x) for almost all choices of signs is equivalent
to

0 1/2
(Zlfn (x)|2> eL*(0,1). 3)
n=1

For the series considered Y2 a,u,(x), by Levi’s theorem we
have

1 0 ) 1
J Z|anun (x)|2dx = Z|an|2 J |un (x)|2dx
0 n=1 n=1 0
N @
<CYlaf <oo

n=1
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meaning

0 1/2
(Zlanun (x)lz) €17(0,1). (5)
n=1

00
a

Convergence of the series ) > a,,

of signs is shown.

Now take a fixed t, € [0,1] such that the series
Y02 a,r,(te)u,(x) converges in L%(0,1) space. By the solidity
condition for coefficient space X(u) in L2(0,1), the series
Y02 | a,u,(x) converges, too.

Thus for any numeric sequence a = {a,}°° € £ the
series | a,u,(x) converges in L*(0, 1). Then the following
equivalent inequalities are satisfied:

&)
D ity
n=1

u,,(x) for almost all choices

n=1

? S 2 () 2
SBZ‘,lanl > {an} ¥4 >
n=1

(6)
N1 ful < BIFIP, £ el 01).
n=1

This means that {u,,(x)}2, is Bessel system.

Besselian property for a system {v,(x)},>, is proved in
the same way. It is clear that Besselian property for both
biorthogonal conjugate systems {u,(x)}2;, and {v,(x)}>2,
implies the Riesz basicity for these systems.

Remark 2. Note that in Theorem 1 we can replace the coeffi-
cient space X (u) with X(u) n £* and X(v) with X(v) N €%

2. Affine Riesz bases

Let function # : R — R have a support suppu c [0, 1].
Using the representationn = 25+ j,k = 0,1,...,j = 0,...,2"~

1 for n € N, we assume
u, (x) = Uy j (x) = 2k2y, (ka - ]) (7)

Besides, we suppose u,(x) = 1, x € [0, 1]. System of functions
{u,(x)}2, is called an affine system generated by a function
u. Here and elsewhere we assume

1
uel*0,1), J u(x)dx = 0. (8)
0

Note that the classic example of an affine system of functions
is the Haar wavelet {h,,(x)}>’, generated by the function

1, X € [0,%),
h(x)=9-1, xe [%1) ©)
0, x¢[0,1).

We enumerate the functions of Rademacher system {r;};2,

2k-1
ne=2""%nh, k=01,... (10)
j=0
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We suppose that an affine system {u,,(x)},, generator u can
be represented by Rademacher system

(e8] 0 2
u= Zakrk, Z|ak| < 0o. 11)
k=0 k=0
In this case we have the following completeness criterion for
(e9)

a system {u,,(x)},_,. Let the function
[ee]
UR) =Y az lz<1, (12)
k=0
be analytic in the unit disk with coefficients g, from (11).

Theorem 3 (see [9]). A necessary and sufficient condition for
an affine system {u,(x)}2, to be complete in L*(0, 1) space is
that analytic function U(z) is outer function.

The following results are true for function u in the form

(11).

Theorem 4. System {v,(x)},2, that is biorthogonal conjugate
to the affine system {u,,(x)},°, exists and is complete in 12(0,1)
spaceif ay # 0.

Proof. Suppose

1 & X
V(z) = = )bz, 13
U (z) I;) k (13)
that is,
k
aghy = 1, Zavbk_v =0, k>1. (14)
v=0

Then it follows from the results of [10] that
k
vy =v(a,...,0q) = ZZf(k”')/zbk,yh (etp..nse,), (15)
v=0

wheren € Nandn = 2* + 25:1 ocVZk_” is binary expansion,
h(ay,...,a,) = h,, is the Haar function for m = 2" +
Yue1 02, and wy(x) = 1, x € [0,1]. The explicit
representation (15) shows that v, is a Haar polynomial of
degree n. Hence it follows that the system {v,(x)} 2, is
complete.

Now we can formulate the Riesz basicity test for affine sys-
tem {u,,(x)}2, with form (11) generator, based on Theorem 1.

Theorem 5. Let analytic function U(z) have an absolutely
convergent Taylor-series expansion

Y || < oo (16)
k=0

and U(z) does not vanish in the closed unit disk (|z| < 1). Then
an affine system of functions {u,(x)}.2, forms a Riesz basis.
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Proof. By the conditions of the theorem, U(z) is outer func-
tion. By Theorem 3, an affine system {u,,(x)},2, is complete in
L*(0, 1) space. By Theorem 4, biorthogonal conjugate system
{v,(x)},2, is complete, too.

Obviously, [lu, | < max{1, [lu]|}. From representation (15)
we get

(o]
val* < Y2 ¥ B <0, neN. (17)
k=0

We need to take into account that by Wiener theorem on
absolutely convergent Taylor series we have

[e)

AR (18)

k=0

Finally, from results of [11] it follows that X (u) N £? = ¢% and
X(v)ne* = £2, 50 all the conditions from Theorem 1 including
the Remark are satisfied. O
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We give a molecular characterization of the Hardy space associated with twisted convolution. As an application, we prove the

boundedness of the local Riesz transform on the Hardy space.

1. Introduction

In this paper, we consider the 2 linear differential operators

0 1_ - 9] 1
Z. = — 4+ — PN Z = — - =2,
7oz 4% 7oz, 4%

1)
on C", j=12,...,n

Together with the identity they generate a Lie algebra h"
which is isomorphic to the 21 + 1 dimensional Heisenberg
algebra. The only nontrivial commutation relations are

— 1 ]
[Zj’Zj]:_EL j=L12,...,n (2)
The operator L defined by
1 - =
L= _EZI(ZfoJer'Z") 3)
j=

is nonnegative, self-adjoint, and elliptic. Therefore, it gener-
ates a diffusion semigroup {T\},.o = {e""},.,. The operators
in (1) generate a family of “twisted translations” 7, on C"
defined on measurable functions by

(1uf) (2) = exp (%Z (wjzj + mﬁj)) f @)
2 (4)

=f(z+w)exp<%'lm(z‘sﬁ)>.

The “twisted convolution” of two functions f and g on C" can
now be defined as

(Fx9)@= | fwr,g9@du
G
- [ f -0 e w

where w(z,w) = exp((i/2) Im(z - w)). More about twisted
convolution can be found in [1-3].

In [4], the authors defined the Hardy space H i(C")
associated with twisted convolution. They gave several char-
acterizations of H i(C”) via maximal functions, the atomic
decomposition, and the behavior of the local Riesz transform.
As applications, the boundedness of Homander multipliers
on Hardy spaces is considered in [5]. The “twisted cancella-
tion” and Weyl multipliers were introduced for the first time
in [6]. Recently, Huang and Wang [7] defined the Hardy space
Hf (C") associated with twisted convolution for 2n/(2n +
1) < p < 1. Huang gave the characterizations of the Hardy
space associated with twisted convolution by the Lusin area
integral function and Littlewood-Paley function in [8] and
established the boundedness of the Weyl multiplier on the
Hardy space associated with twisted convolution by these
characterizations in [9]. The purpose of this paper is to give a
molecular characterization for HY (C"). As an application, we
prove the boundedness of the local Riesz transform on the
Hardy space Hf(C”).
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We first give some basic notations about Hf (C"). Let &
denote the class of C*°-functions ¢ on C", supported on the
ball B(0, 1) such that [l¢|l ., < 1and Vel < 2.Fort > 0,

let ¢,(z) = t *"@(z/t). Given o > 0,0 < ¢ < +00, and a
tempered distribution f, define the grand maximal function

M, f () = sup sup |g; x f (2)]. (6)

peB 0<t<a
Then, the Hardy space HY(C") can be defined by

HY (C) ={f e (C"): My feLl?(C)}. ()
Forany f € HY(C"), define 1Al cry = 1Moo fll -

Definition 1. Let 0 < p < 1 < g < oo and p #4. A function
a(z)isa H f’q—atom for the Hardy space H f (C™) associated to

a ball B(z, r) if
(1) suppa < B(zy,7);
(2) llall, < [B(zg, )[4/,

3) Je aw)a(zy, w)dw = 0.

We define the atomic Hardy space H(C") to be the set
of all tempered distributions of the form }; A;a; (the sum

converges in the topology of &'(C")), where a; are HP
atoms and }’; I/\jlp < +00.
The atomic quasinorm in H?¥(C") is defined by

1/p
11l stom = inf {(ZlAjlp> } (8)

where the infimum is taken over all decompositions f =

2;jAja;and a; are HP-atoms.

The following result has been proved in [4, 7].

Proposition 2. Let2n/(2n+1) < p < 1. Then, for a tempered
distribution f on C", the following are equivalent:

() My f € L(C");
(ii) for some 0,0 < 0 < +00, M, f € LP(C");
(iii) for some radial function ¢ € &, such that Ic" o(z)dz +

0, we have

sup fox f ()] € L7 (€7); )

(iv) f can be decomposed as f = }.;Aa;, where a; are
HP-atoms and 2 I)\jlp < +00.

Corollary 3. Let2n/(2n+1) < p < land 1 < q < co. Then,
HP(C") = HF (C") with equivalent norms.

In order to give the main result of this paper, we need the
dual space of Hardy space H f cn).

Journal of Function Spaces

Definition 4. Let 0 < « < 1/2n; a locally integrable function
f is said to be in the Campanato type space A" if there exists
a constant K > 0 such that, for every ball B = B(z, 1),

2

1B (L |f (v) - (% L F @ W du) 0(z0)

1/2
X @) <K
|B|

The norm || f|l,. of f is the least value of K for which the
above inequality holds.

(10)

The dual space of H;(C") is the BMO type space
BMO; (C") (cf. [4]). Note that A% is identified with BMO;.
Let # f’z’“ denote the space of finite linear combinations of

H 2 _atoms, which coincides with L(C"), the space of square
integrable functions with compact support. By Proposition 2,

%f’z’a is a dense subspace of HE(C"). Set

Z,(N= |, F@F@dz fewl™ ger, ().
(11)
Similar to the classical case in [10], we immediately obtain
the following theorem which proves that A} /p-1 18 the dual
space ofo(C") for2n/(2n+1) < p< 1.

Theorem 5. Let 2n/(2n+ 1) < p < 1. Then

(a) suppose g € AL(I/p)_l; then £, given by (11) extends to

a bounded linear functional on HY (C") and satisfies

[£4] < € lal:

5
/p)-1

(12)

(b) conversely, every bounded linear functional & on
HE(C”) can be realized as & = & ; with g € A]E
and

1/p)-1

lal,. <cl=l. (13)

(1/p)-1

Remark 6. We may define the space AL( »2n/(2n+1) <

1/p)-14
p<1,1<q <oo,by

’
q

|B|L-0/P) <JB ‘f(v) - <% Lf (u) w (z,u) du> w (z,0)

p 1/4
X av <K,
|B|

where B = B(z, r). The norm || f|
a/p-1q'

of K for which the above inequality holds. Due to Theorem 5,
Ajzl Ip-1q is also identified with the dual space of Hf (cM.
The proof is almost the same as that of Theorem 5. Thus, the

L o . L
space Ay, o coincides with A(; /), and ||f||AL(1/P)71’q’ ~
(W2

/p-1’

(14)

of f is theleast value
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Definition 7. Let 2n/2n+1) < p <1 < g < 00, p#q, and
€>(l/p)-1.Seta=1-(1/p)+e,b=1-(1/p)+e. A
function M € L7 is called a H f’q’s—molecule with the center
z, if

1) 2" M(z) € L1,

(a/b)

@) (M) = IMIL - =z M, " < oo,

3) [ M(2)@(2, 2) dz = 0

Then, we can obtain a molecular characterization of
HI{’ (C") as follows.

Theorem 8. Given p, q, € as in Definition 7, then f € HY
if and only if f can be written as f = ¥ ;A;M, where M

are HI{’q -molecules and Z] |/\]|P < 00. The sum converges in

Hf norm and also in (AIEl/p)—l) when 2n/(2n+1) < p < L.
Moreover,

1/p
Iy ~ 1l = int <Z|Aj|f’) )
J

where the infimum is taken over all decompositions of f into
HP*-molecules.

Let y be a C*°-function on C” with compact support and
such that y = 1 on a neighborhood of zero. Define

R;(z) = le(z) R(2) = z,mw(z) (16)

forj=1,2,...,n

We refer to the singular integral operators R, R; defined
by left twisted convolution with these kernels as the local
Riesz transforms. The terminology is motivated by the fact
that they are essentially the operators which are formally
defined as ZjL_l/Z, EjL_l/z, j=12,...,n

As an application of Theorem 8, we can prove the
following.

Theorem 9. The local Riesz transforms R, Ej, j=12,...,n
are bounded on Hf(C"), where2n/(2n+1) < p < 1.

Remark 10. When p = 1, Theorem 9 is proved by the con-
nection between H; (C") and Hardy space on the Heisenberg
group Hl(I]-I]n) (cf. Lemma 4.9 in [4]).

Throughout the paper, we will use C to denote a positive
constant, which is independent of main parameters and may
be different at each occurrence. By B, ~ B,, we mean that
there exists a constant C > 1 such that 1/C < B;/B, <C.

2. Molecule Characterization of H I{’ (C"

In this section, we prove the main result of this paper. Firstly,
we have the following lemma.

Lemma 11. Ifaisa H-atom for 2n/2n+1) < p<1<q<
+00 supported in B(zy, 1), then a is a H*-molecule centered
at z, and

N (a) <C, 17)

where € > 0 and C is a positive constant that is independent of
a.

Proof. Since
lall, < |BIV*P = |B1*", (18)
we get

II-- z0|2nba(-)||q <rJal,, < CIBPIBI? = CIBI*.  (19)

Therefore,
N (a) < C|B|(ﬂ/b)(a—h)|B|ﬂ(1—(ﬂ/b)) =C. (20)
This proves that a is a molecule with center at z,,. O

The following lemma is the key step for the proof of
Theorem 8.

Lemma 12. If M is a HP*-molecule with center at z, then
M e HP(C") and

IMllp < CH (M), (21)
where C is independent of M.

Proof. 1fq = 2,leto = [M[Y/®" ™) E; = {z € C" : |z-2,| <
o}, and E; = {z € C" : g < |z - zol < 2k}, Denote
M, = My, where y; is the characteristic function of Ej.

Let

B@) = o | M@ () duo(z02) 1 @) @2)
|Ek| Ey
Then

J«:n (M (2) - P (2)) @ (29, 2) dz

=J M(z)w(zo,z)dz—J M (2)w(zp,2)dz =0
E Ey
(23)

Without loss of generality, we can assume that /(M) =
Then

”| — zo|"™ M )” = |M[;*". (24)
Therefore,

||| _ Z0|2n( 1/2)+E)M( )" ”M”;a/(b—a) _ 0_2na. (25)

LetB, ={z € C": |z -z, < 2ko}. Then

supp (Mk - Pk) C Ek Cc Bk‘ (26)



In the following, we will prove

1 2
B Lk| _pffdz < 5] Lk M) dz.  @7)
In fact, by
|, @-B@ R @d=0 ey
we have
ﬁ JB |M(z) - Pk(z)|2dz
k 3
= ] by, @) = B2 (W (2 - P (2) e
3
1 _
|B |J (Mg (2) = P, (2)) My (2) dz.
3
(29)
Since
|, m@rd
=J M, (z) — J M (u) @ (zy, u) duw (zy, z) dz
Ey |Ek| Ey
= |E_1k| Lk M (u) @ (zg, u) du JEk M, (z) w(zy,2) dz
= |Edl [B2)[",
(30)
we get
|Bl | J |My (=) - Pk(z)| dz
k| J Bk
1 |Ex 2
|Bk| J |Mk(z)| dz - J m|Pk(z)| dz (31)
1
< B L M, () dz < ] J M, () dz.

Therefore, (27) holds true. In particular, we have

|BI|J M, (2) - Py(2)[dz
0
c
_IEOIJ [My(2)'dz (2

< C0—2n04fl((1/2)—(1/}7)) — ClBO|’2/p
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Fork >1,

LJ
|Bk| By

< ij M, () dz
I kl Ey

<
|Ex]

|My(2) - P(2)[*dz

|2n(1+2€)

[, M@l -2
Ey

% |Z _ ZO|—2n(1+26)dZ
< C(Zka)—Zn(Zk_lo)—Zn(1+26) (33)

x L |Mk(z)|2|z - zo|2"(1+2€)dz
k

< Co_—4n( 1+€) 2—4kn—4kne O,4na

< C274knf4knef4kn/p (zko_)*zn/l’

—4k -2/p

= C2 B,
where C depends on #, €. This proves that M, — P, = A.qy,
where g, isa H, f’z—atom supported on B, and |, | < C27%",

Now, we prove that ) ;> P, (z) has atomic decomposition.
Fork>1,

1
P.(2)] < —j \M ()] dus
| k | |Ek| ;
1 J 2nb
= — u-— |M (u)] ju -z
Bl e @
-2nb 1 7l 34
< C@ko) |“| _f bM()H 1B, (34)
< C(Zka)iznbinazmz
_ C2—kn(1+2b)o_—2n/p.
Therefore,
P(2)= ) (P, (@-P(2). (35)
I=k+1
Let
N* = Z J M (u) @ (zy, u) du. (36)
1=k Ei
Then,

(37)

NO = ;}LI M ) @ (24, 1) du

M (u) @ (zg, u) du = 0.
CVI
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Thus, by Abel transform,

ZPk (2) = Z Z (P, (2) - P (2))

k=0 I=k+1

_ ZNkJrl {|Ekl

k=0

(20:2) i (2) (38)

_|Ek+1 |_1w (ZO’ Z) Xk+1 (Z)} .

