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Since the discovery of high-temperature superconductivity
in 1986 by George Bednorz and Alex Müller, there has been a
huge theoretical eﬀort to understand the mechanism behind
it. A lanthanum copper oxide, doped with barium, was
the first compound displaying this phenomenon, and now
many more high-temperature superconductors based on
copper and oxygen have been discovered. These make up the
cuprate family of superconductors. More recently fullerenes,
MgB2 , and in particular iron-based superconductors with
high-transition temperatures have been discovered. Cuprates
are diﬀerent from conventional metallic superconductors in
that they originate from the charge-doping of parent Mott
insulators. The superconductivity arises in weakly coupled
doped layers held together by ionic bonding. As well as their
high-Tc, they display many unique properties. For instance,
they exhibit two diﬀerent energy scales: a “superconducting”
gap (SG) that develops below the superconducting critical
temperature which can be seen by extrinsic and intrinsic
tunnelling experiments, as well as by high-resolution angleresolved photoemission experiments; and another gap-like
feature, the so-called “pseudogap” (PG), that exists in the
superconducting state and well above Tc, in the underdoped
region with doping smaller than the optimal value at
which the maximum Tc occurs. The PG phenomenon
was first observed through spin response in underdoped
YBa2 Cu3 O7-δ . Many experiments have since detected this
PG, including extrinsic and intrinsic tunnelling; photoemission, pump-probe spectroscopies, calorimetric, and many
others. Initially this gap was interpreted as manifestation
of preformed electron pairs existing above Tc called small

bipolarons, bound together by a strong electron-phonon
interaction (EPI). Since then many theoretical explanations
have been proposed for the origin of the PG which can
roughly be divided into two groups. The first of these
groups argues that the PG originates from some competing
order, either static or fluctuating, possibly also giving rise
to inhomogeneous states. The second group interprets the
pseudogap as a precursor of superconductivity and suggests
the existence above Tc of preformed pairs with no coherence.
Despite intensive research, a microscopic theory capable of
describing unusual ARPES and tunnelling data has remained
elusive and so the relationship between the SG and PG
has remained a debated issue. A detailed and consistent
interpretation of the SG, PG, and many other unusual
properties could shed light on the key eﬀective interactions
in cuprate superconductors. In this regard, the interplay of
EPI with correlations could be relevant.
The recently discovered Fe-based high-temperature
superconductors (pnictides) also represent a challenging case
for the theory of superconductivity. They appear to be rather
diﬀerent from cuprates in terms of their electronic structure;
magnetic order, correlation eﬀects, superconducting symmetry; their parent state is metallic rather than insulating. So
far, the most popular suggestion for the pairing mechanism
has been one that assigns the role of an intermediate boson
to spin fluctuations with wave vectors close to Q = (π, π)
(in the Brillouin zone). There are two ways to generate such
spin fluctuations: one assumes superexchange between the
second neighbours in the Fe lattice and the other exploits
the fact that the noninteracting spin susceptibility calculated
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using the electron band structure has a peak, or rather a
broad maximum close to (π, π). A strong argument in favour
of the latter scenario is the case of FeSe, where a sister
magnetic compound FeTe shows an antiferromagnetic order
at a diﬀerent wave vector (π, 0) both in the experiment and
in the calculations, but the calculated spin susceptibility still
peaks at Q = (π, π) and the experiment also observes spin
fluctuations with the same wave vector. On the other hand,
the interplay between spin fluctuations, correlations, and EPI
remains a challenging open problem, taking into account
controversial isotope eﬀects, structural instabilities, low
carrier densities; and some other peculiarities of pnictides.
The absence of consensus on the physics of cuprate
superconductors and the recent discovery of iron-based compounds with high-transition temperatures has reemphasized
the fundamental importance of understanding the origin
of high-temperature superconductivity. Some first principle
calculations based on density functional theory (DFT) often
predict a rather weak electron-phonon interaction insuﬃcient to explain high transition temperatures. A number of
researchers have the opinion that correlations select momentum and frequency windows where EPI is more eﬃcient.
Others maintain that the repulsive electron-electron interaction in novel superconductors provides pairing and thus
oﬀers high transition temperatures without phonons. On the
other hand, some recent studies using numerical techniques
cast doubt that simple repulsive models can account for hightemperature superconductivity. Besides, there is substantial
experimental evidence that EPI is an important player and
needs to be included in a successful theory of high-Tc
superconductivity. This was the motivation for the Editors
to provide an international forum that would address the
intriguing issue of the interplay between strong electronic
correlations and sizeable electron-phonon coupling.
This special issue includes both original results and summarizing overviews. The Editors hope that this publication
will stimulate the continuing eﬀorts to understand hightemperature and other unconventional superconductors.
Alexandre Sasha Alexandrov
Carlo Di Castro
Igor Mazin
Dragan Mihailovic
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The electronic structure and lattice vibrational frequencies of the newly discovered superconductors, LiFeAs and NaFeAs, are
calculated within density functional theory. We show that, in the vicinity of the Fermi energy, the density of states is dominated by
contributions from Fe 3d states. We also calculate the electron-phonon coupling strength and show that it is too weak to account
for the observed values of the superconducting transition temperatures. This seems to indicate that the iron-based superconductors
are not of the conventional type.

1. Introduction
A new class of layered, high-Tc superconductors has been
recently discovered. Kamihara et al. [1] reported a superconducting transition temperature Tc = 26 K in fluorinedoped LaFeAsO. Shortly afterwards, it was found that under
pressure Tc increased to 43 K [2]. Replacement of lanthanum
with other rare earth metals gave a series of superconducting
compounds ReFeASO1−x Fx , where Re = Ce, Pr, Nd, Sm, or
Gd, with transition temperatures close to or exceeding 50 K
[3–8]. Oxygen deficient samples were also synthesized and
found to superconduct at 55 K [9–11]. Hole doping, through
the partial substitution of La with Sr, or Gd with Th, was
also found to yield superconducting compounds [12, 13].
Using-high pressure techniques, it was possible to increase
the concentration of the F-dopant [14] and to synthesize
superconducting compounds where La is replaced by the late
rare earth elements Tb and Dy [15, 16]. The parent compound ReFeAsO is a layered compound consisting of a stack
of alternating ReO and FeAs layers. Each ReO layer consists
of an O-sheet surrounded by two Re sheets. Similarly, each
FeAs layer consists of an Fe-sheet surrounded by two As
sheets such that each Fe atom is tetrahedrally coordinated
to four As atoms. Neutron diﬀraction measurements [17–
20] establish that the Fe magnetic moments adopt a collinear
antiferromagnetic (c-AFM) order whereby ferromagnetic

chains are coupled antiferromagnetically along the direction
orthogonal to the chains.
Superconductivity was also discovered in a second class
of compounds containing FeAs layers, namely, AFe2 As2 ,
where A is an alkaline earth metal. Hole doping, by partial
replacement of A with alkali metals, results in superconducting compounds with Tc reaching 38 K in BaFe2 As2 and
SrFe2 As2 [21–25]. Partial substitution of Fe with Co was also
shown to give a superconducting compound with Tc = 22 K
[26]. Similarly to the first class, in the parent compounds the
Fe magnetic moments in this second class have a collinear
AFM order with a spin-stripes pattern [27–29]. In both
classes, the Fe magnetic moments in the parent compounds
exhibit magnetic order, at low temperature, which disappears
upon doping, making way for the emergence of superconductivity. This leads to the reasonable belief that strong
electronic correlations are important in these systems, and
that superconductivity in these compounds is somehow
connected to magnetic fluctuations [30–42]. Indeed, the
electron-phonon coupling in LaOFeAs was estimated to be
too small [43] to give rise to superconductivity within the
conventional BCS formulation. [44]
Recently, a third class of iron-based superconductors was
discovered. LiFeAs and NaFeAs were found to superconduct
below 18 K and 9 K, respectively, [45–48]. It turns out that
in these two compounds no magnetic order is detected at
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2. Method
The electronic structure calculations are carried out using
the all-electron full-potential linear augmented plane wave
(FP-LAPW) method as implemented in WIEN2K code [51].
The exchange-correlation potential was calculated using the
generalized gradient approximation (GGA) as proposed by
Pedrew, Burke, and Ernzerhof (PBE) [52]. The radii of the
muﬃn-tin spheres for the various atoms were chosen so that
the neighboring spheres almost touch each other. We set the
parameter RMT Kmax = 7, where RMT is the smallest muﬃntin radius, and Kmax is a cutoﬀ wave vector. The valence
wave functions inside the muﬃn-tin spheres are expanded in
terms of spherical harmonics up to Imax = 10, and in terms of
plane waves with a wave vector cutoﬀ Kmax in the interstitial
region. The charge density is Fourier expanded up to Gmax =
13a0−1 , where a0 is the Bohr radius. Convergence of the selfconsistent field calculations is attained with a total energy
convergence tolerance of 0.01 mRy.
The calculation of the frequencies of the vibrational
modes and the electron-phonon coupling parameter was
performed using ultrasoft pseudopotentials and an expansion of the wave function of the valence electrons in terms
of plane waves, with an energy cutoﬀ of 30 Rydbergs [53].
The charge density is Fourier expanded with an energy cutoﬀ
of 400 Rydbergs. The dynamical matrices and the electronphonon coupling parameter are calculated using DFT in the
linear response approximation. In calculating the phonon
frequencies, the electronic integration is carried out using a
uniform mesh of Nk = 4 × 4 × 4 k-points in the Brillouin
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all temperatures. In some sense, these two compounds are
important with regards to understanding the mechanism
of superconductivity in iron-based superconductors. The
absence of spin density wave (SDW) transition, on the one
hand, and the relatively low Tc in comparison with the
first two classes of iron-based superconductors, on the other
hand, make these two compounds possible candidates for
being conventional BCS superconductors.
Band structure calculations, using local density approximation (LDA) within density functional theory (DFT), were
recently reported for LiFeAs [49, 50]. It was found that
LiFeAs is semimetallic, and that the density of states (DOSs)
near the Fermi level is dominated by the Fe 3d states. Thus,
the electronic structure of stoichiometric LiFeAs is similar to
that of the parent compounds of the first class, with a hole
cylinder at the Brillouin zone (BZ) center, electron cylinders
at the BZ corners, and an electronic DOS that decreases
strongly with increasing energy in the vicinity of the Fermi
energy.
In this work we report DFT calculations of the electronic
and lattice properties of LiFeAs and NaFeAs. In particular,
we calculate the electron-phonon coupling strength and
show that it is too weak to account for the superconducting
transition temperatures observed in these compounds. Our
calculations, together with previous calculations [44] of
the electron-phonon coupling strength in LaOFeAs, seem
to indicate that iron-based superconductors are not of the
conventional type.
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Figure 1: Density of states (DOSs) in LiFeAs. Both the total and
atomic DOSs are shown. The Fermi energy is the zero energy. Near
the Fermi energy, the DOS is dominated by the Fe 3d states.

zone. On the other hand, the electronic density of states, used
in computing the electron-phonon coupling parameter λ, is
calculated using a finer mesh of 16 × 16 × 16 k-points. The
value of λ is obtained by averaging over a uniform mesh of
Nq = 4 × 4 × 4 phonon momentum q-points. The phonon
dispersion curves are obtained by Fourier interpolation of
the dynamical matrices computed on the Nq points mesh.
In the electronic and lattice calculations, the experimental values of the low-temperature lattice constants and
atomic positions [45–48] are used. For both compounds, the
crystal is tetragonal with space group P4/nmm. In LiFeAs, the
lattice constants are a = 3.76982 Å, c = 6.30693 Å, whereas in
NaFeAs, a = 3.94729 Å, and c = 6.99112 Å.

3. Results and Discussion
Our results for the electronic structure calculations for
LiFeAs and NaFeAs are summarized in Figures 1 and 2,
respectively, where the electronic density of states (DOSs) is
displayed. For LiFeAs, our calculated DOS is similar to that
reported earlier [49, 50]. In both LiFeAs and NaFeAs, the
DOS plots show some generic features that are common to
the parent compounds of the iron-based superconductors: a
DOS that is dominated by the Fe 3d states in the vicinity of
the Fermi energy, with only a small contribution from the As
and alkali metal states and that is strongly decreasing with
energy near the Fermi energy.
It should be noted that in a unit cell of LiFeAs, for
example, there are two Li, two Fe, and two As atoms. Thus
to get the total atomic DOS, the values of the atomic DOS
shown in 1 should be multiplied by 2. The total DOS is the
sum of the total atomic DOS and the DOS in the interstitial
region.
Since the DOS at the Fermi energy, N(EF ), is ∼4 states/eV
in both LiFeAs and NaFeAs, which is not very small,
and because of the relatively lower Tc compared with the
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Figure 2: Density of states (DOSs) in NaFeAs. Both the total and
atomic DOSs are shown. The Fermi energy is the zero energy. Near
the Fermi energy, the DOS is dominated by the Fe 3d states.
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Figure 3: Phonon dispersion curves in LiFeAs, plotted along high
symmetry directions of the Brillouin zone.
300

Γphonon = 2A1g + B1g + 3Eg + 3A2u + 3Eu .

200
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other iron-based superconductors, one may wonder whether
electron-phonon coupling may lie behind the mechanism for
superconductivity in LiFeAs and NaFeAs. This notion may be
given more credence by the observation that a sodium atom
is about three times more massive than a lithium atom, so
that if the attractive electron-electron interaction is mediated
by the alkali-metal atomic vibrations, then this diﬀerence
in the mass could explain the diﬀerence in the values of
Tc between the two compounds via the well-known isotope
eﬀect.
To test this idea, we carried out a calculation of the
phonon dispersion curves and the electron-phonon coupling
strength in these compounds. Since the crystallographic
point group in LiFeAs and NaFeAs is D4h , the vibrational
modes at Γ, the BZ center, are decomposed according to the
following irreducible representations:

100

0

(1)

The acoustic modes, with vanishing frequency at Γ, the
BZ center, transform according to the A2u and Eu irreducible
representations. Excluding the acoustic modes, we are left
with 15 modes with nonzero frequencies; among these, the
symmetric ones are Raman-active, while the antisymmetric
modes are infrared-active. The calculated frequencies of the
Raman- and infrared-active modes at the Γ point of the BZ
are given in Table 1. The phonon dispersion curves in LiFeAs,
plotted along high symmetry directions in the BZ, are shown
in Figure 3, and the corresponding curves in NaFeAs are
given in Figure 4. Our results for the phonon frequencies
at the BZ center may be checked by Raman scattering
and infrared absorption experiments, while the phonon
dispersion curves may be checked by neutron scattering
measurements.
We calculated the electron-phonon coupling parameter
λ and found it to be 0.29 and 0.27 for LiFeAs and
NaFeAs, respectively. For conventional superconductors,

Γ

X

M

Γ

Z

Figure 4: Phonon dispersion curves in NaFeAs, plotted along high
symmetry directions of the Brillouin zone.

where the attractive electron-electron interaction is mediated
by phonons, the transition temperature is given by the Allen
and Dynes [54] modified McMillan’s formula [55]




ωlog
−1.04(1 + λ)
,
exp
Tc =
1.2
λ − μ∗ (1 + 0.62λ)

(2)

where ωlog is the logarithmic average phonon frequency,
expressed in degrees Kelvin, and μ∗ is the Coulomb pseudopotential parameter, usually taken to be ∼0.13. Since ωlog
in LiFeAs and NaFeAs is of the order of 100 K, the resulting
value of Tc is much less than 1 K. We conclude that the
electron-phonon coupling is too weak to account for superconductivity in this class of iron-based superconductors.
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Table 1: The calculated frequencies, in cm−1 , of the Raman- and infrared-(IR-) active modes in LiFeAs and NaFeAs. The modes are classified
by the irreducible representations (irreps) according to which they transform.

LiFeAs

Ramman
IR

121 (Eg )
228 (Eu )

ω(irrep)/cm-1
188 (A1g )
225 (B1g )
276 (Eu )
277 (A2u )

NaFeAs

Ramman
IR

110 (Eg )
170 (Eu )

176 (A1g )
183 (Au )

There are some puzzling questions that beset this
third class of iron-based superconductors. In the parent
compounds of the first two classes of iron-based superconductors, magnetic order is established at low temperatures, where the Fe magnetic moments adopt a collinear
antiferromagnetic (c-AFM) order with a stripe-like pattern;
this is unequivocally confirmed by both neutron diﬀraction
measurements [17–20] and DFT calculations [31–39]. In
the first class, it is only upon electron doping through the
replacement of a small percentage of oxygen atoms with
fluorine atoms, or the removal of a small percentage of
oxygen atoms, that the magnetic order is suppressed and
superconductivity emerges. In the second class of iron-based
superconductors, magnetic order is suppressed by hole doping through the replacement of some alkaline earth atoms
with alkali atoms. To better understand the situation in the
third class of iron-based superconductors, we carried out
spin-polarized DFT calculations on stoichiometric LiFeAs
and NaFeAs, in addition to the calculations reported above
for the nonmagnetic phases of these compounds. We considered, within GGA, various spin arrangements on the Fe
sites. Similarly to the case of the first two classes, we find that
the c-AFM phase, with a spin-stripes pattern, is indeed the
lowest energy phase. Within GGA, the energy of the c-AFM
phase in LiFeAs is lower than the AFM phase by 0.081 eV per
Fe atom (eV/Fe), lower than the ferromagnetic (FM) phase
by 0.085 eV/Fe, and lower than the nonmagnetic phase by
0.123 eV/Fe. For NaFeAs, the energy of the c-AFM phase is
lower than the AFM phase by 0.048 eV/Fe, lower than the FM
phase by 0.205 eV/Fe, and lower than the nonmagnetic phase
by 0.182 eV/Fe. The calculated magnetic moment on an Fe
site is 2.18 μB in the case of NaFeAs, and 1.76 μB in the case
of LiFeAs, where μB is the Bohr magneton. Thus, according
to our DFT calculations, stoichiometric LiFeAs and NaFeAs
should be similar to the parent compounds of the first two
classes, and they should not superconduct; instead, at low
temperature, the stoichiometric compounds should display
magnetic order. Deviations from stoichiometry, on the other
hand, may suppress the magnetic order, making way for
superconductivity, just like doping does in the first two
classes of iron-based compounds. In the case of LiFeAs,
it is indeed the case that the synthesized superconducting
compounds were not stoichiometric, the chemical formula
being Li1−x FeAs [47]. The situation is less clear in the case
of NaFeAs [48], but we believe, on the basis of our spinpolarized calculations and the absence of any detectable
magnetic order at low temperatures, that the synthesized
NaFeAs samples may also be nonstoichiometric.

187 (Eg )
233 (Eu )

240 (Eg )
338 (A2u )

294 (Eg )

356 (A1g )

199 (A1g )
253 (A2u )

218 (B1g )

241 (Eg )

We should note, however, that our results on the
magnetic structure of the third class of compounds are
only tentative. One problem is that the calculated magnetic
moment per Fe site is too large in comparison with the
experimental value in LaFeAsO, where the Fe moments also
adopt c-AFM order, albeit with a magnetic moment of only
0.36 μB [17]. It has been shown by various groups [56–
58] that even though the Fe moments adopt the stripeAFM order in the undoped LaFeAsO compound, yet the
stabilization energy and the value of the Fe magnetic
moment are sensitive to the type of exchange-correlation
functional employed in the calculation, and to the position
of the As atom. At this point, all we can say is that DFT
calculations within GGA using PBE exchange correlation
potential suggest that stoichiometric LiFeAs and NaFeAs
compounds will display magnetic order at low temperatures.

4. Conclusions
In conclusion, we have presented the results of electronic
structure calculations on LiFeAs and NaFeAs, members of a
new class of superconducting compounds. In similarity to
other iron-based superconductors, the density of states in
the vicinity of the Fermi energy is found to be dominated
by contributions from the Fe 3d states. We have also
calculated the Raman and infrared phonon frequencies at the
Brillouin zone center, as well the phonon dispersion curves
along high symmetry directions in the Brillouin zone. We
have evaluated the electron-phonon coupling parameter in
LiFeAs and NaFeAs and found its value to be too small to
account for the observed superconducting transition temperatures in these compounds. Our results, taken together
with previous estimates of the electron-phonon coupling
strength in LaFeAsO, seem to suggest clearly that iron-based
superconductors are not of the conventional type, where
the attractive electron-electron interaction is mediated by
phonons.
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The Holstein Molecular Crystal Model is investigated by a strong coupling perturbative method which, unlike the standard LangFirsov approach, accounts for retardation eﬀects due to the spreading of the polaron size. The eﬀective mass is calculated to
the second perturbative order in any lattice dimensionality for a broad range of (anti)adiabatic regimes and electron-phonon
couplings. The crossover from a large to a small polaron state is found in all dimensionalities for adiabatic and intermediate
adiabatic regimes. The phonon dispersion largely smoothes such crossover which is signalled by polaron mass enhancement and
on-site localization of the correlation function. The notion of self-trapping together with the conditions for the existence of light
polarons, mainly in two- and three-dimensions, is discussed. By the imaginary time path integral formalism I show how nonlocal
electron-phonon correlations, due to dispersive phonons, renormalize downwards the e-ph coupling justifying the possibility for
light and essentially small 2D Holstein polarons.

1. Introduction
The interest for phonons and lattice distortions in HighTemperature Superconductors (HTSc) is today more than
alive [1, 2]. While the microscopic origin of the pairing
mechanism in cuprate HTSc has not yet been unravelled,
evidence has been provided [3–8] that electron-lattice interactions and local lattice fluctuations are correlated with
the onset of the superconducting transition [9–11]. Recent
investigations [12] would suggest a similar role for the
lattice also in the newly discovered layered pnictide-oxyde
quaternary superconducting compounds [13–15]. In fact,
the discovery of HTSc in copper oxides [16] was motivated
by the knowledge that the Jahn-Teller eﬀect [17–19] is
strong in Cu2+ . In nonlinear molecules a lattice distortion
lifts the degeneracy of the electronic states and lowers the
overall ground state energy: the energy gain is the JahnTeller stabilization energy which can be measured optically.
As vibrational and electronic energies are of the same
order, the nuclear motion cannot be separated from the
electrons and the combined electron-lattice object becomes
a mobile Jahn-Teller polaron [20] which can be described

in terms of the nonlinear Holstein Hamiltonian [21]. Over
the last twenty years, the focus on the HTSc has largely
contributed to trigger the study of the polaron properties
[22–25]. Earlier and more generally, polarons had become
a significant branch in condensed matter physics [26–29]
as Landau introduced the concept of an electron which
can be trapped by digging its own hole in an ionic crystal
[30]. A strong coupling of the electron to its own lattice
deformation implies violation of the Migdal theorem [31]
and polaron collapse of the electron band [32] with the
appearance of time retarded interactions in the system. A
great advance in the field came after Feynman used the
path integrals [33] to calculate energy and eﬀective mass
of the Fröhlich polaron [34, 35] by a variational method
[36]. In the statistical path integral, the quantum mechanical
electron motion is represented by a real space path x(τ) being
function of an imaginary time τ whose range has an upper
bound given by the inverse temperature. As a key feature
of the Feynman treatment, the phonon degrees of freedom
can be integrated out exactly (being the action quadratic and
linear in the oscillator coordinates) but leave a substantial
trace as a time retarded potential naturally emerges in the
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exact integral action. The electron, at any imaginary time,
interacts with its position at a past time. This self interaction
mirrors the fact that the lattice needs some time to readjust
to the deformation induced by the electron motion and
follow it. For decades, the Fröhlich polaron problem has
been extensively treated by path integral techniques [37–
39] which, remarkably, can be applied for any value of
the coupling constant [40]. A review work on the Fröhlich
polaron is in [41].
With regard to small polarons, path integral investigations started with the groundbreaking numerical work by
De Raedt and Lagendijk [42–44] who derived fundamental
properties for the Holstein polaron. While a sizable electronphonon coupling is a requisite for polaron formation [45–
47], also the dimensionality and degree of adiabaticity of
the physical system could essentially determine the stability
and behavior of the polaron states [48–62]. When the
characteristic phonon energy is smaller than the electronic
energy the system is set in the adiabatic regime. In materials
such as the HTSc, colossal magnetoresistance oxides [63–65],
organic molecular crystals [66], DNA molecules [67, 68] and
finite quantum structures [69, 70], intermediate adiabatic
polarons are relevant as carriers are strongly coupled to
high energy optical phonons. For the HTSc systems, a
path integral description had been proposed for polaron
scattering by anharmonic potentials, due to lattice structure
instabilities, as a possible mechanism for the nonmetallic
behavior of the c-axis resistivity [71, 72].
It has been questioned whether small (bi)polarons could
indeed account for high Tc due to their large eﬀective
mass [73] but, later on, it was recognized that dispersive
phonons renormalize the eﬀective coupling in the Holstein
model yielding much lighter masses [74]. Also long range
Fröhlich e-ph interactions provide a pairing mechanism
and bipolaron mass consistent with high Tc [75–78] while
accounting, among others, for angle-resolved photoemission
spectroscopy data in cuprates HTSc [79, 80].
In view of the relevance of the polaron mass issue,
I review in this article some work [81] on the Holstein
polaron with dispersive phonons which examines the notion
of self-trapping and estimates some polaron properties in
the parameter space versus lattice dimensionality. The latter
is introduced in the formalism by modelling the phonon
spectrum through a force constant approach which weighs
the first neighbors intermolecular shell. This is done in
the spirit of the work by Holstein [82] on the small
polaron motion for a one-dimensional narrow band system.
Calculating the polaron hopping between localized states
due to multiphonon scattering processes in perturbation
theory, Holstein first pointed out that the phonon dispersion
was in fact a vital ingredient of the theory whereas a
dispersionless spectrum would yield a meaningless divergent
hopping probability. Time dependent perturbative theory,
the hopping integral being the perturbation, applies as long
as the interaction time is shorter than the polaron lifetime
on a state. Computing the time integral for the hopping
probability, I had earlier shown [53] that such interaction
time is shorter in higher dimensionality thus making the
time dependent perturbative method more appropriate
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in the latter conditions. For a given dimensionality, the
interaction time is also reduced by increasing the strength
of the intermolecular forces hence, the phonon dispersion.
Consistently also the crossover temperature between bandlike motion (at low T) and hopping motion (at high T)
[83] shifts upwards, along the T axis, in higher dimensional
systems with larger coordination numbers. Hopping polaron
motion is the relevant transport mechanism in several
systems including DNA chains [84, 85].
It is worth emphasizing that our previous investigations
on the Holstein polaron and the present paper assume
dimensional eﬀects as driven by the lattice while the electron
transfer integral is a scalar quantity. In a diﬀerent picture,
first proposed by Emin [86] for quasi 1D solids in the
adiabatic limit and recently generalized by variational exact
diagonalization techniques [87], the electron transfer integral is instead a vector whose components are switched on
in order to treat anisotropic polaron properties. The system
dimensionality is then increased by tuning the electronic
subsystem parameters, the 3D case corresponding to an
isotropic hopping integral, whereas the phonon spectrum is
dispersionless. While the method to introduce the system
dimensionality in [87] diﬀers from ours, some trends
regarding the polaron mass in 1D and 3D are apparently at
variance with ours as it will be pointed out in the following
discussion.
Being central to polaron studies, the eﬀective mass
behavior ultimately reflects the abovementioned property
of the polaron problem: when the electron moves through
the lattice, it induces and drags a lattice deformation which
however does not follow instantaneously, the retardation
causing a spread in the size of the quasiparticle. The
electron-phonon correlation function provides a measure of
the deformation around the instantaneous position of the
electron and may be used to quantify the polaron size. Several
refined theoretical tools, including quantum Monte Carlo
calculations [42], density matrix renormalization group
[88], variational methods [89, 90] and exact diagonalization
techniques [91, 92] have been applied to the Holstein Hamiltonian to compute such polaron characteristics covering
various regimes of electron-phonon coupling and adiabatic
ratio. While a qualitative and often quantitative [88, 89]
agreement among several numerical methods has emerged
especially with regard to ground state polaron properties, we
feel that analytical investigations may provide a useful insight
also in the specific regime of intermediate adiabaticity and
e-ph coupling for which the leading orders of perturbation
theory traditionally fail in the weak coupling [93] or become
less accurate in the strong coupling [94, 95].
Extremely interesting is that range of e-ph couplings
which are suﬃciently strong to allow for polaron formation
but not too strong to prevent the polaron from moving
through the lattice. When the relevant energy scales for
electrons and phonons are not well separated, such range
of couplings produces a composite particle which is not
trapped by its lattice deformation. It is this intermediate
regime which forms the focus of the present work.
The retardation eﬀect and its consequences are here
treated by means of a variational analytical method based
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on the Modified Lang Firsov (MLF) transformation [96]
which considerably improves the standard Lang Firsov
(LF) [97] approach on which strong coupling perturbation
theory (SCPT) is based. Section 2 provides the generalities
of the MLF method applied to the dispersive Holstein
Hamiltonian. In Section 3, the polaron mass is calculated
in the (anti)adiabatic regimes covering a broad range of
cases in parameter space. The spreading of the adiabatic
polaron size over a few lattice sites is shown in Section 4
through computation of the electron-phonon correlations.
In Section 5, I give further physical motivations for the
existence of light Holstein polarons: using a path-integral
method, I show how the electron-phonon coupling is
renormalized downwards in momentum space by nonlocal
correlations arising from the dispersive nature of the phonon
spectrum. Some final remarks are in Section 6.

2. Modified Lang-Firsov Method
The Holstein diatomic molecular model was originally cast
[21] in the form of a discrete nonlinear Schrödinger equation
for electrons whose probability amplitude at a molecular site
depends on the interatomic vibration coordinates [98]. The
nonlinearities are tuned by the electron-phonon coupling g,
whose strength drives the crossover between a large and a
small polaron for a given value of the adiabatic parameter.
The polaron radius is measured with respect to the lattice
constant [99, 100]. When the size of the lattice distortion is
of the same order of (or less than) the lattice constant the
polaron has a small radius and the discreteness of the lattice
must be taken into account.
In second quantization the dimension dependent Holstein Hamiltonian with dispersive harmonic optical phonons
reads
H = −t



ci† c j + g

i j 

 
i



ni bi† + bi +


q

ωq bq† bq

,

(1)

where t is the hopping integral and the first sum is over
z nearest neighbors. ci† and ci are the real space electron
creation and annihilation operators at the i-site, ni (= ci† ci )
is the number operator, bi† and bi are the phonons creation
and annihilation operators. bq† is the Fourier transform of
bi† and ωq is the frequency of the phonon with vector
momentum q. Unlike the Su-Schrieﬀer-Heeger Hamiltonian
[101, 102] a paradigmatic model in polymer physics, in
(1) the electron hopping does not depend on the relative
displacement between adjacent molecular sites hence, the
phonon created by bi† is locally coupled to the electronic
density.
The LF transformation uses a phonon basis of fixed displacements (at the electron residing site) which diagonalizes
the Hamiltonian in (1) in absence of hopping. The hopping
term is then treated as a perturbation [74, 94]. However the
standard LF approach does not account for the retardation
between the electron and the lattice deformations which
induces a spread in the size of the polaron. Precisely this eﬀect
becomes important for the intermediate e-ph coupling values
which may be appropriate for some HTSc.

The idea underlying the MLF transformation [103] is
that to consider the displacements of the oscillators at
diﬀerent sites around an electron in order to describe the
retardation eﬀect. For the present case of dispersive phonon
the MLF transformation, applied to the Hamiltonian in (1),
reads
H = eS He−S ,
S=







λq nq b−† q − bq ,

(2)

q

1  −iq·Ri
1 †
ni e
= √
ck+q ck ,
nq = √
N

N

i

k

where Ri are the lattice vectors, and λq are the variational
parameters which represent the shifts of the equilibrium
positions of the oscillators (quantized ion vibrations) with
momentum q. The conventional Lang-Firsov transformation
is recovered by setting λq = g/ωq .
Explicitly, the MLF transformed Holstein Hamiltonian in
(2) is
H = − p





i

ij

ni − t p

ci† c j

⎡

⎤


1  †  iq·Ri
× exp⎣ √
λq bq e
− eiq·Ri ⎦
N q
⎡

(3)

⎤



1 
× exp⎣− √
λq bq e−iq·Ri − e−iq·Ri ⎦
N q

+



ωq bq† bq +









g − λq ωq nq b−† q + bq ,

q

q

where the polaron self-energy  p is
p =


1 
2g − λq ωq λq ,
N q

(4)

and the polaronic hopping is
⎤

⎡

γq ⎦
1 2
t p = t exp⎣−
λq 1 −
,
N q
z
γq = 2



i=x,y,z

(5)

cos qi .

The coordination number z is twice the system dimensionality.
Looking at (3), it is clear that the unperturbed Hamiltonian H0 can be taken as
H0 = − p





i

q

ni +

ωq bq† bq ,

(6)

while the remaining part of the Hamiltonian (H − H0 ) in the
MLF basis is considered as the perturbation part.
The energy eigenstates of H0 are given by
φ i , nq




†
= ci |0e nq1 , nq2 , nq3 , . . .
,
ph

(7)
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where i is the electron site, and nq1 , nq2 , and nq3 are
the phonon occupation numbers in the phonon momentum states q1 , q2 , and q3 , respectively. The lowest energy
eigenstate of the unperturbed Hamiltonian has no phonon
excitations, that is, nq = 0 for all q. The ground state has
an energy E00 = − p and is N-fold degenerate, where N is
the number of sites in the system. The perturbation lifts the
degeneracy, and to first order in t the ground state energy of
the 3D-polaron with momentum k is given by
E0 (k) = − p − t p γk .

(8)

The second-order correction to the ground-state energy
of the polaron with momentum k is given by
E0(2) (k) =


k {nq }

×



1
n
q q ωq

order of SPCT provides the framework for a richer polaron
structure in momentum space.
As emphasized in Section 1, dispersive phonons have a
relevant role in the Holstein model: a dispersionless spectrum would in fact predict larger polaron bandwidths in lower
dimensionality and yield a divergent site jump probability for
the small polaron in time dependent perturbation theory
[82, 105]. Here, a lattice model is assumed in which first
neighbors molecular sites interact through a force constants
pair potential. Then, the optical phonon spectrum is given
in 1D, 2D (square lattice), and 3D (simple cubic lattice),
respectively, by
 

2
q =
ω1D

 



2
ω2D
q =



nq , k H − H0 k, {0}



2

,

(9)

 

2
ω3D
q =

 

α+γ
1 2
α + 2αγ cos q + γ2 ,
+
M
M

 

 
α + 2γ
1 2
α + 2αγg q + γ2 2 + h q ,
+
M
M
 

 
α + 3γ
1 2
α + 2αγ j q + γ2 3 + l q ,
+
M
M

g q = cos qx + cos q y ,
where, in principle, intermediate states having all possible
phonon numbers contribute to (9).
By minimizing the zone center ground state energy, the
variational parameters λq are obtained as
λq =

g



ωq + zt p 1 − γq /z

,

(10)

and, by (10), the one phonon matrix element between the
ground state |k = 0, {nq = 0} and the first excited state
1q , k | vanishes. Then, the one phonon excitation process
yields no contribution to (9). By (10) one gets the λq ’s for the
1D, 2D, and 3D systems and, via (5), the narrowing of the
polaron band [104].

3. Polaron Mass
Given the formal background, the polaron mass is calculated
both for the Lang-Firsov and for the Modified Lang-Firsov
method to the second order in SCPT. Generally the second
order correction (i) makes a relevant contribution to the
ground state energy, (ii) does not aﬀect the bandwidth, (iii)
introduces the mass dependence on the adiabatic parameter
which would be absent in the first order. Altogether the
polaron landscape introduced by the second order SCPT is
much more articulated than the simple picture suggested by
the first order of SCPT which nonetheless retains its validity
towards the antiadiabatic limit. In first order SCPT, ground
state energy, bandwidth, and eﬀective mass appear as equivalent, interchangeable properties to describe the polaron
state while band narrowing and abrupt mass enhancement
are coincident signatures of small polaron formation in
parameter space. However, there is no compelling physical
reason for such coincidence to occur as the bandwidth is
in fact a zone edge quantity whereas the eﬀective mass is a
zone center quantity. Thus, by decoupling onset of the band
narrowing and self trapping of the polaron mass, the second

 





h q = 2 cos qx − q y ,
 

j q = cos qx + cos q y + cos qz ,
 













l q = 2 cos qx − q y + 2 cos qx − qz + 2 cos q y − qz ,
(11)
where α is the intramolecular force constant and γ is
the intermolecular first neighbors force constant. M is the
reduced molecular mass. Thus, the intra-and intermolecular
√
energies are ω0 = 2α/M and ω1 = γ/M, respectively.
Some care should be taken in setting the phonon energies
as the second order perturbative term grows faster than the
first order by increasing ω1 [74]. Hence too large dispersions
may cause a breakdown of the SCPT. In terms of ω0 ,
the dimensionless parameter zt/ω0 defines the adiabatic
(zt/ω0 > 1) and the antiadiabatic (zt/ω0 < 1) regime.
Some other choices are found in literature with t/ω0 > 1
or t/ω0 > 1/4 defining the adiabatic regime. As shown
below, such discrepancies may lead to significantly diﬀerent
interpretations of the polaron behavior in parameter space
mainly for higher dimensions.
Hereafter I take ω0 = 100 meV and tune t to select a
set of zt/ω0 which sample both antiadiabatic and adiabatic
regime without reaching the adiabatic limit. The dynamics of
the lattice is in fact central to our investigation. A moderate
to strong range of e-ph couplings is assumed (g/ω0  1) so
that the general conditions for polaron formation are fulfilled
throughout the range of adiabatic ratios [22, 95].
Figure 1 plots the ratio of the one-dimensional polaron
mass to the bare band mass, against the e-ph coupling, calculated both in the Lang-Firsov scheme and in the Modified
Lang-Firsov expression. The intermediate regime 2t = ω0 is
assumed in Figure 1(a). While at very strong couplings the
MLF plots converge towards the LF predictions, a remarkably
diﬀerent behavior between the LF and the MLF mass shows
up for moderate g. The LF method overestimates the polaron
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mass for g ∈ [∼ 1 − 2], and mostly, it does not capture the
rapid mass increase found instead in the MLF description.
Note that, around the crossover, the MLF polaron mass is of
order ten times the bare band mass choosing ω1 = 60 meV.
Large intermolecular energies enhance the phonon spectrum
thus reducing the eﬀective masses in both methods. In the
MLF method, large ω1 tend also to smooth the mass behavior
in the crossover region.
Figure 1(b) presents the case of an adiabatic regime:
the discrepancies between LF and MLF plots are relevant
for a broad range of e-ph couplings. The latter is more
extended for larger intermolecular energies as also seen
in Figure 1(a). Mass renormalization is poor in the MLF
curves up to the crossover which is clearly signalled by
a sudden although continuous mass enhancement whose
abruptness is significantly smoothed for the largest values of
intermolecular energies.
Figure 1(c) shows a fully antiadiabatic case in which the
LF and MLF plots practically overlap throughout the whole
range of couplings. This confirms that the LF method is
appropriate in the antiadiabatic limit which is essentially
free from retardation eﬀects. Unlike the previous cases the
MLF plots are always smooth versus g indicating that no selftrapping event occurs in the antiadiabatic regime. Here the
polaron does not trap as it is always small for the whole range
of couplings.
It should be reminded that the concept of self-trapping
traditionally indicates an abrupt transition between an
infinite size state at weak e-ph couplings and a finite (small)
size polaron at strong e-ph couplings. In one-dimension,
according to the traditional adiabatic polaron theory [106–
108], the polaron solution is always the ground state of
the system and no self-trapping occurs. Instead, in higher
dimensionality a minimum coupling strength is required to
form finite size polarons, hence self-trapped polarons can
exist at couplings larger than that minimum.
However, these conclusions have been critically reexamined in the recent polaron literature and the same notion
of polaron size has been questioned due to the complexity
of the polaron quasiparticle itself [109, 110]. Certainly, as
a shrinking of the polaron size yields a weight increase,
the polaron mass appears as the most reliable indicator
of the self-trapping transition. The latter, as the results in
Figure 1 suggest, is rather a crossover essentially dependent
on the degree of adiabaticity of the system and crucially
shaped by the internal structure of the phonon cloud which
I have modelled by tuning the intermolecular forces. In
this view, self trapping events can be found also in the
parameter space of 1D systems. This amounts to say that
also finite size polarons can self-trap if a sudden, although
continuous, change in their eﬀective mass occurs for some
values of the e-ph couplings in some portions of the
intermediate/adiabatic regime. The continuity of such event
follows from the fact that the ground state energy is analytic
function of g for optical phonon dispersions [111]; hence the
possibility of phase transitions is ruled out in the Holstein
model. At finite temperature phase transitions cannot occur
as the free energy is smooth for any phonon dispersion
[112–114].

5
As fluctuations in the lattice displacements around the
electron site are included in the MLF variational wavefunction, the calculated polaron mass should not display
discontinuities by varying the Hamiltonian parameters
through the crossover [115]. Mathematically the crossover
points are selected through the simultaneous occurrence of a
maximum in the first logarithmic derivative and a zero in the
second logarithmic derivative of the MLF polaron mass with
respect to the coupling parameter. Such inflection points,
corresponding to the points of the most rapid increase for
m∗ , are marked in Figure 2 on the plots of the mass ratios
computed for a broad range of (anti)adiabatic parameters
both in one, two, and three dimensions.
In 1D, see Figure 2(a), the crossover occurs for g values
between ∼1.8 and 2.3 and the corresponding self-trapped
polaron masses are of order ∼5–50 times the bare band mass
thus suggesting that relatively light small polarons can exist
in 1D molecular solids with high phonon spectrum. The
onset of the self-trapping line is set at the intermediate value
2t = ω0 and the self-trapped mass values grow versus g
by increasing the degree of adiabaticity. There is no selftrapping in the fully antiadiabatic regime as the electron
and the dragged phonon cloud form a compact unit also at
moderate e-ph couplings. Then, the mass increase is always
smooth in the antiadiabatic regime.
Some significant results are found in 2D as shown in
Figure 2(b): (i) for a given g and adiabaticity ratio, the 2D
mass is lighter than the 1D mass and the 2D LF limit is
attained at a value which is roughly one order of magnitude
smaller than in 1D; (ii) the crossover region is shifted
upwards along the g axis with the self trapping events taking
place in the range, g ∼2.2–2.6; the masses are of order ∼5–10
times the bare band mass; (iii) the line of self-trapping events
changes considerably with respect to the 1D plot; the marked
curve is parabolic in 2D with an extended descending branch
starting at the intermediate value 4t/ω0 = 1; (iv) in the deep
adiabatic regime, the lattice dimensionality smoothens the
mass increase versus g.
This eﬀect is even more evident in 3D, see Figure 2(c),
as there are no signs of abrupt mass increase even for the
largest values of the adiabatic parameter. At the crossover,
3D masses are of order ∼5–10 times the bare band mass with
the self trapping points lying in the range, g ∼2.5–2.9. At
very large couplings the mass ratio becomes independent of
t and converges towards the LF value. In this region (and
for the choice ω1 = 60 meV) the 3D Lang-Firsov mass
is one order of magnitude smaller than the 2D mass. As
the coordination number grows versus dimensionality, large
intermolecular forces are more eﬀective in hardening the 3D
phonon spectrum thus leading to lighter 3D polaron masses
than 2D ones.
The self trapping transition appears in Figure 2 as
smoother in higher dimensions thus contradicting the
trend found by previous investigations, markedly by exact
diagonalization techniques [60, 87] and variational calculations [116]. Two reasons may be invoked to resolve the
discrepancy, the first being more physical and the second
more technical. (1) From (11), it can be easily seen that
ωd2 [q = (0, 0, 0)] − ωd2 [q = (π, π, π)] = 2dω12 . Then, for
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Figure 1: Ratio of the one-dimensional polaron mass to the bare band mass versus e-ph coupling according to the Lang-Firsov and the
Modified Lang-Firsov methods. The adiabatic parameter is set at (a) the intermediate value, 2t/ω0 = 1; (b) a fully adiabatic regime, 2t/ω0 = 2;
and (c) an antiadiabatic regime, 2t/ω0 = 0.25. ω0 = 100 meV and ω1 (in units meV) are the intramolecular and intermolecular energies of
the diatomic molecular chain, respectively.

a given ω1 , the phonon band is more dispersive in higher
dimensionality d. Hence increasing the system dimension
corresponds to attribute larger weight to the intermolecular
forces which ultimately smoothen the crossover as made
evident in Figure 1. (2) The works in [60, 87, 116] take t/ω0

as adiabatic ratio in any dimension whereas our calculation
spans the same range of zt/ω0 values in any dimension. Thus,
for instance, the fully adiabatic zt/ω0 = 3 plots in Figure 2
would correspond to an antiadiabatic case in 3D (t/ω0 = 1/2)
and a slightly adiabatic case in 1D (t/ω0 = 3/2) following the
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Figure 2: Ratio of the Modified Lang-Firsov polaron mass to the bare band mass versus e-ph coupling in (a) 1D, (b) 2D, and (c)
3D. A set of twelve zt/ω0 values ranging from the antiadiabatic to the adiabatic regime is considered. From left to right: zt/ω0 =
0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0, 2.25, 2.5, 2.75, 3.0. ω0 = 100 meV. The diamonds mark the occurrence of the self-trapping event.

definition in [60, 87, 116]. Consistently, the 3D antiadiabatic
polaron mass is smoother than the 1D adiabatic polaron
mass. Vice versa, assuming the same ratio, that is, t/ω0 = 1/2,
one should compare the rightmost plot in Figure 2(c) with
the fourth from left in Figure 2(a): the latter is smoother than
the former as the 1D case is now antiadiabatic while the 3D
case is fully adiabatic.
Nonetheless, the findings displayed in Figure 2 agree
with density matrix renormalization group [88], variational
Hilbert space [60] methods and weak coupling perturbation

theory [57] in predicting a lighter mass in higher dimensionality.

4. Electron-Phonon Correlations
Within the MLF formalism one may also compute the
electron-phonon correlation functions in the polaron
ground state. This oﬀers a measure of the polaron size as
electron and phonons displacements can be taken at diﬀerent
neighbors sites. The on-site χ0 , the first neighbor site χ1
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and the second neighbor site χ2 correlation functions are
plotted in Figure 3 against the e-ph coupling both in 1D and
2D. For g ∼ 1, there is some residual quasiparticle weight
(not appreciable on this scale) associated with χ3 and χ4
which however tend to vanish by increasing the coupling. An
adiabatic regime is assumed to point out the self-trapping
event which occurs when χ0 ∼ 1 and χn ∼ 0 for n ≥
1. This happens for g ∼ 2 in 1D and g ∼ 2.5 in 2D
for the lowest case of ω1 here considered. By studying the
correlation functions for two values of ω1 it is seen how the
intermolecular forces smooth the crossover and extend the
polaron size over a larger range of g. The case ω1 = 60 meV,
which allows a comparison with Figure 2, is intermediate
between the two plots presented in Figure 3. In such case
the self trapping appears at g ∼ 2.3 in 1D in fair agreement
with the corresponding inflection point in the 1D eﬀective
mass (see fifth curve from right in Figure 2(a)). In 2D the
polaron size shrinks at slightly larger g than in 1D and the onsite localization occurs at g somewhat larger than the mass
inflection point.
Altogether the diamond marked loci displayed in
Figure 2 indicate that strong mass renormalization is accompanied by on-site (or two sites) polaron localization thus
identifying the self trapping line with the formation of small
polarons. Before the crossover takes place, for instance, at
1 ≤ g ≤ 2 in Figure 3(a), the 1D polaron spreads over
a few (two to four) lattice sites. This is the also the range
of couplings in which the polaron band shows the largest
deviations [91] from the cosine-like band of standard LF
perturbation theory [94] due to the importance of longer
(than nearest neighbors) hopping processes. The notion of
intermediate polaron seems to us as the most appropriate for
such mobile and relatively light objects.

lattice constant |a| = 1, from (13), I get for a linear chain
and a square lattice, respectively:
e-ph

Hd

=

 


g  † 
ci ci
2Mω q exp iq · Ri
3/2
N
q,q
i


× uq Sd q − q ,





n

∗



S1D q − q ≡ 1 + 2

n=1



 

n 

∗



S2D q − q ≡ 1 + 2

n=1

+2







cos nΔqx + cos nΔq y

n∗ 


m,n=1



cos n q − q ,



cos mΔqx + nΔq y



(14)





+ cos mΔqx − nΔq y



,

Δqx ≡ qx − qx ,
Δq y ≡ qy − q y .
While, in principle, the sum over n should cover all the
N sites in the lattice, the cutoﬀ n∗ permits to monitor the
behavior of the coupling term as a function of the range
of the e-ph correlations. In particular, in 1D the integer n
numbers of the neighbors shells up to n∗ while in the square
lattice, the n∗ = 1 term includes the second neighbors shell,
the sum up to n∗ = 2 includes the fifth neighbors shells,
n∗ = 3 covers the ninth shell, and so on. Switching oﬀ the
interatomic forces, ω(q) = ω0 , one would recover from (14) a
local e-ph coupling model with Sd ≡ 1. As no approximation
has been done at this stage (14) is general.

5. Path Integral Method
The results obtained so far can be put on sound physical
bases by applying the space-time path integral method to
the dispersive Holstein Hamiltonian. The method permits to
incorporate the eﬀect of the electrononon correlations in a
momentum dependent eﬀective e-ph coupling.
The phonons operators in (1) can be generally written in
terms of the isotropic displacement field un as
bi† + bi =

 


1 
2Mω q
exp iq · (Ri − Rn ) un .
N q
n

(12)

Then, the e-ph term in (1) transforms as follows:
H e-ph =

 


g 
2Mω q ci† ci un exp iq · (Ri − Rn ) .
N q
i,n

5.1. Semiclassical Holstein Model. I apply to the Holstein
Hamiltonian space-time mapping techniques [117–119] to
write the general path integral for an electron particle in
a bath of dispersive phonons. The method has been used
to treat also e-ph polymer models [120, 121] in which the
electron hopping causes a shift in the atomic displacements
and, as a consequence, the vertex function depends on both
the electronic and the phononic wave vector. Such shift is
however absent in the Holstein model as (1) makes clear
[122, 123].
I introduce x(τ) and y(τ  ) as the electron coordinates
at the i and j lattice sites, respectively, and the electronic
Hamiltonian (first term in (1)) transforms into












H e (τ, τ  ) = −t c† (x(τ))c y(τ  ) + c† y(τ  ) c(x(τ)) ,
(13)

(15)

The sum over n spans all nth neighbors of the Ri
lattice site in any dimensionality. It is clear that the phonon
dispersion introduces e-ph real space correlations which
would be absent in a dispersionless model. Note that (13)
contains the same physics as the e-ph term in (1). Fourier
transforming the atomic displacement field and taking the

where τ and τ  are continuous variables (∈ [0, β]) in
the Matsubara Green’s functions formalism with β being
the inverse temperature hence the electron hops are not
constrained to first neighbors sites. After setting τ  = 0,
y(0) ≡ 0, the electron operators are thermally averaged over
the ground state of the Hamiltonian. As a result, the average
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Figure 3: Electron-phonon correlation functions: on-site χ0 , first neighbor site χ1 and second neighbor site χ2 versus e-ph coupling in (a)
1D and (b) 2D. An adiabatic regime is considered and two values of intermolecular energy are assumed.

energy per lattice site, he (τ) ≡ H e (τ)/N, associated to
electron hopping reads (in d dimensions):

Averaging (14) on the electronic ground state, the e-ph
energy per lattice site is defined as


h (τ) = −t(G[−x(τ), −τ] + G[x(τ), τ]),
G[x(τ), τ] =

1
β



 exp(−iνn τ) (16)
dk
exp[ik · x(τ)]
,
πd
iνn − k
n

where νn are the fermionic Matsubara frequencies and k is
the electron dispersion relation.
Consider now the e-ph term. The spatial e-ph correlations
contained in (14) are mapped onto the time axis introducing
the τ dependence in the displacement field: uq → uq (τ).
Assuming periodic atomic particle paths: uq (τ + β) = uq (τ),
the displacement is expanded in NF Fourier components:

uq (τ) = uo +

NF 

n=1

e-ph

Hd

e

2 (Run )q cos(ωn τ) − (Iun )q sin(ωn τ)


=

N


q

e-ph

Hd




q

=

ρq =

e-ph

Hd


q

,

 


g 
2Mω q ρq uq Sd q − q ,
3/2
N
q


1  † 
c ci exp iq · Ri .
N i i

Then, on the base of (17) and (18), I identify the
perturbing source current [126] for the Holstein model with
the τ dependent averaged e-ph Hamiltonian term:
j(τ) =

with ωn = 2nπ/β. I take a semiclassical version of the
Holstein Hamiltonian [124], assuming that the phonon
coordinates in (14) as classical variables interacting with
quantum mechanical fermion operators. Such approximation may aﬀect the thermodynamics of the system as the
quantum lattice fluctuations in fact play a role mainly for
intermediate values of the e-ph coupling [89, 125].



jq (τ),

q



(17)

(18)

jq (τ) ≡





(19)

e-ph
Hd
.
q

Note that the Holstein source current does not depend
on the electron path coordinates. The time dependence
is incorporated only in the atomic displacements. This
property will allow us to disentangle phonon and electron
degrees of freedom in the path integral and in the total
partition function.
After these premises, one can proceed to write the general
path integral for an Holstein electron in a bath of dispersive
phonons. Assuming a mixed representation, the electron
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paths are taken in real space while the phonon paths are in
momentum space. Thus, the electron path integral reads
  

x β | x(0)
=



  
q

  

x β | x(0)

=



x β | x(0) q ,

q


 
β
  2 
M 2
2
Duq (τ) exp − dτ
u̇q (τ) + ω q uq (τ)

2

0

 


β
m 2
e
ẋ (τ) + h (τ) − jq (τ) ,
× Dx(τ) exp − dτ

2

0

(20)
where m is the electron mass. The perturbing current in (20)
is integrated over τ using (17) and (19). The result is
β
0

 

gd q =

 

dτ jq (τ) = βuo gd q ,

 


g 
2Mω q ρq Sd q − q ,
2
N
q

(21)

where gd (q) is thus a time averaged e-ph potential.
The total partition function can be derived from (20) by
imposing the closure condition both on the phonons (see
(17)) and on the electron paths, x(β) = x(0). Using (21), I
obtain
ZT =





 

Duq exp βuo gd q −

q

 
β


×

Dx exp −

0

β
0



dτ


M 2
u̇q (τ) + ωq2 u2q (τ)
2

m 2
ẋ (τ) + he (τ)
2

dτ



,
(22)





where Duq and Dx are the measures of integration which
normalize the kinetic terms in the phonon field and electron
actions, respectively [126].
The phonon degrees of freedom in (22) can be integrated
out analytically yielding:
ZT =

  
q



P q ×

Dx(τ)

 

β
m 2
e
ẋ (τ) + h (τ) ,
× exp − dτ
0

 

1
  exp
P q =
βω q
×


2

  

2 

gd q λM
 2
2πω q

(23)

NF


(2nπ)2
  2
2
n=1 (2nπ) + βω q

being λM = π2 β/M.
Equation (23) is the final analytical result from which
the thermodynamics of the model can be computed [123].

The exponential function in P(q) embodies the eﬀect of the
non local correlations due to the dispersive nature of the
phonon spectrum. Phonon and electron contributions to
the partition function are decoupled although the eﬀective
potential gd (q) carries a dependence on the electron density
profile in momentum space through the function ρq .
5.2. Electron-Phonon Coupling. The time (temperature)
averaged e-ph potential in (21) is computed in the case of
a linear chain and of a square lattice. As an example, I
take the electron density profile as ρq = ρo cos(q) in 1D
and ρq = ρo cos(qx ) cos(q y ) for the 2D system. Since the
momentum integration runs over qi ∈ [0, π/2], ρo represents
in both cases the total electron density. More structured
density functions containing longer range oscillations are
not expected to change the trend of the results hereafter
presented. Low-energy phonon spectra parameters are here
assumed, ω0 = 20 meV and ω1 = 10 meV. Setting g = 3, I
take a strong Holstein coupling although the general trend of
the results holds for any value of g.
In Figure 4(a), g1D (q)/ρo is plotted for three choices
of the cutoﬀ n∗ to emphasize how the potential depends
on the e-ph interaction range. The constant value of the
potential obtained for ω1 = 0 is also reported on. For
short correlations (n∗ = 4) there is a range of wave
vectors in which the eﬀective coupling becomes even larger
than in the dispersionless case: this is due to the fact
that the approximation related to a short cutoﬀ is not
suﬃciently accurate. In fact, extending the range of the eph correlations, the eﬀective potential is progressively and
substantially reduced for all momenta with respect to the
dispersionless Holstein model. Numerical convergence for
g1D (q) is found at the value n∗ = 24 which corresponds
to 48 lattice sites along the chain. Then, the 1D coupling
renormalization is q-dependent and generally larger for
q ∼ π/2 where the phonon dispersion generates stronger eph correlations. Exact diagonalization techniques [91] had
found that multiphonon states with longer range hopping
processes substantially soften the polaron band narrowing
with respect to the predictions of standard SCPT with
the largest deviations occurring at the polaron momentum
∼ π/2. In fact strong, nonlocal e-ph correlations should
favour hopping on further than neighbors sites occupied by
phonons belonging to the lattice deformation.
The projections of the two-dimensional e-ph potential
along the y component of the wave vector is shown in
Figure 4(b) for three values of the cutoﬀ. For n∗ = 1 the
correlation range is extended to the second neighbor shell
thus including 8 lattice sites. For n∗ = 2 and n∗ = 3 the
normalization is over 24 and 48 lattice sites, respectively.
Then, the three values of n∗ in 2D span as many lattice
sites as the three values of n∗ in 1D, respectively. I have
made this choice to normalize consistently the potential for
the linear chain and the square lattice. There is a strong
renormalization for the 2D eﬀective potential with respect
to the dispersionless case for any value of the wave vector.
Remarkably, the reduction is already evident for n∗ = 1. By
extending the correlation range this tendency becomes more
pronounced for q y close to the center and to the edge of
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Figure 4: (a) Time averaged e-ph coupling (in units meVÅ−1 versus wave vector for a linear chain. n∗ represents the cutoﬀ on the e-ph
correlations. ρ0 is the electron density. ω0 = 20 meV and ω1 = 10 meV. g = 3. The dispersionless e-ph coupling is obtained for ω1 = 0. (b)
Time averaged e-ph coupling in two dimensions versus the y component of the momentum. The cases n∗ = 1, n∗ = 2, and n∗ = 3 imply
that the correlation range includes the second, the fifth and the ninth neighbors shell, respectively. The input parameters are as in (a).

the reduced Brillouin zone. An analogous behavior is found
by projecting the 2D potential along the qx axis. The 2D
potential stabilizes by including the 9th neighbor shell (n∗ =
3) in the correlation range.
Then, an increased range for the e-ph correlations leads
to a very strong reduction of the eﬀective coupling, an eﬀect
which is qualitatively analogous to that one would get by
hardening the phonon spectrum. This is the physical reason
underlying the fact that the Holstein polaron mass can be
light.

6. Conclusions
According to the traditional notion of small polaron, the
strong electron coupling to the lattice deformation implies a
polaron collapse of the electron bandwidth (zt) and remarkable mass renormalization. Thus, bipolaronic theories have
been thought of being inconsistent with superconductivity at
high Tc as the latter is inversely proportional to the bipolaron
eﬀective mass. Motivated by these issues, I have investigated
the conditions for the existence of light polarons in the
Holstein model and examined the concept of self-trapping
versus dimensionality for a broad range of (anti)adiabatic
regimes. The self trapping events correspond to the points
of the most rapid increase for the polaron eﬀective mass
versus the e-ph coupling. A modified version of the LangFirsov transformation accounts for the spreading of the
polaron size due to retardation eﬀects which are relevant

mainly for moderate e-ph couplings. Assuming large optical
phonon frequencies (ω0 ), it is found that polaron masses
display an abrupt although continuous increase driven by the
e-ph coupling in any dimension, included the 1D case. Such
self trapping events occur in the adiabatic and intermediate
(zt/ω0 ∼ 1) regimes provided that the e-ph coupling is very
strong (g/ω0 ≥ 2). The second-order of strong coupling
perturbation theory permits to decouple two fundamental
properties of the polaron landscape, namely, band narrowing
and eﬀective mass enhancement. I have considered a range
of e-ph couplings (g/ω0 ≥ 1) in which the conditions for
polaron formation are fulfilled. For a given value of the
adiabatic ratio, the onset of the band narrowing anticipates,
along the g axis, the crossover to the heavy polaron state
which pins the quasiparticle essentially on one lattice site.
In such buﬀer zone, between band narrowing onset and self
trapping, the charge carriers can be appropriately defined as
intermediate polarons.
In all dimensions, there is room for non trapped intermediate polarons in the region of the moderate couplings.
Such polarons spreads over a few lattice sites and their real
space extension grows with dimensionality. Thus, analytical
methods can suitably describe some polaron properties also
in that interesting intermediate window of e-ph couplings
(i.e., 1 ≤ g/ω0 ≤ 2 for the 1D system) in which adiabatic
polarons are not large but not yet on-site localized. In the
square lattice, at the onset of the self trapping state, the
polaron over bare electron mass ratios are ∼5–10 and even
smaller for lower couplings.
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The physical origins for the possibility of light polarons
have been analysed treating the dispersive Holstein Hamiltonian model by the imaginary time path integral method.
The perturbing source current is the time averaged e-ph
Hamiltonian term. The partition function of the model has
been derived integrating out the phonon degrees of freedom
in semiclassical approximation. Focusing on the role of the
intermolecular forces, I have quantitatively determined the
eﬀects of the dispersive spectrum on the time-averaged eph coupling which incorporates the nonlocality eﬀects. It
is found that, in the square lattice, the e-ph coupling is
strongly renormalized downwards and this phenomenon is
already pronounced by the (minimal) inclusion of the second
neighbors intermolecular shell. This may explain why 2D
Holstein polarons can be light while the real space range of
the e-ph correlations is relatively short.
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A review of experimental and theoretical results on the spectroscopy of high-temperature superconductors is presented. The
models where hole doped into antiferromagnet interacts both with magnetic subsystem and with phonons are considered.
Theoretical results of these models for phonon spectra, angle resolved photoemission spectra, and optical conductivity are
presented. Comparison with experimental data gives evidence for the strong electron-phonon coupling in the undoped and weakly
doped high-temperature superconductors. The strength of electron-phonon coupling decreases with doping though at the optimal
doping the compounds are still in the intermediate coupling regime.

1. Introduction
The role of the electron-phonon interaction (EPI) in the
high-temperature superconductors is debated for many
years. Firm opinions range from the complete negation of
its role [1] up to the statement that the polaron binding
energy is larger than the characteristic magnetic energy by
an order of magnitude and, hence, the magnetic subsystem
is not important [2, 3]. Of course there is an opinion that
both magnetic and lattice subsystems are important [4].
Up to the very recent times it seemed that the spectral
properties of cuprates can be explained considering only
magnetic subsystem. The dispersion of the peak in the
Angle Resolved Photoemission (ARPES) spectra was well
reproduced by tt t -J model [5] which is the model with
a hole moving on the antiferromagnetic background [6–8].
Also, t-J model predicted a peak in the Optical Conductivity
(OC) [9–22], situated roughly at the same energy as the
Mid Infrared (MIR) band observed in experiments [23–28].
However, improvement of the experimental technique and
advances in theoretical methods make them capable of seeing
fine details of spectra which occurred to be quite diﬀerent
in experiment and theory. In experiment, the resolution of
ARPES technique reached few meV [5] and the ellipsometry

technique [29, 30] gave possibility to measure OC without
Kramers-Kronig relation which introduce uncertainty into
the experimental data. In theory, recently developed Diagrammatic Monte Carlo (DMC) method [31–56] became
capable of avoiding serious approximations in a significant
set of models describing strongly correlated systems.
One of the main and most evident contradiction between
theory and experiment was the linewidth of the ARPES peak
in undoped cuprates. Although the dispersion of the peak
is well reproduced by tt t -J model, its width is very broad
in experiment [57] and very narrow in theory [37]. Naively,
contribution of EPI cannot explain the large width since
the coupling to phonons, in addition to broadening, must
also change the dispersion of the particle which, in turn, is
already well described by the pure tt t -J model. However,
as was shown in [42, 58], in the strong coupling regime
of EPI the situation is exactly the same as in experiment.
The polaron quasiparticle has very small weight and cannot
be seen in experiment while shake-oﬀ Franck-Condon peak
completely reproduces the dispersion of the pure magnetic
model without EPI. Naturally, in such case the chemical
potential must be pinned not to the observed broad shake-oﬀ
peak but to the real invisible quasiparticle. Such decoupling
of the chemical potential from the broad peak was observed
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in experiment [59] a few months after prediction had been
made in [42].
Further theoretical and experimental studies brought
more evidences of the importance of EPI in cuprates. One of
the evidences is the two-peak structure of the MIR part of OC
in the underdoped compounds which is easily reproduced
by taking the EPI into account [51]. Another confirmation is
the anomalous temperature dependence of the width of the
ARPES peak which can be explained only by the interplay
of magnetic and lattice system [50, 60]. Various estimates for
the EPI strength [50, 61–63] give the value λ ≈ 1 for undoped
compounds. The strength of EPI decreases with increase
of the concentration of holes reaching the intermediate
coupling regime at optimal doping [51, 64].
In Section 2 we introduce the models describing the
physics of the interplay between magnetic and lattice degrees
of freedom in cuprates. Then, we discuss diﬀerent aspects
of manifestation of the EPI in the phonon spectra, ARPES,
and OC in Section 3. The influence of strong electronic
correlations on the EPI is discussed in Section 4 and the final
conclusions are presented in Section 5.

2. Models
The prototypical model for high-temperature superconductors is the three band model [65]. This model contains one
3d x2 − y 2 orbital of Cu and two oxygen p orbitals in the CuO2
plain. The Hamiltonian
H 3B = εO



a†iδσ aiδσ + εd


iσ

iδσ

+U

†
ciσ
ciσ





i

iδσ

ni↑ ni↓ + t pd





†
Pδ ciσ
aiδσ + h.c.

(1)

includes term with Coulomb repulsion U on Cu ion and
term describing hopping between Cu and O with amplitude
t pd . The vector δ defines oxygen position in the unit cell
and runs over (a/2, 0)and (0, a/2) in the second term and
over (±a/2, 0)and (0, ±a/2) in the last term. Pδ = −P−δ is
†
) is the creation operator of
even operator. Operator a†iδσ (ciσ
electron with spin σ on the oxygen (cooper) ion. Energy εd
(εO ) corresponds to Cu (O) orbital.
The t-J model is derived from the three-band model. The
site i in the t-J model corresponds to the position of cooper
ion. In the undoped system all Cu ions have configuration d9
and each site is occupied by one hole. Doped holes go mostly
to the O sites and form with hole the Zhang-Rice singlet [66].
This singlet is an empty state in the t-J model described by
the following Hamiltonian:
H t-J = −t


ijσ



†
ciσ
cjσ + h.c. + J



Si Sj +

ij



ni nj
.
4

(2)

Here cjσ is projected (to avoid double occupancy) fermionic
annihilation operator, ni < 2 is the number operator, Si
is spin 1/2 operator, J is the exchange integral, and ij is
restricted to near neighbors in two-dimensional lattice.
Expressing spin operators in terms of spin waves and
making Fourier and Bogoliubov transformations one can

derive the t-J Hamiltonian in the spin wave approximation
[22, 67–71]. Adding hoppings to the second t  and third
t  near neighbors t  and t  [6–8, 72–76] one arrives to
the Hamiltonian of the tt  t  -J model (3) in the spin wave
approximation. A hole (hk is its annihilation operator)
with dispersion ε(k) = 4t  cox(kx ) cos(k y ) + 2t  [cos(2kx ) +
cos(2k y )] moves in the field of magnons (αk is annihilation
operator of the magnon):
0
H t-J
=



ε(k)h†k hk +

k



ωk α†k αk .

k

(3)

The dispersion of magnons is ωk = 2J 1 − γk2 , where γk =
(cos kx + cos k y )/2. The hole is scattered by magnons
h-m
H t-J
= N −1/2



Mk,q h†k hk−q αk + h.c.

k,q

(4)

with the scattering vertex Mk,q . Amplitudes t, t  , and t 
describe hoppings to the nearest, next nearest, and next next
nearest neighbors. The simplest t-J model corresponds to the
case when t  and t  are set to zero. For hole (electron) doping
the signs of the hopping amplitudes are t > 0, t  < 0, and
t  > 0 (t < 0, t  > 0, t  < 0) [76–79]. Note that t-J model can
be also derived from the Hubbard model [80, 81]
HH = −t


ijσ



†
ciσ
cjσ + h.c. + U



ni↑ ni↓

i

(5)

with large U → ∞.
In the generalized tt t -J-Holstein (tt t -J-H) model the
short range EPI with dispersionless phonons with frequency
Ω0 ,
H ph = Ω0



bk† bk ,

(6)

k

is described by Holstein Hamiltonian:
H e-ph = N −1/2


k,q

σ
h† hk−q bq + h.c. .
2MΩ0 k

(7)

Here σ is the coupling constant which is determined by the
strength of coupling of the hole to the lattice displacement
and which does not depend on the mass of isotope. The
expression in front of square bracket is the standard Holstein
coupling constant γ = σ/ (2MΩ0 ). Another frequently used
coupling constant is g = γ/Ω0 . The most frequently used
measure for the strength of the EPI is the dimensionless
coupling constant λ = γ2 /4tΩ0 .
The reason for the strong EPI in the system described
by the t-J model is the large energy involved into formation
of the Zhang-Rice singlet. This energy of several eVs in the
rigid lattice is trivial constant. However, when the lattice is
deformed by phonons, change of the amplitudes t pd leads to
the strong EPI [61, 82–93]. Estimate for EPI obtained from
the three-band model is λ ≈ 1 [62].
Another source of EPI is the Fröhlich interaction with
the phonons polarized along c axis which broaden and
soften with increase of doping [94, 95]. These phonons
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recently attracted interest [96] driven by new ARPES data on
Bi2 Sr2 CuO6 [97]. However, importance of such phonons was
noted long ago [98].
Large EPI in cuprates arises due to strong electronic
correlations [61, 89] because calculations by Local Density
Approximation (LDA) method give the coupling constants
which are smaller by an order of magnitude [99]. However,
these results are doubtful since the phonon linewidth,
obtained by LDA [100], is considerably smaller that the
linewidth seen in experiment [101]. The authors of [102]
claim that the kink cannot be driven by EPI because eﬀect
of EPI on ARPES spectra is negligible. However, as it was
shown in [103], calculations by the method used in [102] do
not reproduce the linewidth of phonons seen in experiment
[104–108]. Hence, conclusions of [102] about kinks are at
least doubtful.

3. Spectroscopy
There is no adopted agreement whether kinks in ARPES
dispersion are driven by interaction with phonons or magnetic resonance mode. However, recent experiments on the
isotope eﬀect of the ARPES spectra give confidence that the
kinks are due to interaction with phonons. Another evidence
for the phonon origin of the kinks follows from the ARPES
spectra measurements in the electron doped compounds
where kinks and magnetic resonance mode are located on
absolutely diﬀerent energies. The results concerning kinks
are presented in Section 3.1.
The most obvious and undebatable evidence for EPI can
be found in phonon spectra where EPI is manifested in
the softening and broadening of particular phonons. Experimental and theoretical results on the phonon anomalies are
reviewed in Section 3.2.
Theoretically, ARPES signal measured in the undoped
compounds corresponds to the Lehmann Function (LF) of
a hole in the tt t -J model. The LF of this model [6, 37,
72] has a narrow δ-functional peak at low-energies and
high-energy incoherent continuum. Dispersion of the lowenergy peak is in perfect agreement with the experimental
momentum dependence. However, even the narrowest width
of the experimental peak in the nodal point (π/2, π/2) is
larger than the dispersion bandwidth [57, 59]. This is the
main contradiction of the experiment with the tt t -J model
because the theoretical width of the peak in the nodal point
is zero [37]. The interpretation of the linewidth in terms of
EPI [109] was suggested long ago but confronted with the
fact that EPI must not only broaden the line but considerably
change the dispersion. Solution to the problem of the large
linewidth of ARPES line is presented in Section 3.3. For
λ > 0.4 in the t-J-H model the agreement with experiment
is perfect. At strong EPI the quasiparticle loses its weight,
becomes dispersionless, and cannot be seen in ARPES spectra. The whole weight of the quasiparticle is transformed into
the broad Franck-Condon shake-oﬀ peak whose dispersion
inherits the dispersion of the pure t-J model.
The estimate of λ was done by several methods. The
most detailed and convincing estimates were done in [62]
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where λ was determined from the calculation of the change of
Zhang-Rice singlet energy with lattice deformation, from the
linewidth of the peak, and the distance of the Franck-Condon
peak from the chemical potential. All these methods give
λ ∼ 1 which is enough to bring the system into the strong
coupling regime. These and other methods to determine λ
are described in the Section 3.4.
One of the most important experiments to reveal the
role of EPI is the isotope eﬀect on the ARPES spectra.
Experimentally, the isotope eﬀect on the ARPES of doped
compounds was measured many times [110–113] but the
most reliable result is obtained in [113]. Keeping in mind
how many contradictions were overcome to measure the
isotope eﬀect on the doped compounds it is clear why
the isotope eﬀect on the undoped compounds, where
preparation of specimens is more diﬃcult, was not measured
up to now. However, there is a theoretical prediction for the
undoped case [46] which is presented in Section 3.5.
It was noted long ago [60] that the net influence of the
polaronic eﬀect is unable to explain anomalous temperature
dependence of the ARPES spectra. Also, the pure t-J model is
unable to explain the experimental data too [114]. However,
the joint influence of the magnetic and lattice degrees of
freedom, as it is shown in Section 3.6, perfectly explains the
anomalous temperature dependence.
One more proof of the interplay of magnetic and lattice
eﬀects can be got from the study of the OC of the weakly
doped compounds. Two-peak structure of the MIR OC
was tacitly resolved in many measurements [23, 27, 115–
120]. Recent measurement by ellipsometry resolved the twopeak structure clearly [51]. Section 3.7 reviews results of
the calculation of the OC in the framework of the t-J-H
model [51] where theoretical OC shows two-peak structure
due to interplay of magnetic and lattice degrees of freedom.
Dependence of the OC on doping gives possibility to estimate
dependence of the coupling constant λ on doping. It is shown
that with λ ∼ 1 in the weakly doped systems the eﬀective
EPI decreases with doping coming to the moderate coupling
regime λ ∼ 0.5 at the optimal doping.
There are many evidences that the local EPI of the
Holstein model cannot explain many features of the hightemperature superconductors. First, it is well known that
the very nature of coupling to the Zhang-Rice singlet and
Fróhlich coupling to the c-axis phonons leads to nonlocal
coupling vertexes. Second, the local coupling to phonons
leads to huge masses of the holes which are not observed
in experiment. One can continue with the fact that the
local EPI leads to the contradicting to experiment stability
of the antiferromagnetism in doped systems though above
motivation is enough to look at the models where EPI is
not local. Results concerning nonlocal EPI are presented in
Section 3.8.
3.1. Kinks. The nature of the kings is debated since its’
discovery. Reasonable explanation of kinks is a battlefield
between groups explaining its nature by the interaction
with phonons and others prescribing the anomaly to the
interaction with the magnetic resonance mode. Typical kinks
in ARPES spectra are shown in Figure 1. Early studies [64,
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Figure 1: Quasiparticle dispersion in the direction (0, 0) − (π, π) in the compounds La2−x Srx CuO4 (LSCO), Bi2 Sr2 CuO6 (Bi2201), and
Bi2 Sr2 CaCu2 O8 (Bi2212) at diﬀerent temperatures and dopings. Panel (f) shows the value 1 + λ , evaluated by the change of the dispersion
angle in the weak coupling theory for noninteracting electrons in metal, after Lanzara et al. [64].

121–127] indicated that the anomaly is located on the energy
70 meV. Later, refined analysis showed [97, 128] that there
are structures with smaller energy. Kinks are observed not
only along the nodal direction (0, 0) − (π, π) but also in other
directions [125–127, 129, 130].
Kinks were explained by interaction with phonons [90,
91, 131, 132] and by interaction with magnetic resonance
mode [129, 133–139] which is observed in the magnetic
neutron scattering on the cuprates [140–143]. Actually, it
is very diﬃcult to discern theoretically whether kink is

governed by magnetic or lattice subsystem. Detailed study
[144] has led to conclusion that it is diﬃcult to state which
modes give the origin to the kink.
However, the nature of the kink can be revealed by
experiments. There are two unambiguous evidences of the
phononic nature of the kink. The first proof is obtained
in [145]. As it is noted in [145] the optical phonons
have energies 40 meV and 70 meV [146, 147] while the
energy of the magnetic resonance mode in the hole doped
compounds is 40 meV [140, 148]. Therefore, it was very
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3.2. Phonons. EPI decreases the frequencies of phonons and
leads to decay of the phonons when the line observed in the
inelastic neutrons scattering broadens. To determine which
of the phonons are anomalous one makes an attempt to
fit the experimental phonon branches by some standard,
say, shell model. The phonons laying considerably lower
than those predicted by the shell model are considered to
be anomalous. From this point of view the breathing and
half-breathing phonons are anomalous in doped systems
[94, 101, 108, 147, 151–156].
Another characteristic feature of the anomalous phonon
is the short lifetime manifested in the broad peak with large
linewidth which sometimes reaches 5 meV [101] which is
an order of magnitude larger than those of another lines
whose linewidth is limited by experimental resolution. For
example, breathing and half-breathing phonons connected
strongly to Zhang-Rice singlet have large linewidth whereas
the quadrupole ones which are not coupled to the singlet are
narrow [108]. The phonon OZZ associated with the movement
of the oxygen perpendicular to the CuO2 plain has large
width of 16 meV [94, 95]. One more anomalous phonon
is B1g one changing its width with temperature [146, 157–
159]. There is one more phonon anomaly with wave vector
q = (0.25, 0, 0) which was believed to be associated with
stripe-like inhomogeneities of charge distribution [104] at
the doping level x ≈ 1/8. However, the same anomaly is
observed at x ≈ 0.08 [160]. Moreover, it was noticed that
the energy and momentum of the kink in ARPES match the
corresponding parameters of the phonons [161].
In one of the first theoretical papers considering lattice
vibrations in cuprates the phonon softening was found
by exact diagonalization technique in the model where
eﬀective Hamiltonian was obtained from the three-band
model [162]. Softening of the breathing q = (π, π) and halfbreathing q = (π, 0) phonons was calculated in [83, 84, 87,
92]. The calculation predicted dependence of the softening
on the doping concentration which was later confirmed
experimentally [95]. Also, theoretical data on the phonon
broadening [84] showed, in agreement with experiment, that
the peak width is maximal at q = (π, 0) and much smaller at
q = (π, π).
The authors of the paper [88] studied the dependence of
the EPI matrix element on the wave vectors of the electron

95
90
Energy (meV)

diﬃcult to distinguish between phononic and magnetic
scenarios because of the similar energy scales of magnetic
and phononic excitations. However, recently found magnetic
resonance mode in the electron doped compounds [149,
150] is on the energy of 10 meV and does not correspond
to the energy of the kink whose energy is the same as it was
in the hole doped compounds.
Another unambiguous evidence of the phononic nature
of the kink follows from the isotope eﬀect on the kink [113].
The change of the ARPES spectra occurs only in the close
vicinity of the kink and the characteristic energy of the shift is
3.4±0.5 meV. Theoretical estimate for the isotopic shift of the
breathing mode at the energy 70 meV is 3.9 meV. This value
is in the excellent agreement with the measured isotopic
shift.
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Figure 2: Phonon dispersion in the (1, 0) and (1, 1) directions.
Experimental results are shown by dotted lines for x = 0 and
x = 0.15. Theoretical results (full curve) are shown for x = 0.125.
The bars in theoretical results show the spread due to diﬀerent
boundary conditions, after Rösch and Gunnarsson [61].

and phonon and concluded that the interaction is strongly
anisotropic. The authors found that the maximum of the
broadening of the longitudinal optical phonons is associated
with eﬀective coupling of the d-symmetry pairing. Papers
[163, 164] considered the charge response of the hightemperature superconductors arising from the ionic nature
of the compounds. These papers predicted strong softening
of the phonons with displacement along c-axis prior to
experiment.
Using the first principle calculations and three-band
model the paper [61] introduces the t-J-H model with
derived from the first principles parameters. The exact diagonalization used to obtain the phonon spectral function gives
the phonon dispersion which is in a good agreement with
experimental data (see Figure 2) at the doping concentration
x ≈ 0.125.
3.3. Ghost Particles in the ARPES. The spectral function of
the t-J-H model (3)–(7) was previously calculated by exact
diagonalization (ED) of small clusters [165] and in the
Non-Crossing Approximation (NCA) where all crossings of
propagators are neglected [166, 167]. However, small size
of the clusters in ED gives essentially discrete spectrum and
prevent from studying of the lineshape [165, 168]. On the
other hand the NCA is valid, strictly speaking, only for
the weak coupling to phonons [42]. The NCA is good for
magnons since the spin 1/2 cannot be flipped more than one
time and, hence, the multiple accumulation of the bosons on
one site is impossible. However, there is an accumulation of
multiple bosons in the EPI channel and, hence, one has to
avoid NCA for correct treatment of the EPI.
The implementation of the DMC method in [42] takes
into account the mutual crossing of the phonon propagators
but neglects both crossing of the phonon and magnon lines
and mutual crossing of magnon lines. The NCA in the pure
t-J model, as it was shown by comparison of the NCA results
with the ED data [67, 68, 71, 169, 170], is good for J/t ≤
0.4. Similar conclusion is drawn for the t-J-H model [171].
Also, recent calculations of the spectral function of the t-J-H
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model [172] by variational method [173, 174], which does
not use NCA, confirmed the approximation made in [42].
Figures 3(a)–3(e) show the low-energy part of the
spectral function in the ground state at k = (π/2, π/2) in the
regime of weak, intermediate and strong EPI. λ-dependence
of the energies of the peaks (see Figure 3(f)), Z k=(π/2,π/2) factor of the lowest peak (see Figure 3(g)), and average
number of phonons in the phonon cloud (see Figure 3(h))
is typical for the self-trapping phenomenon [40, 175, 176].
Momentum dependence of the spectral function is
shown in Figures 4(a)–4(d). Energy of the lowest peak with
small spectral weight (shown by vertical arrows in Figures
4(a)–4(d)) does not demonstrate any visible momentum
dependence. To the contrary, dispersion of the broad peak
is perfectly reproduced by the relation (see Figure 4(e))
εk = εmin +

WJ/t
5



[cos(kx + k y )+ cos(kx − k y )]2
× [cos kx + cos k y ] +
,
4
(8)

[62]. For the explanation of the large linewidth of the ARPES
spectra in the undoped La2 CuO4 the authors of [62] use the
Hamiltonian obtained from the reduction of the three-band
model. The parameters of the model were such that they
give correct description of the phonon spectra in the realistic
model of the La2 CuO4 with 21 phonon branches [61]. The
EPI in the realistic model with 21 phonon branches reads
1 
gqν (1 − ni ) 2ωqν Qqν eiqRi .
Hep = √
N qνi

This Hamiltonian describes the interaction with the empty
places forming singlet in the t-J model. Interaction is linear
with respect to the lattice coordinates Qqν and coupling
constants gqν . The phonon mode of frequency ωqν is defined
by its wave vector q and phonon branch index ν. ni is the
electron filling of the site Ri and the total number of sites is
N.
Eﬀective EPI constant is defined in [62] as

2

which perfectly describes the dispersion of the pure t-J model
in the wide range of parameters 0.1 < J/t < 0.9 [71]. Note
that such behavior of the broad Franck-Condon shake-oﬀ
peak is robust for the whole strong coupling regime of the
EPI.
At low temperature the spectral function in the adiabatic
approximation is the sum of transitions between the lower
Elow (Q) and the upper Eup (Q) sheet of the adiabatic potential. The transitions are weighted by the wave function of
the lower sheet |ψlow (Q)|2 [58]. If EPI is absent both in the
initial Elow (Q) = Q2 /2 and final Eup (Q) = D + Q2 /2 states of
transition, the spectral peak has maximum at the energy D.
However, if the EPI ΔEup (Q) = −λQ is present only in the
final state ΔEup (Q) = −λQ, the upper sheet of the adiabatic
potential Eup (Q) = D − λ2 /2 + (Q − λ)2 has the same energy
at Q = 0. Hence, since the maximum of the probability in
the initial state |ψlow (Q)|2 is at Q = 0, the energy of the peak
of the spectral function of the transition is still at the same
energy D (see Figure 4(f)). Note that the situation described
above is the same as in the ARPES experiment in undoped
cuprates. There is no EPI in the half-filled system (initial
state) but there is EPI in the system with hole (final state).
The lowest dispersionless peak with small weight is too
small to be easily observed in experiment. To the contrary
one can easily observe wide Franck-Condon shake-oﬀ peak
which mimics the dispersion of the pure t-J model. This
theoretical picture suggests that the chemical potential of
the weakly doped cuprates should not be associated with the
broad peak but must be pinned by invisible real quasiparticle.
The above conclusion was lately confirmed in experiment
[59] (see Figure 5). Chemical potential is pinned to the peak
B while the energy of the broad peak A is far from the
peak B.
3.4. The Values of λ. One of the most detailed study of the
strength of the EPI was undertaken by several methods in

(9)




2


1  gqν 
.
λ≡
N qν 4tωqν

(10)

The value of λ at t = 0.4 eV is estimated as λ = 1.2. Authors
of [62] calculated the diﬀerential spectral distribution of the
eﬀective EPI



2



1  gqν  
δ ω − ωqν .
γ(ω) =
N qν ωqν

(11)

The spectral distribution (11) is compared with the fine
structure of renormalization of the dispersion in the vicinity
of kink measured in [128]. Good agreement of these two data
encourages to believe into the phononic nature of the kinks
and ensures that the estimate for the eﬀective λ is correct.
To estimate the value of eﬀective EPI from the diﬀerence
of the energy of the real quasiparticle and Franck-Condon
peak authors of [62] introduced the scaling gqν → Λgqν of
the coupling constant in the (10). The theoretical binding
energy for Λ = 1 is 1.2 eV which is considerably larger
than the experimental value 0.5 eV. The binding energy
is proportional to Λ2 and even small overestimate of the
coupling constants, originating from the underestimate
of the screening in the shell model, can lead to strong
overestimate of the binding energy. Reasonable values of the
binding energy and linewidth can be obtained for Λ = 0.8
which corresponds to λ = 0.75. Thus, one can conclude that
EPI in the undoped cuprates ranges like 0.75 < λ < 1.2.
These values are larger than λc = 0.6 [46] which is required
for transition of the tt t -J-H model into the strong coupling
regime.
Another source of the information about the strength of
the EPI is the temperature dependence of the ARPES spectra.
Comparison of the experimentally measured temperature
dependence [177] and that calculated from the t-J-H model
[50] gives the estimate 0.5 < λ < 1.0. Comparison
of the experimental and theoretical data for high-energy
part of the ARPES spectra gives the same values. The
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Figure 3: (a) Lehmann spectral function L of the ground state at k = (π/2, π, 2) for J/t = 0.3 and λ = 0. Low-energy spectral function L in
the ground state k = (π/2, π, 2) at J/t = 0.3: (b) λ = 0; (c) λ = 0.3; (d) λ = 0.4; (e) λ = 0.46. λ-dependence at J/t = 0.3: (f) energies of the
lowest resonances; (g) Z-factor of the lowest resonance; (h) average number of phonons.

waterfalls, observed in the range 1 to 2 meV [178–182], were
reproduced by artificial broadening of the string resonances
of the t-J model [183, 184]. Consecutive search for the
physical mechanism for the artificial broadening led to
conclusion that the broadening caused solely by nonzero
temperature is not enough to explain the linewidth and has
to take into account rather considerable EPI [63] with λ =
0.65.
Another method to get the value of λ is to compare the
theoretical growth of the linewidth when the energy of quasiparticle exceeds the frequency of the dispersionless phonon
with that measured above the kink energy. Such analysis
for experimentally measured ARPES spectra in the electron
doped compounds Sm2−x Cex CuO4 (x = 0.1, 0.15, 0.18),
Ng2−x Cex CuO4 (x = 0.15), and Eu2−x Cex CuO4 [145] gives
the estimate λ = 0.8.

Recently developed method of time resolved electron
diﬀraction is capable of studying the time evolution of the
excited states [185]. Comparison of the experimental data
with the results obtained in the framework of the theory of
relaxation in metals [186] led to conclusion that anisotropic
λ is in the range 0.08 < λ < 0.55. And last, comparison of
the isotope shift of the OC of the undoped compounds [187]
with theoretical results [188] gave the estimate λ ≥ 1 [189].
3.5. Isotope Eﬀect in ARPES. Experimentally, isotope eﬀect
(IE) was studied only for highly doped compounds and the
main emphasis was made on studies of the kinks. The ARPES
spectra data were measured in compounds where oxygen was
represented by 16 O and 18 O isotopes. The first results for
IE on the kinks in ARPES spectra [110, 190] received a lot
of skepticism caused by the structure of the isotope shift.
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Figure 4: Low-energy part of the spectral function of the hole at J/t = 0.3 and λ = 0.46 (a)–(d). The vertical arrows in (a)–(d) denote
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The shift was observed in the high-energy region beyond the
phonon energy.
Further experiments were in contradiction with the
results obtained in [110, 190]. Measurements [111] did not
observe the IE at large energies. It was also noted that even
tiny sample misalignment of 0.1 degree can lead to considerable shifts at large energies. Also, measurements presented in
[111] noted the general shift of the spectral features by 3 meV
which is consistent with results of tunneling experiments
[191, 192].
The most detailed and precise analysis of the IE on
ARPES spectra was presented in [113]. IE on ARPES was
observed only in the vicinity of the kink and the shift of

spectral feature around 3.4 ± 0.5 meV (see Figure 6) was
found. Extremely high precision of the measurement done
in [113] arises from the novel method of low-energy ARPES
with resolution much higher [193] than that typical for
conventional ARPES technique. Calculations show that the
breathing mode at the energy 70 meV has to be shifted
by the IE by 3.9 meV which is in perfect agreement with
experimental data.
There are a lot of studies of the IE on the polaronic
systems. Holstein model was studied in [194–197] by the
path integral Monte Carlo method [198] and Dynamical
Mean Field Theory (DMFT) method [199]. The change of
the eﬀective mass by the isotope substitution is the largest
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in the intermediate coupling regime. The IE in the HolsteinHubbard systems was studied in [200–202].
The IE on the ARPES spectra for three-band model
was studied in [132]. The interplay of EPI and electronic
correlation is neglected in this paper but, however, the usage
of the realistic model leads to many new and interesting conclusions. In agreement with experiment [113] the maximal
IE is observed in the vicinity of the phonon frequency. It
was also concluded that the kink cannot be caused by the
electronic subsystem alone.
Nowadays it is important to attempt experiments to
study IE on the ARPES spectra of undoped compounds. In
addition to the high-temperature superconductors, there are
other systems where broadening of the ARPES peak by EPI
can be considered as a possible scenario. The list of such
systems includes diatomic molecules [203], manganites with
colossal magnetoresistance [204], quasi-one-dimensional
Peierls conductors [205, 206], and Verwey magnetites [207].
Theoretical study of the IE on ARPES spectra of
undoped system, specific for high-temperature superconductors because of choice of the tt t -J-H model, was done
in [46]. Dimensionless coupling constant λ = γ2 /4tΩ does
not depend on the isotope mass in case when
√ the relation
between phonon frequency and mass Ω ∼ 1/ M holds. The
isotopic factor is defined as κiso = Ω/Ω0 = M0 /M. Parameters for tt t -J-H model were chosen to reproduce the experimental ARPES spectra dispersion [6]: J/t = 0.4, t  /t = −0.34,
and t  /t = 0.23. Phonon frequency [5] is Ω0 /t = 0.2√and the
isotopic factor for change from 16 O to 18 O is κiso = 16/18.
To avoid errors the ARPES spectra in [46] were calculated
for nonsubstituted compound (κnor = 1), actual isotope

√

substituted compound (κiso = 16/18),√and imaginary antiisotope substituted compound (κant = 18/16). Monotonic
dependence of the spectral function and other parameters
on κ ensures in the absence of instability. The errorbar of
a number A can be evaluated using values Aiso − Anor ,
Anor − Aant , and (Aiso − Aant )/2.
Figure 7 shows the IE on the low-energy part of ARPES
spectra for diﬀerent EPI couplings in the nodal and antinodal
points. All spectral features are shifted to larger energies for
larger mass (κ < 1). The shift of the broad Franck-Condon
peak is considerably larger than the shift of the narrow
peak corresponding to the real quasiparticle. Moreover, for
larger values of λ the shift of quasiparticle energy goes to
zero and the only influence of the IE is the decrease of the
spectral weight Z with the increase of the isotope mass. To the
contrary, shift of the Franck-Condon peak is not suppressed
by the increase of EPI. In all cases, except the spectral
function in the nodal point at λ = 0.62 (see Figures 7(a) and
7(b)) where weight Z of the quasiparticle is still large, there is
general feature of the IE on the broad Franck-Condon peak.
The height of this peak increases with increase
 +∞ of the isotope
mass. Taking into account the sum rule −∞ Lk (ω) = 1, very
small weight Z of the quasiparticle peak, and the complete
absence of IE on the hight energy spectrum [46] one can
conclude that the Franck-Condon peak decreases its width
with the increase of the isotope mass.
The spectral function of the independent oscillator
model is the Poisson distribution [208]:


L(ω) = exp −

∞
ξ0  [ξ0 /κ]l
Gκ,l (ω).
κ l=0 l!

(12)

10

Advances in Condensed Matter Physics
72

Re Σ(ω) peak (meV)

65.6 ± 0.2 meV

Re Σ(ω) (a.u.)

10

70
16 O

68
3.4 ± 0.5 meV
66
18 O

64
69 ± /0.5 meV

1

2 3

4

5 6

7

8

9 10

Sample

1

(c)
150

100
50
Binding energy (meV)
(a)

0

120

Im Σ(ω) (meV)

100
80
60
40
20
0
200

150

100
50
Binding energy (meV)
(b)

72
Im Σ(ω) inflection point (meV)

200

0

70

16 O

68

3.2 ± 0.6 meV

66
18 O

64
1

2

3 4

5 6

7

8

9 10

Sample
(d)

16 O
18 O

Figure 6: (a) Real part of the self-energy ReΣ(ω) from five samples both for 16 O (lower curves) and 18 O (upper curves). All ReΣ(ω) are
deduced by subtracting a bare band dispersion from the experimental one. (b) Imaginary part of the self-energy ImΣ(ω) determined from
the full width of the momentum distribution curves. (c), (d) Obtained kink energy as a function of sample numbers both for 16 O (to the
left) and 18 O (to the right) from ReΣ(ω) and ImΣ(ω), after Iwasawa et al. [113].

Here ξ0 = γ02 /Ω20 = 4tλ/Ω0 is dimensionless coupling
constant for initial system, and Gκ,l (ω) = δ[ω + 4tλ − Ω0 κl]
is a δ-function. For strong EPI limit the exactly solvable
independent oscillator model is very helpful to describe the
IE on ARPES spectra because the most of properties of the
numeric solution are very close to the properties of the
spectrum described (12).
3.6. Temperature Dependence of ARPES. The unique feature
of the undoped and underdoped compounds with hightemperature superconductivity is the strong interplay of
the lattice and magnetic degrees of freedom. One of the
most vivid consequence of this interplay is the anomalous
temperature dependence of the ARPES spectra. Really, it was
realized long ago that the very scale of the experimental
temperature dependence is considerably larger than that
predicted by the conventional polaron theory [60]. The
magnetic subsystem alone is also a wrong candidate [114]
to describe the experimental anomaly since the typical

energy scale of the magnon energy is ∼ 2J ≈ 0.2 eV
which is even larger then the typical phonon energies
∼ Ω0 ≈ 0.04 eV. Recent studies revealed one more puzzling
feature questioning the polaronic scenario in general. The
temperature dependence of the width of the broad FranckCondon peak is linear in the range 200 K < T < 400 K [177]
and extrapolates to zero at zero temperature.
Previously, the ARPES spectra of the t-J-H model were
studied by exact diagonalization method [165, 209, 210],
in the noncrossing approximation [166, 167], and by DMC
method [42, 46]. All these calculations were done for the case
of zero temperature. All the above methods have their own
diﬃculties preventing their reliable and fast generalization to
finite temperatures.
A novel method capable of obtaining reliable data on
the ARPES spectra of the t-J-H model at finite temperature
was developed in [50, 211]. The main diﬃculty for studying
of the t-J-H model lies in the profound diﬀerence between
interactions of a hole with phonons and magnons. The
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Hybrid Dynamical Momentum Average (HDMA) method,
developed in [50], just using diﬀerence of two interactions
treating them with diﬀerent techniques. The HDMA method
unites advantages of classical Momentum Average (MA)
method [212–221], which keeps information on the dispersion of the bare quasiparticle, and self-consistent Dynamical
Mean Field Theory approximation (DMFT) [222–232],
which is capable of treating strong but local interactions
nonperturbatively.
Although the energy scales of bosons and phonons
are basically the same, the nature of interactions of the
hole with magnons and phonons is considerably diﬀerent.
The interaction with magnons is essentially momentum

dependent and always weak. Really, spin 1/2 cannot be
flipped more than once limiting, thus, the maximal number
of magnons on one site to one [233]. Hence, for small
enough values of J/t [68, 171] NCA is a good approximation.
To the contrary, interaction with phonons is local and can
be very strong. Thus, one cannot use NCA for phonons
since it fails already for intermediate couplings [42]. Hence,
one is to treat magnons by a weak coupling method which
is able to handle the momentum dependence carefully
and sum the phonon variables by a local nonperturbative
method.
Nonperturbative approaches which neglect the momentum dependence of self energy on momentum are MA
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and DMFT methods. In both cases, the hole self-energy is
expressed in terms of continuous fraction:
Σh-ph [α(ω)] =

γ2 α(ω − Ω0 )
1−

2γ2 α(ω−ω0 )α(ω−2Ω0 )
3γ2 α(ω−2Ω0 )α(ω−3Ω0 )

1−

.

(13)

1−···

Then, DMFT and MA diﬀer in the definition of the function
α(ω) which is determined from the self-consistent procedure
in DMFT and obtained from the momentum average of
the Green function in MA. Suggested in [50] approach
introduces the self-energy as a sum of contribution form
magnetic and phononic subsystems:




ΣtJH (k, ω) = ΣSCBA
h-mag (k, ω) + Σh-ph αtJH (ω) .

(14)

Weak and anisotropic interaction with magnons is treated in
NCA:
ΣSCBA
h-mag (k, ω) =

2
Mk,q


q





ω − ωq − ΣtJH k − q, ω − ωq + iε

,
(15)

while the function α(ω) for the phonon part of the hole selfenergy
αtJH (ω) =

1
1
N k ω − ΣSCBA
h-mag (k, ω) + iε

(16)

is expressed in terms of momentum-averaged bare Green
function whose momentum dependence is determined by
magnetic self-energy (16) obtained in NCA. Usage of MA
instead of DMFT in (16) is crucial since the DMFT even does
not distinguish even between t-Jz and t-J model [223]. To the
contrary, results obtained from (13)–(16), as it is shown by
comparison with DMC data [42], correctly reproduce not
only the ground state properties but the spectral function
too.
The advantage of the suggested in [50] approach is that
it is easily generalized to finite temperatures. Transforming
magnetic self-energy ΣSCBA
h-mag (k, ω) [208, 234] to the Matsubara form, one gets
ΣSCBA
h-mag (kω)

=



q

+



2
Mk,q
1 + nb ωq









ω − ωq − ΣtJH k − q, ω − ωq + iε


q



2
Mk+q,q
nb ωq








ω + ωq − ΣtJH k + q, ω + ωq + iε

,
(17)

where nb (ω) is the Bose distribution. To generalize the
phonon self-energy (13) to finite temperatures one uses the
momentum-independent relation [225, 226]
Σh-ph [α(ω)] = α−1 (ω) −

∞


(1 − x)xn
.
α−1 (ω) − An (ω) − Bn (ω)
n=0
(18)

Here x = exp(−βΩ0 ), and An (ω) and Bn (ω) are known
functions depending on the coupling constant and frequency
[50]. Also, (14), (16), (17), and (18) are solved selfconsistently. The spectral functions obtained from these
equations obey three first sum rules for any coupling
constants and temperatures [212, 220]. Hence, the peak
position and its width should be reliable.
Temperature dependence of the spectral function in the
ground state k = (π/2, π/2) for diﬀerent λs is shown in
Figure 8. The general trends are in agreement with experiments [60, 109, 177, 235]. Distance of the Franck-Condon
peak from the chemical potential and its width increases
with the increase of temperature. Note that peak width is
a constant up to the temperature T  Ω0 /2 ≈ 200 K and
then show a linear temperature dependence (see Figure 8).
This linear dependence, if no data for low temperatures, can
be indeed extrapolated to wrong low temperature values.
However, in accordance with recent experiments [60, 236],
the linewidth saturates at temperatures T ≤ Ω0 /2 to a
constant value. Note that the slope of the temperature
dependence for T > Ω0 /2 does not depend on λ whereas
the saturation values of the linewidth for T < Ω0 /2 are very
sensitive to the strength of EPI.
Hence, temperature dependence of the Franck-Condon
peaks in the low-energy (0.3–0.6 eV) part of the ARPES
spectra manifests strong EPI. The evidence of the strong
EPI was recently found in the high-energy ARPES too. It
follows from the temperature dependence of high-energy
“waterfall” features in ARPES [63]. The “waterfalls” at the
energies 1-2 eV are the parts of the ARPES spectra where
dispersion is parallel to the energy axis in the energymomentum reference frame [178–182]. At first, the structure
of “waterfalls” was reproduced by artificial broadening of
the spectra of the t-J model [183, 184]. Then, an attempt
to explain the artificial broadening by finite temperature
and EPI was made in [63]. The method of self-consistent
treatment of Dyson equation [68, 69, 237] was generalized
to finite temperature and EPI is added. It is concluded [63]
that the finite temperature alone is not enough to explain the
eﬀect and strong EPI is compulsory to explain the data.
Another explanation of the “waterfalls” was suggested in
[238] where spectral density at large energies is attributed to
contribution of localized states.
3.7. Multipeak Structure of the Optical Conductivity Mediated
by EPI. The optical conductivity (OC) of the weakly doped
cuprates has the following characteristic features [23, 24, 70].
The high-energy part of OC in undoped systems has the
peak at ω ∼
= 1.5 eV which corresponds to charge transition
between p-orbitals of O and d-orbitals of Cu. Low-energy
part of OC, caused by movement of holes, arises with
doping. The Drude contribution at the lowest energy in
proportional to the holes concentration x and the relaxation
rate of the Drude theory is proportional to temperature.
Puzzling part of the OC is the mid infrared (MIR) peak with
doping-dependent frequency around ωMIR ∼
= 0.5 eV whose
interpretation is still far from adopted [25]. Theoretically the
OC of t-J model was studied in the low density limit and a
peak at 2J ≈ 0.28 eV was found [9–22] (for typical t = 0.4 eV
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and J = 0.35t). The above energy is almost two times smaller
than the low-doping experimental value 0.5 eV. Hence, to
shift theoretical peak of the t-J model to higher energies, one
can try to add EPI and consider t-J-H model.
However, OC of the t-J-H model was studied by ED
[165], using NCA both for phonons and magnons [167], and
by DMFT method which is exact in the infinite dimension
limit [224]. NCA is not valid for strong EPI and small systems
in ED method give too discrete spectrum. Beside, it is not
known whether infinite dimension is a good approximation
for the two-dimensional (2D) system. To circumvent the
above diﬃculties, the OC was calculated in [51] by DMC
method for 2D infinite system and without NCA in the
phonon channel. Theoretical data were compared with
experimental ones obtained by ellipsometry, Figure 9 shows
OC (a) in Holstein model, (b) t-J model and (c) t-J-H
model. Experimental result is in Figure 9(d). No model,
except the t-J-H one, reproduces even the gross features of
the experiment. The most striking feature is the two-peak
structure of MIR band. There is an MIR peak at ωMIR =
4600 cm−1 and a low-energy peak at ω = 1000 cm−1 which
is situated just above the phonon lines at around 800 cm−1 .
∼ 2J ∼
Note that in the t-J model, the MIR peak is at ωt-J =
=
2000 cm−1 . However, EPI of t-J-H model shifts the peak to
its experimentally observed frequencies.
It is shown in [51] that the lower peak of OC originates
from the phonon-mediated scattering of the hole between
the states located in the coherent t-J band and the threshold
of the optical absorption corresponds to the phonon energy.
The higher energy peak is a magnetic satellite of the lower
peak. Note that its energy is higher in comparison with
system where EPI is set to zero. Assuming strong coupling
regime, when one can take advantage of the Franck-Condon
scheme [48], one can explain this shift to higher energies as

follows. The fluctuations of the energies on diﬀerent sites of
the lattice are around the Franck-Condon relaxation energy.
On the other hand, these fluctuations are frozen during the
characteristic time of optical transition. Hence, the energy
of transition of the hole from the ground to excited state is
the sum of the Franck-Condon energy and that of excited
magnon.
Figure 10 shows how OC changes with increase of λ. OC
at weak coupling shows low-energy peak which intensity
starts just above the phonon energy and there is apparent
two-peak structure of the absorption. Actually, the twopeak structure was observed in experiment even in early
measurements [23, 27, 115–120]. Especially apparent twopeak structure is seen in OC measured by ellipsometry in
the weakly doped Eu1−x Cax Ba2 Cu3 O6 (see Figure 9(d)). The
low-energy peak is close to the phonon energy up to λ ≈ 0.4
when the system comes into the strong coupling regime [42]
and for λ > 0.4 all peaks quickly enhance their energies
(see Figure 11(a)). To reveal the nature of the low-energy
peak the OC of the eﬀective Holstein model was studied.
In this model, the hopping integral was chosen t = 0.4t to
reproduce the enhancement of the mass in the t-J model.
Besides, the crossover to the strong coupling regime occurs
in the eﬀective model at λ ≈ 0.4. The OC of such model
well reproduces the low-energy part of the t-J-H model (see
Figure 11(b)).
Doping dependence of the kink angles in ARPES [64]
suggests that the EPI strength decreases with doping and,
hence, experimentally observed softening of the MIR energy
with doping [25, 26, 28] is because of decrease of EPI. Theoretically, the decrease of the eﬀective EPI with doping was
found for a gas of Fröhlich polarons [239–242]. Comparison
of the experimental position of the MIR peak with the results
of the t-J-H model gives the estimate [51] for change of the
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Figure 9: Typical OC of diﬀerent models in two-dimensions and experimental data in weakly doped system: (a) Holstein model at λ = 0.44;
(b) t-J model at J = 0.3; (c) t-J-H at J = 0.3 and λ = 0.39; (d) in-plane OC of doped by x = 1.5% holes Eu1−x Cax Ba2 Cu3 O6 at T = 10 K.
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at ω/t = 0.1 shows phonon energy.

eﬀective EPI with doping (Figures 11(c) and 11(d)). The
figures show the ratio of the coupling constant at the given
doping to that at zero doping. However, since zero doping
is characterized by the coupling constant λ(x = 0) ≈ 1 (see
Section 3.4), one can think of the data in Figures 11(c) and
11(d) as showing the absolute value of λ(x). Note very similar
behavior of λ(x) for diﬀerent compounds. It is clear that the
compounds become superconducting when the system is not
already in the strong coupling regime of the EPI. However,
the value of the EPI strength λ ≈ 0.5 is still considerable.
Alternative explanation of the doping dependence of
the MIR energy by the doping dependence of the exchange
integral J(x) was suggested in [224, 243]. One cannot
distinguish between J(x)- and λ(x)-scenario just looking on
OC. However, λ(x)-scenario easily explains experimentally
observed strong dependence of the kink angle on concentration [64, 97, 121, 128]. To the contrary, J(x)-approach
[224, 243] does not give an explanation. Experimental
data in electron doped Nd2−x Cex CuO4 were interpreted as
indicating that λ does not show doping dependence [145].
However, the range where λ is determined in [145] is too
narrow to reach the final conclusion.
The polaronic scenario was used to interpret OC in
cuprates many times [115, 242, 245–249]. However, all
these cited papers discussed the one-peak structure and
did not describe the complex two-peak structure of the
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experimental spectra. One of exceptions where two-peak
structure is discussed is [250]. It is pointed out that the
two-peak structure of OC occurs at some coupling constants
in the Fröhlich model [41, 48]. There is also some range
of coupling constants where two-peak structure of OC is
seen in the Holstein model [251]. However, one needs fine
tuning of the EPI strength to get the two-peak OC in the
Fröhlich or Holstein model. To the contrary, the two-peak
structure is the robust property of the experimental data
and the OC of the t-J-H model. The authors of [250] used
similar approaches [252, 253] to calculate the OC and ARPES

spectra and found clear relation between the position of the
peaks in ARPES and OC spectra.
Another interpretation of the low-energy peak of OC
is given in [254], where the peak is considered to be of
the purely magnetic origin. It seems that in the framework
of the interpretation given in [254] the low-energy peak
is connected with local magnetic excitations. Therefore,
the nature of the low-energy peak is still under debate
theoretically although experimentally it is a vivid feature
of the OC of many cuprates with diﬀerent doping levels
[23, 27, 115–120].
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3.8. Nonlocal EPI. The simplest model (3)–(7) does not
reproduce all peculiarities of cuprates. The reason is that
actually EPI vertex depends on momenta of both hole and
phonon [61, 82, 85–90, 92, 93]. As a result, some properties
of the t-J-H model do not match experimental data. For
example, eﬀective mass of a hole in the strong coupling
regime is very large which is in contradiction with rather
moderate masses of carriers observed in experiment [25].
Even more profound disagreement with experiment was
found in [210]. It was shown there that in the strong coupling
regime of the t-J-H model the mobile hole is transformed
into the localized one with four broken bonds around
it. In such case, the percolation model predicts that the
antiferromagnetic model survives up to hole concentration
x = 0.5 which is in severe disagreement with experiment
where antiferromagnetic phase is limited by the doping
concentrations x ≤ 0.02–0.04. Similar trend was noted in
[255] where it was demonstrated that EPI helps to survival of
the antiferromagnetism since EPI suppresses the motion of
the holes which is necessary to suppress antiferromagnetism.
The minimal Hamiltonian of the t-t -t -J model with
nonlocal EPI consists of the sum of the Hamiltonian of the tt -t -J model, phonon Hamiltonian with phonon frequency
ω0 , and the Hamiltonian of nonlocal EPI
Hh-ph = ω0





l

i A

g(l)

+ ω0



†
fi† fi ci+l
+ ci+l





l

i B

g(l)







†
h†i hi ci+l
+ ci+l ,

(19)

which is defined in terms of local coupling constant g(0) =
g and nonlocal coupling to the displacements of near
−
→
neighbors g( δ ) = g1 . However, f and h denote annihilation
operators of two sublattices of the two-dimensional antiferromagnetic lattice.
The problem of nonlocal EPI in t-t -t -J model was
solved in [49] with a novel approach. In that approach,
starting from the state of a hole in anantiferromagnet, one
→
→
q 1, . . . , −
q l , l.
defines the states of the basis |h j [ i |μi ]|−
Here |h j is a hole at site j and i runs through the whole
→
→
lattice. The set of states |−
q 1, . . . , −
q l , l is limited by magnons
which component of the lth order is enough to reproduce
the results of NCA [256]. As it is shown in [49], l = 4 is
enough for J/t ≥ 0.3 since diagonalization of this l ≤ 4 basis
in the retraceable path approximation [257] gives results
reproducing those of the NCA.
However, the hardest problem for the numeric solution
comes from the phonon basis. Exponential growth of the
phonon basis with coupling previously limited the system
sizes to 10 sites [165]. The problem is circumvented by usage
of the coherent states (CS) [258, 259] which are the canonical
transformations of the phonon basis:
†

|h, i = egh(bi −bi ) |0i

(ph)

= e−g

2 h2 /2

n
∞ 

−gh
√
|ni

n=0

n!

(20)

with free parameter h. Such approach can treat 8 × 8 lattices
which are the largest systems ever treated for t-J and related

models which include coupling to phonons. CS with h = 0
is the bare state and for h = 1 it is the exact solution to
the independent oscillators model with local EPI coupling
g. A comparison with DMC data showed [49] that four CSs
are enough for reliable treatment of t-t -t -J model in all
coupling regimes.
The tt t J-H model was compared in [49] with the model
where interaction with the displacements on near neighbors
g1 = g/2 (see (19)) was added. Figure 12 shows dependence
on λ/λc of the ground state spectral weight Z, spin deviation
SD, and magnon-mediated kinetic energy Kt . Spin deviation
SD = (SAFM − SNN )/SAFM is a measure of how the spin SNN
on the neighboring to the hole site deviates from the value
of spin SAFM in the ideal antiferromagnet. The decrease of Z
is a measure of suppression of coherent motion of the hole
whereas the absolute values of Kt and SD are the measures of
intensity of the near neighbor hoppings. Decrease of Kt and
SD indicates suppression by EPI of the movement of a hole
on near neighbors.
Nonlocality of the EPI is manifested in the following
features. Coherent motion is suppressed stronger at λ < λc
and weaker at λ > λc (see Figure 12(a)). Also, intensity of the
near neighbors hoppings is considerably weaker suppressed
by nonlocal EPI than by the local one. The last statement is
easy to illustrate in the strong coupling regime where one
can think in terms of the adiabatic potential. The adiabatic
potential in the strong coupling regime is a δ-function giving
no possibility of a motion of the hole over the near neighbors.
To the contrary, for long-range EPI, the adiabatic potential
is not steep and, thus, the motion of the hole over the near
neighbors is not suppressed even in the strong coupling
limit. Such mobility over the near neighbor gives possibility
to destroy the antiferromagnetic state even in the strong
coupling regime. Besides, the polaron with nonlocal EPI
is lighter in the strong coupling regime. For example, for
λ = 1.1λc the diagonal md (kx = k y ) and transverse mt
(kx = −k y ) masses for the local EPI are md = 200 and
mt = 88 whereas for nonlocal EPI the masses md = 20 and
mt = 10 are considerably lighter. Lighter mass for nonlocal
EPI [98, 195, 260–265] or dispersive phonons [266–269] was
observed in many models.
Common influence of long-range EPI and on site
repulsion binds polarons into mobile inter-site bipolarons
[270, 271]. For peculiar lattice structures such polarons can
be very light [272].
Manifestation of the nonlocality of the EPI can be seen
in the OC [4, 273]. For example, the peak in the OC
of the Holstein model in the strong coupling regime is
seen on the energy 2 p , where  p is the polaron binding
energy. On the other hand, the peak of OC in the models
with long-range EPI is on the considerably smaller energies
[273]. It can be explained by the fact that OC is defined
in terms of the current-current correlation function. The
current operator in the polaronic models with near neighbor
hopping corresponds to the transition of a quasiparticle to
the neighboring site. The shifted electron in the Holstein
model looses the energy  p and leaves the excited phonons
with the same energy on the initial site. For the long-range
EPI the phonons are excited on the polaron site and on the
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Figure 12: (a) Spectral weight, (b) spin deviation (b), and (c) average kinetic energy of mediated by magnons near neighbor transitions for
g1 = 0 (diamonds) and g1 = 0.5g (crosses). Other parameters are J/t = 0.4, ω0 /t = 0.2, t  = −0.5t, t  = 0.4t, and N = 4 × 4 = 16. Critical λc
is set at such coupling where the spectral weight of the ground state reaches 0.3 of the unrenormalized by EPI weight.

neighboring sites which leads to considerably weaker lattice
relaxation during transition to the neighboring site. Hence,
the energy of the peak in OC for nonlocal EPI is smaller.
The peculiarities of the influence of nonlocal EPI is
determined not only by the range but also by its fine
structure. Comparison of buckling and breathing phonons
is made in [274]. In the Hamiltonian:

HBr-Bu = γ





†
(ni ± ni+δ ),
bi,δ + bi,δ

i,δ

(21)

where i is position of cooper and δ = x, y is the link direction.
Plus (minus) corresponds to buckling (breathing) mode. It is
shown [274] that the breathing mode suppresses the kinetic
energy considerably stronger than it is done by buckling
mode. Breathing phonon decreases the energy of one site
and increases it on the neighboring one. To the contrary,
the buckling mode changes the energy of the neighboring
sites in the same direction and, hence, does not suppress
the kinetic energy eﬀectively. Studies of influence of the EPI
structure on the properties of polarons can be found in
[98, 194, 195, 262, 275].

4. Electronic Correlations and EPI
Manifestations of the EPI in the properties of particles and
phonons are profoundly diﬀerent although the first naive
but correct impressions is that both elementary excitations
become softer and broader. Let a hole (phonon) in a
system without EPI has dispersion ε(k) = (k) (ε(k) =
ω(k)). In such system, experimentally observed response
in ARPES (neutron scattering) is expressed in terms of
spectral function S(k, ω) having the form of a delta function
S(k, ω) = δ(ω − ε(k)). EPI leads to additional self-energy part
of the Green function of a hole (phonon) Θ(k, ω) = Σ(k, ω)

(Θ(k, ω) = Π(k, ω)). With this self-energy, the spectral
function, measured in experiment, reads
S(k, ω) =

1
|ImΘ(k, ω)|
.
π [ω − ε(k) − Re Θ(k, ω)]2 + [|ImΘ(k, ω)|]2
(22)

Imaginary part |ImΘ(k, ω)| determines the EPI-driven
broadening.
There is a sum rule for phonon self-energy in the tJ model (in the U → ∞ limit of Hubbard model) when
charge fluctuations in the half-filled system are completely
suppressed [83, 276]:
∞

1 
πN k

−∞

|ImΠ(k, ω)|dω ≈ γ2 [2δ(1 − δ)].

(23)

Here N is number of sites and δ is concentration of holes
which is zero in half-filled system. Naturally, with no empty
spaces in half-filled system there is no charge fluctuations at
all and the phonons are left untouched. Increase of δ adds
empty states and the charge fluctuations renormalize and
broaden phonons. To the contrary, one does not need doping
to see the manifestations of EPI in ARPES spectra. For δ = 0
the sum rule for the hole self-energy reads [276]
1
π

0
−∞

ImΣ(k, ω − i0+ )dω = γ2 .

(24)

Thus, half-filled system does not suppresses EPI in the
ARPES channel. The reason is that ARPES creates its own
hole even in the half filled system. This hole is a charge whose
fluctuations are not suppressed (see also [277]).
In general, U suppresses EPI. Also, DMFT calculations show [278–280] that EPI in paramagnetic system is
severely depressed by correlations. Antiferromagnetic state
considerably enhances the role of EPI in comparison with
paramagnetic system [281]. Doping suppresses the EPI
contribution to the electronic properties. To the contrary,

18

Advances in Condensed Matter Physics

contribution of EPI into the phonon properties increases
with doping (cf. (23)).
In any case, for small filling of the t-J model, one can
conclude that in comparison with the Holstein model with
small filling the influence of the EPI is larger for the t-J
model. This result was verified by a number of calculations
[42, 165, 282–284]. Comparing critical coupling of the t-JH (3)–(7) model λct−J ≈ 0.4 [42] with the critical coupling
of the Holstein model with the same hopping tλcH ≈ 1,
one concludes that the interaction of the hole with magnons
makes the transition into the strong coupling regime faster.
For a hole in the bottom of the band the ratio of eﬀective
λ for the t-J model and λ0 for the Holstein model with bare
mass m0 = 1/(2t) depends on numerous factors [4, 166,
171]:
√

m m⊥
λ
≈ 4Z02
.
λ0
m0

(25)

The decreasing factor Z0 < 1 arises because of the shift
of the spectral density to higher frequencies. On the other
hand, larger eﬀective masses of the t-J model m > m0
and m⊥ > m0 enhance the influence of EPI. The factor 4
arising because of 4-fold degeneracy of the ground state on
the wave vectors (±π/2, ±π/2) becomes sometimes decisive.
√
At J/t = 0.2, one has Z02 = 0.05 and m m⊥ = 10m0 .
In this case there is doubling of the EPI, partly due to
the factor 4. For large J/t = 2, the enhancement of EPI
λ/λ0 ≈ 16 can be very large. One can conclude that the
change of the role of EPI usually has no universal trends
and very often determined by fine features of the model,
dimensionality, filling, and so forth. For example, the role of
EPI is suppressed by Coulomb repulsion in the ground state
of one-dimensional Mott insulator [285] whereas its role in
formation of the exciton spectrum is enhanced by the same
Coulomb repulsion [286].
One of the factors influencing the role oﬀ EPI in cuprates
is typical for cuprates inhomogeneity [287–290]. Moderate
and even weak EPI can lead to dramatic changes of the
properties of inhomogeneous electronic gas [291]. Interfaces
and surfaces are another inhomogeneities enhancing the role
of EPI [292]. Similar conclusions can be drawn from many
numeric calculations [53, 293–298].
Current review is restricted to theoretical approaches
considering strong correlations. The significant number
of important results of band structure calculations, the
incomplete list is [299–310], revealing large λ ≥ 1 value of
EPI, are not discussed here because of space limitation.

5. Conclusions
This review presents a lot of evidences for the important
role of the EPI in formation of the spectral properties
of underdoped cuprates. Theoretical eﬀorts to reveal the
fingerprints of the EPI in spectral response went through
the sequence of models with increasing complexity. The
simplest models with short range EPI in the ideal lattice at
zero temperature were the systems to start with. Then, the
progress went through generalizations to finite temperatures,
to nonlocal EPI, and to systems with imperfections.

The ultimate goal of theory is to describe the realistic
situation in cuprates. Such goal requites further development
of the numeric approaches since the realistic description of
cuprates requires methods which are capable of describing
an infinite systems with imperfections at finite temperature.
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[171] O. Gunnarsson and O. Rösch, “Electron-phonon coupling
in the self-consistent Born approximation of the t-J model,”
Physical Review B, vol. 73, no. 17, Article ID 174521, 2006.
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[174] J. Bonča, S. Maekawa, and T. Tohyama, “Numerical approach
to the low-doping regime of the t-J model,” Physical Review
B, vol. 76, no. 3, Article ID 035121, 6 pages, 2007.
[175] E. I. Rashba, “Self-trapping of excitons,” in Modern Problems
in Condensed Matter Sciences, V. M. Agranovich and A. A.
Maradudin, Eds., vol. 2, p. 543, Notrh Holland, Amsterdam,
The Netherlands, 1982.
[176] A. S. Ioselevich and E. I. Rashba, “Theory of nonradiative
trapping in crystals,” in Modern Problems in Condensed
Matter Sciences, vol. 34, p. 347, Notrh Holland, Amsterdam,
The Netherlands, 1992.
[177] K. M. Shen, F. Ronning, W. Meevasana, et al., “Angle-resolved
photoemission studies of lattice polaron formation in the
cuprate Ca2 CuO2 Cl2 ,” Physical Review B, vol. 75, no. 7,
Article ID 075115, 2007.
[178] F. Ronning, K. M. Shen, N. P. Armitage, et al., “Anomalous high-energy dispersion in angle-resolved photoemission
spectra from the insulating cuprate Ca2 CuO2 Cl2 ,” Physical
Review B, vol. 71, no. 9, Article ID 094518, 5 pages, 2005.
[179] J. Graf, G.-H. Gweon, K. McElroy, et al., “Universal high
energy anomaly in the angle-resolved photoemission spectra
of high temperature superconductors: possible evidence of
spinon and holon branches,” Physical Review Letters, vol. 98,
no. 6, Article ID 067004, 2007.
[180] B. P. Xie, K. Yang, D. W. Shen, et al., “High-energy scale
revival and giant kink in the dispersion of a cuprate
superconductor,” Physical Review Letters, vol. 98, no. 14,
Article ID 147001, 2007.
[181] T. Valla, T. E. Kidd, W.-G. Yin, et al., “High-energy kink
observed in the electron dispersion of high-temperature
cuprate superconductors,” Physical Review Letters, vol. 98, no.
16, Article ID 167003, 2007.
[182] W. Meevasana, X. J. Zhou, S. Sahrakorpi, et al., “Hierarchy of
multiple many-body interaction scales in high-temperature
superconductors,” Physical Review B, vol. 75, no. 17, Article
ID 174506, 2007.
[183] E. Manousakis, “String excitations of a hole in a quantum
antiferromagnet and photoelectron spectroscopy,” Physical
Review B, vol. 75, no. 3, Article ID 035106, 2007.

24
[184] E. Manousakis, “Possible observation of “string excitations”
of a hole in a quantum antiferromagnet,” Physics Letters A,
vol. 362, no. 1, pp. 86–89, 2007.
[185] F. Carbone, D.-S. Yang, E. Giannini, and A. H. Zewail, “Direct
role of structural dynamics in electron-lattice coupling
of superconducting cuprates,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 105,
no. 51, pp. 20161–20166, 2008.
[186] P. B. Allen, “Theory of thermal relaxation of electrons in
metals,” Physical Review Letters, vol. 59, no. 13, pp. 1460–
1463, 1987.
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[282] J. Zhong and H.-B. Schüttler, “Polaronic anharmonicity in
the Holstein-Hubbard model,” Physical Review Letters, vol.
69, no. 10, pp. 1600–1603, 1992.
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Recent experimental observations of unconventional isotope eﬀects, multiband superconductivity, and unusual local lattice
responses are reviewed and shown to be naturally explained within a two-component scenario where local polaronic eﬀects are
important. It is concluded that purely electronic mechanisms of high-temperature superconductivity are incomplete and unable
to capture the essential physics of cuprates and other layered superconductors.

1. Introduction
The discovery of high-temperature superconductivity
(HTSC) in cuprates [1] was motivated by the knowledge that
copper is one of the strongest Jahn-Teller ions in the periodic
system [2]. The basic ingredient of the Jahn-Teller eﬀect is
the lifting of the electronic band degeneracy due to a lattice
distortion. This has been shown to give rise to Jahn-Teller
polaron formation [3] where electronic and lattice degrees of
freedom are undistinguishable and form a new quasiparticle
sharing the same wave function. Thus lattice and electronic
responses are coupled and give rise to multiple novel eﬀects
which are absent in a conventional Fermi liquid and an
electron-phonon coupled superconductor.
However, soon after the discovery of HTSC, novel
mechanisms have been suggested as origin of the pairing
glue which neglect completely any lattice responses. These
ideas have mainly been invoked in view of the facts that
(i) at optimum doping, that is, at the maximum value of
the superconducting transition temperature Tc , the isotope
eﬀect on Tc is negligibly small [4]; (ii) the superconducting
transition temperatures above liquid nitrogen are beyond
the BCS scheme; (iii) the antiferromagnetic (AFM) properties of the undoped insulating parent compounds are a
consequence of a strong onsite Coulomb repulsion; (iv) a dwave superconducting order parameter seems to be realized.

These facts have been taken as evidence that t-J physics or
a two-dimensional Hubbard model is suﬃcient to capture
the essential ingredients of the physics of cuprate hightemperature superconductors (HTSs).
That these ideas are insuﬃcient in explaining the phenomenon of HTSC in cuprates has been demonstrated by
the observation of strong lattice responses at the onset of the
pseudogap phase as well as at Tc [5–12]. Phonon anomalies
and anomalous local lattice responses have been reported
for both regimes [13–15]. Unexplained within the above
mentioned electronic models are all isotope eﬀects observed
in the cuprates. These range from a doping dependent
isotope eﬀect on Tc [4, 16], the superconducting energy
gap [17], the penetration depth [16], the Néel temperature
TN [18], the spin glass phase temperature Tg [18], and the
pseudogap onset temperature T ∗ [19]. This implies that
over the whole and very complex phase diagram of cuprates
isotope eﬀects are observed which will be discussed in more
detail below. Even though these findings do not necessarily
support a lattice mediated pairing mechanism, they are
evidence that lattice eﬀects play an essential role and cannot
be neglected in any models for HTSC.
Another support for the importance of the lattice to
HTSC stems from the fact that superconductivity is only
observed upon doping the stoichiometric parent compounds
which leads to an energy imbalance in all important physical
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properties: the extra charge introduced by doping leads
to a charge mismatch which has to be compensated; the
size diﬀerence of the doped ions creates local strain fields
surrounding the dopant; the antiferromagnetism is rapidly
destroyed; in spite of the large onsite Coulomb repulsion the
system adopts metallic properties.
The failure of purely electronic models to describe
the physics of cuprate HTSs is also demonstrated by the
observation that superconductivity is not based on a purely
d-wave order parameter, but that at least two components
are involved here. This has been postulated early on [20,
21] and shown unambiguously recently [22–25]. Details are
elucidated below.
The local lattice response to superconductivity as well as
to the pseudogap phase has been shown to be quite unusual
since the mean square Cu-O displacement exhibits novel
features at each of these phases [7, 8, 26–28]. The normally
expected Debye-Waller behavior appears as a background
here, and divergences in it at T ∗ and Tc are overlaid on it.
These features are rather uncommon in solid state physics
and certainly beyond any purely electronic model. They are
not observed in a specific cuprate family only, but in all
investigated compounds from which it can be concluded that
they are intrinsic and generic.
As has been demonstrated early, cuprates are highly
inhomogeneous with multiple components which interact
with each other but are governed by diﬀerent—even though
coexisting—ground states [20–25, 29–33]. The energy
imbalance introduced by dopants has been explained in
terms of polaron formation [34] where a transition from
a polaron liquid to a polaron glass has been suggested to
be realized [35, 36]. Another approach where lattice eﬀects
are of vital importance is based on bipolaron formation
where preformed pairs Bose condense at Tc [37]. Rather
related is the idea that superconducting islands form above
Tc which form percolating path ways and gain coherence
at Tc [38–40]. The two-component scenario is also an
important ingredient in a two-story house model where
anti-Jahn-Teller physics attains importance [41]. Another
approach is based on the idea that a crossover from a Bose
Einstein to BCS scenario takes place [29, 30]. Not all of the
above ideas are able to explain the unconventional isotope
eﬀects, but especially models including polaron/bipolaron
formation [42] show that these are realized in agreement
with experimental observations [37, 43–46]. The suggestion
of multiband superconductivity in complex materials has
been made soon after the BCS theory [47–50], and it has
been reinvoked for cuprate HTSs after their discovery [51–
54]. Thus it seems that many experiments and also many
theoretical approaches clearly abandon the plain vanilla idea
and support each other in a very consistent way.
In the following first experimental results are presented.
In the beginning isotope experiments are described, then
data presented which strongly support multiband superconductivity in cuprate HTSs, followed by the description of
experiments on local lattice responses. Next, a multiband
model with polaronic coupling is introduced which consistently describes the experimental data. Finally, conclusions
are made.
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Figure 1: Oxygen isotope (16 O / 18 O) eﬀect (OIE) exponent
αO versus tc = Tc /Tcm for various families of cuprate HTSs
(Tcm denotes the maximum Tc for a particular family). Red
circles: Y1−x Prx Ba2 Cu3 O7−δ ; blue triangles: YBa2−x Lax Cu3 O7 ; green
squares: La1.85 Sr0.15 Cu1−x Nix O4 . The references to the experimental
data are given in [16]. The black dashed line is a guide to the eye.
The black stars and solid line refer to the calculated αO when only
the nearest neighbour hopping integral t1 is renormalized, whereas
the purple stars and solid line refer to the renormalization of t2 , t4
[43–46].

2. Experimental Results
2.1. Isotope Eﬀects. The oxygen-isotope (16 O/ 18 O) eﬀect
(OIE) on the transition temperature Tc in HTSs was
investgated already shortly after the discovery of HTSC [4].
The OIE on Tc is defined by the OIE exponent αO =
−d ln Tc /d ln MO , where MO denotes the oxygen ion mass
(16 O or 18 O). Numerous experiments revealed that for all
cuprate HTS families the OIE exponent αO shows a generic
trend: in the underdoped regime αO is large (even exceeding
the BCS value of αO = 0.5) and becomes small close to
optimal doping [4, 16, 56, 57]. An example of this generic
behavior of αO as a function of Tc /Tcm for various families
of cuprate HTSs is displayed in Figure 1 (Tcm denotes the
maximum Tc for a particular HTS family).
The almost vanishing OIE at optimum doping is contrasted to the strongly enhanced one in the underdoped limit
close to the antiferromagnetic (AFM) phase boundary. Here,
the OIE well exceeds the BCS limit and exhibits unusually
large values. This is striking since the proximity to the AFM
regime would suggest that spin fluctuations gain importance
and dominate over any lattice eﬀects. This observation clearly
marks the breakdown of purely electronic models.
The early suggestion that the apex oxygen ions contribute
in a special way to superconductivity stems from the fact
that strongly anharmonic dynamics are involved in out of
plane oxygen ion vibrations [58–62]. These polar almost
instable modes carry huge dipole moments and cause the
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Figure 2: Magnetization curves near Tc , showing the SOIE in optimally doped YBa2 Cu3 O7−δ for x = 6.957(2) (triplet A) and x = 6.963(3)
(triplet B). Here p, a, and c denote the diﬀerent oxygen ion sites in YBa2 Cu3 O7−δ (p: planar oxygen ion sites; a: apical oxygen ion sites; c:
B
chain oxygen ion sites). For example, 18 O p 16 Oac  denotes a sample from batch B with 18 O in CuO2 planes and 16 O in the apical and chain
sites. It is evident that the planar oxygen atoms mainly contribute to the total OIE on Tc , after [55].
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high dielectric constants observed in cuprate HTSs [63]. In
order to test these ideas, site selective oxygen-isotope eﬀect
(SOIE) experiments are the only tool to diﬀerentiate between
the role played by the in-plane and the out of plane oxygen
ions. SOIE experiments are extremely diﬃcult, and so far
could only be realized for the Y1−x Prx Ba2 Cu3 O7−δ system,
since for this system the oxygen ion site occupation can
be controlled thermally [55, 64–66]. Careful back exchange
experiments were performed to ensure that the doping level
for both isotopes remains identical. In addition, Raman
experiments were undertaken to clearly diﬀerentiate from the
eigenmodes where oxygen isotope replacements were made.
As an example, Figure 2 shows the magnetization curves near
Tc of the SOIE study of optimally doped YBa2 Cu3 O7−δ by
Zech et al. [55]. It is evident that the planar oxygen ions
mainly contribute to the total OIE on Tc . Moreover, detailed
SOIE investigations of Y1−x Prx Ba2 Cu3 O7−δ clearly revealed
that the planar oxygen atoms mainly contribute (almost
100%) to the total OIE on Tc at all doping levels, whereas
the chain and apical oxygen ions contribute only negligibly
to it (see Figure 3) [55, 64–66]. This finding could point to
a dominant role played by the in-plane oxygen ions, but this
is, however, misleading since the density of states of the inplane oxygen ions is much larger than the one of the outof-plane oxygen ions and thus it cannot be concluded that
these ions are irrelevant to superconductivity, which will be
detailed below [67].
An OIE on the in-plane magnetic penetration depth λab
should be absent within the BCS theory since electronic
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30

50

70
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Figure 3: Total (t) and partial (p, ac) OIE exponent αO as a function
of Tc for Y1−x Prx Ba2 Cu3 O7−δ (t: all oxygen ion sites; p: planar
oxygen ion sites; ac: apex and chain oxygen ion sites). Solid and
dashed lines are guides to the eye, after [16].
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Figure 4: Normalized superfluid density (in-plane penetration depth) λ−ab2 (T)/λ−ab2 (0) for the 16 O- and 18 O-substituted microcrystals of
La2−x Srx CuO4 ((a): x = 0.080, (b): x = 0.086). The reproducibility of the oxygen exchange was checked by the back exchange (crosses), after
[68].

and phononic degrees of freedom are treated as independent
(adiabatic approximation). In the opposite limit, however, an
isotope eﬀect on λab is possible, which corresponds to strong
coupling as is given in polaronic models. This implies that
the eﬀective carrier mass m∗ can no longer be decoupled
from the ionic mass M, giving rise to an isotope eﬀect on
the magnetic penetration depth which is not expected for
conventional phonon-mediated superconductors. Indeed, a
substantial OIE on the zero-temperature in-plane magnetic
penetration depth λab (0) was observed in several families of
HTSs at diﬀerent doping levels using various experimental
techniques [16, 56, 57, 68, 70–72]. As an example, Hofer et al.
[68] investigated the OIE on Tc and λab (0) in microcrystals
of underdoped La2−x Srx CuO4 with a mass of only ≈100 μg
using a highly sensitive magnetic torque device to measure
the magnetization of these tiny crystals. Figure 4 shows the
−2
−2
(T)/λab
(0) extracted from
temperature dependence of λab
the magnetic torque data for two oxygen-isotope exchanged
microcrystals of La2−x Srx CuO4 .
The doping dependent OIE on λab (0) is appreciable as
can be seen in Figure 4. Since it is observed in various
diﬀerent cuprates, it must be concluded that it is generic to
HTSs. It is interesting to note that the OIE on λab (0) found
for diﬀerent families of cuprates exhibits almost the same
generic trend with doping as the one on Tc (see Figure 5).
At low doping a linear correlation between both OIE’s is
observed: Δλab (0)/λab (0) ≈ |ΔTc /Tc |. However, near optimal
doping, a deviation from this linear behaviour occurs, and
Δλab (0)/λab (0) ≈ 10 |ΔTc /Tc |. The linear correlation at low
doping is well explained by the polaronic model [43–46]
described below. However, this model cannot account for
the deviations near optimum doping. This is due to the
fact that the polaronic coupling was assumed to be doping

independent which is an oversimplification. At optimum
doping the polaronic coupling should be smaller than in the
underdoped regime which still would yield an isotope eﬀect
on the penetration depth but a vanishing one on Tc .
The OIE’s discussed so far already provide clear evidence
that purely electronic models cannot describe the complex
physics of HTSs. Another doping dependent OIE on the
average zero-temperature superconducting gap Δ0 further
supports this conclusion.
In conventional superconductors the isotope eﬀect on
the superconducting energy gap Δ0 is simply determined by
the isotope eﬀect on Tc through the relation 2Δ0 /kB Tc ≈
3.52. However, in cuprate HTSs this relation is not necessarily fulfilled, because Tc depends strongly on doping. In
addition, as discussed below, cuprate HTSs have a complex
superconducting order parameter, namely, an admixture of
s + d-wave symmetry. A systematic
study of the OIE on

2

2

the average gap Δ0 = (1/2) Δs + Δs (Δs ≡ s-wave gap,
Δd ≡ d-wave gap) in Y1−x Prx Ba2 Cu3 O7−δ for various doping
levels x was carried out by means of SQUID magnetization
experiments [17]. Note that the above defined average gap
equally weighs the s- and d-wave contributions. In reality the
gaps could contribute with diﬀerent weights to the average
one depending on the doping level. However, this would
introduce an additional parameter which is not accessible
experimentally. For this reason we have assumed the simplest
possible form of the average gap as given above. The values
of Δ0 extracted from the temperature dependence of the
superfluid density were found to be proportional to Tc with
2Δ0 /kB Tc ≈ 5.34 as predicted prior to the experiment by
the polaron model [43–46] described here. It is substantially
larger than the BCS value of 3.52. As shown in Figure 6, the
OIE on Δ0 scales linearly with the one on Tc , exhibiting a
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are summarized in [16, Table 1]. The solid line corresponds to
model calculations of the OIE on Δλab (0)/λab (0) obtained from the
theoretical results for the average gap [43–46, 69], after [43–46].

sign reversal of the OIE’s on Δ0 and Tc near optimal doping
as predicted in [43–46] and discussed below.
Cuprate HTSs exhibit a rich phase diagram as a function
of doping (see Figure 7). The undoped parent compounds
show long range 3D antiferromagnetic (AFM) order. When
holes are doped into the CuO2 planes, the AFM order is
rapidly destroyed and only short-range AFM correlations
survive even in the superconducting (SC) region of the phase
diagram giving rise to a spin-glass (SG) state. Consequently,
the SC and the SG phases coexist within a small doping
range. With increasing doping, the SG phase disappears and
a pure SC phase with increasing superconducting transition
temperature Tc emerges. Four diﬀerent phases can thus be
distinguished: the AFM phase, the SG phase, the SG + SC
phase, and the SC phase. The relation and interplay of
these phases is still a controversial and open issue, since key
experiments that may clarify this fundamental questions are
still missing. Therefore, it is very interesting to investigate the
OIE’s on the corresponding transition temperatures between
the various phases.
Several years ago the Zurich group observed a
huge OIE on the spin-glass freezing temperature Tg in
La2−x Srx Cu1−z Mnz O4 (x = 0.03 and 0.05; z = 0.02)
by means of muon-spin rotation (μSR) [73]. This is a
clear signature that the spin dynamics in cuprates are
ultimately correlated with the lattice. Recently, the same
group performed a detailed OIE study of the various phases
(SC, SG + SC, SG, AFM) in the prototype cuprate system

0

2

4

6

−ΔTc /Tc (%)

Figure 6: Comparison of the OIE shift of the average superconducting gap Δ0 to the one on the transition temperature Tc for
Y1−x Prx Ba2 Cu3 O7−δ (x = 0.0, 0.2, 0.3, 0.45). Circles refer to the
experimental data. The stars represent back exchange data. The
solid green line is discussed, after [17].

Y1−x Prx Ba2 Cu3 O7−δ by means of μSR and magnetization
experiments [18]. These techniques have the advantage
of being direct, bulk sensitive, unambiguous, and able to
measure Tc as well as Tg in the region where both coexist.
The results of this OIE study are displayed in Figure 7. All
transition temperatures Tc , Tg , and TN exhibit an OIE which
is the strongest, where the respective phase (SC, SG, and
AFM) terminates. It is interesting to note that the OIE on Tg
and TN are sign reversed as compared to the one on Tc . In
the coexistence region of the SG and SC phase (SG + SC) a
small OIE on Tc corresponds to a large negative OIE on Tg
and vice versa. This observation suggests that in this regime
phase separation sets in where the superfluid density coexists
with a nonsuperfluid density related to the SG state. Since
the OIE on Tc can be accounted for by polaron formation
[43–46], the one on Tg is very likely driven by the same
physics. By relating TN to the metal insulator transition, a
reduction in kinetic energy caused by polaron formation
explains this unconventional OIE as well [18, 43–46].
In addition to the OIE’s observed on all the phase lines in
the generic phase diagram of cuprate HTSs (see Figure 7(a)),
a huge OIE was also detected on the pseudogap temperature T ∗ , providing further evidence that lattice eﬀects are
relevant here as well. In particular, XANES experiments in
La2−x Srx CuO4 [74] as well as inelastic neutron scattering
studies of HoBa2 Cu4 O8 and La1.81 Sr0.18 Ho0.04 CuO4 [19]
yielded a large and sign reversed OIE on T ∗ . As an example,
the results for HoBa2 Cu4 O8 are shown in Figure 8. It is
interesting to note that neutron scattering experiments
revealed an even larger 63 Cu/ 65 Cu isotope eﬀect on T ∗ which
is not present in La1.81 Sr0.18 Ho0.04 CuO4 [19]. This finding
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supports the idea that an umbrella-type mode is involved
in the formation of the pseudogap state in HoBa2 Cu4 O8 .
Since La1.81 Sr0.18 Ho0.04 CuO4 has no apical oxygen, this mode
is absent in this compound. These huge isotope eﬀects have
been interpreted in terms of dynamical charge ordering [43–
46]. The two-component picture discussed in this paper
implies that also ordering in the spin system (charge poor
region) sets in around T ∗ as observed in YBa2 Cu4 O8 by
means of NQR [75]. This is consistent with the almost
vanishing OIE on T ∗ (comparable to the OIE on Tc ) detected
by NQR which is mainly sensitive to the spin system [75].
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Figure 7: (a) Dependence of the superconducting transition (Tc ),
the spin-glass ordering (Tg ), and the antiferromagnetic ordering
(TN ) temperatures for 16 O/ 18 O-substituted Y1−x Prx Ba2 Cu3 O7−δ on
the Pr content y = 1 − x. The solid lines are guides to
the eye. The areas-denoted by “AFM”, “SG”, and “SC” represent
the antiferromagnetic, the spin-glass, and the superconducting
regions, respectively, and “SG + SC” corresponds to the region
where spin-glass magnetism coexists with superconductivity. (b)
OIE exponents αO of Tc , Tg , and TN for 16 O/ 18 O-substituted
Y1−x Prx Ba2 Cu3 O7 as a function of the Pr content y = 1 − x. The
dashed line corresponds to the BCS value αBCS
O = 0.5. The solid lines
are guides to the eye, after [18].

2.2. Mixed Order Parameter Symmetries. From, for example,
phase sensitive experiments [76] it has been concluded
that the order parameter in cuprate HTSs has pure d-wave
symmetry, which is possible only if the CuO2 planes have
strictly cubic symmetry. However, either static or dynamic
distortions of the CuO2 planes are present which destroy the
cubic symmetry and are mostly ignored theoretically. Early
on it has been emphasized that cuprate HTSs must have a
multicomponent order parameter, since many experiments
are incompatible with a single d-wave scenario [20, 21]. This
implies that coexisting superconducting gaps with diﬀerent
pairing symmetries must be present, namely, s-wave and dwave. This suggestion has been supported by a number of
experiments using various experimental techniques, including nuclear magnetic resonance (NMR) [77, 78], Raman
scattering [79, 80], phase-sensitive experiments [81], and
neutron crystal-field spectroscopy [82], to give only a few
examples. In addition, c-axis tunneling data provide evidence
that the gap along the c-axis is dominantly of s-wave
symmetry [83, 84]. Soon after the BCS theory coupled gaps
have been postulated to be realized in complex materials
where various electronic bands lie in the vicinity of the Fermi
surface [47–50]. The experimental verification of these ideas
was, however, made much later in Nb doped SrTiO3 [85]
and long been believed to be an unusual exception. After
the discovery of two-gap superconductivity in MgB2 [86]
a vast amount of compounds have been shown to exhibit
this phenomenon. Especially, in the newly discovered FeAs
superconductors with rather high Tc ’s unique features for
the existence of two gaps have been seen [87]. Since caxis experiments are rare for cuprates and most tunneling
data are in the ab-plane, diﬀerent tools have to be used to
demonstrate the existence of s + d-wave superconductivity
in cuprates. In order to probe the existence of coupled order
parameters bulk sensitive experiments on single crystals are
required. Muon-spin rotation (μSR) has demonstrated to
be a unique tool to investigate the temperature dependence
of the superfluid density in the bulk of a superconductor,
from which, in turn, the superconducting gaps can be
derived. A clear indication for the existence of two gaps
is the appearance of an inflection point in the superfluid
density at low temperatures. Such an anomaly was detected
in MgB2 and shown to stem from the coexistence of a
large and a small gap [86]. In cuprate HTSs a similar
anomaly was observed in the in-plane superfluid density
in single-crystal La2 Sr2−x CuO4 determined by means of
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Figure 8: Temperature dependence of the intrinsic line width Γ(HWHM) corresponding to the Γ3 → Γ4 ground-state crystal field transition
in oxygen-isotope exchanged HoBa2 Cu4 O8 as determined from inelastic neutron scattering experiments. The solid lines correspond to the
line width in the normal state calculated by the Korringa law, after [19].

μSR experiments and analyzed in terms of coupled s + d
wave order parameters (Figure 9) [22–25]. In order to show
that this feature is not material dependent but intrinsic
to cuprates similar experiments were performed for single
crystals of YBa2 Cu3 O7−δ and YBa2 Cu4 O8 where it was
possible to determine the temperature dependence of the
superfluid density along all three crystallographic axis a, b,
and c [22–25]. The results are shown in Figure 10, from
which it can be seen that in both compounds an inflection
point appears along the a- and b-axis, which is absent along
the c-axis. The analysis of these data yields s + d wave
order parameters in the ab-planes, whereas along the c-axis
predominantly an s-wave component exists.
The observation of a pronounced inflection point in
the in-plane superfluid density at low temperatures in all
three systems (Figures 9 and 10) is a signature of the
coexistence of a small and a large gap. From the magnetic
field dependence of the superfluid density it is concluded
[22–25] that in the CuO2 planes a small s-wave gap coexists
with a dominant d-wave gap. As shown in Figure 10, the
temperature dependence of the superfluid density along the
c-axis diﬀers considerably from those in the b-planes. The
absence of an inflection point and the saturation at low
temperatures (compare σa and σb with σc in Figure 10) are
characteristic for a pure s-wave gap. From a theoretical point
of view, a mixed order parameter scenario [43–46] requires
that also a small d-wave admixture should be present.
However, the d-wave component appears to be too small to
be observed experimentally [22–25].
In conclusion, the unique behaviour of the temperature
dependence of the superfluid density observed in all three
cuprate systems strongly suggests that the order parameter is more complex than expected for a single d-wave
order parameter, and that this complex order parameter
is an intrinsic and generic feature of all cuprate HTSs. In

particular, the finding that the gap along the c-axis has a
predominant s-wave character demonstrates the importance
of the coupling between the CuO2 -planes, and that 2D
physics concentrating on the CuO2 planes only is rather
insuﬃcient and incomplete. It is important to mention that
the coexistence of an s- and d-wave gap not only is a consequence of the static or dynamic degree of orthorhombicity
but also results from the fact that two components dominate
the physics of HTSs. These experimental facts are completely
neglected in many theoretical models.
2.3. Local Lattice Responses. About 10 years after the discovery of HTSC a number of local probes have been used to
study the in-plane and out-of-plane Cu-O distances in order
to gain information about the local structure in cuprates
[5–8, 10–13, 26–28]. Here, especially, the extended X-ray
absorption fine structure (EXAFS) technique has proven
to be a useful tool. The early experiments [5–8] reported
not only two distinctly diﬀerent Cu-O bond lengths in the
Cu-apical-oxygen distance but also anomalies in these as a
function of temperature. While far above Tc the first anomaly
was observed and related to T ∗ , the second developed in the
SC phase. Besides of the c-axis-related anomalies, also the
in-plane Cu-O bond length was shown to be characterized
by similar anomalies and two length scales [7, 8]. The
interpretation of the data was made in terms of stripe
like modulations of the local structure setting in at T ∗ ,
where undistorted and distorted areas coexist. More recently,
high-resolution EXAFS studies have concentrated on the inplane Cu-O distance and investigated this in the presence of
diﬀerent dopants [26–28]. In the latter studies an anomalous
upturn in the mean square in-plane Cu-O distance has been
reported with two clear anomalies appearing at T ∗ and below
Tc . Typical results are shown in Figure 11 and in comparison
to the theoretical results as inset to Figure 16. Note that
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Figure 9: Temperature dependence of the μSR relaxation rate σsc ∝ λab
of single crystals of La1.83 Sr0.17 CuO4 measured at magnetic field
strengths of 0.02, 0.1, and 0.64 T. Lines in panels (a) and (b) represent calculations using a two-gap model [22–25]. The green and blue lines
in panel (b) show the individual contributions from the d- and s-wave gap, after [22–25].

such anomalies are rather untypical in conventional solids
and even absent in highly anharmonic compounds with
strong soft mode behaviour. Since the experiments test
ionic displacements which correlate with T ∗ and Tc , an
explanation of these is beyond any purely electronic model.
In addition, the appearance of these anomalies along the caxis points to pronounced c-axis involvement, as has been
stressed from the penetration depth data.

