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The aim of this special issue is to promote research and its
applications in the area of nonlinear functional analysis and
applications. It will reflect theoretical research and advanced
applications. One of the most important and significant
areas is fixed point theory being very rich, interesting, and
extremely applicable area of mathematics and mathematical
sciences.

In the last three decades, the problems of nonlinear
analysis with its relation to fixed point theory have emerged as
a rapidly growing area of research because of its applications
in differential equation, KKM theory, nonlinear ergodic
theory, game theory, optimization problem, control theory,
and so on. Also, the iterative methods for finding the
approximate solutions of fixed point problems, variational
inequality problems, equilibrium problems, optimization
problems, split feasibility problems, operator equations and
inclusion problems, amenability of semigroup, and conver-
gence of iterative approximations are very important and
useful.
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We present two algorithms for finding a zero of the sum of two monotone operators and a fixed point of a nonexpansive operator
in Hilbert spaces. We show that these two algorithms converge strongly to the minimum norm common element of the zero of the
sum of two monotone operators and the fixed point of a nonexpansive operator.

1. Introduction

Throughout, we assume that # is a real Hilbert space with
inner product (-, -) and norm | - ||, respectively. Let € ¢ # be
a nonempty closed convex set.

Definition 1. An operator S : € — % is said to be non-
expansive if

[Su = Sv| < Jlu—v| @
forallu,v € €.
We denote by Fix(S) the set of fixed points of S.

Definition 2. An operator A : € — Z is said to be &-inverse
strong monotone if

(Au—Av,u—v) > E[Au - Av|? )
for some & > 0 and for all u, v € 6.

It is known that if A is -inverse strong monotone, then
A is 1/&-lipschitz, that is,

1
|Au - Av| < E lu-vl, 3)

for all u, v € €. Furthermore,

(I = 8A) u — (I - SA) v|)?
, , (4)
Sfu=v[|"+6(0 =28 |Au-Av|", Vu,veSE.
In particular, if § € (0, 2&), then I — A is nonexpansive.
LetB : # — 27 be a set-valued operator. The effective
domain of B is denoted by dom(B), that is, dom(B) = {x €
K : Bx + 0}.

Definition 3. A multivalued operator B is said to be a mono-
tone on Z if and only if

(x=y,u-v)=0 (5)
forall x, y € dom(B), u € Bx, and v € By.

A monotone operator B on 7 is said to be maximal if and
only if its graph is not strictly contained in the graph of any
other monotone operator on . We denote by B0 the set
of the zero points of B, that is, B'0={xe%:0¢cDBx.

For A > 0, we define a single-valued operator

Jy = +AB)": # — dom (B), (6)
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which is called the resolvent of B for A. It is known that the
resolvent J; is firmly nonexpansive, that is,

|3u - JE‘VHZ < (JPu-TBvu-v), )

forallu,v € €and B™'0 = Fix(]?) forall A > 0.

In the present paper, we consider the variational inclusion
of findinga zero x € # of the sum of two monotone operators
A and B such that

0€eA(x)+DB(x), (8)

where A : # — I isasingle-valued operatorand B : # —
2” isa set-valued operator. The set of solutions of problem (8)
is denoted by (A + B)™'(0).

Special Cases. (i) If # = R™, then problem (8) becomes the
generalized equation introduced by Robinson [1].

(ii) If A = 0, then problem (8) becomes the inclusion
problem introduced by Rockafellar [2].

It is known that (8) provides a convenient framework
for the unified study of optimal solutions in many optimiza-
tion related areas including mathematical programming,
complementarity, variational inequalities, optimal control,
mathematical economics, equilibria, and game theory. Also
various types of variational inclusions problems have been
extended and generalized. For related work, please see [3-20].

Zhang et al. [21] introduced the following iterative algo-
rithm for finding a common element of the set of solutions to
the problem (8) and the set of fixed points of a nonexpansive
operator:

Xpp1 = KXo T (1 - (xn) SI;LB (xn - /\Axn) > (9)

where S : € — € is a nonexpansive operator. Under some
mild conditions, they prove that the sequence {x, } converges
strongly to x* € Fix(S) N (A + B) " (0).

Recently, Takahashi et al. [22] introduced another itera-
tive algorithm for finding a zero of the sum of two monotone
operators and a fixed point of a nonexpansive operator

Xne1 = ﬁnxn"'(l - ﬁn) S (“nxo + (1 - (xn) ]jXBn (xn - /\nAxn))
(10)

for all n > 0. Under some assumptions, they proved that the
sequence {x,,} converges strongly to a point of Fix(S) n (A +
B)™(0).

Motivated and inspired by (9) and (10), in the present
paper, we suggest two algorithms

x, = Jy (1-t)Sx, - AMASx,), te(0,1), (1)

Xp+1 = ﬁn'xn + (1 - ﬁn) IP\B ((1 - ‘Xn) an - AHAS.X") N
' (12)

n=>0.

It is obvious that (12) is very different from (9) and (10).
Furthermore, we prove that both (11) and (12) converge
strongly to the minimum norm element in Fix(S) N (A +
B)~'0. It should be pointed out that we do not use the metric
projection in (11) and (12).
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2. Lemmas

In this section, we collect several useful lemmas for our next
section.
First, the following resolvent equality is well known.

Lemma4. For A > 0and AT > 0, one has

B g (A AR
Jyu= ] 7u+ 1—7 Hul, YueZ. (13)

Lemma 5 (see [23]). Let € C H be a closed convex set. Let
S : € — € be a nonexpansive operator. Then Fix(S) is a
closed convex subset of € and the operator I — S is demiclosed
at 0.

Lemma 6 (see [24]). Let 2 be a Banach space. Let {u,} ¢ &
and {v,} < X be two bounded sequences. Let the sequence

{¢,} € (0,1) satisfy 0 < lim ¢, < mnﬂmfn < 1. Suppose
Uy = (1= ()v, + Qu, foralln > 0 and lim,, _, . (Iv,,; —
Vol = 14,51 — 14, l1) < 0. Then lim lu,, — v,ll = 0.

1 — 00

n— 00

Lemma 7 (see [25]). Let {o,} ¢ [0,00), {y,} < (0,1), and
{0,} € R be three sequences satisfying

Opy1 < (1 - Yn) o, + anyn' (14)

IfZE; Yn = ©O and mn—>008n <0 (07" ZEC:)I |8nyn| < OO)’

thenlim, _, .0, = 0.

3. Strong Convergence Results

Let € ¢ Z be a nonempty closed convex set. Let A :
€ — I be a p-inverse strong monotone operator. Let B be
a maximal monotone operator on 7 such that dom(B) ¢ 6.
LetS: € — ¥ be a nonexpansive operator.
Pick up a constant 7 € (0, 2¢). Forany ¢ € (0, (20—1)/20),
we define an operator
v(x)=J2((1-1)S - TAS) x, (15)

forall x € 6.
Since J. [TB ,S,and I - TA/(1 —t) are nonexpansive, we have

I ((1 _p) (1 - ﬁ/&) Sx)
#o-o{r- o)

<(1-1) ”(I— ﬁ&) Sx (16)

T
()
(- 55e)sr

ly ) —v (y)] =

<(1-Dx-y],

for any x, y € €. Hence vy is a contraction on €. We use x,
to denote the unique fixed point of y in €. Thus, {x,} satisfies
the fixed point equation

x, = J2((1-t) Sx, — TASx,) . 17)

Next, we give the convergence analysis of (17).
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Theorem 8. Assume that Fix(S) N (A + B) 10 # 0. Then {x,}
defined by (17) converges strongly, ast — 0+, to the minimum
norm element in Fix(S) N (A + B) " (0).

Proof. Choose any z € Fix(S) n (A + B)'(0). It is obvious
thatz = Sz = ][TB(z —1Az) for all T > 0. So, we have

2=Sz=]%(z-1Az) =]E"(tz+(1 —t)(I— %A)Sz)
)

forallt € (0,1).
From (17), we have

o015

- | ((1 1) <§xt - éASxt»

< -2l =

B (tz +(1-1) (SZ - ﬁASZ»"
< |l(1 —t)(Sxt— IL_tASxt)
_ (tz +(1-1) (SZ - é,&gz))“

- ||(1 —t)((Sxt— ﬁASxJ

- (Sz S ASZ)) - tz”
1-t
ca-ofi- ) (1o )
+t]z|

<(1-1)|x -2 +tlzl.
(19)

Hence, we get
|x; = 2| < llzll.- (20)

Thus, {x,} is bounded.
By (4) and (19), we derive

[l = z||2 < ||(1 —t) ((Sx, - éASxJ

2

- <§z - ﬁ/&&)) +t(-2)

<(1-1) ll(Sxt - %ASxt)

T 2 2
- <§z - ﬁA§z> Ttz

2
=(1-1)

|(§xt -Sz) - li_t (ASx, - ASz)

2
+tllz]]

3
2T
= (1 - t) (”Sxt - SZ"2 - 1_—t
x (ASx, — ASz, Sx, — Sz)
T2 2 2
t— |A§xt - ASZ“ ) +tz|
(1-1)
2
<(1-1) (“Sxt sz - %"AS)@ ~ ASz|?
2
+—|ASx, - A§z|;2> +tlz])?
(1-1)
- —t)<||§x s (r-2(1-)0)
t (1 . t)z Q
x |ASx, - A§z||2> + |z
<(1 —t)||xt—z||2+ ﬁ(T—Z(l -1)p)
x |ASx, — ASz| + tl|zI
(21)
So,
= (20 -He-7)|ASx, - Az’
B (22)
< tlzll® - t|x, - 2> — o.
Since 2(1 —t)o— 7 > O forall t € (0,1 — 7/290), we obtain
[Jim |ASx, - Az| = 0. (23)
Using the firm nonexpansivity of J©, we have
[l - z||2 =72 (1 -t)Sx, - tASKX,) - z"2
= “][TB ((1—t)Sx, - TASx,) - J2 (2 - TAz)“Z
<{(1-t)Sx, - TASx, - (z - TAz2) ,x, — 2)
= % ("(1 —t)Sx, — TASx, — (z - TAZ)"Z
+ | - 2
|1 - 1) Sx, - T (ASx, - TAZ) - x,|*).
(24)

Note that

[(1-1)Sx, - TASx, — (z - TAZ)”2

_ ”(1 -0 ((sx - %_tASxJ

2

- (Sz - ﬁASz)) +t(-2)




4
<(1-t) ||<§xt - ﬁASxt)
T 2 2
- <§z - —ASz) +tz|
1-t
<(1-1)|x, - 2| +tllzl*
(25)
Thus,
1
e = 2l < 5 (=) e = 2l + 22l + e~ 2
—||(1-t)Sx, -7 (ASx, - Az) - xt"z) .
(26)
It follows that
Ix - 2z|* < (1 = 1) ||x, - 2| + tllzl?
— (1 =) Sx, - x, - T (ASx, - Az)|
= (=1 |x, - 2| +tlzl* = | (1 - £) Sx, - x|
+27((1-1t)Sx, — x,, ASx, — Az)
- ?|ASx, - Az’
<=1 |x, - 2| +tlzl* = | (1 - ) Sx, - x|
+27||(1 - 1) Sx, — x| |ASx, — Az|.
(27)
Hence,
||(1 —1)Sx, — xt"2
(28)
< t||z||2 + 21 ||(1 —1)Sx, — xt" ||ASxt - Az” .
This together with (23) implies that
[lim (1 -1)Sx, - x| = 0. (29)
So,
lim ||xt - Sxtn =0. (30)

t— 0+

By (19), we have

I - 2] < ““ -0 ((s% - IL_tAsxt)
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=(1-t)

(Sxt— LAS&)
1-t

1-t

Fat(1—1) <—z, <§xt - %Agxt)

- (z - LAZ)> + 22|
1-t

<(1-t)|x -2 +2t(1-1)

x <—z, Sx, - % (ASx, — ASz) - z>

+17z)%
(31)
It follows that
Ix - 2| < <—z, Sx, - 1L—t (ASx, - Az) - z>
t 2 2
+=(lzlI” + |x;, -z
JCRITEE -

Ttz llgxt - lit (ASx, - Az) - z"
< (-z,Sx, —z) + (t + |ASx, - Az|) M,
where M is some constant such that

1
wp L1 4 ol),
£€(0,(20-7)/20)

Izl ||Sxt - lit (ASx, - Az) - zll} < M.
(33)

Now we show that {x,} is relatively norm-compactast — 0+.
Assume {t,} < (0,(29—7)/2¢) such thatt, — 0+asn — oo.
Put x,, := x, . From (32), we have

I%, - 2|° < (-2, Sx, — 2) + (t, + |ASx, - Az|) M. (34)

Since {x,} is bounded, without loss of generality, we may
assume that Xy, = X € C. Hence, Xp, = (r/(1 - tnj))(Aanj -
Az) — X because of [ASx, — Az| — 0 by (23). From (30),
we have

nango ||xn - an" =0. (35)

By Lemma 5 and (35), we deduce X € Fix(S).
Next, we show that X € (A + B) 0. Let v € Bu. Note that
x, = J2((1 - t,)Sx, — TASx,,) for all n. Then, we have

(1-t,)Sx, — TASx, € (I + 1B) x,,. (36)

So,
1 —
T

t
"Sx, - ASx, - " € Bx,,. (37)
T
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Since B is monotone, we have, for (1, v) € B,

(),

-t X
. T”an—Aan—?”—v,xn—u>20
= ((1-t,)Sx, - TASx,, — x,, — TV, X, —u) =0
= (ASx, +v,x, —u)

t
< = (Sx, —x,,x, —u) — ?" (Sx,, x,, — u)

-

= (ASX +v,x, — u)

t
< = (Sx, —x,,x,—u) — ?" (Sx,, x,, — u)

Nl

+ (ASX — ASx,, x,, — u)

= (ASX +v,x, —u)

1 t
< IS =l e = ul + 2 S 15 - u

+[|ASx - ASx,||[|x, — u -

(38)
It follows that
~ ~ 1
(ASX +v,X —u) < - ”anj = X | 1%, = u"
t,
+—=[ISx,, || [x, — u“
T 7 7 (39)
+ ”AS% - Aanj X, = u“

+ <A§5c'+ v, X — xnj> .
Since
(x, - % ASX, - AST) > o ASK, - A§5e||2, (40)

ASx

7 7
also observe that t, — 0and ||Sx,, — x,]| — 0. Then, from
(39), we derive

.. — ASz,and x,, — X, we have ASx, — ASX.We

(ASX +v, X —u) <0. (41)

That is, (—~AX — v, X — u) > 0. Since B is maximal monotone,
we have —AX € BX. This shows that 0 € (A + B)X. Hence, we
have X € Fix(S) N (A + B) 0. Therefore, we can substitute X
for z in (34) to get

|x, - X|* < (-% Sx, - %) + (t, + |ASx, - AZ|) M. (42)

Consequently, the weak convergence of {x,} to X actually
implies that x, — X. This has proved the relative norm-
compactness of the net {x,} ast — 0+.

From (34), we get

I%-z|* < (~z,X—2z), VzeFix(S)n(A+B)0. (43)

That is,

(%, x-z) <0, VzeFix(S)n(A+B)™0. (44)

It follows that

IZl < lzll, Vz € Fix(S) n (A + B) 0. (45)

It is obvious that X = Pprojg s)nas+s)0(0) by (44). This
denotes that the entire net {x,} converges to X. This completes
the proof. O

Next, we present another algorithm.

Algorithm 9. For given x,, € €, define a sequence {x,} ¢ €
iteratively by

Xpr1 = GpXy (1 - Cn) ]fj, ((1 - Qn) an - TnASXn) s

Vn >0,
(46)

where {7,} C (0,20), {g,} € (0,1),and {g,} c (0, 1).

Theorem 10. Suppose that Fix(S) N (A + B) 0 # 0. Assume
that the following conditions are satisfied:

(i) lim,, _, o0, = 0 and },,, 0, = 00;

(i) 0 <lim, _, G, <lim, _, oG, < 1;
(iii) a(l — ¢,) < 7, < b(1 - 9,)), where [a,b] C (0,2¢) and
lim, , (7, —7,) = 0.
Then {x,} generated by (46) converges strongly to a point X =
PIOjpiy(s)n(a+m)~! (o) (0) Which is the minimum norm element in

Fix(S) N (A + B)(0).

Proof. Let z € Fix(S) n (A + B)"'(0). We have z = ]Ei(z -
1,A2) = ] (g,z + (1 - g,)(z — 7,Az/(1 - g,))) for all n > 0.

Since J©, S, and I — 7,A/(1 - g,,) are nonexpansive, we have

JP ((1 - Qn) an - TnAan) - Z"

In Aan>>
1- n
e
1- On

<(1 —Qn)<§xn— 1f“QnA§xn>>
lfngnAz»H

T,
=(1- Sx, - ——AS
H( Qn) < Xn 1 0 Xn

~Kn

- (z 7 iﬂQn Az)) +0,(-2)

< (1 - Qn) ”xn - Z" +0, ”Z” .

HCETCE

_]E‘ (an+ (1 _Qn) <Z—

<

-<en2+(1-en) <Z-




Thus,
||xn+1 - Z" <Gy ”xn - Z" + (1 - cn) (1 - Qn) "xn - Z”
+(1-¢,) 0,z
=[1-0, (1= lxn =2 + (1= c,) e ll=ll.
(48)
By induction, we have
[ %1 — 2|| < max {||x, — 2], I} . (49)
Therefore, {x,} is bounded.
From (4) and (47), we derive
T
Jo-o(( )-(=- l—nenAz»
2
+ Qn (_Z)
<(1-9,) <§x - Asx >—<z— In Az) 2
B ! S 1-0,
+ gzl
2
=(1-9,)|(Sx, -z Az)| +o,lzl’
=(1-o, (”Sx — 2| - (ASx - Az,Sx, - z)
2
+ > |ASx, - Az| ) +o,lzI
(1 - Qn)
20T,
< 1= (I —of' - 225 fass, - el
Ti 2 2
+ z[ASx, - Az|" ) + o,z
(l - Qn)
Tn
=(I_Qn)<”xn_z||2+ z(Tn_z(l_Qn)Q)
(1 - Qn)
X ||A8xn - Az”z) + Qn||z||2.
(50)

Setu, = (1 -,)Sx, — 7,ASx, for all n > 0. Since 7, — 2(1 -
0,)0 < 0 for all n > 0, we obtain

B 2
|75~

(Tn_z(l _Qn) Q)

Tn
e

« [AS%, - Ac] >+en|z||

(51)

Abstract and Applied Analysis

From (46), we have

“xn+l _Z" = “Cn('xn_z)-"(l_cn ]‘r U, = )”
(52)

2
< Gullxn - z||2 +(1-g,) ”][TE:un - z" )
Sety, = ]5((1 -0,)Sx, —1,ASx,) foralln > 0. Then x,,,, =

G, X, + (1 -¢,)y, for all n > 0. Next, we estimate ||x,,; — x,,|.
In fact, we have

||yn+1 yn" Upt1 — ]Elun“

Tn+ 1

B B
< ]-[ un+1_] U +

n+l Tnt1

Te

n+1

= ”((1 - Qn+1) an+1 - Tn+lA§xn+l)

- ((1-¢,)Sx,

+

- TnAan) "

= ”(I - TnHA) anﬂ (I n+1A) an

+ (Tn n+1) ASX + QnSx Qn+1§xn+1 "
+ |72 u, — ]Eun“
< ”(I - TnHA) anﬂ (I n+1A) an"

-7 "Aert" + 0[S

| n+1

+ Qn+1 ||§xn+l|| +

n Tt

n+1

(53)

Since I - 1,,,; A is nonexpansive for 7,,,; € (0, 2¢), we have

”(I - Tn+1A) an+1 - (I - Tn+lA) an"
(54)
< [Sx,41 = Sx|| < %1 — x| -
From (13), we have
T T
][TBHun:]P< L un+<1— i >][TBHun>. (55)
" " Tn+1 Tn+1 "
It follows that
"]Smu” N ]Eu”
B[ Tn Tn B
= 1 —
]Tn<Tn+lun+< Tn+1>]TH ”) ] u
(56)

IN

T,
< u, +
T+l

Tyl — T | "

T, B
n
(1 - >]Tn+1un> _un
Tn+l

n+1 n"
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So,

||yn+1 - yn" < nxn-f-l - xn” + |Tn+1 - Tnl ”Ag‘xnn

+ 0 [Sx

T, - T,
+ On+1 "warl” + | ! nl ”un - ]Sﬂun .
Th+1

(57)
Then,
R (R T~
< [t - 1AS,] + 0 5% .
o ISkl + 2, g2 ).

Since g, — 0, T,

wil — T, — Oandlim, 7, > 0, we obtain

lim sup ([[y1 =yl = s = xa) <0 (59)
By Lemma 6, we get
lim |y, - x,[ = 0. (60)
Consequently, we obtain
Jim x| = lim (1-¢,) [y, —x,[ =0. (61)

From (51) and (52), we have

2 2 B 2
n < nil*n n T, n
s =2l < Gullen = 27 + (1= 6,) | — 2|

< (1 _Cn)(l _Qn)

X <||xn _Z" + (1 —HQ,,)Z (Tn _2(1 - Qn) Q)

x |ASx, - Az||2>

+(1-¢,) eulzll® + 6, | x, — 2]
= [1 - (1 - cn) Qn] "xn - Z”Z

n (1 _cn)Tn

1— (Tn -2 (1 - Qn) Q) "Agxn - AZHZ

+(1-6,) ezl

1-g,)T
< ”xn_Z"2 + % (Tn_z(l _Qn)Q)
x |ASx, - Az”2 +(1-g,) o,llzII.
(62)

7
Then, we obtain
1-¢,)T
O (21—, -7 s, - A’
(1 - Qn)
< ou =2l = I — 2 + (1= ) @l (63)
< (s = 2 = Ites = 2l 1 = x|
+(1-6,) eullzll”.
Since lim, , 0, = 0, lim,_, lx,., — x,/l = 0, and

lim, | ((1-¢,)7,/(1-0,)2(1 -09,)e~-1,) >0, we have
Jlim [ASx, - Az| = 0. (64)

Next, we show [|x,,—Sx, | — 0. By using the firm nonexpan-
sivity of ] EB , we have

B 2
it =7

= V2 (1 - 0,) Sx, - 7,ASx,) - J2 (2 - 7,A2)|]

< <(1 -0,) Sx,, — 1,ASx, - (z - 1,Az) ,];B;un - z>

= % <||(1 -0,) Sx, - 1,ASx, - (z - TnAz)"2

+ ]Eun - 2“2
2
- ”(1 -0,) Sx, — 1, (ASx, - Az) - ]Eiun ) :
(65)
Observe that
“(1 - Qn) an - TnAS'xn - (Z - TrAZ)“z
= II(] -0,) <§xn -7 j” ASx,
2
- (z -1 T"Q Az)) +0,(-2)
! (66)
<(1-0,)|Sx, - ! f” ASx,

2
2
+ o4zl

—(z— Tn Az)
I_Qn

< (1-0,) % — 2|” + 0zl

Hence,
||][TB;L£"—Z“2 S% ((1_Qn) “xn_z||2+gn”2"2+"]Sun - Z'|2

_"(1—@") an—fiﬁiun—rn (Aan—Az)“z) .
(67)



It follows that
2w, ~ 2| < (1-0) s 2l + el
| - 0.) Sx, ~ 1P, ~ 7, (ASx, - Az)[”
= (1-0,) |, = 2l" + eullzl
-J(-e) sx, - TPu|
+ 21, <(1 - 0,) Sx,, —

- 72| ASx, - Az’

Tyt ASX, — Az)

< (1 - Qn) ”‘xn - Z"2 + Qn||z||2
- ||(1 - Qn) an - ]Eiunnz

+21, "(1 - 0,) Sx,, — ]Sun“ [ASx, - Az]|.
(68)

This together with (52) implies that
s~ 2 < 6ol — 2l + (1= 6, (1 0, - 2P
+(1-6,) ezl
- (1 - Cn)

+21,(1-g,)

(1 - Qn) an - ]Eiun"z

(1 - Qn) an - ]E—iun

x |ASx, - Az|
= [1 - (1 - cn) Qn] "xn - znz + (1 - Cn) Qn"Z”z

- (1 - Cn) “(1 - Qn) an - ]-Eunuz

v 21, (1-6) (1~ 0) S5, - /P
x |ASx, - Az|.
(69)
Hence,
(=) (1 - e S, = o
< w2l = Ixnr =2l = (1= 5) @l — 2|
+(1=6,) eullzl® + 27, (1 - <,)
X “(1 -0,) Sx,, — ]?;un [ASx, - Az| (70)

< (e = 2l + s = 20 s =
+(1=6,) eallel® + 27, (1 - 5,)

X “(1 - 0,) Sx,, — ]Sun" [ASx, — Az|.
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Sincelim,_, .G, < L [Ix,.,;—x,| — 0,0, — 0,and |ASx,—
Az|| — 0 (by (60)), we deduce

nll,r%o ”(1 - Qn) an - ]Eun" =0. (71)
This indicates that

lim [Sx,, - J7u,| = 0. (72)

n— oo

Combining (60) and (72), we get
Jim ||x, - Sx, || = 0. (73)

Put ¥ = lim,_,,, X, = Projp (s)na+m'(0)(0)> where x, is the
net defined by (17). We will finally show that x,, — X.

Setv, = x, — (1,/(1 — 0,))(ASx,, — AX) for all n. Take
z = X in (64) to get |[ASx, — AX|| — 0. First, we prove

lim,, _, (=%, Sx,, — X) < 0. We take a subsequence {Sx,, } of
{Sx,,} such that

lim (-X,Sx, - %) = lim <—£, Sx,, - 9?> . (74)

n— oo

It is clear that {Sx,,i} is bounded due to the boundedness

of {Sx,} and |ASx, — AX| — 0. Then, there exists a

subsequence {Sx, } of {Sx,} which converges weakly to
Ij 1

some point w € €. Hence, {x, } and {y, } also converge
weakly to w because of |Sx,, —x,, || — Oand|x, -y, | —
U i M

0. By the demiclosedness principle of the nonexpansive
mapping (see Lemma 5) and (73), we deduce w € Fix(S).
Furthermore, by similar argument as that of Theorem 8, we

can show that w is also in (A + B)'(0). Hence, we have
w € Fix(S) N (A + B)"'(0). This implies that

im (-% Sx,-%) = lim (% Sx, -%)
n— 00 j— oo 'j (75)
=(-X,w—X).

Note that ¥ = projg, s)n(asm)()(0)- Then, (X, w - X) <
0, w € Fix(S) N (A + B)"}(0). Therefore,

lim (-%,Sx, - %) <0. (76)
From (46), we have
12
1 = %]

2
]Bu - x"

Tnn

ES cn”xn - xllz + (1 - Cn)
= cn”xn - 5C~”2 + (1 - cn) "][TEiun - ]E (3? - TnAf)||2

< Gullxn - 55”2 +(1-¢,) u, - (- TnAk’)HZ
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= cn”xn - 56”2 + (1 - Cn)

x|(1-¢,)Sx, - 7,ASx, - (¥ - Tn%\f)”z

(l—en)(<§xn— lf”

= (1 _cn)

2 2
+ Gl = X

+ Qn (_f)
= cn”xn - 56”2 + (1 - cn)

x((- 00| (sm-

Aan>

2

n

- <5z- Tn Ak‘)
I_Qn
Tn

20,(1-¢,){ -%( Sx, -
+2¢, ( en)<x(xn e

_<z_ Tn Aw>>+gj||x||2>
I_Qn

s cn”‘xn - 5”2 + (1 - cn)

Aan>

x ((1=0,)’|lx, - " +20,7, (-% ASx, - A%)
+2¢,(1-¢,) (% Sx, - X) + ;| %)
< Gullx, - &* + (1-6,)
x (1= 0., = X[* + 20,7, I1Xl |ASx, - AZ]

+20, (1-¢,) (% Sx, - %) + g}I%I°)
<[1-2(1-6) 0] I, -7
+2¢, (1-¢,) 7, %I |ASx, - AZ]
+2¢, (1-¢,) (1 -¢,) (-% Sx, - %)
+(1-6,) ¢ (171 + |x, - &)
=[1-2(1-¢,) 0 I, - %
+2(1-,) g [z, Il |ASx, - AZ]
+(1-¢,) (-% Sx, - X)
+ 0, (I71° + Jx, - =)}
(77)
It is clear that ), 2(1 —¢,,)0,, = 00 and
lim sup {z, 1] [ASx, - AZ] + (1 - 0,)

x (-, Sx, - %) + g, (1% + |x, - )} < 0.
(78)

By Lemma 7, we conclude that x, — X. This completes the
proof. O

Corollary 11. Suppose that (A + B)'(0) # 0. Let T be a
constant satisfying a < 1 < b, where [a,b] < (0,29). For
t € (0,1 —1/(29)), let {x,} C € be a net generated by

x, =2 (1=t x, — TAX,). (79)

Then the net {x,} converges strongly, ast — 0+, to a point
X = projia,py-1(o)(0) which is the minimum norm element in

(A +B) (0).

Corollary 12. Suppose that (A + B)™'(0) # 0. For given x,, €
G, let {x,} C C be a sequence generated by

Xpr1 = CuXy t (1 - cn) ]5 ((1 - Qn) X — TnAxn) (80)
for all n > 0, where {1,} C (0,29), {¢,} < (0,1), and {g,} ¢
(0, 1) satisfy

(i) lim =0and}, 0, = 0o;

< lim

n—)oogn

(ii) 0 < lim,, _, G,

(iii) a(1 — ¢,) < 7, < b(1 - 9,), where [a,b] c (0,2¢) and
lirnrt—w)o(""rﬁl - Tn) =0.

n—00Sn < L;

Then {x,} converges strongly to a point X = projs g1 (0)
which is the minimum norm element in (A + B) "1 (0).
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We prove that Fan’s theorem is true for discontinuous increasing mappings f in a real partially ordered reflexive, strictly convex,
and smooth Banach space X. The main tools of analysis are the variational characterizations of the generalized projection operator
and order-theoretic fixed point theory. Moreover, we get some properties of the generalized projection operator in Banach spaces.
As applications of our best approximation theorems, the fixed point theorems for non-self-maps are established and proved under
some conditions. Our results are generalizations and improvements of the recent results obtained by many authors.

1. Introduction

Let X be a real Banach space with the dual space X* and C ¢
X anonempty subset of X. The set-valued mapping P : X —
Ca

Po(x) = {z €C:lx —zl = inf | - y||}, M

is called the metric projection operator from X onto C. It is
well known that the metric projection operator P plays an
important role in nonlinear functional analysis, optimization
theory, fixed point theory, nonlinear programming, game
theory, variational inequality, complementarity problems,
and so forth.

In 1994, Alber [1] introduced the generalized projections
e : X* - Cand Il : X — C from Hilbert spaces
to uniformly convex and uniformly smooth Banach spaces
and studied their properties in detail. In [2], Li extended the
generalized projection operator 77~ from uniformly convex
and uniformly smooth Banach spaces to reflexive Banach
spaces and studied some properties of the generalized pro-
jection operator with applications to solving the variational
inequality in Banach spaces. Recently, Isac [3] and Nishimura
and Ok [4] studied the order-theoretic approach towards

establishing the solvability of variational inequality on a
Hilbert lattice X which is based on the fact that the metric
projection operator Pp is order-preserving if only if C is a
sublattice of X. Very recently, Li and Ok [5] obtained the
generalized projection operator 7 is order-preserving in
partially ordered Banach spaces.

Motivated and inspired by the above mentioned work,
in this paper, we get the continuous property of generalized
projection operator Il and increasing characterizations
of Il in a partially ordered reflexive, strict convex, and
smooth Banach space. Further, we consider the following
Fan’s approximation theorem (Theorem 2 in [6]) through the
variational characterization of I1-. The normed space version
of the theorem is as follows.

Theorem 1. Let C be a nonempty compact convex set in a
normed linear space X. If f is a continuous map from C into
X, then there exists a point u in C such that

lu=f @l =d(f@w.C). )
The point u is called a best approximation point of f in C.

Fan’s theorem has been of great importance in nonlinear
analysis, approximation theory, game theory, and minimax
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theorems. Various aspects of this theorem have been studied
by many authors under different assumptions. For some
related works, refer to [7-21] and the references therein.

In this paper, we obtain the existence of minimum
best approximation point and maximum best approximation
point in order interval. As an applications of our best
approximation theorems, the fixed point theorems for non-
self-maps are established under some conditions which do
not need to require any continuous and compact conditions
on f.

The content of the present work can be summarized
as follows. In Section 2, we review the definition of the
generalized projection operator in Banach spaces and its basic
properties. We also show some definitions in the partially
ordered Banach space and some fundamental results for
our theorems. In Section 3, we obtain the properties of
the generalized projection operator in the partially ordered
Banach space under some assumption. And we combine
these results with an order-theoretic fixed point theorem to
provide some of the best approximation theorems. Section 4
provides an application of these best approximation theorems
to fixed point theory.

2. Preliminaries

2.1. The Partial Order. Suppose that X is a real Banach space
and P is a nonempty closed convex cone of X. By 6 we denote
the zero element of X. We define a partial order < with respect
to Pby x < yifand onlyif y — x € P. We will write x < y if
x<Xyandx # y.

The cone P is called normal if there is a number K > 0,
suchthatforallx, y € X, 0 < x < yimplies ||x|| < K | y|. The
cone P is called regular if every increasing sequence which
is bounded from above is convergent. That is, if {x,} is a
sequence such that x; < x, < --- < y for some y € X, then
there is x € X such that lim,, , ., [Ix,, — x|l = 0. Equivalently,
the cone P is regular if and only if every decreasing sequence
which is bounded from below is convergent. It has been
proved in Theorem 1.2.1 in [22] that every regular cone is
normal.

A cone P is called minihedral, if each two-element set
{x, y} has a least upper bound sup{x, y}. Equivalently, the
cone P is minihedral if and only if each two-element set {x, y}
has a greatest lower bound inf{x, y}. As is convenient, we
denote sup{x, y} as x V y and inf{x, y} as x A y. And if sup M
exists for every nonempty and bounded from above M ¢ X,
we say the cone P is a strongly minihedral cone. If M is a
nonempty subset of X which contains x V y and x A y for
every x, y € M, then M is said to be subminihedral.

Let (X, <) be a real partially ordered Banach space. Given
Uy, vy € X such that u, < v, the set [ugy, vy] = {z € X : uy <
z < v,} is called ordered interval. If the cone P is minihedral,
it is easy to see that [u, v,] is a subminihedral set of X.

Definition 2 (see [5]). For any partially ordered spaces
(X, <x) and (Y, <y), we say that amap F : X — Y is order-

preserving if

x=yy implies F (x) <y F(y). 3)
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Definition 3 (see [23]). Let (X, <) be a partially ordered space
and D ¢ X is convex; we say thatamap F : D — X is convex
if

F(tx+(1-t)y) <tF(x)+(1-t)F(y),

(4)
Vx,yeD, x=<y, 0<t<l
2.2. Order-Dual. Let (X, <) be areal partially ordered Banach
space whose (topological) dual we denote by X* and P a cone
in X. Recall that P* = {¢ € X" : ¢(x) = 0, Vx € P} is called
the dual cone of P. The dual of < is the partial order <* on X"
defined as follows:

p<"g iff p—¢ € P". (5)

If P is a minihedral cone, it is well known that P* is a
minihedral cone in X*. We now show that x € P if and only
if (¢, x) > 0 for every ¢ € P (see [24, Proposition 1.4.2]).

We denote by (H, || - ||;) a Hilbert space H whose norm
| - Il; satisfies

Ix| < |y| implies x|, <|y|,» Vxye€H, (6)

where |x| is defined by |x| = x V (—x) for each x € H.

2.3. The Generalized Projection Operator. Let X be a real
Banach space with the dual X*. We denote by J the normal-

ized duality mapping from X to 2% defined by
Jx={x" e X" (x" ) = [Tl dxl = 7]} @)

for all x € X, where (-,-) denotes the generalized duality
pairing between X* and X. See [1] for basic characterizations
of the normalized duality mapping.

Recall that a Banach space X has the Kadec-Klee property,
if for any sequence {x,} ¢ X and x € X with x, — x (weak
convergence) and [|x,,|| — [x[, then ||x, — x| — 0,asn —
00. It is well known that if X is a uniformly convex Banach
space, then X has the Kadec-Klee property.

Let X be a reflexive, strictly convex, and smooth Banach
space and C a nonempty closed convex subset of X. Consider
the Lyapunov functional defined by

W(xy) =lxl? -2 Jxy) + |y°, vYxyeX. (8)

Following Alber [1], the generalized projectionII-: X — C
is a map that assigns to an arbitrary point x € X the minimum
point of the functional W (x, y); that is, II5(x) = X, where
X € Cis the solution to the minimization problem:

,X) = infW (x, y);

W (x, %) = infW (xy) 9)
existence and uniqueness of the operator I follow from the
properties of the functional W(x, y) and strict monotonicity

of the mapping J. It is obvious from the definition of
functional W that

(el = yl)* < W (x. ») < (Il + 5])°
Vx,y € X.

(10)

If X isa Hilbert space, then W(x, y) = (IIx—yII)2 and Il = P..
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If X is a reflexive, strictly convex, and smooth Banach
space, then for x, y € X, W(x, y) = Oifand only if x = y.Itis
sufficient to show that if W(x, y) = 0 then x = y. From (10),
we have ||x|| = || y|l. This implies that (Jx, y) = [y[* = [l/x]>.
From the definition of J, one has Jx = Jy. Therefore, we have
x = y. See [25, 26] for more details.

In [1], the generalized projection operators on arbitrary
convex closed sets C satisfy the following property.

The point II-(x) = X is a generalized projection of x on
C c X if and only if the following inequality is satisfied:

(Jx-Jx,x-y) >0, VyeC. (11)

We denote dyy,(x,C) = inf{iW(x, y) : y € C}, where x ¢
X and W is Lyapunov functional in X.

3. Best Approximation Theorems

First we give the following properties of the generalized
projection operators.

Lemma 4 (see [27]). Let (X, <) be a real partially ordered
reflexive, strictly convex, and smooth Banach space with respect
to a minihedral cone P. Suppose P* is the dual cone of P. The
following statements are equivalent:

(H,) the normalized duality mapping ] is order-preserving;

(Hy) Jx ATyI2 + 1T v P < Dl + 1yl Vx, y € X, x <
Y.

Lemma 5 (see [27]). Let (X, <) be a real partially ordered
reflexive, strictly convex, and smooth Banach space with respect
to a minihedral cone P and satisfy condition (H,). Suppose that
C is closed convex subminihedral set of X. Moreover, C satisfies
the condition:

(Hs) llx A ylIP + e v yl? < DIxI® + Iyl ¥, y € C.

Then, Il is increasing.

Remark 6. The minihedral cones of many Banach spaces
satisty (Hs). For example, if p > 2, every subminihedral set
M of (€7, <) (here partial order < is defined coordinatewise)
such that x > 0, Vx € M, then M satisfies (H;); if p > 2,
every subminihedral set M of (R™”, <) (here < stands again
for the coordinatewise ordering), such that x > 0, Vx € M,
then M satisfies (H;). See [5] for more details.

Lemma 7. If X is a uniformly convex and smooth Banach
space and C is a nonempty, closed, and convex subset of X,
then the generalized projection operator Il : X — Cis
continuous.

Proof. Since X is a uniformly convex and smooth Banach
space, Il is single valued. Suppose x,, — x,asn — 0o,

and suppose I1-(x,) = X, (n = 1,2,3,...), and IIo(x) = X.
From the inequalities

(beall = 1) < W (x,%,)

<W(x,,X) (12)

< (|l + 121)*

and the hypothesis that x, — x,asn — oo, it yields
{x,} is a bounded subset of X. Since X is reflexive, there
exists a subsequence of {X,}; without loss of the generality,
we may assume it is itself, such that {X,} converges weakly
to x'. From the properties of weakly convergence, we have
[x'll <liminf,_, ., [X,]. Moreover, W(x, X) < W(x, X,,) and
Wi(x,, x,) < W(x,, X), which implies W(x,X,,) — W(x,X),
asn — 00. Now we have

W (1) = Il =2 (e ') + [
= Jim (1t? =2 0 5,) + <)

<liminf (Il -2 (/x.%,) + |%,]7)

lim infW (x, x,)
= lim W (x,%,)
= ;relgw (x,9).
Thus we have x’ = %.
For any A € [0,1], one has AX + (1 - A)X,, € C. From the
inequality W(x, X) < W(x, AX + (1 — 1)X,,), we have

Ixl® = 2 Jx, %) + 1% < Ix]®

<k -2 Jx AZ+ (1= V) E,) + |Ax+ (1 -V %[
(14)

Therefore,
2(Jx,(1- 1) (%, - %)) < Ax+ (1 -V 5,|* - 1=1*. 15

Similar to the above argument, from inequality W(x,,, X,,) <
W(x,,, X), we obtain

2(Jx,, % - %,) < |%I° - %, (16)
Adding the above two inequalities side by side, we obtain
2(Jx - Jx,, X, — X)
<Az + -1z,
—[&]" + 24 (Jx. %, - %)
< A I

+ 20 (1= M) IR |%] + (1= A |z
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% + 22 %, - %)
< IR+ A= 1) (121 + %))
+ (1= V2% - |z + 20 U, %, - %)
= A(1%I° = %)) + 24 UJx. %, - %) .
17)
So

2(Jx = JxpX =%, 2 A(|%," - 1%17) + 24 (Jx, X - %, .
(18)
If we use the inequalities W(x,X) < W(x,X,) and

Wi(x,,X,) < W(x,,AX + (1 — 1)X,)), similar to the above
argument, we obtain

2(Jx - Jxp T - %) = (1= 1) (121 - %)

+2(1-1) (Jx,, %, - X).

(19)

In (18) and (19), taking A = 1/2, we have
4(Jx-Jxp % -%,) > (|77 - 171P) +2 Jx. 5 - %,) .

4(Jx = Jx,p % = %) 2 (121 = |%,]7) +2 U, %, - X) -
(20)

From the conditions that x, — x,asn — ocoand X isa
smooth Banach space, we have Jx,, — Jx,asn — 0. Using
X, — X,asn — oo and combining (20), it yields [|X,[| —
[IXll,asn — co. Since X is a uniformly convex Banach space,
then X has the Kadec-Klee property. Therefore, we obtain
X, — X,asn — o00. Thus this lemma is proved. O

Lemma 8. Let (X,<) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to P and
satisfy condition (H,). Suppose that P is a minihedral cone and
satisfies the condition:

(H) Ix A yl?+ Dl v yl? < Dlxl? + lIyl?, Vx e X, y e P.

Then, I1p is increasing, and Ilp(x + y) < IIp(x) + IIp(y),
Vx,y € X.

Proof. Since (H,) implies (H;) and P is subminihedral, from
Lemma 5, IT; is increasing. Next, we prove x < IIp(x), Vx €
X. To derive a contradiction, assume that there exists x,

which does not satisfy x, < ITp(x,); thatis, xq ATIp(x,) # x,
and x, V IIp(x,) # I1p(x,). Then we have

W(xO’HP (xo)) < W(xo’xo VI, (xo)); (21
that is,
"’Co”2 =2 (Jxo, p (x0)) + "HP (’%)"2

< ||x0||2 =2 (Jxg, %o VHp (x4)) + | %o VITp (x0)||2 .
(22)
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Hence,

2 (Jxg» %o V IIp (o) = TTp (%))

) ) (23)
< oo V IIp (x0)||” = TTp (o) || -
As x5 N1p(x,) # x4, we have
W (5, X9 ATlp (x0)) = ||x0||2 =2 (Jxg, X9 Ap (%)) (24)

+ ||x0 A Hp(xo)”2 >0,
and then,
2 (Jaxgs %o AIp (x0)) < lxoll” + 0 AT (25)

Since xy A T1p(xg) + x4 V Ip(xg) = xo + IIp(x,), from (23)
and (25), we have

2 (Jxg %) < [0 + |0 A TIp (50)|

+ o v ITp (x0)||2 - 11, (’%)”2 .

And hence [|x, A TIp(x)[1* + llxg V Hp(x) 1> = ITIp(o)|1* -
||xO||2 > 0. This contradicts (H,). Thus, x < IIp(x), Vx € X.
And hence,

(26)

x+y=<p(x)+p(y), Vx,yeX. (27)

As Il is increasing, we have
Ip (x + y) < Tp (x) + 1T (y),

The assertion is proved. O

Vx,y € X. (28)

Lemma 9. Let (X,<) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to a
minihedral cone P and satisfy condition (H,). Suppose u, v, €
X with u, < v, and the following condition is satisfied:
(Hs) lx Ayl + vyl < Dl + Iyl Vx € X, y €
[ug, vol.

Then, Iy, . is increasing, and

H[”O’VO] (tx + (]. — t) y) < tH[uO)VO] (x) + (]. - t) H[”O)Vo] (y)

vVt e [0,1], Vx,y =,

(29)

Proof. Following a similar argument as in the proof of
Lemma 8, we obtain that ITj, ,, is increasing and x =<
py,0,1(X), Vx < v,. And hence,

tx + (1 - t) y= tH[uO,vo] (x) + (1 - t) 1_I[uo,vo] (y) ’

Vvt € [0,1],

(30)
Xy 2.

As Iy, ., is increasing and tI1j, , 1(x) + (1 - DI, ,,(y) €
[ug, Vo], we have

H[“O’VO] (tx + (l - t) y) < tH[uo)VO] (x) + (1 - t) H[”O’VO] (y) )
(31)

The proof is completed. O
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Remark 10. If (H, | - |l;) is a partially ordered Hilbert space
with respect to P and P a minihedral cone, (H,) and (H;) are
satisfied.

From the above properties of the generalized projection
operators and order-theoretic fixed point theorems, we can
obtain the following best approximation theorems.

Theorem 11. Let (X, <) be a real partially ordered uniformly
convex and smooth Banach space with respect to a minihedral
cone P and satisfy condition (H,). Suppose that f : [uy, vy] —
X is an increasing map. Moreover, [u,, v, satisfies the condi-
tion (Hs) and f([uy, vy]) is relatively compact. Then, f has a
minimum best approximation point x, and a maximum best
approximation point x* with respect to W(x, y) in [ug, v,],
such that

(32)
<Y, e 2y <Y,

whereu, =11, 1(f(u,_1)), v, =, . (f(v,2)) (n=1,2,
3,...).

Proof. Define F [ug, vl —  [ug vyl by F(x) =
Iy, v, (f (x)). From Lemma 5, we get F is increasing. It is easy
to see u, < F(u,) and F(v,) < v,. By Lemma 7, we know
Iy, v, is continuous and F([u, v,]) is relatively compact.
Thus F satisfies all conditions of Theorem 2.1.4 in [22]. Then,
F has a minimum fixed point x, and a maximum fixed point
x* and satisfies (32). Now we consider F(x,) = x,, F(x") =
x*; that is, M, 0 (f(x,)) = x, and H[uo%](f(x*)) = x". By
the definition of IT;,, ,, ;, we get

W ()ox) = dnf W(f(x.).)

yelug,vo

=dy (f (X*) > [”O’VO]) >

W) =k W G).)
= dy (f (x7), [uo o)) -
The assertion is proved. O

Theorem 12. Let (X, <) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to a nor-
mal and minihedral cone P and satisfy condition (H,). Suppose
that f: [uy, vyl — X is an increasing map. Moreover, [ug, v,]
satisfies the condition (Hj). Then, f has a minimum best
approximation point x,, and a maximum best approximation
point x™ with respect to W (x, y) in [uy, v,]. Moreover, if u,, =
H[?gvﬂl(f(un_l)), V= v (f () (n=1,2,3,..), (32)
olds.

Proof. Define F [ug, vl —  [ug vyl by F(x) =
Ip,, 4,1 (f(x)). From Lemma 5, we get F is increasing. It is
easy to see 1, < F(u,) and F(v;) < v,. Since X is reflexive
and P is normal, P is regular. Thus F satisfies all conditions
of Theorem 3.1.4 in [23]. Then, F has a minimum fixed point
x, and a maximum fixed point x* and satisfies (32). By the
definition of ITy,, , ;, the assertion is proved. O

Remark 13. In the above Theorem 11, f is discontinuous map.
And in Theorem 12, f is discontinuous map and has no
compact conditions.

Example 14. Let (X,<) = (¢%,<). Here < stands for the
coordinatewise ordering. It is easy to prove that all conditions
in Theorem 12 hold. Given u,, v, € €* such that u, < v,.
Then, every increasing f : [t, Vo] — £€*hasaminimum best
approximation point and a maximum best approximation
point with respect to W(x, y) in [ug, v,].

Theorem 15. Let (X, <) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to P. If
u, < v, and the following conditions are satisfied,

(i) P is a normal, minihedral cone with satisfying (H,) and
(Hs);
(ii) f: [ug, vyl — X is an increasing and convex map;
(iil) thereexistsa0 < & < Lsuchthat f(v,) < euy+(1—¢)vy,

then, f has a unique approximation point X with
respect to W(x,y) in [uy,v,]. Moreover, if we take

Xy = My 0 (f(x,21)) (n=1,2,3,..) for Vxy € [ug, v,
||xn - 9?" — 0 (n— 00), (34)
|x, - %] <M@1-8" (n=123,..), (35)

where M > 0 has nothing to do with x,,.

Proof. Define F [ug,vol —  [ug vyl by F(x) =
Iy, v, (f(x)). Since f is convex and IT},, , ; is increasing, for
vt € [0, 1], we have

Ftx+(1-1t)y) =T, ., (f (tx+ (1 =1) y))

< 1_I[uo,vo] (tf (X) + (1 - t) f (}’)) .

Using Lemma 9 and f(x) < f(v,) < v,, we obtain
F (tx +(1-1) y) = tH[uo,vg] (f (x)) +(1-1) H[uo,vo] (f (y))
=tF(x)+(1-t)F(y).

(36)

(37)

Thus F is convex. And F(v,) < eu, + (1 —¢€)v,. Thus F satisfies
all conditions of Theorem 3.1.6 in [23]. Then, F has a unique
fixed point X and satisfies (35). By the definition of IT}, 1,
the assertion is proved. O

4, Fixed Point Theorems

In this section, we will prove some new fixed point theorems
for non-self-maps by using results of Section 3.

Theorem 16. Let (X, <X) be a real partially ordered uniformly
convex and smooth Banach space with respect to a minihedral
cone P and satisfy condition (H,). Suppose that f : [uy, vo] —
X is an increasing map and f([uy, v,]) is relative compact.
Moreover, [uy, v, satisfies the condition (Hs) and

|co{x, £ ()} N [ug, vol| =2, Vx € [ug, vp] - (38)
Then, f has at least one fixed point in [uy, v,].



Proof. By Theorem 11, f has at least one best approximation
point X in [uy, v,]; that is, IT}, , 1(f(X)) = X. From (11), we
have

J(fx)-Jxx-y)=0, Vye€ [uyv. (39)

We may use (38) tofinda A € (0, 1] such that (1-A)X+Af (X) €
[ug, v, and hence

JUf@)-Jxx2-[1-VDE+Af (®)]) =0 (40)
that is,
J(f@®)-Jxx- f(®) =0 (41)
Moreover,
J(f ®)-J% f () - %)
=lf @I - U (f @), %) - U= f @) + 1=’
> |f @I -2 f @)1=+ 121
= (If ®|-1=0)* > 0.

So we conclude that (J(f(X)) — JX, f(X) — X) = 0. It follows
that || f(X)l = [IX]. Moreover, as (J(f(x)),x) < [ f(X)llIx],
and the inequality above must hold as an equality. We have
J(f (), X) = [l f(X)NIx]l. Therefore, J(f (X)) = Jx. And thus

f(X) = X. The assertion is proved. O

(42)

Following a similar argument as in the proof of
Theorem 16, we can obtain the following fixed point theo-
rems.

Theorem 17. Let (X, <) be a real partially ordered uniformly
convex and smooth Banach space with respect to P and satisfy
condition (H,). Suppose that P is a normal, minihedral cone
and f : [uy, vyl — X is an increasing map. Moreover, [uy, v,]
satisfies the condition (H;) and (38). Then, f has at least one
fixed point in [ug, v,].

Example 18. Let (X, <) = (L*(Q), <), the space of measurable
functions which are the 2nd power summable on Q. Endow
L*(Q) with the following norm and the cone P:

I = (] oor du)lﬂ, -

P={xeLl’(Q):x()20,Yae t € Q}.

Given uy, v, € L*(Q) such that u, < v,. It is easy to see that
(L*(Q), <) satisfies (H,) and (H;) holds in [u, v,]. Thus, by
Theorem 17, every increasing f : [uy, v,] — L*(Q) satisfying
(38) has at least one fixed point in [u, v,].

Theorem 19. Let (X, <) be a real partially ordered reflexive,
strictly convex, and smooth Banach space with respect to P. If
u,y < vy and the following conditions are satisfied,

(i) P is a normal, minihedral cone with satisfying (H,),
(Hs) and (38);
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(ii) f: [ug, vyl — X is an increasing and convex map;

(iii) there exists 0 < € < 1 such that f(vy) < euy+ (1 —€)vy,

then, f has a unique fixed point X in [uy, vy]. Moreover, if we

take x,, = I, ,1(f(x,-1)) (n=1,2,3,...) for Vx, € [uy, v),
||xn—9?|| — 0 (n— 00),

(44)

|x, - X <M@1-8" (n=123,..),

where M > 0 has nothing to do with x,,.
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We introduce generalized («, y)-contractive mappings of integral type in the context of generalized metric spaces. The results of
this paper generalize and improve several results on the topic in literature.

1. Introduction and Preliminaries

In fixed point theory, one of the interesting research trends is
to investigate the existence and uniqueness of certain map-
pings in the various abstract spaces. As a result of this
approach, the notion of metric has been extended in several
ways to get distinct abstract spaces. Among all, we mention
the concept of generalized metric space that was introduced
by Branciari [1] in 2001. The notion of generalized metric
can be considered as a natural extension of the concept of
a metric since it is obtained by replacing the the triangle
inequality condition by a weaker condition, namely, quadri-
lateral inequality. Branciari [1] proved Banach’s fixed point
theorem in such a space. For more details, the reader can refer
to [2-21].

At this point, we emphasize why the generalized metric
space is interesting. Although the definitions of metric and
generalized metric are very close to each other, the topology
of the corresponding spaces is very different. In particular,
a generalized metric may or may not be continuous. Fur-
thermore, a convergent sequence in generalized metric spaces
need not be Cauchy. Besides them, we cannot guarantee that
a generalized metric space is Hausdorff, and hence the uni-
queness of limits cannot be provided easily.

On the other hand, a notion of a-admissible mappings
was defined by Samet et al. [22]. By using this notion, the
authors introduced o — ¥ contractive mappings and inves-
tigated the existence and uniqueness of a fixed point of

such mappings in the context of metric space. Their results
have attracted several authors since they are very interest-
ing and that several existing fixed point theorems listed as
consequences of the main result of this paper [22]. The
approaches used in this paper have been extended and
improved by a number of authors to get similar results in
different settings; see, for example, [13, 15, 23-26].

The aim of this paper is to examine the existence and
uniqueness of fixed points of a-admissible mappings of
integral type in the setting of generalized metric spaces. We
also underline that the phrase “a generalized metric” has been
used for distinct notions since all such concepts generalize
the notion of metric. For this reason, when we mention a
“generalized metric” we mean the distance function intro-
duced by Branciari [1]. It is evident that any metric space is
a generalized metric space but the converse is not true [1].

For the sake of completeness, we recall some basic defi-
nitions and notations and fundamental results that will be
used in the sequel.

Nand R* denote the set of positive integers and the set of
nonnegative reals, respectively. Let ¥ be the family of func-
tions ¢ : [0,00) — [0, 00) satisfying the following condi-
tions:

(i) y is upper semicontinuous;
(ii) (y"(1)),,cp convergesto O asn — oo forallt > 0;

(iii) w(t) < t,forany t > 0.
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In the following, we recall the notion of a generalized met-
ric space.

Definition I (see [1]). Let X be a nonempty set and let as d :
XxX — [0, co] satisfy the following conditions forall x, y €
X and all distinct u, v € X each of which is different from x
and y. Consider

(GMS1) d(x,y) =0 if and only if x = y
(GMS2) d(x,y)=d(y,x) ¢))
(GMS3) d(x,y)<d(xu)+dw,v)+d(v,y).

Then, the map d is called a generalized metric and abbreviated
as GMS. Here, the pair (X, d) is called a generalized metric
space.

In the above definition, if d satisfies only (GMS1) and
(GMS2), then it is called a semimetric (see, e.g., [27]).

The concepts of convergence, Cauchy sequence, com-
pleteness, and continuity on a GMS are defined below.

Definition 2.

(1) A sequence {x,} in a GMS (X, d) is GMS convergent
to a limit x if and only if d(x,,,x) — Oasn — oo.

(2) A sequence {x,} in a GMS (X,d) is GMS Cauchy if
and only if for every & > 0 there exists positive integer
N(e) such that d(x,, x,,) < eforalln >m > N(e).

(3) AGMS (X, d) is called complete if every GMS Cauchy
sequence in X is GMS convergent.

(4) A mapping T : (X,d) — (X,d) is continuous if for
any sequence {x,} in X for which lim, , d(x,,x) =
0, we have lim d(Tx,,Tx) = 0.

n— 00

The following assumption was suggested by Wilson [27]
to replace the triangle inequality with the weakened condi-
tion.

(W): for each pair of (distinct) points u, v, there is a number
t,, > 0 such that for every z € X

r,, <dWwz)+d(zv). (2)

Proposition 3 (see [28]). In a semimetric space, the assump-
tion (W) is equivalent to the assertion that limits are unique.

Proposition 4 (see [28]). Suppose that {x,} is a Cauchy
sequence in a GMS (X, d) with lim,, _, . ,d(x,,u) = 0, where
u € X. Then lim, ,  d(x,,z) = du,z) forallz ¢ X. In
particular, the sequence {x,} does not converge to z if z # u.

The following concepts were defined by Samet et al. [22].

Definition 5 (see [22]). For anonemptyset X,letT: X — X
and o : X x X — [0, 00) be mappings. We say that T is -
admissible if for all x, y € X, one has

a(x,y)21= a(Tx,Ty) = 1. 3)

Abstract and Applied Analysis

In what follows we recall the notion of a @ — y contractive
mapping.

Definition 6 (see [22]). Let (X, d) be a metric space and let
T : X — X beagiven mapping. One says that T'isa o — v
contractive mapping if there exist two functionsa : XxX —
[0, 00) and a certain v such that

a(x,y)d(Tx,Ty) <y (d(x y)),

Notice that any contractive mapping, that is a mapping
satisfying the Banach contraction, is a « — y contractive
mapping with a(x, y) = 1 forall x,y € X and y(t) = kt,
ke (0,1).

Inspired by the results of Samet et al. [22], Karapimar [13]
gave the analog of the notion of a « — y contractive mapping
in the context of generalized metric spaces as follows.

Vx,ye X. (4)

Definition 7. Let (X, d) be a generalized metric space and let
T : X — X bea given mapping. One says that T'isa o —
contractive mapping if there exist two functions & : XxX —
[0, 00) and a certain v such that

a(xy)d(TxTy) <y (d(x y)),

Let (X,d) be a generalized metric space. A sequence
{x,} is called regular if {x,} is a sequence in X such that
a(x,,%x,,;) = lforallmandx, — x € Xasn — oo;
then a(x,,, x) > 1 for all n.

Karapinar [13] also stated the following fixed point theo-
rems.

Vx,yeX. (5

Theorem 8. Let (X, d) be a complete generalized metric space
andletT : X — X bea a — y contractive mapping. Suppose
that
(i) T is a-admissible;
(ii) there exists x, € X such that a(x,, Tx,) = 1 and a(x,,
szo) > 1;

(iii) either T is continuous or {x,,} is regular.

Then there exists a u € X such that Tu = u.

For the uniqueness, an additional condition was consid-
ered.

(U): forallx, y € Fix(T), onehas a(x, y) > 1, where Fix(T')
denotes the set of fixed points of T

Theorem 9. Adding condition (U) to the hypotheses of
Theorem 8, one obtains that u is the unique fixed point of T.

As an alternative condition for the uniqueness of a fixed
point of a & — ¥ contractive mapping, one will consider the
following hypothesis.

(H): for all x,y € Fix(T), there exists z € X such that
a(x,z) > land a(y,2z) > 1.

Theorem 10. Adding conditions (H) and (W) to the hypothe-
ses of Theorem 8, one obtains that u is the unique fixed point of
T.
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Corollary 11. Adding condition (H) to the hypotheses of
Theorem 8 and assuming that (X, d) is Hausdorff, one obtains
that u is the unique fixed point of T.

2. Main Results

In this section, we will present our main results. For this pur-
pose, we first define the following class of functions: ® = {¢ :
¢ : R" — R} such that ¢ is nonnegative, Lebesgue integrable
and satisfies

€
J @ (t)dt >0 for each e > 0. (6)
0
Definition 12 (see [29]). One says that ¢ € @ is an integral
subadditive if for each a,b > 0, one has

a+b a b
J ¢(t)dtgj ¢(t)dt+J ¢ (t) dt. (7)
0 0 0

One denotes by @ the class of all integral subadditive
functions ¢ € .

Example 13 (see [29]). Let ¢, (t) = (1/2)(t+1)_1/2 forallt > 0,
¢, (t) = (2/3)(t + 1) forall t > 0, and ¢,(t) = e* for all
t > 0. Then ¢; € O, wherei = 1,2,3.

In what follows we introduce notions of generalized a—y-
contractive type mappings of integral type I and type II.

Definition 14. Let (X, d) be a generalized metric space and let
T : X — X bea given mapping. One says that T is genera-
lized a—-contractive type mappings of integral type I if there
exist two functions & : X x X — [0,+00) and v € V¥ such
that for each x, y € X

a(xy) |

0

d(Tx,Ty)

M(x,y)
cp(t)dtsw(] <p(t>dt), ®)

0

where ¢ € O, and
M (x,y) = max{d (x,y),d (x,Tx),d (y,Ty)}. (9)

Definition 15. Let (X, d) be a generalized metric space and
let T : X — X be a given mapping. One says that T is
generalized o — y-contractive type mappings of integral type
II if there exist two functions ¢ : X x X — [0,+00) and
y € ¥ such that for each x, y € X

a(xy)

0

d(Tx,Ty)

N(x,y)
so(t)dtsw(j <p<t>dt), (10)

0

where ¢ € O  and

d(x,Tx) +d (y,Ty) a)
5 .

N (x, y) = max {d (x,y),
Now, we state our first fixed point result.

Theorem 16. Let (X, d) be a complete generalized metric space
andletT : X — X be a generalized o — y-contractive type
mappings of integral type 1. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy, Tx,) > 1 and
(X0, T?x0) = 1

(iii) T is continuous.
Then there exists au € X such that Tu = u.
Proof. Regarding assumption (ii), we guarantee that there
exists a point x, € X such that a(x, Tx,) > 1 and a(x,,

T?x,) > 1. Starting this initial value x, € X, we define an
iterative sequence {x,,} in X as follows:

Xy =Tx, =T""'x, Vnz0. (12)

Notice that if x, = x, ., for some ny, then the proof is
completed in this case. Indeed, we have u = x, = x, ,, =
Tx,, = Tu. Asa consequence of this observation, throughout
the proof, we assume that

X, # Xy YN (13)
It is evident that

o (xg,x1) = a(xg, Txy) = 1

(14)
= a(Txy, Tx;) = a(x1,%,) 2 1,
since T is a-admissible. Recursively, we find that
a(xpx,0) 21, Vn=0,1,.... (15)

By repeating the same arguments, used above, we also derive
that

a(xy,x;) = oc(xO,szO) >1

(16)
= a(Txp, Tx,) = o (x7,%x3) > 1.
From the previous inequalities, we conclude that
a(xp X)) 21, Vn=0,1,.... (17)
We divide the proofs into 4 steps.
Step 1. We show that
lim d (x,, x,,,,) = 0. (18)

By taking (8) and (15) into account, we obtain that

d(x% 1) d(Tx,_,,Tx,)
[ ewar=| o (t)dt
0

0

p)dt (19)

M(x,_q5%,)
sw([o <p<t)dt),

d(Tx,_,,Tx,,)
s« (xn—l’xn) J

for all n > 1, where

M (xn—bxn)
= max {d (xn—l’ xn) > d (xn—l’ Txn—l) > d (xn’ Txn)}
= max {d (xn—l’ xn) 4 d (xn—l’ xn) > d (xn’ xn+1)}

= max {d (xn—l’ xn) > d (xn’ xn+1)} .
(20)



If we have M(x,,_,,x,) = d(x,,x,,,) for some n € N, then
inequality (19) turns into

A(x,Xp41) M(x,_15%,)
| <p(t>dtsw(] <p(t)dt)
0

0

d(xn’xnﬂ)
=y (J @ (t) dt) (21)
0

A(xpsXp41)
< J @ (t)dt,
0

by regarding the property (iii) of the auxiliary function .
This is a contradiction. Consequently, we have M(x,_,, x,,) =
d(x,_y,x,) for alln € N and (19) becomes

d(x,,%,41) d(x,_1,%,)
J go(t)dtsw(J (p(t)dt) Vn e N. (22)
0

0

This yields that

A% %01) A(1%,)
J @ (t)dt < J p)dt YneN, (23)
0 0

by recalling the property (iii) of the auxiliary function y. Due
to (22), we find that

d(xnixrﬁ-l) d(XO’xl)
J (p(t)dtswn(j (p(t)dt), Vn e N.
0

0

(24)
By property of y again, we deduce that
A(xXp11)
,,ILHB,O L e (t)dt=0, (25)
and hence
nlglgod (xn’ xn+1) =0. (26)
Step 2. We show that
Jim d (%, X,112) = 0. (27)
Combining (8) and (17), we conclude that
d(x,,,%p42) d(Tx,_1,Tx,.1)
—Cr o0t
0 0
d(Txnfl ’Txnﬂ )
So ('xn—l’ xn+1) JO ¢ (t) dt
M(%Xy-15% 1)
< w(j o) dt),
0
(28)

for all n > 1, where
M (xn—l’xn+l)
= max {d (xn—l’ xn+1) > d (xn—l’ Txn—l) > d (xn+1’ Txn+1)}

= max {d ('xn—l’ xn+1) > d (xn—l’ xn) > d ('xn+1’ xn+2)} .
(29)
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By (23), we have

M ('xn—l’ xn+1) = max {d (xn—l’ xn+1) > d (‘xn—l’ xn)}
(30)
= max {e,,d,},

where e, = d(x,, x,,,,) and d,, = d(x,,, x,,,,). Thus, inequality
(28) can be considered as

€n A(x5Xp42) M(x,_15% 1)
J q)(t)dtzj (p(t)dtgy/<J <p(t)dt>
0

0 0
max{e, 1,d, 1}
:1//<J (p(t)dt) Vn e N.
0

(31)

On the other hand, by (23)

max{e, ;.d, 1}

e@®)dt. (32)
0

Ld" o (1) dt < Ld"'l o (1) dt < I

Therefore,

maxf{e,.d,,} max{e,_;.d, 1}
J @ (t)dt < J @ (t)dt
0 0

vneN. (33)

o . .
Then, the sequence {IomaX{e }(p(t)dt} is monotone nonin-

creasing, so it converges to some ¢t > 0. Assume that L > 0.
Now, by (18)

maxde,,.d,}

lim sup J ' @ (t)dt = lim sup J @ (t)dt

n— 0o 0 n— 00 0

(34)

= lim

n— 00

maxf{e,,.d, }
I o (t)dt = L.

Takingn — oo in (31)

L =lim supJ'n(p(t)dt

n—oo Jo

max{en—l ’dn—l }
< lim supy (Jo @ (1) dt) (35)

n— 00

J»ma.x{en1 K7y

Sl//(lim (p(t)dt)=1,(/(L)<L,

n—00 0
which is a contradiction; that is, (27) is proved.
Step 3. We will prove that
Vn #+ m. (36)

X, F X,

We argue by contradiction. Suppose that x,, = x,, for some
m,n € N with m # n. Since d(xp,po) > 0 foreach p € N,
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so without loss of generality, assume that m > n+ 1. Consider
now

d(x% 1) d(x,,Tx,)
[ ewar= [T pwa
0 0

d(x,,,Tx,,)
= J @ (t)dt

¢ (t) dt (37)

d(Tx,,_,,Tx,,)
J @ (t)dt

)
{d (xm—l’ xm) 4 d (xm—l’ Txm—l) > d (xm’ Txm)}
= max {d (xm—l’ xm) 4 d (xm—l’ xm) 4 d (xm’ xm+1)}
fd(

Xm-1> xm) > d ('xm’ xm+l)} .
(38)

If M(x,,_1>X,,) = d(x,,,_;, X,,)> then from (37) we get that

d(x,,%,41) d(x,,Tx,)
J @ (t)dt = J @ (t)dt
0 0

d(x,,,Tx,,)
= J @ (t)dt

0

A (XX 1)
- J ¢ (t)dt
0

d(Tx,,_,,Tx,,)
J @ (t)dt (39)

S yed (xm’ xm+1) 0

M(Xp-15% )
<y (L () dt)

d(x,,_1%,,)
=w<L ¢®d§
d(x,,%,41)
<y (I @(t) dt) .
0

If M(x,,_1>X,,) = d(x,,,, X,,11)> inequality (37) becomes

d(x,,%41) d(x,,Tx,)
J @ (t)dt = J @ (t)dt
0 0

J»d (x,,,Tx,,)

@ (t)dt

5
d(Tx,,_,Tx,,)
= J @ (t)dt
ad(Tx,,_1,Tx,,)
< o (X 15 Xy) J @ (t)dt
M(Xp-15% )
<y (J @ (t) dt)
0
A% Xp41)
=w(L ¢mdﬁ
A(x,Xp11)
<y (J 0) dt) .
0
(40)

Due to a property of y, inequalities (39) and (40) together
yield that

A(x,5Xp41) A(x,X41)
| ¢(ndtsvﬂk”(j ¢awﬁ)
0 0

d(X5% 1)
< J @ (t) dt,
0

d(xn)xml) 1 d(xwxnﬂ)
I @ t)ydt <y™™ (j (1) dt)
0

0
A(xpsXpi1)
< J @ (t)dt,
0

(41)

(42)

respectively. In each case, there is a contradiction.
Step 4. We will prove that {x,,} is a Cauchy sequence; that is,

d(xn’xmk)
Lim I o(H)dt=0 VkeN. (43)

n— 00 0

The cases k = 1 and k = 2 are proved, respectively, by (18)
and (27). Now, take k > 3 arbitrary. It is sufficient to examine
two cases.

Case (I). Suppose that k = 2m+1 wherem > 1. Then, by using

step 3 and the quadrilateral inequality together with (24), we
find

d(xn’xn+k)
J @ (t)dt
0

J’ d(xn’xnﬂmﬂ )

@ (t)dt

IN

@ (t)dt

J'd(xwxn-v-l )+d(xn+l ’xn+2)+"'+d(xn+2m’xn+2m+l)

0



d(x,,%41) d(Xp41:%042)
< L @ () + L ¢ (1)

Jd(xn+2m)xn+2m+1 )

et @ (t)dt

n+2m (x0>x1)
Z y (j <p(t)dt>
d(xg,x1)
<Zl[/ (J cp(t)dt)—>0

as n — Q0.

(44)

Case (II). Suppose that k = 2m where m > 2. Again, by
applying the quadrilateral inequality and step 3 together with
(24), we find

A%, %)
J o (1) dt

(XX i2m)
e

0
J'd(x 3X12) A (X 105%003) F A (X1 X pr2m)

o (t)dt

0

(X X012) A(Xp425%p43)
J (p(t)dt+J @ (t)dt

0 0

A(Xps2m-1>Xns2m) (45)
ot J o (t)dt
d(x,,%Xp42) n+2m-1 d(xg>x;)
sj pydt+ Y y (I (p(t)dt)
0 p=n+2

A(xp>Xpi2)
< J @ (t)dt
0

d(x0,x1)
+Zl// (J (p(t)dt>—>0 as n — 00.

By combining expressions (44) and (45), we have

d(xn’xn+k)
nh—?%oj p(H)dt=0 Vk=>3. (46)
Hence, we have

lim d (%, X0) =0 Vk > 3. (47)

We conclude that {x,} is a Cauchy sequence in (X, d). Since
(X, d) is complete, there exists u € X such that

Jim d (x,,u) = 0. (48)
Since T is continuous, we obtain from (48) that
Jim d (x,,y, Tu) = lim d (Tx,, Tu) = 0; (49)

that is, lim,_, x,,; = Tu. Taking Proposition 4 into

account, we conclude that Tu = u; that is, u is a fixed point of
T. O
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The following result is deduced from Theorem 16 due to
the obvious inequality N(x, y) < M(x, y).

Theorem17. Let (X, d) be a complete generalized metric space
andletT : X — X be generalized o —y-contractive type map-
pings of integral type II. Suppose that

(i) T is a-admissible;
(ii) there exists x, € X such that a(x,, Tx,) = 1 and

a(xg, T?xp) = 1;

(iii) T is continuous.

Then there exists au € X such that Tu = u.

Theorem 16 remains true if we replace the continuity
hypothesis by the following property.

If {x,} is a sequence in X such that &(x,, x,,,,) > 1 foralln
andx, — x € Xasn — 00, then there exists a subsequence
{xnot of {x,} such that a(x,,4), x) > 1 for all k.

This statement is given as follows.

Theorem18. Let (X, d) be a complete generalized metric space
and let T : X — X be generalized o« — y-contractive type
mappings of integral type 1. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy, Tx,) > 1 and
a(xg, T?x,) > 1;

(iii) if {x,} is a sequence in X such that «(x,, x,,,) = 1 for
allnand x, — x € Xasn — o0, then there exists
a subsequence {x,)} of {x,} such that a(x, ), x) > 1

for all k.

Then, there exists u € X such that Tu = u.

Proof. Following the lines in the proof of Theorem 8, we
deduce that the sequence {x,} defined by x,,,, = Tx,, for all
n > 0 is Cauchy and converges to some u € X. In view of
Proposition 4,

klirr;od (%pgrys1o Tue) = d (u, Tu) . (50)

By using the method of reductio ad absurdum, we will show

that Tu = u. Suppose, on the contrary, that Tu # u; that

is, d(Tu,u) > 0. From (15) and condition (iii), there exists a

subsequence {x,,;,} of {x,} such that a(x,,), u) > 1 for all k.
By applying (8), we find that

Jd(xn(k)+1xTu) Jd(Txn(kau)

@ (t)dt < o (x4, 1) .

M (1 51)
Sl//(J-O go(t)dt),

@ (t)dt
(51)

where
M (X, 1)
= max {d (xn(k), I/l) ’ d (xn(k), Txn(k)) 5 d (u, Tu)} (52)

= max {d (x> 1) » d (X (i) » d (6, Tw)} .
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By (18) and (50), we obtain

M) 51) d(u,Tu)
Lim J @ (t)dt = J @ (t)dt. (53)

k—o00 Jo 0

Since y is upper semicontinuous, by letting k — oo in
(51) we derive that

d(u,Tu) d(u,Tu) d(u,Tu)
J (p(t)dtSt//(J- <p(t)dt)<J o (1) dt.
0 0

0
(54)

This is a contradiction. Hence, we obtain that v is a fixed point
of T; that is, Tu = u. O

In the following, the hypothesis of upper semicontinuity
of y is not required. Similar to Theorem 18, for the gener-
alized « — y contractive mappings of type II, we have the
following.

Theorem19. Let (X, d) be a complete generalized metric space
and let T : X — X be generalized o — y-contractive type
mappings of integral type II. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy,Tx,) > 1 and
a(xg, T?x0) = 1

(iil) if {x,} is a sequence in X such that «(x,, x,,,,) > 1 for
allnand x, — x € X asn — o0, then there exists
a subsequence {x,} of {x,} such that a(x, ), x) > 1

for all k.
Then, there exists u € X such that Tu = u.

Proof. Following the proof of Theorem 17 (which is the same
as Theorem 16), we know that the sequence {x,} defined by
X, = Tx, forall n > 0 is Cauchy and converges to some
u € X. Similarly, in view of Proposition 4,

klirréod (%pgrys1 Tu) = d (u, Tu) . (55)

We will show that Tu = u. Suppose, on the contrary, that Tu #
u. From (15) and condition (iii), there exists a subsequence
{xp} of {x,,} such that a(x,, ) > 1 for all k. By applying
(10), for all k, we get that

A%y 1,T1) A(Tx (ke Tut)
J-o @ (t)dt < a(x,4),u) L @ (t)dt

56

N(x0)14) (56)

<y (J @ (t) dt) ,
0
where
N (X1, 1)

d (xn(k)’ Txn(k)) +d (u, Tu) } (57)

= max {d (xn(k), u) N >

Letting k. — o0 in (56), we have

N(xp14) d(u,Tu)/2
lim J 0] dt=J p@t)dt.  (58)

k—o00 Jo 0

From (58), for k large enough, we have N(x,,,, ) > 0, which
implies that

N 00)5%) N (p014)
W(J o (1) dt) < j o dt.  (59)
0 0

Thus, from (56) and (58), we have

d(u,Tu) d(u,Tu)/2
J @ () dt < J @ (t)dt, (60)
0 0

which is a contradiction. Hence, we obtain that u is a fixed
point of T that is, Tu = u. O

Theorem 20. Adding condition (U) to the hypotheses of
Theorem 16 (resp., Theorem 18), one obtains that u is the unique

fixed point of T.
Proof. By using the method of reductio ad absurdum, we will

show that u is the unique fixed point of T. Let v be another
fixed point of T with v # u. By hypothesis (U),

1<a(u,v)=a(Tu,Tv). (61)

Now, due to (8), we have

d(u,v) d(u,v)
J q)(t)dtS(x(u,v)J @ (t)dt
0

0

d(Tu,Tv)

=o(Tu,Tv) J @ (t)dt

0

M(u,v)
<y <J @ (t) dt) (62)

o

d(u,v) d(u,v)
:W<J (p(t)dt)<L @ (t)dt

J»max{d(u,v),d(u,Tu),d(v,Tv)}

@ (t) dt)

0

0

which is a contradiction. Hence, u = v. OJ

Theorem 21. Adding condition (U) to the hypotheses of
Theorem 17 (resp., Theorem 19), one obtains that u is the unique
fixed point of T.

Proof. As in Theorem 20, we use the method of reductio ad
absurdum to show that u is the unique fixed point of T.
Suppose, on the contrary, that v is another fixed point of T
with v # u. It is evident that 1 < «(u, v) = a(Tu, Tv).



Now, due to (10), we have

d(u,v)

d(u,v)
J <p(t)dtsvc(u,v)J @ (t)dt

0 0
d(Tu,Tv)

=o(Tu,Tv) J @ (t)dt

0

N(u,v)
<y (L @ (1) dt)

max{d(u,v),(d(u,Tu)+d(v,Tv))/2}
=y (J @ (1) dt)

0

d(u,v) d(u,v)
=1//(J (p(t)dt><J @ (t)dt
0 0
(63)
which is a contradiction. Hence, u = v. O

For the uniqueness of a fixed point of a generalized
o — ¥ contractive mapping, we will consider the following
hypotheses suggested in [11].

(H1): for all x,y e Fix(T), there exists z in X such that
a(x,z) > land a(y,z) > 1.

(H2): let x, y € Fix(T). If there exists {z,} in X such that
a(x,z,) > 1and a(y,z,) > 1, then

d(z,z,.,) <inf{d(x,z,).d(y.z,)} VneN. (64)

Theorem 22. Adding conditions (H1), (H2), and (W) to the
hypotheses of Theorem 16 (resp., Theorem 18), one obtains that
u is the unique fixed point of T.

Proof. We will show that u is the unique fixed point of T', by
using the method of reductio ad absurdum. Let v be another
fixed point of T with v # u; that is, d(u, v) > 0. Due to (H1),
there exists z € X such that
a(u,z) =1, a(v,z) = 1. (65)

Since T is a-admissible, from (65), we have
a(w,T'z)>1, a(»,T"z)>1, Vn. (66)

Define the sequence {z,} in X by z,,,, = Tz, foralln > 0 and
z, = z. From (66), for all n, we have

d(u,z,,,) d(Tu,Tz,)
J @ (t)dt = J @ (t)dt
0

0

d(Tu,Tz,)
I oMdt  (67)

<a(uz,)
0

M(uz,)
<y (J @ (t) dt) ,
0
where

M (u,z,) = max{d (u,z,),d (u,Tu),d(z,,Tz,)}
(68)
= max {d (u’ Zn) > d (Zn’ Zn+1)} .
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By (H2), we get
M (u,z,) =d(u,z,) Vn (69)

Iteratively, by using inequality (67), we get that

d(u,z,) d(u,zg)
L p@®)dt <y" (J @ (t) dt) ) (70)

0

for all n. Lettingn — o0 in the above inequality, we obtain

d(z,,u)
nlgréo L @()dt=0, (71)
and hence
Jim d (z,,u) = 0. (72)

Similarly, one can show that
Jlim d (z,,v) = 0. (73)
Regarding (W), there exists 7, , > 0 such that for all n
fuy <d(u,z,)+d(v.z,), (74)

and hence

Tuy d(u,z,)+d(v,z,)
[“owai < | ot (5
0

0

From (71) and (73), by passing n — 00, it follows that
r,, = 0, which is a contradiction. Thus, we proved that u is
the unique fixed point of T O

Theorem 23. Adding conditions (H1), (H2), and (W) to the
hypotheses of Theorem 17 (resp., Theorem 19), one obtains that
u is the unique fixed point of T.

Proof. Suppose that v is another fixed point of T and u # v.
From (H1), there exists z € X such that

a(u,z) >1, a(v,z) > 1. (76)
Since T is a-admissible, from (76), we have
a(wT'z)>1, a(vT'z)>1, Vn (77)

Define the sequence {z,} in X by z,,,, = Tz, for alln > 0 and
zy = z. From (77), for all n, we have

d(u,z,,1) d(Tu,Tz,)
J o (t)dt = J @ (t)dt
0 0

d(Tu,Tz,)

<a(uz,) J @ (t)dt (78)

0

N(u,z,)
Sl//(JO (p(t)dt),
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where

dw,Tu) +d(z,,Tz,)

N (,2,) = max {d (2,),

2
(79)
= max {d(u,zn) , @} .
By (H2), we get
N(u,z,) =d(u,z,) Vn (80)

Iteratively, by using inequality (78), we get that

d(u,z,) d(u,zg)
J e dt <y" (J @ (t) dt) , (81)
0 0

for all n. Lettingn — o0 in the above inequality, we obtain

d(z,,,u)
lim J @ (t)dt =0, (82)
n—00 0
and hence
Jim d (z,,u) = 0. (83)

Analogously, one can show that
lim d (z,,v) =0. (84)

Similarly, regarding (W) together with (83) and (84), it
follows that u = v. Thus we proved that u is the unique fixed
point of T'. O

It is known that Hausdorftness property implies the
uniqueness of the limit, so the (W) condition in Theorem 22
(resp., Theorem 23) can be replaced by Hausdorff property.
Then, the proof of the following result is clear and hence it is
omitted.

Corollary 24. Adding conditions (H1) and (H2) to the
hypotheses of Theorem 16 (resp., Theorems 18, 17, and 19) and
assuming that (X,d) is Hausdorff, one obtains that u is the
unique fixed point of T.

3. Consequences

In what follows we introduce the notion of &« — y-contractive
type mappings of integral type.

Definition 25 (Karapinar, [14]). Let (X,d) be a generalized
metric space and let T : X — X be a given mapping. One
says that T is an & — y-contractive mapping of integral type if
there exist two functions : X x X — [0,+00) and v € ¥
such that for each x, y € X

d(Tx,Ty)

a(xy) |

0

d(x,y)
so(t)dtsw([ <p<t>dt), (85)

0

where ¢ € O,.

Now, we state the following fixed point theorem.

Theorem 26 (Karapimnar, [14]). Let (X,d) be a complete
generalized metric space and let T : X — X bean a — y
contractive mapping of integral type. Suppose that

(i) T is a-admissible;
(ii) there exists x, € X such that a(xy, Tx,) = 1 and
oc(xo,TZxO) > 1;
(iii) either T is continuous or {x,} is regular.

Then there exists au € X such that Tu = u.

Proof. The proofis verbatim of the proofs of Theorems 16 and
18. O

Theorem 27 (Karapinar, [14]). Adding condition (U) to the
hypotheses of Theorem 26, one obtains that u is the unique fixed
point of T.

Proof. The proofis verbatim of the proofs of Theorem 20. [

Remark 28. The uniqueness condition (U) in Theorem 27 can
be replaced with alternative criteria (H1), (H2), and (W) as in
Theorems 22 and 23.

Corollary 29. Let (X,d) be a complete generalized metric
space and let T : X — X be a continuous mapping. Suppose
that there exists a function y € Y such that

d(Tx,Ty) M(x,y)
J e @)dt < ‘/’(J §0(t)dt), (86)

0
forall x, y € X, where ¢ € O, and

M (x,y) = max{d (x,y),d (x,Tx),d (y,Ty)}.  (87)
Then T has a unique fixed point.

Proof. Leta : X x X — [0,00) be the mapping defined by
a(x,y) = 1, forall x, y € X. Then T is an « — y-contraction
mapping of integral type I It is clear that all conditions of
Theorem 20 are satisfied. Hence, T has a unique fixed point.

O

Corollary 30. Let (X,d) be a complete generalized metric
space and let T : X — X be a continuous mapping. Suppose
that there exists a function y € ¥ such that

d(Tx,Ty) N(x.y)
J p)dt <y <J @ (t) dt) , (88)
0

forall x,y € X, where ¢ € O, and

d(x,Tx) +d(y,Ty) (89)
> :

N (x, y) = max {d (%, y),

Then T has a unique fixed point.

