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The evolution of industrialization always accompanies the
innovation of new materials, along with the understanding
and utilization of them. Today, the advanced materials
are ubiquitous in our society, spreading over in aviation,
automobile, electronics, and healthcare. Advanced material
is a generic term of new emerging materials, and existing
materials with functional modification for specific applications, which includes but is not limited to ceramic materials, composites, metal alloys, and polymers. It is significantly necessary to comprehensively study each advanced
material before being accepted by industry, especially to
understand their mechanical properties that are of particular
importance to the engineering aspect. Of a wide variety
of testing means, nondestructive testing, such as radiation,
ultrasonic, and optical measurement methods, is demonstrated to be an attractive method. Following up with the
special issue “Mechanical Properties and Nondestructive
Testing of Advanced Materials” published in the year of
2013, this special issue continues to demonstrate the most
recent research progress in mechanical properties and the
nondestructive testing of advanced materials. This special
issue covers widespread topics, such as shape memory alloy
(SMA), composite fiber, magnetorheological fluid, and their
applications. New nondestructive testing methods are also
introduced to study these advanced materials.
In the paper “Surface Effect on Diffractions of Elastic
Waves and Stress Concentration near a Cluster of Cylindrical
Nanoholes Arranged as Quadrate Shape,” surface effect on
diffractions of plane elastic waves (P-wave and SV-wave)

by a cluster of cylindrical nanoholes arranged as quadrate
shape was investigated based on surface elasticity theory. Its
finding shows that surface effect weakens the phenomenon
of dynamic stress concentration which depends not only
on the surface effects, but also on the separation between
holes. In “Lamb Waves in a Functionally Graded Composite
Plate with Nonintegral Power Function Volume Fractions,”
an analytical model was established to determine the Lamb
wave’s propagation behavior in a thermal stress relaxation
type functionally graded material (FGM) plate. This work
suggests three potential methods that could be employed for
nondestructive evaluation based on Lamb waves. As a review
paper, “Nondestructive Detection of Valves Using Acoustic
Emission Technique” discussed the principle of acoustic
emission and the popular parameters analysis methods as a
nondestructive way for detecting the condition and especially
the defects of valves. Based on the Kirchhoff thin plate theory
and the two-dimensional viscoelastic differential constitutive
relation, the paper “Stability of Axially Moving Piezolaminated Viscoelastic Plate Subjected to Follower Force” presented the formulation and results for the stability of the moving viscoelastic plate with respect to the piezoelectric layer
subjected to uniformly distributed tangential follower force.
It mainly focused on the effects of nonconservative force,
dimensionless axially moving speed, and applied voltages,
which is quite useful for piezoelectric sensors and actuators.
The article “Development of Miniature Stewart Platform
Using TiNiCu Shape-Memory-Alloy Actuators” proposed a
Stewart platform applying shape-memory-alloy as actuators,
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which acts as a parallel manipulator robot to perform multiple degree of freedom actuations including three linear
movements (lateral, longitudinal, and vertical) and three
rotations (pitch, yaw, and roll). The operating principle was
analyzed in detail in the paper.
In the paper “Vibration and Damping Analysis of Composite Fiber Reinforced Wind Blade with Viscoelastic Damping Control,” the dynamic characteristics of fiber reinforced
composite wind turbine blade were investigated, with a focus
on viscoelastic damping treatment using layerwise theory
and finite element method. Also, the relationship of the
damping ratio of viscoelastic layer and determination of
magnitude of composite structures was discussed. In “Nondestructive Testing of Advanced Concrete Structure during
Lifetime,” combined experimental approaches were applied
to study hardening and drying process of concrete, and it
has presented a better understanding of the relations between
the lifetime cycle and the development of the mechanical
properties of concrete. Considering the importance of heater
power adjustment on the distribution of sheet temperature,
the paper “Optimal Heater Control with Technology of
Fault Tolerant for Compensating Thermoforming Preheating
System” found the steady state optimum distribution of heater
power by numerical optimization for obtaining the uniform
distribution of temperature, and the optimization strategy
with technology of fault tolerant was revealed. In the article
“Numerical Simulation Procedure for Modeling TGO Crack
Propagation and TGO Growth in Thermal Barrier Coatings
upon Thermal-Mechanical Cycling,” a thermal barrier coating material (TGO) crack propagation upon loading cycles
was studied, taking account of TGO growth based on a
series of finite element analyses. The analytical results show
good agreements with experimental ones. Adhesive joining
is pervasive while important for light-weight structures, so
the article “Numerical Studies on Mechanical Behavior of
Adhesive Joints” employed finite element models to accurately analyze the behavior of adhesive joints. Comparisons
were performed with different modeling approaches as well
as different types of element combinations, and their merits
were clearly demonstrated. The paper “Optimum Design for
Mechanical Structures and Material Properties of the DualElbow-Bar Mechanism” used ADAMS software to simulate
and analyze the kinematical form of optimized conjugate
cam-driven mechanism design for improving the overall
performance of the machining.
Due to the compressive strength of warm and ice-rich
frozen silt being sensitive to temperature, “Compressive
Mechanical Properties and Micromechanical Characteristics of Warm and Ice-Rich Frozen Silt” employed realtime computerized tomography to assess the inner structure
propagation of the warm and ice-rich frozen silt. The effect of
true stress and the density damage to load were discussed in
the paper. The paper “Analysis of Influence of Temperature on
Magnetorheological Fluid and Transmission Performance”
focused on the influence of different temperatures on the
viscosity of magnetorheological fluid and its transmission
characteristics. Some significant results are shown in the
paper which is helpful in practical applications of MR fluid.
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In summary, a broad range of topics relating to
the mechanical properties and nondestructive testing of
advanced materials have been collected and presented in
this special issue, including both theoretical models and
experimental testing methods. These works are expected to
be of great interest to scholars in this field.
Yan Yang
Xing Chen
Youngsoo Choi
Boseon Kang
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This paper describes some finite element models for analyzing the mechanical behavior of adhesive joints. In these models five
layers of solid elements were used across the adhesive layer in order to increase the accuracy of the results. The finite elements were
refined gradually in steps from adherends to adhesive layer. In these models, most of the adherends and adhesive were modeled
using solid brick elements but some solid triangular prism elements were used for a smooth transition. In some of the models, linear
interpolation elements of full or reduced integration and of hybrid formulation were used. In other models, quadratic interpolation
elements of full or reduced integration and of hybrid formulation were used. Comparisons are drawn between models with different
modeling approaches as well as different types of element combinations in order to find a suitable model to predict the behavior of
adhesive joints.

1. Introduction
Fastening techniques are used extensively in different industry fields for joining various materials in the assembly of
components and structures. Many efforts have been spent to
develop sheet material joining techniques for application into
light-weight structures [1–3].
Adhesive bonding has many characteristics comparable
with conventional mechanical fastening and welding methods used in structural engineering. It also has many exclusive
advantages such as low bonding temperature, light weight,
high stiffness, and good fatigue resistance. Consequently it is
becoming a widespread candidate technique for joining lightweight structural components. A considerable amount of
theoretical and experimental research has been carried out on
the static and dynamic behavior of adhesive joints (e.g., [4,
5]).
To design structural adhesive joints, it is necessary to be
able to analyse them. This means determining the stresses
and strains under a given loading and predicting the probable
points of failure. When different boundary conditions are
considered by a closed-form analysis, the limitation is how
tractable a realistic mathematical model is within an algebraic
solution. Usually it is necessary to simplify the models to
some extent to make analytical solutions feasible. Many studies have been published all with analytical or experimental

simplifications that restrict the usefulness of the results. With
finite element (FE) techniques, however, the limiting factor is
more likely to be computing power. The FE method now
commonly used is well suited to the estimation of stresses in
joints of almost any geometric shape [6–9].
During the last four decades, many of the existing adhesively bonding processes have been simulated by FE methods.
Woole and Carver’s paper [10] was concerned with the
stress analysis by FE method of a bonded single-lap adhesivebonded joint. A modified version of the well-known Wilson
stress analysis program was used in the case of plane stress.
The authors used 2 elements’ thickness to model the throughthe-thickness behavior of the adhesive layer. Stress concentrations as functions of dimensionless, geometric, and
material parameters were presented. However, because of the
sharp discontinuity between the mechanical properties of the
adherend and the adhesive, the use of 2 elements is not
sufficient. Smooth transitions between the adherends and the
adhesive are necessary in order to obtain accurate results. In
later work by Adams and Peppiatt [11], stresses in a standard
metal-to-metal adhesive-bonded lap joint were analyzed
using a two-dimensional FE method and comparisons were
made with previous analyses. In the paper, particular attention was paid to the stresses at the ends of the adhesive layer.
Unlike previous work, which assumes the adhesive to have a
square edge, the adhesive spew was treated as a triangular
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Figure 1: A single-lap adhesively bonded joint (dimensions in mm).

fillet. The results show that the highest stresses exist at the
adherend corner within the spew. This model is closer to
realistic adhesive joints. Carpenter and Barsoum [12] modeled the adherends as two-node beam elements and the
adhesive layer as a linear plane element with offset nodes. The
number of degrees of freedom is reduced appreciably by this
approach because the adherends and the adhesive use the
same node.
Anyfantis and Tsouvalis’s work [13] was focused on the
numerical simulation of single-lap bonded joints, based on
cohesive zone modelling techniques. The models were built in
a 3D FE space. The adherends were modelled with continuum
elements whereas the entire adhesive layer was modelled with
cohesive elements. A mixed-mode cohesive model was used
as the constitutive relationship between the cohesive elements. The traction increase part of the cohesive laws is given
by an exponential function, which describes the elastoplastic
adhesive response, and the traction decrease part is given by
a linear function, which describes the initiation and propagation of damage. By using this model, it was possible to calculate the developed peel and in-plane and out-of-plane shear
stresses over the adhesive area. Hybrid-adhesive joints are an
alternative technique for stress reduction in adhesive joints.
The joints have two types of adhesives in the overlap region.
The stiff adhesive should be located in the middle and the
flexible adhesive at the ends. The effect of the hybrid-adhesive
bond line on the shear and peeling stresses of a double lap
joint was investigated by Özer and Öz [14]. A 3D FE model
of the double lap joint has been created based on solid and
contact elements. The contact problem was considered by
modelling the interface as two surfaces belonging to
adherend and adhesive. The results show that the stress components can be optimized using appropriate bond-length
ratios.
In the case of analysis of adhesive joints, the thickness
of adhesive is much smaller than that of the adherends. FE
meshes must accommodate both the small dimension of the
adhesive thickness and the larger dimension of the remainder
of the whole model. Moreover, the failures of adhesive joints
usually occur inside the adhesive layer. In other words, the
strength of adhesives is usually lower than that of adherends.
It is thus essential to model the adhesive layer by a FE mesh
which is smaller than the adhesive thickness. The result is that
the FE mesh must be several orders of magnitude more
refined in a very small region than is needed in the rest of the

joint. It is also important that a smooth transition between the
adherends and the adhesive be provided. To determine the
physical nature of adhesive joints, many researchers have
limited their investigations to single-lap joints because they
involve relatively simple and convenient test geometries.
However, most other joints may be obtained through some
combination or repetition of this basic type.
This paper describes some FE models for analyzing
the behavior of single-lap adhesive joints. To overcome the
limitations described above, five layers of solid elements
were used across the 0.05 mm thick adhesive layer. The main
objective of this treatment was to increase the accuracy of the
results. The FE models were refined gradually in steps from
adherends to adhesive layer. Most of the adherends and the
adhesive were modeled using solid brick elements but some
solid triangular prism elements were used for a smooth transition. Comparisons are drawn between models with different
modeling approaches as well as different types of element
combinations in order to find a suitable model to predict the
behavior of adhesive-bonded single-lap joints.

2. Configurations and Material Properties
The single-lap adhesive joint studied in the present paper
includes the lower adherend, adhesive layer, and upper
adherend, as shown in Figure 1. The two adherends used were
2024-T3 aluminium alloy plates of dimensions 200 mm long ×
25 mm wide × 4 mm thickness. The elastic material constants
of the adherends were as follows: Poisson’s ratio ] = 0.33 and
Young’s modulus 𝐸 = 70 GPa. The elastic material constants
of the adhesive investigated were Poisson’s ratio (]ad ) = 0.30
and Young’s modulus (𝐸ad ) = 2 GPa.

3. FE Models
3.1. Model 1 (Coarse Transition Mesh Design). The FE mesh in
model 1 was created using the PATRAN menu-driven FE preand postprocessing program operating in an X-window environment. Input into the program was the description of 14920
linear brick and triangular prism elements by indicating the
material properties for the elements. The locating of nodal
points was accomplished by dividing the configuration into
81 solid models. The original FE mesh of model 1 is shown in
Figure 2.
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Figure 2: Original FE mesh of model 1.
Figure 3: Original FE mesh of model 2.

Most of the geometry of the adherends and the adhesive
was modeled using the 8-node solid elements. But at the transition zones from the adherends to the adhesive, where the
mesh density is very high, some 6-node transition elements
were used. Furthermore, the adhesive layer was divided into
40 equal parts along its length (𝑥 direction) and 20 equal parts
along its width (𝑦 direction) in order to obtain an accurate
indication of the variation of stresses in the lengthwise (𝑥)
and breadthwise (𝑦) directions. Nodal points were located
automatically by the PATRAN software as a function of the
length and width of the adhesive layer, that is, in accordance
with the geometric parameters of the model. Also the material
parameters of the adhesive and adherends were input via the
PATRAN software.
It can be seen from model 1 that the ratio of the thickness
of the adherend elements to the thickness of the adhesive
elements is 12.5. This is an abrupt transition in thickness. Also,
the ratio of the lengths of the adhesive elements in the 𝑥 and 𝑦
directions to their thickness is 62.5 and 125, respectively. The
adhesive elements are therefore very long and thin. This mesh
is therefore regarded as a coarse mesh.
3.2. Model 2 (Smooth Transition Mesh Design). The FE mesh
in model 2 was created using the ABAQUS FE analysis preprocessing program operating in an X-window environment.
It was necessary to define the coordinates of the key nodes
and the node number of the key elements in this case. Input
into the program was the description of 2700 elements by
indicating the material properties for the elements. The
original FE mesh of model 2 is shown in Figure 3.
The geometry of the adherends and adhesive was modeled mainly using the 20-node solid elements. At the transition zones from the adherends to the adhesive, some 15-node
transition elements were used. These transition elements were
used only in the sections of the adherends which were outside
the lap jointed section. The adhesive layer was divided into 10
equal parts along its length (𝑥 direction) and 10 equal parts

Figure 4: Original FE mesh of model 3.

along its width (𝑦 direction). Nodal points were located by
the ABAQUS input file as a function of the length and width
of the adhesive layer. The location of these points was in
accordance with the geometric parameters of the model. Also
the material parameters of the adhesive and adherends were
input via the ABAQUS input file.
3.3. Model 3 (Smoother Transition Mesh Design). The FE
mesh in model 3 was created also using the ABAQUS FE
analysis preprocessing program operating in an X-window
environment. Input into the program was the description
of 16160 elements by indicating the material properties for
the elements. The original FE mesh of model 3 is shown in
Figure 4.

4
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1000 N

Figure 6: Boundary condition of a single-lap adhesively bonded
joint.

Figure 5: Original FE mesh of model 4.

Most of the adherends and adhesive were also modeled
using the 20-node solid elements. But at the transition zones
from the adherends to the adhesive, some 15-node transition
elements were used. In this case, the transition elements were
used in both the lap jointed section of the adherends and the
section of the adherends which were outside the lap jointed
section. The adhesive layer was divided into 64 equal parts
along its length (𝑥 direction) and 20 equal parts along its
width (𝑦 direction) in order to obtain an accurate indication
of the variation of stresses in the lengthwise and breadthwise
directions. The nodal points were located by the ABAQUS
input file as a function of the length and width of the adhesive
layer, that is, in accordance with the geometric parameters of
the model.
3.4. Model 4 (Smoothest Transition Mesh Design). The FE
mesh in model 4 was created using the ABAQUS FE
analysis preprocessing program operating in an X-window
environment. Input into the program was the description
of 57440 elements by indicating the material properties for
the elements. The original FE mesh of model 4 is shown in
Figure 5.
Again, the adherends and adhesive were mostly modeled
using the 20-node solid elements. However, at the transition
zones from the adherends to the adhesive, some 15-node transition elements were used. The adhesive layer was divided into
256 equal parts along its length (𝑥 direction) and 20 equal
parts along its width (𝑦 direction) in order to obtain an
accurate indication of the variation of stresses in the direction
normal to the bond line. As in the previous cases, the nodal
points and the material parameters of the adhesive and
adherends were input via the ABAQUS input file.
3.5. Comparison of FE Models. In order to illustrate the
influence of the choice of FE model on the prediction of
the mechanical behavior of adhesive joints, comparisons

were performed between models with different modeling
approaches. Since the failures of adhesive joints usually occur
inside the adhesive layer, then only the lap jointed section is
of interest.
It is easy to create a FE mesh using the PATRAN software
as the nodal points are located automatically. The number of
nodal points was reduced by this approach because part of
the surface of the adherends and the surface of the adhesive
uses the same node. In model 1, for example, input into the
program was the location of 26922 nodal points but output
of the analysis result was only 16968 nodal points. As a result,
unfortunately, the number of nodal points was arranged discontinuously by the program. This makes postprocessing of
the FE analysis results difficult. In fact it was found that it is
better to use the ABAQUS FE preprocessing program to
create the FE mesh of the single-lap adhesive joint.
Unlike model 1, model 2 was created using the ABAQUS
FE analysis preprocessing program. This model has a limited
number of elements and nodes. In the lap joint section,
smooth transitions between the adherends and the adhesive
in the 𝑧 direction were provided. Obviously the adhesive layer
needs to be divided into more equal parts in order to obtain
an accurate indication of the variation of stresses in the 𝑥 and
𝑦 directions.
It can be seen from Figure 5 that, in model 4, the FE model
was refined gradually in steps from the adherends to the
adhesive layer. That means smooth transitions were provided
between the adherends and the adhesive in both the 𝑥 and
𝑧 directions. In the 𝑦 direction, the model was divided into
more equal parts than in model 2. Therefore, model 4 was
expected to provide more accurate analysis results. However,
the disadvantage is that model 4 needs more computing time
as it has a larger number of elements and nodes.
In the case of model 3, smooth transitions between the
adherends and the adhesive were also provided in both 𝑥 and
𝑧 directions. In addition, model 3 has a moderate number of
elements and nodes. Thus, model 3 was expected to be the
most cost-effective of the 4 models studied.
In order to confirm this point, the stress distributions of
the 4 models under tension were investigated. A distributed
load of 1000 N was applied at the right end face of the upper
adherend in the 𝑥 direction. This distributed load does not
refer to any load condition in particular and is used simply
as an example for comparisons between different modeling
approaches and different combinations of elements. The
boundary conditions of the joint are shown in Figure 6.
Because five layers of solid elements were used across the
adhesive thickness, a total of six interfaces were obtained. The
lower interface, which is between the lower adherend and the
adhesive, is denoted by interface 1. Similarly, the upper
interface, which is between the adhesive and upper adherend,
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Figure 7: Distributions of S11 at the front edge of interface 1 in different models.

is denoted by interface 6. The intermediate interfaces are
denoted by interfaces 2 to 5.
Figures 7 and 8 show the distributions of normal stress S11
predicted by the 4 models at interface 1 of the adhesive layer.
The dimensions in the 𝑥 and 𝑦 directions are displayed in
nondimensional form as 𝑥/𝑐 and 𝑦/𝑏 where 𝑏 is the width of
joint and c is the length of the bonded section. Figure 7 shows
the stress distributions at the front edge (𝑦/𝑏 = 0) of interface
1. From the symmetry of the 𝑦 direction, it is clear that the
stress distributions at the rear edge (𝑦/𝑏 = 1) of interface 1
are the same as that at the front edge. Figure 8 shows the stress
distributions at the centre line (𝑦/𝑏 = 0.5) of interface 1.
From Figures 7 and 8, it can be seen that in the 𝑥 direction
the left hand region is subjected to much higher stresses than
the right hand region. In the case of model 1, the stress distribution curve does not extend as expected, possibly because
the transition mesh is coarse. In the case of model 2, there
is a severe oscillation in the stress distribution curves. The
stress distribution curves of models 3 and 4, however, extend
smoothly. Comparing the predicted direct stress for these
models, it can be seen that the stress distributions of models 3
and 4 are similar. Therefore it can be inferred that the adhesive
joint is better represented by models 3 and 4. The anomalies
observed in stress distributions obtained using models 1 and
2 show that these two models are not adequate for modeling
the adhesive joint. The figures show that the predicted results

improve in accuracy as the model size increases. The worst
result is obtained using model 1 which has a coarse FE mesh,
whereas the best result is obtained using model 4 which
has the finest FE mesh. Of course model 4 is more accurate
in predicting the results than model 3, but it needs much
longer CPU time. We conclude, therefore, that model 3 is the
most cost-effective choice. Moreover, the results support a
preference for choosing finer elements, for example, 20-node
elements, to improve the accuracy of prediction rather than
choosing more complex models which need much longer
CPU time.

4. Element Types and Topology
Stress/displacement elements were chosen for this study
because they are suitable for modeling linear or complex
nonlinear mechanical analyses that may involve contact,
plasticity, and large deformations [15]. There are different
types of stress/displacement elements, which are appropriate
for different types of analysis. In the case of analysis of adhesive joints, the elements must accommodate the material
properties and joint dimensions of both the adherend and the
adhesive. The element combinations are defined in pairs to
denote the element types used to model the adherend and
adhesive, respectively. The first-order element combinations
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Figure 8: Distributions of S11 at the centre line of interface 1 in different models.

investigated in the present study include C3D8-C3D8, C3D8C3D8H, C3D8R-C3D8H, C3D8R-C3D8R, and C3D8RC3D8RH element combinations. The second-order element
combinations investigated in the present study include C3D20C3D20, C3D20-C3D20H, C3D20R-C3D20H, C3D20RC3D20R, and C3D20R-C3D20RH element combinations.

5. Discussion of Results
A recent study by the present author [16] showed that the
spatial distributions of all the 6 components of stress are
similar for different interfaces even though the stress values
are slightly different. Since the failure of single-lap bonded
joints initiates where high stresses occur, we are only interested in the maximum stresses. The overwhelming majority
of maximum stresses occur at interface 1 though a few occur
between interfaces 1 and 2 and at interface 6. Furthermore, the
maximum stresses at interface 1 are much bigger. This section
describes the predicted stress distributions obtained using
some 3D stress/displacement element combinations to model
a single-lap adhesive joint under tension.
5.1. Stress Distributions Using First-Order Element Combinations. As stated previously, the first-order element combinations investigated in the present study include C3D8-

C3D8, C3D8-C3D8H, C3D8R-C3D8H, C3D8R-C3D8R, and
C3D8R-C3D8RH element combinations. The stress distributions corresponding to different element combinations were
obtained. However, only a few typical distributions will be
discussed here. Figure 9 shows the distributions of the 6
components of stress for the C3D8R-C3D8R element combinations at interface 1 as an illustration of the typical 3D stress
distribution in the adhesive layer of the first-order element
combinations. To enable easy comparison of these stress distributions, all the 6 components of stress are drawn using the
same coordinate scales.
The figure shows that the highest stresses are concentrated
near the left edge (𝑥/𝑐 = 0) of the adhesive layer. The S33 has
the highest magnitude of stress while the S12 has the least
magnitude. The stress distributions of other first-order element combinations were omitted because they look similar to
Figure 9, though there are some distinctions between them.
These distinctions are discussed by using two-dimensional
plots.
Figures 10 and 11 show two-dimensional plots of the
maximum values for the 6 stress components of C3D8-C3D8,
C3D8R-C3D8H, and C3D8R-C3D8R element combinations
against the nondimensional distances 𝑥/𝑐 and 𝑦/𝑏, respectively. In order to make the figures clear, the following codes
are used to denote the element combinations and interfaces
in Figures 10 and 11:
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Figure 9: Distributions of the 6 components of stress in C3D8R-C3D8R element combinations.

8-8: C3D8-C3D8 element combinations,
8R-8H: C3D8R-C3D8H element combinations,
8R-8R: C3D8R-C3D8R element combinations,
Int1: interface 1,
Int5: interface 5,
Int6: interface 6.
The C3D8 element is an 8-node linear brick element. In
the case of the C3D8-C3D8 element combinations, most of
the maximum stresses (S11 , S33 , S12 , and S13 ) occur at interface
1. The maximum stresses of S22 and S23 , however, occur at
interface 6. In addition, all 6 maximum stresses occur at the
left end of the adhesive layer which is closer to the clamped
end.
Similarly, the C3D8R element is an 8-node linear brick,
reduced integration with an hourglass control element, while
the C3D8H element is an 8-node linear brick, hybrid with a
constant pressure element. In the case of the C3D8R-C3D8H
element combinations, S11 max , S22 max , S33 max , S12 max , and
S13 max occur near the center of the left edge of interface 1,
while S23 max occurs at interface 5.
In the case of the C3D8R-C3D8R element combinations,
most of the maximum values of the 6 components of stress
occur at the center of the left end of interface 1 except S12 max
which occurs near the left-rear corner of the interface 1 and
S23 max which occurs at the left-rear corner of the interface 6.

From Figure 10, it is obvious that the distributions of
the direct or normal stresses S11 , S22 , and S33 are similar.
The magnitudes of S11 and S22 are almost identical but the
magnitude of S33 is more than double the magnitudes of S11
and S22 . While the distributions of the shear stresses S12 , S13 ,
and S23 are fairly similar, their magnitudes are widely different.
Furthermore, the figures show that the stress distributions
predicted by the 8R-8H and the 8R-8R element combinations
are very closely correlated. But the stress distribution predicted by the 8-8 element combinations deviates significantly
from predictions for the other element combinations. Similarly, it can be seen from Figure 11 that the stress distributions
predicted by the 8-8 element combinations are quite different
from those predicted by the 8R-8H and the 8R-8R element
combinations, the predictions for which are fairly similar. We
conclude, therefore, that the 8-8 element combination is not
suitable for the analysis of single-lap adhesive joints.
5.2. Stress Distributions Using Second-Order Element
Combinations. The second-order element combinations
investigated in the present study include C3D20-C3D20,
C3D20-C3D20H, C3D20R-C3D20H, C3D20R-C3D20R, and
C3D20R-C3D20RH element combinations. Figure 12 shows
the distributions of the 6 components of stress for the
C3D20R-C3D20R element combinations at interface 1 as an
illustration of the typical 3D stress distribution in the adhesive layer of the second-order element combinations. It can
be seen that the highest stresses are concentrated near the
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Figure 10: Maximum stresses of the first-order element combinations versus 𝑥/𝑐.

left edge (𝑥/𝑐 = 0) of the adhesive layer. Also, S33 has the
highest magnitude of stress whereas S12 has the least. These
observations are identical with those made previously from
Figure 9.
Figures 13 and 14 show two-dimensional plots of the
maximum values of the 6 stresses components of the C3D20C3D20, C3D20R-C3D20H, and C3D20R-C3D20R element
combinations against the nondimensional distances 𝑥/𝑐 and
𝑦/𝑏, respectively. The stress distributions for the C3D20C3D20H and C3D20R-C3D20HR element combinations are
not included in these figures because they are very close to
those of the C3D20-C3D20 and C3D20R-C3D20H element
combinations, respectively. The following codes are used to
denote the element combinations and interfaces in Figures 13
and 14:
20-20: C3D20-C3D20 element combinations,
20R-20H: C3D20R-C3D20H element combinations,
20R-20R: C3D20R-C3D20R element combinations,

Int1: interface 1,
Int6: interface 6.
The C3D20 element is a 20-node linear brick element. In
the case of the C3D20-C3D20 element combinations, it can
be seen that most maximum stresses occur at the interface 1
except the S23 max which occurs at the interface 6.
The C3D20R element is a 20-node quadratic brick,
reduced integration element, while the C3D20H element is a
20-node quadratic brick hybrid with a linear pressure element. In the case of the C3D20R-C3D20H element combinations, the S11 max occurs near the center of the left region. The
S22 max does not occur at an interface but between interfaces
1 and 2. In addition, there is a severe oscillation in the S13
curve.
In the case of the C3D20R-C3D20R element combinations, most of the maximum values of the 6 components of
stresses occur in the center of the left end of interface 1. The
shear stress S12 max (𝑥/𝑐 = 0, 𝑦/𝑏 = 0.95) occurs at the leftrear corner of interface 1 while S23 max (𝑥/𝑐 = 0, 𝑦/𝑏 = 1)
occurs at the left-rear corner of interface 6. It is also clear from
figures that the stress distribution curves extend smoothly.
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Figure 11: Maximum stresses of the first-order element combinations versus 𝑦/𝑏.
Table 1: Maximum values of stress of 8-node elements combinations.
Element combinations
C3D8-C3D8
C3D8-C3D8H
C3D8R-C3D8H
C3D8R-C3D8R
C3D8R-C3D8RH

S11
9.53
9.53
11.68
11.69
11.69

S22
8.82
8.82
10.75
11.39
11.39

5.3. Comparison of Maximum Stresses Predicated by Linear
and Quadratic Elements. In this section, comparisons are performed between the 8-node element groups and the 20-node
element groups. Table 1 shows the maximum values of the 6
components of stress in the 8-node element combinations. It
is clear that the stress state in this case is mainly dominated
by the normal stress component S33 and then the shear stress
component S13 . Surprisingly, the maximum values of the
stress components S13 and S33 are higher than the maximum
value of the stress component S11 . The latter would have been

Maximum values of stress (MPa)
S33
S12
25.90
0.12
25.90
0.12
29.69
0.22
26.72
0.18
26.72
0.18

S13
19.07
19.07
23.60
20.26
20.26

S23
6.10
6.10
6.63
6.28
6.28

expected to be the most dominant since the joint is subjected
to tensile loading. The departure from expected behavior
is due to the effect of bending at the bonded section of
the lap joint. In the 8-node element groups, not only the
C3D8-C3D8 and C3D8-C3D8H element combinations, but
also the C3D8R-C3D8R and C3D8R-C3D8RH element combinations have exactly the same stress distribution. This
observation seems to suggest that the 8-node hybrid elements
do not work in the analysis of the single-lap adhesive joints.
In addition, the magnitudes of stresses of the 8-node element
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Figure 12: Distributions of the 6 components of stress in C3D20R-C3D20R element combinations.
Table 2: Maximum values of stress of 20-node elements combinations.
Element combinations
C3D20-C3D20
C3D20-C3D20H
C3D20R-C3D20H
C3D20R-C3D20R
C3D20R-C3D20RH

S11
25.43
20.19
23.03
28.19
25.06

S22
23.49
18.41
21.15
25.95
23.81

combinations oscillate in values along the lengthwise direction.
Table 2 shows the maximum values of the 6 components
of stress of the 20-node element combinations. The stress
components S13 and S33 mainly dominate the stress state as
for the 8-node element groups, but the stress values are larger
than those of the 8-node element groups. Unlike the 8-node
element groups, however, every combination has a different
stress distribution. For example, Table 1 shows that the maximum values of the 6 stress components predicated by the
C3D8-C3D8 and C3D8R-C3D8R element combinations are
identical to those predicated by the C3D8-C3D8H and
C3D8R-C3D8RH element combinations, respectively. However, Table 2 shows that the maximum values of the 6
stress components predicated by the second-order element
combinations are all different. Also, for the C3D20-C3D20H,
C3D20R-C3D20H, and C3D20R-C3D20RH element combinations, the maximum values of normal stress component S22

Maximum values of stress (MPa)
S33
S12
53.38
0.38
51.85
0.38
63.51
0.44
58.82
0.41
57.44
0.41

S13
30.85
30.72
30.58
24.46
24.45

S23
10.16
10.20
9.99
9.43
9.42

do not occur at an interface but between interfaces 1 and 2.
This observation seems to suggest that the 20-node hybrid
elements do not work well in this study. This is not very surprising because the adhesive used is very stiff and therefore
has a Poisson ratio less than 0.5. Thus the adhesive is not
incompressible and the hybrid elements formulated for
incompressible or nearly incompressible materials will not
work well.
Also, it was shown previously that the C3D8-C3D8 element combination is not suitable. Thus, the reasonable choice
should be between the following three types of element combinations: C3D8R-C3D8R, C3D20-C3D20, and C3D20RC3D20R.
As mentioned before, second-order elements provide
higher accuracy than first-order elements. They capture stress
concentrations more effectively and are better for modeling
geometric features. In addition, second-order elements are
very effective in bending-dominated problems.
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Figure 13: Maximum stresses of the second-order element combinations versus 𝑥/𝑐.

Reduced integration uses a lower order integration to
form the element stiffness and so reduces the run time,
especially in three dimensions. For example, element type
C3D20R has 8 integration points while C3D20 has 27. Therefore, element assembly is roughly 3.5 times less costly for
C3D20R than for C3D20. In addition, second-order reduced
integration elements generally yield more accurate results
than the corresponding fully integrated elements.
Finally, C3D20R-C3D20R element combinations would
be the best element combinations for the analysis of singlelap adhesive joints.

6. Conclusions
Some FE models for analyzing the behavior of adhesive joints
were described in this paper. In these models five layers of
solid elements were used across the adhesive layer which
was only 0.05 mm thick, in order to obtain accurate results.
The FE models were refined gradually in steps from adherends to adhesive layer. Most of the adherends and the

adhesive were modeled using quadratic solid elements but
some triangular solid elements were used to give a smooth
transition. Comparisons were performed between models
with different modeling approaches as well as different types
of element combinations.
From the comparisons between the FE models, it is clear
that of the 4 models presented in this study model 3 is the
most cost-effective. This is because it has a moderate number
of elements and nodes and a smooth transition between the
adherends and the adhesive in both 𝑥 and 𝑧 directions.
The results of the analysis also show that the linear,
fully integrated, and hybrid elements are not suitable for the
analysis of single-lap adhesive joints. In addition, secondorder reduced integration elements provide higher efficiency
and accuracy than the corresponding first-order elements.
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Figure 14: Maximum stresses of the second-order element combinations versus 𝑦/𝑏.
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Composite materials are increasingly used in wind blade because of their superior mechanical properties such as high strength-toweight and stiffness-to-weight ratio. This paper presents vibration and damping analysis of fiberreinforced composite wind turbine
blade with viscoelastic damping treatment. The finite element method based on full layerwise displacement theory was employed
to analyze the damping, natural frequency, and modal loss factor of composite shell structure. The lamination angle was considered
in mathematical modeling. The curved geometry, transverse shear, and normal strains were exactly considered in present layerwise
shell model, which can depict the zig-zag in-plane and out-of-plane displacements. The frequency response functions of curved
composite shell structure and wind blade were calculated. The results show that the damping ratio of viscoelastic layer is found to be
very sensitive to determination of magnitude of composite structures. The frequency response functions with variety of thickness of
damping layer were investigated. Moreover, the natural frequency, modal loss factor, and mode shapes of composite fiber reinforced
wind blade with viscoelastic damping control were calculated.

1. Introduction
Fiber reinforced composites are widely used in advanced
structural applications such as aerospace and wind blade
because of high strength-to-weight and stiffness-to-weight
ratio. However, the fiber reinforced composites structures are
usually subject to dynamic external loads during their operational life. Damping treated viscoelastic materials may serve
as excellent vibration dampers to suppress the undesirable
vibration and noise.
Numerical analysis of sandwiched shell structures has
been studied by many researchers with different theories and
methods [1–5]. Abarcar and Cunniff [6] investigated the free
vibration response of laminated cantilever beams. Hodges
et al. [7] studied the free vibration response for a general
laminated beam by considering different boundary conditions. Khdeir and Reddy [8] and Abramovich [9] investigated
the effects of rotary inertia and shear deformation of sandwich laminated shell structure. Love [10] developed a twodimensional mathematical model that is used to determine
the stresses and deformations in thin plates subjected to

forces and moments. The natural frequencies corresponding
to the forward and backward modes of thin rotating laminated cylindrical shells by using four common thin shell
theories were determined by Lam and Loy [11].
Damping is an important factor for the dynamic design
as it influences the vibration and noise levels significantly.
Chandra et al. reviewed initial investigations on the damping
analysis of fiber reinforced composite materials [12]. Typically, a viscoelastic or other damping material is sandwiched
between two sheets of stiff materials that lack sufficient damping by themselves. Namely, viscoelastic sandwich structures
consist of a soft viscoelastic layer that is confined between
two identical elastic and stiff layers. Due to its high level of
energy dissipation, the viscoelastic layer is provided to play
a damping role and improves the dynamic response of the
structure [13]. Yu and Huang [14] derived equations of motion
of a three-layered circular plate with a thin viscoelastic layer
based on the classical thin shell theory. Natural frequencies
and modal loss factors of a three-layered annular plate with a
viscoelastic core were studied by Wang and Chen [15], using
the complex modulus concept.
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Figure 1: Geometry structure of fiber reinforced cylindrical composite shell with viscoelastic damping layer by considering the lamination
angle.