Following from (34), we obtain
IN“HIES 0 (202) 1 (2)

|Ek+1| Zo’ )Xk+1 (Z)H

< C2—2n(k+1)60,2;1—(2n/‘17)|Bk+1 |—1 (39)
_ o 2nlk+De ;2= p) (2k+10)’1
—2na(k+1) l/p
=C2 "B |
Let y, = C272*+) and

bk (z) = C—122nu(k+1)Nk+1 {lEkl_lw(zo:Z) e (2)

_lEk+1|_lw (ZO’ Z) Xk+1 (Z)} :
(40)
Then, b are H®-atoms, Y2, | l” < 00, and
YP(2)= ) mb (2). (41)
k=0 k=0
Therefore,
2) = ) L (2) + ) by (2) (42)
k=0 k=0

holds pointwise, where g, are Hf’z-atoms and b, are HI{”OO-
atoms, and

(]

Z {|/\k|P + |Mk|P} < 0o. (43)

k=0
When p = 1, it is easy to see that the sum in (42) converges
inL'.
To prove M € H for 2n/(2n+ 1) < p < 1, we need to
L
show that, for every g € A (1/p)-1>

L" M(z)g(z)dz
(44)

m

= lim_ D J Ay (2) + by (2)} 9 (2) dz.
k=0 'C"

In fact, (44) implies that (42) holds in &'(C").

For any z € C", there exists k > 0 such that z € E,. If

k = 0, then
M (z) = Ayay (z) + poby (2) . (45)
Ifk > 1, then
k
M) =M @D (2)+ Y b (2). (46)
j=k-1

Therefore, when |z — z,| < 2",

(o]

Y M (2) + iy (2))
k=0 .
- Z (Arag (2) + by (2)) = M (2).
k=0
Thus,
J’{ lz—z|<2™ Z (Axar (2) + by (2)) g (2) dz
z:|z—z, o} izo -

M (z) g (z)dz.

J{Z:|Z—ZO|S2mU}

Let m — o0; the right side is .[a:" M(z)g(z)dz. The left side
is

Jim 3 |

k=0 “1z:lz—7|<2"0

(Axay (2) + by (2)) g (2) dz
(49)

m

- mlgnmzj (ha 2) + iy (2)) g (2) dz.
k=0C"

This proves (42) and the case of g = 2 for Lemma 12 is proved.
Similarly, the case of g # 2 can be proved as the case of g = 2.
Lemma 12 is proved. O

Proof of Theorem 8. Theorem 8 follows from Lemmas 11 and
12 O

3. The Boundedness of Local Riesz
Transform on H f (ch

In this section, we prove the boundedness of local Riesz
transform on H? (C") by using Theorem 8.

Proof of Theorem 9. By Theorem 8, it is sufficient to prove
that, for any Hf’z—atom a, R;(a) is a Hf’z’s-molecule and the
norm /V(Rj(a)) < C, where C is independent of a.

Assume that supp a € B(zy, r); then

J;y R;(a) (2) @ (20, 2) dz

- I n (J e |2n+11//(u)w(z u)du)

X w(zy,z)dz



= J«:n M’Zﬁw(u) <Ln a(z-u)w(u+zz) dz)

X (zy,z)du =0,
(50)
where the last equality is valid because a(- — u) is an atom

supported on B(u + 2y, 7). This proves that R;(a) satisfies
moment condition.

Denote M(z) = Rj(a)(z). Then, we have
IMI, = |R;(@)], < Cllal,

(51)

< |B|M*YP = c|B*t.

Let B* = {z € C" : |z — z,| < 2r}. Then,
J |Z—Z |2n(1+26)|M( )dz
o
- J z- zo|2"(1+2£)M(z)2dz (52)
B

_Z |2n 1+2¢)

IM(z)*dz = I + 1.
For I,
1 <C|BI"™* J IM(2)[*dz < C|B***#/P) = C|B|*. (53)
Cﬂ

For I1, since

[R; (@) (2)|

J a(u )%v/(z u)w (z,u) du

_ Zj— U
:U a(u)w(zo,u)<—2n+11//(z—u)
cr |z — ul

X w(zy -z, u)

N . 2n+11//(z ZO) (54)

|Z_Z0|

xw(zo—z,zo))du

u-z
SCJnl—lzonlJer(uﬂd”

zZ - ZO
1-1/p 1
< CriB|
|z - 2|
we get
|Z —z |2n(1+26)
II < Cr*|BI" /P J O —dz.  (55)
B |z -z

Let 0 < € < 1/2n. Then

II < C|BI*"™7/? = C|B*™. (56)

Journal of Function Spaces

Therefore,
1-(a/b)
./V(M) ”M"a/b “ _Zoln(HZE)M(')"
’ (57)
< ClBl(u/b)(u—b)|B|a(1—(a/h)) =C.
This completes the proof of Theorem 9. O
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We analyze the generalized analytic function space Feynman integral and then defined a modified generalized analytic function
space Feynman integral to explain the physical circumstances. Integration formulas involving the modified generalized analytic
function space Feynman integral are established which can be applied to several classes of functionals.

1. Introduction

Let C,[0, T] denote the one-parameter Wiener space, that is,
the space of continuous real-valued functions x on [0, T'] with
x(0) = 0, and let 1 denote Wiener measure. Since the concept
of the Feynman integral was introduced by Feynman and
Kac, many mathematicians studied the “analytic” Feynman
integral of functionals in several classes of functionals [1-
7]. Recently the authors have introduced an approach to
the solutions of the diffusion equation and the Schrodinger
equation via the Fourier-type functionals on Wiener space
[6].

The function space C,,[0, T], induced by a generalized
Brownian motion, was introduced by Yeh in [8] and studied
extensively in [9-11]. In [11] the authors have studied the
generalized analytic Feynman integral for functionals in a
very general function space C,;,[0, T].

In this paper, we present an analysis of the generalized
analytic Feynman integral on function space. We define
a modified generalized analytic function space Feynman
integral (AFSFI) and then explain the physical circumstances
with respect to an anharmonic oscillator using the concept
of the modified generalized analytic Feynman integral on
function space.

The Wiener process used in [1-7] is stationary in time
and is free of drift while the stochastic process used in this

paper, as well as in [9-12], is nonstationary in time, is subject
to a drift a(t), and can be used to explain the position of the
Ornstein-Uhlenbeck process in an external force field [13].

2. Preliminaries

Let a(t) be an absolutely continuous real-valued function on
[0, T] with a(0) = 0, @'(t) € L*[0,T], and let b(t) be a strictly
increasing, continuously differentiable real-valued function
withb(0) = 0and b'(t) > Oforeacht € [0, T]. The generalized
Brownian motion process Y determined by a(t) and b(¢) is
a Gaussian process with mean function a(t) and covariance
function r(s,t) = min{b(s), b(t)}. By Theorem 14.2 in [14],
the probability measure y induced by Y, taking a separable
version, is supported by C, [0, T] (which is equivalent to the
Banach space of continuous functions x on [0, T] with x(0) =
0 under the sup norm). Hence, (C,;[0,T], B(C,,[0,T]), 1)
is the function space induced by Y where %B(C,,[0,T]) is
the Borel o-algebra of C,,[0,T]. We then complete this
function space to obtain (C,;[0,T], 7'(C,;[0, T]), u) where
W (C,,10,T]) is the set of all Wiener measurable subsets of
Cop[0,T].

A subset A of C,,[0,T] is said to be scale-invariant
measurable provided pA € #'(C,,[0,T]) for all p > 0, and a
scale-invariant measurable set N is said to be a scale-invariant
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null set provided u(pN) = 0 for all p > 0. A property that
holds except on a scale-invariant null set is said to hold scale-
invariant almost everywhere(s-a.e.) [15].

Let Li,b [0, T] be the Hilbert space of functions on [0, T']
which are Lebesgue measurable and square integrable with
respect to the Lebesgue Stieltjes measures on [0, T] induced
by a(-) and b(-); that is,

% [OT]—{ -JT 2
ap (0TI = qv: | v (s)db(s) < oo,
0
¢Y)
T
J vz(s)d|a|(s)<oo},
0

where |a|(t) denotes the total variation of the function a on
the interval [0, ¢].
Foru,v € Lih[O, T], let

T

(U, V)p = J u®)v()d[b(t)+|al (®)]. (2)

0
Then (-,-),, is an inner product on Lﬁ,b[O, T] and |lull,, =
(4, 1), is @ norm on Li,b [0, T]. In particular note that
leell,;, = 0if and only if u(t) = 0 a.e. on [0, T]. Furthermore
(Li’b[O, T1, - ll,p) is a separable Hilbert space. Note that all

functions of bounded variation on [0,T] are elements of
Lﬁ)b[O, T]. Also note that if a(t) = 0 and b(t) = ¢, then

Li,b[O, T] = L*[0, T]. In fact,

(L2, 10,71, Mlap) € (L5, 10,71, 1Mo

, (3)
= (L [0, 71, I11,)
since the two norms || - ||, and || - ||, are equivalent.
Forv e Li,b [0,T] and x € C,_; [0, T] we let
T
(v, x) = J v(t)dx () (4)
0

denote the Paley-Wiener-Zygmund (PWZ) stochastic inte-
gral. Following are some facts about the PWZ stochastic
integral [10-12].

(1) The PWZ stochastic integral (v, x) is essentially inde-
pendent of the complete orthonormal set {¢ j}j: e

(2) If v is of bounded variation on [0, T], then the PWZ
stochastic integral (v, x) equals the Riemann-Stieltjes
integral jOT v(t) dx(t) for s-a.e. x € C,;,[0,T].

(3) The PWZ integral has the expected linearity proper-
ties.

(4) Forallv € Lzu’b [0,T1], (v, x) is a Gaussian random vari-

able with mean jOT v(s) da(s) and variance f()T VA (s)
db(s).

Throughout this paper we will assume that each func-
tional F : C,,[0,T] — C we consider is scale-invariant
measurable and that
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J |F (px)| dp (x) < 00 (5)
Cop[0,T]

for each p > 0.
We finish this section by stating the notion of generalized
analytic function space Feynman integral, cf. [10, 11].

Definition 1. Let C denote the complex numbers, let C, =
{A € C : Re(A) > 0}, and let E+ = {A € C
A#0and Re(A) = 0}. Let F : C,;[0,T] — C bea
measurable functional such that, for each A > 0, the function
space integral

T = jca,b[O,T] E ()‘_l/zx) dy (x) (6)

exists. If there exists a function J*(A) analytic in C, such
that J*(1) = J(A) for all A > 0, then J*(A) is defined to be
the analytic function space integral of F over C, [0, T] with
parameter A, and for A € C, we write

J*m):j *0 F (x) dyu (x) . %

C,pl0,T

Let g #0 be a real number and let F be a functional such
that J*(A) exists for all A € C,. If the following limit exists,
we call it the generalized AFSFI of F with parameter g and we
write

anf, an,
| F@du = lim [ F@dee, ©
CaplOT] A=-ig Jc,,[0,T]

where A — —ig through values in C,.

3. Analogue of the Generalized AFSFI
The differential equation

0 1
3 (u,t) = ﬁA"’ (u,t) =V (u) v (u, 1) )
is called the diffusion equation with initial condition
y(u,0) = ¢(u), where A is the Laplacian and V is an
appropriate potential function. Many mathematicians have
considered the Wiener integral of functionals of the form

F (A_l/zx + u) , (10)

where u is a real number. It is a well-known fact that the
Wiener integral of the functional having the form

exp {— JOT \% (/\_l/zx (t) + u) dt} @ (A_l/zx (T) + u) 1)

forms the solution of the diffusion equation (9) by the
Feynman-Kac formula. If time is replaced by an imaginary
time, this diffusion equation becomes the Schrodinger equa-
tion

9 1
151// (u,t) = —zAljl (1) +V () y (u,t) (12)
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with the initial condition y(u, 0) = ¢(u). Hence the solution
to the Schrodinger equation (12) can be obtained via the ana-
Iytic Feynman integral. An approach to finding the solution
to the diffusion equation (9) and the Schrdédinger equation
(12) involves the harmonic oscillator V(1) = (k/2)u?; for
a more detailed study, see [6]. However, it can be difficult
to obtain the solution for the diffusion equation (9) and
the Schrédinger equation (12) with respect to anharmonic
oscillators.
In this paper, we consider the following functional:

T
exp {— [ v @+en) dt}
0 (13)

x @ (A% (T) +c (VR (1)),

where c(A) is a real number with respect to A and h(t) is areal-
valued function on [0, T]. When h(t) = u forallt € [0,T]
and c(A) is independent of the value A, the functional in (13)
reduces the functional in (11). That is to say, our functional
(13) is more generalized compared with the functional in (11).
Hence, all results and formulas for the functional in (11) are
special cases of our results and formulas.

We will now explain the importance of the functionals
given by (13). For a positive real number k, when the potential
functionis V(1) = (k/2)u?, the diffusion equation (9) is called
the diffusion equation for a harmonic oscillator with V. For
§eR,

Vi@ =Vt = St (14)

is just the translation of V; thus, it is called the diffusion
equation for a harmonic oscillator with V;. However, for an
appropriate function h(t) on [0, T],

Vo(w) =V u+h(u)= g(u + h(u))? (15)

may be an anharmonic oscillator. For example, consider the
following.

(1) If h(t) = u® on [0, T], then
Vi (u) = g (u2 +2u° + u4) . (16)

In this case, the diffusion equation (9) is called the
diffusion equation for anharmonic oscillator with V;,
because it contains the “u*-term”” This means that the
status of the harmonic oscillator can be exchanged
for the status of the anharmonic oscillator under
certain physical circumstances. We can explain this
phenomenon by considering the Wiener integral of
the functional in (13).

(2) For a real number v, if h(f) = —u + /u?(u? — y?) on

[0,T], then
ko 2pa 2
V4(u):5u (u —y). (17)
In this case, the diffusion equation (9) is called the

diffusion equation for double-well potential with V.
As such, it is a harmonic oscillator.

(3) Furthermore, we see that, for v € Li,b [0,T],h €
C,pl0,T],and u € R,

W, x+u)y=wx),
(18)
vyx+h) = {(v,x) + {(v,h)

provided (v, h) # 0. Thus, the functionals presented in
this paper are more meaningful than the functionals
given in previous papers [6, 11]. This also has impli-
cations regarding the generalizations of our research
observations.

We are now ready to state the definition of the modified
generalized AFSFL

Definition 2. Leth € C,,[0,T] be given. Let F : C_,[0,T] —
C be such that, for each A > 0, the function space integral

o= |

F (A_l/zx +c(h) h) dy (x) (19)
Cop[0,T1]

exists for all A > 0 where ¢(A) is a nonnegative real number
which depends on A. If there exists a function J*(A) analytic
in C, such that J*(A) = J(A) for all A > 0, then J*(A) is
defined to be the modified analytic function space integral of
F over C, [0, T] with parameter A, and for A € C, we write

an;w,h
J* ) = J F(x)du(x). (20)

Ca,h[o)

Let g # 0 be a real number and let F be a functional such

an®
that Jca,:[o,’;l"] F(x) dp(x) exists for all A € C,. If the following

limit exists, we call it the modified generalized AFSFI of F
with parameter g and we write

an"™ h

an ;(q)’h .
J F(x)du(x) = lim J F(x)du(x), (21)
Capl0.T] A—-ig JC,,0,T]

where A approaches —ig through values in C,.

Remark 3. We have the following assertions with respect to
the modified generalized AFSFI.

(1) If A(t) = 0 on [0, T] or c(A) = 0, then we can write

anP h an
A A
[ F@du = [ F@de,

Capl0,T] Capl0.T]
(22)

anf;(q),h anf,
J F(x)du(x) = j F(x)du(x).

Cap[0.T] Cap[0.T]

(2) In the setting of classical Wiener space (in our
research, when a(t) = 0 and b(t) = t on [0,T]), our
modified generalized AFSFI, the generalized AFSFI,
and the analytic Feynman integral coincide. Hence all
results and formulas in (2, 3, 5, 6, 16] are corollaries of
our results and formulas in this paper.