3. Theoretical Modeling
The theoretical understanding of the pairing mechanism
in cuprate HTSs remains controversial where basically two
distinctly diﬀerent approaches have been pursued in the
last years: one is based on a purely electronic mechanism
where the large onsite Coulomb repulsion U at the Cu
site is assumed to play a major role. This approach can
either be cast into a 2D Hubbard model or in extreme
cases, when U is much larger than the hopping integral,
or be modeled by the so-called t-J Hamiltonian. Obviously,
all lattice eﬀects are ignored whereby isotope eﬀects, as
observed experimentally and being described above, are
regarded as unimportant. Nevertheless, an explanation for
these is oﬀered by postulating that the hopping integrals
depend on the oxygen isotope mass. This implies that
the unique energy scale as given by J = 4t 2 /U becomes
isotope dependent. Since J in this approach dominates the
AFM regime as well as the SC region, both corresponding
transition temperatures, namely, TN , Tc , should have equal

isotope dependencies. This is in contrast to the above
described isotope experiments where TN and Tc have opposite
signs of the OIE. Also, the many correlations between
lattice anomalies and superconductivity are missing in these
scenarios. 2D Hubbard and t-J models are based on a single
d-wave order parameter and do not admit for the complex
order parameters as observed experimentally. In this respect
both approaches rely on a homogeneous picture in contrast
to the observed inhomogeneity of HTSC. A rather dramatic
failure of these purely electronic approaches is the inability
to account for the c-axis s-wave gap. The third dimension
is almost completely ignored and important contributions
from the out-of-plane structural elements missing. As such,
the completely decoupled CuO2 planes alone should be
superconducting, which is again in contrast to experiments.
An alternative approach to HTSC is based on electronlattice interactions, where conventional BCS theory and
polaron and bipolaron formation are considered [29–46].
The problem with the standard electron-phonon-coupled
superconductivity lies in the fact that the high values of Tc
require large coupling constants, which, in turn, may easily
lead to lattice instabilities. Also, as already mentioned above,
an isotope eﬀect on the penetration depth is absent, and
a doping dependent OIE on Tc is not present. As such,
polaronic or bipolaronic scenarios are more likely to be
realized in HTSs. This is also favored by the energy mismatch
introduced upon doping. The extra charge which enters
the stoichiometric antiferromagnetic matrix requires strong
screening through the lattice, which undergoes anomalous
local distortions around these charges which have been
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Figure 10: (a) Temperature dependences of the μSR relaxation rate σa ∝ λa−2 , σb ∝ λb−2 , and σc ∝ λ−c 2 of single crystals of YBa2 Cu4 O8
measured along the three principal crystallographic axes a, b, c. (b) Temperature dependence of the μSR relaxation rate σa ∝ λ−a 2 , σb ∝ λ−b 2 ,
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results from model calculations as discussed in [22–25], after [22–25].

addressed above [5–13, 26–28]. This strong interaction
between dopant and the lattice leads to local polaron
formation. While at high temperatures these polarons are
randomly distributed over the lattice, the large strain fields,
which accompany them, require a self-organization into
dynamical patterns like, for example, stripes [43–46]. This
patterning takes place at the onset temperature T ∗ of the

pseudogap phase and leads to the coexistence of metallic
distorted regions with “pseudo” antiferromagnetic insulating
regimes [43–46]. Both regions are not independent of each
other but interact dynamically through the lattice and local
charge transfer. In the superconducting phase the polarons
persist and contribute to superconductivity through pair
formation and interband interactions [43–46, 88].
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Figure 11: The mean square in-plane Cu-O bond distance of
La1.85 Sr0.15 CuO4 as a function of temperature. After [26–28].

momentum and conjugate displacement coordinates with
frequency ω and M the ionic mass.
In order to decouple lattice and electronic degrees
of freedom a Lang-Firsov canonical transformation [91]
is performed which corresponds to H = e−S HeS . This
induces an exponential band narrowing in the electronic
energies together with a level shift proportional to Δ∗ =
(1/2N) q (gq2 /ωq ) and a rigid oscillator shift in the lattice
degrees of freedom as follows:

⎛

(2)
ci+

1
+ Mω2 Qi2 ,
2Mi 2

 

0.9

q

+
tcd ci,σ
d j,σ + c.c. ,

 pi2
i

1.1

⎛
⎞

 
+
ci = ci exp⎝ gq bq − bq ⎠,

+
ti j ci,σ
c j,σ + h.c. ,



1.3

(1)

where Hd , Hc refer to the purely electronic energies of the
AFM matrix and the doped holes, and Hcd is the interaction
between both and resembles a hybridization term. The last
three terms are the pure lattice part, the electron-lattice
interactions with the AFM holes, and the doped holes,
respectively. The terms in (1) are explicitly given by [43–
46, 88–90]
Hd =

La1.85 Sr0.15 CuO4

1.5

σ 2 (10−3 Å )

Besides of the electronic response to doping and local
lattice eﬀects, also the lattice experiences important renormalizations since electronic and lattice degrees of freedom
are undistinguishable. This shows up in local mode softening
due to the electronic cloud trapped by the lattice and
influences—in turn—the relative mean square Cu-O lattice
displacement [88]. An unusual upturn at the point where
the polarons gain coherence appears and another anomaly
upon the onset of superconductivity takes place. This second
anomaly depends, however, on the pairing symmetry and is
most pronounced for the case of an s-wave order parameter.
The above described scenario is modeled by the following
(simplified) Hamiltonian [43–46, 89, 90]:

=

ci+ exp⎝−
⎛





+
+
gnd,i Qi + g ci,σ
d j,σ + di,σ
c j,σ Q j ,


 
+
+
gnc,i Qi + g ci,σ
d j,σ + di,σ
c j,σ Q j .

The electronic states within the antiferromagnetic background are denoted by creation and annihilation operators
d+ , d, with density nd = d+ d, those within the lattice
distorted areas are labelled c+ , c, and nc = c+ c. ε are the site
i dependent energies, t are the hopping integrals, and U is
the onsite Coulomb repulsion within the AFM matrix. In the
hole rich areas U becomes meaningless since it is strongly
reduced by the electron-lattice coupling and might even
become attractive there. The coupling between the lattice
and the electronic subsystems consists of a diagonal coupling
proportional to g and an oﬀ-diagonal coupling proportional
to g which enables charge transfer processes between the
two regimes. Principally, the couplings between the c and d
regimes are not identical, but for simplicity they are assumed
to be the same here. For simplicity the lattice Hamiltonian is
taken to be harmonic with p and Q being site i dependent

di = di exp⎝

q

di+ = di+ exp⎝−

q

g q ni ,

q



⎛

bq = bq +





gq bq+

⎞

− b q ⎠,
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gq bq+ − bq ⎠,



q





(3)

⎞

gq bq+ − bq ⎠,
bq+ = bq+ +


q

g q ni .

As is obvious from (2), a coupled feedback from the lattice
to the electronic degrees of freedom and vice versa results.
We first concentrate on the renormalizations of the electronic
subsystem and then discuss those experienced by the lattice.
The electronic kinetic energy renormalization is given
by ti → ti = ti exp[−g 2 coth(ω/2kT)], whereas the site
dependent energies transform to ε → ε − Δ∗ , Δ∗ =
(1/2N) q (gq2 /ωq ), and U has to be replaced by U =
U − (gq2 /ωq ). The lattice-induced hybridization terms experience an important renormalization since density-density
interactions are a consequence which facilitate multiband
superconductivity and lead to strong enhancements of Tc
[92, 93].
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The electronic part of the transformed Hamiltonian can
be cast into an eﬀective BCS scheme which is, however,
extended to account for multiband superconductivity. The
resulting Hamiltonian reads [43–46, 92, 93]
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Figure 12: Dependence of the s-wave gap Δs (black squares) and the
d-wave gap Δd (red circles) on the corresponding Tc . The dashed
lines are a guide to the eye.

(4)
where H0 is the kinetic energy of band c, d with ξki = εi − εki −
μ, i = c, d, μ is the chemical potential which controls the band
filling, and the band dispersion is given by the simplified
scheme as suggested by LDA calculations [94]:








∓

t4 cos kx a − cos k y b
4



(5)

2
−μ

with t1 , t2 , and t3 being nearest, next, and third nearest
neighbour hopping integrals, whereas t4 is the interplanar
hopping term which becomes relevant in multilayer systems.
Principally, all hopping integrals should be aﬀected by the
polaronic eﬀects. It turns out, however, that a renormalization of the 3rd nearest neighbour hopping term has no
influence on any of the below investigated physical properties. The terms H1 , H2 , H12 provide the pairing potentials
in the c and d bands and the pairwise exchange between
both bands. The pairing interactions can be represented in
factorized form in order to account for anisotropic pairings
like, for example, extended s-wave or d-wave pairing. Guided
by the experimental data which have been presented above
(see Figures 9 and 10), it is assumed that in the c-channel swave pairing is realized whereas in the d-channel a d-wave
order parameter exists. From (4) coupled gap equations can
be derived which are given by [92, 93]




βEk1
Δk1
tanh
= Δk1 Φk1 ,
2Ek1
2





βEk2
Δk2
tanh
= Δk2 Φk2 ,
2Ek2
2

ck+1 ↑ c−+ k1 ↓ =

dk+2 ↑ d−+ k2 ↓ =







V1 k1 , k1 Δk1 Φk1 +

k1

Δk2 =







V2 k2 , k2 Δk2 Φk2 +

k2



V1,2 (k1 , k2 )Δk2 Φk2 ,

k2



V2,1 (k2 , k1 )Δk1 Φk1 .

k1

(6)

εc,d (k) = −2t1 cos kx a + cos k y b + 4t2 cos kx a cos k y b
+ 2t3 cos 2kx a + cos 2k y b

Δk1 =

These have to be solved simultaneously and selfconsistently
for each temperature T, and Tc is defined by the condition
Δki = 0. The dependencies of these gaps on Tc are shown
in Figure 12. While the s-wave gap to Tc ratio is distinctly
smaller than the BCS value (2Δs /kTc = 3.33), the one of
the d-wave gap (2Δd /kTc = 9.68) is substantially enhanced.
The average gap to Tc value (2Δ/kTc = 5.34) remains
enhanced as compared to the BCS prediction and agrees with
experimentally observed one (see Section 2.1).
Isotope eﬀects on the gaps are possible through the
dependence of the band energies on the polaronic coupling
which carries a mass dependence. These have been calculated
as a function of the chemical potential and are shown
in Figure 13. The isotope eﬀects on both gaps are of
the same order of magnitude and are doping dependent.
In the underdoped regime the OIE is substantially larger
than around optimum doping where it almost vanishes
(see Figure 6, where the full green line stems from model
calculations). Most importantly, however, the model predicts
a sign reversal of it in the overdoped regime as is seen
experimentally and shown in Figure 6 [17].
A doping dependent OIE on Tc stems also from the polaronic renormalization of the single particle energies. Here,
however, not all considered hopping integrals contribute
equally, but it is found that the nearest neighbour hopping
integral t1 leads to a sign reversal of the OIE at small dopings
and thus can be discarded to contribute to the OIE (see black
solid line and symbols in Figure 1). This wrong trend for
the isotope eﬀect stemming from the renormalization of t1
arises from the related density of states which increases with
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Figure 13: Dependence of the s-wave gap Δs (squares) and d-wave
gap Δd (circles) on the chemical potential. The red symbols are for
16 O, the blue ones for 18 O.

Figure 14: The individual components of λ2ab (T)/λ2ab (0) as a
function of the normalized temperature T/Tc (blue: s-wave; green:
d-wave) to the total (black line) normalized in-plane penetration
depth.

increasing oxygen ion mass. The correct trend for the OIE
is obtained from the renormalization of the second, t2 , and
interplanar hopping integrals, t4 (see purple solid line and
symbols in Figure 1). This admits to draw conclusions about
the relevant lattice mode which causes the OIE, namely,
the Q2 -type Jahn-Teller mode with important contributions
from a c-axis mode [43–46, 88].
The experimentally observed SOIE (Figures 2 and 3)
has theoretically been attributed to the density of states at
the Fermi energy EF of the related oxygen ions [67]. Since
the apical and chain oxygen ions have a small density of
states at EF as compared to the in-plane oxygen ions, the
large diﬀerence in both causes also the diﬀerence in their
contribution to the total OIE.
From (4)–(6) the superfluid stiﬀness is calculated within
linear response theory [95] through the relation between
current and the induced transverse gauge field:

in Figure 4, as long as the underdoped regime is concerned.
The correlation between the OIE on λab and the one on
Tc (see Figure 5, solid green line) is, however, only obeyed
for small and intermediate doping levels while for optimal
doping deviations between experiment and theory are seen.
These are—most likely—attributable to the theoretical simplification of using a doping independent polaronic coupling
constant g (see (2)).
Finally, the lattice response to polaron formation is
addressed. The lattice harmonic oscillators experience a rigid
shift proportional to q gq2 ni ni . By staying at a mean field
level and neglecting cross terms, the renormalized phonon
frequency is approximated by [88]

ρsi =

1
2V

⎧


⎫
 
⎨ ∂ξk 2 ∂ f Eki
Eki ⎬
ξki
1 ∂2 ξki
i
×
+
1−
tanh
,
⎩ ∂ki
∂Eki
2 ∂ki2
Eki
2kT ⎭
k

(7)


2

where E(k) = ξk2 + Δ0 . The superfluid stiﬀness is characterized by two components related to the coupled gaps and
has an additional in-plane anisotropy caused by orthorhombicity. Since the two gaps considered above have largely
diﬀerent values (Figures 12 and 13), the superfluid stiﬀness
exhibits an inflection point at low temperatures as is seen
experimentally (see Figures 9 and 10). A typical example is
shown in Figure 14 which closely resembles the results shown
in Figures 9 and 10.
Obviously, also an oxygen isotope dependence on the
in-plane penetration depth results from (7). This is in
quantitative agreement with the experimental data shown

(0)2
2
ω
 q,
j = ωq, j −

gq,2 j  1
ε(k)
tanh
,
N(EF ) k ε(k)
kB T

(8)

where N(EF ) is the density of states at the Fermi level, ε(k)
(0)
is given by (5), and ωq,
j is the bare branch j and momentum
q dependent lattice mode frequency. For temperatures
T <


Tc ε(k) in (8) has to be replaced by E(k) = ε(k)2 + Δ0 (k)2
with Δ0 (k) being the average superconducting energy gap. Its
momentum dependence is taken as a parameter: we consider
possible s, d, and s+d wave symmetries here. From (8), finite
momentum mode softening can set in if the normal mode
(0)
unrenormalized frequency ωq,
j is reduced by the electronic
2
 q, j → 0. Obviously, this situation
energy, corresponding to ω
is controlled by the dependence on the coupling strength gq, j
(8) which we use as a variable to calculate the mode freezing
2
 q,
temperature where ω
j = 0. Since the electronic energies due
to their coupling to the lattice degrees of freedom and the
unrenormalized mode energies are both isotope dependent,
the freezing temperature is isotope dependent as well. This
dependence is huge, sign reversed, and of the same order
of magnitude as the experimentally observed OIE on T ∗
(see Figure 8) [19, 74]. In the present approach the freezing
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Figure 15: (a) Temperature dependence of the polaronic mode for T > Tc . The dashed line indicates the unrenormalized local mode
frequency and the deviation from it signals the onset of the polaron formation temperature. (b) Dependence of the polaronic mode on the
reduced temperature T/Tc . The colour code refers to the s + d wave admixture as indicated in the graph.

temperature, which we identify with T ∗ , signals the onset
of a dynamically modulated, patterned structure (of local
coherent polarons), where the superstructure modulation is
2
∗
 q,
defined by the q-value, where ω
j = 0 and T is defined
through the implicit relation
(o)2
ωq,
j =

gq,2 j  1
ε(k)
.
tanh
N(EF ) k ε(k)
kB T ∗

(9)

The complete softening of the renormalized local mode
frequency, which signals the onset of polaron coherence, is
shown in Figure 15(a) as a function of temperature for T >
Tc . Above T ∗ , typical local mode softening is observed beginning approximately 220 K above T ∗ as is evident from the
deviations of the unrenormalized mode frequency indicated
by the dashed line in Figure 15(a). This high-temperature
scale signals the onset of polaron formation with random
distribution on the lattice. At T ∗ the polarons become locally
coherent and spatially patterned. Below T ∗ the dynamics
are fast but still preserve their spatial self-organization.
In this regime almost no temperature dependence in the
polaronic mode is present. For temperatures T < T ∗ the
opening of the superconducting gap influences these local
dynamics massively, since now global coherence sets in. This
is especially dramatic if the superconducting order parameter
has an s-wave component.
In Figure 15(b) this temperature regime is shown with
varying amounts of s-wave admixture to a d-wave order
parameter. For a pure s-wave order parameter a substantial
softening of the polaronic mode is observed in the immediate
vicinity of Tc . With increasing d-wave contribution the
softening shifts to lower temperatures and is already lost for
50% d + 50% s wave composition: only a small cusp at Tc
indicates the onset of superconductivity.
An important consequence of the above local mode
softening is related to the mean square Cu-O displacement

σ 2 (T) involved in the polaron formation. Here actually
two copper-oxygen displacements are relevant for most
HTS materials, one within the ab-planes, and the other
one referring to the Cu-apical oxygen displacement [10–
12]. Mostly, however, only the former is accessible to
experiments, since this is substantially shorter than the
latter one. Using the fluctuation/dissipation theorem we find
 q, j ) coth(ω
 q, j /2kB T). The calculated temσ 2 (T) = /(M ω
perature dependence of σ 2 (T) is shown in Figure 16. Above
T ∗ σ 2 (T) obeys the Debye-Waller temperature dependence,
however, enhanced at the onset temperature of polaron
formation. At T ∗ a divergence in σ 2 (T) appears caused by
the freezing of the polaronic mode. Such a behaviour has
been observed experimentally in various cuprate HTSs, and
a typical experimental result is shown in Figure 11 and in the
inset to Figure 16 [5, 7, 8, 10–12, 26–28]. The previously used
assignment of T ∗ is diﬀerent from our definition, since in
[5, 7, 8, 10–12, 26–28] T ∗ has been related to the onset of
deviations from the Debye Waller behaviour; that is, T ∗ , in
those references, is higher than the actual polaron freezing
temperature.
With decreasing coupling strength g, not only does
T ∗ decrease but also the peak width and height diminish,
becoming unobservable for small coupling. For temperatures
below and slightly above Tc the temperature dependence
of σ 2 (T) is strongly aﬀected by the superconducting gap
symmetry, as anticipated from the T-dependence of the
polaronic mode. With increasing admixture of a d-wave
component to the primarily s-wave gap symmetry, the peak
in σ 2 (T) shifts to lower temperatures and is completely
suppressed if the d-wave component achieves 50% or more.
However, a similar suppression of this divergence is found
if the renormalization of the hopping elements occurs for
the second and interplanar hopping integrals only. In this
case the coupling strength is the relevant parameter: the
smaller it is, the more the peak is suppressed. The complete
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8

6

1.3
1.1
0.9
0.7

4

0

50

100

150

200

250

Temperature (K)

2

0

0

50

100

150
200
Temperature (K)

250

300

Figure 16: Calculated temperature dependence of the mean square
Cu-O displacement σ 2 (T). T ∗ is defined as the temperature where
the first divergence in σ 2 (T) appears (in this example at T = 100 K).
The lower temperature divergence occurs at or below Tc depending
on the pairing symmetry as explained in the text. The inset shows
the experimental results obtained in [26–28].

The local lattice response observed experimentally has
been shown to originate from the polaronic feedback
eﬀect on the lattice degrees of freedom which results in
local mode softening and divergences in the Cu-O mean
square displacement. Especially at T ∗ the polarons gain
coherence and persist in the superconducting phase. Within
this scenario the pseudogap phase is a precursor phase to
superconductivity which supports it but does not yet reflect
the symmetries of the superconducting order parameters.
The symmetry of the superconducting order parameter has
been shown to influence in a crucial way this displacement,
since an s-wave order parameter causes another divergence
in this displacement whereas a d-wave order parameter has
almost no eﬀect on it. The experimental data suggest that
coupled order parameters are realized.
All experiments described in this review cannot be
understood within purely electronic models. In addition,
in those the important contributions from the c-axis are
missing. The data and their theoretical interpretation are in
line with the original idea of Jahn-Teller polarons as novel
glue for electron pairing, which was the initiating motivation
for the discovery of HTSC in cuprates [1, 42].

Acknowledgments
suppression that takes place for a 50% s-wave +50% d-wave
order parameter does not occur, but a substantial shift to
temperatures well below Tc occurs. This means that whenever
a peak in σ 2 (T) is observed for temperatures T ≤ Tc , the
superconducting order parameter cannot be purely d-wave but
must have an additional isotropic s-wave admixture. This
conclusion is strongly supported by the above described μSR
experiments (see Figures 9 and 10).

4. Conclusions
Various unconventional isotope eﬀects observed in cuprate
HTSs have been reviewed, and it has been shown that
besides of these eﬀects all phases appearing in the complex
hole doping dependent phase diagram show isotope dependencies. In addition, compelling experimental evidence has
been given that the order parameter in these systems is not
a single d-wave one but consists of coexisting s- and dwave contributions which change in composition with the
crystallographic directions. In the CuO2 planes a well visible
s + d wave order parameter is realized whereas along the caxis the d-wave part is almost missing and the experimental
features are compatible with an s-wave order parameter.
This finding implies that concentrating on the planes only
is rather insuﬃcient and incomplete.
The experimental results have been modelled within a
two-component scenario where the doped holes lead to
polaron formation and constitute a subsystem in the pseudoAFM matrix. Both components are not phase separated
but interact dynamically with each other thereby leading to
multiband superconductivity. The observed isotope eﬀects
are a natural consequence of polaron formation and convincing agreement with experimental data is achieved.
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I review the multiple successes of the discrete hard-wired dopant network model ZZIP, and comment on the equally numerous
failures of continuum models, in describing and predicting the properties of ceramic superconductors. The prediction of transition
temperatures can be regarded in several ways, either as an exacting test of theory, or as a tool for identifying theoretical rules
for defining new homology models. Popular “first principle” methods for predicting transition temperatures in conventional
crystalline superconductors have failed for cuprate HTSC, as have parameterized models based on CuO2 planes (with or without
apical oxygen). Following a path suggested by Bayesian probability, it was found that the glassy, self-organized dopant network
percolative model is so successful that it defines a new homology class appropriate to ceramic superconductors. The reasons for
this success in an exponentially complex (non-polynomial complete, NPC) problem are discussed, and a critical comparison is
made with previous polynomial (PC) theories. The predictions are successful for the superfamily of all ceramics, including new
non-cuprates based on FeAs in place of CuO2 .

1. Introduction
The prediction of transition temperatures Tc is rightly
considered to be one of the most diﬃcult problems in
theoretical physics. Here one should distinguish between a
true (or bare) prediction (the value of Tc is not known
when the prediction is made), and a postdated calculation
carried out according to certain rules after Tc has been
measured experimentally. If the rules (sometimes called “first
principles”) have been established for similar materials, and
they are faithfully applied to the new case, then the validity
of the rules can be tested by the success of the prediction.
If the number of example materials where the rules have
been applied previously is large compared to the number
of adjustable parameters, then the prediction can be said to
be based on homology, namely, the supposed microscopic
similarity of the phase transition of the new material to those
previously studied.
Perhaps the best-known example of a “bare” prediction
of a transition temperature was [1] for superfluidity of
3
He. The predicted value of Tc was 100 mK, whereas the
measured value [2] of Tc was 3.6 mK, so the predicted

value was too large by a factor of ∼30. The most successful
predated prediction of Tc for superconductors based on
homology was for the high-pressure phase of Si [3], where
the experimental maximum Tc is 8.2 K, and estimation
of Tc using the most popular rules gave Tc = 5 K. A
number of postdated predictions of superconductive Tc
have been made based on homology models and “first
principles” rules. The rules depend mainly on the Fermisurface average of the electron-phonon coupling constant
λ and the phonon frequency squared (λω2 ). The most
popular of these have been the prediction of Tc in MgB2
based on homologies with simple metals such as Al, where
the predicted and experimental values are both about 40 K
[4]. Equally impressive has been the prediction of Tc in 5% Bdoped CVD diamond, where the predicted and experimental
values are Tc = 22 K and Tc = 11 K, respectively [5]. The
agreement here between theory and experiment is better
than it appears to be, as some of the B may have formed
electrically inactive dimers. This example illustrates the
strengths and limitations of homology arguments based on
first principles, as the material properties of B-doped CVD
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Ceramic phase diagram
(La, Sr)CuO4

thus may not be equally successful for strongly disordered
materials like ceramic superconductors.

Tc

Tc

2. Exotic Superexchange and Traditional
Electron-Phonon Interactions

x

x

Figure 1: There are large qualitative diﬀerences between the phase
diagrams of layered ceramic cuprates, such as La2−x Srx CuO4 , and
cubic Ba1−x Kx BiO3 . The former requires a percolative model, but
the superconductive properties of the latter can be explained using
a traditional BCS continuum model.

diamond are a far cry from those of single-crystal Al or
MgB2 .
The success of crystalline models for electron-phonon
interactions in MgB2 , and their failure in ceramic superconductors, is sometimes cited as “proof ” that ceramic
HTSC is not caused by electron-phonon interactions. This
argument completely ignores the fact that doping is required
to render ceramic materials metallic and superconductive,
whereas substitutional doping of MgB2 drastically depresses
Tc . From these contrary chemical doping trends it is already
obvious that something drastically diﬀerent from crystalline
superconductivity must be happening to cause ceramic
HTSC. These drastic diﬀerences are likely to be caused by
the strong disorder introduced by the dopants. Perhaps the
most dramatic diﬀerences are apparent in the phase diagrams
of Tc (x) in Ba1−x Kx BiO3 compared to La2−x Srx CuO4 , as
shown in Figure 1. As both compounds are oxides, one
might have expected to see similar phase diagrams, but
clearly the standard parabolic Tc (x) of the cuprates is not
seen in the triangular Tc (x) of Ba1−x Kx BiO3 . The latter
is well understood: as x decreases, the dopant free charge
density decreases, and with it the screening of electronphonon interactions, so Tc (x) increases right up to the
metal-insulator transition. Our main task for the ceramic
superconductors is now to explain the parabolic dependence
of Tc (x) (which is not diﬃcult in a glassy network model),
and to predict Tc max (x) at optimal doping (much harder).
Other examples of Tc predictions are the proton orderdisorder transition in high-pressure ice, where the predicted
and experimental values are 98 K and 72 K, respectively
(KOH doping) [6], and strained thin-film ferroelectrics,
where large shifts in the Curie temperature Tc are predicted,
and there is a good agreement between theory and experiment after correcting the domain eﬀects [7]. In magnetic
materials, the values of Tc calculated by self-consistent fields
with frozen magnons are in generally good agreement with
experiment within about 20%, even for complex ternary
alloys with mixed ferro- and antiferromagnetic interactions
[8]. All of these successful calculations have occurred in
well-ordered crystals; methods based on ideal lattice models

Much of the theoretical literature over the last two decades
has been devoted to discussing nonphonon models of HTSC.
Did Bednorz and Mueller suppose, when they discovered
HTSC in the cuprates, that they were also opening what
would turn out to be a Pandora’s box for theorists? Certainly,
by looking for superconductivity in a family of materials
known not for metallic, but for antiferromagnetic properties,
they were already behaving as contrarians, who worked
evenings on this project, as they felt that this research direction would not meet with the approval of their immediate
superiors. Had they consulted me, I would have asked them
why they expected to find superconductivity in these pseudoperovskites. Their explanation that the strongest electronphonon interactions are found in the best ferroelectrics (like
BaTiO3 , which has the closely related perovskite structure)
would not have satisfied me. The perovskites exhibit many
displacive distortions, and a would be metal should be
rendered insulating by Jahn-Teller distortions.
In fact, my general argument was correct for almost all
such materials, almost all, but with a few crucial exceptions(!)
As I later learned, the crystal chemist who discovered
La2 CuO4 had made a prescient remark (references for this
and many other older papers can be found in my book [9]).
He noted that La2 CuO4 was the only cuprate known at that
time with an undistorted tetragonal structure. In all other
cuprates the lattice planes had buckled due to strong JahnTeller distortions, and these same distortions would suppress
metallic conductivity and of course superconductivity. No
one could blame theory (or me) for not predicting the
rigidity of CuO2 planes, and I was oﬀ the hook for the
moment, but there were much bigger challenges yet to come.
These new challenges emerged in a way that took me
even more by surprise than the Bednorz-Mueller discovery.
It had been known for decades that superconductivity
and magnetism are incompatible, because electron-spin
scattering breaks Cooper pairs. There are elaborate manybody ways of deriving this result (based on four-particle
scattering diagrams called plaquettes), but the simplest way
is to invoke Helmholtz’ theorem, which states that any
vector field can be decomposed into complementary parts:
solenoidal (magnetic) and irrotational (extensive, in other
words, superconductive). This is, in fact, a “poor man’s” way
of deriving the Meissner eﬀect.
Soon phase diagrams appeared that showed that as the
doping level increased, magnetism faded and superconductivity appeared, just as one would have expected. However,
even before phase diagrams became available, theorists had
jumped in with explanations, and the first explanation was
not the most natural one, but the most surprising one, even
more surprising than the discovery itself. Anderson proposed
that HTSC was caused not by phonons, but by superexchange
between spins(!), a subject that he had discussed in 1950
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for insulators. It seems that he had long hoped to find
superexchange in metals, and it appeared to him that HTSC
were just what he had been looking for. He termed his new
mechanism “RVB” and it soon became by far his most cited
paper (∼5000 citations so far). Anderson is still advocating
RVB [10] and that HTSC was caused not by phonons, but
by superexchange between spins(!), and he has persuaded
many distinguished theorists to join him [11]. His example
has stimulated many frivolous theories.
Of course, not everyone was in love with superexchange.
Sir Neville Mott had always championed a common-sense
approach (today known more popularly by the computer
scientists’ acronym KISS), and initially he suggested that
HTSC could be caused by a mixture of electron and spin
interactions. However, he soon abandoned spin altogether,
and turned to “bipolarons” by which he meant Cooper
pairs formed by very strong and very localized electronphonon interactions [12, 13]. However, while there is no
doubt that very localized electron-phonon interactions exist
at dopants (such as interstitial O) in these materials, it is
not easy, especially with such large unit cells and so many
normal modes, to distinguish experimentally such dopant
interactions from host Jahn-Teller distortions. Indeed, even
in the old intermetallic “high temperature” superconductors,
with Tc ∼ 20 + K, it was often Jahn-Teller distortions (or
other lattice instabilities) that had ultimately limited Tc [9],
while magnetic interactions, even with small amounts of
magnetic impurities, quickly destroyed superconductivity. T.
D. Lee also suggested that HTSC might be more like BoseEinstein condensation, and there are still papers on HTSC
using the B-E approach. In my opinion, this approach is
insuﬃciently material-specific, and does not identify the key
aspects (like the rigidity of CuO2 planes) that make the
cuprates special.
From the point of view of materials science, what was
special about the cuprates was (and still is) that they are
at the cutting edge (sometimes called the bleeding edge) of
new materials: not only are they complex chemically, but
also oxides per se previously enjoyed a very poor reputation
among crystallographers: the samples were often oxygendeficient, and the sample quality was often so poor that Xray structural determinations did not meet the standards
required for publication in archival diﬀraction journals.
It seemed to me [14] that these problems suggested that
these strongly disordered materials should be regarded as
mechanically marginally stable (MMS). MMS is apparently
unapproachable theoretically; the reason is that too little is
known about interatomic forces, and with many atoms/(unit
cell), even small errors in these will cause the dynamical
matrix to produce negative values of ωα 2 (q) for some q
and some mode α. The current state of the art (2009) is
that MMS in ferroelastic and ferroelectric BaTiO3 (but not
La2 CuO4 ) has been solved by brute-force first-principles
pseudopotential calculations. However, even the host compound La2 CuO4 is a very long way from La2−x Srx CuO4
(large lattice distortions near dopants are always ignored,
as they are a large problem for brute-force approaches,
but as we will see, there are other ways to deal with
them).
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When Tc is calculated for HTSC using crystalline continuum metallic (λω2  or Eliashberg) rules, not only are
the predicted values too low but also the chemical trends
are wrong (with some fudging of the adjustable Coulomb
repulsion parameter μ∗ , Tc in La2−x Srx CuO4 may be brought
close to experiment (xc = 0.15, Tc = 38 K), but the same
value of μ∗ in YBa2 Cu3 O7−x gives Tc < 1 K, a failure
compared to experiment (xc = 0.1, Tc = 90 K) [15]. The
feature that distinguishes ceramic HTSC from metals is
their strong disorder, as reflected in complex patterns of
nanodomains on a length scale ∼3 nm [16, 17]. In the
presence of strong disorder, superconductivity may become
molecular in character [12, 13], in which case Tc could be
as high as 380 K [18]. Unfortunately, this upper bound is too
weak, and is unlikely to be reached, because in the presence of
strong electron-phonon interactions the metallic band at EF
will be split by a Jahn-Teller eﬀect (e.g., monovalent dopants
could form electrically inactive dimers); worse still, the entire
compound may not be dopable, or may phase-separate.

3. Chemical Factors: Size, Apical Oxygens,
Electronegativity, and Valence
A diﬀerent and more global approach to the exponential complexity associated with strong disorder relies on
traditional analysis of chemical factors (valid in crystals,
molecules, and glasses) [19] to analyze trends in Tc . Some
have argued that cuprate superconductivity must be localized
in the CuO2 planes [20], but if this were the case, the
maximum Tc ’s in each material family, Tc max , would be
nearly constant, much like the planar lattice constant. This
is far from being the case. As one can easily see from
structural systematics [19], the central problem in ceramic
superconductors lies in making a ceramic conducting by
heavy doping. Light doping (as in semiconductors) is not
enough because as the ceramic dielectric constant is small,
the dopant orbitals are also small, and these will not overlap
unless the dopant level is high. Maximum doping levels
in rigid semiconductors are typically <1%, so something
special is required to support the high doping levels found
in ceramic superconductors and still avoid phase separation.
In cuprates, the special factor is the exceptional rigidity
of CuO2 planes (see Section 2), which allows the intervening
insulating layers to be soft and flexible. Because core repulsive
potentials are “hard” it is then relatively easy to dope the soft
insulating layers. Note that normally one thinks of metals
as soft, and ionic insulators as hard. The cuprates and a
few other layered ceramics reverse the normal ordering, and
this is what makes it possible for them to be HTSC. There
are no mysterious superexchange interactions between spins;
most of the antiferromagnetic regions have disappeared by
the time the doping is large enough for the materials to
be metallic. The pseudogaps are still present, and they play
a necessary role, but whether or not they are caused by
magnetic interactions (unlikely) or charge density waves (or
Jahn-Teller distortions) (probably) is incidental. The highest
Tc , reached at optimal doping in a given alloy will depend
on the dopant configuration relative to the regions occupied
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by the pseudogaps. That, in turn, will depend on the relative
sizes of the ions, a packing (actually, a dynamical packing)
question that is well beyond the reach of present and
probably any future theory. As we will see in the following
section, with a suﬃciently large data base this diﬃculty can
be handled by advanced statistical methods.
Kamimura recognized that the CuO2 planes alone could
not explain HTSC, no matter how exotic the interactions
within them, and he suggested that apical oxygens could play
an important role [21]; several succeeding “apical oxygen”
papers also proved quite popular [22, 23]. There have always
been strong indications that apical oxygens are coupled to
interlayer dopants (especially interstitial oxygen, which is
close to apical oxygens and can form dynamical vibrational
bands with them) based on chemical trends between apical
oxygen bond lengths, ordering and Tc [24], and we will see
further evidence of such correlations later. However, specific
apical oxygen models always introduced atomic orbitals
and their overlaps, which generates many parameters to fit
one observable, a situation that always leads to “excellent”
agreement between “predicted” and experimental values. In
fact, the most popular model [23] is based on the diﬀerence
between the Madelung potentials at the planar and apical
oxygen sites, calculated with an artistic point ion model
where most of the many charges in the unit cell are freely
“assigned” (e.g., although O is usually 2−, in some cases it is
“assigned” a charge of 1+, and many liberties are taken with
“assigned” cationic charges). A parameterized discussion of
correlations between apical oxygen bond lengths da and Tc
[25] gave plausible trends, but it covered only a few cases
with no predictions of Tc , showing the limitations of da as
a configuration coordinate. More generally, one should not
use extensively parameterized atomic models (CuO2 planes +
apical oxygens) to discuss diﬀerences between pseudogapped
regions and superconductive regions, as this diﬀerence is
almost surely due to diﬀerent dopant distributions [26].
When one considers seven diﬀerent structural factors,
including apical oxygen bond lengths, and correlates them
with Tc , one finds that the obvious ionic variable, the average
over all host atoms of the diﬀerence between cation and
anion electronegativities (ΔX ), gives the best fit to Tc [27].
(This is the ionic analogue of the covalent molecular model
[14].) Bearing in mind that diﬀerent dynamical packings can
be used to maximize Tc , we can now test the validity of ΔX 
as a coupling parameter by plotting Tc max (ΔX ). The results
are quite disappointing, as they yield a scatter-shot plot [28],
which means that the traditional chemical approach is too
simple to explain HTSC (the reason is that to produce a
strong electron-phonon interaction, we need a soft lattice,
and soft lattices will be found near a covalent-ionic-metallic
triple point, which will not depend on ΔX  alone). It is just
at this point, when nothing seems to work, that we can find
the answer, using only the elements discussed so far.

4. Successful Prediction of Tc max
We begin by realizing that volume factors although they
are not known in detail, can be included implicitly in the
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analysis by focusing initially not on Tc (Y ), but rather on
the largest transition temperatures Tc max (Y ), where Y is
any other chemical factor. In other words, if the volume
factor has already been optimized, then the material in
question will have Tc = Tc max (Y ). For those familiar with
Bayesian probability, this approach is readily recognized:
Bayesian probability interprets the concept of probability as
a contingent “measure of a state of knowledge” and not as a
frequency in orthodox statistics (further details can be found
from your browser). Bayesian methods can be extremely
eﬀective, but the Bayesian filter requires a large data base.
In what follows, the basic Bayesian conclusions are tested
by employing the full ceramic HTSC data base, which has
now grown quite large, including ceramics based on metallic
layers other than CuO2 planes and apical ions other than
oxygen.
At this point there are only two chemical configuration
coordinates remaining: electron/atom (e/a) ratio (which
determines the Fermi line of a two-dimensional metal), and
valence, which apparently is relevant for perovskites and
pseudoperovskites, where the average coordination number
is far lower than in metals. In a continuum model the e/a
ratio would be the relevant one, while in a valence bond
network model valence is the key coordinate; this coordinate
can compete with structural coordination numbers [14]. The
latter are much the same for most cuprates, and are unlikely
candidates for Y . Moreover, decades of research on a parallel
problem, network glasses, have shown (particularly when
comparing silicate and chalcogenide alloy glasses) that the
MMS of such densely packed glasses (which permits them
to avoid crystallization) depends primarily on the number
of Pauling resonating valence bonds R (e.g., in NaCl there
is one Pauling resonating valence bond/ion, although the
coordination numbers are six) [29]. The value of R for Cu
in the cuprates is 2. There are similarly obvious rules for
R for other elements (including those with mixed valence,
Tl, +1, +3, and Bi, +3, +5) [30], and of course, R(O) = 2,
while e/a(O) = 6. The conclusion (also taking into account
many results for network glasses) is that while R is a good
coordinate for ionic and covalent molecules, it is a very
accurate configuration coordinate for strongly disordered
networks, even in the presence of lone pair interactions
[28]. The valence bonds that one is counting determine
the MMS of the network, while the dopants provide the
metallic carriers. Of course, in metallic superconductors, e/a
is the relevant chemical factor, so by replacing e/a with R,
we have not only identified the central diﬀerence between
metallic and ceramic superconductivity, but we have done so
quantitatively.

5. MMS and Coarse Graining
The question remains of how valence or R is to be averaged
over the many atoms in the unit cell: should the rigid metallic
planes be weighted more heavily, or the soft layers between
them, where the dopants are. Again decades of research
on network glasses have shown that the best weighting is
the simplest, that is, equal weighting (R) for all atoms
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provides the best description of glass-forming ability and the
glass transition, because the overall network is mechanically
marginally stable (MMS). As discussed earlier, shell-model
calculations [31] of phonon spectra in HTSC are generally
unable to predict very soft modes, especially those associated
with dopants. Quite revealing is the fact that the fitted
eﬀective charges for “soft layer” rare earth cations in shell
models of LSCO and YBCO phonon spectra derived from
neutron scattering were inexplicably negative [32]. Neutron
scattering has successfully identified Jahn-Teller distortions
associated with high-frequency optical modes, and these set
the overall scale [30] for Tc max , but it is unable to resolve very
soft modes [33].
Although MMS is concealed from experiment and theory
in HTSC, the simple and universal assumption of equal
weighting of all atoms is fully eﬀective. In retrospect, it is
easy to see why equal weighting works so well. HTSC exhibits
nanodomains spanning ∼10 unit cells [16, 17], so the soft
modes implied by MMS are spread not only over a single unit
cell, but in fact over many unit cells (coarse graining), all of
which are suﬃciently disordered by dopants and pseudogap
instabilities that equal weighting within a unit cell becomes
almost as accurate as in fully homogeneous network glasses.
Guided by these considerations, which are general,
specific, simple, and free of adjustable parameters, we
plotted Tc max (R), with the results shown in Figure 3. It
is important to understand how the predictive dotted line
was drawn. First, note that all the HTSC with R ≥ 2 are
well known, and in fact were discovered chronologically
with decreasing R, starting with Ba1−x Kx BiO3 (a cubic
perovskite, with a phase diagram quite diﬀerent from
the cuprates, and only hints of an emerging nanodomain
structure [30], but it still fits nicely on the smooth dotted
line). Secondly, if one knows only the ascending curve for
R ≥ 2, one might reasonably extrapolate it to very large
Tc max (R) for R < 2. When the predictive dotted line
was drawn initially, only one point was known for R < 2
that for the oxyhalide NCCOC(Nax Ca2−x− y CuO2 Cl2 ) with
Na (not O!) dopants, an apical Cl (not O!) and Tc ∼
40 K. There is no phenomenological reason to suppose that
this value of Tc represents a realization of Tc max , that is,
that Tc ∼ 40 K = Tc max . Nevertheless, one can note that
Tc (NCCOC) is approximately the mirror image of Tc (LSCO)
about R = 2, so on the basis of percolative symmetry it
seemed natural to draw the predictive line as shown. Later,
Ba2 Ca2 Cu3 O6 F2 (apical F) was reported to have Tc = 55 K,
which is comfortably below Tc max = 78 K on the predicted
line, so this point was added to the published Figure [30]
as its first “predictive” success, assuming that this value still
did not represent a realization of Tc max . Finally postdated
improved sample preparation [34] gave Tc (BCCOF) = 76 K,
reducing the discrepancy between the predicted value of
Tc max and experimental value of Tc for BCCOF from 23 K
to 2 K. This is a very convincing second (and predated)
predictive theoretical success, especially considering that
neither NCCOC nor BCCOF contain apical O, which means
that the homology is unexpectedly general. Of course,
further large increases in Tc (NCCOC or BCCOF) by 20 K
would be suﬃcient to falsify the theory, although even then
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Figure 2: The master function for HTSC, Tc max (R), provides
a least upper bound for bulk layered superconductors, and is
believed to be accurate to 10 K. This function is based on the
zigzag percolative model for self-organized HTSC dopant networks
[28, 30]. The original figure [30] has been modified to include the
most recent data [34] on BCCOF; the acronyms are as in [30].
Covalent network glasses [20] are centered on R = 2.4, but the
stabilizing eﬀect of the rigid CuO2 planes shifts the cuprate center
to R = 2.

it would be better than the only available alternatives which
predict Tc max higher by as much as 200 K.
The analysis given here is based on minimal logical
and statistical considerations, but the results were actually
derived from a physical model that the author first proposed
20 years ago [35]. The zigzag self-organized percolative
model (ZZIP) has many attractive features: for instance, the
energy scale for Tc max , which is merely set empirically in
Figure 3, is apparently set for R ≥ 2 by the Jahn-Teller
shift in the (100) LO phonon energy (there are no oxyhalide
data for R < 2), as shown by Figure 3(b) in [30], which
suggests a close dopant-mediated relation between the soft
acoustic and optic modes. Substantial evidence shows that
percolative filaments are formed at high temperatures and
account for many features of transport up to at least 300 K
[30]. At present there exists no alternative model that can
predict Tc max in HTSC.

6. Cuprate-Like Superconductivity
There are several new marginally stable families of layered
crystals that exhibit many similarities to the cuprates: there
are many atoms per unit cell, with displacive lattice instabilities, vicinal antiferromagnetic phases, and so forth, including
ionic Lix ZrNCl [36] and the rapidly growing covalent
superfamily based on FeAs, such as LaFeAsO1−x Fx [37]. Are
these similarities accidental, or can the percolative cuprate
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Figure 3: As in Figure 2, but now the noncuprate data have been
added, so the Figure has become rather “busy.”

ionic superfamily model explain HTSC in these noncupratelayered materials with no additional assumptions? In fact, the
percolative model easily explains the similarities, by bringing
these new materials into the general framework of selforganized networks. This has already been done for ionic
Lix (Zr,Hf)NCl (Tc ∼ 15 K–25 K) [38], so now a similar
discussion is given here for the covalent LaFeAsO1−x Fx
superfamily (Tc ∼ 26 K–43 K) [37], which is much larger and
the subject of hundreds of recent studies.
Because these materials are mechanically only marginally
stable, they are strongly disordered when doped, and are
generally far from optimized with respect to HTSC. Marginal
lattice stability determines the overall scale for Tc , as
the phonon energy shift measured by neutron scattering
associated with Jahn-Teller doubling of the unit cell of LO
phonons correlates linearly with Tc max in the cuprates [30];
of course, spin and antiferromagnetic exchange show no such
scaling, and are irrelevant. The least upper bound for Tc ,
called Tc max , has a strongly percolative character, as it peaks
exponentially at R = 2, where R is the average valence
number of all the atoms [28, 30].
The master function Tc max (R) is shown in Figure 2 for
the cuprates; the peak at R = 2 has a cut-oﬀ exponential
character. The point for ionic Lix HfNCl was discussed
previously [38], and we now discuss the points for the
LaFeAsO1−x Fx family (Tc ∼ 26 K–43 K). Here R(Fe) = 2,
just as for Cu, because Fe is in a 2+ valence state [39, 40]
in a virtual crystal model. This band model also shows the
beginnings of self-organization, in that the average height
h of As is found to shift with x [41]; had the calculation
been carried out with a large supercell centered on an F
dopant?, h(As) would have varied with distance from F.
This virtual crystal relaxation eﬀect alone shows that N(EF )
varies slowly and smoothly with doping (which means that

the apparent Fermi planar line becomes very broad near a
critical point), and hence eﬀective medium models cannot
explain HTSC. However, from this one should not conclude
that electron-phonon interactions do not cause HTSC, as
these interactions (not superexchange!) do set the overall
energy scale [30] through Jahn-Teller distortions on and near
percolative paths, and these distortions are especially large
near dopants.
When one calculates R for undoped LaFeAsO, one
obtains R = 2.5, which places LaFeAsO1−x Fx (Tc = 26K)
very close to Lix ZrNCl on the master curve of Figure 2, so
that the theory appears to succeed eﬀortlessly. However, Tc
is maximized at 43 K for pressures near 4 GPA [42], an
increase of 60%, which is much more than is seen in cuprates,
and exceeds the upper bound of the master curve. Does
this falsify the theory? No, because the equilibrium cuprate
master function Tc max (R) remains valid for the Lix ZrNCl
and LaFeAsO1−x Fx families, but the pressure dependence
in the latter family is larger than in the cuprates, as Fe-As
bonding is more covalent than largely ionic Cu–O bonding
[42], due to the larger Pauling electronegativity X diﬀerences
(X(Fe) = 1.8, X(As) = 2.0, X(Cu) = 1.9, X(O) = 3.5)) in the
cuprates. Covalent bonding also seems to limit the range
of R for which stable crystals can form; thus the smallest
value of R for the FeAs family seems to be near 2.3 in
(Ba0.55 K0.45 )Fe2 As2 [43].
It is striking that this covalent FeAs stability range of
2.3 < R < 2.5 is very similar to the range 2.25 < R <
2.52 for stress-free covalent glasses previously shown [28, 30]
in Figure 2. (Again this is a rather remarkably successful
predated prediction.) Thus the covalent instabilities of the
host lattice, especially the reduced rigidity of the FeAs plane
relative to the CuO2 plane, are the factor that shifts the value
of R at which Tc max peaks from Rmax = 2.0 in the ionic
cuprates to Rmax = 2.5 in the LaFeAsO1−x Fx family. In both
cases,
Rmax



= R metallic plane ,

(1)

so that the average connectivity of the undoped insulating
plane is matched to that of the metallic plane. Apparently
this hidden topological layer symmetry (1) determines the
maximum electron-phonon interactions in marginally stable
layered pseudoperovskites.

7. Surfaces and Interfaces
The percolative master function Tc max (R) is determined
from bulk data on layered crystals, so one can ask whether or
not this function can explain trends in Tc max at surfaces and
layer interfaces. Determining R at surfaces and interfaces
is much more diﬃcult than in the bulk, where it is natural
to average R over all atoms, as the self-organized structure
is marginally stable overall, and soft modes that are critically
bound to percolative superconductive paths should have long
wave lengths, as Tc max is still small compared to the melting
temperature. However, in layered thin crystalline films with
epitaxial interfaces or in clusters at doped free surfaces,
similar percolative behavior is expected. This turns out to be
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the case for the La2 CuO4 –La2−x Srx CuO4 (x = 0.45) interface,
where Tc ∼ 50 K, after enhancement by exposure to ozone
from ∼30 K [44]. The giant ozone enhancement is readily
explained by the addition of oxygen dopants, absorbed by
La2 CuO4 to give La2 CuO4+δ with δ ∼ 0.15. However, the
maximum Tc obtainable in this way is ∼30 K for both layers
separately, apparently producing a mystery.
Let us look at this mystery with the master curve: R
= 16/7 in LCO = 2.28, = (16 − x)/7 in La(2−x) = Srx CuO4 ,
so with x (or δ) = 0.15, R = 2.26, and with x = 0.45, R
= 2.22. This would give a decrease in R between x = 0.15
and x = 0.45 of 0.04, and so we get something like Tc = 35 K
+ (0.04/0.28) (150 − 35) K = 50 K. Of course, this is just a
plausible guess at the interfacial structure, but the master
function has given the trend correctly, not only qualitatively
but also semiquantitatively (something no other theory has
been able to do: virtual crystal theories predict Tc < 1 K, from
which it has often been erroneously concluded that electron–
phonon interactions do not cause HTSC!).
Now we turn to a much more diﬃcult problem, for which
the data base is small, but still robust: a surface monolayer of
Ax WO3 , where A is an alkali metal (Na [45] or Cs[46]). While
bulk Nax WO3 exhibits superconductivity only near 1 K, here
for Na superconductivity appears around 100 K; for Cs there
are two phase transitions, a bulk one with lower Tc at higher
doping, and a re-entrant percolative one with higher Tc at
lower doping. Moreover, Na– and Li– (but not K–) doped
surfaces of nanoclusters of WO3 embedded in a variety of
nanoporous hosts (carbon inverse opal, carbon nanotube
paper, or platinum sponge) show diamagnetic anomalies
with an onset T of 130 K [47]. Note that WO3 (with its
simpler unit cell, subject only to Jahn-Teller distortions) itself
is nonmagnetic, as is another HTSC(BKBO, (Ba,K)BiO3 ).
These data can be combined with the master function Tc max (R) to construct a model of percolative selforganization at surfaces. In bulk WO3 the valence of W is
6, and R = 3.0, far to the right on the master function
Tc max (R), where Tc max (3) < 5 K. Near the surface the
valence of W could be 2 (just as with Cu in the cuprates,
and Fe in the FeAs compounds). To explain Tc ∼ 130 K,
one must assume R = 2. A percolative Ws O surface chain
then has R = 2. These surface chains are entropically
broken into stress-relieving fragments. Intercalated Li or Na
ions connect the chain fragments, thereby increasing their
conductivity and their screening of internal ionic fields, just
as in the bulk percolative model. The embedded clusters
are not connected, so the result is “localized nonpercolative
superconductivity” still with R = 2 [48]. In the free surface
case [45, 46], thermal fluctuations disrupt superconductivity
above 100 K. Both of these R = 2 points are shown in
Figure 2. Considering the rapid progress in nanoscience, it
may be possible to obtain similar pairs of percolative and
cluster points for other HTSC.
Finally, self-organized percolation enables us to understand how cointercalation of organic molecules M with Li
in ionic Lix My HfNCl can uniformly enhance Tc (x) by up
to 30%, over a wide range 0.15 ≤ x ≤ 0.50, even though
the average interlayer spacing d varies by as much as 30%
[49]. The intercalated organic molecules reduce the dielectric
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screening of Li–centered electron-phonon interactions by
other Li ions. Note that the nominal concentration x of
the Li ions may refer only to patches that strongly diﬀract;
the superconductive paths may pass through patches with
a concentration x0 diﬀerent from x, explaining why Tc is
apparently constant over a wide range of x. Only a few
percolative paths are required to exclude Abrikosov vortices
and produce HTSC; this is why Tc often increases when
the average density of states N(EF ) decreases (e.g., in the
cuprates compared to the covalent FeAs family, or the ionic
Lix M y HfNCl family [38]). This is yet another example of
the paradoxes generated by attempting to understand a selforganized percolative phase in terms of continuum concepts
such as Bloch-wave Fermi surfaces, modulation doping, or
plasmon waves. Note that these points have often been made
in earlier papers on the topological percolative model, long
before any of these new materials were discovered.

8. Mapping ZZI Percolative Paths
For most of the last two decades experiment has provided
largely circumstantial support for the zigzag interlayer
percolative (ZZIP) network model shown in Figure 4, but
recently more direct evidence has appeared. The model has
two key elements: the dopants, often interstitial oxygen,
whose positions are not easily determined, and the zigzag
network paths themselves. The zigzag network paths are
associated with strong electron-phonon interactions, which
are especially strong for interlayer displacements. This has
enabled the zig and the zag of the paths to be identified
by a spectacular combination of time-resolved electron
diﬀraction [50], for the c-axis zag component of the paths,
and anisotropically strong kinks in quasiparticle dispersion
observed by angle-resolved photoemission [51], for the ab
planar zig component of the paths. The data show that
the c-axis Cu-O zag component has faster dynamics when
the femtosecond pulse probe is polarized along the planar
Cu–O zig component, to which it can be coupled through
planar Cu–O bond buckling. It is diﬃcult to understand
these correlations unless the c-axis zag component is actually
topologically connected to the planar zig component. One
might argue that such a connection occurs only at low
temperatures, and would be ineﬀective at the high excitation
energies of the electron diﬀraction experiment, but this
is not correct. High-temperature transport data show that
the self-organization (hard wiring) of the ZZIP network
begins already at annealing temperatures [30]; the results
are fully consistent with the zigzag network model discussed
in dozens of papers over the last 20 years. There remains
one puzzling aspect: anisotropy is observed in both Bi2212
and Bi2223 by ARPES, but only in the former by electron
diﬀraction. The extra layer in the latter would not appear to
erase the planar anisotropy, but it is possible that Bi2223 has
a high density of stacking faults. Depending on the geometry
of the percolative paths, such faults could erase the observed
anisotropy by scattering percolative carriers.
While we are on the subject of percolation versus
continuum models, it is important to realize that while
the presence of self-organized percolative paths introduces
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Figure 4: The original ZZIP model, reprinted from [35]. Parts of the original ZZIP path are now labeled “zig” or “zag.” In 1989 it was not
clear what the interlayer dopants were and they were simply called defects, but it is now clear that they are usually interstitial oxygen atoms,
except in La2−x Srx CuO4 , where they are the substitutional Sr ions.

exponential complexity into the Bohmian wave-packet basis
states [52] used to form Cooper pairs, it in no way alters
the nature of the attractive electron-phonon interactions
responsible for forming the pairs. These two points have
often been confused, and the failure of continuum plane
wave basis states to describe cuprate HTSC has often been
used to argue that electron-phonon interactions do not
cause HTSC [11]. Because the fraction of carriers involved
in percolative paths is small, many negative indications
of strong electron-phonon coupling have been found; for
example, bulk phonon softening is so small as to be
unobservable by neutron scattering at high energies [33].
Therefore it is gratifying that quasiparticle tunneling across a
break junction perpendicular to the superconducting copper
oxide planes showed 11 phonon features that match precisely
with Raman spectra [53], decisively showing that HTSC
is indeed caused by electron-phonon interactions along
the c-axis, as previously argued from dynamical relaxation
experiments [54]. Also the long-expected isotope eﬀect at
the phonon kink has been observed by ARPES [55]. The
fact that all the c-axis phonon bands appear in the break
junction experiment, and not just those associated with the
O buckling mode in the CuO2 plane [51], strongly supports
the present model of zigzag percolative paths in a marginally
stable all-atom network. Finally, it is worth stressing that the
phonon features that correlate by far the best with Tc are
exactly those of the atoms in the soft insulating layer [56,
Figures 11 and 12], as assumed in the zigzag model, and
not the atoms in the rigid CuO2 layer, as is often wrongly
assumed [51].

There is one interesting aspect of the original 1989 ZZIP
model that was confirmed experimentally by anomalous
X-ray diﬀraction [57], but the significance of the data
was not realized because they were not connected to
the theoretical model. Namely, in the model the metallic
layer nanodomains are staggered, as this facilitates the
construction of filamentary paths that pass through dopants
in the nonmetallic layers. The data showed that “in each
CuO2 bilayer the flat stripes in a first layer are close to
the bent stripes in the second layer” from which it was
concluded that such a staggered structure “suppresses the
electronic coupling between the two adjacent planes”. In
the ZZIP model just the opposite is true: the nanodomains
are staggered in order to increase the electronic coupling
between the two adjacent planes, and this is part of the selforganization of the “hard-wired” filamentary network that
is formed at high temperatures (above 300 K), as shown by
many normal-state transport anomalies, notably the linearity
in T of the planar resistivity [7], compared to the T 2
dependence characteristic of a Fermi liquid. Of course, in a
one-dimensional filament, intrafilamentary scattering always
gives such a linear dependence.
A few comments are in order regarding the parabolic
form of Tc (x). This starts for small x when the percolation
threshold x1 is reached, and it ends for large x = x2 when
all the isolated percolative paths have lost their separate
identities and become metallic bundles. At and above x = x2
continuum theory becomes valid, and it immediately shows
that Tc (x) for x ≥ x2 is either very small or zero. The reason
for this is simple: the charge density is so low that Coulomb
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repulsive interactions outweigh attractive electron-phonon
interactions, just as they do in metals like Na and Cu itself.

9. Single-Layer Cuprates:
Mechanically Marginally Unstable (MMU)
The importance of self-organized percolative paths is nicely
brought out by the single-layer compound HgBa2 CuO4+δ
[58], which has R = 2. This compound has the largest Tc =
95 K of any single-layer cuprate, but it does not appear in our
figures because it is isovalent to HBCO(HgBa2 Ca2 Cu3 O8 ),
which also has R = 2 and Tc = Tc max = 135 K. There
are several interesting aspects to HgBa2 CuO4+δ : the Cu–
O bond lengths (including the apical O) are expanded by
the Ba ions (which act as spacers), and the soft Hg layer
is strongly disordered (as expected in the zigzag model).
If superconductivity were confined to the CuO2 layer [21]
and the apical O [22, 23], this expansion should have
greatly depressed Tc (because of strengthened Coulomb or
ionic interactions), but the contrary occurred. In the 1989
zigzag model [35] the CuO2 layer functions as an electrical
connector, while the strong e-p interactions occur in the soft,
strongly disordered Hg layer, so the relatively large Tc = 95 K
is a natural feature of the model. The coupling of HTSC to
lattice disorder (not order!) is directly and elegantly shown
in [59]. Superconductive formation and overlap of zigzag
percolative filamentary arrays can increase lattice disorder.
When the CuO2 layers were under compressive strain (so
that the critical axial zag paths were under tensile strain,
and thus more flexible), this is what was observed as T
decreased well below Tc , where the superconductive energy is
largest. Very similar eﬀects appear in the FeAs family as well
[59]; a more extensive percolative discussion will be given
elsewhere.
None of the single-layer cuprates produces a Tc max (R)
for any R. However, the single-layer cuprates form an
interesting homology family in their own right; in contrast to
Section 5, they can be described as mechanically marginally
unstable (MMU). Theorists have long known that individual
planes readily buckle. When this happens in the cuprates, the
pseudogap charge density wave regions expand, the metallic
regions contract, and ns (the density of superconductive
carriers) rapidly drops, and with it Tc [30]. Thus another
factor comes into play, to stabilize the overall MMU network,
and retain larger metallic regions. This factor is the purely
ionic static Madelung potential (the rigid ion model omits
polarization or screening energies, which are important
dynamically, but less important statically) [60]. Within the
restricted context of single-layer cuprates only, it appears
that it is this factor that dominates Tc . Note, however, that
the single-layer cuprate family never contributes to Tc max ,
and therefore this family should be regarded as nonoptimally
packed ceramic superconductors (and, therefore, more in
need of stabilization). Moreover, the stabilizing space-filling
(buttressing) eﬀect of the large Ba ions in HgBa2 CuO4+δ is
not accounted for by the Madelung potential, and here Tc lies
well above the Madelung trend line for the other single-layer
cuprates [60]. This is further evidence that the single-layer
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MMU cuprates form a diﬀerent homology family from the
multilayer MMS family.
Among the (relatively) low Tc ceramic superconductors,
Bi2 Sr2−x Lax CuO6+δ has attracted much interest because here
it appears that the pseudogap and superconductive gap are
best separated [61, 62] relative to other micaceous multilayer
cuprates. The reason for this is clear: not only is this
material MMU, but also the stabilizing ionic factors are
weak, reducing the density of superconductive filaments
and filament-filament interactions, and producing a more
homogeneous superconductive gap that is well separated
from a much larger pseudogap.
What else can we learn from the single-layer cuprate
MMU family? (La, Sr)2 CuO4 is a member of this family, and
it also falls on the master function Tc max (R) of MMS superconductors, and so is also an optimally packed ceramic zigzag
percolative superconductor. Which factor (MMS or MMU) is
more important at the La2 CuO4 –La2−x Srx CuO4 (x = 0.45)
interface? In the MMU case, we know that the Madelung
potential that stabilizes CuO2 planes decreases as x increases,
in accordance with the fact that Tc (La2−x Srx CuO4 )=0
(x = 0.45). However, the Madelung potential at the
La2 CuO4 –La2−x Srx CuO4 (x = 0.45) interface can be estimated to be that of La2−x Srx CuO4 (x = 0.22), so that Tc
should have decreased from 38 K at x = 0.15 to ∼30 K.
In fact, Tc increased from 30 K to 50 K, which is what
the master function Tc max (R) of MMS superconductors
predicts (Section 7). At optimized interfaces, percolative
eﬀects dominate, which is what happened with Ax WO3
surface layers (Section 7).

10. Conclusions
The present review shows that the original ZZIP model
[35, Figure 4] continues to provide an excellent universal
guide to the phenomenology of ceramic superconductors.
Initially, it explained the large qualitative diﬀerences between
HTSC in cubic and layered ceramics (Figure 1). It is the only
theoretical model so far that has been able predatively to
predict Tc (BCCOF) ∼75 K, but it also quantitatively predicts
superconductive Tc , even for noncuprate HTSC, starting
only from the cuprates, which no other theoretical model
has done. The self-organized marginally stable percolative
model unexpectedly transcends conventional chemistry (the
materials covered include cuprates, tungstates, zirconates,
ferrics, arsenides, bismates, oxides, halides, Li–, Na–, Cs–,
O–, F–, Cl–doped, and the structures include bulk, interface,
and nanocluster surfaces); so far as I know, there is no
other example in solid phase transitions where theory of
any kind (continuum or otherwise) can predict transition
temperatures with such universal success. The results make
an overwhelming case for a new homology class of glassy
network doped superconductors, separate and distinct from
continuum metallic superconductors.
As noted previously [30], the theory predicts Tc max with
an accuracy of 10 K, compared to a melting point of order
103 K, which is an accuracy of 1%. However, this success
contains a subtle aspect, which is that because HTSC is
concerned with marginally stable lattices, it is important
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to build this theoretical mechanism into the analysis from
the outset (Section 4). This has been done by mapping
Tc max (Y ), and examining diﬀerent choices of Y : only Y
= R gives the apparently exponentially resonant peak that is
strongly suggestive of percolation.
The theoretical debates stimulated by HTSC have lasted
for more than 20 years, and have often severely tried the
patience of the physics community. Were they worth it? I
believe they were and still are. The basic issue was, and still is,
whether it is legitimate to treat a discrete, exponentially complex problem involving strongly disordered, self-organized
materials, at the cutting edge of materials science, with the
same simplistic continuum methods (including polynomial
Hamiltonian algebra and/or Landau order parameters) that
students have learned work so well for toy models and some
simple crystalline solids. The experimental evidence strongly
suggests that this discrete, exponentially complex problem
can be solved by focusing on its essential topological features,
derived from the network structures of ceramic HTSC [29].
Global topology is still something of an oddity among
mathematical disciplines (it is very young, dating from ∼
1877). It is standard among computer scientists, but it is
unfamiliar to most chemists and physicists. It is ideally
suited to treat complexity problems, including many far
afield from science, such as economics [63, 64] and diﬃcult
problems in biology, such as the network of protein-protein
interactions [65]; for pioneering research in NPC computer
algorithms addressing exponential complexity R. M. Karp
was awarded the 2008 Kyoto Prize. It also transcends the
otherwise theoretically insuperable barriers of exponentially
complex (NPC, nonpolynomial complete), aperiodic selforganization commonly encountered not only in HTSC but
also in protein science [66, 67]. From sandpiles to proteins, it
appears that the best documented examples of self-organized
criticality (SOC) are found in network glasses [29] and HTSC
[68].
Postscript. The (by now very old) debate over whether HTSC
is caused by conventional electron–phonon interactions,
or by exotic electron-spin interactions, continues even for
the cuprates [69] although it would appear from Raman
scattering experiments to have been settled conclusively in
favor of phonons [53, 56, 70]. In particular, infrared optical
spectra [69] contain a mixture of overlapping superconductive and pseudogap (or Jahn-Teller) features that are not
easily separated, even in optimally doped samples. As the
infrared spectra are dominated by electric dipole transitions,
it is diﬃcult to believe that any of the “coincidences” between
isolated neutron magnetic resonances and fictive single optical resonances used to fit [69] these entangled gap spectra
are significant, especially as results internally consistent with
gap phase diagrams measured by other methods do not
appear to have been obtained for underdoped and optimally
doped phases. Simpler and better polaronic fits show no
correlations between midinfrared peak positions and Tc [71].
These infrared data merely reinforce the large qualitative
diﬀerence between layered ceramics and cubic Ba1−x Kx BiO3
shown also in the phase diagrams of Figure 1; the latter has
a normal BCS-type infrared spectrum with Eg /k Tc = 3.2(3)
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[72]. There have been many studies of the metal-insulator
transition at x = 0.3 in Ba1−x Kx BiO3 and these have been
interpreted in terms of bipolaron formation [73]. However,
a more appealing interpretation of the Ba1−x Kx BiO3 metalinsulator transition would be the onset of percolative metallic
patches, as the “bipolaronic” infrared dopant peak appears
to merge with the CDW band edge at x = 0.3, where Tc is
largest. In other words, the two lattice deformations merge to
form nonfilamentary continuum superconductive metallic
regions in a first order metal-insulator transition.
Application of “first principle” continuum theories to
the FeAs family has uniformly led to the conclusion that
electron-phonon interactions cannot cause HTSC in this
family [39–41, 74, 75]; similar conclusions were reached
earlier for the cuprates [15]. The correct conclusion is
that continuum (ideal lattice) approximations are invalid
because of strong disorder and nanoscale phase separation
[76–78], as well as the much more subtle exponentially
complex consequences of zigzag self-organized percolation,
ZZIP (Section 8). The combination of electron-phonon
interactions and ionicity readily explains [79] how superconductivity in the covalent (noncentral interatomic forces)
FeAs family can be much more isotropic than in the cuprates
[80], yet still retain a lowered dimensionality. Strong disorder
explains “hump-dip” pseudogap tunneling features in terms
of charge density waves [81].
Probably the most accurate ceramic HTSC phase diagrams are those obtained by studying the planar resistivity
ab (T), which is most linear in T at and near optimal
doping [30, 82]. The dopant network-forming interactions,
although individually weak, are cumulatively very strong
because the dielectric energy gained by screening internal
electric fields increases as the network conductivity increases
due to dopant self-organization. The maximization of the
T-linearity of ab (T) near optimal doping [30, 82] was the
first normal-state transport anomaly to be discovered, but in
the intervening 20 years theory has been unable to derive
this maximization, and it seems unlikely that this extremal
will ever be derived using conventional polynomial methods
(e.g., Landau Fermi liquid theory predicts a T 2 dependence).
This situation is typical of exponentially complex problems
which are characteristic of networks, but it can be repaired
by carefully designed experiments.
In ceramic HTSC self-organization eﬀects manifest
themselves by a sharpening of properties characteristic of
networks. An obvious and trivial example of such sharpening
is the narrowing of the superconductive transition itself,
which can be promoted by annealing; this is a small
eﬀect for traditional metallic superconductors, but a large
eﬀect in ceramic HTSC. If the maximization of the Tlinearity of ab (T) near optimal doping is indeed caused by
network self-organization, then that should be manifested
by an increase in T-linearity upon annealing. Studies of
redistribution of oxygen at a fixed oxygen content in the
chain layers of slightly underdoped YBCO with a nonlinear
ab (T) showed [83] that annealing for 2–8 hours at 400–
420 K does lead to an increase of Tc by about 1 K and a
reduction of the nonlinear component in ab (T) by ∼10–
15% just above Tc .
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The classic work of [82] has recently been extended to
high magnetic fields well above Tc , with spectacular results
[84]. It is found that the ab (T) regime which is most linear
in T occurs in La2−x Srx CuO4 at x = xc = 0.185(5), and
that this linear regime extends at fixed x vertically all the
way from T = 0 right up to the highest T studied (200 K).
This result is inexplicable if one thinks of (x, T) = (xc , 0) as
a “quantum critical point,” but it is perfectly understandable
in the context of a hard-wired ZZIP network, formed at the
annealing temperature [30]. In fact, one can go further: the
vertical linear T regime is shaped like an hour glass, wide
at T = 0 and T = 200 K, and narrow at T ∼100 K. This
narrowing is due to the formation of pseudogap islands,
which requires a reformation of the nanodomain network at
low T, into a doubly percolative network, with two kinds of
dopants [30].
Naturally, percolative conductive paths are phasesensitive, and when this aspect is combined with the eﬀects
of long-range conductive screening of internal electric fields,
it is easier to understand why descriptions of disorder
using functions dependent on amplitudes alone (such as the
participation ratio) are insuﬃcient to describe filamentary
self-organization [85]. Finally, it is worth mentioning that
the philosophy employed here in the search for a satisfactory
percolative solution to this exponentially complex glassy
network problem [29] can be justified (after the fact of its
success) not only heuristically but also by formal Boolean
algebra [86]. This algebra shows that the determining factor
in fixing the properties of exponentially complex systems
is their topology, not their geometry [87, 88]. Of course,
topology is a characteristic feature of networks, especially in
strongly disordered layered structures, that is absent from
continuum (ideal lattice) models.
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[76] I. Nowik and I. Felner, “Mössbauer spectroscopy determination of iron foreign phases in the superconducting systems;
RAsFeO1−x , RAsFeO1−x Fx , and Sr1−x Kx Fe2 As2 ,” Journal of

13

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

[85]

[86]

[87]

[88]

Superconductivity and Novel Magnetism, vol. 21, no. 5, pp.
297–300, 2008.
A. S. Alexandrov, “Phase separation of electrons strongly
coupled with phonons in cuprates and manganites,” Journal
of Superconductivity and Novel Magnetism, vol. 22, no. 2, pp.
95–101, 2009.
A. V. Boris, N. N. Kovaleva, S. S. A. Seo, et al., “Signatures of
electronic correlations in optical properties of LaFeAsO1−x Fx ,”
Physical Review Letters, vol. 102, no. 2, Article ID 027001, 2009.
A. S. Alexandrov, “Unconventional pairing symmetry of layered superconductors caused by acoustic phonons,” Physical
Review B, vol. 77, no. 9, Article ID 094502, 2008.
H. Q. Yuan, J. Singleton, F. F. Balakirev, et al., “Nearly isotropic
superconductivity in (Ba,K)Fe2 As2 ,” Nature, vol. 457, no.
7229, pp. 565–568, 2009.
T. Ekino, A. M. Gabovich, M. S. Li, M. Pekała, H. Szymczak,
and A. I. Voitenko, “Temperature-dependent pseudogaplike features in tunnel spectra of high-Tc cuprates as a
manifestation of charge-density waves,” Journal of Physics:
Condensed Matter, vol. 20, no. 42, Article ID 425218, 2008.
Y. Ando, S. Komiya, K. Segawa, S. Ono, and Y. Kurita, “Electronic phase diagram of high-Tc , cuprate superconductors
from a mapping of the In-plane resistivity curvature,” Physical
Review Letters, vol. 93, no. 26, Article ID 267001, 2004.
J. Jung and M. M. Abdelhadi, “Electrical transport and oxygen
disorder in YBCO,” International Journal of Modern Physics B,
vol. 17, no. 18–20, pp. 3465–3469, 2003.
R. A. Cooper, Y. Wang, B. Vignolle, et al., “Anomalous
criticality in the electrical resistivity of La2−x Srx CuO4 ,” Science,
vol. 323, no. 5914, pp. 603–607, 2009.
M. F. Islam and H. Nakanishi, “The eﬀect of local phases of
wave function on transmission of a quantum particle through
two dimensional clusters,” European Physical Journal B, vol. 65,
no. 4, pp. 555–564, 2008.
S. Cocco and R. Monasson, “Exponentially hard problems are
sometimes polynomial, a large deviation analysis of search
algorithms for the random satisfiability problem, and its
application to stop-and-restart resolutions,” Physical Review E,
vol. 66, no. 3, Article ID 037101, 4 pages, 2002.
B. Luque, O. Miramontes, and L. Lacasa, “Number theoretic
example of scale-free topology inducing self-organized criticality,” Physical Review Letters, vol. 101, no. 15, Article ID
158702, 2008.
T. Rohlf, “Self-organization of heterogeneous topology and
symmetry breaking in networks with adaptive thresholds and
rewiring,” Europhysics Letters, vol. 84, no. 1, Article ID 10004,
2008.

Hindawi Publishing Corporation
Advances in Condensed Matter Physics
Volume 2010, Article ID 912067, 7 pages
doi:10.1155/2010/912067

Research Article
Supercell Band Calculations and Correlation for
High-TC Copper Oxide Superconductors
T. Jarlborg
DPMC, University of Geneva, 24 Quai Ernest-Ansermet, 1211 Geneva 4, Switzerland
Correspondence should be addressed to T. Jarlborg, thomas.jarlborg@unige.ch
Received 24 June 2009; Accepted 12 August 2009
Academic Editor: Igor Mazin
Copyright © 2010 T. Jarlborg. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
First principle band calculations based on local versions of density functional theory (DFT), together with results from nearly
free-electron models, can describe many typical but unusual properties of the high-TC copper oxides. The methods and a few
of the most important results are reviewed. Some additional calculations are presented, and the problems with the commonly
used approximate versions of DFT for oxides are discussed with a few ideas for corrections. It is concluded that rather modest
corrections to the approximate DFT, without particular assumptions about strong correlation, can push the ground state towards
antiferro magnetic (AFM) order. Spin fluctuations interacting with phonons are crucial for the mechanism of superconductivity
in this scenario.

1. Introduction
It is often assumed that strong correlation is important for an
understanding of the high-TC problem [1–3]. The failure of
the local approximations to the exchange-correlation functional, such as the local (spin) density approximation, LDA,
or LSDA [4–7], to produce the antiferro magnetic (AFM)
insulating state of many undoped transition metal oxides is
generally quoted as the essential reason for discarding DFT
calculations for high-TC copper oxides [3]. DFT is essentially
exact, but the approximations to make it practical for use
in real applications seem inappropriate for oxides. However,
despite this problem, there are several LDA results that fit to
the observed high-TC properties, provided that doping and
supercells are considered in order to account for imperfect
lattice conditions such as stripes, phonons, or spin waves [8–
10]. Here is presented a short review of those DFT results
together with a discussion of the correlation problem and an
attempt to include further corrections to LSDA. Estimations
of couplings λ caused by spin-phonon coupling (SPC) and
pure spin fluctuations are also made.

2. Nearly Free-Electron Model
The spin polarized potential from an AFM order (like that
of undoped La2 CuO4 ) can be generated from VAFM (x) =

−
→

−
→

→
V0 exp(−i Q · −
x ), where Q = π/a0 is at the Brillouin
Zone (BZ) boundary, so that there is one Cu site with spin
up and one with spin down within a distance a0 (a0 is
the lattice constant). The potential of the other spin has a
phase shift of π. The band dispersion from a 1-dimensional
(1D) nearly free-electron model (NFE) is obtained from a
2 × 2 eigenvalue problem, and it has a gap of 2V0 at the
zone boundary. Suppose now that an additional potential
→ −
→
q ·→
x ) exists, and that |−
q| 
modulation Vq (x) = Vq exp(i−
−
→
| Q |, so that its periodicity or “wavelength” is much larger
than 2a0 . The product of these two modulations can be
−
→
→
→
q) · −
x ), where the two
written V (x) = Vq exp(−i( Q − −
amplitudes are combined into one coeﬃcient, Vq . Figure 1
shows the real space configurations along the 100-direction.
This potential describes AFM modulations in stripes, with
magnetic nodes (Cu with zero moment) separated by a0 Q/q.
The values of Vq for phonons or spin waves of diﬀerent
lengths are not known from the NFE model, but some values
will be fed in from the ab initio Linear Muﬃn-Tin Orbital
(LMTO, [11, 12]) calculations, as will be described here in
after. The LMTO calculations are slow for large supercells.
The cells need to be large to cover the periodicity of realistic
phonon and/or spin-waves, and so far it has been possible
to extend the cells in one direction only, usually the CuO
bond direction. In contrast, the NFE model is very simple
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Figure 1: A picture of how stripe-like configurations are made
up from the product of two plane wave potentials. The arrows in
the upper row show the AFM moments on Cu sites given by the
−
→ →
x )) (broken line), and the unit cell
envelope function Re(exp(−i Q · −
−
→
contains 2 Cu sites along x . The second row shows the modulation
→ −
q ·→
x ) (here q = Q/4) and the last row is the product
Re(exp(i−
−
→ → −
q) · →
x ) with the new spin configurations on the
Re(exp(−i( Q − −
Cu. The striped unit cell contains 8 Cu sites.
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Figure 3: An example of the 2D NFE bands along (k, 0) and (k, k)
for qx = q y = 0.075 and Vq = 20 mRy (full line). The FE band
without potential perturbations (Vq = 0) is shown by the broken
line. The thin horizontal line is at the DOS minimum, which is
situated at 0.15 holes/cell.

3. Ab Initio 1D-LMTO
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Figure 2: Examples of the DOS from the 2D NFE model for 3
→
q = (0.075, 0.075).
diﬀerent strengths of Vq (in mRy) for −

and it can easily be extended to two dimensions (2D). The
band dispersion for k-points (kx , k y ) is now obtained from
the eigenvalues of a 3 × 3 matrix [13]. Not only stripe order
but also “checkerboard” configuration can be modeled.
Examples of the density-of-states (DOSs) for 3 diﬀerent
Vq ’s are shown in Figure 2. The potential modulations are
→
→
x and −
y , and
parallel to the CuO bond directions along −
so the gaps appear on the (kx , 0) and (0, k y ) lines, as shown
in Figure 3. However, almost no eﬀect from Vq appears
on the band dispersion in the diagonal direction (along
(k, k)). Therefore, the Fermi surface (FS) is not aﬀected along
the diagonal, but fluctuations, described through amplitude
variations of Vq for diﬀerent positions and diﬀerent time,
will make the FS smeared in the two bond directions. An
example of this is shown in Figure 4.

By 1D (1-dimensional) LMTO we mean ab initio LMTO
calculations for long (and narrow) supercells most often
oriented along the CuO bond direction [14, 15]. These
calculations are based on the local version of DFT, the local
(spin) density approximation, LDA, or LSDA [4, 5]. Cells
with phonon distortions and/or spin waves within lengths
of 4, 8, and 12 lattice constants are typically considered
in these calculations. The wavelengths of spin waves are
twice as long as those of phonons. Hole doping, h, in
La(2−h) Bah CuO4 (LBCO) is generally modeled by the virtual
crystal approximation (VCA) where the nuclear and electronic La-charges (57.0) are reduced to (57−h/2) to account
for a perfectly delocalized doping (h in holes per Cu). But
some calculations with real La/Ba substitutions show that
improved superconducting properties can be expected from
periodic doping distributions [16]. The maximal phonon
distortion, ui , for diﬀerent sites, i, and AFM magnetic
moments on Cu, m, depend on temperature, T, force
constants, and spin stiﬀness. Appropriate values of ui (T)
and m(T) at T ≈ 100 K are deduced from experiments and
calculations [17–22].
A striking result of these calculations (also made for
HgBa2 CuO4 ) is that a gap (or a pseudogap) will open up in
the DOS, very similar to what is found in the NFE models.
The gap will appear near to EF for the undoped material if
the wavelengths (Λ) are long, while for short phonons or
spin waves the gap moves to lower energy [8]. In summary,
Λ = 1/h, where Λ is in units of a0 and h is the number of
holes per Cu.
A second important result is that the spin waves will be
stronger, and the pseudogaps will be deeper, if the waves
coexist with phonon distortions of the correct wave length
and phase [14]. Interactions between phonons and spin
waves have also been suggested in order to explain neutron
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Figure 4: An example of the Fermi surface in the 2D NFE model
with fluctuations of Vq . The FS is well defined in the diagonal
direction, while the fluctuations makes it diﬀuse in the x and ydirections.

scattering [23, 24]. Phonons like the “half-breathing” Omode and modes with z-displacements of La and apical
oxygen are most eﬀective in this process of SPC. This
mechanism oﬀers direct explanations of phonon softening,
q-dependent spin excitations, and various isotope eﬀects
[10, 15].
The rather few LMTO results permit to establish only
a few values of Vq for diﬀerent q’s, i of the phonons and
spin waves. A general trend of larger Vq for long wave
lengths seems clear, both for phonons and for spin waves.
A procedure based on the partial character of the states
above and below the gap in the NFE model confirms this
trend for spin waves, and it permits to fill in some of the qdependent points not calculated by LMTO. In all this gives
some confidence in the q, i-variations of Vq . However, one
can expect more vivid variations of the spin part near q → 0,
because LDA underestimates the transition towards AFM.
When these Vq -values are fed into the 2D NFE model, it
gives an approximately linear variation of q as function of h,
up to a saturation near q ∼ 0.125 for h larger than ∼ 0.13
[13]. Hence, the linear dependence for low h is in qualitative
agreement with the result from 1D-LMTO, but the pace is
diﬀerent. This is probably because the gap opens both along
x and y in the 2D NFE model, which makes the progression
of the gap a bit slower than in 1D. The saturation is because
the Vq ’s decrease for increasing q and it becomes impossible
to open a gap at the low energy where EF should be for large
h. However, if qx and q y are assumed to be diﬀerent in the
2D NFE model, it is possible to follow one gap towards lower
energy. A second weaker gap moves to higher energy.

4. Superconductivity
The emerging picture from these band results is that
moderately strong spin fluctuations, which exist for many

→
q and ω, will be enhanced through SPC to
combinations of −
some particular phonon distortions. The selection depends
on the atomic character of the phonon mode as well as on
→
q ). The latter is because
doping and wave length (i.e., on −
the pseudogap appears at EF so that a maximum amount
of kinetic energy can be gained from the SPC mode. This
is for low T when the states below the gap is of one
spin and well separated from the (unoccupied) state of the
other spin above the gap. But for increasing T there will
be mixed occupations of the states around EF through the
Fermi-Dirac function (and through thermal disorder), which
will decrease the spin density. This will decrease the spin
polarization of the potential, which in turn will decrease the
spin density even more, and at some temperature T ∗ the
support of the pseudogap from the spin wave will collapse
[10]. The fact that Vq is the largest at low doping favors
larger T ∗ when h → 0. A high DOS at EF is important for a
high superconducting TC and therefore is the pseudogap in
competition with superconductivity in underdoped cuprates
[13].
It was suggested that nonadiabatic electron-phonon
coupling could be enhanced in the cuprates, because of
the low Fermi velocity in the z-direction [25, 26]. This
velocity is comparable to the vibrational velocity and the
electronic screening appeared to be insuﬃcient. However,
the screening can be made by other electrons moving within
the planes. Moreover, phonon frequencies calculated within
LDA without assumptions of incomplete screening, agree
satisfactory with experimental frequencies [19–21]. Instead,
excitations of virtual phonons coupled to spin waves can
be important for the mechanism of superconductivity, but
SPC makes the separation between pure electron-phonon
coupling, λep , and λ caused by spin fluctuations, λsf , less clear.
The important observation is that atomic phonon distortions will trigger enhancement of spin waves. If so, the
possibility for larger λep is open, because instead for the
common approach to ignore spin eﬀects in electron-phonon
coupling, there are larger matrix elements when the spin
polarized part of the potential is involved. This is readily
imagined for a system which is nonmagnetic when phonon
distortions are absent, but magnetic when the distortions
are present. An estimation of pure λep and the coupling
parameter for SPC, λSPC , in LBCO has been presented earlier
[23]. With a total N(EF ) ≈ 0.9 (eV · cell · spin)−1 , and
distortion amplitudes and potential shifts as in [13] this leads
to λs of the order 0.36 and 0.6 for pure phonons and SPC,
respectively [23]. These values appear suﬃciently large for
a large TC in simple BCS-type formulations, but the precise
relation for TC depends also on other parameters [27].
The third mechanism is that spin fluctuations work without coupling to phonon excitations. Still, phonon distortions
might be present and will in that case be important for
enhancements of rapid (high energy) spin fluctuations. For
instance, it was found that the local exchange enhancement
(for AFM) on Cu sites is the largest when the surrounding
atoms (La or oxygen) have been pushed away from the
Cu, and this leads to SPC between phonons and spin
→
q and ω [13]. But strong high-ω spin
waves with equal −
excitations should also be possible on rows of Cu with
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Table 1: Total energy (ΔE, mRy per Cu), matrix element for spin
fluctuations (ΔV in mRy), λsf , and local Stoner enhancement, S,
calculated for lattices of LBCO with two phonon distortions and
without distortions.
ΔE
12.7
8.2
7.4

ΔV
9
12.5
12.0

λsf
0.03
0.12
0.11

S
1.6
2.6
2.4

enhanced exchange, perpendicular to the phonon. Ab initio
calculations are not easy for such configurations because of
the large size of the required unit cells, but one can use
some of the existing results for first estimations of λsf for
rapid spin fluctuation (so rapid that the phonon distortions
appear to be static compared to the spin fluctuation). The
enhancements depend on the diﬀerent types of distortions
as was discussed above. In this case we calculate λsf =
N dV/dm 2 /(d2 E/dm2 ), where V is the potential, E is the
total energy of the spin wave, and m is the magnetic moment
(per Cu) [28, 29]. The diﬀerence in free energy between
nonpolarized and an induced (by magnetic field) AFM wave
can be written Em = E0 + κm2 , so that d2 E/dm2 = 2κ,
which permits to calculate λsf = N · (ΔV )2 /κ for “harmonic”
spin fluctuations. With parameters from the band results
this makes λsf equal to 0.03 when no lattice distortions
are present, and 0.12 and 0.11 when the lattice contain
distortions; see Table 1.
The frequency has not been calculated explicitly, but
a shortcut via exchange enhancements can be used for a
simple estimation, as for FM fluctuations [28–30]. Thus,
ωsf ≈ 1/(4NS), where S = ΔV/ΔH is the local Stoner
enhancement (on Cu) and ΔH is the external field (5 mRy in
these calculations). This makes ωsf 100–200 meV depending
on the type of lattice distortion. Figure 5 shows the combined
results for direct λSPC and indirect λsf as function of
frequency. The general shape is similar as the electron-boson
coupling function that has been extracted from recent optical
spectra on Hg- and Bi-based copper oxides [31].
The amplitudes of λSPC and λsf increase further if both of
the latter distortions (plane oxygen and La) are considered
in the calculation. The matrix element increases to about
14.5 mRy. Despite this relative increase, it is seen that pure
spin fluctuations give not as large λ s as for SPC. This
is especially clear when all lattice modes are considered.
However, these pure spin fluctuations can be important for
superconductivity, since they appear at large ω. In contrast,
SPC is essentially limited to below the highest phonon
frequency, that is, to 50–70 meV. The relatively small absolute
values of λsf are partly caused by the use of LDA. Improved
DF schemes, which could predict an AFM insulating state
for the undoped systems, would lead to larger exchange
enhancements, larger λsf , and lower ωsf in doped systems.

5. Correlation and Corrections to LDA
The question is whether the real electron-electron correlation in the oxides is much larger than what is included

0.8
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Figure 5: The relative strength of λSPC (the first 4 points) and λsf
(the 3 points at the highest energies). The latter will move towards
lower energy if the exchange enhancement increases, while the
points for SPC are fixed near the phonon energies; see the text.

in LDA. The latter includes exchange and correlation (XC)
for an electron gas of varying density with the electron gas
radius rs = 0.62ρ−1/3 as parameter. The density ρ contains
one electron within rs . The largest values of rs (≈ 2 a.u.) are
found in the low-density valence-electron region between
the atoms, but they are still smaller than any typical atomic
radius, RA in transition metals, their oxides, and these
cuprates. This gives a major argument against using a strong
on-site correlation parameter to an atom, because the eﬀect
of an additional electron will readily be screened out and
is not noticed beyond rs . In low-density materials, however,
such as the alkali metals, rs ≈ RA and on-site correlation
could be advocated. But LDA seems to describe alkali metals
well, which provides an additional argument in favor of local
approximations of DFT.
The fact is that LSDA does not produce an AFM
insulating ground state of several oxides, and so the problem
is real and it may be related to the spin-polarized part
of the potential. Small errors with important consequences
of this type are known for LSDA. A well-known example
is for Fe, where LSDA predicts nonmagnetic (NM) facecentered cubic (fcc) lattice as the ground state, whereas
the generalized gradient approximation (GGA, [6]) correctly
finds the ferro magnetic (FM) body-centered cubic (bcc)
ground state [32–34]. The diﬀerence between LDA and GGA
is not large concerning the bands, magnetic moments, and
other properties. The band properties of bcc Fe are quite
good in calculations using both these DFT functionals. But
the order of the total energies for FM-bcc and NM-fcc is
reversed in the two cases.
An additional indication that the AFM insulating state
of the cuprates is not far away in LSDA is the fact that
the AFM moment depends on the number of k-points. A
suﬃcient number of k-points is required for convergence,
but early works noticed that the AFM ground state became
stable if a coarse k-point mesh was used [35–37]. A similar
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conclusion for the appearance of weak ferromagnetism in
highly doped LBCO can be understood from DOS eﬀects
and the Stoner criterion [38]. Thus, as for Fe, a small detail
can have large consequences. It might be that the total
energy diﬀerence between two very diﬀerent ground states
(fcc nonmagnetic and bcc-magnetic for Fe, and NM metallic
and AFM insulating for cuprates) are very close, so that
small errors in the computational details lead to the “wrong”
ground state.
Another indication of a nearby AFM state is that
LMTO calculations with oﬀ-center linearization energies can
stabilize AFM in HgBa2 CuO4 in calculations with suﬃcient
number of k-points. The normal procedure in LMTO is to
chose linearization energies at the center of the occupied
subbands, but if they are chosen at the bottom of the bands,
it leads to a slight localization of the states. An AFM order
needs less hybridization energy and AFM can be stabilized
[39]. This is rather ad hoc, since LMTO should not be made
in such a way. A theoretical justification is need for a better
DFT scheme.
A first workable nonlocal density functional is the GGA
(generalized gradient correction [6]), where the gradient, or
the first derivative of the charge density, dρ(r)/dr, brings out
corrections to the LSDA. The gradients are mainly radial in
atoms and solids because of the steep drop in charge density
for increasing r close to an atom. Only valence electrons have
large amplitudes in the interstitial region between the atoms,
where the gradients are moderate. However, higher gradients
such as the second derivative of the density can be large in the
interstitial, a feature not captured by the GGA. Nevertheless,
by using GGA in the LMTO calculations for LBCO there is
some improvement, since the required critical magnetic field
for having a gap is reduced by about 25 percent compared to
LSDA.
Densities with quadratic dependence as function of r
around a fixed point at r = 0 are used in a 2-particle
model for calculations of correlation including corrections
due to the second derivatives. A noninteracting density with
quadratic gradients has the form
d2 ρ r 2
(1)
.
dr 2 2
The Schrödinger equation is solved for a density of electrons
surrounding a fixed electron at r = 0, where it is taken into
account that the eﬀective mass is 1/2 [40, 41]. The interacting
potential can be written as
ρ(r) = ρ0 +

e2 ( + 1)
(2)
+ μxc (r) + Vext (r).
+
r
r2
The exchange correlation within the surrounding electron
cloud is taken into account through LDA (μxc ), and the
external potential Vext can include relative kinetic energy
variations. The two last terms in V (r) are not very important
for the results for gradient variations. The strongest term is
the unscreened Coulomb repulsion that diverges at r = 0.
The second term, the centrifugal term, is included only for
exchange (with  = 1, higher  will have higher energy),
when the Pauli principle requires that the density for equal
spin must be zero at r = 0 [41].
V (r) =

5
The solution Ψ(E, r) of the Schrödinger equation for this
potential is used to calculate the XC energy as the diﬀerence
in Coulomb energy
between interacting and noninteacting

densities; μ = (Ψ(E, r)2 − ρ(r))/rd3 r. The energy E is determined from a required boundary condition of Ψ(E, rs ). The
variation of the correlation potential on the second gradient
is quite easy to understand. If the gradient is positive, so
that there is a tendency for a “hole” at r = 0, it will be less
eﬀective for the Coulomb repulsion to make the correlation
hole deeper at this point. Therefore, μc will decrease for
positive density gradients near the interstitial region. The
gradient can change closer to the high-density regions near
the nuclei and make the correlation larger than for a constant
density, but correlation becomes negligible in comparison
to exchange when the density is high. The C-correction is
parametrized through the electron
gas
 parameter rs and Q =

ρ(rs )/ρ(0), so that C = 1 − 5 Q/4+ (rs ) ∗ Q/2 for Q > 1 and
as the inverse of this parametrization if Q < 1. The expression
is only applied for Q between −0.25 and 0.8, and C − 1 is
used as a scaling factor of the correlation part from LDA. This
correction makes the potential a little more repulsive in the
interstitial region. The Cu-d states become more localized,
which can promote AFM order; see Table 2.
One fundamental theorem of DFT is that of “vrepresentability”, that essentially says that there is a one-toone correspondence between the density ρ(r) and potential
V (r) [4]. The only possibility is that two equivalent charge
densities can give an uninteresting shift in the potential,
which can be absorbed by the shift of the energy spectrum.
Imagine now that an external potential is applied to an
electron gas of varying density ρ(r). The free electron wave
functions will oscillate more if more kinetic energy is given
to the electron gas, or less if kinetic energy is subtracted,
even if ρ remains constant. The exchange part of the potential
(X) will be modified because of the ability of the wave
function to readjust itself around a second electron of the
same spin (to create an exchange “hole”), as can be imagined
from Slater exchange [7] or the two-particle model [41]. A
similar change occurs for correlation (C), which is caused
by the immediate Coulomb repulsion between all electron
pairs. If ρ is constant in space, there is only an uninteresting
potential shift, but for varying charge densities there can be
more subtle eﬀects. The LDA is derived from the principle
of density variations at the Fermi energy, and the relation
between EF (which is a measure of the kinetic energy) and
density is given by


EF(1) (r) = 3π 2 ρ(r)

2/3

.

(3)

This relation can be compared to EF(2) (r) = EF − V (r)
within real atoms, where EF is from the band calculation with
potential V (r). Except for r very close to the nuclei there is
not too large diﬀerence between EF(1) (r) and EF(2) (r). In some
regions the two values can be quite diﬀerent. If so, it implies
that the density is not in equilibrium with the kinetic energy
as was used in the derivation of the LDA potential. Oxygen
sites in oxides are often negatively charged, which suggests
that the kinetic energy should be smaller than what comes
out from (1). These eﬀects are moderated by the fact that the
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1.2

fe = 0.2

1.1

1

1
0.9
XC-factor

towards a stability of an AFM state is clear. Corrections of this
type will be interesting for seeing enhanced spin fluctuations
for long wave length spin waves in doped cuprates. Further
enhancements of λsf can also be expected [13]. Potential
corrections must ultimately be tested for other types of
materials in order to verify that some properties will not
deteriorate. Here for the cuprates the corrections permit to
proceed in the modeling of more properties from the band
results.
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Figure 6: The calculated values of the scaling function X as function
of rs and fe (see text).
Table 2: The required applied magnetic fields (in mRy on Cu) in
order to obtain a zero gap in LMTO calculations which include the
diﬀerent corrections to the potential; see the text.
LSDA
8.8

GGA
6.6

GGA+C
5.5

GGA+X
5.0

GGA+C+X
4.0

charge transfer is a result of an attractive potential. It turns
out that positive and negative deviations from (1) exist in
shells within all atoms.
Thus, band calculations with correction for the kinetic
energy will be attempted where the local exchange potential
is written as








μx fe , rs = X fe , rs μKS (rs ),

(4)

where X( fe , rs ) is a scaling function of the normal KohnSham potential μKS , and fe = EF(1) (rs )/EF(2) (rs ).
A derivation of the scaling function X( fe , rs ) can be
done directly from the Slater functions by use of energy
shifts in the arguments of the plane waves [7]. However,
negative shifts leading to localized waves have to be avoided,
and the resulting X-function seems too sensitive to small
variations of fe . As an alternative we determine the scaling
function from a two-particle model as in [40, 41], with a
renormalization to make X(1, rs ) = 1. The result is displayed
in Figure 6 for the appropriate range of rs and fe . The real
value of fe for r ≤ 0.05 RRWS increases and can be larger than
50 near the nuclei. This is extreme and fe is here cut-oﬀ at 3.
In preliminary calculations for undoped LBCO we do
a rescaling of the exchange due to kinetic energy and of
correlation due to second gradients. The comparison is made
with standard LSDA for an AFM unit cell where a staggered
magnetic field is applied to the Cu sites, and it is found
that a field of ± 8.8 mRy is the limit for having a zero gap
(Eg ∼ 0.25 mRy). The magnetic moment is then ±0.18 μB
per Cu. The amplitude of the required magnetic field to
obtain a zero gap is reduced when the calculations include
the correction factors; see Table 2. The absolute values can
depend on details of the band calculations [39], but the trend

Results of band calculations for supercells with frozen
phonons and spin waves suggest that a Fermi-liquid state
can cause pseudogaps and dynamic stripes. Together with an
NFE model it is possible to describe the doping dependence
of many normal state properties of the cuprates. The
coupling between phonon distortions and spin fluctuations
seems to be crucial for the mechanism of superconductivity,
so that the spin-polarized part of λ is most enhanced
by simultaneous excitations of phonons and spin waves.
Two diﬀerent mechanisms for superconductivity mediated
by spin fluctuations are possible. The largest coupling
parameter is when a phonon is excited together with the spin
fluctuation. Lower couplings, λsf at larger energies, are independent of the phonon excitation, but these spin fluctuations
can nevertheless profit from possible phonon distortions of
the lattice. Still, absolute numbers are too small when using
LDA, as is also concluded from the absence of AFM stability
in LDA calculations for undoped systems. However, it is
argued that corrections due to higher-order density gradients
and kinetic energy are able to bring the band calculations
closer to AFM. This is shown in calculations for undoped
LBCO by yet very approximate corrections due to nonlocality
and kinetic energy. Refinements of such corrections will be
of interest for application to supercells, including doping,
phonon distortions, and spin waves, since it can be expected
that realistic λs will be obtained.
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J. Humlı́ček, A. P. Litvinchuk, W. Kress, et al., “Lattice
vibrations of Y1−X PrX Ba2 Cu3 O7 : theory and experiment,”
Physica C, vol. 206, no. 3-4, pp. 345–359, 1993.
C. Thomsen and M. Cardona, “Raman scattering in high-Tc
superconductors,” in Physical Properties of High-Temperature
Superconductors, D. M. Ginsberg, Ed., vol. 409, World Scientific, Singapore, 1989.
H. Chen and J. Callaway, “Phonons and superconductivity in
Nd2−x Cex CuO4 ,” Physical Review B, vol. 46, no. 21, pp. 14321–
14324, 1992.
R. E. Cohen, W. E. Pickett, and H. Krakauer, “Theoretical determination of strong electron-phonon coupling in
YBa2 Cu3 O7 ,” Physical Review Letters, vol. 64, no. 21, pp. 2575–
2578, 1990.
O. K. Andersen, A. I. Liechtenstein, O. Rodriguez, et al.,
“Electrons, phonons, and their interaction in YBa2 Cu3 O7 ,”
Physica C, vol. 185–189, pp. 147–155, 1991.
T. Jarlborg and G. Santi, “Role of thermal disorder on the
electronic structure in high-Tc compounds,” Physica C, vol.
329, no. 4, pp. 243–257, 2000.
T. Jarlborg, “Spin-phonon coupling and q -dependence of spin
excitations and high-Tc superconductivity from band models,”
Physical Review B, vol. 79, no. 9, Article ID 094530, 7 pages,
2009.
P. Piekarz and T. Egami, “Dynamic charge transfer and
spin-phonon interaction in high-Tc supeconductors,” Physical
Review B, vol. 72, no. 5, Article ID 054530, 9 pages, 2005.
T. Jarlborg, “Weak screening of high frequency phonons and
superconductivity in YBa2 Cu3 O7 ,” Solid State Communications, vol. 71, no. 8, pp. 669–671, 1989.
T. Jarlborg, “Restricted screening and non-adiabatic electronphonon coupling in high-Tc oxides,” Physics Letters A, vol. 164,
no. 3-4, pp. 345–348, 1992.

7
[27] A. Abanov, A. V. Chubukov, and M. R. Norman, “Gap
anisotropy and universal pairing scale in a spin-fluctuation
model of cuprate superconductors,” Physical Review B, vol. 78,
Article ID 220507, 4 pages, 2008.
[28] T. Jarlborg, “Spin fluctuations, electron-phonon coupling and
superconductivity in near-magnetic elementary metals—Fe,
Co, Ni and Pd,” Physica C, vol. 385, no. 4, pp. 513–524, 2003.
[29] T. Jarlborg, “Ferromagnetic and antiferromagnetic spin fluctuations and superconductivity in the hcp-phase of Fe,”
Physics Letters A, vol. 300, no. 4-5, pp. 518–523, 2002.
[30] I. I. Mazin and D. J. Singh, “Ferromagnetic spin fluctuation
induced superconductivity in Sr2 RuO4 ,” Physical Review Letters, vol. 79, no. 4, pp. 733–736, 1997.
[31] E. van Heumen, E. Muhlethaler, A. B. Kuzmenko, et al.,
“Optical determination of the relation between the electronboson coupling function and the critical temperature in highTc cuprates,” Physical Review B, vol. 79, no. 18, Article ID
184512, 7 pages, 2009.
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The s-wave three-band Eliashberg theory can simultaneously reproduce the experimental critical temperatures and the gap values
of the superconducting materials LaFeAsO0.9 F0.1 , Ba0.6 K0.4 Fe2 As2 and SmFeAsO0.8 F0.2 as exponent of the more important families
of iron pnictides. In this model the dominant role is played by interband interactions and the order parameter undergoes a sign
reversal between hole and electron bands (s±-wave symmetry). The values of all the gaps (with the exact experimental critical
temperature) can be obtained by using high values of the electron-boson coupling constants and small typical boson energies (in
agreement with experiments).

The discovery of Fe-based pnictide superconductors [1–
3] has aroused great interest in the scientific community.
For the first time noncuprate superconductor shows high
critical temperature. In these systems, as in cuprates, the
superconductivity occurs upon charge doping of a magnetic
parent compound above a certain critical value. The more
relevant diﬀerence is that in cuprates the parent compound
is a Mott insulator with localized charge carriers and a strong
Coulomb repulsion between electrons, while in the pnictides
it is a bad metal and shows a tetragonal to orthorhombic
structural transition below ≈ 140 K, followed by the onset of
an antiferromagnetic spin-density-wave ordering [4]. Charge
doping gives rise to superconductivity and, at the same time,
inhibits the occurrence of both the static magnetic order
and the structural transition. The Fermi surface consists of
two or three hole-like sheets around the Γ point in the first
Brillouin zone and two electron-like sheets around M point.
Up to now, the most intensively studied systems are the 1111
compounds, ReFeAsO1−x Fx (Re = La, Sm, Nd, Pr, etc.) and
the 122 ones, hole- or electron-doped AFe2 As2 (A = Ba, Sr,
Ca).
At present it is not completely clear what is the microscopic pairing mechanism responsible for superconductivity.

The conventional phonon-mediated coupling mechanism
is too week and cannot explain the observed high Tc
within the standard Migdal-Eliashberg theory [5, 6]. The
calculated Tc increases only marginally with the inclusion
of multiband eﬀects and remains far from experimental
values. On the other hand, the magnetic nature of the parent
compound seems to favor a coupling mechanism based on
nesting-related antiferromagnetic spin fluctuations [7]. In
this case an interband sign reversal of the order parameter
between diﬀerent sheets of the Fermi surface (s± symmetry)
is predicted. The number, amplitude, and symmetry of
the superconducting energy gaps are indeed fundamental
physical quantities that any microscopic model of superconductivity has to account for. Experiments with powerful
techniques such as ARPES, point-contact spectroscopy, and
STM, have been carried out to study the superconducting
gaps in pnictides (for a review see [8]). Although the results
are sometimes in disagreement with each other, a multigap
scenario is emerging with evidence for rather high gap ratios,
Δ1 /Δ2 ≈ 2-3 [8]. A two-band BCS model cannot account
either for the amplitude of the experimental gaps or for their
ratio. Three-band BCS models have been investigated [9–
11] which can reproduce the experimental gap ratio but not
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study the MgB2 superconductor [20–23]. To obtain the
gaps and the critical temperature within the s-wave, threeband Eliashberg equations, one has to solve six coupled
equations for the gaps Δi (iωn ) and the renormalization
functions Zi (iωn ), where i is a band index that ranges
between 1 and 3 (see Figure 1) and ωn are the Matsubara
frequencies. For completeness we included in the equations
the nonmagnetic and magnetic impurity scattering rates in
the Born approximation, ΓNij and ΓM
i j . In the imaginary-axis
formulation [24] the equations are

M
3

ωn Zi (iωn ) = ωn +

λ31
λ32

+ πT


j


m, j

1
Γ

2
X

(1)

ΛZij (iωn , iωm )N jZ (iωm ),



Zi (iωn )Δi (iωn ) =



Δ
ΓNij − ΓM
i j N j (iωn )

j

Figure 1: Schematic drawing of the multiband model used in this
work. The two hole bands (1 and 2) are centered around the Γ point,
while the equivalent electron band (3) around the M point of the
reduced Brillouin zone.

+ πT


m, j

ΛΔi j (iωn , iωm ) − μ∗i j (ωc )



(2)

× θ(ωc − |ωm |)N jΔ (iωm ),

where ΛZij (iωn , iωm )
the exact experimental gap values when the experimental
Tc is exactly reproduced. In this regard, a reliable study has
to be carried out within the framework of the Eliashberg
theory for strong coupling superconductors [12–18], due to
the possible high values of the coupling constants necessary
to explain the experimental data.
By using this strong-coupling approach, I show here that
the superconducting iron pnictides represent a case of dominant negative interband-channel superconductivity (s±wave symmetry) with high values of the electron-boson coupling constants and small typical boson energies. Furthermore I prove that a small contribution of intraband coupling
does not significantly aﬀect the obtained results and that the
contribution of the Coulomb pseudopotential is negligible.
The electronic structure of pnictides can be approximately reproduced by using a three-band model (Figure 1)
with two hole bands (1 and 2) and one equivalent electron
band (3) [9]. The s-wave order parameters of the hole bands
Δ1 and Δ2 have opposite sign with respect to that of the
electron Δ3 [7]. In such systems intraband coupling could
be provided by phonons while interband coupling by antiferromagnetic spin fluctuations which in a one-band system
are always pair breaking but here, in a multiband system,
the interband terms can contribute to increase the critical
temperature. In the multiband Eliashberg equations the spin
fluctuations term in the intraband channel has positive sign
for the renormalization functions Zi and negative sign for the
superconducting order parameters Δi thus leading to a strong
reduction of Tc . However, if we consider negative interband
contributions in the Δi equations, the final result can be an
increase of the critical temperature [19].
The generalization of the Eliashberg theory [12–18] for
multiband systems has already been used with success to



Z
ΓNij + ΓM
i j N j (iωn )

=

ph

sp

Λi j (iωn , iωm ) + Λi j (iωn , iωm ),

ph

sp

ΛΔi j (iωn , iωm ) = Λi j (iωn , iωm ) − Λi j (iωn , iωm ). θ is the
Heaviside function and ωc is a cut-oﬀ energy. In particular,
 +∞
ph,sp
Λi j (iωn , iωm ) = 2 0 dΩΩα2i j F ph,sp (Ω)/[(ωn − ωm )2 + Ω2 ],
where ph means “phonon” and sp “spin fluctuations.”
2 + Δ2 (iω ) and N Z (iω ) =
Finally, N jΔ (iωm ) = Δ j (iωm )/ ωm
m
m
j
j


2 + Δ2 (iω ).
ωm / ωm
m
j
In the real axis formulation the multiband s-wave
Eliashberg equations [25, 26] are

ωZi (ω)
=ω+
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Z
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i j N j (ω)
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× Real N jΔ (ω ) ,

where now ΛZij (ω, ω) = Λi j (ω, ω ) + Λi j (ω, ω ), ΛΔi j (ω, ω ) =
ph

ph

sp

sp

ph,sp

Λi j (ω, ω ) − Λi j (ω, ω ). In particular, Λi j (ω, ω ) =
 +∞
2 ph,sp
(Ω)/2)[(tanh(ω /2T) + coth(Ω/2T))/(ω +
0 dΩ(αi j F
Ω − ω − iδ) − (tanh(ω /2T) − coth(Ω/2T))/(ω − Ω − ω − iδ)],

Advances in Condensed Matter Physics

12

− Δ2j (ω).

In principle the solution of the three-band Eliashberg
equations shown in (1) (or (2)) requires a huge number
of input parameters: (i) nine electron-phonon spectral
functions, α2i j F ph (Ω); (ii) nine electron-SF spectral functions,
α2i j F sp (Ω); (iii) nine elements of the Coulomb pseudopotential matrix, μ∗i j (ωc ); (iv) nine nonmagnetic ΓNij and nine
paramagnetic ΓM
i j impurity scattering rates.
It is obvious that a practical solution of these equations
requires a drastic reduction in the number of free parameters
of the model. According to the work of Mazin et al. [7] I
ph
ph
know that (i) λii  λi j ≈ 0, that is, phonons mainly provide
intraband coupling but the total electron-phonon coupling
ph
sp
sp
constant Σi λii should be very small [5, 6], (ii) λi j  λii ≈
0, that is, SF mainly provide interband coupling. I include
these features in the simplest three-band model by posing
ph
ph
sp
λii = λi j = 0, λii = 0, and μ∗ii (ωc ) = μ∗i j (ωc ) = 0. Here,
 +∞

ph,sp
λi j

dΩ(α2i j F ph,sp (Ω)/Ω).

of course, it is
=2 0
Moreover, I
set ΓNij = ΓM
=
0
in
(1)-(2)
and
(3)-(4).
ij
Within these approximations, the electron-boson
sp
coupling-constant matrix λi j = λi j becomes [9]
⎛
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Figure 2: Full symbols, left axis: calculated gap values at T = 2 K
for LaFeAsO0.9 F0.1 as a function of typical boson energy Ω0 . Open
symbols, right axis: electron-boson coupling constants, λ13 and λ23 ,
as a function of Ω0 . The inset shows the spectral function used in
this model in the case Ωi j = 10 meV.
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Δ j (ω)/ ω2 − Δ2j (ω) and N jZ (ω)

=

αi j 2 F(Ω)

and N jΔ (ω)

3

(5)

0

where ν1 = N1 (0)/N3 (0), ν2 = N2 (0)/N3 (0), and Ni (0) is the
normal density of states at the Fermi level for the i-band (i =
1, 2, 3 according to Figure 1).
I initially solved the Eliashberg equations on the imaginary axis to calculate the critical temperature and, by means
of the technique of the Padè approximants [27, 28], to obtain
the low-temperature value of the gaps because in presence of
a strong coupling interaction or of impurities, the value of
Δi (iωn=0 ) obtained by solving the imaginary-axis Eliashberg
equations can be very diﬀerent from the value of Δi obtained
from the real-axis Eliashberg equations [29]. I also solved the
three-band Eliashberg equations in the real-axis formulation.
I reproduced the critical temperature and the gap
values in three representative cases: (i) the compound
LaFeAsO0.9 F0.1 with Tc = 27 K where point-contact spectroscopy measurements gave Δ1 (0) ≈ 3.8 meV and Δ2 (0) ≈
8.0 meV [30]; (ii) the compound Ba0.6 K0.4 Fe2 As2 with Tc =
37 K where ARPES measurements gave Δ1 (0) ≈ 12.1 meV,
Δ2 (0) ≈ 5.5 meV, and Δ3 (0) ≈ 12.8 meV [31]; (iii) the
compound SmFeAsO0.8 F0.2 with Tc = 52 K where, according to point-contact spectroscopy measurements, Δ1 (0) ≈
17.0 meV and Δ2 (0) ≈ 5.7 meV [32, 33].
Inelastic neutron-scattering experiments suggest that the
typical boson energy possibly responsible for superconductivity ranges roughly between 10 and 30 meV [34, 35]. In
the numerical simulations I used spectral functions with
Lorentzian shape, that is, α2i j F(Ω) = Ci j [L(Ω + Ωi j , Yi j ) −
L(Ω − Ωi j , Yi j )], where L(Ω ± Ωi j , Yi j ) = [(Ω ± Ωi j )2 +
(Yi j )2 ]−1 , Ci j are the normalization constants necessary to

obtain the proper values of λi j while Ωi j and Yi j are the peak
energies and half-widths, respectively. In all the calculations I
always set Ωi j = Ω0 , with Ω0 ranging between 5 and 35 meV
and Yi j = 2 meV. The cut-oﬀ energy is ωc = 12 · Ω0 and the
maximum quasiparticle energy is ωmax = 16 · Ω0 .
In the Tc = 27 K case I know that ν1 = 0.03 and ν2 = 1
[36] while in the Tc = 37 K case ν1 = 1 and ν2 = 2 [9] and in
the Tc = 52 K case I have ν1 = 0.4 and ν2 = 0.5 [37]. Once the
energy of the boson peak Ω0 is set, only two free parameters
are left in the model: λ31 and λ32 .
By properly selecting the values of these parameters it is
relatively easy to obtain the experimental values of the critical
temperature and of the small gap, which is well known. It
is more diﬃcult to reproduce the values of the large gaps
of bands 1 and 3 since, due to the high 2Δ1,3 /kB Tc ratio (of
the order of 8-9), high values of the coupling constants and
small boson energies are required. Figures 2, 3, and 4 show
the values of the calculated gaps (full symbols, left axis) as a
function of the boson peak energy, Ω0 . The corresponding
values of λ13 and λ12 , chosen in order to reproduce the values
of Tc and of the small gap, Δ2 , are also shown in the figure
(open symbols, right axis). In all materials examined, only
when Ω0 ≤ 10 meV the values of the large gap correspond to
the experimental data. Indeed, when Ω0 increases, the values
of Δ1 and Δ3 strongly decrease. As a consequence, a rather
small energy of the boson peak together with a very strong
coupling (particularly in the 3-1 channel) is needed in order
to obtain the experimental Tc and the correct gap values. In
this regard, it is worth noticing that the absolute values of the
large gaps cannot be reproduced in a interband-only, twoband Eliashberg model [38], as well as within a three-band
BCS model. In the latter case it is only possible to obtain a
ratio of the gaps close to the experimental one [10, 11].
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Table 1: The eﬀect of the intraband terms and Coulomb interaction on the gap values.
λii = 0.
λ31 = 4.267

μ∗i j = 0
λ32 = 1.138

Ω0 = 10 meV
—

Results
Intraband

Δ1 = 10.29 meV
λii = 0.4

Δ2 = 5.56 meV
μ∗i j = 0

|Δ3 | = 10.22 meV

Free parameters
Results
Intraband and Coulomb

λ31 = 3.866
Δ1 = 10.30 meV
λii = 0.4

λ32 = 0.471
Δ2 = 5.62 meV
μ∗i j = 0.1

Free parameters
Results

λ31 = 2.730
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Figure 3: Full symbols, left axis: calculated gap values at T = 2 K
for Ba0.6 K0.4 Fe2 As2 as a function of typical boson energy Ω0 . Open
symbols, right axis: electron-boson coupling constants, λ13 and λ23 ,
as a function of Ω0 .

Figure 4: Full symbols, left axis: calculated gap values at T = 2 K for
SmFeAsO0.8 F0.2 as a function of the typical boson energy Ω0 . Open
symbols, right axis: electron-boson coupling constants, λ13 and λ23 ,
as a function of Ω0 .

I also tested the eﬀect into the model of a small
intraband coupling (possibly of phonon origin). In the case
of Ba0.6 K0.4 Fe2 As2 (Tc = 37 K) I fixed Ω0 = 10 meV and
λii = 0.4 since I know indeed that this coupling cannot be
very high [5, 6]. Then I determined the free parameters λ31
and λ32 in order to obtain Tc = 37 K. It might be thought that
this term can sensibly contribute to increase the gap values
but, as can be seen in Table 1, this is not the case as the gap
values only show a slight increase.
The eﬀect of Coulomb interaction was also investigated
for the case shown in Table 1 where a weak intraband
coupling is included. I chose μ∗i j = μ∗ii = 0.1 and, as expected,
I found that the intraband Coulomb pseudopotential has
a negligible eﬀect while the interband one [19] strongly
contributes to raise Tc and reduces in a considerable way
[24] the value of λ31 . In this case, as shown in Table 1, it
is only possible to obtain the correct value of the small gap
because the electron-boson coupling is now too small and
it is impossible to reproduce the value of the big gap. As a

consequence, this result seems to exclude a strong interband
Coulomb interaction in these compounds.
I also calculated the superconductive density of states in
all three cases. The parameters used for the Tc = 27.00 ± 0.01
K case are Ω0 = 10 meV, λ13 = 1.115, and λ32 = 0.743, for
the Tc = 37.00 ± 0.01 K case Ω0 = 10 mev, λ13 = 4.267, and
λ23 = 1.138 and for Tc = 52.00 ± 0.01 K case Ω0 = 10 mev,
λ13 = 5.808, and λ23 = 2.208.
The value of coupling constant λ31 is in the range 1–6 and
this fact, at a first glance, may seem very unusual but these
systems have some peculiarities in common with the heavy
fermions superconductors. For example, in the compound
LaFeAsO0.9 F0.1 , the normal state at Tc is asymmetric and
pseudogapped, with two broad maxima that are progressively smoothed out on increasing the temperature [30].
This shape is very similar to that observed by point contact
spectroscopy in materials with long-range spin-density-wave
order, like URu2 Si2 [39, 40]. The calculated superconductive
normalized conductances are shown in Figure 5; the presence
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Figure 5: Calculated energy dependence of the superconductive
normalized tunneling conductance at T = 4 K for LaFeAsO0.9 F0.1
(Tc = 27 K, red solid line), Ba0.6 K0.4 Fe2 As2 (Tc = 37 K, dash blue
line), and for SmFeAsO0.8 F0.2 (Tc = 52 K, green dash-dot line).

In conclusion, I have shown that the newly discovered
iron pnictides very likely represent a case of dominant
negative interband-channel pairing superconductivity where
an electron-boson coupling, such as the electron-spin fluctuactions one, can become a fundamental ingredient to
increase Tc in a multiband strong-coupling picture. In
particular, the present results prove that a simple threeband model in strong-coupling regime can reproduce in a
quantitative way the experimental Tc and the energy gaps of
the pnictide superconductors with only two free parameters,
λ31 and λ32 , provided that the typical energies of the spectral
functions are of the order of 10 meV and the coupling
constants are very high (1 < λ31 < 6).
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of a hump at Ω ≈ Ω0 + Δ1 is a typical strong coupling eﬀect
[41]. This feature, of course, is more evident when λ13 is
bigger. By cause of thermal broadening it is impossible to
separate the peaks of the gaps Δ1 and Δ3 .
The penetration depth as a function of temperature has
been calculated in the three cases and is reported in Figure 6.
It is in qualitative agree with the experimental data [42]. The
inset shows the behaviour of [λ(T) − λ(T = 1 K)]/λ(T = 1 K)
at low temperature. Although at suﬃciently low temperature
an exponential fit may be certainly possible the inset shows
that, on a larger T range (up to T/Tc ∼ 0.3) these curves can
be best fitted by a third-order polynomial as experimentally
observed [42].
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Explicit and implicit experimental evidence for charge density wave (CDW) presence in high-Tc superconducting oxides is
analyzed. The theory of CDW superconductors is presented. It is shown that the observed pseudogaps and dip-hump structures
in tunnel and photoemission spectra are manifestations of the same CDW gapping of the quasiparticle density of states.
Huge pseudogaps are transformed into modest dip-hump structures at low temperatures, T, when the electron spectrum
superconducting gapping dominates. Heat capacity jumps at the superconducting critical temperature and the paramagnetic
limit are calculated for CDW superconductors. For a certain range of parameters, the CDW state in a d-wave superconductor
becomes reentrant with T, the main control quantity being a portion of dielectrcally gapped Fermi surface. It is shown that in
the weak-coupling approximation, the ratio between the superconducting gap at zero temperature Δ(T = 0) and Tc has the
Bardeen-Cooper-Schrieﬀer value for s-wave Cooper pairing and exceeds the corresponding value for d-wave pairing of CDW
superconductors. Thus, large experimentally found values 2Δ(T = 0)/Tc ≈ 5 ÷ 8 are easily reproduced with reasonable input
parameter values of the model. The conclusion is made that CDWs play a significant role in cuprate superconductivity.

1. Introduction
Ever since the earliest manifestations of high-Tc superconductivity were found in 1986 [1], the whole theoretical power
[2–22] has been applied to explain and describe various
normal and superconducting properties of various oxide
families with critical temperatures, Tc , ranging up to 138 K to
date [23–27]. Unfortunately, even conceptual understanding
of the mechanisms and character of superconductivity in
cuprates is still lacking. Strictly speaking, there is a number
of competing paradigms, every of them pretending to be
“the theory of superconductivity” (see, e.g., [2]) but not
recognized as such by other respected experts in the field.
After the discovery of high-Tc oxides, experimentalists
found several other superconducting families with Tc higher
than 23.2 K reached by the precuprate record-holder, Nb3 Ge
[28, 29]. For instance, one may refer to fullerides [30, 31],

doped bismuthates [32–34], hafnium nitrides [35, 36], and
magnesium diborides [37–40]. One should also mention
more controversial cases of superconducting oxides Hx WO3
with Tc ≈ 120 K [41] and Sr0.9 La0.1 PbO3−δ with Tc ≈
65 K [42]. Finally, an unexpected and counter-intuitive
discovery of the iron-based oxypnictide [43, 44] or oxygenfree pnictide [45] layered superconductors with Tc over 50 K
has been made recently (see also reviews [46–49]).
Presumably, the latter materials with FeAs layers have
been overlooked as possible candidates for high-Tc superconductors, since Fe ions in solids usually possess magnetic
moments, which promote magnetic ordering, the latter
being detrimental to superconductivity, especially the spinsinglet one [50–55]. Strictly speaking, such an omission
is of no surprise because superconductivity in oxides is
rather gentle, sensible to impurities, including the excess or
deficiency of oxygen [56] in these nonstoichiometric [57, 58]
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compounds. Recent discovery [59] of previously unnoticed
high-Tc superconductivity in parent compounds T  -R2 CuO4
(R = Pr, Nd, Sm, Eu, Gd) is very symptomatic in this
regard, since an accurate removal of apical oxygen from
thin films raised Tc from exact zero (those compositions
were earlier considered by theoreticians as typical correlated
Mott-Hubbard insulators) to 32.5 K for Nd2 CuO4 . As for the
ferroarsenide family, one of its members, EuFe2 (As0.7 P0.3 )2 ,
reveals a true superconducting transition at 26 K, followed
by the ferromagnetic ordering of Eu2+ magnetic moments
below 20 K, coexisting with superconductivity [60], which
is quite unusual in view of the antagonism indicated above
between two kinds of cooperative phenomena.
What is more, none of the mentioned superconductors
except Ba1−x Kx BiO3 [33] were discovered due to theoretical
predictions. Hence, one may consider the theoretical discovery of Ba1−x Kx BiO3 as an accidental case, since, according to
the well-known chemist Cava: “one of the joys of solid state
chemistry is its unpredictability” [61]. The same opinion
was expressed by the other successive chemist Hosono:
“understanding the mechanism with respect to predicting
the critical temperature of a material is far from complete
at the present stage even for brilliant physicists. Such a
situation provides a large opportunity including a good luck
for material scientists who continue the exploration for a
new material, not limited to superconductors, and a new
functionality based on their own view points” [48]. That
is why Pickett recently made a sad remark that “the next
breakthrough in superconductivity will not be the result of
surveying the history of past breakthroughs” [62]. It means
that microscopic theories of superconductivity are incapable
of describing specific materials precisely, although together
they give an adequate overall picture. In this connection,
the failure of the most sophisticated approaches to make
any prediction of true or, at least “bare” Tc , (provided
that the corresponding Tc -value is not known a priori)
despite hundreds of existing superconductors with varying
fascinating properties, forced Phillips [63] to reject all apparently first-principle continuum theories in favor of his own
percolative filamentary theory of superconductivity [64–67]
(see also the random attractive Hubbard model studies of
superconductivity [68, 69] and the analysis of competition
between superconductivity and charge density waves studied
in the framework of similar scenarios [70–72]). We totally
agree with such considerations in the sense of the important
role of disorder in superconductors with high Tc on the
verge of crystal lattice instability [73–83]. Nevertheless, it
is questionable whether a simple one-parameter “master
function” of [63, 67] would be able to make quantitative and
practically precise predictions of Tc . As for the qualitative
correctness of the dependence Tc versus weighted number
R of Pauling resonating valence bonds [63, 67, 84], it
can be considered at least as a useful guideline in the
superconductivity ocean. The phenomenological character
of the master function (chemical trend diagram) Tc (R) is
an advantage rather than a shortcoming of this approach, as
often happens in the physics of superconductors (see, e.g.,
more or less successful criteria of superconductivity with
diﬀerent extent of phenomenology [85–98]).
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On the other hand, attempts to build sophisticated
microscopic theories of the boson-mediated BardeenCooper-Schrieﬀer (BCS) attraction, treating the Coulomb
repulsion as a single Coulomb pseudopotential constant μ∗ ,
are incapable of predicting actual critical superconducting
properties [63, 91, 99–101]. The same can be said [67]
about Hubbard-Hamiltonian models with extremely strong
repulsive Coulomb energy parameter U, which is formally
based on the opposite ideology (see, e.g., [102, 103]). As an
example of the theories described above, one can indicate
work [104], where the strong-coupling Eliashberg equations
for the electron-phonon mechanism of superconductivity
[105, 106] were solved numerically taking into account
even vertex corrections and treating the dispersive Coulomb
interaction not on equal footing, but as a simple constant μ∗ .
In this connection, it seems that the prediction of [104] that
the maximal Tc for new iron-based superconductors is close
to 90 K is unjustified. Of course, the same is true for other
studies of such a kind.
It is remarkable that, for hole- and electron-doped
cuprates, there is still no clarity concerning the specific
mechanisms of superconductivity [17, 107–115] and the
order parameter symmetry [109, 116–130], contrary to the
“oﬃcial” viewpoint [131–133]) and even the very character
of the phenomenon (in particular, there have been furious
debates concerning the Cooper pairing versus boson condensation dilemma in cuprates [8, 134, 135]). The same seems
to be true for other old and new “exotic” superconductors
[46, 107, 108, 136–153], their exoticism being in essence a
degree of our ignorance.
It would be of benefit to consider all indicated problems
in detail for all classes of superconductors and show possible
solutions. Unfortunately, it cannot be done even in the scope
of huge treatises (see, e.g., [154–157]). The objective of this
review is much more modest. Specifically, it deals mostly
with high-Tc cuprate materials, other superconductors being
mentioned only for comparison. Moreover, in the present
state of aﬀairs, it would be too presumptuous to pretend to
cover all aspects of the oxide superconductivity. Hence, we
will restrict ourselves to the analysis of lattice instabilities
and concomitant charge density waves (CDWs) in highTc oxides. Their interplay with superconductivity is one of
the fascinating and fundamentally important phenomena
observed in cuprates and discussed by us earlier [158–160].
Nevertheless, in this rapidly developing branch of the solid
state physics, many new theories and experimental data on
various CDW superconductors appeared during last years.
They are waiting for both unbiased and thorough analysis.
This article discusses this new information, referring the
reader to our previous reviews for more general and
established issues, as well as some cumbersome technical
details.
The outline of this review is as follows. In Section 2,
for the sake of completeness, we briefly consider possible
mechanisms of superconductivity in cuprates, the problem of the relationship between BCS pairing and BoseEinstein condensation (BEC), and the multigapness of
the superconducting order parameter. Section 3 is devoted
to the experimental evidence for CDWs, the so-called
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pseudogaps, dip-hump structures, and manifestations of
intrinsic inhomogeneity in cuprate materials. The original
theory of CDW superconductors and the interpretation of
CDW-related phenomena in high-Tc oxides are presented
in Section 4. At the end of Section 4, some recent data
on coexistence between superconductivity and spin density
waves (SDWs)—a close analogue of CDWs—are covered.
This topic became hot once more after the discovery of
ferropnictides [43–48, 161]. Short conclusions are made in
Section 5.

2. Considerations on Peculiarities and
Mechanisms of Superconductivity in Oxides
When BaPb1−x Bix O3−δ (BPB) was shown [162] to be a
superconductor with a huge (at that time!) Tc ≈ 13 K
for x ≈ 0.25, a rather low concomitant concentration of
current carriers n ≈ 1.5 ÷ 4.5 × 1021 cm−3 , and poor electric
conductivity [56] (the phase diagram of BPB is extremely
complex, with a number of partial metal-insulator structural
transitions [56, 163–167]), it looked like an exception.
Now, it is fully recognized that oxides with highest Tc are
bad metals from the viewpoint of normal state conductivity
[168]. In particular, the mean free path of current carriers
is of the order of the crystal lattice constant, so that the
Ioﬀe-Regel criterion of the metal-insulator transition [169]
is violated. Moreover, there exists an oxide superconductor
SrTiO3−δ with a tiny maximal Tc ≈ 0.5 K, attained by
doping, but an extremely small n < 1020 cm−3 [170].
Note that the undoped semiconducting SrTiO3−δ is so close
to the metal-insulator border that it may be transformed
into a metal by the electrostatic-field eﬀect [171] (this technique has been successfully applied to other oxides [172]).
Moreover, a two-dimensional metallic layer has been discovered [173] at the interface between two insulating oxides
LaAlO3−δ and SrTiO3−δ , which was later found to be
superconducting with Tc ≈ 0.2 K [174, 175]. The appearance
of superconductivity at nonmetallic charge carrier densities in oxides of diﬀerent classes comprises a hint that
it is not wise to treat various oxide families separately
(see, e.g., [176]), all of them having similar perovskitelike ion structures [23, 25, 26, 177–181] and similar
normal and superconducting properties [27], whatever
the values of their critical parameters are. As for the
apparent dispersion of the latter among superconducting
oxides, it mostly reflects their conventional exponential
dependences on atomic and itinerant-electron characteristics
[9, 10].
The junior member of the superconducting oxide family,
SrTiO3−δ , demonstrates (although not in a spectacular
manner) several important peculiarities, which are often
considered as properties intrinsic primarily to high-Tc
cuprates. Indeed, in addition to the low n, this polar, almost
ferroelectric [182, 183], material was shown to reveal polaron
conductivity [184] and is suspected to possess bipolaron
superconductivity [185–187], first suggested by Vinetskii
almost 50 years ago [188]. It means that SrTiO3−δ might
be not a Bardeen-Cooper-Schrieﬀer (BCS) superconductor
[189] with a large coherence length ξ0  a0 , where a0
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is the crystal lattice constant, but most likely an example
of a material with ξ0  a0 , so that a Bose-condensation
of local electron pairs would occur at Tc , according to the
Schafroth-Butler-Blatt scenario [190] or its later extensions
[8, 134, 135, 191–199].
The concept of bipolarons (local charge carrier pairs) has
been later applied to BPB [200–203], Ba1−x Kx BiO3−δ (BKB,
Tc ≤ 30 K [204, 205]) [203, 206, 207] and cuprates [195, 199,
208–211]. It was explicitly shown for BPB and BKB by Xray absorption spectroscopy [203] that bipolaronic states and
CDWs coexist and compete, which might lead, in particular,
to the observed nonmonotonic dependence Tc (x) [212]. At
the same time, Hall measurements demonstrate that the
more appropriate characteristics Tc (n) is monotonic [56,
213, 214], so that the expected suppression of Tc at high n
as a consequence of screening of the electron-phonon matrix
elements [99, 215, 216] is not achieved here as opposed to
the curve Tc (n) [170] in reduced samples of SrTiO3−δ . As
for cuprates, the bipolaron superconductivity mechanism,
as well as any other BEC scheme, in its pure state would
require an existence of the preformed electron (hole) pairs
(bipolarons), which might be the case [177, 217], and a prior
destruction of the Fermi surface (FS), the condition contradicting observations (see, e.g., [218]). Therefore, bosonfermion models for charge carriers in superconductors was
introduced [134, 219–225] and, later on, severely criticized
[226, 227]. In any case, the available objections concern
the bipolaronic mechanism of superconductivity itself, the
occurrence of polaronic eﬀect in oxides with high dielectric
permittivities raising no doubt [115, 177, 199, 228–232].
It is remarkable that the boson-fermion approach mentioned above is not a unique tool for describing superconductivity in complex systems. A necessary “degree of
freedom” connected to another group of charge carriers
has been introduced, for example, as the so-called (−U)centers [233–235], earlier suggested by Anderson [236]
as a phenomenological reincarnation of bipolarons in
amorphous materials [188]. Independently, narrow-band
nondegenerate charge carriers submerged into the sea of
itinerant electrons were proposed for cuprates as another,
not fully hybridized kind of the “second heavy component”
[237, 238]. For completeness, we should also mention a
quite diﬀerent model involving a second heavy charge carrier
subsystem (d-electrons in transition metals [239] or heavy
holes in degenerate semiconductors [240]), necessary to
convert high-frequency Langmuir plasmons intrinsic to the
itinerant electron component into the ion-acoustic collective
excitation branch, in order that a high-Tc superconductivity
would appear. Those hopes, however, lack support from any
evidence in natural or artificial systems (see the analysis
of plasmon mechanisms [206, 241–247], the optimism of
some authors seems to us and others [248] a little bit
exaggerated). As can be readily seen from the References
given above, all nonconventional approaches, rejecting or
generalizing the BCS scheme and going back to the explanations of a relatively weak superconductivity in degenerate semiconductors [138, 191, 215, 249–252], have been
applied to every family of superconducting oxides, including
cuprates.
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Strontium titanate became a testing ground [253] of
one further attractive idea (based on the same concept
of several interacting charge carrier components) of twogap or multigap superconductivity, with the interband
interplay being crucial to the substantial increase of Tc
and other critical parameters. The corresponding models
came into being in connection with the transition s-d
metals [254, 255]. They were subsequently applied to analyze
superconductivity in multivalley semiconductors [256, 257],
high-Tc oxides [231, 258–266], MgB2 [40, 267–269], ZrB12
[270], V3 Si [271], Mg10 Ir19 B16 [272], YNi2 B2 C [273], NbSe2
[274, 275], R2 Fe3 Si5 (R = Lu,Sc) [276], Sc5 Ir4 Si10 [277],
Na0.35 CoO2 · 1.3H2 O [278] as well as pnictides LaFeAsO1−x Fx
[279], LaFeAsO0.9 F0.1 [280], SmFeAsO0.9 F0.1 [281], and
Ba0.55 K0.45 Fe2 As2 [282], Ba1−x Kx Fe2 As2 with Tc  32 K
[283]. We did not explicitly include into the list such
modifications of magnesium diboride as Mg1−x Alx B2 or
Mg(B1−x Cx )2 , and so forth.
Since, instead of one, two or more well-separated superconducting energy gaps, a continuous, sometimes wide, gap
distribution is often observed (see results for Nb3 Sn in [284]
and MgB2 in [285–289]), the original picture of the gap
multiplicity in the momentum, k, space loses its beauty,
whereas the competing scenario [76, 290] of the spatial
(r-space) extrinsic or intrinsic gap spread becomes more
adequate and predictive [77–79]. For the case of cuprates,
it has been recently shown experimentally that the spread is
really spatial, but corresponds to the pseudogap (CDW gap)
rather than its superconducting counterpart, the latter most
probably being a single one [291] (see also the discussion in
[83] and below).
In accordance with what was already mentioned, the
application of very diﬀerent, sometimes conflicting, models
to oxide families, including cuprates, means an absence of
a deep insight into the nature of their superconducting and
normal state properties. We are not going to analyze here the
successes and failures of the microscopic approaches to highTc superconductivity in detail; instead we want to emphasize
that even the boson-mediators (we accept the applicability
of the Cooper-pairing concept to oxides on the basis of
crucial flux-quantization experiments [292, 293]) are not
known for sure. Indeed, at the early stages of the high-Tc
studies, magnons were considered as glue, coupling electrons
or holes. The very temperature-composition (doping) phase
diagrams supported this idea, since undoped and slightly
doped oxides were found antiferromagnetic [26, 103, 294–
304]. However, a plethora of theories suggesting virtual
spin fluctuations as the origin of superconductivity in
high-Tc oxides and leading to the dx2 − y2 symmetry of the
superconducting order parameter have been developed [6,
11, 15, 103, 302, 305–310].
Fortunately for the scholars, it became clear that reality
is richer for oxides than was expected, so that (i) the order
parameter may include a substantial s-wave admixture [109,
116–129]; and (ii) phonons still exist in perovskite crystal
lattices, inevitably aﬀecting or, may be, even determining
the pairing process [4, 10, 112, 115, 311], not to talk
about polaron and bipolaron eﬀects discussed above. It
should be noted that there are reasonable scenarios of
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d-wave order parameter symmetry in the framework of the
electron-phonon interaction alone [208, 312–316] (a similar
conclusion was made for the case of plasmon mechanism
[317]).
At the same time, if one adopts a substantial (crucial?)
role of spin-fluctuation mechanism in superconductivity, the
ubiquitous phonons can (i) be neutral to the dominant dwave pairing; (ii) act synergetically with spin fluctuations;
(iii) or reduce Tc , as it would have been for switched-oﬀ
phonons. The existing theories support all three variants,
although some authors cautiously avoid any direct conclusions [103]. For instance, Kulić demonstrated the destructive
interference between both mechanisms of superconductivity
[4]. Phononic reduction of the magnetically induced Tc was
claimed in [308, 318], whereas anisotropic phonons seem to
enhance Tc , thus obtained [319]. Finally, according to [228,
320, 321], spins and phonons act constructively in cuprates.
Once again, the microscopic approach was incapable of
unambiguously predicting a result for the extremely complex
system.
One should bear in mind that the problem is much wider
than the interplay between spin excitations and phonons.
Namely, it is more correct to consider the interplay between
Coulomb inter-electron and electron-lattice interactions
[232, 322]. Of course, the latter is also Coulombic in nature,
phonons being simply an ion sound, that is, ion Langmuir
plasma oscillations [323] screened in this case by degenerate
light electrons [324] (thus, acoustic phonons constitute a
similar phenomenon as the acoustic plasmons in the electron
system [239, 240] with an accuracy to frequencies). One of
the main diﬃculties is how to separate the metal constituents
in order that some contributions would not be counted
twice [322, 325–333]. Since it is possible to do rigorously
only in primitive plasma-like models [91, 92, 99, 251, 322],
the problem has not been solved. Therefore, empirical
considerations remain the main source of future success for
experimentalists, as it happened, for example, in the case of
MgB2 [37].

3. CDWs and CDW-Related Phenomena
in Cuprates
The reasoning presented in Section 2 demonstrates that for
the objects concerned, it is insuﬃcient to rely only on
microscopic theories, so that phenomenological approaches
should deserve respect and attention. In actual truth, they
might not be less helpful in understanding the normal and
superconducting properties of cuprates, being generalizations of a great body of experimental evidence collected
during last decades. In this section, we are going to show
that two very important features are common to all high-Tc
families. Specifically, these are the intrinsic inhomogeneity
of nonstoichiometric superconducting ceramic and single
crystalline samples [334–343] and the persistence of CDWs
[340, 344, 345] and other phenomena, which we also
consider as CDW manifestations (dip-hump structures, DHS
[339, 346–348], and pseudogaps below and above Tc [349–
358] in tunneling spectra and angle-resolved photoemission
spectra, ARPES).
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Figure 1: (Color online) Fermi surface nesting; and tight-bindingcalculated Fermi surface (solid black curve) of optimally doped
Bi2 Sr2 CuO6+δ based on ARPES data [373]. The nesting wave vector
(black arrow) in the antinodal flat band region has length 2π/6.2a0 .
Underdoped Bi2 Sr2 CuO6+δ Fermi surfaces (shown schematically as
red dashed lines) show a reduced volume and longer nesting wave
vector, consistent with a CDW origin of the doping-dependent
checkerboard pattern reported here (Taken from [344]).

CDWs were seen directly as periodic incommensurate
structures in superconducting Bi2 Sr2 CaCu2 O8+δ (BSCCO)
using various experimental methods [12, 334, 359–370].
Photoemission studies reveal the 4a0 × 4a0 charge-ordered
“checkerboard” state in Ca2−x Nax CuO2 Cl2 [371], and tunnel
measurements visualized the same kind of ordering in
BSCCO [370]. Scanning tunnel microscopy (STM) measurements found CDWs in Bi2 Sr1.4 La0.6 CuO6+δ (Tcmax ≈
29 K) with an incommensurate period and CDW wave
vectors Q depending on oxygen doping degree [340]. The
same method revealed nondispersive (energy-independent)
checkerboard CDWs in Bi2− y Pb y Sr2−z Laz CuO6+x (Tc ≈ 35 K
for the optimally doped composition) [344]. In this case, Q
substantially depends on doping, rising from πa0−1 /6.2 in an
optimally doped sample to πa0−1 /4.5 for an underdoped sample with Tc ≈ 25 K. It is easily explained by the authors taking
into account the shrinkage of the hole FS with decreasing
hole number, so that the vector Q that links the flat nested
FS sections grows, whereas the CDW period decreases (see
Figure 1). One should note that, in the presence of impurities
(e.g., an inevitably non-homogeneous distribution of oxygen
atoms), the attribution of the observed charge order (if any)
to unidirectional or checkerboard type might be ambiguous
[372].
A similar coexistence of CDWs and superconductivity
was observed in a good many diﬀerent kinds of materials
with a reduced dimensionality of their electron system,
so that the corresponding FS includes nested (congruent)
sections [158–160]. For completeness, we will add some new
cases discovered after our previous reviews were published.
First of all, the analogy between CDWs in cuprates and
layered dichalcogenides was proved by ARPES [352, 374–
376]. It should be noted that CDW competition with

superconductivity in cuprates was supposed as early as
in 1987 on the basis of heat capacity and optical studies
[377], whereas the similarity between high-Tc oxides and
dichalcogenides was first noticed by Klemm [378, 379].
Additionally, a new dichalcogenide system Cux TiSe2 was
found with coexisting superconductivity and CDWs (at
0.04 < x < 0.06) [380, 381]. The coexistence between two
phenomena was observed in the organic material α-(BEDTTTF)2 KHg(SCN)4 , but superconductivity was attributed to
boundaries between CDW domains, where the CDW order
parameter is suppressed [382]. High-pressure studies of
another organic conductor (Per)2 [Au(mnt)2 ] revealed an
appearance of superconductivity after the CDW suppression
[383]. Still, it remained unclear, whether some remnants of
CDWs survived in the superconducting region of the phase
diagram. Application of high pressure also suppressed CDWs
in the compound TbTe3 at about P = 2.3 GPa, inducing
superconductivity with Tc ≈ 1.2 K, enhanced to 4 K at P =
12.4 GPa [384], the behavior demonstrating the competition
of Cooper and electron-hole pairings for the FS [385,
386]. The same experiments in this quasi-two-dimensional
material revealed two kinds of CDW anomalies merging at
P = 2.3 GPa, as well as antiferromagnetism, which makes
this object especially promising. Finally, CDWs were found
in another superconducting oxide Na0.3 CoO2 · 1.3 H2 O by
specific heat investigations [387–389], showing two-energygap superconductivity for as-prepared samples and nonsuperconducting CDW dielectrized state after ageing of the
order of days. The sample ageing is a situation widely met
for superconductors [390, 391], whereas the dielectrization
of as-synthesized superconducting ceramic samples accompanied by a transformation of bulk superconductivity into a
percolating one with the CDW background was observed for
BPB long ago [56, 392]. Nevertheless, such a scenario was not
proved directly at that time, while the bulk heat capacity peak
in Na0.3 CoO2 · 1.3 H2 O [387–389] unequivocally shows the
emergence of CDWs instead of superconductivity.
We emphasize that CDWs compete with superconductivity, whenever they meet on the same FS. This is the
experimental fact, which agrees qualitatively with a number
of theories [385, 386, 393–397].
Returning to cuprates, we want to emphasize that the
existence of pseudogaps above and below Tc is one of
their most important features. Pseudogap manifestations are
diverse, but their common origin consists in the (actually,
observed) depletion of the electron densities of states (DOS).
It is natural that tunnel and ARPES experiments, which are
very sensitive to DOS variations, made the largest contribution to the cuprate pseudogap data base (see references
in our works [81–83, 158–160]). Recent results show that
the concept of two gaps (the superconducting gap and
the pseudogap, the latter considered here as a CDW gap)
[82, 352, 353, 357, 377, 398–404] begins to dominate in
the literature over the one-gap concept [211, 355, 405–416],
according to which the pseudogap phenomenon is most
frequently treated as a precursor of superconductivity (for
instance, a gas of bipolarons that Bose-condenses below
Tc [413] or a d-wave superconducting-like state without
a long-range phase rigidity [416]). The main arguments,
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which make the one-gap viewpoint less probable, is the
coexistence of both gaps below Tc [349, 417], their diﬀerent
position in the momentum space of the two-dimensional
Brillouin zone [351, 353, 356, 418, 419], and their diﬀerent
behaviors in the external magnetic fields H [420], for various
dopings [417], and under the eﬀects of disordering [419].
Nevertheless, some puzzles still remain unresolved in the
pseudogap physics. For instance, Kordyuk et al. [352] found
that the pseudogap in Bi(Pb)2 Sr2 Ca(Tb)Cu2 O8+δ revealed
by ARPES is nonmonotonic in T. Such a behavior, as they
indicated, might be related to the existence of commensurate
and incommensurate CDW gaps, in a close analogy with
the case of dicahlcogenides [421]. Another photoemission
study of La1.875 Ba0.125 CuO4 has shown [354] that there seems
to be two diﬀerent pseudogaps: a d-wave-like pseudogap—
a precursor to superconductivity—near the node of the
truly superconducting gap and a pseudogap in the antinodal
momentum region—it became more or less familiar to the
community during last years [350, 351, 353, 356, 403, 418,
419] and is identified by us as the CDW gap.
Despite existing ambiguities, the most probable scenario
of the competition between CDW gaps (pseudogaps) and
superconducting gaps in high-Tc oxides, in particular, in
BSCCO, includes the former emerging at antinodal (nested)
sections of the FS and the latter dominating over the nodal
sections (see Figure 2, reproduced from [403], where BSCCO
was investigated, and results for (Bi,Pb)2 (Sr,La)2 CuO6+δ
presented in [356]). Since CDW gaps are much larger
than their superconducting counterparts, the simultaneous
existence of the superconducting gaps in the antinodal region
might be overlooked in the experiments. This picture means
that the theoretical model of the partial dielectric gapping
(of CDW origin or caused by a related phenomenon—spin
density waves, SDWs) belonging to Bilbro and McMillan
[385] (see also [56, 158–160, 386, 397, 422–428]) is adequate for cuprates. On the other hand, the coexistence of
CDW and superconducting gaps, each of them spanning
the whole FS [429–432], can happen only for extremely
narrow parameter ranges [433]. Moreover, as is clearly
seen from data presented in Figure 2 [403] and a lot of
other measurements for diﬀerent classes of superconductors,
complete dielectric gapping has not been realized. The reason
is obvious: nested FS sections cannot spread over the whole
FS, since the actual crystal lattice is always three-dimensional
and three-dimensionality eﬀects lead to the inevitable
FS warping detrimental to nesting conditions formulated
below.
It is interesting that pseudogaps were also observed in
oxypnictides LaFeAsO1−x Fx and LaFePO1−x Fx by ARPES
[434] and SmFeAsO0.8 F0.2 by femtosecond spectroscopy
[435], where SDWs might play the same role as CDWs do in
cuprates. At the same time, in iron arsenide Ba1−x Kx Fe2 As2 ,
photoemission studies detected a peculiar electronic ordering with a (π/a0 , π/a0 ) wave vector [436], a true nature of
which is still not known, but which might be related either
to the magnetic reconstruction of the electron subsystem
(SDWs) and/or to structural transitions (when CDWs
accompanied by periodic crystal lattice distortions emerge
in the itinerant electron liquid near the structural transition
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Figure 2: (Color online) Schematic illustrations of the gap function
evolution for three diﬀerent doping levels of Bi2 Sr2 CaCu2 O8+δ . (a)
Underdoped sample with Tc = 75 K. (b) Underdoped sample with
Tc = 92 K. (c) Overdoped sample with Tc = 86 K. At 10 K above Tc
there exists a gapless Fermi arc region near the node; a pseudogap
has already fully developed near the antinodal region (red curves).
With increasing doping, this gapless Fermi arc elongates (thick red
curve on the Fermi surface), as the pseudogap eﬀect weakens. At T <
Tc a d-wave like superconducting gap begins to open near the nodal
region (green curves); however, the gap profile in the antinodal
region deviates from the simple dx2 − y2 form. At a temperature well
Tc ), the superconducting gap with the simple dx2 − y2
below Tc (T
form eventually extends across entire Fermi surface (blue curves) in
(b) and (c) but not in (a). (Taken from [403].)

temperature Td [437, 438]). The interplay between structural
and magnetic instabilities is important for pnictides [161],
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since, for example, structural and SDW anomalies appear
jointly at 140 K in BaFe2 As2 [439]. It is not inconceivable
that pnictides may be a playground for density waves as
well as high-Tc oxides, with a rich variety of attendant
manifestations.
The DHS is another visiting card of cuprates, being
a peculiarity in tunnel and photoemission spectra at low
Tc and energies much higher than those of coherent
T
superconducting peaks [81–83, 160, 339, 347, 348, 440,
441]. It is remarkable that in the S-I-N tunnel junctions,
where S, I, and N stand for a high-Tc superconductor, an
insulator, and a normal metal, respectively, a DHS might
appear for either one bias voltage V polarity only [347] or
both [442, 443], depending on the specific sample. In SI-N junctions, current-voltage-characteristics (CVCs) with
two symmetrically located DHSs (one per branch) are also
observed, but with amplitudes that can diﬀer drastically
[442, 443]. In S-I-S symmetric junctions, DHS structures
are observable (or not) in CVC branches of both polarities
simultaneously [347], which seems quite natural. It is very
important that although the CVC for every in the series of SI-N junctions with BSCCO as an superconducting electrodes
was nonsymmetric, especially due to the presence of the
DHS, the CVC obtained by averaging over an ensemble
of such junctions turned out almost symmetric, or at
least its nonsymmetricity turned out much lower than the
nonsymmetricity of every CVC taken into consideration
[443].
There is quite a number of interpretations concerning
this phenomenon [347, 444–450]. We have discussed most
of them in detail in our previous publications, whereas
our theory and necessary reference to other models will be
presented below.
STM mapping of high-Tc oxide samples revealed substantial inhomogeneties of energy gap spatial distribution
[334, 336, 338, 339, 341–343, 363, 370, 441, 451–459].
The same conclusion was made from the interlayer tunneling spectroscopy [460, 461], more conventional S-I-N
tunnel (point-contact) studies [440, 442], optical femtosecond relaxation spectroscopy [337], and inelastic neutron
scattering measurements [335]. It is quite natural that
some inhomogeneity should exist, since the oxygen content
is always nonstoichiometric in those compounds [304].
Indeed, correlations were found between oxygen dopant
atom positions and the nanoscale electronic disorder probed
by STM [336]. The problem has been recently investigated
theoretically making allowance for electrostatic modulations of various system parameters by impurity atoms
[462].
Nevertheless, the gap distributions occurred to be anomalously large, with sometimes conspicuous two-peak structures in BSCCO [451, 457, 463], Bi2 Sr1.6 Gd0.4 CuO6+δ [338],
(Cu,C)Ba2 Ca3 Cu4 O12+δ [440], and TlBa2 Ca2 Cu2 O10−δ
[442]. Nanoscale electronic nonhomogeneity on the crystal
surface was shown to substantially aﬀect the CDW-like DOS
modulation observed by STM in Bi2 Sr1.4 La0.6 CuO6+δ [340].
Large gap scatterings obviously do not correlate with
sharp transitions into the superconducting state at any
doping of well prepared samples (implying Cooper-pairing
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homogeneity), which was demonstrated, for example, by
specific heat studies [464]. To solve the problem, one
should bear in mind that the gaps measured by STM
technique are of two kinds (in our opinion, superconducting
gaps and pseudogaps—CDW gaps), which cannot be easily
distinguished experimentally [81–83, 160, 337]. The guess
was proved in [291], where contributions of both gaps in
the STM spectra of (Bi0.62 Pb0.38 )2 Sr2 CuO6+x were separated
by an ingenious trick. Namely, the authors normalized the
measured local conductances by removing the larger-gap
inhomogeneous background. Then, it became clear that the
superconducting gap is more or less homogeneous over the
sample’s surface, whereas the larger gap (the pseudogap, i.e.,
the CDW gap) is essentially inhomogeneous.
The intimate origin of the pseudogap variations is currently not understood. At the same time, the inhomogeneity
of electron characteristics is also inherent to the related solid
solutions BPB, which was demonstrated by spatially resolved
electron energy loss spectroscopy [465]. It is reasonable to
suggest that this inhomogeneity both in BPB and high-Tc
oxides is strengthened near free surfaces in agreement with
Josephson current measurements across BPB bicrystal tunnel
boundaries [466].
Still, there is an interesting phenomenon, which might
explain trends for electric properties in cuprates to be
inhomogeneous. We mean a spontaneous phase separation,
suggested long ago for antiferromagnets [467–470] and the
electron gas in paramagnets [471–474]. This idea was later
transformed into stripe activity in cuprate and manganite
physics, where alternating conducting and magnetic regions
constituted separated “phases” [12, 302, 475–480]. Recently,
a lot of evidence for local lattice distortions, Jahn-Teller
polaron occurrence, and other percolation and filamentary
structure formation appeared [177, 217, 228, 481–485], supporting new sophisticated theoretical eﬀorts in the science
of phase separation [84, 230, 379, 486–493], mostly but
not necessarily dealing with high-Tc oxides. The electronic
inhomogeneity in cuprates, as discussed above, belongs
to the same category of phenomena. Whatever its origin,
intrinsic inhomogeneity of cuprates and other oxides seems
to be an important feature that needs explanation in order to
understand superconductivity (much more homogeneous)
itself. Note that electronic phase separation into magnetic
and nonmagnetic domains was also found in the iron pnictide superconductor Ba1−x Kx Fe2 As2 [494], whereas disorderinduced inhomogeneities of superconducting properties was
observed in TiN films [495].
Another high-Tc oxide, YBa2 Cu3 O6+x , containing CuO
chains in addition to CuO2 planes, was known for a long
time as a material exhibiting one-dimensional CDWs [496].
However, the authors of more recent tunnel measurements
[497] concluded that the would-be CDW manifestations
might have a diﬀerent nature, since the observed onedimensional modulation wavelengths have rather a strong
dispersion. Nevertheless, it seems that in view of the
large CDW amplitude scatter in BSCCO discovered later,
this conclusion is premature, with local variations of the
FS shape being a possible origin of CDW wave vector
modifications.
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As one sees from the evidence discussed above, CDW
modulations are observed in cuprates both directly (as
patterns of localized energy-independent electron states in
the conventional r-space) and indirectly (as concomitant
gapping phenomena). The pseudogap energy EPG > ΔSC
constitutes an appropriate scale for CDW gapping. Here, ΔSC
is the superconducting gap. On the other hand, at low energies E < ΔSC , single-particle tunneling spectroscopy probes
mixed electron-hole d-wave Bogoliubov quasiparticles [498],
which are delocalized excitations. In this case, it is natural
to describe the tunnel conductance in the momentum,
k-space. The interference between Bogoliubov quasiparticles
is especially strong for certain wave vectors qi (i = 1, . . . , 16)
connecting extreme points on the constant energy contours
[499–502]. The interference k-space patterns involve those
wave vectors [343, 416, 499, 503–505], this picture being
distinct from and complementary to the partially disordered
CDW unidirectional or checkerboard structures [344, 359,
365, 371, 458, 506–508].
It is remarkable that interference r-space patterns on
cuprate surfaces, the latter being in the superconducting
state, are not detected, contrary to the clear-cut STM
observations of electron de Broglie standing waves, induced
by point defects or step edges, revealed in conductance
maps on the normal metal surfaces [509, 510]. The latter
waves are in eﬀect Friedel oscillations [511] formed by twodimensional normal electron density crests and troughs with
the wave length π/kF , kF being the Fermi wave vector.
On the other hand, spatial oscillating structures of local
DOS in the d-wave superconducting state are determined
by other representative vectors qi , so that the characteristic
oscillations can be denominated as Friedel-like ones at most
[502, 512]. Nevertheless, the attenuation of both kinds of
spatial oscillations due to superconducting modifications
of the screening medium should be more or less similar.
Namely, in the isotropic superconducting state, the electron
gas polarization operator loses its original singularity at k =
2kF for gapped FS sections [513]. As a consequence, Friedel
oscillations gain an extra factor exp(−2r/πξ0 ) [514, 515],
where ξ0 is the BCS coherence length [498]. For d-wave
superconductors, the attenuation will be weaker and will
totally disappear in the order-parameter node directions.
However, those distinctions are not crucial, since the nodes
have a zero measure. The modification of screening by
formation of Bogoliubov quasiparticles in d-wave high-Tc
oxides explains the absence of conspicuous spatial structures
in STM maps, which correspond to the wave vectors qi
mentioned above.
We consider the observed CDWs in oxides as a consequence of electron-hole (dielectric) pairing on the nested
sections of corresponding FSs [158–160, 516]. Such a
viewpoint is also clearly supported by the experiments in
layered dichalcogenides [374–376], the materials analogous
to cuprates in the sense of superconductivity appearance
against the dielectric (CDW) partial gapping background
[378, 379]. At the same time, other sources of CDW
instabilities are also possible [517, 518]. As for the microscopic mechanism causing CDW formation, it might be an
electron-phonon (Peierls insulator) [519, 520] or a Coulomb
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one (excitonic insulator) [431, 521, 522], or their specific
combination. Excitonic instability may also lead to the SDW
state [522, 523], also competing with superconductivity for
the FS [160, 524–529]. It should be noted that researchers
asserted that they found plenty of Peierls insulators or partially gapped Peierls metals [158–160, 530–532]. At the same
time, the excitonic phase, being mathematically identical in
the mean-field limit [533] and physically similar [534] to the
Peierls insulator, was not identified unequivocally. One can
only mention that some materials claimed to be excitonic
insulators, namely, a layered transition-metal dichalcogenide
1T-TiSe2 with a commensurate CDW [535, 536], alloys
TmSe0.45 Te0.55 [537], Sm1−x Lax S [538], and Ta2 NiSe5 with a
direct band gap at the Brillouin zone Γ point in the parent
high-T state [539]. Therefore it is reasonable that precisely
in the later case, the low-T excitonic state is not accompanied
by CDWs.
It is necessary to indicate that in many cases, the claimed
“charge stripe order” and the more unpretentious “charge
order” are an euphemism describing the old good CDWs:
“Stripes is a term that is used to describe unidirectional
density-wave states, which can involve unidirectional charge
modulations (charge stripes) or coexisting charge and spindensity order spin stripes” [12]. We do not think it makes
sense to use the term “stripes” in the cases of pure CDW
or spin-density-wave (SDW) ordered states. At the same
time, this term should be reserved for diﬀerent possible
more general kinds of microseparation [12, 477, 479, 540–
542], having nothing or little to do with periodic lattice
distortions, FS nesting, or Van Hove singularities. The need
to avoid misnomers and duplications while naming concepts
is quite general in science, as was explicitly stressed by
John Archibald Wheeler, who himself coined many terms in
physics (“black hole” included) [543].
In this connection, it seems that some experimentalists unnecessarily vaguely attribute the spatially periodical
charge structure in the low-temperature tetragonal phase
of La1.875 Ba0.125 CuO4 , revealed by X-ray scattering [544],
to the hypothetical nematic structure or the checkerboard
Wigner crystal. Indeed, quite similar spatial charge structures
found in La1.875 Ba0.125−x Srx CuO4 by neutron scattering [545]
were correctly and without reservation identified as CDWrelated ones, whereas a checkerboard structure (if any)
can be considered as a superposition of two mutually
perpendicular CDWs. The same can be written about the
“stripe” terminology used in [546], where X-ray scattering
revealed a periodical charge structure in the low-temperature
tetragonal phase of another cuprate La1.8−x Eu0.2 Srx CuO4 .
One should mention two other possible collective states
competing with Cooper pairing. Namely, these are states with
microscopic orbital and spin currents that circulate in the
ground state of excitonic insulator (there can be four types of
the latter [522]). The concept of the state with current circulation, preserving initial crystal lattice translational symmetry, was invoked to explain cuprate properties [547]. Another
order parameter, hidden from clear-cut identification by
its supposed extreme sensitivity to sample imperfection, is
the so-called d-density wave-order parameter [548, 549].
It is nothing but a CDW order parameter times the same
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form-factor f (k) = cos(kx ) − cos(k y ), the product being
similar to that for dx2 − y2 -superconductors. Here, kx and
k y are the wave-vector components in the CuO2 plane. To
some extent, the dielectric order parameter of the BilbroMcMillan model [159, 160, 385] and its generalizations—
they are presented below—contains the same physical idea
as in the d-density-wave model: nonuniformity of the CDW
gap function in the momentum space.
Although the destructive CDW action on superconductivity of many good materials is beyond question [56, 160,
380, 384, 545, 550, 551], it does not mean that maximal Tc are
limited by this factor only. For instance, Tc falls rapidly with
the hole concentration p in overdoping regions of Tc − p
phase diagrams for diﬀerent Pb-substituted Bi2 Sr2 CuO6+δ
compounds, even in the case when the critical doping value
pcr corresponding to Td → 0 lies outside the superconducting dome [552]. A Cu-doped superconducting chalcogenide
Cux TiSe2 constitutes another example confirming the same
trend [380]. Namely, CDW manifestations die out for x 
0.06, whereas Tc starts to decrease for x > xoptimal = 0.08.
As has been already mentioned, overdoping can reduce Tc
simply owing to screening of matrix elements for electronphonon interaction [99, 215, 216].