The wind turbine as a most important part of wind
power generation system accounts for more than 23% of total
design coast. The geometry large deflection has influence
on the vibration characteristics and stability of aeroelasticity
of composite wind turbine. Therefore, investigation of the
vibration and damping characteristics of composite wind
blade is very important. In this study, the vibration and
damping characteristics of composite fiber reinforced wind
blade with viscoelastic damping control were studied using
finite element method. The frequency response functions
of curved composite shell structure and wind blade were
calculated for investigation of damping and modal properties
of structures.

2. Finite Element Modeling

The linear constitutive equations between stresses and
strains of viscoelastic orthotropic materials can be written
with respect to material coordinates (1, 2, 3) as shown as
follows:
_

_

_

𝑄11 𝑄12 𝑄13

0

0

_

𝑄16

_
_ ]
_
_
𝜎𝑥𝑥 } [
{𝜀𝑥𝑥 }
[𝑄
{
}
{
0 𝑄26 ]
}
{𝜀𝜙𝜙 }
}
] {
[ 12 𝑄22 𝑄23 0
{
𝜎
}
}
{
𝜙𝜙
_ ] {
{
[_ _ _
{
}
{𝜀 }
}
{𝜎 }
}
{
}
]
[
{
𝑄
𝑄
𝑄
𝑄
0
0
𝑧𝑧
𝑧𝑧
13
23
33
36
]
=[
, (2)
_
_
}
{
]
[
{
𝜎𝜙𝑧 }
𝜀𝜙𝑧 }
}
{
}
{
}
[ 0
{
0
0 𝑄44 𝑄45 0 ] {
}
{
}
{
} [
}
] {
{
_
_
{
{
} [ 0
{𝜀𝑥𝑧 }
}
{𝜎𝑥𝑧 }
0
0 𝑄45 𝑄55 0 ]
]
[
𝜎
𝜀
{ 𝑥𝜙 }𝑘
{ 𝑥𝜙 }𝑘
_
_
_
_
0 𝑄66 ]𝑘
[𝑄16 𝑄26 𝑄36 0

where

Figure 1 shows a geometry structure of fiber reinforced
cylindrical composite shell with viscoelastic damping layer,
where 𝐿900 and 𝐷𝐵𝐿850 are glass fiber layer and 𝑉𝐿 is
viscoelastic damping layer where 𝐷 is the −45-degree aligned
continuous fibers, 𝐵 the 45-degree aligned continuous fibers,
and 𝐿 the 0-degree aligned continuous fibers. Based on the
full layerwise shell theory, the displacement fields (𝑢, V, and
𝑤) on the cylindrical coordinate system can be expressed
by containing the piecewise interpolation function along
thickness 𝑧-direction and finite element shape functions as
below [16, 17]:

_

𝑄11 = 𝑄11 𝑚4 + 2𝑚2 𝑛2 (𝑄12 + 2𝑄66 ) + 𝐶22 𝑛4 ,
_

𝑄12 = 𝑚2 𝑛2 (𝑄11 + 𝑄22 − 4𝑄66 ) + 𝐶12 (𝑚4 + 𝑛4 ) ,
_

𝑄13 = 𝑄13 𝑚2 + 𝑄23 𝑛2 ,

(3a)
(3b)
(3c)

_

𝑄16 = −2𝑄66 𝑚𝑛 (𝑚2 − 𝑛2 ) + 𝑚𝑛 (𝑄11 𝑚2 + 𝑄12 𝑛2 )
− 𝑚𝑛 (𝑄12 𝑚2 + 𝑄22 𝑛2 ) ,

𝑁𝑖

(3d)

𝑢 (𝑥, 𝜙, 𝑧, 𝑡) = ∑ 𝑈𝐽 (𝑥, 𝜙, 𝑡) Φ𝐽 (𝑧) ,
𝐽=1
𝑁𝑖

_

𝐽

𝐽

V (𝑥, 𝜙, 𝑧, 𝑡) = ∑ 𝑉 (𝑥, 𝜙, 𝑡) Φ (𝑧) ,
𝐽=1
𝑁𝑖

𝑤 (𝑥, 𝜙, 𝑧, 𝑡) = ∑ 𝑊𝐽 (𝑥, 𝜙, 𝑡) Φ𝐽 (𝑧) ,
𝐽=1
𝐽

where the Φ (𝑧) is linear interpolation function.

(1)

𝑄22 = 𝑄11 𝑛4 + 2𝑚2 𝑛2 (𝑄12 + 2𝑄66 ) + 𝐶22 𝑚4 ,
_

𝑄23 = 𝑄13 𝑛2 + 𝑄23 𝑚2 ,

(3e)
(3f)

_

𝑄26 = 2𝑄66 𝑚𝑛 (𝑚2 − 𝑛2 ) + 𝑚𝑛 (𝑄12 𝑚2 + 𝑄11 𝑛2 )
2

2

− 𝑚𝑛 (𝑄22 𝑚 + 𝑄12 𝑛 ) ,

(3g)
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Table 1: Material properties.
𝐸1
(Gpa)

𝐸2
(Gpa)

𝐺12
(Gpa)

𝐺23
(Gpa)

V

Density
(kg/m3 )

𝐷𝐵𝐿800
20.3
9.9
7.3
3.8
0.3
𝐿900
27.9
8.5
4.05
3.26
0.3
Viscoelastic
0.0021 0.0021 0.0007 0.0007 0.49
material

1633.32
1638.6
972

20
Magnitude (dB)

Materials

0

−20

Table 2: Lamination type of clamped free shell structure and blade.
Layer Lamination angle
Thickness
1
0
0.45 mm
𝐷𝐵𝐿850
2
0
0.45 mm
3
0
0.9 mm
4
0
0.9 mm
𝐿900
5
0
0.9 mm
6
0
0.9 mm
Viscoelastic material 7
0
𝑇V = 0.5, 1, 1.5 (mm)
8
0
0.9 mm
9
0
0.9 mm
𝐿900
10
0
0.9 mm
11
0
0.9 mm

−40

Materials

0

100

200
300
Frequency (Hz)

𝜂 = 0.1
𝜂 = 0.2

400

𝜂 = 0.4
𝜂 = 0.8

Figure 2: Frequency response functions of fiber reinforced cylindrical composite panel with variation of damping ratio 𝜂 of viscoelastic
layer.

20

_

𝑄33 = 𝑄33 ,

(3h)

_

𝑄36 = (𝑄13 − 𝑄23 ) 𝑚𝑛,

(3i)

_

𝑄44 = 𝑄44 𝑚2 + 𝑄55 𝑛2 ,

(3j)

_

𝑄45 = (𝑄55 − 𝑄44 ) 𝑚𝑛,
_

𝑄55 = 𝑄55 𝑚2 + 𝑄44 𝑛2 ,

2

2 2

−40

(3m)

(4)

= ∫ 𝑓𝑖 𝛿𝑢𝑖 𝑑𝑉 + ∫ 𝜏𝑖 𝛿𝑢𝑖 𝑑𝑆.
𝑆

Finally, the frequency response function can be expressed as
the following form:
𝐻=

𝑈
,
𝐹0

0

100

200
300
Frequency (Hz)

400

Damping layer thickness = 0.5 mm
Damping layer thickness = 1.0 mm
Damping layer thickness = 1.5 mm

Figure 3: Frequency response functions of fiber reinforced cylindrical composite panel with variation of thickness of damping layer.

where 𝑈 is the modal displacement and 𝐹0 is the magnitude
of external harmonic excitation force.

∫ 𝜌𝑢̈
𝑖 𝛿𝑢𝑖 𝑑𝑉 + ∫ 𝜎𝑖𝑗 𝛿𝜀𝑖𝑗 𝑑𝑉

𝑉

−20

(3l)

where 𝑚 = cos 𝜃 and 𝑚 = cos 𝜃.
To derive the governing equation of motion for the
composite cylindrical shell with viscoelastic damping layers
can be obtained as the following equation [17]:

𝑉

−10

−30

− 𝑚𝑛 (𝑄12 𝑚𝑛 − 𝑄22 𝑚𝑛) + 𝑄66 (𝑚 − 𝑛 ) ,

𝑉

0

(3k)

_

𝑄66 = 𝑚𝑛 (𝑄11 𝑚𝑛 − 𝑄12 𝑚𝑛)

Magnitude (dB)

10

(5)

3. Results and Discussions
To carry out a finite element analysis of cylindrical composite
shell, the nine-node 9 × 9 meshes were used for the composite
cylindrical shell structure. Table 1 shows the material properties of fiber materials and viscoelastic damping material
and Table 2 shows the lamination type of composite shell
structure and blade. The size of the panel was 𝐿 = 0.3 m,
𝑅 = 0.5 m, and 𝜙 = 0.6 rad. The output power of proposed
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Figure 4: Mode shapes of fiber reinforced cylindrical composite panel with variation of damping ratio 𝜂 of viscoelastic layer.
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Figure 5: Frequency response functions of fiber reinforced composite wind blade with variation of damping ratio 𝜂 of viscoelastic layer
(𝑇V = 1 mm).

wind blade is 10 kW and total length of the wind blade is
3.7 m.
The damping ratio and thickness of viscoelastic damping
layer are the important parameters for controlling the magnitude of structural vibration. Figure 2 shows the frequency
responses of such panels with different damping ratio of
viscoelastic layer by numerical analysis. The amplitudes of
the peaks significantly decrease with the increasing of the
damping ratio of viscoelastic layers. The results show that the
viscoelastic damping layer can efficiently reduce the first six
mode vibrations of sandwich composite panel, and it could
be used as a method of obtaining light weight and other

0

20

40

60

80

100

Frequency (Hz)
Damping layer thickness = 0.5 mm
Damping layer thickness = 1.0 mm
Damping layer thickness = 1.5 mm

Figure 6: Frequency response functions of fiber reinforced composite wind blade with variation of thickness of damping layer (𝜂 = 1).

multifunctional benefits. Figure 3 shows the frequency
response functions of composite panel with different thickness of viscoelastic layer by numerical analysis. The amplitudes of the peaks show that a certain amount is decreased
with increasing of the thickness of viscoelastic layers. Table 3
shows the comparison of natural frequencies and modal loss
factors of composite laminated clamped free shell structure
with different damping factor of viscoelastic damping layer.
The modal loss factor 𝜂𝑖 increases with increasing of damping
factor 𝜂 in same mode. But the natural frequency is almost no
changes with variety of damping factors. Figure 4 shows the
first six mode shapes of fiber reinforced cylindrical composite
panel with variation of damping ratio of viscoelastic layer.
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Table 3: Comparison of natural frequencies and loss factors of composite laminated clamped free shell structure.

Mode

Damping factor of viscoelastic
material = 0.2
Freq.
𝜂𝑖
(Hz)

1

84.87

2
3
4

Damping factor of viscoelastic
material = 0.4
Freq.
𝜂𝑖
(Hz)

0.03747

84.89

123.90

0.02619

211.62

0.04058

311.41

0.02369

Damping factor of viscoelastic
material = 0.8
Freq.
𝜂𝑖
(Hz)

0.07490

84.96

0.14942

124.09

0.05192

124.82

0.10031

211.52

0.08134

211.15

0.16404

311.45

0.04736

311.60

0.09449

5

335.05

0.02570

335.10

0.05140

335.31

0.10267

6

388.39

0.03696

388.38

0.07393

388.33

0.14797

+

+

Z
Y

Z

1st mode (5.94 Hz)
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X

(a)
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+
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X
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(d)

(e)

Y

X

6th mode (67.8 Hz)
(f)

Figure 7: Mode shapes of fiber reinforced composite wind blade with damping ratio of 0.2.

The mode shapes are no differences with variety of damping
ratio. Figure 5 shows the frequency response functions of
fiber reinforced composite wind blade with variation of
damping ratio of viscoelastic layer. The results show that as
the damping ratio of viscoelastic layer increases, the damping
increases. Figure 6 shows the frequency response functions
of fiber reinforced composite wind blade with variation of
thickness of damping layer. The magnitude of peak value
was decreased with increasing of thickness and the frequency
minimizing occurred at higher mode. Moreover, because of
bending twisting effect the third mode showed a very low pick
value.
Figure 7 shows the first six mode shapes of fiber reinforced cylindrical composite wind blade with viscoelastic

damping treatment with damping ratio of 0.2. Mode 3 is
a bending twisting coupling mode and other mode shapes
present the bending modes.

4. Conclusion
In this paper, the vibration characteristics of fiber reinforced
composite wind turbine blade with viscoelastic damping
treatment were investigated using layerwise theory and finite
element method. The frequency response functions, mode
shapes, and modal loss factor of composite panel with
viscoelastic damping layer were calculated. The results show
that the damping ratio of viscoelastic layer was found to be
very sensitive to determination of magnitude of composite

6
structures. The amplitudes of the peaks in frequency response
functions of composite wind blade significantly decreased
with the increasing of the damping ratio of viscoelastic layers.
The amplitudes of the peaks show that a certain amount
was decreased with increasing of the thickness of viscoelastic
layers. Present results show that the sandwiched viscoelastic
damping layer can effectively suppress vibration of composite
wind turbine blade.
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It is recognized experimentally that the compressibility of warm and ice-rich frozen soil is remarkable under loading, which will
cause a significant deformation and affect the stability of infrastructure constructed in cold region. In this paper, the real-time
computerized tomography tests of warm and ice-rich frozen silt were carried out. The microstructure characteristics in the process
of loading were studied, and the macromechanical behaviors were obtained at the same time. The test results showed that the stressstrain curve of warm and ice-rich frozen silt is sensitive to temperature; the peak stress was greatly enhanced with the decrease of
temperature, and the section area increases with the increase of axial strain; the water content mainly decreases with the increase
of axial strain at −1∘ C; the change of water content is not obvious at −2∘ C in the loading process. The density damage changes little
at first and then increases with the further increase of axial strain.

1. Introduction
About 20% continental land in China is covered by permafrost. In permafrost regions, mechanical properties have
been one of the most extensively studied aspects in many
engineering problems. The mechanical behavior of frozen
soil is crucial to the stability of construction of embankment engineering, such as highways, railways, and other
engineering activities in permafrost regions [1–5]. Moreover,
with the climate getting warm, the engineering construction
in permafrost regions will encounter a lot of problems
in the embankment stability of warm and ice-rich frozen
soil. Therefore in the evaluation of embankment stability
in permafrost regions, the possible influences of warm and
ice-rich frozen soil have to be considered [6–8]. In order
to explore the mechanical properties of frozen soil and
make the design of frozen soil engineering more scientific
and reasonable, a series of studies in warm and ice-rich
frozen soils have been carried out. Considering the effect
of water contents and temperature, [6] studied the strength
characteristic of warm and ice-rich frozen clay by carrying

out uniaxial compression test. The test results indicated that
the type of stress-strain curves of warm and ice-rich frozen
clays is strain-hardening, and the form of sample failure is
plastic. Reference [9] carried out experimental studies on
the compressible behavior of warm and ice-rich frozen clay
and found that the frozen clay is essentially sensitive to both
load and temperature. Reference [10] studied the dynamic
strength characteristic of ice-rich frozen clay under various
temperatures and confining pressures. The creep behaviors
of warm and ice-rich frozen soils were also studied by
researchers. Reference [11] investigated uniaxial creep tests
of frozen clay with various water contents (40%, 80%, and
120%) at warm temperature (−0.3∘ C, −0.5∘ C, and −1.0∘ C) and
found that the strain rate decreased with the increasing in
time. Reference [12] carried out a series of investigations on
the creep deformation of warm and ice-rich frozen clay with
various water contents at different temperatures.
The studies mentioned above are the latest developments
in warm and ice-rich frozen silt. It can be seen that the
macromechanical characteristic of warm and ice-rich frozen
has been acquired; however, there are few studies concerning
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2. Testing Method and Process
2.1. Sample and Equipment. In this paper, the soil used in
test was taken from Qinghai-Tibet Railway constructions’ site
and particle size distribution in Figure 2. The specimens were
prepared as cylinders with 6.18 cm in diameter and 12.5 cm
in height. The water content and the average dry density of
the specimens tested were 40.0% and 1.43 g/cm3 , respectively.
The preparations of specimens had been given a detailed
introduction by [14]. After the preparation of the specimen
ends, the specimen was placed into the loading equipment.
The computerized tomography equipment adopted in
this study is the spiral scanning Siemens SOMATOM-PLUS
X-ray (see Figure 3). This test system includes 4 parts: the
cooling bath cyclic system, the loading system, computerized tomography machine, and data acquisition system. The
special loading apparatus is winded with cold bathing pipes.
The alcohol is used as the cold bath medium. The range
of temperature for the digital temperature control system is
−20∼25∘ C and we had a temperature accuracy of ±0.1∘ C.
2.2. Test Method and Process. After the specimens were
placed into the loading equipment, the loading equipment
was wrapped with foam rubber sponge, which was used

Figure 1: The electron microscope scanning image.
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the micromechanical characteristic of warm and ice-rich
frozen soil. The mechanical properties of frozen soil are
essentially governed by the constituent grains’ properties and
their structures. The microstructure of ice-rich frozen soil is
shown in Figure 1.
Grain properties include its size, shape, crushability, and
so on, while the frozen soil structure can be represented by
void ratio, fabric tensor, the orientation of grain’s axes, and
so on. It is necessary to know both the macromechanical
property and the microstructure evolution of frozen soils during deformation process. Recent development of computer
ability has made it possible to handle such microscopic properties. The development of noninvasive imaging allied with
computed tomography has begun to allow the study of inner
structure propagation of frozen soil and the measurement
of localized change of water content. CT is a quantitative
measurement technology based on digital techniques, which
is used to detect and describe the sectional characteristics
of tested materials, and has been applied to investigations of
frozen soil [13].
In order to explore the deformation and failure behavior
of warm and ice-rich frozen soil, it is necessary to carry out
the studies on micromechanical microstructure. In this paper,
uniaxial compression tests of warm and ice-rich frozen silt
were conducted, and the real-time computerized tomography
tests of the microstructure propagation law in the whole
deformation process have been completed. The stress-strain
curve and CT image of cross section have been analyzed,
and the area of cross section, volumetric water content, and
density damage propagations are obtained. The results of
this study may help elucidate why warm and ice-rich frozen
soil is so subject to damage and displays such a contrasting
temperature behavior, which is critical to designing possible
solutions to reduce their damage in cold region engineering.
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Figure 2: Particle size distribution of silt.

to keep the temperature stability of loading apparatus and
frozen soil. Then, the temperature was adjusted to the specified temperature by the digital temperature control system.
The sample was loaded at a rate of 0.3 mm/min. When the
axial strains were 0, 1, 3, 6, 10, and 15%, the specimen location
was adjusted to proper scanning stratum position, as shown
in Figure 4; then it was scanned by the computerized tomography method at specific horizon of sample of frozen soil. The
force value, section area, and CT value were recorded by the
computer system which corresponds to the loading system.

3. Analysis of the Test Results
We review observations on behavior in the elastoplastic
deformation that throw light on the evolution of microstructure and thus on the mechanism of failure. We shall now
be concerned with the complete progression of events as the
whole stress-strain or force-displacement curve. The stress is
computed by taking the average of all forces and dividing
by appropriate areas. The strain in the axial direction is
computed using the current specimen length and the original
specimen length. In order to accurately study the stress-strain
characteristic of warm and ice-rich frozen silt, the section
area evolution of frozen soil sample should be researched.
The cross section deformation subjected to loading is studied
using CT scanning. From Figure 5, it can be seen that there is
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Figure 3: (a) The computerized tomography Siemens SOMATOM-PLUS X-ray and (b) the loading equipment matching of computerized
tomography for frozen soil (after reference [15]).
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Figure 4: The scanning stratum positions of specimen.

a marked change in section area of warm and ice-rich frozen
silt in the loading process. The section areas increase with
the increase of axial strain. The maximum amount of cross
section area increases about 20%.
The stress-strain curves of warm and ice-rich frozen silt
are shown in Figure 6. It can be seen that there is significant
difference between nominal stress and true stress in the
compression process. The true stress is greatly larger than
nominal stress with increasing in axial strain. The result also
indicates that the calculation of stress should take the change
of section area into account. The stress-strain behavior of
warm and ice-rich frozen silt approximately experiences two
stages: the initial linear elastic stage, where stress increases
linearly with the increasing of axial strain, and there is little
plastic strain in this stage, and the plastic stage, where the
plastic deformation is dominating in the further loading
process, and the elastic deformation is relatively subordinate.
The dry density and water content can reflect changes
in the microstructure of the frozen silt associated with
the deformation process that involves pores or microcrack.
Inelastic density change is designated as dilation or compaction depending on whether there is volume increase or
decrease, respectively. Warm and ice-rich frozen silt may
be considered as elastoplastic material, of which the compressibility is remarkable under loading. Considering that the

plastic material has no obvious crack in the loading process,
the accurate damage propagation cannot be directly obtained
from the visual image. The accurate damage propagation can
be identified by the corresponding CT values of scanned
slices. It is more significant to investigate the change of
regularity of CT values in the loading process. The following
equation shows the relationship between CT value and X-ray
absorption coefficient of test material [16]:
𝐻=

𝜇 − 𝜇𝑊
× 1000,
𝜇𝑊

(1)

where 𝜇 is the X-ray absorption coefficient per unit tested
material mass; 𝜇𝑊 is the X-ray absorption coefficient of water.
𝐻 is the CT value of tested material.
The X-ray absorption law complies with addition principle. The X-ray absorption coefficient of frozen soil can be
expressed as the following equation [16]:
𝜇 = 𝑊𝑉 × 𝜇𝑊 + 𝛾𝑑 × 𝜇𝑆 ,

(2)

where 𝑊𝑉 is volumetric water content; 𝛾𝑑 is dry density; 𝜇𝑊
and 𝜇𝑆 are the X-ray absorption coefficients of water and soil
particle.
Table 1 contains the CT values of scanned slices corresponding to strains 0, 1, 3, 6, 10, and 15%. It is noted that
the CT value of every scanned slice has certain regularities
with the damage propagation of frozen silt. The CT values
increase with increasing axial strain; with further increase of
axial strain, the CT values decrease.
Figure 7 depicts the regularity of water content obtained
from the seismic tomography. The water content of warm
and ice-rich frozen silt at −1∘ C decreases with the increase of
axial strain at first; then the water content increases. With the
further increase of axial strain, the water content decreases.
The water content of warm and ice-rich frozen silt at −2∘ C
changes little in the loading process.
Figure 8 shows CT images of warm and ice-rich frozen
silt. It is evident that the edge of specimen at 𝜀𝑎 = 0 is
slightly smooth; however, once the strain increases to 𝜀𝑎 =
15%, the edge becomes rough and has many burrs, which
means that the structure of frozen soil has been damaged.
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Table 1: Distribution regularities of CT values of scanned slices.
CT value at −1∘ C.
Entire section area
1105.5
1105.7
1105.3
1103.8
1100.1
1092.7

Strain (%)

CT value at −2∘ C.
Entire section area
1099.7
1100.7
1099.1
1097.6
1092.3
1083.2

39.0

39.0

37.5

37.5
Cross section (cm2 )

Cross section (cm2 )
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CT value at −1∘ C.
Major section area
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34.5
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31.5

CT value at −2∘ C.
Major section area
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1222.1
1223.0
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Figure 5: Cross section propagation of warm and ice-rich frozen silt.
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Figure 6: Stress-strain curves of warm and ice-rich frozen silt.
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Figure 7: Distributions of volumetric water contents for warm and ice-rich frozen silt.

Figure 8: CT images with 𝜀𝑎 = 0 and 𝜀𝑎 = 15% of warm and ice-rich frozen silt.

The visual observation of CT image cannot represent the
accurate change of inner structure. In order to better describe
propagation of inner structure, the density damage has been
defined by the following equation [16]:
Ω = [1 −

𝛾𝑑
] × 100%,
2.8 × (1 − 𝑤V × 𝐵)

(3)

in which 𝛾𝑑 is the dry density of soil particle; 𝛾𝑑 = 2.8 g/cm3 ;
𝑤V is volumetric water content; 𝐵 is expansion efficient.
Based on the analysis of water content, the density
damage of warm and ice-rich frozen silt at various loading
stages has been given in Figure 9.
The result shows that the initial density damage at
different slices of sample is varying, but the change tendency
is similar. Generally, the density damage changes little at first;

then it increases with the further increase of axial strain. The
nonlinear characteristic of density damage curve is obvious
at −1∘ C; however, the damage curves show almost linear
increase with increasing in axial strain at −2∘ C.

4. Conclusions
The nondestructive techniques computerized tomography is
employed to assess the inner structure propagation of the
warm and ice-rich frozen silt. The peak stress of warm and
ice-rich frozen silt, which is sensitive to temperature, can
be greatly enhanced with temperature decreasing from −1∘ C
to −2∘ C. The true stress of warm and ice-rich frozen silt
is obviously larger than nominal stress, so the mechanical
analysis of warm and ice-rich frozen soil should take the
variation of section area into account. With the increase of
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Figure 9: Distributions of density damage of warm and ice-rich frozen silt.

axial strain, the section area increases, and the maximum
amount of cross section area increases about 20%; the water
content mainly decreases with the increase of axial strain at
−1∘ C, and the change of water content is not obvious at −2∘ C
in the loading process. The density damage changes little at
first; then it increases with the further increase of axial strain.
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We consider the multiple scattering of elastic waves (P-wave and SV-wave) by a cluster of nanosized cylindrical holes arranged
as quadrate shape. When the radius of the holes shrinks to nanometers, the surface elasticity theory is adopted in analysis. Using
the displacement potential method and wave functions expansion method, we obtain that the multiple scattering fields induced by
incident P- and SV-waves around the holes are derived. The dynamic stress concentration around the holes is calculated to illustrate
the effect of surface effects on the multiple scattering of P- and SV-waves.

1. Introduction
The diffraction of elastic waves by a single inhomogeneity
embedded in an elastic medium was discussed in detail
by Pao and Mow [1]. With the development of composite
materials, there is an increasing demand for understanding
the dynamic behavior of composite materials, and much
attention has been directed toward the multiple scattering
of elastic waves. Fang et al. obtained the multiple diffraction
fields by two-particle reinforced composite system [2]. Twersky investigated the scattering of acoustic or electromagnetic
wave by an arbitrary configuration of parallel cylinders [3].
Lakhtakia et al. [4] observed the reflection and transmission
of incident waves by an array of circular cylinders in an
elastic slab. Wang and Sudak obtained the scattering field of
elastic waves by a cluster of circular cylinders with imperfect
interfaces [5].
Nanomaterials have different physical, optical, and mechanical properties distinct from their macroscopic counterparts
[6]. At nanoscale, surface has significant effects on the
physical and mechanical properties of solids, due to the
increasing ratio of surface area to volume [7, 8]. To account
for the surface effects, Gurtin et al. [9] developed a continuum
model of surface elasticity. Based on the surface elasticity

theory, Wang et al. [10] analyzed the diffraction of plane
compressional wave (P-wave) by a nanosized circular hole. Ru
et al. [11] obtained the scattering field of P- and SV-waves by
a nanosized inhomogeneity. Wang [12] and Zhang et al. [13]
analyze the diffraction of elastic waves by a pair and an array
of nanosized inhomogeneities. Recently, Ru et al. discussed
the surface effect on the scattering field induced by nanosized
cylindrical holes [14]. Those investigations illustrated the
importance of surface effects on the diffraction of elastic
waves. In this paper, we discussed the multiple scattering of
plane P- and SV-waves by a cluster of nanosized cylindrical
holes arranged as quadrate shape.

2. Basic Equations
At nanoscale, we consider the problem in the framework
of surface elasticity theory because of the surface effect
[9]. According to the surface elasticity theory, a surface is
regarded as a negligibly thin membrane adhered to the bulk
without slipping and possesses material constants different
from the bulk material. On the surface, the surface stress
leads to a set of nonclassical boundary conditions. In the bulk,
however, the classical theory of elasticity is still applicable.
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Incident waves

Figure 1: The diffraction of elastic waves by a cluster of infinity nanosized cylindrical holes.

𝑠
The surface stress tensor 𝜎𝛼𝛽
is related to the surface
energy density Γ as [9]
𝑠
𝜎𝛼𝛽
= Γ𝛿𝛼𝛽 +

𝜕Γ
,
𝜕𝜀𝛼𝛽

(1)

where 𝛿𝛼𝛽 is the Kronecker delta and 𝜀𝛼𝛽 is the second-rank
tensor of surface strain. In this paper, Einstein’s summation
convention is adopted for all repeated Latin indices (1, 2, 3)
and Greek indices (1, 2).
Without residual surface tension, for an isotropic surface,
the relationship between the surface stresses and the surface
strains is [9]
𝑠
= 2𝜇𝑠 𝜀𝛼𝛽 + 𝜆𝑠 𝜀𝛾𝛾 𝛿𝛼𝛽 ,
𝜎𝛼𝛽

𝑠
= 0,
𝑓𝛼 + 𝜎𝛽𝛼,𝛽

(3a)

𝑠
𝜎𝑖𝑗 𝑛𝑖 𝑛𝑗 = 𝜎𝛼𝛽
𝜅𝛼𝛽 ,

(3b)

where 𝑓𝛼 is the tangential component of the traction in the
𝑥𝛼 -direction, 𝑛𝑖 is the normal vector of the surface, 𝜅𝛼𝛽 is
the curvature of the surface, and 𝜎𝑖𝑗 is stress tensor of the
surface. Generally, the surface inertia force can be neglected
for dynamic problems.
In the bulk solid, the equilibrium and constitutive equations are the same as those in the classical theory of elasticity:
𝜎𝑖𝑗,𝑗

𝜎𝑖𝑗 = 2𝜇 (𝜀𝑖𝑗 +

]
𝜀 𝛿 ),
1 − 2] 𝑘𝑘 𝑖𝑗

𝜀𝑖𝑗 =

1
(𝑢 + 𝑢𝑗,𝑖 ) .
2 𝑖,𝑗

(6)

Based on surface elasticity theory, we derive the solutions
for elastic fields near a cluster of cylindrical nanoholes
arranged as quadrate shape induced by incident P-wave and
SV-wave, respectively.

(2)

where 𝜇𝑠 and 𝜆𝑠 are two material constants on surface.
Assume that the surface adheres perfectly to the bulk
material without slipping, and then the equilibrium equations
on the surface are [15]

𝜕2 𝑢
= 𝜌 2𝑖 ,
𝜕𝑡

where 𝜌 is the mass density of the material, 𝑡 is the time, 𝜇 and
] are shear modulus and Poisson’s ratio, respectively, and 𝜎𝑖𝑗
and 𝜀𝑖𝑗 are stress tensor and strain tensor in the bulk material,
respectively.
The strain tensor is related to the displacement vector 𝑢𝑖
by

(4)
(5)

3. Diffraction of Elastic Waves by
Cylindrical Nanoholes
We consider the diffraction of elastic waves by a cluster of
𝑁+1 (𝑁 approaching infinity) identical cylindrical holes with
radius of 𝑎 in an infinite elastic matrix, as shown in Figure 1.
The holes are arranged as quadrate shape and the distance
between the centers and adjacent holes is 2𝑏, as shown in
Figure 2. The global polar coordinate system (𝑟0 , 𝜃0 ) is set
up at the center of the middle hole. For convenience, at the
center of 𝑗th hole (𝑗 = 1, 2, . . . , 𝑁), the local polar coordinate
system (𝑟𝑗 , 𝜃𝑗 ) is set up. The plane strain condition (𝜀𝑧𝑧 = 0)
is assumed; thus, 𝜎𝑧𝑧 = ](𝜎𝑟𝑟 + 𝜎𝜃𝜃 ).
For the present plane strain problem, the surface strain
𝑠
on the surface of the hole is given by
component 𝜀𝜃𝜃
𝑠
𝜀𝜃𝜃
=

1
[(1 − ]) 𝜎𝜃𝜃 − ]𝜎𝑟𝑟 ] .
2𝜇

(7)

𝑠
The surface stress 𝜎𝜃𝜃
can be obtained from (5):
𝑠
𝑠
= (2𝜇𝑠 + 𝜆𝑠 ) 𝜀𝜃𝜃
.
𝜎𝜃𝜃

(8)
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Figure 2: Dimensions and coordinate system for formulating the problem.

On the surface, the equilibrium equations (3a) and (3b) with
surface effects reduce to
𝑠
𝜎𝜃𝜃
,
𝑎

𝜎𝑟𝑟 =
𝜎𝑟𝜃 = −

𝑠

1 𝜕𝜎𝜃𝜃
.
𝑎 𝜕𝜃

𝜎𝑟𝑟 = 𝑠 [(1 − ]) 𝜎𝜃𝜃 − ]𝜎𝑟𝑟 ] ,
𝜕𝜎𝜃𝜃
𝜕𝜎
+ 𝑠] 𝑟𝑟 ,
𝜕𝜃
𝜕𝜃

(10b)

where
𝑠=

𝑠

𝑠

2𝜇 + 𝜆
,
2𝜇𝑎

(11)

with 𝑠 being a dimensionless parameter indicating the effect
of surface at nanoscale. Equation (11) shows us that, for a
macroscopic inclusion with a big value of 𝑎, 𝑠 ≪ 1; therefore,
the surface effect can be neglected. However, when the radius
of the inclusion shrinks to nanoscale, 𝑠 becomes noticeable
and the surface effect should be considered in analysis [10–
14].
In the bulk solid and the inclusion, the classical theory of
elasticity still holds. Therefore, in each of them, the displacements can be expressed by two harmonic potential functions
𝜑 and 𝜓 (see [1] for more details):

1 𝜕𝑢𝜃 𝑢𝑟
+ ,
𝑟 𝜕𝜃
𝑟

(13b)

𝜀𝑟𝜃 =

1 1 𝜕𝑢𝑟 𝜕𝑢𝜃 𝑢𝜃
(
+
− ),
2 𝑟 𝜕𝜃
𝜕𝑟
𝑟

(13c)

and the constitutive relations (5) can be rewritten as
𝜎𝑟𝑟 = 2𝜇𝜀𝑟𝑟 +

2]
(𝜀 + 𝜀 ) ,
1 − 2] 𝑟𝑟 𝜃𝜃

(14a)

𝜎𝜃𝜃 = 2𝜇𝜀𝜃𝜃 +

2]
(𝜀 + 𝜀 ) ,
1 − 2] 𝑟𝑟 𝜃𝜃

(14b)

𝜎𝑟𝜃 = 2𝜇𝜀𝑟𝜃 .

(14c)

Thereby, in terms of the displacement potentials, the
stresses can be determined from (12a) to (14c). In what
follows, we derive the solutions for the present problems.
Since the wave diffractions around every hole are identical,
for convenience, we consider only the wave diffractions
around the middle hole.
3.1. Diffraction of P-Wave by a Cluster of Cylindrical Nanoholes. Assuming a harmonically plane P-wave propagating
in the positive 𝑥-direction, it can be described by using a
displacement potential (see [1] for more details):
∞

𝜕𝜑 1 𝜕𝜓
+
,
𝑢𝑟 =
𝜕𝑟 𝑟 𝜕𝜃

(12a)

1 𝜕𝜑 𝜕𝜓
−
.
𝑟 𝜕𝜃 𝜕𝑟

(12b)

𝑢𝜃 =

(13a)

𝜀𝜃𝜃 =

(9b)

(10a)

𝜕𝑢𝑟
,
𝜕𝑟

𝜀𝑟𝑟 =

(9a)

Substituting (7) into (8) and then into (9a) and (9b), we have

𝜎𝑟𝜃 = −𝑠 (1 − ])

Using the cylindrical coordinate system, the geometric relations become

𝜑(𝑖) = 𝜑0 ∑ 𝐼𝑛 𝐽𝑛 (𝛼𝑟0 ) 𝑒𝐼𝑛𝜃0 𝑒−𝐼𝜔𝑡 ,

(15)

𝑛=0

where 𝜑0 is the amplitude of the incident wave, 𝐼 = √−1, 𝜃0 is
the angle between 𝑥-axis and the direction of incident wave,
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𝑡 is time, 𝜔 is the circular frequency, and the normalized
wave number of P-wave in the bulk is
𝛼=

𝜔𝑎
,
𝑐𝑝

(16)

with the velocity of P-wave being

3.2. Diffraction of SV-Wave by a Cylindrical Nanoinclusion.
Similarly, we can consider the diffraction of plane SV-wave by
a cluster of cylindrical nanoholes arranged as quadrate shape.
For an incident plane SV-wave propagating in the positive
𝑥-direction, it can be described by using a displacement
potential [1]:
∞

𝑐𝑝 = √2𝜇 (1 − ]) (1 − 2])

−1

𝜌−1 .