We conclude this section by listing several integration for-
mulas for simple functionals to compare with the generalized
AFSFI and the modified generalized AFSFI. For all nonzero
real number g, we have Tables 1 and 2.
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TABLE 1: Modified generalized AFSFI (j = 1,2).
mf;(q)’h
[ E@due
Cu,b[o’ T]
; 12
F, (x) = x(T) <a> a(T) +c(q)h(T)

F, (x) = &*®

i\'"? i
exp{(a> a(T) + ﬁb(T)+c(q)h(T)}

TABLE 2: Generalized AFSFI (j = 1, 2).

anfy
| Emdu
Ca,5[0,T]

N

(£) a

q

N\ 1/2 .
exp {(é) a(T) + Ziqb(T)}

F(x) = x(T)

F, (x) = e

4. Some Properties for the Modified
Generalized AFSFI

In this section we establish a Fubini theorem for the modified
analytic function space integrals and the modified general-
ized AFSFIs for functionals on C,_; [0, T]. We also use these
Fubini theorems to establish various modified generalized
analytic Feynman integration formulas.

First, we define a function to simply express many results
and formulas in this paper. For n > 2, define a function H,, :
C" - C, by

n n 172
H,(z,...,2,) = ZZJTI/Z - (sz) , (23)

i=1 i1

where Y, z;1/2¢0 and Y, zJTIqEO. Note that H, is a

symmetric function for all n = 2,3,.... In this paper we

) ~ W12
will assume that, for all (z,,...,2,) € C} and (Z;’Zl z; hHe s
n=12,...,and z}l/z, j = 1,2,...,n, are always chosen to

have positive real parts.
In our first theorem, we show that the modified general-
ized AFSFIs are commutative.

Theorem 4. Let h, and h, be elements of C,,[0,T] and let F
be a functional defined on C,;, [0, T] such that

[, I By e eI+ (@)
Ca,b[O,T] (24)

xd (uxp)(x,y) < co,

for all nonzero real numbers y and f. Then for all q,,q, € R -

{0},
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an ,;;qz),hz anf;fql),hl
| Flx+y)du() | du(y)
Capl0.T] Capl0,T]
anf;ql),hl an ;;qz),hz
= ( F(x+y)du(y))du(x),
Cap0,T] Capl0.T]
(25)

where = means that if either side exists, both sides exist and
equality holds.

Proof. First, using the symmetric property, for all A, 8 > 0,
J F(A_1/2x+[3_1/2y+c(/\) h,
c2, 0.7
+c(B)hy)d (ux ) (x,y)
:J F(ﬁ_1/2y+k_l/2x+c(ﬁ)h2
C,[0.1]

+c()t)h1)d(/,¢><y)(y,x).

This can be analytically continued in A and f8 for (A, 8) and so
we have, for all (A, ) € C, xC,,

ant® b,

J'Ca’b[O,T] (
ans®

B Jca,b[o,T] (

Next, let E be a subset of C, x C, containing the point

(—iq,,—iq,) and it is such that (A, §) € E implies that A+ 3 #0.
Note that the function

un;(ﬁ) Jhy an;()t) Jhy
rop=] " ([ FGrd) )du@

Capl0.T) \ JCy10.1]
(28)

(26)

an'® h
o
| F(x+y)d#(x)>du(y)
Ca,b[OxT]

(27)

an;;/i),hz
| F<x+y>du<y>>dy<x>.

Ca,b [0>T]

is continuous on E and is uniformly continuous on E
provided E is compact. Then by the continuity of # and (27),
we can establish (25) as desired. O

The following theorem was established in [12, 17]. For-
mula (29) is called the Fubini theorem with respect to the
function space integrals.

Theorem 5. Let F be as in Theorem 4 above. Then

J . Flyx+By)d(uxp)(xy)
2, [0,7]

= J'Ca,b[O,T] F ( \Y? + Pz
+ (Y + B\ +,32)a> du(2)
= JCa,b[O,T] F ( \y? + p*z + H, (y_z,,B_z) a) du(z).

(29)
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To establish Theorem 7, we need the following lemma.

Lemma 6. Let F be as in Theorem 4 above. Then for all (A, B) €
C,xC, withA+ f3+0,

ang an,
| (j F(x+y)d#(x))dﬂ(y)
Capl0.T] Capl0.T]

anf(y) a

ﬁj F(2)du(2),
C,p[0,T]

(30)

where y = AB/(A + B) and c(y) = H,(A, B).

Proof. Using (29), it follows that for A > 0 and 8 > 0

j F(A x4 B2y) d (px ) (x, y)
C?.[0,T]

ab

- La‘b[m F <wm’1 + Bz + Hy (A, ) a) du(2).

31)

This last expression is defined for A > 0 and f§ > 0. For
B > 0, it can be analytically continued in A € C,. Also for
A > 0, it can be analytically continued in 8 € C,. Therefore
since A € C, and 3 € C, implies that AB/(A + ) € C,, we
conclude that the last expression in proof of Lemma 6 can be
analytically continued into C, to equal the analytic function
space integral

an® a

| F@du, (32)
Cop[0,T1]

which completes the proof of Lemma 6 as desired. O

The following theorem is the main result with respect to
the modified generalized AFSFI.

Theorem7. Let F be asin Lemma 6 above. Then forall q,,q, €
R — {0} with q, + q, #0,

anfq2 anfq1
J j F(x+y)du(x) |du(y)
Cap[0,T] Cap[0,T]
(33)

anf®y) ,a

q3
= F(z)du(z),
C,p[0.T]

where g5 = q,9,/(q, + q,) and c(q5) = H,(—iqy, —iqy).

Proof. First note that, forall q;,q, € R—{0} with g, +¢, #0, if

A — —ig;and B — —ig,, then AB/(A+ ) — —i(q,92/(q; +
q,))- Now using this fact and (30) it follows that

S
[ (17 peenaue)aut)
Capl0,T] \ JC,p[0,T]

an;(y)ﬂ
= lim lim J F(z)du(z)
B——iqy A= —igy JC,_,[0,T]

(34)

unt(y) a

= lim J " F@)du()
ABIA+PB) = =i(9192/ (41+42)) JCpp 0,1

anfc(%),a

= F(z)du(z),
Ca,b[OaT]

where y and c(y) are as in Lemma 6. Hence we complete the
proof as desired. O

Equations (35)-(37) below follow by mathematical induc-
tion and Theorem 7 above.

Corollary 8. Let F be as in Theorem 7 above. Then one has the
following assertions.

(1) Forallq € R — {0},

anf, anf,
[0 (17 P ) aut)
Cap[0,T] Cap[0,T]

anfsP,a

ij " F(2)du(z),

C,p[0.T]

(35)

where c(q) = H,(—iq, —iq).

(2) Forallg,,...,q, € R - {0} with ¥'_,(q, ... 4/q;) #0
fork=2,...,n,

anf, anf,,
[ [ ) d e x ) ()
Cap[0,T] Cap[0,T]

an f;(ﬂn) a
ij F(2)du(2),
C,p[0,T]
(36)

where % = (x1,..., %), By = Q1+ G/ Xy (1 Gl
q;), and c(B,) = H,(~iq,, ..., —iq,). Furthermore,

anf, anf,
J C,p[0,T] J C,p[0,T]

anf c;q/") a

=" F@du),
Ca,b[OsT]

F g+t x,)d (pxexpu) (%)

(37)
where c(q/n) = Hy(—ig, ..., —iq).

Next we establish some integration formulas with respect
to the modified generalized AFSFIs.

(1) A formula showing that the double modified gener-
alized AFSFIs can be expressed by just one modified



generalized AFSFI. For all q;,q, € R — {0} with
9 +9#0,

anfc(qz) a anfc('“) a
2 a1 >
| ( Flx+y) du <x>>dy(y)

Capl0T] \ JCy10.]
(38)

<(q1,d2)
fql‘iz/(‘h”]z)’“

an
- J‘Ca,h [O)T]

where ¢(q;,9,) = Hy(-igqy, —iq,) + c(qy) + c(qy)-
Furthermore, if c(q,) + ¢(q,) = —H,(-iq,, —iq,), then

anfc(qz) a anfc(ql> a
[P a
J ( F(x+y)du (x))du (»)

F(2)du(z),

Capl0T] \ JCyl0.1]
(39)

aNfa a2 /(a1 +42)

ij F(z)du(z).

Ca,b [O)T]

(2) A relationship between the modified generalized
AFSFI and the generalized AFSFI. For all gq;,9, €
R - {0} with g, + g, #0,

anf,;iql),a anf,
[ ([ e )dne )aut)
C,p[0,T] Cop0,T1]
(40)
anch;%), a
= I F(2)du(z),

Ca,b [0)

whereq; = q,9,/(q,+q,) and c(q;) = H,(~iq,, —ig,)+
c(qy)-

(3) A formula relating the modified generalized AFSFI
and the generalized AFSFI. For all ;,¢q, € R - {0},

Janf,;iql),a J»cqu2
Copl0,T] Copl0,T]
J-un f a4
- Ca,b [O’T]

5. Examples

F(x+y)du (x)) du(y)
(41)

C(ql),u

J " F(x+ y)du(x)>du(y)-
Capl0.T]

In this section, we provide several brief examples in which we
apply our formulas and results.

5.1. Banach Algebra oS’(Li,b[O,T]). Let M(Li)b[O, T]) be the
space of complex-valued, countably additive Borel measures
on Li’b[O, T]. The Banach algebra & (Li,b[O, T]) consists of
those functionals F on C,; [0, T] expressible in the form

Hm:j exp {i (v, x)} df (v) 42)
L2 00,71

for s-a.e. x € C,;[0, T| where the associated measure f is an
element of M (Li,b [0, T)).
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Example 1. Let g, be a fixed nonzero real number. Let
F € &(Li’b[O,T]) be given by (42) above. Suppose that
corresponding measure f of F satisfies the condition

T
Jz exp J [v(s)|d]al (s) |df(v)| < 00.
12,[0,T] 0

4
V2 |90
(43)
Then for all nonzero real number g with |g| > |g,l,

an f;(q) a
[ F@dut
Ca,b [O’T]

_ i
= JLZM[O,T] exp { 24 (v b )

+i (c(q) + <é>l/2> (v,a')} df (v),

(44)

where

T

T
no_ 2 0\ 2
(nd') = | virdawr,  (20)= | oo,

(45)
Next, using Theorem 7, we can compute the double

generalized AFSFIsof F € § (Li,b [0, T7) by just one modified
generalized AFSFI. That is to say, for all q;,q, € R with

9,1 = 1g0l, 19,1 = 1go| and g, + q, #0,

anf,, anf,
J j F(x+y)du(x) )du(y)
Cl0.11 \ Je,,[0.1]

anfa

=j F(2) dp (2)
Capl0,T1]

- LZM[O)T] exp {_% (é + é) (#,b') (46)
()G
X (v,a') } df (v),

where y = ,,/(q, + q;) and c(y) = Hy(~iqy,~iq,).
Furthermore the last expression in (46) equals the expression

anf,, anf,,
([ pee i) aue. @)
Capl0.T] Capl0.T]

5.2. The Fourier Transform of a Complex-Valued Measure. For

given m = (my,...,m,) € R" and 02 = (af,...,aﬁ) ¢ R"
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with o7 > 0,j = 1,...
given by

“172 5
n n (M- —-m.
Voo (B) = <H2mr]2.> JB exp <|—Z]T‘2]} dii,

(48)

.1, let Voo be the Gaussian measure

where B € Z(R"). Then V.o isa complex-valued Borel
measure on R"” and

n
7o (i) = {_-Z ]+iijuj}, (49)
=1

where 17?;2 is the Fourier transform of the Gaussian measure
Vrh,r;z’

Example 2. Let {ay,...,«,} be any orthonormal set in
Lﬁ)b[O, T]and let F : C,,[0,T] — R" be the functional
defined by

FO) =7 (@)oo (), (50

where Var[(ocj, x)?] = ,n. Then for all

nonzero real number g,

lforall j = 1,2,...

C(q),a

j "R du )

C,[0,T]

; 1/2
1
B (gzu - (—iq)—“za})>
X exp {
j

™=

(GO

1

X [i4Ajmj—(—iq) 172 2+2A 9 ])

x(2 (2- (—1'(1)_1/2(7]2.))_1 }

xexp{ (q)za (o h) +ic(q) zm <%,h>}

(51)

where A j= JOT fo4 j(t)da(t). Using Theorem 7, we can compute
the double generalized AFSFIs of F given by (50) by just one

modified generalized AFSFI. That is to say, for all q;,q, € R
with g, + g, #0,

anf,, anf,,
0 ([ Feendn )auty)
Cap[0,T] \ JCp[0,T]

1/2
1 1
~([Ts=ciamn)

X exp {i ((—iQ)_l/2

=1

. =12 2 2 2
X [14Ajmj—(—zQ) mj+2Ajaj )

x(2(2- Q%)) }

Q< . C
X exp {—CTJZ;U? <ocj,h> +ic(Q) j;mj <(xj,h>} ,
(52)

where Q = q,9,/(q; + q») and ¢(Q) = H,(-iq;,—iq,).
Furthermore, the last expression in (52) equals the expression

anfq1 cqu2
[ ([ Fee ) a6
Cap[0,T] Cap[0,T]

5.3. The Generalized Fourier-Hermite Functional on Function
Space. For eachm =0,1,2,...,and for each j = 1,2,..., let
H} (u) denote the generalized Hermite polynomial

B;

| o
HJ, () = (-1)"(m!) (B exp {(uz—])}

(54)

2

B (R I G

du™ P 2B; '
Then for each j = 1,2,..., the set
‘ (w—-A)?
-1/4 J R

{(ZﬂBj) H (u) exp {—4—3} :m=0,1,...

(55)

is a complete orthonormal set in L,(R). Now we define

HH ({ap ). (56)

The functionals in (56) are called the generalized Fourier-
Hermite functionals. It is known that these functionals form
a complete orthonormal set in L*(C,,,[0, T1); that is to say, let

F € L*(C,,[0,T]) and, for N = 1,2,..., let

,,,,, mk)

FN (x) = Z A(ml mN)(D(ml ~~~~~ my) (%), (57)

.....



,,,,,,

cient,

Then
F(x)= lim Fy (x)
- (59)
= Nh_I,noo Z 14(M’ll,...,1411\,)(1)(1’!1l ..... my) (X)

My =0

is called the generalized Fourier-Hermite series expansion of
F.In (59), the limit is taken in the Lz(Ca)b[O, T])-sense.

Example 3. Let g, be a nonzero real number and let
®@y,...m,) De the generalized Fourier-Hermite functional
given by (56) above. Then for all nonzero real number g with
9] > |4, the modified generalized AFSFLof @, ., ) exists
and it is given by the formula

aﬂf;(q) h N gnfc(q) h
q) d X) = J md x),
Jcn,b[o’T] (ml”"’mN) [/l( ) ]I:I[ a,b O,T] qS( ]‘]) M( )
(60)
where
b 00 = 1, (5.
anfq“(q),h
. ndu (x
La,b[o,ﬂ Pom, 44 ()
-1/2 j . \-1/2 R (61)
= (2nB)) RHm ((—zq) u+c(q) (@ h))
2
u—A;
X exp ——J) du.
2B;

J

The last expression is valid because the generalized Hermite
functional is a polynomial with degree m; and hence it has an
analytic extension.

Remark 9. Since the set of generalized Fourier-Hermite
functionals

M = {®(m1,...,mk>}§21 62)

is a complete orthonormal set in L*(C,,[0,T]), we could
extend the results for functionals in LZ(Cu)b[O, T1]) under the
appropriate conditions.

6. Conclusions

In Section 3, we presented our analysis of the generalized
AFSFI and defined the modified generalized AFSFI. Further-
more we explained the physical circumstances with respect to
an anharmonic oscillator using the concept of the modified
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generalized AFSFI. That is to say, we introduced some new
concepts in order to explain various physical circumstances.
In Section 4, we established some relationships with respect
to the modified generalized AFSFI involving the generalized
AFSFI; see Theorem 7. Finally, we applied our results to
various classes of functionals studied in [2, 4, 10, 11].
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We study the existence of monotonic and nonnegative solutions of a nonlinear quadratic Volterra-Stieltjes integral equation in the
space of real functions being continuous on a bounded interval. The main tools used in our considerations are the technique of
measures of noncompactness in connection with the theory of functions of bounded variation and the theory of Riemann-Stieltjes
integral. The obtained results can be easily applied to the class of fractional integral equations and Volterra-Chandrasekhar integral

equations, among others.

1. Introduction

The aim of this paper is to study of monotonic and nonneg-
ative solutions of the nonlinear quadratic Volterra-Stieltjes
integral equation having the form

x(t) = (Fyx) () + (Fyx) (£) .[o u(t,7,(Tx) (1)) d.g (t,71),
€Y

where t € [a,b] and F), F, are superposition operators
defined on the function space Cla,b]. The precise defini-
tions will be given later. We show the existence of such
solutions of the previous equation under some reasonable
and handy assumptions. In our considerations, we use the
technique associated with measures of noncompactness and
the Riemann-Stieltjes integral with a kernel depending on
two variables. Moreover, the theory of functions of bounded
variation is also employed.