Proof. Asin the corollary, it is sufficient to define o : XxX —
[0, c0) such that a(x, y) = 1, for all x, y € X. Then, evidently,
T is an « — y-contraction mapping of integral type II. Hence,
all conditions of Theorem 21 are fulfilled. So, T has a unique
fixed point. O
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The following fixed point theorems follow immediately
from Corollary 29 by taking w/(t) = At, where A € (0, 1).

Corollary 31. Let (X,d) be a complete generalized metric
spaceand let T : X — X be a continuous mapping. Suppose
that there exists a constant A € (0, 1) such that

M(x,y)

d(Tx,Ty)
J @ (1) dt, (90)

¢wmgAj

0

forall x,y € X, where ¢ € O, and
M (x,y) = max{d (x,y).d (x,Tx),d (y,Ty)}. (91
Then T has a unique fixed point.

By taking y(t) = At, where A € (0, 1), in Corollary 30, we
derive the following result.

Corollary 32. Let (X,d) be a complete generalized metric
spaceand let T : X — X be a continuous mapping. Suppose
that there exists a constant A € (0, 1) such that

N(x,y

d(Tx,Ty) )
| od, (2

¢mmsAj

0

forall x, y € X, where ¢ € O, and

d(x,Tx)+d(y,Ty) (3)
5 .

N (x, y) = max {d(x, ¥),
Then T has a unique fixed point.

Corollary 33 (cf. [11]). Let (X,d) be a complete generalized
metric space and let T : X — X be a continuous mapping.
Suppose that there exists a function v € ¥ such that

d(Tx,Ty) <y (M (x, y)), (94)
forall x,y € X. Then T has a unique fixed point.

Proof. Leta : X x X — [0, 00) be the mapping defined by
a(x,y) =1, forall x, y € X. Then T is an o — y-contraction
mapping. It is evident that all conditions of Theorem 8 are
satisfied. Hence, T has a unique fixed point. O

The following fixed point theorems follow immediately
from Corollary 33 by taking y(t) = At, where A € (0, 1).

Corollary 34 (see e.g. [11]). Let (X, d) be a complete general-
ized metric spaceandletT : X — X be a continuous mapping.
Suppose that there exists a constant A € (0, 1) such that

d(Tx,Ty) < AN (x,y), (95)
forallx, y € X. Then T has a unique fixed point.
Now, we will show that many existing results in the

literature can be deduced easily from our obtained results.
The following theorems are the main results of Aydi et al. [11].

Theorem 35 (Aydi et al. [11]). Let (X,d) be a complete
generalized metric space and let T : X — X be a generalized
o — Y contractive mapping of type 1. Suppose that

(i) T is a-admissible;
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(ii) there exists x, € X such that a(xy, Tx,) > 1 and
(X0, T?x0) = 1

(iii) either T is continuous or if {x,} is a sequence in X such
that a(x,,x,,,) = 1 forallnand x, — x € X as
n — 0o, then there exists a subsequence {x,,} of {x,}
such that oa(x,,), x) > 1 for all k.

Then there exists a u € X such that Tu = u.

Proof. Tt is sufficient to take ¢(t) = 1 in Theorems 16 and 18.
O

Theorem 36 (Aydi et al. [11]). Let (X,d) be a complete
generalized metric space and let T : X — X be a generalized
o — y contractive mapping of type II. Suppose that

(i) T is a-admissible;

(ii) there exists x, € X such that a(xy, Tx,) > 1 and
a(xg, T?x0) = 1

(iii) either T is continuous or if {x,} is a sequence in X such
that a(x,, x,,,) > 1 forallnand x, — x € X as
n — 00, then there exists a subsequence {x,,} of {x,}
such that a(x,,), x) > 1 for all k.

Then there exists au € X such that Tu = u.

Proof. If we take ¢(t) = 1 in Theorems 17 and 19, then the
proof follows immediately. O

Theorem 37 (Aydi et al. [11]). Adding condition (U) to the
hypotheses of Theorem 35 (resp., Theorem 36), one obtains that
u is the unique fixed point of T.

Proof. Let ¢(t) = 1 in Theorems 20 and 21. O

Remark 38. Notice that all consequences and corollaries of
Aydi et al. [11] can be added here since their main results
are corollaries of the main results of this paper. To avoid the
repetition, we do not want to state them here but we underline
this fact.

Example 39. Let X = [0,1] and A = {1/n : n € N}. We define
the distance functiond : X x X — [0, 00) as follows:

d(x,y)=0 ifx=y,
d(x,y)=d(y.x) Vxy,
d(l)l):d(l’l):l’

2’3 45) 5

(96)

d(Ll):d<Ll>:%,

2’5 3’2) 5
i(32)-0(3) -

24 3’5
d(x,y) =|x-yl

It is clear that (X, d) is a generalized metric space. Notice also
that d is not a metric since

1=d(il)>d<il)+d<il)=§. (97)
24 2’3 3’4) 5

otherwise.
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We define T : X — X as Tx = 1 — x. Furthermore, let
y : [0,00) — [0,00) be defined as y(t) = t/3 and ¢(t) = 1.
Now, we define aX x X — [0, 0co) as follows:

1 if x =y,
a(x,y)=45x ifx,ye{—,—,—,l} with x # y, (98)

0  otherwise.

Hence, all conditions of Theorem 20 are satisfied and x = 1/2
is a unique fixed point of T'.
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An algorithm for treating pseudocontractive mappings and monotone mappings is proposed. Convergence analysis of algorithm

is investigated in the framework of Hilbert spaces.

1. Introduction

The motivation for common element problem is mainly
due to its possible applications to mathematical modeling
of concrete complex problems. The common element prob-
lems include mini-max problems, complementarily prob-
lems, equilibrium problems, common fixed point problems,
and variational inequalities as special cases; see [1-7] and
the references therein. It is well-known that the convex
feasibility problem is a special case of the common zero
(fixed) points of nonlinear mappings. And many important
problems have reformulations which require finding zero
points, for instance, evolution equations, complementarily
problems, mini-max problems, and variational inequalities
and optimization. For studying zero points of monotone
mappings, the most well-known algorithm is the proximal
point algorithm; see [8, 9] and the references therein.
Regularization methods recently have been investigated for
treating zero points of monotone mappings; see [2, 5, 6, 9]
and references therein.

In 2010, Takahashi et al. [6] studied zero point problems of
the sum of two monotone mappings and fixed point problems
of a nonexpansive mapping based on the following iterative
algorithm:

x, =x€C,
Vn = G X + (1 - (xn) ]r,, (I - rnA) Xn> 4]

Xp+1 = ﬁnxn + (1 - ﬁn) T)’n, Vn>1,

where C is a nonempty closed convex subset of a real Hilbert
space H, {«,} and {f3,} are real number sequences in (0, 1),
{r,} is a positive sequence, T : C — C is a nonexpansive
mapping, A : C — H is an inverse strongly monotone
mapping,B: H — 2H is a maximal monotone mapping, and
J, = +7,B)”", where I is the identity mapping. They proved
that the sequence {x,,} generated in (1) converges strongly to
some z € F(T) n (A + B) ' (0) provided that the control
sequences satisfy some restrictions, where F(T') is the set fixed
points of T'.

In 2014, Shahzad and Zegeye [5] considered an iterative
method for a common point of fixed points of Lipschitzian
pseudocontractive mappings and zeros of sum of two mono-
tone mappings based on the projection method in a real
Hilbert space. To be more precise, they investigated the
following algorithm:

xg € C,

Yn = (1 - ﬁn) Xp T ﬁnTxn’
(2)

Xn+1

= PC [(1 - (xn) (enxn + 8nTyn + YH]rn (I - /\nA) xn)] >

where C is a nonempty closed convex subset of a real Hilbert
space H, {a,}, {B,}, {0,}, {8,}, and {y,} are real number
sequences in (0, 1), {r,} is a positive sequence, T : C — C
is a Lipschitzian pseudocontractive mapping, A : C — H
is an inverse strongly monotone mapping, B : H — 2H
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is a maximal monotone mapping, and J, = (I + r,B)"".
They proved that the sequence {x, } generated in (2) converges
strongly to the minimum-norm point x € F(T)N(A+ B)"1(0)
provided that the control sequences satisfy some restrictions.

In this paper, we are concerned with the problem of
finding a common element in the intersection F(T,)NF(T,)N
(A + B)"1(0), where F(T;) denotes the fixed point set of
the pseudocontractive mapping T;, i = 1,2, and (A +
B)"1(0) denotes the zero point set of the sum of an inverse
strongly monotone mapping A and a maximal monotone
mapping B. Applications to a common element of the set
of common fixed points of Lipschitzian pseudocontractive
mappings and solutions of variational inequality for a-inverse
strongly monotone mappings are included. Our theorems
improve and extend those announced by Shahzad and Zegeye
[5], Takahashi et al. [6], and other authors with the related
interest.

2. Preliminaries

Let H be a real Hilbert space with the inner product (-, -) and
the norm || - ||. Let C be a nonempty closed convex subset of
H and let P be the metric projection from H onto C. Let
T :C — Cbeamapping. In this paper, we use F(T) to denote
the fixed point set of T; that is, F(T) = {x € C : x = Tx}.
Recall that T' is nonexpansive if
|Tx-Ty| <|x-y|, Vx,yeC. 3)
T is said to be a y-strictly pseudocontractive mapping if there
exists y € [0, 1) such that

[re=Tol < e+ 0= D= =Dl
Vx,y € C.

Note that the class of y-strictly pseudocontractive mappings
includes the class of nonexpansive mappings as a special case.
T is said to be a pseudocontractive mapping if

[ =Ty < Jx = 5+ JT =Ty x - (1 =Ty o,
Vx, y € C.

We note that inequalities (4) and (5) can be equivalently
written as

(x=y,Tx=Ty) < [x =y = y| - D)x =T -D)y|* (6)

for some y > 0 and

(x=y,Tx-Ty) <|x- )’"2’ Vx,y € C, ™)

respectively. Note that the class of y-strictly pseudocontrac-
tive mappings is contained in the class of pseudocontractive
mappings. We note that the inclusion is proper. We remark
that T is a y-strictly pseudocontractive mapping if and only
if I — T is a y-inverse strongly monotone mapping and T is a
pseudocontractive mapping if and only if I - T' is a monotone

mapping.
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Let A: C — H be a mapping and A™'0 stands for the
zero point set of A; that is, A7lo = {x € C: Ax = 0}. Recall
that A is said to be monotone if

(Ax — Ay, x—-y) >0, Vx,yeC. (8)
A is said to be a-inverse strongly monotone if there exists a
constant o > 0 such that

(Ax - Ay, x—y) = a|Ax - Ay|’, Vx,yeC. (9

It is not hard to see that a-inverse strongly monotone
mappings are Lipschitz continuous with constant L = 1/e;
that is, [Ax — Ayll < (1/a)llx — yl forall x, y € C.
Recall that the classical variational inequality, denoted by
VI(C, A), is to find u € C such that
(Au,v—u) =20, VveC. (10)
A multivalued mapping B : H — 2H with the domain
D(B) = {x € H : Bx # ¢} and the range R(B) = {Bx :
x € D(B)} is said to be monotone if, for x; € D(B), x, €
D(B), y; € Bxy, and y, € Bx,, we have (x; — x5, y; — ¥,) >
0. A monotone mapping B is said to be maximal if its graph
G(B) = {(x,y) : y € Bx} is not properly contained in the
graph of any other monotone mapping. Let B: H — 2" be
a maximal monotone mapping. Then we can define, for each
A > 0, a nonexpansive single-valued mapping J, : H — H
by J, = (I + AB)™". It is called the resolvent of B. We know
that B~'0 = F(J,) for all A > 0 and J, is firmly nonexpansive.

Lemma 1. Let H be a real Hilbert space. Then, for any given
x, y € H, the following inequality holds:

I+ 27 < Il + 2 (y.x + y). (1)

Lemma 2 (see [10]). Let C be a convex subset of a real Hilbert
space H. Let x € H. Then x, = Pox if and only if
(z=xp,x—xy) <0, VzeC. (12)
Lemma 3 (see [2]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Let A : C — H be a mapping and let

B:H — 2" be a maximal monotone mapping. Then F(J,(I -
AA)) = (A+B)~0.

Lemma4 (see [11]). Let H be a Hilbert space. Let B, : D(B;) <
H — 2" andlet B, : D(B,) < H — 2" be maximal
monotone mappings. Suppose that D(A)Nint(D(B)) # ¢. Then
B, + B, is a maximal monotone mapping.

Lemma 5 (see [4]). Let {a,} be a sequence of real numbers.
Assume that there exists a subsequence {n;} of {n} such that
a, < @, foralli € N. Then there exists a nondecreasing
sequence {m} C N such that m, — o0 and the following
properties are satisfied by all sufficiently large numbers k € N:

a

™y < amk+1’ @ < akarl‘ (13)
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Lemma 6 (see [12]). Let H be a real Hilbert space. Then, for
allx; e Hand o; € [0,1] fori =1,2,...,nsuch that a; + «, +
-+ a, = 1, the following equality holds:

”‘XOxO to Xt X “
) (14)
- Zoc bl = 3 avagf -
0<i, j<n

Lemma 7 (see [7]). Let C be a nonempty closed convex subset
of a real Hilbert Hilbert and let T : C — C be a continuous
pseudocontractive mapping. Then

(i) F(T) is a closed convex subset of C;

(if) (I-T) is demiclosed at zero; that is, if {x,} is a sequence
in C such that x,, — x and Tx,, — x,, —>0asn—>oo,
then x = Tx.

Lemma 8 (see [13]). Let {a,} be a sequence of nonnegative real
numbers satisfying the following relation:

a1 < (1-a,)a, +a,6, n=ny, (15)

where {a,} < (0,1) and {3,} < R satisfy the following condi-
tions: lim,,_, oo, = 0, Y00, &, = 00, and limsup,, _, .8, < 0.

Thenlim, _, . a, = 0.

3. Main Results

Theorem 9. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let T;, T, : C — C be Lipschitzian
pseudocontractive mappings with Lipschitz constants L, and
L,, respectively. Let A : C — H be an a-inverse strongly
monotone mapping and let B be a maximal monotone mapping
such that the domain of B is subset of C. Assume that & =
F(T\)) N F(T,) N (A+B)"'0 #¢. Let ], =(I+A,B)", where
{A,} is a positive real number sequence. Given x,,u € C, let
{x,,} be the sequence generated by the following algorithm:

z, = (1-¢,) x, + ¢, Trx,,
Yn = (1 - ﬁn) Xp T ﬁnTlxn’
Xyl = pC [‘xnu + (1 - (Xn) (16)

X (ann + anlen + VnTZZn
+&Jy (I-1,A) x,,)] .

Assume that the sequences {a,}, {8,}, {c,}, {0,}, 16,.}, {y,.} (€.},
and {A,,} satisfy the following restrictions:
(@)0<a<d,<b<2x
(b)0<¢c<0,,0,ypé, <d<land0,+5,+y,+¢, =1

(0)0<a,<e<1lim =0andy > «a,

d) 3, +y, +§, < < B < 1/(NT+L% + 1), forall

n>1,

n—00%n = 00;

ﬁn’ n

w

for some real numbers a,b,c,d,e,§ > 0, where L =
max{L,,L,}. Then {x,} converges strongly to some point X,
where X = Pgu.

Proof. First, we show that I — A, A is nonexpansive.
Indeed, we have

I =2, A)x - (1 - 1,A)°
- ||x—y||2 —21,(x -y, Ax — Ay) )
17
+ 1)) Ax - Ay|?

< e = yI” = A, (2= 4,) [ Ax - Ay,
It follows from restriction (a) that I — A, A is nonexpansive.

Let p € &. It follows from (5), (16), and Lemmas 3 and 6
that

s = £l
= ||Pe [ + (1 - ,)
% (6,%, + 8,y + v, T2,
v&J (1-1,4)x,)] - o[
< o + (1 - )
% (0, + 0, Ty, + YuTo2,
+EJy (- A,A)x,) - p|
<afu-pl +(1-a,)
x[6, (x, = p) + 8, (T1 3, - p)
+Vu (122, = P)
+8, (0, (1-1,4) %, - p)[]
< ayfu—p|* +(1-a,)
x [0, = pI* + 8.1T0 7 - pI
+ ¥l oz, - ol
&1, (0~ 1,40, — p|]
- (1-,)0,8,IT1y, — x|’
= (1= ) 0,9, To2, =

-(1-a,

(I-1,A)x, - x,




< au=pl +(1-a,) (0, + &) |x, - p|°
+(1=0,)8, [y = 21" + lyn = Tuyal’]
+ (1= ) 0 [l20 - 21 + 2 - Tz’
- (1-,)0,8,|T,y, - x|’
-(1-a,)0,y,|Tz, - xn"2

- (1 - an) enEn

]AW(I - A7114)xn — Xy 2'

It follows from (5), (16), and Lemma 6 that
Iz - I
= | =6y — p) + 6u(Tyx, — I
= (1-¢) Jx. - pl’
+ 6| Tox, = pl* = 6 (1= 6,) |x, - Tox, |’
<(1-¢) |~ - oI’
+ 6 [0 = pll + 5 = Tox, ]
6, (1=6,) [, = Ty’
= Il = 2" + 2l = Toxals
Iy, - ol
= (1= B, — p) + Bu(Tix, — P

< [ = oI + Ballxn = Tl

Similarly, we have that
Iy, = Tuyl”
= 10 = B = Tyy) + Bu(Tyx, — Ty )|
= (1=B) Ix = Tuyal
+ BuTix, - Ty,
= Bo (1= B) s = Tuc, |
< (1=B) % = Toyal + BuLP %, = 3l
= By (1= B) % = T,
= (1=B) % = Tuyal
=B, (1= B = B,) Ix, = Ty, |
|z, - Tz’

= |(1 = 6)(x, — T1z,) + c,(Tyx,, - Tyz,)|
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<(1-¢,)|x, - TzanZ

-, (1 - cfle - cn) ||xn - szn"z.

(20)
Substituting (19) and (20) into (18), we obtain that
1 = I
< a,fu-pl’
+(1-0,) (6, +&) |x, - pl’
+ (1=,) 8, [l = pI” + Bl = Tux ]
+(1-,) 8, [(1=B) % = Tyl
B, (1- B = B) I - T, ]
+ (1= ) [ = 217+ €2l = Tox ]
(1= a,) 1 [(1=6.) s = Tzl
~6 (1-6" = 6,) |x, ~ Tox,|]
— (1-,) 0,8, Ty, — x|
- (1-a,) 6,3, T2z, — x|’
- (1= a) 0,8 (T - 1, 4)x, - x|
= au - pl* + (1 - ) |, - o’
- (1-,) 8,8, (1-2B, - BL%) |x, - Ty, |’
= (1= ) 16, (1= 26, = L) |, = T, |
#(1=0,) 8, (8, + v, + & = B) [Ty, — x|
(1= 0) 10 (B + ¥+ &, = 6) [Tz, — x|
~(1-a,) 8,87, (- 1,4, - x|
In view of restriction (d), we find that
1-28,- B> >1-28-B°L* >0,
1-2¢,-cL*>21-28-BL* >0, )

8n+))n+€n_ﬁn <0,
8n+)/n+£n_cn£0’
for all n > 1. It follows from (21) and (22) that
[ =PI < el = pI* + (1 - ) [, = pI". (23)

Putting M = max{|u- pl’,|x, - pI*}, we find that
lx, — plI> < M foralln > 1.
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Indeed, it is clear that ||x, — pIIZ < M. Suppose that ||x,, —
pll < M for some positive integer m. It follows that

er = I < = pl + (1 = a5,.) | =
<a,M+(1-a,)M (24)
=M.

This finds that {x,} is bounded and hence {y,} and {z,} are
bounded.

Letw, = 0,x,+68,T,y,+v,1,2,+8,J, (I-1,A)x,. Then
we see that x,,,; = Po(o,u + (1 — «,)w,). Put X = Pgu. Using
(16), (19), and (20) and Lemmas 1 and 6, we find that

[EAREE ¥
< Jlo (= %) + (1 = @) w, - D)
< (1-a) fw, - %[*
+ 20, (u—%,a, u-x)+(1-a,) (w, - %))
<(1-a,)0,|x, - §||2
+(1-a,)8,|T,y, - =
+(1-a,) ylToz, - %
(=)0 (1 - 2,4)x, - =
- (1-a,)0,8,|T, 3, - x|’
(1= ) 0,7, T2, — x|
- (1-a,) 0,8,

+ 20 |lu - x|?

Ja, (= 2,405, - x|

+ 2, (1 - a,) (u-xw, —X)
< (1-a,)0,]x, - =
+ (1=,) 8, [y = %" + 17 = Tu3al ]
+ (=) v [z = %" + |2 - Tz
+(1-a,) & [lx, - x|
~ (1-@,) 0,8, Ty, — x|
- (1 - ,) 0,7, Tz, - x|
(1= ) 0,810, (0 - 1, 4)x, - x|

2 —2
+ 200, [lu — x|

5
+2a, (1 -a,) (u-x,w,—x)
<(1-a,) (0, +&,) |x, - %
+ (1= a,) 8, [, = %" + Billx — Tuc, ]
+(1-0,)8,[(1=B,) |, = Tyl
B, (1= BoL” = B,) |, — Ty, ]
(1= 0) p, [, = = + %, = Tox, ]
+(1-a)y, [(1-c) |x, - Tz |
—6,(1-¢* - ¢,) |, - Tox, ]
(1= ,)0,8,|T, 3, = x,°
= (1-a,) 6,3, T2, - x|
(1= a) 0,8 (T - 1, 4)x, - x|
+ 202 u - X + 20, (1 — o) (u - % w, — %),
(25)
which implies from (22) that
1 - %
< (1-a,) Jx, - %’
- (1-,) 8,8, (1-28, - BL*) |x, - Ty, |’
+(1=0)8, (8, + &+ 7, = B [Ty —
.
“0-a)na (-2 gl Tl

+ (1 - “n) Yn ((Sn + En T Vn— Cn) nTZZn - xn"
- (1 - (Xn) engn

+202 u %I + 20, (1 - @) (u — %, w, — %)

I, - A A)x, — x, 2

<(1-a,)|x, - E"z + Zaﬁllu ~ %
+2a, (1 -w,) (u-x,w, —X).
Now we consider two cases.

Case 1. Suppose that there exists 7, € N such that {||x, — ||}
is decreasing for all n > n,. Then we get that {||x, — X||} is
convergent. It follows from (22) and (26) that

x,-T;x, — 0, x, - T,x, — 0,

(27)
Xn — ]An (I - AnA) Xp — 0,
asn — 00. Also we obtain from (27) that
"yn - xn" = :8n “xn - Tlxn“ — 0,
(28)

"Zn - xn” =6 ”xn - Tan” — 0,



asn — 00. In view of the Lipschitz continuity of T}, T, and
(27) and (28), we find that

"len - xn" < ”len - Tlxn" + "Tlxn - xn"

cLly-xl+ITn-x) @9
— 0 asn— oo,
| T2z, = x| < | Taz = Tox, | + [ Tox, — x|
cLla-xd 4 ITxe-xd  GO)
— 0 asn-— oo.
It follows from (27), (29), and (30) that
lw, = xall < 8, |T1 3 = xall + ¥ [ o2 = %,
+&, |, (1-2,4) x, - x, (31)

—> 0 as n — oo.

Since {w,} is a bounded subset of H, we can choose a
subsequence {w, } of {w,} such that w, — wand

lim sup (u - X, w, — x) = lim <u -Xw, — §> . (32)
n— 00 i— 00 !

It follows from (31) that x,, — w. By (27) and Lemma 7, we
obtain that w € F(T;) and we F(Tz)

Next, we show that w € (A + B) 0.

Notice that

I, (= A, 40%, - p|
= 72,0 = A, )%, - 1, (1 - A, A)p|
<@ -2,40x, - (1 - 2,4)p|
= |lx, - p|* - 24, (x, - p, Ax, - Ap) (33)
+ A Ax, - Ap|]
< %, = pI - 204, Ax, = Ap|* + A% Ax, - Ap]”
= |lx, = plI* = A, (2= 1,) | Ax,, - Ap|”.
It follows from (27) that

A, (2a - 1,) |Ax, - Ap||2

<, =l | o
= (I, -l + ) G4
(-
— 0 asn— oo.
Hence we get
lim [l Ax, - Ap|* = 0. (35)
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Putting h,, = I, (I -A,A)x,, we find that ((x,, — h, )//\ )—
Ax, € Bh,.Since B is monotone, we get that, for any (1, v) €

G(B),
L X, —hy,
n; —u, Ani

where G(B) = {(x,w) € Hx H : x € D(B),w € Bx}. Since
(x -w, Ax,, —Aw) > (xlle - Aw|?, X, — W, andAx —
Ap asi — 0o, we have Ax, — Aw. Thus letting i - oo,
we obtain from (27) and (36) that (w — u, —Aw — v) >

This means —Aw € Bw, thatis, 0 € (A + B)w. Hence we get
w € (A + B)0. This implies from Lemma 2 that

- Ax, - v> >0, (36)

lim sup (u — X, w, - x) = lim <u X, W, —x>

n— 00 1= 00
={(u-x,w—Xx) (37)
<0.
On the other hand, we have from (26) that
2 2
s =" < (1 - o) [, - %]
+ o, (20, Jlu — %7 (38)

+(1-a,) (u—f,wn—ﬂ).

From Lemma 8 and (37), we find that lim,, _, . [lx,, — x| =

Case 2. Suppose that there exists a subsequence {r;} of {n}
such that

] < P 3. ®

for all i € N. By Lemma 5, there exists a nondecreasing
sequence {m;} ¢ N such thatm, — oo and

(40)

lom, =% = e = T =l < e =]

for all k € N. From (22) and (26), we have X, — T1 %, — 0,

X, — 1%, — 0,and x,, - ]Amk (I-4,,A)x,, — 0as
k — co. Thus, like in Case 1, we obtain w,, —x,, — 0and
lim sup <u =X, Wy, — E> <0. (41)
k— oo
From (26) and (40), we have
oo, =3[
< 3 =51 o
+2at,, (o, lu-%I"+(1-a,, ) (u-%w, -%))

< 2a, (cxmk lu —§||2 + (1 - ) <u xXw,, - x>)
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Applying (41) and &, > 0, we have IIxmk -x| - 0ask —
00. It implies that %, 1 — %I — Oas k — ©0. By (40), we
have x, — xask — oo.

Therefore, from the above two cases, we can conclude
that the sequence {x,} converges strongly to X = Pgu. This
completes the proof. O

From Lemma 4, we have the following result.

Corollary 10. Let C be a nonempty closed convex subset of a
real Hilbert space H such that int(C) # ¢. Let T|,T, : C —
C be Lipschitzian pseudocontractive mappings with Lipschitz
constants L, and L,, respectively. Let B, : D(B,) — 2" and
B, : D(B,) — 2" be maximal monotone mappings such that
D(B;) Nint(D(B,)) # ¢. Assume that F = F(T;) N F(T,) N
(B, +B,)'(0) # ¢. Let [, = (I+A,(B, +B,)™", where {1}
is a positive real number sequence. Given x,,u € C, let {x,} be
the sequence generated by the following algorithm:

z, = (1-¢,) x, +¢,T,x,,
Yn = (1 - Bn) Xy + ﬁnTlxn’
Xn+1 = PC [anu + (1 - ‘Xn) (43)

X (enxn + 8nT1yn + YnTZZn + En]A,,xn)] ’
Vn2 1.

Assume that the sequences {a,,}, {8,}, {c,}, 10,5 18,} (vuh {€,.1
and {A} satisfy the following restrictions:

(@0<a<d,<b<l;
(b)0<c<0,98,,v,,&, <d<1,and0,+8,+y,+&, = 1;
(00<a,<e<llim, g a,=0and Y’ a,=00;

(d) 8, +y,+&, < B, <P <1/ (V1+L2+1), forall

nx=1,

for some real numbers a,b,c,d,e > 0, where L = max{L,, L,}.
Then {x,,} converges strongly to some point X, where X = Pgu.

Remark 11. If T, = T, T, = I (the identity mapping), and
u = 0, then Theorem 9 reduces to Theorem 3.1 of Shahzad and
Zegeye [6]. Thus, Theorem 9 covers Theorem 3.1 of Shahzad
and Zegeye [6] as a special case.

4. Applications

In this section, we will consider equilibrium problems and
variational inequalities.

Let C be a nonempty closed convex subset of a real
Hilbert space H. Let F be a bifunction of C x C into R,
where R denotes the set of real numbers. Recall the following
equilibrium problem: find x € C such that

F(x,y)=0, VyeC. (44)

We use EP(F) to denote the solution set of the equilibrium
problem. To study the equilibrium problems, we assume that
F satisfies the following conditions:

(A1) F(x,x) = 0forall x € C;

(A2) F is monotone, that is, F(x, ¥) + F(y,x) > 0, for all
x,y €GC;

(A3) foreach x, y,z € C,

limsupF (tz+ (1 -t)x, y) < F(x, y); (45)
t10

(A4) for each x € C, y — F(x,y) is convex and lower
semicontinuous.

Lemma 12 (see [1]). Let C be a nonempty closed convex subset
of a real Hilbert space and let F : C x C — R be a bifunction
satisfying (A1)-(A4). Then, for any r > 0 and x € H, there
exists z € C such that

1
F(z,y)+-{(y-2z,z—x)20, VyeC. (46)
r
Further, define
1
T,(x)={zeC:F(z,y)+;(y—z,z—x)20, VyeC}, (47)

forallr > 0 and x € H. Then the following hold:

(a) T, is single-valued;

(b) T, is firmly nonexpansive; that is, for any x, y € H,
IT,x = T,y|° < (T,x -~ T,y x - y); (48)

(c) F(T,) = EP(F);
(d) EP(F) is closed and convex.

Lemma 13 (see [13]). Let C be a nonempty closed convex
subset of a real Hilbert space H, let F be a bifunction from CxC
to R which satisfies (A1)-(A4), and let Ay be a multivalued
mapping of H into itself defined by

AFx:{{zeH:F(x,y)z(y—x,z),VyeC}, x€C, (49)
b x ¢ C.

Then Ay is a maximal monotone mapping with the domain
D(Ay) ¢ C, EP(F) = A0, and

T,(x)=(I+rAp)"'x, VxeH, r>0,  (50)
where T, is defined as in (47).

Now we consider an equilibrium problem. Using Lemmas
12 and 13, the following result holds.

Theorem 14. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let T,, T, : C — C be Lipschitzian
pseudocontractive mappings with Lipschitz constants L, and
L,, respectively. Assume that & = F(T,) N F(T,) N EP(F) # ¢.



Given x;,u € C, let {x,} be the sequence generated by the
following algorithm:

2y = (1 - Cn) Xt CnT2xn’
Yn = (1 - :811) Xy + ﬁnTlxn’

1
u, € C such that F (u,,v) + — (v —u,,u, - x,) >0,
rn

Vv e C, (51)

Xp+1 = PC [(Xnu + (1 - “n)
X (ann + (Snlen + YnTZZn + Enun)] >
Vn > 1.

Assume that the sequences {,}, {8,}, {c,}, {0,,}, {6,.}, {y,.} (€.},
and {r,,} satisfy the following restrictions:

n—ooln > 0and lim

(b)0<c<0,,8,,y,¢,<d<1l,and0,+5,+y,+&, = 1;

(c)0<a,<e<1lim

(a) liminf no ool =7l = 05

(o)
noooly =0, and Y 2 «, = 00;

@6, +y,+&, < Bpc, <P <1/(V1+L?+1), forall

nx>1,

for some real numbers c,d,e > 0, where L = max{L,,L,}.
Then {x,} converges strongly to some point x, where X = Pgu.

Let f : H — (-00,+00] be a proper convex lower
semicontinuous function. Then the subdifferential of of of f
is defined as follows:

of )={yeH: f(2)2 f(x)+(z-xy), z€H},

Vx € H.
(52)

From Rockafellar [14], we find that of is maximal monotone.
It is easy to verify that 0 € Of(x) if and only if f(x) =
min .y f (y). Let I be the indicator function of C; that is,

0, x € C,

+00, x ¢C.

Ic (x) = ‘[
(53)

Then I, : H — (—00,+00] is a proper convex lower semicon-
tinuous function and 0l is a maximal monotone mapping.

Lemmal5 (see [6]). Let C be a nonempty closed convex subset
of a real Hilbert space H, let P be the metric projection from
H onto C, and let 01 be the subdifferential of 1, where I is
the indicator function of C and let J, = (I + Ad1)™". Then

y=ixe y=Px, xecH, yeC. (54)
Now we consider a variational inequality problem.

Theorem 16. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let T|,T, : C — C be Lipschitzian
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pseudocontractive mappings with Lipschitz constants L, and
L,, respectively. Let A : C — H be an a-inverse strongly
monotone mapping. Assume that F(T,)NF(T,)NVI(C, A) # ¢.
Given x;,u € C, let {x,} be the sequence generated by the
following algorithm:

z, = (1-¢,) x, + ¢, T,x,,

Vo= (1= By) %y + BuT1%,
X1 = Po [ + (1 - a,)

X (6, + 8,1y + YaTo2,

+&,P-(I-1,A)x,)], Vnx1.

(55)

Assume that the sequences {e, }, {53,,}, {¢,}, 10,,}, {6,.}, {y.} {&,.}
and {A,} satisfy the following restrictions:

(@)0<a<d,<b<2x
(b)0<c<0,,8,,y,8, <d<1,and0,+6,+y,+&, = 1;
() 0<a, <e<1lim, o, =0 and ) a, =00

@6, +y,+&, < PBpc, <P <1/(V1+L?+1), forall

n>1,

for some real numbers a,b,c,d,e > 0, where L = max{L,,L,}.
Then {x,} converges strongly to some point x, where X = Pgu.

Proof. Put B = 0l in Theorem 9. Then we get that

x€(A+0I.) 0 & 0 € Ax +dl.x

& -Ax € 0lx
(56)
& (Ax,y-x) >0

— x e VI(C,A).

From Lemma 15, we can conclude the desired conclusion
immediately. O
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We provide a construction for the completion of a dislocated metric space (abbreviated d-metric space); we also prove that the
completion of the metric associated with a d-metric coincides with the metric associated with the completion of the d-metric.

1. Introduction

Completion of a metric space via Cauchy sequences can be
achieved because of certain convergence properties enjoyed
by the metric and the property that convergent sequences are
Cauchy sequences. Lack of some of these properties in weaker
forms of metric spaces comes in the way of completion
process in the above lines. In semimetric spaces several new
ways of completeness were invented, for example, Cauchy
completeness, McAuley notions of strong and weak com-
pleteness [1], Moore completeness [2], and so on. Moshokoa
[3] introduced the notion of convergence completeness for
semimetric spaces and discussed completion on these lines.

For d-metric spaces adoption of Van der-Waerdens com-
pletion process through Cauchy sequences is possible but is
not routine, the difficulty being the mischief created by the
isolated points. Here we show how to overcome this problem.

In his study of programming languages, Hitzler [4] asso-
ciated a metric d’ with every d-metric by defining

d(a,b), ifa+b

1
0, ifa=>b. M

d (a,b) = {

We establish that the metric associated with the comple-
tion of a d-metric is the completion of the metric associated
with d.

We recall [4] where a distance function on a set X is said
to be a d-metric on X if

(@) d(x, y) = d(y, x);
(i) dx, ) =0 =>x = y;
(iil) d(x,z) < d(x,y) +d(y,z) forall x, y,z in X.

If d is a d-metric on X then (X, d) is called a d-metric
space. Many authors (see, e.g. [5-9]) have studied fixed point
theorems in d-metric spaces but topology and topological
aspects on this space are discussed by Sarma and Kumari [10].

The class & = {V_(x)/x € Xande > 0} isan open base for
the topology §, induced by d, where V.(x) = {y/d(x, y) <
€} U {x}. In what follows whenever we talk about topological
properties of a d-metric space, we refer to the topology J -

In [11], the authors highlighted some convergence proper-
ties and covers a huge range of implications and nonimplica-
tions among them. By using these convergence axioms many
authors (see, e.g. [12-15]) have proved fixed point theorems
in certain spaces.

The presence of the triangle inequality lends the Hauss-
dorff property for d and some nice properties to (X,d). In
particular (X, d) satisfies properties C, through Cs:

C,:limd(x,, y,) =0 =limd(x,, x) = limd(y,, x) = 0;
C,: limd(x,,x) =0 =limd(y,,x) = limd(x,, y,) = 0;

Cy: limd(x,, y,) = 0 = limd(y,,z,) = limd(x,,z,) =
0;
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Cy: limd(x,,x) =0 = limd(x,, y) = d(x, y);

Cs: limd(x,,x) = limd(x,,y) = 0 = x = y; for all
x,y € X.

Above mentioned convergence axioms can be found in
[11]. If the triangular inequality is deleted from the axioms on
d then it is difficult to define the concept of completion of the
resulting distance space. In such an amorphous space, even
constant sequences may fail to converge. This and related
difficulties compel us to retain the triangle inequality in the
discussion of completeness.

Definition 1. Let (X, d) and (Y, d') be distance spaces. A map
f:X — Yiscalled an isodistance if for any x, y € X one has

d{f(x), f(y)} =d'(x, ).

2. Completion

In what follows, d is a d-metric on a nonempty set X. A
complete d-metric space is a d-metric space in which every
Cauchy sequence converges. “Cauchy sequences” in d-metric
spaces are defined exactly as in metric spaces.

Lemma 2. x is an isolated point of X if and only if X = x or
infﬁxd(x, y) > 0.

Proof. Suppose x is an isolated point of X. Then there exists
r > 0suchthat y # x = d(x,y) >r = X = {x}or
inf ,,d(x,y) > r > 0. Conversely suppose X = {x} or
inf #xd(x, y) > 0.If X = {x}, then clearly x is an isolated
point of X. If X # {x}, then infyixd(x, y) = r > 0 which
implies that d(x, y) > r > r/2 for all y # x. Hence x is an
isolated point of X. O

Corollary 3. Ifd(x,x) > 0, then x is an isolated point of X.

Proof. If y # x, then d(x,x) < d(x, y) + d(y,x) = 2d(x, y)
and so (1/2)d(x,x) < d(x, y) for all y in X. So X = {x} or
infﬁxd(x, y) > (1/2)d(x,x) > 0. ]
Theorem 4. Let (X,d) be a d-metric space. Then there exists
a complete d-metric space (X*,d") and an isodistance T :
(X,d) — (X*,d") such that T(X) is dense in X*.

Proof. Let I be the collection of isolated points of X and let
J = X — I. Let I be the collection of sequences in X which
are ultimately a constant element lying in I and J denote the
class of Cauchy sequences in J. We define relations R; and R;,
respectively, on T and J as follows.

If (x,)(y,) are sequences in T then (x,)R;(y,) iff the
ultimately constant value of (x,,) coincides with that of (y,,).

If (x,)(y,) are sequences in ] then (x,)R;(y,) ift
lim, _, d(x,,y,) = 0. Clearly R; is an equivalence relation.
We verify that R; is an equivalence relation. Suppose (x,,) € ]
and e > 0. Since (x,) is a Cauchy sequence in ], d(x,,, x,) =0
and hence R; is reflexive.

Suppose (x,)R;(y,) for (x,), (y,) € J. Thenlim, _, . d(x,,
Yn) = lim, _, ,d(y,, x,,) = 0. Hence R; is symmetric.
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If (x,,), (7, (z,) € T, (x,)R;(3,) and (y,)R,(z,). If € > 0,
then there exists an integer n,; such that d(x,, y,) < €/2 and
d(y,,z,) < €/2,ifn > n,. Consider

d(x,,z,) <d(x, y,) +d (Y 2,) < §+ Soe ifn>n,.

)

This proves that R; is transitive and hence an equivalence

[\

relation. Let X = T U J. Then ~= R; U R; is an equivalence
relation on X.

Let X* denote X/~. If (x,) € X,[(x,)] denotes the
equivalence class in X* containing the sequence (x,,).

If x € X let (x) be the constant sequence (x,,) where x,, =
x, Vnand X = [(x)], the equivalence class containing (x).

If(x,) € T.( ¥,) € 7, it follows from the triangle inequality
that |d(x,, y,) — d(x,,, y,,)| < d(x,,x,,) + d(y,, ¥,,). Since
(x,), (y,) are Cauchy sequences, given that € > 0, there
exists a positive integer n, such that d(x,,x,,) < €/2 and
AV, V) < €/2 for all n,m > ny,.

This implies that |d(x,, y,) — d(x,,, ¥,,)] < € proving
that (d(x,,, y,)) is a Cauchy sequence of real numbers. By the
completeness of R this sequence converges. The definition of
R; makes it obvious that lim,, , ,,d(x,, y,) is independent
of the choice of the representative sequences (x,),(¥,),
respectively, from the classes [(x,,)], [(,)].

We can prove similarly if x € X and (y,) € J, (z,) €
7, limd(x, y,), lim d(x, z,,)) exists and or equal. Provided (y,,)
and (z,,) belong to the same equivalence class.

We defined” : X* x X* — [0, 00) as follows:

d*([(x)), [(y)]) = d(x, ) if (x,),(y,) € I and
X, y are, respectively, the ultimately constant terms of

(x,)> (7).

d* ()L LoD = T, d(ey,) if (x,) € T,
(y,) € J and x,, = x eventually.

If (x,) € 7, (y,) € 1, then define d*([(x)] [(y)]) =
a*([(V,)], [(X,)].

If (x,) € ], (y,) € J, then define d*([(x,)], [(y,)]) =
lim, _, d(x,, y,).

Verification That d* Is a d-Metric on X*. Clearly d”* (x*, y*) >
Oandd*(x*, y*) =d*(y",x") for x*, y* € X".
Suppose d*(x*, y*) = 0. Let (x,,) € x" and (y,,)) € y*. We
first see that (x,,), (y,,) either are both in TorarebothinJ.
Suppose, on the contrary, (x,) € T and (y,) € J. Let x be
the ultimately constant value of (x,,). Consider

0<d(x,x)<2d(x,y,) Vn,

©)
= 0=d"(x",y") = lim d(x,y,).

Hence 0 < d(x,x) < lim,_, 2d(x, y,) = 0, contrary to the
fact that x € I.
Suppose x*, y* € I, (x,) € x*,and (y,) € y* witha, b the
ultimately constant values of (x,,) and (y,,), respectively.
Then d*(x*,y") =0=d(@ab)=0=>a=b=> (x,) ~
(y,) = x" =y~
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Suppose x*, y* €], (x,) € x* and (y,) € y*. Consider
d" (x",y")=0= lim d(x,,y,) =0
= (%) ~ () (4)
=x"=y".

Verification of the triangular inequality is routine.

Embedding of X in X*. Define T : X — X" by T(x) = X.
It is clear that T is an isodistance. We now verify that T'(x) is
dense in X*. Let [(x,,)] € X" and € > 0.

Case (i) ((x,) € I). In this case let “a” be the ultimately con-
stant value of (x,,).

Then by the definition of T,a = [(x,,)] € T(X).

Then a = [(x,,)]. Thus [(x,)] € T(X) in this case.

Case (ii) ((x,) € 7). There exists a positive integer #, such
that d(x,, x,,) < eifn,m > n,. Let x, = a.Then sincea €
J, d(a,a) =0,

d* ([(x)],a) = nlijgod (x,,a) <e. (5)
Hence T(X) is dense in X*.

(X*,d") Is Complete. Let (x,,) be a Cauchy sequence in X~,
and € > 0. There exists #, such that n > m > n, implies
d*(x,,x,) < €/3.

There is no harm in assuming that »n, > €/3. Since T'(X)
is dense in X, for each positive integer n, there exists z,, in X
such thatd(x),z,) < 1/n.

Hence

0 (B02,) <" (Gx)) +d () 4" (x5,2,)

<—+—+

(6)

w | m

<-4+ -+

Wln |-
wio 3|

€ .
3¢ if n,m > ny,.

Hence (z,) is a Cauchy sequence in T(X). Since T is an
isodistance, (z,) is a Cauchy sequence in X.

Moreover, d(z,, z,,) = d"(Z,,2,,) <€ ifn>m > n,.

Let z* denote [(z,)], by the triangle inequality:
< (1/n) +lim,,d(z,, z,,) < (2¢/3) < € for n > ny;
d*(x,,z") <d"(x,,z,) +d" (Z,,2");
= lim,d"(x;,z") = 0 proving that (X*,d") is com-
plete. 0

Definition 5. Let (X,d) and (X,,d;) be d-metric spaces.
(X4, d,) is said to be a completion of (X, d) if
(i) (X;,d,;) is complete;

(ii) there is an isodistance T' : (X,d) — (X,,d;) such
that T(X) is dense in X.

Note. If (X, d) is a complete metric space then its completion
is (X, d) itself.

Lemma 6. Let (X,d) be a d-metric space and let (X,,d,) be
a completion of (X,d). Let T : X — X, be isodistance
embedding X in X, with T(X) dense in X,. Then a point y of
X, is an isolated point if and only if y = T(X) for some isolated
point x of X;.

Proof. Suppose y is an isolated point of X ;. If y is not in T'(X),
then since T'(X) is dense in X, there exists a sequence T'(x,,)
in T(X) such that lim, _, . d(T'(x,), y) = 0.

By Lemma 2, it follows that y is not an isolated point of
X, a contradiction so that y = T'(X) for some x € X. Hence
Tx is an isolated point of X, and hence that of T'(X). Since X
and T'(X) are isometric, x is an isolated point of X.

Conversely, suppose x is an isolated point of X. If T'(X) is
not an isolated point of X, then for each positive integer k,
there exists x; in X, such that 0 < d,(x;, T(x)) < 1/2k. Since
x; € X, either x; € T(X) or there exists y,, in T(X) such that
0 < di((y), i) < dy(xp, T(x)).

Now
0<dy (YT (%) <d ((y)>x) +dy (x0T (x))
11 1 7)
< ﬁ + ﬁ = %

Also yy # x since d,((y,), %) < dy(xp, T'(x)).
Hence 0 < d,(y,T(x)) < 1/k which, by Lemma 2,
contradicts the fact that T(x) is an isolated point of T(X). [

Theorem 7. Let (X,d) be a d-metric space, (X,,d;) and
(X,,d,) completion of (X,d), and T; : (X,d) — (X, d;) (i =

1,2) isometrics such that T;(x) is dense in X;. Then there exists
on to

an isodistance T : (X,,d,) — (X,,d,) such that following
diagram is commutative.

Proof. Consider the following:

Kd) D (x,,dy)
T2 T (8)
(X, d,)

Definition of T. If x € X, and x is an isolated point of X,
then T} (x) is an isolated point of X; hence T, (T} I(x)) is an
isolated point of X,.

Define T(x) = Tz(Tl_l(x)). If x € X, and is not an
isolated point, there exists a sequence (z,) in X such that
{T,z,} converges to x in (X,,d,).

Since T, is an isodistance and {Tz,} is convergent and
hence a Cauchy sequence, it follows that {z,} is a Cauchy
sequence in X. Since T, is an isodistance and {z,,} is a Cauchy



sequence, it follows that {T,z,} is a Cauchy sequence in
(X,,d,). Since (X,,d,) is complete, there exists z € X, such
that lim d,(T,z,, z) = 0. Clearly this z is independent of the
choice of the sequence {z,} in X.

Define T(x) = z. Clearly TT, = T, and bijection.

T Is an Isodistance. If x,y € X, T(T|(x)) = T,(x) and
T(T,(y)) = T,(y).

S0 dy(T(T,(x)), T(T,(y))) = dy(Ty(x)), Ty(») = dy(,
y) = d;((T;(x)), Ty ().

Ifx,y € X, —Xand x = limT,x,, y = limT, y, where
X, ¥, € X, then

d, (Tx,Ty) = d, (lim T)x,, im T, y,,)
= limd, (lim T,x,, lim T, ,)
=limd (x,, y,) ©)
= d, (im T;x,, lim T y,,)

=d, (x,y).

The arguments for the cases when x € X; — X and y € X or
x € Xand y € X, — X are similar. Hence T is an isodistance.
Interchanging the places of X, and X,, we get in a similar way
an isodistance S : X, — X, such that ST, = T;.

Since ST, = T, and TT, = T,, we have TST, = TT, and
STT, =ST, =T,.

Since T'(X) is dense in X, and T,(x) in X,, we get TS =
identity on X, and ST is identity on X,.

Hence S and T are bijections. O

3. Completion of the Metric Associated with
a d-Metric

If d is a d-metric on X then d’ is a metric on X if d’ is defined
by d'(x, y) = d(x, y) when x # y and d'(x, y) = 0 for all x, y
in X.

Suppose (X, d) is the completion of (X, d); then d gives
rise to a metric d defined by al(x, y) =d(x, y)forall x, y €
X and d(x,x) = 0 forall x, y € X.

Also, the metric space (X, d") has a metric space (X, d,)
as its completion. In this section, we prove that the metric

spaces X, E,) and (X, d,) are isometric.

Definition 8. Let X, d be a d-metric space. Define p on X x X
by

d(x,y), ifx+y

10
0, it x=y. 10)

p(x,y)={

p is a metric on X and is called the metric associated with
d.

Clearly 0 < p(x,y) < d(x,y) Vx,y and d(x,x) <
2p(x, y) whenever x # y.If s € {p,d},r > 0and x € X.

Write B;(x) = {y/s(x, y) < r}. Then B (x) = %’f(x) u
{x} and 7} (x) = S, (x) U {x}.

The collection {Wf(x) /x € X,r > 0} and 7%(x) =
{Z7P(x)/x € X,r > 0} generate the same topology on X.
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However, convergent sequences in X are not necessarily the
same since constant sequences are convergent sequences with
respect to p, while this holds with respect to d for x with
d(x, x) = 0 only.

Existence of points with positive self-distance leads to
unpleasantness in the extension of the concept of continuity
in metric spaces as well. This is evident from the following.

Example 9. Let d be a d-metric on a set X which is not a
metric. So that the set A = {x/d(x, x) # 0} is nonempty. If pis
a metric associated with d then the identity map i : (X, p) —
(X,d) is continuous in the usual sense. But if x € A, the
constant sequence (x) converges in (X, p) while it does not
converge in (X, d).

If (X,d),(Y,p) wecall f : X — Y sequentially d-
continuous if lim d(x,, x) = 0 = lim p(f(x,), f(x)) = 0.

If s € {p,d} and {x,} is a sequence in X, we say that X
is s-Cauchy sequence or simply s-Cauchy if {x,} is a Cauchy
sequence in (X, s).

Proposition 10. lim p(x,, x) = 0 & either

(i) x,, = x eventually or

(ii) (x,,) can be split into subsequences (y,) and (z,,) where
y, = x for everyn, z, # x for any n and lim d(z,,, x) =
0.

Proof. Routine. O

Proposition 11. If a sequence (x,) in X is d-Cauchy then
(x,) is p-Cauchy. Conversely if (x,,) is p-Cauchy and is not
eventually constant, then (x,) is d-Cauchy.

Proof. Since 0 < p(x,,x,,) < d(x,,x,,), d-Cauchy = p-
Cauchy.
Conversely suppose that (x,) is p-Cauchy, given ¢ >
0 3 W (e) such that p(x,, x,,) < eifn > N (e) and m > A (e).
Soifm > N (e),n > N(e),and x,, # x,,, then d(x,,, x,) < €.
Since (x,,) is not eventually constant and n > 4/ (¢), there
exists m > //(e) such that x,, # x,,. Then

d (% %,) < d (%, 2,,) d (25 X,)

= 2d (x, %)
(1)
= 2d (x, x,)

< 2€.

Thus if (x,,) is not eventually constant then for all n > //(€)
and m > A (e), d(x,,, x,,) < 2€. Hence (x,,) is d-Cauchy. [

Example 12. Let X = (0,00) and d(x, y) = x + y; then
x+y, ifx+y
0, it x =y.

P -]

(12)

If (x,,) is any eventually nonconstant sequence in (0, 00),
then (x,,) is d-Cauchy if and only if Ve > o there exists /4 (¢)
such that x,, + x,, < € forn > m > A (¢€). This implies that
limx, = 0.
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However, if limx,, = 0, then Ve > 0 3 /#(¢), such that
x, < €/2form = N (e),n = N(e).

Hence x,, + x,, < € form > N (e), n = N (e). However,
constant sequences are not d-Cauchy but p-Cauchy.

Theorem 13. Let (X,d) be a metric space, p the metric
associated with d on X, (X*,d") the completion of (X, d), and
p" the metric associated with d* on X*. Then (X", p™) is the
completion of (X, p). In particular if (X, d) is a complete metric
space then (X, p) is a complete metric space. We prove that

(i) X is dense in (X*, p*);
(ii) every p*-Cauchy sequence in X* is p*-convergent.

Proof of (i). Letx" € X*—X.Then there exists a sequence (x,,)
in X such that limd”*(x},, x*) = 0 since x,, € X, x,, # x* Vn.
So that lim p* (x, x") = 0.

This implies that X is dense in (X", p*). O

Proofof (ii). Let(x,)be p*-Cauchyin X*.If (x; ) is eventually
constant, then there exist N and x™ € X" such that x, = x*
forn > N.

In this case lim p*(x;,, x") = 0 for n > Nj; hence (x},) is
p*-convergent.

Suppose (x;) is not eventually constant. Then (x,) is a
d”*-Cauchy sequence. Since (X, d") is complete, there exists
x" € X" such thatlimd”(x],x") = 0.Since 0 < p”(x,x") <
d*(x,,x") = 0,lim p* (x,x") = 0.

Hence (x,) is p*-convergent to x*. This completes the
proof of (ii). O
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The aim of this paper is to prove some coincidence and common fixed point theorems for probabilistic nearly densifying mappings
in complete Menger spaces. Our results improve the results of Chamola et al. (1991), Dimri and Pant (2002), and Pant et al. (2004)
and extend the results of Khan and Liu (1997) in the framework of probabilistic settings.

1. Introduction and Preliminaries

Banach contraction mapping principle is one of the most
interesting and useful tools in applied mathematics. In recent
years many generalizations of Banach contraction mapping
principle have appeared. The notion of probabilistic metric
spaces (in short PM-spaces) is a probabilistic generalization
of metric spaces which are appropriate to carry out the study
of those situations wherein distances are measured in the
sense of distribution functions rather than nonnegative real
numbers. The study of PM-spaces was initiated by Menger [1].
Since then, Schweizer and Sklar [2] enriched this concept and
provided a new impetus by proving some fundamental results
on this theme. The first result on fixed point theory in PM-
spaces was given by Sehgal and Bharucha-Reid [3] wherein
the notion of probabilistic contraction was introduced as a
generalization of the classical Banach fixed point principle in
terms of probabilistic settings. Some recent fixed point results
can be studied in [4-7].

Kuratowski [8] introduced the notion of measure of non-
compactness of a bounded subset of a metric space. Further,
this study was carried on by Furi and Vignoli [9]. They intro-
duced the notion of densifying (also called condensing) map-
ping in terms of Kuratowski’s measure of noncompactness

and obtained some fixed point theorems. Following Furi and
Vignoli [9], a number of mathematicians worked on densify-
ing mappings and proved some metrical fixed point theorem
(cf. [10-14]). As a generalization of Kuratowski’s measure of
noncompactness, Bocsan and Constantin [15] introduced the
notion of Kuratowski’s measure of noncompactness in PM-
spaces. Subsequently, Bocsan [16] studied the notion of prob-
abilistic densifying mappings. Later, Hadzi¢ [17], Tan [18],
Chamola et al. [19], Dimri and Pant [20], Pant et al. [21], Pant
et al. [22], and Singh and Pant [23] proved some results for
such mappings. In [24], Ganguly et al. introduced the notion
of probabilistic nearly densifying mappings and proved some
interesting results in this setting.

The aim of this paper is to prove some coincidence and
common fixed point theorems for certain classes of nearly
densifying mappings in complete Menger spaces. First, we
give some topological definitions and terminology defined in
[8,15-17].

Definition 1. A semigroup G is said to be left reversible if for
any r, s € G there exist a,b € G such that ra = sb.

It is easy to see that the notion of left reversibility is equiv-
alent to the statement that any two right ideals of G have non-
empty intersection.
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Definition 2. Let G be a family of self-mappings in X. A subset
Y of X is called G-invariant if gY € Y forall g € G.

Definition 3. Let G* be the semigroup generated by G under
composition *. Clearly, G* 2 {g" : n > 0} for any g € G and
G'(u)={utu{gu:geG'}forue X.

We restate the notion of probabilistic diameter for the
sake of quick reference.

Definition 4. Let A be a nonempty subset of X. A function
D ,(-) defined by

D, () = sup { inf F,, ()} <1)

y<x u,veA

is called probabilistic diameter of A. A is said to be bounded
if
supD, (x) = 1. )

X€R

The following definition is due to Bocsan and Constantin
[15].

Definition 5. For a probabilistic bounded subset A of X,
a,(x) defined by ay(x) = sup{e > 0 : Ja finite cover
g of A such that Dg(x) > eforallS e ¢/} is called
Kuratowski’s function.

The following properties of Kuratowski’s functions are
proved in [8]:

(a) oy € S, the set of distribution functions;

(b) aa(x) = Dy(x);

(c)if¢p + A € B C X, then ay(x) > ap(x);

(d) ayyp(x) = min{a, (x), ap(x)};

(e) let A be the closure of A in the (g, A)-topology on X;
then

o (%) = oy (%) (3)

(f) A is probabilistic precompact (totally bounded) if
(XA = H,
where H denotes the specific distribution function
defined by

0, x<0;
H(x) = (4)

1, x>0.

Definition 6. Let (X, F) be a PM-space. A continuous map-
ping f of X into X is called a probabilistic densifying
mapping if and only if, for every subset A of X, a, < H
implies oty (4) > oty.

Definition 7. A self-mapping f : X — X is probabilistic
nearly densifying if a4 > a4, whenever ay < H, A C H,
and A is f-invariant.

Definition 8. Suppose ¢ : [0,00) — [0, 00) is an upper sem-
icontinuous function with ¢(0) = 0 and ¢(¢) < t forall t > 0.
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2. Main Results

First, we prove some fixed point theorems for probabilistic
nearly densifying mappings in Menger spaces.

Theorem 9. Let P, Q, and R be three continuous and nearly
densifying self-mappings on a complete Menger space (X, F, *)

such that sup x * x = 1 and R commutes with P and Q. If, for
all x < 1, u,v € X, the following conditions are satisfied:

¢, (Pu,Qv) > min {qbz (Ru, Rv) , ¢, (Ru, Pu),

¢ (Rv,Qv),

¢, (Ru, Pu) ¢, (Rv,Qv) }
¢, (Ru, Rv)

for Ru# Rv, Pu# Qv;

(5)

¢, (Qu, Pv) > min {gbl (Ru, Rv), ¢, (Ru,Qu), ¢, (Rv, Pv),

é; (Ru, Qu) ¢, (Rv, Pv) }
¢, (Ru, Rv) ’

for Ru# Rv, Qu# Pv,

(6)

where ¢, and ¢, are real valued mappings from X x X to g, the
collection of all distribution functions, with either ¢, or ¢, being
upper semicontinuous (u.s.c.) and ¢, (u,u) = ¢,(u,u) = 1 for
allu € X. o

Further, if, for some u, € X, G(u,) = {P’Q]Rkuo 11 =
0,1,2,...;j = 0,1,2,...;k = 0,1,2,...} is bounded, then P
and R or Q and R have a coincidence point.

Proof. Foru, € X,let A = G(u,) and S = {PQR}.
Then A = {uy} U P(A) UQ(A) UR(A).
Ifa, < H, then

XA = XugJuP(AUQ(A)UR(A) )

= min {atp ), Ay Ar(a)} > Aas

a contradiction. It implies that A is precompact.

Let B = [);2,(PQR)"(A).

Then it is easy to see that SB = B and B is nonempty
compact subset of A. By the continuity of P, Q, and R, it
follows that PA ¢ A, QA c A, and RA c A. Further, it is
clear that P(B) ¢ B, Q(B) c B, and R(B) c B.

Note that

R(B) = [|R(PQR)" (A) c [ (PQR)"R(A) ¢ B, o
n=0 n=0 8

B = PQR(B) = RPQ(B) c RP(B) c R(B),

which implies R(B) = B or R*(B) = B.

Now, assume that ¢, is upper semicontinuous. Then the
functionT : B — S, defined by T'(u) = ¢, (Ru, Qu), is u.s.c.
So T assumes its maximal value at some point p in B. Clearly,
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p € R*(B), so there is a w € B such that p = R*(w). Suppose
that neither P and R nor Q and R have a coincidence point.
Then

T (PQ(w))
= ¢1 (RPQ (w),, QPQ (w))
= ¢, (PRQ (w) , QPQ (w)) by (5),

> min {(/)2 (RZQ (w),RPQ (w)) ,

¢, (R°Q(w), PRQ (w)), ¢; (RPQ (w),QPQ (w)),
¢, (R°Q(w), PRQ (w)) ¢, (RPQ (), QPQ (w)) }

¢, (RQ (w), RPQ (w))
= ¢, (QR? (W), PRQ (w)), by (6),

> min {gbl (RR* (w), R*Q (), ¢ (RR* (w) , QR* (w)),

¢, (R°Q(w), PRQ (w)),

¢, (RR* (), QR* (w)) ¢, (R°Q (w) , PRQ (w)) }
¢ (RR? (w), R?Q (w))

= ¢, (RR* (),QR* (w)) = ¢, (Rp,Qp) =T (p),
©)

a contradiction to the selection of p. Hence, P and R or Q and
R must have a coincidence point.

The same result holds good if ¢, is upper semicontinuous.
This completes the proof of the theorem. O

Remark 10. The above theorem extends the results of Khan
and Liu [25, Theorem 3.1 and Corollary 3.3] to PM-spaces.

Theorem 11. Let X, P, Q, and R be as in Theorem 9. Further,
let P, Q, and R satisfying (5) and (6) have a coincidence point
w; then Rw is a unique common fixed point of P, Q, and R.

Proof. We have Pw = Qw = Rw. By commutativity of R with
P and Q, PR(w) = RP(w) = RR(w) and QR(w) = RQ(w) =

RR(w), or PR(w) = RR(w) = QR(w).
Now let R*w # Rw; then by (5) and (6), we have

ol (sz, Rw)

= ¢, (PRw, Qw)

> min ‘[¢2 (sz, Rw) NoN (sz, PRw),

¢, (Rw,Qw),

¢, (R*w, PRw) ¢, (Rw, Qu)
¢, (R>w, Rw) }

3
=¢, (sz, PRw) = ¢, (QRw, Pw)
> min {qbl (sz, Rw) o (sz, QRw) ,
ol (sz, QRw) ¢, (Rw, Pw)
¢z (Rw, ), ¢, (R*w, Rw)
=¢, (sz, Rw),
(10)

which is a contradiction. Hence, R®w = Rw. Thus, Rw is a
fixed point of R. Thus, Rw = R(Rw) = P(Rw) = Q(Rw).
Therefore, Rw is a common fixed point of P, Q, and R.

The uniqueness of Rw as a common fixed point of P, Q,
and R follows from (5) and (6). O

Theorem 12. Let f and g be commuting, continuous, and
nearly densifying self-mappings on a complete Menger space X

satisfying
¢ (g, gv) > min {$ (fu, fv), ¢ (fu, gu), ¢ (fv.gv)} (1)

for fu # fv, gu # gv, andu,v € X, wherep : X x X — (
is u.s.c. and p(u,u,) = 1, u € X. If, for some uy in X, G(u,) =
{flg/uy:i=0,1,2,...;j = 0,1,2,...} is bounded, then f and
g have a unique common fixed point.

Proof. Let A = G(u,). Since f and g are commuting and con-
tinuous, we have f(A) < A and g(A) ¢ A and then A =
{ugh U f(A) U g(A).

If, < H, then

XA = Xugluf(A)ug(a)
(12)
= min {a 4, @) > @

which is a contradiction. It implies that A is precompact.
Now define B = [1:2,(f9)"(A). Since {(fg)"A} is a
decreasing sequence of nonempty compact subset of A, it
follows that B is nonempty set such that f(B) ¢ B, g(B) ¢ B.
Suppose that u € B; then u € (fg)"*"A for all n. Hence,
there exists {x,} < (fg)"A. Since (fg)"A is compact and
closed for all n, f and g are continuous and nearly densifying;
therefore, there exists a point p € (fg)"A for all n so that
fg(p) = u. Hence, u € f(B) and u € g(B). Thus, we have

f(B)=B=g(B). (13)

Let us define a real valued function w on B by y(u) =
¢(fu, gu). It is u.s.c. and hence attains its maximum at some
point p € B. Then there exists a w € B such that p = fw.



Suppose that there is no point u in X such that fu = gu;
then we have by (11)

v (gw)
= ¢ (fow, ggw) = ¢ (9fw, ggw)
> min {¢ (f*w, fgw), ¢ (f*w, gfw). ¢ (fgw, ggw)}
= min {¢ (f*w, fgw), ¢ (fgw, ggw)}

= ¢ (f*w, fgw) = ¢ (fp.gp) = v (p),
(14)

which is a contradiction to the selection of p. Hence, there
existsaw, € Bsuchthat fw, = gw, or f*w, = fgw, = gfw,.
Suppose fw, # fw,; then we have

¢ (fzwo»fwo)
= ¢ (gfw,, gw,)
> min {([5 (fzwo, fw0> > ¢ (fzwo’ !]fwo) > (/5 (fw0’ ng)}

=¢ (fsz’ fwo) >
(15)

which is a contradiction. Hence, f*w, = gfw, = fw,. There-
fore, fw, is common fixed point of f and g. Now we will
prove the uniqueness of fw,. Let w be the other fixed point
of f and g; then, by (11), we have

(0 (w, fwo)
= ¢ (gw, fgw,) = ¢ (gw, gfwy)
> min {¢ ( fw, f*w,), ¢ (fw, gw) , ¢ ( f*wp, gfwo)}

=¢ (fw, fPwy) = ¢ (w, fw,),a contradiction.
(16)

Hence, fw, is unique. This completes the proof of the
theorem. O

Remark 13. Theorems 9, 11, and 12 improve the result of
Chamola et al. [19], Dimri and Pant [20], Ganguly et al. [24],
and Pant et al. [21] under more natural conditions.
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Let E be a smooth Banach space with a norm || - ||. Let V(x, y) = llxll? + ||y||2 —2(x,]Jy) for any x, y € E, where (-,-) stands for
the duality pair and J is the normalized duality mapping. We define a V-strongly nonexpansive mapping by V (-, -). This nonlinear
mapping is nonexpansive in a Hilbert space. However, we show that there exists a V-strongly nonexpansive mapping with fixed
points which is not nonexpansive in a Banach space. In this paper, we show a weak convergence theorem and strong convergence
theorems for fixed points of this elastic nonlinear mapping and give the existence theorem.

1. Introduction

Let E be a smooth Banach space with a norm | - || and let E
be the dual space of E. We denote by (:,-) a duality pair on
EXE" and let J be the normalized duality mapping on E. It is
well known that J is a continuous single-valued mapping in a
smooth Banach space and a one-to-one mapping in a strictly
convex Banach space (cf. [1]). We define a mapping V' : E x
E - RbyV(x,y) = llx|* + ||y||2 - 2(x,Jy) forall x, y € E,
where R is a set of real numbers. It is obvious that V(x, y) >
(Ixll = Ilyl)* = 0. Let any y € E be fixed, and then V (-, y) is a
convex function because of convexity of |- 12 Many nonlinear
mappings which are defined by using V (., ) are studied (see
[2-4]). We also defined a nonlinear mapping which is called
a V-strongly nonexpansive mapping in [5] as follows.

Definition 1. Let C be a nonempty subset of a smooth Banach
space E. A mapping T : C — E is called V-strongly nonex-
pansive if there exists a constant A > 0 such that for all x, y €
C

V(Tx,Ty) <V (x,y)-AV(I-T)x,I-T)y), (1)
where I is the identity mapping on E.

From this definition, it is obvious that the identity
mapping I is also a V-strongly nonexpansive mapping. In a

Hilbert space, it is trivial that this mapping is nonexpansive
since V(x, y) = [lx - y||2 and that any firmly nonexpansive
mapping is a V-strongly nonexpansive mapping with A = 1
(see [5]). Moreover, we showed that if there exists a fixed point
of a V-strongly nonexpansive mapping T, then T is strongly
nonexpansive with a Bregman distance in [5]. However, in
Banach spaces, as we give an example in the later section,
we find that there exists a V-strongly nonexpansive mapping
with fixed points which is not nonexpansive. We should
point out that a guarantee of continuity of the V-strongly
nonexpansive mappings has not been given in a generalized
Banach space yet.

In this paper, we prove a weak convergence theorem
and strong convergence theorems for finding fixed points of
a V-strongly nonexpansive mapping in Banach spaces and
show the existence theorem of fixed point with a dissipative

property.

2. Preliminaries

In this section, at first we show the relationship between a
V-strongly nonexpansive mapping and other nonlinear map-
pings, in a Hilbert space. Secondly, we state some properties
of V-strongly nonexpansive mappings in a Banach space
and give an example of a V-strongly nonexpansive mapping
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which is not a quasinonexpansive mapping in a Banach space
although T has fixed points. We finally show some lemmas
which are necessary in order to prove our theorems.

Let C be a subset of a Banach space EandletT: C — E
be a mapping. Then a point p in the closure of C is said
to be an asymptotically fixed point of T if C contains a
sequence {x,,} which converges weakly to p and the sequence
{x, — Tx,} converges strongly to 0. F(T) denotes the set of
asymptotically fixed points of T In [6], Reich introduced a
strongly nonexpansive mapping which is defined by using the
Bregman distance D(:, -).

Definition 2. Let E be a Banach space. The Bregman distance
corresponding to a function f: E — R is defined by

Dxy)=f@-f-f k-, @

where f is Gateaux differentiable and f'(x) stands for the
derivative of f at the point x. Let C be a nonempty subset of E.
We say that the mapping T : C — Eis strongly nonexpansive
if F(T) # 0 and

D(p,Tx)<D(p,x) VpeF(T) x€C, 3)
and if it holds that lim, ,  D(Tx,, x,) = 0 for a bounded

sequence {x,} such that lim, _, . (D(p,x,) — D(p,Tx,)) = 0
forany p € F(T).

Taking the function || - |* as the convex, continuous, and
Gateaux differentiable function f, we obtain the fact that the
Bregman distance D(:, ) coincides with V'(:,). In particular,
in a Hilbert space, it is trivial that D(x, y) = V(x, y) = |lx -

%

Proposition 3 (see [5]). In a Hilbert space, a V -strongly non-
expansive mapping with F(T) # 0 is strongly nonexpansive.

Next we recall two mappings of other nonlinear mappings
(cf. [6-9]). A firmly nonexpansive mapping and an a-inverse
strongly monotone mapping are defined as follows.

Definition 4. Let C be a nonempty, closed, and convex subset
of a Banach space E. A mapping T : C — E is said to be
firmly nonexpansive if

ITx =Tyl < (x = . ) (4)
forall x, y € Cand some j € J(Tx — Ty).

It is trivial that a firmly nonexpansive mapping is nonex-
pansive.

Definition 5. Let H be a Hilbert space. A mapping T : C —
H is said to be a-inverse strongly monotone if

a|Tx = Ty|* < (x = 7. Tx = Ty) ©
forall x, y € C.
The relation among firmly nonexpansive mappings, -

inverse strongly monotone mappings and V-strongly nonex-
pansive mappings is shown in the following proposition.
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Proposition 6 (see [5]). In a Hilbert space, the following hold.

(a) A firmly nonexpansive mapping is V -strongly nonex-
pansive with A = 1.

(b) Let A be an a-inverse strongly monotone mapping for
a > 1/2; then S = (I — A) is V-strongly nonexpansive
with 2o — 1).

The above (b) is obvious by showing that, for all x, y € H,

($x=Syx-y) < -yI - -9x - -9y
(6)

We will introduce some properties of V-strongly nonexpan-
sive mappings in [5].

Proposition 7 (see [5]). In a smooth Banach space E, the
following hold.

(a) Forc € (-1,1], T = cl is V-strongly nonexpansive. For
¢ =1,T = I is V-strongly nonexpansive for any A > 0.
Forc € (-1,1), T = cl is V-strongly nonexpansive for
any A € (0,(1 +¢)/(1-¢)].

(b) If T is V-strongly nonexpansive with A, then, for any
a € [-L,1] with « # 0, &T is also V-strongly
nonexpansive with a*\.

(c) If T is V-strongly nonexpansive with A > 1, then A =
I —T is V-strongly nonexpansive with A™".

(d) Suppose that T is V-strongly nonexpansive with A and
that « € [-1, 1] satisfies oa?L > 1. Then (I — «T) is V-
strongly nonexpansive with (a*1)~". Moreover, if T, =
I —aT, then

V (T, T,y) <V (x,y) = A7V (Tx, Ty). (7)

Now we give an example of a V-strongly nonexpansive
mapping in a Banach space.

Example 8 (see [10]). Let1 < p,q < cosuchthat1/p+1/q =
1. Let E = R x R be a real Banach space with a norm | -
defined by

I,

/
<l = {|x1|P + |’C2|‘D}1 Pk = (x;,x,) € E. (8)

Then E is smooth, and the normalized duality mapping J is
single-valued. J is given by

Jxe = 1272 ([ [P, [, 7)€ 1 (R X R)

)
Vx = (x,x,) € E.
Hence, we have for x, y € E that
V (% y) = Ixl + [yl -2 (x. )
2 2-
=l + Il = 2 0, (10)

: {xlyl I)’llp_z T X320 I)’zlp_z}'
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We define a mapping T : E — E as follows:

x if lIxll, <

Tx = 1 11
—x if llxll, > 1. an
Il

In a case of p = 1, we have shown that the mapping T defined
by (11) is a V-strongly nonexpansive mapping (see [5]). We
will show that T' is V-strongly nonexpansive with any A < 1,
for p > 1.

Proposition 9. Suppose that T is defined by the formula (11)
under the above situation. Then, T is a V-strongly nonexpan-
sive mapping with any A < 1.

Proof. Case (a): suppose that x, y € E with IIxIIP < 1and
Iyl > 1.

Since Ty = ((Ty),, (Ty),) = (ylllyllgl,yzllyll;,l), we have
that

V(Tx,Ty) =V (x,Ty) = Il + [Tyl - 2 Ty]
Axey (T) [(Ty), [+ x5 (Ty), |(Ty), P}
= Ixl} + 1 -2y,
Ao P+ 0 [P
(12)
Since
-1
- < Il - o Iy, > )
||y|| Ixl,

we have that

V(x-Tx,y-Ty)=V(0,y-Ty) = ")’_T)’“;

(ol -1
1 b, P “} o

= (Iyl,-1)"-

Hence, we obtain that

V(x,y) -V (Tx,Ty) - AV (x = Tx, y = Ty)

"

= ||x||§, + ”)’"i -2 "J’"j;P {xl}ﬁ 7+ 20y, |J’2|p72}

P

- ||x||; -1+2 "J’”;ﬁp {xlyl |J’1 T X)) |y2|p72}

~A(Iyl, 1)’
=yl - =2l (I, - 1)

Axon Il + 203 [0} -

A(Iyl, - 1)

3
> (Ivl, - D, +1) -20x0,*
: (|x1| |J’1|p_1 + x| |)’2|P_1)
=A (I, - 1)}
(15)

Holder’s inequality implies that

_ _ _ _ /
e I3 77+ sl [yl < el {77+ (Ll )}

1/
= llxll, (| [ + |yl P)

= lxl, 115
(16)

Therefore, we obtain that

V(x,y) =V (Tx,Ty) = AV (x - Tx, y - Ty)
> (Ixl,-1)
Ayl + 1 =200, T il 15 = Ay, + A}
= (Il - DI, + 1=20xl, - Ayl + A} )
(1, - D) {a =D |yl, +1-2+2}
= (Il - {a-n (1, - 1)}

= -1 (Il - 1) 20,

That is, the inequality (1) holds.

[\

for any A € [0,1].

Case (b): suppose that x, y € E with ||x||p > 1and ||y||P <
- Then we have that
V(Tx,Ty) =V (Tx, y)
= L ol - 200, I (18)
: {xlyl |)’1|p_2 T X2, |)’2|p_2}’
V(x-Tx,y-Ty) = V<%x,0> = (||x||P - 1)2.

(19)
Hence, we have that

V(x,y) -V (Tx,Ty) = AV (x - Tx, y = Ty)
2 2-
=l + Il - 290,

: {xlyl |)’1|Pi2 X0 |J’2|p72} -1- ”)’"i

-

+2 ”)’“12;}’ ||x||;1 {Xl)’l In]” + %3, |)’2|P72}

~A (=, - 1)’



> |l - 1-2|ly[; *
Al 7 ol [ (1= )
“A(1=lxl,)’
(20)
As (a), we obtain from Hélder’s inequality that
V (x,y) - V (Tx, Ty) = AV (x - Tx, y — Ty)
> Ixl2 = 1 =2l 057 Iyl
(=1l = A (Ul - 1)
= (llxll, = 1) (lxll, + 1) =2y, (<, - 1)
A, - 1)’
= (lIxll, = 1) {lixll, + 1 =2y, = Allxl, + A}
> (IIxll, - 1) (1 = 1) (lIxll, - 1)

= (=M (Ixl,~1)" >0, forany X e[0,1].
(21

That is, the inequality (1) holds.
Case (c): suppose that x, y € E with ||x],, [lyll, > 1.
Then we have that
V (Tx,Ty)
=1+ 1-2(lxl, (%0, %,)
1- -2 -2
Iyl (3l 32 19277))

i

=2-2 ||x||;1 “)’“;,_p {xl)’l 7+ x0, I)’zlp_z} »

V(x—=Tx,y-Ty)

()

= (b, = 1)"+ (I, 1)
=2 (el = 1) (Il = 1) el Il Dl
(), (Il v 197 32))

= (1t = 1)+ (I, - 1)°
=2 (ll, = 1) (Il - 1) el

I

: {xl)’l |)’1 2y X2)2 |)’2|P_2}-

(22)
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Hence, we have that
V(x,y) =V (Tx,Ty) = AV (x = Tx, y = Ty)

-

= ety + Iyl = 2l * e Il + a3 [l 7

"

—2+2 ||>C||1;1 ")’":p {x1}’1 " + %29, |)’2|P_2}

A (b, - 1) = A (Il - 1)’
+ 22 (el = 1) (Il = 1) el iyl
i

: {xl)/l |J’1 4 X2 |J’2|P_2}

I+ Il - 2= A (el — 1) = A (], - 1)

[

-2 ||9C||;1 ")’”;_p {xlyl |)’1 T X230 |J’2|p_2}

et I, = 1= 2 (e, - 1) (I, - 1)}
23)

It is obvious that
Iy Il = 1= A (el = 1) (o, - 1) 20 29)

for any A € [0,1] and |lx[|,,, [¥ll, > 1. Thus, we have from
Holder’s inequality that

V(x.y) -V (Tx.Ty) - AV (x - Tx, y - Ty)
> xl2 + ¥l - 2= A (lxll, 1) = A (v, - 1)’
2l Il el ]
Al 91, 1= A (el = 1) (], - 1))
= Il + 2 2= A (Il = 1) = A (o], - 1)’
= 2{Jxll, Iyl = 1= A (el - 1) (Il - 1)}
= Il + o, -2 A
Al = 2l + 1+ )5 -2 ], + 1
~20xll, [y, +2 + 22 {lxll 9], = Il ~ ], + 1
= (bl = I, ) = 2. (el = D1,

=@ - N (Ixl, - Iyl,) 20, forany A €[0,1].
(25)

That is, the inequality (1) holds.

It is clear that if ||x||P, Iyll, < 1 then inequality (1)
holds. Therefore, from Cases (a{, (b), and (c), we obtain the
conclusion that T is V-strongly nonexpansive for any A €
(0,1]. O
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Remark 10. When p = 1, we have given the result in [5].
When p = 2, we already know that E is a Hilbert space and a
V-strongly nonexpansive mapping T is nonexpansive.

Theorem 11. There exists a V-strongly nonexpansive mapping
T with a nonempty subset of fixed points such that T is not
nonexpansive for some Banach space.

Proof. It is enough to show that the V-strongly nonexpansive
mapping which is given in the previous proposition is not
nonexpansive.

Let x = (0,1) € E. Suppose that y = (y,, y,) satisfies
that [yl5 = [3]” + |3,/ > 1and 0 < y,,y, < 1. Then
Ty = IIyII;y. Leth = (y,/y;) and t = ||y||;1y1 — y;. We have
thatt < 0 and ||y||;1y2 — v, = ht < 0. Then we obtain that
Ty = (Iyl,' 1, Iyl hy)). Then, we have that

[z =191 = |~ Il 0ot = Do, )

-1 p -1 p
==, »n| +1-lxl, W
Iy |+ =1l 06
_ p - p
=(Iyl, )"+ (0 =1yl yn)
=+ +(1-h(y +1)",
and since ||x — yII“Z = y‘lo + (1 — hy,)?, we have that
|7 =Tyl ~ -~ 1
p P 27)

=+t =yl +(1-h(y +1) - (1-hy)".
Therefore, we will show that
|Tx = Ty|2 = x = y]I} > 0
=S+t =+ (1 =h(y+1) = (1-hy)’ >0
= [ +t)f -y}

=R )" = (1 -hy)"} <0,
(28)

since t < 0. Let h be fixed. As ||y||§ = y‘lb + (hy)f — 1,
t= ||y||;1y1 -y, — 0. Thus, we have for a sufficiently small
|t| that

{n +0)" =P}t
+{A-h(p+0) - -hy)}r' <0 (29
— py{ " = ph(1-hy)"" <0,
It is trivial that
pyr = ph(1-hy)P " <0 = ¥ <h(1-hy)""
P
(30)

‘:’yf<J’2(1_)’2

Let p = 3/2. For y = (0.2, 0.95), we have that
yP = (027 <0.95(0.05) = 3, (1-y,)"". ()

We obtain that [[yll5 = (0.2)* + (0.95)** > 1 and that

[rx =y = ol {022 + (Il - 095)""}

> (0.2 + (0.05)°% = ||x - ¥
Therefore, we obtain the conclusion. O

We remark that the symbols x,, — uand x, — u mean
that {x,,} converges strongly and weakly to u, respectively. We
will introduce the following important lemmas for proofs of
our theorems.

Lemma 12. (a) Forall x, y,z € E,
V(x,y) <V (xy)+V(y2)
=V(x,z)-2{(x-yJy-Jz).

(b) Let {x,} be a sequence in E such that there exists
lim V(x,, p) < co for some p € E; then {x,} is bounded.

(33)

n— 00

Lemma 13 (see [3]). Let E be a smooth and uniformly convex
Banach space and C a nonempty, convex, and closed subset of
E. Suppose that T : C — E satisfies

V(Tx,Ty)<V(x,y) Vx,yeC. (34)

If a weakly convergent sequence {z,},., < C satisfies that
lim, , V(Tz,,z,) =0, it holds that z,, — z € F(T).

Theorem 14 (see [1, 11]). Let Y be a compact subset of a
topological vector space E and let X be a convex subset of Y. Let
A: X — 2" be an operator such that, for each y € Y, A" y is
convex. Suppose that B: X — 2" satisfies the following:

(1) Bx c Ax foreach x € X,

(2) B'y# 0 foreach y €Y,

(3) Bx is open for each x € X.

Then there exists a point x, € X such that x, € Ax,.
Lemma 15 (see [12]). Let s > 0 and let E be a Banach
space. Then E is uniformly convex if and only if there exists

a continuous, strictly increasing, and convex function g
[0,00) — [0,00), g(0) = 0, such that

2 )
e+ 507 2 el® + 2y, ) + g (1) (35)

forallx,y e {z € E:|z]| < s}and j € Jx.

Lemma 16 (see [13]). Let E be a smooth and uniformly

convex Banach space. Then, there exists a continuous, strictly

increasing, and convex function g : [0,00) — [0, 00) such
that g(0) = 0 and, for each real number + > 0,

0<g(fx—yl) <V (xy) (36)
forallx,y € B,={z € E: |zl <r}.



Lemma 17 (see [13]). Let E be a smooth and uniformly convex
Banach space and {y,} and {z,} in E. If lim,, _,  V(y,,2,) =0
and either {y,} or {z,} is bounded, then {y, — z,} — 0.

3. Main Results

In this section, we prove a weak convergence theorem and
strong convergence theorems for finding fixed points of a V-
strongly nonexpansive mapping T in Banach spaces, and then
we show the existence theorem for fixed points of T with a
dissipative property (cf. [10]).

Theorem 18. Let E be a smooth and uniformly convex Banach
space and C a nonempty, closed, and convex subset of E.
Suppose that a mapping T : C — C is V-strongly nonex-
pansive with A and that F(T) # 0. One defines a Mann iterative
sequence {x,} as follows: for any x, € Candn > 1,

Xn+1 = ﬁn'xn + (1 - ﬁn) Txn’ (37)

where {B,} < (0,1) and lim,, , 8, = 0. Then x,, — p, for
some p, € F(T).

Proof. Suppose that p € F(T). Then we have from the
convexity of V that

V(xn+l’ P) = V(ﬁnxn + (1 - ﬂn) Txn’ P)
< BV (xwp) + (1= B,)V(Tx,p)  (38)
= ﬁnV (xn’P) + (1 - ﬁn) 14 (Txn’Tp) :

Since T is V-strongly nonexpansive with A, we have that

V (%,11: P)
< BV (xmp) + (1= B,)
AV (% p) =AWV (I -T)x,, I -T)p)} (39
=V (x,p) = (1= B,) AV (x, = Tx,, 0)

<Vix,p).