(17)

For an incident wave, SV-wave and P-wave are reflected
from each hole. The displacement potentials of the diffracted
waves due to the 𝑗th (herein, 𝑗 = 0, 1, 2, . . . , 𝑁) cylindrical
hole can be written as
(𝑟)

𝜑

∞

= ∑

𝑛=−∞

(𝑟)

𝜓

𝐴 𝑛𝑗 𝐻𝑛(1)

(𝛼𝑟𝑗 ) 𝑒

𝑒

,

(18a)

𝑛=−∞

𝐵𝑛𝑗 𝐻𝑛(1)

𝑖𝑛𝜃𝑗 −𝑖𝜔𝑡

(𝛽𝑟𝑗 ) 𝑒

𝑒

,

(18b)

where 𝐻𝑛(1) (𝑥) is the 𝑛th order Hankel function of the first
kind, 𝛽 = 𝜔𝑎/𝑐𝑠 is the normalized wave number of SV-wave
in the matrix, and 𝑐𝑠 = √𝜇/𝜌 is the velocity of SV-wave. 𝐴 𝑛𝑗
and 𝐵𝑛𝑗 are two coefficients to be determined by the boundary
conditions.
Moreover, the total waves around the middle hole are
determined by [1]
𝑁

𝜑 = 𝜑(𝑖) + ∑ 𝜑(𝑟) ,

(19a)

𝑗=0
𝑁

𝜓 = ∑ 𝜓(𝑟) .

(19b)

𝑗=0

According to the Graf addition theorem [2], the transformation between two local cylindrical coordinate systems (𝑟𝑙 , 𝜃𝑙 )
and (𝑟𝑘 , 𝜃𝑘 ) is
𝐻𝑛(1) (𝛼𝑟𝑙 ) 𝑒𝑖𝑛𝜃𝑙
∞

(1)
= ∑ 𝐻𝑛+𝑚
(𝛼𝑟𝑙,𝑘 ) 𝐽𝑚 (𝛼𝑟𝑘 ) 𝑒𝑖(𝑚+𝑛)𝜃𝑙,𝑘 𝑒𝑖𝑛𝜋 𝑒−𝑖𝑚𝜃𝑘 ,

(20a)

(𝛽𝑟𝑙 ) 𝑒𝑖𝑛𝜃𝑙
∞

The displacement potentials of the diffracted waves due
to the 𝑗th (herein, 𝑗 = 0, 1, 2, . . . , 𝑁) cylindrical hole can be
written as
∞

𝜑(𝑟) = ∑ 𝐶𝑛𝑗 𝐻𝑛(1) (𝛼𝑟𝑗 ) 𝑒𝑖𝑛𝜃𝑗 𝑒−𝑖𝜔𝑡 ,

(22a)

𝑛=−∞

(1)
= ∑ 𝐻𝑛+𝑚
(𝛽𝑟𝑙,𝑘 ) 𝐽𝑚 (𝛽𝑟𝑘 ) 𝑒𝑖(𝑚+𝑛)𝜃𝑙,𝑘 𝑒𝑖𝑛𝜋 𝑒−𝑖𝑚𝜃𝑘 .

𝜓(𝑟) = ∑ 𝐷𝑛𝑗 𝐻𝑛(1) (𝛽𝑟𝑗 ) 𝑒𝑖𝑛𝜃𝑗 𝑒−𝑖𝜔𝑡 .

(22b)

𝑛=−∞

So, the total waves around the middle hole are
𝑁

𝜑 = ∑ 𝜑(𝑟) ,

(23a)

𝑗=0
𝑁

𝜓 = 𝜓(𝑖) + ∑ 𝜓(𝑟) .

(23b)

𝑗=0

Substituting (23a), (23b) and (12a), (12b) into (13a), (13b)
and (13c) then into (14a), (14b) and (14c), one obtains the
solutions for the stress fields in the bulk and the inclusion,
respectively. Again, using the surface conditions (10a) and
(10b), the coefficients in the solutions can be determined.
Thus, the solutions for the elastic fields induced by incident
SV-wave near a cluster of cylindrical nanoholes are obtained.
In what follows, we will discuss the surface effect on the
elastic-wave-induced stress concentration near the cylindrical nanoholes.

4. Results and Discussions

𝑚=−∞

𝐻𝑛(1)

(21)

𝑛=0

∞

∞

= ∑

𝑖𝑛𝜃𝑗 −𝑖𝜔𝑡

𝜓(𝑖) = 𝜓0 ∑ 𝐼𝑛 𝐽𝑛 (𝛽𝑟0 ) 𝑒𝐼𝑛𝜃0 𝑒−𝐼𝜔𝑡 .

(20b)

𝑚=−∞

Using this theorem, we can get the total waves around the
arbitrary hole.
Using Graf addition theorem and then substituting (19a),
(19b) and (12a), (12b) into (13a), (13b) and (13c) then into (14a),
(14b) and (14c), one obtains the solutions for the stress fields
in the bulk. From the surface conditions (10a) and (10b), we
can determine the coefficients 𝐴 𝑛𝑗 and 𝐵𝑛𝑗 in the solutions.
Thus, the solutions for the elastic fields induced by incident
P-wave near a cluster of cylindrical nanoholes are obtained.

To examine surface effect on the multiple scattering of elastic
waves, we consider the dynamics stress concentration around
the middle hole.
Determine the dynamic stress concentration factor
(DSCF) induced by P-wave as


 𝜎 
DSCF𝑝 =  𝜃𝜃  ,
 𝜎𝑝 

(24)

and the DSCF induced by SV-wave as
 𝜎 


DSCF𝑠 =  𝜃𝜃  ,
 𝜎𝑠 

(25)

where 𝜎𝜃𝜃 is the hoop stress along the middle hole; 𝜎𝑝 =
𝜇𝛽2 𝜑0 and 𝜎𝑠 = −(𝜆 + 2𝜇)𝛽2 𝜑0 are the stress intensity in the
propagation direction of P-wave and SV-wave, respectively.
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Figure 3: Comparisons of the present numerical results for the DSCF induced by very low frequency incident P-wave and SV-wave with the
static solutions.

4.1. Dynamic Stress Concentration Induced by P-Wave
4.1.1. Low Frequency Incident Wave with 𝛼 = 0.001. In this
case, wavelength (𝜆 = 2000𝜋𝑎) of the incident wave is much
larger than the radius 𝑎 nanoholes. For 𝑏 = 1.2𝑎, Figure 4
shows the distributions of DSCF around the surface of the
middle hole for different values of 𝑠. The maximum DSCF

3.5

𝛼 = 0.001, b = 1.2a

3.0
2.5
DSCFp

It is seen that when the surface effect is taken into account,
the dynamic stress depends not only on the wave number and
Poisson’s ratio but also on the surface elasticity parameter 𝑠
and the distance between holes.
If 𝛼 → 0 and keeping 𝜎𝑝 as a constant, then the incident
P-wave represents a static biaxial loading with 𝜎𝑥𝑥 = −𝜎𝑝 and
𝜎𝑦𝑦 = −𝜎𝑝 ]/(1−]) [1]. Similarly, if 𝛽 → 0 and keeping 𝜎𝑠 as a
constant, then the incident SV-wave represents a static loading with 𝜎𝑥𝑦 = 𝜎𝑠 [1]. Moreover, let 𝑠 = 0; the present problem
reduces to the classical problem without surface effect. For
such a remote loading and 𝑏 = 1.2𝑎, we calculate the stress
field by ABAQUS. For a low frequency incident wave with
𝛼 = 10−3 for P-wave and 𝑠 = 0, as shown in Figure 3(a),
and for a low frequency incident wave with 𝛽 = 10−3 for SVwave and 𝑠 = 0, as shown in Figure 3(b), the present analytical
result agrees well with the static finite element calculation.
For another case, when the distance 2𝑏 between holes is
much larger than the hole radius 𝑎, the interaction between
holes can be neglected and then the stress field around the
hole approaches that for a single hole, as shown in Figures 5,
7, 9, and 11. These two particular cases have been used as a
benchmark to test our numerical results.
In what follows, we discuss the effects of the interface at
an inclusion on the diffraction of elastic waves and on the
dynamic stress concentration factors around the inclusion.
We keep ] = 0.26 in the calculations.

2.0
1.5
1.0
0.5
0.0
0.0

0.2

0.4

0.6

0.8

1.0

𝜃/𝜋
s = 0.0
s = 0.1

s = 0.5
s = 2.0

Figure 4: Surface effect on the distribution of DSCF along the
middle hole for 𝛼 = 0.001 and 𝑏 = 1.2𝑎.

appears at about 𝜃 = 0.3𝜋 and 𝜃 = 0.7𝜋. For the whole range,
DSCF decreases with the increasing of 𝑠.
For different separation of 𝑏 and keeping 𝑠 = 0, the
distributions of DSCF along the middle hole are shown in
Figure 5. It is indicated that the larger the separation of
𝑏 is, the less the interaction between holes is. When the
distance between holes is larger than 10𝑎, the interaction
between holes can be negligible and the distribution of
DSCF approaches that of a single hole. When the separation
decreases, the DSCF decreases at 0.25𝜋 < 𝜃 < 0.4𝜋 and
0.55𝜋 < 𝜃 < 0.7𝜋.
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Figure 5: Distribution of DSCF along the middle hole for different
separation of 𝑏 for 𝛼 = 0.001 and 𝑠 = 0.
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Figure 7: Distribution of DSCF along the middle hole for different
separation of 𝑏 for 𝛼 = 𝜋/2 and 𝑠 = 0.
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Figure 6: Surface effect on the distribution of DSCF along the
middle hole for 𝛼 = 𝜋/2 and 𝑏 = 1.2𝑎.

Figure 8: Surface effect on the distribution of DSCF along the
middle hole for 𝛽 = 0.001 and 𝑏 = 1.2𝑎.

4.1.2. High Frequency Incident Wave with 𝛼 = 𝜋/2. In this
case, the incident wavelength (𝜆 = 4𝑎) is comparable with
the hole radius. For a small separation of 𝑏 = 1.2𝑎, the
distributions of DSCF for various values of 𝑠 are shown in
Figure 6. It is seen that multiple peak values are excited along
the surface due to the interference between the incident and
reflected waves. With the increasing of 𝑠, the DSCF decreases
almost in the whole range.
Figure 7 shows the variation of DSCF along the hole for
different value of 𝑏. The interference between incident and
reflected waves is still obvious. When the separation between
holes is large enough (e.g., 𝑏 > 20𝑎 which is much larger than

that for a low frequency), the interaction can be neglected and
the distributions of DSCF are approaching to that of a single
hole.
4.2. Dynamic Stress Concentration Induced by SV-Wave
4.2.1. Low Frequency Incident Wave with 𝛽 = 0.001. For a
small separation of 𝑏 = 1.2𝑎, the distributions of DSCF
around the surface of the middle hole for different values of
𝑠 are indicated in Figure 8. The maximum DSCF appears at
almost 𝜃 = 0.25𝜋 and 𝜃 = 0.75𝜋. For the whole range, DSCF
also decreases with the increasing of 𝑠.
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Figure 9: Distribution of DSCF along the middle hole for different
separation of 𝑏 for 𝛽 = 0.001 and 𝑠 = 0.
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Figure 11: Distribution of DSCF along the middle hole for different
separation of 𝑏 for 𝛽 = 𝜋/2 and 𝑠 = 0.

𝛽 = 𝜋/2, b = 1.2a
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Figure 11 shows the variation of DSCF along the hole
for different values of 𝑏. The interference between incident
and reflected waves is obvious. When the separation between
holes is large enough (𝑏 > 60𝑎), the interaction can be
neglected and the distributions of DSCF are approaching to
that of a single hole. With the increasing of 𝑏, the DSCF
decreases almost in the whole range.
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5. Conclusion
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Figure 10: Surface effect on the distribution of DSCF along the
middle hole for 𝛽 = 𝜋/2 and 𝑏 = 1.2𝑎.

For different value of 𝑏, let 𝑠 = 0; the distributions of
DSCF along the middle hole are shown in Figure 9. For a
larger value of 𝑏, the interference between holes still holds.
When the distance between holes is larger than 10𝑎, the
distribution of DSCF approaches that of a single hole.
4.2.2. High Frequency Incident Wave with 𝛽 = 𝜋/2. For 𝑏 =
1.2𝑎, Figure 10 shows the distributions of DSCF for various
values of 𝑠. Multiple peak values are excited along the surface
due to the interference between the incident and reflected
waves. With the increasing of 𝑠, the DSCF decreases almost
in 0 < 𝜃 < 0.3𝜋 and 0.8𝜋 < 𝜃 < 𝜋.

Based on the theory of surface elasticity, surface effect on the
diffractions of plane elastic waves by a cluster of cylindrical
nanoholes arranged as quadrate shape was theoretically
investigated in this paper. Solutions for the elastic fields
induced by P- and SV-waves near cylindrical nanoholes are
obtained, respectively, and the effects of surface properties
on the dynamic stress concentration near the nanoholes are
discussed in detail.
It can be concluded that surface effect weakens the
phenomenon of dynamic stress concentration. The DSCF
depends not only on the surface effects but also on the
separation between holes. For both low and high frequency,
the interaction between holes is significant in a very small
separation. With the increasing of separation between holes,
the interaction can be ignored in a small separation for low
frequency, but, for high frequency, the interaction can be
neglected only for a much large separation.
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An analytical modelling is carried out to determine the Lamb wave’s propagation behavior in a thermal stress relaxation type
functionally graded material (FGM) plate, which is a composite of two kinds of materials. The mechanical parameters depend on
the volume fractions, which are nonintegral power functions, and the gradient coefficient is the power value. Based on the theory
of elastodynamics, differential equations with variable coefficients are established. We employ variable substitution for theoretical
derivations to solve the ordinary differential equations with variable coefficients using the Taylor series. The numerical results
reveal that the dispersion properties in some regions are changed by the graded property, the phase velocity varies in a nonlinear
manner with the gradient coefficient, nondispersion frequency exists in the first mode, and the set of cutoff frequencies is a union
of two series of approximate arithmetic progressions. These results provide theoretical guidance not only for the experimental
measurement of material properties but also for their nondestructive testing.

1. Introduction
Since 1990s, functionally graded materials (FGMs) have
attracted the interest of researchers from many engineering
fields [1, 2]. The most popular application of FGMs is in thermal protection systems in aerospace structures. Composed of
a mixture of a kind of metal and ceramic, their compositions
vary from a ceramic-rich surface to a metal-rich surface.
The volume fractions of metal and ceramic are functions
of thickness, including polynomial, exponential, and power
series functions [3–6].
In recent years, much attention has been devoted to
guided waves in FGM structures for nondestructive evaluation. Many numerical solutions have been undertaken to
divide an inhomogeneous medium into a multilayer model
to investigate the wave propagation in inhomogeneous media
[7–12]. A homogenous assumption of the material parameters
in each layer has been adopted for analysis by virtue of the
finite element method. Many numerical methods, such as the
finite element method, the transfer matrix method, and the
scaled boundary finite element method, have been employed

in the research of Lamb waves propagating in an FGM plate
[7–10]. Analytical solution has also been carried out on wave
propagation problems in inhomogeneous structures. Several
researchers have investigated various analytical solutions,
such as the Wentzel-Kramers-Brillouin (WKB) method, special functions method, perturbation technique, the Legendre
orthogonal polynomial series expansion, and the power
series technique [13–18]. The WKB method is consistently
used in investigating horizontal shear waves in an inhomogeneous layered structure [13]. Special functions, such as the
cylindrical and Airy functions, are applied to the solution of
ordinary different equations when the variation in material
parameters follows certain specific patterns [14, 15]. The
perturbation method is used to solve the propagation problem where only one parameter varies slightly and smoothly
[16]. Wu et al. studied the wave propagation problem in a
functionally graded magnetoelectroelastic plate in electric
and magnetic open boundary conditions using the Legendre orthogonal polynomial series expansion [17]. In this
study, the material parameters are expressed as the Legendre
polynomials. Hence, the material parameters may also be
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expressed as a Taylor series expansion. The power series technique is applied to the solution of guided waves in functionally graded layered structures when each material parameter
can be rewritten as a Taylor series expansion [18]. Thus, this
technique is suitable for the case where volume fractions
are linear functions, polynomial functions, exponential functions, and so on. Based on these methods mentioned above,
the Lamb wave’s propagation behavior in various inhomogeneous plates or thin films has received much attention.
However, in engineering applications, the volume fractions are always power functions and the power value is not
an integral [6]. Thus far, no report has yet been published
on the analytical solution of the wave propagation behavior
in a functionally graded composite with nonintegral power
function volume fractions. In this study, we suppose that variations in material parameters occur according to the volume
fractions, which are power functions of thickness with a noninteger power. Using the power series technique and variable
substitution for theoretical derivations, we investigate the
propagation behavior of Lamb waves in an inhomogeneous
plate, including their variation in phase velocity, dispersion
properties, nondispersion frequency, and cutoff frequency.

2. Statement of the Problem
Lamb waves propagating in an FGM plate, as shown in
Figure 1, are considered in this study. The thickness of the
FGM plate is ℎ and the bottom and upper surfaces of the plate
are traction-free.
The constitutive equations of the FGM plate can be
expressed as
𝜎𝑖𝑗 = 𝑐𝑖𝑗𝑘𝑙 𝑆𝑘𝑙 ,

𝜎𝑖𝑗,𝑗 = 𝜌𝑢̈𝑖 ,

(2)

where 𝜌 is the mass density, 𝑢𝑖 is the mechanical displacement
component in the 𝑖th direction, a comma followed by the
subscript 𝑖 denotes space differentiation with respect to the
corresponding coordinate 𝑥𝑖 , “the dot” represents the time
differentiation, and the repeated index in the subscript
implies the summation with respect to that index.
The mechanical displacement is related to the strain by
1
(𝑢 + 𝑢𝑗,𝑖 ) .
2 𝑖,𝑗

(3)

Without loss of generality, the Lamb wave is assumed
to propagate along the positive direction of the 𝑥-axis. The
mechanical displacement components and electrical potential may then be expressed as
𝑢 = 𝑢 (𝑥, 𝑧, 𝑡) ,

V = 0,

h
o

x

Figure 1: FGM plate and Cartesian coordinates.

the following governing equations for the mechanical displacements can be obtained:
𝑐11

𝜕𝑢
𝜕𝑤
𝜕𝑢
𝜕𝑢 𝜕𝑤
𝜕𝑤

(
+𝑐
+𝑐 (
+
) + 𝑐44
+
)
𝜕2 𝑥 13 𝜕𝑥𝜕𝑧 44 𝜕2 𝑧 𝜕𝑥𝜕𝑧
𝜕𝑧 𝜕𝑥
= 𝜌𝑢̈

𝜕𝑢
𝜕𝑤
𝜕𝑢
𝜕𝑤
𝜕𝑢
𝜕𝑤
𝑐44 (
+
) + 𝑐13
+𝑐
+ 𝑐
+ 𝑐
𝜕𝑧𝜕𝑥 𝜕2 𝑥
𝜕𝑥𝜕𝑧 33 𝜕2 𝑧 13 𝜕𝑥 33 𝜕𝑧

(5)

= 𝜌𝑤,̈

where 𝑐13 = 𝑐11 − 2𝑐44 .
For Lamb waves propagating in the FGM plate, the
traction-free boundary conditions at the upper and bottom
surfaces should be satisfied as follows:
𝜎𝑧 (𝑥, 0) = 0,

𝜏𝑥𝑧 (𝑥, 0) = 0,

𝜎𝑧 (𝑥, ℎ) = 0,

𝜏𝑥𝑧 (𝑥, ℎ) = 0.

(6)

2.1. Analytical Solutions. With reference to Figure 1, the
solution of Lamb waves propagating along the positive 𝑥-axis
of the FGM plate can be expressed as

(1)

where 𝜎𝑖𝑗 and 𝑆𝑘𝑙 are the stress and strain tensors, respectively,
and 𝑐𝑖𝑗𝑘𝑙 is the elastic coefficient, which varies continuously
along the thickness direction.
The equation of motion is given by

𝑆𝑖𝑗 =

z

𝑤 = 𝑤 (𝑥, 𝑧, 𝑡) .

(4)

Upon the following sequence of substitutions: (i) (4) into (3),
(ii) modified (3) into (1), and (iii) new equation into (2),

𝑢 (𝑥, 𝑧, 𝑡) = 𝑈 (𝑧) exp [𝑖𝑘 (𝑥 − 𝑐𝑡)]
𝑤 (𝑥, 𝑧, 𝑡) = 𝑖𝑊 (𝑧) exp [𝑖𝑘 (𝑥 − 𝑐𝑡)] ,

(7)

where 𝑖 = √−1 and 𝑘 = 2𝜋/𝜆 are the wave numbers, with
𝜆 being the wavelength, 𝑐 is the phase velocity, and 𝑈(𝑧)
and 𝑊(𝑧) are amplitudes of the unknown amplitudes of the
displacement components.
Motion equations in the FGM plate can be obtained by
substituting (7) into (5) as

𝑈 + (𝜌𝑐2 − 𝑐11 ) 𝑘2 𝑈 − (𝑐11 − 𝑐44 ) 𝑘𝑊
𝑐44 𝑈 + 𝑐44

− 𝑐44
𝑘𝑊 = 0

𝑐11 𝑊 + 𝑐11
𝑊 + (𝜌𝑐2 − 𝑐44 ) 𝑘2 𝑊 + (𝑐11 − 𝑐44 ) 𝑘𝑈

(8)



+ (𝑐11 − 2𝑐44 ) 𝑘𝑈 = 0.
Normally, an FGM is a functionally graded composite
of two kinds of materials, materials I and II, with varying
thicknesses of the volume fraction of the materials. The
parameters of the FGM plate are described as
𝑧
𝑧
𝑔 (𝑧) = 𝑔(1) 𝑓(1) ( ) + 𝑔(2) 𝑓(2) ( ) ,
ℎ
ℎ

(9)
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where 𝑓(1) and 𝑓(2) represent the volume fractions and 𝑔(1)
and 𝑔(2) indicate the parameters of materials I and II, respectively.
Some scientists have studied a kind of FGM in which
volume fraction can be expressed as a polynomial. Others
have investigated the FGM using volume fraction as the
exponential function. In these studies, the volume fraction
of materials may be expressed by Taylor series. Considering
engineering applications, we suppose that the volume fraction of materials should satisfy
𝑧 𝑝
𝑓(2) = ( ) ,
ℎ

𝑧 𝑝
𝑓(1) = 1 − 𝑓(2) = 1 − ( ) ,
ℎ

(10)

(

1 2
𝑑2 𝑊
𝑑𝑊
) (𝛽0 + 𝛽1 𝑧̂𝑁) [̂𝑧2(1−𝑀) 2 + (1 − 𝑀) 𝑧̂(1−2𝑀)
]
𝑀ℎ
𝑑̂𝑧
𝑑̂𝑧
+(

𝑑𝑊
1 2 2(1−𝑀)
𝛽1 𝑁̂𝑧(𝑁−1)
) 𝑧̂
𝑀ℎ
𝑑̂𝑧

+ [(𝛾0 + 𝛾1 𝑧̂𝑁) 𝑐2 − (𝛼0 + 𝛼1 𝑧̂𝑁)] 𝑘2 𝑊
+

𝑑𝑈
1
(𝛽 + 𝛽1 𝑧̂𝑁 − 𝛼0 − 𝛼1 𝑧̂𝑁) 𝑧̂(1−𝑀) 𝑘
𝑀ℎ 0
𝑑̂𝑧

+

1 (1−𝑀)
𝑧̂
(𝛽1 − 2𝛼1 ) 𝑁̂𝑧(𝑁−1) 𝑘𝑈 = 0.
𝑀ℎ

The solution for (8) is also assumed to be

where 𝑝 is the gradient coefficient that is expressed as 𝑝 =
𝑁/𝑀. Therefore, the material parameters of the FGM plate
are assumed to be of the following functional form:
𝑧 𝑁/𝑀
,
𝑐44 = 𝛼0 + 𝛼1 ( )
ℎ

𝑧 𝑁/𝑀
𝑐11 = 𝛽0 + 𝛽1 ( )
,
ℎ

𝑧 𝑁/𝑀
,
𝜌 = 𝛾0 + 𝛾1 ( )
ℎ

(11)

(1) (1)
where 𝛼0 , 𝛽0 , and 𝛾0 are 𝑐44
, 𝑐11 , and 𝜌(1) and 𝛼0 + 𝛼1 , 𝛽0 + 𝛽1 ,
(2) (2)
, 𝑐11 , and 𝜌(2) , respectively.
and 𝛾0 + 𝛾1 are 𝑐44
In view of the material properties given in (11), we define

𝑧 1/𝑀
𝑧̂ = ( ) .
ℎ

2
𝑑2 𝐹
1 2
(1−2𝑀) 𝑑𝐹
2(1−𝑀) 𝑑 𝐹
̂
̂
𝑧
=
(
[(1
−
𝑀)
],
)
+
𝑧
𝑑𝑧2
𝑀ℎ
𝑑̂𝑧
𝑑̂𝑧2

(12)

(13)

where 𝐹 is an arbitrary derivable function of 𝑧.
Therefore, (8) can be rewritten as equations with respect
to 𝑧̂ as follows:
(

𝑑2 𝑈
𝑑𝑈
1 2
) (𝛼0 + 𝛼1 𝑧̂𝑁) [̂𝑧2(1−𝑀) 2 + (1 − 𝑀) 𝑧̂(1−2𝑀)
]
𝑀ℎ
𝑑̂𝑧
𝑑̂𝑧

2

𝑁

𝑛=0

∞

𝑊 = ∑ 𝑠𝑛 𝑧̂𝑛 .

(15)

𝑛=0

By substituting (15) into (14) and multiplying 𝑧̂2𝑀−2 on
both sides, we obtain

(

∞
1 2
) (𝛼0 + 𝛼1 𝑧̂𝑁) ∑ [𝑛 (𝑛 − 𝑀) 𝑟𝑛 𝑧̂𝑛−2 ]
𝑀ℎ
𝑛=1

+(

∞
1 2
) 𝛼1 𝑁̂𝑧𝑁−1 ∑ 𝑛𝑟𝑛 𝑧̂𝑛−1
𝑀ℎ
𝑛=1

+ [(𝛾0 + 𝛾1 𝑧̂𝑁) 𝑐2 − (𝛽0 + 𝛽1 𝑧̂𝑁)] 𝑘2 𝑧̂2(𝑀−1) ∑ 𝑟𝑛 𝑧̂𝑛
𝑛=0

−

∞
1
𝛼1 𝑁̂𝑧𝑁+𝑀−2 𝑘 ∑ 𝑠𝑛 𝑧̂𝑛
𝑀ℎ
𝑛=0

−

∞
1
(𝛽0 + 𝛽1 𝑧̂𝑁 − 𝛼0 − 𝛼1 𝑧̂𝑁) 𝑧̂𝑀−1 𝑘 ∑ 𝑛𝑠𝑛 𝑧̂𝑛−1 = 0
𝑀ℎ
𝑛=1

∞
1 2
(
) (𝛽0 + 𝛽1 𝑧̂𝑁) ∑ [𝑛 (𝑛 − 𝑀) 𝑠𝑛 𝑧̂𝑛−2 ]
𝑀ℎ
𝑛=1

+

(16)

∞
1
(𝛽1 − 2𝛼1 ) 𝑁̂𝑧𝑁+𝑀−2 𝑘 ∑ 𝑟𝑛 𝑧̂𝑛
𝑀ℎ
𝑛=0

+(

∞
1 2
) 𝛽1 𝑁̂𝑧𝑁−1 ∑ 𝑛𝑠𝑛 𝑧̂𝑛−1
𝑀ℎ
𝑛=1
∞

+ [(𝛾0 + 𝛾1 𝑧̂𝑁) 𝑐2 − (𝛼0 + 𝛼1 𝑧̂𝑁)] 𝑘2 𝑧̂2(𝑀−1) ∑ 𝑠𝑛 𝑧̂𝑛
𝑛=0

𝑑𝑈
1 2 2(1−𝑀)
𝛼1 𝑁̂𝑧(𝑁−1)
+(
) 𝑧̂
𝑀ℎ
𝑑̂𝑧
𝑁

∞

𝑈 = ∑ 𝑟𝑛 𝑧̂𝑛 ,

∞

The following relation should be satisfied by
𝑑𝐹 𝑑𝐹 𝑑̂𝑧
1 (1−𝑀) 𝑑𝐹
𝑧̂
=
=
𝑑𝑧 𝑑̂𝑧 𝑑𝑧 𝑀ℎ
𝑑̂𝑧

(14)

2

+ [(𝛾0 + 𝛾1 𝑧̂ ) 𝑐 − (𝛽0 + 𝛽1 𝑧̂ )] 𝑘 𝑈
−

𝑑𝑊
1
(𝛽 + 𝛽1 𝑧̂𝑁 − 𝛼0 − 𝛼1 𝑧̂𝑁) 𝑧̂(1−𝑀) 𝑘
𝑀ℎ 0
𝑑̂𝑧

−

1 (1−𝑀)
𝑧̂
𝛼1 𝑁̂𝑧(𝑁−1) 𝑘𝑊 = 0
𝑀ℎ

+

∞

1
(𝛽 + 𝛽1 𝑧̂𝑁 − 𝛼0 − 𝛼1 𝑧̂𝑁) 𝑧̂𝑀−1 𝑘 ∑ 𝑛𝑟𝑛 𝑧̂𝑛−1 = 0.
𝑀ℎ 0
𝑛=1

In (16), the lowest order of the power of 𝑧̂ is zero. The values
of 𝑟0 and 𝑠0 do not influence the coefficients of 𝑧̂0 in (16).
Therefore, they are considered as undetermined constants of
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the solutions. By equating the coefficient of 𝑧̂𝑗 , (0 ≤ 𝑗 ≤
𝑀 − 2) in (16), we obtain
𝑟𝑛 = 0,

𝑠𝑛 = 0,

(0 < 𝑛 < 𝑀) ,

(17)

and 𝑟𝑀 and 𝑠𝑀 are also undetermined constants.
Furthermore, by equating the coefficients of 𝑧̂𝑗 , (𝑗 ≥ 𝑀−
1) in (16), a series of recursive equations are obtained as
(

𝜎𝑧𝑧 = 𝑖 [(𝑐11 − 2𝑐44 ) 𝑘𝑈 +

1 2
) [𝛼0 (𝑗 + 2) (𝑗 + 2 − 𝑀) 𝑟𝑗+2
𝑀ℎ

𝜎𝑥𝑧

+ 𝛼1 (𝑗 + 2 − 𝑁) (𝑗 + 2 − 𝑀) 𝑟𝑗−𝑁+2 ]
−

𝑘
(𝛽 − 𝛼1 ) (𝑗 − 𝑀 − 𝑁 + 2) 𝑠𝑗−𝑀−𝑁+2
𝑀ℎ 1

−

𝑘
(𝛽 − 𝛼0 ) (𝑗 − 𝑀 + 2) 𝑠𝑗−𝑀+2
𝑀ℎ 0

+ (𝛾1 𝑐2 − 𝛽1 ) 𝑘2 𝑟𝑗−2𝑀−𝑁+2 −

where the constants 𝐶𝑗 (𝑗 = 1∼4) are to be determined. For
𝑛 = 0 and 𝑛 = 𝑀, 𝑟𝑛𝑗 and 𝑠𝑛𝑗 are defined by (20). For the
other values of 𝑛, 𝑟𝑛𝑗 and 𝑠𝑛𝑗 may be determined by solving
(18), whereas 𝑟𝑛 and 𝑠𝑛 are replaced by 𝑟𝑛𝑗 and 𝑠𝑛𝑗 in these
equations.
From (1), (3), and (21), we obtain the following stress
components:
𝑐11 (1−𝑀) 𝑑𝑊
𝑧̂
] exp [𝑖𝑘 (𝑥 − 𝑐𝑡)]
𝑀ℎ
𝑑̂𝑧

1 (1−𝑀) 𝑑𝑈
𝑧̂
= 𝑐44 (
− 𝑘𝑊) exp [𝑖𝑘 (𝑥 − 𝑐𝑡)] .
𝑀ℎ
𝑑̂𝑧

By substituting (21) into the boundary conditions, we
then obtain a set of homogeneous linear algebraic equations
for the undetermined constants 𝐶𝑖 (𝑖 = 1∼4). The sufficient
and necessary condition for the existence of a nontrivial
solution is that the determinant of the coefficient matrix has
to vanish. The dispersion equation is

𝑘
𝛼 𝑁𝑠
𝑀ℎ 1 𝑗−𝑀−𝑁+2

+ (𝛾0 𝑐2 − 𝛽0 ) 𝑘2 𝑟𝑗−2𝑀+2 = 0
(

(22)

 
𝑄𝑖𝑗  = 0,
 

2

1
) [𝛽0 (𝑗 + 2) (𝑗 − 𝑀 + 2) 𝑠𝑗+2
𝑀ℎ

(23)

where 𝑖 = 1∼4, 𝑗 = 1∼4, and

+ 𝛽1 (𝑗 + 2 − 𝑁) (𝑗 − 𝑀 + 2) 𝑠𝑗−𝑁+2 ]

𝑄1𝑗 = 𝑘 (𝑐110 − 2𝑐440 ) 𝑟0𝑗 +

𝑘
+
(𝛽 − 𝛼0 ) (𝑗 − 𝑀 + 2) 𝑟𝑗−𝑀+2
𝑀ℎ 0

𝑐110
𝑠 ,
ℎ 𝑀𝑗

∞

+

𝑘
(𝛽 − 𝛼1 ) (𝑗 − 𝑀 − 𝑁 + 2) 𝑟𝑗−𝑀−𝑁+2
𝑀ℎ 1

𝑄3𝑗 = (𝑐11ℎ − 2𝑐44ℎ ) 𝑘 ∑ 𝑟𝑛𝑗 +

+

𝑘
𝑁 (𝛽1 − 2𝛼1 ) 𝑟𝑗−𝑀−𝑁+2
𝑀ℎ

𝑄4𝑗 =

𝑛=0

𝑄2𝑗 =

𝑟𝑀𝑗
ℎ

+ 𝑘𝑠0𝑗 ,

𝑐11ℎ ∞
∑ 𝑛𝑠 ,
𝑀ℎ 𝑛=0 𝑛𝑗

(24)

∞
1 ∞
∑ 𝑛𝑟𝑛𝑗 − 𝑘 ∑ 𝑠𝑛𝑗 .
𝑀ℎ 𝑛=0
𝑛=0

+ (𝛾1 𝑐2 − 𝛼1 ) 𝑘2 𝑠𝑗−2𝑀−𝑁+2 + (𝛾0 𝑐2 − 𝛼0 ) 𝑘2 𝑠𝑗−2𝑀+2 = 0.

3. Numerical Example and Discussion
(18)
Therefore, the solution for (8) may be rewritten as
∞

𝑈 = 𝑟0 + ∑ 𝑟𝑛 𝑧̂𝑛 ,
𝑛=𝑀

∞

𝑊 = 𝑠0 + ∑ 𝑠𝑛 𝑧̂𝑛 ,

(19)

𝑛=𝑀

where 𝑟0 , 𝑟𝑀, 𝑠0 , and 𝑠𝑀 are the independent unknown coefficients.
To simplify these independent unknown coefficients, the
following matrix is introduced:
(𝑟0𝑗 𝑟𝑀𝑗 𝑠0𝑗 𝑠𝑀𝑗 ) = 𝐼,

(20)

where 𝑗 = 1∼4 and 𝐼 is a 4 × 4 unity matrix. Thus, (19) may be
rewritten as
4

𝑀

∞

𝑛=𝑀+1

4

∞

𝑗=1

𝑛=𝑀+1

𝑊 = ∑𝐶𝑗 (𝑠0𝑗 + 𝑠𝑀𝑗 𝑧̂𝑀 + ∑ 𝑠𝑛𝑗 𝑧̂𝑛 ) ,

Cr:
𝜌(1) = 7190 kg/m3 ,

(1)
𝑐44
= 102.5 GPa,

(1)
= 279.2 GPa
𝑐11

(25)

Ceramics:
𝜌(2) = 3900 kg/m3 ,

(2)
𝑐44
= 118.11 GPa,

(2)
= 374.9 GPa.
𝑐11

𝑛

𝑈 = ∑ 𝐶𝑗 (𝑟0𝑗 + 𝑟𝑀𝑗 𝑧̂ + ∑ 𝑟𝑛𝑗 𝑧̂ ) ,
𝑗=1

Based on the dispersion relation in (23), numerical examples
are given to illustrate the propagation behavior of Lamb waves
in an FGM plate. In the numerical analysis, Cr and ceramic
are chosen as materials I and II, respectively. Their material
parameters are [18] as follows:

(21)

Normally, the demission of elastic coefficients is different
to that of density, and the longitudinal wave velocity and
the shear wave velocity are dependent on the ratio of the
elastic coefficients to the density. Therefore, in this study, we
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Figure 2: Profiles of material parameters: (a) normalized elastic parameter 𝑐11 /𝑐11 (0) and 𝑐44 /𝑐44 (0) and (b) normalized density 𝜌/𝜌(0).