The main result of the paper is contained in Theorem 8.
That theorem covers, as particular cases, the classical Volterra
integral equation, the integral equation of fractional order,
and the Volterra counterpart of the famous integral equa-
tion of Chandrasekhar type. It is worth pointing out that
differential and integral equations of fractional order create
an important branch of nonlinear analysis and the theory of
integral equations. Moreover, these equations have found a lot

of applications connected with real world problems. Integral
equations of Chandrasekhar type can be often encountered in
several applications as well.

This paper can be considered as a continuation of [1, 2]
(cf. also [3-5]).

2. Preliminaries

At the beginning, we provide some basic facts concerning
functions of bounded variation and the Riemann-Stieltjes
integral. We refer to [6] or [7] for more information about
this subject. Assume that x is a real function defined on the

interval [a, b]. The symbol \/Zx stands for the variation of
the function x on the interval [a, b]. In case of a function
ult,7) = u : A > R, where A ¢ R? the symbol

Z: Pu(t, 7) denotes the variation of the function t — u(t, 1)
on the interval [ p, q] which is contained in the domain of this
function, where the variable ¢ is fixed. Further, assume that
x, @ are given real functions defined on the interval [a, b].
Then, under some additional conditions imposed on x and
¢, we can define the Riemann-Stieltjes integral

b
J x(t)do (1) (2)

a


http://dx.doi.org/10.1155/2014/601824

of the function x with respect to the function ¢. In such a case,
we say that x is integrable in the Riemann-Stieltjes sense on
the interval [a, b] with respect to ¢.

Now, we recall two useful properties of the Riemann-
Stieltjes integral, which will be employed in the sequel.

Theorem1. (a)Ifx is a continuous function and ¢ is a function
of bounded variation on the interval [a, b], then x is Riemann-
Stieltjes integrable on [a, b] with respect to ¢.

(b) Suppose that x, and x, are functions being Riemann-
Stieltjes integrable on the interval [a,b] with respect to a
nondecreasing function ¢ and x,(t) < x,(t), fort € [a,b].
Then,

b b

J x, (H)de (£) < J x, () de(t). (3)
In what follows we will use the Riemann-Stieltjes integral

of the form

b
J x(t)d.g (1), (4)
a

where the symbol d, indicates the integration with respect
to the variable 7 and ¢ is fixed. Let us mention that, in some
situations, lower and upper limit of the integration can also
depend upon the variable ¢.

Now, we deal with the discussion of basic facts connected
with measures of noncompactness. We refer to [8] (see
also [9]) for a more detailed discussion. Assume that E
is a real Banach space. Denote by B(x,r) the closed ball
centered at x and with radius r. Instead of B(0,r), we will
write B,. If X is a subset of E, then the symbols X and
ConvX denote the closure and convex closed hull of the
set X, respectively. Further, denote by i the family of all
nonempty and bounded subsets of E. The symbol N stands
for the subfamily of M consisting of all relatively compact
sets. We will accept the following definition of a measure of
noncompactness.

Definition 2. A mapping p : My — R, = [0,+0c0) will
be called a measure of noncompactness in the space E if it
satisfies the following conditions:

(1) the family ker y = {X € My : u(X) = 0} is nonempty
and ker y € I y;

(2) XY = uX) <uY);

(3) u(X) = u(X) = u(Conv X);

(4) pAX+(1-L)Y) < Au(X)+(1-M)u(Y), for A € [0, 1];

(5) if (X,,) is a sequence of closed sets belonging to iy
such that X,,, ¢ X,,forn =1,2,...,and iflim,_,

W(X,) = 0, then the intersection X, = (e, X,, is
nonempty.

An important example of a measure of noncompactness
is the Hausdorff measure of noncompactness defined by the
formula

x (X) = inf{e > 0 : X has a finite ¢ — netin E},

)
X € M.
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The key role in our studies will be played by Darbo’s fixed
point theorem.

Theorem 3. Let Q) be a nonempty, bounded, closed, and convex
subset of the space E and let Q : Q — Q be a continuous
transformation. Assume that there exists a constant k € [0, 1)
such that u(QX) < ku(X) for any nonempty subset X of Q.
Then, Q has at least one fixed point in the set Q. Moreover, the
set Fix Q of all fixed points of Q belonging to ) is a member of
the family ker p.

The considerations in this paper will be placed in the
Banach space C[a, b] consisting of all real functions defined
and continuous on the bounded interval [a,b] with the
standard maximum norm.

Finally, we turn our attention to the superposition (or
Nempytskii) operator which appears very frequently in non-
linear analysis. We refer to monographs [6, 10] for detailed
information covering the properties of this operator. To
define the operator in question, suppose that f : [a,b] xR —
R isa given function. For any function x(t) = x : [a,b] — R,
we can define the function Fx by putting

(Fx) () = f (£ x (1)),

The operator F defined in such a way is called the superposi-
tion operator generated by the function f.

telab]. (6)

3. Main Result

In this section, we will investigate the nonlinear quadratic
Volterra-Stieltjes integral equation which has the form

x () = fi (6x (1) + f, (6 x (1))

X Jtu(t,r, (Tx) (1) d,g(t,T), tel=][0,M],
0
(7)

where M > 0 is fixed number. Obviously, in our further
considerations the interval I = [0, M] can be replaced by
any interval [a, b]. We look for monotonic and nonnegative
solutions of this equation in the space C[0, M]. In our study,
we will need some results obtained in [1, 2].

At the beginning, let us consider the following conditions.

(i) The functions f; : I xR — R (@G = 1,2) are
continuous and there exist nondecreasing functions
ki : R, — R, such that

/i (x) = fi (6 3)] < Fei () |x - ]

foranyt € I and for all x, y € [-r,7], wherer > 0 is
an arbitrary fixed number.

i=12), (8)

Observe that, on the basis of the above condition, we may
define the finite constants F,, F, by putting

F =max{|f;(t,0)|: t eI} (i=1,2). 9)
Let A ,; denote the following triangle:

Ay={t1)eR*:0<s7<t <M} (10)
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(ii) The functionu : A ; x R — R is continuous. More-

over, there exists a continuous function ® : R, —
R, such that

|u(t, 7, x)| < @ (|x]), (11)

forall (t,7) € A);and x € R.

(iii) The functiong : A,; — Riscontinuous with respect
to the variable 7 on the interval [0, t], where t € I is
fixed.

(iv) For any t € I, the functiont — g(¢, 7) is of bounded
variation on the interval [0, ¢].

(v) For each ¢ > 0, there exists § > 0 such that, for all
t,s € I and |s — t| < §, the following inequality holds

min{t,s}

[g(s1)-g(tT)] <e (12)

=0

Remark 4. Tt can be shown (see [1, 2]) that the constant

szax{\/g(t,r):tel} (13)

=0
is well defined and finite.

(vi) The operator T : C(I) — C(I) is continuous and
there exists a nondecreasing function ¥ : R, — R,
such that | Tx|| < ¥(|lx]]), for any x € C(I).

(vii) There exists a positive real number r, which satisfies
the inequalities

rky (r) + F, + K (rky (r) + Fy) ® (¥ (1)) <7,
14)
ki (r) + Kk, (r) @ (¥ (r)) < 1.

Remark 5. Observe that if 7 is a positive solution of the first
inequality from condition (vii) and if one of the terms F,
and KF_ZCD(‘I’(rO)) does not vanish, then the second inequality
from (vii) is automatically satisfied.

Now, let us consider the operators F; (i = 1,2), U, and V
defined on the space C(I) by the following formulas:

(Ex)(®) = f;(t,x(®) (i=12),
Ux) (t) = L u(t,7,(Tx) (1) d g (t, 1), (15)

(Vx) (t) = (F,x) (t) + (Fx) (t) (Ux) (¢) .

Theorem 6. Let conditions (i)-(vii) hold. Then, the operator

Vig, : B, — B, is well defined and continuous and has
0

at least one fixed point, which gives that (7) has at least one

solution in the ball B, , where 1y is a number appearing in

condition (vii).

The basic idea of the proof of Theorem 6 is to study
behaviour of the operator V' with respect to the Hausdorff
measure of noncompactness in connection with Theorem 3.

Remark 7. Additionally, all solutions of (7) from the ball B,
are equicontinuous. This observation results directly from the
Arzela-Ascoli theorem and Theorem 3.

We can now formulate our main result about monotonic-
ity and nonnegativity of the solutions of (7). In our study, we
will consider the following conditions.

(i') The functions fi: IxR — R(i=1,2)are such that

@ fixR,) cR,;
(2) the function t — f;(t, x) is nondecreasing on
I, for any fixed x € R,;

(3) the function x — f;(¢, x) is nondecreasing on
R,, for any fixed t € I.

(ii') (a) The functionu : A,; x R — R is such that

D) u(Ay xR, cRy;

(2) the functiont — wu(t, 7, x) is nondecreasing on
[7, M], for any fixed 7 € I and x € R,;

(3) for each t,s € I such that t < s, the function
T — g(s,7) — g(t, T) is nondecreasing on [0, t];

(4) for any function x € B, which is nonnegative
and nondecreasing on I, the function Tx is non-
negative on I, where r,, is a number appearing in
condition (vii).

Or
(b) The functionu : A ; x R — R is such that

1) u(A xR,) cR,;

(2) the function t — wu(t, 7, x) is nondecreasing on
[T, M], for any fixed 7 € I and x € R,;

(3) the function T — u(t, 7, x) is nondecreasing on
[0,%], for any fixed t € ] and x € R,;

(4) the function x — u(t, 7, x) is nondecreasing on
R, for any fixed (¢, 7) € A p3

(5) for each t,s € I such that t < s, the function
T — g(s,7) — g(t, 7) is nondecreasing on [0, t];

(6) g(s) S) - g(t> t) + g(ta 0) - !](5> 0) 2 0:

(7) for any function x € B, which is nonnegative
and nondecreasing on I, the function Tx is
nonnegative and nondecreasing on I, where r,
is a number appearing in condition (vii).

(iii’) For each t € I the function t — g(t,7) is nonde-
creasing on [0, ¢].

The following theorem is a completion of Theorem 6.

Theorem 8. Suppose that conditions (i)-(vii) and (i’ )-(iii')
are fulfilled. Then, (7) has at least one solution in B, which
is nonnegative and nondecreasing, where r, is a number
appearing in condition (vii).



Proof. Let B:O denote set of all nonnegative and nondecreas-
ing functions from the ball B, . It is clear that B;’O is nonempty;,
bounded, closed, and convex. From Theorem 6, we conclude
that the operator V| B is continuous. We show that V(B:O) C
B;’O. To this end, fix x € B;'O and take t,s € I such that s > t.
Since (Fx)(t) = f;(t,x(t)) > 0 and

(Fix) () = (Ex) (1) = fi (s, x(s)) = f; (£, x (1))
> fi(t,x(s) - f; (&, x(t)) =0,
we obtain Fy(B} ) ¢ B}, fori=1,2.

It is easily seen that (Ux)(t) > 0 so it suffices to check
monotonicity of the operator U. We get

(Ux) (s) = (Ux) (¢)

_ j (s (T) (1)) d, g (5. 7)

0

- J-t u(t,t,(Tx) (1)) d, g (t,7)

0

t

_ j U (s, 7. (Tx) (1) do g (5,7)

0

+ JS u(s, 7, (Tx) (1)) d,g (s, 7)

t

- J u(t,7,(Tx) (1)) d. g (t, 1) (17)

0

> j u (5,7, (T) (1)) d, g (5,7)
0

t
- j u (5,7, (Tx) (1) d, g (1,7)

0

+ J-s u(s, 7, (Tx) (1)) d,g (s, 7)

t

= J u(s,7,(Tx) (1)) d, [g (s, 1) — g (£, 7)]

0
+ r u(s, 7, (Tx) () d,g (s, 7).
t

Further proving process depends on which of conditions
(i’ (2)) or (ii’ (b)) is satisfied.

Assume that condition (ii'(a)) holds. Then based on
Theorem 1, the two last integrals in estimation (17) are
nonnegative and indeed (Ux)(s) — (Ux)(t) > 0.

Now, assume that condition (i’ (b)) is satisfied. Coming
back to estimation (17), we obtain

(Ux) (s) — (Ux) ()
> Jo u(s,t,(Tx) (1) d, [g(s,T)— g (t,71)]

+ Js u(s,t,(Tx) (t))d,g (s, T)
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=u (5) t’ (Tx) (t)) [g (5’ t) - g (t’ t) - (g (5’ 0) - g (t’ O))
+g (5’ 5) - g (57 t)]
=u(s,t,(Tx) (1) [g (s,9) — g (1) + g (£,0)

-g(s,0)] >0
(18)

and, consequently, U(B; ) ¢ B; . Finally, we have V(B; ) ¢
B, . Using Theorems 3 and 6, we obtain the existence of a fixed
point of the operator V in B:O. This means that (7) has at least

one nonnegative and nondecreasing solution in B, , and the
proof is complete. 0

Remark 9. It can be shown (see for instance [1]) that if the
function g : A,; — R is continuous on the triangle A ,,
and for arbitrarily fixed ¢, s € I such thatt < s, the function
T — g(s,7) — g(t,7) is monotonic (nondecreasing or
nonincreasing) on the interval [0, t]; then g satisfies condition

(v).

4. Applications and an Example

The topic of this section is to present some applications of
Theorem 8 in the situation of the classical integral equations.
Let us consider the equation

x(0) = f,(t.x (1) + %
t (19)
[,
o (t-17)7%

where I' denotes the Euler gamma function and & > 0. It is the
well-known integral equation of fractional order. If we take on
the set A ,; the function g defined by

gt,1) = é [t -@-1)7], (20)

then it is easy to check that (19) is a special case of (7). Using
Remark 9 and the standard methods of differential calculus,
we can show that the function g satisfies conditions (iii)-(v),
(i), and (iii'). Additionally, we have K = (1/a)M®, where
K is the constant appearing in Remark 4. Making use of the
fact that I'(a + 1) = al'(«) for « > 0, condition (vii) in this
situation takes the following form:

(vii") there exists a positive real number r, which satisfies
the inequalities

rkl(r)+F_1+m(r%z(r)+ﬁ2)®(W(r))gr, .
21

o

k(0 + 5 kKo@) <1,

(a+1)

where F, = max{lfz(t, 0)| : t € I} and %2 is a function chosen
for fz based on condition (i).
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Obviously, when « = 1, (19) reduces to the classical
nonlinear quadratic Volterra integral equation.
Now, let us consider the equation

x(t) = fi(t:x(6) + fo (8 x (1))

toy (22)
X j —ul(t,7,(Tx) (1)) dr, te€l
ot+T

It is the Volterra counterpart of the quadratic integral equation
of Chandrasekhar type. This equation is also a special case of
(7), in which

T
o) - tln(1+?>, (1) € Ay \ OO0}

0, t=1=0.

Using, as before, Remark 9 and the standard methods of
differential calculus, we can show that this function satisfies
conditions (iii)-(v), (i’ (), and (iii). Additionally, we have
K = MIn2, where K is the constant appearing in Remark 4.

Let us observe that if we put f,(t,x) = 0 in (7), we
obtain the classical functional equation of the first order on
the interval I.

We finish by providing an example
Theorem 8.

illustrating

Example 1. Let us consider the following integral equation:

o PHx@®)
x(t) =te + W
t 1 Vlx(7)larctg (4 +1+ 12)
XJ/()E \3/; dT, tE[O,l]
(24)

Obviously, this equation is a special case of (19) if we put & =
2/3 and

fitx) = te’,
Flfx) =P ex

1 2, 2 25)
5LT,X) = — tg(4+t"+177),
u(t,1,x) Py Vx| arc g( )

Tx = x.

In is easy to check that conditions (i)-(vi), (i), (i’ (b)), and
(iii') of Theorem 8 are satisfied and ki(r) = 0, I*T1 = 1/e,
ky(r) = 1,F, = 1, ®(r) = (1/4)/r, and ¥(r) = r. Using
standard estimation I'() > 0.8856 for & > 0 and taking r,, =
1, we verify that condition (vii*) is also satisfied. Therefore,
in case of (24), we can apply Theorem 8. This means that
(24) has at least one nonnegative and nondecreasing solution
belonging to the ball B, of the space C[0, 1].
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We study a generalized fractional quadratic functional-integral equation of Erdélyi-Kober type in the Banach space BC(R,). We
show that this equation has at least one asymptotically stable solution.