Hence, we have lim, , V(x,, p) = & < co. From Lemma 12
(b), {x,} is bounded. Furthermore, we have that

(1 - ﬂn) AV (xn - Txn’O) < V(xn’p) - V(xn+1’p) . (40)

Since lim,, , 3, = lim,,_, ,{V(x,, p) = V(x,.1, P)} = 0, we
obtain that

1im V (x, - Tx,,0) = lim |lx,-Tx,|"=0.  (41)

This means that {x,, — Tx,} converges strongly to 0. Hence,
{Tx,} is also bounded, and there exists M > 0 such that
o, I, I T, | < M — ||pll for alln > 1.
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On the other hand, we have from Lemma 12 (a) that
0<V(x,Tx,)
=V (%, p) =V (T, p) = 2{x,, — Tx,, JTx, = Jp)
<V (%, p) =V (Tx, p) + 2 |, = Tox,|| (| T, | + | )
<V (%, p) = V (T, p) + 2M |[x,, = Tx, |

= ||x,,||2 - ||Txn||2 -2(x, - Tx,,Jp) + 2M ||x,, - Tx,)|

= (leall = 17 Clall + 1726,1)
=2(x, = Tx,, Jp) + 2M | x,, — Tx,)|

< "xn - Txn” (“xn” + ”Txn“ + 2M) -2 <xn - Txn’ ]P> .
(42)

Hence, we obtain that lim, , . V(x,,Tx,) = lim, ,  V(Tx,,
x,) = 0. From Lemma 13, there exists a point p, € F(T) such
that x,, — p, and Tx,, — p,. O

The duality mapping J of a Banach space E with Gateaux
differentiable norm is said to be weakly sequentially continu-
ous if x, — x in E implies that {Jx,} converges weak star to
Jx in E* (cf. [14]). This happens, for example, if E is a Hilbert
space, or finite-dimensional and smooth, or I if 1 < p < oo
(cf. [15]). Next we prove a strong convergence theorem.

Theorem 19. Let E be a reflexive, smooth, and strictly convex
Banach space. Suppose that the duality mapping ] of E is weakly
sequentially continuous. Suppose that C is a nonempty, closed,
and convex subset of E, T : C — C is V-strongly nonexpansive
with A, and F(T) # 0. One defines a Mann iterative sequence
{x,} as follows: for any x, € Candn > 1,

Xt = B+ (1= ) Tx, (43)
where {,} € (0,1) and lim,, _, .3, = 0. If T satisfies that
(x,JTx) <0 VxeC, (44)
then x, — p, and Tx,, — p, for some p, € F(T).

Proof. As in the proof of Theorem 18, we obtain that
lim,_, V(x,,Tx,) = 0and x, — p, and Tx, — p, for
some p, € F(T). Furthermore, from Lemma 12 (a), we have
that

0 <V (x,,py) +V (pp Tx,,)
=V (x,,Tx,) = 2 (x, = po» Jpo — JTx,,)
=V (x,, Tx,) = 2 (%, = P> J o)
+2(x,, JTx,) = 2 {po, JTx,) .

(45)

Hence, the assumptions imply that
V(x, po) — 0, V(pyTx,) — 0 asn— co. (46)

From Lemma 17, we have the conclusion that x, — p, and
Tx, — po. O
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Condition (44) is a definition of a linear dissipative
mapping T (cf. [16]). Moreover, we give a definition of a
J-dissipative mapping for nonlinear mappings in a Banach
space.

Definition 20. Let ] be a single-valued duality mapping on E
and let C be a nonempty subset of E. Then a mapping T' :
C — Eis called J-dissipative if it holds that

(x =9, JTx-]Ty) <0 (47)
forall x,y € C.

In a Hilbert space, such a mapping T is called dissipative.
In Banach spaces, we remark that the J-dissipative mapping
is not equal to the dissipative mapping (cf. [17]). Next we give
a characterization of J-dissipative mappings by using V(;, -).

Theorem 21. Let E be a smooth Banach space, C a nonempty
subset of E, and T : C — E a mapping. Then, the following
are equivalent.

(a) T is J-dissipative.
(b) Forallx,y € C,
V(Ty)+V (y,Tx) <V (x,Tx)+V (3, Ty).  (48)
Proof. Forany x,y € C,
(x=y,]JTx-]JTy) <0 (49)
is equal to
=2(x,JTy) =2y, JTx) < =2(x,JTx) —=2{y,]Ty),
=2, JTy) = 2 (. JTx) + Il + [Ty + 7 + Iel?
< =2(x JTx) =2 (3, JTy) + Il + [T
2 2
™+l
(50)
From the definition of V, this inequality is equivalent to
V(x,Ty)+V (y,Tx) <V (x,Tx)+V (y,Ty).  (51)
O

Furthermore, we have the following result by this theo-
rem.

Lemma 22. Suppose that E is a smooth and strictly convex
Banach space and that C C E is a nonempty convex subset.
Assume that a mappingT : C — E is J-dissipative. If there are
fixed points of T, then F(T') is singleton.

Proof. Assume that there exist p, and g, such that Tp, = p,
and Tq, = q,. Since T is J-dissipative, we have by Theorem 21
that

0 <V (poTqo) +V (g0, Ty)
<V (po> Tpo) +V (40, Tqo) (52)

=V (po» Po) +V (40> o) = 0.

Thus, we have that V(py,q,) = V(g py) = 0. This implies
that

0 < (| poll - ”%")2 <V (pp4o) = 0,

(53)
1ol = 4ol
Furthermore, we have
V(po o) = ”Po”2 + ”%"2 =2{po>Jq0)
(54)

= ”Po”2 + “Po”2 ~2{py-Jq0) =0,

and we have || pyl* = (py» Jqo)- Since E is strictly convex and
] is one-to-one, we obtain that p, = g. O

We give a result before proving an existence theorem for
fixed points.

Theorem 23 (see [10]). Let E be a smooth and uniformly
convex Banach space, and let T : E — E be a V-strongly
nonexpansive mapping with A. Then, one has that

lim |Tx-Ty|=0,
=yl =0 ” |

(55)
for lxll Iyl Tl [Ty < r, where r > 0.
Proof. Since T is a V-strongly nonexpansive with A, we have
0 <V (Tx,Ty) + AV (x - Tx, y - Ty)

<V(xy)

= Il + o) -2 ¢ Jy)

=l = y)* - 2 (x -y J)

< Jlx =y (=l + vl + 2[150)

= Jlx =y (=l + 350D

Thus, we obtain, for x, y with ||x||, [|y]l <,

(56)

for any x, y € E.

V(Tx,Ty) — 0,
(57)
V(x-Tx,y-Ty) — 0 as |x-y|—0.
From Lemma 16, we have that

0<g(|Tx-Ty|) <V (Tx,Ty). (58)

Therefore, we have from (57) that lim Xyl =0 gUITx-Tyl) =
0. From the definition of g, we obtain that

lim |Tx-Ty||=0.
ool 9

O

Remark 24. 1f x € E satisfies that | Tx|| < r, for r, >0, the (57)
implies that |Ty|l < r, + 1 for y in the neighborhood of x.



We will prove the following existence theorem by using
Theorem 14.

Theorem 25. Let E be a reflexive, strictly convex, and smooth
Banach space and C a nonempty, bounded, closed, and convex
subset of E. Suppose T : C — C is a V-strongly nonexpansive
and J-dissipative mapping. Then, there exists a unique fixed
point of T.

Proof. At first, we will show that there exists y, € C such that
{[x e C:V(x,Tx) <V (3, Tx)} = 0. (60)
Assume that, forall y € C,
[xeC:V(x,Tx) <V (y,Tx)} # 0. (61)

Let Ax = {y ¢ C: V(x,Ty) < V(y,Ty)} and Bx = {y €
C : V(x,Tx) < V(y,Tx)} for all x € C. Then, from the
assumption, B™'y is nonempty for all y € C. Since T is J-
dissipative, Theorem 21 implies that

V(x,Ty) -V (y,Ty) <V (x,Tx) -V (y,Tx) (62)

for all y € Bx. This means that Bx ¢ Ax for any x € C. For
any y € G, letv; € A”'y with j € {1,2,...,n}, and suppose
thatv = " a;v;and 37, «; = 1 with &; > 0. From the
convexity of V, we have

V(v,Ty)=V (Z(xjvj,Ty> < Zoch (vj, Ty)
=

! (63)

Thus, we obtain that A~ y is convex for all y € C. Since it is
obvious that Bx is open for each x € C, Theorem 14 implies
that there exists a point x, € C such that x, € Ax,. This
means that

V (xq, Tx) < V (x4, Txp) - (64)
This is a contradiction. Thus, we have for some y, € C that
[x e C:V(x,Tx) <V (3, Tx)} = 0. (65)
This means that there exists y, € C such that
V (55, Tx) <V (x,Tx) (66)

forall x € C.

Furthermore, we will show V(y,, Ty,) < V(x, Ty,) for all
x € Cif y, satisfies (66). Let y, = (1-t) y,+tx foranyt € (0, 1)
and x € C. Since C is convex, then y, € C. Thus, we obtain
that

V (50 Ty) <V (¥, Ty,)

=V((1-1t)y, +tx,Ty,).

(67)
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From the convexity of V(., y) for y € C,
Ve Tr) < 0=0V (e Ty) +V(xTy)  (68)

and we have V(y,,Ty,) < V(x,Ty,). From the definition of
V(-,), we have that

IV (%, Ty,) =V (. Tyo)|
= Iyl = ITyoll” - 2 (. )Ty, = T Ty))|

< (ITyell + I Tyol) 1T: = Tyoll + 2111 |J Ty, = T Ty
(69)

Therefore, we have, by Theorem 23 and the continuity of ] on
a smooth Banach space, that lim, _, o, V(x,Ty,) = V(x,Ty,)
and

V (5o Tyo) = lim V (3, Ty,)
(70)
< lim V (x,Ty,) =V (x, Ty,)

t— 0+

for all x € C. Letting x = T',, we have that

V (50, Tyo) < V (T, Ty,) = 0. (71)

Hence, V(y,, Ty,) = 0. This implies that

“)’0"2 * ”T)’oll2 = 2(yp, JTyp) <2 "J’o“ “TJ’OH > (72)

and then we obtain that

(Iyoll - ”T)’0||)2 <0. (73)

Thus, we have | y,ll = [Ty, |l and we have by (72) that IIyOII2 =
(¥9> JTy,). Since ] is one-to-one on a strictly convex Banach
space, JTy, = Jy, implies that Ty, = y,. Therefore, we have
the conclusion. O

Finally, we will prove a strong convergence theorem for
finding fixed points of a V-strongly nonexpansive mapping T
in a Banach space, without the assumption that F(T') # 0.

Theorem 26. Let E be a smooth and uniformly convex Banach
space, and let C be a nonempty, compact, and convex subset of
E. Suppose that T : C — C is J-dissipative and V -strongly
nonexpansive with A. One defines a Mann iterative sequence
{x,} as follows: for any x; € Candn > 1,

xVH'l = ﬁnxn + (1 - ﬁ?l) T'x?l’ (74)

where {,} ¢ (0,1) and lim,, | f3, = 0. Then, there exists a
unique fixed point p, € C such that x,, — p,andTx, — p,.

Proof. From Theorem 25, we have that F(T') # 0. As in the
proof of Theorem 18, we obtain that lim, _, .,V (x,,Tx,) = 0
and that there exists a point p, € F(T) such that x, — p,and
Tx, — p,-. Since T is J-dissipative, Theorem 21 implies that

o<V (xn’ TPO) +V (pO’ Txn) <V (xn’ Txn) +V (pO’ TPO) .
(75)
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From Tp, = p,, we have for n > 1 that

o<V (xn> Po) +V (Po’ Txn)

(76)
<V (xn’ Txn) +V (pO’ PO) =V (xn’ Txn) .
Since lim,, _, .,V (x,,, Tx,) = 0, we have that
nlergOV (xn’ pO) = nll_{%ov (pO’ Txn) =0. (77)

By Lemma 17, we obtain that x, — p, and Tx, — p,. We
have the conclusion.
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LetC = {C,} ey € [1500)7, of-index set. A quasi-triangular space (X, Pe.y)isaset X with family P, = {p, : X* — [0,00), a €
'} satistying Ve y Y, wex 1Pt w) < Colp,(u,v) + p,(v,w)]}. For any P, a left (right) family 7., generated by %, is
defined to be 7, = {J, : X> — [0,00), a € &/}, where Yoy V., wex Un(thw) < C,ulJ,(u,v) + J (v, w)]} and furthermore the
property V., {lim,, _, o p. (W, u,,) = 0} (Vyeo, {lim,, , o p,(u,,,w,) = 0}) holds whenever two sequences (u,, : m € N) and
(w,, : m € N)in X satisfy V., {lim,, _, sup,.,,Jo (U, 14,) = 0and lim,, _, ] (w,,,u,,) = 0} (Ve {lim,, , sup,.,.J. (4, 1,,) =0
and lim,, _, J, (4, w,,) = 0}). In (X, P ), using the left (right) families .7, generated by P, (P, is a special case of 7.,
we construct three types of Pompeiu-Hausdorffleft (right) quasi-distances on 2%; for each type we construct of left (right) set-valued
quasi-contraction T : X — 2%, and we prove the convergence, existence, and periodic point theorem for such quasi-contractions.
We also construct two types of left (right) single-valued quasi-contractions T : X — X and we prove the convergence, existence,
approximation, uniqueness, periodic point, and fixed point theorem for such quasi-contractions. (X, %) generalize ultra quasi-
triangular and partiall quasi-triangular spaces (in particular, generalize metric, ultra metric, quasi-metric, ultra quasi-metric, b-
metric, partial metric, partial b-metric, pseudometric, quasi-pseudometric, ultra quasi-pseudometric, partial quasi-pseudometric,
topological, uniform, quasi-uniform, gauge, ultra gauge, partial gauge, quasi-gauge, ultra quasi-gauge, and partial quasi-gauge

spaces).

1. Introduction

The set-valued dynamic system is defined as a pair (X, T),
where X is a certain space and T is a set-valued map T : X —
2%; here 2 denotes the family of all nonempty subsets of the
space X. Form € {0} U N, we define TV = ToT oo T (m-
times) and T'°) = I, (an identity map on X). By Fix(T) and
Per(T) we denote the sets of all fixed points and periodic points
of T, respectively; that is, Fix(T) = {w € X : w € T(w)} and
Per(T) = {w € X : w € T™(w) for some k € N}. A dynamic
process or a trajectory starting at w’ € X or a motion of the
system (X, T') at w’isa sequence (w™ : m € {0} UN) defined
by w™ € T(w™ ") for m € N (see, [1-4]).

Recall that a single-valued dynamic system is defined as a
pair (X, T), where X is a certain space and T is a single-valued
map T : X — X;thatis, V x {T(x) € X}. By Fix(T) and
Per(T) we denote the sets of all fixed points and periodic points
of T, respectively; that is, Fix(T) = {w € X : w = T(w)} and
Per(T) = {w € X : w = T™(w) for some k € N}. For each
w® € X, a sequence (w" = T (w®) : m € {0} UN) is called
a Picard iteration starting at w’ of the system (X, T).

Let X be a (nonempty) set. A distance on X is a map p :
X? - [0;00). The set X, together with distances on X, is
called distance spaces.

The following distance spaces are important for several
reasons.
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Definition 1. Let X be a (nonempty) set, and let p : X* -
(05 c0).

(A) (X, p)iscalled metricif (1) V, ,ex {p(u,w) = 0 iff u=
w}, (i) YV, pex {p,w) = p(w,u)}, and (iii) V,,, yex {p(u;
w) < p(u,v) + p(v, w)}.

(B) (See [5]) (X, p) is called ultra metric if (i) Y, ,cx
{p(u,w) = 0 iff u = w}, (ii) ¥, yex {p(v, w) = p(w,u)}, and
(iii) ¥, wex 1P, w) < max{p(u,v), p(v,w)}}.

(C) (See [6, 7]) (X, p) is called b-metric with parameter
C € [1;00) if (1) V, yex {pu,w) = 0iff u = w}, (ii) ¥, yex
{p(u,w) = p(w,u)}, and (iii) V,, , yex {p(u,w) < Clp(u,v) +
pv,w)l}

(D) (See [8]) (X, p) is called partial metric if (i) V,, ,cx
{u=wilf pu,u) = p(u,w) = p(w,w)}, (i) ¥, yex 1P,
u) < plu,w)}, (iii) Y, yex {p(,w) = p(w,u)}, and (iv)
Vovwex 1P w) < p(u,v) + p(v,w) — p(v, v)}.

(E) (See [9]) (X, p) is called partial b-metric with param-
eter C € [1;00) if (i) VY, pex {u = wiff pu,u) = p(u,
w) = plw,w)}, (ii) V,pex {p,u) < plu,w)}, (iii) V,, pex
{p(u,w) = p(w,u)}, and (iv) V¥, ,, yex {p(u, w) < Clp(u,v) +
p(v,w)] = p(v,v)}.

(F) (See [10]) (X, p) is called quasi-metric if (i) V,, ,cx
{p(u,w) =0 iff u=w}and (i) ¥, yex {pt, w) < p(u,v) +
pv,w)}.

(G) (X, p) is called ultra quasi-metric it (i) V,, ,ex {p(u,
w) = 0iff u = w}and (ii) ¥, ,, yex {p(u, w) < max{p(u,v),
pv,w)th

(H) The distance p is called pseudometric (or the gauge)
on X if (1) Ve x {p(u,u) = 0}, (i) V, yex {p(u,w) = p(w, )},
and (iii) ¥, yex {p(t, w) < p(u,v) + p(v, w)}.

(I) The distance p is called quasi-pseudometric (or the
quasi-gauge) on X if (1) V,cx {p(u,u) = 0} and (ii) V,,, ycx
{p(u,w) < p(u,v) + p(v, w)}.

(J) (See [11]) The distance p is called ultra quasi-
pseudometric (or the ultra quasi-gauge) on X it (i) V. x {p(u,
u) = 0} and (ii) V,,, e x {p(u, w) < max{p(u,v), p(v, w)}}.

Definition 2 (see [12]). Let X be a (nonempty) set, and let &/
be an index set.

(A) Each family @ = {d, : a« € &} of pseudometrics
d,: X* — [0,00), a € o, is called gauge on X. The gauge
P ={d, : « € o} on X is called separating if V,, ,.x {u #
w= Eloced {doc(u) LU) > 0}}

(B) Let the family & = {d, : « € o/} be separating gauge
on X. The topology J(2) having as a subbase the family
B(D) = {B(u,d,,e,) :u € X, g >0, a € g} ofall balls
B(u,d, ¢,) ={veX:d,(uv) <e}withu e X, ¢, >0,and
a € d is called topology induced by & on X; the topology
T (2) is Hausdorf.

(C) A topological space (X,J) such that there is a
separating gauge 9 on X with I = J(9) is called a gauge
space and is denoted by (X, 9).

Definition 3 (see [13]). Let X be a (nonempty) set, and let &/
be an index set.

(A) Each family & = {p,, a € o} of quasi-pseudom-
etrics p, : X* — [0,00), a € , is called quasi-gauge on X.
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(B) Let the family & = {p, : « € I} be quasi-gauge
on X. The topology 7 (%) having as a subbase of the family
B(P) = {Bu, pyr&,) : 4 € X, g, >0, a € g} of all balls
B(u, p,,e,) =1v € X: p,(u,v) < g} withu € X, g, > 0and
a € d is called topology induced by & on X.

(C) A topological space (X, 7) such that there is a quasi-
gauge &P on X with 7 = T(9P) is called quasi-gauge space
and is denoted by (X, ).

Remark 4 (see [13, Theorems 4.2 and 2.6]). Each quasi-
uniform space and each topological space is the quasi-gauge
space.

There is a growing literature concerning set-valued and
single-valued dynamic systems in the above defined distance
spaces. These studies contain also various extensions of the
Banach [14] and Nadler [15, 16] theorems. Of course, there
is a huge literature on this topic. For some such spaces and
theorems in these spaces, see, for example, M. M. Deza and
E. Deza [17], Kirk and Shahzad [18], and references therein.

Recall that the first convergence, existence, approxima-
tion, uniqueness, and fixed point result concerning single-
valued contractions in complete metric spaces were obtained
by Banach in 1922 [14].

Theorem 5 (see [14]). Let (X, d) be a complete metric space. If
T:X — Xand

Foarat Yayex {d(T ), T(y)<Ad (%)}, ()

then the following are true: (i) T has a unique fixed point w in X
(i.e., thereexistsw € X such thatw = T(w) and Fix(T) = {w});
and (ii) for each w’ € X, the sequence (T"@W®) : m e N)
converges to w.

The Pompeiu-Hausdorff metric H* on the class of all
nonempty closed and bounded subsets €% (X) of the metric
space (X, d) is defined as follows:

H? (U, W) = max {supd (u, W), supd (w, U)]» ,
ueU wew

(2)
UW e €% (X),

where for each x € X and V e €AB(X), dx,V) =
inf ., d(x, v). Using Pompeiu-Hausdorff metric new contrac-
tions were received by Nadler in 1967 and 1969 [15, 16] as a
tool to study the existence of fixed points of set-valued maps
in complete metric spaces.

Theorem 6 (see [15], [16, Theorem 5]). Let (X,d) be a
complete metric space. If T : X — €RB(X) and

EIAE[O;I) vx,;veX {Hd (T (x)’T(y))SAd (.X, )/)} ’ (3)
then Fix(T) + @ (i.e., there exists w € X such that w € T'(w)).

Markin [19, 20] gave a slighty defferent version of
Theorem 6.

Our primary interest is to construct new very general dis-
tance spaces, deliver new contractive set-valued and single-
valued dynamic systems in these distance spaces, present
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the new global methods for studying of these dynamic
systems in these spaces, and prove new convergence, approxi-
mation, existence, uniqueness, periodic point, and fixed point
theorems for such dynamic systems.

The goal of the present paper is to introduce and describe
the quasi-triangular spaces (X, Pc,;) (Section 2) and more
general quasi-triangular spaces (X, Pc.) with left (right)
families 7., generated by Pc. ., (Sections 3-5). Moreover,
we use new methods and adopt ideas of Pompeiu and
HausdorfI (Section 7) (see [21] for an excellent introduction
to these ideas), to establish in these spaces some versions of
Banach and Nadler theorems (Sections 8 and 9). Here studied
dynamic systems are left (right) 7 ¢, ,-admissible or left (right)
P, q-closed (Section 6). Examples are provided (Sections 10—
12) and concluding remarks are given (Section 13).

2. Quasi-Triangular Spaces (X,%.)

It is worth noticing that the distance spaces (X, %), intro-
duced and described below, are not necessarily topological or
Hausdorft or sequentially complete.

Definition 7. Let X be a (nonempty) set, let &/ be an index set,
andlet C = {C,},cy € [1;00)7.

(A) One says that a family P, = {p, : X° —
[0,00), a € o/} of distances is a quasi-triangular family on
X if

ered Vu,v,wEX {poc (u’ LU) < sz [Pa (u’ V) + Py (V’ w)]} . (4)

A quasi-triangular space (X, Pc.) is a set X together with
the quasi-triangular family %, on X.

(B) Let (X, P,y) be the quasi-triangular space. One says
that P, is separating if

Vu,weX {u Fw
€)
= Jpear {Pa (w) >0V py (w, 1) >0}}.

(C) If (X, P¢.y) is an quasi-triangular space and V.,
Vwex {p. (w,w) = py(w,u)}, then Y, Yovwex {p. (u,
w) < Ca[p;I(u, V) + p;l(v, w)]}. One says that the quasi-
triangular space (X, Z¢.,), Pey = {py' + X> — [0,00),
o € o}, is the conjugation of (X, Pr.y).

Remark 8. In the spaces (X, P, y), in general, the distan-
ces p, : X* — [0,00), & € &, do not vanish on the diago-
nal; they are asymmetric and do not satisfy triangle ine-
quality (ie., the properties V., V,cx {po(t,u) = 0} or
vaed vu,wEX {pzx(u’ w) = pa(w’ u)} or voced vu,v,wGX {p(x(u’
w) < p,(u,v) + py(v,w)} do not necessarily hold); see
Section 10.

Definition 9. Let X be a (nonempty) set, let o be an index set,
andlet C = {C,} ey € [1500)7.

(A) One says that a family ., = {l, : X> — [0,00),
« € of} of distances on X is a ultra quasi-triangular family if

Vae.szf vu,v,wGX {loc (u) w)
(6)

<C, max {l, (u,v),l, (v,w)}}.

An ultra quasi-triangular space (X, Z..) is a set X together
with the ultra quasi-triangular family #,, on X.

(B) One says that a family S, = {s, : X2 > [0,00),
« € d} of distances on X is a partial quasi-triangular family
if

Vaed Vu,v,wEX {er (M, w) < Ca [soc (u’ V) + Sy (V’ w)]
7)

—s, (mv)}.

A partial quasi-triangular space (X, $..) is a set X together
with the partial quasi-triangular family ¢, ., on X.

Remark 10. Tt is worth noticing that quasi-triangular spaces
generalize ultra quasi-triangular and partial quasi-triangular
spaces (in particular, generalize metric, ultra metric, quasi-
metric, ultra quasi-metric, b-metric, partial metric, partial
b-metric, pseudometric, quasi-pseudometric, ultra quasi-
pseudometric, partial quasi-pseudometric, topological, uni-
form, quasi-uniform, gauge, ultra gauge, partial gauge, quasi-
gauge, ultra quasi-gauge, and partial quasi-gauge spaces).

3. Left (Right) Families 7., Generated by
Pc.y in Quasi-Triangular Spaces (X,%: )

In the metric spaces (X, d) there are several types of distances
(determined by d) which generalize metrics d. First these
distances were introduced by Tataru [22]. More general
concepts of distances in metric spaces (X, d) which generalize
d, of this sort, are given by Kada et al. [23] (w-distances),
Lin and Du [24] (7-functions), Suzuki [25] (r-distances),
and Ume [26] (u-distance). Distances in uniform spaces
were given by Vilyi [27]. In the appearing literature, these
distances and their generalizations in other spaces provide
efficient tools to study various problems of fixed point theory;
see, for example, [28-30] and references therein. In this paper
we also generalize these ideas.

Let P, be the quasi-triangular family on X. It is natural
to define the notions of left (right) families ¥ ..., generated by
P .4 which provide new structures on X.

Definition 11. Let (X, ¢, ) be the quasi-triangular space.

(A) The family 7o, = {J, : a € &} of distances
J.: X* — [0,00), a € &, is said to be a left (right) family
generated by P, if

(D) Vaeq Vuywex Udbw) < Coll(w,v) + J,(v,w)]h
and furthermore.
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(£2) For any sequences (u,, : m € N) and (w,, : m € N) in
X satisfying
vzxe.szf {mlgn Sup]oc (um’ un) = 0} > (8)
® n>m

(Vtxed {mll_r,noo Sup](x (un’ um) = 0}) > (9)
Yoeo { lim 1 T (W th,) =0} , (10)
(Vaer | Jim Jo (1t ,,) =0}), )

the following holds
Vacr {,1im_po (w,14,,) =0}, (12)
(Yacwr {,Jim_pa (tw,) =0}). (13)

(B) J] P (J](ng ) is the set of all left (right) families
Fci ON X generated by g'c; "

Remark 12. From Definition 11 if follows that %, €

J](LX,Q,W) n J]fx)g,w). Moreover, there are families 7., €

J](LX, Pey) and 7, € J]fx, Pey) such that the distances J,, « €
&/, do not vanish on the diagonal, are asymmetric, and are
quasi-triangular and thus are not metric, ultra metric, quasi-
metric, ultra quasi-metric, b-metric, partial metric, partial
b-metric, pseudometric (gauge), quasi-pseudometric (quasi-
gauge), and ultra quasi-pseudometric (ultra quasi-gauge).

4. Relations between 7., and ¥,

Remark 13. The following result shows that Definition 11 is
correct and that J](LX@W) \ {Pcyt # @ and ‘DFX,%;M) \
{(Peut + 2.

Theorem 14. Let (X, P..) be the quasi-triangular space. Let
E ¢ X be a set containing at least two different points and let
() weer € (0500)7 where

o)

Voceszf ‘[‘H“_
(14)
Ve 104 (E)=sup {p, (u,w) : u,w e E}}.

If ey = Uy + &« € A} where, for each a € , the distance
J.: X* — [0,00) is defined by

Po (,w) if ENn{u,w} = {u,w}
Jo (U, w) = (15)
Uy if En{u,w}# {u,w},
then 7 .. is left and right family generated by Pc. .

Proof. Indeed, we see that condition (1) does not hold only
if there exist some «, € o/ and u,, vy, w, € X such that

Ja, (ug> wy) > Ce, [Ioco (195 vo) +a, Vo’wo)] (16)
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Then (15) implies {uy, vo,wyt N E # {ugy, vy, wy} and the
following Cases 1-4 hold.

Case 1. If {uy, wy} C E, then v, ¢ E and, by (16) and (15),
P, (oo wy) > 2C, p, . Therefore, by (14), p, (uy, wy) >
2C, Yo, = O, (E). This is impossible.

Case 2. 1fu, € E and w, ¢ E, then (16) and (15) give p, >
Co, [Pa, (M0 Vo) + the,] = Cy phy, whenever vy € E or g, >
Cy, [Ha, * oy ] = 2C, o, whenever v, ¢ E. This is impossible.

Case 3. If uy ¢ E and w, € E, then (16) and (15) give oy >
Copltay + Pay (Voo wo)] = C, pty, whenever vy € E or p, >
Cop o, +to,] = 2C, Ho, Whenever v, ¢ E. This is impossible.

Case 4. 1f uy ¢ E and w, ¢ E, then (16) and (15) give p, >
C, [y + s 1 =2C, y, forv, € X. This is impossible.
0 0 0 0 0

Therefore, Vo oy ¥, uex Uasw) < C, 1, (1,
w)]}; that is, the condition (_#1) holds.

Assume now that the sequences (u,, : m € N) and (w,,
m € N) in X satisty (8) and (10). Then (12) holds. Indeed, (10)
implies

v) + ], (v,

leé&{ vO<£<ya EImO:mo(oc)eN szmo {]tx (wm’ um) < 8} : (17)

Denoting m = min{my(«) : a € I}, we see, by
(17) and (15), that v {E N {w,,u,t = {w,,u,l}
Then, in view of Deﬁmtlon 11(A), (15), and (17), this implies
Vaea V0<.€<;4 Fwen vm>m {poc(wrrvu ) = Ja (wm’u ) < &}
Hence we obtain that the sequences (u,, : m € N) and
(w,, : m € N) satisfy (12). Thus we see that £, , is left family
generated by Z¢ .

In a similar way, we show that (13) holds if (u,, : m € N)
and (w,, : m € N) in X satisty (9) and (11). Therefore, 7.,
is right family generated by %, We proved that 7., €
Iy N Ik, holds. O
The following is interesting in respect to its use.

Theorem 15. Let (X, P.) be the quasi-triangular space, and
let 7. be the left (right) family generated by Pc.y. If Py
is separating on X (i.e., (5) holds), then ¥, is separating on
X; that is,

vu,weX {u Fw
(18)
= Joear Vo (,w0) >0V ], (w,u)>0}}

holds.

Proof. We begin by supposing that uy, w, € X, u, # w,, and
Vew Usltigywy) = 0 A J (wy,u,) = 0}. Then (71) implies
Vew Ualtg, ttg) < Cy ], (ug, wy) + T (wy, 1y)] = 0} o1, equiv-
alently, Ve oy {15 (ug ttg) = Jo(wy,1y) = 0} and Ve 1T, (1405
uy) = Jo(ug, wy) = 0}. Assuming that u,, = u, and w,, = w,,
m € N, we conclude that V., {lim,,, _, sup,.,.Jo (¢, 1,,) =
limm—»oo]oc(wm’um) = 0} and vaed {limm—voosupn>m]a(un’
u,) = lim,  J.,(u,,w,) = 0} Therefore, it is not
hard to see that (8)-(11) hold and, by (f#2), the above
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considerations lead to the following conclusion: 1, # w, A
Vtxed {limmﬂmpa(wm’um) = limmﬁmpa(um’wm) = O} or,
equivalently, u, # wy A Vyey {Po(wp, 1) = puug, wy) =
0}. However, %, is separating. A contradiction. Therefore,
F c.or 18 separating. O

5. Left (Right) 7. ,-Convergences and Left
(Right) 7 .. ,-Sequentially Completeness

Definition 16. Let (X, P, 4) be the quasi-triangular space,
and let 7., be the left (right) family generated by %,
(A) One says that a sequence (u,, : m € N) c X is left
(right) 7 c.-Cauchy sequenceifV ., {lim,, _, . sup,,..J, (14,5
un) = 0} (ered {limm—mosupn>m]oc(un’um) = 0})
(B) Let u € X and let (u,, : m € N) ¢ X. One says that

the sequence (u,,, : m € N) is left (right) 7 c../-convergent to
L-Fcu R-Fcu

uifu € LIM, Cmen) 9 (ue LIMu men) * @) where
L-7
LM 76 = {x

€X Yooy { lim J, (xu,,) =0} },

19)
(LM
={xeX: Voey { lim J, (14,,%) =0}}).
(C) One says that a sequence (u,, m € N) cC
X is left (right) Jc. -convergent in X if LIML f;;’N) #

R-F,
@ (LIM, " &) # 2)-

(D) If every left (right) 7. ,-Cauchy sequence (u,,
m € N) c X is left (right) 7, ,-convergent in X (ie.,

LIM_ 7S # @ (LIM. 75 # @)), then (X, Pc,,) is

(u,,,:meN) (u,,:meN)

called left (right) 7 c.-sequentially complete.

Remark 17. The structures on X determined by left (right)
families 7., generated by &, are more general than the
structure on X determined by &, ; see Remark 34.

Remark 18. Let (X, Pc..) be the quasi-triangular space. It is
clear that if (u,, : m € N) is left (right) ¢ - convergent

-2 -2
in X, then LIMM ;jN) C LIM(V ijN (LIM(M mGN) C
LIMfV_?C“ ) for each subsequence (v,, : m € N) of (u,,
m € N).

Definition19. One says that (X, P ) is left (right) Hausdorff
if for each left (right) P convergent in X sequence (u,,,

m e N) the set LIM P

meN) (LIM(u " EN)) is a singleton.

6. Left (Right) 7. ,-Admissible and Left
(Right) Z, ,-Closed Set-Valued Maps

The following terminologies will be much used in the sequel.

Definition 20. Let (X, Pc.) be the quasi-triangular space,
and let 7., be the left (right) family generated by 2, ;. Let
(X, T) be the set-valued dynamic system, T : X — 2%,

(A) Given v’ € X, One says that (X, T) is left (right)
F c.-admissible in w’ if, for each dynamic processes (w”
m € {0} U N) starting at w®, Y e fojun W™ e Tw™)},

LIM 7% # @ (LIM(, 5%\ # @) whenever

(w™:me{0}UN) (w™:me{0}UN)

V(xEM {mlgnooigrlr)l]a (wm’ wn) = 0}
(20)
<Vaeﬂ { lim sup/, (w",w™) :0}>.
m—700n>m

(B) One says that (X, T) is left (right) 7 c.,,-admissible on
X, it (X, T) is left (right) 7 c.,-admissible in each point w’ e
X.

Remark 21. Let (X, P¢.) be the quasi-triangular space and
let 7., be the left (right) family generated by %..,. Let
(X, T) be the set-valued dynamic system on X. If (X, P y)
is left (right) 7. ,/-sequentially complete, then (X, T) is left
(right) 7 c..,-admissible on X but the converse not necessarily
holds.

We can define also the following generalization of conti-
nuity.

Definition 22. Let (X, Pc,) be the quasi-triangular space.
Let (X, T) be the set-valued dynamic system, T : X — 2%,

and let k € N. The set-valued dynamic system (X, T!") is said
to be a left (right) P y-closed on X if for every sequence

(x,, : m € N)in Tl (X), left (right) P, -converging in

X (thus LIM, 7% # & (LIM(, %4 # @) and having
subsequences (v,, : m € N) and (u,, : m € N) satisfying

e T (u,,)}, the following property holds: there

Vmen i -2 R-%
exists x € LIM(;m:;ZN) (x € LIM - rﬁjN)) such that x €

T™(x) (x € TH(x)).

7. Left (Right) Pompeiu-Hausdorff
Quasi-Distances and Left (Right)
Set-Valued Quasi-Contractions

In this section, in the quasi-triangular spaces (X, %¢.y),
using left (right) families 7, generated by %/, we define
three types of left (right) Pompeiu-Hausdorff quasi-distances
on 2%, and for each type a left (right) set-valued quasi-
contraction T : X — 2% is constructed.

Definition 23. Let (X, %) be the quasi-triangular space,
and let 7, be the left (right) family generated by & ,. Let
A = {Aueaq € [0 D, let (X, T) be a set-valued dynamic
system, T : X — 2%, and let € {1,2,3}. Let

Ve Vaex Yverx {Jo (%, V)=inf{], (x,v) : veV}

(21)
A (V,x)=inf{], (v,x) : veV}}.



(A) Let fcy € J]{JX,@C;&{)' If
p7e
Yaea Yuwer { 12(’/jc TOwW)

—max<lsup] (u, W), sup] U, w)}}

uelU

Db
Vaca Yuwerx ‘[ zsz U, w) (22)

=max <lsup]“ (u,W), supJ, (w, U)}»} ,

uelU weW

Dt
Vaea Yuwer ‘[ 3235:“{ U, W)-sug] (u, W)}
ue

then a family 2, jc” = {DL ]C“’, o € gf} is said to be left
914 jC&i
2
If

-quasi- dzstance on 2%

Vaea vx,yeX {sz ’ Df];{;d (T (x),T (y)) 23)
23
<Aoo (x2)}

then we say that (X, T') is a left (QZ j‘”” , A)-quasi-contraction
on X.
(B) Let Fy € Iy - 1

R J
Vaea Yuwerx { 1o (UW)

= max {sup]‘x (u,W), supJ, (U, w)H» ,

uelU weWw

R 35
Vaea VU,WEZX { 2% zfc " (U,W) (24)

= max {sup]“ (u,W), supJ, (w, U)H» ,

uelU weWw

R 3%
Vaea Yuwer { 5, ch " (U,W) =sup], (u, W)}

uelU

then a family 9 ]C”’ = {DR fc", o € g} is said to be right

R-JFcu
szx

If

—quasz—dzstance on 2%,

Vaea Vi yex {Ca ' D:;fid (T (x),T(y)) 03)
5
Ao (x.7)}

then we say that (X, T) is a right (9 ]C“ , A)-quasi-contrac-
tion on X.
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Remark 24. Observe that 91-.—;{@&1 and QZR__;(]C;"’ extend (2).
752 ;2
Quasi-contractions (23) and (25) extend (3).

Remark 25. Each (.92 jc“’ , A)-quasi-contraction ((9 "7“’,

L-Fca

ok )t)-quas1-con-

/\)-qua51-contract10n), ne{l,2},is (2

traction ((93 zfc 7

does not necessarlly hold.

,A)-quasi-contraction) but the converse

8. Convergence, Existence, Approximation,
and Periodic Point Theorem of
Nadler Type for Left (Right) Set-Valued
Quasi-Contractions

The following result extends Theorem 6 to spaces (X, Pc..).

Theorem 26. Let (X, P, ) be the quasi-triangular space, and
let (X, T) be the set-valued dynamic system, T : X — 2%, Let
n€{1,2,3}, andlet A = (A} ey € [0:1)7.
Assume that there exist a left (right) family 7 ., generated
by Py and a point w° € X with the following properties.
(A1) (X,T) is left (9L e , A)-quasi-contraction (right

R-7
(gn;zxcd

(A2) (X,T) is left (right) 7 c..;-admissible in w’.
(A3) Forevery x € X and forevery B = {B,}pey € (0;00)7
there exists y € T(x) such that

, A)-quasi-contraction) on X.

voce.d {]oc (x’y) <]oc (x,T(x))+ﬁ“}, (26)
(Vaear {Ja (7%) <Jo (T (x), %)+ Bo}) - (27)

Then the following hold.

(B1) There exist a dynamic process (W™ : m € {0} UN)
of the system (X, T) starting at w°, Y e fojun fw™! e T(W™},
and a point w € X such that (W™ : m € {0} UN) is left (right)
Pc.q-convergent to w.

(B2) If the set-valued dynamic system (X, TH is left (right)
Pe.y-closed on X for some k € N, then Fix(T'™) #+ @ and
there exist a dynamic process (W™ : m € {0} UN) of the system
(X, T) starting at w°, ¥,,,coun (W™ € T(w™)}, and a point
w € Fix(T™) such that (W™ : m € {0} UN) is left (right)
Pc,q-convergent to w.

Proof. We prove only the case when f., is a left family
generated by P, (X, T) is left 7, -admissible in a point
w’ € X, and (X, T™) is left Pc.q-closed on X. The case of
“right” will be omitted, since the reasoning is based on the
analogous technique.

Part 1. Assume that (A1)-(A3) hold.

By (21) and the fact that ], : X2 5 [0;00), a € o, we
choose

r={ra} e € (0 o0)? (28)
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such that

Put

Ve {ﬁéo)=<l—%>ra— T, (wO,T(wO))}. (30)

[o4

In view of (28) and (29) this implies ﬁ(o) = {ﬁg’)}aed €
(0; 00)” and we apply (26) to find w' € T(w’) such that

Vaea {]zx (wo’ wl) < (wo, T (wo)) + ﬁfxo)} .31

We see from (30) and (31) that

Vaes {Ja (w°,w1)<<1—c—"‘>ra}. (32)

Put now

e () )n ]

Then, in view of (32), we get ) = {81}, € (0;00)” and
applying again (26) we find w? € T(w") such that

Veeo Po(whw?)<J, (', T(w"))+p0 ). (4

Observe that

Vaess {Ja (wl,w2)<<%> <1—%>w}- (35)

o [o4

Indeed, from (34), Definition 23(A), and using (33), in the
eventthaty = 1 ory =2 or = 3, we get

Y., { T (w0 02) < J, (), T (w)) + B

<sup {]‘x (u, T (wl)) cueTl (wo)} + ﬁfxl)

<D 7o (T (wo) ,T (wl)) + ,8&1)

1250 (36)
o
(&)(-2)x]
=\ — J{1-—=)rar-
Ca Ca
Thus (35) holds.
Next define
V{xe&i {ﬁt()cZ)
(37)

(IE) (-]

Then, in view of (35), B% = {P},cy € (0;00)”. Applying
(26) in this situation, we conclude that there exists w® ¢
T(w?) such that

Voew P (0 w?) <J, (Wi T (0%))+ B2} (38)

We seek to show that

Vo {Lx (wz,w3)<(é—z)2(1—%)m}. (39)

By (38), Definition 23(A), and using (37), in the event that
n=1orn=2orn =3, it follows that

Y oyews {]a (wz, w3) <Jy (wZ,T (wz)) + [3((,62>

< sup J, (u, T (wz)) + ﬁfxz)

ueT(w')

<DV 7o (1 ('), T (w?)) + B2 (40)

725500

(2 (o)

[24

(&) (-2}

Thus (39) holds.
Proceeding as before, using Definition 23(A), we get that
there exists a sequence (w™ : m € N) in X satisfying

Voen 0™ €T (w™)} (41)

and for calculational purposes, upon letting V, ., {8 =

{ﬁ( )} ,} Where
( >
C(X

Vae.d VmEN {ﬁfxrm

(42)
A’(X ml Aa m— m
& s
we observe that V, ., {8 € (0;00)”},
voceszf’ VmEN {]OL (wm, wm+1) < ]oc (wm’ T (wm))
(43)
B}
Voced vmEN {]a (wm’ wm+1)
(44)



Let now m < n. Using (1), we get

v(xed {]OL (wm’ wn) < Coc]oc (wm’ wm+1)

+C ] ( m+1 wm+2)+”'

O (W) £ O

(45)
ni ]+1 ( m+j)wm+j+l)
+ Cmefle (wnfl’ wn)}
Hence, by (44), for each « € o/,
A
m) n 1_ _a
J, (W™ w") < < Coc>
n—-m-2 m+j n-2
For () (2
o Cu
(46)
( =)
= 1— _
C(X
A m n—m-2 /\n
. C,| == )V .
e (&) T (%) 5]
This and (41) mean that
EI(u)”‘:mEN) Vme{O}UN {wm+1 erT (wm)} (47)
and since m < n implies A, < A7,
Ay
Vaeo 1,1im sup] (w",w") < lim sup I—C—
A\ -1 c, \ A
gl (2«) (122 Za ) Lo
oo (@) 0o (%) 5]
(48)

< lim <l—ﬁ>ra [Ca<&> (1-1,)"
m— 0o C(X C

o
Ca \ (Ao >m
Ze)(Ze) |=o0t.
' ( X ) (&
Now, since (X, T) is left 7. ,-admissible in w’ € X, by

Definition 20(A), properties (47) and (48) imply that there
exists w € X such that

Voew {Jim J, (w,w™) =0} (49)

Next, defining u,, = w™ and w,, = w for m € N, by
(48) and (49) we see that conditions (8) and (10) hold for
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the sequences (u,, : m € N)and (w,, : m € N)in X.
Consequently, by (#2), we get (12) which implies that

Vaew {,Jim_po (w,w™) = lim p, (w,,1,)=0}  (50)

L-Pc

and so in particular we see that w € LIM .. .

Part 2. Assume that (A1)-(A3) hold and that, for some k € N,
(X, T™Y is left P, y-closed on X.

P .
By Part 1, LIM(Lw :;Z ooy F 2 and since, by (47),

w™ VR e TR (™) for m € {0} U N, thus defining (x,, =

w" " m e N), we see that (x,, : m € N) C T[k](X)

LIML P = LIML P ) # @, the sequences (v,
:m e N) C

(x,,:me{0}UN) (w™:me{0}UN
w(m“)k :m e N) ¢ T™(X) and (1,, = w™

T (X) satisfy V, ey 1V, € Tkl (u,,)} and, as subsequences
of (x,, : m € {0} UN), are left %, ,-converging to each
point of the set LIM(LJZJ melOJUN)"
LIM % < LIM(, 7% and LIM,/% ¢ LIM, 7%

(v,,:meN) (w™:meN) (u,,:meN)*
By the above and by Definition 22, since T is left P
L-Pey

(w™ me{O}UN)

Moreover, by Remark 18,

closed we conclude that there exist w € LIM

LIM eN) such that w € T™(w).

Part 3. The result now follows at once from Parts1and 2. [J

9. Theorem of Banach Type in Quasi-
Triangular Spaces (X,%. )

In this section, in the quasi-triangular spaces (X, %¢.y),
using left (right) families 7., generated by %.., we
construct two types of left (right) single-valued quasi-
contractions T : X — X, and convergence, existence,
approximation, uniqueness, periodic point, and fixed point
theorem for such quasi-contractions is also proved.

The following Definition 27 can be stated as a single-
valued version of Definition 23.

Definition 27. Let (X, P, ) be the quasi-triangular space,
and let 7, be the left (right) family generated by .
Let (X,T) be the single-valued dynamic system, let A =
Aotaew € [0;1)7, and let € {1,2}.

A)If fey € J] ) then we define the left 9L S

quasi-distance on X by @L Jaa _ {Ds;x’ixc D G [0, ),
o € o/} where
- fc,
Vaed Vuwex {th{xc'd (u, w)
:maX{]a (u)w))]a (wau)}}a (51)

L-
Vae&[ Vu,wGX { 2Xj;d (Lt, w) ] (M, w)}
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One says that (X, T) is left (QZL S , A)-quasi-contraction on
X if

Vaced Vx,yEX {C D.,I;X];M (T (x) N T (y))
<Aa (x.7)}

B) If o € Ixo

(52)

, then one defines the right

9R 7 cua -quasi-distance onbe QZR Jaa _ {Df;;({f‘“ D G
[0; oo) « € 9} where
R-7o,
Ve Yuwex {Dl;x;lxc’d (u, w)
=max {J,, (w,w), J,, w,w)}}, (53)

R Fca
vaed Vu,weX { zxacf(u,w) ] (u,w)}

One says that (X, T) is right (9R e , A)-quasi-contraction
on X if

Vaea vx)yeX {C DsX{cc . (T (x),T (y)) (54)

Ao (67)} -
Remark 28. Observe that (52) and (54) extend (1).

The following terminologies will be much used in the
sequel.

Definition 29. Let (X, Pc,) be the quasi-triangular space,
and let 7, be the left (right) family generated by & ,. Let
(X, T) be the single-valued dynamic system, T : X — X.
(A) Given v’ € X, One says that (X, T) is left (right)
J c.q-admissible in w” if, for the sequence (w™ = T (w°) :

L-Jc. R-J¢,
m € {0} UN), LIM % o # @ (LIM 7570 # @)
whenever
. m o n\ _
Vaes {mhggoiggla (w", w )—0}
(55)

wm)=o}).

(B) We say that (X, T) is left (right) 7 c..;-admissible on X,
if (X, T) is left (right) 7 ¢..;-admissible in each point w’ € X.

<voc€d {mlgnoo Sl:'p]oc (wn,

Remark 30. Let (X, %Pcy) be the quasi-triangular space,
and let 7., be the left (right) family generated by %.,.
Let (X,T) be the single-valued dynamic system on X. If
(X, Pc.y) is left (right) 7. ,-sequentially complete, then
(X,T) is left (right) 7. .,-admissible on X.

We can define the following generalization of continuity.

Definition 31. Let (X, %) be the quasi-triangular space.
Let (X, T) be the single-valued dynamic system, T : X — X,
and let k € N. The single-valued dynamic system (X, T™™) is

said to be a left (right) P, ,-closed on X if for each sequence
(x,, : m € N)in T™(X), left (right) Pc.g-converging in

X (thus LIM, 7% # & (LIM(, %4 # @) and having
subsequences (v,, : m € N) and (u,, : m € N) satistying

Ven W = T™(u,)}; the following property holds: there
exists x € LIM(, /%% (x € LIM(, o) such that x =

T (x) (x = T (x)).

The following result extends Theorem 5 to spaces (X,
@C;M)'

Theorem 32. Let (X, %) be the quasi-triangular space, and
let (X, T) be the single-valued dynamic system, T : X — 2%,
Letn € {1,2}, and let A = {A,}pey € [0:1)7.
Assume that there exist a left (right) family 7 .., generated
by Py and a point w° € X with the following properties.
(AD) (X,T) is left (QZ jw , A)-quasi-contraction (right
(QZR 7o A)-quasz-contractzon) on X.

(A2) (X,T) is left (right) 7 c..;-admissible in a point w’ €
X.

Then the following hold.

(BI) There exists a point w € X such that the sequence

W™ = T"™W°) : m € {0} UN) starting at w° is left (right)
Pc.q-convergent to w.

(B2) If the single-valued dynamic system (X, T™™) is left
(right) Pc.y-closed on X for some k € N, then Fix(T™) + &,
there exists a point w € Fix(T™) such that the sequence
w" = T (W) : m € {0} UN) starting at w° is left (right)
Pc.-convergent to w, and

Ja 0T )=, (T (v),v)=0}.  (56)

vae&/ Vve Fix(T'])

(B3) If the family P,y = {p,> & € 9} is separating on X
and if the single-valued dynamic system (X, T is left (right)
Pe.y-closed on X for some k € N, then there exists a point
w € X such that

Fix (T™) = Fix () = {w}, (57)

the sequence (W™ = T (w°) : m € {0} UN) starting at w° is
left (right) Py~ convergent to w, and

zxed {] (w w) 0} (58)

Proof. By Theorem 26, we prove only (56)-(58) and only in
the case of “left.” We omit the proof in the case of “right,”
which is based on the analogous technique.

Part 1 Property (56) holds. Suppose that 3, ¢/ 3,epix(rivy /o, (%

T(v)) > 0}. Of course, v = T[k](v) = T[Zk](v), T(v) =
TEH(T(v)) and, for 17 € {1,2}, by Definition 27(A),
0 < Joy BT () = T, (T (), T (T (v)))

L-Jc,
< Dy 7o (TP (), 729 (1 (v)))
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(T ), " @ ()

11:X30

« ) pLFea (T[zk—u (v), T2 (T )
) (T[Zk_z] (V) , T[Zk—Z] (T (V))) <.

2
) Joy T () < Joo (W T (),
(59)
which is impossible. Therefore,
Ve Voerixry o 0T (v) =0} (60)

Suppose now that 3, ¢, J,epix(rivy (o, (T(v),v) > 0}. Then,
by Definition 27(A) and property (60), using the fact that v =
T™ () = TER (1), we get, for i1 € {1, 2}, that

0 < J, (T (1),9) = Jo, (T* (1), TP ()
k-2
< ch;]% (T[k+m] (V) ,T[k+m+1] (V))
m=1
+Cy 2 (TP (), T (1)

k-2
< XD (T .t w)
m=1

N Ck—2 'DL—jc;a! (T[Zk—l] ) ,T[Zk] (V))

o 17 X50

Ag,

k-2

k+m
) Jo 2T (1)

%o

' Aao 2k-1
+Cy c Jo, T (v)) =0,

%

which is impossible. Therefore,

vaed VvEFix(TU‘]) {]OL (T (V) > V) = 0} . (62)

We see that (56) is a consequence of (60) and (62).
Part 2. Properties (57) and (58) hold. We first observe that
vveFix(T[kJ) {T (v) =v}; (63)

in other words, Fix(T™") = Fix(T). In fact, if v € Fix(T"))
and T(v) # v, then, since the family P, = {p,, a € } is
separating on X, we get that T'(v) # v = ey {p(T(V),v) >
0V p,(v,T(v)) > 0}. In view of Theorem 15 this implies T'(v) #
v = Jpey U (TW),v) > 0V J,(v,T(v)) > 0}. However, by
property (56), this is impossible.

Next we see that Vg (i) _pix(r) {Jo(v,v) = O} In fact,
by Definition 11(A) and property (56), we conclude that
Vaea Voerixaty Ua(v:v) < Collo(v, T(V) + ], (T(v), v)] = O}
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Finally, suppose that u,w € Fix(T) and u # w. Then,
since the family P, = {p,, « € &} is separating on X,
we get 3y, ¢y {py,(,w) > 0V p, (w,u) > 0}. By applying
Theorem 15, this implies 3, ¢ {/,, (1, w) > 0V ], (w,u) >
0}. Consequently, for # € {1,2}, by Definition 27(A), we
conclude that

Elocoed { |:](x0 (Ll, U)) > Oa ]0‘0 (Ll, w)

= Joy (T (), T (w)) < Dy 78 (T (), T (w))

A
< <C_%)]“° (W) < J,, (s w)] or [LXO (w, )

%o

(64)
>0, Jy, w,u) =T, (T (), T @)
< DL’]C;W T T < A“U
<D (T @) Tw)s( 5 ) g )
<, (w,u)” ,
which is impossible. This gives that Fix(T') is a singleton.
Thus (57) and (58) hold. O

10. Examples of Spaces (X,%,)

Example 1. Let X = [0;6],y > 8l and let p : X2 > [0;00)
be of the form

p(u,w)
0 if u>w, {u,w}n(0;6) = {u,w},
(65)
=d(w-w! fu<w, {wwin0;6)={uw},
y if {u,w} N (0;6) # {u, w}.

(1) (X, Pgy)> Pispny = {ph is the quasi-triangular
space. In fact,

Viywex {pw)<8[pv)+pmw)t.  (66)
Inequality (66) is a consequence of Cases 1-6.

Case L. If u,v,w € (0;6) and v < u < w, then p(u,v) = 0 and
w —u < w — v. This gives p(u,w) = (w-u)* < w-v*<
8(w - v)* = 8[p(u,v) + p(v,w)].

Case 2. Ifu,v,w € (0;6),u < wandu < v < w, then p(u, w) =
(w — u)* and f(vy) = min,_,, f(v) = (w - u)* where, for
us<v<w, f(v) = 8[pu,v)+ p(v,w)] = 8[(v—u)* + (w-v)*]
and vy = (u + w)/2.

Case 3. Supu,wE(O;G);u<wP(u’ w) = supu,wE(O;G);u<w(w - u)4 =
6* = 1296 and supu’we(0;6);u<wminusvsw8[p(u, V) + p(v,w)] =
supu)we(o;(s);uwminugvsw8[(v —w+ w-v)*=8[B3-0*+
(6 —3)*] = 8[81 + 81] = 1296.
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Case 4. Ifu,v,w € (0;6) and u < w < v, then p(v,w) = 0 and
w —u < v —u. This gives p(u,w) = (w —u)t < (v-uwt <
8(v—u)* = 8[p(u,v) + p(v, w)].

Case 5. If u,w € (0;6), u < wand v € {0,6}, then p(u,w) <
1296 < 8[p(u,v) + p(v,w)] = 8[y + yI.

Case 6. If {u,w} N (0;6) # {u, w}, then V. {p(u,w) =y <
8y < 8[p(u,v) + p(v,w)]}.

(2) Pigy.1y = {p} is asymmetric. Indeed, we have that 0=
p(5,1) # p(1,5) = 256. Therefore, condition V, ,.x {p(u,
w) = p(w, u)} does not hold.

(3) Pgy.1y = {p} does not vanish on the diagonal. Indeed,
ifu € {0,6}, then p(u,u) = y # 0. Therefore, the condition
Vyex 1p(u, u) = 0} does not hold.

(4) For the constant sequence of the form (u,, = 3 :

m
m € N) C X the sets LIM(L;J:Z;SEKI}) and LIMY 780 e pot

(u,,,:meN)

singletons. Indeed, by (65), Remark 12, and Definition 16(B),
we have that LIM, 7% — [3;6] and LIM,. ~ % = [0;3],

(u,,;:meN) — (u,,;meN) —
Example2. Let X beaset(nonempty), A ¢ X, A+ @,A + X,
y >0,andlet p: X* — [0;00) be of the form

0 if An{u,w}={u,w},
Pl w) = { , (67)
y it An{u,w} + {u,w}.

(1) A pair (X, Pyap)> Pupy = {ph is the quasi-trian-
gular space. Indeed, formula (67) yields V,, ,, ,cx {q(u, w) <
q(u,v) + q(v,w)}. Otherwise, 3, , ., cx {q(ug, wy) > gluy,
Vo) + q(vy, wy)}. It is clear that then q(u,, wy) =y, q(ugy, vy) =
0, and g(vy, w,) = 0. From this we see that A N {uy, w,} #
{ug, wol, A N {ug, vo} = {ug, v}, and A N {vy, wo} = {vy wel.
This is impossible.

(2) P13,y = {p} does not vanish on the diagonal. Indeed,
ifu € X\ A, then p(u,u) = y # 0. Therefore, the condition
Vyex 1p(u, u) = 0} does not hold.

(3) Pyiyqy = {p} is symmetric. This follows from (67).

(4) We observe that 150 PR § Y L for

(u,;:meN) (u4,,,:meN)
each sequence (u,, : m € N) ¢ A. We conclude this from (67).

Example 3. Let X = [0;6] and let p : X2 5 [0;00) be of the
form

if u>w,

0
p (w,w) = { (68)

(w-u)® ifu<w.

(1) (X, Pyy1y)> Py = Aph is the quasi-triangular
space. In fact, V, , ,cx {q(u, w) < 4[q(u,v) + q(v,w)]} holds.
This is a consequence of Cases 1-3.

Case 1. If v < u < w, then p(u,v) = 0, w —u < w — v, and,
consequently, p(u, w) = (w - u)® < (w-v)* < 4w -v)* =

4p(v,w) = 4[p(u,v) + p(v, w)].

Case 2. Ifu < wand u < v < w, then q(u,w) = (w - u)® and
f(vy) = min, o, f(v) = (w - u)® where vo = (u+w)/2is

1

a minimum point of the map f(v) = 4[p(u,v) + p(v,w)] =
4(w - u)[w? + wu + 1v* + 3V = 3v(w + u)).

Case 3. If u < w < v, then p(v,w) = 0 and, consequently,
plu,w) = (w-u)<-u)?’ <4v-u)= 4p(u,v) = 4[p(u,
v) + p(v,w)].

(2) Pay1y = {p} is asymmetric. Indeed, we have that 0=
p(6,0) # p(0,6) = 216. Therefore, condition V, ,x {p(u,
w) = p(w, u)} does not hold.

(3) Py 1y = {p} vanishes on the diagonal. In fact, by (68),

itis clear that V. {p(u,u) = 0}.
L=y

(4) We observe that LIM = [2;6] and

(u,,,:meN)
LIMfM;ﬁ;’:g}) = [1;2] for sequence (u,, = 2 : m € N). We con-
clude this from (68).

Example 4. Let X = [0;6] and let Py, = {p} where p :
X% = [0;00) is of the form

0 ifu>w,
plthw) = {(u —w) ifu<w. )
Let
E=1[0;3)uU(3;6] (70)

and let y > 36/4 and 75y, = {J} where J : X2 = [0;00) is
of the form

pw,w) if En{u,w} = {u,w},
J (u,w) = (71)
U if En{u,w} #+ {u, w}.

(1) 7 21,11 is not symmetric. In fact, by (69)—-(71), J(0,6) =
36 and J(6,0) = 0.
L R
() iy = U € Sy, 0 My, - Se€ Theorem 14.

Remark 33. By Examples 1-4 it follows that the distances
p defined by (65) and (67)-(69) and ] defined by (70) and
(71) are not metrics, ultra metrics, quasi-metrics, ultra quasi-
metrics, b-metrics, partial metrics, partial b-metrics, pseu-
dometrics (gauges), quasi-pseudometrics (quasi-gauges), and
ultra quasi-pseudometrics (ultra quasi-gauges).

11. Examples Illustrating Theorem 26

Example 1. Let X = [0; 6], let y > 2048 be arbitrary and fixed,
and, for u, w € X, let

p(uw)
0 ifu>w, {u,w}n(0;6) = {u,w}, 72)
=Jd(w-uw! fu<w, {ww}n(0;6)={uuw,
y if {u,w}N(0;6) + {u, w}.

Define the set-valued dynamic system (X, T') by

rhﬂ if u e [0;3) U (4;6],
T (u) = (73)
(4;6) if u € [3;4].
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Let
E =1[0;3)U(46] (74)
andletJ : X x X — [0; 00) be of the form

pw,w) if En{u,w} = {u,w},
J (u,w) = (75)
y if EN{u,w} # {u,w}.

(1) (X, Pgpq1y)> where Py, = {ph, is the quasi-
triangular space, and 7 5.1, = {J} is the left and right family
generated by Pg.(1y. This is a consequence of Definitions 7
and 11, Example 1, and Theorem 14; we see thaty = y > 81.

(2) (T isa(D = D, 190 = @ 700} ¢ [2048/
Vs 1))-quasi-contraction on X; that is, Ve p048/y51) Vx,yex 18

D(T(x), T(y)) < AJ(x, y)} where

D (U,W) = max {sup] (u, W), supJ (U, w)]» ,

uelU wew (76)

U W e 2%

Indeed, we see that this follows from (73)-(76) and from
Cases 1-4 below.

Casel. Ifx, y € [0;3)U(4;6],thenT(x) = T(y) = [1;2] =U ¢

E and sup,, . {inf e, J(u, w)} = sup, ., AJ(u,u) = p(u,u) =
0} = 0. Thus 4D(T'(x), T(y)) = 0 < AJ(x, ).

Case2.If x € [0;3)U(4;6] and y € [3;4], then T'(x) = [1;2] =
UCE, T(y) = (4,6) =W C E, and sup,, . {inf e J (1, w)} =
sup,,cpAinf ew (w — w?' = sup,,.y(4 — w)? = 81 and
sup,eptinf, o J(w, w)} = supyepinf,p(w - wh =
sup, (W — 2)* = 256. Thus 8D(T(x), T(y)) = 2048. On
the other hand, y ¢ E which gives J(x, y) = y. Therefore,
8D(T(x),T(y)) < AJ(x,y) whenever 2048 < Ay. This gives
2048/y < A < 1 whenever y > max{2048; 81}.

Case 3. If x € [3;4] and y € [0;3) U (4;6], then T(x) =
(4,6) = U c Eand T(y) = [1;2] = W c E. Hence we
obtain sup,, . {inf, o J (1, w)} = sup,Ainf, o plu, w)} =
supewtinf, e/, w)} = sup, ey dinf, opu, w)y = 0.
Therefore, 8D(T(x), T(y)) = 0 < AJ(x, ).

Case 4. If x, y € [3;4], then T(x) = T(y) = (4;6) =U C E.
Therefore 4D, (T(x), T(y)) = 0 < AJ(x, y).

(3) Property (26) holds; that is, ¥ e x ¥ ge(o,00) Fyerix) (%,
y) < J(x,T(x)) + B}. Indeed, this follows from Cases 1-4
below.

Casel.If x, =0and y, = 1 € T(x,) = [1;2], then J(xy, ) =
Ys J(x0, T(x,)) = infwe[1;2]](x0a w) =y, and vﬁg(o;oo) {7(xo
Yo) < J(x0, T(x)) + B}

Case 2. It x, € (0;1] and y, = 1 € T(x,) = [1;2], then
](x(): y()) =1- X0> ](xo’ T(x())) = infwe[l;z]](x()a w)=1- X0»
and v/_;e(o;oo) {](X(p yo) < ](.X'O, T(XO)) + ﬁ}

Case 3. If x, € (1;3) U (456) and y, = 1 € T(x,) = [1;2],
then J(xy, 9) = 0, J(x0, T(xy)) = 0, and Vgeg,00) {J (9> ¥o) <
J(xo, T(x)) + B}
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Case 4. If x,, € [3;4] and y, € T(x,) = (4;6), then J(x,, y,) =
V> P, T(xg)) = 9> and Vpegi00) {7(x05 yo) < J(x0, T(x)) +
Bt

Case 5. If x, = 6 and y, € T(x,) = [1;2], then J(xy, ¥;) = >
P(x0, T(x0)) = p> and Vpeg00) 1 (%05 ¥o) < J(x0, T(x0)) + B}

(4) (X, T) is left and right 7 g,.(,,-admissible in each point
w® € X.Infact,ifw’ € X and (W™ : m € {0}UN) are such that
Yeopon W™ € T(w™)} and lim,, , o, sup,.,,J (W™, w") =
0 (lim,, _, oSup,,s,,J(W",w™) = 0), then V., {w™ € [1;2]}
and, consequently, by (72), V,,c26)cx {lim,, _, o, p(w,w™) =
0} (Yyeoajex {lim,, , ,p(w™ w) = 0}). Hence, by (75)
and (76), we get V,cpayuaecx im, . oJ(w,w™) =
0} (Vype(o)ex {lim,, oo J(w™, w) = 0}).

(5) (X, T) is a left and right P g, (;,-closed on X. Indeed,
let (x,, : m € N) € T(X) be aleft (right) &g, (,-converging

sequence in X (thus LIM(L}:Q;SE,Q’) + @ (LIMiC_‘G{:SQ;\If) + @))
and having subsequences (v,, : m € N) and (u,, : m € N)

satisfying V,,cn {v,, € T(u,,)}. Then Vo, {x,, € [1;2]},2 €
T(2)and2 € LIM, %% (1 € T(1)and 1 € LIM, ).
(6) All assumptions of Theorem 26 are satisfied. This
follows from (1)-(5) in Example 1.
We conclude that Fix(T) = [1;2] and we have shown the
following.
ClaimA.2 € T(2) and 2 € LIM(L;;ZDZ}:%}W) for each w® € X
and for each dynamic process (W™ : m € {0} U N) of the
system (X, T).
ClaimB.1 € T(1)and 1 € LIMfujfr‘n”e;‘{l(’)}uN) for each w® € X

and for each dynamic process (W” : m € {0} U N) of the
system (X, T).

Example 2. Let X, Py = {p}, and (X, T) be such as in
Example 1.

(1) For each A € [0;1), condition Y yex {8D(T'(x),
T(y)) < Ap(x,y)}, where D(U,W) = max{sup,,p(u,
W), sup,, i p(U,w)}, U, W € 2% does not hold. Suppose that
neion) Vxpex 8D(T(x), T(y)) < Agp(x, y)}. Letting xo = 2
and y, = 3, it can be shown that p(xy, ¥,) = 1, T(x,) =
[152] = U, T(p) = (46) = W, sup,cqroplts (4:6)) =
SUP,c(12)(4 — u)* = 3* = 81, and SUP e P([152],w) =
SUP e (456) (W — 2)* = 4* = 256. Therefore 2048 = 8D(T(x,),
T(y,)) = 8max{81;256} < Ayp(xy ¥y) = Ay which is
absurd.

Remark 34. We make the following remarks about Examples
1 and 2 and Theorem 26: (a) By Example 1, we observe that
we may apply Theorem 26 for set-valued dynamic systems
(X,T) in the left and right quasi-triangular space (X, ¢, y)
with left and right family 7., generated by %, where
Fca * Pcg- (b) By Example 2, we note, however, that
we do not apply Theorem 26 in the quasi-triangular space
(X, Pc.y) when Zc. oy = Pe.y. (c) From (a) and (b) it follows
that, in Theorem 26, the existence of left (right) families 7.,
generated by &, and such that 7, # P, are essential.
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Example 3. Let X = (0;6),y > 0, and

A=AUA, A, =(02], A,=[46). (77)

Letp: X2 = [0;00) be of the form
if An{u,w}={u,w},

0
pluw) = { | (78)
y it An{u,w} + {u,w},

and let 71y, = Ppq1y = {p} Define the set-valued dynam-
ic system (X, T') by

A, forue(0;3),

T(u)=4A foru=3, (79)

A, foruce(36).
(1) (X, Pyyqy) is quasi-triangular space. See Example 2,

Section 11.
A € [0;1))-quasi-contraction

2) (X, T)isa (EZ
on X; that is, V¢ (o) nyex {szf)(l}'{l’(T(x) T(y)) < Ap(x,

y)}. Indeed, if x, y € X, then, by (77)-(79), T(x), T(y) cA
and max{sup,, . w P T(y)), SUPer(y ) P(T'(x), w)} =

(3) Property (16) holds; that is, Viex Vﬁg(o;oo)
Jyer (P, ) < plx, T(x)) + B}. Indeed, this follows from
Cases 1-3 below.

L- 9(1} g

Case 1. Let x;, € (0;3) and 8 € (0; 00) be arbitrary and fixed.
If y, € T(x,) = A,, then, by (78),
P (x0, 70) = P (%0, T (%))
0 ifxyeA, (80)
- y for x, € (0;3)\ A;.

Therefore, p(x,, ¥y) < p(x, T(xq)) + 5.

Case 2. Let x, = 3 and let € (0; 00) be arbitrary and fixed. If
¥o € T(x,) = A, then, by (78), p(xy, ¥y) = p(x0, T(xg)) =y
Therefore, p(xy, ¥y) < p(x, T(xg)) + .

Case 3. Let x;, € (3;6) and 3 € (0; 00) be arbitrary and fixed.
If y, € T(x,) = A,, then, by (78),

P (x0, y0) = p (%0, T (%))

0 ifx, €A, (81)
- y for x, € (3;6) \ A,.

Therefore, p(xq, ¥,) < p(xg, T'(x,)) + B

(4) (X, T)is left and right P(yy.(,-admissible in X. Assum-
ing that w’ € X is arbitrary and fixed we prove that if the
dynamic process (w™ : m € {0} UN) of (X,T) starting
at w’ is such that lim,,_, sup,., p(w™ w") = 0, then
Jex {lim,, o plw,w™) = 0}. Indeed, if w’ € X, then, by
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(79), V51 {w™ € T(Ww™ ™) c A}and, by (78), we immediately
get A= LIM /! = LM, !

(wm™:me{0}uN) — (w™:me{0}UN)*

(5) Set-valued dynamic system (X, T'?) is a left and right
Pyay-closed on X. Indeed, if (x,, : m € N) € T¥(X) = A
is a left or right &;.(;,-converging sequence in X and having
subsequences (v,, : m € N) and (u,, : m € N) satistying
VmeN {v,, € T(u,)}, then, by (77)-(79), we have that

m eN vm>m {x € A} A= LIML ije(rij)) - LIMic_,i::g{IO}}UN)’
and Fix(T®?) =

(6) For (X, 9’{1},{1})’ Puyqy = ph Ly = Popy and
(X, T) defined by (77)-(79), all assumptions of Theorem 26 are
satisfied. This follows from (1)-(5) in Example 3.

We conclude that Fix(T™®') = A and we claim that if w®° €
X, w' € Tw"), and w? = u € T(w") are arbitrary and fixed,
and Y, {w™ = u}, then sequence (W™ : m € {0} UN) is a
dynamic process of T starting at w® and left and right Puny-
converging to each point of A. We observe also that Fix(T') =
.

Example 4. Let X = [0;6] and let Py, = {p} where p :
X2 5 [0;00) is of the form

if u>w,

0
pww) = (82)

(u-w) ifu<w.
Define the set-valued dynamic system (X, T') by

T (u) = ([0;3)U(3;6]) \ {u} for u € [0;6]. (83)

Let
=1[0;3)U(3;6] (84)

and let 4 > 36/4 and 7 5.1, = {J} where ] : X? = [0;00) is

of the form

pw,w) if En{u,w} = {u,w},
J (u,w) = (85)
Y if EN{u,w} # {u,w}.

(1) 7 (1,11 is not symmetric. In fact, by (82), (84), and (85),
J(0,6) = 36 and J(6,0) = 0.
) j{Z};{l} ={l} e J]LX@(z)m)n‘ﬂ

B)(X,T)isa (D = 911“2{“ WA € [0;1))-contraction on
X; that is, Yy yex {2 - D(T(x), T(y)) < M(x, y)} where A €

[0;1) and

R
(X, Se€ Theorem 14.

D (U, W) = max {sup] (u,W), supJ (U, w)}> ,

ueU wew (86)

UW ¢ 2X

Indeed, we see that this follows from (1), (2) in Example 4,
and from Cases 1-4 below.
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Casel. Letx, y € [0;3)U(3;6]. Thenx, y € E, T(x) = ([0;3)U
(3;6])\{x} =U c E,;and T(y) = ([0;3)U(3;6)\{y} =W C E.
If u € U, then we have W = W” UW, and

ulfelxgz J (u, w)

_ [dnpatew <o
T inf u-w)?=0 ifW,={weW:u<uw}+ o

wew,

fW'={weW:u>w}+a, (87)

and if w € W, then we have U = U* UU,, and
1141615 J (u, w)

ifU={ueU:u>w}+a, (838

inff (u-—w)>=0 ifU,={uelU:u<w+o.

uel,

{ u1€nUqu (u,w) =0

By (86), 2D(T'(x),T(y)) =0 < AJ(x, y).

Case 2. If x = y = 3, then J(x,y) = p and T(x)
T(y) = [0;3) U (3;6] = U c E. Therefore, 2D(T(x), T(y))
2D(U,U) =0 < A (x, y).

Case 3. If x € [0;3)U(3;6] and y = 3,thenx € E, y ¢ E,
J(x, y) = T(x) = ([0;3) U (336]) \ {x} = U  E,and T(y) =
[0;3) U (3;6] = W C E. We see that sup,,. {inf e J (1, w)} =
0since ifu € U, then also w = u € W and inf ., J (1, w) =
q(u,u) = 0. Next, we see that sup, ., {inf,,J(, w)} = 0
since if w € W, thenU = U¥ UU,, and

if) e

_ [t =0
inUf (u-w)>=0 iftU,={ueU:u<uw}+a.
ueU,,

ifU“={ueU:u>w}+a, (89)

Thus 2D(T'(x), T(y)) = 0 < AJ(x, ).

Case 4. If x =3 and y € [0;3) U (3;6],thenx ¢ E, y € E,
J(x,y) = u, T(x) = [0;3) U (3;6] =U C E, T(y) = ([0;3) U
(3;6]) \ {y} = W c E, and sup,,,{inf .y, J (1, w)} = 0 since,
foru e U,

ul)rel‘fv J (u, w)

{ inf gu,w)=0 fW'={weW:u2wl+ga, (90)
< weWw"

invlf, w-wl=0 ifW,={weW:u<w}#+2
and sup,, .y Ainf,, . J (1, w)} = 0 since inf ., J(u, w) = J(w,
w) =0 forw € W. Thus 2D(T(x), T(y)) = 0 < AJ(x, ).

(4) Property (26) holds; that is, Ve x V\e(0;00)3yer(x) {(
y) < J(x,T(x)) + y}. Indeed, this follows from Cases 1-3
below.

Case 1. Let x,, € [0;3) and y € (0;00) be arbitrary and fixed.
If y, € T(x,) = ([0;3) U (3;6]) \ {x,} = W is such that
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Xy < Yo < 3, then J(xg, ¥5) = (x — ¥o)* and J(xy, T(x,)) =
inf ey J(xy, w) = 0 since

g o)
iI&f q(xpw)=0 W ={weW:x,>w}+a, (91)
wew*o
ir‘}g (xg-w)> =0 if W, ={weW:x, <w}+a.
weW,,

Then we see that J(xg, y,) = (xo — y0)2 <y implies y, < xy +
y/2. From this we conclude that if y, € (x,; min{3, x,+y'/*}),

then J(xy, yp) < J(xg, T(x)) + y-

Case 2. Let x, = 3. Assume that y, € T(x,) = [0;3) U (3;6]
is arbitrary and fixed. Then J(xy, y) = u, J(xg, T(x,)) =
inf co3uz6/ (Xow) = u and, for each y € (0;00),
J (%05 ) < J (%0, T(x0)) + ¥

Case 3. Let x, € (3;6] and y € (0; co) be arbitrary and fixed.
If yy € T(xy) = ([0;3) U (3;6]) \ {xg} = W is such that 3 <
Yo < X, then J(x,, ¥;) = 0 and, analogously as in Case 1, we
get J(xg, T(x)) = inf e J(xp, w) = 0. Therefore, J(x,, y,) <
J(xg, T(x)) + -

(5) (X,T) is left 7 (5),1-admissible in X. Assuming that
X is arbitrary and fixed we prove that if the
dynamic process (w” : m € {0} UN) of (X,T) starting
at w° is such that lim,, _, sup,., J(w™ w") = 0, then
Jyex {lim, , J(w,w™) = 0}. We consider the following
cases.

w’ €

Case 1. If w® € [0;3) U (3;6], then w' € T(W") = ([0;3) U
(3;6]) \ {w’} and Vs (W™ € T(w™ ™) ¢ [0;3) U (3;6]} and
L=F gy

using (82) we immediately get 6 € LIM . <01 -

Case 2. If w® = 3, then w' € TW®) = [0;3) U (3;6], w* €

Tw") = ([0;3) U (3;6]) \ {w'}, and V.55 {w™ € T(W™™") ¢

[0;3) U (3;6]} and using (82) we also immediately get 6 €
L-7 o0

LIM(w’":{m}E{{)O}UN)'

This shows that 6 € LIMZ,{: {;l’zl{}o}uN) for each w’ € X and

for each dynamic process (w™ : m € {0} U N) of the system
(X, T); we see that here property lim,, _, . sup,,.,,,J (w", w") =
0 of (w™ : m € {0} UN) is not required.

(6) Set-valued dynamic system (X, ™) is a left Py
quasi-closed on X. Indeed, if (x,, : m € N) ¢ T?(X) =
[053) U (35 6] is a left P(y).()-converging sequence in X and
having subsequences (v,, : m € N)and (4, : m € N)
satistying V,,en {v,, € T(u,,)}, then, by (83), we have that
FnyeN Vimzm, (%m € [053) U (3;6]}. Therefore, in particular,

6 € LIM~ 72 and 6 € T (6).

(x,,,:meN)

(7) For 9{2};{1} = {p}, j{Z};{l} = {]}, and (X, T) deﬁned by
(82)-(85), all assumptions of Theorem 26 in the case of “left”
are satisfied. This follows from (1)-(6) in Example 4.

We conclude that Fix(T[Z]) = [0;3) U (3; 6] and we claim

that 6 € T'?(6) and that 6 € LIM(Lujff r‘fq’é‘{lz)}uN) foreachw® € X
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and for each dynamic process (W™ : m € {0} U N) of the
system (X, T). We observe also that Fix(T) = @

12. Example Illustrating Theorem 32

E.xample 1 Let X = (0, 6), A, and j{l};{l} = 9{1};{1} = {p}
be as in Example 3. Define the single-valued dynamic system
(X, T) by

4 for u € (0;3),
T (u) = (92)
2 for u € [3;6).
(1) (X, T) is a (2] "0,
on X; that is, Ve Yy ex 1D DY, ‘@“””(T(x) T(y) =
max{p(T'(x), T(y)), p(T(y), T(x))} < /\p(x ¥)} and Fix(T) =
@. Indeed, we see that if x, y € X, then T'(x), T(y) € A and,
by (77) and (78), DYy " (T(x), T(y)) = 0 < Ap(x, y).

(2) (X, T)isleft and right Pyyy.q1;-admissible in X. Assume
thatw’ € Xis arbitrary and fixed, (w™ : m € {0} UN) satisfies
Y e iojun {w™! = T(w™)}, and lim,, _, . sup, ., p(w™, w") =
0. Then, by (92) and (78), we have V., {w™ € A}. This gives

L=y _ R=Puyq
A= LIM(w :me{0}UN) LIM(wm:me{O}UN)'

(3) Single-valued dynamic system (X, T is a left and
right Pyy.q,-closed on X. Indeed, if (x,, : m € N) ¢
TR(X) = {2,4} is a left P1p1)-converging sequence in X
and having subsequences (v : m e N) and (u,, : m € N)

satisfying V..., {(v,, = T2 (1)}, then, by (77), (78), and (92),

A € [0;1))-quasi-contraction

we have that A = LIML 9“”” . In particular, 2 = T®(2) €
L=y _ [2 L-P
LIM( 70 and 4 = T (4) e LIM(XM:W:E&‘),

(4) Property (56) holds. Indeed, we have Vg ri21y_p.4)
{p(v,T(v)) = p(T(v),v) = 0} since T(2) = 4, T(4) = 2, and
T({2,4}) = {2,4} c A.

(5) Py = {p} is not separating on X. Indeed, if u, w €
X/A, then p(u, w) = p(w,u) =y > 0.

(6) For Pyyyy = {ph (X.T), and Fuyyy = Py
defined by (77), (78), and (79) parts (Bl) and (B2) of
Theorem 32 hold but part (B3) of Theorem 32 does not hold.
This follows from (1)-(5) in Example 1.

13. Concluding Remarks

Remark 1. In Theorems 5 and 6 the following play an
important role: (i) Distances d and HY, as metrics, satisfy
conditions (A) of Definition 1on X and € %(X), respectively.
(ii) (X, d) and (B (X), H?), as metric spaces, are topological
and Hausdorft spaces and the completeness of (X, d) implies
completeness of (€%(X), H?). (iii) The continuity of d and
H? on X x X and €B(X) x €RB(X), respectively; (iv)
The continuity of maps T (X,d) —» (X,d)and T
(X,d) — (EAB(X),H?) (as consequences of contractive
properties defined in (1) and (3), resp.); (v) In Theorem 6 the
assumption that, for each x € X, T'(x) € €RB(X).

Remark 2. Conclusions in Theorems 5 and 6 concern only
fixed points but not periodic points; this is a consequence
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of separability of spaces (X, d) and (€B(X), H*) and also
continuity of T.

Remark 3. In Theorems 26 and 32, properties concening the
spaces and maps such as mentioned above generally need not
hold, since spaces (X, P¢,,) with left (right) families 7.,
generated by &, are very general, which is an obstruction
to use Nadler’s and Banach’s reasoning. Theorems 26 and 32
show how to rectify this situation and are obtained without
restrictively required assumptions and with conclusions more
profound as in the well known results of this sort existing in
the literature.
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This paper introduces new approach to approximation of continuous vector-functions and vector sequences by fractal interpolation
vector-functions which are multidimensional generalization of fractal interpolation functions. Best values of fractal interpolation
vector-functions parameters are found. We give schemes of approximation of some sets of data and consider examples of

approximation of smooth curves with different conditions.

1. Introduction

It is well known that interpolation and approximation are
an important tool for interpretation of some complicated
data. But there are multitudes of interpolation methods using
several families of functions: polynomial, exponential, ratio-
nal, trigonometric, and splines to name a few. Still it should
be noted that all these conventional nonrecursive methods
produce interpolants that are differentiable a number of times
except possibly at a finite set of points. But, in many situations,
we deal with irregular forms, which can not be approximate
with desired precision. Fractal approximation became a
suitable tool for that purpose. This tool was developed and
studied in [1-3].

We know that such curves as coastlines, price graphs,
encephalograms, and many others are fractals since their
Hausdorft-Besicovitch dimension is greater than unity. To
approximate them, we use fractal interpolation curves [1]
and their generalizations [4] instead of canonical smooth
functions (polynomials and splines).

This paper is multidimensional generalization of [5]. In
Section 2, we consider fractal interpolation vector-functions
which depend on several matrices of parameters. Example of

such functions is given. In Section 3, we set the optimization
problem for approximation of vector-function from L, by
fractal approximation vector-functions. We find best values
of matrix parameters by means of matrix differential calculus.
Section 4 illustrates some examples.

2. Fractal Interpolation Vector-Functions

Let [a,b] C R be a nonempty interval; let 1 < N € Nand
{(t,px,) € [a,b] xRM |a=t, <t <--- <ty <ty=Db}
be the interpolation points. For all n = 1, N, consider affine
transformation

A - RMH N RMH
nt

>

w00

Henceforth, small bold letters denote columns (rows) of
length M and big bold letters denote matrices of M x M.
Require that for all n the following conditions hold true:

An (tO’XO) = (tn—l’xn—l) > An (tN’XN) = (tn’ Xn) . (2)
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Then,
aty+e,=t,

atyte,=t,

(3)
CntO + DnXO + fn = Xp-1>
ity +Dxy+ 1, =X,
Solving the system, we have
_ th =t
"= —a
bt,_, —at,
e, = ——-—,
" b-a
(4)
c = X, ~ X, — D, (xy — %)
" b-a ’
£ = bx,, - ax, - D, (bx, — axy)
n b-a ’

. N .
where matrices {D,,},_, are considered as parameters.