4.1. Thermodynamics of s-Wave CDW Superconductors. The
Dyson-Gorkov equations for the normal (Gi j ) and anomalous (Fi j ) temperature Green’s functions in the case of
αγ
αγ
coupled superconducting Δi j and dielectric (CDW) Σi j
matrix order parameters are the starting point of calculations
and can be found elsewhere [160, 386, 397, 426, 427]. Greek
superscripts correspond to electron spin projections, and
italic subscripts describe the natural split of the FS into
degenerate (nested, d) and non-degenerate (non-nested, n)
sections. For the quasiparticles on the nested sections, the
standard condition leading to the CDW gapping holds:






(1)



1 = VCDW N(0)μI(D),

I(x) =

The majority of our results presented below were obtained
for s-wave superconductors with CDWs. It is a case,
directly applicable to many materials (e.g., dichalcogenides,
trichalcogenides, tungsten brozes, etc.). On the other hand,
as was indicated above, the exact symmetry of the superconducting order parameter in cuprates is not known, although
the d-wave variant is considered by most researchers in the
field as the ultimate truth. Notwithstanding any future solution of the problem, our theory of CDW-related peculiarities
in quasiparticle tunnel CVCs can be applied to cuprates,
since we are not interested in small energies eV < Δ, where
the behavior of a reconstructed DOS substantially depends
on whether it is the s- or d-wave order parameter [553–
555]. Here, e > 0 is the elementary charge, and Δ is the
amplitude of the superconducting order parameter. As for
the thermodynamics of CDW superconductors, we present
both s- and d-cases, each of them having their own specific
features.

 





1 = VBCS N(0) μI(D) + 1 − μ I(Δ) ,

where

4. Theory of CDW Superconductors and
Its Application to Cuprates

ξ1 p = −ξ2 p + Q ,

where p is the quasimomentum, Q is the CDW vector
(see the discussion above), Planck’s constant  = 1. This
equation binds the electron and hole bands ξ1,2 (p) for the
excitonic insulator [431, 522] and diﬀerent parts of the
one-dimensional self-congruent band in the Peierls insulator
case [516]. At the same time, the rest of the FS remains
undistorted below Td and is described by the electron
spectrum branch ξ3 (p). Such an approach was suggested long
ago by Bilbro and McMillan [385]. We adopt the strongmixing approximation for states from diﬀerent FS sections.
This means an appearance of a single superconducting
order parameter for d and nd FS sections. The spin-singlet
structure (s-wave superconductivity and CDWs) of the
αγ
αγ
matrix normal (Σi j = Σδαβ ) and anomalous (Δi j = Iαβ )
self-energy parts (where (Iαβ )2 = −δαβ ) in the weak-coupling
limit is suggested. Here, δαβ is the Kronecker delta. The selfconsistency equations for the order parameters obtained in
accordance with the fundamentals can be expressed in the
following form [386]:

Ω
0



dξ

ξ 2 + x2



tanh

ξ 2 + x2
.
2T

(2)

(3)

Here, the Boltzmann constant kB = 1, VBCS and VCDW are
contact four-fermion interactions responsible for superconductivity and CDW gapping, respectively. The gap


D(T) = Δ2 (T) + Σ2 (T)

1/2

(4)

is a combined gap appearing on the nested FS sections,
whereas the order parameter Δ defines the resulting observed
gap on the rest of the FS (compared with the situation in
cuprates [344, 350, 356, 403]). The parameter μ characterizes
the degree of the FS dielectrization (hereafter, we use this
nonconventional term instead of “gapping” in some places to
avoid confusion with the superconducting gapping), so that
Nd (0) = μN(0) and Nnd (0) = (1 − μ)N(0) are the electron
DOSs per spin on the FS for the nested and nonnested
sections, respectively. The upper limit in (3) is the relevant
cut-oﬀ frequency, which is assumed to be equal for both
interactions. If the cut-oﬀs BCS and CDW are considered
diﬀerent, the arising correction, log(ΩCDW /ΩBCS ), is logarithmically small [385] and does not change qualitatively
the subsequent results. Only in the case of almost complete
electron spectrum dielectric gapping (μ → 1) does the
diﬀerence between BCS and CDW become important for
the phase coexistence problem [433]. This situation is,
however, of no relevance for substances with detectable
superconductivity, since Tc tends to zero for μ → 1. In
this subsection, we confine ourselves to the case Re Σ > 0,
Im Σ = 0, since the phase ϕ of the complex order parameter
Σ ≡ |Σ|eiϕ does not aﬀect the thermodynamic properties,
whereas tunnel currents do depend on ϕ [160, 556, 557],
which will be demonstrated explicitly below.
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Introducing the bare order parameters Δ0
=
2Ω exp[−1/VBCS N(0)] and Σ0 = 2Ω exp[−1/VCDW Nd (0)],
we can rewrite the system of (2) in an equivalent form,
convenient for numerical calculations:
IM [Δ, T, Δ(0)] = 0,

(5)

IM (D, T, Σ0 ) = 0,
where
IM (G, T, G0 ) =

∞
0

⎛



⎞

ξ 2 + G2
1
⎠dξ
tanh
−
2T
ξ 2 + G2
ξ 2 + G20
(6)

⎝

1

is the standard Mühlschlegel integral [558], the root of which
G = sMü(G0 , T) is the well-known gap dependence for the
s-wave BCS superconductor [9], G0 = G (T = 0), and [385]
−μ 1/(1−μ)

Δ(0) = Δ0 Σ0

.

(7)

However, (5) mean that both gaps Δ(T) and D(T) have
the BCS form G = sMü(G0 , T) [386], namely: (i) Δ(T) =
sMü[Δ(0), T], that is, the actual value of the superconducting
gap of the CDW superconductor at T = 0 is Δ(0) rather than
Δ0 , and the actual superconducting critical temperature is
Tc = γΔ(0)/π; (ii) at the same time, D(T) = sMü(Σ0 , T),
which determines Td = γΣ0 /π. Here, γ = 1.7810 . . . is the
Euler constant.
From (4), we obtain that, at T = 0,
Σ20 = Δ2 (0) + Σ2 (0).

(8)

Replacing Δ(0) by its value (7), we arrive at the conclusion
that in the model of s-wave superconductor with partial
CDW gapping, two order parameters coexist only if Δ0 < Σ0 .
Then, according to (7), Δ(0) < Δ0 ; that is, the formation of
the CDW, if it happens, always inhibits superconductivity, in
agreement with the totality of experiments [160, 375, 380,
382, 551]. Also, vice versa, according to (4), for T < Tc ,
Σ(T) < sMü(Σ0 , T); that is, superconductivity suppresses
dielectrization.
In Figure 3, the dependences Δ(T) and Σ(T) are shown
for various parameters of the partially dielectrized CDW
s-wave superconductor. It can be easily inferred from the
data shown in both panels that, in agreement with the
foregoing, Δ(T)/Δ(0) curves coincide with the Mühlschlegel
one for any values of the dimensionless parameters μ and
σ0 ≡ Σ0 /Δ0 . The novel feature, which has been overlooked
in other investigations, is the possibility of such a strong
suppression of Σ for low enough T that it becomes smaller
than Δ, although Td is larger than Tc (see Figure 3(b)). This
intriguing situation can be realized for the parameter σ0 close
to unity. One should note that the actual gaps Δ and D (the
former coincides with the superconducting order parameter)
are monotonic functions of T. However the dielectric order
parameter is not.
The magnitudes of Tc and Δ(0) strongly depend on μ
and σ0 , although the simple BCS-like scaling between them

survives, that is, for CDW s-wave superconductors Δ(0)/Tc =
π/γ ≈ 1.76. Although for, say, Σ0 ≥ 1.5Δ0 and reasonable
μ = 0.5 [386], the demand of self-consistency between Σ(T)
and Δ(T) becomes less important quantitatively. It justifies
our previous approach with T-independent Σ [427] and the
1/2
estimation of combined gap as (Δ2BCS (T) + Δ2PG ) with Tindependent ΔPG made on the basis of interlayer tunneling
measurements in BSCCO mesas [559]; self-consistency leads
to new qualitative eﬀects and cannot be avoided. As for
the magnitude of the very ΔPG , inferred from tunneling
measurements, it was found in [559] to be substantially
smaller than that of ΔBCS (T → 0), whereas the opposite case
turned out to be true both for BSCCO [349, 399, 560, 561],
Bi2−x Pbx Sr2 CaCu2 O8+δ [460], and (Bi,Pb)2 Sr2 Ca2 Cu3 O10+δ
[562]. Other tunnel measurement for BSCCO [417] revealed
ΔPG > ΔBCS (T → 0) for underdoped samples and ΔPG <
ΔBCS (T → 0) for overdoped ones. A marked sensitivity
of ΔPG to doping together with strong inhomogeneity,
discovered in Bi-based ceramics [334–336, 338, 343, 359, 440,
441, 456–458, 563, 564] and Ca2−x Nax CuO2 Cl2 [565], may
be responsible for the indicated discrepancies.
Since the BCS character of the gap dependences for the
CDW s-wave superconductor is preserved, the T-dependence
of the heat capacity C for the doubly gapped electron liquid
(i.e., below the actual Tc ) equals to the superposition of two
BCS-like functions:

 
 

2π 2 N(0) 
T
T
1 − μ Tc cBCS
+ μTd cBCS
,
C(T) =
3
Tc
Td
(9)

where


cBCS t =

T

TcBCS


=

C (T)
 BCS
.
CBCS T = TcBCS + 0

(10)

It should be noted that the normalized discontinuity
ΔC/Cn (Tc ) at the superconducting phase transition may also
serve as indirect evidence for the CDW gap on the FS,
because in this case it is not at all a trivial BCS jump:
12
ΔCBCS
=
≈ 1.43.
γS Tc
7ζ(3)

(11)

Here, Cn (T) = γS T ≡ (2π 2 N(0)/3)T is the normal
electron-gas heat capacity, whereas γS is the Sommerfeld
constant. CDW-driven deviations from the BCS behavior
was recognized long ago [425, 566]. However, only the selfconsistent approach [386] allows us to give a quantitative
answer at any value of the parameters appropriate to the
partially CDW-gapped superconductor. It can be seen from
Figure 4(a), where the conventionally normalized superconducting phase transition anomaly is shown as a function of
μ. The discontinuity is always smaller than the BCS value
(11), in agreement with previous qualitative considerations
[425, 566]. At the same time, the BCS ratio is restored not
only for μ = 0, that is, in the absence of the dielectrization,
but also for μ → 1. In the former case, it is clear, because
we are dealing with a conventional BCS superconductor.
On the other hand, for large enough μ, CDW gapping
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Figure 3: Temperature dependences of the superconducting (Δ) and dielectric (Σ) order parameters for diﬀerent values of the dimensionless
parameters μ (the portion of the nested Fermi surface sections, where the charge-density-wave, CDW, gap develops) and σ0 (see explanations
in the text). (Taken from [386].)

almost completely destroys superconductivity, so Tc
Td .
Therefore, in the relevant superconducting T range, the
contribution to C(T) from the d FS sections, governed by
the gap D ≈ Σ, becomes exponentially small. Another term,
determined by the n FS section, ensures the BCS limiting
value of the normalized discontinuity.
The dependences of ΔC/Cn on σ0 for various values of μ
are depicted in Figure 4(b). One sees that the eﬀect is large
for σ0 close to unity, whereas the diﬀerence between 1.43 and
ΔC/Cn goes to zero as σ0−2 , verifying the asymptotical result
[425]. It should be noted that the heat capacity calculation
scheme adopted for s-wave CDW superconductors can be
applied also to other types of order parameter symmetry.
Experimental data on heat capacity, which could confirm
the expressed ideas, are scarce. For Nb3 Sn, it was recently
shown by specific heat measurements using the thermal
relaxation technique that Tc ≈ 17 ÷ 18 K is reduced when
the critical temperature of the martensitic transition Td ≈
42 ÷ 53 K grows [567]. Unfortunately, a large diﬀerence
between Tc and Td made the eﬀects predicted by us quite
small here, which is probably the reason why they have not
been observed in these studies.
As for cuprates, reference should be made to
La2−x Bax CuO4− y [568], La2−x Srx CuO4− y [569], and
YBa2 Cu3 O7− y [570], where underdoping led to a reduction
of ΔC/Cn . The same is true for measurements of the
heat capacity in Bi2 Sr2−x Lax CuO6+δ single crystals [571],
which demonstrated that the ratio ΔC/Cn for a strongly
underdoped sample turned out to be about 0.25, that is,
much below BCS values 12/7ζ(3) ≈ 1.43 and 8/7ζ(3) ≈ 0.95
[572] for s-wave and d-wave superconductivity, respectively.

There is also an opposite evidence for the relationship
ΔC/Cn > 1.43, for example, in the electron-doped high-Tc
oxide Pr1.85 Ce0.15 CuO4−δ [573]. More details, as well as
information on other CDW superconductors, can be found
in [386]. In any case, despite the well-known challenging
controversy for BPB [392, 574–576], the problem was not
studied enough for any superconducting oxide family,
probably due to experimental diﬃculties.
4.2. Enhancement of the Paramagnetic Limit in s-Wave CDW
Superconductors. Upper critical magnetic fields Hc2 [577–
579] (along with critical currents [132, 579, 580]) belong
to main characteristics of superconductors crucial for their
applications. In particular, knowing the upper limits on
upper critical fields is necessary to produce superconducting
materials for high-performance magnets, not to talk about
scientific curiosity.
One of such limiting factors is the paramagnetic destruction of spin-singlet superconductivity, which was discovered
long ago theoretically by Clogston [581] and Chandrasekhar
[582]. In the framework of the BCS theory, they obtained a
limit
H pBCS =

ΔBCS (T = 0)
√
μ∗B 2

(12)

from above on Hc2 at zero temperature, T. Here, ΔBCS (T)
is the energy gap in the quasiparticle spectrum of BCS swave superconductor, and μ∗B is the eﬀective Bohr magneton,
which may not coincide with its bare value μB = e/2mc,
where  is Planck’s constant, equal to unity in the whole
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Figure 4: Dependences of the normalized heat capacity discontinuity ΔC at Tc on μ (a) and σ0 (b). (Taken from [386].)

article but shown here explicitly for clarity, m is the electron
mass, and c is the velocity of light.
Limit (12) may be overcome at a high concentration of
strong spin-orbit scatterers, when the spins of the electrons,
constituting the Cooper pairs, are flipped [583]. Then, the
actual Hc2 (T = 0) starts to exceed [584] the classical bound.
Such an enhancement of Hc2 has been observed, for example,
in Al films coated with Pt monolayers [585]. The Pt atoms
served there as strong spin-orbit scatterers due to their
large nuclear charge Z. One should indicate a possibility of
exceeding value (12), if the energy, E, dependence of the
normal state density of states is significant, which is the case
in the neighborhood of the van Hove singularity [518]. Then,
the BCS approximation of N(E)  N(0) is no longer valid, so
that the actual H p may become larger than limit (12) [586].
We have found another reason, why the ClogstonChandrasekhar value can be exceeded. Namely, it is the
appearance of a partial CDW-driven dielectric gap on
the d sections of the FS [427, 587–589]. The expected
increase of the calculated limiting paramagnetic field H p for
CDW superconductors, as compared to H pBCS , is intimately
associated with paramagnetic properties of the normal CDW
state, which are very similar to those for BCS s-wave
superconductors [382, 590–592].
It should be emphasized that the very self-consistency
of the two-gap solution [386] made the treatment of the
paramagnetic limit problem [589] transparent and less
involved than previous approximations [427, 587, 588].
To calculate the paramagnetic limit, we considered the
relevant free energies F per unit volume for all possible
ground state phases in an external magnetic field H. The
parent nonreconstructed phase (actually existing only above
Td !), with both superconducting and CDW pairings switched

oﬀ and in the absence of H, served as a reference point. At
T < Td , we deal with relatively small diﬀerences δF reckoned
from this hypothetical “doubly-normal” state [498]. In our
case, in the Clogston-Chandrasekhar spirit [581, 582], there
are two energy diﬀerences to be compared [589], specifically,
that of a paramagnetic phase in the magnetic field [593]
(diamagnetic eﬀects are not taken into account when one is
interested in the paramagnetic limit per se)


δF p = −N(0) μ∗B H

2

(13)

and that of a CDW-superconducting phase
Δ2 (0)
D2 (0)
(14)
− Nd (0)
.
2
2
Here, Δ(0) is determined by (7), whereas D(0), as stems from
(8), is equal to Σ0 = πTd /γ. A simple algebra leads to the
analytical equation for the increase of the paramagnetic limit
over the Clogston-Chandrasekhar value (12):
δFs = −Nn (0)



Hp
H pBCS

2
=1+μ



Σ0
Δ0

2/(1−μ)


−1 .

(15)

This relationship is expressed in terms of genuine (bare)
system parameters μ, Σ0 , and Δ0 . However, experimentalists
are interested in the dependence of H p /H pBCS on actual
measurable quantities. The transformation of (15) can be
easily made, and one arrives at the final formula


Hp
H pBCS

2

⎡
⎤
2
Σ(0)
= 1 + μ⎣
− 1⎦

Δ(0)

=1+μ



Td
Tc

2


−1 .

(16)
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Figure 5: Contour plot of the ratio H p /H pBCS on the plane
(Tc /Td , μ). Here H p is the paramagnetic limit for CDW superconductors and H pBCS is that for BCS spin-singlet superconductors, Tc
and Td are the observed critical temperatures of the superconducting and CDW transitions, respectively. (Taken from [589].)

To calculate the expected paramagnetic limit, one needs to
know μ, which was estimated, for example, as 0.2 for NbSe3
[594] or 0.15 for La2−x Srx CuO4 [595].
The contour curves in the parameter space obtained from
(16) are displayed in Figure 5 One can readily see that for
typical Tc /Td ≈ 0.05–0.2 (some A15 compounds are rare
exceptions [160]) and moderate values of μ ≈ 0.3–0.5,
the augmentation of the paramagnetic limit becomes very
large. There is a number of CDW superconductors [589],
where the increase of the paramagnetic limit was detected,
in accordance with the results presented here. Unfortunately,
not so much can be said about high-Tc oxides. It seems that
extremely high values of Hc2 observed in these materials are
the reason of the unjustified neglect to the problem.
4.3. Dip-Hump Structures and Pseudogaps in Tunnel CurrentVoltage Characteristics for Junctions Involving CDW Superconductors. In Section 3, a lot of evidence was presented
concerning dip-hump structures (DHSs) and pseudogaps
in high-Tc oxides [81–83, 160, 559]. Broadly speaking,
pseudogaps and DHSs have much in common. In particular,
they can coexist with superconducting coherent peaks,
their appearance in current-voltage characteristics (CVCs)
is to some extent random, and their shapes are sampledependent. Therefore, a suggestion inevitably arises that
those two phenomena might be governed by the same
mechanism. Our main assumption is that both pseudogaps
and dip-hump structures are driven by CDW instabilities
discussed above and that their varying appearances are
coupled with the intrinsic, randomly inhomogeneous electronic structure of cuprates. In the strict sense, according
to the adopted scenario, both DHSs and pseudogaps are
the manifestations of the same dielectric DOS depletion,

the former being a result of superimposed CDW- and
superconductivity-induced CVC features below Tc . To justify
our approach, it is crucial that direct spatial correlations
between irregular patterns of CDW three-dimensional supermodulations [365] and topographic maps of the superconducting gap amplitudes on the BSCCO surface were
displayed by tunneling spectroscopy [458].
A detailed description of our approaches to the problems of tunneling through junctions with CDW isotropic
superconductors as electrodes, and the emergence of DHSs
in the CVCs of high-Tc oxides can be found elsewhere [81–
83, 160, 386, 596]. Here, we will present only a summary of
our new results, briefly touching only those issues that are
necessary for the rest of the paper to be self-contained.
We should emphasize diﬀerent roles of the order parameter phases in determining quasiparticle tunnel currents.
Concerning the superconducting order parameter, its phase
may be arbitrary unless we are interested in the Josephson
current across the junction. On the other hand, the CDW
phase ϕ governs quasiparticle CVCs of junctions with CDW
superconductors as electrodes [556, 557]. The value of ϕ
can be pinned by various mechanisms in both excitonic and
Peierls insulators, so that ϕ acquires the values either 0 or
π in the first case [522] or is arbitrary in the unpinned
state of the Peierls insulator [516]. At the same time, in
the case of an inhomogeneous CDW superconductor, which
will be discussed below, a situation can be realized, where ϕ
values are not correlated over the junction area. Then, the
contributions of elementary tunnel currents may compensate one another to some extent, and this configuration can
be phenomenologically described by introducing a certain
eﬀective phase ϕeﬀ of the CDW order parameter. If the spread
of the phase ϕ is random, the most probable value for ϕeﬀ
is π/2, and the CVC for a nonsymmetric junction involving
CDW superconductor becomes symmetric.
Most often, CVCs for cuprate-I-N (i.e., S-I-N) junctions
reveal a DHS only at V = VS − VN < 0 [597–599], so that
the occupied electron states below the Fermi level are probed
for CDW superconductors. In our approach, it corresponds
to the phase ϕ close to π. This preference may be associated
with some unidentified features of the CDW behavior near
the sample surface.
On the other hand, there are S-I-N junctions, where
DHS structures are similar for both V polarities [347, 442,
443, 600]. As for those pseudogap features, which were
unequivocally observed mostly at high T, no preferable V sign of their manifestations was found. We note that the
symmetricity of the tunnel conductance G(V ) = dJ/dV ,
where J is the tunnel current through the junction, might
be due either to the microscopic advantage of the CDW state
with ϕ = π/2 or to the superposition of diﬀerent current
paths in every measurement covering a spot with a linear
size of a CDW coherence length at least. Both possibilities
should be kept in mind. The variety of G(V ) patterns in
the S-I-N set-up for the same material and with identical
doping is very remarkable, showing that the tunnel current
is rather sensitive to the CDW phase ϕ. Nevertheless, the
very appearance of the superconducting domain structure
for cuprates with local domain-dependent gaps and critical
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temperatures [601] seems quite plausible for materials with
small coherence lengths. Essentially the same approach has
been proposed earlier to explain superconducting properties
of magnesium diboride [78].
On the basis of information presented above and using
the self-consistent solutions for Δ(T) and Σ(T), we managed
to describe the observed rich variety of G(V ) patterns by
calculating quasiparticle tunnel CVCs J(V ) for two typical
experimental set-ups. Namely, we considered S-I-N and S-IS junctions, where “S” here means a CDW superconductor.
A unique tunnel resistance in the normal state R enters into
all equations, since we assume the incoherent tunneling to
occur, in accordance with the previous analysis for BSCCO
[122, 602]. The used Green’s function method followed the
classical approach of Larkin and Ovchinnikov [603]. We skip
all (quite interesting) technical details, since they can be
found elsewhere [81–83, 160, 386, 596].
The obtained equations for J(V ) form the basis for
calculations both J(V ) and G(V ) (sub-, superscripts ns and
s denote S-I-N and S-I-S junctions, resp.). They must be
supplemented with a proper account of the nonhomogeneous background, since, as was several times stressed above,
STM maps of the cuprate crystal surfaces consist of random
nano-scale patches with diﬀerent gap depths and widths, as
well as coherent edge sharpnesses. In this connection, our
theory assumes the combination CDW + inhomogeneity to
be responsible for the appearance of the DHSs. Our main
conclusion is that it is the dispersion of the parameter Σ0 —
and, as a result, the D-peak smearing (the Δ-peak also
becomes smeared but to a much lesser extent)—that is the
most important to reproduce experimental pictures. The
value of the FS gapping degree μ is mainly responsible for
the amplitude of the DHSs. At the same time, neither the
scattering of the parameter μ nor that of the superconducting
order parameter Δ0 can result in the emergence of smooth
DHSs, so that sharp CDW features remain unaltered. Therefore, for our purpose, it was suﬃcient to average only over
Σ0 rather than simultaneously over all parameters of CDW
superconductors, although the variation of any individual
parameter made the resulting theoretical CVCs more similar
to experimental ones.
Although it is a well-recognized matter of fact that CDWdriven D-singularities in G(V ) scatter more strongly for a
nonhomogeneous medium than main coherent superconducting peaks at eV = ±Δ (S-I-N junctions) or ±2Δ (S-IS junctions), this phenomenon has not yet been explained.
It seems that the sensitivity of the Peierls [604, 605]
or excitonic-insulator [431, 606] order parameters to the
Coulomb potential of the impurities, for example, oxygen
ions, might be the reason of such a dispersion. On the other
hand, s-wave superconductivity is robust against impurity
influence (Anderson theorem [607–609]). As for anisotropic
superconductivity with d-wave or other kinds of symmetry,
they are suppressed by nonmagnetic impurity scattering
[3, 554, 610, 611] due to scattering-induced order parameter
isotropization. Their survival in disordered cuprate samples,
especially in the context of the severe damage inflicted by
impurities on the pseudogap, testifies that the Cooper-pair
order parameter includes a substantial isotropic component.
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The parameter Σ0 was assumed to be distributed within
the interval [Σ0 − δΣ0 , Σ0 + δΣ0 ]. The normalized weight
function W(x) was considered as a bell-shaped fourth-order
polynomial within this interval and equal to zero beyond it
(see the discussions in [81]). In any case, the specific form of
W(x) is not crucial for the final results and conclusions.
Our approach is in essence the BCS-like one. It means,
in particular, that we do not take a possible quasiparticle
“dressing” by impurity scattering and the electron-boson
interaction, as well as the feedback influence of the superconducting gapping, into account [612, 613]. Those eﬀects,
important per se, cannot qualitatively change the random
two-gap character of superconductivity in cuprates.
As was already mentioned, we have assumed so far that
both Δ and Σ are s-wave-order parameters. Nevertheless,
our approach to CVC calculations is qualitatively applicable
to superconductors with the d-wave symmetry, if not to
consider the intragap voltage range |eV | < Δ.
The results of calculations presented below show that
the same CDW + inhomogeneity combination can explain
DHSs at low T as well as the pseudogap phenomena at
high T, when the DHS is smoothed out. Thus, theoretical
T-dependences of tunnel CVCs mimic the details of the
DHS transformation into the pseudogap DOS depletion for
nonsymmetric and symmetric junctions, involving cuprate
electrodes. We consider the CDW-driven phenomena, DHS
included, as the tip of an iceberg, a huge underwater part of
which is hidden by strong superconducting manifestations,
less influenced by randomness than their CDW counterpart.
To uncover this part, one should raise T, which is usually
done with no reference to the DHS, the latter being substantially smeared by the Fermi-distribution thermal factor.
It is this DOS depletion phenomenon that is connected to the
pseudogapping phenomena [14, 18, 334, 348, 399, 441].
The results of calculations of Gns (V ) in the case when
parameter Σ0 is assumed to scatter are shown in Figure 6
for ϕ = π. The value ϕ = π was selected, because this case
corresponds to the availability of the DHS in the negativevoltage branch of the nonsymmetric CVC, and such an
arrangement is observed in the majority of experimental
data. In accordance with our basic equations, all the four
existing CVC peculiarities at eV = ±Δ and ±D become
smeared, although to various extent: the large singularities
at eV = ±Δ almost preserve their shape, the large singularity
at eV = −D transforms into a DHS, and the small one at
eV = D disappears on the scale selected. The one-polarity
dip-hump peculiarity in experimental CVCs for BSCCO
[597] is reproduced excellently. Owing to relationship (7),
the actual parameter Δ also disperses, but, due to the
small value of μ, this fluctuation becomes too small to be
observed in the plot. Thus, the calculated CVCs of Figure 6
demonstrate all principal features intrinsic to the tunnel
conductivity of S-I-N junctions at low T, involving CDW
superconductors, specifically, asymmetry with respect to the
V sign is associated with the phase ϕ =
/ π/2 of the CDWorder parameter, the emerging CDW induces singularities
at eV = ±D, whereas the intrinsic CDW inhomogeneity
transforms the major one into a DHS, totally suppressing the
minor.
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Figure 6: (Color online) Bias voltage, V , dependences of the
dimensionless diﬀerential conductance RG(V ) = RdJ/dV for the
tunnel junction between an inhomogeneous CDW superconductor
and a normal metal, expressed in energy units. Here, J is the
quasiparticle tunnel current, R is the resistance of the junction
in the normal state, and e > 0 is the elementary charge. The
bare parameters of the CDW superconductor are Δ∗0 = 20 meV,
Σ∗0 = 50 meV, and μ = 0.1; the temperature T = 4.2 K. Various
dispersions δΣ∗0 centered around the mean value Σ∗0 = 50 meV.
(Taken from [81].)

An example of the transformation, with T, of the
DHS-decorated tunnel spectra into the typical pseudogaplike ones is shown in Figure 7 for S-I-N junctions with
ϕ = π (panel (a)) and π/2 (panel (b)). The CDWsuperconductor parameters are Δ0 = 20 meV, Σ0 = 50 meV,
μ = 0.1, and δΣ0 = 20 meV; the temperature T =
4.2 K. For this parameter set, the “actual” superconducting
critical temperatures Tc of random domains lie within the
interval of 114–126 K, and Td is in the range of 197–
461 K. From Figure 7(a), the transformation of the DHSTc
including pattern of the CVCs calculated for T
into the pseudogap-like ones in the vicinity of Tc or above
it becomes clear. The asymmetric curves displayed in (a)
are similar to the measured STM Gns (V ) dependences for
overdoped and underdoped BSCCO compositions [441].
The overall asymmetric slope of the experimental curves,
which is independent of gaps and T, constitutes the main
distinction between them and our theoretical results. It
might be connected to the surface charge carrier depletion
induced by CDWs and mentioned above. Another interesting
feature of our results is a modification and a shift of the Δpeak. Although Δ diminishes as T grows, the Δ-peak moves
toward higher bias voltages; such a behavior of the Δ-peak
is to be undoubtedly associated with its closeness to the Σgoverned DHS. In experiments, a confusion of identifying
this Δ-driven singularity with a pseudogap feature may arise,

since the observed transformation of Δ-features into D-ones
looks very smooth [348].
It is notable that in the case of asymmetric Gns (V ),
the low-T asymmetry preserves well into the normal
state, although the DHS as such totally disappears. The
extent of the sample randomness substantially governs
CVC patterns. Therefore, pseudogap features might be less
or more pronounced for the same materials and doping
levels. At the same time, for the reasonable spread of the
problem parameters, the superconducting coherent peaks
always survive the averaging (below Tc , of course), in
accordance with experiment. Our results also demonstrate
that the dependences Δ(T) taken from the tunnel data
may be somewhat distorted in comparison to the true
ones due to the unavoidable Δ versus Σ interplay. One
should stress that in our model, “hump” positions, which
are determined mainly by Σ rather than by Δ, anticorrelate
with true superconducting gap values Δ inferred from the
coherent peaks of G(V ). It is exactly what was found for
nonhomogeneous BSCCO samples [614].
Similar CDW-related features should be observed in the
CVCs measured for symmetric S-I-S junctions. The Gs (V )
dependences for this case with the same sets of parameters as
in Figure 7 are shown in Figure 8. In analogy with symmetric
junctions between BCS superconductors, one would expect
an appearance of singularities at eV = ±2Δ, ±(D + Δ), and
±2D. Such, indeed, is the case. However, the magnitudes of
the features are quite diﬀerent (the details of the analysis can
be found in [81, 83]). As readily seen, the transformation
of the symmetric DHS pattern into the pseudogap-like
picture is similar to that for the nonsymmetric junction. This
simplicity is caused by a smallness of the parameter μ = 0.1,
so that the features at eV = ±2D, which are proportional to
μ2 , are inconspicuous on the chosen scale. At the same time,
the singularities at eV = ±(D +Δ) are of the square-root type.
Note that for arbitrary Σ- and Δ-magnitudes, those energies
do not coincide with the values ±(Σ + Δ) (in more frequently
used notation, ±(ΔPG + ΔSG )), which can be sometimes met
in literature [615]. The later relation becomes valid only for
Σ  Δ.
The appearance of the T-driven zero-bias peaks is a
salient feature of certain CVCs displayed in Figure 8. As
is well known [603], this peak is caused by tunneling
of thermally excited quasiparticles between empty states
with an enhanced DOS located above and below equal
superconducting gaps in symmetric S-I-S junctions. Such a
feature was found, for example, in Gs (V ) measured for grainboundary symmetric tunnel junctions in epitaxial films of
the s-wave oxide CDWS Ba1−x Kx BiO3 [616]. One should be
careful not to confuse this peak with the dc Josephson peak
restricted to V = 0, which is often seen for symmetric highTc junctions [399]. The distinction consists in the growth of
the quasiparticle zero-bias maximum with increasing T up to
a certain temperature, followed by its drastic reduction. On
the other hand, the Josephson peak decreases monotonously
as T → Tc .
The profile and the behavior of the zero-bias peak
at nonzero T can be explained in our case by the fact
that, in eﬀect, owing to the nonhomogeneity of electrodes,
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Figure 7: G(V ) dependences for the tunnel junction between an inhomogeneous CDWS and a normal metal for various temperatures T.
The CDW order parameter phase ϕ = π (a) and π/2 (b), and the spread of the CDW order parameter-amplitude δΣ∗0 = 20 meV. All other
parameters are indicated in the text. (c) STM spectra for underdoped BSCCO-Ir junctions registered at various temperatures. (Reprinted
from [598], taken from [83].)

the junction is a combination of a large number of symmetric
and nonsymmetric junctions with varying gap parameters.
The former compose a mutual contribution to the current
in the vicinity of the V = 0 point, and the width of this
contribution along the V -axis is governed by temperature
alone. On the other hand, every junction from the latter
group gives rise to an elementary current peak in the
CVC at a voltage equal to the relevant gap diﬀerence. All
such elementary contributions form something like a hump
around the zero-bias point, and the width of this hump along
the V -axis is governed by the sum of actual—dependent on

the zero-T values and on the temperature itself—gap spreads
in both electrodes. It is clear that the T- behavior of the
current contribution of either group is rather complicated,
to say nothing of their combination.
From our CVCs calculated for both nonsymmetric
(Figures 6 and 7) and symmetric (Figure 8) junctions, it
comes about that the “dip” is simply a depression between
the hump, which is mainly of the CDW origin, and the
superconducting coherent peak. Therefore, as has been noted
in [617], the dip has no separate physical meaning. It
disappears as T increases, because the coherent peak forming
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Figure 8: (a) The same as in Figure 7(a), but for a symmetric junction between similar CDW superconductors. (b) Temperature variations
of experimental diﬀerential current-voltage characteristics (CVCs) for a Bi2 Sr2 CaCu2 O8+δ break junction. (Reprinted from [399], taken from
[83].)

the other shoulder of the dip fades down, so that the former
dip, by expanding to the V = 0 point, becomes an integral
constituent of the shallow pseudogap minimum.
Therefore, it became clear that the CDW manifestations
against the nonhomogeneous background can explain both
subtle DHS structures in the tunnel spectra for high-Tc
oxides and large pseudogap features observed both below
and above Tc . The DHS is gradually transformed into the
pseudogap-like DOS, lowering as T grows. Hence, both
phenomena are closely interrelated, being in essence the
manifestations of the same CDW-governed feature smeared
by inhomogeneity of CDW superconductors. Therefore,
the DHS and pseudogap features should not be treated
separately. The dependences of the calculated CVCs on the
CDW phase ϕ fairly well describe the variety of asymmetry
manifestations in the measured tunnel spectra for BSCCO
and related compounds.
4.4. Coexistence of CDWs and d-Wave Superconductivity. We
recognize that some of our results, which were obtained
assuming that the superconducting order parameter coexisting with CDWs is isotropic, might be applicable to cuprates
with certain reservations, since a large body of evidence in
favor of dx2 − y2 symmetry in high-Tc oxides [131, 132, 305,
306, 618, 619] is available, although there are experimentallybased objections [109, 116–129]. In any case, it seems

instructive to extend the partial dielectrization approach to
d-wave Cooper pairing. For simplicity, we argue in terms
of two-dimensional first Brillouin zone and Fermi surface,
neglecting c-axis quasiparticle dispersion, which should be
taken into account, in principle [620]. Since the dielectric,
Σ, and superconducting, d-wave Δ, order parameters have
diﬀerent momentum dependences, their joint presence in the
electron spectrum is no longer reduced to a combined gap
(4), as it was for isotropic superconductivity.
In the d-wave case, superconductivity is described by
a weak-coupling model with a Hamiltonian given, for
example, in [553, 621]. In accordance with photoemission
[371, 622–624] and STM [359, 368, 370, 506, 507, 512,
625] data (see Figure 1), the mean-field CDW Hamiltonian
is restricted to momenta near flat-band regions, antinodal
from the viewpoint of the four-lobe d-wave gap-function
Δ(T) cos 2θ [306]. In those regions, the nesting conditions
(1) between pairs of mutually coupled quasiparticle branches
are fulfilled. For instance, static CDW wave vectors Q =
(±2π/4.2a0 , 0) and (0, ±2π/4.2a0 )—with an accuracy of
15%—in Bi2 Sr2 CaCu2 O8+δ are revealed in STM studies
[359]. Thus, we characterize a CDW checkerboard state
(symmetric with respect to π/2- rotations) by four sectors
in the momentum space centered with the lobes and with
an opening 2α each (α < π/4). It should be noted that
vectors Q depend on doping, which was explicitly shown
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On the other hand, in the absence of CDW gapping, (18)
becomes a d-wave gap equation:
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Figure 9: (Color online) Order-parameter maps for a conventional
d-wave superconductor (Δ, solid curve) and a partially gapped
CDW metal (Σ, dashed curve).

for Bi2 Sr2 CuO6+δ [343]. The dielectric (CDW-induced)
order parameter is Σ(T) inside the 2α-cones, being angleindependent here, and zero outside (see Figure 9).
The plausibility of this scenario is supported—at least
partially—by recent STM studies of intrinsically inhomogeneous BSCCO samples [626]. Specifically, the authors
analyzed the composition, temperature, and angular dependences of the gaps on various FS sections and showed
that nodal superconducting gaps for overdoped specimens
exhibit more or less conventional d-wave behavior, whereas
in underdoped samples nodal (superconducting) and antinodal gaps (CDW gaps, as is assumed here) superimpose on
one another in tunnel spectra. It is important that for underdoped compositions antinodal gaps do not change drastically
with T, when crossing Tc . The conclusion made in [626]
that the entire FS contributes to bulk superconductivity in
overdoped samples corresponds—if proved to be correct—to
the actual shrinkage of nested FS sections, that is, to μ → 0.
We obtained a new set of Dyson-Gor’kov equations
for normal and superconducting Green’s functions for the
system with electron-hole of whatever nature and d-wave
Cooper pairings, which were solved in the same straightforward manner as in the s-wave case [160, 386] (see above). We
arrived at the system of two coupled equations for Δ(T) and
Σ(T):
 μπ/4
0

 μπ/4
0

IM
IM



Σ2 + Δ2 cos2 2θ, T, Σ0 dθ = 0,

+

(17)



Σ2 + Δ2 cos2 2θ, T, Δ0 cos2 2θ dθ

 π/4
μπ/4

(19)

the solution of which Δ = dMü(Δ0 , T) is known [553,
621]. In particular, the critical temperature is Tc0 =
(2Ωγ/π) exp[−1/VBCS N(0)], as in the s-wave case. From
(19),
it follows that in agreement with [553], (Δ0 /Tc0 )d =
√
(2/ e)(π/γ), revealing a modified “d-wave” BCS-ratio different from the s-pairing value

0 2α

180

IM (Δ cos 2θ, T, Δ0 )cos2 2θ dθ = 0,

(18)
IM (Δ cos 2θ, T, Δ0 )cos 2θ dθ = 0,
2

where μ = 4α/π is the dielectrically gapped portion of the FS
for the specific model of partial gapping, shown in Figure 9,
and IM (Δ cos 2θ, T, Δ0 ) is the Mühlschlegel integral (6). The
analysis of the generic T −δ phase diagram for cuprates shows
that both Σ0 and μ reduce with doping, whereas the hole-like
FS pockets centered at the (π/a0 , π/a0 ) point of the Brillouin
zone shrink for every specific high-Tc oxide (see, e.g., [343]).

Δ0
Tc0


s



=

π
Δ0
≈ 0.824
γ
Tc0


d

.

(20)

Here, e is the base of natural logarithm. It is evident that
our model takes into account many-body correlations both
explicitly (the emergence of two pairings) and implicitly (via
the renormalization of the parameters Σ0 and μ). Weakcoupling values of the ratio Δ0 /Tc0 for other anisotropic
order parameter symmetries do not diﬀer much from the
value of (Δ0 /Tc0 )d [627, 628].
Due to the diﬀerent order parameter symmetry, readily
seen from (17) and (18), the situation is mathematically
more involved than for isotropic CDW superconductors,
where a simple relationship (4) takes place. This was not
recognized in a recent work [629], where the opposite
wrong statement was made. Prima facie subtle mathematical
diﬀerences between descriptions of s-wave and d-wave CDW
superconductors lead to conspicuous physical consequences.
Indeed, the numerical dependences Δ(T) and Σ(T) found
from (17) and (18) and shown in Figure 10 diﬀer qualitatively from their counterparts Δs (T) and Σs (T) in a certain
range of model parameters. (In this subsection, we do not
introduce a natural subscript “d” for brevity.) Figure 10 (a)
demonstrates that a reduction of the bare parameter Σ0 ,
keeping Δ0 and μ constant, resulting in the transformation
of Σ(T) with a cusp at T = Tc and a concave region at T < Tc
(the behavior appropriate for CDW s-superconductors in
the whole allowable parameter range, as is demonstrated in
Figure 3) into curves describing a novel peculiar reentrant
CDW state. It is remarkable that the reentrance found by us
is appropriate to an extremely simple basic model with two
competing order parameters. At the same time, the CDW
structures in real systems may be much more complicated
with nonmonotonic T-dependencies even in the absence of
superconductivity [352].
Let us formulate conditions necessary to observe this
crossover. First, (20) means that Δ(T)/Δ0 for conventional
d-superconductors is steeper than (Δ(T)/Δ0 )s . In our case, it
means that Δ(T)/Δ0 , when the CDW disappears, is steeper
than Σ(T)/Σ0 in the absence of superconductivity, which
is described by (6). Hence, for the CDW phase to exist
u
> 0), it should be
(the upper critical temperature
TCDW
√
u
TCDW = (γ/π)Σ0 > Tc0 = ( eγ/2π)Δ0 . As a consequence, the
first constraint
on the model parameters should be fulfilled:
√
Σ0 > ( e/2)Δ0 ≈ 0.824Δ0 . The constraint stems from the
competition between emerging Δ and Σ on the d FS section
only. The actual coexistence between superconductivity and
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Figure 10: (Color online) Temperature, T, dependences of the normalized (a) CDW Σ and (b) superconducting Δ gap functions. Δ0 equal
to Δ(T = 0) when CDWs are absent is 1. The values of Σ0 /Δ0 equal to Σ(T = 0)/Δ0 in the absence of superconductivity are 1.5 (1), 1.2 (2), 1
(3), 0.95 (4), 0.9 (5), 0.85 (6), and 0.8 (7); μ = 0.3.

CDWs was not involved in these reasonings, so the inequality
u
does not include the control parameter μ. Therefore, TCDW
thus defined coincides with TCDW0 .
Second, below the lower critical temperature of the
l
, if any, (18) defines Δ(T) =
CDW reentrance region, TCDW
l
dMü(Δ0 , T), and we should use (17) with T = TCDW
and
l
l
l
Δ(TCDW ) = dMü(Δ0 , TCDW ) to determine TCDW (Δ0 , Σ0 , μ)
l
numerically. The crossover value of Σcr
0 , when TCDW =
0, corresponds to the separatrix on the order parameterT plane, dividing possible Σ(T)-curves (see Figure 10(a))
into two types: reentrant and nonreentrant. However, (17)
 μπ/4
ln(cos 2θ)dθ]. To
brings about Σcr
0 = Δ0 exp[(4/μπ) 0
observe the reentrant behavior, the second constraint should
be Σ < Σcr
0 . For the curves in Figure 10, μ = 0.3 was
chosen, so that we obtain the reentrance range 0.824Δ0 <
Σ0 < 0.963Δ0 , which agrees with numerical solutions of the
full self-consistent equation set. We emphasize that CDWs
survives the competition with d-wave superconductivity
even at Σ0 /Δ0 < 1, which is not the case for stronger isotropic
Cooper pairing (see the discussions above).
In Figure 10(b), the concomitant Δ(T) dependences are
depicted. One sees how d-wave superconductivity, suppressed at large Σ0 , recovers in the reentrance parameter
region. Therefore, two regimes of CDW manifestation can
be observed in superconductors. In both cases, the CDW is
seen as a pseudogap above Tc [81, 83] in photoemission and
tunnel experiments. However, the corresponding DHS at low
T may either be observed or not, depending on whether the
reentrance occurs. This might be an additional test for an
anisotropic (not necessarily dx2 − y2 -wave) Cooper pairing to
dominate in cuprates.
To control the change-over between diﬀerent regimes in
cuprates, one can use either hydrostatic pressure or doping.
In both cases, μ is the main varying parameter. In Figure 11,

the curves Σ(T) and Δ(T) are shown for Σ0 /Δ0 = 0.9 and various μ. It is readily seen how drastic is the low-T depression
of Σ by superconductivity, when the dielectrically gapped FS
sectors are small enough. Doping Bi2 Sr2 CaCu2 O8+δ [403]
and (Bi,Pb)2 (Sr,La)2 CuO6+δ [356] with oxygen was shown
to sharply shrink the parameter μ. Note that the Δ(T)
dependences are distorted by CDWs, and they do not
coincide with the scaled “parent” curve—dMü(T), in this
case—in contrast to what should be observed for CDW
s-superconductors (Figure 3). Therefore, various observed
forms of Δ(T) per se cannot unambiguously testify to
the superconducting pairing symmetry. Moreover, cuprate
superconductivity might be, for example, a mixture of s- and
d-wave contributions [130, 630].
It is evident that diﬀerent strengths of CDW-imposed
suppression of the superconducting energy gap in the
electron spectrum Δ and the critical temperature Tc must
change the ratio Δ(0)/Tc —the benchmark of weak-coupling
superconductivity (see (20)). If one recalls that, as was shown
above, this ratio in CDW s-superconductors remains the
same as in conventional s-ones, the situation becomes very
intriguing. In Figure 12(a), the dependences of 2Δ(0)/Tc
and Tc /Δ0 ratios on Σ0 /Δ0 are displayed. One sees that
2Δ(0)/Tc sharply increases with Σ0 /Δ0 for Σ0 /Δ0 ≤ 1 and
swiftly saturates for larger Σ0 /Δ0 , whereas Tc /Δ0 decreases
almost evenly. The saturation value proves to be 5.2 for
μ = 0.3. We stress that such large enhancement of 2Δ(0)/Tc
agrees well with experimental data [441, 478, 631, 632] for
cuprates and cannot be achieved taking into account strongcoupling electron-boson interaction eﬀects for reasonable
relationships between Tc and eﬀective boson frequencies ωE
[633, 634] (one can hardly accept, e.g., the value Tc /ωE ≈
0.3 [634] as practically meaningful). Furthermore, the
destruction of the alternating-sign superconducting order
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Figure 11: (Color online) The same as in Figure 10 but for Σ0 /Δ0 = 0.9 and μ = 0.1 (1), 0.3 (2), 0.5 (3), 0.6 (4).

parameter by impurity scattering approximated by collective
boson modes also could not explain [635] high values of
2Δ(0)/Tc , for example, inherent to underdoped BSCCO
[347, 597]. Therefore, our weak-coupling model is suﬃcient
to explain—on its own—the large magnitude of 2Δ(0)/Tc in
cuprates, possible strong-coupling eﬀects resulting in at most
minor corrections.
Another possible alternative reason of high 2Δ(0)/Tc
ratios might be a singular energy dependence of the normalstate electron DOS near the FS, for instance, near the Van
Hove anomalies in low-dimensional electron subsystems
[518]. It turned out, however, that, at least in the weakcoupling (BCS) approximation for s-wave Cooper pairing,
the ratio 2Δ(0)/Tc is not noticeably altered [636, 637].
Moreover, calculations in the framework of the strongcoupling Eliashberg theory [10] showed that the van Hove
singularity influence on Tc is even smaller than in the BCS
limit [638]. Furthermore, weak-coupling calculations for
orthorhombically distorted hole-doped cuprate superconductors (without CDWs) demonstrated that 2Δ(0)/Tc can
be estimated as an intermediate between s-wave and dwave limits [639], being smaller than needed to explain the
experiment. It means that our approach remains so far the
only one capable of explaining high 2Δ(0)/Tc ≈ 5 ÷ 8 (and
even larger values [632]) for cuprates. We emphasize that it
is very important to reconcile theoretical values for 2Δ(0)/Tc
as well as ΔC/γS Tc with experimental ones. Otherwise,
the microscopic theory becomes “too” phenomenological
with Δ/Tc as an additional free parameter of the system
[640].
It is instructive from the methodological point of view
to mention a previous unsuccessful attempt to explain
the increase of 2Δ(0)/Tc by a pseudogap influence [641].
The authors of this reference assumed the identical dwave symmetry for both the superconducting, Δ(T), and

temperature-independent pseudogap, EPG , order parameters. Additionally, dielectric gapping was supposed to be
eﬀectively complete rather than partial, the latter being
intrinsic to our model and follows from the experiments
for cuprates. These circumstances excluded self-consistency
from the approach and led to superfluous restrictions
imposed on EPG , namely, EPG  0.53Δ0 (T = 0), where
Δ0 (T = 0) is the parent superconducting order parameter
amplitude. At the same time, it is well known that for existing
CDW superconductors the strength of CDW instability is at
least not weaker than that of its Cooper-pairing counterpart
[160]. We should emphasize once more that the main
peculiarity of our model, dictated by the observations, which
led to the adequate description of thermodynamic properties
for d-wave superconductors with CDWs, is the distinction
between relevant order parameter symmetries.
The μ-dependences of 2Δ(0)/Tc and Tc /Δ0 are shown in
Figure 12(b). They illustrate that 2Δ(0)/Tc can reach rather
large values, if the dielectric gapping sector is wide enough.
This growth is however limited by a drastic drop of Tc
leading to a quick disappearance of superconductivity. We
think that it is exactly the case of underdoped cuprates,
when a decrease of Tc is accompanied by a conspicuous
widening of the superconducting gap. For instance, such a
scenario was clearly observed in break-junction experiments
for Bi2 Sr2 CaCu2 O8+δ samples with a large doping range
[642].
As was pointed out in [478], various photoemission and
tunneling measurements for diﬀerent cuprate families show
a typical average value 2Δ(0)/Tc ≈ 5.5. From Figure 12(b),
we see that this ratio corresponds to μ ≈ 0.35 at Σ0 /Δ0 = 1.
The other curve readily gives Tc /Δ0 ≈ 0.35. Since Δ0 /Tc0 ≈
2.14 for a d-wave superconductor (see above), we obtain
Tc /Tc0 ≈ 0.75, being quite a reasonable estimation of Tc reduction by CDWs.
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Figure 12: (Color online) Dependences of 2Δ(0)/Tc (squares) and Tc /Δ0 (circles) on Σ0 /Δ0 (panel (a), μ = 0.3) and μ (panel (b), Δ0 /Σ0 = 1).
Tc is the superconducting critical temperature, d − BCS ≈ 4.28 is a value for a conventional superconductor with d-wave symmetry of the
order parameter.

4.5. SDWs and Superconductivity. There are plenty of materials, where SDWs compete with superconductivity, although
a simultaneous existence of the order parameters cannot be
always proved [160, 643, 644]. For completeness, we give here
certain short comments on the latest developments in this
direction.
During the last years, an interest arose to the phase
with the hidden order parameter in URu2 Si2 , emerging at
about 17.5 K and being some kind of SDWs, coexisting
with superconductivity at T < 1.5 K [153, 645–647]. It
should be noted that the partial gapping idea applied to
SDW materials [397, 422–424, 566, 648–650] was invoked
to explain ordering in this compound at the times of the
discovery [651].
More attention was paid to Cr and its alloys, where CDWs
and SDWs are linked and coexist [652, 653]. It might be
interesting to observe mutual influence of CDWs and SDWs
on superconductivity [654–657].
The problem of an interplay between SDWs and superconductivity received strong impetus recently, especially
because of the fundamental discovery of magnetic elementbased high-Tc pnictide superconductors [49, 654–657].
Theoretical eﬀorts were also continued (see, e.g., [658–
662]). It is worthwhile noting that, for certain doping
ranges, superconducting cuprates also demonstrate [663] the
coexistence of Cooper pairing with SDWs rather than CDWs,
the latter being appropriate for the majority of high-Tc oxide
compositions (see above and [160]).
Although the coexistence of superconductivity with
SDWs or more exotic orbital antiferromagnetic and spin
current ordering [522, 548, 664] is left beyond the scope of
this review, the relevant physics is not less fascinating than
that of their CDW-involving analogues.

5. Conclusions
The presented material testifies that CDWs play the important role in high-Tc oxides and govern some of the properties
that usually have been considered as solely determined
by superconductivity per se. Sometimes CDWs manifest
themselves explicitly (observed checkerboard or unidirectional structures, DHSs, psedudogaps) but, in the majority
of phenomena, they “only”—but often drastically—change
the magnitude of certain eﬀects in the superconducting
state (the heat capacity anomaly, the paramagnetic limit,
the T-dependence of Hc2 , the Δ(0)/Tc ratio). Cuprates
are not unique as materials with coexisting CDWs and
superconductivity, but the scale of the interplay is very large
here due to the strength of the Cooper pairing in those
compounds.
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order parameter fluctuations in disordered superconductors,” Physica C, vol. 308, no. 1-2, pp. 132–146, 1998.
G. Litak, “Charge and phase fluctuations in attractive
Hubbard model,” Physica C, vol. 387, no. 1-2, pp. 86–88,
2003.

24
[72] G. Litak, “Charge order versus superconductivity in inhomogeneous systems,” Journal of Superconductivity and Novel
Magnetism, vol. 22, no. 3, pp. 265–267, 2009.
[73] A. M. Gabovich and A. I. Voitenko, “Temperature-dependent
inelastic electron scattering and superconducting state properties,” Physics Letters A, vol. 190, no. 2, pp. 191–195, 1994.
[74] A. M. Gabovich and A. I. Voitenko, “Influence of inelastic
quasiparticle scattering on thermodynamic and transport
properties of high-Tc oxides,” Physica C, vol. 258, no. 3-4, pp.
236–252, 1996.
[75] A. M. Gabovich, “Power-law low-temperature asymptotics
for spatially nonhomogeneous s-wave superconductors,”
Fizika Nizkikh Temperatur, vol. 25, no. 7, pp. 677–684, 1999.
[76] A. M. Gabovich and A. I. Voitenko, “Influence of orderparameter nonhomogeneities on low-temperature properties
of superconductors,” Physical Review B, vol. 60, no. 10, pp.
7465–7472, 1999.
[77] A. M. Gabovich, A. I. Voitenko, M. S. Li, and H. Szymczak,
“Heat capacity of mesoscopically disordered superconductors: implications for MgB2 ,” Fizika Nizkikh Temperatur, vol.
28, no. 11, pp. 1126–1137, 2002.
[78] A. M. Gabovich, M. S. Li, M. Pȩkała, H. Szymczak, and
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Szymczak, and A. I. Voitenko, “Analysis of the pseudogaprelated structure in tunneling spectra of superconducting
Bi2 Sr2 CaCu2 O8+δ revealed by the break-junction technique,”
Physical Review B, vol. 76, no. 18, Article ID 180503, 4 pages,
2007.
[83] T. Ekino, A. M. Gabovich, M. S. Li, M. Pȩkała, H. Szymczak,
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in families of perovskite-like crystals,” Phase Transitions, vol.
74, no. 3, pp. 255–335, 2001.

Advances in Condensed Matter Physics
[180] M. Karppinen and H. Yamauchi, “Control of the charge
inhomogeneity and high-Tc superconducting properties in
homologous series of multi-layered copper oxides,” Materials
Science and Engineering R, vol. 26, no. 3, pp. 51–96, 1999.
[181] T. Yamauchi, M. Isobe, and Y. Ueda, “Charge order and
superconductivity in vanadium oxides,” Solid State Sciences,
vol. 7, no. 7, pp. 874–881, 2005.
[182] A. S. Barker Jr. and M. Tinkham, “Far-infrared ferroelectric
vibration mode in SrTiO3 ,” Physical Review, vol. 125, no. 5,
pp. 1527–1530, 1962.
[183] M. E. Lines and A. M. Glass, Principles and Application of
Ferroelectrics and Related Materials, Clarendon Press, Oxford,
UK, 1977.
[184] C. Z. Bi, J. Y. Ma, J. Yan, et al., “Electron-phonon coupling
in Nb-doped SrTiO3 single crystal,” Journal of Physics:
Condensed Matter, vol. 18, no. 8, pp. 2553–2561, 2006.
[185] D. M. Eagles, “Superconductivity at very low carrier concentrations and indications of a charged bose gas in
SrTi0.97 Zr0.03 O3 ,” Solid State Communications, vol. 60, no. 6,
pp. 521–524, 1986.
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Correspondence should be addressed to Sven Larsson, slarsson@chalmers.se
Received 2 June 2009; Accepted 14 September 2009
Academic Editor: Dragan Mihailovic
Copyright © 2010 Sven Larsson. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
The critical temperature (TC ) of superconductivity in A3 C60 compounds is generally lower smaller with alkali atoms (A).
Furthermore TC decreases with applied pressure. In the BCS model, these trends are explained by the lower density of states
at the Fermi level for a decreased lattice constant (R). There is more than one counterexample, however, suggesting that BCS
does not give the whole truth. The most important one is that the compound with the largest lattice constant, Cs3 C60 , is not
superconducting at all at ambient pressure. In this paper we derive a novel model where a negative lattice contribution to Hubbard
U, proportional to 1/R, is taken into account. It is possible to explain why A3 C60 compounds with A = Li, and Na have a low TC
or are not superconducting at all, and why Cs3 C60 is superconducting only at applied pressure and then with the highest TC of
all C60 alkali fullerides. It is concluded that the density of states mechanism derived in the BCS model is in doubt. Nevertheless
superconductivity in A3 C60 depends on electron-phonon coupling. The dominating phonon is the bond stretching Ag phonon, a
breathing phonon for the whole fullerene molecular ion.

1. Introduction
The discoveries of conductivity and superconductivity (SC)
in K3 C60 and Rb3 C60 were great events in science during
the 1990s [1–5]. SC was later discovered in a number of
other A3 C60 compounds, where A stand for alkali atoms: Li,
Na, K, Rb, or Cs. Generally, increase of the lattice constant
leads to a higher critical temperature TC . Some of the A3 C60
compounds (A = Li, Na) with the smallest lattice constants
are not superconducting [6–8]. Only C60 fullerides have
proven to be superconducting (SC).
Remarkably, the compound with the highest lattice
constant does not follow this trend [9–11]. Disorder-free
Cs3 C60 is an antiferromagnetic insulator at ambient pressure.
However, already at the quite modest pressure of 3 kbar
(≈3000 atm), it turns into a superconductor (SC) with the
highest TC known for any fulleride [9–11]. At temperatures
above TC Cs3 C60 passes directly into a semiconducting and
antiferromagnetic phase. This system thus needs an explanation model which is not depending on the existence of free
electrons, as in the BCS model. Takabayashi et al. further
point out [11] that transfer from SC to antiferromagnetic
phase appears to be “purely electronic”, thus seemingly
explicable without resorting to nuclear dynamics.

There are a number of peculiarities in experimental data
in general, as summarized by Gunnarsson [12], Rosseinsky [13], Margadonna and Prassides [14], and Iwasa and
Takenobu [15]. A widely accepted approach is to treat the
metallic alkali C60 fullerides as metals and apply the BCS
model [12–15]. In the latter model, TC increases if the density
of states at the Fermi level increases. In the case of A3 C60
the Fermi level is in a narrow band, so the conclusion is
that if the band width further decreases, the density of states
will increase and hence also TC . However, contrary to this
deduction, Cs3 C60 is not superconducting at all.
Expansion of the lattice by intercalation of molecules
leads to a higher density of states and to a higher TC .
Lattices of several A3 C60 compounds have been expanded by
intercalating NH3 and this improved the SC properties [16–
18] for some of them, but in K3 C60 and Rb3 C60 , SC was lost
and antiferromagnetism appeared instead.
SC A3 C60 is a “molecular metal”. If so, one should be able
to derive (Hubbard) U = 0 for the solid, using molecular
data. The molecular Hubbard U is defined by
U = I − A,

(1)
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where I is the ionization energy and A is the electron
aﬃnity [12–15]. ΔG0 is the adiabatic energy [19] for charge
disproportionation according to:
2C60 3− −→ C60 2− + C60 4−





ΔG0 .

(2)

U is thus the corresponding vertical energy. Usually U > 0 for
a molecule or insulator, but it is still possible to have ΔG0 =
0, that is, oxidation state degeneracy according to (2). The
reason is that ΔG0 corresponds to the optimum geometry of
the products, in the present case for C60 2− and C60 4− , in (1).
ΔG0 < 0 means that the sites are diﬀerently occupied in a
pair of electrons [charge alternant phase or charge density
wave (CDW) phase].
In the CDW phase, equivalent sites may exchange
electron pairs, but there may be an activation barrier. The
activation barrier may be removed due to interaction with
the C60 3− state [19]. Interaction with C60 3− is maximized
when ΔG0 = 0. For K3 C60 , most estimations of U end up
with values larger than 1 eV. This is too large to reach ΔG0 =
0. Below we will find that if the lattice contribution to U is
taken into account, it is possible to achieve ΔG0 = 0.
As another or complimentary cause of SC, one has often
referred to the Jahn-Teller eﬀect. The Jahn-Teller eﬀect does
not include the degeneracy of (2), however. A possible
rational for involving the Jahn-Teller eﬀect at electron
transport is that it is diﬀerent for diﬀerent site charges, but
that eﬀect must be of minor importance in comparison with
the degeneracy between site oxidation states, directly related
to the Mott-Hubbard problem and the structural dynamics
generated by nonconserved oxidation states.
On the basis of the Jahn-Teller eﬀect, one has concluded
that a single Hg mode is important. In contradistinction, it
will be argued here that the Ag breathing mode is the very
cause of structural dynamics leading to SC.
In this paper we will use a mixed-valence model for three
oxidation states (MV-3) [19–22]. “Valence” here meant the
charge on the C60 molecule. The negative lattice contribution
to Hubbard U is inversely proportional to the lattice constant
R. Contraction of the lattice, for example by applied pressure
[23–25] therefore leads to a lower U, a more negative ΔG0 in
(2), and reduced TC . TC in Rb3 C60 decreases almost linearly
with applied pressure [25]. For Rb3 C60 ΔG0 is negative
already ambient pressure but for Cs3 C60 ΔG0 is positive. This
makes Cs3 C60 an antiferromagnet at ambient pressure, but
applied pressure decreases the lattice constant enough to
make ΔG0 negative and therefore an almost perfect SC.
Finally we will discuss electron-phonon interactions,
which are of fundamental importance for SC, in MV-3 as
well as BCS theory. We will see, using MV-3, that the same
electron-phonon coupling is applicable to all C60 fullerides,
including Cs3 C60 .

2. Molecular Electronic and
Vibrational Structure
It was early established that the valence electrons of the
alkali atoms are transferred to the threefold degenerate,
lowest unoccupied (LU) t1u molecular orbital (MO) of

C60 , thereby forming AN C60 N − where N is the number
of electrons in LUMO. We will only be interested in the
case with incompletely filled LUMO (N < 6). Due to the
spherical symmetry, the electronic states for a single C60
may be compared to the multiplet states of a single atom
in the second row with incompletely filled 2p shell. The
2s2 2p2 configuration of carbon produces the states: 3 P, 1 D,
1 S. According to Hund’s rule, the ground state has the highest
possible spin, therefore 3 P. In the C60 anions the energy
diﬀerence between high spin and low spin states is very small
[26–28]. For C60 2− , the reason is that the exchange integrals
are numerically small, of about the same size as the relevant
integrals for the t1u 2 → t2g 2 correlation eﬀect [29–31].
The low spin ground state of C60 2− , C60 3− , and C60 4− is
a prerequisite for superconductivity according to the MV-3
model. If in addition (2) also holds with a negative ΔG0 , the
diamagnetism of C60 3− can be explained. Jahn-Teller eﬀects
and electron-phonon coupling are of minor importance in
this case compared to electron correlation eﬀects.
Another prerequisite for SC is that electron pair transfer
(EPT) from a C60 4− site to a C60 2− site can take place
without activation energy, or, in other words, that the
electron pair is not trapped at the C60 4− site. This has been
discussed by Dušcesas and the author, and it was found that
the reorganization energy is only 0.24 eV for adding two
electrons to C60 2− [32]. The reason for this is that the bond
length change is very small.
Typical for π systems is that occupation of the bonding
πMOs up to and including HOMO tends to shorten some of
the CC bonds. The shortened bonds are said to have “double
bond character”. In C60 the shorter bonds are the thirty (3 ×
20/2) bonds that are common to two hexagons (Figure 1).
Occupation of LUMO lengthens these bonds, since LUMO
tends to be antibonding in the double bonds. Full occupation
of the t1u LUMO to form C60 −6 leads to a lengthening of the
double bonds of C60 to almost equal bond lengths over the
whole molecular ion [32].
We are thus looking for a mode where the t1u LUMO is
stabilized on one molecule and at the same time destabilized
on the other. The vibrational mode coupled to EPT between
t1u orbitals on diﬀerent sites is the one that shortens the
double bonds and lengthens the single bonds. This is the
breathing mode of the strong bonds in Figure 1.
Experimentally, breathing modes have been found to be
involved in superconducting systems [33]. The theory [19,
29, 30] is equivalent to the Holstein diatomic model for a
single electron [34, 35]. In neutral C60 the relevant phonon
should be the Ag phonon at 1470 cm−1 [12].
Gunnarsson pointed out that it is the size, not the mass
of the alkali ion that determines TC [12]. We therefore do not
expect large contributions to the electron-phonon coupling
due to the motion of the metal ions. The Ag breathing mode
is very likely the phonon that couples to the electrons in SC.
The Hg modes tend to increase some double bonds while
decreasing the corresponding ones on the opposite side of
the molecule, thus should be unimportant for EPT.
Next we will study EPT between two adjacent molecular
ions A and B. The fundamental assumption in the chemical
model for SC is that electrons and phonons are coupled
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Figure 1: C60 molecule. The most relevant electron-phonon
interaction mode for EPT is the in-phase bond stretch for the short
and strong bonds, drawn with thick lines.
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in a motion that makes the electron pair oscillate between
adjacent sites (in a time-dependent treatment). For this to
happen, the activation barrier has to be suﬃciently low.
The exact wave function for the electron pair transferring
between A and B may be complicated to write down, in
particular since the relevant states are correlated and cannot
be represented by single Slater determinants. If the t1u LUMO
is called “a” on site A and “b” on the adjacent site B, there
are three spin singlet states, where two electrons are localized
on site A (aa), on site B (bb) or where the two electrons are
localized on diﬀerent sites (ab + ba). The symmetrized form
of the former are aa + bb and aa − bb. ab + ba corresponds
to the spin-coupled antiferromagnetic state [or spin density
wave state (SDW)]. aa + bb and aa − bb are the necessary
states for EPT, thus for SC.
It is interesting that the three A3 C60 systems which
are not superconducting at ambient pressure, NH3 K3 C60 ,
NH3 Rb3 C60 , and Cs3 C60 with large lattice constant R, are
all antiferromagnetic, thus with the ab + ba ground state
[9, 36, 37]. The latter wave function cannot superconduct
since the electrons are fixed one on each site.

3. Hubbard U and Lattice Interactions
Estimation of U from molecules leads to a molecular U in
the range 2.7–3.1 eV [12, 13, 38, 39]. For the solid there
are experimental estimates of U in the range 0.8–1.27 eV
[39–43]. This refers to a crystal where all site charges are
the same, say Z. The charge disproportionated CDW phase,
where the charges (Z − 1) and (Z + 1) alternate, is favored
by an additional negative contribution according to the Born
model. The Born radius R can be taken as the lattice constant.
The decrease of the Born free energy is (atomic units)
ΔG(Born) = −

(Z − 1)2 + (Z + 1)2 − 2Z 2
1
=− ,
2R
R

(3)

(neglecting the Born exponent). R is about 20 Bohr for
fullerides. ΔG(Born) is thus equal to −1/20 Hartree or
−1.3 eV. This lowers the energy diﬀerence between the
SDW and CDW state , thus Hubbard U decreases. After
this correction we obtain roughly U ≈ 0 for the A3 C60

Figure 2: PESs of the MV-3 model. Curvatures are exaggerated. λ
is reorganization energy. The fat horizontal bars are vibronic energy
levels. aa + bb and aa − bb denote approximate wave functions for
the given energy levels. For NH3 K3 C60 , NH3 Rb3 C60 , and Cs3 C60 , the
SDW-PES is lower than CDW-PES. Fat arrows show the behavior of
CDW-PES at applied pressure. |ΔG0 | is defined by (2).

fullerides. In conclusion, Hubbard U is less smaller with
lattice constant.
High pressure in A3 C60 systems leads to a smaller lattice
constant. Thus the CDW phase with C60 2− and C60 4− is
favored compared to the SDW phase with C60 3− sites. If on
the other hand the lattice is expanded, the SDW phase wins
and becomes the ground state. SC cannot occur since the
ground state is mainly ab + ba.
Figure 2 shows a total energy potential energy surfaces
(PES) at the molecular level, as a function of a collective
breathing mode for the carbon atoms. In the case given in
Figure 2 the outer minima are lower, and this corresponds
to the CDW case, the case that applies to all A3 C60 systems
except Cs3 C60 .
The important thing is that the inner PES, corresponding
to the SDW, is present slightly above the CDW-PES. In most
cases there is an interaction between CDW and SDW that
opens a gap. The lower state is aa + bb mixed with ab +
ba. This energy level is denoted as aa + bb in Figure 2. The
aa − bb is the upper state. Provided the lower state has a
major component of aa + bb, the gap is a true SC gap. If,
however, the SDW-PES is below the CDW-PES, the ab + ba
component will be the major one in the lower state. Since ab
+ ba is the wave function which put an electron on A and one
on B, EPT is not possible and hence there is no SC.
We arrive at the picture sketched in Figure 3. As the
lattice constant (R) increases the CDW states, denoted aa
+ bb and aa − bb in Figure 3 are increasing in energy
due to the numerically smaller lattice energy contribution
according to (3). aa + bb interacts with ab + ba, and this
interaction is maximized at the crossing point (Figure 3). The
ground state is mainly of aa + bb type except for Cs3 C60 . In
Cs3 C60 the ground state has a very large component of ab
+ ba, which means that the antiferromagnetic phase wins
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a diﬀerent Hubbard U. Equation (3) corresponds to the
following equation:

E

Energy

aa − bb
aa + bb

Cs

2C60 4− −→ C60 3− + C60 5− .

ab + ba

Rb
K
Na
Li
SC

AF
R
Lattice constant

Figure 3: Free energies for the SDW and CDW states as a function
of lattices constants in (3). Arrows at the symbol for the element
show the superconducting gap. Cs3 C60 is in the antiferromagnetic
region (AF) where the gap is a pseudogap.

over SC phase. High pressure decreases the lattice constant
for Cs3 C60 , changing the composition of the ground state.
Interestingly, when the pressure is suﬃcient to change the
phase into a SC phase, TC is the largest one, corresponding
to ΔG0 = 0 in Figure 2.
A number of experiments have been carried out on NH3 doped fullerides [16–18]. NH3 intercalates without causing
any other change than increasing the lattice constant [13].
As a function of volume/C60 3− the critical temperature TC
increases monotonically. If the increase in lattice constant
is too large, the minimum of the SDW-PES appear below
the minimum of the CDW-PES and the SC is lost. Instead
the antiferromagnetic phase appears. This is very clear from
Figure 3. As we move to the right in the diagram the ground
state wave function gets increased character of ab + ba,
equivalent to antiferromagnetic coupling.
The structural change at electron transfer is associated
with a total energy lowering denoted as “reorganization
energy” (λ). Large λ is directly related to high eﬀective mass
in the Holstein model [34, 35]. For fullerenes λ has proven
to be comparatively small in the cases examined, or about
0.05 eV for single electron transfer [32]. As a comparison, λ is
about 0.22 eV in polyacetylene [44]. The Jahn-Teller eﬀect or
modifications due to chemical bonding between the fullerene
molecules may modify some distances, but this is usually of
little importance for λ.
The coupling in the case of electron pair transfer is well
defined and diﬀerent from the coupling in single electron
transfer and, of course, diﬀerent from magnetic couplings.
The most important diﬀerence is that the a2 and b2 states
do not couple directly, but assume the presence of the SDW
ab + ba state. In principle the coupling may be calculated in a quantum chemical calculation that includes two
molecules.
An important problem is to understand why A4 C60 is
an insulator. A4 C60 with an unfilled shell-like A3 C60 has

(4)

We now see that the right member consists of two oddelectron systems, while A4 C60 itself has an even number of
electrons, of course. Referring to the fact that systems with an
even number of electrons generally have lower energy than
systems with an odd number of electrons, it is quite simple
to understand why (3) has a ΔG0 close to zero, while ΔG0 for
(4) is decidedly positive. In any case this may be verified in
quantum chemical calculations which involve two adjacent
molecules.
Knupfer and Fink have used electron energy loss spectroscopy (EELS) for A4 C60 systems and found that MottHubbard behavior with ΔG0 is larger than the one for the
A3 C60 systems [45]. Iwasa applied reflection techniques to
A3 C60 , verifying the metallic properties with ΔG0 ≈ 0 [46].
Other experiments show a similar trend [47].
The reason why A4 C60 systems are nonSC may be
large Hubbard U, as discussed by Rosseinsky [13]. Another
important possibility may be that Jahn-Teller eﬀect splits the
t1u level as shown in STM experiments [48]. The lower level
is fully occupied [49], making charge transfer impossible.

4. Discussion
In this paper we have shown that a molecular model provides
a satisfactory explanation of the dependence of TC on lattice
constant in A3 C60 systems. The model is based on the
structural dynamics that is connected to EPT and oxidation
state degeneracy. Decrease of the lattice constant in Cs3 C60
due to increased pressure leads to appearance of SC. If
the pressure is further increased, TC increases at first, but
eventually Cs3 C60 shares the fate of the other C60 fullerides,
so that TC decreases with increased pressure. The fact that
TC increases with increased pressure at first is a problem not
only in the BCS model but also in the present model. Since
this problem has to do with the properties of the ground state
wave function [(ab + ba) versus (aa + bb) character], it would
be unwise to dig deeper into this problem without accurate
calculations.
In the BCS model too, decrease of the lattice constant
leads to a lower TC , but in that case the reason is decrease
of the density of states. The BCS mechanism is doubtful
to say the least, as has been shown during the historical
development of the SC phenomenon. In the A3 C60 fullerides
it is a quite successful model but it does not predict the
nonSC behavior for Cs3 C60 . It also does not explain why
NH3 K3 C60 and NH3 Rb3 C60 are antiferromagnets. The phase
change from SC to antiferromagnetic is driven by the
composition of the ground state wave function, which in its
turn depends on the lattice constant.
The Jahn-Teller eﬀect is overrun by intermolecular
bonding or at least strongly modified. In the molecular SC
model the importance of the Jahn-Teller eﬀect is superceded
by the oxidation state degeneracy (disproportionation).
However, the Jahn-Teller eﬀect (combined with the chemical
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bonding eﬀect) may well explain why A4 C60 systmes are
not superconducting, as illustrated in the STM experiments
by Wachowiak et al. [48] and further detailed by O’Shea
[49]. The t1u degeneracy is split and the lower MO is fully
occupied, thereby making SC impossible. An interesting
discussion of the Jahn-Teller eﬀect in C60 fullerenes and the
dependence of lattice constant on superconductivity have
recently been given by Capone et al. [50]. Some conclusions
are diﬀerent from those of this paper, however.
Another, or contributing reason for the absence of SC
in A4 C60 compounds may be the large Hubbard U for
these compounds as compared to the A3 C60 compounds. An
important task is to obtain an accurate value of U, as has in
fact been the goal in previous review articles [12–15]. The
description here introduces the nuclear coordinate into the
Mott-Hubbard problem. Thereby it becomes possible to discuss the vibronic states of importance in superconductivity.
The distinction between ΔG0 and U is important.
Phonons lower the energy in the SC phase where they
interact with the electrons. The motion of the electron pair
is correlated with the nuclear coordinates in the breathing
mode. The vibration motions of the nuclei “pump” the
electron pairs between the sites without expense of energy.
This happens in a quantum mechanical manner and leads
to an energy lowering that stabilizes the SC phase with an
energy gap to the first excited state. The antiferromagnetic
phase cannot behave in the same way, since the charge
distribution is inert and almost independent of the exact
positions of the nuclei. The relevant breathing phonon in the
case of A3 C60 is very likely a double-bond stretching phonon
with symmetry Ag .
In this paper the diﬀerence in lattice energy between the
CDW and SDW phases has been pointed out as a general
explanation of SC in A3 C60 . The BCS model on the other
hand states that TC depends on the density of states, but
this does not hold for Cs3 C60 . Takabayashi et al. therefore
concluded that SC in Cs3 C60 is of a diﬀerent type, more
similar to SC in cuprates with CuO2 plane [10, 11, 51]. This is
possible, not least considering the change of crystal structure
from fcc in most A3 C60 fullerides to A15-bcc in Cs3 C60 . Of
particular importance is that in Cs3 C60 the density of states
at the Fermi level is higher than in the A3 C60 fcc fullerides
and should have a higher TC rather than not being SC at all.
In model used here change of structure leads to diﬀerent
Born model contributions to the CDW state in (3) shifting
the onset pressure of SC. Since it is not known which onset
pressure would apply to the fcc phase, a detailed discussion
of this problem would not be successful at this stage. To
complicate matters further, change of structure also leads to
diﬀerences in coupling between the SDW and CDW states.
The author firmly believes that the BCS model is a kind
of rough limit model for the transition between ordinary
metals (e.g., alkali metals and coinage metals at normal
pressure) and SC metals. The presence of free electrons
is there guaranteed. The BCS model should not be used
in cases where insulating phases play roles [52]. In any
case the BCS model appears to be too crude a model
to allow adequate parametrization. In the BCS model the
binding energy of a pair of electrons determines whether SC
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appears, whereas in reality the binding energy depends on the
presence of positive nuclei and the mobility on the structural
reorganization energy versus coupling [52].
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Complex electronic ground state of molecular and solid state system is analyzed on the ab initio level beyond the adiabatic BornOppenheimer approximation (BOA). The attention is focused on the band structure fluctuation (BSF) at Fermi level, which is
induced by electron-phonon coupling in superconductors, and which is absent in the non-superconducting analogues. The BSF
in superconductors results in breakdown of the adiabatic BOA. At these circumstances, chemical potential is substantially reduced
and system is stabilized (eﬀect of nuclear dynamics) in the antiadiabatic state at broken symmetry with a gap(s) in one-particle
spectrum. Distorted nuclear structure has fluxional character and geometric degeneracy of the antiadiabatic ground state enables
formation of mobile bipolarons in real space. It has been shown that an eﬀective attractive e-e interaction (Cooper-pair formation)
is in fact correction to electron correlation energy at transition from adiabatic into antiadiabatic ground electronic state. In this
respect, Cooper-pair formation is not the primary reason for transition into superconducting state, but it is a consequence of
antiadiabatic state formation. It has been shown that thermodynamic properties of system in antiadiabatic state correspond
to thermodynamics of superconducting state. Illustrative application of the theory for diﬀerent types of superconductors is
presented.

1. Introduction
Superconductivity, an amazing physical phenomenon discovered nearly 100 years ago by Kamerlingh Onnes [1] and
his assistant Gilles Holst whose name has been basically
forgotten by history (see, e.g., [2]), has been one of the
most important research fields of solid-state physics of last
century and it remains until the present days. What is
extremely irritating is the fact that microscopic mechanism
of superconducting state transition, in spite of enormous
attention which has been paid to this eﬀect, remains still
unclear and represents an open challenge for theory.
Until the discovery of high-temperature superconductivity of cuprates by Bednorz and Muller in 1986 [3] and synthesis of first 90 K superconductor [4] in 1987, understanding
of microscopic mechanism of superconducting (SC) state
transition formulated within the BCS theory in 1957 [5]

was generally accepted as a firm theoretical basis behind
the physics of this phenomenon. Here, the basic physics is
the idea of Cooper-pairs formation, that is, formation of
boson-like particles in momentum space, which are stable
in thin layer above the Fermi level and drive system into
more stable-superconducting state. Suﬃcient condition of
pair formation is whatever weak, but attractive, interaction
between electrons. Real possibility of eﬀective attractive
electron-electron interactions was well known. Some years,
ago it was derived by Fröhlich [6, 7] as a consequence of
electron-phonon (e-p) interactions.
The range of validity of the BCS theory with respect
to e-p interactions has been specified by Migdal [8] and
Eliashberg [9, 10]. It can be interpreted as Migdal’s theorem
and Eliashberg’s restriction (ME approximation). The first
is related to validity of the condition ωλ/EF  1 and the
second one restricts the validity only for λ ≤ 1, where λ is e-p
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coupling strength and ω and EF are characteristic phonon
and electron energy scales, respectively. Expressed explicitly, BCS-like theories are valid only for adiabatic systems
that obey the adiabatic Born-Oppenheimer approximation
(BOA): ω/EF  1.
While for conventional (low-temperature) superconductors, the BCS theory within the ME approximation (i.e., weak
coupling regime) is an excellent extension of standard theory
of metals, for high-temperature cuprates in order to interpret
high critical temperature and ensure the pairs condensation,
beside (or instead of) the e-p interactions the important
role of other interaction mechanisms has been advocated
(see e.g., [11–13]). Since the copper, a transition metal with
incompletely filled d-shell when chemically bounded, is a
central atom of hight-Tc cuprates, it is quite natural that the
attention has been focused on strong electron correlations
(in a sense of standard Coulomb-repulsive e-e interactions),
magnetic interactions, and/or spin fluctuation eﬀects. At
the present, the eﬀect of Coulomb repulsion is usually
incorporated via Coulomb pseudopotential μ∗ and critical
temperature is calculated according to McMillan formula
[14].
The e-p interactions, which have been accepted to be
responsible for electron pairing that drive transition into
superconducting state for classical low-Tc superconductors,
have became nearly abandoned and considered to be rather
harmful for superconductivity in high-Tc cuprates (see, e.g.,
[12]). Some aspects of d-wave superconductivity can be
described within the models of strongly correlated electrons,
for example, Hubbard-like or t-J models (e.g., [11, 15–
19]), even without explicit account for e-p interactions. The
underlying leitmotiv behind the electron correlation treatments has been to understand the phase diagram of high-Tc
cuprates, that is, the doping process. Introduction of charge
carriers (holes or electrons) into the parent antiferomagnetic
insulator that causes transition to superconductor (or metal)
has been generally accepted to be a universal feature of highTc cuprates and believed to be a matter intimately related to
microscopic mechanism of superconductivity.
Bell-like-shaped dependence of Tc on hole doping in the
doping range 0.05 ≤ x < 0.27 for family of high-Tc cuprates
is well known (see, e.g., [20] and references therein). With
the exception of YBCO (x = 0.05), the optimal hole doping
with maximal Tc is x ≈ 0.16. The electron doping is usually
less favorable, but basically either hole or electron doping
can induce superconductivity. It is, for instance, the case
of infinite-layer compound CaCuO2 (itself is an insulator)
where by hole or electron doping in field-induced transistor
configuration superconductivity can be induced with Tc up
to 89 K (or 34 K for electron doping) at about 0.15 charge
carriers per CuO2 .
Without any doubts, charge doping has no-negligible
impact on e-e interactions and influences, to some extent,
also more subtle spin interactions. Question remains if
these are the key eﬀects behind the physics which causes
superconducting state transition upon doping?
In this respect, one has to realize that like Tc , the lattice
parameters and, what is very important, the lattice dynamics
is strongly influenced by doping. For instance, dependence of
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Tc on lattice parameter a in case of Hg-based cuprates follows
similar dependence as it does Tc on hole doping [21]. In spite
that isotope eﬀect coeﬃcient α for optimally doped cuprates
is very small (α ≈ 0.05, exception is YBCO—α ≈ 0.8),
doping in underdoped as well in overdoped region for Oisotope eﬀect (all-over the cuprates family), results in a huge
changes of isotope eﬀect coeﬃcient α (see, e.g., [22, 23]. It
is important experimental evidence that doping induces very
strong changes in lattice dynamics, in particular in dynamics
of CuO2 layers. From theoretical stand point, it means that
mechanism of superconducting state transition is a complex
matter of electron and nuclear degrees of freedom.
The results of high-resolution ARPES study [24, 25] of
wide family of diﬀerent high-Tc cuprates have brought the
other experimental evidence indicating that beside doping,
an abrupt change (decrease) of electron velocity near Fermi
level, at about 50–80 meV in nodal direction, is the other
feature common to high-Tc cuprates. The kink in nodal
direction is temperature independent. More important, from
the stand point of microscopic theory of superconductivity,
seems to be formation of temperature-dependent kink on
momentum distribution curve (dispersion renormalization)
close to Fermi level (∼ 60 meV) in oﬀ-nodal direction at
transition to superconducting state. It has been reported for
Bi2212 [26–29]. Recently, presence of the kink in oﬀ-nodal
direction has been observed at VUV ARPES study with submeV resolution of optimally doped untwinned YBCO in
superconducting state [30].
Formation of the oﬀ-nodal kink (dispersion renormalization) has been attributed by the authors [26] to the
coupling of electrons to a bosonic excitations, preferably they
consider a magnetic resonance mode such as observed in
some inelastic neutron scattering experiments. The inconsistency in this interpretation has been pointed out by the
authors of [27, 29]. The main points are described in [29] as
follows: (a) magnetic resonance has not yet been observed by
neutron scattering in such a heavily doped cuprates, and (b)
magnetic resonance has little spectral weight and may be too
weak to cause the eﬀect seen by ARPES. They agree, however,
with the opinion of the authors [26] that the renormalization
eﬀect seen by ARPES in cuprates may indeed be related
directly to the microscopic mechanism of superconductivity.
The authors of [27, 29] instead of magnetic resonance mode,
attribute the dispersion renormalization to coupling with
phonon mode, in particular, with B1g -buckling mode of
CuO2 plane. The temperature dependence of dispersion
renormalization they attribute to the DOS enhancement due
to SC-gap opening and to the thermal broadening of the
phonon self-energy in normal state.
These results along with the results of neutron scattering
[31, 32] indicate that also for high-Tc cuprates the ep coupling has to be considered as a crucial element of
microscopic mechanism of SC state transition. Expressed
explicitly, also in case of cuprates the role of phonons at
superconducting state transition must not be overlooked.
As soon as low-Fermi energy situation occurs (ω ≤ EF ),
one can expect important contribution of nonadiabatic
vertex corrections at SC state transition. It is beyond the
standard ME approximation and this problem has been
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studied within the nonadiabatic theory of superconductivity
[33–35]. On the other hand, as the ARPES results indicate,
electron kinetic energy is decreased and importance of
proper treatment of electron-electron Coulomb interactions
is increased. The competition between Coulomb and e-p
interactions has been intensively studied within the HolsteinHubbard models [36–40] with both interactions of shortrange character. The obtained results are not satisfactory
since heavy-mass polarons are formed that yield low values
of Tc . It has been improved within the Frohlich-Coulomb
model [41] that introduces long-range repulsion between
charge-carriers and also long-range e-p interactions. The
results show that there is a narrow window of parameters
of Coulomb repulsion Vc and e-p interactions EP (Vc / EP )
resulting in the light-mass bipolarons formation. In this case,
according to bipolaron theory of superconductivity [42–44],
coherent motion of bipolarons represents the supercarrier
motion and high Tc can be reached.
The McMillan formula, which is very good approximation for Tc of elementary metals and their alloys [45], is
often used also for calculation of critical temperature of highTc superconductors within the BCS-generic framework. It
has been shown [46] that in strong-coupling regime λ 
1, Tc can be as large as kB Tc = ωλ1/2 /2π. However, in
reality there is problem with correct estimation of Coulomb
pseudopotential μ∗ and with unrealistically large values
of λ that would match high experimental Tc of novel
superconductors. It has to be stressed, however, that strong
coupling regime λ > 1 violates adiabatic condition ω/EF  1
of the ME approximation, which is behind the derivation of
the McMillan formula.
More over, new class of superconductors, for example,
cuprates, fullerides, and MgB2 are systems that are rather
pseudoadiabatic with sizeable adiabatic ratio ω/EF < 1 [47],
in contrast to elementary metals, where adiabatic condition
ω/EF  1 is perfectly fulfilled. This situation indicates the
importance of nonadiabatic contributions at calculation of ep interactions within the BOA, an eﬀect which is beyond the
standard ME approach. As mentioned above, formulation of
the nonadiabatic theory of superconductivity by Pietronero
et al. [33–35, 48, 49], which accounts for vertex corrections
and cross phonon scattering (beyond ME approximation),
has solved this nontrivial problem by generalization of
Eliashberg equations. The theory, which is nonperturbative
in λ and perturbative in λωD /EF , has been applied at
simulation and interpretation of diﬀerent aspects of highTc superconductivity [50–54]. Basically, it can be concluded
that accounts for nonadiabatic eﬀects in quasiadiabatic state
ω/EF ≤ 1 is able to simulate diﬀerent properties of highTc superconductors, including high-value of Tc , already at
relatively moderate value of e-p coupling, λ ≈ 1. Moreover,
it has also been shown that increased electron correlation is
important factor that makes corrections to vertex function
positive, which is in this context crucial for increasing Tc .
Nonetheless, sophisticated treatment of high-Tc superconductivity within the nonadiabatic theory faces serious
problem related to possibility of polaron collapse of the band
and bipolaron formation. According to bipolaron theory
of Alexandrov [42–44, 47, 55–58], polaron collapse occurs
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already at λ ≈ 0.5 for uncorrelated polarons and even at
smaller value for a bare e-p coupling in strongly correlated
systems. For ω/EF ≤ 1, or λ ≥ 1, and for ω/EF ≥ 1
at whatever small value λ  1, the nonadiabatic polaron
theory has been shown to be basically exact [58]. Bipolarons
can be simultaneously small and light in suitable range of
Coulomb repulsion and e-p interaction [59]. These results
have important physical consequences. There are serious
arguments that eﬀect of polaron collapse cannot be covered
through calculation of vertex corrections due to translation
symmetry breaking and mainly, polaron collapse changes
possible mechanism of pair formation, that is, instead of BCS
scenario with Cooper pair formation in momentum space,
the BEC with mobile bipolarons (charged bosons) in real
space becomes operative.
Discovery of superconductivity in a simple compound
MgB2 at 40 K [60] has been very surprising and has started a
new revitalization of superconductivity research. Beside the
many interesting aspects, discovery of the MgB2 superconductivity is, in my opinion, crucial for general theoretical
understanding of SC state transition on microscopic level.
It is related to band structure (BS) fluctuation and dramatic
changes of BS topology at e-p coupling.
The σ bands splitting at coupling to E2g mode in MgB2
has been reported [61] already in 2001 but, with exception of
possible impact of anharmonicity [62], no special attention
has been paid to this eﬀect. Superconductivity in MgB2
has been straightforwardly interpreted [63] shortly after
the discovery as a standard BCS-like, even of intermediatestrong coupling character. For clumped nuclear equilibrium
geometry, the BS is of adiabatic metal-like character. The
EFσ of σ band electrons (chemical potential μ) is relatively
small, ≈ 0.4 eV, but still great enough comparing to vibration
energy of E2g phonon mode, ω2g ≈ 0.07 eV. Thought the
adiabatic ratio ω/EF ≈ 0.15 is sizable, it is small enough
in order to interpret superconductivity within the BCSgeneric framework. It is supposed that nonadiabatic eﬀects,
anharmonic contributions and/or Coulomb interactions
within generalized Eliashberg approach should be important
in this case. On the other hand, the value of e-p coupling,
λ ≈ 0.7 indicates that polaron collapse can be expected
and superconductivity should be of nonadiabatic bipolaron
character rather than the BCS-like.
Nevertheless, the matter is even more complicated. It
has been shown [64, 65] that analytic critical point (ACP—maximum, minimum, or saddle point of dispersion, in case
of MgB2 it is maximum) of σ band at Γ point crosses Fermi
level (FL) at vibration displacement ≈ 0.016 A◦ /B-atom,
that is, with amplitude ≈ 0.032 A◦ , which is smaller than
root- mean square (rms) displacement (≈ 0.036 A◦ ) for zeropoint vibration energy in E2g mode. It means, however, that
in vibration when ACP approaches FL on the distance less
than ±ω, the adiabatic Born-Oppenheimer approximation
(BOA) is not valid. In this case, Fermi energy EFσ of σ band
electrons (chemical potential μ) close to Γ point is smaller
than E2g mode vibration energy EFσ < ω2g and at the moment
when the ACP of the band touches Fermi level, the Fermi
energy is reduced to zero, EF → 0. Moreover, shift of the
ACP substantially increases density of states (DOS) at FL,
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nσ (EF ) = (∂εσ0 /∂k)EF , and induces corresponding decrease
of eﬀective electron velocity (∂εσ0 /∂k)EF of fluctuating band
in this region of k-space. From the physical stand point, it
represents transition of the system from adiabatic ω ≤ EF
into true nonadiabatic ω > EF , or even into strong antiadiabatic state with ω  EF . This eﬀect has crucial theoretical
impact. At these circumstances, not only ME approximation
is not valid (including impossibility to calculate nonadiabatic
vertex corrections which represent oﬀ-diagonal corrections
to adiabatic ground state) but adiabatic BOA itself does not
hold as well.
The BOA is crucial approximation of theoretical molecular as well as of solid-state physics. It enables to solve
many-body problem via separation of electronic and nuclear
motion and to study electronic problem in a field which is
created by fixed nuclei.
On the level of the BOA, the motion of the electrons
is a function of the instantaneous nuclear coordinates Q,
but is not dependent on the instantaneous nuclear momenta
P. Usually, and in solid state physics basically always,
only parametric dependence is considered, that is, nuclear
coordinates are only parameters in solution of electronic
problem within the clamped nuclei Hamiltonian treatment.
Nuclear coordinate-dependence, when explicitly treated,
modifies nuclear potential energy by so called diagonal BO
correction (DBOC) that reflects an influence of small nuclear
displacements out of the equilibrium positions and corrects
the electronic energy of clamped nuclear structure. The
DBOC enters directly into the potential energy term of
nuclear motion (but leaves unchanged the nuclear kinetic
energy) and in this way modifies vibration frequencies. The
oﬀ-diagonal terms of the nuclear part of system Hamiltonian that mix electronic and nuclear motion through
the nuclear kinetic energy operator term are neglected and
it enables independent diagonalization of electronic and
nuclear motion (adiabatic approximation). Neglecting the
oﬀ-diagonal terms is justified only if these are very small,
that is, if the energy scales of electron and nuclear motion
are very diﬀerent and when adiabatic condition holds, that is,
ω/E  1. If necessary, small contribution of the oﬀ-diagonal
terms can be calculated by perturbation methods as so called
nonadiabatic correction to the adiabatic ground state.
Situation for superconductors seems to be substantially
diﬀerent, at least in case of the MgB2 . There is considerable
reduction of electron kinetic energy, which for antiadiabatic
state results even in dominance of nuclear dynamics (ω 
EF ) in some region of k-space. In this case, it is necessary
to study electronic motion as explicitly dependent on the
operators of instantaneous nuclear coordinates Q as well as
on the operators of instantaneous nuclear momenta P. It is a
new aspect for many-body theory.
The electronic theory of solids has been developed with
the assumption of validity of the adiabatic BOA. In this
respect, it is natural that diﬀerent theoretical-microscopic
treatments of superconductivity based on model Hamiltonians which stress importance of one or the other type
of interaction mechanism, implicitly assume validity of the
BOA, and it is very seldom that possibility of the BOA
breakdown at transition to SC state is risen. The notion

“nonadiabatic” eﬀects in relation to electronic structure is
commonly used for contributions of the oﬀ-diagonal matrix
elements of interaction Hamiltonian (e.g., e-p coupling, ee correlations, etc.) to the adiabatic ground state electronic
energy calculated in second and higher orders of perturbation theory and does not account for true nonadiabaticantiadiabatic situation, ω > EF .
In this connection, a lot of important questions arise, as
the following examples.
(i) How to treat antiadiabatic state?
(ii) Can be system stable in antiadiabatic state?
(iii) Are the physical properties of the system in antiadiabatic state diﬀerent from the corresponding properties in adiabatic state?
(iv) What is the driving force for adiabatic ↔ antiadiabatic state transition, that is, which type of
interaction mechanism and at which circumstances
trigger this type of transition?
(v) How relevant is adiabatic ↔ antiadiabatic state
transition for SC state transition in MgB2 ?
(vi) Is the adiabatic ↔ antiadiabatic state transition an
accidental eﬀect at SC state transition which is
present only in MgB2 , or this state transition is an
inherent physical mechanism which is proper also for
other superconductors?
(vii) Can be adiabatic ↔ antiadiabatic state transition
relevant for high, as well as for low-temperature
superconductors?
(viii) Phonons or strong electron correlations?
(ix) What is the character of condensate-Cooper pairs or
bipolarons?
(x) Is there any relation of the adiabatic ↔ antiadiabatic
state transition to Cooper pairs formation?
(xi) Cooper pairs or correction to electron correlation
energy?
Theoretical aspects related to the above problems have
been elaborated and discussed in details within “Ab initio
theory of complex electronic ground state of superconductors”, which has been published in the papers, [66–68].
The main theoretical point is generalization of the BOA by
sequence of canonical-base functions transformations. The
final electronic wave function is explicitly dependent on
nuclear coordinates Q and nuclear momenta P, or alternatively, emerging new quasiparticles-nonadiabatic fermions
are explicitly dependent on nuclear dynamics. As a result,
the eﬀect of nuclear dynamics can be calculated in a form
of corrections to the clamped nuclei ground state electronic
energy, to the one-particle spectrum and to the two-particle
term, that is, to the electron correlation energy.
Note. To avoid confusion, it should be stressed that the
notion electron correlation energy as used in this paper
stands for improvement of e-e interaction term contribution
beyond the Hartree-Fock (HF) level, Ecorr = Eexact − EHF
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(Eexact < EHF ), as it can be calculated, for example, by (1/r)perturbation theory in the second and the higher orders, or
by configurations interaction method. In condensed matter
physics, electron correlation usually stands for an account for
Coulomb e-e interaction at least on Hartree or HF level. On
the HF level not only repulsive e-e term is present, like on
Hartree level where spin is not considered at all, but also
exchange term, fermion Coulomb-hole only for electrons
with parallel spins. Correlation energy improves an account
for unbalanced treatment of e-e interaction for electrons
with parallel and antiparalel spins on HF level.
It has been shown that due to e-p interactions, which
drive system from adiabatic into antiadiabatic state, adiabatic symmetry is broken and system is stabilized in the
antiadiabatic state at distorted geometry with respect to the
adiabatic equilibrium high symmetry structure. Stabilization
eﬀect is due to participation of nuclear kinetic energy term,
that is, it is the eﬀect of nuclear dynamics (dependence
on P) which is absent in the adiabatic state on the level
of the BOA. The antiadiabatic ground state at distorted
geometry is geometrically degenerate with fluxional nuclear
configuration in the phonon modes that drive system into
this state. It has been shown that while system remains
in antiadiabatic state, nonadiabatic polaron-renormalized
phonon interactions are zero in well defined k-region of
reciprocal lattice. Along with geometric degeneracy of the
antiadiabatic state, it enables formation of mobile bipolarons
(in a form of polarized intersite charge density distribution)
that can move over lattice in external electric potential
as supercarriers without dissipation. Moreover, it has been
shown that due to e-p interactions at transition into antiadiabatic state, k-dependent gap in one-electron spectrum
has been opened. Gap opening is related to the shift of the
original adiabatic Hartree-Fock orbital energies and to the kdependent change of density of states of particular band(s)
at the Fermi level. The shift of orbital energies determines
in a unique way one-particle spectrum and thermodynamic
properties of system. It has been shown that resulting oneparticle spectrum yields all thermodynamic properties that
are characteristic for system in superconducting state, that is,
temperature dependence of the gap, specific heat, entropy,
free energy, and critical magnetic field. The k-dependent
change of the density of states at the Fermi level in transition
from adiabatic (nonsuperconducting) into antiadiabatic
state (superconducting) can be experimentally verified by
ARPES or tunneling spectroscopy as spectral weight transfer
at cooling superconductor from temperatures above Tc down
to temperatures below Tc .
Results of the ab initio theory of antiadiabatic state have
shown that Fröhlich’s eﬀective attractive electron-electron
interaction term represents correction to electron correlation
energy in transition from adiabatic into antiadiabatic state
due to e-p interactions. Analysis of this term has shown
that increased electron correlation is a consequence of
stabilization of the system in superconducting electronic
ground state, but not the reason of its formation.
In the present article, the key points of the theory
are recapitulated and the adiabatic ↔ antiadiabatic state
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transition is shown to be operative for diﬀerent types of
superconductors.

2. Electronic Ground State Beyond
the Born-Oppenheimer Approximation
2.1. Preliminary Remarks. Development of the theory of
molecules and solids has been enabled due to fundamental approximation, the Born-Oppenheimer approximation
(BOA). With respect to electronic structure of superconductors and transition to superconducting state, some aspects of
this approximation should be outlined at the beginning.
Solution of the Schrödinger equation of many-body
system composed of Ne electrons and Nn nuclei (total
system)

HΨ(r,
R) = ETS Ψ(r, R)

(1)

with the Hamiltonian
 ee (r) + V
 eN (r, R) + ENN (R),
H = TN + Te + V

(2)

and wave function Ψ(r, R), which is a general function of the
sets of electron {r } and nuclear {R} Cartesian coordinates,
is possible at the assumption of validity of the BornOppenheimer approximation (BOA). The BOA, originally
formulated in the work in [69] by power expansion of
potential surface for nuclear motion at equilibrium geometry
with respect to displacement and electron/nuclear mass ratio
(me /Mn )1/4 , has been reformulated later by Born [70, 71] in
a more practical form. According to it, the wave function of
the total system (1) can be expressed in the factorized form
Ψ(r, R) =


m

χm (R)Φm (r, R),

(3)

as a linear combination of known adiabatic electronic wave
functions {Φm (r, R)} that are the eigenfunctions of clumped
nuclei electronic Schrödinger equation
e
H e Φm (r, R) = Em
Φm (r, R),

(4)

with the electronic Hamiltonian:
 ee (r) + V
 eN (r, [R]),
H e = Te + V

(5)

at fixed nuclear configuration [R]. Expansion coeﬃcients

{χm (R)} in (3), regarded as unknown, are nuclear wave

functions for nuclear configuration R with the electronic
subsystem in particular adiabatic electronic state Φm (r, R).
The R-dependence in (5) is only parametric and in
general it should be calculated over the full configuration
space {R} in order to calculate the adiabatic potential
e (R)} of nuclear motion.
hypersurface {Em
With respect to (3) and (4), the Schrödinger equation
of the total system (1) for electronic state Φn (r, R) can be
written in the form




TN + Ente (R) − ETS (R) χn (R) =


m

 nm (R)χm (R)
Λ

(6)
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 nm (R), which couples electronic and nuclear
with the term Λ
motions, on the right-hand side (rhs):
 nm (R) = Anm (R) − Bnm (R)
Λ
=

 2 

Mj

j


−



Φ∗n r, R j

 ∂

∂R j





Φm r, R j dr ·

∂
∂R j

Φ∗n (r, R)TN (R)Φm (r, R)dr.
(7)

The term Ente in (6):
Ente (R) = Ene (R) + ENN (R)

(8)

is total adiabatic electronic energy, that is, adiabatic electronic energy plus nuclear Coulomb repulsion at nuclear
configuration R.
Until the Born approach (3) is valid, (6) is exact
and it still describes coupled motion of electrons and
 nm (R), which represents possinuclei over the term (7), Λ
bility of transitions between diﬀerent adiabatic electronic
states, Φn (r, R) ↔ Φm (r, R), due to nuclear motion (Rdependence). If such transitions are forbidden from the
symmetry reasons, or if there is physically reasonably
justified assumption that contributions of such transitions
are negligibly small, then one can omit the rhs term, and (6)
can be written in the diagonal form:




TS
(R) χn,ν (R) = 0,
TN + Ente (R) + Bnn (R) − En,ν

(9)

where Bnn is the only a nonzero diagonal contribution of the
Λ term


Bnn (R) =
=

Φ∗n (r, R)TN (R)Φn (r, R)dr

N

n

−

2
2Mn



Φ∗n (r, R)∇2n Φn (r, R)dr

2Mn

∂Rnα

∂Rnα

(10)
The term (10) is the mean-value of the nuclear kinetic energy
for adiabatic electronic state Φn (r, R) at nuclear configuration {R} and represents so called adiabatic diagonal BornOppenheimer (DBOC) correction to the total adiabatic
electronic energy Ente (R). However, (9) is then the equation of
motion of nuclei and it has the form of Schrödinger equation
with Hamiltonian:
eﬀ
(R).
HN (R) = TN + VNN

(11)

eﬀ
The eﬀective-adiabatic potential for nuclear motionVNN
(R):
eﬀ
(R) = Ente (R) + Bnn (R)
VNN

 0 (R) + H (R)

H(R)
=H

(13)

is studied, where
H 0 (R) = H te (R) + HN (R) = {(5) + ENN (R)} + (11)
is unperturbed part, and
 mn (R);
H (R) = Λ



Hmn (R) =



(14)


∗
 mn (R)χnν (R)dR ;
(R)Λ
χmμ

m=
/n
(15)
is a small perturbation.
In practice, physical and/or chemical properties of a
many-body system in its ground electronic state Φ0 (r, R)
are of the prime interest. In this case, the Born approach
(3) is usually restricted to the single term and the total
wave function of system is a simple product of the adiabatic
electronic wave function Φ0 (r, R) and corresponding nuclear
wave function:
Ψ0 (r, R) = χ0,ν (R)Φ0 (r, R).

 −
 −
⎛
→ ⎞∗ ⎛
→ ⎞
 2  ∂Φn r, R
∂Φn r, R
⎝
⎠ ⎝
⎠dr |[R] .
=
nα

ENN (R) and adiabatic electronic energy Ene (R), which is corrected by mean-value of the nuclear kinetic energy (DBOC)
for the particular adiabatic electronic state Φn (r, R) (10).
Contribution of the adiabatic DBOC is usually neglected as
very small quantity, mean value of kinetic energy of slowly
moving heavy nuclei in contrast to fast motion of light
adiabatic electrons.
At these circumstances, the motion of electrons and
nuclei is eﬀectively decoupled, that is, it is possible to
realize an independent diagonalization of the electronic
Schrödinger equation (4) and nuclear Schrödinger equation
(9), electrons and nuclei of the system behave like two
statistically independent sets. Assumed small contribution of
the rhs term of (6) can be calculated by some approximate
way, usually by perturbation theory. Then, problem with the
Hamiltonian:

(12)

is represented by the total electronic energy (8), that is,
Coulomb potential energy of the bare nuclei repulsion

(16)

The Born approach in the form (16) is the adiabatic
approximation. In a common sense, what is usually called
the Born-Oppenheimer approximation (BOA, or clamped
nuclei-crude adiabatic BOA) is the adiabatic approximation
where the contribution of the DBOC (i.e., B00 (R) term in
(12)) is also neglected and wave function (16) has the form




Ψ0 (r, R) = χ0,ν (R)Φ0 r, Req .

(17)

 0m (R) in (15)
Contributions of the oﬀ-diagonal terms Λ
which are calculated as a small perturbation to the Hamiltonian (14) represent a nonadiabatic correction to the
unperturbed adiabatic ground state. The conditions at which
the nonadiabatic correction can be expected to be small, and
the BOA (16, and in general 3) is valid, can be estimated by
analysis of the second-order contributions to the energy of
the total system, E0TS (R), which are small providing that




 ∗


 TS
TS
 χ (R)Λ
 0m (R)χm,μ (R)dR
 0,ν
  E0,ν (R) − En,μ (R).

(18)
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It can be derived (see, e.g., [72]), based on the expansion
eﬀ
(R) = E0te (R)) at
of the eﬀective nuclear potential (VNN
equilibrium nuclear geometry Req (where the total electronic
ground-state energy reaches its absolute minimum) at least
up to the quadratic term in a displacement ΔR:




E0te (R) = E0te Req +

1 ∂2 E0te (ΔR)
· ΔR2 + · · ·
2 ∂ΔR2

  
= E0te Req +
ωs ξs2 + · · · .

2

(19)

s

The result is that (18) holds and the BOA (16), (3) is valid, if
inequality
  
 
 te

E0 Req − Ente Req   ωs

(20)

is fulfilled for electronic and vibration (phonon) energy
spectrum of a system. The meaning of (20) is clear, the
electronic spectrum, that is, the diﬀerences between the total
electronic energies of the excited electronic states and the
ground-state energy has to be much greater than vibration
(phonon) energy spectrum of system.
The long-time experience of theoretical molecular and
solid-state physics has shown that for a ground electronic
state of vast majority of molecular systems and solids at
equilibrium geometry Req , the BOA is absolutely good
approximation. In case of solids, it has enabled to derive
(Bloch’s assumption of small perturbation of the periodic
lattice potential for small nuclear displacement out of
equilibrium) the field theory Hamiltonian of total system
(13) in a well-known form, H = H 0 + H ep , with
H 0 =


kσ

εk0 a+kσ akσ +


q



ωq b−+ q bq +



1
.
2

(21)

The perturbation Hamiltonian H ep represents now, instead
of nuclear kinetic energy Λ-perturbation term (15), an
electron-phonon (e-p) interaction term:
H ep =


k,q,σ





uq bq + b−+ q a+k+q,σ ak,σ .

(22)

In this case, no special attention has been paid to the diagonal
correction (10) to the total electronic ground-state energy,
and at derivation of (21) and (22), this correction has
been omitted as negligibly small quantity. Moreover, since
perturbation H is now introduced as an e-p interaction Hep ,
it is immediately seen from the form of (16) and (22) that the
first-order correction, that is, diagonal perturbation term,
equals zero: Φ0 |H ep |Φ0  = 0. All interesting physics is then
related to higher-order contributions with participation of
excited electronic states, that is, the first possible nonzero
contributions are in the second order of perturbation theory,
that is, terms of the form Φ0 |H ep |Φn Φn |H ep |Φ0 /(E0te −
Ente ).
Hamiltonian (21), (22) has been the starting point for
theoretical study of the eﬀects connected to e-p interactions
in solids. By means of the famous unitary transformation

of this Hamiltonian, Fröhlich has derived [6, 7] an eﬀective
electron-electron interaction term which is a crucial element
at formulation of the BCS [5] or Migdal-Eliashberg (ME)
theory of superconductivity [8–10]. The extension of the ME
theory, that is, inclusion of higher-order contributions of
e-p interactions by means of Feynman-Dyson perturbation
expansion of Hep (vertex corrections) is the basis for so called
“nonadiabatic” theory of superconductivity, as it has been
developed by Pietronero et al. [33–35, 48, 49]. It should
be pointed-out that not only the above-mentioned standard
and “nonadiabatic” theories of superconductivity but also
other theoretical models of superconductivity which do not
consider explicitly e-p interactions assume tacitly validity of
the BOA as soon as the model Hamiltonian is written in the
form
 e (R) + H (R)

H(R)
=H

(23)

no matter what perturbation H represents.
The reason for short sketch of the BOA in the introductory part is to attract an attention toward some aspects,
which at study of solids, in particular of superconductors, are
tacitly assumed to hold implicitly and seemingly there are no
indications raising doubts that this class of solids should be
an exception.
The main aspect is the R-dependence of the BOA.
Whatever trivial it seems to be, it has to be stressed that
the study of many-body system by means of the clumped
nuclei Hamiltonian (21)–(23) requires validity of the Born
ansatz (16), (3), that is, fulfillment of (20) to hold not only
for equilibrium nuclear geometry Req but also for displaced
geometry (Req + ΔR). Displacement ΔR has to be as large as
to cover full configuration space {R} experienced by nuclei in
the vibration (phonon) modes of system. At 0 K temperature,
ΔR has to be greater than (or at least equal to) root-mean
square displacement x0(ν) of vibration (phonon) mode (ν) at
zero-point energy:
|ΔR| ≥ x0(ν) ,



1/2

 2

 .
x0(ν) =  x0(ν)

(24)

It means that for validity of the BOA, the inequality for
the energy spectrum which, along with (20), has to be also
fulfilled is
 



 te

E0 Req + x0(ν) − Ente Req + x0(ν)   ων .

(25)

In this context, the adiabatic electronic energies of the
ground and excited electronic states {E0te , (Ente )}, at fixed
nuclear geometry [R], need also some comment. Without
the loss of generality, the Hartree-Fock (HF) calculation
scheme in direct-real space orbital representation can be
assumed. The adiabatic wave function of the electronic
ground state is represented by the Slater determinant that
satisfies requirement of antisymmetry:
Φ0 (r, [R])




= ϕ1 (1)ϕ1 (2)ϕ2 (3)ϕ2 (4) · · · ϕne (2ne − 1)ϕne (2ne ),

(26)
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where for simplicity a closed-shell, Ne = 2ne electron system,
is considered. In (26), lowest laying ne spatial orbitals are
occupied, each being occupied twice, once by an electron
with α spin, ϕn , and once with β spin, ϕn . Adiabatic total
electronic energy of the ground state is then the sum of
adiabatic electronic energy and Coulomb repulsion ENN (R0 )
of bare nuclei at fixed geometry [R] = R0 :
0
0
(R0 ) + ESCF
(R0 )
E0te (R0 ) = ENN

⎛

=

0
(R0 ) + ⎝2
ENN

⎛
=

=

0
(R0 ) + ⎝2
ENN

0
(R0 ) +
ENN

occ

I
occ


occ 

I

I

εI0

h0II
h0II

+

occ 

IJ

+

occ

IJ

+ h0II



2ν0IJIJ

− ν0IJJI



⎠

2JIJ − KIJ ⎠

(27)

.

Summation indices {I, J } in (27) run over the occupied states

Set of {εI0 } in (27), is one-electron spectrum of the
adiabatic electronic ground state (26), that is, orbital energies
{εI0 } are eigenvalues:
εP0 = h0PP +

Q

2ν0PQPQ − ν0PQQP

of the Fock operator F(R0 ) = h0 (R0 ) +
F(R)ϕP (r, R0 ) =


Q





Q (2JQ

0
εPQ
ϕQ (r, R0 )

(28)
− KQ ):

(29)

and {ϕQ } is the set of corresponding eigenfunctions
(orthonormal set of optimized orbitals). In (28), hPP is
diagonal element of one-electron core Hamiltonian hcore
(integrals of electronic kinetic energy term plus electronnuclear Coulomb attraction term), and JQ , KQ are 2-electron
(1,2,3, or 4 nuclear center) Coulomb repulsion and exchange
integrals.
In the next step, instead of independent calculation of
e
electronic excited states energies {En(
=
/ 0) (R)}, which would
require new optimization of excited state wave functions
Φm (r, R) (it should be extremely complicated since excited
state wave functions have to be orthogonal to the ground
state wave function), in practice a fairly good approach is
used which is based on the orbitals {ϕQ } already optimized
for the ground-state wave function Φ0 (r, R0 ). Optimization
is always performed within a basis set with some finite
number n of basis set functions |μn , while n > Ne .
Diagonalization of (29) then yields {n} eigenfunctions
{ϕn (R)} and corresponding eigenenergies {εn0 (R)}, but only
ne lowest-lying spatial orbitals {ϕI (R)}(ne ) are occupied
and remaining (n − ne ) are virtual—unoccupied orbitals
{ϕA (R)}(n−ne ) . By promotion of electron(s) from occupied orbital(s) {I, J, . . .} to virtual—unoccupied orbital(s)
{A, B, . . .}, excited state(s) configuration(s) {ΦA } as a linear
combination of corresponding Slater determinants {ΦI → A }
can be constructed. It can be shown that, for example,

0
(R) − εI0 (R) − JIA ;
= εA

(30)

(i) for singly excited singlet state,
1 e
EA(I → A) (R) − E0e (R)

{ϕI , ϕJ }.



(i) for singly excited triplet state,
3 e
EA(I → A) (R) − E0e (R)

⎞

⎞

single-electron excitations yield two excited state electronic
configurations—lowest lying excited state, that is, singly
excited triplet state 3 ΦA(I → A) , and singly excited singlet state
1
ΦA(I → A) . Diﬀerences in the electronic energies of these
excited state configurations with respect to the electronic
energy of the ground state are as follows:

0
(R) − εI0 (R) − JIA + 2KIA .
= εA

(31)

From (30), (31), it is clear that for approximations
which do not consider explicitly for two-electron terms, the
diﬀerences in energies of singly excited triplet and singlet
states with respect to the ground-state energy are the same:
e
0
0
e
EA(I
→ A) (R) − E0 (R) = εA (R) − εI (R).

(32)

Multiple electronic excitations can be calculated in a similar
way, by generation of Slater determinants of p-particle, h(≡
p)-hole states in the language of particle-hole formalism.
The important point is that clumped nuclei electronic
ground-state energy calculation provides approximate information about electronic excited states over the one-electron
spectrum which corresponds to the electronic ground state.
In particular, over the optimized set of occupied (ϕI ) and
unoccupied-virtual (ϕA ) spinorbitals.
In the simplest form, with respect to (32), the inequalities
(20), (25) which have to be valid for save application of the
BOA, are in the terms of the optimized ground state orbital
energies expressed as follows:
(i) for system at equilibrium geometry Req ,
  
 
 0

0
εI Req − εA
Req   ων

(33)

has to hold for the couple of frontier orbitals, that is, for
highest occupied ϕI ≡ ϕHOMO and lowest unoccupied ϕA ≡
ϕLUMO orbitals;
(i) more over,
 



 0

0
εI Req + x0(ν) − εA
Req + x0(ν)   ων

(34)

has to hold for the same system at displaced nuclear
configuration with respect to particular vibration(phonon)
mode ν.
In case of solids with quasicontinuum of states, in
momentum k-space representation, these inequalities can be
rewritten in the form


 0

εS (kc ) − εF0 

Req

 ωr

(35)
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for equilibrium nuclear geometry, and

system do not move as independent particles, that is, in
this region, electrons are not able to follow nuclear motion
adiabaticaly. The motion of electrons and nuclei is now
strongly correlated. The new situation occurs, the adiabatic
BOA is not valid for nuclear geometry (Req + x0,(ν) ), and wave
function cannot be factorized in the form (16) and (3), that
is,



 0

εS (kc ) − εF0 



Req + x 0(r)

 ωr

(36)

for the same system at displaced nuclear configuration in
particular phonon mode r.
These inequalities have to be valid in a multiband system
for each band S and energies {εS0 (kc )} of analytic critical
points (ACP—i.e., absolute and local minima and maxima
or inflex points) located on the particular band-dispersion
curve of the first BZ with respect to the energy of the Fermi
level εF0 .
An important aspect should be reminded at this place.
Inequalities (33)–(36) have been derived on the basis of
the expansion (19) of the eﬀective nuclear potential (i.e.,
total electronic energy E0te (R)) at Req . With respect to the
inner structure of the total electronic energy (27), it is clear
that in principle, the expansion (19) can be performed (i.e.,
smallness in energy change ΔE0te (Req +ΔR) as to ensure at least
harmonic approximation) even if displacement ΔR yields
significant changes in the one-electron spectrum (orbital
energies) of the ground state


εQ0


Req

 
0
=
/ εQ

Req +x0

,

(37)

provided that these changes are well balanced by changes
ΔhII and ΔENN , eventually also by changes Δ{JIJ , KIJ } if
two-electron terms are explicitly included. The main point
is that for the electronic ground state, the one-electron
spectrum at Req , {εQ0 }Req , can be significantly diﬀerent from

the one-electron spectrum {εQ0 }Req +x0 at displaced nuclear
configuration (Req + x0,ν ) for some phonon mode ν.
In respect of it, possibility that displacement x0,(ν) yields
for some band situation when


 0

εS (kc ) − εF0 

Req +x0(ν)

≤ ων

(38)

even if for the equilibrium geometry Req (35) holds, is not
excluded at all.
The reason of possibility for such substantial changes of
the electronic (band) structure is hidden in the chemical
composition and structure of particular system. With respect
to (27)–(31), it is connected to the changes of one-electron
core part (ΔhIJ ) and/or two-electron Coulomb repulsion
and exchange integrals (ΔJIJ , ΔKIJ ). Which of these are
dominant (hopping terms, onsite/intersite repulsion, electron correlations, dynamic screening, etc.) can hardly be
determined on the basis of model Hamiltonians without
invoking for complete chemical composition and structure
of the particular system.
Occurrence of such a situation means that nuclear
motion (nuclear vibration, in particular, phonon mode)
has induced sudden decrease of eﬀective electron velocity
(∂|ε0,a (k)|/∂k)kc , in particular band close to analytic critical
point kc at the Fermi level ε0,F . Or, what is equivalent,
the eﬀective mass of electrons have been increased in this
region. In any case, however, it means that at displaced
nuclear geometry (Req + x0,(ν) ), electrons, and nuclei of the













Ψ0 r, Req + x0(ν) =
/ χ0,ν Req + x0(ν) Φ0 r, Req + x0(ν) ,
(39)
and standard adiabatic form of the Hamiltonian (21)–(23)
cannot be applied to study an electron-phonon problem.
What is crucial, however, is the fact that the nonadiabatic
eﬀect cannot be calculated as a perturbation, that is, as a
nonadiabatic correction to the adiabatic ground state at Req .
In this case, system is in true nonadiabatic or antiadiabatic
state.
2.2. Generalization of the BOA Beyond Adiabatic Regime. In
order to solve the problems which are sketched above, one
needs to study electronic motion as explicitly dependent
on nuclear dynamics, that is, dependent on instantaneous
nuclear coordinates Q and nuclear momenta P. It means
that electronic state has to be explicitly dependent on nuclear
operators Q and P. Approximate solution of this problem
can be found in [66]. It is based on the sequence of basis
functions transformations, starting with fixed basis set (Q,
P-independent) over Q-dependent base up to QP-dependent
basis set. A base function transformation is canonical
transformation and it ensures that each transformation step
preserves corresponding statistics. Moreover, since we start
from fixed basis set (clamped nuclei situation) which enables
factorization of total system wave function, this property
is required to be preserved at each transformation step up
to quadratic terms in Q and P. Consequently, it makes
the solution of Q, P-dependence tractable. It should be
stressed that base functions transformation is equivalent to
the quasiparticle transformation which we have formulated
in 1992 [67].
Main aspects and the results of this treatment are
presented below.
General nonrelativistic form of system Hamiltonian (2)
can be written in second quantization formalism as
H = TN (P) + ENN (Q) +
+

1 
2 PQRS


PQ

hPQ (Q)a+P aQ
(40)

0
vPQRS
a+P a+Q aS aR .

Nuclear potential energy ENN and one-electron core term
hPQ (electron kinetic energy plus electron-nuclear coulomb
attraction term) are functions of the nuclear coordinate
Qr operators (normal modes {r } nuclear displacements
out of fixed nuclear geometry R0 ) and nuclear kinetic
energy TN is a quadratic function of the corresponding
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nuclear momenta operators Pr . For nuclear coordinate and
momentum operators hold:
Qr = br + br̆+ ,

Qr̆ = br̆ + br+ ,

Qr+ = br+ + br̆ = Qr̆ ,

Pr = br − br̆+ ,

Pr̆ = br̆ − br+ ,

Pr+ = br+ − br̆ = −Pr̆ .
(41)

The (a, a+ ), (b, b+ ) are standard fermion and boson annihilation and creation operators, respectively.
The Q-dependence of terms ENN (Q) and hPQ (Q) in (40)
can be expressed through the Taylor’s expansion at fixed
nuclear configuration R0 :
0
(R0 ) +
ENN (Q) = ENN

hPQ (Q) =

h0PQ (R0 ) +

∞


j =1
∞


i=1

···s
(Q) =
urPQ

( j)
ENN (Q),

+

(42)



h0PQ a+P aQ =

PQRS

=

(43)

0
(electron-electron coulomb repulTwo-electron terms vPQRS
sion and exchange integrals) do not depend explicitly on the
nuclear operators.

2.2.1. Crude-Adiabatic Approximation: Clamped Nuclei Solution. Since the crude-adiabatic approximation is the reference level for study the eﬀect of nuclear dynamics on
electronic structure, some details should be introduced.
With respect to sequence of transformations, which
will be presented in the following parts, let as distinguish
particular representation; that is, dependence of electronic
states on nuclear operator Q only by double-bar over
particular operator symbol (e.g., a,b), dependence on both
Q and P will be without bar (a, b) and for fixed basis
(independent on Q and QP, resp.) the operators will be with
a single-bar (a, b) over the particular symbol. In this sense,
the operators in crude-adiabatic approximation are written
as single-bar operators, that is, (a, b, Q, P).
Provided that phonon and electronic energy spectrum
are well separated and (20) holds for relevant configuration
space R near to Req , crude-adiabatic (clamped nuclei)
treatment is justified. Electronic Hamiltonian is now only

2 PQRS

PQ

h0PQ (R0 )a+P aQ
(44)

0
vPQRS
a+P a+Q aS aR .


PQ





h0PQ N a+P aQ +

occ

I

h0II ,

(45)

0
vPQRS
a+P a+Q aS aR




PQRS

∂hPQ (Q)
Qr = urPQ Qr ;
∂Qr

1 



Application of Wick’s theorem to the product of creation and
annihilation operators yields for particular terms the normal
product form (N-product) with corresponding contractions:



u(i)
PQ (Q).

∂hPQ (Q)
···s
Qr · · · Qs = urPQ
Qr · · · Qs .
∂Qr · · · ∂Qs

0
(R0 ) +
He (R0 ) = ENN

PQ

0
The term ENN
(R0 ) represents potential energy of bare nuclei
at fixed nuclear configuration R0 , h0PQ (R0 ) is one-electron
core term (electron kinetic energy plus electron-nuclear
coulomb attraction term) at fixed nuclear configuration
R0 and terms {u(i)
PQ (Q)} are related to matrix elements of
electron-vibration (phonon) coupling (u(i)
PQ ), that is,

urPQ (Q) =

parametrically dependent on nuclear configuration, that is,
nuclear geometry is fixed at nuclear configuration R0 :

0
vPQRS
N a+P a+Q aS aR

⎛
occ 
 
+ ⎝
ν0
PQ

+

occ 

IJ

I

0
PIQI + νIPIQ



− ν0PIIQ

− ν0IPQI



⎞



⎠N a+ aQ
P



ν0IJIJ − ν0IJJI .
(46)

Application of Wick’s theorem introduces renormalized
Fermi vacuum, that is, the total set of orthonormal base
orbitals (ϕP , ϕQ , . . .) is divided on two distinct groups; the set
of occupied (ϕI , ϕJ , . . .) spinorbitals which form a Fermi see
(FS) and set of unoccupied-virtual (ϕA , ϕB , . . .) spinorbitals
which are above the FS.
The electronic Hamiltonian (44) can now be written in
a quasiparticle form as a sum of zero, one- and two-particle
terms:
He (R0 ) = H(0) (R0 ) + H(1) (R0 ) + H(2) (R0 ).

(47)

(I) Electronic ground state energy.
The scalar quantity in this Hamiltonian, that is, zeroparticle term H(0) (R0 ), is the result of the operators contractions and has the form
H(0) (R0 ) = Φ0 |He |Φ0 
=

occ

I

h0II +


1  0
νIJIJ − ν0IJJI
2 IJ
occ

(48)

0
(R0 ).
= ESCF

This term represents ground-state electronic energy calculated by unrestricted Hartree-Fock SCF (HF-SCF) procedure at fixed nuclear configuration R0 . It is obvious that
addition of nuclear repulsion ENN (R0 ) to this term yields
total electronic energy E0te (R0 ). Electronic ground state is
represented by renormalized Fermi vacuum Φ0 . It is an
antisymmetric electronic wave function, that is, expressed in
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the form of single Slater determinant constituted by lowest
laying occupied spinorbitals {ϕI } of complete orthonormal
base {ϕP }:


Φ0 (r, R0 ) = ϕ1 · · · ϕI 

(49)

(II) Electronic energy spectrum.
The one-particle term H(1) (R0 ) = H(cad) (R0 ) of the
electronic Hamiltonian (47) has the form,
H(1) (R0 ) =


PQ





FPQ N a+P aQ .

(50)

The elements FPQ are calculated as matrix elements of
Hartree-Fock one-particle operator:
F(R0 ) = h0 (R0 ) +


Q

JQ − KQ .

(51a)

Diagonalization of (50), FPQ = εP0 δPQ , that is, solution of
electronic Hartree-Fock equations by HF-SCF procedure:
F(R0 )ϕP (r, R0 ) =


Q

εPQ ϕQ (r, R0 )

(51b)

In terms of orbital energies (51c), for total electronic
ground state energy, E0te (R0 ) holds:
0
0
(R0 ) + ESCF
(R0 )
E0te (R0 ) = ENN

⎛
⎞
occ
occ 



1
0
(R0 ) + ⎝ h0II +
= ENN
ν0IJIJ − ν0IJJI ⎠

2

I

0
(R0 ) +
= ENN

IJ

(52)


1  0
εI + h0II .
2 I
occ

For closed-shell electronic systems, within restricted HF
approximation (doubly occupied spatial orbitals with α and
β spins, (27) holds. Total electronic ground-state energy
of the system reaches the minimum at some equilibrium
nuclear configuration R0 = Req . Corresponding Slater
determinant (49) represents wave function of the electronic
ground state at equilibrium nuclear configuration.
(III) Electron correlation energy. (see Note in Section 1).
The third term of the electronic Hamiltonian (47), that
is, the two-particle term has the form
H(2) (R0 ) = H(cad) (R0 ) =



1  0
vPQRS N a+P a+Q aS aR .
2 PQRS

(53)
yields set of eigenvalues, that is, HF-orbital energies:
εP0 = h0PP +


Q



ν0PQPQ − ν0PQQP ,

(51c)

and corresponding set of eigenfunctions {ϕP }, the orthonormal set of optimized spinorbitals.
It means that one-particle term (50) can always be
written in diagonal form and represents a set of unperturbed
eigenenergies of system at fixed nuclear geometry R0 , that is,
H(1) (R0 ) =


P





εP0 N a+P aP ,

H(1) (R0 )|Φ0  = 0

(51d)
(51e)

for excited states hold:




H(1) (R0 )|ΦI → A  = εA0 − εI0 |ΦI → A  for I ∈ FS, A ∈
/ FS.
(51f)
In an approximate way, the one-particle Hamiltonian
H(1) (R0 ) represents complete electronic spectrum expressed
over occupied and unoccupied-virtual spinorbitals calculated for electronic ground state Φ0 (r, R0 ) by HF-SCF procedure. In particular, n-electron excited state wave function
Φhn pn can be constructed, as it has already been mentioned,
by promotion of n electrons from n occupied spinorbitals to
n unoccupied spinorbitals (i.e., the same number n of holes
(hn ) and particles (pn ) are created). Electronic energy of such
excited state can be calculated through HF-eigenenergies that
correspond to optimized spinorbitals of the ground state. It
should be pointed that it is only an approximate way for
description of true electronic excited states.

Formally it looks like standard coulomb electron-electron
interaction term in (44). With respect to the fact that
after application of Wick’s theorem (45) the renormalized
Fermi vacuum has been introduced and zero-particle (scalar)
quantity (48) represents electronic energy of the ground state
that accounts also for coulomb electron-electron interactions
(48) and one-particle term is diagonal (51d) and represents
unperturbed HF-orbital energies {εP0 } of the system (oneelectron energy spectrum), then two-particle term (53)
represents perturbation part of the electronic Hamiltonian
(47). Since perturbation (53) contains only electron-electron
interaction term, contributions of this term represent electron correlation energy of the system in its ground electronic
state. In this respect, electron correlation energy is treated
as a perturbation. Calculation of the electron correlation
energy up to higher order of perturbation theory is usually
done by diagrammatic many-body perturbation theory. For
correlation energy in second order of perturbation theory,
analytic expression for closed-shell system can be derived in
a simple form
Ecorr (R0 ) = H(h1 h2 p1 p2 ) (R0 ) =

occ unocc


IJ

AB




0
2ν0IJAB − vIJBA



.
εI0 + εJ0 − εA0 − εB0
(54)

Related to energy of the Fermi level, energies of unoccupied
states are {εA0 } > 0 and energies of occupied states are {εI0 } <
0. It means that Ecorr is negative, that is, it decreases electronic
energy of the ground state (this contribution corrects and
stabilizes total electronic energy of the system (27), (52)).
This holds for arbitrary nuclear geometry R0 until system
remains in a bound state.
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Solution of nuclear problem (9) on crude-adiabatic level
is now straightforward.
Nuclear part of Hamiltonian is
HN =

eﬀ
(R)
TN + VNN

=


r



+
ωr br̆ br



1
+
.
2

(55)

For diﬀerent, but fixed nuclear configurations [R] at R0 =
Req , E0te (R) is calculated and eﬀective potential for nuclear
eﬀ
(R). It has to be stressed that
motion is derived VNN
eﬀ
(R) are
contributions of DBOC—B00 (R), that is, (10), to VNN
in this case neglected.
Energy and wave function of the total system in the
ground electronic state are




E0TS (R0 ) = E0te Req +


r

ωr (nr + 1/2),



configuration R0 (Q = 0). An eigenfunction ϕP is then crystal
orbital CO-ϕP (band ϕP ), which is a linear combination of
the Bloch-periodic basis functions {μ(k, x, 0)}.
In a second quantization, it has the form
N
1  ik·tR +
e
aμ (x, 0)|0,
μ(k, x, 0) = √
N tR

ϕP (k, x, 0) =

=





(57)

Nuclear wave function is
χ0 (R) =


r

χ0r,n (R) =


r



1  + nr
b
|0.
nr ! r

(58a)

2.2.2. Base Transformation-Introduction of New Dynamical
Variables. Each eigenfunction ϕJ in Slater determinant (49)
can be expressed as a linear combination
of atomic orbital

(AO) basis functions {μ}, ϕP = μ cμP |μ, which are fixed
at the positions of the particular nuclei in clamped nuclei
configuration R0 . It represents fixed basis set {μ(x, 0) ≡
μ(x, Q)}.
In second quantization, with single-bar a+ being creation
operator of the crude-adiabatic electron (clamped nuclei
approximation, independent on Q and QP), base function
μ(x, 0) can be written with respect to “absolute” Fermi
vacuum |0 as
μ(x, 0) = a+μ (x, 0)|0

(59)

and


μ

N

(k) 1
√
cμP
eik.tR a+μ (x, 0)|0
N tR











aP , aQ = 0,


br , bs = 0,

ϕP (x, 0) =
=

μ


μ

cμP a+μ (x, 0)|0

(60a)

= a+P (x, 0)|0.

For solids, in electronic quasimomentum k-space, the basis
functions are Bloch-periodic orbitals {μ(k, x, 0)}:
N
1  ik·tR
e
μ(x − tR).
μ(k, x, 0) = √
N tR

(60b)

In (60b), tR is translation vector and μ(x − tR) = μ(x). The
set of {μ(x)} is fixed basis set {μ(x, 0)} at frozen nuclear



aP , a+Q = δPQ ,
+

br , bs = δrs .

(61a)

(61b)

Simultaneous diagonalization of electronic and nuclear part
of system Hamiltonian, that is, factorized form of system
wave function (57) within adiabatic BOA implies also
validity of the following commutation relations:


aP , br = 0,



cμP μ(x, 0)

(60d)

In this case, occupancy of the band is not distinguished by
the index (subscript) of the band, but it is determined by
the value of k-vector of particular band dispersion εP0 (k)
with respect to the energy of Fermi level εF0 . It is obvious
that Hamiltonian of system (40), (44) is now Hamiltonian
which corresponds to the composition of unit cell and total
electronic energy calculation results in corresponding band
structure.
For fermion and boson creation and annihilation operators, the standard anticommutation, and commutation
relations hold:






= √



 

μ



(k) 
cμP
μ(k, x, 0)

N
1  ik·tR +
e
aPk (k, x, 0)|0.
N tR

(56)

Ψ0 (r, R) = χ0 (R)Φ0 r, Req ,
or in terms of Q : Ψ0 r, Q = χ0 Q Φ0 (r, 0).



(60c)



+

aP , br = 0.

(61c)

(1) Q-Dependent Adiabatic Transformation.
In case of crude-adiabatic approximation, the electrons
“see” the nuclei at theirs instantaneous positions at rest and
nuclei do not “feel” internal dynamics of electrons. Within
the spirit of the BOA, it would be correct if the electrons
follow nuclear motion instantaneously, that is, electronic
state has to dependent explicitly on instantaneous nuclear
positions. In this case, the wave function of the system,
instead of the form (57) with Q-independent electronic part
should be replaced by Q-dependent form, that is,
Ψ0 (r, R) = χ0,ν (R)Φ0 (r, R),








or Ψ0 r, Q = χ0,ν (R)Φ0 r, Q .

(62)
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Adiabatic, nuclear displacement Q-dependent electronic
wave function Φ0 (r, Q) in (62) assumes existence of complete orthonormal basis set {ϕR (x, Q)}, that is, validity of the
following relations:









ϕR x, Q ϕS x, Q



= δRS ,


 




 ϕR x, Q
ϕR x, Q  = 1.

(63)

Now, for fermion operators in Q-dependent moving base
one can write
aR =


S

 

cRS Q aS ,



+

Qr = br + br̆ ,
Then,
+



P r = br − br̆ .







aR x, Q |0 = ϕR x, Q
aR




+

(64)

+



aR , aS = δRS ,



(66)

+
aR (x, Q)

Shorthand notation, aR ≡ aR (x, Q),
≡
has been
used in (66).
Crude-adiabatic electronic wave function Φ0 (r, 0) which
does not depend on the nuclear displacements Q is expanded
over fixed basis set with spinorbitals {ϕR (x, 0)} that are
eigenfunctions of clamped nuclear electronic Hartree-Fock
equations (30). This is complete and orthonormal basis set






ϕR (x, 0)ϕS (x, 0) = δRS ,




 ϕR (x, 0) ϕR (x, 0)  = 1.

(67)

R

Crude-adiabatic fermion creation and annihilation operators
that correspond to the fixed basis set are written as single-bar
operators (a+ , a), that is,




a+R (x, 0)|0 = ϕR (x, 0) ,





aR (x, 0)ϕR (x, 0) = |0,

or in short-hand notation


a+ |0 = ϕR (x, 0) ,
R

(68)



aR ϕR (x, 0) = |0.

These operators pertain to ordinary (crude-adiabatic) electrons and the standard anticommutation relations (61a)
hold.
Due to properties (63), (67), the two bases are interconnected by the base transformation of the following form:
  

 



ϕR (x, 0) = 
 ϕS x, Q
ϕS x, Q  ϕR (x, 0)
S

=


S

 +  


 ϕS x, Q .

cRS Q

 








(69)




∗
cRS
Q = ϕS x, Q ϕR (x, 0) ,

(72)

Since







then due to closure property and orthonormality (63), (67)
of the bases, it can be derived that base transformation
matrix C(Q) is an unitary matrix:


∗
cRT cST
= δRS =



C = C
+

(65)



+
aR



T

aR , aS = 0.

(70)

(71)

,

 


x, Q ϕR x, Q = 0.

+

aS .

.



Since adiabatic electrons remain fermions, the operators have
to obey standard fermion anticommutation relations:


 

cRS Q = ϕR (x, 0)ϕS x, Q

Now, electron creation and annihilation operators which
correspond to the Q-dependent moving base are denoted
+
as double-bar operators (a , a). Also, the boson operators
related to the Q-dependent moving base are written as
double-bar operators:


S

 +

cRS Q

Elements c(Q) of the Q-dependent transformation matrix
C(Q) in (69), (70) are

R





a+R =

T

∗

=C



∗
cTR
cTS ,

T

−1

(73)

.

It can be shown [66] that the base transformation is
identical with canonical transformation of operators (see
(70) and (74))
+

aR = U + aR U,

a+R = U + aR ,



−→ aR =

e

 

γRS Q

S

a+R

aS ,



=

e

  +

γRS Q

S

+

aS .

(74)

It ensures preservation of statistics, that is, validity of
the anticommutation relations (66) for new, Q-dependent,
adiabatic electrons. The exponential form of canonical
transformation (74) legitimates Taylor’s expansion of the
matrix elements (71) and (72) of base transformation matrix,
that is,
 

cPQ Q =

∞

1 

r1 ···rk
cPQ
Q r1 · · · Q rk .

k! r1 ···rk
k=0

(75)

The form of transformation relations for boson operators
of system Hamiltonian has to respect the factorized form
of the total system wave function (62). It implies possibility
of simultaneous, independent diagonalization of electron
and boson subsystems. It means that transformed fermion
and transformed boson operators obey not only standard
anticommutation and commutation relations within the
individual subsystems:




aP , aQ = 0,





br , bs = 0,



+



aP , aQ = δPQ ,



(76)

+

br , bs

= δrs ,

but also transformed operators of both subsystems have to
commute mutually like the original operators, that is, also
the following commutation relations are required to hold:




aP , br = 0,



+

aP , b r

= 0.

(77)
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With respect to the fermion transformation relations (70),
the form of transformation relations for boson operators is
expressed as


b r = br +

PQ

+

br = br+ +

 

drPQ Q a+P aQ ,


PQ

 +

drPQ Q

(78)
a+P aQ .

Also for matrix elements d(Q) of transformation matrix
D(Q), the Taylor’ expansion is defined as
 

drPQ Q =

∞

1 

k! s1 ···sk
k=0

s1 ···sk
drPQ
Qs1 · · · Qsk .

(79)

In order to ensure possibility of practical solution, in what
follows, important restriction is imposed. The commutation
relation (77) is required to hold up to quadratic terms in
Taylor’s expansions. It enables to express transformation
coeﬃcients d(Q)RS through coeﬃcients c(Q)RS (see [66]—
r
covers the strength of
Appendix A). It will be shown that cPR
electron-vibration (phonon) coupling up to the first order of
Taylor’s expansion and determine also adiabatic correction
0
.
to the electronic energy of the ground state ΔE(ad)
The adiabatic transformation preserves total number of
electrons, and nuclear coordinate operator is invariant under
the transformation, that is,
Ne =


P

Qr =



a+P aP =

+
br





P

+ br̆ =

a+P aP = Ne ,



+
br

(80)



+ br̆ = Qr .

Up to the first order of Taylor’s expansion, the crude+
adiabatic momentum operator P r = (br − br̆ ) is transformed
as


+

P r = br − br̆



+2


PQ

+

r̆
cPQ
aP aQ = P r + 2


PQ

+

r̆
cPQ
aP aQ . (81)

+

The term P r = (br − br̆ ) in (81) is nuclear momentum
operator on adiabatic level.
For adiabatic Q-dependent spinorbitals |ϕP (x, Q),
which are the basis functions of the adiabatic Q-dependent
electronic wave function of the ground state Φ0 (r, Q),
expressed over crude-adiabatic orbitals can be derived:
 



+

ϕP x, Q = aP x, Q |0
⎛
= ⎝a+P −


rR

⎞

r
cPR
Qr a+R + O Q ⎠|0


As it is seen from (82), adiabatic wave function is modulated
by the instantaneous nuclear coordinates {Qr = Q} of
particular vibration (phonon) modes {r } with the weight
r
(coeﬃcients
proportional to transformation coeﬃcients cPR
of transformation matrix in the first order of Taylor’s
r
= ∂cPR (Q)/∂Qr ).
expansion—cPR
At solution of the problem on adiabatic (Q-dependent)
level, we have restricted ourselves to study total system in its
electronic ground state with (62) representing wave function
Ψ0 (r, R) = χ0,ν (R)Φ0 (r, R). The Schrödinger equation of
the total system (6) for electronic ground state Φ0 (r, R) is
then of the diagonal form (9). Seemingly we have lost the
eﬀect of electron-nuclear coupling through nuclear kinetic
energy operator which is covered by Λ terms on the rhs of
equation (6). The oﬀ-diagonal Λ terms are absent and from
the diagonal Λ terms, the only non-zero element is B00 . It
is the DBOC, Λ00 (Q) ≡ B00 (Q) = Φ0 (r, Q)|TN |Φ0 (r, Q),
the mean value of nuclear kinetic energy in the electronic
ground state which is expected to be negligibly small for
systems in adiabatic state. Nonetheless, it will be shown that
this term (B00 ) covers the same eﬀect of e-p coupling as it
is routinely calculated in solid-state physics by perturbation
theory with e-p coupling Hamiltonian (22) when electronic
excited states are approximated by promotion of electrons to
virtual orbitals of the electronic ground state.
(2) QP-Dependent Nonadiabatic Transformation.
As it has been mentioned in Section 1, study of band
structure of superconductors indicates that e-p coupling
induces fluctuation of some band through Fermi level. At the
moment when ACP of such a band approaches Fermi level,
there is considerable reduction of electron kinetic energy,
which for antiadiabatic state results even for dominance
of nuclear dynamics (ω  EF ) in some region of kspace. Electrons at these circumstances are not able to follow
nuclear motion adiabatically. It means that electronic wave
function, in order to respect this fact, should be dependent
not only on instantaneous nuclear coordinates Q but it
should also be an explicit function of the instantaneous
nuclear momenta P, that is, Φ0 ≡ Φ0 (r, Q, P).
Let us assume that wave function of total system can be
found in the following factorized form:
Ψ(r, Q, P) =


m

χm (Q, P)Φm (r, Q, P).