8000

Phase velocity c (m/s)

presented these in a nondimensional way. The profiles of the
nondimensional material properties that vary with thickness
are shown in Figure 2.
The dispersion curves of the first four modes are plotted in
Figure 3, where the dimensionless wave number 𝑘ℎ and phase
velocity 𝑐 are used as the abscissa and ordinate, respectively.
As shown in Figure 3, in each mode, the phase velocity of
Lamb waves in the FGM plate with 𝑝 = 0.5 is the largest,
followed by that in the FGM plate with 𝑝 = 1. The phase
velocity in the FGM plate with 𝑝 = 1.5 is the smallest. This
phenomenon suggests that the phase velocity decreases when
the gradient coefficient increases. For the convenience of
nondestructive evaluation, the continuous relation between
the phase velocity of Lamb waves in the FGM plate and
the gradient coefficient is plotted in Figure 4. The dimensionless wave number 𝑘ℎ being 𝜋 and 2𝜋 signifies that the
thickness of the plate is equal to half of one wavelength and
one wavelength, respectively. The influence of the gradient
coefficient on the phase velocity is nonlinear. The result is
in good agreement with that in [18], which discusses the
discrete relation between the phase velocity and the gradient
coefficient.
The dispersion properties are determined by the relationship between the phase velocity and the group velocity, which
is defined as 𝑐𝑔 = 𝑑𝜔/𝑑𝑘 = 𝑐+𝑑𝑐/𝑑𝑘. The physical meaning of
the group velocity is the rate at which energy is transported.
When the group velocity is greater than the phase velocity,
this phenomenon is called anomalous dispersion. The opposite is called normal dispersion. When Lamb waves propagate
in a homogenous plate, only anomalous dispersions occur
in the first modes; normal dispersions exist in the second
modes. When the Lamb waves propagate in an FGM plate,
both anomalous and normal dispersions occur in the first and
second modes. For example, in the first mode, the value of
𝑑𝑐/𝑑𝑘 varies from positive to negative. Thus, a point at which

4000

0

2

4
6
8
Dimensionless wave number kh

10

p = 0.5
p=1
p = 1.5

Figure 3: Dispersion curves of first four modes of Lamb waves in
FGM plate.

𝑑𝑐/𝑑𝑘 is equal to zero exists. The phase velocity is implied
to be equal to the group velocity at that point. We define the
frequency of that point as the nondispersion frequency. The
relation between gradient coefficient and the nondispersion
frequencies of the first mode, 𝜔, is plotted in Figure 5, where
the products of nondispersion frequency and thickness 𝜔ℎ
are used as the ordinate. The nondispersion frequency is not
monotonic and reaches minimum when the gradient coefficient approximately equals 1. It implies that the nondispersion
frequencies reach minimum when the variation rate of the
material properties is constant. With wave number increases,
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the plate equals a wavelength.
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the earliest peak of dispersion curves of the first mode appears
when the material properties vary along thickness linearly.
Many interesting aspects of mode cutoff frequency may
be used for corrosion detection and thickness measurement
in a variety of different structures. For Lamb waves, frequency
values occur whenever standing longitudinal or shear waves
are present across the thickness of the plate. We select a series
of small dimensionless wave numbers 𝑘ℎ from 0.1 to 0.00001
and calculate the phase velocity. The limitation of the product
of phase velocity and dimensionless wave number 𝑘ℎ at 𝑘ℎ →
0 is the product of the cutoff frequency and thickness 𝜔𝑛 ℎ.
Table 1 lists products of thickness and cutoff frequencies
𝜔𝑛 ℎ for the Lamb waves propagating in the homogenous plate
and the FGM plate. Table 1 shows that the set of the cutoff
frequencies could be considered to be a union of two series
of approximate arithmetic progressions. In Table 1, the series

of 𝜔𝑛 ℎ, 𝑛 = 1, 3, 4, 6, should be considered as one series of
approximate arithmetic progressions. The differences approximately are 14.9, 14, 13.5, and 13 MHz⋅mm when the gradient
coefficient is 0.5, 1, 1.5, and 2.5, respectively. While the
series of 0, 𝜔𝑛 ℎ, 𝑛 = 2, 5, should be considered as another
series of approximate arithmetic progression, the differences
approximately are 26, 24, 23, and 22 MHz⋅mm when the
gradient coefficient is 0.5, 1, 1.5, and 2.5, respectively. Let 𝜔6 ℎ−
𝜔4 ℎ and 𝜔5 ℎ − 𝜔2 ℎ represent the differences of these series,
respectively. We plot the relation between the differences
of the series and the gradient parameter in Figure 6. The
differences decrease as the gradient coefficient increases. It
suggests that the gradient coefficient should be evaluated
from the cutoff frequencies.
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Table 1: Products of thickness and cutoff frequencies of the Lamb waves propagating in the homogenous plate and the FGM plate 𝜔𝑛 ℎ
(MHz⋅mm).
𝑛
1
2
3
4
5
6

Cr
11.862
19.577
23.723
35.585
39.154
47.447

Ceramics
17.289
30.802
34.577
51.866
61.603
69.155

FGM (𝑝 = 0.5)
14.931
26.013
29.855
44.832
51.988
59.790

4. Conclusion
Variable substitution and the power series technique are used
to solve Lamb waves’ propagation problems in a functionally
graded composite with nonintegral power function volume
fractions. The continuous relation between the phase velocity
and the gradient coefficients is obtained. The numerical
results show that the phase velocity decreases as the gradient
coefficient increases, nondispersion frequency exists in the
first mode, and the set of cutoff frequencies is related to the
gradient coefficient. Based on these results, three potential
methods may be employed for nondestructive evaluation
based on Lamb waves. These methods include phase velocity,
nondispersion frequency, and cutoff frequency. The present
theoretical study not only provides a method for solving the
wave propagation problems in an FGM used in the thermal
protection systems but also serves as guide for ultrasonic
nondestructive evaluation.
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[2] C. F. Lü, C. W. Lim, and W. Q. Chen, “Size-dependent elastic
behavior of FGM ultra-thin films based on generalized refined
theory,” International Journal of Solids and Structures, vol. 46,
no. 5, pp. 1176–1185, 2009.
[3] A. J. Markworth and J. H. Saunders, “A model of structure
optimization for a functionally graded material,” Materials
Letters, vol. 22, no. 1-2, pp. 103–107, 1995.
[4] Y. Fukui, K. Takashima, and C. B. Ponton, “Measurement of
Young’s modulus and internal friction of an in situ Al-Al3Ni
functionally gradient material,” Journal of Materials Science, vol.
29, no. 9, pp. 2281–2288, 1994.

FGM (𝑝 = 1)
14.135
24.243
28.287
42.132
48.228
56.154

FGM (𝑝 = 1.5)
13.708
23.267
27.173
40.675
46.202
54.192

FGM (𝑝 = 2.5)
13.233
22.195
26.173
39.142
44.071
52.125

[5] F. Erdogan, “Fracture mechanics of functionally graded materials,” Composites Engineering, vol. 5, no. 7, pp. 753–770, 1995.
[6] J. N. Reddy and C. D. Chin, “Thermomechanical analysis of
functionally graded cylinders and plates,” Journal of Thermal
Stresses, vol. 21, no. 6, pp. 593–626, 1998.
[7] J. Zhu, G. R. Ye, Y. Q. Xiang, and W. Q. Chen, “Recursive
formulae for wave propagation analysis of FGM elastic plates via
reverberation-ray matrix method,” Composite Structures, vol.
93, no. 2, pp. 259–270, 2011.
[8] G. R. Liu, X. Han, and K. Y. Lam, “Material characterization
of FGM plates using elastic waves and an inverse procedure,”
Journal of Composite Materials, vol. 35, no. 11, pp. 954–971, 2001.
[9] G. R. Liu, J. Tani, and T. Ohyoshi, “Lamb waves in a functionally
gradient material plate and its transient response (part 1: theory),” Transactions of the Japan Society of Mechanical Engineers,
vol. 57, no. 535, pp. 603–608, 1991.
[10] X. Han, G. R. Liu, K. Y. Lam, and T. Ohyoshi, “Quadratic layer
element for analyzing stress waves in FGMS and its application
in material characterization,” Journal of Sound and Vibration,
vol. 236, no. 2, pp. 307–321, 2000.
[11] X. Han, G. R. Liu, Z. C. Xi, and K. Y. Lam, “Characteristics of
waves in a functionally graded cylinder,” International Journal
for Numerical Methods in Engineering, vol. 53, no. 3, pp. 653–
676, 2002.
[12] G. R. Liu, X. Han, and K. Y. Lam, “Stress waves in functionally
gradient materials and its use for material characterization,”
Composites B: Engineering, vol. 30, no. 4, pp. 383–394, 1999.
[13] X. Y. Li, Z. K. Wang, and S. H. Huang, “Love waves in functionally graded piezoelectric materials,” International Journal of
Solids and Structures, vol. 41, no. 26, pp. 7309–7328, 2004.
[14] V. Vlasie and M. Rousseau, “Guided modes in a plane elastic
layer with gradually continuous acoustic properties,” NDT and
E International, vol. 37, no. 8, pp. 633–644, 2004.
[15] X. Cao, F. Jin, and Z. Wang, “Theoretical investigation on
horizontally shear waves in a functionally gradient piezoelectric
material plate,” Advanced Materials Research, vol. 33–37, pp.
707–712, 2008.
[16] J. Liu and Z. K. Wang, “Study on the propagation of Rayleigh
waves in a graded half space,” Chinese Journal of Applied
Mechanics, vol. 21, pp. 106–109, 2008.
[17] B. Wu, J. Yu, and C. He, “Wave propagation in nonhomogeneous
magneto-electro-elastic plates,” Journal of Sound and Vibration,
vol. 317, no. 1-2, pp. 250–264, 2008.
[18] X. Cao, F. Jin, and I. Jeon, “Calculation of propagation properties
of Lamb waves in a functionally graded material (FGM) plate by
power series technique,” NDT & E International, vol. 44, no. 1,
pp. 84–92, 2011.

Hindawi Publishing Corporation
Advances in Materials Science and Engineering
Volume 2015, Article ID 583076, 7 pages
http://dx.doi.org/10.1155/2015/583076

Research Article
Analysis of Influence of Temperature on Magnetorheological
Fluid and Transmission Performance
Song Chen,1 Jin Huang,1 Kailin Jian,2 and Jun Ding1
1
2

College of Mechanical Engineering, Chongqing University of Technology, Chongqing 400054, China
College of Aerospace Engineering, Chongqing University, Chongqing 400044, China

Correspondence should be addressed to Song Chen; songchen1133@163.com
Received 13 August 2014; Revised 21 October 2014; Accepted 24 October 2014
Academic Editor: Xing Chen
Copyright © 2015 Song Chen et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Magnetorheological (MR) fluid shows different performances under different temperature, which causes so many problems like
the reduction of rheological properties of MR fluid under a high temperature condition, the uncontrollability of shear stress, and
even failure of transmission; on that basis, the influence of temperature on the performance of MR fluid and the cause of the rise in
temperature of MR transmission device are analyzed in this paper; the shearing transmission performance of the MR transmission
device under the effect of an external magnetic field and the influence of temperature on the shearing stress and transmission
performance are analyzed. The study results indicate that temperature highly influences the viscosity of MR fluid, and the viscosity
influences the shear stress of the MR fluid. The viscosity of MR fluid gradually declines when temperature rises from 100∘ C. Once
the temperature exceeds 100∘ C, the viscosity would increase and the temperature stability would decline. Temperature obviously
influences the characteristics of MR transmission, and particularly, highly influences the characteristics of MR transmission once
being higher than 100∘ C. The chaining of the material in the magnetic field is influenced, which causes the reduction of the
rheological properties, the uncontrollability of the shear stress, and even the failure of transmission.

1. Introduction
MR fluid is suspension fluid, which is prepared by small magnetic particles (microlevel) dispersing in insulated carrier
fluid, and shows specific noncolloid nature MR characteristic
as the external magnetic field varies. MR fluid is the material
related to the external magnetic field and shows the nature of
common fluid in the absence of magnetic field. Once there is
an external magnetic field, the rheological properties would
vary along with the external magnetic field; namely, the yield
stress increases linearly along with the external magnetic
field, and the variation is characterized in that the speed
is fast, the variation process is reversible, and the variable
range is wide. With such unique mechanical properties,
the MR fluid can be widely used. However, the mechanical
properties of MR fluid are directly related to temperature,
which means that MR fluid shows different performances
under different temperature. The viscosity of base fluid of
MR fluid is sensitive to the variation of temperature, and
the variation of temperature would cause the variation of

the viscosity; the variation of the viscosity may cause the
variation of the shear stress, and, as a result, the performances
of MR device vary. Additives are also sensitive to temperature,
some are decomposed at about 100∘ C, and some even cause
irreversible changes of MR fluid after cycling under high
or low temperature, which influences the chaining of the
material in the magnetic field, resulting in the reduction of
the rheological properties and the uncontrollability of the
variation of the shear stress.
Based on the mechanical characteristics of MR fluid, there
are many studies on performance [1, 2] and applications such
as brake [3] and damper [4] during recent years, but relatively
few studies were performed for the influence of temperature on the performance of MR fluid and transmission
performance. Li and Du performed study on the influence
condition of temperature for the viscosity and the shear stress
with experiment [5]. Nagaya et al. and Erol et al. carried
out study on the temperature characteristics and temperature
distribution condition of the MR transmission device [6, 7].
The material performance of MR fluid is highly influenced

2
by the temperature and also limits the application in phase
type engineering. Therefore, the analysis of the temperature
distribution condition of MR fluid and the variation of the
material performance under different service states is of a
great significance.

2. Analysis of Viscosity-Temperature
Characteristics of MR Fluid
Temperature highly influences the viscosity of MR fluid, and
the viscosity influences the shear stress, and, as a result, the
transmission performance of MR fluid is influenced. Therefore, the viscosity-temperature characteristics of MR fluid
must be carried to obtain the influence rules of temperature
on the viscosity of MR fluid.
The zero-field viscosity of the typical MR fluid under
room temperature is less than 1.5 Pa⋅s; the zero-field viscosity,
the shear stress, and the volume fraction are proportional;
the shear stress under 0.5 T magnetic flux density is higher
than 60 kPa. The influence of the temperature on MR fluid
is mainly expressed in form of the viscosity; namely, the
viscosity of carrier liquid is sensitive to the variation of
temperature and declines as the temperature rises, which
meets the viscosity variation rule of most of the fluid, and
the viscosity of carrier liquid also brings large influence on
the performance of MR fluid. Additives are also sensitive to
temperature, some would be decomposed at about 100∘ C,
and some are even thickened when in use after cycling
under high or low temperature, which influences the chaining
of the material in the applied magnetic field, resulting in
the reduction of the shear stress and the sudden variation
and uncontrollability of the variation of the shear stress
of MR transmission device. The Curie temperature of the
ferromagnetic suspended phase particles is always up to
770∘ C, and the temperature of obvious oxidization is also
higher than 300∘ C, so that the influence from the service
temperature of MR fluid can be ignored. The surface treating
agent may improve the properties of solid phase and liquid
phase interfaces, improve the rheological properties, and be
relatively stable under temperature variation [8]. Therefore,
the influence of temperature on the performance of MR fluid
is expressed through the influences on the carrier fluid and
additive.
According to the molecules, liquid is composed of a
large number of random-motion molecules, and its viscidity performance is closely related to the molecule state.
The viscosity of liquid is the comprehensive manifestation
of intermolecular attraction and momentum transfer; the
intermolecular attraction will sharply decline as the space
between molecules rises, and the molecular momentum
depends on the velocity of movement. There is small space
between liquid molecules, and the average velocity of random
motion is low, so intermolecular force mainly determines the
viscidity performance. Once temperature rises, the average
velocity of MR fluid molecular motion rises, and the space
between molecules also rises. Therefore, the viscosity of
liquid decreases as temperature rises. The temperature-based
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variety rule of the viscosity of MR fluid and the temperaturebased variation level (viscosity index) of the viscosity is the
important index of the temperature characteristic of MR fluid
[9].
It is very important to understand the relation between
viscosity of MR fluid and temperature during analyzing the
influence of temperature on MR fluid. International and
domestic academics have made a large number of studies
on the viscosity and temperature characteristics of synthetic
oil. Reynolds, Andrade-Erying, Slotte, Vogel, and WaltherASTM et al. put forward some formulas for expressing the
relation between viscosity and temperature; some formulas
were on the basis of the analysis of the liquid flowing model
and some were on the basis of the collation of experience
data. Therefore, all formulas have some advantages and limitations on application. Under normal temperature (0∼100∘C),
suspension liquid flows in form of particles with directional
alignment by shearing manner along a certain angle, and such
flowing does not produce any mutual interference. According
to the nature and working characteristics of carrier liquid, this
study adopted the relation formula put forward by Reynolds
for showing the relation between viscosity of MR fluid and
temperature,
𝜂 (𝑇) = 𝑏𝑒−𝑎𝑇 ,

(1)

wherein 𝑎 and 𝑏 are constant, 𝑇 is temperature in degrees
Klvin, and 𝜂(𝑇) represents viscosity.
The viscosity index (VI) represents the temperaturebased variation level of viscosity of various kinds of oil. If
the viscosity index is large, the influence of temperature on
viscosity of liquid is small, so it is clear that the viscosity
is not sensitive to temperature. VI of most of industrial oil
ranges from 0 to 100, but it must always be beyond 100 in
case of applying to synthetic oil and multilevel oil. The carrier
liquid of MR fluid is characterized in that polymer is added
to the base oil and its viscosity rises, but the viscosity and
temperature characteristics vary gently just like those of the
base oil, so that the viscosity index obviously rises.
According to the variation relation formula of temperature and viscosity under normal temperature and the analysis
of influence of temperature on components of MR fluid, in
light of the existing relevant studies [5, 9, 10], and on the basis
of 𝑏 = 143 and 𝑎 = 0.0143, the temperature-based variation
curve of the viscosity of MR fluid within the temperature
range of −40∼140∘ C is obtained, and the theoretical value
and experimental value of viscosity versus temperature are
shown in Figure 1. Figure 1 shows that temperature highly
influences the viscosity of the carrier fluid of MR fluid. If the
temperature is −40∼0∘ C, the viscosity is highly influenced by
the temperature. If the temperature is 0∼100∘ C, the viscosity
is relatively stable and would slightly decline as temperature
rises. If the temperature is higher than 100∘ C, the viscosity
would gradually increase. The analysis result indicates that
the carrier fluid of MR fluid is solidified and settled under
−40∼0∘ C, and as a result, large viscosity appears. The viscosity
gradually declines as the temperature rises from 0 to 100∘ C;
it is because of the fact that the thermal motion of molecule
of carrier fluid is aggravated when temperature rises that
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Figure 2: The curve of the shear stress versus temperature.
Figure 1: The curve of viscosity of MR fluid versus temperature.

both attraction and internal friction decline; on that basis, the
shear stress produced by shear deformation correspondingly
decreases, and as a result, the viscosity declines. In addition, this phenomenon is reversible under such temperature
range. Once the temperature is higher than 100∘ C, the
carrier fluid would be volatilized and the additives would be
decomposed, which make the viscosity gradually increase. If
the temperature is higher than 100∘ C, some additives may
cause irreversible thickening of MR fluid after cycling under
high and low temperature, which influences the chaining
of the material in the applied magnetic field, resulting in
the reduction of the shear stress and uncontrollability of the
variation of the shear stress, the reduction of the transmission
stability, and even the failure of transmission.

3. Influence of Temperature on Rheological
Property of MR Fluid
The MR characteristics of MR fluid are highly influenced by
the viscosity, and the viscosity is sensitive to temperature,
so that the influence of temperature on the viscosity of MR
fluid and the shear stress can be taken into major account
in the study on the influence of temperature on MR fluid.
If there is really a big influence of temperature on the
viscosity and shear stress, the study on the influence rule of
temperature on the viscosity and shear stress and the study on
the corresponding compensation measures must be carried
out; otherwise, the practical application of MR fluid would
be seriously restricted.
MR fluid exhibits Newtonian fluid-like behavior in
absence of the external magnetic field, and the constitutive
equation is that
𝜏 = 𝜂 (𝑇) 𝛾.̇

(2)

The rheological performance [10] of MR fluid under
shearing flowing model in presence of the external magnetic
field can be described through Herschel-Bulkey model,
𝜏 = 𝜏 (𝐻) + 𝜂 (𝑇) 𝛾𝑛̇,
𝛾̇= 0,

𝜏 < 𝜏𝑦 (𝐻) ,

𝜏 ≥ 𝜏 (𝐻) ,

(3)

wherein 𝜏(𝐻) represents the dynamic yield stress of MR fluid,
which varies along with the strength of the external magnetic
field, 𝜂(𝑇) represents the viscosity of MR fluid, which varies
along with the temperature 𝑇, 𝛾̇represents the shear strain
rate of MR fluid, and 𝑛 is constant.
In general, the yield stress of MR fluid increases as
the magnetic field strength rises before reaching magnetic
saturation, and the yield stress is the function 𝜏(𝐻) = 𝐶 ⋅
271700𝜙1.5239 ⋅ tanh(0.00633𝐻) of the magnetic field strength
[11], wherein 𝜏(𝐻) represents the yield stress, 𝜙 represents the
volume percentage of the magnetic particles, 𝐻 represents
the magnetic field strength, and 𝐶 represents the constant
related to the carrier fluid of MR fluid. According to the
temperature-based variation relation of viscosity of MR fluid
and the constitutive equations of MR fluid and on the basis
of shear strain rate of 𝛾̇ = 1000 s−1 and 𝑛 = 0.93, the
influence of temperature on shear stress can be calculated. If
the flux magnetic field strength is 0 kAmp/m, 100 kAmp/m,
and 200 kAmp/m, the temperature-based variation of the
shear stress is calculated within −40∼140∘ C (calculated based
on the temperature of −40∘ C, −20∘ C, 0∘ C, 20∘ C, 40∘ C, 60∘ C,
80∘ C, 100∘ C, 120∘ C, and 140∘ C), and the curve of the shear
stress versus temperature is as shown in Figure 2.
Figure 2 shows that the shear stress under the absence
of magnetic field is relatively smaller than the shear stress
under the external magnetic field and is only about 1/10 of
the shear stress in presence of magnetic field. The shear stress
gradually increases as the current rises; namely, the magnetic
field strength rises. The shear stress gradually decreases as
the temperature rises. However, the shear stress gradually
increases as the temperature increases from 100∘ C, but the
variation is gradually irregular; it is to be studied. The shear
stress of MR fluid varies a lot along with the temperature
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Figure 3: The curve of shear stress versus shear strain rate.

under the absence of magnetic field (the variation trend
is mainly determined by the carrier fluid); the shear stress
lowers down to be about 1/10 of the original to the maximum.
The shear stress decreases along with the relative variation of
the temperature in presence of the external magnetic field,
and the shear stress only lowers down to be about 1/7 to the
maximum.
When the zero-field viscosity of MR fluid is 0.86 Pa⋅s,
the strength of the external magnetic field is 0 kAmp/m,
50 kAmp/m, 100 kAmp/m, and 200 kAmp/m, and the shear
strain rate is 500 (1/s)∼800 (1/s), and the curve of the shear
stress versus shear strain rate may be calculated, as shown in
Figure 3. According to Figure 3, we can know that the shear
stress increases slowly with the increase of shear strain rate;
but the shear stress obviously increases with the increase of
strength of external magnetic field, and it keeps steady as the
increase of shear strain rate. The shear stress in the absence of
magnetic field is very small compared with that when there is
applied magnetic field, and the rheological properties of MR
fluid are subject to Bingham model.
The result shows that the shear stress of MR fluid gradually increases as the current rises; namely, the magnetic field
strength increases under the same temperature condition.
The shear stress gradually declines as the temperature rises
within −40∼100∘ C under the same magnetic field strength.
The shear stress slightly increases as the temperature rises
beyond 100∘ C and is gradually uncontrolled.

4. The Influence of Temperature on
Transmission Performance of MR Fluid
4.1. Shear Transmission Principle of MR Fluid between Two
Cylinders. MR transmission device is widely applied to
various control systems. Such transmission devices using
MR fluid as the working medium have the advantages of
being simple in structure, low in energy consumption, fast
to respond, and easy to control. The transmission devices are
of multiple structural forms, including shear mode, pressure
flow mode, extruding mode, or the combination of all based
on the working mode. The cylinder type MR transmission
runs under the shear mode. Just like the power transmission

Driving-cylinder
MR fluid
Driven-cylinder

Figure 4: Shear transmission principle of MR fluid between two
cylinders.

characteristics of the common transmission devices, the
transmission ratio of the driving shaft to the driven shaft is
realized by controlling the shear stress of MR fluid, and the
shear stress of MR fluid is controlled through the current of
the electrified coil. The electrified coil produces the magnetic
field between the inner cylinder and outer cylinder of the
cylinder, and MR fluid between the inner cylinder and the
outer cylinder is magnetized. MR fluid shows high shear yield
stress under the applied magnetic field, and the shear yield
stress is power exponential to the external magnetic field, and
the torque of the driving shaft and the driven shaft of MR
transmission device is transmitted through the shear stress
of MR fluid [12–14]. The shear transmission principle of MR
fluid between the two cylinders is as shown in Figure 4.
Some of the mechanical property and electric energy
are converted into heat during operating MR transmission
device, which inevitably causes the temperature variation.
The heat source of MR transmission device is mainly produced by the rise of temperature of MR fluid under the effect
of high shear stress, the heat produced by the electric power
loss of the magnet exciting coil, the frictional heating of
bearing and rotating sealing ring, high temperature service
environment of MR device, and so forth. All the factors above
may cause irreversible variation of the zero-field viscosity of
MR fluid. In general, the bearing and rotating sealing ring
produce little heat which can be ignored. The metal coil for
producing magnetic field always produces large heat under
electrifying condition (the electromagnetic coil always works
at about 75∘ C). MR device always services in an environment
with high temperature (e.g., the upper limit of the working
temperature of the transmission device running close to the
autoengine is always higher than 100∘ C; the Jetta of FAWVolkswagen is 115∘ C, and FUKANG car is 118∘ C), and as a
result, the influence of the environmental temperature on the
performances of MR fluid and device cannot be ignored. In
case of partial yield of MR fluid, there is a difference between
the rotating speeds of the driving-cylinder and the drivencylinder of MR transmission device; sliding difference also
appears among MR fluids, and thus magnetic particles at each
level produce frictional heat to cause the rise in temperature
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state in absence of the external magnetic field. According to
formula (5),
𝑐
𝜏𝑟𝜃 = 2 .
(6)
𝑟
According to 𝛾̇= 𝑑V𝜃 /𝑑𝑟, V𝜃 = 𝜔(𝑟) ⋅ 𝑟, and 𝜏 = 𝜂(𝑇)𝛾,̇

Driven-cylinder

𝜔2

𝜔r

MR fluid

dr

r

R1
𝜔1

𝑟

𝜃

Driving-cylinder

Figure 5: Shear transmission model of cylinder type MR fluid.

of MR fluid, which also seriously influences the transmission
performance [15, 16]. MR fluid in the transmission device
shows serious heating under sliding difference conditions
[6, 7]; the frictional heating of particle layers can reach about
260∘ C within a short time once the sliding power reaches
10 kW.
4.2. Analysis on Transmission Performance of MR Fluid. MR
transmission between two coaxial cylinders is of the shear
transmission mode as shown in Figure 5. The transmission
device is of axial symmetry mode. It is assumed in calculation
that MR fluid is continuous and uniform medium and
meets the mass conservation principle; namely, MR fluid
is constant-flowing incompressible viscous non-Newtonian
fluid; the density does not vary along with the time and place;
MR fluid does not flow in axial and radial directions and only
shows tangential velocity.
The sector infinitesimal face shear transmission model
[11, 17] of MR fluid under cylindrical coordinate was established based on the assumption above, and the following can
be obtained according to Newton’s second law:
𝜕𝜎𝜃𝜃 𝜕𝜏𝑟𝜃
𝑑𝜔
+
𝑟 = 𝜌𝑟 ,
𝜕𝜃
𝜕𝑟
𝑑𝑡

(4)

wherein 𝜎𝜃𝜃 represents positive tangential stress, 𝜏𝑟𝜃 represents tangential stress, 𝜌 represents density of MR fluid, and
𝜔 represents tangential speed.
MR fluid model is of axial symmetry, 𝜎𝜃𝜃 is only the
function of radius 𝑟, 𝜕𝜎𝜃𝜃 /𝜕𝜃 = 0. 𝜏𝑟𝜃 only represents
the function of radius, the flow speed does no variation
tangentially, and formula (4) can be shown as
2𝜏𝑟𝜃 +

𝑑𝜏𝑟𝜃
𝑟 = 0.
𝑑𝑟

(7)

wherein 𝜂(𝑇) represents the viscosity of MR fluid in absence
of the external magnetic field and 𝛾̇
represents the shear strain
rate.
The boundary conditions shown as 𝑟 = 𝑅1 , V𝜃 = 𝜔1 𝑅1 ,
𝑟 = 𝑅2 , and V𝜃 = 𝜔2 𝑅2 are substituted to obtain

O

R2

2𝜏𝑟𝜃 +

𝑑𝜔
𝑐 1
,
+𝜔=
𝑑𝑟
𝜂 (𝑇) 𝑟2

(5)

According to the working state of the transmission device,
the solid state and liquid state, rather than the coexistence
state of solid and liquid, of MR fluid, are taken into account.
MR fluid is in form of Newton liquid and completely in yield

𝑐=

[𝜂 (𝑇) (𝜔1 𝑅1 − 𝜔2 𝑅2 )] 𝑅1 𝑅2
.
𝑅2 − 𝑅1

(8)

MR fluid is in solid state in presence of external magnetic
field, the transmission shaft does not relatively rotate, and the
torque is transmitted between the driving shaft and the driven
shaft without any loss,
𝜔 = 𝜔1 = 𝜔2 .

(9)

The transmission torque of MR fluid is
𝑅2

𝑅2

𝑅1

𝑅1

𝑀 = ∫ 𝑑𝑀 = 2𝜋𝑙 ∫ 𝜏𝑟𝜃 𝑟2 𝑑𝑟,

(10)

wherein 𝑅1 , 𝑅2 represent the radius of the inner cylinder and
outer cylinder of the transmission device and 𝑙 represents the
axial length of the transmission device.
4.3. Experimental Research on Force Transfer Performance
4.3.1. The Test of MR Transmission Performance. To measure
the impact of temperature on force transfer performance
of MR transmission device, the experiment table for MR
transmission is built (as shown in Figure 6). The experimental
table mainly comprises AC electromagnetic variable-speed
motor, worm reducer, torque sensor, DC power supply, digital
thermometer, coupling, transmission gear, heating ring, and
temperature sensor. MR fluid used during the test is selfprepared MR fluid sample; the magnetic particle is carbonyl
iron powder (volume fraction: 25%); the carrier fluid is shock
absorber oil; the additives include thixotropic agent, surface
active agent, and solid lubricant (additive content: 1.4%); the
viscosity in absence of the magnetic field is 0.86 Pa⋅s; the used
temperature range is −20∘ C∼100∘ C; and the performance will
reduce if the temperature exceeds 100∘ C. The inside and
outside diameters of the transmission gear are, respectively,
𝑅1 = 50 mm, 𝑅2 = 52 mm; the working clearance length is
120 mm; and the maximum input angular velocity is 𝜔1 max =
100 rad/s. During the experiment, MR fluid was injected
into the MR transmission device; current is provided via
excitation coil; torque sensor was used to measure the torque;
temperature produced by heating ring was measured by
temperature sensor. The temperature sensor was installed at
the 50 mm radius position at the two ends of the transmission
gear.
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Figure 6: Test system of MR transmission performance.
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4.3.2. Experimental Result Analysis. When the input revolution of the transmission gear is 60 r/min and the exciting
current is 0.2 A, 0.4 A, 0.6 A, 0.8 A, make the temperature
increase gradually from room temperature. As shown in
Figure 7 for the change relationship between experimental
value of transmission torque of transmission gear and temperature, when the temperature rises to 100∘ C from room
temperature, the torque transferred by MR fluid slightly
reduces with the increase of temperature. The main reason is
that, during this temperature range, the impact of temperature on MR fluid is mainly characterized by viscosity, and the
change of viscosity has very small impact on torque. However,
after the temperature exceeds 100∘ C, the torque transferred by
MR fluid is discontinuous as temperature change; it is wavy
and has irregular change, causing unstable transmission performance. The main reason is that the “use of multiviscosity”
of MR fluid and the discontinuous and uncontrollable yield
stress of MR fluid under high temperature condition cause
the irregular and unstable torque to be transferred.
Figure 7 shows that the torque transferred by MR fluid
gradually declines as temperature rises under the same
magnetic field strength and rotating speed, but the variation
is continuous and uniform. Once the temperature is higher
than 100∘ C, the torque transferred by MR fluid gradually
increases and varies irregularly, which cause instability of the
transmission performance. It is mainly caused by the fact
that MR fluid is thickened when in use after the temperature
is higher than 100∘ C, and the temperature-based variation
of the shear stress is uncontrollable, and as a result, the
transmission stability and efficiency are low. The specific
influence rules need further study.

I = 0.6
I = 0.8

Figure 7: The curve of torque versus temperature.

(2) Because of the obviously raised temperature of MR
device under the effect of high shear stress, lots of
heat produced by the electric power loss of the magnet
exciting coil, and the influence of the environmental
temperature, MR fluid always services in high temperature environment, so that the temperature effect
of high temperature on transmission device cannot be
ignored.
(3) Temperature obviously influences MR transmission
device and, particularly, highly influences MR transmission device once being higher than 100∘ C. The
mechanical property of MR fluid is highly influenced;
the chaining of the material in the magnetic field is
influenced, which causes the reduction of rheological
properties, the uncontrollability of the shear stress,
and even the failure of transmission. Once the influence rules of temperature on the transmission device
under high temperature environment are mastered,
the resulting unstable transmission can be compensated by other ways in the practical application, so as
to improve the transmission performance.
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The adjustment of heater power is very important because the distribution of thickness strongly depends on the distribution of
sheet temperature. In this paper, the steady state optimum distribution of heater power is searched by numerical optimization in
order to get uniform sheet temperature. In the following step, optimal heater power distribution with a damaged heater was found
out using the technology of fault tolerance, which will be used to reduce the repairing time when some heaters are damaged. The
merit of this work is that the design variable was the power of each heater which can be directly used in the preheating process of
thermoforming.

1. Introduction
Currently, the properties of the composite materials have
been improved with development of the materials science
and engineering. The study on the composite materials in the
past was mainly focused on the chemical components and
the physical structures. There is a trend that the composite
materials take the place of the original metal materials in
some engineering fields with development of the properties of
the composite materials. Therefore, the study on the forming
performance of the composite materials is also important.
Thermoforming is one of the most versatile and economical processes available for shaping polymer products, but
obtaining a uniform thickness of final products using this
method is difficult. Thermal management of thermoforming
processes is very important because the thickness distribution strongly depends on the distribution of the sheet
temperature [1, 2].
In order to improve the performance of final products
and decrease the manufacturing cost, the design variables of
thermoforming system and the operating parameters should
be optimized. For realizing the optimization, the processes
of thermoforming should be simulated. But, the simulation
models for these processes of thermoforming have not been
systematically constructed well. Therefore, the engineers only

depend on trial and error. The design efficiency is too low,
and design and manufacturing cost cannot be decreased
significantly when using the method based on trial and error.
For simulating the preheating process of thermoforming,
the complex phenomena such as phase change should be considered. Many researchers have studied the preheating process of thermoforming using many kinds of techniques. The
materials used for thermoforming have their own absorption
bands, and the ceramic heaters can be considered in which
only the surfaces of the sheet are heated by the heaters. Therefore, the temperature between the surface and the center
of the sheet is significantly different. In order to solve this
problem, Jeffery and so forth have applied the infrared heaters
to the preheating system of thermoforming, but the problem
has not been solved ultimately due to the properties of the
materials used for thermoforming [3–8].
The optimization study should be carried out for satisfying the requirements about the size, the operating conditions,
and so forth defined by the users. Many researchers have studied the optimization of thermoforming processes using a lot
of techniques such as numerical optimization, neural network, and design of experiments [9–14].
The focus of this study has been set to the preheating
process of thermoforming. When the temperature of ABS
(Acrylonitrile-Butadiene-Styrene) sheet is heated to over
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Figure 1: Ceramic heater.

glass transition temperature in the preheating process, the
specific heat of ABS sheet is significantly changed, and the
heat caused by radiation heat transfer and convection heat
transfer is also changed. So, nonlinear problem should be
considered because of variation of properties and operating
condition. At first, the steady state optimum distribution of
heater power is searched by a numerical optimization in order
to get uniform sheet temperature. If the final temperature of
sheet is considered, unsteady analysis must be required. To
reduce the analysis time, mean value of initial and objective
temperature is used in the calculation of steady state. In the
following step, the optimal heater power distribution under
the condition of having a damaged heater was found out using
the technology of fault tolerance, which will be used to reduce
the repairing time when some heaters are damaged.