Remark 1. Notice that ¥ a, = 1.

Also notice that for all n operator A, takes straight seg-
ment between (¢, X,) and (f, X5 ) to straight segment which
connects points of interpolation (¢,_;,x,_;) and (t,,X,,).

Let % be a space of nonempty compact subsets of RM*!,
with Hausdorff metric. Define the Hutchinson operator [6]

N
O:H — K, OE)=|]JA,®E. 5)

n=1

By the condition (2) Hutchinson operator @ takes a graph of
any continuous vector-function on segment [a, b] to a graph
of a continuous vector-function on the same segment. Thus,
® can be treated as operator on the space of continuous
vector-functions (Cla, b])™.
Foralln = 1, N, denote
poilab]l — [t 1,t,],  p, () =ayt+e,
; (©)
q,:[abl - R", q,t):=ct+f,.
In (1), substitute x to vector-function g(t). We have that ® acts
on (Cla, b)) according to

(Dg) (1)

N » » (7)
=Y ((auep,") ®)+D, (g2 p,") (®) Xt 1 (©)-
n=1

Suppose that we consider all matrices D,, as linear opera-
tors on R, Furthermore, they are contractive mappings; that
is, constant ¢ € [0, 1) exists such that for all v,w € R™ and
n =1, N we have

|Dn (v)-D, (w)| <clv-w]. (8)
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Then, from (7), it follows that operator @ is contraction with
contraction coeflicient ¢ on Banach space ((Cla, bDM, ||- lloo)>
where [g(t) — h(t)|, = supit € [a,b] : |g(t) — h(¥)]}. By
the fixed-point theorem, there exists unique vector-function
g" € (Cla,b])™ such that dg* = g* and forall g € (C[a, b])™

we have

. k *
Jim. |o“@ -g"|_ =0 ©)
Function g* is called fractal interpolation vector-function.
It is easy to notice that if g € (Cla, oM, g(t,) = x,, and
g(ty) = Xy, then O(g) passes through points of interpolation.
In this case functions d)k(g) are called prefractal interpolation
vector-functions of order k.

Example 2. Figurel shows fractal interpolation vector-
function of plane. Here t, = —1,¢, = 0,and t, = 1 and
xy = (1,-1), x; = (0,0), and x, = (1, 1). Values of matrices
D, and D, are

1
4 (10)

N = | W
NI= N W

e Y NG

1
4
3. Approximation

Henceforth, we assume that for all n = 1, N linear operator
D, is contractive mapping with contraction coefficient ¢ €
[0,1). We approximate vector-function g € (Cla, b)™
by fractal interpolation vector-function g* constructed on
points of interpolation {(t,,,xn)}ffzo. Thus, we need to fit
matrix parameters D, to minimize the distance between g
and g*.

We use methods that have been developed for fractal
image compression [7]. Denote Banach space of square

integrated vector-functions on segment as (LIZVI [a@b], ] - 1),
where norm || - ||, defines
b 2
lel, = | lef ar (1)
a

Then from (7) and (8) and Remark 1 it follows that for all
g h e LY [a,b]

| g — oh|;

b
J |og - ®h| dt

t'l

N Lo
D, o(g—h)ou d
ZIL ne (g h)ew O di 12)

Mz

b
a, J ID, o (g - h) ()| dt

n=1

2

b
a.c [ I(g-h) [ dt = g-n}.
1 a

[N
Mz

n
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FIGURE 1: Fractal interpolation vector-function g*.

Thus, © : LIZVI [a,b] — LQ/I [a, b] is a contractive operator and
g” is its fixed point.

Instead of minimizing ||g — g”*[l, we minimize ||g — ®gll,
that makes the problem of optimization much easier. The
collage theorem provides validity of such approach [8].

Theorem 3. Let (X, d) be complete metric space and T : X —
X is contractive mapping with contraction coefficient ¢ € [0, 1)
and fixed point x*. Then

L AT (x)

d (x,x") —

(13)
forall x € X.

Considering (4) and (6), rewrite (7)

N
(0g) (1) = Y (u, () + D, (gow, ) = v, () xpr,_.1 ),

n=1
(14)
where
u (t) _ (Xn B xn—l) t+ (tnxn—l B tn—lxn)
" tn - tn—l '
v (t) = (Xn —Xo) t + (t,X) — 1,1 Xy) (15)
! tn - tnfl ’
b-a)t ta—t _.b
wn(t)=( a) +(na n—1 )
tn - tn—l
Thus, we minimize the functional
2
lg - ®gl;
(16)

N t, )
Y[ 50 -u,0-D, 60w, 0 -y, O)f &

n=1 "tn-1

Lemma 4. Let f,h € LY'[a,b] be square integrated vector-

b
functions. Suppose that matrix L hh'dt is nondegenerated.
Matrix integration is implied to be componentwise. Then, the
functional

b
¥ RMM R, \p(X):J If-Xhdt (17)

reaches its minimum in X = f: fh'ds (Lb hh'dn~'.

Proof. To prove it, we use matrix differential calculus [9].
Consider

b
d¥ (X, U) = d(J (f—Xh)T(f—Xh)dt>U
b
=d (J (£7f - h"X"f - f'Xh + h"X"Xh) dt) U
b
~ | (-0"U"E - £7UR + hTUTXh + BTXTUR)

b
=2 [ (-h"UTE 4 1UTXR) e

a
(18)
Necessary condition of existence of functional ¥ extremum
is d¥(X, U) = 0 for all U € R™M Since there is U-linearity
of functional d¥(X, U), it is sufficient to prove d¥(X,U) = 0
only for matrices U that consist of M — 1 zeros and one unity.

2 . . .
Therefore, we have M~ expressions for finding coefficients of
matrix X. In matrix form these expressions are as follows:

b b
j thdt=J Xhh!dt, (19)
from which

b b -1
x:J thdt<J htht> . (20)

a a
Hence,
b b
¥ (X,U) = zj h"UTUhdt = 2J [Uh*dt >0, (21)
a a

and then functional ¥ is convex one. Thus, the value X is
absolute minimum of . O

From Lemma 4, it follows that functional (16) reaches
minimum when

Dn = J;n (g (t) -u, (t)) (g °ow, (t) ~Vu (t))T dt

n—1

t, -1
. (J (gow,®) -v,®) (gow, ) -V, (t))T dt) .
(22)
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FIGURE 2: Vector-function g(t) = (2, £%) and fractal interpolation
vector-function g* completely identical.

Example 5. Let us approximate vector-function g(t) =
(%, %) on segment [—1, 1] by the fractal interpolation vector-
function constructed on values of g(¢) in points t, = -1, t; =
0,andt, = 1 and x, = (1,-1), x; = (0,0), and x, = (1,1)
(see Figure 2). Then,

.
1—02—2,
e, = L e _ 1
1= 75 2= 5
(23)
u, = (-t,1), u, = (t,1),
v, =(L1+2t), v, =(1,-1+2f),

w, =142,  w,=-1+2t

Calculate D;, D, according to formula (22) as follows:

1 1
i i
D, = D, = 24
! 31 z 31 24)
8 8 8 8
Apply affine transformations from (1) to vector {, 2, 1%}
1 1
0 -
t 2 t 2
1 1 1
Al 2 =] -= = o 2ol =
3 2 4 3 4
‘ 3031 ‘ 1
8 8 8 8
t 1
2 2
ot 1
= —_—— - + [—
4 2 4
£ 3% 3t 1
—_— e — + —_— e —
8 8 8§ 8
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~
o ||
—

-
o ||
—
~—
S

o

R|W N~ N~ ~—/ N /N
~
|
—
N
W

0| W |- o N‘
o
~
+

= = N

® | =

+ NS
+ N |
N | ~+ =+
+ =
=

w
W
e
+
|2

~

+

— oD|
+
| —

11
/N
~ ~
SR IE N SR N
— —
——
w 8]

(25)

Thus, ®(g) =gandg=g".

4. Discretization and Results

In this section, we approximate discrete data Z =
{(Zp Wb @ = 2o < 2, < -+ < zg = b by fractal
interpolation vector-function g* constructed on points of
interpolation X = {(ti,xi)}fio,a =ty <t <. <ty=b
N « K. Assume that X ¢ Z. We fit matrix parameters D,, to
minimize functional

K
Z |, — g (Zk)|2 . (26)
k=0

It is necessary to use results of previous section. Approxi-
mate Z by constant piecewise vector-function g : [a,b] —
RM. More precisely g(z) = wy, where (z;,w;) € Z z
is the nearest approximation neighbor of z. By substituting
integrals in (22) to discretization points sums we obtain

D

n

(>

2z, €[ty ot ]

(8 (21) — w, (=0)) (8 ° w, (21) ~ v (a1))"

> (gow,(z) - v ()

Z3€[ty1oty ]
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FIGURE 3: Approximation of vector-function g(t) = (¢(t - 2), (t - Dt +1)%) by fractal interpolation function g* with three (a) and four (b)

points of interpolation correspondingly.

(gow,(a) - va(2) |

n=1,N.
(27)

It is sufficient to apply (1) for constructing fractal interpola-
tion vector-function after we find D,

Consider several examples of approximation of discrete
data.

Example 6. Let us approximate vector-function g(¢) = (¢(t -
2),(t — 1)t + 1)%), where t € [-3,3]. Figure 3 shows the
results. Here, we have two pictures; the first one illustrates
initial vector-function and its approximation with 3 points
and the second one with 4 points, where two functions are
nearly identical.

In this case affine transformations (1) have the following
form:

t 0.5 0 0 t
Al x' | = -0.8842 0.0943 -0.1045 x!
x* -0.1038 —0.0530 0.2287 x?
0
+| 07320 |,
5.3989
t 0.5 0 0 t
A, x' | = 34602 07065 -1.5549 |[ x'
X2 -0.4554 0.1504 -0.2847 X2
0.75
+| 10.8875
8.1844
(28)

Remark 7. Vectors ¢, in matrices of affine transformations
(1) equal 0 (like in previous example). It means that fractal
interpolation vector-function can be treated as attractor of
classical affine IFS in R™.

Example 8. Next example is devoted to a circle g(t) =
(cost,sint), t € [0,2m]. Figure 4 shows the results. Here we
also have two pictures; the first one illustrates initial vector-
function and its approximation with 3 points and the second
one with 5 points.

In this case affine transformations (1) have the following
form:

t 0.5 0 0 t
Al ' | = -03180 0.0006 0.2128 x!
x? -0.0013 —0.5686 —0.0038 x?
0
+[ 09993 |,
0.5686
t 0.5 0 0 t
A, x' | = 03181 -0.0053 -0.2128 |[ x'
x? 0.0040 0.5686 0.0020 x?
3.151
+| —0.9945
-0.5770

(29)

Example 9. Spiral of Archimedes g(t) = (tcost,tsint), t €
[0, 57], where the scheme is equal to the examples above, but
here we use far more points of interpolation, as illustrated in
Figure 5.
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FIGURE 4: Approximation of vector-function g(t) = (cost,sint) by fractal interpolation function g* with three (a) and five (b) points of

interpolation correspondingly.
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FIGURE 5: Approximation of vector-function g(t) = (tcost,tsint), ¢

seventeen (b) points of interpolation correspondingly.

Example 10. Figure 6 shows approximation of vector-
function g(t) = (cos(l.5t),sin(t)), t € [0,127], by
fractal interpolation vector-function with sixteen points
of interpolation.

Example 11. 'The example illustrates approximation of graph
of Weierstrass function w(x) = Y20 (1/2)" cos(2m4"x)
(Figure 7) by fractal interpolation vector-function.

12.61

9.775
6.944
4113
1.283 |
—-1.548
—4.379
-7.21
-10.04

-12.87

-15.7

-11.52
—-8.856
-6.191
-3.526
-0.8612
1.804
4.469
7.134
9.798
12.46
15

(b)

€ [0,57], by fractal interpolation function g* with twelve (a) and

This example is taken from [10], where fractal approxima-
tion is used for approximate calculation of box dimension of
fractal curves.

5. Conclusion

In this paper, we have introduced new effective method of
approximation of continuous vector-functions and vector
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FIGURE 6: Approximation of vector-function g(t) = (cos(1.5t),

sin(f)) by fractal interpolation function g*.
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FIGURE 7: Weierstrass function (blue one) and approximating
vector-function (red one).

sequences by fractal interpolation vector-functions, which
are affine transformations with matrix parameters. Parameter
fitting was a crucial part of approximation process. We have
found appropriate parameter values of fractal interpolation
vector-functions and illustrate it with several examples of
different types of discrete data.

We assume that fractal approximation is highly promising
computational tool for different types of data and it can
be used in many ways, even in interdisciplinary fields,
with a quite high precision that allows us to apply fractal
approximation methods to a wide variety of curves, smooth
and nonsmooth alike.
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This paper aims to use a hybrid algorithm for finding a common element of a fixed point problem for a finite family of asymptotically
nonexpansive mappings and the set solutions of mixed equilibrium problem in uniformly smooth and uniformly convex Banach
space. Then, we prove some strong convergence theorems of the proposed hybrid algorithm to a common element of the above two

sets under some suitable conditions.

1. Introduction

Let E be a Banach space with norm | - ||. Let C be a nonempty
closed convex subset of E and E* denoted the dual space of E.
Let B: C — E” be a nonlinear mapping and & a bifunction
from C x C to R, where R denotes the set of numbers. The
generalized equilibrium problem is to find x € C such that

F (x,y)+ (Bx,y—x) =20, VyeC. (1)

The set of solution of (1) is denoted by GEP(¥#, B), that is,

GEP(#,B) :={x € C, % (x,y)

2)
+(Bx,y—x) >0,Vy € C}.

In this paper, we are interested in solving the generalized
equilibrium problem with those # given by

X (%y)=F(xy)+Z(xy), (3)
where &, ¢ : C x C — R are two bifunctions satisfying the
following special properties ( f,)-(f,), (91)-(g5) and (H):

(f1) F(x,x) =0, forall x € C;
(f,) & is maximal monotone;

(f3) forall x, y, z € C, we have lim sup, _, +(F(tz +
(1-1)x,y)) < F(x, p);

(fy) forall x € C, the function y — F(x, y) is convex
and weakly lower semicontinuous;

(g9,) €(x,x) =0, forall x € C;

(g,) € is monotone and maximal monotone, and
weakly upper semicontinuous in the first variable;

(g3) € is convex in the second variable;

(H) for fixed A > 0 and x € C, there exist a bounded
set K ¢ C and a € K such that

-F(a,2) + Z(z,a) + 1 {a-z,z—x) <0,
A (4)
Vz e C\K.

This is the well-know generalized mixed equilibrium prob-
lem, that is, to find an x in C such that

F(xy)+%(x,y)+(Bx,y—-x) >0, VyeC. (5
The solution set of (5) is denoted by GMEP(F, &, B), that is,
GMEP (#,%,B) = {x € C,F (x,y) + & (x, y)
+(Bx,y —x) > 0,Vy € C}.

If B = 0, problem (5) reduces into mixed equilibrium problem
for # and &, denoted by MEP(#, €), whichisto find x € C
such that (3).
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If € = 0 and B = 0, reduces into equilibrium problem for

F, denoted by EP(F), which is to find x € C such that
F(x,y)20, VyeC. (7)

Mixed equilibrium problems are suitable and common for-
mat for investigation of various applied problems arising in
economics, mathematical physics, transportation, commu-
nication systems, engineering, and other fields. Moreover,
equilibrium problems are closely related with other general
problems in nonlinear analysis, such as fixed points, game
theory, variational inequality, and optimization problems.
Recently, many authors studied a great number of iterative
methods for solving a common element of the set of fixed
points for a nonexpansive mapping and the set of solutions
to a mixed equilibrium problem in the setting of Hilbert
space and uniformly smooth and uniformly convex Banach
space, respectively (please see, e.g., [1-11] and the references
therein).

Let E be a real Banach space with norm | - |, let C
be a nonempty closed convex subset of E, and let J be the
normalized duality mapping from E into E* given by

Jx={x" € E": (o) = Il %7 el = <7

Vx € E,

where E* denotes the dual space of E and (, ) the generalized
duality pairing between E and E*. It is easily known that if
E* is uniformly convex, then J is uniformly continuous on
bounded subsets of E.

Consider the functional defined by

6(xy) = x> =2 (5 Jy) + |y, VryeE (9

It is obvious from the definition of ¢ that

(Il = y])* < ¢ (. 9) < (U=l + |y])*, ¥x,y € E. (10)

On the other hand, in a Hilbert space H, (9) reduced to
o, y) = lx- yllz. Following Alber [12], the generalized
projection Il : E — C is defined by

e (x) = }lgg ¢ (y,x), a1)

where is a map that assigns to an arbitrary point x € E the
minimum point of the functional ¢(x, y).

In 2011, Kim [13] considered the following shrinking pro-
jection methods to obtain a convergence theorem, and these
methods were introduced in [14] for quasi-¢-nonexpansive
mappings in a uniformly convex and uniformly smooth
Banach space.

Theorem 1 (see [13]). Let E be a uniformly smooth and strictly
convex Banach space which has the Kadec-Klee property and
C a nonempty closed convex subset of E. Let f be a bifunction
from C x C to R satisfying (f;)-(f,) and T : C — C a closed
and asymptotically quasi-@-nonexpansive mapping. Assume
that T is asymptotically regular on C and f = F,.(T) () EF(f)
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is nonempty and bounded. Let {x,} be a sequence generated in
the following manner:

Vx, €E, C,=C, x;= on,
G

Yn = I_l (ocnjxn + (1 - (xn) ]Tnxn) >

1
u,, € such that f (u,,x)+ — {x — i, Ju, — Jy,) = 0,
rn
(12)
Vx € C,

Con = {2 €Cy: ¢ (2u,) < $(2,x,) + (K, = 1) M},

Xp+1 = HXO’
C

n+1

where M,, = sup{¢(z,x,,) : z € } foreachn > 1, {a,} is a real
sequence in [0, 1] such that liminf, | o, (1 — «,) > 0, and
{r,} is a real sequence in [a, 00), where a is some positive real
number and ] is the duality mapping on E. Then the sequence
{x,} converges strongly to [] x,, where [], is the generalized
projection from E onto F.

Motivated and inspired by the researches going on in this
direction (i.e., [4-11, 13-16]), the purpose of this paper is to
use the following hybrid algorithm for finding a common
element of the set of solutions to a mixed equilibrium
problem and the set of the set of common fixed points for
a finite family of asymptotically nonexpansive mappings in a
uniformly smooth and uniformly convex Banach space.

Algorithm 2. Let

u, € C such that
F (y) + G ( y)
1
S_<y_un>]un_]xn>’ VyGC,
Tn (13)
Yn = :ann + (1 - ﬁn) Tnun’

Xn+1 = Ky ('xn) + (1 - (xn) Inyn’

Vn > 1.

Consequently, under suitable conditions, we show that
iterative algorithms converge strongly to a solution of some
optimization problem. Note that our methods do not use any
projection.

2. Preliminaries

Let T : C — C be a mapping. Denote by F, (T) the set
of fixed points of T, that is, F,(T) = {x € C : Tx = x}.
Throughout this paper, we always assume that F, (T) # 0.
Now we need the following known definitions.
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Definition 3. A mapping T : C — C is said to be
(1) nonexpansive, if [Tx-Ty|| < |x—y|, forall x, y € C;

(2) asymptotically nonexpansive, if there exists a
sequence {A,} ¢ [1,00) with lim,,_, A, = 1 such

that |[T"x — T"y|l < A,llx — yl, forall x, y € C and
n € N;

(3) quasi-nonexpansive, [|[Tx — p|| < |[x— pl|, forallx € C
and p € F, (T);

(4) asymptotically quasi-nonexpansive, if there exists a
sequence {u,} C [1,00) withlim, _, . u, = 1 such that
IT"x = pll < pyllx — pll, forall x, y € C, p € F.(T)
andn € N.

There are many concepts which generalize a notion of
nonexpansive mapping. In 2004, Shahzad [17] introduced the
following concepts about I-nonexpansivity of a mapping T

Definition 4. Let T : C — CandI : C — C be two
mappings of a nonempty subset C, a real normal linear space
E. Then T is said to be

(i) I-nonexpansive, if [Tx — Ty| <
y€C;

IlIx — Iyl|, for all x,

(ii) asymptotically I-nonexpansive, if there exists a
sequence {A,} < [1,00) with lim,, , A, = 1 such

that |[T"x — T"y|| < A, II"x - I"y|, forall x, y € C
andn > 1;

(iii) asymptotically quasi-I-nonexpansive, if there exists a
sequence {y,} < [1,00) with lim, , u, = 1 such
that IIT”x -pl < w,ll"x - pl, for all x, y € C,

F. (T)(F,(I)andn > 1.

Lemma 5 (see [4]). Assume thaty : K — R is convex, x, €
coregC, y(x,) <0, andy(y) =0, forall y € C. Then y(y) >
0, forall y € K.

Lemma 6 (see [18]). Let C be a nonempty closed convex subset
of a smooth, strictly convex, and reflexive Banach space E, and
let T be a relatively nonexpansive mapping from C into itself.
Then F;,(T) is closed and convex.

Lemma 7 (see [19]). Let {a,}, {b,} and {0,} be sequences of
nonnegative real sequences satisfying the following conditions:
foralln>1

M a,<a,+b,

(2)a,<(1+0,a,+b,
where Y2

b, < 00. Thenlim a, exists.

(o]
o,<ocoandy,’, "o

Lemma 8 (see [20]). Let E be a uniformly convex Banach
space. Then, for each r > 0, there exists a strictly increasing,
continuous, and convex function h : [0,2r] — R such that
h(0) = 0 and

Jex+ (1 =) y|* < el + (1= ) | ]

~ta-0h(lx =),
forVx, y € B, t € [0,1], where B, = {z € E : ||z|| < r}.

Lemma9 (see [21]). Let E be a uniformly convex Banach space
and let b, ¢ be two constants with 0 < b < ¢ < 1. Suppose that
{t,} is a sequence in [b, c] and {x,}, {y,} are two sequence in E
such that

hm ||t x,+(1- yn“ =
(15)
limsup |x,| <d,  limsup|y,| <d
holds some d > 0. Then lim | x,, — v, = 0.
Definition 10 (see [22]). The mappings T, I : C — C are

said to be satisfying condition (A) if there is a nondecreasing

function f : [0,00) — [0, 00) with f(0) = 0, f(r) > 0 for each

r € [0, 00) such that (1/2)(||x — Tx|| + ||x — Ix])) > f(d(x, Q)

for all x € C, where d(x,Q) =inf{|lx —p|l : p € Q=
F, (T) () F (D}

Lemma 11 (see [23]). Let E be a uniformly convex Banach
space satisfying the Opial’s condition, C a nonempty closed
subset of E, and T : C — C an asymptotically nonexpansive
mapping. If the sequence {x,} < C is a weakly convergent
sequence with the weak limit p and if lim,, _, llx,, —Tx,| = 0,
then Tp = p.

3. Main Results

Theorem 12. Let E be a smooth, strictly convex, and reflexive
Banach space, and let C be a nonempty closed convex subset of
E Let #, & : CxC — R be two bifunctions which satisfy
the conditions (f,)-(f4), (9,)-(g3), and (H). Then for every

x* € E, there exists a unique point z € C such that
1 *
0<F(z,y)+%(z,y)+-(y-2zJz-]x"), VyeC.
r
(16)
The proof goes over the following three steps.
Proof.
Step 1. There exists point z € C such that
1 *
F(1,2)<E%(z,y)+—-(y-z]Jz-Jx"), VyeC. (17)
r
Consider the closed sets
T,(5)={z€CIF (9= ¢ (2y)
(18)

1 .
+;(y—z,]z—]x ),yeC}.

We will show that (], T,(y) # 0. Let y;,i € N, be a finite
subset of C. Let I ¢ N be nonempty. Let for all £ € conv{y; |
i € N}. Then

’q':Zyiyi with 4; >0 (i el), Z’"i: 1. (19)

i€l i€l

Assume, for contradiction, that

~F () +E &) + 5 (- VieN,

(20)

§J5-Jx") <0,



By the convexity of # and & and the monotonicity of #, we
obtain that

0=FEH+TEH+ (E-LIE-/x")

< Zl/‘i*c} &)+ Z#z‘? (&)
iel iel
+ %Z[’li (i =& JE-Jx")
i€l
< _Z‘“ig (&) + Zﬂi? (&) 1)
el iel
+ %Z[’li (i =& JE-Jx")
iel

Yy [ - F (9,6) + 9 (& 5,)

i€l
1 *
i EJE- I <0,

and that is absurd. Hence (20) cannot be true. and we have
F(¥,8) < GE& )+ /r)(y;=& JE-]x") for somei € . Thus
§ €,ecT,(y;) for somei € N. Since for all § € conv{y, | i €
N1}, it follows that

conv{y, |i e N} c{T,(y;) |i€ N}. (22)

By the sets T,(y;) being closed, it follows form the standard
version of the KKM-Theorem that

(T, () # 0. (23)

ieN

In other words, any finite subfamily of the family T,(y) ¢

has nonempty intersection. Since these sets are closed subsets
of the compact set C, it follows that the entire family has
nonempty intersection. Hence

(7T, (y) 0. (24)

yeC

Step 2. For every x* € E*, the following statement are

equivalent:

(i)z € C,F(y,2) < C(z,y)+{(y —z,]Jz - ]Jx*), for all
y €C,

(i) z€ C,0< F(z,9) + G(z,y) + (y —z,Jz — ]x"), for
all y e C.

Case 1. Let (ii) hold; since & is monotone, one has

F(2.y) <=F (1,2). (25)
Hence (i) follows.
Case 2. Let (i) hold, for t with 0 <t < 1 and y € C, and let

x,=ty+(1-t)z. (26)
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Then x, € C, and from (i), F(x,,2) < &(z,x,) + {x, — 2, Jz -
Jx*). By the properties of & and @, it follows then, for all
0<t<1,

0=F (xp %) + G (xx,) + (x, = x, Jz = Jx7)

StF (xpy) + (1-1) F (x4,2)
(27)
+1% (xpy) + (1= 1) @ (x,,2)

<F(xpy)+ G (xpy).

Lett — Oandtherebyx, — zand usingthe hemicontinuity
of # we obtain in the limit

0<F(2,9)+%(z,y)+{(y-2z]Jz-Jx"). (28)

Step 3. Take y(-) = F(z,) + E(z,-) + (- — z,Jz — Jx"). Then
the function y(-) is convex and y(y) = 0, forall y € C. If
z € coregC, then set x, = z.If z € C\ coregC, then set
X, = a, where a is as in assumption H for x = z. In both
cases x, € corexC, and y(x,) < 0. Hence it follows from the
Lemma 5 that

y(y)20 VyeC,
thatis,  (z,y) + G (z, )+ {(y -z, Jz - Jx") 20, (29)
Vy e K.
O

Corollary 13. Let E be a smooth, strictly convex, and reflexive
Banach space, and let C be a nonempty closed convex subset
of E. Let #, & : Cx C — R be two bifunctions which
satisfy the following conditions: (f1)-(f4), (g1)-(g3), and (H)
in Theorem 12. There for every x* € E and r > 0, there exists a
unique point z, € C such that

1 *
0< g(zwy) + g(zr’y) + - <y_zr>]zr -Jx >’
r (30)
Vy eC.
Proof. Let x € E and r > 0 be given. Note that functions r#
and r& also satisfy the conditions (f,)-(f,) and (g,)-(g5)-

Therefore, for Jx* € E*, there exists a unique point z, € C
such that

rF (2, 9) + 19 (2, ) + (¥~ 2,, )z, - Jx") 20,
Yy eC.

(31)

This completes the proof. O

Under the same assumptions in Corollary 13, for every r >
0, we may define a single-valued mapping S, : E — C as
follows:

s W={zeClosF(zy)+%(2y)
(32)
+% (y—z,]z—]x),VyEC},

for x € E, which is called the resolvent of % and & for r.
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Theorem 14. Let E be a smooth, strictly convex, and reflexive
Banach space, and let C be a nonempty closed convex subset
of E.Let , G : Cx C — R be two bifunctions which satisfy
conditions (f1)-(f4), (91)-(gs), and (H). Forr > 0 and x € E,
define a mapping S, in (32). Then, the following hold:

(a) S, is single-valued;

(b) S, is a firmly nonexpansive mapping, that is,

<er_sry’]srx_jsry> < <er_8ry’]x_]y>’
Vx,y € E;

(33)

(c) Fi(S,) = MEP(#, @);
(d) MEP(#, ©) is closed and convex;
(e) ¢(p, S, x) + (S, x, x) < $(p, x).

Proof. We divide the proof into several steps.

Step 1 (S, is single-valued). Indeed, for x € C and r > 0, let
z;,2, € S,x. Then

1
F(z1,2y) +Z (21,2,) + - (z, -z, ]z, - Jx) > 0,

) (34)
F(zy,2)) + & (250 2;) + - (z) =25, ]z, — Jx) > 0.

Adding the two inequalities, we obtain

F(21,2,) + F (22,2) + ©(21,2,) + G (25, 21)

| (35)
+ ;(z1 -2,,]z, = Jz,) 2 0.
From (f,), (g,), and r > 0, we obtain
1
- (z) = 25, ]z, — Jz,) 2 0. (36)
Since E is strictly convex, we obtain
Zy = 2. (37)

Step 2 (S, is a firmly nonexpansive mapping). For x, y € C,
we obtain

F (8,x,8,y) + € (S,x,S,y) + ! (S,y = S,x,JS,x - Jx) >0,
r
1
F (Sry’ er) +9 (Sry’ er) + _<er - Sry’ ]Sry - ])’> = 0.
r
(38)
Adding the two inequalities, we obtain

F(8,%.8,y) + F (8,2,8,x) + T (8,%,8,y) + T (5,9, 5,x)

+ % (S,y = S,x,JS,x - ]S,y — Jx+ Jy) = 0.
(39)

From (f,), (g,), and r > 0, we obtain
(S,y - 8,x,JS,x—JS,y — Jx + Jy) = 0. (40)

Therefore, we have

<er_sry’]Sr'x_]sry>S<er_sry’jx_]y>' (41)

Step 3 (F,.(S,) =
following equation:

MEP(#,¥%)). Indeed, we obtain the

ueF,(S,)=u=Su

= F(u,y)+%uy)
+l(y—u,]u—]u)20, VyeC, (42)
;

= Fwy)+%uwy), VYyeC,

< ueMEP(#,9).

Step 4 (MEP(#, &) is closed and convex). From (c), we have
MEP(#, &) = F,.(S,), and from (b), we obtain

<er_Sry’]er_]Sry> < <er—S,y,]X—]y>,
x,y€C.

(43)

Moreover, we obtain
¢ (S, 8.y) + ¢ (S, 5,%)
=2|IS, x| — 2(S,%, IS, )
—2(8,9,JS,%) + 2|8,y
= 2(S,x,S,x — JS, y)
+2(S, 9,5,y -JS,x)
=2Sx =S, 3.5x-JS,y),
$(S$%. )+ (S0 %) = (S,0.%) = (S, ¥)  (44)
= lIs,xl* =2 (s, Jy) + I’
Sy =2 (S, Tx) + Ixl?
sl 4 25,0000 P
8.7+ 28,2, 1) — Il
=2(S,x, Jx = Jy) +2(S,y,Jy - Jx)
=2(S, x-S,y Jx—Jy).
Hence, we obtain
¢ (S,%.8,y) + (S, 5,x)
(45)
<P(Sx.p) + (S, 3:%) = ¢ (S,x.x) = ¢ (S,3, 7).



So we get
¢ (S,%.8,y) +6(S,9.8,x)
<G (S,%9) + (S, x).
Taking y = u € F,.(S,), we obtain
¢ (4, 8,x) < ¢ (u,x). (47)

Next, we show that F,_(S,) = MEP(%, ©). Let p € F, (S,).
Then, there exists the sequence of {z, € E} such thatz, — p
and lim, _, (2, — S,z,) = 0. Moreover, we obtain S,z,, — p.
Hence we have p € C. Since ] is uniformly continuous on
bounded sets, we obtain

(46)

Aim 7z, = 1S, 2] = 0. (48)
Form the definition of S,, we obtain

F (S ) + G (S,2 )

. (49)
+ - <y -$8,2,,1S,2, - ]zn> 2 0.
’
Since the monotone of the %, we have
1
g (Srzw y) + - <y - Srzn’ ]Srzn - ]Zn>
r (50)

> -F (Srzn’ y) = 97()’, Srzn) .

According to (48) and z, — p and form (f;) and (g,), we
obtain
F(y,p)<%(py), VyeC. (51)

FortwithO0 <t <land y € H,letx, =ty + (1 —t)p; then by
the convexity of # and & we have

0=F (xpx,) + % (xx,)
<tF (x,y)+ (1-t) F (x,, p)
+1% (x, ) + (1 - 1) G (x,,0)
<tF (x,y) +t8 (x, y) .

Passing t — 0 and by (f;) and (g,), we have 0 <
F(p,y) + E(p, y) for all y € H. Therefore, p € MEP(F, &).
So, we get F,(S,) = MEP(%,%) = F,.(S,). Therefore, we
have that S, is a relatively nonexpansive mapping. From
Lemma 6, then F,,(S,) = MEP(&, &) is closed and convex.

Step 5 (p(p, S,x) + ¢(S,x,x) < ¢(p,x)). From (b) and (45),

for each x, y € E, we obtain
¢ (5,%.8,y) + (S, 5,x)
(53)

= ¢(er’y) +¢(Sry’x) - ¢(er’x) - (/5(8,}’))/)
Letting y = p € F,.(S,), we obtain

¢ (p,S,x) +¢(S,x,x) <p(p,x). (54)

Abstract and Applied Analysis

If €(x,y) = w(x) — y(y) and form Theorems 12 and 14,
we obtain the following corollary.

Corollary15 (see [24]). Let E be a smooth, strictly convex, and
reflexive Banach space, and C be a nonempty closed convex
subset of E. Let # : C x C — R be a bifunctions which
satisfy conditions (f;)-(f,). Let v : C — R be a lower semi-
continuous and convex function. For r > 0 and x € E. Then,
the following hold:

(i) 0 < F(z,y) +y(y) —y(z) + U/r){y — z,Jz — Jx*),
forall y € C.

(ii) If we define a mapping S, : E — C as follows:

Sr(x):{xeCISOSF(z,y)+1//(y)

. (55)
-y (2) + - (y-z,Jz-]x),y € C},
and the mapping S, has the following properties:
(a) S, is single-valued;
(b) S, is a firmly nonexpansive mapping, that is,
<S,Z—Sry,]SrZ—JS,y>S<SrZ—Sr)/,]Z—]y>, (56)

Vz,y € E;

(c) F..(S,) = MEP(F, y);
(d) MEP(F, y) is closed and convex;
(e) ¢(p,S,2) + §(S,2,2) < P(p, 2).

4. Strong Convergence Theorems

In this section, we introduce a new iterative scheme for
finding a common element of the set of solutions of the
mixed equilibrium problems and the set of fixed points for
I-asymptotically nonexpansive mapping in Banach spaces.

Theorem 16. Let E be uniformly smooth and uniformly convex
Banach space, and let C be a nonempty closed convex subset
of E. Let #, & : Cx C — R be two bifunctions which
satisfy the conditions (f,)-(f,), (9,)-(gs), and (H), and let
T be I-asymptotically nonexpansive self-mapping of C with
sequences {s,} C [0,00} such that Y /'s, < oo, and
let I be asymptotically nonexpansive self-mapping of C with
sequences {t,} C [0,00) such that Y2, t, < 0o, and Q =
F, () F.(T) (\MEP(F, &) # 0. For an initial point x,, € C,
generate a sequence {x,} by

u, €C

such that F (u,, y) + € (u,, y) < L (y —u,, Ju, - Jx,),
r

Vy eC,
Yn = ﬂnxn + (l - ﬁn) Tn”n’

Xp+1 = &y (xn) + (1 - (Xn) In)/,,, Vn>1,

(57)
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where {a,} is a sequence in [0, 1], {8,} < [a,b] for some a, b €
(0,1) and {r,} c [d,+00) for d > 0. If the following conditions
are satisfied:

(i) Yoo &, < 005
(i) Y20 B < 00;

(iii) lim inf > 0,

n— 00 }’l

then the sequence {x,} generated by (57) converges strongly to
a fixed point in Q if and only if

liminfd (x,, Q) = 0. (58)

n— 00
Proof. We divide the proof into several steps.

Step 1(The sequence {x,} isbounded). Letu,, = T, x,.Since T
is a I-asymptotically nonexpansive mapping, it follows from
and Theorem 14 that Q := F, (T)(F,,(I)(1MEP(%, ®) is
nonempty closed convex subset E and for each p € Q.

%1 = 2l
= [, () + (1 =) Iy, = p
= a, |x, = pll + (1= ) |1y, - p
< a, x, = pll + (1 - o) (1 +2,) [y, - pll-

(59)

Again from (57), we obtain that

||yn - P” = "ﬁn'xn + (1 - ﬁn) Tnun - P”
< /311 "xn - P” * (1 - ﬁn) "Tnun - P"
< ﬁn "xn_p” +(1 _ﬁn)
x (L+s,) [, - p
< Bullx = pl + (1= B,) (60)
x(1+s,) (1+t,)|Tx, - pf
< ﬂn "xn_p” +(1 _ﬁn)
x(1+s,) (1+1,) [x, - p|
= [1 + (1 - ﬁn) (Sn +1,+ Sntn)] ”xn - p“ .
From (59) and (60), we obtain
%1 = £l
< a, |x, - pl + (1 -a,) (148,

X [14 (1= B,) (s, + £+ st)] [, = p

)
)
(61)
)
)

n

< oy, = plf + (1= ) (141,

X [14 (1= B,) (s, + t + st,)] [, = p
< (1+p) % - 2l

where
Pn = (1 -

+(1-

(xn) (1 - ﬁn) (Sn tt,+ sntn)
a,)t, +(1-a,) (1-5,) (62)
Xt, (s, +t,+s,t,).

Moreover since {a,} < [0,1], {8,} < [a,b] for some a,
b e (0,1),Y7°s, < oo,and Y2, t, < 00, it follow that
Yo pn < 00. Form (60) and, by Lemma 7, we obtain that
the limit of {|x,, — pll} exists for each p € Q. This implies
that {||x,, — pll} is bounded and so are {x,}, {y,}, {u,}, {I"v,.},
and {T"u,}; on the other hand, we obtain that d(x,,,;, Q) <
(1 + p,)d(x,,Q). Then by Lemma 7, lim d(x,, Q) exists

n— 00

and, by assumption liminf, _, . d(x,, Q) = 0, we obtain
Jim d (x,,, Q) = 0. (63)
Step 2 (lim,, _, ., llx,—x,,,, Il = 0). Taking lim sup on both sides
in the above inequality,
Jdim Iy, = pll = (64)

Since I" is asymptotically nonexpansive self-mappings of C,
we can get that |y, — pll < (1+¢,)]ly, — pll, which on taking
limsup,,_, ., and using (64), we obtain

lim sup 1"y, - p| < d. (65)
Further,
lim |x,,, - pf <d. (66)
That means that
iy o, () + (1= ), = pl <
(67)

lim o, |(x,) - p|| +

n—00

(1-a) "y, - pl < d.

It follows from Lemma 9 that

nILI%O "Inyn - xn" =0. (68)
Moveover,
I = xall = (1 = ) (179, = x,)]
) (69)
= (1 - “n) “I Yo~ xn" :
Thus, from (68), we have
Jim fx,,; - x,[ =0. (70)
Step 3 (lim,,_, lx, — T"u,| = 0). Use (57) again, and

Lemma 8 that for r = sup,, {llx,|l, e, I, IT"w,|l}, there exists
a strictly increasing, continuous and convex function h :
[1,2] — R that h(0) = 0 and
2
1 = £
o) |"y, ~ pl’
& (1 - an) h ("xn - Inyn"z)
< “n”xn - P"2 + (1 - (xn) (1 + tn) ||yn - p”2

("xn - Inynllz)

< “n”xn - P"2 + (1 -

—a,(1-a,)h



< o, = pl* + (1-a,) (1+1,)
x (Bl = pI + (1= B) | T"w,, — pl°
B (1= B h(Jlx, = T"w|))
(Il = ")
< %, = pl” + (1-a,) (1+2,)
X (Balla = pI* + (1= B) (1 +5,) [, — 2
B, (1= B (lxs ~ T'w,))
(he, = ")
<a,flx, - p* + (1-a,)
(1+,) (Bl - I
+(1-B,) (1 +s,) %, - p|’
B (L=B)h (s = T"w]*))
(Il = ')
<(+p) %, - ol - (1-a,)
X (1+t,) B, (1= B,) 1 (|,
h(|lx, - ')

—a,(1-a,)h

2

—a,(1-a,)h

—a,(1-a,)h

-T'w,[)
—a, (1 -a)
(71)
where
=(1-a,)(1-8,)
X(spttytsgt,) +(1-a)t, +(1-a,)  (72)
X (1= Ba)ty (sy 1, +5,,).

From the discuss of the Step 1, we can easily know that
Yo pa < 00.On the other hand, by (71) and the bounded
sequence of {x, }, we obtain that

(1 - ‘xn) (1 + tn) ﬂn (1 - ﬂn) h ("xn - Tnun”)
< ¢(xn’ p) - ¢(xn+1>p) + Pn¢ (xn’ P) .

From lim,, _, . h(|lx,, — T"u,,|l) = 0, (73) and the property of h,
we have
Jimlx, = T, | = (74)

The same as the proof of (74), we can easily obtain that
Jimx, = 1"y, = 0. (75)
From (57), we obtain that

"yn - xn" <(1-5,) "xn - Tnun” : (76)
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It follows that

lim x, - y,[ = 77)

n— 00

Step 4 (lim, ,llx, — u,l = 0). Let p € Q =

F. (D[ F,(T)[\MEP(%, &). Then, from (59) and (60), it
follows that
"un+1 P” n+1 Xn+1 P"
< [Ixper = 2l

< oy, + (1= ) Iy, = B
< fx, = p + (1-a,)

x (L+1,) [y, - pl
<o fx, = pl+ (1 -a,) (1+1,)

< [Buflx = pll + (1= B,)

x (1+s,) (1+1,) Ju, = pl]

a,) (1+1,) B,]

* [x, = pll + (1 =) (1 - B,)

x (1+5,) (1+,)" u, - p
< M, |lx, = pl| + (1 + M) |lu, - p»

(78)

< [a, +(1-

where
M, =«a, + (1 - an) (1 + tn) ﬁn’
M2 = [tn (2 + tn) (1 + Sn) + Sn] ((Xnﬁn &y~ /371)
+(t,(2+t,)(1+s,) +s,)
+ (‘xn/jn &y = ﬁn) :

Moreover since {«,} < [0, 1] {B,} ¢ la,b] for somea, b €
(0,1), 2, s, < coand Zn 1 t, < 00, we can easily claim that
Yoo M, < coand Y2 M, < co. By Lemma 7, we obtain

(79)

that limn ool =l exists and from Theorem 14(b) and (78),
we have
"xn - un” 6 "xn —P” -7 Xn —P"
=[x, = pll = lu, - Pl

< M, %,y = p| + (1 + M,)

(80)
gy = pll =l =
<M, ”xn—l - P" + M, "”n—l - P”
+ ety = pll =l = 2l

Thus, since {u,} converges, Yoo/ M, < coand Yo, M, < 00
and {x,,} is bounded, it follows form Lemma 7 that

nlil%o ”xn - un” =0. (81)
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Step 5 (lim,, _, o llu, —
inequality, we have

T"u,ll = 0). By using the triangle

IT"w, — w,|| < |T"u, — x,|| + |x, — ]| - (82)
Thus, from (74) and (81), we obtain that
nli_,rrolo "un - Tnun“ =0. (83)
Step 6 (lim,, _, llx,, = T"x,|l = lim,,_, o Ix,, — I"x,|| = 0). By
using the triangle inequality again, we obtain
[, = T"x,|| < |0 = T"w|| + | T"x, = T |
. (84)
< xn = T || + (1 +5,) ||, — 14| -
From (74) and (81), we have
Jimlx, = T"x, | = 0. (85)
From (57), we have

"xn - Inxn” = "xn - Inyn“ + ”Inxn - Inyn"

< fn = Iyl + (U4 £) [l = 32

(86)
<|xu ="y + (1 +12,)

x(1-a,)|x, = I"y,| -
From {a,}  [0,1], Y72, £, < 00, and (68), we obtain

lim ||xn - I"xn" =0. (87)

Step 7 (x* € Q = F,.(I) [ F,.(T) [MEP(Z, )). Since {u,}
is bounded, there exists a subsequence {unk} of {u,} such that
{u, } converges weakly to x* € C when x* = J~'p* for some
p” € J(C). From (61), we have that {x,, } converges weakly to
x" € Cand, by (77), we also have that {y,, } converges weakly

to x* € C. Also, by (85), (87), and Lemma 11, we obtain that
x* € F (I)(\F. (D).

Next, we show that x* € MEP(&F, &); that is, Jx* =
p € J(MEP(#,%)). Since ] is uniformly norm-to-norm
continuous on bounded subset of E, it follows from (61) that

,}H%O ”]xn - ]un" =0. (88)
From the assumption r,, € [d, 00), one sees

tim =8l _

n— 00 7
n

(89)

Since {x,} is bounded and so is {Jx,}, there exists a subse-
quence {]xnk} of {Jx,} such that {Jx, — p*}. Since {u,} is
bounded, by (89), we also obtain {Ju, — p*}. Noticing that
u, = T, x,, we obtain

1
g(un’y)gCg(y’un)+r_<y_un’]un_]xn>’ yEC,

Tn

Ju, —Jx,
9(unk,y)S?(y,unk)+<y—unk,u>,

yeC.
(90)

According to (89), we obtain limy._, . (Il/x,, —Ju, lI/r, ) = 0.
Then, by the conditions of (f,) and (h,), we obtain

1

Ly = 0=l = (3 = i, = T,

> -F (1, 9) + G () O

> F (yru,) + Z (you).
Since (1/r,)IJx,, — Ju,ll — 0 and {Ju,, — p*}, we obtain
F(p)+Z(yp7) <0 (92)

Fortwith0 <t < landy € E,lety, =ty+ (1—t)p", we
obtain

F(ep )+ G (yup’) 0. (93)
So, from the conditions of (f;), (f3), (h,), and (h;), we have

0= g(ypyt)"' ?(yt’yt)
<tF (Y )+ (1= F (3, p*)

i (94)
+t8 (¥, y)+ (1 -0 E (y,p")
<F(Wpy)+%(ny).
Consequently
F(py)+%(yny) 20 (95)

by (f,) and (h,), ast — 0, and we obtain p* € MEP(F, ¥).

Step 8 (The sequence of {x,} converges strongly to a common
Q). From Step 1 and (61), for all p € Q, |x,.; — pl <
(1 + pllx, — pll for n > 1 with Y72 p, < co. This implies
that d(x,.; — Q) < (1 + p,)d(x, — Q). Then by Lemma 7,
lim, ,  d(x,,; — Q) exists. Also by Step 6, lim,, , llx, —
T"x,|l = lx, - I"x,| = 0, and by the condition (A) in
Definition 10 which guarantees that lim,, _, . f(d(x,,; —Q)) =
0. Since f is a nondecreasing function and f(0) = 0, it follows
that lim,, , . d(x,, — Q). Form (81), we obtain

"xn - xn+mu < “xn - un“ + ”xn+m - un+m“ : (96)

We know that {x,,} is Cauchy sequence in C for all numbers
m, n. This implies that {x,} converges strongly to p € Q. This
completes the proof. O

If T is an asymptotically quasi-nonexpansive self-
mapping in Theorem 16, we easily obtain the following
corollary.

Corollary 17. Let E be uniformly smooth and uniformly
convex Banach space, and let C be a nonempty closed convex
subset of E. Let #, % : Cx C — R be two bifunctions which
satisfy the conditions (f1)-(f,), (9,)-(g3), and (H), and let T
be asymptotically quasi-nonexpansive self-mapping of C with
sequences {s,} C [0, 00} such that Z;ﬁl s, < 00, and let I be
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identity self-mapping of C, and Q = F,,(T) (Y MEP(F, &) + 0.
For an initial point x,, € C, generate a sequence {x,} by

u, €C

such that

F (thyy y) + % (t4y, )

1 (97)
< (Y=t Juy—J%,), Yy €C,
Tn
Yn = ﬁnxn + (1 - ﬁn) Tnun,
Xn+1 Z(ann+(1 _(xn)yn’ Vnz1,

where {a,} is a sequence in [0, 1], {8,} < [a,b] for some a, b €
(0,1) and {r,} c [d,+00) for d > 0. If the following conditions
are satisfied:

(1) Z;“;O &y, < 00;

(i) X2 By < 005
r, >0,

(iii) liminf, |

then the sequence {x,} generated by (97) converges strongly to
a fixed point in Q if and only if liminf, | d(x,, Q) = 0.

5. Numerical Example

In this section, we introduce an example of numerical test to
illustrate the algorithms given in Corollary 17.

Example 1. Let E = R, C = [-2000,2000]. The mixed
equilibrium problem is to find x € C such that

F(x,y)+%(x,y) 20, VyeC, (98)

where we define F(x, y) = —3x* + 2xy + y* and ©(x, y) =
x* + 3xy — 4y2.

Now, we can easily know that & and & satisfy the
conditions (f1)-(f,), (g;)-(g5), and (H) as follows:

(f1) Flx,x) = “3x? + 2xx + x> = Oforall x €
[-2000, 2000];

(L) F(x )+ F(y,x) = —2(x—y)2 <Oforallx,ye
[-2000,2000];

(f3) for all x, y,z € [-2000,2000],

limsup F (x +t(z - x),y)

t—0"

= limsup — 3(x + t (z — x))*

t—0"

99
+2x+t(z—x)y+y2 (9)
= 3% +2xy+y2

<F(x,9);

(fy) for each x € [-2000,2000], O(y) = F(x,y) =
—3x% +2xy + y* is convex and weakly lower semicon-
tinuous.
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(g1) €(x,x) = x> + 3xx — 4x* = 0 for each x ¢
[~2000, 2000];
(9,) €(x, y) + E(y, x) = =3(x - y)2 <Oforallx,ye
[-2000,2000], and weakly upper semicontinuous in
first variable;
(g5) for each x € [-2000,2000], O(y) = E(x,y) =
x* + 3xy — 4y2 is convex.

Next, we find the formula of S,x. From Theorem 14, we

can claim that S, x is single-valued, forany y € C,r > 0,

9(x,y)+?(x,y)+%<x—z,y—x)

= 3ry’ +(5rx+x-2) y (100)

2 2
+xz—-2rx" —x" =20.

Let M(y) = —3ry2 +(5rx+x-2)y +xz2 — 2rx* — x*. Then
M(y) is a quadratic function of y with coefficients a = —3r,
b =5rx + x — z,and ¢ = xz — 2rx* — x*. So its discriminant
A =b* - dacis

A= (5rx+x—2z)* —4(=3r) (xz —2rx’ - xz)
(101)
=((r+1)x-2)"

According to M(y) > 0 forall y € C, form A <0, that is

(r+1)x-2z)*<0. (102)
Therefore, it follows that
z
= r+1 (103)
and so
z
S z= .
R (104)

Now, let C = [-1/m,1/n] and |k| < 1, and define a
mapping T : C — Cby

(105)

for all x € C. From the example in [25-27], we can
easily know that T' is an asymptotically quasi-nonexpansive
mapping; furthermore F, (T) = {0}.
According to Theorem 14, we obtain
. (S,) = MEP(#,9) =0,  F.(T)=0,  (106)

and so Q = 0. Therefore, all the assumptions in Corollary 17
are satisfied. we can obtain the following numerical algo-
rithms.

Algorithm 18. Letr, = 1, &, = 1/n*, and B, = 1/2n°. Tt is
claim to check that

(o] [ee)
Z(xn < 00, Zﬂn < 00,
n=0 n=0

liminfr, = 1.
n—o0

(107)
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FIGURE 1: Convergence of iterative sequence {x,,}.

For an initial value x, = 0.2 and k = 0.5, let the sequences
{u,} and {x,} generate by

1 1
T (x) = Ex sin e

1
U, = Sr (xn) = Exn’
(108)
2 (1-n)(1-2n
1+n "
Xpt1 = 21’[4 Xn 41’14 n>

Vn > 1.

Then, by the Corollary 17, the sequence {x,} converges
to a solution of Example 1. Let |x,,; — x,[l < 107° and x*
be the fixed point of the Algorithm 18. Using the software
of MATLAB, we generated a sequence {x,} convergence to
x* = x, = 0 as shown in Figure 1.

Hence the sequence x,, converges strongly to solve Exam-
plel.
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Dislocated symmetric spaces are introduced, and implications and nonimplications among various kinds of convergence axioms

are derived.

1. Introduction

A metric space is a special kind of topological space. In
a metric space, topological properties are characterized by
means of sequences. Sequences are not sufficient in topo-
logical spaces for such purposes. It is natural to try to find
classes intermediate between those of topological spaces and
those of metric spaces in which members sequences play a
predominant part in deciding their topological properties. A
galaxy of mathematicians consisting of such luminaries as
Frechet [1], Chittenden [2], Frink [3], Wilson [4], Niemytzki
[5], and Arandelovi¢ and Kecki¢ [6] have made important
contributions in this area. The basic definition needed by
most of these studies is that of a symmetric space. If X is a
nonempty set, a function : Xx X — R is called a dislocated
symmetric on X if d(x,y) = 0 implies that x = y and
d(x,y) = d(y,x) for all x, y € X. A dislocated symmetric
(simply d-symmetric) on X is called symmetric on X if
d(x,x) = 0 for all x in X. The names dislocated symmetric
space and symmetric space have expected meanings. Obvi-
ously, a symmetric space that satisfies the triangle inequality
is a metric space. Since the aim of our study is to find how
sequential properties and topological properties influence
each other, we collect various properties of sequences that
have been shown in the literature to have a bearing on the
problem under study. In what follows “d” denotes a dislocated
distance on a nonempty set X. x,,, y,, X, ¥, and so forth are

elements of X and C; for1 < i < 5and W for1 <i < 3
indicate properties of sequences in (X, d). Consider

C;:limd(x,,y,) = 0 = limd(x,,x) = limd(y,,

x) =0,
C,: limd(x,,x) = 0 = limd(y,,x) = limd(x,,
V) = 0,
Cy: limd(x,, y,) = 0 = limd(y,,z,) = limd(x,,
z,) = 0.

A space in which C, is satisfied is called coherent by
Pitcher and Chittenden [7]. Niemytzki [5] proved that a
coherent symmetric space (X, d) is metrizable, and in fact
there is a metric p on X such that (X, d) and (X, p) have
identical topologies and also that lim d(x,,, x) = 0 if and only
if lim p(x,, x) = 0.

Cho et al. [8] have introduced

Cy:limd(x,,x) = 0 = limd(x,, y) = d(x, y) for all
yinX,
Cs:limd(x,, x) = limd(x,, y) =0 = x = y.

The following properties were introduced by Wilson [4]:

W;: for each pair of distinct points a,b in X there
corresponds a positive number r = r(a, b) such that
r < inf..x d(a,c) + d(b,c),
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W,: for each a € X, for each k > 0, there corresponds
a positive number r = r(a, k) such that if b is a point
of X such thatd(a, b) > k and c is any point of X then
d(a,c) +d(c,b) >,

W;: for each positive number k there is a positive
number r = r(k) such that d(a,c) + d(c,b) > r for
all cin X and all a, b in X with d(a,b) > k.

2. Implications among the Axioms

Proposition 1. In a d-symmetric space (X,d), C; = C, =
C;,C3=>C,,andCy = Cs.

Proof. Assume that C; holds in (X, d) and let lim d(x,,, y,,) =
0 and limd(x,,, x) = 0. Put z, = x Vn so that

limd(x,,z,) = limd(x,,x) =0

@)
=limd(x,, y,) = limd(y,, x,) .
By C;, limd(y,, z,) = 0; that is, lim d(y,, x) = 0.
Hence
C,=C,. (2)

Assume that C, holds in (X, d) and let limd(x,, x) = 0 and
limd(x,, y) = 0. Put y, = y Vn; then

limd(x,, y,) = limd(x,,x) = 0. 3)

By C,, limd(y,, x) = 0; that is, lim d(y, x) = 0.
Consider lim d(x, y) = 0; this implies that x = y. Hence
C; holds. Thus

C, = C.. (4)

Assume that C; holds and let limd(x,,x) = 0 and
limd(y,,x) = 0.
Put z, = x Vn; then limd(x,,, z,) = limd(z,, y,) = 0.

By C;, limd(x,, y,) = 0. Hence
C, = C,. (5)

Assume that C, holds and let limd(x,,x) = 0 and
limd(x,, y) = 0.
By C,, limd(x,, y) = d(x, y). Hence d(x, y) = 0. Hence

x=y. O

The following proposition explains the relationship
between Wilson’s axioms [4] W;, W,, and W; and the C;s.

Proposition 2. Let (X, d) be a d-symmetric space; then
W, © Cs, (i)W, © Cy,and (iii)W; & C,.
Proof. (i) Assume W,. Suppose limd(a, x,,) = limd(b, x,,) =
Obuta # b.
Then

lim{d(a,x,)+d(b,x,)} =0 buta+b. (6)
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By

W, 3r>03Vx, d(ax)+d(bx)=>r, (7)

equations (6) and (7) are contradictory. Hence a = b. Thus
W, = C..

Suppose that W, fails. Then there exist a # b in X such
that for every n there corresponds x,, in X such thatd(a, x,,) +
db,x,) < 1/n:

= limd(a, x,) =limd(b,x,) =0 buta#b. (8)

Thus if W, fails then C; fails. That is, C; = W,. Hence W, &
Cs.

(ii) Assume W,. Then for eacha € X and each k > 0
there corresponds r > 0 such that, for all b € X with d(a, b) >
k andVx € X,d(a,x) +d(b,x) > r.

Suppose that C, fails. There exista € X, {b,}, and {¢,} in X
such thatlimd(a, b,) = limd(b,, c,) = 0 butlimd(a,c,) # 0.

Since limd(a, ¢,) #0 there exists k>0 and a subsequence
(an) such that

d(a, an) >k Vn. 9)
Since

d(a,c,)>k  d(ab,)+d(b,.c,)=r. (10

this implies that lim{d(a, b,) + d(b,,c,)} # 0, a contradiction.
Conversely assume that W, fails. Then there exist a € X

and k > 0 such that Vn > 0 3 b, € X and ¢, € X such that

d(a.b) =k butd(ac)+d(b)< . (D)
This implies that limd(a,c,) = 0 but
limd(a,b,) + 0.

Hence C, fails.

(iii) Assume W;. Suppose that C; fails. Then there exist
sequences {a,}, {b,}, and {c,} in X such that limd(a,,b,) =
limd(b,,c,) = 0 butlimd(a,,c,) # 0.

Since Wj; holds, Vk > 0 there corresponds r > 0 such that
for all a, b with

d(a,b) > k,

limd(,,c,) =

d(a,c)+d(b,c)=r Ve (12)

Since limd(a,,c,) # O there exists a positive number
€ and a subsequence of positive integers {r;} such that
d(a,,,c,) > € Choose r; corresponding to € so that

d(a,.b,)+d(b,.c,) =1 (13)

> ny
Thus
lim {d (a, b, ) +d(b,.c, )} #0. (14)
This contradicts the assumption that limd(a,,b,) =
limd(b,, ¢,)=0.
Hence
W, = C;. (15)

Assume that W fails.
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Then there exists k > 0 such that, V positive integer #,
there exist a,,, b,, and ¢, with

d(a,b) >k butd(a,c)+db,c)< -  (6)
n

Hence

limd(a,b,) #0 but limd(a,,c,) =limd(c,b,) = 0.

17)
Hence C; fails.
Hence
C; = W, (18)
This completes the proof of the proposition. O

We introduce the following.

Axiom C. Every convergent sequence satisfies Cauchy cri-
terion. That is, if (x,) is a sequence in X, x € X and
limd(x,,x) = 0; then given € > 0 3 N(€) € N such that
d(x,,x,,) < € whenever m, n > N(€) we have the following.

Proposition 3. In a d-symmetric space (X, d),C, = C = C,.
Proof. For C; = C, suppose that a sequence (x,,) in (X, d) is
convergent to x but does not satisfy Cauchy criterion. Then

3r > 0 such that for every positive integer k there correspond
integers my,, ;. such that

My > Niyy > My > 1y, d(xmk,xnk) >y Vk. (19)

Let
Vi = Xpm»  Zk = Xy, Vk. (20)
Then
limd (y;, x) =0, limd (z,x) = 0. (21)
But lim d(y,, z;) # 0; this contradicts C;. O

Proof. For C = C,, suppose that limd(x,,x) = limd(y,,
x)=0.

Let (z,) be the sequence defined by z,, ;, = x, and
Zy, = ¥,. Thenlimd(z,, x) = 0. Hence (z,,) satisfies Cauchy
criterion.

Given €> 0 3N(€) € Nsuch thatd(z,,z,,) < € form,n >
N(e):

= d(2y,_1>2,,) < € for n> N(e),
= limd(x,, y,) < € for n > N(e),

= limd(x,, y,) = 0.

3. Examples for Nonimplications

Example 4. A d-symmetric space in which the triangular
inequality fails and C, through C; hold.
Let X = [0, 1]. Define d on X x X as follows:

x+y iftx+y,
d(xy)=141 ifx=y#+0, (22)
0 ifx=y=0.

Clearly d is a d-symmetric space. d does not satisfy the
triangular inequality since d(0.1,0.2) + d(0.2,0.1) = 0.6 <
1=4(0.1,0.1).

We show that C; through C; holds. We first show that
limd(x,,x) =0 iff x=0 andlimx, = 0in R.

If x # 0 then limd(x,,x) = x, +x = x > 0. Hence
limd(x,,x) > x> 0.

If x=0 then limd(x,,0) =0 or x,. Hence limd(x,, x)
0 e limx, =0inR.

Now we show that lim d(x,,, y,,) =0 if and only if lim x,, =
limy, =0inR.

Consider limd(x,, y,) = 0 = d(x,, y,) < 1/2 for large n:

= d(x,, y,) = x, + y,or0 forlargen,

= eitherx, =y, =0ord(x,,y,) = x, + y, for large
n,

= limx, =limy, =0inR.

Conversely if lim x,, =lim y, =0 in R then lim d(x,, y,,) =
0or x, + y, for large n.

Hence lim d(x,, y,) = 0.

Verification of validity of C; through C; is done as
follows.

Ci:let limd(x,,y,) = 0and limd(x,,x) = O0;then
limx, = lim y, = 0in Rand x = 0.

Hence d(y,,x) = d(y,,0) = y, or 0. This implies that
limd(y,,x) = 0.

C,:letd(x,,x) = d(y,,x) = 0. Then x = 0 and lim x,,
limy, =0inR.

Hence limd(y,, x,,) = 0.

Cy:letd(x,, y,) = d(y,,z,) = 0; thenlimx, = limy, =
limz, =0inR.

Hence limd(x,, z,) = 0.

Cy:letlimd(x,, x) = 0. Then x = 0 and lim x,, = 0.

If y=0,0 < d(x,y) < x,. Hencelimd(x,,y) = 0
d(x, ).

If y # 0,d(x,,y) = x, + y. Hence limd(x,, y) = y
0+y=d(x,y).

Cs:letlimd(x,, x) = 0 and lim d(x,, y) = 0.

Then x =0, y = 0 and lim x,, = 0. Hence x = y.

Example 5. A d-symmetric space (X, d) in which C, [hence
Cs] holds while C; does not hold for j = 2,3, 4.



Let X = [0, 00). Define d on X x X as follows:

x+y iftx+0+y,

! ifx#0=

: o
d(x,y)=1= itx=0+y, (23)

y

0 ifx=0 =y.

Clearly (X, d) is a d-symmetric space. We show that C,, C;
hold.

Letlimd(x,,x) = 0 = limd(x,, y,).

Ifx #0, d(x,,x) >xifx, #0.

_o0. (24)
This implies that
. . 1
limd (x,, x) > min {x, —} > 0. (25)
x

Thus lim d(x,,, x) = 0 = x = 0 and (x,,) can be split into two
subsequences (xn(l)), (xn(z)), where (xn(l)) =0 Vn, (xn(z)) +
0 for every nand if (xn(z)) is infinite subsequence lim(xn(z)) =
00. We consider the case where both (xn(l)) and (xn(z)) are
infinite sequences as when one is a finite sequence the same

proof works with minor modifications. Consider

limd(x,, y,) = 0 = lim d(xn(l),yn(l)

(26)
= lim d(xn(z), yn(z)) =0.

If we show that y,® cannot be positive for infinitely many #,
it will follow that limd(x,®, y,%) = limd(x,®,0) = 0 so
that limd(0, y,) = 0. Hence C, holds.

If y, # 0 for infinitely many », say {ynk(z)} is
the infinite subsequence of {y,”} with ynk(z) + 0Vny,

(2)) — (2)

then d(xnk(z), Vi, = x, 0+ ynk(z) > xnk(z) so that

lim d(x, @, ynk(z) ) > limx, @ > oo contradicting the
assumption that limd(x,, y,) = 0. Thus C, holds. Since
C, = Cs, Cs holds.

C, does not hold since d(n,0) = 1/n while d(n,n) =
2n Vn so that lim d(n, n) # 0.

C; does not hold since limd(n,0) = limd(0,n) while
limd(n,n) = oco.

C, does not hold sincelim d(n,0) = 0 butlim d(n, 2) = co
while d(0,2) = 1/2.

Example 6. A d-symmetric space (X,d) in which C, holds
but C,, C; , Cy, and C; fail.

Abstract and Applied Analysis

Let X = [0, 1] U {2}. Define d on X x X as follows:

[x+y if0o<x<1,0<y<l
x ifo<x<l1, y=2
y ifx=2 0<y<l1
d(x,y) =1 27
(x.7) x=2, ye{0,2) @7
1 if or
| €{0,2}, y=2.

Clearly (X, d) is a d-symmetric space.
We first show that if {x,} in X converges to x in (X, d)
then x € {0, 2}.
Suppose that x # 0 and x # 2; then x € (0, 1]:
= limd(x,,x) =0=x, + x or x,
= limd(x,,x) > x >0,

= limd(x,, x) # 0.
Hence if lim d(x,,, x) = 0 then x € {0, 2}.

C, fails: x, = 1/n, y, = 2,and x = 0;

1 1
d('xn’yn):;’ d('xn’x):;l’ d(yn’x)zl
but limd (y,,x) # 0.

(28)

= limd (x,, y,) = 0=d (x,, x)

C, holds: suppose that limd(x,,, x) = limd(y,,x) =
0; then x € {0, 2}.

Case 1. If x = 2, limd(x,,x) — 0 = d(x,x) = x,
eventually and limx, = 0in R. Hence AN € N 3 x, < 1
and y, < 1 forn > N.

Here d(x,, y,) = x,,+ y,,. This implies that lim d(x,,, y,,) =
0.

Case2. If x =0,

if x, =2 or0,

29
if0<x, <1 (29)

d(x,,0) = {i

Iflimd(x,,0) = 0,d(x,,0) = x, eventually and lim x,, =
0inR.
Similarly d(y,,0) = y, eventually and lim y, = 0 in R.
As in Case 1t follows that
limd(x,, y,) = lim(x,, + y,) = 0. (30)
Thus C, holds.
C, fails since C; = C;.
C; fails:let x, = 1/n,x = 0,and y =2
1
limd (x,,0) = lim <—> =0=limd(x,2) (31
n

C, fails since C, = Cs.



Abstract and Applied Analysis

Example 7. A d-symmetric space (X, d) in which C, holds but
C, fails.

Let X = N U {0}. Define d on X x X as follows:

dim,n) =dn,m) Vm,neX,
! if n is odd
d(oa ﬂ) = n ’
1  if nis even,
d(0,0) = 0,
I 1 . .
— ——| ifm+niseven
d _fim n
(m,n) = or m+nis oddand |m—-n| =1,
1 if m+nisodd and |m—n| > 2.

(32)

If {x,} in X and lim d(x,,, 0) = 0 then x,, is eventually odd.

If x # 0,d(x,, x) cannot be 1 so x,, + x is even or odd and
|x,, — x| = 1.

But in this case d(x,,, x) = |1/x, — 1/x| so that d(x,, x) #
0.

Thus d(x,,x) = 0 & x = 0 and x,, is eventually odd.

If m is a fixed even integer and x,, is odd, x,, + m is odd
and eventually >2.

So

limd (x,,m)=1=d(0,m). (33)

If m is a fixed odd integer and x,, is odd, x,, + m is even.

So d(x,,m) = |1/m — 1/x,,| so that limd(x,,0) = 0 =
limd(x,,m) = d(0,m).

If m=0 and x,, is odd eventually

d(x,,0) = & so limd(x,,m) = lim = = 0 = d (0,m).
n n
(34)

If m = 0 and x,, = 0 eventually

d(x,,0) = -

so limd(x,,m) = lim 2 = 0= d(0,m).
n n

(35)

Hence C, holds in (X, d).
C, does not hold: let x,, = 2n— 1 and y, = 2m:

1 1 1

d(5,0) = S0 d(x,3) =

m-1 21" (3¢
d(y,,0) = 1.
Hence d(x,,0) = d(x,, y,) = 0and d(y,,0) # 0.

Example 8. A d-symmetric space (X,d) in which C; holds
but C, does not hold.

5
Let X = [0, 1] U {2}. Define d on X x X as follows:
x+y ifo<x#y<l,
1 ifx=y#0orx=y=2
d(x,y)= or x € (0,1] and y =2,
2 ifx=0&y=2orx=2and y=0,
0 ifx=y=0.
(37)

Clearly (X, d) is a d-symmetric space which is not a symmet-
ric space.

We first show that if {x,} converges to x in (X,d) then
x € 10,2}

Suppose that 0 # x # 2; then x € (0, 1]:

x+x, if0<x#x,<1,
1 ifx=x,#0

=d(xx,) =
(% %,) or x,=2or x € (0,1]

(38)
and x, = 2.

Since limd(x, x,) =0 AN > d(x,x,) <lforn> N
=d(x,x,) =x+x,2xforn>N,
= limd(x, x,) # 0, a contradiction.

We now show thatlim d(x,,, y,,) = Oifand onlyiflim x,, =
lim y, = 0. Consider

limd(x,, y,)

=0=3NeN>d(x,y,)<1 forn>N

= limd (x,,y,) =x,+y, or 0 forn>N
(39)

= either x, =y, =0 or d(x,y,)=%,+ Y,
forn> N
= limx, =lim y, = 0.

Conversely if imx,, = limy, = 0then 3N € N 5 x, <
1y, <1forn>N = limd(x,, y,) = 0 or x,, + y, for large
n.

Hence d(x,,, y,) = 0.

Thus d(x,, y,) = 0 if and only if lim x,, = lim y,, = 0.

As a consequence we have

limd(x,, y,) = 0 =limd(y,,z,) = limd(x,,z,) = 0.

(40)
Hence C; holds in (X, d).
C,fails:x, =1/(n+1) for n > 1:
1 . _
d(x,,0) = = limd(x,,0) =0,
d(x,,2)=1 Vn = limd(x,,2)=1 butd(0,2)=2.
(41)

Example 9. A d-symmetric space (X,d) in which C, holds
but C,, C; fail to hold.



6
Let X = N U {0, co}. Define d on X x X as follows:
d(m,00) =d(co,m) =1 if me X,
1
d(m,0) =d(0,m)=— ifmeN, (42)
m
d(0,0) = 0.
Ifm,ne N,

if |m—n|>2,

1 1
d(m,n) = {|Z_Zl (43)

1 if |m-n|<1.

Clearly (X, d) is a d-symmetric space which is not a symmet-
ric space.

We show that if limd(x,,x) = 0 then x = 0 and {x,}
consists of two subsequences {y,,} and {z,,}, one of which may
possibly be finite, where y, = 0 Vnand 0 # z, € N Vn and
lim(1/z,) = 0 (in case {z,,} is an infinite sequence).

To prove this we first note that lim d(x,,, x) = 0 = x # 0o
and x,, # 0o eventually.

Ifx € N,d(x,,x)=1/x or 1 or |1/x, — 1/x|.

Hence limd(x,,,x) =0 = x ¢ N; hence x = 0.

Further d(x,,0) = 0 or 1/x,. Consequently {x,} may be
split into two sequences {y,} and {z,} as described above.

We show that C, holds. Assume that limd(x,,x) = 0.
Then x = 0.

Letm € N and y, = 0 Vn. Then d(y,,m) = d(o,m) =
1/m.
Solimd(y,,m) = d(o, m).

If z, # 0 Vn,and lim(1/z,) = 0 the d(z,,m) = |1/z, —
1/m| for n > m so that lim d(z,, m) = 1/m = d(0,m).

Thus if m € N and limd(x,, x) = 0 then limd(x,,m) =
d(x,m).

Clearly this holds when 7 = 0o or m = 0 as well.

Hence C, holds.

C, does not hold: let x,, = x, y, =n+ 1,and x = 0:

d(x,,x)=d(n,0)=—, hence limd(x,,x) =0,

Q= =

d(y,,x)=d(n+ 1,0)=%, hence limd (y,,x) =0,
n

limd(x,, y,) = limd(n,n+1) = limd(x,, ,) # 0.
(44)

C; does not hold:

X, =n, Vp=n+2, Z, = X,
1 1 1 1
Ao yn) = dnne ) = | == v
1 1
d(yn’zn) :d(xn’yn) = Z - n+2

limd(x,,z,) = limd(n,n) =1,

limd(x,, y,) = limd(y,,z,) =0 but limd(x,,z,) = 1.
(45)

C; holds since C, = Cs.
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Remarks. From this example we can conclude that

(1) C5 does not imply C, as otherwise, since C, = Cj it
would follow that C, = C, which does not hold as is
evident from the above example,

(2) in a d-symmetric space, convergent sequences are
necessarily Cauchy sequences.

Example 10. A d-symmetric space (X, d) in which C, holds
but C,, C; fail to hold.

Let X = N U {0}. Define d on X x X as follows:
d(x,y)=d(y,x)=1
d(2m,0) =1,

for every x, y € X,

1
d(2m-1,0)= > vm,

m—1
d(0,0) =0,

1 1
—+— ifm+nisevenor |m-n|=1,
dimn)=<4m n

1 if m+nis odd and |m—mn| > 2.
(46)

Clearly (X, d) is a d-symmetric space.

We first characterize all convergent sequences in (X, d).

Suppose that lim d(x,,, x) = 0. We show that x = 0.

If x is odd and x,, is even d(x,,, x) = 1 if x,, > x + 2.

So limd(x,,x) # 0. Thus x,, is even for at most finitely
many 7.

We may thus assume that x,, is odd V.

The d(x,, x) = 1/x, + 1/x so that d(x,,x) > 1/x > 0.

Hence x cannot be odd. Now suppose that x > 0 and x is
even.

Then d(x,,x) = 1if x, = 0if x,, is odd and |x,, — x| >
2while d(x,,, x) = 1/x,,+1/x if x,+x is even or |x,—x| = 1.
In all cases lim d(x,,, x) # 0.

Hence the only possibility is x = 0.

We now show that the following are equivalent.

(a) limd(x,,x) =0 inR,

(b) there exists a positive integer N such that x,, is positive
and even, only if n < N.

Assumption (b): x,, is odd or zero if n > N so that
limd(x,,0) = lim(1/x,) = 0.

Hence (b)=(a).

Assumption (a): since d(2m,0) = 1 for m € N, it follows
that at most finitely many terms of {x,} can be even. This
proves (b). Thus limd(x,,x) =0 & x =0and IN e N > x,,
is “0” or odd for n > N.

Consequently C; holds.

C, does not hold: let x,, =2n + 1, y, = 2nand x = 0;

limd(x,, x) = lim =0,

2n+1
1
+ R—
2n+1 2n
Butlimd(y,, x) = 1 sincelimd(2n,0) = 1 Vn.

(47)

limd(x,, y,) = lim =0.
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C, holds: assume that lim d(x,,, x) = 0 = limd(y,,, x).

Then x = 0 and then there exists N such that x,, is “0”
or odd and y, = 0 or odd for » > N and lim(1/x,) =
lim(1/y,) = 0.

Ifx, =y,=0,d(x,y, =0.

Ifx,=0,y,isodd, d(x,, y,) = 1/y,.

If y, =0, x,is odd, d(x,, y,) = 1/x,,.

If x, is odd and y,, is odd, d(x,, y,,) = 1/x, + 1/ y,,.

Consequently lim d(x,,, y,) = 0.

C; does not hold: let x,, =0, y, = 2n+ 1,and z,, = 2n:

1 1
bl d b =
o (V> Z0)

d(x,z,) =1

d (% y,) =

M+l 2 (4g)

sothatlimd(x,, y,) = limd(y,,z,) = 0butlimd(x,,z,) = 1.
C, doesnothold: letx,, =2n+1,x=0,and y = 3:

1
l' =1i _—=
imd (xn, 0) lim v 0,
. (49)
limd (x,,3) =1, limd (0,3) = 3

Example 11. The following example shows that there exist
symmetric spaces in which C does not hold.

Let X ={0,1/2,1/3,1/4,...}.
Define d(x,x) = 0, d(x, y) = d(y, x)

4(0)=4(03)=3

1 1
d(—,—>=1 Vn,m in N.
n m

Vn in N,
(50)

Then (X, d) is a symmetric space; {1/n} converges to 0 but is
not a Cauchy sequence.
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We introduce and study a new general system of nonlinear variational inclusions involving generalized m-accretive mappings in
Banach space. By using the resolvent operator technique associated with generalized m-accretive mappings due to Huang and Fang,
we prove the existence theorem of the solution for this variational inclusion system in uniformly smooth Banach space, and discuss
convergence and stability of a class of new perturbed iterative algorithms for solving the inclusion system in Banach spaces. Our

results presented in this paper may be viewed as an refinement and improvement of the previously known results.

1. Introduction

Let m be a given positive integer, for any i € {1,2,...,m}, X;
a real Banach space with dual space X;'. X;, X[ all endowed
with the norm || - ||, and (:,-) the dual pair between X; and
X (as matter of convenience). Let 2% denote the family
of all the nonempty subsets of X, r; : X; x X; — X,
N; : X, x X, x---xX,, = X single-valued mappings,
and M; : X; — 2% generalized m-accretive mapping for
i = 1,2,...,m. In this paper, we consider the following new
general system for nonlinear variational inclusion involving

generalized m-accretive mappings. Find (x,x;,...,x},) €
X, x X, x---x X, such that

0€N;(x),%5,.., %)+ M;(x]) (1)
foralli = 1,2,...,m. Some special cases of the problem (1)

had been studied by many authors. See, for example, [1-34]
and the reference therein. Here, we mention some of them
as follows.

Case 1. The problem (1) with X; = #; (i = 1,2,...,m), the
Hilbert spaces, was introduced and studied as general system

of monotone nonlinear variational inclusions problems by
Peng and Zhao [29].

If ]ra_lﬂi(xil:xiz) = x; —x;and M; = 3¢9, ¢ = X; —
(—00,+00] is proper, convex, and lower semi-continuous
functional on X;, and d¢; denote the subdifferential operators
ofthe ¢, fori = 1,2,...,m, then the problem (1) is equivalent
to finding (x],x5,...,x,,) € X; X X, X ... x X,, such that

N, (K50 (= ) o
2p (9 (x]) - i (%), Vx; €X,

When X; = X, 2-uniformly smooth Banach space with
the smooth constant K, C is a nonempty closed convex subset
of X, N;(xy,%5,...,x,,) = pA;(x;1) + x; — x;,,, where
A;:C - Xandp, >0andx,,,, = x,fori=12,...,m
the problem (2) reduces to the following system of finding
(x7,%5,..., %)) € CxCx--+xC such that

(PiAi (xi*+1) + xi* - xi*+1’j (x - x:))

2 p (¢ (x]) -9 (), VxeX
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Further, in the problem (3), when ¢; is the indicator
function of a nonempty closed convex set C, in X defined by

0, yeC,

. = 4

i () LOO, e (4)

then the system (3) reduces to finding (x;, x;,...,x, ) € Cx

C x -+ x C such that

(pAx; +x; —x5,j(x—x])) =20, VxeC,
(pAyx; +x, —x3,j(x—x,)) 20, VxeC,

(pyAsxy +x3 —x,,j(x=x3)) 20, VxeC,  (5)
(PmApx; +x, —x,j(x=-x,)) >0, VxeC,

which was introduced and studied by Zhu et al. [34].

Case 2. If m = 3, then the system (3) is equivalent to finding
(x7,x5,x3) € CxC x C such that
(PrAyx; + 7 = x5, j (x = x7))
2 py (1 (x7) =91 (%))
(PrAyxs +65 =3, (x - x3))
2 py (92 (x3) = 9, (%)),
(psAsxy + x5 = x, j (x = x3))

> p3 (95 (x3) — 93 (%)),

Vx € C,

(6)
Vx € C,

Vx € C.

It is easy to see that the mathematical model studied by
Saewan and Kumam [31] is a variant of (6).

Case 3. If m = 2, then the problem (1) reduces to find
(x*, y") € X, x X, such that
0eN; (x%y" )+ M (x7),  0eN(x",y")+ M, (y’;))-

7

Problem (7) is called a system of strongly nonlinear quasi-
variational inclusion involving generalized m-accretive map-
pings, it is considered and studied by Lan [19]. There are many
special cases of the problems (7) that can be found in [3,7,12-
14,17, 20, 28, 30] and the references cited therein.

Case 4. If m = 1 and X, = #, then the problem (1) reduces
to finding x* € # such that

0eN(x")+M(x"), (8)

which was introduced and studied by Fang and Huang
[8]. We remark that for appropriate and suitable choices of
positive integer m, the mappings #;, N;, and M;, and the
spaces X; fori = 1,2,...,m, one can know that the problem
(1) includes a number of general class of variational character
known problems, including minimization or maximization
(whether constraint or not) of functions and minimax
problems et al. as special cases. For more details, see [1-34]
and the reference therein.
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On the other hand, many authors discussed stability
of the iterative sequence generated by the algorithm for
solving the problems that they studied. Lan [19] introduced
the notion of S-stable or stable with respect to S. Moreover,
Agarwal et al. [1, 2], Jin [16], Kazmi and Bhat [18], and Lan
and Kim [21] constructed some stability under suitable
conditions, respectively.

Motivated and inspired by the above works, the main
purpose of this paper is to introduce and study the new
general system of nonlinear variational inclusions (1) involv-
ing generalized m-accretive mapping in uniformly smooth
Banach spaces. By using the resolvent operator technique for
generalized m-accretive, we prove the existence theorem of
the solution for this kind of system of variational inclusions
in Banach spaces and discuss the convergence and stability of
a new perturbed iterative algorithm for solving this general
system of nonlinear variational inclusions in Banach spaces.

2. Preliminaries

In order to get the main results of the paper, we need the
following concepts and lemmas. Let X be a real Banach space
with dual space X*, (-,-) the dual pair between X and X",
and 2% denote the family of all the nonempty subsets of X.

The generalized duality mapping J, : X — 2% is defined by

T, ={f e X" o f7) = Il | £ = 1=l

Vx € X,

where ¢ > 1 is a constant. In particular, J, is the usual
normalized duality mapping. It is known that if X™ is strictly
convex or X is a uniformly smooth Banach space, then J is
single-valued (see [33]), and if X = %, the Hilbert space, then
J, becomes the identity mapping on #’. We will denote the
single-valued duality mapping by j,.

In order to construct convergence and stability for
researching the problem (1), we need to be using the following
definition and lemma.

Definition 1. Let X; be Banach spaces, and let N; : X; x X, x
-+-xX,, — X, besingle mappings for (i = 1,2,...,m). Then
N; is said to be

with
argument if for any (x,,...

(i) oj-strongly  accretive respect to jth
3 X)s

e X,) € X x Xy xeex X,

1
XXX

2
(Xl,. . "xj—l’xj’ xj+1"

P R 1.2
there exists qu(xj - xj) € ]qj (xj - xj), such that

1
<N,- (xl,...,xj,l,xj,xjﬂ,...,xm)

2
—Ni(xl,...,xj_l,xj,xj+1,...,xm), (10)

() 2 o) -
Jo; \Xj = %)) 2 0|1%; = %] >

where q; > 11is a constant;
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(ii) (iy>--+»Gijo -+ > Gip)-Lipschitz - continuous if there
exists constants {;; > 0,...,(; > 0,..., ,, > 0, such
that

HN,-(xl,...,xj,...,xm)—N,-(yl,...,yj,...,ym)“

m (11)

< Y ilxi -2
=1

J

forallx;, y; € X;and j=1,2...,m.

Remark 2. When X; = #; (i = 1,2,...,m), ¥, is different
or the same as Hilbert spaces, (i) and (ii) in Definition 1
reduce to strongly monotonicity with respect to jth argument
of N; and (..., G-, C;p)-Lipschitz continuity of N;,
respectively (see [29]).

Definition 3. Letn: XxX — X" be single-valued mapping.
Then set-valued mapping M : X — 2% is said to be

(i) accretive if

<u—v,]q(x—y)>20, Vx,y€ X, ue M(x),
(12)
veM(y);

(ii) n-accretive if

Vx,ye X, ue M(x), ve M(y);
(13)

(u-vn(xy)) =0,

(iii) m-accretive if M is accretive and (I + pM)(X) = X for
all p > 0, where I denotes the identity operator on X;

(iv) generalized m-accretive if M is y-accretive and (I +
pM)(X) = X forall p > 0.