The form of the wave function (83) is basically P-dependent
modification of the original Q-dependent BOA (3).
Like in adiabatic case, solution of the problem will be
restricted to electronic ground state, that is, for total system,
we have
Ψ0 (r, Q, P) = χ0 (Q, P)Φ0 (r, Q, P).

2



  r

cPR Qr ϕR (x, 0) + · · ·
= ϕP (x, 0) −
rR



  r

= ϕP (x, 0) −
cPR Qr ϕR (x, 0) + · · · .
rR

(82)

(83)

(84)

It means that eﬀect of nuclear momenta will be covered only in the form of QP-dependent diagonal correction Λ00 (Q, P) = Φ0 (r, Q, P)|T!N |Φ0 (r, Q, P), that
is, in a similar way as it has been covered the eﬀect
of instantaneous nuclear coordinates Q on the adiabatic
level, that is, Q-dependent adiabatic DBOC, Λ00 (Q) =
Φ0 (r, Q)|TN |Φ0 (r, Q).
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Solution of this problem is similar to the transition from
crude-adiabatic to adiabatic level as presented above. Now,
however, the transition from adiabatic to antiadiabatic level
is established.
Nonadiabatic, nuclear displacements, and momenta
(QP)-dependent electronic wave function Φ0 (r, Q, P) in
(84) assume existence of complete orthonormal basis set
{ϕR (x, Q, P)}, that is, validity of the following relations:






ϕR (x, Q, P)ϕS (x, Q, P) = δRS ,




 ϕR (x, Q, P) ϕR (x, Q, P)  = 1.

The form of transformation relations for boson operators
of system Hamiltonian has to respect again the factorized
form of the total system wave function (84). Also in this
case, it expresses possibility of simultaneous, independent
diagonalization of electron and boson subsystems. It means
that transformed-nonadiabatic fermion and transformed
nonadiabatic boson operators obey not only standard
anticommutation and commutation relations within the
individual subsystems,


R





(86)



Since nonadiabatic electrons remain fermions, the operators
obey standard fermion anticommutation relations (it follows
from canonical transformation, see (91)):

+

aR , aS = δRS ,

{aR , aS } = 0.

S

=


S





(cRS (P))+  ϕS (x, Q, P) .

For fermion operators of second quantization, it follows that
S

+
aR

cRS (P)aS ,

=


S

(cRS (P))+ a+S

(89)


Elements of the P-dependent transformation matrix C(P)
are


cRS (P) = ϕR






x, Q ϕS (x, Q, P) ,







∗
(P) = ϕS (x, Q, P)ϕR x, Q
cRS



(90)

.


The P-dependent transformation matrix C(P)
is also unitary
matrix, that is, the relations hold:

T

∗

cRT cST = δRS =


C+ = CT

∗


T

= C−1 .


PQ

br = br+ +





cTR cTS ,
(91)

(93)

drPQ (P)a+P aQ ,


PQ

P

a+P aP = Ne =

+

drPQ (P) a+P aQ .

(94)


P

a+P aP =


P

a+P aP = Ne .

(95)

Invariant of transformation is now momentum operator:


+

Pr = br − br̆+ = P r = br − br̆

+
=
/ P = br − br̆ ,



(96)
Pr = P r =
/ Pr .

However, coordinate operator is transformed up to first
order of Taylor’s expansion, as
Qr = br + br̆+




+
r̆
(P)a+P aQ
= br + br̆ − 2 cPQ
PQ

= Qr − 2

∗



aP , br+ = 0.

Again, in order to enable practical solution, the commutation
relation (93) is required to hold up to quadratic terms
in Taylor’s expansions. This restriction enables to express
transformation coeﬃcients dRS trough coeﬃcients cRS , see
[66]—Appendix B.
It can be shown that also this transformation preserves
the total number of particles, that is,
Ne =

(88)


b r = br +
+

 
  

 


 ϕR x, Q
=  ϕS (x, Q, P) ϕS (x, Q, P)  ϕR x, Q

(92)

With respect to the fermion transformation relations (89),
the form of transformation relations for boson operators that
fully respects conditions (92) is

(87)

In (87), shorthand notation is used, that is, aR ≡ aR (x, Q, P)
and a+R ≡ a+R (x, Q, P).
Since adiabatic Q-dependent moving base derived by
adiabatic transformation is complete and orthonormal (63),
then due to (85), the base transformation to nonadiabatic
(QP)-dependent moving base can be established over the
base transformation relation:



br , bs+ = δrs ,

[aP , br ] = 0,

aR (x, Q, P)ϕR (x, Q, P) = |0.

aR =



but also, like the original and adiabatic operators, transformed nonadiabatic operators of both subsystems have to
commute mutually, that is, also commutation relations have
to hold:



a+R (x, Q, P)|0 = ϕR (x, Q, P) ,



aP , a+Q = δPQ ,

[br , bs ] = 0,

Electron creation and annihilation operators that correspond
to the (QP)-dependent moving base are written as barless operators (a+ , a). Boson operators related to the (QP)dependent moving base are denoted also as bar-less operators, Qr = (br+ + br̆ ) and Pr = (br − br̆+ ). Then,







aP , aQ = 0,

(85)

= Qr − 2


PQ


PQ

r̆
(P)a+P aQ
cPQ
r̆
(P)a+P aQ ,
cPQ

(97)
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that is,
Qr = Qr =
/ Qr .

(98)

For nonadiabatic (QP)-dependent spinorbitals |ϕP (x,
Q, P) which are the basis functions of the nonadiabatic
(QP)-dependent electronic wave function of the ground state
Φ0 (r, Q, P), expressed over crude-adiabatic orbitals can be
derived:


ϕP (x, Q, P) = a+ (x, Q, P)|0
P

⎛
= ⎝a+P −

−




r̆R

rR

r̆R





2
r
cPR
Pr̆ a+R + O Q , QP, P 2 ⎠|0





r
cPR
P r̆ ϕR (x, 0, 0) + · · · .

2.2.3. Solution of Nonadiabatic Problem:
Corrections to Energy Terms
(1) Transformations of System Hamiltonian
Base functions transformations have incorporated
dependence of electronic states on operators of nuclear
motion and vice versa. It implies, before the system
Hamiltonian transformations, necessity to rearrange starting
crude-adiabatic Hamiltonian:

PQ

 

hPQ Q a+P aQ +

into more convenient form.

 

 

(100)

 

 

(103a)

The standard, usually harmonic-quadratic part of the
(2)
nuclear potential energy, ENN
(Q) is corrected now by
some, yet unknown, potential energy term VN(2) (Q), that
is, supposed to be also quadratic function of nuclear
coordinate operators. Evidently, the VN(2) (Q) term is absent
on crude-adiabatic level. This correction originates from the
interaction of vibrating nuclei with electrons on adiabatic
Q-dependent level. In general, kinetic energy of vibration
motion can also be corrected by some, yet unknown
quadratic function of nuclear momenta operators-WN(2) (P),
that is,
 

 

 

Ekin P = TN P + WN(2) P .

(103b)

On the adiabatic Q-dependent level kinetic energy correction
is negligibly small and it is neglected. It becomes important
only when the BOA is broken, |E0te (R) − Ente (Req )| ≤ ων ,
that is, in the case when electrons due to increased eﬀective
mass are not able to follow nuclear motion adiabatically and
electronic states are QP-dependent. It should be stressed
that both corrections are absent on crude-adiabatic level,
they have been introduced just with respect to subsequent
adiabatic and nonadiabatic transformation of system Hamiltonian.
(B) The second part of divided Hamiltonian is
 

 

 

(2)
Q − VN(2) Q
HA = ENN Q − ENN
(2)

− WN

+
1  0
v
a+ a+ aS aR
2 PQRS PQRS P Q

(102)

(2)
E pot Q = ENN
Q + VN(2) Q .

 

H = TN P + ENN Q


(101)

whereas

⎞

Nonadiabatic wave function (99) in contrast to adiabatic wave function (82) is modulated not only by the
instantaneous nuclear coordinates {Qr }of particular vibration (phonon) modes {r } but modulation is also over
corresponding instantaneous nuclear momenta {Pr̆ }. The
weight of momentum modulation is proportional to the
r
. It represents
P-dependent transformation coeﬃcients cPR
first derivative of cPR matrix element with respect to nuclear
r
= ∂cPR (P)/∂Pr , that is, coeﬃcient
momentum Pr , cPR
of transformation matrix in the first order of Taylor’s
expansion. It will be shown that these coeﬃcients reflect not
only the strength of e-p coupling but mainly the magnitude
of nonadiabaticity. For true nonadiabatic situation, that is,
for antiadiabatic state |εI0 (R) − εA0 (R)| < ωr , the weight of
such P-modulated state can be significant.

+



+

In general, this part can be written as the sum of nuclear
kinetic and nuclear potential energy:

r
cPR
Qr a+R

(99)

 

r



ωr br̆ br + 1/2 .

 

rR



mod


HN → HB =

HB = Ekin P + E pot Q ,



  r

= ϕP (x, 0, 0) −
cPR Qr ϕR (x, 0, 0)
−

Let us formally divide this Hamiltonian on two parts, HA
and HB .
(A) The nuclear part HN , as we already know, is
quantized on crude-adiabatic level as

 

P +


PQ

 

hPQ Q a+P aQ

(104)

1  0
v
a+ a+ aS aR .
2 PQRS PQRS P Q

It is evident that the division on the two parts is only formal
H = HA + HB = (100).

(105)
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The reason of it is mainly pragmatic with respect to transformations and final solution. In this way the total system
Hamiltonian is divided on quasi-bosonic (nuclear part HB )
and quasifermionic (electronic HA ) Hamiltonians.
The system Hamiltonian (in the form (105)) is now
prepared for canonical transformations. The frequently used
form of canonical transformation,










T : H Aμ ≡ H! Aμ = H A!μ

Up to the second-order expansion in Q, P and in secondorder expansion of the operators of quasiparticle transformation (cPQ , drPQ ), the HA and HB parts are transformed in
the following way:
HA0(0,0) −→ HA0(0,0) + HA1(1,0) + HA2(2,0) ,

(110a)





(106)



HA1(1,0) −→ HA1(1,0) + HA2(2,0) ,

(110b)

HA2(2,0) −→ HA2(2,0) ,

(110c)

HA2(0,2) −→ HA2(0,2) ,

(110d)

= H U + (Aν )Aμ U(Aν ) ,

A!μ = U + (Aν )Aμ U(Aν ) = f (Aν ),

(107a)

is applied in order to get diagonal, or “more diagonal”, final
form at least up to first order of commutation expansion,
[H0 , S] + Hint = 0. This kind of transformation changes the
form of the Hamiltonian, but leaves unchanged the system
variables.
Base functions transformations, as presented in preceding parts, introduce new dynamical variables; starting from
+

+

+

crude-adiabatic (a, a+ , b, b ), new adiabatic (a, a , b, b ), and
nonadiabatic (a, a+ , b, b+ ) quasiparticles are introduced. At
these circumstances, canonical transformation of Hamiltonian means introduction of new dynamical variables
Aμ ≡ Aμ Aν = U + Aν A ν U Aν .

(108)

Unlike to (106), now the Hamiltonian is not transformed
itself, it remains of the original form, but its variables (Aν )
are replaced by new variables (Aν ):








H Aμ ≡ H U + Aν A ν U Aν .

(109a)

The Hamiltonian written in new variables is


H Aμ Aν



! Aν .
≡H

(109b)

Since at this transformation, there is no any requirement for
fulfillment of condition like at (106), the transformation does
not make Hamiltonian “more” diagonal. Usually it is more
complex, but very often it discloses physical aspects of the
problem that are not obvious from nontransformed form
with the original variables of system Hamiltonian.
The system Hamiltonian (105) is now subjected to this
type of transformation.
In the first step, transformation from crude-adiabatic to
adiabatic quasiparticles is realized.
The adiabatic quasi-particle transformations, up to the
second order of Taylor’s expansion, generate terms HAi( j,k)
and HBi( j,k) whereas i, j, k in subscript i( j, k) stand now
for the ith order of Taylor’ series expansion in adiabatic
representation, the jth order of the coordinate operator Q,
and the kth order of momentum operator P within the given
order i of Taylor’s expansion; that is, i = ( j + k).

HB = HB0(0,0) −→ HB0(0,0) + HB1(0,1) + HB2(1,1) + HB2(0,0) .
(110e)
The particular form of the terms (110a)–(110e) and details
of adiabatic transformation are in [66, Appendix A], [67].
In the next step, the adiabatic form (terms (110a)–
(110e)) is transformed to nonadiabatic form, nonadiabatic
quasiparticles are introduced (up to the 2nd order of Taylor’
series expansion):
HA0(0,0) −→ HA0(0,0) + HA1(0,1) + HA2(0,2) ,

(111a)

HA1(1,0) −→ HA1(1,0) + HA2(1,1) + HA2(0,0) ,

(111b)

HA2(2,0) −→ HA2(2,0) ,

(111c)

HA2(0,2) −→ HA2(0,2) ,

(111d)

HB0(0,0) −→ HB0(0,0) + HB1(1,0) + HB2(1,1) + HB2(0,0) , (111e)
HB1(0,1) −→ HB1(0,1) + HB2(0,2) ,

(111f)

HB2(1,1) −→ HB2(1,1) ,

(111g)

HB2(0,0) −→ HB2(0,0).

(111h)

The particular form of the terms (111a)–(111h) and details
of nonadiabatic transformation are in [66, Appendix B],
[67].
(2) Nonadiabatic Solution-Corrections to the CrudeAdiabatic Energy Terms
Like in case of the Hamiltonian transformations, also
details of nonadiabatic solution are published in [66, 67].
The main results of the solution can be written in the
form of corrections to particular crude-adiabatic terms:
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(A) Correction to the ground state electronic energy:
correction to H(0) (R) of (47) it is correction to zero-particle
term of system Hamiltonian, that is, correction to the ground
state electronic energy (48) calculated in clamped-nuclei
approximation at fixed nuclear configuration [R] due to
the eﬀect of nuclear dynamics (QP-dependence). For total
electronic energy then holds:
E0,te (R) = [Φ0 (R)|He (r, R)|Φ0 (R) + ENN (R)] + ΔE0 (R).
(112)
The correction ΔE0 (R) is




ΔE0 (R) =



 r 2  r 2
 − c  ,
ωr cAI
AI

rAI

(113)

{I }-occupied orbitals, {A}-unoccupied orbitals

In (113),
∂cPR (Q)
,
∂Qr

r
cPR
=

r
cPR
=

∂cPR (P)
∂Pr

(114)

are coeﬃcients of adiabatic transformation (70) and nonadiabatic transformation (89) in first order of Taylor’s expansion
in Q or P, respectively.
Approximate solution (see [66, Appendix C],[67]) yields
for these terms:

r
cPQ

=

urPQ

εP0 − εQ0

2

(ωr ) −



εP0



0
− εQ

0
0
P=
/ Q, εS ≡ εS (R),

2 ;

(115)
r
cPQ
= urPQ

ωr


2

(ωr ) − εP0 − εQ0

0
0
P=
/ Q, εS ≡ εS (R).

2 ;

(116)
The final form of the correction is
ΔE0 (R) =


rAI

=



 r 2  r 2
 − c 
ωr cAI
AI

unocc
occ 
 
A

=



I

unocc
occ
 
A

I

r

 r 2
u  
AI

ωr
εA0 − εI0

2

− (ωr )

2

(117)

(i) True nonadiabatic or antiadiabatic state, (εA0 − εI0 ) <
ωr .
0
< 0,
In this case the correction is negative, ΔE(nad)
and represents stabilization contribution to the electronic
ground state energy. It is evident from (117) that the groundstate energy stabilization is exclusively the eﬀect of nuclear
r
dynamics, which is expressed through the coeﬃcients cAI
of P-dependent transformation. This contribution can be
considerably large and reach the extreme negative value for
left-hand side limit toward singular point in (117). Singular
point itself is excluded [66, Appendix C]. The correction is
always negative for the extreme case of strong nonadiabatic
limit, ωr / |εP0 − εQ0 | → ∞. However, the contribution in
this case does not represent the largest possible negative

0
r 2
= − rAI ωr (|
cAI
| ) =
value and it is equal to ΔE(sna)

r 2
− rAI |uAI | /ωr .
(ii) The second limit corresponds to adiabatic level,
when electronic state is only Q-dependent. In this case the
r
of P-dependent transformation are absent in
coeﬃcients cAI
(118) and for the correction holds:
0
=
ΔE(ad)

The Ω matrix is a symmetric matrix of the form
ΩPQ

=

r

=



 r 2
uPQ  
r

εP0

(118)

ωr
0
− εQ

2

− (ωr )

2

.

From the final form of the correction (117), the two limiting
situations can be extracted.



(119)

In contrast to nonadiabatic level when the correction is
0
< 0, on the adiabatic level the correction
negative, ΔE(nad)
is whatever small, but always positive (119).
An important aspect has to be mentioned in relation
to adiabatic level. Introduction of adiabatic quasiparticles,
that is, Q-dependent transformation, in solution of total
system problem has to reproduce the basic results of standard
treatment of solid state physics (or molecular physics)
at solution of electron-phonon interactions by means of
perturbation theory (see, e.g., (21), (22)). It can be shown
that the base transformation is in this respect equivalent to
standard treatment.
The exact adiabatic correction to the electronic ground
state is, according to (9), the term B00 , that is, DBOC—the
mean-value of nuclear kinetic energy in adiabatic electronic
ground state:
B00 (R) =




 

 r 2  r 2
 − 
=
ωr cPQ
cPQ 

rAI



 r 2
 .
ωr cAI

In case of strong adiabaticity, (εA0 − εI0 )  ωr , which is
standard condition for the BOA we have
    2

ωr
0
r 2
=
ωr cAI
= urAI  
ΔE(sad)
2 −→≈ 0.
0
rAI
rAI
εA − εI0
(120)



ΩAI .



Φ∗0 (r, R)TN (R)Φ0 (r, R)dr

Nn

n

−

2
2Mn



Φ∗0 (r, R)∇2n Φ0 (r, R)dr

 −
 −
⎛
→ ⎞∗ ⎛
→ ⎞
 2  ∂Φ0 r, R
∂Φ0 r, R
⎝
⎠ ⎝
⎠dr |[R] .
=
nα

2Mn

∂Rnα

∂Rnα

(121)
We have shown [73] that (121) is the same as the adiabatic
correction (119) to the electronic energy of the ground state
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Φ0 , calculated through the expansion coeﬃcients cPQ (Q) of
Q-dependent transformation, that is,
0
(R) = B00 (R)
ΔE(ad)

=
=





 −
→ 

 −
→ 

 
Φ0 r, R TN  Φ0 r, R


rAI

(122)

Ŕ

 r 2
 .
ωr cAI

Within the single Slater determinant representation of the
ground electronic state, this relation is exact since the
eigenfunctions—spinorbitals {ϕQ (R)} of the Hartree-Fock
equations (29) are orthonormal and form complete basis set,
that is, closure property holds



 ϕQ (r, R) ϕQ (r, R)  = 1.

The term nonadiabatic is related to the fact that within
the perturbation treatment contributions to the correction arise due to virtual transitions between occupied
{I } and unoccupied {A} states, that is, correction is
calculated through oﬀ-diagonal elements of the form
0
 ep |ϕA ϕA |H
 ep |ϕI /(εI0 − εA
ϕI |H
).
For quasimomentum k, q-space representation of
multiband solids, with respect to (k;−k) symmetry, the
temperature-dependent form of the equation for correction
to electronic ground-state energy (117) can be expressed in
the following form:
⎛
0
ΔE(na)

⎛



= 2⎝

⎝

R(k),S(k ) k<kF ,k >kF

⎞⎞

(123)

×

Q

It means that both subsets, that is, occupied {ϕI (r, R)} and
unoccupied {ϕA (r, R)} orbitals are included at calculation
of (119), (121). As it is seen from (119), (122), electronic
ground state energy correction is due to virtual transitions between occupied {ϕI (r, R)} and unoccupied orbitals
{ϕA (r, R)} at nuclear vibration motion. It should be stressed
that at these virtual transitions the system remains in its
0
electronic ground state Φ0 (r, Req ). In this respect, even ΔE(ad)
represents exactly the DBOC, it covers basically “nonadiabatic” (oﬀ-diagonal) corrections in the sense as these are
calculated in a second order of perturbation theory when
excited electronic states are approximated through virtual
orbitals optimized for electronic ground-state Φ0 (r, Req ) and
perturbation is an electron-vibration coupling Hep , as it has
been discussed at the beginning. It can be seen very clearly
from the derived expression for correction to frequency of
normal modes:
Δωr = −2(ωr )2





AI

εA0

1
− εI0

r
 cAI

  2
2
ur  
= −2(ωr )
AI

AI

2



εA0 − εI0

εA0 − εI0

2



εk0

2.

2


AI



1
εA0

− εI0

r
 cAI

2

.

The normal mode energy correction (124) is identical to
the normal mode energy correction which can be derived
as nonadiabatic correction in second order of perturbation
theory assuming single boson excitation processes, that is,
  2
ur  
Δωr = −2(ωr )
AI

2

AI



εA0 − εI0

εA0 − εI0

2



− (ωr )

2

2.

(126)

2

2

− (ωk −k )

⎟⎟
⎠⎠,

Summations in (127) are over all bands {ϕR , ϕS } and k points
of the first BZ of multiband system, while εk0 < εF ; εk0 > εF .
For T = 0 K, relation (127) is reduced to
⎛

⎞⎞

⎛



⎜ k −k 2
 
⎝ u



⎜

0
ΔE(na)
= 2⎝

R(k),S(k )

kk

ωk −k
εk0

− εk0

2

− (ωk −k )

2

⎟⎟
⎠⎠.

(128)
In (128), the wave vector k corresponds to states fully
occupied below Fermi level ( fk = 1), and wave vector
k corresponds to empty-virtual states above the Fermilevel( fk = 0). It should be noticed that uk −k is matrix
element of e-p coupling (43).
(B) Correction to one-particle term: correction to
H(1) (R) of (47).
The one-particle correction has been derived in the form
ΔHep =

(125)

− εk0

(127)


rPQ

⎛


r
r∗
r
r∗
ωr ⎝
cPA
cQA
− cPA
cQA
A

−

The final eﬀect is softening of normal mode vibration
frequency:
ωr(ad) = ωr − 2(ωr )2

ωk −k

ϕRk =
/ ϕSk .

(124)

− (ωr )



 k −k 2
u
 fk 1 − fk




I

+



⎞



r r∗
r r∗ ⎠
cPI
cQI − cPI
cQI N a+P aQ

 
rPR

 
 r 2 
r 2

εP0 − εR0 cPR
+ cPR
r r∗
−2ωr Re cPR
cPR

 



N a+P aP .
(129)

It should be noticed that the second contribution in (129)
originates from boson excitation dependent terms of nonadiabatic Hamiltonian and expression in the second line of
(129) is for boson vacuum. The first term in (129) originates
from those terms of nonadiabatic Hamiltonian which are not
dependent on boson operators (pure fermionic terms). At
derivation of (129), restriction has been to the first order
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of e-p coupling and the terms that are the products of
e-p coupling and coulomb two-electron interactions (e.g.,
r r∗
r r∗
cIA + cIR
cIA )) have been expected to be
(ν0PRPA − ν0PRAP )(cIR
negligibly small comparing to pure e-p coupling terms and
were neglected. Details of derivation can be found in [66, 67].
(i) Nonadiabatic polarons
The diagonal form of the one-particle correction (129) is

ΔHep dg =


rP

⎛

ωr ⎝

 2  2 
cr  − cr 
PA
PA
A

⎞
 2  2 


r
r
c  − c  ⎠N a+ aP
−
PI
PI
P
I

+

 
rPR

 
 r 2 
r 2

εP0 − εR0 cPR
+ cPR
 

r r∗
−2ωr Re cPR
cPR



N a+P aP .
(130a)

Substitution for transformation coeﬃcients (115), (116)
and rearrangement of the expression yields for e-p interaction part of the Hamiltonian:

P (nonadiabatic modification of the BOA). This term can
be interpreted as a correction to the energy of individual
polaron by an eﬀective field created by all other polarons of
the system.
(ii) Correction to orbital energies: gap opening in oneparticle spectrum of quasidegenerate states at Fermi level.
For quasicontinuum of states at Fermi level, which is
characteristic for metal-like band structures, contribution
of second term in (130a) can be expected to be negligibly
small. Summation in this term runs over all states, occupied
and unoccupied. Since the term is odd function of (εP0 −
εR0 ), contributions from occupied and unoccupied states will
tend to cancel mutually. On the other hand, character of
one-particle spectrum can be changed at the e-p coupling
through contribution of the first term in (130a) since
summations in this term run separately over occupied and
unoccupied states. Moreover, magnitude of the change in
orbital positions is temperature dependent through the
temperature dependence of the population of states.
At these circumstances, for investigation of possible
changes in the character of one-electron spectrum of system
due to e-p interactions on Q,P-dependent level, the first term
of (130a) is crucial. For correction to orbital energy ΔεP of
general state εP0 , from the first term in (130a), it follows that

ΔHep dg
=


rPR(P =
/ R)

 r 2
u  
PR



εP0 − εR0 − ωr



−2



1

rPI(P =
/ I)

 r 2
u  
PI

N a+P aP



ωr
εP0

− εI0

2

ΔεP =



− (ωr )

2

r

⎛

ωr ⎝

 2  2 
cr  − cr 
PA
PA
A

⎞
 2  2 
r 
r  ⎠


cPI − cPI
−



N a+P aP .
(130b)

Transcription of (130b) to quasimomentum k,q-space of
multiband solids has the form

(131)

I

⎛

unocc


=⎝

A

ΩPA −

occ

I

⎞

ΩPI ⎠.

Finally, corrected orbital energy is

ΔHep dg
=




Pk,Rk−q

⎛
⎝



q 2

|u |

qkσ

1

⎛
 ⎜
2
−2
⎝ |uq | fk−q 
Pk,Sk−q



εk0 − εk0−q − ωq

qkσ

×N



N



a+k,σ ak,σ



⎞

− εk0−q

a+k,σ ak,σ



(132a)

⎠

ωq
εk0

εP = εP0 + ΔεP .

2 
2
− ωq

⎞

Let us consider only the couple of quasidegenerate states
at Fermi level, occupied state εI0 , and unoccupied state
εA0 ,a situation that can characterize couple of states in
antiadiabatic state, |εA0 (R) − εI0 (R)|  ωr . From (131) and
from the structure of Ω matrix, (118) follows directly:




ΔεA = εA − εA0 = −ΩAI > 0,

⎠.

(130c)
Expression (130c) represents total one-electron energy correction on the general Q, P −dependent level due to e-p
interactions. The first term of (130c) is standard adiabatic
(Q-dependent) polaron as it can be derived from Fröhlich
Hamiltonian by the Lee-Low-Pines transformation [74]. The
second term of (130c) is the correction to polaron energy
that arises due to dependence of electronic motion not only
on nuclear coordinates but also on the nuclear momenta

ΔεI = ΩIA = ΩIA < 0,

(132b)

ΔεI = −ΔεA .
It means that orbital energy of unoccupied state has been
increased, εA > εA0 , and orbital energy of the occupied state
has been decreased, εI < εI0 . It can be generalized for a
set of quasidegenerate occupied {J } and unoccupied {B}
states (quasicontinuum of states) at Fermi level. Then, with
respect to the fact that for antiadiabatic state correction to
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the ground electronic state (117) is negative
the following relations can be derived:
ΔεB =
ΔεJ =

unocc

A
unocc

A

ΩBA −
ΩJA −

occ

I

AI

ΩAI < 0,

ΩBI ≥ 0,
(133)

occ


ΩJI ≤ 0.

I

In particular,

ΔεB =

 unocc
 

ur 2 
BA
r

A

ωr
εB0

occ

 r 2
u  
−
BI
r

I


 unocc
 
 r 2
uJA  
ΔεJ =
r

A

I

2

2

− (ωr )

(134a)

ωr
εB0 − εI0

2

2

− (ωr )

εJ0 − εA0

2

2

ΔεP (T) =

Q

− (ωr )

2

(134b)

− (ωr )

2

ΔHep =

.





rPQRS(P =
/ R,Q =
/ S)

ωr



εP0 − εR0

∗
urPR urSQ

εP0 − εR0

2



− (ωr )

2



εS0 − εQ0 − (ωr )2


εS0 − εQ0

2



− (ωr )

2





× N a+P a+Q aS aR .

(140)
(135)

The occupation factor fQ obeys the Fermi-Dirac statistics:


 



× 

ΩPQ 1 − 2 fQ ,

{Q}-set of quasidegenerate states at Fermi level.



rPQRS



r r∗
r r∗
ωr cPR
cSQ − cPR
cSQ N a+P a+Q aS aR .

(139)

At finite temperature T, for a correction ΔεP to an arbitrary
state εP0 , from the set of quasidegenerate occupied and
unoccupied states at Fermi level can be written:




Substituting for transformation coeﬃcients (115), (116)
yields

ωr
εJ0 − εI0

ΔHep =

,

ωr

occ 


 r 2
uJI  
−
r

0
− εA

than 4, depending on the actual diﬀerence in the density of
states of occupied and unoccupied states of band at FL.
It is trivial to show that the corrections to orbital energies
are negligibly small (basically zero) for a system in adiabatic
state when (εA0 − εI0 )  ω.
(C) Correction to two-particle term - correction to
H(2) (R) of (47).
Correction to H(2) (R) represents correction to electron
correlation energy ( see Note in Section 1) due to e-p
interactions, in particular, it is dependence of electronic
motion on nuclear vibration displacements Q and momenta
P. It has been derived in the form [66, 67]

ΔHep

−1

εQ − μ
fQ = exp
+1
kB T

Transcription of (140) to quasimomentum k,q-space representation of multiband solids has the form

εQ =

,

εQ0

+ ΔεQ .

(136)

It is evident that for temperature 0 K, (135) is reduced to
(131).
From (135), temperature dependence of energy gap
which is open in one-particle spectrum at Fermi level can be
derived in the form


Δ(T) = Δ(0)tgh



Δ(T)
.
4kB T

(137)

The gap is defined as the energy diﬀerence of lowest
lying corrected unoccupied state εB(LUMO) and highest lying
corrected occupied state εJ(HOMO), , that is, as an energy gap
in one-particle spectrum. At temperature 0 K holds:




Δ(0) = εB(LUMO) + εJ(HOMO)  .

(138)

Factor 4 in the denominator of the argument of tgh in (137)
follows from the assumption that at Fermi level density of
quasidegenerate occupied {εJ0 } and unoccupied {εB0 } states
of the band with gap opening is the same and consequently
εB(LUMO) = |εJ(HOMO) |. This factor can be larger or smaller

=





|uq |2

R(k)S(k ) kk qσσ (q =
/ 0)

× 

ωq



0
εk+q
− εk0
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0
εk+q
− εk0 − ωq





εk0 +q − εk0 − ωq

2 

εk0 +q − εk0

2 

2 
2 
− ωq



× N a+k+q,σ a+k ,σ ak +q,σ ak,σ .

(141)

3. Adiabatic ↔ Antiadiabatic State Transition:
Relevance for SC State Transition
3.1. The Eﬀect of e-p Coupling on Band Structure of Superconductors and Nonsuperconducting Analogues. In Figures
1(a), 1(c), 1(e), 1(g), (the pictures on the left), there are
band structures (BS) of four superconducting compounds
of diﬀerent types and crystal structures at optimized equilibrium geometries. The details of calculation are published
elsewhere [64, 75, 76].
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As it can be seen from Figure 1, all the band structures are
of adiabatic metal-like character with a relatively low density
of states at the FL (indicated by a dashed line). Coupling
to the respective phonon mode(s) in particular compounds
seemingly does not change the metal-like character of BS.
In all cases, however, e-p coupling induces BS fluctuation
(see the pictures on the right), which is characteristic by
fluctuation of the analytic critical point (ACP) of some band
across the FL (cf. a-b, c-d, e-f, g-h).
In particular, for MgB2 (hP3, P6mmm, #191; AlB2 ωtype) coupling to the E2g phonon mode (in-plane stretching
vibration of B-B) results in splitting of σ bands (px , p y
electrons of B atoms in a-b plane) in Γ point of the first
Brillouin zone (BZ)—Figure 1(b). Related to band topology,
the analytic critical point (ACP, maximum) of σ bands is
located at Γ point and, for the displacement ≈ 0.016 A◦ /Batom out of equilibrium position, the ACP crosses FL. This
means periodic fluctuation of the BS between topologies 1a
↔ 1b in coupling to vibration in the E2g mode.
The situation is similar for YB6 (cP7, Pm3m, #221; CaB6
type). In this case, BS fluctuation is related to the T2g mode
(valence vibration of B atoms in basal a-b plane of Boctahedron). At the displacement ≈ 0.017 A◦ /B-atom out of
equilibrium position, the ACP (saddle point) of the band
with dominance of B-p and Y-d electrons crosses FL in the
M point and the BS fluctuates between topologies 1c ↔1d.
In the case of YBa2 Cu3 O7 (oP14, Pmmm, #47, with chain
oxygen in b-direction and vacancy in a-direction), the BS
fluctuation is associated with coupling to three modes, Ag ,
B2g , B3g , with the apical O(4) and CuO-plane O(2), O(3)
atom displacements. At displacements ≈ 0.031 A◦ of apical
O(4) in the Ag mode and ≈ 0.022 A◦ of O(2) and O(3) in
the B2g , B3g modes, the ACP (saddle point) of one of the CuO plane (d-pσ) band in Y point crosses FL and undergoes
periodic fluctuation between topologies 1e ↔1f.
An optical phonon mode is simulated by displacements
of Zn atoms in the opposite directions ±Δfb , that is,
by change of the fractional coordinates; (1/3,2/3-Δfb ,1/4),
(2/3,1/3+Δfb ,3/4) in hexagonal lattice (hP2, P63 /mmc, #194;
Mg type). At relatively small displacements, ± (0.0105–
0.0157) A◦ /Zn atom, top of the σ band in Γ point approaches
the Fermi level (Figure 2(h)), and continues to a position
above it.
As it can be seen from Figure 1 in all cases a particular
ACP of the band crosses FL at a displacement which is smaller
than root-mean square (rms) displacement for zero-point
vibration energy in respective phonon mode. This means,
however, that in vibration where ACP approaches FL at
the distance less than ±ω, the Fermi energy EF (chemical
potential μ) of the particular band-electrons close to the
point where ACP crosses FL is smaller than the vibration
energy of corresponding phonon mode, EF < ω2g . At these
circumstances the adiabatic BOA is not valid and standard
adiabatic theories cannot be applied. Moreover, shift of the
ACP increases substantially the density of states (DOS) at
−1
FL, nσ (EF ) = (∂εσ0 /∂k)EF , and induces the corresponding
decrease in the eﬀective electron velocity (∂εσ0 /∂k)EF of
fluctuating band in this region of k-space. Under these
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circumstances, the system is in the intrinsic nonadiabatic
state, or even in the antiadiabatic state, EF  ω2g , and
electronic motion depends not only on nuclear coordinates
Q but is strongly influenced by nuclear dynamics-momenta
P. The main part of the eﬀect of nuclear kinetic energy on
electronic motion can be derived as diagonal correction by
sequential Q, P-dependent base transformations as it has
been presented in preceding parts.
Instability of the electronic structure at e-p coupling is
absent in respective non-superconducting analogues, such
as XB2 (X≡Al, Sc, Y, Ti, Zr, Hf, V, Nb, Ta, Cr, Mo, W,
Mn, etc.), CaB6 , YBa2 Cu3 O6 , and Mg. Even in the case
of the XB2 , coupling to the E2g mode induces splitting
of σ bands in the Γ point, the systems remain stable in
the adiabatic state. For these systems, the ACP of σ band
does not fluctuate across FL. As an illustration, in Figure 2
are band structures of corresponding nonsuperconducting
analogues at equilibrium high-symmetry structure (Figures
2(a), 2(c), 2(e), and 2(g)) and at distorted geometry (Figures
2(b), 2(d), 2(f), and 2(h)) with the same displacements in
respective phonon modes as those in the case of corresponding superconductors at the transition to the antiadiabatic
state.
In the case of AlB2 , in spite of σ bands splitting and
nearly the same value of the e-p interaction strength (the
calculated mean value is u ≈ 1.01 eV/u.cell) as that of MgB2
(u ≈ 0.98 eV/u.cell), AlB2 remains in e-p coupling in the
adiabatic state as a nonsuperconducting compound. In this
case, BS fluctuation (bands splitting in EP coupling) does
not decrease chemical potential, it remains in e-p coupling
still larger than the vibration energy (μad > ω) and,
consequently, there is no driving force for transition to the
antiadiabatic state.
The CaB6 is an insulator, and coupling to the T2g mode
(valence vibration of B atoms in basal a-b plane of Boctahedron) does change the character of the BS (Figures
2(c) and 2(d)).
In the case of deoxygenated YBCO, YBa2 Cu3 O6 , in
contrast to the superconducting YBa2 Cu3 O7 , a combination
of electron coupling to Ag , B2g , and B3g phonon modes leaves
band structure without substantial change (Figures 2(e) and
2(f)). In the case of YBa2 Cu3 O7 , the ACP (saddle point)
at Y point fluctuates across FL (see Figures 1(e) and 1(f)),
which yields substantial reduction of chemical potential →
μantiad < ω. For YBa2 Cu3 O6 the ACP does not fluctuate
across FL and chemical potential remains larger than the
phonon energy spectrum, μad > ω, and the system remains
in the adiabatic state.
Also the band structure of Mg remains without changes
at e-p coupling (Figures 2(g) and 2(h)).
3.2. Nonadiabatic e-p Coupling Eﬀects in
the Antiadiabatic State
3.2.1. Formation of Antiadiabatic Ground State and Gap
Opening. On crude-adiabatic level, total ground state electronic energy E0te (Req ) has minimum at Req , (dE0te /dR)Req = 0,
and within the HF-SCF approximation it is equal to (27).
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Figure 1: Band structures of MgB2 (a, b), YB6 (c, d), YBa2 Cu3 O7 (e, f) and Zn (g, h). Pictures on the left (a, c, e, g) correspond to equilibrium
high-symmetry structures. On the right are the band structures (b, d, f, h) of distorted geometry with atom displacements in the respective
phonon modes.

The only correction to this energy is electron correlation
energy (53), or (54) in second order of PT, which is negative
and contributes to stabilization of the ground state at
equilibrium geometry Req :








te
E0corr
Req = E0te Req − |Ecorr |Req ,
te
dE0corr
/dR

Req

= 0.

Related to any phonon mode, nuclear displacements at
vibration motion increase total electronic energy (potential
energy of nuclear motion in particular phonon mode). For
displaced geometry Rd on crude-adiabatic level holds:
te
(Rd ) = E0te (Rd ) − |Ecorr |Rd .
E0corr

(142)

(143)

Since two-electron coulomb interactions {ν0PQRS } do not
depend explicitly on nuclear variables it can be expected
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Figure 2: Band structure of AlB2 , CaB6 , YBa2 Cu3 O6 , and Mg at equilibrium geometry (a, c, e, g) and at distorted geometry (b, d, f, h).

that electron correlation energy at vibration displacement
Rd has not been changed significantly, that is, (Ecorr )Req ≈
(Ecorr )Rd . On crude-adiabatic level, for an increase of the total
electronic energy ΔEd due to nuclear displacement Rd then
holds:




ΔEd (Rd ) = E0te (Rd ) − E0te Req > 0.

(144)

In principle, two situations can occur; nuclear displacements related to some phonon mode(s) induce forma-

tion of antiadiabatic state, or system remains in adiabatic
state with respect to vibration motion in all phonon
modes.
The band structures in Figure 1 indicate possibility
of antiadiabatic state formation for superconductors. The
question if antiadiabatic state can be a stable state, that is,
to be a ground electronic state of system at distorted nuclear
configuration Rd , depends on the value of the ground state
energy correction ΔE0 (Rd ) (117).
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Figure 3: Calculated dispersion of CuO2 layer (dx2 − y2 − pσ) band in the ΓY direction with the kink formation indicated by the arrow (a)
and increase in the (dx2 − y2 − pσ) band DOS when ACP approaches the FL (b) for YBa2 Cu3 O7 at e-p coupling (see text). In both figures, the
energy of Fermi level is rescaled to 0 eV.

Since for antiadiabatic state this correction is negative,
0
(Rd ) < 0, then if the inequality
ΔE(na)


 0

ΔE(na) (Rd ) > ΔEd (Rd )

(145)

holds, the electronic state of the system is stabilized at
distorted geometry Rd . The reason of it is significant
participation of the nuclear kinetic energy term expressed
r
of P-dependent
through contribution of the coeﬃcients cAI
transformation (see structure of (113)), which stabilizes
fermionic ground state energy in antiadiabatic state at
distorted nuclear configuration Rd .
Stabilization (condensation) energy at transition from
adiabatic into antiadiabatic state is






0
0
(Rd ).
= ΔEd (Rd ) − ΔE(na)
Econd

(146)

Correction (127) to the electronic ground-state energy in the
k-space representation due to interaction of pair of states
mediated by the phonon mode r can be rewritten as
0
=2
ΔE(na)

   εk ,max
ϕRk ϕSk

×

 εk,max
εk,min

0



nεk 1 − fε0 k dεk0
2



fε0 k urk−k  nεk 

ωr
εk0

− εk0

2

2

− (ωr )

dεk0 ,

ϕRk =
/ ϕSk .
(147)
In general, all bands of 1st BZ of a multiband system are
covered, including intraband terms, that is, ϕRk , ϕRk , k =
/k,
while εk0 < εF ; εk0 > εF . Fermi-Dirac populations fε0 k , fε0 k
make correction (147) temperature-dependent. Term urk−k
stands for matrix element of e-p coupling and nεk , nεk are
DOS of interacting bands at εk0 and εk0 . For adiabatic systems,

such as metals, this correction is positive and negligibly small
(DBOC). As it has been mentioned, only for systems in the
antiadiabatic state the correction is negative and its absolute
value depends on the magnitudes of urk−k and nεk , nεk at
displacement for FL crossing. At the moment when ACP
approach FL, the system not only undergoes transition to
−1
the antiadiabatic state but also DOS, nσ (EF ) = (∂εσ0 /∂k)EF ,
of the fluctuating band is considerably increased at FL. It
is a situation invoking possibility of van Hove singularity
formation. Important role of van Hove singularity formation
for high-Tc superconductors has been proposed by Bok and
his collaborators [77, 78].
0
which covers
For all the presented systems at 0 K, ΔE(na)
the eﬀect of nuclear momenta prevails in absolute value
the electronic energy increase ΔEd (Rdcr ), that is, (145) is
fulfilled at nuclear displacements dcr when ACP crosses FL
as calculated for clumped nuclear adiabatic structures.
The highest value of the “condensation energy” (146),
0
≈ −34 meV/unit cell, has been calculated [76] for
Econd
0
≈ −13 meV/unit cell
YBa2 Cu3 O7 . In the case of MgB2 , Econd
0
are
has been obtained. For YB6 , and Zn the values of Econd
smaller but in both cases are also negative.
Under these circumstances, each of the studied systems
is stabilized in the antiadiabatic electronic ground state at
broken symmetry with respect to the adiabatic equilibrium
high-symmetry structure. In my opinion, it can be identified
experimentally by ARPES as a kink on momentum distribution curve at FL in form of the band curvature at the
ACP when it approaches FL (see Figure 3(a), which presents
calculated results for YBa2 Cu3 O7 ). The crucial influence on
0
(Rd ) is related to an
the final value of the correction ΔE(na)
increase of the DOS (nεk , nεk in (147)) connected to the ACP
when it approaches (±ω) FL at transition into antiadiabatic
state. Situation for YBa2 Cu3 O7 is presented in Figure 3(b).
In the ARPES spectra of YBa2 Cu3 O7 a kink on momentum
distribution curve in oﬀ-nodal direction (Γ-Y line, near
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to Y point) should appear in low-energy region at FL for
temperatures below Tc and it will be shifted away from FL, or
will disappear above Tc . It is related to fluctuation of the ACP
(inflex point) of one of CuO2 layer (dx2 − y2 − pσ) band when
it approaches FL at coupling to mentioned phonon modes.
In my opinion, it is an eﬀect of dispersion renormalization as
it has been discussed in Section 1.
Nontrivial and very important property of system which
is stabilized in the antiadiabatic state should be stressed.
Due to translation symmetry of the lattice, the created
antiadiabatic electronic ground state is geometrically degenerate in distorted geometry (Rd,cr ) with fluxional nuclear
configuration in particular phonon mode(s) (see, e.g., [68,
Figure 5] for case of MgB2 ). It means that the ground-state
energy is the same for diﬀerent positions of the involved
atoms (in phonon modes which drive the system into this
state). Expressed in the other way, the involved atoms can
circulate over perimeters of the circles with the radii equal
to displacements dcr at FL crossing, without the energy
dissipation.
In transition to the antiadiabatic state, k-dependent
gap Δk (T) in quasicontinuum of adiabatic one-electron
spectrum is opened. The gap opening is related to shift ΔεPk
0
0
of the original adiabatic orbital energies εPk
, εPk = εPk
+
ΔεPk , and to the k-dependent change of DOS of particular
band(s) at Fermi level. Shift of orbital energies in band ϕP (k)
has the form (134a), (134b). In quasimomentum k-space of
multiband solids, these equations are
Δε(Pk ) =

 

 
 k −k1 2
u
 1 − fε0 k1
Rk1>kF

×

ωk
εk0

− εk01

2

−k1

2

− ωk −k1

(148a)


 
 k−k 2
u
 fε 0 k
−
Sk<kF

×

ωk−k
εk0

− εk0

2

2

− (ωk−k )

for k > kF , and
Δε(Pk) =


 
 k−k1 2
u


Rk 1>kF



× 1 − fε0 k1 
−

ωk−k1
εk0 − εk01

2


 
 k−k1 2
u
 fε 0 k

2

− ωk−k1

Sk1 <kF

×

εk0

ωk−k1
− εk01 1

2

− ωk−k1

2

(148b)
for k ≤ kF .
$ of discrete summation by integration,
 Replacement
n(εk ), introduces DOS n(εk ) into (148a),
k ··· →

(148b). It is of crucial importance in relation to fluctuating
band (see Figure 3(b)). For corrected DOS n(εk ), which is
the consequence of shift Δεk of orbital energies, the following
relation can be derived:




−1

 



n(εk ) = 1 + ∂(Δεk )/∂εk0  n0 εk0 .

(149)

The term n0 (εk0 ) stands for uncorrected DOS of the original
adiabatic states of particular band:
 



−1



n0 εk0 =  ∂εk0 /∂k  .

(150)

Close to the k-point where the original band which interacts
with fluctuating band intersects FL, the occupied states near
FL are shifted downward below FL and unoccupied states are
shifted upward, above FL. The gap is identified as the energy
distance between created peaks in corrected DOS above FL
(half-gap) and below FL. The formation of peaks is related
to the spectral weight transfer, that is, observed by ARPES or
tunneling spectroscopy in cooling below Tc .
For some of the studied compounds, the calculated
corrected DOS (149) of particular band(s) with gap opening
are in Figure 4.
In particular, YBa2 Cu3 O7 exhibits an asymmetric gap in
two directions: for Cu-O1 chain-derived (d-pσ) band the gap
in one-particle spectrum is Δb (0) ≈ 35.7 meV in the Γ-Y
direction (4a) and Δa (0) ≈ 24.2 meV in the Γ-X direction
(4b), respectively. The calculated asymmetry, that is, the ratio
(Δa (0)/Δb (0))theor ≈ 0.68, or (Δb (0)/Δa (0))theor ≈1.47 is
very close to the experimental values, (Δa /Δb ≈ 0.66 and
Δb /Δa ≈ 1.5) which have been recorded [79, 80] for untwined
YBa2 Cu3 O7 . Inspection of the topology (Figures 1(e)–1(f))
of the Cu-O1 chain-derived (d-pσ) band suggests that one
can expect gap opening in one-particle spectrum of this
band not only in Γ-Y(b) and Γ-X (a) direction, but it can be
expected to be opened also in nodal, that is, Γ-S direction.
Based on k-dependence of DOS of this band in particular
directions at FS, it can be expected that ΔΓ−S ≤ Δa(Γ−X) ,
that is, top of the dispersion should appear ≤ 15 meV below
FS. One can expect opening of very small gap for this band
also in Γ-T(U) direction [76]. However, due to relatively
large distance of CuO2 layers (≈ 8.3 A◦ ), e-p coupling which
mediates interactions between electrons of these layers is
small, which suggests that gap in one-particle spectrum of
CuO2 layer-based (dx2 − y2 − pσ) bands is not expected to be
opened.
Two gaps, in σ and π band, are opened in Γ-K(M)
directions of MgB2 (4c): Δσ (0)/2 ≈ 7.6 meV and Δπ (0)/2 ≈
2.2 meV. The result simulates tunneling spectra at positive
bias voltage and calculated half-gaps are in a very good
agreement with experimental high-precision measurements
[81, 82].
A small gap opens on pd-band in the Γ-X direction of
YB6 (4d): Δpd (0)/2 ≈ 2.2 meV.
The corrections to orbital energies (148a), (148b) and
to the ground state energy (147) are temperature-dependent
and decrease with increasing T. At a critical value Tc , the
gap in one-particle spectrum (137) which is formed at 0 K
disappears, Δ(Tc ) = 0 (continuum of states is established at
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Figure 4: Corrected DOS and gap formation near k point where particular bands intersect FL, 0 K. Gap of YBa2 Cu3 O7 in Γ-Y(4a) and
Γ-X(4b) direction. Half-gap in MgB2 (Figure 4(c)) and half-gap in YB6 (Figure 4(d)).

0
FL), while |ΔE(na)
(Tc )| ≤ ΔEd,cr and the system undergoes
transition from the antiadiabatic into adiabatic state, which
is stable for equilibrium high-symmetry structure above Tc .
With respect to Δ(0), from (137) a simple approximate
relation follows for critical temperature Tc of the adiabatic
↔ antiadiabatic state transition:

Tc = Δ(0)/4kB .

(151)

The calculated values of Tc for presented compounds are
YBa2 Cu3 O7 , Tc ≈ 92.8 K, MgB2 , Tc ≈ 39.5 K, and YB6, Tc ≈
11 K. It is in a good agreement with the experimental
values of Tc for superconducting state transition of these
compounds [4, 60, 83].
3.3. Thermodynamic Properties of System in the Antiadiabatic
State. Presented results naturally provoke the question if the
antiadiabatic state is related in some way to superconducting
state. Crucial in this respect are thermodynamic properties
of antiadiabatic state, that is, at temperatures T < Tc .

(I) Character of condensation in antiadiabatic state
As it has already been mentioned, in the antiadiabatic
state, ground-state total electronic energy of system is geometrically degenerate. Distorted nuclear structure, related to
couple of nuclei in the phonon mode r that induces transition into antiadiabatic state, has fluxional character. There
exist an infinite number of diﬀerent, distorted configurations
of this couple of nuclei in the phonon mode r and all these
configurations, due to translation symmetry of the lattice,
have the same ground state energy. Position of the involved
displaced couple of nuclei is on the perimeter of circles with
the centers at Req (equilibrium on crude-adiabatic level)
and with radii equal to ΔR = |Req − Rd,cr |. The Rd,cr is
distorted geometry at which ACP approaches FL and system undergoes transition from adiabatic into antiadiabatic
state.
Due to the geometric degeneracy of the ground state
energy, the involved atoms can circulate over perimeters of
the circles without the energy dissipation.

28

Advances in Condensed Matter Physics

The dissipation-less motion of the couple of nuclei
implies, however, that e-p coupling of involved phonon
mode and electrons of corresponding band has to be zero.
Let as shown that in the antiadiabatic state this aspect is
fulfilled.
The eﬀective e-p interactions which cover the Q, Pdependence has the form that is for boson vacuum represented by the second term in (130a) is
ΔHe− p0 dg =

 
rPR

εP0 − εR0

 
  
cr 2 + cr 2
PR
PR

r r∗
−2ωr Re cPR
cPR

 



N a+P aP .
(152)

r
r
, cPR
After substitution for transformation coeﬃcients cPR
(115), (116) and algebraic manipulation, the quasimomentum form of this term is

ΔHe− p0 dg =


|u q |
k,q

×N



⎧
⎪
⎪
2⎨





− εk0−q

2 
2
⎪
⎪
⎩ εk0 − εk0−q − ωq

a+k ak



εk0

⎪
⎪
⎭

ad

−→

ωq / |εk0
na

−

−→ 0.

εk0−q |

→ ∞, from

(153b)

It means that for electrons that satisfy condition of extreme
nonadiabaticity with respect to interacting phonon mode r
in particular direction of reciprocal lattice where the gap
in one-electron spectrum has been opened, the electron
(nonadiabatic polaron)-renormalized phonon interaction
energy equals zero. Expressed explicitly, in the presence of
external electric potential, dissipation-less motion of relevant
valence band electrons (holes) on the lattice scale can be
induced at the Fermi level (electric resistance ρ = 0), while
motion of nuclei remains bound to fluxional revolution
over distorted, energetically equivalent, configurations. The
electrons move in a form of itinerant bipolarons, that is, as
a polarized cloud of intersite charge density distribution (see
Figure 5). Due to temperature increase, thermal excitations
of valence band electrons to conduction band induce sudden
transition from the antiadiabatic state into adiabatic state
at T = Tc , that is, (145) does hold. For temperatures
0
(Rd )| ≤ ΔEd (Rd ) holds
T ≥ Tc , instead of (145), |ΔE(na)
and the system becomes stable at equilibrium Req as it is
characteristic for adiabatic structure.
In the adiabatic state, properties of the electrons are in
sharp contrast with the properties of electrons in antiadiabatic state. The electrons in this case are in a valence band
more or less, tightly bound to respective nuclei at adiabatic
equilibrium positions and theirs motion in conducting band
is restricted by scattering with interacting phonon modes. It
corresponds to situation at T > Tc .


2
|u q | 
qk

εk0

1
.
− εk0−q

(153c)

Expression (153c) represents basically energy of standard
adiabatic polarons (small, self-trapped) that contributes to
the total energy of system.
II. Electronic specific heat and entropy in antiadiabatic
state.
It has been shown that at formation of the antiadiabatic
ground-state, electronic energy is decreased and for involved
band(s) the gap in one-particle spectrum has been opened
(shift of orbital energies). This fact has to be reflected by
change of related thermodynamic properties. In particular,
for electronic specific heat,
CV ,el (T) =

0
dΔE(na)
dS
=T
dT
dT

(154)

can be derived:
CV ,el (T) = −

(153a)

ΔHe− p0 dg

ΔHe− p0 dg

⎫
⎪
⎪
⎬

.

For extreme nonadiabatic limit
(153a), it follows that

For extreme adiabatic limit ωq / |εk0 − εk0−q | → 0, from
(153a) for electron-phonon interaction energy in this case it
follows that





n εkF Δ(T) Δ(T)
.
2 Δ(0) dT

(155)

At derivation of (155), it has been assumed that for the band
with gap opening, uncorrected density of quasicontinuum of
occupied and unoccupied states at Fermi level is the same.
Expression (155) can be derived either from the ground-state
energy correction (127), (147), or from the basic statistical
relation for entropy:
S = −kB





fk ln fk + 1 − fk ln 1 − fk .

(156)

k

In (156), fk is the Fermi-Dirac occupation factor of state
εk = εk0 + Δεk . Then for entropy related to formation of
antiadiabatic state can be derived:

S = kB ln 2 − n εkF





(Δ(T))2
Δ(T)
.
+ 2kB n εkF ln cosh
2TΔ(0)
4kB T
(157a)

For temperature derivative of entropy (157a), it follows that
n εkF Δ(T) dΔ(T)
dS
=−
.
dT
2T Δ(0) dT

(157b)

It yields directly to final expression (155) for CV ,el (T).
From the (155), in the limit T 0 K → , the exponential
behavior characteristic for superconductors can be derived:
lim CV ,el (T)

T →0



Δ(0)
≈ exp −
.

2kB T

(158)

The density of states at Fermi level n(εkF ) in the above
equations represents mean value of corrected density of states
close to the k-point where the peak in density of states has
been formed. From practical reasons, it can be approximated
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by the mean value of density of states of the fluctuating
band in ACP at the moment when it approaches (±ω/2)
Fermi level (antiadiabatic state). In the antiadiabatic state,
density of states at Fermi level is considerably increased since
density of states of fluctuating band at ACP is usually high
(possibility of van Hove singularity formation at Fermi level).
III. Magnetic properties of system in the antiadiabatic statecritical magnetic field
System in superconducting state can exhibit absolute
diamagnetism and Meissner eﬀect only if inside the system
B = 0. In this case, there has to exist some critical value of
external magnetic field Hc which destroys superconducting
state and induces transition of the system into normal state
(characteristic by finite-nonzero value of electric resistance
ρ=
/ 0 at finite-nonzero density of electric current j), like it
occurs in case of temperature increase above Tc . It also means
that at critical temperature and above it, T ≥ Tc , critical
magnetic field has to be zero, Hc (T ≥ Tc ) = 0.
It can be shown that antiadiabatic state exhibits this
property.
From thermodynamics for critical magnetic field in this
case, it follows that
Hc2
= F(ad) − F(na) .
8π

(159)

In (159), F(ad) and F(na) stand for free energies of the system
in adiabatic and nonadiabatic (antiadiabatic) state. Then,
0
− TS.
F(ad) − F(na) = ΔE(na)

(160a)

From (154), (155), it follows that
0
0
(T) = ΔE(na)
(0) +
ΔE(na)
0
(0) −
= ΔE(na)

=−

T
0

CV (el) (T)dT


n εkF 
(Δ(T))2 − (Δ(0))2
4Δ(0)


n εkF
n εkF 
(Δ(T))2 − (Δ(0))2 .
Δ(0) −
4
4Δ(0)
(160b)

After substitution of (160b), (157a) into (160a) and algebraic
rearrangements, for critical magnetic field at finite temperature T, it follows that

(Hc (T))2
n εkF
n εkF 
(Δ(T))2 − (Δ(0))2
=−
Δ(0) −
8π
4
4Δ(0)

+

n εkF (Δ(T))2
2
Δ(0)

− 2kB n εkF



Hc (T)
Hc (0)

2

⎛
⎡

2
8kB T ⎜
⎢ Δ(T)
=⎣
−
ln⎝ 

Δ(0)

Δ(0)

(Δ(0))2 − (Δ(T))2

⎟
1/2 ⎠.

(160c)

 ⎠⎦.
2 1/2

(Δ(0)) − (Δ(T))

4. Electron Correlation,
Cooper’s Pairs and Bipolarons
Correction ΔHep to the two-particle term H(2) (R) represents
correction to the electron correlation ( see Note in Section 1)
energy due to e-p coupling on QP-dependent nonadiabatic
level and has the form (141). The electron correlation energy
on crude-adiabatic level H(2) (R) is a perturbation contribution to the electronic ground-state energy H(0) (R0 ) =
0
ESCF
(R0 )-, (48). It is an improvement of e-e interaction
contribution beyond the level of HF method which treats
electrons with α and β spins in an unbalanced way. The
electron correlation energy is negative (see Note in Section 1)
and contributes to stabilization of ground state electronic
energy as a perturbation contribution, which in the second
order of perturbation theory has the form (54), Ecorr (R0 ).
Let us see if the correction to correlation energy due to
e-p coupling ΔHep represents stabilization or destabilization
contribution [66, 67]. For antiadiabatic system |εk0 − εk0 | <
ωk −k , denominators in (141) are positive and negative
value of the matrix elements of this two-particle correction is
reached for a reduced form if nominators are negative, that is,
0
− εk0 ) = −(εk0 +q − εk0 ). Since q =
if (εk+q
/ 0, it can be reached if
q = −k − k . At these circumstances for reduced form which
maximizes e-e attraction, it can be derived that

×



 k −k 2
u



k>kF ,k <kF

ωk −k




εk0 − εk0

εk0 − εk0

2

2

+ (ωk −k )2
2

− (ωk −k )



2



× N a+k ↑ a+−k ↓ a−k↓ ak↑ .

At temperature 0 K, for critical magnetic field results,
(Hc (0))2 = 2πΔ(0)n εkF .

⎟⎥

Δ(0)
2

At critical temperature Tc , when due to thermal excitations
the antiadiabatic state is suddenly changed into adiabatic
state and above this temperature, critical magnetic field has
to be zero, Hc (T ≥ Tc ) = 0. Since there is no gap in
one-electron spectrum in metal-like adiabatic state, Δ(T ≥
Tc ) = 0, then zero value of critical magnetic field follows
directly from (160c), (161). Derived equations show that
system in the antiadiabatic state, beside zero value of electric
resistance ρ = 0 (dissipation-less motion of bipolarons), has
also specific property that is, necessary for occurrence of the
Meissner eﬀect.

⎞

Δ(0)

⎞⎤

(161)

ΔHep (red)na = −2

⎛

⎜
T ln⎝ 

The relation between critical magnetic fields at finite and zero
temperature follows from (160c), (160d):

(160d)

(162)
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In this expression, summation over bands is not explicitly
indicated, but it should be understand implicitly. This
correction is due to pairs of electrons with opposite quasimomentum and antiparallel spins (k ↑, −k ↓). It should be
noticed that it is the contribution of biexcited configurations
{Φ(k ,−k ) → (k,−k) } (i.e., two-particle (k ↑, −k ↓), two-hole
(k ↑, −k ↓) excited singlet states) to the electronic ground
state, that is, represented by renormalized Fermi vacuum Φ0 .
Expressed explicitly, first nonzero contributions are from the
matrix elements of the type Φ0 |ΔHep |Φ(k ,−k ) → (k,−k) 2 , that
is, contributions in the second order of perturbation theory.
Now, {εk } represent particle states that are occupied above
Fermi level and {εk } are, due to excitations, empty-hole
states below Fermi level.
From (162), it follows that due to e-p interactions on the
Q, P-dependent nonadiabatic level, the electron correlation
energy (54) of the electronic ground state is increased
by contribution of this correction. Inspection of (162)
indicates that the largest contribution to the correlation
energy correction is for pair of electrons at Fermi level which
satisfy the condition |εk0 − εk0 | < ωk −k , that is, for system
which is in antiadiabatic state.
In case of strong antiadiabatic regime |εk0 − εk0 |/ωk −k →
0, for correction to electron correlation energy, it follows that

ΔHep (red)sna = −2


2


 uk −k 

ωk −k

kk





N a+k ↑ a+−k ↓ a−k↓ ak↑ .
(163a)

The second extreme case is for strong adiabatic regime
ωk −k / |εk0 − εk0 | → 0. At these circumstances, correction to
electron correlation energy approaches zero value:
ΔHep (red)sad = −2



 k −k 2 ωk −k
u

(εk − εk )2
kk


(163b)



× N a+k ↑ a+−k ↓ a−k↓ ak↑ −→ 0.

General adiabatic expression on Q-dependent adiabatic level

|εk0 − εk0 | > ωk −k , that is, the adiabatic form of this

correction can be derived directly from (139) in the limit
c = 0,
ΔHep(ad) =



|u q |2 

kk qσσ

×N



ωq
0
εk+q

a+k+q,σ a+k ,σ

− εk0



εk0 +q − εk0


correlation energy is negative. By comparing (162) with
(163a) it can be seen that nonadiabatic correction to electron
correlation energy is in absolute value larger than corresponding adiabatic correction. Moreover, for antiadiabatic
state, when the system is close to singular point in (162), the
nonadiabatic correction can be significant.
Along with crude-adiabatic correlation energy (54),
also the correction to electron correlation energy (162)
contributes to stabilization of system in antiadiabatic state,
which is the ground state of the system at distorted
nuclear geometry Rd,cr . It should be reminded, however, that
regardless of the correction to electron correlation energy
(which represents contributions of biexcited configurations
in second and higher orders of perturbation theory), the
system has already been stabilized in antiadiabatic state
at distorted geometry due to correction to the ground
state electronic energy (128) which represents zero-order
correction in terms of perturbation theory. In this respect,
increased electron correlation is the consequence of e-p
interactions which have induced transition of the system
from adiabatic into antiadiabatic state and stabilized it in this
state no matter if correction to electron correlation energy is
accounted for or not.
At finite temperature, the product of Fermi-Dirac occupation factors has tobe introduced into derived equations: kk · · · →
kk fk (1 − fk ), . . . . With increasing
temperature from 0 K, the value of the correction (162)
which is characteristic for antiadiabatic state decreases and
at T = Tc when system undergoes sudden transition from
antiadiabatic state at distorted geometry Rd,cr into adiabatic
state at undistorted geometry R0 = Req and above this
temperature, for correction to electron correlation energy
holds corresponding temperature-dependent adiabatic form
(165). Above Tc , this correction along with crude-adiabatic
correlation energy (54) stabilizes adiabatic ground state of
system at undistorted-adiabatic equilibrium geometry R0 =
Req .
Let us turn attention to the Fröhlich eﬀective Hamiltonian of e-e interactions [7]:
Heﬀ (Fr) =


kk qσσ

|uq |2 

ωq
0
εk+q

− εk0

2

2

− ωq

(166)

× a+k+q,σ a+k ,σ ak +q,σ ak,σ .

The reduced for of this Hamiltonian is



(164)

ak +q,σ ak,σ .

Hred (Fr) = 2



 k −k 2
u
 
kk

ωk −k

εk0 − εk0

2

2

− (ωk −k )

(167)

× a+k ↑ a+−k ↓ a−k↓ ak↑ .

The reduced form is
ΔHep (red)ad = −2



 k −k 2 ωk −k
u
 
2
εk0 − εk0
kk




(165)

× N a+k ↑ a+−k ↓ a−k↓ ak↑ .

Like for nonadiabatic Q, P-dependent case also for
adiabatic Q-dependent level, the correction to electron

This interaction term is either attractive or repulsive
depending on the sign of denominator. For antiadiabatic
conditions |εk0 − εk0 | < ωk −k, it represents eﬀective attractive
electron-electron interactions. It should be reminded that
eﬀective attractive e-e interactions are the crucial condition
of Cooper’s pair formation and the basis of the BCS theory.
In the limit of extreme antiadiabaticity |εP0 − εQ0 |/ωr →
0, the form of the Fröhlich two-particle eﬀective Hamiltonian
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(166) and the correction to electron correlation energy (141)
are identical and equal to


lim ΔHep


Δε/ω → 0

= lim Heﬀ (Fr)
=−



Δε/ω → 0

|u q |2

kk qσσ

ωq

a+k+q,σ a+k ,σ ak +q,σ ak,σ.
(168)

On the adiabatic level |εk0 − εk0 |  ωk −k , the results are
substantially diﬀerent. Adiabatic correction to correlation
energy has the form (164), (165), which is always attractive.
On the other hand, adiabatic limit |εk0 − εk0 |  ωk −k of the
Fröhlich form results in
Heﬀ (Fr)ad =



|u q |2 

kk qσσ

× a+k+q,σ a+k ,σ

ωq
0
εk+q
− εk0

2

(169)

ak +q,σ ak,σ.

It is immediately seen that this interaction, in contrast to
(165), is always repulsive and (k, k ) symmetry is disturbed.
With respect to the fact that eﬀective attractive ee interaction is a pure correction to electron correlation
energy, the Cooper’s pair idea within the BCS treatment is
without any doubts formally correct, nevertheless, it is rather
a model treatment how to solve the instability problem with
severe restriction to fixed nuclear framework, that is, within
the crude-adiabatic BOA which requires for total system
validity of the adiabatic condition |εk0 − εk0 |  ωk −k .
Discussion of these and related aspects, the BCS treatment of
superconducting state transition and theory of antiadiabatic
state formation have been analyzed in [68].
From the theory of the antiadiabatic ground state, instead
of Cooper’s pairs, formation of mobile bipolarons results
in a natural way as a consequence of translation symmetry
breakdown on antiadiabatic level. The bipolarons arise as
polarized intersite charge density distribution that can move
over lattice without dissipation due to geometric degeneracy
(fluxional structure) of the antiadiabatic ground state at
distorted nuclear configurations. Formation of polarized
intersite charge density distribution at transition from adiabatic into antiadiabatic state is reflected by corresponding
change of the wave function. For spinorbital (band) ϕR(k)
relation (99) holds, that is,


ϕP (x, Q, P)
= a+P (x, Q, P)|0
⎛
⎞
 2



r
r
= ⎝a+P −
cPR
Qr a+R − cPR
Pr̆ a+R + O Q , QP, P 2 ⎠|0
rR

r̆R


r̆R

rR



⎛
⎜

ϕk (x, Q, P) ∝ ⎝1 +


q

ωq
u|q| 
2 
2
0
ωq − εk0 − εk+q

⎞


⎟
× P1 eiq·[x−(m1 −d1 )] + P2 eiq·[x−(m2 +d2 )] ⎠
× ϕ0k (x, 0, 0).

(171)
In (171), site approximation
for momentum has been used,

that is, Pq ∝ (sign ·q) m Pm eiq·m .
In antiadiabatic state, for particular k and proper q
values, nonadiabatic prefactors under summation symbol
in (171) can be large. The prefactors, that is, coeﬃcients
of P-dependent transformation matrix, reflect influence of
nuclear kinetic energy on electronic structure. At the dominance of these contributions (antiadiabatic state), strong
increase in localization of charge density appears at distorted
site-positions for x equal to (m1 −d 1 ) and (m2 + d2 ). It
induces (or increases) intersite polarization of charge density
distribution. As an example, calculated iso-density line for
highest electron density in MgB2 is presented in Figure 5.
For equilibrium high-symetry structure (Req ), the highest
electron density is localized at equilibrium position of B
atoms (Figure 5(a)). For distorted nuclear geometry (Rd,cr )
in the E2g mode, electron density is polarized and the highest
value is shifted into the intersite positions, bipolarons are
formed (Figure 5(b)). This kind of intersites polarization
persists, and on a lattice scale, it has itinerant character at
nuclear revolution over perimeters of the fluxional circles
with the radius Rd,cr , until the system remains in the
antiadiabatic state.

5. Discussion and Conclusion



  r

cPR Qr ϕR (x, 0, 0)
= ϕP (x, 0, 0) −
−

At transition into antiadiabatic state |εS0 (kc ) − εF0 |Req ±Q 
r
ωr , coeﬃcients cRS
of Q-dependent transformation matrix
become negligibly small and absolutely dominant for modulation of crude-adiabatic wave function are in this case
r
of P-dependent transformation matrix. For
coeﬃcients cRS
simplicity, consider that transition into antiadiabatic state
is driven by coupling to a phonon mode r with stretching
vibration of two atoms (e.g., B-B in E2g mode of MgB2 ,
valence T2g mode vibration of B-B atoms in basal a-b plane
of B-octahedron in YB6 , or vibration motion of O2, O3 in
Cu-O planes, B2g , B3g modes of YBCO). Let m1 and m2
are equilibrium site positions of involved nuclei on crudeadiabatic level and d1 and d2 are nuclear displacements
at which crossing into antiadiabatic state occurs. At these
circumstances, the original crude-adiabatic wave function
ϕ0k (x, 0, 0) is changed in the following way:



r
cPR
P r̆ ϕR (x, 0, 0) + · · · .

(170)

Experimental results are always crucial for any theory
which aims to formulate basic physics behind observed
phenomenon or property. However, an experiment always
cover much wider variety of diﬀerent influences which have
impact on results of experimental observation than any
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0.1 nm
(a)

0.1 nm
(b)

Figure 5: Iso-density line of highest electron density at equilibrium
nuclear geometry Req of MgB2 (a) and at the distorted geometry of B
atoms in E2g phonon mode Rd,cr when nonadiabatic e-p interactions
trigger transition into antiadiabatic state and intersites polarization
is induced (b).

theory can account for, mainly if theory is formulated on
microscopic level and some unnecessary approximations
and assumptions are usually incorporated. On the other
hand, interpretation of many experimental results is based
on particular theoretical model. This is also the case of
ARPES experiments at reconstruction of Fermi surface
for electronic structure determination of high-Tc cuprates.
Interpretation of experimental results is based on band
structure calculated for particular compound. Methods of
band structure calculations are always approximate, with
diﬀerent level of sophistication. Calculated band structure,
mainly its topology at FL, is a kind of reference frame for
assignment of particular dispersion of energy distribution
curve (EDC) or momentum distribution curve (MDC) to
particular band of studied compound at interpretation of
ARPES. This is in direct relation with theoretical understanding of crucial aspects of SC-state transition and with
mechanism of superconductivity in general.
In case of high-Tc cuprates, the crucial is considered to be
the order parameter, that is, symmetry of superconducting
gap which should be of (dx2 − y2 ) symmetry. Within a simple
orbital model consideration of CuO2 plane in square lattice
configuration, this type of symmetry is generally accepted to
simulate a-b plane superconductivity of cuprates in a best
way.
In this sense, unexpected results have been published
recently [30]. The high-resolved (sub-meV) ARPES with
VUV laser as a light source for optimally doped untwined
YBCO reveals that in superconducting state, gap is opened
in one-particle spectrum. The momentum dependence is
very interesting, however. Like for other cuprates, strong
band renormalization (kink formation at ≈ 60 meV) in oﬀnodal direction has been observed. The gap is opened in oﬀnodal (Γ-X and Γ-Y) directions with top of the dispersion
at ≈ 20 meV below FL. In contrast to [79, 80], the results
of [30] do not indicate presence of a/b asymmetry. What is
surprising, however, is the finding that gap remains finite also
in nodal Γ-S direction, with top of dispersion at ≈ 12 meV
below FL. Presence of finite “nodeless” gap (i.e., in nodal
direction) sharply contradicts to commonly accepted idea of

cuprates as superconductors of (dx2 − y2 ) symmetry. In normal
state (100 K), the gap is closed in both, oﬀ-nodal and nodal
directions.
The order parameter of (dx2 − y2 ) symmetry assumes gap
opening in a band with dominant contribution of Cubased (dx2 − y2 ) orbital. In layered cuprates, it corresponds
to (dx2 − y2 − pσ) bands of CuO2 planes. Respected band
structure calculation for YBCO is the DFT-based LDA
published by Andersen et al. [84] to which the authors [30]
refer. Inspection of BS in [84] reveals, however, that Cu2O2O3 planes bands do not intersect FL in oﬀ-nodal Γ-X nor
in Γ-Y direction, but the bands intersect FL in nodal Γ-S
direction and in S-Y and S-X directions. It is an indication
that experimentally detected gap [30], which is opened in
oﬀ-nodal (Γ-X and Γ-Y) directions and also in nodal Γ-S
direction, does not correspond probably to bands of CuO2
planes.
In spite that there is a general agreement among diﬀerent
DFT-based band structure calculations in overall character
of band structure for particular cuprate, there are small, but
important diﬀerences in details concerning topology of some
bands at FL. In particular, for YBCO, DFT-based all-electron
band structure calculation [85] using the FLAPW method
yields important diﬀerences in topology of Cu-O chainderived (d − pσ) band. In contrast to band structure [84],
where the band intersects FL in S-X, Γ-Y and Γ-S directions,
the BS [85] yields for Cu-O chain band intersections with
FL in Γ-X, Γ-Y and Γ-S directions, respectively. Calculated
Cu-O chain band topology [85] is in an excellent agreement
with experimental electron-positron momentum density in
optimally doped untwined YBCO detected [86] by 2Dangular correlation of electron-positron annihilation radiation (ACAR) technique. It should be stressed that ACAR is
particularly sensitive for study of Cu-O chain Fermi sheets in
YBCO. The character of ACAR, as experimentally detected,
was predicted theoretically [87], and beside intersection of
FL in Γ-X, Γ-Y directions, prediction has also been for FL
intersection in Γ-T, Γ-U directions by Cu-O chain band.
With respect to topology of Cu-O chain band, as
discussed above, this band should be the best candidate to
be considered for gap opening in both, oﬀ-nodal (Γ-X, ΓY) and nodal (Γ-S) directions as seen in the ARPES results
for YBCO [30]. One should stress, however, that also in
case of gap opening in Cu-O chain band, expected (dx2 − y2 )
symmetry is lost. Moreover, the authors in [30] attribute the
eﬀects seen in the ARPES to bands of Cu-O2 planes and
declare that in the spectra dispersion of Cu-O chain band
is not present. There are a lot of experimental peculiarities
of ARPES experiments with YBCO (twinning/untwining,
surface states, CuO-chain problems, spectral dependence on
ligh-source energy, etc.), so it is diﬃcult for me to make
any comment about assignment of particular EDC/MDC to
CuO2 plane or Cu-O chain bands as it has been done by the
authors [30].
Nonetheless, an interpretation of the eﬀects seen in the
discussed ARPES from the stand-point of antiadiabatic theory should be of interest. The basic aspects concerning YBCO
have been predicted [76] and shortly mentioned also in the
Section 3.2.1. One should start with topology of the band
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structure (Figures 1(e)-1(f)), in particular with dispersion
of Cu-O chain band at FL. ( It should be stressed that HFSCF method with semiempirical INDO Hamiltonian used
at band structure calculation (see reference 12 in [76]),
overestimates bonding character and consequently bandwidth, which means that high-energy eﬀects can hardly be
studied, but for low-energy physics (like gap opening, kink
formation, etc.) the method is reliable enough at least in a
qualitative way.) It can be seen that dispersion of this band at
FL corresponds qualitatively to Cu-O chain band dispersion
as it has been calculated by FLAPW method [85] and to its
experimental character as seen at FL by ACAR method [86].
Coupling to Ag , B2g , B3g phonon modes induces fluctuation (Figures 1(e)-1(f)) of the ACP (inflex) of CuO2 plane (dx2 − y2 − pσ) band at Y point across the FL.
In the moment when the ACP approaches FL from the
bonding side, strong renormalization of dispersion of this
band (kink formation) could be seen by ARPES in oﬀnodal Y-Γ direction (Figure 3(a), this paper) at about k ≈
0.41/3.82 ≈ 0.1 A−1 (cf. [28, Figure 2a(c)]). At this situation,
there is dramatic decrease of eﬀective electron velocity and
chemical potential (μad  μantiad < ω), while DOS
is increased (Figure 3(b), this paper) at FL and system
undergoes transition into antiadiabatic state. Influence of
nuclear dynamics on electronic structure is now significant,
antiadiabatic theory of e-p coupling as presented in this
paper. System is stabilized in antiadiabatic state at distorted
nuclear configuration Rd,cr and gap is opened in one-particle
spectrum. The gap (Section 3.2.1, Figures 4(a) and 4(b))
is opened only in the Cu-O chain (d − pσ) band, in oﬀnodal directions Γ-X and Γ-Y (kΓY ≈ 0.053 A−1 , kΓX ≈
0.016 A−1 ) and also in nodal Γ-S direction. The half-gaps
in the oﬀ-nodal directions are ΔΓY /2, ≈ 22 meV, ΔΓX /2, ≈
15 meV and gap in the nodal direction is expected to be
ΔΓS /2 ≤ 15 meV (cf. [28, Figures 1, 7, 8]). In contrast to [30],
antiadiabatic theory yields a/b- gap asymmetry, which is in
good agreement with other experimental results [79, 80]. At
temperatures > Tc , the gap extinct. It should be manifested
by disappearing of peaks on EDC (MDC) at FL in the ARPES
spectra (see [30, Figure 8(e)]). In this situation, the adiabatic
DOS, which is of constant value at FL, is established and
system is in adiabatic-nonsuperconducting state.
It should be mentioned that considerably smaller gap
(ΔΓT/U ≈ 5 meV) has been predicted [76] to be opened
also in Γ-T/U directions. The prediction is related to the
topology of the Cu-O chain (d − pσ) band in these directions
([76, Figures 10, 11]). Theoretical calculation of the electronpositron momentum density [87] confirms this character of
Cu-O chain topology. It is obvious that symmetry of the CuO chain band gap is not of (dx2 − y2 ) character. Symmetry
of the gap is, in my opinion, the matter of band structure
topology at FL, which is far more complicated than the one
emerging from simple model of CuO2 plane confined in
a square lattice. It is a complex mater of crystal structure
and chemical composition of particular cuprate. It should be
reminded that YBCO is the only hight-Tc cuprate with Cu-O
chain in its structure. The gap opening in Cu-O chain band
does not mean, however, that superconductivity in YBCO
is realized in Cu-O chains. Superconductivity is realized by
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bipolaron mechanism in Cu-O2 planes, no matter if gap
symmetry is (dx2 − y2 ) or any other (antiadiabatic theory, see
also [76]).
In conclusion, it can be summarized that based on
the ab initio theory of complex electronic ground state of
superconductors, it can be concluded that e-p coupling in
superconductors induces the temperature-dependent electronic structure instability related to fluctuation of analytic
critical point (ACP—-maximum, minimum, or saddle point
of dispersion) of some band across FL, which results in
breakdown of the adiabatic BOA. When ACP approaches
FL, chemical potential μad is substantially reduced to
μantiad (μad  μantiad < ω). Under these circumstances, the
system is stabilized due to the eﬀect of nuclear dynamics,
in the antiadiabatic state at broken symmetry with a gap in
one-particle spectrum. Distorted nuclear structure, which is
related to couple of nuclei in the phonon mode r that induces
transition into antiadiabatic state, has fluxional character. It
has been shown that while system remains in antiadiabatic
state, nonadiabatic polaron-renormalized phonon interactions are zero in well-defined k-region of reciprocal lattice.
Along with geometric degeneracy of the antiadiabatic ground
state it enables formation of mobile bipolarons (in a form of
polarized intersite charge density distribution in real space)
that can moveover lattice in external electric potential as
supercarriers without dissipation. With increasing T, the
stabilization eﬀect of nuclear kinetic energy to the electronic
ground-state energy decreases and at critical temperature Tc
the gap(s) extinct and system is stabilized in the adiabatic
metal-like state with a continuum of states at FL, which is
characteristic by high-symmetry structure.
An analysis of e-p interaction Hamiltonian has shown
that an eﬀective attractive e-e interaction, which is, the
basis of Cooper’s pair formation, is in fact the correction
to electron correlation energy at transition from adiabatic
into antiadiabatic ground electronic state. In this respect,
increased electron correlation is not the primary reason for
transition into superconducting state, but it is a consequence
of antiadiabatic state formation which is stabilized by nonadiabatic e-p interactions at broken translation symmetry. It
has been shown that thermodynamic properties of system
in the antiadiabatic state correspond to thermodynamics of
superconducting state.
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Carrier-induced lattice distortion (signature of polaron) in oxypnictide superconductors is found by an instantaneous local probe,
extended X-ray absorption fine structure (EXAFS). Polaron formation is detected as two distinct nearest neighbor distances (FeAs), implying an incoherent local mode that develops coherence at the critical temperature. Comparing the results with the unusual
lattice response in cuprate superconductors, intimate correlation between evolution of local lattice mode and superconductivity
is revealed. The results suggest that strong electron-lattice interaction is present as a common ingredient in the microscopic
mechanism of superconducting transition. The eﬀect of magnetic impurity atoms in cuprates further indicates that magnetic
scattering becomes diluted as long as polaron formation is conserved. We argue that polaron coherence dominates electrical
conduction and magnetic interaction in oxypnictide and cuprate superconductors.

1. Introduction
While the microscopic mechanism of high temperature superconductivity (HTSC) is still in mystery more than 23 years
after the discovery [1], recently reported superconductivity
in fluorine-doped LaFeAsO (LFAO) [2] has revived interests
in the research of HTSC. Replacing oxygen by fluorine
or oxygen vacancy control introduces charge (electrons)
carriers which are transferred from the La-O(F) “charge
reservoir” layer to the Fe-As conducting layer as illustrated
in Figure 1. Superconductivity emerges as the F-doping concentration exceeds about 5%, away from nondoped antiferromagnetic (AFM) parent phase. In spite of similarity
in the phase diagram with that of cuprates, that is, superconducting phase near the AFM phase, the mechanism
of superconductivity is still unclear, allowing diversity and
contradictions in theoretical models. A conventional phonon
mechanism is unlikely as the DFT calculations indicated a
weak electron-phonon coupling; yet, the purely electronic
mechanism [3] is also less likely than the case of cuprates [4]
as the Hubbard U is not large (U ∼ 5 eV) [5]. Recent muon

spin rotation experiments suggest possibility of multigap
BCS-type superconductivity in Ba0.6 K0.4 Fe2 As2 [6].
A polaron is formed when an electron is strongly
coupled to the atoms in a crystal. Reviewing article on a
polaronic mechanism of superconductivity is elsewhere [7].
In manganites, coherent polaron condensation is believed
to be the driving mechanism of colossal magnetoresistance
(CMR) phenomena [8]. Strong coupling between electrons
and lattice in HTSC cuprates is demonstrated by angleresolved photoemission spectroscopy (ARPES) [9]. Reflecting these backgrounds, renewed interests on the role of
polaron in HTSC mechanism are accumulating. Here we
describe lattice eﬀects in oxypnictide [10] studied by means
of a local probe, extended X-ray absorption fine structure
(EXAFS) and compared with the results for a typical cuprate
La2−x Srx CuO4 (LSCO) [11]. Previously, unusual carrierinduced local displacement found for LSCO was interpreted
as a nanometer-scale self-organization (stripe) [12, 13]. In
contrast, we take lattice instability as polarons as predicted
by theoretical models [14–17]. As the magnitude of EXAFS
oscillations is in the order of 10−2 , a highly eﬃcient
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Figure 1: In-plane structure of the conducting layer in
LaFeAsO1−x Fx (a) and La1−x Srx CuO4 (b). Use of polarization
dependence (E//ab) XAS measurement can probe the planar local
lattice projected onto the ab-plane.

segmented detection is needed [18]. We have developed a
state-of-the-art pixel X-ray detector to obtain high-quality
EXAFS data for single crystals [19]. As chemical doping
(substitution with heterovalent atom) modifies lattice itself,
and ambiguity is always present, we took special approaches
to control the critical temperature without influencing
lattice, that is, (i) uniaxial strain dependence [20–22] and (ii)
magnetic impurity eﬀect [23].

2. Experimental
EXAFS experiments applied to bulk single crystals where
the two polarization geometries (E//ab, E//c) in principle
provide in-plane and out-of-plane information on the radial
distribution function (RDF) of the CuO2 plane, respectively.
Principle of EXAFS is simple but extreme care should be
taken when applied to single crystalline samples. Diﬃculty
in polarized experiments on as-grown single crystals is
overcome by a fluorescence detection method that measures an emitted photon flux rather than a transmitted
beam intensity. In monitoring fluorescence yield spectra
for single crystals, strong diﬀractions often prevent reliable
data taking. Experimental diﬃculty becomes intensified for
thin film single crystals because of strong interference of
substrate. Here we use segmented fluorescence monitoring
to discriminate signal from noise. A novel germanium
100-pixel array detector (PAD) developed for this purpose
is used, collecting signals over a segmented solid angle
[24]. All EXAFS data were recorded for bulk, 100-nmthick film LSCO, and polycrystalline LFAO(F) samples at
the Photon Factory. The energy and maximum electron
current of storage ring were 2.5 GeV and 400–500 mA,
respectively. A directly water-cooled silicon (111) doublecrystal monochromator was used, covering the energy range
4–25 keV. The energy resolution was better than 2 eV at 9 keV,
calibrated from the near-edge features of copper metal at
the Fermi energy, E f (8.9803 keV). Single crystal sample
was attached to an aluminum holder with a strain-free
glue and cooled down using a closed-cycle He refrigerator

(cooling power 2 W at 20 K, stability ±0.1 K) on a highprecision goniometer (Huber 420). As a typical magnitude
of normalized EXAFS oscillations is several %, each data
set must have photon statistics better than 0.1% or 106
photons. In a typical experiment, each data point collects
average 3.6 × 107 photons making statistical (nonsystematic)
noise negligibly small. On the other hand, the most serious
noise is systematic origin arising diﬀractions which distort
a fluorescence detector, in particular highly directional Laue
diﬀractions for a single crystalline sample. The advantage
of segmented fluorescence detection is that fluorescence
signal purity can be monitored over a wide solid angle.
Use of segmented detector minimizes both systematic
and unsystematic noise leading to a dramatically reduced
magnitude of error bar. Repeated scans (about six runs)
also reduce systematic error arising from incident beam
instability intrinsic to insertion devices. For reliable data
taking, non-statistic (systematic) error should be minimized
for which segmented X-ray detection and repeated scans are
useful. Fluorescence yield spectra for all channels of PAD
were monitored in real time and the eﬀect of scattering was
inspected. By choosing a proper incidence angle (1 deg)
corresponding to a film thickness and further adjustment
of orientation, the substrate scattering eﬀect is completely
removed. A typical LSCO bulk single crystal grown by TSFZ
method was 2 mm × 2 mm × 1 mm in dimension [11].
Thin film single crystals (10 mm × 10 mm × 100 nm) were
grown on single crystal substrates by molecular beam epitaxy
(MBE) [19]. Using a closed cycle He refrigerator, sample
temperature is controlled to a temperature error within
1 K. Polycrystalline samples LaFeAsO1−x Fx (x = 0,0.07)
were prepared by solid-state synthesis as described elsewhere
[2] and unpolarized EXAFS data were recorded at various
temperatures [10].

3. Results and Discussion
3.1. LaFeAsO System. Parent LFAO has a double layer
structure where the conducting FeAs layer is adjacent to
the reservoir LaO layer in close similarity with LSCO where
more two-dimensional CuO2 and LaO planes play their
roles [1, 2]. Figure 1 illustrates the ab-plane view of the
crystal structures for the FeAs layer in LFAO and the
CuO2 plane in LSCO. In the FeAs layer, Fe and As atoms
have tetrahedrally coordinated each other resulting in a
more three-dimensional network while in LSCO copper
atoms are fourfold coordinated by oxygen atoms within
the plane and two apical oxygen atoms along the c-axis.
EXAFS is an “incoherent” In HTSC research; local probes
are often categorized into (i) static incoherent (NMR), (ii)
dynamical coherent (X-ray and neutron scattering), and (iii)
dynamical incoherent (XAS, Raman scattering) techniques.
Here “incoherent” is local probe means it observes spatiallyincoherent displacement which is not detected by a conventional diﬀraction techniques. In contrast, the disadvantage
of XAS is that both static and dynamical displacements are
observed and cannot be distinguished. local probe that arises
from interference of incoming (scattered) and outgoing
photoelectrons at the excited atom; local distortions of near
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k (Å−1 )

12

14

(a)

0

2

4

La

6

R (Å)
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Figure 2: (a) The Fe K- and As K-edge EXAFS oscillations for LaFeAsO1−x Fx (x = 0.07) plotted as a function of photoelectron wave number
k. Red and green marks indicate the data measured at 300 K and 10 K, respectively, with a fluorescence detection mode. (b) Fourier transform
magnitude functions for the same data. Red marks indicate the simulated (fitted) curve and black marks represent the experimental data.
Green marks denote the experimental nearest neighbour contribution while blue marks represent theoretical calculation for the nearest
neighbour Fe-As correlations, taken from [10].

neighbor atoms with static and dynamic nature are sensitively
detected as an interference (beat) of k-dependent oscillations
−1
(k < 15Å ), where k is a wave vector of photoelectron.
Complex Fourier transform (FT) of EXAFS oscillations
relates to the radial distribution function (RDF) if phaseshift of photoelectron scattering is corrected. Experimental
EXAFS oscillations around Fe and As atoms are compared
to those simulated by FEFF7 [25] based on the structural
parameters determined by Rietveld analysis and all possible
scattering paths including single-scattering and multiplescattering paths [10].
Figures 2(a) and 2(b) illustrate the Fe K- and As KEXAFS oscillations and FT magnitude functions for superconducting LaFeAsO1−x Fx (x = 0.07), respectively. Curve
fitted theoretical curve (red) agreed well with those of
experimental data (black). Contributions of the first nearest
neighbor shell (green) are back Fourier transformed into kspace and analyzed, providing the Fe-As distance and mean
2
square relative displacement (MSRD) σFe
−As , denoted here
simply as a displacement parameter (DP). The As K-edge
FT main peak consists of only the nearest neighbour Fe-As
correlation but the Fe K-edge FT has a weak Fe-Fe correlation
as a shoulder. We note that the As K-edge data is thus more
straightforward in data analysis that directly yields the Fe-As
2
bond distance. In this work, we derived σFe
−As independently
from the Fe K-and As K-edge data and confirmed that they
agree and show the same temperature anomalies. DP values
for the Fe-As and Fe-Fe correlations are plotted in Figure 3
as a function of temperature where red and green marks
represent the Fe-As (Fe K-edge data) and As-Fe (As K-edge
data) correlations, respectively. One can notice that undoped
sample data (red and green circles) show an indication of

magnetic phase transition but lower temperature data are
smooth and have no lattice anomalies, in sharp contrast with
doped specimen (red and green circles) that shows a complex
temperature dependence at low temperatures. In the inset,
2
the Fe-As DP (σFe
−As ) in doped LFAO is compared with
2
that of in-plane σCu−O in LSCO as a function of normalized
temperature. Carrier doping creates a remarkable eﬀect on
the Fe-As DP, that is, the Fe-As DP in undoped sample shows
no anomaly below the spin-density-wave (SDW) transition
temperature [26, 27], whereas lattice instability (unusual
DP variation with temperature) newly arises as magnetic
instability is suppressed in the F-doped sample. Upturn
trend beginning at 1.5 Tc Pseudogap opening and local lattice
distortion (polaron formation) are correlated. For optimally
doped LSCO, pseudogap opening temperature (Tpo ∼1.5 Tc )
which explains why the onset of DP anomaly starts at 1.5 Tc .
More recently, in [28], Lee et al. demonstrated that tunneling spectroscopic signature of d-wave superconductivity
(particle-hole symmetric “octet” of dispersive Bogoliubov
QPI modulations) survives up to at least T ∼ 1.5 Tc . and a
sharp drop of DP at Tc is found in superconducting samples,
suggesting strong coupling between the local displacement
and superconductivity.
Here lattice instability is defined as unusual behavior
of DP, a deviation from a smooth noncorrelated Debyelike function which is observed as carriers are doped. The
increase of DP is usually taken as an increase of disorder
but here it describes the interference (beat) of bonds having
diﬀerent (short and long) bond lengths. Elongation of bonds
is an outcome of local distortion (polaron formation). The
inset of Figure 3 shows that a sharp drop of DP occurs at
Tconset in LFAO(F) and LSCO systems, indicating that local
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Figure 3: Temperature dependence of the Fe–As bond mean-square
relative displacements for LaFeAsO0.93 F0.07 (squares) and LaFeAsO
(circles). The red and green symbols denote the results for the
Fe K edge and the As K edge EXAFS data respectively, taken
from [10]. The inset shows an enlarged view of low temperature
(T < 100 K) mean-square relative displacements (MSRD) for
the LaFeAsO0.93 F0.07 sample plotted as the function of normalized
temperature (T/Tconset ) compared to the result for La1.85 Sr0.15 CuO4 .

lattice response directly relates to the microscopic mechanism of superconductivity (development of coherence) while
the onset of polaron formation coincides with T ∗ = 70–80 K.
3.2. LaSrCuO System. LSCO is a typical HTSC cuprate with a
K2 NiF4 -type structure, where copper atoms are coordinated
by four in-plane oxygen atoms (Op ) and two apical oxygen
atoms (Oap ). The CuO6 octahedron is elongated along the caxis with two long (2.40 Å) and four short (1.89 Å) bonds as a
result of Jahn-Teller (JT) distortion [29]. Figure 4 illustrates
temperature dependence of the in-plane and out-of-plane
2
Cu-O DP (σCu
−O ) for LSCO (x = 0.15) single crystals
grown by TSFZ technique. In order to avoid the eﬀect of
disorder arising from doping, nonsuperconducting specimen
was prepared by substituting copper atom with 5% Ni [11].
Complex FT and curve fitting were performed for all EXAFS
data taken over a wide range in temperature down to 5 K.
As temperature is decreased, the superconducting sample

Figure 4: Mean-square relative displacement of the Cu-O bond
in superconducting La1−x Srx CuO4 (x = 0.15) with the inplane (E//ab) and out-of-plane (E//c) geometries as a function
of temperature. Closed and open circles denote the results for
Cu-Op (in-plane oxygen) measured for superconducting and nonsuperconducting samples (prepared by doping 3% Ni), respectively.
Closed squares represent the mean-square oxygen displacement for
the Cu-Oap (out-of plane oxygen) in superconducting LSCO. Data
were taken from [11].

shows lattice instability, that is, an upturn DP beginning
at T ∗ (80 K), which sharply drops at the onset of superconductivity. These features are observed only after carrier
doping and are not present in nonsuperconducting sample
prepared by magnetic impurity doping [30]. This strict
carrier-dependence shows the nature of lattice distortion
caused by carrier doping.
Secondly, one may concern whether the apical oxygen
atoms behave similarly or not, that is, lattice modes involve
apical oxygen atoms or not. Anisotropic nature of lattice
instability is studied by comparing the results for the inplane and out-of-plane results obtained by independent
polarized experiments. Here we show that the observed
polaronic distortion gives rise to two diﬀerent bond distances
distinguished from broadening (disorder). In Figures 5(a)
and 5(b), theoretically calculated EXAFS oscillations and FT
magnitude functions for undistorted CuO4 and distorted
model structures (linked two CuO4 units with Q2 JT or
pseudo JT distortions) are illustrated. The appearance of beat
−1
feature at k ∼12 Å corresponds to the bond length diﬀer−1
ence of ∼0.1 Å which is observed in the experimental E//ab
Cu-O EXAFS oscillations for LSCO shown in Figure 5(c).
These results indicate that the in-plane distortion observed as
an anomaly in superconducting LSCO is due to the elongated
−1
and short bond distances separated by ∼0.1 Å . The outof-plane Cu-O bond has no anomaly although the curve
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−1
EXAFS oscillations for undistorted and distorted models. Interference of long and short Cu–O bonds give rise to beat features at k ∼ 12Å .
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(c) Experimental nearest neighbor Cu-O EXFS curves measured at various temperatures. Beat feature similar to (b) is observed at k = 14Å
near Tc (40 K).

fitting analysis for the c-axis geometry contains larger error
(due to the statistics and multishell fitting procedure) [11],
in contrast to the early works which related the anomaly
to a low temperature tetragonal (LTT) deformation with
correlative displacement of apical oxygen atoms leading to
charged stripes.
3.3. Strain Eﬀects in LaSrCuO System. Whether polaron formation probed by the nearest neighbor pair directly relates to
superconductivity or not is of particular interest. Hydrostatic
high pressure and uniaxial strain experiments are widely
used to study the lattice eﬀects on superconductivity. Here we
use the mismatch in lattice constants between epitaxial thin

film single crystal and substrate that causes compressive or
tensile strains. Chemical strain aﬀects the superconducting
critical temperature, that is, Tc of strained thin film single
crystal is modified; LSCO on LaSrAlO4 (LSAO) and SrTiO3
(STO) is 43.4 K (ΔTc < 1.0 K) and 19.0 K (ΔTc < 9.0 K),
respectively, in contrast to the bulk single crystal value (35 K)
[29]. Figure 6(a) shows the Cu-Op DP for LSCO under
compressive and tensile strains as a function of temperature.
The DP drop clearly shifts with the Tconset (chemical strain
eﬀect) and the magnitude of a sharp DP drop at Tconset is
roughly proportional to the transition temperature, possibly
reflecting superfluid density. The correlation of DP drop and
the Tconset is demonstrated in Figure 6(b) plotted against a
normalized temperature (T/Tc ).
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STO

1.5
Tc

1.5

LSAO

LSAO
1

1

B

2
σins

2
σcoh

A

0.5

0.5

0

0

C
0

20

40

60

80

Temperture (K)
(a)

100

0

1

2

3

T/Tc
(b)
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temperature (a) and normalized temperature T/Tc (b), taken from [19].

As illustrated in Figures 6(a) and 6(b), the correspondence between the DP maximum and Tc is quite good,
suggesting that the DP drop is related to superconducting
coherence. We take this lattice instability starting at about
1.5 Tc (T ∗ ∼ 1.5 Tc ) as a signature of polaron formation,
rather than charged magnetic domains with incommensurate spacings (stripes), although nanoscale polarons have
strong similarity with stripes in cuprates as the underlying
nature has a similar origin (large Hubbard U). Note that
the magnitude of DP due to polaron formation becomes
enhanced and suppressed under tensile and compressive
strain, respectively. This may suggest that the former stabilizes a relevant distortion mode with elongated bonds such
as anti JT distortion.
Let us examine possible distortion modes that are consistent with the observed bond splitting. In Figure 7 upper
column, possible distortion models with stretched bonds are
illustrated. All those models have correlated displacement of
apical oxygen atoms and are omitted because of irrelevance
of apical oxygens (Figure 4). In contrast, in the lower column,
two diﬀerent types of in-plane distorted pairs, pseudo-JT
mode [17] and Q2 -type JT mode [16, 31], are illustrated.
These correlated distortions allow long-range propagation
with minimized elastic energy increase. A puzzling question
whether the nature of distortion is static or dynamic, that is,
leading to localized [17] or extended [16] electron states of
polaron, respectively, is unclear as the time scale of EXAFS
experiments (10−15 seconds) is orders of magnitude faster
than lattice motions (10−12 seconds).

Here we discuss implications of lattice fluctuation. It
may arise from softening of LO phonons [32–34]. Bondstretching-type LO phonon mode strongly couples with
doped holes as a result of d-p mixing or Cu-O charge
transfer and spin correlation. Femtosecond quasi-particle
(QP) lifetime experiments indicated phonon-assisted charge
transfer and charge inhomogeneity [35]. Nanometer-scale
charge inhomogeneity is one of the fundamental properties
of cuprates. Although polarons are expected localized in
nature but tunneling [14, 35] or percolation [36] may
result in extended states with a longer QP lifetime. Here
we only note that the two polaron models with diﬀerent
types of in-plane modes (pseudo JT versus Q2 -type JT) are
consistent with the experimental observation. The former
model (pseudo JT distortions with the two CuO6 units) gives
R = 1.82 Å and 1.96 Å in good agreement with the EXAFS
results [37].
3.4. Magnetic Impurity Eﬀects in LaSrCuO System. Magnetic
impurities in cuprate superconductors strongly aﬀect the
superconducting properties. We have studied how the Cu
site substitution with magnetic impurities influences polaron
formation. Polarized Cu K-edge EXAFS data were collected
for the magnetic impurity-doped La1.85 Sr0.15 Cu1−x Mx O4 (M
= Mn,Ni,Co) single-crystal samples. Temperature dependence of the in-plane Cu-O DP is shown in Figures 8(a)
(M = Ni, Co) and 8(b) (M = Mn). Doping of impurities
leads to diﬀerent perturbations of the local lattice distortion
(DP). Introducing a small amount of Ni and Co impurities
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at the Cu site sensitively depresses the unusual upturn of the
Cu-O DP. With 5% of Ni or Co substitution, the anomaly
completely disappears with collapse of superconductivity.
In contrast, substitution of Mn has less perturbation on
lattice distortion for which superconductivity persists or the
onset superconducting temperature is conserved. Magnetic
impurities are thus detrimental to superconductivity in
accordance with pair breaking theory. Such a magnetic
scattering (pair breaking) has no indication of polaron
formation but magnetic eﬀect is weakened with the presence
of polaron (Mn doping). The onset temperature of in-plane
Cu-O DP was constant (T = 80 K) for all Mn-doped LSCO
samples. With increasing Mn doping, the magnitude of DP
slightly decreases but the contribution of superconducting
coherence persists in all samples up to x = 0.05, indicating
that Mn doping does not suppress polaron formation. In Niand Co-doped LSCO samples, in contrast, the magnitude
of DP and superconducting phase coherence (superfluid
density) decrease with increasing doping concentration.
The preference of elongated in-plane M-O bonds (anti JTlike local environments) around an impurity atom may
contribute to unperturbed antiferromagnetic correlation
length [38].
3.5. Possible Models. The eﬀect of superconducting coherence probed by DP (proportional to polaron density)

precisely coincides with the inflection point of resistivity
derivative ∂ρ/∂T. This suggests that the onset of HTSC
is induced as the density of metallic domains exceeds the
critical value or the polaron density has a critical value
for coherence. Let us consider a simple model (Figure 9)
where the distance between polaronic domains L and the
superconducting coherence length ζ0 are key parameters. As
doping proceeds, reduced Coulomb repulsion (U) would
promote integration into extended domains with a larger
size. The average distance between extended domains L
decreases allowing tunnelling over insulating domains [15,
35]. When L becomes greater than a critical value (ζ),
quantum tunnelling is prohibited. Suppressed tunnelling
under tensile strain decreases superfluid density, and hence
the critical temperature. In contrast, polaron may also create
perturbations in spin configuration so that spin vortices are
formed that grows into a macroscopic supercurrent [17].
The Mn ions at Cu sites clearly favor polaron formation
while the Ni or Co doping is strongly harmful to both
polaron and superconductivity. This suggests that the
dynamic nature of polaron is needed to conserve the
superconducting transition. We found that the Mn
impurities have elongated M–O bond which could be
favorable for distortions that cost elongation of bond length
such as anti JT distortion [39]. Near the Mn dopants, more
and more nonsuperconducting regions are formed and

8

Advances in Condensed Matter Physics
×10−3

×10−3

2

2
2
σCu
−Op (Å )
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superconducting domains are divided into small superconducting domains but within these domains polarons are
conserved. As the distance between the superconducting
domains becomes large, quantum tunneling or percolation is
prohibited and the superconductivity eventually disappears.
Deeper knowledge on the location of doped hole and
details of polaron, that is, formation, development and its
role in electrical conduction is urgently needed.

4. Conclusion
The local lattice of LaFeAsO1−x Fx superconductors was studied by X-ray absorption spectroscopy, EXAFS. We find an
anomalous upturn of the mean-square relative displacement
of the nearest neighbor (Fe–As) bond below T ∗ as electron
carriers are introduced. The Fe-As local lattice fluctuation
reveals the formation of two distinct bond lengths R1 and
R2 where ΔR = R1 − R2 ∼0.1 Å. The onset of lattice eﬀects
coincides with the opening of pseudogap. The results indicate
that oxypnictide superconductors have lattice instability as
a signature of polaron formation similar to that of HTSC
cuprates. Refined EXAFS data for high-quality (thin films
and bulk) La1−x Srx CuO4 single crystals show that the relative
oxygen displacement has characteristic features that is, inplane Cu–O bond splitting indicating dynamical lattice
distortion and a sharp drop due to coherence associated
with the superconducting state. The observed magnitude of
oxygen displacement is in good agreement with the charged
cluster calculation on the CuO6 deformed pair [37]. Relevant
lattice distortions for LSCO likely involve in-plane oxygen
atoms as the apical oxygen atoms do not show anomalous
displacements. We further find that substitution of Mn
atom into a Cu site causes little perturbation of local lattice
instability in contrast to Ni and Co substitutions which
strongly suppress polaron formation and superconductivity.
Suppression of superconductivity is related to the perturbation of local lattice, indicating that polaron formation drives
the microscopic mechanism of superconductivity. Whether
polaron works to perturb spin configurations leading to spin
vortices growing into spin loop current [17] or it enhances
strong coupling of spin, charge, and lattice [16] is an open
question.
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High-temperature superconductivity (HTS) emerges in quite diﬀerent electronic materials: cuprates, diborides, and iron-pnictide
superconductors. Looking for unity in the diversity we find in all these materials a common lattice architecture: they are practical
realizations of heterostructures at atomic limit made of superlattices of metallic active layers intercalated by spacers as predicted
in 1993 by one of us. The multilayer architecture is the key feature for the presence of electronic topological transitions where the
Fermi surface of one of the subbands changes dimensionality. The superlattice misfit strain η between the active and spacer layers
is shown to be a key variable to drive the system to the highest critical temperature Tc that occurs at a particular point of the 3D
phase diagram Tc (δ, η) where δ is the charge transfer or doping. The plots of Tc as a function of misfit strain at constant charge
transfer in cuprates show a first-order quantum critical phase transition where an itinerant striped magnetic phase competes with
superconductivity in the proximity of a structural phase transition, that is, associated with an electronic topological transition.
The shape resonances in these multigap superconductors is associated with the maximum Tc .

1. Introduction
Enormous eﬀorts have been spent since the discovery of
high temperature superconductors (HTSs) in 1986 [1] to
grab the physics that drives the macroscopic quantum eﬀects
from low to high-temperature. After twenty-three years of
investigations the community is now looking for a single
mechanism of high Tc superconductivity emerging in quite
diﬀerent layered systems made of copper oxides (CuO2 )
diborides (B2 ) and iron pnicitdes (FeAs) layers, discovered
in 1986, 2001, and 2008, respectively. Understanding the
lattice eﬀects that control the critical temperature at constant
doping is now considered a key point in the search for unity
in the diversity among diﬀerent HTSs [2–5]. The lattice
control of the functional electronic properties has been
found in colossal magneto-resistance (CMR) manganites
and in the field of ultracold Fermi gases where it has
been shown that the Bose or BCS condensation can be
controlled by making optical lattices. A first common feature
in the field of HTS is understanding the material dependent
properties that are now considered a key physical term
for understanding HTS. A second universal feature is the
multicomponent scenario in the verge of phase separation. In

fact in cuprates the polarons [1, 6, 7] and free carriers coexist
where the polarons (in the intermediate regime between
small and large polarons) span about 8 Cu sites [8] forming
a Wigner crystal at 1/8 doping [9, 10] and polaronic 1D
charge density waves [11] that coexist with a free correlated
Fermi liquid. The coexistence of polarons [12–16] and free
carriers in cuprates is now well established. In fact many
experiments show the coexistence of the pseudogap and
superconductivity. In fact the pseudo gap is related with
polaron ordering both in cuprates and in manganites where
they are more close to the small polaron limit [17].
A lot of time has been lost looking for HTS in the
proximity to a Mott insulating state, but this feature of
cuprate superconductors is not shared with both borides
and pnictides. On the contrary a common feature is the
proximity to a first-order quantum phase transition where
two metals [18–20] with comparable energy compete [21].
For example, in the case of cuprates at optimum doping
the attention is addressed now toward the competition of
a striped magnetic phase (a polaron Wigner crystal at 1/8
doping) with the superconducting phase as it is observed in
oxygen doped La2 CuO4 [22].

2
It is possible that the common first-order quantum phase
transition, triggering the HTS phase in cuprates, diborides,
and pnictides, occurs where the chemical potential of a
multiband system is tuned near a electronic topological
transition (ETT) from a 2D (or 1D) metal to a 3D (or 2D)
metal in only one of its subbands [23–27]. In fact in these
conditions the exchange-like pairing between the diﬀerent
electronic components (polarons, in a narrow band near the
electronic critical point, and free carriers) shows a shape resonance or Feshbach resonance [25, 26] that drives up the Tc .
In this scenario by tuning the chemical potential near a
ETT the electronic, magnetic and elastic interactions drive
the system near a lattice instability with a large electronphonon interaction for one electronic portion of the system.
In presence of disorder these complex materials systems are
expected to show phase separation [28–31] with intrinsic,
functional, and connected spatial multiple scales, associated
with multiple temporal scales. The source of multiscale
phenomena could be the local bonding constraints leading to
a framework of coexisting short- and long-range fields and
competing orders. In this scenario diﬀerent experimental
techniques probing diﬀerent spatial and temporal scale
provide diﬀerent landscapes. The orchestrated interplay of
several order parameters in these complex materials is
believed to be in action with quantum critical fluctuations
favouring the entanglement giving a quantum coherence that
resists to the decoherence attacks of the high temperature.
Several quantum criticalities have been proposed in pnictides
[27] and cuprates [28] in a multivariable 3D space where
the charge density, a variable determined by lattice eﬀects,
and disorder are the main variables driving the system to
maximum Tc .
Billinge and Duxbury [32] have considered the “structural compliance” δs the ability of the structure to accommodate two diﬀerent types of carriers with a diﬀerent
local bond shortening associated with the doped electronic
hole. The structural compliance has been defined as δs =
(rb − r f )/rb where rb and r f are the lengths of the Cu–
O bond in the “buckled” and “flat” configurations. The
eﬀect of structural compliance on charge ordering in the
copper oxygen planes can result in stripe nanostructures.
The nonuniform nanoworld of sign varying textures in
strain, charge, and magnetization has been investigated
also in ferroelastic FE and colossal magnetoresistance CMR
materials besides HTS [30, 31]. The central insight is that
under doping a nonlinear lattice perturbation can produce
intrinsic inhomogeneities that induce multiscale eﬀects for
local lattice integrity constraints. The intercell large strain
texturing must be supported by intracell deformations,
reflected in bond/angle distribution. It has been proposed
that in high Tc cuprates the local bonding constraints
and the long-range consequences of strongly anisotropic
elasticity lead to coexisting short- and long-range forces
which results in specific networks of multiple, connected
scales. The elasticity self-consistently orders the polarons
(producing strong local lattice distortions) into patterns of
filaments and clumps. The strength of the local distortion
versus the bulk modulus elasticity determines the scales of
structural patterns from nano to micron and could explain
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many experimental results in HTS, CMR and FE materials
[31]. Several authors agree on the importance to introduce
competitive interaction in order to describe the charge, spin,
orbital, and energy configurations in diﬀerent points of
the phase diagram in complex functional materials such as
HTS [32]. The JT pairing in the lattice gas model proposed
by Miranda et al. [33] shows that the eﬀect of Coulomb
interactions between layers can stabilize the size of the charge
clusters and make the bipolarons mobile. The calculated
DOSs show the existence of up to four gaps, whose origin
is due to the energy to break each of the four bonds created
during the cluster formations. This multigap model suggests
a connection between the scenario of several energy gaps
and the local inhomogeneities observed in all HTSs systems.
There is agreement that the inhomogeneities arise because
all HTS are near a first-order transition tuned by the doping
and superlattice misfit strain. It has been proved that without
the long-range Coulomb repulsion, the system is unstable
with respect to the first order phase transition by direct
Monte Carlo simulations [34]. We have to remark that
all these scenarios agree that HTS is a particular case of
multigap superconductivity [35] both for diborides and for
iron pnictides [26, 27].

2. The Superlattice Misfit Strain in HTS
There is the consensus that the cuprates showing hightemperature superconductivity, are not three-dimensional
(3D) cubic perovskites, like ABO3 , but all HTS cuprates
belong to the subclass of layered defective perovskites made
of a stack of infinite layers of bcc CuO2 layers intercalated
by diﬀerent layers playing the role of spacers [36–39]. This
is now a well-established common feature of all known
HTSs (cuprates, diborides, and iron pnictides): their lattice
architecture is made of stacks of active superconducting
planes intercalated by spacers or block layers as shown in
Figure 1. For example, the hole-doped oxygen-doped layered
perovskite family La2 CuO4+y is made of [CuO2 ].∞−2+δ active
−δ
bcc layers intercalated by rocksalt [La2 O2+y ].+2
spacer fcc
∞
layers.
The studies of the variation of the superconducting
critical temperature Tc among cuprates by substitution of
cations in the spacers, that have the same valence but
diﬀerent radii, show that their primary eﬀect is a lattice eﬀect
which results in dramatic change on Tc . Therefore there
is growing interest on the out-of-plane structural influence
(i.e., going on in the spacer layers) that controls the basic
intrinsic feature of the electronic structure of CuO2 plane.
In fact the maximum Tc has been shown to vary widely (by
up to a factor of 10) between crystals sharing the same hole
density in CuO2 plane but diﬀerent structures or ordering of
dopants in the spacer layers. Therefore the identification of
such an out-of-plane influence may be pivotal to finding a
roadmap to higher-Tc superconductors or manipulation of
the superconducting state for novel electronic devices. The
chemical pressure is a second variable, beyond doping, that
has to be considered to drive the system toward the ETT of
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Figure 1: Pictorial view of the superlattice with a first layer with
a first material characterized by lattice parameter a1 and a second
layer with a second material characterized by a lattice parameter
a2 . The superlattice misfit strain is η = (a1 − a2 )/a where a is the
mean averaged lattice parameter a = (a1 + a2 )/2. The compensated
superlattice, showed on the right, has an overall microstrain zero,
with a first layer under compressive microstrain ε(a − a1 )/a and a
second intercalated layer under a tensile microstrain (a2 − a)/a. It is
therefore easy to show, because of the balance in the compensated
superlattice of the microstrain, that the misfit strain is related to
microstrain by the following relationship η = 2ε.

one of its components that will trigger the shape resonance
for the high Tc in HTS [25, 26].
In all 3D perovskites ABO3 and in manganites, it is well
established that the phase diagram of the electronic phases
depends on the two variables, charge density and chemical
pressure. The chemical pressure is described by the tolerance
factor [40]. In perovskites the tolerance factor t has been
used to explain the variation of the ratio c/a in the K2 NiF4
structure at very large dopings; in fact for a t > 1 the atomic
displacements parallel to the c axis induce an increase of
the c lattice parameter to relieve the compressive stress [41].
For La124 cuprate perovskites with K2 NiF4 structure it has
been proposed that the tolerance factor drives the system in
a regime of quantum critical magnetic fluctuations [42].
Since HTS superconductors are superlattices of metallic
layers, the appropriate physical variable describing elastic
eﬀects is not the tolerance factor for 3D ABO3 systems but
the superlattice misfit strain between the diﬀerent layers [43,
44]. Therefore for the layered superconducting perovskites
made of a superlattice of CuO2 layers separated by multiple
complex spacer layers the relevant physical quantity is the
misfit strain between the CuO2 active and the spacer layers.
For layered high-Tc superconductors, the superlattice misfit
strain should be considered as important as the doping as it
was first pointed out first for cuprates [45–48], after for the
diborides [49], and finally for pnictides [50].
In cuprates it has not been trivial to introduce the
measure of the superlattice misfit strain for because the
spacer layers are made of complex diﬀerent materials with

multiple cations having largely diﬀerent coordination numbers. The measure of the superlattice misfit strain [45] and
its introduction in the cuprate phase diagram besides doping
and temperature has allowed to quantify the lattice eﬀects
in HTS. Increasing the value of the misfit strain above a
critical value the systems are driven to a structural phase
transition. High Tc occurs at low misfit strain but large
disorder, dislocations, lattice stripes, and incommensurate
lattice modulations appear approaching the structural phase
transitions. As we show in Figure 1 the superlattice misfit
strain is defined as η = (a1 − a2 )/a, where a1 and a2
are the unit cell parameters of the ideal first and second
layers, respectively, when they are well separated, and a =
(a1 + a2 )/2. In the compensated multilayer the first layers
of the superlattice exhibit a compressive microstrain ε1c =
(a1 − a)/a and the second layers a tensile microstrain ε2t =
(a − a2 )/a. The average strain is zero in the compensated
superlattice, approximating the elastic constants in the active
and the intercalated layers as equal, ε = ε1c = ε2t , and the
lattice parameter of the superlattice is close to (a1 + a2 )/2.
The microstrain can be obtained by measuring the lattice
parameter of the superlattice, a, by knowing the unrelaxed
ideal lattice parameter of only one of the two layers. The
superlattice misfit strain will be given by η = ε1c + ε2t = 2ε
as it was proposed in [45].
Therefore the problem has been solved for cuprates
by obtaining the misfit strain from the measure of the
compressive microstrain ε = (R0 − r)/r in the CuO2 plane
(that has the same absolute value as the tensile microstrain in
the intercalated layers). The determination of the value of the
equilibrium Cu–O distance for a Cu2+ ion with square planar
coordination has been solved using the value R0 = 197 pm
of the Cu2+ ion in water solution measured by EXAFS. The
superlattice misfit strain measuring the elastic field acting
on the active and intercalated layers of a superlattice can be
therefore obtained by measuring the microstrain in the active
layer [45–50].
The microstrain is changed in cuprates and in diborides
by chemical substitution of ions with diﬀerent ionic radii
in the spacer layers. The internal chemical pressure acts
as a complex anisotropic stress tensor that produces a
compressive microstrain of the bcc CuO2 layer in cuprates
and a tensile microstrain of the graphene-like B layer in
magnesium diborides and of the Fe layers in pnictides.
A strong support for the misfit strain scenario is the
behaviour of the spin-gap energy for several diﬀerent
cuprates at constant doping such as La2−x Srx CuO4 (x =
0.16) (LSCO) YBa2 Cu3 O6.85 (YBCO), Bi2 Sr2 CaCu2 O8+y
(BSCO), and for La2−x Srx CuO4 (LBCO) as shown in Figure 2
[47]. The experimental results show a correlation between
magnetic excitations and misfit strain at constant doping 1/8.
The cuprates at constant 1/8 doping show a bicritical point at
a critical misfit strain ηc between the superconducting and a
static magnetic order. Increasing further the misfit strain the
system goes to the structural phase transition from the T to
T  phase. This trend makes clear that the dynamical magnetic
excitations show the typical behaviour in the proximity of
a critical point of a quantum phase transition. The high
Tc superconductivity occurs in the region of a quantum
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Figure 2: Lower panel: spin-gap energy as a function of misfit strain
η/ηc , normalized to the critical values of the 1/8 phase, in diﬀerent
superconducting cuprates at optimum doping. Upper panel: the
superconducting critical temperature as a function of the misfit
strain at constant doping (1/8) and the Wigner polaron crystal in
Nd doped La214 cuprate perovskites. The structural transition from
T → T  at high misfit strain is indicated.

paramagnetism near the onset of quantum fluctuation as
shown in Figure 3.
The proposed 3D phase diagram Tc (η, δ) of cuprates
[45–48] in Figure 4 shows diﬀerent regions of phase separation. The phase separation in the range of optimum
doping has been reproduced in a recent work by a theoretical
two band model [51, 52]. The phase with “more itinerant”
electrons appears at small misfit strain, and the “more
localized” and more ordered phase arises at high misfit strain.
At doping 1/8 and at a critical misfit strain ηc a polaron
Wigner crystal has been identified where the spin gap goes
to zero and a static magnetic order appears [9, 10]. The
stripe fluctuations in space and time and the phase-separated
state appears in the proximity of the Wigner crystal and it is
possible to move away from it changing the doping or the
misfit strain or both.
A strong support to the key role of the misfit-strain
variable besides doping and disorder for the phase diagram
of HTS comes recently from many experimental results
in superconducting pnictides [53]. Recently Cruz et al.
[54] have provided support for the key role of misfit
strain changing the crystal lattice structure without changing charge carrier density by isoelectronic subtistution in
undoped CeFeAs1−x Px O. The results show that decreasing
the iron-iron distance the system shows a magnetic quantum
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Figure 3: The magnetic phase diagram of cuprates: Tc , doping δ
and misfit strain η. The The misfit strain η (i.e., microstrain or
internal chemical pressure) and the doping δ are normalized to the
critical values of the 1/8 phase (δc , ηc ), where the commensurate
magnetic stripe phase occurs at δ doping of 1/8 hole for Cu site
and misfit strain 7%. Therefore the Aeppli–Bianconi critical point
is near the point (1, 1) in the 2D space.

critical point where the striped antiferromagnetic order and
orthorombic distorsions are suppressed. The work oﬀers
additional support for the role of the second axis besides
electronic doping in the description of HTS phase diagram.
The authors suggest that the pnictogen height in iron
arsenide is the important controlling parameter for the
electronic and magnetic properties; however it is worth to
notice that increasing compressive (tensile) microstrain the
As ions are pushed up (down) along the c-axis, and therefore
the measure of the displacement of the As ion is an indirect
measure of the misfit-strain in pnictides.
The misfit–strain can be used to cross a quantum critical
point going near the striped phase without the influence of
charge carrier doping. It is worth to note that is the same
quantum critical state pointed out in cuprates at doping
1/8 and misfit strain 7% that is shown in Figure 3 [55–57].
Here a first-order quantum critical point occurs where an
itinerant striped magnetic phase and superconductivity, in
the proximity of a structural phase transition, compete.
In pnictides we have shown that electron-doped FeAs
layers have a tensile microstrain due to the misfit strain
between the active layers and the spacers. We have identified
the critical range of doping and microstrain where the
critical temperature gets amplified to its maximum value in
Figure 5. The equilibrium Fe–Fe distance in the FeAs layers
has been found by investigating a set of materials where the
intercalated ions in spacer layer have the same charge and
plotting the microstrain as a function of ionic radius in the
spacer layers. The Fe–Fe distance decreases with the ionic
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radius in the spacers but below a critical radius of the ions
in the spacers they do not introduce any variation of the Fe–
Fe distance in the FeAs layer. We have therefore taken the
value of the Fe–Fe distance in this regime as the unstrained
distances for the Fe ions R0−1 = 276.35 pm in the [FeAs]−∞1
layer. The microstrain of the [FeAs]−∞1 layers can therefore
be easily measured. In fact these layers are made of edge
sharing FeAs4 tetrahedral units; therefore the misfit strain
induces mainly a rotation of the bonds pushing the As–Fe–As
bond out of the ideal value of the tetrahedral angle 109.28◦ ,
where the
ideal lattice parameter of the orthorhombic lattice
√
is ao = 2aT = 552.7 pm.
The phase diagrams for “122” and “1111” pnictides show
that the maximum Tc occurs in the shaded area of doping
and misfit strain shown in Figure 1.
The diﬀerence between the region of high Tc in “1111”
and “122” systems in the misfit-strain doping space is
determined by the fact that the two systems are superlattices
of quantum wells with very diﬀerent electronic potential
barriers in the spacer layers for itinerant electrons in the
active layers.

3. Conclusion
We have discussed the superlattice misfit strain as a key material dependent parameter besides doping and temperature
for the phase diagram of HTS materials. We have proposed
the superlattice misfit strain as the key parameter controlling
the elastic field eﬀects in the system that allow to describe
the HTS phase diagram for cuprates, magnesium diborides,
and iron arsenides. These systems are driven to the point
of maximum Tc by all or one of the key variables doping,
disorder and misfit strain.
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values of the 1/8 phase (δc , ηc ); therefore the critical point is at
(1, 1) where the superconducting critical temperature goes to zero
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Figure 5: The microstrain ε (proportional to the Fe–Fe distance)
and the misfit strain η = 2ε are plotted as a function of the doping
for the “122” family and for the “1111” family of high-temperature
superconducting FeAs compounds. The highlighted area is the
region where the maximum Tc occurs.

In hole-doped superconductors the compressive strain in
the CuO2 plane is related with the tensile RE-O microstrain
on the rocksalt spacer layer. The diﬀerent lattice misfit
between the building blocks of the diﬀerent perovskites
induces a microstrain on the CuO2 lattice forming short
range dynamic lattice stripes with a modulated the Cu–O
distance in the plane in the range of misfit strain 0.5 <
ηc < 1. Electron- doped cuprates and iron arsenides show
a tensile microstrain exerted on the CuO2 or FeAs plane and
a compressive microstrain on the fluorite spacer layers.
Finally the misfit strain provides a new insight in the
complex physics of the HTS systems. A deep understanding
of this point will help to material design of new high
Tc superconductors [23, 37] with fascinating and exotic
properties for novel technological applications.
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Since conventional superconductivity is mediated by phonons, their role in the mechanism of high temperature superconductivity
has been considered very early after the discovery of the cuprates. The initial consensus was that phonons could not produce
transition temperatures near 100 K, and the main direction of research focused on nonphononic mechanisms. Subsequent work
last reviewed by L. Pintschovius in 2005 showed that electron-phonon coupling in the cuprates is surprisingly strong for some
phonons and its role is controversial. Experiments performed since then identified anomalous behavior of certain Cu–O bondstretching phonons in cuprates as an important phenomenon that is somehow related to the mechanism of superconductivity. A
particularly big advance was made in the study of doped La2 CuO4 . This work is reviewed here.

1. Introduction
In most cases superconductivity is mediated by phonons
and the transition temperature Tc scales with the strength of
electron-phonon coupling. In conventional superconductors
with relatively high Tc s (>10 K), it is often possible to identify
specific modes exceptionally strongly coupled to electrons.
Such phonons are softer and broader than expected from
lattice-dynamical models. Knowing what these modes are
makes it possible to influence Tc by variations in chemical
compositions, pressure or other parameters. For a long
time inelastic neutron scattering (INS) has been the only
technique allowing their direct measurements throughout
the Brillouin zone. In recent years high resolution inelastic
X-ray scattering (IXS) emerged as an alternative technique
with some advantages and disadvantages versus INS.
Shortly after the discovery of the high Tc cuprates,
extensive eﬀort focused on looking for eﬀects of strong
electron-phonon coupling. This task proved a lot more
challenging than in conventional superconductors, because
due to the large unit cell, the cuprates have many phonon
branches. In addition, most soft phonons in conventional
superconductors appear in acoustic branches at low energies
(with a notable exception of MgB2 ), whereas we now know

that such phonons in the cuprates are at much higher
energies and belong to optic branches. Furthermore, unlike
in conventional superconductors, standard theory could
not predict soft phonon behavior in the cuprates, so the
identification of these modes had to be done by “blind
search”. Another obstacle was that mapping phonon dispersions by neutron scattering requires large single crystals,
which became available years after the initial discoveries of
some cuprates and are still not available for others. The
field received an important boost after the development
of IXS [1]. It allows measurements of very small samples
greatly increasing the range of materials that can be studied.
Compared to neutron scattering it has a superior wavevector
resolution and a superior energy resolution at large energy
transfers. Some of its main drawbacks are scarcity of beamtime, lower resolution at low energies than INS, Lorentzian
resolution function (versus Gaussian for INS), and weak
intensities of high energy phonons in some materials. In the
study of cuprates INS and IXS are used as complementary
techniques. In recent years they provided important new
insights reviewed here.
In order to establish proper context, I will begin by
reviewing some old and new results on conventional systems.
Most of the article will focus on the giant bond-stretching
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Figure 1: Longitudinal acoustic phonon branch of
K2 Pt(CN)4 Br0.30◦ 3D2 O in the [001] direction at room temperature.
Solid line represents the result of a calculation based on the simple
free-electron model as discussed in [3].

phonon anomaly in La2 CuO4 -based family of the high Tc
cuprates where most progress has been made in the last few
years. Finally, I will present recent results for other cuprates
to demonstrate that this phonon eﬀect is not limited to
doped La2 CuO4 .

2. Electron-Phonon Coupling in
Conventional Metals
2.1. General Considerations. Electron-phonon coupling typically enters theoretical frameworks as a cross section (matrix
element) for scattering of a single valence electron by a single
phonon. Unfortunately there is no experimental technique
allowing direct measurements of this scattering cross section.
The best one can do is to measure either spectral functions
of specific phonons by INS and IXS or to measure electronic
Green’s functions by angle resolved photoemission (ARPES).
The phonon spectral functions are influenced by scattering
of a specific phonon by all electrons (electronic contribution
to the phonon self-energy), whereas the electronic Green’s
function includes scattering of a specific electronic state by
all phonons (phonon contribution to the electronic selfenergy).
This review focuses on INS and IXS measurements of
phonon spectral functions. Phonons couple to electronic
polarizability, that is, the two-particle electronic response.
Usually the electron-phonon coupling is weak and there
are no singularities in the electronic response close to the
phonon energy and wavevector. In this case the phonon
spectral function is that of a damped harmonic oscillator. In
the limit of weak damping it is close to a Lorentzian centered
at the phonon frequency whose linewidth is proportional to
the inverse phonon lifetime.
Electron-phonon scattering renormalizes the phonon
frequency and reduces the lifetime (real/imaginary parts of

the phonon self-energy). The amount of this renormalization
depends on the phase-space available for the scattering of
electrons by the phonon as well as on the cross section
(matrix element) for each of these electron-phonon scattering processes.
Isolating this electronic contribution requires knowledge
of frequencies and linewidths in the absence of electronphonon coupling, since anharmonicity, inhomogeneity, and
impurities may have the same eﬀect as electron-phonon coupling. Determining these accurately is typically a challenge.
In fact even defining the real part of the phonon self-energy,
is not at all straightforward (see Section 2.3). Thus very
precise measurements of phonon frequencies and linewidths
do not, in a general case, provide direct information on
electron-phonon coupling. There are, however, special cases,
where one can be fairly certain of the role of the electronic
contribution to the phonon self-energy.
2.2. Kohn Anomalies. The simplest way to model phonons is
by balls-and-springs models with the atomic nuclei serving
as balls and the Coulomb forces screened by the electrons as
springs. Shell models are more sophisticated modifications
of this approach. Including only short-range interactions
gives smooth phonon dispersions. Such models can be fit to
the experimental dispersions that do not contain any sharp
dips. In metals with Fermi surfaces, phonons may couple to
singularities in the electronic density of states, which appear
at specific wavevectors. These singularities can produce sharp
features in phonon dispersions called Kohn anomalies [2].
These typically become stronger with reduced temperature,
due to the sharpening of the Fermi surface. A classic example
of this behavior is one-dimensional conductors such as
K2 Pt(CN)4 Br0.30◦ 3D2 O (KCP) (Figure 1) [3]. Due to the
one-dimentionality of its electronic states, these systems are
characterized by Fermi surface nesting at 2k f (k f is Fermi
momentum). This nesting greatly enhances the number of
possible electronic transitions at 2k f compared to other
wavevectors, which results in softer and broader phonons.
For this reason acoustic phonons in KCP show pronounced
dips at q = 2k f (Q is the total wavevecor, q is reduced
wavevector).
The amount of this phonon softening and broadening
depends on the details of the interaction and varies greatly
between diﬀerent systems with Kohn anomalies. Often
the broadening is much smaller than the experimental
resolution, thus only the softening appears in the experiment.
2.3. ab-Initio Calculations and the Role of the q-Dependence
of the Electron-Phonon Matrix Element. It was noticed early
on that Fermi surface shape alone cannot adequately explain
phonon softening resembling Kohn anomalies in many cases.
For example dispersions of certain phonons in NbC and TaC
dip relatively sharply and strongly at wavevectors where the
FS nesting is relatively weak [4, 5] (Figure 2). These could
be modeled by very long-range repulsive interactions or by
adding an extra shell with attractive interactions [5]. Sinha
and Harmon [6] introduced q-dependent electron-phonon
coupling to explain these eﬀects. They included q-dependent
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Figure 3: Phonon dispersions in Ru (from [8]). The data points correspond to experimental results. The solid lines represent results of the
full DFT/LDA calculation. The Dotted lines were obtained by replacing q-dependent electron-phonon matrix element with the average value
(which was q-independent). The dashed lines represent the DFT calculation without including the conduction electrons. Disappearance of
the phonon softening near the M-point upon exclusion of conduction electrons demonstrates that the dip results from electron-phonon
coupling.

dielectric screening into their model and obtained good
agreement with experiment for certain values of adjustable
parameters.
Further theoretical development led to ab-initio calculations based on the density functional theory (DFT).
These can very accurately predict phonon dispersions and
linewidths in many systems without adjustable parameters
[7]. However, it is very diﬃcult to isolate contributions of
specific electronic states to the phonon self-energy using this
approach.
Heid et al. made an attempt to overcome this problem in Ru [8]. First they performed both the ab-initio

DFT calculations and detailed measurements on a high
quality single crystal. Phonons in Ru soften strongly near
the M-point, which was well reproduced by theory. The
calculated softening became much weaker when electronphonon coupling was made q-independent (Figure 3). This
result indicated that both the Fermi surface nesting and
the q-dependence of electron-phonon matrix element were
important (the latter more than the former). The phonon
softening disappeared entirely upon exclusion of conduction
electrons from the calculation. In addition, the entire
dispersion hardened substantially, which may be an artifact
of the procedure used to leave out the conduction electrons.
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This method showed that the phonon dispersion dips in
Ru originate from coupling to conduction electrons, but the
bare dispersions obtained by excluding them were somewhat
arbitrary. This study illustrates the diﬃculty in separating the
bare dispersion from the real part of the phonon self-energy.
It is not important for reproducing or predicting phonon
anomalies, but is important for making connections with
other experiments.
2.4. Phonon Anomalies in Conventional Superconductors.
There are two interesting electron-phonon eﬀects observed
in measurements of phonon dispersions and linewidths
in conventional superconductors. One is the normal state
anomalies whose study can elucidate, which phonons contribute the most to the mechanism of superconductivity. The
other is the eﬀect of the superconducting gap 2Δ on the
phonon spectra below Tc , which can be used as a probe of
the superconducting gap.
In MgB2 the high superconducting transition temperature, Tc , is explained by strong electron-phonon coupling of
Eg modes around 80 meV near the zone center. A strong dip
in the dispersion of these phonons observed in experiments
and reproduced by LDA calculations is a clear signature of
this coupling [9, 10].
The ab-initio calculations based on DFT/LDA can predict
all physical properties of materials that depend on electronic
band structure, phonon dispersions and electron-phonon
coupling without adjustable parameters. In particular, they
can be used to calculate Tc based on Migdal-Eliashberg
theory [11]. Several ab-initio calculations of phonon dispersions as well as Tc s were performed for the transition
metal carbides and nitrides in order to explain relatively high
transition temperatures in some and not in others [12–14].
They correctly reproduced phonon dispersions including
the anomalies discussed in Section 2.3 [12, 14, 15], and

established a correlation between the phonon anomalies
and Tc . They also suggested that the phonon anomalies
are associated with the Fermi surface nesting [14], but
more detailed calculations along the lines of [8] need to
be performed to separate the role of nesting from the
enhancement of the electron-phonon matrix element. One
interesting possibility that may need to be explored, is
that additional screening near the nesting wavector may
enhance the electron-phonon matrix elements, thus the
Kohn anomalies at the nesting wavevectors may be stronger
than expected from enhanced electronic response due to
nesting alone.
In a conventional superconductor with Tc = 15 K,
YNi2 B2 C, the transverse acoustic phonons near q =
(0.5 0 0) soften and broaden on cooling [16] as expected
from electron-phonon coupling. Reichardt et al. calculated
phonon frequencies and linewidths using LDA [17]. These
calculations reproduced this phonon anomaly and correctly
predicted an additional wavevector (q = 0.5 0.5 0) where
acoustic phonons couple strongly to conduction electrons
[18] (Figure 4). The energies of both soft phonons are
comparable to the superconducting gap energy. In this
case the opening of the superconducting gap has a strong
influence on the phonon spectral function.
These phonons were so broad, that their normal state
spectra extended below the low temperature superconducting gap 2Δ. In this case, when the 2Δ opens in the electronic spectrum in the superconducting state, the damped
harmonic oscillator approximation of the phonon breaks
down. Allen et al. [19] developed a theory precisely for
this case, which predicted that phonon lineshapes in the
superconducting state should contain either a step or a sharp
feature very close to 2Δ depending on the values of the
phonon energy, electron-phonon coupling and 2Δ. Normal
state lineshape fixes the first two parameters, which leaves
only one adjustable parameter, that is, the superconducting
gap. Detailed measurements of Weber et al. [20] confirmed
this theory (Figure 5). They also suggested how to use
phonon measurements to determine the magnitude of 2Δ
and to probe gap anisotropy.
The eﬀects of superconductivity on phonons in the
cuprates were discussed in detail in [21] and will not be
reviewed here.
Similar but much smaller eﬀects of the superconducting
gap on the phonon linewidths have been recently reported by
P.Aynajian et al. in convenstional elemental superconductors
Pb and Nb using an extremely sensitive spin-echo technique
[22].
2.5. Phonon Anomalies with and without the Fermi Surface
Nesting in Chromium. A diﬀerent situation appears in
Chromium where the Fermi surface nesting is responsible for
an incommensurate spin density wave (SDW) at a nesting
wavevector qsdw = (0.94, 0, 0) and, as a secondary eﬀect,
of the charge density wave (CDW) at qcdw = (0.11, 0, 0)
[23]. Shaw and Muhlestein measured phonon dispersions in
chromium by INS [24]. They reported soft phonons around
q = (0.9, 0, 0), which is near qsdw , as well as near q =
(0.45, 0.45, 0) where some nesting has also been calculated,
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Figure 5: (a, b): Evolution of the neutron-scattering profile measured on YNi2 B2 C at Q = (0.5, 0.5, 7) (left) and Q = (0.5, 0, 8) (right) above
and below Tc = 15 K. (c, d): Thin lines represent calculated phonon lineshapes based on the theory of Allen et al. [19], using parameters
extracted from the line-shape observed in the normal state. The thick lines are obtained after the convolution with the experimental
resolution (from [20]).

although the data were not accurate enough to establish their
exact wavevectors.
Recently Lamago et al. [25] performed a more precise
and comprehensive set of measurements by IXS, which
showed that the two anomalies actually appear at qsdw and
q = (0.5, 0.5, 0), respectively. A surprising result was that
a transverse phonon branch softened throughout the zone
boundary between q = (0.5, 0.5, 0) and (1, 0, 0), that is,
for q = (0.5 + h, 0.5 − h, 0), where 0 < h < 0.5. LDAbased calculations performed as a part of this investigation,
successfully reproduced the observed phonon softening
(Figure 6). However, the electronic response function that
couples to the phonons obtained from the same calculations
showed no clear features corresponding to the phonon dips

along the zone boundary. Thus these phonon dips come
exclusively from the q-dependence of the electron-phonon
matrix element. To the best of my knowledge, this is the first
clear observation of a phonon softening in a narrow q-range
exclusively due to the q-dependence of the electron-phonon
matrix element.
This result was further corroborated by the eﬀect of
numerical smearing of the Fermi surface on the calculated
phonon dispersions. The smearing suppressed only the
calculated eﬀect at q = (0.94, 0, 0), but not at q = (0.5 +
h, 0.5 − h, 0) for any h including h = 0. (Figures 6(a) and
6(b)). Such a smearing makes it possible to diﬀerentiate
between the eﬀects of the Fermi surface nesting and electronphonon coupling enhancement because it reduces the former
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Figure 6: A comparison between measured (red) and calculated (blue, black) phonon dispersions and the LDA calculation in Cr. Only the
data for the lowest energy transverse phonons near the zone boundary line connecting q = (1, 0, 0) and q = (0.5, 0.5, 0) are shown. The
smearing has a strong eﬀect in (a) but not in (b) (from [25]).

but not the latter. Lamago et al. concluded that only the
softening at qsdw originates from Fermi surface nesting. The
eﬀect at q = (0.5 + h, 0.5 − h, 0) comes exclusively from the qdependence of electron-phonon coupling. This is true even
for h = 0, which is near a nesting feature previously thought
[24] to be responsible for the phonon softening. In fact it
makes a negligible contribution to the phonon self-energy,
since the nesting feature disappears even at small h, but the
phonon renormalization does not become smaller in either
the calculation or the experiment [25].

2.6. Lessons Learned from Conventional Metals. It follows
from the investigations reviewed above as well as from other
similar work that conventional metals including phononmediated superconductors can be understood in terms of
DFT in the approximations that ignore electron-electron
interactions, except when mediated by phonons. These
approximations work remarkably well in a variety of metals. They correctly reproduce electron-phonon eﬀects, and
account qualitatively for the variations in superconducting
Tc s in compounds of similar structure and chemistry. The
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Figure 7: (a) Displacement patterns of zone-boundary bond-stretching modes in cuprates. Top: longitudinal mode in the [110] direction
(breathing mode); middle: transverse mode in the [110]-direction (quadrupolar mode); bottom: longitudinal mode in the [100] direction
(half-breathing mode). Circles and full points represent oxygen and copper atoms, respectively. Only the displacements in the Cu–O planes
are shown. All other displacements are small for these modes. (b) Schematic of the doping dependence of the breathing q = (0.5, 0.5, 0)
and half-breathing q = (0.5, 0, 0) zone boundary mode frequencies. This behavior is probably not directly related to the mechanism of
superconductivity, since the softening continues into the overdoped nonsuperconducting part of the phase diagram from [30].

rest of this article will show that these approximations fail
completely for phonons in the cuprates, most likely, because
electronic correlations play a key role in brining about
experimentally observed strong electron-phonon coupling in
the high Tc superconductors.

3. Phonon Anomalies in Doped La2 CuO4
3.1. Summary of Early Work. Calculations performed soon
after the discovery of high temperature superconductors
suggested that electron-phonon coupling is too weak to
account for high temperature superconductivity [26, 27].
However, measurements performed in conjunction with
shell model calculations showed that the bond-stretching
branch softened strongly towards the zone boundary as
the doping increased from the insulating phase to the
superconducting phase [28]. This behavior pointed towards
strong electron-phonon coupling and a possible role of the
zone boundary “half breathing” bond-stretching mode in
the mechanism of high temperature superconductivity [29].
It later became apparent that this trend continues into the
overdoped nonsuperconducting phase, which indicates that
the zone boundary softening is related to the increase of
the metallicity with doping rather than to the mechanism of
superconductrivity (Figure 7) [30].
These experiments and related calculations are extensively covered in the previous review by Pintschovius [21].
Here I will focus not on the zone boundary, but half-way to
the zone boundary in the [100]-direction (along the Cu–O
bond) where the most interesting physics has been observed.

This work began with the INS experiments of McQueeney
et al. [31] who reported anomalous lineshape and temperature dependence of the bond-stretching phonons in
La1.85 Sr0.15 CuO4 near q = (0.25, 0, 0) and interpreted these
results in terms of line splitting due to unit cell doubling
(Figure 8).
This interpretation evolved considerably in recent years
as a result of further measurements and calculations.
Pintschovius and Braden repeated the experiment using
diﬀerent experimental conditions, which had a higher energy
resolution due to their use of the Cu220 monochromator
[32]. They also measured the interesting wavevector range
between q = 0.1 and 0.4 in the so-called focusing condition
with the tilt of the resolution ellipsoid matching the phonon
dispersion, which further improved the resolution compared
to [31] (see Section 3.2 for a more detailed discussion)
Pintschovius and Braden reported enhanced linewidth near
the same wavevector (with the strongest broadening at q =
(0.3, 0, 0)), but did not see any splitting of the phonon line
(Figure 9).
The origin of these eﬀects was not clear at the time, but
phonon anomalies near half way to the zone boundary suggested a possible connection to incipient stripe formation,
that is, a nanoscale phase separation characterized by chargerich lines separating charge poor antiferromagnetic domains
[33–35].
Reznik et al. investigated the same bond stretching
branch in La1.875 Ba0.125 CuO4 where static stripes appear
at low temperatures [36]. They performed the first set
of measurements in the same scattering geometry as
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Figure 8: Bond-bending (around 60 meV) and bond-stretching (above 65 meV) branches in optimally-doped LSCO [31].

Pintschovius and Braden (at wavevectors (5–4.5,0,0) or
(5–4.5,0,1)) and found that the phonon dispersion could
be described with two components: One had a “normal”
dispersion following a cosine function (blue line), and the
other softened and broadened abruptly at q = (0.25, 0, 0)
(black line) (Figure 10). The possible relationship between
the phonon anomaly and stripe formation is further explored
in Section 3.5.
Reznik et al. [36, 37] found that there was an overall hardening of the spectral weight on heating in both
La1.875 Ba0.125 CuO4 and La1.85 Sr0.15 CuO4 at q = (0.25, 0, 0)
(see Figure 11). This indicates that the anomalous broadening does not originate from anharmonicity or structural
inhomogeneity, since these have the opposite or no temperature dependence.
Pintschovius and Braden [32] observed no temperature
dependence at q = (0.3, 0, 0) (it is equivalent to q = (0.7, 0, 0)
if interlayer interactions are neglected) although the zone
center phonon of the same branch softened on heating. This
softening is due to increased anharmonicity and should aﬀect
the entire branch. The absence of softening at q = (0.3, 0, 0)
that they report, indicates that there is a counterbalancing
trend, which makes their results agree qualitatively with [36,
37]. I will explain the reason for the quantitative diﬀerence in
the following section.
McQueeney et al. [31] reported a suppression of the
anomalous behavior at room temperature. However, the
room temperature data of [31] suﬀered from a much

stronger background than the low temperature data and a
relatively large ststistical error. Data presented in [37] had a
much better resolution and signal-to-background ratio, but
was limited to only three wavevectors. They also showed
a suppression of the anomalous behavior at 330 K. In this
regard the two studies are consistent, although [31] claims
a much more radical change of the phonon dispersion than
reported in [37]. To resolve this disagreement it is necessary
to perform measurements covering the entire BZ at 300 K
with the experimental configuration of [37].

3.2. Recent IXS Results. Neutron scattering experiments have
a relatively poor Q resolution. For the cuprates its full width
half maximum (FWHM) is on the order of 15% of the inplane Brillouin zone. The eﬀects of finite Q resolution in
the longitudinal direction have been carefully considered
in early studies, but the finite resolution in the transverse
direction has not. In this section I will discuss recent IXS
work and will show that some previous experiments need to
be reinterpreted taking into account the finite transverse Q
resolution.
More recent measurements using both INS [37] and IXS
[38] yielded a somewhat surprising result that the anomalous
softening/broadening for q = (0.25, k, 0) occurs only very
close to k = 0. For example in La1.84 Nd0.04 Sr0.12 CuO4
the phonon anomaly significantly weakened at |k| ≈ 0.08
compared to k = 0, and disappeared entirely at |k| = 0.16

Advances in Condensed Matter Physics

9

22

90

85

85
21
Energy (meV)

19

60
80

0.25 0.5

100

75

130

70

160
190
220

65

55

18

Res.
0

16
0

0.2

0.4

0.6

0.8

1

(ζ, 0, 0)
(a)

21
Undoped La2 CuO4
20
Frequency (THz)

0

60

17

19
Phenomen.
model

18

17

16
0

0.2

0.4

0.6

0.8

1

0.6

0.8

1

(ζ, 0, 0)
(b)

FWHM (THz)

30

80

20
Frequency (THz)

80

2

1

0
0

0.2

0.4
(ζ, 0, 0)
(c)

Figure 9: Results of measurements on La1.85 Sr0.15 CuO4 performed
with a better energy resolution and similar in-plane wavevector
resolution than in Figure 8 [32].
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Figure 10: (a) Color-coded contour plot of the phonon spectra
observed on La1.875 Ba0.125 CuO4 at 10 K. The intensities above and
below 60 meV are associated with plane-polarized Cu–O bondstretching vibrations and bond-bending vibrations, respectively.
Lines are dispersion curves based on two-peak fits to the data.
The white area at the lower left corner of the diagram was not
accessible in this experiment. The ellipse illustrates the instrumental
resolution. The inset shows the dispersion in the [110]-direction.
The vertical line represents the charge stripe ordering wave vector.
Blue/black line represents the “normal”/“anomalous” component
respectively in the original interpretation of the authors. Subsequent work showed that a substantial part of the intensity in the
“normal” component is an artifact of finite wavevector resolution
in the transverse-direction (out of the page) [36].

(see Figure 12) [38]. The “normal” component for k ≈ 0 was
significantly suppressed (Figure 12).
Neutron measurements have a much lower resolution
in the k-direction, that is, INS experiments nominally
performed with k = 0 include a significant contribution
from wavevectors with |k| > 0.08 even in the most optimal
configuration (a-b scattering plane). Thus most of the intensity in the “normal” component in the INS measurements
probably comes from these phonons with |k| > 0.08.
With this information it now becomes possible to explain
why the temperature eﬀect in [32] was weaker than in
[37]. The experiment of Pintschovius and Braden [32] was
performed in the a-c scattering plane, which had poorer
wavevector resolution in the k-direction, whereas the other
study was performed in the a-b scattering plane, which had
a better k-resolution (In order to maximize flux, triple axis
neutron scattering instruments have a much larger beam
divergence (factor 2-3) in the direction perpendicular to the
scattering plane than in the scattering plane. Wavevector resolution scales with the beam divergence. The perpendicular
direction for the a-c scattering plane is the b-direction, which
corresponds to the k-direction in reciprocal space in my
notation. In the a-b scattering plane the poor resolution is
along l, and the good resolution along h and k). Since the
phonon anomaly is sharp in the k-direction, the anomalous
behavior should be masked by the “normal” phonons with
|k | > 0 in the a-c scattering plane more than in the ab scattering plane. This “masking” would also reduce the
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Figure 11: Temperature dependence of the bond-stretching phonons at select wavevectors. Energy scans taken on La1.875 Ba0.125 CuO4 (a, b)
and on La1.85 Sr0.15 CuO4 (c, d, e) at 10 K (a, c) and 330 K (b, d) [37]. The phonon at q = (0.15, 0, 0) is “normal” in that it has a Gaussian
lineshape on top of a linear background. This background results from multiphonon and incoherent scattering and has no strong dependence
on Q. The intensity reduction of this phonon in La1.875 Ba0.125 CuO4 from 10 K (a) to 330 K (b) is consistent with the Debye-Waller factor. At
q = (0.25, 0, 0), there is extra intensity on top of the background in the tail of the main peak. It originates from one-phonon scattering that
extends to the lowest investigated energies, while the peak intensity is greatly suppressed as discussed in the text. The eﬀect is reduced but
does not disappear at 330 K. Note that 330 K in (b) is shown instead of 300 K in the same plot in [37] because of a typographical error in the
latter. Integrated intensity of the phonon decreases from q = (0.15, 0, 0) to q = (0.25, 0, 0) due to the decrease of the structure factor.

phonon linewidth in [32] compared to the measurement in
[37] performed with better k-resolution.
D’Astuto et al. [39] reported two-branch behavior in IXS
spectra of La1.86 Ba0.14 CuO4 with clearly resolved “normal”
and “anomalous” components (Figure 13). However, the
Q = (3.27, 0, 0) data of Figure 12 measured also by IXS with a
much higher energy resolution as well as the results of J. Graf

et al. on La1.92 Sr0.08 CuO4 [40], are consistent with either a
single broad peak or two strongly overlapping peaks. Since
D’Astuto et al. measured a Ba-doped sample, and D. Reznik
et al. and J. Graf et al. investigated the Sr-doped systems,
it is possible that the diﬀerence may come from Ba versus
Sr doping. It is necessary to perform further experiments to
clarify this potentially important issue.
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3.3. Doping Dependence. Figure 14 shows the bond-stretching phonon dispersion and linewidth for La2−x Srx CuO4
with x = 0.07, 0.15, and 0.3. The dispersion is compared
with the cosine function that typically comes out of DFT
calculations (see, e.g., [41–43]). Here the data presented
in [36, Figure 4] are combined with some unpublished
results and refitted using the model that includes all phonon
branches picked up by the spectrometer resolution [44].
Such an analysis provides more accurate values of intrinsic
phonon linewidths as opposed to gaussian peaks. The strongest dip below the cosine function and the biggest peak
of the linewidth occur at optimal doping where the Tc is
highest. These are smaller at x = 0.07 and disappear in
the overdoped nonsuperconducting sample with x = 0.3.
The position of the phonon anomaly does not change with
doping.

