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Industrial systems are concerned with the organization and
effective utilization of available resources of modern manufacturing and process industries so as to minimize wastes
of time, money, materials, and energy. It is thus clear that
optimization in industrial systems is crucial for the competiveness of any industry in a highly competitive economic
environment. Consequently, how to utilize advanced modelling and optimization technologies as well as to develop
new modelling and optimizations methods to design and
manage these systems has attracted the interest of many
mathematicians, engineers, and practitioners.
Our intention with this special issue is to provide an
opportunity for researchers to facilitate the dissemination of
their latest theoretical findings and computational methodologies in modelling, control, and optimization of industrial
systems. Thus, we invite authors to submit original research
and review papers on novel optimization theory and methodologies as well as their applications in industrial practice. We
have received many submissions. All the submitted manuscripts have subjected to rigorous peer-reviewing process and
19 original research articles are finally selected to be published based on reviewers’ recommendations. In general,
these papers have touched upon research topics in performance evaluation and optimization in supply chain and construction, modelling and optimization in manufacturing,
optimal power allocation, and new optimization algorithm
developments.
Performance Evaluation and Optimization in Supply Chain
and Construction. There are four papers that are related to

supply chain and three papers that are in construction area.
Five of them focus on modelling and decision making and
the other two on performance evaluation. More specifically,
in “Mathematical model of hybrid precast gravity frames for
smart construction and engineering” the authors proposed
an optimized hybrid precast composite structural system for
gravity system. In “Optimal guaranteed service time and service level decision with time and service level sensitive demand”
the authors developed optimization models to determine
the optimal retail price, the optimal guaranteed service
time, the optimal service level, and the optimal capacity to
maximize the expected profit of a two-stage supply chain
with one supplier and one retailer. In “A hybrid fuzzy analytic
network process approach to the new product development
selection problem” a hybrid multiple criteria decision model
for selecting the most suitable new colour calibration device
for a company interested in the medical display monitor
market was developed. In “Development of a carbon emission
calculations system for optimizing building plan based on the
LCA framework” the authors proposed a partial framework to
assess the carbon emission during the building construction.
Several different LCA tools programs have been compared
and analysed to demonstrate the limitations of the current
application of LCA tools. Then, a new computer calculation
system was developed. In “Closed-loop supply chain network
under oligopolistic competition with multiproducts, uncertain
demands, and returns” an equilibrium model of a closedloop supply chain network with multiproducts, uncertain
demands, and returns was studied. Two types of risks, overstocking and understocking, were adopted to simulate the
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uncertainty of demands and returns. The scheduling performance evaluation of LSSC was explored and evaluation index
system was established in “Scheduling performance evaluation of logistics service supply chain based on the dynamic index
weight.” In “Evaluating the performance of absolute RSSI positioning algorithm-based microzoning and RFID in construction materials tracking” performance of RFID tracking system
in construction site was evaluated through field experiments.
The experiment results showed that RFID tracking system
based on microzoning was reliable for materials tracking in
construction site.

problem. Then, evolutionary algorithm and swarm intelligence were introduced to identify all the Pareto optimal solutions. In “Optimization of power allocation for multiusers in
multi-spot-beam satellite communication systems” optimizing
the power allocation of each user in multispot-beam satellite
communication system was formulated as an optimization
problem based on the trade-off of the maximization of the
total system capacity and the fairness of power allocation
amongst users. Comparing with the traditional power allocation algorithms, the proposed algorithm improved the
fairness of the power allocation amongst the users.

Modelling and Optimization in Manufacturing. There are four
papers in modelling and optimization in manufacturing. In
“Cellular scanning strategy for selective laser melting: capturing
thermal trends with a low-fidelity, pseudo-analytical model”
a low-fidelity pseudo-analytical model was introduced to
mimic a finite element model and investigate its thermal
trends associated with the process for selective laser melting.
In “Flexible stock allocation and trim loss control for cutting
problem in the industrial-use paper production” an optimization model was built to solve a one-dimensional cutting stock
problem in which the stock widths was not used to fulfil
the order but kept for use in the future for the industrialuse paper production. The effectiveness of the proposed
model was validated through real applications. In “Feedbackassisted iterative learning model predictive control with nonlinear fuzzy model”, iterative learning control was combined
with model predictive control to develop a feedback-assisted
iterative learning controller. Trajectory tracking of a steamboiler nonlinear system was taken as an example to validate
the proposed approach. In “A plant propagation algorithm
for constrained engineering optimization problems” a new
heuristic optimization method “plant propagation algorithm”
was introduced to solve engineering optimisation problems.
Seven benchmark test problems in engineering design were
solved by “plant propagation algorithm” as well as some
existing algorithms to demonstrate the effectiveness and
efficiency of the proposed method.

Advanced Optimization Algorithm Developments. In “Global
minimization for generalized polynomial fractional program”
a novel branch-and-bound method was proposed to solve
polynomial fractional optimization problems. Its contribution was that a new strategy, called reduction operations, to
cut away the branch based on monotonic optimization was
developed. In “Error bounds and finite termination for constrained optimization problems” a global error bound for the
projected gradient of nonconvex constrained optimization
problems and a local error bound for the distance from a
feasible solution to the optimal solution set were established
based on the definitions of generalized nondegeneration and
generalized weak sharp minima. In “A cross-efficiency based
ranking method for finding the most efficient DMU” a ranking
method was developed to rank decision making units and
finding the most efficient decision making unit. In “Game
theoretic approaches to weight assignments in data envelopment analysis problems” fairly allocation amount of divisible
goods or burdens among individuals or organizations within
multicriteria environment was studied. The problem was
modelled and solved under the framework of game theory.

Optimal Power Allocation. There are four papers on optimal
power allocation problem. In “Energy effective congestion
control for multicast with network coding in wireless ad hoc
network” the joint optimization of congestion control and
power allocation was studied to maximize multicast utility
function and minimize energy consumption in wireless ad
hoc network. A novel distributed computational scheme was
proposed to solve the joint optimization problem based on
dual decomposition scheme. In “Fuzzy multiobjective optimal
power flow based on modified artificial bee colony algorithm”
a modified artificial bee colony algorithm was proposed to
solve multiobjective optimal power flow problem. In this
modified algorithm, the exploitation capacity was improved
through replacing the searching operation for new food
source in artificial bee colony algorithm with mutation and
crossover operation in differential evolution. In “Multiobjective RFID network optimization using multiobjective evolutionary and swarm intelligence approaches” RFID network
planning was formulated as a multiobjective optimization
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The structural stability, constructability, economic feasibility, environmental-friendliness, and energy efficiency of hybrid composite
frame systems have been demonstrated by practical application and research. A hybrid composite frame system combines the
economy of precast concrete structures with the constructability of steel frame structures, including erection speed. Novel composite
frames will ultimately maximize the efficiency of structural design and facilitate construction. This paper presents hybrid precast
frames, which are precast composite frames based on a simple connection between precast concrete columns and beams. The hybrid
precast frames designed to resist gravity loading consist of PC columns, PC beams, and steel inserted in the precast members. Steel
sections located between the precast columns were simply connected to steel inserted at each end of the precast beams. Dynamic
analysis of a 15-story building designed with the proposed composite frame was performed to determine the dynamic characteristics
of a building constructed of hybrid frames, including frequencies and mode shapes.

1. Introduction
The use of hybrid precast composite frames with hybrid
precast beams and columns for gravity loading offers advantages of both steel and precast concrete materials. Effective
interaction between the two materials facilitates a reduction
in size of both hybrid precast beams and columns. The hybrid
precast frames are connected by simple connections that
support only gravity load.
In a previous study, Hajjar (2002) demonstrated the
benefits of composite systems relative to more common
systems [1]. Such advantages were determined by comparing
the performance characteristics of beams subjected to service and ultimate loads. Hajjar also analyzed the economic
benefits of composite structures with respect to material
usage and construction costs. Fabbrocino et al. (2001) used
a refined theoretical model to investigate the influence of
steel reinforcement on the rotational capacity of composite

beams under negative bending [2]. This model was validated
through experimental testing. Yang and Tan (2014) conducted a series of experiments to investigate the failure modes
and ductility of composite beam-column joints under a
middle-column-removal scenario and reported the ductility
and load resistances of these five specimens in catenary
action. They found that strengthened web cleat connections
had a much higher load-carrying capacity than normal web
cleat connections because the former could sustain greater
deformation [3]. Tesser and Scotta (2013) studied composite
steel trusses and concrete beams with an inferior precast
concrete base and compared their findings with theoretical
evaluations of typical resistance mechanisms of steel-concrete
composite and reinforced concrete structures. They discussed
the main qualitative and quantitative features of the composite steel truss and concrete beams [4]. Hwang and colleagues
(2011) evaluated the seismic resistance of concrete-filled, Ushaped steel beam-to-RC column connections and provided
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seismic details of concrete-encased, U-shaped steel beam-toRC column connections. The specimens exhibited required
strength, deformation, and energy dissipation capacities. The
deformation capacity exceeded an interstory drift angle of
4%, which is a requirement for special moment frames [5].
Hassan and Khosrow (2011) presented an analytical investigation based on FE models and using ANSYS software to
examine the effectiveness of a precast beam column concrete
connection of a jointed system. However, this computer
model did not examine the steel section installed in a columnbeam joint, as discussed in [6]. Another study by Ioani and
Tripa (2012) discussed a new all-precast concrete system used
in Romania to construct a residential building. Designed for
constructability, a new all-precast concrete system comprising columns, flat slabs, and structural walls were proposed.
To validate the structural quality and performance of this type
of structure, an extensive program of theoretical analyses and
structural tests (including shake table tests) was conducted
[7]. This product proposed by Ioani and Tripa differs from
the one proposed here. The structural system developed
by the authors is a hybrid composite beam-column frame
that demonstrates the structural behaviors of building frame
system. We designed hybrid precast composite frames with
simple steel connections inserted between precast concrete
columns and beams to resist only gravity loading. The first
objective of the study by Chou and Uang (2007) was to
examine the effects of the two factors of continuity plates
and the amount of transverse reinforcement on the concrete
shear strength in the connection region. The second objective
was to develop an analytical procedure to quantify the
connection shear force developed in concrete. This continuity
plate will be used for the hybrid composite frames of the
authors in later experiments [8]. Ju and Kim (2005) developed
the technical, economical, and convenient (TEC) composite beam with experimental investigation using a series of
monotonic loading tests [9]. However, this beam is not free
from the requirement of being fire-proof. These studies did
not expand their interests to hybrid composite structures for
practical applications which were covered in this paper. We
also present novel structural systems with dynamic analysis
to examine the hybrid behavior of a building, which takes
advantage of material, structural, and construction hybrid
features and capabilities. The hybrid precast composite frame
system shows how material, structural, and construction
hybridity are established to uniquely provide economy and
constructability, making this technology significant to the
construction industry. We also designed hybrid precast composite frames with simple steel connections inserted between
precast concrete columns and beams to resist only gravity
loading. The hybrid composite frame system introduced in
this paper is intended to provide the economy of precast
concrete structures with the constructability of steel frame
structures. Structural design efficiency, facilities planning,
construction, and building management could be maximized
using the proposed composite frame system. Implementation
of integrating augmented reality with building information
modeling [10–13] will help project the schedule and cost
of construction utilizing smart frame for site engineers and
responses to any demand for changes can be provided in time.

Mathematical Problems in Engineering
We have previously [14, 15] investigated dual-frame systems composed of hybrid precast frames. The dual-frame
system consists of a moment frame and a bearing wall or
braced frame. Seismic forces are distributed in proportion
to the lateral stiffness of each frame. The moment frame has
to resist at least 25% of the design seismic forces. However,
the dual frame systems with moment connections including
much more complicated construction details require significant time and costs than simple connections which are
used in building frame systems for gravity loadings. Building
frame systems with simple connections are commonly used
with steel frames to provide fast and easy construction for
buildings. In this paper, new structural system to provide
simplified construction method was presented for building
frame systems for gravity loadings fabricated with hybrid
precast composite frames consisting of simple connections
between columns and beams.
The building frame system was designed for the research;
the frames resist gravity loading, while the bearing walls resist
lateral forces.

2. Precast Composite Structural System
(Hybrid Precast Frames)
2.1. Details of the Frame with Generalized Steel Joints. The
hybrid precast frames proposed in this study represent a
hybrid composite structural system with the advantages of
both steel frames and reinforced concrete structures. Hybrid
precast frames are composed of generalized steel joints,
reinforcing steel, and precast concrete. Apartment buildings have been outfitted with these hybrid precast frames
to resolve problems such as the increase in floor height
when constructed with concrete Rahmen. These frames can
maintain the same floor height as that of a bearing wall system, providing architectural flexibility and cost-effectiveness
[14, 15]. We developed a precast steel column with steel
connections to effectively erect and assemble the composite
frames. The joints of hybrid precast frames installed to a corewall were simple connections to support vertical loadings
only. The joints of the gravity frames were not filled with
concrete, allowing for pin-joint behavior, which enhances
the constructability and economic feasibility of the gravity
frames. The construction of the core-walls was followed by
construction of hybrid precast frames, including columns,
beams, and slabs. Hybrid precast frames were composed
of hybrid precast beam units and hybrid precast column
units with enhanced joint connections capable of resisting
vertical loads, enabling more efficient erection with structural
stability. Specifically, the introduction of steel sections for
joint connection makes the construction of hybrid precast
frames as timely as that of steel frames. Hybrid precast frame
construction is illustrated in Figure 1.
Hybrid precast frames were manufactured either at a
plant or on site [16]. Hybrid precast beams take advantage
of the material properties of both steel and precast concrete
without sacrificing the performance of the composite beams.
The depths of the beam and slab can also be reduced when
slabs are constructed on the edges of precast concrete.
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Figure 1: Building construction with hybrid precast frames.
Stud bolt

Steel plate

Angle and bolts for
simple connection
(shear tap)

Cast-in-place concrete

Steel plate

Simple connection (hinge)

Variable

Precast concrete

Variable

Figure 2: Detailed information on beam-column joint members.

Figure 2 shows the beam-column joint connection of
hybrid precast frames, where joint connections are not
filled with concrete (i.e., pin-joint). Typical hybrid precast
beam-column connections designed for pinned conditions
(Figure 2) enable the gravity load to be transferred through
the joints where the web of steel beams is bolted to the steel
section of the hybrid precast column. This type of structural
frame system provides simpler construction with structural
stability to support gravity loads.
Figure 3 shows the generalized steel joints configured for
gravity loading that are used in the hybrid precast frames.
Additional shear taps are installed to provide connections
between the steel sections from both columns and beams.
Steel sections inserted into the hybrid precast beams and

columns allow hybrid precast frames to be erected in as many
as three stories at a time. Conventional steel joints used in
conventional steel construction are utilized as generalized
connections.
Figure 4 shows the construction process used to produce
the hybrid precast frames. Both the hybrid precast column
and the beam units of the hybrid precast frames were
manufactured as two-story or three-story column units and
were erected in one cycle. The main processes of floor work,
which took about four days, consisted of marking, core wall
reinforcement work and form installation, installation of
hybrid precast column units and beam units, installation of
deck plates or a PC plate and joint form, slab reinforcement
work, and pouring.

4

Mathematical Problems in Engineering

Steel plate
Column reinforced rebars

Simple connection(shear tap)
Beam units
Shear tap

Cast-in-place concrete

Stud bolts

Variable

Stud bolt

Precast concrete
CFT

Shear tap

Without CFT

Shear tap

With CFT

Variable

(a) Details of the beam-column joints of the hybrid precast frames

(b) Details of the shear tap

Stud bolt

Shear tap

CFT

Variable

Service condition

(c) Construction details of the column unit

Figure 3: Details of the hybrid precast frame joints.

Precast structures cannot be erected as fast as steel structures because beams without slabs lack stability, as shown in
Figure 5. The hybrid precast frames, however, can be erected
as quickly as steel structures without slab construction. The
hybrid precast frames suggested in this paper are hybrid
composite structures that have the merits of both steel and
precast concrete structures; in particular, the steel sections
function as erection components. This hybrid construction
method makes it possible to erect precast concrete frames in
a time-frame similar to that of steel frames.
2.2. Structural Stability during Construction. The proposed
hybrid precast frames with steel joints provide structural
stability during construction. In contrast, the vertical reinforcing steel used for vertical splicing in conventional precast
applications is vulnerable to buckling against unexpected
vertical loading before the joints are filled with concrete,
which could cause structural instability of the frame under
construction, as shown in Figure 6. In the proposed method,
steel sections are inserted between the upper and lower
precast columns and are connected to steel sections located
at both ends of the precast beams and girders or steel sections
running throughout the entire lengths of the precast beams,
allowing easy and stable connections.

3. Use of Convergence of the Hybrid
Precast Frames
Because hybrid precast frames can be designed using a wide
range of spans and joint designs, bearing wall-type apartment
buildings may be replaced with buildings with hybrid precast
frames. Structural systems should be optimized with steel
connections, which are required to be as small as 20∼
25 kgf/m2 (about one-tenth that of reinforcing steel), enabling
constructability and assembly time similar to that of steel
frames.
Figure 7 shows deflections of a composite frame building
subjected to wind loads. The lateral displacements are within
acceptable limits. Displacement along the 𝑥-axis and 𝑦axis was 20 cm (H/3910) and 29 cm (H/1955), respectively.
Acceptable story drift in response to seismic loading was
also observed in both directions, as shown in Figure 8. These
results demonstrate that the optimized structural composite
frames have structural stability.

4. Dynamic Analysis of a Building with Hybrid
Precast Frames
Figure 9 shows a building with 13 stories and two basements (total floor area of 6741 m2 ) that was designed with
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Stud bolt

Shear tap

CFT

Steel plate

Cast-in-place concrete

Shear tap
Precast concrete

Figure 4: Hybrid precast frame construction process.

Upwards construction
Critical path

+

Figure 5: Reduction of the hybrid precast frame construction period.

Rebar
connection
Rebar
connection
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Figure 6: Conventional precast concrete connections.
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X-direction
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displacement
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displacement
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1.00636e − 002

2.02251e − 002

9.05726e − 003

1.82025e − 002

8.05090e − 003

1.61800e − 002

7.04454e − 003

1.41575e − 002

6.03817e − 003

1.21350e − 002

5.03181e − 003

1.01125e − 002
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(b)

Figure 7: Wind displacement.
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Figure 8: Story drift.

the proposed composite frames and selected for dynamic
analysis. The floor plan and elevation with framing using
composite columns and beams are also shown. The building
was designed such that the shear walls were resistant to lateral
seismic loadings, while the frames resisted only vertical loads.
Dynamic analysis was performed to investigate the influence
of the design and size of the composite frames on the dynamic
characteristics of the building.
Figure 10 shows a computer model of the building with
composite frames and walls in which the steel sections at both
ends of the beams are connected to steel inserted between
two precast columns. Figure 10(a) shows gravity composite
frames attached to shear walls that are responsible for lateral
earthquake loading. Figure 10(b) shows close connection
details of the frames and walls that constitute the building

frame. Figure 10(c) shows steel frames and connections
between beams and columns. The material, structural, and
construction hybrid applications were integrated to combine
the constructability of steel structures with the economy of
concrete structures.
Tables 1 and 2 show modal participation masses and
eigenvalue results, respectively. The fundamental translational mode was found in the third return period; the first
and second modes were considered to be mixed translational
modes with torsion. A fundamental translational mode of 1.5
seconds along with a weak 𝑦-axis was deemed reasonable.
The fundamental period and mode shapes for the composite
frame were more similar to those of steel structures than
those of concrete structures, indicating that the structural
behavior of a building with composite frames and steel
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Figure 9: Continued.
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Figure 9: Floor plan and elevation.
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Table 1: Modal participation masses.

TRAN-𝑋

Mode number

Mass (%)
40.5909
4.2570
4.0667
9.6703
3.2088
0.3685

1
2
3
4
5
6

TRAN-𝑌
Sum (%)
40.5909
44.8478
48.9145
58.5848
61.7935
62.1620

(a)

Mass (%)
0.2185
16.208
32.8629
0.1847
0.3965
15.8676

ROTN-𝑍
Sum (%)
0.2185
16.4265
49.2893
49.474
49.8705
65.7381

Mass (%)
12.7252
20.3361
8.2552
4.0557
8.7600
0.5207

(b)

Sum (%)
12.7252
33.0612
41.3164
45.3721
54.1321
54.6528

(c)

Figure 10: Computer model of the building.

Table 2: Eigenvalue analysis (fundamental period).
Mode number
1
2
3
4
5
6

Frequency
(rad/sec) (cycle/sec)
3.4768
0.5533
4.1078
0.6538
5.3487
0.8513
13.8311
2.2013
17.8259
2.8371
23.6726
3.7676

Period
(sec)
3.4768
4.1078
5.3487
13.8311
17.8259
23.6726

Tolerance
0.0000𝑒 + 000
0.0000𝑒 + 000
0.0000𝑒 + 000
4.5251𝑒 − 161
2.8518𝑒 − 150
1.5909𝑒 − 137

joints against vertical and lateral loadings resembles that of
steel structures, even though the building has an external
appearance of a concrete structure.
Figure 11 shows the first translational mode (a) and those
of two mixed modes ((b), (c)). Figures 11(d), 11(e), and 11(f)
show these modes from the top view, respectively.

5. Reduction of Structural Quantity and
Emissions of Environmentally Hazardous
Substances and Materials
This study evaluated chromium VI and carbon dioxide emissions of the building constructed with the proposed frames
and conventional walls. Reductions in energy consumption
due to reduction in material quantity were estimated based
on comparison of an apartment building constructed with
hybrid precast frames and that of a conventional bearing-wall
building.
Original units of major building components (Table 3),
which were announced in 2008 by the United Kingdom

Table 3: Emissions and energy usage of major building components
[17].
Building
component
Concrete 25 MPa
Concrete 35 MPa
Reinforcement
Steel section

CO2 emissions
per original unit

Energy consumption
per original unit

319.6 kg-CO2 /m3
378.35 kg-CO2 /m3
273.19 kg-CO2 /kN
283.38 kg-CO2 /kN

2326.5 MJ/m3
2655.5 MJ/m3
3710.50 MJ/kN
3751.27 MJ/kN

Inventory of Carbon and Energy (ICE), were used to evaluate
carbon dioxide emissions and the energy efficiency of the
proposed construction. The embodied energy 𝐸 and carbon
emissions per kN for the calculated material quantity are
obtained from the University of Bath’s ICE database [17, 18].
The ICE has been structured into 34 main material groups.
The database also provides the embodied energy and carbon
coefficients for construction materials. Table 3 presents the
converted embodied energy and carbon coefficients for four
building components: concrete (25 MPa), concrete (35 MPa),
reinforcement, and steel section.
Domestic and foreign cement heavy metal analysis results
(May 2013) published by the Korea National Institute of
Environment Research (NIER) were utilized to evaluate
chromium VI emissions (Table 4).
In order to explain how the data that evaluates the gravity
system presented in this paper in terms of material quantity,
analytical approach for the hybrid precast composite beam
design based on the strain compatibility method was introduced. Figures 12 and 13 illustrate the side view and crosssection of a hybrid composite beam. In order to determine the
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Table 4: Heavy metal content standards in cement [19].
6+

Ave. (May, 2013)

Cr
10.63 mg/kg

As
12.87 mg/kg

Cd
1.02 mg/kg

(a) Fundamental translational mode

Cu
89.03 mg/kg

(b) Mixed mode 1

(d) Fundamental translational mode

(e) Mixed mode 1

Hg
0.61 mg/kg

Pb
32.84 mg/kg

(c) Mixed mode 2

(f) Mixed mode 2

Figure 11: Mode shapes.

Figure 12: Side view of a hybrid composite beam.

d

d

d
d

Figure 13: Cross-section of a hybrid composite beam.

exact material quantity, the hybrid composite beam design
was carried out based on the strain compatibility method.
Equations (1) and (2) are the mean stress factor 𝛼 and the
centroid factor 𝛾 for any strain 𝜀𝑐𝑚 at the extreme compression fiber calculated based on stress-strain relationship.
Equations (3) and (5) represent the equilibrium equations of
compressive and tensile forces at yield limit and maximum
load limit state, respectively. The nominal moment capacities
of a hybrid composite beam at yield limit and maximum load
limit state are calculated by (4) and (6), respectively. Figures
14 and 15 represent strain and stress diagram at yield limit
and maximum load limit state, respectively. In both figures,
black color indicates steels and reinforcement rebars were
plasticized (yielded) while white color represents structural
members remained elastic. The structural quantity required
by apartment buildings with hybrid composite frames was
obtained from (6) and compared with that of conventional
buildings with bearing walls as shown in Table 5. These
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Table 5: Evaluation of structural systems.

Building
component

System Gross area

Concrete
H.P.F.
(H.P.F. = 35 MPa
B.W. = 25 MPa) B.W.

9236 m2

0.38 m3 /m2

6513 m2

0.55 m3 /m2

H.P.F.

9236 m2

0.53 kN/m2

B.W.
H.P.F.
B.W.

6513 m2
9236 m2
6513 m2

0.73 kN/m2
0.07 kN/m2
— kN/m2

Reinforcements
Steel section
∗

CO2 emission

Building material
69.1%
(−30.9%)
100.0%
72.6%
(−27.4%)
100.0%
100.0%
—%

Cr6+ emission

Energy consumption

77.5%
(−22.5%)
175.8 kg-CO2 /m2 100.0%
72.4%
144.5 kg-CO2 /m2
(−27.6%)
199.6 kg-CO2 /m2 100.0%
20.6 kg-CO2 /m2 100.0%
— kg-CO2 /m2
—%
136.2 kg-CO2 /m2

78.6% 1106.2 mg/m2 68.9%
(−21.4%)
(−31.1%)
2
1279.6 MJ/m2 100.0% 1606.1 mg/m
100%
71.3%
—
1931.4 MJ/m2
—
(−28.7%)
2
—
2710.7 MJ/m 100.0%
—
—
272.1 MJ/m2 100.0%
—
—
— MJ/m2
—%
—

1006.0 MJ/m2

H.P.F.: hybrid precast frames; B.W.: bearing wall.

f c

𝜀c = 0.00178
𝜀t Es = 192 MPa

𝜀t = 0.00096

135.4 mm

𝜀st = 0.001506

301 MPa
400 MPa

𝜀t = 𝜀y = 0.002

Figure 14: Strain and stress diagram at yield limit state.
f c

𝜀c = 0.003
𝜀t Es = 286 MPa

𝜀t = 0.00143

119.46 mm

325 MPa

𝜀st = 0.00328

𝜀t = 𝜀y = 0.0042

400 MPa

Figure 15: Strain and stress diagram at maximum load limit state.

equations would help engineer estimate precise construction
materials and understand how buildings with hybrid composite frames behave. Consider
0.002

𝛼 = (∫

0

+∫

𝑓𝑐 {
0.003

0.002

×

𝑓𝑐

{1 − 100 (𝜀𝑐 − 𝜀𝑐𝑜 )} 𝑑𝜀𝑐 )

0.002

0

+∫

𝜀𝑐 𝑓𝑐 {
0.003

0.002

2𝜀𝑐
𝜀 2
− ( 𝑐 ) } 𝑑𝜀𝑐
𝜀𝑐𝑜
𝜀𝑐𝑜

𝜀𝑐 𝑓𝑐 {1 − 100 (𝜀𝑐 − 𝜀𝑐𝑜 )} 𝑑𝜀𝑐 )

0.002

0

𝑓𝑐 {

0.003

+∫

2𝜀𝑐
𝜀 2
− ( 𝑐 ) } 𝑑𝜀𝑐
𝜀𝑐𝑜
𝜀𝑐𝑜

−1
(𝑓𝑐 𝜀𝑐𝑚 ) ,

𝛾 = 1 − ((∫

× (𝜀𝑐𝑚 [∫

0.002

2𝜀𝑐
𝜀 2
− ( 𝑐 ) } 𝑑𝜀𝑐
𝜀𝑐𝑜
𝜀𝑐𝑜
−1

𝑓𝑐 {1−100 (𝜀𝑐 −𝜀𝑐𝑜 )} 𝑑𝜀𝑐 ]) ) ,
(2)

(1)

𝜀𝑐
𝜀
1
(𝑐 − 𝑑 ) + 𝐴𝑤 𝐸𝑠 𝑐 (𝑐 − 𝑑 )
𝑐
2
𝑐
𝑡𝑓
𝜀𝑐
= 𝐴 𝑠 𝐹𝑦 + 𝐴 𝑓 𝐸𝑠 (𝑑 − 𝑐 − 𝑑 − )
𝑐
2
𝜀𝑐
1
+ 𝐴 𝑤 𝐸𝑠 (𝑑 − 𝑐 − 𝑑 − 𝑡𝑓 ) ,
2
𝑐

where 𝐴 𝑤 = 𝑡𝑤 (𝑐 − 𝑑 ), 𝐴 𝑤 = 𝑡𝑤 (𝑑 − 𝑐 − 𝑑 − 𝑡𝑓 )
2
𝜀
𝑀𝑛 = 𝛼𝑓𝑐 𝑏𝑐 (𝑐 − 𝛾𝑐) + 𝐴𝑠 𝐸𝑠 𝑐 (𝑐 − 𝑑 )
𝑐
2
𝜀
1
+ 𝐴𝑤 𝐸𝑠 𝑐 (𝑐 − 𝑑 ) + 𝐴 𝑠 𝐹𝑦 (𝑑 − 𝑐)
3
𝑐
𝛼𝑓𝑐 𝑏𝑐 + 𝐴𝑠 𝐸𝑠

(3)
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One floor

Day
Process

Day 1

Day 2

Day 3

Day 4

Day 5

Day 6

Day 7

Marking
Rebar work (wall)
Wall form installation
Slab form installation
Rebar work (slab)
Electrical and mechanical
facilities (slab)
Cleaning and pouring
Figure 16: Processes for constructing one floor of a conventional wall-type apartment building [20].

+ 𝐴 𝑓 𝐸𝑠

𝑡𝑓
𝜀𝑐
{(𝑑 − 𝑐 − 𝑑 − 𝑡𝑓 ) (𝑑 − 𝑐 − 𝑑 − )
𝑐
2
+

𝑡𝑓
2

(𝑑 − 𝑐 − 𝑑 −

𝑡𝑓
3

)}

2
𝜀
1
+ 𝐴 𝑤 𝐸𝑠 𝑐 (𝑑 − 𝑐 − 𝑑 − 𝑡𝑓 ) ,
3
𝑐

(4)
where 𝐴𝑤 = 𝑡𝑤 (𝑐 − 𝑑 ), 𝐴 𝑤 = 𝑡𝑤 (𝑑 − 𝑐 − 𝑑 − 𝑡𝑓 )
𝛼𝑓𝑐 𝑏𝑐 + 𝐴𝑠 𝐸𝑠

𝜀𝑐
𝜀
1
(𝑐 − 𝑑 ) + 𝐴𝑤 𝐸𝑠 𝑐 (𝑐 − 𝑑 )
𝑐
2
𝑐

1
= 𝐴 𝑠 𝐹𝑦 + 𝐴 𝑓 𝐹𝑦 + 𝐴 𝑤𝑝 𝐹𝑦 + 𝐴 𝑤𝑛𝑦 𝐸𝑠 𝜀𝑠𝑦 ,
2

(5)

where 𝐴𝑤 = 𝑡𝑤 (𝑐− 𝑑 ), 𝐴 𝑤𝑝 = 𝑡𝑤 {(𝑑− 𝑐 + 𝑑 + 𝑡𝑓 ) + (𝜀𝑠𝑦 /𝜀𝑐 )𝑐},
𝐴 𝑤𝑛𝑦 = 𝑡𝑤 (𝜀𝑠𝑦 /𝜀𝑐 )𝑐
𝑀𝑛 = 𝛼𝑓𝑐 𝑏𝑐 (𝑐 − 𝛾𝑐) + 𝐴𝑠 𝐸𝑠

2
𝜀𝑐
(𝑐 − 𝑑 )
𝑐

𝑡𝑓
2

)

6. Reduction in Construction Schedule
Figures 16 and 17 compare the construction time frames based
on the use of conventional bearing walls versus the proposed
hybrid frames.
The construction time is the sum of each critical path, as
shown in
𝑛

∑ (CA𝑖 ) = CA1 + CA2 + CA3 + CA4 ⋅ ⋅ ⋅ .

(7)

𝑖=1

2
𝜀
1
+ 𝐴𝑤 𝐸𝑠 𝑐 (𝑐 − 𝑑 ) + 𝐴 𝑠 𝐹𝑦 (𝑑 − 𝑐)
3
𝑐

+ 𝐴 𝑓 𝐹𝑦 (𝑑 − 𝑐 − 𝑑 −

materials per square meters were calculated based on (5) and
(6) which were then used to calculate the quantities of Table 5.
The building materials of concrete and reinforcements
of apartment buildings with hybrid precast frames were
reduced by 31% and 27%, respectively, compared with that
of bearing wall frame buildings. The CO2 emission, energy
consumption, and Cr6+ emission of apartment buildings with
hybrid precast frames were also decreased compared with
bearing wall frame buildings as shown in Table 5, exhibiting
the efficiency of using gravity hybrid precast frames for
apartment buildings.

(6)

𝜀𝑠𝑦
1
+ 𝐴 𝑤𝑝 𝐹𝑦 {(𝑑 − 𝑐 − 𝑑 − 𝑡𝑓 ) +
𝑐}
2
𝜀𝑐
2

(𝜀𝑠𝑦 )
1
+ 𝐴 𝑤𝑛𝑦 𝐸𝑠
𝑐,
3
𝜀𝑐
where 𝐴𝑤 = 𝑡𝑤 (𝑐 − 𝑑 ), 𝐴 𝑤𝑝 = 𝑡𝑤 {𝑑 − (𝑐 + 𝑑 + (𝜀𝑠𝑦 /𝜀𝑐 )𝑐)},
𝐴 𝑤𝑛𝑦 = 𝑡𝑤 (𝜀𝑠𝑦 /𝜀𝑐 )𝑐.
A completed bearing wall apartment building was
selected for this comparison. Apartment buildings with
hybrid precast frames and bearing wall frames were evaluated
in terms of building material, CO2 emission, energy consumption, and Cr6+ emission shown in Table 5. Construction

The critical paths that affect construction time for a
bearing wall apartment are CA1 (marking, 1 day), CA2 (rebar
work, wall, 1 day), CA3 (wall form installation, 2 days),
CA4 (slab form installation, 1 day), CA5 (rebar work, slab, 1
day), and CA6 (cleaning and pouring, 1 day). Installation of
electrical and mechanical facilities at the slab is performed
with rebar work of the slab and takes less time than that of
rebar work. Electrical and mechanical facilities at the slab are
therefore excluded from the critical path. The construction
time per floor is seven days based on (7). The critical
paths affecting construction time for an apartment building
using hybrid frames are CA1 (rebar work, core wall, 0.5
days), CA2 (column-beam unit installation (1 day), beam
unit installation (1.5 days)), CA3 (rebar work, slab, 0.5 days),
and CA4 (cleaning and pouring, 0.5 days). Column-beam
unit installation and beam unit installation are carried out
alternately. Beams are only installed at every second and
third floor since columns are erected as a three-story unit.
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Day 1

Day 2

Day 3

Second floor
Day 4

Day 5

Day 6

Third floor
Day 7

Day 8

Day 9

Day 10

Rebar work (core wall)
Core wall form installation
Column-beam unit
installation
Beam unit installation
Deck plate installation
Joint form installation
Rebar work (slab)
Electrical and mechanical
facilities (slab)
Cleaning and pouring
Figure 17: Processes for constructing three floors of an apartment building using hybrid frames [20].

Table 6: Comparative analysis of the construction period [20].
Structural
type
Bearing wall
Hybrid precast
frame

Construction period
Typical
floor
7 days/1 floor
10 days/3
floors

30-story apartment Comparison
building
210 Days

100.0%

100 Days

47.6%

As a result of the critical paths analysis, the construction
time per floor is four days for the first floor and three
days for the next two floors, requiring ten days for the
construction of three floors utilizing columns of a threestory unit. The time for frame erection was reduced by 52%
when using hybrid frames, highlighting their economic and
construction benefits. Erection of structural frames for one
floor using conventional bearing walls involves rebar work
and concrete pouring and requires about seven days, as
shown in Figure 16. In contrast, only three days were required
to install wall and slab forms, indicating that the overall
construction was influenced by form work, which is highly
dependent on work skill. However, erection of three floors
with hybrid precast frames required only ten days when
three-story hybrid precast columns were erected at one lift.
The significant reduction in form work contributed to the
decrease in overall construction time obtained when using
the hybrid precast frames, as shown in Figure 17. As shown in
Table 6, frame erection of a 30-story building required seven
days per floor or 210 days for the entire building when using
conventional bearing walls. However, only ten days per three
floors (or 100 days for the entire building) were required for
frame erection of the building with hybrid precast frames,
which corresponds to a 52.4% reduction in frame erection
time.

7. Conclusions
This study described and characterized an optimized hybrid
precast composite structural system for gravity system. Major
contributions are summarized below.
(1) Gravity hybrid precast frames were presented. These
hybrid frames consist of precast concrete and steel
which can be erected at a speed similar to that of steel
frames. Steel sections inserted in precast columns and
beams are used as erection steel components.
(2) Mathematical model of gravity hybrid precast beam
was presented at yield limit state and maximum load
limit state. Neutral axis of postyield state found from
equilibrium equations was used to calculate nominal
moment capacities of a hybrid composite beam at
both limit state.
(3) The new building frame systems for gravity loadings fabricated with hybrid precast composite frames
consisting of simple connections between columns
and beams were proposed in this paper. The dual
frame systems of moment connections with much
more complicated construction details required significant time and costs than that of building frame
systems of gravity loadings. However, the gravity
hybrid precast composite structures will provide simplified construction method, while enhancing economy during construction. The reductions of construction resources including concrete and reinforcements
(31% reduction of concrete and 27% reduction of reinforcements) were achieved when apartments were to
be built with hybrid precast frames.
(4) The gravity hybrid precast frames use less construction materials than conventional frames and therefore reduce carbon dioxide and hazardous substance
emissions compared to conventional frames. It was
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observed the efficiency of using gravity hybrid precast
frames for apartment building which decreased the
CO2 emission (23% reduction of concrete and 28%
reduction of reinforcements), energy consumption
(21% reduction of concrete and 29% reduction of
reinforcements), and Cr6+ emission compared with
bearing wall frame buildings. The use of gravity
hybrid precast frames was demonstrated to provide
better solutions for environments and economy than
that of conventional buildings.
(5) Dynamic analysis of a 15-story building designed
with the proposed composite gravity frames was performed to characterize frequencies and mode shapes
of the building for seismic design purposes.
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We consider a two-stage supply chain with one supplier and one retailer. The retailer sells a product to customer and the supplier
provides a product in a make-to-order mode. In this case, the supplier’s decisions on service time and service level and the retailer’s
decision on retail price have effects on customer demand. We develop optimization models to determine the optimal retail price, the
optimal guaranteed service time, the optimal service level, and the optimal capacity to maximize the expected profit of the whole
supply chain. The results of numerical experiments show that it is more profitable to determine the optimal price, the optimal
guaranteed service time, and the optimal service level simultaneously and the proposed model is more profitable in service level
sensitive market.

1. Introduction
Increased competition has driven firms to introduce new
products (or services) in the market, and service time
(lead time) has evolved as the competitive paradigm [1, 2].
As service time has become a key for business success,
service time reduction has emerged as a key competitive edge
[3–5]. The time-based competition became a new competitive
paradigm.
In a time sensitive market, firms exploit customers’ sensitivity to time to increase prices in return for a shorter service
time. For instance, a logistics service provider charges more
in transportation costs to an express delivery user compared
to a regular delivery user. Likewise, firms differentiate their
products based on service times in order to maximize the
firm’s revenue [6]. In this case, the service time reduction
has provided firms with new opportunities. Additionally, in
today’s global economy, firms are increasingly depending on
fast response times as an important source of sustainable
competitive advantage. Considering the influence of service
times on demand is therefore needed.

The potential for increased demand and price premium
creates an incentive for firms to reduce the length of the service time. While this strategy may attract customers, there is
a risk that demand may exceed the firms’ capacity to respond.
This can lead to a decrease in demand.
As shown in Figure 1, a customer’s demand is affected
by not only the price for the service and the guaranteed
service time but also the service level (quality of service, QoS)
that is defined as the minimum probability of meeting the
guaranteed service time. Such tradeoffs must be considered
when making decisions about a guaranteed service time
strategy, and thus the integrated price, the guaranteed service
time, and the service level decision are needed.
In this paper, we consider a two-stage supply chain with
one supplier and one retailer. The retailer sells a product to
customer and the supplier provides a product in a make-toorder mode. In this case, the supplier’s decisions on service
time and service level and the retailer’s decision on retail
price have effects on customer demand. The objective is to
develop an optimization model to determine the optimal
guaranteed service time, the optimal service level, and the
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Time
Price

QoS

Customer

Figure 1: The influence of price, time, and QoS on customer
demand.

optimal capacity to maximize the expected profit of the
whole supply chain. The optimization model takes into
account that reducing service time by increasing capacity
will require investment, and the supplier must be able to
satisfy the guaranteed service time according to the service
level.
The rest of this paper is organized as follows. Section 2
provides a review of the literature on time-based competition. In Section 3, we formulate the mathematical models
to determine the price, the guaranteed service time, the
service level, and the capacity and optimal properties for the
models are obtained in Section 4. To gain a further insight,
in Section 5, we conduct computational experiments and
analyze the sensitivity of the optimal decisions with respect
to the model parameters. Our conclusions are provided in
Section 6.

2. Literature Review
The pricing and service time decision was first studied by
Stalk and Hout [7] who addressed the effect of time for
strategic competitiveness. So and Song [8], Palaka et al. [9],
Ray and Jewkes [10], and Hill and Khosla [11] also studied
optimal pricing and service time decisions and modeled the
service provider’s operations as a single server queue. So and
Song [8] studied the impact of using service time guarantees
as a competitive strategy in service industries where demands
are sensitive to both price and service time. They used an
M/M/1 queuing model and proposed a mathematical model
to calculate the optimal price and service time. Palaka et al.
[9] also used an M/M/1 queuing model and examined the
lead-time setting, capacity utilization, and pricing decisions
facing a firm serving customers sensitive to guaranteed lead
times. They used numerical analysis to show that capacity utilization should be lower when customers are more sensitive
to lead time. Ray and Jewkes [10] further extended Palaka
et al.’s results [9] by explicitly modeling price as a function
of delivery time and demand being a function of price and
delivery time. Hill and Khosla [11] also studied a similar

tradeoff between price and service time but in a deterministic
framework.
So [12], Tsay and Agrawal [13], Allon and Federgruen
[14], and Pekgun et al. [15] also studied similar problems
but in a competitive setting where two firms selling a
common product were competing on price and service
time. So [12] used a multiplicative competitive interaction
(MCI) model to represent the market shares of an arbitrary
number of firms competing for the same product based
on their prices and service time guarantees. Each firm was
modeled as an M/M/1 server, which aims to meet its promised
delivery time guarantee with at least a certain degree of
reliability. They showed how heterogeneous firms exploit
their competitive advantage, in terms of a higher capacity
or a lower operating cost, to differentiate their services.
Pekgun et al. [15] studied two firms competing in a common
market based on their price and lead-time decisions and
explored the impact of centralization versus decentralization
of these decisions, as quoted by the marketing and production
departments, respectively. They modeled the competing firms
as M/M/1 servers and each firm’s expected demand as a
linear function of the prices and delivery times quoted by
both firms. Allon and Federgruen [14] studied competition
between an arbitrary number of firms. Each firm competed by
advertising its price and expected waiting time and selected
its optimal capacity level and a priority discipline to serve
the customers. Tsay and Agrawal [13] studied a distribution
system in a nonqueuing framework in which a manufacturer
supplied a common product to two retailers who competed
for end customers based on their retail prices and service.
Xiao et al. [16] considered a supply chain consisting of
one manufacturer that determines the wholesale price and
lead time and one retailer that determines the retail price
and developed an optimization model to determine the
optimal wholesale price, the optimal guaranteed lead time,
and the optimal retail price. Narenji et al. [17] studied
the competition between two supply chains with demand
sensitive to both price and delivery time and found the
optimal policy of price and delivery time. However, these
studies did not study service level decisions. This research,
in contrast to the existing studies, focuses on the service
time and the service level decision. We develop a mathematical model to determine the optimal guaranteed service
time and the optimal service level to maximize the total
profit.
Shang and Liu [18] investigated the behaviors of competing firms in industry where customers are sensitive to guaranteed delivery time and quality of service. However, they did
not consider the price decision. Recently, Xiao and Qi [19]
considered a two-stage supply chain with demand sensitive
to price, delivery time, and delivery reliability standard and
investigated the impact of the delivery reliability standard
on the demand rate. They developed an optimization model
to determine the optimal price, delivery time, and delivery
reliability standard. However, they did not consider the
capacity decision. In this study, we determine the optimal
guaranteed service time, the optimal service level, and the
optimal capacity simultaneously.
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Supplier’s decision
Retailer’s decision
Customers’ response

Figure 2: Schematic representation of a model.

3. The Mathematical Model
3.1. Demand Function. We consider a two-stage supply chain
with one supplier and one retailer as shown in Figure 2.
The retailer sells a product to customer at a retail price
(𝑝) and the supplier provides a product in a make-to-order
mode and announces a guaranteed service time (𝑙) and a
service level (𝑠). Customer demands arrive according to a
Poisson process with a mean rate 𝜆. The service times of
the demand are exponentially distributed with the mean rate
𝜇. Customers are served in a first-come-first-served fashion,
and the arrival rate depends on the retail price, the service
time, and the service level. We assumed that customers prefer
shorter service time and lower prices and that the price is
related to the length of the guaranteed service time. The
service level 𝑠 (0 < 𝑠 < 1) is the probability that a random
customer will have an actual service time of 𝑙 or less. A failure
to satisfy an arriving customer within the guaranteed service
time 𝑙 might have an adverse impact on repeat business. That
is, the lower service level decreases demand.
To further characterize the analytical model, we assume
that the mean demand rate depends linearly on 𝑝, 𝑙, and 𝑠;
that is,
𝜆 (𝑝, 𝑙, 𝑠) = 𝑎 − 𝑏𝑝 − 𝑐𝑙 + 𝑔𝑠,

(1)

where 𝑎 denotes the potential market size (a higher value of 𝑎
represents a higher overall potential for demand) and 𝑏, 𝑐, and
𝑑 represent the price, the service time, and the service level
sensitivities of the mean demand rate, respectively (𝑎, 𝑏, 𝑐, 𝑔 >
0). This demand function has been employed extensively
in the literature relating to service time and service level
decisions; see the studies by Shang and Liu [18], Xiao and Qi
[19], Xu et al. [20], Xia and Yang [21], and Jamshidi and Fatemi
Ghomi [22]. The linear demand function will help us obtain
qualitative insights without much analytical complexity.
3.2. Supplier’s Profit Function. The supplier can invest in
increasing the service rate 𝜇 through, for example, acquiring
improved equipment. In general, it is reasonable to assume
that successive investments in increasing 𝜇 by the same
amount will cost equal or more; that is, the investment
cost function is increasing and linear in 𝜇. The supplier’s

cost structure includes two main categories: direct unit
variable costs and investment costs. The direct unit variable
costs mean all costs that are proportional to production
volume, such as the cost of direct materials and labor. The
investment costs mean the costs of increasing the capacity 𝜇.
The direct unit variable cost and the investment cost for the
service/product are denoted by 𝑚 and 𝐴, respectively. Finally,
the objective is to maximize the supplier’s profit per unit time,
subject to satisfying the service reliability constraint.
We assume that the service provider’s objective is to
maximize the expected total profit, which can be expressed
as
∏ (𝑙, 𝑠, 𝜇) = (𝑤𝑠 − 𝑚) 𝜆 (𝑝, 𝑙, 𝑠) − 𝐴𝜇,
𝑆

(2)

where 𝑤𝑠 means the unit wholesale price of the supplier.
In the expected profit function, (𝑤 − 𝑚)𝜆(𝑝, 𝑙, 𝑠) and 𝐴𝜇
represent the expected net revenue and the investment cost,
respectively. Thus, the mathematical model is expressed as
follows:
Maximize (𝑤𝑠 − 𝑚) 𝜆 (𝑝, 𝑙, 𝑠) − 𝐴𝜇,

(3)

Subject to 𝜆 (𝑝, 𝑙, 𝑠) ≤ 𝜇,

(4)

1 − 𝑒−(𝜇−𝜆)𝑙 ≥ 𝑠,

(5)

𝑙 > 0,

(6)

𝑙,𝑠,𝜇

𝜇 > 0,

1 > 𝑠 ≥ 𝑠𝑐 .

(7)

In this mathematical model, constraint (4) is system
stability constraint that the supplier’s mean service rate
exceeds the mean demand rate. Constraint (5) represents that
the actual service level is larger than the proposed service.
Constraint (6) restricts the guaranteed service time and the
capacity for the service/product to positive values. Constraint
(7) represents that the proposed service level is greater than
the industry standard service level (𝑠𝑐 ) and less than 1. In this
study, we assume that 𝑠𝑐 > 0.5.
3.3. Retailer’s Profit Function. The retailer purchases a product from supplier at the wholesale price, 𝑤𝑠 , and sells
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a product to customer at a retail price, 𝑝. We assume that
the retailer’s objective is to maximize the expected total profit,
which can be expressed as
∏ (𝑝) = (𝑝 − 𝑤𝑠 ) 𝜆 (𝑝, 𝑙, 𝑠) .
𝑅

Proposition 2. The supplier’s profit function (12) is jointly
concave with respect to 𝑙 and 𝑠.
Proof. 𝐻𝑆1 represents the Hessian matrix of the supplier’s
profit function (12) and is given by

(8)
𝐴
2𝐴 ln (1 − 𝑠)
3
2
𝑙
𝑙 (1 − 𝑠) ]
]
𝐴
𝐴 ].
−
2
𝑙(1 − 𝑠)2 ]
[ 𝑙 (1 − 𝑠)

[
𝐻𝑆1 = [
[

4. The Optimal Decisions
4.1. The Retailer’s Optimal Decision on Retail Price. In this
section, we derive the optimal property to calculate the
optimal retail price. The optimal retail price to maximize the
retailer’s profit is obtained using the following proposition.
Proposition 1. The retailer’s profit function (8) is the concave
function of 𝑝. Thus, the optimal retail price, 𝑝∗ , is obtained by
taking the first-order derivative of the retailer’s profit function,
as given by (8):
𝑝∗ =

𝑎 − 𝑐𝑙 + 𝑔𝑠 + 𝑏𝑤𝑠
.
2𝑏

(9)

Proof. Taking the first- and second-order derivatives of (8)
with respect to 𝑝, we have
𝑑∏𝑅 (𝑝)
= 𝑎 − 𝑐𝑙 + 𝑔𝑠 + 𝑏𝑤𝑠 − 2𝑏𝑝,
𝑑𝑝
𝑑2 ∏𝑅 (𝑝)
= −2𝑏 < 0,
𝑑𝑝2

(10)

4.2. The Supplier’s Optimal Decisions. In this section, we
derive the optimal property to calculate the optimal service
time, the optimal service level, and the optimal capacity. We
first calculate the optimal capacity.
It is obvious that constraint (5) must be binding at
optimality (see So and Song [8] and Palaka et al. [9]). Thus,
the optimal capacity, 𝜇∗ , is then
𝜇∗ (𝑙, 𝑠) =

− ln (1 − 𝑠)
+ 𝜆 (𝑙, 𝑠) .
𝑙

(11)

Substituting 𝜇∗ (𝑙, 𝑠) in (2), the supplier’s profit function can
be expressed in terms of 𝑙 and 𝑠:
∏ (𝑙, 𝑠) = (𝑤𝑆 − 𝑚 − 𝐴) 𝜆 (𝑝, 𝑙, 𝑠) +
𝑆

𝐴 ln (1 − 𝑠)
.
𝑙

The 1st leading principal minor is (2𝐴 ln(1 − 𝑠))/𝑙3 and is
always less than zero for all 𝑙 and 𝑠. The 2nd leading principal
minor is −(𝐴2 /𝑙4 (1 − 𝑠)2 )[2 ln(1 − 𝑠) + 1] and is always larger
than zero for all 𝑙 and 𝑠. Thus, the Hessian is negative definite,
so that the supplier’s profit function is jointly concave with
respect to 𝑙 and 𝑠.
4.3. Subgame Perfect Nash Equilibrium. We consider the
following game: first, the supplier determines the service time
and service level, and then the retailer determines the retail
price. In this case, the retailer’s best response on the supplier’s
decisions is 𝑝∗ (𝑙, 𝑠) = (𝑎−𝑐𝑙+𝑔𝑠+𝑏𝑤𝑠 )/2𝑏. Thus, substituting
𝑝∗ (𝑙, 𝑠) in (12), the supplier’s profit function can be expressed
in terms of 𝑙 and 𝑠:
∏ (𝑙, 𝑠) = (𝑤𝑆 − 𝑚 − 𝐴) (
𝑆

respectively. Since the second-order derivative is always less
than zero, thus, the retailer’s profit function (8) is concave
with respect to 𝑝.

(12)

The optimal service time and service level to maximize the
supplier’s profit are obtained using the following proposition.

(13)

𝑎 − 𝑐𝑙 + 𝑔𝑠 − 𝑏𝑤
𝐴 ln (1 − 𝑠)
.
)+
2
𝑙
(14)

Theorem 3. The supplier’s profit function (14) is jointly concave with respect to l and s. Thus, there is a subgame perfect
Nash equilibrium. The best response of the supplier solves the
following:
𝑐
𝐴 ln (1 − 𝑠)
− (𝑤 − 𝑚 − 𝐴) −
= 0,
2
𝑙2
𝑞
𝐴
.
(𝑤 − 𝑚 − 𝐴) −
2
𝑙 (1 − 𝑠)

(15)

Proof. 𝐻𝑆2 represents the Hessian matrix of the supplier’s
profit function (14) and is given by
𝐴
2𝐴 ln (1 − 𝑠)
𝑙3
𝑙2 (1 − 𝑠) ]
]
𝐴
𝐴 ].
−
2
𝑙(1 − 𝑠)2 ]
[ 𝑙 (1 − 𝑠)

[
𝐻𝑆2 = [
[

(16)

The 1st leading principal minor is (2𝐴 ln(1 − 𝑠))/𝑙3 and is
always less than zero for all 𝑙 and 𝑠. The 2nd leading principal
minor is −(𝐴2 /𝑙4 (1 − 𝑠)2 )[2 ln(1 − 𝑠) + 1] and is always larger
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Table 1: Parameter values for the comparison.
Values
[1, 10]
[1, 10]
[21, 45]
[0.1, 2.5]
[0.1, 2.5]
[2, 50]

25.0
Average Δp%

Parameters
𝑚
𝐴
𝑎
𝑏
𝑐
𝑔

30.0

20.0
15.0
10.0
5.0
0.0
10

than zero for all 𝑙 and 𝑠. Thus, the Hessian is negative definite,
so that the supplier’s profit function is jointly concave with
respect to 𝑙 and 𝑠. Therefore, the optimal service time and
optimal service level are obtained by taking the first-order
derivative of the supplier’s profit function with respect to 𝑙 and
𝑠, respectively.

5. Numerical Experiments
5.1. Performance of the Proposed Model. To determine
whether the service level decision is efficient in terms of the
total profit, we compare the performance (total profit) of the
two models (the proposed model and the existing model that
assumes that the service level is given, such as Ray and Jewkes’
[10] model). For this comparison, we will use the data from
the study by Xiao and Qi [19], as shown in Table 1.
The performance of each model is represented by the
percentage increase in profit, Δ𝑝%, that is computed by
Δ𝑝%
=

Profit of proposed model − Profit of existing model
Profit of existing model
∗ 100%.
(17)

The particular scenario satisfying 𝑚 = 5, 𝐴 = 10, 𝑎 = 40,
𝑏 = 1, 𝑐 = 1, and 𝑔 = 50 is shown in Table 2, and we observe
that the profit of the proposed model is always higher than
that of Ray and Jewkes’ [10] model. This trend is observed for
all combinations of 𝑚, 𝐴, 𝑎, 𝑏, 𝑐, and 𝑔. Thus, on the basis of
these experiments, we conclude that it is more profitable to
determine the optimal price, the optimal guaranteed service
time, and the optimal service level simultaneously.
As shown in Figure 3, the average Δ𝑝% increases as the
service level sensitivity increases. This trend is observed for
all combinations of 𝑚, 𝐴, 𝑎, 𝑏, 𝑐, and 𝑔. Thus, on the basis of
these experiments, we conclude that the proposed model is
more profitable in service level sensitive market.
5.2. Sensitivity Analysis. In this section, we examine the
effects of the parameters on the optimal decisions and analyze

15

20

25

30

35

40

45

50

Service level sensitivity (g)

Figure 3: Average Δ𝑝% versus service level sensitivity.

the sensitivity of the optimal price, the optimal service time,
and the optimal service level with respect to the parameters
𝑚, 𝐴, 𝑎, 𝑏, 𝑐, and 𝑔. Since the analysis is not tractable, we
perform numerical experiments and identify the impact
through graphical means. For this comparison, we will use
the same data in Table 1.
Table 3 shows how changes in the parameters affect the
optimal decisions. One feature of Table 3 is that the supplier
behaves in a somewhat contradictory way by increasing their
service time and decreasing their service level as the cost
parameters (𝑚 and 𝐴) increase. The high values of 𝑚 and
𝐴 will lead to less investment in capacity. Thus, supplier
increases the service time and decreases the service level.
As shown in Table 3, the service time and the service level
decrease as the service time sensitivity (𝑐) increases. When
𝑐 increases, in order to attract many customers, the supplier
offers a short service time to customer and decreases the
service level to satisfy the short service time. Also, we observe
that the service time and the service level increase as the
service level sensitivity (𝑔) increases. The high value of 𝑔 will
lead to the high service level. Thus, the supplier increases their
service time to satisfy the high service level.

6. Conclusions
In this study, we considered a two-stage supply chain with
one supplier and one retailer. We assumed that the supplier’s
decisions on service time and service level and the retailer’s
decision on retail price have effects on customer demand
and developed optimization models to determine the optimal
retail price, the optimal guaranteed service time, the optimal
service level, and the optimal capacity to maximize the
expected profit of the whole supply chain. The results of
numerical experiments showed that expected profit significantly increases using the proposed optimization model
compared to the existing model that assumes that the service
level is given. From the numerical results, we also observed
that the proposed model is more profitable in service level
sensitive market.
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Table 2: Comparison of the profits.
Proposed model

𝑙

∗

2.931

𝑠∗

𝑝∗

Total profit

0.986

55.693

292.28

Ray and Jewkes’ [10] model
𝑝∗
Total profit

𝑙∗

𝑠
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95

1.177
1.264
1.354
1.449
1.552
1.665
1.794
1.948
2.146
2.448

44.411
45.618
46.823
48.025
49.224
50.417
51.603
52.776
53.927
55.026

188.2259
199.8627
211.4627
223.0099
234.4824
245.8489
257.0588
268.0212
278.5403
288.0225
Average Δ𝑝%

Profit gap

Δ𝑝%

104.0563
92.41946
80.81944
69.27231
57.79971
46.43325
35.22338
24.26097
13.74182
4.259625

55.3%
46.2%
38.2%
31.1%
24.6%
18.9%
13.7%
9.1%
4.9%
1.5%
24.4%

Table 3: Parameter values for the comparison.
𝑚
𝐴
𝑎
𝑏
𝑐
𝑔

𝑝∗
Decreases
Decreases
Increases
Decreases
Decreases
Increases

𝑙∗
Increases
Increases
No impact
No impact
Decreases
Increases

𝑠∗
Decreases
Decreases
No impact
No impact
Decreases
Increases
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New product development selection is a complex decision-making process. To uphold their competence in competitive business
environments, enterprises are required to continuously introduce novel products into markets. This paper presents a fuzzy
analytic network process (FANP) for solving the product development selection problem. The fuzzy set theory is adopted to
represent ambiguities and vagueness involved in each expert’s judgment. In the proposed model, the fuzzy Kano method and fuzzy
DEMATEL are employed to filter criteria and establish interactions among the criteria, whereas the SAM is applied to aggregate
experts’ opinions. Unlike the commonly used top-down relation-structuring approach, the proposed FANP first identifies the
interdependence among the criteria and then the identified relationships are mapped to the clusters. This approach is more realistic,
since the inner and outer relationships between criteria are simultaneously considered to establish the relationships among clusters.
The proposed model is illustrated through a real life example, with a comparative analysis using modified TOPSIS and gray relation
analysis in the synthesizing phase. The concluded results were approved by the case company. The proposed methodology not only
is useful in the case study, but also can be generally applied in other similar decision situations.

1. Introduction
In order for a technology-based enterprise to uphold its competence in competitive business environments, one of its most
challenging tasks is to continuously introduce novel products.
Generally speaking, technology selection, customer satisfaction, and organization collaboration are three crucial factors
for the success of a new product development. To sustain market competition with comparative advantages, an enterprise
must invest in technological fields for developing various
product alternatives under multiple criteria. Other than the
technology aspect, evaluation should include economic and
industrial criteria such as potential benefit, quality risk,
technology development investment, and marketing cost, to
determine the product most worthwhile for development.
Furthermore, interdependent relationships may exist among
such criteria in the real world. To address this challenging
decision making issue, the research focuses on constructing

a new product development selection model using hybrid
evaluation techniques.
In business and engineering, new product development
(NPD) is the complete process of introducing a new product to the market. Generally speaking, the NPD process
usually comprises a number of stages. Such stages begin
with idea generation and screening, market analysis, and
technical implementation and end with commercialization
and product pricing. This research focuses on the initial
stage: the “NPD” of the NPD process [1], which includes
generating and screening ideas. Multiple criteria decision
making (MCDM) is an effective technique for this selection
problem, since the MCDM can utilize group decision making
(GDM) techniques to prioritize alternatives based on expert
opinions for criteria highly relevant to the decision problem.
The MCDM processes involve a series of steps: identifying
the problems, constructing the preferences, evaluating the
alternatives, and determining the best alternatives [2].
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The GDM gathers further intellectual resources to support the decision. The resources available to the group include
each individual member’s competence, intuition, and knowledge. Usually, each expert has a distinct perception towards
the problem, and therefore the integration technique of
expert opinions is essential in GDM. Statistical methods and
fuzzy methods are two appropriate solution approaches for
the integration problem. In recent years, there are increasing
research efforts in applying the linguistic aspect of fuzzy set
theory to group decision making [3–5].
The analytic hierarchy process (AHP) is a comprehensive
framework designed to cope with multicriterion decision
problems. The AHP assumes that all elements in the same
cluster are preferentially independent, and there is no relationship between clusters at the same or different levels.
However, many decision problems cannot be structured hierarchically, because they involve interaction and dependence
of higher level elements on a lower level element [6, 7].
To overcome this difficulty, Saaty [7] proposed the analytic
network process (ANP) to solve the dependence problem
among alternatives or criteria. The ANP is an extension of
the AHP, is based on concepts of Markov chains, and is
nonlinear in structure [8]. This paper presents a hybrid fuzzy
ANP-based approach to solve the NPD selection problem. In
general, there are two approaches dealing with the integration
of group decision making: (1) preintegration and (2) postintegration. The preintegration method integrates group opinions
for each cluster element and then immediately defuzzifies
the resulting fuzzy numbers. The postintegration method
applies fuzzy set calculations during the process and then
ranks the resulting fuzzy scores using defuzzification or other
fuzzy ranking methods. Our study adopts the preintegration
approach.
The proposed model uses a modified fuzzy Kano method
(FKM) [9] to determine important criteria. The Kano model
illustrates the relationship between customer satisfaction and
product or service quality. Incorporating fuzzy set concepts
with the Kano model enables an expert to express his opinions more flexibly and accurately. The DEMATEL with fuzzy
concepts is applied to establish inner and outer relationships
of the clusters and criteria in the ANP framework. Recently,
the DEMATEL has been used to build ANP models [10–12].
The similarity aggregation method [13] is employed to aggregate expert opinions in applying the DEMATEL to establish
the ANP structure and then to calculate the criteria weights
in the decision network. Differing from commonly used topdown approach in structuring the dependency of ANP, the
proposed method first identifies the interdependence among
criteria, and then the identified relationships are mapped to
upper level clusters. In the synthesizing stage, TOPSIS using
weighted 𝐿 𝑝 metrics [14] and gray relation analysis (GRA)
[15] are used to evaluate alternatives and the results of the two
methods are compared.
In the following, Section 2 provides a literature review;
Section 3 describes the process of establishing the hybrid
MCDM model; Section 4 presents the numerical results of
a case study; Section 5 concludes the paper.
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2. Literature Review
There are many studies in the literature using ANP to solve
decision making problems. In two separate studies, Lee
and Kim [16] applied ANP to prioritize interdependent
information system projects. The studies [17–19] employed
ANP to solve R&D project selection problems. Hu et al.
[20] also used ANP to evaluate the homestay industry in
Northern Taiwan. Hybrid MCDM models are commonly
used to solve complex decision problems. Mohanty et al.
[18] presented a fuzzy ANP-based approach to solve R&D
selection problems, with a case study to illustrate the model.
Shyur [21] combined ANP and a modified TOPSIS to evaluate
and select the commercial-off-the-self (COTS) products for
software development projects. In this study, ANP is used to
obtain criteria weights, but not to evaluate the alternatives, so
that the number of pairwise comparisons can be significantly
reduced. The modified TOPSIS uses a newly defined weighted
Euclidean distance to rank competing products, based on
overall evaluation results for multiple criteria. Dağdeviren
[22] also adopted the same approach to solve personnel
selection problems in manufacturing systems. Hsu [23]
presented a selection model combining ANP and GRA for
independent media agencies, where GRA performs a role
similar to TOPSIS in [21, 22]. Wu et al. [24] presented a
hybrid MCDM that combines fuzzy Delphi method, ANP,
and TOPSIS for supplier selection and applied the model
to a real life situation. Azimi et al. [25] employed SWOT
technique to build an ANP model and used TOPSIS to rank
the strategies of mining sectors.
In practice, the perception of a decision maker is usually
vague, fuzzy, or linguistic. Many decision makers are more
confident in expressing their assessment or judgment in
terms of fuzzy numbers. Fuzzy multiple criteria methods are
often applied for selection problems when criteria values are
imprecise or vague [27, 28]. Kahraman et al. [29] applied
fuzzy AHP to select catering service companies in Italy.
Kaboli et al. [30] applied fuzzy AHP to select the optimal
and most preferable plant location for both investors and
managers. Kahraman et al. [31] compared fuzzy axiomatic
and fuzzy AHP methods to select the most appropriate
renewable energy alternative for Turkey. Kang et al. [32]
proposed a fuzzy ANP model which was structured based
on interpretive structural modeling (ISM) for technology
selection in NPD.
The technique for order preference by similarity to an
ideal solution (TOPSIS) method was proposed by [33]. It
is a useful technique in dealing with MCDM problems in
practice. The main concept of TOPSIS is that the most
preferred alternative should have the shortest distance from
the positive ideal solution (PIS) and the longest distance from
the negative ideal solution (NIS). The PIS is the solution that
maximizes the benefit criteria and minimizes the cost criteria,
while the NIS maximizes the cost criteria and minimizes the
benefit criteria. TOPSIS helps decision maker(s) organize the
problems to be solved and carry out analysis, comparisons,
and ranking of the alternatives. In recent years, TOPSIS has
been successfully applied to many areas, such as location
selection and analysis [34, 35], product design [36], human
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Table 1: Kano’s evaluation table.

Define the decision problem
Form an expert group
Group discussion
Fuzzy Kano method for criteria
Determine the decision
framework for evaluation
Fuzzy DEMATEL
based on SAM

Identify alternatives

Identify dependence among
criteria and form fuzzy ANP

Rate alternatives with
respect to each criterion
based on SAM

Establish fuzzy ANP,
calculate criteria weights based
on SAM, and defuzzify

Evaluate alternatives
using
TOPSIS and GRA

Figure 1: Proposed hybrid MCDM process.

resources management [37], manufacturing [38], and performance evaluation of ERP projects [39].
The Kano model was first developed by [40] to categorize
the features of a product or service, based on how well
they satisfy customers’ needs. Compared to the traditional
Kano model, the fuzzy Kano method allows the respondents
to express their ideas in a more flexible and reasonable
manner. The Kano model has been applied in new product
development [26], new service creation [41], and logistics
customer service [42].

3. Proposed Model
This section introduces the proposed hybrid MCDM. The
general steps are described below and illustrated in Figure 1.
Step 1. Define the problem—what types of new product are
to be considered? Organize a group comprising experts and
decision makers from diverse and associated organizations,
including R&D, Marketing, Production, IT, Product Planning, Clients, and so forth. Initiate and categorize criteria
based on the information in the literature and provided by
group members. Identify the alternatives.
Step 2. Apply the fuzzy Kano method using weighted total
frequency to determine the decision criteria, based on the
weights assigned for the six attributes and a threshold value.
Step 3. Identify the dependence among criteria, and complete
the ANP structure using fuzzy DEMATEL and SAM. The
centroid method is used to defuzzify the strength of the
integrated cause-and-effect influence calculated by the SAM.
Set a threshold value for the influence strength to finalize
the relation-structure of the criteria. The relationships among
clusters are also to be determined based on the relationstructure of the criteria.

Functional
Like
Must-be
Neutral
Live-with
Dislike

Like
Q
R
R
R
R

Must-be
A
I
I
I
R

Dysfunctional
Neutral
Live-with
A
A
I
I
I
I
I
I
R
R

Dislike
O
M
M
M
Q

Source by [26].