Remark 4. When X = X" = %, (i)-(iv) of Definition 3
reduce to the definitions of monotone operators, #-monotone
operators, classical maximal monotone operators, and maxi-
mal #-monotone operators; if 7(x, y) = J,(x—y), then (ii) and
(iv) of Definition 3 reduce to the definitions of accretive and
m-accretive of uniformly smooth Banach spaces (see [10, 11]).

Definition 5. The mapping#n: X x X — X" is said to be

(i) 6-strongly monotone if there exists a constant § > 0
such that

<x1 - xz,lq(xl,xz» > SHxl - x2||2, vxlx? e X; (14)

(ii) T-Lipschitz continuous if there exists a constant 7 > 0
such that

”n(xl,xz)" < T”Xl - x2|| , VxhxteX (15)

In [10], Huang and Fang show that for any p; > 0, inverse
mapping (I + p;M;)”" is single-valued, if r;; : X; x X; — X}
is strict monotone and M; : X; — 2% is generalized m-
accretive mapping, where I is the identity mapping. Based on
this fact, Huang and Fang [10] gave the following definition.

Definition 6. Letn; : X; x X; — X be strictly monotone
mapping, and let M, : X; — 2% be generalized m-accretive
mapping. Then the resolvent J§; for M,; is defined as follows:

]Zl:in (xi) = (I + pi]VIi)_1 (xi) > vxi € X,’, (16)

where p; > 0 is a constant and I denotes the identity mapping
on X, fori=1,2,...,m.

Lemma 7 (see [10,11]). Letn; : X; x X; — X/ be 7;-Lipschitz
continuous and &;-strongly monotone, and let M; : X; — 2%
be generalized m-accretive mapping. Then for any p; > 0,
the resolvent operator | 1%1,- for M, is T;/6;-Lipschitz continuous;
that is,

78, Ge) = 73,

T, 17)
< 6—’ ||xi —yl-", Vx, v, € X, i=1,2,...,m.
1
The modules of smoothness is a measure, it is depicted
geometric structure of the underlying Banach space. The
modules of smoothness of Banach space X are the function
px ¢ [0,+00) — [0, +00) defined by

1
p® =sup {2 (b ] o e —y) - 1Bl < 1]y <)
(18)

A Banach space X is called uniformly smooth if
lim, , ,(px(t)/t) = 0. X is called g-uniformly smooth if
there exists a constant ¢ > 0 such that py(tf) < ct?, where
q > 1is areal number.

Remark that J_ is single-valued if X is uniformly smooth,
and Hilbert space and L, (or [,) (2 < p < +00) spaces are
2-uniformly smooth Banach spaces. In what follows, we will
denote the single-valued generalized duality mapping by j,.

In the study of characteristic inequalities in g-uniformly
smooth Banach spaces, Xu [35] proved the following result.

Lemma 8. Let g > 1 be a given real number and let X be a
real uniformly smooth Banach space. Then X is q-uniformly
smooth if and only if there exists a constant ¢, > 0 such that for
allx, y € X, jo(x) € J,(x), there holds the following inequality:

e+ 1T < e+ (g ) + ¢yl (19)

Definition 9. Let S be a self-map of X, x, € X, and let x,,,; =
h(S, x,,) define an iteration procedure which yields a sequence
of points {x,},>, in X. Suppose that {x € X : Sx = x} # @ and
{x,}2, converges to a fixed point x* of S. Let {u,,} ¢ X and let
€, = I, —h(S u,)ll. Iflim,_, €, = 0implies thatu, — x*,
then the iteration procedure defined by x,,,, = h(S, x,,) is said
to be S-stable or stable with respect to S.

Lemma 10 (see [36]). Let {a,}, {b,}, and {c,} be three non-
negative real sequences satisfying the following condition: there
exists a natural number ny such that

A, <(1-t,)a,+bt,+c, Yn=ny, (20)
where t, € [0,1], Y 20t, = +o0o, lim, , b, = 0, and

(o]
Yo G < +00. Then a,, converges to 0 asn — ©o.



3. Existence Theorem

In this section, we will give the existence theorem of the
problem (1). The solvability of the problem (1) depends on
the equivalence between (1) and the problem of finding
the fixed point of the associated generalized resolvent
operator. It follows from the definition of generalized
resolvent operator ]ﬁi (i = 1,2,...,m) that we can obtain

the following conclusion.

Lemmall. Letn; : X;xX; — X/, N;: X; xX,x--
X, single-valued mappings, and M; : X, — 2% generalized
m-accretive mapping for (i = 1,2,...,m). Then the following
statements are mutually equivalent.

xX,, —

(i) An element (x},x5,...,x,) € X; XX, X---x X, isa

solution to the problem (1).
(ii) Thereisan (x],x5,...,%,,) € X; x X, X+

that

x X,, such

XXX X)), (21)

X = I8 [ - AN, (5o
where J§ = (I + p;M;)™", and p; > 0 is constants for
alli=1,2,...,m

(iii) For any given constants p; > 0, the map F : X; x X, X
X X, — X x X, x---x X, is defined by

F(uy,uy,...,u,,)
= (PP1 (st oesthyy) s Py (st Uy) 5
P, (ul,uz,...,um))

(22)

forallu; € X; andi = 1,2,...,m, has a fixed point
(x], %55, %0) € Xy x X, x -+ x X, , where maps
Pt Xy x X, x---x X, — X are defined by

sty

o [t = piN; (g

P, (uy,ty, ...
(23)

S Ui U Ui )]

foru; € X;andi=1,2,...,m

Proof. We first prove that (i) & (ii). Let (x],x5,...,x,,) €
X, x X, x --- x X, satisty the relation in (ii). Then, the

definition of resolvent operator J§; implies that this equality

holds if and only if
x; =N (x]s X XX e %) € (14 pM;) (%))
(24)
fori=1,2,...,m;thatis
0€N;(x),%55.0r %) + M; (x), (25)

wherei =1,2,...,m. Thus (x],x;,...,%,,) € X; X X; X+ X

X, is the solution of the problem (1).
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Next, we show (ii) & (iii). If (x}, x5,...
-+ x X, satisfy following relation:

.
,X,,) € X x X, x

X =Jm [ = piN; (X5 X X X5 %) ] (26)

then, for anyi = 1,2,...,m, it follows from

P, (x1,%5,. s %p,)

e L @)
1[ Pl (xl""’xi—l’x x1+1""’xm)]
that
P, (X7, %5005 %,) = X/ (28)

Hence, (x],x5,...,x,,) € X; x X, x---x X, is a fixed point

of the mapping
F(uy,uy,...,u,,)
= (Pp1 (st esthyy) 5o Py (st ey Uy) 5
P, (ul,uz,...,um)).
(29)
Conversely, if (x], x5,...,x,,) € X; X X, x---x X, is a fixed

point of the mapping F : X; x X, x---x X,, = X, x X, X

X,,» then
By (x5 %5505 %) = ;] (30)
fori=1,2,...,m. Hence, from
P, (x1,%5,. s %p,)
) ) G
y [ Pz (xl""’xi—l’x x1+1""’xm)]’
we have
Pi * * *
xi = [ -pN (xl""’xi—l’x x1+1""’xm)] (32)
fori = 1,2,...,m. Therefore (x,x;,...,x,,) € X; x X, x
-+ x X, satisfy the relation of (ii). O

Theorem 12. Let X; be a real g;-uniformly smooth Banach
space with q; > 1 and letnj; : X; x X; — X be 1;-Lipschitz
continuous and J8;-strongly monotone for any i = 1,2,...,m.
Suppose that M; : X, — 2% is generalized m-accretive
mapping, and N; : X, x X, x ---x X, — X; is 0;-strongly
accretive in the ith argument and ({y,..., G Cin)-
Lipschitz continuous fori = 1,2,...,m. If

< GiiPiTi
Z(f, <L 33

T 9j »9;
5. 1-q;pjo;+c,p; Cii +
j i=Lizj 9

where ¢, is the constants as in Lemma 8 for j = 1,2,...,m,

q;
then problem (1) has a unique solution (x],x5,...,x,) €

X, x X, x-xX,,
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Proof. Foranygiven p; > 0andi = 1,2,...,m, we first define

P, Xy x X, x--x X, — X;asfollows:

P, (uy,uy,... U], (34)

o ’”m) = ]zf\);Ii [“i - piN; (Upuz’---

for all u; € X;. Now define || - ||, on X; x X, x---x X,,, by

(Ut uy)|, = u;l
ot )] = .

Y (up,ty,..stty,) € Xy X Xy X0 X X,
It is easy to see that (X, x X, x +-- x X, || - |I) is a Banach
space. In fact

= Yo lull =

@) Mup, vy )l 0, the negative
being satisfied;

(ii) for all real number «,

ey, vy, s, = (g quy, ...y oy,
m m
=D lloas]| =3 led o]
i=1 i=1

m
= |« Z il = leel |ty 2t o)
i=1
(36)

homogeneity being satisfied;

(iii) forall (uy, ty,s ... Uy), (V] Vasen s Vyy) € XXX, Xo 0%

X

m>
[aystas oo t) + (v vas )|,
= “(ul TVLUy + Vs Uy Vm)"*

m m
Yl + vl < Y (el + )
i=1 1

i=

(37)

m m
A EDN
i=1 i=1

= ||y, vy )|, + v v

the triangle inequality being satisfied;

(iv) let [|(uy, vy .. s )|l = 0; that is, Z:Zl lu;ll = 0; this
implies that [|u;| =0 (i =1,2,...,m);thusu; =0 (i =
1,2,...,m); we get || - |, is a norm on the X; x X, x
N Xm;

W) let (uf,u5,...,u)) € X; x X, x--- x X,, is Cauchy
sequence; that is, for Ve > 0, there exists a positive
integer N; let n > N; we have

n+p _ n+p n+ n _n n
"(u1 s Uy ,...,ump)—(ul,uz,...,um)”*
m (38)
:Z||u?+p—u? <E.

]
—

1

Thus, for alli € {1,2,3,...,m}, we have IIu?+P—u:’II <
e(m>N,p=123,...,) thatis, {uf'} C X is also
Cauchy sequence; thus lim, _, u! = u; € X; fori =
L2,...,myweget (U, uy,...,u,) € X;xX,x---xX,,
and (1, u,, ..., u,,) is a cluster point on the (X; x X, x
X X 1 1L we claim (X x X, x o x X0 0 - ly)

is a Banach space.

Now, by (34), for any given p; > 0, define mapping F :
X xX,x--xX, — X;xX,x---xX, by

F(uy,uy,...,u,,)
= (Pp1 (st esthy) s Py (st ey Uy) 5
P, (ul,uz,...,um)),
(39)

whereu; € X; fori=1,2,...,m.

In the sequel, we prove that F is a contractive mapping on
the (X, x X, x---x X,,, I - II,). In fact, for any u;, v; € X; and
i=1,2,...,m,it follows from (34) and Lemma 7 that

“Pp,- (ugsthyy s thy,) = Py (Vi Vg5, vm)"
Vil

)]

M, [vi = piN; (v, V35 m)]”

piN; (1,1, ..

T
< 8_1 "“z‘ —Vi—pi (Ni (“p”zw--a“m) - N; (VI’VZ""’Vm))”
1

T
s 8_1, ;= v

Uy,

th))|

= pi (N; (uy, ...
- N; (uy, ...

s Ui Up Uiy -

sUi b Vi Uiyps - -

T
+ % ”Nl (ul"‘ . ,ui_l, Vi’ ui+1,.. . ,Mm)
i

= N; (Vi e s Vi Vs Vig o - - V)| -

(40)
By assumptions and Lemma 8, we have

sty

o )|

ot = vi = pi (N; (uy, ...

Ui Uy Uiy s -
= N; (Ugs ooty Vi Uy g - -
< s = vi|*

S Uy,)

)|

sty

@
+ ¢ PN (thys sty s U

= N; (Ugs ety Vi Uiy - -
—4dip; <Ni (U, ...

- N, (uy,...

s Ui pUp U -
i um) > jqi (ui - Vi)>

s Uit 15 Vi Uiy -

< (1 —q;p;0; + Cq,-P?iCZ‘i) "”i - Vi"%’



"Ni (”1’~--,ui_1,v u,+1,...,um)

=N (Vi s Vi Vi Vie - 5 V)|

m
> Giluy v

=L

From (40)-(41), we obtain

||Pp,~ (upsthgy e thy,) = Py (V755 m)"

= p? :IZ G lu; =i

+ L A[1-aipo;+ e oG s - v
1
fori =1,2,...,m. Equation (42) implies that
m
Z "ij (g, tyy ooy tyy) — P, (v vy e ,vm)”
=
m
= Z ”Ppi (ur g5 t4y,) = P, (vl,vz,...,vm)“
i=1
<[ T
D T
i=1 1
TpRA)
< T
< 3 g, vy b - v
i=19%i
m . m
+Z@Z Gj Jo1j = vil
i=1 71 j=1,j#i
m .
DX (RPN o
=19
m m PTC
+Z< Z l(Sl-lJ>'| i~ J“
j=1 \\i=Li#j 1
m T. ' T m PTG
=JZ{ 5_j X/l ~4ipi% +qupj]{?1]' " i:lz,i;bj 15: ;
% u; =]
m
!
j=1

(41)

(42)

(43)
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where k= max,;,{(7;/5;) q\{/l -q;pjo; + cqu?jij; +
Y12 (CipiTi/ 6} By (33), we know that 0 < k < 1. It follows
from (43) that

[FCuy vy, .. su,,) = F(vy vy, )|,
(44)
<Ky vy, ty,) = (V1 v50 V)],

This provesthat F : X; x X, x -+ x X, — X; xX, X+ X
X,, is a contraction mapping. Hence, there exists a unique
(x]>%5,. ., %)) € Xy x X, x -+ x X, such that

F((x1,x5,..05%,)) = (X1, %555 %) 5 (45)

thatis, P, (x},x;,...,x,) = x; fori=1,2,...,m; that s,
x; =T [x] = pN; (675 5350 %) (46)

By Lemmall, (x,x;,...,x,) is the unique solution of
problem (1). This completes the proof. O

Remark 13. If m = 2, then Theorem 12 reduces to Theorem
3.2 of Lan [19].

Corollary14. Let Z; be real Hilbert space andv; : ;X ; —
I ; be t;-Lipschitz continuous and §;-strongly monotone for
anyi=1,2,...,m. Suppose that M, : #; — 2% is maximal
n;-monotone mapping, N; : | X #Hy X - X I, — H;
is o;-strongly monotone in the ith argument, and
(Cit>- -5 Ciis - -+ Ci)-Lipschitz continuous fori = 1,2,...,m. If

j s < szz i
L~ 2pj0; +‘DJC.?J Z <1 (47)

i=1,i#j 6;

\0’)' =

then problem (1) has a unique solution (x|,x5,...,x,) €
T\XIy X X H .

Corollary 15. Let J; be real Hilbert space for any
i = L,2,...,m. Suppose that ¢; : #; — (—00,+00] is
propet, convex, and lower semicontinuous functional on ¥ ;
and N; : H, x Iy x---x I, — F;is 0;-strongly monotone
in the ith argument and ((j,...,C;...,;,)-Lipschitz
continuous fori =1,2,...,m. If

m
1 =2pjo;+ piCi + Z pidi; < L, (48)
i=Litj
then problem (2) has a unique solution (x},x;,...,x,) €

H\XIy X XK.

4. Perturbed Iterative Algorithms

In this section, by using Definition 9 and Lemma 10, we
construct a new perturbed iterative algorithm with mixed
errors for solving problem (1) and prove the convergence and
stability of the iterative sequence generated by the algorithm.

Algorithm 16. Lety; : X;x X; — X and N; : X; x X, X
X,, — X, be single-valued mappings and let M : X; — 2%
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be generalized m-accretive mapping for i = 1,2,...,m. For
any given initial point (x(l), xg, . x?n) € X xX,x---xX,,, the
perturbed iterative sequence {(x7,x3,...,x,,)} for problem
(1) is defined by

S = (L) !+ 0 0 [ = AN, (o)

+o,ul +w),
(49)

wheren > 0,i = 1,2,...,m, {«,} is a sequence in [0, 1],
and {u}'}, {w!'} C X are errors to take into account a possible
inexact computation of the resolvent operator point satistfying
the following conditions:

N .on_In ",
M u =u" +u "

(ii) lim,, _, oo 125"l = 05

eee 1 H

(i) Yool "l < +oo, Yoo lwll < +oco for i =
1,2,...,m.

Let {(z],25,...,2),)} be any sequence in X; x X, X --- x X
and define {(e], €}, ..., €,)} by

¢ =" -{1-a) 2

m

i

+aJi (2 = pNi (21,25 2)] (50)

+ ocnuf+w?}
fori=1,2,...,m.

Algorithm17. Letn; : H;x¥; — H;and N, : X I, - - -
X, — I ;be single-valued mappings and let M; : #;, —
27 be maximal 7;;-monotone mapping fori = 1,2, ..., m. For
any given initial point (x(l),xg,...,xfn) € H X JHyx- X
# ,,» the perturbed iterative sequence {(x7,x},...,x),)} for
problem (1) is defined by

A= (L= a) o + oy [ - N () )]

+aul +w!,

(51)

wheren > 0,i = 1,2,...,m, {«,} is a sequence in [0, 1],
and {1}, {w!'} C X are errors to take into account a possible
inexact computation of the resolvent operator point satisfying
the following conditions:

(@) lim,, _, Ml = 05
(ii) Y02 W'l < +oo fori =1,2,...,m.

Let {(z],2},...,2,,)} beany sequence in #| X #, X --- X X,
and define {(¢}, €5,...,€,)} by
& = [z~ {(1-a,) 2]
Fal, [ N ()] (52)
+ Ul + wl”}”

fori=1,2,...,m.

Algorithm 18. Let N; : H\ x Hy, x --- X H,, — H; be
single-valued mappings and ¢; : #; — (—00, +00] is proper,
convex, and lower semi-continuous functional on #; for
i = 1,2,...,m. For any given initial point (x{,x,...,x,,) €
H, x Iy x -+ x H,, the perturbed iterative sequence
{(x],x5,...,x,)} for problem (2) is defined by

s X)] + W)
(53)

= (1-a,) 1 + o, [x = N (6, X5

wheren > 0,i = 1,2,...,m, {«,} is a sequence in [0, 1],
{w!} ¢ X; are errors to take into account a possible inexact
computation of the resolvent operator point satisfying the
condition Y2 [w!| < +co fori = 1,2,...,m. Let
{(z],25,...,2,,)} be any sequence in % X #, X --- X I,
and define {(¢}, €}, ..., ¢€,,)} by

& = |z —{(1-a,) 2

rafy l2 - pN; (2,2, 2,)] (54)

+ wil

fori=1,2,...,m.

Remark 19. Ifm = 2, then Algorithm 16 reduces to Algorithm
4.3 of Lan [19].

Next we will show the convergence and stability of
Algorithm 16.

Theorem 20. Suppose that X;, ;, N, and M; (i = 1,2,...,m)
are the same as in Theorem12. If Y2 o, = +co and
condition (33) holds, then the perturbed iterative sequence
{(x],x5,...,x,,)} defined by Algorithm 16 converges strongly
to the unique solution (x7,x5,...,x,) € X; x X, x---x X,
of the problem (1). Moreover, if there exists a € (0, a,] for all
n >0, then

Jim (2),2),...52,,) = (%], %55, X,,) (55)
if and only if
Jim (e],€3,...56,) = (0,0,...,0), (56)
m

where (€], €, . ..,€,,) is defined by (50).

Proof. From Theorem 12, we know that problem (1) has a

unique solution

(x5 %5, 0x) € Xy X Xy X x X, (57)



8 Abstract and Applied Analysis

It follows from (49) and the proof of (42) in Theorem 12 that, ¢, = Z;”l IIu""II + 271 lw}ll (n > 0), then it follows from
fori=12,...,m, Z;’OO «, = 400 and (i)-(iii) ofAlgorlthm 16 that

(i, "] = 0

n+l L
X X

™z

N 1
Zt” = +00, lim b, =

n— 00 — k4

11
—

< (1-a) |+ - x{] :

Ui
- — Zc—ZZ%ﬂhZZWﬁ<ﬂD
T3 ?/1 = qipo; + 6P G | - x| (58) n=0  j=In=0 j=1n=0 (60)
! 5 60
Pz i Setting a,, = z] 1 ||x - X; *|l, then (59) can be rewritten as
1
1 j=Lj#i ’
<(l1-t bt , =0,1,2,.... 61
+a, ul{n ||ulln" + ”wln") ) A1 ( n) a, + n'n + Cn n ( )
It follows from Lemma 10 that lim,, _, . a,, = 0; that is,

It follows from (58), we have

m
m Jim > [ - x5 = 0 (62)
2 =] "
1 1
i=1
thus
m
<(1- T x!
( oc,,) ; ||x, X; " x;' _ x;f (n — o), (] -1,2,..., m) ) (63)
o S X/ ~qipj0;+ ¢y P jc S P,-T,-C,-j Hence, we know that the sequence {(x7,x),..., x5}
n ; iFi%i i i O converges strongly to the unique solution (x}, x,..., x,,) of
the problem (1).
n meo Now we prove the second conclusion. By (50), now we
j N Z lw?| know
i=1
m fft+1 _ *
T il
<[ @) 2 @ [ - pN (2]
m m
q; »4; PTG + o Ul +w — xfk" + €,
+a = q;pio; +¢gp;' i + ntly TW; — X i
In N n wherei = 1,2,...,m. As the proof of inequality (59), we have
ZWJ+ZWH+ZWJ
<[1-a, (- k)] : Z;”(l—ocn)z;'+ocn]1\j1j [zj"—ijj (21,25, 2p)]
=
j=1
+aul +w —x;
+au—M-——ZNH el
<[1-a,(1-
moom " (65)
n 1
(St St ) .
= = n
(59) +“n(1‘k)'1_kj;“”j “
where k is the same as in (43). Letting ¢, = + i |u'.'” + i 00 1
G - k) € (01, b, = (/1 - K)YL M, and = =l
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Since0 <a<a, (n=0,1,2,...,), it follows from (64) and

(65) that
< 1
S -
=1

<[1-a,(1-k)] 3

j=1

1 L.
+ocn(1—k)m<1_21”u;
(S S

j=1 j=1

Suppose that lim,,_, (], €),...,€,)

b, = (/(1-R)E, Ia1+(1/a) X7, ¢ andd), = 37, 12
X; *|, then (66) implies that

n
J J

1 m
n
* a2
=1

= (0, 0, ...,0). Letting

ar,1+1 S (1

~t)a +bt,+¢, n=0,12..., (67

where t,, ¢, are the same as previously. Since lim | =
"=0 (j=1,2,...,m),

ﬂ‘?OO”u

0and lim,, , €’

timpt = S Gl )+ 23 (Jime) [ <o

j=1 j=1
(68)
It again follows from Lemma 10, we have lim,_, ,a, = 0
and so
Jim (2,25,...,2,) = (%], %5,...5%,,). (69)
Conversely, if lim,, _, (2], 25,...,2,,) = (x],%5,...,X,,), it
follows from (50), then we get
e < |t -«
(- w) 2+ g [ - N (20 20)
+ (xnu?+w?—xi*”, Vi=1,2,...,m.
(70)
Combining (65) with (70), we have
m
Yel' < Z"z”*‘ N+ -, -
i=1 i=1
1 ¢m
ra (1= =) ] (71
1- kj:1

(St Brat) —o oo

This completes the proof. O

Corollary 21. Suppose that F; n, N;, and M; (i =
1,2,...,m) are the same as in Corollary 14. If ¥ 2 e, = +00
and condition (47) holds, then the perturbed iterative sequence
{(x],x5,..., x),)} defined by Algorithm 17 converges strongly to
the unique solution (x|,x5,...,%,) € H\ X Hy X - x ¥,
of the problem (1). Moreover, if there exists a € (0, «,] for all

n >0, thenlim, _, (2},25,...,2)) = (x],%5,...,x,,) ifand
only if
Jim (€], €5,...5€,,) = (0,0,...,0), (72)
m

where (€], €, . ..,€,,) is defined by (50).

Corollary 22. Assume that Z;, N;, and ¢; (i = 1,2,...,m)
are the same as in Corollary 15 If Yooy, = +00 and
condition (48) holds, then the perturbed itemtive sequence
{(x}, %5, ..., x,,)} defined by Algorithm 18 converges strongly to
the unique solution (xy,x5,...,X,) € H\ X Hy X - x ¥,
of the problem (2). Moreover, if there exists a € (0, «,] for all

n >0, thenlim, _, (2},25,...,20) = (x],%5,...,x,,) if and
only if
Jim (e],€),...56,) = (0,0,...,0), (73)
m

where (€], €, ..., €,) is defined by (54).

Remark 23. If m = 2, then Theorem 20 reduces to Theorem
4.3 of Lan [19]. Further, one can easily see that our results
presented in this paper may be viewed as an refinement and
improvement of the previously known results.
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We introduce and analyze a hybrid steepest-descent algorithm by combining Korpelevich’s extragradient method, the steepest-
descent method, and the averaged mapping approach to the gradient-projection algorithm. It is proven that under appropriate
assumptions, the proposed algorithm converges strongly to the unique solution of a triple hierarchical constrained optimization
problem (THCOP) over the common fixed point set of finitely many nonexpansive mappings, with constraints of finitely many
generalized mixed equilibrium problems (GMEPs), finitely many variational inclusions, and a convex minimization problem

(CMP) in a real Hilbert space.

1. Introduction

Let H be a real Hilbert space with inner product (-,-) and
norm | -[|; let C be a nonempty closed convex subset of H and
let P be the metric projection of H onto C. Let S : C — H
be a nonlinear mapping on C. We denote by Fix(S) the set
of fixed points of S and by R the set of all real numbers. A
mapping S : C — H is called L-Lipschitz continuous if there
exists a constant L > 0 such that
ISx-Sy| <L|x-y|, Vx,yeC. (1)

In particular, if L = 1 then S is called a nonexpansive
mapping; if L € (0, 1) then S is called a contraction.

Let A : C — H be a nonlinear mapping on C. The
classical variational inequality problem (VIP) [1] is to find a
point x € C such that

(Ax,y-x) >0, VyeC. (2)

The solution set of VIP (2) is denoted by VI(C, A).

In 1976, Korpelevich [2] proposed an iterative algorithm
for solving the VIP (2) in Euclidean space R™:

Yn =PC(‘xn_TA‘xn)’

Xne1 = PC (xn - TA)/”) > (3)
Vn >0,

with 7 > 0 a given number, which is known as the extra-
gradient method. See, for example, [3-7] and the references
therein.
Let ¢ C — R be a real-valued function; let A :

H — H be a nonlinear mapping andlet® : CxC — R
be a bifunction. In 2008, Peng and Yao [8] introduced the
following generalized mixed equilibrium problem (GMEP) of
finding x € C such that

O(xy)+9(y) -9 +(Ax,y—x) >0, VyeC. (4)
We denote the set of solutions of GMEP (4) by
GMEP(®, ¢, A).
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In [8], Peng and Yao assumed that ® : CxC — Risa
bifunction satisfying conditions (Al)-(A4) and ¢ : C — Ris
a lower semicontinuous and convex function with restriction
(B1) or (B2), where

(A1) O(x,x) =0 forall x € C;
(A2) © is monotone; that is, ®(x, y) + O(y, x) < 0 for any

x,y €G;
(A3) O is upper-hemicontinuous; that is, for each x, y, z €
C)
limsup@® (tz+(1-t)x,y) <O (x,y); (5)
t—0*

(A4) O(x,-) is convex and lower semicontinuous for each
x €GC;

(BI) for each x € H and r > 0, there exists a bounded
subset D, ¢ Cand y, € Csuchthatforanyz € C\D,,

0(27)+9(1) 9@+ (-zz-2) <0 ©

(B2) Cis a bounded set.

Given a positive number r > 0. Let Tr(®“”) :H — Cbe
the solution set of the auxiliary mixed equilibrium problem;
that is, for each x € H,

TO9 (x) = {yeC:®(y,z)+<P(Z)—‘P()’)
+%<y—x,z—y> 20,VzeC}.
7)

Let f : C — R be a convex and continuously Fréchet
differentiable functional. Consider the convex minimization
problem (CMP) of minimizing f over the constraint set C:

minf (x) (8)
(assuming the existence of minimizers). We denote by I' the
set of minimizers of CMP (8).

On the other hand, let B be a single-valued mapping of
C into H and R be a set-valued mapping with D(R) = C.

Considering the following variational inclusion, find a point
x € C such that

0 € Bx + Rx. 9)

We denote by I(B,R) the solution set of the variational
inclusion (9). Let a set-valued mapping R : D(R) ¢ H —
2H be maximal monotone. We define the resolvent operator
Jra:H — D(R) associated with R and A as follows:

Jea=(I+AR)"', VxeH, 10)

where A is a positive number.

Let S and T be two nonexpansive mappings. In 2009,
Yao et al. [9] considered the following hierarchical VIP: find
hierarchically a fixed point of T', which is a solution to the VIP
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for monotone mapping I — S; namely, find ¥ € Fix(T') such
that

(I-8)x,p-%x)=0, VpeFix(T). (11)
The solution set of the hierarchical VIP (11) is denoted
by A. It is not hard to check that solving the hierarchical
VIP (11) is equivalent to the fixed point problem of the
composite mapping Py, )S; that is, find ¥ € C such that
X = Pyix)SX. The authors [9] introduced and analyzed the
following iterative algorithm for solving the hierarchical VIP

11):

Yn = ﬁnsxn + (1 - ﬁn) X
X1 = (Xann + (1 - ‘xn) Tyn’ (12)
Vn > 0.

In this paper, we introduce and study the following triple
hierarchical constrained optimization problem (THCOP)
with constraints of the CMP (8), finitely many GMEPs and
finitely many variational inclusions.

Problem I. Let M,N, and K be three positive integers.
Assume that

(i) f : C — Ris a convex and continuously Fréchet
differentiable functional with L-Lipschitz continuous
gradient Vf,S; : H — H is a nonexpansive mapping,
and A; : H — His ¢ j-inverse-strongly monotone
fori=1,2,...,Nand j = 1,2,...,K;

(i) A, : H — H is a-inverse strongly monotone
and A, : H — H is ff-strongly monotone and -
Lipschitz continuous;

(iii) © jisa bifunctions from C x C to R satistying (Al)-
(Ad),and ¢; : C — Ris a lower semicontinuous
and convex functional with restriction (B1) or (B2) for
i=1,2,...,K;

(iv) R, : C — 2M is a maximal monotone mapping and
B, : C — H is nq-inverse strongly monotone for
k=1,2,...,M;

(v) VI(NY, Fix(S;), A;) #0 with (nY, Fix(S;)) ¢ (njg .
GMEP(®;,¢;, A ;) N (N, I(By, Ry)) NT.

Then the objective is to

N
findx* € VI <VI (ﬂ Fix(si),A]) ,Zf2>

i=i

= {x* € VI(ﬁFix(Si),Zl> : <Z2x*,v—x*>

i=i

>0,Vv € V1<ﬁm(si),§1>}.

i=i

(13)
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Motivated and inspired by the above facts, we introduce
and analyze a hybrid iterative algorithm via Korpelevich’s
extragradient method, the steepest-descent method, and
the gradient-projection algorithm obtained by the averaged
mapping approach. It is proven that under mild conditions,
the proposed algorithm converges strongly to a unique
element of VI(VI(NY, Fix(S;), A}), A,) with (Y, Fix(S;)) ¢
(nj.il GMEP(®,¢;,A;)) N (ML I(By, Ry)) N T, that is, the
unique solution of the THCOP (13). In this paper, the results
we acquired improve and extend the existing results found in
this field.

2. Preliminaries

Throughout this paper, we assume that H is a real Hilbert
space of which inner product and norm are denoted by (, )
and | - ||, respectively. Let C be a nonempty closed convex
subset of H. We write x,, — x to indicate that the sequence
{x,} converges weakly to x and x,, — x to indicate that
the sequence {x,} converges strongly to x. Moreover, we use
w,(x,) to denote the weak w-limit set of the sequence {x,};
that is,

ww (xn)

= {x € H: x, — x for some subsequence {xni} of {xn}}.

(14)
Definition 1. A mapping A : C — H is called
(i) monotone if
(Ax—Ay,x—y) >0, VYx,yeC; (15)

(ii) #-strongly monotone if there exists a constant 7 > 0
such that

(Ax-Ap,x-y) znlx -y, vxyeC (1)

(iil) {-inverse-strongly monotone if there exists a constant
{ > 0 such that

(Ax - Ay, x - y) = {|Ax - Ay, Vx,yeC. (17)

Itis obvious that if A is -inverse-strongly monotone, then
A is monotone and 1/{-Lipschitz continuous. Moreover, we
also have that, for allu,v € Cand A > 0,

(I = AA)u — (I - AA) v|)?
(18)
< lu=vI* + A (A =20) || Au — Av|.

So,if A < 2(, then I — AA is a nonexpansive mapping from C
to H.

The metric projection from H onto C is the mapping P :
H — Cwhich assigns to each point x € H, the unique point
P-x € C, satisfying the property

v~ pexl = nf vl = 40 )

Some important properties of projections are gathered in
the following proposition.
Proposition 2. For given x € H and z € C:
(i)z=Pxe(x-2,y-2)<0, VyeC
(i) z=Pex o |x—zI* < lx - yI> =y - zl>, ¥y e G
(iii) (Pox — Pey,x — y) = |Pox — Poyl?, Yy € H. (This

implies that P is nonexpansive and monotone.)

Next we list some elementary conclusions for the mixed
equilibrium problem where MEP(0, ¢) is the solution set.

Proposition 3 (see [10]). Assume that ® : Cx C — R
satisfies (Al)-(A4) and let ¢ : C — R be a proper lower
semicontinuous and convex function. Assume that either (Bl)
or (B2) holds. For r > 0 and x € H, define a mapping
T . H — C as follows:

T (x) = {z €C:0(z,y)+9(y)-9(2)
1 (y-z,z-x)>0,Vy EC}
r
(20)
for all x € H. Then the following hold:

(i) for each x € H, Tr(®"”)(x) is nonempty and single-
valued;

(ii) Tr(®’(”) is firmly nonexpansive; that is, for any x, y € H,
o, 09 |12 o, o,
[1095 - 79 < (1O, TPy s @)
(iii) Fix(T®?) = MEP(®, ¢);
(iv) MEP(O, ) is closed and convex;
2
W ITOPx-TP%" < (s - 0)/s(T®"x

Tt(@"") x, TS(@),q:) x —x) foralls,t >0andx € H.

In the following, we recall some facts and tools in a real
Hilbert space H.

Lemma 4. Let X be a real inner product space. Then there
holds the following inequality

I+ > <IxlP+2(px+y), VxyeX. — (22)

Lemma 5. Let H be a real Hilbert space. Then the following
hold:

@) lx = yI* = IxI* = Iyl* = 2(x - y, y) forall x, y € H;

() [Ax + uyl® = Allxl® +ullyl> = Aullx - ylI forall x, y €
Hand A, p e [0, 1] withA +u=1;

(c) if {x,} is a sequence in H such that x,, — x, it follows
that

lim sup”xn - y||2
n—00

= lim sup|x,, — x||2 +|x - y||2, Vy e H.
n— 00



Definition 6. A mapping T : H — H is said to be an
averaged mapping if it can be written as the average of the
identity I and a nonexpansive mapping; that is,

T=01-a)l+asS, (24)

where « € (0,1) and S : H — H is nonexpansive. More
precisely, when the last equality holds, we say that T' is «-
averaged. Thus firmly nonexpansive mappings (particularly,
projections) are 1/2-averaged mappings.

Lemma 7 (see [11]). Let T : H — H be a given mapping.

(i) T is nonexpansive if and only if the complement I — T
is 1/2-ism.
(ii) If T is v-ism, then for y > 0,yT is v/y-ism.
(iii) T is averaged if and only if the complement I-T is v-ism
forsomev > 1/2. Indeed, for o € (0, 1), T is a-averaged
ifand only if I - T is 1/2a-ism.

Lemma 8 (see [11]). Let S,T,V: H — H be given operators.

O IT = (1 -x)S+ aV for some « € (0,1) and if S is
averaged and V is nonexpansive, then T is averaged.

(ii) T is firmly nonexpansive if and only if the complement
I — T is firmly nonexpansive.

(ii) f T = (1 - «)S + aV for some o € (0,1) and if S is
firmly nonexpansive and V' is nonexpansive, then T is
averaged.

(iv) The composite of finitely many averaged mappings
is averaged. That is, if each of the mappings {T;}~,
is averaged, then so is the composite T,---Ty. In
particular, if Ty is a, -averaged and T, is «,-averaged,
where oy, , € (0,1), then the composite T\ T, is «-
averaged, where & = o) + &, — o, .

(v) If the mappings {Ti}f\_jl are averaged and have a
common fixed point, then

N
() Fix (T;) = Fix (T, T, -+ Ty). (25)
i=1

The notation Fix(T') denotes the set of all fixed points of
the mapping T; that is, Fix(T) = {x € H : Tx = x}.

Let f : C — R be a convex functional with L-
Lipschitz continuous gradient Vf. It is well known that the
gradient-projection algorithm (GPA) generates a sequence
{x,} determined by the gradient Vf and the metric projection
Pe:

X1 = Po(x, - AVf (x,)), Vn=>0, (26)
or more generally,
Xp1 = Po(x, - A, Vf (x,)), Vn=0, (27)

where, in both (26) and (27), the initial guess x, is taken
from C arbitrarily, and the parameters A or A, are positive
real numbers. The convergence of algorithms (26) and (27)
depends on the behavior of the gradient Vf.
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Lemma 9 (see [12, Demiclosedness principle]). Let C be a
nonempty closed convex subset of a real Hilbert space H. Let T
be a nonexpansive self-mapping on C. Then I -T is demiclosed.
That is, whenever {x,,} is a sequence in C weakly converging to
some x € C and the sequence {(I — T)x,} strongly converges
to some y, it follows that (I — T)x = y. Here I is the identity
operator of H.

Lemma 10. Let A : C — H be a monotone mapping. In the
context of the variational inequality problem the characteriza-
tion of the projection (see Proposition 2(i)) implies

ueVI(C A) & u=P;(u-AAu), A>0. (28)
Let C be a nonempty closed convex subset of a real Hilbert
space H. We introduce some notations. Let A be a number in
(0, 1] and let u > 0. Associating with a nonexpansive mapping
T:C — H, we define the mapping T* : C — H by
T x == Tx — AMF (Tx), VxeC, (29)
where F : H — H is an operator such that, for some positive
constants k,n > 0, F isk-Lipschitzian and n-strongly monotone
on H; that is, F satisfies the conditions:

(Fx - Fy,x~y) 2 nlx - y|
(30)

|Fx = Byl < e |x =],

orall x,y € H.
J y

Lemma 11 (see [13, Lemma 3.1]). T* is a contraction provided
by 0 < u < 21/’ that is,

"TAx - TAy“ <(1-M)|x-y|, Vx,yeC, (31

where T = 1 — |1 — u(2n — ux?) € (0, 1].

Lemma 12 (see [13]). Let {s,} be a sequence of nonnegative
numbers satisfying the conditions

Spp1 S (1 - “n) Syt anﬁn’ Vn>1, (32)
where {a,} and {f3,} are sequences of real numbers such that

(1) {e,} € [0,1] and 2221 o, = 00, or equivalently,

—1s

(1-a,):= nangon (1-0)=0; (33)
k=1

S
I
—

(ii) limsup,, _, .., < 0, or Yoo lex,B,l < co.

Then lim,, _, s, = 0.

Recall that a Banach space X is said to satisfy Opial’s
property [12] if, for any given sequence {x,} < X which
converges weakly to an element x € X, there holds the

inequality

limsup |x, — x| < limsup||x, - y|, VyeX, y#x.
n— 00 n— 00
(34)
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It is well known that every Hilbert space H satisfies Opials
property in [12].

Finally, recall that a set-valued mapping T : D(T) c
H — 2" is called monotone if for all x,y € D(T), f € Tx,
and g € Ty imply

(f-gx-y)=0. (35)

A set-valued mapping T is called maximal monotone if T is
monotone and (I + AT)D(T) = H for each A > 0, where I is
the identity mapping of H. We denote by G(T') the graph of T. It
is known that a monotone mapping T is maximal if and only if,
for (x, f) e HXH,(f —g,x—y) > 0, forevery (y, g) € G(T),
implies f € Tx. Let A : C — H be a monotone, k-Lipschitz-
continuous mapping and let N-v be the normal cone to C at
v € C; that is,

Nev={ueH:(v—-p,u) >0, Vp e C}. (36)

Define
~ Av+ Ngrv, ifvecC,
Ty JAY + Nev zlfv (37)
0, ifvécC.
Then, T is maximal monotone such that
0eTveveVIC,A). (38)

Let R : D(R) ¢ H — 29 be a maximal monotone
mapping. Let A, y > 0 be two positive numbers.

Lemma 13 (see [14]). There holds the resolvent identity

Pt (1 - %)]R’,\x>, VxeH. (39

Jrax =Jry (A

For A, u > 0, there holds the following relation that

Prax = Try| < lx=yl+1A-u

X (% Trax =yl + i |- IR,M”) ,
Vx,y € H.
(40)

Based on Huang [15], there holds the following property for
the resolvent operator J ) : H — D(R).

Lemma 14. Jy, is single-valued and firmly nonexpansive;
that is,

Upax = Jaaynx = ¥) = Jrax = Jead|’s  Vx.y € H.
(41)

Consequently, ] , is nonexpansive and monotone.

Lemma 15 (see [16]). Let R be a maximal monotone
mapping with D(R) = C. Then for any given A > 0, u €
C is a solution of problem (10) if and only if u € C
satisfies

u=Jp, (u—ABu). (42)

Lemma 16 (see [17]). Let R be a maximal monotone mapping
with D(R) = C and let B: C — H be a strongly monotone,
continuous, and single-valued mapping. Then, for each z € H,
the equation z € (B+ AR)x has a unique solution x, for A > 0.

Lemma 17 (see [16]). Let R be a maximal monotone mapping
with D(R) = Candlet B: C — H be a monotone, continuous,
and single-valued mapping. Then (I + A(R+ B))C = H for each
A > 0. In this case, R + B is maximal monotone.

3. Main Results

In this section, we will introduce and analyze a hybrid
steepest-descent algorithm for finding a solution of the
THCOP (13) with constraints of several problems: the CMP
(8), finitely many GMEPs, and finitely many variational
inclusions in a real Hilbert space. This algorithm is based
on Korpelevichs extragradient method, the steepest-descent
method, and the averaged mapping approach to the gradient-
projection algorithm. We prove the strong convergence of
the proposed algorithm to a unique solution of THCOP (13)
under suitable conditions. Throughout this paper, let {Si}f\il
be N nonexpansive mappings S; : H — H with N > 1
an integer. We write Sy := Sy 104 n» for integer k > 1, with
the mod function taking values in the set {1,2,..., N} (ie., if
k = jN + q for some integers j > 0 and 0 < g < N, then
Ty =Nifg=0and Ty =qif1 < g < N).

The following is to state and prove the main result in this
paper.

Theorem 18. Let C be a nonempty closed convex subset of a
real Hilbert space H and let f : C — R be a convex and
continuously Fréchet differentiable functional with L-Lipschitz
continuous gradient Vf. Let M, N,K > 1 be three integers.
Let ©; be a bifunctions from C x C to R satisfying (A1)-(A4),
¢; :C - Ra lower semicontinuous and convex functional
with restriction (Bl) or (B2), and A; : H — H(;-inverse-
strongly monotone for j = 1,2,...,K. Let R, : C — 28
be a maximal monotone mapping and let B, : C — H
be ny-inverse strongly monotone for k = 1,2,...,M. Let
{S;}Y, be a finite family of nonexpansive mappings on H. Let
A, : H — H be a-inverse strongly monotone and let A, :
H — H be 3-strongly monotone and k-Lipschitz continuous.
Assume that VI(NY | Fix(S;), A,) #0 with (N, Fix(S;)) ¢
(nj.il GMEP(®;,¢,,A)) N (ML I(B,Ry)) N T. Let u €
(0,2B/k%), e, }o2 € (0,11, {p}2y < (0,2a], {A, )2, <
[a, b < (0,2), and {r;,}2, < [c;d;] ¢ (0,20;) where



jei{l,2,...,K} and k € {1,2,..., M}. For arbitrarily given
x, € H, let {x,} be a sequence generated by

u, = TR (I- ”K,nAK) Tr(G)K*l’(pK*l) (I- TK—l,nAKﬂ)

n TKon K-1n

e T;S,I’(Pl) (I - rl,nAl) X
Vo = ]RM,AM,,, (I- /\M,nBM) ]RM_I,AM_L,, (I- )‘M—LnBM—l)

: "]Rl,/\m (I- /\l,nBl) Uy

Yn = S[n+1] (I - pnzl) Tnvn’

Xn+1 = Yn — ‘“anZZyn’ Vn >0,

(43)

where Po(I- A, Vf) = s,1+(1-s,)T, (here T, is nonexpansive
and s, = s,(A,) = (2-A1,L)/4 € (0,1/2) for each A, €
(0,2/L)). Assume that

N
() Fix (S;) = Fix (S, -+~ Sy)
i=1
(44)
= Fix (SnS; - Sno1)
= = Fix (8,8; - Sx'S;)
and that the following conditions are satisfied:
() lim, |, &, = 0,Y 20, = oo and p, < «, for all
n=0;

(ii) lim,, _, o (o, — @, /ety ) = 0 07 ZEC:)O lov, — ot N <
005

(iil) lim,, _, oo (IS, = Spenl/in) = 0 0r 22(:)0 ISy = Senl <
005

(iV) hmn—»oo(lpn - pn+N|/pn+N) =0or ZZZO |Pn - pn+N| <
005

) lim,, _, oo (g = Manl /(@) = 0 08 3020 A, —
Ajminl <00 fork=1,2,..., M;

(Vi) hmn%oo(lrj,n - rj,n+N|/(‘Xn+N)) = 0or ZZZO |rj,n -
rimenl <00 for j=1,2,...,K.
Then the following hold:
(a) {x,},2, is bounded;
(b) lim,, _, o, llx,, = X, nll = 0;

0 provided

(c) hmn%oo”xn - S[n+N] Tt S[n+1]xn” =
lim,, _, oo (1%, = yll + |1 T,v,, = ) = 0;

(d) {x,}2, converges strongly to the unique element of
VI(VI(NY, Fix(S;), A,), A,) provided ||x, — y,ll +
IT,v,, = vull = 0o(p,).

Proof. Let {x*} = VI(VI(Q,A)),A,). Since Vf is L-
Lipschitzian, it follows that Vf is 1/L-ism. By Lemma 7(ii),
we know that for A > 0, AVf is 1/AL-ism. So by Lemma 7(iii),
we deduce that I — AVf is AL/2-averaged. Now since the pro-
jection P is 1/2-averaged, it is easy to see from Lemma 8(iv)
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that the composite P-(I — AVf) is (2+ AL)/4-averaged for A €
(0,2/L). Hence we obtain that, for each n > 0, Po(I — A, Vf)
is (2 + A,,L)/4-averaged for each A, € (0,2/L). Therefore, we
can write

2-A,L

" 2+A,L
I+
4

PC (I_ /\nvf) = 4 . Tn (45)

=s,l+(1-s,)T,

where T, is nonexpansive and s,, := s,(A,) = (2-A,L)/4 €
(0,1/2) for each A, € (0,2/L). Since A, is «-Lipschitz
continuous, we get

|&sy, - Apx|| < |y, - %", vnz0.  (46)
Putting z,, = (I - p,A,)T,v,, for all n > 0, we have

Xn+1 = Yn — M“nxzyn

= S[n+1]Zn - ”“nZZS[n+1]Zn (47)
aﬂ
=S% Ynz0.

Put

Ajn — T:f:j"pj) (I —r. A ) Tr(,(aj_l’(pj_l) (I - rjfl,nAj—l)

G} j) S riein

(48)
T (1 1) x,
forall j € {1,2,...,K}andn > 0,
k
A, = ]Rk,/\,m (I - )‘k,an) ]Rk,l,)tk,m (I - Ak—l,an—l) (49)

o ']RI,AM (I- Al,nBl)

forall k € {1,2,..., M}, A(L =], and Aon = I, where I is the
identity mapping on H. Then we have that u,, = AXx, and
v, = A?:Iun.

We divide the rest of the proof into several steps.

Step 1. We prove that {x,} is bounded.
Indeed, utilizing (18) and Proposition 3(ii), we have

o = 7]

TpoP (I = rye, Bi) Ay ' x

n n

O, K-1_ =
— T'O%9) (T — e By ) AN 'x

TKon

< "(I — iBi) AL, = (T =i, By) A

< "AKflx AR (50)
- n n n
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Utilizing (18) and Lemma 14 we have

v = %7
"]RMAM (I - ApnAp) A AL lun
~ TRy T = AngnAnr) Afflx*"

< ”(I - AM,nAM) A?l/lilun - (I - AM,nIAM) AIZIil‘x* “

(51)
< [ AY M, - AV X
< ”A(;un -Ax*
= [|u, — x|
Combining (50) and (51), we have
v, = x| < |x0 = x7] - (52)

Since A, is a-inverse strongly monotone and {p,}, <
(0, 2a], we have

[T, - %" = pu (&, T, = B[]
= T, = x"|
=2p, (&, T,v, - A,x", T, - x*)
+ 2| ATy, - A (53)

e e *
AlTnVn -4

< "Tnvn - x*uz = Pn (Z(X - pn)
<|T.wv, - x*”2

<|v.- x*||2.

Utilizing Lemma 11, we deduce from (52), p, < «,, and

S[n+1]x = x" - a,uA,x" that foralln > 0
||xn+1 - x*"
= IStz -]
< |Gz = Sprany x| + St = 7]
<(1-a,7) |z, - x*|| + auu Azx*“

= (1 _(an) "(I_ anI)Tn

* - *
v, — X " +a,u |'A2x “

7
= (1-a,0) |, - x" = p, (B, T, - Ayx") - p, A, x"

oA
< (1-a,0) [| Ty, - %" = po (AT, - A,x7))|

+ oo | |] + | A7)

< (1= 0,7) v, = 27| + po A7 || + e | &

< (1= 0,7) [, = 57| + o [A x| + e | Ao
< (1= ,7) [, = 57| + o A x| + e | A7
< (1-a,7) [x, — 7| + o, | A, x7|

+ o | A
= (1-a,7) |x, - x|

ol Ll
Smax{"xn_x*",IIElx*Ilwll'A* * }

T
(54)

where 7 = 1 — /1 — u(23 — ux?). So, by induction we obtain

e =1

JA ]+l ] } .
T

< max {"xo - x|

Hence {x,}, is bounded. Since A, : H — H is a-inverse

strongly monotone, it is known that A, is 1/a-Lipschitz
continuous. Thus, from (52), we get

e v e AR P P
(56)

1
< ;"xn—x*", Vn > 0.

Consequently, the boundedness of {x,} ensures the bound-
edness of {v,},{T,v,}, and {A,T,v,}. From y, = N
puA1)T,v, and the nonexpansivity of S,,,,;, it follows that

{y,} is bounded. Since A, is x-Lipschitz continuous, {4, y,}
is also bounded.

Step 2. We prove that lim,, _, [Ix,, — x,..nIl = 0



Indeed, utilizing (18) and (40), we obtain that

||Vn+N ~Va “

M
- '|An+Nu
_ M-1
= “]RM,AMM (I = AgenBar) Aoontbnin

_]RM,/\M,,, (I - AM,nBM) Alf_lun

< “]RM,/\MMN (I = A pgenBar) A?;/i_;]”mN
~Jry, Ariren (I- A, +Bar) An+N“n+N”
“]RM Arimen (I- A, Bt An+N”n+N
Ry (I = ApgnBur) AM_ ”n“
“(I ArtninBu) An+Nun+N (I = ApgnBar) An+N”n+N||
+ “(I ~ AainBar) AI::IJ:I\IJ”mN -

(I- AM,nBM) Af_lun"

+ |AM,n+N - AM,nl

% ( A “]RM A (I AM nBM) An+Nun+N
Mn+N

= (I = ApnBu) AM 'u

n

T "(I ArinBar) An+N”n+N

_]RM,AMm (I- AM,nBM) Afilun“ )

< A = Anl ||BMAn+Nun+N“+M)
“An+Nuﬂ+N A u "

< A atmen = Al ||BMAn+N”n+N“ + M)

M-2 =
+ Aot = Aatoal ||BM—1An+N”n+N" + M)

+ ARt = 85|

< AN = Anl ||BMAn+Nun+N“ + M)
+ A rtctnen = Anioral "BM 1An+Nu"+N|| +M)
ot A = A “BlAn+N“n+N” + M)

0 0
+ HA ntNUntN ~ Anun“

M
< MOZ lAk,n+N - Ak,n| + ”un+N - un" >
k=1

(57)
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where

sup ||]R1 AN (I Az n z) An+Nun+N

n=>0,1<i<M { A; n+N

i-1

- (I - /\i,nBi)

+ 3 ”(I Az nBi ) An+Nun+N

T, (1= LB N | } < T
(58)

for some M > 0 and supn>0{zk ) ||BkAn+Nun+N|| + M} < M,

for some M, > 0.
Furthermore, since Vf is 1/L-ism, Po(I — A,Vf) is
nonexpansive for A,, € (0,2/L). So, it follows that

|Pe (1= A VF) v
< [P (1= A V) v = 7| + 7]
= 1Pc (1= A VF) v = Pe (I = Aun V) £7[ + 7]
< ="+ 17

< vl + 207 50
59

With the boundedness of {v,}, this implies that {P-(I —
A.nVf)v,} is bounded. Also, observe that

” n+NVn Tnvn”

_ 4PC (I_An+NVf) (2 /\n+NL)I
24+ A, nL n

4P (I-AVf)-(2-A,L)I
2+A,L '

<”4ax1—AMNvﬂ

4P (I-A,Y)

v
2+ A, nL " 2+A,L "

‘2 AL 2—)&n+NL

2+/\L 24 A, L "

= || (4 (2 + AnL) PC (I - /\n+NVf) Va
—4 (2 + AnJrNL) PC (I - Aan) Vn)
(2 + A, D2+ 4,0)"

eyl
(2+A,,nL)(2+A,L) '




Abstract and Applied Analysis

= ||(4L (/\n - )Ln+N) Pe (I - /‘n+NVf) v, +4 (2 + /\n+NL)
X (PC (I - An+Nvf) Vn = PC (I - Anvf) Vn))
(2 + A yD)2+24,0) "
4L1|A -A
+ | n+N nl "Vn”
(2+A,,.nL)(2+A,L)

< 4L |An B An+N| "PC (I B /\n+NVf) Vn"
B 2+A,,.nL)(2+2,L)

+(4(2+A,,5L0)
X "PC(I_/\nJrNVf)V —Pc(I-A,Vf)v "
x (2+ A, nL)2+A,L0)"

L MY
2+ A, L) (2+A,0) 1"

£ |/\n+N - /\nl [L “PC (I - AnJrNVf) Vn“
+ 4|Vf Gl + L val]

< Ml |/\n+N - /\n| >

(60)

where supEO{LIIPC(I—)LmNVf)vn|| +4|IVF W l+Llv, I} < Ml
for some M, > 0. Thus, we conclude from (57) and (60) that

" n+NVn+N — TV “
“ ntNVn+N ~ LneNVn ||+|| n+tNVn Tnanl

< [Voen = Vall + My (Ao = A

4M,

<“Vn+N V||+ L |5n+N Snl (61)

M
< MOZ lAk,n+N - Ak,n| + |lun+N - un"
k=1

+@|s - s,
L n+N nl -

Also, utilizing Proposition 3(ii), (v), we deduce that

"un+N - un”

I AK K
- ”An+an+N - An‘xn

(Ox-9x)
TrK ,ﬁ;fK (I - rinenAk) A’ n+an+N

(Ox-9x) K-1
_TrK,: oK (I - rKnAK) A Xn

T(®1< Q)

TKntN

(I — Tk, n+NAK) An+N‘xn+N

(Ok-¢x) K-1
_TrK,f YOI = g A k) D Xnen

—Tkn Ag) A n+an+N

n

O, K-
~TORI ([ Ag) NS x

TKn

T(®1< Px)

K-1
RN (I = TieneNAK) D Xnin

(® )
T P (I - rKnJrNAK) An+N‘xn+N

(O-9x)
T X PO = T menAk) NN

(CrE
_TrK,f o (I ~TKn K) An+an+N

+ ”(I TKon K) An+an+N - (I - rK,nAK) Alz_lxn

< e =1l

K n+N

(Ox-¢x)
TrK::‘,)K (I = renmenAk) An+an+N

|

-(I- Tk, aNAK) An+N'xn+N

+|rrcnen = Tl || Ak n+an+N“

+ ”An+an+N A Xn

1

= |rrmen = Tk [ HAKA n+an+N|' +
TKneN

« | T(@x¥x)

TKntN

(I — Tk, n+NAK) A n+an+N

—(I = rgpenAx) An+N'xn+N“

K-1

+ ' A ntNXn+N ~ A Xn

1
< |riemen = Tl [“AKA n+an+N|' +
TKn+N

(Ox-9x)
T,KfIfK (I - ricnenAk) An+an+N

—(I = rgmenAk) An+an+N“

Tt l"l,n+N - "1,n|

1

0
X |: ||A IA n+an+N|| +
rl,n+N

T(®1 1)

0
FLasN (I - rl,n+NA1) An+an+N

]

- (I - rl,n+NA1) A(11+an+N
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+ ”A(;HNme - A(;xn“ < (1= N ) [20en-1 = 2|

— K +u |(Xn+N—1 - ‘Xn—1| ||K28[n]zn—1||
s MZZ | VimeN ~ J,n| + ||xn+N - xn” >
j=

—_

= (1 - (xn+N—1T) "szfl - ZVHH

(62) —
+u |an+N—1 - (Xn—1| ||A2yn—1||
where M, > 0 is a constant such that for each n > 0 <(l-a 7
= ~ “ntN-1
K ! "
A A —
;[n i [ B2
+ T(®Jl(5/ ( J'H'NA )An+len+N (63) — K
TjntN i + Mzz |"j,n+N—1 - rj,n—1| + "xn+N—1 - xn—l"
=1
- (I TiniNA )A;L+Nxﬂ+N ] < M,. 4M,

+ T |sn+N71 - Sn71|

Therefore, it follows from (18), (61), (62), and {p,},>, < (0, 2«]
that

|

+ |Puin-1 = Pactl ||Z1Tn—lvn—
||Zn+N - Zn”

(Tn+an+N - pn+NA T, +NVn+N) (Tnvn - PnZITnVn)

+ u |(xn+N—1 - (xn—ll "ZZyn—l"

< 'l(Tn+NVn+N - pn+NZITn+NVn+N) = (1 B (xn+N_1T) "xn+N—1 B xn—l"
- (Tnvn - pn+NK1TnVn)

+ “(Tnvn - pn+NKITnVn) - (Tnvn - anITnVn)"

M K
+ Moz N min-1 = Aot | + Mzz
k=1 j=1

TineN-1 ~ Tin-1 |

4M —
< WuusVuon = Tl + s = ol [E T o v sl e =l AT |

M + | N—1_“—1|"K2)’ —1"
< Mo Y Mimens = Mol + 1t = ] " ’ ’

k=1 < (1= et ?) [Xpenes = %

4M1 .|~ M K

el _ - AT " —
+ L |5n+N Snl + |Pn+N Pn| 14nVn + M; (Z |/‘k,n+N—1 - /\k,n—1| + Z TintN-1 " rj,n—1|
M K - =

s MOZ 'Ak’"*'N B Ak’”l + MZZ rj’"+N h rj’n + |Sn+N—1 - Sn—ll + |Pn+N—1 - Pn—1|
k=1 =1
4M _
“xn+N x " n Ll |sn+N | n |Pn+N Pnl "A Vn” + |(Xn+N—1 ‘xn—ll >,

(64) (65)

From Lemma 11 and (64), it is found that . o _ .
where SuPLzo{Mo +4M, /L+ M, +||A T, v, | +pullA,y, I} < M,
BN for some M; > 0. Applying Lemma 12 to (65) we obtain from

— conditions (i)-(vi) that
= |'yn+N—1 — P N1 A2V N-1

_ lim |[x, ., —x,| = 66

- (yn—l - //‘“n—lAzJ’n—1)“ n=00 " n+N " (66)

|S[;1Azif]l ZNo1 — S‘["’Zl—lzn_ln Step 3 We. prove that lim, _, ,llx, = Spn - S[,,+1]x | =0
provided lim,, _, . (llx, — I + IT,v, v~||) = B

< [tz = SpN 2z | Indeed, from [|x,,; — Il = pa,lA,y,l < «,M, and

condition (i), we getlim, _, llx,,; — ¥, Il = 0. Now, let us show

«, Oy
+ St 2 = SE 2| that [lu, — x,| — 0,]v, —u,] — 0and |x, - T,v,| — 0

[n+N] [n]
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asn — 00. As a matter of fact, utilizing Lemma 4, we get <|lx, - x*||2 +Tip (T’jn - 20 "A ,Af‘lx - A, |12
from (43) pR
+Akn(Akn_277k)"Bk "4, - Bix ”
"yn_X*H2 = S[n+l](TnVn_pn~1 nn +2Pn L= X ”)
< ”Tnvn -x" - pn;ﬁ\vlTnvn||2 (69)
(67)
* 12 e *
< T = %17 =200 (A T 002, - x7) which immediately yields
< v = x| + 20, |A T |2 — x| -
i (28— 15) 4,00 -
Observe that _ w2
+ A (201 = M) ||BkAn u, = Byx “
a7, < o =27 1F = Iy =27 + 20, | &
= [T = vy A A e, - T T A K ”2 < % =l Ul = " + v = %71
, +2p, |A -x".
< ”(I _ rj,nAj)A]n_lxn _ Pn 1*n"n n ||
<||aix, (1= 20) 4,0 5, - A 2 Since {A,}2% < lanh] < (0,27) and {r,,}, <
[cj,dj] C (O,ZCj) for j = 1,2,..., Kand k = 1,2,..., M
< |x, - x*|* + Pin(Tin—20;) "AjA’;lxn —A; and {x,}, {y,},{A,T,v,} and {z,} are bounded sequences, we
, deduce from p, — 0Oand |x, — y,| — 0 that
_ lim AAJlx—Ax =
Y ol e
< ||~ A BOAS - (1 - A, BOX | Jim B’ - B = 0
k-1 k-1 )2
< A% u, ~ 2, [ B, - Bex” | forall j € {1,2,...,K} and k € {1,2,...., M.
, R Furthermore, by Proposition 3(ii) and Lemma 5(a), we
< et = %" + A (M = 20) | By, = Bex”|| have
%12 k-1 |2
< - A, (A, —2 B, A - B , i |2
< e = 17+ A i = 2m) | BeAy Mt = Bix” | |87, - x|
= |21 = v A AT e, T A )
for j € {1,2,..., K}and k € {1,2,..., M}. Combining (67)- '
(68), we get < <(I rJﬂA])A]n1 (I r]nA])x A x, - X" >
Iy == T2
< vn =" + 29, | & T 20 - %7 x (||(1 ~ 1, ADATx,
AT, |z, - x|
< et = I + A (i — 20) | BeA M1, = Byx || - ||(1 - rj,nAj)Ajn_lx,,—(I—rj)nAj)x*—(A];, nm X 2)
+2p, HAlTnvn" "zn X ” < l ( A];lxn - x* + ”A
2
< |l Nw = 200) | Bt s, - B . . .
" nn B , ( k.n nk) “ k**n Yn k " _ A]nilxn—A]nxn i (AjA],;lxn—ij*)'|2),
+2Pn 1+n"n n_‘x*” (72)
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which implies that which immediately leads to
. k )%
[al, - [ [, = |
%112
<o, - f “boml
k-1 k k-1 PN
A% e A, =7y (A A, — AT ’ =A% e At = A (B, — B
_ 2 AR, Ak P
S R e | e o
2 k-1 2
- rJZ')n"AjA];:lxn — A’ ? B Ak’””B"A" , = Bix” "
j j j = +2) <Ak_lu - A B Ay - B x*>
+21), <A1n_1xn - Ajnxn,AjA]n_lxn - ij*> kn A0 P T e Pkn B Pk
* _ 2
<|ai s, - x| - |aix, - Al x| < w2 = A5 oy - A,
- n n n
. . . k-1 _ k k-1 _ *
ror,, ||A]n_1xn _ A]n'xn“ “AjA]n_lxn A + 240, 1A, w, = A || | B, u, — Brx ” .
< ||xn -x" ||2 - "A];l_lxn - Ajnxn"2 Combining (67) and (75) we conclude that
+2r a7 %, - AL x || lA AT, - AxF. _
el =l s =4, 1 == < Iva = %71 + 20, | BT |2 = %7
* 2 e *
By Lemma 5(a) and Lemma 14, we obtain < "Aknun -x ” + 20, 1A Tl |2 — %7 ||

< |x. - x*”2 - "Akrflun - Al;un ?

k |2
Nou, —x

k-1 k
+ 20, 1A, w, — Ay,

k-1 *
BkAn u, — ka ||

k-1 |2
= "]Rk,Ak)n(I = MBSty = Tpa, (L= Ay, Br)x |

+ 2Pn KlTnVn“ “Zﬂ -x " >
< <(I - Ak,an) Akn_lun - (I - /\k,an) x*’ Aknun - X*> (76)

= % ("(I = AnBe) Ak,:lun - (I-Ay,By) x*“z which yields

k |2
+ ”Anun - X

k-1 ko2
“An un—Anun“

k-1
=R 2 -2~ - F

—(I=AuBe) x™ - (Alilun - x*) ’

) +2A, Akilun - Aknun

n

k-1 *
|||BkAn u, - B.x ||

+ 2pn XlTnvn

< % ("Al;_lun x| A, - x* ? |z, — x| 77

+

: : . <l = yall (e = 27+ Ly = 271D
- “Akn u, - Aknun - Ak’n(BkAkn 'u, - Byx )"2) o " "

k-1 k
+ 20, 1A, w, — Ay,

| ||BkA];_1un - ka* “
< % (||un - x*"2 + "Aknun x|

+2p, "ZlTnvn

Iz = %71
- - PN
A% = A, = A (B, - B[ )
Since {A; )72 C [a.b] < (0,2) fork = 1,2,...,M and

{u,}, (x5 1.} {ZlTnvn} and {z,,} are bounded sequences, we

1 # 12 k |2
< 5(||xn—x I+ A%, — }
educe from (71), p, — 0,and ||x, — y,| — 0 that

Akilu —Aku -A (B Akilu -B x*)“z)
n n n“*n kn\Pkidy n k >
(74) lim ”Akn’lun - Aknun“ =0, Vke{l,2,..., M}.  (78)

n— 00
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Also, combining (51), (67), and (73), we deduce that
”yn - x*"2 < "Vn - X*HZ +2p, "A'lTnVn” ”Zn - x*"

ZlTnvn

<ty <[ + 20, -]

< "Aan x| 2p, "ZlTnvn“ Iz, — x|

-1 i
N, x, - A x,

e

+2r;, A x, - A];lxn| ||A A, - A
v 20, | T - <7
(79)
which leads to
a0, = a0
< s =2 =y =<1
+2r,, |80 %, - Al | A AL x, - A Xt
+ 20, | AT o - 5] (80)
< w2l (e = 7| + 1y = x7[)
+2r,, A X, - Al | A AL x, - A X
e 20, | AT e - .
Since {r;,}e% < [cpd;] < (0,20) for j = 1,2,...,K

and {x,}, {y,},{A,T,v,} and {z,} are bounded sequences, we
conclude from (71), p, — 0, and [x, — y,| — 0 that

lim

Jl _AJ
=00 An Xn Anxn

=0, Vje{l2,..., K}. (81
Hence from (78) and (81) we get

||xn - un" = “A(an - Aﬁxn

< “A(an - Alnxn" + “Alnxn - A2nxn" to (82)

K-1 K
+ “An x, — A, x,

— 0 asn-— 00,

0 M
Au, — N, u,

“un - Vn" =
< “Aonun — Alnl,ln“ + “Alnun - Aznun” +eoo0 (83)

+

M-1 M
A un—Anun” — 0 asn-— oo,

respectively. Thus, from (82) and (83), we obtain

%0 = vall < 1% = vl + |t = V| — 0 as n — o0,

(84)
together with ||v,, — T,,v, || — 0, which implies that
nIeréo "xn - Tnvn” =0. (85)
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On the other hand, we observe that the following relation
holds:

XptN — X = XN — S[n+N] (I - pn+N—1Z1) T N-1VneN-1
+ SN (1 - Pn+N—1K 1) ToiN-1Vnen-1
= SN Sinen-1) (I - Pn+N—ZZ 1) T N-2VneN—-2
+oo+ Spany 7 S (I - Pn+1Z1) T1Vnn
= SpueNy " St (I - Pngl) T,

+ S[n+N] T S[n+1] (I - pnzl) Tnvn — Xy
(86)

Since [|x,,; = ¥, — Oand p, — Oasn — oo, from the
nonexpansivity ofeach §; (i = 1,2,..., N) and boundedness
of {A,T,v,} it follows from (85) that asn — oo we have
”me = Siuan) (1 - Pn+N—1K 1) T N-1Vnsn-1 “
= |%uen = Ynenaal — 0,
'|S[n+N] (I - pn+N—IZI) ToiN-1VneN-1
- S[n+N]S[n+N—1] (I - Pn+N—2K 1) Tn+N—2Vn+N—2||
= " (I - Pn+N—1K1) T N-1Vnin-1
~S{neN-1] (I ~ Pun—2A 1) Tn+N—2Vn+N—2“

<

Tn+N—1vn+N—1
_S[n+N—1] (I - Pn+N—2E 1) Tn+N—2Vn+N—2“
* PriN-1 "Z 1T N-1VniN—1 "
< "Tn+N—lvn+N—1 - xn+N—1||
+ ||xn+N—1 = Sinan-1) (I - Pn+N—2X 1) Tn+N—2Vn+N—2|'
* PriN-1 "Z 1T N-1VniN-1 "

= ||Tn+N—1Vn+N—1 - xn+N—1|| + ||xn+N—1 - yn+N—2|l

+ PneN-1 |A1Tn+N—1Vn+N—1" — 0,

“S[n+N] T S[n+2] (I - pn+lgl) Tn+lvn+1
_S[n+N] Tt S[n+1] (I - pn;(l) Tnvn
= "(I B anA'l) Tn+lvn+1 - S[n+1] (I - Pngl) Tnvn”

Tn+lvn+1 - S[n+1] (I - pngl) Tnvn '

<
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+ Past [ A1 Tia Vi

< | T iVpar = X + ||xn+1 = St (I - pn;{l) Tn"n"
+ Past [ A1 TtV |

=iV = Xt + [ = 22

+ Pn+1 “KITn+lvn+1'| — 0.
(87)

Therefore, from (66) and (86), we obtain
M Sy Sprer) (I = paAy) Tav = X, = 0. (88)
So, it follows that
[Stnen = Siaer (1 = puy) %, = 5,
S+ Sieny (1= PuAAy) %,
~Spuent * Sinen) (1= PuAis) T
S+ Spaery (1= puy) Tv =,

Observe that

<|

(89)

— 0.

||S[n+N] T S[n+1]xn - xn”

= ”S[n+N] “*Stner)Xn = Spaeny S (xn - Pnglxn)"

+ |'S[n+N] T S[n+1] ('xn - pnzlxn) - Xy

< Pn ||len + ||S[n+N] St ('xn - Pn;{lxn) - xn“
—0 (n— 00).
(90)
That is,
(IS - Sy = %] = 0. (91)

Step 4. We prove that limsup, , (A;x*,x* - x,) < 0
provided lim,, _, (lIx,, — v, + IT,v,, — v,Il) = 0.
Indeed, choose a subsequence {xni} of {x,} such that

lim sup <A'1x*,x* - xn> = llirglo <X1x*,x* - xni> - (92)

n—00
The boundedness of {xni} implies the existence of a subse-
quence {x,, } of {x, } and a point X € H such that x, — X.
Xj 1 15

]
We may assume without loss of generality that x,, — X; that
is,

lim <le*,x* - xn,_>

1— 00

lim sup <A1x*, x* - xn>
n—00

(93)
<le*,x* - fc> :

First, we can readily see that € N, Fix(S;). Since the
pool of mappings {S; : i < i < N} is finite, we may further
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assume (passing to a further subsequence if necessary) that,
for some integer [ € {1,2,..., N},

S[”i] = Sl’ Vl > 1. (94)

Then, it follows from (91) that

Xy = Sty Spiv11 X0 — X, — 0. (95)

i

Hence, by Lemma 9, we conclude that
X € Fix (S[H-N] S[H—l]) (96)

Together with the assumption

N
() Fix (S;) = Fix (S,S, -+~ Sy)
i=1
(97)
= Fix (SxS; - Sno1)

= = Fix (5,8 - SpS,) »

this implies that X € N, Fix(S;). Now, since

N
x* eVI(ﬂFm(si),Zl>, (98)

i=i
we obtain

lim sup <A1x*,x* - xn> = lim <A1x*,x* —xn_>
n— 0o 1= 00 !

(99)
= <le*,x* —9?> <0.

Step 5. We prove that lim,, _, ||
Yall + IT,0, = v, = o).

Indeed, first of all, let us show that
limsup,, _, ,(A;x",x" - x,) < 0. We choose a subsequence
{xnk} of {x,,} such that

x, — x"|| = 0 provided |x,, —

li’?lsol(l)p <K2x*,x* - xn> = klingo <K2x*,x* - xnk> . (100)
The boundedness of {x,, } implies that there is a subsequence

of {x,, } which converges weakly to a point X € H. Without
loss of generality, we may assume that x,, — X; that is,

lim sup <sz*,x* - xn> = lim <sz*,x* -x, >
71— 00 k— oo k

(101)
= <K2x*,x* —E>.

Repeating the same argument as in the proof of
X € ﬂf\:rl Fix(S;), we have x € ﬂf\:rl Fix(S;). Let
p € NY, Fix(S;) be fixed arbitrarily. Note that
N Fix(S) ¢ N, GMEP(©;,9;,A)) N ML I(B, Ry) N T.

Then, it follows from the nonexpansivity of each
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S; (i = 1,2,...,N) and monotonicity of A, that, for all
n=0,
7 - ol = lis[m]a ~ AT = Sy
“(T v, —
= |T,v, - ol + 2p, (A Vo D= TV

+ pj"ZlTnvn“

= Tuvs = oI + 20, (A T,v, = A1 p = Tov,)
+2p,{Z,pop - T,v,) + 2| A T

< [lv = pl* + 26, (A1 p.p - T,)

— 2
AT,

2
* P

s ”xn - p"2 + zpn <le’p - Tnvn> + pﬁﬁg’

(102)
which implies that
nILHgO <Klp’p - Tnvn>
< ,}Lngog [, = pI* =l = 2I” + £33
< HLOO% (< = 2l + v = 2l + ,,lgngo’;” 3
(103)
So, from |x,, — ¥,l = o(p,) and the boundedness of {x, } and
{y,}, we get
limsup (4, p, p~T,v,) <0, (104)

together with (85), which implies that
(Aip.p-%)
= lim (A p.p-x,)
< lim sup (&,p.p-x,)
<timsup (X, p Ty, + (A,p. Ty, - 5,))

< lim sup <X1P’ p- Tn"n>

<0.
(105)
Thus, we have
_ N
(A,p,p-%) <0, Vpe[)|Fix(s).  (106)
i=1
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Since A, is monotone and 1/a-Lipschitz continuous,
in terms of Mintys lemma [12], we deduce that
X € VI(ﬂf\:]1 Fix(S;), A;). Therefore, from {x*} =
VI(VI(Q, A,), A,), we have
lim sup <sz*,x* - xn> = lim <A'2x*,x* - x, >
n— 00 k— oo k
(107)
= <K2x*,x* —§> <0.

Finally, let us show that ||lx, — x*| — Oasn — ©o.
By utilizing Lemma 11, we deduce from (52) and S'"

[n+1]

x* —a,uA,x* thatforalln >0

s =71

2
X,
Sz —x"

[n+1]"n
2
Xy % %
= |S[n+1]Z S[n+1]x + S[n+1] -Xx
&, 5 « N
"S["H] S["+1]x + 2 <S[n+1] TX Xy T X >

<(1-a,7)|z, - x" || - 2a,u <sz*,xn+l - x*>
— 2
- PnAlTnVn”
- 20,1 <Z2x*,xn+l - x*>
= (1 - “nT) [llTnvn

+2p, <A Tnvn’x Tﬂvn> + 'Dj ~1 n

=(1-a,r)

_ x* "2

]
n

- 20,4 <;4'2x*,xn+1 - x*>
= (1 - ‘XnT) ["Tnvn - x*"2

+2p, <Z1Tnvn ~Ax",x" - Tnvn>

+2p, (A", x" =T, + oL A T, ]
= 20,4 (Ayx", %,y — X°)
< (1= 1) [Iv, - 2" I + 20, (A1, 6" = T,
+ AT ]
= 20,4 (Ayx", %,y — X7
< (1= ay7) [, = x| + 20, (A", x" = T, ) + i M3
= 20,4 (Ayx*, Xy — X°)
< (1-a,7) [, - x|
+2p, (1 - a,7) (A, x", x" = T,w,) + pp Mj

- 206,“[/! <ZZx*’xn+l - x*>
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=(1-a,7)|x, - x*"2

1 P, ~ % %
Tt~ Za—"(l—anr) <A1x ,X —Tnvn>

n

2

P 172 e *
+ oc_:M3 +2u <A2x , X —xn+1> .
(108)

Since Y2 &, = 00,p, < a, foralln > 0Oand, — Oas
n — 00, we obtain, from (107) and (104) with p = x”, that
Y20 0T = 00, 2(p, /) (1 — a,7) < 2, and

n

. 1 P, —
1 — 22 (1- Ax"x"-T
im sup o ( ocnr)< X5 x vn>

2 (109)
+ p—”Mﬁ+2y (Apx™,x" =Xy ) | 0.
(X}‘l
Applying Lemma 12 to (108), we infer that
Tim [, -+ = 0. (10
This completes the proof. O

In Theorem 18, putting f(x) = 0,Vx € C, we obtain that
I' = Cand T, = I which is the identity mapping of C. Hence
Theorem 18 reduces to the following.

Corollary 19. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let M,N,K > 1 be three integers.
Let ®; be a bifunction from C x C to R satisfying (A1)-(A4),
¢; : C — Ralower semicontinuous and convex functional
with the restriction (Bl) or (B2), and Aj+H — HCj—inverse
strongly monotone for j = 1,2,...,K. Let R, : C — 2H
be a maximal monotone mapping and let B : C — H
be n-inverse strongly monotone for k = 1,2,...,M. Let
{Si}f\_jl be a finite family of nonexpansive mappings on H. Let
A, : H — H be a-inverse strongly monotone and let A, :
H — H be f-strongly monotone and «-Lipschitz continuous.
Assume that VI(NY, Fix(S,), A,) #0 with (Y, Fix(S;)) <
(N GMEP(®, 9, A NDN(ML, I(By, Ry)). Let € (0,2/xc%),
{oheo € (0,1], {p )y € (0,2a],{A, 1020 € [ab] C
(0,27), and {rj,n}z';o c lepdjl c (0,2(;) where j €
{1,2,...,K}and k € {1,2,..., M}. For arbitrarily given x, €
H, let {x,} be a sequence generated by
ty = TO (1= 1 A TOD (I -1, Ay ,)

TK-1,n
(©1,91)
e Trlml ! (I - rl,nAl) X

Y = ]RM,)LM,n (I - /\M,nBM) ]RM,I,AM,M (I - AM—I,nBM—l)

e ]Rl,/ll,,, (I - /\l,nBl) Uy»

Yn = S[n+1] (I - anl) Vi

Xpt1 = Vn — #“nxz)’w Vn > 0.

(111)
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Assume that

N
() Fix(S;) = Fix (8,S, -~ Sy)
i=1
(112)
= Fix (SnSy -+ Sn-1)

-+ = Fix (8,85 - SxS1)

and that the following conditions are satisfied:

() lim, |, oo, = 0,Y 20, = oo and p, < «, for all
n=0;

(11) hmn—)oo(lan_(xn-*—Nl/((Xn+N)) =0or ZS;)O |(xn_(xn+N| <
00O;

(111) limn—>oo(|pn_Pn+N|/(pn+N)) =0or 2220 |Pn_pn+N| <
005

(iV) hmn—mo(lAk,n - Ak,n+N|/(0‘n + N)) =0or Z;;.Zo Mk,n -
Menen| <00 fork =1,2,..., M;

W) lim,, _, (I, = 7 penl/ (e, + N)) = 0 0r 320 |7, —
Timnl <00 for j=1,2,...,K.

Then the following hold:

(a) {x,}72, is bounded;
(b) lim,, _, o, lIx,, — x,.. 1l = 0;

(©) lim,, _, oM, = Sy =+ SpusryXull = 0 provided ||x,, —
Vull = 0 (n — 00);

(d) {x,}2, converges strongly to the unique element of
VI(VI(NY, Fix(S;), A,), A,) provided ||x, — y,ll =
o(p,).

In Corollary 19, putting K = 1 and M = 2, we obtain the
following.

Corollary 20. Let C be a nonempty closed convex subset of
a real Hilbert space H. Let N > 1 be an integer. Let ©
be a bifunction from C x C to R satisfying (Al)-(A4), ¢ :
C — R a lower semicontinuous and convex functional with
the restriction (BI) or (B2), and A : H — H{-inverse strongly
monotone. Let R, : C — 2M be a maximal monotone
mapping and let B, : C — H be n-inverse strongly monotone
for k = 1,2. Let {Si}fil be a finite family of nonexpansive
mappings on H. Let A, : H — H be a-inverse strongly
monotone and let A, : H — H be f-strongly monotone and
K-Lipschitz continuous. Assume that VI(ﬂf\il Fix(S;), Zl) +0
with (N, Fix(S;)) ¢ GMEP(®, ¢, A) N I(B,, R,) N (B}, R,).
Let u € (0,2B/x%), {0}, < (0,11, {p,}2, < (0,2al,
{Aknteo € @b € (0,2n), and {r,}2, < [c,d] € (0,20)
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fork = 1,2. For arbitrarily given x,, € H, let {x,,} be a sequence
generated by

O (ty, y) + 9 (y) — 9 (u,) + (Ax,, y — 14,)

+l(y—un,un—xn>20, Vy eC,

Tn

Vo= Trony, (L= A2Bo) Jon,, (= Ay,By ) u,,  (13)
yn = S[n+1] (I - pnzl) vn)
Xpy1 = Yo — U, ALY, Ym0
Assume that
N
() Fix (S;) = Fix (8, -+ Sy)
i=1
(114)

= Fix (SnS; -+ Sn-1)
== Fix(szss"'SNS1)
and that the following conditions are satisfied:
(i) lim,, , &, = 0,> 20, = 0o and p, < «, for all
nz=0;

(ii) hmyz—»oo(l‘xn_“n+N|/(‘xn+N)) = OOVZZZO |“n_‘xn+N| <
00,

(111) limn—>oo(|Pn_Pn+N|/(Pn+N)) =0or 2220 Ipn_Pn+N| <
00;

(iv) lim,, _, o (1A, = Al /(@) = 007 Y20 Ay, —
Afminl <00 fork =1,2;

(V) hmn—»oo(lrn - rn+N|/(Ocn+N)) =0or 2220 |Tn - rn+N| <

0.
Then the following hold:

(a) {x,}02, is bounded;

(b) lim,, _, o, lIx,, — x,.. 1l = 0;

(©) lim,, _, oMl = Sppany *** SpsyXnull = 0 provided |x,, -

Yl = 0 (n — oco);

(d) {x,}2, converges strongly to the unique element of
VI(VI(NY, Fix(S;), A)), A,) provided |x, — y,l =
o(p,).

In Theorem 18, putting K = 1 and M = 2, we obtain the
following.

Corollary 21. Let C be a nonempty closed convex subset of
a real Hilbert space H and let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let N > 1
be an integer. Let © be a bifunction from C x C to R satisfying
(Al)-(A4), ¢ : C — R a lower semicontinuous and convex
functional with the restriction (Bl) or (B2), and A : H — H{-
inverse-strongly monotone. Let R, : C — 2 be a maximal
monotone mapping and let B, : C — H be n-inverse
strongly monotone for k = 1,2. Let {Si}f\:]l be a finite family
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of nonexpansive mappings on H. Let A, : H — H be
a-inverse strongly monotone and let A, : H — H be f3-

strongly monotone and k-Lipschitz continuous. Assume that
VI(NY, Fix(S;), A,) #0 with nY, Fix(S;) ¢ GMEP(®, ¢, A) N
I(B,,R,) N I(B},R) NT. Let u € (0,2B/x%), {et,}2, < (0,1],
{Palnco € (0,2a], {Ag 120 € [ar bl < (0,2), and {r,},.2% C
[c,d] c (0,20) for k = 1,2. For arbitrarily given x, € H, let
{x,} be a sequence generated by

O (up y) + ¢ (y) — 9 (u,) + (Ax,, y —u,)

+l(y—un,un—xn) >0, VyeC,
T,

n

Vn = ]Rz’Az,n (I - AZ,nBZ) ]Rl,llm (I - Al,nBl) Up> (115)

Yn = S[n+l] (I - pngl) Tnvm

Xpp1 = Yo — U, ALY, Vn20,

where Po(I- A, Vf) = s,1+(1-s,)T, (here T, is nonexpansive
and s, = s,(A,) = (2-A,L)/4 € (0,1/2) for each A, €
(0,2/L)). Assume that

N
() Fix(S;) = Fix (8,S, -+~ Sy)
i=1
(116)
= Fix (SnSy -+~ Sno1)

== Fix(SZS3-~-SNSI)
and that the following conditions are satisfied:

() lim, |, oo, = 0,Y 20, = oo and p, < «, for all
n=0;

(ii) limnaoo(l‘xn_‘wal/(“MN)) =0or Zﬁzo |“n_(xn+N| <

005

(iii) hmn—»oo(lsn - Sn+N|/((xn+N)) =0or ZEZO |Sn - Sn+N| <
005

(iV) hmnaoo(lpn_anrN'/(PnJrN)) =0or 2220 |Pn_pn+N| <
005

() lim,, _, oo (IAje, = A/ (0, + N)) = 007 Y020 Ay, —
Afmin| < 00 fork =1,2;

(vi) lim,, _, oo (I, =Tan /(0 + N)) = 0 0r Y o2 |1y —Tan ] <
0.