A Comparison with the overdoped sample, where the
physics are conventional, allows to identify the eﬀects of
electron-phonon coupling that are intrinsic to optimal doping. Figure 15 shows the schematic of the anomalous phonon
broadening that appears on top of the broadening observed
in the x = 0.3 sample. The anomalous broadening peaks at
q = (0.3, 0, 0) and weakens rapidly in the longitudinal and
transverse directions.
This eﬀect is phenomenologically very similar to the
renormalization of the acoustic phonons at specific wavevectors discussed in Section 2. Next, I will show that profound
diﬀerences exist between La2−x Srx CuO4 and conventional
metals.
3.4. Comparison with Density Functional Theory. As discussed in Section 2, density functional theory gives a
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good description of phonon dispersions in metals where
electron-electron interactions can be neglected. Giustino
et al. [42] performed such a calculation in the generalized
gradient approximation (GGA) for La1.85 Sr0.15 CuO4 , which
approximately agreed with the experimental data of [31]. In
particular, they reproduced the overall downward dispersion
of the longitudinal bond-stretching branch. However, the
strong eﬀect in the bond-stretching phonon half way to the
zone boundary was not apparent in [42, Figure 1], because
the 300 K results and 10 K results were plotted together. In
the brief communiation arising from the article of Giustino

et al., Reznik et al. showed that DFT did not reproduce the
phonon anomaly half way to the zone boundary that appears
in [31, 32, 36–39] as well as in later experiments discussed
above in detail (Figure 16, [45]).
Giustino et al. also calculated the phonon contribution to
the kink in the electronic dispersion observed by photoemission spectroscopy (Figure 17). Such kinks may result from
bosonic modes interacting with electrons. One of the proposed mechanisms of high temperature superconductivity is
Cooper pairing via this boson, thus it is important to identify
its origin. Figure 17 shows that in DFT phonon contribution
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Figure 14: Bond-stretching phonon dispersion (top row) and linewidth (bottom row) at three doping levels. Black lines represent downward
cosine dispersion. The overall increase in the linewidth of the bond-stretching mode towards the zone boundary appears to be dopingindependent. Softening compared with the cosine dispersion as well as the linewidth enhancement half-way to the zone boundary do not
shift with h between x = 0.07 and 0.15 [44].

to the kink is five times smaller than observed. Analogous
results for both the phonon dispersions [43] and the kink
[46] were obtained earlier for YBa2 Cu3 O7 .
However, Reznik et al. argued that the failure of the DFT
to reproduce the phonon anomaly indicates that it is possible
that electronic correlations ignored by the DFT enhance
electron-phonon coupling. This enhancement could result
in a much stronger kink than calculated by the DFT. It is
interesting that many-body calculations predict a substantial
enhancement of the coupling to bond-stretching phonons
compared to DFT (see, e.g., [29, 47]). t-J model-based
calculations describe interesting doping dependence of the
zone boundary phonons, suggesting that strong correlations
might be relevant [48, 49]. Recent high resolution photoemission measurements found an isotope eﬀect in the
dispersion kink, hinting at an important role of phonons
[50].

Agreement of both the electronic dispersion and of
the phonon dispersion with DFT predictions in overdoped
nonsuperconducting La2−x Srx CuO4 as shown in Figure 18
reinforces the connection between the phonon anomalies
near optimal doping and electronic correlations.
3.5. Connection with Stripes and Other Charge-Inhomogeneous Models. The bond-stretching phonon anomaly is
strongest in La1.875 Ba0.125 CuO4 and La1.48 Nd0.4 Sr0.12 CuO4 ,
compounds that exhibit spatially modulated charge and
magnetic order, often called stripe order. It appears when
holes doped into copper-oxygen planes segregate into
lines, which act as domain walls for an antiferromagnetically ordered background. Static long-range stripe order
has been observed only in a few special compounds
such as La1.48 Nd0.4 Sr0.12 CuO4 and La1.875 Ba0.125 CuO4 where
anisotropy due to the transition to the low temperature
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tetragonal structure provides the pinning for the stripes
while superconductivity is greatly suppressed [35]. In contrast, the more common low temperature orthorhombic
(LTO) phase does not provide such a pinning and static
stripes do not form. In the LTO phase the stripes are assumed
to be purely dynamic, which makes their detection extremely
diﬃcult [51, 52]. Here I discuss the possible relation between
the phonon anomaly and dynamic stripes.
A detailed comparison between the bond-stretching
phonon dispersion in stripe-ordered compounds and

optimally-doped superconducting La1.85 Sr0.15 CuO4 was performed by Reznik et al. [37] They found the strongest
phonon renormalization at h = 0.25 in the presence of
static stripes and h = 0.3 at optimal doping (Figure 19). It
appears that static stripes pin the phonon anomaly at the
stripe ordering wavevector.
Two mechanisms of the impact of dynamic stripes on
phonons have been proposed: One is that the phonon
eigenvector resonates with the charge component of the
stripes; The other is that one-dimensional nature of charge
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stripes makes them prone to a Kohn anomaly, which
renormalizes the phonons. In the first scenario (2D picture)
the propagation vector of the anomalous phonon must be
parallel to the charge ordering wavevector, whereas in the
second scenario (1D picture) it must be perpendicular to the
charge ordering wavevector (Figure 20).
An important clue is that the phonon anomaly disappears quickly as one moves away from k = 0 along

the line in reciprocal space: q = (0.25, k, 0) as shown
in [37, 38] and discussed in Section 2.2. Such behavior is
expected from the matching of the phonon wavevector and
the stripe propagation vector. In contrast, a simple picture of
a Kohn anomaly due to 1-D physics inside the stripes predicts
a phonon anomaly that only weakly depends on k. This
observation favors the 2D picture, but an important caveat
is that it may be possible to reconcile the 1D picture with
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Figure 20: Schematic of the eigenvectors for the phonons with q = (0.25 0 0) propagating perpendicular (a) and parallel (b) to the stripes.
Open circles represent hole-poor antiferromagnetic regions, while the filled circles represent the hole-rich lines (from [37]).

experiment by including a decrease of the electron-phonon
matrix element away from k = 0 [53].
Another way to distinguish between the two scenarios
is to consider the doping dependence of the wavevector
of maximum phonon renormalization, qmax . In the stripe
picture, qmax = 2qin , (qin is the wavevector of the incommensurability of low energy spin fluctuations) [51]. At doping
levels of x = 0.12 and higher, qin = 0.125, which gives the
charge ordering wavevector of 0.25. This value is indeed close
to qmax . At x = 0.07, qin = 0.07. This gives the charge
stripe ordering wavevector of 0.14 whereas qmax = 0.3. This
discrepancy appears to contradict the 2D picture. But again
there is a caveat: Anomalous phonons occur at a fairly high
energy of about 75 meV, and a comparison to the dynamic
stripe wavevector at low energies may not be appropriate.
Thus the question of which picture, 1D or 2D, agrees
better with the data is not yet settled.
If the phonon renormalization is driven by static stripes,
one may expect a diﬀerent behavior for phonons propagating
parallel or perpendicular to the stripe propagation vector

[54]. In this case the phonon should split into two peaks. The
dynamic stripes, according to Vojta et al. [55], may not break
tetragonal symmetry, because fluctuations can occur in both
directions simultaneously. Thus a single-peak anomalous
phonon lineshape is compatible with dynamic stripes.
3.6. Phonon Anomalies and Superconductivity. Origin of
superconductivity in the cuprates is still hotly debated.
A conventional phonon-mediated mechanism dropped out
fairly early in this debate in large part because LDA calculations showed that electron-phonon coupling is too weak
to explain superconductivity. However, recent measurements
have shown (see Section 3.4) that electron phonon coupling
of the bond-stretching mode is much stronger than calculated by LDA, which invalidates this claim. In fact the magnitude of the phonon renormalization in La1.85 Sr0.15 CuO4 is
similar to that of the Eg phonon in MgB2 [56], which is held
largely responsible for superconductivity with an even higher
Tc . It is also interesting that these Eg phonons have roughly
the same energy as the bond-stretching phonons in the
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cuprates. In addition, the magnitude of the bond-stretching
phonon renormalization in La1.85 Sr0.15 CuO4 is similar to that
recently observed in a bilayer manganite where exceptionally
strong electron-phonon coupling induces a structural phase
transition accompanied by colossal magnetoresistance [57].
Can these results be interpreted in favor of a conventional mechanism of superconductivity at least in the
La2−x Srx CuO4 family where Tc is relatively low?
If the mechanism of superconductivity were conventional, DFT calculations based on Eliashberg formalism
with noninteracting electrons (except for the exchange
of phonons) should explain the experimental results at
least qualitatively. Since this is not the case, in a strict
sense the answer is “NO”. However, the appearance of the
maximum Tc and the strongest bond-stretching phonon
anomaly around the same doping points towards some other
connection with the mechanism of superconductivity [37].
By now a general consensus emerged of a d-wave pairing
state in the cuprates, with the superconducting gap changing
sign around the nodal points along the [110]-direction on
the Fermi surface. A simple inspection of the BCS gap
equation shows that such a pairing state cannot be mediated
by isotropic electron-phonon coupling. In fact, isotropic
electron-phonon coupling would suppress a d-wave pairing
state caused by another mechanism (e.g., spin fluctuations),
because in such a case phonons would scatter quasiparticles
between the parts of the Fermi surface with the opposite signs
of the superconducting gap.
Alexandrov showed that a d-wave state can be mediated
by acoustic phonons with highly anisotropic electronphonon coupling [58]. No experimental evidence has
appeared up to now of any electron-phonon coupling for
acoustic phonons, but the self-energy of the bond-stretching
modes IS large and highly anisotropic (see Figure 20). In fact
the bond-stretching phonons that couple most strongly to
electrons connect the parts of the Fermi surface where the
gap has the same sign, so these phonons will at least not

interfere with d-wave superconductivity and may actually
enhance Tc .
Strong renormalization of the bond stretching phonons
has been taken as evidence for a soft collective charge
mode [59, 60] or an incipient instability [61] with respect
to the formation of either polarons, biporarons [62–65],
charge density wave order [66], phase separation [61–64,
67], valence bond order [68], or other inhomogeneity [69].
These may or may not be related to the mechanism of
stripe formation. A number of studies suggested that these
instabilities may lead to superconductivity [64–66, 68].
Ishihara and Nagaosa examined the interplay of the interaction of the bond-stretching phonons with electrons in the
t-J model and, after including vertex corrections, obtained
the eﬀective d-wave pairing interaction, F(qW), mediated
by the bond-stretching phonons [70] (see Figure 21). In the
absence of strong nesting as in the case of La1.85 Sr0.15 CuO4 ,
such a pairing interaction scales with the phonon-selfenergy. Interestingly, the functional form of F(qW) that
they obtained is similar to Figure 15, which shows the color
map of anomalous phonon broadening. This result was a
prediction, since it was obtained before the full picture of the
bond-stretching phonon renormalization was known. They
also showed that this interaction can mediate d-wave pairing.

4. Other Cuprates
4.1. YBa2 Cu3 O6+x . It is necessary to establish the universality
of the phonon anomalies observed in the La2−x Srx CuO4
family. Until now much less work has been performed on
other cuprates, because they are more diﬃcult to measure
either due to a higher background, no availability of large
samples for INS, or low IXS scattering cross section.
In the case of YBa2 Cu3 O6+x the orthorhombic structure
combined with twinning complicates interpretation of the
results. Very little work has been done so far on detwinned
samples [71] because they are smaller than the twinned ones.
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Figure 22: (b) Inelastic scattering intensity of YBa2 Cu3 O6.95 at Q = (3.25, 0, 0) as a function of temperature, determined with the triple-axis
spectrometer at the HFIR. Data were smoothed once to reduce noise. (a) Temperature dependence of the intensity diﬀerence (I1)-(I2), where
I(1) is the average intensity from 56 to 68 meV, I2 from 51 to 55 eV, at Q = (3.25, 0, 0). Tc of the sample was 93 K (from [73]).

Furthermore, two CuO2 layers in the unit cell introduce two
bond-stretching branches, of Δ1 and Δ4 symmetry.
At optimal doping bond-stretching phonons propagating
along the chain direction show an anomaly that is in many
respects similar to the one in La2−x Srx CuO4 [72, 73]. It is
absent at 300 K but appears at low temperatures. Chung et al.
[73] reported that the spectral weight of the bond-stretching
phonons in the Δ1 symmetry redistributes to lower energies
below the superconducting transition temperature, Tc =
93 K (see Figure 22).
Pintschovius et al. [72] and Reznik et al. [74] found that a
similar transfer of spectral weight occurs for the Δ4 phonons
but starting close to 200 K, not at Tc . They interpreted this
transfer of spectral weight as arising from softening of the
bond-stretching phonon polarized along b∗ , which transfers
its eigenvector to the branches that are lower in energy.
This interpretation could explain the observed behavior with
some important caveats, but more work is necessary to better
understand this eﬀect. Figure 23 shows that this transfer of
spectral weight accelerated below Tc saturating near 50 K.
While clearly related to the onset of superconductivity, this
eﬀect is not understood.
Reznik et al. also showed that the transfer of spectral
weight in the Δ1 symmatry also begins well above Tc with
the most pronounced change below Tc (Figure 24). This
result seems to contradict the observation of Chung et al.
[73] who reported that the phonon intensity shift in Δ1
symmetry occurs only below Tc . According to Reznik et al.
the eﬀect would also appear only below Tc if they excluded
the intensity below 50 meV from their analysis [74] as was
done in [73]. So in this respect the two studies are consistent.

The phonon anomaly in YBa2 Cu3 O6.95 seems to extend
far in the transverse direction (Figure 25), that is, it may be
consistent with the 1D picture [74] (also see Section 3.5).
However, twinning of the sample made the data diﬃcult
to interpret. Otherwise, the phonon anomaly in optimallydoped YBa2 Cu3 O6.95 is similar to the eﬀect in La2−x Srx CuO4
[21].
Much less is known about YBa2 Cu3 O6+x at lower doping
levels. Stercel et al. [75] reported splitting of the bondstreching branch arguing in favor of charge inhomogeneity,
whereas Pintschovius et al. [76] explained similar results
in terms of the diﬀerence between the dispersion of the
stretching phonons propagating parallel and perpendicular
to Cu–O chains. This disagreement needs to be settled by
measurements on detwinned samples.
phonons
in
4.2.
HgBa2 CuO4+x . Bond-stretching
HgBa2 CuO4+x have been measured by Uchiyama et al.
[77]. These measurements showed that the bondstretching phonons soften similarly to La2−x Srx CuO4
and YBa2 Cu3 O6+x (Figure 26). It is important to extend
this study to diﬀerent dopings, temperatures and nonzero
transverse wavevectors.
4.3. Bi2 Sr1.6 La0.4 Cu2 O6+x . Graf et al. [78] measured phonon
dispersions by IXS and electronic dispersions by ARPES
in a single-layer Bi-based cuprate, Bi2 Sr1.6 La0.4 Cu2 O6+x
(Figure 27). They reported a similar phonon anomaly as in
other cuprates and argued in favor of a correlation between
this phonon anomaly, the kink observed in photoemission,
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Figure 23: Data of [74] for the 4 symmetry in YBa2 Cu3 O6.95 .
(a) Comparion of the 300 K and 10 K spectra. (b) Backroundsubtracted intensity at Q = (0, 2.75, 2) and E = 60 meV (see text).
Open and solid circles represent diﬀerent datasets from [74].

and the Fermi arc that characterizes the pseudogap phase.
They related the sudden onset of phonon broadening near
q = (0.2, 0, 0) to coupling of the phonon to the Fermi
arc region of the Fermi surface, but not to the pseudogap
region. The Fermi arc region is not nested, so exceptionally
large electron-phonon coupling for the stretching branch
is necessary for this interpretation to be valid (as in
Cr as described in Section 3). In addition one needs to
consider that in other families of cuprates, where the doping
dependence has been investigated, the wavevector of the
onset of the phonon eﬀect is nearly doping independent,
whereas the length of the Fermi arc strongly depends on
doping. More detailed studies of this compound, especially
as a function of doping, are necessary to clarify these issues.
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Figure 24: Data of [74] for the 1 symmetry. (a) Phonon spectra
at 300 K and 10 K. The main diﬀerence with [73] and Figure 22 is
a bigger energy range here: 42–75 meV in [74] versus 51–72 meV
in [73]. (b) The diﬀerence between the intensity at 57 meV and
the average of intensities at 53 meV and 49 meV at Q = (0, 3.25,
0). Temperature dependence above Tc not seen in Figure 22 comes
from including of the 49 meV phonon, which falls outside the
energy range investigated in [73] and shown in Figure 22(a).

4.4. Electron-Doped Cuprates. Bond-stretching phonons
have been investigated in electron-doped cuprates only in
Nd2−x Cex CuO4 . Phonon density of states measurements on
powder samples showed that electron doping softens the
highest energy oxygen phonons as occurs in the case of
hole-doping [79]. The first single crystal experiment has
been performed by d’Astuto et al. by IXS [80] who found
that the bond-stretching phonon branch dispersed steeply
downwards beyond h = 0.15. This work was, in fact, the
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first IXS experiment on the high Tc cuprates. These measurements, however, were complicated by the anticrossing
of the bond-stretching branch with another branch due
to Nd–O vibrations that dispersed sharply upwards. The
anticrossing occurs near h = 0.2 making the interpretation of
the data near these wavevectors diﬃcult. Another diﬃculty
came from low IXS scattering cross sections for the oxygen
vibrations.

A neutron scattering investigation has been performed by
Braden et al. [81] once large single crystals became available.
Oxygen phonons have a higher scattering cross section in the
INS than in the IXS experiments, allowing a more accurate
determination of the phonon dispersions.
The two studies showed that the bond-stretching phonon
dispersion in Nd1.85 Ce0.15 CuO4 was similar to that in the
hole-doped compounds (Figure 28). This similarity points
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eﬀect may be related to incipient instability with respect to
the formation of dynamic stripes or another charge-ordered
or inhomogeneous state. Doping dependence of this phonon
anomaly suggests that it is associated with the mechanism of
superconductivity.
Much more experimental and theoretical work is necessary to understand the role of these phonons in superconductivity. The most important shortcoming of the present
understanding is that La2−x Srx CuO4 has a relatively low Tc
and a number of its properties (e.g., the magnetic spectrum)
diﬀer in important ways from the cuprates with higher Tc s.
Thus it is essential to put more emphasis on investigating
cuprates with higher transition temperatures where similar
phonon anomalies have been already found, but many open
questions still remain.

h

Figure 28: Dispersion of the Cu–O bond-stretching phonon in
Nd1.85 Ce0.15 CuO4 adapted from [81].

at a commonality between the tendencies to charge inhomogeneity between the hole-doped and electron-doped
compounds as discussed in [81].

5. Conclusions
I hope to have shown that a lot of progress has been made
in recent years in understanding the phenomenology of
the giant electron-phonon coupling of the bond-stretching
phonons in La2−x Srx CuO4 . The picture that emerged is that
the bond-stretching phonons around q = (0.3, 0, 0) are softer
and broader than expected from conventional theory. This
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[3] B. Renker, L. Pintschovius, W. Gläser, et al., “Neutronscattering study of the structural phase transition in the
one-dimensional conductor K2 Pt(CN)4 Br0.3 · 3D2 O,” Physical
Review Letters, vol. 32, no. 15, pp. 836–839, 1974.
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Electron-lattice interaction was the original idea of Müller and Berdnorz who chose copper oxides, because of the strong JahnTeller eﬀect of the Cu ion leading to the formation of bipolarons. Later several experimental features led to theoretical models
based on strong electronic correlations. The high-TC superconductors cuprates are quasi-bidimensional (2D) and thus lead to the
existence of Van Hove singularities (VHs) in the band structure, that is, a peak in the electronic density of states. The presence
of VHs near the Fermi-level in the cuprates is now well established. In this context we show that many physical properties of
these materials can be explained using electron-phonon interaction, in particular the high critical temperature TC , the anomalous
isotope eﬀect, the superconducting gap and its anisotropy, and the marginal Fermi-liquid properties. These compounds present a
topological transition for a critical hole doping p ≈ 0.21 hole per CuO2 plane.

1. Introduction
Twenty three years after the discovery of the high temperature superconductivity in cuprates compounds [1], the exact
mechanism of superconductivity is still not yet understood.
Müller and Berdnorz stressed that superconductivity occurs
because of the Jahn-Teller eﬀect of the Cu ion. But all these
compounds are also strongly anisotropic and almost two
dimensional, due to their CuO2 planes, where superconductivity mainly occurs. It is well known that electrons,
in a periodic system in one or two dimensions, lead to
divergences in the density of states (DOS), named Van Hove
singularities (VHs) [2]. The Van Hove scenario is based on
the assumption that in some superconductors the Fermi
level lies close to such a singularity. Labbé and Friedel [3]
applied this scenario for the first time to the A15 compounds,
where the Nb chains give an almost 1D behaviour. Hirsch
and Scalapino [4] examined the 2D situation (logarithmic
singularity) and applied it to excitonic superconductivity.
Labbé and Bok [5] proposed the Van Hove scenario for the
cuprates, using electron-phonon interaction and predicted
an anomalous isotope eﬀect. The presence of saddle points

(or VHs) near the Fermi level has been confirmed by many
experiments, in particular by Angular Resolved Photoemission Spectroscopy (ARPES) [6, 7] in diﬀerent compounds.
The origin of high-TC in the cuprates is still controversial,
and the role of these singularities in the mechanism of highTC superconductivity is not yet established, but we want to
stress that the model of 2D itinerant electrons in presence
of VHs in the band structure has already explained a certain
number of experimental facts.
We know that several experimental features led to
theoretical models based on electron-electron interaction
[8, 9] (strong correlations between electrons). These feature
are the following:
(i) the anomalous isotope eﬀect,
(ii) the observation of antiferromagnetic (AF) fluctuations,
(iii) the marginal Fermi-liquid behaviour in the normal
phase,
(iv) the d-wave symetry of the superconducting gap.
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The strong correlations are surely very important in the
underdoped regime but we shall show that electron-phonon
interaction coupled with the Van Hove scenario may explain
must of the properties in the region of optimum doping and
the overdoped region.
In this paper, we give a rapid description of the band
structure of the CuO2 planes. We give the results of our
calculations for the critical temperature TC [5, 10, 11],
the anisotropic superconducting gap [10]. We show the
importance of screening and Coulomb repulsion [10, 12].
We explain the anomalous isotope eﬀect [5], the very small
values of the coherence length [13, 14].
The variation with the doping is linked to the distance
of the FL from the singularity level (EF -ES ), so does the
variation with the temperature due to the Fermi-Dirac
distribution [11]. We show that EF -ES is critical for these
properties, leading to Fermi-liquid or marginal Fermi-liquid
behaviour [15, 16].
We explain how the occurrence of a lattice deformation
could place the Fermi level in an optimum situation of
high DOS, leading to a high critical temperature for the
superconducting phase.
In conclusion we show that taking into account both
the electron-phonon interaction and the existence of the
VHs, we obtain a model that fits with experiments in the
optimum and overdoped regime of the cuprates. We hope
that such an approach can help chemists to improve the
HTSC.

ky

Hole-like
orbits
E < Es
E = Es
kx

Electron-like
orbit
E > Es

Figure 1: Constant energy surfaces.
Es
0.16 hole (about)

DOS
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2. Electronic Structure of
the Cuprates and Van Hove Scenario
Van Hove singularities are general features of periodic system
[2]. A one electron calculation is easy to perform [5].
A general feature of a 2D model is the presence of Van
Hove singularity [5] (VHs) with logarithmic divergence of
the DOS at an energy E = ES . A simple calculation [17]
gives the result shown in Figure 1 for the constant energy
surfaces (CES) in k-space. This is very well confirmed by the
results of Ino et al. [6] using angular resolved photoemission
spectroscopy (ARPES) (see [6, Figure 7]).
A topological transition is well seen for a doping value
pc = 0.21 hole per Cu atom. The CES are hole-like for
p < pc and electron-like for p > pc . The resulting VHs
gives a peak in the DOS, see Figure 2, and thus increases the
transition temperature whatever the pairing mechanism. The
main consequences of this Van Hove scenario are given in
[17].
This approach is not valid for the underdoped region.
The strong Coulomb repulsion U between two electrons
on a same site is responsible for the fact that with p = 0
the cuprates are Mott-insulators with antiferromagnetic (AF)
order. The AF order disappears rather rapidly with doping,
but AF fluctuations remain, and decrease, until the optimum
doping. This region of strong correlations is present and the
valid approach is that of a doped Mott-insulator [8]. This
is also seen in ARPES; some points of the Fermi surface
disappear for underdoped samples.

t = 0.23 eV
t  = 0.0553 eV
Es = EF doping = 0.21

2

1
OD UD
0
−0.6 −0.4 −0.2

50% filling

0

0.2 0.4 0.6
Energy (eV)

0.8

1

1.2

1.4

Figure 2: Density of States (DOS).

3. Calculation of TC with
Electron-Phonon Interaction
3.1. Calculation of TC Using the BCS Approach. Labbé and
Bok [5] have computed the band structure for the bidimensional CuO2 planes of the cuprates, considered as a square
lattice (quadratic phase). They obtained a formula for TC
using the following assumptions:
(1) the Fermi level lies at the Van Hove singularity,
(2) the BCS approach is valid,
(i) the electron-phonon interaction is isotropic and so is
the superconducting gap Δ,
(ii) the attractive interaction V p between electrons is
nonzero only in an interval of energy ±ω0 around the Fermi
level where it is constant. When this attraction is mediated by
emission and absorption of phonons, ω0 is a typical phonon
frequency.
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In that case, the critical temperature is given by
λ

D

(1a)

where λ is an electron-phonon coupling constant [3].
A simplified version of Formula (1a), when ω0 is not too
small compared to D, is


1
(1b)
kB Tc = 1.13D exp − √ .
λ
The two main eﬀects enhancing TC are the following.

√

(2) λ is replaced by λ in Formula (1b) in comparison
with the BCS formula, so that in the weak coupling
limit when λ < 1, the critical temperature is
increased.
As it is however, this approach already explains many
of the properties of the high-TC cuprates near optimum
doping.
3.2. The Variation of TC with Doping. Then we did more
accurate calculations (1995–1997) [10, 11]. By taking into
account the repulsive interaction between second nearest
neighbours (s.n.n.) and the variation of hole doping [11], the
band structure becomes
(2)

where t  is an integral representing the interaction with
s.n.n., where De = EF − ES + (4t  ) represents the doping
in hole p. The Fermi surface at the VHs is no longer a
square but is rather diamond shaped, see Figure 1, and we
obtain the DOS of Figure 2. For lower or higher doping the
critical temperature decreases. We adjusted the experimental
results of Koike et al. [18]; see Figure 3 [11]. In this case the
authors varied the hole concentration in the CuO2 planes of
Bi2 Sr2 CaCu2 O8+δ using diﬀerent substitution of cations with
diﬀerent valences, obtening diﬀerent systems, that is
Bi2 Sr2 Ca1−x Lux Cu2 O8+δ , Bi2 Sr2 Ca1−x Nax Cu2 O8+δ ,
Bi2 Sr2−x Ca1−x Lax CaCu2 O8+δ , Bi2 Sr2−x Kx CaCu2 O8+δ .

(3)

In Figure 3 our model account for the variation of the holes
in the CuO2 plane, from an optimum doping, here p ≈
0.20, of this group of compounds, and we calculate the
corresponding TC when EF shift from ES .
3.3. Influence of the Coulomb Repulsion. Although BCS theory [19] neglects Coulomb repulsion, Morel and Anderson
[20] showed very early that it plays a central role in
superconductivity. Assuming a constant repulsive potential
VC from 0 to EF , they found that TC is given by

∼
TC = To exp −

1



λ − μ∗

with μ = NoVc and μ∗ = μ/(1 + μ ln EF /ω0 ).

60

40

20

(1) The prefactor in Formula (1b) is an electronic energy
that is much larger than a typical phonon energy ω0 .

Ek = −2t(cos X + cos Y ) + 4t  cos X cos Y + De ,

80
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1/2 
1
2 ω0
kB Tc = 1.13D exp −
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− 1.3
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Figure 3: Comparison of the variation of TC with the variation of
the doping dp from the optimum doping at dp = 0, calculated in
our model (red filled circles) and the experimental results of Koike
et al. (black open circles) [18].

Cohen and Anderson [21] assumed that for stability reasons μ is always greater than λ. Ginzburg [22] gave arguments
that in some special circumstances μ can be smaller than λ.
Nevertheless if we take μ ≥ λ, superconductivity only exists
because μ∗ is of the order of μ/3 to μ/5 for a Fermi energy
EF of the order of 100 ω0 . It is useless to reduce the width
of the band W, because λ and μ vary simultaneously and
μ∗ becomes greater if EF is reduced, thus giving a lower TC .
Superconductivity can even disappear in a very narrow band
if λ − μ∗ becomes negative.
Force and Bok studied the renormalization of μ, in the
case of a peak in the DOS in the middle of a broad band [14].
They predict a high-TC in this case due to three main eﬀects.
(i) (λ − μ∗ ) is replaced by the square root (λ − μ∗ )1/2 .
(ii) μ∗ is reduced compared to μ because the renormalization is controlled by the width W of the broad
band and not the singularity.
(iii) The prefactor before the exponential in the formula
giving TC is the width of the singularity D instead of
the phonon energy ω0 .
In Figure 4, we show the variation of TC with the width
of the singularity D, with all other parameters (W, ωo )
remaining constant.

4. Anomalous Isotope Effect
The variation of TC with the mass M of the atom of the metal
is considered as an evidence for electron-phonon interaction
as the origin of pairing. In this BCS model [19] TC varies
as M −1/2 . The almost absence of isotope eﬀect when O18
was substituted to O16 in the cuprates [23] was considered
as an evidence for non phonon origin of superconductivity.
But Labbé and Bok [5], using Formula (1a), have shown
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Figure 5: From [26], experimental results of TC () and αo ()
as a function of doping concentration for La2−x Srx CuO4 (the data
where taken from [24]).

that the isotope eﬀect is strongly reduced for HTCS cuprates
at optimum doping. This is due to the fact that in this
situation the Fermi level lies near the VHs and then the width
of the singularity D is more important than the phonon
frequency ωo . They also have predicted that the isotope eﬀect
should reappear for underdoped samples. This was later
experimentally observed [24, 25]. The isotope eﬀect may be
measured by the cœﬃcient α defined as TC proportional to
M −α (α = 0.5 for usual superconductors). Tsuei et al. [26],
using the VH scenario, have calculated the variation of α
with doping and shown in that it explains the experimental
observations, see Figure 5.

5. Non-Fermi-liquid Properties
5.1. Resistivity. In a classical Fermi-liquid, the lifetime
broadening 1/τ of an excited quasiparticle goes as ε2 and

the resistivity ρ varies as T 2 .The marginal Fermi-liquid
situation is the case where 1/τ goes as ε (electronic energy)
and ρ is linear in T. In the half-filled nearest-neighbour
coupled Hubbard model on a square lattice, Newns et al.
[15, 16] have shown that this can also occur when EF is close
to ES . This calculation was however contradicted by Hlubina
and Rice [27].
Experimental evidence of marginal Fermi-liquid
behaviour has been seen in angle resolved photoemission
[28], infrared data, and temperature dependence of electrical
resistivity [29]. Marginal Fermi-liquid theory, in the frame
work of VHs, predicts a resistivity linear with temperature T.
This was observed by Kubo et al. [30] and cited in [8]. They
also observe that the dependence of resistivity goes from T
for high-TC material to T 2 as the system is doped away from
the maximum TC , see Figure 6, which is consistent with our
picture; in lower TC material the Fermi level is pushed away
from the singularity.
5.2. Hall Cœﬃcient. Many measurements of the Hall coefficient RH in various high-TC cuprates have been published
[31, 32]. The main results are the following
(i) At low temperature T, RH ≈ 1/ ph0 e, where ph0 is the
hole doping, when T increases RH decreases, and for
highly overdoped samples it becomes even negative.
(ii) These authors are also able to define a temperature
T0 , where RH changes its temperature behaviour,
and they found that RH (T)/RH (T0 ) versus T/T0 is
a universal curve for a large doping domain (from
ph0 = 0.10 to ph0 = 0.27).
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We can explain [33], following the approach given by
Ong [34], these results by using the band structure for
carriers in the CuO2 planes. In particular, the existence
of hole-like and electron-like constant energy curves, see
Figure 1, which give contributions of opposite sign to RH .
The transport properties explore a range of energy kB T
around the Fermi level, when T is increased more and more
carriers are on the electron like orbits, resulting in a decrease
of RH . In [33] we present our calculations and the theoretical
fits of many experimental results, and we show that it works
and this supports our model.

15

10

5

6. Gap Anisotropy

0

6.1. The Calculation. Bouvier and Bok [10] have shown
that using a weakly screening electron-phonon interaction,
and the band structure of the CuO2 planes, an anisotropic
superconducting gap is found.
We use the BCS equation for an anisotropic gap
Δ−→k =

 Vkk Δk

,
k

30
25

and instead of a constant potential as used in BCS, we choose
a weakly screened attractive electron-phonon interaction
potential:

q2 + q02

< 0,

(6)

20
Gap (meV)

Vkk =

 2
 
−gq 

π/4

Figure 7: Anisotropic superconducting gap. Exact calculation for Φ
= 0 and π/4. This represents an s-wave anisotropic superconducting
gap with no nodes in Φ = π/4.

(5)

ξk2 + Δ2k

π/8
Φ

0

15
10

where g(q) is the electron phonon interaction matrix
−
→ −
→

→
element for −
q = k − k and q0 is the inverse of the screening
−
→
length. We compute Δ−→k for two values of k :

ΔA

for kx a = π,
ΔB

k y a = 0,

(7a)

π
.
2

(7b)

for kx a = k y a =

We solve (5) by iteration for these two specific points of the
Fermi surface, the saddle point A (π,0) or (1,0) direction,
and point B (π/2,π/2) or (1,1) direction. To obtain the entire
−
→
dependence in the wave vector k , we know from group
theory considerations that Vkk having a fourfold symmetry,
the solution Δk has the same symmetry, so we may use the
−
→
angle Φ between the 0 axis and the k vector as a variable and
expand Δ(Φ) in Fourrier series:
Δ(Φ) = Δ0 + Δ1 cos 4Φ + ϕ1 + Δ1 cos 8Φ + ϕ2 + · · ·
(8)
Further developments of the calculations and explanations
about this model are done in [10]. We obtain, for the two
computed values
ΔA = Δmax = Δ0 + Δ1 ,

ΔB = Δmin = Δ0 − Δ1

(9)

The gap anisotropy is important because the scattering is
essentially forward, this is due to the weak screening in

5
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40
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100

T (K)

Figure 8: Variation of the various gaps Δmax , Δmin , and Δav
versus temperature, at the optimum doping, with the following
parameters, t = 0.2 eV, ωo = 60 meV, q0 a = 0.12, λeﬀ = 0.665, red
square symbol = Δmax , black diamond symbol = Δav , blue up triangle
symbol = Δmin .

two dimensions. The wave vector explores a small region
in k-space. The gap is important in the direction of the
saddle point, due to its high density of states, and its eﬀect
is reinforced by the weak screening. But for the point B
(π/2,π/2) the DOS is smaller and the eﬀect is reduced.
From our theoretical results, we find an eﬀective coupling
constant λeﬀ in agreement with the hypothesis of the BCS
weak electron-phonon coupling.
6.2. Results. In Figure 7, we present the result of the iterative
calculation.
We thus obtain an “extended s-wave” gap and not a dwave pair function. The order parameter is never negative
in our model. Abrikosov [35] has shown, however, that if a
short-range repulsive interaction (which can represent either
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some part of the Hubbard repulsion at the copper sites or
the interaction mediated by spin fluctuations) is added, then
the order parameter can vary in sign and become negative
at points of the Fermi surface distant from the singularity.
Such an approach may reconcile all the observations leading
sometimes to s-wave and other times to d-wave symmetry
of the order parameter. The fact that the order parameter is
negative in certain regions of the Fermi surface explains the
results of experiments showing a π phase shift of the order
parameter [36].
In Figure 8, we present the variation of the various gaps
Δmax , Δmin , and Δav (or Δ0 ) with temperature at optimum
doping, that is, for a density of holes of the order of 0.20 per
CuO2 plane. We find TC = 91 K and an anisotropy ratio α =
Δmax /Δmin = 4.2 and for the ratios of 2Δ/kB TC the following
values:
2Δmax
= 6,
kB TC

2Δav
= 3.7,
kB TC

2Δmin
= 1.4.
kB TC

3.5
0.05

80

(10)

0.1
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0.2
q0 a

0.3

0.4

Figure 11: TC versus the screening parameter q0 a, Details calculations are done in [37].

This may explain the various values of 2Δ/kB TC observed
in various experiments. The critical temperature found is TC
= 90.75 K as for HTSC cuprates as Bi2 Sr2 CaCu2 O8 (Bi 2212),
YBa2 Cu3 O7−δ (Y123).
In Figure 9, we present the same results, Δmax , Δmin , Δav
as a function of EF -ES linked to the variation of doping.
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ES1

ES2
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DOS (states/eV)

6.3. Eﬀect of the Screening on the Gap Anisotropy and TC .
We stress the importance of q0 a, the screening parameter,
in the value of TC , and the anisotropy ratio α = Δmax /Δmin .
We give the results of our study, in the approximation of
weak screening (q0 a < 0.2). The results are presented in
Figure 10. We see that increasing q0 a, or, in other word, going
towards more metallic system or 3D, the anisotropy of the
gap decreases. For TC , the results are presented in Figure 11.
The eﬀect of increasing the screening strength is to decrease
TC . An increase of the screening can be due to the proximity
of EF to ES , where the DOS is high, and in the other side TC is
increased by the high DOS. There is a competition of the two

0.075

Figure 10: The anisotropy ratio α = Δmax /Δmin versus the screening
parameter q0 a.
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Figure 12: Density of States (DOS) in the orthorhombic phase.

Advances in Condensed Matter Physics
eﬀects to obtain the maximum TC . It is why we have to take
into account these two eﬀects and why the experimental TC
is not maximum when EF = ES [37].
We show that the eﬀect of increasing q0 a is to transform
the system in a metallic and more isotropic one.

7. Evidence of Lattice Involvement
Labbé and Friedel [38–40] gave an explanation for the
martensitic phase transformation from the cubic to the
tetragonal structure observed at low temperature in the A15
compounds of formula V3 X (X = Si, Ga, Ge, . . .) or Nb3 Sn.
This change of structure occurs at a temperature Tm greater
than TC . The Vanadium (V) atoms form a linear chain and an
almost one-dimensional approximation can be used for the d
electrons. In these conditions a VHs appears at the bottom of
the band and can explain high-TC [3, 41–43]. The electronic
energy is reduced when the lattice is deformed and leads to
a band type Jahn-Teller eﬀect. This eﬀect can explain the
observed cubic to tetragonal transition at low temperature.
This eﬀect does not change very much TC in these A15
compounds, because the role of the high DOS due to the VHs
is important only for small doping (low concentration of d
electrons).
The situation is more favorable in the cuprates, which
are almost bidimensional and where the VHs lies near the
middle of the band. Far or near TC , lattice deformations
tetragonal to orthorhombic phase transformations, deformation of the orthorhombic phase, even martensitic phase
transformations, have been observed in the cuprates in function of temperature, doping, substitution, or under strained
[11, 44–48]. This leads to a competition between electronic
and elastic energies. Evidence of the role of phonon in the
physics of cuprates has been seen experimentally; see, for
example, the paper of Graf et al. [49].
When the Fermi level lies close to a VHs, of energy
ES , as it is the case for cuprates near optimum doping, the
situation could be unstable and a small distortion increases
the distance EF -ES and decreases strongly the electronic
energy.
We propose a diﬀerent scenario in most of these 2D
compounds. When the lattice in the CuO2 plane is quadratic,
the four saddle points correspond to the same electronic
energy ES and the VHs is fourfold degenerate. Due to the
doping, and then to the eﬀect of decreasing the temperature,
the lattice becomes orthorhombic (rectangular unit cell).
The degeneracy is lifted and we hope to obtain two VHs
at diﬀerent energy ES1 and ES2 corresponding to the saddle
points along kx and k y in reciprocal space
Ek = −2t 1 + β cos X − 2t cos Y + 4t  cos X cos Y + De .
(11)
Using the twofold degenerate electronic dispersion, see (11),
where βt represents the diﬀerence in the interaction with
the first neigbours in the x and y direction, we calculate
the DOS versus energy, represented on Figure 12. In optimal
conditions the Fermi level could lie between ES1 and ES2 . EF
is then between these energy levels of high DOS in a dip, itself
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of a smaller but suﬃciently high DOS, the lattice is stabilized.
No more phase transformation could be possible, at lower
temperature this situation favors the BCS condensation into
a superconducting phase instead of a lattice transformation,
leading to high-TC due to the high DOS.
The goal for experimentalists will be to find the optimal
parameters (doping, strain, temperature, etc.) to lead the
sample to such situation that it condensates when EF is
pinned in its dip in order to obtain a very high-TC .
We want to indicate in favour of the electron-lattice
interaction that Deutscher and de Gennes [50] proposed a
model valid in the underdoped regime based on the idea that
if two holes occupy two adjacent copper sites, a contraction
of the Cu–O–Cu band occurs. This increases significantly the
transfer integral between the Cu and this can lead to the
formation of bound hole pairs.

8. Conclusion
Strong correlations are probably the dominant factor in the
underdoped region. But in the optimum and overdoped
regions, we have shown that the experimental observations
may be explained by electron-phonon or electron-lattice
interaction coupled with the Van Hove scenario, both
in the normal and superconducting states. The existence
of VHs close to the Fermi level is now well established
experimentally, and this fact must be taken into account
in any physical description of the properties of high-TC
superconducting cuprates.
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We consider strong spin-lattice and spin-phonon coupling in iron pnictides and discuss its implications on superconductivity.
Strong magneto-volume eﬀect in iron compounds has long been known as the Invar eﬀect. Fe pnictides also exhibit this eﬀect,
reflected in particular on the dependence of the magnetic moment on the atomic volume of Fe defined by the positions of the
nearest neighbor atoms. Through the phenomenological Landau theory, developed on the basis of the calculations by the density
functional theory (DFT) and the experimental results, we quantify the strength of the spin-lattice interaction as it relates to the
Stoner criterion for the onset of magnetism. We suggest that the coupling between electrons and phonons through the spin channel
may be suﬃciently strong to be an important part of the superconductivity mechanism in Fe pnictides.

1. Introduction
Recent discovery of superconductivity in Fe pnictides [1]
with the critical temperature TC up to 55 K [2] caused
enormous excitement in the field, for various reasons. First,
this is the first noncuprate family of superconductors with
TC above 40 K. Second, superconductivity appears when the
antiferromagnetic (AFM) order is suppressed by doping [3],
just as in the cuprates. Third, unlike the cuprates, strong
electron correlations are not observed by spectroscopy [4],
suggesting that the Mott physics may not be a necessary
ingredient for the mechanism of high-temperature superconductivity. Finally, there is a large family of similar compounds that show superconductivity, making experimental
research less restricted by chemical or materials issues. The
field is making surprisingly fast development, partly because
of the accumulated experience of working on the cuprates.
It is possible that the origin of thesuperconductivity in this
family of compounds may be easier to identify than for the
cuprates, and the success of solving this problem hopefully
will facilitate understanding of the cuprate problem.
Even though the AFM order is suppressed by doping,
spins are active in the doped Fe pnictide superconductors.

Again, just as in the cuprates strong magnetic excitations,
including the so-called resonance peak, are observed by
inelastic neutron scattering [5–8]. Core level spectroscopy
is consistent with the local Fe moment of about 1 μB [4].
Interestingly, the density functional theory (DFT) calculations always predict the magnetic ground state (AFM or
incommensurate order) for the experimental lattice constants [9–12]. The phonon dispersions observed by inelastic
X-ray scattering are consistent with the DFT calculations
only when the magnetic ground state is assumed [13]. Only
in the collapsed phase of CaFe2 As2 , in which the c-axis
lattice constant is reduced by as much as 10% compared
to the magnetic state, does the material become truly spindegenerate [14]. All these observations strongly suggest that
the superconducting samples are locally and dynamically
spin-polarized, and show strong dynamic Fe spin fluctuations. Although we do not have precise knowledge of
their spin dynamics, judged from the absence of strong
quasielastic scattering in neutron scattering with energy
resolution of 1 meV, the time-scale of fluctuation must not be
slower than 1 ps. This result supports the view that spins are
involved in the mechanism of superconductivity, for instance
though the spin-fluctuation mechanism [15–17].

2

2. Magneto-Volume Effect in Fe Pnictides
2.1. Dependence of Fe Moment on the Structure. It has
long been known that the magnetic moment of transition
metals depends on volume [23]. Because of the Pauli
exclusion principle, the electron kinetic energy of the spinpolarized state is higher for parallel spins if the volume
is the same, and volume expansion relaxes the kinetic
energy. In some iron alloys, thermal volume expansion due
to lattice anharmonicity cancels the decrease in volume
associated in the decrease in spin-splitting, resulting in zero
thermal expansion, widely known as the Invar behavior. The
negative or zero thermal expansion is indeed observed for
PrFeAsO [24]. The collapsed phase of CaFe2 As2 is a dramatic
case of such a magneto-volume eﬀect. This compound
shows AFM order below 140 K, but with the pressure of
0.4 GPa it undergoes the first-order phase transition into a
nonmagnetic phase with the reduction in volume of 5% [14].
In Fe pnictides, layers of Fe atoms are sandwiched by
layers of pnictide such as As or P [1]. Thus if the layer-layer
distance of pnictide is changed, the magnetic moment of
Fe is strongly aﬀected. This coupling of the Fe moment to
the pnictide position in the lattice was recognized early by
the DFT calculations [9, 20]. Figure 1 shows the calculated
dependence of the Fe moment in Ba(Fe0.92 Co0.08 )2 As2 on the
separation between the As layer and the Fe layer (z). The
calculations were done within virtual crystal approximation
(VCA) and local density approximation (LDA) with general

3

Fe moments (μB )

However, there are many puzzling, important questions
that need to be answered before addressing the question of
the mechanism: the first puzzle is the eﬀect of doping. In the
cuprates, doping is necessary for introducing mobile charge
carriers, since the parent compounds are Mott-Hubbard
insulators. In Fe pnictides, on the other hand, the parent
compounds are already metallic, and doping does not appear
to change the charge carrier density very much [9]. Rather,
the main eﬀect of doping is to suppress the AFM ground
state. In the pnictide parent compounds strongly twodimensional spin fluctuations are observed above TN [18],
just as in the superconducting Fe pnictides [6, 8]. However,
whereas the LaFeAsO (1111) type compounds are strongly
two-dimensional [10], BaFe2 As2 (122) type compounds are
much more three-dimensional [19]. The second curious
behavior is that the observed magnetic moment on the
AFM phase varies from a compound to compound, but
is always significantly smaller than predicted by the DFT
calculations [10–12]. Third, there is an interesting interplay
between both the lattice and magnetism [20], and the
lattice and superconductivity [21, 22]. In this article, we
focus on the third point, that of the lattice eﬀect. For the
purpose of highlighting the essence of the eﬀect, we use
simple approximations, namely the Landau theory and the
Stoner theory, using the results of the LDA calculations as
a guide. We argue that through the spin-lattice coupling
eﬀect the lattice may play a much larger role than generally
acknowledged in determining the properties of Fe pnictides,
possibly including even the superconductivity.
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Figure 1: The magnetic moment, M, as a function of the Fe-As layer
separation, z, calculated for Ba(Fe0.92 Co0.08 )2 As2 . The solid curve is
a fit by (3).

potential linearized augmented plane-wave (LAPW) method
[25], including local orbitals [26]. LAPW sphere radii of
2.2 a0 , 2.0 a0 , and 2.0 a0 , where a0 is Bohr radius, were used
for Ba, Fe, and As, respectively. To account for Co doping,
an electron number of 26.08 was used for Fe. We used the
experimentally reported tetragonal lattice parameters (a =
3.9625 Å, c = 13.0168 Å) [27]. In the calculated result, clearly
there is a quantum critical point (QCP) for magnetism
near zc = 1.20 Å as shown in Figure 1. The local exchange
interaction is strong enough to spin-split the band by
overcoming the kinetic energy cost only for z > zc . We obtain
similar results from the calculation on undoped BaFe2 As2 .
Compared also with other data [12, 20], the relation between
z and Fe moment M appears to be rather insensitive to
compositions, and the relation shown in Figure 1 appears
to be a nearly universal property of the FeAs triple layer.
This must be because the in-plane lattice constant, thus the
Fe-Fe distance, is very similar within ±1% among many
Fe pnictide compounds. Thus the parameter z, the AsFe layer separation, is a good common measure of the
magneto-volume eﬀect. For instance, in the collapsed phase
of CaFe2 As2 the value of z is 1.23 Å [14], close to the value of
zc in Figure 1.
2.2. Landau Theory. Let us develop a Landau-type theory to
describe the dependence of the local magnetic moment, M,
on the As-Fe layer separation, z. We may write the magnetic
free energy as
FM = AM 2 + BM 4 + Fs−l ,

(1)

where Fs−l is the spin-lattice interaction energy expanded by
z − zc ,




Fs−l = α(z − zc ) + β(z − zc )2 M 2 ,

(2)
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where α < 0. Fs−l is negative only for z > zc . We retain only
the terms with even powers of M because of the symmetry.
We set A = 0 so that zc is the critical point. By minimizing
FM with respect to M we obtain,




β
(z − zc ) + (z − zc )2 .
M =
2B
α
2

|α|

Figure 3: Electron energy as a function of the Fe-As layer separation
is calculated by LDA for Ba(Fe0.92 Co0.08 )2 As2 , with spin polarization;
the elastic constant is reduced by 29% compared to the state without
spin polarization, accounting for the phonon softening by 15% due
to spin polarization.

the As Raman mode, in which As layers move against each
other along the c-axis, either toward or away from the Fe
layer. The magneto-elastic free energy is


(3)

The dashed line in Figure 1 gives the fit of this equation to
the calculated moment. From this fit we obtain zc = 1.20 Å,
α/2B = 19.16 μ2B / Å, and α/β = − 1.40 Å. In CaFe2 As2 , the
QCP is hidden because the nature of the transition is strongly
first order. In the vicinity of zc , the moment is proportional
to (z − zc )1/2 .
Recently, the magnetic moment was experimentally
determined for the series of compounds, CeFe(As1−x Px )O
[28]. Because As and P are isovalent, the replacement of
As by P does not dope carriers to the system, but merely
change the Fe(As/P) layer separation. Indeed (3) fits the
results nicely as shown in Figure 2 [29]. Since the range of
z is relatively, small β was neglected. The fit to the data gave
zc = 1.278 Å, α/2B = 11.67 (μB / Å). Theoretical calculations
for the CeFe(As,P)O system are in progress. Note that in
the calculation presented in Figure 1, the lattice is assumed
to be static. In reality, however, the zero-point phonons are
present, with the amplitude of the order of 0.1 Å. This should
shift the critical point upward, in better agreement with the
data in Figure 2.
2.3. Phonon Softening. We now add the lattice elastic energy
in order to consider the phonon softening due to the
magneto-volume eﬀect. The phonon to be considered here is

1.8

Nonmagnetic
Magnetic

1.34

Figure 2: Dependence of the experimentally determined magnetic
moment on the Fe-As layer separation for CeFe(As,P)O (open
circles) [28], and the fit by (3) (solid curve).

1.6



FS (z) = α(z − zc ) + β(z − zc )2 M 2 + K(z − z1 )2


β
α2 (z − zc )2
=−
1 + (z − zc )
2B
α

2

(4)
+ K(z − z1 )2 .

By minimizing FS with respect to z we obtain the As position,
zM ,




2β
∂FS 
α2 (zM−zc )

=−
1+ (zM− zc )

∂z z=zM
B
α



β
1+ (zM−zc )
α



+ 2K(zM − z1 ) = 0.
(5)
Then by taking the second derivative we obtain the elastic
stiﬀness renormalized by the spin-lattice interaction,
⎧
⎨

⎡

 2

6β
β
α2 ⎣
K =K 1−
1 + (zM − zc ) + 6
⎩
2KB
α
α


(zM − zc )

⎤⎫
⎬

2⎦

⎭

.

(6)
As shown in Figure 3, allowing spin polarization softens the
As Raman phonon frequency by 15% at zM = 1.36 Å. This
eﬀect was noted earlier [12], and agrees with the experimental observations [13]. Note that the energy minimum
of the DFT calculation systematically underestimates the
lattice constant. Thus we obtain, α = − 0.193 eV/ Å μ2B ,

4
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3. Generalized Stoner Condition

E=

0

εN↑ (ε↑ )dε↑ +

 εF ↓
0

εN↓ (ε↓ )dε↓ + In↑ n↓ ,

(7)

where N↑ (ε) is the electron density of states for up spins, n↑
is the density of electrons with up spin, and ε↑ is the energy
of an electron with up spin. Magnetization is given by M =
n↑ −n↓ . If we start with the nonmagnetic state and introduce a
small spin splitting by shifting the up spin by dε↑ , the energy
changes
dE = 2N(εF )[1 − IN(εF )]dε↑ 2 ,

(8)

which gives the Stoner criterion,
IN(εF ) ≥ 1.

(9)

M = dn↑ − dn↓ = 2dn↑ = 2N(εF )dε↑ ,

(10)

Near the Stoner QCP,

thus
dE =

1 − IN(εF ) 2
M ,
2N(εF )

40

20

We now turn our attention to the Fe band splitting. We start
with the classical Stoner theory of itinerant ferromagnetism
[30], and generalize it to an antiferromagnet [31–33]. Even
though more complex and accurate DFT calculations can be
made, this is a useful exercise for simplicity and clarity of
logic. In the Stoner theory the electron energy is given by
 εF ↑

60

TC (K)

β = 0.137 eV/ Å μ2B , and z1 = 1.32 Å. The value of z1 is
in good agreement with the LDA calculation (1.32 Å after
correcting for the systematic underestimation), proving the
internal consistency. Thus this theory elucidates how the
magneto-volume interaction, (2) can induce magnetization
as a function of the As-Fe layer separation, and softening of
the As Raman phonon mode.

(11)

0
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Figure 4: Superconducting critical temprture TC , as a function of
the As-Fe layer separation, z.

where M(Q) is the SDW amplitude, χ0 (Q) is the generalized
bare susceptibility, and hQ is the SDW mean-field [31]. Thus
the generalized Stoner condition is given by [31–33]
Iχ0 (Q) ≥ 1.

(14)

Note that χ0 (Q = 0) = N(εF ), which recovers the
Stoner condition for ferromagnetism. Now the eﬀect of
lattice strain is to modify the generalized Stoner condition.
For instance, reducing the As-Fe separation increases the
bandwidth, thus decreases the generalized susceptibility. This
brings the system closer to the Stoner QCP, and reduces
the magnetic moment. Because the Fe pnictides are close
to the Stoner QCP, even a small lattice strain, including
phonons, can have very significant eﬀects. Similarly, the inplane Fe phonon mode that is relevant to the tetragonalorthorhombic structural phase transition could also be
important to the magnetism of Fe pnictides. The strong
anisotropy of the spin exchange in the Fe plane [34] is
indicative of the strong spin-lattice coupling in the Fe plane.

4. Relation to Superconductivity

and in (1),
A=

1 − IN(εF )
.
2N(εF )

(12)

Thus A = 0 at the QCP.
In the case of an antiferromagnet, the same argument can
be constructed for the staggered spin-split bands, except that
the exchange energy term I includes the kinetic energy cost
for modulating the spin split band by K = π/a [32, 33].
Therefore, we can interpret zc as the generalized Stoner
QCP. In general for a spin density wave (SDW) ordering
with Q, within the random phase approximation (RPA), the
magnetic moment above the SDW ordering temperature is
given by
M(Q) =

χ0 (Q)
hQ ,
1 − Iχ0 (Q)

(13)

One of the most intriguing lattice eﬀects on the superconductivity of Fe pnictides is the dependence of the critical
temperature, TC , on the geometry of the FeAs4 tetrahedron
[21, 22]. Data show that TC is strongly related to the As-Fe-As
angle. Because the As-Fe-As angle is directly related to the FeAs layer separation, z, in Figure 4, we plotted TC as a function
of z, using the published results of crystallographic analysis.
The results are shown also in Table 1, with references for
the data. Clearly the behavior above za = 1.4 Å is diﬀerent
from that below za . Above za TC is not much dependent on z,
whereas there is strong dependence below. It is possible that
the systems with z > za are regular BCS superconductors,
and the enhancement is present only for z < za . Below
za , there is recognizable correlation between TC and z,
except for a few outliers. This correlation supports the idea
that z is a universal parameter for the properties of FeAs
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Table 1: The values of z, TC for various Fe pnictides. Na-111 means
NaFeAs, K-Ba122 means K1−x Bax Fe2 As2 , and so forth.
z (Å)
1.41
1.37
1.34
1.37
1.34
1.32
1.32
1.32
1.37
1.38
1.34
1.65
1.62
1.51
1.68
1.36
1.38
1.37
1.35
1.38

Compound
Na111
K-Ba122
F-La1111
F-Nd1111
F-Ce1111
F-Pr1111
F-La1111
Pr1111
O-Sm1111
V-Nd1111
Co-La1111
Fe(Se0.416 Te0.584 )
Fe(Se0.493 Te0.507 )
Li111
Li111
F-Sm1111
F-Tb1111
V-Nd1111
Co-SrFeAsF
K-Ba122

TC (K)
15.5
38
26
46
35
47
20
47
34
51
14.3
14
14
10
18
46
44
51
4
38

Ref.
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[40]
[42]
[43]
[44]
[45]
[45]
[46]
[47]
[48]
[49]
[43]
[50]
[36]

60

50

TC (K)

40

30

20

is observed if we plot TC against the moment experimentally
determined for the CeFe(As, P)O system shown in Figure 2
[29]. An obvious implication of these correlations is that
indeed magnetism is deeply involved in superconductivity,
even though there is no static magnetic order in most of
the superconducting samples. However, the involvement of
spins in the mechanism may not be limited to the spinfluctuation mechanism. The spin-lattice coupling could be
involved in the superconductivity mechanism through the
electron-phonon (e-p) coupling in the spin-channel.
For instance, the phonon can modify the electron hopping integral ti j [51]. In the presence of antiferromagnetic
correlation, the phonon-induced charge transfer from one
spin sublattice to the other can be given by
H=



Δtq,k



q,k,s





+
+
a+q fk,s
gk+q,s + aq fk,s
gk−q,s + H.c. ,

(15)

where s refers to spin (↓ or ↑), Δtq,k is the derivative of t with
respect to phonon displacement, aq is a phonon annihilation
operator, and fk and gk are electron annihilation operators
for the spin ↑ sublattice and the spin ↓ sublattice. The ↑
spin is a minority spin for the spin ↓ sublattice, so (15)
results in the spin transfer between the majority band and
the minority band. Note that this coupling is diﬀerent from
the usual spin-phonon coupling through the modification of
the exchange integral J by phonons, and ultimately we will
have to consider both [52]. Even though the conventional
charge-channel e-p coupling (Fröhlich coupling) is weak for
the Fe pnictides [53], the e-p coupling through the spinchannel, such as the one in (15), may be strong enough to
make a diﬀerence. Other possibility includes the mechanism
proposed by Kulic and Haghighirad [54] in which the on-site
Hubbard repulsion, U, is modified by the dipolar moment of
pnictide ions.
Possible importance of the spin-phonon coupling in the
cuprates was discussed earlier [55–57]. Whereas many people
speculate that the spin-fluctuation is the common mechanism for the cuprates as well as for Fe pnictides, it is possible
that the spin-channel e-p coupling is the common thread for
high-temperature superconductors, although much remain
to be researched before we reach any definite conclusion.
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5. Conclusions
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Figure 5: Superconducting critical temperature, TC , against M 4
calculated by the LDA.

compounds, including the superconductivity, regardless of
the composition.
It is interesting to note that, from (2) and (3), Fs− p =
−2BM 4 . Thus we plotted TC against M 4 calculated by (3),
not the experimental values of M, in Figure 5. Again a linear
correlation appears to be present, although the correlation is
far from perfect. On the other hand, the relation, TC ∝ M 2 ,

The conventional electron-phonon (e-p) coupling through
the charge channel is quite small for the Fe pnictide
compounds [53]. This led many to conclude that lattice
and phonons are irrelevant to the superconductivity of the
Fe pnictides. Consequently, the spin-fluctuation mechanism
is regarded to be the leading mechanism to explain their
high TC [15]. However, the lattice is intimately involved
in the magnetism of this compound through the magnetovolume eﬀect, as shown in this paper. This coupling has been
known for a long time as Invar eﬀect. The lattice controls
the Stoner condition, and thus the onset of spin-splitting.
Because the lattice is so intimately involved in magnetism,
it is furthermore possible that the e-p coupling through the
spin-channel is relevant, for instance involving the As Raman

6
phonon mode or the in-plane Fe mode. The lattice eﬀect
may be much more important than generally assumed to the
properties of Fe pnictides, including superconductivity.
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[20] Z. P. Yin, S. Lebègue, M. J. Han, B. P. Neal, S. Y. Savrasov,
and W. E. Pickett, “Electron-hole symmetry and magnetic
coupling in antiferromagnetic LaFeAsO,” Physical Review
Letters, vol. 101, no. 4, Article ID 047001, 4 pages, 2008.
[21] C.-H. Lee, A. Iyo, H. Eisaki, et al., “Eﬀect of structural
parameters on superconductivity in fluorine-free LnFeAsO1− y
(Ln = La, Nd),” Journal of the Physical Society of Japan, vol. 77,
no. 8, Article ID 083704, 4 pages, 2008.
[22] J. Zhao, Q. Huang, C. de la Cruz, et al., “Structural and
magnetic phase diagram of CeFeAsO1−x Fx and its relation to
high-temperature superconductivity,” Nature Materials, vol. 7,
no. 12, pp. 953–959, 2008.
[23] S. Chikazumi, Physics of Magnetism, John Wiley & Sons, New
York, NY, USA, 1964.
[24] S. A. J. Kimber, D. N. Argyriou, F. Yokaichiya, et al., “Magnetic
ordering and negative thermal expansion in PrFeAsO,” Physical Review B, vol. 78, no. 14, Article ID 140503, 4 pages, 2008.
[25] D. J. Singh and L. Nordstrom, Planewaves, Pseudopotentials
and the LAPW Method, Springer, Berlin, Germany, 2nd
edition, 2006.
[26] D. Singh, “Ground-state properties of lanthanum: treatment
of extended-core states,” Physical Review B, vol. 43, no. 8, pp.
6388–6392, 1991.
[27] M. Rotter, M. Tegel, D. Johrendt, I. Schellenberg, W. Hermes,
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M. L. Kulić and A. A. Haghighirad, “Possible strong electronlattice interaction and giant magneto-elastic eﬀects in Fepnictides,” Europhysics Letters, vol. 87, no. 1, Article ID 17007,
6 pages, 2009.
S. Ishihara, T. Egami, and M. Tachiki, “Electron-lattice
interaction in cuprates: eﬀect of electron correlation,” Physical
Review B, vol. 55, no. 5, pp. 3163–3172, 1997.
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The Holstein-Hubbard model serves as a useful framework to investigate this interplay between the phonon-induced electronelectron attractive interaction and the direct Coulomb repulsion and can aﬀord interesting phase diagrams due to competition
among charge-density wave (CDW), spin-density wave (SDW), and superconductivity. However the detailed nature of the CDWSDW transition is still not very well known. It is generally believed that the system undergoes a direct insulator to insulator
transition from CDW to SDW with the increase of the on-site Coulomb repulsion for a given strength of the electron-phonon
coupling and this is the main bottleneck for the polaronic/bipolaronic mechanism of high-temperature superconductivity. We
have recently made an investigation to study the nature of the transition from SDW phase to CDW phase within the framework of
a one-dimensional Holstein-Hubbard model at half-filling using a variational method. We find that an intervening metallic phase
may exist at the crossover region of the CDW-SDW transition. We have also observed that if the anharmonicity of the phonons is
taken into account, this metallic phase widens and the polarons become more mobile, which is a more favorable situation from the
point of view of superconductivity. We shall finally show that an improved variational calculation widens the metallic phase and
makes the polarons more mobile, which reconfirms the existence of the intermediate metallic phase at the SDW-CDW crossover
region.

1. Introduction
The discovery of high-temperature cuprate superconductors
is more than twenty years old [1]; however, the basic
mechanism involved for inducing superconductivity in these
systems has remained hitherto elusive. Though several
mechanisms [2] have been suggested over the last three
decades, there has hardly been any consensus on any
particular model. One of the potential mechanisms that
have been advocated for inducing pairing in cuprates is
again the electron-phonon interaction [3–16]. There have
also been quite a few experiments which have supported
this conjecture [17–27]. According to some of these models,
electron-phonon interaction being large enough in the
high Tc materials, polarons, or bipolarons should be the
natural quasiparticles in the normal phase of these systems.
However, these materials being strongly correlated systems

with narrow bands, it is more convincing to describe the
corresponding polarons or bipolarons through the Holstein
approach [15, 16, 28] instead of the usual Frohlich picture
[29]. There are several temperature scales in these systems.
One is TBCS , which is the transition temperature for the
polaronic superconductivity through BCS mechanism [30].
The second temperature scale is TBP , which is the temperature at which two polarons can form a stable local
bipolaron which is a static pair as opposed to the dynamic
Cooper pair of the usual BCS theory. If TBP is higher than
TBCS , then the normal phase would be a bosonic phase
containing bipolarons as the quasiparticles. In this case, there
should exist a temperature TBEC , the third temperature scale,
which is the Bose-Einstein condensation temperature for the
bipolarons. The superconducting phase is then naturally the
Bose-Einstein condensate of static bipolarons. The polaronic
or bipolaronic mechanism for inducing pairing can explain
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many of the properties of high-temperature cuprates, but
there has also been a strong opposition to these theories by
some researchers. The polaronic/bipolaronic theories require
a strong electron-phonon interaction for the formation of
polarons and bipolarons which in the opinion of these
researchers is the greatest bottleneck of these theories because
at large electron-phonon coupling a system would normally
prefer to settle into a charge-density wave (CDW) ground
state (GS) which is a peierls insulating phase. On the other
hand, if the electron-phonon coupling is not too strong
to overcome the Coulomb correlation, the system would
prefer to be in a spin-density wave (SDW) GS which is
an antiferromagnetic Mott insulating phase. Thus, they
argue, that the electron-phonon interaction cannot play any
role in high-Tc superconductivity. However, a deeper and
more careful look suggests that there could be yet another
eﬀect arising due to the competition between the phononinduced attractive interaction between electrons and the
direct Coulomb repulsion which might lead to some kind
of a compromise at the crossover region so much so that
the transition from one insulating state to the other may
not be direct as normally believed but may go through an
intermediate phase and it is this phase which is the subject of
our interest.
The most suitable model to study the interplay between
the electron-phonon interaction and the Coulomb repulsion
in narrow-band systems is the Holstein-Hubbard model.
Last three decades have witnessed a flurry of investigations
[15, 16, 31–43] on this model primarily for its potential role
in the context of high-Tc superconductivity, and also for
its intrinsic appeal from the point of view of fundamental
physics, for it provides a very useful framework for the
investigation of polaronic eﬀects on correlated electrons
in narrow-band systems. So far, several studies on the
Hubbard-Holstein model have revealed that it can aﬀord
interesting phase diagrams due to the competition among
charge-density wave (CDW), spin-density wave (SDW), and
superconductivity as we change the parameters involved in
the system. Recently, Takada and Chatterjee [44] (hereafter
referred to as TC) have shown for the first time within
the framework of one-dimensional (1D) HH model at
half-filling that there may exist an intervening phase at
the CDW-SDW crossover region and, interestingly enough,
this phase is metallic. This theoretical observation is of
great importance because such a metallic state, if exists,
would be just ideal for high-Tc superconductivity. TC
have shown in a subsequent paper [45] that the presence of phonon anharmonicity makes the polarons even
more mobile and also widens the metallic phase favoring
superconductivity even more. More recently, Krishna and
Chatterjee (KC) [46] have made an improved calculation
to test the veracity of the results of TC. The goal was
to see whether using a more accurate phonon GS yields
results which are more conducive or less conducive for
the phenomenon of superconductivity. KC have shown that
a better variational analysis in fact broadens the metallic
region even further, thus lending more credence to the
prediction about the existence of the intermediate metallic
phase at the CDW-SDW crossover region made earlier by
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TC. In this article we shall present a review of the above
scenario.

2. The Model Hamiltonian
The Holstein-Hubbard Hamiltonian may be written as
H=−



i j σ

+ ω0

+
ti j ciσ
ciσ + U


i

bi+ bi +


iσ


i

ni ↑ ni ↓





(1)

gniσ bi + bi+ ,

+
where ciσ
(ciσ ) is the creation (annihilation) operator for
+
ciσ
an electron with spin σ at the ith lattice site, niσ = ciσ
is the electron number operator, ti j is the bare hopping
integral, and U is the on-site Coulomb interaction energy.
The notation i j  in the hoping term denotes that the
summation over i and j has to be carried over nearest
neighbors only and we shall write ti j = t. bi+ (bi ) is the
phonon creation (annihilation) operator at the ith site and
ω0 is the dispersionless optical phonon frequency. g is the
dispersionless electron-phonon
interaction strength which
√
may be written as g = αω0 , where α is the dimensionless
electron-phonon coupling constant. In (1) we have chosen
units in such a way that  = 1. As has been alluded to
above, the above Hamiltonian is able to provide the CDW
and SDW phases; however, the details of the CDW-SDW
transition are not at all clear. The usual belief is that the
transition is direct. However, an exact-diagonalization study
[41] on the two-site HH model has suggested the appearance
of a superconducting phase. As related to this issue, a metalinsulator transition has been predicted in the Holstein model
using either the density-matrix renormalization group [42]
or a unitary transformation method [43]. Thus, our aim has
been to carefully consider the transition region at half-filling
by approaching the HH model from the antiadiabatic region
in which t is much smaller than ω0 . In order to avoid any
error that might enter through the approximations involved
in dealing with the Coulomb correlation term, we have
investigated the one-dimensional (1D) system so that the
exact solution of Lieb and Wu [47] can be taken advantage
of.

3. Theory
We shall attempt to solve the above Hamiltonian using a
variational approach. The first step is to apply a variabledisplacement (VD) Lang-Firsov (LF) canonical transformation [48–50] with a generator R1 , defined as
R1 = g 


iσ





niσ bi+ − bi ,

(2)

parameter. We assume that g  is of
where g  is a variational
√

form g = ω0 αη. In the conventional LF approach [48],
one chooses η = 1 so that g  = g and obtains the GS energy
by averaging the transformed Hamiltonian with respect to
the zero-phonon state which, however, would be a good
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enough approximation for strong α in the antiadiabatic limit.
In the weak and intermediate coupling region, however, a
lower GS energy can be obtained by optimizing η. Furthermore, our variable Lang-Firsov transformation (VDLFT)
assumes that the phonon coherence coeﬃcient depends
linearly on the electron concentration, ni . The parameter
η essentially gives a measure of the lattice deformation;
in the strong-coupling limit it approaches unity, but in
the intermediate-coupling region, it becomes smaller than
that, so as to provide a better total energy by balancing
the tendency to localization of an electron by the electronphonon coupling and its itinerant nature due to the hopping
motion. Then the transformed Hamiltonian reads
H1 = eR He−R



+
= −αω0 η 2 − η
niσ − t
e(xi −x j ) ciσ
ciσ
iσ
i j σ




+ U − 2αω0 η 2 − η
ni↑ ni↓ + ω0 bi+ bi
i

√



+ αω0 1 − η


iσ



R2 =



√

where the operator xi is defined as xi = αη (bi+ − bi ). In
constructing a trial wave function Ψ for the ground state
in the antiadiabatic region, we consider it as a product of
the electronic part Φel and the phonon part Φph , whereby
Φph may include electronic variables, either explicitly or
implicitly, but it depends on them only as c-number
parameters, not quantum variables, in just the same way
as the ion positions are regarded in the electronic wave
function in the conventional adiabatic Born-Oppenheimer
approximation. Then the energy expectation value E0 can be
evaluated as
(4)


iσ

√
h
h + η α niσ − √
α

Heﬀ = Φph |H1 |Φph

(5)

is the eﬀective electronic Hamiltonian. Normally for the
phonon subsystem, one chooses the zero-phonon state,
i |0i , for the ground state of the electron-phonon composite system. In our treatment, however, we have improved on
it by assuming that


2

e(−hi

Φph =
i

/2)−hi bi+

|0i  ,

(7)






bi+ − bi .

(6)

where hi is another variational parameter and |0i  is the zerophonon state at the ith site. Note that this state is normalized;
Φph | Φph  = 1. If hi is taken to be zero, then it is reduced to
the zero-phonon state, but a solution with nonzero hi gives a
much lower E0 , especially for a large positive U, as we shall
show later. In this paper, we shall be interested only in the
half-filled case, that is, we shall consider only one electron
per site. Therefore, we assume that all the sites are equivalent;
consequently we can assume that hi = h, for all i, which is

(8)

The first transformation corresponds to the antiadiabatic
limit (η = 1) while the second transformation corresponds
to the adiabatic limit (η = 0). Thus both the adiabatic and
antiadiabatic regions are considered by taking 0 < η < 1. The
eﬀective electronic Hamiltonian (5) is obtained as






√





Heﬀ = Nh2 ω0 − αη 2 − η + 2 αh 1 − η ω0
− teﬀ



+
ciσ
ciσ + Ueﬀ

i j 

iσ


i



niσ
(9)

+
ciσ
ciσ ,

where teﬀ is the renormalized hopping integral, given by
teﬀ = te−αη ,
2

(10)

and Ueﬀ is the eﬀective on-site Coulomb interaction,
expressed as










2

Ueﬀ = U − 2αω0 η 2 − η = U + 2αω0 1 − η ,

where


h bi+ − bi

and then performing an averaging with respect to the
unperturbed zero-phonon state. The two transformations
performed so far look together as

(3)

niσ bi+ + bi ,

 
i

R12 =

i

E0 = Ψ|H1 |Ψ = Φel |Heﬀ |Φel ,

consistent with the choice of the i independent η in defining
R. This assumption is also in tune with the form of the
electron-phonon interaction taken in the initial Hamiltonian
where the electron-phonon interaction coeﬃcient g is same
for all sites. Then we can derive Heﬀ in (5) for the N-site
system using (6) for |Φph . One can immediately see that
using the phonon state (6) implies first employing a coherent
state transformation on H1 with a generator R2 given by

(11)

where U = U − 2αω0 . One can see that the eﬀective
2
hopping parameter teﬀ is reduced by the factor e−αη , called
the Holstein reduced factor which leads to the phenomenon
of band narrowing due to polaron formation. The band
reduction factor is maximum for η = 1. One may also
note that both teﬀ and Ueﬀ are independent of h, reflecting
the fact that the phonon background represented in |Φph 
is independent of the electron motion in contrast with the
situation described by the operator R in (2). Furthermore
if η is not equal to unity, then Ueﬀ is larger than U due to
the retardation eﬀect of phonons on the phonon-mediated
attraction.
In one dimension, the eﬀective Hubbard Hamiltonian (7)
can be solved exactly using the Bethe ansatz method as was
shown by Lieb and Wu. The solution of Lieb and Wu [47] is,
however, valid for Ueﬀ > 0. We have performed the following
transformations [44]:
ci↑ −→ ci↑ ,

ci↓ −→ (−1)i ci+↓ ,

(12)

4
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Figure 1: (Color online) Ground-state energy per site as a function
of U for α = 1 and three cases of t/ω0 = 0.1, 0.2, and 0.4.

to obtain results which will be valid for both Ueﬀ > 0 and
Ueﬀ < 0. The energy per site is obtained as
0 =


2
√ 
E0
= −αω0 + h − α 1 − η ω0
N

U − |Ueﬀ |
+ eﬀ
− 4teﬀ
4

∞
0

J0 (z)J1 (z)
dz

,
z 1 + exp(z|Ueﬀ |/2teﬀ )
(13)

where J0 (z) and J1 (z) are the Bessel functions of zeroth order
and first order, respectively. One can immediately see that
the variational parameter “h” can be analytically obtained.
Namely,

√

d 0
=0
dh

(14)

yields h = α (1 − η).

4. Numerical Results and Discussion
Minimization with respect to η has to be done numerically.
The energy per site as function of U for α = 1 is shown in
Figure 1.
In the antiadiabatic limiting region, for example, in the
case of t = 0.1ω0 , the eﬀect of the parameter h is not so
significant, as can be seen by comparing the present result
(the solid curve) with the one obtained by choosing h = 0
(the dotted curve). This is because in this case the optimized

value of η is pretty close to 1. The present results for the
energy 0 are also in good agreement with the energy of the
corresponding two-site system obtained by Takada [41] by
using exact diagonalization. This implies that physics of the
present system in this region can be essentially captured by
the two-site problem. It is evident that at the crossover region
there is a rounding-oﬀ in the energy. It may also be pointed
out that Ueﬀ changes sign in the crossover region. Had the
change in the energy been sharp at the crossover region, one
would have expected a direct transition from the CDW to the
SDW phase. But the rounding oﬀ in the energy suggests that
there may be an intermediate state at the cross-over region.
As t increases, the rounding-oﬀ region also increases. Thus
adiabaticity seems to favor the intermediate state.
In Figure 2(a), we plot teﬀ as a function of U for various
values α and for t = 0.2ω0 . This is essentially equivalent
to plotting the antiadiabaticity parameter η. A careful
observation shows that the curves have some interesting
structures. To decipher them, we plot in Figure 2(b) the
derivative of teﬀ with respect to U, that is, dteﬀ /dU as a
function of U. One can immediately see that there are peaks
on both sides of the cross-over point defined by Ueﬀ = 0
which is roughly given by U = 2αω0 . The peak structure
becomes more prominent as the electron-phonon coupling
constant is increased. As α decreases, the peaks reduce in
height and eventually it becomes rather diﬃcult to clearly
identify the transition points if αω0 ∼ 1. For values of U less
than those at the first peak, teﬀ is very small which means that
η is close to 1. In this case one would expect the formation
of massive localized bipolarons or in other words a CDW
phase. For values of U larger than the second transition,
η approaches zero, and thus teﬀ tends to the bare hopping
integral t. This does not, however, mean that the electrons
become free. Rather, the system essentially reduces to the
original Hubbard model describing the antiferromagnetic
insulating phase. Between the two transition points, we
0.25,
observe that teﬀ and Ueﬀ obey the condition teﬀ /Ueﬀ
which seems to be a sign of a metallic behavior of a system of
many free polarons.
In Figure 3, we have plotted the CDW-SDW phase
diagram in (α, U) plane. The boundaries of the phase
diagram have been obtained from the maxima of the dteﬀ /dU
versus U curve. We find it diﬃcult to draw the phase diagram
for small α or small U. However it seems that for α = 0
and U < 0, that is, attractive on-site interaction, the normal
state is unstable against superconducting transition. We have
already argued that the region along increasing U beyond the
second peak of dteﬀ /dU corresponds to the SDW phase while
that along decreasing U from the first peak corresponds to
the CDW phase. The region in between the CDW and SDW
0.25 and is, therefore, a
phases corresponds to teﬀ /Ueﬀ
metallic phase.
To obtain another evidence for the existence of the
intermediate metallic state, we have calculated the average
local spin moment per site which is given by
L0 =

  2 
i

Si
N

=

 
2
i

Si



=

N 3−6





i ni↑ ni↓ 

4

(15)
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Figure 2: Renormalized hopping integral teﬀ and its derivative as a function of U for various values of α at t = 0.2ω0 .
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Figure 3: Phase diagram in (α, U) plane determined by the peaks
in dteﬀ /dU. The curve corresponding to Ueﬀ = 0 is also given by the
dotted curve.

which by using (13) can be written as
[3 − (6d0 /dU)]
.
(16)
4
For totally uncorrelated motion of electrons as in the case of
noninteracting electrons, one can easily obtain from (7) the
value of d0 /dU which then yields
L0 =

L0 =

3
= 0.375.
8

(17)
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2

Figure 4: Contour plots of the local moment L0 in (α, U) plane.

Using (17) and (13), one can obtain contour plots for (α, U)
for diﬀerent values of L0 . In Figure 4 we show these plots.
It is evident that L0 = 0.375 lies in the same region where
0.25, thus confirming the existence of a metallic
teﬀ /Ueﬀ
phase at the cross-over region of the CDW and SDW phases.

5. Effect of Anharmonic Phonons
For the sake of simplicity, we have considered the phonons
to be harmonic in [44] and in Sections 2–4, while in reality

6
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Figure 5: Anharmonic potential in units of ω0 as a function of the
one-dimensional lattice displacement xi for λ3 = 0.005 and 0.01
with λ4 /λ3 = 0.01.

the ion-ion potential in a solid should also contain anharmonic terms giving rise to phonon-phonon interactions,
and hence a finite lifetime for phonons. Those phononphonon interaction terms are absolutely necessary to explain
certain thermal properties like thermal expansion, but their
eﬀects on the electronic properties are normally very small,
and therefore they are generally neglected. However, several
investigations have shown that phonon anharmonicity can
produce some profound eﬀects on the electronic properties
as well, particularly in the study of high-Tc superconductivity
[24–27, 51–53]. In this context, anharmonic vibration of
the apex oxygen atoms in cuprates has attracted much
attention and its eﬀects have been studied in terms of
various models for the anharmonic phonons such as the
double-well potential model [54–56] and the Hubbard
model coupled to a local two-level system [57]. Since it can
mimic a double-well potential with a proper choice of the
adjustable parameters, the local Gaussian potential model
[58] has also been analyzed. Furthermore, the competition
between superconductivity and CDW has been studied in
the Holstein-Hubbard model with the quartic anharmonic
contribution to the phonon potential energy [59]. One of
the features that are common to all these investigations
is that the anharmonic potential V (xi ) with the lattice
displacement xi is symmetric with respect to the inversion
of xi or xi → xi . Such a symmetric V (xi ), however, would
never give rise to thermal expansion of lattice. Chatterjee and
collaborators [60, 61] have given an appropriate form for
V (xi ), which quantitatively explains the thermal expansion
behavior of actual materials. It is found that the most
dominant anharmonic eﬀect of the lattice potential would
come from the terms that are cubic and quartic in the
lattice displacement. Indeed, it has recently been shown
that the thermal expansion data for both YBaCuO and Bi2223 superconductors can be explained quite satisfactorily

by using V (xi ) consisting of cubic and quartic terms [62, 63].
This model also predicts the values of the Debye temperature
which for both materials compare quite impressively with
the values quoted in the literature. This imparts a fair
amount of confidence in this model. Since we have come
to know a form of the anharmonic lattice potential which
is physically motivated and also supported by experiment,
it would be interesting to investigate quantitatively how
those cubic and quartic anharmonic phonons will modify
the polaronic properties in general and the nature of the
CDW-SDW transition in particular. We adopt the same
variational method as the one introduced in the above
Holstein-Hubbard model so that we can make a direct
comparison between harmonic and anharmonic models and
at the same time restrict ourselves to the one-dimensional
problem so that the exact solution of Lieb and Wu [47] can
be used. The present calculation has led us to obtain an
important observation that the main eﬀect of the phonon
anharmonicities is to eﬀectively shift the on-site Coulomb
repulsion U with the direction of the shift depending on the
sign of the electron-phonon coupling constant g. With the
use of the realistic magnitudes for the anharmonicities, we
find that the overall features of the anharmonic system are
basically similar to those in the harmonic one for positive g,
while they may become radically diﬀerent for negative g. In
the latter case, in particular, a first-order phase transition can
be seen, which constitutes an unexpected and very interesting
theoretical observation.
The one-dimensional (1D) Hubbard-Holstein model
with cubic and quartic anharmonic phonons may be
described by the Hamiltonian H, given by
H = He + Hph + He-ph , with


He = −t

i j σ

Hph = ω0


i

He-ph = g

+
ciσ
c jσ + U


iσ

bi+ bi − ω0



i

4


ni ↑ ni ↓ ,

λk



k=3

i

k

bi+ + bi ,

(18)



niσ bi+ + bi ,

where Hph contains the anharmonic phonon terms and rest
of the terms are same as in (1).
In terms of the local displacement of an ion at the ith site,




bi + bi+
√
xi ≡
2



.

(19)

Hph in (18) can be derived from the local potential V (xi )
given by
V (xi ) = ω0



√
1 2
x − 2 2λ3 xi3 − 4λ4 xi4 .
2 i

(20)
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The parameters λ3 and λ4 should be positive as required by
the consideration of thermal expansion [60, 61, 64]. Quantitatively, their magnitudes can be evaluated by analyzing
experiment on thermal expansion of crystals to find that
λ4
= 0.001 − 0.01.
λ3

λ3 ≈ 0.001 − 0.01,

(21)

In Figure 5, V (xi ) is plotted as a function of xi (the
dimensionless lattice displacement in some suitable unit)
for λ3 = 0 (the harmonic case), 0 : 005, and 0 : 01 with
λ4 /λ3 = 0.01. It should be noted that, even though it is very
small, a positive value of λ4 eventually leads to a situation
where V (xi ) becomes negative for suﬃciently large |xi |.
However, we shall not be interested in such large variations
in xi here; we shall rather look for local minima of the total
energy around xi = 0. As long as both λ3 and λ4 are small
enough, such local minima are always expected to exist. This
restriction to small variations in xi is consistent with the
choice of a linear coupling between the lattice displacement
and the electron charge in the Hamiltonian. We follow the
same variational approach to solve (18) as the one presented
in order to solve (1). The energy per site is obtained as
Eph
U − |Ueﬀ |
+ eeﬀ + eﬀ
N
4

0 =

− 4teﬀ

∞
0

J0 (z)J1 (z)
dz

,
z 1 + exp(z|Ueﬀ |/2teﬀ )

(22)

where, as before, J0 and J1 are, respectively, the zeroth-order
and the first-order Bessel functions, Eph /N is the virtually
excited phonon energy given by


Eph  2
= h + 2λ3 h(4h + 3) − λ4 16h2 + 24h2 + 3 ω0 , (23)
N

eeﬀ is the eﬀective polaron energy given by
eeﬀ = −

2
 g

g2
− h2 ω0 + 1 − η
− h ω0
ω0
ω0






+ λ3 η η2 + 6hη + 3 4h2 + 1 ω0





− λ4 η η3 + 8hη2 + 6 4h2 + 1 η + 8β 4h2 + 3 ω0

(24)
with
η ≡ 2η

g
,
ω0

(25)

teﬀ is the eﬀective hopping integral given by




η2
,
teﬀ = t exp −
4

(26)

and the eﬀective on-site Coulomb energy Ueﬀ is given by
Ueﬀ = U − 2


2 g 2


g2
+2 1−η
+ 6λ3 η2 η + 2h ω0
ω0
ω0




− 2λ4 η 7η + 24hη + 24h + 6 ω0 .
2

2

2

(27)

L0 is again given by a similar expression as (16). Equation
(22) is now minimized with respect to η and h. The average
lattice displacement is obtained as

√
g
xi  = − 2 h + η
.

ω0

(28)

The variations of xi , teﬀ , Ueﬀ , and L0 as function of
g are shown in Figure 6. Though in the absence of the
cubic anharmonic term the sign of g is of little physical
relevance; in its presence, however, the sign of g becomes
quite important. Usually√g is taken as a positive quantity
and is expressed as g = αω0 , with α as the dimensionless
electron-phonon coupling constant. With this g, we would
expect that xi  will not be so much√diﬀerent from its value
in the harmonic model, namely, − 2α, as long as both λ3
and λ4 are small. This can be easily seen by substituting the
harmonic value of h in (28). This implies that xi  must be
negative. According to Figure 5, the potential V (xi ) increases
from the corresponding value in the harmonic model for
negative xi due to the cubic term, indicating that the cubic
anharmonicity increases the total energy. In fact, for positive
g, the cubic anharmonicity increases the values of both Eph
and eeﬀ , as can be seen from (23) and (24), respectively.
Even more importantly, it shifts Ueﬀ in (27) to the positive
side, showing that this anharmonicity gives rise to a repulsive
contribution to the eﬀective electron-electron interaction.
On the other hand, the quartic anharmonicity has a totally
opposite eﬀect on those physical quantities. Thus we may
conclude that the eﬀect of anharmonicity on the polaron
motion depends on the order of the anharmonicity; the
cubic one enhances the eﬀect of U, while the quartic one
suppresses it. These competing eﬀects of anharmonicity can
be well captured in the Holstein-Hubbard model in which
the (harmonic) phonon-mediated attractive interaction and
the direct Coulomb repulsion are treated on the same
footing. For this reason, the Hubbard-Holstein model is
quite relevant in clarifying the physics of the cubic
and
√
quartic anharmonicities. For negative g given by − αω0 ,
xi  will be a positive quantity, because, while η remains to
be positive, the value of h turns out to be negative in this
case. Since the lattice displacement xi in the positive side
makes V (xi ) decrease from the corresponding value in the
harmonic model due to the combined eﬀects of the cubic and
the quartic terms, we may expect that both anharmonicities
shift Ueﬀ to the negative side, leading to another conclusion
that the eﬀect of the cubic anharmonicity depends critically
on the sign of g. As shown in Figures 6(a)–6(d) for xi , teﬀ ,
Ueﬀ , and L0 , we can clearly see the asymmetry with respect
to g. For positive
√ g, xi  deviates from the value in the
harmonic case − 2α (the dotted-dashed straight line) to a
smaller magnitude of the lattice displacement. This change
is associated with the increase in Ueﬀ , teﬀ , and L0 . It may
be noted that the increase in teﬀ has a direct consequence
on the reduction of the optimized value for η from the
corresponding value in the harmonic system. Thus we may
conclude that anharmonicity reduces the eﬀective mass of a
polaron in this case. On the other hand, xi  becomes much
larger from the corresponding value in the harmonic case
for negative g. In particular, xi  shows a very steep upturn

8
if both |g | and λ3 are suﬃciently large. This abrupt upturn
is connected with the sudden change of the polaron feature
into immobile particles due to the strong electron-electron
attractive interaction. Judging from the fact that L0 tends to
vanish at the same time, we may further conclude that this
change is nothing but the formation of immobile bipolarons.
In order to study the eﬀect of anharmonicity on the
phase transition, we have plotted teﬀ /t, dt eﬀ /dU, and L0 as
a function of U in Figures 7(a)–7(c), together with the
energy per site, 0 in Figure 8, respectively. For positive g,
all the features obtained in these figures are qualitatively the
same as those in the harmonic system (the dotted-dashed
curves). Two peaks in dt eﬀ /dU in Figure 7(b) along with
L0 = 3/8 for the state between the peaks clearly indicate
the existence of an intervening metallic phase, leading to the
observation that exactly the same phase transition is expected
even in the anharmonic system. The quantitative diﬀerence
can be accounted for by adjusting the values of both U
and t. Thus we may conclude that anharmonicity does not
change the situation radically in this case. Only quantitative
changes such as the reduction in the eﬀective mass associated
with the polaron motion occur. For negative g, however,
we can see a similar behaviour only in the case of weak
anharmonicity. For suﬃciently strong λ3 (but still within the
realistic range), the feature of the transition changes radically.
The intervening metallic state is suppressed and a direct firstorder SDW-to-CDW transition is predicted. The CDW is
characterized by the formation of immobile bipolarons. This
insulator-to-insulator transition is clearly seen by both the
cusp in 0 in Figure 8 and the jump in L0 in Figure 7(c) from
the vanishingly small value to the nearly full electron spin
moment.
In the first-principles approach, g is connected with
−ξ e. ∇V (r) in the rigid-ion approximation, where V is the
electron-ion interaction potential, ξ is the time-dependent
lattice displacement, and e is a polarization vector of the
relevant lattice displacement. Since there is no definite
rule for the direction of e and V (r) may be considered
as a pseudopotential, no definite argument can be made
on the sign of g. Thus both positive and negative g’s
will appear in actual situations. From the viewpoint of
superconductivity, we need at least a metallic phase. Thus the
strong anharmonic case with negative g should be avoided.
However, anharmonicity with positive g seems to provide
a more favorable condition to support superconductivity,
partly because the metallic region is widened and partly
because the polarons become more mobile.

6. An Improved Variational Treatment
More recently, Clay and Hardikar [65] have studied the
same model by a numerical method based on the densitymatrix renormalization group technique and confirmed
the findings of TC. By calculating the Luttinger liquid
correlation exponent Kq , they have further suggested that
this phase is indeed superconductive. We believe that this
issue is of paramount importance in the current scenario
of superconductivity and needs a more rigorous analytical
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investigation. In a recent investigation we have chosen a
more improved variational wave function for the phonon
subsystem in order to obtain a lower GS energy and then
analyzed the behaviour of the intermediate metallic phase.
The idea has been that if the width of the metallic phase gets
reduced in the improved calculation, then there can be an
element of doubt about the veracity of the existence of the
metallic phase. On the other hand, if an improved variational
calculation leads to a widening of the metallic phase, then the
prediction about the existence of the metallic phase becomes
certainly much more justified.
In Section 3 we have described the method adopted by
TC for the approximate solution of the phonon subsystem.
TC have completely neglected in their analysis the phonon
correlation eﬀect which may play a rather important role
as is well known from polaron physics. In the language
of field theory, an electron is the source of phonons, and
when an electron emits a phonon, it recoils back due
to the finite phonon momentum, and while recoiling the
electron can emit another phonon, particularly in the case of
reasonable electron-phonon coupling, and in that case those
two successively emitted virtual phonons will be correlated.
This correlation leads to the squeezing of the coherent
phonon state and it has been shown by Zheng [66] that it
also reduces the Holstein reduction factor considerably and
consequently makes the polaron bandwidth larger leading to
a higher mobility of the polarons which is more favorable
for high Tc superconductivity. Therefore it is desirable
that one should include the phonon correlations in the
calculation. We have included the on-site (OS) and nearestneighbor (NN) phonon correlations in one of our recent
investigations. We have, however, neglected the anharmonic
phonons in our calculation for the sake of simplicity. In
fact, the inclusion of phonon correlations is expected to
take care of the phonon anharmonicity at least partially.
So we consider the same Hamiltonian (1) again. As before
we perform first the transformation eR1 and eR2 where R1
and R2 are given by (2) and (7). As already mentioned
earlier, we next perform, following Zheng [66], a squeezing
transformation with a generator
R3 = αs


i



bi bi − bi† bi† ,

(29)

where αs is the squeezing parameter to be obtained variationally. This transformation takes care of the phonon
correlation at a particular site, and thus partially includes
the electron recoil eﬀect, and secondly, it takes into account
through the choice of the phonon state some eﬀects of
the anharmonic phonons, that is, the phonon-phonon
interactions which indirectly introduce the finite lifetime
eﬀects of the phonon and thus incorporates the phonon
dynamics in a more realistic way. However, it neglects all
intersite phonon correlations. Following Lo and Sollie [67],
we, therefore, perform a correlated squeezing transformation
with a generator
R4 =


1 
βi j bi b j − bi† b†j ,
2 i =/ j

(30)
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Figure 6: Plots of (a) the lattice displacement, (b) the eﬀective electron-electron interaction, (c) the renormalized hopping integral, and (d)
the local spin moment as a function of g.

where we choose, for simplicity, βi j = β, when i and j
are nearest neighbors and zero otherwise. Obviously the
last two squeezing transformations (29) and (30) may spoil
the coherence of phonons at the expense of including
correlations and introduce some fluctuations. Therefore, in
order to deal with these fluctuations, we perform another
CST to bring back the complete phonon coherence with a
generator
R5 = Δ


i



bi† − bi ,

(31)

where Δ is another variational parameter. Averaging the
transformed Hamiltonian with respect to the zero-phonon
state |0 = i |0i , where the product over i runs over N
sites, we then obtain an eﬀective electronic Hamiltonian
Heﬀ = −J


iσ

+

niσ − teﬀ

Nω0



e4α



i j σ
 

e2β

†
ciσ
c jσ + Ueﬀ

00

+e
4

−4α





e

with

 

−2β



00

−2


+ Nω0 h2 + Nω0 MΔe2αs 2h + Δe2αs ,













teﬀ = t · exp αη2 e−4αs
 

M= e

 

β

00



e±2β

+2 e


0n





 

β

01

+ e



=

e−2β

00

β

02

(±1)n

m=0, 1, 2,...

 

− e−2β
,

+ e


01

 
β

03

(33)

2m+n

2β
.
m!(m + n)!

The GS energy per site is, thus, obtained for all values of U
(both positive and negative) as
⎡



⎢

ε0 = −J + Nω0 ⎣h2 +

+
(32)



+ ··· ,

e2β



⎤

cosh 4α − 1 ⎥
00
⎦
2



ni ↑ ni ↓



√ 

Ueﬀ = U − 2αω0 η 2 − η ,


i



J = ω0 α 2 − η + 2 α 1 − η h + MΔe2αs ,



(Ueﬀ − |Ueﬀ |)
+ NΔω0 Me2αs 2h + Δe2αs
4

− 4teﬀ

∞
0

(34)

   

J0 y J1 y

 .
dy 
y 1 + exp y |Ueﬀ |/2teﬀ

The GS energy is now minimized with respect to five
variational parameters. It is found that the energy results
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are only marginally better. However, we find that even this
marginal improvement in the energy can have substantial
eﬀect on the polaron mobility and the phase diagram.
One can see from Figure 9 that teﬀ and its derivative show
qualitatively the same behaviour as obtained by TC, but the
present solutions show pronounced quantitative diﬀerence,

as clearly evident from the peak structures in the dteﬀ /dU
curves (Figure 9(b)). The important point to note here is that
the present method leads to an enhancement in the polaron
mobility as compared with the TC results save for a small
region of U where the two methods almost agree. Again, the
region in between the transition points satisfies the criterion
0.25, typical of a metallic state. Now the peaks are
teﬀ /Ueﬀ
a little wider apart as compared to the TC results. Figure 10
shows the phase diagram in the parameter space (α, U) and
comparison with the TC results again clearly shows that
the present method predicts a wider metallic phase at the
crossover region. Including the phonon anharmonicity at the
Hamiltonian level will make the intermediate metallic phase
even more wider, as shown in [45] and already discussed in
Section 5, and the polarons more mobile, which is certainly
a more favorable situation for high-Tc superconductivity.

7. Conclusion
We have first considered the Holstein-Hubbard model at
half-filling in one dimension and used a variable Lang-Firsov
transformation and coherent state transformation with a
generator which is independent of the electron variables. The
transformed Hamiltonian is then averaged with respect to
the unperturbed zero-phonon state to obtain an eﬀective
electronic Hamiltonian which could be solved exactly using
the Bethe ansatz method of Lieb and Wu. Calculation of the
polaron bandwidth and the local spin density have shown
that there can exist an intermediate metallic state at the
crossover region of SDW and CDW phases. It is not known
for sure whether this kind of a metallic phase has already
been observed in actual materials or not, but Takada has
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already speculated that the physical properties including
superconductivity in the alkali-doped fullerenes (A3 C60 ) [68,
69] can be explained in a unified way in terms of a picture
that envisages the existence of such a kind of a metallic
state in (A3 C60 ) [70, 71]. This metallic state is of importance
from the point of view of superconductivity. We have next
shown that the inclusion of phonon anharmonicity can make

polarons more mobile and widen the metallic regime and
can, thus, provide a more favorable condition to support
superconductivity. Our prediction has been supported by a
recent exact DMRG analysis. We have finally attempted to
make a further improvement on our variational calculation
by including the eﬀect of phonon correlations through onsite and correlated squeezing transformations. Interestingly,
this widens the metallic phase even further and makes the
polarons more mobile which is more conducive for superconductivity. That a better variational calculation does widen
the metallic phase is itself a positive test for its existence.
We do not believe that such a behaviour is unique in 1D
and we expect a similar behaviour in higher dimensions too.
We do not believe that the case in point is a usual phase
transition of the thermodynamic kind; rather it could be
a quantum phase transition or a crossover phenomenon.
It is of course possible to explore the superconducting
nature of this phase within the present scenario. In fact,
it goes without saying that being a metallic phase, this
phase will certainly be superconductive as one will cool the
temperature. However to find the transition temperature
itself, one does need to do a rigorous calculation. It is,
however, worthwhile to make a few qualitative remarks about
the nature of the superconducting phase. The normal phase
here is a polaronic or a bipolaronic metal. Therefore as
the temperature would decrease, the system can undergo a
polaronic superconductivity induced by dynamical pairing
of polarons like what happens in the case of Cooper pairs in
the BCS mechanism. On the other hand, it is also possible
that bipolarons which are essentially “static” Cooper pairs
can undergo Bose-Einstein condensation and give rise to
a superconductive phase. Which route will actually lead to
the superconductive phase in an actual system will depend
on the characteristic temperatures of the corresponding
mechanisms which will certainly depend on the material
parameters, and therefore requires a rigorous calculation.
Another remark that we would like to make is about
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the assumption of half-filling in the present analysis. This
assumption has been used in order to obtain analytical
results. Even for the case of “away from half-filling” exact
result can be obtained for the eﬀective Hubbard model, albeit
numerically. For less than half-filling, the system will have
more mobility in the charge carriers, and therefore it is
expected that the metallic phase will be more favorable in this
case than that for half-filling. For more than half-filling, the
situation is not very clear and one needs to make a separate
investigation.
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The phonon-mediated attractive interaction between carriers leads to the Cooper pair formation in conventional superconductors.
Despite decades of research, the glue holding Cooper pairs in high-temperature superconducting cuprates is still controversial,
and the same is true for the relative involvement of structural and electronic degrees of freedom. Ultrafast electron crystallography
(UEC) oﬀers, through observation of spatiotemporally resolved diﬀraction, the means for determining structural dynamics and
the possible role of electron-lattice interaction. A polarized femtosecond (fs) laser pulse excites the charge carriers, which relax
through electron-electron and electron-phonon couplings, and the consequential structural distortion is followed diﬀracting fs
electron pulses. In this paper, the recent findings obtained on cuprates are summarized. In particular, we discuss the strength and
symmetry of the directional electron-phonon coupling in Bi2 Sr2 CaCu2 O8+δ (BSCCO), as well as the c-axis structural instability
induced by near-infrared pulses in La2 CuO4 (LCO). The theoretical implications of these results are discussed with focus on
the possibility of charge stripes being significant in accounting for the polarization anisotropy of BSCCO, and cohesion energy
(Madelung) calculations being descriptive of the c-axis instability in LCO.

1. Introduction
Despite two decades of intense research, the mechanism
of high temperature superconductivity in cuprates is still
unclear [1]. Besides their high temperature superconductivity, cuprates display a rich, yet poorly understood phase
diagram covering electronic and structural phase transitions
as a function of temperature, chemical doping, and magnetic
field strength [2]. The unique behavior seen in these materials is a result of the delicate interplay between charge, spin,
and lattice excitations. As a result of these couplings between
diﬀerent degrees of freedom, there usually exist several
competing states, which give rise to multiple phases [3].
Understanding the dynamics between diﬀerent electronic
and structural phases of these materials is significant for an
eventual understanding of superconductivity.
Several experimental techniques have been applied to the
study of these materials. Information on structural dyna-

mics has been obtained through Raman spectroscopy [4],
X-ray absorption spectroscopy (XAS) [5], Angle resolved
photoemission spectroscopy (ARPES) [6–8], and oxygen
isotope substitution studies [9–12]. In parallel, the eﬀect of
strong electron-electron interactions has been revealed by
optical spectroscopy [13, 14], inelastic neutron scattering
[15], ARPES [16], transport [17], and scanning tunneling
microscopy [18]. Theoretically, a plethora of exotic manybody entities can emerge, either from electron-electron
correlations [19], or electron-lattice interactions [20, 21], but
to date, a consensus has not been reached yet on the exact
nature of the ground state of cuprates superconductors.
The time scale for electron-electron interactions is
usually much faster than that of lattice dynamics. As a result,
the crystal structure can be considered at equilibrium while
electronic scattering phenomena are taking place. However,
this scenario can be perturbed when strong electron-phonon
coupling (larger than what is found in MgB2 , which has a Tc
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close to 40 K [22]), and strong electron-electron correlations
are involved. When the electron-phonon coupling time
reaches the tens of fs scale, it becomes comparable to the time
scale for interelectronic scatterings and magnetic interactions [23]. In this situation, the conventional approximations
need to be revised [24]. Such issue of time scales can be
addressed by UEC by resolving the atomic motions in real
time.
Optical time-resolved techniques have been extensively
used to study cuprates [25–30]. The most commonly
involved to date is the pump-probe spectroscopy method.
This technique is sensitive to the dynamics of electrons,
and it is based on measuring the photoinduced changes in
the reflectivity or transmission of an optical probe pulse in
response to an absorption by a strong pump pulse. In the
superconducting state, fs pulses were used to break Cooper
pairs and repairing dynamics of the resulting quasiparticles
were studied across the phase diagram. By changing the
wavelength of the probe pulse from terahertz [31] to midinfrared [27], and to optical frequencies [25, 28], dynamics of
the superconducting condensate or quasiparticle subsystem
could be studied as a function of time. These experiments
yielded both the elastic and inelastic quasiparticle scattering
rate [32], the quasiparticle diﬀusion rate [33] as a function
of temperature, and the excitation density (and doping) in
cuprates [28].
All of the previous time-resolved studies in cuprates
were based on the probing of dynamics, as reflected in
electrons response in spectroscopic probing, but with no
direct information about the structural dynamics of the
underlying lattice. In the superconducting state, for example,
the quasiparticles give their energy to a boson when they
recombine to make Cooper pairs, and optical experiments
cannot directly follow the evolution of the system after
this point, since the resulting excitation does not cause a
significant reflectivity change. Whether the electrons are
directly coupled to phonons or to other collective excitations
is still an open question. The energy is ultimately transferred
to the lattice as heat, but to date no direct time-resolved
measurement of this process was made, nor do we know
the actual structural deformations especially in relation to
symmetry and direction of electron-phonon interactions.
In this paper, we describe the recent results obtained
by UEC. The temporal evolution of the crystal structure of
BSCCO samples, following polarized carrier excitation by
a fs pulse, for diﬀerent temperatures (for the metallic and
superconducting states) and doping levels (from underdoped
to optimally doped), has been reported [23]. Specifically,
diﬀerent compositions were investigated, by varying the
doping level and number of Cu–O planes per unit cell in
the BSCCO family, and by probing optimally doped LCO
(La, Cu, O) nanoislands. In these experiments, the initial fs
excitation drives the system from the superconducting into
the metallic phase [29], breaking Cooper pairs [28]. With
the electron and lattice temperatures being vastly diﬀerent
(see below), energy of carriers is lowered through electronphonon coupling, and structural distortions are observable
in diﬀraction [23, 34].
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Figure 1: Experimental set-up. A train of pulses from an amplified
Ti:Saph laser is used in order to excite a specimen with polarized
light, and to generate electrons from a photocathode. The delay
between pump photons and probe electrons is controlled by a
motorized delay line. The scattered electrons are recorded by a CCD
camera (see details in the text).

By varying the polarization of carrier excitation in
BSCCO, major diﬀerences in the decay of Bragg diﬀraction
were observed, for the c-axis structural dynamics. The
striking polarization eﬀect for this c-axis motion is consistent
with a highly anisotropic electron-phonon coupling to
the B1g out-of-plane buckling mode (50 meV), with the
maximum amplitude of atomic motions being ∼0.15 Å. Outof-plane motions give also rise to an out-of-equilibrium,
structural phase transition in LCO nanoislands. For the
latter, the c-axis lattice parameter value was, in fact, found
to jump between two structures isobestically, in response to
the optical excitation of the charge carriers [34].
In the following, we will describe these experimental
findings in details and discuss the theoretical implications of
the results. In particular, we will discuss the role of polarized
light excitation in cuprates and the possibility that charge
stripes may be behind the observed anisotropy in BSCCO.
We will also show that simple cohesion energy calculations
can account for the observed c-axis instability in LCO, based
on the assumption that infrared pulses photo-dope the Cu–
O planes through a charge transfer process.

2. Experimental
2.1. The UEC Apparatus. The experimental setup, displayed
in Figure 1, consists of a fs laser system and three connected ultrahigh-vacuum chambers (for diﬀraction, load
lock, and sample preparation/characterization). The laser
system generates amplified pulses that are centered at 800 nm
(1.55 eV), with a pulse width of 120 femtosecond and energy
of 1.8 mJ per pulse at a repetition rate of 1 kHz. A beam
splitter was placed to separate the beam into two arms: a
pump beam used to excite the sample and a second beam
for generating the probing electron packets. The second
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beam was obtained by tripling (266 nm, 4.65 eV), via third
harmonic generation in a nonlinear optical device, the
fundamental frequency. The UV pulses impinged on a backilluminated photocathode thus generating the fs electron
bunches through the photoemission process. The time delay
between the excitation and probing electron pulses was
changed by adjusting the relative optical path length between
the two arms using a motorized delay line.
The probing electrons were accelerated up to 30 keV,
giving a de Broglie wavelength of ∼0.07 Å; they were focused
by a magnetic lens and directed to the sample with an
incidence angle typically between 0◦ and 4◦ . The light
excitation pulse was focused onto the sample in a cylindrical
spot, in order to overlap with the probe electrons footprint.
The temporal mismatch, due to the diﬀerence in velocity
between photons and electrons, was suppressed by tilting
the optical wavefront of the laser pulses [35]. With this
arrangement, the electrons and photons overlapped in time,
with no delay, across the entire area probed (as pictorially
displayed in Figure 1). The size of the laser spot was carefully
measured to be about 430 μm by 3 mm FWHM by using a
separate CCD camera. The electron beam had a cross-section
diameter of 200 μm FWHM, as measured on the screen; in
these studies, it contained ∼1000 electrons per pulse having a
duration between 0.5 and 1 ps. The resulting average current
density of electrons was relatively small, on the order of
0.1 pA/mm2 , which is not suﬃcient to induce damage.
The samples were mounted on a high precision fiveaxis goniometer capable of providing rotations with angular
resolution of 0.005◦ . An external cryostat was coupled to the
sample holder through a flexible copper braid, to vary the
sample temperature between 10 and 400 K. The diﬀraction
patterns were recorded using a low-noise image-intensified
CCD camera assembly capable of single-electron detection.
Typically, the averaging time for a single diﬀraction frame
was around 10 seconds. Several diﬀraction frames were
averaged over multiple time scans in order to obtain a good
signal-to-noise ratio. The data were processed with homebuilt computer interface.
2.2. BSCCO Samples and Static Diﬀraction. The optimally
doped samples of Bi2212 and Bi2223 were grown by the
“travel solvent floating zone” technique, described in [36].
The superconducting transition temperature was found to be
Tc = 91 K in Bi2212 (ΔTc = 1 K), and Tc = 111 K in Bi2223
(ΔTc = 4 K). The underdoped Bi2212 sample was grown by
the self-flux method [37], annealed in an oxygen-deficient
atmosphere, and its transition temperature was found to
be Tc = 56 K (ΔTc < 6 K). The magnetic susceptibility
curves for two representative samples are given in [23]. All
samples were cleaved in situ at low temperature (20 K) prior
to diﬀraction experimental studies in order to ensure the
presence of a high-quality, clean surface.
In Figure 2, we display the static diﬀraction pattern
obtained from the optimally doped Bi2212 sample. The
patterns were recorded in the reflection geometry with the
electron beam directed along three diﬀerent axes, namely, the
[010], [110], and [100] directions, as displayed in Figures
2(a)–2(c). The penetration depth of 30 kV electrons in
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BSCCO is expected to be less than 100 Å; the c-axis lattice
parameter is 30 Å, therefore only few unit cells (3-4) are
probed by electrons. As a result, the diﬀraction patterns
present rods instead of spots. In Figure 2(a) the (20) rod
shows a weak modulation consistent with the c-axis value of
the material. The diﬀraction was indexed for the tetragonal
structure, giving the in-plane lattice parameters of a = b =
5.40 Å, and c = 30 Å, consistent with X-ray values. The lattice
modulation is resolved along the b-axis with a period of 27 Å,
again in agreement with the X-ray data [38]. The in-plane
lattice constants, as well as the modulation, were confirmed
for the specimens studied using our electron microscope.
One micrograph is shown in Figure 2(d).
In order to quantify the diﬀraction, diﬀerent “cuts” along
the momentum transfer vector were made; see Figure 3. The
colored arrows in Figures 2 and 3 indicate the direction
in which the cut is performed. From the 2D data we
can extract with precision the in-plane and out-of-plane
lattice parameters, and the presence of several higher-order
diﬀraction features testifies for the good quality of the
samples.. In Figure 4, the diﬀraction image and the 2D cut
parallel to the (11) direction for underdoped Bi2212 (Figures
4(c) and 4(d)) and optimally doped Bi2223 (Figures 4(a)
and 4(b)) are also shown. The in-plane lattice parameter of
Bi2223 is found to be a = b = 5.42 Å, in agreement with
earlier X-ray data [38].
In Figure 5, we present the unit cell of Bi2212
(Figure 5(a)) ; for clarity the diﬀerent directions indexed in
the diﬀraction patterns are indicated here. In the same graph,
the red arrows departing from the oxygen ions represent the
distortion induced by two particular phonon modes (the inplane breathing and the out-of-plane buckling) which will
be relevant for the following discussion. In Figure 5(b) , one
can see the eﬀect of the c-axis modulation along the b-axis
of a Bi2223 crystal. The modulation is present in all Pb-free
BSCCO samples and is responsible for the satellites observed
in the diﬀraction pattern recorded with electrons probing
parallel to b (Figure 2(c)), and in transmission (Figure 2(d)).
2.3. LCO Sample and Static Diﬀraction. The La2 CuO4+δ
(LCO) film used was 52 nm thick [34]; it has been grown
on LaSrAlO4 (LSAO) using a unique atomic-layer molecular
beam epitaxy (MBE) [39] system equipped with 16 metal
sources (thermal eﬀusion cells), a distilled ozone source,
and a sophisticated, real-time, 16-channel rate monitoring system based on atomic absorption spectroscopy. It
is also provided with a dual-deflection reflection highenergy electron diﬀraction (RHEED) system and a time-offlight ion scattering and recoil spectroscopy (TOF-ISARS)
system for real-time chemical analysis of the film surface.
These advanced surface-science tools provide information
about the film surface morphology, chemical composition,
and crystal structure. The films under study were characterized by resistivity, X-ray diﬀraction (XRD), atomic
force microscopy (AFM), and electrostatic force microscopy
(EFM). The resistivity showed the onset of superconductivity
around 32 K and the X-ray diﬀraction analysis confirmed
the good crystallinity of the film with lattice parameters of
a = b = 3.755 Å and c = 13.2 Å.
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Figure 2: OpD Bi2212 static diﬀraction patterns. (a)–(c) Reflection patterns obtained at three diﬀerent electron probing directions Ve (by
rotating the crystalline sample), as indicated in the lower right corner. The large lattice constant along c and the nm depth of electron probing
give rise to the rod-like patterns; from (a), the intensity modulation along the diﬀraction rods gives the out-of-plane lattice parameter of
c = 30 Å. The indices for diﬀerent diﬀraction rods are given. Note that the satellites of the main diﬀraction rods in (c) manifest the 27Å modulation along the b-axis of Bi2212. (d) Transmission diﬀraction pattern obtained by our electron microscope. The square in-plane
structure is evident, with the presence of the b-axis modulation which is also seen in (c). The colored arrow indicates the direction of the
cuts taken in the reciprocal space for the analysis of the data.

The growth of the samples was monitored with RHEED
in the MBE chamber. During the growth, the pattern showed
sharp streaks consistent with an atomically smooth surface.
After the sample was taken out of the growth chamber and
transported between laboratories, we could only observe
transmission-like electron diﬀraction patterns on top of
a broad background intensity, indicating the modification
of the original surface and existence of three-dimensional
structures on the film. Electron diﬀraction from these
structures matches with the structure of the LCO film, as
will be shown below. AFM measurements taken on the film
after exposure to air showed atomically smooth surfaces
(rms roughness in 0.3–0.6 nm range) except for some rare
precipitates with the typical width of ca 50–200 nm. AFM
topography images show that these precipitates typically have
a cylindrical shape with diameters around 50 nm and typical
height of 20 nm.
In Figure 6, static electron diﬀraction patterns obtained
from two diﬀerent orientations of the sample are shown. In
Figure 6(a), the electron beam is incident at 45◦ with respect
to the in-plane Cu–O bond direction (nodal direction);
whereas in Figure 6(b) the beam is incident along the Cu–O
bond direction (antinodal direction). The angle of incidence

was around 1.5◦ in both cases. The diﬀraction patterns
observed in both cases are consistent with the LCO crystal
structure. We have indexed these patterns based on the
tetragonal structure. The obtained lattice constants (a = b =
3.76 Å and c = 13.1 ± 0.1 Å) are in agreement with the
aforementioned X-ray diﬀraction measurements we made on
the same film (a = b = 3.755 Å and c = 13.20 Å). The
uncertainty in the lattice constants obtained with electron
diﬀraction comes mainly from the error in the determination
of the sample to camera distance. The relative changes in the
lattice constants can be measured with much better accuracy
(below ±0.01 Å).
The structure of LCO at high temperature is known
to be tetragonal (HTT) with space group I4/mmm. Once
the sample is cooled down, tilting of the CuO6 octahedra
occurs and transition to a low temperature orthorhombic
(LTO) phase takes place [40]. In the undoped compound,
this transition occurs at ∼530 K. Depending on the oxygen
concentration, these tilts can be ordered having a space group
of Bmab or disordered with a space group of Fmmm . The
tilting of the CuO6 octahedra results in the appearance of
weak satellite peaks in the diﬀraction pattern at locations that
are not allowed in the tetragonal symmetry; however these
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Figure 3: OpD Bi2223 Bragg peaks. Cuts along the directions indicated by the coloured arrows in Figure 2 are displayed. (a) Cut along the
(n00) direction. (b) Cut along the (nn0) direction. (c) Cut along the (20n) direction. (d) Cut along the (0n0) direction. All Bragg peaks are
indexed.
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Figure 4: OpD Bi2223 and UD Bi2212 diﬀraction patterns and Bragg peaks. (a) Diﬀraction pattern of optimally doped Bi2223. The electron
beam is parallel to the (110) direction. (b) Cut along the (nn0) direction of Bi2223. (c) Diﬀraction pattern of under-doped Bi2212. The
electron beam is parallel to the (110) direction. (d) Cut along the (nn0) direction of under-doped Bi2212. All Bragg peaks are indexed.
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Figure 5: Bi2212 unit cell and Bi2223 modulated supercell. (a) Three-dimensional structure of Bi2212, indicating the main crystallographic
directions. In panel (a), you can see that the crystal is depicted twice. In-plane breathing refers to the crystal on the left inside panel (a),
whileout-of plane buckling mode refers to the crystal on the right always in panel (a). (b) Several unit cells of Bi2223 are shown, and the
eﬀect of the c-axis modulation is visible.
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Figure 6: LCO thin film static electron diﬀraction. Multiple diﬀraction orders of sharp Bragg spots can be seen indicating a transmission-like
pattern. These patterns come from transmission through the three-dimensional islands observed in AFM measurements. The patterns are
indexed based on the tetragonal structure of LCO. (a) The electron beam is incident 45◦ to in-plane Cu–O bond direction (nodal direction);
whereas in (b) the beam is incident along the Cu–O bond direction (antinodal direction). The angle of incidence was around 1.5◦ in both
cases.
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Figure 7: Time-resolved diﬀraction in BSCCO. (a) Diﬀraction intensity change of the (00) rod at diﬀerent polarizations in optimally doped
Bi2212. The laser fluence was 20 mJ/cm2 , and the temperature was 50 K. The electron probing was kept along [110] (Figure 2(b)), and θ is the
angle of polarization away from the probing direction (controlled by rotation of a half-wave plate). The dotted lines (and also those in panels
(b) to (d)) show the fits to an apparent exponential decay. (b) Diﬀraction intensity change of the (00) rod, from the same sample, obtained
with the optical polarization being parallel to the electron probing. By rotating the crystal, the time-dependent change was measured for the
two zone axes (Figures 2(a) and 2(b)). (c) Diﬀraction intensity change of the (00) rod for an underdoped Bi2212 sample (Tc = 56 K), at two
temperatures and two polarizations. (d) Diﬀraction intensity change obtained from a three-layered, optimally doped Bi2223 sample at 45 K
for two polarizations.

satellite peaks were too weak to be seen in our diﬀraction
patterns. Locations of the main lattice Bragg peaks are
not aﬀected. For simplicity, we used the tetragonal phase
(I4/mmm) for indexing of patterns although the actual space
group might not be strictly tetragonal.

3. Results and Discussion
3.1. The Debye-Waller Eﬀect in BSCCO. We begin by
discussing the results obtained for BSCCO samples. The

temporal evolution of diﬀraction frames (with polarized
excitation) is sensitive to motions of atoms during the
structural change. In Figure 7(a), the intensity decay due to
motions of the ions (Debye-Waller eﬀect) of the (00) rod is
−
→
plotted for three diﬀerent polarizations ( E ) of the excitation
−
→
−
→
pulse: E //[010], the direction of Cu–O bonds; E //[110],
the direction at 45◦ , and the one at 22◦ . The data were
taken at T = 50 K on an optimally doped Bi2212 sample.
At longer times, up to 1 ns, these transients recover very
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3.2. The Electron-Phonon Coupling Parameter. When charge
carriers are excited impulsively through light in a crystal,
the electron and lattice temperatures are driven out of
equilibrium, but they equilibrate through electron-phonon
coupling. Excitation of phonons causes the diﬀraction
intensity to change with time, and this decrease mirrors
an increase of the mean atomic displacement in the corresponding direction, with a temperature assigned to the
displacement through a time-dependent Debye-Waller factor


ln







I(t)
s2 δu2 (t)
,
= −2W(t) = −
I0
3

(1)

where I(t) is the intensity of rod diﬀraction at a given time t
after excitation, I0 is the intensity before excitation, s is the
scattering vector, and δu2 (t) is the mean-square atomic
displacement. From the results reported here for [I(t)/I0 ]min ,
the root-mean-square value for the amplitude of the motion
is obtained to be ∼0.15 Å for 20 mJ/cm2 fluence. Given the caxis distance of 30 Å, this represents a change of 0.5% of the
c-axis; the Cu–O planes instead separate by 3.2 Å.
We verified that diﬀerent diﬀraction orders show changes
which scale with the scattering vector, confirming that the
observed changes in the diﬀraction intensity originate from
phonon-induced structural dynamics. In a time-resolved
diﬀraction experiment, diﬀerent Bragg spots at a given time
should exhibit intensity changes in accord with the value of
the scattering vectors s (see (1). Therefore, two distinct Bragg

Optimally doped
Bi2212

0

−0.2

ln(I(t)/I0 )

slowly; because of the poor c-axis conductivity and metallic
ab-plane, heat transport is mainly lateral, but is complete
on the time scale of our pulse repetition time (1 ms). In
Figure 7(b), another set of data was obtained by rotating
the same sample while keeping the polarization parallel to
the electron beam direction. The temporal evolution of the
(00) diﬀraction intensity obtained from the two diﬀerent
orientations (electron beam parallel to the Cu–O bond,
see diﬀraction pattern in Figure 2(a) and the corresponding
Bragg peak in Figure 3(a), and at 45◦ , pattern in Figure 2(b)
and corresponding Bragg peak in Figure 3(b)) shows the
same anisotropic behavior as that obtained by rotating the
polarization, ruling out possible experimental artifacts.
The intensity decay for diﬀerent polarizations was found
to have distinct time constants (see below); the decay is faster
when the polarization is along the Cu–O bond and slows
down when polarization is along the [110] direction (45◦
from the Cu–O bond). Such an eﬀect was observed to be
even stronger in an underdoped sample. In Figure 7(c), we
display the results obtained for underdoped Bi2212 (Tc =
56 K), also at two temperatures. The anisotropy is evident
at low temperature, with the Debye-Waller decay being
−
→
faster again for E //[010]. However, at higher temperature,
the decay of both polarizations is similar and reaches the
fastest profile recorded. Surprisingly, in optimally doped
Bi2223, we observed no significant anisotropy even in the
low temperature regime (Figure 7(d)). In fact, the intensity
decay of the (00) rod for light polarized along [110] becomes
essentially that of the [010] direction.
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Figure 8: Scaling of Bragg intensities. Shown is the decay of two
distinct Bragg peaks, observed at s1 = 6.3 Å−1 (red) and s2 = 4.5 Å−1
(blue). The green curve is obtained by multiplying the data at s = s2
by the factor of (s1 /s2 )2 , according to (2), and its match with the
data at s = s1 confirms the structurally induced diﬀraction changes
following the carrier excitation.

diﬀraction features appearing at s = s1 and s2 should obey
the following scaling relation:






ln IS1 /I0
s

 = 1
ln IS2 /I0
s2

2

.

(2)

In Figure 8, we plot the intensity changes for two diﬀerent
Bragg spots, recorded in the same pattern, but for diﬀerent
scattering vectors. The apparent scaling confirms that the
observed intensity changes are indeed originating from
structural motions.
The observed anisotropy of decays with polarization
reflects the distinct c-axis distortion and the diﬀerence in
electron-phonon coupling. In order to obtain the magnitude
of the couplings we invoked the well-known model of
electrons and lattice temperatures, dividing the lattice modes
into those which are strongly coupled to the electrons and
the rest which are not [23]. Thus, the decrease of the
intensity at a given time tracks the change of δu2 (t) with
a corresponding eﬀective temperature. For a Debye solid, the
atomic displacement can be expressed as




δu2 (t) =

92 ΔT(t)
,
MkB Θ2D

(3)

where M is the average mass in the unit cell, kB is the Boltzmann constant,  is the reduced Planck constant, and ΘD is
the Debye temperature of the material [29]. Traditionally, the
two-temperature model [41] is invoked to describe the laserinduced heating of electrons and phonons, as subsystems, in
an elementary metal. Its success is the result of the isotropic
electron-phonon coupling in a simple lattice structure, that
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is, one atom per primitive unit cell. In complex, strongly
correlated materials like high-Tc superconductors, however,
such model becomes inappropriate because photoexcited
carriers may anisotropically and preferentially couple to
certain optical phonon modes, making meaningless the
assignment of a single temperature to the whole lattice
structure [29, 42].
In the three-temperature model described in [29], in
addition to the electron temperature Te , two temperatures
are defined for the lattice part: the hot-phonon temperature,
T p , for the subset of phonon modes to which the laser-excited
conduction-band carriers transfer their excess energy, and
the lattice temperature, Tl , for the rest of the phonon modes
which are thermalized through anharmonic couplings. As
an approximation, the spectrum of the hot phonons F(Ω)
is assumed to follow an Einstein model: F(Ω) = δ(Ω −
Ω0 ), where δ denotes the Dirac delta function, with Ω
being the energy and Ω0 the energy of a hot phonon.
Eﬀectiveness of the energy transfer between the carriers and
hot phonons is described by the dimensionless parameter λ:
λ = 2 Ω−1 α2 F dΩ, where α2 F is the Eliashberg coupling
function [41]. The rate equations describing the temporal
evolution of the three temperatures are given by
3λΩ30 ne − n p
P
dTe
=−
+ ,
dt
Ce
πkB2 Te

(4)

dT p
Ce 3λΩ30 ne − n p T p − Tl
=
−
,
dt
C p πkB2 Te
τa

(5)

C p T p − Tl
dTl
=
,
dt
Cl
τa

(6)

where τa is the characteristic time for the anharmonic
coupling of the hot phonons to the lattice (in this case
equals 2.8 ps), ne and n p are the electron and hot-phonon
distributions given by ne,p = (eΩ0 /kB Te,p − 1)−1 , and P is the
laser fluence function; a ratio of 103 between the electronic
specific heat Ce and the lattice specific heat (C p and Cl ) is
known [29].
In our calculations, the values of the parameters were
chosen to be the same as in [29], except for the excitation
source which in our case has a fluence of 20 mJ/cm2
and duration of 120 fs. The fit of the simulated lattice
temperature to our data (see Figures 9(a), 9(d), and 9(e))
gives the following results for the electron-phonon coupling
constant in the diﬀerent samples: λ[110] = 0.12, λ[010] =
1.0, and their average λavg = 0.56 in underdoped Bi2212,
Figure 9(d); λ[110] = 0.08, λ[010] = 0.55, and their average
λavg = 0.31 in optimally doped Bi2212, Figure 9(a); λ[110] ≈
λ[010] = 0.40 in optimally doped Bi2223, Figure 9(e).
In our procedure, the accuracy in determining λ depends
on the precision in estimating the decay constant of the
Debye-Waller factor, which can be very high given the signal
to noise ratio achieved in our experiments. However, the
absolute error in the determination of λ also depends on the
approximations behind the three-temperature model. The
best estimate of the likelihood of these numbers comes from
the comparison with other techniques and calculations. The
average value at optimal doping is in good agreement with

the results (λ = 0.26) of [29], which angularly integrates the
photoemission among diﬀerent crystallographic directions.
It is also in agreement with “frozen-phonon” calculations
[43].
The rate of diﬀraction change provides the time scales of
selective electron-phonon coupling and the decay of initial
modes involved. The analysis of the first derivative of the
Debye-Waller decay helps in distinguishing the diﬀerent
processes involved in the decay of the initial excitation, that
is, electron-phonon coupling and anharmonic phononphonon interactions. In Figure 9(b), the derivatives of the
diﬀraction intensity as a function of time, dI(t)/dt, are
displayed for diﬀerent polarizations. The presence of a clear
inversion point reflects the two processes involved, the one
associated with the coupling between excited carriers and
optical phonons, and the second that corresponds to the
decay of optical modes, by anharmonic coupling into all
other modes. The minimum in the derivative, signaling
the crossover between these two processes, shifts toward
an earlier time when the polarization becomes along the
Cu–O bond. In Figure 9(c), the derivative of the simulated
lattice temperature within the three-temperature model,
dTl (t)/dt, shows a similar two-process behavior. The shift
of the minimum to an earlier time can be reproduced
by varying the electron-phonon coupling parameter λ; in
contrast, a change in the anharmonic coupling constant τa
does not aﬀect the early process, and the corresponding time
of the derivative minimum has little shift (Figure 9(c), inset).
Thus, consistent with the results of Figure 9(a), this analysis
suggests that the anisotropic behavior of the diﬀraction
intensity is due to a directional electron-phonon coupling.
The derivative minima occur at times of ∼1.0, 2.0, and
3.5 ps, respectively, for the polarization at 0◦ , 22◦ , and 45◦
with respect to the Cu–O bond direction (Figure 9(b)). The
initial rate of the electron-phonon scattering can be obtained
through the equation [41]
1
τel-ph



=

3λ ω2
πkB Te






1−


3λ ω2
,
≈
πkB Te



2 ω 4
+ ···
2
12ω (kB Te )(kB Tl )

(7)

where τel-ph is the characteristic coupling time constant and
ω is the angular frequency of the coupled modes. Given the
values of λ (0.55, 0.18, and 0.08 in Figure 9(c)), we obtained
τel-ph to be 290 fs, 900 fs, and 2.0 ps with an initial Te = 6000
K and Tl = 50 K. In [29], τel-ph was reported to be 110 fs
for Te ∼ 600 K. Given the diﬀerence in fluence, hence Te ,
the values of τel-ph obtained here (see (7)) are in reasonable
agreement with the average value obtained in [29]. It should
be emphasized that within such time scale for the electronphonon coupling the lattice temperature Tl remains below
Tc ; in Figure 9(a), the temperature crossover (Tl > Tc ) occurs
at 2 to 3 ps. We also note that at our fluence the photon
doping has similar charge distribution to that of chemical
doping [34].
The influence of polarization on the (00) diﬀraction
rod (which gives the structural dynamics along the c-axis)
reveals the unique interplay between the in-plane electronic
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Figure 9: Experimental and theoretical intensity transients. (a) Lattice temperature derived from diﬀraction using (1) and (3), for diﬀerent
polarizations, along [010] (blue dots) and [110] (red dots), in optimally doped Bi2212. From the three-temperature model described in the
−
→
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→
text, we obtain that λ = 0.08 for E //[110] (Tl , red solid line) and λ = 0.55 for E //[010] (Tl , blue solid line). The electronic (Te , dashed lines)
and hot-phonon (T p , solid lines) temperatures are also displayed. (b) Derivatives of the (00) diﬀraction intensity derived from Figure 2(a)
for diﬀerent polarizations. (c) Derivatives of the simulated lattice temperature within the three-temperature model, for diﬀerent λ with a
fixed anharmonic coupling time τa = 2.8 ps (also shown in (b)) and for diﬀerent τa with a fixed λ = 0.26 (inset). The clear shift of the
minimum position is only observed when λ is varied (black dotted lines). (d) Three-temperature model analysis for underdoped Bi2212. (e)
Three-temperature model analysis for Bi2223.

properties and the out-of-plane distortion. Among the highenergy optical phonons that are eﬃciently coupled at early
times, the in-plane breathing and out-of-plane buckling
modes are favored (Figure 5(a)) [7, 8] because of their high
energy and involvement with carrier excitation at 1.55 eV.
Our observation of a faster c-axis dynamics when the polarization is along the Cu–O bond implies a selective coupling
between the excitation of charge carriers and specific highmomentum phonons. A plausible scheme is the stronger
coupling between the antinodal ([010]) charge carriers and

the out-of-plane buckling vibration of the oxygen ions in the
Cu–O planes. More details will be discussed in the following
sections.
3.3. Implications Regarding the Material’s Phase Diagram.
Time-resolved electron diﬀraction provides the opportunity
to examine the separate contributions of electronic and
lattice heating to the temperature dependence of electronphonon coupling. The eﬀect of the equilibrium-temperature
can be studied varying the initial sample temperature, and
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at identical laser fluence, when the electronic temperature
rise remains unchanged, and the lattice temperature can be
tuned between 40 K and higher temperature, thus reaching
diﬀerent points of the phase transition region. If the laser
fluence is varied instead, the temperature reached by the outof-equilibrium electrons can be varied by about one order of
magnitude (for fluences between 2 and 20 mJ/cm2 ), whereas
the lattice-temperature change is much slower, and of lower
value. The results from such diﬀerent experiments are given
in Figures 10(a) and 10(c).
In Figure 10(a), where the fluence varied, the overall
intensity decay changes significantly, and a faster decay is
observed at higher fluences. The overall characteristic time of
an exponential fit to the data is displayed as black squares in
the inset of Figure 10(a). As remarked before, these transients
are the results of two processes: (i) the ultrafast electronphonon coupling and (ii) the slower anharmonic decay of
the hot phonon into thermal vibrations; see Figures 7(b)
and 7(c). In order to separate these two contributions, we
also plot in Figure 10(b) the derivative of the intensity decay
for diﬀerent fluences. The time-constant associated with the
electron-phonon coupling is seen to vary modestly as a
function of the fluence. The time scale corresponding to the
minimum in the derivative is also plotted in the inset of
Figure 10(a). From the comparison between this time scale
and the longer one obtained from the single exponential
fit we conclude that the electronic-temperature rise mainly
aﬀects the process caused by anharmonic coupling. We also
notice that the fluence dependence of both time constants is
not monotonic and shows an anomaly in the proximity of the
fluence value inducing a lattice temperature rise similar to Tc .
In Figure 10(c), the dependence of the intensity decay
rate as a function of the lattice temperature is displayed. In
this case, the electronic temperature rise is constant, and
so is the anharmonic coupling. In general, a faster decay is
observed at higher temperatures, and the trend is understood
in view of the two types of phonons present at high
temperature: those created through carrier-phonon coupling
(low temperature) and the ones resulting from thermal
excitation. This behavior with temperature is consistent with
the optical reflection studies made by Gedik et al. [32]. Also
in this case we note that the temperature dependence of
the decay rate is not monotonic when the light is polarized
along [10]. The anisotropy observed in the Bi2212 samples is
apparent at low temperature. Whether or not the anisotropy
is related to Tc cannot be addressed with the current
temperature resolution, although a correlation is suggested
by the data.
The observed temperature dependences suggest that the
electron-phonon coupling parameter, to large extent, is
insensitive to the electronic temperature, while it could be
influenced by the lattice temperature. The eﬀect of heating
on the electronic structure is expected to mainly broaden
the electronic density of states, which is a determinant of
the electron-phonon coupling. However, if there is no strong
peak in the density of states at the Fermi level (as is the
case for BSCCO cuprates), one may not expect a large eﬀect
for the electronic temperature on λ, consistent with our
observation.
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In Figure 10(d), the doping dependence of λ and the
anisotropy observed for diﬀerent polarizations, Δλ = λ[010] −
λ[110] (obtained from repeated experiments on diﬀerent
samples and cleavages), are displayed, together with the
qualitative trend of the upper critical field (Nernst eﬀect)
and coherence length [44]. The similarity in trend with the
upper critical field behavior, which can be related to the
pair correlation strength, is suggestive of lattice involvement
especially in this distinct phase region where the spin binding
is decreasing. In view of an alternative explanation for the
doping dependence of the critical field [45], our observation
of an anisotropic coupling for diﬀerent light polarizations
may also be consistent with the idea of a dichotomy between
nodal and antinodal carriers, with the latter forming a
charge-density wave competing with superconductivity [46].
Future experiments will be performed for completing the
trends up to the overdoping regime for diﬀerent superconductor transitions [47].
In the 3-layered sample, Bi2223, a much weaker, if not
absent, anisotropy was observed at optimal doping (see
Figure 7(d)). The electron-phonon coupling in Bi2223 is
thus similar for both directions (λ = 0.40) (see Figure 9(e)),
signifying that the out-of-plane buckling motions are coupled more isotropically to the initial carrier excitation,
likely due to the somewhat modified band structure (e.g.,
larger plasma frequency; see [48]) from that of Bi2212.
This observation is consistent with the more isotropic
superconducting properties of Bi2223 [38]. The screening
eﬀect for the inner Cu–O layer by the outer ones in Bi2223
[49, 50], and the less structural anisotropy between the inplane and out-of-plane Cu–O distances [38], may also play a
role in the disappearance of the anisotropic electron-phonon
coupling. It is possible that the anisotropy of the excited
carriers depends on the number of layers, as will be discussed
in the next section.
3.4. Anisotropy with Polarized Excitations. In this section
we discuss qualitatively diﬀerent microscopic possibilities
that could explain the observed anisotropy. We detail our
speculations simulating the polarized optical excitation in a
model system (the stripe ground state of LSCO). A rigorous
discussion of this issue would require an unambiguous
ab-initio description of the electronic properties of doped
BSCCO, which to date is still lacking. It is now a wellestablished fact that doped holes in some cuprates selforganize in antiferromagnetic (AF) domain walls [51–55].
These quasi-one-dimensional (1D) structures called stripes
were predicted by mean-field theories [56] inspired by
the problem of solitons in conducting polymers [57]. In
some compounds, stripes are clearly observed and are
accompanied by a spontaneous braking of translational and
rotational symmetry in the Cu–O planes. For example, in
1995 Tranquada and collaborators observed a splitting of
both spin and charge order peaks in La1.48 Nd0.4 Sr0.12 CuO4
by elastic neutron scattering [51]. The outcome of this
experiment resembled the observation made in the nickelates, where both incommensurate antiferromagnetic (AF)
order [58, 59] and the ordering of charges have been
detected by neutron scattering and electron diﬀraction,

12

Advances in Condensed Matter Physics
0.02
1
0

0.6

9
6

−0.02

−0.04

3

3

0.5
0.4

ΔTl (K)
225 550
τana 9
τel-ph
6

12

0.7

d(intensity)/dt

0.8

τ (ps)

Intensity

0.9

0
10
20
Fluence (mJ/cm2 )

−10

−0.06

0

0

10

−0.08

20

0

21 mJ/cm2 , ΔT = 560 K
14 mJ/cm2 , ΔT = 380 K

ΔTe = 5000 K
ΔTe = 2700 K

ΔTe = 8000 K
ΔTe = 7000 K

10
Time (ps)

Time (ps)

(a)

7 mJ/cm2 , ΔT = 190 K
2 mJ/cm2 , ΔT = 50 K

(b)
2

Tc

Time (ps)

9
8
7

Coherence
length

1.5
Tc,opt
Temperature

10

Electron-phonon coupling λ

Nernst
eﬀect

1

0.5

6
5
4
3

0

50

100

150

200

250

0

0.1

OpD2212, E // [110]
OpD2212, E // [010]
UD2212, E // [010]

UD2212, E // [110]
OpD2223, E // [110]
OpD2223, E // [010]

(c)

0.2

0.3

Doping δ (hole/Cu2+ )

Temperature (K)
Bi2212, λ[010]
Bi2212, λ[110]
Bi2223, λ[010]

Bi2223, λ[110]
Bi2212, λ[010] − λ[110]
Bi2223, λ[010] − λ[110]
(d)

Figure 10: Temperature dependence and phase diagram. (a) Fluence dependence of the intensity decay along the (010) direction of optimally
doped Bi2212. In the inset, the fluence dependence of the overall time constant of the decay, obtained from a simple exponential fit (filled
black symbols), is shown together with the time constant associated to the electron-phonon coupling time (empty black symbols), obtained
from Figure 10(b). (b) Fluence dependence of the derivative of the intensity decay along (010) in optimally doped Bi2212. The characteristic
time related to the electron-phonon coupling process is estimated from the minimum in these curves (open black symbols in the inset of
Figure 10(a). (c) Lattice-equilibrium temperature dependence of the time constant for both polarizations in all samples. (d) The doping
dependence of the coupling constant (λ) along the [010] and [110] directions in Bi2212 (blue and red dots, resp.) and its anisotropy (Δλ
between the two directions; black solid line), as well as λ along the [010] and [110] directions in Bi2223 (green and orange dots, resp.) and
the extrapolated anisotropy (black dashed line). A qualitative sketch of the upper critical field and Cooper-pair coherence length (green and
violet lines) is also shown.

respectively [59, 60]. In [59], it was shown that the magnetic
ordering in La2 NiO4.125 manifests itself as occurring first and
third harmonic Bragg peaks, whereas the charge ordering
is associated with second harmonic peaks. From this, it

was concluded that the doped holes arrange themselves
in quasi-one-dimensional structures, which simultaneously
constitute antiphase domain walls for the AF order. There are
several compounds, however, where static long-range order
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has not been observed leading to the speculation that stripes
survive as a dynamical fluctuation. An interesting possibility
is that there exist precursor phases of the stripe phase
where translational symmetry is preserved but rotational
symmetry is spontaneously broken; this, in analogy with
liquid crystals, has been called nematic order [61]. Stripe
phases, breaking fundamental symmetries of the lattice, lead
to the appearance of new collective modes that do not exist
in a normal Fermi liquid. These collective modes may play
an important role in the mechanism of superconductivity
as pairing bosons. In our experiment we do not detect
a spontaneous symmetry breaking; however, our results
are compatible with the proximity to a nematic phase as
explained below.
Although the three-temperature model gives a reasonable
description of the relaxation times for each polarization,
the basic assumptions of the model have to be reexamined
when considering the anisotropy itself. In the standard
formulation, one assumes that the electronic relaxation
time (<100 fs) is much shorter than the electron-phonon
coupling time (few hundreds fs). The fact that one observes
an anisotropy on the ps time scale suggests that this
assumption brakes down, because electrons reaching thermal
equilibrium in ∼100 fs would not have a memory of the
excitation direction at later times. This means that some
anisotropic electronic state is excited by the laser, which has a
longer relaxation time in the nodal direction when compared
with that of the antinodal direction. Anisotropic scattering
rates are well documented in photoemission spectroscopy
of cuprates [62]. The anomalous long electronic relaxation
time suggested that the exited state is a low-lying collective
electronic excitation, where the decay rate is limited by Fermi
statistics and many-body eﬀects, rather than by an interband
or other high-energy excitation. Within the Fermi liquid
theory, low-energy excitations can be characterized by the
oscillatory modes of the Fermi surface.
The lowest-energy anisotropic excitations are the Pomeranchuk modes, which we illustrate schematically in Figures
11(c) and 11(d) for a cuprate Fermi surface. The thick
red line is the undisturbed Fermi surface and the thin
blue line is a snapshot of the oscillating Fermi surface.
Thus, depending on the laser excitation direction, the Fermi
surface can remain oscillating in the antinodal direction
(Figure 11(c)) or the nodal direction (Figure 11(d)) . If the
system is close to a Pomeranchuk instability, the relaxation
times of these two nonequilibrium configurations can be
very diﬀerent [63, 64]. A Pomeranchuk instability along the
nodal direction would make that particular relaxation time
very long and is one possible explanation for our results.
After crossing the instability point, the deformation becomes
static and the system acquires nematic order, that is, brakes
the C4 symmetry of the lattice along the diagonals without
braking translational symmetry. This, however, is in contrast
with the tendency of cuprates to brake C4 symmetry along
the Cu–O bond (except for slightly doped LSCO) through
charge-ordered states, termed stripes. In Figure 13(b) we
display static stripe order running along the y direction,
according to a microscopic computation of stripes in the
three-band Hubbard model [65]. Stripes are domain walls of
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the antiferromagnetic order where holes tend to accumulate.
In cuprates, static charge order as depicted is only seen
under very special conditions which favor stripe pining;
more often stripes are believed to be dynamical objects.
Indeed, the excitation spectrum of cuprates above some
minimum energy ω0 coincides with the excitation spectrum
predicted by the stripe model even if static stripes are not
detected [66]. The given ω0 can be interpreted as the energy
scale above which stripes look eﬀectively static. Stripes are
good candidates to disrupt the Fermi liquid ground state
and be responsible for the peculiar properties of cuprates.
Based on photoemission experiments [62, 67, 68], it has
been proposed [69] that the Fermi surface has a dual nature:
fluctuating stripes produce a blurred “holy cross” Fermi
surface, see Figure 11(b), while low-energy quasiparticles
average out the stripe fluctuations and hence propagate
with long relaxation times along the nodes. In Figure 11(b),
the two resulting structures are schematically shown; the
Fermi surface is obtained from a calculation of static stripes
on LSCO and has been artificially blurred to simulate the
fluctuating character. This blurred FS coexists with the sharp
FS due to nodal quasiparticles, indicated by the thin lines.
Another possible explanation of the anisotropy found for
the scattering rates is that the Pomeranchuk Fermi surface
modes have intrinsic long relaxation times, but the relaxation
time along the antinodal direction becomes shorter because
of scattering with stripe fluctuations which are known to be
along the Cu–O bond. In this scenario, when the electric
field is on the diagonals, the slowly relaxing nodal states
are excited, but when the electric field is parallel to the
Cu–O bond, internal excitations of the stripe are produced
and relax fast due to electron-electron scattering and strong
coupling to the lattice. This is consistent with the observation
by photoemission that antinodal carriers (charges along the
Cu–O bond) are strongly coupled to out-of-plane phonon
modes of the oxygen ions. In fact, in diﬀraction, this would
result in a faster decay of the Debye-Waller factor when more
charges are involved along the Cu–O direction.
We now discuss the mechanism by which the Pomeranchuk modes are excited. This mechanism must necessarily involve more than one photon since single photon
absorption is described by linear response theory where the
response along the diagonals can be simply decomposed in
the sum of the responses along the bonds. The possible path
that would excite the Pomeranchuk modes is depicted in
Figure 11(a), a sort of Raman or two-step process. First a
photon is absorbed by a dipole-allowed transition. At a latter
time another photon is emitted leaving the system in one of
the two possible excited states with diﬀerent lifetimes. This
scenario would require the presence of resonant absorption
states around the laser excitation energy (1.5 eV), as the
triplet structure observed in the pair-breaking spectroscopy
on YBCO sample, for example [70]; however, a thorough
assignment of the absorption features in diﬀerent cuprates
optical spectra is diﬃcult and still underway, as we discuss
below. Dynamic stripes may be involved in this process too
since their anisotropic character makes them couple well to
the Pomeranchuk modes. For this to be possible there should
be a stripe absorption mode at the energy of the incoming
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Figure 11: Excitation scheme and Fermi surface. (a) Possible excitation scheme of diﬀerent Pomeranchuk modes. (b) Fermi surface predicted
for cuprates. The cross-like blurred feature is the FS of the stripes, while the nodal arcs are the FS of nodal particles observed in ARPES. (c)
Possible Pomeranchuk modes excited by the laser for the electric field in the antinodal direction and (d) The electric field in the nodal
direction. The blue line is the equilibrium Fermi surface while the red lines show the out-of-equilibrium Fermi surface after the laser
excitation.

photon. In order to substantiate this view, we present in what
follows computations of the optical absorption of the stripes
relevant for the first step of the process and compare with
experimental results.
The in-plane optical absorption of diﬀerent cuprates
superconductors (Bi2212, Bi2223, and LSCO) is displayed
in Figure 12. In Figure 12(b), the spectrum at diﬀerent temperatures for Bi2223. A large metallic component is found
at low frequency, often referred to as the Drude peak [14].
Most of the temperature dependence is observed in this part
of the spectrum, and in the inset of Figure 12(b), one can see
the eﬀect of the opening of the superconducting gap below
100 meV in the optical spectrum. At higher energy, above

the plasma edge of the material (>1 eV), several absorption
features are observed. In Figure 12(b), the spectrum is
decomposed into diﬀerent components by a standard DrudeLorentz fit, and one can see that a feature centered around
1.8–2 eV is obtained (evidenced by a blue trace). This absorption is often ascribed to a charge-transfer excitation between
Cu and O ions in the ab-plane of the material, but in BSCCO,
its assignment is complicated by the presence of other strong
interband transition in that spectral region. However, since
the electronic states close to the Fermi energy in all cuprates
are Cu 3dx2 -2y orbitals hybridized with O 2p orbitals, most
of the temperature dependence is expected to be found in
spectroscopic features associated with these orbitals.
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Figure 12: BSCCO and LCO optical spectra and temperature dependence. (a) The diﬀerence spectrum σ1 (T = 280) − σ1 (T = 20) for
Bi2223 is displayed; the low-energy region is magnified in the inset. (b) The optical conductivity of Bi2223 at diﬀerent temperatures is
shown together with a Drude-Lorentz decomposition of the spectrum; the low-energy region is magnified in the inset. (c) The optical
conductivity of diﬀerent cuprates is shown for comparison, together with the theoretical spectrum obtained in LCO by the charge-stripes
model.