Step 4. Apply the SAM to aggregate the expert opinions for
pairwise comparison matrices of the FANP. Defuzzify the
fuzzy numbers, confirm the consistency, and calculate the
criteria weights using the method described in Section 3.4.
Step 5. Evaluate the alternatives by TOPSIS and GRA using
the criteria weights obtained in Step 4. Compare the results
of the two rating methods.
3.1. Fuzzy Kano Model (FKM). The FKM adopted for screening the criteria is based on [9] but uses a different evaluation
standard. Thus, the Kano model illustrates the relationship
between customer satisfaction and product or service quality.
The model divides product or service features into five
categories, as shown below.
(1) Must-be attributes: these attributes are considered
to be necessary by customers. Their sufficiency will
not result in higher satisfaction for customers, but
insufficiency will dissatisfy customers.
(2) One-dimensional attributes: these attributes are “the
more the better” and “the less the worse.” The effects
may only go in one direction.
(3) Attractive attributes: customers will feel more satisfaction as the performance of these attributes
improves. However, customers will still deem them
acceptable if they are not sufficient.
(4) Indifferent attributes: these attributes will not affect
customer satisfaction, whether they are sufficient or
not.
(5) Reverse attributes: these attributes have effects on
customer satisfaction inverse to one-dimensional
attributes; that is, “the more the worse” and “the less
the better.”
Kano et al. [40] used functional (positive) and dysfunctional
(negative) questionnaires, which form a 5 × 5 evaluation table
to determine distinct attributes. This is achieved by asking
two questions.
(1) If the product/service provided to you functions well,
how do you feel?
(2) If the product/service provided to you functions
unsatisfactorily, how do you feel?
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Table 2: Traditional Kano’s questionnaire (TKQ).
TKQ
Like
Functional
V
Dysfunctional

Must-be

Neutral

Live-with

Dislike

V

Table 3: Fuzzy Kano’s questionnaire (FKQ).
FKQ
Like
Functional
0.9
Dysfunctional

Must-be
0.1

Neutral

Live-with

Dislike

0.1

0.4

0.5

Table 1 shows Kano’s evaluation table, where the symbol
“𝑀” stands for “must-be,” “𝑂” for “one dimensional,” “𝐴”
for “attractive,” “𝑄” for “questionable,” “𝐼” for “indifferent,”
and “𝑅” for reverse.” Table 2 provides an answer sheet for
the traditional Kano questionnaire (TKQ). If a respondent
marks “like” for functional and “live-with” for dysfunctional,
then the conclusion is “𝐴” from Table 1. Table 3 presents
an example of the fuzzy Kano questionnaire (FKQ). The
FKQ allows a respondent to give a fuzzy evaluation when he
feels uncertain. Thus, the FKQ is superior to TKQ, since the
former is more accurate in securing a respondent’s authentic
opinion. In the case of Table 3, the 5 × 5 matrix is generated
𝑇
by [0.9 0.1 0 0 0] ⋅ [0 0 0.1 0.4 0.5], and the resulting
value that corresponds to “𝐴” is 0.09 + 0.36 = 0.45, to “𝑂” is
0.45, to “𝐼” is 0.05, to “𝑀” is 0.05, and to “𝑄” is zero. If the
significance classification level (also known as 𝛼-cut) is set to
0.4 by the decision makers, then a value of 1 will be given to
both “𝐴” and “𝑂” and 0 to the others.
The criteria screening process is illustrated as follows.
Step 1. For each criterion 𝐶𝑖𝑗 , calculate frequencies for each
attribute 𝑎 based on the group’s FKQ results, {𝐹𝑖𝑗𝑎 : 𝑎 =
𝑂, 𝐴, 𝑀, 𝐼, 𝑅, 𝑄}, where 𝐹𝑖𝑗𝑎 is the sum of “1” appearing in
FKQ results of 𝑁 experts for 𝐶𝑖𝑗 .
Step 2. For each 𝐶𝑖𝑗 , calculate the weighted total frequency
using formula (1):
𝑊𝐹𝑖𝑗 = 𝑊𝑜 ⋅ 𝐹𝑖𝑗𝑜 + 𝑊𝐴 ⋅ 𝐹𝑖𝑗𝐴 + 𝑊𝑀 ⋅ 𝐹𝑖𝑗𝑀
+ 𝑊𝐼 ⋅ 𝐹𝑖𝑗𝐼 + 𝑊𝑅 ⋅ 𝐹𝑖𝑗𝑅 + 𝑊𝑄 ⋅ 𝐹𝑖𝑗𝑄.

5 for “𝑀,” but 6 for “𝐼” and 0 for both “𝑅” and “𝑄,” then
this criterion will be classified as “𝐼” using the maximum
frequency standard. However, this does not appear to be a
good judgment since the total positive frequency of the three
positive attributes is much greater than that of “𝐼.”
3.2. Similarity Aggregation Method (SAM). SAM [13] is a
method for aggregating individual fuzzy opinions into a
group fuzzy consensus opinion. The SAM procedure is
̃ 𝑛 = (𝐿 𝑛 , 𝑀𝑛 , 𝑈𝑛 ) represent the
summarized as follows. Let 𝑅
opinion of expert 𝐸𝑛 , 𝑛 = 1, . . . , 𝑁. The agreement degrees of
experts 𝐸𝑛 and 𝐸𝑚 are defined as the following area ratio:
𝑆𝑛𝑚 =

̃𝑛 ∩ 𝑅
̃𝑚)
area (𝑅
̃𝑛 ∪ 𝑅
̃𝑚)
area (𝑅

Step 3. Compute 𝑊𝐹𝑖𝑗 for all criteria 𝐶𝑖𝑗 . If 𝑊𝐹𝑖𝑗 ≥ 𝑝, retain
criterion 𝐶𝑖𝑗 ; delete it if otherwise. The notation 𝑝 denotes
the threshold value, which is set to the average of 𝑊𝐹𝑖𝑗 for all
criteria in our study; that is, 𝑝 = ∑ 𝑊𝐹𝑖𝑗 /𝐾 , if there are a
total of 𝐾 criteria in the preliminary decision framework.
The FKM in this paper evaluates the importance level
of a criterion based on weighted total frequency, which is
different from commonly used maximum frequency. This
modification can avoid biased cases and produce an objective
and compromised screening solution. For example, if a
criterion’s FKQ result has a frequency of 5 for “𝑂,” 4 for “𝐴,”

(2)

Note that 𝑆𝑛𝑚 = 0 if 𝐿 𝑚 > 𝑈𝑛 or 𝐿 𝑛 > 𝑈𝑚 . After all agreement
degrees of the experts are measured, we can construct a
symmetric agreement matrix (AM):
[
[
AM = [
[

1
𝑆21
..
.

[ 𝑆𝑁1

𝑆12
1
..
.

𝑆𝑁2

. . . 𝑆1𝑁
. . . 𝑆2𝑁 ]
]
..
.. ] .
.
. ]
... 1 ]

(3)

The average agreement degree of expert 𝐸𝑛 (𝑛 = 1, . . . , 𝑁) is
given by
𝐴 (𝐸𝑛 ) =

𝑁
1
∑ 𝑆𝑛𝑚 .
𝑁 − 1 𝑚=1,𝑚 ≠
𝑛

(4)

The relative agreement degree of expert 𝐸𝑛 using (4) is
RAD𝑛 =

𝐴 (𝐸𝑛 )

∑𝑁
𝑚=1

𝐴 (𝐸𝑚 )

,

𝑛 = 1, . . . , 𝑁.

(5)

If the relative importance of expert 𝐸𝑛 ’s professional status is
considered, then the consensus degree coefficient of expert
𝐸𝑛 can be defined as follows:
CDC𝑛 = 𝜆 ⋅ 𝑢𝑛 + (1 − 𝜆) ⋅ RAD𝑛 ,

(1)

.

𝑛 = 1, . . . , 𝑁,

(6)

where 0 ≤ 𝜆 ≤ 1 and 𝑢𝑛 is the normalized relative importance of expert 𝐸𝑛 , which is assigned according to expert
𝐸𝑛 ’s professional status. The 𝜆 value is used to compromise
professional status and relative agreement degree of the 𝑁
experts. Therefore, the overall fuzzy number that results from
combining experts’ opinions to reach a consensus can be
defined as follows:
𝑁

̃𝑛) .
̃ = ∑ (CDC𝑛 ⋅ 𝑅
𝑅

(7)

𝑛=1

Our case study takes 𝜆 = 0, which implies that all experts
are equally important and their professional statuses are not
considered.
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Table 4: Linguistic expression of criteria weights and alternative ratings.
Intensity of fuzzy scale
1̃ = (1, 1, 1)
̃3 = (2, 3, 4)
5̃ = (4, 5, 6)
7̃ = (6, 7, 8)
9̃ = (9, 9, 9)
2̃, 4̃, 6̃, 8̃

Linguistic variables for relative weights of criteria
Linguistic variables for performance values of alternatives
Equally important
Extremely low
Moderately important
low
Strongly important
medium
Very strongly important
high
Extremely strongly important
Extremely high
Intermediate values between two adjacent judgments; 2̃ = (1, 2, 3), 4̃ = (3, 4, 5), 6̃ = (5, 6, 7), 8̃ = (7, 8, 9)

3.3. Fuzzy DEMATEL. The Decision Making Trial and Evaluation Laboratory (DEMATEL) method, developed by the
Science and Human Affairs Program of the Battelle Memorial
Institute of Geneva between 1972 and 1976, was used for
researching and solving complicated and intertwined problems [43, 44]. This methodology can confirm the interdependence among the criteria and reflect the relationship between
the causes and effects of the criteria into an intelligent
structural model [12, 45]. The DEMATEL method is briefly
described as follows.
Step 1. Calculate the initial direct-relation matrix.
Each expert 𝐸𝑛 is asked to specify the direct influence
of one criterion 𝑖 over another criterion 𝑗 and vice versa.
We denote the fuzzy direct influence given by expert 𝐸𝑛 as
𝑗, 𝑛 = 1, . . . , 𝑁}, using a scale of
{̃𝑧𝑖𝑗𝑛 | 𝑖, 𝑗 = 1, . . . , 𝐾, 𝑖 ≠
fuzzy integers ranging from 0̃ to 4̃. The symbol 𝐾 is the total
number of criteria. These fuzzy integers correspond to “little
influence,” “slight influence,” “influence,” “high influence,”
and “very high influence,” respectively. They are defined as
0̃ = (0, 0, 1), 1̃ = (0, 1, 2), 2̃ = (1, 2, 3), ̃3 = (2, 3, 4), and
4̃ = (3, 4, 4). The SAM technique is applied to aggregate
the 𝑁 opinions, which results in 𝑧̃𝑖𝑗 = (𝐿 𝑖𝑗 , 𝑀𝑖𝑗 , 𝑈𝑖𝑗 ). Each
aggregated fuzzy number 𝑧̃𝑖𝑗 will then be defuzzified using the
centroid method 𝑧𝑖𝑗 = (𝐿 𝑖𝑗 + 𝑀𝑖𝑗 + 𝑈𝑖𝑗 )/3. Thus, the initial
direct influence matrix 𝑍 = {𝑧𝑖𝑗 } is obtained by pairwise
comparisons and SAM procedure.
Step 2. Normalize the direct influence matrix 𝑍.
The normalized direct-relation matrix 𝐷 is obtained
by (8), in which all principal diagonal elements are zero.
Consider
𝐷 = 𝑠 ⋅ 𝑍;

0 < 𝑠 ≤ sup;

sup = Min (

1
1
),
  ,
𝐾  


𝑧
max1≤𝑖≤𝐾 ∑𝐾
max
1≤𝑗≤𝐾 ∑𝑖=1 𝑧𝑖𝑗 
𝑗=1  𝑖𝑗 
(8)
𝑚

where lim𝑚 → ∞ 𝐷 = {0}.
Step 3. Derive the total influence matrix 𝑇 = {𝑡𝑖𝑗 }. Consider
−1

𝑇 = 𝐷 ⋅ (𝐼 − 𝐷) ,
where 𝐼 is identity matrix.

(9)

Step 4. Set a threshold value 𝛼 to obtain a truncated total
𝛼
influence matrix 𝑇 and produce an ANP structure based
𝛼
𝛼
on the impact-diagraph-map relationships in 𝑇 . If 𝑇 shows
outer relationships among criteria belonging to different
clusters (aspects), then these clusters will also be considered
to be interrelated.
Setting an appropriate threshold value will help management make decisions efficiently and effectively. If all causeand-effect information in 𝑇 is used for the impact-directmap, the ANP will be too complex for decision making.
𝛼
However, if the threshold is set to a higher standard, then 𝑇
might be a scarce matrix. In such a situation, using row sums
𝛼
𝛼
of 𝑇 to normalize the elements in 𝑇 and then applying
the normalized matrix to modulate the relative weights of
criteria may not be able to reflect the authentic opinions of
the experts. Hence, it would be more appropriate to consult
with the experts to obtain the relative influential strengths of
related criteria with respect to each criterion.
3.4. Fuzzy ANP. To calculate the cluster (or aspect) and criteria weights, the FANP requires each expert to compare the
clusters and criteria in the whole decision framework, so
that a supermatrix is formed through pairwise comparisons.
A nine-level fuzzy scale shown in the first two columns of
Table 4 is adopted to obtain experts’ opinions. Similarly,
columns 1 and 3 of Table 1 will be used for rating alternatives
described in Section 3.5. In the calculation process, SAM
is applied to aggregate the 𝑁 experts’ assessments for each
cell of pairwise comparison matrices. The centroid method is
used to defuzzify the aggregated fuzzy values, and then the
row geometric mean method is applied to obtain the relative
weights of each cell in each comparison matrix.
The general form of the supermatrix is W = {𝑊𝑖𝑗 }, 𝑖, 𝑗 =
1, . . . , 𝑀, where 𝑀 is the total number of clusters in the
ANP. 𝑊𝑖𝑗 = {𝑤𝑟𝑠 }, 𝑟 = 1, . . . , |𝐶𝑖 | and 𝑠 = 1, . . . , |𝐶𝑗 |,
where |𝐶𝑖 | is the number of elements in clusters 𝐶𝑖 and
𝐶𝑗 , respectively. 𝑤𝑟𝑠 is the normalized relative weight of
element 𝑟 with respect to element 𝑠. Note that ∑𝑟 𝑤𝑟𝑠 = 1,
for 𝑠 = 1, . . . , |𝐶𝑗 |. Since there is usually interdependence
among clusters, the elements in a supermatrix column may
add up to more than one. The supermatrix columns must
be normalized to unity to make it stochastic. The final
priority weights, which account for element interactions, are
derived by continuously self-multiplying the transpose of the
supermatrix until the transposed matrix converges. Saaty [7]
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suggested assigning equal values to normalize each column
and obtain the weighted (i.e., stochastic) supermatrix.
Yang et al. [46] used row sum to normalize the elements
𝛼
of 𝑇 and to obtain a matrix S. Afterwards, a weighted (normalized) supermatrix is obtained via the following matrix
calculation, S ⋅ W. The limiting criteria weights can then
be obtained by computing the weighted supermatrix for a
sufficiently large number 𝑛. Shen et al. [47] built an ANP
framework based on the total influence matrix 𝑇, which
will produce inner relationships among criteria within each
cluster and outer relationships among criteria belonging to
different clusters. Then, criteria weights were appraised for
each submatrix with inner relationships (i.e., in the same
aspect) and with outer relationships (i.e., cross different
aspects). Thus, an unweighted supermatrix is constructed.
The weighted supermatrix was acquired by assigning equal
values to each submatrix so that each column sums to one, as
suggested by Saaty [7]. Finally, the limiting criteria weights
can be obtained using the Markov chain theory. Tamura
and Akazawa [48] employed the total influence matrix 𝑇 to
modulate the relative criteria weights 𝑤𝑐 using the formula
(𝐼 + 𝑇) ⋅ 𝑤𝑐 , where 𝐼 is identity matrix.
This paper considers two methods for calculating the
criteria weights of the ANP created by DEMATEL. Method
1 modulates the relative weights of both aspects and criteria
by multiplying the interrelation weight matrix once, whereas
Method 2 computes the criteria weights based on limiting
supermatrix. Similar to Yang et al. [46], our ANP framework
𝛼
was built using 𝑇 , but in our study the interrelation weight
matrix was generated using pairwise comparisons based on
the opinions of the experts.
It should be noted that the limiting supermatrix method
may not be appropriate for certain types of ANP networks.
An example is a hierarchical ANP with interrelations among
elements on the same level but no feedback relations for
elements on different levels. For such an ANP network, the
limiting criteria weights will be independent of the initial
relative weights of the criteria and the aspects, according to
the Markov chain theory. In addition, some limiting criteria
weights will be zero if there are one-directional impacts in
the ANP network. Furthermore, some criteria weights may
be overappraised due to adding effects of direct and indirect
influences. Our research adopts Method 1, which adjusts the
criteria weights by considering direct influence.
3.5. Evaluating the Alternatives. Two methods are applied
to rate the overall scores of alternatives: (1) TOPSIS using
weighted 𝐿 𝑝 metrics and (2) GRA. Both rating methods
use positive ideal solution (PIS) and negative ideal solutions
(NIS), but their calculation formulae are different.
The following presents the modified TOPSIS procedure.
Step 1. Construct a decision matrix 𝐷.
Let 𝐴 = {𝑎1 , 𝑎2 , . . . , 𝑎𝑄} be a set of 𝑄 alternatives;
𝑛
|
𝐶 = {𝐶1 , 𝐶2 , . . . , 𝐶𝐾 } is a set of 𝐾 criteria; a matrix {𝑥𝑞𝑘
𝑞 = 1, . . . , 𝑄; 𝑘 = 1, . . . , 𝐾} denotes the rating score
of expert 𝐸𝑛 on alternative 𝑞 with respect to criterion 𝑘,
𝑞 = 1, . . . , 𝑄; 𝑘 = 1, . . . , 𝐾. Moreover, the relative criteria
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weights are (V1 , V2 , . . . , V𝐾 ). Apply geometric mean method to
aggregate the 𝑁 experts’ rating scores as in (10) and obtain the
decision matrix 𝐷 = {𝑥𝑞𝑘 }. Consider
1/𝑁

𝑁

𝑛
𝑥𝑞𝑘 = (∏𝑥𝑞𝑘
)

,

𝑞 = 1, . . . , 𝑄; 𝑘 = 1, . . . , 𝐾.

(10)

𝑛=1

Step 2. Normalize the evaluation matrix 𝐷.
𝑟𝑞𝑘 =

𝑥𝑞𝑘
2
√∑𝑄
𝑞=1 𝑥𝑞𝑘

,

𝑞 = 1, . . . , 𝑄; 𝑘 = 1, . . . , 𝐾.

(11)

Step 3. Calculate the PIS and NIS.
After normalization, all 𝑟𝑖𝑗 ’s are the larger the better.
Therefore,
𝑟𝑘∗ = max 𝑟𝑞𝑘 ,

𝑟𝑘− = min 𝑟𝑞𝑘 ,

𝑘 = 1, . . . , 𝐾.

𝑞=1,...,𝑄

𝑞=1,...,𝑄

(12)

Step 4. Calculate the distances to PIS (denoted 𝑆𝑞+ ) and to NIS
(denoted 𝑆𝑞− ) for alternative 𝑞:
1/2

𝐾

2

𝑆𝑞− = ( ∑ V𝑘 ⋅ 𝑟𝑞𝑘 − 𝑟𝑘−  )

,

𝑘=1

(13)

1/2

𝐾

2

𝑆𝑞+ = ( ∑ V𝑘 ⋅ 𝑟𝑘∗ − 𝑟𝑞𝑘  )

,

𝑞 = 1, . . . , 𝑄.

𝑘=1

Step 5. Rank the alternatives.
Calculate the ratio
𝑅𝑞 =

𝑆𝑞−
(𝑆𝑞+ + 𝑆𝑞− )

.

(14)

Afterwards, rank the alternatives based on 𝑅𝑞 values in
decreasing order. The larger the value 𝑅𝑞 , the better the
alternative 𝑞.
The GRA has the same procedures for Step 1 as the
modified TOSPSIS.
Step 2. Normalize the decision matrix 𝐷.
For benefit criteria, 𝑟𝑞𝑘 = (𝑥𝑞𝑘 − 𝑥𝑘− )/(𝑥𝑘∗ − 𝑥𝑘− ).
For cost criteria, 𝑟𝑞𝑘 = (𝑥𝑘∗ − 𝑥𝑞𝑘 )/(𝑥𝑘∗ − 𝑥𝑘− ). Clearly, the
PIS is 𝑟𝑘∗ = 1, and the NIS is 𝑟𝑘− = 0, 𝑘 = 1, . . . , 𝐾.
Step 3. Calculate the distance to PIS using Δ 𝑞𝑘 = 1 − 𝑟𝑞𝑘 .
The gray relation coefficient (GRC) of alternative 𝑞 with
respect to criterion 𝑘 is: 𝛾𝑞𝑘 = 𝜉/(Δ 𝑞𝑘 + 𝜉), where 𝜉 is the
distinguishing coefficient and usually takes a value of 0.5 for
objective purposes.
Step 4. Calculate the rating score 𝑅𝑞 for alternative 𝑞 and rank
the alternatives:
𝐾

𝑅𝑞 = ∑ V𝑘 ⋅ 𝛾𝑞𝑘 ,
𝑘=1

𝑞 = 1, . . . , 𝑄.

(15)
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4. A Case Study
Medical display monitors (MDMs) have been extensively
used by medical organizations in recent years. The technological requirements of MDMS are higher than those of
display monitors used for general purposes, but their gross
profit margins are larger as well. Color calibration device
(CCD) is a key component in the performance of medical
display monitor (MDM). During the diagnosis and treatment
process, MDMs must provide precise and stable images
to assist doctors in treating their patients effectively and
efficiently. The CCD provides measurement and correction
functions for MDM to achieve high quality performance,
including high resolution, steady luminous intensity and
gray scale, and accurate color temperature. Therefore, CCD
development is essential for MDM manufacturers.
The following describes the model implementation,
which has been specified in Section 3. Step 1 includes
“defining the problem,” “forming a group comprising experts
and decision makers,” and “identifying alternatives.”
The purpose of the case study is to build a hybrid MCDM
model for selecting the best CCD to develop for a company.
The case company is a subsidiary of a well-established
international LCD producer in Taiwan. Thus, the company’s
relations and corporate support, including local hospitals and
large medical centers, are its main assets. In the case study,
ten experts and managers from diverse organizations in the
company, such as R&D, IT, Marketing, and Product Planning,
were invited to join the group. Their opinions were collected
for building the FANP model and calculating the criteria
weights. In addition to the expert group, ten product-related
sales agents were invited to appraise the alternatives with
respect to each criterion.
The expert group proposed three types of CCD for
development. The key features of the three alternatives are
described as follows:
A1 : Front sensor—size: 18 × 10 mm; weight: 30 g; built-in
USB; automatic control; technical difficulty: moderate; current market share: 30%; precision degree: 15%;
applicable MDM: 19–27 inch; investment: 100,000
USD; estimated selling price: 1,000 USD; warranty: 3
years.
A2 : Color sensor—size: 68 × 41 mm; weight: 140 g; external USB; manual control; technical difficulty: low;
current market share: 60%; precision degree: 5%;
applicable MDM: 19–60 inch; investment: 60,000
USD; estimated selling price: 300 USD; warranty: 1
year.
A3 : Swing sensor—size: 117 × 29 × 96 mm; weight:
160 g; external USB; automatic control; technical difficulty: high; current market share: 10%; precision
degree: 10%; applicable MDM: 19–27 inch; investment: 150,000 USD; estimated selling price: 1,200
USD; warranty: 2 years.
A selection of the three alternatives will indicate the competitive advantages that the company currently possesses
and which marketing strategies the company should adopt.
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Table 5: Criterion frequencies of fuzzy Kano model and weighted
total frequency.
𝑊(𝑀∼𝑄)
𝐶11
𝐶12
𝐶13
𝐶14
𝐶21
𝐶22
𝐶23
𝐶24
𝐶31
𝐶32
𝐶33

0.8
M
2
5
2
3
3
3
3
4
3
1
4

1
O
5
4
8
3
6
4
6
4
6
7
4

0.6
A
4
1
0
5
1
4
2
3
1
2
2

−1
I
0
0
0
0
0
1
0
1
1
1
0

−1
R
0
0
0
0
0
0
0
0
0
0
0

0
Q
0
0
0
0
0
0
0
0
0
0
0

Avg. 7.493
𝑊𝐹𝑖𝑗
9
8.6
9.6
8.4
9
7.8
9.6
8
8
8
8.4

From the company’s standpoint, each alternative has its
advantage and disadvantage. The technology threshold to
successfully develop alternative A1 is moderate, and thus the
development risk is controllable. The built-in USB feature
will be the competitive advantage in the market. The technological task of alternative A2 is relatively easy. Therefore,
its development risk is low, and the new product based
on A2 can be introduced to market within a short time.
Since the development risk of A2 is low, there will be many
competitors, and low product price will be critical to the
success of the market introduction of A2 . Finally, alternative
A3 is technically difficult and has a high development risk and
low probability of success. However, if successful, A3 will be
the most beneficial, as the company will become a pioneer of
CCD technology field, and the high selling price will generate
high profit.
Step 2 is to apply fuzzy Kano method to determine
the decision framework, using weights assigned for the six
attributes.
The preliminary decision framework considers three
aspects and fifteen criteria [17, 18, 26, 32, 49, 50]. After the
modified FKM was applied, eleven criteria are considered
for the problem. Table 5 shows the FKQ results of the group
for the eleven criteria, where each criterion has a weighted
frequency greater than 7.493, which is the average of the
initial fifteen criteria. In order to utilize the modified FKM,
preprocessing is performed to assign the weights of the six
quality attributes. Three attributes, (𝑀, 𝐴, 𝑂), are regarded
as positive elements, whereas the other three attributes, (𝑅,
𝐼, 𝑄), are considered to be undetermined or negative. By
observing the characteristics of these attributes in a twodimensional Kano model and after a discussion with the
group, a weight vector for the attributes is obtained as follows:
(𝑊𝑂, 𝑊𝐴 , 𝑊𝑀, 𝑊𝐼 , 𝑊𝑅 , 𝑊𝑄) = (1, 0.6, 0.8, −1, −1, 0). This
assignment is conservative as it stresses the negative effects
−1 for attributes 𝐼 and 𝑅, but 0.8 for attribute 𝑀 and 0.6 for
attribute 𝐴. The expert group assigns the highest weight for
“𝑂” because this attribute evaluates the product performance
with either positive or negative effects; a less weight for “𝑀”
because it is a necessity for every new product alternative;
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Table 6: Initial direct matrix 𝐷.
Criteria
𝐶11
𝐶12
𝐶13
𝐶14
𝐶21
𝐶22
𝐶23
𝐶24
𝐶31
𝐶32
𝐶33

𝐶11
0
0.103
0.112
0.077
0.109
0.076
0.097
0.104
0.093
0.079
0.056

𝐶12
0.082
0
0.092
0.116
0.088
0.077
0.103
0.101
0.076
0.084
0.090

𝐶13
0.077
0.077
0
0.076
0.097
0.072
0.078
0.089
0.081
0.124
0.061

𝐶14
0.089
0.104
0.063
0
0.115
0.109
0.114
0.103
0.075
0.111
0.078

𝐶21
0.097
0.112
0.086
0.070
0
0.100
0.090
0.087
0.076
0.056
0.079

𝐶22
0.104
0.076
0.109
0.072
0.094
0
0.078
0.089
0.097
0.084
0.076

𝐶23
0.096
0.060
0.085
0.097
0.103
0.063
0
0.113
0.103
0.076
0.115

𝐶24
0.069
0.109
0.111
0.096
0.084
0.068
0.069
0
0.088
0.076
0.084

𝐶31
0.062
0.109
0.103
0.114
0.100
0.121
0.071
0.097
0
0.072
0.106

𝐶32
0.098
0.084
0.097
0.102
0.095
0.077
0.042
0.068
0.102
0
0.103

𝐶33
0.093
0.117
0.115
0.048
0.115
0.097
0.098
0.097
0.092
0.072
0

𝐶31
0.785
0.894
0.903
0.831
0.919
0.832
0.777
0.878
0.737
0.772
0.806

𝐶32
0.756
0.809
0.832
0.762
0.848
0.738
0.694
0.788
0.770
0.647
0.745

𝐶33
0.800
0.887
0.901
0.765
0.918
0.800
0.787
0.865
0.811
0.759
0.699

𝛼

Table 7: Initial total influence matrix 𝑇 and truncated 𝑇 with 𝛼 = 0.8.
Criteria
𝐶11
𝐶12
𝐶13
𝐶14
𝐶21
𝐶22
𝐶23
𝐶24
𝐶31
𝐶32
𝐶33

𝐶11
0.688
0.846
0.867
0.764
0.883
0.755
0.760
0.842
0.784
0.740
0.727

𝐶12
0.770
0.759
0.857
0.802
0.873
0.762
0.772
0.847
0.775
0.751
0.762

𝐶13
0.710
0.769
0.711
0.712
0.816
0.702
0.693
0.773
0.723
0.730
0.682

𝐶14
0.811
0.891
0.872
0.732
0.934
0.823
0.813
0.885
0.811
0.805
0.786

𝐶21
0.743
0.816
0.809
0.723
0.746
0.742
0.722
0.792
0.735
0.688
0.713

the smallest weight for “𝐴” with the purpose of keeping a
conservative and optimistic attitude toward this new product
development problem.
The three aspects [17, 18, 49, 50] and the criteria within
each aspect [17, 18, 26, 32, 49, 50] are as follows:
technical capability (𝑃1 )—𝐶11 : technology patent,
𝐶12 : product accreditation, 𝐶13 : customization capacity and 𝐶14 : R&D capability;
marketing environment (𝑃2 )—𝐶21 : product profitability, 𝐶22 : competitiveness, 𝐶23 : consumer preference and 𝐶24 : brand image;
organizational management (𝑃3 )—𝐶31 : relations and
corporate support, 𝐶32 : integration ability, and 𝐶33 :
marketing capability.
Step 3 employs fuzzy DEMATEL and SAM to identify the
dependence among criteria. The resulting cause-and-effect
among criteria is mapped to aspects for deriving relationstructures. Then the integrated cause-and-effect strength,
calculated by the SAM, is defuzzified via the centroid method.
Table 6 displays the defuzzified initial direct matrix 𝐷, and
Table 7 shows the total influence matrix 𝑇. The ANP network

𝐶22
0.765
0.805
0.847
0.741
0.851
0.668
0.727
0.810
0.770
0.728
0.726

𝐶23
0.783
0.821
0.855
0.787
0.888
0.754
0.680
0.859
0.801
0.744
0.785

𝐶24
0.720
0.816
0.830
0.746
0.825
0.717
0.705
0.712
0.746
0.706
0.719

𝛼

was built using the truncated 𝑇 . In order to reduce network
complexity and consider only major effects, a high threshold
𝛼
value of 𝛼 = 0.8 is adopted to map 𝑇 onto the hierarchical
framework. All the underlined boldface values are above 0.8
and will be applied to establish the relation-structure of the
criteria and the aspects. The outcome indicates that the three
aspects interact with each other, and the resulting structure
of the ANP with corresponding supermatrix is shown in
Figure 2. Note that matrix 𝑊10 is 3 by 1, and it denotes the
relative importance of the three aspects with respect to the
goal. Matrix 𝑊11 is 3 by 3, which gives the relative weights
due to interdependence among the three aspects. Since all
three aspects have inner-relations criteria and outer-relations
criteria, the evaluation of relative importance or influential
strengths will include each aspect itself. Matrix 𝑊21 is 11
by 3 and each column indicates the relative importance of
the criteria with respect to their aspect. Finally, matrix 𝑊22
is 11 by 11 and each column represents the relative weights
due to interrelations among criteria. The elements of 𝑊11
and 𝑊22 are derived based on pairwise comparisons through
consultations with experts.
Liou and Chuang [10] studied the outsourcing provider
selection problem and developed a hybrid MCDM model

Mathematical Problems in Engineering

9

G

Goal (G)

Ms = P

P1

P2

C11

C21

C12

C22

C13

C23

C14

C24

C

P3

G

P

0

0

W10 W11
0

C
0
0

W21 W22

Unweighted supermatrix

A1

A2

C31
C32

G

C33

Mw = P
C

A3

G
0

P
0

C
0

W10 W11 /2
0

0

W21 /2 W22

Weighted supermatrix

Figure 2: ANP structure with alternatives and corresponding supermatrices.
Table 8: Pairwise comparisons and relative weights of aspects against goal.
𝑃1
𝑃2
𝑃3

𝑃1
1 (1, 1, 1)
1/0.723 (1/0.749, 1/0.719, 1/0.702)
1/4.128 (1/5.112, 1/4.128, 1/3.144)

𝑃2
0.723 (0.702, 0.719, 0.749)
1 (1, 1, 1)
1/3.872 (1/4.841, 1/3.871, 1/2.903)

𝑃3
4.128 (3.144, 4.128, 5.112)
3.872 (2.903, 3.871, 4.841)
1 (1, 1, 1)

RGM
1.440
1.749
0.397

𝑊10
0.402
0.488
0.111

𝜆 max : 3.017; CI: 0.008; RI: 0.580; CR: 0.014.

Table 9: Interdependence weight matrix 𝑊11 .
𝑊11
𝑃1
𝑃2
𝑃3

𝑃1 ∗
0.704∗
0.204∗
0.092∗

𝑃2
0.438
0.484
0.078

𝑃3
0.662
0.133
0.204

consisting of DEMATEL, ANP, and VIKOR to prioritize the
alternatives. In their model, the DEMATEL builds a relationstructure among criteria, the ANP determines the relative
criteria weights that take into account dependence and
feedback, and the VIKOR ranks the alternatives. A similar
approach was adopted to solve the supplier selection problem
[11] and technology selection for organic LED product [12].
The purpose of Step 4 is to derive reliable criteria weights
for the ANP from Step 3, using pairwise comparisons and
the SAM procedure. Table 8 presents the calculation results
of the relative importance for the three aspects with respect
to the goal. First, the SAM is applied to the expert group
in order to obtain the aggregated fuzzy relative importance
ratios, which are triangular fuzzy numbers. Then the centroid
method is used to defuzzify these fuzzy numbers. Finally, the
row geometric mean (RGM) method is employed to obtain
the weights of three aspects with respect to the goal. The size
of matrix 𝑊10 is 3 by 1. By applying similar procedures, the
interdependence weight matrix of 𝑊11 is obtained. Table 9
presents matrix 𝑊11 , and Table 10 shows the calculation
process of obtaining the interdependence weights of 𝑃1
within three aspects. Table 11 displays the matrix 𝑊21 , which
represents the relative weights of the criteria with respect to
their own aspect. These weights are obtained through the
same calculation procedure.

Table 12 presents matrix 𝑊22 , which provides the interdependence weights among the criteria. These weights are
𝛼
obtained via the truncated matrix 𝑇 . For example, it can be
observed that criterion 𝐶11 is influenced by criteria 𝐶12 , 𝐶13 ,
𝛼
𝐶21 , and 𝐶24 from 𝑇 . Thus, the relative influential strengths
of these criteria on criterion 𝐶11 are assessed using pairwise
comparisons given by the experts, and then their assessments
are aggregated using the SAM technique.
In Section 3.4, two methods were introduced to calculate
the relative criteria weights. When the limiting supermatrix
approach (Method 2) is used, the resulting criteria weights
will be independent of the initial relative weights of the
criteria and the aspects (i.e., 𝑊10 and 𝑊21 ). It is the result
from Markov chain theory. In addition, the limiting supermatrix approach may not be appropriate if the chain is not
irreducible (not all criteria influence each other). In such
a situation, some criteria will have zero limiting weights.
In addition, some criteria weights may be overrated due to
counting the weight based on direct influence and all indirect
influences. It is more reasonable to use Method 1, which
modulates the relative weights based on direct influence.
Table 13 shows the relative weights of aspects and criteria
using Method 1. Table 14 presents the limiting relative weights
of criteria by applying Method 2 on the matrix 𝑀𝑤 in Figure 2.
The following describes the two calculation methods for
criteria weights.
Method 1: the formula for calculating global criteria
weights 𝑤𝑐 is ((𝑊22 ⋅ 𝑊21 ) ⋅ (𝑊11 ⋅ 𝑊10 )), which yields 𝑤𝑐 =
(0.024, 0.186, 0.222, 0.033, 0.326, 0.024, 0.017, 0.098, 0.042,
0.023, 0.006). The adjusted aspect weights are (𝑊11 ⋅ 𝑊10 ) =
(0.570, 0.333, 0.098); the unadjusted global criteria weights
are (𝑊21 ⋅ (𝑊11 ⋅ 𝑊10 )) = (0.070, 0.117, 0.113, 0.103, 0.139, 0.117,
0.164, 0.028, 0.029, 0.032, 0.037); the adjusted criteria weights
are 𝑤𝑐 as shown above.
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Table 10: Pairwise comparisons and relative dependence weights of 𝑃1 within aspects.

𝑃1
𝑃2
𝑃3

𝑃1
1 (1, 1, 1)
1/4.152 (1/4.996, 1/4.147, 1/3.314)
1/6.360 (1/7.309, 1/6.360, 1/5.411)

𝑃2
4.152 (3.314, 4.147, 4.996)
1 (1, 1, 1)
1/2.646 (1/3.525, 1/2.646, 1/1.767)

𝑃3
6.360 (5.411, 6.360, 7.309)
2.646 (1.767, 2.646, 3.525)
1 (1, 1, 1)

RGM
2.978
0.861
0.390

𝑊∗
0.704∗
0.204∗
0.092∗

𝜆 max : 3.033; CI: 0.017; RI: 0.580; CR: 0.029.

Table 11: Weight matrix 𝑊21 .
𝑊21
𝐶11
𝐶12
𝐶13
𝐶14
𝐶21
𝐶22
𝐶23
𝐶24
𝐶31
𝐶32
𝐶33

𝑃1
0.173
0.291
0.281
0.256

𝑃2

𝑃3

0.310
0.262
0.365
0.063
0.301
0.325
0.374

Method 2: the limiting global criteria weights (𝑤𝑐 )𝑇 =
𝑛
any column of lim𝑛 → ∞ ((𝑊22 )𝑇 ) = (0.005, 0.187, 0.323, 0.034,
0.408, 0.004, 0.004, 0.024, 0.006, 0.005, 0.001), which are
independent of the submatrices 𝑊10 , 𝑊11 , and 𝑊12 .
As observed from 𝑊22 in Table 12, the criteria 𝐶12
(Product accreditation), 𝐶13 (Customization capacity), and
𝐶21 (Relations and corporate support) are the most influential
criteria, and their adjusted global weights are the weighted
sum of their influenced criteria weights, increasing from
(0.117, 0.113, 0.103) to (0.186, 0.222, 0.326) for Method 1 and
to (0.187, 0.323, 0.408) for Method 2. The global weights of
𝐶12 , 𝐶13 , and 𝐶21 under AHP calculations (𝑊21 ⋅ 𝑊10 ) are
(0.117, 0.113, 0.151). However, the three criteria weights of
Method 1 are smaller than those of Method 2 since Method
1 only includes direct influence effect but Method 2 covers
both direct and indirect influence effects. On the other hand,
criteria 𝐶14 and 𝐶33 impact the other criteria the least, their
weights decrease from (0.103, 0.037) to (0.033, 0.006) for
Method 1 and to (0.034, 0.001) for Method 2.
Method 1 will be appropriate for our hierarchical ANP
framework, since each of 𝑊10 , 𝑊11 , and 𝑊21 will have an
impact on the final criteria weights to rate the alternatives.
The final step requires the 20 participants in Step 1 to
appraise the performance of each alternative with respect to
each criterion. The weighted TOPSIS and GRA described in
Section 3.5 are employed to evaluate the three alternatives.
The results are shown in Table 15. The elements of column
𝑗 under TOPSIS are the normalized scores 𝑟𝑞𝑘 obtained by
(11). The synthetized scores of the three alternatives are 𝑅𝑞 in
(14), obtained through Steps 3–5 of the TOPSIS procedure
in Section 3.5. The elements of column 𝑗 under GRA are
the gray relation coefficient (GRC) 𝛾𝑞𝑘 , and the synthetized
scores are calculated using (15). Both methods lead to the

same conclusion, regardless of which method is used to derive
the criteria weights. The values within the parentheses are
counted using Method 2. Alternative A1 is the best choice
for the case company, mainly because A1 is most likely to
generate high profits and obtain product accreditation. In
addition, the color adjustment of A1 is automatic, whereas
the adjustments of A2 and A3 are semiautomatic. The major
customers of the case company are medical organizations,
where the medical staff are usually busy during business
hours and may not constantly be able to keep CCO in the
optimal condition. The medical staff generally prefer A1 to
the other two alternatives.

5. Conclusions
The medical display monitors (MDMs) are commonly used in
medical service centers, and the industry has been growing
rapidly in the past decades. Generally speaking, MDMs
require more advanced technology than LCD monitors.
Therefore, the profit margin is higher than the standard
LCD monitors. The color calibration device is a crucial
component for the functional quality of MDM. In this study,
we present a hybrid multiple criteria decision model for
selecting the most suitable new color calibration device for a
company interested in the MDM market to develop. The case
company is a subsidiary of a well-established international
LCD producer. Thus, the company’s relations and corporate
support, including local hospitals and large medical centers,
are its main assets.
The presented MCDM model consists of the following
stages. (1) Apply fuzzy Kano model with weighted total
frequency to screen important factors or criteria for the
studied problem; compared to the mode frequency standard,
the weighted total frequency is more objective and more
likely to reach consensus and achieve a better screening
solution. (2) Employ the DEMATEL and SAM to aggregate
the group’s opinions and recognize the interdependency
among perspectives, as well as criteria, and thus produce
the ANP framework; a strict threshold is adopted to generate cause-and-effect relationships among criteria and these
relationships will in turn generate the interrelations among
the aspects at the upper level. (3) Evaluate the ANP framework based on pairwise comparisons using SAM; apply two
computation methods to calculate the relative weights: one
based on direct influence and the other based on limiting
supermatrix. (4) Rate three alternatives for each of the 11
criteria using weighted TOPSIS and GRA; select the best
alternative based on the weighted sum with global criteria
weights obtained from stage 3. In this case study, it yields
the same alternative rankings for any combination of the
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Table 12: Interdependence weights among criteria matrix 𝑊22 .
𝐶11
𝐶11
𝐶12
𝐶13
𝐶14
𝐶21
𝐶22
𝐶23
𝐶24
𝐶31
𝐶32
𝐶33

0.151
0.302

𝐶12

0.287

0.345
0.178
0.388

0.260

0.089

𝐶13

𝐶14
0.133
0.086
0.069

1.000

𝐶21

𝐶22

𝐶23

𝐶24

𝐶31

𝐶32

0.396
0.604

0.326
0.322

0.385
0.142

0.587
0.184

0.706
0.150

0.080

0.272

0.229

0.126
0.118
0.105
0.142
0.152

0.272

0.047
0.153

0.084
0.090
0.118
0.116
0.145
0.158

0.144

0.167

𝐶33
0.122
0.113
0.151
0.201
0.165
0.185
0.062

0.191
Table 13: Modulated criteria weights by Method 1.

Aspect
Weight
Criteria
Weight

𝑃1
0.570
𝐶11
0.024

𝐶12
0.186

𝑃2
0.333
𝐶13
0.222

𝐶14
0.033

𝐶21
0.326

𝐶22
0.024

𝐶23
0.017

𝐶24
0.098

𝐶31
0.042

𝑃3
0.098
𝐶32
0.023

𝐶33
0.006

𝐶31
0.005
0.188
0.324
0.034
0.406
0.004
0.004
0.024
0.006
0.005
0.001

𝐶32
0.005
0.187
0.323
0.034
0.407
0.004
0.004
0.024
0.006
0.005
0.001

𝐶33
0.005
0.187
0.323
0.034
0.408
0.004
0.004
0.024
0.006
0.005
0.001

Table 14: Criteria weights in the limiting supermatrix (Method 2).
𝐶11
𝐶12
𝐶13
𝐶14
𝐶21
𝐶22
𝐶23
𝐶24
𝐶31
𝐶32
𝐶33

𝐶11
0.005
0.187
0.323
0.034
0.408
0.004
0.004
0.024
0.006
0.005
0.001

𝐶12
0.005
0.187
0.323
0.034
0.408
0.004
0.004
0.024
0.006
0.005
0.001

𝐶13
0.005
0.186
0.322
0.034
0.408
0.004
0.004
0.024
0.006
0.005
0.001

𝐶14
0.005
0.187
0.323
0.034
0.408
0.004
0.004
0.024
0.006
0.005
0.001

𝐶21
0.005
0.187
0.323
0.034
0.408
0.004
0.004
0.024
0.006
0.005
0.001

𝐶22
0.005
0.187
0.323
0.034
0.408
0.004
0.004
0.024
0.006
0.005
0.001

𝐶23
0.005
0.185
0.321
0.034
0.410
0.004
0.004
0.024
0.006
0.005
0.001

𝐶24
0.005
0.187
0.323
0.034
0.408
0.004
0.004
0.024
0.006
0.005
0.001

Table 15: Ratings of three alternatives using weighted TOPSIS and GRA.
Criteria
𝑃1

𝑃2

𝑃3

Method 1 (2) Weight 𝑤𝑐

TOPSIS (𝑟𝑞𝑘 )

GRA (𝛾𝑞𝑘 )

A1

A2

A3

A1

A2

A3

𝐶11
𝐶12
𝐶13
𝐶14

0.024 (0.005)
0.186 (0.187)
0.222 (0.323)
0.033 (0.034)

0.618
0.668
0.545
0.526

0.436
0.385
0.732
0.716

0.654
0.636
0.410
0.458

0.750
1.000
0.463
0.405

0.333
0.333
1.000
1.000

1.000
0.817
0.333
0.333

𝐶21
𝐶22
𝐶23
𝐶24

0.326 (0.408)
0.024 (0.004)
0.017 (0.004)
0.098 (0.024)

0.694
0.467
0.628
0.691

0.438
0.599
0.667
0.529

0.571
0.650
0.401
0.492

1.000
0.333
0.777
1.000

0.333
0.642
1.000
0.381

0.510
1.000
0.333
0.333

0.042 (0.006)
0.023 (0.005)
0.006 (0.001)

0.476
0.397
0.644
0.706 (0.673)

0.732
0.714
0.623
0431 (0.471)

0.487
0.576
0.443
0.421 (0.382)

0.333
0.333
1.000
0.792 (0.794)

1.000
1.000
0.827
0.572 (0.584)

0.344
0.534
0.333
0.519 (0.503)

𝐶31
𝐶32
𝐶33
Synthetized scores
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rating alternative methods and the criteria weight calculation
methods.
The proposed approach is useful in practice, as it aims
to integrate several validated effective methods in an optimal
manner, with necessary modifications on some stages of the
decision process. This approach is illustrated through an
empirical case. The concluded results were supported by the
case company, and follow-up processes are ongoing. This
outcome encourages us to believe that the developed model
is highly suitable as a decision making tool for reaching
decisions about new product development.
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Simulations of additive manufacturing processes are known to be computationally expensive. The resulting large runtimes prohibit
their application in secondary analysis requiring several complete simulations such as optimization studies, and sensitivity analysis.
In this paper, a low-fidelity pseudo-analytical model has been introduced to enable such secondary analysis. The model has been
able to mimic a finite element model and was able to capture the thermal trends associated with the process. The model has been
validated and subsequently applied in a small optimization case study. The pseudo-analytical modelling technique is established as
a fast tool for primary modelling investigations.

1. Introduction
Selective laser melting (SLM) is a rapid manufacturing process which involves active localized heating and melting of
metal powder to form components. The transient temperature field/distribution during the process has a major role in
the process and has been observed across literature to have
a direct implication on the distortion and residual stresses
in final products. Thus, thermal analysis of the process
continues to be the most active field of research with regard
to modelling of selective laser melting [1].
A popular approach to analysis of manufacturing processes involving flow is through computational fluid dynamics (CFD). This is a standard method in the field of welding
simulations and has, thus, also found its applications in
modelling SLM. However, the transiency and specifications of
the process limit the size of the domain that can be modelled
using a CFD approach. Thus, CFD techniques are usually
limited to simulation of single or few melting tracks [2–4].
A second strategy is to approach the problem using
techniques of computational solid mechanics (CSM). Using
certain methods, CSM calculations replace the convective
melt-dynamics with equivalent conductive heat transfer. This

simplifies the simulation and, thereby, allows inclusion of
more physical phenomena into the model as well as a larger
size of modelled domain. Thus, several works involving 2D or
3D thermal analysis of the process utilize this approach [5, 6].
The increasing availability of computational resources
over the last decades has fueled the adoption of these methods
as standard choices of numerical modelling across academia
and industry. Although CFD and CSM have very different
approaches, both these methods are based on rigorous
mathematical concepts and have been the subject of several
numerical experiments and analyses since their conception.
Consequently, there has been increased propensity
towards coupled thermofluid dynamic or coupled thermomechanical modelling of manufacturing processes. While this
has led to more accurate predictions and better understanding of the process, it has also led to its own nonusability.
Both the numerical modelling techniques are riddled with
extensive computational resource and time requirements.
The review article on thermal analysis methods in selective
laser melting by Zeng et al. [1] also tells the same story. These
large time requirements inhibit the applicability of the models
for any secondary analysis such as process optimization,
uncertainty analysis, and factor analysis.
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To tackle the problem of large model evaluation time,
several mathematical approaches have been proposed, collectively known as surrogate modelling techniques [7]. These
techniques rely on creation of response surfaces and/or
emulators that mimic the behavior of the simulation model
and aim to substitute the model evaluations by evaluations
of response surface. However, these response surfaces are
not universal for each manufacturing process, and thus each
significantly different set of process parameters would require
creation of new response surfaces. Considering the minimum
number of model evaluations required to construct the
response surface and inherent transiency of the process, this
technique is inapplicable towards optimization of selective
laser melting.
Instead, in this paper, a fast, low-fidelity modelling technique is introduced which can be utilized for optimization
of the selective laser melting and most thermally driven
additive manufacturing processes. The technique draws upon
several existing modelling concepts and tries to combine
them in an innovative manner. The model is developed to
serve a complementary role in process optimization by quick
primary evaluations rather than as a complete substitute for
accurate numerical modelling.

2. Pseudo-Analytical Model
2.1. Governing Equations. The governing equation for a
thermal diffusion driven heat transfer can be given as
𝜌𝐶𝑝

𝜕𝑇
𝜕𝑇
𝜕𝑇
𝜕
𝜕
=
(𝑘
)+
(𝑘
)
𝜕𝑡
𝜕𝑥 𝑥𝑥 𝜕𝑥
𝜕𝑦 𝑦𝑦 𝜕𝑦
𝜕𝑇
𝜕
(𝑘
) + Φ,⃛
+
𝜕𝑧 𝑧𝑧 𝜕𝑧

(1)

where 𝑇 is the temperature, 𝜌 is the density of the material,
𝐶𝑝 is the specific heat, 𝑘𝑥𝑥 , 𝑘𝑦𝑦 , and 𝑘𝑧𝑧 are the conductivity
along the 𝑥, 𝑦, and 𝑧 direction, respectively, and Φ⃛represents
the volumetric heat source. In the simple case of nontemperature dependent homogeneous material properties, the heat
transfer equation reduces to
𝜌𝐶𝑝

𝜕𝑇
= 𝑘∇2 𝑇 + Φ.⃛
𝜕𝑡

𝜕𝑇
𝑘 2 ∗
∇𝑇 .
=
𝜕𝑡
𝜌𝐶𝑝

2.2. Discontinuous Modelling. In numerical modelling using
finite element or finite volume methods, it is a standard
practice to model the problem domain by dividing it into
a set of nodes/control volumes and therefrom developing a
system of algebraic equations which can be solved easily. The
procedure involves discretization of the partial differential
equation describing the heat transfer and relies on the convergence of errors with increasing number of nodes/control
volumes. The discontinuous finite element method further allows interelement discontinuities and uses stabilizing
terms and numerical fluxes to ensure continuity of solution
variables.
A similar approach has been undertaken while developing the pseudo-analytical model. The problem domain is
divided into several smaller domains resembling a structured
mesh of control volumes. The solution variable (which is
the temperature field in this case) in each of the small
domain or element is weakly coupled with the values in
adjacent domains through numerical fluxes at the boundary.
Thus, instead of solving a system of equations with global
boundary conditions, the heat transfer equation is solved for
each smaller domain with equivalent interdomain boundary
conditions. More specifically, for the current 2.5D pseudoanalytical model, each of the domains experiences an equivalent boundary temperature (𝑇cond ) which is an average of the
temperatures of the adjacent domains

𝑇cond =

𝑗

1
∑ (𝑇 ) ,
𝑗 𝑖=1 𝑖

(5)

(2)

The above equation states that the rate of change of energy
of a body is equal to the sum of energy added to the body
through an external heat source and the energy conducted
into the body across its boundaries. Thus, for the simple linear
case, the total change in temperature of the body can be
assumed to be the cumulative temperature change due to two
independent phenomena, namely, the heat addition by the
external source and the conductive heat transfer; that is,
Φ⃛
𝜕𝑇∗
,
=
𝜕𝑡
𝜌𝐶𝑝

It is necessary to mention that the above splitting of
equations is not accurate in the general case of material
nonlinearity but is valid for the simplest case as stated. The
equations are solved using a time-advancing algorithm; that
is, the modelling time domain is divided into several discrete
time steps and the pseudo-analytical solution is restarted
at the beginning of each time step. To achieve the pseudoanalytical solution, several techniques and approximation
strategies are applied, which are described in the following
sections.

(3)
(4)

where 𝑗 is the number of adjacent domains and 𝑇𝑖 is the
temperature in the 𝑖th adjacent domain of the domain whose
equivalent boundary temperature is being calculated.
The discontinuous domains are also used for calculation
of time step size for the time-advancing algorithm by choosing the time step equal to the time required by the center of
the laser beam to move from one domain to the center of the
adjacent domain.
2.3. Laser Beam as Heat Source. The moving laser beam is
assumed to have a Gaussian power distribution. The beam
is modelled on a smaller grid corresponding to the area
containing >95% of the beam power, both at the start and end
of a time step. The beam is converted into an equivalent body
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Table 1: Parameters for model validation.
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Figure 1: Defining 𝑇cond using a lumped capacitance thermal circuit.

heat source by integrating the energy delivered by the moving
beam during one time step
Φ⃛= ( (2𝛼𝑃0 /𝜋𝜔02 )
2

2

4200 kg/m3
821 J/(kg-K)
27 W/(m-K)
1600∘ C
1650∘ C
3201∘ C
120 Watt
70 𝜇m
Gaussian
800 mm/s
2∘ C (275 K)

−1

2

×∭𝑒−[2{(𝑥−𝑥0 −V𝑥 𝑡) +(𝑦−𝑦0 −V𝑦 𝑡) }/𝜔0 ] 𝑑𝑥 𝑑𝑦 𝑑𝑡) × (𝑡step ) ,
(6)
where 𝑃0 is the power of the laser beam, 𝜔0 is the beam
1/𝑒2 radius and 𝛼 is the absorptivity of the laser beam in the
material, (V𝑥 , V𝑦 ) is the velocity of the laser beam in the 𝑥- and
𝑦-direction, (𝑥0 , 𝑦0 ) are the initial location of laser beam, and
𝑡step is the time step size.
The smaller grid representing the laser beam is then
appropriately moved across the global domain based on the
scanning strategy being simulated. In the current model, the
effects of angle of incidence of the beam are neglected for
simplification.
2.4. Lumped Capacitance and Newtonian Cooling. As a simplification of the transient heat transfer, the discontinuous
domains are treated as lumped capacitances at the start of
each intermediate step during the global time step. This
allows easier calculations of 𝑇cond and application of analytical solutions within each discontinuous domain. With
such an assumption, Newton’s law of cooling can be used
to model scenarios involving external convective cooling.
The convective cooling is again treated as an independent
phenomenon and therefore is to be applied using the same
procedure as for conductive heat transfer (discussed below).
2.5. Conductive Heat Transfer. The solution of (4), obtained
through the splitting of the heat transfer equation, would
provide temperature due to conductive heat transfer inside
the domain. In each of the discontinuous domains, the four
boundaries are symmetric with respect to the center of the
domain where the temperature is calculated. Therefore, the
scenario is assumed to be similar to 1D heat conduction in
a semi-infinite body with a surface temperatur 𝑇cond and
an equivalent conductivity 𝑘eq (see Figure 1). It is further
assumed that the multiple boundaries have a cumulative
effect on the temperature at the center of the domain. The
analytical solution for the temperature at the center of the
discontinuous domain could then be given by
𝑇 (𝑥, 𝑡) = 𝑇cond + (𝑇𝑖 − 𝑇cond ) ⋅ erf (

Density
Specific heat
Thermal conductivity
Solidus temperature
Liquidus temperature
Boiling temperature
Laser power
Laser beam diameter
Laser power distribution profile
Scanning speed
Environment temperature

𝑥√𝜌𝐶𝑝
√4𝑘eq 𝑡

),

(7)

where 𝑥 is the distance between the center of the discontinuous domain and its boundary, 𝑡 is the time, and 𝑇𝑖 is the
temperature at the starting of the conductive heat transfer.
In the current model, the conductive heat transfer is
assumed to occur in two stages. In the first stage, corresponding to first half of the time step, the temperature field
is calculated based on the temperatures obtained at the end
of the previous time step. Then, the volumetric heat source is
added and the temperature is recalculated. The second stage
of conductive heat transfer then follows with the assumption
that the temperature in each of the domains has again become
constant.

3. Validation of Model
For validating the pseudo-analytical model with respect to
a high fidelity finite element model, two test simulations
were set up. Both the test cases used the same physical
domain, differing only in the scanning strategy, that is, the
movement pattern of the laser beam. The physical domain
used for simulation was a 500 𝜇m × 500 𝜇m × 50 𝜇m block
having constant material properties given in Table 1. The
two scanning strategies being simulated were out-spiral and
parallel scanning strategies (Figures 2(b) and 2(c), resp.).
The processing parameters used in both test cases are also
tabulated in Table 1. While both the finite element model and
the pseudo-analytical model were used to simulate the same
test cases, the physical domain was handled differently in each
model, as discussed below.
3.1. Model Domain Description
3.1.1. 3D Finite Element Model. The 3D FE model was implemented using the commercial software ABAQUS. The standard 8-noded heat transfer element DC3D8 was chosen for
developing the model. A structured mesh of 50 × 50 × 1
elements was generated with an element edge length of 10 𝜇m
along the 𝑥𝑦 plane and 50 𝜇m along the 𝑧-direction. The mesh
dimensions were chosen based on a mesh sensitivity analysis.
The domain along with the mesh is shown in Figure 3.
User-defined subroutines were utilized for defining the
laser beam as a body heat flux and for defining the material
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Figure 2: Scanning strategies for selective laser melting (a) In-spiral, (b) out-spiral, (c) parallel, (d) antiparallel, (e) parallel-interlaced, and
(f) parallel-interlaced-reverse.

(a)

(b)

Figure 3: Structured mesh on the problem domain for model validation: coarse mesh (a) and a fine mesh obtained after mesh convergence
study (b).

properties and field variables. No additional boundary conditions were applied on the domain, thereby ensuring a default
adiabatic boundary. The model was simulated using a direct
solver with an adaptive time stepping method limiting the
maximum rise of temperature in each time step to 100∘ C.
For further comparison, a second implementation of the
3D FE model with a coarse structured mesh of 20 × 20 × 1
elements was carried out. The time step size was chosen to
be the same as the one calculated for the pseudo-analytical
method so as to ensure minimum differences between the two
models (i.e., the ABAQUS and the pseudo-analytical model).
3.1.2. 2.5D Pseudo-Analytical Model. In the pseudo-analytical
model, a coarse meshing strategy was used. The mesh divided
the physical domain into 20 × 20 × 1 smaller domains of
edge dimensions 25 𝜇m × 25 𝜇m × 50 𝜇m with two additional

ghost domains along the 𝑥- and 𝑦-directions for applying
boundary conditions (22×22×1 domains in total). A different
meshing strategy was used so as to provide a comparative
analysis of the capabilities of the pseudo-analytical model
relative to the ABAQUS based FE model. Due to the larger
mesh dimensions in the pseudo-analytical model, the time
step size was also larger as compared to the fine 3D FE model.
3.2. Selection of Comparison Criteria. In the SLM process,
it is desirable to have lower maximum temperatures and
a greater thermal homogeneity while ensuring adequate
melting and coalesced resolidification of the entire physical
domain. Lower maximal temperatures during processing
would ensure a smaller melt pool and reduce issues such
as “balling effect” and segregation in case of alloys. Higher
thermal homogeneity, that is, lower thermal gradients would
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Figure 4: Temperature profile with 3D FE model (a) and pseudo-analytical model on a coarse mesh (b) and coarse 3D FE model (c) for
out-spiral scanning strategy.

result in lower deformations and residual stresses, which
are known issues with SLM. Therefore, the maximum temperature and thermal homogeneity were selected as criteria
for comparison of the predictive capability of the pseudoanalytical model with respect to the more accurate finite
element model. The maximum temperature is represented by
𝑇max , while the thermal homogeneity was quantified using the
maximum standard deviation of the temperature field during
max
.
the process and is represented by 𝜎temp
A further issue with SLM is the density of the products
created by the process. Macroporosities are a recurring
feature created due to inadequate melting and coalescence by
resolidification. Thus, it is desirable to track the melting and
resolidification of the domain during numerical modelling

of SLM. Therefore two criteria, namely, molten zones and
overheated zones, were introduced to compare the models. A
dimensionless number 𝜃 was defined by combining the four
criteria as a single indicator value of the efficacy of the process
being simulated
𝜃=(

𝑇max
(1 + 𝑉)
,
max ) ∗
𝜎temp
1+𝑀

(8)

where 𝑇max is the maximum temperature during the simumax
is the maximum value of standard deviation of
lation, 𝜎temp
temperature during simulation, and 𝑉 & 𝑀 are the number
of overheated zones and number of molten zones at the end
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Figure 5: State of zones with 3D FE model (a) and pseudo-analytical model on a coarse mesh (b) and coarse 3D FE model (c) for out-spiral
scanning strategy (nonmolten (blue), molten (green), and overheated (red)).

of simulation, respectively, defined based on the temperature
history of each smaller domain as
Temperature > Liquidus Temperature ≡ Molten Zone,
Temperature
>

(Liquidus Temperature + Boiling Temperature) (9)
2

≡ Overheated Zone.
3.3. Out-Spiral Scanning Strategy. Figure 2(b) shows the
pattern of movement of the centre of the laser beam on
the domain for the out-spiral scan path. In this scanning
strategy, the laser starts near the center of the physical domain
and moves away towards the edges following a spiral path.
The out-spiral scan strategy is designed such that there is
a minimum distance of 50 𝜇m between any two parallel
tracks. The entire scan path is traversed by the laser beam in
6.09375 ∗ 10−3 seconds without any discontinuity.

The temperature distribution obtained at the end of the
scan is shown in Figure 4 for both the models. It can be
observed that the results are quite similar, especially in the
region under the laser beam. In this region, the temperature
field is dominated by the external heat flux as compared to the
flux due to the temperature gradients. As the major source
of difference between the two models lies in the manner
the conductive heat transfer is handled, the similarity in the
temperature distribution in this region is as expected. In
regions far away from the laser beam, the results between the
two models are similar as more of the conditions for accurate
applicability of analytical solutions start to become justified.
The difference in the temperature field prediction is therefore
only pronounced in the vicinity of the laser beam. It is also
apparent from the plots that the pseudo-analytical method
predicts lower temperature values compared to the 3D FE
model. This is an outcome of the assumption of each discrete
domain as a semi-infinite body, which results in a calculated
temperature at each new time step that is closer to the initial
temperature of the domain at the beginning of the time step.
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Figure 6: History plot for maximum temperature in modelled
domain for out-spiral scan path.

Figure 7: History plot for average domain temperature for outspiral scan path.

300
Standard deviation of
temperature in domain (C)

Another result of importance during simulations of
selective laser melting, as discussed earlier, is tracking the
melting and consolidation. The characterization of each
domain/element as powder, molten, or overheated zone is
achieved by using Heaviside functions of the temperature,
and is thus influenced by the accuracy of prediction of
temperature. Figure 5 shows the results of the zoning for both
the models at the end of the scan path.
While the temperature fields predicted by the two models
look similar, differences in the zoning results are apparent.
Thus, for proper validation it is necessary to also consider the
temporal behavior of the models. The maximum temperature
in the entire problem domain is tracked throughout the
scan and is shown in Figure 6. It can be observed that the
maximum temperature predictions in the pseudo-analytical
model are lower than the 3D FE model yet follow the same
trends. The maximal temperature predictions from the two
models show incoherence at instances when either the laser
beam changes the direction or while it is near the boundary of
the problem domain. The pseudo-analytical model is unable
to properly predict the temperatures at the boundaries as the
assumption of symmetry inside each discrete domain breaks
down. However, this issue is mitigated by adding additional
ghost elements at the boundary or simply considering a
slightly larger domain while modelling (in practice, selective
laser melting uses a much larger powder layer than the
component size). In case of change of direction, the assumption of an averaged boundary temperature for each discrete
domain in the pseudo-analytical model leads to a lower
temperature in the domain. However, in both these cases, the
total amount of heat in the system is still conserved but is
distributed differently. This argument is validated by plotting
the average temperature of the whole domain throughout the
scan path for both the models, as shown in Figure 7. Figure 8
shows that the standard deviations of temperature in the
two models are not exactly the same (thereby compensating
for lower maximal temperatures while having same average
temperature) but follow similar trends.
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Figure 8: History plot for standard deviation of temperature in
modelled domain.

3.4. Parallel Scanning Strategy. The parallel scan path
(Figure 2(c)) is the most popular and used scan strategy for
SLM. In this scanning strategy, parallel long unidirectional
tracks are traced with a fixed distance of 50 𝜇m between
adjacent tracks. The entire scan path is traversed in 5.9375 ∗
10−3 seconds with several discontinuous jumps of the laser
beam from the end of one track to the beginning of the next
track. It has been assumed that the maximum speed of laser
beam is much greater than the scan speed being simulated,
thereby making the time for shifting the laser beam to the
beginning of the next track negligible.
Figure 9 shows the temperature distribution at the end
of the parallel scanning strategy obtained using the three
models. As in the case of out-spiral scanning strategy, the
pseudo-analytical method is able to predict the temperature
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Figure 9: Temperature profile with 3D FE model (a), pseudo-analytical model on a coarse mesh (b), and coarse 3D FE model (c).

field within acceptable accuracy for most of the problem
domain. The issue of inaccurate predictions at the boundaries
has a greater effect on the results at the end of the parallel
scanning strategy as the final scan track is quite close to the
boundary. However, solutions to this problem have already
been discussed in the previous section.
The characterization and zoning of the discrete domains/elements are shown in Figure 10 for all three models.
It is again observed that the pseudo-analytical model has a
better predictive capability than the coarse 3D FE model.
Relative to the accurate 3D FEM, the coarse FE model is again
found to have worse predictions than the pseudo-analytical
model.
As in the previous case, the maximum domain temperature, the average domain temperature, and the standard deviation of temperature in the domain are tracked throughout
the scan path and plotted through Figure 11 to Figure 13,
respectively. In the parallel scanning strategy, the effect of

change in direction on the temperature distribution is absent
but the effect of boundaries is more prominent, as seen in
the last section of Figure 11. However, the conservation and
equivalence of energy in the models are still maintained,
as seen in a similar average temperature prediction in
Figure 12 and a correspondingly lower standard deviation
of temperature at the end of scanning strategy in Figure 13.
By considering the three history plots, it can be inferred
that the coarse 3D FE model has a better spatial precision
but a poorer temporal accuracy as compared to the pseudoanalytical model.

4. Comparison of Scan Strategies
Tables 2 and 3 show a comparison between the 3D FE models
and pseudo-analytical method for the parallel and outspiral scan path, respectively. The values of each individual
criterion and the dimensionless number 𝜃 were found to be
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Figure 10: State of zones with 3D FE model (a) and pseudo-analytical model on a coarse mesh (b) and coarse 3D FE model (c) (1 = nonmolten
(blue), 2 = molten (green), and 3 = overheated (red)).
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Figure 11: History plot for maximum temperature in modelled
domain for parallel scan path as predicted with 3D FEM (red),
pseudo-analytical model (black), and coarse 3D FEM (green).

similar, if not the same. However the total time required for
computation is much lower in the pseudo-analytical model
than the 3D FE model.
The simulation time for the coarse 3D thermal FE model
was found to be at par with the pseudo-analytical method.
However, in the current simulations, the major calculation
time consumption in the pseudo-analytical method was in
the presolution stage, specifically during the characterization
of the laser beam into a volumetric heat source, while
the solution phase lasted for ∼4 seconds in each case. In
comparison, the solution phase for the coarse 3D FE model
lasted for ∼18 seconds. This time for computation of the heat
source is an overhead and is only dependent on the relative
size of the discrete domain with respect to the laser beam spot
size. Thus, to properly ascertain the relative computational
speed of the pseudo-analytical model over the 3D FEM, a
scaling study was performed. The problem domain area was
increased to twice, 4x and 16x times the problem area in the
validation sections. The corresponding computational times
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Table 2: Comparison between 3D thermal FE models and pseudo-analytical model for parallel scan path.
Features
Molten elements (%)
Overheated elements (%)
Maximum Temperature (∘ C)
Maximum st. dev. of temperature (∘ C)
Simulation time (s)
𝜃

3D thermal FE model
42.92
12.44
3200
466.01
5728.0
1.9706

Pseudo-analytical model
46.75
12.5
3055.2
488.70
9.22
1.6959

Coarse 3D thermal FE model
38.5
11
2964.87
454.89
17.010
1.8922

Table 3: Comparison between 3D thermal FE models and pseudo-analytical model for out-spiral scan path.
Features
Molten elements (%)
Overheated elements (%)
Maximum temperature (∘ C)
Maximum st. dev. of temperature (∘ C)
Simulation time (s)
Θ

3D thermal FE model
45.08
9.32
2878
282.55
5896.5
1.9824

Pseudo-analytical model
43.5
12.75
2838.9
294.69
9.37
2.8625

Coarse 3D thermal FE model
44.75
2.5
2587.76
263.344
18.22
0.3239

Standard deviation of
temperature in domain (C)

Average temperature of domain (C)
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Figure 12: History plot for average domain temperature for parallel
scan path as predicted with 3D FEM (red), pseudo-analytical model
(black), and coarse 3D FEM (green).

were recorded for both the models and the result is shown in
Figure 14.

5. Discussions
In the validation case studies, the pseudo-analytical model
was thus found to be able to mimic the predictions of the
corresponding high-fidelity finite element model. For each
of the cases, it was also observed that the coarse FE model
is incapable of accurate predictions, especially the zoning
predictions. Simultaneously, the pseudo-analytical model
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6
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Figure 13: History plot for standard deviation of temperature
in modelled domain as predicted with 3D FEM (red), pseudoanalytical model (black), and coarse 3D FEM (green).

was also found to have better domain scalability than both
FE models. As the purpose of the research was to develop
a fast yet reasonably accurate method that can be used for
process optimization studies, the coarse FE model is found
to be ineligible. Thus, in the following sections of the paper
only the pseudo-analytical model is considered.