1. Introduction

Quadratic integral equations with nonsingular kernels have
received a lot of attention because of their useful applications
in describing numerous events and problems of the real
world. For example, quadratic integral equations are often
applicable in kinetic theory of gases, in the theory of neutron
transport, and in the traffic theory; see [1-8]. The existence
of solutions for several classes of nonlinear quadratic integral
equations with nonsingular kernels has been studied by
several authors, for example, Argyros [9], Bana$ et al. [10-
12], Benchohra and Darwish [13, 14], Caballero et al. [15-
17], Darwish et al. [18, 19], Leggett [20], and Stuart [21].
There is a great interest in studying singular quadratic integral
equations by many authors, after the appearance of Darwish’s
paper [22], for example, Banas and O’'Regan [23], Bana$ and
Rzepka [24, 25], Darwish [26, 27], Darwish and Sadarangani
[28], Darwish and Ntouyas [29], Darwish et al. [30], and
Wang et al. [31, 32].

In this paper, we will study the quadratic functional-
integral equation of fractional order

x(t)=al(t)
Bat,x(®) ¢ s
+f (t, r@ Jo T sﬁ)qu (t,s,x(s)) ds) ,
teR,,
@

where o € (0,1) and 3 > 0.

If B =1and f(t,u) = u, we obtain a quadratic Urysohn-
Volterra integral equation of fractional order studied by
Banas’ and O’Regan in [23] while in the case where § = 1,
f(t,u) = u, and u(t,s,x) = v(t,x), we get a fractional
quadratic integral equation of Hammerstein-Volterra type
studied by Darwish in [22]. Moreover, in the case where
B = 1, we obtain the quadratic functional-integral equation of
fractional order studied by Darwish and Sadarangani in [28].

The aim of this paper is to prove the existence of solutions
of (1) in the space of real functions, defined, continuous,
and bounded on an unbounded interval. Moreover, we will
obtain some asymptotic characterization of solutions of (1).
Our proof depends on suitable combination of the technique
of measures of noncompactness and the Schauder fixed point
principle.

2. Notation and Auxiliary Facts

This section is devoted to collecting some definitions and
results which will be needed further on. First, we recall
from [33-35] that the Erdélyi-Kober fractional integral of a
continuous function f is defined as

t Bl
I;f(t):rﬁ)J(s f ) ds, B>0,0<y<l. (2)

() Jo (B - sP)"Y
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When f = 1, we obtain Riemann-Liouville fractional inte-
gral; that is,

1 (" f(s)
v tz—J—ds, 0<y<l. 3
FO=505 ) aoo y ©
Now, let (E,|| - ||) be an infinite dimensional Banach

space with zero element 0. Let B(x, ) denote the closed ball
centered at x with radius r. The symbol B, stands for the ball
B(6,r).

If X is a subset of E, then X and ConvX denote the closure
and convex closure of X, respectively. Moreover, we denote
by A i, the family of all nonempty and bounded subsets of E
and by /'y, its subfamily consisting of all relatively compact
subsets.

Next we give the definition of the concept of a measure of
noncompactness [36].

Definition 1. Amappingu: My — R, = [0,00)issaid to be
a measure of noncompactness in E if it satisfies the following
conditions.

(1) The familyker y = {X € M : u(X) = 0} is nonempty
and ker y ¢ Np.

(2) X Y = uX) <u).
(3) u(X) = u(ConvX) = u(X).
(4) pAX+(1=1)Y) < Au(X)+ (1= A\)p(Y) for0 < A < 1.

G)IfX, € Mg X, = X,, X,y CX,forn=1,23,...
and lim,, _, ., u(X,,) = 0, then X, = ()2, X, #0.

The family ker y described above is called the kernel of
the measure of noncompactness y. Let us observe that the
intersection set X, from (5) belongs to ker y. In fact, since
u(Xs,) < u(X,) for every, then we have that u(X_,) = 0.

In what follows we will work in the Banach space
BC(R, ) consisting of all real functions defined, bounded, and
continuous on R,. This space is equipped with the standard
norm

llxll = sup {|x (#)] : £ = 0}. (4)

Next, we give the construction of the measure of noncom-
pactness in BC(R, ) which will be used as main tool of the
proof of our main result; see [37, 38] and references therein.

Let us fix a nonempty and bounded subset X of BC(R,)
and numbers ¢ > 0 and T > 0. For arbitrary function x €

X let us denote by @’ (x, €) the modulus of continuity of the
function x on the interval [0, T']; that is,

w’ (x,e) =sup{|x(t) —x(s)|: t,s € [0, T], |t —s| <e}.
(5)

Further, let us put
w’ (X, ¢€) = sup {wT (x,€) : x € X} ,

@ (%) = limo” (X.e), 6)

0 (X) = Tlgqlmwg (X).
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Moreover, for a fixed number t € R, let us define
X(t)={x():xeX},

diam X (t) = sup {|x (t) = y (t)| : x, y € X}, %)
¢ (X) = lim sup diam X ().

t— o0

Let us mention that the kernel kerw’ consists of all
nonempty and bounded sets X such that functions belonging
to X are locally equicontinuous on R,. On the other hand,
the kernel kerc is the family containing all nonempty and
bounded sets X in the space BC(R_ ) such that the thickness
of the bundle formed by the graphs of functions belonging to
X tends to zero at infinity.

Finally, with the help of the above quantities we can define
a measure of noncompactness as

u(X) = w (X) +c(X). (8)

The function y is a measure of noncompactness in the space
BC(R,) [36, 37].

In the end of this section, we recall the definition of
the asymptotic stability solutions which will be used in the
proof of our main result. To this end we assume that Q is a
nonempty subset of the space BC(R,).LetQ : Q@ — BC(R,)
be a given operator. We consider the following operator
equation:

x(t) = (Qx) (1),

Definition 2. One says that solutions of (9) are asymptotically
stable if there exists a ball B(x,, r) such that Q N B(x,,7) #0
and such that for each ¢ > 0 there exists T > 0 such that
for arbitrary solutions x = x(t), y = y(t) of this equation
belonging to Q N B(x,, r) the inequality |x(t) — y(t)| < eis
satisfied for any t > T.

teR,. 9)

3. The Existence and Asymptotic
Stability of Solutions

In this section we will study (1) assuming that the following
hypotheses are satisfied.

(h)) a: R, — Risa continuous and bounded function
onR,.

(hy) f:R,.xR — Riscontinuous and the functiont —
f(¢£,0) is bounded on R, with f* = sup{|f(t,0)| :
t € R, }. Moreover, there exists a continuous function
m(t) =m:R, — R, such that

[f 60 = f(ty)| sm(®) |x - y| (10)

forallx,y € Rand foranyt € R,.

(h;) g : R, xR — R is continuous and there exists a
continuous function n(t) = n: R, — R, such that

l9(t2)~ g (t,7)] < n(6) x| ()

forallx,y € Rand foranyt € R,.



Journal of Function Spaces

(hy)u: R, xR, xR — R isa continuous function.
Moreover, there exist a function [(t) =1 : R, — R,
being continuous on R, and a function ® : R, —
R, being continuous and nondecreasing on R, with
®(0) = 0 such that

lu(t,s,x)—u(t,s, y)| <1t D (|x - y|) (12)

forallt,s € R, such thatt > sand forall x € R.
For further purpose let us define the function u* :
R, —» R, byu"(¢) = max{lu(t,s,0)| : 0 < s < t}.
(hg) The functions ¢, v, &, : R, — R, defined by
¢(t) = mOnOIOF, y(©) = mOn@bu’ O,
E(t) = m()I(t)|g(t, 0)|t*, and n(t) = m(H)u* (1)|g(t,
O)It“ﬁ are bounded on R, and the functions ¢
and & vanish at infinity; that is, lim,_,  ¢(t) =
lim,_, &) = 0.
(hg) There exists a positive solution 7, of the inequality

(lal + f*)T (e +1)
+[PrOr) +y r+EO(r) + 1" (13)
<iT(a+1)

and ¢" ®(ry) + y* < T(a + 1), where ¢ = sup{d(t) :

teR,Ly" =sup{y(t) : t € R, }LE =supfé(t) : t €
R.,}, and " = sup{n(®) : t € R,}.

Now, we are in a position to state and prove our main
result.

Theorem 3. Let the hypotheses (h,)—(hg) be satisfied. Then (1)
has at least one solution x € BC(R,) and all solutions of this
equation belonging to the ball B, are asymptotically stable.

Proof. Denote by & the operator associated with the right-
hand side of (1). Then, (1) takes the form

x = Fx, (14)
where
Fx=a+F¥x,
(7 x) (1) = (Gx) (1) - (Ux) (t) » (15)
t S-1
(Ux) (1) = F(ﬁ(x) Jo : (t:Et’sZ’)TEf))ds, teR,.

Here, F and G are the superposition operators, generated by
the functions f = f(t,x) and g = ¢(t,x) involved in (1),
defined by

(Fx) () = f (t,x (1)), (16)
(Gx) (t) =9 (tr X (t)) > (17)

respectively, where x = x(t) is an arbitrary function defined
on R, (see [39]).

Solving (1) is equivalent to finding a fixed point of the
operator # defined on the space BC(R,).
For convenience, we divide the proof into several steps.

Step 1 (Fx is continuous on R, ). To prove the continuity of
the function #x on R, it suffices to show thatif x € BC(R,),
then % x is continuous function on R, thanks to (h,), (h,),
and (h;). For this purpose, take an arbitrary x € BC(R, ) and
fixe > 0and T > 0. Assume that t,, ¢, € [0, T] are such that
[t, — t;] < e Without loss of generality we can assume that
t, > t;. Then we get

[(%x) (t,) = (%x) (t,)|

B Jtz sﬁflu(tz,s,x(s))ds
I'(x) Jo (f_ﬁyﬂ

B Jtl sﬁ_lu(tl,s,x(s))ds
T () Jo (ﬁ_wyﬂ

ds

B J’tz s[;_lu(tz,s,x(s))
I'(x) Jo (tf—sﬁ)k“

B Jfl sﬁ_lu(tz,s,x(s))ds
I'(x) Jo (tf_sﬁ)l—zx

B J'tl 5’3*11,1(tz,s,fc_(s))dS
I'(x) Jo (tf_sﬁ) “«

B J’tl sﬁ_lu(tl,s,x(s))ds
I'(x) Jo (té;_sﬁ)ka

B J'tl sﬁ_lu(tl,s,fc_(s))ds
F(OC) 0 (tf—sﬁ) «

B J'tl sﬁ‘lu(tl,s,fc_(s))ds
I (a) Jo (f_ﬁ)a

g B Jtz Pl |u(t2,s,i£$))|ds
I'(a) Jg, (tf _ sﬁ)

B J 71 [Jue (2,5, % () = (81,5, % (5)]]
0 (tf _Sﬁ)lﬂx

ds

+ B Jtl P |u (£, 5, x ()|
0

(18)



Let us denote
wg (u, €)
=sup{lu(ty s y)—u(tys y)|:st,t, €[0,T],
t2s > |-t <e

yel-dd; d=0};
(19)

then we obtain
|(%x) (t,) - (%) (t,)]

B

S [ —
T (x)

y jtz P |u(ty 5, x () = u(t5,5,0)] + u (5,5, 0)]] s
f (tf B Sﬁ)l—oc

B (o sﬁflwﬁ;" (u, &)
+ J - ds
I'(«) Jo (tf _ Sﬁ)

B

"T@
8 J-o1 S (Ju(t), s, x () —u(ty,s,0)] + |u(ty, 5,0)]

x[(f =) = (- ) s

ek S 1) @ (x (O +u” (1))

d
T ((X) . (té; B Sﬁ)lﬂx N

1 () (65 = (&5 - )]

F(x+1) L2

+ % Ll S @ (x©) +u” (1))

X

(=) = (- ) | s

() O+ ()] 5 gy
8 T(at1) (2 -1)

“’uTxu () op
F(x+1) 2

I(t q)(”x”)'i'bl* t o3 o B B\
( 1) I((X+1) ( 1) [ 1 ( 1) :I.
(20)
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Thus
w’ (Ux,€)
< sy et +a (] + T, (o)},
(21)
where
I(T) = max {I(¢) : t € [0, T]},
(22)

#(T) = max{u” (t): t € [0,T]}.

In view of the uniform continuity of the function u on
[0, T]x[0, T1x[—l1xll, llll] we have that w"Tx" (u,e) — Oase —
0. From the above inequality we infer that the function % x is
continuous on the interval [0, T] for any T > 0. This yields
the continuity of Zx on R, and, consequently, the function
F x is continuous on R, ..

Step 2 (¥ x isbounded on R,). In view of our hypotheses for
arbitrary x € BC(R, ) and for a fixed t € R, we have

[(Fx) (1)l

<

Bt x () [t P u(t,s x(s))
a(t)+ f <t, r@ L ) ds)‘

< llall + L ®) [|g @t x (1) = g (£,0)| + |g (£,0)|]

I'(x)
y Jt Pt s, x () - u(t,li,aO)I +u(t,s, O)I]ds
0 (tP - sP)
+|f (0)]

Bm (#) [n (@) lIx]l + |g (+,0)]]

<lal+ f+ e

ds

. J SO (xG)) +u" ()]
0 (tf - Sﬁ)l_“

m(t) [n(t) Ix]l + |g (¢, 0)][]

< *
<llall+f~ + T+ 1)

x [1(t) @ (lxll) +u” (1)] £

= llall + f*

+

Tt ) (6 (®) lIxIl @ (llx1)

+y () lxll + & @) @ (Ixl) + 1 ()] .
(23)

Hence, #x is bounded on R,, thanks to hypothesis (h;).



Journal of Function Spaces

Step 3 (¥ maps the ball B, into itself). Steps 2 and 3 allow
us to conclude that the operator & transforms BC(R,) into
itself. Moreover, from the last estimate we have

1l
< lall + f*

[67 lcll @ (lxll) + 9™ lxll + &7 (llxl) + 7] -
(24)

+
T'(a+1)

From the last estimate with hypothesis (h;) we deduce that
there exists 7, > 0 such that the operator & maps B,  into
itself.

Step 4 (an estimate of # with respect to the quantity c). Let
us take a nonempty set X C B, . Then, for arbitrary x, y € X
and for a fixed t € R, we obtain

[(Fx) () - (Fy) @)

_Bm®

t Pt s, x ()
< g(t,x(t))J s ulbsxls) ;o

o (f- sﬁ)l“"

t B-1 t,s,
9ty ) | %%‘

_Bm®)]gtx(®) - g (ty )]
= I'(x)

t S-1
XI s Iu(t,s,iS))Ids
o (tB—sh)

L Pm@® gty )
I'(x)

t B-1 _
XJ P u (s, x (5)) Ij(t,s,y(s))|dS
0 (tB — sP)'

_Bm@n@)|x® -y @)
= T (o)

y J‘t s [l (t, s, x (s)) — u(t,l.i, 0)] + |u(t,s, O)Hds
0 (¢ - sP) “«

L P @@y ©] +]g@ 0]
T'(x)

y Jt SUE O (|x () —y(s)|)ds
0 (¢8 _Sﬁ)l_"‘

_Bm@n@|x® -y @)
B I'(x)

y I SO O (x () +u” (1)]
0 (tF — sB)'

ds

L Pm®n@® ly )] +]g(,0)|]
T (x)

) f FUO (@O
0 (th - sP)""

_Pm@On®10) (Ix O+ |y ®)])
a I'(x)

B-1
[ e,
o (tP-sP)

, Br@On®u O] o -y )
I'(x)

t b1
X J —l_ads
0 (tﬁ — 513)

L Bm@On®1@) |y 0)
I'(x)

y r SO (1x ()] + YD
0 (tF - gﬁ)l_“

. Bm (t)1(t)|g (,0)]
I'(x)

t Sl
XJ s <I>(|x(s)l+_|y(s)|)ds
0 (th — sB)'

ds

2Bm (£) n (t) L (t) @ (r,) Jf P
<
T («) o (B —sB)' "

* . lg,
+ﬁm(t)n(t)u () diam X (t) r sh! _ds
() o (tB—sB)' "

| B @ n@©1@0)ro® (2r,) J £
o (

d
M@ oy

ds

Bm () 1(t)|g (t,0)| @ (2r,) It Pl
+
T'(a) o (B —sB)' "

v (1)
I'(x+1)

E(t) @ (2rp)
F(e+1) °

- 2¢ ()1, (1)

T+l diam X (t)

¢ () ry® (21,)
I'(x+1)

(25)
Hence, we can easily deduce the following inequality:

2¢ () ry® (”0)
IF'(x+1)

. ¢ () ro® (2r) N E(t) D (2r)
T(ax+1) T(a+1)

0

diam (FX) (t) < T+ D)

diam X (t)

(26)



Now, taking into account hypothesis (h5) we obtain
c(FX) <qc(X), 27)

where g = (¢"O(ry) +y*)/T(a+1) = y* /T(a+1). Obviously,
in view of hypothesis (/) we have that g < 1.