Then the following hold:

(a) {x,}02, is bounded;

(b) lim,, _, o, llx,, — x,..nll = 0;

(©) lim,, , llx, = SpunySpyXull = 0 provided
lim,, _, o (I, = yull + 1T, = v,oll) = 05

(d) {x,}2, converges strongly to the unique element of
VI(VI(NY, Fix(S;), A,), A,) provided |x, — y,| +
1TV = vall = 0(p,)-

In Theorem 18, putting K = 1 and M = 1, we obtain the
following.
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Corollary 22. Let C be a nonempty closed convex subset of
a real Hilbert space H and let f : C — R be a convex
functional with L-Lipschitz continuous gradient Vf. Let N > 1
be an integer. Let © be a bifunction from C x C to R satisfying
(A1)-(A4), ¢ : C — R a lower semicontinuous and convex
functional with the restriction (B1) or (B2), and A : H — H({-
inverse-strongly monotone. Let R : C — 2 be a maximal
monotone mapping and let B C — H be y-inverse
strongly monotone. Let {S;}}Y | be a finite family of nonexpansive
mappings on H. Let A, : H — H be a-inverse strongly
monotone and let A, : H — H be [-strongly monotone and
k-Lipschitz continuous. Assume that VI(ﬂf\_jl Fix(Si),Zl) +0
with (NY, Fix(S;)) ¢ GMEP(®, ¢, A) N I(B,R) N T. Let u €
(0,2B/6%), {or 12y € (0,11, {p,hn2y € (0,2a), {p,}7%, €
[a,b] c (0,2n), and {r,}2, < [c,d] c (0,2(). For arbitrarily
given x, € H, let {x,} be a sequence generated by

®(un’y)+¢(y)_¢(un)+ <Axn’y_un>

1
+—(y-u,u,—x,) =0, VyeC,

Tn

Vo = Jry, (I = 4, B) th,s (117)
Y = Spur) (1= PuAs) TV
Xnt1 = Vn — ‘u(xnzz)/n) Vn >0,

where Po(I-A,Vf) = s, I1+(1-s,)T, (here T, is nonexpansive
and s, = s,(A,) = (2-A,L)/4 € (0,1/2) for each A, €
(0,2/L)). Assume that

ﬁFix (S;) = Fix(S$;S, -+~ Sy)
i=1
= Fix (SS; -+ Sno1) (s
=+ = Fix (8,8 - SySy)
and that the following conditions are satisfied:

() lim, &, = 0, Y20, = coand p, < a, for all

n>0;

(11) limnﬁm(lan_“n+N|/(“n+N)) =0or Zf;c:)O |“n_an+N| <
[S0H

(lll) hmnaoo(lsn - Sn+N|/(an+N)) = 0 or ZZZO |Sﬂ - $n+N| <
[S0H

(iV) hmnaoo(lpn_PrHN'/(PnJrN)) =0or ZEC:)O |Pn_Pn+N| <
[S0H

) lim, oo 1ty — e/, + N)) = 0 07 32 1t -
:"ln+N| < 005

(Vl) hmn—»oo(lrn_rn+N|/(ocn+N)) =0or ZZZO |r1‘l_rn+N| <
Q.

Then the following hold:

(a) {x,}02, is bounded;

(b) hmn—»oo”xn - xn+N" = 0’
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(©) lim, , llx, = SpunySpyXull = 0 provided

1imn—>00("xn - yn” + "Tnvn - 1/n") = 0)

(d) {x,}2, converges strongly to the unique element of
VI(VI(NY, Fix(S;), A,), A,) provided ||x, — y,ll +
1TV, = vl = 0(py)-
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We introduce a unified general iterative method to approximate a fixed point of k-strictly pseudononspreading mapping. Under
some suitable conditions, we prove that the iterative sequence generated by the proposed method converges strongly to a fixed point
of a k-strictly pseudononspreading mapping with an idea of mean convergence, which also solves a class of variational inequalities
as an optimality condition for a minimization problem. The results presented in this paper may be viewed as a refinement and as
important generalizations of the previously known results announced by many other authors.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert
space H with inner product (:,-) and norm || - ||, respectively.
Recall that a mapping T : C — C is said to be k-strict
pseudocontractive if there exists a constant k € [0, 1) such
that

[ =Tyl < = + KT =Ty 2= (1 =Ty

@

Vx,y € C.

If k = 0, T is said to be nonexpansive mapping; that is,
ITx = Ty| < |x -y, Vx.yeC. 2)

The set of fixed points of T is denoted by F(T'); that is, F(T') =
{x € C: Tx = x}. Recall also that a mappingT : C — C is
said to be nonspreading if

2Tx - Ty| < |Tx— y* +|x - Ty|’, VxyeC. ()

It is shown in the study by Iemoto and Takahashi [1] that (3)
is equivalent to

ITx=Ty|* < |x -y +2(x-Tx,y-Ty), Vx,yeC.
4)

Observe that every nonspreading mapping is quasinonexpan-
sive; that is, |[Tx — pll < ||x— pll forall x € Cand all p € F(T).
Following the terminology of Browder and Petryshyn [2], a
mapping T : C — C s called k-strictly pseudononspreading
if there exists a constant k € [0, 1) such that

ITx =Ty < =yl + K| =Ty = (1 =) 5|
+2(x-Tx,y-Ty), (5)
Vx,y e C.

Clearly, every nonspreading mapping is k-strictly pseudon-
onspreading, but the converse is not true. This shows that
the class of k-strictly pseudononspreading mappings is more
general than the class of nonspreading mappings. Moreover,
we remark also that the class of k-strictly pseudononspread-
ing mappings is independent of the class of k-strict pseudo-
contractions.
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Fixed point problem of nonlinear mappings recently
becomes an attractive subject because of its application
in solving variational inequalities and equilibrium prob-
lems arising in various fields of pure and applied sciences.
Moreover, various iterative schemes and methods have been
developed for finding fixed points of nonlinear mappings.
It is worth mentioning that iterative methods for nonex-
pansive and nonspreading mappings have been extensively
investigated. However, iterative methods for strict pseudo-
contractions are far less developed than those for nonexpan-
sive mappings though Browder and Petryshyn [2] initiated
their work in 1967; the reason is probably that the second
term appearing in the right-hand side of (1) impedes the
convergence analysis for iterative algorithms used to find
a fixed point of the strict pseudo-contraction. This case is
aggravated by adding another inner product to the right-
hand side of (5) for k-strictly pseudononspreading mapping;
see, for example, [3-13] and the references therein. On the
other hand, k-strictly pseudononspreading mappings have
more powerful applications than nonexpansive mappings
do in solving mean ergodic problems; see, for example,
[14, 15]. Therefore, it is interesting to develop the effective
numerical methods for approximating fixed point of k-
strictly pseudononspreading mapping.

In 2006, Marino and Xu [10] introduced a general iterative
method and proved that, for a given x, € H, the sequence
{x,} generated by

X1 = o ¥f (x,) + (I - a,B)Tx,, VYnx1, (6)
where T is a self-nonexpansive mapping on H, f is a
contraction of H into itself, {«,} < (0,1) satisfies certain
conditions, and B is a strongly positive bounded linear
operator on H, converges strongly to x* € F(T), which is
the unique solution of the following variational inequality:
(B-yf)x",x" —w) <0, VYweF(T), (7)
and is also the optimality condition of problem
min.-(1/2)(Bx, x) — h(x), where h is a potential function
for yf (i.e., h'(x) = yf(x),¥x € H). Thereafter, the general
iterative method is used to find a common element of the set
of fixed point problems and the set of solutions of variational
inequalities and equilibrium problems (see, e.g., [11-13]).

Recently, Kurokawa and Takahashi [14] obtained a weak
mean ergodic theorem for nonspreading mappings in Hilbert
spaces. Furthermore, they proved a strong convergence
theorem using an idea of mean convergence. In 2011, Osi-
like and Isiogugu [15] introduced a more general k-strictly
pseudononspreading mapping and considered the following
iterative schemes:

Xpp1 = O + (1 - (Xn) Zp>
1n—1 . (8)
z,=— ) Tpx,, n=1,
n n};} prn

where auxiliary mapping Ty = fI + (1 — B)T. They proved
that the sequences {x,} and {z,} converge strongly to Pgru,
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which is the metric projection of H onto F(T'). Moreover, they
considered the following Halpern type iterative scheme:

Xpyr = 0+ (1 - a,) Tpx,, n=1 )

They also proved that {x,} generated by (9) converges
strongly to g € F(T) under some suitable conditions and
hence resolved in the affirmative the open problem raised by
Kurokawa and Takahashi [14] in their final remark for the case
where the mapping T is averaged.

In 2013, Kangtunyakarn [16] further studied variational
inequalities and fixed point problem of k-strictly pseudonon-
spreading mapping T' by modifying the auxiliary mapping
with projection technique. To be more precise, he introduced
the following iterative scheme:

Xy = Qg+ B P [I-A, I-T)] x, +9,8%,, n=>1,
(10)

where «,,, B,,, ¥, € (0,1) such thater, + 8, +y, = land f3, €
[c,d] ¢ (0,1) and S is a nonexpansive mapping generated
by a finite family of defining operators, whose fixed point
problems are equivalent to variational inequalities. Moreover,
under some suitable conditions, he proved that the sequence
{x,} converges strongly to Pyu, where Q) is the intersection
of the set of fixed point problems and the set of solutions for
variational inequalities.

Inspired and motivated by research going on in this area,
we introduce a modified general iterative method for k-
strictly pseudononspreading mapping, which is defined in
the following way:

Xpe1 = Ocnyf (xn) + ﬁnxn + [(1 - ﬁn) I- ‘XnB] TAnxn’ (11)
nxl,

where Ty = Pc[I - A,(I - T)] with A, € (0,1) and
sequences {e,} and {$,} in [0,1]. Note that, if 5, = 0,
scheme (11) reduces to general iterative method (6), which
is mainly due to Marino and Xu [10]. If 8, = 0,y = 1, and
B = I, scheme (11) reduces to viscosity approximate method
introduced by Moudafi [17] and developed by Inchan [18],
which also extends the Halpern type results of [19, 20] with an
idea of mean convergence for k-strictly pseudononspreading
mapping.

Our purpose is not only to modify the general iterative
method (6) and projection method (10) to the case of a k-
strictly pseudononspreading mapping, but also to establish
a new strong convergence theorem with an idea of mean
convergence for a k-strictly pseudononspreading mapping,
which also solves a class of variational inequalities as an
optimality condition for a minimization problem. Our main
results presented in this paper improve and extend the
corresponding results of [10, 14-17] and many others.

2. Preliminaries

Let C be a nonempty closed convex subset of real Hilbert H
space with inner product (-, -) and norm | - ||, respectively. For
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every point x € H, there exists a unique nearest point in C,
denoted by P, such that

[x - Pox|| < [|x-»|, VyeC. (12)

Then P is called the metric projection of H onto C. It is well
known that P is a nonexpansive mapping and the following
inequality holds:

(x-u,u—y)>0, VyeC, (13)

ifand only if u = Pox for given x € Hand u € C.
Let A be a mapping from Cinto H. The normal variational
inequality problem is to find a point u € C such that

(Au,v—u) 20, VveC. (14)

The set of all solutions of the variational inequality is denoted
by VI(C, A). Note that u € VI(C, A) if and only if u = P(I -
AA)u for some A > 0.

Recall that an operator B is strongly positive if there exists
a constant y > 0 with the property

(Bx,x) = ylx|>, Vx e H. (15)

Recall also that an operator f : C — C is a contraction, if
there exists a constant p € (0, 1) such that

If )= f Ol <plx-yl

In order to prove our main results, we need the following
lemmas and propositions.

Vx,y €C. (16)

Lemma 1. Let H be a real Hilbert space. There hold the
following well-known results:

(@) llx + ylI* < x> + 2(y, (x + y)), Vx, y € H;

(i) Jx+ (1 -0yl = tlxl® + 1 - Dlyl® - 1 -
Hllx -yl t € [0,1], Vx, y € H.

Lemma 2 (see [6]). Let {x,} and{z,} be bounded sequences in
Banach space E and let {3} be a sequence in [0, 1] such that
0 < liminf, _, B, < limsup,_ B, < 1. Suppose x,.; =
Bux, + (1 =Bz, and

h’?lsolép ("Zn+1 - zn" - "xn+1 - xn") <0, Vn > 0. (17)
Then lim,, _, . llz, — x,|l = 0.

Lemma 3 (see [10]). Let B be a strongly positive linear
bounded operator on a Hilbert space H with a coefficienty > 0
and 0 < o < |B|™". Then |I - ¢B| < 1 - ¢}.

Lemma 4 (see [10]). Let C be a nonempty closed convex subset
of a Hilbert space H. Assume that f : C — C is a contraction
with a coefficient p € (0, 1) and B is a strongly positive linear
bounded operator with a coefficienty > 0. Then, for 0 < y <

ylp,

(x= 7 B-yf)x-(B-vf)y) 2 F-1p)|x -y,
Vx,y € H.

(18)

That is, B — yf is strongly monotone with coefficient y — yp.

Lemma 5 (see [15]). Let C be a nonempty closed convex subset
of a real Hilbert space H, and let T : C — C be a k-strictly
pseudononspreading mapping. Then I-T is demiclosed at zero.

Lemma 6 (see [15]). Let C be a nonempty closed convex subset
of a real Hilbert space H, and let T : C — C be a k-strictly
pseudononspreading mapping. If F(T) # 0, then it is closed and
convex.

Lemma 7 (see [16]). Let C be a nonempty closed convex subset
of a real Hilbert space H, and let T : C — C be a k-strictly
pseudononspreading mapping with F(T) # @. Then F(T) =
VI(C,(I-T)).

Lemma 8 (see [21]). Assume {a,} is a sequence of nonnegative
real numbers such that

pyp < (1 - Vn) a, + yn8n’ nz0, (19)

where {y,} is a sequence in (0,1) and {3,} is a sequence such
that

(1) zflc:)l Yn =005
(i) limsup,, _, .8, < 0 0r Y02 y,,0,| < c0.

Then lim a, = 0.

n—o0"n

3. Main Results

Theorem 9. Let C be a nonempty closed convex subset of
a Hilbert space H and let T : C — C be a k-strictly
pseudononspreading mapping such that F(T) # 0. Let f :
C — C be a contraction with a coefficient p € (0,1) and let
B be a strongly positive bounded linear operator withy > 0.
For a given point x, € Cand 0 < y < y/p, assume that
Qs B> Ay € [0, 1] satisfying the following conditions:

(i) lim
(ii) 0 < liminf, _, 3, <limsup,_, B, < L;

(iii) A,, € (0,1 — k) and lim A, =0.

n—00""n

o0
nooo®y =0and Yy 7 &, = 00;

Then the sequence {x,} generated by (11) converges strongly
to q € F(T), which is the unique solution of the following
variational inequality:

(B-vf)g.q-w) <0,

Proof. First, we show that sequences {x,} and {Tx,} are
bounded. Indeed, from the property of k-strictly pseudonon-
spreading mapping defined on T and p € F(T), we have

Yw € F(T). (20)

|Tx,, - Tp|®

= |G, = p) - [(I = T)x,, - (I = T)pl|*

=%, - pI -2 (x, ~ p. (I =) x,) + (T - D)x,,|°
Ix, = plI” =2 (x, = p, T = T) x,) + | - T)x,,| o1
< |x, = p|* + K| - D) x, - (1 =T) p||°
+2(I-T)x,,(I-T)p)

= |, = I + Kl - T) 5,



which implies that
A-K)|T-T x| <2(x,-p(I-T)x,).  (22)
FromT), = Po[I - A, (I —T)] and (22), we obtain
2

||T/\nxn - p”

< |G, = p) = A, [T = T)x, = (1= T)p]|’

= |x, - p“z =21, {(x, - p,(I-T) x,) + /\i”(I - T)xn"2

< Jxu= oI =2, (1 =R | =D, [+ A1 = D,

= "xn - P“z - /\n [(1 -k) - An] "(I - T)'xn"2 < “xn - P"2
(23)

By (i) and Lemma 3, we have that (1 — 8,)I — B is positive
and (1 - B) - a,B| < 1- B, —a,yforalln> 1 (see, ie.,
[8]). It follows from (11) and (23) that
%01 =
= o, (vf (x,,) = Bp) + B (x, — P)
+[(1=B) I - ,B] (T, x, - p)|
< a, |[vf (x,) - Bp]|
+ Bullxn = Pl + (1= By = ) |10, %, - £
<ay |f (x.) = £ (p)| + e llvf (p) - Byl
+ Bl = Pl + (1= By = 7)1, — pll
< [1=a, (7= v0)] %, = pll + s [ (p) - Bpll.

By induction, we have that

(24)

1
- pl= -pl=—— -Bp||r. (25
b= pl = max{ s =l == o7 ()= e} 23

Therefore, {x,} is bounded and so is {TAnxn}. On the other
hand, we estimate

ITx, - pI
< Jeu = pl + K@ =) %, - (1 =T pf

+2 <xn _Txn’p _Tp>

: : €8
= ”xn - P“ + k"(xn - P) - (Txn - P)”
= ”‘xn - p”Z +k ("xn - P“z - 2<xn - D Txn - P>
T, - pl).
which implies that
(1=0) |Tx, - p* < A +B) |, - p[
27)

+ 2k, - pll [T, - -
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From (27), we can obtain

0> (1-k)|Tx, - p|*
— (1 +K) |x, - p|* - 2K |x, - p| |Tx, - |

= (1= k) (|Tx, — P + | — 2] |Tx, — £])

(28)
=+ k) (s = oI + I, - 2 17, - )
= (1 - k) "Txn - p” (”Txn - P” + “xn - P")
- (1 + k) "xn - p" ("xn - P“ + “Txn - P") .
It follows that
I, - ol < 5 b - ol @9)

Combining (25) and (29), we conclude that {Tx,,} is bounded.
Next, we will show that lim,,_, [Ix,.; — x,/l = 0. To do
this, define a sequence {z,} by

Xn+1 = ﬁnxn + (1 - ﬁn) Zy, h2 L. (30)
Observe that
Zu+l ~ %n
_ Xn+2 ~ ﬁn+1xn+1 _ Xp+1 — ﬁn'xn
1- ﬁn-fl 1- ﬁn
_ ‘xn+1)/f (xn+1) + [(1 B ﬁn+1) I- “n+lB] Wy 41
1- :Bn+1
(31)
_ ‘xn))f (xn) + [(1 - ﬂn) I- (an] wy,
1- ﬁn

Xt
= 1 : [Yf ('xn+l) - Bwn+1] + (wn+1 - wn)
- /3n+1

“n
T12g [yf (x,) - Bw,],

where w, = T), x,,and

| = wi]
<= A T =) 20 = (T =2, (I = D) x|
= %1 = X = As U= D) Xy + 4, (I =T) x, | (32)
< [oeuir = Xl + A |2 = T) Xy = (T = T) x, |

+ A — AT -T) x|
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From (31) and (32), we obtain
"zn+l - Zn"

(04
< _n—+1 “))f (xn+1) - Bwn+1||
1 ﬁn+1

04
+ ||wn+l - wn” + __n |lYf (xn) - Bwn"
1-p,

e LACTORE T (33)

+ "xn+1 - xn“ +

«
L x,) — Bw,
() - B
+ A0 [T =T) %, — T -T) x|
+ A = A =T x| -
It follows from conditions (i)-(iii) and Lemma 2 that
nh_,néo “Zn - xn" =0. (34)
From (30) and (34) and condition (ii), we have
nango "xn+1 - xn" = nh—>n(§o (1 - ﬁn) ||Zn - xn" =0. (35)

Moreover, note that w, = T x, and
"xn - wn”
< len = | + s =
= "xn - xn+1"
+ "“an (xn) + ﬁnxn + [(1 - ﬁn) I- (an] wy, — wn"

< "xn - xn+1" Ta, "Yf (xn) - Bwn" + ﬁn "xn - wn” >
(36)

which implies that

b=l = 72 o=l + 72 o () = B |
(37)
Combining conditions (i)-(ii) and (35), we obtain
Jim |lx, - w,[ = lim |x, - Ty x,[=0.  (38)
That is,
lim |lx, - P[4, I-D)]x,[=0.  (39)

Next, we will prove thatlim sup,, _, .. {yf(q)—Bq, x,—q) <
0, where g = Pgcr)(I — B + yf)q. To show this inequality, take
a subsequence {xnj} of {x,} such that

lim sup (yf (9) - B4 x, - q)
(40)
= lim (yf (q) - Bg,x, —q)-

j— 00

Without loss of generality, we may assume that {xn]_} con-
verges weakly to wj; that is, X, — was j — 00, where
w € C. We will show that w € F(T). From Lemmas 5 and
7, we have F(T) = F(TA,,_) = F(Ps[I - Anj(I —T)]). Assume
that w # Po[I - A, (I - T)]w. By condition (iii), (38), and

Opial’s property, we obtain

liminf ||x, — w"
j— o0 i
< ller_l)lorcl)f x,, = Pc [I - /\nj I- T)] w||
< liminf< x, =Ty x,
j—oo J o
+|Pe[r-2,, -1,
“Pe[1-2, 1-D)]w]) @)
< hjnl ior<1>f < Xy, = TMj X,
I, -]
4, [a -1, - a-T)w] )
< liminf ||x, - w“
j— o J

This is a contradiction. Then w € F(T). Since X, — was
j — 00, we have

lim sup (yf (q) - Bq %, — )
. _ _ 02
Jim (yf (a) - Ba,x,, ~q) (42)

= (yf(q) - Bgw-q) <0.

On the other hand, we will show the uniqueness of a solution
of the variational inequality

(B-yf)x,x—w) <0, weF(T). (43)

Suppose g € F(T) and g € F(T) both are solutions to (43);
then

(B-yf)aq-q) <0,

(44)
(B-vf)a.q-q) <o.
Adding up (44), we get
((B-yfla-(B-yf)gq-q) <0. (45)

From Lemma 4, the strong monotonicity of B—yf, we obtain
q = q and the uniqueness is proved.



Finally, we show that {x, } converges strongly togasn —
00. From (11), (23), and Lemma 1, we have (note that w, =
Ty, x,)
[%ss = al’
= o yf (%) + Buxs
+[(1=B) I - o,B]w,
= o, (vf (%) = B %11 — )
+([(1=B) I = ,B] (w, = 9), %01 = q)
+ B (X = @ X1 = 4)
<oy (f (%) = £ (@) X1 — )
+ 4, (vf (q) = B X1 = q)

— D Xnt1 — q>

+ ﬂn ”xn - q“ ||xn+1 - q"
+ (1 - ﬁn - “n?) ”wn - q" ||xn+1 - q”

(46)
< o, yp 1%, — afl [%1 — 4l
+a, <Yf (q) - Bq’ Xpl — q)
+ (1 - an?) ”xn - q“ “xnﬂ - q"
=[1-F-vp) ] |x, =l |1 — 4l
+a, (yf (q) = Ba X1 — q)
1-(y-yp)a,
< 2 ("xn - q"2 + "xn+1 - q”z)
+a, (yf (q) - Bg X1 — q)
1-(y-yp)a, 1
S— 5 I, - al” + 5||xn+1 —q|’
+a, (yf (q) = Bg X1 — q) -
Tt follows that
"xnﬂ - q"2 < [1 - (? - YP) ‘xn] “xn - q"2
(47)

+2a, (yf (q) ~ Bg X1 — q) -

Together with 0 < y < y/p, condition (i), and (42), we can
arrive at the desired conclusion lim, _, llx, — gll = 0 by
Lemma 8. This completes the proof. O

Theorem 10. Let C be a nonempty closed convex subset of
a Hilbert space H and let T : C — C be a k-strictly
pseudononspreading mapping such that F(T) # 0. Let f : C —
C be a contraction with a coefficient p € (0, 1). Let {x,} be a
sequence generated by x, € C in the following manner:

n>1,
(48)

Xny1 = (an (xn) + ﬁn'xn + (1 -y~ ﬁn) T)\nxn’
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where {a,}, {B,}, and {A,,} are sequences in (0,1) satisfying the
following conditions:
(i) lim,, _, &, =0and Y >, a, = 00;
(ii) 0 < liminf, _, B, <limsup, _, B, < 1;
(iii) A, € (0,1 — k) and lim,, _, A, = 0.

Then the sequence {x,,} converges strongly to q € F(T), which
is the unique solution of the following variational inequality:

((I-f)g.q-w) <0,

Proof. Putting B = I and y = 1, general iterative scheme
(11) reduces to viscosity iteration (48). The desired conclusion
follows immediately from Theorem 9. This completes the
proof. O

Y we F(T). (49)

Theorem 11. Let C be a nonempty closed convex subset of a
Hilbert space H and let T : C — C be a nonspreading
mapping (or quasinonexpansive) such that F(T) # 0. Let
f: C — C be a contraction with a coefficient p € (0, 1) and
let B be a strongly positive bounded linear operator with’y > 0
and 0 <y < y/p. Let {x,} be a sequence generated by x, € C
in the following manner:

Xn+1 = aan (xn) + ﬁnxn + [(1 - ﬁn) I- “nB] T)tnxn’

n>1,

(50)

where {e,} and {f,} are two sequences in (0,1) satisfying the
following conditions:
(i) lim,,_, &, = 0and Y2, «, = 00;
(ii) 0 < liminf, _, B3, <limsup, _, B, < 1;
(iii) A,, € (0,1) and lim,, _, A, = 0.

Then the sequence {x,} converges strongly to q € F(T'), which
is the unique solution of the following variational inequality:

(B-yf)g.q-w) <0,

Proof. Clearly, every nonspreading mapping T' is 0-strictly
pseudononspreading, which is also quasinonexpansive.
Therefore, the desired conclusion follows immediately from
Theorem 9. This completes the proof. O

YV weF(T). (51)

Remark 12. Theorems 9 and 10 extend the Halpern type
methods of [14, 15] and viscosity methods of Moudafi [17] to
more general unified general iterative methods for k-strictly
pseudononspreading mapping, which also solves a class of
variational inequalities related to an optimality problem.

Remark 13. Theorems 9 and 10 improve and extend the
main results of Kangtunyakarn [16] for k-strictly pseudonon-
spreading mapping in different directions.

Remark 14. The auxiliary mapping T} of Osilike and Isiogugu
[15] is generalized to the averaged mapping T, presented in
scheme (1) with variable coefficient and projection operator
based on the equivalence between variational inequality and
fixed point problem.
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We extend the notions of a-y-proximal contraction and «-proximal admissibility to multivalued maps and then using these notions
we obtain some best proximity point theorems for multivalued mappings. Our results extend some recent results by Jleli and those
contained therein. Some examples are constructed to show the generality of our results.

1. Introduction and Preliminaries

Samet et al. [1] introduced the notion of a-y-contractive
type mappings and proved some fixed point theorems for
such mappings in the frame work of complete metric spaces.
Karapinar and Samet [2] generalized a-y-contractive type
mappings and obtained some fixed point theorems for
generalized a-y-contractive type mapping. Some interesting
multivalued generalizations of «a-y-contractive type map-
pings are available in [3-12]. Recently, Jleli and Samet [13]
introduced the notion of «-y-proximal contractive type
mappings and proved some best proximity point theorems.
Many authors obtained best proximity point theorems in
different setting; see, for example, [13-35]. Abkar and Gbeleh
[16] and Al-Thagafi and Shahzad [18, 20] investigated best
proximity points for multivalued mappings. The purpose of
this paper is to extend the results of Jleli and Samet [13] for
nonself multivalued mappings. To demonstrate generality of
our main result we have constructed some examples.

Let (X, d) be a metric space. For A,B c X, we use the
following notations: dist(A, B) = inf{d(a,b) : a € A,b € B},
D(x,B) = inf{d(x,b) : b € B}, Ay ={a € A :d(a,b) = dist
(A,B) forsomeb € B}, B, = {b € B : d(a,b) = dist
(A, B) for some a € A}, 2%\ 0 is the set of all nonempty
subsets of X, CL(X) is the set of all nonempty closed subsets

of X, and K(X) is the set of all nonempty compact subsets of
X. For every A, B € CL(X), let

H (A, B)
max {supd (x,B),supd (y, A)]> )
_ X€A y€B
if the maximum exists;
00 otherwise.

Such a map H is called the generalized Hausdorff metric
induced by d. A point x™ € X is said to be the best proximity
point of a mapping T : A — Bifd(x",Tx") = dist(A, B).
When A = B, the best proximity point reduces to fixed point
of the mapping T'.

Definition 1 (see [28]). Let (A, B) be a pair of nonempty
subsets of a metric space (X, d) with A, # 0. Then the pair
(A, B) is said to have the weak P-property if and only if, for
any x;,x, € Aand y,, y, € B,

d(x,, y,) = dist (A, B)

d(x,, ,) = dist (A, B) = d(xpx,) <d(y0,). (2)
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Example 2. Let X = {(O’ 1))(1’0)) (0’ 3)’ (3)0)}> endOWed
with the usual metric d. Let A = {(0,1),(1,0)} and B =
{(0,3), (3,0)}. Then for

d((0,1),(0,3)) = dist (A, B),

3)
d((1,0),(3,0)) = dist (A, B),

we have
d((0,1),(1,0)) <d((0,3),(3,0)). (4)
Also, A, # 0. Thus, the pair (A, B) satisfies weak P-property.

Definition 3 (see [13]). LetT : A —» Banda : Ax A —
[0, c0). We say that T is an «-proximal admissible if

a(x,x,) > 1
d (u;, Tx,) = dist (A, B) = a(u,u)>1, (5
d (u,, Tx,) = dist (A, B)

where x,, x,,u;,u, € A.

Example 4. Let X = R xR, endowed with the usual metric d.
Let a be any fixed positive real number, A = {(a, y) : y € R}
and B={(0,y) : y € R}. DefineT: A — Bby

Y\ .
T(ay) = (0.5) iy=0 ©6)
(0,4y) if y<o.

Definea: Ax A — [0,00) by

2 ifx,y>0
0 otherwise.

(@), (@ 7)) = { o)

Letw, = (a, y,), w, = (4, ,), w; = (4, y3), and w, = (a, y,)
be arbitrary points from A satisfying

o (v, w,) =2, (8)

d (w;, Tw,) = a = dist (A, B),
)

d (wy, Tw,) = a = dist (A, B).

It follows from (8) that y,, y, > 0. Further, from (9), y; =
y,/4 and y, = y,/4, which implies that y;, y, > 0. Hence,
a(w;, w,) = 2. Therefore, T is an a-proximal admissible map.

Let ¥ denote the set of all functions y: [0,00) — [0, c0)
satisfying the following properties:

(a) v is monotone nondecreasing;
(b) X2, v"'(t) < oo for each t > 0.

Definition 5 (see [13]). A nonself mappingT : A — Bis said
to be an «a-y-proximal contraction, if

a(xy)d (TxTy) <y (d(x, y))

wherea: Ax A — [0,00)and y € V.

Vx,y € A, (10)
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Example 6. Let us consider Example 4 again with y(t) = /2
for each t > 0. Then it is easy to see that, for each w;, w, € A,
we have

a(w,w,)d (Twy, Tw,) < = |w, ~w,| =y (d (wy,w,)).

(1)

| =

Thus, T is an a-y-proximal contraction.
The following are main results of [13].

Theorem 7 (see [13], Theorem 3.1). Let A and B be two non-
empty closed subsets of a complete metric space (X, d) such that
A, is nonempty. Let « : Ax A — [0,00) and ¢y € V.
Suppose thatT : A — B be a mappings satisfying the following
conditions:

(i) T(A,) € B, and (A, B) satisfies the P-property;
(ii) T is an a-proximal admissible;

(iii) there exist elements x, x, € A, such that

d(x,,Tx,) = dist(A,B), a(xpx;) 21 (12)

(iv) T is a continuous a-y-proximal contraction.

Then there exists an element x* € A such that d(x*,Tx") =
dist(A, B).

(C) If {x,} is a sequence in A such that a(x,, x,,;) > 1
forallmand x, — x € Aasn — 00, then there exists a
subsequence {x,, } of {x,} such that a(x,, , x) > 1 for all k.

Theorem 8 (see [13], Theorem 3.2). Let A and B be two
nonempty closed subsets of a complete metric space (X, d) such
that A, is nonempty. Let o« : Ax A — [0,00) and y € V.
Suppose that T : A — B is a mapping satisfying the following
conditions:

(i) T(A,) < B, and (A, B) satisfies the P-property;
(ii) T is an a-proximal admissible;

(iii) there exist elements x, and x, € A such that

d(x;,Tx,) = dist (A, B), a(xpx;)>1; (13)

(iv) property (C) holds and T is an a-y-proximal contrac-
tion.

Then there exists an element x* € A such that d(x*,Tx") =
dist(A, B).

Definition 9 (see [16]). An element x* € A is said to be the
best proximity point of a multivalued nonself mapping T, if
D(x*,Tx") = dist(A, B).
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2. Main Result
We start this section by introducing following definition.

Definition 10. Let A and B be two nonempty subsets of a
metric space (X,d). A mapping T : A — 2%\ 0 is called
a-proximal admissible if there exists a mapping« : Ax A —
[0, 00) such that

a(x,x,) > 1
d (uy, y,) = dist (A, B) = a(u,u,)>1, (14)
d (u,, y,) = dist (A, B)

where x, x,,u;,u, € A, y; € Tx;,and y, € Tx,.

Definition 11. Let A and B be two nonempty subsets of a
metric space (X,d). A mapping T : A — CL(B) is said to
be an a-y-proximal contraction, if there exist two functions
yeWanda: Ax A — [0,00) such that

o (% y) H(Tx, Ty) < v (d (x. ),

Lemma 12 (see [5]). Let (X,d) be a metric space and B €
CL(X). Then for each x € X with d(x,B) > 0and q > 1,
there exists an element b € B such that

Vx,y € A. (15)

d(x,b) < qd (x,B). (16)
Now we are in position to state and prove our first result.

Theorem 13. Let A and B be two nonempty closed subsets of
a complete metric space (X, d) such that A, is nonempty. Let
a: AxA — [0,00)and v € VY be a strictly increasing
map. Suppose that T : A — CL(B) is a mapping satisfying
the following conditions:

(i) Tx < B, for each x € A, and (A, B) satisfies the weak
P-property;
(ii) T is an a-proximal admissible;
(iii) there exist elements x,,x, € A, and y, € Tx, such
that

d(x;,y,) =dist(A,B), a(xpx;)>1; (17)

(iv) T is a continuous a-y-proximal contraction.

Then there exists an element x* € A such that D(x*, Tx") =
dist(A, B).

Proof. From condition (iii), there exist elements x, x;, € A,
and y, € Tx, such that

d(x;,y,) =dist(A,B), a(xyx;)=1. (18)
Assume that y, ¢ Tx,; for otherwise x, is the best proximity
point. From condition (iv), we have

0<d(y,Tx,) < H(Txy Tx,)
19)
< (xpy) H (T, Ty) < (d (0 ,)).

For g > 1, it follows from Lemma 12 that there exists y, € Tx;
such that

0 <d(y,y,) <qd(y,Tx,). (20)
From (19) and (20), we have
0<d(y1y) <qd(y,Tx,) <qy(d(xex,)).  (21)
As y, € Tx; C B, there exists x, # x; € A, such that
d (x5, y,) = dist (A, B); (22)

for otherwise x, is the best proximity point. As (A, B) satisfies
the weak P-property, from (18) and (22), we have

0<d(x,%) <d(y1, ). (23)
From (21) and (23), we have
0 <d(xy,%,) <qd (y,Tx;) < qu (d (xg, x,)) - (24)

Since vy is strictly increasing, we have w(d(x;,x,)) <

llf(qllf(d(xm x1)))~ Put q = W(qvf(d(xo’ x1)))/1//(d(xp Xz))~
Also, we have a(x, x;) > 1, d(x,, ;) = dist(4, B), and d(x,,
y,) = dist(A, B). Since T is an a-proximal admissible, then
a(x,, x,) = 1. Thus we have
d(x,, y,) = dist(A,B), a(x;,x,)>1. (25)

Assume that y, ¢ Tx,; for otherwise x, is the best proximity
point. From condition (iv), we have

0 <d(y,,Tx,) < H(Tx,,Tx,)
(26)
< a(xy,%,) H(Tx,, Tx,) < w (d (x4, %,)) -

For g, > 1, it follows from Lemma 12 that there exists y; €
Tx, such that

0<d(y ;) <@ d (¥ Txy). (27)
From (26) and (27), we have

0<d(y2y5) < 01d (¥ Tx,) < qy (d (x1, x,))

(28)
=y (qy (d (x0, 1))
As y; € Tx, C By, there exists x5 # x, € A such that
d (x5, y;) = dist (A, B); (29)

for otherwise x, is the best proximity point. As (A, B) satisfies
the weak P-property, from (25) and (29), we have

0<d(xyx3) <d(y93). (30)
From (28) and (30), we have
0 <d(x,%3) < qd (5, Tx,) < quy (d (x5 x,))
=y (qy (d (x0,x1))) -

(31)



Since  is strictly increasing, we have y(d(x,, x;)) < ¥*(qy
(d(x, x1))). Put g, = v (qy(d(xq, x,)))/w(d(x,, x3)). Also,
we have a(x;,x,) > 1, d(x,,y,) = dist(A, B), and d(x,,
y;) = dist(A, B). Since T is an a-proximal admissible then
a(x,,x5) = 1. Thus, we have

d (x5, y3) = dist (A, B), a(xy,x5) > 1. (32)

Continuing in the same way, we get sequences {x,,} in A, and
{y,} in By, where y, € Tx,_, for each n € N such that

d (xn+1’ yn+1) = dist (A’ B) > & (xn’ xn+1) =1, (33)

A (V1> Yura) < V" (qy (d (x5 x1))) - (34)

As y,., € Tx,,; € By, there exists x,,, # x,,; € A, such
that

d (xn+2’ yn+2) = dist (A’ B) . (35)

Since (A, B) satisfies the weak P-property form (33) and (35),
we have d(x,.1,%,.2) < d(V,i1> Vusa)- Then from (34), we
have

d('xn+1’xn+2) < ll’n (CI‘/’(d ('xO’xl)))' (36)

For n > m we have

m—1 m=1
A (%) < Y (o) < Y0 (aw (d (5o 3).
(37)

Hence, {x,} is a Cauchy sequence in A. Similarly, we show
that {y,} is a Cauchy sequence in B. Since A and B are closed
subsets of a complete metric space, there exist x* in A and y”
in Bsuch thatx, — x"and y, — y"asn — 0. By (35),
we conclude that d(x*, y*) = dist(A,B) asn — o00. Since
T is continuous and y, € Tx,,_,, we have y* € Tx". Hence,
dist(A, B) < D(x",Tx") < d(x*, y*) = dist(A, B). Therefore,
x" is the best proximity point of the mapping T. O

Theorem 14. Let A and B be two nonempty closed subsets of
a complete metric space (X, d) such that A, is nonempty. Let
a: AxA — [0,00)and T : A — K(B) be mappings
satisfying the following conditions:

(i) Tx < B, for each x € A, and (A, B) satisfies the weak
P-property;
(ii) T is an a-proximal admissible;
(iii) there exist elements x,,x, € A, and y, € Tx, such

that

d(x,, ;) =dist(A,B), a(xgx;)>1; (38)

(iv) T is a continuous a-y-proximal contraction.

Then there exists an element x™ € A, such that D(x",Tx") =
dist(A, B).
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Theorem 15. Let A and B be two nonempty closed subsets of
a complete metric space (X, d) such that A, is nonempty. Let
a:AxA — [0,00)and y € ¥ be a strictly increasing
map. Suppose that T : A — CL(B) is a mapping satisfying
the following conditions:

(i) Tx < B, for each x € A, and (A, B) satisfies the weak
P-property;
(ii) T is an a-proximal admissible;

(iii) there exist elements x,,x, € Ay and y; € Tx, such
that

d(x,, y;) =dist(A,B), a(xgx;)>1; (39)
(iv) property (C) holds and T is an a-y-proximal contrac-
tion.

Then there exists an element x™ € A, such that D(x",Tx") =
dist(A, B).

Proof. Following the proof of Theorem 13, there exist Cauchy
sequences {x,} in A and {y,} in B such that (33) holds and
x, —» x" € Aandy, —» y" € Basn — oo. From
the condition (C), there exists a subsequence {xnk} of {x,}
such that a(x,, , x™) > 1 for all k. Since T is an a-y-proximal
contraction, we have

H(Txnk,Tx*) < oc(xnk,x*)H(Txnk,Tx*)
< 1//(d (xnk,x*)), Vk.

Lettingk — oo in the above inequality, we get Tx,, — Tx".
By continuity of the metric d, we have

(40)

d (X*,y*) = kh—>n(l>od (xnk+1’ynk+1) = dist (A> B) . (41)

Since y, 11 € Ty, 5 Yy, — y*, and Tx, — Tx",then y* €

Tx". Hence, dist(A, B) < D(x",Tx") < d(x*,y") = dist(A,
B). Therefore, x* is the best proximity point of the mapping
T. O

Theorem 16. Let A and B be two nonempty closed subsets of
a complete metric space (X, d) such that A, is nonempty. Let
a:AxA — [0,00)and T : A — K(B) be mappings
satisfying the following conditions:

(i) Tx < B, for each x € A, and (A, B) satisfies the weak
P-property;
(ii) T is an a-proximal admissible;
(iil) there exist elements x,,x, € Ay and y; € Tx, such
that

d(x;,y,) =dist(A,B), a(xyx;)=>1; (42)

(iv) property (C) holds and T is an a-y-proximal contrac-
tion.

Then there exists an element x™ € A, such that D(x",Tx") =
dist(A, B).
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Example 17. Let X = [0, 00) x [0,00) be endowed with the
usual metric d. Suppose that A = {(1/2,x) : 0 < x < co} and
B={(0,x):0<x <oo}.DefineT: A — CL(B) by

T(é’a):{{@,g):ogxﬁa} ifa<l (43)

{(O,xz):OsxSaZ} ifa>1,

anda: Ax A — [0,00) by

oc(x,y):{l ifx,y€{<%,a>:0§agl} (44)

0 otherwise.

Let y(t) = t/2 for all t > 0. Notice that A, = A, By = B,
and Tx C By for each x € A. Also, the pair (A, B) satisfies
the weak P-property. Let x5, x; € {(1/2,x) : 0 < x < 1}
then Tx, Tx; < {(0,x/2) : 0 < x < 1}. Consider y, € Tx,
y, € Tx,, and u;,u, € A such that d(u,, y,) = dist(A, B)
and d(u,, y,) = dist(A, B). Then we have u;,u, € {(1/2,x) :
0 < x < 1/2}. Hence, T is an a-proximal admissible map. For
xo = (1/2,1) € Ajand y, = (0,1/2) € Tx, in B), we have
x; = (1/2,1/2) € A, such that d(x,, y;) = dist(A, B) and
a(xg,x,) = 1.Ifx, y € {(1/2,a) : 0 < a < 1}, then we have

Ix - |

a(x,y)H(Tx, Ty) = 5

= 2d(xy) =y (@d(x);
(45)

for otherwise

a(x,y) H(Tx, Ty) <y (d (x, 7)) (46)

Hence, T' is an a-y-proximal contraction. Moreover, if {x,}
is a sequence in A such that a(x,,x,,,) = 1 for all n and
x, — x € Aasn — 00, then there exists a subsequence
{xnk} of {x,,} such that (x(xnk, x) = 1 for all k. Therefore, all the
conditions of Theorem 15 hold and T has the best proximity
point.

Example 18. Let X = [0, 00) X [0, 00) be endowed with the
usual metric d. Let a > 1 be any fixed real number, A =
{(a,x) : 0 < x < oco}and B = {(0,x) : 0 < x < oo}. Define
T:A — CL(B) by

T (a,x)={(0,6%):0<b < x} (47)
anda: Ax A — [0,00) by

1 ifx=y=0

otherwise. (48)

a((a,x),(ay)) = {
a(x+y)
Let w(t) = (1/a)t for all t > 0. Notice that A, = A, B, = B,
and Tx € By foreachx € Ay Ifw, = (a, y,),w, =(a,y,) € A
with either y, # 0 or y, # 0 or both are nonzero, we have

'()’1)2 - (}’2)2'

1

a (wy, w,) H (Tw, Tw,) = OS]
1 2

1
T a 1= 3| =y (d(w),w,));
(49)

for otherwise
o (wy, wy) H (Tw), Tw,) = 0 =y (d (wy,w,)).  (50)

For x, = (a,1/2a) € Ajand y, = (0,1/4a) € Tx, in By,
we have x; = (a, 1/4a%) € A, such that d(x,, y;) = a =
dist(A, B) and «(x,,x,) > 1. Furthermore, it is easy to see
that remaining conditions of Theorem 13 also hold. Thus, T
has the best proximity point.

3. Consequences

From results of previous section, we immediately obtain the
following results.

Corollary 19. Let A and B be two nonempty closed subsets of
a complete metric space (X, d) such that A, is nonempty. Let
a:AxA — [0,00)and T : A — B be mappings satisfying
the following conditions:
(i) T(A,) < By and (A, B) satisfies the weak P-property;
(ii) T is an a-proximal admissible;
(iii) there exist elements x, and x, in A, such that

d (x;,Txg) = dist (A, B),  a(xpx;) > 1; (51)

(iv) T is a continuous a-y-proximal contraction.

Then there exists an element x* € A such that d(x*,Tx") =
dist(A, B).

Corollary 20. Let A and B be two nonempty closed subsets of
a complete metric space (X, d) such that A, is nonempty. Let
a:AxA — [0,00)and T : A — B be mappings satisfying
the following conditions:
(i) T(A,) € B, and (A, B) satisfies the weak P-property;
(ii) T is an a-proximal admissible;
(iii) there exist elements x, and x, in A, such that

d(x,,Tx,) =dist(A,B), a(xpx;)>1  (52)

(iv) property (C) holds and T is an a-y-proximal contrac-
tion.

Then there exists an element x* € A such that d(x*,Tx") =
dist(A, B).

Remark 21. Note that Corollaries 19 and 20 generalize Theo-
rems 7 and 8 in Section 1, respectively.
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We mainly study fixed point theorem for multivalued mappings with §-distance using Wardowski’s technique on complete metric
space. Let (X, d) be a metric space and let B(X) be a family of all nonempty bounded subsets of X. Define § : B(X) x B(X) — R
by 8(A, B) = sup{d(a,b) : a € A,b € B}. Considering §-distance, it is proved that if (X, d) is a complete metric spaceand T : X —
B(X) is a multivalued certain contraction, then T has a fixed point.

1. Introduction

Fixed point theory concern itself with a very basic mathemat-
ical setting. It is also well known that one of the fundamental
and most useful results in fixed point theory is Banach
fixed point theorem. This result has been extended in many
directions for single and multivalued cases on a metric space
X (see [1-9]). Fixed point theory for multivalued mappings
is studied by both Pompeiu-Hausdorft metric H [10, 11],
which is defined on CB(X) (the family of all nonempty,
closed, and bounded subsets of X), and §-distance, which is
defined on B(X) (the family of all nonempty and bounded
subsets of X). Using Pompeiu-Hausdorft metric, Nadler [12]
introduced the concept of multivalued contraction mapping
and show that such mapping has a fixed point on complete
metric space. Then many authors focused on this direction
[13-18]. On the other hand, Fisher [19] obtained different
type of multivalued fixed point theorems defining §-distance
between two bounded subsets of a metric space X. We can
find some results about this way in [20-23].

In this paper, we give some new multivalued fixed point
results by considering the §-distance. For this we use the
recent technique, which was given by Wardowski [24]. For
the sake of completeness,we will discuss its basic lines. Let #
be the set of all functions F : (0,00) — R satisfying the
following conditions:

(F1) F is strictly increasing; that is, for all o, f € (0, 00)
such that « < 8, F(«) < F(f3).

(F2) For each sequence {a,} of positive numbers
lim, , a, = 0ifand only iflim, , . F(a,) = —co.

(F3) There exists k € (0, 1) such that limaqw(xkF((x) =0.

Definition 1 (see [24]). Let (X,d) be a metric space and let
T : X — X beamapping. Given F € &, we say that T is
F-contraction, if there exists T > 0 such that

x,y€X,
d(Tx,Ty) >0 =1+ F(d(Tx,Ty)) < F(d(x,y)).

Taking different functions F € & in (1), one gets a variety
of F-contractions, some of them being already known in the
literature. The following examples will certify this assertion.

Example 2 (see [24]). Let F, : (0,00) — R be given by the
formulae F,(«) = Ina. It is clear that F; € . Then each
self-mapping T on a metric space (X, d) satisfying (1) is an
F,-contraction such that
d(Tx,Ty)<e "'d(x,y), Vx,yeX, Tx+Ty. (2)

It is clear that for x, y € X such that Tx = Ty
the inequality d(Tx, Ty) < e "d(x, y) also holds. Therefore
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T satisfies Banach contraction with L = e *; thus T is a
contraction.

Example 3 (see [24]). Let F, : (0,00) — R be given by the
formulae F,(«) = « + Ina. It is clear that F, € &. Then each
self-mapping T on a metric space (X,d) satistying (1) is an
F,-contraction such that

d(Tx,Ty) ATRTY-d(xy) _ o7

Vx,yeX, Tx # Ty.
d (%)

(3)

We can find some different examples for the function F
belonging to & in [24]. In addition, Wardowski concluded
that every F-contraction T is a contractive mapping, that is,

d(Tx,Ty) <d(x,y), Vx,yeX, Tx+Ty. (4)
Thus, every F-contraction is a continuous mapping.

Also, Wardowski concluded that if F;, F, € &% with
F,(a) < Fy(«) forall > 0 and G = F, — F, is nondecreasing,
then every F,-contraction T is an F,-contraction.

He noted that, for the mappings F, («) = In« and F,(«) =
a +In«, F| < F, and a mapping F, — F, is strictly increasing.
Hence, it was obtained that every Banach contraction satisfies
the contractive condition (3). On the other side, [24, Example
2.5] shows that the mapping T is not an F,-contraction
(Banach contraction) but still is an F,-contraction. Thus,
the following theorem, which was given by Wardowski, is a
proper generalization of Banach Contraction Principle.

Theorem 4 (see [24]). Let (X, d) be a complete metric space
andletT : X — X be an F-contraction. Then T has a unique
fixed point in X.

Following Wardowski, Minak et al. [25] introduced the
concept of Ciri¢ type generalized F-contraction. Let (X, d) be
a metric space and let T : X — X be a mapping. Given
F € &, we say that T'is a Ciri¢ type generalized F-contraction
if there exists T > 0 such that

x,y€X,
€)
d(Tx,Ty) >0 =1+ F(d(Tx,Ty)) < F(m(x, y)),

where

m(x, y) = max {d (%, y),d(x,Tx),d (y,Ty),
(6)
Sl (s 1y) +d ()}

Then the following theorem was given.

Theorem 5. Let (X, d) be a complete metric space and let T :
X — X be a Ciri¢ type generalized F-contraction. If T or F is
continuous, then T has a unique fixed point in X.

Considering the Pompeiu-Hausdorft metric H, both
Theorems 4 and 5 were extended to multivalued cases in [26]
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and [27], respectively (see also [28, 29]). In this work, we give
a fixed point result for multivalued mappings using the §-
distance. First recall some definitions and notations which are
used in this paper.

Let (X, d) be a metric space. For A, B € B(X) we define

6 (A,B) =sup{d(a,b):ae Abe B},
(7)

D (a,B) =inf{d (a,b) : b € B}.

If A = {a} we write (A, B) = 6(a, B) and also if B = {b}, then
6(a, B) = d(a, b). It is easy to prove that for A, B, C € B(X)

8(A,B)=08(B,A) >0,

0(A,B)<d6(AC)+6(C,B),

8
6(AA) =sup{d(a,b):a,be A} = diam A, ®

6 (A,B) =0, impliesthatA = B = {a}.

If {A,} is a sequence in B(X), we say that {A,} converges to
A ¢ X and write A, — A ifand only if

(i) a € A implies thata, — a for some sequence {a,}
witha, € A, forn e N,

(ii) for any € > 0, 3m € N such that A, € A, forn > m,
where

A, ={xeX:d(x,a) < ¢ for some a € A}. 9)

Lemma 6 (see [20]). Suppose {A,} and {B,} are sequences in
B(X) and (X, d) is a complete metric space. IfA,, — A € B(X)
and B, — B € B(X) then 6(A,,B,) — 0(A,B).

Lemma 7 (see [20]). If {A,} is a sequence of nonempty
bounded subsets in the complete metric space (X,d) and if
O0(A,,y) — 0forsomey e X, then A, — {y}.

2. Main Result

In this section, we prove a fixed point theorem for mul-
tivalued mappings with §-distance and give an illustrative
example.

Definition 8. Let (X,d) be a metric space and let T : X —
B(X) be a mapping. Then T is said to be a generalized
multivalued F-contraction if F € & and there exists T > 0
such that

7+ F(8(Tx,Ty)) < F(M(x,y)), (10)

for all x, y € X with min{8(Tx, Ty),d(x, y)} > 0, where

M (x,y) = max {d (x,y),D(x,Tx),D(y,Ty),
. (11)
3 (DG Ty) + D)}
Theorem 9. Let (X, d) be a complete metric space and let T :

X — B(X) be a multivalued F-contraction. If F is continuous
and Tx is closed for all x € X, then T has a fixed point in X.
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Proof. Let x, € X bean arbitrary point and define a sequence
{x,}in X asx,,, € Tx, foralln > 0. If there exists n, € NU{0}
for whichx,, = x, ,;,thenx, isafixed pointofT and so the
proof is completed. Thus, suppose that, for every n € NU {0},
X, # Xp4q- S0 d(x,,x,,,) > 0and §(Tx,_;,Tx,) > 0 for all
n € N. Then, we have from (10)

T+ F (d (xn’ xn+1))
<1+ F(6(Tx,_;,Tx,))

<F (M (xn—1>xn))

d (xn—l’ xn) D (xn—l’ Txn—l) D (xn’ Txn) >
=F <max 1

E [D (xnfl’Txn) +D (xn’ Txnfl)]
<F (maX {d (xn—l’ xn) : d (xn’ xn+1)})

=F (d (xn—1>xn)) >
(12)

and so
F (d (xn’ xn+1)) <F (d (xn—l’ xn)) -7

<F (d ('xn—Z’ xn—l)) -2t
(13)

< F(d(xg,x;)) - nt.

Denote a,, = d(x,,,X,,,), forn =0,1,2,.... Then, a, > 0
for all n and, using (10), the following holds:

F(a,) <F(a,,)-t<F(a,,)-2t<---<F(ay)—nr.

(14)
From (14), we get lim, _, . F(a,) = —oco. Thus, from (F2), we
have
nleréoan =0. (15)
From (F3) there exists k € (0, 1) such that
.k _
nlirréoanF (a,) = 0. (16)
By (14), the following holds for all n € N:
a¥F (a,) - a"F (ay) < -a'nr < 0. (17)
Lettingn — oo in (17), we obtain that
lim na* = 0. (18)
n—oo

From (18), there exits n; € N such that naﬁ <1foralln >mn,.
So we have

1
a, < m > (19)

for all n > n,. In order to show that {x,} is a Cauchy sequence
consider m,n € N such that m > n > n,. Using the triangular
inequality for the metric and from (19), we have

d (x> %)
<d (xn’xn+l) +d (xn+1>'xn+2) +oot+d (xm—l’ xm)

=0, + a0y, ot a,

i (20)

o 1
< sz
1=n

By the convergence of the series Z?:l(l /iR, we get
d(x,,x,) — 0asn — oo.Thisyieldsthat {x,} is a Cauchy
sequence in (X, d). Since (X, d) is a complete metric space,
the sequence {x,} converges to some point z € X; that is,
lim, _, ,x, = z. Now, suppose F is continuous. In this case,
we claim that z € Tz. Assume the contrary; thatis, z ¢ Tz.
In this case, there exist an 1, € N and a subsequence {x,, } of
{x,} such that D(x,, ,,,Tz) > 0 for all ;. > n,. (Otherwise,
there exists n; € N such that x,, € Tz for all n > n,, which
implies that z € Tz. This is a contradiction, since z ¢ Tz.)

Since D(x,, .1, Tz) > 0 for all . > n,, then we have

T+F (D (xnkﬂ, Tz))
<t+F (8 (Txnk,Tz))

F(M(x,.z))

IN

<F (max Jld (xnk, z) ,d (xnk,xnkH) ,D(z,Tz),

% [D (xnk,Tz> + d(Z>xnk+1)]})'

(1)

Taking the limit k — o0 and using the continuity of F, we
have 7+ F(D(z,Tz)) < F(D(z, Tz)), which is a contradiction.
Thus, we get z € Tz = Tz. This completes the proof. O
Example 10. Let X = {0,1,2,3,...} and d(x, y) = {x(_);y; iy
Then (X, d) is a complete metric space. Define T : X — B(X)
by

e = 105 x=0 (22)
0,1,2,3,...,x—1}; x#0.

We claim that T' is multivalued F-contraction with respect to
F(a) = o + Inaw and 7 = 1. Because of the min{d(T'x, Ty),



d(x, y)} > 0, we can consider the following cases while x # y
and {x, y} N {0, 1} is empty or singleton.

Case 1. For y = 0 and x > 1, we have

q (Tx’ Ty) eB(Tx,Ty)fM(x,y) _ x-1 exflfx

M >
(x.7) x 23)
= x—_le_1 <e .
X

Case 2. For y = 1 and x > 1, we have

q (Tx’ Ty) e8(Tx,Ty)fM(x,y) — x-1 exflfx
M (x,y) x (24)
x-1 1

—e€ .

Case 3. For x > y > 1, we have

g (Tx’ Ty) e6(Tx,Ty)—M(x,y) _ X+y- 2e>c+y—2—x—y
M (x, xX+y
() (25)
-2
erLef2 <e
X+y
This shows that T' is multivalued F-contraction; therefore, all
conditions of theorem are satisfied and so T has a fixed point
in X.
On the other hand, for y = 0 and x # 0, since §(Tx, T'y) =
x —land d(x, y) = x, we get

1{;% = Jim = (26)
then T does not satisfy
8(Tx,Ty) < AM (x, y), (27)
for A € [0,1).
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We introduce a new iterative algorithm for approximating a common element of the set of solutions for mixed equilibrium problems,
the set of solutions of a system of quasi-variational inclusion, and the set of fixed points of an infinite family of nonexpansive
mappings in a real Hilbert space. Strong convergence of the proposed iterative algorithm is obtained. Our results generalize, extend,
and improve the results of Peng and Yao, 2009, Qin et al. 2010 and many authors.

1. Introduction

Throughout this paper, we assume that H is a real Hilbert
space with inner product and norm denoted by (:,-) and || - ||,
respectively. Let C be a nonempty closed convex subset of H.
A mapping T : C — C s called nonexpansive if |Tx — Ty|| <
lx — yl, Vx, y € C. They use F(T) to denote the set of fixed
points of T; that is, F(T) = {x € C : Tx = x}. It is assumed
throughout the paper that T' is a nonexpansive mapping such
that F(T) # 0. Recall that a self-mapping f : C — C s
a contraction on C if there exists a constant & € [0, 1), and
x, ¥ € Csuch that | f(x) = f(»)] < allx - y.

Letg : C — RU{+00} be a proper extended real-valued
function and let F be a bifunction of C x C into R, where R
is the set of real numbers. Ceng and Yao [1] considered the
following mixed equilibrium problem for finding x € C such
that

F(x,y)+9(y)2e(x), VyeC. )

The set of solutions of (1) is denoted by MEP(F, ¢). We see
that x is a solution of problem (1) which implies that x €
dome = {x € C | ¢(x) < +oo}. If ¢ = 0, then the mixed
equilibrium problem (1) becomes the following equilibrium
problem for finding x € C such that

F(x,y)>0, VyeC. (2)

The set of solutions of (2) is denoted by EP(F). The mixed
equilibrium problems include fixed point problems, vari-
ational inequality problems, optimization problems, Nash
equilibrium problems, and the equilibrium problem as spe-
cial cases. Numerous problems in physics, optimization, and
economics reduce to find a solution of (2). Some methods
have been proposed to solve the equilibrium problem (see [2-
14]).

Let B: C — H be a mapping. The variational inequality
problem, denoted by VI(C, B), is for finding x € C such that

(Bx,y —x) 20, (3)
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for all y e C. The variational inequality problem has been
extensively studied in the literature. See, for example, [15, 16]
and the references therein. A mapping B of C into H is called
monotone if

(Bx - By,x —y) 20, (4)

for all x,y € C. B is called p-inverse-strongly monotone if
there exists a positive real number 3 > 0 such that for all
x,y€C

(Bx - By,x - y) > B|Bx - By|. ()

We consider a system of quasi-variational inclusion for finding
(x*, y") € H x H such that

0ex"—y +p (Biy" +Mx"),
(6)
€y —x"+p(Byx” + Myy"),

where B; : H — Hand M, : H — 2" are nonlinear
mappings for each i = 1,2. The set of solutions of problem
(6) is denoted by SQVI(B,, M,, B,, M,). As special cases of
problem (6), we have the following.

(1) If B, = B, = Band M, = M, = M, then problem (6)
is reduced to (7) for finding (x*, y*) € H x H such
that

Oex"—y" +p (By + Mx"),
7)
0ey" —x"+p,(Bx" + My").

(2) Further, if x* = y*, then problem (7) is reduced to (8)
for finding x* € H such that

0 € Bx" + Mx", (8)

where 0 is the zero vector in H. The set of solutions
of problem (8) is denoted by I(B, M). A set-valued
mapping M : H — 2" is called monotone if for
all x,y € H,f € M(x)and g € M(y) imply
(x —y,f —g) = 0. A monotone mapping M is
maximal if its graph G(M) = {(f,x) e HxH : f €
M(x)} of M is not properly contained in the graph
of any other monotone mapping. It is known that a
monotone mapping M is maximal if and only if for
(x, f) e HxH,(x—y, f—g) = 0forall (y, g) € G(M)
imply f € M(x). Let B be a monotone mapping of C
into H and let Ny be the normal coneto C at’y € C;
thatis, Noy = {w € H: (u—y,w) <0,Vu € C},and
define

My = {By+NCy, ZGC, )

0, y¢C.

Then, M is the maximal monotone and 0 € My if and
only if y € VI(C, B); see [17].
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Let M : H — 2" be a set-valued maximal monotone
mapping; then, the single-valued mapping J,;, : H — H
defined by

Jaax® = I +AM)'x*, x" eH (10)

is called the resolvent operator associated with M, where A
is any positive number and I is the identity mapping. The
following characterizes the resolvent operator.

(RI) The resolvent operator J;, is single-valued and
nonexpansive for all A > 0; that is,

Vx,y € H, VA > 0.
1)

Vaia () = Jaia D) < 1 = 71,

(R2) The resolvent operator Jy,, is Il-inverse-strongly
monotone; see [18]; that is,

ata 69 = Taga DI
(12)
<(x =y Jup (0 = Tara (), Vx,y € H.
(R3) The solution of problem (8) is a fixed point of the
operator J; 3 (I — AB) for all A > 0; see also [19]; that
is,

I(B,M)=F (Jy2 (I-AB)), V¥A>0. (13)
(R4) If 0 < A < 23, then the mapping ], ,(I -AB) : H —
H is nonexpansive.

(R5) I(B, M) is closed and convex.

Let A be a strongly positive linear bounded operator on
H; that is, there exists a constant y > 0 with property

(Ax,x) = ¥|lx|>, Vx e H. (14)

A typical problem is to minimize a quadratic function over
the set of the fixed points of a nonexpansive mapping on a
real Hilbert space H:

1
xg%)i (Ax,x) —h(x), (15)
where A is a strongly positive linear bounded operator and h
is a potential function for yf (i.e., H(x) = yf (x) for x € H).

In 2007, Plubtieng and Punpaeng [20] proposed the
following iterative algorithm:

F(ul,y)+—<y—u,un—x>>0, V)/EIL
(%

Xp+1 = 6an (xn) + (I - enA) Tun'

They proved that if the sequences {€,,} and {r,} of parameters
satisfy appropriate conditions, then the sequences {x,} and
{u,} both converge to the unique solution z of the variational
inequality

((A-yf)z,x-2z) =0, VxeF(T)NEP(F), (17)
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which is the optimality condition for the minimization
problem

1
ety A0 7RO 1)
where h is a potential function for yf (i.e., h'(x) = yf(x) for
x € H).

In 2009, Peng and Yao [21] introduced an iterative
algorithm based on extragradient method which solves the
problem for finding a common element of the set of solutions
of a mixed equilibrium problem, the set of fixed points of a
family of finitely nonexpansive mappings, and the set of the
variational inequality for a monotone, Lipschitz continuous
mapping in a real Hilbert space. The sequences generated by
v e Care

x; =x€C,

1
F(u,y)+o(y)—o(u,) + - (y = thyp 4, = x,,) 2 0,

n

Vy € C,

Yn = PC (un - ynBun) >

Xpp1 = &V + ﬁn'xn + (1 -0~ /3n) WnPC (un - AnByn) >
(19)

foralln > 1, where W, is W-mapping. They proved the strong
convergence theorems under some mild conditions.

In 2010, Qin et al. [22] introduced an iterative method for
finding solutions of a generalized equilibrium problem, the
set of fixed points of a family of nonexpansive mappings, and
the common variational inclusions. The sequences generated
by x; € Cand {x,} are a sequence generated by

F(un’y)+ <A3xn’y_un> +l <y_un’un_xn> >0,
T

n

Vy € C,
Zy = PC (un - AnAZMn) >
In = PC (zn - ﬂnAlzn) >
Xny1 = (xnf (xn) + ﬂnxn + Yanyn’ Vn > 1’
(20)

where f is a contraction and A; is inverse-strongly monotone
mappings for i = 1,2,3 and W, is called a W-mapping gen-
erated by S,,S, ,...,S; and y,,, -1, ., y;. They proved the
strong convergence theorems under some mild conditions.
Liou [23] introduced an algorithm for finding a common
element of the set of solutions of a mixed equilibrium
problem and the set of variational inclusion in a real Hilbert
space. The sequences generated by x,, € C are

F(uyy) +9(y) =9 (u,)
+ % <y —Up Uy — (xn - ern» >0, VJ’ € C> (21)

Xyl = PC [(1 - ‘XnA) ]M,A (un - )‘Bun)] >

for all » > 1, where A is a strongly positive bounded
linear operator and B, Q are inverse-strongly monotone. They
proved the strong convergence theorems under some suitable
conditions.

Next, Petrot et al. [24] introduced the new following
iterative process for finding the set of solutions of quasi-
variational inclusion problem and the set of fixed point of a
nonexpansive mapping. The sequence is generated by

X, € H, chosen arbitrary,
Xne1 = (an (xn) + ﬁnxn + VnSZn’
(22)
2y = IM,/\ (yn - /\Ayn) >

In = ]M,p (xn - prn) >

for all n € N U {0}, where {«,}, {,}, {y,} are three sequences
in [0,1] and A € (0,2«]. They proved that {x,} generated by
(22) converges strongly to z, which is the unique solution in
F(S)NI(A, M).

In 2011, Jitpeera and Kumam [25] introduced a shrinking
projection method for finding the common element of the
common fixed points of nonexpansive semigroups, the set of
common fixed point for an infinite family, the set of solutions
of a system of mixed equilibrium problems, and the set of
solution of the variational inclusion problem. Let {x,}, {y,},
{v,},{z,}, and {u,} be sequences generated by x, € C,C, = C,
x; = P %o, u, € C,and

Xy =x € C chosen arbitrary,

F, F, F,
= KIv ghv-r b
Uy TNn~ TN-1n TN-2n

.o Fz Fl
K"z,n K”l,n Xn>
Yu = ]Mz,(‘in (un - 8nBun) >

Vo = ]Ml,/\n (yn - /‘nAyn) >

1 ("
z,=av,+(1-ap) - L S(s) W,v,ds,
n

C,. = {z €C,: |z, —z||2 < %, —z||2 -—a,(l1-a,)

1 (" ?
X V”_t_,[ S(s)W,v,ds },

n J0

Xy = P %9 neEN,

(23)

where Krik :C — C,k=1,2,...,N. We proved the strong
convergence theorem under certain appropriate conditions.
In this paper, motivated by the above results, we introduce
a new iterative method for finding a common element of
the set of solutions for mixed equilibrium problems, the set
of solutions of a system of quasi-variational inclusions, and
the set of fixed points of an infinite family of nonexpansive
mappings in a real Hilbert space. Then, we prove strong
convergence theorems which are connected with [5, 26-29].
Our results extend and improve the corresponding results of



Jitpeera and Kumam [25], Liou [23], Plubtieng and Punpaeng
[20], Petrot et al. [24], Peng and Yao [21], Qin et al. [22], and
some authors.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and
norm | - || and let C be a nonempty closed convex subset of
H. Then,

e =317 = Il = 51 =2 = 33,
A+ (1= A) > = Al + (L= A) ly* A (1= )

x|x -y, VxyeH, Ae[o1].
(24)

For every point x € H, there exists a unique nearest point in

C, denoted by P.x, such that
|- Pox| < x -y, VyeC. (25)

P is called the metric projection of H onto C. It is well known
that Py, is a nonexpansive mapping of H onto C and satisfies

(x =y, Pox = Pey) = |Pox - Poy|’, Vx,y € H. (26)

Moreover, Pox is characterized by the following properties:
Pox € Cand

(x = Pox,y — Pox) <0, (27)

e~y 2 = Pex| + Iy~ Pex|’, vxeH, yeC.
(28)

Let B be a monotone mapping of C into H. In the context

of the variational inequality problem, the characterization of

projection (27) implies the following:
ueVI(C,B) & u=P;(u—-ABu), A>0. (29)

It is also known that H satisfies the Opial condition [30]; that
is, for any sequence {x,} ¢ H with x,, — x, the inequality

liminf |lx, - x| <liminf |x, - y] (30)

holds for every y € H with x # y.

For the infinite family of nonexpansive mappings of
T, T,, ..., and sequence {A;}7°, in [0, 1), see [31]; we define
the mapping W, of C into itself as follows:

U, =1,
Uy = MTU,o + (1-1,) U0

Uy = L, ToU,, + (1-1,) U1
(31)

Upn-1 = Anci TnaUgns + (1-2An-1) Uy n-2>

W, =U,n = ANTNUpn-t + (1-2y) U N-1-
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Lemma 1 (Shimoji and Takahashi [32]). Let C be a nonempty
closed convex subset of a real Hilbert space H. Let T = {Ti}f\_jl
be a family of infinitely nonexpanxive mappings with F(J) =
(o, F(T;) # 0 and let {A;} be a real sequence such that 0 <
A; <b < 1foreveryi=> 1. Then

(1) W,, is nonexpansive and F(W,)) = (i, F(T}) for each
n>1;

(2) for each x € C and for each positive integer k, the limit
lim,, , U, xx exists;

(3) the mapping W : C — C defined by Wx =
lim, , W,x = lim, U, x is a nonexpansive
mapping satisfying F(W) = F(9) and it is called the
W-mapping generated by T, T,, ..., and A, A, .. ;

4)if K is any bounded subset of C, then
lim,, _, sup,xIWx - W, x| = 0.

For solving the mixed equilibrium problem, let us give the
following assumptions for a bifunction F : Cx C — R and
a proper extended real-valued function ¢ : C — R U {+oco}
satisfies the following conditions:

(Al) F(x,x) =0 forall x € C;
(A2) F is monotone; that is, F(x, y) + F(y,x) < 0 for all

x,y €GC;

(A3) for each x,y,z € C, lim,_, F(tz + (1 — t)x,y) <
F(x, y);

(A4) for each x € C, y — F(x,y) is convex and lower
semicontinuous;

(AS5) for each y € C, x — F(x,y) is weakly upper
semicontinuous;

(BI) foreach x € Handr > 0, there exist abounded subset
D, cCand y, € Csuch thatforanyz € C\ D,,

Flay) o)+ (nmzz-x) <p@; (2

(B2) Cis a bounded set.

We need the following lemmas for proving our main
results.

Lemma 2 (Peng and Yao [21]). Let C be a nonempty closed
convex subset of H. Let F : C x C — R be a bifunction that
satisfies (A1)-(A5) and let ¢ : C — R U {+oo} be a proper
lower semicontinuous and convex function. Assume that either
(BI) or (B2) holds. For r > 0 and x € H, define a mapping
T,:H — C as follows:

T, = {zcC:F(2))+9 ()
(33)
1
+-(y-z,z-x) Z(p(z),VyeC},
r
for all x € H. Then, the following hold:

(1) for each x € H, T,(x) # 0;
(2) T, is single-valued;
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(3) T, is firmly nonexpansive; that is, for any x,y € H,
”Trx - Try”2 < <Tr‘x - Try’x - y>’

(4) F(T,) = MEP(F, 9);

(5) MEP(F, @) is closed and convex.

Lemma 3 (Xu [33]). Assume {a,} is a sequence of nonnegative
real numbers such that

a,, <(1-w,)a,+96, n=0, (34)
where {o,} is a sequence in (0, 1) and {5,,} is a sequence in R
such that

(1) Zgil &, = 00,

(2) limsup,,_, .,(8,/e,) <0 or Y2, |8, < co.

Then, lim,,_, . a, = 0.

Lemma 4 (Suzuki [34]). Let {x,} and {y,} be bounded
sequences in a Banach space X and let {f3,} be a sequence
in [0,1] with 0 < liminf, , B, < limsup,_ B, < L
Suppose x,,, = (1 — By, + B.x, for all integers n > 0
and limsup, _, Uy,s1 = Yull = %00 — x,1) < 0. Then,
lim, _, oy, — x,l =0.

Lemma 5 (Marino and Xu [35]). Assume A is a strongly
positive linear bounded operator on a Hilbert space H with

coefficient y > 0 and 0 < p < ||Al|”". Then, |I - pA] < 1 - py.
Lemma 6. For given x*, y* € Cx C,(x", y*) is a solution of

problem (6) if and only if x* is a fixed point of the mapping
G : C — Cdefined by

G(x) = Tmn []Mz,y (x = pE,x) — AE T, (x - P‘sz)] >

Vx € C,
(35)

where y* = Jy (x — pE,x), A, p are positive constants, and
E,,E, : C — H are two mappings.

Proof.
0ex"—y" +A(E;y" + Mx"),
(36)
ey —x" +u(Eyx" +Myy")
=
x" = Iy (0" - AE ),
* * * (37)
Y =Imu (x* — puE,x")
o
G(x") = Taga [Tagye (5" = pEpx")
(38)

“AE Jpp, (67 = ‘usz*)] =x".

This completes the proof. O

Now, we prove the following lemmas which will be
applied in the main theorem.

Lemma 7. Let G : C — C be defined as in Lemma 6. If
E\,E, : C — H is ny,n,-inverse-strongly monotone and A €
(0,2n,), and u € (0, 2n,), respectively, then G is nonexpansive.

Proof. For any x,y € Cand A € (0,21,), p € (0,21,), we
have

|G x) -G ()|’
= [ag 0 [Jatye (= tE>x) = AE Iy, (x = uE,x) ]
Taion Uno 0 = E29) = AEsTag e (v — uEsy)|||
< | Ungy e (= HEy %) = AE, Joy,, (x = pEyx) ]
Ut (7 = 4Esy) = AE T, (v uE) ||
- ” []Mz,ﬂ (x = HEyx) = Tagy (v = #Ez)’)]
A[Edagyp (x = HEX) = EyTag, o (v~ uE2)] |
= g (5 = BE2x) = Tagy o (3~ wE)|
-21 <]M2,,4 (x — uEyx) - Tt (y — uEyy),
EyJoy, . (% = uE,x) = Ey Ty, (v = HE,Y))
# N EyTa, e (% — HE,X) = By Ty (v — uEsy)||
<ty (5 = Esx) = Tag, (v = pE)||
20| By g, (% = Esx) = EyJag, o (v = wEoy)||
N Tag, 0 (% — EsX) = By, (v~ pEay)||
= gy (5 = Esx) = Tag (v = pEp)||
+ A= 20 [Euag g (5 = HE2X) = EuJagy s (v — HEo)|
<ty (5 = Esx) = Tag, (v = pE)||
< (x - uEyx) = (y - pEsy)|°
= |(x = ) - (Epx - Eyp)|”
= llx = I - 26 (x = 3, Eyx = Eyy) + | Epx - By |
< |x = yI* - 2muil Box = Exy| + | By = By’
== oI + (= 205) [ By - Eny|
< Jx -yl

This shows that G is nonexpansive on C. O



3. Main Results

In this section, we show a strong convergence theorem for
finding a common element of the set of solutions for mixed
equilibrium problems, the set of solutions of a system of
quasi-variational inclusion, and the set of fixed points of a
infinite family of nonexpansive mappings in a real Hilbert
space.

Theorem 8. Let C be a nonempty closed convex subset of a
real Hilbert Space H. Let F be a bifunction of C x C into real
numbers R satisfying (Al)-(A5) and let ¢ : C — R U {+o0}
be a proper lower semicontinuos and convex function. Let T; :
C — C be nonexpansive mappings for all i = 1,2,3,..., such
that ® := N, F(T;)NSQVI(B,, M,, B,, M,) N MEP(F, ¢) # 0.
Let f be a contraction of C into itself with coefficient & €
(0,1) and let Q,E,, E, be 8,1, n,-inverse-strongly monotone
mapping of C into H. Let A be a strongly positive bounded
linear self-adjoint on H with coefficienty > 0 and0 < y < y/«,
let M;\,M, : H — 2" be a maximal monotone mapping.
Assume that either B, or B, holds and let W, be the W -mapping
defined by (31). Let {x,}, {y,}, {z,}, and {u,} be sequences
generated by x, € C, u,, € C, and

F(uy ) + 9 (y) -9 (u,)
+ 1 (y —u,u, - (x,-rQx,)) >0, VyeC,
r

Zy = IMZ,M (un - .uEZMn) > (40)
Yn = ]MI,A (Zn - /‘Elzn) >

Xpe1 = (xnyf (xn) + ﬂnxn + ((1 - ﬂn) I- ‘an) Wnyn’
Vn >0,

where {o,} and {f,} < (0,1), A € (0,2%,), u € (0,2n,), and
r € (0, 20) satisfy the following conditions:

o, =0,

n—-o0"'n

(C1) ¥ «, = co and lim

n=0 "'n

(C2) 0 < liminf, _, B, <limsup, _, B, <1,
(C3) lim,, , ,|A,; = A, 1l =0,Vi=1,2,...,N.

n,i

Then, {x,} converges strongly to x* € ©, where x* = Pg(yf +
I-A)(x"),Pg is the metric projection of H onto © and (x*, y*),
where y* = ]Mz,ﬂ(x* — uE,x") is solution to the problem (6).

Proof. Let x™ € ©; thatis T,(x" - rQx") = ]Ml»AUMz,ﬂ(x* -
UByx")=AB, Jyp, (X" —uB,yx")] = T;(x") = x*,i > 1. Putting
¥" = Jm,u(x" — pE,x"), one can see that x™ = Jy; 2 (y" -
AB;y").

We divide our proofs into the following steps:

(1) sequences {x,}, {y,}, {z,}, and {u, } are bounded;

(2) limn—>oo||xn+1 - xn” = 0;

(3) lim,,_, ,[IQx,—Qx"|| = 0,1im,,_, ||E;z,- E;x"[| =0

and lim,, _, || E,u,, — E,x"|| = 0;
(4) lim,, _, , llx,, — Wx, |l = 0;
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(5) limsup,, _, ., (yf(x*) - Ax",x, —x") <0, where x* =
Po(yf + I - A)x™;

(6) lim —x*|| = 0.

n—»oo"xn

Step 1. From conditions (Cl1) and (C2), we may assume that
a, < (1- ﬂn)IIAH_l. By the same argument as that in [9], we
can deduce that (1 - f8,)I — «, A is positive and [|(1 — 5,)I —
a,Al < 1-B,-«a,y. Forallx, y € Candr € (0, 26). since Qis
a 0-inverse-strongly monotone and B, B, are 7}, #},-inverse-
strongly monotone, we have

|0 -rQx-U-rQy|’
=[x y) -r(Qx- Q)|
= e = yI” = 2r (x - 7, Qx - Q) + | Qx - Qy|
< x=yI° - 2r8jQx - QI + lQx -’
=lx =y +rr-20)fx -
< Jx -yl
It follows that [|(I - rQ)x—(I-rQ)y| < |lx - yl; hence I-rQ
is nonexpansive.

In the same way, we conclude that (I — AE;)x — (I -

AEDyI < llx = ylland |(I = pEy)x = (I = uEy)yll < llx = yl;
hence I - AE,, I — uE, are nonexpansive. Let y, = Jy; 1(2, -
AE,z,),n > 0. It follows that

Iy =7 = "]Ml,/\ (2, — AEz,) - Yo (v - AEl)’*)“
< (2, = AEiz,) = (y" = AE;y"))|

<z = 7|

"Zn - )’* “ = "]Mz,y (un - ‘“Ezun) - ]MZ,,M (x* - /’tEZx*)”

< "(un - AMEZun) - (x* - #EZx*)"

< u, - x| "
42

By Lemma 2, we haveu,, = T,(x,,—rQx,,) foralln > 0,Vx, y €
C. Then, for r € (0,26), we obtain

”un -x" ”2 = "Tr (xn - ern) - Tr (x* - er*)Hz

< |(x, -rQx,) - (x* - er*)"2

(43)
< | - 7|7 + 7 (r = 28) || Qx, — Qx|
< e, = x|
Hence, we have
1y =21 < flp = %7 - (44)
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From (40) and (44), we deduce that

-x" " = ||ocn (Vf (xn) - Ax*) + ﬁn (xn - x*)
+ ((1 - :871) I- anA) (Wnyn

||xn+1

<oy "))f (xn) - Ax ” + ﬁn ||xn - x*"
+ (1 - ﬁn - an?) ”yn - X*”
S "yf (xn) - AX*” + Bn ”xn - x*"

(1= B - a7 e, - x|

<oy lf (o) = £ () + g f (') - 4
+(1-a,7) -

< oy, — x|+, f (x
+(1-a) |, -]

= (1 (Fy) |~ ']

)“)’f x") - Ax"|
§7 wx)
||Vf ) - Ax"||

I ¥ - ya) }

It follows by mathematical induction that

) - A

+ o, (¥ -y

< max {”xn -

(45)

I lyf (x7) - Ax ||}
(¥- W) " (46)

n>0.

[ %1 = x"| < max <l||x0 - x|

Hence, {x,} is bounded and also {u,}, {z,}, {y,.}, (W, v.},
{AW,y,}, and {fx,} are all bounded.

Step 2. We show that lim,, _, . Ilx,,; — x,[l = 0.

Putting ¢, = (x,,,1 — Bux,)/(1 = B,) = (e, yf(x,) + (1 -
ﬁn)I - “nA)Wnyn)/(l - ﬁn)’ we gEt Xny1 = (1 - ﬁn)tn + ﬁnxn’
n > 1. We note that

_t = “n+1yf (xn+1) + ((1 B ﬂn+l) I- “n+1A) Wn+1yn+1
! 1- ﬁn+1

an (X )+ ((1 _Bn)l & A) n)n
1-8,

Tt Yf( n+1)_

1 - :8n+1

+W+1yn+1 nyn

n+1

()

Xy
l_ﬁn

(Xn+1 n+1yn+1 + AWnyn
ﬁn+1 1- ﬁ

n

1 _7;1 (Yf( n+1) - AWn+1yn+1)
n+1

7
e (AW, 3, = 7f (%))
1 _ ﬁn nyn Yf 'xﬂ
+W+1yn+1 n+1yn +Wn+1yn _Wnyn'
(47)
It follows that
"tn+1 - tn“ - |lxn+1 - xn"
< "/;1 (Ivf Cene)l + | AW, 90 [)
n+1
- Al I (5D
" +1yn+1 n+1yn”
(48)
" nt1Vn ~ Wnyn“ - “xn+1 - xn"
< —E (Ivf Cene)l + 1AW Y [)
n+l
*7 _" (AW, z] + lvf ()l
+ ||yn+1 yn" + " nt1Vn — nyn“
- "xn+1 - xn“ .
By the definition of W,
" n+1Vn — nyn“
"/\n+1 NINUnsiN-1Yn + +(1 /\n+1,N) n
_An,NTNUn,N—lyn - (1 - An,N) yn”
< |/\n+l,N - An,Nl "yn”
+ ||/\n+1,NTNUn+1,N—1)’n - /\n,NTNUn,N—lyn"
(49)
< |/\n+1N - Aan "yn”

"/\nﬂN(TN n+1,N-1Vn ~ TNUn,N—l)’n)“
+ |/\n+1,N - /\n,Nl "TNUn,N—lyn"
<2M IAH+1 N — /\n,Nl

+/\nJrlN" +1N1yn Un,Nflyn"’

where M is an approximate constant such that M >

max{sup,,., {lly,l1}, sup,- {1 T,,U, oy yull} | m = 1,2,...,N}.
Since0 < A, < lforalln>landi=1,2,...,N,wecompute

” n+1,N— lyn Un,N—lyn”
= ||/\n+1,N-1TN—1Un+1,N—2)’n +(1- An+1,N—1) Yn

—/\n,N—lTN—1Un,N—2)’n - (1 - /\n,N—l) J’n"
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< Aprnes = Al 17l
+ eana TnaUnsin-2Yn = Ay TncaUnn 2 il
< Mernet = A [l
+ P iint (TvaUniin-29n = TnaaUnn-22) |
+ A ena = At [T U2l
< 2M it = Anet| + [ Unin-29n = Unnea il -
(50)
It follows that

” n+1,N-1Vn — Un,N—l)’n”
< 2M Ay net = Aunet |+ 2M Ay Ny = A

+|l n+1,N-3Vn = Un,N—Syn”

< 2MZ |/\n+11 Ant| + " n+1, lyn n,lyn"
N-1 (51)
=2M z |/\n+1,i - An,il
i=2
+ "/\rﬁ-l,llen + (1= Xs11)
lyn (1 n,l)yn“
N-1
<2M Y Ay = A -
i=1
Substituting (51) into (49),
l|Wn+1yn - Wnyn”
N-1
<2M |An+1,N - An,N| + 2An+1,NM Z |)‘n+1,i - An,i' (52)
i=1

N
<S2MY [y, - A

i=1

n,i| .