6. Application in Optimized Cellular
Scanning Strategy
The greater speed and good scalability of the pseudoanalytical model, albeit at the cost of accuracy, make it
suitable for optimization studies involving several model
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Figure 15: Random processing sequence of unit cells for the cellular
scanning strategy to be optimized (a) and linear processing sequence
(b).

runs. As a test case, optimized cellular scanning strategies
are generated for a sample domain of 2 mm × 2 mmm ×
50 𝜇m. The sample is divided into 16 unit cells of 500 𝜇m ×
500 𝜇m, which are to be processed in a particular sequence
using one of the six scanning strategies shown in Figure 2.
While it is acknowledged that to determine an optimized
scanning strategy for the sample both the scanning strategy
for each unit cell and the sequence of processing of the unit
cells need to be determined, the latter is recognized to be a
combinatorial optimization problem (similar to the travelling
salesman problem) and is deemed to be beyond the scope of
this paper. Instead a random sequence, shown in Figure 15,
is generated for the processing of the unit cells in the sample
domain and is adopted for the entire optimization study.
As the objective of the study is to show the potential of
the pseudo-analytical method rather than the development
of a better optimization algorithm, the global optimization
toolbox available in the commercial software MATLAB is
used. The single-objective genetic algorithm (ga) module

is used for determining the optimum choice of scanning
strategy for each unit cell. A population comprising of 24
individuals is evolved over 20 generations with an elite
population of 2 individuals in each generation. The best
fitness value and the mean fitness value of the population are
tracked through the generations. Each individual is defined
as a real array of 16 elements with the index of each element
corresponding to the number of the unit cell for which
the element denotes the scanning strategy. Each element
is allowed to have any real value between (−6, 6] which
is converted to an integer whole number, using a ceiling
function, each of which corresponds to one of the scanning
strategies. Thus, the genetic algorithm is used to scan a
16-dimensional space with 6 possible locations along each
dimension.
Three different optimization simulations are carried out
with different fitness criteria and the resulting scanning
strategies are compared. The first optimization simulation
has the standard deviation of temperature at the end of the
process as the fitness criterion for minimization, thereby
optimizing the scanning strategies for thermal homogeneity. The second optimization simulation considers the total
consolidated area (comprising both molten and overheated
zones) as the fitness criterion to be maximized, thereby
optimizing for greater part density. For the third optimization
simulation, the dimensionless number 𝜃 introduced earlier
in this paper is utilized as a minimization criterion, thereby
optimizing for the highest overall efficacy of the process.
The three criteria focus on different output characteristics
of the process and can be conceived to have an inherent
paretooptimality with respect to each other (an aspect to be
considered in successive studies). Additionally, two control
test cases were simulated. In the first case, all the unit cells
were to be processed with the parallel scanning strategy but
in the same sequence as the optimization simulation. In the
second case, the sequence of processing was also modified
to a linear sequence following a left-to-right bottom-to-top
approach (Figure 15).
The best fitness value and the mean fitness value are
plotted against the generation number for all three optimization simulations (Figure 16). The genetic algorithm is
shown to produce a convergent behaviour as the generations
progress. This provides a proof of well-suitability of the
genetic algorithm and the pseudo-analytical model for the
optimization problem. Figure 17 shows the cellular scanning
strategies obtained after 20 generations for the three independent optimization simulations. The five comparison criteria,
as used in the model validation section, have been tabulated
in Table 4 for the three optimized scanning strategies as well
as the two control test cases.
The scanning strategies obtained at the end of the optimization simulations are indeed found to be better than the
control test cases with respect to the criteria they have been
optimized for. It is also observed that the choice of sequence
has a pertinent effect on the comparison criteria, therefore,
reaffirming that the generation of a properly optimized
scanning strategy would also require the optimization of the
processing sequence.
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Figure 16: Best and mean fitness value versus generation for optimization simulations with respect to 𝜃 (a), thermal homogeneity (b), and
total consolidated area (c).

7. Conclusion
The primary ideas presented in the paper are summarized
below.
(i) A fast, low-fidelity pseudo-analytical model has been
proposed. The pseudo-analytical model has been
validated through comparisons with results from 3D

finite element models developed using the commercial software ABAQUS.
(ii) Compared to an accurate 3D FE model, the pseudoanalytical model was found to predict results with
similar trends but at a computational time smaller by
2-3 orders of magnitude.
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Figure 17: Cellular scanning strategy obtained from optimization simulations with respect to 𝜃 (a), thermal homogeneity (b), and total
consolidated area (c) (IS = in-spiral, OS = out-spiral, AP- = antiparallel, P = parallel, PI = parallel interlaced, and PIR = parallel interlaced
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Table 4: Comparison criteria for optimized scanning strategies and control test cases.
Features
Molten elements (%)
Overheated elements (%)
Maximum temperature (∘ C)
Maximum st. dev. of temperature (∘ C)
Simulation time
𝜃

Optimized scanning strategies
Thermal homogeneity
Total consolidated area
55.60
33.29
3200
379.27
917 s
5.0527

(iii) The pseudo-analytical model was found to have
computation time similar to the corresponding 3D
finite element model with similar element dimensions
and time step size. This coarse FEM was observed to
produce inaccurate results.
(iv) A small optimization study has been conducted using
the pseudo-analytical model. Optimized scanning
strategies were predicted for complete processing of a
16x larger domain (resulting in a 256x larger problem
than the validation cases) based on three optimization
criteria.
The low computational time, good scalability, and acceptable accuracy in prediction of certain criteria with respect to
a 3D FE model provide a large potential for applicability of
the pseudo-analytical model.
In the current paper, an effort has been made to select
appropriate test cases which highlight the strengths as well
as the shortcomings of the method. Thus, an ample scope
of further improvement in the pseudo-analytical model has
also been identified. The usage of two-dimensional analytical
solutions in each discrete domain, the effects of nonlinear
temperature dependency of material properties, the application of analytical element methods to better predict solutions
at the boundary, and the corresponding calibrations of the

56.21
34.79
3200
384.39
916 s
5.1535

𝜃
59.93
27.89
3200
382.96
917 s
3.8894

Control scanning strategy
Case I
Case II
48.37
35.79
3200
390.76
916 s
6.0605

47.06
36.82
3200
509.11
917 s
4.9191

pseudo-analytical model have been identified as potential
areas and subsequent papers would deal with these issues.
However, the focus of such development would still remain
to construct a fast, reasonably accurate methodology rather
than a high accuracy technique as such tools already exist in
the form of finite element methods.
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We consider a one-dimensional cutting stock problem (CSP) in which the stock widths are not used to fulfill the order but kept
for use in the future for the industrial-use paper production. We present a new model based on the flexible stock allocation and
trim loss control to determine the production quantity. We evaluate our approach using a real data and show that we are able to
solve industrial-size problems, while also addressing common cutting considerations such as aggregation of orders, multiple stock
widths, and cutting different patterns on the same machine. In addition, we compare our model with others, including trim loss
minimization problem (TLMP) and cutting stock problem (CSP). The results show that the proposed model outperforms the other
two models regarding total flexibility and trim loss ratio.

1. Introduction
A one-dimensional cutting stock problem (CSP) is one of
the famous combinatorial optimization problems, which has
many applications in industries, such as paper, wood, textiles,
steel, space, ship construction, and logistic transportation
[1–6]. Most studies focus on minimizing the trim loss that
is the amount of residual pieces of processed stock lengths.
A standard one-dimensional cutting stock problem (S1DCSP) as a kind of the above problems is known as an NPcomplete one [7]. Numerous studies have examined how to
fulfill orders and optimize production planning. Gilmore and
Gomory [8] presented a delayed pattern generation technique
for solving a one-dimensional cutting problem using linear
programming. Other methods, including pattern-oriented
approach, item-oriented approach, mixed approach and exact
approach, can be found in [9–27].
In the industrial-use paper industry, the production
quantity is usually greater than the customers’ order. Using
the traditional CSP, the trim loss can be significant. Thus,
we need to consider usable leftovers to prevent the trim
loss generated after optimization. This issue becomes a onedimensional CSP with usable leftovers. Yanasse [28] reported
that the literature on usable leftovers is scarce and the

problem still lacks clear and appropriate definitions. Kos and
Duhovnik [29] proposed usable leftover material used in the
next cutting plan to reduce trim loss. Related studies can
be found in [6, 29–35]. Cherri et al. [31] presented several
modifications in some well-known heuristics to solve a onedimensional CSP with usable leftovers. Poldi and Arenales
[32] presented a study with the classical one-dimensional
integer CSP, which consists of cutting a set of available stock
lengths in order to produce smaller ordered items. Cui and
Yang [33] considered a one-dimensional CSP with useful
leftover in the cutting plan. Cherri et al. [35] proposed a
priority-in-use heuristic approach to solve a one-dimensional
CSP with usable leftovers. However, these models cannot
be directly used for solving the CSP in the industrial-use
production that each reel can only be produced a certain
number of rolls depending on its cutting machine. Wang and
Liu [36] presented a new decision model for reducing trim
loss and inventory in the paper industry.
In this study, we present a new model based on the
flexible stock allocation and trim loss control to determine
the production quantity. Our proposed model is a flexibility
maximization problem (FAP). Under a certain condition
of trim loss control, FAP can be confined to cutting stock
problem (CSP) or trim loss minimization problem (TLMP).
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The remainder of this paper is organized as follows. In
Section 2, the definition of problem in the paper industry
is presented. A new model is developed in Section 3. In
Section 4, some examples illustrate the application of the
proposed model. Finally, conclusions are drawn in Section 5.

each cutting, and then constraint (4) guarantees the waste of
each roll during the cutting process.
In order to reduce the trim loss, a modified model called
TLMP is given as follows:

2. Problem Definition
The production of industrial-use paper starts from raw
material to reels and then from reels to the production
of rolls as finished goods. The entire operation mode is
cyclical production, which is the only method for achieving
production efficiency. Therefore, the leftover material is not
used in a follow-up production. For the production planning
(see Figure 1), the customer’s paper requirements are obtained
and the marketing demand is predicted. Then, during the
combined production-marketing meeting, the number of
production days and the production quantity of paper types
are determined. The production quantity indicates the 𝑁
number of reels, and each reel can produce the NR number of
rolls that depends on the paper type. It should be noted that
the unit of the paper width is millimeter (mm).
To formulate the models of CSP, TLMP and FAP, see the
notations section are used.
The main research question is how to improve the stock
allocation and trim loss of a CSP with useful leftovers in the
paper industry. This problem can be studied for either one- or
multidimensional CSPs. In this study, one-dimensional CSP
with useful leftovers was used. We first provide two examples
to illustrate the differences between CSP, TLMP, and manual
adjustment (MA). In practice, MA is used in the industrialuse paper industry in which the CSP and TLMP solutions are
candidates as manually selecting as MA solution. The CSP
and TLMP are usually solved through column generation
[8, 9]. To obtain the solutions of CSP and TLMP, the computer
program was written in Lingo 11 Software [37].
The formulation of CSP is defined as follows:
(CSP) Minimize

𝑡

∑ 𝑥𝑟 ,

(1)

𝑟=1

s.t.
𝑚

𝐿 ≥ ∑ 𝑎𝑖𝑟 ow𝑖 ,

(width of reel constraint)

(2)

𝑖=1

𝑡

∑ 𝑎𝑖𝑟 𝑥𝑟 ≥ 𝑑𝑖 ,

(demand constraint)

(3)

𝑟=1

𝑚

UB ≥ 𝐿 − ∑ 𝑎𝑖𝑟 ow𝑖 ,

(trim loss constraint) , (4)

𝑖=1

where 𝑎𝑖𝑟 and 𝑥𝑟 are decision variables and integer variables.
Minimizing the total number of patterns is the objective function (1) of the model. Constraint (2) guarantees the cutting
stocks regarding the reel width. Constraint (3) guarantees the
cutting stocks regarding the demand. In the industrial-use
paper production, there exists the maximum trim loss for

𝑡

𝑚

𝑟=1

𝑖=1

∑ (𝐿 − ∑ 𝑎𝑖𝑟 ow𝑖 ) 𝑥𝑟 ,

(TLMP) Minimize

(5)

s.t.
𝑚

𝐿 ≥ ∑ 𝑎𝑖𝑟 ow𝑖 ,

(width of reel constraint)

(6)

𝑖=1

𝑡

∑ 𝑎𝑖𝑟 𝑥𝑟 ≥ 𝑑𝑖 ,

(demand constraint)

(7)

(reel set constraint)

(8)

𝑟=1

SRQ =

∑𝑡𝑟=1 𝑥𝑟
NR
𝑚

UB ≥ 𝐿 − ∑ 𝑎𝑖𝑟 𝑑𝑖 ,

(trim loss constraint) ,

𝑖=1

(9)
where 𝑎𝑖𝑟 and 𝑥𝑟 are decision variables and integer variables.
Minimizing the total trim loss is the objective function
(5) of the model. Constraint (6) guarantees the cutting
stocks regarding the reel width. Constraint (7) guarantees
the cutting stocks regarding the demand. In industry paper
production, the maximum trim loss for each cutting and the
limit production volume are considered; then constraint (8)
guarantees the number of rolls for each reel, and constraint
(9) guarantees the waste of each roll during the cutting
process.
For example 1, we assume that the reel width is 10 units,
NR is 3, UB is 3, the demand of order widths {3, 4} is {3, 3},
and the stock widths are {3, 4, 5}. In Figure 2, we provide
CSP, TLMP, and MA solutions. The trim loss using CSP is 5
units. And the trim loss using TLMP is zero. We found that
the stock width using CSP is obtained as {4} and the stock
widths using TLMP are {3} ∗ 3. In order to obtain flexible
stock widths, using MA based on CSP and TMLP solutions,
the extending stock width is determined as {6}, and the stock
width is obtained as {3}. Thus, MA can provide more flexible
stock width {6}.
For example 2, we assume that the reel width is 10 units,
NR is 3, UB is 3, the demand of order widths {3, 5} is {1, 1},
and the stock widths are {3, 4, 5}. In Figure 3, we provide CSP,
TLMP, and MA solutions. The trim loss using CSP is 2 units.
And the trim loss using TLMP is zero. We found that the stock
width using CSP is zero, the unused rolls are 2 and 3, and the
stock widths using TLMP are {3} ∗ 1, {4} ∗ 1, and {5} ∗ 3.
Using MA based on CSP and TMLP solutions, the extending
stock widths are determined as {10, 10} or {7, 10}, the stock
width is obtained as zero or {5}, and the trim loss is obtained
as 2 units or zero. Thus, MA can provide more flexible stock
widths {10, 10} or {7, 10}.
Based on the above discussions, we conclude that the
MA approach can provide more flexible stock widths in a
one-dimensional CSP with useful leftovers. This motivates
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for example 1.
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3

To provide more flexible leftovers, we propose the flexible
stock allocation approach. It should be noted that the concept
of extending stock widths is similar to the usable leftovers [31].
In FAP, we have stock items of width sw𝑖 , 𝑖 = {1, . . . , 𝑚}, the
reel width is 𝐿, each paper width is based on a fixed number
called GAP to differentia, and the extending stock width can
be obtained from (sw𝑚 +GAP) to 𝐿. Thus, the extending stock
item of width is established as
ew𝑒 = {sw𝑚 + (𝑒 − 𝑚) ∗ GAP} ,

(c)

1
2
3

3. The Proposed Model

(10)

where 𝑒 = {𝑚 + 1, . . . , 𝑒𝑥}, 𝑒𝑥 = 𝑚 + (𝐿 − sw𝑚 )/GAP, (𝐿 −
sw𝑚 )/GAP is integer, and 𝑚 is the number of stock widths.
Using (10), we can combine sw𝑖 and ew𝑒 as production width
pw𝑘 . This new set of paper widths can provide more flexible
stock allocation for cutting plan.
In order to evaluate the benefit of the flexible stock allocation, we define a flexible coefficient 𝑓𝑘 for each production
width pw𝑘 that is obtained as follows:
𝑚

𝑚

𝑖=1

𝑖=1

𝑓𝑘 = {𝑝 | pw𝑘 ≥ ∑ pw𝑖 𝑦𝑖𝑧 , UB ≥ (pw𝑘 − ∑ pw𝑖 𝑦𝑖𝑧 )} ,

5 (stock)
5 (stock)
4 (stock)

(11)

Roll

Roll

(b)

1
2
3
Or
1
2
3

5

3

5

3
10 (extending production width)
10 (extending production width)

2

5 (stock)
7 (extending production width)
10 (extending production width)
(c)

Figure 3: (a) CSP solution, (b) TLMP solution, and (c) MA solution
for example 2.

the development of a mathematical formulation for a onedimensional CSP with useful leftovers in the industrial-use
industry.

where 𝑘 = {1, 2, . . . , 𝑚}, 𝑧 = {1, 2, . . . , 𝑝}, p is the number
of patterns, 𝑦𝑖𝑧 is the number of widths 𝑖 in pattern 𝑧, and
𝑦𝑖𝑧 is a positive integer. For instance, we set UB = 999. Since
pw1 {1000} has only one combination, the 𝑓1 value is assigned
to one. Since pw2 {1100} can be divided into two combinations
{1000, 1100}, the 𝑓2 value is assigned to two. Furthermore,
pw13 {2200} can be divided into fourteen combinations
{{1000, 1000}, {1000, 1100}, {1000, 1200}, {1100, 1100}, 1300,
1400,1500, 1600, 1700, 1800, 1900, 2000, 2100, 2200}; the 𝑓13
value is assigned to fourteen. In addition, a flexible coefficient
𝑓𝑘 for each extending width is obtained as follows:
𝑓𝑘 = 𝑓𝑚 + (𝑘 − 𝑚) ,
where 𝑘 = {𝑚 + 1, . . . , 𝑒𝑥} and 𝑒 = {𝑚 + 1, . . . , 𝑒𝑥}.

(12)
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Table 1: Product information and data for ow𝑖 , 𝑑𝑖 , and sw𝑖 .

𝑖
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

𝑑𝑖
0
0
7
22
0
28
58
47
43
7
20
9
30
7
12
20

ow𝑖
X
X
1200
1300
X
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

sw𝑖
1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

Table 2: Product information and data for pw𝑘 , pq𝑘 , and 𝑓𝑘 .
𝑘
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

pw𝑘
1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

pq𝑘
0
0
7
22
0
28
58
47
43
7
20
9
30
7
12
20

𝑓𝑘
1
2
3
4
5
6
7
8
9
10
11
12
14
16
19
22

Note: X = not available.

We introduce a coefficient 𝑅 for controlling the trim loss.
Thus, the proposed formulation is as follows:
Maximize

𝑒𝑥

𝑡

𝑘=1

𝑟=1

𝑒𝑥

𝑟=1

𝑘=1

(13)
𝑘

s.t.
(width of reel constraint)

(14)

(demand constraint)

(15)

𝑘=1

𝑡

pq𝑘 ≤ ∑𝑎𝑘𝑟 𝑥𝑟
𝑟=1

SRQ =
ex

(∑𝑡𝑟=1 𝑥𝑟 )
NR

L − ∑ 𝑎𝑘𝑟 pw𝑘 ≤ UB

pq𝑘
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

𝑓𝑘
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43

Table 3: Optimal solutions using FAP and CSP methods.
𝑡

× 𝑓𝑘 pw𝑘 + 𝑅∑ (𝐿 − ∑ 𝑎𝑘𝑟 pw𝑘 ) 𝑥𝑟 ,

𝑒𝑥

pw𝑘
#2600
#2700
#2800
#2900
#3000
#3100
#3200
#3300
#3400
#3500
#3600
#3700
#3800
#3900
#4000
#4100
#4200
#4300
#4400
#4500
#4600

Note: # = extending stock width.

∑ (∑𝑎𝑘𝑟 𝑥𝑟 − pq𝑘 )

∑ 𝑎𝑘𝑟 pw𝑘 ≤ 𝐿

𝑘
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

(reel set constraint)

(16)

(trim loss constraint) ,

(17)

𝑘=1

where 𝑎𝑘𝑟 and 𝑥𝑟 are decision variables and integer variables.
Maximizing the total flexibility is the objective function (13)
of the model that is the summation of total production
coefficient and total trim loss coefficient. The composition
of each production coefficient includes nonorder quantity,
production width, and flexible coefficient, and the trim loss
coefficient includes the coefficient 𝑅 and the total trim loss.
Constraint (14) guarantees the cutting stocks regarding the
reel width. Constraint (15) guarantees the cutting stocks
regarding the demand. Constraint (16) guarantees the number of rolls for each reel. Constraint (17) guarantees the waste
of each roll during the cutting process.

pq𝑘

𝑓𝑘

1
1000
0
2
1100
0
3
1200
7
4 1300
22
5
1400
0
6 1500
28
7
1600
58
8
1700
47
9
1800
43
10 1900
7
11 2000
20
12 2100
9
13 2200
30
14 2300
7
15 2400
12
16 2500
20
21 #3000
0
37 #4600
0
TLR (%)
TF

1
2
3
4
5
6
7
8
9
10
11
12
14
16
19
22
27
43

pw𝑘

CSP
Solution𝑘 Stock𝑘
31
31
0
0
7
0
22
0
0
0
30
2
58
0
47
0
43
0
7
0
20
0
9
0
30
0
7
0
12
0
20
0
0
0
1
1
3.3
86

FAP
Solution𝑘 Stock𝑘
21
21
0
0
12
5
23
1
10
10
28
0
58
0
47
0
43
0
7
0
20
0
9
0
30
0
7
0
12
0
20
0
1
1
1
1
1.4
160

Note: rolls = 135, R = 0, and stock𝑘 = solution𝑘 − pq𝑘 .

When 𝑅 = 0, the objective function (13) becomes to be
𝑡
a maximize function of ∑𝑒𝑥
𝑘=1 (∑𝑟=1 𝑎𝑘𝑟 𝑥𝑟 − pq𝑘 )𝑓𝑘 pw𝑘 ; that is,
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Table 4: Optimal solutions using FAP and TLMP method.
𝑘

pw𝑘

pq𝑘

𝑓𝑘

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

1000
0
1100
0
1200
7
1300
22
1400
0
1500
28
1600
58
1700
47
1800
43
1900
7
2000
20
2100
9
2200
30
2300
7
2400
12
2500
20
TLR (%)
TF

1
2
3
4
5
6
7
8
9
10
11
12
14
16
19
22

TLMP
Solution𝑘 Stock𝑘
39
39
2
2
9
2
22
0
9
9
28
0
58
0
47
0
43
0
7
0
20
0
9
0
30
0
7
0
12
0
20
0
0.42
94

FAP
Solution𝑘 Stock𝑘
37
37
1
1
8
1
23
1
6
6
28
0
58
0
47
0
43
0
7
0
20
0
9
0
30
0
7
0
15
3
20
0
0.42
133

Note: rolls = 135, R = −1000, and stock𝑘 = solution𝑘 − pq𝑘 .

it does not consider trim loss. If the production capacity fails
to satisfy (15) during the problem-solving process, a full roll
is generated. Subsequently, because the flexibility of 𝑓𝑒 pw𝑒𝑥
is greater than any of the leniency and flexibility coefficient
combinations, the full roll is substituted by pw𝑒𝑥 . In addition,
the optimal CSP solution also generates a full roll and the full
roll is substituted by pw𝑒𝑥 ; thus, the FAP results approximate
the CSP target function; that is, Minimize ∑𝑡𝑟=1 𝑥𝑟 . Therefore,
the difference between FAP(𝑅 = 0) and the 𝑎𝑘𝑟 of CSP can
be compared.
𝑡
When R = −∞, ∑𝑒𝑥
𝑘=1 (∑𝑟=1 𝑎𝑘𝑟 𝑥𝑟 − pq𝑘 )𝑓𝑘 pw𝑘 can be
neglected and the objective function (13) approaches Maximize 𝑅 ∑𝑡𝑟=1 (𝐿 − ∑𝑒𝑥
𝑘=1 𝑎𝑘𝑟 pw𝑘 )𝑥𝑟 . In addition, 𝑅 approximates
the TLMP target function; that is, Minimize ∑𝑡𝑟=1 (𝐿 −
∑𝑒𝑥
𝑘=1 𝑎𝑘𝑟 pw𝑘 )𝑥𝑟 . Therefore, the difference between FAP(𝑅 =
−∞) and the 𝑎𝑘𝑟 of TLMP can be compared.
In summary, when 𝑅 = 0, flexible stock becomes the
optimal condition and trim loss is maximized. Conversely,
when 𝑅 = −∞, flexible stock becomes the least favorable
condition and trim loss is minimized. Therefore, the control
of variable 𝑅 is a flexible stock and trim loss strategy that
decision makers adopt during the production process.

4. Illustrative Examples
We consider a real case from an industrial-use paper production and five simulated datasets to illustrate the application of
our proposed method. We set the current scheduling quantity
as SRQ reels, and each reel can produce NR number of rolls.
The cutting machine width limit is 𝐿, and the maximum trim

loss is UB. These parameters are defined as NR = 3, 𝐿 =
4600 mm, SRQ = 45 reels = 135 rolls, and UB = 999 mm.
To obtain the solutions of CSP, TLMP, and FAP, the
computer program is divided into the engine and the user
interface. The engine interface was written in Lingo 11
Software [37]. The user interface in Visual Basic 5 enables the
navigation of data flow from various input sources, such as a
common company database and a random number dataset.
4.1. A Real Case from an Industrial-Use Paper Production.
According to the FAP model in Section 3, the details are as
follows.
Step 1. Define ow𝑖 , 𝑑𝑖 , and sw𝑖 , for 𝑖 = 1, 2, . . . , 16 (see Table 1).
Step 2. Using (10) to obtain the extending widths, since
GAP = 100 and 𝑚 = 16, we can obtain that 𝑒 =
{17, 18, . . . , 37} and ew𝑒 = {2600, 2700, . . . , 4600}.
Step 3. Aggregate 𝑑𝑖 to pq𝑘 , sw𝑖 to pw𝑘 , and ew𝑒 to pw𝑘 , for
𝑖 = 1, 2, . . . , 16 and 𝑘 = 1, 2, . . . , 37.
Step 4. Use (11)-(12) to compute the flexible coefficient 𝑓𝑘 for
pw𝑘 (see Table 2).
Using FAP to perform optimization, 𝑅 must be set to 0,
thereby allowing FAP results to approximate those of CSP. In
this case, we obtained the production capacities of FAP and
CSP, stock, trim loss ratio (TLR), and total flexible coefficient
𝑡
(TF), where TLR = [∑𝑡𝑟=1 (𝐿 − ∑𝑒𝑥
𝑘=1 𝑎𝑘𝑟 pw𝑘 )𝑥𝑟 ]/(𝐿 ∑𝑟=1 𝑥𝑟 ) ×
𝑒𝑥
100% and TF = ∑𝑘=1 pw𝑘 𝑓𝑘 .
The primary reason for comparing CSP was to determine
whether FAP effectively reduced TLR and whether the
flexible stock of FAP is superior to that of CSP (see Table 3).
The TLRs for CSP and FAP were 3.3 and 1.4, respectively;
the flexible stocks for CSP, FAP, and extending stock were
{{1000, 31}, {1500, 2}, {#4600, 1}},{{1000, 21}, {1200, 5},{1300,
1}, {1400, 10}, {#3000, 1}, {#4600, 1}}, and {{#3000, 1}, {#4600,
1}}, respectively. Thus, the results suggest that FAP
outperforms CSP in reducing TLR and that the flexible
stock and TF of FAP are superior to that of CSP.
To compare FAP to TLMP, the flexible variable 𝑅 of FAP
was set to −1000, which denotes minimal TLR. In this case, we
obtained the production capacities of FAP and TLMP, stock,
TLR, and TF(see Table 4).
The primary reason for comparing TLMP was to
determine whether the TLR of FAP is similar to that of TLMP
or not and whether the flexible stock of FAP is superior to that
of TLMP or not (see Table 4). The TLRs for TLMP and FAP
were 0.42 and 0.42, respectively; the flexible stocks for TLMP
and FAP were {{1000, 39}, {1100, 2}, {1200, 2}, {1400, 9}}, and
{{1000, 37},{1100, 1}, {1200, 1}, {1300, 1}, {1400, 6}, {2400, 3}},
respectively. Notably, the flexible stock of FAP {2400, 3} was
considerably more lenient. Therefore, based on the results,
the TLR of FAP was identical to that of TLMP, and the
flexible stock and TF of FAP were superior to those of TLMP.
Moreover, we employed sensitivity analysis to observe
the influence that 𝑅 has on TLR and TF. When 𝑅 =
1, 0, −1, . . . , −∞, and 𝑅 is an integer, the results as shown in
Table 5 are obtained.
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Table 5: The sensitivity analysis of coefficient R for stock𝑘 using FAP.

𝑘

pw𝑘

𝑓𝑘

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
21
37

1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500
#3000
#4600
TLR (%)
TF

1
2
3
4
5
6
7
8
9
10
11
12
14
16
19
22
27
43

𝑅
1
11
0
5
1
10
0
0
0
0
0
0
0
0
0
0
0
1
1
4.2
150

0
21
0
5
1
10
0
0
0
0
0
0
0
0
0
0
0
1
1
1.4
160

−1 ∼ −2
22
1
4
1
10
0
0
0
0
0
0
0
0
0
0
0
1
1
1.3
160

−3 ∼ −8
28
1
1
1
10
0
0
0
0
0
0
0
0
0
0
0
1
1
0.9
157

−9 ∼ −86
36
1
1
1
6
0
0
0
0
0
0
0
0
0
0
0
1
1
0.52
145

−87 ∼ −533
37
1
1
1
6
0
0
0
0
0
0
0
0
0
1
0
0
1
0.45
138

−534 ∼ −∞
37
1
1
1
6
0
0
0
0
0
0
0
0
0
3
0
0
0
0.42
133

Note: the number of rolls = 135.

Table 6: The range and midpoint of R.
Range of R
Midpoint

−1 ∼ −2
−1

0
0

−3 ∼ −8
−5

Table 7: Information of pq𝑘 for simulated examples.
𝑘

pw𝑘

𝑓𝑘

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

1
2
3
4
5
6
7
8
9
10
11
12
14
16
19
22

1
46
3
33
22
39
46
22
34
30
38
1
23
12
6
27
14

2
2
15
11
21
12
25
26
21
25
14
20
42
20
31
12
38

Case
3
6
2
31
22
20
6
21
34
31
44
12
37
48
33
41
41

4
37
47
5
42
36
31
38
6
32
26
48
42
11
2
28
13

−9 ∼ −86
−47

−87 ∼ −533
−310

−534 ∼ −∞
−1000

Table 8: The results of TF and TLR for CSP, TLMP, and FAP.

5
9
41
33
27
1
2
12
41
29
48
22
16
48
19
30
27

According to Table 5, when 𝑅 = 1, TLR increased and
{1000, 21} changed to {1000, 11}. This was primarily because

2

Case
3

4

5

98
1.1

10
1.6

43
0.5

0
1.8

49
0

19
0.15

6
1.2

10
0.13

9
1.2

TF
TLR (%)

109
0

115
1

25
1.6

65
0.16

26
1.4

TF
TLR (%)

109
0

19
0.15

6
1.2

20
0.13

9
1.2

144

141

183

162

162

Method

Measure

1

CSP

TF
TLR (%)

94
0

TLMP

TF
TLR (%)

FAP
(R = 0)
FAP
(R = −1000)
Rolls

trim loss was equivalent to the flexible coefficient of {1000},
causing the stock capacity of {1000} to decrease. Thus, when
0 ≤ 𝑅 < 1 is defined, we can directly use 𝑅 = 0 for solution
identification.
When R < 0, we observed that the TF gradually reduced
from 160 to 133 and the TLR reduced from 1.4 to 0.42.
These results suggest that, when 𝑅 has a value less than 0,
the TF decreases and the TLR declines. Regarding flexible
stock, we found that, when 𝑅 ranged between −1 and −2,
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Table 9: Stock information for CSP, TLMP, and FAP.
Case

1

2

3

4

5

Method
CSP
TLMP
FAP (R = 0)
FAP (R = −1000)
CSP
TLMP
FAP (R = 0)
FAP (R = −1000)
CSP
TLMP
FAP (R = 0)
FAP (R = −1000)
CSP
TLMP
FAP (R = 0)
FAP (R = −1000)
CSP
TLMP
FAP (R = 0)
FAP (R = −1000)

Solution
{1100, 1}{1500, 1}{#4600, 2}
{1000, 3}{1100, 2}{2200, 3}
{#2600, 1}{#4600, 2}
{#2600, 1}{#4600, 2}
{1000, 1}{2000, 1}{#4600, 2}
{1000, 17}{1100, 1}
{#3200, 1}{#4600, 2}
{1000, 17}{1100, 1}
{1300, 1}{1500, 1}
{1000, 6}
{#2800, 1}
{1000, 6}
{#4600, 1}
{1000, 6}{1300, 1}
{2500, 1}{#4600, 1}
{1000, 4}{1100, 1}{2200, 1}
NA
{1000, 3}{1500, 1}
{#2900, 1}
{1000, 3}{1500, 1}

Note: {paper width, stock quantity}.

the production capacity of {1000} was 22; subsequently, as
𝑅 decreased to between −3 and −8 and −534 and −∞, the
production capacity of {1000} increased to 28 and to 37,
respectively. These results suggest that, as 𝑅 decreases, the
allocation of stock gradually coagulates at a lower leniency,
negating the effects of extended stock. The decrease in TF
from 160 to 133 implies that the degree of permitted flexibility
for adjusting stock had already diminished. Therefore, we
suggest that 𝑅 be maintained within a range between −∞ and
0.
Because the trim loss value at each interval of 𝑅 is a fixed
value, we selected the medians of each interval and tabulated
them into Table 6, which enabled us to select the desired
results. Consequently, the number of medians can be defined
by decision makers based on actual conditions.
4.2. Simulated Examples. To verify the superiority of the
flexible stock and trim loss produced by using FAP over
those produced using CSP and TLMP, we selected 5 Cases
for comparison, and randomly obtained the pq𝑘 (where 𝑘 =
1, 2, . . . , 16), which was achieved by using the RANDBETWEEN function in Microsoft Office Excel 2007. The range
of this function was set between 0, 1, 2, . . . , 50 (see Table 7).
The optimization calculations were then performed for FAP,
CSP, and TLMP.
We compared FAP(𝑅 = 0), FAP(𝑅 = −1000), CSP, and
TLMP, and the results were tabulated in Table 8. Because
using FAP necessitates the consideration of the flexible
coefficients, FAP(𝑅 = 0) should effectively reduce TLR when
an excessively large CSP’s TLR value is produced. Cases 2, 4,
and 5 verified that FAP reduced CSP’s TLR. FAP(𝑅 = −1000)
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and TLMP were then examined to determine whether FAP’s
TLR presented similarities with TLMP’s TLR. Consequently,
the TLR values observed in all the 5 Cases were consistent.
Subsequently, we endeavored to determine whether FAP
could effectively increase the flexibility of stock adjustment
(see Table 9). The FAP(𝑅 = 0) for Cases 1 and 3 indicated
that the stock leniency demonstrated a merging action. In
addition, the extended stock was used in all of the case
samples. Furthermore, uncut rolls {#4600} were presented in
Cases 1, 2, 4, and 5. Because 𝑅 = 0 is the lowest production
capacity model, this model is equivalent to CSP. The FAP(𝑅 =
−1000) for Cases 2, 3, and 5 was similar. However, FAP(𝑅 =
−1000) presented increased stock adjustment flexibility and
extended stock usage in Cases 1 and 4. Thus, FAP(𝑅 = 0) can
effectively reduce CSP’s TLR and increase stock adjustment
flexibility when TLR is at a minimum level. The TLR in
FAP(𝑅 = −1000) was equivalent to that of TLMP, which
increased stock adjustment flexibility.
A sensitivity analysis was employed to determine the
performance of FAP in the 5 Cases and the influence of 𝑅
on TLR and TF. Consequently, 𝑅 was set at 1, 0, −1, . . . , −∞,
where 𝑅 was an integer. The results are tabulated in Table 10.
The medians tabulated in Table 6 were used for data
reconstruction and the results are presented in Table 11.
Subsequently, we collected the 𝑅 values at each interval for
Cases 1, 3, 4, and 5. For Case 2, we were unable to collect
the 𝑅 values at intervals of −55–−79, −80–−124, and −125–
−156. Decision makers can determine whether they wish to
incorporate the medians at these intervals or not; however,
this method of incorporating medians can be used to control
the majority of TLR changes.

5. Conclusion
The results of the case study analysis indicate that FAP(𝑅 = 0)
was similar to CSP in that both methods could be used to
determine the minimal production capacity and the maximal,
flexible adjusted stock. Because of the unique production
characteristics of industrial-use paper, using the CSP method
may produce full rolls and, thus, cannot obtain optimized
trim loss problems. Similar to the CSP method, FAP(𝑅 =
−1000) generates stock that cannot be flexibly adjusted,
despite possessing minimal trim loss. Furthermore, CSP and
TLMP failed to control the changes of TLR; therefore, FAP
can utilize 𝑅 to control and maintain TLR in a range between
CSP and TLMP’TLR. This approach eliminates the trim
loss problem exhibited in CSP and the adjustability problem
exhibited in TLMP and allows decision makers to effectively
control stock and trim loss according to actual situations.
Future research may consider solving extending stock
in stock allocation. In addition, the cost effects during the
production process should be addressed.

Notations
𝑖:

The index number (𝑖 = 1, 2, . . . , 𝑚) and 𝑚
is the number of stock/order widths
sw𝑖 : A stock width with 𝑖 = 1, 2, . . . , 𝑚
ow𝑖 : An order width with 𝑖 = 1, 2, . . . , 𝑚
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Table 10: The sensitivity analysis of coefficient R for all cases using FAP.

Case

Measure

1

TLR (%)
TF

2

TLR (%)
TF

3

TLR (%)
TF

4

TLR (%)
TF

5

TLR (%)
TF

R
0∼∞
0
109
0 ∼ −36
1
115
0 ∼ −19
1.6
25
0 ∼ −999
0.16
65
0 ∼ −11
1.4
26

−37 ∼ −54
0.94
112
−20 ∼ −∞
1.2
6
−1000 ∼ −∞
0.13
20
−12 ∼ −70
1.3
25

−55 ∼ −79
0.76
91

1
2
3
4
5

𝑑𝑖 :
𝐿:
NR:
GAP:
ew𝑒 :

Measure
TLR (%)
TF
TLR (%)
TF
TLR (%)
TF
TLR (%)
TF
TLR (%)
TF

0
0
109
1
115
1.6
25
0.16
65
1.4
26

−1
0
109
1
115
1.6
25
0.16
65
1.4
26

−5
0
109
1
115
1.6
25
0.16
65
1.4
26

R
−47
0
109
0.94
112
1.2
6
0.16
65
1.3
25

−310
0
109
0.15
19
1.2
6
0.16
65
1.2
9

Demand for ow𝑖 with 𝑖 = 1, 2, . . . , 𝑚
Reel width
The number of rolls for a reel
The difference between two paper widths
An extending production width, where 𝑒 is
the index number
(𝑒 = 𝑚 + 1, 𝑚 + 2, . . . , 𝑒𝑥) and
𝑒𝑥 = 𝑚 + (𝐿 − sw𝑚 )/GAP
pw𝑘 : A production width, where 𝑘 is the index
number (𝑘 = 1, 2, . . . , 𝑒𝑥)
pq𝑘 : Quantity for the production width,
𝑘 = 1, 2, . . . , 𝑒𝑥
𝑓𝑘 : Flexible coefficient for the production
width pw𝑘 , with 𝑘 = 1, 2, . . . , 𝑒𝑥
𝑅:
Flexible coefficient for trim loss
SRQ: Production scheduling of reel quantity
UB: Upper bound for trim loss

−125 ∼ −156
0.22
39

−157 ∼ ∞
0.15
19

−71 ∼ −∞
1.2
9

Table 11: The results of fixed values of R for all cases using FAP.
Case

−80 ∼ −124
0.29
46

−1000
0
109
0.15
19
1.2
6
0.13
20
1.2
9

𝑎𝑘𝑟 : The number of widths 𝑘 in pattern 𝑟
𝑥𝑟 : The number of patterns 𝑟, where 𝑟 is the
index number (𝑟 = 1, 2, . . . , 𝑡) and 𝑡 is the
number of patterns.
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Iterative learning control (ILC), due to its advantage of requiring less system knowledge, can serve as a feedforward signal in system
control. ILC can be combined with model predictive control (MPC) to constitute a feedforward-feedback configuration. In this
scheme, ILC provides most of the control signal and copes with the repetitive disturbances. MPC provides the supplementary
control for regulation purpose and also for nonrepeating disturbance rejection. Considering the nonlinear industrial process,
this paper establishes the plant nonlinear fuzzy model to constitute the fuzzy model-based feedback-assisted ILC. The integrated
control strategy can achieve wide-range operation and good tracking performance. The performance of the feedback-assisted ILC
is illustrated by a steam-boiler system.

1. Introduction
Ever since the original work on iterative learning control
(ILC) [1], it has been researched and applied widely in
industrial robotics [2, 3] and manufacturing process [4] as a
learning-type strategy. The objective of ILC is to use information obtained from past iteration runs to track a predefined
reference and reject repetitive disturbances iteratively. The
major advantage of ILC over traditional control algorithms
is that it requires less computational efforts and less exact
knowledge of the system. Thus it has drawn extensive attention in recent years [5–7].
However, ILC can be considered as an open-loop control
scheme that is only capable of rejecting repetitive disturbances and cannot deal with nonrepeating disturbances efficiently. For this, ILC is often combined with a well-designed
feedback controller. In this scheme, the tracking performance
is guaranteed by ILC, which acts as a feedforward signal and
provides most of control signals. The conventional feedback
control path is meant to be supplementary to guarantee the
system robustness to noises and disturbances.
The quadratically optimal ILC (Q-ILC) [8] was early constituted to be a model-based ILC, since it adopted a quadratic

performance criterion to obtain an optimal learning gain. Its
property provides a chance to incorporate feedback model
predictive control (MPC) into ILC in order to improve the
capability of rejecting disturbances.
Recently, various advanced MPC-ILC schemes have been
proposed. Lee et al. [9] proposed the batch MPC (BMPC) to
incorporate real-time feedback into Q-ILC to handle nonrepeating disturbances. By combining and modifying the
existing Q-ILC and BMPC, Chin et al. [10] proposed a
two-stage ILC framework to ensure that ILC control was
unaffected by real-time disturbances.
In existing nonlinear MPC-ILC schemes, the plant model
was usually expanded in Taylor’s series, which was only valid
in a normal operation point. Since the nonlinear industry
process dynamics may vary in a large operating range, the
model errors would inevitably introduce additional perturbations and deteriorate the control effect.
One way to deal with such difficulty is to develop the
high accuracy plant model. In this paper, the Takagi-Sugeno
(T-S) fuzzy model [11] is utilized to approximate the nonlinear
system. The T-S fuzzy model, adopting the experts’ experience, has the characteristic of simple structure and strong
approximation ability. It is composed of a number of local
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linear models. The parameters of each local model are passed
through the membership functions to generate an overall
nonlinear model. Thus the proposed controller is a plantwide controller rather than a linear controller. With higher
model exactness, the iteration process can converge to the
predefined trajectory more quickly and tracking performance
can also be improved.
In power generation industrial process, the steam-boiler
generations in power plant should meet the load demand
of power system under wide-range operation. The processes
are complex systems with strong nonlinearity and subject to
external disturbances. Since the dynamic of the steam-boiler
system in power plant can be depicted as load dependent, T-S
fuzzy model was established to represent the system dynamic.
Thus the feedforward- (FF-) feedback (FB) control strategy is
particularly suitable for controlling the system [12].
The aim of this paper is to derive a nonlinear FF-FB ILC
based on fuzzy modeling technique. Section 2 describes the
overall FF-FB control scheme. Section 3 presents the feedforward ILC control strategy. Section 4 incorporates MPC into
ILC to formulate the FF-FB scheme. A simulation on the
steam-boiler system is presented in Section 5 to illustrate the
performance of the proposed feedback-assisted ILC. Finally,
the conclusion is drawn in Section 6.

Generally, the FF-FB strategy in a repetitive system can be
expressed as
𝑢𝑘 (𝑡) =

(𝑡) +

𝑇

Δ

𝑢 = [𝑢𝑇 (0) 𝑢𝑇 (1) ⋅ ⋅ ⋅ 𝑢𝑇 (𝑁 − 1)] ∈ 𝑅𝑛𝑢 𝑁,
Δ

𝑇

Δ

𝑇

𝑦 = [𝑦𝑇 (1) 𝑦𝑇 (2) ⋅ ⋅ ⋅ 𝑦𝑇 (𝑁)] ∈ 𝑅𝑛𝑦 𝑁,

𝑢𝑘fb

(𝑡) ,

(1)

where 𝑘 denotes the iteration number and 𝑡 denotes the
current time, 𝑢𝑘ff (𝑡) represents the feedforward control signal
in the 𝑘th iteration at time 𝑡, 𝑢𝑘fb (𝑡) represents the feedback
control signal in the 𝑘th iteration at time 𝑡, and 𝑢𝑘 (𝑡) is the
overall control signal that will be applied to the process. The
FF-FB controller structure is illustrated in Figure 1.
In Figure 1, 𝑢𝑘ff (𝑡) is the feedforward portion which is
provided by ILC updating law. 𝑢𝑘fb (𝑡) is the feedback portion
which is a nonlinear MPC control signal. 𝑢𝑘 (𝑡) is the total
control signal in the 𝑘th iteration. 𝑦𝑑 is the desired output
reference, 𝑒𝑘 (𝑡) is the error in the 𝑘th iteration, and 𝑦𝑘 is the
plant output in the 𝑘th iteration.

3. The ILC Control Law
A nonlinear multi-input multi-output (MIMO) discrete-time
system is written in the form of
𝑦 = 𝑓 (𝑢, 𝑑) ,

(2)

where 𝑓 denotes the nonlinear relationship between the input
𝑢, the disturbances 𝑑, and the output 𝑦.

(3)

𝑑 = [𝑑𝑇 (1) 𝑑𝑇 (2) ⋅ ⋅ ⋅ 𝑑𝑇 (𝑁)] ∈ 𝑅𝑛𝑦 𝑁,
where the run length is fixed with 𝑁 sample steps and the
dimensions of input and output are 𝑛𝑢 and 𝑛𝑦 , respectively.
The nonlinear mapping 𝑓 can be presented by the T-S
fuzzy model:
𝑅𝑖 : If 𝑧1 is 𝐴 𝑖1 and ⋅ ⋅ ⋅ and 𝑧𝑝 is 𝐴 𝑖𝑝 ,
then 𝑦𝑖 = 𝐺𝑖 𝑢 − 𝑝𝑖 ,

𝑖 = 1, 2, . . . , 𝑟,

(4)

where 𝑟 is the number of the rules, 𝑅𝑖 denotes the 𝑖th rule,
𝑧1 ⋅ ⋅ ⋅ 𝑧𝑝 are variables of the premise of implication, 𝐴 𝑖1 ⋅ ⋅ ⋅ 𝐴 𝑖𝑝
are fuzzy sets in the premise, 𝑝𝑖 denotes the total effects of
disturbances and bias errors in the 𝑖th subarea, and 𝐺𝑖 is
impulse response coefficient matrix of the 𝑖th submodel.
The FF-FB scheme can be written as
𝑢 = 𝑢ff + 𝑢fb .

2. The Overall Control Law

𝑢𝑘ff

Define the following sequences 𝑢, 𝑦, and 𝑑 as

(5)

Combining (4) and (5), the input-output relationship can
be rewritten as
𝑅𝑖 : If 𝑧1 is 𝐴 𝑖1 and ⋅ ⋅ ⋅ and 𝑧𝑝 is 𝐴 𝑖𝑝 ,
then 𝑦𝑖 = 𝐺𝑖 (𝑢ff + 𝑢fb ) − 𝑝𝑖 ,

𝑖 = 1, 2, . . . , 𝑟.

(6)

Then 𝑦𝑖 can be decomposed as 𝑦𝑖 and 𝑦̂𝑖 . Consider
𝑦𝑖 = 𝐺𝑖 𝑢ff − 𝑝𝑖 ,

(7)

𝑦̂𝑖 = 𝐺𝑖 𝑢fb = 𝐺𝑖 𝑢̂,

(8)

where 𝑦𝑖 is the suboutput of feedforward ILC control law
in the 𝑖th subarea and 𝑦̂𝑖 is the suboutput of feedback MPC
control law in the 𝑖th subarea. 𝑢̂ denotes 𝑢fb .
𝐺𝑖 has the following lower-block triangular structure:
𝑖
0
𝑔1,0
[ 𝑔𝑖 𝑔𝑖
[ 2,0 2,1
𝐺𝑖 = [
..
[ ..
[ .
.
𝑖
𝑔
⋅
⋅
⋅
[ 𝑁,0

⋅⋅⋅
⋅⋅⋅

0
0

]
]
] ∈ 𝑅𝑛𝑦 𝑁×𝑛𝑢 𝑁,
]
]

d
0
𝑖
⋅ ⋅ ⋅ 𝑔𝑁,𝑁−1
]

(9)

𝑖
where 𝑔𝑝𝑞
∈ 𝑅𝑛𝑦 ×𝑛𝑢 is the impulse response coefficient matrix
which is attained by applying unit pulse inputs at time 𝑞 to
outputs at time 𝑝 independently.
The integral system output 𝑦 can be formulated in the
following form:

𝑦=

∑𝑟𝑖=1 𝑤𝑖 (𝑧) 𝑦𝑖
,
∑𝑟𝑖=1 𝑤𝑖 (𝑧)

(10)
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Figure 1: The control scheme for the feedback-assisted ILC controller.

Generally, 𝐷 have both deterministic and stochastic
components. In a repetitive system, it is convenient to express
𝐷 as the output of a linear stochastic system:

where
𝑧 = (𝑧1 , . . . , 𝑧𝑝 ) ,
𝑝

𝑤𝑖 (𝑧) = ∏𝐴 𝑖𝑗 (𝑧) .

(11)
𝐷𝑘+1 = 𝐷𝑘 + 𝑤𝑘 ,

𝑗=1

Let
ℎ𝑖 (𝑧) =

𝑤𝑖 (𝑧)
,
∑𝑟𝑖=1 𝑤𝑖 (𝑧)

𝐷𝑘 = 𝐷𝑘 + V𝑘 ,
(12)

where
0
⋅⋅⋅
0
ℎ𝑖 (𝑧 (1))
0
ℎ𝑖 (𝑧 (2)) ⋅ ⋅ ⋅
0
ℎ𝑖 (𝑧) = (
)
d
0
0
⋅ ⋅ ⋅ ℎ𝑖 (𝑧 (𝑁))

(13)

∈ 𝑅𝑛𝑦 𝑁×𝑛𝑦 𝑁.
According to (10)–(13),
𝑦=

𝑟
𝑟
∑𝑟𝑖=1 𝑤𝑖 (𝑧) 𝑦𝑖
𝑖 ff
=
ℎ
𝑢
−
ℎ𝑖 (𝑧) 𝑝𝑖 .
𝐺
∑
∑
(𝑧)
𝑖
∑𝑟𝑖=1 𝑤𝑖 (𝑧)
𝑖=1
𝑖=1

(14)

where 𝑘 is the iteration number, 𝐷𝑘 can be considered as
the part of 𝐷𝑘 that will also appear in the next iteration
run, and both 𝑤𝑘 and V𝑘 are zero-mean independent and
identically distributed (i.i.d.) sequences in the 𝑘th iteration
with covariant matrices 𝑅𝑤 and 𝑅V , respectively.
Define that 𝑒̃ is the part of 𝑒 that will also appear
in the next iteration. According to (16) and (17), we can
formulate the expression of the tracking error sequences for
two coherent iterations:
𝑟

𝑒𝑘 = 𝑦𝑑 − ∑ℎ𝑖 (𝑧) 𝐺𝑖 𝑢𝑘ff + 𝐷𝑘 + V𝑘 ,
𝑖=1

Define the weighted sum of disturbances and errors as
𝑟

𝐷 = ∑ℎ𝑖 (𝑧) 𝑝𝑖 .

(15)

𝑟

𝑒̃𝑘 = 𝑦𝑑 − ∑ℎ𝑖 (𝑧) 𝐺𝑖 𝑢𝑘ff + 𝐷𝑘 ,
𝑖=1

𝑖=1

Let 𝑦𝑑 represent the predefined output; the error trajectory 𝑒 can be expressed as
𝑟

𝑒 = 𝑦𝑑 − 𝑦 = 𝑦𝑑 − ∑ℎ𝑖 (𝑧) 𝐺𝑖 𝑢ff + 𝐷.
𝑖=1

(17)

𝑒𝑘+1 = 𝑦𝑑 −

𝑟

ff
∑ℎ𝑖 (𝑧) 𝐺𝑖 𝑢𝑘+1
𝑖=1
𝑟

(16)

(18)
+ 𝐷𝑘+1 + V𝑘+1 ,

ff
+ 𝐷𝑘+1 .
𝑒̃𝑘+1 = 𝑦𝑑 − ∑ℎ𝑖 (𝑧) 𝐺𝑖 𝑢𝑘+1
𝑖=1
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4. The Feedback-Assisted Control Law

Combining (17) with (18) can result in
𝑟

ff
𝑒̃𝑘+1 = 𝑒̃𝑘 − ∑ℎ𝑖 (𝑧) 𝐺𝑖 Δ𝑢𝑘+1
+ 𝑤𝑘 ,

(19)

𝑖=1

𝑒𝑘 = 𝑒̃𝑘 + V𝑘 ,
ff
ff
= 𝑢𝑘+1
− 𝑢𝑘ff , Δ represents a difference operator
where Δ𝑢𝑘+1
in terms of the iteration index.
When disturbances and noises in a specific iteration
are significant, the following observer-based algorithm is
adopted:
ff
+ Δ𝑢𝑘ff .
𝑢𝑘ff = 𝑢𝑘−1

(20)

Δ𝑢𝑘ff is determined by minimizing the following quadratic
criterion:
1  𝑇 2  ff 2
 + Δ𝑢𝑘  } .
min {𝑒̃𝑘|𝑘−1
𝑆 
𝑇
Δ𝑢𝑘ff 2

(21)

According to (19), (20) is subject to

In order to effectively reject nonrepeating disturbances in the
current run, it is necessary to combine MPC with the above
ILC to deduce the overall FF-FB control law.
For convenience, the following notation is introduced:
𝜆 (𝑡1 )
[𝜆 (𝑡1 + 1)]
𝑡1
]
[
𝜆 (𝑡2 ) = [
].
..
]
[
.
[ 𝜆 (𝑡2 ) ]

The process model (8) is used to deduce the revised MPC
feedback control law. At time 𝑡,

(27)
𝑦̂𝑘𝑖 (𝑡) = 𝑔𝑡𝑖 𝑢̂𝑘 (0𝑡−1 ) ,
where 𝑔𝑡𝑖 denotes nonzero elements in tth row vector of 𝐺𝑖 .
At time 𝑡 in MPC, we partitioned the control signal as two
parts to predict the output at time 𝑡 + 𝑗 (𝑗 = 1, . . . , 𝑚):


𝑖1
𝑖2
𝑢̂𝑘 (0𝑡−1 ) + 𝑔𝑡+𝑗
𝑢̂𝑘 (𝑡𝑡+𝑗−1 ) ,
𝑦̂𝑘𝑖 (𝑡 + 𝑗 |𝑡 ) = 𝑔𝑡+𝑗
(28)
where
𝑖1
𝑖
𝑖
𝑖
𝑔𝑡+𝑗,1
⋅ ⋅ ⋅ 𝑔𝑡+𝑗,𝑡−1
= [𝑔𝑡+𝑗,0
],
𝑔𝑡+𝑗

𝑟

𝑒̃𝑘|𝑘−1 = 𝑒̃𝑘−1|𝑘−1 − ∑ℎ𝑖 (𝑧) 𝐺𝑖 Δ𝑢𝑘ff ,

(22)

𝑖=1

𝑒̃𝑘−1|𝑘−1 = 𝑒̃𝑘−1|𝑘−2 + 𝐾 (𝑒𝑘−1 − 𝑒̃𝑘−1|𝑘−2 ) ,
where 𝑒̃𝑛|𝑚 is an estimation of 𝑒̃𝑛 that can be interpreted as
using the information of 𝑒̃ in the 𝑚th iteration to estimate the
behavior of 𝑒̃ in the 𝑛th iteration; 𝑆 and 𝑇are positive-definite
matrices; 𝐾 is the Kalman gain.
The solution to the above is
Δ𝑢𝑘ff

𝑇

𝑟

𝑖
𝑖
𝑖
𝑖2
𝑔𝑡+𝑗,𝑡+1
⋅ ⋅ ⋅ 𝑔𝑡+𝑗,𝑡+𝑗−1
= [𝑔𝑡+𝑗,𝑡
].
𝑔𝑡+𝑗

𝑖
𝑖
𝑖
𝑔𝑡+1,1
⋅ ⋅ ⋅ 𝑔𝑡+1,𝑡−1
𝑔𝑡+1,0

𝐺𝑡𝑖1

𝑖

(23)

× (∑ℎ𝑖 (𝑧) 𝐺𝑖 ) 𝑆̃
𝑒𝑘−1|𝑘−1 .

𝐺𝑡𝑖2

𝑖=1

Consequently, the feedforward control signal at time 𝑡 is
ff
ff
𝑒𝑘−1|𝑘−1 ,
𝑢𝑘ff (𝑡) = 𝑢𝑘−1
(𝑡) + Δ𝑢𝑘ff (𝑡) = 𝑢𝑘−1
(𝑡) + 𝐿̃

(24)

𝑛𝑢 ×𝑛𝑢 𝑡

𝑛𝑢 ×𝑛𝑢

𝑛𝑢 ×(𝑁−𝑡−1)𝑛𝑢

𝑇

𝑟

⏟⏟⏟⏟⏟
0 ⏟⏟
𝑟

𝑟

𝑇
𝑖

× (∑ℎ𝑖 (𝑧) 𝐺 ) 𝑆.
𝑖=1

⋅⋅⋅

0

(31)

]
[ 𝑖
𝑖
]
[ 𝑔𝑡+2,𝑡 𝑔𝑡+2,𝑡+1
⋅⋅⋅
0
]
[
=[
].
]
[ ..
..
..
]
[ .
.
d
.
𝑖
𝑖
𝑖
𝑔
𝑔
⋅
⋅
⋅
𝑔
[ 𝑡+𝑚,𝑡 𝑡+𝑚,𝑡+1
𝑡+𝑚,𝑡+𝑚−1 ]

𝑟
 
𝑖 𝑖 𝑡+1 

̂𝑘 (𝑡+𝑚  𝑡) ,
𝑦̂𝑘 (𝑡+1
𝑡+𝑚  𝑡) = ∑𝐻𝑡 𝑦

(32)

𝑖=1

)

where
−1

⋅ [(∑ℎ𝑖 (𝑧) 𝐺 ) 𝑆 (∑ℎ𝑖 (𝑧) 𝐺 ) + 𝑇]
𝑖=1
[ 𝑖=1
]
𝑖

0

Similar to (14), the integral system output 𝑦̂𝑘 (|𝑡+1
𝑡+𝑚 |𝑡) can
be expressed as

where
𝐿 = ( ⏟⏟⏟⏟⏟
0 ⏟⏟ ⋅ ⋅ ⋅ ⏟⏟⏟⏟⏟
1 ⏟⏟ ⋅ ⋅ ⋅

]
[ 𝑖
𝑖
𝑖
]
[ 𝑔𝑡+2,0 𝑔𝑡+2,1
⋅ ⋅ ⋅ 𝑔𝑡+2,𝑡−1
]
[
=[
],
[ ..
..
.. ]
[ .
.
d
. ]
𝑖
𝑖
𝑖
[𝑔𝑡+𝑚,0 𝑔𝑡+𝑚,1 ⋅ ⋅ ⋅ 𝑔𝑡+𝑚,𝑡−1 ]
𝑖
𝑔𝑡+1,𝑡

𝑇

𝑟

(29)

Considering the predictive horizon is 𝑚, (29) can be
expanded as
 


𝑖1

̂𝑘 (0𝑡−1 ) + 𝐺𝑡𝑖2 𝑢̂𝑘 (𝑡𝑡+𝑚−1 ) ,
(30)
𝑦̂𝑘𝑖 (𝑡+1
𝑡+𝑚  𝑡) = 𝐺𝑡 𝑢
where

−1

𝑟

= [(∑ℎ𝑖 (𝑧) 𝐺 ) 𝑆 (∑ℎ𝑖 (𝑧) 𝐺 ) + 𝑇]
𝑖=1
[ 𝑖=1
]
𝑖

(26)

𝑖

(25)

𝐻𝑡𝑖

⋅⋅⋅
0
0
ℎ𝑖 (𝑧 (𝑡 + 1))
0
0
ℎ𝑖 (𝑧 (𝑡 + 2)) ⋅ ⋅ ⋅
= (
)
d
0
0
⋅ ⋅ ⋅ ℎ𝑖 (𝑧 (𝑡 + 𝑚))
∈ 𝑅𝑛𝑦 𝑚×𝑛𝑦 𝑚 .
(33)
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The tracking error of the predictive model is defined as
 
𝑡+1
 



̂𝑘 (𝑡+1
𝑒̂𝑘 (𝑡+1
𝑡+𝑚  𝑡) = 𝑦𝑑 (𝑡+𝑚 ) − 𝑦
𝑡+𝑚  𝑡)
𝑟
(34)

= 𝑓𝑡 − ∑𝐻𝑡𝑖 𝐺𝑡𝑖2 𝑢̂𝑘 (𝑡𝑡+𝑚−1 ) ,

Through some straightforward manipulation, the con𝑢𝑘 (|𝑡𝑡+𝑚−1 ) can be
straints imposed on 𝑢̂𝑘 (|𝑡𝑡+𝑚−1 ) and 𝛿̂
expressed as


𝑈min − 𝑢𝑘ff (𝑡𝑡+𝑚−1 ) ≤ 𝑢̂𝑘 (𝑡𝑡+𝑚−1 )

𝑖=1

where
𝑟

𝑖 𝑖1 𝑖 0
̂𝑘 (𝑡−1 ) .
𝑓𝑡 = 𝑦𝑑 (𝑡+1
𝑡+𝑚 ) − ∑𝐻𝑡 𝐺𝑡 𝑢

(35)


≤ 𝑈max − 𝑢𝑘ff (𝑡𝑡+𝑚−1 ) ,



𝛿𝑈min − 𝛿𝑢𝑘ff (𝑡𝑡+𝑚−1 ) + 𝐶2 ≤ 𝐶1 𝑢̂𝑘 (𝑡𝑡+𝑚−1 )


≤ 𝛿𝑈max − 𝛿𝑢𝑘ff (𝑡𝑡+𝑚−1 ) + 𝐶2 ,
(41)

𝑖=1

Define the cost function of MPC as follows:
min 𝐽𝑘
𝑡
𝑢̂𝑘 (
𝑡+𝑚−1 )
=

(𝑡)

where
(36)

1  𝑡+1  2 

2
) } ,
{𝑒̂ (  𝑡) + 𝑢̂ (𝑡
2  𝑘 𝑡+𝑚  𝑄  𝑘 𝑡+𝑚−1 𝑅

𝐼 𝐼 ⋅⋅⋅ 𝐼 𝐼
0 𝐼 ⋅⋅⋅ 𝐼 𝐼
𝐶1 = (
) ∈ 𝑅𝑛𝑢 𝑚×𝑛𝑢 𝑚 ,
d
𝐼 𝐼 ⋅⋅⋅ 0 𝐼

where 𝑄 and 𝑅 are positive-definite matrices with appropriate
dimensions.
According to (36), the feedback control signal can be
obtained:
𝑇

𝑟
𝑟

𝑢̂𝑘 (𝑡𝑡+𝑚−1 ) = ((∑𝐻𝑡𝑖 𝐺𝑡𝑖2 ) 𝑄 (∑𝐻𝑡𝑖 𝐺𝑡𝑖2 ) + 𝑅)
𝑖=1
𝑟

𝑖=1

𝑢̂𝑘 (𝑡 − 1)
0
𝐶2 = (
) ∈ 𝑅𝑛𝑢 𝑚 .
..
.

−1

0

(37)

𝑇

The constraints can be put in the general form of

× (∑𝐻𝑡𝑖 𝐺𝑡𝑖2 ) 𝑄𝑓𝑡 .


𝑀̂
𝑢𝑘 (𝑡𝑡+𝑚−1 ) ≤ R,

𝑖=1

𝑢̂𝑘 (|𝑡𝑡+𝑚−1 )

Only the first element 𝑢̂𝑘 (𝑡) from
is used in the
process at the current time 𝑡 as the feedback control signal.
According to (24) and (37), the overall control law is
obtained as
𝑢𝑘 (𝑡) = 𝑢𝑘ff (𝑡) + 𝑢𝑘fb (𝑡)

(38)

ff
= 𝑢𝑘−1
𝑒𝑘−1|𝑘−1 + 𝑢̂𝑘 (𝑡) .
(𝑡) + 𝐿̃

In industrial applications, various constraints are
imposed on the input magnitude and the input change rate
(in terms of time index), which are given as the following
linear inequalities:
𝑢min ≤ 𝑢𝑘 (𝑡) ≤ 𝑢max ,

(39)

𝛿𝑢min ≤ 𝛿𝑢𝑘 (𝑡) ≤ 𝛿𝑢max ,

where 𝛿𝑢𝑘 (𝑡) = 𝑢𝑘 (𝑡) − 𝑢𝑘 (𝑡 − 1), 𝛿 represents a difference
operator in terms of the time index and 𝑢min and 𝛿𝑢min
represent the lower limits of 𝑢𝑘 (𝑡) and 𝛿𝑢𝑘 (𝑡), respectively;
𝑢max and 𝛿𝑢max represent the upper limits of 𝑢𝑘 (𝑡) and 𝛿𝑢𝑘 (𝑡),
respectively.
In the FF-FB control scheme, the ILC feedforward signal
𝑢𝑘ff is known before the 𝑘th iteration.
Define
𝑇

𝑈min = [𝑢min 𝑇 ⋅ ⋅ ⋅ 𝑢min 𝑇 ] ∈ 𝑅𝑛𝑢 𝑚 ,
𝑈

max

= [𝑢

max 𝑇

⋅⋅⋅ 𝑢

(42)

max 𝑇 𝑇

𝑛𝑢 𝑚

] ∈𝑅

(40)
.

(43)

where
𝐼
−𝐼
𝑀=(
),
𝐶1
−𝐶1

𝑈max − 𝑢𝑘ff (𝑡𝑡+𝑚−1 )

−𝑈min + 𝑢𝑘ff (𝑡𝑡+𝑚−1 )
)
(
).
R=(
)
( 𝛿𝑈max − 𝛿𝑢ff (𝑡
)
+
𝐶
2
𝑘 𝑡+𝑚−1

−𝛿𝑈min + 𝛿𝑢𝑘ff (𝑡𝑡+𝑚−1 ) − 𝐶2
)
(

(44)

In conditional MPC method, the constraints imposed on
the practical system are often solved by a quadratic program
(QP). The standard QP problem can be expressed as follows:
1
min 𝐽 = 𝜃𝑇 Φ𝜃 + 𝜃𝑇 𝜙,
𝜃
2

(45)

s.t. 𝑀𝜃 ≤ R,

(46)

where (45) denotes the objective function and (46) denotes
the constraints, the decision variable is 𝜃, Φ, 𝜙, 𝑀, and R are
compatible matrices and vectors, and Φ is supposed to be a
symmetric and positive definite matrix.
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Combining (34), (36), and (43), a QP problem is constituted:
1


𝑢𝑘 (𝑡𝑡+𝑚−1 )
min 𝐽𝑘 (𝑡) = 𝑢̂𝑘𝑇 (𝑡𝑡+𝑚−1 ) Φ̂
𝑡
2
̂
𝑢𝑘 (|
)
𝑡+𝑚−1


+ 𝑢̂𝑘𝑇 (𝑡𝑡+𝑚−1 ) 𝜙,

(47)


s.t. 𝑀̂
𝑢𝑘 (𝑡𝑡+𝑚−1 ) ≤ R,

where Φ = (∑𝑟𝑖=1 𝐻𝑡𝑖 𝐺𝑡𝑖2 )𝑇 𝑄(∑𝑟𝑖=1 𝐻𝑡𝑖 𝐺𝑡𝑖2 ) + 𝑅,
𝑟

𝑇

𝜙 = −(∑𝐻𝑡𝑖 𝐺𝑡𝑖2 ) 𝑄𝑓𝑡 .

(48)

𝑖=1

The QP problem is often solved by active set method
and interior point method. In this case, the QP is solved in
MATLAB by the function named quadprog for convenience.
The first element which served as the optimal feedback
control signal is applied to the process at the current time.

𝑅11 : 𝑦11 (𝑡) = 108 + 0.9792𝑦1 (𝑡 − 1) + 9.5039𝑢1 (𝑡 − 1)
− 298.1253𝑢2 (𝑡 − 1) + 115.7860𝑢3 (𝑡 − 1) ,
𝑅12 : 𝑦12 (𝑡) = 4.1736 + 0.9682𝑦1 (𝑡 − 1) + 8.9645𝑢1 (𝑡 − 1)
− 4.2498𝑢2 (𝑡 − 1) − 1.5497𝑢3 (𝑡 − 1) ,
𝑅13 : 𝑦13 (𝑡) = 4.8814 + 0.9688𝑦1 (𝑡 − 1) + 8.9645𝑢1 (𝑡 − 1)

5. Case Study
The proposed feedback-assisted ILC has been simulated on
a 160 MW drum-type boiler-turbine-generator plant represented by a third order MIMO coupling nonlinear model [13]:
= −0.0018𝑢2 𝑥19/8 + 0.9𝑢1 − 0.15𝑢3 ,
𝑥1̇

=
𝑥3̇

𝑅21 : 𝑦21 (𝑡) = − 33.7364 + 0.1868𝑦1 (𝑡 − 1)
𝑅22 : 𝑦22 (𝑡) = − 120.6358 + 0.7299𝑦1 (𝑡 − 1)
− 0.3592𝑦2 (𝑡 − 1) + 209.4179𝑢2 (𝑡 − 1) ,

[141𝑢3 − (1.1𝑢2 − 0.19) 𝑥1 ]
,
85

𝑅21 : 𝑦21 (𝑡) = − 170.5567 + 0.8565𝑦1 (𝑡 − 1)

𝑦1 = 𝑥1 ,

+ 0.0195𝑦2 (𝑡 − 1) + 201.3431𝑢2 (𝑡 − 1) ,

𝑦2 = 𝑥2 ,
𝑦3 = 0.05 (0.13073𝑥3 + 100𝛼cs +

− 5.2957𝑢2 (𝑡 − 1) − 1.4789𝑢3 (𝑡 − 1) ,

+ 0.0491𝑦2 (𝑡 − 1) + 104.9749𝑢2 (𝑡 − 1) ,

= (0.073𝑢2 − 0.016) 𝑥19/8 − 0.1𝑥2 ,
𝑥2̇

𝛼cs =

Though the model shows strong nonlinearity, one major
characteristic of the boiler-turbine-generator is that the plant
dynamic changes with load within the whole operating range.
This property motivates many researchers to establish the
fuzzy model by incorporating the human operators’ experience [14]. Choose the operating points to be (120, 40, 0),
(135, 90, 0.5), and (150, 140, 1), which can be defined as low
(L), medium (M), and high (H), respectively. This division
also uses the experience of the operators, who regard a load
of 40 MW as low, 90 MW as medium, and 140 MW as high.
Therefore the rules can be constructed as follows:

𝑅31 : 𝑦31 (𝑡) = − 0.3727 + 0.2428𝑦3 (𝑡 − 1) − 0.8475𝑢1 (𝑡 − 1)

𝑞𝑒
− 67.975) ,
9

+ 0.7170𝑢2 (𝑡 − 1) + 0.8352𝑢3 (𝑡 − 1) ,
𝑅32 : 𝑦32 (𝑡) = 0.2704 + 0.1171𝑦3 (𝑡 − 1) − 0.1904𝑢1 (𝑡 − 1)

(1 − 0.001538𝑥3 ) (0.8𝑥1 − 25.6)
,
𝑥3 (1.0394 − 0.0012304𝑥1 )

+ 0.1894𝑢2 (𝑡 − 1) + 0.0370𝑢3 (𝑡 − 1) ,

𝑞𝑒 = (0.845𝑢2 − 0.147) 𝑥1 + 45.59𝑢1 − 2.514𝑢3 − 2.096,
(49)
where 𝑥1 , 𝑥2 , and 𝑥3 are drum steam pressure (kg/cm2 ),
electric power (WM), and steam-water fluid density in the
drum, respectively, the output 𝑦3 is the drum water level (cm)
obtained using two algebraic calculations 𝛼cs and 𝑞𝑒 which
are the steam quality and the evaporation rate (kg/s), and
the inputs 𝑢1 , 𝑢2 , and 𝑢3 are normalized positions of valve
actuators that control the mass flow rates of fuel, steam to
the turbine, and feedwater to the drum, respectively. The
sampling period is 1 second. The constraints imposed on
input change rates are
−0.007 ≤ 𝛿𝑢1 (𝑡) ≤ 0.007,
−2.0 ≤ 𝛿𝑢2 (𝑡) ≤ 0.02,
−0.05 ≤ 𝛿𝑢3 (𝑡) ≤ 0.05.