Step 5 (an estimate of & with respect to the modulus of
continuity w;°). Take arbitrary numbers ¢ > 0 and T > 0.
Choose a function x € X and take t,,t, € [0,T] such that
[t, — t;] < e. Without loss of generality we can assume that
t, > t,. Then, taking into account our hypotheses and (21),
we have

[(Fx) (t,) = (Fx) (1)
<la(ty) -a(t)
+m () |(Gx) (t,) (%x) (t,) - (Gx) (t,) (%x) (t,)|
+m () |(Gx) (t;) (%x) (t,) - (Gx) (t;) (%x) (t,)|
+|f (12, (Gx) (1) (%) (1))
—f (£ (Gx) (1) (%) (1))
<w' (ae)

N Bm (t,)|g (. x (t,)) — g (£, x (t,))]
T'(x)

y sz P |u(ty 5, x (5)) =t (£5,5,0)| + u (£, 5,0)]] s
0 (tf B Sﬁ)l—(x

L M) [|g (1 x (1)) = g (82, 0)] +g (11, 0)]]
I'(x+1)

x {2 [[(T) @ (Ix]) + 7 (D)] + T 0y (u,e)}
+ If (t2 (Gx) (t,) (Ux) (1))
—f (t1:(Gx) () (%) (1))

. pm (t,) [” (t2) |x (t2) —x ()] + w; (5)]
T'(x)

fw

" (a,¢)

Xjef*uagmux@m+u%aﬂ
1-a
©(-)

L, m () [n(t) |x ()] +]g (5, 0)]]

I'(x+1)

ds

x {2 [[(T) @ (Ix]) + 7 (D)] + T 0y (u,e)}
+ If (t2 (Gx) (t,) (Ux) (1))
—f (t1:(Gx) () (%) (1))
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of
2
Ta+1)

(t2)

<w’ (a,e) +

x [n (t,) 0" (x,€) + wg (s)] [1(ty) @ (rp) +u” (t,)]

N m (T) [n(t;) ry + g (T)]
I'(x+1)

x {26 [[(T) @ (r) + 2 (D)] + T wy (w,0)}
+|f (£, (Gx) (t,) (%) (t,))
—f (0 (Gx) (t,) (%) (1))

[ (,) @ (r) + v (£5)]
I'(x+1)

<w’ (a,e) + w’ (x,¢€)

T%0 () _
+ r(“i 3 m (T) [1(T) @ (ry) + @ (T)]

m (T) [ (T) 7y + g (T)]
T'(a+1)

x {26 [[(T) @ (r) + 0 (D)] + T 0]y (u,0)}
+1f (82 (G2) (1) () (1)

= (12 (Gx) (1) (%) (1))
[¢"® (o) +y7]

<w’ (a,e) + T+ 1) w’ (x,€)
Tl (e) ~
+ r(ai 5 i (T) [1(T) @ (ry) + @ (T)]

m (T) [A(T)ry + g (T)]
I'(x+1)

x {26 [[(T) @ (r) + 7 (D)] + T 0y (w,€)}
+|f (82 (Gx) (1) (%) (1,))
—f (t1, (Gx) (t,) (%x) (tl))l .

In the last estimates, we have denoted by

a)§ () = sup{|g (t;,x) — g (t, x)| : 11,1, € [0,T],
|t, —t1| <&, x € [~ro,mo]},
A(T) = max{n(t) : t € [0,T]},
71 (T) = max {m (£) : € [0,T]},

g(T) =max{|g(t,0)| : t € [0, T]}.

(28)

(29)
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Hence,

w’ (Fx,¢)

(90 (0) +¥7]

T(a+1) (x,€)

<o’ (a,e) +

Tw? (¢)

P AP [1(T) @ (ry) + 2 (T)]
I'(ax+1) ’

i (T) [A(T) ro + § (T)] (30)
I'(x+1)

x {26 [[(T) @ (ry) + 2 (D)] + T w[y (u,€)}

|f (&2, (Gx) (1)) (%) (t,))

+ sup
t1,t,€[0,T1, |Ixll<ry

—f (£, (Gx) (t,) (%x) (tl))l .

Since the function f(¢, y) is uniformly continuous on the set
[0, T]x[-H, H], the function g(t, x) is uniformly continuous
on the set [0,T] x [-ry,1,] and the function wu(t,s,x) is
uniformly continuous on the set [0,T] x [0,T] x [-ry, 7],
where

H= sup{w

t, B-1
xj s |u(t1’s’x(s))|ds:t1 € [0,T],

1—
0 (tf —sﬁ) ¢
[lxll < ro} ;
we have

sup{]f (t2y) _f(tl’)’)| it €[0,T], ltz - tll <8

ly| <H} —0 ase —0.

(31)

(32)

It is easy to see that H < oo because u(t, s, x) is bounded on
[0, T1x[0, T1x[-ry, 141, g(t, x) is bounded on [0, T x [y, 1],

1-
and (B/T(a)) [;" (P 1/(t — P) ")ds < T T(a+ 1).
Therefore, from the last estimate we derive the following
one:

wp (FX) < qop (X). (33)
Hence we have
wy’ (FX) < quwy° (X). (34)

Step 6 (¥ is contraction with respect to the measure of
noncompactness y). From (27) and (34) and the definition of
the measure of noncompactness y given by formula (8), we
obtain

p(FX) <qu(X). (35)

Step 7. We construct a nonempty, bounded, closed, and
convex set Y on which we will apply a fixed point theorem.

In the sequel let us put Biﬁ = Conv#(B, ), Bfo =
Conv# (Bio), and so on. In this way we have constructed
a decreasing sequence of nonempty, bounded, closed, and
convex subsets (B:’O) of B, such that (B:’o) C Bfo forn =
1,2,.... Hence, in view of (35) we obtain

u(B.)<q'u(B,), foranyn=1,23,....  (36)

This implies that lim, _,,, #(B;) = 0. Hence, taking into
account Definition1 we infer that the set Y = (172, B:’U

is nonempty, bounded, closed, and convex subset of B, .
Moreover, Y € ker p. Also, the operator # maps Y into itself.

Step 8 (¥ is continuous on the set Y). Let us fix a number
€ > 0 and take arbitrary functions x, y € Y such that ||x —
y|l < e. Using the fact that Y € ker g and keeping in mind the
structure of sets belonging to ker ¢ we can find a number T' >
0 such that for each z € Y and t > T we have that |z(¢)| < &.
Since & maps Y into itself, we have that #x, #y € Y. Thus,
fort > T we get

[(Fx) () - (Fy) O] < (Fx) O+ |[(Fy) (O] < 2. (37)
On the other hand, let us assume t € [0, T']. Then we obtain
[(Fx) (1) - (Fy) )
_Bmn@®)|x@) -y )

T (x)

t B-1 *
y J s ®(|x(52[)a+ u (t)]ds

0 (tﬁ - sﬁ)
L Pm®) [n(®) |y ®)] +]g (£ 0)]]

I'(x)

§ Jt U@ o (|x(sl)_— y(s)|)ds

0 (t8 - sP) «

B (MmO n@) ) O(ry) +mt)nt)u” )] ef

I'(x)

¢ B
X J —des
0 (tﬁ - sﬁ)

. (MmO n@) () ryg+m(t)1(t)|g(t,0)]] D (e) B
[(a)
B-1
X Jt S—l_dS
o (tF - sP) “«

< ¢(t)®(7’o)+1//(f)8+
I'(x+1)

dt)ry +&()
I'(x+1)

_EO) v e E
I'(w+1) I'(x+1)

D (¢)

D (e).
(38)



Now, taking into account (37) and (38) and hypothesis (k)
we conclude that the operator # is continuous on the set Y.

Step 9 (application of Schauder fixed point principle). Link-
ing all above-obtained facts about the set Y and the operator
F Y — Y and using the classical Schauder fixed point
principle we deduce that the operator & has at least one fixed
point x in the set Y. Obviously the function x = x(t) is
a solution of the quadratic integral equation (1). Moreover,
since Y € ker y we have that all solutions of (1) belonging to
B, are asymptotically stable in the sense of Definition 2. This
completes the proof. O

4. Example

In this section, we present an example as an application of
Theorem 3.

Consider the following integral equation of fractional
order:

x(t)=te' +

1+8
1 sin (xt) V1+8|x(s) |
+ arctan t2+1 2T (1/2) L \/_ {—\/_ \/_
teR,.
(39)

Equation (39) is a special case of (1), wherea = 1/2, § = 1/2,
4 is a positive constant, and

a(t) =te”,

f(t> x) =

3 + arctan (

1
2 +1 ' x) ’ (40)
g (t, x) = sin (xt),

V1+6|x|.

It is easy to check that the assumptions of Theorem 3 are
satisfied. In fact we have that the function a(t) = fe™ is
continuous and bounded on R, and [|a|| = 1/e.

The function f(t, x) = (1/(1 +1°)) +arctan((1/(* +1)) - x)
satisfies assumption (h,) with m(t) = 1/(t*+1) and |f(£,0)] =
f(t,0) = 1/(1 + ), being f* = 1.

Moreover, the function g(t, x) = sin(xt) satisfies assump-
tion (h;) with n(t) = t.

The function u(t, s, x) = /1 + §|x| satisfies assumption
(hy) with I(t) = 1, ©(r) = VOr, u(t,s,0) = 1,and u* = 1.

Next, we are going to check that assumption (hs) is
satisfied. The functions ¢, y, &, and 17 appearing in assumption
(hs) take the form

u(t,s,x) =

f5/4 5/4
ﬁb(f):m; W()_t2+1 (41)
&) =0; n() =0

It is easy to see that lim, _, , ¢(¢) = lim, _,  &(t) =

Journal of Function Spaces

Moreover we have ¢* = y* = (3/8)-(5/3)°%,&" =" = 0,

and [(3/2) = (1/2) 7.

Therefore the inequality in assumption (k)

lal + £~ + TarD) )

X[@*rO(r)+y r+&O(r)+n"] <r

has the form
l+1+i[(/5*\/5r3/2+1//*r] <r. (43)
e Vr

We can easily check that the number r,, = 7 is a solution of the
inequality (43) for § < 0, 02. Now, by Theorem 3, we infer that
our equation has a solution in B, ¢ BC(R, ) and all solutions
of (39) which belongs to B, are asymptotically stable in the
sense of the Definition 2.
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Some sharp estimates of the L, (1 < p < 00) modulus of continuity of classes of A ,-bounded variation are obtained. As direct

¢

applications, we obtain estimates of order of Fourier coefficients of functions of A(p-bounded variation, and we also characterize
some sufficient and necessary conditions for the embedding relations H, ¢ A BV Our results include the corresponding known

results of the class ABV as a special case.

1. Introduction and Main Results

To generalize the notion of functions of bounded variation,
Wiener [1] introduced the class BV (f > 1) of functions
of B-bounded variation. Young [2] introduced the notion of
functions of ¢-bounded variation, and Waterman [3] studied
a class of A-bounded variations. Combining the notion of A-
bounded variation with that of ¢-bounded variation, Leindler
[4] introduced the class A oBV of functions of A(P-bounded
variation, and both classes of A-bounded variation and ¢-
bounded variation are its special cases. Actually the class
A ,BV first appeared in Schramm and Waterman’s paper [5],
and some restrictions are imposed on ¢ in their definition.
Here we adopt Leindler’s definition.

Definition 1. Let ¢ : [0,00) — R be a nondecreasing
function with ¢(0) = 0, and let A =: {A;} be a nondecreasing
sequence of positive numbers such that Y2 (1/A,) =
+00. Let T' be the set of all sequences of nonoverlapping
subintervals [ay, b ] in [a, b]. If for any A = {(ay, b,) C [a,b],
k = 1,2,....,n,n € Z'} € T, a real valued function f :
[a,b] — R satisfies the condition

Solre)-r@b 0
k=1

Ak ’

then f is said to be of A ,-bounded variation, and this fact is
denoted by f € A ,BV. And the quantity

wxmmm:gﬁiwv@xfwm}(ﬁ

is said to be A ,-total variation of f.

In the special case when @(x) = x* (8 > 1), f is said
to be of A z-bounded variation, and we write f € AzBV
and V,, (f;[a,b]) = V, (f;la,b]), and if B = 1, f is said
to be of A-bounded variation, and we denote f € ABV and
Va(fila,b]) =V, (f; [a, b)).

In the case A = {1}, we get the class of ¢-bounded
variation, and f is said to be of p-bounded variation, and we
denote Vo ( fila,b]) = VAq)( f;[a, b]). More specifically, when

@(x) = xP (B = 1), we say that f is of B-bounded variation,
and we denote f € BVg and V/;(f; [a,b]) = V,(f;[a,b]). The
class BV} is also called the Wiener class and BV, is the well-
known class of bounded variation BV.

It is easily seen from the definition that A ,BV functions
are bounded; that is, A q,BV[a, b] € Bla, b], and the disconti-
nuities of a A ,BV function are simple and therefore at most
denumerable, where B[a, b] denotes the class of bounded real
valued functions on [a, b].

Let A =: {A;} be a nondecreasing sequence of positive
numbers such that Z,f';l(l /A) = +oo. If a continuous
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and nondecreasing function A(s) on [0, co) such that A(s) =
A0 <s<landA(k) = Ay, k =1,2,..., then we say that A(s)
generates A. By the nondecreasing property of A, it is easily
verified that if A(s) generates A, then

I T L
2 Jo A(S)_kzl/\k_ 0 A(s) o

Let A(x) be a nonnegative real-valued function on [0, 00).
If there exists a > 0 such that A(2x) < aA(x), x € (0,A)
for some positive constant A, then we say that A(x) satisfies
the condition A,. If A(x) generates A = {1} and satisfies
the condition A ,, we say that A satisfies the condition A,.
Obviously the condition A , here is a very weak restriction on
A(x) and A.

Let w(t) be a modulus of continuity, that is, a continuous
and nondecreasing function on [0, +00) satistying w(0) = 0
and w(t; +1t,) < w(t,) + w(t,) for nonnegative t, and t,. As
usual, for I < p < oo, denote by H, = H;’(t) the class of
functions for which IIfIIH;) = supy,o(w(f, t)P/w(t)) < 00,

where
w(fit),
b 1/p
sup {J |f(x+h) —f(x)lpdx} , 1<p<oo,
.— Joshst | Ja
sup sup |f(x+h)—f(x)|, p =00
0<h<t x€[a,b]
(4)

is the L, modulus of continuity of f. We write H* instead

of Hy and H;‘ (0 < « < 1) instead of H;a = Lip(w, p), the
Lipschitz class, for brevity.

Functions of classes BVI3, @BV, ABV, and A(PBV are
considered in trigonometric Fourier series and some of them
share good approximative properties (see [1-3, 6-11], etc.).
What we mention here is the following theorem proved by
Shiba [12], Schramm and Waterman [5], and Wang [13]:

Theorem A. (a)If f € AgBV,1< < 2r,1<r <00, and

Sos (Shes (A" (gl i)

/2

< 00,
€)

where 1/r + 1/s = 1, then the Fourier series of f converges
absolutely.
(W) IfeisA, feA,BV,1<B<2r,1<r<00,and

o (s () 2 (D))
1/2 ’

(6)

where 1/r + 1/s = 1, then the Fourier series of f converges
absolutely.

n

Embedding relations between various generalized
bounded variation classes and the class HI‘;’ (or the Lipschitz

class H;‘) are also investigated in recent years. It iswell known
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that Hfl, C H} = BV ¢ ABV.For f € ABV, the estimates
of L , modulus of continuity of f had been given in [13] for
p=1landin [9,14] for 1 < p < co. Furthermore, Goginava
in [15] and Li and Wang in [9] proved that, for 1 < p < oo,
0<a,d<1,

{nﬁ}BVCHZ‘ iff(xSmin{%,l—(S}. 7)

For more detailed results on this topic, we refer readers to [4,
9,10, 14-25].

In this paper, we obtain some sharp estimates of L , (1 <
p < 00) modulus of continuity of the classes A ,BV in the
case of that ¢ is convex. More specifically, our results include
estimates of L; modulus of continuity of the classes A ,BV,
estimates of L » (1 £ p < 0o) modulus of continuity of the
classes A 3BV, and specially estimates of L, (1 < p < 00)
modulus of the classes {(#+1)*In” (n+ D}BV (0<a<1,B>
1,y € R). Our results extend and include the corresponding
known results of the class ABV as a special case and are
also sharp in most cases. As direct applications, we obtain
estimates of order of Fourier coefficients of functions of A -
bounded variation, and we also characterize some sufficient
and necessary conditions for the embedding relations H;’ C
A BV and Hy C ¢BV.

Now we state our main results, and in what follows,
without loss of generality, we always assume that [a,b] =
[0,27], and functions in various generalized bounded vari-
ation classes are 27 periodic.

Theorem2. Let A ,BV be the class of functions of A ,-bounded

variation, and let A(s) generate A, where @ is convex and ¢~"
is the inverse function of ¢. Then, for f € A BV,

Vy, (f:10,271])
w(fit), <4mg” —Al"/’t > , (8)
(ds/A(s))

0

and this estimate is sharp in the sense of order provided that A
satisfies the condition A ,.