We note that
||yn+1 - yn"
= ||]M1,/\ (Zn+1 - AElan) - ]MI,A (Zn - /\Elzn)"
= "(Zn+1 - /\Elzm—l) - (Zn - AEIZn)"
< ||Zn+1 - Zn"
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= ”]Mz,,u. (um—l - #E2un+1) - ]Mz,/,t (”n - #Ezun)"

< ”(un+1 - #Ezunﬂ) - (un - tuEZun)"

< ”un+1 - un”
= ”Tr (xn+1 - ern+l) - Tr (xn - ern)”

< ”('xn+1 - ern+1) - (xn - ern)“

< ”xn+1 - xn" :

(53)
Applying (52) and (53) in (48), we get
"tn+1 - tn” - “xnﬂ - xn”
”[‘;1 ”)/f (xn+1)|| + "A +1yn+1“
n+1
w ot (AWl s G)l) + e = &Y
N
+ ZMZ I/\n+1,i - An,il - ||xn+1 - xn” :
i-1
By conditions (C1)-(C3), imply that
lim Solip (||tn+1 - tn” - ”'xn+l - xn") <0. (55)
Hence, by Lemma 4, we obtain
lim ||t — x| = 0. (56)
It follows that
My = x| = lim (1= B,) [t - x, = 0. (57)
We obtain that
nlLI%o "xn+1 xn" =0. (58)
Step 3. We can rewrite (40) as x,,,; = «,(yf(x,) — AW, y,) +

B.(x, —W,y,) + W, y,. We observe that
"xn - Wnyn" < ||xn - xn+l“ + ”'xn+l - Wnyn”

< ||xn - 'xn+1” +a, ")/f (xn) - AWnyn“ (59)
+ :8n “xn - Wnyn" >

it follows that

"xn - Wnyn"
1
< 1- ﬁ “xn n+1|| + "Vf (x Awnyn" :
(60)
By conditions (Cl), (C2), and (58), imply that
nlglgo ”xn - Wnyn" =0. (61)
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From (42) and (43), we get

Iy =1
= "]Ml,/\ (Zn - AElzn) -
< |(z, = AE1z,) - (x" = AE,x")|

< |zn - x* ||2 +A(A-2n) |E 2, - E\x” ||2

< "]Mz,p. (un - MEZMVI) - ]MZ,[,{ (x,k -

+A(A=2n) |E.z, - E.x"|
< (= pEyu,) = (x" = uEpx”)|?
+A(A=2n) |E,z, - E.x"|
< Nty = %" + s (= 2) | By, = Epx” |
+A(A-21) |E:z, - Eix"|

<|x,-x" ||2 +7r(r-26) |Qx, - Qx" ||2

+ p(u=2m,) By, - Epx”" |
+A(A-21) |E.z, - E.x"|.
By (40), we obtain
s = |
= Jlew, (vf (%) = AX") + B, (%, = W,p)
+ (I = 0, A) W,y = x|

< (1 = et ) (Woyy = x7) + B, (20 = W)
+2a, (yf (x,) = AX", x,0 — ")

< (T = 0, A) (3, = %) + By (3 = Wzl
+ 200, [[pf (x,) = Ax"| [y = 57

= (1-a,9) Iy Wl
+2 (1=, ) By [y = x| 1% = Wz

Koy — X7

+ 200, [[yf (x

9
Substituting (62) into (63), imply that
i = "I < e = 77+ 7 (r = 28) @, - Qx|
+ (= 2m) |Eyu, - Epx"|
+A(A=21) |E1z, - E;x"|
+ Bl - W’
+2(1=a,7) Bullyn = x| s = Woya
+ 20, [|[pf (x,) = Ax7|| 0 = %7
(64)
Thus,
(62)  r(28-r)Qx, - Qx"|" +u (21, — p) |Eyuy — B[
+ A (27, - ) ||E1z, - Eyx* |
< Jxw = 2 = s = 7| W’
+2(1 = a,7) By [y = x| 10 = W
+ 20, [|vf (x,) = Ax"|| | xp00 = %7 (65)
< (I = %"+ Pes = %7 1) en = xal
+ Bllxn - Warl’
+2(1 =) Byl = x| s = Woyil
+ 200, [|vf (x,) = Ax7|| | xp00 = 7]
By conditions (C1), (C2), (58), and (61), we deduce immedi-
ately that
Jim Qx, - Qx°] = Jim [[Ey2, - Eyx'|
(66)
= lim |E,u, - E,x"| = 0.

Step 4. We show that lim,, _, [Ix,,
firmly nonexpansive, we have

- Wx,|l = 0. Since T, is

Ju, - x|
=|T, (x, - rQx,) - T, (x* - er*)H2

< {(x, - rQx,) - (x" —rQx"),u, — x)

(63)

*

n— X

}

~ (x" = rQx") = (u, - <)}

= l {”(xn - ern) - (X* - er*) ?

{n -rQx,)

NI'—'

= Sl ="+ =<

——

1
2
_”('xn - un) - T’(Q.X'n - Qx*)uz}
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1 « *
= > {l ="+ ="
- (”xn - un”2 + r2”an - QX*Hz

-2r{(x, —u,,Qx, — Qx"})}

1
LRt I T e A
Qe = Qx|+ 2r g, — | Qs - Q”[}
(67)
which implies that
R Ty S P

+ 20, - ] Qx, - Q.
Since Jjy » is l-inverse-strongly monotone, we have
Iy ="

= ||]M1,)l (zn
< <(Zn - /\Elzn) -

2

- AEz,) - VoS (x* = AE;x")
(x" = AEyx7), y, = x7)
1

= Ll AEz) ~ (2B + Iy, - ')

1
-3
1 #|2 %12
ey P oIl

_“(zn - yn) - A(El

- AE,z,) - (x* —/\Elx*)—(yn—x*)nz}

z, - Elx*)”z}

= Al + I

NI'—‘

- (“Zn - yn"2 + A2|lElzn - EI-X*H2

-2A <Zn - walzn - Elx*>)}
1
< lew =21+ Iy =1 = llaw =5l
~22|E\z, - Ex*||* + 2A ||z, - 3| |Erz - Elx*“} ,
(69)
which implies that
*|2 * 12 2
X Sz x| 12— Y
=T < o= - e 5l o
+ 24z = yul [Erz = Eax7])
In the same way with (70), we can get
%12 *12 2
z,—x | < |u, = x"||" = |4, — 2,
o= 5T < =" = - 2] o

+ 24 |lu, = 2| | Exts, = Epx7]).
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Substituting (71) into (70), imply that

P Y A I A

+ 21“ "un - Zn" "EZun - sz*"
Nz = yall” + 2A |2 = 2l |Er 20 - Eix7])
(72)
Again, substituting (68) into (72), we get
Iy, - x|
< {lben =217 = lew = all” + 27 6, = 11, @, — Qx|
= 2l + 200 11, = 2| | Bt = Box" [ = 12, = 3l
+ 24 ||z, = yul [Es2, — Eyx7|-
(73)
Substituting (73) into (63), imply that
s = x|
= (1 - “n7)2 {"xn - x*"Z - "Xn - un"2
27 |lx, = ) lQx, = Q™| = s, = 2
+ 26, = 2| | B, = Exx"|| = 2 = 2
+2A |z, = |l |E12, - Elx*"}
+ ﬂﬁ"xn - Wnyn”z
+2 (1 - (Xn?) ﬁn “yn - X* “ “xn - Wnyn"
+ Z“n "Yf (xn) - Ax” ” ”xnﬂ -x" " .
(74)
Then, we derive
(1= 9)” (60 = thall” + 14 = 2ol + 2 = al")
< oy = 27 = s = 717 + 27 5, = ] @, - Qx|
+ 24 [uy, = 2, | 1, — Exx” |
+2A “zn - yn” ”Elzn - Elx*" + ﬁi”xn - Wnynnz

+2 (1 - ‘xn?) ﬁn “yn - X*" "xn - Wnyn"

+ 2(xn ”Vf (xn) - Ax*“ “xn+l - X*”
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< (hw = 27+ s = 27 01 = )
+2r [, = ][ @, - Q7|
+ 24 [, = 2| [ Eaa - B2
+ 22 20 =yl |Evz = Evx” || + Brln = Wl
+2(1 = 09) B [ = " [ = Wyl

20, [y () = 45" 01 = %]

(75)
By conditions (C1), (C2), (58), (61), and (66), we obtain
,,h_,r%o “xn - ”n“ = ,,h_,r%o “un - Zn" = nlil%o ”Zn - yn" =0.
(76)
Observe that
"Wnyn - yn” = "Wnyn - xn" + "xn - un"
(77)
+ "”n - Zn” + ”Zn - yn" :
By (61) and (76), we have
Jim [W,,y, = 3] = 0. (78)
Note that
"Wyn - yn" < “Wyn - Wnyn" + "Wnyn - yn“ . (79)
From Lemma 1, we get
lim "Wyn - Wnyn“ =0. (80)

n—00

By (78) and (80), we have lim
that lim,, _, ,[[Wx,, — x,,|l = 0.

Step 5. We show that limsup, _, . {(yf — A)z,x, — z) < 0,
where z = Pg(yf+1—A)z. Itis easy to see that Pg (yf +(I-A))
is a contraction of H into itself. Indeed, since 0 < y < y/a, we
have

Wy, — y,ll = 0. It follows

n— 00

P (vf + (1= A))x = Po (yf + (- A) y|
<|(vf + - A)x - (yf +T-A) Y]
<yIf = FO+1T-Allx -y (81)
<vyalx-yl+ (1 -7)[x-y|
= (1-7+ya) |x-y].

Since H is complete, there exists a unique fixed point z € H
such that z = Py (yf + I — A)(z). Since {x,,} is bounded, there
exists a subsequence {xni} of {x,}, such that

lim <(A -vf)z,z - xni> =limsup ((A-yf)z,z - x,) .
(82)

Also, since {xni} is bounded, there exists a subsequence {x,, }

of {x, } which converges weakly to w € C. Without loss of

1

generality, we can assume that x, — w. From |[Wx,, —x, | —
0, we obtain Wx,, — w. Then, by the demiclosed principle of
nonexpansive mappings, we obtain w € N2, F(T)).

Next, we show that w € MEP(F, ¢). Since u,, = T,(x,, —
rQx,,), we obtain

F(u,y) +o(y) -9 (u,)
] (83)
+;<y—un,un—(xn—ern)>20, Vy e C.

From (A2), we also have

00 =0 (1) + (3 = st = (5, - 1Qx,)) = F (1),

VyeC,
(84)
and hence,
S"(;V) - ¢(un_) + <y —u,, Uy, — (x”i - Tani) >
l ' r
(85)

2F(y,unl_), vy eC.

Fortwith0 <t <land y € H,let y, = ty + (1 — t)w. From
(85) we have

(=1 Q) 2 (3~ 14, Q) — 0 (1) + 9 (uy,)

< u”i B ('x”i B T‘ani) >
“ N\ Ve T Uy 1"

+ F(yt’u”i)

= <yt - un,-’Qyt - Qun,->
+ <yt - u”i’Qu"i - Qx"i>

—o () +o(u,)

;
(86)

Since ||u,, —x, | — 0, we have |[Qu, —Qx, || — 0. Further,
from an inverse-strongly monotonicity of Q, we have (y, —
u,,Qy, — Qu,) > 0. So, from (A4), (A5), and the weakly
lower semicontinuity of ¢, (U, —x,)/r —> 0andu, — w
weakly, we have

e~ w, Q) 2-9(y) +ew) +F(y,w). (87
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From (Al), (A4), and (87), we also have Step 6. We show that {x,,} converges strongly to z; we compute

that
0=F(ypy)+o)—9)

<tF(ypy)+ (1=t F (y,w) +te(y)

"xn+1 - Z”2

= "“n}/f (xn) + ﬁnxn + ((1 - /sn) I- ‘an) Wnyn - Z"2

+(1-t) W) -9(y)
=t(F(ypy)+o () - ()

+(1=1) (F(ypw) + ¢ ) — 9 (1))
St(FEQpy)+e(n)—e () + Q-1 (3 -w,Qyy)

=t(F(ypy)+e(y)—e(n) + 1 -)t(y-w,Qy),
(88)

and hence,
0<F(ypy)+o(n)-e(n)+ 1 -0 (y-wQy). (89)
Lettingt — 0, we have, for each y € C,
F(wy)+e(y)-9w)+(y-w,Qw) 20.  (90)

This implies that w € MEP(F, ).
Lastly, we show that w € SQVI(B,, M;, B,, M,). Since
lu, -z, — Oand|z, -y, = 0asn — oo, we get

ln =l < ety = 2l + 120 = 32l (1)

we conclude that ||, — y,| — 0asn — oco. Moreover, by
the nonexpansivity of G in Lemma 6, we have

lyw =G ()l
= 7ag 0 [Jntye (0 = #Es,) = AE Ty, (14, = pEou,)]
-Gy |
=[G (u,) -G ()l

= ”un_yn“' ( )
92

Thus, lim,, _, .y, — G(»,)Il = 0. According to Lemma 7, we
obtain that w € SQVI(B,, M, B,, M,). Hence, w € ®. Since
z = Po(I — A+ yf)(2z), we have

limsup {(yf - A) z,x, — z) = limsup ((yf - A) z, x,, — z)

1— 00

=((f -A)zw-2)

<0.
(93)

= |, (vf (x,) = Az) + B, (x, — 2)

<

<

<

<

(1= B) I =0, A) Wy, - 2
ollvf (x,) - Az|”
1B, (3w = 2) + (1= B) T = @, 4) (W, = 2|
+ 2By (x, —2) + (1= B) I - &, A)
X (Woy, = 2)» 0, (vf (x,) — Az))
ollvf (x,) - Az|”
H{Bullxu =2l + (1= By -« 9) 3 - 2
+ 200, B, (x, — 2, ¥f (x,) — Az)
+ 20, (1= B, = 0,7) (W — 291 (x,) — Az)
alvf (x,) - Az’
+ Bz, =2l + (1= By = ) %, - 2}’
+ 200, B, (x, = 2, ¥f (%) = vf (2))
+ 20, B, (x, — 2, ¥f (2) — Az)
+ 20, (1= B, — o, 7) (Woy, — 229f () = vf (2))
+ 20, (1= B, — 0,7) (W0, — 2. 7f (2) — Az)
arllyf (x,) = Azl + (1= )%, - 2
+ 200, B,y |x, = 2| | f (%) - £ @)
+ 20, B, (x, = 2, yf (2) - Az)
+2a, (1= B, = a,y)y Wy — 2| | f (x,) - f (2]
+ 20, (1= B, = 0,7) (W, — 2, 7f (2) - Az)
anllvf (x,) = Az + (1= 7)1, — 2|
+ 20,8, ya]x, - [
+2a,B, (x, - 2)f (2) - Az)
+ 20, (1= B, - o) yelx, — 2|
+ 20, (1= B, = 0,7) (W3, = 2,7f (2) - Az)

arllyf (x,) — Az
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+ (1= 20,7 + 0y + 20, y00 — 2002 pyex)
x|lx, = 2[* + 20,8, (%, - 2 vf (2) - Az)
+ 20, (1= B, = 0,7) (W3, — 2, yf (2) — Az)
<{1-a, (27 - a,7" - 2pa + 20, 7ya )} |x, - 2|
+ g llvf (x,) - Az’
+ 200, B, (x, — 2,7 (2) — Az)

+ Z‘xn (1 - ﬁn - ‘xn?) <W Yn—2 Yf (Z) - AZ>

< {1 -, (2)7 - ocn?2 - 2ya + 2¢xn7yo¢)} ||xn - z||2

+®,0,,
(94)
where 0, = «a,llyf(x,) - Az||2 +2B,(x, — z,yf(z) - Az) +

21 - B, — a, Y)W,y — 2, Yf(z) — Az). It is easy to see that
limsup,,_, . 0, < 0. Applying Lemma 3 to (94), we conclude
that x,, — z. This completes the proof. O

Next, the following example shows that all conditions of
Theorem 8 are satisfied.

Example 9. For instance, let o, = 1/2(n + 1), let 3, =
(2n + 2)/2(2n), let A,, = n/(n + 1). Then, we will show that
the sequences {«,} satisty condition (Cl). Indeed, we take
«, = 1/2(n + 1); then, we have

0o,

(n + 1)
(95)

. . 1
lim o, = lim ——— =
n—o00 n—002 (n+ 1)

We will show that the sequences {f3,} satisty condition
(C2). Indeed, we set 8, = (2n + 2)/2(2n) = (1/2) + (1/2n).
It is easy to see that 0 < liminf, _, 3, < limsup,_, B, < L.

Next, we will show the condition (C3) is satisfied. We take
A, = n/(n+ 1); then we compute

no n—-1
n-1)+1

nn)—n-1)(n+1)
(n+1)n

o, = A = Jim |2

lim
n—00

(96)
-t +1
n+1)n

lim
n—00

lim .
n—oo|n(n+1)

Then, we have lim,,_, |A,,; — A,l =
satisfies condition (C3).

0. The sequence {7, }

13

Using Theorem 8, we obtain the following corollaries.

Corollary 10. Let C be a nonempty closed convex subset of a
real Hilbert Space H. Let F be a bifunction of C x C into real
numbers R satisfying (Al)-(A5) and let ¢ : C — R U {+o0}
be a proper lower semicontinuos and convex function. Let T; :
C — C be nonexpansive mappings for all i = 1,2,3,..., such
that © := N F(T;) N SQVI(B,, M,, B, M,) N MEP(F, ¢) #
0. Let f be a contraction of C into itself with coefficient & €
(0,1) and let Q, E,, E, be 8,1y, n,-inverse-strongly monotone
mapping of C into H. Let M;, M, : H — 2" be a maximal
monotone mapping. Assume that either B, or B, holds and let
W,, be the W-mapping defined by (31). Let {x,,}, {y,}, {z,,}, and
{u,} be sequences generated by x, € C, u,, € C, and

F(upy)+o(y) -9 (u,)

+ 1 (y —u,u, —(x,-rQx,)) 20, VyeC,
r
= Iy (u, — uE,u,),
Yn = ]Ml,/\ (Zn - )‘Elzn) >
Xn+1 = nf (X ) + /3an + (1 - ﬁn - an) Wnyn’ Vn >0,
(97)

where {e,)} and {8,} < (0,1), A € (0,21,), u € (0,21n,), and
r € (0, 26) satisfy the following conditions:

(Cl) Y2, &, = 0o and lim a, =0,

n—-o0"'n

(C2) 0 < liminf, _, B, <limsup,_, B, <1

(C3) lim,, _, o JA,; = Ayl =0,Vi=1,2,...,N.

Then, {x,} converges strongly to x* € @, where x* = Po(f +
I)(x"), Py is the metric projection of H onto © and (x*, y™),
where y* = Jy ,(x" — pE,x") is solution to the problem (6).

Proof. Takingy = 1and A = I in Theorem 8, we can conclude
the desired conclusion easily. O

Corollary 11. Let C be a nonempty closed convex subset of a
real Hilbert Space H. Let F be a bifunction of C x C into real
numbers R satisfying (Al)-(A5) and let ¢ : C — R U {+co}
be a proper lower semicontinuos and convex function. Let T; :
C — Cbeanonexpansive mappings foralli = 1,2,3,..., such
that © := N, F(T,)nSQVI(B,, M,, B,, M,) N MEP(F, ¢) # 0.
Let f be a contraction of C into itself with coefficient o € (0, 1)
and let E, E, be n,,n,-inverse-strongly monotone mapping
of C into H. Let A be strongly positive bounded linear self-
adjoint on H with coefficienty > 0and 0 < y < y/a, let
M, M, : H — 2" be a maximal monotone mapping. Assume
that either B, or B, holds and let W, be the W -mapping defined
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by (31). Let {x,}, {y,}, {z,}, and {u,} be sequences generated by
xy € C,u, € C, and

1
F(un’y) +§0()/) _go(un) + ; <y_un’un_xn> 20,
Vy eC,
Zy = ]MZ,IA (un - AMEZun) > (98)
In = ]Ml,)t (Zn - /\Elzn)’

Xn+1 = ‘xnyf (xn) + /jnxn + ((1 - ﬁn) I- (an) Wnyn’
Vn >0,

where {a,} and {B,} < (0,1), A € (0,2%,), u € (0,2n,), and
r € (0, 00) satisfy the following conditions:

(C1) Y72 e, = 00 and lim,, _, o, = 0,
(C2) 0 < liminf, _, fB, <limsup,_, B, <1,
(C3) lim,, _, ,[A,; = Ayl =0, Vi=1,2,...,N.

n—>oo|

Then, {x,} converges strongly to x* € ©, where x* = Po(yf +
I-A)(x"), P is the metric projection of H onto @ and (x*, y*),
where y* = ]Mz’ﬂ(x* — uE,x") is solution to the problem (6).

Proof. Taking Q = 0 in Theorem 8, we can conclude the
desired conclusion easily. O

Corollary 12. Let C be a nonempty closed convex subset of a
real Hilbert Space H. Let F be a bifunction of C x C into real
numbers R satisfying (Al)-(A5) and let ¢ : C — R U {+oo}
be a proper lower semicontinuos and convex function such that
©® := SQVI(B,,M,,B,,M,) N MEP(F,¢) + 0. Let f bea
contraction of C into itself with coefficient « € (0, 1) and let
Q, E,, E, be &, n,, n,-inverse-strongly monotone mapping of C
into H. Let A be a strongly positive bounded linear self-adjoint
on H with coefficienty > 0 and 0 < y < y/a, let M|, M, :
H — 2" be a maximal monotone mapping. Assume that
either B, or B, holds, let {x,}, {y,}, {z,,}, and {u,,} be sequences
generated by x, € C, u,, € C, and

F(usy)+ 9 (y) =9 (u,)
o1 (y —upu, —(x,-rQx,)) >0, VyeC,
r

Zy = ]Mz,p. (un - #EZun) >
Yn = ]Ml,/\ (Zn - AElzn) >

Xn+1 = (anf (xn) + ﬁnxn + ((1 - ﬁn) I- (XnA) Vo> Vn >0,

(99)

where {a,)} and {8,} < (0,1), A € (0,21,), u € (0,21,), and
r € (0, 26) satisfy the following conditions:
(C1) ¥« = co and lim

n=0 "'n & :0’

n—-00"'n

(C2) 0 < liminf,_, B, <limsup,_, B3, < L
(C3) hmn—»oo|/\ _)Ln—l,il =0,Vi=1,2,...,N.

n,i
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Then, {x,} converges strongly to x* € ©, where x* = Pg(yf +
I-A)(x"), P is the metric projection of H onto @ and (x*, y*),
where y* = ]Mz,ﬂ(x* — pE,x") is solution to the problem (7),
which is the unique solution of the variational inequality

((pf -4)x"x-x") 20,

Proof. Taking W,, = I in Theorem 8, we can conclude the
desired conclusion easily. O

Vx € O, (100)

Corollary 13. Let C be a nonempty closed convex subset of
a real Hilbert Space H. Let F be a bifunction of C x C into
real numbers R satisfying (A1)-(A5). Let T; : C — C be
nonexpansive mappings for all i = 1,2,3,..., such that ® :=
N2 F(T;) N SQVI(B,, M}, B,,M,) N EP(F) # 0. Let f be
a contraction of C into itself with coefficient « € (0,1) and
let Q,E,, E, be &, n,, n,-inverse-strongly monotone mapping of
C into H. Let A be a strongly positive bounded linear self-
adjoint on H with coefficienty > 0and 0 < y < y/a, let
M, M, : H — 2" be a maximal monotone mapping. Assume
that either B, or B, holds and let W, be the W -mapping defined
by (31). Let {x,}, {y,}, {z,,}, and {u,;} be sequences generated by
xy € Cou, €C, and

1
F(un’y) + ; <y —Up Uy, — (xn - ern)> =0,

Vy € C,
2, = Iy (u, — uE,u,), (101)
Y =T (z, - AE,z,),
Xper = @ Vf (3,) + Boy + (1= Bo) T = 2, AY W, 3,
Vn >0,

where {a,} and {B,} € (0,1), A € (0,21), u € (0,21,), and
r € (0, 26) satisfy the following conditions:
(CH Y2y &, = 00 and lim,,_, a, =0,
(C2) 0 < liminf
(C3) lim,, _, A

<limsup,_, B, <L

n—oorn —

Ayl =0, Vi=1,2,...,N.

n,i

Then, {x,} converges strongly to x* € ©, where x* = Pg(yf +
I-A)(x"), P is the metric projection of H onto @ and (x*, y*),
where y* = Jy ,(x" — uE,x") is solution to the problem (6).

Proof. Taking ¢ = 0 in Theorem 8, we can conclude the
desired conclusion easily. O

Corollary 14. Let C be a nonempty closed convex subset of
a real Hilbert Space H. Let F be a bifunction of C x C
into real numbers R satisfying (Al1)-(A5) such that ® :=
SQVI(B,, M,, B,, M,) N EP(F) # 0. Let f be a contraction
of C into itself with coefficient o« € (0,1) and let Q, E,, E, be
8, 1y, y-inverse-strongly monotone mapping of C into H. Let
A be a strongly positive bounded linear self-adjoint on H with
coefficienty > 0 and 0 < y < y/a, let M;,M, : H — 2"
be a maximal monotone mapping. Assume that either B, or B,
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holds, let {x,}, {y,}, {z,}, and {u,} be sequences generated by
xy € C,u, € C, and

I (un’ y) <y Uy Uy, ('lcn L an)> 2 D’
r
vy € C,

zZ, = ]Mz:# (un - ["EZMn) > (102)

Yn = ]Ml,/\ (Zn - )LElzn) >

Xn+1 = (anf (xn) + ﬁnxn + ((1 - ﬁn) I- “nA) Y
Vn >0,

where {a,} and {f,} < (0,1), A € (0,2%,), u € (0,2n,), and
r € (0, 26) satisfy the following conditions:

(C1) ¥ «, = co and lim

n=0 "'n & =0’

n—-o00"'n

(C2) 0 < liminf, , B, <limsup,_, B, <1
(C3) lim,, , ,|A,,; = A, 1l =0,Vi=1,2,...,N.
Then, {x,} converges strongly to x* € @, where x* = Pg(yf +

I-A)(x"), Py is the metric projection of H onto © and (x*, y*),
where y* = ]Mz,ﬂ(x* — pE,x") is solution to the problem (6).

Proof. Taking ¢ = 0 and W, = I in Theorem 8, we can
conclude the desired conclusion easily. O

Corollary 15. Let C be a nonempty closed convex subset of
a real Hilbert Space H. Let F be a bifunction of C x C
into real numbers R satisfying (A1)-(A5) such that ® :=
SQVI(B,, M, B,, M,) N EP(F) # 0. Let f be a contraction
of C into itself with coefficient « € (0,1) and let Q,E,, E, be
0, 1y Ny-inverse-strongly monotone mapping of C into H. Let
M, M, : H — 2" be a maximal monotone mapping. Let
{x,} Ay} {z,), and {u,} be sequences generated by x, € C,
u, € C, and

F(un’y) + l <y_un’un - (xn _ern» >0,
r
Yy €C,

2y = ]Mz,y (un - MEZun) > (103)

Yn = ]Ml,/l (zn - AElzn) >

Xny1 = ‘an (xn) + ﬁnxn + (1 - :Bn - “n) Yo
Vn >0,
where {o,} and {f,} < (0,1), A € (0,2%,), p € (0,2n,), and
r € (0, 20) satisfy the following conditions:
(CY Y2y &, = 00 and lim,, _, &, = 0,
(C2) 0 < liminf, _, fB, <limsup,_, B, <1,
(C3) lim,,_, oo i = April =0, Vi = 1,2,...,N.

71— 00 |
Then, {x,} converges strongly to x* € @, where x* = Po(f +
I)(x"), Pg is the metric projection of H onto ® and (x*, y*),
where y* = Jyp ,(x" — pE,x") is solution to the problem (6).

15

Proof. Takingy =1, A=1,¢ =0,and W, = I in Theorem 8,
we can conclude the desired conclusion easily. O

Corollary 16. Let C be a nonempty closed convex subset of
a real Hilbert Space H. Let F be a bifunction of C x C
into real numbers R satisfying (Al)-(A5) such that ® :=
SQVI(B,, M;, B,, M,) N EP(F) # 0. Let f be a contraction
of C into itself with coefficient o« € (0,1) and let Q, E be 0, 1-
inverse-strongly monotone mapping of C into H. Let M, M, :
H — 2" be a maximal monotone mapping. Let {x,}, {y,},
{z,}, and {u,} be sequences generated by x,, € C, u,, € C, and

I (un’ y) <y Uy Uy ('lcn L an)) 2 :’
r
V)/ € C,

2 = Ity (thy — uEw,) (104)

Yn = ]Ml,/\ (Zn - AEZn) >
Xn+1 = anf (xn) + /';nxn + (1 - ﬁn - ‘Xn) V>
Vn > 0,

where {«,} and {B,} < (0,1), A € (0,2%), u € (0,2n), and
r € (0, 26) satisfy the following conditions:

(C1) Y2, &, = 0o and lim
(C2) 0 < liminf,_, B, <limsup,_, B, <1
(C3) lim Ayl =0,¥i=1,2,...,N.

n—oo%n = 0,

n%ool/\n,i

Then, {x,} converges strongly to x* € @, where x* = Po(f +
I)(x™), Py is the metric projection of H onto @ and (x*, y*),
where y* = ]MZ,”(x* — pEx"™) is solution to the problem (6).

Proof. Taking E, = E, = E in Corollary 15, we can conclude
the desired conclusion easily. O
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We investigate the existence of a fixed point of certain contractive multivalued mappings of integral type by using the admissible
mapping. Our results generalize the several results on the topic in the literature involving Branciari, and Feng and Liu. We also

construct some examples to illustrate our results.

1. Preliminaries and Introduction

Fixed point theory is one of the most celebrated research areas
that has an application potential not only in nonlinear but
also in several branches of mathematics. As a consequence
of this fact, several fixed point results have been reported. It
is not easy to know, manage, and use all results of this reich
theory to get an application. To overcome such problems
and clarify the literature, several authors have suggested a
more general construction in a way that a number of existing
results turn into a consequence of the proposed one. One
of the examples of this trend is the investigations of fixed
point of certain operator by using the a-admissible mapping
introduced Samet et al. [1]. This paper has been appreciated
by several authors and this trend has been supported by
reporting several interesting results; see for example [2-12].

In this paper, we define (", ¥)-contractive multivalued
mappings of integral type and discuss the existence of a fixed
point of such mappings. Our construction and hence results
improve, extend, and generalize several results including
Branciari [13] and Feng and Liu [14].

In what follows, we recall some basic definitions,
notions, notations, and fundamental results for the sake of

completeness. Let ¥ be a family of nondecreasing functions,
v : [0,00) — [0,00) such that Y7 y"(t) < oo for each
t > 0, where y" is the nth iterate of . It is known that, for each
v € ¥, we have y(t) < tforallt > 0and w(0) = 0 for t =
0 [1]. We denote by ® the set of all Lebesgue integrable
mappings, ¢ : [0,00) — [0, 00) which is summable on each
compact subset of [0, 00) and _[Oe ¢(t)dt > 0, for each € > 0.
Let (X,d) be a metric space. We denote by N(X) the
space of all nonempty subsets of X, by B(X) the space of all
nonempty bounded subsets of X, and by CL(X) the space of
all nonempty closed subsets of X. For A € N(X) and x € X,

d(x,A) =inf{d (x,a) : a € A}. 1)
For every A, B € B(X),
0(A,B) =sup{d(a,b):aec A, beB}. 2)

We denote 6(A, B) by 6(x, B) when A = {x}. If, for x, €
X, there exists a sequence {x,},y in X such that x, ¢
Gx,_;, then O(G,x,) = {xg x;,%,,...} is said to be an
orbit of G : X — CL(X) at x,. A mapping f

X — Ris G orbitally lower semicontinuous at x, if {x,} is
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a sequence in O(G,x,) and x, — x implies f(x) <
liminf, f(x,). Branciari [13] extended the Banach contrac-
tion principle [15] in the following way.

Theorem 1. Let (X,d) be a complete metric space and let G :
X — X be a mapping such that

d(Tx,Ty) d(x,y)
J pt)dt<c J ¢ (t)dt 3)
0

foreach x,y € X, where ¢ € [0,1) and ¢ € ®. Then G has a
unique fixed point.

Since then many authors used integral type contractive
conditions to prove fixed point theorems in different settings;
see for example [12, 16-22]. Feng and Liu [14] extended the
result of Branciari [13] to multivalued mappings as follows.

Theorem 2 (see [14]). Let (X, d) be a complete metric space
and let G : X — CL(X) be a mapping. Assume that for
each x € X and y € Gx, there exists z € Gy such that

d(y:2) d(x.y)

L (1) dt < w(L 6 (1) dt), @)
wherey € Yand¢ € @. Then G has a fixed point
in X provided f(§) = d(& GE) is lower semicontinuous,
with & € X.

Definition 3 (see [3]). Let (X, d) be a metric space and « :
X x X — [0,00) be a mapping. A mappingG : X —
CL(X) is a”-admissible if a(x,y) > 1 = a"(Gx,Gy) > 1,
where a*(Gx, Gy) = inf{a(a,b) : a € Gx,b € Gy}.

Definition 4 (see [3]). Let (X,d) be a metric space. A
mapping G : X — CL(X) is called a”-y-contractive if
there exist two functions @ : X x X — [0,00) and y €
¥ such that

a” (Gx,Gy) H (Gx,Gy) < y (d (x,y)) )
forall x,y € X.

Theorem 5 (see [3]). Let (X,d) be a complete metric space,
let : X xX — [0,00) be a function, let v € V be a strictly
increasing map, and let G be a closed-valued o -admissible
and o -y-contractive multifunction on X. Suppose that there
exist x, € X and x; € Gx, such that a(xy, x,) > 1. Assume
that if {x,} is a sequence in X such that «(x,,x,,;) > 1 for
all n and x,, — x, then a(x,,x) > 1 for all n. Then G has a
fixed point.

Definition 6 (see [2]). Let (X,d) be a metric space and
let G : X — CL(X) be a mapping. We say that G is a
generalized (a*,y)-contractive if there exists ¢ € ¥ such
that

a’ (Gx,Gy)d (y,Gy) < v (d(x, y)) (6)

for each x € X and y € Gx, where a*(Gx,Gy) = inf{a(a,
b):a € Gx,b € Gy}.
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Theorem 7 (see [2]). Let (X,d) be a complete metric space
and let G : X — B(X) be a mapping such that for each x €
X and y € Gx, we have

a’ (Gx,Gy) 8 (1,Gy) <y (d(x ), 7)

where v € Y. Assume that there exist x, € X and x| €
Gx, such that a(x,, x;) = 1. Moreover G is an o -admissible
mapping. Then there exists an orbit {x,} of G at x, and x €
X such that lim x, = x. Moreover, {x} = Gx if and only

n—00""'n

if £(§) = 68(&, GE) is lower semicontinuous at x.

2. Main Results

In this section, we state and proof our main results. We first
give the definition of the following notion.

Definition 8. Let (X,d) be a metric space. We say that G :
X — CL(X) isanintegral type (a*,w)-contractive mapping
if there exist two functions ¢ € ¥ and ¢ € ® such that for
each x € X and y € Gx, there exists z € Gy satisfying

sz* (Gx,Gy)d(y,z)

d(x,y)
o (1) dt < w(] ¢<t>dt), (®)

0
where o*(Gx, Gy) = inf{a(a,b) : a € Gx,b € Gy}.

Example 9. Let X = R be endowed with the usual metric d.
Define G: X — CL(X) by

[x, 00) ifx>0
Gx = 9
x {(—oo, 6x] ifx<0, ©)
and « : X x X — [0,00) by
x+y+1 ifx,y>0
, V) = 10
«(xy) {O otherwise. 10)

Take y(t) = t/4 and ¢(t) = 2t for allt > 0. Then, for
each x € X and y € Gx, there exists z € Gy such that

th* (Gx,Gy)d(y,z)

d(x,y)
¢ (t)dt < W(J o (1) dt). (1)

0

Hence G is an integral type (a",y)-contractive mapping.
Note that (4) does not hold at x = —2.

Definition 10. We say that ¢ € O is an integral subadditive if,
for each a,b > 0, we have

b

La+b¢(t) dt < J “¢(t) dt+J ¢ (1) dt. (12)

0 0

We denote by @, the class of all integral subadditive
functions ¢ € .

Example 1. Let ¢,(t) = (1/2)(t + 1)/ forall t > 0, ¢, (t) =
2/3)(t+ 1) forall t > 0, and ¢,(t) = ™' forall ¢ > 0.
Then ¢; € O, where i = 1,2,3.
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Definition 12. Let (X, d) be a metric space. We say that G :
X — CL(X) is a subintegral type («*,y)-contractive if
there exist two functions v € ¥ and ¢ € O, such that for
each x € X and y € Gx, there exists z € Gy satisfying

J»oc* (Gx,Gy)d(y,z)

d(x.y)
(1) dt < ‘/’(J (/)(t)dt), (13)

0

where o*(Gx, Gy) = inf{a(a,b) : a € Gx,b € Gy}.

Example 13. Let X = R be endowed with the usual metric d.
Define G: X — CL(X) by

[f,f] if x >0,
Gx=4l4 2 (14)
[24x,12x] if x <0,
and & : X x X — [0,00) by
2 ifx=y=0,

(15)

x|

0 otherwise.

Take w(t) = t/3 and ¢(t) = (2/3)(t + 1)/ for all t > 0.
Then, for each x € X and y € Gx, there exists z € Gy such
that

J‘Of* (Gx,Gy)d(y:2z)

0

d(x,y)
¢ (1) dt < ‘//(J qb(t)dt). 16)

Hence G is an subintegral type (a”, y)-contractive mapping.

Theorem 14. Let (X,d) be a complete metric space and
letG : X — CL(X) be an a"-admissible subinte-
gral type (o, y)-contractive mapping. Assume that there
exist x, € X and x, € Gx, such that a(xy,x,) = 1
Then there exists an orbit {x,} of G at x, and x € X such
that lim,, _, . x, = x. Moreover, x is a fixed point of G if and
only if f(&) = d(& GE) is G orbitally lower semicontinuous
at x.

Proof. By the hypothesis, there exist x, € X and x; €
Gx, such that a(xy,x;) = 1. Since G is a”-admissible,
then a*(Gx,, Gx;) > 1. For x, € X and x; € Gx,, there
exists x, € Gx; such that

b (t)dt

J‘lx* (Gx,Gxy )d(x1,%,)

d(xy,x;)
J ¢ () dt <
0

0

d(xg,x,)
SW(L (/)(t)dt).

Since y is nondecreasing, we have

d(x1,%,) d(xg,x,)
w(] ¢(t)dt) sw2<J </>(t)dt>. (18)
0 0

17)

As a(xy,x,) = 1 by a”-admissibility of G, we have a*(Gx,,
Gx,) > 1. For x; € X and x, € Gx,, there exists x; €
Gx, such that

d(x3,x3) " (Gx1,Gx;)d(x,,%3)
J (1) dt < j 6 (1) dt

0 0

d(xy,x;)
SW(L ¢mdﬁ (19)

d(xg,x;)
swz(L ¢>(t)dt>.

Since v is nondecreasing, we have
d(x,,%x3) 3 d(x,x1)
W(J ¢(t)dt>§1// <J ¢(t)dt>. (20)
0 0

By continuing the same process, we get a sequence {x,} in X
such that x,, € Gx,,_,, a(x,_;,x,) > 1, and

A% 1) d(xg,%,)
| ¢mmsw(j ¢mw)

0 (2D)
for each n e N.
Letting n — oo in above inequality, we have
ACxp %)
lim J ¢ (t)dt = 0. (22)
n—00 0
Also, we have
d(x,,Gx,)
Jim J ¢ () dt =0, (23)
which implies that
Jim d (x,,Gx,) = 0. (24)
For any n, p € N, we have
n+p-1
d(xn,x,,+P) < Z d (x; xi41) - (25)

Since ¢ € @, it can be shown by induction that

n+p-1

A(xXpsp) d(x;,X;11)
JO pmydr< Y L o()dt.  (26)

i=n

From (21) and (26), we have

A% p) nip-1 d(xg,x1)
L ¢ (1) dr < Z ‘/’(J qb(t)dt). (27)

0

Since v € VY it follows that {x,} is Cauchy sequence in X.
As X is complete, there exists x* € X such that x, —
x" as n — oo.Suppose (&) = d(&,GE) is G orbitally lower
semicontinuous at x*; then

d(x",Gx") <liminff (x,) = liminfd (x,, Gx,,) = 0. (28)
By closedness of G it follows that x* € Gx". Conversely,

suppose that x” is a fixed point of G then f(x*) = 0 <
liminf, f(x,). O



Example 15. Let X = R be endowed with the usual metric d.
Define G: X — CL(X) by

[x,x+1] ifx=0,
Gx = 29
x {(—oo, 6x] ifx<0, 29)

and o : X x X — [0,00) by

x+y+1 ifx,y>0,

(30)

“() -]

0 otherwise.

Take y(t) = t/2 and () = (1/2)(t + 1)"/* forall t > 0.
Then, for each x € X and y € Gx, there exists z € Gy such
that

th* (Gx,Gy)d(y,z)

d(x.y)
(1) dt < y/(j ¢(t)dt). 31)

0

Hence G is a subintegral type (a*,y)-contractive mapping.
Clearly, G is a*-admissible. Also, we have x, = 1 and x; =
2 € Gx, such that a(x, x;) = 4. Therefore, all the conditions
of Theorem 14 are satisfied and G has infinitely many fixed
points. Note that Theorem 2 in Section 1 is not applicable
here. For example, take x = -1 and y = —6.

Definition 16. Let (X, d) be a metric space. We say that G :
X — B(X) is an integral type (a”, v, §)-contractive map-
ping if there exist two functions ¢ € ¥ and ¢ € ® such that

Joc* (Gx,Gy)d(y,Gy)

0

d(x,y)
¢ () dt <y (J é(0) dt) (32)

for eachx € Xandy € Gx, where a*(Gx,Gy) =

inf{a(a,b) : a € Gx,b € Gy}.

Definition 17. Let (X, d) be a metric space. We say that G :
X — B(X)is a subintegral type (a”,y,5)-contractive
mapping if there exist two functions v € ¥ and ¢ € ®, such
that

J(x* (Gx,Gy)(y,Gy)

d(x.y)
¢ () dt <y (J é(1) dt) (33)

0

for eachx € Xandy ¢
inf{a(a,b) : a € Gx,b € Gy}.

Gx, where o (Gx,Gy) =

Theorem 18. Let (X,d) be a complete metric space and
letG : X —  B(X)be an a"-admissible subinte-
gral type (a*, v, 8)-contractive mapping. Assume that there
exist x, € X and x; € Gx, such that a(xy,x;) > 1
Then there exists an orbit {x,} of G at x, and x € X such
that lim, | x, = x. Moreover, x € X such that {x} = Gx if
and only if f(&) = 8(§,GE) is G orbitally lower semicontinu-
ous at x.

Proof. By the hypothesis, there exist x, € X and x; €
Gx, such that a(x,,x;) > 1. Since G is a*-admissible,
then a*(Gxy, Gx;) > 1. For x, € X and x; € Gx,, we have

J-oc* (Gx¢,Gx;)8(x1,Gx;)

0 0

d(x¢,x,)
¢(t)dtsw<J ¢(t)dt>. (34)
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Since Gx; # 0, then we have x, € Gx; such that

d(xy,%,) a” (Gxy,Gx,)8(x1,Gxy)
J $ () dt < J & (1) dt
0 0

d(x¢,x1)
sw(L ¢(t)dt).

Since y is nondecreasing, we have

d(x1,%,) d(x,x1)
‘/’(J ¢(t)dt) guﬂ(J ¢(t)dt>. (36)
0 0

As a(x},x,) > 1 by o -admissibility of G, we have o™ (Gx;,
Gx,) > 1. Thus, we have x; € Gx, such that

d(xy.x3) " (Gx1,Gx,)8(x5,Gx;,)
J (1) dt < J 6 (1) dt
0 0

d(x1,%,)
<y (L 0 dt) (37)

d(xg,x1)
syﬂ(L ¢(t)dt).

Since ¥ is nondecreasing, we have

d(x;,x3) 3 d(xg,%)
‘/’(J ¢(t)dt)sy/ (j ¢(t)dt). (38)
0 0

By continuing the same process, we get a sequence {x,} in X
such that x,, € Gx,_;, a(x,_;,x,) > 1, and

d(xpX 1) 8(x,,,Gx,,)
j $ (1) dt < j (1) dt
0

0
d(xgx,)
<y” (L 30 dt) , (39)

for each n € N.

(35)

Letting n — oo in above inequality, we have

8(x,,Gx,,)
nll{%o «[) ¢ (t)dt =0, (40)
which implies that
lim & (x,,, Gx,,) = 0. (41)

For any #, p € N, we have

n+p—1

d(xn,xn+p) < Z d (x; xi41) - (42)

Since ¢ € @, it can be shown by induction that

s p)
j (1) dt <
0

n+p-1

d(xpxie1)
Y| emdn @)

i=n



Abstract and Applied Analysis

From (39) and (43), we have

d(%X1p) nip-1 d(xq,%,)
L pHdt< Y W(J qS(t)dt). (44)

0

Since v € V¥ it follows that {x,} is Cauchy sequence in X.
As X is complete, there exists x* € X such that x,, —
x* asn — oo.Suppose f(§) = 8(&, GE) is G orbitally lower

semicontinuous at x*; then
& (x",Gx") <liminff (x,) = lim inf8 (x,,, Gx,) = 0. (45)
Hence, {x"} = Gx" because §(A,B) = 0 implies A = B =

{a}. Conversely, suppose that {x*} = Gx*. Then f(x*)=0<
liminf, f(x,). O

Example 19. Let X = {1,3,5,7,9,...} be endowed with the
usual metric d. Define G : X — B(X) by

{x-2,x+2} ifx+1,
Gx = 46
X {u} ifx=1, (46)
and a: X x X — [0,00) by
1 ifx=y=1,
a(x,y) = (47)
— otherwise.

Take w(t) = t/2 and ¢(t) = (2/3)(t + 1)_1/3 for allt >
0. Clearly, G is an a”-admissible subintegral type (a*, v, §)-
contractive mapping. Also, we have x, = l and x; = 1 €
Gx, such that a(x,, x;) = 1. Therefore, all the conditions of
Theorem 18 hold and G has fixed points.

Example 20. Let X = R be endowed with the usual metric d.
Define G: X — B(X) by

{lx].Tx1} ifx=0,
Gx = (48)

(m, m) if x <0,

4 2
and o : X x X — [0,00) by
1 ifx,y>0,

Y) = 49
«(x.7) {0 otherwise. (49)
Take y(t) = t/4and ¢(t) = e for allt > 0. Then it

is easy to check that all the conditions of Theorem 18 hold.
Therefore G has infinitely many fixed points.

Remark 21. Let ¢(t) = 1 for all t > 0; Theorem 18 reduces to
Theorem 7 in Section 1.

Remark 22. Note that subadditivity of the integral was
needed in the proofs of Theorems 14 and 18 in order to obtain
inequalities (26) and (43). It is natural to ask wether the
conclusions of Theorems 14 and 18 are valid if we replace
subintegral contractive conditions (13) and (33) by integral

contractive conditions (8) and (32), respectively. Looking at
our proofs, we can say that it will be true if the inequalities
(26) and (43) hold. Here we would like to mention that many
authors (see for example [14, 23]) while proving the results
on integral contractions have not assumed that the integral
is subadditive but indeed they used the subadditivity of the
integral in the proofs of their results while obtaining the
inequalities comparable to inequalities (26) and (43).

3. Application

In this section, we obtain some fixed point results for partially
ordered metric spaces, as consequences of aforementioned
results. Moreover, we apply our result to prove the existence
of solution for an integral equation.

Let A and B be subsets of a partially ordered set. We say
that A<, B, if for each a € A and b € B, we have a < b.

Theorem 23. Let (X, <,d) be a complete ordered metric space
andlet G: X — CL(X) be a mapping such that for each x €
X and y € Gx with x < y, there exists z € Gy satisfying

d(y.2) d(x,y)
L ¢ () dt < W(J b (t) dt>, (50)

0

where v € Y and ¢ € D,. Assume that there exist x, € X
and x; € Gx, such that x, < x,. Also, assume that x <
y implies Gx<,Gy. Then there exists an orbit {x,} of G at x,
and x € X such that lim,,_, . x, = x. Moreover, x is a fixed

point of G if and only if f(&) = d(&,GE) is G orbitally lower
semicontinuous at x.

Proof. Define o : X x X — [0,00) by

1 ifx<y,
51
0 otherwise. (D

Y.

By using hypothesis of corollary and definition of «,
we have a(xy,x,) = 1. As x <y implies Gxx,
Gy, by using the definitions of « and <,, we have
that a(x, y) = 1 implies a*(Gx,Gy) = 1. Moreover, it
is easy to check that G is an integral type («*, y)-contract-
ive mapping. Therefore, by Theorem 14, there exists an
orbit {x,} of G at x, and x € X such that lim, _, x, = x.
Moreover, x is a fixed point of G ifand only if f (&) = d(§, G¢)

O

is G orbitally lower semicontinuous at x.

Considering G : X — X and ¢(¢) = 1 foreach t > 0,
Theorem 23 reduces to following result.

Corollary 24. Let (X,<,d) be a complete ordered metric
space and let G : X — X be a nondecreasing mapping such
that, for each x € X with x X Gx, we have

d(Gx,G*x) <y (d (x,Gx)), (52)

where y € V. Assume that there exists x, € X such that x, <
Gx,. Then there exists an orbit {x,} of G at x, and x €
X such that lim,, _, ,x, = x. Moreover, x is a fixed point
of G if and only if f(§) = d(& G&) is G orbitally lower
semicontinuous at x.



6
Consider an integral equation of the form
b
x(t) = J K(t,s,x(s))ds, telab], (53)
a
where K [a,b] X [a,b] x R — R is continuous and
nondecreasing.

Theorem 25. Assume that

(i) for u,v € C([a,b],R), with u(t) < v(t) for each t €
[a, b], we have

v (d (u,v))

|K (t,s,u(t)) — K(t,s,v(t))| < b-a)

(54)

foreach t,s € [a,b], where v € ¥;

(ii) foreach t,s € [a, b], there exists x, € C([a,b],R) such
that

b
%o (8) < J K (£,5,%, (s)) ds. (55)

Then there exists an iterative sequence {x,}, starting from x,
and x € C([a,b], R) such that lim x, = x. Moreover, x is

a solution of (53) if and only 1:7[}[()%)” = d(&, y) is lower

semicontinuous at x, where y(t) = J: K(t,s, &(s))ds.

Proof. 1t is easy to see that X = C([a,b],R) is complete
with respect to the metric d(x, y) = max;c(, ) 1x(t) — y(t)|.
We define partial ordering on X as follows: x < y if and
only if x(t) < y(t) for each t € [a,b]. Define G : X —
X by Gx = y, where y(t) = j': K(t,s, x(s))ds, for each t, s €
[a,b]. From (ii), we have x, < Gx,. For x € X, let Gx =
y and Gy = z; that is, y(t) = Lb K(t,s, x(s))ds and z(t)
J: K(t,s, y(s))ds, for each t,s € [a,b]. Then, for each x €
X with x < Gx, we have

d (Gx, sz) max ly t)-z (t)|

tela,b]

max
te(a,b]

b
J K(t,s,x(s))ds

a

b
- J K(ts y(s))ds

b
max K (t,s,x(s)) —K(t,s, y(s))|ds
J,! (t.5.7/(9)

telabl Ja

_ v (xGx)
D

IN

b-a).
(56)

That is d(Gx, G*x) < y(d(x,Gx)), for each x € X with x <
Gx. Clearly, G is nondecreasing. Therefore, all conditions
of Corollary 24 hold and the conclusions follow from
Corollary 24. O
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The purpose of this paper is to study modified Halpern type and Ishikawa type iteration for a semigroup of relatively nonexpansive
mappings I = {T(s) : s € S} on a nonempty closed convex subset C of a Banach space with respect to a sequence of asymptotically
left invariant means {y,} defined on an appropriate invariant subspace of I°°(S), where S is a semigroup. We prove that, given some
mild conditions, we can generate iterative sequences which converge strongly to a common element of the set of fixed points F(S),

where F(3) = ([{F(T(s)) : s € S}.

1. Introduction

Let E be a real Banach space with the topological dual E* and
let C be a closed and convex subset of E. A mapping T of C
into itself is called nonexpansive if |[Tx — Ty|| < |lx — y|l for
each x, y € C.

Three classical iteration processes are often used to
approximate a fixed point of a nonexpansive mapping. The
first one is introduced by Halpern [1] and is defined as follows:

xy =u € C, chosen arbitrarily,
)

Xy =ou+(1-a,)Tx,, VYnx1,

where {a,} is a sequence in [0, 1]. He pointed out that the
conditions lim,,_, .o, = O and },°; &, = 00 are necessary
in the sense that if the iteration (1) converges to a fixed point
of T, then these conditions must be satisfied. The second
iteration process is known as Mann’s iteration process [2]
which is defined as follows:

Xpp1 = 0%, + (1—a,) Tx,, Vn>1, (2)

n>

where the initial x; is taken in C arbitrary and the sequence
{a,} is in [0, 1].

The third iteration process is referred to as Ishikawa’s
iteration process [3] which is defined as follows:

Yn = ﬁn'xn + (1 - Bn) Txn’
Vn=>1,

3)

Xpp1 = O Xy + (1 - 06,,,) Tyn’

where the initial x, is taken in C arbitrary and {«,,} and {£,}
are sequences in [0, 1].

In 2007 Lau et al. [4] proposed the following modification
of Halpern’s iteration (1) for amenable semigroups of nonex-
pansive mappings in a Banach space.

Theorem 1. Let S be a left reversible semigroup and let J =
{T(s) s € S} be a representation of S as nonexpansive
mappings from a compact convex subset C of a strictly convex
and smooth Banach space E into C, let X be an amenable and
S-stable subspace of 1°(S), and let {u,,} be a strongly left regular
sequence of means on X. Let {«,} be a sequence in [0, 1] such
thatlim,, _, &, = 0and Y2, «, = 00. Let x, = x € C and let
{x,} be the sequence defined by

Xpp1 = XX + (1 - (xn) T (c”n) Xy 22 (4)
Then {x,} converges strongly to Px, where P denotes the unique
sunny nonexpansive retraction of C onto F(S3).

Let C be a closed and convex subset of E and let T be a
mapping from C into itself. We denote by F(T') the set of fixed
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points of T. Point p in C is said to be an asymptotic fixed point
of T [5] if C contains a sequence {x,,} which converges weakly
to p such that the strong lim, , (Tx, — x,,) = 0. The set
of asymptotic fixed points of T will be denoted by F(T). A
mapping T from C into itself is called relatively nonexpansive
[6-8],if F(T) = F(T) and ¢(p, Tx) < ¢(p, x) forall x € Cand
p € F(T). The asymptotic behavior of relatively nonexpansive
mappings was studied in [6, 7, 9].

Recently, Kim [10] proved a strong convergence theorem
for relatively nonexpansive mappings in a Banach space by
using the shrinking method.

Theorem 2. Let S be a left reversible semigroup and let F =
{T(s) : s € S} be arepresentation of S as relatively nonexpansive
mappings from a nonempty, closed, and convex subset C of a
uniformly convex and uniformly smooth Banach space E into
C with F(3) # 0. Let X be a subspace of 1°(S) and let {p,,} be a
asymptotically left invariant sequence of means on X. Let {a, }
be a sequence in [0, 1] such that 0 < o, < 1 and lim,, _, &, =
0. Let {x,} be a sequence generated by the following algorithm:

xy € C, chosen arbitrarily,

C, =G,
xy = g, %,
Vn = I_l (‘Xn]xl + (1 - ‘Xn) ]Tynxn) > (5)
Cun =12 €C,:

(P(Z’ yn) < ‘Xn(p (z’xl) + (1 - an)(p(z’ xn)} >

Xy =g, %, Vn21

Then {x,} converges strongly to g x,, where g, is the
generalized projection from C onto F(S).

Let S be a semigroup. The purpose of this paper is to
study modified Halpern type and Ishikawa type iterations
for a semigroup of relatively nonexpansive mappings S =
{T(s) : s € S} on a nonempty closed convex subset C of a
Banach space with respect to a sequence of asymptotically left
invariant means {,,} defined on an appropriate invariant sub-
space of I°(S). We prove that, given some mild conditions,
we can generate iterative sequences which converge strongly
to a common element of the set of fixed points F(J), where
F(3) = ({F(T(s)) : s € S}.

2. Preliminaries

A real Banach space E is said to be strictly convex if |(x +
y)/2|l < 1forallx,y € Ewith x| = [yl =1and x # y. Itis
said to be uniformly convex if lim,, _, llx, — v, = 0 for any
two sequences {x,,} and {y,} in E such that ||x,|| = [y, = 1
and lim, , (ll(x, + ¥,)/2] = 1. LetU = {x € E : |x| = 1}
be the unit sphere of E. Then the Banach space E is said to be
smooth if

i 1 71 = Dl 6)
t—0 t
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exists for each x, y € U. Itis said to be uniformly smooth if the
limit is attained uniformly for x, y € E.

Let E be a real Banach space with norm || - | and let E* be
the dual space of E. Denote by (:,-) the duality product. We
denote by J the normalized duality mapping from E to 2F
defined by

Je={f e B n ) =1 = £ @)

for x € E. A Banach space E is said to have the Kadec-Klee

property if a sequence {x,} of E satisfies that x, — x and

llx, I = lx|l and then x,, — x, where — and — denote the

weak convergence and the strong convergence, respectively.
We know the following:

(1) the duality mapping J is monotone, that is, (x—y, x* -
y*) > 0 whenever x* € Jx and y” € Jy;

(2) if E is strictly convex, then ] is one-to-one; that is, if
Jx N Jy is nonempty, then x = y;

(3) if E is strictly convex, then ] is strictly monotone; that
is, x = y whenever (x — y,x* = y*) =0, x" € Jx and
y ey

(4) if E is uniformly convex, then E has the Kadec-Klee
property;

(5) if E is uniformly convex, then E is reflexive and strictly
convex;

(6) if E is smooth, then ] is single-valued and norm-to-
weak” continuous;

(7) if E is uniformly smooth, then J is uniformly norm-
to-norm continuous on bounded subsets of E;

(8) if E is reflexive, then J is onto;

(9) if E is smooth and reflexive, then J is norm-to-weak
continuous; that is, Jx,, — Jx whenever x,, — x;

(10) if E is smooth, strictly convex, and reflexive, then J
is single-valued, one-to-one and onto; in this case,
the inverse mapping ™' coincides with the duality
mapping on E;

(11) if E* is strictly convex, then J is single-valued;

(12) the norm of E* is Fréchet differentiable if and only if
E is strictly convex and reflexive Banach space which
has the Kadec-Klee property.

For more details, see [11].

As well known, if C is a nonempty, closed, and convex
subset of a Hilbert space H and P, : H — C is the
metric projection of H onto C, then P is nonexpansive
(see, the reference therein). This fact actually characterizes
Hilbert spaces. Consequently, it is not true to more general
Banach spaces. In this connection, Alber [12] introduced
a generalized projection operator Il in a Banach space E
which is an analogue of the metric projection in Hilbert
spaces. Consider the function defined by

¢ (x.y) = Ixl* =2 (x Jy) + |yl (8)
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for x, y € E. Observe that, in a Hilbert space H, (8) reduces
to

¢ (xp) = |x -y, 9)

for x,y € H. The generalized projection IIo : E — C
is a mapping that assigns an arbitrary point x € E to the
minimum point of the functional ¢(x, y); that is, I[Tox = X,
where X is the solution to the minimization problem:

¢ (%x) = inf$ (y,x). (10)

The existence and uniqueness of the operator Il follow
from the properties of the functional ¢(x,y) and strict
monotonicity of the mapping J (see, e.g., [12,13]). In a Hilbert
space, I[Io = P.. It is obvious from the definition of the
function ¢ that

(@) (=l = IyI)* < ¢Cx, y) < (x| + Iyl)* for all x, y € E,

() d(x, ¥) = d(x,2) + Pz, ¥) + 2{x — z,Jz — Jy) for all
x, ¥,z € E,

(p3) Pl y) = (x, Jx = Jy) + {y = %, Jy) < IxllTx — Tyl +
ly = xllllyll for all x, y € E,

(¢,) if E is a reflexive, strictly convex, and smooth Banach
space, then, for all x, y € E,

d(x,y)=0 iff x=y. (11)

For more details see [14].

Let S be a semigroup. We denote by I°°(S) the Banach
space of all bounded real-valued functionals on S with
supremum norm. For each s € S, we define the left and right
translation operators I(s) and r(s) on I°(S) by

(I HB=f6st),  (r& @) =fs), (12)

foreacht € Sand f € I°°(S), respectively. Let X be a subspace
of I°(S) containing 1. An element y in the dual space X* of X
is said to be a mean on X if ||ul| = u(1) = 1. For s € S, we can
define a point evaluation §, by 6,(f) = f(s) for each f € X.
It is well known that y is mean on X if and only if

inf f (s) < u(f) < supf (s), (13)

seS seS

for each f € X.

Let X be a translation invariant subspace of I°°(S) (i.e.,
I(s)X ¢ Xandr(s)X c X foreachs € S) containing 1. Then a
mean y on X is said to be left invariant (resp., right invariant)
if

ul(s) f)=u(f), (resp, u(r(s) f)=u(f) 4)

for each s € Sand f € X. A mean y on X is said to be
invariant if p is both left and right invariant [15-19]. X is said
to be left (resp., right) amenable if X has a left (resp., right)
invariant mean. X is amenable if X is left and right amenable.
We call a semigroup S amenable it X is amenable. Further,
amenable semigroups include all commutative semigroups

and solvable groups. However, the free group or semigroup
of two generators is not left or right amenable (see [20-22]).

A net {u,} of means on X is said to be asymptotically left
(resp., right) invariant if

lim (4, (1(5) f) = (£)) = 0,
(15)
(resp. tim (st (9 1) = 112 (£)) = 0),

for each f € X and s € S, and it is said to be left (resp., right)
strongly asymptotically invariant (or strong regular) if

i 1 )~ s =0,
(16)
(resp., lim 7™ () thoe = ]| = 0)’

for each s € S, where I"(s) and r*(s) are the adjoint operators
of I(s) and r(s), respectively. Such nets were first studied by
Day in [20] where they were called weak ™ invariant and norm
invariant, respectively.

It is easy to see that if a semigroup S is left (resp., right)
amenable, then the semigroup S' = S U {e}, where es' =
s'e = s’ forall s’ €S, is also left (resp., right) amenable and
converse.

From now on S denotes a semigroup with an identity e. S
is called left reversible if any two right ideals of S have nonvoid
intersection; that is, aS N bS # @ for a,b € S. In this case,
(S, %) is a directed system when the binary relation “<” on S
is defined by a < b if and only if {a} U aS 2 {b} U bS for
a,b € S. It is easy to see that t < tsforall t,s € S. Further, if
t < sthen pt < psforall p € S. The class of left reversible
semigroup includes all groups and commutative semigroups.
If a semigroup S is left amenable, then S is left reversible. But
the converse is not true [23-28].

Let S be a semigroup and let C be a closed and convex
subset of E. Let F(T) denote the fixed point set of T. Then
S = {T(s) : s € S} is called a representation of S as relatively
nonexpansive mappings on C if T'(s) is relatively nonexpansive
with T(e) = I and T(st) = T(s)T(t) for each s,t € S. We
denote by F(S3) the set of common fixed points of {T'(s) : s €
S}; that is,

F(F)=(F(T(s)=({xeC:T(s)x=x}. 1)

seS seS

We know that if y is a mean on X and if for each x* € E”
the function s — (T(s)x,x") is contained in X and C is
weakly compact, then there exists a unique point x,, of E such
that u(T()x,x") = (x,,x") for each x* € E*. We denote
such a point x, by T,,x. Note that T),x is contained in the
closure of the convex hull of {T'(s)x : s € S} for each x € C.
Note that Tyz=z for each z € F(S3); see [29-31].

3. Lemmas

We need the following lemmas for the proof of our main
results.

Lemma 3 (see [9]). Let E be a strictly convex and smooth
Banach space, let C be a closed convex subset of E, and let T



be a relatively nonexpansive mapping from C into itself. Then
F(T) is closed and convex.

Lemma 4 (see [12, 32]). Let E be a reflexive, strictly convex,
and smooth Banach space and let C be a nonempty, closed, and
convex subset of E and x € E. Then

¢ (3. Tex) + ¢ (Tex, x) < ¢ (3, %) 5 (18)
forall y € C.

Lemma 5 (see [32]). Let E be a uniformly convex and smooth
Banach space and let {x,}, {y,} be two sequences of E. If
lim, _, . ¢(x,, ¥,,) = 0 and either {x,} or {y,} is bounded, then
lim, , llx, — vl = 0.

Lemma 6 (see [4, 33]). Let p be a left invariant mean on X.
Then F(3) = F(Tﬂ) N C,, where C,, denotes the set of almost
periodic elements in C; that is, all x € C such that {T'(s)x : s €
S} is relatively compact in the norm topology of E.

Lemma7 (cf. [4,10]). Let{u,} be an asymptotically left invari-
ant sequence of means on X. Ifz € C, and lim inf IT, z-
z| = 0, then z is a common fixed point of .

n— 00

4. Strong Convergence Theorems

In this section, we will establish two strong convergence theo-
rems of various iterative sequences for finding common fixed
point of relatively nonexpansive mappings in a uniformly
convex and uniformly smooth Banach spaces (cf. [34-36]).

We begin with a strong convergence theorem of modified
Halpern’s type.

Theorem 8. Let S be a left reversible semigroup and let I =
{T'(s) : s € S} be arepresentation of S as relatively nonexpansive
mappings from a nonempty, closed, and convex subset C of
a uniformly convex and uniformly smooth Banach space E
into itself. Let X be a subspace of 1°°(S) and let {u,} be an
asymptotically left invariant sequence of means on X. Let {a, }
be a sequence in (0, 1) such that lim,, _, . &, = 0. Let {x,} be a
sequence generated by the following algorithm:
xo € C, chosen arbitrarily,

(19)

Xy = o) ! (ocn]xo +(1-ap) ]Tﬂnxn), Vn > 0.

If the interior of F() is nonempty, then {x,} converges
strongly to some common fixed point F(S3).

Proof. We show first that the sequence {x,} converges
strongly in C.

From Lemma 3, we know F(T) is closed and convex. So,
we can define the generalized projection I onto F(S). Most
of all, we have

Hmen" = sup {|<Tﬂnxn,x*>| :x" € B ||x7|| = 1}

= sup {|(p,), (T (), x7)] ™ € E7, %7 = 1}
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< sup {(w,), (T (&) x| |x"|) : x™ € B, x| = 1}

= (1) |T () -
(20)

Then, from the definition of relatively nonexpansive, we
have

¢ (T, %) = l? =2 (T, 20,) + T, %,

= lul® = 2 (), (. JT (5) x,.)
+ () JT @), @
= (tn) @ (. T () x,)
< () (1> x,) = ¢ (w5 x,,) »
for all u € F(S). From the convexity of || - |* and (21), we get
¢ (1, %,11)
= ¢ (w1 (o, Jx0 + (1 - at,) JT, x,))
< ¢ (] (aJxo + (1-,) JT, x,))
= llul® - 2 {w,a, Jxo + (1 - ) T, x,,)

+lla,Jx + (1 -ap) ]T#nxn"2 (22)

< [l = 26t (1 Jxg) = 2 (1 - @,) (s, JT,, x,,)
2
+ayxol*+ (1= 0,) | T, %,

= o, () + (1 - @) ¢ (T, x,)

< ‘xn¢ (”>x0) + (1 - “n)¢(u’xn)'

So, we have
(1= 04,) {¢ (11, x01) = ¢ (1, x,)}
< o, {6 (1, %) = ¢ (1, %)} (23)
< o, (1, %) -
Since lim,, _, ,,«,, = 0, we obtain

Jim {6 (w4, 20,01) = ¢ (, x,)} < 0. (24)

Therefore {¢(u, x,,)} is bounded and lim,, _, . (1, x,,) exists.
Then {x,} is also bounded. This implies that {Tﬂnxn} is
bounded. Since the interior of F() is nonempty, there exist
p € F(S) and r > 0 such that

p+rqeF(3), (25)
whenever [g| < 1. By (¢,), we have
(/5 (u’ xn) = ¢ (u’ xn+1) + (/) (xn+1’ xn)

+2 <u_ xn+1>]xn+1 _]xn> >

(26)
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for any u € F(S3). This implies

1
- U, ]xn - ]xn+1> + E(/s (xn+1’xn)

<xn+1
(27)

1
) (¢ (u,x,) = ¢ (0, x,41)) -

Also, we have

- ]xn+1>
- (p+rq) +rq,Jx,

<xn+1 - b ]'xn

- ]xn+1>
- ]xn+1>

= <xn+1

(28)
- (P + T‘q) > ]xn
- ]xn+1> .

On the other hand, by (24) and (25), we have that

= <xn+1

+7(q,Jx,

¢(p+7rg ) <P (p+rgx,). (29)

From (27), we get

¢ (p+74 X,1))

- ]xn+1>

(¢p(p+rqx,) -

NI'—‘

= (%1 — (p+7q),]x,
1

+ E¢ (xn+1’ xn) (30)

- Db ]xn - ]xn+1>

= (%un

= % = ) + 39 (i)
Then, by (27), we have

ACRESEEMY

1
-p ]xn _]xn+l> + E(/) (xn+1’xn) (31)

< <xn+1

_ % (@ (P %) =D (P X11)) s

for p € F(). Hence

(@ %= Tx) < 5 B (px) =9 (px)). (32)

Since g with [|g|| < 1 is arbitrary, by (24), we have

1
"]xn_]an” < ; ((/) (P’xn)_¢(p’xn+1))' (33)

So, we have

||]xn+m - ]xn”
= |l]xn+m - ]xn+m—1 + Ixm—m—l

e — ]xn+1 + ]X,,+1 _]xn“

5
il 17 = Jxi |
Zi"i (6 (p.x) - ¢ (poxisr))
L6 (p%) - 9 (P xn)).
(34)

We know that {¢(p, x,,)} converges. Hence, {Jx,} is a Cauchy
sequence. Since E* is complete, {Jx,} converges strongly to
some point in E*. Since E is uniformly convex, E* has a
Fréchet differentiable norm. Then J~! is continuous on E*.
Hence {x,} converges strongly to some point v in C.
Now, we show that v € F(S), where v = lim,, _, o ITgg)X,,-
By (33) and the convergence of {¢(p, x,,)}, we have

im [[Jx,, = Jx,,,4] = 0. (35)

Since ]71 is uniformly norm-to-norm continuous on
bounded sets, it follows that

lim_|x, =%, ] = (36)

n—00

Letz, = J ' (a,Jxo + (1 — «,)JT, x,). Then, we have

2 =17,

- ]Tﬂnxn" (37)

+(1-a,)JT, x,

= |70 - T, 3]
Since lim,, _, . &, = 0, we have

lim |7z,
n— 00

Al = 0. (38)

Since 7' is uniformly norm-to-norm continuous on
bounded sets, we get

lim "zn— U

n— 00

nf = 0. (39)
From x,,,, = Iz, and Lemma 4, we have

¢’ (Tynxn’ xn+1) + (/) (xn+1’ Zn)
= ¢ (Tyn'xn’ HCzn) + (/) (HCZn’ Zn) (40)

<¢ (men,zn).



Since
¢ (T % 20)

=¢(T, %, ] (xo + (1 - ) JT, x,))

= Tz 2 (T, % T + (1 - ,) JT,, %)
oo + (1= 0) T, x|

S [y s 22, (7, 0 750)
-2(1-a,)(T, x,,JT, x,)
el + (1= a) |7, 5]

=, ¢ (T, %, %) + (1= ,) ¢ (T, x,, T, X,

=, (men,xo) "
41

2o 0%, = 0, we have
nli_)ng() ¢ (Tﬂnxn, zn) =0. (42)

From (40), we get

and lim

Lil’l’l ¢ (Tynxn’ xn+1) = nlgré()¢ (xn+1’ Zn) = 0 (43)

n— 00

By Lemma 5, we obtain

i T % = = Jim o =2l =0 @)
Since ||, = T, x,ll < llx,, = %, 1 [+ %01 = 2l + 2, = T, x,,ll5
from (36), (39), and (44), we have

Jim =T, ] = o (45)
From Lemma 7, we have x,, € F(S). Since F(S) is closed
and lim x, = v, we have v € F(S), where v =

n—o0""'n

limnHOOHF(S)xn. ]

We now establish a convergence theorem of modified
Ishikawa type.

Theorem 9. Let S be a left reversible semigroup and let § =
{T(s) : s € S} be arepresentation of S as relatively nonexpansive
mappings from a nonempty, closed, and convex subset C of
a uniformly convex and uniformly smooth Banach space E
into itself. Let X be a subspace of 1°(S) and let {p,} be an
asymptotically left invariant sequence of means on X. Let {a, }
and {3,} be sequences of real numbers such that a,,, 3, € (0, 1)
and lim, _, je, = 0, lim, , B, = L. Let {x,} be a sequence
generated by the following algorithm:

xy € C, chosen arbitrarily,

Yn = ]_1 (ﬁn]xn + (1 - Bn) ]Ty,,xn> >

Xn+1 = ]'—IC]_1 (“n]xn + (1 - (Xn) ]T.unyn) , VYnx=0.
(46)
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Ifthe interior of F(3) is nonempty, then {x, } converges strongly
to some common fixed point F(3).

Proof. Firstly, we show that {x,} converges strongly in C.

From Lemma 3, we know F(T) is closed and convex. So,
we can define the generalized projection I onto F(J). Let
u € F(3). From the definition of relatively nonexpansive and
the convexity of | - I, from (21), we have

¢ (,9,) =¢ (1" (BJx,+(1-B,)IT, x,))
s ﬁn¢ (u’ xn) + (1 - /';n) ¢ (u’ Ty,,xn) (47)

< ¢(u.x,),
for all u € F(S). From (47), we obtain
¢ (u’ xn+1)

=¢ (w10 " (o, Jx, + (1= ,) JT, 3,))
< ¢ (T (%, + (1-a,) IT, 3,))
<o, (wx,)+ (1-a,) ¢ (T, y,)

< o, (u,x,) + (1 - a,) ¢ (u, 3,)

< ¢(ux,).

Hence, {¢(u,x,)} is bounded and lim, _, . ,¢(u, x,) exists.

This implies that {x,,}, {Tﬂnxn}, and {y,} are bounded. Since

the interior of F(S) is nonempty, similar to the proof of

Theorem 8, we obtain that {x,} converges strongly to v in C.
Next, we show that v € F(J), where v = lim,, _, o ITgg)X,,-
Let

(48)

z,=J" (ocn]xn +(1-ap) ]Tmyn). (49)
From Lemma 4, we have
b (X X011) + ¢ (X415 2,)
= ¢ (x, Tcz,) + ¢ (T2, 2,) (50)
< ¢ (x02,)
Also,

¢ (x,52,) = ¢ (%, T (@, Jx, + (1 - ,) T, 3,))

<o, (x,x,)+(1-a,)¢ (xn’Tunyn)

(51)
< (xn¢ (xn’ xn) + (1 - (Xn) ¢ ('xn’ yn)
< ¢ (%X 70)
“]xn - ]yn” = "]xn - (ﬁn]xn - (1 - ﬁn) ]Tynxn)
(52)

= (l_ﬁn)

From lim, _, 8, = 1 and (52), we have

Iy =TT, %]

,,li_,moo “]xn - ]yn” =0. (53)
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. 1. . . .
Since J™ is uniformly norm-to-norm continuous, we obtain

lim |x, - y,[| = 0. (54)

n— 00

Hence,
¢ (% vn) = %l =2 (o I3) + 3l
= %all” = 2 (o T = T,
~2(x, Jx,) + [yl
1l = ©5)

2%l 17y = T

IN

IA

17 = all Clyall + 1)
+ 2 |lx, | |y = T, -
By (53) and (54), we have
Jim ¢ (x,,, ) = 0. (56)
From (50) and (51), we obtain
Jim ¢ (x,, x,,1) = lim ¢ (x,,, 2,) = 0. (57)

From Lemma 5, we get

nli_)néo "xn - xn+1" = ,,li_{%O "xn - zn” =0. (58)
Since
P2 = 7T, 0] = a4 (1 = ) Ty 3 = T, 3
-5, 1,5
(59)
and lim,, _, . &, = 0, we have
Jim (72, - 1T, 3, = 0. (60)

. 1. . . .
Since ™ is uniformly norm-to-norm continuous, we obtain

Jim |z, =T, 3, = 0. (61)
Sincelim,, , llx,,—z,|l = 0and J is uniformly norm-to-norm
continuous,

Jim[7x, = Jz,| = 0. (62)

By (46) and (49), we have

1
]Tyn'xn = 1 _ﬁ (]yn _ﬁn]xn)’

. (63)
]Tynyn = m (]zn - (Xn]xn) .

n

From (63), we obtain

"]T#nxn - ]Tﬂnyn"

= ” n _1 2 Ty = BuJx,)

(]Zn - “n]xn)

1-«

n

B,
l_ﬁn

- (JZn + “n(x (]Zn _]xn)> “

]yn+ (]yn_]xn)

(64)

1-—
< “]yn - ]xn” + ”]xn - ]Zn"

(¢4
1-

a, "]zn - ]xn“

i —
e P W=+

1 1
T Iz, — x| + -8, 17y = T, || -

Combining (53), (62), and (64), we get

Jdim |17, x, = JT,, 7| = 0. (65)

Since J 7! is uniformly norm-to-norm continuous, we have

=0. (66)

lim "T#nxn =T, Yu

n— 00

Since

"xn - T#nxn" < ||xn - zn" + "zn - T#nyn”

T = T, 2
therefore, by (58), (61), (66), and (67), we obtain

>

Jim = T, ] = 0. (68)
From Lemma 7, we have x,, € F(S). Since F(S) is closed
and lim, , x, = v, we have v € F(J), where v =

limnéooHF(s)xn. O

If we set 3, = 1, then the iteration (46) reduces modified
Mann type. Hence we obtain the following corollary.

Corollary 10. Let S be a left reversible semigroup and let
S = {T(s) : s € S} be a representation of S as relatively
nonexpansive mappings from a nonempty, closed, and convex
subset C of a uniformly convex and uniformly smooth Banach
space E into itself. Let X be a subspace of 1°°(S) and let {u,}
be an asymptotically left invariant sequence of means on X.
Let {«,} be a sequence of real number such that «, € (0,1)
and lim o, = 0. Let {x,} be a sequence generated by the

n— 00

following algorithm:

xy € C, chosen arbitrarily,
(69)

X, = o) (ocn]xn +(1-a,) ]Tﬂnxn) , Vn>0.

Ifthe interior of F(3) is nonempty, then {x,} converges strongly
to some common fixed point F(<3).



In a Hilbert space, ] is the identity operator. Theorems 8
and 9 reduce to the following.

Corollary 11. Let S be a left reversible semigroup and let
S = {T(s) : s € S} be a representation of S as relatively
nonexpansive mappings from a nonempty, closed, and convex
subset C of a Hilbert space H into itself. Let X be a subspace
of 1°°(S) and let {u,} be an asymptotically left invariant
sequence of means on X. Let {«,} be a sequence in (0,1) such
that lim, _, (o, = 0. Let {x,} be a sequence generated by the
following algorithm:

xo € C, chosen arbitrarily,
(70)

X1 = Po (ocnxo +(1-a,) T#nxn) , Vn>0.

Ifthe interior of F(3) is nonempty, then {x,,} converges strongly
to some common fixed point F(), where Py is a metric
projection.

Corollary 12. Let S be a left reversible semigroup and let
S = {T(s) : s € S} be a representation of S as relatively
nonexpansive mappings from a nonempty, closed, and convex
subset C of a Hilbert space H into itself. Let X be a subspace of
1°°(S) and let {u,,} be an asymptotically left invariant sequence
of means on X. Let {«,,} and {3,} be sequences of real numbers
such that o, 3, € (0,1) and lim,, _, (e, = 0, lim, , f3, = 1.
Let {x,} be a sequence generated by the following algorithm:

x, € C,
Yn = ﬁnxn + (1 - ﬁn) Tynxn’

X1 = Po (ocnxn +(1-ap) Tﬂnyn) , Vnx=0.

chosen arbitrarily,

(71)

Ifthe interior of F(3) is nonempty, then {x,,} converges strongly
to some common fixed point F(), where Py is a metric
projection.
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We improve the class of subcompatible self-maps used by (Akbar and Khan, 2009) by introducing a new class of noncommuting
self-maps called modified subcompatible self-maps. For this new class, we establish some common fixed point results and obtain
several invariant approximation results as applications. In support of the proved results, we also furnish some illustrative examples.

1. Introduction and Preliminaries

From the last five decades, fixed point theorems have been
used in many instances in invariant approximation theory.
The idea of applying fixed point theorems to approximation
theory was initiated by Meinardus [1] where he employs a
fixed point theorem of Schauder to establish the existence
of an invariant approximation. Later on, Brosowski [2] used
fixed point theory to establish some interesting results on
invariant approximation in the setting of normed spaces
and generalized Meinardus’s results. Singh [3], Habiniak [4],
Sahab et al. [5], and Jungck and Sessa [6] proved some
similar results in the best approximation theory. Further, Al-
Thagafi [7] extended these works and proved some invariant
approximation results for commuting self-maps. Al-Thagafi
results have been further extended by Hussain and Jungck
[8], Shahzad [9-14] and O’Regan and Shahzad [15] to
various class of noncommuting self-maps, in particular to
R-subweakly commuting and R-subcommuting self-maps.
Recently, Akbar and Khan [16] extended the work of [7-15]
to more general noncommuting class, namely, the class of
subcompatible self-maps.

In this paper, we improve the class of subcompatible self-
maps used by Akbar and Khan [16] by introducing a new class
of noncommuting self-maps called modified subcompatible
self-maps which contain commuting, R-subcommuting, R-
subweakly, commuting, and subcompatible maps as a proper
subclass. For this new class, we establish some common fixed

point results for some families of self-maps and obtain several
invariant approximation results as applications. The proved
results improve and extend the corresponding results of [3-
8,10-15].

Before going to the main work, we need some preliminar-
ies which are as follows.

Definition 1. Let (X, d) be a metric space, M be a subset of
X, and S and T be self-maps of M. Then the family {A; : i €
N U {0}} of self-maps of M is called (S, T):

(i) contraction if there exists k, 0 < k < 1 such that for all
x,y €M,

d(Agx,A;y) <kd(Sx,Ty), foreachieN, (1)

(ii) nonexpansive if for all x, y € M,

d(Ayx,A;y) <d(Sx,Ty), foreachieN. (2

In Definition 1, if we take T' = S, then this family {A; : i €
N U {0}} is called S-contraction (resp., S-nonexpansive).

Definition 2. Let M be a subset of a metric space (X, d) and
S, T be self-maps of M. A point x € M is a coincidence point
(common fixed point) of S and T if Sx = Tx (Sx = Tx = x).
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The set of coincidence points of S and T'is denoted by C(S, T).
The pair {S, T} is called

(1) commuting if STx = T'Sx for all x € M;

(2) R-weakly commuting [17], provided there exists some
positive real number R such that d(STx,TSx) <
Rd(Sx, Tx) for each x € M;

(3) compatible [18] if lim,,_, ., d(STx,,, T'Sx,,) = 0 when-
ever {x,} is a sequence in M such that lim Sx, =
lim, , Tx, =t for somet € M;

(4) weakly compatible [19] if STx = TSx for all x €
C(S,T).

For a useful discussion on these classes, that is, the
class of commuting, R-weakly commuting, compati-
ble, and weakly compatible maps, see also [20].

n— 00

Definition 3. Let X be a linear space and let M be a subset of
X. The set M is said to be star-shaped if there exists at least
one point g € M such that the line segment [x, g] joining x to
q is contained in M for all x € M; thatis, kx + (1 -k)g e M
forall x € M, where 0 < k < 1.

Definition 4. Let X be a linear space and let M be a subset of
X. Aself-map A: M — M is said to be
(i) affine [21] if M is convex and
Alkx+(1-k)y) =kA(x)+(1-k)A(y)

Vx,yeM, ke(0,1),

(ii) g-affine [21] if M is g-star-shaped and

Akx+(1-k)q)=kA(x)+(1-k)q

(4)

VxeM, ke(01).