In Figure 12(a), the diﬀerence between spectra at diﬀerent temperatures (T = 280 K – T = 20 K) is noted to be
large in the Drude region of the metallic carriers (inset of
Figure 12(a)), and peaks in correspondence to the chargetransfer peak around 2 eV. These features are quite common
to cuprates. The reason is that the low-energy electronic
structure of these materials is dominated by the physics of
the Cu–O plaquettes, which are common features of hightemperature superconductors. To emphasize this point, we
display, in Figure 12(c), the spectra of diﬀerent chemical
compositions, Bi2212, Bi2223, and LaSrCuO. The overall
shape of the spectrum is similar in all cases, and the first
absorption feature above the plasma edge is always attributed
to Cu–O charge-transfer excitations.
LSCO is an ideal material for the theoretical investigation
of the optical spectrum, because it has a single Cu–O layer
per unit cell and its overall crystal structure is among the simplest of all cuprates. Also, experimental evidence of stripes
has been reported in this material [17]. In Figure 12(c), we
show the comparison between the theoretical optical absorption spectrum of LSCO based on the metallic stripes model

and the experimental one. The main features of the spectrum
are reproduced by theory, and the 1.2–1.5 eV absorption
feature is assigned to a charge-transfer mode inside the
stripe, which again involves the motion of a charge along
the Cu–O bond. This is expected to be the mode responsible
for the first step of the Raman process. We investigated
LSCO because of the good success of these calculations in
reproducing the optical spectrum of the material, because of
its inherently simpler structure. We expect the situation in
BSCCO to be not very diﬀerent, again because we focus on
features mainly related to the Cu–O plane.
In BSCCO and LSCO cuprates, the in-plane linear
optical absorption of light can be considered as nearly
isotropic [14, 71]. Our observation of an anisotropic structural dynamics as a result of light excitation polarized in
diﬀerent directions within the plane suggests that the outof-equilibrium electronic structure is capable, during its
thermalization, to induce distinct structural changes which
distort the lattice in a way that is observable at longer
times. According to our computations [66], when the electric
field is parallel to the Cu–O bond, the 1.5 eV polarized
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Figure 13: Theoretical description of the optical excitation. (a) Symmetry of charge excitation for 1.2 eV light polarized along the direction
of the charge stripes (y, see Figure 13(b)). (b) The charge distribution inferred by the stripes model in LCO. (c) Symmetry of charge
excitation for 1.2 eV light polarized perpendicular to the direction of the charge stripes (x, see Figure 13(b)). (d) Theoretically derived
optical conductivity spectrum in LCO.

light couples strongly with the stripe excitation. In Figures
13(a) and 13(c), the charge variation induced by 1.2 eV
light polarized parallel (Figure 13(a)) and perpendicular
(Figure 13(c)) to the charge stripe is shown. The red arrows
indicate charge increase (up arrow) or charge decrease
(down arrow) in a certain area, whereas the green arrows
indicate the current induced by light absorption. When
light is polarized perpendicular to the stripes (which would
correspond to one of the two directions of Cu–O bonds, (10),
e.g.), a charge-transfer mode within the stripe is excited. This
is visible as red arrows in Figure 13(c) indicating a charge
increase on the oxygen site and a charge decrease on the
neighboring copper site.
When light is polarized parallel to the charge stripe
(along the other Cu–O direction, (01), e.g.), no such charge
transfer is observed. For light polarized at 45 degrees, we
expect that the nodal quasiparticles are excited through
other intermediate states (note that they are not considered
in the present calculations for technical reasons) and long

relaxations times are found. In Bi2223, where the anisotropy
of the electron-phonon coupling was found to be much
weaker, a weaker stripe charge ordering may be present due
to the diﬀerent doping of the layers and the increased threedimensional properties of the system. It would be interesting
to study in more detail the doping and temperature dependence of the anisotropy to verify if there is a precise point
in the temperature-doping plane where a Pomeranchuk
instability manifests as a divergence of the relaxation time or
if the phenomenon is more related to stripe physics. Another
important check would be to study the dependence of the
result on the laser excitation energy to verify the importance
of the 1.2–1.5 eV stripe absorption band.
3.5. Nonequilibrium Phase Transitions in LCO: The Structural Isosbestic Point. As discussed above, charge-transfer
excitations can play a crucial role in the dynamics of
cuprates. In La2 CuO4 , manifestations of structural dynamics
can be observed when the electrostatic imbalance induced
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Figure 14: LCO dynamical diﬀraction pattern. The eﬀect of laser excitation on the diﬀraction pattern is shown by displaying diﬀraction
diﬀerence frames at diﬀerent times after the arrival of the laser pulse. These frames were obtained by referencing diﬀraction patterns at each
time delay to a negative-time frame by subtraction. Bright regions indicate positive intensity and dark regions show the negative intensity.
Laser excitation results in a movement of the Bragg spot profiles along the c-axis direction to lower momentum transfer values. The laserinduced changes reach a maximum around ∼120 ps and relax back to equilibrium on longer time scale (1 ns). These patterns were obtained
at room temperature for a laser fluence of 20.6 mJ/cm2 .

by charge-transfer excitations causes lattice changes in the
direction perpendicular to the Cu–O planes.
The dynamical behavior of LCO structure is displayed
in Figure 14. Here, shown are the time resolved diﬀraction
diﬀerence images at room temperature, displaying the
changes induced by the excitation pulse with a fluence of
20.6 mJ/cm2 . These frames were obtained at the specified
times and referenced, by subtraction, to a frame at negative
time. White regions indicate intensity increase, while dark
regions relate to intensity decrease. After the excitation,
Bragg spots move down vertically, as evidenced by the
appearance of white spots below dark regions in the difference frames. No substantial movement is observed along
the horizontal direction. The changes are maximized around
∼120 ps and relax on a longer time scale (∼1 ns).
In Figure 15, the profiles of the 0010 and 008 Bragg spots
along the c-axis direction are shown at diﬀerent times after
the laser excitation (in this probing geometry, 006 is not
shown since it shifts below the shadow edge at 112 ps and
partially disappears for geometrical reasons). Before the laser
excitation, both Bragg spots are centered at the equilibrium
values, but at 112 ps after the excitation, they are centered at
smaller s values (upper curves in Figure 15(a) show Δs/s =
−2.5% for a fluence of 20.6 mJ/cm2 ). In between these two
time frames, the evolution of the Bragg spot profiles is not a
continuous shift of its center position.
Rather, all the curves obtained at diﬀerent time delays
cross at a certain s value. Furthermore, the total intensity

underneath each Bragg spot stays constant within 2%-3%
during the entire time scale of the experiment. This behavior
is very diﬀerent from all other studied materials, and from
that of BSCCO as well. In GaAs [72], for example, the
center position of the Bragg peaks shifts continuously to a
lower momentum transfer value, indicating a continuous
expansion along the surface normal direction, and the total
intensity underneath the profiles decreases because of the
Debye-Waller eﬀect. In BSCCO samples [23], the very large
value of the c-axis, and the presence of a heavy element like
bismuth, causes the diﬀraction to be of a rod-like shape,
preventing careful analysis of the position changes. However,
the main eﬀect of light excitation was found to be the
Debye-Waller decrease of the diﬀraction intensity. In LCO,
electrons probe the specimen in transmission at a lower
scattering vector with respect to the experiments on BSCCO,
giving a smaller Debye-Waller eﬀect, according to (1). Also,
the temperature jump induced by pump pulses in LCO
is significantly smaller than in BSCCO, again limiting the
magnitude of the average atomic displacement. These facts,
together with the nanometric size of the probed domains,
could play a role in reducing the Debye-Waller eﬀect below
our observation capabilities.
The conservation of the total intensity and the existence
of a crossing point (as clearly seen in Figures 15(a) and
16(a)) are not consistent with a continuous expansion; it
rather indicates a direct population transfer between two
phases of the lattice with diﬀerent c-axis constants. Such a
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Figure 15: Bragg peak position shift and scaling of diﬀerent orders. Detailed analysis of the photo-induced changes of the Bragg peaks for
the pattern shown in Figure 6. (a) the profiles of the 008 and 0010 Bragg spots are shown at selected time delays. The profiles for time delays
between 0 and 112 ps are displaced vertically for clarity. The time delays for the curves displayed in the top panel are t = −233, −33, −4,
8, 20, 32, 44, 56, 68, 80, 92, and 112 ps, for the curves in the bottom panel t = 112, 147, 217, 317, 617, 917, and 1217 ps. For the curves in
the top panel, a structural isosbestic point can be seen for both Bragg spots (see text). The curves in the bottom do not cross; the center
positions of the Bragg spots shift back to equilibrium continuously. (b) the relative changes of the center positions of 0010 (blue) and 008
(red) Bragg spots and direct electron beam (black) are plotted as a function of time. The center positions are obtained by fitting the curves
in (a) to a single Gaussian form. The fit to such function is good except for the region shown by a transparent yellow strip during which a
single Gaussian cannot describe the profiles since at least two structural phases coexist. We also plot the shift of the 0010 Bragg spot (blue
curve) scaled by %80 as the dashed blue curve. The agreement between this and the red curve is consistent with a true structural change in
which the shifts of the Bragg peaks scale proportionally to the order numbers since Δs/s = −Δc/c. Furthermore, no substantial movement of
the direct beam is observed, indicating that the observed eﬀects cannot be coming from shifting of the entire pattern.

crossing behavior in optical absorption spectroscopy would
be termed “isosbestic point,” corresponding to the spectral
position where the two interconverting species have equal
absorbance; regardless of the populations of the two states,
the total absorption at the isosbestic point does not change if
the total concentration is fixed. In the present case, we term
this point as “structural isosbestic point,” corresponding to
the point in the momentum space where the two structures
are contributing equally to the diﬀraction intensity.
The relaxation process back to the equilibrium value of
this new phase follows a diﬀerent dynamic. The lower trace
of Figure 15(a) shows the evolution of the Bragg spot profiles
between 112 ps and 1217 ps. In this period, no crossing
point is observed and the center of the Bragg spot shifts
continuously back to the equilibrium value. The time scale
of the return to equilibrium is also slower by about an order
of magnitude (about 300 ps as opposed to 30 ps).
Structural distortions give changes in diﬀraction obeying
the scaling relation in (2). We test this scaling relation, as well
as the presence of spurious motions of the electron beam,
in order to verify that the observed dynamics originate from
atomic motions.
In Figure 15(b), we compare the relative changes in the
position of 008 and 0010 Bragg spots. We also plot the change
in the position of the undiﬀracted direct beam. The center

position of each spot is obtained by fitting the vertical profile
into a Gaussian form. Between 0–112 ps, the Bragg spots
cannot be described by a single Gaussian curve since more
than one phase with distinct structural parameters coexist.
In this time period (shown by a transparent yellow strip),
a fit to a single Gaussian cannot adequately describe the
profiles. Outside this region, a single Gaussian can fit the data
properly.
Since the direct beam position does not change with time,
we excluded the possibility that the observed behavior comes
from the shift of the entire pattern or that surface charging is
contributing to the diﬀraction. Moreover, for the structure,
the change in diﬀerent orders should scale according to the
order number, that is, Δs/s = −Δc/c, where Δs is the shift
of the nth-order Bragg spot (as was verified for BSCCO as
well). This means that the 008 Bragg spot should move only
by 80% of the 0010 Bragg spot. The dashed blue curve in
Figure 15(b) shows the shift of the 0010 Bragg spot scaled by
80%. Furthermore, the agreement between this and the shift
of 008 spot (red curve) confirms that the observed dynamics
are due to real structural changes.
The dependence on the excitation density of the observed
phase transition reveals detail of the interplay between the
lattice and the electronic structure. In Figure 16(a), the
generation of the new phase between 0 and 112 ps is depicted,
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Figure 16: Structural isosbestic point and fluence dependence. The Bragg spot profiles of the 0010 spot are shown at diﬀerent delay times
for five laser fluences (2.8, 7.0, 11.3, 14.3, and 20.6 mJ/cm2 ) at room temperature. The amplitude of the profiles is normalized by the height
of the highest curve at each intensity, and curves at diﬀerent fluences are displaced vertically for clarity. No laser-induced change can be
observed at the lowest fluence (2.8 mJ/cm2 ). Above this fluence, transitions into a higher c axis constant state can be observed as evidenced
by the existence of structural isosbestic points. The change in the center position of the Bragg spot (Δs) increases linearly with increasing
intensity. (a) Phase transition region showing the times t = −233, −33, −4, 8, 20, 32, 44, 56, 68, 80, 92, and 112 ps. (b) Relaxation region
showing the times t = 112, 147, 217, 317, 617, 917, and 1217 ps. Here, no crossing point is observed at any fluence; all the peaks relax back
to equilibrium by continuously shifting their center positions.

whereas in Figure 16(b), we show the relaxation back to the
ground state for diﬀerent laser fluences at room temperature.
First, we see that at 2.8 mJ/cm2 there is no observable change.
Above this intensity, there is a crossing point observed in
Figure 16(a), whereas the peak position shifts continuously
back to the equilibrium value in Figure 16(b). The maximum
change in the position of the Bragg spot increases with
increasing fluence (Figure 16(a)). The characteristic time of
this process does not depend on the laser fluence and is
∼30 ps.
In Figure 17(b), the maximum c-axis expansion, Δc,
obtained on the time scale indicated by the dotted line
in Figure 17(a), is displayed as a function of laser fluence.
These data are reported for two temperatures, 20 and
300 K, respectively. For these measurements, we have used
a polarizer and a half-wave plate in order to be able to
adjust the laser fluence in fine steps. This arrangement
enabled us to change the laser fluence continuously without
changing the spatial overlap or the relative arrival times of
the laser and electron pulses. At each laser fluence, we obtain
Δc by recording two profiles at times −85 ps and 130 ps.
Below a threshold intensity of ∼5 mJ/cm2 , no change was

observed. Above this threshold intensity, Δc grows linearly
with increasing fluence.
In order to better understand the microscopic meaning
of this threshold fluence, we consider the number of photons
absorbed per copper site for each fluence. The energy (u)
deposited into the cuprate film per unit volume for each
pulse (in the surface region probed by the electron beam) is
given by u = F0 (1−R)α, where F0 is the incident laser fluence,
R is the reflectivity of the cuprate film, and α is the absorption
coeﬃcient of the film. The energy absorbed per unit cell (uc )
is given by uc = u · vc , where vc is the volume of the unit cell.
The number of photons absorbed per copper site (δ p ) can be
calculated by dividing the energy absorbed per unit cell by
the energy of each photon (ω = 1.5 eV), after taking into
account that there are two copper atoms per unit cell, that
is, δ p = F0 vc (1 − R)α/(2ω). Given the values of R = 0.1,
α = 7 × 104 cm−1 (R and α were obtained from Figures 12
and 9 of [73], resp., measured for a similar sample), and vc =
a × b × c = 186.12 Å3 , we obtain δ p = F0 × (24.4 cm2 /J). Using
this expression, the laser fluence can be converted into the
number of photons absorbed per copper site, as shown in the
top horizontal axis of Figure 17(b). It is intriguing that the
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Figure 17: Fluence dependence of the expansion. (a) The change in the c-axis constant (Δc) is plotted as a function of time for each laser
fluence (2.8 (cyan), 7.0 (blue), 11.3 (green), 14.3 (red), and 20.6 mJ/cm2 (black)). The c-axis lattice constant at each time delay was obtained
by fitting the profiles in Figure 16 to a single Gaussian form. The inset shows the same curves normalized. Δc relaxes back to ground state with
a time constant of about 300 ps independent of the laser fluence. Even after 1 ns, the system does not completely relax back to equilibrium; a
small residual expansion is present and has a much longer time constant. (b) Δc (130 ps) around the dotted line shown in (a) was measured
as a function of laser fluence at both 20 K and 300 K. Below a threshold intensity of about ∼5 mJ/cm2 , no change can be observed. Above
this threshold, Δc grows linearly with the laser fluence. The top horizontal scale shows the number of photons absorbed per copper site
calculated using the absorption coeﬃcient (see text). The threshold fluence corresponds to ∼0.1 photons absorbed per copper site. The red
line is a linear fit to room temperature data above the threshold value.

threshold intensity corresponds to ∼0.1 photons absorbed
per copper site. This is very close to the number of chemically
doped carriers needed to induce superconductivity.
As far as the temperature dependance is concerned, only
a slight increase in the rise time can be seen as the sample is
cooled down, similar to what was observed also in BSCCO.
3.6. Theoretical Modeling of the Light-Doped Phase Transition.
The structural dynamics observed in the cuprate film show
several distinct features which need to be addressed by a
theoretical model. These are a large increase of the c-axis
constant, the existence of a structural isosbestic point at
intermediate times, a continuous shifting of the Bragg spot
profiles in the relaxation regime, and the existence of a
threshold fluence and a linear dependence of the expansion
on the laser fluence above this threshold. Furthermore,
the characteristic times cales involved (30 ps for the onset
and 300 ps for the relaxation) do not strongly depend on
temperature and fluence. Below, we will present a simple
energy landscape model that can account for these findings.
3.6.1. Thermal Expansion Model. A simple thermal expansion mechanism cannot explain the experimental observations for three reasons. First, a 2.5% increase in the c-axis lattice constant would correspond to an unphysical 2500 K rise
in the lattice temperature, since the linear thermal expansion
is αl ≤ 1.0 × 10−5 K−1 [74]. Second, in the thermal expansion

scenario, the total intensity underneath a Bragg spot is
expected to decrease due to the Debye-Waller eﬀect, caused
by the phonon generation following the photoexcitation,
whereas in our case the total integrated intensity underneath
a Bragg spot is found to be nearly constant. Finally, the thermal expansion model would predict a monotonic shift of the
Bragg spots into lower momentum transfer values, whereas
we observe a crossing point that can not be explained by a
continuous increase of the interplanar distance.
3.6.2. Structural Changes and the In-Plane Charge Transfer.
Some absorption characteristics are worth considering. The
substrate (LaAlSrO4 ) does not absorb at our laser wavelength
of 800 nm. The penetration depth of the laser beam in
the cuprate film was estimated to be 143 nm, given the
absorption coeﬃcient of α = 7 × 104 cm−1 [73]. The electron
beam is at a grazing incidence angle of 1.5◦ , and due to the
small mean-free path of the high-energy electrons, and the
low incidence angle, only the top few nm of the 52 nm thick
film can be probed. Therefore, only the cuprate film can
contribute to the dynamics, and the substrate is not expected
to have any direct role.
As shown in a previous section, a charge transfer
excitation in cuprates is expected around 2 eV. This excitation
involves a charge transfer from the 2p orbital of oxygen into
the 3d orbital of copper [14]. Our excitation energy (1.55 eV)
falls in the proximity of such charge transfer. It should be
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noted, however, that this assumption is model-dependent
since a consensus has not been reached yet on the assignment
of the diﬀerent absorption features in cuprates.
LCO is a highly ionic compound with a large cohesive
energy. As a result of a charge transfer excitation, and
subsequent changes in the valency of the in-plane copper
and oxygen, a weakening of the coulomb attraction between
the planes is induced, which leads to expansion. In the
experiment, we observe that almost the entire Bragg spot,
and not a fraction of it, undergoes the change, indicating
that macroscopic scale domains (which define the coherence
length of the Bragg diﬀraction) are involved in this phase
transformation. Above a certain fluence, charge transfer
excitations are shared among multiple unit cells, and macroscopically sized domains are created with distinct electronic
and structural properties.
3.6.3. Cohesion Energy Calculations. In order to quantitatively describe the eﬀect of the in-plane charge transfer on
the lattice structure, we calculated the cohesion energy as a
function of structural parameters both in the ground and
in the charge transfer state; we will refer to the latter as
the excited state. In order to model the excited state at
each fluence, we calculated the number of photons absorbed
per copper atom (δ p ) as displayed on the top scale of
Figure 17(b) by using the absorption coeﬃcient and the
carefully measured laser fluence. When the charge transfer
excitations are shared uniformly across the Cu–O planes, the
valence of in-plane Cu atom changes from +2 to +2 − δ p , and
the valence of oxygen changes from −2 to −2 + δ p /2. We then
calculate the cohesion energy as a function of the structural
parameters for each value of δ p , and find the values of these
parameters that minimize its energy (Figure 18). Below we
will describe the results of two independent calculations.
In the first of these calculations, we used the model of
Piveteau and Noguera [75] to compute the cohesion energy.
It was originally used to reproduce the structural parameters
of LCO at equilibrium. The cohesion energy is expressed as
the sum of pair wise interaction between the atoms, taking
into account three microscopic terms: the direct Coulomb
interaction treated in the point charge approximation, a
hard-core repulsion of the Born-Mayer type, accounting for
the orthogonality of the atomic orbitals on diﬀerent atoms at
short distances, and the van der Waals term. The interaction
energy (Ei j ), of two atoms i and j, having charges Qi and Q j
at a distance Ri j is given by
Ei j =

Qi Q j
Ri j
+ Bi j exp −
Ri j
ρi j

−

Ci j
.
R6i j

(8)

This expression contains three sets of parameters
(Bi j , Ci j , and ρi j ) which are obtained from the atomic values
(Bii , Cii , and ρii ), using the following empirical expressions:
Bi j = (Bii B j j )1/2 , Ci j = (Cii C j j )1/2 , 2/ρi j = 1/ρii +
1/ρρ j j . These expressions are based on the fact that the van
der Waals interactions are related to the product of the
atomic polarizabilities, and the hard-core repulsion involves
a product of exponentially decreasing atomic wave functions.
In our calculation, we used the same parameters that were

invoked in order to reproduce the equilibrium structure [75].
In order to obtain these parameters, Piveteau and Noguera
used the nine atomic values (Bii , Cii , ρii ) for Cu2+ , O2− , and
La3+ from the literature [76], and adjusted them in such a
way that they reproduced the more simple structures of CuO
and La2 O3 .
The total internal energy of the crystal (ET ) was obtained
by summing the internal energy (E p ) of the units (defined
below) of La2 CuO4 , and the interaction energy EPQ between
two units P and Q as
EP =

1
2

i, j

EPQ =

Ei j

i, j

Ei j





i ∈ P, j ∈ P, i =
/ j ,


(9)



i ∈ P, j ∈ Q .

(10)

The total internal energy of N units is given by
ET =

P

EP +

1
EPQ
2 P,Q

(P =
/ Q),

(11)

where the sums go over N units. The energy per unit (E) is
given by
E=

ET
1
= EP0 +
EP Q ,
N
2 Q( =/ P ) 0

(12)

0

where P0 denotes any central unit.
For rapid convergence, we grouped the atoms into
elementary units without dipolar moments [75], as shown
in Figure 18(a). It includes a CuO6 octahedron and two La
atoms. The oxygen atoms in the CuO2 planes are labeled
as O(2) and out-of-plane oxygen atoms are labeled as O(1).
The O(2) atoms are counted as 1/2 in the summations, since
they are shared by two units. La2 CuO4 in the tetragonal
structure can be described by four structural parameters:
the distance between CuO2 planes (c/2), Cu–O(1) distance
(d1 ), the Cu–O(2) distance (d2 ), and the Cu–La distance (d3 ).
We calculated the internal energy per elementary unit as a
function of these four parameters E(c, d1 , d2 , d3 ) by summing
up ∼40,000 interactions. The minimum value was found
to be E(c = 13.1315 Å, d1 = 2.4004 Å, d2 = 1.897 Å,
d3 = 4.7694 Å) = −173.8462 eV. These values are in very
good agreement with the results of Piveteau and Noguera
E(c = 13.15 Å, d1 = 2.399 Å, d2 = 1.897 Å, d3 = 4.7780 Å) =
−173.83 eV.
The eﬀect of inplane charge transfer was accounted for
in the following way. We assumed that the excitations are
shared uniformly to create domains of modified valencies of
Cu and O(2) atoms in the CuO2 planes. If the number of
photons absorbed per Cu atom is δ p , then the valencies of
Cu atoms are changed from +2 to +2 − δ p , and the valencies
of O(2) atoms are changed from −2 to −2 + δ p /2. The
valencies of O(1) and La atoms remain unchanged. Because
the cuprate film is epitaxially grown on the substrate, there
cannot be any change of inplane structural parameters, since
they are anchored by the underlying substrate (as confirmed
experimentally). Therefore, we assume that the value of the
in-plane Cu–O(1) distance d2 can not change during the
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Figure 18: Cohesion energy calculations. (a) An elementary unit of La2 CuO4 in the tetragonal structure that includes a CuO6 octahedron
and two La atoms is shown. The oxygen atoms in the CuO2 planes are labeled as O(2), and-out-of plane oxygen atoms are labeled as O(1).
O(2) atoms are counted as 1/2 in the summations, since they are shared by two units. La2 CuO4 in the tetragonal structure can be described
by four structural parameters; distance between CuO2 planes (c/2), Cu–O(1) distance (d1 ), Cu–O(2) distance (d2 ), and Cu–La distance (d3 ).
In the excited state, the valence of a Cu atom is decreased by δ p , and the valence of an O(2) atom is increased by δ p /2, where δ p is the number
of photons absorbed per copper atom. (b) Calculated cohesion energy as a function of the c-axis constant in the ground (δ p = 0) and excited
states with δ p = 0.3 assuming a uniform expansion along the c-axis direction. Calculated cohesion energy in the excited state is accurate up
to an overall constant. (c) Comparison of the calculated Δc using diﬀerent methods with the experiment (blue points). The dashed green
line is the result of the calculation without considering the van der Walls interactions; dashed red and black lines are the calculated Δc after
taking van der Walls interaction into account and assuming uniform expansion or independently variable parameters, respectively (see text).
All of the calculations reproduce the magnitude of the observed expansion remarkably well.

time-resolved measurements and is fixed at its equilibrium
value of 1.897 Å.
For a given δ p , we search for the parameters (c, d1 , d3 )
that minimize the energy per elementary unit E(c, d1 , d2 =
1.897 Å, d3 , δ p ) using two diﬀerent methods. In the first
method, we assume that only a uniform stretching of the
unit cell can take place in the c-axis direction. We search
for the minimum energy configuration by varying c, d1 , and

d3 proportionally. In Figure 18(b), we present the calculated
cohesion energy as a function of the c axis constant for the
ground state (δ p = 0), and excited state with δ p = 0.3. The
absolute value of the cohesion energy in the excited state is
correct up to an overall constant because of the uncertainties
in the electronegativity and ionization energy of copper and
oxygen, respectively. The dashed red curve in Figure 18(c)
shows the calculated Δc as a function of δ p . In the second

method, we calculate Δc (dashed black curve in Figure 18(c))
by allowing the structural parameters (c, d1 , d3 ) to change
independently.
Besides the calculation mentioned above, independent
calculations were performed by our collaborators [77], which
ignore the relatively small van der Waals contribution and
uses a somewhat diﬀerent parameters (Bii , Cii ). (We thank Z.
Radovic and N. Bozovic at BNL for performing the cohesive
energy calculations that ignore the relatively small van der
Waals contribution.) The cohesion energy was written as the
sum of the Madelung energy and the core repulsion energy.
The standard Born-Meier form of Bi j · exp(−Ri j /ρi j ) was
used in order to model the core repulsion energy, where the
indexes i and j enumerate the relevant nearest neighbour
pairs (O–O, Cu–O, and La–O). The constants (Bi j , ρi j ) in
the ground state (δ p = 0) were first optimized by matching
the experimentally determined equilibrium distances and
the known lattice elastic constants with the minimum of
the cohesion energy and the values of its derivatives. It was
further assumed that, since the film is epitaxially constrained
to the substrate in the horizontal direction, the in-plane
lattice constants are fixed by the substrate and could not
change, as observed in the experiment. Since there was no
stress on the film surface, it can freely expand along the
vertical direction (along the c-axis). For a given fluence
(equivalent to δ p ), the cohesive energy E(r1 , . . . , rN , δ p ) was
calculated as a function of the structural parameters, and
the new crystal configuration is determined by minimizing
the potential energy. We find that the new minimum of
E(r1 , . . . , rN , δ p ) occurs at a higher c-axis constant, and
Δc depends linearly on δ p as shown by the green line in
Figure 18(c). The agreement between the slope of the green
theoretical curve and the slope of experimental data (blue
curve) is excellent.
Considering that all the parameters required for these
calculations were obtained from equilibrium constants,
and there were no adjustable parameters to model the
time-resolved changes; cohesion energy calculations reproduce the experimentally observed trend remarkably well
(Figure 18(c)). The inclusion of van der Waals term in the
cohesion energy calculation and/or the usage of slightly
diﬀerent atomic constants (Bi j , Ci j , ρi j ) do not change the
results significantly (about 20% change in the slope of Δc
versus δ p ).
3.6.4. The Energy Landscape. Based on the above discussion, we can construct a descriptive energy landscape (see
Figure 19). If we consider that multiple coordinates are
involved, the observed time-resolved dynamic is the result
of the trajectory of motion on this multidimensional energy
landscape. In the simplest form, there are two main coordinates that we need to consider: the charge redistribution
process in the CuO2 planes and the macroscopic structural
change, mainly expansion along the c-axis.
After photoexcitation, the microscopic excitations are
formed with no apparent delay. This represents the first
step occurring on the ultrafast time scale and is shown
in Figure 19 as the movement from the initial FranckCondon region to the modified charge transfer state on the
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Figure 19: Energy landscape. A depiction of the excited state energy
landscape is shown.

energy surface. This time scale is consistent with the direct
movement along a potential energy surface. It is very likely
that the initial fast relaxation observed in the time-resolved
optical experiments in cuprates is in fact probing this initial
step. The time scale for the generation of the macroscopic
phase with a longer c-axis constant is ∼30 ps. This time is too
long to be a direct motion along a repulsive potential energy
surface. Instead, it involves a transition of a barrier-type
crossing from the initial local minimum to the macroscopic
minimum stabilized by the lattice relaxation. A well-defined
crossing point also supports this argument. The existence
of a structural isosbestic point shows that there is a direct
population transfer between the two states which have two
well-defined values of the c-axis constant. The values of the
c-axis constants in between these two are not observed. This
situation can happen if the system is crossing a hill in the
potential energy surface during the motion between two local
minima. The actual barrier crossing should be very fast, and
most of the times it should be found in one of the valleys.
The time scale is related to the height of the barrier. A sketch
of the excited energy surface showing these initial motions is
displayed in Figure 19.
In the relaxation regime, the c-axis constant decreases
continuously with a very slow time constant of about 300 ps.
This is too slow to be just a movement along an energy
surface. It also cannot be explained by a single barrier
crossing since we observe transition through all the c-axis
constant values continuously. We should consider the fact
that more than one local minimum state may exist as a result
of a nonadiabatic “covalent-ionic” interactions between the
excited states and ground state energy surfaces. As a result,
this might produce a rough energy landscape consisting of
small hills and valleys. The observed dynamics might reflect
the motion of the system on this kind of an energy landscape.
Another way to understand the slow time scale is to
consider the fact that electronic and structural relaxations
are coupled. In order for the charges to fully recombine,
the lattice has to relax as well, which naturally takes a long
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time especially if the acoustic phonons are involved. The
agreement between the observed 300 ps decay constant in
our experiment and the decay time of long lived acoustic
phonons seen by the time-resolved reflectivity experiments
[78] also supports the involvement of acoustic degrees
of freedom in the relaxation regime. We do not observe
strong temperature dependence in this rate between room
temperature and 20 K which is also consistent with a scenario
dominated by acoustic phonons, as the Debye temperature
for this material is 163 K [79]. The fact that the total intensity
of the [0 0 10] Bragg spots does not change appreciably suggests that the modes involved are mostly in-plane phonons
with vibrations orthogonal to the c axis direction.

4. Conclusions
The observation of strong charge-lattice interaction in
cuprates superconductors, in particular the interplay
between the electronic excitations and the c-axis motion of
the ions, suggests considerations beyond the standard 2D
models [20, 80]. Recent theoretical work has incorporated
lattice phonons in the t-J model to account for the observed
optical conductivity [81], and new analysis of the optical
conductivity on a variety of samples confirmed the scenario
of a strong coupling between a bosonic spectrum, consistent
with a combination of phonon modes and magnetic
excitations [82]. Moreover, new band structure calculations
suggested that large and directional electron-phonon
coupling can favor spin ordering [21]. The anisotropic
coupling observed in BSCCO and the intermediate-to-high
values of λ obtained imply that the time scale for the
scattering of electrons by certain phonon modes can be
very fast, comparable to that of spin exchange (40 fs in the
undoped phase). As a result, both the magnetic interactions
and lattice structural changes should be taken into account
in the microscopic description of the pair formation.
In order to explain the microscopic origin of the
anisotropy itself, we invoked the charge stripes model. In
this model, the material has a non-Fermi liquid ground
state consisting of ordered charges and spins along particular
directions. It is shown that excitations of this ground state
can be anisotropic with respect to light polarization, and
that a particular charge transfer can be excited within the
stripe domain when light is polarized along the Cu–O bond.
The interplay between stripes and more conventional quasiparticles could be responsible for the observed anisotropy,
as already suggested by photoemission data and theoretical
considerations.
The nature of the observed anisotropy and the symmetry
of the carriers involved also stress the importance of
the interplay between the in-plane charge redistributions
and the out-of-plane distortion of the unit cell. Another
striking manifestation of this is the structural isosbestic
point observed in LCO thin films. In this case, the chargetransfer nature of the optical excitation is used in order to
explain, with success, a structural instability along the caxis. Above a certain threshold, a direct conversion between
two distinct structural phases of the lattice having diﬀerent
c-axis values was formed. The observed structural changes
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can be explained by a model based on changes in the
valencies of the in-plane oxygen and the copper which are
caused by the charge transfer excitation. The amount of
expansion in the c-axis constant can be correctly calculated
by minimizing the cohesion energy as a function of structural
parameters. The value of the threshold fluence corresponds
to ∼0.1 photons per copper site, which is very close to
the number of chemically doped holes required to induce
superconductivity. Using the observed time constants and
the sequence of distinct structural changes, we presented a
picture of the energy landscape and the trajectory that is
taken by the system.
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expansion of cuprate superconductors: evidence of strong
electron-lattice coupling,” Physical Review B, vol. 77, no. 9,
Article ID 092508, 2008.

Advances in Condensed Matter Physics
[78] I. Bozovic, M. Schneider, Y. Xu, et al., “Long-lived coherent
acoustic waves generated by femtosecond light pulses,” Physical Review B, vol. 69, no. 13, Article ID 132503, 2004.
[79] K. Kumagai, Y. Nakamichi, I. Watanabe, et al., “Linear temperature term of heat capacity in insulating and superconducting
La-Ba-Cu-O systems,” Physical Review Letters, vol. 60, no. 8,
pp. 724–727, 1988.
[80] J. C. Phillips, “Quantum percolation in cuprate hightemperature superconductors,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 105,
no. 29, pp. 9917–9919, 2008.
[81] A. S. Mishchenko, N. Nagaosa, Z.-X. Shen, et al., “Charge
dynamics of doped holes in high Tc cuprate superconductors:
a clue from optical conductivity,” Physical Review Letters, vol.
100, no. 16, Article ID 166401, 2008.
[82] E. van Heumen, E. Muhlethaler, A. B. Kuzmenko, et al.,
“Optical determination of the relation between the electronboson coupling function and the critical temperature in highTc cuprates,” Physical Review B, vol. 79, no. 18, Article ID
184512, 7 pages, 2009.

27

Hindawi Publishing Corporation
Advances in Condensed Matter Physics
Volume 2010, Article ID 968304, 13 pages
doi:10.1155/2010/968304

Review Article
Material and Doping Dependence of the Nodal and Antinodal
Dispersion Renormalizations in Single- and Multilayer Cuprates
S. Johnston,1, 2 W. S. Lee,2, 3 Y. Chen,2, 4 E. A. Nowadnick,2, 5 B. Moritz,2, 6
Z.-X. Shen,2, 3, 5, 7 and T. P. Devereaux2, 3
1 Department

of Physics and Astronomy, University of Waterloo, Waterloo, ON, Canada N2L 3G1
Institute for Materials and Energy Science, SLAC National Accelerator Laboratory, Stanford University,
Stanford, CA 94305, USA
3 Geballe Laboratory for Advanced Materials, Stanford University, Stanford, CA 94305, USA
4 Advanced Light Source, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA
5 Department of Physics, Stanford University, Stanford, CA 94305, USA
6 Department of Physics and Astrophysics, University of North Dakota, Grand Forks, ND 58202, USA
7 Department of Applied Physics, Stanford University, Stanford, CA 94305, USA
2 Stanford

Correspondence should be addressed to T. P. Devereaux, tpd@stanford.edu
Received 30 September 2009; Accepted 4 January 2010
Academic Editor: Igor Mazin
Copyright © 2010 S. Johnston et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
We present a review of bosonic renormalization eﬀects on electronic carriers observed from angle-resolved photoemission spectra
in the cuprates. Specifically, we discuss the viewpoint that these renormalizations represent coupling of the electrons to the
lattice and review how materials dependence, such as the number of CuO2 layers, and doping dependence can be understood
straightforwardly in terms of several aspects of electron-phonon coupling in layered correlated materials.

1. Introduction
The discovery of a “kink” in the nodal ((0,0)-(π, π)) dispersion of the high-Tc cuprates, and band renormalizations,
in the form of a peak-dip-hump structure in the antinodal
(0, π)-(π, π) dispersion [1–18], has attracted considerable
attention in recent years. ( We note that while a kink in
the electronic band dispersion can be seen in the earlier
data of Valla et al., this paper focused on quantum critical
behavior of the frequency-dependent imaginary part of the
self-energy and does not make any mention of a kink.
Further, the authors stressed a quantum critical self energy
form that does not contain any energy scale.) These band
renormalizations have been interpreted as due to electronboson coupling, and it is believed that understanding origin
of these renormalizations will provide crucial information
about the underlying pairing mechanism in these materials.
There is still considerable debate as to number and to the
identity of the responsible bosonic mode(s) and whether
these modes might be relevant to superconductivity [19].

In terms of coupling to a bosonic mode, the candidate
modes have been associated with either coupling to electron
spins or to the lattice. Both viewpoints have their merits
and at present the debate is unsettled. Initially the kinks had
been associated with coupling to a collective mode found in
neutron scattering near antiferromagnetic (AF) momentum
transfers (π, π), the so-called magnetic resonance mode [4,
9, 11, 12]. The basis for the association was mainly due to
the observation that the mode, as well as the kinks, was
largely found only below the superconducting transition
temperature. However, since then, it has been realized that
the kink features exist both above and below Tc . Furthermore, the relatively narrow momentum range of the mode
itself implies that the renormalizations should be relatively
localized to impact electrons in a narrow region of the Fermi
surface (FS) near the AF zone boundary. Given that kinks
have been observed throughout the Brillouin zone (BZ),
some of the original advocates of coupling to the neutron
resonance mode indicate that this mode cannot be the mode
responsible for the observed kink in the nodal direction [20].
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The renormalizations could also be due to coupling of
electrons to a damped magnon continuum, which has a
less well-defined momentum structure. This has the appeal
that as the magnons become better defined nearing the
AF phase, the strength of the kinks would be expected
to increase, in agreement with experiments. However, the
strength of the coupling of magnons to electrons is still under
debate [21, 22]. For example, quantitative comparisons of
angle-resolved photoemission spectroscopy (ARPES) and
neutron measurements on YBa2 Cu3 O6.6 (YBCO) have been
made, and the overall strength of the coupling inferred
from the data was indicated to be of suﬃcient strength
to give rise to superconductivity [17]. We remark that a
quantitative comparison between the neutron scattering and
ARPES measurements reported in [17] can be complicated
by the polar surface of cleaved YBCO (as opposed to Biand Tl-compounds which have no polar surface) resulting
in a surface reconstruction with the potential to produce
significant diﬀerences between the bulk and surface layers
of this material. This leads to an inconsistency where the
FS revealed from ARPES matches that of an overdoped
material, while the neutron scattering spectra used in the
phenomenology were obtained on an underdoped material
exhibiting a pseudogap. Since this comparison has only been
performed on one cuprate, which has the abovementioned
issues, we believe that at present the issue remains open.
A nonbosonic origin of the kink has been proposed
whereby the kink is produced by many-body correlations
[23]. The energy scale of the renormalization is set by the
strength of the quasiparticle residue Z and is generic to
any strongly correlated material with a sizable Hubbard
interaction. Since the correlation strength is set by the
combination of the charge transfer energy to move a hole
from copper to oxygen in the cuprates, the kink strength and
position would be then fairly universal across the cuprate
family.
A systematic examination of the eﬀects of doping,
material class, and temperature have not been thoroughly
explored. In fact, given that both the electronic correlations
and the spin continuum arise from the CuO2 plane, one
might expect the coupling to electrons which might give rise
to a putative kink to be relatively material-class independent.
On the other hand, it is wellknown that a neutron resonance
displays a material dependence, appearing at larger energies
for larger Tc materials including both the single- and
multi-layer cuprates. This opens the possibility of linking
the neutron resonance with ARPES renormalizations via a
material-dependent study.
An alternative proposal is coupling to a spectrum of
oxygen vibrational phonon modes [3, 7, 24, 25], specifically
the c-axis out-of-phase bond-buckling oxygen vibration
or B1g mode (Ω ∼ 35–45 meV) and the in-plane bondstretching oxygen mode (Ω ∼ 70–80 meV). This multiphonon proposal has been able to account for many
experimental observations including the anisotropy of the
observed renormalizations [24], fine structure in the form of
subkinks observed in the temperature dependence of the selfenergy in Bi2 Sr2 CaCu2 O8+δ (Bi-2212) [25], which track the
opening of the superconducting gap, and doping-dependent
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changes in the self-energy [15, 26]. This interpretation is
further supported by recent ARPES experiments that have
measured an 16 O → 18 O isotope shift in the nodal kink
position [27].
In general, the energy scale of the kink for a d-wave
superconductor coupled to an Einstein mode occurs at Ω+Δ0
where Ω is the energy of the mode and Δ0 is the maximum
value of the superconducting gap. This is independent of
the identity of the mode, such as phonons or for a spin
resonance mode for example, and arises from the large
density of states pile-up at the gap edge Δ0 below Tc [24,
25, 28, 29]. An exception arises in the limit of extreme
forward scattering by the mode, where the coupling constant
becomes sharply peaked at q = 0 [30]. Theoretical work has
shown that correlations can enhance the electron-phonon
coupling vertex for small momentum transfer leading to a
coupling which favors forward scattering [31–34]. In the
nodal region, where the gap is zero, such a coupling will
produce a peak in the self-energy at the mode energy Ω.
However, such a peak would gap shift as a function of
momentum following the momentum dependence of the
gap away from the node. Since the energy scale of the kink
does not exhibit a dispersion in the vicinity of the node one
can conclude that the enhancement of the q = 0 el-ph vertex
is not sharp enough to produce the strong forward scattering
assumed in [30].
The phonon scenario has been criticized using evidence
based on density functional theory (DFT) approaches, which
have traditionally not provided evidence of strong electronphonon coupling in YBCO and La2−x Srx CuO4 (see [35–37]
for recent works). LDA predicts the total coupling to all
of the modes to be less than one, and when a self-energy
calculated within the Migdal limit is compared to nodal
ARPES cuts in the cuprates, it was found that the coupling
was too small by a factor of 3–5 to account for the observed
kinks. However, while DFT has done a remarkably good job
of predicting phonon dispersions, the width of the phonon
lineshapes is underestimated in most cases in comparison
with experiment, sometimes by an order of magnitude [38].
This is not unexpected given that DFT predicts metallic
behavior for undoped cuprates and does not account for the
factor of five reduced bandwidth over DFT values observed
in optimally doped Bi-2212 [39]. A simple reduction of the
bandwidth might account for the discrepancy. It is not clear
if these findings indicate that lattice eﬀects are small or that
DFT-based approaches alone are inadequate to represent the
physics of the cuprates.
Analogous features to those observed in ARPES have
been observed in scanning tunneling microscopy (STM).
These features have also been interpreted in terms of
coupling to a bosonic mode [40–43], and possibly the same
mode responsible for the ARPES observed kink. As with the
kink observed in the single-particle dispersion by ARPES, the
origin of this feature remains a source of debate [44, 45].
Pilgram et al. [44] invoke a cotunneling mechanism between
the tip and sample via an apical oxygen pathway. Taking this
view, the modulations in the STM derived density of states
(DOS) are unrelated to the physics of the CuO2 plane. In
contrast, the observed STM spectra look similar in Bi-2212
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(which has an apical oxygen) and Ca2−x Nax CuO2 Cl2 [46]
(which does not) indicating that the tunneling pathway from
the STM tip to the conduction electrons does seem to be
that critical, and that the renormalizations observed in both
STM and ARPES could have a common origin. Reference
[40] also reported an 18 O isotope shift of the feature in a Bi2212 sample. While at face value this would indicate a lattice
origin to the renormalizations in the tunneling spectra, this
too remains controversial [20]. Therefore, even though there
exists a wide array of experimental data from ARPES and
other probes, it is clear that the identity of the bosonic mode
is still hotly debated.
It would take much too much space to review each
and every interpretation of each and every experimental
observation relating to kinks, and it is not clear whether
such a review would be useful. Rather than attempting to
outline all possible scenarios, we instead present a review of
ways in which diﬀerent scenarios may be diﬀerentiated by
studying the material, doping, and temperature dependence
of the band renormalizations. We admit at the outset our bias
that the electronic renormalizations are best interpreted in
terms of coupling to the lattice. As there are many articles
advocating other points of view, and this volume is organized
according to the eﬀects of electron-phonon coupling in the
cuprates, our choice of presentation is thusly defined.
This work will focus on how c-axis phonons provide a
material dependence to the ARPES kinks due to the phonon’s
sensitivity to local symmetry and the environment surrounding the CuO2 plane. We consider doping-dependent changes
to the renormalization in Bi-2212 as well as the dependence
of these renormalizations within the Bi- and Tl- families as
the number of CuO2 layers is varied. We will also discuss
some recent ARPES results on the n = 4 layer system
Ba2 Ca3 Cu4 O8 F2 (F0234) [47]. In this system, the inner and
outer layers occupy diﬀerent crystal environments resulting
in diﬀering Madelung energies associated with each plane in
the undoped compound. This diﬀerence drives inequivalent
dopings between the two sets of layers, with one set ntype and the other p-type. The inequivalent doping in each
plane generates further symmetry breaking in the layers,
and the el-ph coupling in each layer is expected to diﬀer.
Indeed, [47] observes stronger kink features in the plane
associated with the outer (n-type) layer of the material. Here,
we will discuss these observations in the context of the el-ph
coupling scenario.
The organization of this paper is as follows. In Section 2
we discuss the role of symmetry breaking in producing elph coupling to c-axis phonons and how such coupling is
expected to vary with the crystal structure of the high- Tc
cuprates. In Section 3 we present ARPES data for various
multilayer cuprates in order to examine how band renormalizations vary with the number of CuO2 layers. Of particular
interest are the results for the single-layer Tl cuprate Tl2201. Here, we show that Tl-2201 does not resolve the
typical peak-dip-hump structures in the antinodal region
despite the fact that the spin resonance mode exists in this
system [48]. In Section 4 the doping dependence of the
nodal and antinodal dispersions for Bi-2122 is presented.
The renormalizations in each region behave diﬀerently as
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the samples are overdoped, pointing to presence of multiple
bosonic modes. In Section 5 we present aspects of the nodal
kink for the multi-layer F-family of cuprates. Electronic
dispersions for the p-bands of the F-family are presented
together with a theoretical basis for understanding the selfdoping phenomena in Ba2 Ca3 Cu4 O8 F2 (F0234). We also
discuss what implications this process has on coupling to caxis phonons. Finally, in Section 6, we conclude with a brief
summary and some additional remarks.

2. Electron-Phonon Coupling in
Multilayer Cuprates
In this section we discuss how c-axis phonons can be sensitive
to the material environment oﬀ the CuO2 planes. There are
many diﬀerent sorts of phonons in the layered cuprates;
however not all of these modes are expected to be sensitive
to carrier concentration (such as those involving atoms in
the charge reservoirs), and of those involving Cu and O, only
a subset may be expected to vary across cuprate materials
and family classes. Deformation electron-phonon (el-ph)
coupling, involving in-plane bond-stretching modes, for
example [49], depends on the Cu–O bond distance which is
relatively constant in all cuprates. Therefore coupling to these
modes is expected to be relatively material independent.
They can be doping dependent, however, due to either
correlation eﬀects or due to the changeover from 2D to 3D
transport with increased hole concentration which changes
the character of charge screening. However, a clear material
dependence may arise for modes which electrostatically
couple to the Madelung environment coming from all
ions in the unit cell. This sort of coupling is believed to
be most relevant for c-axis bond-buckling modes such as
the out-of-phase planar oxygen vibration (which is B1g,1u
Raman, infrared active in multi-layer cuprates), or the inphase (A1g,1u vibration of the planar oxygen atoms. These
modes have been studied extensively in the context Raman,
infrared and neutron spectroscopy [50–55]. Although the
nomenclature only holds for Raman q = 0 momentum
transfers, we denote the out-of-phase mode as the “B1g ”
mode, and the in-phase mode as “A1g ” [50, 51]. Since our
goal is to explore the materials dependence of the band
renormalizations, we will focus our attention to the c-axis
modes.
El-ph coupling to c-axis phonons can arise due to the
modulated Madelung environment the ion feels. If the ion
sits in a mirror plane, such as the oxygens in the CuO2 plane
in an ideal single-layer cuprate, the Madelung energy is at
local minima and the modulation of the energy and the
coupling must be of second order in the ion displacements
[24, 50, 51, 56, 57]. However, steric forces may force the
CuO2 to buckling along the c-axis which then creates a
coupling to linear order in the displacements [58]. In
terms of material dependence, such steric forces are present
in all CuO2 systems and, therefore, do not contribute to
diﬀerences between materials. Another second pathway for
mirror symmetry breaking can occur locally by introducing
substitutional or interstitial dopant atoms in the charge

4

Advances in Condensed Matter Physics

Ez /Ez,max

1

0.75

0.5

0.25

0

1

2

3
4
Number of layers

5

6

Figure 1: The local crystal field strength at the planar oxygen site of
the outermost CuO2 plane of the Hg-family of cuprates. All results
have been normalized by the maximum field which occurs for the
n = 3 layer system.

reservoir area oﬀ the CuO2 planes. These dopants donate
charge to the CuO2 plane(s), and cast c-axis electric fields
Ez that are poorly screened by the in-plane carriers [59,
60]. Through this mechanism, coupling to c-axis phonons
can occur in single-layer systems where they are normally
forbidden by symmetry. This would then lead to a dopingdependence electron-phonon coupling.
This is to be contrasted with multi-layer cuprates, where
even in an ideal material the CuO2 plane does not necessarily
lie in a mirror plane (for odd number of CuO2 layers,
there will always be one CuO2 plane which lies in the
mirror plane), and a coupling which is first order in the
c-axis displacement is expected, whereby the strength of
the coupling is determined by the spatial variation of the
Madelung energy along the c-axis. This is characterized
by the local crystal field Ez which varies from material to
material with the chemical environment (number of layers
and doping from the ideal stoichiometric compound). The
strength of the coupling to these modes scales as λ ∝ Ez2 .
Due to the oxygen charge-transfer form factors, it has been
shown that the B1g mode couples most strongly to antinodal
electrons [24]. This is the case for the spin resonance
mode due to its strong tendency to scatter electrons near
the AF zone boundary. Therefore, the material dependence
of the antinodal electrons oﬀers a straightforward way to
distinguish between these two scenarios.
To quantify the eﬀect of the crystal environment in the
parent systems, in Figure 1., the local crystal field at the
outermost CuO2 layer for the HgBa2 Can Cun O2(n+1)+δ (n =
1–6) family of cuprates is presented. Using experimental
structural data [61–65] and assuming an ionic point-charge
model with formal valences assigned to each atom, the Ewald
summation method [66] is used to perform the electrostatic
sums for the Madelung energy and its variation along the caxis, determining the electric field strength. As mentioned,
the local field is zero in the single-layer compound, and rises
for n > 1. A maximum is reached for n = 3 and decreasing
field values are found for n > 3 (We note here that the reports

for the structural data for the n = 4 and n = 5 compounds
have a large degree of scatter, presumably from the diﬃculty
in sample growth.)
This eﬀect can be understood in terms of the spatial
variation of the Madelung potential. The gradient of the
Madelung potential, which determines the E-field in an
electrostatic model, is identically zero at the mirror planes,
which generically lie at the middle and edges of the unit
cell. The electrostatic periodicity requires that a point of
steepest decent of the Madelung energy exist at a location
between these mirror planes [67]. Empirically, our Madelung
potential calculations indicate that for n = 1–3 the outermost
plane approaches this point of steepest decent and experiences a larger field due to the increased gradient. For n > 3
the outermost layer has passed this point and, therefore,
experiences a reduced field for increasing n. Finally, as the
number of layers continues to increase, there is an overall
reduction in the range of the amplitude of the Madelung
potential variation such that a uniform profile in the limit
of the infinite layer compound (such as CaCuO2 ).
While it is noteworthy that this dependence of the local
c-axis E-field mimics the variation of Tc in these compounds
and that these c-axis phonons are the dominant phonons
which provide pairing in the dx2 − y2 channel, the strength of
the coupling determined from LDA, even with a factor of five
enhancement, in no way can account for Tc itself. However
it is an intriguing possibility that this electron-phonon
coupling may provide a bootstrap to an underlying pairing
mechanism dependent only upon the properties of the CuO2
plane itself, and may directly impart a material dependence
to Tc . Multiple pairing channels may then be required to
explain superconductivity in the cuprates [68]. However, the
relation between those channels, the role of correlations,
and a formalism valid to describe superconductivity in the
cuprates are all open problems central to the field for which
definitive answers and methods are missing.

3. Layer Dependence
In the previous section we discussed how the material
dependence of the renormalizations is expected to arise
in the various families of cuprates and how this coupling
is expected to diﬀer in the phonon and spin resonance
proposals. We now wish to review the available ARPES data
in light of the theoretical considerations of the previous
section. Here, our focus is on the observed changes in the
renormalizations as the number of layers within the Bi- and
Tl-families.
Single crystals of nearly optimally doped Tl2 Ba2 CaCu2 O8
(Tl-2212), TlBa2 Ca2 Cu3 O9 (Tl-1223), and slightly overdoped Tl2 Ba2 CuO6 (Tl-2201) were grown using the flux
method. As-grown Tl2212 (Tc = 107 K) and Tl-1223 (Tc =
123 K) crystals were chosen for the ARPES measurements.
Tl-2201 crystals used in our measurement were prepared by
annealing the as-grown crystal (Tc ∼ 30 K) under a nitrogen
flow at a temperature of 500◦ C, yielding a Tc of 80 K. The
data were collected using a Scienta R4000 photoelectron
spectrometer. Measurements were performed at the Stanford
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Synchrotron Radiation Lightsource (SSRL) beam line 5-4
using 28 eV photons and at the Advanced Light Source beam
line 10.0.1 using 50 eV photons. The energy resolution was
set at 15–20 meV for the Tl data presented in this work.
Samples were cleaved and measured in ultrahigh vacuum (<
4 × 10−11 Torr) to maintain a clean surface. Detailed ARPES
results on these compounds have been reported in [48].
Although the dispersion kink along the nodal direction
has been found universally in high-Tc cuprates [3], the
momentum dependence of this renormalization feature,
when moving away from the nodal direction, exhibits a
material dependence [48, 69]. It has been confirmed recently
that there is a dependence on the number of CuO2 planes
in the unit cell in the Bi-family and, most recently, in the
Tl-family of cuprates [48]. In the multi-layer compounds,
the kink becomes more dramatic and eventually breaks the
band dispersion into two branches: one branch with a sharp
peak and another branch with a broader hump structure
[4, 7, 10, 48, 69]. The two branches asymptotically approach
one another at a characteristic energy scale of 70 meV and
coincide with the dominant energy scale of the kink along the
nodal dispersion for nearly optimallydoped cuprates. This
separation of the band dispersion becomes most prominent
near the antinodal region and results in the famous peakdip-hump structure [11] in the energy distribution curves
(EDCs), as shown in Figure 2.
The momentum dependence of the kink is quite diﬀerent
in the single-layer compound, where the dispersion kink
becomes less prominent moving away from the node. In
addition, the band dispersion retains a single branch with
no separation observed, unlike the case of the multi-layer
compounds [70, 71]. As a result, no apparent peak-diphump structure can be seen in the EDCs near the antinodal
region for the single-layer compounds Figure 2. ( The peakdip-hump structure in the single-layer Bi-2201 is rather
weak and appears abruptly in a narrow range of momentum
space with a diﬀerent energy scale than that along the
nodal direction [70]. In addition, the issue of a peak-dip
hump structure in the single-layer compound seems more
uncertain, as the reported peak-dip-hump lineshape appears
to be inconsistent among the literature [70, 72].) Similar
results have been reported for optimal and underdoped
LSCO [73–75] as well as overdoped Tl-2201 [76].
In summary, the layer dependent renormalization near
the antinodal region is due most likely to electrons coupled
to a sharp bosonic mode, whose origin is strictly constrained
by the number of layers in the material. This mode is
either absent or has a negligible coupling to the electrons,
in single-layer compounds, but exhibits prominent coupling
in the multi-layer compounds. The spin resonance mode
does exist in some single-layer cuprates [77] (notably Tl2201 but not La2 CuO4+δ ). Therefore, one can conclude that
the spin resonance mode is an unlikely candidate for the
mode responsible for the renormalizations in the antinodal
region. On the other hand, coupling to c-axis phonons can
exhibit a very diﬀerent coupling in single- and multi-layer
compounds. As we have discussed, the B1g phonon couples
strongly to the electrons in multi-layer compounds and
weakly to electrons in single-layer compounds. This mode
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can also reproduce the observed anisotropic momentum
dependence of the renormalization in bi-layer Bi2212 [24].
We also note that the form for the B1g coupling is attractive
in the d-wave pairing channel [50, 51], which could be one
factor enhancing Tc in the multi-layer systems.

4. Energy Scales and Doping Dependence
In the el-ph coupling picture the carriers couple to a
spectrum of bosonic modes and we have already seen how
the c-axis modes can produce a materials dependence of the
renormalizations. It is important to note that the coupling
to the out-of-plane bond-buckling (B1g ) mode is highly
anisotropic and may dominate the antinodal region in the
normal state, and through the pile-up of the density of
states at the gap edge strengthens around the antinode
and becomes visible in the nodal region, obscuring the inplane bond-stretching (breathing) modes. Since these modes
have diﬀerent frequencies, one would naturally expect the
multiple energy scales to manifest in the experimental data.
Indeed, evidence for multiple energy scales has been found
in both the temperature dependence [7, 24, 25] as well as
the doping dependence of Bi-2212 [8, 15, 26]. In this section
we revisit the doping dependence of the nodal and antinodal
renormalizations, highlighting the diﬀerent behavior in each
region of the Brillouin zone, and discuss how this dichotomy
further supports the el-ph scenario.
High-quality single crystals of optimally doped
Bi2 Sr2 Ca0.92 Y0.08 Cu2 O8+δ (Bi-2212 OP, Tc = 96 K) were
grown by the floating-zone method. The overdoped crystals
with Tc = 88 K were prepared by postannealing the optimally
doped Bi-2212 crystal under oxygen flow at a temperature
of 400◦ C. The overdoped sample with Tc = 65 K is a
derivative of the Bi-2212 family with lead doped into the
crystal to achieve such an overdoped configuration. The
data were collected by using He I light (21.2 eV) from a
monochromated and modified Gammadata HE Lamp with
a Scienta-2002 analyzer and in SSRL beamline 5-4 using
19 eV photons with a Scienta-200 analyzer. The energy
resolution is ∼10 meV and angular resolution ∼0.35◦ . The
samples were cleaved and measured in ultrahigh vacuum
(< 4 × 10−11 Torr) to maintain a clean surface.
In Figure 3 ARPES data taken along a cut in the antinodal
region illustrate this eﬀect. The upper panels show the
measured spectral function along the cut while the lower
panels show the ARPES spectral function A(k, ω) at a fixed
k-point as indicated by the dashed lines.
Near (0, π), the energy of the dip feature is the best
measure of the energy scale of the mode responsible for the
renormalization [24, 28]. For the optimally doped sample
(OP96K), shown in the first column of Figure 3, the dip
position is clearly located at ω ∼70 meV. This can be seen
in both the false color plot and the EDC cut. For moderate
overdoping (OD88K), the energy of the dip is lowered to
∼58 meV while for heavily overdoped (OD65K) the energy
is lowered further to ∼32 meV. In both overdoped cases,
contributions from the bonding- (BB) and antibonding (AB)
bands contribute to the quasiparticle peak at the Fermi level.
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Figure 2: Representative EDCs near the antinodal region of the Bi- and Tl-families of cuprates, including single-layer (Bi-2201 and Tl-2201),
bilayer (Bi-2212 and Tl-2212), and trilayer (Bi-2223 and Tl-1223) compounds. The high background in the data of Tl-1223 is probably due
to the absence of a natural cleaving plane in the crystal structure. Nevertheless, a peak-dip-hump structure in the spectrum can still be
discerned. The red dashed line is a guide-to-the-eye to make the “hump” more discernible.

In the OD65K case, the contribution from the AB makes
an exact determination of the dip position diﬃcult and the
estimate of ∼32 meV should be considered a lower bound.
Turning now to the nodal region, we find qualitatively
diﬀerent behavior. Figure 4 presents A(k, ω) along the nodal
cut ((0,0)-(π, π)) for the same three samples. The highlighted
region indicates the approximate position of the kink. In the
nodal region the overall bandwidth is much larger than the
energy of the bosonic modes so the dramatic band breakup
does not occur [24] and the renormalization manifests as a
kink in the dispersion. In this case, the energy scale of the

kink is most easily determined from the structure of the real
part of the self-energy ReΣ. The MDC-derived estimate for
ReΣ, obtained from subtracting the MDC-derived dispersion
from an assumed linear band, is also in the lower panels of
Figure 4.
The nominal doping dependence ( The nominal doping
level is estimated from Tc using the empirical law Tc =
Tcmax [1 − 82.6(x − 0.16)2 ].) of the energy scales in the
nodal and antinodal region of Bi-2212 is summarized in
Figure 5(a). For reference, the superconducting gap Δ0 is
shown also, which is determined from the peak positions
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Figure 3: The doping dependence of the antinodal spectrum of Bi-2212 taken in the superconducting state (10 K). Shown in the upper row
are the false color plots of the spectra taken along the indicated cut direction (inset). The black dots are the peak and hump positions of the
bonding band seen in the EDCs. Shown in the lower row are the EDCs along the dashed line indicated in the false color plots. The symbols
“AB” and “BB” represent the antibonding and binding bands while the numbers are the energy position of the dip of the EDC.

of the Fermi function divided spectrum at the Fermi level.
While the characteristic energy in the antinodal region (dip
energy) follows the decrease in the superconducting gap,
the characteristic energy in the nodal region remains more
or less constant (∼70 meV). The diﬀerence in the doping
dependence of the two energy scales lends further support
to the existence of coupling to multiple modes. If a single
mode were responsible for the renormalization throughout
the zone, one would expect the doping dependence to follow
the same trend in the nodal and antinodal regions.
The energy of the dominant mode Ω can be obtained
by subtracting the magnitude of the superconducting gap
from the observed energy scale, expected to be Ω + Δ0 [24].
The results of this procedure are shown in Figure 5(b). The
energy of the dominant mode in the antinodal region, within
the error bars of the data, is independent of doping. The
behavior in the nodal region is diﬀerent; the energy of the
dominant mode changes with doping. At optimal doping
the energy of the dominant mode is ∼35 meV but in the
overdoped samples the energy is larger ∼60 meV. This result

is consistent with the picture of coupling to multiple modes
outlined in [24]. We also note that in OD88K a secondary
feature can be observed in ReΣ at precisely the same energy as
the dip energy of the antinodal region. Similar fine structure
was reported earlier in [25]. The presence of this subfeature in the UD88K data as the sample is progressively
overdoped, along with the 35 meV scale in the nodal data at
optimal doping, is evidence of a tradeoﬀ between a coupling
dominated by the B1g mode and one dominated by the bond
stretching mode. We further note that [8] reached similar
conclusions but assigned the antinodal renormalizations to
the spin resonance mode. We believe that the multi-layer
data of the previous section, especially the single-layer Tl
data which show no renormalization in the antinodal region,
directly refute this conclusion and favor the el-ph scenario.

5. The F-Family of Multilayer Cuprates
In this final section we turn attention to aspects of the kink
in the multi-layer F-family of cuprates with n = 3–5 CuO2
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Figure 4: The doping dependence of the nodal spectrum at a temperature well below Tc (10 K). Shown in the upper row are the false
color plots of the spectra taken along the cut as indicated in the inset. The black curves are band dispersion obtained by fitting momentum
dispersion curves (MDCs) to Lorentizan functions. The apparent kink positions in the dispersion are marked by the yellow-shaded area,
which appears to be approximately the same for all three dopings. The dashed lines serve as a guide-to-the-eye for visualizing the apparent
kink in the dispersion. Shown in the lower row are the real parts of the self-energy extracted from subtracting the band dispersion from a
linear bare band. The arrows indicate the positions of fine structure in the extracted ReΣ.

layers. The single-crystalline samples were grown by the flux
method under high pressure [78]. ARPES measurements
on the F-family were performed at beamline 10.0.1 of the
Advance Light Source (ALS) at Lawrence Berkeley National
Laboratory. The measurement pressure was kept < 4 ×
1011 Torr at all time and data were recorded by Scienta
R4000 Analyzers at 15 K sample temperature. The total
convolved energy and angle resolution were 16 meV and 0.2◦ ,
respectively, for photoelectrons generated by 55 eV photons.
In Figure 6 MDC-derived dispersions for ptype bands of the three (Ba2 Ca1 Cu2 O6 (O, F)2 ,
F0223), four (Ba2 Ca3 Cu4 O8 (O, F)2 , F0234), and five(Ba2 Ca4 Cu5 O10 (O, F)2 , F0245) layer F-based cuprates are
presented. In all three cases the dispersions show clear kinks,
but at increased energy scales in the four- and five-layer
materials. As noted earlier, for a d-wave superconductor
coupled to an Einstein mode, the energy scale of the kink
occurs at Ω + Δ0 where Ω is the energy of the mode and
Δ0 is the maximum value of the superconducting gap.
Therefore the shift in energy is due to the change in the

superconducting gap size as n varies from 3 to 5. In order to
quantify the strength of the kink, slopes are extracted from
the dispersion above and below the kink position, d/dk|>
and d/dk|< . An estimate for the relative coupling strength
λ is then given by





d 
 = (1 + λ ) d   .

dk >
dk <

(1)

This procedure produces λ = 0.89, 0.75, and 0.49 for
n = 3, 4, and 5, respectively. This trend is easily understood
in the phonon scenario where the dominant mode in the
superconducting state is the B1g mode for which the coupling
strength is proportional to the local crystal field. The
observed decrease in coupling strength can be understood if
one recalls the expected local field strength in the outermost
layers (recall Figure 1), which decreases for n > 3.
We now turn our attention to the identification of
the carrier types in the inner and outer planes of F0234.
Experimentally, the parent compound of F0234 is known
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Figure 5: A summary of some energy scales relevant to the renormalized band dispersions. (a) The apparent kink position in the nodal
dispersion, dip energy at the antinodal region, and the superconducting gap are summarized for the three doping levels shown in Figure 3.
(b) The mode energy obtained by subtracting the superconducting gap from the characteristic energies of the renormalization eﬀectis given.
The red arrow is to remind the reader that the shown quantity at the antinodal region of the OD65K sample is a lower bound for the actual
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to self-dope with the inner and outer planes having Fermi
surfaces of diﬀerent carrier type. A recent ARPES study
[47] found that the p-type bands are bilayer split along the
nodal direction. Since the inner planes are expected to have
a stronger interplanar coupling than the outer planes, the
observation of bilayer splitting provides strong evidence that
the inner layers are p-type while the outer layers are n-type.
Furthermore, kinks in the nodal dispersion of both sets of
planes were observed but the strength of the coupling in the
n-type layer by a factor of two.
The doping of individual layers may be driven electrostatically from Madelung (site) energy diﬀerences between
the inner and outer planes. In order to determine the
Madelung potential Φ of each site, we again employ the
Ewald summation technique using the structural data from
[78] and assigning formal valence charges to each atom. The
Madelung potentials we obtain for a hole located on the inner
ip
ip
planes are ΦCu = −26.97, ΦO = 19.61 eV/Å while for a
op
hole located on the outer planes we obtain ΦCu = −26.06,
op
ΦO = 19.61 eV/Å. The corresponding values of the local
crystal field at the inner and outer planar oxygen sites are
ip
op
Ez = 5.79 × 10−2 and Ez = 5.66 × 10−1 eV/Å. The diﬀerences
in Madelung energies between the layers are ΔΦ = Φop − Φip ,
ΔΦCu = 0.91, and ΔΦO = 1.09 eV. A positive value for
ΔΦ indicates that holes will flow from the outer layer to the
inner plane in order to minimize their electrostatic energy.
Therefore, our results indicate that the outer layer is n-type
while the inner layer is p-type. Furthermore, the strength of
the E-field in the outer layer is substantially larger than that

of the inner layer and, therefore, the el-ph coupling of the
n-type layer will be stronger, in agreement with experiment.
In order to determine the relative doping of the two
sets of layers, the Madelung energies are now used as
input to a model tight-binding calculation. Our electrostatic
calculations show that even though the separate Madelung
energies of Cu and O are found to vary across the unit cell,
these variations tend to cancel within each layer individually
and there are no substantial diﬀerences in the charge-transfer
energy between Cu and O within each plane. Therefore, in
the absence of coherent c-axis hopping, the bands may be
treated in terms of the usual single-band downfolded tightbinding methods apart, from a layer-dependent shift of the
site energies. The bands crossing the Fermi level are then
determined by the four CuO2 antibonding bands, with the
outer planes shifted in energy and with all four coupled by
an interplanar hopping term.
Rather than addressing the full multiorbital problem,
we take a 5-parameter tightbinding model for the lowenergy dispersion [79] and uniformly shift the site energy of
the bands associated with the outer planes by the amount
indicated by our Ewald calculation. The usual interplanar
coupling term [80] is introduced at this level with t⊥ (k) =
t⊥ (cos(kx a) − cos(k y a))2 /4 and t⊥ = 50 meV. The resulting
model Hamiltonian is
H=

4 


α=1 k,σ

+

 †
α (k) − μ dα,σ,k dα,σ,k



α =
/ α

†
t⊥ (k)dα,σ,k
dα ,σ,k ,

(2)
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Figure 6: MDC-derived dispersions along the nodal direction (0,0)-(π, π) of the p-type band in the 3-layer (F0223), 4-layer (F0234), and
5-layer (F0245) F-family of cuprates.

where α = 1 − 4 is the plane index, α (k) = (k) + δ 
for the outer planes and α (k) = (k) for the inner planes,
δ  = ΔΦ/ (∞) with (∞) = 3.5 is the dielectric constant
[59, 60], and · · · is a sum over neighboring planes. Here,
μ is the chemical potential which is adjusted to maintain the
total filling of the parent compound. The resulting model
is then diagonalized for δ  = 0.29 in order to obtain
the relative filling of the four planes. We obtain fillings of
0.68 and 1.32 for the inner and outer layers, respectively.
Experimentally, the carrier concentrations of the two sets
of planes, determined from the Luttinger fraction, were
reported in [81] with dopings of 0.60 ± 0.04 and 0.4 ± 0.03,
relative to half-filling, in the p- and n-type bands, which is in
agreement with our results.
To summarize, our straightforward electrostatic model
predicts an inequivalent filling for the inner and outer layers
of F0234 which is driven by diﬀerences in the crystal environment of the two types planes. Using structural data, we
find that the outer layers are expected to be of n-type while
the inner layers are of p-type. The environmental asymmetry
of the two sets of planes also results in diﬀering electric
field strengths with the n-type (outer) layer experiencing a
larger el-ph coupling. Both of these trends are in line with
the findings of [47]. However, this calculation does predict a
larger ratio of the coupling strengths in the two layers. This
discrepancy is probably due to the fact that the redistribution
of charge between the layers has not been feed back into the
electrostatic calculation. Doing so will likely reduce the ratio
of E-fields predicted by in the electrostatic calculation. However, such a feedback scheme will require further guidance as
to the distribution of doped carriers in the plane and, at the
moment, we are not aware of any reliable indication of such.

6. Conclusions
In this work we have presented aspects of the material and
doping dependence of the dispersion renormalizations in the
nodal and antinodal regions of various single- and multilayer cuprates. We have found that the strength of the nodal
kink has a strong material dependence and varies with the
number of layers present in the material. In general, the kink
strength mirrors Tc , taking on a maximal value in the n = 3
compounds. The issue can be complicated further in the
multi-layer cuprates, where Madelung potential diﬀerences
can lead to inequivalent dopings in the various layers. This
can lead to further symmetry breaking across the CuO2
planes, and results in diﬀerent kink strength in the diﬀerent
layers within the same material. Using a simple tight-binding
model and electrostatic calculations, we have developed a
picture of this phenomenon in self-doped F0234, which is
consistent with recent ARPES studies.
The renormalization in the antinodal region also shows
a marked dependence on the number of layers present in
the material and is unresolved in the single-layer cuprates.
This result is diﬃcult to reconcile for coupling to the spin
resonance mode, which is expected not to vary with the
number of layers, but is naturally explained by coupling to
the B1g phonon when one considers the crystal structure of
these materials.
Further evidence for multiple phonon modes was found
in the doping dependence of Bi-2212. Here, the features in
the nodal and antinodal regions exhibit diﬀerent behavior.
Once gap referenced, the energy scale in the nodal region
changes from ∼35–40 meV to ∼70–80 meV as the sample is
overdoped. This change of energy scales cannot be explained
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by coupling to a single mode and, therefore, rules out the spin
resonance mode, at least as the sole player. In the phonon
scenario this signifies a tradeoﬀ between dominant coupling
to the B1g mode near optimal doping and a dominant
coupling to the bond=stretching mode in the overdoped
samples. The change of relative coupling is due to increased
screening of the B1g mode as the carrier concentration is
increased.
Both the doping and materials dependence presented
here provide compelling evidence that a spectrum of phonon
modes is responsible for both the nodal and antinodal lowenergy renormalizations observed in the cuprates.
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[31] M. L. Kulić, “Interplay of electron-phonon interaction and
strong correlations: the possible way to high-temperature
superconductivity,” Physics Report, vol. 338, no. 1-2, pp. 1–264,
2000.
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With its central role in conventional BCS superconductivity, electron-phonon coupling appears to play a more subtle role in the
phase diagram of the high-temperature superconducting cuprates. Their added complexity due to potentially numerous competing
phases, including charge, spin, orbital, and lattice ordering, makes teasing out any unique phenomena challenging. In this review,
we present our work using angle-resolved photoemission spectroscopy (ARPES) exploring the role of the lattice on the valence
band electronic structure of the cuprates. We introduce the ARPES technique and its unique ability to the probe the eﬀect of
bosonic renormalization (or “kink”) on near-EF band structure. Our survey begins with the establishment of the ubiquitous nodal
cuprate kink leading to how isotope substitution has shed a critical new perspective on the role and strength of electron-phonon
coupling. We continue with recently published work connecting the phonon dispersion seen with inelastic X-ray scattering (IXS)
to the location of the kink observed by ARPES near the nodal point. Finally, we present very recent and ongoing ARPES work
examining how induced strain through chemical pressure provides a potentially promising avenue for understanding the broader
role of the lattice to the superconducting phase and larger cuprate phase diagram.

1. Foreword
The challenge of understanding the origin of high-temperature superconductivity in the cuprates stems from the
complicated interplay of diﬀering orders and phenomena
believed to exist. The goal of this article is to focus on one
such phenomenon, the role of the lattice coupling to electronic states. Though historically significant in conventional
superconductivity, it has only lately been receiving attention
as a potentially important player in the physics of the cuprate
phase diagram. Over the course of this article, we will be
addressing the following areas: (1) how Angle Resolved Photoemission Spectroscopy (ARPES) can be used to probe and
better understand electron self-energy eﬀects; (2) a brief history of the ARPES “kink” seen in the cuprates and how both
the energy scale it defines and its ubiquity in these systems
open the door to continued debate over low-energy excitations; (3) how the cuprate isotope eﬀect illuminates issues
such as the role of phonons, the nature of the coherent and
incoherent parts of the electronic dispersion, the limitations

of current theory, and the subtle way diﬀering competing
orders that may be interrelated within these systems; (4)
recent work mapping phonon dispersion and relating it to
ARPES data to underscore how phonon mode nesting may
relate to the observed kink; and (5) a survey of recent and
ongoing work examining the role lattice strain may play in
understanding electron-phonon coupling and potentially the
larger phase diagram. Thus, our goal in this review is not to
argue how much significance the lattice has to the development of high-temperature superconductivity, but rather the
ways in which we find it manifesting within these systems.

2. Signature of Electron-Phonon
Coupling in ARPES
The use of ARPES to study electron-phonon coupling could
be seen as the union of two diﬀerent approaches to the
study of phonons. First, and perhaps most obvious, is the
mapping of phonon dispersions using inelastic scattering
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techniques such as inelastic neutron or X-ray scattering. This
momentum space perspective is generally the most intuitive
manner for understanding phonon modes within the lattice.
Still, if we are seeking information about how electronic
states interact with phonons, it is, at best, an indirect
technique. Historically, tunneling measurements such as
those done on conventional superconductors, such as Pb [1],
have provided insight into how electron-phonon coupling
directly aﬀects electronic states near the Fermi energy EF . The
previously unexpected features seen in the spectra were then
able to be explained within a strong coupling form of MigdalEliashberg theory [2]. Still, to be able to have the direct
information of how phonon modes aﬀect electronic states
yet seen within a momentum space perspective requires a
diﬀerent approach, an approach that ARPES is well-suited to
oﬀer.
2.1. ARPES and A(k, ω) Analysis. Over the last decade,
ARPES has become a truly unique experimental probe with
an ever growing number of publications in the field of
correlated electronic systems. Its central ability to directly
probe the single particle spectral function, A(k, ω), makes
its experimental insights highly sought after by condensed
matter theorists. With angular resolution approaching 0.1◦ ,
a steadily improving energy resolution exceeding 1 meV, as
well as numerous experimental advances involving highly
localized beam spots (Nano-ARPES), spin resolution, and
laser-based pump-probe experiments, ARPES continues to
be and will likely remain on the cutting edge of experimental
solid state physics. Because of the central role that it plays in
the work described in this review, we will begin with a brief
overview of the theory of ARPES, with an emphasis on the
analytical techniques which are critical for studying systems
such as the high Tc cuprates.
It is customary to write the ARPES photocurrent intensity, I(k, ω), as
I(k, ω) = M(k, ω) f (ω)A(k, ω),

(1)

where A(k, ω) is the crucial single particle spectral function,
that is, the imaginary part of the single particle Green’s
function, G(k, ω) with k referring to the crystal momentum, while ω is energy relative to the chemical potential.
Modifying the spectral function, M(k, ω) is the matrix
element associated with the transition from the initial to
final electronic state which can be aﬀected by such things
as incident photon energy and polarization as well as the
Brillouin zone (BZ) of the photoemitted electrons. Finally,
f (ω) is the Fermi-Dirac function indicating that only filled
electronic states can be accessed. Because of the temperature
scales used for data in this review, we will not distinguish
between the chemical potential and the Fermi energy, EF ,
which should match at T = 0 for conductors. Since ARPES
measures the electron removal part of A(k, ω), we use high
and low energy to refer to large and small negative ω value,
respectively. (Additionally, “Binding energy” and “Energy”
are often used for the same axis in figures, diﬀering by a
minus sign.) As a final point, one might find the contribution
of the matrix element M(k, ω) in (1) a serious issue to an

accurate interpretation of A(k, ω) from I(k, ω). In practice,
the ω dependence is small over an energy range of order
0.1 eV while the k dependence of M(k, ω), though important
to consider, is reasonably understood by the ARPES cuprate
community for the range of the data presented here.
Of particular importance to our exploration of bosonic
mode coupling is how electron self-energy eﬀects appear in
our ARPES analysis. This is nicely done by introducing the
electron proper self-energy Σ(k, ω) = ReΣ(k, ω) + iImΣ( k,
ω) which contains all the information on electron energy
renormalization and lifetime. This leads to Green’s and
spectral functions given in terms of the electron self energy
Σ(k, ω):
G(k, ω) =
A(k, ω) = −

1
,
ω − (k) − Σ(k, ω)

(2)

Im Σ(k, ω)
1
,
π (ω − (k) − Re Σ(k, ω))2 + Im Σ(k, ω)2

(3)

where (k) is the single electron band energy, often referred
to as the bare band structure. Finally, causality requires that
Re Σ(k, ω) and Im Σ(k, ω) are connected to each other by the
Kramers-Kronig relation.
With advancements in the late 1990s, the unit information of an ARPES experiment consists of a two-dimensional
intensity map of binding energy and momentum along
a “cut” though momentum space. These two-dimensional
maps oﬀer us two natural and complementary methods for
analysis. First, one can hold the energy value of the electronic
states studied fixed and observe the photoemission intensity
as a function of momentum, a momentum distribution
curve (MDC). Similarly, one can fix the momentum space
position and observe photoemission intensity as a function
of energy at that momentum value, an energy distribution
curve (EDC). These two methods constitute the core techniques for analysis of the spectral function A(k, ω) using
ARPES.
Within our review, “MDC analysis” refers to the method
of fitting Lorentzian distributions to features in the MDCs as
is commonly done in the field. This method of analysis has
been very successful and can be understood based on some
basic conditions, specifically the condition of “local” linearity
in both the self energy Σ(k, ω) and (k). In order for each
MDC at a given energy ω to be described with a Lorentzian
function, both Σ(k, ω) and (k) need to be linear within the
narrow energy and momentum range corresponding to the
width of the analyzed peak. This condition is expected to
generally hold since both Σ(k, ω) and (k) are able to be
expanded using simple Taylor expansions in the following
way:






Σ(k, ω) ≈ Σ k p (ω), ω + Σk k p (ω), ω





k − k p (ω) ,






(k) ≈  k p (ω) + v k p (ω) k − k p (ω) ,

(4)

Advances in Condensed Matter Physics

3

where k p is the peak position of the MDC at ω and
Σk (k p (ω), ω) = [∂Σ/∂k]k=k p (ω) . Plugging in these expressions
into (3), we obtain the following equations:

where Σω (k, ω) is the ω-partial derivative of Σ(k, ω). Like
before, we can insert these expressions into (3) getting the
following relations in the vicinity of the peak:
A(k, ω) =

Γ(ω)
1
,
A(k, ω) = − 

π k − k (ω) 2 + Γ(ω)2
p






(5)

Re Σ k p (ω), ω = ω −  k p (ω) ,




 





(6)


. (7)

It is worth noting that we need not make the standard
assumption of momentum independence of Σ(k, ω) for these
results to be valid. This is important since momentum
dependence does exist for states away from the nodal cut
(the diagonal direction to the Cu–O bonds.) It is the last
two equations which provide us with a precise meaning
for k p (ω) and Γ(ω) as determined in the MDC analysis
and, thus, our determination of Σ(k, ω) from ARPES.
Equation (6) demonstrates that a reasonable assumption
for (k) is needed to determine Re Σ(k p (ω), ω) while
Im Σ(k p (ω), ω) presents the additional challenge of requiring
the derivative Σk (k p (ω), ω). This is further complicated
since though Σ(k, ω) is a causal function for a fixed k
value, Σ(k p (ω), ω) is not. Thus, one cannot invoke the
Kramers-Kronig relation to relate real and imaginary parts.
Nevertheless, so long as these considerations are kept in
mind to prevent over-interpretation, qualitatively Γ(ω) and
k p (ω) do oﬀer access to the causal Σ(k, ω) since important
structures such as the ARPES kink appear in both selfenergies.
Before the instrumental advances which pushed the unit
information of ARPES towards a two-dimensional map, onedimensional data was taken, making EDC analysis the more
traditional method. Indeed, there are many advantages of
this line of analysis. (1) Fixed momentum helps simplify
the matrix element contribution to the photocurrent. (2)
Momentum is a good quantum number in a single crystal
approximation making the EDC a more physical quantity,
opening up spectral weight sum rules, as well as providing
a clear physical meaning to the dispersion of EDC peaks.
(3) In principle, an EDC analysis should be able to provide
us with the causal Σ(k, ω) throughout in the entire twodimensional plane rather than a particular path determined
by k p in the plane as with MDC analysis. However, EDC
analysis is uniquely complicated by contributions from
the Fermi function cutoﬀ, f (ω), as well as both elastic
and inelastic photoelectron background. This leads to a
challenging lineshape to analyze in practice. Still, employing
a similar method of Taylor expansion analysis as used earlier,
we can expand the self-energy locally near the EDC peak
yielding






Σ(k, ω) ≈ Σ k, ω p (k) + Σω k, ω p (k)







Re Σ k, ω p (k) = ω p (k) − (k),



Im Σ k p (ω), ω = Γ(ω) v k p (ω) + Σk k p (ω), ω

Γ(k, ω)
Z(k)
,


π ω − ω (k) 2 + Γ(k, ω)2
p



ω − ω p (k) ,

(8)





Im Σ k, ω p (k) =

(9)
(10)




Γ(k, ω)
− Im Σω k, ω p (k) ω − ω p (k) ,
Z(k)
(11)

Z(k) =

1



1 − Re Σω k, ω p (k)

.

(12)

When we compare these with our results for MDC
analysis, the complementary nature of these two approaches
begins to appear. Unlike the Lorenzian lineshape of the
MDCs, the EDC lineshape is modified by an asymmetry,
which makes EDC analysis less favorable for extracting
self energy near EF than MDC analysis. However, the
spectra at large ω is better analyzed with EDCs thanks to
the spectral sum-rule requiring A(k, ω) → 1/ω, leading
us to consequently expect Z(k) → 1 and Σω (k, ω) →
0. This means that the portion of the spectral function
which we associate with incoherent excitations should begin
approaching a Lorenzian lineshape and is better explored
with EDCs, although inelastic background contributions
at higher energy remain important. In contrast, MDCs
at higher energies begin to be aﬀected by momentum
dependent matrix element contributions as well as potential
deviations of (k) from a locally linear behavior. Thus, with
both tools in our ARPES arsenal, we can undertake a more
complete understanding of self-energy eﬀects as they appear
in A(k, ω).
2.2. Visualizing the Kink with ARPES. Turning our attention
to the physics of electron-phonon coupling in the superconducting cuprates, our prior discussion on how self-energy
manifests in the ARPES spectral function points us towards
the now well-known “kink” feature. As (6) and (10) quickly
indicate, a sudden increase in the real part of Σ(k, ω) at
a particular energy ω would lead to a deviation of the
measured peak from the single electron band structure (k)
at this energy scale.
The result is seen in Figure 1 which shows superconducting phase data taken on the well-studied cuprate Bi2212 at its
optimal doping (Tc = 92 K). The two ARPES cuts are taken
for states both at (panels (a–c)) and oﬀ (panels (d–f)) the
nodal point. The diﬀerent visualization methods used for
each cut are designed to enhance some key characteristics
of the ARPES kink phenomenon prior to a more detailed,
quantitative approach involving fittings. As labeled in the
figure caption, the “MDC map” allows us to track the MDC
dispersion and width. This is similarly true for EDCs in the
“EDC map”. The color scaling is chosen to give the peak
maximum and half maximum distinct colors, red and blue,
respectively.
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Figure 1: (a–c) ARPES data taken at 25 K on optimally doped Bi2212 superconductor (Tc = 92 K), for a cut along the ΓY direction through
the nodal point in momentum space (indicated in panel (a) inset). (d–f) The same sample and orientation, but taken nearer the Brillouin
zone (BZ) edge (or antinodal point) in momentum space (indicated in panel (d) inset). (a) and (d) Raw ARPES data taken with a color scale
where intensity increases from pale yellow to green to blue to white to red. Here, blue (white) corresponds to 1/2 (3/4) of the maximum
intensity. (b) and (e) Same data but as an “MDC map”, where each MDC has been normalized so that its maximum and minimum intensities
are 1 and 0, respectively. (c) and (f) Same data but now each EDC has been appropriately normalized to create an “EDC map”. Thick black
arrows indicate the energy of the bosonic mode while the Δ is the superconducting gap. Energy resolution used here is ∼15 meV.

From these maps, we can observe the following features.
(1) The anisotropic d-wave nature of the superconducting
gap is immediately apparent in the MDC “backbending”
observed in panel (e) near EF within the gap energy scale.
Evidence of this gap disappears for the nodal cut (panels
(a–c)) as expected. (2) There is an abrupt deviation in the
electron dispersion around 70 meV below EF (large black
arrow) for both cuts. In both cuts, this corresponds to
slower electron dispersion at lower energy while there is
faster dispersion at higher energies above the 70 meV energy
scale. (3) Focusing particularly on the oﬀ-nodal cut, one
sees evidence, even in the raw map, of an intensity decrease
forming a local minimum at the 70 meV energy scale. This
lineshape, further enhanced by the EDC map (panel (f)),
is known as a “peak-dip-hump” and is associated with
the presence of self-energy eﬀects due to the coupling of
electrons with a bosonic mode leading to a redistribution
of the spectral weight in the EDC spectra. (4) Although
one would expect quasiparticles in a Landau Fermi liquid
paradigm to become sharper (i.e., longer living) as one

approaches EF , it is significant that the kink energy scale
also marks a sudden change in coherence. One can make
out from the panels, in particular the EDC maps, abrupt
changes in the MDC and EDC linewidths as one passes from
states above and below the kink energy scale. To bring it
all together, we can define the ARPES kink as an energy
crossover separating sharp, slowly dispersing, coherent states
nearer EF from broader, quickly dispersing incoherent states
at higher energy.
2.3. The Nodal Kink. With the initial discovery of the ARPES
“kink” in the superconducting cuprate Bi2212 [4], we have
begun to develop a fuller picture of how low-energy manybody eﬀects manifest in the cuprates. On the heels of
this discovery and the resulting debate, a systematic study
regarding the origin of this kink discovered the feature’s
remarkable ubiquity across all cuprate families and dopings
accessible by ARPES [3]. Figure 2 summarizes these results
particularly in double-layered Bi2212 and single-layered
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Figure 2: (a–e) ARPES data at the nodal point showing the ubiquity of the ARPES dispersion kink as determined from MDC fittings
over a variety of cuprates systems, dopings, and temperatures above and below Tc . The kink energy is indicated by the thick arrow and the
momentum is rescaled so that k  is 1 at 170 meV binding energy. (f) Estimating the electron coupling constant λ for the diﬀerent samples as a
function of their doping. Filled triangles, diamonds, squares, and circles are LSCO, Nd-LSCO, Bi2201, and Bi2212 in the first BZ, respectively.
Open circles are Bi2212 in the second zone. Diﬀerent shadings represent data from diﬀerent experiments. The figures are from [3].

Bi2201 and LSCO showing that the kink in the nodal
direction exists all across these systems at essentially the same
energy, ∼70 meV. One can give an estimate of the coupling
constant, λ, between the electrons and this bosonic mode
by comparing the ratio of the group velocities above and
below the kink energy, (1 + λ) = vHigh /vLow [5]. From this
analysis, one finds evidence for a trend between doping and
the strength of the mode with an enhancement of Σ(k, ω)
as one tends to the underdoped side of the superconducting
dome (panel (f)).

Additionally significant is the continued existence of
the kink below and above the superconducting transition
temperature (panel (d-e)), casting doubt on scenarios based
on superconducting gap opening and particularly the magnetic mode scenario [6–11]. Comparing the photoemission
data with the neutron phonon energy at q = (π, 0) (thick
red arrow in panel (a)) and its dispersion (shaded area)
[12, 13] it was proposed [3] that the nodal kink results from
coupling between quasiparticles and this zone boundary inplane oxygen-stretching longitudinal optical (LO) phonon.
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Although this is the highest phonon mode contributing to
the kink, quasi-particles are also coupled to other low-energy
phonon modes [14].
In favor of the electron-phonon coupled system is the
drop of the quasi-particle width (Figure 3) below the kink
energy and the existence of a well-defined peak-dip-hump
in the EDCs, a signature of an energy scale within the
problem, persisting up to temperatures much higher than the
superconducting critical temperature [15].
2.4. The Near Antinodal Kink. Many-body eﬀects near the
antinodal region of the BZ (Cu–O bond direction) had been
suspected for some time from earlier ARPES studies of the
cuprates where evidence of the aforementioned peak-diphump lineshape was reported [17, 18]. Although controversy
has existed regarding the role of bilayer band splitting on the
observed spectra in the double layered Bi2212 compounds,
the presence of the peak-dip-hump lineshape was initially
interpreted in terms of a magnetic phenomenon observed
in YBCO and Bi2212 by inelastic neutron scattering [19–
21]. With the resolution of the bilayer splitting [22–24], a
low-energy kink of approximately 40 meV near the antinodal
region was reported for Bi2212 [25–27]. The disappearance
of the kink above Tc and the decrease of its strength moving
away from the antinodal region has led people to interpret
the onset of this kink as coupling to collective magnetic
excitations [25–27], despite the absence of these excitations
for more heavily doped samples [25].
More recent studies [16, 28] have reported that the near
antinode kink also persists above Tc , as seen in Figure 4.
However, the energy of this kink shifts towards higher energy,
from 40 meV to 70 meV, upon entering the superconducting
state. This shift is consistent with the opening of a 30 meV
gap below Tc . The persistence of this energy scale above Tc
can be clearly seen both in the dispersion (Figure 4(a)) and
in the MDC width (Figures 4(b) and 4(c)). This observation
has led to a new interpretation of the antinodal kink in terms
of electron-phonon coupling. In this case, it was proposed
that the responsible phonon, with the right energy and
momentum, is the B1g mode [28].
Still, it should be noted that spin fluctuations also
exist in the normal phase. Indeed they have been used
within marginal Fermi liquid (MFL) theory to provide the
anomalous self energy [29] and have traditionally been
called on to describe ARPES data in the normal phase just
above T ∗ . What is interesting is that although MFL theory
can explain the ARPES dispersion Figures 3(a) and 4(a), it
cannot explain the drop in linewidth seen of Figures 3(c)
and 4(c), presenting diﬃculties to the original theory [29].
Nevertheless, what we will find in the next section may
suggest a profound connection between the physics of the
lattice and spin.
The results presented so far clearly suggest that the
electron-lattice coupling could not be so easily neglected
in any microscopic theory of cuprate superconductivity. As
discussed in Section 2.2, the kink and its energy consistently
indicate a sudden transition from sharp coherent electronic
excitations into broader more incoherent ones. This makes
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understanding the origin of this phonon mode and its energy
scale critical since it has such a substantial eﬀect on lowenergy electronic states.

3. ARPES Isotope Effect in Bi2212
The role of the isotope eﬀect (IE) in establishing the electronphonon nature of Cooper pairing for traditional BCS
superconductors is well known. However, when we consider
the IE in the superconducting cuprates, its eﬀect on Tc is
substantially less, leading researchers away from the electronphonon paradigm of the BCS superconductors. But with
the ubiquitous cuprate kink seen by ARPES, the importance
of the lattice returns to the forefront. Additionally from
our discussion in Section 2.2, the kink brings up questions
about the relationship between the coherent peak (CP) seen
at lower energies near EF and the incoherent peak (IP)
seen at higher energies. Indeed, hole doping aﬀects the
formation of these peaks diﬀerently [30] with the CP strongly
aﬀected while the IP appears minimally changed. Should
we be thinking of the CP and IP as diﬀerent objects or
fundamentally connected to each other? In this light, the kink
energy scale, and thus the phonon mode responsible for it,
becomes increasingly significant as the key crossover between
these two domains. It is in light of such questions that we
undertook our ARPES study of the IE to better understand
the role of the lattice in these issues.
3.1. Prelude-Isotope Eﬀect in ARPES Dispersion of H/W.
Using APRES to explore isotope substituted samples presents
us with an entirely new and wide open field of study. As
of our work, the only other study in the literature explores
the surface state on W induced by H chemisorption [31].
Figure 5 shows data taken for H on W (indicated in blue)
compared to D on W (indicated in red). In spite of the broad
peaks due to the instrumental resolution when compared to
data on the cuprates, extracting the EDC peak dispersion
clearly shows two types of dispersions akin to that seen
with the cuprate kink studies. Specifically, the slower low
energy and faster high-energy dispersions were understood
in terms of the CP and IP, respectively. These results could be
compared to predictions from the strong coupling form of
Migdal-Eliashberg (ME) theory which, as discussed earlier,
already explained the existence of peak-dip-hump features in
tunneling spectroscopy as coupling to phonon modes. There
was fair agreement with ME since the high-energy linewidth
(noted from panels (a-b)) and the kink energy position
(dotted lines
 in panels (a-b)) were found to approximately
scale as 1/ (M) where M is the mass of H or D. Additionally
as expected from ME theory, the electron-phonon coupling
was ∼0.5, and the linewidth at high-energy was ∼ ω p .
Finally, Figure 5(c) illustrates how the dispersions near the
kink energy are aﬀected by the isotope change, deviating
most substantially near the kink energy while decreasing
along both directions in energy, consistent with ME theory.
3.2. Isotope Eﬀect in ARPES Dispersion of Bi2212. When
we compare the ARPES IE seen in the H/W system to
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Figure 3: ARPES MDC dispersion data taken optimally doped Bi2 Sr2 CaCu2 O8+δ (Tc = 92 K) as discussed in [16]. Nodal point data (see
inset) comparing (a) dispersion and (b-c) MDC full width half max (FWHM) showing little change in the energy of the ARPES kink with
Tc . The MDC FWHM is related to the ImΣ(k, ω).

that measured on optimally doped Bi2 Sr2 CaCu2 O8+δ , we
find surprisingly diﬀerent behavior. First, let us consider
the behavior of the ARPES kink energy as summarized
in Figure 6. Panels (a-b) are MDC maps, as discussed in
Figure 1, from data taken at the nodal point in the Γ-Y
direction. The two samples examined contain 16 O and 18 O
in their Cu–O planes which, as indicated by the horizontal
arrow, already reveals a potential shift in the kink to lower
energy with the substituted 18 O sample.
Analyzing this more carefully, we turn to the MDC fitted
dispersion for both isotopes plus a reexchanged sample,
16 O
18 O sample and
Re-exch , whereby we can take a studied
16
re-exchange O back into the lattice. This provides us with
a unique check on the IE. As indicated in panel (c), we
can observe, from the dispersions, a subtle shift in the kink
energy between the isotopes of approximately 5 meV. We
can additionally quantify the kink by estimating the bare
single electron dispersion (using a linear approximation) and
extracting the real part of the electron self-energy, ReΣ(k, ω),
as described by (6). The location of the peak in ReΣ(k, ω)
corresponds to the kink energy and we similarly observe a
shift in this peak with isotope change. Thus, the IE does
have measureable eﬀect on the nodal ARPES kink energy, as
later work would also confirm [32], further establishing its
phonon origin.
A second aspect of panel (c) worth noting is the energy
range where the IE is most pronounced. The maximum

change in the dispersion occurs at higher energies, particularly, beyond the kink energy, and is nearly nonexistent at
energies closer to EF . This is particularly significant when
we compare this result to the H/W work where the greatest
deviation occurs near the kink energy; Figure 5. We can
explore this further by looking at the EDCs taken from this
nodal cut, as presented in Figure 7. Panel (a) shows the
dispersion of the EDC peak from where it crosses EF at kF as
a sharp CP, to higher binding energy where it broadens and
becomes the IP. Consistent with the MDC dispersions, we see
very little change in the lineshape between the two isotopes
for the CP near EF . However, the IP at higher energy has a
lineshape clearly aﬀected by the IE.
In light of this change at higher energy as compared
to localization around the kink, a crucial question to ask
is at what energy the IE goes away? Figure 7(b) attempts
to address this issue by following the MDC dispersion to
even higher energies. Apparently, the IE seems to disappear
around an energy scale of 2 to 3 times the antiferromagnetic
coupling constant J (where J = 4t 2 /U in the t-J model).
This could suggest a profound interconnection between the
eﬀects of the lattice and spin on the electronic states in the
superconducting cuprates. Further work is needed to better
understand the connections between these phenomena.
Up until now, we have focused entirely on the nodal
point. Figure 8 provides MDC dispersions for Γ-Y slices
moving outward from the nodal point towards the antinode,
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Figure 4: ARPES MDC dispersion data taken optimally doped Bi2 Sr2 CaCu2 O8+δ (Tc = 92 K) as discussed in [16]. Near antinodal point data
(see inset) comparing (a) dispersion and (b-c) FWHM showing that the ARPES kink energy is shifted to lower energy when passing above
Tc . The MDC FWHM is related to the ImΣ(k, ω).

both above and below Tc . There are a few important
observations to make from this data. First, the kink energy
shows a subtle shift of approximately 5 meV for all momentum cuts. Second, from comparing panel (a) with (b), it
appears that the magnitude of the IE may be, for all curves,
diminished above Tc . Third, the IE remains relatively weak
near the node while comparatively more pronounced near
the antinode leading to a general correspondence between
the kink strength, λ, and the IE at high-energy. Plotting this
IE shift with respect to the isotope averaged superconducting
gap gives a linear relationship seen in the inset of panel (a).
Finally, and potentially most surprising, there appears to be
a sign change between the two dispersions as we transition
from the node towards the antinode, which also appears both
above and below Tc .
This sign change is significant since one can examine its
location in momentum space. When we plot these crossover
points, surprisingly we find that they fall along a line defined
in momentum space as qCO = 0.21 π/a, where a is the
lattice constant of the CuO2 plane. This is illustrated in
Figure 9. This particular wavevector (panel (a)) is in excellent
agreement with the charge ordering wavevector seen in
the far underdoped Bi2212 cuprate at low temperatures as
explored by STM [34] (panel (b)), implying that the highenergy part of the electronic structure is strongly coupled to
the order parameter, which is in turn strongly coupled to the
lattice.

To understand why at the qCO line the isotope eﬀect
changes sign, we used a simple charge density wave formation model, to show how an ordering mechanism can aﬀect
the quasiparticles dispersion at all energies. In panels (c-d)
we present the opening of a gap in the dispersion at the qCO
vector, due to a charge density wave formation. Based on the
report that the pseudogap temperature is strongly isotope
dependent and increases for the 18 O sample [35–37], we
assume that the magnitude of the gap is diﬀerent between the
two isotope samples, for example, larger for the 18 O sample
(panel (d)). This automatically leads to the appearance of
the sign change at qCO that migrates to lower energy as we
move away from the node, as observed in the data. Although
further studies are needed, we believe that the main reason
why the pseudogap opening due to an ordering phenomena
has never been observed in any ARPES experiment so far, is
likely due to the short range nature of such ordering [38, 39].
This result has led us to consider a possible correlation between the charge or spin instability, with 4 ∼
5a periodicity, observed in the underdoped regime [34,
40] and the lattice eﬀects relevant at optimal doping. In
summary, these results suggest that the lattice degrees of
freedom play a key role in the cuprates to “tip the balance”
towards a particular ordered state. Simply put, the raw
electron-phonon interaction may be small, but it can assist
a certain kind of order through a cooperative enhancement
of both the assisted order and the electron-lattice interaction

Binding energy ω (eV)
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Figure 5: (a-b) ARPES dispersions of a surface state for (a) H monolayer on W and (b) D monolayer on W. The dispersions are determined
by peak positions from EDC fits and appear as circles while the lines serve as guides to the eye. (c) These two dispersions are compared where
H = blue and D = red. The figure is from [31].

[35, 36]. In particular, using a model which considers this
electron-coupling boson as the critical source of charge order
fluctuations [41], the sign change observed in our dispersion
can be well reproduced [39].
3.3. Isotope Eﬀect in ARPES Width of Bi2212. In addition
to the shape of the electron dispersion, information about
linewidth, Γ(ω), can be extracted and provide critical
information on the electronic states. As previously discussed,
MDC analysis is not ideally suited to determining the
linewidth at high energies, leaving us to examine the
linewidth as it is obtained from EDC analysis. Additionally,
we have already observed a significant diﬀerence between
states above and below the kink energy, even prior to our
discussion of IE. Thus, Figure 10 divides up the electronic
states into those roughly between EF and the kink energy
(0 to 70 meV) and those beyond the kink energy (70 meV
to ∼250 meV). Taking the average change in width of the
EDC peaks shown in Figure 7 between the isotopes for each
of these two energy regions we find that IE on the linewidth is
very similar to its eﬀect on the dispersion. (1) It is very small
for the low-energy coherent electronic states, while much
more significant for the higher-energy incoherent states. (2)
The magnitude of the IE is small at the node for these

higher energy states, but it grows more substantial as one
moves towards the antinode. (3) The eﬀect is roughly linear
with respect to the isotope averaged superconducting gap,
Δ, as seen in Figure 8. Yet, it does diﬀer from the IE in the
dispersion since it lacks the sign change previously discussed.
As will be addressed in depth later, the corresponding ME
IE linewidth change is much smaller, about 2 meV, making
the trend in the high energy linewidth a serious failing of the
theory for explaining the cuprate IE.
3.4. Doping Dependence. So far, the data shown has been
on optimally doped Bi2212 with a hole doping determined
by our ARPES experiment to be x = 0.16. But the question
naturally arises: how is the IE on the ARPES data aﬀected
by a change in doping? Figure 11(a) shows angle integrated
photoemission data obtained on two samples at optimal
doping (x = 0.16) and one at slight over doping (x = 0.18).
The eﬀect is dramatic that given such a small change of
only 2%, the IE, which normally shifts the IP position by
∼30 meV, is substantially reduced. This work was initially
inspired by a separate study claiming not to see the IE in
optimally doped samples of Bi2212 [43]. However, from
superstructure analysis and studying the MDC dispersions,
the samples discussed in [43] were actually slightly over
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Figure 6: (a-b) MDC maps of the nodal point electronic states for cuts along the Γ-Y direction. (a) The 16 O sample and (b) the 18 O
substituted sample with the horizontal arrows indicating the shift in ARPES kink energy with oxygen isotope. (c) The MDC dispersions
determined from the 16 O, 18 O, as well as a resubstituted 16 O samples for the cuts in (a-b). (d) Cartoon illustration of the kink shift in (c). (e)
Real part of the electron self-energy, ReΣ(k, ω), determined from the MDC dispersion using a linear approximation for the single electron
bare band. As before, the ARPES kink position, defined by the peak in ReΣ(k, ω), is shifted to higher energy as indicated by the arrows.

doped. This doping dependence is intriguing but potentially
puzzling given such sensitivity. Still, work in other correlated
electronic systems, such as the manganites, demonstrates
that such a small doping change does cause a qualitative
change in the electronic structure [44]. Thus, the IE has
a strong sensitivity to optimal doping and, therefore, there
exists a rapid change in the electron-lattice interaction near
optimal doping.
3.5. Failure of Conventional Explanations. Although the work
of [43] had proposed that the IE was not apparent from
ARPES on Bi2212, there are additional explanations that one
could invoke to explain the presence of this subtle eﬀect

which are important to address. As we will show, all of these
conventional explanations turn out to be inadequate. Indeed,
the strong temperature dependence by itself rules out all of
the following explanations as possible candidates. Still, this
position can be made stronger when we consider only the
large low-temperature IE in light of the following scenarios.
3.5.1. Doping Issue. As the previous section discussed,
establishing the doping of our samples, particularly that
their optimal doping has remained unchanged after the
isotope substitution, is critical to establishing the veracity of
our claims. Doping level was preserved during the sample
growth process by annealing the two samples (16 O and 18 O)

Advances in Condensed Matter Physics

11
0

M

Y

CP

1
Coherent
Γ 6

k = kF

Intensity (a.u.)

1
Incoherent
Energy (eV)

2

3

0.2

4
IP

2-3 J
5
0.4
6

SS
0.4

0

0.3

0.4
Momentum (Å−1 )
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Figure 8: MDC dispersions from cuts parallel to Γ-Y taken oﬀ node towards the antinodal point. (a) Data taken in the superconducting
phase (T = 25 K). The inset shows the isotope energy shift versus the isotope-averaged superconducting gap, Δ. The isotope shift is measured
at the momentum value where the isotope-averaged binding energy is 220 meV. The apparent linear correlation indicated by the dashed line
is independent of the binding energy used. (b) MDC dispersions from the same cuts measured above Tc (T = 100 K). The inset illustrates
the location of the cuts. The figures are from [33].

in the exactly same environment save the oxygen gas. Yet,
ARPES on the cuprates provides us with in situ signatures
of the doping level and its consistency. Most notably, one can
use the Fermi surface size to quite precisely determine doping
level, taking advantage of the well-known superstructure
reflections of the main hole band structure.
Using the nodal cut and making use particularly of the
2nd -order reflection from the opposite side of the Γ point,

Figure 11(b) shows the associated MDCs near EF for three
samples, including the resubstituted sample. All three curves
have good agreement with respect to peak positions. Of
particular interest is the peak Sr which is due to the 2nd order
superstructure Fermi surface replica from the opposite side
of Γ. This means that any doping change in the sample will
aﬀect the distance between M and Sr twice as fast as the
distance between M and Γ, while the distance between S
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Figure 9: (a) Fermi surface of the upper half of the first BZ. Diagonal lines indicate cuts used in Figure 8 while circles indicate the location
in momentum space of the sign change crossover point for each of those cuts. These lie on a line indicated by the wavevector, qCO and
illustrated by the colored regions. (b) STM data independently determining this wavevector taken from [34]. (c) Cartoon illustrating how
the charge ordering wavevector, qCO , can open a gap at a binding energy where the electronic states are nestable. (d) Additional cartoon
illustrating how the splitting, if slightly diﬀerent in magnitude between the isotopes, can explain the observed sign change in the bands and
its evolution as the dispersions intersect with qCO .

and M remains fixed by the superstructure wavevector. This
makes the distance between M and Sr a sensitive measure of
doping change. In fact, plotted on top of the red 18 O curve
is a grey curve modeling a doping change of 0.01 based on a
tight binding fit. From looking at how the 18 O peak positions
compare to this, it is clear that the uncertainty in doping
value is well below 0.01.
However, one might be initially inclined to argue that
the doping values between the two isotope samples are
diﬀerent based on the small diﬀerence in energy gap that
has been previously reported [33] which would explain the
observed IE. But this argument loses its plausibility for a
few reasons. First, examining the two sets of data we report
[33], the diﬀerence in energy gap Δ16 − Δ18 actually diﬀered
in sign, with an ∼ −4 meV change for [33, Figure 1] and
an ∼5 meV change for [33, Figures 2 and 3]. Clearly, an
empirically consistent change of gap is not obvious from our

data. Secondly, this becomes more evident over the many
measurements (∼20) we have done finding the Δ16 − Δ18 gap
diﬀerence averaging to zero with a less than 1 meV diﬀerence,
even while each individual value of Δ16 or Δ18 fluctuated
by as much as 5 meV. This was consistent with a typical
uncertainty in the gap value from other sources at the time
[46]. Thirdly, even if there were a consistently measured gap
diﬀerence of 5 meV and this were taken to mean that the
doping values were diﬀerent, it still does not explain the
observed crossover behavior in Figure 8. More quantitatively,
the doping change implied by a diﬀerence of 5 meV in gap
(Δx = 0.017) is not suﬃcient to explain the large IE we
have seen. With the associated doping change converted into
shift in peak position at high energy, it corresponds to 5 meV
for the nodal cut, and only 10 meV for the near-antinodal
cut. So, these numbers not only have the same sign but also
are oﬀ in magnitude by a factor of 3 to 4. Thus, doping
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considerations do not oﬀer a convincing explanation of the
observed IE.
3.5.2. Alignment Issue. Another conventional explanation for
our observed IE could be sample alignment since even a
small misalignment could create an apparent diﬀerence in
the observed dispersion. A careful examination led us to
focus on two particular issues: the exact location of the Γ

point and the relative azimuthal orientation of samples with
respect to each other.
For the cuts 0–6 discussed here, we have found some
evidence of deviations from our alignment based on the
Fermi surfaces M, S, and Sr as described Figure 11(b). These
slightly diﬀerent momentum paths are indicated in Figure 12
to give a sense of magnitude. However, we have found that,
as panels (b) and (c) demonstrate, the expected diﬀerence in
the dispersion, based again on our tight binding fit, is none

14
for cut 0 and roughly about 4 times too small for our cut 6
when compared to our measured IE. It is also worth noting
that the IE was reproduced for data taken with analyzer slits
rotated 45◦ with respect to this geometry, parallel to the MY
direction [33]. This geometry has the advantage of being less
sensitive to azimuthal tilting. Thus, alignment issues are not
a likely explanation for the observed data.
3.5.3. Static Lattice Issue. A final concern that should be
considered is that a static lattice eﬀect may be responsible for
the large IE since there are no high-quality structural studies
to rely on for insight. However, when we consider diﬀerences
in crystal structure for isotope exchanged LSCO, they are
only 0.1%. Given that a static structural eﬀect is known to
be more common in the LBCO and LSCO systems than
the Bismuth based cuprates, one may reasonably assume
that static lattice eﬀects are significantly small in the Bi2212
cuprates and are an unlikely explanation for the observed IE.
This is particularly strengthened since even if a static lattice
eﬀect were significant, it would need to be a particularly
complicated static distortion which would make explaining
the IE crossover diﬃcult to accomplish.
3.6. Beyond the Migdal-Eliashberg Picture. With the IE
results more soundly established in light of other potential
explanations, we return our attention to the ME theory
and ask whether its applicability is still appropriate for
the results seen. One would initially expect ME theory to
oﬀer the best theoretical model of the observed ARPES
kink in this doping region of the phase diagram. However,
in view of the discussion at the start of this section, it
is not entirely obvious that ME theory can be used to
describe the broader incoherent spectral weight. This is a
significant concern because of the prevalent use of ME theory
in the context of the ARPES kink in the cuprates despite
many experimental [48–56] and theoretical [57–59] works
indicating an interaction strength beyond this theory. So, in
light of our work, we will distinguish between those aspects
which clearly go beyond ME theory as well as those more
consistent with the theory.
To illustrate this former point, Figure 13, begins by
showing EDCs for two cuts, a nodal (panel (a)) and a
near antinodal (panel (b)). Although subtle near the nodal
point, there is a significant deviation between the 16 O (or
the re-substituted 16 OR ) and the 18 O which is not eﬀectively
modeled within the expected change from ME theory (panel
(c)) and already mentioned previously in regards to the
IE on ARPES width. This certainly comes as no surprise
since we already knew that the behavior of the dispersion
near the kink energy for the cuprate data was not well
modeled by ME as compared to the H/W data which better
follows its predictions. This is again emphasized in Figure 14,
where the IE on the MDC dispersions near the node and
antinode (panels (a-b)) is much bigger when compared
to the substantially smaller expected change from the ME
theory (panel (c)) as well as the aforementioned localization
of the change to just near the kink energy. Additionally, as
again illustrated in Figure 14, the presence of the momentum
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dependent sign change in the dispersion (panels (a-b))
would defy explanation by any simple application of ME
theory at least in the absence of an additional ordering
phenomenon.
Fundamentally, the failure of the ME theory has its origin
in the single phonon loop approximation for the electron
self-energy, resulting in a small IE, particularly at higher
energy. This suggests to us that we need to increase the
electron-phonon coupling in our model. To accomplish this,
we employ a Holstein model in the strong-coupling limit
as described in [47]. The resulting comparison of this small
polaron theory to the data can be found in Figure 15. These
simulate the lineshape at k = kF for the oﬀ-nodal cut (b).
The multiple peaks seen in panel (a) occur due to the strong
multiphonon “shake-up” peaks which appear at harmonics
of ωP . With the expected broadening due to the phonon
continuum and strong electron-electron interactions, the
result, modeled in panel (b), successfully reproduces the
weaker IE for the low-energy CP as well as the larger IE for
the broader IP (∼30). Additionally, it produces an ARPES
linewidth which is more realistic.
These results clearly indicate that the ME theory is insufficient for describing the ARPES data. However, it should
be noted that this strong coupling theory used is not quite
the right solution either. Within the strong coupling theory,
the IP is not expected to have any dispersion while the CP
is expected to be nearly nondispersive as well. Furthermore,
it predicts a very small quasiparticle weight (Z  0.1) for
the CP (panels (c-d)) which is not observed. Both of these
issues are better modeled by ME theory; so it is important to
note that these shortcomings in the theory are overcome by
weakening the interaction strength. This leads us to propose
that the proper paradigm for understanding self-energy in
the optimally doped cuprates is an intermediate regime. In
this regime, there is a significant multiphonon contribution
to electron self-energy and both the CP and IP show strong
dispersions. Though one may have reasonably expected
the IE to also weaken with diminished coupling, some
studies [60, 61] show anomalous enhancement of the IE at
intermediate couplings. Nevertheless, the key message here is
that as far as modeling the electron-phonon physics seen in
IE, the ME theory is not suﬃcient and that any subsequent
theory must incorporate electron-phonon coupling with a
strength beyond the ME paradigm.

4. Linking IXS and ARPES through Phonons
With this renewed interest regarding the role of the lattice in
the superconducting cuprates as seen by ARPES, a natural
direction to explore is to more carefully map the phonon
dispersion in addition to that of the electron. A comparison
of these dispersions can reveal particularly interesting physics
such as when a phonon wavevector matches 2k F , where
kF is the Fermi momentum, leading to the well-known
Kohn anomaly. Additional, nesting of the Fermi surface in
systems with particularly strong electron-lattice coupling
can drive the formation of charge density waves. Thus, it
becomes important to compare data that directly probes
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the phonon mode dispersions within the Cu-O plane, such
as the one we can get from inelastic neutron scattering (INS)
and X-ray scattering (IXS) as discussed in Section 2. Then
we can compare these results with the observations of the
ARPES kink particularly in light of the potential change
in the binding energy of the kink as one moves from the
nodal point (60–70 meV) towards the antinodal point (30–
40 meV). Further establishing the phonon nature of the
nodal kink as well as shedding light on the lower energy
antinodal kink is something that a combined ARPES and IXS
study could achieve.

4.1. IXS Measurements on La-Bi2201. We turn our attention to the single-layered Bi2 Sr1.6 La0.4 CuO6+δ (La-Bi2201)
cuprate which has several advantages for such a study.
Like other Bismuth superconducting cuprates, the sample
surfaces are high quality for ARPES experiments. These
samples have never shown any evidence of magnetic resonance modes, simplifying the comparison between ARPES
kink and scattering by removing a potentially additional
bosonic mode to couple with the electrons. Moreover, no
experimental reports of the optical phonon dispersion exist
on these materials to date. The challenge for scattering is
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the lack of large single crystals, eﬀectively ruling out an
INS experiment. Additionally, though IXS can probe the
sub-millimeter single crystals available, there is a very low
inelastic cross section associated with the bond stretching
(BS) mode, a likely candidate for the nodal kink, making
observing the mode challenging. Still, both IXS and INS have
observed evidence in the past of the Cu–O bond stretching
(BS) mode at the metal-insulator phase transition in the
superconducting cuprates.
Figure 16 encapsulates the IXS experiment with panels
(a) and (b) illustrating the relative weakness of the BS
phonon peak relative to both the elastic line as well as other
modes. Focusing on these higher-energy longitudinal optical
modes, we map out their dispersion across the BZ from
the center (ξ = 0) towards the BZ face. Panel (a) shows
this evolution where the red peak is identified as the BS
mode and the results of which are plotted in panels (c) and
(d). We see the two distinct peaks at the zone center but
they disperse, becoming indistinguishable around ξ of 0.22–
0.25. When ξ = 0.45, the two peaks clearly emerge again,

leading to two potential scenarios of panels (c) and (d)
depending on the symmetry of the two branches. If they have
the same symmetry, they anticross (panel (d)); otherwise
they simply cross (panel (c)). Our attempts at distinguishing
between these two scenarios using classical shell model
calculations could not reproduce the low-and high-energy
modes observed in a reliable way. Thus, we have been unable
to distinguish between the potential scenarios. Finally, we
compared our data with other IXS data in the literature,
summarized in Figure 17. We find broad agreement for a
softening of the BS mode (panel (a)) between ξ = 0.2–0.3 as
well as a maxima in the full-width half-max (FWHM) of the
BS mode peak.
4.2. ARPES Measurements on La-Bi2201. These results take
on a deeper meaning when we compare them with our
ARPES studies on La-Bi2201. Figure 18 displays the ARPES
results in comparison to the IXS data. Panel (a) shows MDC
analysis of the electronic dispersions taken at the nodal point
(curve 1) and away from the node (curves 2 and 3) as
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indicated by the slices along the Fermi surface in panel (b).
We see the well-established higher-energy kink at 63 ± 5 meV
for the nodal cut. As we move away from the node, this
kink abruptly disappears between curves 2 and 3, replaced
with only a lower-energy kink of 35 meV. It is significant
that this shift occurs at the tips of the so-called “Fermi Arc”,
region of the Fermi surface which becomes ungapped at
temperatures above the superconducting Tc but below the
so-called pseudogap temperature, T ∗ [66]. Beyond the Fermi
arc as one moves towards the BZ edge, the gap reopens again
for reasons which remain mysterious. It is this transition
point in momentum space between the arc and where the
gap opens that curves 2 and 3 straddle, though our data was
taken in the superconducting phase.
When we compare this with the IXS data as seen in the
inset of panel (b), we discover that the 63 meV kink has
an energy that corresponds well to the softened BS mode.

Even more interesting, as the grey-shaded region in panel
(b) illustrates, the region where the 63 meV kink is observed
corresponds to a section of the Fermi surface nestable by
wavevectors within the softened part of the phonon mode
dispersion from IXS. The sudden disappearance of this kink
between curves 2 and 3 corresponds to the stiﬀening of the
BS mode when ξ < 0.22. A final insight is that this BS mode
is supposed to be nondispersive at about 80 meV along other
momentum directions, in particular the [110]. We see no
strong feature above 63 meV in our data, helping confirm
that the nodal charge carriers are preferentially coupled to
the softer Cu–O half-breathing BS mode which disperses
along the [100] direction, a result suggested by local spindensity approximation + U results [67]. This work not only
provides additional direct evidence for the lattice origin for
the 60–70 meV kink seen near the node but also associates
it with the softened Cu–O half-breathing BS mode along the
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[100] direction. Its ability to nest the Fermi surface topology
once again underscores the importance of electron-phonon
interactions to the physics of the superconducting cuprates.

5. Lattice Strain in Bi2201
Our most recent work has continued this exploration into
the role of the lattice from yet another perspective. There

has been growing independent work from a variety of
experimental probes [69–71] positioning the role of the
lattice not simply as a source of self-energy eﬀects on
the near-EF low-energy electronic states but potentially as
an additional axis within the hole-doped phase diagram.
Specifically, it is the eﬀect of lattice strain, both external and
internal via chemical pressure, which oﬀers us this new axis
to the cuprate phase diagram aﬀecting the superconducting
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dome. Work using external pressure has indicated critical
pressures where the Tc appears to saturate for a range
of cuprate hole dopings [69] as well as being coupled to
other physical quantities suggesting a significant new critical
point along this axis [70]. With chemical pressure, work has
suggested that combining doping with strain on the Cu–
O layer also reveals that the true quantum critical point is
shifted along the strain axis [71]. Additionally, eﬀects related
to lattice disorder, particularly in the Sr–O blocks nearest
the Cu–O planes, may also have a dramatic eﬀect on the
formation of the superconducting phase within the cuprates
[72]. Thus, better understanding of this aspect of the role
of the lattice is important to our general understanding of
electron-lattice physics in these systems.
5.1. Lanthanide Substituted Bi2201. Due to experimental
considerations, the best method for introducing strain into

the lattice for an ARPES study is via chemical pressure.
Specifically, we can use Lanthanide substituted single-layered
Bi2 Sr1.6 Ln0.4 CuO6 to access this strain in a tunable way
[68]. All the samples were grown at optimal doping to
simplify the analysis, making the focus solely on the tuning
parameter of strain. As Figure 19 illustrates, the substitution
of the Lanthanide elements for the Strontium right above
the critical Cu–O plane (panel (b)) leads to a monotonic
decrease in the measured Tc of the samples. The essential
variable to quantify this Tc -competing strain is the atomic
radius mismatch, ΔR, as seen on the abscissa of panel (a),
which is determined by the diﬀerence between the Strontium
and the substituted Lanthanide atomic radii, |RSr − RLn |.
We have been able to take data on samples throughout
this spectrum of radius mismatch. Although these samples
allow us a lattice-based, tunable parameter which competes
with superconductivity, one can pose the question if this
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should be thought of within a lattice strain or lattice disorder
paradigm. Figure 19(c) provides evidence that, at least for
the nodal states, the strain paradigm appears valid. With
increasing lattice mismatch, the width of the quasiparticle
peak does not increase but, on close examination, may
even be decreasing with increased strain. The introduction
of lattice disorder should decrease the lifetime of the
electronic states, seen as an increase in the width of the
CP. It also has been broadly suggested within the ARPES
cuprate community that observing a sharp quasiparticle peak at the nodal point is necessary for confirming
that the cleaved surface can provide trustworthy ARPES
results.
5.2. ARPES Kink versus Strain. Throughout this review, we
have continually discussed the ARPES kink, particularly
near the node, in terms of electron-phonon coupling. So
considering the expected eﬀect of the substituted lanthanides
on lattice strain and the view that these states at least can be
understood within a strain paradigm, we focus our attention
again on the MDC dispersions at the nodal point. Figure 20
presents our findings for substituted Ln = La, Pr, Nd, Eu
[73].
There are two aspects of these dispersions we wish to
focus on in the context of this review. First, in agreement with
the earlier work on La-Bi2201 discussed in Section 4.2, we
can observe a kink around 55–60 meV which remains at that
energy, for the most part, throughout the strain spectrum.

However, what appears to change with strain is the electroncoupling constant, λ associated with the renormalization
of these states. In the same manner as was done for the
cuprate systems described in Section 2.3, we can estimate
λ for this mode, which is plotted in panel (b). We find
that the strength of this mode appears enhanced by the
increasing strain of the lattice mismatch with a generally
linear behavior. Equivalently, one can plot λ as a function of
sample Tc (panel (b) inset) and, as one would expect, there is
a negative, linear relationship between the superconducting
Tc and strength of this phonon mode. Secondly, we find
that although it appears linear for the La-Bi2201 at energies
less than the 60 meV kink, the more strained compounds
appear to have additional rounding of the band structure
nearer to EF , most obvious in the highly strained Eu-Bi2201.
This mode appears to be around 25–30 meV which could be
important since this is closer to the mode energy observed
near the antinodal point (as discussed in Section 2.4)
from the peak-dip-hump EDC lineshape. We have also
observed this from the kink in the MDC analysis beyond
the nestable region of the IXS softened phonon mode in
Section 4.2.
As with the higher-energy mode, we can attempt to
extract the λ from this more elusive mode independent of the
60 meV kink, the result of which is seen in panel (c). Unlike
the higher-energy mode which is apparent in all strain, this
lowerenergy feature appears to turn on at the node only as
strain is introduced, leading to a broadly linear relationship
similar to the higher-energy mode. The origin of this feature,
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remains mysterious, potentially related to an apical oxygen
mode particularly in light of the location of the substituted
lanthanide above the Cu–O plane.
These results are significant for at least three reasons.
First, it has been a prevailing thought that the electronic
states at the nodal point are uniquely unaware of the entry
into the superconducting phase. With the d-wave symmetry
of the gap function, the nodal point states are the only
electronic states which still cross through EF with no gap
opening. Additionally, one could argue that the continued
appearance of a sharp quasiparticle at the node is merely
because these states are protected from the superconducting
physics. However, clearly the aﬀect of lattice strain can be
seen on these states and the weakening of the superconducting state is present in the electronic dispersion of the nodal
quasiparticles. Secondly, one finds still additional evidence
that the ∼60 meV kink has its origin in the physics of the
lattice. Even more intriguing, the appearance and potential
enhancement of the lowerenergy kink with lattice strain
would tentatively suggest that its origin also is somehow
connected to the lattice (such as the aforementioned apical
oxygen mode) and not merely a magnetic mode at the nodal
point. It could be pointed out that the lanthanides do carry
with them magnetic moments whose eﬀect on the Cu–O
plane is far from understood. While La has no magnetic
moment, Pr, Nd, and Eu all have experimentally determined
magnetic moments of around 3.5μB [74]. Whether this
may be related to the sudden appearance of this mode at
the node for samples beyond La requires further study.
Finally, at least for the 60 meV mode, one finds evidence
that this phonon mode is somehow connected to the
formation of the superconducting phase. From its behavior,
it appears to be related to a competing order, associated
with the lattice, which may be aﬀecting the formation of the
superfluid.

6. Summary
Throughout this work, the reoccurring theme has been
the growing importance that the lattice and its coupling
with electronic states has within the still mysterious phase
diagram of the hole doped cuprates. Beginning with the
ubiquitous nodal kink and its likely origin in the bond
stretching phonon mode, we have explored the eﬀect of
the lattice on both the coherent and incoherent parts of
the near EF electronic band structure through the IE. This
has confirmed that, near optimal doping, the traditional
ME model must give way to a stronger electron-phonon
coupling, yet still shy of a polaronic picture. We have traced
out the dispersion of the BS phonon mode with IXS and
have found its important connection to the ARPES kink
near the nodal point. From this, we find that the electronic
states within the BZ can be divided up accordingly, with
those nearest to the node (often argued to be responsible for
the superfluid) uniquely impacted by the mode wavevector’s
ability to nest them. Finally, the potential for understanding
the role of the lattice via the additional axis of pressure/strain
has already produced remarkable results for the evolution
of the nodal electronic states and their self-energy along
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this axis as well as pointing towards additional insights. In
all, our work has and continues to explore how the cuprate
electronic structure is aﬀected by electron-phonon coupling
as yet another pillar in our nearly 25 years quests to construct
a full understanding of this unconventional superconducting
phase.
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Received 20 July 2009; Revised 1 November 2009; Accepted 24 February 2010
Academic Editor: Carlo Di Castro
Copyright © 2010 E. G. Maksimov et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.
In this paper we discuss experimental evidence related to the structure and origin of the bosonic spectral function α2 F(ω) in hightemperature superconducting (HTSC) cuprates at and near optimal doping. Global properties of α2 F(ω), such as number and
positions of peaks, are extracted by combining optics, neutron scattering, ARPES and tunnelling measurements. These methods
give evidence for strong electron-phonon interaction (EPI) with 1 < λep  3.5 in cuprates near optimal doping. We clarify how
these results are in favor of the modified Migdal-Eliashberg (ME) theory for HTSC cuprates near optimal doping. In Section 2 we
discuss theoretical ingredients—such as strong EPI, strong correlations—which are necessary to explain the mechanism of d-wave
pairing in optimally doped cuprates. These comprise the ME theory for EPI in strongly correlated systems which give rise to the
forward scattering peak. The latter is supported by the long-range part of EPI due to the weakly screened Madelung interaction
in the ionic-metallic structure of layered HTSC cuprates. In this approach EPI is responsible for the strength of pairing while the
residual Coulomb interaction and spin fluctuations trigger the d-wave pairing.

1. Experimental Evidence for Strong EPI
1.1. Introduction. In spite of an unprecedented intensive
experimental and theoretical study after the discovery of
high-temperature superconductivity (HTSC) in cuprates,
there is, even twenty-three years after, no consensus on
the pairing mechanism in these materials. At present there
are two important experimental facts which are not under
dispute: (1) the critical temperature Tc in cuprates is
high, with the maximum Tcmax ∼ 160 K in the Hg-1223
compounds; (2) the pairing in cuprates is d-wave like, that
is, Δ(k, ω) ≈ Δd (ω)(cos kx − cos k y ). On the contrary there
is a dispute concerning the scattering mechanism which
governs normal state properties and pairing in cuprates. To
this end, we stress that in the HTSC cuprates, a number of
properties can be satisfactorily explained by assuming that
the quasiparticle dynamics is governed by some electronboson scattering and in the superconducting state bosonic
quasiparticles are responsible for Cooper pairing. Which

bosonic quasiparticles are dominating in the cuprates is
the subject which will be discussed in this work. It is
known that the electron-boson (phonon) scattering is well
described by the Migdal-Eliashberg theory if the adiabatic
parameter A ≡ α · λ(ωB /Wb ) fulfills the condition A 
1, where λ is the electron-boson coupling constant, ωB
is the characteristic bosonic energy, Wb is the electronic
band width, and α depends on numerical approximations
[1, 2]. The important characteristic of the electron-boson
scattering is the Eliashberg spectral function α2 F(k, k , ω)
(or its average α2 F(ω)) which characterizes scattering of
quasiparticle from k to k by exchanging bosonic energy
ω. Therefore, in systems with electron-boson scattering the
knowledge of the spectral function is of crucial importance.
There are at least two approaches diﬀering in assumed
pairing bosons in the HTSC cuprates. The first one is based
on the electron-phonon interaction (EPI), with the main
proponents in [3–11], where mediating bosons are phonons
and where the average spectral function α2 F(ω) is similar
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to the phonon density of states Fph (ω). Note that α2 F(ω) is
not the product of two functions although sometimes one
defines the function α2 (ω) = α2 F(ω)/F(ω) which should
approximate the energy dependence of the strength of the
EPI coupling. There are numerous experimental evidences in
cuprates for the importance of the EPI scattering mechanism
with a rather large coupling constant in the normal scattering
channel 1 < λep  3, which will be discussed in detail below.
In the EPI approach α2 Fph (ω) is extracted from tunnelling
measurements in conjunction with IR optical measurements.
The HTSC cuprates are on the borderline and it is a natural
question—under which condition can high Tc be realized in
the nonadiabatic limit A ≈ 1?
The second approach [12–17] assumes that EPI is too
weak to be responsible for high Tc in cuprates and it is
based on a phenomenological model for spin-fluctuation
interaction (SFI) as the dominating scattering mechanism,
that is, it is a nonphononic mechanism. In this (phenomenological) approach the spectral function is proportional to
the imaginary part of the spin susceptibility Im χ(k − k , ω),
that is, α2 F(k, k , ω) ∼ gsf2 Im χ(k − k , ω) where gsf is the
SFI coupling constant. NMR spectroscopy and magnetic
neutron scattering give evidence that in HTSC cuprates
χ(q, ω) is peaked at the antiferromagnetic wave vector Q =
(π/a, π/a) and this property is favorable for d-wave pairing.
The SFI theory roots basically on the strong electronic
repulsion on Cu atoms, which is usually studied by the
Hubbard model or its (more popular) derivative the t-J
model. Regarding the possibility to explain high Tc solely by
strong correlations, as it is reviewed in [18], we stress two
facts. First, at present there is no viable theory as well as
experimental facts which can justify these (nonphononic)
mechanisms of pairing with some exotic pairing mechanism
such as RVB pairing [18], fractional statistics, anyon superconductivity, and so forth. Therefore we will not discuss
these, in theoretical sense interesting approaches. Second,
the central question in these nonphononic approaches is
the following—do models based solely on the Hubbard
Hamiltonian show up superconductivity at suﬃciently high
critical temperatures (Tc ∼ 100 K)? Although the answer
on this important question is not definitely settled, there
are a number of numerical studies of these models which
oﬀer negative answers. For instance, the sign-free variational
Monte Carlo algorithm in the 2D repulsive (U > 0) Hubbard
model gives no evidence for superconductivity with high Tc ,
neither the BCS-like nor the Berezinskii-Kosterlitz-Thouless(BKT-) like [19]. At the same time, similar calculations
show that there is a strong tendency to superconductivity
in the attractive (U < 0) Hubbard model for the same
strength of U, that is, at finite temperature in the 2D
model with U < 0 the BKT superconducting transition
is favored. Concerning the possibility of HTSC in the t-J
model, various numerical calculations such as Monte Carlo
calculations of the Drude spectral weight [20] and hightemperature expansion for the pairing susceptibility [21] give
evidence that there is no superconductivity at temperatures
characteristic for cuprates and if it exists Tc must be rather
low—few Kelvins. These numerical results tell us that the
lack of high Tc (even in 2D BKT phase) in the repulsive
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(U > 0) single-band Hubbard model and in the t-J model
is not only due to thermodynamical 2D-fluctuations (which
at finite T suppress and destroy superconducting phase
coherence in large systems) but it is also mostly due to an
inherent ineﬀectiveness of strong correlations to produce solely
high Tc in cuprates. These numerical results signal that the
simple single-band Hubbard and its derivative the t-J model
are insuﬃcient to explain solely the pairing mechanism in
cuprates and some additional ingredients must be included.
Since EPI is rather strong in cuprates, then it must be
accounted for. As it will be argued in the following, the
experimental support for the importance of EPI in cuprates
comes from optics, tunnelling, and recent ARPES measurements [22, 23]. It is worth mentioning that recent ARPES
activity was a strong impetus for renewed experimental and
theoretical studies of EPI in cuprates. However, in spite of
accumulating experimental evidence for importance of EPI
with λep > 1, there are occasionally reports which doubt
its importance in cuprates. This is the case with recent
interpretation of some optical measurements in terms of
SFI only [24–27] and with the LDA-DFT (local density
approximation-density functional theory) band-structure
calculations [28, 29], where both claim that EPI is negligibly
small, that is, λep < 0.3. The inappropriateness of these
statements will be discussed in the following sections.
The paper is organized as follows. In Section 1 we
will mainly discuss experimental results in cuprates at and
near optimal doping by giving also minimal theoretical
explanations which are related to the bosonic spectral function α2 F(ω) as well as to the transport spectral function
α2tr F(ω) and their relations to EPI. The reason that we
study only cuprates at and near optimal doping is that in
these systems there are rather well-defined quasiparticles—
although strongly interacting—while in highly underdoped
systems the superconductivity is perplexed and possibly
masked by other phenomena, such as pseudogap eﬀects,
formation of small polarons, interaction with spin and
(possibly charge) order parameters, pronounced inhomogeneities of the scattering centers, and so forth. As the
ARPES experiments confirm, there are no polaronic eﬀects
in systems at and near the optimal doping, while there are
pronounced polaronic eﬀects due to EPI in undoped and
very underdoped HTSC [8–11]. In this work we consider
mainly those direct one-particle and two-particle probes
of low-energy quasiparticle excitations and scattering rates
which give information on the structure of the spectral
functions α2 F(k, k , ω) and α2tr F(ω) in systems near optimal
doping. These are angle-resolved photoemission (ARPES),
various arts of tunnelling spectroscopy such as superconductor/insulator/normal metal (SIN) junctions, break junctions, scanning-tunnelling microscope spectroscopy (STM),
infrared (IR) and Raman optics, inelastic neutron and Xray scattering, and so forth. We will argue that these direct
probes give evidence for a rather strong EPI in cuprates.
Some other experiments on EPI are also discussed in order
to complete the arguments for the importance of EPI in
cuprates. The detailed contents of Section 1 are the following.
In Section 1.2 we discuss some prejudices related to the
strength of EPI as well as on the Fermi-liquid behavior of
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HTSC cuprates. We argue that any nonphononic mechanism
of pairing should have very large bare critical temperature
Tc0  Tc in the presence of the large EPI coupling constant,
λep ≥ 1, if the EPI spectral function is weakly momentum
dependent, that is, if α2 F(k, k , ω) ≈ α2 F(ω) like in lowtemperature superconductors. The fact that EPI is large
in the normal state of cuprates and the condition that it
must be conform with d-wave pairing imply that EPI in
HTSC cuprates should be strongly momentum dependent.
In Section 1.3 we discuss direct and indirect experimental
evidences for the importance of EPI in cuprates and for the
weakness of SFI in cuprates. These are the following.
(a) Magnetic Neutron Scattering Measurements. These
measurements provide dynamic spin susceptibility χ(q, ω)
which is in the SFI phenomenological approach [12–
17] related to the Eliashberg spectral function, that is,
α2 Fsf (k, k , ω) ∼ gsf2 Im χ(q = k − k , ω). We stress that
such an approach can be theoretically justified only in
the weak coupling limit, gsf  Wb , where Wb is the
band width and gsf is the phenomenological SFI coupling
constant. Here we discuss experimental results on YBCO
which give evidence for strong rearrangement (with respect
to ω) of Im χ(q, ω) (with q at and near Q = (π, π))
by doping toward the optimal doped HTSC [30, 31]. It
turns out that in the optimally doped cuprates with Tc =
92.5 K Im χ(Q, ω) is drastically suppressed compared to that
in slightly underdoped ones with Tc = 91 K. This fact implies
that the SFI coupling constant gsf must be small.
(b) Optical Conductivity Measurements. From these
measurements one can extract the transport relaxation
rate γtr (ω) and indirectly an approximative shape of the
transport spectral function α2tr F(ω). In the case of systems
near optimal doping we discuss the following questions. (i)
First is the physical and quantitative diﬀerence between the
optical relaxation rate γtr (ω) and the quasiparticle relaxation
rate γ(ω). It was shown in the past that equating these
two (unequal) quantities is dangerous and brings incorrect
results concerning the quasiparticle dynamics in most metals
by including HTSC cuprates too [3–6, 32–38]. (ii) Second
are methods of extraction of the transport spectral function
α2tr F(ω). Although these methods give at finite temperature T
a blurred α2tr F(ω) which is (due to the ill-defined methods)
temperature dependent, it turns out that the width and the
shape of the extracted α2tr F(ω) are in favor of EPI. (iii) Third
is the restricted sum rule for the optical weight as a function
of T which can be explained by strong EPI [39, 40]. (iv)
Fourth is the good agreement with experiments of the Tdependence of the resistivity ρ(T) in optimally doped YBCO,
where ρ(T) is calculated by using the spectral function from
tunnelling experiments. Recent femtosecond time-resolved
optical spectroscopy in La2−x Srx CuO4 which gives additional
evidence for importance of EPI [41] will be shortly discussed.
(c) ARPES Measurements and EPI. From these measurements the self-energy Σ(k, ω) is extracted as well as some
properties of α2 F(k, k , ω). Here we discuss the following
items: (i) the existence of the nodal and antinodal kinks in
optimally and slightly underdoped cuprates, as well as the
structure of the ARPES self-energy (Σ(k, ω)) and its isotope
dependence, which are all due to EPI; (ii) the appearance
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of diﬀerent slopes of Σ(k, ω) at low (ω  ωph ) and high
energies (ω  ωph ) which can be explained by the strong
EPI; (iii) the formation of small polarons in the undoped
HTSC which was interpreted to be due to strong EPI—this
gives rise to phonon side bands which are clearly seen in
ARPES of undoped HTSC [10, 11].
(d) Tunnelling Spectroscopy. It is well known that this
method is of an immense importance in obtaining the
spectral function α2 F(ω) from tunnelling conductance. In
this part we discuss the following items: (i) the extracted
Eliashberg spectral function α2 F(ω) with the coupling
constant λ(tun) = 2–3.5 from the tunnelling conductance of
break-junctions in optimally doped YBCO and Bi-2212 [42–
55] which gives that the maxima of α2 F(ω) coincide with
the maxima in the phonon density of states Fph (ω); (ii) the
existence of eleven peaks in −d2 I/dV 2 in superconducting
La1.84 Sr0.16 CuO4 films [56], where these peaks match precisely with the peaks in the intensity of the existing phonon
Raman scattering data [57]; (iii) the presence of the dip in
dI/dV in STM which shows the pronounced oxygen isotope
eﬀect and important role of these phonons.
(e) Inelastic Neutron and X-Ray Scattering Measurements.
From these experiments one can extract the phonon density
of state Fph (ω) and in some cases the strengths of the
quasiparticle coupling with various phonon modes. These
experiments give suﬃcient evidence for quantitative inadequacy of LDA-DFT calculations in HTSC cuprates. Here
we argue that the large softening and broadening of the
half-breathing Cu–O bond-stretching phonon, of the apical
oxygen phonons and of the oxygen B1g buckling phonons
(in LSCO, BSCO, YBCO), cannot be explained by LDA-DFT.
It is curious that the magnitude of the softening can be
partially obtained by LDA-DFT but the calculated widths of
some important modes are an order of magnitude smaller
than the neutron scattering data show. This remarkable fact
confirms that additionally the inadequacy of LDA-DFT in
strongly correlated systems and a more sophisticated manybody theory for EPI is needed. The problem of EPI will be
discussed in more details in Section 2.
In Section 1.4 brief summary of Section 1 is given.
Since we are dealing with the electron-boson scattering in
cuprates near the optimal doping, then in Appendix A (and
in Section 2) we introduce the reader briefly to the MigdalEliashberg theory for superconductors (and normal metals)
where the quasiparticle spectral function α2 F(k, k , ω) and
the transport spectral function α2tr F(ω) are defined.
Finally, one can pose a question—do the experimental
results of the above enumerated spectroscopic methods allow
a building of a satisfactory and physically reasonable microscopic theory for basic scattering and pairing mechanism in
cuprates? The posed question is very modest compared to
the much stringent request for the theory of everything—
which would be able to explain all properties of HTSC
materials. Such an ambitious project is not realized even in
those low-temperature conventional superconductors where
it is definitely proved that in most materials the pairing
is due to EPI and many properties are well accounted for
by the Migdal-Eliashberg theory. For an illustration, let us
mention only two examples. First, the experimental value
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for the coherence peak in the microwave response σs (T <
Tc , ω = const) at ω = 17 GHz in the superconducting Nb
is much higher than the theoretical value obtained by the
strong coupling Eliashberg theory [58]. So to say, the theory
explains the coherence peak at 17 GHz in Nb qualitatively
but not quantitatively. However, the measurements at higher
frequency ω ∼ 60 GHz are in agreement with the Eliashberg
theory [59]. Then one can say that instead of the theory of
everything we deal with a satisfactory theory, which allows us
qualitative and in many aspects quantitative explanation of
phenomena in superconducting state. Second example is the
experimental boron (B) isotope eﬀect in MgB2 (Tc ≈ 40 K)
exp
which is smaller than the theoretical value, that is, αB ≈
0.3 < αth
B = 0.5, although the pairing is due to EPI for boron
vibrations [60]. Since the theory of everything is impossible
in the complex materials such as HTSC cuprates in Section 1,
we will not discuss those phenomena which need much more
microscopic details and/or more sophisticated many-body
theory. These are selected by chance: (i) large ratio 2Δ/Tc
which is on optimally doped YBCO and BSCO ≈ 5 and
7, respectively, while in underdoped BSCO one has even
(2Δ/Tc ) ≈ 20; (ii) peculiarities of the coherence peak in
the microwave response σ(T) in HTSC cuprates, which is
peaked at T much smaller than Tc , contrary to the case of
LTSC where it occurs near Tc ; (iii) the dependence of Tc on
the number of CuO2 in the unit cell; (iv) the temperature
dependence of the Hall coeﬃcient; (v) distribution of states
in the vortex core, and so forth.
The microscopic theory of the mechanism for superconducting pairing in HTSC cuprates will be discussed in
Section 2. In Section 2.1 we introduce an ab initio manybody theory of superconductivity which is based on the
fundamental (microscopic) Hamiltonian and the manybody technique. This theory can in principle calculate
measurable properties of materials such as the critical
temperature Tc , the critical fields, the dynamic and transport
properties, and so forth. However, although this method
is in principle exact, which needs only some fundamental
constants e, , me , Mion , kB and the chemical composition
of superconducting materials, it was practically never realized in practice due to the complexity of many-body
interactions—electron-electron and electron-lattice—as well
as of structural properties. Fortunately, the problem can be
simplified by using the fact that superconductivity is a lowenergy phenomenon characterized by the very small energy
parameters (Tc /EF , Δ/EF , ωph /EF )  1. It turns out that one
can integrate high-energy electronic processes (which are
not changed by the appearance of superconductivity) and
then solve the low-energy problem by the (so-called) strongcoupling Migdal-Eliashberg theory. It turns out that in such
an approach the physics is separated into the following: (1)
the solution of the ideal band-structure Hamiltonian with the
nonlocal exact crystal potential (sometimes called the excitation potential) VIBS (r, r ) (IBS—the ideal band structure)

which includes the static self-energy (Σ(h)
c0 (r, r , ω = 0)) due
to high-energy electronic processes, that is, VIBS (r, r ) =

[Ve-i (r)+VH (r)]δ(r − r )+Σ(h)
c0 (r, r , ω = 0), with Ve-i and VH
being the electron-ion and Hartree potential, respectively;
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(2) solving the low-energy Eliashberg equations. However,
the calculation of the (excited) potential VIBS (r, r ) and
the real EPI coupling gep (r, r ) = δVIBS (r, r )/δRn , which
include high-energy many-body electronic processes—for
instance, the large Hubbard U eﬀects—is extremely diﬃcult
at present, especially in strongly correlated systems such as
HTSC cuprates. Due to this diﬃculty the calculations of the
EPI coupling in the past were usually based on the LDADFT method which will be discussed in Section 2.2 in the
contest of HTSC cuprates, where the nonlocal potential is
replaced by the local potential VLDA (r)—the ground-state
potential—and the real EPI coupling by the “local” LDA
one gep (r) = δVLDA (r)/δRn . Since the exchange-correlation
eﬀects enter VLDA (r) = Ve-i (r) + VH (r) + VXC (r) via the
local exchange-correlation potential VXC (r), it is clear that
the LDA-DFT method describes strong correlations scarcely
and it is inadequate in HTSC cuprates (and other strongly
correlated systems such as heavy fermions) where one needs
an approach beyond the LDA-DFT method. In Section 2.3
we discuss a minimal theoretical model for HTSC cuprates
which takes into account minimal number of electronic
orbitals and strong correlations in a controllable manner
[6]. This theory treats the interplay of EPI and strong
correlations in systems with finite doping in a systematic
and controllable way. The minimal model can be further
reduced (in some range of parameters) to the single-band
t-J model, which allows the approximative calculation of the
excited potential VIBS (r, r ) and the nonlocal EPI coupling
gep (r, r ). As a result one obtains the momentum-dependent
EPI coupling gep (kF , q) which is for small hole-doping
(δ < 0.3) strongly peaked at small transfer momenta—the
forward scattering peak. In the framework of this minimal
model it is possible to explain some important properties
and resolve some puzzling experimental results, like the
following, for instance. (a) Why is d-wave pairing realized
in the presence of strong EPI? (b) Why is the transport
coupling constant (λtr ) rather smaller than the pairing one
λ, that is, λtr  λ/3? (c) Why is the mean-field (one-body)
LDA-DFT approach unable to give reliable values for the EPI
coupling constant in cuprates and how many-body eﬀects
can help? (d) Why is d-wave pairing robust in the presence
of nonmagnetic impurities and defects? (e) Why are the
ARPES nodal and antinodal kinks diﬀerently renormalized
in the superconducting states, and so forth? In spite of the
encouraging successes of this minimal model, at least in a
qualitative explanation of numerous important properties of
HTSC cuprates, we are at present stage rather far from a
fully microscopic theory of HTSC cuprates which is able to
explain high Tc . In that respect at the end of Section 2.3 we
discuss possible improvements of the present minimal model
in order to obtain at least a semiquantitative theory for HTSC
cuprates.
Finally, we would like to point out that in real HTSC
materials there are numerous experimental evidences for
nanoscale inhomogeneities. For instance, recent STM experiments show rather large gap dispersion, at least on the
surface of BSCO crystals [61–63], giving rise to a pronounced
inhomogeneity of the superconducting order parameter
Δ(k, R), where k is the relative momentum of the Cooper
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pair and R is the center of mass of Cooper pairs. One possible
reason for the inhomogeneity of Δ(k, R) and disorder on
the atomic scale can be due to extremely high doping level
of ∼(10–20)% in HTSC cuprates which is many orders of
magnitude larger than in standard semiconductors (1021
versus 1015 carrier concentration). There are some claims
that high Tc is exclusively due to these inhomogeneities
(of an extrinsic or intrinsic origin) which may eﬀectively
increase pairing potential [64], while some others try to
explain high Tc solely within the inhomogeneous Hubbard
or t-J model. Here we will not discuss this interesting
problem but mention only that the concept of Tc increase by
inhomogeneity is not well-defined, since the increase of Tc is
defined with respect to the average value T c . However, T c is
experimentally not well defined quantity and the hypothesis
of an increase of Tc by material inhomogeneities cannot be
tested at all. In studying and analyzing HTSC cuprates near
optimal doping we assume that basic eﬀects are realized in
nearly homogeneous systems and inhomogeneities are of
secondary role, which deserve to be studied and discussed
separately.
1.2. EPI versus Nonphononic Mechanisms. Concerning the
high Tc values in cuprates, two dilemmas have been
dominating after its discovery: (i) which interaction is
responsible for strong quasiparticle scattering in the normal
state? This question is related also to the dilemma of Fermi
versus non-Fermi liquid; (ii) What is the mediating (gluing)
boson responsible for the superconducting pairing, that
is, phonons or nonphonons? In the last twenty-three years,
the scientific community was overwhelmed by numerous
proposed pairing mechanisms, most of which are hardly
verifiable in HTSC cuprates.
(1) Fermi versus Non-Fermi Liquid in Cuprates. After discovery of HTSC in cuprates there was a large amount
of evidence on strong scattering of quasiparticles which
contradicts the canonical (popular but narrow) definition
of the Fermi liquid, thus giving rise to numerous proposals
of the so called non-Fermi liquids, such as Luttinger liquid,
RVB theory, marginal Fermi liquid, and so forth. In our
opinion there is no need for these radical approaches in
explaining basic physics in cuprates at least in optimally,
slightly underdoped and overdoped metallic and superconducting HTSC cuprates. Here we give some clarifications
related to the dilemma of Fermi versus non-Fermi liquid.
The definition of the canonical Fermi liquid (based on the
Landau work) in interacting Fermi systems comprises the
following properties: (1) there are quasiparticles with charge
q = ±e, spin s = 1/2, and low-energy excitations ξk (= k − μ)
which are much larger than their inverse life-times, that
is, ξk  1/τk ∼ ξk2 /Wb . Since the level width Γ = 2/τk
of the quasiparticle is negligibly small, this means that the
excited states of the Fermi liquid are placed in one-to-one
correspondence with the excited states of the free Fermi gas;
(2) at T = 0 K there is an energy level ξkF = 0 which
defines the Fermi surface on which the Fermi quasiparticle
distribution function nF (ξk ) has finite jump at kF ; (3) the
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number of quasiparticles under the Fermi surface is equal
to the total number of conduction particles (we omit here
other valence and core electrons)—the Luttinger theorem;
(4) the interactions between quasiparticles are characterized by the set of Landau parameters which describe the
low-temperature thermodynamics and transport properties.
Having this definition in mind one can say that if fermionic
quasiparticles interact with some bosonic excitation, for
instance, with phonons, and if the coupling is suﬃciently
strong, then the former are not described by the canonical
Fermi liquid since at energies and temperatures of the order
of the characteristic (Debye) temperature kB ΘD (≡ ωD ) (for
the Debye spectrum ∼ ΘD /5), that is, for ξk ∼ ΘD , one
has τk−1  ξk and the quasiparticle picture (in the sense
of the Landau definition) is broken down. In that respect
an electron-boson system can be classified as a noncanonical
Fermi liquid for suﬃciently strong electron-boson coupling.
It is nowadays well known that, for instance, Al, Zn are weak
coupling systems since for ξk ∼ ΘD one has τk−1  ξk
and they are well described by the Landau theory. However,
in (the noncanonical) cases where for higher energies ξk ∼
ΘD one has τk−1  ξk , the electron-phonon system is
satisfactory described by the Migdal-Eliashberg theory and
the Boltzmann theory, where thermodynamic and transport
properties depend on the spectral function α2 Fsf (k, k , ω)
and its higher momenta. Since in HTSC cuprates the
electron-boson (phonon) coupling is strong and Tc is large,
then it is natural that in the normal state (at T > Tc ) we deal
with a strong interacting noncanonical Fermi liquid which
is for modest nonadiabaticity parameter A < 1 described
by the Migdal-Eliashberg theory, at least qualitatively and
semiquantitatively. In order to justify this statement we will
in the following elucidate some properties in more details by
studying optical, ARPES, tunnelling and other experiments
in HTSC oxides.
(2) Is There Limit of the EPI Strength? In spite of the reached
experimental evidence in favor of strong EPI in HTSC oxides,
there was a disproportion in the research activity (especially
theoretical) in the past, since the investigation of the SFI
mechanism of pairing prevailed in the literature. This trend
was partly due to an incorrect statement in [65, 66] on the
possible upper limit of Tc in the phonon mechanism of
pairing. Since in the past we have discussed this problem
thoroughly in numerous papers—for the recent one see
[67]—we will outline here the main issue and results only.
It is well known that in an electron-ion crystal, besides
the attractive EPI, there is also repulsive Coulomb interaction. In case of an isotropic and homogeneous system
with weak quasiparticle interaction, the eﬀective potential
Veﬀ (k, ω) in the leading approximation looks like as for two
external charges (e) embedded in the medium with the total
longitudinal dielectric function εtot (k, ω) (k is the momentum
and ω is the frequency) [68, 69], that is,
Vext (k)
4πe2
(1)
.
= 2
εtot (k, ω) k εtot (k, ω)
In case of strong interaction between quasiparticles, the
state of embedded quasiparticles changes significantly due
Veﬀ (k, ω) =
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to interaction with other quasiparticles, giving rise to
Veﬀ (k, ω) =
/ 4πe2 /k2 εtot (k, ω). In that case Veﬀ depends on
other (than εtot (k, ω)) response functions. However, in the
case when (1) holds, that is, when the weak-coupling limit
is realized, Tc is given by Tc ≈ ω exp(−1/(λep − μ∗ )) [68–
70]. Here, λep is the EPI coupling constant, ω is an average
phonon frequency, and μ∗ is the Coulomb pseudopotential,
μ∗ = μ/(1 + μ ln EF /ω) (EF is the Fermi energy). The
couplings λep and μ are expressed by εtot (k, ω = 0):
μ − λep = N(0)Veﬀ (k, ω = 0)
= N(0)

 2kF
0

kdk
4πe2
,
2 2
2kF k εtot (k, ω = 0)

k=
/ 0,

εtot (k, 0) =

ωl2 (k) =

(3)

that is, either
εtot (k =
/ 0, ω = 0) > 1,

(4)

εtot (k =
/ 0, ω = 0) < 0.