Corollary 3 is a direct result of Theorem 2 by choosing
@(x) = x and A = {1}, respectively.

Corollary 3. (a) Let ABV be the class of functions of A-
bounded variation, and let A(s) generate A. Then, for f € ABV,

4nv, (f3(0,27])

w(fit), < — ,
F [ ds/A ()

€)

and this estimate is sharp in the sense of order provided that A
satisfies the condition A ,.

(b) Let @BV be the class of functions of @-bounded
variation, where ¢ is convex. Then, for f € BV,

w(fit), < 4mp! (tV(p (f; [0, 271])) , (10)

and this estimate is sharp in the sense of order.
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The first part of Corollary 3(a) is due to Wang [13].
For special A’s, one has

Corollary 4. Let f € A ,BV and ¢ be convex. Then

(@) forA={n"} 0<a<1),
w(fit), <co! (tk“VAq’ ([0, 271])); (11)

(b) for A = {n},

Vy, (f310,27])
. -1 ? .
w(fit), <co ( eV ), (12)
(c) for A={(n+1)In(n+ 1)},
V, (f;10,27])
. _1 ¢ .
o(fit) <co ( Inln (1/5) ) 13

(d) for A ={In"(n+ 1)} (y > 0),
w(fit), <™ (1 (3) Vi, (Fl0.2))s )

(e) for A={(n+DIn"(n+ 1)} (o< y< 1),

v, (£:10,27]) ) |

In'77 (1/8) 1)

w(fit), < cp (
() for A={(n+1)"In"(n+ 1)} (0O <a<1,yecR\{0}),
W(fit), < cp”! (tl—aln_” (%) Va, (f; [0, 271])) . (16)

The above estimates are sharp in the sense of order.

Let f(x) be an integrable function on [0, 277] and let its
Fourier coefficients be defined as follows:

1 2
a,(f)= - L f (t) cosnt dt,

b,(f) = % Jznf(t) sin nt dt, (17)
6, (f) = a, (f) +ib, (f).
We note that
|Cn(f)|ﬁij ' f(t)—f<t+—>ldt
(18)

Theorem 2 implies the following estimates of Fourier coeffi-
cients.

Corollary 5. (a) Let A BV be the class of functions of A ,-
bounded variation, and let A(s) generate A, where ¢ is convex
and ¢~ is the inverse function of ¢. Then, for f € A LBV,

la, (O 1 s
Ibn(f)J_()((P ( J$<ds/A<s>>>>’ > ®

(b) Let ¢BV be the class of functions of @-bounded

variation, where ¢ is convex and ¢~ is the inverse function of
@. Then for f € 9BV

a
w0l (2), me e
|, (f) n
Corollary 5(a) includes Wang’s result [13] for the class
ABV as a special case of ¢(x) = x.

Theorem 6. Let AzBV (B > 1) be class of functions of A g-
bounded variation, and let A(s) generate A = {A,}. Set ¢(z) =
j;(ds/)t(s)) and assume f € A gBV.

(a) For1 < p <3,

1/B
1% ;10,2
w(f;t)ch<M> , (21)
[ (@s/A(5)

and this estimate is sharp in the sense of order provided that A
satisfies the condition A ,.
(b) For1 < p < 00,

Bl (U 1p
w(fit), < (Va,(f:[0,27]) (tL gﬁ) e

(c) If, for some B < p < o0, ¢(z)(ﬁfp)/ﬁ)t(z) is bounded on
[1, 00), then

o(fit), < (Va,(£10, 2n])1/ﬁt“f’. (23)

Unfortunately we cannot assert the sharpness of our
estimates in (b) and (c) of Theorem 6 for the case § < p < co.
Our next theorems concern some important special case of
the class A BV and elaborate on the estimates in Theorem 6.

Among the classes considered here are {n"} pBV 0 < ac<
LB >1)and {(n+ 1)*In"(n + D}gBV (0<a<1,B>1lye€
R).

Theorem 7. (a) Let {n"‘}ﬁBV (0<a<1,B>1)bethe class of
functions of {n"}g-bounded variation. Then, for f € {n*}zBV
and 1 < p < oo, one has

M) @(fi), < eV, (f;[0,2m])) /PpminlCma/Btinl o <
a<1;
(i) w(f31), < c(Vy (3 [0, 20))VB(/ IntHYE o = 1.

(b) Let BVjg (B = 1) be the class of 3-bounded variation,
that is, the Wiener class. Then, for f € BVgand 1 < p < oo,

w(fit), < oV (fi10,20])) PmntBainl - (2a)

and both estimates in (a) and (b) are sharp in the sense of order.



Li and Wang’s results in [9] are extended in the Theorems
6 and 7, which can be treated as the case § = 1 of our theo-
rems.

Theorem 8. Let f € AgBV (B > 1). The following assertions
are true.

(a) For A = {ln"(n+ 1)} (y > 0),
w(fit),

o(Va, (£ 10, 2n]))l/ﬁ(t1nv (%))”ﬁ, 1<p<p,

o(va,(fil0.27)) 1, B<p<oo
(25)

(b) For A = {(n+1)In(n + 1)},

-1/
w(fit), < C(VAﬁ(f; [0,2ﬂ])>1/ﬁ<lnln %) 1 , l<p<oo.
(26)
(c) ForA={n+DIn"(n+1)} (~co <y < 1),
B/ 1\ (1-»/B
w(fit), < c(VAﬁ (£ [0, 2n])) (ln ;) 27
1< p<oo.

(d) ForA={n+1)*/In"(n+ 1)} O <a<1,y>0),
w(fit),
-y/B
(Va0 2m) (0 3) L 1< pe B

- /B
c(VAﬁ(f; [0,271]))1 ti/p, p=

_.
|
g .

() ForA={(n+1)"In"(n+ 1)} O<a<1,y>0)
w(fit),
VB (1w 1\"B
(Vi (fil0.27)) T (L)L 1 pe B

l-«a
1/B
(Vi (fs[0,27D)) e, p>

ﬁ .

(29)

—_

And all above estimates are sharp in the sense of order.

Remark 9. In (e), for p = /(1 — «), we only have

11/P+Y/ﬁ
) . (30)

w(fit), < e(Va, (10,27 17 (1n 1

We do not know whether this estimate is sharp in the sense
of order. However there exists f, € A gBV such that

Va, (fs0,271]) =1, n— +oo0,

a)(fn; %)p > c(%)up, n > 10. o
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This exception indicates that the estimates of the L , modulus
of continuity w(f;f), (B < p < +00) of classes of A -
bounded variation are complicated, and Theorem 6 cannot
cover all cases of the class A gBV (B=1).

As direct applications of the above theorems, we char-
acterize some sufficient and necessary conditions for the
embedding relations between the generalized bounded vari-

ation classes and the class HI‘;’ (or Hg).

Corollary 10. On the embedding relations between the gener-
alized bounded variation classes and the class Hy or Hg, the
following assertions are true.

(a) Let A BV be the class of functions of A ,-bounded
variation and let ¢ be convex; let A(s) generate A and
A satisfy the condition A ,. Then

1/t !
ABY € HE ,ﬁw(t)=0<¢_l((L %) ))

t— 0.

(32)

(b) Let BV be the class of functions of @-bounded varia-
tion and let ¢ be convex. Then

@BV cHY iff w(t)=0(¢' (1), t—0. (33)

(c) Let AgBV be the class of functions of A g-bounded
variation and let A(s) generate A.

(i) If, for 1 < p < B, A satisfies the condition A ,,
then

1/t ds -1/p

t — 0.

(ii) If, for B < p < 00, $(2) P PP LA(2) is bounded on
[1,00) and 0 < & < 1/p, then AgBV ¢ H“g.

(d) Let {n"‘}[;BV (0 < a < 1,8 = 1) be the class of
functions of {n"}g-bounded variation. Then, for 1 <
p < oo,

i) {n"‘}ﬁBV C H‘; (0 < a < 1)ifand only if § <
min{(1 - )/, 1/p}.

(i) {n}gBV ¢ H;’ if and only if w(t) = O((In(1/
)Pt - o.

(e) Let BV (B > 1) be the class of functions of f-bounded
variation, that is, Wiener class; then, for 1 < p < oo,

BVj ¢ H) ifand only if § < min{1/B,1/p}.
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This paper is organized as follows. In Section 2, we first
state three lemmas, and then by them we prove Theorem 2.
Lemma 12 provides our proofs crucial upper estimates and
Lemma 13 will be used repeatedly in proving the sharpness
of our estimates. In Section 3, we prove Theorem 6, and the
same estimate technique in [9] is partly used in our proof.
Theorems 7 and 8 are proved in Section 4. For the case 8 <
p < 00, the difficulty in our proofs of Theorems 7 and 8 is
to prove the sharpness of our estimates and the key is to con-
struct extreme functions by Lemma 13.

2. Proof of Theorem 2

Before we start our proof of Theorem 2, we prove three
lemmas. Lemmas 11 and 12 will also be used in the proof
of Theorem 6. Lemma 13 will be employed repeatedly in the
proof of the sharpness of our estimates. Lemmas 12 and 13
are of independent interest for functions of A ,-bounded
variation.

Lemmall. Let f € L,[a,b] (p > 1). Then

b 1/p
F(h) = <J |f(x+h) —f(x)|de> (35)

is continuous on [0, 00).

Proof. Using triangle inequality of L , norm, for any h,, h, >
0, we have

|[F(hy) = F(h)| < | f (- +hy) = fF(+h),
(36)
< w(filh - h2|)p-
The right continuity of w(f; 1), at £ = 0 implies the continuity
of F(h). O

Lemma 12. Let A = {[a,,b] : 1 <k <nmn e Z} eT
be an arbitrary sequence of nonoverlapping intervals in [a, b],

= {M), @ convex, and ™" the function of . Then, for f €
A,BV,

d (Ve (filab])
315 @0 ] <o (z—A> -
- flal

IN

Specifically, if f € @BV, then Y,_,|f(b)

ng~ ' (V,(f; [a,b])/n).

Proof. By the definition of A ,-total variation and letting A;
1/A; and By, = ¢(| f(b,) — f(a;)|) in summation transform

(3)(En)

Z{; B+ D Al.BHkn},

(38)

we have

3o (1f (0) - £ @) < 57V, (lad). (9)

Y

Note that if ¢ is an increasing convex function on [0, c0),
then ¢! is increasing and concave on [0, 00). The concavity
of ¢! implies that 9" (ax) = agp™'(x), 0 < a < 1. Therefore,
by Jensen’s inequality and the above inequality, we finally get

> 1f @) - £ (@)

- ¢ (@ (lf () - £ (a)])

} (40)
< (101700~ a))
k=1
o <VA¢ (f ) )
Ty
This completes the proof of Lemma 12. O

Lemma13. Leta, = {a;};_, be a given set of nonnegative and
nonincreasing numbers. Define a function f(x) on [0,2m] as

2i -1 2iTT
Qi-lm 27

, 1=12,...,n,
fan (X) - n n
0, other points of [0,27],
(41)
and extend it to R with period 2. Then
a) f € A BVI[0.271] and Vy (f,:[0:27]) = ¥,
(1//\2;‘71 + 1//\2;')90(0,');
(b) w(f, ;m/n), = (@n/n) iy al)'?, p = 1;
(©) T (p(a)/A) < Vy (fu,[0:27]) < 231 (9(a)/Ay).
Proof. By the definition of A ,-total variation and the non-
negative and nonincreasing properties of a,,, direct computa-

tion proves (a). Since A = {1, } is nondecreasing, it is obvious
that (a) implies (c). For (b), computation shows that

Now we prove Theorem 2.

Proof of Theorem 2. We write VA¢(f) = VA(P(f; [0,27]) for
simplicity. By Lemma 11, there exists an h, € (0, t] such that

wGi), = [ Grn) - sl @



If we set N = [271/h,] and consider the periodicity of f(x),
then

2
w(fit), = % L F, (x)dx, (44)

where
N
F(x)= Y |f(x+kh) - f(x+(-1h)|.  (45)
k=1

From Jensen’s inequality and Lemma 12, for all x € [0, 27],
the concavity of 9" implies

F(x)<N_1<VA¢(f))<2N _1< Vi, (f) >
e ) T [ @s/as) )
(46)

Substituting (46) into (44), we get

(47)

Va
w(fit), < 4ng™! < ) ) .

[ (ds/A(s))

Since the right of (47) is decreasing with respect to N and
N = [2n/h,] > [2n/t] = 1/t, the estimate in Theorem 2 is
obtained from (47) directly.
Now we show that our estimate is sharp in the sense of
order under the assumption that A satisfies the condition A ,.
We choose

ak=<p_l<+>, k=1,...,n, (48)
2 |77 (ds/A ()

and consider function f, (x) defined in Lemma 13.
We have

Jy @s/As) [ (ds/A ()
4[5 @s/A(s/m)  am [ (ds/A (5))

0
SVA(P (fay,)
_ Io:/idsm (s)) (49)
njo (ds/A (s))

Jy ds/A )
[ (ds/A(s/m)’

i -1 1
| fos— :271'q) — |, nz=10.
(f" n>1 <271 On/n (dS//\(S))>
(50)

If A satisfies the condition A ,, that is, there exists a > 0
such that A(2x) < aA(x), x > 0, then

A(i)sA(s)=A<n-%>s/\<4-§)3a2)t<§>,

(51)

Journal of Function Spaces
and this yields

" ds "o ds 5 (" ds
L ok L Xm = ° L 16 62

From (49) and (52), we have

1
0< 12 SV, (fa,,) <1, nx10. (53)

On the other hand, (50), the concavity and the mono-
tonicity of ¢! imply that

;E >¢! __r
w(fan 1’l>1 ¢ <J.0n/rr (dS//\(S)))
1 < VAq, (fan)

o (ds/A(s))

Obviously, (53) and (54) mean the sharpness of our estimate
in Theorem 2. O

(54)

>

Proof of Corollary 4. Obviously the A’s in Corollary 4 satisfy
the condition A,. The proofs of (a), (b), (c), and (e) in
Corollary 4 are obvious. In (d), we have

As)=In" (s+1), s>1,
Z ds z (55)
L 10 =ty 2Tt
and in (f), we have
As)=(s+1D%n" (s+1), s>1,
z o ds L@ (56)
Jo 16 =t 2t

which complete the proofs of (d) and (f) of Corollary 4. [

3. Proof of Theorem 6

In this section we prove Theorem 6. The proof of
Theorem 6(a) is based on Holder’s inequality and Lemma 12.
We use techniques used by Li and Wang [9] in the proofs of
(b) and (c) of Theorem 6. Lemma 12 plays a crucial role in
the whole proof of Theorem 6.

Proof of Theorem 6. As in the proof of Theorem 2, it is easily
seen from Lemma 11 that, for 1 < p < oo, there exists an
h, € (0,t] such that

» 1 2
w(f; t)p =3 Jo F, (x) dx, (57)
where

N
Fo(x)= Y |f (x+kh) = f (x+ (k= Dh)|,
k=t (58)
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We first prove (a). Wenote thatr = §/p > 1for1 < p < .
Let s > O satisty 1/r + 1/s = 1. By Holder’s inequality and
Lemma 12, we have

1/s
15>
1

Fy (x)

!

< <NVAﬁ(f) )l/er/s _ N( VAB(f) >p/18.

M=z
M=z

1/r
|f e + khy) = fQx+ (k- 1)ht)|‘3> <

=
Il

1 k

T A T Ay
(59)
For p = 3, Lemma 12 directly yields
Vi, (f)
F, (x) < N( = —~ ] (60)
k=1 Mk
Thus, for 1 < p < f3, we obtain
Vi (f) r/B
F,(x) < N( e ) . (61)
2ie1 A

Substituting (61) into (57) and noting that N = [27/h,] >
[27/t] > 1/t, we prove the desired estimate in Theorem 6(a).

If A satisfies the condition A,, then from the proof of
Theorem 2, we know that

" ds nin - ds
L=l i e ©

If we choose

1/B
akzsrll/ﬁ<n/n;> 5 k=l,2,...,n,
o (ds/A(s))

J" ds/a(s) 1
2["ds/A(s)

(63)

where ¢, =

. — +00,

and consider the functions f, (x) defined in Lemma 13, then
we have

n > 10, (64)

rlB
id P=2n£p/ﬁ<—l >
n/p n n/n
T (ds/M())
p/B
>c M , n=10.
[7" (ds/A(s))

Equations (64) and (65) show that the estimate in
Theorem 6(a) is sharp.

(65)

Now we prove (b). Without loss of generality, we assume
that A, = 1 and denote y(x) = xP (B =1)and v (x) = XA,
From the definition of VAﬂ (f), we first have

|f (e ki) = f (x+ =D R)| <y (Vi ()
(66)

Denote by g,, (m > 0) the set of integers k (1 < k < N) for
which

27y (Va, () < 1 (et k) = f (s + (k= D )|
<2y (i, ().
(67)

Then Y lo,,| = N, and there are at most N nonempty
0,,» where |o,,| denotes the number of the elements in o,,,.
Obviously |o,,| < N,m > 0.