Here we observe that if A is g-affine then Aq = q.

Remark 5. Every affine map A is g-affine if Aq = g but its
converse need not be true even if Ag = g, as shown by the
following examples.

Example 6. Let X = Rand M = [0,1]. Let A: M — M be
defined as

Ax) = 2 )

Then A is g-affine for g = 1/2, while A is not affine because
forx =3/5,y=0,and k =1/3

Alkx+(1-k) y) =kA(x) +(1-K)A(y)  (6)
does not hold.

Example 7. Let X = R*and A € R* = [0,00). Let M = M, U
M,, where

M, = {(x,y)eRZ:(x,y):(A,3)L)}, )
7
M, = {(x, y) eR : (x,y) = (/\,A)}.

1
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Then M is g-star-shaped for g = (0,0). Define A: M — M
as

0,0)
(%, )

if (x, y) €M,

if (x, y) € M,. ®)

A= |

Then A is g-affine for g = (0, 0) but A is not affine, because for
x=(1,3)eM,y=(1,1) e M,andk=1/2,kx+ (1 - k)y ¢
M, though kA(x) + (1 - k)A(y) = (1/2,1/2) € M.

Definition 8. Let M be a subset of a normed linear space
(X, [ - II). The set By (p) = {x € M : ||lx — pll = dist(p, M)} is
called the set of best approximants to p € X out of M, where
dist(p, M) = inf{l|y — pll : y € M}.

Definition 9 (see [11]). Let M be a subset of a normed linear
space X and let Sand T be self-maps of M. Then the pair (S, T)
is called R-subweakly commuting on M with respect to g if
M is g-star-shaped with g € F(S) (where F(S) denote the set
of fixed point of §) and [|STx — TSx| < Rdist(Sx, [g, Tx]) for
all x € M and some R > 0.

Definition 10. Let X be a Banach space. AmapS: M € X —
X is said to be demiclosed at 0 whenever {x,,} is a sequence in
M such that x,, converges weakly to x € M and Sx,, converges
strongly to 0 € M; then 0 = Sx.

Definition 11. A Banach space X is said to satisfy Opial’s
condition whenever {x,} is a sequence in X such that x,
converges weakly to x € X; then

h,{rl,g}f “xn - x“ < h,{rl,}gf ”xn - y”

€
holds Vy # x.

Note that Hilbert and I (1 < p < 00) spaces satisfy Opial’s
condition.

2. Common Fixed Point for Modified
Subcompatible Self-Maps

First we introduce the notion of modified subcompatible
maps.

Definition 12. Let M be a g-star-shaped subset of a normed
linear space X and let S and T' be self-maps of M with q €
F(S). Define A ST) = Ukeq.) A(S, Ty,), where Ty(x) =
(1 —-k)q + kTx and A(S,T}) = {{x,} ¢ M : lim,_, Sx, =
lim,_, Tix, =t € M}. Then S and T are called modified
subcompatible if lim, _, . [ISTx,, — TSx,,|| = 0 for all sequences

(X} € A (S T).

In the definition of subcompatible maps (see [16]),
Aq(S, T) = Ukejo,1) A(S, Ty), but here k € (0, 1). The following
examples reveal the impact of this and show that R-subweakly
commuting maps and also subcompatible maps of [16] form
a proper subclass of modified subcompatible maps.
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Example 13. Let X = R with the usual norm and M = [0, 00).
Define S,T: M — M by

X

-, 0<x<1
S(x) =12

2% -1, x>1,

. (10)
T(x)=142

4x -3, x=>1.

Then M is 1-star-shaped with g = 1 € F(S) and A ST) =
{{x,} : 1 < x, < 00,lim,_, ,,x, = 1}. Moreover, S and T
are modified subcompatible but not subcompatible because
for the sequence {1 -1/n},.,, we have lim, , S(x,) =
lim, , T (x,) = 1/2 and lim,, _, . IST(x,) — TS(x,)| #0.
Note that S and T are neither R-subweakly commuting nor
R-subcommuting.

Example 14. Let X = R with the usual norm and M = [0, 00).
Define S,T: M — M by

1
- 0<x«<1
S(x)=42
xz, x=>1,
(11)
3
- 0<x<1
T(x)=42
x, x=>1.

Then M is 1/2-star-shaped with ¢ = 1/2 € F(S) and
A (S, T) = ¢. Clearly S and T are modified subcompatible
but not subcompatible because for any sequence {x,}o, i,
we have lim,_, S(x,) = lim,_ To(x,) = 1/2 and
lim, _, IIST(x,) — TS(x,)||#0. Also, S and T are not R-
subweakly commuting.

The following two examples show that the modified
subcompatible self-maps and compatible self-maps are of
different classes.

Example 15. Let X = R with usual norm and M = [1, 00). Let
S,T: M — M be defined by

S (x) = 6x — 5, T (x) = 3x* - 2, (12)
for all x € M. Then
I (x,) - S (el = 3, - D2 — 0
ifft x, — 1,
(13)
IST (x,,) - TS (x,,)|| = 90 ”(xn - 1)2” —0

it x, — 1.

Thus S and T are compatible. Obviously M is g-star-shaped
with g = 1 and Sq = gq. Note that for any sequence {x,} in M
with x,, — 2, we have

||T2/3 (xn) -S (xn)” =2 "(xn - 1) (xn - 2)" — 0. (14)

However, lim, _, IIST(x,) — TS(x,)ll #0. Thus S and T are
not modified subcompatible maps. Hence, they are not R-
subweakly commuting.

Example 16. Let X = Rwith norm ||x|| = |x|and M = [0, 00).
LetS,T: M — M be defined by

x, 0<x<1

S(x):<l

3, x2>1,
3-2x, 0<x<1 (15)
T(x)={3 x>1
Vx € M.

Then M is 3-star-shaped with S(3) = 3 and Aq(S, T) =
{{x,} 1<x, < oo}. Clearly S and T are modified
subcompatible. Moreover, for any sequence {x,,} in [0, 1) with
lim, , x, = 1, we have lim, , IIT(x,) — S(x,)I = 0.
However, lim, _, IIST(x,) — TS(x,)|l #0. Thus S and T are
not compatible.

The following general common fixed point result is a
consequence of Theorem 5.1 of Jachymski [22], which will be
needed in the sequel.

Theorem 17. Let S and T be self-maps of a complete metric
space (X, d) and either S or T is continuous. Suppose {A ;};cnu0)
is a sequence of self-maps of X satisfying the following.

(1) Ay(X) € T(X) and A;(X) € S(X) foreach i € N.

(2) The pairs (A,,S) and (A;, T) are compatible for each
ieN.

(3) For eachi € N and, for any x, y € M,

d(Ayx,A;y) <hmax M(x,y) for some h e (0,1),
(16)

where

M(x,y) = {d (Sx,Ty),d (Ayx, Sx),
d (A, Ty), (17)
% [d (A, Ty) +d (4,3,5%)]}

then there exists a unique point z in X such thatz = Sz = Tz =
Az, for eachi € NU{0}.

The following result extends and improves [7, Theorem
2.2], [8, Theorem 2.2], [6, Theorem 6], and [13, Theorem 2.2].

Theorem 18. Let M be a nonempty q-star-shaped subset of a
normed space X and let S and T be continuous and q-affine



self-maps of M. Let {A;};cny 0y be a family of self-maps of M
satisfying the following.

(1) Ag(M) < T(M) and A;(M) < S(M) for each i € N.

(2) (Ay,S) and (A, T) are modified subcompatible for
eachie N,

(3) For each i € N and, for any x,y € M

[Agx — A;y|| < max M (x, y), (18)

where
M (5, ) = {8 = Ty . dist (S, [40.4]),

dist (Ty, [A;.4]).
X (19)
E [dlst (S.x, [Aiy) Q])

+dist (Ty, [Ax, q])] } ;

then all the A; (i € N U {0}), S and T have a common fixed
point provided one of the following conditions hold.

(a) M is sequentially compact and A; is continuous for
eachi e NU{0}.

(b) M is weakly compact, (S — A;) is demiclosed at 0 for
eachi € NU {0}, and X is complete.

Proof. For eachi € NU {0}, define A} : M — M by
Alx=(1-k,)q+k,A;x (20)

for all x € M and a fixed sequence of real numbers k, (0 <
k, < 1) converging to 1. Then, A" is a self-map of M for each
i € NU {0} and for each n > 1.

Firstly, we prove A\j(M) < T(M); for this let y € AG(M),
which implies y = A7jx for some x € M.

Now, by using (20)

y=Apx=(1-k,)q+k,Apx

=(1-k,)q+k,Tz, forsomezeM

= yeT (M), asT isg-affine, M is g-star-shaped.

(21)

Hence A (M) € T(M) for eachn > 1.
Similarly, it can be shown that for each i € N and each
n>1, AT (M) € S(M), as Sis g-affine and M is g-star-shaped.
Now, we prove that for each n > 1, the pair (Ay,S) is
compatible; for this let {x,,} < M with lim, , Sx,, =
lim,, , A%x,, =t € M. Since the pair (A,,S) is modified
subcompatible, therefore, by the assumption of A, , we have

Jim Ay, x, = lim Agx, =t. (22)
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As the pair (A,,S) is modified subcompatible and S is g-
affine, therefore

lim [A}Sx,, — SAjx

Jim o

_ (23)
= knmlgnOO [[AoSx,, — SA¢x,,|| = 0.

Hence, the pair (Aj(,S) is compatible for each n.

Similarly, we can prove that the pair (A"}, T') is compatible
for eachi € Nand eachn > 1.

Also, using (18) and (20) we have

lAGx = ATy =k, [[Aox - Ay
< k, max {”Sx =Ty, dist (Sx, [Ax.q]),
dist (T, [A;y.4]).
> [dist(5x,[4,3,.4])
+ dist (T, [4p%,4])] |
< K, max {[$x = Ty 5% - A3,

Ty - A%y,

2 llsx- Ayl

+ |y - Agel }
(24)

for each x, y € M and 0 < k, < 1. By Theorem 17, for each
n > 1, there exists x,, € M such that x,, = Sx,, = Tx,, = A’x,,
for eachi € N U {0}.

(a) As M is sequentially compact and {x,} is a sequence
in M, so {x,,} has a convergent subsequence {x,,} such
that x,, — z € M. Thus, by the continuity of S, T and
all A; (i € NU{0}), we can say that z is a common fixed
pointof S, T and all A; (i € NU{0}). Thus F(T)NF(S)N
F(Ag) N ((ien F(AD) # ¢

(b) Since M is weakly compact, there is a subsequence
{x,,} of {x,} converging weakly to some u € M. But,
S and T being g-affine and continuous are weakly
continuous, and the weak topology is Hausdorff, so u
is a common fixed point of S and T'. Again the set M is
bounded, so (S—A;)(x,,) =x,,— Xk, —q(1-k,) —
0asm — 00. Now demiclosedness of (S — A;) at 0
gives that (S — A;)(u) = 0 for each i € N U {0}, and
hence F(T) N F(S) N F(Ay) N (N;en F(A))) # ¢. 0

Theorem 19. Let M be a nonempty g-star-shaped subset of a
normed space X, and let S and T be continuous and gq-affine
self-maps of M. Let {A;};cnyq0p be a family of self-maps with
Ay(M) € T(M) and A;(M) < S(M) for eachi € N. If the pairs
(A, S) and (A, T) are modified subcompatible for each i € N
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and also the family {A}; 0y of maps is (S, T)-nonexpansive,
then F(T) N F(S) N F(Ay) N ((N;en F(A))) # ¢, provided one of
the following conditions hold.

(a) M is sequentially compact.

(b) M is weakly compact, (S — A;) is demiclosed at 0 for
eachi € NU {0}, and X is complete.

(c) M is weakly compact and X is a complete space
satisfying Opial’s condition.

Proof. (a) The proof follows from Theorem 18(a).

(b) The proof follows from Theorem 18(b).

(c) Following the proof of Theorem 18(b), we have Su =
u = Tuand for eachi € NU{0}, [Sx,, - A;x,, || — Oasm —
00. Since the family {A;};7, is (S, T)-nonexpansive, therefore,
for each i € N, we have Aju = A,;u. Now we have to show
that Su = A,u. If not, then by Opial’s condition of X and
(S, T)-nonexpansiveness of the family {A;}°, we get

lim inf ||Sx,,, = Tu| = lim inf | Sx,, — Su]
< l}nmﬁi(r)lof [8x,, = Agul
< lim inf ||Sx,,, — A;x,|
+ lmiglof [[A;x,, = Agu|,

(25)
where i € N

= l}nrrLiglof [Agu—Ax,,||
< lim inf ||Su - Tx,, |
= l}nnliglof ||Tu - Sxm" ,

which is a contradiction. Therefore, Su = Aju and, hence,
F(T) N F(S) N F(Ag) N (N;en F(A)) # 6. O

In Theorems 18 and 19, if we take A; = A for eachi €
N U {0}, we obtain the following corollary which generalizes
Theorems 2.2 and 2.3 of Hussain and Jungck [8], respectively.

Corollary 20. Let M be a nonempty q-star-shaped subset of
a normed space X, and let S and T be continuous and g-
affine self-maps of M. Let A be a self-map of M satisfying the
following.

1) A(M) € S(M)NT(M).
(2) The pairs (A, S) and (A, T) are modified subcompatible.

(3) Forallx,y € M,

[Ax - Ay|| < max M (x,y), (26)

where

M (x,y) = {"Sx - Ty|,dist (Sx, [Ax,q]),

dist (Ty, [Ay.q]),
| (27)
5 Ldist(Sx,[4y,4])

+dist (Ty, [Ax, q])] } :

Then S, T, and A have a common fixed point provided one of
the following conditions hold.

(a) M is sequentially compact and A is continuous.

(b) M is weakly compact, (S — A) is demiclosed at 0, and
X is complete.

(c) M is complete, cl(A(M)) is compact, and A is continu-
ous.

Proof. (a) and (b) follow from Theorem 18 by taking A; = A
for eachi € N U {0}.
(c) Define A" M — M by

A'x =(1-k,)q+k,Ax. (28)
As we have done in Theorem 18, for each n > 1, there
exists x, € M such that x, = Sx, = Tx, = A'x,.

Then, compactness of cl(A(M)) implies that there exists a
subsequence {Ax,,} of {Ax,} such that Ax,, —» zasm —
00. Then the definition of A™"x,, implies x,, — z; thus, by
continuity of A, S, and T, we can say that z is a common fixed
point of A, S, and T. O

Corollary 21. Let M be a nonempty q-star-shaped subset of
a normed space X, and let S and T be continuous and q-affine
self-maps of M. Let A be a self-map of M with A(M) € S(M)n
T(M). Ifthe pairs (A, S) and (A,T) are modified subcompatible
and also the map A is (S, T')-nonexpansive, then F(T) N F(S) N
F(A) # ¢, provided one of the following conditions hold.

(a) M is sequentially compact.

(b) M is weakly compact, (S — A) is demiclosed at 0, and
X is complete.

(¢c) M is weakly compact and X is complete space satisfying
Opial’s condition.

(d) M is complete and cl(A(M)) is compact.

In Corollary 20(b), if we take T' = S, then we obtain the
following corollary as a generalization of Theorem 4 proved
by Shahzad [12].

Corollary 22. Let M be a nonempty weakly compact q-star-
shaped subset of a Banach space X, and let A and S be self-maps
of M. Suppose that S is q-affine and continuous, and A(M) <
S(M). If (S — A) is demiclosed at 0, the pair (A, S) is modified
subcompatible and satisfies

[Ax — Ay|| < max M (x,y), (29)



where
M (x,y) = {"Sx - Sy|, dist (Sx, [Ax,q]),

dist (Sy, [Ay.4]).
. (30)
5 ldist (S, [47,q))

+ dist (Sy, [Ax, q])] }
forall x,y € M; then F(S) N F(A) # ¢.

In Theorems 18 and 19, if we take T' = S, then we obtain
the following corollary.

Corollary 23. Let M be a nonempty q-star-shaped subset of a
normed space X. Suppose that S is continuous and is a q-affine
self-map of M. Let {A};c\uq0p be a family of self-maps of M
satisfying the following.
M) U2y A;(M) < S(M) and for each i € N U {0}, the pair
(A;,S) is modified subcompatible.

(2) For each i € N and, for any x, y € M
[Agx - Aiy] < max M (x, y), (3D

where
M (x.y) = {[x - Sy] dist (Sx, [Aox.a)).

dist (Sy, [A;5.4]),
1 (32)
5 [dist (Sx, [A;.4])

+dist (Sy, [A,x,9])] } ;

then S and all the A; (i € N U {0}) have a common fixed point
provided one of the following conditions hold.

(a) M is sequentially compact and A; is continuous for
eachi € N U {0}.

(b) M is weakly compact, (S — A;) is demiclosed at 0 for
eachi € NU {0}, and X is complete.

Corollary 24. Let M be a nonempty q-star-shaped subset of
a normed space X. Suppose that S is continuous and is a g-
affine self-map of M. Let {A;};cnq0) be a family of self-maps
with |2y A;(M) € S(M) and the pairs (A;,S) are modified
subcompatible for each i € N U{0}. If this family {A;};cn0) of
maps is S-nonexpansive then F(S) N F(Ay) N ((;en F(A)) # ¢,
provided one of the following conditions hold.

(1) M is sequentially compact.

(2) M is weakly compact, (S — A;) is demiclosed at 0 for
eachi € NU {0}, and X is complete.

(3) M is weakly compact and X is a complete space
satisfying Opial’s condition.
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3. Applications to Best Approximation

The following theorem extends and generalizes [5, Theorem
2], [8, Theorem 2.8], and main result of [3].

Theorem 25. Let M be a subset of a normed space X and let
ST, A; : X — X be mappings for each i € N U {0} such
that u € F(T) N F(S) N F(Ay) N (N;en F(4;)) for some u € X
and for each i € NU {0}, A;(0M N M) € M. Suppose that S
and T are g-affine and continuous on Py (u) and also Py (u) is
q-star-shaped and S(Py (1)) = Py(u) = T(Py(u)).

Moreover, if

(1) the pairs (A, ,S) and (A;, T) are modified subcompat-
ible for each i € N.
(2) foreachi € N, and for all x € Py, (u) | J{u},

|40 = Ayl
(1% — Tul, ify=u
max {"Sx - Ty||, dist (Sx, [, Ayx])

< dist (Ty, (9, A;y])

% [dist (Sx, [q, A;¥])

+dist(Ty, [q, Agx])] } if y € Py (),
(33)

[Aix = Agu| < |Agx — Ajul. (34)

Then Py (u)NF(T)NF(S)NF(A) N((N;en F(A))) # ¢, provided
one of the following conditions hold.

(a) Py, (u) issequentially compact and A; is continuous for
each i € N U {0}.

(b) Py(u) is weakly compact, X is complete, and (S — A;)
is demiclosed at 0 for each i € N U {0}.

Proof. Let x € Py, (u). Then ||x — u|| = d(u, M). Note that for
any k € (0, 1),

lku+ (1 — k) x —u
(35)
=1 -k)|x-ul|l <du,M).

It follows that the line segment {ku + (1 — k)x : 0 < k < 1}
and the set M are disjoint. Thus, x is not interior of M and so
x € OMNM. As A,(0M N M) ¢ M for eachi € N U {0},
therefore, for each i € N U {0}, A;x € M. Now we have to
show that A,x € Py (u) and for each i € N, A;x € P, (u).
Since Sx € Py (u), u € F(T) N F(S) N F(Ay) N (Nien F(A)))
and S, T, and A;’s satisfy (33); therefore, we have

405 - ul = 4% - A
< I1Sx = Tul = ||Sx - u| (36)
=d(u,M), whereieN.
Then the definition of Py, (u) implies

Agx € Py (u). (36a)
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Again using (33) and (34), for each i € N, we have

A —ul = [Aix ~ Agu]
< |Agx — Al < [ISx - Tul (37)
=|ISx —ull =d(u, M).

This yields that

A;x € Pyy(u), foreachieN. (37a)

Then combining (36a) and (37a), we get A;x € Py, (u) for
eachi € NU{0}. Consequently, A;(Py,(11)) < Py, (1), for each
i € N U {0}. Since S(Py;(11)) = Py, (1) = T(Pys(1t)), therefore
we have

Ay (Py () € S(Py (),
A; (Py () € T (Py (w)), (38)

for each i € N.

Hence, by Theorem 18 Py, (1) N F(T) n F(S) n F(4,) N
(Mien F(AD) # ¢. O

The following corollary improves and extends [4, Theo-
rem 8], [8, Corollary 2.9], and [10, Theorem 4].

Corollary 26. Let M be a subset of a normed space X and let
S, T, A;: X — X be mappings for each i € N U {0} such that
u € F(T) N F(S) N F(Ay) N (N;en F(A))) for some u € X and
A,0MNM) c M foreachi € NU {0}. Suppose that S and
T are g-affine and continuous on Py (1) and also Py (u) is g-
star-shaped and S(Py,(u)) = Py (u) = T(Py(u)). If the pairs
(A, S) and (A;, T) are modified subcompatible for eachi € N
and also the family {A;}; 0y of maps is (S, T)-nonexpansive,
then Py (u) NF(T)NF(S)NF(Ay) N ((N;en F(4;)) # ¢, provided
one of the following conditions hold.

(a) Py, (u) is sequentially compact.

(b) Pys(u) is weakly compact, X is complete, and (S — A;)
is demiclosed at 0 for each i € N U {0}.

(¢c) Py,(u) is weakly compact and X is complete space
satisfying Opial’s condition.

The following corollary generalizes [12, Theorem 5] and
[8, Corollary 2.10].

Corollary 27. Let M be a subset of a normed space X and let
S, A: X — X be mappings such that u € F(A) N F(S) for
someu € X and A(OM N M) € M. Suppose that S is g-affine
and continuous on Py (u) and also Py (u) is g-star-shaped and

S(Py(u)) = Pyy(u). If the pair (A, S) is modified subcompatible
and satisfies for all x € Py, (u) U {u}

|Ax - Ay|
[11Sx — Sul,
max { % - Sy dist (5x, [g, Ax])
dilst (Sy.[a-4y]),
> [dist (Sx, [g, Ay])

+ dist (Sy, [, Ax])] } if yePy(u),
(39)

if y=u

IN

then Py (u) N F(S) N F(A) # ¢, provided one of the following
conditions hold.

(a) Py, (u) is sequentially compact.

(b) Py(u) is complete and cl(A(Py,(u))) is compact.

(c) Pys(u) is weakly compact, X is complete, and (S— A) is

demiclosed at 0.
4. Examples

Now, we present some examples which demonstrate the
validity of the proved results.

Example 28. Let X = R with usual norm | x| = |x| and M =
[0, 1]. Suppose A, A; : M — M are defined as

Ay(x)=1, for0<x<1,
(40)
A (x) = %, foreachie N,0<x<1
i

and also S, T : M — M are defined as
1
S(x) = % T(x)=x, for0<x<l1. (4]

Here Aj(M) = {1}, T(M) = [0,1], S(M) = [1/2,1], and
A;(M) =[i/(i +1),1] for each i € N, so that A,(M) € T(M)
and A;(M) < S(M) for each i € N. Besides M is compact
and the pairs of mappings {A, S} and {A;, T} are modified
subcompatible for each i € N and also the maps S and T
are g-affine for g = 1. Further the mappings S, T, and A;
for each i € N U {0} satisfy the inequality (18). Hence all the
conditions of Theorem 18(a) are satisfied. Therefore S, T, and
all A; (i € NU {0}) have a common fixed point and x = 1 is
such a unique common fixed point.

Remark 29. (1) In Example 28, if we define A,(x) = A;(x) =
S(x) = T(x) = xforall x € X ~ M, then S, T, and all
A; (i € NuU{0}) are self-maps of X andu = 2 € F(T) n
F(S)NF(Ay) N (Nien F(A))). Clearly, Py, (1) = {1} is g-star-
shaped and S(P,; (1)) = Py (u) = T(P,;(u)). Therefore, all the
conditions of Theorem 25 are satisfied and, hence, Py, (1) N
F(T)NF(S)NF(Ay))N((N;en F(A;)) # ¢. Here, x = 1 € Py, (u)N
F(T) N F(S) N F(Ay) N (Nien F(A)) # .



(2) If inequality (18) in Theorem 18 is replaced with the
weaker condition

[Agx = Ay

< max flsx - Ty [$x - Ax]
(42)
Ty - Ay,

1
S lIsx - A + Iy - 401}

for each i € N and, for any x, y € M. Then, Theorem 18 need
not be true. This can be seen by the following example.

Example 30. Let X = R with usual norm | x| = |x| and M =
[0, 1]. Suppose A, A;: M — M are defined as

1
Ao(x)zz, for0<x<1,
3 (43)
Ai(x)zz, foreachieN,0<x <1
and also S, T: M — M are defined as
1 1
5 ifOSx<E
S(x) = (44)
1 1 .1
—x+- if-<x<1,
2 4 2
X if0<x< =
T (x) = | 2 (45)
1-x if-<x<1

Here Ay(M) = {1/2}, T(M) = [0,1/2], S(M) = [1/2,3/4],
and A;(M) = {3/4} for each i € N, so that A,(M) < T(M)
and A;(M) < S(M) for each i € N. Besides M is compact
and the pairs of mappings {A,, S} and {A;, T} are modified
subcompatible for each i € N and also the maps S and T are
g-affine for g = 1/2. Further, the mappings S, T, and A; for
eachi € NU{0} are continuous and satisfy the inequality (42).
Note that F(T) N F(S) N F(Ay) N (N;en F(4))) = ¢.

Remark 31. Clearly mappings S, T, and A; for eachi € NU
{0} defined in Example 30 satisfy all of the conditions of
Theorem 18(a) except the inequality (18) at x = 1/2, y = 1/2.
Note that there is no common fixed point of S, T, and A; for
eachi € NU{0}.

Example 32. Let X = R with usual norm [x| = |x| and M =
[0, 1]. Suppose T, S, A : M — M are defined as

. 1
X if0<x< =
T(x)= 1 1 2
l-x if-<x<],
2
. 1
X if0<x< = (46)
SI=11 1 1 2
—x+- if-<x<1,
2 4 2

1
A(x)=5, for0<x<1.
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Here we observe that A(M) = {1/2}, S(M) = [0,3/4], and
T(M) = [0,1/2] so that A(M) € S(M) N T(M). Also, M is
g-star-shaped and the maps S and T are g-affine with g = 1/2.
We also observe that the pairs (4, S) and (A, T) are modified
subcompatible and M is sequentially compact. Further, the
mappings A, S, and T satisfy (26). Hence, the mappings A,S,
and T satisfy all the conditions of Corollary 20(a) and x = 1/2
is the unique common fixed point of mappings A, S, and T.

Remark 33. In Example 32, S and T are not affine because for
x =3/5y =0,and k = 1/3, S(kx + (1 — k)y) = kS(x) +
(1 = k)S(y) and T(kx + (1 — k)y) = kT(x) + (1 — k)T(y)
do not hold. Therefore, Theorem 2.2 of Hussain and Jungck
[8] cannot apply to Example 32; hence Corollary 20 is more
general than Theorem 2.2 of [8].

Example 34. Take X, M, and S as in Example 32 and define

1
A(x):z, for0<x<1,
1 1
- ifo0<x< - (47)
T(x)= 42 1 2
1-x ifESXSI.

Then all of the conditions of Corollary 20(a) are satisfied
except that the pair (A, T) is modified subcompatible. Note
that F(T) n F(S) N F(A) = ¢.

Remark 35. All results of the paper can be proved for Haus-
dorff locally convex spaces defined and studied by various
authors (see [16, 23-27]).
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We introduce a new generalized system of nonlinear variational inequality problems (GSNVIP) by using the generalized projection
method. Moreover, we introduce an iterative scheme for finding a solution to this problem. Moreover, some existence and strong
convergence theorems are established in uniformly smooth and strictly convex Banach spaces under suitable conditions. The results
presented in the paper improve and extend some recent results.

1. Introduction

Variational inequality theory has become a very effective and
powerful tool for studying a wide range of problems arising in
pure and applied sciences which include work on differential
equations, general equilibrium problems in economics and
mechanics, control problems, and transportation. In 2005,
Verma [1] introduced a general model for two-step projection
methods and applied it to the approximation solvability of
a system of nonlinear variational inequality problems in a
Hilbert space. Based on the convergence of projection meth-
ods, Chang et al. [2] introduced and studied the approximate
solvability of a generalized system for relaxed cocoercive
nonlinear variational inequalities in Hilbert spaces (see, for
instance, [3-5] and the references therein). Recently, Chang
et al. [6] introduced a system of generalized nonlinear
variational inequalities and an iterative scheme for finding
a solution to a system of generalized nonlinear variational
inequality problems by using the generalized projection
method. Moreover, they proved some existence and strong
convergence theorems in uniformly smooth and strictly
convex Banach spaces.

In this paper, we introduce a generalized system of non-
linear variational inequality problems (GSNVIP) by using
the generalized projection approach to introduce an iterative
scheme for finding a solution to this problem. Finally, we

prove some existence and strong convergence theorems in
uniformly smooth and strictly convex Banach spaces under
suitable conditions.

2. Preliminaries

Let E be a real Banach space with dual space E*, (-,-) the
dual pair between E and E*, and K a nonempty closed convex

subset of E. The normalized duality mapping J : E — 2F s
defined by

J) ={f €E (. f*) == ||’} VxeE
1)

A Banach space E is said to be strictly convex if [|x + y[|/2 < 1
forallx,y e U ={z € E: |z| = 1} with x # y. E is said to be
uniformly convex if for each € € (0, 2] there exists § > 0 such
that [[x + y[l/2 < 1 - forall x, y € U with ||x — y| > €. Eis
said to be smooth if the limit

T )
t—0 t

2)

exists for all x, y € U. E is said to be uniformly smooth if the
above limit exists uniformly in x, y € U.
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Remark 1 (see [7]). (i) If E is a uniformly smooth Banach
space, then the normalized duality mapping J is uniformly
continuous on each bounded subset of E.

(ii) If E is a smooth, strictly convex and reflexive Banach
space, then the normalized duality mapping J : E — 2P s
a single valued bijective mapping.

(iii) If E is a smooth, strictly convex and reflexive Banach
space and J* : E* — E is the duality mapping in E*, then
J =7 = I, and J*) = I,

(iv) If E is a strictly convex and reflexive Banach space,
then J™' is hemicontinuous; that is, J™' is norm-weak-
continuous.

(v) E is uniformly smooth if and only if E* is uniformly
convex.

(vi) If E is a uniformly smooth and strictly convex Banach
space with the Kadec-Klee property (i.e., for any sequence
{x,} ¢ E,ifx, — x € Eand |x,| — x|, thenx, — x),
then both the normalized duality mappings J : E — E* and
J*=J':E* - E are continuous.

(vii) Each uniformly convex Banach space E has the
Kadec-Klee property.

Assume that E is a smooth, strictly convex and reflexive
Banach space and K is a nonempty closed convex subset of E;
¢ : EXE — R" := [0, 00) to denote the Lyapunov functional
defined by

¢(xy) = Ix1> =2 (. Jy) + ||, VxyeE )

Following Alber [8], the generalized projection [[x :
E — K is defined by [[xx = z, where z is the unique
solution to the minimization problem

¢ (2x) = ming (y, ). (4)

The existence and uniqueness of the mapping [[x follow
from the property of the function ¢(x, y) and the strict
monotonicity of the mapping J.

Lemma 2 (see [8]). Let E be a smooth, strictly convex and
reflexive Banach space and K a nonempty closed convex subset
of E. Then the following conclusions hold:

(a) ifx e Eand z € K, then

z=Hx<=>(y—z,]z—]x)20, VyeKs (s
K

(b) [k is a continuous mapping from E onto K.

Remark 3. If E is a real Hilbert space, then J = I (identity
mapping), ¢(x, y) = llx — y||2, and [ [ is the metric projec-
tion Py from E onto K.

Lemma 4 (see [9, 10]). Let E be a uniformly convex Banach
space, r > 0 a positive number, and B,(0) = {x € E :
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llxll < 7} a closed ball of E. Then, for any given finite subset
{x1, %5, ..., x5} € B,(0) and for any given positive numbers
ApAy, . Ay with ZnN:1 A, = 1, there exists a continuous,
strictly increasing, and convex function g : [0,2r) — [0, 00)
with g(0) = 0 such that for any i,j € {1,2,..., N} withi < j
the following holds:

N
PR
n=1

Lemma 5 (see [11]). Let E be a real reflexive, smooth, and
strictly convex Banach space. Then the following inequality
holds:

I+ ol U +2(aT" (F+a)). VigeE. ©

Lemma 6 (see [6]). Let E be a real Banach space, K a
nonempty closed convex subset of E with 0 € K, and [[x :
E — K the generalized projection. Then for each x € E, one

has |[Tgxl < lxll.

2 N
< Ihlel -2dss (i -s])- - ©

3. Main Results

In this section, we assume that E is a real Banach space with
dual space E* and K is a nonempty closed convex subset
of E. Let Ty,...,Tyy : KN — E* be nonlinear mappings
and f : K — E a mapping. The generalized system of
nonlinear variational inequality problems (GSNVIP) is to
find x7,..., xy such that for all x € K

(F ) = £ ()T (x5

(f )= f (%), Ty (e 2o X0 %153)) 20,

) 2 0,

(8)

()= f (xR), Ty (%5555 X35 %)) 2 0.

IfN = 3, f = I,and T|,T,,T; : K> — E* are
nonlinear mappings, then the generalized system of nonlin-
ear variational inequality problems (GSNVIP) reduces to the
following problem (see [6]) to find x|, x;, x; such that, for
all x € K,

(x0T, (x5 630 67)) 20,
(x=x,,T, (x5, %1, %x5)) =0, 9)

(x = x5, Ty (x],%5,x3)) > 0.
IfN =2andT,,T, : K* — E* are nonlinear mappings
and f: K — E is a mapping, then the generalized system of
nonlinear variational inequality problems (GSNVIP) reduces

to the following problem to find x}, x; such that, for all x €
K)

(f ()= f(x1), Ty (x3,x7)) 20,
(f(x) - f(x3),Ty (x5, x3)) > 0.

(10)
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IfT,S : K* — E* are nonlinear mappings and g, f :
K — E are two mappings. Define T,,T, : K> — E* by
T (x1,x;) = pT(x7,%5) + g(x3) — g(x7) and T, (x7], x3) =
pS(x7,x5) + g(x;) — g(x;). Then the generalized system of
nonlinear variational inequality problems (GSNVIP) reduces
to the following problem to find x7, x; € K such that, for all
x €K,

(f) = f(x1), T (x3,%7) + 9 (x5) =g (x1)) 20,
(@)= f(5):pS(x,x) +9(x;) - g(x)) 20,

where p, and p, are two positive constants.

Lemma 7. Let E be a smooth, strictly convex, and reflexive
Banach space and K a nonempty closed convex subset of E.
Let Ty,...,Ty : KN — E* be mappings, f : K — Ka
bijective mapping, and p,, ..., py any positive real numbers.
Then (xy,...,xx) € KN is a solution to problem (8) if and
only if (x},...,xx) € K~ is a solution to the following system
of operator equations:

xy = D7 OF () = Ty (55,5655 %3, X)) »
K

x5 = 7 OF () = poTa (55, %55 X3 X1, 65)) 5
K

.
XN-1

=T OF ()
K
—Pn-1Tnor (X xf, x;, s xz*v—z’ xl*\l—l)) >
xn =S OF (53) = T (5756555 X3))
K
(12)

Proof. By Lemma 2, we have that (x},...,x%) € K" isa
solution of problem (8),

[(f )= f(x),
piTy (53, X555 X3 x7)) 20,

(f)-f(x),

* * * * *
Ty (%5, %), X X1 5 %5 ) = 0,

(f ()= f(xx1)
Pt Ter (X0 X7 %55, X550 %0)) 2 0,
(f () = f(xx)>

pnTn (x7,%5, ..., xx)) =0,

forall x € K,

3
[(f )= f(x7), Jf () = Jf (x7)
+p1 Ty (55, %5, .., x0p X1 ) ) 20,
(f )= £ (x3),Jf (x3) = Jf (x3)
+p, T, (X3, X35 X3 X1, %5 ) ) 2 0,
(f () = f (xxen) If (o) = I (33c0)
+pn1 s (K30 X155 X X)) 2 0,
(f )= f(xR)s If (x3)
=Jf (x%) +pnTy (%7 %35..5x%) ) 20,
[(f ()= f(x1),Jf (x7)
-7 Uf (=)
-1y (xilxé‘,---,x?wﬁ)))> 20,
(f )= f(x3),0f (x3)
-1 (7 Uf (+3)
=T, (%5, X35 s Xpgs xf,x;))» >0,
(f ) = f (exn) If ()
-J (]71 Uf (exet) = Pva T
X (x;\,,x’f,x;,...,x;,_z,xl*\,_l))» >0,
(f )= f(xx)sIf (xR)
-1 (7 UF (%)
—pnTn (xi‘,x;'l---,x}“v)))> 20,
(13)
[ (x7)
= l;[]_l Uf (1) = Ty (53, X555 X0, %7)) 5
f(x3)
=17 0F ()
=Ty (x5, X555 X %15 X5)) 5
fxx)
=117 0 (ie)
—pn-1Tno
X (X3 X) > X5 s Xngepr Xn_1)) >
f(xx)
= 1_[]_1 Uf (xx) = pnTn (3752555 x%) »
[ K w0



forany p; > 0,...,py > 0,

(!
=TI OF ()
K
= Ty (255X, X0 X)) >
X
ST Of &)
K
—po T (%3, X5 -5 X0 X1, %5 ) 5
= 3
XN-1 1 )
=f H]_ (f (x3-1) = Py-1Tn-1
K
X (X K X))
Xy
=TI 0f ()
K
— TN (%], %55 x8) -
(15)
O
Algorithm 8. For any given initial points x(()l), x(() ) ees x(()N ) e

K, compute the sequences {xfll)}, {x;2 },...,{an)} by the

iterative processes

) (657) + s

(I 0 () -

(5,52, ...,X;M))))),
(N-1) _ ffl

n+l
x <]—1 ( (1 _ ‘XEIN_I)) ]f (x;N—l)) + (XilN—l)]

(I 0r () -

K

) (1) (2)
x(xnﬂ,xn 3 Xy s

£ ).
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n+1 f_
x<r1<( o) If (x7) + 2]

(I o) -

3 @ (N)
X (‘xn+1"xn+l’ e ’xn+1’

2.0)

(7 (- a)ar () + a1

(T 07 () -,

@ 3
X (xn+1"xn+1’ e

where [ [ is the generalized projection and {oc n, {04(2)}
{ocn )} are sequences in [0, 1].

Theorem 9. Let E be a real uniformly smooth and strictly
convex Banach space with Kadec-Klee property and K a
nonempty closed and convex subset of E with 0 € K. Let
f + K — K be an isometry mapping, T,,...,Ty :
KN = E* continuous mappings, and {ocﬁll)}, {oc,(f)}, {oc(N)}
the sequences in (a,b) with 0 < a < b < 1 satzsfymg the
following conditions:

(i) there exist a compact subset C C E* and constants p, >
0,p, >0,..., py > 0such that

(] (K) - pnTn (KN)) U (] (K) = pn-1Tn— (KN))

u(J(K)-p T, (KY)) cC,
(17)
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where J(x,,%5,..., xN) = Jxn, for all (x1,%x5,..., Similarly, we note that
xy) € KN, and

_ _ 12
[ (5579) - T (R0 00,00
<T1 (%1, %5, -0 xN)» “ (qu —1) ”
I Uxn = Ty (%05 %55+ X)) > >0, ”]f ’(1N 2)
_ 2
<T2 (%1, X055 XN) P (xg:rll D XM 0 A N5 (N- 2))"
] (]xN Py (15 %5 xN))> 20, (18) ”f w 2) “
©) 3 @) N 0 2
<TN (xl,x2 ,,,,, xN), "]f ('xn ) PZTZ( n+1 xn+1 """ xn+1 xn » X n )"
@)|?
T Uxy = puTy (%1, %955 x)) ) 2 0, < "f (%) ' >
2
1 () - Ty (21 8020
<|r I
forall x,,x,,..., xy €K; (20)
(ii) lim, ., Ll) =d, € (a,b), hmn—>oo =d, € (a,b), By Lemma 6, we obtain that
l1mn_,ooocle) = dy € (a,b). Let {x (1)} {x(z)}
. {xilN)} be the sequences defined by (16). Then the "f 1 “
on

problem (8) has a solution (xy,x5,..., xy) € KN and

the sequences {x(l)} {x(z)} ..... {xiN)} converge strongly B 1

t0 X1, %5, .., Xap respectzvely. =\

-1 (N) (N)

Proof. % (] ((1 % )]f(xn )
Step 1. We first show that the sequences {x(l)} {x 512)} .....
{x(N )} are bounded in K. It follows from Lemma 5 where | + o™ i 1—[ I
is bijective and condition (18) that

< (If (=)

-pnTy
“]f (xle)) - pnTn (xff), xf) ..... x;N))"2

(<052, 5 )))”
<Jor (=)
a ( (1= ) 1f ()

- 2pN <TN (xfll),xf) ..... xle)) , - ‘

707 () = o (02 ) o (T
<l G = s I < (1 (=57

® i (52 4) ) )|



(1=a)Jf (x")

+ (xflm] (H]_l
x (£ (")

< (1-a ) rf ()

N) -1
J J
(1

0 8t () )|
(1— N))Ilf (=)
Y ( ) = ey (57570
e
o |y x;M) oxT (<1> <@ 50|
< (1=a) 7 ()] + o0 ()]
==
(21)
Since f is an isometry mapping, we have ||xn+1|| ||x(N Il.

By the same argument method as given above, we have

N-1 N-1) 1 1
IO < 1™V < 1x). Therefore, we
note that limn_>oo||x(1)|| ..... limn_)oollxﬁlN || exist and hence
the sequences {x(1 } {x(2>} ..... {xﬁlN )} are bounded in K.

Step 2. By Lemmas 4 and 6, where f is an isometry mapping
and (19), it follows that there exists a continuous strictly

increasing and convex function g : [0,2r) — [0, c0) with
g(0) = 0 such that
e
o) if ()
wa T 0F (7)
K
2
— Ty (20,52, x))
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- (1 - ocle))oc;N)g

< (f ()
T Of (=)
K
=Ty (7))
< (1-a) £ ()
+ o If (") = T (3 2, x(N))HZ
xg ||]f xff“)
D OF ()
K
T (5P o))

<(1-a ||f<xsv>>uz+a£”||f<xfz”>"2
xg ||]f xff“)
I OF ()
K
- Ty (0, )
I (0 - ()
x g (Jif (=57)
I Of (7)
K

-pnTn (xfll), xf) ..... xle) ))“) .
(22)

This implies that

(1-a)a g ([If (")

I 0F (=)

- pnIn
(<0< )]

S G I TG

(23)
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Since {IIx;k) I} converges for all k = 1,2,..., N, it follows by
lettingn — 00 in (23), condition (ii), and the property of g
that

”ff (=)

T OF (57) = puT (50,62,
K

A7) o

(24)

asn — 00. By (16) and (24), we have

£ (6i2) = 1 ()]
- )

T 0 ()

—pNTN( X, ,x(z) ...,xle)))" — 0,

(25)
asn — 00. Similarly, we can prove that
f Gt ™) =0 ()
_ EIN—I) ] ;N—n T
2 b -
< (If ()
= Pn-1Tn-
X (x(Ni, x(l)
xflz), e ,x(N_Z),xﬁN_l))) “ — 0,

s (i) - 0f (7))

=a” if (=7) -1 17
K

x (Jf ()

-p. T

3 @ (N) (1)

(2)
X ('xn+1’xn+1""’xn+1’xn ,X 0’

7
I () - 17 ()]
i () - T
<(f () i,
S ] )
(26)
asn — OO.

Step 3. Since {xﬁll)}, {xf)}, s {x;N)} are bounded and there
exists a compact subset C < E* such that (J(K) -

N : (N) (N)
pnTN(K™)) € C, there exists a subsequence {xni(N)} of {xnj }
such that

(N) (1) @ (N) *
Jf (x",-m)) -pnTn (xn,<w>’xﬂi<w>"'"xn,.(m) — h, € E".
(27)

Since E is uniformly smooth and strictly conve, it follows by

Lemma 2 (b) and Remark 1 that [, and J ~! are continuous.
Thus

-1 (N)
T (f (550 ) =pu T
K ;
(1) (2) (N) -1
X (xniw, xn,.m) yeees x",-(N) )) — l_[]

K

(h):=f (),
(28)

-1 (N)
]1;[] <]f (x"i(N)>
—pnTN (xﬁi()w > xfzi)w SRR xflI:]N )) — Jf (xx) -
(29)
From (24) and (29), we get

]f( n(N)) -
By (25) and (30), we have

]f( n(N)+1) -

Since E is strictly convex and reflexive, it follows by Remark 1
(iv) that J7! is norm-weak-continuous. Therefore, from (30)
and (31), we note that

F(N) = £ (x),

and

Jf (x)  (as mew — 00). (30)

Jf (xxy) (as mon — 00). (31

f( n(N)+l> flxy)  (32)

[ (0] = L ol
“f< ”<N>+1)|l - “f (xN)" (33)

(as mm — 00).




By the Kadec-Klee property, we have

FENY =60, F(E L) —

(as mxy — 00).

— f (xN)
(34)

Since f~'
quence of {x(N)} such that xifj o

S,N) — xyasn — 00. So, it follows from (16), (30), (34),
and condition (ii) that

Jf (xx)

is continuous, it implies that {xff?g)} is a subse-

— xp € E. Therefore

Il

8
=
—
:XA
1z
~

[
2

N)) If (xt(’lN)) + “LN)fq]H]q
* (35)

x(]f(x ) PnTN ((1) ﬁz),...,quN)))}
(1-dy)Jf (xy)

+d [ 7 OF (53) = paT (6], %5,
K

X))

Since f is a bijective mapping, we obtain that
-1 -1 * * * *

N =f H] (Jf (xn) = TN (X7, X5, X)) -

K

(36)
Similarly, we can prove that for every subsequence {xfﬁ)} of

]
{xflk)} there exist a subsequence {xfj_‘(i)} of {xﬁl’;)} and x{ € E

such that

F(9) = £(5)  (as nw — 00),

(37)

Vk=1,2,...,N -1

Since f~! is a continuous mapping, we note that
X, — % (@8 nw — ). (38)
Hence xfj‘) — x; € E, forallk = 1,2,...,N — 1. Therefore,

we have

Xy = f*lZ[rl Uf (x31)

= P Tnet (X0 X5 X0 X))

x; = P Of ()

AT, (5550 )-
(39)
By Lemma7, we can conclude that (x],x;,...,xy) is a
solution of (8) and x(l) - x| x(z) - x;,...,x(N> —
]

XN
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Setting N = 3 and f = I in Theorem 9, we immediately
obtain the following result.

Corollary 10 (see [6]). Let E be a real uniformly smooth and
strictly convex Banach space with Kadec-Klee property and K
a nonempty closed and convex subset of E with 0 € K. Let

T, T, Ty : K> — E* be continuous mappings and {oc,(f)},
{045,2)}, and {ocff)} the sequences in (a,b) with0 < a < b < 1
satisfying the following conditions.

(i) There exist a compact subset C C E* and constants p; >
0, p, > 0, and py > 0 such that

()= piT, () U (1) - T, ()
u(J(K)-pT, (K*)) cC,

= Jx, forall (x,, x,, x;) € K>, and

(40)

where J(x,, x,, X3)

<T1 (%1, %5, %3) J (Ux; —pTy (xl’x2>x3))> 20,
<T2 (%1%, %3), T (Jx3 = poT) (xl,xz,x3))> 20, (41)

<T3 (x5 %5, %3) T (Jxs = 3T (x1>x2’x3))> 20,

forall x,,x,,x; € K.

(ii) lim,,_, oV = d, € (a,b), lim, _, &'’ = d, € (a,b),
and lim,,_, & = d, € (a,b). Let {xV}, {x<2>} and

{xf)} be the sequences defined by
(3)

n+l

(=) ()
(T 0 () - (25250 ) ),

X

()

n+l

(a7 <ol
(L1 07 () - it (2 5052))) ).
K

X

e ( (1-a) 1f () + a7

X (H}l (]f (xi,l)) _P1T1( f,zfprq?vx(l))))) ’
K

n=0.
(42)

Then the problem (9) has a solution (x],x,,x;) €

K and the sequences {xs)}, {xf)} and {xff)} converge
strongly to x7, x5, and x3, respectively.
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Setting E as a real Hilbert space in Theorem 9, we have
the following result.

Corollary 11. Let H be a real Hilbert space and K a nonempty
closed and convex subset of H. Let f : K — K be an isometry
mapping and Ty,..., Ty, : KN — H continuous mappings
and {ocill)}, {oc,(f)},...,{ocle)} are sequences in (a,b) with 0 <
a < b < 1 satisfying the following conditions.

(i) There exist a compact subset C ¢ H and constants p; >
0,p, >0,...,py > 0such that

(1 (K) - pnTn (KN)>
U (1 (K) = pn-1Tn- (

U (I(K) - p Ty (

where (x1,%,, ...
KN, and

KM)) (43)

kM) cc,

,XN) = X for all (x,%5,...,%xy) €

(T (x1, %5, - .. ,XN)) >0,

> xN)) 2 0)

»xn) %y = P T (%0, %,

(T, (%1, %3, .- xN) > x5y — P T (9, %55

> XN)> >0,
(44)

(T (%1, %55, xn) XN — PTn (X1, X, -
forall x;,x,,...

all) = d, €

n—00"n

, XN € K.

. 2
(a,b), lim,_, a®?

d, € (ab),...,lim,  a™ = € (ab). Let

n—00"n
{xs)}, {xﬁlz)}, s {xﬁLN)} be the sequences defined by

(ii) lim

x(N)
n+l
=7 () () R
X (f (57) = T (x f?,x‘” x5 )))s
(N-1)
xn+1

“;N—1))f(x’(1N—1)>+a 1)PK

x (f (xilNil)) — pPn-1TN-

X (xf:?, xil), xf), RN xLN_Z), iN_l)))) R

e

n+1

(o) £ () 4 P
(7 (<) = p,

X (x(3)1,x£l4+)1, o xN X ),x(z)))),

9
X
= ((-a?) £ (5)
+ ol P (f (a8 ) Ty (45)
(n A 0),
n>0,

where Py is a metric projection on H to K. Then the
problem (8) has a solution (x},x5,...,xy) € KN and
thesequences {x(l)} {x(z)} {x ﬁlN)}convergestrongly
10 X1, %5500 Xpps respectzvely.
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The proximal split feasibility problem has been studied. A regularized method has been presented for solving the proximal split

feasibility problem. Strong convergence theorem is given.

1. Introduction

Throughout, we assume that #’; and #, are two real Hilbert
spaces, f : # — RU{+ooland g : #, — R U {+oo}
are two proper, lower semicontinuous convex functions, and
A: %, — ,isabounded linear operator.

In the present paper, we are devoted to solving the
following minimization problem:

min {f (xT) + 9, (AxT)} > (1)

xte,

where g, stands for the Moreau-Yosida approximation of the
function g of parameter A; that is,

1
g =mn{go)+ -} @

Problem (1) includes the split feasibility problem as a
special case. In fact, we choose f and g as the indicator
functions of two nonempty closed convex sets C ¢ 7, and
Q € #,; that is,

i i
f(x*)=6c(x*)={°’ (<o

+00, otherwise,

et
o) =00 () = {1, e

+00, otherwise.

€)
Then, problem (1) reduces to
min {8 (x') + (8), (4x")} @
which equals
. 1 . 2
min { 5 (1 - proiy) (ax")[}. ©)

Now we know that solving (5) is exactly to solve the following
split feasibility problem of finding x* such that

xecC, Axt e Q, (6)

provided C n ATN(Q) #0.

The split feasibility problem in finite-dimensional Hilbert
spaces was first introduced by Censor and Elfving [1] for
modeling inverse problems which arise from phase retrievals
and in medical image reconstruction. Recently, the split
feasibility problem (6) has been studied extensively by many
authors; see, for instance, [2-8].
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In order to solve (6), one of the key ideas is to use fixed

point technique according to x" which solves (6) if and only
if

x" = proj. (I —yA” (I - pron) A) x'. (7)

Next, we will use this idea to solve (1). First, by the differen-
tiability of the Yosida approximation g,, we have

0 (f (xT) + g, (AxT)) =of (xT) +A"Vg, (AxT)
I —prox,,

=of (x") + A (T>(AxT),

where 0f(x") denotes the subdifferential of f at x' and
proxAg(xT) is the proximal mapping of g. That is,

af(xT) = {x* e, :f(xi) 2f(xT)+ <x*,xi—xT>,
vt 6%1},

(8)

prox,, (xT) = arg min {g (xi) + i"xiIE - xT"Z} .

xteH,

)
Note that the optimality condition of (8) is as follows:

I - prox,,

0eaf(x*)+A*< : >(Ax*), (10)

which can be rewritten as
0 € urof (xT) +uA” (I - prox,\g) (AxT) , (11)

which is equivalent to the fixed point equation
X = prox,s (xJr —uA” (I - proxAg)) (AxT). (12)

If argminf N A™'(argming) # 0, then (1) is reduced to the
following proximal split feasibility problem of finding x" such
that

+

x' € argminf, Ax" € argming, (13)

where

argminf = {x* e : f(x")< f(xT),VxT € %1},
(14)
arg ming = {xT €y g(xT) <g(x),Yx € %2}.

In the sequel, we will use T to denote the solution set of (13).
Recently, in order to solve (13), Moudafi and Thakur [9]
presented the following split proximal algorithm with a way
of selecting the stepsizes such that its implementation does
not need any prior information about the operator norm.

Split Proximal Algorithm
Step I (initialization).

Xy € ;. 15)
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Step 2. Assume that x, has been constructed and 0(x,,) # 0.
Then compute x,,,, via the manner

X1 = PrOX 1 [, = p, A" (1= proxy,) Ax, |, Vn 20,
(16)

where the stepsize u,, = p,((h(x,) + l(xn))/Gz(xn)) in which
0 < p, <4 hix,) = (1/2)U - prox,,)Ax,[*, L(x,) = (1/

2 - prox,, )%, |> and 8(x,) = \IVAGx,)IP + [VICx,)IP.

If 0(x,) = 0, then x,, = x,, is a solution of (13) and the
iterative process stops; otherwise, we set # := n + 1 and go to
(16).

Consequently, they demonstrated the following weak
convergence of the above split proximal algorithm.

Theorem 1. Suppose that T # 0. Assume that the parameters
satisfy the condition:

4h
% —€ for some € > 0 small enough.

17)
Then the sequence x,, weakly converges to a solution of (13).

Note that the proximal mapping of g is firmly nonexpan-
sive, namely,

<proxAgx — prox,,y, x — y> = ”proxl\gx - prox,\gy"z, a8)

Vx,y € H,,

and it is also the case for complement I — prox;,. Thus,
A*(I - proxAg)A is cocoercive with coefficient 1/||A||* (recall
that a mapping B : &, — %, is said to be cocoercive if
(Bx - By,x — y) > «|Bx — By||2 forall x, y € #, and some
a > 0).Ifu e (0 1/1A|]*), then I — pA*(I - prox,)A is
nonexpansive. Hence, we need to regularize (16) such that
the strong convergence is obtained. This is the main purpose
of this paper. In the next section, we will collect some useful
lemmas and in the last section we will present our algorithm
and prove its strong convergence.

2. Lemmas

Lemma 2 (see [10]). Let {a,},cn be a sequence of nonnegative
real numbers satisfying the following relation:

a,, <(l-a,)a,+a,0,+8, n=0, (19)

where

(i) {obpen € [0, 1] and Y72 &, = 00;
(ii) lim sup,, _, . 0, < 0;
(iii) Y2, 8, < co.

Then, lim a, = 0.

n— 00
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Lemma 3 (see [11]). Let {y,},cn be a sequence of real numbers
such that there exists a subsequence {y,, }ien Of {V,}nen such that
Y, < Yu+1 for alli € N. Then, there exists a nondecreasing
sequence {mlreny of N such that limy_,  m, = o00 and
the following properties are satisfied by all (sufficiently large)
numbers k € N:

Ymk < Ymk+1’ Yk = Ymk+1' (20)

In fact, my is the largest number n in the set {1, ..., k} such that

the condition y, < vy,., holds.

3. Main results

Let %, and 7, be two real Hilbert spaces. Let f : #, —
RU{+ootand g : #, — R U {+00} be two proper, lower

semicontinuous convex functions and A : #, — ¥, a
bounded linear operator.
Now, we firstly introduce our algorithm.
Algorithm 4
Step I (initialization).
X € X ;. (21)

Step 2. Assume that x, has been constructed. Set h(x,) =
(/2 - proxy)Ax, I3 1(x,) = (/DI - prox, )%, I’

and 0(x,) = \/ IVA(x I + [VI(x,)])? for all n € N.
If O(x,,) # 0, then compute x,,,, via the manner

Xn+1

= prox, s [(xnu +(1-a,) x, — p, A" (I - prox,\g) Axn] ,
Vn >0,
(22)

where u € %, is a fixed point and {«,}, € [0,1] is a
real number sequence and g, is the stepsize satisfying u,, =
pa((h(x,) +1(x,))/6%(x,)) with 0 < p, < 4.

If 8(x,) = 0, then x,, = x,, is a solution of (13) and the
iterative process stops; otherwise, we set n := n + 1 and go to
(22).

Theorem 5. Suppose that I' +0. Assume that the parameters
{o,} and {p,} satisfy the conditions:
(CD) lim,, _, o,
(C2) Y2, &, = 005

(C3) € < p, < (4h(x,)/(h(x,) +(x,))) — € for some e > 0
small enough.

o, =0;

Then the sequence x,, converges strongly to proj.(u).

Proof. Let x* € T. Since minimizers of any function
are exactly fixed points of its proximal mappings, we have

x" = prox, ,sx" and Ax" = prox,,Ax". By (22) and the
nonexpansivity of prox,, ), we derive

s = I
= “proxm,\f [+ (1 - at,) x,, — p, A" (I - prox,\g) Ax, ]

2
= prox,, "

“n) Xn — ."lnA* (I - prox/\g) A n

= o, (u—x")+ (1 -a,)

2

X [xn -7 bn o (I - proxlg) Ax,, — x*]

n

< allu- x*”2 +(1-ay)

ln *
X x, — ——A (I — prox,,)Ax, —x
( 2 Ag) n

n 1_

n

(23)

Since prox; lg is firmly nonexpansive, we deduce that I -prox,,
is also firmly nonexpansive. Hence, we have

<A* (I - prox/\g) Ax,, x, — x*>
=((1- prox/\g) Ax,, Ax, — Ax")
= <(I - prox,\g) Ax, — (I - prox,\g) Ax", Ax, — Ax*>

> "(I - prox,\g) Axn“2 =2h(x,).
(24)

Note that Vh(x,) = A*(I - prox,,)Ax, and Vi(x,) = (I -
prox, ,¢)x,. From (24), we obtain

X, — %A* (I - prox,,)Ax, — x

n

2
LZ”A* (I- prox/\g)Axn“2

(1 - (Xn)

% <A* (I - proxlg) Ax,, x, — x*>

= e, =" +

2
ﬁ”Vh(x I

n

2
—%Wh(xn),xn—xv

n



R R LRI
(1-e,) 0 (x,)

_4p h(x,) +1(x,)
"(1-a,) 6% (x,)

E (h(x,) +1(x,))*
(1= a0 (x,)

() + 1)) k()
Pr= ) € (x,) () + 1 (x,)

b i )

(h(x,) +1(x,))’
)€ (x,)

Vh(x,)|

h (xn)

< |x, - x" ||2 +

(25)

By condition (C3), without loss of generality, we can assume
that (4h(x,,)/(h(x,) + 1(x,))) - (p,/(1 —a,)) = 0 foralln > 0.
Thus, from (23) and (25), we obtain

L

< ocn”u - x*"2 +(1-ap)
» [uxn ef
- ( h(x)  p )W%Hﬂaﬁ]

h(x,)+1(x,) 1-e,) (1-a,)60%(x,)
= o flu-x" I+ (1= a,) %, - %7
) ah(x,)  p ) (Ax,) + 1(x,))
””(h(xn)+l<xn) 1—%) 6% (x,)

< oyl = x|+ (1= @) e, = x|

< max {"u - x" ||2, [, = x* ”2} :

(26)
Hence, {x,,} is bounded.
Let z = Pru. From (26), we deduce
o< dh(x)  p ) (A + 1))
PG G T 0 )

<ollu -z + (1-a,) |x, = 2| = %01 - 2"
We consider the following two cases.

Case 1. One has | x,,; — z|l < |x, — z|| for every n > n large
enough.

In this case, lim | x, — z || exists as finite and hence

n— 00

lim (||xn+1 - Z" - ||xn - Z") =0. (28)

n— 00
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This together with (27) implies that

p( 4h(x,) P )(h(x,,)+z<xn))2

h (xn) +1 (xn) - l-«a, 6 (xn) -0

(29)

Sinceliminf,, _, ., p,((4h(x,)/(h(x,)+1(x,))—(p,/(1-a,))) >
2e (by condition (C3)), we get

(h(x,) +1(x,))’

6" (x.) — 0. (30)

Noting that 6*(x,) = [Vh(x,)|* + [VI(x,)]* is bounded, we
deduce immediately that

Tim (h(x,) +1(x,) = 0. a1
Therefore,

Jim h(x,) = lim I(x,) = 0. (32)
Next, we prove

lirrlrlsolip(u -2z,x,-2) <0. (33)

Since {x,} is bounded, there exists a subsequence {x, }
satisfying x,, — z" and

limsup(u - z,x, — 2z) = lim (u-z,x, —2). (34)

n—00

By the lower semicontinuity of h, we get

0<h (z*) <liminfh (xni) = lim h(x,) =0. (35)

i— 00

So,
h (zT) = % ”(I - proxAg) AzT“ =0. (36)

That is, Az" is a fixed point of the proximal mapping of g or

equivalently 0 € dg(Az"). In other words, Az" is a minimizer
of g.
Similarly, from the lower semicontinuity of [, we get

0< l(zT) < lim inf / (xni) = lim I(x,) =0.  (37)
Therefore,
1(e) = % (1 - prox, ) 2| = 0. (38)

That is, z' is a fixed point of the proximal mapping of f or
equivalently 0 € 9f (z"). In other words, z' is a minimizer of
f.Hence, z' € I. Therefore,
limsup (u—z,x,-z) = lim (u-2zx, —z)
n— 00 1—00 !
(39)

=(u-z7z -z)<o.
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From (22), we have

s = 2l
< oo, (u—2)+ (1 - a,,)
x[x—LA*(I— —]2
" - prox,\g) Ax, -z
n
2 1% 2
=(1-a,)|x, - ﬁA (I - prox,,)Ax, — z

+ o~ z|* + 20, (1 - )
By (40)
X <xn - 1_—"%A (I - proxAg) Ax, — z,u— z>
2 2 2
< (1 - (xn) ||xn - Z” + (Xn"u -z
+2a, (1-a,) (x, -z, u—2z)
- zan["n <Vh (xn) 1 Z>

<(1-a,)|x, - z||2

+a, (ocn||u —zP+2(1-a,) (x, - 2zu-2z)

+ 21, | VA (x,) | I = 211 ).

Since Vh is Lipschitz continuous with Lipschitzian constant
IA|I* and VI is nonexpansive, Vh(u,,),VI(u,), and 02(xn)
IVA(x,)II* + [VI(x,)|I* are bounded. Note that u,||Vh(x,)]
pul(h(x,) + 16,))/6*(x, ) IVACx, ). Thus, 1, I VA(x,)| — 0
by (32). From Lemma 2, (39), and (40) we deduce that x,, —
z.

Case 2. There exists a subsequence {IIxnj - z|l} of {llx,, — zlI}
such that

, (41)

S Y

for all j > 1. By Lemma 3, there exists a strictly increasing
sequence {my} of positive integers such that lim, _,  my =
+00 and the following properties are satisfied by all numbers
k eN:

lem, = 2| < Jom, =2 k=2l < %, - 2] - (42)

Myeyy Mty

Consequently,

0 fim (e, —2| = m, - =[)
< limsup (||x,,, — 2| - |x, - 2])
n— 00
< limsup (e, [lu - zl| + (1 - o,) | x,, — 2|| - ||, — 2])
n— 00
=limsupa, (lu — 2| - |x, - 2||) = 0.
n— 00

(43)

5
Hence,
Jim (e, =2 =em —2l) =0 a9
By a similar argument as that of Case 1, we can prove that
lim sup <u — 2, Xy, — z> <0,
foo (45)

2 2
[imn =20 = (1= ) [ = 2]+ e 0,

where O, = ocmk||u—z||2 +2(1 - (xmk)(xmk -zZ,u—-2z2)+
24t VR )= 2.
In particular, we get

2
o, [m, 2]

g 46
<lom =l = [ =2+ omom, 49
< 0y, Oy -
Then,
. 2.
lim sup"xmk - z" < limsupo,, <O0. (47)
k— oo k— o0

Thus, from (42) and (44), we conclude that

lim sup |x; — 2| < lim sup "xkar1 - z” =0.  (48)
k— o0 k— oo
Therefore, x, — z. This completes the proof. O

Remark 6. Note that problem (13) was considered, for exam-
ple, in [12, 13]; however, the iterative methods proposed to
solve it need to know a priori the norm of the bounded linear
operator A.

Remark 7. We would like also to emphasize that by taking f =
dc» g = dq the indicator functions of two nonempty closed
convex sets C, Q of H, and H, respectively, our algorithm (22)
reduces to

Xn+1

= proj. [(xnu +(1-a,) x, — u,A" (I - pron) Axn] ,
Vn > 0.

(49)

We observe that (49) is simpler than the one in [14].
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The purpose of the paper is to present a new iteration method for finding a common element for the set of solutions of equilibrium
problems and of operator equations with a finite family of A;-inverse-strongly monotone mappings in Hilbert spaces.

1. Introduction

Let H be a real Hilbert space with the inner product (., -)
and the norm || - ||, respectively. Let C be a nonempty closed
convex subset of H, and let G be a bifunction from C x C into
(—00, +00). The equilibrium problem for G is to find u™ € C
such that

Gu",v)=0, VWveC. (1)

The set of solutions of (1) is denoted by EP(G).

Equilibrium problem (1) includes the numerous problems
in physics, optimization, economics, transportation, and
engineering, as special cases.

Assume that the bifunction G satisfies the following
standard properties.

Assumption A. Let G : Cx C — (—00, +00) be a bifunction
satisfying the conditions (Al)-(A4):
(A1) G(u,u) =0, YVu € C;
(A2) G(u,v) + G(v,u) <0, Y(u,v) € CxC;
(A3) for each u € C, G(u,*) : C — (-00,+00) is lower
semicontinuous and convex;
(A4) lim, _ ,,G((1 - t)u + tz,v) < G(u,v), V(1,z,v) € C x
CxC.

Let {T;}, i = 1,...,N, be a finite family of k;-strictly
pseudocontractive mappings from C into C with the set of
fixed points F(T;); that is,

F(T;))={xeC:Tx = x}. (2)

Assume that

N
$ = F (T)) NEP (G) #0. (3)

i=1
The problem of finding an element
u'es (4)

is studied intensively in [1-27].

Recall that a mapping T in H is said to be a k-strictly
pseudocontractive mapping in the terminology of Browder
and Petryshyn [28] if there exists a constant 0 < k < 1 such
that

ITx=Ty|> < |x -y +k|d -T)x =T -T) y|’, )

for all x, y € D(T), the domain of T, where I is the identity
operator in H. Clearly, if k = 0, then T' is nonexpansive; that
is,

IT G -T ) < x5 (6)
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We know that the class of k-strictly pseudocontractive
mappings strictly includes the class of nonexpansive map-
pings.

In the case that T; = I, (4) is reduced to the equilibrium
problem (1) and shown in [5, 23] to cover monotone inclusion
problems, saddle point problems, variational inequality prob-
lems, minimization problems, Nash equilibria in noncooper-
ative games, vector equilibrium problems, and certain fixed
point problems (see also [29]). For finding approximative
solutions of (1) there exist several methods: the regularization
approachin [7, 9, 15, 24, 30, 31], the gap-function approach in
(8,15, 16, 18, 19], and the iterative procedure approach in [1-
4,6, 8,11-14,19-22, 32, 33].

In the case that G = 0 and N = 1, (4) is a problem
of finding a fixed point for a k-strictly pseudocontractive
mapping in C and is given by Marino and Xu [17].

Theorem 1 (see [17]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let T : C — C be a k-strictly
pseudocontractive mapping for some 0 < k < 1, and assume
that

F(T) #0. (7)
Let {x,} be the sequence generated by the following algorithm:
xq € C,
I = Oy + (1= ) T,
Co={zeCtly, 2l <|x, -2l
(8)
+(1-a,) (k-a,)|x, - Txn"z} ,
Q,={zeC:(x,-2z x,-x,) 20},
Xn+1 = Pcannxo-

Assume that the control sequence {«,,} is chosen so that e, < 1
for alln. Then {x,;} converges strongly to Pyr)x,, the projection
of x, onto F(T).

For the case that G = 0 and N > 1, (4) is a problem of
finding a common fixed point for a finite family of k;-strictly
pseudocontractive mappings T; in C and is studied in [27].

Let x, € C and {«,}, {8,}, and {y,} three sequences in
[0, 1] satistying «,, + 3, + y,, = 1 for all n > 1, and let {u,,} be
a sequence in C. Then the sequence {x, } generated by

xp = oyxg + By Tyx, + vy,

Xy = 0% + BT, + pathy,

)

xy = anXn_g + BNTNXN + Vntine

xXN+1 = AN XN B T1XNe1 + YN Uns 1
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is called the implicit iteration process with mean errors for a
finite family of strictly pseudocontractive mappings {T;},.
The scheme (9) can be expressed in the compact form as

Xy = 0y Xy 1 T /jnTnxn + Yuln> (10)
where T, =T, .04 N-

Theorem 2 (see [27]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let {T;}~| be a finite family
of strictly pseudocontractive mappings of C into itself such that

N
(E(T,) #0. (1)
i=1

Let x, € C and let {u,} be a bounded sequence in C; let
{a,}, {B,), and {y,} be three sequences in [0, 1] satisfying the
following conditions:

Do, +B,+y,=1,Vn>1;
(ii) there exist constants 0,0, such that 0 < o, < 8, <
0, <L, Vn>1;

(iif) 33,2, v < co.
Then the implicit iterative sequence {x,} defined by (9) con-
verges weakly to a common fixed point of the mappings {T;}~ .
Moreover, if there exists iy € {1,2,...,N} such that T; is
demicompact, then {x,} converges strongly.

If G is an arbitrary bifunction satisfying Assumption A
and N = 1, then (4) is a problem of finding a common ele-
ment of the fixed point set for a k-strictly pseudocontractive
mapping in C and of the solution set of equilibrium problem
for G (see [26]).

Theorem 3 (see [26]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let G be a bifunction from
C x C to (00, +00) satisfying Assumption A, and let T be a
nonexpansive mapping of C into H such that

F(T)NEP(G) +0. (12)
Let f be a contraction of H into itself and let {x,} and {u,} be
sequences generated by x, € H and
G (u,, y) + 1 (y —tu,—x,) 20, VyeC,
" (13)
Xne1 = “nf (xn) + (1 - “n) Tun’
foralln € N, where {«,} C [0,1] and {r,}} c (0, c0) satisfy

[ee)

[ee]
nangoan =0, Zocn = 00, Z |ty — at,| < 00,
n=1 n=1
[ee]
llnrr_l)lorcl)fl’n >0, z; |7e1 = 7] < 00
e

(14)

Then, {x,} and {u,} converge strongly to z € F(T) n EP(G),
where

z = Pypynepc) f (2) - (15)
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Set A; = I — T;. Obviously, A; are A;-inverse-strongly
monotone; that is,

(A; (0 - A; (1), x -y 2 M)A, (0 - A, )
(16)
Vx,y € D(4;),

From now on, let {A;}Y, be a finite family of A,-inverse-
strongly monotone mappings in H with C ¢ ﬂf\:rl D(A;) and
A; > 0,i = 1,...,N. On the other hand, if there exists i, €
{1,2,..., N} such that A; > 1, then A, is a contraction; that
is, |4, (x) = A; (DI < (1/4;)lIx = yl with 1/4; < 1. And
hence, A; has only one solution and, consequently, the stated
problem does not have sense. So, without loss of generality,
assume that0 < A; <1,i=1,...,N.

Set

s={s» 17)

where S; = {x € C: A;(x) = 0} is the solution set of A; in C.
Assume that EP(G) N S # 0.
Our problem is to find an element

u* e EP(G)NS. (18)

Since the mapping A = I — T is (1/2)-inverse-strongly
monotone for each nonexpansive mapping 7', the problem
of finding an element u* € C, which is not only a solution
of a variational inequality involving an inverse-strongly
monotone mapping but also a fixed point of a nonexpansive
mapping, is a particular case of (18).

For instance, the case that G(u, v) = (A(u), v — u), where
A is some inverse-strongly monotone mapping and N = 1, is
studied in [25].

Theorem 4 (see [25]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let A > 0. Let A be a A-
inverse-strongly monotone mapping of C into H, and let T be a
nonexpansive mapping of C into itself such that

F(T)NVI(C,A) #90, 19)

where VI(C, A) denotes the solution set of the following
variational inequality: find x* € C such that

(A(x"),x-x")>0, VxeC. (20)
Let {x,} be a sequence defined by
xy €C,
(21)

Xyl = OpXp + (1 - ‘xn) TP: (xn -A,A (xn)) >
for everyn = 0,1,..., where {A,} C [a,b] for some a,b €

(0,21) and {a,} < (c,d) for some c,d € (0,1). Then, {x,}
converges weakly to z € F(T) N VI(C, A), where

z= ,,h_{%op F(T)NVI(C,A) Xn- (22)

The following theorem is an improvement of Theorem 4
for the case of nonself-mapping.

Theorem 5 (see [34]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let A be a A-inverse-strongly
monotone mapping of C into H, and let T be a nonexpansive
nonself-mapping of C into H such that

F(T)nVI(C,A) #0. (23)

Suppose that x; = x € C and {x,,} is given by
Xpe = Po (o + (1= o) TP (x, = 4,A(x,)))  (24)
for everyn = 1,2,..., where {«,} is a sequence in [0, 1) and

{A,.}is a sequence in [0, 2a]. If {o,,} and {A, } are chosen so that
A, € la,b] for some a, bwith0 < a < b < 2a,

o0
lim «, =0, thn = 00,
n=1

n— 00

(25)

e}
Z |(xn+1 - ‘an < 00,
n=1

[ee]

Z |An+1 - /\nl < 00,
n=1

then {x,} converges strongly to Pr(r)nyy(c a)X-

We know that A-inverse-strongly monotone mapping is
(1/A)-Lipschitz continuous and monotone. Therefore, for the
case that G(u,v) = (A(u),v — u), where A is not inverse-
strongly monotone, but Lipschitz continuous and monotone,
Nadezhkina and Takahashi [35] prove the following theorem.

Theorem 6 (see [35]). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let A be a monotone and
k-Lipschitz continuous mapping of C into H, and let T be a
nonexpansive mapping of C into itself such that

F(T)NVI(C,A) #0. (26)
Let {x,}, {y,}, and {z,} be sequences generated by
xy=x €C,
Yn = PC (xn - AnA (xn)) >

Zy = PC (xn - AnA (yn)) >

(27)
C,={zeC:|z,~ 2| < |x, - 2|},
Q,={zeC:(x,-z,x-x,) 20},
Xui1 = Ponq,X
for everyn = 0,1,..., where {A,} C [a,b] for some a,b ¢

(0,1/k) and a,, C [0, c] for some c € [0, 1). Then the sequences
{x,} {yu}, and {z,,} converge strongly to Prryqyr(c,a)X-

Some similar results are also considered in [36, 37].

Buong [38] introduced two new implicit iteration meth-
ods for solving problem (18).

We construct a regularization solution u,, of the following
single equilibrium problem: find u,, € C such that

F (u,,v) =20, VYveC, (28)



where

N
F (u,v) =G u,v) + Zaﬁ"Gi (u,v) + o, (W, v—uy,
i=1
(xn > O’ (29)
G (u,v)=(A;(m),v-—u), i=1,...,N,

O<p <py <1, i=2,...,N-1,

and {«,,} is the positive sequence of regularization parameters
that converges to 0, asn — +0o0.
The first one is the following theorem.

Theorem 7 (see [38]). For each «, > 0, problem (28) has a
unique solution u,, such that

(i) lim,, _, ,oou, = u*, u” € EP[G)NS, [u™| < lyl, Vy €
EP(G)NS;

(ii)

=t = (') =%l o

n

where d is a positive constant.

Next, we introduce the second result. Let {¢,} and {y, } be
some sequences of positive numbers, and let z, and z, be two
arbitrary elements in C. Then, the sequence {z,} of iterations
is defined by the following equilibrium problem: find z,,,; €
C such that

N
En <G (Zn+1> V) + Z“ﬁiGi (Zn+1> V) + “n<zn+1’ V- Zn+1>>
i=1

+ <Zn+1 —Zp V- zn+1> - Yn<zn —Zy-pV - Zn+1> 20,

Vv e C.
(31)

Theorem 8 (see [38]). Assume that the parameters €, y,, and
«,, are chosen such that

(1) 0<¢ <G,0<y, <y
(i) Y2, b, = +00, b, = G, /(1 + G,x,),
(i) Y2y Vb 12, = Zuoall < +00,
(iv) lim,,_, o, = 0,lim,, , (I, — &, 1 /ex,,b,) = 0.

Then, the sequence {z,)} defined by (31) converges strongly to the
element u*, asn — +oo.
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In this paper, we consider the new another iteration
method: for an arbitrary element x, in H, the sequence {x,,}
of iterations is defined by finding u,, € C such that

G (U y) + Uy =X,y —14,) 20, VyeC,

N
Xp+1 = PC (xn - :Bn [xn U, t Z“ziAi (xn) + ‘xnxn:| )
i=1

N
= PC (xn - ﬁn [Z“ﬁiAi (xn) + (1 + (xn) Xn — un:| ) >
i=1
(32)
where P is the metric projection of H onto C and {«,} and
{B,} are sequences of positive numbers.
The strong convergence of the sequence {x,} defined by

(32) is proved under some suitable conditions on {«,} and
{B,,} in the next section.

2. Main Results

We formulate the following lemmas for the proof of our main
theorems.

Lemma 9 (see [9]). Let C be a nonempty closed convex subset
of a real Hilbert space H and let G be a bifunction of C x C
into (—00, +00) satisfying Assumption A. Letr > 0 and x € H.
Then, there exists z € C such that

1
G(z,y)+;(z—x,y—z>20, Vy e C. (33)

Lemma10 (see [9]). Let C be a nonempty closed convex subset
of a real Hilbert space H. Assume that G : C x C —
(—00, +00) satisfies Assumption A. Forr > 0 and x € H, define
amapping T, : H — C as follows:
1
T, (x) = {zeC:G(z,y)+—(z—x,y—z) 20}, Vy e C.
r
(34)

Then, the following statements hold:
(i) T, is single valued;
(ii) T, is firmly nonexpansive; that is, for any x, y € H,

IT.(0) - T, < (T, () = T, (y), x =) (35)

(iii) F(T,) = EP(G);
(iv) EP(G) is closed and convex.

Lemma 11 (see [36]). Let {a,},{b,}, and {c,} be the sequences
of positive numbers satisfying the following conditions:

(i) a,,; <(1-b,a, +c,

(i) Y020 b, = +00, b, < 1, lim,,_, , . (c,/b,) = 0.

Then, lim a, =0.

n—+o00"'n
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Lemma 12 (see [38]). Let A be any inverse-strongly monotone
mapping from C into H with the solution set S, := {x € C :
A(x) = 0}, and let C, be a closed convex subset of C such that

SaNCy#0. (36)
Then, the solution set of the following variational inequality
(A(7),x-7) =0,

is coincided with S , N C,,.

Vx € Cy, ¥ € Cy, (37)

From Lemma 9, we can consider the firmly nonexpansive
mapping T, defined by
To(x)={z€C:G(z,y)+{(z-x,y-2) 20, Vy € C},
Vx € H.
(38)

From Lemma 10, we know that T|, is nonexpansive. Conse-
quently, A, := I - T, is (1/2)-inverse-strongly monotone. Let

Sp:=1{x€C:Ay(x)=0}. (39)
Then, S, = EP(G) and problem (18) are equivalent to finding
u" €S,NS. (40)

Now, we construct a regularization solution y, for (40)
by solving the following variational inequality problem: find
¥, € Csuch that

N
<Z“ZiAi ()’n)+“n}’n>"—)’n> >0, Vve C,
i=0

(41)
Ho=0<py < - <py <l

where the positive regularization parameter o, — 0,asn —
+00.

Now we are in a position to introduce and prove the main
results.

Theorem 13. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let G be a bifunction from C x C to
(—00, +00) satisfying Assumption A and let {Ai}ﬁ1 be a finite
family of A;-inverse-strongly monotone mappings in H with
Cc ﬂf\:]l D(A;)and A; > 0,i=1,...,N, such that

EP(G)NS#0, (42)

where EP(G) denotes the set of solutions for (1) and

N
S=()S» Si={xeC:A,(x)=0}. (43)

i=1

Then, for each «,, > 0, problem (41) has a unique solution y,
such that

(i) lim, _, , ooy, =u", u* € EP(G) NS,
(i) lu* < Iyl. Yy € EP(G) NS,

(iii)
o,

_(xm| *
B (Ju" ]| +dn), (44)

n

"yn - ym” <

where d is some positive constant.

Proof. From Lemma 12, we know that S is the set of solutions
for the following variational inequality problem: find u* € C
such that

(Ag(u"),v=-u") >0, VveC. (45)
If we define the new bifunction G, (u, v) by

Gy (u,v) = (A, (u"),v—u"), (46)
then problem (41) is the same as (28) with a new G(u, v), and
the proof for the theorem is a complete repetition of the proof

for Theorem 2.1in [38].
Set

1
L=max{2,A—,i=1,...,N}. (47)

O

Theorem 14. Let C be a nonempty closed convex subset of a
real Hilbert space H. Let G be a bifunction from C x C to

(—00, +00) satisfying Assumption A and let {Ai}f\:]1 be a finite

family of A;-inverse-strongly monotone mappings in H with

CcY,D(A;)and A; > 0,i=1,...,N, such that
EP(G)NS+0, (48)

where EP(G) denotes the set of solutions for (1) and
S;={xeC:A,(x)=0}. (49)

Suppose that w,,, 3,, satisfy the following conditions:

&, B, > 0 (e, < 1), Jim o, =0,
|“n_an+1| —
-5 = 03 = 5>
e 2B, 7;)“"/3" * (50)

2

— LIN+1)+«

fim p, LV D)

n— 00 o

n

Then, the sequence {x,} defined by (32) converges strongly to
u* € EP(G) N S; that is,

lim x, = u* € EP(G)NS. (51)

Proof. Let y, be the solution of (41). Then,

N
yn=PC <yn_ﬁn [Z“ZiAi (yn)+anyn:|)' (52)
i=0



Set A, = |x, — y,ll. Obviously,

= Yl # 1Wer = 2l 53)

An+l = ||xn+1 - yn-f—l” < ||xn+1

From the nonexpansivity of PC, the monotone and Lipschitz
continuous properties of A;,i = >N, (41),(52),and y, =
Ty(x,), we have

”xn+1 - yn"

B [z (45 () - 4 ()

Ta, (xn_yn)]”>

N 2

Xn = Yn— ﬁn [Z“Zi (Ai ('xn) - Ai (yn)) +

i=0

Xn ('xn - yn)]

= "xn - ynllz
2

+ ﬂﬁ [i“ﬁi (A1 (xn) - Ai (yn)) + o, (xn - yn)]

- Zﬁn <Z(XZ" (Ai (xn) - Ai (yn))

+(xn(xn_yn)’xn_yn>

i=1 i

N 2
< "xn _yn"2 |:1 _zﬁn“n +/3i<2+ Zagi/\l +0‘n> :I :

(54)

Thus,

/
||xn+1 - yn“ < An(l - zﬁn“n + ﬁi(L (N + 1) + (Xn)z)l 2'

(55)
Therefore,
3 2 1/2
Aup < An(l - 2ﬁno‘n + ﬁn(L (N+1)+ an) )
lan B ‘xn+1| *
- dN
e (] an) (56)
<0, (1= )" B Sl gy sy,
“n
We note that, for € > 0,a > 0, b > 0, the inequality
b2
(a+b)23(1+£)<a2+—> (57)
€
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holds. Thus, applying inequality (57) for ¢ = «,f3,/2, we
obtain

0<A?

n+l

<2 (1-a,p,) (1+ ocnﬁn)

+ (‘xn ‘xn+1
&,

=% (1= 0B, - @B

)
+(“”“2ﬁ”“ (Ju U+dN) il (14 50,8, )

Set

b, = B, (5 + 505, )
(59)
C

_ (an %r1
n 2
B,

Then, it is not difficult to check that b, and ¢, satisfy
the conditions in Lemma 11 for sufficiently large n. Hence,

(] + dN)) 20,6, (1+ 3,8, ).

lim,, _, ;A% = 0. Since lim,, _, ., ¥, = u*, we have
nlLIréoxn =u €EP(G)NnS. (60)
This completes the proof. O

Remark 15. The sequences a, = (1 +n) 7,0 < p < 1/2, and

B = Voot with

1
0 - -
R (LN +1) +a,) (6D

satisfy all the necessary conditions in Theorem 14.
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