(50)

𝑅33 : 𝑦33 (𝑡) = − 0.0650 + 0.3692𝑦3 (𝑡 − 1) − 0.2430𝑢1 (𝑡 − 1)
+ 0.5564𝑢2 (𝑡 − 1) − 0.2019𝑢3 (𝑡 − 1) ,
(51)

where the fuzzy sets are illustrated in Figures 2, 3, and 4.
The sampling step 𝑁 = 1200. The system is initially steady
in the following states 𝑋 = (100, 50, 449.5), 𝑌 = (100, 50, 0),
and 𝑈 = (0.271, 0.604, 0.336).
The turning parameters are as follows: the covariance
matrices of stochastic disturbances are 𝑅𝑤 = 𝑅V = 0.05𝐼;
the control and predictive horizons are 𝑚 = 𝑝 = 20; 𝑆, 𝑇,
𝑄, and 𝑅 are chosen as 0.1𝐼, 0.8𝐼, 𝐼, and 0.025𝐼, respectively;
𝑈0 = (0.271, 0.604, 0.336) is the input in the 1st iteration.
Simulations are first made under some fixed value of
electric load demands to demonstrate the learning ability of
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40

the proposed feedback-assisted ILC. The references of steam
pressure, electric power, and drum water level are
𝑦1 = 110,
𝑦1 = 120,
𝑦1 = 130,

𝑦2 = 80,

𝑦3 = 0,

0 ≤ 𝑡 ≤ 400,

𝑦2 = 100,

𝑦3 = 0,

40 ≤ 𝑡 ≤ 800,

𝑦2 = 120,

𝑦3 = 0,
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Figure 5: The steam pressure (kg/cm2 ).

(52)

800 ≤ 𝑡 ≤ 1200.

Figures 5, 6, and 7 show the simulation results.
Figures 5–7 represent the outputs in the 1st, 4th, 8th,
10th, 15th, and 20th iteration, respectively. In order to make
a comparison, the reference trajectories are also included in
each group curve. It is obvious that the outputs of steam
pressure, electric power, and drum water level converge to
their desired references perfectly after several iterations. With
the increase of the iteration run, the tracking property of the
proposed strategy is improved. It shows that the algorithm
can be applied for power plant control to attain wide-range
operation.
The comparing results between the proposed feedbackassisted ILC and the pure ILC are shown in Figures 8, 9, 10,
11, 12, and 13 for the 8th iteration, under the case 𝑦1 = 120,
𝑦2 = 100, 𝑦3 = 0. It can be seen that the proposed feedbackassisted ILC achieves a better tracking property over pure
ILC for agreeing with the predefined steam pressure, electric
power, and drum water level. Figures 11–13 show the total
control signal 𝑢𝑖 , feedforward signal 𝑢𝑖ff , and feedback signal
𝑢𝑖fb of the three input signals, respectively. The actual input
signal is in accordance with the expected behaviour. The
feedforward signal provides most of control signals and the
feedback control signal compensates for uncertainties and
disturbances.
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40
20
20
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10
Iter
atio
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5

400
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Time

Figure 6: The electric power (MW).

In order to make a total comparison, define the sum of
squared errors (SSE) between the reference trajectory and the
actual output:
𝑁

2

SSE (𝑘) = ∑(𝑦𝑑 (𝑡) − 𝑦𝑘 (𝑡)) ,
𝑡=1

𝑘 ∈ [1, 20] .

(53)

8

Mathematical Problems in Engineering
110

60
40

100

20
90
0
80

−20
20
15
Iter
atio
ns

1200

10

70

800
5

400
0

0

e (s)
Tim

60

Figure 7: The drum water level (cm).
50

0

100

124

200
Time (s)

300

400

Feedback-assisted ILC
ILC

120

Figure 9: The electric power (MW).
116
10

112
8
108
6
104
4
100

0

100

200
Time (s)

300

400

Feedback-assisted ILC

2

0

ILC

Figure 8: The steam pressure (kg/cm2 ).

The qualitative difference is analyzed under the case
𝑦1 = 120. Comparison is then made between the proposed feedback-assisted ILC and the pure feedback MPC.
The feedback MPC adopts the same algorithm as depicted
above. Figure 14 shows the comparing result of the tracking
performance with respect to the iterations. It is clearly seen
that although the proposed control scheme has a larger SSE
in the initial iterations than the MPC, it converges to a smaller
SSE boundary after the 5th iteration. Meanwhile, the feedback
MPC almost has the same tracking performance for the
system, due to the fact that it cannot learn from the previous
runs. The repetitive errors exist from the 1st iteration and its
tracking property cannot be improved in the iteration process
[15]. In this case, because of the plant model mismatch, the
controller leaves repetitive tracking errors so the feedback
MPC loses its efficacy for this kind of system.

−2

0

100

200
Time (s)

300

400

Feedback-assisted ILC
ILC

Figure 10: The drum water level (cm).

6. Conclusion
In this paper, a feedback-assisted iterative learning controller
is derived to track the predefined trajectory for a steamboiler nonlinear system whose dynamic can be presented
by a T-S fuzzy model. MPC is appropriately incorporated
into ILC as a feedback controller to eliminate the realtime random disturbances. Because of the using T-S model,
the proposed FF-FB control strategy can attain wide-range
load-following operation. The feedforward ILC control signal
drives the process close to the desired reference. Meanwhile,
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Figure 11: The control efforts of fuel valve.
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Life cycle thinking has become widely applied in the assessment for building environmental performance. Various tool are
developed to support the application of life cycle assessment (LCA) method. This paper focuses on the carbon emission during
the building construction stage. A partial LCA framework is established to assess the carbon emission in this phase. Furthermore,
five typical LCA tools programs have been compared and analyzed for demonstrating the current application of LCA tools and
their limitations in the building construction stage. Based on the analysis of existing tools and sustainability demands in building,
a new computer calculation system has been developed to calculate the carbon emission for optimizing the sustainability during
the construction stage. The system structure and detail functions are described in this paper. Finally, a case study is analyzed to
demonstrate the designed LCA framework and system functions. This case is based on a typical building in UK with different plans
of masonry wall and timber frame to make a comparison. The final results disclose that a timber frame wall has less embodied
carbon emission than a similar masonry structure. 16% reduction was found in this study.

1. Introduction
CO2 as a dominate greenhouse gas is the most serious
threat to global warming. How to reduce CO2 is definitely
a hot topic in all industries with the increasing focus on
climate change [1]. According to Intergovernmental Panel on
Climate Change (IPCC) [2], buildings consumed 40% energy
sources and led to 36% energy related carbon emission in
industrialized countries. Therefore, the building industry has
become a crucial global target to reduce CO2 emission. All
developed countries have recognized the building industry
as the key control point of the low carbon economy and
a sustainable environment. China has also promised that
carbon emission will reduce 40%–45% per GDP unit from
2009 to 2020 [3].
Reducing carbon emission has been a significant focus,
so LCA as an internationally standardized method is widely
applied in current industries [4]. It quantifies all relevant
emissions and resources consumed and the related environmental and health impacts and resource depletion issues that

are associated with products [5]. The International Organization for Standardization (ISO) 14040 and 14044 standards
provides an indispensable framework for LCA [6]. According
to the application in buildings based on LCA, many studies
have identified the overall impact of the construction of
buildings on the environment, and the analysis objectives and
results are quite different. Table 1 shows a summary of recent
literature on this area.
Most of the current papers mainly studied the analysis
of building life cycle and very few have focused on the construction phase in particular. However, it has been suggested
that between 2% to 36% of a traditional house’s lifetime
carbon emission is contributed by the primary materials,
manufacture, transportation, and construction [7]. The ratio
is even higher in some office buildings [8]. Therefore, this
paper aims to establish a calculation method for carbon
emissions focus on building construction only.
Many tools were developed to support LCA method to
make the LCA analysis more convenient and automatic. The
European Commission and Institute for Environment and
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Table 1: An literature overview of carbon case studies.

References

Assessment phases

[20]

Construction/use/disposal

[11]

Construction/maintenance/disposal/operation

[21]

Construction/use/disposal

[22]

Construction/operation/maintenance/disposal

[23]

Material production/construction/demolition

[24]

Construction/operation/maintenance/renovation

Sustainability [9] conducted a survey with these LCA tools in
2008. 42 tools and 26 databases already available in the market have been classified. However, the report demonstrated
that there are limited specific tools for buildings, specifically
in building construction. Therefore, the aim of this paper is
to design a LCA tool to calculate and compare the embodied
carbon and energy used during the construction stage for
different plans and then to identify the crucial contributors
that could deliver reductions in embodied carbon.

2. Literature Review
The growing importance of environmental issues, such as
climate change, has created a need to evaluate the impacts
of the products used in construction. One of the principle
techniques to enable the quantification and comparison of the
environmental impact of a product is LCA. This is defined
as an objective methodology to analyze and quantify the
environmental consequences of products and services during
their whole life cycle [10].
Researchers have intensively investigated the energy and
carbon implications of building materials and design in
“cradle to grave” life cycle studies of a house or its key components. Most of the previous research papers mainly studied
the analysis of buildings’ life cycle and very few focused on
the construction phase in particular and provide the detailed
information in this phase, such as building materials which
include brick, concrete, lime, gravel, and sand, transport
distance of each material to site, equipment inputs of truck,
dozer, digger, and street roller, and energy includes diesel and
electricity to drive engineering equipment.
However, some studies have realized the importance
of environment impact from the construction phase.
Gerilla et al. showed that much of the environmental
impacts from construction are on the global warming
potential due to high carbon emissions [11]. Monahan and
Powell compared the embodied carbon in a low energy
affordable house constructed using a novel offsite panelized
modular timber frame system [12], and Yan et al. present a
case study of greenhouse gas (GHG) emissions in building
construction in Hong Kong [13].

Objects of comparison
(i) Recycling disposal
(ii) 100% landfill disposal
(i) Wooden type of housing
(ii) Steel reinforced concrete type of housing
(i) An existing building
(ii) A high-strength concrete building
(i) Existing apartment house
(ii) Standard apartment house
(i) The bamboo-structure
(ii) Brick-concrete building
10 office buildings

LCA studies are case sensitive because they include
specific technologies and processes for material extraction,
manufacturing, and transportation and installation, which
often differ with time and place. Most carbon emission
studies use carbon dioxide equivalent (CO2 e) to measure
GHG emissions, and the embodied environmental impact
(carbon related) of building construction can be cut in half
when alternative building materials and technologies are
employed. For example, wooden structures are generally
found to be preferable since they are less carbon intensive
compared to nonwooden structures [14].
Meanwhile, many tools programs were developed to
support the LCA method to make the LCA analysis more convenient and straight forward, like SimaPro which has already
been widely used in studies for assisting the assessment of
environmental performance [8]. The European Commission
summarized 42 LCA tools programs in the report [9].
According to a survey on 60 LCA practitioners carried out
in 2006, GaBi and SimaPro were the most popular LCA tools
that occupied 58% and 31% of the market [15]. Focusing
on the building industry, the BEES (America) [16], Athena
(Canada) [17], CASBEE (Japan) [18], and WRATE (UK) [19]
are the typical tools used. BEES and Athena include all the
stages in the building’s life cycle. CASBEE has a variety
of versions for new building work, exciting building, and
renovation. WRATE mainly focuses on comparing the environmental impacts of different municipal waste management
systems. However, there is no specific tool that focuses on
the accounting of carbon emissions for building construction
processes.

3. LCA Method for Building Construction
LCA is a methodological tool that applies life cycle thinking
in a quantitative way on environmental analysis of activities
related to processes or products. LCA has widespread application in most industries for environmental performance
assessment. This study applies this LCA method for building
construction to calculate the carbon emission. A partial LCA
framework is established based on the characteristics of construction, including the scope, the system boundary, analysis
inventory, impact assessment, and result interpretation.
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3.1. LCA Framework. ISO 14040 defines LCA as the “compilation and evaluation of the inputs, outputs and the potential
environmental impacts of a product system throughout its life
cycle.” The general framework for LCA has been standardized
by ISO. It consists of the following elements [6].
(1) Goal, Scope, and Definition. Goal and scope definition
depends upon the subject and the intended use of the study
and can vary considerably depending upon the particular
project [6], including defining the functional unit, the system
boundary, and the carbon or energy flow. Regarding the
LCA application in building construction, this study mainly
focuses on the materials from cradle to site, equipment
activities, and waste disposal. The goal of this study is to
calculate and compare the embodied carbon and energy
used during construction for different plans and to identify
the crucial contributors that could deliver reductions in
embodied carbon.
(2) Life Cycle Inventory (LCI). This phase is a data collecting
activity to input-output analysis for all the processes and
elements within the system boundary. A specific inventory is
provided in the case study.
(3) Life Cycle Impact Assessment (LCIA). LCIA evaluates the
significance of potential environmental impacts using the LCI
results and provides information for the final interpretation
phase.
(4) Interpretation. Interpretation is the phase where the
results of the LCI and LCIA are interpreted according to
the goal of the study and where sensitivity and uncertainty
of analysis are performed to qualify the results and the
conclusions.
This paper concerns the input-output of the carbon
source in the building construction phase and intends
to design a flexible information system used to calculate
the building’s overall carbon footprint in construction and
identify ways of reducing it and assess and compare the
carbon performance of different design and management
choices. It means, based on the LCA framework applied in
building construction, defining the scope and boundaries,
the inventory analysis, impact assessment, and interpretation
which will be applied to the designed system.
3.2. System Boundaries. The study demonstrated using 20
papers related to the calculation of GHG or CO2 emissions
of buildings that GHG emissions in building construction
work and are mainly from six sources: (1) manufacture of
building materials; (2) transportation for building materials;
(3) transportation for construction equipment; (4) energy
consumption of construction equipment; (5) transportation
for workers; and (6) disposal of construction waste [13].
Sharma et al. also concluded that the key factors for energy
use in buildings are transportation, building material production, and construction, during the preuse life cycle phase
based on the analysis of over 40 studies [25].
The analysis boundaries are dependent upon the subject
and the objects of the study. When defining the analysis

3
boundary of the LCA application in building construction,
the key point is to catch the most capital items rather than all
the processes and elements involved in the construction. It is
better to simplify the inventory and highlight these. Therefore, in this paper, the system boundaries are from the cradle
to handover of the completed building for which four sources
of carbon emissions have been identified: manufacture and
transportation of building materials; energy consumption of
construction equipment; and disposal of construction waste.
The system boundaries and carbon emission flow in this study
are shown in Figure 1.
(i) Embodied Carbon of Materials and Products Used in Construction. Embodied carbon of materials used in construction
is decided by the types and amount of the materials used in
construction.
(ii) Transport of the Materials and Products to Site. The
transportation of construction materials means the energy
construction and carbon release during the materials transportation from cradle to the construction site by different
transport types. Usually, the transport types include road,
railway, and ocean shipping.
(iii) Energy Consumption of Construction Equipment. The
carbon emission of equipment mainly comes from the fuel
and electricity consumption for the equipment during the
construction activities, such as hoist and assemble.
(iv) Disposal of Construction Waste. The carbon emission
in disposal mainly comes from the saved embodied carbon
emission of recycle materials and the transportation of
materials from the construction site to other areas after
construction process.
The infrastructure required in construction, such as
roads, warehouses, and the operational activities associated
with administration and the workforce themselves (including
their transport to site), is considered to be outside of the
bounds as they do not contribute directly to the construction
process of the building considered.

4. Comparison of Current LCA Tools
In recent years life cycle thinking has become a key focus
in environmental policy making. Many tools were developed
to support LCA method to make the LCA analysis more
convenient and automatic. These tools dramatically improved
the analysis efficiency and expanded the application of LCA.
Although these analysis tools shared the same theory, the
functions’ performance, the system framework and, even
application are totally different, and the variety of these tools
brings the problem of decision-making difficulties for the
users.
According to a survey on 60 LCA practitioners carried
out in 2006, GaBi and SimaPro were the most popular LCA
tools, accounting for 58% and 31% of the market, respectively,
and 11% for other tools, like TEAM, BEES, and so forth [15].
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Considering the popularity, five worldwide leading LCA tools
were involved in this study to make a comparison.
4.1. LCA Tools for Carbon Emission Calculation
(1) BEES 4.0. BEES (building for environmental and economic sustainability) is a free LCA tool developed by the
NIST (National Institute of Standards and Technology). It
mainly is applied in the building industry for the selection of environmentally preferable building products, and
also including cost-effective analysis. The tool was designed
to Windows-based decision support, aimed at designers,
builders, and product manufacturers [16]. All stages in the
life of a product are analyzed. There are 12 figures for
environmental performance and two figures for economic
performance. The BEES model [16] is shown in Figure 2.

(2) Athena Impact Estimator 4.2. The Athena Institute’s Environmental Impact Estimator is a LCA tool for assessment of
the whole building or assembly level. This tool lets architects,
engineers, and researchers assess the environmental implications of industrial, institutional, office, multiunit residential,
and single-family residential building design. This tool is able
to make comparisons between alternative designs [17]. The
Estimator takes into account the environmental impacts at all
stages as well [17].
(3) TEAM 5.1. TEAM integrates impact calculation functionalities and sensitivity analysis in one single executable and an
integrated database manager. It means TEAM allows the user
to build and use a large database, to model any system representing the operations associated with products, processes,
and activities and to calculate the associated life cycle inventories and potential environmental impacts in compliance
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Figure 3: Sustainability comparison in SimaPro.

with the ISO 14040 series of standards. Additionally, TEAM
allows running simulations and scenario comparison by
defining variables [26].
(4) SimaPro 7.2. SimaPro LCA tool is used throughout the
world. SimaPro 7.2 is a world leading sustainable tool developed by PRe Consultants. It provides a professional tool to
collect, analyze, and monitor the environmental performance
of products and services. Comparison result by SimaPro is
shown in Figure 3.
SimaPro is famous for its flexibility in handling different
impact assessment methods. SimaPro comes with a huge
database included, and it is even possible to make links to
outside data sources. The database can be modified, extended,
and based on the customer’s own requirement.
(5) GaBi 4. GaBi 4 is a world-wide leading tool for modeling
products and systems from a life cycle perspective. The user
should build a lifecycle of the product as Figure 4 shows. GaBi
4.2 allows creating models based on physical process chains
(engineering approach). For a detailed analysis, GaBi analyst
offers scenario analysis, parameter variation, sensitivity analysis, and a fully user controlled Monte Carlo analysis. Figure 4
shows LCA results in GaBi.
Databases delivered by production engineer can be
remotely serviced, allowing for the updating of data directly
into the customer’s models and enable the customer to
manage his/her databases in an efficient way and assure
consistent databases.
4.2. Comparison Analysis. The difference among these five
LCA tools is not only the performance result, but also the
application range. According to the introduction of each tool
demonstrated above, the comparison analysis is shown in
Table 2.
Apart from these five typical tools, others, like CASBEE
(comprehensive assessment system for built environment
efficiency) from Japan [18], WRATE (waste and resources

assessment tool for the environment) from UK [19], and so
forth, are also widely used in the building industry. Among
these tools, GaBi and SimaPro as they have flexible operation
and a powerful database are the most widespread application
LCA tools. Although these tools can definitely analyze the
environmental efficiency of projects, GaBi and SimaPro are
mostly used in manufacturing rather than the building
industry. Some pertinent functions and data accuracy may
not be suitable enough for the building industry and may
not be suitable for buildings. According to the survey report
of the European Commission [9], most of the current tools
are designed for all industries, and only a half of them
are addressed to a specific sector amongst 42 LCA tools
investigated. The most represented are building/construction
processes, waste/end of life scenarios, and crops/agricultural
products.
Focusing specifically on the building industry, the BEES
(America), Athena (Canada), CASBEE (Japan), and WRATE
(UK) are the most typical tools. BEES and Athena include all
the stages in the building’s life cycle. CASBEE has a variety of
versions for new building, existing building, and renovation;
WRATE mainly focuses on comparing the environmental
impacts of different municipal waste management systems.
For most of the contractor or designer of building
project, the sustainable performance in the construction
phase attracts more concern with the resultant carbon emission. However, there are limited specific tools for buildings,
specifically in building construction. Although some of them
include the construction phase, the completely sources of carbon emission in construction are not integrated in one tool;
some only focused on manufacture of building materials,
some only focused on transportation for building materials or
construction equipment, and some only focused on disposal
of construction waste. Thus an integrated tool for all the
activities about carbon emission in construction phase is
needed. In addition, the less the better; obviously, currently
tools are somehow too complicated and theoretical for the
end users. Therefore, this study aims to develop a simple but
practical LCA system focusing on construction stage. It could
be easy to handle and useful for participants to calculate and
compare the carbon emission for different construction plans
and then to identify the crucial contributors that could deliver
reductions in embodied carbon.
Apart from quantitative calculation and comparing
the carbon emission for different construction plans, the
designed system also aims to raise awareness of the benefits
of sustainable design for building construction and aid
users in assessing the embodied energy and carbon savings
that can occur by designing for construction. This could
definitely provide assistance in the decision making process
and promote continuing dialogue between the interested
parties involved.

5. Carbon Emission Calculation
System Schematic Design
5.1. System Structure. Based on the partial LCA framework
conducted in the construction phase, the information system
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(a)

(b)

Figure 4: GaBi 4 LCA results.
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DAC helper

SQL helper

Data connection

Database

Figure 5: The system structure.

was developed to calculate the carbon emission of the construction plan by the designers for sustainable optimization
and can also be used to check and compare the carbon
emission of different construction plans by the owners.
In consideration of safety and privacy for the project
information, browser/server (B/S) mode was adopted to
develop this carbon emission calculation system. The system
has a three-tier (boundary layer, logical layer, and data storage
layer) distributed and collaborative structure. Boundary layer
corresponds to the client. Logical layer corresponds to the

World Wide Web server in which the main program of
the system is deployed, and data of the main programs is
exchanged through web service. Data storage layer corresponds to the database server. Figure 5 shows the system
structure.
In addition, the structure of this system involves three
major processes: (1) calculation: calculate and assess the
carbon emission of the building construction processes based
on LCA framework; (2) comparison: provide a comparison
action to analyse the carbon emission of embodied material,
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Table 2: Comparison results.

Tools

Country

Developer

BEES 4.0

America

Athena Impact
Estimator 4.2

Canada

TEAM 4.6

France

SimaPro7

Netherlands PRé Consultants B.V.

GaBi 4

Germany

Main functions

National Institute of
(i) Life cycle costing assessment
Standards and Technology (ii) Life cycle impact assessment
Athena Sustainable
Life cycle impact assessment
Materials Institute
Ecobilan-Price water
house Coopers

PE International GmbH

Database
extensibility

Application range

Fixed

Building

Fixed

Building

Flexible

All industries

(i) Life cycle impact assessment
(ii) Database Management

Flexible

All industries

(i) Life cycle impact assessment
(ii) Database management

Flexible

All industries

(i) Life cycle costing assessment
(ii) Life cycle impact assessment
(iii) Sensitivity and uncertainty
analysis

transportation types, or equipment between original construction plan and alternative plans; (3) feedback: make the
decision and feedback the report after comparing the carbon
emission of the different scenarios.
The existing database including the carbon emission
factors of materials and transport used within this system is
based on an inventory of carbon and energy data (ICE) [27],
and the database of carbon emission factors of construction
equipment is from IPCC [2]. However, it provides an open
access for users to edit or revise the data for special performance or add new factors into the database for using new
technology or materials introduced to the market.
5.2. Function Description. This carbon calculation system
measures the greenhouse gas impacts of construction activities in terms of carbon dioxide equivalency (CO2 e). It does
this by calculating the embodied CO2 e of materials plus the
CO2 e associated with their transportation. It also considers
equipment used and waste disposal management.
This system can be used to assess and compare the sustainability performance of different design and management
choices at the design stage. It helps to highlight where you
can make better carbon savings on specific construction
projects. It can also be used to help calculate the users’
overall carbon emission from construction and identify areas
realizing better savings. It additionally contributes to the
overall emissions and quantification in the savings with
carbon dioxide emissions.
According to the framework of carbon sources based
on LCA framework described in Figure 1, the construction information about carbon emission models should be
inputted at the first step. After the related construction
information and types are defined, the key procedure is
the relationships linking between the inputted construction
information shown in Figure 1 and related carbon coefficient
by the built-in database; it then automatically calculates the
embodied and transports carbon emission for each project.
In addition, for the demand of most users, the different plans
can be compared within the system, and feedback is provided
as to which is the best option.

The system operating process can be shown in Figure 6.
This system was designed to allow the builders to analyze materials specified in construction projects that it was
involved with and to prepare alternative material options
based on the experience and knowledge where such alternatives could improve upon preexisting project carbon emission
levels, whilst also relating to its impact on project cost.
Furthermore, it makes an improved connection between the
construction contractor, designer, and owner in the critical
and ethical area of construction sustainability. It will pass
on invaluable contractor expertise in the field of carbon
emission directly to the client, therefore making the client
aware of options and alternatives that they may not have
previously known within the procurement process. This will
also ultimately allow the client to play an active and influential
role in supporting a sustainable approach.

6. Case Study
6.1. Background of the Case. The case study aimed at demonstrating how to use the designed information system based
on the LCA framework to analyse the carbon emission of different construction plans, which can enlighten the designer
enabling the awareness of options and alternatives that may
not have been previously considered in the procurement
process.
Two construction plans are analyzed to make the comparison. The data was derived from the construction plan,
drawings, and bills provided by the builders. The transport
distances were estimated by the builders according to the
interview with them.
6.1.1. Project Plans and Boundary. The case presented here
is a single story training center of approximately 180 m2
constructed in 2010 in the midlands, UK. Accommodation
comprises teaching room, offices, stores, WC accommodation, and a meeting room. Figure 7 shows the completed
building.
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Figure 6: System operating process flow chart.

or groundwork, water pipes, heaters, or other equipment, and
the furniture are all excluded.

Figure 7: Picture of the case building.

There are two construction plans provided here to make
the comparison.
Plan 1 (Masonry Wall). The building was constructed using
traditional approaches. A combined masonry frame system
with additional insulation materials is used. The substructure
consists of precast steel reinforced beams with an infill of
concrete. Walls are formed from the masonry work consisting
of brick and blocks with metal composite panel metal wall
and roof cladding.
Plan 2 (Timber Frame Wall). Although this project has already
been completed, for the sake of better describing the designed
information system and in order to demonstrate the carbon
influence of alternative material plan, this study assumes
that the traditional masonry wall is replaced by the timber
frame in plan 2. No other parameters were altered. The use
of timber as a facade material is becoming more prevalent
in commercial buildings as an aesthetic acceptance towards
a building’s sustainable credentials, but is still uncommon in
mass produced housing in the UK [12].
As data is hard to obtain about the equipment and waste
in construction, the case study here only focuses on the
embodied carbon emission of the materials and their transportation from cradle to site. In addition, the infrastructure

6.1.2. Inventory and Source. In order to systematically detect
and quantify the building shell components, 5 subsystems
were identified as substructure, roof, walls, windows and
doors, and ceiling. The inventory of specific material and
transportation happened in plan 1 as shown in Table 3.
The project information and material quantities were
obtained from the construction plan, drawings, and bills provided by the builders. The transport distances were estimated
by the builders according to the interview with them.
6.2. The Carbon Emission Calculation System Operate Process
6.2.1. Information Input. The carbon footprint calculation
system is created to quantity the embodied carbon emission
of the construction project and to help the designers and
builders assess the construction plan in a sustainable way. It
can also be used in the design stage to make a supported decision in obtaining the most rational material and construction
process plan.
(1) Input the Project and Plan Information. The project must
be created at the beginning when using this system, including
the basic information about this project, such as the project
title, designer, constructor, and building type. Then, plan 1
“masonry wall” and plan 2 “timber frame” can be created
below this project.
(2) Input the Specific Material Information. The core information that must be inputted into this system is the material and
transport inventory. This means in effect how to input Table 3
for automatic calculation and analysis. The database of the
system already contains most of the building materials; more
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Table 3: Inventory of materials and transport in plan 1.
Building subsystem

Material

Quantity (t)

Transport distance
(km)

Transport type
(road/rail/ocean)

Cost (£K)

Substructure

Concrete
Steel
Plywood
Block
Bricks

95
13.4
3.3
20.2
9.6

60
140
100
100
100

Road
Road
Road
Road
Road

9.5
0.4
5.3
3
3

Roof

Steel
Timber
Waterborne paint
Polystyrene

10.1
4
0.6
0.02

140
80
70
70

Road
Road
Road
Road

12.3
6.6
1
0.4

Walls

Steel
Timber
Plasterboard
Plaster
Block
Bricks
Paint

1.2
1.3
2
0.3
62.7
34.5
1.8

140
80
90
160
80
100
60

Road
Road
Road
Road
Road
Road
Road

5.5
2
1.3
0.7
12.2
10.7
2.4

Windows and doors

Glass
Timber
Paint

1
1.2
0.3

70
80
60

Road
Road
Road

11.9
14.5
0.4

Ceiling

Plaster

0.4

160

Road

0.8

importantly, it provides an open access to add new data or
manage the existing data.
Material data can be inputted in two steps; the first
step is to choose the specific materials in sequence for each
subsystem of substructure, roof, walls, windows and doors,
and ceiling of the plan in order to establish a material list; the
second plan is to input the quantity (tons), transport distance
(km), transport type (road/rail/ocean), and cost (£k) of each
material. After the inventory of each plan is completed, the
carbon emission calculation and comparison will be analyzed
automatically from the system. The screenshot of each option
can be shown in Figure 8.
6.2.2. Calculation and Comparison Analysis. After the material data has been inputted for the subsystem of substructure,
roof, walls, windows and doors, and ceiling, the results for
embodied carbon of materials and transport are obtained
for each construction plan. It also provides the comparison
analysis between these two plans.
The results are presented here in many forms.
(1) Specific Carbon Emission Results List. This results list shows
the specific information about the plan, including material
category, specific material, carbon emission factor, material
quantity, transport distance and type, and the key figure,
carbon emission of embodied material, transport, and the
sum. This result page is shown in Figure 9.
(2) Pie Chart for the Percentage between Embodied Material
and Transport. This pie chart shows the carbon emission
percentage of embodied material and transport. As shown

in Figure 10 for plan 1 “masonry wall,” the materials and
transport occupied 97% and 3% of the total CO2 , respectively.
(3) Bar Chart for the Carbon Emission of Subsystem. The whole
structure was divided into 5 subsystems of substructure, roof,
walls, windows and doors, and ceiling. The bar chart shows
the CO2 percentage and quantity of each subsystem. As
shown in Figure 11 for plan 1, the substructure occupied the
most part compared with the other subsystem.
(4) Bar Chart for the Carbon Emission of Different Material
Types. The material types acquiesced in the system database
are quarried material, timber concrete, mortars and cement,
plastics, glass, miscellaneous, and so forth. The bar chart
demonstrates the percentage of each material type of plan 1
as shown in Figure 12.
Based on the 4 kinds of analysis for single construction
plan, the comparison analysis between plan 1 and plan 2
gathered each form in one page; in addition, other bar chats
were provided to compare the quantities and percentages for
each subsystem and material type (Figure 13).

6.3. Result. In the case study, the carbon emission of construction plan 1 “masonry wall” amounts to 77.8 tons, approximately 432 kg CO2 per m2 of floor area (Figure 9). This
carbon emission level per floor area is similar to other studies
[12]. Notably, 97% of the total carbon is from the embodied
materials, and only 3% were attributed to the transportation
from cradle to site (Figure 10).
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Project information input

Specific materials and transport inventory of each plan
Create detail inventory

Figure 8: Process of basic information and inventory input.

Figure 9: Part of the specific carbon emission results list of plan 1.

Figure 10: CO2 percentage between material and transport of plan 1.
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Figure 11: CO2 percentage of each subsystem of plan 1.

Figure 12: CO2 percentage of different material type of plan 1.

The result shown in Figure 11 demonstrates that the
substructure is responsible for 46.6% of the carbon emission
associated with the use of steel and concrete, and 27.5% is
attributed to the wall. Regarding the specific materials, metals
are the most significant material type, accounting for 46.8%
of the embodied material carbon. The concrete and blocks are
also main contributors, accounting for 21.9%, (Figure 12).
Plan 2 “timber frame wall” mainly replaced the masonry
wall consisting of brick and block with timber. This plan
amounts to 65.4 tons CO2 , approximately 363 kg CO2 per m2 ,
reduced 16% compared with plan 1 in this case study. The
quantity of carbon emission for each subsystem can be shown
in Figure 14.
According to the carbon reduction between these two
plans, the main contributor is the replacement by timber in
the wall and decreased mass in substructure to accommodate
the lighter timber wall. In addition, although the CO2 contribution by timber increased dramatically, the CO2 created by
metals and concrete and blocks are relatively decreased, and
the decrease is much more than the increase (Figure 15).

7. Conclusions
Regarding the embodied carbon performance in the case
study, the result disclosed the fact that the most important
contributors amongst construction materials to the total
embodied CO2 were steel, concrete, and blocks used in the
building, accounting for over 60% in both plans, which is
also similar to the result presented by Kennedy [28]. However,
an opportunity for reducing embodied energy is through
use of recycling materials in the construction [29]. Steel as
a high-level recycling material can bring a big reduction of
carbon emission by reusing from previous deconstruction.

Therefore, builders should pay more attention not only
to these quantities, but also to the recycling of the key
contributors amongst the materials used in the construction,
improving sustainable design as a result.
Studies [12, 30, 31] demonstrated that the embodied
carbon emission of buildings varies considerably depending
upon the different technology, the materials, or the process
management adopted. This case study adopted plans of
masonry wall and timber frame for building construction
to make a comparison. The use of a timber frame produced
a lighter weight compared with masonry wall, and consequently less substructure material was required. It realized
the reduction of using block work, concrete, and steel reinforcement, all being key contributors for carbon emission.
As expected, the timber frame wall has less embodied
carbon emission than the masonry structure, realizing a 16%
reduction with this study. The proper materials used in the
building could not only bring the carbon reduction of the
applied substructure itself, but also provide other additional
benefits such as reduced earthworks requiring, less spoil, and
waste material for export off site. Using the system is a clue for
designers or contractors in how to choose more sustainable
materials and arrange the construction processes arising.
Based on the partial LCA framework conducted in construction phase and the background of LCA tools, a carbon
calculation system was designed to support the calculation
of the carbon emission of the construction plan by the
participants for sustainable optimization. Comparing with
current LCA tools introduced above, the unique functions of
this system can be concluded as follows.
(1) This system focuses on the carbon emission
assessment in building construction. An integrated
database including the carbon emission factors of
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Figure 13: Comparison analysis between plan 1 and plan 2.

Figure 14: CO2 quantity of each subsystem in plan 2.

Figure 15: CO2 comparison analysis between plan 1 and plan 2 by materials.

building materials, transport, and equipment is
used within this system. The three databases hardly
appear in a LCA tool at the same time, especially the
database of construction equipment.
(2) This system provides an open access for users to edit
or revise the data for special performance or add new
factors into the database for using new technology or
materials introduced to the market. In addition, users
can define the different substructures of a building
according to their specific demand and then make a
comparison amongst these substructures.

(3) 4 output forms are provided in this system to demonstrate the results for single plans and additional comparison actions between different plans. The various
performance forms make the operation and results
much simpler and clearer compared with other tools.
This system provides a more practical application in
building construction, and it is essential for designers to be
able to quantify the sustainable benefits of design for building
construction project in the design stage, and the system
provides decision support for sustainable building design and
construction.
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This paper is concerned with an efficient global optimization algorithm for solving a kind of fractional program problem (P),
whose objective and constraints functions are all defined as the sum of ratios generalized polynomial functions. The proposed
algorithm is a combination of the branch-and-bound search and two reduction operations, based on an equivalent monotonic
optimization problem of (P). The proposed reduction operations specially offer a possibility to cut away a large part of the currently
investigated region in which the global optimal solution of (P) does not exist, which can be seen as an accelerating device for
the solution algorithm of (P). Furthermore, numerical results show that the computational efficiency is improved by using these
operations in the number of iterations and the overall execution time of the algorithm, compared with other methods. Additionally,
the convergence of the algorithm is presented, and the computational issues that arise in implementing the algorithm are discussed.
Preliminary indications are that the algorithm can be expected to provide a practical approach for solving problem (P) provided
that the number of variables is not too large.

1. Introduction
Consider the following generalized polynomial fractional
programs:
𝑝
𝑛𝑗 (𝑦)
{
{
(𝑦)
=
𝑐𝑗
min
𝑔
∑
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(1)

𝛾̃

𝑔𝑚 (𝑦) = ∑𝛼̃𝑗𝑡 ∏𝑦𝑖 𝑚𝑡𝑖 ,

(2)

𝑚 = 1, . . . , 𝑀0 ,

and 𝑐𝑗 , 𝛼𝑗𝑡 , 𝛼̂𝑗𝑡 , 𝛼̃𝑗𝑡 , 𝛾𝑗𝑡𝑖 , 𝛾̂𝑗𝑡𝑖 , and 𝛾̃𝑗𝑡𝑖 are all arbitrary real
number.

Problem (P) is worth studying because it frequently
appears in many applications, including financial optimization, portfolio optimization, engineering design, manufacturing, chemical equilibrium (see, e.g., [1–8]), etc. On the
other hand, many other nonlinear problems, such as quadratic program, linear (or quadratic, polynomial) fractional
program [9–13], linear multiplication program [14–16], polynomial program, and generalized geometric program [17–
20], can be all put into this form.
The problem (P) is obviously multiextremal, for its special
cases such as quadratic program, linear fractional program,
and linear multiplication program are multiextremal, which
are known to be NP-hard problems [21], and it, therefore, falls
into the domain of global optimization problems.
In the last decades, many solution algorithms have been
developed to globally solve special cases of problem (P)
(see, e.g., [9–14, 17–19, 22, 23]), but the global optimization
algorithms for the general form of (P) are scarce. Recently, by
using the linear relaxation methods, Wang and Zhang [24],
Shen and Yuan [25], and Jiao et al. [26] gave the corresponding global optimization algorithms for finding the global
minimum of (P), respectively. Also, Fang et al. [27] presented
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a canonical dual approach for minimizing the sum of a
quadratic function and the ratio of two quadratic functions.
In this paper, we will suggest an efficient algorithm for
solving globally problem (P). The goal of this research is
fourfold. First, by introducing variables and by using a
transformation, the original problem (P) is equivalently reformulated as a monotonic optimization problem (Q) based on
the characteristics of problem (P). That is to say, the objective
function is increasing and all the constrained functions can be
denoted as the difference of two increasing functions in (Q).
Second, in order to present an efficient algorithm for solving
problem (Q), the two reduction operations are incorporated
into the branch-and-bound framework to suppress the rapid
growth of the branching trees so that the solution procedure
is enhanced. The proposed reduction cut operation especially
does not appear in other branch-and-bound methods (see
[24, 25]) and is more easily implementable than the one in
[28], because the latter (see (2.4) and (2.5) in [28]) is computed by solving the nonlinear nonconvex programming, but
the former is involved in solving the roots of several equations
in a single variable and with strict monotonicity. Third, by
utilizing directly the proposed algorithm, one also can obtain
the essential upper and lower bounds of denominator of each
ratio in the objective function to problem (P), where these
bounds are tighter than the ones given by Bernstein algorithm
(see [24, 25]), and so the assumption 1 in [24, 25] is not necessary in this paper. Finally, numerical results show that the
proposed algorithm is feasible and effective.
The paper is organized as follows. In Section 2, an equivalent reformulation of the original problem is given. Next,
Section 3 presents and discusses the algorithm basis process
for globally solving problem (P). The algorithm is presented
and its convergence is shown in Section 4. In Section 5, the
computational results are presented.

For the convenience of the following discussion, assume that
there exist positive scalars 𝐿 𝑗 , 𝑈𝑗 such that 0 < 𝐿 𝑗 ≤ 𝑑𝑗 (𝑦) ≤
𝑈𝑗 and 𝑛𝑗 (𝑦) > 0 for all 𝑦 ∈ 𝑌, for each 𝑗 = 1, 2, . . . , 𝑝. In fact,
𝐿 𝑗 , 𝑈𝑗 can be obtained by the algorithm to be proposed in
this paper (see Section 5); define, therefore, the set
𝑆 = {𝑠 ∈ 𝑅 | 𝐿 𝑗 ≤ 𝑠𝑗 ≤ 𝑈𝑗 , 𝑗 = 1, . . . , 𝑝} .

(3)

Without loss of generality, assume that 𝑐𝑗 > 0, 𝑗 =
1, 2, . . . , 𝑘 and 𝑐𝑗 < 0, 𝑗 = 𝑘 + 1, 𝑘 + 2, . . . , 𝑝. By introducing
variables 𝑠𝑗 , 𝑗 = 1, . . . , 𝑝, the problem (P) is then equivalent to
the following problem:
{
{
min
{
{
{
{
{
{
{s.t.
(P) : {
{
{
{
{
{
{
{
{
{

𝑝

𝑓 (𝑦, 𝑠) = ∑𝑐𝑗 𝑠𝑗−1 𝑛𝑗 (𝑦)
𝑗=1

𝑠𝑗 − 𝑑𝑗 (𝑦) ≤ 0, 𝑗 = 1, . . . , 𝑘,
𝑑𝑗 (𝑦) − 𝑠𝑗 ≤ 0, 𝑗 = 𝑘 + 1, . . . , 𝑝,
𝑔𝑚 (𝑦) ≤ 0, 𝑚 = 1, . . . , 𝑀0 ,
𝑦 ∈ 𝑌, 𝑠 ∈ 𝑆.

Proof. See Theorem 1 in [24]; it is omitted here.
In what follows, we show that problem (P) can be transformed into a monotonic optimization problem such that the
objective function is increasing and all the constrained functions are the difference of two increasing functions. To see
how such a reformulation is possible, we first consider each
constraint of (P). Let
̂𝑗 } ,
𝛾𝑗𝑡𝑖 , 0} | 𝑡 = 1, . . . , 𝑇
𝛾̂𝑗𝑖 = min {{̂

𝛾𝑚𝑡𝑖
𝛾̃𝑚𝑖 = min {̃

𝑗 = 1, . . . , 𝑝,
𝑖 = 1, . . . , 𝑛0 ,
̃𝑚 } ,
| 𝑡 = 1, . . . , 𝑇

(5)

𝑚 = 1, . . . , 𝑀0 ,
𝑖 = 1, . . . , 𝑛0 .
For any 𝑦 ∈ 𝑌, 𝑠 ∈ 𝑆, it follows from each constraint of (P)
that
𝑛
0

(𝑠𝑗 − 𝑑𝑗 (𝑦)) ⋅ ∏𝑦𝑖 (−̂𝛾𝑗𝑖 )
𝑖=1

𝑛0

̂𝑗
𝑇

𝑖=1

𝑡=1

𝑛0

= 𝑠𝑗 ∏𝑦𝑖 (−̂𝛾𝑗𝑖 ) − ∑𝛼̂𝑗𝑡 ∏𝑦𝑖 𝛾̂𝑗𝑡𝑖 −̂𝛾𝑗𝑖 ,
𝑖=1

𝑗 = 1, . . . , 𝑘,
𝑛0

(𝑑𝑗 (𝑦) − 𝑠𝑗 ) ⋅ ∏𝑦𝑖 (−̂𝛾𝑗𝑖 )

(6)

𝑖=1

̂𝑗
𝑇

𝑛0

𝑡=1

𝑖=1

𝑛0

= ∑𝛼̂𝑗𝑡 ∏𝑦𝑖 𝛾̂𝑗𝑡𝑖 −̂𝛾𝑗𝑖 − 𝑠𝑗 ∏𝑦𝑖 (−̂𝛾𝑗𝑖 ) ,

2. Equivalent Monotonic Reformulation

𝑝

optimal solution for problem (𝑃). Conversely, if 𝑦∗ is a global
optimal solution for problem (𝑃), then (𝑦∗ , 𝑠∗ ) is a global
optimal solution for problem (𝑃), where 𝑠𝑗∗ = 𝑑𝑗 (𝑦∗ ), 𝑗 =
1, 2, . . . , 𝑝.

(4)

Theorem 1. If (𝑦∗ , 𝑠∗ ) is a global optimal solution for problem
(𝑃), then 𝑠𝑗∗ = 𝑑𝑗 (𝑦∗ ), 𝑗 = 1, 2, . . . , 𝑝, and 𝑦∗ is a global

𝑖=1

𝑗 = 𝑘 + 1, . . . , 𝑝,
𝑛0

𝑔𝑚 (𝑦) ⋅ ∏𝑦𝑖
𝑖=1

(−̃
𝛾𝑚𝑖 )

̃𝑚
𝑇

𝑛0

𝑡=1

𝑖=1

= ∑𝛼̃𝑚𝑡 ∏𝑦𝑖 𝛾̃𝑚𝑡i −̃𝛾𝑚𝑖 ,
𝑚 = 1, . . . , 𝑀0 .

By using the above notation, one can thus convert (P) into the
form
𝑝
{
{
𝑐𝑗 𝑠𝑗−1 𝑛𝑗 (𝑦)
min
𝑓
(𝑦,
𝑠)
=
∑
{
{
{
{
𝑗=1
{
{
{
̂𝑗
{
𝑇
𝑛0
𝑛0
{
{
{
(−̂
𝛾𝑗𝑖 )
{
̂
𝑦
−
𝑦𝑖 𝑟𝑗𝑡𝑖 ≤ 0,
s.t.
𝑠
𝛼
∏
∑
∏
{
𝑗
𝑖
𝑗𝑡
{
{
{
𝑡=1
𝑖=1
𝑖=1
{
{
{
𝑗 = 1, . . . , 𝑘,
{
{
{
̂𝑗
𝑇
𝑛0
𝑛0
(7)
(P1) : {
{
𝑟𝑗𝑡𝑖
(−̂
𝛾𝑗𝑖 )
{
̂
𝑦
−
𝑠
𝑦
≤
0,
𝛼
∑
∏
∏
{
𝑗𝑡
𝑖
𝑗
𝑖
{
{
{
𝑡=1
𝑖=1
𝑖=1
{
{
{
𝑗 = 𝑘 + 1, . . . , 𝑝,
{
{
{
{
̃𝑚
𝑇
𝑛
{
0
{
{
{
{
∑𝛼̃𝑚𝑡 ∏𝑦𝑖 𝑟𝑚𝑡𝑖 ≤ 0, 𝑚 = 1, . . . , 𝑀0 ,
{
{
{
𝑡=1
𝑖=1
{
{
𝑦 ∈ 𝑌, 𝑠 ∈ 𝑆,
{
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where 𝑟𝑗𝑡𝑖 = 𝛾̂𝑗𝑡𝑖 −̂
𝛾𝑗𝑖 ≥ 0 for 𝑗 = 1, . . . , 𝑝 and 𝑟𝑚𝑡𝑖 = 𝛾̃𝑚𝑡𝑖 −̃
𝛾𝑚𝑖 ≥
0 for 𝑚 = 1, . . . , 𝑀0 . Note that all the exponents are positive
in the constraints of problem (P1). Thus, by applying the
following exponent transformation
𝑦𝑖 = exp (𝜂𝑖 ) ,

𝑖 = 1, . . . , 𝑛0 ,

𝑠𝑖 = exp (𝜉𝑖 ) ,

𝑖 = 1, . . . , 𝑝,

(8)

to the formulation (P1), letting 𝑁 = 𝑛0 + 𝑝 and 𝑧 = (𝜂, 𝜉) ∈
𝑅𝑁, and by changing the notation, an equivalent problem of
problem (P1) can be then given by
min Φ0 (𝑧)
{
{
{
{
{
{s.t.
{
Φ𝑚 (𝑧) ≤ 0, 𝑚 = 1, . . . , 𝑝 + 𝑀0
{
(P2) : {
{
{
𝑧 ∈ 𝑍0 = {𝑧 : 𝑧𝑖𝑙 ≤ 𝑧𝑖 ≤ 𝑧𝑖𝑢 ,
{
{
{
{
{
∀𝑖 = 1, . . . , 𝑁} ,
{

(9)

𝑇𝑚

𝑁

𝑡=1

𝑖=1

𝑧𝑖𝑙 = ln (𝑦𝑖𝑙 ) ≤ 𝜂𝑖 ≤ ln (𝑦𝑖𝑢 ) = 𝑧𝑖𝑢 ,
𝑧𝑖𝑙 = ln 𝐿 𝑗 ≤ 𝜉𝑗 ≤ ln 𝑈𝑗 = 𝑧𝑖𝑢 ,
𝑗 = 1, . . . , 𝑝,

∑ 𝛾0𝑡𝑖 𝑧𝑖𝑢 ,
𝑖∈𝐼𝑡+

𝑙𝑡 =

𝑢𝑡 =

+ ∑ 𝛼0𝑡 exp ( ∑ 𝛾0𝑡𝑖 𝑧𝑖 − 𝜔𝑡 )
𝑡=𝐽0 +1

𝐽𝑚

𝑖∈𝐼𝑡−

𝑛0

∑𝛼𝑚𝑡 exp (∑𝛾𝑚𝑡𝑖 𝑧𝑖 )

𝑡=1

𝑇𝑚

𝑖=1

𝑛0

+ ∑ 𝛼𝑚𝑡 exp (∑𝛾𝑚𝑡𝑖 𝑧𝑖 ) ≤ 0,
𝑡=𝐽𝑚 +1

𝑖=1

(12)

𝑚 = 1, . . . , 𝑝 + 𝑀0 ,
𝜔𝑡 − ∑ 𝛾0𝑡𝑖 𝑧𝑖 ≥ 0, 𝑡 = 1, . . . , 𝐽0 ,
𝑖∈𝐼𝑡−

𝜔𝑡 + ∑ 𝛾0𝑡𝑖 𝑧𝑖 ≥ 0,
𝑖∈𝐼𝑡+

𝑡 = 𝐽0 + 1, . . . , 𝑇0 ,

𝐿 𝑡 ≤ 𝜔𝑡 ≤ 𝑈𝑡 , 𝑡 = 1, . . . , 𝐽0 ,
−𝑢𝑡 ≤ 𝜔𝑡 ≤ −𝑙𝑡 , 𝑡 = 𝐽0 + 1, . . . , 𝑇0 ,
𝑧 ∈ 𝑍0 ,

𝑖∈𝐼𝑡−

𝑡 = 1, . . . , 𝐽0 ,

𝑡 = 𝐽0 + 1, . . . , 𝑇0 .

𝜔𝑡∗ = − ∑ 𝛾0𝑡𝑖 𝑧𝑖∗ ,
𝑖∈𝐼𝑡+

(11)

𝑡 = 1, . . . , 𝐽0 ,
𝑡 = 𝐽0 + 1, . . . , 𝑇0 .

(13)

Proof. The proof of this theorem follows easily from the
definitions of problems (P2) and (P3); therefore, it is omitted
here.
From Theorem 2, for solving problem (P2), we may solve
problem (P3) instead. In addition, it is easy to see that the
global optimal values of problems (P2) and (P3) are equal.
Let 𝑥 = (𝑧, 𝜔) ∈ 𝑅𝑁+𝑇0 with 𝑧 ∈ 𝑅𝑁 and 𝜔 ∈ 𝑅𝑇0 and let
𝑛 = 𝑁 + 𝑇0 ,

𝐼𝑡− = {𝑖 | 𝛾0𝑡𝑖 < 0, 𝑖 = 1, . . . , 𝑁} ,

∑ 𝛾0𝑡𝑖 𝑧𝑖𝑙 ,
𝑖∈𝐼𝑡+

𝑖∈𝐼𝑡+

𝜔𝑡∗ = ∑ 𝛾0𝑡𝑖 𝑧𝑖∗ ,

𝑗 = 𝑖 − 𝑛0 ,

𝐼𝑡+ = {𝑖 | 𝛾0𝑡𝑖 > 0, 𝑖 = 1, . . . , 𝑁} ,

𝑖∈𝐼𝑡−

𝑇0

𝑖 = 1, . . . , 𝑛0 ,

Next, we turn to consider the objective function of (P2).
For convenience, for each 𝑚 = 0, 1, . . . , 𝑝 + 𝑀0 , we assume,
without loss of generality, that 𝛼𝑚𝑡 > 0 for 𝑡 = 1, . . . , 𝐽𝑚 and
𝛼𝑚𝑡 < 0 for 𝑡 = 𝐽𝑚 + 1, . . . , 𝑇𝑚 . In addition, some notations
are introduced as follows:

𝑖∈𝐼𝑡−

𝑡=1

Theorem 2. 𝑧∗ is a global optimal solution for problem (𝑃2)
if and only if (𝑧∗ , 𝜔∗ ) is a global optimal solution for problem
(𝑃3), where

(10)

𝑈𝑡 = ∑ 𝛾0𝑡𝑖 𝑧𝑖𝑙 ,

𝐽0

∑𝛼0𝑡 exp ( ∑ 𝛾0𝑡𝑖 𝑧𝑖 + 𝜔𝑡 )

𝑚 = 0, . . . , 𝑝 + 𝑀0 ,

𝑖 = 𝑛0 + 1, . . . , 𝑁.

𝐿 𝑡 = ∑ 𝛾0𝑡𝑖 𝑧𝑖𝑢 ,

{
{
min
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
s. t.
{
{
{
{
{
{
{
{
{
(P3) : {
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{
{

where 𝑍0 is defined in (P2).
Note that the objective function of (P3) is increasing and
each constrained function is the difference of two increasing
functions. The key equivalent result for problems (P2) and
(P3) is given by the following Theorem 2.

where

Φ𝑚 (𝑧) = ∑𝛼𝑚𝑡 exp (∑𝛾𝑚𝑡𝑖 𝑧𝑖 ) ,

Then, by introducing an additional vector 𝜔
=
(𝜔1 , . . . , 𝜔𝑇0 )𝑇 ∈ 𝑅𝑇0 , we can convert the problem (P2)
into

𝑀 = 𝑝 + 𝑀0 + 𝑇0 ;

(14)

then, without loss of generality, by changing the notation,
problem (P3) can be rewritten as the following form:
(Q) : min {𝐹0 (𝑥) | 𝐹𝑚 (𝑥) = 𝐹𝑚+ (𝑥) − 𝐹𝑚− (𝑥) ≤ 0,
𝑚 = 1, . . . , 𝑀, 𝑥 ∈ 𝑋0 } ,

(15)

4

Mathematical Problems in Engineering

where
𝐽0

𝐹0 (𝑥) = ∑𝛼0𝑡 exp ( ∑ 𝛾0𝑡𝑖 𝑥𝑖 + 𝑥𝑁+𝑡 )
𝑡=1

𝑖∈𝐼𝑡+

Let 𝑋 = [𝑎, 𝑏] = {𝑥 | 𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝑏𝑖 , 𝑖 = 1, . . . , 𝑛} denote the
rectangle or subrectangle of 𝑋0 generated by the algorithm.
Consider the following subproblem:
Q (𝑋) : min {𝐹0 (𝑥) | 𝐹𝑚 (𝑥) = 𝐹𝑚+ (𝑥) − 𝐹𝑚− (𝑥) ≤ 0,

𝑇0

𝑚 = 1, . . . , 𝑀, 𝑥 ∈ 𝑋} .

+ ∑ 𝛼0𝑡 exp ( ∑ 𝛾0𝑡𝑖 𝑥𝑖 − 𝑥𝑁+𝑡 ) ,
𝑡=𝐽0 +1

𝐽𝑚

𝑖∈𝐼𝑡−

𝑁

{
{
∑𝛼𝑚𝑡 exp (∑𝛾𝑚𝑡𝑖 𝑥𝑖 ) ,
{
{
{
{
𝑡=1
𝑖=1
{
{
𝐹𝑚+ (𝑥) = {
{
𝑚 = 1, . . . , 𝑝 + 𝑀0 ,
{
{
{
{
{
{
{𝑥𝑚 , 𝑚 = 𝑝 + 𝑀0 + 1, . . . , 𝑀,
𝑇

𝑁
𝑚
{
{
{
− ∑ 𝛼𝑚𝑡 exp (∑𝛾𝑚𝑡𝑖 𝑥𝑖 ) ,
{
{
{
𝑡=𝐽𝑚 +1
𝑖=1
{
{
{
{
{
{
{
{
𝑚 = 1, . . . , 𝑝 + 𝑀0 ,
{
{
{
{
{
{
{
{
− ∑ 𝛾0(𝑚−𝑝−𝑀0 )𝑖 𝑥𝑖 ,
𝑥
{
{
{ 𝑚+𝑁−𝑝−𝑀0 𝑖∈𝐼−
−
𝑚−𝑝−𝑀0
𝐹𝑚 (𝑥) = {
{
{
{
{
{
𝑚 = 𝑝 + 𝑀0 + 1, . . . , 𝑝 + 𝑀0 + 𝐽0 ,
{
{
{
{
{
{
{
{
{
+ ∑ 𝛾0(𝑚−𝑝−𝑀0 )𝑖 𝑥𝑖 ,
𝑥
{
{ 𝑚+𝑁−𝑝−𝑀0
{
+
{
𝑖∈𝐼𝑚−𝑝−𝑀
{
0
{
{
{
{
{
𝑚 = 𝑝 + 𝑀0 + 𝐽0 + 1, . . . , 𝑀,
{

𝑋0 = {𝑥 ∈ 𝑅𝑛 | 𝑥𝑖𝑙 ≤ 𝑥𝑖 ≤ 𝑥𝑖𝑢 , 𝑖 = 1, . . . , 𝑛}
𝑧𝑖𝑙

𝑧𝑖𝑢 ,

≤ 𝑥𝑖 ≤
𝑖 = 1, . . . , 𝑁,
{
}
{
}
{
}
{
}
𝑛
= {𝑥 ∈ 𝑅 | 𝐿 𝑖−𝑁 ≤ 𝑥𝑖 ≤ 𝑈𝑖−𝑁, 𝑖 = 𝑁+1, . . . , 𝑁+𝐽0 ,} .
{
}
{
}
{
}
−𝑢
≤
𝑥
≤
−𝑙
,
𝑖
=
𝑁+𝐽
+1,.
.
.
,
𝑛,
{
}
𝑖−𝑁
𝑖
𝑖−𝑁
0
(16)
Based on the above discussion, to globally solve problem
(P), the algorithm to be presented concentrates on solving
the problem (Q); then a bound-reduction-bound (BRB)
algorithm to be presented will be considered for the problem
(Q).

3. Basic Operations
In order to solve globally the problem (Q), the main idea
of (BRB) approach to be proposed consists of several basic
operations: successively refined partitioning of the feasible
set; estimation of lower bound for the optimal value of the
objective function over each subset generated by the partitions; and the reduction operations by reducing the size of
each partition subset without losing any feasible solution
currently still of interest. Next, we begin the establishment
of the approach with the basic operations needed in a branch
and bound scheme.

(17)

3.1. Partition Rule. The critical element in guaranteeing convergence to a minimum of (Q) is the choice of a suitable partition strategy. In this paper, we choose the standard branching
rule. This method is sufficient to ensure convergence since
it derives all the intervals to a singleton for all the variables
that are associated with the term that yields the greatest discrepancy in the employed approximation along any infinite
branch of the branch-and-bound tree.
Consider any node subproblem identified by rectangle 𝑋.
The procedure for dividing 𝑋 into two subrectangles 𝑋+ and
𝑋− can be described as follows.
(i) Let
𝜏 = arg max {𝑏𝑖 − 𝑎𝑖 | 𝑖 = 1, . . . , 𝑛} ,
𝜋𝜏 =

(𝑎𝜏 + 𝑏𝜏 )
.
2

(18)

(ii) Let
𝑋+ = {𝑥 | 𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝑏𝑖 , 𝑖 = 1, . . . , 𝑛,
𝑖 ≠
𝜏, 𝜋𝜏 ≤ 𝑥𝜏 ≤ 𝑏𝜏 } ,
𝑋− = {𝑥 | 𝑎𝑖 ≤ 𝑥𝑖 ≤ 𝑏𝑖 , 𝑖 = 1, . . . , 𝑛,

(19)

𝑖 ≠
𝜏, 𝑎𝜏 ≤ 𝑥𝜏 ≤ 𝜋𝜏 } .
Through this branching rule, the rectangle 𝑋 is partitioned into two subrectangles 𝑋+ and 𝑋− .
3.2. Lower Bound. For each rectangle 𝑋, we intend to compute a lower bound LB(𝑋) of the optimal value of (Q) over 𝑋;
that is, compute a number LB(𝑋) such that
LB (𝑋) ≤ min {𝐹0 (𝑥) | 𝐹𝑚 (𝑥) ≤ 0,
𝑚 = 1, . . . , 𝑀, 𝑥 ∈ 𝑋} .

(20)

To ensure convergence, this lower bound must be consistent in the sense that, for any infinite nested sequence of boxes
𝑋𝑘 shrinking to a single point 𝑥∗ ,
lim LB (𝑋𝑘 ) = 𝐹0 (𝑥∗ ) .

𝑘 → +∞

(21)

Clearly, a lower bound is 𝐹0 (𝑎), and any bound such that
LB (𝑋) ≥ 𝐹0 (𝑎)

(22)

will satisfy (21) since 𝐹0 (𝑥) is increasing.
Although the bound 𝐹0 (𝑎) (for a box 𝑋 = [𝑎, 𝑏]) is sufficient for guaranteeing convergence, for a better performance
of the lower bound procedure, tighter bounds are often
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necessary to achieve reasonable efficiency. For instance, the
following procedure may give a better bound.
Consider the subproblem Q(𝑋) and denote the optimal
value of problem Q(𝑋) by 𝑉[Q(𝑋)]. Our main method for
computing a valid lower bound LB(𝑋) of 𝑉[Q(𝑋)] over 𝑋 ⊆
𝑋0 is to solve the relaxation linear programming RLP(𝑋)
of Q(𝑋) by using a linearization technique. This technique
can be realized by underestimating every function 𝐹0 (𝑥) and
𝐹𝑚+ (𝑥) and by overestimating every function 𝐹𝑚− (𝑥), for each
𝑚 = 1, . . . , 𝑝 + 𝑀0 . All the details of this linearization
technique for generating the linear relaxation will be given
in what follows. For this purpose, let us denote
∑ 𝛾0𝑡𝑖 𝑥𝑖 + 𝑥𝑁+𝑡 ,
{
{
{
{𝑖∈𝐼𝑡+
𝑋0𝑡 = {
{∑𝛾 𝑥 − 𝑥 ,
{
0𝑡𝑖 𝑖
𝑁+𝑡
{
−
{𝑖∈𝐼𝑡
𝑁

𝑋𝑚𝑡 = ∑𝛾𝑚𝑡𝑖 𝑥𝑖 ,

max Δ1𝑚𝑡 (𝑥) = max Δ2𝑚𝑡 (𝑥)
𝑥∈𝑋

𝑙
) (1 − 𝑊𝑚𝑡 + 𝑊𝑚𝑡 ln 𝑊𝑚𝑡 )
= exp (𝑋𝑚𝑡

→ 0

𝑢
𝑙
𝜔𝑚𝑡 = 𝑋𝑚𝑡
− 𝑋𝑚𝑡
,

(23)

∑ 𝛾0𝑡𝑖 𝑏𝑖 + 𝑏𝑁+𝑡 ,
{
{
{𝑖∈𝐼𝑡+
={
{ ∑ 𝛾0𝑡𝑖 𝑎𝑖 − 𝑎𝑁+𝑡 ,
{
{𝑖∈𝐼𝑡−

𝑡 = 1, . . . , 𝐽0 ,

𝐽0

𝑙
𝑙
+ ∑ 𝛼0𝑡 (𝐴 𝑚𝑡 (𝑋𝑚𝑡 − 𝑋𝑚𝑡
) + exp (𝑋𝑚𝑡
))
𝑡=𝐽0 +1

≜ LF0 (𝑥) ,
𝐽𝑚

𝑡=1

𝑡 = 𝐽0 + 1, . . . , 𝑇0 ,
(24)

𝑇𝑚

𝑙
𝑙
𝐹𝑚− (𝑥) ≤ − ∑ 𝛼𝑚𝑡 (𝐴 𝑚𝑡 (𝑋𝑚𝑡 − 𝑋𝑚𝑡
) + exp (𝑋𝑚𝑡
))
𝑡=𝐽𝑚 +1

≜ UF−𝑚 (𝑥) ,

𝑡 = 𝐽0 + 1, . . . , 𝑇0 ,

𝑁

𝑢
𝑋𝑚𝑡
= ∑𝛾𝑚𝑡𝑖 𝑏𝑖 ,
𝑖=1

(25)

𝑡 = 1, . . . , 𝑇𝑚 .
Additionally, let
𝐴 𝑚𝑡 =

𝑢
𝑙
exp (𝑋𝑚𝑡
) − exp (𝑋𝑚𝑡
)
𝑢
𝑙
𝑋𝑚𝑡
− 𝑋𝑚𝑡

(29)

𝐹𝑚+ (𝑥) ≥ ∑𝛼𝑚𝑡 (𝐴 𝑚𝑡 (𝑋𝑚𝑡 − ln 𝐴 𝑚𝑡 + 1)) ≜ LF+𝑚 (𝑥) ,

and for each 𝑚 = 1, . . . , 𝑝 + 𝑀0 ,

𝑖=1

exp (𝜔𝑚𝑡 ) − 1
.
𝜔𝑚𝑡

𝑇0

𝑡 = 1, . . . , 𝐽0 ,

𝑁

𝑊𝑚𝑡 =

𝑡=1

∑ 𝛾0𝑡𝑖 𝑎𝑖 + 𝑎𝑁+𝑡 ,
{
{
{𝑖∈𝐼𝑡+
𝑙
𝑋0𝑡 = {
{
{ ∑ 𝛾0𝑡𝑖 𝑏𝑖 − 𝑏𝑁+𝑡 ,
{𝑖∈𝐼𝑡−

𝑙
= ∑𝛾𝑚𝑡𝑖 𝑎𝑖 ,
𝑋𝑚𝑡

as 𝜔𝑚𝑡 → 0,

𝐹0 (𝑥) ≥ ∑𝛼0𝑡 (𝐴 0𝑡 (𝑋0𝑡 − ln 𝐴 0𝑡 + 1))

𝑙
𝑢
𝑙
𝑢
then we have 𝑋0𝑡 ∈ [𝑋0𝑡
, 𝑋0𝑡
] and 𝑋𝑚𝑡 ∈ [𝑋𝑚𝑡
, 𝑋𝑚𝑡
] for any
box 𝑋 = [𝑎, 𝑏], where

𝑢
𝑋0𝑡

(28)

where

𝑡 = 1, . . . , 𝑇𝑚 ;

𝑖=1

𝑥∈𝑋

Next, we will give the relaxation linear functions of 𝐹0 (𝑥),
𝐹𝑚+ (𝑥), and 𝐹𝑚− (𝑥) over 𝑋. Based on the above discussion, it is
obvious that we have, for all 𝑥 ∈ 𝑋,

𝑡 = 1, . . . , 𝐽0 ,
𝑡 = 𝐽0 + 1, . . . , 𝑇0 ,

and that Δ1𝑚𝑡 (𝑥) and Δ2𝑚𝑡 (𝑥) satisfy

(30)

where 𝑚 = 1, . . . , 𝑝 + 𝑀0 .
Consequently, we obtain the following linear programming RLP(𝑋) as a linear relaxation of Q(𝑋) over the partition
set 𝑋:
min LF0 (𝑥)
{
{
RLP (𝑋) : {s.t.
LF𝑚 (𝑥) ≤ 0 𝑚 = 1, . . . , 𝑀,
{
𝑥 ∈ 𝑋,
{

(31)

where
,

𝑙
𝑙
Δ1𝑚𝑡 (𝑥) = 𝐴 𝑚𝑡 (𝑋𝑚𝑡 − 𝑋𝑚𝑡
) + exp (𝑋𝑚𝑡
) − exp (𝑋𝑚𝑡 ) ,

Δ2𝑚𝑡 (𝑥) = exp (𝑋𝑚𝑡 ) − 𝐴 𝑚𝑡 (𝑋𝑚𝑡 − ln 𝐴 𝑚𝑡 + 1) ,

(26)

where 𝑚 = 0, 1, . . . , 𝑝 + 𝑀0 , 𝑡 = 1, . . . , 𝑇𝑚 .
Thus, from Theorem 1 in [20], it follows that
𝐴 𝑚𝑡 (𝑋𝑚𝑡 − ln 𝐴 𝑚𝑡 + 1) ≤ exp (𝑋𝑚𝑡 )
𝑙
𝑙
) + exp (𝑋𝑚𝑡
)
≤ 𝐴 𝑚𝑡 (𝑋𝑚𝑡 − 𝑋𝑚𝑡

+
−
{LF𝑚 (𝑥) − UF𝑚 (𝑥) , 𝑚 = 1, . . . , 𝑝 + 𝑀0 ,
LF𝑚 (𝑥) = {
+
−
{𝐹𝑚 (𝑥) − 𝐹𝑚 (𝑥) , 𝑚 = 𝑝 + 𝑀0 + 1, . . . , 𝑀.
(32)

An important property of RLP(𝑋) is that its optimal value
𝑉[RLP(𝑋)] satisfies
𝑉 [RLP (𝑋)] ≤ 𝑉 [Q (𝑋)] .