Figure 2: Feature of installed heaters in heating chamber.
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2. Analysis Model and Governing Equation
2.1. Analysis Model. In this study, the ceramic heater shown
in Figure 1 was considered. The feature of the ceramic heaters
in the preheating chamber was shown in Figure 2. In the preheating process, ABS sheet was located as shown in Figure 3.
The size of the sheet is 2 m × 1 m × 0.003 m. There are 80 (10 ×
8) heaters in the upper and lower sides, respectively, and the
heating time is 100 s. The distance between the heaters and the
sheet is 0.2 m. The temperature in the forming machine is set
as 303 K. The convection between the heater and outside was
neglected. There is power input (𝑞elec ) in each heater during
the heating time. The maximum available heating power of
each heater is 650 W.
The sheet and the heater were assumed as diffuse, gray
surface, and the environment was assumed as blackbody.
The emissivities of the sheet and the heater are 0.85 and 0.9,
respectively.
2.2. Governing Equation
2.2.1. Radiation Heat Transfer. Net Radiation Method was
used to calculate radiation heat transfer. The following equation can be obtained using heat from the heater and the
surface temperature of sheet [15]:

Figure 3: Schematic of model.

where
𝑞ℎ,𝑘
4
{
− 𝜎𝑇∞
𝐶𝑘 = { 𝐴 𝑘
4
4
{𝜀𝑘 𝜎𝑇𝑘 − 𝜎𝑇∞
1
𝛿𝑘𝑗 = {
0

(1)

𝑗=1

𝛿 − 𝐹𝑘−𝑗
𝑎𝑘𝑗 = { 𝑘𝑗
𝛿𝑘𝑗 − (1 − 𝜀𝑘 ) 𝐹𝑘−𝑗 ,

(2)

1 ≤ 𝑘 ≤ 𝑛ℎ
𝑛ℎ + 1 ≤ 𝑘 ≤ 𝑛𝑘 + 𝑛𝑠

(3)

when 𝑘 = 𝑗
when 𝑘 ≠
𝑗,

where 𝐽𝑗 is the radiosity of 𝑗th element (Wm−2 ); 𝐹𝑘−𝑗 is the
view factor from 𝑘 surface to 𝑗 surface; 𝜀𝑘 is the emissivity
of 𝑘th element; 𝐴 𝑘 is the area of 𝑘th element (m2 ); 𝜎 is the
Stefan-Boltzmann constant (5.67 × 10–8 Wm−2 K−1 ); and 𝑇∞
is the environmental temperature (K).
Using (4), the heat flux can be obtained using the
calculated radiosity, and the temperature of the heater can be
calculated by using (5). Consider

𝑁

∑ 𝑎𝑘𝑗 𝐽𝑗 = 𝐶𝑘

Insulation


qelec


=−
𝑞rad,𝑗

𝜀𝑗
1 − 𝜀𝑗

(𝜎𝑇𝑗4 − 𝐽𝑗 )

𝑗 = 𝑛ℎ + 1 ∼ 𝑁


4 ((𝜀𝑗 / (1 − 𝜀𝑗 )) 𝑞𝑗 + 𝐽𝑗 )
√
𝑇𝑗 =
𝜎

𝑗 = 1 ∼ 𝑛ℎ .

(4)

(5)
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2.2.2. Convective Heat Transfer. Natural convection must be
considered to analyze the preheating process of thermoforming [16]. The heat transfer coefficient (ℎ) can be calculated
using Goldstei, Lloyd, and Moran’s correlation. Equations (6)
and (7) can be used to calculate the heat transfer coefficient
of the upper surface of the sheet, and (8) can be used to
obtain the heat transfer coefficient of the lower surface of the
sheet [16], where 𝑘 is the thermal conductivity (Wm−1 K−1 ).
Consider
ℎ𝐿
= 0.54Ra1/4
𝐿
𝑘

(104 ≤ Ra𝐿 ≤ 107 )

(6)

ℎ𝐿
= 0.15Ra1/3
𝐿
𝑘

(107 ≤ Ra𝐿 ≤ 1011 )

(7)

ℎ𝐿
= 0.27Ra1/4
𝐿
𝑘

(105 ≤ Ra𝐿 ≤ 1010 ) .

(8)

The characteristic length (𝐿) is formulated as (9), and
Rayleigh number (Ra𝐿 ) is expressed as (10). Consider
𝐿≡
Ra𝐿 = (

𝐴𝑠
𝑃

(9)

𝑔𝛽 (𝑇 − 𝑇∞ ) 𝐿3
),
𝜐𝑎

(10)

where 𝑃 is the length of the circumference (m); 𝑔 is the
acceleration of gravity (m/s2 ); 𝛽 is the volume expansion
coefficient of air (K−1 ); 𝜐 is the dynamic viscosity of air
(m2 s−1 ); and 𝑎 is the thermal diffusivity of air (m2 s−1 ).
The convective heat transfer from the sheet to the envi
) is obtained by using the calculated heat
ronment (𝑞conv,𝑗
transfer coefficient.
2.2.3. Conductive Heat Transfer. The conductive heat transfer
is used to simulate the sheet’s preheating process, and it was
simplified to a 1D problem through the direction of the sheet’s
thickness [17]. Fully implicit method is used as (11), and the
boundary condition is expressed as (12) [18–20], where 𝜌 is
the density of ABS sheet (kg/m−3 ). Consider
𝑇𝑖 − 𝑇𝑖old
𝑘 𝑇𝑖+1 − 2𝑇𝑖 + 𝑇𝑖−1
=
Δ𝑡
𝜌𝑐
Δ𝑧2



𝑞in,𝑗
= 𝑞rad,𝑗
− 𝑞∞𝑛𝜐,𝑗

𝑗 = 𝑛ℎ + 1 ∼ 𝑁.

(11)
(12)

3. Optimal Heater Power Distribution
The distribution of the heater power inputs in each position is
important to obtain uniform temperature distribution of ABS
sheet. Using (13), the requirement of heat flux heated from
initial temperature (𝑇𝑖 ) to objective temperature (𝑇𝑓 ) can be
calculated. The temperature-dependent specific heat of ABS
sheet was from our previous research [21]. Consider

=
𝑞req,𝑗

𝑚𝑗
2𝑡ℎ 𝐴 𝑗

𝑇𝑓

∫ 𝐶𝑝 (𝑇) 𝑑𝑇,
𝑇𝑖

(13)

Table 1: Optimal power distribution of heaters on upper side.
%
1
2
3
4
5
6
7
8
9
10

1
100.0
49.8
8.7
70.8
30.7
30.5
70.9
8.6
49.8
100.0

2
80.7
0.0
11.5
34.5
12.7
13.0
34.3
11.6
0.0
80.6

3
88.5
0.0
28.0
29.8
22.3
21.9
30.1
27.8
0.0
88.6

4
86.4
0.0
22.9
31.2
19.1
19.6
30.8
23.0
0.0
86.3

5
86.3
0.0
23.0
30.8
19.6
19.1
31.2
22.9
0.0
86.4

6
88.6
0.0
27.8
30.1
21.9
22.4
29.8
28.0
0.0
88.5

7
80.7
0.0
11.6
34.3
13.0
12.7
34.5
11.5
0.0
80.7

8
100.0
49.8
8.6
70.9
30.5
30.6
70.8
8.6
49.8
100.0

where 𝑡ℎ is the heating time (s); 𝑚𝑗 is the mass of 𝑗th element
(kg); and 𝐶𝑝 (𝑇) is the temperature-dependent specific heat of
ABS sheet (Jkg−1 K−1 ).
To find out the optimal distribution of heater power
inputs for uniform temperature distribution, each heater
power input is the design variable. The objective function
has been set as (14). The temperature of the sheet was set as
(𝑇𝑖 + 𝑇𝑓 )/2. In steady state, only the calculation of radiation
heat transfer and convective heat transfer is needed. The
constraints were set in such a way that each heater input must
be smaller than the maximum usable power (650 W). SQP
(sequential quadratic programming) was used as the optimization algorithm [22–24]. Consider
2

𝑓=

1/2



[∑𝑁
𝑗=𝑛+1 (𝑞req,𝑗 − 𝑞in,𝑗 ) RIGHT]

𝑁

.

(14)

In this section, the optimization was only carried out for
the heater at the upper side. The optimal results of every
heater power input are shown in Table 1; the value of each
position expresses the percentage to maximum usable power.
For unsteady simulation in Section 4, another heater
power distribution of the lower side was obtained using the
same method.

4. Optimal Heater Power Distribution Using
Technology of Fault Tolerance
When some heaters are damaged in the preheating process,
some regions of the sheet will be not suitable for forming.
The ideal method is to change the damaged heaters, but it will
affect the mass production. In this case, the usable method is
to find the new optimal heater power distribution under the
condition of having the damaged heaters based on the technology of fault tolerance.
4.1. Effect of a Damaged Heater. In order to check the effect
of a damaged heater, unsteady simulation should be carried
out based on the heater power distributions of the upper and
lower sides, and the effect of a damaged heater can be found
from the temperature distribution of the sheet. When the
upper side’s heater element (4, 4) was assumed as the damaged

4
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Table 2: Relative temperature error caused by the damaged heater.
%
1
2
3
4
5
6
7
8
9
10

1
−0.09
−0.11
−0.13
−0.13
−0.13
−0.12
−0.10
−0.08
−0.06
−0.05

2
−0.26
−0.36
−0.46
−0.49
−0.46
−0.38
−0.29
−0.21
−0.14
−0.10

3
−0.76
−1.39
−2.37
−2.91
−2.36
−1.42
−0.80
−0.47
−0.28
−0.17

4
−1.28
−2.84
−6.01
−8.12
−5.96
−2.88
−1.32
−0.67
−0.36
−0.21

5
−0.76
−1.38
−2.37
−2.91
−2.36
−1.42
−0.80
−0.47
−0.28
−0.17

6
−0.26
−0.36
−0.45
−0.49
−0.46
−0.38
−0.29
−0.21
−0.14
−0.10

7
−0.09
−0.11
−0.13
−0.14
−0.14
−0.12
−0.11
−0.09
−0.06
−0.05

8
−0.03
−0.04
−0.05
−0.05
−0.05
−0.05
−0.04
−0.04
−0.03
−0.02

Table 4: Temperature difference (normal versus damaged).
%
1
2
3
4
5
6
7
8
9
10

1
0.6
−0.2
0.4
0.0
0.2
0.2
0.0
0.4
−0.2
0.6

2
0.2
0.0
0.2
0.1
0.0
0.1
0.0
0.2
0.0
0.2

3
0.1
0.1
0.0
0.2
0.0
−0.1
0.1
0.2
0.1
0.2

4
−0.2
0.6
0.2
−0.9
0.7
−0.1
−0.3
0.3
0.2
0.2

5
0.1
0.0
0.0
0.2
0.0
−0.1
0.1
0.2
0.1
0.2

6
0.2
0.0
0.1
0.1
0.0
0.0
0.1
0.1
0.1
0.2

7
0.2
0.0
0.2
0.0
0.1
0.1
0.0
0.2
0.0
0.2

8
0.6
−0.2
0.4
0.0
0.2
0.2
0.0
0.4
−0.2
0.6

Table 3: Optimal heater power distribution with the damaged
heater.
%
1
1 100.0
2
49.8
3
8.7
4 70.8
5
30.7
6
30.5
7
70.9
8
8.6
9
49.8
10 100.0

2
80.7
0.0
11.5
34.5
12.7
13.0
34.3
11.6
0.0
80.6

3
88.5
1.9
21.5
39.4
14.8
24.6
30.1
27.8
0.0
88.6

4
82.8
0.0
39.0
X
49.7
2.1
35.5
23.0
0.0
86.3

5
86.3
1.9
16.6
40.4
12.1
21.8
31.2
22.9
0.0
86.4

6
88.6
0.0
27.8
30.1
21.9
22.4
29.8
28.0
0.0
88.5

7
80.7
0.0
11.6
34.3
13.0
12.7
34.5
11.5
0.0
80.7

8
100.0
49.8
8.6
70.9
30.5
30.6
70.8
8.6
49.8
100.0

heater, the region affected by the damaged heater can be
found in Table 2.
The values in Table 2 show the relative temperature errors
of each position compared with the temperature distribution
of the normal case. The region expressed by italic numbers is
the region significantly affected by the damaged heater.
4.2. Optimal Design with Technology of Fault Tolerance. In
order to minimize the effect caused by the damaged heater,
an optimization with the technology of fault tolerance was
carried out [25, 26]. In this case, the number of the design
variables was 16 as shown in Table 2 with italic numbers. The

is the heat
objective function has been set as (5), where 𝑞1,𝑗

flux with no damaged heater and 𝑞2,𝑗 is the heat flux with
damaged heater. The constraints were set in such a way that
each design variable must be smaller than the maximum
usable power (650 W). SQP was used as the optimization
algorithm. Consider
2 1/2

𝑓=



[∑𝑁
𝑗=𝑛+1 (𝑞1,𝑗 − 𝑞2,𝑗 ) ]

𝑁

.

(15)

Table 3 shows the optimal heater power distribution of
upper surface under the condition of having the damaged
heater based on the technology of fault tolerance. Table 4
shows the temperature difference of upper surface between
the cases in which the upper surface’s heater element (4, 4)

was normal or not. Table 4 shows that the effect of the
damaged heater has been neglected.
On the view of computational effort, 16 design variables
were selected. When more design variables were selected, the
error can be decreased more. In this study, acceptable results
were obtained using a few design variables.

5. Conclusion
The analysis code which can be used to simulate the preheating process has been developed. In order to get the uniform
distribution of temperature, the optimal distribution of heater
power inputs has been found out at first under the condition
of setting the temperature of sheet as the mean value of initial
and objective temperature. In the following step, optimal
heater power distribution with a damaged heater was found
out using the technology of fault tolerance. The optimization
strategy with technology of fault tolerance will be widely used
in many kinds of engineering fields.

Nomenclature
𝐴 𝑠:
𝐶𝑃 :
𝐹𝑘−𝑗 :
𝑔:
ℎ:
𝐽:
𝑘:
𝐿:
𝑚:
𝑁:
𝑛ℎ :
𝑃:
𝑞elec :
𝑞ℎ :

𝑞conv
:

𝑞in
:

𝑞rad
:

Area of the ABS (Acrylonitrile-Butadiene-Styrene)
sheet
Specific heat of the ABS sheet
View factor from the 𝑘th element to the 𝑗th element
Acceleration of gravity
Convective heat transfer coefficient
Radiosity
Thermal conductivity of the ABS sheet
Characteristic length
Mass
Total number of heater and sheet elements
Number of heaters
Circumference
Power to the heater
Heat flow rate of the heater
Convective heat flux
Heat flux input
Radiation heat flux
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:
𝑞req

:
𝑞1,𝑗

𝑞2,𝑗
:
Ra𝐿 :
𝑇𝑖 :
𝑇𝑓 :
𝑇∞ :
𝑡ℎ :
𝜐:
𝑧:
𝛽:
𝜌:
𝜎:
𝜀:

Required heat flux
Heat flux with no damaged heater
Heat flux with damaged heater
Rayleigh number
Initial temperature
Final temperature
Environmental temperature
Heating time
Dynamic viscosity of air
Position coordinate
Volume expansion coefficient of air
Density of the ABS sheet
Stefan-Boltzmann constant
Emissivity.
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According to the kinematic equation of the die-cutting machine with the dual-elbow-bar mechanism, the angular acceleration curve
figure can be obtained exactly through the analysis of MATLAB program when the die-cutting machine runs at the highest speed
(6000 r/h). The material properties of the cam driving mechanism are analyzed by QFD (Quality Function Deployment) method,
and the optimum design project is presented based on conjugate cam driving mechanism. The reverse design and the outline of
conjugate cam mechanism are obtained by MATLAB program. The kinematical form of optimized design conjugate cam driving
mechanism is simulated and analyzed by ADAMS software. The results show that the optimum design mechanism could raise the
highest speed of the die-cutting machine up to 7500 r/h and improve the overall performance of the machine.

1. Introduction
In printing and packaging machinery, the dual-elbow-bar
driving mechanism is the most important and essential part
of die-cutting machine. Its motion and force conditions
directly affect the precision of die-cutting, the speed of
cutting, and the machine’s stability and reliability; therefore,
the kinematics and dynamics analysis of the dual-elbow-bar
mechanism is crucial [1].
In the hope of solving the existing problems of dualelbow-bar mechanism, many scholars had carried out studies
from the perspective of kinematics, dynamics, and the performance of the optimal design, and some had made remarkable
achievement. Xie and Zou presented a method to analyze the
dynamic response of the platen die-cutter, which combined
the finite element analysis of the die-cutting force and
the dynamic simulation of the dual-elbow-bar mechanism.
Meanwhile, the analysis made it possible to calculate the
utmost speed and the utmost cutting force of platen die-cutter
[2]. Li and Cheng solved the analytic equation about motionstand ratio of double-bar chains, die plate stroke, and bar
dimension on the basis of a simplified model that overlooked
minor factor [3]. Zhang et al. analyzed the motion of the
dual-elbow-bar mechanism based on the loop method [4].

Yong et al. introduced the method of conversion mechanism
to solve the dual-elbow-bar group movement and considered
that the senior bar group reduced to lower rod group, which
reduces the computational complexity of motion analysis [5].
Cheng and Wang analyzed and calculated the reliability of the
elbow-bar mechanism of automatic die-cutting machine by
taking the original errors as stochastic variables [6]. Yanbin et
al. analyzed elbow-bar framework of the die-cutting system of
blocking die-cutter with numerical method and designed an
experiment to verify the mechanism property of die-cutting
system [7]. Qun and Zhimin modeled and emulated the
dual-elbow-bar mechanism of the die-cutting machine using
SolidWorks and analyzed the movement characters of some
component [8]. Zhao and Li built the simulation model of
the dual-elbow-bar mechanism of die-cutting machine based
on ADAMS, which performed a simulation analysis on dualelbow-bar mechanism and worked out the motion law of the
dual-elbow-bar mechanism [9]. Fan and Ding described the
shiftlessness of the high-speed rotary die-cutting machine
and its control system by comparing various transmission
and analyses of certain programs [10].
According to the existing research, there are still some
deficiencies in design of die-cutting machine. The cause
of this situation is as follows. (1) It mainly relies on the
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Figure 1: The dual-elbow-bar driving mechanism of die-cutting
machine.

traditional design method, which causes low processing efficiency, production quality, and accuracy and poor stability.
(2) Material selection is dependent on experience, lacking of
guidance on using the QFD tool. (3) The virtual simulation
technology of optimization design method in the design of
die-cutting machine is still not mature.
The main die-cutting mechanism of die-cutting machine
diagram is a ten-bar mechanism, which is complex and
symmetrical as showed in Figure 1. In Figure 1, AA is the
driving crank, AB and A B are the connecting rods, BC
and B C are the lower toggle rods, BD and B D are the
upper toggle rods, and DD is the cutting platform. Since
the mechanism is symmetrical, from the right side, it can be
actually seen as a combination that is composed of crankrocker mechanism and the crank slider mechanism, in which
the crank-rocker mechanism consists of crank drive parts
where BC serves as a rocker and the crank slider mechanism
consists of a driving part (DB) and die-cutting machine
platform for slide block.

2. Kinematic Analysis of the
Die-Cutting Machine with the
Dual-Elbow-Bar Mechanism
Considering that the driving mechanism of dual-elbow-bar
cutting machine is 10th-rod and 3rd-level institutions, it is
accurate and simple to use plural vector method to analyze
and calculate the law of motion rod. First, we need to establish
the displacement closed vector equation of the rods; second,
we could convert them into nonlinear equations by Euler’s
formula; in the end, we can solve the equations to get the rule
of movement by MATLAB programming [11, 12].
Based on Figure 1, we can set up the displacement closed
vector equations of two-level institutions. It is as follows:
 ⇀
 ⇀
 ⇀

⇀
 ⇀
𝑙1 + 𝑙2 = 𝑙8 + 𝑙9 + 𝑙4 ,
⇀
 ⇀
 ⇀
 ⇀
 ⇀

𝑙1 + 𝑙2 = 𝑙8 + 𝑙9 + 𝑙4 .

(1)

−40
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Figure 2: The angular acceleration of BC and B C .

Then carry out (1) in the plural form expression with
Euler’s formula, in which the real parts and imaginary parts
are equal:
𝑙1 cos 𝜃1 + 𝑙2 cos 𝜃2 = 𝑙8 cos

3𝜋
+ 𝑙9 + 𝑙4 cos 𝜃4 ,
2

𝑙1 sin 𝜃1 + 𝑙2 sin 𝜃2 = 𝑙8 sin
𝑙1 cos 𝜃1

+

𝑙2 cos 𝜃2

3𝜋
+ 𝑙4 sin 𝜃4 ,
2

3𝜋
= 𝑙8 cos
+ 𝑙9 + 𝑙4 cos 𝜃4 ,
2

𝑙1 sin 𝜃1 + 𝑙2 sin 𝜃2 = 𝑙8 sin

(2)

3𝜋
+ 𝑙4 sin 𝜃4 .
2

Assuming that the maximum cutting pressure of diecutting machine is 300 tons, the highest cutting speed is 6,000
tickets/hour, the precision of die-cutting is 0.1 mm, the stroke
of die-cutting platform is 25 mm, and the host power is 15 KW.
Based on the result of (2), we can establish the rod kinematics
equation and solve the motion equations of mechanism by
MATLAB numerical analysis software programming. At last,
variation curves of angular acceleration can be obtained in
MATLAB drawing circumstance of double toggle components within a single cycle.
As showed in Figure 2, when the maximum angular
acceleration has reached nearly 30 rad/s2 , the connecting rod
is the weak parts of the mechanism, which has a bigger
impact and greater effect on its fatigue strength. As shown
in Figure 3, when BD and B D rod that connect with the
cutting platform reach the top of the cutting, it will have an
impact on the cutting platform with the acceleration more
than 40 rad/s2 . Since the cutting platform mechanism is large
in size and weight, this means the platform has great inertia
force in the process of movement that poses a great impact
on the driving mechanism and affects the kinematic precision
seriously.
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Table 1: The function requirements with alloy composition.
Functional requirements
Alloy composition

Strength

Plasticity

Toughness

C Mn Nb Cr
SP

C Mn Nb
SP

C Nb Mn Ti
S P Cr

Corrosion
resistance
C P S Cu
Cr Ni Al

Weldability
C Mn S P
Cu Ni Cr

50
E

Angular acceleration 𝛼 (rad/s2 )

40
30

D

D

20
10
0
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B
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B
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Time t (s)
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C

0.6

Figure 3: The angular acceleration of BD and B D .
Figure 4: Conjugate cam driving mechanism.

3. Optimum Design for
Mechanism and Material Properties of
the Driving Mechanism
The motion of dual-elbow-bar has a great influence on the
performance of the machine. When reaching the peak acceleration, it will produce a larger impact load. And then, the
motion of cutting platform does not conform to the process
requirements. All about these conclusions will serve as the
parameter of structural optimization design. At present, we
need to find a new driving mechanism to replace the original,
which can improve the motion characteristics, so that one
not only can achieve the cutting process requirement but also
makes the mechanism as simple as possible. In the design
of cam mechanism, dual-elbow-bar part should be retained
as much as possible so that the contour surface can avoid
bearing larger load.
(1) First of all, the material of the cam’s alloy composition
should be confirmed based on the working properties. The
traditional design is often preceded designed chemical composition of alloy steel by experience and then process design.
However, the lack of design in accordance with the axiom
meets neither the design axiom between functional domain
and the physical domain nor the design between the physical domain and process domain [13]. After QFD (Quality
Function Deployment) transforming, the function demands
are strength, plasticity, toughness, corrosion resistance, and
weldability.
According to the experience, the alloy composition and
other influential components are listed in Table 1.

The design method mentioned above can be represented
by axiomatic design in Formula (3) as follows:
strength
{
{
{
plasticity
{
{
impact energy
{
{
{
corrosion
resisitance
{
{
weldability
{

1
[1
[
=[
[1
[1
[1

0
0
1
0
0

1
1
1
0
1

0
0
0
1
1

0
0
0
1
1

1
1
1
1
1

1
1
1
1
1

FR1}
}
}
FR2}
}
FR3}
}
FR4}
}
}
FR5}

1
1
1
0
0

0
0
0
1
0

C content
Ti . . . ]
]
Mn . . . ]
]
Ni . . . ]
]
Cu . . . ]
.
S... ]
]
]
P... ]
Nb . . . ]
]
Al . . . ]
[ Cr . . . ]

[
[
[
1 [
[
]
0] [
[
1]
][
0] [
[
1] [
[
[
[

(3)

According to the axiomatic design shown in Figure 4,
in view of the functional requirement level decomposition, following the axiom of axiomatic design, the coupling
of material parameters and mechanism function can be
reduced; thus we can confirm the material of the cam’s alloy
composition as 40crMo.
(2) Second, the motion parameters of the cutting platform
should be determined as follows.
(a) Work Speed. According to the design requirements, the
maximum speed of original should be increased from 6,000
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(d) Lift and Return Time Distribution. For making the smooth
operation of the mechanism, the lift time is equal to the return
time, namely, 0.16 seconds.

0

100

200

300

Figure 6: The contour curve of pair cam.

Angular velocity 𝜔 (rad/s)

tickets/hour to 7,500 tickets/hour, so a cycle experienced that
𝑇 = 3600/7500 = 0.48 s.

(c) The Maximum Acceleration of Cutting Platform. Insure that
the inertia force which is conducive to the movement and
avoid the large impact. The value 𝑎 = 5 m/s2 .

−100

X (mm)

Figure 5: The contour curve of main cam.

(b) Holding Pressure Time. Based on the process requirements,
the working pressure holding time should not be less than 0.12
seconds. In this design, it is 0.16 seconds.
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Figure 7: The angular velocity of BC and B C .

(e) Working Stroke. According to the requirement, the design
of working stroke is 20 mm.
By using optimum design method to reverse the cam
outline and then programming an accurate map of cam
profile in the MATLAB, the cam contour line coordinates
with the parameters of the equation are derived by means
of coordinate transformation [14]. After each structural
parameter of conjugate cam contour coordinates equations
being determined, we can obtain the contour coordinates of
cam rotating value in MATLAB equation, as shown in Figures
5 and 6.
The contour of the conjugate cam drawing in MATLAB
is composed of a series of discrete points by the spline curve
fitting. As the coordinate data of these points are saved
in Workspace data file in MATLAB, we can get the threedimensional entity graph of the conjugate cam structure by
calling in the coordinate data file of major and vice cam
profile in SolidWorks [15].

4. Kinematics Simulation of
Optimized Mechanism
Once the geometric model that has been modeled in SolidWorks is put into ADAMS, we can start the analysis and
simulation of mechanism dynamics.
The optimized mechanism is composed of upper and
lower toggle, cam, cutting platform, rails, and engine base.
The operating speed is 7,500 tickets/hour. Adding the speed
driver for 13.08 rad/s to the primary component of the input
shaft (connected with the conjugate cam), simulation time is
0.48 s and step is 0.001 s.
By ADAMS simulation analysis, we get the speed and
angular acceleration movement of BC and B C , as shown in
Figures 7 and 8. The red solid line represents BC, and the blue
dotted line represents B C .

Angular acceleration 𝛼 (rad/s2 )
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Figure 8: The angular acceleration of BC and B C .

5. Conclusion
By comparing the characteristic curve of dual-elbow-bar
driving mechanism in the 6,000 tickets/hour and the conjugate cam driving mechanism in the 7,500 tickets/hour, we can
get the following conclusions.
(1) Based on the QFD and axiomatic design, the material
of the cam’s alloy composition is confirmed as 40crMo
which can get favorable kinematic performance.
(2) The symmetrical bars of conjugate cam driving mechanism, such as BC and B C shown in Figures 7 and 8,
have symmetric variation law of motion. Their speed
and angular acceleration movement are smooth and
continuous without mutation.
(3) The angular acceleration of the two elbow-bars of
dual-elbow-bar driving mechanism is more than
40 rad/s2 , but angular acceleration of the two elbowbars of the conjugate cam driving mechanism is less
than 30 rad/s2 , which can reduce the impact load on
the die-cutting machine.
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The paper reports on measurements and analysis of the measurements during hardening and drying of specimens using selected
acoustic nondestructive testing techniques. An integrated approach was created for better understanding of the relations between
the lifetime cycle and the development of the mechanical properties of concrete. Acoustic emission, impact echo, and ultrasonic
techniques were applied simultaneously to the same mixtures. These techniques and results are presented on alkali-activated slag
mortars. The acoustic emission method detects transient elastic waves within the material, caused by the release of cumulated stress
energy, which can be mechanical, thermal, or chemical. Hence, the cause is a phenomenon which releases elastic energy into the
material, which then spreads in the form of an elastic wave. The impact echo method is based on physical laws of elastic stress wave
propagation in solids generated by mechanical impulse. Ultrasonic testing is commonly used to find flaws in materials or to assess
wave velocity spreading.

1. Introduction
Concrete is one of the most widely used building materials
with global consumption rate approaching 25 gigatonnes (Gt)
per year, which corresponds to over four tones per person
annually [1]. Concrete is basically a mixture of aggregates
and paste. The aggregates are sand and gravel or crushed
stone, and the paste is water and usually Portland cement [2].
Alkali-activated concrete is a new generation of alternative
building materials; the main difference from traditional
Portland cement concrete is the use of a relatively alkalirich, clinker-free binder matrix such as alkali-activated slag
or geopolymer. In comparison to the conventional concretes,
the production of alkali-activated concretes is associated with
low energy consumption and low CO2 emission, along with
the potential to reach high mechanical strength at early
ages of curing, high stability in aggressive environments,
resistance to high temperature, and so forth [3]. Concrete
is known as a heterogeneous material containing various
constituents (sand, aggregates, cement, etc.). The dimensions
and geometry of the constituents are different and their
locations are randomly distributed in the body of concrete.

Hence, it is highly possible that defects and damage occur
in concrete even before it is mechanically loaded [4]. These
methods are developed as well for homogeneous materials
as metals. Their applications for heterogeneous structures
are not simple and their development still continues [5].
Since concrete is the most popular building material, its
development is necessary to monitor its properties during its
lifetime. The strength properties of concrete in a structure
can be normally obtained by testing samples acquired from
the actual structure. However, this technique is destructive.
Therefore, a number of nondestructive tests have been
devised and developed over the years to assess the quality of
concrete in structures [6].
The microstructure of the developed construction material was examined during hydration and drying processes by
means of embedded acoustic emission monitoring method
[7].
Alkali-activated aluminosilicates mortars were produced
from recycled bricks, water glass, and commercial grade
caustic soda flakes. The solid part of the mortar was a mixture
of recycled bricks and caustic soda powders. The liquid part
consisted of diluted water glass [8].
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Table 1: The mixture composition.
Amount
0.45 kg
0.18 kg
1.35 kg
0.095 L

9
8
w (%)

Components
Grained granulated blast furnace slag
Sodium silicate (water glass)
Silica sand
Water

10

7
6
5
4

2. Materials and Methods
The composition of the tested mixture is listed in Table 1.
Alkali-activated slag slurry was poured into steel moulds,
the length of which was 160 mm and cross-section 40 mm
× 40 mm. After 24 hours the samples were demoulded and
immersed in water for another two, six, or 28 days.
When a material is subjected to loading and when cracks
occur, which lead to a sudden release of strain energy from
the material, an elastic stress wave is created which travels
from the point of origin to the boundary of the material [9].
These discrete acoustic waves produced by each microcrack
generate a unique transient wave and the development of this
zone can be detected. The stress wave is then measured by
the transducers in order to obtain suitable information about
stress threshold of the material [10].
The acoustic emission method seems to be very useful.
The method examines the efficiency of “natural” autogenous
crack healing of concrete. Autonomous crack healing in
concrete due to encapsulated healing agents is investigated.
Both mechanical properties and acoustic emission analysis
are used to evaluate the autonomous crack healing efficiency
[11]. In this study, the acoustic emission monitoring system,
Dakel, with piezoelectric sensors was applied for detecting acoustic emission signal. Universal measurement and
diagnostic system DAKEL-XEDO is a modular system with
acoustic emission parameters evaluation unit XEDO-AE.
The impact echo is an acoustic method associated with
frequency analysis of the short-time response of the material
due to an impact load [12]. It was originally developed to
evaluate the integrity of plate-like structures by detecting
the location and extent of flaws within them [13]. The
technique of the impact echo method involves using a
transient stress pulse into the test object by mechanical
impact and monitoring the surface displacements caused by
the arrival of reflections of the pulse from internal defects
and external boundaries. Recorded displacement waveforms
are analyzed in the frequency domain [14]. A short-time
mechanical impulse with a hammer blow was applied for
the impact echo method to the surface of the specimen
during the test and the response was recorded by piezoelectric
sensors. The HandyScope HS3, powerful 100 MS/s, 16 bits,
USB oscilloscope, which can be also used as a spectrum
analyser, data logger, or protocol analyser, was used to record
the impulse response.
The internal structure of concrete is complex because
the structure is heterogeneous at both the microscopic
and macroscopic levels. This complexity makes the
ultrasonic waves in concrete highly irregular and hinders
nondestructive evaluation [15] through other conventionally
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Figure 1: Relative loss in weight.

used methods. The ultrasonic nondestructive testing method
enables detection of cracks and other discontinuities.
Mechanical properties such as the dynamic modulus of
elasticity, the damage, and its fracture strength can also be
found [16]. Ultrasonic testing enables effective spreading of
low amplitude waves through the material, to measure the
time of spreading and the change in intensity for a given
distance. In spite of the development of test techniques
and equipment, using nondestructive testing for inspecting
concrete brings many difficulties [17]. Compared to metal
and metal-based materials, nondestructive testing of concrete
is a relatively new discipline [18].
Measuring equipment PUNDIT (portable ultrasonic
nondestructive digital indicating tester) is used for ultrasound measuring of spreading speed of a pulse of ultrasonic
longitudinal stress waves. The instruments have a time
resolution of 0.1 𝜇s. For the tests of concrete, the coefficient
of variation for repeated measurements at the same location
is 2% [19, 20].