Hence we have

Fo(x)= ) Y |fCc+kh) = flx+ (- Dh)

m=0 keo,,

< (v (v, <f>))P§02-mP 0]

= (vy, (f))p/ﬁ { Y 2o, [+ Y 27 |am|}

m<M m>M

= (VAﬂ(f))p/ﬁ (A1 +4,),

(68)
with M > 0 to be determined.
From (67) and Lemma 12, we have, for |o,,| #0,
27y (Va, () [0l
< Y |f(x+kh) = f(x+(k=1)h,)|
keo,, (69)
o Va, ()
< o, v < o |
it A
and thus
|0, Vv
Z% < Ag (f) _ 2ﬁ(m+1). (70)
Ay (et (i, (D))
Therefore,
lowl g 0, 1
0,|) = — <2 — <ftm (7))
¢(| m|) JO A(S) = Ai
If we set z,, = ¢ (2P where ¢! is the inverse
function of ¢, then
21+1/ﬁ
o <z 2= 2 72)

$(z,)"*
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From the monotonicity of A(x), it is easily verified that Finally we prove Theorem 6(c). Notice that A is nonde-
¢(2z) < 2¢(z). And from this we also have creasing. It follows from (67) that

$(22,1) < 20 (2,,1) =2' P (2,) < b (), m=1. F, (x)
(73) N
=N N |f(x+kh) - f(x+k-Dh)F
This yields m=0 keo,,
B
22,1 < Zpps <2(z,,—2p), m=1 (74) x| f (x+khy) = f (x+ (k= 1) hy)|
(p-B)/B
Now we estimate A, and A, in (68). < (VA,} (f)) (79)
By means of (72) and (74), we first have
X ZZ =P Z |f (x +kh,)
(2+1/B)p kea,,
A< mZ:MZ ¢(Z )P/ﬁ
T —f (x+ (k=1)h,)|
< 2(2+1/ﬁ)p+1 Z m ~ “m-1
= pIB (75) PPBIBX _nire
m<M ¢(Zm) < (VAﬁ (f)) ZOZ (p 'B)Akam’
.. J.ZM d—Z m=
S ¢(Z)P/ﬁ where
If we choose M = [log?™/?/B] — 1, then z,; < N < zy,.. = |oo| + |oy| + -+ + |0y, »
From (72) and the monotonicity of ¢(z), we have .
q - Z’“ |f (x+ 0, (V) = f (x4 (0, () = D) )P
A, <N Z 27k " ok +1 A )
m>M (80)
2—p(M+1)
=N 1-2P and 0,,(j) € 0,, k_; = 0. It is obvious that )" ' Q, <
(76) Vi ().
N B
S L L By (72) and (74), we know that
pIB Y
¢(ZM+1)
N m m
k,, < sz < Zz (zj - zj_l) + 2y < 2z, (81)

< pr.

Inserting (75) and (76) into (68) and noting that foN(dz/ Assume that ¢(z)(ﬁ_“’)/ﬁ)&(z) is bounded on [1, 00). From (72)
d(2)P'P) = (N/$(N)P'P), for x € [0, 27], we get and the fact $(2z,,) < 2¢(z,,), m > 0, we obtain
B[ (N (1+1/B)(p-P)
F (< a(va, () “ dzp/ﬁ i Np/ﬁ 2Py, < < —Aﬁ)(/iZM)
0 @) $(N) " (=)t (82)

(77)
pip (N dz (B-p)/B
< 2Cp<VA/;(f)) L W < C¢(sz) A (ZZm) <¢, mz=0.
Finally, (79) yields
Combining (77) and (57), we finally obtain
(P-PIB &
N dz F, (x) <c(V,
e <, () 2 (83)

w(h =4V, )5 |, s
< C(VAﬁ (f))p/ﬁ, x € [0,27].

Since N = [27/h,] > [2n/t] = 1/t and the right of (78) is
decreasing with respect to N, the proof of Theorem 6(b) is
Since N > 1/t, we prove Theorem 6(c) from (57).

complete.
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4. Proofs of Theorems 7 and 8
In this section, we prove Theorems 7 and 8.

Proof of Theorem 7. Theorem 7(a) implies Theorem 7(b) by

letting & = 0. We only need to prove Theorem 7(a). Obviously

A = {n"} (0 < a < 1) satisfies the condition A, and we have
Az) = 2%,

Cds e (84)

(/)(Z)ZJOWXZ 5 =

For 1 < p < f, it follows from Theorem 6(a) that w( f; t)P <
c(VAB(f))l/ﬁt(k“)/ﬁ, and the order of this estimate is sharp.
For < p<fB/(1-«),1-(p/B)1—-a) >0, wehave

N odz (N dz e
P/~ p(-a)/p N ’
0 ¢(z) 1z

N — oo.

z>1,

(85)

Substituting into Theorem 6(b), we get w(f; t)P <
c(Vy , (f)P-E,
For B/(1-a) < p <00, + (1 —a)(f—p)/f < 0, we have

()PP (2) < 2V PIE < Cco0, 2> 1.
(86)
By Theorem 6(c), we get the estimate
1/B
o(fit), < (Va, () £, (87)

If A = {n}, then A satisfies the condition A ,, and

Az)=2z, z2>1;
z (88)
¢(z):JO%XIn(z+1):1nz, z>1.

For 1 < p < 3, (ii) follows from Theorem 6(a) and the order
in the estimate (ii) is also sharp.
For 8 < p < 00, we have

le dz vle dz o1
Nlo ¢z N Ji In@z+1)?P  (Inz)?F’ (89)

N — oo.

Substituting into Theorem 6(b), we get (ii).

Now we show the sharpness of the estimates in (i) and (ii)
for f < p < oo.

For this purpose, we consider f, (x) defined in
Lemma 13. !

In (i), for B < p < B/(1 — &), we choose

(1-a)/B
is
ak:srll/ﬁ<;> , k=1,2,...,n,

90
nl—ot ( )

——— =1, n-— oo.
2l-a ZZ:I Jo«

where ¢, =

9
From Lemma 13, we know that
1
5=V, (fo,)<1, n=10,
T\P T p(1-a)/B
L RS pM(_)
w(fan ”>P e, " (91)
pIB [ 7 \PU-/B
>c(Via, (£)) (Z) , n>10.
For B/(1 —«) < p < 00, p(1 —«)/P > 1, we choose
a, = &) kP (I (k + 1)) (0 > 0), o)
92

k=12,...,n,

where

. 1
€, = <ZZ K '(In (k + 1))_(”0)) =1, n— +oo. (93)

k=1

From Lemma 13, we have

<V, (fi,) <L nz10,

N | —

p 2 L B
w( faj E) = TLplBY I (1 (1 4 o)) 0P
nip n k=1

>c(vy, () E =10,

n
(94)
In (i), for B < p < 00, we choose
1/B
ak:sfl/ﬁ<z> , k=12...,n (95)
T
where
In (n/m)

e =——=1, n +00.

b2y k! - 00

From Lemma 13, we know that

> c(VAﬂ (fan))ip/ﬁ<ln E>7p/ﬁ, n > 10.
(97)

Obviously the above functions f, chosen prove the
sharpness of our estimates in Theorem 7 for § < p < co. [

The proof of Theorem 8 is similar to that of Theorem 7,
but computations are more complicated.
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Proof of Theorem 8. Let A(s) generate A and ¢(z) = IOZ (ds/
A(s)). It is readily seen that A’s in (a), (b), (¢), (d), and (e)
satisfy the condition A .

In (a), we have
A(s)=In"(s+1) (y>0), s>1,

z+1 z ) (98)
"I’ (z+1) In'zZ '

¢ (2)

In (b), we have

As)=(s+1DIn(s+1), s=>1,
¢(z)=Inln(z+1)=Inlnz, =z=>10. ©2
In (c), we have
As)=(+DIn"(s+1) (-oo<y<l1), s=1,
(100)

¢(z) = (n(z+1)"" =(n2)'?, z>2

In (d), we have

(s+1)*
A(s) = ——F— 0 1, 0), s>1,
) In” (s +1) (O<a<ly>0). s> (101)

¢)=(z+1)"*(n"(z+1) =z""In"z, z=>2.
In (e), we have

A)=(G6+D)In"(s+1) (0<a<ly>0), s=2,

_(z+ i _ P
“In'(z+1)  In'Z’

¢ (2)
(102)

From Theorem 6(a) we obtain sharp estimates in (a), (b), (c),
(d),and (e) for 1 < p < B.

Now we prove the estimates in Theorem 8 for f < p <
00. We apply (b) and (c) in Theorem 6 for upper estimates.
The technique used here to show the sharpness is the same as
that of the proof of Theorem 7 and the key is to choose a, to
construct extreme functions f, (x) defined in Lemma 13.

In (a), for B < p < 00, we have

(In (z + 1))P/F

(B-p)IB -
d(z) A(z) = o+ 1) PP <400, z=>1. (103)
From Theorem 6(b), we obtain
1/B
w(fit), <c(Va, () 77, (104)

If we choose

a; = s;/ﬁ(k + 1)—1/ﬁ(ln(k : 1))—(1+y+g)/ﬁ
(105)
(O‘>0), k:l)z)_..,n)

where
n -1
g, = <2Z(k +1) YIn (k + 1))‘“”)) =1, n-— +00,

k=1
(106)
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then
1
25V, (fo)<1 nz10, (107)
P n
w(fan, n) = 28,‘,’/’32 ((+ )PP (In (k + 1))—<p(1+a>//3))
p k=1
s pIB 7
L C(VA,s (fan)) s nz10.
(108)

Equations (107) and (108) imply the sharpness of (104).
In (b), we have

ijN dz VLJN dz
NJo ¢z ~ N Ji (nln(z+1)?#
#(2) (Inln(z +1)) (109)
= ;, N — +oo0.
(Inln N)?/P

Again from Theorem 6(b), we have

w(fst), <c(Vy, (f))l/ﬁ<ln ln%)_l/ﬁ. (110)

If we choose

-1/
ak:srll/ﬁ<lnln2> , k=1,2,...,n (111)

7
where
Inln (n/7)
g, = . —- =1, n— +oo,
23 [(k+1)(In(k + 1))]
(112)
then
1
S<Via(f)=1 =10 (113)
P L -p/B
w(fa ;E> = 2—”85/ﬁ2<lnlnﬁ>
" n P n =1 T
p/B n\ P8
> C(VAB (fa”)) (lnln;) , n>=10.
(114)
Equations (113) and (114) imply the sharpness of (110).
In (c), for B < p < 00, we have
1 JN z 1 JN dz
NJo &2 " N )i (In(z+ 1)P0-V/E
$(2) (In(z +1)) (115)

1

= e N

From Theorem 6(b), we get

w(£i1), < c(Va, (f))l/ﬁ<ln %)_(I_W. (116)
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If we choose

-(1-y)/B
a =P , k=1,2,...,n, (117)
k n T

where
(In (n/m))"™"
= — — — =1, n-— +0o,
2y (k+1) " (In(k+1)7"
(118)
then
1
SV, () <1 n=10 (119)
p -p(1-p)/B
w(fa ; E) = Zﬂsﬁ/ﬁ<ln E)
"n p T
pIp n\~Pa-n)/B
> C(VAﬁ (fa,,)) (ln ;) , n=10.
(120)
Equations (119) and (120) imply the sharpness of (116).
In (d), for B < p < B/(1 — «), we have
1 JN dz 1 jN dz
N Jo ¢(Z)P/ﬁ N i (z+ 1) (1n (z + 1))PY/F
1
= 5 — OQ.
Np(l—rx)/ﬁ(ln N)PY/ﬁ
(121)
From Theorem 6(b), we get
. B -arp(y, 1\
w(fit), <e(Va, () 't (m ;) .22

If we choose

(1-)/p -v/B
ak=£i/ﬁ<z> (lnE> , k=12,...,n, (123)
n 7

where

_ (rl/r[)lftx(ln (n/m)) 3 -
"2 ZZ=1 (k+ 1) *n? (k + 1) =1, n +00, (124)

then

<Vi,(fi,) <1 nz10, (125)

P p(1-y)/B -pylB
w(fa;z) :27[35/[;(2) <lnﬁ)
" n P n

N | =

T
pIB [ \PU-V)/B n\"pr/B
2e(vi, (1)) (5) (7))
n > 10.
(126)

Equations (125) and (126) imply the sharpness of (122).

1

For /(1 -«a) < p < 00, B — p(1 — ) <0, we have
(z + l)ﬁ*P(I*OC)/ﬁ
(In (z + 1))P/F

From Theorem 6(c), we get

w(fit), < c(Vy, (f))l/ﬁt”f’. (128)

$(z)F PP (2) = +oo, z3>1. (127)

If we choose

a = &Pk + 1) (In(k + 1)) 7P
(129)

(0>0), k=12,...,n

where

; .
g, = <22(k + 1)_(”‘7)) =1, n— +00, (130)
k=1

then
1
S<Va(f)=1 n=10 (131)
w(fa ;E> = 26?PY ((k + 1) PO DI 1 1 4 1)) PV
" n k=1
T PIB 71
. ; > C(VAﬁ (fan)) . Z, n > 10.
(132)
Equations (131) and (132) imply the sharpness of (128).
In (e), for B < p < B/(1 — «), we have
1 JN dz 1 jN (In(z + 1))?"/#
N Jo ¢(z)?# ~ N (g4 1)P0-/B
P(z) (z+1) (133)
_ (In N)Py/ﬁ
= N N oo
From Theorem 6(b), we get
: VB g (i L\
w(fit), SC(VAB (f)) t (ln ?> . (134)

If we choose

(1-a)/B v/B
ak:srll/ﬂ<z> <ln2) , k=12,...,n, (135
n m

_ (n/m)"~*(In (n/m)) ™" g
"2yr (k+ 1) %(n(k+ 1)

n— +o0o, (136)

then
1
S<Va,(f) <1 n=10 (137)
b4 p(1-y)/B py/B
wl f, ;E = 2el’P n ln2
n/yp " \n b3
IR/ n \PA-V)/B n\rv/B
2e(va, (1)) (2) T (m2)
n > 10.

(138)
Equations (137) and (138) imply the sharpness of (134).
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For B/(1 —«) < p < 00, B — p(1 — ) < 0, we have

(In(z + 1))P"/P

B-p)IB _
$(z) A(z) = 1 PP <+oo, z>1. (139)
From Theorem 6(c), we get
B 140
o(fit), <(Va, (f)) £, (140)

If we choose

a = &P (k + 1) (1n (k + 1))

(141)
(0>0), k=12,...,n
where
n -1
g, = <2Z(k + 1)‘“*‘”) =1, n-— +co, (142)
k=1
then
1
S<Vi(f) =1 =10 (143)

P n
w< o E) = 268/ (e + 1) I BIn (k4 1))P7F
"np k=1

rIB 71

Zaevy, (1)L

Equations (143) and (144) imply the sharpness of (140).
But, for p = /(1 — «), we have

(/)(z)(ﬁ_p)/ﬁl (z) = (In (z + 1))1’)’//3 — +00,

as z — +00,

1 JN dz 1 JN (In(z + 1)~ (n N)HPVP
N Jo ¢~ N z+1 - N
N — +o0.
(145)

Theorem 6(c) is not applicable for this case. From
Theorem 6(b), we obtain

Up+ylp
1 ) (146)

w(fit), < C(VAB (f; [0, 2n]))1/ﬁt1/p(ln -

Unfortunately this estimate is not sharp in the sense of order.
However, if we choose

a = Ei/ﬁ(k + 1)*(1*06)/13(11l (k + 1))*(1*Y+0)/ﬁ
(147)
(0 >max{0,y-a}), k=12,....n

where
" -1
go= | Y (k+ D (In(k+ 1)) M| =1,
k=1

n — +00,

(148)

Journal of Function Spaces

then we have

%SVAﬁ(fan)sl, n > 10,

m\FP - _ _(- -
s— = 2PN (ke + 1) Yn (k + 1)) Ar+o)/ (=)
o foi ) = 263 e+ 7 n G+ 1)

p k=1
'EZC'E, n = 10.
n n
(149)
In other words, there exists f, € A gBV such that
Va, (f) =1, n— +oo,
(150)

n

71 m\/P
w(fn;—> 2c<—) , n=10.
n’p

This exception indicates that our methods used in this paper
cannot cover all cases of estimates of L, (1 < p < 00) mod-
ulus of continuity of classes of functions of A 4-bounded var-
iation. O

Proof of Corollary 10. Obviously Theorem 2 implies (a) and
(b). (c) follows from Theorem 6. Finally, (d) and (e) are
obtained from Theorem 7 directly. O
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