(27)

(33)

Thus, from (33), the optimal value 𝑉[RLP(𝑋)] of RLP(𝑋)
provides a valid lower bound for the optimal value 𝑉[Q(𝑋)]
of Q(𝑋) over 𝑋 ⊆ 𝑋0 .
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Based on the above result, for any rectangle 𝑋 ⊆ 𝑋0 , in
order to obtain a lower bound LB(𝑋) of the optimal value
𝑉[Q(𝑋)] to subproblem Q(𝑋), we may compute LB(𝑋) such
that
LB (𝑋) = max {𝑉 [RLP (𝑋)] , 𝐹0 (𝑎)} ,

Theorem 4. Let 𝜀 > 0 be given and let ] = 𝑈𝐵 − 𝜀. If 𝐹0 (𝑎) >
] or 𝐹𝑚+ (𝑎) − 𝐹𝑚− (𝑏) > 0 for some 𝑚 ∈ {1, . . . , 𝑀}, then
𝑟𝑒𝑑] [𝑎, 𝑏] = [𝑎 , 𝑏 ] = 0. Otherwise, 𝑟𝑒𝑑] [𝑎, 𝑏] = [𝑎 , 𝑏 ] are
given by
𝑛

(34)

𝑖
} (𝑏𝑖 − 𝑎𝑖 ) 𝑒𝑖 ,
𝑎 = 𝑏 − ∑ min {𝛼𝑚
𝑖=1

where 𝑉[RLP(𝑋)] is the optimal value of the problem
RLP(𝑋).
Clearly, LB(𝑋) defined in (34) satisfies
𝐹0 (𝑎) ≤ LB (𝑋) ≤ 𝑉 [Q (𝑋)]

(35)

and is consistent. It can provide a valid lower bound and
guarantee convergence.
3.3. Reduction Operations. Clearly, the smaller the rectangle
𝑋 is, the tighter the lower bound LB(𝑋) of Q(𝑋) will be and,
therefore, the closer the feasible solution of (Q) will be to the
corresponding optimal solution. To show this, the next results
give two reduction operations, including the reduction cut
and the deleting technique, to reduce the size of the partitioned rectangle without losing any feasible solution currently still of interest.
(1) Reduction Cut. At a given stage of the branch and bound
algorithm for (Q), for a rectangle [𝑎, 𝑏] generated during the
partitioning procedure and still of interest, let UB be the
objective function value of the best so far feasible solution to
problem (Q). Given an 𝜀 > 0, we want to find a feasible
solution 𝑥 ∈ 𝑋 of (Q) such that 𝐹0 (𝑥) ≤ UB−𝜀 or else establish
that no such 𝑥 exists. So, the search for such 𝑥 can then be
restricted to the set F ⋂ [𝑎, 𝑏], where
F := {𝑥 | 𝐹0 (𝑥) ≤ UB − 𝜀, 𝐹𝑚 (𝑥) ≤ 0, 𝑚 = 1, . . . , 𝑀} .
(36)





𝑏 =𝑎 +

𝑚=1,...,𝑀

(38)

𝑛

𝑖
} (𝑏𝑖
∑ min {𝛽𝑚
𝑚=0,1,...,𝑀
𝑖=1

−

𝑎𝑖 ) 𝑒𝑖

satisfying
𝑖
𝛼𝑚

1,
𝑖𝑓 𝐹𝑚− (𝜑𝑖 (1)) ≥ 𝐹𝑚+ (𝑎)
={
−
𝑖
+
𝛼 𝑤𝑖𝑡ℎ 𝐹𝑚 (𝜑 (𝛼)) = 𝐹𝑚 (𝑎) , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒,
𝑖
𝛽𝑚

1,
𝑖𝑓 𝐹𝑚+ (𝜓𝑖 (1)) ≤ 𝐹𝑚− (𝑏)
={
𝛽 𝑤𝑖𝑡ℎ 𝐹𝑚+ (𝜓𝑖 (𝛽)) = 𝐹𝑚− (𝑏) , 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.
(39)
Proof. (i) By the increasing property of 𝐹0 (𝑥), 𝐹𝑚+ (𝑥), and
𝐹𝑚− (𝑥), if 𝐹0 (𝑎) > ], then 𝐹0 (𝑥) ≥ 𝐹0 (𝑎) > ] for every 𝑥 ∈
[𝑎, 𝑏]. If there exists 𝑚 ∈ {1, . . . , 𝑀} such that 𝐹𝑚+ (𝑎)−𝐹𝑚− (𝑏) >
0, then 𝐹𝑚 (𝑥) = 𝐹𝑚+ (𝑥) − 𝐹𝑚− (𝑥) ≥ 𝐹𝑚+ (𝑎) − 𝐹𝑚− (𝑏) > 0 for every
𝑥 ∈ [𝑎, 𝑏]. In both cases, F ⋂ [𝑎, 𝑏] = 0.
(ii) Given any point 𝑥 ∈ [𝑎, 𝑏] satisfying
𝐹0 (𝑥) ≤ ],

𝐹𝑚+ (𝑥) − 𝐹𝑚− (𝑥) ≤ 0,

𝑚 = 1, . . . , 𝑀,

(40)

we will show that 𝑥 ∈ [𝑎 , 𝑏 ]. Let
𝑖
𝑖
𝛼𝑚
 = min {𝛼𝑚 | 𝑚 = 1, . . . , 𝑀} ,
𝑖
𝑖
𝛽𝑚
 = min {𝛽𝑚 | 𝑚 = 0, 1, . . . , 𝑀} .

(41)

The reduction cut is based on the monotonic structure
of the problem (Q). The reduction cut aims at replacing the
rectangle [𝑎, 𝑏] with a smaller rectangle [𝑎 , 𝑏 ] ⊂ [𝑎, 𝑏]
without losing any point 𝑥 ∈ F ⋂[𝑎, 𝑏], that is, such that
F ⋂[𝑎 , 𝑏 ] = F ⋂[𝑎, 𝑏]. The rectangle [𝑎 , 𝑏 ] satisfying this
condition is denoted by red] [𝑎, 𝑏] with ] = UB − 𝜀. To illustrate how red] [𝑎, 𝑏] = [𝑎 , 𝑏 ] is deduced by reduction cut,
we first define the following functions.

Firstly, we will show that 𝑥 ≥ 𝑎 . If 𝑥 ≱
𝑎 , then there
exists index 𝑖 such that

Definition 3. Given two boxes [𝑎, 𝑏] and [𝑎 , 𝑏 ] with [𝑎 , 𝑏 ] ⊆
[𝑎, 𝑏], for 𝑖 = 1, . . . , 𝑛, the functions 𝜑𝑖 (𝛼) and 𝜓𝑖 (𝛽) :
[0, 1] → 𝑅𝑛 are defined by

𝑖

Case 1. If 𝛼𝑚
 = 1, then, from (42), we have 𝑥𝑖 < 𝑎𝑖 = 𝑏𝑖 −
𝑖
𝛼𝑚 (𝑏𝑖 − 𝑎𝑖 ) = 𝑎𝑖 , conflicting with 𝑥 ∈ [𝑎, 𝑏]; that is, 𝑥𝑖 ≥ 𝑎𝑖 .

𝜑𝑖 (𝛼) = 𝑏 − 𝛼 (𝑏𝑖 − 𝑎𝑖 ) 𝑒𝑖 ,
𝜓𝑖 (𝛽) = 𝑎 + 𝛽 (𝑏𝑖 − 𝑎𝑖 ) 𝑒𝑖 ,

(37)

where 𝑒𝑖 is a unit vector with 1 at the 𝑖th position and 0 everywhere else, 𝑖 = 1, . . . , 𝑛.
From the functions 𝐹𝑚− (𝑥), 𝐹𝑚+ (𝑥), and 𝐹0 (𝑥), we have the
following result.

𝑖
𝑥𝑖 < 𝑎𝑖 = 𝑏𝑖 − 𝛼𝑚
 (𝑏𝑖 − 𝑎𝑖 ) , i.e.,

𝑥𝑖 = 𝑏𝑖 − 𝛼 (𝑏𝑖 − 𝑎𝑖 )

𝑖
with 𝛼𝑚
 < 𝛼 ≤ 1.

(42)

We consider the following two cases.

𝑖
𝑖
−
𝑖
Case 2. If 0 ≤ 𝛼𝑚
 < 1, the function Φ𝑚 (𝛼) = 𝐹  (𝜑 (𝛼)) −
𝑚
+
𝐹𝑚 (𝑎) must be strictly decreasing in single variable 𝛼 over the
interval [0, 1]. If the function Φ𝑖𝑚 (𝛼) is not strictly decreasing
in single variable 𝛼, we get that Φ𝑖𝑚 (𝛼) must be a constant
over the interval [0, 1]. In this case, we have

Φ𝑖𝑚 (1) = Φ𝑖𝑚 (0) = 𝐹𝑚−  (𝑏) − 𝐹𝑚+  (𝑎) ≥ 0.

(43)

𝑖
𝑖
It follows from the definition of 𝛼𝑚
 that 𝛼𝑚 = 1, contradict𝑖
ing with 0 ≤ 𝛼𝑚
 < 1.
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Since the function Φ𝑖𝑚 (𝛼) is strictly decreasing, it follows,
𝑖
−
𝑖
from (42) and the definition of 𝛼𝑚
 that 𝐹  (𝑏 − (𝑏𝑖 − 𝑥𝑖 )𝑒 ) −
𝑚
+
𝑖
𝑖
𝑖
−
𝑖
𝐹𝑚 (𝑎) = Φ𝑚 (𝛼) < Φ𝑚 (𝛼𝑚 ) = 0. Hence, 𝐹𝑚 (𝑏−(𝑏𝑖 −𝑥𝑖 )𝑒 ) <
𝐹𝑚+  (𝑎). In addition, since 𝐹𝑚−  (𝑥) is an increasing function in
𝑛-dimension variable 𝑥 and 𝑥 ≤ 𝑏 − (𝑏𝑖 − 𝑥𝑖 )𝑒𝑖 , we have
𝐹𝑚−  (𝑥) ≤ 𝐹𝑚−  (𝑏 − (𝑏𝑖 − 𝑥𝑖 ) 𝑒𝑖 ) < 𝐹𝑚+  (𝑎) ,
𝐹𝑚−  (𝑥)

𝐹𝑚+  (𝑥)

(44)

𝐹𝑚+  (𝑎).

conflicting with
≥
≥
Based on the above discussion, we have 𝑥 ≥ 𝑎 ; that is,
𝑥 ∈ [𝑎 , 𝑏] in either case.
Secondly, we also can show from 𝑥 ∈ [𝑎 , 𝑏] that 𝑥 ≤ 𝑏 ;
that is, 𝑥 ∈ [𝑎 , 𝑏 ]. Supposing that 𝑥 ≰ 𝑏 , then there exists
some 𝑖 such that
𝑖

𝑥𝑖 > 𝑏𝑖 = 𝑎𝑖 + 𝛽𝑚
 (𝑏𝑖 − 𝑎𝑖 ) ;

(45)

that is, there exists 𝛽 such that
𝑥𝑖 = 𝑎𝑖 + 𝛽 (𝑏𝑖 − 𝑎𝑖 ) ,

𝑖
𝛽𝑚
 < 𝛽 ≤ 1.

(46)

𝑖
By the definition of 𝛽𝑚
 , there are the following two cases to
consider.
𝑖


Case 1. If 𝛽𝑚
 = 1, then, from (45), we have 𝑥𝑖 > 𝑏𝑖 = 𝑎𝑖 +


(𝑏𝑖 − 𝑎𝑖 ) = 𝑏𝑖 , conflicting with 𝑥 ∈ [𝑎 , 𝑏]; that is, 𝑥𝑖 ≤ 𝑏𝑖 .
𝑖
𝑖
+
𝑖
Case 2. If 0 ≤ 𝛽𝑚
 < 1, the function Ψ𝑚 (𝛽) = 𝐹𝑚 (𝜓 (𝛽)) −
−
𝑖
𝐹𝑚 (𝑏) is strictly increasing in single variable 𝛽. If Ψ𝑚 (𝛽) is
not strictly increasing in 𝛽, we get that Ψ𝑚𝑖  (𝛽) must be a
constant over [0, 1]. In this case, we have

𝐹0 (𝑎 ) − ] ≤ 0

(47)

or
Ψ𝑚𝑖  (1) = Ψ𝑚𝑖  (0) = 𝐹𝑚+  (𝑎 ) − 𝐹𝑚−  (𝑏) ≤ 0.

(48)

𝑖
𝑖
It follows from the definition of 𝛽𝑚
 that 𝛽𝑚 = 1, which is a
𝑖
contradiction with 0 ≤ 𝛽𝑚 < 1.
Since the function Ψ𝑚𝑖  (𝛽) is strictly increasing, from (46)
𝑖
and the definition of 𝛽𝑚
 , it implies that

𝐹0 (𝜓𝑖 (𝛽)) − ] > 𝐹0 (𝜓𝑖 (𝛽0𝑖 )) − ] = 0

(49)

If (50) holds, we obtain, from (46), that
𝐹𝑚+  (𝑎 + (𝑥𝑖 − 𝑎𝑖 ) 𝑒𝑖 ) = 𝐹𝑚+  (𝜓𝑖 (𝛽)) > 𝐹𝑚−  (𝑏) .

Since 𝑥 ≥ 𝑎 + (𝑥𝑖 − 𝑎𝑖 )𝑒𝑖 and 𝐹𝑚+  (𝑥) is increasing, we have
𝐹𝑚+  (𝑥) ≥ 𝐹𝑚+  (𝑎 + (𝑥𝑖 − 𝑎𝑖 ) 𝑒𝑖 ) > 𝐹𝑚−  (𝑏) .

𝑖

(𝜓 (𝛽)) −

𝐹𝑚− 

(𝑏) =

Ψ𝑚𝑖 

(𝛽) >

Ψ𝑚𝑖 

𝑖
(𝛽𝑚
 )

= 0. (50)

𝑖
𝑖
Remark 5. 𝛼𝑚
and 𝛽𝑚
given in Theorem 4 must exist and be
unique, since the functions 𝐹0 (𝑥), 𝐹𝑚+ (𝑥), and 𝐹𝑚− (𝑥) are all
continuous and increasing.

Remark 6. In order to obtain red] [𝑎, 𝑏], the computation of
𝑖
𝑖
and 𝛽𝑚
is more easily implementable than that of (2.4) and
𝛼𝑚
(2.5) in [28]. This is because the latter is computed by solving
the nonlinear nonconvex programming problem, but the
former is involved in solving the single variable equation with
monotonicity.
(2) Deleting Technique. For any 𝑥 ∈ 𝑋 = (𝑋𝑖 )𝑛×1 with 𝑋𝑖 =
[𝑎𝑖 , 𝑏𝑖 ] (𝑖 = 1, . . . , 𝑛), without loss of generality, we assume
that the relaxation linear problem RLP(𝑋) can be rewritten
as
𝑛

{
min ∑𝜆 0𝑖 𝑥𝑖 + 𝜇0
{
{
{
{
𝑖=1
{
𝑛
RLP (𝑋) : {
s.t.
𝜆 𝑗𝑖 𝑥𝑖 + 𝜇𝑗 ≤ 0,
∑
{
{
{
{
𝑖=1
{
{

conflicting with 𝐹0 (𝑥) ≤ ].

(55)

𝑥 ∈ 𝑋 ⊆ 𝑋0

𝑛

RL𝑗 = ∑ min {𝜆 𝑗𝑖 𝑎𝑖 , 𝜆 𝑗𝑖 𝑏𝑖 } + 𝜇𝑗 ,

𝑗 = 0, 1, . . . , 𝑀,

(56)

𝑖=1

𝜌𝑖 =

UB − RL0 + min {𝜆 0𝑖 𝑎𝑖 , 𝜆 0𝑖 𝑏𝑖 }
𝜆 0𝑖

𝜏𝑗𝑖 =

−RL𝑗 + min {𝜆 𝑗𝑖 𝑎𝑖 , 𝜆 𝑗𝑖 𝑏𝑖 }
𝜆 𝑗𝑖

with 𝜆 0𝑖 ≠
0, (57)
with 𝜆 𝑗𝑖 ≠
0,

(58)

𝑗 = 1, . . . , 𝑀,

(51)

where 𝑖 = 1, . . . , 𝑛.

(52)

Theorem 7. For any 𝑋 = (𝑋𝑖 )𝑛×1 ⊆ 𝑋0 , if 𝑅𝐿 0 > 𝑈𝐵, then
there exists no optimal solution of the problem Q(𝑋0 ) over 𝑋.
Otherwise, if 𝜆 0ℎ > 0 and 𝜌ℎ < 𝑏ℎ , for some ℎ ∈ {1, . . . , 𝑛},
then there is no optimal solution of the problem 𝑃4(𝑋0 ) over
the subrectangle 𝑋𝑎 ; conversely, if 𝜆 0ℎ < 0 and 𝜌ℎ > 𝑎ℎ , for

It follows from 𝑥 ≥ 𝑎 + (𝑥𝑖 − 𝑎𝑖 )𝑒𝑖 and 𝐹0 (𝑥) that
𝐹0 (𝑥) ≥ 𝐹0 (𝑎 + (𝑥𝑖 − 𝑎𝑖 ) 𝑒𝑖 ) > ],

𝑗 = 1, . . . , 𝑀,

and let UB be a known upper bound of the optimum of
Q(𝑋0 ). Define

Assume that (49) holds; we can derive, from (46), that
𝐹0 (𝑎 + (𝑥𝑖 − 𝑎𝑖 ) 𝑒𝑖 ) = 𝐹0 (𝜓𝑖 (𝛽)) > ].

(54)

It is a contradiction with 𝐹𝑚+  (𝑥) ≤ 𝐹𝑚−  (𝑥) ≤ 𝐹𝑚−  (𝑏).
From the above results, we must have 𝑥 ≤ 𝑏 ; that is, 𝑥 ∈
 
[𝑎 , 𝑏 ] in both cases and this ends the proof.

or
𝐹𝑚+ 

(53)

8

Mathematical Problems in Engineering

some ℎ ∈ {1, . . . , 𝑛}, then there does not exist optimal solution
of 𝑃4(𝑋0 ) over 𝑋𝑏 , where
𝑋𝑎 = (𝑋𝑎𝑖 )𝑛×1 ⊆ 𝑋0

𝑤𝑖𝑡ℎ

𝑖𝑓 𝑖 ≠
ℎ,
𝑋,
𝑋𝑎𝑖 = { 𝑖
(𝜌ℎ , 𝑏ℎ ] ⋂ 𝑋ℎ , 𝑖𝑓 𝑖 ≠
ℎ,
𝑋𝑏 = (𝑋𝑏𝑖 )𝑛×1 ⊆ 𝑋0

𝑤𝑖𝑡ℎ

𝑋,
𝑋𝑏𝑖 = { 𝑖
[𝑎ℎ , 𝜌ℎ ) ⋂ 𝑋ℎ ,

(59)

𝑖𝑓 𝑖 ≠
ℎ,
𝑖𝑓 𝑖 ≠
ℎ.

Proof. The proof is similar to Theorem 2 in [27]; it is omitted
here.
Theorem 8. For any 𝑋 = (𝑋𝑖 )𝑛×1 ⊆ 𝑋0 , if 𝑅𝐿 𝑗 (𝑥) > 0, for
some 𝑗 ∈ {1, . . . , 𝑀}, then there exists no feasible solution of
problem 𝑃4(𝑋0 ) over 𝑋. Otherwise, consider the following two
cases: if there exists some index ℎ ∈ {1, . . . , 𝑛} satisfying 𝜆 𝑗ℎ > 0
and 𝜏𝑗ℎ < 𝑏ℎ , for some 𝑗 ∈ {1, . . . , 𝑀}, then there is no feasible
solution of the problem 𝑃4(𝑋0 ) over 𝑋𝑐 ; conversely, if 𝜆 𝑗ℎ < 0
and 𝜏𝑗ℎ > 𝑎ℎ , for some 𝑗 ∈ {1, . . . , 𝑀} and ℎ ∈ {1, . . . , 𝑛}, then
there exists no feasible solution of the problem 𝑃4(𝑋0 ) over
𝑋𝑑 , where
𝑋𝑐 = (𝑋𝑐𝑖 )𝑛×1 ⊆ 𝑋0
𝑋𝑐𝑖 = {

𝑤𝑖𝑡ℎ

𝑋𝑖 ,
(𝜏𝑗ℎ , 𝑏ℎ ] ⋂ 𝑋ℎ ,

𝑋𝑑 = (𝑋𝑑𝑖 )𝑛×1 ⊆ 𝑋0

𝑖𝑓 𝑖 ≠
ℎ,
𝑖𝑓 𝑖 = ℎ,

𝑤𝑖𝑡ℎ

(60)

𝑖𝑓 𝑖 ≠
ℎ,
𝑋,
𝑋𝑑𝑖 = { 𝑖
[𝑎ℎ , 𝜏𝑗ℎ ) ⋂ 𝑋ℎ , 𝑖𝑓 𝑖 = ℎ.
Proof. The proof is similar to Theorem 3 in [27]; it is omitted
here.
By Theorems 7 and 8, we can give a new deleting technique to reject some regions in which the globally optimal
solution of Q(𝑋0 ) does not exist. Let 𝑋 = (𝑋𝑖 )𝑛×1 with 𝑋𝑖 =
[𝑎𝑖 , 𝑏𝑖 ] (𝑖 = 1, . . . , 𝑛) be any subrectangle of 𝑋0 . The content
of deleting technique is summarized as follows.
(S1) Optimality Rule. Compute RL0 in (56). If RL0 > UB, let
𝑋 = 0; otherwise, compute 𝜌𝑖 (𝑖 = 1, . . . , 𝑛) in (57). If 𝜆 0ℎ > 0
and 𝜌ℎ < 𝑏ℎ , for some ℎ ∈ {1, . . . , 𝑛}, then let 𝑏ℎ = 𝜌ℎ and 𝑋 =
(𝑋𝑖 )𝑛×1 with 𝑋𝑖 = [𝑎𝑖 , 𝑏𝑖 ] (𝑖 = 1, . . . , 𝑛). If 𝜆 0ℎ < 0 and 𝜌ℎ >
𝑎ℎ , for some ℎ ∈ {1, . . . , 𝑛}, then let 𝑎ℎ = 𝜌ℎ and 𝑋 = (𝑋𝑖 )𝑛×1
with 𝑋𝑖 = [𝑎𝑖 , 𝑏𝑖 ] (𝑖 = 1, . . . , 𝑛).
(S2) Feasibility Rule. For any 𝑗 = 1, . . . , 𝑀, compute RL𝑗 in
(56). If RL𝑗 > 0, for some 𝑗 ∈ {1, . . . , 𝑀}, then let 𝑋 = 0;
otherwise, compute 𝜏𝑗𝑖 in (58) (𝑗 = 1, . . . , 𝑀, 𝑖 = 1, . . . , 𝑛).
If 𝜆 𝑗ℎ > 0 and 𝜏𝑗ℎ < 𝑏ℎ , for some 𝑗 ∈ {1, . . . , 𝑀} and ℎ ∈
{1, . . . , 𝑛}, then let 𝑏ℎ = 𝜏𝑗ℎ and 𝑋 = (𝑋𝑖 )𝑛×1 with 𝑋𝑖 =
[𝑎𝑖 , 𝑏𝑖 ] (𝑖 = 1, . . . , 𝑛). If 𝜆 𝑗ℎ < 0 and 𝜏𝑗ℎ > 𝑎ℎ , for some

𝑗 ∈ {1, . . . , 𝑀} and ℎ ∈ {1, . . . , 𝑛}, then let 𝑎ℎ = 𝜏𝑗ℎ and
𝑋 = (𝑋𝑖 )𝑛×1 with 𝑋𝑖 = [𝑎𝑖 , 𝑏𝑖 ] (𝑖 = 1, . . . , 𝑛).
This deleting technique provides a possibility to cut away
all or a large part of the subrectangle 𝑋 which is currently
investigated by the algorithm procedure.

4. Algorithm and Its Convergence
Now, a branch-reduce-bound (BRB) algorithm is developed
to solve the problem (Q) based on the former discussion. This
method needs to solve a sequence of (RLP) problems over
partitioned subsets of 𝑋0 .
The BRB algorithm is based on partitioning the rectangle 𝑋0 into subrectangles, each concerned with a node of
the branch-and-bound tree. Hence, at any stage 𝑘 of the
algorithm, suppose that we have a collection of active nodes
denoted by T𝑘 , where each node is associated with a
rectangle 𝑋 ⊆ 𝑋0 and ∀𝑋 ∈ T𝑘 . For each such node 𝑋 =
[𝑎, 𝑏], we will compute a lower bound LB(𝑋) of the optimal
objective function value of (P4) via the optimal value of the
RLP(𝑋) and 𝐹0 (𝑎), so the lower bound of the optimal value
of (P4) at stage 𝑘 is given by min{LB(𝑋), ∀𝑋 ∈ T𝑘 }. We now
select an active node to subdivide its associated rectangle into
two subrectangles according to branch rule described in the
Section 3.1. For each new node, reduce it and then compute
the lower bound as before. At the same time, if necessary,
we will update the upper bound UB𝑘 . Upon fathoming any
nonimproving node, we obtain a collection of active nodes for
the next stage, and this process is repeated until convergence
is obtained.
4.1. Algorithm Statement
Step 1 (initialization). Choose the convergence tolerance 𝜀 >
0. Let P0 = {𝑋0 } and T0 = {𝑋0 }. If some feasible solutions
are available, add them to F and let UB0 = min{𝐹0 (𝑥) |
𝑥 ∈ F}; otherwise, let F = 0 and UB0 = +∞. Set 𝑘 = 0.
Step 2 (reduction). (i) Apply the reduction cut described in
Section 3.3 to each box [𝑎, 𝑏] ∈ P𝑘 . Let P𝑘 = {red] [𝑎, 𝑏] |
[𝑎, 𝑏] ∈ P𝑘 } with ] = UB𝑘 − 𝜀.
0, for each box [𝑎, 𝑏] ∈ P𝑘 , we use the deleting
(ii) If P𝑘 ≠
technique in Section 3.3 to cut away 𝑋 and denote the left still
as P𝑘 .
0, begin to do, for each 𝑋 =
Step 3 (bounding). If P𝑘 ≠
[𝑎, 𝑏] ∈ P𝑘 , the following.
(i) Solve the problem RLP(𝑋) to obtain the optimal
solution 𝑥(𝑋) and the optimal value 𝑉[RLP(𝑋)].
If 𝑥(𝑋) is feasible to problem (Q), then set F =
F ⋃{𝑥(𝑋)}. Let LB(𝑋) = max{𝑉[RLP(𝑋)], 𝐹0 (𝑎)}.
(ii) If 𝐹𝑚 (𝑎) ≤ 0 for every 𝑚 = 1, . . . , 𝑀, then set F =
F ⋃{𝑎}.
(iii) If F ≠
0, define the new upper bound UB𝑘 =
min{𝐹0 (𝑥) | 𝑥 ∈ F}, and the best known feasible
point is denoted by 𝑥𝑘 = arg min{𝐹0 (𝑥) | 𝑥 ∈ F}.
Set T𝑘 = (T𝑘 \ 𝑋𝑘 ) ⋃ P𝑘 .
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Step 4 (convergence checking). Set T𝑘+1 = T𝑘 \ {𝑋|LB(𝑋) >
UB𝑘 − 𝜀, 𝑋 ∈ T𝑘 }.
If T𝑘+1 = 0, then stop; if UB𝑘 = +∞, the problem is
infeasible; otherwise, UB𝑘 is the optimal value and 𝑥𝑘 is the
optimal solution. Otherwise, select an active node 𝑋𝑘+1 =
arg min{LB(𝑋) | 𝑋 ∈ T𝑘+1 } for further consideration and
let LB𝑘+1 = LB(𝑋𝑘+1 ).

Table 1: The numerical results for upper and lower bounds of 𝑑𝑗 (𝑦).

Step 5 (branching). Divide 𝑋𝑘+1 into two new subrectangles
using the branching rule and let P𝑘+1 be the collection of
these two subrectangles. Set 𝑘 = 𝑘 + 1 and return to Step 2.

Example 3

4.2. Convergence Analysis. In this subsection, we give the
convergence of the proposed algorithm.
Theorem 9. If the presented algorithm finishes at finite step,
when it stops, 𝑥𝑘 must be a global optimum solution of the
problem (Q). Otherwise, for any infinite branch of initial rectangle domain, an infinite partitioned rectangle sequence 𝑋𝑠 will
be produced and any accumulation point of which must be a
global optimal solution of the initial problem (Q).
Proof. Assume that this algorithm terminates finitely at some
stage 𝑘, 𝑘 ≥ 0. Thus, when the algorithm terminates, it follows
that UB𝑘 − LB𝑘 ≤ 𝜀. By Steps 2 and 4 of the investigated algorithm, there exists a feasible solution 𝑥𝑘 of the problem (Q)
satisfying 𝐹0 (𝑥𝑘 ) = UB𝑘 , which implies that 𝐹0 (𝑥𝑘 ) − LB𝑘 ≤
𝜀. Let 𝐹0∗ be the optimal value of the problem (𝑄); then, by the
structure of this algorithm, we have LB𝑘 ≤ 𝐹0∗ . Since 𝑥𝑘 is a
feasible solution of the problem (𝑄), 𝐹0∗ ≤ 𝐹0 (𝑥𝑘 ). Connecting
the above inequalities, we have 𝐹0∗ ≤ 𝐹0 (𝑥𝑘 ) ≤ LB𝑘 +𝜀 ≤ 𝐹0∗ +𝜀;
that is, 𝐹0∗ ≤ 𝐹0 (𝑥𝑘 ) ≤ 𝐹0∗ + 𝜀. Thus, 𝑥𝑘 is an 𝜀-global optimum
solution of the problem (Q).
If the algorithm is infinite, it generates an infinite
sequence {𝑋𝑘 } such that a subsequence {𝑋𝑘𝑙 } of {𝑋𝑘 } satisfies
𝑋𝑘𝑙+1 ⊂ 𝑋𝑘𝑙 for 𝑙 = 1, 2, . . .. Thus, it follows from [28, 29] that
this rectangle subdivision is exhaustive. Hence, for every iteration 𝑘 = 0, 1, 2, . . ., by design of the algorithm, there is at least
an infinite subsequence {LB𝑘𝑙 } of {LB𝑘 } such that
𝑋𝑘𝑙 ∈ arg min LB (𝑋) ,

LB𝑘𝑙 ⩽ min 𝐹0 (𝑥) ,
𝑥∈𝑋

𝑘𝑙

𝑋∈T𝑘𝑙

𝑘𝑙

𝑘l

(61)

0

𝑥 = 𝑥 (𝑋 ) ∈ 𝑋 ⊆ 𝑋 .
Since {LB𝑘𝑙 } is a nondecreasing sequence bounded above by
min𝑥∈𝐷𝐹0 (𝑥), where 𝐷 is the feasible set to problem (Q), this
guarantees the existence of the limit lim𝑙 → ∞ LB𝑘𝑙 := LB and
LB ≤ min𝑥∈𝑋 𝐹0 (𝑥). Since {𝑥𝑘𝑙 } is an infinite sequence on a
compact set 𝑋0 , there exists a convergent subsequence {𝑥𝑞 } of
̂ 𝑥𝑞 ∈ 𝑋𝑞 and LB𝑞 = LB(𝑋𝑞 ) =
{𝑥𝑘𝑙 } satisfying lim𝑞 → ∞ 𝑥𝑞 = 𝑥,
𝑞
𝑞
LF0 (𝑥 ), where {𝑋 } is a subsequence of {𝑋𝑘𝑙 }. By using
Theorem 1 and Lemma 1 of [25], we see that the linear
subfunctions LF𝑚 (𝑚 = 0, 1, . . . , 𝑀) used in the problem
RLP(𝑋) are strongly consistent on 𝑋0 . Thus, lim𝑞 → ∞ LB𝑞 =
̂ = LB. All that
lim𝑞 → ∞ LF0 (𝑥𝑞 ) = LF0 (lim𝑞 → ∞ 𝑥𝑞 ) = LF0 (𝑥)
0
remains is to show that 𝑥̂ ∈ 𝐷. Since 𝑋 is a closed set,

Example
Example 1
Example 2

Example 4
Example 5

Reference
BRB
[25]
BRB
[25]
BRB
[25]
BRB
BRB

𝐿1
2
2
2
2
3
2
2
2

𝑈1
3.25
4
3
4
17.337
149.2961
3
4.67

𝐿2
4
4
4
4
2
3
4
3

𝑈2
13
16
12.38
16
4.67
601
12.38
17.337

it follows that 𝑥̂ ∈ 𝑋0 . Suppose that 𝑥̂ ∉ 𝐷. Then there
̂ = 𝛿 > 0.
exists some 𝐹𝑗 , 𝑗 ∈ {1, . . . , 𝑀}, such that 𝐹𝑗 (𝑥)
Since LF𝑗 is continuous, by Theorem 1 and Lemma 1 of [25],
̂ as 𝑞 → ∞, that is, ∃𝑞𝛿 such
we have LF𝑗 (𝑥𝑞 ) → 𝐹𝑗 (𝑥)
that |LF𝑗 (𝑥𝑞 ) − 𝐹𝑗 (̂x)| < 𝛿 as 𝑞 > 𝑞𝛿 , and so when 𝑞 > 𝑞𝛿 ,
LF𝑗 (𝑥𝑞 ) > 0 implies that the problem RLP(𝑋) is infeasible.
This contradicts the assumption that 𝑥𝑞 = 𝑥(𝑋𝑞 ) is the
optimal solution to RLP(𝑋). Therefore, 𝑥̂ ∈ 𝐷; that is, LB =
̂ = min𝑥∈𝐷𝐹0 (𝑥).
𝐹0 (𝑥)

5. Numerical Experiments
There are two computational issues that may arise in using
the suggested implementations of the global algorithm.
The first computational issue is concerned with the fact
that we need to obtain the positive scalars 𝐿 𝑗 and 𝑈𝑗 such that
0 < 𝐿 𝑗 ≤ 𝑑𝑗 (𝑦) ≤ 𝑈𝑗 for all 𝑦 ∈ 𝑌 before using the suggested
implementations of the algorithm (see Section 2). Actually,
𝐿 𝑗 and 𝑈𝑗 are available through solving the following two
problems:
min 𝑑𝑗 (𝑦)
{
{
(PP1) : {s.t.
𝑔𝑚 (𝑦) ≤ 0, 𝑚 = 1, 2, . . . , 𝑀0 ,
{
0 < 𝑦𝑖𝑙 ≤ 𝑦𝑖 ≤ 𝑦𝑖𝑢 < ∞, 𝑖 = 1, 2, . . . , 𝑛0 ,
{
max
{
{
(PP2) : {s.t.
{
{

𝑑𝑗 (𝑦)
𝑔𝑚 (𝑦) ≤ 0, 𝑚 = 1, 2, . . . , 𝑀0 ,
0 < 𝑦𝑖𝑙 ≤ 𝑦𝑖 ≤ 𝑦𝑖𝑢 < ∞, 𝑖 = 1, 2, . . . , 𝑛0 .
(62)

The problems (PP1) and (PP2) are special cases of the original
problem (P), by using the proposed algorithm; therefore,
the values of 𝐿 𝑗 and 𝑈𝑗 can be obtained directly without
requiring other special procedure (see [24, 25]). Furthermore,
the interval [𝐿 𝑗 , 𝑈𝑗 ] obtained is tighter than one by making
use of Bernstein algorithm in [24, 25] (see Table 1) so that the
convergence of the algorithm may be improved.
The second computational issue concerns the lower
bound computing process. From Section 3, each lower bound
in the algorithm is computed by solving a relaxation linear
programming of the form of problem (RLP). Here, we adopt
the simplex algorithm to solve the relaxation linear programming. So the implement of the proposed global algorithm will
depend upon the simplex algorithm.
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Table 2: The numerical results for Examples 1–5.
Example

Optimal solution
(1.0, 1.7438231783465)
(1.0, 1.743823132)
(1.618033989, 1.0)
(1.618033989, 1.0)
(2.698690689, 1.207585549)
(2.698690670, 1.20758556)
(1, 1)
(1, 1)
(1, 1)
(1, 1)

BRB
[25]
BRB
[25]
BRB
[25]
BRB
[24]
BRB
[24]

Example 1
Example 2
Example 3
Example 4
Example 5

We now report our numerical experiments through five
test examples and some randomly produced problems to
demonstrate the performance of the proposed optimization
algorithm. The algorithm is coded in Compaq Visual Fortran,
and all test problems are implemented in an Athlon(tm) CPU
2.31 GHz with 960 MB RAM microcomputer. The numerical
results for all test problems are summarized in Tables 2 and 3.
Numerical results show that the proposed algorithm can
globally solve the problem (P) effectively.
In the following tables, the notations have been used for
column headers: Iter: number of algorithm iterations; Time:
execution time in seconds; and 𝜀: convergence tolerance. And
for row headers, BRB denotes the corresponding numerical
results in the proposed BRB algorithm.

Optimal value
−4.060819175
−4.060819161
1.16653785326
1.166537841203
−2.33221836
−1.96149893
3.3333
3.3333
5.5167
5.5167

min

ℎ (𝑥) = −

min

ℎ (𝑥) = −1.35

s.t.

2𝑥1−1 + 𝑥1 𝑥2 ≤ 4,
𝑥1 + 3𝑥1−1 𝑥2 ≤ 5,
𝑥12 − 3𝑥23 ≤ 2,

+ 3𝑥1 − + 3𝑥2 + 3.5
𝑥1 + 1

Example 4 (see [24]). Consider

min

(63)

ℎ (𝑥) =

s.t.

1 ≤ 𝑥2 ≤ 3.

1 ≤ 𝑥1 ≤ 3,

𝑥2
𝑥12 − 2𝑥1 + 𝑥22 − 8𝑥2 + 20

(66)

1 ≤ 𝑥2 ≤ 3.

Example 5 (see [24]). Consider
(64)

𝑥1 − 𝑥1−1 𝑥2 ≤ 1,
2𝑥1 𝑥2−1 + 𝑥2 ≤ 6,
1 ≤ 𝑥1 ≤ 3,

3𝑥1 + 𝑥2 ≤ 8,

2𝑥1 𝑥2−1 + 𝑥2 ≤ 6,

−𝑥2 + 3𝑥1 + 2𝑥22 + 3𝑥2 + 3.5
ℎ (𝑥) = 0.25 1
𝑥1 + 1

3𝑥1 + 𝑥2 ≤ 8,

𝑥2
𝑥12 − 2𝑥1 + 𝑥22 − 8𝑥2 + 20

𝑥1 − 𝑥1−1 𝑥2 ≤ 1,

Example 2 (see [25]). Consider

s.t.

−𝑥12 + 3𝑥1 − 𝑥22 + 3𝑥2 + 3.5
𝑥1 + 1
−

− 𝑥1 + 𝑥2 ≥ −1,

+ 1.75

1 ≤ 𝑥2 ≤ 3.
(65)

3𝑥1 + 𝑥2 ≤ 8,

min

𝑥2 + 0.1
𝑥12 𝑥2−1 − 3𝑥1−1 + 2𝑥1 𝑥22 − 9𝑥2−1 + 12

𝑥22

2𝑥1 + 𝑥2 ≤ 6,

1 ≤ 𝑥1 ≤ 3,

𝜀
10−8
10−8
10−8
10−8
10−7
10−7
10−3
10−3
10−3
10−3

𝑥12 𝑥20.5 − 2𝑥1 𝑥2−1 + 𝑥22 − 2.8𝑥1−1 𝑥2 + 7.5
𝑥1 𝑥21.5 + 1

+ 12.99

1 ≤ 𝑥1 ≤ 3,

𝑥2
− 2
𝑥1 − 2𝑥1 + 𝑥22 − 8𝑥2 + 20
s.t.

Time
1.97
16.23
0.42
3.52
8.18
130.62
0.1563
2
0.2
1.6

Example 3 (see [25]). Consider

Example 1 (see [25]). Consider
−𝑥12

Iter
1765
2638
197
420
5835
15243
64
262
149
280

1 ≤ 𝑥2 ≤ 3.

min

ℎ (𝑥) =

−𝑥12 𝑥20.5 + 2𝑥1 𝑥2−1 − 𝑥22 + 2.8𝑥1−1 𝑥2 + 7.5
𝑥1 𝑥21.5 + 1
+

𝑥12 𝑥2−1

−

3𝑥1−1

𝑥2 + 0.1
+ 2𝑥1 𝑥22 − 9𝑥2−1 + 12
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2𝑥1−1 + 𝑥1 𝑥2 ≤ 4,

Table 3: The numerical results for the random problem.

𝑥1 + 3𝑥1−1 𝑥2 ≤ 5,
𝑥12 − 3𝑥23 ≤ 2,
1 ≤ 𝑥1 ≤ 3,

1 ≤ 𝑥2 ≤ 3.
(67)

From Table 1, by using the proposed method, the upper
and lower bounds of 𝑑𝑗 (𝑦) are better than other methods
[25]; that is, the values of 𝐿 1 and 𝐿 2 are all bigger than other
methods and the values of 𝑈1 and 𝑈2 are all smaller than other
methods.
From Table 2, numerical results show that the computational efficiency is obviously improved by using the proposed
algorithm in the number of iterations and the overall execution time of the algorithm, compared with other methods
[24, 25].
Additionally, we choose the following problem to test our
algorithm further, which is generated randomly:

𝑚
5
7
10
5
7
10
5
7
10

Ave. Iter
94
94
98
638
675
682
528
554
598

Ave. 𝐿
93
93
95
637
674
677
527
546
583

Ave. CPU (s)
40.35
40.36
40.37
77.87
78.18
80.85
232.5
232.35
235.6
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𝛼1

𝑞
{
∑𝑖=1 𝑝𝑖1 ∏𝑖∈𝑁𝑖1 𝑥𝑗 𝑖𝑗
{
{
{
{
{min
𝛼2
𝑞
{
{
∑𝑖=1 𝑝𝑖2 ∏𝑖∈𝑁𝑖2 𝑥𝑗 𝑖𝑗
{
{
{
{
𝛼3
{
𝑞
{
∑𝑖=1 𝑝𝑖3 ∏𝑖∈𝑁𝑖3 𝑥𝑗 𝑖𝑗
{
{
{
{
+
𝛼4
𝑞
(Problem 1) : {
∑𝑖=1 𝑝𝑖4 ∏𝑖∈𝑁𝑖4 𝑥𝑗 𝑖𝑗
{
{
{
{
{
s.t.
𝐴𝑥 ≤ 𝑏,
{
{
{
𝑛
{
{
{
{
𝑥𝑖 = 10,
∑
{
{
{
𝑖=1
{
{
0 < 𝑥𝑖 ≤ 10, 𝑖 = 1, . . . , 𝑛,
{

𝑛
4
4
4
6
6
6
10
10
10

References

(68)

where 𝑞 is an integer number (e.g., 𝑞 is taken to be 𝑛 in
Table 3), for each 𝑘 = 1, 2, 3, 4, 𝑝𝑖𝑘 ∈ (1, 2), 𝑁𝑖𝑘 ⊂ {1, 2, . . . , 𝑛}
with 1 ≤ |𝑁𝑖𝑘 | ≤ 4, each element of 𝑁𝑖𝑘 is randomly
generated from {1, 2, . . . , 𝑛}, and 𝛼𝑖𝑗𝑘 are randomly generated
from {1, 2, 3}. The elements of 𝐴 and 𝑏 with 𝐴 ∈ 𝑅𝑚×𝑛 and 𝑏 ∈
𝑅𝑚 are generated by using random number in the intervals
(0, 1) and (0, 10), respectively.
For the above test problem, the convergence tolerance
parameter is set as 𝜀 = 10−2 and 𝑞 = 3. Numerical results
are summarized in Table 3, where the average number of iterations, average number of list nodes, and average CPU times
(seconds) are obtained by running the BRB algorithm for 20
times to this problem.
It is seen from Table 3 that the size of 𝑛 (the number of
variable) is the main factor affecting the performance of the
algorithm. This is mainly because we have to take much time
to compute the bound of introduced variables, which is
increased as the size of the number of variable increasing.
However, due to the constrained functions value in reduction
operation and linear relaxation, the CPU time also increases,
while 𝑚 (the number of inequality constrained) is increasing
but not as sharply as 𝑛.
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We develop an equilibrium model of a closed-loop supply chain (CLSC) network with multiproducts, uncertain demands, and
returns. This model belongs to the context of oligopolistic firms that compete noncooperatively in a Cournot-Nash framework
under a stochastic environment. To satisfy the demands, we use two different channels: manufacturing new products and
remanufacturing returned products through recycling used components. Since both the demands and product returns are
uncertain, we consider two types of risks: overstocking and understocking of multiproducts in the forward supply chain. Then
we set up the Cournot-Nash equilibrium conditions of the CLSC network whereby we maximize every oligopolistic firm’s expected
profit by deciding the production quantities of each new product as well as the path flows of each product on the forward supply
chain. Furthermore, we formulate the Cournot-Nash equilibrium conditions of the CLSC network as a variational inequality and
prove the existence and the monotonicity of the variational inequality. Finally, numerical examples are presented to illustrate the
efficiency of our model.

1. Introduction
The competitive supply chain network models have been
widely studied in the past decade. For instance, Nagurney et
al. [1] first considered an equilibrium model of a competitive
forward supply chain network which consisted of a lot of
decision makers. Dong et al. [2] constructed an equilibrium model of a forward supply chain network under the
assumption that the demands were uncertain. Nagurney and
Toyasaki [3] constructed an equilibrium model of a reverse
supply chain network for the optimal management of the
electronic wastes. Hammond and Beullens [4] expanded the
work of [1, 3] by presenting some insights of how closedloop supply chain (CLSC) network equilibrium was achieved
under WEEE (the waste electrical and the waste electrical
and electronic equipment) directive legislation. Yang et al.
[5] constructed an equilibrium model of a CLSC network
consisting of raw materials, suppliers, and recovery centers
besides manufacturers and retailers. In all the above papers

[1–5], the equilibrium conditions were obtained by the theory
of variational inequality; the variational inequalities in these
papers were solved by the modified projection method
proposed by Korpelevich [6].
The CLSC integrating the forward and reverse supply
chain is important in real world applications due to government legislations (such as the paper recycling directive and
WEEE within the European Union [7]). Moreover, the process used in the CLSC to recycle used products (such as
papers, glass, building wastes, electric, and electronic equipment) for minimizing resource wastage also leads to people’s
understanding of the important concept of the green supply
chain management (GSCM). A comprehensive review of the
CLSC management and the GSCM can be found in Gupta and
Palsule-Desai [8], Sheu and Talley [9], and Seuring [10].
Competition and monopoly are two opposing market
forms in economics. In a competition, there are numerous
firms supplying their goods to the markets and the market
price is determined exogenously. In a monopoly, only one
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firm supplies its goods to the markets. Oligopoly is a market
form between perfect competition and monopoly, in which
the market is dominated by 𝑛 firms (oligopolists), where 𝑛
is a small number. The 𝑛 firms compete in the oligopolistic
market by producing the same product or perfect substitutes
for the maximization of their profits, considering the best
reply of the other firms. (When 𝑛 = 2, the oligopoly is called a
duopoly which was first proposed by Cournot [11].) Recently,
Barbagallo and Cojocaru [12] considered the dynamic equilibrium of an oligopolistic market. Based on the timedependent variational inequality, Barbagallo and Mauro [13]
investigated an equilibrium model of an oligopolistic market
dealing with production and demand excesses.
From the work of Brown et al. [14], it is clear that more
firms nowadays are aware of the importance of integrating
the supply chain as a whole, consisting of all the marketing
activities of all the competitors. Thus, several forward supply
chain networks involving oligopolistic competition among
firms have been developed. For instance, Nagurney [15] considered a design problem in which oligopolistic firms competed in a Cournot-Nash [16, 17] framework. Masoumi et al.
[18], Nagurney and Yu [19], and Yu and Nagurney [20] developed equilibrium models involving oligopolistic competition
among pharmaceutical firms, fashion firms, and fresh food
firms, respectively. The equilibrium conditions of [15, 18–20]
were also obtained by the theory of variational inequality;
the variational inequalities in these papers were solved by
the Euler method [21]. However, there are very few papers
in the literature dealing with CLSC network involving oligopolistic competition among firms and none of these papers
consider oligopolistic competition in a stochastic environment.
The major weakness of the literature concerning the
CLSC network model is that only deterministic demands
are considered. Research work on stochastic CLSC network
model began only in the last few years. For instance, Qiang
et al. [22] investigated an equilibrium model of a CLSC
network involving perfect competition and uncertainties in
demands, but not involving uncertainties in returns. Shi
et al. [23, 24] constructed mathematical models of closedloop manufacturing systems, in which both the demands and
the returns were uncertain and price sensitive. However, the
closed-loop systems in [23, 24] were not CLSC networks and
did not involve oligopolistic competition among firms.
In this paper, we provide an innovative framework to
study the effects of oligopolistic competition on a CLSC network and construct an equilibrium model of a multiproduct
CLSC network involving oligopolistic competition among
firms, by allowing uncertain demands and returns for all
products. To satisfy these demands, we use two different
channels: manufacturing new products and remanufacturing
returned products through recycling used components. Since
the demands and returns of all products are uncertain, we
consider two types of risks: overstocking and understocking
of multiproducts in the forward supply chain. Then we can
set up the Cournot-Nash equilibrium conditions of the CLSC
network whereby we maximize every oligopolistic firm’s
expected profit by deciding the production quantities of each
new product as well as the path flows of each product on
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Figure 1: The CLSC network topology.

the forward supply chain. Since the CLSC network model
constructed in the above manner takes into consideration all those important issues such as competition among
oligopolistic firms with multiproduct as well as uncertainty
in both demands and returns, the CLSC model developed in
this paper has more practical use than most of them in the
literature, such as those developed in [4, 5, 22].
The rest of this paper is organized as follows. Section 2
develops the oligopolistic CLSC network model with multiproducts and uncertain demands and returns and constructs
the Cournot-Nash equilibrium conditions. Section 3 gives
the variational inequality formulations of our model. We
then prove the existence and the monotonicity results for
our model in Section 4. Section 5 presents an algorithm for
finding the Cournot-Nash equilibrium. In Section 6, numerical examples are presented to test the effectiveness of the
proposed algorithm. Sensitivity analysis is also conducted to
illustrate how the change in a parameter can affect the firms’
strategies and their respective expected profits. Section 7
presents our summary and conclusion.

2. The Multiproduct CLSC
Network Model under Oligopolistic
Competition among Firms
We consider a CLSC network consisting of 𝐼 oligopolistic
firms who compete noncooperatively. Each firm 𝑖 (𝑖 = 1,
. . . , 𝐼) manufactures 𝐽 products and has two different channels to meet the demands: manufacturing new products and
remanufacturing returned products through recycling used
components. Both the demands and their returns for all
products are uncertain. It is assumed that all the demands
and all the returns for each product are random variables with
known probability distributions. The problem is to maximize
all the oligopolistic firms’ expected profits by deciding the
production quantities of each new product as well as the path
flows of each product on the forward supply chain.
The topology of this network is shown in Figure 1. From
Figure 1, the CLSC network consists of the forward supply
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chain network and the reverse supply chain network. Each
link in Figure 1 represents an activity of the CLSC network.
Consider any firm 𝑖 (𝑖 = 1, . . . , 𝐼) in the CLSC network. The
economic activities in the forward supply chain network can
be described as follows.
(1) Firm 𝑖 distributes raw materials or recycled products to each of its manufacturers (denoted by 𝑀1𝑖 ,
. . . , 𝑀𝑛𝑖 𝑖 ).
𝑀

(2) The manufacturers then produce new products or
remanufactured products and distribute them to each
of the distribution centers of firm 𝑖 (denoted by 𝐷1𝑖 ,
. . . , 𝐷𝑛𝑖 𝑖 ).
𝐷

(3) The distribution centers then distribute these products to each of the demand markets (denoted by
𝑅1 , . . . , 𝑅𝑛𝑅 ).
The economic activities of firm 𝑖 in the reverse supply
chain network can be described as follows.
(1) The demand markets send a fraction of the used
products to each of the recovery centers of firm 𝑖
(denoted by 𝐶1𝑖 , . . . , 𝐶𝑛𝑖 𝑖 ). (The remainder of the used
𝐶
products will be sent to the landfill for disposition.)
(2) The recovery centers then recycle the used products
and send the recycled products to firm 𝑖 for remanufacturing.
Thus, our CLSC network is one which incorporates the
forward supply chain processes (such as production, remanufacturing, delivery, and distribution) with the reverse supply
chain processes (such as disposal, recycling, and returning) to
form a loop in Figure 1.
We first give a few basic assumptions, which are common
assumptions in the CLSC literature (see [4, 23] for details).
Assumption A. (A1) The demand for product 𝑗 (𝑗 = 1, . . . , 𝐽)
of firm 𝑖 (𝑖 = 1, . . . , 𝐼) at demand market 𝑅𝑘 (𝑘 = 1, . . . , 𝑛𝑅 ),
denoted by 𝑑̂𝑖𝑗𝑘 , is a random variable. Any two demands are
independent of each other.
(A2) The return of product 𝑗 (𝑗 = 1, . . . , 𝐽) from demand
market 𝑅𝑘 (𝑘 = 1, . . . , 𝑛𝑅 ) to firm 𝑖 (𝑖 = 1, . . . , 𝐼), denoted by
𝑟̂𝑘𝑗𝑖 , is a random variable. Any two returns are independent of
each other.
(A3) The qualities of new products and remanufactured
products are exactly the same.
(A4) A fraction of the used products will be collected by
the firms for remanufacturing; the uncollected used products
will be sent from the market centers to the landfill for
disposition. The firm will incur a fee of 𝜌 per unit for the
disposal of these used products at the landfill site.
(A5) For the collected products mentioned in (A4), the
firm will incur a cost of 𝜌𝑗Re per item for the purchase of the
returned product 𝑗 (𝑗 = 1, . . . , 𝐽). It is also assumed that all
returns are remanufacturable.
(A6) The quantity of new product 𝑗 (𝑗 = 1, . . . , 𝐽)
manufactured by firm 𝑖 (𝑖 = 1, . . . , 𝐼) cannot exceed 𝑥, where
𝑥 is a positive integer.

3
In order to formulate the problem of finding the CournotNash equilibrium for our CLSC network, we need to first
describe the decision variables.
For each 𝑖 (𝑖 = 1, . . . , 𝐼) and 𝑗 (𝑗 = 1, . . . , 𝐽), let 𝑥𝑖𝑗New
denote the quantity of new product 𝑗 manufactured by firm 𝑖.
In the forward supply chain, any set of correlated links
connecting the firms to the demand markets via the manufacturers and the distribution centers form a path 𝑝𝑓 . For each 𝑖
(𝑖 = 1, . . . , 𝐼) and 𝑘 (𝑘 = 1, . . . , 𝑛𝑅 ), let 𝑃𝑘𝑖 denote the set of all
the forward paths from firm 𝑖 to demand market 𝑅𝑘 . Then for
each 𝑝𝑓 ∈ 𝑃𝑘𝑖 , let 𝑥𝑗𝑝𝑓 denote the nonnegative product flow of
product 𝑗 (𝑗 = 1, . . . , 𝐽) on the forward path 𝑝𝑓 .
Hence there are two types of decision variables for our
problem, namely, the quantity of new product 𝑥𝑖𝑗New and the
product flow on the forward path 𝑥𝑗𝑝𝑓 .
Let
𝑛 𝑖 +1

𝑋𝑖𝑗 ≡ {(𝑥𝑗𝑝𝑓 , 𝑥𝑖𝑗New ) | 𝑝𝑓 ∈ 𝑃𝑖 } ∈ R+𝑃

(1)

denote all the decision variables associated with firm 𝑖 and
product 𝑗, where
𝑛𝑅

𝑃𝑖 ≡ ⋃ 𝑃𝑘𝑖 ,

(2)

𝑘=1

and 𝑛𝑃𝑖 denotes the cardinality of 𝑃𝑖 .
Let
𝑇

𝑋𝑖 ≡ (𝑋𝑖1 , . . . , 𝑋𝑖𝐽 ) ∈ 𝐾𝑖

(3)

be the strategy vector representing the overall decision
(𝑛 𝑖 +1)𝐽
variables associated with firm 𝑖, where 𝐾𝑖 ≡ R+ 𝑃
. Then
𝑇

𝑋 ≡ (𝑋11 , . . . , 𝑋1𝐽 , . . . , 𝑋𝑖1 , . . . , 𝑋𝑖𝐽 , . . . , 𝑋𝐼1 , . . . , 𝑋𝐼𝐽 ) ∈ 𝐾
(4)
is the overall decision variables for the entire CLSC network,
which is the strategies vector of all firms, where 𝐾 ≡
∑𝐼 (𝑛 𝑖 +1)𝐽

R+ 𝑖=1 𝑃
.
Now, we consider all the different types of constraints for
our CLSC network.
By virtue of (A6), we have for each 𝑖 (𝑖 = 1, . . . , 𝐼) and 𝑗
(𝑗 = 1, . . . , 𝐽)
𝑥𝑖𝑗New ≤ 𝑥.

(5)

Moreover, in the forward supply chain, the following
inequality involving product 𝑗 (𝑗 = 1, . . . , 𝐽) manufactured
by firm 𝑖 (𝑖 = 1, . . . , 𝐼) must hold:
𝑛𝑅

∑ ∑ 𝑥𝑗𝑝𝑓 ≤ 𝑥𝑖𝑗New + 𝐸 (𝑥𝑖𝑗Re ) ,

𝑘=1 𝑝𝑓 ∈𝑃𝑖

(6)

𝑘

where
𝑛𝑅

𝑥𝑖𝑗Re = ∑ 𝑟̂𝑘𝑗𝑖
𝑘=1

and 𝑟̂𝑘𝑗𝑖 is as defined in (A2).

(7)
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Furthermore, in the reverse supply chain, the following
flow inequality must hold:
𝐸 (̂𝑟𝑘𝑗𝑖 ) ≤ ∑ 𝑥𝑗𝑝𝑓 .
𝑝𝑓 ∈𝑃𝑘𝑖

(8)

The above inequality ensures that the expected value of the
returned product 𝑗 (𝑗 = 1, . . . , 𝐽) from demand market 𝑅𝑘
(𝑘 = 1, . . . , 𝑛𝑅 ) to firm 𝑖 (𝑖 = 1, . . . , 𝐼) cannot exceed the total
amount of forward flows of the above product on any path
connecting firm 𝑖 to demand market 𝑅𝑘 .
Now, we formulate the different cost functions for our
CLSC network. We first formulate the expected penalty cost
(due to excessive or insufficient supply) and the operational
cost.
Consider the forward supply chain involving firm 𝑖 (𝑖 =
1, . . . , 𝐼), product 𝑗 (𝑗 = 1, . . . , 𝐽), and demand market 𝑅𝑘
(𝑘 = 1, . . . , 𝑛𝑅 ). Let V𝑖𝑗𝑘 denote the quantity of product 𝑗
supplied by firm 𝑖 to demand market 𝑅𝑘 . Then the following
flow equation must hold:
∑ 𝑥𝑗𝑝𝑓 = V𝑖𝑗𝑘 .

𝑝𝑓 ∈𝑃𝑘𝑖

(9)

𝑥

Pr (𝑑̂𝑖𝑗𝑘 ≤ 𝑥) = ∫ F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ,
0

(10)

where Pr denotes the probability.
Now, the quantity of product 𝑗 supplied by firm 𝑖 to
demand market 𝑅𝑘 cannot exceed the minimum of V𝑖𝑗𝑘 and
𝑑̂𝑖𝑗𝑘 . In other words, the actual sale of these products is equal
to min{V𝑖𝑗𝑘 , 𝑑̂𝑖𝑗𝑘 }.
Let
Δ+𝑖𝑗𝑘 = max {0, V𝑖𝑗𝑘 − 𝑑̂𝑖𝑗𝑘 } ,
Δ−𝑖𝑗𝑘 = max {0, 𝑑̂𝑖𝑗𝑘 − V𝑖𝑗𝑘 } ,

0

𝐸 (Δ−𝑖𝑗𝑘 )

=∫

+∞

V𝑖𝑗𝑘

Let 𝐿𝑓 be the set of all correlated links in the forward
𝑓
supply chain. Let 𝑢𝑗𝑎 denote the product flow of product 𝑗 on
any link 𝑎 in the forward supply chain. Then, in the forward
supply chain involving product 𝑗, the relationship between
the product flow in a link and the product flow in a path is
as follows:
𝐼

𝑓

𝑛𝑅

𝑢𝑗𝑎 = ∑ ∑ ∑ 𝑥𝑗𝑝𝑓 𝛿𝑎𝑝𝑓 ,

(14)

𝑘

where the binary parameter 𝛿𝑎𝑝𝑓 is used to indicate whether
link 𝑎 is included in forward path 𝑝𝑓 (𝛿𝑎𝑝𝑓 = 1) or not
𝑓

included in forward path 𝑝𝑓 (𝛿𝑎𝑝𝑓 = 0). Let 𝑢𝑗 be the vector
consisting of all the forward link flows for each product 𝑗.
Then, in the forward supply chain, the total operational
cost of product 𝑗 on a link 𝑎 is a continuous function of all
the forward link flows of product 𝑗 given by
𝑐̂𝑗𝑎 = 𝑐̂𝑗𝑎 (𝑢𝑗 ) ,

∀𝑎 ∈ 𝐿𝑓 .

(15)

Apart from the penalty costs given by (13) (due to excessive or insufficient supply) and the operational costs given by
(15), firm 𝑖 (𝑖 = 1, . . . , 𝐼) also incurs the following additional
costs:
(i) the cost related to the production of new product 𝑗
(𝑗 = 1, . . . , 𝐽):
𝑓𝑖𝑗 (𝑥𝑖𝑗New ) ,

(16)

where 𝑓𝑖𝑗 is a continuous function,
(ii) the cost related to the production of the returned
product 𝑗 (𝑗 = 1, . . . , 𝐽):
𝑓𝑖𝑗 (𝑥𝑖𝑗Re ) ,

(11)

(17)

Re

where 𝑓𝑖𝑗 is a continuous function,

(V𝑖𝑗𝑘 − 𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ,
(𝑑̂𝑖𝑗𝑘 − V𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 .

∀𝑎 ∈ 𝐿𝑓 ,

𝑖=1 𝑘=1𝑝𝑓 ∈𝑃𝑖

Re

denote, respectively, the quantity of the overstocking and the
understocking of goods associated with firm 𝑖, product 𝑗 and
demand market 𝑅𝑘 .
The expected values of Δ+𝑖𝑗𝑘 , and Δ−𝑖𝑗𝑘 are given by
𝐸 (Δ+𝑖𝑗𝑘 ) = ∫

+
−
+
−
Δ+𝑖𝑗𝑘 + 𝜃𝑖𝑗𝑘
Δ−𝑖𝑗𝑘 ) = 𝜃𝑖𝑗𝑘
𝐸 (Δ+𝑖𝑗𝑘 ) + 𝜃𝑖𝑗𝑘
𝐸 (Δ−𝑖𝑗𝑘 ) . (13)
𝐸 (𝜃𝑖𝑗𝑘

𝑓

Let 𝑑̂𝑖𝑗𝑘 denote the demand associated with firm 𝑖, product
𝑗, and demand market 𝑅𝑘 . Let F𝑖𝑗𝑘 be the probability density
function of 𝑑̂𝑖𝑗𝑘 . Then

V𝑖𝑗𝑘

firm 𝑖 associated with product 𝑗 and demand market 𝑅𝑘 is
given by

(12)

Assume that the unit penalty incurred on firm 𝑖 due to
+
and
excessive supply of product 𝑗 to demand market 𝑅𝑘 is 𝜃𝑖𝑗𝑘
the unit penalty incurred on firm 𝑖 due to insufficient supply
−
+
, where 𝜃𝑖𝑗𝑘
≥ 0 and
of product 𝑗 to demand market 𝑅𝑘 is 𝜃𝑖𝑗𝑘
−
𝜃𝑖𝑗𝑘 ≥ 0. Then, the total expected penalty cost incurred on

(iii) the cost related to the purchase of returned product 𝑗
(𝑗 = 1, . . . , 𝐽) from demand market 𝑅𝑘 (𝑘 = 1, . . . , 𝑛𝑅 )
to firm 𝑖:
𝜌𝑗Re 𝑟̂𝑘𝑗𝑖 ,

(18)

where 𝜌𝑗Re is the purchase cost per item of these
returned products,
(iv) the shipping cost related to the transportation of
returned product 𝑗 (𝑗 = 1, . . . , 𝐽) from demand
market 𝑅𝑘 (𝑘 = 1, . . . , 𝑛𝑅 ) to firm 𝑖:
Re
𝑐̂𝑘𝑗𝑖
𝑟̂𝑘𝑗𝑖 ,

(19)

Re
is the transportation cost per item of these
where 𝑐̂𝑘𝑗𝑖
returned products,
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(v) the cost related to the disposal of uncollected product
associated with firm 𝑖, product 𝑗 (𝑗 = 1, . . . , 𝐽), and
demand market 𝑅𝑘 (𝑘 = 1, . . . , 𝑛𝑅 ) at the landfill site:

profit function of firm 𝑖 (𝑖 = 1, . . . , 𝐼), denoted by 𝑈𝑖 , can be
expressed as follows:
𝐽

𝑛𝑅

𝑈𝑖 = ∑ ∑ 𝐸 (𝜌𝑖𝑗𝑘 (𝑑̂𝑗 ) min {V𝑖𝑗𝑘 , 𝑑̂𝑖𝑗𝑘 })
𝜌 ( ∑ 𝑥𝑗𝑝𝑓 − 𝑟̂𝑘𝑗𝑖 ) .

(20)

𝑝𝑓 ∈𝑃𝑘𝑖

𝑗=1 𝑘=1
𝐽

𝑛𝑅

+
−
Δ+𝑖𝑗𝑘 + 𝜃𝑖𝑗𝑘
Δ−𝑖𝑗𝑘 )
− ∑ ∑ 𝐸 (𝜃𝑖𝑗𝑘
𝑗=1 𝑘=1

By virtue of (13), (15), and (16)–(20), the total cost
incurred on firm 𝑖 is given by
𝐽

𝑛𝑅

𝐽

𝐽

𝑗=1

𝑗=1

𝐽

+
−
Δ+𝑖𝑗𝑘 + 𝜃𝑖𝑗𝑘
Δ−𝑖𝑗𝑘 )
∑ ∑ 𝐸 (𝜃𝑖𝑗𝑘

𝑛𝑅

𝐽

𝑗=1 𝑘=1

𝐽

𝑓

𝐽

+ ∑𝑓𝑖𝑗 (𝑥𝑖𝑗New ) + ∑ ∑ 𝑐̂𝑗𝑎 (𝑢𝑗 )
𝑗=1
𝐽

𝑖

(21)

𝐽

𝐽

𝑗=1

𝑛𝑅

𝑛𝑅

𝐽

𝑛𝑅

𝑗=1 𝑘=1

𝑗=1 𝑘=1

𝑝𝑓 ∈𝑃𝑘𝑖

(25)

𝐽

where (7), (9), and (14) hold for all decision variables defined
by (4). By virtue of (12), (15)–(20), and (22), it is clear that 𝑈𝑖
is a function of the strategies of all firms in the entire CLSC
network. That is,

𝑛𝑅

Re
+ ∑ ∑ 𝑐̂𝑘𝑗𝑖
𝐸 (̂𝑟𝑘𝑗𝑖 ) + 𝜌 ∑ ∑ 𝐸 ( ∑ 𝑥𝑗𝑝𝑓 − 𝑟̂𝑘𝑗𝑖 ) ,
𝑗=1 𝑘=1

𝑗=1

Re

+ ∑ ∑ 𝜌𝑗Re 𝐸 (̂𝑟𝑘𝑗𝑖 ) + ∑ 𝐸 (𝑓𝑖𝑗 (𝑥𝑖𝑗Re ))
𝑗=1 𝑘=1

Re

Re
− ∑ ∑ 𝑐̂𝑘𝑗𝑖
𝐸 (̂𝑟𝑘𝑗𝑖 ) − 𝜌 ∑ ∑ 𝐸 ( ∑ 𝑥𝑗𝑝𝑓 − 𝑟̂𝑘𝑗𝑖 ) ,

𝑗=1 𝑎∈𝐿𝑓

𝑛𝑅

𝑓
𝑎∈𝐿 𝑖

− ∑ ∑ 𝜌𝑗Re 𝐸 (̂𝑟𝑘𝑗𝑖 ) − ∑𝐸 (𝑓𝑖𝑗 (𝑥𝑖𝑗Re ))

𝑗=1 𝑘=1

𝐽

𝑓

− ∑ 𝑓𝑖𝑗 (𝑥𝑖𝑗New ) − ∑ ∑ 𝑐̂𝑗𝑎 (𝑢𝑗 )

𝑗=1 𝑘=1

𝑝𝑓 ∈𝑃𝑘𝑖

𝑈𝑖 = 𝑈𝑖 (𝑋) .

𝑓
where 𝐿 𝑖

is the set of all correlated links in the forward supply
chain of firm 𝑖 (𝑖 = 1, . . . , 𝐼).
Now, we formulate the total revenue received by firm 𝑖 (𝑖 =
1, . . . , 𝐼). In order to capture competition in the demands in
the entire CLSC network, we assumed that, for each product
𝑗, the demand price function 𝜌𝑖𝑗𝑘 (𝑗 = 1, . . . , 𝐽, 𝑘 = 1, . . . , 𝑛𝑅 )
is a continuous function of all the demands of product 𝑗 in
the entire CLSC network; that is,

(26)

Now, in order to define the Cournot-Nash equilibrium
of the CLSC network, we need to consider the following
constraints involving firm 𝑖 (𝑖 = 1, . . . , 𝐼):
𝑥𝑖𝑗New ≤ 𝑥,

(27)

∑ ∑ 𝑥𝑗𝑝𝑓 ≤ 𝑥𝑖𝑗New + 𝐸 (𝑥𝑖𝑗Re ) ,

(28)

𝑛𝑅

𝑘=1 𝑝𝑓 ∈𝑃𝑖

𝑘

𝜌𝑖𝑗𝑘 = 𝜌𝑖𝑗𝑘 (𝑑̂𝑗 ) ,

(22)

𝐸 (̂𝑟𝑘𝑗𝑖 ) ≤ ∑ 𝑥𝑗𝑝𝑓 ,

(29)

𝑝𝑓 ∈𝑃𝑘𝑖

where
𝑇

𝑅
𝑑̂𝑗 = (𝑑̂1𝑗1 , . . . , 𝑑̂1𝑗𝑛𝑅 , . . . , 𝑑̂𝐼𝑗1 , . . . , 𝑑̂𝐼𝑗𝑛𝑅 ) ∈ R𝐼×𝑛
+

(23)

denotes the vector consisting of all the demands of product 𝑗
in the entire CLSC network. Masoumi et al. [18] and Nagurney and Yu [19] used such demand price function in the study
of forward supply chain network involving oligopolistic competition among firms. Then the expected revenue received by
firm 𝑖 (𝑖 = 1, . . . , 𝐼) is given by
𝐽

𝑛𝑅

∑ ∑ 𝐸 (𝜌𝑖𝑗𝑘 (𝑑̂𝑗 ) min {V𝑖𝑗𝑘 , 𝑑̂𝑖𝑗𝑘 }) .

(24)

𝑗=1 𝑘=1

By virtue of the revenue, the cost of the forward supply
chain, and the cost of the reverse supply chain, the expected

𝑥𝑗𝑝𝑓 ≥ 0

𝐼

(∀𝑝𝑓 ∈ ⋃𝑃𝑖 ) ,
𝑖=1

𝑥𝑖𝑗New ≥ 0.