(5)

or

This important theorem invalidates the restriction on the
maximal value of Tc in the EPI mechanism given in [65,
66]. We stress that the condition εtot (k =
/ 0, ω = 0) <
0 is not in conflict with the lattice stability at all. For
instance, in inhomogeneous systems such as crystal, the
total longitudinal dielectric function is matrix in the space
of reciprocal lattice vectors (Q), that is, εtot (k + Q, k +

εel (k, 0)
.
1 − 1/εel (k, 0)Gep (k)

(6)

At the same time the energy of the longitudinal phonon ωl (k)
is given by

(2)

where N(0) is the density of states at the Fermi surface
and kF is the Fermi momentum—see more in [3–5]. In
[65, 66] it was claimed that the lattice stability of the
system with respect to the charge density wave formation
implies the condition εtot (k, ω = 0) > 1 for all k. If this
were correct, then from (2) it would follow that μ > λep ,
which limits the maximal value of Tc to the value Tcmax ≈
EF exp(−4 − 3/λep ). In typical metals EF < (1–10) eV, and if
one accepts the statement in [65, 66] that λep ≤ μ(≤0.5),
one obtains Tc ∼ (1–10) K. The latter result, if it would
be correct, means that EPI is ineﬀective in producing not
only high-Tc superconductivity but also low-temperature
superconductivity (LTS with Tc  20 K). However, this result
is in conflict first of all with experimental results in LTSC,
where in numerous systems one has μ ≤ λep and λep > 1. For
instance, λep ≈ 2.6 is realized in PbBi alloy which is definitely
much higher than μ(<1), and so forth.
Moreover, the basic theory tells us that εtot (k =
/ 0, ω)
is not the response function [68, 69] (contrary to the
assumption in [65, 66]). Namely, if a small external potential
δVext (k, ω) is applied to the system (of electrons and
ions in solids), it induces screening by charges of the
medium and the total potential is given by δVtot (k, ω) =
δVext (k, ω)/εtot (k, ω), which means that 1/εtot (k, ω) is the
response function. The latter obeys the Kramers-Kronig
dispersion relation which implies the following stability
condition [68, 69]:
1
< 1,
εtot (k, ω = 0)

−1
−1
(k, ω) = εtot
(k +
Q , ω), and εtot (k, ω) is defined by εtot
0, k + 0, ω). In dense metallic systems with one ion per cell
(such as metallic hydrogen) and with the electronic dielectric
function εel (k, 0), the macroscopic total dielectric function
εtot (k, 0) is given by [71–73]


Ω2p 
1 − εel (k, 0)Gep (k) ,
εel (k, 0)

(7)

where Ω2p is the ionic plasma frequency, and Gep is the local
(electric) field correction—see [71–73]. The right condition
for lattice stability requires that ωl2 (k) > 0, which implies
that for εel (k, 0) > 0 one has εel (k, 0)Gep (k) < 1. The latter
condition gives automatically εtot (k, 0) < 0. Furthermore, the
calculations [71–73] show that in the metallic hydrogen (H)
crystal εtot (k, 0) < 0 for all k =
/ 0. Note that in metallic H the
EPI coupling constant is very large, that is, λep ≈ 7 and Tc
may reach very large value Tc ≈ 600 K [74]. Moreover, the
analyses of crystals with more ions per unit cell [71–73] give
that εtot (k =
/ 0, 0) < 0 is more a rule than an exception—see
Figure 1. The physical reason for εtot (k =
/ 0, 0) < 0 is local
field eﬀects described by Gep (k). Whenever the local electric
field Eloc acting on electrons (and ions) is diﬀerent from the
average electric field E, that is, Eloc =
/ E, there are corrections
to εtot (k, 0) which may lead to εtot (k, 0) < 0.
The above analysis tells us that in real crystals
εtot (k, 0) can be negative in the large portion of the Brillouin
zone thus giving rise to λep − μ > 0 in (2). This means that
analytic properties of the dielectric function εtot (k, ω) do not
limit Tc in the phonon mechanism of pairing. This result does
not mean that there is no limit on Tc at all. We mention
in advance that the local field eﬀects play important role
in HTSC cuprates, due to their layered structure with very
unusual ionic-metallic binding, thus opening a possibility for
large EPI.
In conclusion, we point out that there are no serious
theoretical and experimental arguments for ignoring EPI in
HTSC cuprates. To this end it is necessary to answer several
important questions which are related to experimental
findings in HTSC cuprates. (1) If EPI is important for pairing
in HTSC cuprates and if superconductivity is of d-wave type,
how are these two facts compatible? (2) Why is the transport
EPI coupling constant λtr (entering resistivity) rather smaller
than the pairing EPI coupling constant λep (>1) (entering Tc ),
that is, why one has λtr (≈0.6–1.4)  λep (∼2–3.5)? (3) If EPI
is ineﬀective for pairing in HTSC oxides, in spite of λep > 1,
why is it so?
(3) Is a Nonphononic Pairing Realized in HTSC? Regarding
EPI one can pose a question about whether it contributes significantly to d-wave pairing in cuprates. Surprisingly, despite
numerous experiments in favor of EPI, there is a belief that
EPI is irrelevant for pairing [12–17]. This belief is mainly
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P, 0)
ε−1 (
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one obtains Δn (k) = Δd · Θ(Ωnph − |ωn |)Yd (θk ) and the
equation for Tc —see [3–5]
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G
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H
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Figure 1: Inverse total static dielectric function ε−1 (p) for normal
metals (K, Al, Pb) and metallic H in p = (1, 0, 0) direction. G is the
reciprocal lattice vector.

based, first, on the above discussed incorrect lattice stability
criterion related to the sign of εtot (k, 0), which implies small
EPI and, second, on the well-established experimental fact
that d-wave pairing is realized in cuprates [75], which is
believed to be incompatible with EPI. Having in mind that
EPI in HTSC at and near optimal doping is strong with
2 < λep < 3.5 (see below), we assume for the moment
that the leading pairing mechanism in cuprates, which gives
d-wave pairing, is due to some nonphononic mechanism.
For instance, let us assume an exitonic mechanism due to
the high-energy pairing boson (Ωnph  ωph ) and with
the bare critical temperature Tc0 and look for the eﬀect of
EPI on Tc . If EPI is approximately isotropic, like in most
LTSC materials, then it would be very detrimental for dwave pairing. In the case of dominating isotropic EPI in
the normal state and the exitonic-like pairing, then near Tc
the linearized Eliashberg equations have an approximative
form for a weak nonphonon interaction (with the large
characteristic frequency Ωnph )
Ωnph

Z(ωn )Δn (k) ≈ πTc


m



 
 Δm q
,
|ωm |

Vnph k, q, n, m

q

Γep
Tc
1
1
≈Ψ
.
+
−Ψ
Tc0
2
2 2πTc

(9)

Here Ψ is the di-gamma function. At temperatures near Tc
one has Γep ≈ 2πλep Tc and the solution of (9) is approximately Tc ≈ Tc0 exp{−λep } with Tc0 ≈ Ωnph exp{−λnph },
λnph = N(0)V0 . This means that for Tcmax ∼ 160 K and
λep > 1 the bare Tc0 due to the nonphononic interaction must
be very large, that is, Tc0 > 500 K.
Concerning other nonphononic mechanisms, such as the
SFI one, the eﬀect of EPI in the framework of Eliashberg
equations was studied numerically in [76]. The latter is based
on (A.1) in Appendix A with the kernels in the normal
and superconducting channels λZkp (iνn ) and λΔkp , respectively.
Usually, the spin-fluctuation kernel λsf,kp (iνn ) is taken in the
FLEX approximation [77]. The calculations [76] confirm
the very detrimental eﬀect of the isotropic (k-independent)
EPI on d-wave pairing due to SFI. For the bare SFI critical
temperature Tc0 ∼ 100 K and for λep > 1 the calculations give
very small (renormalized) critical temperature Tc  100 K.
These results tell us that a more realistic pairing interaction
must be operative in cuprates and that EPI must be strongly
momentum dependent and peaked at small transfer momenta
[78–80]. Only in that case does strong EPI conform with dwave pairing, either as its main cause or as a supporter of a
nonphononic mechanism. In Section 2 we will argue that the
strongly momentum-dependent EPI is important scattering
mechanism in cuprates providing the strength of the pairing
mechanism, while the residual Coulomb interaction (by
including weaker SFI) triggers it to d-wave pairing.
1.3. Experimental Evidence for Strong EPI. In the following
we discuss some important experiments which give evidence
for strong electron-phonon interaction (EPI) in cuprates.
However, before doing it, we will discuss some indicative
inelastic magnetic neutron scattering (IMNS) measurements
in cuprates whose results in fact seriously doubt in the eﬀectiveness of the phenomenological SFI mechanism of pairing
which is advocated in [12–17, 81]. First, the experimental
results related to the pronounced imaginary part of the
susceptibility Im χ(k, kz , ω) in the normal state at and near
the AF wave vector k = Q = (π, π) were interpreted in a
number of papers as a support for the SFI mechanism for
pairing [12–17, 81]. Second, the existence of the so called
magnetic resonance peak of Im χ(k, kz , ω) (at some energies
ω < 2Δ) in the superconducting state was also interpreted in
a number of papers either as the origin of superconductivity
or as a mechanism strongly aﬀecting superconducting gap at
the antinodal point.

(8)

Γep
.
Z(ωn ) ≈ 1 +
ωn
For pure d-wave pairing with the pairing potential
Vnph = Vnph (θk , θq ) · Θ(Ωnph − |ωn |)Θ(Ωnph − |ωn |) with
Vnph (k, q) = V0 · Yd (θk )Yd (θq ) and Yd (θk ) = π −1/2 cos 2θk ,

1.3.1. Magnetic Neutron Scattering and the Spin-Fluctuation
Spectral Function
(a) Huge Rearrangement of the SFI Spectral Function and
Small Change of Tc . Before discussing experimental results
in cuprates on the imaginary part of the spin susceptibility
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Im χ(k, ω) we point out that in the (phenomenological)
theories based on the spin-fluctuation interaction (SFI) the
 sf (k, ωn ) (ωn is the Matsubara
quasiparticle self-energy Σ
frequency and τ0 is the Nambu matrix) in the normal and
superconducting state and the eﬀective (repulsive) pairing
potential Vsf (k, ω) (where iωn → ω + iη) are assumed in the
form [12–17]
 sf (k, ωn ) =
Σ


−


T 
−
  , ωm )τ0 ,
Vsf k − k , ωnm
τ0 G(k
N k ,m

Vsf k, ωnm



=

gsf2

∞
−∞





dν Im χ q, ν + i0+
,
−
π
ν − iωnm

Normal state, 100 K, Q = (π, π)

200

YBa2 Cu3 O6.5
150

100

50

(10)

where ωnm ≡ ωn − ωm . Although the form of Vsf cannot
be justified theoretically, except in the weak coupling limit
(gsf  Wb ) only, it is often used in the analysis of the
quasiparticle properties in the normal and superconducting
state of cuprates where the spin susceptibility (spectral
function) Im χ(q, ω) is strongly peaked at and near the AF
wave vector Q = (π/a, π/a).
Can the pairing mechanism in HTSC cuprates be
explained by such a phenomenology and what is the prise for
it is? The best answer is to look at the experimental results
related to the inelastic magnetic neutron scattering (IMNS)
which gives Im χ(q, ω). In that respect very indicative and
impressive IMNS measurements on YBa2 Cu3 O6+x , which are
done by Bourges group [30], demonstrate that the normalstate susceptibility Im χ (odd) (q, ω) (the odd part of the spin
susceptibility in the bilayer system) at q = Q = (π, π) is
strongly dependent on the hole-doping as it is shown in
Figure 2.
The most pronounced result for our discussion is
that by varying doping there is a huge rearrangement
of Im χ (odd) (Q, ω) in the normal state, especially in the
energy (frequency) region which might be important for
superconducting pairing, let us say 0 meV < ω < 60 meV.
This is clearly seen in the last two curves in Figure 2 where
this rearrangement is very pronounced, while at the same time
there is only small variation of the critical temperature Tc . It is
seen in Figure 2 that in the underdoped YBa2 Cu3 O6.92 crystal
60
Im χ (odd) (Q, ω) and S(Q) = N(0)gsf2 0 dω Im χ (odd) (Q, ω)
are much larger than that in the near optimally doped
YBa2 Cu3 O6.97 , that is, one has S6.92 (Q)  S6.97 (Q), although
the diﬀerence in the corresponding critical temperatures
Tc is very small, that is, Tc(6.92) = 91 K (in YBa2 Cu3 O6.92 )
and Tc(6.97) = 92.5 K (in YBa2 Cu3 O6.97 ). This pronounced
rearrangement and suppression of Im χ (odd) (Q, ω) in the
normal state of YBCO by doping (toward the optimal
doping) but with the negligible change in Tc is strong
evidence that the SFI pairing mechanism is not the
dominating one in HTSC cuprates. This insensitivity of
Tc , if interpreted in terms of the SFI coupling constant
(exp)
λsf (∼ gsf2 ), means that the latter is small, that is, λsf  1.
We stress that the explanation of high Tc in cuprates by the
SFI phenomenological theory [12–17] assumes very large
SFI coupling energy with gsf(th) ≈ 0.7 eV while the frequency
(energy) dependence of Im χ(Q, ω) is extracted from the fit
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Figure 2: Magnetic spectral function Im χ (−) (k, ω) in the normal
state of YBa2 Cu3 O6+x at T = 100 K and at Q = (π, π). 100
(−) ≈ 350 μ2 /eV. The
counts in the vertical scale correspond to χmax
B
superconducting critical temperature Tc (x) by increasing doping
(x) from the underdoped system with x = 0.5 (top) to the optimally
doped one with x = 0.97 (bottom): Tc (x) = 45 K (x = 0.5), 85 K
(x = 0.83), 91 K (x = 0.92), and 92.5 K (x = 0.97). From [30].

of the NMR relaxation rate T1−1 which gives Tc(NMR) ≈ 100 K
[12–17]. To this point, the NMR measurements (of T1−1 )
give that there is an anticorrelation between the decrease of
the NMR spectral function IQ = limω → 0 Im χ (NMR) (Q, ω)/ω
and the increase of Tc by increasing doping toward the
optimal one—see [6] and references therein. The latter result
additionally disfavors the SFI model of pairing [12–17]
since the strength of pairing interaction is little aﬀected by
SFI. Note that if instead of taking Im χ(Q, ω) from NMR
measurements one takes it from IMNS measurements, as it
was done in [82], than for the same value gsf(th) one obtains
much smaller Tc . For instance, by taking the experimental
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values for Im χ (IMNS) (Q, ω) in underdoped YBa2 Cu3 O6.6
with Tc ≈ 60 K one obtains Tc(IMNS) < Tc(NMR) /3 [82], while
Tc(IMNS) → 50 K for gsf(th)  1. The situation is even worse
if one tries to fit the resistivity with Im χ (IMNS) (Q, ω) in
YBa2 Cu3 O6.6 since this fit gives Tc(IMNS) < 7 K. These results
point to a deficiency of the SFI phenomenology (at least that
based on (10)) to describe pairing in HTSC cuprates.
Having in mind the results in [82], the recent theoretical interpretation in [81] of IMNS experiments [83, 84]
and ARPES measurements [85, 86] on the underdoped
YBa2 Cu3 O6.6 in terms of the SFI phenomenology deserve
to be commented. The IMNS experiments [83, 84] give
evidence for the “hourglass” spin excitation spectrum (in
the superconducting state) for the momenta q at, near and
far from Q, which is richer than the common spectrum
with magnetic resonance peaks measured at Q. In [81] the
self-energy of electrons due to their interaction with spin
excitations is calculated by using (10) with gsf2 = (3/2)U 2
and Im χ(q, ω) taken from [83, 84]. However, in order to fit
the ARPES self-energy and low-energy kinks (see discussion
in Section 1.3.3) the authors of [81] use very large value
U = 1.59 eV, that is, much larger than the one used in [82].
Such a large value of U has been obtained earlier within
the Monte Carlo simulation of the Hubbard model [87]. In
our opinion this value for U is unrealistically large in the
case of strongly correlated systems where spin fluctuations
are governed by the eﬀective electron-exchange interaction
JCu–Cu  0.15 eV [88]. This implies that U  1 eV and Tc 
60 K. Note that this value for JCu–Cu (∼0.15 eV) comes out
also from the theory of strongly correlated electrons in the
three-band Emery model which gives JCu–Cu ≈ [4t 4pd /(Δd p +
U pd )2 , (1/Ud )+2/(U p +2Δ)]—for parameters see Section 2.3.
We would like to emphasize here that an additional richness
of the spin-fluctuations spectrum (the hourglass instead of
the spin resonance) does not change the situation with the
smallness of the exchange coupling constant U (and gsf ).
Concerning the problem related to the rearrangement of
the SFI spectral function Im χ(Q, ω) in YB2 Cu3 O6+x [30] we
would like to stress that despite the fact that the latter results
were obtained ten years ago they are not disputed by the new
IMNS measurements [31] on high quality samples of the
same compound (where much longer counting times were
used in order to reduce statistical errors). In fact the results
in [30] are confirmed in [31] where the magnetic intensity
I(q, ω)(∼ Im χ(q, ω)) (for q at and in the broad range of Q)
for the optimally doped YBa2 Cu3 O6.95 (with Tc = 93 K) is at
least three times smaller than in the underdoped YBa2 Cu3 O6.6
with Tc = 60 K. This result is again very indicative sign of
the weakness of SFI since such a huge reconstruction would
decrease Tc in the optimally doped YBa2 Cu3 O6.95 if analyzed
in the framework of the phenomenological SFI theory based
on (10). It also implies that due to the suppression of
Im χ(q, ω) by increasing doping toward the optimal one a
straightforward extrapolation of the theoretical approach
in [81] to the explanation of Tc in the optimally doped
YBa2 Cu3 O6.95 would require an increase of U to the value
even larger than 4 eV, which is highly improbable.

9
(b) Ineﬀectiveness of the Magnetic Resonance Peak. A less
direct argument for smallness of the SFI coupling constant,
exp
exp
that is, gsf ≤ 0.2 eV and gsf  gsf , comes from other
experiments related to the magnetic resonance peak in the
superconducting state, and this will be discussed next. In the
superconducting state of optimally doped YBCO and BSCO,
Im χ(Q, ω) is significantly suppressed at low frequencies
except near the resonance energy ωres ≈ 41 meV where a
pronounced narrow peak appears—the magnetic resonance
peak. We stress that there is no magnetic resonance peak
in some families of HTSC cuprates, for instance, in LSCO,
and consequently one can question the importance of the
resonance peak in the scattering processes. The experiments
tell us that the relative intensity of this peak (compared to
the total one) is small, that is, I0 ∼ (1–5)%—see Figure 3. In
underdoped cuprates this peak is present also in the normal
state as it is seen in Figure 2.
After the discovery of the resonance peak there were
attempts to relate it, first, to the origin of the superconducting condensation energy and, second, to the kink in the
energy dispersion or the peak-dimp structure in the ARPES
spectral function. In order that the condensation energy is
due to the magnetic resonance, it is necessary that the peak
intensity I0 is small [89]. I0 is obtained approximately by
equating the condensation energy Econ ≈ N(0)Δ2 /2 with the
change of the magnetic energy Emag in the superconducting
state, that is, δEmag ≈ 4I0 · Emag :


Emag = J


dω d2 k
3 1 − cos kx − cos k y S(k, ω),
(2π)

(11)

where S(k, ω) = (1/π)[1 + n(ω)] Im χ(k, ω) is the spin
structure factor and n(ω) is the Bose distribution function.
By taking Δ ≈ 2Tc and the realistic value N(0) ∼ 1/(10J) ∼
1 states/eV · spin, one obtains I0 ∼ 10−1 (Tc /J)2 ∼ 10−3 .
However, such a small intensity cannot be responsible for the
anomalies in ARPES and optical spectra since it gives rise to
small coupling constant λsf,res for the interaction of holes with
the resonance peak, that is, λsf,res ≈ (2I0 N(0)gsf2 /ωres )  1.
Such a small coupling does not aﬀect superconductivity at
all. Moreover, by studying the width of the resonance peak
one can extract an order of magnitude of the SFI coupling
constant gsf . Since the magnetic resonance disappears in
the normal state of the optimally doped YBCO, it can be
qualitatively understood by assuming that its broadening
scales with the resonance energy ωres , that is, γres < ωres ,
where the line width is given by γres = 4π(N(0)gsf )2 ωres [89].
This condition limits the SFI coupling to gsf < 0.2 eV. We
stress that in such a way obtained gsf is much smaller (at least
by factor three) than that assumed in the phenomenological
spin-fluctuation theory [12–17, 81] where gsf ∼ 0.6–0.7 eV
and U ≈ 1.6 eV, but much larger than estimated in [89]
(where gsf < 0.02 eV). The smallness of gsf comes out
also from the analysis of the antiferromagnetic state in
underdoped metals of LSCO and YBCO [90], where the
small (ordered) magnetic moment μ(<0.1μB ) points to an
itinerant antiferromagnetism with small coupling constant
gsf < 0.2 eV. The conclusion from this analysis is that in
the optimally doped YBCO the sharp magnetic resonance
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Figure 3: Magnetic spectral function Im χ (−) (k, ω) in the superconducting state of YBa2 Cu3 O6+x at T = 5 K and at Q = (π, π). 100
(−) ≈ 350 μ2 /eV. From
counts in the vertical scale correspond to χmax
B
[30].

is a consequence of the onset of superconductivity and
not its cause. There is also one principal reason against
the pairing due to the magnetic resonance peak at least in
optimally doped cuprates. Since the intensity of the magnetic
resonance near Tc is vanishingly small, though not aﬀecting
pairing at the second-order phase transition at Tc , then, if it
would be solely the origin for superconductivity, the phase
transition at Tc would be first order, contrary to experiments.
Recent ARPES experiments give evidence that the magnetic
resonance cannot be related to the kinks in ARPES spectra
[91, 92]—see the discussion below.
Finally, we would like to point out that the recent
magnetic neutron scattering measurements on optimally

doped large-volume crystals Bi2 Sr2 CaCu2 O8+δ [93], where
the absolute value of Im χ(q, ω) is measured, are questioning also the interpretation of the electronic magnetism
in cuprates in terms of the itinerant magnetism. This
experiment shows a lack of temperature
 dependence of the
local spin susceptibility Im χ(ω) =
q Im χ(q, ω) across
the superconducting transition Tc = 91 K, that is, there is
only a minimal change in Im χ(ω) between 10 K and 100 K.
Note that if the magnetic excitations were due to itinerant
quasiparticles we should have seen dramatic changes of
Im χ(ω) as a function of T over the whole energy range. This
T-independence of Im χ(ω) strongly opposes the theoretical
results in [24–27] which assume that the bosonic spectral
function is proportional to Im χ(ω) and that the former
can be extracted from optic measurements. Namely, the
fitting procedure in [24–27] gives that Im χ(ω) is strongly Tdependent contrary to the experimental results in [93]—see
more in Section 1.3.2 on optical conductivity.
1.3.2. Optical Conductivity and EPI. Optical spectroscopy
gives information on optical conductivity σ(ω) and on twoparticle excitations, from which one can indirectly extract
the transport spectral function α2tr F(ω). Since this method
probes bulk sample (on the skin depth), contrary to ARPES
and tunnelling methods which probe tiny regions (10–15 Å)
near the sample surface, this method is indispensable.
However, one should be careful not to overinterpret the
experimental results since σ(ω) is not a directly measured
quantity but it is derived from the reflectivity R(ω) =


2
|( εii (ω) − 1)/( εii (ω) + 1)| with the transversal dielectric
tensor εii (ω) = εii,∞ + εii,latt + 4πiσii (ω)/ω. Here, εii,∞ is
the high-frequency dielectric function, εii,latt describes the
contribution of the lattice vibrations, and σii (ω) describes
the optical (dynamical) conductivity of conduction carriers.
Since R(ω) is usually measured in the limited-frequency
interval ωmin < ω < ωmax , some physical modelling for
R(ω) is needed in order to guess it outside this range—see
more in reviews in [3–6]. This was the reason for numerous
misinterpretations of optic measurements in cuprates, which
will be uncovered below. An illustrative example for this
claim is large dispersion in the reported value of ωpl —from
0.06 to 25 eV—that is, almost three orders of magnitude.
However, it turns out that IR measurements of R(ω) in
conjunction with elipsometric measurements of εii (ω) at
high frequencies allow more reliable determination of σ(ω)
[94].
(1) Transport and Quasiparticle Relaxation Rates. The
widespread misconception in studying the quasiparticle
scattering in cuprates was an ad hoc assumption that the
transport relaxation rate γtr (ω) is equal to the quasiparticle
relaxation rate γ(ω), in spite of the well-known fact that the
inequality γtr (ω) =
/ γ(ω) holds in a broad-frequency (energy)
region Allen. This (incorrect) assumption was one of the
main arguments against the relevance of the EPI scattering
mechanism in cuprates. Although we have discussed this
problem several times before, we do it again due to the
importance of this subject.
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The dynamical conductivity σ(ω) consists of two parts,
that is, σ(ω) = σ inter (ω) + σ intra (ω) where σ inter (ω) describes
interband transitions which contribute at higher than intraband energies, while σ intra (ω) is due to intraband transitions
which are relevant at low energies ω < (1–2) eV. (Note
that in the IR measurements the frequency is usually given
in cm−1 , where the following conversion holds: 1 cm−1 =
29.98 GHz = 0.123985 meV = 1.44 K.) The experimental
data for σ(ω) = σ1 + iσ2 in cuprates are usually processed
by the generalized (extended) Drude formula [32–36, 95]:
σ(ω) =

ω2p
iω2p
1
,
≡
4π γtr (ω) − iωmtr (ω)/m∞
4π ωtr (ω)

(12)

where m is the mass of the band electrons while the quantity
ωtr (ω) is defined in (19). The expression (12) is a useful
representation for systems with single-band electron-boson
scattering which is justified in HTSC cuprates. However,
this procedure is inadequate for interpreting optical data
in multiband systems such as new high-temperature superconductors Fe-based pnictides since even in absence of the
inelastic intra- and interband scattering the eﬀective optic
relaxation rate may be strongly frequency dependent [96].
(The usefulness of introducing the optic relaxation ωtr (ω)
will be discussed below.) Here, i = a, b enumerates the plane
axis; ω p , γtr (ω, T), and mop (ω) are the electronic plasma
frequency, the transport (optical) scattering rate, and the
optical mass, respectively. Very frequently it is analyzed the
quantity γtr∗ (ω, T) given by [95]
γtr∗ (ω, T) =

m∞
ω Im σ(ω)
γtr (ω, T) =
.
mtr (ω)
Re σ(ω)

(13)

In the weak coupling limit λep < 1, the formula for
conductivity given in Appendix A, equations (A.20) and
(A.21) can be written in the form of (12) where γtr reads [33–
36]
γtr (ω, T) = π

∞
l

0

dν α2tr,l Fl (ν)


ν ω+ν
× 2(1 + 2nB (ν)) − 2 −
nB (ω+ν) (14)

ω



+

ω

ω−ν
nB (ω − ν) .
ω

Here nB (ω) is the Bose distribution function. For completeness we give also the explicit form of the transport mass
mtr (ω), see [3–6, 32–36]:
2
mtr (ω)
=1+
m∞
ω l

∞
0

dν α2tr,l Fl (ν) Re K

ν
ω
,
,
2πT 2πT
(15)

with the Kernel K(x, y) = (i/ y)+ {((y − x)/x)[ψ(1 − ix +iy) −
ψ(1 + iy)]} − { y → − y } where ψ is the di-gamma function.
In the presence of impurity scattering one should add γimp,tr
to γtr . It turns out that (14) holds within a few percents
2
also for large λep (>1). Note that α2tr,l Fl (ν) =
/ αl Fl (ν) and
the index l enumerates all scattering bosons—phonons—spin

fluctuations, and so forth. For comparison, the quasiparticle
scattering rate γ(ω, T) is given by
γ(ω, T) = 2π

∞
0

dν α2 F(ν)

× {2nB (ν) + nF (ν + ω) + nF (ν − ω)} + γimp ,

(16)
where nF is the Fermi distribution function. For completeness we give also the expression for the quasiparticle eﬀective
mass m∗ (ω):
m∗ (ω)
1
=1+
m
ω l

∞
0

dν α2l Fl (ν)



1
1
ω−ν
ω+ν
× Re ψ
−i
+i
−ψ
2
2πT
2
2πT



(17)
.

The term γimp is due to the impurity scattering. By comparing (14) and (16), it is seen that γtr and γ are diﬀerent
quantities, that is, γtr =
/ γ, where the former describes the
relaxation of Bose particles (excited electron-hole pairs) while
the latter one describes the relaxation of Fermi particles. This
diﬀerence persists also at T = 0 K where one has (due to
simplicity we omit in the following summation over l) [32]
γtr (ω) =

2π
ω

ω
0

γ(ω) = 2π

dν(ω − ν)α2tr (ν)F(ν),

ω
0

(18)
dν α (ν)F(ν).
2

In the case of EPI with the constant electronic density of
states, the above equations give that γep (ω) = const for ω >
max
∗
while γep,tr (ω) (as well as γep,tr
) is monotonic growing
ωph
max
max
, where ωph
is the maximal phonon frequency.
for ω > ωph
max
∗
) for ω > ωph
is
So, the growing of γep,tr (ω) (and γep,tr
ubiquitous and natural for the EPI scattering and has nothing
to do with some exotic scattering mechanism. This behavior
is clearly seen by comparing γ(ω, T), γtr (ω, T), and γtr∗ which
are calculated for the EPI spectral function α2ep (ω)Fph (ω)
extracted from tunnelling experiments in YBCO (with
max
∼ 80 meV ) [42–45]—see Figure 4.
ωph
The results shown in Figure 4 clearly demonstrate the
physical diﬀerence between two scattering rates γep and γep,tr
(or γtr∗ ). It is also seen that γtr∗ (ω, T) is even more linear
function of ω than γtr (ω, T). From these calculations one
concludes that the quasilinearity of γtr (ω, T) (and γtr∗ ) is not
in contradiction with the EPI scattering mechanism but it
is in fact a natural consequence of EPI. We stress that such
∗
), shown in Figure 4, is in
behavior of γep and γep,tr (and γep,tr
fact not exceptional for HTSC cuprates but it is generic for
many metallic systems, for instance, 3D metallic oxides, lowtemperature superconductors such as Al, Pb, and so forth—
see more in [3–6] and references therein.
Let us discuss briefly the experimental results for R(ω)
and γtr∗ (ω, T) and compare these with theoretical predictions
obtained by using a single-band model with α2ep (ω)Fph (ω)
extracted from the tunnelling data with the EPI coupling
constant λep  2 [42–45]. In the case of YBCO the
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Figure 4: (a) Scattering rates γ(ω, T), γtr (ω, T), and γtr∗ —from top
to bottom—for the Eliashberg function in (b). From [33–35]. (b)
Eliashberg spectral function α2ep (ω)Fph (ω) obtained from tunnelling
experiments on break junctions [42–45]. Inset shows γtr∗ with (full
line) and without (dashed line) interband transitions [3–5].

agreement between measured and calculated R(ω) is very
good up to energies ω < 6000 cm−1 , which confirms
the importance of EPI in scattering processes. For higher
energies, where a mead-infrared peak appears, it is necessary
to account for interband transitions [3–5]. In optimally
doped Bi2 Sr2 CaCu2 O6 (Bi2212) [97, 98] the experimental
results for γtr∗ (ω, T) are explained theoretically by assuming

that the EPI spectral function α2ep (ω)F(ω) ∼ Fph (ω), where
Fph (ω) is the phononic density of states in BSCO, with
λep = 1.9 and γimp ≈ 320 cm−1 —see Figure 5(a). At the
same time the fit of γtr∗ (ω, T) by the marginal Fermi liquid
phenomenology fails as it is evident in Figure 5(b).
Now we will comment the so called pronounced linear
behavior of γtr (ω, T) (and γtr∗ (ω, T)) which was one of
the main arguments for numerous inadequate conclusions
regarding the scattering and pairing bosons and EPI. We
stress again that the measured quantity is reflectivity R(ω)
and derived ones are σ(ω), γtr (ω, T), and mtr (ω), which are
very sensitive to the value of the dielectric constant ε∞ . This
sensitivity is clearly demonstrated in Figure 6 for Bi-2212
where it is seen that γtr (ω, T) (and γtr∗ (ω, T)) for ε∞ = 1 is
linear up to much higher ω than in the case ε∞ > 1.
However, in some experiments [100–103] the extracted
γtr (ω, T) (and γtr∗ (ω, T)) is linear up to very high ω ≈
1500 cm−1 . This means that the ion background and interband transitions (contained in ε∞ ) are not properly taken
into account since too small ε∞ (1) is assumed. The recent
elipsometric measurements on YBCO [104] give the value
ε∞ ≈ 4–6, which gives much less spectacular linearity in the
relaxation rates γtr (ω, T) (and γtr∗ (ω, T)) than it was the case
immediately after the discovery of HTSC cuprates, where
much smaller ε∞ was assumed.
Furthermore, we would like to comment two points
related to σ, γtr , and γ. First, the parametrization of σ(ω)
with the generalized Drude formula in (12) and its relation to
the transport scattering rate γtr (ω, T) and the transport mass
mtr (ω, T) is useful if we deal with electron-boson scattering
in a single-band problem. In [36, 96] it is shown that σ(ω) of
a two-band model with only elastic impurity scattering can
be represented by the generalized (extended) Drude formula
with ω and T dependence of eﬀective parameters γtreﬀ (ω, T),
meﬀ
tr (ω, T) despite the fact that the inelastic electron-boson
scattering is absent. To this end we stress that the singleband approach is justified for a number of HTSC cuprates
such as LSCO, BSCO, and so forth. Second, at the beginning
we said that γtr (ω, T) and γ(ω, T) are physically diﬀerent
quantities and it holds that γtr (ω, T) =
/ γ(ω, T). In order to
give the physical picture and qualitative explanation for this
diﬀerence we assume that α2tr F(ν) ≈ α2 F(ν). In that case
the renormalized quasiparticle frequency ω(ω) = Z(ω)ω =
ω − Σ(ω) and the transport one ωtr (ω)—defined in (12)—are
related and at T = 0 they are given by [32, 36]
ωtr (ω) =

1
ω

ω
0

dω 2ω(ω ).

(19)

(For the definition of Z(ω) see Appendix A.) It gives the
relation between γtr (ω) and γ(ω) as well as mtr (ω) and
m∗ (ω), respectively:
1
γtr (ω) =
ω
1
ωmtr (ω) =
ω

ω

ω
0

0

dω γ(ω ),
(20)




∗



dω 2ω m (ω ).

The physical meaning of (19) is the following: in optical
measurements one photon with the energy ω is absorbed
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Figure 5: (a) Experimental transport scattering rate γtr∗ (solid lines) for BSCO and the theoretical curve by using (A.20) and transport mass
m∗tr with α2 F(ω) due to EPI which is described in text (dashed lines). (b) Comparison with the marginal Fermi liquid theory—dashed lines.
From [3–5, 99].

the two quasiparticles—electron and hole. At finite T, the
generalization reads [32, 36]

3000

1/τ ∗ (cm−1 )
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ωtr (ω) =

2000

1
ω

∞
0

dω [1 − nF (ω ) − nF (ω − ω )]2ω(ω ). (21)

1500

(2) Inversion of the Optical Data and α2tr (ω)F(ω). In principle, the transport spectral function α2tr (ω)F(ω) can be
extracted from σ(ω) (or γtr (ω)) only at T = 0 K, which
follows from (18) as
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Figure 6: Dependence of γtr∗ (ω, T) on ε∞ in Bi2 Sr2 CaCu2 O8 for
diﬀerent temperatures: ε∞ = 4 (solid lines) and ε∞ = 1 (dashed
lines). On the horizontal axis is ω in units cm−1 . From [99].

and two excited particles (electron and hole) are created
above and below the Fermi surface. If the electron has energy
ω and the hole ω − ω , then they relax as quasiparticles
with the renormalized frequency ω. Since ω takes values
0 < ω < ω, then the optical relaxation ωtr (ω) is the energyaveraged ω(ω) according to (19). The factor 2 is due to

α2tr (ω)F(ω) =


ω2p ∂2 
1
ω
Re
,
8π 2 ∂ω2
σ(ω)

(22)

or equivalently as α2tr (ω)F(ω) = (1/2π)∂2 (ωγtr (ω))/∂ω2 .
However, real measurements are performed at finite T (at
T > Tc which is rather high in HTSC cuprates) and the
inversion procedure is an ill-posed problem since α2tr (ω)F(ω)
is the deconvolution of the inhomogeneous Fredholm
integral equation of the first kind with the temperaturedependent Kernel K2 (ω, ν, T)—see (14). It is known that
an ill-posed mathematical problem is very sensitive to
input since experimental data contain less information than
one needs. This procedure can cause, first, that the fine
structure of α2tr (ω)F(ω) get blurred (most peaks are washed
out) in the extraction procedures and, second, the extracted
α2tr (ω)F(ω) be temperature dependent even when the true
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Figure 7: Experimental (solid lines) and calculated (dashed lines)
data of R(ω) in optimally doped YBCO [105] at T = 100, 200, 300 K
(from top to bottom). Inset: the two (solid and dashed lines)
reconstructed α2tr (ω)F(ω)’s at T = 100 K. The phonon density of
states F(ω)—dotted line in the inset. From [33–35].

Figure 8: Experimental (solid line) and calculated (dashed line)
data of R(ω) in optimally doped BSCO [106] at T = 100 K. Inset:
the reconstructed α2tr (ω)F(ω)—solid line. The phonon density of
states F(ω)—dotted line. From [33–35].

α2tr (ω)F(ω) is T independent. This artificial T dependence
is especially pronounced in HTSC cuprates because Tc (∼
100 K) is very high. In the context of HTSC cuprates, this
problem was first studied in [33–36] where this picture is
confirmed by the following results: (1) the extracted shape of
α2tr (ω)F(ω) in YBa2 Cu3 O7−x as well as in other cuprates is
not unique and it is temperature dependent, that is, at higher
T > Tc the peak structure is smeared and only a single peak
(slightly shifted to higher ω) is present. For instance, the
experimental data of R(ω) in YBCO were reproduced by two
diﬀerent spectral functions α2tr (ω)F(ω), one with single peak
and the other one with three-peak structure as it is shown
in Figure 7, where all spectral functions give almost identical
R(ω). The similar situation is realized in optimally doped
BSCO as it is seen in Figure 8 where again diﬀerent functions
α2 (ω)F(ω) reproduce very well curves for R(ω) and σ(ω).
However, it is important to stress that the obtained width of
the extracted α2tr (ω)F(ω) in both compounds coincide with
the width of the phonon density of states Fph (ω) [33–36, 99].
(2) The upper energy bound for α2tr (ω)F(ω) is extracted in
[33–36] and it coincides approximately with the maximal
max
 80 meV as it is seen
phonon frequency in cuprates ωph
in Figures 7 and 8.
These results demonstrate the importance of EPI in
cuprates [33–36]. We point out that the width of α2tr (ω)F(ω)
which is extracted from the optical measurements [33–
36] coincides with the width of the quasiparticle spectral
function α2 (ω)F(ω) obtained in tunnelling and ARPES
spectra (which we will discuss below), that is, both functions
max
( 80 meV).
are spread over the energy interval 0 < ω < ωph
Since in cuprates this interval coincides with the width in
the phononic density of states F(ω) and since the maxima of

α2 (ω)F(ω) and F(ω) almost coincide, this is further evidence
for the importance of EPI.
To this end, we would like to comment two aspects
which appear from time to time in the literature. First,
in some reports [24–27] it is assumed that α2tr (ω)F(ω)
of cuprates can be extracted also in the superconducting
state by using (22). However, (22) holds exclusively in the
normal state (at T = 0) since σ(ω) can be described
by the generalized (extended) Drude formula in (12) only
in the normal state. Such an approach does not hold in
the superconducting state since the dynamical conductivity
depends not only on the electron-boson scattering but also
on coherence factors and on the momentum and energy
dependent order parameter Δ(k, ω). Second, if R(ω)’s (and
σ(ω)’s ) in cuprates are due to some other bosonic scattering
max
,
which is pronounced up to much higher energies ωc  ωph
this should be seen in the width of the extracted spectral
function α2tr (ω)F(ω). In that respect in [25–27] it is assumed
that SFI dominates in the quasiparticle scattering and that
α2tr (ω)F(ω) ∼ gsf2 Im χ(ω) where Im χ(ω) = d2 kχ(k, ω).
This claim is based on reanalyzing of some IR measurements
[25–27] and the transport spectral function α2tr (ω)F(ω) is
extracted in [25] by using the maximum entropy method in
solving the Fredholm equation. However, in order to exclude
negative values in the extracted α2tr (ω)F(ω), which is an
artefact and due to the chosen method, in [25] it is assumed
that α2tr (ω)F(ω) has a rather large tail at large energies—up
to 400 meV. It turns out that even such an assumption in
extracting α2tr (ω)F(ω) does not reproduce the experimental
curve Im χ(ω) [107] in some important aspects. First, the
relative heights of the two peaks in the extracted spectral
function α2tr (ω)F(ω) at lower temperatures are opposite to
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the experimental curve Im χ(ω) [107]—see [25, Figure 1].
Second, the strong temperature dependence of the extracted
α2tr (ω)F(ω) found in [25–27] is not an intrinsic property
of the spectral function but it is an artefact due to the
high sensitivity of the extraction procedure on temperature.
As it is already explained before, this is due to the illposed problem of solving the Fredholm integral equation
of the first kind with strong T-dependent kernel. Third, the
extracted spectral weight IB (ω) = α2tr (ω)F(ω) in [25] has
much smaller values at larger frequencies (ω > 100 meV)
than it is the case for the measured Im χ(ω), that is, (IB (ω >
100 meV)/IB (ωmax ))  Im χ(ω > 100 meV)/ Im χ(ωmax )—
see [25, Figure 1]. Fourth, the recent magnetic neutron
scattering measurements on optimally doped large-volume
crystals Bi2 Sr2 CaCu2 O8+δ [93] (where the absolute value
of Im χ(q, ω) is measured) are not only questioning the
theoretical interpretation of magnetism in HTSC cuprates in
terms of itinerant magnetism but also opposing the finding
in [25–27]. Namely, this experiment
shows that the local

spin susceptibility Im χ(ω) = q Im χ(q, ω) is temperature
independent across the superconducting transition Tc =
91 K, that is, there is only a minimal change in Im χ(ω)
between 10 K and 100 K. This T-independence of Im χ(ω)
strongly opposes the (above discussed) results in [24–
27], where the fit of optic measurements gives strong T
dependence of Im χ(ω).
Fifth, the transport coupling constant λtr extracted in
[25] is too large, that is, λtr > 3 contrary to the previous
findings that λtr  1.5 [33–36, 99]. Since in HTSC one
has λ > λtr , this would probably give λ ≈ 6, which is not
confirmed by other experiments. Sixth, the interpretation of
α2tr (ω)F(ω) in LSCO and BSCO solely in terms of Im χ(ω) is
in contradiction with the magnetic neutron scattering in the
optimally doped and slightly underdoped YBCO [30]. The
latter was discussed in Section 1.3.1, where it is shown that
Im χ(Q, ω) is small in the normal state and its magnitude
is even below the experimental noise. This means that if
the assumption that α2tr (ω)F(ω) ≈ gsf2 Im χ(ω) were correct
then the contribution to Im χ(ω) from the momenta 0 <
k  Q would be dominant, which is detrimental for d-wave
superconductivity.
Finally, we point out that very similar (to cuprates)
properties, of σ(ω), R(ω) (and ρ(T) and electronic Raman
spectra), were observed in 3D isotropic metallic oxides
La0.5 Sr0.5 CoO3 and Ca0.5 Sr0.5 RuO3 which are nonsuperconducting [108] and in Ba1−x Kx BiO3 which is superconducting
below Tc  30 K at x = 0.4. This means that in all
of these materials the scattering mechanism might be of
similar origin. Since in these compounds there are no
signs of antiferromagnetic fluctuations (which are present in
cuprates), then the EPI scattering plays important role also
in other oxides.
(3) Restricted Optical Sum Rule. The restricted optical sum
rule was studied intensively in HTSC cuprates. It shows
some peculiarities not present in low-temperature superconductors. It turns out that the restricted spectral weight
W(Ωc , T) is strongly temperature dependent in the normal
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and superconducting state, which was interpreted either to
be due to EPI [39, 40] or to some nonphononic mechanisms
[109]. In the following we demonstrate that the temperature
dependence of W(Ωc , T) = W(0) − βT 2 in the normal state
can be explained in a natural way by the T dependence of
ep
the EPI transport relaxation rate γtr (ω, T) [39, 40]. Since
the problem of the restricted sum rule has attracted much
interest, it will be considered here in some details. In fact,
there are two kinds of sum rules related to σ(ω). The first
one is the total sum rule which in the normal state reads
∞
0

dω σ1N (ω) =

2
ωpl
πne2
=
,
8
2m

(23)

while in the superconducting state it is given by the TinkhamFerrell-Glover (TFG) sum rule
∞
0

dω σ1S (ω) =

c2
+
8λ2L

∞
+0

2
ωpl
.
8

dω σ1S (ω) =

(24)

Here, n is the total electron density, e is the electron
charge, m is the bare electron mass, and λL is the London
penetration depth. The first (singular) term c2 /8λ2L in (24)
is due to the superconducting condensate which contributes
S
(ω) = (c2 /4λ2L )δ(ω). The total sum rule represents
σ1,cond
the fundamental property of matter—the conservation of
the electron number. In order to calculate it one should use
the total Hamiltonian H tot = Te + H int where all electrons,
electronic bands, and their interactions H int (Coulomb, EPI,
with impurities, etc.) are accounted for. Here, Te is the kinetic
energy of bare electrons:
Te =



d3 xψσ† (x)

σ

 p2
p
2
†
ψσ (x) =
cpσ
cpσ .
2m
p,σ 2me

(25)

The partial sum rule is related to the energetics solely
in the conduction (valence) band which is described by the
Hamiltonian of the conduction (valence) band electrons:
H v =


p,σ

†
 v,c .
ξp cv,pσ
cv,pσ + V

(26)

H v contains the band energy with the dispersion p (ξp =
p − μ) and the eﬀective Coulomb interaction of the valence
 v,c . In this case the partial sum rule in the normal
electrons V
state reads [110] (for a general form of p )
∞
0

N
(ω) =
dω σ1,v

πe2
2V



v,p
 n
H
p

mp

v

,

(27)



†
where the number operator nv,p =
σ cpσ cpσ ; 1/mp =
2
2
∂ p /∂px is the momentum-dependent reciprocal mass and
V is volume. In practice, the optic measurements are
performed up to finite frequency and the integration over
ω goes up to some cutoﬀ frequency Ωc (of the order of the
band plasma frequency). In this case the restricted sum rule
has the form

W(Ωc , T) =

 Ωc
0

N
(ω)
dωσ1,v


π d
=
K + Π(0) −
2

 Ωc
0

(28)
Im Π(ω)
dω
,
ω
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where K d is the diamagnetic Kernel given by (30) below and
Π(ω) is the paramagnetic (current-current) response function. In the perturbation theory without vertex correction
Π(iωn ) (at the Matsubara frequency ωn = πT(2n + 1)) is
given by [39, 40]
∂p

ωm



(29)

+
where ωnm
= ωn + ωm and G(p, iωn ) = (iωn − ξp −
Σ(p, iωn ))−1 is the electron Green’s function. In the case
when the interband gap Eg is the largest scale in the problem,
that is, when Wb < Ωc < Eg , in this region one has
approximately Im Π(ω) ≈ 0 and the limit Ωc → ∞ in (28)
Ω
is justified. In that case one has Π(0) ≈ 0 c (Im Π(ω)/ω)dω
which gives the approximate formula for W(Ωc , T):

W(Ωc , T) =

 Ωc
0

=e π
2

N
(ω)
dω σ1,v

 ∂2 p

∂p2

p

W(Ωc , T) =

0



c2
+
8λ2L

+0
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Figure 9: Measured spectral weight Ws (Ωc , T)(∼ Al+D in figures)
for Ωc ≈ 1.25 eV in two underdoped Bi2212 (with Tc = 88 K and
Tc = 66 K). From [111].

(31)

S
(ω)
dω σ1,v

πe2 a2
=
−Tv s .
2V

Tc = 88 K

3.64

np ,

N
(ω)
dω σ1,v

 Ωc

4.1

3.66

where Tv Hv = p p nv Hv is the average kinetic energy of
the band electrons, a is the Cu–Cu lattice distance, and V is
the volume of the system. In this approximation W(Ωc , T) is
a direct measure of the average band (kinetic) energy. In the
superconducting state the partial band sum rule reads
Ws (Ωc , T) =

200

4.06

(30)

πe2 a2
≈
−Tv ,
2V

100
T(K)

4.08

π
≈ Kd
2

where np = nv,p is the quasiparticle distribution function
in the interacting system. Note that W(Ωc , T) is cutoﬀ
dependent while K d in (30) does not depend on Ωc . So,
one should be careful not to overinterpret the experimental
results in cuprates by this formula. In that respect the best
way is to calculate W(Ωc , T) by using the exact result in
(28) which apparently depends on Ωc . However, (30) is
useful for appropriately chosen Ωc , since it allows us to
obtain semiquantitative results. In most papers related to the
restricted sum rule in HTSC cuprates it was assumed, due
to simplicity, the tight-binding model with nearest neighbors
(n.n.) with the energy p = −2t(cos px a + cos p y a) which
gives 1/mp = −2ta2 cos px a. It is straightforward to show that
in this case (30) is reduced to a simpler one:
 Ωc

0

4.12

−T −1 dAl+D /dT

p

 

+
G p, iωnm
G p, iωm ,

8−2 Al+D (eV2 )

Π(iω) = 2

4.14

8−2 Al+D (eV2 )



 ∂p 2  

4.16

(32)

In order to introduce the reader to (the complexity of) the
problem of the T dependence of W(Ωc , T), let us consider
the electronic system in the normal state and in absence of
the quasiparticle interaction. In that case one has np = fp ( fp

is the Fermi distribution function) and Wn (Ωc , T) increases
with the decrease of the temperature, that is, Wn (Ωc , T) =
Wn (0) − βb T 2 where βb ∼ 1/Wb . To this end, let us
mention in advance that the experimental value βexp is much
larger than βb , that is, βexp  βb , thus telling us that the
simple Sommerfeld-like smearing of fp by the temperature
eﬀects cannot explain quantitatively the T dependence of
W(Ωc , T). We stress that the smearing of fp by temperature
lowers the spectral weight compared to that at T = 0 K,
that is, Wn (Ωc , T) < Wn (Ωc , 0). In that respect it is not
surprising that there is a lowering of Ws (Ωc , T) in the BCS
superconducting state, WsBCS (Ωc , T  Tc ) < Wn (Ωc , T 
Tc ) since at low temperatures fp is smeared mainly due to the
superconducting
gap, that is, fp = [1 − (ξp /Ep )th(Ep /2T)]/2,

Ep = ξp2 + Δ2 , ξp = p − μ. The maximal decrease of
Ws (Ωc , T) is at T = 0.
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Figure 10: (a) Spectral weight Wn (Ωc , T) of the overdoped Bi2212
for Ωc = 1 eV. Closed symbols—normal state. Open symbols—
superconducting state. (b) Change of the kinetic energy ΔEkin =
Ekin,S − Ekin,N in meV per Cu site versus the charge p per Cu with
respect to the optimal value popt . From [112].

Let us enumerate and discuss the main experimental
results for W(Ωc , T) in HTSC cuprates. (1) In the normal state
(T > Tc ) of most cuprates, one has Wn (Ωc , T) = Wn (0) −
βex T 2 with βexp  βb , that is, Wn (Ωc , T) is increasing by
decreasing T, even at T below T ∗ —the temperature for the
opening of the pseudogap. The increase of Wn (Ωc , T) from
the room temperature down to Tc is no more than 5%. (2)
In the superconducting state (T < Tc ) of some underdoped
and optimally doped Bi-2212 compounds [111, 113, 114]
(and underdoped Bi-2212 films [115]) there is an eﬀective
increase of Ws (Ωc , T) with respect to that in the normal
state, that is, Ws (Ωc , T) > Wn (Ωc , T) for T < Tc . This is a
non-BCS behavior which is shown in Figure 9. Note that in
the tight binding model the eﬀective band (kinetic) energy
Tv is negative ( Tv < 0) and in the standard BCS case
(32) gives that Ws (T < Tc ) decreases due to the increase
of Tv . Therefore the experimental increase of Ws (T <
Tc ) by decreasing T is called the non-BCS behavior. The
latter means a lowering of the kinetic energy Tv which is
frequently interpreted to be due either to strong correlations

or to a Bose-Einstein condensation (BEC) of the preformed
tightly bound Cooper pair-bosons, for instance, bipolarons
[116]. It is known that in the latter case the kinetic energy of
bosons is decreased below the BEC critical temperature Tc .
In [117] it is speculated that the latter case might be realized
in underdoped cuprates.
However, in some optimally doped and in most overdoped cuprates, there is a decrease of Ws (Ωc , T) at T < Tc
(Ws (Ωc , T) < Wn (Ωc , T)) which is the BCS-like behavior
[112] as it is seen in Figure 10.
We stress that the non-BCS behavior of Ws (Ωc , T) for
underdoped (and in some optimally doped) systems was
obtained by assuming that Ωc ≈ (1–1.2) eV. However, in
[104] these results were questioned by claiming that the
conventional BCS-like behavior was observed (Ws (Ωc , T) <
Wn (Ωc , T)) in the optimally doped YBCO and slightly
underdoped Bi-2212 by using larger cutoﬀ energy Ωc =
1.5 eV. This discussion demonstrates how risky is to make
definite conclusions on some fundamental physics based on
the parameter- (such as the cutoﬀ energy Ωc ) dependent
analysis. Although the results obtained in [104] look very
trustfully, it is fair to say that the issue of the reduced spectral
weight in the superconducting state of the underdoped
cuprates is still unsettled and under dispute. In overdoped
Bi-2212 films, the BCS-like behavior Ws (Ωc , T) < Wn (Ωc , T)
was observed, while in LSCO it was found that Ws (Ωc , T) ≈
const, that is, Ws (Ωc , T < Tc ) ≈ Wn (Ωc , Tc ).
The first question is the following. How to explain
the strong temperature dependence of W(Ωc , T) in the
normal state? In [39, 40] W(T) is explained solely in the
framework of the EPI physics where the EPI relaxation
γep (T) plays the main role in the T dependence of W(Ωc , T).
The main theoretical results of [39, 40] are the following:
the calculations of W(T) based on the exact (30) give
that for Ωc  ΩD (the Debye energy) the diﬀerence in
spectral weights of the normal and superconducting states
is small, that is, Wn (Ωc , T) ≈ Ws (Ωc , T) since Wn (Ωc , T) −
Ws (Ωc , T) ∼ Δ2 /Ω2c . (2) In the case of large Ωc the
calculations based on (30) give




2
ωpl
γ(T) π 2 T 2
1−
−
.
W(Ωc , T) ≈
8
Wb
2 Wb2

(33)

In the case when EPI dominates one has γ = γep (T) + γimp
∞
where γep (T) = 0 dz α2 (z)F(z) coth(z/2T). It turns out that
2
for α (ω)F(ω), shown in Figure 4, one obtains (i) γep (T) ∼
T 2 in the temperature interval 100 K < T < 200 K as it is
seen in Figure 11 for the T dependence of W(Ωc , T) [39, 40];
(ii) the second term in (33) is much larger than the last one
(the Sommerfeld-like term). For the EPI coupling constant
λep,tr = 1.5 one obtains rather good agreement between the
theory in [39, 40] and experiments in [104, 111, 113, 114].
At lower temperatures, γep (T) deviates from the T 2 behavior
and this deviation depends on the structure of the spectrum
in α2 (ω)F(ω). It is seen in Figure 11 that, for a softer Einstein
spectrum (with ΩE = 200 K), W(Ωc , T) lies above the curve
with the T 2 asymptotic behavior, while the curve with a
harder phononic spectrum (with ΩE = 400 K) lies below
it. This result means that diﬀerent behavior of W(Ωc , T) in
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the superconducting state of cuprates for diﬀerent doping
might be simply related to diﬀerent contributions of lowand high-frequency phonons. We stress that such a behavior
of W(Ωc , T) was observed in experiments in [104, 111, 113,
114].
To summarize, the above analysis demonstrates that the
theory based on EPI is able to explain in a satisfactory way
the temperature behavior of W(Ωc , T) above and below Tc
in systems at and near the optimal doping.
(4) α2 (ω)F(ω) and the In-Plane Resistivity ρab (T). The
temperature dependence of the in-plane resistivity ρab (T)
in cuprates is a direct consequence of the quasi-2D motion
of quasiparticles and of the inelastic scattering which they
experience. At present, there is no consensus on the origin of
the linear temperature dependence of the in-plane resistivity
ρab (T) in the normal state. Our intention is not to discuss
this problem, but only to demonstrate that the EPI spectral
function α2 (ω)F(ω), which is obtained from tunnelling
experiments in cuprates (see Section 1.3.4), is able to explain
the temperature dependence of ρab (T) in the optimally
doped Y BCO. In the Boltzmann theory ρab (T) is given by
(34)

where
γtr (T) =

π
T

∞
0

dω

ω
α2tr (ω)F(ω).
sinh2 (ω/2T)

(35)

The residual resistivity ρimp is due to the impurity scattering.
Since ρ(T) = 1/σ(ω = 0, T) and having in mind that
the dynamical conductivity σ(ω, T) in Y BCO (at and near
the optimal doping) is satisfactory explained by the EPI
scattering, then it is to expect that ρab (T) is also dominated

a axis

80
40
0

4π
γtr (T),
ω2p

400

0.925

Figure 11: Spectral weight W(Ωc , T) in the normal state for
Einstein phonons with ΩE = 200 K (full triangles) and ΩE = 400 K
(open circles, left axis). Dashed lines show T 2 asymptotic. From
[40].
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Figure 12: (a) Calculated resistivity ρ(T) for the EPI spectral
function α2tr (ω)F(ω) in [118]. (b) Measured resistivity in a(x)and b(y)-crystal direction of YBCO [119] and calculated BlochGrüneisen curve (points) for λep = 1 [120].

by EPI in some temperature region T > Tc . This is indeed
confirmed in the optimally doped Y BCO, where ρimp is chosen
appropriately and the spectral function α2tr (ω)F(ω) is taken
from the tunnelling experiments in [42–45]. The very good
agreement with the experimental results [118] is shown in
Figure 12. We stress that in the case of EPI there is always a
temperature region where γtr (T) ∼ T for T > αΘD , α < 1
depending on the shape of α2tr (ω)F(ω) (for the simple Debye
spectrum α ≈ 0.2). In the linear regime one has ρ(T) 
ρimp + 8π 2 λep,tr (kB T/ω2p ) = ρimp + ρ T.
There is experimental constraint on λtr since λtr ≈
2
0.25ωpl
(eV)ρ (μΩ cm/K). For instance, for ωpl ≈ (2-3) eV
[108] and ρ ≈ 0.6 in the oriented YBCO films and ρ ≈
0.3-0.4 in single crystals of BSCO, one obtains λtr ≈ 0.6–1.4.
In case of YBCO single crystals, there is a pronounced
anisotropy in ρab (T) [119] which gives ρx (T) = 0.6 μΩcm/K
and ρy (T) = 0.25 μΩcm/K. The function λtr (ωpl ) is shown in
Figure 13 where the plasma frequency ωpl can be calculated
∗
) of
by LDA-DFT and also extracted from the width (∼ ωpl
√
∗
the Drude peak at small frequencies, where ωpl = ε∞ ωpl
.
We stress that the rather good agreement of theoretical and
experimental results for ρab (T), in some optimally doped
HTSC cuprates such as YBCO, should not be overinterpreted
in the sense that the above rather simple electron-phonon
approach can explain the resistivity in other HTSC cuprates
and for various doping. For instance, in highly underdoped
systems ρab (T) is very diﬀerent from the behavior in
Figure 12 and the simple Migdal-Eliashberg theory based
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Figure 13: Transport EPI spectral function coupling constant in
YBCO as a function of plasma frequency ω p as derived from the
experimental slope of resistivity ρ (T). λx for ρx (T) = 0.6 μΩcm/K
and λ y for ρy (T) = 0.25 μΩcm/K [119]. Squares are LDA values
[121].

on the EPI spectral function is inadequate. In this case one
should certainly take into account polaronic eﬀects [8–11],
strong correlations, and so forth. The above analysis on the
resistivity in the optimally doped YBCO demonstrates only
that in this case if in (35) one uses the EPI spectral function
α2 (ω)F(ω) obtained from the tunnelling experiments (and
optics) one obtains the correct T dependence of ρa,b (T). This
result is an additional evidence for the importance of EPI.
Concerning the temperature dependence of the resistivity
in other (than YBCO) families of the optimally doped
HTSC cuprates we would like to point out that there is
some evidence that the linear (in T) resistivity is observed
in some of them even at temperatures T < 0.2ΘD [122,
123]. This possibility is argued also theoretically in [124]
where it is shown that in two-dimensional systems with a
broad interval of phonon spectra the quasilinear behavior
of ρab (T) is realized even at T < 0.2ΘD . The quasilinear
behavior of the resistivity at T  0.2ΘD has been observed
in Bi2 (Sr0.97 Pr0.003 )2 CuO6 [125], in LSCO, and in 1-layer
Bi-2201 [122, 123, 126, 127], where in all these systems
the critical temperature is rather small, Tc ≈ 10 K. In
that respect all existing theories based on the electronboson scattering are plagued and having diﬃculties to
explain this low-temperature behavior of ρab (T). To this
point, we would like to emphasize here that some of these
(experimental) observations are contradictory. For example,
the results obtained by the Vedeneev group [127] show
that some samples demonstrate the quasilinear behavior
of the resistivity up to T = 10 K but some others with
approximately the same Tc have the usual Bloch-Grüneisentype behavior characteristic for the EPI scattering. In that
respect it is very unlikely that the linear resistivity up to
T = 10 K can be simply explained in the standard way by
interactions of electrons with some known bosons either by
phonons or spin fluctuations (magnons). The question why
in some cuprates the linear resistivity is observed up to T =
10 K is still a mystery and its explanation is a challenge for all
kinds of the electron-boson scattering, not only for EPI. In
that respect it is interesting to mention that the existence of
the forward scattering peak in EPI (with the width qc  kF ),

which is due to strong correlations, may give rise to the linear
behavior of ρ(T) down to very low temperatures T ∼ ΘD /30
[6, 128, 129]—see more in Section 2.3.4, item (6). We will
argue in Section 1.3.4 that if one interprets the tunnelling
experiments in systems near optimal doping [42–54] in the
framework of the Eliashberg theory one obtains the large EPI
coupling constant λep ≈ 2–3.5 which implies that λtr ∼ (λ/3).
This means that EPI is reduced much more in transport
properties than in the self-energy. We stress that such a large
reduction of λtr cannot be obtained within the LDA-DFT
band-structure calculations, which means that λep and λtr
contain renormalization which do not enter in the LDA-DFT
theory. In Section 2 we will argue that the strong suppression
of λtr may have its origin in strong electronic correlations
[78–80, 130] and in the long-range Madelung energy [3–6].
(5) Femtosecond Time-Resolved Optical Spectroscopy. The
femtosecond time-resolved optical spectroscopy (FTROS)
has been developed in the last couple of years and applied
to HTSC cuprates. In this method a femtosecond (1 fs =
10−15 sec) laser pump excites in materials electron-hole
pairs via interband transitions. These hot carriers release
their energy via electron-electron (with the relaxation time
τee ) and electron-phonon scattering reaching states near
the Fermi energy within 10–100 fs—see [131]. The typical
energy density of the laser pump pulses with the wavelength
λ ≈ 810 nm (ω = 1.5 eV) was around F ∼ 1 μJ/cm2
(the excitation fluence F) which produces approximately
3 × 1010 carriers per pulse (by assuming that each photon
produces ω/Δ carriers, Δ is the superconducting gap).
By measuring photoinduced changes of the reflectivity in
time, that is, ΔR(t)/R0 , one can extract information on the
relaxation dynamics of the low-laying electronic excitations.
Since ΔR(t) relax to equilibrium, the fit with exponential
functions is used as


ΔR(t)
= f (t) Ae−t/τA + Be−t/τB + · · · ,
(36)
R0
where f (t) = H(t)[1 − exp{−t/τee }] (H(t) is the Heavyside
function) describes the finite rise-time. The parameters A, B
depend on the fluence F. This method was used in studying
the superconducting phase of La2−x Srx CuO4 , with x = 0.1
and 0.15 and Tc = 30 K and 38 K, respectively [41]. In that
case one has A =
/ 0 for T < Tc and A = 0 for T > Tc ,
while the signal B was present also at T > Tc . It turns out
that the signal A is related to the quasiparticle recombination
across the superconducting gap Δ(T) and has a relaxation
time of the order τA > 10 ps at T = 4.5 K. At the so
called threshold fluence (FT = 4.2 ± 1.7 μJ/cm2 for x = 0.1
and FT = 5.8 ± 2.3 μJ/cm2 for x = 0.15) the vaporization
(destroying) of the superconducting phase occurs, where
the parameter A saturates. This vaporization process takes
place at the time scala τr ≈ 0.8 ps. The external fluence is
distributed in the sample over the excitation volume which is
proportional to the optical penetration depth λop (≈150 nm
at λ ≈ 810 nm) of the pump. The energy densities stored
in the excitation volume at the vaporization threshold for
x = 0.1 and x = 0.15 are U p = FT /λop = 2.0 ± 0.8 K/Cu and
2.6 ± 1.0 K/Cu, respectively. The important fact is that U p is

20
much larger than the superconducting condensation energy
which is Ucond ≈ 0.12 K/Cu for x = 0.1 and Ucond ≈ 0.3 K/Cu
for x = 0.15, that is, U p  Ucond . This means that the
energy diﬀerence U p − Ucond must be stored elsewhere on the
time scale τr . The only present reservoir which can absorb
the diﬀerence in energy is the bosonic baths of phonons
and spin fluctuations. The energy required to heat the spin
T
reservoir from T = 4.5 K to Tc is Usf = T c Csf (T)dT.
The measured specific heat Csf (T) in La2 CuO4 [41] gives
very small value Usf ≈ 0.01 K. In the case of the phonon
T
reservoir one obtains Uph = T c Cph (T)dT = 9 K/Cu for
x = 0.1 and 28 K/Cu for x = 0.15, where Cph is the phonon
specific heat. Since Usf  U p − Ucond , the spin reservoir
cannot absorb the rest energy U p − Ucond . The situation
is opposite with phonons since Uph  U p − Ucond and
phonon can absorb the rest energy in the excitation volume.
The complete vaporization dynamics can be described in the
framework of the Rothwarf-Taylor model which describes
approaching of electrons and phonons to quasiequilibrium
on the time scale of 1 ps [132]. We will not go into details
but only summarize by quoting the conclusion in [132]
that only phonon-mediated vaporization is consistent with
the experiments, thus ruling out spin-mediated quasiparticle
recombination and pairing in HTSC cuprates. The FTROS
method tells us that at least for nonequilibrium processes EPI
is more important than SFI. It gives also some opportunities
for obtaining the strength of EPI but at present there is no
reliable analysis.
In conclusion, optics and resistivity measurements in the
normal state of cuprates give evidence that EPI is important
while the spin-fluctuation scattering is weaker than it is
believed. However, some important questions related to the
transport properties remain to be answered. (i) What are
the values of λtr and ωpl ? (ii) What is the reason that
λtr  λ is realized in cuprates? (iii) What is the role of
the Coulomb scattering in σ(ω) and ρ(T)? Later on we will
argue that ARPES measurements in cuprates give evidence
for an appreciable contribution of the Coulomb scattering at
ph
higher frequencies, where γ(ω) ≈ γ0 + λc ω for ω > ωmax with
λc ∼ 1. One should stress that despite the fact that EPI is
suppressed in transport properties it is suﬃciently strong in
the quasiparticle self-energy, as it comes out from tunnelling
measurements discussed below.
1.3.3. ARPES and the EPI Self-Energy. The angle-resolved
photoemission spectroscopy (ARPES) is nowadays one of
leading spectroscopy methods in the solid-state physics
[22, 23]. In some favorable conditions it provides direct
information on the one-electron removal spectrum in a
complex many-body system. The method involves shining
light (photons) with energies between Ei = 5–1000 eV on
samples and by detecting momentum (k)- and energy(ω)distribution of the outgoing electrons. The resolution of
ARPES has been significantly increased in the last decade
with the energy resolution of ΔE ≈ 1-2 meV (for photon energies ∼20 eV) and angular resolution of Δθ 
0.2◦ . On the other side the ARPES method is surfacesensitive technique, since the average escape depth (lesc )
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of the outgoing electrons is of the order of lesc ∼ 10 Å,
depending on the energy of incoming photons. Therefore,
very good surfaces are needed in order that the results be
representative for bulk samples. The most reliable studies
were done on the bilayer Bi2 Sr2 CaCu2 O8 (Bi2212) and its
single-layer counterpart Bi2 Sr2 CuO6 (Bi2201), since these
materials contain weakly coupled BiO planes with the longest
interplane separation in the cuprates. This results in a
natural cleavage plane making these materials superior to
others in ARPES experiments. After a drastic improvement
of sample quality in other families of HTSC materials,
the ARPES technique has became an important method in
theoretical considerations. The ARPES can indirectly give
information on the momentum and energy dependence of
the pairing potential. Furthermore, the electronic spectrum
of the (abovementioned) cuprates is highly quasi-2D which
allows rather unambiguous determination of the initial
state momentum from the measured final state momentum,
since the component parallel to the surface is conserved in
photoemission. In this case, the ARPES probes (under some
favorable conditions) directly the single-particle spectral
function A(k, ω). In the following we discuss mainly those
ARPES experiments which give evidence for the importance
of the EPI in cuprates—see more in [22, 23].
ARPES measures a nonlinear response function of the
electron system and it is usually analyzed in the so-called
three-step model, where the total photoemission intensity
Itot (k, ω) ≈ I1 · I2 · I3 is the product of three independent
terms: (1) I1 that describes optical excitation of the electron
in the bulk, (2) I2 that describes the scattering probability of the travelling electrons, and (3) I3 that describes
the transmission probability through the surface potential
barrier. The central quantity in the three-step model is
I1 (k, ω) and it turns out that for k = k it can be written
in the form I1 (k, ω)  I0 (k, υ) f (ω)A(k, ω) [22, 23] with
I0 (k, υ) ∼ | ψ f |pA|ψi |2 and the quasiparticle spectral
function A(k, ω) = − Im G(k, ω)/π:
A(k, ω) = −

Im Σ(k, ω)
1
.
π [ω − ξ(k) − Re Σ(k, ω)]2 + Im Σ2 (k, ω)
(37)

Here, ψ f |p · A|ψi is the dipole matrix element which
depends on k, polarization, and energy Ei of the incoming
photons. The knowledge of the matrix element is of a great
importance and its calculation from first principles was done
in [133]. f (ω) is the Fermi function; G and Σ = Re Σ +
i Im Σ are the quasiparticle Green’s function and the selfenergy, respectively. We summarize and comment here some
important ARPES results which were obtained in the last
several years and which confirm the existence of the Fermi
surface and importance of EPI in the quasiparticle scattering
[22, 23].
ARPES in the Normal State. (N1) There is well-defined
Fermi surface in the metallic state of optimally and near
optimally doped cuprates with the topology predicted by
the LDA-DFT. However, the bands are narrower than
LDA-DFT predicts which points to a strong quasiparticle
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renormalization. (N2) The spectral lines are broad with
|ImΣ(k, ω)| ∼ ω (or ∼ T for T > ω) which tells us that the
quasiparticle liquid is a noncanonical Fermi liquid for larger
values of T, ω. (N3) There is a bilayer band splitting in Bi2212
(at least in the overdoped state), which is also predicted by
LDA-DFT. In the case when the coherent hopping t ⊥ between
two layers in the bilayer dominates, then the antibonding and
bonding bands ξka,b = ξk ± tk⊥ with tk⊥ = [t ⊥ (cos2 kx − cos2 k y )+
· · · ] have been observed. It is worth to mention that the
previous experiments did not show this splitting which was
one of the reasons for various speculations on some exotic
electronic scattering and non-Fermi liquid scenarios. (N4) In
the underdoped cuprates and at temperatures Tc < T < T ∗
there is a d-wave-like pseudogap Δ pg (k) ∼ Δ pg,0 (cos kx −
cos k y ) in the quasiparticle spectrum where Δ pg,0 increases by
lowering doping. We stress that the pseudogap phenomenon
is not well understood at present and since we are interested
in systems near optimal doping where the pseudogap
phenomena are absent or much less pronounced we will
not discuss this problem here. Its origin can be due to a
precursor superconductivity or due to a competing order,
such as spin- or charge-density wave, strong correlations,
and so forth. (N5) The ARPES self-energy gives evidence
that EPI interaction is rather strong. The arguments for
the latter statement are the following: (i) at T > Tc there
are kinks in the quasiparticle dispersion ω(ξk ) in the nodal
direction (along the (0, 0) − (π, π) line) at the characteristic
(70)
∼ (60–70) meV [91], see Figure 14
phonon energy ωph
(top), and near the antinodal point (π, 0) at 40 meV [134]—
see Figure 14 (bottom).
(ii) The kink structure is observed in a variety of the
hole-doped cuprates such as LSCO, Bi2212, Bi2201, Tl2201
(Tl2 Ba2 CuO6 ), Na–CCOC (Ca2−x Nax CuO2 Cl2 ). These kinks
exist also above Tc , which excludes the scenario with the
magnetic resonance peak in Im χs (Q, ω). Moreover, since the
tunnelling and magnetic neutron scattering measurements
give small SFI coupling constant gsf < 0.2 eV, then the
kinks are not due to SFI. (iii) The position of the nodal
kink is practically doping independent which points towards
phonons as the scattering and pairing boson. (N6) The
quasiparticles (holes) at and near the nodal-point kN couple
practically to a rather broad spectrum of phonons since at
least three groups of phonons were extracted in the bosonic
spectral function α2 F(kN , ω) from the ARPES eﬀective selfenergy in La2−x Srx CuO4 [135]—Figure 15.
The latter result is in a qualitative agreement with numerous tunnelling measurements [42–54] which apparently
demonstrate that the very broad spectrum of phonons couples with holes without preferring any particular phonons—
see discussion below. (N7) Recent ARPES measurements
in Bi2212 [92] show very diﬀerent slope dω/dξk of the
quasiparticle energy ω(ξk ) at small |ξk |  ωph and at large
energies |ξk |  ωph —see Figure 16. The theoretical analysis
[137] of these results gives the total coupling constant λZ =
λZep + λZc ≈ 3, and for the EPI coupling λZep ≈ 2, while the
Coulomb coupling (SFI is a part of it) is λZc ≈ 1 [137]—
see Figure 16. (Note that the upper index Z in the coupling
constants means the quasiparticle renormalization in the
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normal part of the self-energy.) To this end let us mention
some confusion which is related to the value of the EPI
coupling constant extracted from ARPES. Namely, [22, 23,
138, 139] the EPI self-energy was obtained by subtracting
the high-energy slope of the quasiparticle spectrum ω(ξk ) at
ω ∼ 0.3 eV. The latter is apparently due to the Coulomb
interaction. Although the position of the low-energy kink
max
 ωc ), this
is not aﬀected by this procedure (if ωph
subtraction procedure gives in fact an eﬀective EPI selfep
energy Σeﬀ (k, ω) and the eﬀective coupling constant λZep,eﬀ (k)
only. We demonstrate below that the λZep,eﬀ (k) is smaller
than the real EPI coupling constant λZep (k). The total selfenergy is Σ(k, ω) = Σep (k, ω) + Σc (k, ω) where Σc is the
contribution due to the Coulomb interaction. At very low
energies ω  ωc one has usually Σc (k, ω) = −λZc (k)ω,
where ωc (∼1 eV) is the characteristic Coulomb energies and
λZc is the Coulomb coupling constant. The quasiparticle
spectrum ω(k) is determined from the condition ω − ξ(k) −
Re[Σep (k, ω) + Σc (k, ω)] = 0 where ξ(k) is the bare bandmax
 ωc it can be
structure energy. At low energies ω < ωph
rewritten in the form
ep

ω − ξ ren (k) − Re Σeﬀ (k, ω) = 0,

(38)

with ξ ren (k) = [1 + λZc (k)]−1 ξ(k),
ep

ep

Re Σeﬀ (k, ω) =

Re Σeﬀ (k, ω)
.
1 + λZc (k)

(39)

max
Since at very low energies ω  ωph
one has Re Σep (k, ω) =
ep
−λZep (k)ω and Re Σeﬀ (k, ω) = −λZep,eﬀ (k)ω, then the real
coupling constant is related to the eﬀective one by





λZep (k) = 1 + λZc (k) λZep,eﬀ (k).

(40)

As a result one has λZep (k) > λZep,eﬀ (k). At higher energies
max
< ω < ωc , where the EPI eﬀects are suppressed and
ωph
Σep (k, ω) stops growing, one has Re Σ(k, ω) ≈ Re Σep (k, ω) −
λZc (k)ω. The measured Re Σexp (k, ω) at T = 10 K near and
slightly away from the nodal point in the optimally doped Bi2212 with Tc = 91 K [136] is shown in Figure 16.
It is seen that Re Σexp (k, ω) has two kinks—the first one
high
at low energy ω1 ≈ ωph ≈ 50–70 meV which is (as
we already argued) most probably of the phononic origin
[22, 23, 138, 139], while the second kink at higher energy
ω2 ≈ ωc ≈ 350 meV which is due to the Coulomb
interaction. However, the important results in [136] are that
high
the slopes of Re Σexp (k, ω) at low (ω < ωph ) and high
high

energies (ωph < ω < ωc ) are very diﬀerent. The lowenergy and high-energy slope near the nodal point are shown
in Figure 16 schematically (thin lines). From Figure 16 it is
high
obvious that EPI prevails at low energies ω < ωph . More
high

precisely digitalization of Re Σexp (k, ω) in the interval ωph <
ω < 0.4 eV gives the Coulomb coupling λZc ≈ 1.1 while
high
low
< ω < ωph ≈
the same procedure at 20 meV ≈ ωph
50–70 meV gives the total coupling constant (λ2 ≡)λZ =
λZep +λZc ≈ 3.2 and the EPI coupling constant λZep (≡ λZep,high ) ≈
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Figure 14: (top) Quasiparticle dispersion of Bi2212, Bi2201, and LSCO along the nodal direction, plotted versus the momentum k for (a)–(c)
diﬀerent doping, and (d)-(e) diﬀerent T; black arrows indicate the kink energy; the red arrow indicates the energy of the q = (π, 0) oxygen
stretching phonon mode; inset of (e) shows T-dependent Σ for optimally doped Bi2212; (f) shows doping dependence of the eﬀective
coupling constant λ along (0, 0) − (π, π) for the diﬀerent HTSC oxides. From [91]. (bottom) Quasiparticle dispersion E(k) in the normal
state (a1, b1, c), at 107 K and 115 K, along various directions φ around the antinodal point. The kink at E = 40 meV is shown by the
horizontal arrow. (a2 and b2) are E(k) in the superconducting state at 10 K with the shifted kink to 70 meV. (d) kink positions as a function
of φ in the antinodal region. From [134].
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Figure 15: (a) Eﬀective real self-energy for the nonsuperconducting La2−x Srx CuO4 , x = 0.03. Extracted α2eﬀ (ω)F(ω) is in the inset. (b) Top:
the total MDC width—open circles. Bottom: the EPI contribution shows saturation, impurity contribution—dotted black line. The residual
part is growing ∼ ω1.3 . From [135].

2.1 > 2λZep,eﬀ (k), that is, the EPI coupling is at least twice
larger than the eﬀective EPI coupling constant obtained in
the previous analysis of ARPES results [22, 23, 138, 139].
This estimation tells us that at (and near) the nodal point,
the EPI interaction dominates in the quasiparticle scattering
at low energies since λZep (≈ 2.1) ≈ 2λcz > 2λZsf , while at
large energies (compared to ωph ) the Coulomb interaction
with λZc ≈ 1.1 dominates. We point out that EPI near the
antinodal point can be even larger than in the nodal point,
mostly due to the higher density of states near the antinodal
point. (N8) Recent ARPES spectra in the optimally doped
Bi2212 near the nodal and antinodal point [139] show a
low-energy isotope eﬀect in Re Σexp (k, ω), which can be well
described in the framework of the Migdal-Eliashberg theory
for EPI [140]. At higher energies ω > ωph obtained in [139]
very pronounced isotope eﬀect cannot be explained by the
simple Migdal-Eliashberg theory [140]. However, there are
controversies with the strength of the high-energy isotope
eﬀect since it was not confirmed in other measurements
[141, 142]—see the discussion in Section 1.3.6(2) related
to the isotope eﬀects in HTSC cuprates. (N9) The ARPES
experiments in Ca2 CuO2 Cl2 give strong evidence for the
formation of small polarons in undoped cuprates which are
due to phonons and strong EPI, while in the doped systems

quasiparticles are formed and there are no small polarons
[143]. Namely, in [143] a broad peak around −0.8 eV is
observed at the top of the band (k = (π/2, π/2)) with the
dispersion similar to that predicted by the t-J model—see
Figure 17.
However, the peak in Figure 17(a) is of Gaussian shape
and can be described only by coupling to bosons, that is,
this peak is a boson side band—see more in [10, 11] and
references therein. The theory based on the t-J model (in
the antiferromagnetic state of the undoped compound) by
including coupling to several (half-breathing, apical oxygen,
low-lying) phonons, which is given in [144–146], explains
successfully this broad peak of the boson side band by the
formation of small polarons due to the EPI coupling (λep ≈
1.2). Note that this value of λep is for the polaron at the
bottom of the band while in the case where the Fermi surface
exists (in doped systems) this coupling is even larger due to
the larger density of states at the Fermi surface [144–146].
In [144–146] it was stressed that even when the electronmagnon interaction is stronger than EPI the polarons in
the undoped systems are formed due to EPI. The latter
mechanism involves excitation of many phonons at the
lattice site (where the hole is seating), while it is possible
to excite only one magnon at the given site. (N10) Recent
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Figure 16: Figure 4b from [136]: Re Σ(ω) measured in Bi2212 (thin
line) and model Re Σ(ω) (bold line) obtained in [136]. The three
thin lines (λ1 , λ2 , λ3 ) are the slopes of Re Σ(ω) in diﬀerent energy
regions—see the text.

soft X-ray ARPES measurements on the electron-doped
HTSC Nd1.85 Ce0.15 CuO4 [147], and Sm(2−x) Cex CuO4 (x =
0.1, 0.15, 0.18), Nd1.85 Ce0.15 CuO4 , and Eu1.85 Ce0.15 CuO4
[148] show kink at energies 50–70 meV in the quasiparticle
dispersion relation along both the nodal and antinodal,
directions as it is shown in Figure 18.
It is seen from this figure that the eﬀective EPI coupling
constant λep,eﬀ (< λep ) is isotropic and λep,eﬀ ≈ 0.8–1. It seems
that the kink in the electron-doped cuprates is due solely to
EPI and in that respect the situation is similar to the one in
the hole-doped cuprates.
ARPES Results in the Superconducting State. (S1) There is an
anisotropic superconducting gap in most HTSC compounds
[22, 23], which is predominately d-wave like, that is, Δ(k) ≈
Δ0 (cos kx − cos k y ) with 2Δ0 /Tc ≈ 5-6 in the optimally
doped systems. (S2) The particle-hole coherence in the
superconducting state which is expected for the BCS-like
theory of superconductivity has been observed first in [149]
and confirmed with better resolution in [150], where the
particle-hole mixing is clearly seen in the electron and hole
quasiparticle dispersion. To remind the reader, the excited
Bogoliubov-Valatin quasiparticles (αk,± ) with energies Ekα± =

ξk2 + |Δk |2 are a mixture of electron (ck,σ ) and hole (c−† k,−σ ),
that is, αk,+ = uk ck↑ + vk c−† k↓ , αk,− = uk c−k↓ + vk ck†↑ where
the coherence factors uk , vk are given by |uk |2 = 1 − |vk |2 =
(1 + ξk /Ek )/2. Note that |uk |2 + |vk |2 = 1, which is exactly
observed, together with d-wave pairing Δ(k) = Δ0 (cos kx −
cos k y ), in experiments in [150]. This is very important
result since it proves that the pairing in HTSC cuprates is of
the BCS type and not exotic one as it was speculated long
time after the discovery of HTSC cuprates. (S3) The kink at
(60–70) meV in the quasiparticle energy around the nodal
point is not shifted (in energy) while the antinodal kink at
(40)
∼ 40 meV is shifted (in energy) in the superconducting
ωph

(40)
(40)
→ ωph + Δ0 =
state by Δ0 (= (25–30) meV), that is, ωph
(65–70) meV [22, 23]. To remind the reader, in the standard
Eliashberg theory the kink in the normal state at ω = ωph
should be shifted in the superconducting state to ωph + Δ0
at all k-points at the Fermi surface. This puzzling result
(that the quasiparticle energy around the nodal point is not
shifted in the superconducting state) might be a smoking
gun result since it makes an additional constraint on the
quasiparticle interaction in cuprates. Until now there is only
one plausible explanation [151] of this nonshift puzzle which
is based on an assumption of the forward scattering peak
(FSP) in EPI—see more in Section 2. The FSP in EPI means
that electrons scatter into a narrow region (q < qc  kF )
around the initial point in the k-space, so that at the most
part of the Fermi surface there is practically no mixing of
states with diﬀerent signs of the order parameter Δ(k). In
that case the EPI bosonic spectral function (which is defined
in Appendix A) α2 F(k, k , Ω) ≈ α2 F(ϕ, ϕ , Ω) (ϕ is the angle
on the Fermi surface) has a pronounced forward scattering
peak (at δϕ = ϕ − ϕ = 0) due to strong correlations—
see Section 2. Its width δϕc is narrow, that is, δϕc  2π
and the angle integration goes over the region δϕc around
the point ϕ. In that case the kink is shifted (approximately)
by the local gap Δ(ϕ) = Δmax cos 2ϕ—for more details see
[151]. As a consequence, the antinodal kink is shifted by the
maximal gap, that is, |Δ(ϕAN ≈ π/2)| = Δmax while the
nodal gap is practically unshifted since |Δ(ϕAN ≈ π/4)| ≈ 0.
(S4) The recent ARPES spectra [152] in the undoped single
crystalline 4-layered cuprate with the apical fluorine (F),
Ba2 Ca3 Cu4 O8 F2 (F0234) give rather convincing evidence
against the SFI mechanism of pairing—see Figure 19.
First, F0234 is not a Mott insulator—as expected from
valence charge counting which puts Cu valence as 2+ , but it
is a superconductor with Tc = 60 K. Moreover, the ARPES
data [152] reveal at least two metallic Fermi-surface sheets
with corresponding volumes equally below and above halffilling—see Figure 20.
Second, one of the Fermi surfaces is due to the electronlike (N) band (with 20 ± 6% electron-doping) and the
other one due to the hole-like (P) band (with 20 ± 8%
hole-doping) and their splitting along the nodal direction
is significant and cannot be explained by the LDA-DFT
calculations [153]. This electron and hole self-doping of
inner and outer layers is in an appreciable contrast to
other multilayered cuprates where there is only hole selfdoping. For instance, in HgBa2 Can Cun+1 O2n+2 (n = 2, 3)
and (Cu, C)Ba2 Can Cun+1 O3n+2 (n = 2, 3, 4), the inner CuO2
layers are less hole-doped than outer layers. It turns out,
unexpectedly, that the superconducting gap on the N-band
Fermi surface is significantly larger than on the P-one, where
in Ba2 Ca3 Cu4 O8 F2 the ratio is anomalous (ΔN /ΔP ) ≈
2 and ΔN is an order of magnitude larger than in the
electron-doped cuprate Nd2−x Cex CuO4 . Third, the N-band
Fermi surface is rather far from the antinodal point at
(π, 0). This is very important result which means that the
antiferromagnetic spin fluctuations with the AF wave-vector
Q = (π, π), as well as the van Hove singularity, are not
dominant in the pairing in the N-band. To remind the reader,
the SFI scenario assumes that the pairing is due to spin
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Figure 17: (a) The ARPES spectrum of undoped Ca2 CuO2 Cl2 at k = (π/2, π/2). Gaussian shape—solid line, Lorentzian shape—dashed line.
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potentials for a large number of samples. From [143].

fluctuations with the wave-vector Q (and near it) which
connects two antinodal points which are near the van Hove
singularity at the hole-surface (at (π, 0) and (0, π)) giving
rise to large density of states. This is apparently not the case
for the N-band Fermi surface—see Figure 20. The ARPES
data give further that there is a kink at ∼85 meV in the
quasiparticle dispersion of both bands, while the kink in
the N-band is stronger than that in the P-band. This result,
together with the anomalous ratio (ΔN /ΔP ) ≈ 2, disfavors
SFI as a pairing mechanism. (S5) Despite the presence of
significant elastic quasiparticle scattering in a number of
samples of optimally doped Bi-2212, there are dramatic
sharpenings of the spectral function near the antinodal point
(π, 0) at T < Tc (in the superconducting state) [154].
This eﬀect can be explained by assuming that the small qscattering (the forward scattering peak) dominates in the
elastic impurity scattering as it is pointed in [78–80, 130,
155, 156]. As a result, one finds that the impurity scattering
rate in the superconducting state is almost zero, that is,
γimp (k, ω) = γn (k, ω) + γa (k, ω) ≈ 0 for |ω| < Δ0 for any
kind of pairing (s-, p-, d-wave, etc.) since the normal (γn )
and the anomalous (γa ) scattering rates compensate each
other. This collapse of the elastic scattering rate is elaborated
in details in [154] and it is a consequence of the Andersonlike theorem for unconventional superconductors which is
due to the dominance of the small q-scattering [78–80, 130,
155, 156]. In such a case d-wave pairing is weakly unaﬀected
by nonmagnetic impurities and as a consequence there is

small reduction in Tc [156, 157]. The physics behind this
result is rather simple. The small q-scattering (usually called
forward scattering) means that electrons scatter into a small
region in the k-space, so that at the most part of the Fermi
surface there is no mixing of states with diﬀerent signs of the
order parameter Δ(k). In such a way the detrimental eﬀect
of nonmagnetic impurities on d-wave pairing is significantly
reduced. This result points to the importance of strong
correlations in the renormalization of the nonmagnetic
impurity scattering too—see discussion in Section 2.
In conclusion, in order to explain the ARPES results
in cuprates it is necessary to take into account (1) the
electron-phonon interaction (EPI) since it dominates in the
quasiparticle scattering in the energy region important for
pairing, (2) the elastic nonmagnetic impurities with the
forward scattering peak (FSP) due to strong correlations,
and (3) the Coulomb interaction which dominates at higher
energies ω > ωph . In this respect, the presence of ARPES
kinks and the knee-like shape of the T dependence of the
spectral width are important constraints on the scattering
and pairing mechanism in HTSC cuprates.
1.3.4. Tunnelling Spectroscopy and Spectral Function α2 F(ω).
By measuring current-voltage I-V characteristics in NIS
(normal metal-insulator-superconductor) tunnelling junctions with large tunnelling barrier one obtains from tunnelling conductance GNS (V ) = dI/dV the so called
tunnelling density of states in superconductors NT (ω).
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Moreover, by measuring of GNS (V ) at voltages eV > Δ
it is possible to determine the Eliashberg spectral function
α2 F(ω) and finally to confirm the phonon mechanism of
pairing in LTSC materials. Four tunnelling techniques were
used in the study of HTSC cuprates: (1) vacuum tunnelling by using the STM technique—scanning tunnelling
microscope; (2) point-contact tunnelling; (3) break-junction
tunnelling; (4) planar-junction tunnelling. Each of these

techniques has some advantages although in principle the
most potential one is the STM technique since it measures
superconducting properties locally [158]. Since tunnelling
measurements probe a surface region on the scale of the
superconducting coherence length ξ0 , then this kind of
measurements in HTSC materials with small coherence
length ξ0 (ξab ∼ 20 Å in the a − b plane and ξc ∼ 1–3 Å
along the c-axis) depends strongly on the surface quality
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and sample preparation. Nowadays, many of the material
problems in HTSC cuprates are understood and as a result
consistent picture of tunnelling features is starting to emerge.
From tunnelling experiments one obtains the (energydependent) gap function Δ(ω) in the superconducting state.
Since we have already discussed this problem in [6], we will
only briefly mention some important result. For instance,
in most systems GNS (V ) has V -shape in all families of
HTSC hole- and electron-doped cuprates. The V -shape is
characteristic for d-wave pairing with gapless spectrum,
which is also confirmed in the interference experiments on
hole- and electron-doped cuprates [75]. Some experiments
give a U-shape of GNS (V ) which resembles s-wave pairing.
This controversy is explained to be the property of the
tunnelling matrix element which filters out states with the
maximal gap.
Here we are interested in the bosonic spectral function
α2 F(ω) of HTSC cuprates near optimal doping which can
be extracted by using tunnelling spectroscopy. We inform
the reader in advance that the shape and the energy width
of α2 F(ω), which are extracted from the second derivative
d2 I/dV 2 at voltages above the superconducting gap, in most
HTSC cuprates resemble the phonon density of states Fph (ω).

This result is strong evidence for the importance of EPI in
the pairing potential of HTSC cuprates. For instance, plenty
of break junctions made from Bi2212 single crystals [42–
45] show that the peaks (and shoulders) in −d2 I/dV 2 (or
dips-negative peaks in d2 I/dV 2 ) coincide with the peaks (and
shoulders) in the phonon density of states Fph (ω) measured
by neutron scattering—see Figure 21.
The tunnelling spectra in Bi-2212 break junctions [42–
45], which are shown in Figure 21 indicates that the spectral
function α2 F(ω) is independent of magnetic field, which is
in contradiction with the theoretical prediction based on
the SFI pairing mechanism where this function should be
sensitive to magnetic field. The reported broadening of the
peaks in α2 F(ω) is partly due to the gapless spectrum of dwave pairing in HTSC cuprates. Additionally, the tunnelling
density of states NT (ω) at very low T and for ω > Δ shows
a pronounced gap structure. It was found that 2Δ/Tc =
6.2–6.5, where Tc = 74–85 K and Δ is some average value of
the gap. In order to obtain α2 F(ω) the inverse procedure was
used by assuming s-wave superconductivity and the eﬀective
Coulomb parameter μ∗ ≈ 0.1 [42–45]. The obtained α2 F(ω)
gives large EPI coupling constant λep ≈ 2.3. Although this
analysis [42–45] was done in terms of s-wave pairing, it
mimics qualitatively the case of d-wave pairing, since one
expects that d-wave pairing does not change significantly the
global structure of d2 I/dV 2 at eV > Δ albeit introducing a
broadening in it—see the physical meaning in Appendix A.
We point out that the results obtained in [42–45] were
reproducible on more than 30 junctions. In that respect very
important results on slightly overdoped Bi2212–GaAs and
on Bi2212–Au planar tunnelling junctions are obtained in
[46, 47]—see Figure 22.
These results show very similar features to those obtained
in [42–45] on break junctions. It is worth mentioning
that several groups [48–52] have obtained similar results
for the shape of the spectral function α2 F(ω) from the
I-V measurements on various HTSC cuprates—see the
comparison in Figure 23. These facts leave no much doubts
about the importance of the EPI in pairing mechanism of
HTSC cuprates.
In that respect, the tunnelling measurements on slightly
overdoped Bi2 Sr2 CaCu2 O8 [46, 47, 53, 54] give impressive
results. The Eliashberg spectral function α2 F(ω) of this
compound was extracted from the measurements of d2 I/dV 2
and by solving the inverse problem—see Appendix A. The
extracted α2 F(ω) has several peaks in broad energy region
up to 80 meV as it is seen in Figures 22 and 23, which
coincide rather well with the peaks in the phonon density
of states Fph (ω)—more precisely the generalized phonon
density of states GPDS(ω) defined in Appendix A. In [53, 54]
numerous peaks, from P1–P13, in α2 F(ω) are discerned as
shown in Figure 24, which correspond to various groups
of phonon modes—laying in (and around) these peaks.
Moreover, in [46, 47, 53, 54] the coupling constants for these
modes are extracted as well as their contribution (ΔTc ) to Tc
as it is seen in Table 1. Note that due to the nonlinearity of the
problem the sum of (ΔTc )i , i = 1, 2, . . . , 13, due to various
modes is not equal to Tc .
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The next remarkable result is that the extracted EPI coupling
constant is very large, that is, λep (= 2 dω α2 F(ω)/ω) =

λ
i i ≈ 3.5—see Table 1. It is obvious from Figure 24 and
Table 1 that almost all phonon modes contribute to λep and
Tc , which means that on the average each particular phonon
mode is not too strongly coupled to electrons since λi <
1.3, i = 1, 2, . . . , 13, thus keeping the lattice stable.
Let us discuss the content of Table 1 in more details
where it is shown the strength of the EPI coupling and
the relative contribution of diﬀerent phononic modes to
Tc . In Table 1 it is seen that lower-frequency modes from
P1–P3, corresponding to Cu, Sr, and Ca vibrations, are
rather strongly coupled to electrons (with λκ ∼ 1) which
give appreciable contributions to Tc . It is also seen in
Table 1 that the coupling constants λi of the high-energy
phonons (P9–P13 with ω ≥ 70 meV) have λi  1
and give moderate contribution to Tc —around 10%. These
results give solid evidence for the importance of the lowenergy modes related to the change of the Madelung energy
in the ionic-metallic structure of HTSC cuprates—the idea
advocated in [3–6] and discussed in Section 2. If confirmed
in other HTSC families, these results are in favor of the
moderate oxygen isotope eﬀect in cuprates near the optimal
doping since the oxygen modes are higher-energy modes and
give smaller contribution to Tc . We stress that each peak
P1–P13 in α2 F(ω) corresponds to many modes. For a better
understanding of the EPI coupling in these systems we show
in Figure 25 the total and partial density of phononic states. It

Table 1: Phonon frequency ω, EPI coupling constant λi of the peaks
P1–P13, and contribution ΔTc to Tc of each peak in α2 F(ω)—as
shown in Figure 24—obtained from the tunnelling conductance of
Bi2 Sr2 CaCu2 O8 . ΔTc is the decrease in Tc when the peak in α2 F(ω)
is eliminated. From [53, 54].
No. of peak
P1
P2
P3
P4
P5
P6
P7
P8
P9
P10
P11
P12
P13

ω [meV]
14.3
20.8
31.7
35.1
39.4
45.3
58.3
63.9
69.9
73.7
77.3
82.1
87.1

λi
1.26
0.95
0.48
0.28
0.24
0.30
0.15
0.01
0.07
0.06
0.01
0.01
0.03

ΔTc [K]
7.4
11.0
10.5
6.7
7.0
10.0
6.5
0.6
3.6
3.3
0.8
0.7
1.8

is seen that the low-energy phonons are due to the vibrations
of the Ca, Sr, and Cu ions which correspond to the peaks
P1-P2 in Figures 23 and 24. In order to obtain information
on the structure of vibrations which are strongly involved
in pairing, we show in Figures 26 and 27 the structure of
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these vibrations at special points in the Brillouin zone. It is
seen in Figure 26 that the low-frequency phonons P1-P2 are
dominated by Cu, Sr, Ca vibrations.
Further, based on Table 1 one concludes that the P3
modes are strongerly coupled to electrons than the P4
ones, although the density of state for the P4 modes is
larger. The reason for such an anomalous behavior might
be due to symmetries of the corresponding phonons as it
is seen in Figure 27. Namely, to the P3 peak contribute
axial vibrations of O(1) in the CuO2 plane which are odd
under inversion, while in the P4 peak these modes are
even. The in-plane modes of Ca and O(1) are present in
P3 which are in-phase and out-of-phase modes, while in
P4 they are all out-of-phase modes. For more information
on other modes, P5–P13, see [53, 54]. We stress that the
Eliashberg equations based on the extracted α2 F(ω) of the
slightly overdoped Bi2 Sr2 CaCu2 O8 with the ratio (2Δ/Tc ) ≈
6.5 describe rather well numerous optical, transport, and
thermodynamic properties [53, 54]. However, in underdoped
systems with (2Δ/Tc ) ≈ 10, where the pseudogap phenomena
are pronounced, there are serious disagreements between
experiments and the Migdal-Eliashberg theory [53, 54].
We would like to stress that the contribution of the highfrequency modes (mostly the oxygen modes) to α2 F(ω) may
be underestimated in tunnelling measurements due to their

sensitivity to the surface contamination and defects. Namely,
the tunnelling current probes a superconductor to a depth of
order of the quasiparticle mean-free path l(ω) = vF γ−1 (ω).
Since the relaxation time γ−1 (ω) decreases with increasing
ω, the mean-free path can be rather small and the eﬀects
of the high-energy phonons are sensitive to the surface
contamination.
Similar conclusion regarding the structure of the EPI
spectral function α2 F(ω) in HTSC cuprates comes out from
tunnelling measurements on Andreev junctions (the BTK
parameter Z  1—low barrier) and Giaver junctions (Z 
1—high barrier) in La2−x Srx CuO4 and YBCO compounds
[160], where the extracted α2 F(ω) is in good accordance with
the phonon density of states Fph (ω)—see Figure 28.
Note that the BTK parameter Z is related to the
transmission and reflection coeﬃcients for the normal metal
(1 + Z 2 )−1 and Z 2 (1 + Z 2 )−1 , respectively.
Although most of the peaks in α2 F(ω) of HTSC cuprates
coincide with the peaks in the phonon density of states, it is
legitimate to put the following question. Can the magnetic
resonance in the superconducting state give significant
contribution to α2 F(ω)? In that respect the inelastic magnetic
neutron scattering measurements of the magnetic resonance
as a function of doping [161] give that the resonance energy
Er scales with Tc , that is, Er = (5-6)Tc as shown in Figure 29.
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This means that if one of the peaks in α2 F(ω) is due to
the magnetic resonance at ω = Er , then it must shift strongly
with doping as it is observed in [161]. This is contrary
to phonon peaks (energies) whose positions are practically
doping independent. To this end, recent tunnelling experiments on Bi-2212 [55] show clear doping independence of
α2 F(ω) as it is seen in Figure 30. This remarkable result
is an additional evidence in favor of EPI and against the
SFI mechanism of pairing in HTSC cuprates which is based
on the magnetic resonance peak in the superconducting
state. In that respect the analysis in [162] of the tunneling
spectra of the electron-doped cuprate Pr0.88 Ce0.12 CuO4 with
Tc = 24 K shows the existence of the bosonic mode at
ωB = 16 meV which is significantly larger than the magneticresonance mode with ωr = (10-11) meV. This result excludes
the magnetic-resonance mode as an important factor which
modifies superconductivity.
The presence of pronounced phononic structures (and
the importance of EPI) in the I(V ) characteristics was
quite recently demonstrated by the tunnelling measurements
on the very good La1.85 Sr0.15 CuO4 films prepared by the
molecular beam epitaxy on the [001]-symmetric SrTiO3
bicrystal substrates [56]. They give unique evidence for
eleven peaks in the (negative) second derivative, that is,
−d 2 I/dV 2 . Furthermore, these peaks coincide with the peaks
in the intensities of the phonon Raman scattering data
measured at 30 K in single crystals of LSCO with 20% of Sr
[57]. These results are shown in Figure 31. In spite of the

Figure 23: The spectral functions α2 F(ω) from measurements
of various groups: Vedeneev et al. [42–45], Gonnelli et al. [52],
Miyakawa et al. [48, 49], and Shimada et al. [46, 47]. The
generalized density of states GPDS for Bi2212 is at the bottom. From
[46, 47].

lack of a quantitative analysis of the data in the framework
of the Eliashberg equations, the results in [56] are important
evidence that phonons are relevant pairing bosons in HTSC
cuprates.
It is interesting that in the c-axis vacuum tunnelling
STM measurements [163] the fine structure in d2 I/dV 2 at
eV > Δ was not seen below Tc , while the pseudogap structure
is observed at temperatures near and above Tc . This result
could mean that the STM tunnelling is likely dominated
by the nontrivial structure of the tunnelling matrix element
(along the c-axis), which is derived from the band-structure
calculations [164]. However, recent STM experiments on
Bi2212 [61–63] give information on the possible nature of
the bosonic mode which couples with electrons. In [61–63]
the local conductance dI/dV (r, E) is measured where it is
found that d2 I/dV 2 (r, E) has peak at E(r) = Δ(r) + Ω(r)
where dI/dV (r, E) has the maximal slope—see Figure 32(a).
It turns out that the corresponding average phonon
energy Ω depends on the oxygen mass, that is, Ω ∼ MO−1/2 ,
with Ω16 = 52 meV and Ω18 ≈ 48 meV—as it is seen
in Figure 32(b). This result is interpreted in [61–63] as an
evidence that the oxygen phonons are strongly involved in

Advances in Condensed Matter Physics

31

3
Positive
PDOS
0
2
α2 F

DOS (a.u.)

Negative

1

GPDOS

0

Averaged

Cu, O1

0

O2

0

0

Bi, O3
0
P1
0

P2

P3

P4

P5

P6

P7

50
ω (meV)

P8

Ca, Sr

P9 P11 P13
P10 P12

0
100

0

50
ω (meV)

100

Figure 24: The spectral functions α2 F(ω) from the tunnelling
conductance of Bi2 Sr2 CaCu2 O8 for the positive and the negative
bias voltages, and the averaged one [46, 47]. The averaged one is
divided into 13 components. The origin of the ordinate is 2, 1, 0,
and −0.5 from the top down. From [46, 47, 53, 54].

Figure 25: The phonon density of states F(ω) (PDOS) of
Bi2 Sr2 CaCu2 O8 compared with the generalized density of states
(GPDOS) [159]. Atomic vibrations: O1—O in the CuO2 plane;
O2—apical O; O3—O in the BiO plane. From [46, 47].

the quasiparticle scattering. A possible explanation is put
forward in [61–63] by assuming that this isotope eﬀect is due
to the B1g phonon which interacts with the antinodal quasiparticles. However, this result requires a reanalysis since the
energy of the bosonic mode in fact coincides with the dip and
not with the peak of d2 I/dV 2 (r, E)—as reported in [61–63].
The important message of numerous tunnelling experiments in HTSC cuprates near and at the optimal doping is
that there is strong evidence for the importance of EPI in the
quasiparticle scattering and that no particular phonon mode
can be singled out in the spectral function α2 F(ω) as being
the only one which dominates in pairing mechanism. This
important result means that the high Tc is not attributable
to a particular phonon mode in the EPI mechanism but
all phonon modes contribute to λep . Having in mind that
the phonon spectrum in HTSC cuprates is very broad
(up to 80 meV), then the large EPI constant (λep  2)
obtained in the tunnelling experiments is not surprising
at all. Note that similar conclusion holds for some other
oxide superconductors such as Ba9.6 K0.4 BiO3 with Tc = 30 K
where the peaks in the bosonic spectral function/extracted
from tunnelling measurements coincide with the peaks in the
phononic density of states [165–167].

scattering, do not give the spectral function α2 F(ω), they
nevertheless can give useful, but indirect, information on the
strength of EPI for some particular phonons. We stress in
advance that the interpretation of the experimental results
in HTSC cuprates by the theory of EPI for weakly correlated
electrons is inadequate since in strongly correlated systems,
such as HTSC cuprates, the phonon renormalization due to
EPI is diﬀerent than in weakly correlated metals [168]. Since
these questions are reviewed in [168], we will briefly enumerate the main points: (1) in strongly correlated systems the
EPI coupling for a number of phononic modes can be significantly larger than the LDA-DFT and Hartree-Fock methods
predict. This is due to many-body eﬀects not contained in
LDA-DFT [168, 169]. The lack of the LDA-DFT calculations
in obtaining phonon line-widths is clearly demonstrated,
for instance, in experiments on L2−x Srx CuO4 —see review
in [170] and references therein, where the bond-stretching
phonons at q = (0.3, 0, 0) are softer and much broader
than the LDA-DFT calculations predict. (Note the wave
vector q is in units (2π/a, 2π/b, 2π/c)—for instance, in these
units (π, π) corresponds to (0.5, 0.5).) (2) The calculation
of phonon spectra is in principle very diﬃcult problem
since besides the complexity of structural properties in a
given material one should take into account appropriately
the long-range Coulomb interaction of electrons as well as
strong short-range repulsion. Our intention is not to discuss
this complexity here—for that see, for instance, [69]—but

1.3.5. Phonon Spectra and EPI. Although experiments
related to phonon spectra and their renormalization by
EPI, such as inelastic neutron, inelastic X-ray, and Raman
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Figure 26: Atomic polarization vectors and their frequencies (in
meV) at special points in the Brillouin zone. The larger closed
circles in the lattice are O-ions. Γ − X is along the Cu-O-Cu
direction. Arrows indicate displacements. The modes in square and
round brackets are the transverse and longitudinal optical modes,
respectively. (a) Modes of the P1 peak. (b) Modes of the P2 peak.
From [46, 47, 53, 54].

Figure 27: Atomic polarization vectors and their frequencies (in
meV) at special points in the Brillouin zone. The larger closed
circles in the lattice are O-ions. Γ − X is along the Cu-O-Cu
direction. Arrows indicate displacements. The modes in square and
round brackets are the transverse and longitudinal optical modes,
respectively. (a) Modes of the P3 peak. (b) Modes of the P4 peak.
From [46, 47, 53, 54].

we only stress some important points which will help to
understand problems with which is confronted the theory of
phonons in cuprates.
The phonon Green’s function D(q, ω) depends on the
phonon self-energy Π(q, ω) which takes into account all the
enumerated properties (note that D−1 (q, ω) = D0−1 (q, ω) −
Π(q, ω)). In cases when the EPI coupling constant gep (k, k )
is a function on the transfer momentum q = k − k only,
then Π(q) (q = (q, iωn )) depends on the quasiparticle charge
susceptibility χc (q) = P(q)/εe (q):

and P(q) is the irreducible electronic polarization given by

 



 2  



Π q = gep q  χc q ,

(41)

 

 

P q =−

p

 

  

G p + q Γc p, q G p .

(42)

The screening due to the long-range Coulomb interaction
is contained in the electronic dielectric function εe (q) while
the “screening” due to (strong) correlations is described
by the charge vertex function Γc (p, q). Due to complexity
of the physics of strong correlations the phonon dynamics
was studied in the t-J model but without the long-range
Coulomb interaction [168, 169, 171], in which case one has
εe = 1 and χc (q) = P(q). However, in studying the phonon
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spectra in HTSC cuprates it is believed that this deficiency
might be partly compensated by choosing the bare phonon
frequency ω0 (q) (contained in D0−1 (q, ω)) to correspond to
the undoped compounds [168, 171]. It is a matter of future
investigations to incorporate all relevant interactions in order
to obtain a fully microscopic and reliable theory of phonons
in cuprates. Additionally, the electron-phonon interaction
(with the bare coupling constant gep (q)) is dominated by
the change of the energy of the Zhang-Rice singlet—see
more in Section 2.3—and (41) for Π(q) is adequate one
[6, 168, 169]. Since the charge fluctuations in HTSC cuprates
are strongly suppressed (no doubly occupancy of the Cu 3d9
state) due to strong correlations, and since the suppressed
value of χc (q) cannot be obtained by the band-structure
calculations, this means that LDA-DFT underestimates the
EPI coupling constant significantly. In the following we discuss
this important result briefly.

(1) Inelastic Neutron and X-Ray Scattering—The Phonon Softening and the Line-Width due to EPI. The appreciable softening and broadening of numerous phonon modes has been
observed in the normal state of HTSC cuprates, thus giving
evidence for pronounced EPI eﬀects and for inadequacy of
the LDA-DFT calculations in treating strong correlations and
suppression of the charge susceptibility [6, 10, 11, 168, 171].
There are several relevant reviews on this subject [10, 11, 168,
170, 172] and here we discuss briefly two important examples
which demonstrate the ineﬃciency of the LDA-DFT-band
structure calculations to treat quantitatively EPI in HTSC
cuprates. For instance, the Cu–O bond-stretching phonon
mode shows a substantial softening at qhb = (0.3, 0, 0) by
doping of La1.85 Sr0.15 CuO4 and YBa2 Cu3 O7 [170, 172]—
called the half-breathing phonon, and a large broadening by
5 meV at 15% doping [173–175] as it is seen in Figure 33.
While the softening can be partly described by the LDADFT method [176], the latter theory predicts an order of
magnitude smaller broadening than the experimental one.
This failure of LDA-DFT is due to the incorrect treatment of
the eﬀects of strong correlations on the charge susceptibility
χc (q) and due to the absence of many-body eﬀects which can
increase the coupling constant gep (q)—see more in Section 2.
The neutron scattering measurements in La1.85 Sr0.15 CuO4
give evidence for large (30%) softening of the OZZ with
Λ1 symmetry with the energy ω ≈ 60 meV, which is
theoretically predicted in [177], and for the large line-width
about 17 meV which also suggests strong EPI. These apex
modes are favorable for d-wave pairing since their coupling
constants are peaked at small momentum q [10, 11]. Having
in mind the above results, then it is not surprising that
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the recent calculations of the EPI coupling constant λep in
the framework of LDA-DFT give very small EPI coupling
constant λep ≈ 0.3 [28, 29]. The critical analysis of the LDADFT results in HTSC cuprates is done in [6] and additionally
argued in [10, 11, 178] by pointing their disagreement with

(43)

while in the LDA-DFT method one has


(LDA)
1  ∞


dωIm χc (q, ω)
= (1 − δ)N.
πN q =/ 0 −∞
(exp)

300

0.2

the inelastic neutron and X-ray scattering measurements—as
it is shown in Figure 33.
In Section 2 we will discuss some theoretical approaches
related to EPI in strongly correlated systems but without
discussing the phonon renormalization. The latter problem
was studied in more details in the review articles in [10,
11, 170]. Here, we point out only three (for our purposes)
relevant results. First, there is an appreciable diﬀerence in
the phonon renormalization in strongly and weakly correlated
systems. Namely, the change of the phonon frequencies in
the presence of the conduction electrons is proportional to
the squared coupling constant |gq | and charge susceptibility
χc , that is, δω(q) ∼ |gep (q)|2 Re χc , while the line-width is
given by Γω(q) ∼ |gep (q)|2 | Im χc |. All these quantities can
be calculated in LDA-DFT and as we discussed above, where
(exp)
for some modes one obtains that Γ(LDA)
ω(q)  Γω(q) . However,
it turns out that in strongly correlated systems doped by
holes (with the concentration δ  1) the charge fluctuations
are suppressed in which case the following sum rule holds
[10, 11, 171]:

(44)

The inequality Γ(LDA)
ω(q)  Γω(q) (for some phonon modes)
together with (43)-(44) means that for low doping δ  1
the LDA calculations strongly underestimate the EPI coupling
constant in the large portion of the Brillouin zone, that
(exp)
(LDA)
(q)|  |gep (q)|. The large softening
is, one has |gep
and the large line-width of the half-breathing mode at
q = (0.5, 0), but very moderate eﬀects for the breathing
mode at q = (0.5, 0.5), are explained in the framework
of the one slave-boson (SB) theory (for U = ∞) in [171],
where χc (q, ω) (i.e., Γc (p, q) = Γc (p, q)) is calculated in
leading O(1/N) order. We stress that there is another method
for studying strong correlations—the X-method—where the
controllable 1/N expansion is performed in terms of the
Hubbard operators and where the charge vertex Γc (p, q) is
calculated [6, 78–80, 130, 179, 180]. It turns out that in the
adiabatic limit (ω = 0) the vertex functions Γc (pF , q) in
these two methods have important diﬀerences. For instance,
Γ(X)
c (pF , q) (in the X-method) is peaked at q = 0—the
so called forward scattering peak (FSP)—while Γ(SB)
c (pF , q)
has maximum at finite |q| =
/ 0 [181]—see Section 2.3.5. The
enumerated properties of Γ(X)
c (pF , q) are confirmed by the
numerical Monte Carlo calculations in the finite-U Hubbard
model [182], where it is found that FSP exists for all U,
but it is especially pronounced in the limit U  t. These
results are also confirmed in [183] where the calculations
are performed in the four-slave-boson technique—see more
in Section 2.3.5. Having in mind this diﬀerence it would be
useful to have calculations of χc (q, ω) in the framework of
the X-method which are unfortunately not done yet. Second,
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the many-body theory gives that for coupling to some modes
the coupling constant |gep (q)| in HTSC cuprates can be
significantly larger than the LDA-DFT calculations predict
[10, 11], which is due to some many-body eﬀects not present
in the latter [169]. In Section 2 it will be argued that for
2

(LDA)
(q)| . For
some phonon modes one has |gep (q)|2  |gep
instance, for the half-breathing mode, one has |gep (q)|2 ≈
2

(LDA)
3|gep
(q)| [10, 11, 169]—see Section 2. These two results
point to an inadequacy of LDA-DFT in calculations of EPI
eﬀects in HTSC cuprates. Third, the phonon self-energy
(Π(q)) and quasiparticle self-energy Σ(k) are diﬀerently
renormalized by strong correlations [6, 10, 11, 78–80, 130,
179, 180], which is the reason that Π(q) is much more
suppressed than Σ(k)—see Section 2. The eﬀects of the
charge vertex on Π(q) and Σ(k) are diﬀerently manifested.
Namely, the vertex function enters quadratically in Σ(k) and
the presence of the forward scattering peak in the charge
vertex strongly aﬀects the EPI coupling constant gep (q) in
Σ(k):




2   
   
gep q γc k, q  D q g k + q ,

Σ(k) = −

q

coupling (which also enters the pairing potential) small at
large (transfer) momenta q. This has strong repercussion
on the pairing due to EPI since for small doping it makes
the d-wave pairing coupling constant to be of the order of
the s-one (λd ≈ λs ). Then in the presence of the residual
Coulomb interaction EPI gives rise to d-wave pairing. On the
other side the charge vertex Γc (k, q) enters Π(q) linearly and
it is additionally integrated over the quasiparticle momentum
k—see (42). Therefore, one expects that the eﬀects of the
forward scattering peak on Π(q) are less pronounced than
on Σ(k). Nevertheless, the peak of Γc (k, q) at q = 0 may be
(partly) responsible that the maximal experimental softening
and broadening of the stretching (half-breathing) mode in
(exp)
La1.85 Sr0.15 CuO4 and YBa2 Cu3 O7 is at qhb = (0.3, 0, 0)
[170] and not at qhb = (0.5, 0) for which gep (qhb ) reaches
maximum. This means that the charge vertex function
pushes the maximum of the renormalized EPI coupling
constant to smaller momenta q. It would be very interesting
to have calculations for other phonons by including the
vertex function obtained by the X-method—see Section 2.3.

(45)

where g(k)(≡ G(k)/Q) is the quasiparticle Green’s function,
γc (k, q) = Γc (k, q)/Q is the quasiparticle vertex, and Q(∼ δ)
is the Hubbard quasiparticle spectral weight—see Section 2.3.
In the adiabatic limit |q| > qω = ωph /vF one has γc (k, q) ≈
γc (k, q) and for q  qc (≈ δ · π/a) the charge vertex is
strongly suppressed (γc (k, q)  1) making the eﬀective EPI

(2) The Phonon Raman Scattering. The phonon Raman
scattering gives an indirect evidence for importance of EPI
in cuprates [184–188]. We enumerate some of them—
see more in [6] and references therein. (i) There is a
pronounced asymmetric line-shape (of the Fano resonance)
in the metallic state. For instance, in YBa2 Cu3 O7 two Raman
modes at 115 cm−1 (Ba dominated mode) and at 340 cm−1
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Figure 33: Comparison of DFT calculations with experimental results of inelastic X-ray scattering: (a) phonon energies in La1.85 Sr0.15 CuO4
and (b) in YBa2 Cu3 O7 ; (c) phonon line-widths in La1.85 Sr0.15 CuO4 . DFT calculations [28] give much smaller width than experiments [173–
175]. From [178].

(O dominated mode in the CuO2 planes) show pronounced
asymmetry which is absent in YBa2 Cu3 O6 . This asymmetry
means that there is an appreciable interaction of Raman
active phonons with continuum states (quasiparticles).

(ii) The phonon frequencies for some A1g and B1g are
strongly renormalized in the superconducting state, between
(6–10)%, pointing again to the importance of EPI [188]—
see also [6, 37, 38]. To this point we mention that there is a
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remarkable correlation between the electronic Raman crosssection Sexp (ω) and the optical conductivity in the a − b
plane σab (ω), that is, Sexp (ω) ∼ σab (ω) [6]. In previous
subsections it is argued that EPI with the very broad spectral
function α2 F(ω) (0 < ω  80 meV) explains in a natural
way the ω and T dependence of σab (ω). This means that the
electronic Raman spectra in cuprates can be explained by
EPI in conjunction with strong correlations. This conclusion
is supported by the calculations of the Raman cross-section
[189] which take into account EPI with α2 F(ω) extracted
from the tunnelling measurements in YBa2 Cu3 O6+x and
Bi2 Sr2 CaCu2 O8+x [6, 42–54]. Quite similar properties (to
cuprates) of the electronic Raman scattering, as well as
of σ(ω), R(ω), and ρ(T), were observed in experiments
[108] on isotropic 3D metallic oxides La0.5 Sr0.5 CoO3 and
Ca0.5 Sr0.5 RuO3 where there are no signs of antiferromagnetic fluctuations. This means that low dimensionality and
antiferromagnetic spin fluctuations cannot be a prerequisite
for anomalous scattering of quasiparticles and EPI must be
inevitably taken into account since it is present in all these
compounds.
1.3.6. Isotope Eﬀect in Tc and Σ(k, ω). The isotope eﬀect αTC
in the critical temperature Tc was one of the very important
proofs for the EPI pairing mechanism in low-temperature
superconductors (LTSCs). As a curiosity the isotope eﬀect
in LTSC systems was measured almost exclusively in monoatomic systems and in few polyatomic systems: the hydrogen
isotope eﬀect in PdH, the Mo and Se isotope shift of Tc in
Mo6 Se8 , and the isotope eﬀect in Nb3 Sn and MgB2 . We point
out that very small (αTC ≈ 0 in Zr and Ru) and even negative
(in PdH) isotope eﬀects in some polyatomic systems of LTSC
materials are compatible with the EPI pairing mechanism
but in the presence of substantial Coulomb interaction
or lattice anharmonicity. The isotope eﬀect αTC cannot be
considered as the smoking gun eﬀect since it is sensitive
to numerous influences. For instance, in MgB2 it is with
certainty proved that the pairing is due to EPI and strongly
dominated by the boron vibrations, but the boron isotope
eﬀect is significantly reduced, that is, αTC ≈ 0.3 and the origin
for this smaller value is still unexplained. The situation in
HTSC cuprates is much more complicated because they are
strongly correlated systems and contain many atoms in unit cell.
Additionally, the situation is complicated with the presence
of intrinsic and extrinsic inhomogeneities, low dimensionality
which can mask the isotope eﬀects. On the other hand new
techniques such as ARPES, STM, and μSR allow studies of
the isotope eﬀects in quasiparticle self-energies, that is, αΣ ,
which will be discussed below.
(1) Isotope Eﬀect αTC in Tc . This problem will be discussed
only briefly since more extensive discussion can be found in
[6]. It is well known that in the pure EPI pairing mechanism

(p)
the total isotope coeﬃcient α is given by αTC = i,p αi =


(p)

(p)

d ln Tc /d ln Mi , where Mi is the mass of the ith
element in the pth crystallographic position. We stress that
the total isotope eﬀect is not measured in HTSC cuprates
−

i,p
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but only some partial ones. Note that, in the case when the
screened Coulomb interaction is negligible, that is, μ∗c = 0,
the theory predicts αTC = 1/2. From this formula one can
deduce that the relative change of Tc , δTc /Tc , for heavier
elements should be rather small—for instance, it is 0.02
for 135 Ba → 138 Ba, 0.03 for 63 Cu → 65 Cu, and 0.07
for 138 La → 139 La. This means that the measurements of
αi for heavier elements are confronted with the ability of
the present experimental techniques. Therefore most isotope
eﬀect measurements were done by substituting light atoms
16
O by 18 O only. It turns out that in most optimally doped
HTSC cuprates αO is rather small. For instance, αO ≈
0.02–0.05 in YBa2 Cu3 O7 with Tc,max ≈ 91 K, but it is
appreciable in La1.85 Sr0.15 CuO4 with Tc,max ≈ 35 K where
αO ≈ 0.1-0.2. In Bi2 Sr2 CaCu2 O8 with Tc,max ≈ 76 K one has
αO ≈ 0.03–0.05 while αO ≈ 0.03 and even negative (−0.013)
in Bi2 Sr2 Ca2 Cu2 O10 with Tc,max ≈ 110 K. The experiments
on Tl2 Can−1 BaCun O2n+4 (n = 2, 3) with Tc,max ≈ 121 K are
still unreliable and αO is unknown. In the electron-doped
(Nd1−x Cex )2 CuO4 with Tc,max ≈ 24 K one has αO < 0.05
while in the underdoped materials αO increases. The largest
αO is obtained even in the optimally doped compounds like
in systems with substitution, such as La1.85 Sr0.15 Cu1−x Mx O4 ,
M = Fe, Co, where αO ≈ 1.3 for x ≈ 0.4%. In La2−x Mx CuO4
there is a Cu-isotope eﬀect which is of the order of the
oxygen one, that is, αCu ≈ αO giving αCu + αO ≈ 0.25–0.35
for optimally doped systems (x = 0.15). In case when
x = 0.125 with Tc  Tc,max one has αCu ≈ 0.8 − 1
with αCu + αO ≈ 1.8 [190, 191]. The appreciable copper
isotope eﬀect in La2−x Mx CuO4 tells us that vibrations other
than oxygen ions are important in giving high Tc . In that
sense one should have in mind the tunnelling experiments
discussed above, which tell us that all phonons contribute to
the Eliashberg pairing function α2 F(k, ω) and according to
these results the oxygen modes give moderate contribution
to Tc [53, 54]. Hence the small oxygen isotope eﬀect α(O)
Tc in
optimally doped cuprates, if it is an intrinsic property at all
(due to pronounced local inhomogeneities of samples and
quasi-two-dimensionality of the system), does not exclude
the EPI mechanism of pairing.
(2) Isotope Eﬀect αΣ in the Self-Energy. The fine structure
of the quasiparticle self-energy Σ(k, ω), such as kinks and
slopes, can be resolved in ARPES measurements and in
some respect in STM measurements. It turns out that
there is isotope eﬀect in the self-energy in the optimally
doped Bi2212 samples [139, 141, 142]. In the first paper
on this subject [139] it is reported a red shift δωk,70 ∼
−(10–15) meV of the nodal kink at ωk,70  70 meV for the
16
O → 18 O substitution. In [139] it is reported that the
isotope shift of the self-energy δΣ = Σ16 − Σ18 ∼ 10 meV
is very pronounced at large energies ω = 100–300 meV.
Concerning the latter result, there is a dispute since it is not
confirmed in other experiments [141, 142]. However, the
isotope eﬀect in Re Σ(k, ω) at low energies [141, 142] is well
described in the framework of the Migdal-Eliashberg theory
for EPI [140] which is in accordance with the recent ARPES
measurements with low-energy photons ∼7 eV [192]. The
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54] since the latter give evidence that vibrations of heavier
ions contribute significantly to Tc —see the discussion in
Subsection 1.3.4 on the tunnelling spectroscopy. (ii) In
ARPES measurements of [192] the eﬀective EPI coupling
constant λep,eﬀ  0.6 is extracted, while the theory in
Subsection 1.3.3 gives that the real coupling constant is
larger, that is, λep > 1.2. This value is significantly larger than
the LDA-DFT theory predicts λep,LDA < 0.3 [28, 29]. This
again points that the LDA-DFT method does not pick up the
many-body eﬀects due to strong correlations—see Section 2.
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Figure 34: (a) Eﬀective Re Σ for five samples for O16 (blue) and O18
(red) along the nodal direction. (b) Eﬀective Im Σ determined from
MDC full widths. An impurity term is subtracted at ω = 0. From
[192].

latter allowed very good precision in measuring the isotope
eﬀect in the nodal point of Bi-2212 with Tc16 = 92.1 K and
Tc18 = 91.1 K [192]. They observed a shift in the maximum
of Re Σ(kN , ω)—at ωk,70 ≈ 70 meV (it corresponds to the
half-breathing or to the breathing phonon)—by δωk,70 ≈
3.4 ± 0.5 meV as shown in Figure 34.
By analyzing the shift in ImΣ(kN , ω)—shown in
Figure 34—one finds similar result for δωk,70 ≈ 3.2 ±
0.6 meV. The similar shift was obtained in STM measurements [61–63] which is shown in Figure 32(b) and can have
its origin in diﬀerent phonons. We would like to stress two
points: (i) in compounds with Tc ∼ 100 K the oxygen isotope
eﬀect in Tc is moderate, that is, α(O)
< 0.1 [192]. If we
Tc
consider this value to be intrinsic, then even in this case
it is not in conflict with the tunnelling experiments [53,

1.4. Summary of Section 1. The analysis of experimental data
in HTSC cuprates which are related to optics, tunnelling, and
ARPES measurements near and at the optimal doping gives
evidence for the large electron-phonon interaction (EPI)
with the coupling constant 1 < λep < 3.5. We stress that this
analysis is done in the framework of the Migdal-Eliashberg
theory for EPI which is a reliable approach for systems
near the optimal doping. The spectral function α2 F(ω),
averaged over the Fermi surface, is extracted from various
tunnelling measurements on bulk materials and tin films. It
contains peaks at the same energies as the phonon density
of states Fph (ω). So obtained spectral function when inserted
in the Eliashberg equations provides suﬃcient strength for
obtaining high critical temperature Tc ∼ 100 K. These facts
are a solid proof for the important role of EPI in the
normal-state scattering and pairing mechanism of cuprates.
Such a large (experimental) value of the EPI coupling
constant and the robustness of the d-wave superconductivity
in the presence of impurities imply that the EPI potential
and the impurity scattering amplitude must be strongly
momentum dependent. The IR optical reflectivity data
provide additional but indirect support for the importance
of EPI since by using the spectral function (extracted from
tunnelling measurements) one can quantitatively explain
frequency dependence of the dynamical conductivity, optical
relaxation rate, and optical mass. These findings related to
EPI are additionally supported by ARPES measurements on
BSCO compounds. The ARPES kinks, the phononic features
and the isotope eﬀect in the quasiparticle self-energy in the
nodal and antinodal points at low energies (ω  ωc ) persist
in the normal and superconducting state. They are much
more in favor of EPI than for the spin fluctuation (SFI)
scattering mechanism. The transport EPI coupling constant
in HTSC cuprates is much smaller than λep , that is, λtr ∼
λep /3, which points to some peculiar scattering mechanism
not met in low-temperature superconductors. The diﬀerent
renormalization of the quasiparticle and transport selfenergies by the Coulomb interaction (strong correlations)
hints to the importance of the small-momentum scattering
in EPI. This will be discussed in Section 2.
The ineﬀectiveness of SFI to solely provide pairing
mechanism in cuprates comes out also from the magnetic
neutron scattering on YBCO and BSCO. As a result, the
imaginary part of the susceptibility is drastically reduced in
the low-energy region by going from slightly underdoped
toward optimally doped systems, while Tc is practically
unchanged. This implies that the real SFI coupling constant
(exp)
λsf (∼ gsf2 ) is small since the experimental value gsf < 0.2 eV
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is much smaller than the assumed theoretical value gsf(th) ≈
(0.7–1.5) eV.
Inelastic neutron and X-ray scattering measurements in
HTSC cuprates show that the broadening of some phonon
lines is by an order of magnitude larger than the LDA-DFA
methods predict. Since the phonon line-widths depend on
the EPI coupling and the charge susceptibility, it is evident
that calculations of both quantities are beyond the range of
applicability of LDA-DFT. As a consequence, the LDA-DFT
calculations overestimate the electronic screening and thus
underestimate the EPI coupling, since many-body eﬀects due
to strong correlations are not contained in this mean-field
theory. However, in spite of the promising and encouraging
experimental results about the dominance of EPI in cuprates,
the theory is still confronted with diﬃculties in explaining
suﬃciently large coupling constant in the d-channel. At
present there is not such a satisfactory microscopic theory
although some concepts, such as the the dominant EPI
scattering at small transfer momenta, are understood at least
qualitatively. This set of problems and questions will be
discussed in Section 2.

2. Theory of EPI in HTSC
The experimental results in Section 1 give evidence that
the electron-phonon interaction (EPI) in HTSC cuprates
is strong and in order to be conform with d-wave pairing
EPI must be peaked at small transfer momenta. A number of
other experiments in HTSC cuprates give evidence that these
are strongly correlated systems with large on-site Coulomb
repulsion of electrons on the Cu-ions. However, at present
there is no satisfactory microscopic theory of pairing in
HTSC cuprates which is able to calculate Tc and the
order parameter. This is due to mathematical diﬃculties
in obtaining a solution of the formally exact ab initio
many-body equations which take into account two important
ingredients—EPI and strong correlations [6]. In Section 2.1
we discuss first the ab initio many-body theory of superconductivity in order to point places which are most diﬃcult
to be solved. Since the superconductivity is low energy
phenomenon (also in HTSC cuprates), one can simplify
the structure of the ab initio equations in the low-energy
sector (the Migdal-Eliashberg theory), where the highenergy processes are incorporated in the (so called) ideal
band-structure (nonlocal) potential VIBS (x, y) and the vertex
function Γ. This program of calculations of VIBS (x, y), Γ, and
the EPI coupling (matrix elements) gep (x, y) is not realized
in HTSC superconductors due to its complexity. However,
one pragmatical way out is to calculate gep in the framework
of the LDA-DFT method which is at present stage unable
to treat strong correlations in a satisfactory manner. Some
achievements and results of the LDA-DFT methods which
are related to HTSC cuprates are discussed in Section 2.2.
In the case of very complicated systems, such as the HTSC
cuprates, the standard (pragmatical) procedure in physics is
to formulate a minimal theoretical model—sometimes called
toy model—which includes minimal set of important ingredients necessary for qualitative and semiquantitative study
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of a phenomenon. As a consequence of the experimental
results, the minimal theoretical model must comprise two
important ingredients: (1) EPI and (2) strong correlations.
In Section 2.3 we will formulate such a minimal theoretical
model—called the t-J model which includes EPI too. In the
framework of this model we will discuss the renormalization
of EPI by strong correlations. In recent years the interest
in these problems is increased and numerous numerical
calculations were done mostly on small clusters with n × n
atoms (n < 8). We will not discuss this subject which
is fortunately covered in the recent comprehensive review
in [10, 11]. The analytical approaches in studying the
renormalization of EPI by strong correlations, which are
based on a controllable and systematic theory, are rather
scarce. We will discuss such a systematic and controllable
theory in the framework of the t-J model with EPI, which
is formulated and solved in terms of Hubbard operators. The
theory of this (toy) model predicts some interesting eﬀects
which might be important for understanding the physics of
HTSC cuprates. It predicts that the high-energy processes
(due to the suppression of doubly occupancy for U  Wb )
give rise to a nonlocal contribution to the band-structure
potential (self-energy Σ(x, y, ω = 0)) as well as to EPI. This
nonlocality in EPI is responsible for the peak in the eﬀective
pairing potential (Vep,eﬀ (q, ω)) at small transfer momenta
q( qc  kF ) [6, 78–80, 130]. The latter property allows that
the (strong) EPI is conform with d-wave pairing in HTSC
cuprates. Furthermore, the peculiar structural properties
of HTSC cuprates and corresponding electronic quasi-twodimensionality give an additional nonlocality in EPI. The
latter is due to the change of the weakly screened Madelung
energy which is involved in most of the lattice vibrations
along the c-axis. Since at present there is no quantitative
theory for the latter eﬀect, we tackle this problem here only
briefly. The next task for the future studies of the physics of
HTSC cuprates is to incorporate these structural properties
in the minimal theoretical t-J model.
Finally, by writing this chapter our intention is not to
overview the theoretical studies of EPI in HTSC cuprates—
which is an impossible task—but first to elucidate the
descending way from the (old) well-defined ab initio
microscopic theory of superconductivity to the one of the
minimal model which treats the interplay of EPI and strong
correlations. Next, we would like to encourage the reader to
further develop the theory of HTSC cuprates.

2.1. Microscopic Theory of Superconductivity
2.1.1. Ab Iniitio Many-Body Theory. The many-body theory
of superconductivity is based on the fully microscopic
electron-ion Hamiltonian for electrons and ions in the
crystal—see, for instance, [193, 194]. It comprises mutually
interacting electrons which interact also with the periodic
lattice and with the lattice vibrations. In order to pass
continually to the problem of the interplay of EPI and strong
correlations and also to explain why the LDA-DFT method is
inadequate for HTSC cuprates, we discuss this problem here
with restricted details—more extended discussion can be
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found in [6, 194]. In order to describe superconductivity the
Nambu-spinor ψ† (r) = (ψ↑† (r)ψ↓ (r)) is introduced which
†

= (ψ † (r)) ) where
operates in the electron-hole space (ψ(r)
†
ψ↑ (r), ψ↑ (r) are annihilation and creation operators for spin
up, respectively, and so forth. The microscopic Hamiltonian
of the system under consideration contains three parts: H =
H e +H i +H e-i . The electronic Hamiltonian H e , which describes
the kinetic energy and the Coulomb interactions of electrons,
is given by
H e =



+

 


d3 r ψ† (r)τ3 0 p ψ(r)

1
2



(46)
where 0 ( p) = p2 /2m is the kinetic energy of electron
and Vc (r − r ) = e2 / |r − r | is the electron-electron
Coulomb interaction. Note that in the electron-hole space
the pseudospin (Nambu) matrices τi , i = 0, 1, 2, 3 are Pauli
matrices. Since we will discuss only the electronic properties,
the explicit form of the lattice Hamiltonian Hi [6, 194] is
omitted here. The electron-ion Hamiltonian describes the
interaction of electrons with the equilibrium lattice and with
its vibrations, respectively:

n

+








d3 rVe-i r − Rn0 ψ† (r)τ3 ψ(r)

(47)
 ψ (r)τ3 ψ(r).

d r Φ(r)
†

3

Here, Ve-i (r − Rn0 ) is the electron-ion potential and its
form depends on the level of description of the electronic
subsystem. For instance, in the all-electron calculations one
has Ve-i (r − Rn0 ) = −Ze2 / |r − Rn0 | where Ze is the ionic
charge. The second term which is proportional to the


= − n,α u
αn ∇α Ve-i (r −
lattice distortion operator Φ(r)
 anh (r) (because of convenience it includes also the
Rn0 ) + Φ
EPI coupling ∇α Ve-i ) describes the interaction of electrons
 anh (r)) lattice
with harmonic (∼ uαn ) (or anharmonic ∼ Φ
vibrations.
Dyson’s equations for the electron and phonon Green’s
 2) = − T ψ(1)
 ψ † (2) , D(1 − 2) =
functions G(1,
−
1


 2) and
Φ(2)
are G (1, 2) = G0−1 (1, 2) − Σ(1,
− T Φ(1)
−1
−1
D (1, 2) = D0 (1, 2) − Π(1, 2), where the G0−1 (1, 2) =
[(−∂/∂τ1 −0 (p1 )+μ)τ0 − ueﬀ (1)τ3 ]δ(1 − 2) is the bare inverse
electronic Green’s function. Here, 1 = (r1 , τ1 ), where τ1 is the
imaginary time in the Matsubara technique, and the eﬀective

, where
one-body potential ueﬀ (1) = Ve-i (1) + VH + Φ(1)
VH is the Hartree potential. The electron and phonon self 2) and Π(1, 2) take into account many-body
energies Σ(1,
dynamics of the interacting system. The electronic self-energy
 c (1, 2) + Σ
 2) = Σ
 ep (1, 2) is obtained in the form
Σ(1,














 







Veﬀ (1, 2) = Vc 1 − 1 εe−1 1, 2 + εe−1 1, 1 D 1, 2 εe−1 2, 2 .
(49)
The inverse electronic dielectric permeability εe−1 (1, 2)

= δ(1 − 2) + Vc (1 − 1)P(1, 2)εe−1 (2, 2) is defined via

the irreducible electronic polarization operator P(1, 2)

eﬀ (2, 3; 2)G(3,
 2)Γ
 1+ )}. The vertex function
= −Sp{
τ3 G(1,
 2)/δueﬀ (3) in (48) is the solution of the
Γeﬀ (1, 2; 3) = −δ G(1,

complicated (and practically unsolvable) integro-diﬀerential
functional equation



 † (r )τ3 ψ(r
  ),
d3 rd3 r  ψ† (r)τ3 ψ(r)V
c (r − r )ψ

H e-i =

contains the screened (by the electron dielectric function
εe (1, 2)) Coulomb and EPI interactions:









 2) = −Veﬀ 1, 1 τ3 G
eﬀ 2, 2; 1 ,
 1, 2 Γ
Σ(1,

(48)

where integration (summation) over the bar indices is
understood. The eﬀective retarded potential Veﬀ (1, 1) in (48)

Γeﬀ (1, 2; 3) = τ3 δ(1 − 2)δ(1 − 3)
+

 2) 
 
 

δ Σ(1,
eﬀ 3, 4; 3 .
 1, 3 G
 4, 2 Γ

G

δ G 1, 2

(50)

Note that the eﬀective vertex function Γeﬀ (1, 2; 3), which
takes into account all renormalizations going beyond the
simple Coulomb (RPA) screening, is the functional of both
the electronic and phononic Green’s functions G and D,
thus making at present the ab initio microscopic equations
practically unsolvable.
2.1.2. Low-Energy Migdal-Eliashberg Theory. If the vertex
function Γeﬀ would be known, we would have a closed set
of equations for Green’s functions which describe dynamics
of the interacting electrons and lattice vibrations (phonons)
in the normal and superconducting state. However, this is
a formidable task and at present far from any practical
realization. Fortunately, we are mostly interested in lowenergy phenomena (with energies |ωn |, ξ  ωc and for
momenta k = kF + δk in the shell δk  δkc near the Fermi
momentum kF ; ωc and δkc are some cutoﬀs), which allows
us further simplification of equations [1, 2]. Therefore, the
strategy is to integrate high-energy processes—see more in
[194]. Here, we sketch this procedure briefly. Namely, Green’s

 ωn ) = [iωn − (k2 /2m − μ)τ3 − Σ(k,
ωn )]−1 can
function G(k,
be formally written in the form
low (k, ωn ) + G
 ωn ) = G
high (k, ωn ),
G(k,

(51)

 ωn )Θ(ωc − |ωn |)Θ(δkc − δk)
where Glow (k, ωn ) = G(k,
is the low-energy Green’s function and Ghigh (k, ωn ) =
 ωn )Θ(|ωn | − ωc )Θ(δk − δkc ) is the high-energy one and
G(k,
analogously D = Dlow (k, ωn ) + Dhigh (k, ωn ). By introducing
the small parameter of the theory s ∼ (ω/ωc ) ∼ (δk/δkc )  1
one has in leading order Glow (k, ωn ) ∼ s−1 , Ghigh (k, ωn ) 
1 and Dlow (k, ωn ) ∼ s0 , Dhigh (k, ωn ) ∼ s2 . Note that the
coupling constants (Vei , ∇Vei , Vii , etc.) are of the order s0 =
1.
The procedure of separating low-energy and highenergy processes lies also behind the adiabatic approximation
since in most materials the characteristic phonon (Debye)
energy ωD of lattice vibrations is much smaller than the
characteristic electronic Fermi energy EF (ωD  EF ). In the
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small s( 1) limit the Migdal theory [1, 2] keeps in the
total self-energy Σ linear terms in the phonon propagator
D (D) only. In that case the eﬀective vertex function can be
ep (1, 2; 3)
c (1, 2; 3) + δ Γ
written in the form Γeﬀ (1, 2; 3) ∼
= Γ
[1, 2], where the Coulomb charge vertex Γc (1, 2; 3) = τ3 δ(1 −
 c (1, 2)/δueﬀ (3) contains correlations due to
2)δ(1 − 3) + δ Σ
the Coulomb interaction only but does not contain EPI and
phonon propagator D explicitly. The part δ Γep (1, 2; 3) =
 ep (1, 2)/δueﬀ (3) contains all linear terms with respect
δΣ
to EPI. Note that in these diagrams enters the dressed
Green’s function which contains implicitly EPI up to infinite
order. By careful inspection of all (explicit) contributions to
δ Γep (1, 2; 3) which is linear in D one can express the selfenergy in terms of the charge (Coulomb) vertex Γc (1, 2; 3)
only. As a result of this approximation, the part of the selfenergy due to Coulomb interaction is given by






 



 c (1, 2) = −Vcsc 1, 1 τ3 G
c 2, 2; 1 ,
 1, 2 Γ
Σ

(52)

where Vcsc (1, 2) = Vc (1, 2)εe−1 (2, 2) is the screened Coulomb
interaction. The part which is due to EPI has the following
form:


 

 

 



c 1, 3; 1 G
c 4, 2; 2 ,
 ep (1, 2) = −Vep 1, 2 Γ
 3, 4 Γ
Σ

(53)

where Vep (1, 2) = εe−1 (1, 1)D(1, 2)εe−1 (2, 2) is the screened
 ep (1, 2) depends now quadratically
EPI potential. Note that Σ
on the charge vertex Γc , which is due to the adiabatic
theorem.
 c (1, 2) is
It is well known that the Coulomb self-energy Σ
the most complicating part of the electronic dynamics, but
since we are interested in low-energy physics when s  1,
 c (1, 2) can be further simplified by separating
then the term Σ
it in two parts:
 c (1, 2) = Σ
 (l)
 (h)
Σ
c (1, 2) + Σc (1, 2).

(54)

 (h)
The term Σ
c (1, 2) is due to high-energy processes contained
high
in the product Ghigh (1, 2)Γc (2, 2; 1) (e.g., due to the large
 (l)
Hubbard U in strongly correlated systems) and Σ
c (1, 2) is
(h)

due to low-energy processes. The leading part of Σc (1, 2) is 1,
0
 (h)
 (l)
that is, Σ
c (1, 2) ∼ s , while Σ
c (1, 2) is small of order 1, that
(l)
1
 c (1, 2) ∼ s . For further purposes we define the quantity
is, Σ
 0 as
V
 (h)
 0 (1, 2) = {Ve-i (1) + VH (1)}τ3 δ(1 − 2) + Σ
V
c (1, 2), (55)

where Ve-i , VH are also of order s0 . After the Fourier
transform with respect to time (and for small |ωn |  ωc )
 (h)
Σ
c is given by


(h)
 (h)
 (h)
(x1 , x2 , 0) · iωn .
Σ
3 + Σ
c0
c (x1 , x2 , ωn )  Σc0 (x1 , x2 , 0)τ
(56)

Σ(h)
c0

s0


 (h)
(Σ
c0 )

s1

s1 .