3. Results and Discussion
Evaluation during spontaneous drying was focused on the
relative loss of weight, thus measuring of specimens weighting, ultrasonic velocity, impact echo response and acoustic
emission activity were used [21–23].
Some characteristics, that is, loss in weight, ultrasound
velocity, and maximal frequency, were approximated by one
or two exponential curves by
𝑓 (𝑡) = 𝑝1 ⋅ 𝑒−𝑝2 ⋅𝑡 + 𝑝3 ,

(1)

where 𝑓(𝑡) is approximated parameters (relative loss factor,
𝑤, ultrasound velocity, V, and maximal frequency component,
𝑓), 𝑝1 , 𝑝2 , 𝑝3 are function parameters, and 𝑡 is time. In Figures
1 to 3 markers are measured values and lines are approximated
curves by exponential functions (1).
Relative loss in weight decreases in time is given in
Figure 1. Decreasing relative loss in the first 48 hours is
similar in all used samples. However, after 48 hours the loss is
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Table 2: Function parameters—𝑓(𝑡) = 𝑝1 ⋅ exp(−𝑝2 ⋅ 𝑡) + 𝑝3 .
𝑓(𝑡)
Impact echo frequency [kHz]

Ultrasound velocity [mm⋅𝜇s−1 ]

Relative loss in weight (the first 48 h) [%]

𝑝2
0.0128 h−1
0.0164 h−1
0.0278 h−1
0.0128 h−1
0.0127 h−1
0.0105 h−1
0.0446 h−1
0.0348 h−1
0.0275 h−1
0.0095 h−1
0.0090 h−1
0.0064 h−1

𝑝3
5.9 kHz
7.4 kHz
8.4 kHz
2.0 mm⋅𝜇s−1
2.5 mm⋅𝜇s−1
3.0 mm⋅𝜇s−1
4.3%
5.0%
7.4%
2.8%
3.8%
6.5%

13
12
11
v (kHz)

 (mm/𝜇s)

Relative loss in weight (after 48 h) [%]

4
3.8
3.6
3.4
3.2
3
2.8
2.6
2.4
2.2
2

𝑝1
3.7 kHz
3.0 kHz
3.4 kHz
1.7 mm⋅𝜇s−1
1.4 mm⋅𝜇s−1
1.0 mm⋅𝜇s−1
2.9%
2.6%
2.1%
3.0%
2.7%
2.3%

Days
2
6
28
2
6
28
2
6
28
2
6
28

10
9
8
7
6

0

48

96

144

192

240

288

336

384

432

5

0

48

t (h)
2 days

28 days

6 days

Figure 2: Ultrasound velocity.

decreased rapidly in the sample after 2 days of curing, and it is
the slowest in the sample after 28 days of curing as is written
in Table 2 (parameter 𝑝2 ).
Ultrasound velocity is decreased approximately by the
exponential function. After 18 days, the ultrasound velocities
of specimens are similarly constant (Figure 2) and their values
are different according to the curing time.
Ultrasound velocity is decreased approximately by the
exponential function very closely. After 18 days the ultrasound velocities of specimens are similarly constant (Figure 2) and their values are different by the currying time.
Dynamic modulus of elasticity is dependent on frequency
and its values are increasing with ultrasound velocity; therefore, more curing samples acquire higher values (Table 2,
parameter 𝑝3 ).
Shift of the dominant frequency during the drying process causes decreasing frequency as it is displayed in Figure 3.
All three graphs in Figures 1 to 3 show different behaviour
of three different curing samples with three different curves.
Thus, the longer the curing, the better the properties of the
samples.

2 days

96

144

192 240
t (h)

288

336

384

28 days

6 days

Figure 3: Maximal frequency component of impact echo testing.

Acoustic emission activities determine two different parts
in the whole samples, evaporation and structural changes in
the first part, and determine generating cracks during the
second part as is shown in Figure 4. The first part is 6 hours
longer for samples after 2 days of curing, 8 hours for 6 days of
curing, and 13 hours for 28 days of curing samples. Very slow
increase of acoustic emission activity of second part is after 28
days of curing samples. However, acoustic emission activity
significantly increases after 2 days of curing the sample.

4. Conclusion
The paper has presented a combined experimental approach
of the study of setting and hardening of alkali-activated slag.
Measurements of ultrasonic velocities, acoustic emission, and
impact echo were performed at the same time.
It is assumed that most of the changes after evaporation
can be attributed to crack deformations. Therefore, the main
process leading to determination of alkali-activated slag
binder is associated with drying shrinkage [24].
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Figure 4: Cumulative acoustic emission activity.

Comparing these methods concluded that more accurate
information about the monitoring process of alkali-activated
slag is obtained by combination of these methods.
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The applications of acoustic emission (AE) technique in detection of valves are presented in this review, and the theoretical
models and experimental results of nondestructive detection of valves using AE are provided. The generation of AE signals and
the basic composition of AE detection system are briefly explained. The applications of AE technique in valves are focused on
condition monitoring, failure, cavitation detection, and the development of portable measuring devices. All results prove that the
AE technique works well in the detection of valves.

1. Introduction
The valve plays a key role in some fields such as the nuclear
power plant, transport of corrosive fluid, controlling of water,
and oil and gas pipelines. The serious problems will occur
when the valves are failure, such as waste of resources, serious
environmental pollution, huge repair costs, and threat to lives
[1–3]. Some researchers have found that one main failure type
of valves is the fluid leakage induced by sealing surface failure
[4]. In addition, cavitations of valves are also interesting. With
the application of valves becoming more and more wide,
many methods for detection of valves are developed.
Some techniques have been used to diagnose leakage of
a valve. Tandon and Choudhury briefly introduced some
methods for detection of leakage in valves [5]. These methods
could be narrated as follows: the shock pulse method,
acoustic emission (AE), ultrasonic leak detection, vibration
analysis below 20 kHz, and other methods including the
thermography, specific gas detection, and pneumatic and
pressure change. However, some of them are not popular
in valves because of some inherent characteristics of themselves such as the temperature influences of environment on
thermography and the constant pressure changes of valves.
It is well known that acoustic emission sensing is a reliable

intelligent technique for monitoring status of materials under
stress. In the last decades, the applications of AE technique
in nondestructive detection of valves were developed greatly.
The AE signals introduced by leakage of valves belong to
high frequency waves, and it cannot be easily interfered by
the ambient noise [6]. The AE technique also can detect the
leakage without disassembling valves [7].

2. The Acoustic Emission (AE) Technique
2.1. The Principles of Acoustic Emission (AE). The acoustic
emission (AE) technique, which is a nondestructive testing
method, is a technology that can diagnose the working state
of mechanical parts through detecting and analyzing the
transient elastic wave generated by a rapid release of local
energy sources within a material such as cracking, rubbing,
polishing, impacting, cavitations, and leakage [8]. The AE
technique with high sensitivity [9] was widely used in various
fields such as the process monitoring of mechanical manufacturing [10, 11], construction industry [12], material researches
[13, 14], and leakage detection of pipelines [15, 16]. Jomdecha
et al. used the AE parameters including amplitude, counts,
click rate, and time to assess different types of corrosion.
The corrosion position achieved by this method had a good
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agreement with that obtained by experiment [17]. Lura et al.
had a study on the self-drying phenomenon of cement slurry
with the AE technique and obtained the conversion time of
the liquid phase and solid phase [18]. Ukpai et al. detected
the erosive wear of X65 carbon steel using AE technology
and found that no obvious damage existed if the AE energy
was below the threshold value. This research provided a new
method for studies of materials, design, and manufacture of
machine [14].
2.2. The Acoustic Emission (AE) in Valves. Researchers have
found that the AE signals also exist in the process of fluid
leakage such as the valve leakage [19]. It belongs to high
frequency stress wave induced by the turbulence, which is due
to the random flow when the fluid goes through the leak hole
of valve [20]. The frequency varies from 100 kHz to 1 MHz
[4], and it can be easily identified by environmental noise
from the factory [21]. El-Shorbagy found the measurement
of flow rate and the automatic online control could be
achieved through monitoring the sound level of valve noise
[22]. Sharif and Grosvenor presented an experiment on the
leakage of compressed air through an industrial control
valve and analyzed the frequency spectrum of the AE signal.
The results demonstrated that the frequency components
related with leakage could be clearly picked up from AE
signal with background noise [23]. Lee et al. studied the AE
characteristics of leakage in two valves (the steam ball valve
and water ball valve) under a situation of different leakage
modes, and it can be concluded that the leakage rate of
valves is directly proportional to the sound amplitude [24].
Recently, the rate of gas leakage of a valve was estimated by
the theoretical relationship between the features of AE signals
and internal leakage rate of valves [25]. Thus, it is feasible that
AE technique can be applied in the inner leakage detection of
valves. The process of estimating the leakage rate is shown in
Figure 1.

Valve
AE source
AE measurement device

AE2RMS

Leakage rate prediction
Pressure (P1 )

Valve size (D)

Leakage
model

Pressure drop (ΔP)

Valve type (c )

Leakage rate (Q)

Figure 1: Processes to predict valve leakage rate by acoustic emission
[27].
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3. Experimental Setup
To estimate the leakage rate of a valve, many researchers
conducted the experiments and the theoretical investigations
on the relationship between the AE signal and the valve
leakage. The experiment system which consists of the leakage system and the AE measurement system is shown in
Figure 2.
For leakage system, valves are chosen to be the test
subjects, which mainly are ball and globe balls because of
their wide applications. In these experiments, different sizes
of valves were tested in order to achieve the relationship
between the leakage rate and the valve size. The leakage was
generated by three ways: the artificial destruction of the valves
[26], incomplete closure [27], or simulated leakage source
[28].
AE measurement system consists of the AE sensor, the
preamplifier, the band pass filter, amplifier, and the real-time
signal analyzer. The AE sensor with a natural frequency of
150 kHz [29] is used to obtain the AE signal. The preamplifier
with 60 dB gain can amplify the AE signals in order to be
suitable for subsequent processing. The band pass filter of

Signal
processing

Preamplifier
and filter

AE sensor

40 dB 100 kHz–1 MHz
Preamplifier

Spectrum analyzer

LOCAN 320

Figure 2: Diagram of experimental setup [28].

100 kHz–300 kHz is in the experiment to obtain the ideal
range of frequency. The output AE signal is sent to the
amplifier which is set at 20 dB. Then its waveform is recorded
by a real-time signal analyzer with a maximum sampling rate
of 10 MHz.

4. The Processing Methods of AE Signal
4.1. The Parameters Analysis of AE Signals in Valves. Parameter analysis (i.e., simplified waveform parameters) is a dominant method in the signal processing field. Compared with
the full waveform analysis method, the parameters analysis
has many advances, for example, fast recording and rapid

Advances in Materials Science and Engineering
Rising time

3
Based on the above, the following results could be
summarized.

Energy
Ring count

Threshold voltage

(1) The power spectrum density (PSD) of fresh water was
greater than the compressed air because the acoustic
impedance of water was closer to that of the valve
material.
(2) The AErms increased with inlet pressure, which was
similar to the relationship between the AErms and the
leakage rate.

Amplitude

(3) The AErms was inversely proportional to the size of
valve.
Duration

Figure 3: Definition of simplified waveform parameters of AE signal
[31].

processing. Many parameters, such as the rise time, ringdown counts, amplitude, peak, duration and root mean
square (RMS) value, and kurtosis, were analyzed using this
method [30, 31]. The parameters are shown in Figure 3.
Dickey et al. [32] found that the peak amplitude of AE
signal in frequency domain was tightly related to transducer
response or valve geometry. Gao et al. presented the relationship between the AE parameters and the parameters of
fluid filed and valves. It was found that the ring-down counts,
energy, amplitude, or RMS value of AE signals induced
by leakage was directly proportional to the inlet pressure
[33]. However, the AE signal induced by the valve leakage
is continuous. Two parameters, the effective voltage (RMS)
and average signal level (ASL), are used to describe the AE
signal. RMS and ASL are the root-mean-square value and
average of signal level within sample time, respectively [34].
Kaewwaewnoi et al. found that a good correlation existed
between the leakage rate and the ASL. An equation related
to the valve leakage rate was achieved [35]. Many literatures
presented the average energy of AE signal (AErms) as a
more sensitive parameter of valve. Chen et al. evaluated the
various parameters of AE signals in terms of their capability
of estimating the internal leakage rate of a water hydraulic
cylinder. They have shown the RMS value was more suitable
to interpret AE signals generated by internal leakage [36].
Kaewwaewnoi et al. also found the relationship between
the AErms and the parameters such as inlet pressure levels,
valve sizes, and valve types. The AErms could be used
to predict the actual leakage rate qualitatively [27, 37]. In
[38], the characteristic of AE signal in frequency domain
and a relationship between the AE signal and the leakage
rate were studied in a ball valve. Jiang et al. explored the
function between the Reynolds number (Re) and the sound
pressure level of gas leakage with AE technique. The mass
of gas leakage in the flow field was calculated, which is the
foundation for the detection of the valve leak [39]. Gao et
al. presented the quantitative relationship between the valve
leakage rate of coal-fired power plants and the AErms. Its
precision was verified by the practice results [40].

(4) The AErms was inversely proportional to the flow
coefficient.
4.2. The New Analysis Methods of AE Signals. With the development of technology, many new signal processing methods
are proposed and applied to practice fields. To extract the
useful information from the AE signals, some methods are
used, such as fast Fourier transform (FFT), wavelet transform
(WT), and Hilbert-Huang transform (HHT) [41].
In [42], the adaptive filtering technique, which enhances
the AE signals generated by diesel fuel injection, was
proved to work well in detecting small changes. A statistical noise removal technique called Rao-Blackwellised
particle filter (RBPF) was proposed to improve the signal
noise ratio (SNR) of AE signals. Based on the analysis
of the AE data, it was demonstrated that the RBPF was
feasible in enhancing the SNR of AE signals [43]. An
improved wavelet double-threshold denoising optimization,
which could largely increase the SNR value of AE signal, was
presented and the least squares support vector machine (LSSVM) method was used to recognize working conditions of
pipelines [44].
Ahadi and Bakhtiar proposed the tuned wavelet which
is a guiding method of selecting mother wavelet applied in
wavelet transform (WT). It became the standard of selecting
mother wavelet [45]. Lu et al. investigated the effectiveness of
time-frequency analysis of the AE signals by the tension tests
of carbon fiber reinforced plastic (CFRP) composites, where
short-time Fourier transform (SFT), wavelet transform, and
Hilbert-Huang transform were used. It was found that the
Hilbert-Huang transform (HHT) had the advantage in dealing with nonstationary signals [46]. Yang et al. also used HHT
to study the AE signal induced by grinding burn, and good
results were achieved [47]. Liang and Zhang presented a new
leakage detection program for pipeline, which includes the
wavelet packet analysis (WPA), principal component analysis
(PCA), Gaussian mixture model (GMM), and the Bayesian
information criterion (BIC). It was effective in experiments
[48]. Le et al. presented a method to detect leakage of an electrohydraulic cylinder based on multilayer perceptron (MLP)
type neural networks, which could successfully detect leakage
in the single or multiple fluid power systems [49]. Sun et al.
proposed a small leak feature extraction and a recognition
method based on local mean decomposition (LMD) envelope
spectrum entropy and support vector machine (SVM) [50].
Park developed a method to diagnose the different failure
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modes of the valve with the AE sensors and a neural network
model [51]. In [52], an improved wavelet neural network
(WNN) algorithm which combines with modified particle
swarm optimization (MPSO) was presented to overcome the
problems such as shortage in responding speed and learning
ability. The energy and square error of the signals in the
detail levels are input to the trained WNN to estimate the
tool wear. Comparing with conventional BP neutral network,
the advantage of the improved WNN algorithm involved
a simple structure and faster converge conventional WNN
and genetic algorithm-based WNN. Jafari et al. used an
artificial neural network (ANN) to distinguish the fault types
in valves by the AE features. The results were well satisfied
with experimental results [53]. Mao et al. had a real-time
fast Fourier transform (FFT) analysis of AE signals, which
was developed for monitoring laser welding processes. The
results were in good agreement with experimental data [54].
Antonaci et al. analyzed the AE signals using FFT to examine
the frequency distribution during the microcracking process.
The method for fatigue damage evolution with AE signal was
proved to be effective [55].

5. The Applications of AE Technique in
Valves Detection
5.1. The Condition Monitoring of Valves. With the development of the technique, it is possible to monitor the operating
condition of critical valves through the correlation between
the AE parameters and leakage rate. The purpose is that the
maintenance or replacement can be performed prior to the
loss of safety function of the critical valves. The condition
monitoring is mainly used for the valves in nuclear plants.
Allen et al. used the advanced monitoring diagnostics
to detect two fundamental types of failure in the valve used
in nuclear power plant. They realized the online judgment
of the valve failure modes through the comparative analysis
between the data measured and the earlier model analysis
[56]. Haynes evaluated three diagnostic monitoring methods
in the check valve, which contained the acoustic emission
and ultrasonic and magnetic flux. They found that the
combination of acoustic emission with either ultrasonic flux
or magnetic flux was significant in detecting operating conditions of the check valve [57]. Lee Y et al. developed a condition
monitoring system of check valves using the AE technique
and neural network. In this system, the AE signal acquired
by sensor passed through a signal condition. The process
includes rejection of background noise, amplification, analogue to digital conversion, and extract of feature points.
The developed system finished timely detection of failure of
valves, successfully [58]. Lee and Kim et al. systematically
studied the relations between AErms and failure modes
such as disk wear and foreign object of check valves. In
their study, an advanced condition monitoring technique
based on AE detection and artificial neural networks was
applied to the valve, which could successfully finish the
evaluation of different types of failure modes [26, 59, 60].
The schematic diagram for condition monitoring test of the
valve is shown in Figure 4. Boken developed a monitoring
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Figure 4: The schematic diagram for condition monitoring test of
the check valve [60].
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Figure 5: Block diagram of the system [37].

system of valves through the comparison of the AE signals
measured practically and a memory stored in before [61].
Shukri et al. discussed the effectiveness of AE technique
as a fault detection monitoring system on control valves
based on statistical analysis parameters. And a real-time AE
measurement system was established and tested, which could
be applied to distinguish the operating states of control valves
[62].
5.2. The Developments of Smart Portable Devices. The devices
employed to detect the leakage of valves with the AE
technology are usually huge and inconvenient to move. It
is particularly inadequate for detecting the leakage of valves
applied in engineering fields. To solve the problems and
reduce the cost [63], some researchers devote themselves
to the inventions and improvements of portable devices for
leakage detection of valves based on the previous studies. The
main idea is that those devices use a sensor to detect the
sensitive parameter of the AE signal generated by leakage of
valves and then have recognition or diagnosis on the leakage
based on the microprocessor. Accuracy is sacrificed a little
with this method in order to get the great system simplified
and cost reduction. The diagram of system is shown in
Figure 5.
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Figure 6: RMS values of the acoustic signals: (a) disk wear and (b) foreign objects [70].

Jomdecha et al. developed a system that consists of a
field programmable gate array-PC (FPGA-PC) and three
AE sensors with 150 kHz resonant frequency, which was
very good at locating the AE source from the corrosion in
austenitic stainless steel [64]. Furthermore, a system based
on FPGA-PC and LOCAN 320 AE analyzer was developed.
Through the analysis of amplitude, counts, hits, and time of
AE signals from corrosion, different types of corrosion could
be identified [17]. The acoustic valve leak detector (AVLD),
developed by the David Taylor Naval Ship RID Center
(DTNSRDC), was currently being used for troubleshooting,
overhaul planning, and a systematic preventive maintenance
program for seawater valves [65]. Noipitak et al. presented
a relative calibration method for an internal valve leakage
rate measurement system based on the microcontroller and
AE methods. It reduced the recalibration time and the cost,
which laid a foundation for the application of AE technique
in valves [28]. Prateepasen et al. developed a smart portable
noninvasive instrument for detection of internal air leakage
of a valve using AE signals. The measurement part in this
instrument is an embedded system, the AErms parameter is
used to infer the leakage rate, and the microcontroller is used
as the central handler. Before the instrument works, the key
point is just completely turning off the valve for mounting an
AE sensor without disassembling the valve. The measurement
error of this instrument is shown in Table 1 [37]. The UKbased Score Group plc, to meet the market, developed
the MIDAS Meter, which helps maintenance technicians to
identify the leaking valves quickly and easily [66].
5.3. The Failure of Valves. The applications of AE technique
in detecting failure of valves focused on the leakage of
valves, identification of failure modes, and valve degradation
[67]. Based on the opposite properties of AE signals and
background noise, Nakamura and Terada used an AE sensor

Table 1: Error of measurement of their proposed instrument [37].
Actual leakage rate
(mL/s)
20
40
50
100

Calculated leakage
rate (mL/s)

Error (%)

19
42
52
92

3.5
4.7
4.0
7.8

to effectively monitor the minor leak of pressurized valves
[68]. Lee et al. used the AE technique to finish the detection
of check valve degradation and service aging such as disk seat
and hinge pin wear [69]. Seong et al. proposed a method in
which the AE sensors were used for detecting the failures of
check valves and developed a diagnostic algorithm to identify
the type and the size of the failure of valve. A hydraulic
test loop and a neural network model were involved in their
study. The results showed that this method worked well in
identification of failure and estimation of the relationship
between the size and failure type. The RMS values of AE
signal in different failure modes are shown in Figure 6 [70].
Yang et al. applied the AE technique to identify the internal
leaky modes of globe valve, which could be classified as the
untight closing and crack. It was tested in the valves and the
results showed it worked effectively [71]. Sim et al. employed
AE signal to detect valve failure in reciprocating compressor.
Any abnormalities of the valve motion could be detected
effectively by analyzing the RMS value. In their further study,
the detection of other types of valve and the initiation of
materials deformation in valves could be achieved [72]. Wang
et al. proposed a method for detecting the actual working
condition of a valve using the AE signal and the simulated
valve motion. This method can easily distinguish the normal
valve, valve flutter, and valve delayed closing conditions [73].
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6. The Cavitation
The cavitation is a common occurrence in fluid flows. It
will occur when the local static pressure is lower than
the saturated vapor pressure at the working temperature.
The growth and collapse of cavitation bubbles lead to the
corrosion or pitting of metal surfaces. The cavitation is a big
problem, which accelerates the process of valve failure.
Derakshan et al. realized the cavitation monitoring of
hydraulic turbines through the measurement and analysis
of the true RMS of AE signals [74, 75]. Neill et al. had a
monitoring on the cavitation phenomenon of a centrifugal
pump based on AE technique and got a more accurate result
than vibration signal [76]. Alfayez et al. had a study on the
features of incipient cavitation with the root-mean-square
value of AE signal [77]. Čudina and Prezelj proposed the relationship between the discrete frequency component and the
cavitation. It was concluded that the characteristic discrete
frequency tone was closely linked with the cavitation process
[78]. Håkansson et al. investigated the location and conditions of cavitation based on a high-pressure homogenizer
model with two methods: the scattering of light from cavitation bubbles and the acoustical measurement [79]. Xu et al.
found the gas velocity could elongate and strengthen the
bubbles and increase the AE signals [80]. Husin et al.
presented a method using the AE technology to detect the
bubble inception and burst. All studies proved the feasibility
that we could monitor the bubble condition and obtain the
flow patterns during the phase gas-liquid flow by the AE
technique [81].
Rahmeyer studied the noise limit of cavitation as well as
the cavitation limits of incipient, critical, incipient damage,
and choking cavitation for butterfly valves based on the
analysis of experimental data. He set 85 dB as the limit of
the cavitation noise level and discussed the effects of the
limit on upstream pressure and valve size [82]. Osterman
et al. put forward a visualization method for incipient
cavitation detection and made a comparison with pressure
oscillations measured by a hydrophone on the two different
openings of the valve. It proved that the visualization method
was more efficient than the hydrophone measurement [83].
Jazi and Rahimzadeh investigated the acoustic waveform of
cavitation in the globe valve and analyzed the waveform and
its important parameters by FFT [84]. They also explored
the cavitation in globe valves with two different methods:
characteristic diagrams and acoustic measurement [85]. So
the method of detecting the cavitation in valves using the
noise has not high precision because of the influence of
ambient noise. The AE technique used in detecting cavitation
of valves can be a good solution.

7. Conclusions
A review of the applications of AE techniques for detecting
the condition and faults of valves was presented. The principle
of AE was shown and the popular parameters analysis methods were discussed. The parameter of AErms is proved to have
a strong relationship with the fluid parameters and the valve
parameters, such as the valve types and valve size, the leakage
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rate, the inlet pressure, and the types of fluid. The detection of
leakage, condition monitoring of faults, cavitation detection
of valves, and portable measurement device were proposed
in this review. The applications of new processing methods of AE signals including fast Fourier transform (FFT),
wavelet transform, Hilbert-Huang transform (HHT), neural
networks, and genetic algorithm in valves are presented. All
results have shown that the AE technique can work well in the
field of valves.
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The stability of the moving viscoelastic plate with the piezoelectric layer subjected to uniformly distributed tangential follower
force is investigated. The force excited by the piezoelectric layer due to external voltage is modeled as the follower tensile force.
The differential equation of the axially moving viscoelastic rectangular plate with piezoelectric layer subjected to uniformly
distributed tangential follower force is formulated on the basis of the Kirchhoff thin plate theory and the two-dimensional
viscoelastic differential constitutive relation. The complex eigenvalue equations are established by the differential quadrature
method. Via numerical calculation, the curves of real parts and imaginary parts of dimensionless complex frequencies versus
uniformly distributed tangential follower force and dimensionless moving speed are obtained. The effects of nonconservative
force, dimensionless axially moving speed, and dimensionless applied voltages on the stability of axially moving nonconservative
viscoelastic plate with piezoelectric layer are analyzed.

1. Introduction
Piezoelectric materials are used in the smart structure as
sensors and/or actuators in the form of patches or layers.
A plate with distributed, surface-bonded piezoelectric sheets
has been widely used in active vibration, in structural
health monitoring, in acoustic control, in buckling control,
and among other applications. The behavior of laminated
piezoelectric plates has gained much attention by researchers
[1–3]. For example, numerous scholars have studied the
piezoelectric effects on the dynamic behavior of composite
structures. The influence of using smart materials on the free
vibration and natural frequencies of laminated piezoelectric
plates has also been addressed [4–8]. Structural systems lose
their stability due to divergence, and such systems under
partial follower compressive loading were investigated both
qualitatively and quantitatively [9]. Chandrashekhara and
Bhatia [10] investigated the active buckling control of smart
composite plates based on finite element analysis. In [11],
both cross force and voltage, together with the bending of

the plate, were analyzed, and the bending of the plate was
controlled through the application of different voltages to
the actuators. In accordance with the inverse piezoelectric
effect, the equivalent action of the actuators was obtained.
Using Hamilton’s principle, the finite element formula of
the bending deformation of the piezoelectric structure was
derived. The bending of the annular plate made of piezoelectric material with four boundary conditions was also
calculated. Chase and Bhashayam [12] used the piezoelectric
sheet to increase the critical load of laminated beams and
performed optimal stabilization on plate buckling. Wang [13]
and Wang and Quek [14] studied the buckling of column
structures with a pair of piezoelectric layers and improve
the flutter and buckling capacity of the column using the
piezoelectric layers. Ha et al. [15] examined a composite
structure containing distributed piezoceramic sensors and
actuators using finite element analysis.
Stability and transverse vibrations of axially moving
systems are present in various industrial applications, such
as the paper webs and plastic sheets, steel strip in a thin
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steel sheet production line, band saw blade, conveyor belts
and chain in power transmission lines, and aerial cableways.
The axially moving considerations have been studied widely,
and dynamics and stability have been reviewed by Wickert
and Mote [16]. The research on two-dimensional axially
moving plate can be dated back to Ulsoy and Mote Jr.
[17], who analyzed the coupled transverse and torsional
vibration of band saw blade. The stability and vibration
characteristics of an axially moving plate with two simple
supported edges and two free edges under homogeneous
tension have been investigated by Lin [18, 19]. A few
researches on transverse vibrations and stability of axially
moving viscoelastic plates have also been done. Zhou et al.
[20, 21] studied transverse vibration characteristics of axially moving viscoelastic rectangular plates and parabolically
varying thickness plate. Marynowski [22] compared a threeparameter Zener model and a two-parameter Kelvin-Voigt
model for the viscoelasticity. Saksa et al. [23] investigated
stability and dynamic behaviour of axially moving viscoelastic panels with the help of the classical modal analysis. Tang
and Chen [24] studied stability in parametric resonance of
moving viscoelastic plates with time-dependent travelling
speed.
It is well known that instability may be induced in
structures systems because of nonconservative forces. Indeed,
much of the research in this field has focused on the stability
of the structures subjected to different types of nonconservative forces. However, few papers have focused on the stability
of axially moving viscoelastic plates with piezoelectric layers
under nonconservative forces.
Here, a relatively novel solution technique, the differential
quadrature method (DQM), is used to analyze dynamic
stability behavior of axially moving viscoelastic plates with
piezoelectric layers subjected to nonconservative force. The
current work focuses on the stability improvement of the
axially moving nonconservative viscoelastic plate that is
surface-bonded by piezoelectric layers. An analytical model
that fully embodies the piezoelectric effects is first obtained
based on the behavior of the follower force imposed by the
external voltage on the piezoelectric layer. This paper aims
to present the differential equation of the axially moving
viscoelastic plate with piezoelectric layers subjected to uniformly distributed tangential follower force. Based on the
2D viscoelastic differential constitutive relation and Kirchhoff
thin plate theory, the differential equation of the axially
moving viscoelastic rectangular plate with piezoelectric layer
subjected to uniformly distributed tangential follower force
in the Laplace domain is formulated. And carrying out the
Laplace inverse transformation, the differential equation of
motion of the axially moving viscoelastic rectangular plate
with piezoelectric layer subjected to uniformly distributed
tangential follower force in time domain is yielded. The
complex eigenvalue equations are established by the differential quadrature method. Via numerical calculation, the
complex frequency and the instability type of the axially
moving nonconservative viscoelastic plate constituted by
elastic behavior in dilatation and the Kelvin-Voigt laws
in distortion are obtained. The effects of nonconservative
force, dimensionless axially moving speed, and dimensionless
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Figure 1: Configuration of axially moving viscoelastic plate with
piezoelectric layers subjected to uniformly distributed tangential
follower force.

applied electric potential difference on the stability of axially
moving nonconservative viscoelastic plate with piezoelectric
layer are analyzed.

2. Formulation
2.1. Differential Equation of Motion. The axially moving
viscoelastic thin plate with surface-bonded piezoelectric
layers subjected to uniformly distributed tangential follower
force 𝑞0 is shown in Figure 1. The piezoelectric layers are
symmetrical to the midplane of the structure. The thin
plate has a thickness ℎ𝑏 in the 𝑧-direction, a material
density 𝜌𝑏 , and Poisson’s ratio 𝜇𝑏 . The piezoelectric layers
have a thickness ℎ𝑝 , a layer density 𝜌𝑝 , and Poisson’s ratio
𝜇𝑝 .
Using Kirchhoff ’s hypothesis of classical thin plates, the
strain and displacement relations for the viscoelastic plate can
be written as
𝜀𝑥𝑏 = −𝑧

𝜕2 𝑤∗
,
𝜕𝑥2

𝜀𝑦𝑏 = −𝑧

𝜕2 𝑤∗
,
𝜕𝑦2

𝑏
𝛾𝑥𝑦
= −2𝑧

𝜕2 𝑤∗
,
𝜕𝑥𝜕𝑦
(1)

where 𝑤∗ is the transverse displacement of the plate or
deflection and 𝑧 is the distance of the arbitrary point of the
plate from the neutral plane.
The strain of the piezoelectric bonding layers pertains to
the strains of both surfaces of the viscoelastic plate, expressed
as
𝜀𝑥𝑝 = ∓

ℎ𝑏 𝜕2 𝑤∗
,
2 𝜕𝑥2

𝜀𝑦𝑝 = ∓

ℎ𝑏 𝜕2 𝑤∗
,
2 𝜕𝑦2

𝑝
𝛾𝑥𝑦
= ∓ℎ𝑏

𝜕2 𝑤∗
.
𝜕𝑥𝜕𝑦
(2)

Considering mechanical and electrical behavior of piezoelectric materials. Proper care is taken when constitutive
equations for piezoelectric materials are used to model
induced strain actuation, as they are poling direction dependent. The planar isotropy of poled ceramics is expressed by
their piezoelectric strain constants, such that 𝑑31 = 𝑑32
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[26, 27]. The constitutive equations of the piezoelectric layers
for plane stress are
𝜎𝑥𝑝 }
𝜀𝑥𝑝 }
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(3)
where 𝑉 denotes applied electric potential difference.
Substituting (2) into (3) yields
𝑝

𝜎𝑥 }
{
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{
}
{
{
}
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=

where the differential operators 𝑃 = ∑𝑙𝑘=0 𝑝𝑘 (𝑑𝑘 /𝑑𝑡𝑘 ), 𝑄 =
𝑙1
𝑝𝑘 (𝑑𝑘 /𝑑𝑡𝑘 ), and 𝑄 =
∑𝑟𝑘=0 𝑞𝑘 (𝑑𝑘 /𝑑𝑡𝑘 ), 𝑃 = ∑𝑘=0
𝑟1
∑𝑘=0 𝑞𝑘 (𝑑𝑘 /𝑑𝑡𝑘 ); 𝑝𝑘 , 𝑞𝑘 , 𝑝𝑘 , and 𝑞𝑘 depend on the properties
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The constitutive relations of linear viscoelastic materials
in the Laplace domain are





In the Laplace domain, the constitutive relations of linear
viscoelastic materials using Laplace transformation 𝑤 of
deflection 𝑤∗ are expressed as
𝜕2 𝑤
𝜕2 𝑤
)
+
𝑄
(−𝑧
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1
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(7)
𝑑31 𝑉.

In the Laplace domain, the relations between internal
̃ of deflection 𝑤∗ are
torque and Laplace transformation 𝑤
given by
𝑏
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The transverse speed of moving plate is

𝑃0 𝜎𝑏𝑥 = 𝑄0 𝜀𝑏𝑥 + 𝑄1 𝜀𝑏𝑦 ,
𝑃0 𝜎𝑏𝑥 = 𝑄1 𝜀𝑏𝑥 + 𝑄0 𝜀𝑏𝑦,



of the material; 𝑃 , 𝑄 , 𝑃 , and 𝑄 are the Laplace transform
of the differential operators 𝑃 , 𝑄 , 𝑃 , and 𝑄 . For conve  
 

 
nience, let 𝑃0 = 𝑃 (𝑃 𝑄 + 2𝑄 𝑃 ), 𝑄0 = 𝑄 (2𝑃 𝑄 +
 
  
 
𝑄 𝑃 ), 𝑄1 = 𝑄 (𝑃 𝑄 − 𝑄 𝑃 ), and the polynomials 𝑃0 , 𝑄0 ,
and 𝑄1 about Laplace variable 𝑠 are independent of spatial
coordinates.
Assume that the piezoelectric sheets are of infinitesimal
thickness and disregard its influence on the bending stiffness
of the structure. The following terms 𝜎𝑥𝑝 and 𝜎𝑦𝑝 result in
uniform stress in the piezoelectric layer. The force excited
by the piezoelectric layer due to external electric potential
difference is modeled as a follower tensile force, and the
follower tensile force is a kind of nonconservative force. The
tension force caused by the piezoelectric layer can be written
as

𝑑𝑤∗ 𝜕𝑤∗
𝜕𝑤∗
=
+V
.
𝑑𝑡
𝜕𝑡
𝜕𝑥

(9)

The differential operator is given by 𝑑/𝑑𝑡 = (𝜕/𝜕𝑡) +
V(𝜕/𝜕𝑥).
The equilibrium equation of axially moving viscoelastic
plate with piezoelectric layer subjected to uniformly distributed tangential follower force is given by
𝜕2 𝑀𝑥𝑦 𝜕2 𝑀𝑦
𝜕2 𝑀𝑥
𝜕2 𝑤∗
𝜕2 𝑤∗
+
2
−
𝑁
−
𝑁
+
𝑥
𝑦
𝜕𝑥2
𝜕𝑥𝜕𝑦
𝜕𝑦2
𝜕𝑥2
𝜕𝑦2

(6)

− 2𝑁𝑥𝑦
×(

𝜕2 𝑤∗
− (𝜌𝑏 ℎ𝑏 + 2𝜌𝑝 ℎ𝑝 )
𝜕𝑥𝜕𝑦

2 ∗
𝜕2 𝑤∗
𝜕2 𝑤∗
2𝜕 𝑤
+
2V
) = 0,
+
V
𝜕𝑡2
𝜕𝑥𝜕𝑡
𝜕𝑥2

(10)

4
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where
𝑁𝑥 = 2𝑇𝑥 + 𝑞0 (𝑎 − 𝑥) ,

𝑁𝑦 = 2𝑇𝑦 ,

𝑁𝑥𝑦 = 0. (11)

2.2. Differential Equation of Vibration Mode. Introducing
dimensionless quantities and parameters,
𝜉=

Carrying out the Laplace transformation of (10) and (11)

and multiplying it by 𝑃0 𝑃 . When the partial derivative is
continuous, in the Laplace domain the differential equation
of motion of the axially moving viscoelastic rectangular plate
with piezoelectric layers subjected to uniformly distributed
tangential follower force is obtained:

𝑥
,
𝑎

𝜓=





 

𝑞=





𝜕2 𝑤∗
𝜕𝑥2

12𝑞0 𝑎3 (1 − (𝜇𝑏 ) )
𝐸𝑏 ℎ𝑏 3

(12)
𝐻=

 

+ 𝑃 (𝑃 𝑄 + 2𝑄 𝑃 ) (𝜌𝑏 ℎ𝑏 + 2𝜌𝑝 ℎ𝑝 )
×

(𝑠12 𝑤∗

𝑈=

where ∇4 𝑤∗ = (𝜕4 𝑤∗ /𝜕𝑥4 ) + 2(𝜕4 𝑤∗ /𝜕𝑥2 𝜕𝑦2 ) + (𝜕4 𝑤∗ /𝜕𝑦4 ).
Equation (11) is suitable for various viscoelastic differential models.
Here, we assume that the material of the plate obeys elastic
behavior in dilatation and the Kelvin-Voigt laws in distortion.