(30)

Constraints (27), (28), and (29) are directly obtained from
(5), (6), and (8), respectively; constraint (30) is due to
the nonnegativity requirement imposed on all the decision
variables.
There are 𝐼 oligopolistic firms in the market to form the
CLSC network with perfect information shared by all the
firms throughout the network. So the game is based on the
oligopolistic Cournot pricing in a Cournot-Nash framework.
Each firm in the CLSC network competes noncooperatively
to maximize its own expected profit and selects its strategy
vector till an equilibrium is established.
Now, we can define the Cournot-Nash equilibrium of
the CLSC network according to Definitions 1, 2, and 3 given
below.
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Definition 1 (a feasible strategy vector). For each 𝑖 (𝑖 = 1,
. . . , 𝐼), a strategy vector 𝑋𝑖 ∈ 𝐾𝑖 is said to be a feasible strategy
vector, if 𝑋𝑖 satisfies constraints (27)–(30).

By virtue of the fact that any two demands are independent of each other (from (A1)), the first term of 𝑈𝑖 (⋅) can be
expressed as

Definition 2 (the set of all feasible strategy patterns). Let 𝑆 be
the set of all feasible strategy patterns defined by
𝑆 ≡ {(𝑋1 , 𝑋2 , . . . , 𝑋𝐼 ) | 𝑋𝑖 ∈ 𝐾𝑖
and constraints (27)–(30) holds} .

where

̂∗
𝑋
𝑖

≡

=∫

V𝑖𝑗𝑘

+∫

(32)

∗
∗
(𝑋1∗ , . . . , 𝑋𝑖−1
, 𝑋𝑖+1
, . . . , 𝑋𝐼∗ ).

𝑑̂𝑖𝑗𝑘 𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘

0

(31)

Definition 3 (the Cournot-Nash equilibrium of the CLSC
network). A feasible strategy pattern 𝑋∗ ∈ 𝑆 constitutes
a Cournot-Nash equilibrium of the CLSC network, if the
following inequality holds for all 𝑖 and for all feasible strategy
vectors 𝑋𝑖 :
̂∗ ) ≥ 𝑈𝑖 (𝑋𝑖 , 𝑋
̂∗ ) ,
𝑈𝑖 (𝑋𝑖∗ , 𝑋
𝑖
𝑖

𝐸 (𝜌𝑖𝑗𝑘 (𝑑̂𝑗 ) min {V𝑖𝑗𝑘 , 𝑑̂𝑖𝑗𝑘 })

+∞

V𝑖𝑗𝑘

V𝑖𝑗𝑘 𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ,

where
𝐺 (𝑑̂𝑖𝑗𝑘 )
=∫

+∞

0

⋅⋅⋅∫

+∞

0

𝜌𝑖𝑗𝑘 (𝑑̂111 , . . . , 𝑑̂𝑖𝑗(𝑘−1) , 𝑑̂𝑖𝑗𝑘 , 𝑑̂𝑖𝑗(𝑘+1) , . . . , 𝑑̂𝐼𝑗𝑛𝑅 )

× F111 (𝑑̂111 ) ⋅ ⋅ ⋅ F𝑖𝑗(𝑘−1)

Thus, an equilibrium is established if no firm in the CLSC
network can unilaterally increase its expected profit (without
violating feasibility) by changing any of its strategy, given that
the strategies of the other firms do not change.

⋅ ⋅ ⋅ F𝐼𝑗𝑛𝑅 (𝑑̂𝐼𝑗𝑛𝑅 ) d𝑑̂111 ⋅ ⋅ ⋅ d𝑑̂𝑖𝑗(𝑘−1) d𝑑̂𝑖𝑗(𝑘+1)

3. The Variational Inequality Formulation

⋅ ⋅ ⋅ d𝑑̂𝐼𝑗𝑛𝑅 .

To guarantee the existence of the Cournot-Nash equilibrium
of the CLSC network, the following additional assumption is
held.
Assumption B. (B1) The total operational cost 𝑐̂𝑗𝑎 (𝑎 ∈ 𝐿 𝑓 ,
𝑗 = 1, . . . , 𝐽) defined by (15) is a convex and continuously
𝑓
differentiable function of 𝑢𝑗 , the vector consisting of all the
forward link flows of product 𝑗.
(B2) The production cost 𝑓𝑖𝑗 (𝑖 = 1, . . . , 𝐼, 𝑗 = 1, . . . , 𝐽)
is a convex and continuously differentiable function of 𝑥𝑖𝑗New ,
the new product 𝑗 manufactured by firm 𝑖.

× (𝑑̂𝑖𝑗(𝑘−1) ) F𝑖𝑗(𝑘+1) (𝑑̂𝑖𝑗(𝑘+1) )

(34)
Thus, we obtain from (33) that
𝜕𝐸 (𝜌𝑖𝑗𝑘 (𝑑̂𝑗 ) min {V𝑖𝑗𝑘 , 𝑑̂𝑖𝑗𝑘 })
𝜕V𝑖𝑗𝑘
=∫

+∞

V𝑖𝑗𝑘

Lemma 5. Suppose that Assumption A and Assumption B are
satisfied, then the expected profit function 𝑈𝑖 (⋅) (𝑖 = 1, . . . , 𝐼)
defined by (25) is continuously differentiable with respect to the
decision variable 𝑋 defined by (4).
Proof. Firstly, from (9), (12), (13), (B1), and (14), it is clear that
the first, second, and fourth terms of 𝑈𝑖 (⋅) defined by (25) are
continuous functions of 𝑥𝑗𝑝𝑓 , for each 𝑗 (𝑗 = 1, . . . , 𝐽) and
𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ).

(35)

𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 .

But, from (9), it is clear that

Lemma 4. Suppose that Assumption A is satisfied, then the set
of all feasible strategy patterns defined by Definition 2 is both a
compact and convex subset of 𝐾.
Proof. The fact that 𝑆 is bounded follows easily from (30),
(27), and (28). The fact that 𝑆 is closed and convex follows
easily from (27), (28), (29), and (30). Hence, 𝑆 is both a
compact and convex subset of 𝐾.

(33)

𝜕V𝑖𝑗𝑘
𝜕𝑥𝑗𝑝𝑓

= 1,

(36)

for each 𝑗 (𝑗 = 1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ). Thus,
from (35) and (36), the first partial derivative of the first term
of 𝑈𝑖 (⋅) becomes
𝜕𝐸 (𝜌𝑖𝑗𝑘 (𝑑̂𝑗 ) min {V𝑖𝑗𝑘 , 𝑑̂𝑖𝑗𝑘 })
𝜕𝑥𝑗𝑝𝑓
=∫

+∞

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ,

𝑘

for each 𝑗 (𝑗 = 1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ).

(37)
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From (12), we have
𝜕𝐸 (Δ+𝑖𝑗𝑘 )
𝜕V𝑖𝑗𝑘

=

V𝑖𝑗𝑘

0

𝜕V𝑖𝑗𝑘

=

𝜕2 𝐸 (𝜌𝑖𝑗𝑘 (𝑑̂𝑗 ) min {V𝑖𝑗𝑘 , 𝑑̂𝑖𝑗𝑘 })

V𝑖𝑗𝑘
𝜕
∫ (V𝑖𝑗𝑘 − 𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘
𝜕V𝑖𝑗𝑘 0

= ∫
𝜕𝐸 (Δ−𝑖𝑗𝑘 )

We obtain from (35) that
2
𝜕V𝑖𝑗𝑘

(40)
Thus, from (36) and (40), for each 𝑗 (𝑗 = 1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖
(𝑘 = 1, . . . , 𝑛𝑅 ), the second partial derivative of the first term
of 𝑈𝑖 (⋅) becomes

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ,

+∞
𝜕
∫ (𝑑̂𝑖𝑗𝑘 − V𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘
𝜕V𝑖𝑗𝑘 V𝑖𝑗𝑘

= −∫

+∞

V𝑖𝑗𝑘

𝜕2 𝐸 (𝜌𝑖𝑗𝑘 (𝑑̂𝑗 ) min {V𝑖𝑗𝑘 , 𝑑̂𝑖𝑗𝑘 })
2
𝜕𝑥𝑗𝑝
𝑓

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 .

From (38), we have
𝜕2 𝐸 (Δ+𝑖𝑗𝑘 )

Thus, from (13), (36), and (38), the first partial derivative of
the second term of 𝑈𝑖 (⋅) becomes

2
𝜕V𝑖𝑗𝑘

𝜕2 𝐸 (Δ−𝑖𝑗𝑘 )

+
−
Δ+𝑖𝑗𝑘 + 𝜃𝑖𝑗𝑘
Δ−𝑖𝑗𝑘 )
𝜕𝐸 (𝜃𝑖𝑗𝑘

2
𝜕V𝑖𝑗𝑘

𝜕𝑥𝑗𝑝𝑓
+
= 𝜃𝑖𝑗𝑘
∫

𝑘

0

−
− 𝜃𝑖𝑗𝑘
∫

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘

+∞

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

= −𝐺 (V𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (V𝑖𝑗𝑘 ) ≤ 0.
(41)

(38)

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

= −𝐺 (V𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (V𝑖𝑗𝑘 ) .

(39)

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ,

Lemma 6. The expected profit function 𝑈𝑖 (⋅) (𝑖 = 1, . . . , 𝐼)
defined by (25) is concave with respect to the decision variable
𝑋 defined by (4).
Proof. In order to prove that the first and second terms of 𝑈𝑖 (⋅)
are concave with respect to the decision variable 𝑋 defined by
(4), we calculate the second partial derivative of these terms
with respect to the decision variable 𝑥𝑗𝑝𝑓 (𝑗 = 1, . . . , 𝐽, 𝑝𝑓 ∈
𝑃𝑘𝑖 , 𝑘 = 1, . . . , 𝑛𝑅 ) as follows.

(42)
= F𝑖𝑗𝑘 (V𝑖𝑗𝑘 ) .

Thus, from (13), (36), and (42), for each 𝑗 (𝑗 = 1, . . . , 𝐽) and
𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ), the second partial derivative of the
second term of 𝑈𝑖 (⋅) becomes
+
−
𝜕2 𝐸 (𝜃𝑖𝑗𝑘
Δ+𝑖𝑗𝑘 + 𝜃𝑖𝑗𝑘
Δ−𝑖𝑗𝑘 )
2
𝜕𝑥𝑗𝑝
𝑓

𝑘

for each 𝑗 (𝑗 = 1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ).
From (37) and (39), it is clear that the first and second
terms of 𝑈𝑖 (⋅) are continuously differentiable with respect to
𝑥𝑗𝑝𝑓 , for each 𝑗 (𝑗 = 1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ).
From (B1) and (14), the fourth term of 𝑈𝑖 (⋅) is continuously differentiable with respect to 𝑥𝑗𝑝𝑓 , for each 𝑗 (𝑗 =
1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ).
The third, fifth, sixth, and seventh terms of 𝑈𝑖 (⋅) are independent of 𝑥𝑗𝑝𝑓 and the last term of 𝑈𝑖 (⋅) is a linear function
of 𝑥𝑗𝑝𝑓 . Thus, all the terms in (25) are continuously differentiable with respect to 𝑥𝑗𝑝𝑓 , for each 𝑗 (𝑗 = 1, . . . , 𝐽) and
𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ).
From (B2), it is clear that the third term of 𝑈𝑖 (⋅) is continuously differentiable with respect to 𝑥𝑖𝑗New and all the other
terms are independent of 𝑥𝑖𝑗New . Thus, all the terms in (25) are
also continuously differentiable with respect to 𝑥𝑖𝑗New , for each
𝑗 (𝑗 = 1, . . . , 𝐽). The proof is complete.

= F𝑖𝑗𝑘 (V𝑖𝑗𝑘 ) ,

+
−
= (𝜃𝑖𝑗𝑘
+ 𝜃𝑖𝑗𝑘
) F𝑖𝑗𝑘 (V𝑖𝑗𝑘 ) ≥ 0.

(43)
𝑓

By virtue of (14), (15), and (B1), it is clear that (−̂𝑐𝑗𝑎 (𝑢𝑗 ))
is concave with respect to 𝑥𝑗𝑝𝑓 , for each 𝑗 (𝑗 = 1, . . . , 𝐽) and
𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ).
Now, by virtue of (41), (43), the fact that the third, fifth,
sixth, and seventh terms of 𝑈𝑖 (⋅) are independent of 𝑥𝑗𝑝𝑓 , the
fact that the fourth term of 𝑈𝑖 (⋅) is concave with respect to
𝑥𝑗𝑝𝑓 , and the fact that the last term of 𝑈𝑖 (⋅) is a linear function
of 𝑥𝑗𝑝𝑓 , we conclude that 𝑈𝑖 (⋅) is concave with respect to 𝑥𝑗𝑝𝑓 ,
for each 𝑗 (𝑗 = 1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑘 = 1, . . . , 𝑛𝑅 ).
From (B2), it is clear that (−𝑓𝑖𝑗 (𝑥𝑖𝑗New )) is concave with
respect to 𝑥𝑖𝑗New . Since (−𝑓𝑖𝑗 (𝑥𝑖𝑗New )) is the only term in (25)
involving 𝑥𝑖𝑗New , we conclude that 𝑈𝑖 (⋅) is concave with respect
to 𝑥𝑖𝑗New , for each 𝑗 (𝑗 = 1, . . . , 𝐽).
Hence, we conclude that the expected profit function 𝑈𝑖 (⋅)
(𝑖 = 1, . . . , 𝐼) defined by (25) is concave with respect to the
decision variable 𝑋 defined by (4). The proof is complete.
We now give the variational inequality formulations
of the CLSC network Cournot-Nash equilibrium in the following theorem.
Theorem 7. 𝑋∗ ∈ 𝑆 is a CLSC network Cournot-Nash equilibrium according to Definition 3 if and only if it satisfies the
variational inequality:
𝐼

−∑ ⟨∇𝑋𝑖 𝑈𝑖 (𝑋∗ ) , 𝑋𝑖 − 𝑋𝑖∗ ⟩ ≥ 0,
𝑖=1

∀𝑋 ∈ 𝑆,

(44)
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where ⟨⋅, ⋅⟩ denotes the inner product in the corresponding
Euclidean space and ∇𝑋𝑖 𝑈𝑖 (𝑋) denotes the gradient of 𝑈𝑖 (𝑋)
with respect to 𝑋𝑖 .

By virtue of (44), (48), and (49), we obtain variational
inequality (45). Thus, the proof is complete.

Proof. In view of the fact that the set of all feasible patterns 𝑆 is
both a compact and convex subset of 𝐾 and 𝑈𝑖 (⋅) is concave
and continuously differentiable with respect to the decision
variable 𝑋 defined by (4) (from Lemmas 4–6), the proof of
this theorem follows easily from [25].

4. Existence and Monotonicity Results

Lemma 8. Variational inequality (44) for our model is equivalent to
Find 𝑋∗ ∈ 𝑆, such that ⟨𝐹 (𝑋∗ ) , 𝑋 − 𝑋∗ ⟩ ≥ 0, ∀𝑋 ∈ 𝑆,
(45)
𝐼

where 𝑋 ∈ R(∑𝑖=1 𝑛𝑝𝑖 𝐽+𝐼𝐽) , 𝐹(𝑋) = (𝐹1 (𝑋), 𝐹2 (𝑋)), 𝐹1 (𝑋) ∈
(∑𝐼𝑖=1 𝑛𝑝𝑖 𝐽)

𝐼𝐽

R
, 𝐹2 (𝑋) ∈ R such that the component of 𝐹1 (𝑋)
corresponding to the variable 𝑥𝑗𝑝𝑓 (∀𝑝𝑓 ∈ 𝑃𝑘𝑖 , ∀𝑖, ∀𝑗, ∀𝑘) is
𝑓

∑
𝑓
𝑎∈𝐿 𝑖

𝜕̂𝑐𝑗𝑎 (𝑢𝑗 )

+
+ 𝜃𝑖𝑗𝑘
∫

𝜕𝑥𝑗𝑝𝑓

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓
𝑘

0

−
− 𝜃𝑖𝑗𝑘
∫

+∞

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘

(46)

+𝜌−∫

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ,

𝑘

where 𝐺(𝑑̂𝑖𝑗𝑘 ) is as defined in (34), and the component of 𝐹2 (𝑋)
corresponding to the variable 𝑥𝑖𝑗𝑁𝑒𝑤 (∀𝑖, ∀𝑗) is
𝜕𝑓𝑖𝑗 (𝑥𝑖𝑗𝑁𝑒𝑤 )
𝜕𝑥𝑖𝑗𝑁𝑒𝑤

.

(47)

Proof. Since the first, second, fourth, and last terms of (25)
are the only terms involving 𝑥𝑗𝑝𝑓 , we obtain from (25), (37),
and (39) that
+∞
𝜕𝑈𝑖
= ∫
𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘
𝜕𝑥𝑗𝑝𝑓
∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

Proof. Since 𝑆 is compact and convex and 𝐹(𝑋) is continuous,
Theorem 9 follows from [26, Theorem 3.1, page 12].
Theorem 10 (monotonicity). Suppose that Assumptions A
and B are satisfied, then the vector function 𝐹(𝑋) of the variational inequality (45) is monotone; that is,

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓
𝑘

0
+∞

−
+ 𝜃𝑖𝑗𝑘
∫

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

𝑓

𝑛𝑅



× [𝑥𝑗𝑝
𝑓 − 𝑥𝑗𝑝𝑓 ]
𝐼

𝐽

𝑛𝑅

𝑖=1 𝑗=1 𝑘=1

𝑓

𝑎∈𝐿 𝑖

𝜕𝑥𝑗𝑝𝑓

𝑗𝑝𝑓

0

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘

∑𝑝𝑓 ∈𝑃𝑖 𝑥 𝑓
𝑗𝑝

𝑘

0

𝐼

for each 𝑗 (𝑗 = 1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑖 = 1, . . . , 𝐼, 𝑘 =
1, . . . , 𝑛𝑅 ).
Since the third term of (25) is the only term involving
𝑥𝑖𝑗New , we have

for each 𝑥𝑖𝑗New (𝑖 = 1, . . . , 𝐼, 𝑗 = 1, . . . , 𝐽).

𝑘

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ]



× [𝑥𝑗𝑝
𝑓 − 𝑥𝑗𝑝𝑓 ]

−𝜌

𝜕𝑓𝑖𝑗 (𝑥𝑖𝑗New )
𝜕𝑈𝑖
=−
𝜕𝑥𝑖𝑗New
𝜕𝑥𝑖𝑗New

𝑝𝑓 ∈𝑃𝑘𝑖

∑𝑝𝑓 ∈𝑃𝑖 𝑥

+
− 𝜃𝑖𝑗𝑘
∫

(48)

𝑓

− ∑

𝑓

𝜕̂𝑐𝑗𝑎 (𝑢𝑗 )
𝜕̂𝑐𝑗𝑎 (𝑢𝑗 ) ]
[
− ∑
= ∑∑∑ ∑ [ ∑
]


𝜕𝑥𝑗𝑝
𝑓
𝑓
𝑖=1 𝑗=1 𝑘=1 𝑝𝑓 ∈𝑃𝑖 𝑎∈𝐿𝑓 𝜕𝑥𝑗𝑝𝑓
𝑎∈𝐿 𝑖
𝑘
[ 𝑖
]
𝐽

𝐼

𝑘

𝜕̂𝑐𝑗𝑎 (𝑢𝑗 )

(50)

⟨𝐹 (𝑋 ) − 𝐹 (𝑋 ) , 𝑋 − 𝑋 ⟩

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘
F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘

∀𝑋 , 𝑋 ∈ 𝑆.

Proof. Let 𝑋 ∈ 𝑆 and 𝑋 ∈ 𝑆. Variational inequality (50) has
the following deduction:

+
+ ∑ ∑ ∑ ∑ [𝜃𝑖𝑗𝑘
∫

𝑘

+
− 𝜃𝑖𝑗𝑘
∫

Theorem 9 (existence). Variational inequality (45) admits at
least one solution.

⟨𝐹 (𝑋 ) − 𝐹 (𝑋 ) , 𝑋 − 𝑋 ⟩ ≥ 0,

𝑘

+∞

In this section, we establish the existence and monotonicity
results of variational inequality (45), the solution of which is
a CLSC network Cournot-Nash equilibrium of our model.
From Lemma 4, the feasible set of variational inequality
(45) is both a compact and convex subset of 𝐾. From
Lemma 5, the expected profit function 𝑈𝑖 (⋅) (𝑖 = 1, . . . , 𝐼)
defined by (25) is continuously differentiable with respect to
the decision variable 𝑋 defined by (4). Thus, we have the
following theorem.

𝐽

𝑛𝑅

+∞

−
(− ∫
F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 )
+ ∑ ∑ ∑ ∑ [𝜃𝑖𝑗𝑘
∑𝑝𝑓 ∈𝑃𝑖 𝑥 𝑓
𝑖=1 𝑗=1 𝑘=1 𝑝𝑓 ∈𝑃𝑖
𝑘 𝑗𝑝
𝑘 [
+∞

−
− 𝜃𝑖𝑗𝑘
(− ∫

∑𝑝𝑓 ∈𝑃𝑖 𝑥 𝑓
𝑘

F𝑖𝑗𝑘

𝑗𝑝

× (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 )]
]

(49)


× [𝑥𝑗𝑝
𝑓 − 𝑥𝑗𝑝𝑓 ]
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𝐼

𝑛𝑅
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+∞

+ ∑ ∑ ∑ ∑ [− ∫
𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘

∑
𝑥
𝑓
𝑖
𝑖
𝑖=1 𝑗=1 𝑘=1 𝑝𝑓 ∈𝑃
𝑓
𝑝 ∈𝑃
𝑘 𝑗𝑝
𝑘 [
+∫

+∞

𝐼

𝐽 𝑛𝑅

+∞

−
(− ∫
F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 )
∑∑ ∑ ∑ [𝜃𝑖𝑗𝑘

∑
𝑥
𝑓
𝑖
𝑖
𝑖=1 𝑗=1𝑘=1𝑝𝑓 ∈𝑃
𝑓
𝑝 ∈𝑃
𝑘 𝑗𝑝
𝑘 [

𝐺 (𝑑̂𝑖𝑗𝑘 )

∑𝑝𝑓 ∈𝑃𝑖 𝑥 𝑓

−
(− ∫
− 𝜃𝑖𝑗𝑘

∑𝑝𝑓 ∈𝑃𝑖 𝑥 𝑓

𝑗𝑝

𝑘

𝑘

(54)
+∞

From (37) and (41), we know that ∫∑



× [𝑥𝑗𝑝
𝑓 − 𝑥𝑗𝑝𝑓 ]


+∑∑[
𝑖=1 𝑗=1
[
×

[𝑥𝑖𝑗New

𝑥𝑖𝑗New

−

𝜕𝑓𝑖𝑗 (𝑥𝑖𝑗New )

−



𝜕𝑥𝑖𝑗New


𝑝𝑓 ∈𝑃𝑖
𝑘



𝜕𝑥𝑖𝑗New



]
]

𝐼

(51)

𝐽 𝑛𝑅

+∞

+∫

𝑛𝑅

𝐽

𝑖=1 𝑗=1 𝑘=1 𝑝𝑓 ∈𝑃𝑖

𝑘

𝑎∈𝐿 𝑖


𝜕𝑥𝑗𝑝
𝑓


[𝑥𝑗𝑝
𝑓


𝑥𝑗𝑝
𝑓]

[

×

𝑓

−

𝑗𝑝

𝑘

𝑓

By virtue of the fact that 𝑐̂𝑗𝑎 (𝑢𝑗 ) is a convex function (from
(B1)), we obtain from (14) that
𝐼

+∞

∑𝑝𝑓 ∈𝑃𝑖 𝑥 𝑓

where 𝐺(𝑑̂𝑖𝑗𝑘 ) is as defined in (34).

[
∑∑∑ ∑ [ ∑

− ∑
𝑓

𝑎∈𝐿 𝑖

𝐺(𝑑̂𝑖𝑗𝑘 )F𝑖𝑗𝑘

𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘
∑∑ ∑ ∑ [− ∫
∑𝑝𝑓 ∈𝑃𝑖 𝑥 𝑓
𝑖=1 𝑗=1𝑘=1𝑝𝑓 ∈𝑃𝑖
𝑘 𝑗𝑝
𝑘 [

],

𝑓
𝜕̂𝑐𝑗𝑎 (𝑢𝑗 )

𝑥𝑗𝑝𝑓

(𝑑̂𝑖𝑗𝑘 )d𝑑̂𝑖𝑗𝑘 is a decreasing function of 𝑥𝑗𝑝𝑓 , for each 𝑗 (𝑗 =
1, . . . , 𝐽) and 𝑝𝑓 ∈ 𝑃𝑘𝑖 (𝑖 = 1, . . . , 𝐼, 𝑘 = 1, . . . , 𝑛𝑅 ). Hence, we
have



𝜕𝑓𝑖𝑗 (𝑥𝑖𝑗New )

𝐽

𝑗𝑝

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 )]
]



× [𝑥𝑗𝑝
𝑓 − 𝑥𝑗𝑝𝑓 ] ≥ 0.

× F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ]
]

𝐼

+∞

𝑓
𝜕̂𝑐𝑗𝑎 (𝑢𝑗 )

𝜕𝑥𝑗𝑝
𝑓

−


𝑥𝑗𝑝
𝑓]

≥ 0.
(55)

By virtue of the fact that 𝑓𝑖𝑗 (𝑥𝑖𝑗New ) is a convex function (from
(B2)), we have

]
]
]

×


[𝑥𝑗𝑝
𝑓

𝐺 (𝑑̂𝑖𝑗𝑘 ) F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ]
]

𝐼

(52)

𝐽



∑∑[
𝑖=1 𝑗=1
[

≥ 0.

𝜕𝑓𝑖𝑗 (𝑥𝑖𝑗New )


𝜕𝑥𝑖𝑗New




−

𝜕𝑓𝑖𝑗 (𝑥𝑖𝑗New )
𝜕𝑥𝑖𝑗New



]
]

(56)



× [𝑥𝑖𝑗New − 𝑥𝑖𝑗New ] ≥ 0.
Since

Thus, we conclude that (51) is nonnegative. The proof is
complete.

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

∫

𝑘

0

−∫

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 = Pr (𝑑̂𝑖𝑗𝑘 ≤ ∑ 𝑥𝑗𝑝𝑓 ) ,
𝑝𝑓 ∈𝑃𝑘𝑖

+∞

∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 = Pr (𝑑̂𝑖𝑗𝑘 ≤ ∑ 𝑥𝑗𝑝𝑓 ) − 1,
𝑝𝑓 ∈𝑃𝑘𝑖

𝑘

(53)
and the probability function Pr(𝑑̂𝑖𝑗𝑘 ≤ ∑𝑝𝑓 ∈𝑃𝑖 𝑥𝑗𝑝𝑓 ) is an
𝑘

increasing function of 𝑥𝑗𝑝𝑓 , for each 𝑗 (𝑗 = 1, . . . , 𝐽), 𝑝𝑓 ∈ 𝑃𝑘𝑖
(𝑖 = 1, . . . , 𝐼 and 𝑘 = 1, . . . , 𝑛𝑅 ), we have

Lemma 11. Suppose that Assumptions A and B are satisfied.
Furthermore, suppose that all the total operational costs 𝑐̂𝑗𝑎
(𝑎 ∈ 𝐿𝑓 , 𝑗 = 1, . . . , 𝐽) and all the production costs 𝑓𝑖𝑗 (𝑖 =
1, . . . , 𝐼, 𝑗 = 1, . . . , 𝐽) are strictly convex functions, and then
the vector function 𝐹(𝑋) of the variational inequality (45) is
𝑋
strictly monotone; that is, ∀𝑋 , 𝑋 ∈ 𝑆 with 𝑋 ≠
⟨𝐹 (𝑋 ) − 𝐹 (𝑋 ) , 𝑋 − 𝑋 ⟩ > 0.

(57)

Proof. Let the strategy vector of all firms 𝑋 be written in the
form:
𝑋 = (𝑋1 , 𝑋2 ) ,

(58)

where
𝐼

𝐽

𝑛𝑅

∑∑∑ ∑
𝑖=1 𝑗=1 𝑘=1

𝑝𝑓 ∈𝑃𝑘𝑖

+
[𝜃𝑖𝑗𝑘

−

∑𝑝𝑓 ∈𝑃𝑖 𝑥

∫

𝑘

𝑗𝑝𝑓

0

+
𝜃𝑖𝑗𝑘

∫

∑𝑝𝑓 ∈𝑃𝑖 𝑥 𝑓
𝑘

𝐼

𝑗𝑝

0



× [𝑥𝑗𝑝
𝑓 − 𝑥𝑗𝑝𝑓 ] ≥ 0,

∑𝐼 (𝑛𝑃𝑖 )𝐽

𝑋1 = {(𝑥𝑗𝑝𝑓 ) | 𝑗 = 1, . . . , 𝐽, 𝑝𝑓 ∈ ⋃𝑃𝑖 } ∈ R+ 𝑖=1

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘

,

𝑖=1

𝑋2 = {(𝑥𝑖𝑗New ) | 𝑖 = 1, . . . , 𝐼, 𝑗 = 1, . . . , 𝐽} ∈ R𝐼𝐽
+.

F𝑖𝑗𝑘 (𝑑̂𝑖𝑗𝑘 ) d𝑑̂𝑖𝑗𝑘 ]

(59)
Let 𝑋 , 𝑋 be the given strategy vectors such that
𝑋 . Then 𝑋1 ≠
𝑋1 or 𝑋2 ≠
𝑋2 .
𝑋 ≠
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Case 1 (𝑋1 ≠
𝑋1 ). Since all the total operational costs 𝑐̂𝑗𝑎 (𝑎 ∈
𝑓
𝐿 , 𝑗 = 1, . . . , 𝐽) are strictly convex functions, it follows from
(14) that the first term of (51) is positive.
(𝑋2

≠
𝑋2 ).

Since all the production costs 𝑓𝑖𝑗 (𝑖 =
Case 2
1, . . . , 𝐼, 𝑗 = 1, . . . , 𝐽) are strictly convex functions, the last
term of (51) is positive.
Thus, by using exactly the same argument as that given
for the proof of Theorem 10, we obtain
⟨𝐹 (𝑋 ) − 𝐹 (𝑋 ) , 𝑋 − 𝑋 ⟩ > 0.

(60)

The proof is complete.
Theorem 12 (uniqueness). Under the conditions of Lemma 11,
there is a unique solution of variational inequality (45).
Proof. Theorem 12 follows from [26, Theorem 1.4, page 84].

5. Computing the Cournot-Nash Equilibrium
In this section, we use the logarithmic quadratic proximal
(LQP) prediction-correction method [27] for solving the
variational inequality (45) (the LQP prediction-correction
method is an iterative method). For the sake of convenience
of the readers, we first give a brief description of the LQP
prediction-correction method.
Consider the following variational inequality problem:
Find 𝑥∗ ∈ 𝑆 such that ⟨𝑓 (𝑥∗ ) , 𝑥 − 𝑥∗ ⟩ ≥ 0,

∀𝑥 ∈ 𝑆,
(61)

with linear constraints:
𝑆 = {𝑥 ∈ 𝑅𝑛 | 𝐴𝑥 ≤ 𝑏, 𝑥 ≥ 0} ,

(62)

where 𝑓 is a given continuously differentiable function in R𝑛
and 𝐴 is an 𝑚 × 𝑛 matrix and 𝑏 ∈ R𝑚 .
Then the above variational inequality problem can be
transformed into the following variational inequality problem:
Find 𝑢∗ ∈ Ω

such that ⟨𝐹 (𝑢∗ ) , 𝑢 − 𝑢∗ ⟩ ≥ 0,

∀𝑢 ∈ Ω,
(63)

where
𝑥
𝑢 = ( ),
𝜆

𝑓 (𝑥) + 𝐴𝑇 𝜆
𝐹 (𝑢) = (
),
−𝐴𝑥 + 𝑏

Ω = R𝑛+ × R𝑚
+,
(64)

and 𝜆 is the Lagrange multiplier vector of the constraints
𝐴𝑥 ≤ 𝑏.
𝑛
𝑚
Let R𝑛++ and R𝑚
++ denote the interior of R+ and R+ ,
𝑘
𝑛
𝑘
𝑚
𝑘
respectively. For any given 𝑥 ∈ R++ , 𝜆 ∈ R++ , 𝛽 > 0,
the new iterate (𝑥𝑘+1 , 𝜆𝑘+1 ) can be obtained by solving the
following system of equations:
̂2 𝑥−1 ) = 0,
𝛽𝑘 (𝑓 (𝑥) + 𝐴𝑇 𝜆) + (𝑥 − 𝑥𝑘 ) + 𝜇 (𝑥𝑘 − 𝑋
𝑘
(65)

𝜆 = 𝑃R𝑚+ [𝜆𝑘 +

𝛽𝑘
(𝐴𝑥 − 𝑏)] ,
]

(66)

where 0 < 𝜇 < 1 is a given fixed parameter, ] > 0 is a
̂𝑘 = diag(𝑥𝑘 , 𝑥𝑘 , . . . , 𝑥𝑘 ), 𝑥−1 = (1/𝑥1 ,
positive number, 𝑋
1 2
𝑛
1/𝑥2 , . . . , 1/𝑥𝑛 ), and 𝑃R+𝑚 [𝜆] denote the projection of 𝜆 on R+𝑚 ;
that is,
𝑃R+𝑚 [𝜆] = arg min {‖𝑌 − 𝜆‖ | 𝑌 ∈ R+𝑚 } .

(67)

̂2 𝑥−1 ) is used to ensure that
Here the term (𝑥 − 𝑥𝑘 ) + 𝜇(𝑥𝑘 − 𝑋
𝑘
𝑘+1
the new iterate 𝑥 is not too far from 𝑥𝑘 . Thus the purpose
of (65) is to keep 𝑥𝑘+1 not too far from 𝑥𝑘 and at the same time
keep 𝑓(𝑥𝑘+1 ) + 𝐴𝑇 𝜆𝑘+1 close to zero, whereas the purpose of
(66) is to keep both 𝜆𝑘+1 ≥ 0 and 𝐴𝑥𝑘+1 − 𝑏 ≥ 0. However,
system (65) and (66) cannot be easily solved simultaneously.
To overcome this difficulty, in the prediction step of the
LQP prediction-correction method, we first replace 𝑥 by the
current iterate 𝑥𝑘 in (66) so that an approximation of 𝜆,
̃ 𝑘 , can be easily obtained by solving
denoted by 𝜆
𝑘
̃ 𝑘 = 𝑃 + [𝜆𝑘 + 𝛽 (𝐴𝑥𝑘 − 𝑏)] .
𝜆
R𝑚
]

(68)

Then we substitute 𝜆 = 𝜆𝑘 into (65) to obtain an approximation of 𝑥, denoted by 𝑥̃𝑘 . In other words, the prediction
̃ 𝑘 ) can be obtained by solving the following system:
(𝑥̃𝑘 , 𝜆
𝛽𝑘 (𝑓 (𝑥) + 𝐴𝑇 𝜆) + (𝑥 − 𝑥𝑘 )
{
{
{
{
{
̂2 𝑥−1 ) ≈ 0,
{ −𝜇 (𝑥𝑘 − 𝑋
𝑘
Prediction {
{
{
{
𝛽𝑘
{
{𝜆 = 𝑃R𝑚 [𝜆𝑘 +
(𝐴𝑥𝑘 − 𝑏)] .
+
]
{

(69)

̃ 𝑘 ), the new iterate
After we have obtained the prediction (𝑥̃𝑘 , 𝜆
𝑘+1 𝑘+1
(𝑥 , 𝜆 ), called the corrector, can be obtained by solving
the following system:
̃ 𝑘 ) + (𝑥 − 𝑥𝑘 )
𝛼𝛽𝑘 (𝑓 (𝑥̃𝑘 ) + 𝐴𝑇 𝜆
{
{
{
{
{
𝑘
̂2 −1
Correction { −𝜇 (𝑥 − 𝑋𝑘 𝑥 ) = 0,
{
{
{
{𝜆 = 𝑃 𝑚 [𝜆𝑘 + 𝛼 𝛽𝑘 (𝐴𝑥̃𝑘 − 𝑏)] ,
R+
]
{

(70)

where 𝛼 is the step size.
From the above discussion, it is obvious that there are
two main advantages for choosing the LQP predictioncorrection method for solving the variational inequality (45).
From the computational point of view, each iteration of the
LQP prediction-correction method consists of a prediction
and a correction, both of which require very tiny computational load; thus the method is effectively applicable in
practice. From the mathematical point of view, there are only
two conditions to guarantee the convergence of the LQP
prediction-correction method; namely, the function 𝐹(𝑋) in
the variational inequality (45) is continuous and monotone
and the solution set of the variational inequality (45) is
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nonempty. Since the existence and the monotonicity of the
variational inequality (45) for our CLSC model have been
proved in Theorems 9 and 10, respectively, we can easily
use the LQP prediction-correction method for finding the
Cournot-Nash equilibrium defined by Definition 3, which is
equivalent to the solution of the variational inequality (45).
For the sake of using the above LQP prediction-correction method for solving the variational inequality (45), we
need to reformulate the set of all feasible strategy patterns
defined by Definition 2 as follows:
𝐼

𝑆 = {𝑋 ∈ R(∑𝑖=1 𝑛𝑝𝑖 𝐽+𝐼𝐽) | 𝐴𝑋 ≤ 𝑏, 𝑋 ≥ 0} ,

Step 3. Adjust 𝛽𝑘 and ] as follows:
𝑘

𝑘+1

𝛽

{
{
{
0.5],
{
{
{
{
{
{
]={
{
{2],
{
{
{
{
{
{
{],

(71)

𝐼

where 𝐴 ∈ R(2+𝑛𝑅 )𝐼𝐽×(∑𝑖=1 𝑛𝑝𝑖 𝐽+𝐼𝐽) , 𝑏 ∈ R(2+𝑛𝑅 )𝐼𝐽 are obtained
from constraints (27)–(29).
Let
𝑋 − 𝑃 (∑𝐼𝑖=1 𝑛 𝑖 𝐽+𝐼𝐽) {𝑋 − [𝐹 (𝑋) + 𝐴𝑇 𝜆]}
𝑝
R+
) , (72)
𝑒 (𝑋, 𝜆) ≡ (
𝜆 − 𝑃R(2+𝑛𝑅 )𝐼𝐽 {𝜆 + [𝐴𝑋 − 𝑏]}

𝛽 × 0.7
{
{
,
= { 𝑟𝑘
{ 𝑘
{𝛽 ,

𝛼𝑘 =

−8

0

1) and 𝜀 = 10 . Initialize 𝑋 ∈ R
Let 𝑘 = 0.

(∑𝐼𝑖=1 𝑛𝑝𝑖 𝐽+𝐼𝐽)

0

,𝜆 ∈

(2+𝑛 )𝐼𝐽
R+ 𝑅 .

Step 1. If ‖𝑒(𝑋𝑘 , 𝜆𝑘 )‖∞ ≤ 𝜀, then stop; else, go to Step 2.
̃𝑘.
̃𝑘 , 𝜆
Step 2 (prediction step). Produce the predictor 𝑋

𝑇

̃𝑘 =
𝑋
𝑙

(̂𝑠𝑙 + √(̂𝑠𝑙 ) +
2

2
4𝜇(𝑋𝑙𝑘 ) )

,

𝑇

(78)

−1

𝑇

+ (]𝜋2𝑘 + 𝜉2𝑘 ) (𝜋2𝑘 + ]−1 𝜉2𝑘 )) .
Step 5 (correction step). Calculate the new iterate 𝑋𝑘+1 , 𝜆𝑘+1 .
̃𝑘) ,
̃𝑘 ) + 𝐴𝑇 𝜆
𝑠̂ ≡ (1 − 𝜇) 𝑋𝑘 − 𝛼𝑘 (𝐹 (𝑋
=

2

(̂𝑠𝑙 + √(̂𝑠𝑙 ) + 4𝜇(𝑋𝑙𝑘 ) )
2

𝐼

𝑙 = 1, . . . , ∑ 𝑛𝑝𝑖 𝐽 + 𝐼𝐽,

,

𝑖=1

𝑘

𝛼
̃𝑘 − 𝑏)] .
(𝐴𝑋
]
(79)

𝐼

𝑖=1

(73)
Step 2.2. Update 𝛽𝑘 .
Let
 2
 2
]𝜉1𝑘  + (1 + 𝜇) 𝜉2𝑘 
𝑟 =√
 2
 2 ,
] (1 − 𝜇2 ) 𝜋1𝑘  + ]2 (1 − 𝜇) 𝜋2𝑘 

−1

× ([(1 + 𝜇) 𝜋1𝑘 + 𝜉1𝑘 ] [𝜋1𝑘 + (1 + 𝜇) 𝜉1𝑘 ]

+

𝑙 = 1, . . . , ∑ 𝑛𝑝𝑖 𝐽 + 𝐼𝐽.

𝑘

(77)

𝑇

𝜆𝑘+1 = 𝑃R(2+𝑛𝑅 )𝐽𝐼 [𝜆𝑘 +

𝑘

2

𝛾𝛼𝑘∗ 𝛽𝑘 (1 − 𝜇)
,
(1 + 𝜇)

2

𝛽𝑘
𝜆 = 𝑃R(2+𝑛𝑅 )𝐼𝐽 [𝜆 +
(𝐴𝑋𝑘 − 𝑏)] ,
]
̃𝑘) ,
𝑠̂ ≡ (1 − 𝜇) 𝑋𝑘 − 𝛽𝑘 (𝐹 (𝑋𝑘 ) + 𝐴𝑇 𝜆
̃𝑘

otherwise.

𝛼𝑘∗ = ((𝜋1𝑘 + 𝜉1𝑘 ) 𝜋1𝑘 + (]𝜋2𝑘 + 𝜉2𝑘 ) 𝜋2𝑘 )

𝑋𝑙𝑘+1

̃ 𝑘 and 𝑋
̃𝑘 .
Step 2.1. Calculate 𝜆

(76)

where

Algorithm 13.
Step 0. Let 𝛽0 = 1, ] = 1(> 0), 𝜂 = 0.9(< 1), 𝜇 = 0.1, 𝜎 = 2.0(>

otherwise,

 
 𝑘 
𝜉1 
4 𝜉2𝑘 


>
,
if
√]
√1 + 𝜇
 𝑘 
 
𝜉2 
4 𝜉1𝑘 
<  ,
if
√]
√1 + 𝜇

Step 4. Calculate the step-size 𝛼𝑘 in the correction step.

+

where the vector function 𝐹(𝑋) is as defined in (45), 𝜆 ∈
(2+𝑛 )𝐼𝐽
R+ 𝑅 is the Lagrange multiplier vector of the linear
inequality constraints 𝐴𝑋 − 𝑏 ≤ 0, and 𝑃𝐾 denotes the projection on 𝐾. Choose ‖𝑒(𝑋, 𝜆)‖ < 𝜀 as the stopping criterion.
Now we are in a position to describe Algorithm 13,
which is a modified version of the LQP prediction-correction
method described above.

if 𝑟𝑘 ≤ 0.5,

(74)

Let 𝑘 = 𝑘 + 1; go to Step 1.
The convergence result for Algorithm 13 is stated in the
following theorem.
Theorem 14 (convergence). Suppose that Assumptions A and
B are satisfied, and then the sequence {𝑋𝑘 } generated by
Algorithm 13 converges to some 𝑋∗ , where 𝑋∗ is the solution
of the variational inequality (45).
Proof. The proof follows easily from Theorems 9 and 10 and
Theorem 4.2 of [27].

𝐼

̃𝑘 )) ∈ R∑𝑖=1 𝑛𝑝𝑖 𝐽+𝐼𝐽 , 𝜉𝑘 = 𝛽𝑘 𝐴(𝑋𝑘 −
where 𝜉1𝑘 = 𝛽𝑘 (𝐹(𝑋𝑘 ) − 𝐹(𝑋
2
𝑘
(2+𝑛
)𝐼𝐽
̃ )∈R 𝑅 ,
𝑋
𝐼

̃𝑘 ∈ R∑𝑖=1 𝑛𝑝𝑖 𝐽+𝐼𝐽 ,
𝜋1𝑘 = 𝑋𝑘 − 𝑋
̃ 𝑘 ∈ R(2+𝑛𝑅 )𝐼𝐽 .
𝜋𝑘 = 𝜆𝑘 − 𝜆

(75)

2

If 𝑟𝑘 > 𝜂, then 𝛽𝑘 = 𝛽𝑘 × 0.8/𝑟𝑘 ; go back to Step 2.1; else, go
to Step 3.

6. Numerical Examples
In this section, numerical examples are solved to illustrate
the efficiency of Algorithm 13 for finding the Cournot-Nash
equilibrium of the CLSC network.
We consider a CLSC network involving oligopolistic
competition among four firms. Each firm manufactures two
products and has two manufacturers and two distribution
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centers to supply goods to three demand markets. Each firm
also has two recovery centers for recycling the used products.
For each of the examples solved in this section, we use the
same demand price functions, which are modified from [18].
For product 1, the corresponding demand price functions
associated with firm 𝑖 (𝑖 = 1, 2, 3, 4) and demand market 𝑅𝑘
(𝑘 = 1, 2, 3) are as follows:

Assume that 𝑑̂𝑖𝑗𝑘 is uniformly distributed in [0, 𝜏𝑖𝑗𝑘 ] with
probability density function given by

Firm 1: 𝜌1𝑗1 = − 1.1𝑑̂1𝑗1 − 0.9𝑑̂2𝑗1 − 0.9𝑑̂3𝑗1 − 0.9𝑑̂4𝑗1 + 500,

where for product 𝑗 = 1, 𝜏1𝑗𝑘 = 28, 𝜏2𝑗𝑘 = 27, 𝜏3𝑗𝑘 = 26,
𝜏4𝑗𝑘 = 25 (𝑘 = 1, 2, 3) and for product 𝑗 = 2, 𝜏1𝑗𝑘 = 20,
𝜏2𝑗𝑘 = 19, 𝜏3𝑗𝑘 = 18, 𝜏4𝑗𝑘 = 17 (𝑘 = 1, 2, 3).
Assume that 𝑟̂𝑘𝑗𝑖 (the returned product 𝑗 (𝑗 = 1, 2) from
demand market 𝑅𝑘 (𝑘 = 1, 2, 3) to firm 𝑖 (𝑖 = 1, 2, 3, 4)) is
uniformly distributed in [0, 8].

𝜌1𝑗2 = − 0.9𝑑̂1𝑗2 − 0.8𝑑̂2𝑗2 − 0.8𝑑̂3𝑗2 − 0.8𝑑̂4𝑗2 + 500,
𝜌1𝑗3 = − 1.0𝑑̂1𝑗3 − 0.9𝑑̂2𝑗3 − 0.9𝑑̂3𝑗3 − 0.9𝑑̂4𝑗3 + 500;
Firm 2: 𝜌2𝑗1 = − 0.7𝑑̂1𝑗1 − 1.1𝑑̂2𝑗1 − 0.7𝑑̂3𝑗1 − 0.7𝑑̂4𝑗1 + 490,
𝜌2𝑗2

= − 0.7𝑑̂1𝑗2 − 0.9𝑑̂2𝑗2 − 0.7𝑑̂3𝑗2 − 0.7𝑑̂4𝑗2 + 490,

𝜌2𝑗3 = − 0.8𝑑̂1𝑗3 − 1.2𝑑̂2𝑗3 − 0.8𝑑̂3𝑗3 − 0.8𝑑̂4𝑗3 + 490;
Firm 3: 𝜌3𝑗1

= − 0.8𝑑̂1𝑗1 − 0.8𝑑̂2𝑗1 − 1.1𝑑̂3𝑗1 − 0.8𝑑̂4𝑗1 + 480,

𝜌3𝑗2 = − 0.8𝑑̂1𝑗2 − 0.8𝑑̂2𝑗2 − 0.9𝑑̂3𝑗2 − 0.8𝑑̂4𝑗2 + 480,
𝜌3𝑗3 = − 0.9𝑑̂1𝑗3 − 0.9𝑑̂2𝑗3 − 1.2𝑑̂3𝑗3 − 0.9𝑑̂4𝑗3 + 480;
Firm 4: 𝜌4𝑗1 = − 0.7𝑑̂1𝑗1 − 0.7𝑑̂2𝑗1 − 0.7𝑑̂3𝑗1 − 1.0𝑑̂4𝑗1 + 470,
𝜌4𝑗2 = − 0.7𝑑̂1𝑗2 − 0.7𝑑̂2𝑗2 − 0.7𝑑̂3𝑗2 − 0.9𝑑̂4𝑗2 + 470,
𝜌4𝑗3 = − 0.7𝑑̂1𝑗3 − 0.7𝑑̂2𝑗3 − 0.7𝑑̂3𝑗3 − 1.1𝑑̂4𝑗3 + 470.
(80)
For product 2, the corresponding demand price functions
associated with firm 𝑖 (𝑖 = 1, 2, 3, 4) and demand market 𝑅𝑘
(𝑘 = 1, 2, 3) are as follows:
Firm 1: 𝜌1𝑗1 = − 1.1𝑑̂1𝑗1 − 0.9𝑑̂2𝑗1 − 0.9𝑑̂3𝑗1 − 0.9𝑑̂4𝑗1 + 420,
𝜌1𝑗2 = − 0.9𝑑̂1𝑗2 − 0.8𝑑̂2𝑗2 − 0.8𝑑̂3𝑗2 − 0.8𝑑̂4𝑗2 + 420,
𝜌1𝑗3 = − 1.0𝑑̂1𝑗3 − 0.9𝑑̂2𝑗3 − 0.9𝑑̂3𝑗3 − 0.9𝑑̂4𝑗3 + 420;
Firm 2: 𝜌2𝑗1 = − 0.7𝑑̂1𝑗1 − 1.1𝑑̂2𝑗1 − 0.7𝑑̂3𝑗1 − 0.7𝑑̂4𝑗1 + 430,
𝜌2𝑗2 = − 0.7𝑑̂1𝑗2 − 0.9𝑑̂2𝑗2 − 0.7𝑑̂3𝑗2 − 0.7𝑑̂4𝑗2 + 430,

1
{
, if 𝑥 ∈ [0, 𝜏𝑖𝑗𝑘 ] ,
{
𝜏
F𝑖𝑗𝑘 (𝑥) = { 𝑖𝑗𝑘
{
0,
if 𝑥 ∈ (𝜏𝑖𝑗𝑘 , +∞) ,
{

Example 15. In this example, the demand price functions are
as given in (80)-(81). The cost functions, which are modified
from those given in [4], are as follows:
𝑓 2

𝑓

𝑓

𝑐̂𝑗𝑎 (𝑢𝑗 ) = 2(𝑢𝑗𝑎 ) + (𝑢𝑗𝑎 ) ,

∀𝑎 ∈ 𝐿𝑖𝑓 ;

2

𝑓𝑖𝑗 (𝑥𝑖𝑗New ) = 2.5(𝑥𝑖𝑗New ) + 2𝑥𝑖𝑗New ,
Re

2

where 𝑖 = 1, 2, 3, 4, 𝑗 = 1, 2, and 𝑘 = 1, 2, 3.
+
(unit
The values of the parameters are as follows: 𝜃𝑖𝑗𝑘
penalty incurred on firm 𝑖 due to excessive supply of product 𝑗
−
(unit penalty incurred on firm
to demand market 𝑅𝑘 ) =20, 𝜃𝑖𝑗𝑘
𝑖 due to insufficient supply of product 𝑗 to demand market 𝑅𝑘 )
Re
=20, 𝑐̂𝑘𝑗𝑖
(transportation cost per item of returned product 𝑗
from demand market 𝑅𝑘 to firm 𝑖) =0.5, 𝜌𝑗Re (purchase cost
per item of returned product 𝑗 from demand market 𝑅𝑘 to
firm 𝑖) =10, and 𝜌 (disposal fee per item of the used products
at the landfill site) =10, where 𝑖 = 1, 2, 3, 4, 𝑗 = 1, 2, and
𝑘 = 1, 2, 3.
In Example 15, all the conditions of Theorem 12 are
satisfied. We solve this example by Algorithm 13 (using
Matlab) to obtain the Cournot-Nash equilibrium of the CLSC
network. The Cournot-Nash equilibrium representing the
optimal strategies of all the firms is presented in the fourth
column of Table 1. The expected profits of firm 𝑖 (𝑖 = 1, 2, 3, 4),
denoted by 𝑈𝑖∗ , at the Cournot-Nash equilibrium are
𝑈1∗ = 13093,

𝑈2∗ = 12988,

Firm 3: 𝜌3𝑗1 = − 0.8𝑑̂1𝑗1 − 0.8𝑑̂2𝑗1 − 1.1𝑑̂3𝑗1 − 0.8𝑑̂4𝑗1 + 440,

𝑈3∗ = 12536,

𝑈4∗ = 12483.

𝜌3𝑗3 = − 0.9𝑑̂1𝑗3 − 0.9𝑑̂2𝑗3 − 1.2𝑑̂3𝑗3 − 0.9𝑑̂4𝑗3 + 440;
Firm 4: 𝜌4𝑗1 = − 0.7𝑑̂1𝑗1 − 0.7𝑑̂2𝑗1 − 0.7𝑑̂3𝑗1 − 1.0𝑑̂4𝑗1 + 450,
𝜌4𝑗2 = − 0.7𝑑̂1𝑗2 − 0.7𝑑̂2𝑗2 − 0.7𝑑̂3𝑗2 − 0.9𝑑̂4𝑗2 + 450,
𝜌4𝑗3 = − 0.7𝑑̂1𝑗3 − 0.7𝑑̂2𝑗3 − 0.7𝑑̂3𝑗3 − 1.1𝑑̂4𝑗3 + 450.
(81)

(83)

𝑓𝑖𝑗 (𝑥𝑖𝑗Re ) = (𝑥𝑖𝑗Re ) + 0.5𝑥𝑖𝑗Re ,

𝜌2𝑗3 = − 0.8𝑑̂1𝑗3 − 1.2𝑑̂2𝑗3 − 0.8𝑑̂3𝑗3 − 0.8𝑑̂4𝑗3 + 430;

𝜌3𝑗2 = − 0.8𝑑̂1𝑗2 − 0.8𝑑̂2𝑗2 − 0.9𝑑̂3𝑗2 − 0.8𝑑̂4𝑗2 + 440,

(82)

(84)

Here is a summary of the numerical results for Example 15.
For both Product 1 and Product 2, the situation of the
optimal strategies at Cournot-Nash equilibrium is as follows.
Firm 1 should manufacture the largest amount of new
products as well as provide the largest amount of forward
product flows to each of the demand markets 𝑅1 , 𝑅2 , and 𝑅3 ,
followed by Firm 2, Firm 3, and Firm 4. Furthermore, Firm 1
should receive the largest amount of profit, followed by Firm
2, Firm 3, and Firm 4.
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Table 1: Optimal strategies for all firms for Examples 15 and 16.
Example 15

𝜌 = 30

𝑘=1

11.6932

11.4632

11.2332

𝑘=2

11.9248

11.6972

11.4698

𝑘=3

11.7521

11.5226

11.2931

New manufactured product

Firm 1

23.3670

22.6798

21.9928

𝑘=1

11.5616

11.3353

11.1090

𝑘=2

11.6707

11.4453

11.2199

𝑘=3

11.3932

11.1648

10.9364

Firm 2

22.6223

21.9421

21.2620

𝑘=1

11.2101

10.9846

10.7592

𝑘=2

11.3140

11.0894

10.8648

𝑘=3

11.0443

10.8167

10.5891

Firm 3

21.5653

20.8875

20.2099

𝑘=1

10.9701

10.7471

10.5241

Optimal product supplied by firm 4 to demand market 𝑅𝑘

𝑘=2

11.0185

10.7959

10.5733

𝑘=3

10.9216

10.6981

10.4746

New manufactured product

Firm 4

20.9070

20.2378

19.5688

New manufactured product
Optimal product supplied by firm 3 to demand market 𝑅𝑘
New manufactured product

𝑘=1

9.4356

9.2237

9.0118

Optimal product supplied by firm 1 to demand market 𝑅𝑘

𝑘=2

9.5625

9.3526

9.1427

𝑘=3

9.4690

9.2574

9.0459

New manufactured product

Firm 1

16.4640

15.8306

15.1973

𝑘=1

9.4141

9.2109

9.0077

𝑘=2

9.4708

9.2684

9.0660

𝑘=3

9.3299

9.1251

8.9205

Firm 2

16.2112

15.6009

14.9907

𝑘=1

9.2479

9.0514

8.8549

𝑘=2

9.2970

9.1012

8.9055

𝑘=3

9.1719

8.9740

8.7760

Firm 3

15.7130

15.1228

14.5327

Optimal product supplied by firm 2 to demand market 𝑅𝑘
Optimal strategies involving
product 2

𝜌 = 20

Optimal product supplied by firm 1 to demand market 𝑅𝑘

Optimal product supplied by firm 2 to demand market 𝑅𝑘
Optimal strategies involving
product 1

Example 16

𝜌 = 10

New manufactured product
Optimal product supplied by firm 3 to demand market 𝑅𝑘
New manufactured product

𝑘=1

9.1150

8.9268

8.7385

Optimal product supplied by firm 4 to demand market 𝑅𝑘

𝑘=2

9.1351

8.9472

8.7593

𝑘=3

9.0942

8.9056

8.7170

New manufactured product

Firm 4

15.3400

14.7752

14.2106

In the next example, we use the parameter 𝜌 to perform
sensitivity analysis. By fixing the other parameters, we study
the effect of changing the parameter 𝜌 on the Cournot-Nash
equilibrium together with the optimal expected profits of all
firms.
Example 16. Same as Example 15, except that 𝜌 = 10 in
Example 15 is first replaced by 𝜌 = 20 and then by 𝜌 = 30 in
this example. (In other words, we now increase the disposal
fee per item by 100% and 200%). Thus, the main purpose of
this example is to test the effect of increasing the disposal
fee per item on the firms’ optimal strategies and the firms’
expected profits.

The Cournot-Nash equilibrium representing the optimal
strategies of all the firms when 𝜌 = 20 is presented in the
fifth column of Table 1, and the expected profits of firm 𝑖 (𝑖 =
1, 2, 3, 4), denoted by 𝑈𝑖∗ , at the Cournot-Nash equilibrium
are
𝑈1∗ = 12701,

𝑈2∗ = 12606,

𝑈3∗ = 12170,

𝑈4∗ = 12127.

(85)

The Cournot-Nash equilibrium representing the optimal strategies of all the firms when 𝜌 = 30 is presented
in the sixth column of Table 1, and the expected profits of
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firm 𝑖 (𝑖 = 1, 2, 3, 4), denoted by 𝑈𝑖∗ , at the Cournot-Nash
equilibrium are
𝑈1∗ = 12323,

𝑈2∗ = 12237,

𝑈3∗ = 11816,

𝑈4∗ = 11783.

(86)

From the fourth, fifth, and sixth columns of Table 1 and
the value of the expected profits given above, we observe the
following.
(i) When 𝜌 is increased, both the optimal product flows
and the new manufactured products of each firm
decrease.
(ii) When 𝜌 is increased, the expected profit of each firm
also decreases.
Remark 17. From the above two examples, we conclude that
the change in disposal fee per item of used products not only
affects the firms’ optimal strategies, but also their expected
profits.

7. Conclusion and Suggestions for
Further Studies
In this paper, we develop a multiproduct CLSC network
equilibrium model with uncertain demands and product
returns. This model belongs to the context of oligopolistic
firms that compete noncooperatively in a Cournot-Nash
framework under a stochastic environment. The CournotNash equilibrium conditions are solved by using the LQP
prediction-correction method. Finally, numerical examples
are presented to test the efficiency of the algorithm for finding
the Cournot-Nash equilibrium of the CLSC network. In
the future, we would like to extend our method to solve
a multiperiod CLSC network equilibrium model involving
oligopolistic competition among firms.
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In order to improve network throughput and reduce energy consumption, we propose in this paper a cross-layer optimization
design that is able to achieve multicast utility maximization and energy consumption minimization. The joint optimization
of congestion control and power allocation is formulated to be a nonlinear nonconvex problem. Using dual decomposition, a
distributed optimization algorithm is proposed to avoid the congestion by control flow rate at the source node and eliminate the
bottleneck by allocating the power at the intermediate node. Simulation results show that the cross-layer algorithm can increase
network performance, reduce the energy consumption of wireless nodes and prolong the network lifetime, while keeping network
throughput basically unchanged.

1. Introduction
As a practical solution for the broadband wireless Internet,
wireless multihop networks can provide good geographic
coverage with low cost. Nodes at different locations communicate with each other by relaying information over wireless
links. However, wireless links suffer limited capacity due to
limited resource, fading channel, and mutual interference,
and so forth. Multiuser resource assignment in interferencelimited wireless network is a complex yet critical issue. The
mutual interference among users is a major factor in limiting
the performance of communication systems. However, it
can be efficiently mitigated by carefully allocating wireless
resources such as transmission power and frequency bands.
An important consideration in the design of a multihop
network is the network’s ability to efficiently support high
throughput multicast applications over wireless links. One of
the main challenges for designing high throughput in wireless
multihop networks is the interference of multiple wireless
links. Recently, some techniques have been developed for
enhancing the performance of wireless multihop networks,

which include cross-layer design that considers network
utility maximization problem [1] and network coding which
allows intermediate nodes to perform coding operations in
addition to pure packet forwarding [2].
The network utility maximization (NUM) framework has
been applied widely in network for rate allocation through
congestion control protocols [1]. Congestion control regulates the source rates to avoid overwhelming link capacity.
On the other hand, feasible power allocation can efficiently
enhance link capacity. Multicast flow causes more congestion
than unicast traffic due to the fact that multicast flow can
be distributed in large multicast trees. With the multimedia
applications becoming more popular in wireless network,
how to enhance network performance for multicast applications is an urgent issue. This paper addresses the challenges
together by considering a joint optimization of multicast
congestion and power allocation for a wireless multihop
network. We focus on optimal congestion control and power
allocation, use the network utility maximization framework
to design a cross-layer optimization model, and then propose
an efficient distributed algorithm to solve the problem.

2
The remainder of this paper is organized as follows.
The related works are described in Section 2 and energy
efficient utility model is introduced in Section 3. A distributed
algorithm will be presented in Section 4. Finally, a numerical
simulation is conducted to evaluate the performance of the
proposed distributed algorithm.

2. Related Work
Most resource allocation problems in wireless network can
be formulated as network utility maximization (NUM) problems, which optimize the resource allocation as a whole
through crossing different layers in a communication network. The network utility maximization problem is divided
into multiple subproblems through dual decomposition,
where each decomposed subproblem corresponds to resource
allocation on one layer. In network utility maximization,
the utility function represents an objective to be maximized
while the constraints represent different underlying network
characteristics. The primal variables correspond to resources
and the Lagrange dual variables correspond to the interfaces
among the layers. NUM substantially expands the scope of
the classical network flow problem that relies on nonlinear
concave utility objective functions. Moreover, there is an
elegant economic interpretation of the dual-based distributed
algorithm, where the Lagrange dual variables can be interpreted as shadow prices for resource allocation, and each end
user in the network tries to maximize their net utilities and
net revenue, respectively [3].
It has been widely recognized that cross-layer design
can potentially lead to substantial performance of wireless
networks [4]. Price and Javidi investigated the distributed
rate assignment in CDMA-based wireless networks and
presented a distributed rate assignment algorithm based on
the congestion and interference constraints at the MAC and
transport layer to enhance network capacity [5]. Ghasemi and
Faez [6] presented a new algorithm for jointly optimal control
of multicast session rate, link attempt rate, and link power
in contention based multihop wireless networks, where the
cross-layer resource allocation was formulated as a nonlinear
optimization. The optimization variables were coordinated
through two shadow prices, and a distributed algorithm for
updating those variables was proposed. It was shown that
it is possible to achieve increased network throughput and
decrease the session’s end-to-end delay. A jointly optimal
congestion control and power control algorithm for a general
ad hoc network was presented in [7] to enhance the overall
network performance, and it proposed a framework to adapt
physical layer resource allocation to enhance the end-toend utilities. In fact, the mutual interference links could be
activated synchronously, if the transmission power of the
different senders were properly adjusted [8]. The work in [8]
showed that it was of a great importance to choose a proper
transmitting power in the interference-limited environment.
The increasing of power might result in high interference,
which resulted in the total throughput utility reduction and a
waste of energy. Zhang and Lee studied energy efficient utility
maximization for wireless networks with/without multipath
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by formulating them into convex program [9]. The problem
was solved by a distributed dual decomposition algorithm.
van Nguyen et al. studied efficient and fair power allocation
associated with congestion control in orthogonal frequency
division multiplexing (OFDM) based multihop cognitive
radio networks [10]. They considered mutual relationship
through a cross-layer optimization design that addressed
both aggregate utility maximization and energy consumption minimization with outage constraint of primary user.
Yuan et al. proposed a cross-layer optimization framework
for throughput maximization joint multicast routing problem
and the wireless medium contention problem in wireless
mesh networks [11]; however, they did not consider the issue
of multicast congestion control.
On the other hand, network coding has extended the
functionality of network nodes from storing/forwarding
packets to performing algebraic operations on received data.
Starting with the work of [12], employing network coding at
intermediate nodes is advantageous to maximize multicast
throughput. Various potential benefits of network coding
have been shown which include the improvement of multicast session’s throughput and the reduction of the overhead
of probabilistic routing [13]. Among the numerous network
coding schemes, distributed random linear network coding
receives more attention as it independently and randomly
selects linear mappings from inputs onto output links. This
encoding scheme has been implemented in practice, which
is widely applied to P2P systems, network security, and
network monitoring and management [14, 15]. Chen et al. [16]
considered a flow control for network coding-based multicast
flows in wired network [16]. In their work, optimization models were formulated for network resource allocation, which
included two sets of decentralized controllers at sources and
links/nodes for congestion control, and they are developed
for wired networks with given coding subgraphs and without
given coding subgraphs, respectively. Based on their work,
we will consider both flow and power control for network
coding-based multicast flows in interference-limited wireless
multihop network.

3. Problem Formulation
3.1. Network Model. We consider a wireless multihop network with 𝐿 = {1, . . . , |𝐿|} logical links shared by 𝑁 =
{1, . . . , |𝑁|} nodes which are equipped with multiradios
working on the orthogonal channels. It is also assumed that
there are 𝑀 = {1, . . . , |𝑀|} multicast sessions in the network,
where each multicast session 𝑚 ∈ 𝑀 has a source node
𝑠𝑚 ∈ 𝑁 and a destination node set 𝐷𝑚 ⊂ 𝑁. In order to
improve the utilization of the network, the random linear
network coding is assumed to be used in the multicast flows,
and the network coding allows the flows of a multicast session
to share network capacity by coding them together. For the
case of multiple sessions sharing a network, achieving optimal
throughput requires coding across sessions. However, it is
difficult to design such network codes. Thus, we limit our
consideration to codes within each session.
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Traditionally, resource allocations are optimized separately which is difficult to support high quality communication. In this paper, we focus on the joint optimization of
multicast flow rate control and power allocation, where the
multicast tree is established and the channels are assigned in
advance, such as in [17]. In the wireless network, the multiple
information flows share the network links, and it is mandated
that all the information flows on the links do not exceed the
physical channel capacity. The data received by intermediate
node should be forwarded (the source nodes send data while
the destination nodes receive data only). The relationship of
each information flow and physical flow can be expressed as
−

𝑚𝑑
∑ 𝑔𝑗,𝑖
𝑗:(𝑗,𝑖)∈𝐿
𝑚𝑑
𝑔𝑖,𝑗

≤

𝑥
{
{
= {−𝑥𝑚
{
{0
𝑚
𝑓𝑖,𝑗
,

if 𝑖 = 𝑠𝑚
if 𝑖 = 𝑑
otherwise
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others.

(3)

Here, 𝑇𝑚𝑠 represents the link set of multicast tree. The source
node in a multicast tree 𝑇𝑚𝑠 sends the same information
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Now, let us explain, with the help of Figure 1, multicast
session model which is similar to the model in [16], which is
a typical butterfly diagram. 𝑠 is the source node of the session
while 𝑑1 and 𝑑2 are the destination nodes. Network coding
can be performed on the wireless links (𝑤, V) to share link
capacity for improving network capacity.
Figure 1 shows a multicast session where the flow is sent
from the source node 𝑠 to left and right trees which are further
depicted in Figure 2. The encoding can be performed on
the wireless links shared by the different multicast trees. As
shown in Figure 1, the link (𝑤, V) is the shared part of two
trees, the multicast trees can share link capacity by network
coding, the max rate of information flow for left multicast tree
is 2, and the right multicast tree is 1.
Figure 2 shows the multicast subtrees partitioned by
Figure 1. In the figure, the source node separates the flow
sent to the destination node into two subtrees, each of which
can change the transmission rate through adjusting at the
source node. As shown in Figure 2, in a multicast session,
the link using random linear network coding can achieve
maximum upper bound in the ideal case. In order to express
the corresponding relationship of the link 𝑙 and multicast 𝑚,
we define a multicast matrix 𝐻𝑚 (|𝐻𝑚 | = |𝐿| ∗ |𝑆|), and the
elements of the matrix are defined as follows [16]:
1,
𝐻𝑙𝑠𝑚 = {
0,

a1 + b1
a2

∀𝑑 ∈ 𝐷𝑚 ,

𝑚𝑑
Here, 𝑥𝑚 is the source rate and 𝑔𝑖,𝑗
represents the flow of
session 𝑚 on link (𝑖, 𝑗) sent to the destination node 𝑑. Link
capacity can be shared by the flows on the links when the
random linear network coding is adopted, and the limit of
network capacity can be expressed as

𝑑 ∈ 𝐷𝑚 .
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Figure 2: Network coding at the shared link (𝑤, V) corresponded to
the multicast tree decomposition.

flow to the destination nodes. For the sake of simplicity, we
assume that network coding occurs within session, and the
constraints of the physical flow rate for each multicast stream
𝑚 on link 𝑙 can be expressed as
{𝐻𝑙𝑠𝑚 𝑥𝑚,𝑠 } ≤ 𝑐𝑙
max
𝑠

∀𝑙 ∈ 𝐿.