As we said,
∼ while
· ωn ∼ because ωn ∼
 (l)
From (52) it is seen that the part Σ
c (1, 2) contains the lowlow

energy Green’s function G (1, 2) and this skeleton diagram

 ep (1, 2)
is of order s1 . The similar analysis based on (53) for Σ
1
gives that the leading order is s which describes the lowenergy part of EPI. After the separations of terms (of s0 and
s1 orders) the Dyson equation in the low-energy region has the
form


 (l)

iωn Zc (x, x) − H0 (x, x) − Σ
c (x, x, ωn ) − Σep (x, x, ωn )







low x, y, ωn = δ x − y τ0 ,
×G

(57)
where x means integration d3 x over the crystal volume.
The Coulomb renormalization function Zc (x, y) = δ(x −

y) − (Σ(h)
0c ) (x, y, 0) and the single-particle Hamiltonian
H 0 (x, y) collect formally all high-energy processes which
are unaﬀected by superconductivity (which is low-energy
process) where




H 0 x, y =




−




1 2
(h) 
∇x − μ δ x − y + V0 x, y, 0 τ3
2m
(58)

with












V0(h) x, y, 0 = {Ve-i (x) + VH (x)}δ x − y + Σ(h)
c0 x, y, 0 .
(59)
One can further absorb Zc (x, y) into the renormalized Green’s
function












Gr x, y, ωn = Zc1/2 (x, x)Glow x, y, ωn Zc1/2 y, y ,

(60)

the renormalized vertex function Γren (1, 2; 3)
Zc−1/2 Γc Zc−1/2 , and the renormalized self-energies










−1/2
−1/2
 (l)
 (l)
(x, x)Σ
Σ
y, y
r;c,ep x, y, ωn = Zc
c,ep x, y, ωn Zc



=

(61)

and introduce the ideal band-structure Hamiltonian
h0 (x, y) = Zc−1/2 (x, x)H 0 (x, y)Zc−1/2 (y, y) given by




h0 x, y =





−





1 2
∇x − μ δ x − y + VIBS x, y τ3 . (62)
2m

Here,










VIBS x, y = Zc−1/2 (x, x)V0(h) x, y Zc−1/2 y, y



(63)

is the ideal band-structure potential (sometimes called the
excitation potential) and apparently nonlocal quantity,
which is contrary to the standard local potential Vg (x) in
the LDA-DFT theories—see Section 2.2. The static potential
VIBS (x, y) is of order s0 and includes high-energy processes.
Finally, we obtain the matrix Dyson equation for the
renormalized Green’s function Gr (x, y, ωn ) which is the basis
for the (strong-coupling) Migdal-Eliashberg theory in the
low-energy region


 (l)

iωn δ(x − x) − h0 (x, x) − Σ
c,r (x, x, ωn ) − Σep,r (x, x, ωn )







r x, y, ωn = δ x − y τ0 ,
×G

(64)
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 (l)
 ep,r have the same form as (52)-(53) but
where Σ
c,r and Σ
with the renormalized Green’s and vertex functions Gr , Γr
 We stress that (64) holds in the low-energy
 Γ.
instead of G,
region only. In the superconducting state the set of Eliashberg
equations in (64) are written explicitly in Appendix A, where
it is seen that the superconducting properties depend on the
Eliashberg spectral function α2kp F(ω). The latter function is
defined also in Appendix A, (A.4), and it depends on material
properties of the system.
The important ingredients of the low-energy MigdalEliashberg theory are the ideal band-structure Hamiltonian
h0 (x, y)—given by (62) which contains many-body (excitation) ideal band-structure nonlocal periodic crystal potential
VIBS (x, y). The Hamiltonian h0 (x, y) determines the ideal
energy spectrum (k) of the conduction electrons and the
wave function ψi,p (x) through




 





h0 x, y ψi,k y = i (k) − μ ψi,k (x),

(65)

where μ is the chemical potential. We stress that the
Hamiltonian h0 (x, y) also governs transport properties of
metals in low-energy region.
After solving (65) the next step is to expand all renormalized Green’s function, self-energies, vertices, and the
renormalized EPI matrix element (written symbolically as
gep,r = gep,0 Γren εe−1 ) in the basis of ψi,p (x) and to write
down the Eliashberg equations in this basis. We will not
elaborate further this program and refer the reader to
the relevant literature in [193, 194]. We point out that
even such simplified program of the low-energy MigdalEliashberg theory was never fully realized in low-temperature
superconductors, because the nonlocal potential VIBS (x, y)
(enters the ideal band-structure Hamiltonian h0 (x, y)) and
the renormalized vertex function (entering the EPI coupling
constant gep,r ) which include electronic correlations are
diﬃcult to calculate especially in strongly correlated metals.
Therefore, it is not surprising at all that the situation is
even more diﬃcult in HTS materials which are strongly
correlated systems with complex structural and material
properties. Due to these diﬃculties the calculations of the
electronic band structure and the EPI coupling are usually
done in the framework of LDA-DFT where the manybody excitation potential VIBS (x, y) is replaced by some
(usually local) potential VLDA (x) which in fact determines the
ground-state properties of the crystal. In the next section we
briefly describe (i) the LDA-DFT procedure in calculating the
EPI coupling constant and (ii) some results of the LDA-DFT
calculations related to HTSC cuprates. We will also discuss
why this approximation is inappropriate when applied to
HTS materials.
2.2. LDA-DFT Calculations of the EPI Matrix Elements. We
point out again two results which are important for the
future microscopic theory of pairing in HTSC cuprates. First,
numerous experiments (discussed in Part I) give evidence
that the EPI coupling constant which enters the normal part
of the quasiparticle self-energy λZep = λs + λd + · · · is rather
large, that is, 1 < λZep < 3.5. In order to be conform with

d-wave pairing the eﬀective EPI potential must be nonlocal
(and peaked at small transfer momenta q), which implies
that the s-wave and d-wave coupling constants are of the
same order, that is, λd ≈ λs . Second, the theory based on the
minimal t-J model, which will be discussed in Section 2.3,
gives that strong electronic correlations produce a peak at
small transfer momenta in the eﬀective EPI pairing potential
thus giving rise to λd ≈ λs . This is a striking property
which allows that EPI is conform with d-wave pairing.
However, the theory is seriously confronted with the problem
of calculation of the coupling constants λZep . It turns out
that at present it is an illusory task to calculate λZep and λd
since it is extremely diﬃcult (if possible at all) to incorporate
the peculiar structural properties of HTSC cuprates (layered
structure, ionic-metallic system, etc.) and strong correlations
eﬀects in a consistent and reliable microscopic theory which
is described in Section 2.1. As it is stressed several times, the
LDA-DFT methods miss some important many-body eﬀects
(especially in the band-structure potential) and therefore fail
to describe correctly screening properties of HTSC cuprates
and the strength of EPI. However, the LDA-DFT methods
are able to incorporate diverse structural properties of HTSC
cuprates much better than the simplified minimal t-J (toy)
model. Here, we discuss briefly some achievements of the
advanced LDA-DFT calculations which are able to take
partially into account some nonlocal eﬀects in the EPI. The
latter are mainly due to the almost ionic structure along the
c-axis which is reflected in the very small c-axis plasma
frequency (ωc  ωab ).
The main task of the LDA-DFT theory in obtaining the
EPI matrix elements is to calculate the change of the groundstate (self-consistent) potential δVg (r)/δRα and the EPI coupling constant (matrix element) gαLDA (k, k ) (see its definition
below), which is the most diﬃcult part of calculations.
Since in the LDA-DFT method the EPI scattering cannot be
formulated, then the recipe is that the calculated gαLDA (k, k )
is inserted into the many-body Eliashberg equations. By
knowing gαLDA (k, k ) one can define the total (λ) and partial
(λq,ν ) EPI coupling constants for the νth mode, respectively
[195], as
pγq,ν
1 
λq,ν , λq,ν =
,
(66)
λ=
N p q,ν
πN(0)ωq,ν
where p = 3κ is the number of phonon branches (κ is the
number of atoms in the unit cell) and N(0) is the density
of states at the Fermi energy (per spin and unit cell). The
phonon line-width γq,ν is defined in the Migdal-Eliashberg
theory by
γq,ν = 2πωq,ν
⎡
×⎣

 α 


1
1
e q · gα,ll k, k − q 2
N ll k 2Mωk−q,ν ν




nF ξl,k − nF ξl,k + ωq,ν
ωq,ν

⎤
⎦

(67)


× δ ξl ,k−q − ξl,k − ωq,ν .

Here, eνα (q) is the phonon polarization vectors; nF is the
Fermi function. Since the ideal energy spectrum from (65)
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ξl,k = El,k − μ and the corresponding eigenfunctions ψkl are
unknown, then instead of these one sets in (67) the LDA(LDA)
and ψkl(LDA) . In the
DFT eigenvalues for the lth band ξl,k
(LDA)
LDA-DFT method the EPI matrix element gα,ll
is defined

by the change of the ground-state potential δVg (r)/δRα :
#

(LDA)
(k, k )
gα,ll


=



$
 δVg (r) 
 (LDA)
ψ  
.
δRnα  k l


ψkl(LDA) 


n

(68)

The index n means summation over the lattice sites; α =
x, y, z and the wave function ψkl(LDA) are the solutions of
the Kohn-Sham equation—see [6]. In the past various
approximations within the LDA-DFT method have been
used in calculating δVg (r)/δRα and λ while here we comment
some of them only. (i) In most calculations in LTS systems
and in HTSC cuprates the rigid-ion (RI) approximation was
used as well as its further simplifications which inevitably
(due to its shortcomings and obtained small λ) deserves to
be commented. The RI approximation is based on the very
specific assumption that the ground-state (crystal) potential
V
g (r) can be considered as a sum of ionic potentials Vg (r) =
n Vg (r − Rn ) where the ion potential Vg (r − Rn ) and the
electron density ρe (r) are carried rigidly with the ion at Rn
during the ion displacement (Rn = Rn0 + uαn ). In the RI
approximation the change of Vg (r) is given by
δVg (r) =


n



∇α Vg r − Rn0 uαn ,



δVg (r)
= ∇α Vg r − Rn0 ,
δRnα

(69)

which means that RI does not take into account changes
of the electron density during the ion displacements. In
numerous calculations applied to HTSC cuprates the rigidion model is even further simplified by using the rigid muﬃntin approximation (RMTA) (or similar version with the rigidatomic sphere)—see discussions in [195–198]. The RMTA
assumes that the ground-state potential and the electron
density follow ion displacements rigidly inside the WignerSeitz cell while outside it Vg (r) is not changed because of
the assumed very good metallic screening (e.g., in simple
metals):
%
∇α Vg (r − Rn ) =

∇α Vg (r − Rn ),

0,

r in cell n,
outside.

(70)

This means that the dominant EPI scattering is due to
the nearby atoms only and that the scattering potential is
isotropic. All nonlocal eﬀects related to the interaction of
electrons with ions far away are neglected in the RMTA.
LDA (k, k ) is calculated by the wave function
In this case gα,n
centered at the given ion Rn0 which can be expanded inside
the muﬃn-tin sphere (outside it the potential is assumed to
be constant) in the angular momentum basis {l, m}, that is,




r | ψk(RMTA) =


lmn



 


Clm k, Rn0 ρl r − Rn0  Ylm φ, θ (71)

(the angles φ, θ are related to the vector r = (r − Rn0 )/ |r −
Rn0 |). The radial function ρl (|r − Rn0 |) is zero outside the

muﬃn-tin sphere. In that case the EPI matrix element is
RMTA (k, k ) ∼
Ylm |
r |Yl m and because r is
given by gα,n
vector the selection rule implies that only terms with Δl ≡
l − l = ±1 contribute to the EPI coupling constant in
the RMTA. This result is an immediate consequence of the
assumed locality of the EPI potential in RMTA. However,
since nonlocal eﬀects, such as the long-range Madelunglike interaction, are important in HTSC cuprates, then
additional terms contribute also to the coupling constant
RMTA (k, k ) + g nonloc (k, k ), where
gα,n , that is, gα,n (k, k ) = gα,n
α,n
nonloc
nonloc is
a part (δgα,n ) of the nonlocal contribution to gα,n
represented schematically:




 





nonloc
0
(k, k ) ∼ Ylm  Rn0 − Rm
δgα,n
α Yl m .

(72)

From (72) comes out the selection rule Δl = l − l = 0 for
the nonlocal part of the E − P interaction. We stress that the
Δl = 0 (nonlocal) terms are omitted in the RMTA approach
and therefore it is not surprising that this approximation
works satisfactorily in elemental (isotropic) metals only.
The latter are characterized by the large density of states
at the Fermi surface which makes electronic screening very
eﬃcient. This gives rise to a local EPI where an electron
feels potential changes of the nearby atom only. One can
claim with certainty that the RMTA method is not suitable
for HTSC cuprates which are highly anisotropic systems
with pronounced ionic character of binding and pronounced
strong electronic correlations. The RMTA method applied to
HTSC cuprates misses just this important part—the longrange part EPI due to the change of the long-range Madelung
energy in the almost ionic structure of HTSC cuprates. For
instance, the first calculations done in [199] which are based
on the RMTA give very small EPI coupling constant λRMTA ∼
0.1 in Y BCO, which is in apparent contradiction with the
experimental finding that λep is large—see Section 1.
However, these nonlocal eﬀects are taken into account in
[195] by using the frozen-in phonon (FIP) method in evaluating of λep in La2−x Mx CuO4 . In this method some symmetric
phonons are considered and the band structure is calculated
for the system with the super-cell which is determined by
the periodicity of the phonon displacement. By comparing
the unperturbed and perturbed energies the corresponding
EPI coupling λν (for the considered phonon νth mode) is
found. More precisely speaking, in this approach the matrix
elements of δVg (r)/δRκ0,α are determined from the finite difκ
+
ference of the ground-state
ΔVg,q,ν (r) = Vg (R0,L
 potential
κ
κ
κ
κ
κ
Δτ q,ν (L)) − Vg (R0,L ) = L,κ Δτ q,ν (L)∂Vg (R0,L )/∂R0,L , where
L, κ enumerate elementary lattice cells and atoms in the
unit cell, respectively. The frozen-in atomic displacements
of the phonon Δτ κq,ν (L) of the νth mode are given by
Δτ κq,ν (L) = Δuq,ν (/2Mκ ωq,ν )1/2 Re[eκ,ν (q)eiq·R ] where Δuq,ν
is the dimensionless phonon amplitude and the phonon
polarization
(eigen)vector eκ,ν (q) fulfills the condition
 ∗
κ eκ,ν (q) · eκ,ν (q) = δν,ν . Based on this approach various
symmetric Ag (and some B3g ) modes of La2−x Mx CuO4 were
studied [195], where it was found that the large matrix
elements are due to unusually long-range Madelung-like,
especial for the c-axis phonon modes. The obtained large
λep ≈ 1.37 is the consequence of the following three main

44
facts. (i) The electronic spectrum in HTSC cuprates is
highly anisotropic, that is, it is quasi-two-dimensional. This
is an important fact for pairing because if the conduction
electrons would be uniformly spread over the whole unit cell
then due to the rather low electron density (n ∼ 1021 cm−3 )
the density of states on the Cu and O in-plane atoms would
be an order of magnitude smaller than the real value. This
would further give an order of magnitude smaller EPI coupling constant λep . Note that the calculated density of states
on the (heavy) Cu and (light) O in-plane atoms, N Cu (0) ∼
=
0.54 states/eV and N Oxy (0) ∼
= 0.35 states/eV, is of same order
of magnitude as in some LTS materials. For instance, in
NbC where Tc ≈ 11 K one has on (the heavy) Nb atom
N Nb (0) ∼
= 0.58 states/eV and on (the light) C atom N C (0) ∼
=
0.25 states/eV. So, the quasi-two-dimensional character of
the spectrum is crucial in obtaining appreciable density of
states on the light O atoms in the CuO2 planes. (ii) In HTSC
cuprates there is strong Cu–O hybridization leading to good
in-plane metallic properties. This large covalency in the plane
is due to the (fortunately) small energy separation of the
electron levels on Cu and Oxy atoms which comes out from
the band-structure calculations [200], that is, Δ = |Cu −
Oxy | ≈ 3 eV. The latter value gives rise to strong covalent
mixing (the hybridization parameter t pd ) of the Cudx2 − y2
and O px,y states, that is, t pd = −1.85 eV. It is interesting
that the small value of Δ is not due to the ionic structure
(crystal field eﬀect) of the system but it is mainly due to
the natural falling of the Cudx2 − y2 states across the transitionmetal series. So, the natural closeness of the atomic energy
levels of the Cudx2 − y2 and O px, p y states is this distinctive feature
of HTSC cuprates which basically allows achievement of
high Tc . (iii) The ionic structure of HTSC cuprates which
is very pronounced along the c-axis is responsible for the
weak electronic screening along this axis and according to
that for the significant contribution of the nonlocal (longrange) Madelung-like interaction to EPI. It turns out that
because of the ionicity of the structure the La and Oz axial
modes are strongly coupled with charge carriers in the CuO2
planes despite the fact that the local density of states on these
atoms is very small [195], that is, N La (0) = 0.13 states/eV and
N Oz (0) = 0.016 states/eV. (For comparison, on planar atoms
Cu and Oxy one has N Cu (0) = 0.54 states/eV and N Oxy (0) =
0.35 states/eV.) These calculations show that the lanthanum
mode (with ωq,ν = 202 cm−1 ) at the q = (0, 0.2π/c) zone
boundary (fully symmetric Z-point) has ten times larger
coupling constant λLa
q,ν (FIP) = 4.8 than it is predicted in
the RMT approximation λLa
q,ν (RMT) = 0.48. The similar
increase holds for the average coupling constant, where
La
λLa
ν,average (FIP) = 1.0 but λν,average (RMT) = 0.1. Note that for
the q ≈ 0 La-mode one obtains λLa
ν (FIP) = 4.54 compared
to λLa
ν (RMT) = 0.12. Similar results hold for the axial apexoxygen q = (0, 0.2π/c) mode (Oz ) with ωq,ν = 396 cm−1
where the large (compared to the RMT method) coupling
Oz
z
constant is obtained: λO
q,ν = 14 and λν,average = 4.7, while
for q ≈ 0 axial apex-oxygen modes with ωq,ν = 415 cm−1
z
one has λO
ν,average = 11.7. After averaging over all calculated
modes it was estimated that λ = 1.37 and ωlog ≈ 400 K.
By assuming that μ∗ = 0.1 one obtains Tc = 49 K by using
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Allen-Dynes formula for Tc ≈ 0.83ωlog exp{−1.04(1+λ)/[λ −
μ∗ (1+0.62λ)]} with ωlog = 2 dω dω α2 (ω)F(ω) ln ω/λω. For
μ∗ = 0.15 and 0.2 one obtains Tc = 41 and 32 K, respectively.
We stress that the rather large λep (and Tc ) is due to the
nonlocal (long range) eﬀects of the metallic-ionic structure
of HTSC cuprates and non-muﬃn-tin corrections in EPI, as
was first proposed in [201, 202]. However, we would like to
stress that the optimistic results for λep obtained in [195]
are in fact based on the calculation of the EPI coupling for
some wave vectors q with symmetric vibration patterns and
in fact the obtained λep is an extrapolated value. The allq calculations of λep,q which take into account long-range
eﬀects are a real challenge for the LDA-DFT calculations and
are still awaiting.
Finally, it is worth to mention important calculations
of the EPI coupling constant in the framework of the
linear-response full-potential linear-muﬃn-tin-orbital method
(LRFP-LMTO) invented in [203, 204] and applied to the
doped HTSC cuprate (Ca1−x Srx )1− y CuO2 for x ∼ 0.7 and
y ∼ 0.1 with Tc = 110 K [205]. Namely, these calculations
give strong evidence that the structural properties of HTSC
cuprates already alone make the dominance of small-q
scattering in EPI, whose eﬀect is additionally increased by
strong correlations. In order to analyze this compound in
[205] the calculations are performed for CaCuO2 doped by
holes in a uniform, neutralizing back-ground charge. The
momentum (q = (q , q⊥ )) dependent EPI coupling constant
(summed over all phonon branches ν) in diﬀerent L channels
(s, p, d.) is calculated by using a standard expression
 

λL q = M







2





YL k + q gk,q,ν  YL (k)δ ξk+q δ(ξk ). (73)

k,ν

Here, ξk is the quasiparticle energy, gk,q,ν is the EPI coupling
constant (matrix element) with the νth branch, YL (k) is
the L-channel wave function, and the normalization factor
M ∝ NL−1 (0) with the partial density of states is NL (0) ∝

2
k YL (k)δ(ξk ). The total coupling constant in the L-channel
is an average of λL (q) over the whole 2D Brillouin zone (over
q ), that is, λL (q⊥ ) = λL (q ) BZ . We stress three important
results of [205]. First, the s- and d-coupling constants, λs (q),
λd (q), are peaked at small transfer momenta q ∼ (π/3a, 0, 0)
as it is shown in [205, Figure 3]. This result is mainly caused
by the nesting properties of the Fermi surface shown in
[205, Figure 1]. Second, the q-dependence of the integrated
EPI matrix elements |g L,q |2 = λL (q)/χL (q) (with χL (q) ∝

k YL (k + q)YL (k)δ(ξk+q )δ(ξk )) for L = s, d is similar to that
of λL (q), that is, these are peaked at small transfer momenta
q  2kF . Both of these results mean that the structural
properties of HTSC cuprates imply the dominance of smallq EPI scattering. Third, the calculations give similar values
for λs (q⊥ = 0) and λd (q⊥ = 0), that is, λs = 0.47 for swave and λd = 0.36 for d-wave pairing [205]. The result that
λd ≈ λs is due to the dominance of the small q-scattering
in EPI, which means that the nonlocal eﬀects (long-range
forces) in EPI of HTSC cuprates are very important. This
result together with the finding of the dominance of the
small-q scattering in EPI due to strong correlations [78–
80, 130, 179, 180] mean that strong correlations and the
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peculiar structural properties of HTSC cuprates make EPI
conform with d-wave pairing, either as its main cause or as
its supporter. We stress that the obtained coupling constant
λd = 0.36 is rather small to give d-wave pairing with large
Tc and on the first glance this result is against the EPI
mechanism of pairing in cuprates. However, it is argued
throughout this paper that the LDA methods applied to
strongly correlated systems overestimate the screening eﬀects
and underestimate the coupling constant and therefore their
quantitative predictions are not reliable.
2.3. EPI and Strong Correlations in HTSC Uprates
2.3.1. Minimal Model Hamiltonian. The minimal microscopic
model for HTSC cuprates must include at least three orbitals:
one dx2 − y2 -orbital of the Cu-ion and two p-orbitals (px,y ) of
the O-ion since they participate in transport properties of
these materials—see more in [6] and references therein. The
electronic part of the Hamiltonian (of the minimal model)
is H = H 0 + H int —usually called the Emery model (or
the p-d model) [206], where the one-particle tight-binding
Hamiltonian H 0 describes the lowering of the kinetic energy
in the p-d model (with three bands or orbitals):
H 0 =


i,σ

+




†
†
d0 − μ diσ diσ +
0pα − μ p jασ p jασ
j,α,σ


i, j,α,σ



pd

ti jα diσ† p jασ +

j, j  ,α,β,σ

pp

t j j  ,αβ p†jασ p j  βσ .

(74)

pd

Here ti jα (i, j enumerate the Cu- and O-sites, resp.) is the
hopping integral between the pα (α = x, y)—and d-states and
pp
t j j  αβ between the pα - and pβ -states—while d0 and 0pα are
the bare d- and p-local energy levels and μ is the chemical
potential. This tight-binding Hamiltonian is written in the
electronic notation where the charge-transfer energy Δd p,0 ≡
d0 − 0p > 0 by assuming that there is one 3dx2 − y 2 electron on
the copper (Cu2+ ) while electrons in the p-levels of the O2−
ions occupy filled bands. H 0 contains the main ingredients
coming from the comparison with the LDA-DFT bandstructure calculations. The LDA-DFT results are reproduced
by assuming that t pp  t pd (and 0pα = 0p ) where the
good fit to the LDA-DFT band structure is found for Δd p,0 ≡
√
d0 − 0p ≈ 3.2 eV and t pd (≡ t pd ) = ( 3/2)(pdσ), (pdσ) =
√
−1.8 eV. The total LDA bandwidth Wb = (4 2)|t pd | ∼
= 9 eV
[207].
The electron interaction is described by Hint :
Hint = Ud


i

ndi↑ ndi↓ + U p


j,α

p

p

c + V
 ep ,
n jα↑ n jα↓ + V

(75)

where Ud and U p are the on-site Coulomb repulsion
 c and V
 ep
energies at Cu and O sites, respectively, while V
describe the long-range part of the Coulomb interaction
of electrons (holes) and EPI, respectively. Note that the
Hubbard repulsion Ud on the Cu-ion is diﬀerent from its
bare atomic value Ud0 (≈16 eV for Cu) due to various kinds
of screening eﬀects in solids [208–210]. It turns out that

in most transition metal oxides one has Ud  Ud0 . This
problem is thoroughly studied in [208–210] and applied to
HTSC cuprates. The estimation from the numerical cluster
calculations [211] gives Ud = 9–11 eV and U p = 4–6 eV but
p
because ndi Ud  n j U p the on-site repulsion on the oxygen
ion is usually neglected at the first stage of the analysis.
Note that in the case of large Ud ( t pd , Δd p,0 ) the hole
notation is usually used where in the parent compound (and
for |t pd |  Δd p,0 ) one has ndi = 1, that is, one hole in
the 3D-shell (in the 3dx2 − y2 state) in the ground state. In
the limit of large Ud → ∞ the doubly occupancy on the Cu
atoms is forbidden and only two copper states are possible:
Cu2+ —described by the quantum state diσ† |0 with one hole
in the 3D shell and Cu1+ —described by |0 with zero holes
in the filled 3D shell. In this (hole) notation the oxygen plevel is fully occupied by electrons, that is, there are no holes
p
( n j = 0) in the occupied oxygen 2p-shell of O2− . In this
notation the vacuum state |0v (not the ground state) of
the Hamiltonian H for large Ud corresponds to the closedshell configuration Cu1+ O2− . In the hole notation the hole
0
0
lies higher than the hole d-level dh
, that is,
p-level ph
0
0
Δ pd,0 ≡ ph − dh > 0 (note that in the electron notation
it is opposite) and Ud means repulsion of two holes (in
the 3dx2 − y2 orbital) with opposite spins—3d8 configuration
0
0
= −0p , dh
= −d0 , and
of the Cu3+ ion. Note that ph
t pd,h = −t pd . In the following the index h in t pd,h is omitted.
0
0
The reason for ph
> dh
is partly in diﬀerent energies for
the hole sitting on the oxygen and copper, respectively [207].
From this model one can derive in the limit U → ∞ the
t-J model for the 2D lattice in the CuO2 plane [212, 213],
where now each lattice site corresponds to a Cu-atom. In
the presence of one hole in the 3D-shell then in the undoped
(no oxygen holes) HTSC cuprate each lattice site is occupied
by one hole. By doping the system with holes the additional
holes go onto O-sites. Furthermore, due to the strong Cu–
O covalent binding the energetics of the system implies that
an O-hole forms a Zhang-Rice singlet with a Cu-hole [212].
In the t-J model the Zhang-Rice singlet is described by an
empty site. Since in the t-J model the doubly occupancy is
forbidden, one introduces annihilation (Hubbard) operator
†
(1−ni,−σ ) which describes
of the composite fermion Xiσ0 = ciσ
creation of a hole (in the 3D-shell of the Cu-atoms) on the
ith site if this site is previously empty (thus excluding doubly
occupancy), that is, the constraint ni,σ + ni,−σ ≤ 1 must be
fulfilled on each lattice site. In this picture the doped-hole
concentration δ means at the same time the concentration of
the oxygen holes, that is, of the Zhang-Rice singlets.
In order not to confuse the reader we stress the diﬀerence
in the meaning of the hole in the (p-d) three-band Emery
model and in the single-band (eﬀective) t-J model. In the
Emery model the hole means the absence of the electron
in the filled shell—the 3D shell for Cu atoms(ions) and 2p
shell for O atoms(ions). On the other side the hole on the ith
lattice site in the t-J model means the presence of the ZhangRice singlet on this site.
The bosonic-like operators Xiσ1 σ2 = Xiσ1 0 Xi0σ2 for σ1 =
/ σ2
create a spin fluctuation at the ith site and the spin operator is
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→
given by S = Xiσ 1 0 (−
σ )σ 1 σ 2 Xi0σ 2 where summation over the bar

indices is understood. The operator σ Xiσσ has the meaning
of the hole number on the ith site. It is useful to introduce
the operator Xi00 = Xi0σ Xiσ0 at the ith lattice site which is the
number of Zhang-Rice singlets on the ith site. For Xi00 |0 =
1|0 the ith site is occupied by the Zhang-Rice singlet, while
for Xi00 |1 = 0|1 there is no Zhang-Rice singlet on the ith
site (i.e., this site is occupied only by one 3d9 hole on the Cu
site). This property of Xi00 is due to the local constraint

Xi00 +


σ =↑↓

Xiσσ = 1,

(76)

which forbids doubly occupancy of the ith site by holes. By
projecting out doubly occupied (high-energy) states the t-J
model reads
H t- j =


i,σ

+

i0 Xiσσ −




i, j,σ

ti j Xiσ0 X 0σ
j

1
Ji j Si · S j − ni n j + H 3 .
4
i, j

(77)

The first term (∼ i0 ) describes an eﬀective local energy
of the hole (or the Zhang-Rice singlet), the second one
(∼ ti j ) describes hopping of the holes, and the third one
(∼ Ji j ) is the Heisenberg-like exchange energy between
two holes. The theory [212] predicts that |i0 |  |ti j |.
This property is very important in the study of EPI. H 3
contains three-site term which is usually omitted believing
that it is not important. For charge fluctuation processes it
is plausible to omit it, while for spin-fluctuation processes
it is questionable approximation. If one introduces the
enumeration α, β, γ, λ = 0, ↑, ↓, then the Hubbard operators
satisfy the following algebra:


αβ

γλ

Xi , X j


±



γβ
= δi j δγβ Xiαλ ± δαλ Xi
,

(78)

where δi j is the Kronecker symbol. Note that the Hubbard
αβ γλ
operators possess the projection properties with Xi Xi =
αλ
δβγ Xi . The (anti)commutation relations in (78) are
more complicated than the canonical Fermi and Bose
(anti)commutation relations, which complicates the mathematical structure of the theory. To escape these complications
some novel techniques have been used, such as the one slave
boson-technique. In this technique Xi0σ = fiσ bi† , Xiσ1 σ2 =
fiσ†1 fiσ2 are represented in terms of the fermion (spinon)
operator fiσ which annihilates the spin on the ith and the
boson (holon) operator bi† which creates the Zhang-Rice
singlet.
In the minimal theoretical model the electron-phonon
interaction (EPI) contains in principle two leading terms:
ion
cov
H ep = H ep
+ H ep
,

(79)

ion ) and the “covalent” one
which are the “ionic” one (H ep
cov ). The “ionic” term describes the change of the energy
(H ep

of the hole (or the Zhang-Rice singlet) at the ith site due to
lattice vibrations and it reads [6, 78–80, 130]
ion
H ep
=


i,σ

 i Xiσσ ,
Φ

(80)

where the “displacement” operator
i =
Φ


Lκ



0
0
+u
i − u
 Lκ −  Ri0 − RLκ
 Ri0 − RLκ

(81)

(which as in Section 2.1 includes the bare coupling constant)
describes the change of the hole (or Zhang-Rice singlet)
0
by displacing atoms in the lattice by the vector u
 Lκ .
energy a,i
In the harmonic approximation the EPI potential is given

i =
gi (q, λ) exp{iqRi }[bq,λ + b−† q,λ ] where bq,λ and
by Φ
†
bq,λ are the annihilation and creation operator of phonons
with the polarization λ, respectively. This term describes in
principle the following processes: (1) the change of the O0
0
, dh
in the three-band
hole and Cu-hole bare energies ph
model due to lattice vibrations, (2) the change of the longrange Madelung energy (which is due to the ionicity of the
structure) by lattice vibrations along the c-axis, and (3) the
change of the Cu–O hopping parameter t pd in the presence
of vibrations, and so forth. Here, L and κ enumerate unit
lattice vectors and atoms in the unit cell, respectively. Usually,
the EPI scattering is studied in the harmonic approximation
 i is calculated in the harmonic
where the phonon operator Φ
 ∼u
approximation (Φ
) for the EPI interaction of holes with
some specific phononic modes, such as the breathing and
half-breathing ones [10, 11, 169]. The theory which includes
 i is still awaiting.
also all other (than oxygen) vibrations in Φ
It is interesting to make comparison of the EPI coupling
constants in the t-J model and in the Hartree-Fock (HF)
approximation (which is the analogous of the LDA-DFT
method) of the three-band Emery (p-d) model in (74)(75) when the problem is projected on the single band.
For instance, the coupling constant with the half-breathing
mode at the zone boundary in the HF approximation (which
mimics the LDA-DFT approach) is given by
HF
= ±4t pd
ghb

∂t pd
1
u0 ,
∂RCu–O d −  p

(82)

t-J
(=
while the coupling constant in the t-J model ghb
0
∂ /∂RCu–O ) is given by

⎡

t-J
ghb

⎤

∂t pd ⎣ 2p2 − 1
2p2

 ⎦u0 , (83)
= ±4t pd
+

∂RCu–O d −  p Ud − d −  p 


where p = 0.96—see [10, 11, 169] and references therein.
It is obvious that in the t-J model the electron-phonon
coupling is diﬀerent from the HF one, since the former
contains an additional term coming from the many-body
eﬀects, which are not comprised by the HF (LDA-DFT)
calculations. The first term in (83) describes the hopping of
a 3D hole into the O 2p-states and this term exists also in the
LDA-DFT coupling constant—see (82). However, the second
term in (83), which is due to many-body eﬀects, describes the
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hopping of an O 2p-hole into the (already) single occupied
Cu 3D state and it does not exist in the LDA-DFT approach.
Since the corresponding dimensionless coupling constant
λhb is proportional to |ghb |2 , one obtains that the bare t-J
coupling constant is almost three times larger than the LDADFT one:
t-J
≈ 3λHF
λhb
hb .

(84)

This example demonstrates clearly that the LDA-DFT
method is inadequate for calculating the EPI coupling
constant in HTSC cuprates.
Note that there is also a covalent contribution to EPI
which comes from the change of the eﬀective hopping (t)
in of the t-J model (77) and the exchange energy (J) in the
presence of atomic displacements:
cov
H ep
=−



∂ti j

i, j,σ ∂

+


i, j,

Ri0 − R0j
∂Ji j

∂ Ri0 − R0j


 u
i − u
 j Xiσ0 X 0σ
j


 u
 j Si · S j .
i − u

(85)

Here, we will not go into details but only stress that since

|i0 |  |ti j | then the covalent term in the eﬀective t-J model is

much smaller than the ionic term—see more in [6, 10, 11, 169]
and references therein—and in the following only the term
ion will be considered [6, 78–80, 130].
H ep
2.3.2. Controllable X-Method for the Quasiparticle Dynamics.
The minimal model Hamiltonian for strongly correlated
holes with EPI (discussed above) is expressed via the Hubbard operators which obey “ugly” noncanonical commutation relations. The latter property is rather unpleasant for
making a controllable theory in terms of Feynmann diagrams
(for these “ugly” operators) and some other approaches are
required. A possible way out is to express the Hubbard
operators in terms of fermions and bosons (which must be
confined) as, for instance, in the slave boson (SB) method.
However, in real calculations which are based on some
approximations the SB method is confronted with some subtle constraints whose fulfillments require very sophisticated
mathematical treatment. Fortunately, there is a mathematically controllable approach for treating the problem directly
with Hubbard operators and without using slave-boson
(or fermion) techniques. This method—we call it the Xmethod—is based on the general Baym-Kadanoﬀ technique
which allows to treat the problem by the well-defined and
controllable 1/N expansion for the Green’s functions in terms
of Hubbard operators. This approach is formulated in [214]
while the important refinement of the method is done in
[78–80, 130]. In the paramagnetic and homogeneous state
(with finite doping) the Green’s function Gσ1 σ2 (1 − 2) is
diagonal, that is, Gσ1 σ2 (1 − 2) = δσ1 σ2 G(1 − 2) where




G(1 − 2) = − T X 0σ (1)X σ0 (2) = g(1 − 2)Q,

(86)

with the Hubbard spectral weight Q = X 00 + X σσ . The
function g(1 − 2) plays the role of the quasiparticle Green’s

function—see more in [6, 78–80, 130, 179, 180]. It turns out
that in order to have a controllable theory (1/N expansion)
one way is to increase the number of spin components from
two to N by changing the constraint (76) into the new one
Xi00 +

N

σ =1

Xiσσ =

N
.
2

(87)

In order to reach the convergence of physical quantities in
the limit N → ∞ the hopping and exchange energy are also
rescaled, that is, ti j = t0,i j /N and Ji j = J0,i j /N. In order to
eliminate possible misunderstandings we stress that in the
case N > 2 the constraint in (87) spoils some projection
properties of the Hubbard operators. Fortunately, these (lost)
projection properties are not used at all in the refined theory.
As a result one obtains the functional integral equation
for G(1, 2), thus allowing unambiguous mathematical and
physical treatment of the problem. In [78–80, 130, 179, 180] it
is developed a systematic 1/N expansion for the quasiparticle
Green’s function g(1 − 2)(= g0 + g1 /N + · · · ), Q(= Nq0 +
q1 + · · · ) (also for G(1 − 2)) and the self-energy. For large
N( → ∞) the leading term is G0 (1 − 2) = g0 (1 − 2)Q0 = O(N)
with g0 = O(1) and Q0 = Xi00 = Nδ/2. Here, δ is the
concentration of the oxygen holes (that is, of the Zhang-Rice
singlets) which is related to the chemical potential by the

−1
equation 1 − δ = 2 p nF (p) with nF (p) = (e0 (k)−μ + 1) .
The quasiparticle Green’s function g0 (k, ω) and the quasiparticle spectrum 0 (k) in the leading order are given by
g0 (k, ω) ≡

G0 (k, ω)
1
,

=
Q0
ω − 0 (k) − μ

0 (k) = c − δ · t(k) −

 

 

J0 k + p nF p .

p





(88)
(89)

The level shift is c = 0 + 2 p t(p)nF (p) and t(p) is the
Fourier transform of the hopping integral ti j —see more in
[6].
Let us summarize the main results of the X-method in
leading O(1)-order for the quasiparticle properties in the t-J
model [6, 78–80, 130, 179, 180]. (i) The Green’s function
g0 (k, ω) describes the coherent motion of quasiparticles whose
contribution to the total spectral weight of the Green’s
function G0 (k, ω) is Q0 = Nδ/2. The coherent motion of
quasiparticles is described in leading order by G0 (k, ω) =
Q0 g0 (k, ω) and the quasiparticle residuum Q0 disappears in
the undoped Mott insulating state (δ = 0). This result is
physically plausible since in the Mott insulating state the
coherent motion of quasiparticles, which is responsible for
finite conductivity, vanishes. (ii) The quasiparticle spectrum
0 (k) plays the same role as the eigenvalues of the ideal bandstructure Hamiltonian h0 (x, y) (it contains the excitation
potential VIBS (x, y) which is due to high-energy processes of
the Coulomb interaction). So, if we would consider tb (k) =
−t(k) as the tight-binding parametrization of the LDA-DFT
band-structure spectrum which takes int account only weak
correlations (with the local potential Vxc (x)δ(x − y)), then
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tJ
one can define a nonlocal excitation potential VIBS
(x, y) =
tJ
VIBS (x, y) + Vxc (x)δ(x − y) which mimics strong correlations
in the t-J model

















tJ
VIBS
x, y ≈ V0 δ x − y + (1 − δ)t x − y − J x − y .

(90)


Here, V0 = 2 p t(p)nF (p) and t(x − y) is the Fourier
transform of t(k) while J(x − y) is the Fourier transform
of the third term in (89). The relative excitation potential
tJ
VIBS
(x, y) is due to strong correlations (suppression of
doubly occupancy on each lattice site) and as we will see
below it is responsible for the short-range screening of EPI
in such a way that the forward scattering peak appears in
the eﬀective EPI interaction—see discussion below. (iii) For
the very low doping 0 (k) is dominated by the exchange
parameter if J0 > δ · t0 . However, in the case when J0 
δ · t0 there is a band narrowing by lowering the holedoping δ, where the band width is proportional to the holeconcentration δ, that is, Wb = z · δ · t0 . (iv) The O(1)-order
quasiparticle Green’s function g0 (k, ω) and the quasiparticle
spectrum 0 (k) in the X-method have similar form as the
spinon Green’s function g0, f (k, ω) = − T fσ fσ† k,ω and the
spinon energy s (k) in the SB method. However, in the SB
method there is a broken gauge symmetry in the metallic
state (with δ =
/ 0. This
/ 0) which is characterized by bi =
broken local gauge symmetry in the slave-boson method in
O(1) order, which is due to the local decoupling of spinon
and holon, is in fact forbidden by Elitzur’s theorem. On the
other side the local gauge invariance is not broken in the Xmethod where Green’s function G0 (k, ω) describes motion
of the composite object, that is, simultaneous creation of
the hole and annihilation of the spin at a given lattice site,
while in the SB theory there is a spin-charge separation
because of the broken symmetry ( bi =
/ 0). The assumption
of the broken symmetry bi =
/ 0 gives qualitative satisfactory
results for the quasiparticle energy for the case N = ∞ in D >
2 dimensions. However, the analysis of response functions
and of higher-order 1/N corrections to the self-energies very
delicate in the SB theory and special techniques must be
implemented in order to restore the gauge invariance of the
theory. On the other side the X-method is intrinsically gauge
invariant and free of spurious eﬀects in all orders of the 1/N
expansion. Therefore, one expects that these two methods
may deliver diﬀerent results in O(1) and higher order in
response functions. This diﬀerence is already manifested in
the calculation of EPI where the charge vertex in these two
methods is peaked at diﬀerent wave vectors q, that is, at
q = 0 in the X-method and |q| =
/ 0 in the SB method—
see Section 2.3.5. (v) In [215, 216] it is shown that in the
superconducting state the anomalous self-energies (which
are of O(1/N)-order in the 1/N expansion) of the X- and
SB-methods diﬀer substantially. As a consequence, the SB
method [217] predicts false superconductivity in the t-J
model (for J = 0) with large Tc (due to the kinematical
interaction), while the X-method gives extremely small Tc (≈
0) [215, 216]. So, although the two approaches yield some

similar results in leading O(1)-order they, are diﬀerent at
least in next to leading O(1/N)-order.
2.3.3. EPI Eﬀective Potential in the t-J Model. The theory
of EPI in the minimal t-J model based on the X-method
predicts that the leading term in the EPI self-energy Σep is
given by the expression [6, 78–80, 130]


 

 

 



Σep (1, 2) = −Vep 1 − 2 γc 1, 3; 1 g0 3 − 4 γc 4, 2; 2 , (91)
where the screened (by the dielectric constant) EPI potential












0
1 − 2 εe−1 2 − 2
Vep (1 − 2) = εe−1 1 − 1 Vep

(92)

0 (1 − 2) = − T Φ(1)


and Vep
Φ(2)
is the “phonon” propagator
which may also describe an anharmonic EPI. It is obvious
that (91) is equivalent to (53) in spite the fact that the theory
is formulated in terms of the Hubbard operators. The charge
vertex γc (1, 2; 3) = −δg0−1 (1, 2)/δueﬀ (3) corresponds to the
the renormalized vertex Γc,r in (53) and it describes the
screening by strong correlations. It depends on the relative
tJ
(x, y). The electronic dielectric funcexcitation potential VIBS
tion εe (1 − 2) describes the screening of EPI by the long-range
part of the Coulomb interaction. Note that in the harmonic

approximation Φ(1)
contains the bare EPI coupling constant
0 and lattice displacement u
0 u
 ∼ gep
gep
, that is, Φ
—see more
in [6]. (Note that in the above equations summation and
integration over bar indices are understood.) The self-energy
Σep (k, ω) due to EPI reads

Σep (k, ω) =

∞
0

&

'

dν α2 F(k, k , ν)

k R(ω, ν),

(93)

with R(ω, ν) = −2πi(nB (ν) + 1/2) + ψ(1/2 + i) − ψ(1/2 − i(ν +
ω)/2πT) where nB (ν) is the Bose distribution function and
ψ is di-gamma function. The Eliashberg spectral function is
given by
α2 F(k, k , ω) = N(0)



gν (k, k − k )2
ν

× δ(ω − ων (k − k ))γc2 (k, k − k ),

(94)
where gν (k, p) is the EPI coupling constant for the νth
mode, where the renormalization by long-range Coulomb
0 (k, p)/ε (p).
interaction is included, that is, gν (k, p) = gep,ν
e
· · · k denotes Fermi-surface average with respect to the
momentum k and N(0) is the density of states renormalized
by strong correlations. The eﬀect of strong correlations in
the adiabatic limit is stipulated in the charge vertex function
γc (k, k − k ) which, as we will see in Section 2.3.4, changes
the properties of Vep (q, ν) drastically compared to weakly
correlated systems. In fact the charge vertex depends on
frequency ω but in the adiabatic limit (ωph  W) and
for qvF > ωph it is practically frequency independent, that
is, γc(ad) (k, q, ω) ≈ γc (k, q, ω = 0) where the latter is real
quantity. For J = 0 in the t-t  model the 1/N expansion
gives N(0) = N0 (0)/q0 where q0 = δ/2. For J =
/ 0 the density
of states N(0) does not diverge for δ → 0 where N(0)(∼
1/J0 ) > N0 (0). The bare density of states N0 (0) is calculated in
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absence of strong correlations, for instance, by the LDA-DFT
method.
Depending on the symmetry of the superconducting
order parameter Δ(k, ω) (s- and d-wave pairing) various
projected averages (over the Fermi surface) of α2 F(k, k , ω)
enter the Eliashberg equations. Assuming that the superconducting order parameter transforms according to the
representation Γi of the point group C4v of the square lattice
(in the CuO2 planes) the appropriate symmetry-projected
spectral function is given by


α2 Fi k, k , ω =

2
N(0) 


gν k, k − T j k 
8 ν, j
× δ ω − ων k − T j k



(95)

  
× γc2 k, k − T j k Di j

where k and k are momenta on the Fermi line in the
irreducible Brillouin zone (1/8 of the total Brillouin zone).
T j , j = 1, . . . , 8 denotes the eight point-group transformations forming the symmetry group of the square lattice.
This group has five irreducible representations which we
distinguish by the label i = 1, 2, . . . , 5. In the following we
discuss the representations i = 1 and i = 3, which correspond
to the s- and d-wave symmetry of the full rotation group,
respectively. Di ( j) is the representation matrix of the jth
transformation for the representation i. Assuming that the
superconducting order parameter Δ(k, ω) does not vary
much in the irreducible Brillouin zone, one can average over
k and k in the Brillouin zone. For each symmetry one
obtains the corresponding pairing spectral function α2 Fi (ω):
α2 Fi (ω) =



α2 Fi k, k , ω

 
k k

,

(96)

which governs the transition temperature for the order
parameter with the symmetry Γi . For instance, α2 F3 (ω) is
the pairing spectral function in the d-channel and it gives
the coupling for d-wave superconductivity (the irreducible
representation Γ3 —sometimes labelled as B1g ). Performing
similar calculations for the phonon-limited resistivity, one
finds that the resistivity is related to the transport spectral
function α2 Ftr (ω):


α2 F(k, k , ω)[v(k) − v(k )]2

α2tr F(ω) =

2 v2 (k)



kk

kk

.

(97)

The eﬀect of strong correlations on EPI was discussed in
[130] within the model where gν (k, p) and the phonon
frequencies ων (k − k ) are weakly momentum dependent.
In order to elucidate the main eﬀect of strong correlations
on EPI and α2 Fi (ω) we consider the latter functions for a
simple model with Einstein phonon, where these functions
are proportional to the (so called) relative coupling constant
Λi :
1 N(0) 
8 N0 (0) j =1
8

Λi =

((
2 ))


γc k, k − T j k 

kk

 

Di j . (98)

Similarly, the resistivity ρ(T)(∼ λtr ∼ Λtr ) is renormalized by
the correlation eﬀects where the transport coupling constant
Λtr is given by
Λtr =

N(0)
N0 (0)

((
))
2


γc k, k − T j k  [v(k) − v(k )]2

kk

2 v2 (k)

kk

.

(99)
As we see, all projected spectral functions α2i F(ω) depend
on the charge vertex function γc (k, q) which describes the
screening (renormalization) of EPI due to strong correlations (suppression of doubly occupancy) [78–80, 130].
This important ingredient (which respects also the Ward
identities) is a decisive step beyond the MFA renormalization
of EPI in strongly correlated systems which was previously
studied in connection with heavy fermions—see review in
[218].
2.3.4. Charge Vertex and the EPI Coupling. The charge vertex
function γc (k, q) (in the adiabatic approximation) has been
calculated in [78–80, 130, 179, 180] in the framework of
the 1/N expansion in the X-method—see also [6]—and
here we discuss only the main results. Note that γc (k, q)
renormalizes all charge fluctuation processes, such as the
EPI interaction, the long-range Coulomb interaction, the
nonmagnetic impurity scattering, and so forth. In fact
γc (k, q) describes specific screening due to the vanishing of
doubly occupancy in strongly correlated systems. Note that the
latter constraint is at present impossible to incorporate into
the LDA-DFT band-structure calculations, thus making the
latter method unreliable in highly correlated systems. In [78–
80, 130, 179, 180] γc (k, q, ω) was calculated as a function of
the model parameters t, t  , δ, J in leading O(1) order of the
t-J model:




γc k, q = 1 −

6 
6

α=1 β=1





 −1

Fα (k) 1 + χ q

αβ

 

χβ2 q ,

(100)

where χαβ (q) =
= [t(k), 1,
p Gα (p, q)Fβ (p), Fα (k)
and
Gα (p, q)
2J0 cos kx , 2J0 sin kx , 2J0 cos k y , 2J0 sin k y ],
= [1, t(p + q), cos px , sin px , cos p y , sin p y ]Π(p, q). Here,
Π(k, q) = −g(k)g(k + q) and q = (q, iqn ), qn = 2πnT, p =
(p, ipm ), pm = πT(2m + 1). The physical meaning of the
vertex function γc (k, q) is following: in the presence of an
external (or internal) charge perturbation there is screening
tJ
(x, y), that
due to the change of the excitation potential VIBS
is, of the change of the bandwidth, as well as of the local
chemical potential. The central result is that for momenta
k lying at (and near) the Fermi surface the vertex function
γc (k, q, ω = 0) has very pronounced forward scattering peak
(at q = 0) especially at very low doping concentration
δ(1), while the backward scattering is substantially
suppressed, as it is seen in Figure 35 where γc (kF , q, ω = 0) is
shown. The peak at q = 0 is very narrow at very small doping
since its width qc is proportional to the doping δ, that is,
qc ∼ δ(π/a) where a is the lattice constant. It is interesting
that γc (k, q), as well as the dynamics of charge fluctuations,
depend only weakly on the exchange energy J and are mainly
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Figure 35: Adiabatic (ω = 0) vertex function γ(kF , q) of the t-J
model as a function of the momentum aq with q = (q, q) for three
diﬀerent doping levels δ. From [130].

Figure 36: Normalized s-wave Λs , d-wave Λd , and transport Λtr · δ
coupling constants as a function of doping δ for t  = 0 and J = 0.
From [179, 180].

dominated by the constraint of having no doubly occupancy
of sites, as it is shown in [78–80, 130, 179, 180].
The existence of the forward scattering peak in γc (k, q) at
q = 0 is confirmed by numerical calculations in the Hubbard
model, which show that this peak is very pronounced at
large U [182]. This is important result since it proves that
the 1/N expansion in the X-method is reliable method in
studying charge fluctuation processes in strongly correlated
systems. The strong suppression of γc (k, q) at large q(∼ kF )
means that at small distances the charge fluctuations are
strongly suppressed (correlated). Such a behavior of the
vertex function means that a quasiparticle moving in the
strongly correlated medium digs up a giant correlation hole
with the radius ξch (∼ π/qc ) ≈ a/δ, where a is the lattice
constant. As a consequence of this eﬀect the renormalized
EPI becomes long ranged which is contrary to the weakly
correlated systems where it is short ranged.
By knowing γc (k, q) one can calculate the relative
coupling constants Λ1 ≡ Λs , Λ3 ≡ Λd , Λtr , and so forth.
In the absence of correlations and for an isotropic band one
has Λ1 = Λtr = 1, Λi = 0 for i > 1. The averages in Λs ,
Λd , and Λtr were performed numerically in [130] by using
the realistic anisotropic band dispersion in the t-t  -J model
and the results are shown in Figure 36. For convenience, the
three curves are multiplied with a common factor so that
Λs approaches 1 in the empty-band limit δ → 1, when
strong correlations are absent. Note that the superconducting
critical temperature Tc in the weak coupling limit and in
the ith channel scales like Tc(i) ∼ exp(−1/(λ0 Λi − μ∗i ) where
λ0 is some eﬀective coupling constant which depends on
microscopic details. The parameter μ∗i is the eﬀective residual
Coulomb repulsion in the ith superconducting channel. We

stress here several interesting results which come out from
the above theory and which are partially presented in Figures
35 and 36.
(1) In principle the bare EPI coupling constant gλ0 (k, q)
depends on the quasiparticle momentum k and the transfer momentum q. In the t-J model the EPI coupling
ion (see (80)) and
is dominated by the ionic coupling Hep
corresponding EPI depends only on the momentum transfer
q, that is, gλ0 (k, q) ≈ gλ0 (q) while for the much smaller
cov depends on both k and q [6, 10, 11].
covalent coupling H ep
However, the EPI couplings for most phonon modes are
renormalized by the charge vertex and since the latter is
peaked at small momentum transfer q = |k − k | then
the maxima of the corresponding eﬀective potentials are
pushed toward smaller values of q. The further consequence
of the vertex renormalization is that in the absence of
2
strong correlations the bare EPI coupling |g 0 (k, q)| for some
phonon modes (which enters in the eﬀective t-J model) is
detrimental for d-wave pairing; it can be less detrimental or
even supports it in the presence of strong correlations (since
the maximum is pushed toward smaller q). To illustrate
this let us consider the in-plane oxygen breathing mode
with the frequency ωbr which is supposed to be important
in HTSC cuprates. The bare coupling constant (squared)
2
0
(k, q)| =
for this mode is approximately given by |gbr
0 2
| [sin2 (qx a/2)+sin2 (q y a/2)] which reaches maximum for
|gbr
large q = (π/a, π/a). By extracting the component in the dchannel one has

2  2 
 0
 0

gbr (k − k ) = gbr
 1−



1
ψd (k)ψd (k ) + · · ·
4
(101)
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with
ψd (k) = cos kx a − cos k y a.

(102)

This gives the repulsive coupling constant λ0d in the dchannel, that is,
λ0d

(

)


2
2
 0

(k − k ) ψd (k ) < 0.
=
ψd (k)gbr
ωbr

(103)

However, in the presence of strong correlations one expects
that the eﬀective coupling constant is given approximately
2
eﬀ
0
(k, k − k )| ≈ |gbr
(k − k )| γc2 (kF , k − k ) which is at
by |gbr
small doping δ suppressed substantially at large q since γc2
starts to fall oﬀ drastically at q ∼ qc ∼ δ(π/a). The latter
property makes the eﬀective coupling constant (in the dchannel) λeﬀ
d for these modes less negative or even positive
(depending on the ratio ξch /a ∼ 1/δ), that is, one has λeﬀ
d >
λ0d . We stress again that this analysis is only qualitative (and
semiquantitative) since it is based on the t-J model while
the better quantitative results are expected in the strongly
correlated three-band Emery model with Ud  t, Δ pd —see
[6, Appendix D]. Unfortunately, these calculations are not
finalized until now.
(2) In weakly correlated systems (or, e.g., in the emptyband limit δ → 1) the relative d-wave coupling constant Λd
is much smaller than the s-wave coupling constant Λs , that is,
Λd  Λs as it is seen in Figure 36. Furthermore, Λs decreases
with decreasing doping.
(3) It is indicative that independently on the value of
t =
/ 0 or t  = 0 the coupling constant Λs and Λd meet each
other (note that Λs > Λd for all δ) at some small doping
δ ≈ 0.1–0.2 where Λs ≈ Λd . We would like to stress that
such a unique situation (with Λs ≈ Λd ) was practically
never realized in low-temperature and weakly correlated
superconductors and in that respect the strong momentumdependent EPI in HTSC cuprates is an exclusive but very
important phenomenon.
(4) By taking into account the residual Coulomb repulsion of quasiparticles then the s-wave superconductivity
(which is governed by Λs ) is suppressed, while the dwave superconductivity (which is governed by Λd ) stays
almost unaﬀected, since μ∗s  μ∗d . In that case the d-wave
superconductivity which is mainly governed by EPI becomes
more stable than the s-wave one at suﬃciently low doping
δ. This transition between s- and d-wave superconductivity
is triggered by electronic correlations because in the model
calculations [78–80, 130] the bare EPI coupling is assumed
to be momentum independent, that is, the bare coupling
constant contains the s-wave symmetry only.
(5) The calculations of the charge vertex γc are performed
in the adiabatic limit, that is, for ω < q · vF (q) the frequency
ω in γc can be neglected. In the nonadiabatic regime, that
is, for ω > q · vF (q), the function γc2 (kF , q, ω) may be
substantially larger compared to the adiabatic case because
γc (kF , q, ω) tends to the bare value 1 for q = 0. This means
that EPI for diﬀerent phonons (with diﬀerent energies ω) is
diﬀerently aﬀected by strong correlations. For a given ω the
EPI coupling to those phonons with momenta q < qω = ω/vF
will be (relatively) enhanced since γc (kF , q, ω) ≈ 1, while the

coupling to those with q > qω = ω/vF will be substantially
reduced due to the suppression of the backward scattering by
strong correlations [37, 38]. These results are a consequence
of the Ward identities and generally hold in the LandauFermi liquid theory [219].
(6) The transport EPI coupling constant Λtr is significantly reduced in the presence of strong correlations
especially for low doping (δ  1) where Λtr < Λ/3. This
result is physically plausible since the resistivity is dominated
by the backward scattering processes (large q ∼ kF ) which
are suppressed by strong correlations—the suppression of
γc (kF , q, ω) at large q.
The theory based on the forward scattering peak in
EPI is a good candidate to explain the linear temperature
behavior of the resistivity down to very small temperatures
T(∼ ΘD /30) ≈ 10 K in some cuprates with low Tc (≈10 K)
[6, 128, 129]. One physically rather plausible model, which
is based on the forward scattering peak in EPI, is elaborated
in [128]. It takes into account (i) the quasiparticle scattering
on acoustic (a) and on optic (o) phonons, (ii) the extended
van Hove singularity in the quasiparticle density of states
N(ξ) which in some cuprates is very near the Fermi surface,
and (iii) the umklapp and “undulation” (due to the flat
regions at the Fermi surface) processes with vk ∼
= −vk —
this condition can partly increase the EPI coupling. The
transport Eliashberg function α2tr F(ω) is calculated similarly
to (97) by using the definition of α2 F(k, k , ω) in (95) with
the renormalized coupling constant gν(r) (k − k ) = gν (k −
k )γc (k − k ) of the ν = a, o mode, respectively. In [128] it is
assumed a phenomenological form for the forward scattering
peak in γc (k − k ) with the cutoﬀ qc  kF (and which mimics
the exact results from [78–80, 130, 179, 180]). Since the
scattering of the quasiparticles on phonons (with the sound
velocity vs ) is limited to small-q transfer processes (with
q < qc ), then the maximal energy of the acoustic branch
is not the Debye energy ΘD (≈ kF vs ) but the eﬀective Debye
energy ΘA (≈ qc vs )  ΘD . In the case of Bi2201 in [128] it is
taken (from the numerical results in [78–80, 130, 179, 180])
that qc ≈ kF /10 which gives ΘA ≈ (30–50) K. As a result
the calculated α2tr F(ω) gives that ρab (T) ∼ T down to very
low T(∼ 0.2ΘA ) ≈ 10 K. The slope (dρab /dT) is governed
by the eﬀective EPI coupling constant for acoustic phonons.
In systems with the extended van Hove singularity (in N(ξ))
near the Fermi surface, which is the case in Bi-2201, the
eﬀective coupling constant for acoustic phonons can be
suﬃciently large to give experimental values for the slope
(dρab /dT) ∼ (0.5–1) μΩcm/K—for details see [128]. This
physical picture is applicable also to cuprates near and at
the optimal doping but since in these systems Tc is large the
linearity of ρab (T) down to very low T is “screened” by the
appearance of superconductivity.
(7) The width of the forward scattering peak in γc (kF , q)
is very narrow in underdoped cuprates—with the width qc ∼
δ(π/a)—which may have further interesting consequences.
For instance, HTSC cuprates are characterized not only by
strong correlations but also by the relatively small Fermi
energy EF , which is in underdoped systems not much larger
max
,
than the characteristic (maximal) phonon frequency ωph
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max
that is, EF  0.1–0.3 eV, ωph
 80 meV. Due to the
appreciable magnitude of ωD /EF it is necessary to correct
the Migdal-Eliashberg theory by the non-Migdal vertex
corrections due to the EPI. It is well known that these
vertex corrections lower Tc in systems with the isotropic
EPI. However, the non-Migdal vertex corrections in systems
with the forward scattering peak in the EPI coupling
with the cutoﬀ qc  kF may increase Tc which can be
appreciable. The corresponding calculations [220, 221] give
two interesting results: (i) there is an appreciable increase of
Tc by lowering Qc = qc /2kF , for instance, Tc (Qc = 0.1) ≈
4Tc (Qc = 1); (ii) even small values of λep < 1 can give
large Tc . The latter results open a new possibility in reaching
high Tc in systems with appreciable ratio ωD /EF and with
the forward scattering peak in EPI. The diﬀerence between
the Migdal-Eliashberg and the non-Migdal theory can be
explained qualitatively in the framework of an approximative
McMillan formula for Tc (for not too large λ) which reads
∗
Tc ≈ ω e−1/(λ−μ ) . The Migdal-Eliashberg theory predicts

λ(ME) ≈

λ
,
1+λ

(104)

while the non-Migdal theory [220, 221] gives
λ(n-ME) ≈ λ(1 + λ).

(105)

For instance, Tc ∼ 100 K in HTSC oxides can be explained by
the Migdal-Eliashberg theory for λ(ME) ∼ 2, while in the nonMigdal theory much smaller coupling constant is needed,
that is, λ(n-ME) ∼ 0.5.
(8) The existence of the forward scattering peak in EPI
can in a plausible way explain the ARPES puzzle that the
antinodal kink is shifted by the maximal superconducting
gap Δmax while the nodal kink is unshifted. The reason is
(as explained in Section 1.3.3) that due to strong correlations
the EPI spectral function α2 F(k, k , Ω) ≈ α2 F(ϕ − ϕ , Ω) is
strongly peaked at ϕ − ϕ = 0 [151].
(9) The scattering potential on nonmagnetic impurities is
renormalized by strong correlations giving also the forward
scattering peak in the impurity scattering potential (amplitude) [155]. The latter eﬀect gives large d-wave channel in
the renormalized impurity potential, which is the reason that
d-wave pairing in HTSC cuprates is robust in the presence of
nonmagnetic impurities (and defects) [6, 155].
2.3.5. EPI and Strong Correlations—Other Methods. The
calculations of the static (adiabatic) charge-vertex γc (kF , q)
in the X-method are done for the case U = ∞ [78–80, 130,
179, 180] where it is found that it is peaked at q = 0—
the forward scattering peak (FSP). This result is confirmed
by the numerical Monte Carlo calculations for the finite-U
Hubbard model [182], where it is found that FSP exists for all
U, but it is especially pronounced in the limit t  U. These
results are additionally confirmed in the calculations [183]
within the four slave-boson method of Kotliar-Rückenstein
where γc (kF , q) is again peaked at q = 0 and the peak is also
pronounced at t  U.
There are several calculations of the charge vertex in the
one slave-boson method [219, 222–224] which is invented to

study the limit U → ∞. It is interesting to compare the
results for the charge vertex in the X-method [78–80, 130,
179, 180] and in the one slave-boson theory [222] which are
calculated in O((1/N)0 ) order. For instance, for J = 0 one
has
γc(X)
γc(SB)







 



 

1 + b q − a q t(k)
k, q = 
 2
   ,
1+b q −a q c q
 

 





1 + b q − a q t(k) + t k + q /2
k, q =
.

 2
   
1+b q −a q c q

(106)

The explicit expressions for the “bare” susceptibilities
a(q), b(q), and c(q) can be found in [78–80, 130]. It is
obvious from (106) that γc(X) (k, q = 0) = γc(SB) (k, q = 0)
but the calculations give that max{γc(X) (k, q)} is for q =
0, while max{γc(SB) (k, q)} is for |q| =
/ 0 [181]. So, the SB
vertex is peaked at finite q which is in contradiction with the
numerical Monte Carlo results for the Hubbard model [182]
and with the four slave-boson theory [183]. The reason for
the discrepancy of the one slave-boson (SB) in studying EPI
with the numerical results and the X-method is not quite
clear and might be due to the symmetry breaking of the local
gauge invariance in leading order of the SB theory.
2.4. Summary of Section 2. The experimental results in
HTSC cuprates which are exposed in Section 1 imply that
the EPI coupling constant is large and in order to be
conform with d-wave pairing this interaction must be
very nonlocal (long range), that is, weakly screened and
peaked at small transfer momenta. In absence of quantitative
calculations in the framework of the ab initio microscopic
many-body theory the eﬀects of strong correlations on
EPI are studied within the minimal t-J model where this
pronounced nonlocality is due to two main reasons: (1)
strong electronic correlations and (2) the combined metallicionic layered structure in these materials. In case (1) the
pronounced nonlocality of EPI, which is found in the
t-J model system, is due to the suppression of doubly
occupancy at the Cu lattice sites in the CuO2 planes, which
drastically weakens the screening eﬀect in these systems. The
pronounced nonlocality and suppression of the screening
are mathematically expressed by the charge vertex function
γc (kF , q, ω) which multiplies the bare EPI matrix element.
The vertex function is peaked at q = 0 and strongly
suppressed at large q, especially for low (oxygen) holedoping δ  1 near the Mott-Hubbard transition. Such a
structure of γc gives that the d-wave and s-wave coupling
constants are of the same order of magnitude around and
below some optimal doping δop ≈ 0.1, that is, λd ≈ λs .
This is very peculiar situation never met before. Since the
residual eﬀective (low-energy) Coulomb interaction is much
smaller in the d-channel than in the s-channel, that is,
μ∗s  μ∗d (with the possibility that μ∗d < 0), then the
critical temperature for d-wave pairing is much larger than
for the s-wave one, that is, Tc(d)  Tc(s) . Since all charge
fluctuation processes are modified by strong correlations,
then the quasiparticle scattering on nonmagnetic impurities
is also drastically changed; the pair-breaking eﬀect on d-wave
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pairing is drastically reduced. This nonlocal eﬀect, which is
not discussed here—see more in [6] and references therein—
is one of the main reasons for the robustness of d-wave
pairing in HTSC oxides in the presence of nonmagnetic
impurities and numerous local defects. The development of
the forward scattering peak in γc (kF , q) and suppression at
large q( qc = δ(π/a)) give rise to the suppression of
the transport coupling constant λtr making it much smaller
than the self-energy coupling constant λ, that is, one has
λtr ≈ λ/3 near the optimal doping δ = 0.1–0.2. Thus the
behavior of the vertex function and the dominance of EPI in
the quasiparticle scattering resolve the experimental puzzle
that the transport and the self-energy coupling constant take
very diﬀerent values, λtr,ep  λep . Note that this is not the
case with the SFI mechanism which is dominant at large
q ≈ Q = (π, π) thus giving λtr,sf ≈ λsf . This result means that
if in the SFI mechanism one fits the temperature-dependent
resistivity (governed by λtr,sf ) then one obtains very low Tc .
We stress that the strength of the EPI coupling constants
λep , λep,d is at present impossible to calculate since it is
diﬃcult to incorporate strong correlations and numerous
structural eﬀects in a tractable microscopic theory.
2.5. Discussions and Conclusions. Numerous experimental
results related to tunnelling, optics, ARPES, inelastic neutron, and X-ray scattering measurements in HTSC cuprates
at and near the optimal doping give evidence for strong
electron-phonon interaction (EPI) with the coupling constant 1 < λep < 3.5. The tunnelling measurements furnish
evidence for strong EPI which give that the peaks in the
bosonic spectral function α2 F(ω) coincide well with the peaks
in the phonon density of states Fph (ω). The tunnelling spectra
show that almost all phonons contribute to Tc and that no
particular phonon mode can be singled out in the spectral
function α2 F(ω) as being the only one which dominates in
pairing mechanism. In light of these results the small oxygen
isotope eﬀect in optimally doped systems can be partly due
to this eﬀect, thus not disqualifying the important role of
EPI in pairing mechanism. The compatibility of the strong
EPI with d-wave pairing implies an important constraint
on the EPI pairing potential—it must be nonlocal, that is,
peaked at small transfer momenta. The latter is due to (a)
strong electronic correlations and (b) the combined metallicionic structure of these materials. If the EPI scattering is
the main player in pairing in HTSC cuprates, then this
nonlocality implies that at and below some optimal doping
(δop ∼ 0.1) the magnitude of the EPI coupling constants in
d-wave and s-wave channel must be of the same order, that
is, λep,d ≈ λep,s . This result in conjunction with the fact that
the residual eﬀective Coulomb coupling in d-wave channel is
much smaller than in the s-wave one, that is, μ∗s  μ∗d (with
the possibility that μ∗d < 0) gives that the critical temperature
for d-wave pairing is much larger than for s-wave pairing.
The numerous tunnelling, ARPES, optics, and magnetic
neutron scattering measurements give suﬃcient evidence
that the spin-fluctuation interaction (SFI) plays a secondary
role in pairing in HTSC cuprates. Especially important
evidence for the smallness of SFI (in pairing) comes from the
magnetic neutron scattering measurements which show that
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by varying doping slightly around the optimal one there is a
huge reconstruction of the SFI spectral function Im χ(q, ω)
(imaginary part of the spin susceptibility) for q ≈ Q, while
there is very small change in the critical temperature Tc .
These experimental results imply important constraints on
the pairing scenario for systems at and near optimal doping:
(1) the strength of the d-wave pairing potential is provided
by EPI (i.e., one has λep,d ≈ λep,s ) while the role of the
residual Coulomb interaction and SFI, together, is to trigger
d-wave pairing; (2) the Migdal-Eliashberg theory, but with
the pronounced momentum dependent of EPI, is a rather
good starting theory.
The ab initio microscopic theory of pairing in HTSC
cuprates fails at present to calculate Tc and to predict the
magnitude of the d-wave order parameter. From that point
of view it is hard to expect a significant improvement
of this situation at least in the near future. However, the
studies of some minimal (toy) models, such as the singleband t-J model, allow us to understand part of the physics
in cuprates on a qualitative and in some cases even on a
semiquantitative level. In that respect the encouraging results
come from the theoretical studies of the EPI scattering in
the t-J model by using controllable mathematical methods in
the X-method formulated in terms of the Hubbard operators
[78–80, 130, 179, 180]. This theory predicts dressing of
quasiparticles by strong correlations which dig up a largescale correlation hole of the size ξch ∼ a/δ for δ  1. These
quasiparticles respond to lattice vibrations in such a way
to produce an eﬀective long-range electron interaction (due
to EPI), that is, the eﬀective pairing potential Veﬀ (q, ω) is
peaked at small transfer momenta q—the forward scattering
peak. This theory (of the toy model) is conform with the
experimental scenario by predicting the following results: (i)
the EPI coupling constants in d-wave and s-wave channels
are of the same order, that is, λep,d ≈ λep,s , at some optimal
doping δop ∼ 0.1; (ii) the transport coupling is much
smaller than the pairing one, that is, λtr ≈ λ/3; (iii) due
to strong correlations there is forward scattering peak in
the potential for scattering on nonmagnetic impurities, thus
making d-wave pairing robust in materials with a lot of
defects and impurities. Applied to HTSC superconductors at
and near the optimal doping, this theory is a realization of
the Migdal-Eliashberg theory but with strongly momentum
dependent EPI coupling, which is conform with the proposed experimental pairing scenario. This scenario which is
also realized in the t-J toy model may be useful in making a
(phenomenological) theory of pairing in cuprates. However,
all present theories are confronted with the unsolved and
challenging task—the calculation of Tc . From that point of
view we do not have at present a proper microscopic theory
of pairing in HTSC cuprates.

Appendix
A. Spectral Functions
A.1. Spectral Functions α2 F(k, k , ω) and α2 F(ω). The quasiparticle bosonic (Eliashberg) spectral function α2 F(k, k , ω)
and its Fermi surface average α2 F(ω) = α2 F(k, k , ω) k,k
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enter the quasiparticle self-energy Σ(k, ω), while the transport spectral function α2 Ftr (ω) enters the transport selfenergy Σtr (k, ω) and dynamical conductivity σ(ω). Since the
Migdal-Eliashberg theory for EPI is well defined, we define
the spectral functions for this case and the generalization to
other electron-boson interaction is straightforward. In the
 ωn )
superconducting state Matsubara Green’s functions G(k,

ωn ) are 2 × 2 matrices with the diagonal elements
and Σ(k,
G11 ≡ G(k, ωn ), Σ11 ≡ Σ(k, ωn ) and the oﬀ-diagonal
elements G12 ≡ F(k, ωn ), Σ12 ≡ Φ(k, ωn ) which describe
superconducting pairing. By defining iωn [1 − Z(k, ωn )] =
[Σ(k, ωn ) − Σ(k, −ωn )]/2 and χ(k, ωn ) = [Σ(k, ωn ) +
Σ(k, −ωn )]/2, the Eliashberg functions for EPI in the presence of the Coulomb interaction (in the singlet pairing
channel) read [70, 225–227]


Z(k, ωn ) = 1 +
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Z(ωn ) = 1 +
Z(ωn )Δ(ωn ) = πT



−
where ωnm
≡ ωn − ωm , ωn = πT(2n + 1), Φ(k, ωn ) ≡
2 Z 2 + ( − μ + χ)2 + Φ2 , and N(μ)
Z(k, ωn )Δ(k, ωn ), D = ωm
is the density of states at the Fermi surface. (In studying
some problems, such as optics, it is useful to define the
renormalized frequency iωn (iωn )(≡ iωn Z(ωn )) = ωn − Σ(ωn )
or its analytical continuation ω(ω) = Z(ω)ω = ω − Σ(ω)).
These equations are supplemented with the electron number
equation n(μ) (μ is the chemical potential):
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where Bκ (k − p; ν) is the phonon spectral function of the κth
phonon mode related to the phonon propagator
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AN (k, ω)AS p, ω + eV f (ω) − f (ω + eV) .
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Note that in the case of EPI one has λΔkp (νn ) = λZkp (νn )(≡
λkp (νn )) (with νn = πTn) where λkp (νn ) is defined by
∞
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λ ωnm
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−
where ωnm
= ωn − ωm , α2 F(ω) = α2 F(k, k , ω) k,k , and
· · · k,k is the average over the Fermi surface. The above
equations can be written on the real axis by the analytical
continuation iωm → ω + iδ where the gap function is
complex, that is, Δ(ω) = ΔR (ω) + iΔI (ω). The solution
for Δ(ω) allows the calculation of the current-voltage
characteristic I(V ) and tunnelling conductance GNS (V ) =
dINS /dV in the superconducting state of the NIS tunnelling
junction where INS (V ) is given by
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χ(k, ωn ) = −
N p,m N μ
D p, ωm

⎡



Fi (ω = (1/N) q |εqi | δ(ω − ωq ) is the amplitude-weighted
density of states.
ren
0
(≈ gκ,kp
γεe−1 )
The renormalized coupling constant gκ,kp
in (A.4) comprises the screening eﬀect due to long-range
Coulomb interaction (∼ εe−1 —the inverse electronic dielectric function) and short-range strong correlations (∼ γ—
the vertex function)—see more in Section 2. Usually in the
case of low-temperature superconductors (LTS) with s-wave
pairing the anisotropy is rather small (or in the presence of
impurities it is averaged out) which allows an averaging of
the Eliashberg equations [70, 225–227]:



ν
Bκ q, ν .
ν2 + ν2n

(A.5)

However, very often it is measured the generalized phonon
density of states GPDS(ω)(
≡ G(ω))
 (see Section 1.3.4)

defined by G(ω) = i (σi /Mi )Fi (ω)/ i (σi /Mi ). Here, σi and
Mi are the cross-section and the mass of the ith nucleus and

Here, AN,S (k, ω) = −2 Im GN,S (k, ω) are the spectral functions of the normal metal and superconductor, respectively,
and f (ω) is the Fermi distribution function. Since the
angular and energy dependence of the tunnelling matrix
elements |Tk,p |2 is practically unimportant for s-wave
superconductors, then the relative conductance σNS (V ) ≡
GNS (V )/GNN (V ) is proportional to the tunnelling density of
states NT (ω) = AS (k, ω)d3 k/(2π)3 , that is, σNS (ω) ≈ NT (ω)
where
⎧
⎪
⎨

⎫
⎪
⎬

ω + iγ(ω)
.
NT (ω) = Re⎪ 
⎩ ω + iγ(ω)2 − Z 2 (ω)Δ(ω)2 ⎪
⎭

(A.8)

Here, Z(ω) = Z(ω)/ Re Z(ω), γ(ω) = γ(ω)/ Re Z(ω), Z(ω) =
Re Z(ω) + iγ(ω)/ω, and the quasiparticle scattering rate in the
superconducting state γs (ω, T) = −2 Im Σ(ω, T) is given by
γs (ω, T) = 2π

∞
0

dν α2 F(ν)Ns (ν + ω)

× {2nB (ν) + nF (ν + ω) + nF (ν − ω)} + γimp ,

(A.9)
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where Ns (ω) = Re{ω/(ω2 − Δ2 (ω))1/2 is the quasiparticle
density of states in the superconducting state; nB,F (ν) are
Bose and Fermi distribution function, respectively. Since the
structure of the phonon spectrum is contained in α2 F(ω),
it is reflected on Δ(ω) for ω > Δ0 (the real gap obtained
from Δ0 = Re Δ(ω = Δ0 )) which gives the structure
in GS (V ) at V = Δ0 + ωph . On the contrary one can
extract the spectral function α2 F(ω) from GNS (V ) by the
inversion procedure proposed by Kulić [6] and McMillan
and Rowell [228]. It turns out that in low-temperature
superconductors the peaks of −d2 I/dV 2 at eVi = Δ +
ωph,i correspond to the peak positions of α2 F(ω) and F(ω).
However, we would like to point out that in HTSC cuprates
the gap function is unconventional and very anisotropic,
that is, Δ(k, iωn ) ∼ cos kx a − cos k y a. Since in this case the
extraction of α2 F(k, k , ω) is diﬃcult and at present rather
unrealistic task, then an “average” α2 F(ω) is extracted from
the experimental curve GS (V ). There is belief that it gives
relevant information on the real spectral function such as
the energy width of the bosonic spectrum (0 < ω < ωmax )
and positions and distributions of peaks due to bosons. It
turns out that even such an approximate procedure gives
valuable information in HTSC cuprates—see discussion in
Section 1.3.4.
Note that in the case when both EPI and spin-fluctuation
interaction (SFI) are present one should make diﬀerence
between λZkp (iνn ) and λΔkp (iνn ) defined by
λZkp (iνn ) = λsf,kp (iνn ) + λep,kp (iνn ),
(A.10)

λΔkp = λep,kp (iνn ) − λsf,kp (iνn ).

In absence of EPI, λZkp (iνn ) and λΔkp (iνn ) diﬀer by sign, that is,
λZkp (iνn ) = −λΔkp (iνn ) > 0 since the SFI potential is repulsive
in the singlet pairing channel.
a. Inversion of Tunnelling Data. Phonon features in the
conductance σNS (V ) at eV = Δ0 + ωph make the tunnelling
spectroscopy a powerful method in obtaining the Eliashberg
spectral function α2 F(ω). Two methods were used in the past
for extracting α2 F(ω).
The first method is based on solving the inverse problem
of the nonlinear Eliashberg equations. Namely, by measuring
σNS (V ), one obtains the tunnelling density of states NT (ω)(∼
σNS (ω)) and by the inversion procedure one obtains α2 F(ω)
[228]. In reality the method is based on the iteration
procedure—the McMillan-Rowell (MR) inversion, where in
the first step an initial α2 Fini (ω), μ∗ini , and Δini (ω) are inserted
into Eliashberg equations (e.g., Δini (ω) = Δ0 for ω < ω0 and
Δini (ω) = 0 for ω > ω0 ) and then σini (V ) is calculated. In the
second step the functional derivative δσ(ω)/δα2 F(ω) (ω ≡
eV) is found in the presence of a small change of α2 Fini (ω)
and then the iterated solution α2 F(1) (ω) = α2 Fini (ω) +
δα2 F(ω) is obtained, where the correction δα2 F(ω) is given
by


δα F(ω) =
2



δσini (V )
dν
δα2 F(ν)

−1 



σexp (ν) − σini (ν) .

(A.11)

The procedure is iterated until α2 F(n) (ω) and μ∗(n) converge to
α2 F(ω) and μ∗ which reproduce the experimentally obtained
exp
conductance σNS (V ). In such a way the obtained α2 F(ω)
for Pb resembles the phonon density of states FPb (ω),
which is obtained from neutron scattering measurements.
Note that the method depends explicitly on μ∗ but on
the contrary it requires only data on σNS (V ) up to the
max
max
+ Δ0 where ωph
is the maximum
voltage Vmax = ωph
max
2
phonon energy (α F(ω) = 0 for ω > ωph
) and Δ0 is
the zero-temperature superconducting gap. One pragmatical
feature for the interpretation of tunnelling spectra (and for
obtaining the spectral pairing function α2 F(ω)) in LTS and
HTSC cuprates is that the negative peaks of d2 I/dV 2 (or
peaks in −d2 I/dV 2 ) are at the peak positions of α2 F(ω) and
F(ω). This feature will be discussed later on in relation with
experimental situation in cuprates.
The second method has been invented in [229, 230] and it
is based on the combination of the Eliashberg equations and
dispersion relations for Green’s functions—we call it GDS
method. First, the tunnelling density of states is extracted
from the tunnelling conductance in a more rigorous way
[231]:
σNS (V )
1
−
σNN (V ) σ ∗ (V )

NT (V ) =

V
0

du

(A.12)
dσ ∗ (u)
[NT (V − u) − NT (V )],
×
du
where σ ∗ (V ) = exp{−βV }σNN (V ) and the constant β are
obtained from σNN (V ) at large biases—see [229, 230]. NT (V )
under the integral can be replaced by the BCS density of
states. Since the second method is used in extracting α2 F(ω)
in a number of LTSC as well as in HTSC cuprates—see
below—we describe it briefly for the case of isotropic EPI at
T = 0 K. In that case the Eliashberg equations are given by
[70, 225–227, 229, 230]:
Z(ω)Δ(ω) =

∞
Δ0



dω Re

Δ(ω )
2
[ω − Δ2 (ω )]1/2





× K+ (ω, ω ) − μ∗ θ(ωc − ω) ,
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dν α2 F(ν)

1
1
±
.
ω + ω + ν + i0+ ω − ω + ν − i0+
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Here μ∗ is the Coulomb pseudopotential, the cutoﬀ ωc is
max
, and Δ0 = Δ(Δ0 ) is the energy
approximately (5–10)ωph
gap. Now by using the dispersion relation for the matrix
 ωn ) one obtains [229, 230]
Green’s functions G(k,
2ω
Im S(ω) =
π

∞
Δ0

dω

NT (ω ) − NBCS (ω )
,
ω2 − ω 2

(A.15)
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where S(ω) = ω/[ω2 − Δ2 (ω)] . From (A.13) one obtains

=



Re Δ(ω)
ω

 ω−Δ0
0

Im Δ(ω)
+
π

∞
0

1/2 2

dνα2 F(ν)NT (ω − ν) +
dω NT (ω )

max
 ωph

0

Im Δ(ω)
π

2α2 F(ν)
dν 
.
(ω + ν)2 − ω2
(A.16)

1
2

Based on (A.12)-(A.16) one obtains the scheme for
extracting α2 F(ω):
σNS (V ), σNN (V ) −→ NT (V ),

b. Phonon Eﬀects in NT (ω). We briefly discuss the physical
origin for the phonon eﬀects in NT (ω) by considering a
model with only one peak, at ω0 , in the phonon density of
states F(ω) by assuming for simplicity μ∗ = 0 and neglecting
the weak structure in NT (ω) at nω0 + Δ0 , which is due to
the nonlinear structure of the Eliashberg equations [232].
In Figure 37 it is seen that the real part of the gap function
ΔR (ω) reaches a maximum at ω0 + Δ0 then decreases and
becomes negative and zero, while ΔI (ω) is peaked slightly
beyond ω0 + Δ0 that is the consequence of the eﬀective
electron-electron interaction via phonons.
It follows that for ω < ω0 + Δ0 most phonons have higher
energies than the energy ω of electronic charge fluctuations
and there is overscreening of this charge by the ions giving
rise to attraction. For ω ≈ ω0 + Δ0 the charge fluctuations
are in resonance with ion vibrations giving rise to the peak
in ΔR (ω). For ω0 + Δ0 < ω the ions move out of phase with
respect to the charge fluctuations giving rise to repulsion and
negative ΔR (ω). This is shown in Figure 37(b). The structure
in Δ(ω) is reflected on NT (ω) as shown in Figure 37(c)
which can be reconstructed from the approximate formula
for NT (ω) expanded in powers of Δ/ω:


ΔR (ω)
ω

2

ΔI (ω)
−
ω

2



.

(A.18)

As ΔR (ω) increases above Δ0 , this gives NT (ω) > NBCS (ω),
while for ω  ω0 + Δ0 the real value ΔR (ω) decreases while
ΔI (ω) rises and NT (ω) decreases giving rise for NT (ω) <
NBCS (ω).
A.2. Transport Spectral Function α2tr F(ω). The spectral function α2tr F(ω) enters the dynamical conductivity σi j (ω) (i, j =

2

1

1

NT (ω)
N(0)

The advantage in this method is that the explicit knowledge
of μ∗ is not required [229, 230]. However, the integral
equation for α2 F(ω) is linear Fredholm equation of the first
kind which is ill defined—see the discussion in Section 1.3.2
item (2)

ω
ω0

(b)

(A.17)

−→ Im S(ω) −→ Δ(ω) −→ α2 F(ω).

NT (ω)
1
≈1+
N(0)
2

(a)

F(ω)

0

1

dνα2 F(ω − ν) Re Δ(ν) ν2 − Δ2 (ν)

Δ(ω)
Δ0

 ω−Δ0

2
ω − Δ0
ω0

1.1
(c)

1

1

ω − Δ0
ω0

2

Figure 37: (a) Model phonon density of states F(ω) with the
peak at ω0 . (b) The real (solid) ΔR and imaginary (dashed) part
ΔI of the gap Δ(ω). (c) The normalized tunnelling density of
states NT (ω)/N(0) (solid) compared with the BCS density of states
(dashed). From [232].

a, b, c axis in HTS systems) which generally speaking is a
tensor quantity given by the formula
σi j (ω) = −

e2
ω




d4 q 
4 γi q, k + q
(2π)

 
  
× G k + q Γ j q, k + q G q ,

(A.19)

where q = (q, ν) and k = (k = 0, ω) and the bare current
vertex γi (q, k + q; k = 0) is related to the Fermi velocity
vF,i , that is, γi (q, k + q; k = 0) = vF,i . The vertex function
Γ j (q, k + q) takes into account the renormalization due to all
scattering processes responsible for finite conductivity [233].
In the following we study only the in-plane conductivity at
k = 0. The latter case is realized due to the fact that the long
penetration depth in HTSC cuprates and the skin depth in
the normal state are very large. In the EPI theory, Γ j (q, k +
q) ≡ Γ j (q, iωn , iωn + iωm ) is the solution of an approximative
integral equation written in the symbolic form [118] Γ j =
v j + Veﬀ GGΓ j . 
The eﬀective potential Veﬀ (due to EPI) is
given by Veﬀ = κ |gκren |2 Dκ , where Dκ is the phonon Green’s
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function. In such a case the Kubo theory predicts σiiintra (ω)
(i = x, y, z):
σii (ω) =

ω2p,ii

%

4iπω

0

dν th

−ω

∞

+
0

ω + ν −1
S (ω, ν)
2T



ω+ν
ν
dν th
− th
2T
2T





−1

S (ω, ν) ,
(A.20)

imp

imp

where S(ω, ν) = ω + Σ∗tr (ω + ν) − Σtr (ν) + iγtr , and γtr is the
impurity contribution. In the following we omit the tensor
index ii in σii (ω). In the presence of several bosonic scattering
processes the transport self-energy Σtr (ω) = Re Σtr (ω) +
i Im Σtr (ω) is given by
∞

Σtr (ω) = −

l

0

dν α2tr,l Fl (ν)[K1 (ω, ν) + iK2 (ω, ν)],



1
1
ω+ν
ω−ν
+i
+i
−Ψ
2
2πT
2
2πT

K1 (ω, ν) = Re Ψ
K2 (ω, ν) =





,


π
ν
ω+ν
ω−ν
2cth
+ th
.
− th
2
2T
2T
2T
(A.21)

Here α2tr,l Fl (ν) is the transport spectral function which measures the strength of the lth (bosonic) scattering process and
Ψ is the di-gamma function. The index l enumerates EPI,
charge, and spin-fluctuation scattering processes. Like in the
case of EPI, the transport bosonic spectral function α2tr,l F(Ω)
defined in (97) is given explicitly by
α2tr,l F(ω) =



1
N2

 

μ

dSk
vF,k



dSk
vF,k

⎤
i
i
vF,k
vF,k
⎥ 2
⎢
× ⎣1 −
2 ⎦αkk ,l F(ω).
⎡

(A.22)

i
vF,k

We stress that in the phenomenological SFI theory [12–17]
one assumes that α2kk F(ω) ≈ N(μ)gsf2 Im χ(k − p, ω), which,
as we have repeated several times, can be justified only for
small gsf , that is, gsf  Wb (the bandwidth).
In case of weak coupling (λ < 1), σ(ω) can be written
in the generalized (extended) Drude form as discussed in
Section 1.3.2.
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[76] A. I. Lichtenstein and M. L. Kulić, “Electron-boson interaction can help d wave pairing self-consistent approach,”
Physica C, vol. 245, no. 1-2, pp. 186–192, 1995.
[77] D. J. Scalapino, “The case for dx2-y2 pairing in the cuprate
superconductors,” Physics Report, vol. 250, no. 6, pp. 329–
365, 1995.
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[96] O. V. Dolgov and M. L. Kulić, “Optical properties of strongly
correlated systems with spin-density-wave order,” Physical
Review B, vol. 66, no. 13, Article ID 134510, 7 pages, 2002.
[97] D. B. Romero, C. D. Porter, D. B. Tanner, et al., “Quasiparticle damping in Bi2 Sr2 CaCu2 O8 and Bi2 Sr2 CuO6 ,” Physical
Review Letters, vol. 68, no. 10, pp. 1590–1593, 1992.
[98] D. B. Romero, C. D. Porter, D. B. Tanner, et al., “On the
phenomenology of the infrared properties of the copperoxide superconductors,” Solid State Communications, vol. 82,
no. 3, pp. 183–187, 1992.
[99] H. J. Kaufmann, Ph.D. thesis, University of Cambridge,
Cambridge, UK, February 1999.
[100] A. V. Puchkov, D. N. Basov, and T. Timusk, “The pseudogap
state in high-Tc superconductors: an infrared study,” Journal
of Physics, vol. 8, no. 48, pp. 10049–10082, 1996.
[101] J. Hwang, T. Timusk, and G. D. Gu, “High-transitiontemperature superconductivity in the absence of the
magnetic-resonance mode,” Nature, vol. 427, no. 6976, pp.
714–717, 2004.
[102] M. Norman, “Shine a light,” Nature, vol. 427, no. 6976, p.
692, 2004.
[103] F. Gao, D. B. Romero, D. B. Tanner, J. Talvacchio, and M. G.
Forrester, “Infrared properties of epitaxial La2−x Srx CuO4 thin
films in the normal and superconducting states,” Physical
Review B, vol. 47, no. 2, pp. 1036–1052, 1993.
[104] A. V. Boris, N. N. Kovaleva, O. V. Dolgov, et al., “In-plane
spectral weight shift of charge carriers in YBa2 Cu3 O6.9 ,”
Science, vol. 304, no. 5671, pp. 708–710, 2004.
[105] J. Schutzmann, B. Gorshunov, K. F. Renk, et al., “Far-infrared
hopping conductivity in the CuO chains of a single-domain
YBa2 Cu3 O7 -crystal,” Physical Review B, vol. 46, no. 1, pp.
512–515, 1992.
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[116] L. Vidmar, J. Bonča, S. Maekawa, and T. Tohyama, “Bipolaron in the t-J model coupled to longitudinal and transverse
quantum lattice vibrations,” Physical Review Letters, vol. 103,
no. 18, Article ID 186401, 2009.
[117] G. Deutscher, A. F. Santander-Syro, and N. Bontemps,
“Kinetic energy change with doping upon superfluid condensation in high-temperature superconductors,” Physical
Review B, vol. 72, no. 9, Article ID 092504, 3 pages, 2005.
[118] H. J. Kaufmann, E. G. Maksimov, and E. K. H. Salje,
“Electron-phonon interaction and optical spectra of metals,”
Journal of Superconductivity and Novel Magnetism, vol. 11,
no. 6, pp. 755–768, 1998.
[119] T. A. Friedman, et al., “Direct measurement of the anisotropy
of the resistivity in the a-b plane of twin-free, single-crystal,
superconducting YBa2 Cu3 O7−δ ,” Physical Review B, vol. 42,
pp. 6217–6221, 1990.
[120] P. B. Allen, “Is kinky conventional?” Nature, vol. 412, no.
6846, pp. 494–495, 2001.
[121] I. I. Mazin and O. V. Dolgov, “Estimation of the electronphonon coupling in YBa2 Cu3 O7 from the resistivity,” Physical
Review B, vol. 45, no. 5, pp. 2509–2511, 1992.
[122] T. Kondo, T. Takeuchi, S. Tsuda, and S. Shin, “Electrical
resistivity and scattering processes in (Bi,Pb)2 (Sr,La)2CuO6+δ
studied by angle-resolved photoemission spectroscopy,”
Physical Review B, vol. 74, no. 22, Article ID 224511, 2006.
[123] J. Meng, G. Liu, W. Zhang, et al., “Growth, characterization
and physical properties of high-quality large single crystals
of Bi2 (Sr2−x Lax )CuO6+δ high-temperature superconductors,”
Superconductor Science and Technology, vol. 22, no. 4, Article
ID 045010, 2009.

Advances in Condensed Matter Physics
[124] W. E. Pickett, “Temperature-dependent resistivity from
phonons in cuprate superconductors,” Journal of Superconductivity, vol. 4, no. 6, pp. 397–407, 1991.
[125] D. M. King, Z.-X. Shen, D. S. Dessau, et al., “Observation
of a saddle-point singularity in Bi2 (Sr0.97 Pr0.03 )2CuO6+δ
and its implications for normal and superconducting state
properties,” Physical Review Letters, vol. 73, no. 24, pp. 3298–
3301, 1994.
[126] S. Martin, A. T. Fiory, R. M. Fleming, L. F. Schneemeyer,
and J. V. Waszczak, “Normal-state transport properties of
Bi2+x Sr2− y CuO6+δ crystals,” Physical Review B, vol. 41, no. 1,
pp. 846–849, 1990.
[127] S. I. Vedeneev, A. G. M. Jansen, and P. Wyder, “Magnetotransport and magnetotunneling in single-layer, twolayer, and three-layer Bi2 Sr2 Can−1 Cun Oz (n = 1, 2, 3) single
crystals,” Physica B, vol. 300, no. 1–4, pp. 38–51, 2001.
[128] G. Varelogiannis and E. N. Economou, “Small-q electronphonon scattering and linear dc resistivity in high-Tc oxides,”
Europhysics Letters, vol. 42, no. 3, pp. 313–318, 1998.
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The Hubbard-Holstein model is a simple model including both electron-phonon interaction and electron-electron correlations.
We review a body of theoretical work investigating, the eﬀects of strong correlations on the electron-phonon interaction. We focus
on the regime, relevant to high-Tc superconductors, in which the electron correlations are dominant. We find that electron-phonon
interaction can still have important signatures, even if many anomalies appear, and the overall eﬀect is far from conventional. In
particular in the paramagnetic phase the eﬀects of phonons are much reduced in the low-energy properties, while the high-energy
physics can still be aﬀected by phonons. Moreover, the electron-phonon interaction can give rise to important eﬀects, like phase
separation and charge-ordering, and it assumes a predominance of forward scattering even if the bare interaction is assumed to be
local (momentum independent). Antiferromagnetic correlations reduce the screening eﬀects due to electron-electron interactions
and revive the electron-phonon eﬀects.

1. Introduction
A wealth of materials, including the most challenging systems (cuprates, manganites, fullerenes, etc), present clear signatures of both electron-electron (e-e) and electron-phonon
(e-ph) interactions, leading to a competition-or- interplay
which can give rise to diﬀerent physics according to the value
of relevant control parameters and of the chemical and electronic properties of the materials. The results presented in
this paper are mainly motivated by high-temperature superconductors, with the copper-oxide compounds (cuprates)
in a prominent role, and an attention to the alkali-doped
fullerides.
In the case of the cuprates, which are arguably the
most accurately studied materials in the last twenty-five
years, the signatures of electron-phonon interactions are
nowadays clear, even though the overall scenario is far from
ordinary [1–3]: Electron-phonon fingerprints are evident
in some properties, while they are weak or absent in
other observables. Specifically, clear polaronic features are
observed in optical conductivity [4–6] as well as in angleresolved photoemission experiments (ARPES) [7] in very
lightly doped compounds. A substantial e-ph coupling can
also be inferred by the Fano line shapes of phonons in
Raman spectra and by the rather large frequency shift and

linewidth broadening of some phonons at Tc . Phonons are
also good candidates to account for the famous “kink” in the
electronic dispersions observed in ARPES experiments [8, 9].
Tunneling experiments are often advocated as providing the
most important evidence of strong e-ph coupling [10]. Also
Scanning Tunneling Spectroscopy measurements suggest a
direct role of a phonon mode in superconductivity [11].
Isotope eﬀects on diﬀerent quantities can be sizable, even if
they present highly unconventional features [12].
On the other hand, phonons, which typically aﬀect
resistivity in standard metals, hardly appear in transport
experiments on cuprates. For instance, the resistivity around
optimal doping is ubiquitously linear in temperature (even in
systems with relatively low critical temperature) [13–16] and
no high-temperature saturation seems to be present up to the
highest achieved temperatures [17]. While in the overdoped
materials the resistivity evolves towards a T 2 Fermi-liquid
behavior, it is the whole scenario at all dopings (and the
material dependencies), which contrasts with the relevance
of e-ph interaction in transport (at least in its standard
formulation). If one were just considering cuprates with
rather high critical temperatures around optimal doping
(like, e.g., YBa2 Cu3 O7 ) one would not find it diﬃcult to
get a reasonable agreement between transport experiments
and the standard e-ph approach [10]. This dichotomous
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behavior of cuprates, which display clear phononic features
in some experiments and limited eﬀects in others is one of
the puzzling and challenging issues raised in these materials.
Although there is a wide range of suggestions for
the superconducting mechanism, it is almost universally
recognized that a key player in the cuprate game is the
e-e correlation. Electron-electron correlation makes the
parent compounds Mott insulators, and is expected to be
important at least in the pseudogap region. Therefore, it is
not surprising that the signatures of e-ph interaction in the
cuprates can hardly be understood in terms of the standard
theory of e-ph interactions in weakly correlated metals, and
a new theoretical framework including e-e correlations is
needed. We will argue here that this change of perspective
can indeed reconcile the diﬀerent relevance of phonons in
the various observables in correlated systems.
On the other hand, the superconducting members of
the fulleride family, of composition A3 C60 with A an alkalimetal atom, are often considered as standard phononic
superconductors, in which the coupling between electrons
and the local vibrations associated the distortion of the
carbon buckyballs is the driving force of superconducting
pairing [18]. The conventional nature of these compounds
is indeed challenged by recent investigations in expanded
fullerides revealing several physical properties associated to
e-e correlations [19]. Indeed, the Cs3 C60 solid with A15
structure is an antiferromagnetic Mott insulator at ambient
pressure which becomes superconducting only under applied
pressure, with Tc reaching 38 K [20, 21]. The phase diagram
as a function of pressure closely resembles that of cuprates as
a function of doping, suggesting a central role of correlations.
Consequently, e-e interactions are expected to be important
in other members of the fulleride family. Indeed, it has
been shown that, thanks to the orbital degeneracy and the
Jahn-Teller nature of the relevant phonons, there is no
contradiction between a phononmediated superconductivity
and the relevance of electronic correlations, and the two
interactions turn out to cooperate in providing relatively
high critical temperature [22].
In an extremely broad sense, these materials (cuprates
and fullerides), as well as many others that we did not
talk about, raise the same conceptual problem, namely the
investigation of systems in which both e-e interaction and
e-ph coupling are nonnegligible and the physics can be
explained only taking both into account. On the other hand
the same phenomenology suggests that this competition may
result in completely diﬀerent physics according to specific
aspects of the materials. In general, we can expect diﬀerent
behaviors because of: (i) Diﬀerent parameters within the
same model (e.g., which is the largest scale between electronphonon interaction and electron-electron repulsion); (ii)
Diﬀerent form for the interaction term, or more generally,
diﬀerent models.
Here we focus on point (i), and we choose an extremely
simplified model, the Hubbard-Holstein model, in which
one band of correlated electrons with local Coulomb repulsion is coupled with a dispersionless phonon mode and
the coupling only involves the local electronic charge [23].
Even for this simplified model we immediately realize that
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several relevant physical parameters control the physics. As
we will discuss in the following section, we have to deal at
least with the electronic bandwidth, the Coulomb repulsion,
the strength of electron-phonon interaction, the phononic
frequency and the chemical potential that controls the band
filling. This determines a multidimensional phase diagram,
which can hardly be understood in its entirety within a single
analysis and it is expected to present several diﬀerent regimes.
Therefore, even if we choose one given simple model, it
may be useful to focus on a given physical regime, which
essentially implies to select a hierarchy between the diﬀerent
energy scales, or to fix (or neglect) some of them.
Our choice is to focus on the “strongly correlated”
metallic phases, that is, on system in which the Coulomb
repulsion is the largest energy scale, and the system is either at
half-filling (number of electrons equal to the number of sites)
or close. The polar star of this work is the understanding
of the fate of electron-phonon interaction in systems that
are dominated by electron-electron interactions such as the
cuprates. Nonetheless, our discussion will also follow some
detours, which will help us to build a more comprehensive
picture of the competition between the two interactions. One
of these detours will touch point (ii) addressing the role of
the phonon symmetry in its interplay with correlations. This
point is crucial for the understanding of the synergy between
e-ph interaction and e-e correlation in the fullerenes.
The paper is organized as follows: In Section 2 we
introduce the Hubbard-Holstein model. Section 3 is devoted
to a Fermi-liquid analysis of the eﬀects of correlations on
electron-phonon interactions and to a mean-field solution
of the Hubbard-Holstein model within the slave-boson
formalism. Section 4 presents a nonperturbative Dynamical
Mean-Field Theory study of the Hubbard-Holstein model.
Section 5 is dedicated to the charge instabilities of the model.
Section 6 briefly compares the Hubbard-Holstein model
with a three-band model with Jahn-Teller interactions introduced for the fullerenes. Section 7 presents our conclusions.

2. The Model
The simplest model of a strongly correlated electron system
coupled to the lattice is given by the single-band HubbardHolstein (HH) model. In this work, the HH model is not
used as a microscopic model for the cuprates, but rather
as an idealized description of the competition between eph interaction and e-e interaction. In physical terms, the
most crucial limitations is the local nature of the interactions.
We refer to previous literature for analyses of nonlocal e-ph
interactions [24–28]. Considering a single band is a reasonable assumption for the cuprates, while in many materials the
multiband nature needs to be taken into account.
The single-band HH model reads
H = −t

 
i, j ,σ

− μ0

+ ω0



†
ciσ
c jσ + H.c.





iσ

i

niσ + U


i

a†i ai + g

ni ↑ ni ↓


i,σ

(1)


a†i + ai (niσ − niσ ),
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†
where i, j  indicate nearest-neighbor sites. niσ = ciσ
ciσ is
the local electron density, which is coupled via g to the field
ai of a dispersionless phonon [23]. The relevant physical
parameters are the strength of the coulomb repulsion U, the
bare bandwidth W, the bare phonon frequency ω0 , the bare
dimensionless electron-phonon coupling λ = 2g 2 /(ω0 W),
the chemical potential and the details of the bandstructure
(e.g., inclusion of next-neighbor hopping). The chosen
expression for λ would coincide with the standard definition
(see, e.g., [29]) in the case of a band with a flat density of
states 1/W. The dimensionality of the system also plays a
major role. This multidimensional parameter space leads to
an extremely rich physics, and the number of paper devoted
to this simple model is countless. Various approaches have
been considered to solve the HH model in the presence
of strong correlations. Besides numerical techniques like
quantum Monte Carlo [26, 30–33], exact diagonalization
[34–39], and Dynamical Mean Field Theory (DMFT) [40–
50], Density-Matrix Renormalization Group [51, 52], (semi)
analytical approaches like slave bosons (SB) [53–57], large-N
expansions [58, 59], and variational approaches [24, 60–63]
including a modified Gutzwiller scheme [64–66], have been
useful to elucidate the renormalization of the e-ph coupling
in the presence of (strong) correlations.
Even if our focus will be the strongly correlated HH
model, we will discuss its results in comparison with some
related models, like the Hubbard-tJ model, the three-band
Hubbard model for the cuprates and a three-orbital Hubbard
model with Jahn-Teller interactions for the doped fullerides.
Our investigation will be mainly dedicated to the eﬀects
of e-ph interaction on the self-energy and the quasiparticle
renormalization factor z starting from a strongly correlated
regime, in which the Coulomb interactions puts the system
close to a Mott insulating phase. This is realized for large
values of U/W and for an half-filled or weakly doped band.
Since the study of superconductivity within DMFT (our
main tool of investigation) is limited to s-wave symmetry,
we will not discuss superconductivity in the HH model
which is expected to be d-wave if (repulsive) correlation
dominates (specifically when the model can be mapped into
a t-J model plus phonons). On the other hand we will
study s-wave superconductivity in a three-orbital model for
fullerides which emphasizes the role of the symmetry of e-ph
interaction in presence of correlations.

3. Effect of Electron-Phonon Interaction
in a Correlated Metal
3.1. Fermi-Liquid Analysis. In this section, we begin our
analysis of the properties of e-ph interaction in a correlated
metal within a Landau Fermi-liquid (FL) picture [29, 67].
Within this approach, the correlated metal is described as
a collection of quasiparticles with an eﬀective mass m∗
instead of the physical electron mass m. In the presence of
strong e-e correlations the motion of the carriers is naturally
obstacled by the interactions, which is reflected in a large
ratio between the eﬀective mass and the bare mass m∗ /m 
1 and in a loss of low-energy spectral weight described by
a small quasiparticle renormalization factor ze . The former
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reflects in an enhanced quasiparticle density of states N ∗ =
m∗ /mN0 (N0 being the bare density of states) and the latter
renormalizes the quasiparticle interactions.
In order to characterize the fate of the e-ph interaction
in a similar correlated metal, we need to consider also the
vertex corrections introduced by e-e interactions, for which
no Migdal theorem can be invoked.
We can gain a first insight on the way in which the eph interaction behaves in the presence of strong correlations
by considering the eﬀective dimensionless e-e interaction
mediated by the exchange of a single-phonon
ph 





N ∗ Γeﬀ q, ω = N ∗ g 2 ze 2 Λe 2 q, ω



 

2ω q
 .
ω2 − ω2 q

(2)

By assuming that all the correlation eﬀects are local, or
equivalently that the self-energy is independent on momentum, the eﬀective mass is related to ze by ze = m/m∗ . In
(2) Λe includes the vertex corrections which renormalizes
the e-ph vertex, and the last factor is the free phonon
propagator. In order to focus on the eﬀect of correlations
on the phononmediated interaction, in both ze and Λe we
include only processes due to e-e interactions, as reminded
by the index “e” that we attached to them.
Within a Landau Fermi-liquid picture we can use the
Ward identities that connect the vertex corrections Λ with
the wavefunction renormalization z. In the small frequency
(ω) and transferred momentum (q) regimes, these identities
have two distinct forms depending on the order of the ω → 0
and q → 0 limits. In the case of the charge-density vertex,
which is relevant for our Holstein coupling, we have




ze Λe ω −→ 0, q = 0 = 1,




ze Λe ω = 0, q −→ 0 =

1
,
1 + F0s

(3)

where F0s is the symmetric Landau parameter. Equation (3)
are exact Ward identities, which are satisfied irrespective
of the details of the e-e interactions and show the drastic
diﬀerence between the dynamic [(ω → 0, q = 0)] and static
[(ω = 0, q → 0)] limits.
Plugging these results into (2) we obtain, in the two limits
considered above
ph 



2g 2 N ∗
,
ω0

ph 



2g 2 N ∗
1

2
ω0
1 + (F0s )e

N ∗ Γeﬀ ω −→ 0, q = 0 = −
N ∗ Γeﬀ ω = 0, q −→ 0 = −
=−

(4)

2g 2 κe 2
,
ω0 N ∗

where κe = N ∗ /[1 + (F0s )e ] is the charge compressibility in
the absence of e-ph coupling. The diﬀerence between the
dynamic and static case can be dramatic in the case of a
Fermi liquid with a large mass enhancement m∗ /m  1,
and small compressibility renormalization (κe ∼ N0 ). This
requires (F0s )e to be much larger than one and proportional
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to the quasiparticle density of states N ∗ = (m∗ /m)N0  N0 .
Equation (4) then lead to
ph 



m∗
,
m

ph 



m
,
m∗

N ∗ Γeﬀ ω −→ 0, q = 0 = −λ
N ∗ Γeﬀ ω = 0, q −→ 0 = −λ

(5)

so that the eﬀective one-phonon mediated e-e interaction is
large (∼ m∗ /m) in the dynamic limit and small (∼ m/m∗ ) in
the static one. We emphasize that the key condition for the
m∗ /m. Therefore, they are
equalities (5) to hold is that κe
verified also for a modest mass enhancement as long as the
compressibility remains much smaller than it (cf. (4)).
The strong ω − q dependence in (5) has been demonstrated on really general grounds only in the small-q and
small-ω limits, whereas the case of finite q’s and ω’s needs
(approximate) analyses of specific models. The cases of the
single-band and of the three-band Hubbard models with
infinite local repulsion have been extensively considered in
the literature as prototypical models of strong correlations.
In this framework the issue of e-ph coupling has been
considered by means of the Holstein [45, 53, 54, 58, 66]
or (less frequently) of the so-called Su-Schrieﬀer-Heeger
coupling (where phonons couple to the electron hopping
term) [68, 69].
Results for these models show that the product zΛ
remains of order one in the dynamical regime as long as
the momentum and frequency lie outside the particle-hole
continuum, while it is strongly suppressed (as in the static
limit) inside the particle-hole continuum, where important
screening processes take place. Moreover, strong correlations
provide further suppression of the e-ph coupling when,
within the static limit ω = 0, the transferred momentum is
increased [58]. These additional screening channels depend
on the details of the electronic band structure determining
particle-hole screening processes.
The general Fermi liquid discussion and the specific
analysis of models with strong correlations generically
demonstrates the relevant role of dynamics in the screening
eﬀects that e-e correlations induce on the e-ph coupling. This
strong dependence of the e-ph vertex on momentum and
frequency (and on their ratio) makes the eﬀects of the eph coupling rather subtle, since diﬀerent physical quantities,
involving diﬀerent dynamical regimes, may display more
or less suppressed e-ph eﬀects. In particular the e-ph
coupling (and the e-e interaction mediated by phonons)
will be depressed by strong e-e interactions whenever small
energy and large momentum transfer are involved (e.g.,
in transport). This suppression may be substantial, for
instance, in the low-doping region of the superconducting
cuprates, where e-e correlations are strong due to the
relative proximity to a correlation-induced insulating phase.
On the other hand diﬀerent physical processes involving
dynamical processes could experience a more pronounced
e-ph coupling. Specific calculations carried out in a singleband Hubbard-Holstein model within a large-N treatment
of the e-e correlations [58, 59] find that the Eliashberg
spectral function α2 F(ω) determining superconductivity is

much less reduced than the analogous quantity α2 Ftr (ω)
determining transport properties. As we will discuss in the
following section, this diﬀerent renormalization will found a
counterpart in nonperturbative dynamical mean-field theory
calculations.
Even if our focus is on the Hubbard-Holstein model, it
can be useful to recall that in the case of phonons coupled to
the electron current, Ward identities similar to those of (3)
can be derived [67]








zΛα ω −→ 0, q = 0 = Jqα ,
zΛα ω = 0, q −→ 0 = vqα ,

(6)

where Λα is the αth component of the electronic vector
vertex part. vqα and Jqα are instead the αth components of
the quasiparticle velocity and of the current, respectively.
Similarly to the case of a coupling with the density, the
correlations suppress much more strongly the e-ph coupling
in the static limit, while they aﬀect little the coupling in
the dynamical case (remember that the current is weakly
touched by interactions and it even remains constant in
translationally invariant systems).
3.2. The Hubbard-Holstein Model: Mean-Field Slave-Boson
Approaches. A natural tool to address the screening eﬀects
beyond the small-q and small-ω regime are mean-field
approaches based on a slave-boson representation of the
Hilbert space. These methods, although approximate, capture the main physical ingredients of the problem with a
description of a Fermi liquid of quasiparticles coupled by a
residual interaction. This is why we briefly summarize here
some results obtained [54] in the simplest formulation of
the slave-boson large-N approach to the infinite-U Hubbard
model. Here one can reach a semiquantitative understanding
of the eﬀects of correlations on the e-ph coupling, which
are in substantial agreement with the results of more
sophisticated approaches.
In this discussion we will consider the infinite-repulsion
limit, which simplifies the formalism. In this limit we have a
sharp constraint of no double occupancy on each lattice site
σ niσ ≤ 1. The standard slave-boson technique implements
the constraint [70–76] by performing the usual substitution
†
†
†
ciσ
→ fiσ bi , ciσ → bi fiσ , where the fermionic fiσ operators
represent quasiparticles, while the bosonic field bi labels the
state of a site with no fermions in it. This formulation of slave
bosons is here used in connection with a large-N expansion
[71] in order to introduce a small parameter allowing for a
systematic perturbative expansion without any assumption
on the smallness of any physical quantity. Within the large-N
scheme, the spin index runs from 1 to N and the constraint
†
ciσ + bi† bi = N/2. A suitable rescaling
assumes the form σ ciσ
of the hopping amplitudes ti j → ti j /N must, in this model,
be joined√by the similar rescaling of the e-ph coupling
g → g/ N in order to compensate for the presence of
N fermionic degrees of freedom. It is beyond the scope of
this paper to report the technical details of this technique,
which have been extensively presented in previous works
[54]. Here we simply remind that the leading order in the
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large-N expansion provides a mean-field description of the
infinite-U Hubbard model with uniform constant values of
the bosonic field bi ≡ b0 and of the Lagrange multiplier field
implementing (on the average) the no-double-occupancy
constraint. This gives rise to an insulating phase at halffilling (n = 1, doping δ = 0) and a Fermi liquid metallic
phase at finite doping with small quasiparticle residue z =
b02 = δ and large mass m∗ = 1/zm. The treatment of the
fluctuations at the next leading order beyond mean-field
introduces residual interactions between the quasiparticles
and allows to determine the scattering amplitudes in the
particle-particle (Cooper) channel ΓC (k, k ; q, ω) and in the
particle-hole channel Γ(k, k ; q, ω). Taking the small-(q, ω)
limits in this latter quantity also allows to determine the
Landau parameter within the large-N expansion. Setting
N = 2 we obtain

=

+

Figure 1: Leading-order in 1/N diagrammatic structure of the
eﬀective e-ph vertex dressed by electronic processes only: the dashed
line is the slave-boson propagator only involving b and λ bosons
(pure e-e interaction), the solid dot is the dressed e-ph vertex,
the open dots are the bare e-ph vertices and the grey dots are the
quasiparticle-slave-boson vertices.
0.2

0.16



F0s = 2N ∗ Γω = N ∗ −2εkF − λW .

(7)
Λe-ph

0.12

Here εkF ≡ −2t(cos kFx + cos kF y ) + 4t  cos(kFx ) cos(kF y ) is
the bare electron dispersion calculated at the Fermi energy.
As we already noted, F0s enters in the FL expression of the
compressibility. When F0s < −1 the thermodynamic stability
condition κ > 0 is violated and the system undergoes
phase separation. We will discuss this issue in Section 6. We
anticipate that, in the phase separated region, long-range
Coulombic forces play a crucial role. It is indeed natural that
a long-range interaction frustrates the formation of chargerich regions. The outcome of this competition is, as we
will see, a shift of the charge instability to finite momenta
promoting the formation of a charge-density-wave phase. In
this section we will consider parameters far from the phase
separation instability. Nonetheless, in light of the central
role played by long-range interactions in the phase separated
case, we will also comment about their eﬀect in these stable
regions of parameters.

Figure 2: Static eﬀective e-ph vertex in units of the bare e-ph
coupling g as a function of the transferred momentum (in units of
the inverse lattice spacing 1/a) in the (1, 0) direction. The vertex is
calculated at leading order in 1/N for a HH model with t = 0.5 eV,
t  = −(1/6)t, ω0 = 0.04 eV and doping x = 0.205. The dotted line is
in the absence of long-range Coulomb forces (VC = 0); the solid line
is in the presence of long-range Coulomb forces with VC = 0.55 eV
(adapted from [54]).

3.2.1. Static Properties. In the SB large-N approach, the
fluctuations of the bosonic fields mediate the residual
interaction between the quasiparticles. If one only considers
the fluctuations of the b and λ fields, then only the eﬀects of
the electronic Hubbard repulsion are described and one can
accordingly discuss the eﬀect of the pure electronic screening
processes on the e-ph vertex. For the specific model that we
here briefly discuss, Figure 1 reports the Feynman-diagram
representation of the electronic processes (schematized
by the dashed line of the bosonic propagators) dressing
the bare (empty dot) e-ph vertex. The ratio between the
resulting screened e-ph vertex and the bare e-ph coupling
g is reported in Figure 2 both in the absence (dotted curve)
and in the presence (solid curve) of a long-range Coulomb
repulsion. In this latter case the strength is chosen to produce
a repulsion of about 0.1 eV between electrons in nearestneighbor cells. In both cases there is a strong reduction of
the static e-ph coupling. In the short-range case the residual
coupling is strongest at small momenta and it decreases as
the momentum.

On the other hand, as it is natural, the long-range potential screens out the long-range charge fluctuations thereby
driving to zero the e-ph coupling at low momenta.
These findings can be obtained and confirmed with
several diﬀerent approaches. In particular, they reproduce
exactly the results of large-N calculations with Hubbard
projectors instead of SB’s [58, 59], and are in good agreement with calculations based on the flow-equation method
[77] and recent Gutzwiller+RPA calculations at finite (but
large) U [66]. They also agree qualitatively QMC analysis
[33] (although some diﬀerences are present, which can be
attributed to the fact that QMC calculations are performed
at finite temperature and at finite Matsubara frequencies) (cf.
[66, Figures 11 and 12]).
All these results show that e-ph scattering at large
momenta is typically weaker than scattering at low momenta
in the presence of short range forces only (which is the
case of metallic phases far from phase separation charge
instabilities, where, on the contrary, long-range interactions
start to play a crucial role). This can be of obvious
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3.2.2. Dynamical Properties. The previous subsection was
focused on the screening of the static e-ph coupling by electronic processes. However the Fermi-liquid analysis carried
out in Section 3.2 pointed out the great diﬀerence between
screening processes in the static and in the dynamical
regimes. While the Fermi liquid analysis was only able to
provide definite statement in the small-(q, ω) regime, within
the SB large-N approach we can investigate the role of
dynamics in the screening processes beyond this limit.
Figure 3 displays the behavior of the eﬀective e-ph vertex
(again normalized to the bare g) as a function of Matsubara
frequencies for two distinct momenta in the (1,0) direction
for our HH model in the infinite-U limit. In panel (a) a
small momentum q = (0.2, 0) (again unit lattice spacing is
used here) is reported, while panel (b) shows the behavior
at a larger momentum q = (2.0, 0). Clearly in the former
case the e-ph coupling rapidly returns to its bare value, at
Matsubara frequencies larger than ∼ vF |q|. The vF |q| scale
is instead much larger in panel (b), where the eﬀective e-ph
vertex stays small over a much broader frequency range. This
fully parallels the low-frequency and low-momentum limits
discussed in Section 3.1.
Again this result is not specific of this single-band model
(or of its treatment) and it has been confirmed by the analysis
of a three-band Hubbard model for the cuprate CuO2
planes with infinite repulsion on copper orbitals [53]. In this
case, one can even notice in the small-momentum case an
enhancement of the eﬀective e-ph coupling above its bare
value [79]. This is an overscreening eﬀect due to interband
processes. In any case, again one finds that low-momentum
processes generically lead to larger e-ph couplings.

4. Strong-Coupling Regime and Polaron
Formation in a Correlated Metal
4.1. Proximity to a Paramagnetic Mott Insulator. In this
section we extend our analysis beyond the mean-field
level and discuss the fate of the e-ph interaction in a
correlated metal under the sole assumption that the physics
is governed by the Hubbard repulsion close to a MottHubbard transition, without assuming a weak e-ph coupling,
and/or any approximation as far as the adiabatic ratio is
concerned. This means that we need a theoretical approach
able to treat several energy scales simultaneously, without
assuming that any of them is negligible or perturbative. A
natural candidate for this purpose is the Dynamical MeanField Theory (DMFT) [80], which treats all local interaction
terms (such as both the Hubbard and the Holstein couplings)
and the hopping term on the same footing and it is
equally suitable to treat any parameter regime. Moreover, the
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relevance when the relative importance of e-ph couplings
between the quasiparticles and specific phononic modes is
considered [78]. Indeed it might well happen that in the
presence of strong correlations modes that would be strongly
coupled, but would exchange preferably large momenta, are
more severely screened than other modes exchanging lower
momenta. All this surely deserves a specific analysis.
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Figure 3: Eﬀective e-ph vertex in units of the bare e-ph coupling as
a function of the Matsubara frequency in the HH model at leading
order in 1/N. The parameters are the same as in Figure 2. Panel (a)
is for a small transferred momentum q = (0.2, 0) (in units of inverse
lattice spacing 1/a); (b) is for a sizable transferred momentum q =
(2.0, 0) (after [54]).

method provides unbiased information about the dynamical
properties.
The central approximation behind DMFT is the locality
of the self-energy (both the electronic and the phononic
contributions), a condition which becomes exact when the
coordination number becomes large. The original lattice
enters in the calculation only through the density of states,
which we always choose to be a semicircular one of halfbandwidth D (Obviously W = 2D). This approximation is
appropriate for a model with local interactions such as our
Hubbard-Holstein model, even if it does not allow to treat
phases with nonlocal correlations such as intersite bipolarons
[81] or d-wave superconductivity, which requires cluster
extensions of DMFT. Even though these limitations imply
that the approach can miss some important physics of the
cuprates, our results provide valuable information about
the interplay between e-e and e-ph interaction beyond any
perturbative limit.
DMFT allowed to obtain a complete characterization of
the Mott-Hubbard transition in the pure Hubbard model,
and the emerging physical picture is able to explain several
properties of correlated oxides. While we refer to original
papers [80] for details, we recall here some aspects which are
relevant to our discussion.
We first consider the half-filled system and, in order to
focus on pure correlation eﬀects, we consider a paramagnetic
phase. In this regime, for large repulsion, the ground state
of the HH model can become a “Mott” insulator, in which
the electrons are localized because the electron motion is
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energetically unfavorable. Starting from the uncorrelated
systems and increasing the correlation strength U, the
spectral weight is transferred from low to high frequency. In
this process the spectral function evolves from a single band
to a three-feature structure in which a renormalized band
survives around the chemical potential, while precursors of
the Hubbard bands develop around ω ∼ ±U/2. As the correlation is further increased up to a value U ≡ Uc2  1.5W
the quasiparticle band disappears, and the system becomes
a Mott insulator with a preformed Hubbard gap. The key
parameter that controls this Mott-Hubbard transition from
a metal to an insulator is the quasiparticle weight z, which is
directly computed from the self-energy (which is a natural
outcome of a DMFT calculation). z measures the width
and the total spectral weight of the low-energy quasiparticle
peak, and its vanishing pinpoints the Mott transition. As
soon as the system is doped away from half-filling the
system is metallic regardless the value of U. The chemical
potential remains within the quasiparticle peak which moves
towards one of the bands, but it is still well defined for a
sizable doping region (dependent on the value of U and on
details of the bandstructure) [80]. Due to the momentum
independence of the self-energy, also in DMFT we have that
z = m/m∗ , so that the Mott transition is associated with a
divergent eﬀective mass of the renormalized carriers.
In the following part, we discuss the eﬀect of a
nonperturbative electron-phonon coupling in the strongly
correlated metallic solution, that is, a system in which a
quasiparticle peak at the Fermi level is separated from
the Hubbard bands realizing a separation of energy scale.
Starting from this situation, in which the quasiparticle
bandwidth is z times the bare width W, the eﬀect of the eph coupling is far from trivial. Indeed, there are two main
eﬀects associated to e-ph interaction.
(i) The e-ph interaction can introduce a further quasiparticle renormalization, associated to the increase of
the quasiparticle eﬀective mass, which may eventually
lead to polaronic eﬀects for very strong coupling.
This eﬀect leads to a decrease of z. In weak coupling
we have 1/z = 1 + (π/2)λ at half-filling and a
semicircular density of states of half width D.
(ii) The e-ph interaction mediates an attractive densitydensity interaction (the density-density form is specific for a Holstein coupling), which directly contrasts
the Hubbard repulsion. If we integrate out the
phonon degrees of freedom, the fermions interact
through a dynamical (retarded) interaction [82]
Ueﬀ (ω) = U −

2g 2 ω0
.
ω02 − ω2

(8)

In the antiadiabatic regime the frequency dependence
of the second term can be neglected and overall
interaction is a static term Ustat = U − λW, in
which the e-ph interaction reduces the strength of the
Hubbard term. When the phonon frequency becomes
finite the interaction is retarded, but we still expect a
similar eﬀect. If we assume that the repulsion is the

largest scale, the leading eﬀect of e-ph interaction is
to reduce the eﬀective repulsion, making the system
less correlated and increasing z.
The balance between this two eﬀects is not generic and
it depends on the adiabatic ratio and on the precise value
of the interactions. Yet, important conclusions can be drawn
in the correlated regime, in which, also in the presence of eph interaction, the separation of energy scales determined by
correlations survives. In this regard, it is important to recall
that, within DMFT, the quasiparticle weight is associated to a
Kondo resonance of an Anderson-Holstein impurity model.
Assuming that the Hubbard U is the largest scale of the
problem, the Kondo coupling can be calculated in terms of
virtual processes acting in the subspace in which the impurity
is singly occupied obtaining an eﬀective Hamiltonian for spin
fluctuations [83]. The result is given by
JK (λ) = JK (0)

0 eg/ω0 (a−a

∞


m=0

†

)



m

2

1 − 2g 2 /ω0 U + 2mω0 /U

,

(9)

where the Kondo coupling in the absence of phonon is given
by JK (0) = 16V 2 /U, |m is the state with m phonons, and V
is the hybridization between the impurity and the bath. After
some algebra, and introducing
Ueﬀ = U − ηλW,

(10)

we can write, for small λW/U
JK (λ)  JK (0) 1 + η

λW
U



16V 2
16V 2
=
Ueﬀ
U − ηλW

(11)

with
η=

2ω0 /U
.
1 + 2ω0 /U

(12)

This result would imply that the complicated interplay
between the static Coulomb repulsion and the retarded eph coupling may be eﬀectively described by an eﬀective
purely electronic Hubbard model with a reduced repulsion.
We notice in passing that this calculation for the Anderson
impurity model is analogous to the evaluation of the
eﬀect of phonons on the superexchange coupling of [84].
Interestingly the phonon dynamics only enters through the
ratio ω0 /U, which can be considered as typically small
because U is by choice the largest scale of the problem, and
ω0 is smaller than the hopping scale. In the relevant regime
of small ω0 /U, we have Ueﬀ = U − 4g 2 /U.
These results can be tested through a DMFT solution
of the Hubbard-Holstein model. We start our discussion
from half-filling, where the separation of energy scales
characteristic of correlated systems is clearer and more solid.
We first computed the quasiparticle weight z(λ) = (1 −
∂Σ(ω)/∂ω)−1 for finite fixed U as a function of λ.
In Figure 4, we show the ratio z(λ)/z(0), in order to
emphasize the phonon contribution to the quasiparticle
weight. It is apparent that the value of U determines diﬀerent
regimes. For small U, the e-ph interaction reduces z (i.e.,
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Figure 4: Eﬀect of the electron-phonon interaction on the quasiparticle weight z in the presence of electron-electron interaction of
diﬀerent strengths. The quantity plotted as a function of λ is the
ratio between the full z and the value of the Hubbard model without
e-ph coupling (z(0)) (after Sangiovanni et al. [45]).

increases the eﬀective mass) as expected in weakly interacting
systems. Increasing U, we approach an opposite behavior in
which the e-ph interaction makes the quasiparticles lighter
(even if they are obviously heavier than free particles because
of the stronger renormalization determined by correlation,
which is hidden in z(0)). The eﬀect becomes particularly
strong at U = 1.45W, which is very close to the Mott
transition. Here even small variations of the eﬀective U can
induce sizable variations in the eﬀective mass. Obviously
such sensitivity is enhanced in the present half-filling case,
where an actual Mott transition can take place.
This behavior confirms that, when the e-e correlation
dominates, the leading eﬀect of the e-ph interaction is
a reduction of the eﬀective U, resulting in an increased
quasiparticle mobility. We can now test the above prediction
of an eﬀective static repulsion including the eﬀects of e-ph
interaction as far as the low-energy physics is concerned.
Assuming a form Ueﬀ = U − ηλW for such an eﬀective
interaction, we obtained η for several values of U and ω0
simply determining the value of U which gives, for a pure
Hubbard model, the same z we obtain for the HubbardHolstein model. The results are summarized in Figure 5, and
confirm that η is essentially a function of ω0 /U which starts
oﬀ linear at small values of the argument before bending
for larger values. The numerical value well reproduces (12)
derived on the basis of the analogy with Kondo eﬀect without
fitting parameters. Obviously physically relevant frequencies
are in the small ω0 /U range.
On the basis of our knowledge about the DMFT results
for the pure Hubbard model, the quasiparticle weight
completely characterizes the low-energy quasiparticle peak.
Therefore, our analysis should imply that the low-energy
part of the spectral function of our Hubbard-Holstein model

η(U = 2.9D)
η(U = 2.5D)
η(U = 2D)

2ω0 /U
2ω0 /U/(1 + 2ω0 /U)

Figure 5: Eﬀective static electron-electron interaction for the lowenergy properties of the Hubbard-Holstein model. The picture
shows the coeﬃcient η in Ueﬀ = U − ηλW as a function of ω0 /U
(after Sangiovanni et al. [45]).

can be described by means of the eﬀective Hubbard model
that we introduced. This is strikingly confirmed by a direct
comparison, as shown in Figure 6. Here we show some examples of momentum integrated spectral functions ρ(ω) =
−1/πG(ω) for the Hubbard-Holstein model compared with
the associated eﬀective Hubbard model with the proper η.
Besides the spectacular confirmation of the validity of the
eﬀective model for the low-energy part of the spectrum (the
quasiparticle peak), another important information emerges
from the picture: The high-energy part of the spectrum is
instead aﬀected by phonons in a more “dynamical” way,
meaning that the high-energy Hubbard bands acquire a
modulation in frequency which can be related to phonon
satellites, which are completely absent in the low-energy
part, where nothing happens at the characteristic phonon
frequency.
The picture that emerges for the half-filled model can
be summarized as follows: Quasiparticle motion arises from
virtual processes in which doubly occupied sites are created.
Obviously, these processes are not so frequent, since the
energy scale involved is large, but they are extremely rapid
(the associated time scale is ∝ 1/U), and consequently are
poorly aﬀected by phonon excitations with a characteristic
time scale 1/ω0  1/U. When the phonon frequency is small
with respect to U, the phonon degrees are frozen during
the virtual excitation processes. Therefore, despite the overall
electron motion is quite slow due to the small number of
virtual processes (which is reflected by the large eﬀective
mass), the e-ph interaction has no major eﬀect except for a
slight reduction of the total static repulsion.
According to what we have just described, we can
conclude that strong correlations reduce the eﬀect of the eph interaction on the low-energy properties, associated to
quasiparticle propagation, while the high-energy properties
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Figure 6: Comparison between the DMFT momentum-integrated
spectral function ρ(ω) = −1/π Im G(ω) (G(ω) being the local
Green’s function) for the Hubbard-Holstein model (dotted line)
and the eﬀective purely electronic Hubbard model with U =
Ueﬀ (solid line). The low-energy part of the spectra is perfectly
reproduced by the eﬀective model, while the high-energy features
present phononic signatures that cannot be plugged in an eﬀective
static interaction (after Sangiovanni et al. [45]).

present more standard phonon signatures, such as the
satellites at the phononfrequency scale.
It has to be underlined that DMFT is not able to introduce momentum-dependent corrections to the electronic
properties. The above analysis therefore, shows indeed
that the “standard” electron-phonon interaction is heavily
screened (and it actually loses its dynamical nature) when
the low-energy quasiparticle properties are considered. Only
“nonstandard” eﬀects, such as the prevalence of forward
scattering that we discussed in Section 3.1 can survive at low
energy.
The above scenario has been carried out at half-filling,
where the presence of e-e correlations has its most striking
eﬀects, both in terms of the phase diagram, as it can give rise
to a Mott transition, and in terms of the separation of energy
scales, which is clearly sharper than for doped systems.
Therefore, as soon as we dope the Hubbard-Holstein model,
even for U > λ the dominance of repulsive correlations is
weaker and the interplay with e-ph coupling will be more
subtle [46]. As a result, it is not possible to describe the
eﬀect of phonons on the highly correlated metal in terms
of an eﬀective static potential unless the system is very
close to the antiadiabatic limit. Therefore, for small and
intermediate phonon frequencies, we do not find situations

in which increasing the electron-phonon coupling reduces
the eﬀective mass.
Nonetheless, if we consider reasonably large values of
U, the dominance of correlations will determine a reduce
eﬀectiveness of the e-ph coupling, and, for example, polaron
formation will be pushed to significantly larger values of
λ then for uncorrelated systems, as shown by the DMFT
results of Figure 7. Here we plot m∗ /m = 1/z as a function
of λ and we compare the uncorrelated system with the
system with U/W = 2.5 (Here, since the density is diﬀerent
from half-filling, the system is always metallic even if U
is larger than the critical value for the Mott transition).
While in the uncorrelated case m∗ grows exponentially when
λ approaches a critical value of order 1 for all densities,
signaling polaron formation, the correlated system displays
a significantly weaker growth of m∗ up to λ  0.5 ÷ 0.75.
The role of the adiabatic ratio is illustrated by Figure 8,
where we report the renormalization of the linear coefficient of the mass enhancement defined by the relation
m∗ (U)/m∗ (U, λ) = 1 + rλ. Here m∗ (U, λ) is the eﬀective
mass in the presence of both electron-electron and electronphonon interactions and m∗ (U) is the same quantity in
the absence of coupling to the phonons. Here a negative
r implies a standard increase of the eﬀective mass due to
phonons. The results (again for U/W = 2.5) show that in
all cases the coeﬃcient is smaller than one, confirming that
correlations reduce the eﬀective e-ph coupling, and a strong
(and nonmonotonic) dependence on the antiadiabatic ratio.
Only for very large values of ω0 /Wr becomes positive
reflecting that the “screening” physics we described above
is eﬀective. The dependence on the density naturally reflects
that fillings closer to n = 1 display weaker phononic eﬀects
in the adiabatic regime of small frequencies and a more rapid
evolution to an antiadiabatic regime in which r > 0.
The scenario which emerges from DMFT calculations at
finite U/W can be confirmed by a semianalytical approach
based on an extension of the Gutzwiller approach which
treats phonon degrees of freedom on the same footing of
the electrons. For more details see [64, 65]. The results of
Figure 9 in the limit of infinite repulsion and for finite doping
δ = n − 1 confirm the scenario arising from Figure 7: in the
doped correlated system the electron-phonon interaction is
considerably reduced with respect to the free system, but the
qualitative eﬀect of λ is an increase of the eﬀective mass.
4.2. Antiferromagnetic Correlations. The above analysis suggests that, as expected, strong e-e correlation essentially
opposes to e-ph coupling, even though “anomalous” signatures of e-ph coupling still survive even in regions of
parameters for which correlations prevail. Yet, these results
are limited to the metallic paramagnetic state, in which
no broken symmetry is allowed. At half-filling and for
some finite doping region, strong correlations lead to an
antiferromagnetically ordered state, and it is expected that
finite-range antiferromagnetic correlations survive in a wider
doping region. The relation between antiferromagnetism
and e-ph interaction is hinted by the experimental framework. Indications of phonon signatures in high-Tc superconductors are indeed particularly strong in the extremely
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Figure 7: Eﬀective mass m∗ = 1/zm as a function of λ for three diﬀerent densities diﬀerent from half-filling (n = 0, 5, 0.7, 0.9) in the
uncorrelated (a) and strongly correlated (U = 2.5W, (b)) system (after Sangiovanni et al. [46]).
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Figure 8: Renormalization of the quasiparticle electron-phonon
coupling as a function of ω0 /W for three diﬀerent densities and
U/W = 2.5 (after Sangiovanni et al. [46]).

Figure 9: Renormalization of the eﬀective mass due to electronphonon coupling for infinite U and ω0 /W = 0.1 as a function of
λ for diﬀerent doping levels. The inset shows the same data in a
smaller range. Here the doping δ is given by δ = n − 1 and λ is twice
as in the rest of the paper (after Barone et al. [64]).

underdoped region, where some kind of antiferromagnetic
correlation is certainly present. For example, clear polaronic
features are observed in the optical spectroscopy [85] and
ARPES [7] of underdoped materials.
From a theoretical point of view, several investigations
indeed suggest that the e-ph interaction is particularly
eﬀective for a hole in an antiferromagnetic background [86–
91], and for slightly doped t-J models. These results can

be reconciled with the above findings for the nonmagnetic
phase by simple arguments.
As we discussed in the previous sections, in the paramagnetic phase the eﬀect of increasing correlations is a strong
reduction of the quasiparticle weight z associated with a
divergent self-energy, which in turn strongly renormalizes
the e-ph vertex, leading to the strong reduction of lowenergy phononic signatures that we described above. Once

Advances in Condensed Matter Physics

11
1

(U = 0)

1.2

0.8

0.8
0.6
Z(λ)

(Z0 /Z − 1)/λ

1

0.6

0.4

0.4
0.2

0.2

0
0

1

2

3

4

5

6

7

8

9

0

0

0.1

0.2

0.3

U/D (t/J)
AF-DMFT ω0 = 0.025D
AF-DMFT ω0 = 0.05D
AF-DMFT ω0 = 0.1D

0.4

0.5

0.6

0.7

λ
P-DMFT ω0 = 0.025D
t-J(SCBA) ω0 = 0.025D

Figure 10: Eﬀect of the Coulomb repulsion on the linear contribution in λ to the quasiparticle renormalization. DMFT results
for the antiferromagnetic phase (AF-DMFT) are compared with
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Born Approximation (SCBA) for the t-J model for parameters
corresponding to the red dots AF-DMFT. Antiferromagnetism
allows for a sizable e-ph coupling also in the present of very strong
Coulomb repulsion, in contrast with paramagnetic results (after
Sangiovanni et al. [92]).

antiferromagnetic correlations are allowed, the system can
turn insulating even with a finite z and a nondivergent selfenergy, hence the e-ph vertex is not severely screened [92].
From a more physical point of view, the antiferromagnetic
insulator allows for more charge fluctuations with respect to
the pure Mott state at the same value of U. Therefore, a Holstein coupling, which exploits precisely charge fluctuations
to gain energy, is expected to be favored by antiferromagnetic
correlations.
Direct DMFT calculations in the antiferromagnetic phase
at half-filling confirm these expectations [92]. In Figure 10
we show the quantity [z/z(0) − 1]/λ for small λ (z(0) being
z in the absence of e-ph interaction). This quantity measures
the renormalizaton of the linear e-ph coupling induced by
e-e correlations. The comparison between the paramagnetic solution and the antiferromagnetic state confirms the
above expectations. While this coeﬃcient rapidly drops as
a function of U in the paramagnetic state, the inclusion
of antiferromagnetism leads to a much more robust e-ph
coupling. We underline that, however, the e-ph interaction is
still substantially reduced with respect to the noninteracting
systems [92].
The comparison with the uncorrelated system is shown
in Figure 11, where the evolution of z as a function of λ
is followed beyond the perturbative regime. In all cases z
decreases monotonically, and a crossover from a metallic
state to a polaronic one occurs. Yet, the decrease is more
rapid for the uncorrelated system, and the characteristic
coupling for polaron formation is significantly enhanced in
the correlated antiferromagnetic state.

U = 5D
U = 3.5D

U = 1.7D
U =0

Figure 11: Quasiparticle renormalization as a function of λ for
diﬀerent values of U and ω0 = 0.0125W. The value of λ at
which polaron formation occurs is only moderately increased
by correlations with respect to the noninteracting case (after
Sangiovanni et al. [92]).

The above discussion has been limited to half-filling.
It is worth to briefly discuss the eﬀect of doping in the
antiferromagnetic state. In Figure 12 we present z as a
function of λ for diﬀerent densities, which imply diﬀerent
values of the staggered magnetization m =  i (−1)i (ni↑ −
ni↓ ). Notice that, within DMFT, the AFM state completely
disappears only at n  0.84. It is evident from the plots of
Figure 12 that the reduction of the staggered magnetization
reduces also the eﬀect of the electron-phonon interaction.
When the magnetization is small or vanishing, z becomes
essentially independent on z for a wide range of values,
signaling the screening of the e-ph interaction.

5. Phonon Mediated Charge Instabilities
In the previous sections we focused on the metallic phases,
without discussing the possible instabilities, either directly
driven by the interaction terms, or favored by the weakness
of the correlated metallic state. One can indeed expect,
on very general grounds, that the reduced kinetic energy
characteristic of the strongly correlated metal can be easily
overcome by diﬀerent localizing eﬀects thereby destabilizing
the metal in favor of ordered phases.
As we did in Section 3.1 in the discussion of the e-e
screening of the e-ph vertex, we can start our analysis in
a general FL framework before discussing in some more
details model-specific results. The charge compressibility κ =
∂n/∂μ, which in a FL theory reads [29, 67]
κ=

N∗
,
1 + F0s

(13)

is the key quantity that controls the stability of the charge
degrees of freedom. A positive κ is the stability condition.
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Therefore, if F0s < −1 this condition is violated and the
system undergoes a charge instability towards a phaseseparated state.
It is important to stress that the results of Section 3.1
about the reduction of the static e-ph vertex do not necessarily imply that e-ph eﬀects do not contribute to the charge
compressibility in the presence of strong correlations. Indeed
F0s ≡ 2N ∗ Γω , where Γω is the full dynamic eﬀective scattering
amplitude between the quasiparticles [67] including both ee and e-ph interactions. As opposed to its static counterpart,
the dynamic amplitude which enters F0s is not depressed by
the e-e vertex corrections. For example, at lowest order in g 2
and by performing an infinite-order RPA resummation of the
e-ph screening processes, F0s reads


F0s

= 2N

∗



Γeω

2g 2
−
,
ω0

(14)

where Γeω is the dynamic vertex function determined by ee correlation processes only. This equation indicates that a
suﬃciently large bare g 2 can overcome the eﬀective residual
repulsion between the quasiparticles Γω leading to a phase
separation instability marked by the Pomeranchuk condition
F0s < −1. It is worth pointing out that m∗ /m  1 requires a
large bare repulsion between the physical electrons (a large
Hubbard U in our model) but this by no means requires a
large residual interaction between the heavy quasiparticles.
Therefore, even a small e-ph interaction can give rise to a
phase separation instability.
Moreover, near the instability condition F0s = −1, the
phonon contribution to the vertex becomes substantial and
the e-ph interaction becomes relevant even in the static
limit, at least at small q’s. At large q the analysis of specific
models shows that the e-e interaction mediated by phonons
is instead suppressed also near the instability region.
This is what indeed happens in the HH model treated
within the SB-large-N method described in Section 3.2.
Within this approach it was first demonstrated that a metal
with moderate e-ph coupling and strong e-e correlations
could undergo a charge instability [54, 93] Specifically in the
absence of long-range Coulombic forces the Pomeranchuk
stability condition is violated. The doped HH model does
not form a uniform phase and the system undergoes a phase
separation between hole-rich regions and insulating halffilled regions (a phase separation instability was also found
in the three-band HH model [53]).
In the presence of long-range Coulomb interactions the
electrostatic cost of the charge-rich regions would become
infinite, and the thermodynamic phase separation cannot
take place. However, inhomogeneous charge-density wave
ordering can establish as a compromise between the charge
segregation tendency and the homogenizing eﬀect of longrange interactions. This mechanism for charge ordering
is the so-called “frustrated phase separation” [94–97]. For
the specific HH model described here it was found that
for realistic values of the e-ph coupling and of the longrange repulsion, frustrated phase separation gives rise to a
second-order quantum phase transition (quantum critical
point, QCP) around optimal doping (doping x = 0.19)

[93] with the ordering and the periodicity influenced but
not directly related to the structure of the Fermi surface.
This instability arises instead from the energetic balance
between the tendency to phase separation and the frustrating
electrostatic cost of the long-range Coulomb interaction.
Near this instability the phonon spectrum becomes highly
anomalous. First of all the phonon acquires a strong coupling
to the electronic degrees of freedom near the instability
wavevector qc (which usually tend to occur at qc ≈ (±π/2, 0),
(0, ±π/2) for the relevant dopings and Fermi-surface shapes
[54, 93]). Near the instability wavevector the phonon linewidth becomes therefore, very broad and it even acquires
a background of the order of the particle-hole continuum.
At the same time the phonon dispersion softens and at the
instability the frequency of this mixed phononelectron mode
vanishes. Remarkably, since the critical wavevector is not so
large (typically of the order of π/2) the region where the
phonon dispersion becomes strongly anomalous is rather
isotropic and substantial anomalies are present also in the
(1,1) direction upon approaching the critical doping of the
QCP. Figure 13 reports the anomalous phonon dispersion
found in the HH model in [54].
Of course it is quite tempting to relate these anomalies, to
the anomalies observed by inelastic neutron scattering [98–
104]. An alternative possibility can also be proposed for the
anomalies detected in underdoped cuprates: charge ordering
can give rise to rather anisotropic nearly one-dimensional
dynamical charge textures. In this case Kohn anomalies can
be expected along the stripes at wavevectors of the order 2kF
in the stripe direction [105, 106].

6. Jahn-Teller Coupling in the Fullerenes
All the above analysis has been carried out for the HH
model. It has to be emphasized that some of the eﬀects we
discussed may be less general than what the simple form of
the Hamiltonian may suggest. As we discussed in details, the
HH model is indeed characterized by two interaction terms
which are both related to the charge degrees of freedom, and
they indeed directly compete, as clearly shown by (8). This
direct competition makes the two eﬀects more exclusive than
in general situations in which the e-ph coupling does not
directly compete with the Coulomb repulsion. We can have
two diﬀerent ways to avoid the direct competition: a diﬀerent
functional form for the e-ph coupling in a single-band
model, or a Jahn-Teller coupling in a multiorbital model.
The first situation can obviously have relevance for the
cuprates, in which diﬀerent phonon modes with specific
symmetries may play a role, or for system dominated
by the so-called Su-Schrieﬀer-Heeger coupling in which
the phonons modulate the nearest-neighbor hopping. The
second situation occurs instead in the fullerenes, where the
relevant conduction band is a three-fold degenerate manifold
of t1u (p-like) orbitals, which couple with Jahn-Teller active
local distortions of the fullerene molecule. It is precisely this
kind of coupling which is expected to be responsible for
superconductivity in these compounds [18].
A three-band model which includes a strong Coulomb
repulsion, a Hund’s rule splitting and a moderate Jahn-Teller
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e-ph coupling has been studied in several papers [22, 107–
109], reaching an a priori surprising conclusion: The JahnTeller coupling is not harmed by large Coulomb repulsion,
and the phonondriven superconductivity can actually be
strongly enhanced in the proximity of the Mott transition,
that is, in the region in which the correlations are most
eﬀective.
Here we do not discuss the physics of this model in
details, since we are mainly interested in contrasting its
behavior with the HH model. The key point is that the JahnTeller interaction does not touch the total charge on each
molecule, as it couples with a combination of local spin and
orbital degrees of freedom [22]. As a consequence, even when
correlations are suﬃciently strong to suppress the electronic
motion, the localized electrons can still interact within
a single fullerene molecule via the e-ph interaction. For
example, if we consider the experimentally relevant situation
of three electrons per fullerene molecule, as we approach the
Mott state three electrons will remain stuck on each fullerene.
Yet, the can still be in a high-spin state or low-spin state,
and the energetic gain associated to the multiplet splitting
will be the same as for a noninteracting molecule. Therefore,
the e-ph driven interaction will be not renormalized by
correlations, as opposed to the Holstein model. From a
Fermi-liquid point of view, the lack of renormalization is
determined by very large vertex corrections (divergent like
1/z as the Mott transition is approached) that compensate
the z factors [22, 109].
As a matter of fact, the eﬀective interaction between
quasiparticles obtained in a nonperturbative DMFT study of
the model corresponds to a severely screened Hubbard repulsion plus an essentially unscreened phonondriven attraction
that can be parameterized as
Aeﬀ = zU −

10
J,
3

(15)

where J is the strength of the phononmediated attraction in
the spin/orbital channel. This simple equation shows that,
even if U is chosen to be significantly larger than J, when
the Mott transition is approached (i.e., z → 0) [107], the
attraction will eventually prevail. Moreover, in this regime
the quasiparticles are quite heavy, and their large eﬀective
density of states can lead to an enhancement of the eﬀective
dimensionless coupling, which is expected to reflect in an
enhanced critical temperature.
This enhancement is explicitly found by solving the
three-orbital model within DMFT in the s-wave superconducting phase. If we follow the evolution of the superconducting order parameter as a function of U for a fixed
small J we first have a standard BCS-like region when U
is so small that the bare attraction simply overcomes the
bare repulsion. Then superconductivity disappears because
U is large enough to kill the attraction, but z is still
close to 1. Further increasing U we approach the Mott
transition, z decreases and it strongly renormalizes down
the eﬀective repulsion. Eventually the eﬀective interaction
becomes attractive and superconductivity re-emerges, with
an order parameter that follows a bell-shaped curve before
vanishing at the Mott transition point [22, 107]. This
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Figure 12: Quasiparticle renormalization as a function of λ
for diﬀerent values of the density n (and consequently diﬀerent
magnetization m) at fixed U = 1.75W and ω0 = 0.0125W (after
Sangiovanni et al. [92]).

strongly correlated superconducting pocket displays a maximum critical temperature which exceeds the weak-coupling
BCS value. In other words, phonondriven superconductivity
is actually enhanced by strong correlations [22].
A full DMFT solution of the model has allowed both to
predict the experimental observation only later provided in
[20, 21], like the dome-behavior of the critical temperature as
a function of doping, and the first-order transition to a spin1/2 antiferromagnet when pressure is reduced to recover the
ambient phase of A15 Cs3 C60 , and to further characterize the
properties of strongly correlated superconductors. For example, we predict a pseudogap in the photoemission spectra
[110, 111], and a kinetic-energy driven superconductivity for
the most expanded compounds [109].
In the context of this paper, our solution is a clear
example of the crucial role of the phonon symmetry. In
our multiband model it is possible to consider phonons
which are by symmetry unharmed by correlations, as
opposed to the Holstein model. The result is confirmed by
investigations of simplified two-orbital models which share
the same properties [110, 111] When we go back to the
cuprates, and to single-band models, our findings suggest
that phonon modes which are coupled to operators which
are not proportional to the charge can indeed survive much
better in a strongly correlated environment, in analogy with
the findings of mean-field methods.

7. Conclusions
The focus of the paper is on the eﬀects of strong electronelectron correlations on the electron-phonon coupling. We
mostly considered the Hubbard-Holstein model, where both
e-e and e-ph interactions locally couple to electron density
fluctuations. In this case the competition between these
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interactions is quite eﬀective, particularly in the proximity
of the Mott-Hubbard transition.
In particular, we study strongly correlated metallic
phases, where the system is either at half-filling or at small
doping, and the correlation strength is large enough to put
the system close to a Mott-Hubbard transition. In these
conditions, since the e-e Hubbard repulsion makes the
density fluctuations stiﬀer, the Holstein e-ph coupling g is
generically suppressed, even if the overall picture is far from
trivial.
Along this paper we have discussed how this suppression
depends on exchanged momentum and frequency, and on
other physical parameters. A first observation is that the
suppression is strong whenever the quasiparticle residuum
z is small. On the contrary we observed that in the
antiferromagnetic phase, where the suppression of double
occupancy imposed by the large Hubbard repulsion U is
due to the spin ordering and does not entail a small z,
the e-ph coupling is only weakly suppressed. This easily
explains why polaronic features are present and clearly visible
in weakly doped antiferromagnetic cuprates. The weakness
of this suppression is likely to persist even in the metallic
paramagnetic regime, if substantial residual antiferromagnetic correlations persist on a local basis. The opposite case
of a strong suppression of the e-ph coupling,occurring for
1), needs further
small z (or more precisely when κe /N ∗
specification. In particular we find that g is more or less
suppressed depending on the dynamical regime: for a small
ratio between the transferred frequency ω and the transferred
momentum vF q the e-ph coupling is strongly reduced, while
in the opposite limit ω/vF q  1 no suppression is found
and even an enhancement is possible. This latter finding

leaves the possibility open of substantial phononic residual
attractions between the quasiparticles competing with the
residual repulsions in driving the system unstable toward
long-wavelength charge instabilities. These two dynamical
regimes are also visible in the DMFT approach where the
scale vF q is reflected in the width of the quasiparticle
resonance. For frequencies smaller than this latter scale
phononic features are absent, while they are clearly present
at high-energy in the Hubbard sidebands.
1 again displays
The nearly static case ω/vF q
an intrinsic richness as far as momentum dependence is
concerned: the strong suppression of g already occurring
at small momenta becomes really very strong at large
transferred momenta. This suppression found both on
general grounds within a Fermi-liquid analysis and within
specific fieldtheoretic treatments of the Hubbard-Holstein
model [53, 54, 58, 59, 77] can account for the impressive
elusiveness of phononic features in transport experiments in
cuprates. Indeed the fact that the resistivity in the metallic
phase does not display any clear phononrelated feature is
naturally explained by the strong suppression of the e-ph
coupling in transport processes, where very low-energy and
large transferred momenta are involved. Thus the strongly
correlated nature of the cuprates is the key ingredient to solve
the puzzles related to the dichotomous behavior of these
materials, which display clear phononic features in some
cases and none in others.
All the above findings are only partly peculiar of the specific HH model, where the electron density locally involves
both the e-e and e-ph coupling: The analysis of other models
like the Su-Schrieﬀer-Heeger [112] essentially produce the
same results [68, 69, 113]. A qualitative diﬀerence only
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occurs for those phonons which couple to degrees of freedom
which are not severely stiﬀened by the proximity to a MottHubbard phase. In this regard we reported the important
case of Jahn-Teller phonons in the Fullerenes. It would
be interesting to search for similar phononic (or even
nonphononic) degrees of freedom in the cuprates. In this
regard, the buckling modes in some cuprates are interesting
candidates, which are presently being investigated in this
perspective [114].
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[32] E. Berger, P. Valášek, and W. von der Linden, “Twodimensional Hubbard-Holstein model,” Physical Review B,
vol. 52, no. 7, pp. 4806–4814, 1995.
[33] Z. B. Huang, W. Hanke, E. Arrigoni, and D. J. Scalapino,
“Electron-phonon vertex in the two-dimensional one-band
Hubbard model,” Physical Review B, vol. 68, no. 22, Article
ID 220507, 4 pages, 2003.
[34] M. Capone, M. Grilli, and W. Stephan, “Small polaron
formation in many-particle states of the Hubbard-Holstein
model: the one-dimensional case,” European Physical Journal
B, vol. 11, no. 4, pp. 551–557, 1999.
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