Substituting the polynomials 𝑃 = 1, 𝑄 = 2𝐺 + 2𝜂𝑠,


𝑃 = 1, and 𝑄 = 3𝐾 into (11) and carrying out the
Laplace inverse transformation yield the differential equation
of motion of axially moving nonconservative viscoelastic
plate with elastic dilatation and Kelvin-Voigt distortion with
piezoelectric layers in the time domain
ℎ𝑏3
𝜕
𝜕2
(𝐴 3 + 𝐴 4 + 𝐴 5 2 ) ∇4 𝑤∗
12
𝜕𝑡
𝜕𝑡

+ (𝐴 1 + 𝐴 2

𝜕2 𝑤∗
𝜕
) 𝑞0 (𝑎 − 𝑥)
𝜕𝑡
𝜕𝑥2

+ (𝐴 1 + 𝐴 2

𝜕
) (𝜌𝑏 ℎ𝑏 + 2𝜌𝑝 ℎ𝑝 )
𝜕𝑡

×(

(13)

𝐺=

𝐸𝑏
,
2 (1 + 𝜇𝑏 )

𝜕4 𝑤∗
𝜕4 𝑤∗
𝜕4 𝑤∗
∇𝑤 =
+
2
+
.
𝜕𝑥4
𝜕𝑥2 𝜕𝑦2
𝜕𝑦4
4

∗

𝜆=

ℎ𝑏

,

𝑝=

𝜌𝑝
𝜌𝑏

(15)
𝜆,

𝜂
ℎ𝑏
𝐸𝑏
,
√
𝑎2 12𝜌𝑏 (1 − (𝜇𝑏 )2 ) 𝐸𝑏
24𝐸𝑝 𝑑31 𝑎2 𝑉 (1 − (𝜇𝑏 ) )
𝐸𝑏 ℎ𝑏 3

(14)

.

𝜕
4
(1 + 𝜇𝑏 ) (2 − 𝜇𝑏 ) 𝐻
3
𝜕𝜏

2
4
𝜕2
+ (1 − 2𝜇𝑏 ) (1 + 𝜇𝑏 ) 𝐻2 2 ) ∇4 𝑤
3
𝜕𝜏
𝑏
𝑏
1
4 (1 − 2𝜇 ) (1 + 𝜇 ) 𝜕
−(
+
𝐻 )
1 − 𝜇𝑝 3 (1 − 𝜇𝑝 ) (1 − 𝜇𝑏 ) 𝜕𝜏
2
𝜕2 𝑤
2𝜕 𝑤
+
𝑈
⋅
𝑟
)
𝜕𝜉2
𝜕𝜓2
𝑏
𝑏
𝜕2 𝑤
4 (1 − 2𝜇 ) (1 + 𝜇 ) 𝜕
)
𝑞
−
𝜉)
𝐻
(1
3
𝜕𝜏
𝜕𝜉2
(1 − 𝜇𝑏 )

𝑏
𝑏
4 (1 − 2𝜇 ) (1 + 𝜇 ) 𝜕
𝐻 )
+ (1 +
3
𝜕𝜏
(1 − 𝜇𝑏 )

× (1 + 2𝑝) (

where 𝐴 1 = 3𝐾 + 4𝐺, 𝐴 2 = 4𝜂, 𝐴 3 = 2𝐺(6𝐾 + 2𝐺), 𝐴 4 =
8𝐺𝜂 + 12𝐾𝜂, 𝐴 5 = 4𝜂2
𝐸𝑏
,
3 (1 − 2𝜇𝑏 )

(1 +

+ (1 +

2 ∗
𝜕2 𝑤∗
𝜕2 𝑤∗
2𝜕 𝑤
+
2V
) = 0,
+
V
𝜕𝑡2
𝜕𝑡𝜕𝑥
𝜕𝑥2

𝐾=

,

ℎ𝑝

Substituting (15) into (13) yields the following dimensionless differential equation:

× (𝑈

𝜕 2𝐸𝑝 𝑑31 𝑉 𝜕2 𝑤∗ 𝜕2 𝑤∗
( 2 +
)
)
𝜕𝑡
1 − 𝜇𝑝
𝜕𝑥
𝜕𝑦2

𝑎
,
𝑏

2

𝜕𝑤
𝜕2 𝑤∗
+ 2V𝑠1
) = 0,
+ V2
𝜕𝑥
𝜕𝑥2

− (𝐴 1 + 𝐴 2

𝑟=

2

2

+ 𝑃 (𝑃 𝑄 + 2𝑄 𝑃 ) 𝑞0 (𝑎 − 𝑥)


𝑤∗
,
𝑎

𝑏
𝑎 √ 12𝜌𝑏 (1 − (𝜇 ) )
𝐶=
V,
ℎ𝑏
𝐸𝑏

2𝐸𝑝 𝑑31 𝑉 𝜕2 𝑤∗ 𝜕2 𝑤∗
( 2 +
)
1 − 𝜇𝑝
𝜕𝑥
𝜕𝑦2


𝑤=

𝑡ℎ𝑏
𝐸𝑏
,
√
2
2
𝑎
12𝜌𝑏 (1 − (𝜇𝑏 ) )

𝜏=

ℎ𝑏3 
 
 

 
 
𝑄 (2𝑃 𝑄 + 𝑄 𝑃 ) ∇4 𝑤∗ − 𝑃 (𝑃 𝑄 + 2𝑄 𝑃 )
12
×

𝑦
,
𝑏

2
𝜕2 𝑤
𝜕2 𝑤
𝜕2 𝑤
2𝜕 𝑤
+
2𝐶
)
= 0,
+
𝐶
𝜕𝜏2
𝜕𝜉𝜕𝜏
𝜕𝜉2 𝜕𝜏2
(16)

where 𝜏 is the dimensionless time, 𝐻 denotes the dimensionless time delay, 𝐶 is the dimensionless moving speed, and
𝑈 represents the dimensionless electric potential difference
parameter. One has ∇4 𝑤 = (𝜕4 𝑤/𝜕𝜉4 ) + 2𝑟2 (𝜕4 𝑤/𝜕𝜉2 𝜕𝜓2 ) +
𝑟4 (𝜕2 𝑤/𝜕𝜓4 ).
Suppose that the solution to (16) takes the form
𝑤 (𝜉, 𝜓, 𝜏) = 𝑊 (𝜉, 𝜓) 𝑒𝑖𝜔𝜏 ,

(17)
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where 𝑖 = √−1 and 𝜔 is a dimensionless complex frequency.
Substituting (17) into (16) gives
𝐷1 ∇4 𝑊 − 𝐷3 (𝑈

order with respect to 𝑦 and the 𝑟th order with respect to 𝑥
are, respectively, approximated as

2
𝜕2 𝑊
2𝜕 𝑊
+
𝑈𝑟
)
𝜕𝜉2
𝜕𝜓2

+ 𝐷2 𝑞 (1 − 𝜉)

𝜕2 𝑊
+ 𝐷2 (1 + 2𝑝)
𝜕𝜉2

𝜕𝑟 𝑓 (𝑥𝑖 , 𝑦𝑗 )

𝑁

= ∑ 𝐴(𝑟)
𝑖𝑘 𝑓 (𝑥𝑘 , 𝑦𝑗 ) ,

𝜕𝑥𝑟

(18)

𝑘=1

(𝑖 = 1, 2, . . . , 𝑁; 𝑟 = 1, 2, . . . , 𝑁 − 1) ,

𝜕2 𝑊
𝜕𝑊
× (−𝜔 𝑊 + 2𝐶𝑖𝜔
+ 𝐶2 2 ) = 0,
𝜕𝜉
𝜕𝜉
2

𝜕𝑠 𝑓 (𝑥𝑖 , 𝑦𝑗 )
𝜕𝑥𝑠

where

𝑀

= ∑ 𝐴(𝑠)
𝑗𝑚 𝑓 (𝑥𝑖 , 𝑦𝑚 ) ,

(22)

𝑚=1

(𝑗 = 1, 2, . . . , 𝑀; 𝑠 = 1, 2, . . . , 𝑁 − 1) ,
4
𝐷1 = 1 + 𝑖 (1 + 𝜇𝑏 ) (2 − 𝜇𝑏 ) 𝐻𝜔
3

𝜕𝑟+𝑠 𝑓 (𝑥𝑖 , 𝑦𝑗 )
𝜕𝑥𝑟 𝜕𝑦𝑠

2
4
− (1 − 2𝜇𝑏 ) (1 + 𝜇𝑏 ) 𝐻2 𝜔2 ,
3
𝑏
𝑏
4 (1 − 2𝜇 ) (1 + 𝜇 )
𝐻𝜔,
𝐷2 = 1 + 𝑖
3
(1 − 𝜇𝑏 )

𝐷3 =

(19)

𝑏
𝑏
1
4 (1 − 2𝜇 ) (1 + 𝜇 )
+
𝑖
𝐻𝜔.
1 − 𝜇𝑝
3 (1 − 𝜇𝑝 ) (1 − 𝜇𝑏 )

Boundary conditions for four-edge simply supported (SSSS)
rectangular plates are
𝜉 = 0, 1 :
𝜓 = 0, 1 :

𝜕2 𝑊
= 0,
𝑊 (𝜉, 𝜓) =
𝜕𝜉2
𝑊 (𝜉, 𝜓) =

2

𝜕𝑊
= 0.
𝜕𝜓2

(20)

𝜓 = 0, 1 :

𝑊 (𝜉, 𝜓) =
𝑊 (𝜉, 𝜓) =

𝜕𝑊
= 0,
𝜕𝜉
𝜕2 𝑊
= 0.
𝜕𝜓2

𝑀

𝑘=1

𝑚=1

where 𝑁 and 𝑀 are the number of grid points in the 𝑥
(𝑠)
and 𝑦 direction, respectively, 𝐴(𝑟)
𝑖𝑘 and 𝐴 𝑗𝑚 are the weighted
coefficients, and they are defined by

𝐴(1)
𝑖𝑘
𝑁

∏𝑢=1, 𝑢=𝑖,𝑘
̸(𝑥𝑖 − 𝑥𝑢 )
{
{
{
{
𝑁
{
(𝑥𝑘 − 𝑥𝑢 )
{ ∏𝑢=1, 𝑢=𝑘̸
={𝑁
1
{
{
∑
{
{
{𝑢=1 (𝑥𝑖 − 𝑥𝑢 )
{𝑢=𝑘̸

𝑖) ,
(𝑖, 𝑘 = 1, 2, . . . , 𝑁; 𝑘 ≠
(𝑖, 𝑘 = 1, 2, . . . , 𝑁; 𝑘 = 𝑖) ,

𝐴(1)
𝑗𝑚

Boundary conditions for two opposite edges simply supported and other edges clamped (CSCS) are as follows:
𝜉 = 0, 1 :

𝑁

(𝑠)
= ∑ 𝐴(𝑟)
𝑖𝑘 ∑ 𝐴 𝑗𝑚 𝑓 (𝑥𝑘 , 𝑦𝑚 ) ,

(21)

2.3. Complex Eigenvalue Equation. The complex eigenvalue
equation of the axially moving viscoelastic rectangular plate
with piezoelectric layers subjected to uniformly distributed
tangential follower force is derived by the DQM [28–31].
The DQM is used to approximate the partial derivatives of
a function with respect to a spatial variable at any discrete
point as the weighted linear sum of the function values at all
the discrete points chosen in the solution domain of spatial
variable.
Postulating smooth function 𝑓(𝑥, 𝑦) in the region 0 ≤
𝑥 ≤ 𝑎, 0 ≤ 𝑦 ≤ 𝑏, the 𝑟th order partial derivative of 𝑓(𝑥, 𝑦)
with respect to 𝑥, the 𝑠th order partial derivative of 𝑓(𝑥, 𝑦)
with respect to 𝑦, and the mixed partial derivative of the 𝑠th

∏𝑀
𝑢=1, 𝑢=𝑗,𝑚
̸ (𝑦𝑗 − 𝑦𝑢 )
{
{
{
{
𝑀
{
{ ∏𝑢=1, 𝑢=𝑚
̸(𝑦𝑚 − 𝑦𝑢 )
={𝑀
1
{
{
{
∑
{
{ (𝑦 − 𝑦 )
𝑢=1
𝑗
𝑢
̸
{𝑢=𝑚

(𝑗, 𝑚 = 1, 2, . . . , 𝑀; 𝑚 ≠
𝑗) ,
(𝑗, 𝑚 = 1, 2, . . . , 𝑀; 𝑚 = 𝑗) .
(23)

In the case of 𝑟 = 2, 3, . . . , 𝑁 − 1, 𝑠 = 2, 3, . . . , 𝑀 − 1,

𝐴(𝑟)
𝑖𝑘
𝐴(𝑟−1)
(𝑟−1) (1)
{
𝑖𝑘
{
𝐴
−
)
𝑟
(𝐴
{
𝑖𝑖
𝑖𝑘
{
{
𝑥𝑖 − 𝑥𝑘
{
{
{
𝑖) ,
(𝑖, 𝑘 = 1, 2, . . . , 𝑁; 𝑘 ≠
={
{
𝑁
{
{
{
{
− ∑ 𝐴(𝑟)
{
𝑖𝑢 (𝑖 = 1, 2, . . . , 𝑁; 1 ≤ 𝑟 ≤ (𝑁 − 1) ; 𝑘 = 𝑖) ,
{
𝑢=1
{ 𝑢=𝑖̸

6
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Figure 2: Dimensionless complex frequencies versus dimensionless axially moving speed 𝐶 (𝐻 = 10−5 , 𝑞 = 50, 𝑟 = 1, 𝑈 = 0, and 𝜆 = 0.05).
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Figure 3: Dimensionless complex frequencies versus dimensionless axially moving speed 𝐶 (𝐻 = 10−5 , 𝑞 = 50, 𝑟 = 1, 𝑈 = 10, and 𝜆 = 0.05).

𝐴(𝑠)
𝑗𝑚
𝐴(𝑠−1)
𝑗𝑚
{
(𝑠−1) (1)
{
)
𝑠 (𝐴 𝑗𝑗 𝐴 𝑗𝑚 −
{
{
{
𝑦
−
𝑦𝑚
{
𝑗
{
{
{
{
(𝑗, 𝑚 = 1, 2, . . . , 𝑀; 𝑚 ≠
𝑗) ,
{
={ 𝑀
{
{
{
− ∑ 𝐴(𝑠)
{
𝑗𝑢
{
{ 𝑢=1
{
{
{
{ 𝑢=𝑗̸
(𝑗 = 1, 2, . . . , 𝑀; 1 ≤ 𝑟 ≤ (𝑀 − 1) ; 𝑚 = 𝑗) .
{
(24)

In this paper, 𝑁 = 𝑀. The distribution forms of the
grid points are nonuniform; the distribution forms of the grid
points are
𝜉1 = 0,
𝜉𝑖 =

1
2𝑖 − 3
[1 − cos (
𝜋)] ,
2
2𝑁 − 4
𝜂1 = 0,

𝜂𝑖 =

𝜉𝑁 = 1,
(𝑖 = 2, 3, . . . , 𝑁 − 1)

𝜂𝑁 = 1,

1
2𝑖 − 3
[1 − cos (
𝜋)] ,
2
2𝑁 − 4

(𝑖 = 2, 3, . . . , 𝑁 − 1) .

(25)

Advances in Materials Science and Engineering

7

90

25
20

80
3rd

70

15
10

50

Imag(𝜔)

Re(𝜔)

60
2nd

40
30

5
0
−5
−10

1st

20

−15

10

−20

0

2

0

4

6

8

10

−25

12

0

2

4

6
C

C
1st
2nd

1st
2nd

3rd

8

10

12

3rd

Figure 4: Dimensionless complex frequencies versus dimensionless axially moving speed 𝐶 (𝐻 = 10−5 , 𝑞 = 50, 𝑟 = 1, 𝑈 = 20, and 𝜆 = 0.05).
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Figure 5: The first-order dimensionless complex frequencies versus dimensionless follower force 𝑞 (𝐻 = 10−3 , 𝑟 = 1, 𝑈 = 10, and 𝜆 = 0.05).

According to the DQM procedures, (18) can be discretized into the following forms:
𝑁

∑ 𝐴(4)
𝑖𝑘 𝑊𝑘𝑗
𝑘=1

2

+ 2𝑟

𝑀

𝑁
(2)
∑ 𝐵𝑗𝑚
∑ 𝐴(2)
𝑖𝑘 𝑊𝑘𝑚
𝑚=1
𝑘=1

4

+𝑟

𝑀

(4)
𝑊𝑖𝑚
∑ 𝐵𝑗𝑚
𝑚=1

4
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𝑁
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𝐴
𝑊
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⋅
𝑟
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𝑖𝑘
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𝑁

𝑁
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(2)
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Figure 6: The first-order dimensionless complex frequencies versus dimensionless follower force 𝑞 (𝐻 = 10−3 , 𝑟 = 1, 𝑈 = 20, and 𝜆 = 0.05).
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𝑁

(2)
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𝑁

(4)
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𝑊𝑖𝑘 )

(28)
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𝑘=1

𝑘=1

𝑁
(1 − 2𝜇𝑏 ) (1 + 𝜇𝑏 )
4
𝐴 𝑖𝑘 𝑊𝑘𝑗
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2𝐶𝐻
∑
3
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𝑘=1
2

+ (1 + 2𝑝) 𝑊𝑖𝑗 ] 𝜔
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The differential quadrature forms of the boundary conditions
(21) are

2
4
− [ (1 − 2𝜇𝑏 ) (1 + 𝜇𝑏 ) 𝐻2
3

𝑘=1

(27)

𝑘=1

𝑁

𝐻𝐶2 ∑ 𝐴(2)
𝑖𝑘 𝑊𝑘𝑗 ] 𝜔

𝑁

𝑖 = 1, 𝑁, 𝑗 = 1, 2, . . . , 𝑁,

𝑘=1

𝑘=1

𝑁

𝑖, 𝑗 = 1, 2, . . . , 𝑁,

After eliminating the boundary degrees of freedom from
(22) using the boundary conditions, the equation can be
written in the matrix form as
(𝜔3 Q + 𝜔2 R + 𝜔G + K) {W𝑘𝑗 } = {0} .

(29)

The complex eigenvalue equation of the axially moving
viscoelastic rectangular plate with piezoelectric layers subjected to uniformly distributed tangential follower force is
that coefficient determinant equal to zero; that is,

𝑏
𝑏
4 (1 − 2𝜇 ) (1 + 𝜇 )
𝐻𝑊𝑖𝑗 𝜔3 = 0.
3
(1 − 𝜇𝑏 )

(26)


 3
𝜔 Q + 𝜔2 R + 𝜔G + K = 0.



(30)
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In (30), 𝜔 is a generalized complex eigenvalue, where the
matrices Q, R, G, and K involve such parameters as dimensionless moving speed 𝐶, the dimensionless follower force
𝑞, the dimensionless time delay 𝐻, the dimensionless time
𝜏, the dimensionless electric potential difference parameter
𝑈, the dimensionless electric potential difference geometrical
parameter 𝜆, and aspect ratio 𝑟 of the plate.

3. Results and Discussion
In the case of 𝐻 = 0, 𝐶 = 0, 𝑈 = 0, and 𝑝 = 0, (18) is reduced
to the differential equation of motion of the elastic plate.
Equation (30) is reduced to the complex eigenvalue equation
of the elastic plate. In order to verify the DQM program,
the first three-order natural frequencies of the transverse free
vibration of elastic plate with four-edge simply supported
boundary conditions are calculated firstly, and the results are
in good agreement with those exhibited in [31], which can be
seen from Table 1.
In the numerical examples, the number of grid points
is 𝑁 = 𝑀 = 9. Numerical studies have been conducted
to investigate the effects of several key parameters on the
dynamics stabilities of axially moving viscoelastic plates with
the piezoelectric layer subjected to uniformly distributed
tangential follower force. The critical moving speed of axially
moving plates for 𝐻 = 10−5 , 𝑞 = 0, 𝑟 = 1, 𝑈 = 0, and 𝑝 = 0
with different boundary conditions is seen from Table 2.
3.1. The Influence of the Dimensionless Electric Potential
Difference. Figure 2 displays the variation of the curve for
the cases 𝐻 = 10−5 , 𝑞 = 50, 𝑟 = 1, 𝑈 = 0, and 𝜆 =
0.05. It can be seen that, with increase of axially moving
speed 𝐶, the real part Re(𝜔) of complex frequencies in the
first mode becomes zero and the imaginary part Im(𝜔) of
complex frequencies has two branches. This shows that the
first mode behaves unstably by the divergence instability
when the axially moving speed becomes equal to or larger
than the critical speed 𝐶 = 3.13. When the moving speed
increases further, the piezolaminated plate regains stability
in the first-order mode. By maintaining an increase in the
moving velocity, the plate undergoes divergence instability in
the second mode. When the speed of motion is 𝐶 = 8.78,
the first mode behaves unstably by the divergence instability
again. When 𝐶 = 10.85, the second mode behaves divergence
instability again.
In Figure 3, the case of 𝐻 = 10−5 , 𝑞 = 50, 𝑟 = 1,
𝑈 = 10, and 𝜆 = 0.05 is shown. The first-order mode exhibits
divergence instability when the moving speed 𝐶 = 5.77; at
𝐶 = 7.41 the first-order divergence instability is over. When
the moving speed increases, the plate undergoes divergence
instability in the second mode. By maintaining an increase in
the moving velocity, the first mode behaves unstably by the
divergence instability again. Then, the second mode behaves
divergence instability again. In comparison with Figure 2,
with the dimensionless electric potential difference increase,
the critical speed increases, while the types of instability of
the moving piezolaminated plate are in agreement.
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Figure 4 shows the variation of the first three-order
dimensionless complex frequencies of the plate with dimensionless axially moving speed 𝐶 for 𝐻 = 10−5 , 𝑞 = 50,
𝑟 = 1, 𝑈 = 20, and 𝜆 = 0.05. It can be seen that the
influence of the dimensionless electric potential difference on
the critical speed is obvious. With the dimensionless electric
potential difference increase, the critical speed increases,
while the types of instability of the moving piezolaminated
plate subjected to uniformly distributed tangential follower
force have not been changed.
3.2. The Influence of the Dimensionless Moving Speed on
Stability. Figures 5 and 6 display the variation of the curve
of the first-order dimensionless complex frequencies versus
dimensionless follower force 𝑞 for the cases 𝑈 = 10 and
𝑈 = 20. It can be seen that the viscoelastic plate exhibits
divergence instability in the first-order mode under different
moving speed 𝐶. This result indicates that increases in the
dimensionless speed of moving piezolaminated viscoelastic
plate subjected to uniformly distributed tangential follower
force reduce the critical load but will not change the type of
instability experienced by the moving plate.
3.3. The Influence of the Dimensionless Uniformly Distributed
Tangential Follower Force on Stability. Figures 7 and 8 indicate the variation of the first-order dimensionless complex
frequencies with the dimensionless moving speed for the different values of 𝑈, respectively. In Figure 7, for dimensionless
follower force 𝑞 = 0, it shows that the first-order mode
behaves divergence instability; then the plate undergoes
single-mode flutter. In the case of 𝑞 = 50 and 𝑞 = 100, it shows
that the first-order mode behaves divergence instability first,
when the dimensionless moving speed increases, the plate
regains stability in the first-order mode. By maintaining
an increase in the moving speed, the first mode behaves
divergence instability again. It can be seen that the real part
of the dimensionless complex frequencies decreases with the
increase of the dimensionless follower force 𝑞. The critical
speed of the first mode decreases when the dimensionless
follower force 𝑞 increases.
In comparison with Figures 7 and 8, respectively, it is
observed that the same dimensionless follower force 𝑞, the
real parts of the dimensionless complex frequencies under
𝑈 = 20, is greater than that in the case of 𝑈 = 10. The critical
speed of the first mode increases with the increase of electric
potential difference.

4. Conclusions
The formulation and results for the stability of the moving
viscoelastic plate with the piezoelectric layer subjected to
uniformly distributed tangential follower force are presented.
The general complex frequencies are calculated. This paper
analyzes stabilities of the moving viscoelastic plate with the
piezoelectric layer subjected to follower force. The results of
the analysis of the present study are summarized below.
(1) With the dimensionless electric potential difference
increase, the critical speed increases, while the types
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Table 1: The first three-order natural frequencies of the uniform thickness elastic plate with different boundary conditions.
Aspect ratio 𝑟
SSSS
SCSC
SSSS
SCSC

Present solutions
Results in [25]

0.5
19.7401
28.9567
19.73
28.95

12.3370
23.8184
12.33
23.82

31.8919
38.9379
32.07
39.09

1
49.3519
54.7609
49.35
54.74

19.7392
28.9559
19.73
28.95

78.9647
70.1555
78.96
69.33

Table 2: Critical moving speed of axially moving plates with different boundary conditions.
Boundary conditions
SSSS
CSCS

Divergence speed in first order
6.31
8.21

Regaining stability in the first order
7.81
10.31

Coupled-mode flutter speed
8.22 (1st and 2nd couple)
11.79 (1st and 3rd couple)
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of instability of the moving piezolaminated plate
subjected to uniformly distributed tangential follower
force have not been changed. The moving piezolaminated plate subjected to follower force behaves
unstably by the divergence instability.
(2) By increasing in the dimensionless speed of moving
piezolaminated viscoelastic plate subjected to follower force, the critical load (i.e., critical follower
force) decreases but will not change the type of
divergence instability experienced by the moving
plate.
(3) The influence of the dimensionless uniformly distributed tangential follower force on stability of moving piezolaminated viscoelastic plate is obvious. By
maintaining an increase in the dimensionless follower
force, the critical speed of the first mode decreases.
This research demonstrates the potential of using piezoelectric materials in enhancing the stability of axially moving viscoelastic plates subjected to uniformly distributed tangential
follower force. The conclusions provide a theoretical basis
and effective approach for improving structure designing and
working stability.
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A Stewart platform is a parallel manipulator robot that is able to perform three linear movements, lateral, longitudinal, and vertical,
and three rotations, pitch, yaw, and roll. This paper reports a 30 mm × 30 mm × 34 mm miniscale Stewart platform using TiNiCu
shape-memory-alloy (SMA) actuators. The proposed Stewart platform possesses various advantages, such as large actuation force
and high robustness with a simple mechanical structure. This Stewart platform uses four SMA actuators and four bias springs and
performs a linear z-axis movement and tilting motions. The SMA actuators are activated by passing a current through the SMA
wires using a heating circuit that generates a pulse width modulation (PWM) signal. This signal is varied to control the level of
the displacement and tilting angle of the platform. The tilting direction depends on the SMA actuator that is activated, while all
four SMA actuators are activated to achieve the linear z-axis movement. Each SMA actuator exerts a maximum force of 0.6 N at
PWM duty cycle of 100%. The fabricated miniature Stewart platform yields a full actuation of 12 mm in the z-axis at 55∘ C, with a
maximum tilting angle of 30∘ in 4 s.

1. Introduction
Stewart platform is a parallel manipulator robot utilized to
control the position of an object. The typical Stewart platform
has a platform, a base platform, and six limbs which could
provide six degrees of freedom (DOF) illustrated, three
linear movements, lateral, longitudinal, and vertical (𝑥, 𝑦, 𝑧),
and three rotations, pitch, yaw, and roll. During the past
decades, Stewart platform had attracted attention of many
researchers especially those in robotics field [1]. This type
of parallel manipulator possesses high load capacity, precise
positioning, high rigidity, and reduced sensitivity to certain
errors [2, 3]. One of the promising areas of Stewart platform is
in flight simulator [4]. Other potential applications of Stewart
platform are biomedical applications including microsurgical
tools, for example, ophthalmic microsurgery, coronary artery
bypass graft (CABG) surgery, and brain surgery [5], as well
as the application in Computer Numerical Controlled (CNC)
machine tool structures, for example, electrodischarge machining [6] and radio telescope positioning system [7].
Actuators are mounted end to end on the top and the base
platform, respectively. An actuator converts a type of energy

to motion for moving or controlling a mechanism. There are
many types of actuators implemented in Stewart platform.
The current Stewart platform uses conventional actuators, for
instance, the hydraulic actuator [4], pneumatic actuator [8],
and servo motor [9]. Hydraulic actuator has high power to
weight ratio, has a rapid response [10], and can exert a large
force. However, this actuator is large in size, fluid leakage
may occur, and maintenance cost is expensive. On the other
hand, pneumatic actuator provides fast response and clean
operation without the need for oil or fluid for actuation.
The disadvantages of pneumatic actuator are mostly caused
by nonlinear behavior of the system itself. It is not able
to give constant speed to control movement of bodies,
has low accuracy, and has difficulty in performing at slow
speed. Servo motor provides a great variety of advantages
over other actuation methods. Most robotic manipulatorlike miniature Stewart platform uses servo motor as the
actuator. The advantages of such actuator are that it is light
in weight and yet it can yield a relatively large torque at low
voltage and only require small workspace and it provides
quiet operation compared to other types of actuators. In fact,
they could provide a better accuracy and repeatability work
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result. However, the cost of this kind of actuator is high.
These conventional actuators had made the model become
large [11], bulky, and expensive in cost and possess noisy
operation. Shape-memory alloy (SMA) that possesses various
advantages could potentially solve the issues associated with
the conventional actuators especially in the case of Stewart
platform.
SMA has been extensively studied in the past few decades
due to its uniqueness of “smart” properties. SMA is an
alloy, which could remember and return to its original or
“remembered” shape when heated [12]. SMA can exist in two
different temperature dependent crystal structures (phases)
which are low temperature phase called the martensite phase
and high temperature phase called the austenite phase [13].
Figure 1 shows the crystal structure in SMA during its phase
transformation cycle. At martensite phase, the crystal structure can be easily deformed to a desired shape due to the fact
that SMA at this phase has a low yield strength. When SMA
is heated above its phase transition temperature indicating it
had reached its austenite phase, it will return to its predetermined shape. During this phase, the crystal structure changes
to a highly ordered structure and the atomic particles arrange
symmetrically. This kind of arrangement possesses high yield
strength [14]. The unique behavior of SMA has shown an
increased trend in its demands on engineering application in
numerous commercial fields such as automotive, biomedical,
and robotic field especially as microactuators or artificial
muscle [15, 16].
Development of Stewart platform using SMA as the actuators has been extensively reported due to the tremendous
characteristics of SMA [17–20]. However, they are large in
size, involve complicated design, and provide very limited
displacement. These factors limit the application range of
miniature Stewart platform. In fact, there is also a lack of
characterization on the performance of the miniature Stewart

platform. For example, the force exerted by the SMA wire,
velocity, and dynamic of the moving platform and tilting
angles according to the number of Stewart platform’s limbs
actuated are not well characterized.
This paper reports a miniscale Stewart platform with
four DOF. The miniature Stewart platform utilizes SMA
microactuators to ensure the device has a high robustness
with simple mechanical structure. The device is able to
perform linear 𝑧-axis movement and also tilting motions.
Performance characterization of the device is conducted to
show the reliability of SMA in the miniature Stewart platform.

2. Design and Principle Work
The size of miniature Stewart platform developed in this effort
is 30 mm × 30 mm × 34 mm in dimension with three DOF,
two of which enable the Stewart platform to rotate in 𝑥and 𝑦-axis while the third DOF is responsible of moving the
platform in 𝑧-axis as shown in Figure 2. The construction
of this device involves a platform, a base platform, and four
limbs with identical dimensions. Each limb consists of a bias
spring and an SMA actuator (Figure 2).
Figure 3 shows the working principle of miniature Stewart platform. The actuation will be controlled using a user
interface from a computer. The computer then connects to a
microcontroller. For actuations to take place, the microcontroller will generate a PWM signal to be transmitted into a
heating circuit with voltage and current source of 5 V and
2 A, respectively. This is to ensure a sufficient heat generated
on SMA actuator and exceeds the transition temperature of
70∘ C (austenitic phase temperature) for its actuation. The
duty cycle of the PWM signal is varied to control the level of
actuation in terms of Stewart platform’s height displacement
and tilting angle. A bias spring stretches the SMA when
it is at martensite phase, whereas at austenite phase, SMA
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Figure 4: The mobility of developing Stewart platform; (a) tilting effect of Stewart platform; (b) linear 𝑧-axis movement.

actuator will exert a force which then pulls the platform
and compresses the spring. Figure 4 depicts the movement
in three DOF of developed design. By actuating one limb
or two adjacent limbs simultaneously, two or one rotational
DOF around 𝑥- and 𝑦-axis can be achieved, respectively. The
tilting direction and its angle depend on which limbs are
activated and on the duty cycle of PWM signal (Figure 4(a))
such that the higher the duty cycle, the more the yielded
tilt. Furthermore, activating the four limbs leads to the third
DOF in the 𝑧-axis. Similarly, the displacement in the 𝑧-axis
direction is also determined by the duty cycle of PWM signal
(Figure 4(b)).

3. Fabrication
A TiNiCu type SMA wire (M-type, Memry Corp., Germany)
with thickness of 170 𝜇m was used as actuator in Stewart

platform. The SMA wires were trained to memorize a springlike shape (Figure 5(a)) by annealing at 400∘ C with predefined shape for one hour and then crunching in cold water.
Bias springs with an outer diameter of 9.2 mm with a wire
thickness of 0.2 mm and height of 25 mm were fabricated
(Figure 5(b)). The top and base platforms were designed
using CAD software and fabricated using rapid prototyping
process. Then, four limbs each of them consisting of an SMA
actuator and a bias spring were attached to the base of the
Stewart platform (Figure 6(a)). Both ends of each SMA actuator were connected to the heating circuit using conductive
paste. The limbs were then connected to the top platform to
form a complete prototype (Figure 6(b)). Screws were used
to ensure a firm attachment and connectivity between the
SMA wire and wire that connects to the heating circuit. A
PWM signal that is generated from a heating circuit is used to
control the current flowing in the four SMA microactuators.
The microcontroller is connected to the heating circuit to
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control the PWM signal which consequently controls the
actuation of the SMA microactuators.

4. Experimental Results and Discussions
Experimental characterizations for the developed device were
performed using setup illustrated in Figure 7. Laser displacement sensor (LK-G32, Keyence, IL, USA) and IR thermal
camera (D-07739, Jenoptic, Jena, Germany) were used to
measure the displacement range of the Stewart platform and

the temperature of SMA actuators, respectively. Force gauge
(IPM650, Futek, CA, USA) was used to measure the force
exerted by the SMA actuator when it is activated (force gauge
not shown in Figure 7).
4.1. Variation of Displacement with Different Values of Duty
Cycle. The aim of this experiment is to evaluate the temporal
response of SMA actuator with respect to different duty cycle
of PWM signals generated from the microcontroller. The
measurement process of temporal response for the prototype
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Figure 9: Temporal response of SMA actuator with different PWM duty cycles.

is being illustrated in Figure 8. Only one limb’s SMA is
actuated for this purpose. The SMA will be on (actuated)
for 15 s and off (not actuated) for another 15 s to ensure
a consistency throughout the experiment. The change in
displacement was recorded every 200 ms. The experiments
are carried out using different values of PWM which consists
of duty cycle of 50%, 75%, and 100%. A temporal response
graph is plotted as shown in Figure 9.
From the graph, it is observed that the time response of
SMA actuator to reach its full actuations is 8 s, 4 s, and 2.6 s
for duty cycle of 50%, 75%, and 100%, respectively. Meanwhile, the temporal response of SMA actuator is 2.519 mm/s,
4.71 mm/s, and 6.05 mm/s for duty cycle of 50%, 75%, and
100%, respectively. The difference in the duty cycle values has
an important factor in controlling the actuation speed. As
the given duty cycle is higher, the actuation time to reach to
the full actuation will become lesser. Maximum displacement
of each duty cycle shown in the graph is different due
to the fact that the initial values are set differently. From
the calculation of initial value added to the displacement
value obtained from sensor, the prototype could move to a
maximum displacement of 12 mm. It is observed that the
miniature Stewart platform prototype is able to tilt up to an
angle of ∼30∘ . The results are shown in Figure 10.