(4)

3.2. Network Interference Model. In an interference-limited
wireless network, the information theoretic capacity 𝑐𝑙 of
each link 𝑙 is not fixed. It can be considered as a function
of the transmit power, the interference of adjacent link,
bandwidth and modulation, and so forth. Assuming that the
modulation scheme has been determined, the information
theory capacity 𝑐𝑙 of link 𝑙 is considered as the function of the
transmit power and channel conditions as follows:
𝑐𝑙 (𝑃) = 𝐵 ⋅ log (1 + 𝐾SINR𝑙 (𝑃)) ,

(5)
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where 𝐵 is bandwidth, 𝑃 is the vector of transmission power,
and 𝐾 is a constant which depends on the modulation and
bit error rate. Without loss of generality, we assume that
𝐾 = 1. SINR𝑙 represents the SINR of the link 𝑙, where SINR𝑙
is defined as
𝐺𝑙,𝑙 𝑃𝑙
,
SINR𝑙 (𝑃) =
∑𝑘 ≠𝑙 𝐺𝑘,𝑙 𝑃𝑘 + 𝑛𝑙

𝐺𝑙,𝑙 𝑃𝑙
).
∑𝑘 ≠𝑙 𝐺𝑘,𝑙 𝑃𝑘 + 𝑛𝑙

(7)

In wireless multihop networks, the sum of interference
terms over 𝑘 ≠𝑙 can be conducted in practice only over the
active links in the two-hop neighborhood. Interference information can be measured or obtained by mutual broadcasting
of neighbor nodes.
3.3. Energy Efficient Multicast Rate Control Model. The wireless nodes are generally powered by a battery, so power
control may conserve energy and reduce the interference
among nodes. In this paper, we establish the model for
energy efficient multicast rate control and power allocation
optimization. The purpose of such optimization is to maximize the fair allocation of link bandwidth and minimize
power for the network multicast session flow and reduce
energy consumption. Assuming that 𝑈𝑚 (𝑥𝑚 ) is the utility of
each multicast 𝑚 in the network and the utility function is
separable, where 𝑥𝑚 = ∑𝑠 𝑥𝑚,𝑠 is the sum of data rates which
are distributed on the respective trees, then the problem can
be formulated as P1. Consider
P1: max

∑𝑈𝑚 (∑ 𝑥𝑚,𝑠 ) − 𝛽∑𝑉𝑙 (𝑃𝑙 ) ,
𝑚

𝑠

s.t. ∑𝐻𝑙𝑠𝑚 𝑥𝑚,𝑠 ≤ 𝑐𝑙 (𝑃) ,
𝑚

𝑃𝑙 ≥ 0,

(8a)

𝑙

∀𝑠, ∀𝑚 ∈ 𝑀, ∀𝑙,

∑ 𝑃𝑙 ≤ 𝑃𝑖max ,

𝑖 ∈ 𝑁,

𝑙∈𝑜(𝑖)

𝑤𝑙 ≥ 0.

𝑝𝑠 (1 − 𝛼)−1 𝑥𝑠1−𝛼 , 𝛼 ≠1, 𝛼 ≥ 0
𝑝𝑠 log 𝑥𝑠 ,
𝛼 = 1,

(10)

where 𝑝𝑠 represents the weight of different flows and 𝛼 is the
fairness parameter. While 𝛼 = 1 corresponds to proportional
fairness, 𝛼 = 2 corresponds to the harmonic mean fairness,
and 𝛼 → ∞ corresponds to the max-min fairness. The
weight of each multicast session flow is set to be 1 in the paper,
which means that 𝑈𝑚 (𝑥𝑚 ) = log(𝑥𝑚 ).

4. Optimization Approach
and Distributed Algorithm
P1 is a nonconvex optimization problem, since the link
constraint (8b) is a nonconvex region. However, a simple
variable transformation 𝑃𝑙 = log(𝑃𝑙 ) can be used to transform
the problem into an equivalent convex optimization problem
P2. Consider
∑𝑈𝑚 (∑𝑥𝑠𝑚 ) − 𝛽∑𝑉𝑙 (𝑃𝑙 ) ,

P2: max
s.t.

𝑚

𝑠

𝑙

∑𝐻𝑙𝑠𝑚 𝑥𝑠𝑚 ≤ 𝑐𝑙 (𝑃) ,
𝑚

𝑃𝑙 ≥ 0,

∀𝑠, ∀𝑚 ∈ 𝑀, ∀𝑙,

∑ 𝑒𝑃𝑙 ≤ 𝑃𝑖max ,

(11)

𝑖 ∈ 𝑁.

𝑙∈𝑜(𝑖)

Furthermore, the objective function of P2 is not strictly
concave, since some sources have multiple alternative multicast trees that may cause an instability problem in the
convergence of an iterative algorithm—a persistent oscillation of the flow rate around the optimal value. It implies
that although the dual variables may converge, the primal
variables flow rates and transmit powers may not. To deal
with this instability problem, we use ideas from proximal
optimization algorithms [13, page 232]. The basic idea is
that, instead of P3, we try to solve an equivalent problem by
introducing a quadratic term of some auxiliary variables 𝑦𝑚,𝑠
so that the optimization problem becomes strictly concave
with respect to 𝑥𝑚,𝑠 . Consider

(8b)
(8c)

where 𝑈𝑚 is a continuously differentiable, strictly concave
and incremental function, 𝛽 is the equilibrium coefficient,
and 𝑉𝑙 is the cost function. For simplicity, the cost function
can be expressed as the weights of power value as
𝑉𝑙 (𝑃𝑙 ) = 𝑤𝑙 𝑃𝑙 ,

𝑈𝑠𝛼 (𝑥𝑠 ) = {

(6)

where 𝑛𝑙 represents white Gaussian noise of link 𝑙 at the
receiving node, 𝐺𝑙,𝑙 is the fading coefficient of the link 𝑙
from the transmitting node to the receiving node, ∑𝑘 ≠𝑙 𝐺𝑘𝑙
is the interference of other links on the receiving node, 𝑃𝑙 is
transmit power of source node, and 𝑃𝑘 is interference power
of other nodes. Assuming that the CDMA system is adopted
in the network, with reasonable spreading gain and under
normal circumstances, 𝐺𝑙𝑙 ≫ 𝐺𝑘𝑙 , 𝑘 ≠𝑙 (e.g., SINR > 5) [9],
due to the fact that the interference is much smaller than the
signal power. Equation (5) can be approximated instead as
[18]
𝑐𝑙 (𝑃) = log (

balanced through selecting the appropriate utility function.
We design the utility function which can be flexibly adjustable
by parameters as follows with reference to [19]:

P3: max

∑𝑈𝑚 (∑ 𝑥𝑚,𝑠 ) − 𝛽∑𝑉𝑙 (𝑃𝑙 )
𝑚

𝑠

𝑙

(12a)

𝑐
2
− ∑ 𝑚 ∑(𝑥𝑚,𝑠 − 𝑦𝑚,𝑠 ) ,
2
𝑚
𝑠
s.t. ∑𝐻𝑙𝑠𝑚 𝑥𝑚,𝑠 ≤ 𝑐𝑙 (𝑃) ,
𝑚

∀𝑠, ∀𝑚 ∈ 𝑀, ∀𝑙,
(12b)

(9)

Network performance includes not only the network
throughput but also the fairness of user, which can be

𝑃𝑙 ≥ 0, ∑ 𝑒𝑃𝑙 ≤ 𝑃𝑖max ,
𝑙∈𝑜(𝑖)

𝑖 ∈ 𝑁.

(12c)

Mathematical Problems in Engineering

5

Due to the fact that 𝑐𝑙 (𝑃) = log(𝐺𝑙𝑙 ) + 𝑃𝑙 −
log(∑𝑘 ≠𝑙 𝐺𝑘,𝑙 exp(𝑃𝑘 ) + 𝑛𝑙 ) is sum of a linear function and a
log-sum-exp function, problem (12a) is convex according to
the theory of convex optimization.
Theorem 1. The transformed problem P2 is a convex optimization problem.
Proof. The constraints (12b) and (12c) are convex in (𝑥, 𝑃)
since the log-sum-exp is convex in its domain [20]. Moreover,
the utilities in (12a) are assumed to be strictly concave.
Therefore, P2 is convex in (𝑥, 𝑃).
Hence, the maximized value of (12a) is unique. Problem
P2 can be solved by Lagrange dual decomposition which
is the most important optimization method and has been
widely used in constrained optimization problem. The original problem P3 is decomposed into two suboptimization
problems.
We define the Lagrangian as
𝐿 (𝑥, 𝑦, 𝑃, 𝜆, 𝜇) = ∑𝑈𝑚 (𝑥𝑚,𝑠 ) − 𝛽∑𝑉𝑙 (𝑃𝑙 )
𝑚

𝑙

𝑐
2
− ∑ 𝑚 ∑(𝑥𝑚,𝑠 − 𝑦𝑚,𝑠 )
𝑚 2 𝑠

From the prospective of economics, to understand 𝐿 1 ,
each user is selfish and wants to maximize its own utility. Yet, the user increases bandwidth will also reduce the
available bandwidth for other users. 𝐿 2 corresponds to the
balance maximizing link capacity and the minimizing power
consumption. Such optimization process takes the following
several steps.
Firstly, the price of the congestion on each link is updated
according to the flow based on the projection gradient
method [20]; the step of adjusting the direction for each link
is calculated by 𝜆 𝑙 ; the update algorithm can be expressed as
follows:
+

𝜆 𝑙 (𝑡 + 1) = [𝜆 𝑙 (𝑡) + 𝑎 (𝑡) (∑𝐻𝑙𝑠𝑚 𝑥𝑚,𝑠 − 𝑐𝑙 (𝑃))] .

Here, 𝑎(𝑡) is the small positive step size, and “+” represents the projected onto the real number of positive real
number space. If congestion has arisen on the multicast
tree 𝑇𝑚 , then congestion control prices will rise accordingly,
indicating that the source node should reduce the data rate.
Based on the gradient projection algorithm, smaller step
iterative update in each time slot is chosen for the prices as
follows:
+

𝜇𝑙 (𝑡 + 1) = [𝜇𝑙 (𝑡) + 𝛾1 (𝑡) (𝑃𝑖max − ∑ 𝑃𝑙 )] .

− ∑𝜆 𝑙 (∑𝐻𝑙𝑠𝑚 𝑥𝑚,𝑠 − 𝑐𝑙 (𝑃))

(17)

𝑙∈𝑜(𝑖)

𝑚

𝑙

(16)

𝑚,𝑠

Second, by considering the second optimization term in (15),
−

∑𝜇𝑖 (𝑃𝑖max
𝑖

𝑃𝑙

− ∑𝑒 )
max 𝐿 2 (𝑃, 𝜆, 𝜇) = max (∑𝜆 𝑙 𝑐𝑙 (𝑃) − 𝛽∑𝑉𝑙 (𝑃𝑙 )

𝑙∈𝑜(𝑖)

𝑙

= ∑𝑈𝑚 (∑𝑥𝑚,𝑠 ) − ∑𝜆 𝑙 ∑𝐻𝑙𝑠𝑚 𝑥𝑚,𝑠
𝑚

𝑠

−∑
𝑚

𝑙

𝑚

+ ∑𝜇𝑖 (𝑃𝑖max − ∑ 𝑒𝑃𝑙 )) .

𝑐𝑚
2
∑(𝑥 − 𝑦𝑚,𝑠 )
2 𝑠 𝑚,𝑠

𝑖

Notice that 𝐿 2 aims to maximize the sum of weighted
capacities and minimize the power cost. Thus, (18) serves
as a tool for power control at each link. Similar to [16], we
substitute formula (7) into 𝐿 2 . Consider

𝑙

+ ∑𝜇𝑖 (𝑃𝑖max − ∑ 𝑒𝑃𝑙 ) ,
𝑖

𝑙∈𝑜(𝑖)

(18)

+ ∑𝜆 𝑙 𝑐𝑙 (𝑃) − 𝛽∑𝑉𝑙 (𝑃𝑙 )
𝑙

𝑙

𝑙∈𝑜(𝑖)

(13)
where 𝜆 is the vector of Lagrange multiplier which is
associated with capacity constraints (12b), while 𝜇 is the
vector of Lagrange multipliers which is associated with power
constraints (12c), and 𝑃𝑙 and 𝑥𝑚,𝑠 are primal variables. The
dual problem P3 can be expressed as an unconstrained minmax problem:
min 𝐷 (𝜆, 𝜇) ,

𝜆,𝜇≥0

(14)

− 𝛽∑𝑤𝑒𝑃𝑙 + ∑𝜇𝑖 (𝑃𝑖max − ∑ 𝑒𝑃𝑙 )
𝑙

𝑖

𝑙∈𝑜(𝑖)

(19)

= ∑𝜆 𝑙 𝐵 [log (𝐺𝑙𝑙 𝑒𝑃𝑙 ) − log (𝜎𝑙 + ∑ 𝑒𝑃𝑗 +ln 𝐺𝑖𝑗 )]
𝑙
𝑗 ≠𝑙
[
]
− ∑ (𝛽𝑤 + 𝜇𝑖 ) ∑ 𝑒𝑃𝑙 + ∑𝜇𝑖 𝑃𝑖max .

where the dual function

𝑖

𝐷 (𝜆, 𝜇) = max 𝐿 (𝑥, 𝑦, 𝑃, 𝜆, 𝜇)
= max 𝐿 1 (𝑥, 𝑦, 𝜆) + max 𝐿 2 (𝑃, 𝜆, 𝜇) .

𝐿 2 = ∑𝜆 𝑙 𝐵 [log (𝐺𝑙𝑙 𝑒𝑃𝑙 ) − log (𝜎𝑙 + ∑ 𝑒𝑃𝑗 +ln 𝐺𝑖𝑗 )]
𝑙
𝑗 ≠𝑙
[
]

(15)

𝑙∈𝑜(𝑖)

𝑖

Theorem 2. Problem max 𝐿 2 (𝑃, 𝜆, 𝜇) is a convex optimization.
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Proof. We know from [7] that 𝐵 ∑𝑙 [𝜆 𝑙 log(𝐺𝑙𝑙 𝑒𝑃𝑙 ) −
𝜆 𝑙 log(∑𝑘 exp(𝑃𝑘 + log 𝐺𝑙𝑘 ) + 𝑛𝑙 )] is strict concave function
and another term − ∑𝑖 (𝛽𝑤𝑙 +𝜇𝑖 ) ∑𝑙∈𝑜(𝑖) 𝑒𝑃𝑙 is concave function
for 𝑃; obviously, problem (18) is a convex optimization.
Taking the derivative of 𝐿 2 with respect to 𝑃,
𝜕𝐿 2 (𝑃, 𝜆, 𝜇)
𝜕𝑃𝑙

𝑃𝑙

= 𝜆 𝑙 𝐵 − (𝛽𝑤 + 𝜇𝑖 ) 𝑒
− 𝐵∑

(20)

𝜆 𝑗 𝐺𝑗𝑙 𝑒𝑃𝑙

𝑗 ≠𝑙 ∑𝑘 ≠𝑗

𝐺𝑗𝑘 𝑒𝑃𝑘 + 𝜎𝑙

.

𝜆 𝑗 𝐺𝑗𝑙
𝜕𝐿 2 (𝑃, 𝜆, 𝜇) 𝜆 𝑙 𝐵
=
− (𝛽𝑤 + 𝜇𝑖 ) − 𝐵∑
𝜕𝑃𝑙
𝑃𝑙
𝐺 𝑃 + 𝜎𝑙
∑
𝑗 ≠𝑙 𝑘 ≠𝑗 𝑗𝑘 𝑘
𝜆𝑙𝐵
− (𝛽𝑤 + 𝜇𝑖 ) − 𝐵∑ 𝐺𝑗𝑙 𝑚𝑗 ,
𝑃𝑙
𝑗 ≠𝑙
(21)
where 𝑚𝑗 is a message calculated based on locally measurable
quantities for transmitter 𝑗. Consider
𝑚𝑗 =

𝜆𝑗
∑𝑘 ≠𝑗 𝐺𝑗𝑘 𝑃𝑘 + 𝜎𝑙

.

(22)

Then, we can write the gradient steps as the following
distributed power control algorithm with message passing:
𝑃𝑙 (𝑡 + 1)
𝐵𝜆 (𝑡)
= [𝑃𝑙 (𝑡) + 𝛾 ( 𝑙
− (𝛽𝑤 + 𝜇𝑖 (𝑡))
𝑃𝑙 (𝑡)
[

𝜕𝐿 1 (𝑥, 𝑦, 𝜆)
𝑚
= 𝑈𝑚 (𝑥𝑚 ) − ∑𝜆 𝑙 (𝑡) ∑𝐻𝑙,𝑠
.
𝜕𝑥𝑚
𝑚,𝑠
𝑙

(25)

According to the optimization theory, the rate of source
node can obtain the optimal value when the derivation is zero;
so
𝑥𝑚 (𝑡) =

Coming back to 𝑃 instead of 𝑃,

=

The first optimization in (15) can be used to regulate the
flow rate at each source. If source 𝑠 only has a single tree,
then we can get the optimal value through derivation of the
subproblem 𝐿 1 :

−1
𝑚
(∑𝜆 𝑙 (𝑡) ∑𝐻𝑙,𝑠 ) .
𝑚,𝑠
𝑙

(26)

Otherwise, the optimization 𝐿 1 can be solved by a nonlinear Gauss-Seidel method which alternately (i) maximizes
the objective function over 𝑥𝑚 while keeping 𝑦𝑚 fixed and (ii)
maximizes 𝐿 1 over 𝑦𝑚 while keeping 𝑥𝑚 fixed. The algorithm
repeats the following steps.
Step 1. Fix 𝑦𝑚 = 𝑦𝑚 (𝑡) and maximize the problem P3. With
the addition of the quadratic term, the problem P3 is now
strictly convex with respect to 𝑥𝑚,𝑠 . Hence, the maximizer of
P3 is unique existence.
To be precise, taking the derivative of 𝐿 1 with respect to
𝑥𝑚,𝑠 ,
𝜕𝐿 1 (𝑥, 𝑦, 𝜆)
1
=
− ∑𝐻𝑙𝑠𝑚 𝜆 𝑙 + 𝑐𝑚 𝑦𝑚,𝑠 − 𝑐𝑚 𝑥𝑚,𝑠 .
𝜕𝑥𝑚,𝑠
∑𝑠 𝑥𝑚,𝑠
𝑙
(27a)
Thus, according to the first-order necessary optimality
condition, we have

(23)

+

.
−𝐵∑ 𝐺𝑗𝑙 𝑚𝑗 (𝑡))]
𝑗 ≠𝑙
]𝑙∈𝑜(𝑖)
Next, we consider the first optimization in (15),

+

∗
𝑥𝑚,𝑠

1 1
= [ − ∑𝐻𝑙𝑠𝑚 𝜆 𝑙 + 𝑐𝑚 𝑦𝑚,𝑠 ] ,
𝑐𝑚 𝑧
𝑙

∗
where 𝑧 = ∑𝑠∈𝑇𝑚 𝑥𝑚,𝑠
can be calculated by summing both
sides of (27b) as formula (27c). Consider
+

1 1
𝑧 = ∑ [ − ∑𝐻𝑙𝑠𝑚 𝜆 𝑙 + 𝑐𝑚 𝑦𝑚,𝑠 ] .
𝑐 𝑧
𝑡∈𝑇 𝑚
𝑙

max 𝐿 1 (𝑥, 𝑦, 𝜆)

𝑥≥0,𝑦

(27b)

(27c)

𝑚

= max [∑𝑈𝑚 (∑𝑥𝑚,𝑠 ) − ∑𝜆 𝑙 ∑𝐻𝑙𝑠𝑚 𝑥𝑚,𝑠
𝑚

𝑠

−∑
𝑚

𝑚,𝑠

𝑙

2
𝑐𝑚
∑ (𝑥𝑚,𝑠 − 𝑦𝑚,𝑠 ) ]
2 𝑠

(−𝑏 + √𝑏2 + 4|𝑇𝑚 |)/2, where 𝑏 = ∑𝑠∈𝑇𝑚 (∑𝑙 𝐻𝑙𝑠𝑚 𝜆 𝑙 − 𝑐𝑚 𝑦𝑚,𝑠 ).
The iterative procedure follows as (27b) and (27c).

= ∑max [𝑈𝑚 (∑𝑥𝑚,𝑠 )
𝑚 𝑥≥0,𝑦
𝑠
[
− ∑ (𝐻𝑙𝑠𝑚 𝑥𝑚,𝑠 ∑𝜆 𝑙 −
𝑡∈𝑇𝑚

𝑙

Assuming that 𝑓(𝑧) = 𝑧 − ∑𝑡∈𝑇𝑚 (1/𝑐𝑚 )[(1/𝑧) − ∑𝑙 𝐻𝑙𝑟𝑚 𝜆 𝑙 +
𝑐𝑚 𝑦𝑚,𝑠 ]+ , it is a strictly increasing function; we can easily
achieve unique solution for the equation 𝑓(𝑧) = 0. 𝑧 =

𝑐𝑚
2
(𝑥 − 𝑦𝑚,𝑠 ) )] .
2 𝑚,𝑠
]
(24)

Step 2. The algorithm sets 𝑦(𝑡 + 1) = 𝑥(𝑡 + 1). The advantage
of network utility maximization is that the optimization
model can be implemented in a distributed network. Through
broadcasting the information of the adjacent nodes as well
as the feedback price for each link on the path, the network
is able to share the global information among the nodes.
After exchanging cross-layer information, the information of
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1. Inner power allocation algorithm.
(1) Initialize parameter 𝜇𝑖 (0), 𝑡1 = 0;
(2) Update 𝑃𝑙 (𝑡1 + 1), 𝑢𝑖 (𝑡1 + 1);
(3) 𝑡1 = 𝑡1 + 1, repeat (2) until iterations end.
2. For each 𝑙 ∈ 𝑜(𝑖) executes update at each node.
(1) Receive messages 𝑚𝑗 (𝑡2 ) from all interfering nodes 𝑗 in the neighborhood and execute inner power allocation;
(2) Update power using formula (23);
(3) Compute 𝑚𝑙 (𝑡2 ) broadcast 𝑚𝑙 (𝑡2 ) to all interfering nodes in the neighborhood;
(4) Compute link capacity, and update link price using formula (17);
(5) 𝑡2 = 𝑡2 + 1 if 𝑡2 < 𝐾 then goto (1) else end.
3. At each source node.
𝑚
𝜆 1 (𝑡) of link prices.
(1) Receive from the reverse path ∑𝑠∈𝑇𝑚 𝐻𝑙,𝑠
(2) Update the multicast flow rate 𝑥𝑚,𝑠 using (26) or (27b) and (27c)
(3) Communicate 𝑥𝑚,𝑠 (𝑡 + 1) to all links on the tree 𝑇𝑚 .
(4) if 𝑡2 > 𝐾 then set y(𝑡 + 1) = x(𝑡), 𝑡2 = 1 and repeat to (1) until iterations end.
Algorithm 1: Cross-layer multicast rate and power allocation optimization.

physical layer and transport layer can be shared. The control
structure is showed in Figure 3.
The power allocation is executed at the physical layer of
the wireless network; the information can be sent to upper
layer; rate control can be implemented by adjusting the size
of windows for TCP to avoid congestion. Joint optimization
problem can be decomposed into layers of suboptimization problem by dual decomposition; each suboptimization
problem uses gradient projection method to solve the optimization problem and then we design cross-layer multicast
rate and power allocation optimization algorithm as follows.
The parameters 𝑡, 𝑡1 , and 𝑡2 represent the iteration of inner
power allocation, intermediate nodes, and source nodes,
respectively.
The above algorithm can be executed on the source
node and the intermediate node through the sharing of
information. Link price updates for each intermediate node
requires the information from its nearest two-hop neighbors,
which can be obtained through the broadcast of the two-hop
neighbors. The price of each link is provided by the feedback
returned to the source node, and the price information can
be added into the underlying link ACK data packets; so it can
be sent hop by hop back to the source node in the process of
sending data along the path.
Algorithm 1 can achieve a global optimal solution of the
iterative algorithm under certain conditions.
Definition 3 (see [20]). Assuming 𝜆∗ is optimal value of dual
variable. There exists fix step size 𝛼, for every 𝛿 > 0,
1 𝑡
∑ 𝐷 (𝜆 (𝜏) , 𝜇) − 𝐷 (𝜆∗ , 𝜇) ≤ 𝛿.
𝑡 → ∞ 𝑡 𝜏=1

lim sup

(28)

Algorithm 1 converges to 𝜆∗ and 𝜇∗ .
Theorem 4. Assuming 𝜆∗ is optimal value of dual variable
and 𝑎 is small step size, if the Euclidean norm of subgradient
is bounded, ‖∇𝜆 𝐷(𝜆, 𝜇)‖2 ≤ 𝐺 is true for every 𝑡. Algorithm 1
converges to the range of the optimum radius 𝑎𝐺2 /2.

Proof. Consider


∗ 2
∗ 2
𝜆 (𝑡 + 1) − 𝜆 2 ≤ 𝜆(𝑡) − 𝑎∇𝜆 𝐷(𝜆(𝑡), 𝜇) − 𝜆 2
2

≤ 𝜆 (1) − 𝜆∗ 2
𝑡

− 2𝑎 ∑ (𝐷 (𝜆 (𝜏) , 𝜇) − 𝐷 (𝜆∗ , 𝜇)) (29)
𝜏=1
𝑡


2
+ 𝑎2 ∑ ∇𝜆 𝐷 (𝜆, 𝜇)2 ,
𝜏=1

so
𝑡

2

2𝑎 ∑ (𝐷 (𝜆 (𝜏) , 𝜇) − 𝐷 (𝜆∗ , 𝜇)) ≤ 𝜆 (1) − 𝜆∗ 2 + 𝑡𝑎2 𝐺
𝜏=1


2
𝜆 (1) − 𝜆∗ 2 + 𝑡𝑎2 𝐺
1 𝑡
.
∑ (𝐷 (𝜆 (𝜏) , 𝜇) − 𝐷 (𝜆∗ , 𝜇)) ≤ 
𝑡 𝜏=1
2𝑡𝑎
(30)
From Definition 3,
1 𝑡
𝑎𝐺2
.
∑ (𝐷 (𝜆 (𝜏) , 𝜇) − 𝐷 (𝜆∗ , 𝜇)) ≤
2
𝑡 → ∞ 𝑡 𝜏=1

lim sup

(31)

1
𝑥𝑚𝑠 , . . . , 𝐶𝐿 (𝑃𝐿 ) −
For ∇𝜆 𝐷(𝜆, 𝜇) = (𝐶1 (𝑃1 ) − ∑𝑚 𝐻𝑚𝑠
𝑇
𝐿
∑𝑚 𝐻𝑚𝑠 𝑥𝑚𝑠 ) , obviously,



∇𝜆 𝐷(𝜆, 𝜇)2 ≤ √ ∑ (𝐶𝑙 (𝑃𝑖max )) + ∑ 𝑃max .
𝑙∈𝐿

𝑙∈𝐿

(32)

So formula (17) converges to 𝜆∗ .
Similarly, formula (18) converges to 𝜇∗ . Therefore, Algorithm 1 will converge to global optimum while the step size is
small enough.
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meets the condition where there is no strong interference in
the surrounding area.
The system is initialized by the following configuration:
the maximal transmit power is 2.5 mW for all the nodes,
the interference noise of network is 𝑛𝑙 = 0.0001 mW, the
bandwidth of each channel is 1 kHz, and the step size of
iterative algorithm is unified set to be 0.0035; channel gain
coefficient is set according to the distance 𝑑 between any two
nodes in a uniformly distributed random selection within
[0.2𝑑−4 − 2𝑑−4 ]. The initial power of all links is set to be
0.1 mW, and the initial prices value is set to be 1 for congestion
and power.

Transport layer
(rate control)

x(t)
Network layer
(multicast routing)
f
𝜆(t)
Network capacity
p

𝜇(t)

Physical layer
(power allocation)

Figure 3: The open loop control structure for layered protocol stack
in wireless system.
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Figure 4: A simple network with two multicast sessions.

5. Numerical Experiments and Analysis
In this section, we conduct numerical simulation to evaluate
the performance of Algorithm 1. Without loss of generality,
network multicast tree has been established and channels
have been assigned at the stage of network initialization. We
consider a simple topology as shown in Figure 4 where each
node has multiradios, each link has been assigned channel
label as “𝑎,” “𝑏,” “𝑐,” and so forth, and the capacity of link is
determined by transmitting power, the path fading of the link,
and the external interference.
There are two multicast sessions in this network scenario;
the source node of session 1 is 𝑆1 , while the destination nodes
are 𝑥 and 𝑦; the source node of session 2 is 𝑆2 , while the
destination nodes are 𝑦 and 𝑧. For the sake of simplicity,
the same utility function 𝑈(𝑥) = log(𝑥) is adopted for all
sessions. The left multicast tree is represented as a solid line,
while the right multicast tree is identified as dotted line. The
encoded link of session 1 is (𝑤1 , V1 ), while the encoded link
of session 2 is (𝑤2 , V2 ). The channel assignment of each link

5.1. Network Utility. Figures 5(a) and 5(b) show, respectively,
the evolution of rate for the multicast session with 𝛽 = 0
and 𝛽 = 1, both of which show that the flow rate converges
gradually along with the algorithm’s iteration. On the other
hand, the speed of growth for the rate slows down gradually in
this process. The rate for two sessions behaves similarly which
illustrates that the algorithm has a good fairness. Also, the
session rate when 𝛽 = 1 is lower than that when 𝛽 = 0 which
indicates that the rate is slightly reduced when increasing the
value of balance coefficients.
In order to measure the difference of the tree for the same
multicast session, the process of rate change of the left and the
right multicast trees for session 𝑆1 is shown in Figure 6. The
rates of left and right multicast trees improve rapidly in the
early stage but their patterns are different. The price of the
tree is subject to interference and bandwidth, in which the
tree featuring a lower price should be allocated more flow.
Figure 7 shows the evolution of the congestion prices over
different trees. The left and right tree price tends to be stable
after 200 generations, which is similar to the flow evolution
process in Figure 6.
5.2. Power Consumption. In wireless network, the link owning lower channel gain needs to increase the power for eliminating the link’s bottleneck. Enhancing power will increase
link capacity, but it will increase the interference to the
neighbour nodes, consequently reducing the capacity of the
nearby links. Therefore, the allocation of power is not the
bigger the better in practice. A comparison of the nodes’
transmit power evolution process is shown in Figure 8 where
the balance coefficient is set to be 0.
From the top to the bottom in Figure 8, the power curves
respond to nodes 𝑚2 , V2 , 𝑚3 , 𝑠2 , 𝑠1 , 𝑚1 , V1 , 𝑤1 , and 𝑤2 .
The node power is different due to the mutual interference
of the neighboring nodes. The growth speed is not smooth;
however, the power update of the most nodes is upward, as
the cost of power consumption is not considered. Some nodes
boost power in order to improve link capacity in the iterative
process, while other nodes do not do so as they have met the
bandwidth requirements.
Given wireless node’s limited energy, realizing a high
throughput will shorten the life of nodes in the network.
In the experiment, the balance coefficient value is set be 0.1
for reducing energy consumption. The results of power are
showed in Figure 9 which correspond to nodes 𝑚2 , 𝑚3 , 𝑚1 ,
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Figure 5: (a) Session rate with 𝛽 = 0. (b) Session rate with 𝛽 = 1.
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Figure 6: Flow rate of left tree and right tree of session 1.

V2 , 𝑠2 , V1 , 𝑤1 , 𝑠1 , and 𝑤2 from top to bottom. With the iteration
of the algorithm, the power of some nodes is significantly
decreased when balance parameter 𝛽 = 0.
5.3. The Effect of Tradeoff between the Total Energy Cost and
Total Utility. The parameter 𝛽 plays a balancing role between
the energy efficiency and network performance. The results of
comparing different values of balance coefficient 𝛽 are shown
in Figure 10(a). In this experiment, the balance coefficient
is increased from 0 to 1 and the session rate is reduced
to approximately 17.2% as a result. The experiment results
for node transmission power are showed in Figure 10(b),
which shows that the sum of node transmission power consumption is significantly decreased from 13 mW to 0.8 mW

400
600
Iteration

800

1000

Left tree
Right tree

Figure 7: Evolution of congestion prices over different multicast
trees.

when the balance coefficient increases. The total power
consumption of the power control is decreased noticeably,
when network traffic is declined very slightly and the value
of the balance coefficient is set as 0.1. The results show that
the network energy consumption is very sensitive to the
balance coefficient. Nevertheless, the balance coefficient has
little effect on the rate of nodes, which represents a major
advantage for battery-powered wireless networks.
5.4. Comparison with the Equal and Fixed Power Allocation
Algorithms. We compare our algorithm with the equal and
fixed power allocation for the session rate evolution. The
equal power allocation assumes that the nodes are allocated

10
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a maximum power of 2.5 mW to affiliated link, and the
fixed power allocation sets the link power to be 0.5 mW.
In this experiment, we randomly vary channel gain and
independently run the simulation 10 times to measure the
flow rate. As can be seen from Figure 11, the session rate

based on our joint rate and power allocation is higher than
that of the equal allocation. The session rate of the fixed
power allocation is significantly lower than the other two
alternatives, but, due to its fewer optimized variables, the
fixed power allocation enjoys faster convergence. Although
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utility power optimization converges slowly, it needs fewer
iterations to reach stable approximation, giving it more
practical engineering advantages.
On the other hand, the equal power allocation costs a total
power of 22.5 mW, while the fixed power needs 8.5 mW and
the utility-based power allocation consumes 13 mW, which
are significantly lower than the equal power allocation. The
results reveal that the joint optimization can improve network
performance, while reducing node power consumption and
prolonging the life of network.

6. Conclusions
In this paper, we study the joint optimization of power
allocation and rate control for multicast flow with network
coding for enhancing wireless network throughput. Using
the network utility maximization theory, we propose a
multisession flow congestion control and power allocation
optimization model under the condition that network coding
subgraph is determined. We also use the dual decomposition
to decompose the problem into source flow control and the
intermediate node power allocation optimization problems,
where each subproblem corresponds to resource allocation
of the transport layer and the physical layer. For dealing
with the instability problem by multiple subtrees, a proximal
optimization algorithm is adopted. Analysis demonstrates
that the distributed algorithm can converge under the condition that the step length is small enough. Finally, numerical
simulation shows that our optimization algorithm can fairly
allocate resources for network traffic. Due to the power
controlling, the network node’s energy efficiency has been
improved significantly with a small impact on the network
capacity.
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High accuracy of construction materials tracking with radio frequency identification technology (RFID) is challenging to achieve.
The microzoning method consists essentially of an absolute received signal strength indication (RSSI) positioning algorithm on
the basis of measuring the distance of tag from antennas base. In this paper, we analyse and examine the effects of microzoning
method on the performance of RFID tags. A system was set up whereby RFID tags and antennas with the microzoning method
were developed and studied. The performance of the tag antennas was studied with the practical read-range measurements. The
study results showed that this absolute algorithm worked reliably and was suitable for RFID applications requiring identification
of positions of onsite materials and components. The results also showed that the algorithm achieved a large read range and high
accuracy. The study investigates the RFID solutions for Australian LNG (liquefied natural gas) industry and was initiated by the
collaboration between Woodside Energy, Curtin University, and Industrial Automation Group Pty Ltd.

1. Introduction
Accurate location of LNG (liquefied natural gas) plant assets
like piping, valve, and equipment is a major issue in Australian LNG industry. The current methods used to pinpoint
the location of set-in-place assets are useful in varying
degrees. Thus far, unfortunately, none of these methods gives
the degree of accuracy. That is, the current methods are
not able to provide accurate and comprehensive data on the
location of each asset. For example, in LNG supply chain, it
is normally a challenging task to efficiently identify, track,
and position pipes as many of the present-day applications
are still using the paper-based methods. The problems
encountered in terms of the paper-based material tracking
are getting late deliveries, missing components, and incorrect

installations, which result in additional labor and material
costs. In the current LNG practice, pipe installation activities
at the construction site normally need workers to search
paper instructions, on which the destination and delivery
information are stored. Once the instructions are produced,
they are transferred to the storage area and archived as the
layout plan for assembly workers to retrieve information
from. If the workers cannot locate the relevant information
in time, an extended search needs to be carried out at the
construction site to locate the missing component [1].
To address these issues, radio frequency identification
technology (RFID) which uses radio frequency waves to
transmit data between readers and tags is widely adopted.
RFID automatically streamlines the identification and acquisition of data, without the need for direct contact between

2
readers and tags. A typical RFID system includes an antenna,
a transceiver (RFID reader), and a transponder (radio frequency tag) [2]. The antenna generates an electromagnetic
zone where the tag detects the activation signal and responds
by sending the stored data from its memory through radio
frequency waves.
Types of RFID tags can be active, passive, or battery
assisted passive (BAP) [3]. The active tags are equipped with
built-in batteries and work on a “tag-talks-first” principle.
Thus, their activation is not dependent on the RFID reader,
and the tags periodically transmit their ID signal. The active
tags can be detected over a long distance (>100 m) [4]. The
passive tags, however, require an RFID reader to generate
the activated electromagnetic field while the tags can only
be detected in a short range (around 10–15 m maximum)
[4]. The RFID tags used in the study belong to BAP, a
new classification of RFID. BAP is recognized in a new
international standard of RFID technology: ISO/IEC 180006:2010 Class 3 [5]. The BAP tags do not transmit their ID,
but the tags “backscatter” the reader’s signal with their ID.
The battery in BAP is used only for powering the chip (and
hence amplifying the backscattered signal). The BAP tags
provide the same performance (>100 m) as the active tags but
closer to the cost of the passive tags. Moreover, within 3-4
years the BAP technology does not need the battery to be
replaced inside the tags, whereas in case of the active tags, the
battery needs to be replaced frequently (order of days-weeks).
Therefore the BAP tags are scalable in terms of cost and can
be used throughout the entire LNG plant to cater for millions
of materials and components search. Apart from storing tag
IDs, BAP tags also support 64 kb rewritable memory in which
users can read/write data.
The RFID reader can be portable or fixed. The portable
readers come along with an antenna and can be held like
a hand gun. The portable readers are also equipped with a
wireless module through which they can communicate the
tag information to the server. The fixed readers need to be
connected to external patch antennas that can be mounted
on walls or clamped on poles. The fixed readers communicate
through an Ethernet connection to the server. Fiber optic
cabling or Wi-Fi can be used for connecting hundreds of
readers to a server. This study uses both portable and fixed
readers to increase giving the flexibility of the RFID system.

2. Relevant Work
RFID has been widely deployed in variety of applications,
such as logistics [6], mining [7], air cargo [8], hospitals
[9], museums [10], retailing [11–13], and waste management
[14]. RFID has recently attracted significant attention in
construction areas such as material tracking (e.g., structural
steel members), quality control, equipment monitoring and
inspection, and maintenance [15–18].
Ren et al. [19] identify that poor materials management
typically incurs low construction productivity, cost overrun,
and delays. They further specify major contributors to such
problems, namely, lack of active, accurate, and integrated
information flow. Motamedi et al. [20] use permanently
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attached tags to allow different users to share and handle
lifecycle information.
Most of the research in investigating the technical capacity of RFID is focused upon the hardware study of tags
and antennas such as RFID tags and antennae [21, 22].
There has been very few research on investigating the algorithm, methods, and theories on RFID implementation and
evaluation that can be applied in practice for practitioners.
Zhou and Shi [23] propose an algorithm based on a signal
propagation model to get the accurate location information
of objects. A multilateration method is formulated as the
kernel of the algorithm to maximize the accuracy of distance
measurements between RFID tags and readers. Song et al.
[24] present a method to extend the use of current RFID
technology in tracking the precise location of tagged materials on construction sites. The combination of RFID and GPS
technologies, as evaluated through experimentation, presents
the opportunity of densely deploying low cost RFID tags with
GPS-supported RFID readers to track construction materials.
Park and Hashimoto [25] present a novel method using the
read time of only a few number of passive HD RFID tags
without any external sensors, signal strength measurement,
or a vision system. The experimental results show that their
method offers a modular and cost-effective way for servicing
mobile robots in indoor environment, enabling the synchronized locational and orientational estimation of robots.
Li and Becerik-Gerber [26] emphasize the significance of
indoor location information in improving the utilization and
maintenance of facilities. They review 21 research projects
where RFID-based indoor location sensing (ILS) solutions
were applied in the context of algorithm design, devices, test
setup, and performance evaluation. A summary on the use of
the proximity method and the underlying rationales in RFIDbased ILS is made, which indicates that no single solution
satisfies the widespread deployment of RFID-based ILS.
Based on the RSSI, there are three better known localization algorithms, the lateration algorithm, the minimum
maximum algorithm, and the ring overlapping circles algorithm [27, 28]. Papamanthou et al. [29] examine the RSSI
measurement model for location estimation and provide the
first detailed formulation of the probability distribution of
the position of a sensor node. On the other hand, rangebased algorithms make use of the RSSI to estimate the
distance between nodes. Then, different techniques, such
as lateration [30], triangulation [31], or statistical inference
[32], are used to estimate the position of strayed nodes with
respect to the beacons. Unfortunately, RSSI-based ranging
is severely affected by errors due to the unpredictable radio
propagation behavior. Hence a RSSI positioning algorithm
with microzoning is presented in the next section.

3. RSSI Positioning Algorithm Based on
Microzoning Method
This section presents and examines the microzoning method
which consists essentially of absolute received signal strength
indication (RSSI) positioning algorithm on the basis of
measuring the distance of tag from antennas base. In this
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Figure 1: Demonstration of RSSI positioning algorithm based on microzones.

paper, we analyse and examine the effects of microzoning
method on the performance of RFID tags. A system was set
up whereby the RFID tags and antennas with the microzoning
method were developed and studied. The performance of
the tag antennas was studied with the practical read-range
measurements. The aim of microzoning method is to locate
the position of an RFID tag in the given area based on RSSI
signals. In other words, this method was to measure the
distance of tag from antennas using absolute RSSI. Within
the algorithm, the position of the tag is estimated down to
predefined microzones based on the reference tags. The signal
strength of the tag is compared with that of the referenced
tags, and therefore the relative position of the tag can be
estimated. Figure 1 depicts the design of method and the
layout of study using microzoning. A square region is divided
into eight subzones, Zone (𝑖 = 1, 2, . . . 12). Nine reference
tags 𝑅𝑗 (𝑖 = 1, 2, . . . 9) are set in the square and four readers
Reader𝑘 (𝑘 = 1, 2, 3, 4) are fixed at four canners. A tag which
needs to be located is set in one of the microzones (see
Figure 1).
The algorithm will be described using following parameters and variables.
(𝐴 2𝑘−1 , 𝐴 2𝑘 ): antenna pair, 𝑘 = 1, 2, 3, 4,
𝑅𝑗 : reference tag, 𝑗 = 1, 2, . . . , 9,
𝑅𝐴 𝑗 : RSSI of the (target) tag from antenna 𝐴 𝑗 ,
𝑅𝐴 𝑖,𝑗 : RSSI of the 𝑖th reference tag from antenna 𝐴 𝑗 ,

(𝑋, 𝑌): position of the tag,
(𝑥𝑖 , 𝑦𝑖 ): position of the 𝑖th reference tag,

(𝑥𝑗 , 𝑦𝑗 ): position of the 𝑗th antenna,

𝑑𝐴𝑗 , (𝑗 = 1, 2, . . . , 8): Euclidean distance of the tag
from the antennas using absolute RSSI
2

2

𝑑𝐴𝑗 = √ (𝑋 − 𝑥𝑗 ) + (𝑌 − 𝑦𝑗 ) ,

(1)

𝑑𝑅𝑗 , (𝑗 = 1, 2, . . . , 9): Euclidean distance of the
reference tag from the antennas using absolute RSSI
2

2

𝑑𝑅𝑗 = √ (𝑋 − 𝑥𝑗 ) + (𝑌 − 𝑦𝑗 ) .

(2)

The proposed algorithm is carried out in the following 4
stages.
Stage 1 (identify the quadrant). Identify which quadrant the
tag belongs to by finding the reader with the best RSSI value
from both the antenna pair by the following:
RSSI𝑘 = max {𝑅𝐴2𝑘−1 + 𝑅𝐴2𝑘 } ,

(3)

where 𝑘 = 1, 2, 3, 4 and is corresponded to Zone 𝑘, respectively, for example, locating “Tag 1” as shown in Figure 1. The
calculation of RSSI values of antennas is listed in Table 1.
It is found that the tag is in Quadrant 1 (which includes

4
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Table 1: The calculation of locating “Tag 1.”

𝑘
𝑅𝐴 2𝑘−1
𝑅𝐴 2𝑘
𝑅𝐴 2𝑘−1 + 𝑅𝐴 2𝑘
Quadrant

1
−30
−40
−70
1

2
−60
−70
130
2

3
−100
−90
190
3

4
−70
−60
−130
4

Zone 1, Zone 2, Zone 3, and Zone 4). Therefore, we depend
on 2 antenna pairs to conclude if the tag is in one quadrant.
Stage 2 (identify subquadrant). Based on the differential RSSI
readings from two antenna pairs in the identified quadrant,
it can be found to which subquadrant the tag belongs to.
For example, two antenna pairs in Quadrant 1 are 𝐴 1 and
𝐴 2 . Since 𝐴 1 ’s RSSI is greater than 𝐴 2 ’s, the tag is in the
subquadrant of 𝐴 1 (which includes Zone 1 and Zone 4).
Stage 3 (identify zone). Based on the relative readings between
Tag 1 and the reference tags, it can be found which zone the
tag belongs to. For example, suppose the RSSI of reference
tags from antenna 𝐴 1 are as follows 𝑅𝐴 𝑟1,1 = −25, 𝑅𝐴 𝑟1,9 =
−40, and 𝑅𝐴 𝑟1,5 = −45; then it can be inferred that the tag is
in Zone 4, that is, between 𝑅1 and 𝑅9 –𝑅5 .
Stage 4 (identify approximate distance). Based on the relative
readings between the reference tags and the actual tag using
the distance of the reference tags from the antenna, the
approximate distance of a tag from the antenna can then be
determined by (4)
𝑑 = 10(−𝐵−𝑅𝐴)/10𝑛 ,

(4)

where 𝑅𝐴 denotes the RSSI value of the tag from antenna 𝐴,
𝑛 is a signal propagation constant or exponent, 𝑑 is a distance
from the tag to the reference tag, and 𝐵 is the received signal
strength at 1 m distance.
For example, the RSSI of Tag 1 from antenna 𝐴 1 is −35,
and the reference tag 𝑅1 is at a distance 6 m. Then it can be
inferred that Tag 1 is in Zone 4 at a distance of approximately
10 m from the antenna 𝐴 1 (green patch).
Then the approximate position coordinate (𝑋, 𝑌) of the
tag can be identified by (1) and (2).
It should be noted that the accuracy of results from Stage
3 and Stage 4 is subject to the issues caused by null effect of
radio signals. The null effect can be explained that due to wave
nature of radio frequencies, a tag can show a low RSSI value
than what it is expected to show at a certain distance. For
example, if a tag is supposed to show −30 dbm for a distance
of 20 meters, due to surface reflection, it might show −60 dbm
for the same 20 meters. A potential solution to overcome
the problem due to the null effect of radio signals can be by
placing a second reader (antenna pair) a few meters above the
planned reader (antenna pair) in the same direction; we could
take the best RSSI signal out of two readers for the same tag.
The following devices are used in the experiment.

Figure 2: Graphical interface of the tracked items.

Figure 3: RFID application on the computer that lists the location
(𝑋, 𝑌) and timestamp of the tracked item.

(iii) Intelleflex general purpose tags × 10 (9 reference +
1 blind). Suggested tags for reference tags: nonmetal
tags,
(iv) some snapshots: the following figures demonstrate an
example of the graphical interface of the tracked items
(Figure 2), the RFID application on the computer
that lists the location (𝑋, 𝑌) and timestamp of the
tracked item (Figure 3), and RFID application on
the computer that lists differential RSSI, angle, and
timestamp of the tracked item (Figure 4).

4. Experimentation
Field experimentation was conducted in this paper. The test
setup, configuration, and conclusion for the test are discussed
in this section. The aim of the experiment is to find the
maximum range of tag detection and to find the relationship
between absolute RSSI (signal strength) and distance of tag
from antennas. Various factors affecting the relation between
signal and distance are listed as follows:
(i) height of tag,
(ii) angle of tag,
(iii) multipath loss or gain.
Testing sites are as follows:
(1) Packard Street, Joondalup,

(i) Intelleflex FMR reader × 4,

(2) Elcar Park (see Figure 5),

(ii) Intelleflex antenna 12 patch antenna × 8 pair,

(3) Heathridge Park (see Figure 6).
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Figure 4: RFID application on the computer that lists differential
RSSI, angle, and timestamp of the tracked items.

Figure 6: Heathridge Park.
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Figure 5: Elcar Park.

Equipment used is as follows:
(i) Intelleflex reader: 1,
(ii) 12 patch antenna: 2 pairs,

Signal strength (dbm)

−80
−90
−100
−110
−120
−130
−140
−150

Distance (m)

(iii) metal Mounting Tag: 1 for location purpose,
(iv) custom application software that would query two
antenna ports and log the results in a csv file with the
below given format “tagid, description, port, signal
strength.”

Top antenna
Bottom antenna
Max value

Figure 7: Long range detection at test site 1.

Test setup is as follows:
(i) two pairs of antennas are connected to a single reader.
The first pair of antennas is fixed at 2.5 m above the
ground, and the second pair of antenna is fitted 3.5 m
above the ground,
(ii) all the four antennas are pointed in a single plane, in
same direction, perpendicular to the ground,
(iii) the metal tag used for location is mounted on a metal
plate and held at a height of 1.5 m on a steel pole.

5. Data Collection and Results Analysis
In the test site 1, the tag is read along over a linear distance
every 10 m by two pairs of antennas with one pair at 2.5 m
height and the other at 3.5 m height. According to Figure 7,
this graph shows that the tags were detected up to a range of
130 m in the centre line. When the bottom antenna goes to
a null at 30 m, the top antenna provides a reliable reading;
when the top antenna goes to a null at 40 m, the bottom
antenna provides a reliable reading. Thus a reliable detection
and signal strength can be obtained from nearly all the points
by using spatial diversity.

This test was conducted over a sealed road with objects
(cars) on the sides. The RFID tags were detected up to a range
of 120 m in the centre line. It is possible that the objects on the
side of the road could serve as a magnifying tunnel and help
increase the range of detection. Signal magnification caused
due to objects presented along the signal path may boost the
detection range.
In the test site 2 with dual layer antenna test, tag moved
along a straight line from 10 m to 40 m, 2 m at a time.
According to Figure 8, the signal strength does not vary
consistently with the distance for one antenna pair. Also,
there are various nulls, which indicate that the tags may not
be detected in many instances. However, by considering the
maximum of two antenna values, tags can be detected and
valid signal strength be measured at all instances.
Tag moved along centre line from 10 m to 100 m, 10 m at a
time. According to Figure 9, it is observed that the tags were
not detected between 50 m and 90 m. After analyzing the park
with the help of a spectrum analyzer, the major reason for
this is traced back to the presence of strong radio interference
in the region, due to a cell phone tower in the very close
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Figure 9: Long range detection at venue 2.

vicinity of the test site. Since the cell phone tower was sending
signals in 950 MHz frequency range whose strength was as
strong as −30 dBm, they were causing interference to the
RFID system.
In test site 3, according to Figure 10, the bottom antenna
shows reliable readings; however, the top antenna does not
show a reliable reading due to the presence of multiple nulls.
Thus spatial diversity of antennas will help reliably detect tags
at all distances. Location 1 had object influence and Location
2 had radio frequency interference; therefore Location 3 was
chosen to be free from both influences. An open park was
verified free of radio interferences with the help of a spectrum
analyzer and used for rest of the study. In this location, a range
of 110 m was achieved.

6. Conclusions
This paper analysed and examined the effects of microzoning method on the performance of RFID tags. This
experimental design aimed at demonstrating the proof of
concept in a specified area of zone. The experimentation
was conducted based on the proposed design and the test
results were promising and showing that the proposed tag

positioning (triangulation) concept is feasible (e.g., tags
were detected up to a range of 130 m in the centre line).
It is observed that the error is much less for tags closer
to the centre and slightly higher for tags closer to the
edge. Still the error is found to be considerably less than
anticipated. The test results were positive with very low
error rate. It is proved that spatial diversity of antennas (two
layers of antenna, at different heights) could help reliably
detect tags at all distances (up to the maximum range)
to overcome the loss in signal strength due to multipath loss.
A significant discovery from Trials 1, 2, and 3 is
the presence of “nulls” in the radio propagation, due to
multipath loss. As a result of nulls, the RSSI value drops
considerably even in short distances. After analyzing the test
results, it was confirmed that absolute RSSI cannot be used
for calculating the distance of a tag from an antenna.
Further tests need to be conducted to test different tag
positions at different locations in square area. Moreover, tests
should also be conducted with tags at various heights from
the ground. As all these studies have been conducted with
no obstacles in place at the current stage, the major work in
future may focus on studying how this concept is applicable
when obstacles are introduced in place. A lot of challenges
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Figure 10: Long range detection at test site 3.

are expected in a larger zone as the accuracy of RFID system
is expected to drop considerably with the distance increase.
Moreover, a larger region may have a considerable path
loss and hence it may be necessary to use spatial diversity
(two layers of antennas). For integrating the four 𝑋 and 𝑌
coordinates of a tag that were derived from four different
corners (rather than averaging), more sophisticated methods
like statistical analysis or information theories can be used to
get better results.

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments
The work presented in this paper was initiated by Mr.
Martijn Truijens, the Lean Construction Technology Advisor,
Woodside Energy Limited (WEL), as part of the Project
Echo Construction Research initiative. Also, part of this
research was supported under Australian Research Council
Linkage Project scheme (project name: Transforming LNG
Plant Construction Productivity through Mobile Computing,
Project no. LP130100451).

References
[1] G. Demiralp, G. Guven, and E. Ergen, “Analyzing the benefits of
RFID technology for cost sharing in construction supply chains:
a case study on prefabricated precast components,” Automation
in Construction, vol. 24, pp. 120–129, 2012.
[2] J. F. Alicot, S. R. Maitin, R. F. Devoe, and D. E. Jones,
“Distributed Radio Frequency Identification Reader,” EP Patent
2, 070, 000, 2011.
[3] A. M. Barker, G. R. Hanson, A. K. Sexton, J. Jones, E. B. Freer,
and A. L. Sjoreen, “An active RFID Accountability System (RAS)
for constrained wireless environments,” in Proceedings of the
Future of Instrumentation International Workshop (FIIW ’11), pp.
25–27, IEEE, 2011.
[4] S. Nainan, R. Parekh, and T. Shah, “RFID technology based
attendance management system,” Evolution, vol. 10, p. 11, 2013.
[5] Intelleflex Corporation, “White Paper on 9 Key Points of
Differentiation, Comparing Intelleflex Technology and Active
RFID,” 2011.
[6] R. Angeles, “RFID technologies: supply-chain applications and
implementation issues,” Information Systems Management, vol.
22, no. 1, pp. 51–65, 2005.
[7] T. M. Ruff and D. Hession-Kunz, “Application of radiofrequency identification systems to collision avoidance in
metal/nonmetal mines,” IEEE Transactions on Industry Applications, vol. 37, no. 1, pp. 112–116, 2001.

8

Mathematical Problems in Engineering

[8] Y. S. Chang, M. G. Son, and C. H. Oh, “Design and implementation of RFID based air-cargo monitoring system,” Advanced
Engineering Informatics, vol. 25, no. 1, pp. 41–52, 2011.

[25] S. Park and S. Hashimoto, “An intelligent localization algorithm
using read time of RFID system,” Advanced Engineering Informatics, vol. 24, no. 4, pp. 490–497, 2010.

[9] X. Qu, L. T. Simpson, and P. Stanfield, “A model for quantifying
the value of RFID-enabled equipment tracking in hospitals,”
Advanced Engineering Informatics, vol. 25, no. 1, pp. 23–31, 2011.

[26] N. Li and B. Becerik-Gerber, “Performance-based evaluation
of RFID-based indoor location sensing solutions for the built
environment,” Advanced Engineering Informatics, vol. 25, no. 3,
pp. 535–546, 2011.

[10] S. Hsi and H. Fait, “RFID enhances visitors’ museum experience
at the Exploratorium,” Communications of the ACM, vol. 48, no.
9, pp. 60–65, 2005.
[11] J.-L. Hou and T.-G. Chen, “An RFID-based Shopping Service
System for retailers,” Advanced Engineering Informatics, vol. 25,
no. 1, pp. 103–115, 2011.
[12] P. Jones, C. Clarke-Hill, D. Comfort, D. Hillier, and P. Shears,
“Radio frequency identification in retailing and privacy and
public policy issues,” Management Research News, vol. 27, pp.
46–56, 2004.
[13] B. Eckfeldt, “What does RFID do for the consumer?” Communications of the ACM, vol. 48, no. 9, pp. 77–79, 2005.
[14] S. Abdoli, “RFID application in municipal solid waste management system,” International Journal of Environmental Research,
vol. 3, no. 3, pp. 447–454, 2009.
[15] W. C. Stone, L. Pfeffer, and K. Furlani, “Automated part
tracking on the construction job site,” in Proceedings of the
4th International Conference and Exposition/Demonstration on
Robotics for Challenging Situations and Environments, pp. 96–
103, March 2000.
[16] E. J. Jaselskis and T. El-Misalami, “Implementing radio frequency identification in the construction process,” Journal of
Construction Engineering and Management, vol. 129, no. 6, pp.
680–688, 2003.
[17] J. Yagi, E. Arai, and T. Arai, “Parts and packets unification radio
frequency identification (RFID) application for construction,”
Automation in Construction, vol. 14, no. 4, pp. 477–490, 2005.
[18] X. Wang, P. E. D. Love, M. J. Kim, C. S. Park, C. -P. Sing,
and L. Hou, “A conceptual framework for integrating building
information modeling with augmented reality,” Automation in
Construction, vol. 34, pp. 37–44, 2013.
[19] Z. Ren, C. J. Anumba, and J. Tah, “RFID-facilitated construction
materials management (RFID-CMM)—a case study of watersupply project,” Advanced Engineering Informatics, vol. 25, no.
2, pp. 198–207, 2011.
[20] A. Motamedi, R. Saini, A. Hammad, and B. Zhu, “Rolebased access to facilities lifecycle information on RFID tags,”
Advanced Engineering Informatics, vol. 25, no. 3, pp. 559–568,
2011.
[21] C. Cho, H. Choo, and I. Park, “Broadband RFID tag antenna
with quasi-isotropic radiation pattern,” Electronics Letters, vol.
41, no. 20, pp. 1091–1092, 2005.
[22] J. R. Smith, K. P. Fishkin, B. Jiang et al., “RFID-based techniques
for human-activity detection,” Communications of the ACM, vol.
48, no. 9, pp. 39–44, 2005.
[23] J. Zhou and J. Shi, “A comprehensive multi-factor analysis on
RFID localization capability,” Advanced Engineering Informatics, vol. 25, no. 1, pp. 32–40, 2011.
[24] J. Song, C. T. Haas, and C. H. Caldas, “A proximity-based
method for locating RFID tagged objects,” Advanced Engineering Informatics, vol. 21, no. 4, pp. 367–376, 2007.

[27] X. Nguyen and T. Rattentbury, “Localization algorithms for sensor networks using RF signal strength,” Tech. Rep., University of
California at Berkeley, 2003.
[28] I. F. Akyildiz, W. Su, Y. Sankarasubramaniam, and E. Cayirci,
“Wireless sensor networks: a survey,” Computer Networks, vol.
38, no. 4, pp. 393–422, 2002.
[29] C. Papamanthou, F. P. Preparata, and R. Tamassia, “Algorithms
for location estimation based on rssi sampling,” in Algorithmic
Aspects of Wireless Sensor Networks, pp. 72–86, Springer, Berlin,
Germany, 2008.
[30] A. Savvides, H. Park, and M. B. Srivastava, “The n-hop multilateration primitive for node localization problems,” Mobile
Networks and Applications, vol. 8, no. 4, pp. 443–451, 2003.
[31] A. Savvides, H. Park, and M. B. Srivastava, “The bits and flops
of the n-hop multilateration primitive for node localization
problems,” in Proceedings of the 1st ACM International Workshop
on Wireless Sensor Networks and Applications, pp. 112–121, ACM,
September 2002.
[32] N. Patwari, A. O. Hero III, M. Perkins, N. S. Correal, and
R. J. O’Dea, “Relative location estimation in wireless sensor
networks,” IEEE Transactions on Signal Processing, vol. 51, no.
8, pp. 2137–2148, 2003.

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 280741, 14 pages
http://dx.doi.org/10.1155/2014/280741

Research Article
Scheduling Performance Evaluation of Logistics Service Supply
Chain Based on the Dynamic Index Weight
Weihua Liu,1 Zhicheng Liang,1 Shuqing Wang,1 Yang Liu,1 and Wenchen Xie2
1
2

College of Management & Economics, Tianjin University, Tianjin 300072, China
Department of Industrial and Systems Engineering, Texas A&M University, College Station, TX 77840, USA

Correspondence should be addressed to Weihua Liu; lwhliu888@163.com
Received 27 February 2014; Revised 23 April 2014; Accepted 1 May 2014; Published 19 May 2014
Academic Editor: Hsiao-Fan Wang
Copyright © 2014 Weihua Liu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Scheduling is crucial to the operation of logistics service supply chain (LSSC), so scientific performance evaluation method is
required to evaluate the scheduling performance. Different from general project performance evaluation, scheduling activities
are usually continuous and multiperiod. Therefore, the weight of scheduling performance evaluation index is not unchanged,
but dynamically varied. In this paper, the factors that influence the scheduling performance are analyzed in three levels which
are strategic environment, operating process, and scheduling results. Based on these three levels, the scheduling performance
evaluation index system of LSSC is established. In all, a new performance evaluation method proposed based on dynamic index
weight will have three innovation points. Firstly, a multiphase dynamic interaction method is introduced to improve the quality of
quantification. Secondly, due to the large quantity of second-level indexes and the requirements of dynamic weight adjustment, the
maximum attribute deviation method is introduced to determine weight of second-level indexes, which can remove the uncertainty
of subjective factors. Thirdly, an adjustment coefficient method based on set-valued statistics is introduced to determine the firstlevel indexes weight. In the end, an application example from a logistics company in China is given to illustrate the effectiveness of
the proposed method.

1. Introduction
Service supply chain is a new trend in supply chain research
[1], and logistics service supply chain (LSSC) is a type of
service supply chain centered on the cooperation of logistics
service capacity [2, 3]. The main structure of the LSSC is the
mode where the functional logistics service providers (FLSPs)
flow to the logistics service integrator (LSI) and then to the
manufacturers or retailers [2, 3]. FLSPs consist of traditional
functional logistics enterprises, such as transportation and
storage enterprises, among others, whose service function is
simple and standardized, and the business is limited within
a certain area; they are integrated as the suppliers by the LSI
when a domestic or international logistics service network is
established. For instance, as a LSI, Baogong logistics company
in China integrates over 500 warehousing companies and
1200 highway transport companies as their FLSPs to provide

personalized logistics services for many world famous companies such as P&G and Unilever. Therefore, managing
logistics service operation has become a core content of LSSC
management.
Scheduling is an important part of service operations
management, which is the activity of allocating and coordinating the enterprise’s resources, such as the workforces,
machines, vehicles, and material, and stipulates the tasks
to be executed by employees within a certain period [4,
5]. Scheduling has an important influence on enterprise
performance by determining the order lead time, delivery
flexibility, machine and material usage, and staff workload
[4, 5]. Reference [6] pointed out that a process can be
managed only when its performance can be measured.
Therefore, studying the evaluation method of scheduling
performance can not only compare the performance within
each period, but also identify the problems during scheduling
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so as to improve the scheduling process. There have already
been studies focusing on performance evaluation of LSSC.
Reference [7] studied the effect of time scheduling on LSSC
scheduling. But existing articles only consider the results
evaluation [8], using KPIs, for instance, rather than consider
the three phases: before scheduling, during scheduling, and
after scheduling.
In terms of scheduling performance evaluation method,
much scheduling research concentrates on improving existing methods for specific classes of scheduling situations
using techniques from operations research or mathematical
programming and, lately, also from artificial intelligence [4,
5, 9, 10]. The majority of these studies pay attention to the
performance evaluation of scheduling in a single enterprise or
sector. However, different from the scheduling performance
evaluation of an individual enterprise, for LSSC, the following
problems should be paid more attention to and should be
solved.
(1) LSSC is composed of many members (e.g., one LSI
and many FLSPs), and the impact of scheduling activities from these members on the performance should
be considered. So, how can we give full consideration
about the different demands of these members when
the LSSC performance indexes are designed?
(2) Different from solid product, service contains the
characteristics of customer influence, intangibility,
and inseparability; the scheduling indexes of LSSC
may include both quantitative index and qualitative
index ones. How to consider the qualitative indexes
and quantitative indexes as a whole?
(3) Different from general project performance evaluation, scheduling activities are usually continuous and
multiperiods. The activities of the previous period
will have an impact on those of the next one. For
example, along with the increasing of scheduling
times, the understanding of decision-maker for each
index weight may change [11], which leads to the
adjustment of index weight. Therefore, index weight
has the feature of dynamic change, so how to select
a proper dynamic evaluation method is an important
issue.
In this paper, the performance evaluation index system of
LSSC scheduling is proposed, and then an evaluation method
based on dynamic index weight is adopted. In this method,
firstly a multiphase dynamic interaction method is introduced by considering the difficulty of converting qualitative
data into quantitative data. As a result, the quantitative results
are more objective. Second, as there are many second-level
indexes and dynamic variation is required, the maximum
attribute deviation method is introduced to determine weight
of second-level indexes. Thirdly, as there are few first-level
indexes, an adjustment coefficient method based on setvalued statistics is introduced to determine the weight index.
An application example from a logistics company in China
illustrates that the method proposed is more suitable for
scheduling performance evaluation of LSSC.

This paper is organized as follows. In Section 2, the
literature review on evaluation methods of scheduling performance is presented. Section 3 proposes the performance
evaluation index system of LSSC scheduling. Section 4 gives
the evaluation method of dynamic index weight. Section 5
provides the innovations and advantages of the model proposed. The application in a logistics company to prove the
effectiveness of this method is provided in Section 6. The last
two sections put forward the main conclusions and future
insights.

2. The Literature Review
Research about scheduling performance evaluation on LSSC
mainly includes two aspects: one is the design of evaluation
index system; the other is the evaluation method. Previous
studies of supply chain performance mostly focused on
manufacturing supply chain, but the research on SSC is
an emerging field now. Thus, this section will review the
performance evaluation research not only on manufacturing
supply chain but also on SSC. The research on performance
evaluation methods about scheduling management and supply chain management (SCM) will be discussed as well.
2.1. Performance Evaluation System of Supply Chain. Since
the 1990s, the research about manufacturing supply chain
performance evaluation has begun and gained many achievements [12]. The authoritative research institute of supply
chain, Supply Chain Council (SCC), in 1996 presented
13 indexes about performance evaluation in supply chain
operations reference (SCOR). Reference [13] established an
evaluation system based on resources, output, and flexibility.
Reference [14] studied why and how the SCM influenced the
organization’s time performance. Reference [15] put forth the
performance evaluation system based on four main processes
of supply chain, planning, purchasing, assembling, and delivering. On the basis of the SCOR model, [16] proposed the
performance evaluation system from the perspective of customers, internal processes, and shareholders. Reference [17]
built up the performance evaluation system from the view
of financing, customers, operation procedure, organization
learning, and growth by adopting the balanced scorecard.
With the development of SSC, more and more studies
focus on the performance evaluation of SSC. Reference [18]
made the definition of SSC from the perspective of professional services outsourcing and established a comprehensive
performance evaluation system. Reference [19] explored the
integration SCOR model with service business and developed
a reference model of performance evaluation for service
organizations. Reference [20] made a review on performance
evaluation issues of SSC and constructed the performance
evaluation system from the aspects of the strategic, tactical,
and operational levels.
In the field of LSSC, based on the characteristics of
LSSC, [21] designed the performance evaluation system on
the procedure joint process of LSSC and used an ANP
method. Reference [7] proposed a time scheduling model
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and explored the effect of time delay coefficient and cost
coefficient on the performance of LSSC.
When considering the evaluation index, the qualitative
indexes and quantitative indexes are different. Reference [13]
stated that qualitative evaluations were vague and difficult
to utilize in any meaningful way. Thus, quantitative performance measures were often preferred over such qualitative
evaluations. However, the chosen numerical performance
measure may not adequately describe the system’s performance [22]. Therefore, many studies use both qualitative
and quantitative indicators [23–25]. In these papers, the
qualitative indexes are evaluated by questionnaire and they
ignore the stability and the consistency of the respondents.
2.2. Scheduling Performance Evaluation Method. Moreover,
the methods of scheduling performance evaluation are investigated by many scholars [26–28], but these studies are mostly
emphasized by using the method of operation research
or optimization algorithm to improve the performance [4,
5, 10] rather than performance evaluation. Reference [29]
optimized the performance evaluation method of production scheduling within a workshop, but the method was
not extended to supply chain environment. Reference [8]
conducted an empirical study about performance evaluation
indexes of scheduling with a three-part questionnaire.
Dynamic evaluation method used in this paper is also
applied in many fields. References [30, 31] examined air
quality model’s changes in pollutant concentrations with
dynamic evaluation method. Furthermore, the performance
evaluation methods of supply chain are enriching with the
development of the evaluation theories. Basically, there are
several methods including balanced scorecard [17, 32], data
envelopment analysis [33, 34], analytic hierarchy process
[35, 36], analytic network process [3], and fuzzy evaluation
method [37]. Different approaches can be applied to different
environments.
From the literature review, it can be found that performance evaluation research of supply chain has gained
abundant achievements, but the research on scheduling performance evaluation of LSSC has not been reported before.
Therefore, it is necessary to analyze the characteristics of the
scheduling performance evaluation in depth and explore the
evaluation index system and evaluation methods, which will
provide scientific reference for improving the effectiveness
and efficiency of LSSC scheduling.

3. The Scheduling Performance Evaluation
Index System of LSSC
The goal of LSSC operation management is to provide
the customers with the best logistics service through the
cooperation of LSI and FLSPs. LSSC scheduling means that
LSI manages the logistics service capacities of different FLSPs
uniformly and makes various service capacities coordinate
with each other so as to meet customers’ logistics service
demand. LSSC scheduling involves many aspects, including
order allocation scheduling, time flexibility scheduling, and
process scheduling. In order to complete the scheduling,
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suitable organization and coordination are required through
the information communication, human resource allocation,
relationship coordination, and other activities.
To evaluate the scheduling performance of LSSC, the
evaluation index system should be given, because it provides
significant value to users, which can tell the users how
valuable the evaluated objects are [38, 39]. Some scholars have
already proposed several performance evaluation systems
of manufacturing supply chain, but these systems cannot
be completely duplicated into service supply chain [40].
Therefore, the corresponding evaluation index system should
be presented based on the characteristics of LSSC scheduling.
First of all, the evaluation index system of LSSC scheduling should take the hierarchy into consideration. Reference
[41] pointed out that supply chain management issues covered a wide range of enterprise activities from the strategic
through the tactical to the operational levels. Therefore,
evaluation index system in this study will be divided into
three levels, strategic environment level, operating process
level, and scheduling results level, corresponding to strategic
level, tactical level, and operational level, respectively.
Second, the index system should reflect the characteristics
of supply chain and service. The essence of SCM is integration
and coordination among members, while scheduling is the
bridge of connecting upstream and downstream in SSC,
whose performance evaluation should involve the coordination ability and cooperation effect [42–44]. Additionally, the
service characteristics of SSC should be considered. References [45, 46] verified that the dimensions of performance
evaluation for manufacturing supply chain are insufficient
to evaluate the performance of SSC. Service is intangible
and service delivery is quite different from product delivery,
which should be considered in the index system design.
Third, the index system should take into account the
different members’ demand. According to [15], the main
reason why few enterprises succeed to maximize the overall
supply chain profit through integration and coordination
is that they fail to be integrated completely and do not
share performance evaluation systems among them. Thus,
measurements should be shared and manipulated by all
supply chain members. There are three principal members in
LSSC, LSI, FLSP, and customers. The LSI and FLSP focus on
all the three levels, while the customers pay more attention to
scheduling results level.
According to the consideration above, the scheduling
performance evaluation index system of LSSC is proposed
as in Table 1. It must be noted that for the indexes needed
by LSI and FLSP, both LSI and FLSP should be joint during
evaluation, and the final index value should be determined by
LSI and FLSP jointly.