4.2. Variation of Temperature with Different Values of Duty
Cycle. The aim of this experiment is to determine the actuation temperature (thermal response) of SMA actuator with
respect to different duty cycle of a PWM signal. The measurement process of thermal response of SMA actuator is shown
in Figure 11. For this experiment, only one SMA actuator is
actuated and the change of temperature was recorded every
second. As shown in Figure 11, the temperature was increased
to 82∘ C in 7 s and could be varied by tuning the PWM signal.
To ensure consistency, the actuation time of SMA is the same
as the measurement of temporal response where the actuator
was in ON state for 15 s and turned off for 15 s. The experiment
was carried out using different PWM signal that consists of
duty cycle of 50%, 75%, and 100%. Experimental results were
recorded and graph of the thermal response of SMA actuator
is plotted as shown in Figure 12.
The thermal response graph illustrates that the time for
SMA actuator to reach its austenite phase with respect to
the duty cycle of 50%, 75%, and 100% is 9 s, 6 s, and 5 s,
respectively. The maximum temperatures at the end of the
actuation are 104∘ C, 142.3∘ C, and 162∘ C for duty cycle of 50%,
75%, and 100%, respectively. The difference in maximum
temperature is due to the average voltage supplied across
the SMA as a result of applying different values of duty
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Figure 10: Prototype results: (a) initial state; (b) maximum displacement; (c) tilting angle.
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Figure 11: IR image showing transformation of SMA from martensite to austenite phase.

cycle. On the other hand, the higher the temperature is, the
faster the response of SMA to transform from martensite to
austenite phase is. As for the cooling process, where austenite
changes to martensite phase, at the duty cycle of 50%, the
SMA actuator took 30 s, whereas at a duty cycle of 75% and
100%, the SMA actuator took more than 30 s to reach room
temperature. When the SMA actuator reaches martensite
phase, it is readily deformed by any external force, which in
this case is pulling force exerted by the spring.
4.3. Combination of Temporal Response and Thermal Response
of Miniature Stewart Platform. This section discusses the

temporal response together with thermal response of the
miniature Stewart platform prototype at PWM duty cycle of
75%. The graphs of temporal response and thermal response
at duty cycle of 75% are combined. The fabricated miniature
Stewart platform yields a full actuation at 55∘ C and is able to
tilt a maximum angle of 30∘ in 4 s with the temporal response
of 4.71 mm/s when PWM duty cycle is set at 75% (Figure 13).
The developed miniature Stewart platform prototype
could perform several motions. When one SMA in the
prototype’s limbs is actuated, it will exert a force larger than
the force in the springs and eventually pulls the platform
down to the side where SMA is actuated. This will produce
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a tilting effect of the prototype as shown in Figure 14. When
the four SMAs of all the limbs are actuated simultaneously,
the platform will be pulled by the four SMA actuators
and it will produce a linear 𝑧-axis motion as shown in
Figure 15.
4.4. Discussions. The results demonstrated above show the
feasibility to develope a Stewart platform, by relatively simple
fabrication steps, that has low cost and an easy control
method (compared to [21]). Furthermore, the use of SMA
actuator, as explained in the introduction, has added up
several advantages; it has provided high working density
which allowed generating high force compared to other
similar platforms such as the platform reported by Estevez
et al. [22]. Also, the shape-memorizing ability provided both
the required force and the direction to actuate the limbs.
Another advantage of developing this design is to achieve
three-DOF motion, which is higher than other previous
works that utilized SMA in Stewart platform such as the one
reported by Hadi et al. [23] which only had two DOF. Besides,
the size of this platform was miniaturized while maintaining
higher displacement compared to other bigger size SMAbased Stewart platforms [19, 24].

The small size feature promotes several possible applications for this platform such as milling machine technology, in
biomedical application as microsurgery tools and in robotic
systems as end of robotic arm. Moreover, series of this
platform can be attached to form flexible robot arm. Last
but not least, this design can be used as miniature light or
laser beam reflector by attaching mirror to the top platform
surface.

5. Conclusion
A miniscale Stewart platform that uses four SMA actuators
and four bias springs to perform a linear 𝑧-axis movement
and tilting motions was successfully developed and characterized. Each actuator was driven by heating circuit operating
via PWM signal for its actuation, with a voltage and current
source of 5 V and 2 A, respectively. The use of PWM signal
as a driving signal enables the displacement control without
the need for physical modification in the heating circuit.
PWM signal was varied to control the level of actuation
in terms of the 𝑧-axis displacement and tilting. Each SMA
actuator exerted a maximum force of 0.6 N at PWM duty
cycle of 100%. The fabricated miniature Stewart platform
produced a full actuation at 55∘ C and a maximum tilting
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Figure 14: Tilting effect of miniature Stewart platform prototype; (a) initial state; (b) one-limb actuation; (c) two-limb actuation.
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Figure 15: Linear 𝑧-axis motion height control of miniature Stewart platform prototype; (a) initial state; (b) four-limb actuation (𝑡 = 2 s); (c)
four-limb actuation (𝑡 = 4 s).

angle of 30∘ with a temporal response of 4.71 mm/s, when
the PWM duty cycle is set to 75%. The displacement in
the 𝑧-axis has a range of 12 mm. Several future works are
expected to be done to improve the performance of the currently developed miniature Stewart platform. This includes
improvements of the hardware, such as adding more limbs to
achieve more actuation directions and higher DOF. Another
critical enhancement is optimizing the response time of the
actuator which can be achieved by employing SMA with
lower austenitic phase temperature [25, 26]. Additionally,
forward and inverse kinematics are also important elements
to be explored.
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This paper reports a numerical simulation procedure to model crack propagation in TGO layer and TGO growth near a surface
groove in metal substrate upon multiple thermal-mechanical cycles. The material property change method is employed to model
TGO formation cycle by cycle, and the creep properties for constituent materials are also incorporated. Two columns of repeated
nodes are placed along the interface of the potential crack, and these nodes are bonded together as one node at a geometrical
location. In terms of critical crack opening displacement criterion, onset of crack propagation in TGO layer has been determined
by finite element analyses in comparison with that without predefined crack. Then, according to the results from the previous
analyses, the input values for the critical failure parameters for the subsequent analyses can be decided. The robust capabilities of
restart analysis in ABAQUS help to implement the overall simulation for TGO crack propagation. The comparison of the TGO
final deformation profile between numerical and experimental observation shows a good agreement indicating the correctness and
effectiveness of the present procedure, which can guide the prediction of the failure in TGO for the future design and optimization
for TBC system.

1. Introduction
The continuous development in gas-turbine industry has
pushed forward a more wide application of thermal barrier
coatings (TBCs) to protect components exposed to extreme
temperatures in gas-turbine blades. The benefit results from
the remarkable ability to sustain high thermal gradients in the
presence of adequate back-side cooling. A typical TBC system
consists of four layers: the columnar TBC (usually made of
ceramic coating), thermally grown oxide (TGO, commonly
alumina), bond coat layer (BC), and the underlying superalloy substrate [1–3]. However, the durability and reliability issues limit its application as a prime-reliant material.
Consequently, the thorough understanding of TBC failure
mechanism is of considerable practical importance to the
design of TBC system. Premature failures observed in a TBC
system, such as TGO rumpling activated by the unevenness

of the interface between TBC and BC layers [4], TBC crack
induced by the brittleness and weaker adhesion between
ceramic and substrate material, TBC separation caused by
the rather bigger impurities existed at the interface [5], and
TGO itself cracks resulted from the higher TGO growth
stress [6], often occur in TBC system with the presence
of grooves on the surface of the bond coats. These failures
are mainly attributable to the morphology instability near
a surface groove which is in turn caused by the substantial
stress generated in TGO layer, resulting in crack formation
and growth along the interface. Eventually, cracks from
neighboring sites coalesce with each other, leading to a largescale separation of the top coat layer [7]. Such phenomena
could be more prominent when TBC experiences a more
complicated loading condition, since turbine blade usually
suffers not only thermal cycling but also mechanical loading
at a high temperature due to the centrifugal force generated

2
by high speed revolution in operation. The mechanical loads
may cause additional deformation, which could, in turn,
accelerate the failure of the TBC system.
Recently, numerous researches have been performed to
improve the durability and stability of TBC system by a
deep investigation on displacement instability near surface
groove and to probe the source of generation of higherlevel stress in TGO layer. Evans et al. [8] reviewed the
mechanism controlling the durability of TBC and pointed out
that the failure of the system was ultimately connected to large
residual compression developed in TGO layer. Karlsson et al.
[9] had proposed a fundamental model to deeply explore the
cyclic morphological instability occurred in TBC by devising
a spherically symmetric model that can be solved analytically.
At the same time, they employed a numerical method for
the first time to investigate the displacement instabilities
for a sinusoidal undulation embedded into the bond coat.
Ambrico et al. [10] further derived analytical results for stress
distribution and plastic zone sizes to pursue a mechanicsbased explanation for the evolution of undulations with multiple thermal cycles. Subsequently, Karlsson et al. [11–13] performed some systematic works to investigate the distortion
occurring near a single groove subjected to thermal cycling
using a numerical method. They performed a series of finiteelement simulations, which revealed that TGO displacement
was diminished by increasing the high-temperature strength
of the underlying bond coat but increased with the strength
of TGO and the curvature of the groove edge. However,
their studies were limited by the fact that many material
properties, such as yield strengths and oxide growth rates,
were assumed or idealized rather than being based on
experimental measurements.
A review for the previous literatures shows that no such
works are found that investigate failure mechanism due to
crack in TGO itself and that explore the effects of TGO
crack propagation on the displacement instabilities near a
surface groove. Only some works relate to TBC failure or
delamination at the interface between TBC layer and metal
substrate layer. He et al. [14] had analyzed and described the
mechanism for the delamination of thermal barrier systems
and found that the system fails by large-scale buckling due
to large displacement instability. Chen et al. [15] introduced
a new model to determine the normal stresses and shear
stresses generated at the interface incorporating some imperfections, which results in delamination of TBC system. The
mechanics governing crack coalescence and the consequent
failure were also addressed in the analysis. Tzimas et al. [16]
had investigated the failure mechanisms of TBC system by
using thermomechanical fatigue test and FE analysis and
found that the decrease of the applied mechanical strain and
hence of the developed stresses led to the suppression of
failure by bond coat cracking and activated delamination.
Bhatnagar et al. [17] employed a parametric study to explore
the damage initiation and propagation along the interface
between TGO and top TBC layers. Begley and Wadley [18]
developed a micromechanical model to explore the effect of
metal layers upon delamination failure of TBCs driven by
thickening of TGO. Because of the difficulty in numerically
modeling the delamination of TBC, cohesive model was
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also put forward to explore the failure mechanism occurring
in TBC system, such as [19], wherein a cohesive model
was employed for the purpose of lifetime prediction and
obtaining better results in comparison with experimental
measurement and other analyses.
Actually, due to the substantially higher level of stress generated in TGO layer caused by thermal expansion misfit and
TGO formation at a high temperature, some microcracks are
susceptible to initiate and coalesce with each other resulting
in macrocrack appearing in TGO layer. Upon multiple thermal cycling, especially coupled with mechanical load, those
cracks would rapidly propagate along the fragile interface and
eventually lead to the failure of TBC system. However, only
one work performed by Li et al. [20] showed experimental
observation on TGO crack upon thermal cycling, and it was
concluded that the displacement instability developed more
severely under the thermomechanical loading history that
mostly contributes to TGO crack itself. Although the research
interests in TBC failure are growing, to the best of the authors’
knowledge, any other additional experimental research has
not been reported; this may be due to the technical difficulties
of the experiments. Similarly, the research aiming at exploration on TGO crack propagation in TBC system has also
never been found in reviews.
In this work, the initiation and propagation of crack in
TGO due to displacement instability of the surface groove in
Fecralloy substrate, subjected to multiple thermomechanical
loading cycles, have been studied using the finite element
procedure. The material property change method is employed
to model TGO formation cycle by cycle, and the creep properties for constituent materials are also incorporated. Based
on the finite element procedure developed by ourselves, two
columns of duplicated nodes are placed along the interface of
the potential crack, two nodes of which are bonded together
in advance as one node. In terms of critical crack opening
displacement criterion, crack initiation has been determined
by several finite element analyses in comparison with that
without predefined crack. Then, according to the results from
the previous few analyses, it can decide the critical input
parameters for subsequent analyses. The capability of restart
analysis in ABAQUS helps to implement the overall simulation for TGO crack propagation. The comparison of the final
deformation profile made with the experimental observation
shows a good agreement indicating the effectiveness and
correctness of the present procedure.

2. Materials and Methods
2.1. The Description for Experiment
2.1.1. Material Choice. Since the material generally used as BC
alloy in gas-turbine industry is not commercially available
due to the important technology secret, another material
Fecralloy (Fe72.8/Cr22/Al5/Zr0.09) heat resistant alloy has
been chosen as the substrate of specimen because Fecralloy
forms a uniform 𝛼-Al2 O3 scale in the absence of voids at the
interface between the oxide and alloy just as the BC alloy does
in a TBC system, which cannot violate the essence of research
to crack propagation upon loading cycles.
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Figure 1: The geometry configuration of specimen and 3D surface profile at groove.

2.1.2. Specification of Specimen. The specimen has the rectangular shape with the dimension of ∼5 mm × 50 mm ×
0.5 mm. In order to investigate TGO failure more vividly,
two groups of groove are made in the surface of Fecralloy
substrate since the existence of the groove can enlarge TGO
deformation near a surface groove due to displacement
instability. One group of grooves aligned along the horizontal
direction and the other group along the vertical direction are
carved in the substrate surface by the precision machining
center. Each group consists of two parallel grooves with
the dimension of 20 ± 5 𝜇m deep and 160 𝜇m wide. To
equilibrate the microstructure and eliminate residual stress,
the specimens are annealed in a vacuum at 1100∘ C for 24 h.
Thereafter, they are mechanically ground and polished to
a 1 𝜇m finish. A high accuracy noncontact surface profiler
(NVC-10100, Nano-System Co., Ltd.) is used to measure the
initial groove morphology. The geometry configuration and
the alignment for the groves as well as the three-dimensional
(3D) morphology of the groove are illustrated in Figure 1.
2.1.3. Experimental Observation. The specimens are then
mounted on the microcreep tester for testing upon 24 thermal
cycles. Each cycle consists of a 600 s cooling from 1200∘ C
to the ambient, a 600 s heating, and 1800 s holding at high
temperature. Meanwhile, the tensile stresses with the magnitude of 0.4, 0.8, and 1.2 MPa are applied on the both ends
of the specimen only at the holding time, respectively. After
testing, each specimen has been cut into foils for exposing
the cross sections, then polished again, and examined by
scanning electron microscopy (SEM).
Figure 2 illustrates the deformation shape near a surface
groove and TGO crack observed in specimens. The white
dotted line in the figure is the initial shape of the groove before
experiment. It is evident that the greater upward deformation
occurs at the periphery of the groove while the smaller one
occurs at the base of the groove. In order to show the details
for the deformation developed in TGO near surface groove,
Figure 2(c) sketched the deformation profile at the periphery
of the groove indicating that the deformation at the periphery
groove seems much greater than that at the base of the groove.
The drastic deformation in TGO at the periphery behaves
upward, and the surrounding material cannot accommodate

its deformation resulting in larger displacement instability in
form of the arc segment. Figures 2(d) and 2(e) show that TGO
crack occurring at the periphery of the groove is attributable
to the high stresses in TGO due to its formation. Observation
on the specimen indicates that cracks at the periphery of
groove have penetrated through TGO thickness, but not
entering into the underlying substrate material.
2.2. Numerical Simulation Procedure
2.2.1. Geometry and FEM Model. The experimental observation shows that TGO crack especially occurs at the periphery
of the surface groove and at half section of groove due to the
drastically displacement instability attributable to the misfit
between CTE among various constituent materials and to the
higher level of growth stress of TGO formation at the elevated
temperature upon thermomechanical cycling. Although multiple cracks (usually at least two cracks) are found in TGO
layer, because the emphasis in this work is put on simulation
procedure on crack propagation along the crack surface,
only one crack located at the periphery of surface groove is
constructed in the model, and subsequent FE constructions
are based on the single crack. Same procedure can work for
the other cracks in TGO regardless of its location relative to
surface groove.
Figures 3(a)∼3(c) illustrate the modeling history simplifying from the actual specimen to FEM model. FEM model
includes the full characteristic of crack in TGO and extracts
half of the cross section (Figure 3(b)). Figure 3(e) shows the
mesh used to discretize the model, which consists of 9936
quadrilateral, first-order generalized plane strain elements,
CPEG4 in ABAQUS [21], with the number of the elements
determined by the mesh dependency check of computation.
Regarding the details on the treatment for the crack, it will
be separately discussed later. The description on boundary
condition constrained is shown in Figure 3(d), wherein the
nodes on the right side and on the bottom are allowed to move
but the same displacement should be kept in 𝑥 direction and
𝑦 direction, respectively. Additionally, in order to restrict the
rigid deformation, any one node in the model was chosen
to be fixed in the 𝑦 direction as well as 𝑥 direction. Due
to the application of mechanical load on the two ends of
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Figure 2: TGO crack and deformation shape near a surface groove.

Table 1: Material properties for TGO and metal substrate.
Material property
Young’s modulus (GPa)
Poisson’s ratio
CTE (ppm/∘ C)
Creep exponent, 𝑛
Creep prefactor, 𝐴
Yielding stress, 𝜎𝑦

TGO

Metal substrate

390
0.2
8.3
2.0
5.029𝑒 − 11

140
0.3
14.3
2.5
3.903𝑒 − 6
𝑇 < 300∘ C, 𝜎𝑦 = 200 MPa
𝑇 ≥ 900∘ C, 𝜎𝑦 = 7.6 MPa
𝜎𝑦 vary linearly in between

At dwell time: 𝜎𝑦 = 70 MPa
At cooling and heating: assumed to be elastic

the specimen with the magnitude of 0.4 MPa, 0.8 MPa, and
1.2 MPa, respectively, the tensile stress loading conditions are
also applied in FEM in terms of pressure on the elements of
end surface.
Since the specimen was subjected to the coupling load
condition of thermal and mechanical cycling load, the treatment for load in FEA refers to the following, as shown in
Figure 4. The cycle consists of a 600 s cooling from 1200∘ C
to ambient, a 600 s reheating, and 1800 s holding at high
temperatures. At the same time, mechanical load was applied
at the two ends of specimen, but it keeps zero values during
the periods of cooling and reheating, while suddenly ramps to
the different level only at the dwell time of high temperature.
It repeats until twenty-four cycles and synchronizes with the
thermal cycling load.
2.2.2. Material Properties Used in FEA. As stated previously,
one of the obvious limitations of previous works [9, 11–13]
is the wide application of hypothesis material properties in

FEA, resulting in full understanding for the ideal model
but not adequate for the really physical phenomenon. The
material parameters used in this work are obtained from inhouse experimental measurement [22] and are summarized
in Table 1.
Except for the conventional material properties such
as elastic modulus and Poisson’s ratio, a different property
of creep behavior from our previous work has been taken
into account in this work. In terms of loading history in
experiment, the creep strain only occurs at the dwell time at
high temperature by virtue of the fact that the mechanical
load only is applied at that period resulting in the obvious
creep deformation developed in the alloy specimens.
TGO and substrate are taken to have elastic-perfectly
plastic material behavior. During one typical thermal cycling,
TGO yielded at the elevated temperature (1200∘ C) when
induced stress exceeded 70 MPa, whereas upon cooling and
reheating it behaves elastically. For the metal substrate, the
yield strength up to a temperature of 300∘ C was 200 MPa, and
the yield strength is 7.6 MPa at temperatures above 900∘ C.
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2.4

For the intermediate temperatures, the yield strength is
assumed to be linearly decreasing with temperature. Referring to our previous work [6], observation from the relation
of TGO stress against strain shows that when TGO thickens
to about 3 𝜇m the ultimate tensile stress for TGO is about
92 MPa. Although TGO is taken in this work as elasticperfectly plastic material, it actually behaves much more
brittle than the neighboring substrate and indeed behaves as
brittle material, especially upon cooling and reheating phases.

Figure 4: The temperature and mechanical load sequence upon
thermal cycles.

2.3. TGO Growth and Simulation Procedure. When holding
at high temperature, TGO grows in two directions. The
growth parallel to the interface contributes to the elongation
or contraction of TGO, denoted by lateral growth, while
that normal to the interface thickens the TGO, denoted by
thickness growth. TGO lateral growth can be simulated by
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Figure 5: The sketch illustrating the TGO increasingly formed upon twenty-four thermal cycles.

the user subroutine, UEXPAN, which is a user subroutine
used to define incremental thermal strain by user code in
ABAQUS. It differs markedly with the previous simulation
methods [8–13] since the actual thickness of TGO, which was
formed in each cycle, was considered instead of the TGO
thickening strain. It could not only eliminate the restriction of
previous methods but also have the full capacity of simulating
the displacement instability of TGO for the large TGO
thickness other than the smaller one. The details have been
already described in our previous work [6, 7].
The process of TGO growth in thickness could be simulated here by a method of material property change, which
can model the successive formation of TGO from substrate
material. It can be materialized by using the capability of user
subroutine, USDFLD, which can be used to redefine the field
variable at a material point by user code in ABAQUS software.
The whole model can be divided into initial TGO, TGO
thickening, and substrate layer in terms of thickness of TGO.
TGO thickening layer, which is in essence different from initial TGO, represents that alumina which are produced from
Fecralloy substrate through chemical interaction, while the
initial TGO has already existed prior to the onset of thermal
oxidation. TGO thickening layer was meshed into twentyfour sublayers, h1, h2∼h24, with each layer representing a
thickness of TGO formed in one respective thermal cycle, as
sketched in Figure 5.

Prior to the implementation of analysis, the TGO thickening part was assigned to have substrate property. A newly
introduced variable, SDV (solution dependent variable), in
ABAQUS appearing in the subroutine code was used to
control over the material property change from substrate
to TGO. Namely, in the first thermal cycle, the uppermost
sublayer of TGO thickening layer changes its material property to TGO by controlling the value of SDV to indicate
the formation of new alumina. Afterwards, this layer keeps
having TGO property. The same procedure was repeated
for the next cycle, as shown in Figure 8. The occurrence of
creep effects coincides with the formation of TGO. Since the
creep parameters for TGO and substrate differ significantly,
when the material property was changed from substrate to
TGO, the change of the corresponding creep parameters
synchronized automatically with the aid of the SDV.
2.4. The Mesh Treatment for TGO Crack. In compliance with
the capability simulating crack propagation in ABAQUS, the
crack should be predefined in construction of FEM model
and the crack propagate along the predefined extend path. It
requires that the user makes some special treatment for the
crack definition and propagation direction along which crack
propagates in simulation.
Figure 6 shows the details for the mesh at the crack
in simulation procedure. The crack location is determined
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Figure 6: The crack model and the detail mesh at the crack.

in accordance with experimental measurement. And it is
actually a through crack penetrating all of TGO thickness.
Consequently, when constructing FEM model, the crack is
predefined at the location in advance in the form of a slim
seam. Figure 6(c) illustrates the detail mesh configuration
around the crack. Two columns of double duplicated nodes
are seeded along the seam line to represent the existence of
the crack and as the potential propagation direction. That
is, at the interface of crack, one FEM node incorporates two
geometrical points and is assigned two node numbers, as
shown in Figure 6(a). These two nodes are, firstly, bonded
together in advance before running analysis using ∗ TIE
command in ABAQUS. Once the employed failure criterion
is reached, the corresponding nodes prior to this one should
be released automatically and form a crack to propagate,
as shown in Figure 6(b). Note in Figure 6(c) that the red
line directed from the outer of groove toward the inner
of groove represents the propagation direction along which
crack propagates. The more refined elements are used to
discretize the area around the crack seam to improve the
accuracy of FEM simulation. The left part and the right part
elements appeared in Figure 6(c) are employed for contact
definition in simulation.
Figure 7 shows more details on FEM treatment for the
predefined crack and its propagation direction, which is the
amplified sketch for Figure 6(c). In the process of simulating
crack propagation, the determination for node set in which
these nodes will debond once criterion is reached is very
important when constructing FEM model. The red line in
Figure 7 is the predefined direction for crack propagation
along which the duplicated nodes are generated at the
same geometrical point. That is, nodes 53 and 54 share

one geometrical point, while nodes 184 and 185 share one
point. The number of node ranging from 53 to 3197 with the
increment of 131 is considered as the node set required by the
fracture criterion, indicating that those nodes will debond in
a thermal cycle to model crack propagation. However, based
on such an idea, ABAQUS can identify node 3197 as the
target crack tip rather than node 53, which will result in crack
propagation from the inner TGO to the outer TGO layer, on
contrary to what we expected. To avoid the occurrence of this
case, we suppose that a small initial crack exists in the initial
TGO layer prior to the simulation. Consequently, the node
set contains nodes beginning from node 184, rather than 53,
to the node 3197. A verification for FEA shows that based on
such definition of a node set ABAQUS successfully finds the
target crack tip, node 184.
2.5. The Criterion for Crack Propagation. In order to simulate
crack propagation in TGO, critical crack opening displacement criterion (CCOD) will be employed to model TGO
crack propagation upon loading cycles. Since the crack
appears in the form of a seam, it indeed has two crack
surfaces but these surfaces contact closely before simulation.
To avoid drastic nonlinearity due to these surfaces, the master
and slave contact surfaces should be defined for the left and
right part (Figure 6(c)), respectively. For the convenience of
identifying the location of a crack tip, in addition to definition
for the slave and master surfaces, the determination for the
node set that marks the boundary reached by CCOD criterion
is very important. If the node set is not specified, the initial
contact conditions apply to the entire contact pair, and no
crack tips can be identified. Thus, the bonded surfaces will
not separate and the simulation for crack propagation fails.
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Once the node set is defined, the initial contact condition
applies only for the surfaces associated with the node set.
The surfaces are assumed to be initially bonded within the
length that the node set covers to construct the initial contact
condition. ABAQUS will check ensuring that the defined
node set includes only slave nodes belonging to the specified
contact pair and separate two bonded surfaces according to
CCOD criterion.
The required parameters for crack propagation are illustrated in Figure 8. The distance, 𝑛, is measured along the
straight line connecting the current crack tip and the point
behind the crack tip at which the crack opening displacement
is calculated. The crack opening displacement, 𝛿, represents
the value measured at the point of the distance, 𝛿, behind
the crack tip. ABAQUS automatically calculates this value

and compares it with the critical crack opening displacement
given by the user to determine whether the crack-tip nodes
specified in node set.
Once the value 𝑓 = 𝛿/𝛿𝑐 for attaining 1.0, the node at
a crack tip should debond to model the crack propagation.
The implementation can be performed by the ABAQUS
command ∗ FRACTURE CRITERION. In addition to distance, 𝑛, and the critical crack opening displacement, 𝛿𝑐 ,
the cumulative crack length should also be specified that is
dynamically measured along the slave surface in the current
configuration between the initial and the current crack tip, as
illustrated in Figure 9.

3. Results and Discussion
3.1. The Determination for Onset of Crack Propagation. In
terms of the simulation procedure as described previously,
a series of finite element analyses had been performed to
investigate the mechanical behavior of TGO crack propagation. In order to simulate the subsequent TGO crack
propagation upon twenty-four thermal mechanical loading
cycles, it is important to determine the time of onset of
crack propagation. Although Figure 7 indicates that the initial
crack tip is supposed as node 184 (same as 185 since they are
coincided together) at the initial of simulation, it is difficult to
decide the specific time of crack initiation. To decide the time
of crack initiation, several times of finite element analyses
were conducted as follows. Suppose that crack will propagate
in the first loading cycle and input the corresponding values
for 𝑛, 𝛿𝑐 , and critical COD, as explained in Figure 9, in
ABAQUS keywords ∗ FRACTURE CRITERION, and then

Advances in Materials Science and Engineering

9

Dist
ance
n

Initial crack tip

𝛿c

Current crack tip

Cumulative crack length
Crack propagation

Figure 9: The definition of 𝛿𝑐 and crack propagation.

Sharp point

Crack initiation

Bigger stress distribution
in the shape of a shield

S, (Mises)
(Avg: 75%)

+7.656e + 01
+7.018e + 01
+6.381e + 01
+5.743e + 01
+5.105e + 01
+4.468e + 01
+3.830e + 01
+3.193e + 01
+2.555e + 01
+1.917e + 01
+1.280e + 01
+6.422e + 00
+4.555e − 02

Figure 10: The Von-Mises stress distribution at the periphery of
surface groove.

run the analysis. Once the analysis is completed, the final
deformation profile after one loading cycle is compared with
that from case without predefined crack. If no difference in
profile has been observed, especially at the periphery of the
surface groove since the drastic deformation develops at this
site, it concluded that no crack initiates and propagates. It
repeats until the sixth loading cycles. The comparison for the
deformation profile at the periphery of surface groove shows
the difference, and the cracked case illustrates bigger crack
at the site. More investigation to the analysis file implies that
the TGO crack is initiated at the cooling phase in the sixth
cycle. Figure 10 shows the Von-Mises stress distribution for
the sixth loading cycle and it can be found that a bigger stress
distribution appears across four elements while the center
line located at the four elements is just the predefined crack
line. The bigger stress distribution looks like a shape of shield,
and the sharp point located at the downward shield shape
is just node 315, the location of a crack tip at the present
analysis step. Obvious crack propagation for the initiated
crack is observed in the figure implying onset of the crack
advance.

3.2. TGO Growth upon Cycles. An important feature for the
numerical simulation procedure in this work is to simulate
TGO growth upon loading cycle with crack propagation,
which is an actual physical phenomenon from metal substrate
material to TGO material. The details for the simulation
scheme have already discussed in Section 2.3 at full length.
The main purpose in this section is to illustrate the actual
realization of TGO growth in the simulation scheme.
Figure 11 shows the successful material transition from
the metal substrate to TGO material in typical loading cycles.
For the convenience of describing the fact, the results from
the fourth, the sixth, the seventh, and the eighth loading
cycle, corresponding to Figures 11(a)–11(d), respectively, are
chosen to show the consecutive growth of TGO upon loading
cycles. Note in Figure 11 that the red area represents the
formed TGO and the blue color represents the metal substrate
and that the first layer in Figure 11 is the initial TGO layer.
Figure 11(a) means that only four layers of TGO were formed
(same to TGO growth) in four cycles, Figure 11(b) six layers of
TGO formed, Figure 11(c) seven layers of TGO formed, and
Figure 11(d) eight layers of TGO formed, all of which are the
manifest as the successful simulation of TGO growth upon
loading cycles. At the same time, note also that TGO crack
propagation occurs simultaneously with TGO growth from
no crack (Figure 11(a)), crack initiation (Figure 11(b)), to crack
propagation along the interface (Figure 11(d)).
Figure 12 shows the comparison of Von-Mises stress in
two elements, one located in the initial TGO layer and the
other in the first layer of TGO (being actual metal substrate
material before the first thermal cycle), upon the previous
eight loading cycles. The first layer of TGO is expected to
change into TGO material property from the substrate in the
first thermal cycle and retain TGO material property until the
end of thermal cycles. It is evident from the figure that in the
first thermal cycle, the Von-Mises stress distribution differs
in the two elements, and the stress in the first layer of TGO
is much smaller than that for the initial TGO part because
at the moment the overall TGO thickening part consists of
only substrate, much softer than TGO. However, from the
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Figure 11: TGO growth upon cycles with TGO crack propagation: (a) 4 loading cycles, (b) 6 loading cycles, (c) 7 loading cycles, and (d) 8
loading cycles.
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Figure 12: The variation of Von-Mises stress in the initial TGO and
in the first layer of TGO with the previous eight cycles.

second thermal cycle, the Von-Mises stress curves for two
elements coincide completely with each other implying that
this layer of substrate material has already transformed into
TGO.

3.3. Crack Propagation till 24 Cycles. Although the criterion used for simulating TGO crack propagation and the
corresponding parameters for the CCOD are separately
described in Section 2.5, the specific determination for the
detailed input parameters with respect to some loading cycles
deserves to be discussed. Figure 13 shows the parameters
including distance, cumulative crack length, and the critical
COD in the TGO deformation profile in the sixth loading
cycle but for the input ready for simulating crack propagation
occurring in the seventh and eighth loading cycles. Referring
to the previous calculation (Section 3.1), it can be known that
a new crack is formed and propagates at a very small distance
in the sixth loading cycle. The investigation to the data file
produced by ABAQUS execution shows that the present crack
tip is at nodes 184 and 185, as illustrated in Figure 13. In terms
of the physical meaning of the input parameters, in order for
crack to propagate in the seventh loading cycle, the distance,
the critical COD, and the cumulative crack length should be
9.5e-5, 3.9e-6, and 2.32e-4 mm, respectively. The distance 𝑛
equals approximately to the length of the initial TGO layer, 1e4 mm. The reason for its value being used less than the actual
thickness is that the location at which the COD is measured
somewhat deviates from the outer node of the groove surface.
Based on the numerical simulation procedure, finite
element analyses have been performed until twenty-four
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loading cycles to simulate TGO crack propagation. Figures
14(a)–14(f) illustrate the TGO final deformation profile for 4
loading cycles, 8 loading cycles, 12 loading cycles, 16 loading
cycles, 20 loading cycles, and 24 loading cycles, respectively.
Note in the figure that no crack propagation was observed
in the 4 loading cycles except for the predefined crack since
the onset of crack propagation firstly occurs in the sixth
loading cycle and, at the same time, small displacement
instability was not also observed in this case. However,
crack propagation happens in the 6th loading cycle and it
continues to extend along the interface, and the COD for
crack becomes wider, as illustrated in Figure 14(b). And
the upward deformation at the periphery of groove seems
more obvious than that for the fourth loading cycle, as a
proof of displacement instability. As loading cycle proceeds,
crack in TGO layer continues to propagate and COD at
the crack becomes wider and wider. Since the predefined
TGO crack is just located at the convex point of the groove,
it is much easier to deform outward that other node in
this area. As the loading cycle continues, the accumulated
deformation at this site and the wider COD at the crack make
the periphery near the surface groove more compliance, and
it can be susceptible to deform outward resulting in drastic
upward deformation at the periphery. When at 24 loading
cycles, such deformation becomes serious, and it forms an
obvious upward deformation at the site, as illustrated in
Figure 14(f).

Figure 15 shows a comparison of TGO final deformation
between numerical and experiment results. Due to the
geometrical symmetry, half specimen and half deformation
profile have been chosen for comparison. The white dots
and the black fine dashed line indicate the initial crosssectional shapes of a groove in an experimental specimen
and in the numerical model, respectively. The two parallel
red solid lines indicate the final deformation shape of TGO
near the groove in the model after 24 thermomechanical
cycling. The solid part between two red lines represents TGO
formed after twenty-four loading cycles, which can almost
be equal in thickness to actual TGO from experimental
measurement, further proving that the procedure to simulate
TGO growth is accurate. A focus has been placed on TGO
crack between them implying that numerical simulation
result can capture the essence of TGO crack propagation
happening in experiment measurement. The tendencies of
crack extending between them remain consistent, and the
deformation at other segments of TGO agrees well with
each other, which shows the validity and the accuracy of
the finite element procedure. A slight discrepancy was found
on COD (crack opening displacement) at the crack at the
periphery of groove. The COD for experiment looks larger
than that from FEA results. It can be explained as follows.
In reality, TGO is formed cycle by cycle, and it becomes
thicker and thicker, leading to a much more brittle and
behaves more rigid when it thickens. Once TGO crack

12

Advances in Materials Science and Engineering

No crack

Crack initiated

y

y
x

z

x

z
(a) For 4 loading cycles

(b) For 8 loading cycles

Continue propagating,
crack becomes wider

Crack propagated

y
z

y
x

x

z
(c) For 12 loading cycles

(d) For 16 loading cycles

Upward deformation

y
z

Drastic upward deformation

y
z

x

(e) For 20 loading cycles

x

(f) For 24 loading cycles

Figure 14: TGO deformation indicating crack propagation upon twenty-four loading cycles: (a) for 4 loading cycles, (b) for 8 loading cycles,
(c) for 12 loading cycles, (d) for 16 loading cycles, (e) for 20 loading cycles, and (f) for 24 loading cycles.

propagates in experiment, it will be more susceptible to
crack due to its more brittle. However, in FEA simulation,
the brittleness for TGO remains constant regardless of its
thickness, and TGO crack propagation remains steady. The
numerical result slightly underestimated the amount of deformations around the crack in comparison with the experiment
observation. The further research on it hopes to improve the
result.

4. Conclusions
A series of finite element analyses had been performed to
simulate TGO crack propagation upon loading cycles, which
take accounts of TGO growth. The finite element analyses
have used in-house measured material parameters as many

as possible with the assumption of material properties to be
minimized. Consequently, a quantitatively good agreement
with the experiment has been achieved. A special technique
is used to simulate TGO thickening and the CCOD criterion
used to determine the onset of crack propagation and its
subsequent extension along the predefined propagation path.
The comparison of the TGO final deformation profile made
with the experimental observation shows a good agreement
indicating the correctness and effectiveness of the present
procedure, which can guide the prediction of the failure in
TGO for the future design and optimization for TBC system.
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