4. Scheduling Performance Evaluation Method
Based on Dynamic Index Weight
In the section of introduction, there are problems in LSSC
scheduling performance evaluation that should be solved.
The first is how to quantify the qualitative indexes; the
second is how to deal with the continuous and multiperiod
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Table 1: The scheduling performance evaluation index system of LSSC.

First-level
indexes
Scheduling
environment
𝐶1

Evaluation
subject

LSI
FLSP

Factors

Second-level indexes

Description

Organization structure 𝐶111

Reasonable setting of scheduler responsibility and power

Environment Information technology 𝐶112
𝐶11
Information collecting ability
𝐶113

The usage of modern logistics information technology and
MIS
The availability and accuracy of information

Cooperation relationship 𝐶114 Trust and coordinated operation between LSI and FLSP
Scheduling
process
𝐶2

LSI
FLSP

Operations
𝐶21

Adaptability of scheduling
𝐶211

Adaptability for uncertain external environment

Timeliness of scheduling 𝐶212

Timeliness of initial release and schedule adjustment

Communication quality 𝐶213

Understandability and efficiency of communication

Flexibility of scheduling 𝐶214

Time and cost needed to release or change a schedule

Customer complaints rate 𝐶311 Customer complaint about the delivered service
Customer
Scheduling
results
𝐶3

Customer
satisfaction
𝐶31

Fulfillment rate of customer
order 𝐶312

The rate of order fulfillment

On-time delivery 𝐶313

Orders completed within the prescribed time.

Response time to demand 𝐶314 Speed for response to customer demand
LSI
FLSP

Service
quality 𝐶32

Wrong scheduling rate 𝐶321

The number of schedule errors

Scheduling cost 𝐶322

Cost of all the scheduling process

FLSP satisfaction 𝐶323

Satisfaction of FLSPs

Resource efficiency 𝐶324

Efficiency of resource utilization

characteristics of LSSC scheduling activities; and the third
is how to implement the dynamic change of index weight.
Thus, the scheduling performance evaluation method of
LSSC based on the dynamic index weight is proposed.
Section 4.1 proposes an improved method of multiphase
dynamic interaction to quantify the qualitative indexes.
Section 4.2 uses an improved attribute deviation maximization method to determine the weight of second-level indexes.
In Section 4.3, we propose an adjustment coefficient method
based on set-valued statistics to adjust the first-level indexes’
weight. Section 4.4 shows the main application process of this
method.
The notations involved in the method are shown in
Table 2.
4.1. Quantify the Qualitative Indexes Using the Method of
Multiphase Dynamic Interaction. This method is applicable
to quantify the qualitative index by multiphase dynamic
interactive expert scoring. The thought is described as in the
following: let some experts rate the qualitative indexes with
several rounds. Every round can be regarded as a revision for
last round till it reaches a relatively stable and consistent level.
Suppose that there are 𝑚 experts scoring for 𝑛 qualitative
indexes, and the higher the score, the better the performance
of the index for both cost-type indexes and benefit-type
indexes. The index set evaluated is X = {𝑥1 , 𝑥2 , . . . , 𝑥𝑛 } and
the evaluator group set is S = {𝑠1 , 𝑠2 , . . . , 𝑠𝑚 }. The interval of
scoring is [0,10] and the score matrix is 𝑃 = (𝑝𝑖𝑗 )𝑛×𝑚 .

4.1.1. Multiphase Dynamic Interaction and the Decision of
Interaction Coefficient. The purpose of multiphase dynamic
interaction is to give the evaluators a chance of revising their
grading according to the group information of last round.
𝑃𝑡 (𝑡 = 1, 2, . . . , 𝑙) is assumed as the score matrix of the
tth round. In the process of multiphase dynamic interaction,
the variation of an evaluator’s score between two continuous
rounds can reflect the influence by the group information of
last round. 𝑎𝑗𝑡 can be used to indicate the similarity between
the jth evaluator with other group members in the tth round,
𝑎𝑗𝑡 =
𝑡
where cos 𝜃𝑗𝑘

𝑚
1
𝑡
𝑡−1
− cos 𝜃𝑗𝑘
),
∑ (cos 𝜃𝑗𝑘
𝑚 − 1 𝑘=1,𝑘 ≠
𝑗

=

(𝑝𝑗𝑡 , 𝑝𝑘𝑡 )/|𝑝𝑗𝑡 ||𝑝𝑘𝑡 |

=

(1)

𝑡
/
∑𝑛𝑖=1 𝑝𝑖𝑗𝑡 𝑝𝑖𝑘

𝑡 2
√∑𝑛𝑖=1 (𝑝𝑖𝑗𝑡 )2 ∑𝑛𝑖=1 (𝑝𝑖𝑘
).
During the course of different interaction phases, the
influence of a group member is varied with score matrix.
Thus, 𝑢𝑗𝑡 is used to indicate the interaction coefficient of the
jth evaluator in the tth round as follows:

𝑢𝑗𝑡 =

(1 + 𝑎𝑗𝑡 )
𝑡
∑𝑚
𝑗=1 (1 + 𝑎𝑗 )

.

(2)

The interaction coefficient vector of the tth round is ut =

𝑡
).
(𝑢1𝑡 , 𝑢2𝑡 , . . . , 𝑢𝑚
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Table 2: Notations used in the method.
Notations

Description

𝑥𝑖
𝑠𝑗

The 𝑖th index
The 𝑗th evaluator
The score of the 𝑖th index evaluated by the 𝑗th
evaluator
Score matrix of the 𝑡th round
The difference of similarity of the 𝑗th evaluator from
other group members in the 𝑡th round
The interaction coefficient of the 𝑗th evaluator in the
𝑡th round
The final score of the 𝑖th index in the 𝑡th round
Index stability for the 𝑡th round
Index consistency for the 𝑡th round
Stability threshold of the group information
Consistency threshold of the group information
Final score of the 𝑖th index
Decision matrix
Normalized decision matrix
Set of the intervals of second-level indexes’ weights
under the 𝑖th first-level index
The weight of the 𝑗th second-level index under the
𝑖th first-level index
The adjustment range of the 𝑖th first-level index
evaluated by the 𝑘th evaluator
Aggregation point of the 𝑖th first-level index
Ramification degree of the expert scoring for the 𝑖th
first-level index
Consistency of experts scoring of the 𝑖th first-level
index
The weight of the 𝑖th first-level index in the 𝑡th round

𝑝𝑖𝑗
𝑃𝑡
𝑎𝑗𝑡
𝑢𝑗𝑡
𝑝𝑖𝑡∗
𝜐𝑡
𝜔𝑡
𝜀
𝜂
𝑝𝑖∗
𝐴(𝑎𝑖𝑗 )
𝑅(𝑟𝑖𝑗 )
Φ𝑖
𝑤𝑗𝑖
𝑘
𝑘
, 𝑑𝑖2
]
[𝑑𝑖1

𝑑𝑖
𝑔𝑖
𝑒𝑖
𝑤𝑖 𝑡

4.1.2. The Aggregation of Scoring Information. The purpose of
the aggregation is to obtain the comprehensive score of each
index after the tth round scoring. In order to balance every
evaluator’s opinion, the minimal deviation with the members’
scoring is used as the final score. By solving the following
programming model, the final score of the ith index in the tth
round can be reached as 𝑝𝑖𝑡∗ (𝑖 = 1, 2, . . . , 𝑛; 𝑡 = 1, 2, . . . , 𝑙),
where
𝑛 𝑚

min

𝜋 (𝑝𝑖𝑡∗ ) = ∑∑ 𝑢𝑗𝑡 (𝑝𝑖𝑗𝑡∗ − 𝑝𝑖𝑗𝑡 )

2

𝑖=1 𝑗=1

s.t.

min 𝑝𝑡 ≤ 𝑝𝑖𝑗𝑡∗ ≤ max 𝑝𝑖𝑗𝑡
{
{ 𝑗 𝑖𝑗
𝑗
𝑖
=
1,
2,
. . . , 𝑛,
{
{
𝑗
=
1,
2,
.
. . , 𝑚.
{

(3)

4.1.3. The Stability and Consistency of Group Information.
After several rounds of interscoring, the opinions of group
members are known to each other. So the group information
tends to be relatively stable and consistent. The stability
means the invariance of group information in consecutive
rounds and the consistency represents the invariance between

different members within the same round. According to
the two indexes, the scoring termination condition can be
determined.
The indexes stability for the tth round is calculated as
follows:
𝜐𝑡 = 1 −

𝑛 𝑚
1
𝑡−1 2
𝑡
√ ∑ ∑ (𝑝𝑖𝑘
− 𝑝𝑖𝑘
).
𝑚𝑛 𝑖=1𝑘=1

(4)

The stability vector is labeled as 𝜐 = (𝜐1 , 𝜐2 , . . . , 𝜐𝑙 ).
The index consistency for the tth round is calculated as
follows:
𝜔𝑡 = 1 −

𝑛 𝑚
1
2
𝑡
√ ∑ ∑ (𝑝𝑖ℎ
− 𝑝𝑖−𝑡 ) ,
𝑚𝑛 𝑖=1ℎ=1

(5)

𝑡
where 𝑝𝑖−𝑡 = (1/𝑚) ∑𝑚
𝑘=1 𝑝𝑖𝑘 and the consistency vector is
labeled as 𝜔 = (𝜔1 , 𝜔2 , . . . , 𝜔𝑙 ).
In order to determine the termination conditions of
interscoring, two thresholds for stability (𝜀) and consistency
(𝜂) are given firstly. If there exists


1 − 𝜐𝑡  < 𝜀,
(6)


we think that it passes the stability test. Meanwhile, according
to the indexes consistency in the tth round, if there exists


1 − 𝜔𝑡  < 𝜂
(7)


we believe that it passes the consistency test. When both
the stability and the consistency tests are satisfied, the
multiphase dynamic interaction can be stopped. In practical
application, the stability is more emphasized, so the threshold
of consistency can be looser than that of stability.

4.1.4. The Aggregation of the Final Score Result. The comprehensive score of each index in different rounds 𝑝𝑖𝑡∗ (𝑖 =
1, 2, . . . , 𝑛; 𝑡 = 1, 2, . . . , 𝑙) will have an impact on the final
score result. For these impacts, the induced ordered weighted
averaging (IOWA) [47] operators are adopted to aggregate the
index score in different rounds.
Definition 1. Set ⟨V1 , 𝑓1 ⟩, ⟨V2 , 𝑓2 ⟩, . . . , ⟨V𝑙 , 𝑓𝑙 ⟩ as l twodimensional arrays. Let ℎ𝑤 (⟨V1 , 𝑓1 ⟩, ⟨V2 , 𝑓2 ⟩, . . . , ⟨V𝑙 , 𝑓𝑙 ⟩) =
∑𝑙𝑖=1 𝑤𝑖 𝑎V−index(𝑖) ; then the function ℎ𝑤 is regarded
as l dimensional IOWA operator, and V𝑖 is induced
component of 𝑓𝑖 , where V − 𝑖𝑛𝑑𝑒𝑥(𝑖) stands for the
subscript of the ith large number among V1 , V2 , . . . , V𝑙
and w = (𝑤1 , 𝑤2 , . . . , 𝑤𝑙 ) is weighted vector, which is satisfied
with ∑𝑙𝑖=1 𝑤𝑖 = 1, 𝑤𝑖 ≥ 0, 𝑖 = 1, 2, . . . , 𝑙.
Definition 1 indicates that the value of IOWA is obtained
from the ordered weighted average of 𝑓𝑖 , which is ranked
in order of size of V𝑖 . The values and location of 𝑤𝑖 are not
associated with those of 𝑓𝑖 , but associated with the location
of the induced values.
In this paper, because the index stability is more important, it could be used as the induced components of IOWA
operator. The final score of each qualitative index is 𝑃∗ =
𝑝𝑖∗ (𝑖 = 1, 2, . . . , 𝑛).
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4.2. Determining the Weight of Second-Level Indexes. Using
the method proposed in Section 4.1, we can convert the
qualitative indexes into benefit-type quantitative ones. Now,
decision matrix 𝐴 = (𝑎𝑖𝑗 )𝑐×𝑏 of whole index system within
𝑏 period is built up. However, as for the quantitative index
𝑎𝑖𝑗 , the two types of index, cost-type index and benefit-type
index, need to be normalized. The method is described as in
the following.
For cost-type index
𝑟𝑖𝑗 =

min𝑗 (𝑎𝑖𝑗 )
𝑎𝑖𝑗

,

𝑗 = 1, 2, . . . , 𝑏.

(8)

,

𝑗 = 1, 2, . . . , 𝑏.

(9)

For benefit-type index
𝑟𝑖𝑗 =

𝑎𝑖𝑗
max𝑗 (𝑎𝑖𝑗 )

It is important to note that because of the assumption
that the higher the score, the better the performance of the
index for benefit-type indexes, so all the qualitative indexes
are changed into benefit-type index.
With (8) and (9), the normalized decision matrix 𝑅 =
(𝑟𝑖𝑗 )𝑐×𝑏 of the whole index evaluation system within 𝑏 period
can be obtained. Let Φ be the set of possible weight intervals
for known indexes. The single-objective linear programming
model can be established by using maximum deviation
method based on deviation degree, as shown in
𝑏

max

𝑐

𝑖=1 𝑗=1𝑘=1

s.t.

1
1
2
2
𝑘
𝑘
, 𝑑12
) (𝑑11
, 𝑑12
) ⋅ ⋅ ⋅ (𝑑11
, 𝑑12
)
(𝑑11
[ 1 1
2
2
𝑘
𝑘 ]
B = [(𝑑21 , 𝑑22 ) (𝑑21 , 𝑑22 ) ⋅ ⋅ ⋅ (𝑑21 , 𝑑22 )] .
1
1
2
2
𝑘
𝑘
[(𝑑31 , 𝑑32 ) (𝑑31 , 𝑑32 ) ⋅ ⋅ ⋅ (𝑑31 , 𝑑32 )]

(11)

4.3.2. Processing the Data with Set-Valued Statistics. Setvalued statistics is an extension of classical statistics and
fuzzy statistics. In classical statistics, a certain point in the
phase space can be obtained in each test, while in set-valued
statistics a fuzzy subset can be achieved. Set-valued statistics
can deal with uncertain judgment so as to concentrate various
opinions conveniently and reduce the random error. In this
study, the method is adopted to handle the interval numbers
of weight adjustment range, and the detailed algorithm is
described as follows.
Let 𝑑𝑖 be the aggregation point of the ith index;
 𝑘 2
𝑘 2 
) − (𝑑𝑖1
) 
∑𝑛𝑘=1 (𝑑𝑖2

.
𝑑𝑖 =
𝑛
𝑘
𝑘
2 ∑𝑘=1 (𝑑𝑖2
− 𝑑𝑖1
)

(12)

In order to measure whether the evaluations of experts are
uniform, set 𝑔𝑖 as the degree of ramification:
3

𝑔𝑖 =

3

𝑘
𝑘
− 𝑑𝑖 ) − (𝑑𝑖1
− 𝑑𝑖 ) ]
∑𝑛𝑘=1 [(𝑑𝑖2
𝑘
𝑘
3 ∑𝑛𝑘=1 (𝑑𝑖2
− 𝑑𝑖1
)

.

(13)

So the consistency of experts’ evaluation (𝑒𝑖 ) is measured as

𝑏



𝐷 (𝑤) = ∑∑ ∑ (𝑟𝑖𝑗 − 𝑟𝑘𝑗 ) 𝑤𝑗

increase or decrease in the weight of original index. The
matrix of adjustment range is B:

𝑒𝑖 =

(10)

𝑤𝑗 ∈ Φ.

The weight of each index can be achieved by solving the
linear programming model.
4.3. Method for Adjusting the Weight of First-Level Indexes. By
considering that in practice the decision-makers may have
different demands of scheduling performance management
in different periods, the first-level indexes of the evaluation
system should be adjusted. Since there are only three indexes
in the first level, the range of the adjustment will not change
frequently. Thus, an adjustment coefficient method based on
set-valued statistics is used to adjust the weight. And setvalued statistics have been used in many articles [48–51].
4.3.1. Expert Evaluation. In accordance with the requirements of different performance management, 3 to 5 experts
are invited to estimate the proper adjustment ranges of three
first-level index weights based on the past data. Because the
experts may not hold the specific adjustment range accurately
and objectively, they can give their opinions with an interval
𝑘
𝑘
𝑘
𝑘
𝑘
𝑘
, 𝑑𝑖2
](𝑑𝑖1
< 𝑑𝑖2
, −1 < 𝑑𝑖1
< 1, −1 < 𝑑𝑖2
< 1),
value [𝑑𝑖1
𝑘
𝑘
where 𝑑𝑖1 and 𝑑𝑖2 should be consistent with positive number
or negative number. The values indicate the percentages of

1
.
1 + 𝑔𝑖

(14)

The closer the value of 𝑒𝑖 to 1 is, the higher the consistency is.
A certain threshold is set to testify. If the consistency is too
low, the new round evaluation is required.
4.3.3. Weight of Adjusted First-Level Indexes. After the consistency test reaches the acceptable range, we can use the results
to adjust the weight and then normalize the adjusted weight
with
𝑤𝑖 𝑡 =

𝑤𝑖𝑡



∑3𝑖=1 𝑤𝑖𝑡



,

(15)



where 𝑤𝑖𝑡 = (1 + 𝑑𝑖 )𝑤𝑖𝑡−1 and 𝑤𝑖𝑡 is the weight of ith first-level
index for the tth period.
4.4. Application Procedure of Performance Evaluation Method
Based on the Dynamic Index Weight. The evaluation method
of scheduling performance presented here is adopted to
evaluate the performance data of the (𝑏 + 1)th period. The
application procedure is described as in the following.
Step 1. Determine the weight of first-level indexes. According
to the requirements of dynamic adjustment, the weight can be
achieved by the method proposed in Section 4.4.
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Step 2. Process the qualitative data. After the data of previous
𝑏 periods are collected, separate them into qualitative and
quantitative data. For each period’s qualitative data, quantify them with the multiphase dynamic interactive scoring
method. Then the decision matrix 𝐴 = (𝑎𝑖𝑗 )𝑐×𝑏 with fixed
value can be obtained.
Step 3. Normalize 𝐴 = (𝑎𝑖𝑗 )𝑐×𝑏 and obtain the normalized
decision matrix 𝑅 = (𝑟𝑖𝑗 )𝑐×𝑏 in 𝑏 periods.
Step 4. Determine the weight of second-level indexes using
the maximum deviation method based on deviation degree
proposed in Section 4.3.
Step 5. Collect the data of the (𝑏 + 1)th period and quantify
the qualitative data with the multiphase dynamic interactive
scoring method proposed in Section 4.2 and then normalize
all the data in this period.
Step 6. Obtain the final score with the weight of two-level
indexes and the fixed value of data in the (𝑏 + 1)th period.
The flow diagram is shown in Figure 1.

5. Innovations and Advantages of This New
Performance Evaluation Method
5.1. The Main Innovations and Advantages of This New
Method. In the implementation of the performance evaluation methods, the most important two aspects are the accuracy of the data and the accuracy of the weight. Compared
with other papers, this paper has made much effort on these
two aspects.
Firstly, the new evaluation method proposed has advantages in quantifying the qualitative index. In general, there
are two types of traditional quantifying methods. One is a
simple method which needs one-off scoring and removing
the singular points according to some rule [52, 53]; the other
is a complex method, such as analytic hierarchy process
[35, 36], analytic network process [3], and fuzzy evaluation
method [37]. These methods are all one-off scoring and
solving with judging criteria [23–25]. The above two types
of traditional methods may be faced with the problem that
the selected experts have different understanding with the
indexes measure and only have once evaluation opportunity,
which will lead to inaccurate results. Therefore, this paper
uses the multiperiod interaction method. The core idea of
this method is through several rounds interacting evaluations
to make the group’s opinions reach certain stability and
consistency so as to reduce the subjectivity and improve the
accuracy in expert scoring.
Secondly, in previous evaluation methods, the weight of
indexes was given, single-period and constant [7, 8, 15–17]
while in this paper we consider the problem of indexes weight
dynamic adjustment in the multiperiod context. We draw
the multiperiod interaction method presented by [54] and
improve it. The method of [54] is suitable for direct evaluation
and ranking for several objects, but not for the quantified
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assessment of a single object. In this paper, the method
is improved properly and applied to realize the quantified
assessment for LSSC scheduling which is single object.
Thirdly, because there are only three first-level indexes
(scheduling environment, scheduling process, and scheduling results) and, in multiperiod dynamic adjustment, their
weight will not change frequently in practice, we adopt an
adjustment coefficient method based on set-valued statistics
to adjust first-level indexes weight. Obviously, set-valued
statistics is a group decision and has better effect than general
one-off scoring in integrating the opinions of experts group
[48–51].
5.2. Other Merits of This New Performance Evaluation Method.
Compared with other performance evaluation methods, this
method has some other merits of the following aspects.
(1) The evaluation index system used in this new method
overcomes the shortcoming of traditional methods
that only focus on a single enterprise or sector.
From the perspective of supply chain cooperation,
the evaluation index system emphasizes the whole
scheduling process, namely, before scheduling, during scheduling, and after scheduling.
(2) The maximum attribute deviation method is introduced to determine the weight of the second-level
indexes, which can remove the uncertainty of subjective factors. This improves the method proposed by
[55].
(3) An adjustment coefficient method based on setvalued statistics is introduced to determine the weight
of the first-level indexes, which can make the adjustment range more precise and decrease the difference
among experts more significantly.

6. Method Application: A Case from Tianjin
Baoyun Logistics Company, China
6.1. Case Description
6.1.1. Company Introduction. In order to verify the usability
of the method, the data are collected from Baoyun Logistics
Company in Tianjin, China. The company is a professional
third-part logistics enterprise and an excellent logistics service integrator listed as the top 100 logistics enterprises
of China in three consecutive years from 2005 to 2007.
Currently, the company has 28 branches across the country
and builds up a good relationship of cooperation with 32
large-scale warehousing enterprises, 20 transportation enterprises, and more than 15 professional logistics enterprises.
By integrating these functional logistics service providers,
Baoyun has established wide business connection with over
20 multinational customers such as P&G, Siemens, and
Delphi Corporation and offered customized logistics service
in accordance with logistics demands.
During the cooperation with P&G, Baoyun Logistics
Company provides integrated service, including railway
transportation service, warehousing service, and road
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Data of the previous
b periods

Quantitative data

Qualitative data

Use the method of
multiphase dynamic
interaction to quantify
the data
No

Stop or not according
to equation (6) and
equation (7)?

Yes

Decision matrix

Date of the (b + 1)th
period

Original data of

Normalize the

Quantify the

first-level indexes

decision matrix

qualitative data

Adjust the weight
of first-level
indexes

Use the method of
maximum deviation

Obtain the
quantified value for
every index

Obtain the weight
of first-level
indexes

Obtain the weight
of second-level

Normalize the
quantified data of

indexes

the (b + 1)th period

Obtain the final
score

Figure 1: Flow diagram of performance evaluation method based on the dynamic index weight.

distribution and delivery service. Generally speaking,
Baoyun evaluates the scheduling performance of these services provided to P&G monthly. When the evaluation
is conducted, P&G, logistics service providers, and
Baoyun jointly participated, and the indexes are evaluated
individually to get the original data. If some indexes involve

multiple parts, they need to be negotiated with each other to
determine the final values.
In this case, the original data were collected from January
2012 to May 2012. Then the method proposed in the paper
is used to evaluate the scheduling performance of June
according to the data of the previous 5 months.
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6.1.2. Selection of Evaluation Experts. In the scheduling performance evaluation of Baoyun, the biggest challenge is how
to quantify the qualitative data. For this, Baoyun selects the
managers who directly take charge of scheduling activities
as evaluation experts. Usually, the three members which are
P&G, Baoyun, and FLSP of LSSC assign their managers to
participate in the performance evaluation. The experts group
was composed as in Tables 3 and 4.
It is important to note that, according to the task of
evaluation subject in Table 1, the first-level indexes are evaluated by all the three evaluation subjects, P&G, Baoyun,
and FLSP. There are 5 experts in total shown in Table 3.
While for the second-level indexes which are closely related
to practical scheduling process, they are evaluated by Baoyun
and FLSP shown in Table 4. When evaluating, all experts
give their scores independently first and then start multistage
interactive grading.
6.1.3. Challenges and Solutions in Evaluation. There are three
aspects of challenges. The first is that the experts are from
different companies and they may have different preferences.
The second is that it is hard for these experts to get together
doing evaluation work. The third is that sometimes the
divergences among experts are too big to obtain a consistent
result. So we need more grading rounds.
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To overcome these challenges, P&G, Baoyun, and FLSP
cooperate a lot. First, before the evaluating, the experts
studied and discussed the indexes to make a consistent
understanding. Second, Baoyun Company assigns a secretary
to coordinate the time of these experts. She would inform
the meeting time ten days before. Third, to reduce the
evaluation round, every expert would explain his evaluation
in the first round, so that other experts can understand his
considerations. This can improve the evaluation efficiency
and reach an agreement faster.

6.2. Application of Scheduling Performance Evaluation Method
6.2.1. Step 1: Determine the Weight of First-Level Indexes.
According to the evaluation index system, there are three
first-level indexes, scheduling environment, scheduling process, and scheduling result. The index of scheduling result is
composed of two factors, which are customer satisfaction and
service quality. In this paper, it is assumed that the two factors
are equally important. The weights of the three indexes for
the previous 5 months are 0.3, 0.3, and 0.4, respectively, and
need to readjust in the sixth month. The matrix of weight
adjustment range obtained from 5 experts is as follows and
the consistency test threshold is 0.95:

(0.0, 0.1) (0.1, 0.2) (0.1, 0.3)
(0.2, 0.4)
(0.1, 0.2)
(0.0, 0.1)
(0.2, 0.3) ] .
B = [ (0.1, 0.2) (0.3, 0.4) (0.2, 0.4)
[(−0.3, −0.2) (−0.2, 0.0) (−0.2, −0.1) (−0.2, −0.1) (−0.3, −0.2)]
According to the matrix B, adjustment range 𝑑𝑖 could be
calculated by (12); then consistency index 𝑒𝑖 could be gotten

by (13) and (14). Original weight 𝑤𝑖𝑡−1 and adjusted weight 𝑤𝑖𝑡
could be obtained by (15). The weight of first-level indexes is
calculated as in Table 5.
See from Table 5 that the consistency index values of the
experts evaluation are all over 0.95, and the adjustment of
index weight is acceptable, so the first-level weights of the 6th
period are 0.34, 0.35, and 0.31, respectively.
6.2.2. Step 2: Quantify the Qualitative Indexes Using the
Method of Multiphase Dynamic Interaction. According to the
original data, by using the method of multiphase dynamic
interaction, the qualitative indexes of previous five periods
can be converted into benefit-type quantitative ones, and the
decision matrix 𝐴 = (𝑎𝑖𝑗 )𝑐×𝑏 can be obtained as in Table 6.
6.2.3. Step 3: Normalize Decision Matrix. Customer complaints rate (𝐶311 ), response time for demand (𝐶314 ), wrong
scheduling rate (𝐶321 ), and scheduling cost (𝐶322 ) are costtype indexes and the rest are benefit-type indexes. After
the decision matrix is normalized, the normalized decision
matrix can be obtained as in Table 7.

(16)

6.2.4. Step 4: Determine the weight of second-level indexes.
The maximum deviation method based on deviation degree
is applied to calculate the weight of scheduling environment,
scheduling process, and scheduling result respectively.
The possible index weight of each index for scheduling
environment is Φ1 = {𝑤1 = (𝑤11 , 𝑤21 , 𝑤31 , 𝑤41 )0.25 ≤ 𝑤11 ≤
0.27, 0.21 ≤ 𝑤21 ≤ 0.23, 0.24 ≤ 𝑤31 ≤ 0.28, 0.20 ≤ 𝑤41 ≤ 0.32}.
And that for scheduling process is Φ2 = {𝑤2 =
2
(𝑤1 , 𝑤22 , 𝑤32 , 𝑤42 )0.22 ≤ 𝑤12 ≤ 0.25, 0.24 ≤ 𝑤22 ≤ 0.31, 0.18 ≤
𝑤32 ≤ 0.22, 0.28 ≤ 𝑤42 ≤ 0.32}.
And that for scheduling result is Φ3 = {𝑤3 =
3
(𝑤1 , 𝑤23 , 𝑤33 , 𝑤43 , 𝑤53 , 𝑤63 , 𝑤73 , 𝑤83 ) | 0.120 ≤ 𝑤13 ≤
0.135, 0.118 ≤ 𝑤23 ≤ 0.132, 0.109 ≤ 𝑤33 ≤ 0.141, 0.101 ≤
𝑤43 ≤ 0.141, 0.114 ≤ 𝑤53 ≤ 0.147, 0.119 ≤ 𝑤63 ≤ 0.132, 0.106 ≤
𝑤73 ≤ 0.134, 0.113 ≤ 𝑤83 ≤ 0.134}.
Three single-objective linear programming models are
established as in (17). Software MATLAB 7.0 is adopted and
the weight of each index is obtained as shown in Table 8.
Consider
max

5 4 5


𝐷 (𝑤) = ∑∑ ∑ (𝑟𝑖𝑗 − 𝑟𝑘𝑗 ) 𝑤𝑗
𝑖=1 𝑗=1𝑘=1

s.t.

𝑤𝑗 ∈ Φ1
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Table 6: Decision matrix.

Table 3: Experts group for evaluating the first-level indexes.
Number of
experts
Baoyun (LSI)

2

FLSP

2

P&G

1

Evaluation
task
Weight of
𝐶1 , 𝐶2 , 𝐶3
Weight of
𝐶1 , 𝐶2 , 𝐶3
Weight of
𝐶1 , 𝐶2 , 𝐶3

Composition
General manager,
operation manager
General manager,
operation manager
Logistics manager

Table 4: Experts group for evaluating the second-level qualitative
indexes.
Number of
experts

Composition

Baoyun (LSI)

2

Marketing manager,
operation manager

FLSP

3

General manager,
marketing manager,
operation manager

Evaluation task
Giving score for
indexes in 𝐶11 and
𝐶21
Giving score for
indexes in 𝐶11 and
𝐶21

𝐶11
𝐶111
𝐶112
𝐶113
𝐶114
𝐶21
𝐶211
𝐶212
𝐶213
𝐶214
𝐶31
𝐶311
𝐶312
𝐶313
𝐶314
𝐶32
𝐶321
𝐶322
𝐶323
𝐶324

January

February

March

April

May

5.6
7
6.5
4.3

5.8
4.6
6.6
6.2

6.1
4.6
5.7
4.5

4.5
4.6
6.8
4.3

5.1
4.4
5.2
5.2

6.3
4.5
5.1
6.9

6.2
4.5
4.3
5.1

6.3
6.2
6.7
6.5

5.1
6
4.5
6.9

4.2
6.5
4.1
6.8

0.051
0.731
0.727
1.22

0.038
0.91
0.932
2.16

0.067
0.909
0.75
1.36

0.041
0.711
0.903
1.75

0.045
0.85
0.897
2.83

0.014
17400
0.801
0.927

0.048
19100
0.685
0.825

0.035
18700
0.829
0.926

0.057
18000
0.727
0.72

0.024
15700
0.842
0.75

Table 7: Normalized decision matrix.
Table 5: The results of adjusted weight of first-level indexes.

Adjustment range 𝑑𝑖
Consistency index 𝑒𝑖
Original weight 𝑤𝑖𝑡−1

Adjusted weight 𝑤𝑖𝑡
Normalized weight 𝑤𝑖𝑡

Scheduling
environment

Scheduling
process

Scheduling
outcome

0.193
0.991
0.3
0.358
0.34

0.233
0.988
0.3
0.370
0.35

−0.167
0.990
0.4
0.333
0.31

5 4

max

5



𝐷 (𝑤) = ∑ ∑ ∑ (𝑟𝑖𝑗 − 𝑟𝑘𝑗 ) 𝑤𝑗
𝑖=1 𝑗=1𝑘=1

s.t.

max

𝑤𝑗 ∈ Φ2
5 8 5


𝐷 (𝑤) = ∑ ∑ ∑ (𝑟𝑖𝑗 − 𝑟𝑘𝑗 ) 𝑤𝑗

𝐶11
𝐶111
𝐶112
𝐶113
𝐶114
𝐶21
𝐶211
𝐶212
𝐶213
𝐶214
𝐶31
𝐶311
𝐶312
𝐶313
𝐶314
𝐶32
𝐶321
𝐶322
𝐶323
𝐶324

January

February

March

April

May

0.92
1
0.96
0.69

0.95
0.66
0.97
1

1
0.66
0.84
0.73

0.74
0.66
1
0.69

0.84
0.63
0.76
0.84

1
0.69
0.76
1

0.98
0.69
0.64
0.74

1
0.95
1
0.94

0.81
0.92
0.67
1

0.67
1
0.61
0.99

0.75
0.8
0.78
1

1
1
1
0.56

0.57
1
0.8
0.9

0.93
0.78
0.97
0.7

0.84
0.93
0.96
0.43

1
0.9
0.95
1

0.29
0.82
0.81
0.89

0.4
0.84
0.98
1

0.25
0.87
0.86
0.78

0.58
1
1
0.81

𝑖=1 𝑗=1𝑘=1

s.t.

𝑤𝑗 ∈ Φ3 .
(17)

6.2.5. Step 5: Process the Data of the Sixth Month Based on
Multiphase Dynamic Interaction. In this step, the application
example of the method based on multiphase dynamic interaction is given. The original data of the sixth month is shown
in Table 9.
According to the original data, 5 experts are invited to
score the 8 qualitative indexes. After discussion, 4 times
dynamic interaction are conducted. So 𝑚 = 5, 𝑛 = 8, and

𝑙 = 4. The scores are distributed between 0 and 10, and the
matrixes are shown as follows:
𝐶111
𝐶112
𝐶113
𝐶
0
P = 114
𝐶211
𝐶212
𝐶213
𝐶214

8
[5
[
[6
[
[8
[6
[
[5
[
[7
[7

4
5
8
2
3
2
7
3

3
8
2
5
6
8
3
6

6
3
4
3
5
6
7
6

5
2]
]
4]
]
7]
7]
]
3]
]
4]
2]
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𝐶111
𝐶112
𝐶113
𝐶
1
P = 114
𝐶211
𝐶212
𝐶213
𝐶214

8
[4
[
[5
[
[7
[4
[
[6
[
[9
[5

6
4
4
8
5
9
8
7

3
3
7
5
9
4
3
6

6
5
6
3
7
8
7
2

7
5]
]
3]
]
6]
3]
]
8]
]
6]
2]

𝐶111
𝐶112
𝐶113
𝐶
2
P = 114
𝐶211
𝐶212
𝐶213
𝐶214

7
[2
[
[4
[
[8
[5
[
[4
[
[6
[8

5
5
5
3
7
5
4
6

6
5
8
4
8
4
6
6

3
4
6
7
3
6
8
2

4
6]
]
3]
]
2]
5]
]
7]
]
4]
4]

𝐶111
𝐶112
𝐶113
𝐶
3
P = 114
𝐶211
𝐶212
𝐶213
𝐶214

6
[2
[
[6
[
[7
[5
[
[2
[
[8
[5

6
6
5
4
6
5
5
7

6
4
7
5
8
3
5
6

4
3
5
7
4
6
8
3

4
5]
]
3]
]
3]
6]
]
4]
]
5]
6]

𝐶111
𝐶112
𝐶113
𝐶
4
P = 114
𝐶211
𝐶212
𝐶213
𝐶214

6
[3
[
[6
[
[7
[5
[
[4
[
[8
[5

6
6
5
5
6
5
5
7

6
4
7
5
7
3
5
6

4
4
5
7
4
6
8
4

4
5]
]
4]
]
3]
.
6]
]
]
4]
5]
6]

Table 8: Weight of second-level indexes.
Organization structure 𝐶111
Information technology 𝐶112
Information collecting ability 𝐶113
Cooperation relationship 𝐶114
Adaptability of scheduling 𝐶211
Timeliness of scheduling 𝐶212
Communication quality 𝐶213
Flexibility of scheduling 𝐶214
Customer complaints rate 𝐶311
Fulfillment rate 𝐶312
On-time delivery 𝐶313
Response time for demand 𝐶314
Wrong scheduling rate 𝐶321
Scheduling cost 𝐶322
Provider satisfaction 𝐶323
Resource efficiency 𝐶324
Table 9: Original data of the sixth month.

(18)
Calculate the interaction coefficient with (1) and (2) as in
the following:
u1 = (0.194, 0.214, 0.194, 0.196, 0.203)
u2 = (0.192, 0.201, 0.219, 0.190, 0.198)
3

u = (0.202, 0.196, 0.197, 0.202, 0.202)

0.25
0.21
0.24
0.3
0.22
0.28
0.22
0.28
0.135
0.13
0.109
0.141
0.147
0.119
0.106
0.113

(19)

u4 = (0.202, 0.199, 0.198, 0.201, 0.199) .

𝐶11
𝐶111
𝐶112
𝐶113
𝐶114
𝐶21
𝐶211
𝐶212
𝐶213
𝐶214
𝐶31
𝐶311
𝐶312
𝐶313
𝐶314
𝐶32
𝐶321
𝐶322
𝐶323
𝐶324

Index value

Nature

Fair
Very poor
Fair
Fair

Qualitative
Qualitative
Qualitative
Qualitative

Good
Poor
Very good
Fair

Qualitative
Qualitative
Qualitative
Qualitative

0.055
0.849
0.913
1.64

Quantitative
Quantitative
Quantitative
Quantitative

0.022
16900
0.823
0.896

Quantitative
Quantitative
Quantitative
Quantitative

Aggregate the score of each round with (3):
P1∗ = (6.009, 4.205, 4.964, 5.840, 5.567, 7.051, 6.623, 4.426)
P2∗ = (5.025, 4.432, 5.259, 4.471, 5.679, 5.175, 5.582, 5.228)
P3∗ = (5.191, 3.988, 5.192, 5.208, 5.788, 3.999, 6.213, 5.387)
P4∗ = (5.199, 4.395, 5.399, 5.408, 5.594, 4.403, 6.210, 5.595) .
(20)
Set the stability threshold as 0.1 (𝜀 = 0.1) and the
consistency threshold as 0.25 (𝜂 = 0.25), and then calculate

the stability index and the consistency index of each round as
follows:
𝜐 = (0.56, 0.641, 0.813, 0.921)
𝜔 = (0.685, 0.7, 0.744, 0.771) .

(21)

The index stability and index consistency of the fourth
round are 0.921 and 0.771, respectively. The test value of
stability index is 0.079 less than 0.1, and the test value
of consistency index is 0.229 less than 0.25. So it can be
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concluded that the results pass the tests. Finally, the final score
of each index with IOWA is aggregated:
P∗ = (5.243, 4.261, 5.265, 5.258, 5.667, 4.701, 6.127, 5.342) .
(22)
The data of the sixth month are normalized by combining
the data in previous 5 months, and the results are shown in
Table 10.
6.2.6. Step 6: Obtain the Final Score. Obtain the final score
by the fixed data as shown in Table 8 and the index weights
determined in Steps 1 and 4. The expressions are shown as in
the following:

Table 10: Normalized value of data in the sixth month.
Index

Data

Normalized data

Scheduling
environment

𝐶111
𝐶112
𝐶113
𝐶114

5.2428
4.2613
5.2654
5.2578

0.86
0.61
0.8
0.85

Scheduling
process

𝐶211
𝐶212
𝐶213
𝐶214

5.6665
4.701
6.1266
5.3423

0.9
0.72
0.91
0.77

Scheduling
result

𝐶311
𝐶312
𝐶313
𝐶314
𝐶321
𝐶322
𝐶323
𝐶324

0.055
0.849
0.913
1.64
0.022
16900
0.823
0.896

0.69
0.93
0.98
0.74
0.64
0.93
0.98
0.97

(0.86 × 0.25 + 0.61 × 0.21 + 0.80 × 0.24 + 0.85 × 0.30) × 0.34
+ (0.90 × 0.22 + 0.72 × 0.28 + 0.91 × 0.22 + 0.77 ×0.28)
× 0.35 + (0.69 × 0.135 + 0.93 × 0.130 + 0.98 × 0.109
+ 0.74 ×0.141 + 0.64 × 0.147 + 0.93 × 0.119
+ 0.98 × 0.106 + 0.97 × 0.113) × 0.31 = 0.815.
(23)
Therefore, the final scheduling performance of the sixth
month (June 2012) is 0.815. According to the performance
ratings standardization of Baoyun Logistics Company, 0.815
reaches the good level, but it also has great potential to
increase the scheduling performance in the future.

7. Conclusions
Evaluating the LSSC scheduling performance is beneficial to
make better decision for LSI. In this paper, the scheduling
performance evaluation of LSSC is explored in depth and the
evaluation index system is established. Meanwhile, an evaluation method based on dynamic index weight is proposed.
According to the study, the following conclusions are reached.
(1) The evaluation index system of LSSC scheduling
performance should be designed from the perspective
of strategic level, tactical level, and operational level.
The system proposed in this context considers not
only the different demands of different members
in LSSC, but also the requirement of coordination
and characteristics of service, which is scientific and
can be used for reference to scheduling performance
management.
(2) Considering the multiperiod feature of scheduling
activities, the difficulty in measuring the qualitative
indexes, and the needs of index weight adjustment,
we propose a method based on dynamic index weight.
In this method, firstly, for the difficulty in measuring
the qualitative indexes, an improved method of multiphase dynamic interaction is adopted to improve
the accuracy. Secondly, as for the need of index
weight adjustment, an improved maximum deviation
method based on deviation degree is utilized to determine the weight of second-level indexes, which can

remove the uncertainty of human decision. Thirdly,
an adjustment coefficient method based on set-valued
statistics is developed to adjust the weight of firstlevel indexes reasonably. Thus, this method is more
suitable than the traditional evaluation ones in LSSC
scheduling performance evaluation.
(3) Actual data from Baoyun Logistics Company were
collected to exemplify this new scheduling performance evaluation method. The application example
illustrates that the method can evaluate the scheduling performance scientifically and provide good basis
to LSI for improving the performance of LSSC
scheduling.
In this paper, the problem of LSSC scheduling performance evaluation is investigated and a new evaluation
method is proposed, but there are still some limitations. For
instance, the evaluation index system reflects the factors of
before, during, and after the schedule, while the more detailed
factors, such as order allocation, process selection, and time
flexibility scheduling, are not considered. As for the evaluation method proposed, the possible intervals of second-level
indexes weights are obtained by experience, which contains
some subjectivity. How to improve the objectivity of index
weight intervals is one of future directions. Moreover, with
the evaluation value obtained from the method proposed,
how to use it to forecast the performance of next period
and present improvement program is also the focus of future
researches.
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Optimisation problems arising in industry are some of the hardest, often because of the tight specifications of the products involved.
They are almost invariably constrained and they involve highly nonlinear, and non-convex functions both in the objective and in the
constraints. It is also often the case that the solutions required must be of high quality and obtained in realistic times. Although there
are already a number of well performing optimisation algorithms for such problems, here we consider the novel Plant Propagation
Algorithm (PPA) which on continuous problems seems to be very competitive. It is presented in a modified form to handle a
selection of problems of interest. Comparative results obtained with PPA and state-of-the-art optimisation algorithms of the Natureinspired type are presented and discussed. On this selection of problems, PPA is found to be as good as and in some cases superior
to these algorithms.

1. Introduction
Optimisation problems in design engineering are often highly
nonlinear, constrained and involving continuous as well
as discrete variables [1–5]. It is also often the case that
some of the constraints are active at the global optimum
[6]. This means that feasible approximate solutions are
that much harder to find. There is a variety of algorithms
for these problems, some exact, and others approximate.
In the exact category, one can name Branch-and-Bound,
[7], Recursive Quadratic Programming, [8], the Cutting
Plane Algorithm [9], Bender’s decomposition [10]. Of the
approximate variety, one can name Simulated Annealing,
[11–13], the Genetic Algorithm [14–16], and the Particle
Swarm Optimisation algorithm, [17, 18], to name a few.
The latter category is often referred to as the metaheuristic
algorithms. In general, they are characterised by two aspects

of the search: exploration of the overall search space and
exploitation of good areas in order to find local optima,
[19–22].
A new metaheuristic, the Plant Propagation Algorithm
(PPA), has recently been introduced [23]. PPA is nature
inspired [19, 23, 24]; it emulates the way plants, in particular the strawberry plant, propagate. A basic PPA has
been described and tested on single objective as well as
multiobjective continuous optimization problems in [23].
The test problems, though standard, were of low dimension.
The results showed that PPA has merits and deserves further
investigation on higher dimensional problem instances as
well as problems arising in practice, for these are often
very challenging. PPA is attractive because, among other
things, it is simple to describe and implement; it also involves
only few parameters that need arbitrary setting unlike most
other metaheuristics. Here, it will be tested on constrained
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optimisation problems arising in engineering. The paper is
organised as follows. Section 2 describes PPA. Section 3
presents a modified version to handle constrained problems.
Section 4 records the results obtained with PPA and a
number of other heuristics. In Section 5 a conclusion and
ideas for further investigation are given. The paper includes
appendices that describe the problems considered.

2. The Strawberry Algorithm as PPA
The Strawberry algorithm is an exemplar PPA which can be
seen as a multipath following algorithm unlike Simulated
Annealing (SA) [13, 25], for instance, which is a single path
following algorithm. It can, therefore, be perceived as a
generalisation of SA and other path-following algorithms
[26].
Exploration and exploitation are properties that effective
global optimisation algorithms have [19, 24, 26]. Exploration
refers to the property of covering the search space, while
exploitation refers to the property of searching nearer to good
solutions for local optima.
Consider what a strawberry plant and possibly any plant
which propagates through runners will do to optimize its
survival. If it is in a good spot of the ground, with enough
water, nutrients, and light, then it is reasonable to assume that
there is no pressure on it to leave that spot to guarantee its
survival. So, it will send many short runners that will give new
strawberry plants and occupy the neighbourhood as best they
can. If, on the other hand, the mother plant is in a spot that is
poor in water, nutrients, light, or any one of these necessary
for a plant to survive, then it will try to find a better spot for
its offspring. Therefore, it will send few runners further afield
to explore distant neighbourhoods. One can also assume that
it will send only a few, since sending a long runner is a big
investment for a plant which is in a poor spot. We may further
assume that the quality of the spot (abundance of nutrients,
water, and light) is reflected in the growth of the plant. With
this in mind and the following notation, PPA can be described
as follows.
A plant 𝑝𝑖 is in spot 𝑋𝑖 in dimension 𝑛. This means 𝑋𝑖 =
{𝑥𝑖,𝑗 , for 𝑗 = 1, . . . , 𝑛}. Let 𝑁𝑃 be the number of strawberry
plants to be used initially, and the PPA algorithm described
in pseudo-code Algorithm 1, relies on the following strategy
[23].
(i) Strawberry plants which are in good spots propagate
by generating many short runners.
(ii) Those in poor spots propagate by generating few long
runners.
It is clear that, in the above description, exploitation is
implemented by sending many short runners by plants in
good spots, while exploration is implemented by sending few
long runners by plants in poor spots.
The parameters used in PPA are the population size 𝑁𝑃
which is the number of strawberry plants, the maximum
number of generations 𝑔max , and the maximum number
of possible runners 𝑛max per plant. 𝑔max is effectively the
stopping criterion in this initial version of PPA. The algorithm

uses the objective function value at different plant positions
𝑋𝑖 , 𝑖 = 1, . . . , 𝑁𝑃, in a normalised form 𝑁𝑖 , to rank
them as would a fitness function in a standard genetic
algorithm (note that, unlike in the GA, individuals in PPA
are clones of the mother plant; they do not improve from
generation to generation). The number of plant runners 𝑛𝛼𝑖 ,
calculated according to (1) below, has length 𝑑𝑥𝑖 calculated
using the normalised form of the objective value at 𝑋𝑖 ,
each giving a 𝑑𝑥𝑖 ∈ (−1, 1)𝑛 , as calculated with (2) below.
After all individuals/plants in the population have sent out
their allocated runners, new plants are evaluated and the
whole increased population is sorted. To keep the population
constant, individuals with lower growth are eliminated. The
number of runners allocated to a given plant is proportional
to its fitness as in
𝑛𝛼𝑖 = ⌈𝑛max 𝑁𝑖 𝛼⌉ ,

𝛼 ∈ (0, 1) .

(1)

Every solution 𝑋𝑖 generates at least one runner and the length
of each such runner is inversely proportional to its growth as
in (2) below:
𝑑𝑥𝑗𝑖 = 2 (1 − 𝑁𝑖 ) (𝛼 − 0.5) ,

for 𝑗 = 1, . . . , 𝑛,

(2)

where 𝑛 is the problem dimension. Having calculated 𝑑𝑥𝑖 , the
extent to which the runner will reach, the search equation that
finds the next neighbourhood to explore is
𝑦𝑖,𝑗 = 𝑥𝑖,𝑗 + (𝑏𝑗 − 𝑎𝑗 ) 𝑑𝑥𝑗𝑖 ,

for 𝑗 = 1, . . . , 𝑛.

(3)

If the bounds of the search domain are violated, the point
is adjusted to be within the domain [𝑎𝑗 , 𝑏𝑗 ], where 𝑎𝑗 and 𝑏𝑗
are lower and upper bounds delimiting the search space for
the 𝑗th coordinate.

3. An Effective Implementation of PPA for
Constrained Optimization
In this implementation of PPA, the initial population is
crucial; we run the algorithm a number of times from
randomly generated populations. The best individual from
each run forms a member of the initial population. The
number of runs to generate the initial population is 𝑁𝑃;
therefore, the population size is 𝑟 = 𝑁𝑃. In the case of mixed
integer problems, the integer variable values are fixed when
they are showing a trend to converge to some values. This
trend is monitored by calculating the number of times their
values have not changed. When this number is greater than
a certain threshold, the variables are fixed for the rest of the
run. This strategy seems to work on the problems considered.
Let 𝑝𝑜𝑝 be a general matrix containing the population of a
given run. Its rows correspond to individuals. The following
equation is used to generate a random population for each of
the initial runs:
𝑥𝑖,𝑗 = 𝑎𝑗 + (𝑏𝑗 − 𝑎𝑗 ) 𝛼,

𝑗 = 1, . . . , 𝑛,

(4)

where 𝑥𝑖,𝑗 ∈ [𝑎𝑗 , 𝑏𝑗 ] is the 𝑗th entry of solution 𝑋𝑖 and 𝑎𝑗
and 𝑏𝑗 are the 𝑗th entries of the lower and upper bounds
describing the search space of the problem and 𝛼 ∈ (0, 1).
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∗
= 𝑥𝑖,𝑗 (1 + 𝛽) ,
𝑥𝑖,𝑗

𝑗 = 1, . . . , 𝑛,

(5)

8500
8000

𝑗 = 1, . . . , 𝑛,

5500

0

(7)

∗
∈ [𝑎𝑗 , 𝑏𝑗 ], and 𝑘 is different from 𝑖. To
where 𝛽 ∈ [−1, 1], 𝑥𝑖,𝑗
keep the size of the population constant, the extra plants at
the bottom of the sorted population are eliminated.
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Figure 1: Impact of the particular probability 𝑃𝑚 on the performance of PPA.
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Step size decreases as the population converges during
each run. This helps PPA to exploit the solution space
0
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1.5

Perturbations produced by rules 2-3

4. Examples of Structural Engineering
Optimization Problems
PPA as explained in the pseudo-code Algorithm 1 is extended
to cater for constrained optimisation problems to be found
in the appendices [6, 27]. This extended version of PPA is
fully explained in the pseudo-code Algorithm 2. Note that the
penalty function approach is used to handle the constraints
[19, 22]. Equations are first transformed into inequality
constraints before they are taken into consideration. Table 1
records the parameter values used in the implementation.
Column 4 shows the value of 𝑃𝑚 used throughout the experiments. This value has been found through experimentation
on the problem described in Appendix B. The different runs
are represented in Figure 1 where for 40 trials corresponding
to the 30000 function evaluations threshold, 𝑃𝑚 = 0.8 seems
to be the optimal value for this parameter. Other aspects of
the extended algorithm such as exploration and exploitation
are investigated in Figures 2 and 3. These figures, as one
expects, show that the magnitudes of the steps/perturbations
of the plant positions, that is the lengths of the runners,

100

Number of trial runs

(6)

∗
where 𝛽 ∈ [−1, 1], 𝑥𝑖,𝑗
∈ [𝑎𝑗 , 𝑏𝑗 ]. 𝑙, 𝑘 are mutually exclusive
indices and are different from 𝑖.
The generated individual 𝑋𝑖∗ is evaluated according to
the objective function and is stored in Φ. The first two rules
are applicable for 𝑟 ≤ 𝑁𝑃 the number of runs. For 𝑟 >
𝑁𝑃 the algorithm also tries to recognise entries which are
settling to their final values through a counter 𝐼𝑁. If the 𝑗th
entry in current population has a low 𝐼𝑁 value, then it is
modified by implementing (7); otherwise it is left as it is. The
value (for 𝐼𝑁) that is suggested by experimentation over a
number of problems is 4. The following equation is used when
modification is necessary:
∗
= 𝑥𝑖,𝑗 + (𝑥𝑖,𝑗 − 𝑥𝑘,𝑗 ) 𝛽,
𝑥𝑖,𝑗

Better convergence
rate at Pm = 0.8 and
Pm = 1.0

7000

6000

Search space limits

𝑗 = 1, . . . , 𝑛,

7500

6500

∗
where 𝛽 ∈ [−1, 1] and 𝑥𝑖,𝑗
∈ [𝑎𝑗 , 𝑏𝑗 ].
The generated individual 𝑋𝑖∗ is evaluated according to
the objective function and is stored in Φ. In rule 02 another
individual is created with the same modification parameter
𝑃𝑚 = 0.8 as in the following equation:
∗
𝑥𝑖,𝑗
= 𝑥𝑖,𝑗 + (𝑥𝑙,𝑗 − 𝑥𝑘,𝑗 ) 𝛽,

Pressure vessel design

9000

Objective values

In the main body of the algorithm, before updating the
population we create a temporary population Φ to hold new
solutions generated from each individual in the population.
Then we implement three rules with fixed modification
parameter 𝑃𝑚 , chosen here, as 𝑃𝑚 = 0.8. The first two rules are
implemented if the population is initialized randomly. Rule 01
uses the following equation to update the population:

2

2.5

×106

Figure 2: Exploitation characteristic of PPA using rules 2-3.

get shorter and shorter as the search progresses. Figure 4 is
a representation of the convergence of the objective values
of the problems described in Appendices A and C. In both
cases, these values fluctuate wildly before they settle down
to very good approximate values. The numerical results of
the experiments on all problems described in Appendices A,
through G are compiled in Tables 2, 3, 4, 5, 6, 7, and 8.

5. Conclusion
We have implemented PPA to solve seven well known difficult
constrained optimization problems arising in engineering
design with continuous domains. PPA found either near
best known solutions or optimal ones to all of them. The
results are compared to those obtained with other algorithms
found in the literature, namely GA (and variants of it,
here denoted EC and EP), PSO, HSA (and variants of it
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Table 1: Parameters used in PPA for seven engineering problems.
Problem
Welded beam
Pressure vessel
Spring design
Speed reducer
Constrained Problem I
Constrained Problem II
Himmelblau’s function

Population size
40
40
40
40
40
40
40

𝑃𝑚
0.8
0.8
0.8
0.8
0.8
0.8
0.8

Maximum iteration
20
20
25
20
20
20
25

Max function evaluations
30000
30000
30000
30000
24000
24000
30000

Number of runners
3
3
3
3
3
3
3

Runs
100
100
100
100
100
100
100

Table 2: Welded beam design optimisation.
Solution vector GA [28]
𝑤
0.2088
𝐿
3.4205
𝑑
8.9975
ℎ
0.2100
−0.3378
𝑔1 (𝑥)
−353.9026
𝑔2 (𝑥)
−0.0012
𝑔3 (𝑥)
−3.4118
𝑔4 (𝑥)
−0.0838
𝑔5 (𝑥)
−0.2356
𝑔6 (𝑥)
−363.2323
𝑔7 (𝑥)
𝑓(𝑥)
1.7483
a

HSA [29]
0.2442
6.2231
8.2915
0.2443
∗a
∗
∗
∗
∗
∗
∗
2.38

HSA [30]
0.2057
3.4704
9.0366
0.2057
∗
∗
∗
∗
∗
∗
∗
1.7248

HHSA [31]
0.2057
3.4706
9.0368
0.2057
∗
∗
∗
∗
∗
∗
∗
1.7248

BDA [32]
0.2057
3.4704
9.0366
0.2057
0.0
0.0
−5.5511𝐸 − 17
−3.4329
−0.0807
−0.2355
−9.0949𝐸 − 13
1.7248

PHS [27]
0.2057
3.4704
9.0366
0.2057
0.0
0.0
−5.5511𝐸 − 17
−3.4329
−0.0807
−0.2355
−9.0949𝐸 − 13
1.7248

IPHS [27]
0.2057
3.4704
9.0366
0.2057
0.0
0.0
−5.55𝐸 − 17
−3.4329
−0.0807
−0.2355
−9.09𝐸 − 13
1.7248

PPA
0.2057
3.4704
9.0366
0.2057
−1.2733𝐸 − 11
−3.2378𝐸 − 11
−1.64𝐸 − 13
−3.4329
−0.0807
−0.2355
−6.2755𝐸 − 11
1.7248

IPHS [27]
1.125
0.625
58.2901
43.6927
−3.3595𝐸 − 7
−0.0689
−0.0705
−196.307
7197.730

PPA
0.7781
0.3846
40.3196
200.0
3.627𝐸 − 12
1.441𝐸 − 12
1.1641𝐸 − 9
−40.0
5885.3327

IPHS [27]
0.0518
0.3608
11.0503
−2.1962𝐸 − 6
−2.8408𝐸 − 7
−4.0618
−0.7248
0.01266

PPA
0.0515
0.3541
11.4387
−5𝐸 − 15
−1.3901𝐸 − 9
−4.0487
−0.7294
0.01266

Not available.

Table 3: Pressure vessel design optimisation.
Solution vector
𝑑1
𝑑2
𝑟
𝐿
𝑔1 (𝑥)
𝑔2 (𝑥)
𝑔3 (𝑥)
𝑔4 (𝑥)
𝑓(𝑥)

IP(M-5) [7]
1.125
0.625
48.97
106.72
−0.1799
−0.1578
−97.760
−133.28
7980.894

GA [14]
1.125
0.625
58.1978
44.2930
0.0017
−0.0697
−974.3
−195.707
7207.494

HSA [29]
1.125
0.625
58.2789
43.7549
−0.0002
−0.0690
−3.7162
−196.245
7198.433

HSA [30]
1.125
0.625
58.2901
43.6926
0.0000
−0.0689
−2.0150
−196.307
7197.730

PHS [27]
1.125
0.625
58.2874
43.7075
−5.2058𝐸 − 005
−0.0689
−0.6122
−196.29
7197.896

Table 4: Minimization of the weight of a compression spring.
Solution vector
𝑥1
𝑥2
𝑥3
𝑔1 (𝑥)
𝑔2 (𝑥)
𝑔3 (𝑥)
𝑔4 (𝑥)
𝑓(𝑥)

MP(M-5) [33]
0.0500
0.3159
14.2500
−0.00001
−0.0037
−3.9383
−0.7560
0.01283

EC [34]
0.0533
0.3991
9.1854
0.00001
−0.00001
−4.1238
−0.6982
0.01273

GA [28]
0.0519
0.3639
10.8905
−0.00001
−0.00002
−4.0613
−0.7226
0.01268

BDAs [32]
0.0514
0.3513
11.6086
−0.0033
−1.0970𝐸 − 4
−4.0263
−0.7312
0.01266

PHS [27]
0.0500
0.3173
14.0375
−4.7653𝐸 − 6
−1.8124𝐸 − 4
−3.9672
−0.7550
0.01272
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Table 5: Speed reducer design optimisation.

Solution vector
𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝑥6
𝑥7
𝑔1 (𝑥)
𝑔2 (𝑥)
𝑔3 (𝑥)
𝑔4 (𝑥)
𝑔5 (𝑥)
𝑔6 (𝑥)
𝑔7 (𝑥)
𝑔8 (𝑥)
𝑔9 (𝑥)
𝑔10 (𝑥)
𝑔11 (𝑥)
𝑓(𝑥)
a

PSO [6]
3.50
0.70
17.0
7.30
7.80
3.3502
5.2866
−0.0739
−0.1979
−0.4991
−0.9014
0.0000
−5.000𝐸 − 16
−0.7025
−1.000𝐸 − 16
−0.5833
−0.0513
−0.0108
2,996.3481

AAI [35]
3.50
0.70
17.0
7.30
7.71
3.35
5.29
∗a
∗
∗
∗
∗
∗
∗
∗
∗
∗
∗
2994.4

PHS [27]
3.50
0.70
17.0
7.30
7.7159
3.3502
5.2869
∗
∗
∗
∗
∗
∗
∗
∗
∗
∗
∗
2994.9

PPA [𝜇 = 𝐸5.488]
3.4922
0.70
17.0
7.30
7.80
3.3496
5.2846
−0.07185
−0.1962
−0.4988
−0.9013
4.6229𝐸 − 4
1.816𝐸 − 3
−0.70250
2.2248𝐸 − 3
−0.5842
−0.0514
−0.01114
2994.4449

IPHS [27]
3.50
0.70
17.0
7.30
7.7153
3.3502
5.2866
∗
∗
∗
∗
∗
∗
∗
∗
∗
∗
∗
2994.4

PPA [𝜇 = 𝐸5.93101]
3.4971
0.70
17.0
7.30
7.80
3.3500
5.2866
−0.07317
−0.1973
−0.4990
−0.9014
1.667𝐸 − 4
6.564𝐸 − 4
−0.7025
8.0440𝐸 − 4
−0.58366
−0.05136
−0.0108
2996.1137

Not available.

Table 6: Constrained optimization problem I.

×105
9

GAs [36]
0.8080
0.8854
3.7𝐸 − 2
5.2𝐸 − 2
1.4339

EP [37]
0.8350
0.9125
1𝐸 − 2
−7𝐸 − 2
2.3772

HSA [29]
0.8343
0.9121
5𝐸 − 3
5.4𝐸 − 3
1.3770

PHS [27]
0.8230
0.9113
1.1880𝐸 − 4
3.5443𝐸 − 4
1.3931

Objective values

Solution vector
𝑥1
𝑥2
𝑔1 (𝑥)
𝑔2 (𝑥)
𝑓(𝑥)

Speed reducer design optimization

7

Tension compression spring design optimization

0.016
0.014
0.012

0
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80

100

(a)

5
4
3
2
1
0
−30

Optimal solution
0.8228
0.9114
7.05𝐸 − 9
1.73𝐸 − 8
1.3935

Number of trial runs

Objective values

Perturbations produced by rule 1

8

PPA [𝜇 = 𝐸4]
0.8298
0.9098
7.8953𝐸 − 05
9.1722𝐸 − 05
1.3774

IPHS [27]
0.8229
0.9113
3.8744𝐸 − 5
1.8967𝐸 − 4
1.3932

Welded beam design optimization
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Figure 3: Exploration characteristic of PPA using rule 1.

30

Figure 4: Convergence plot of welded beam design and tension
compression spring design optimization problems over 100 trial
runs.
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(1) Initialization: Generate a population 𝑃 = {𝑋𝑖 , 𝑖 = 1, . . . , NP};
(2) 𝑔 ← 1;
(3) for 𝑔 = 1: 𝑔max do
(4) Compute 𝑁𝑖 = 𝑓(𝑋𝑖 ), ∀𝑋𝑖 ∈ 𝑃;
(5) Sort 𝑃 in ascending order of 𝑁 (for minimization);
(6) Create new population Φ;
(7) for each 𝑋𝑖 , 𝑖 = 1, . . . , NP do
(8)
𝛼𝑖 ← set of runners where both the size of the set and the distance for each runner (individually)
are proportional to 𝑁𝑖 , the normalized objective value
(9)
Φ ← Φ ∪ 𝛼𝑖 {append to population};
(10) end for
(11) 𝑃 ← Φ {new population};
(12) end for
(13) Return 𝑃, the population of solutions.
Algorithm 1: Pseudocode of PPA, [23].

(1) Initialization: 𝑔max ← Maximum number of generations; NP ← population size; 𝑟 ← trial run
(2) if 𝑟 ≤ NP then
(3) Create a random population of plants 𝑝𝑜𝑝 = {𝑋𝑖 | 𝑖 = 1, 2, . . . , NP}, using (4) and gather the best solutions.
(4) end if
(5) while 𝑟 > NP do
(6) Use population 𝑝𝑜𝑝𝑔 formed by gathering all best solutions from previous runs.
Calculate 𝐼𝑁𝑗 value for each column 𝑗 of 𝑝𝑜𝑝𝑔 (see Section 3).
(7) end while
(8) Evaluate the population. In case of 𝑝𝑜𝑝𝑔 the algorithm does not need to evaluate the population,
(9) Set number of runners, 𝑛𝑟 = 3, 𝑛𝑔𝑒𝑛 = 1,
(10) while (𝑛𝑔𝑒𝑛 < 𝑔max ) or (𝑛 𝑒V𝑎𝑙 < 𝑚𝑎𝑥 𝑒V𝑎𝑙) do
(11) Create Φ:
(12) for 𝑖 = 1 to NP do
(13)
for 𝑘 = 1 to 𝑛𝑟 do
(14)
if 𝑟 ≤ NP then
(15)
if rand ≤ 𝑃𝑚 then
(16)
Generate a new solution 𝑋∗ according to (5);
(17)
Evaluate it and store it in Φ;
(18)
end if
(19)
if rand ≤ 𝑃𝑚 then
(20)
Generate a new solution 𝑋∗ according to (6);
(21)
Evaluate it and store it in Φ;
(22)
end if
(23)
else
(24)
for 𝑗 = 1: 𝑛 do
(25)
if (𝐼𝑁𝑗 < 4) or (rand ≤ 𝑃𝑚 ) then
(26)
update the 𝑗th entry of 𝑋𝑖 , 𝑖 = 1, 2, . . . , NP, according to (7);
(27)
end if
(28)
Evaluate new solution 𝑋∗ and store it in Φ;
(29)
end for
(30)
end if
(31)
end for
(32) end for
(33) Add Φ to current population;
(34) Sort the population in ascending order of the objective values;
(35) Update current best;
(36) end while
(37) Return: Updated population.
Algorithm 2: Pseudocode of PPA for constrained optimisation.
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where

Table 7: Constrained optimization problem II.
Algorithms
Deb [38]
GA with PS (𝑅 = 0.01)
GA with PS (𝑅 = 1)
GA with TS-R
HSA [30]
HSA [29]
PHS [27]
IPHS [27]
PPA
Optimal solution
a

𝑥1

𝑥2

𝑓(𝑥)

∗a
∗
∗
2.2468
2.2468
2.2480
2.2468
2.2468
2.2468

∗
∗
∗
2.3818
2.3821
2.4066
2.3818
2.3818
2.3818

13.5895
13.5910
13.5908
13.5908
13.5908
13.6117
13.5908
13.5908
13.5908

Not available.

𝑄 = 6000 (14 +
𝐽 = √2𝑤𝐿 (
𝛽=

𝑄𝐷
,
𝐽

1
𝐷 = √𝐿2 + (𝑤 + 𝑑)2 ,
2

504, 000
,
ℎ𝑑2
𝐿
),
2

Appendices
A. Welded Beam Design Optimisation
The welded beam design is a standard test problem for
constrained design optimisation [6, 22]. There are four design
variables: the width 𝑤 and length 𝐿 of the welded area, the
depth 𝑑 and thickness ℎ of the main beam. The objective is to
minimise the overall fabrication cost, under the appropriate
constraints of shear stress 𝜏, bending stress 𝜎, buckling load
𝑃, and maximum end deflection 𝛿. The optimization model
is summarized as follows, where 𝑥𝑇 = (𝑤, 𝐿, 𝑑, ℎ):
Minimise 𝑓 (𝑥) = 1.10471𝑤2 𝐿 + 0.04811𝑑ℎ (14.0 + 𝐿) ,
𝑔1 (𝑥) = 𝑤 − ℎ ≤ 0,

𝛿=

𝐿2 (𝑤 + 𝑑)2
+
),
6
2

𝑃 = 0.61423 × 106
𝜏 (𝑥) = √ 𝛼2 +

namely PHS and IPHS), IP, MP, and BDA. Note that some
of the problems have not been solved by all algorithms. For
instance, the pressure vessel design problem has not been
solved with BDA or MP as far as we know. Similarly the
spring compression problem has not been solved with IP and
HSA. These gaps in the computational results found in the
literature on the considered problems are not substantial to
hinder our experimental work and conclusions. Indeed, the
recorded evidence in the large majority of cases points to
the overwhelming superiority of PPA. Having said that, it
must be added that further improvements to PPA and testing
are being carried out on a more extensive collection of test
problems including discrete ones.

subject to

𝜎 (𝑥) =

65, 856
,
30, 000ℎ𝑑3
𝛼=

6000
,
√2𝑤𝐿

√𝑑 30/48
𝑑ℎ3
(1 −
),
6
28

𝛼𝛽𝐿
+ 𝛽2 .
𝐷
(A.2)

The simple limit or bounds are 0.1 ≤ 𝐿, 𝑑 ≤ 10 and 0.1 ≤
𝑤, ℎ ≤ 2.0.

B. Pressure Vessel Design Optimisation
Pressure vessels are widely used in our daily life, such as
champagne bottles and gas tanks [6, 39]. For a given volume
and working pressure, the basic aim of designing a cylindrical
vessel is to minimize the total cost. Typically, the design
variables are the thickness 𝑑1 of the head, the thickness 𝑑2
of the body, the inner radius 𝑟, and the length 𝐿 of the
cylindrical section [6]. This is a well-known test problem for
optimization, where 𝑥𝑇 = (𝑑1 , 𝑑2 , 𝑟, 𝐿), and it can be written
as
Minimise 𝑓 (𝑥) = 0.6224𝑑1 𝑟𝐿 + 1.7781𝑑2 𝑟2
+ 3.1661𝑑12 𝐿 + 19.84𝑑12 𝑟,
subject to 𝑔1 (𝑥) = −𝑑1 + 0.0193𝑟 ≤ 0,
𝑔2 (𝑥) = −𝑑2 + 0.00954𝑟 ≤ 0,
𝑔3 (𝑥) = −𝜋𝑟2 𝐿 −

(B.1)

4𝜋 3
𝑟 + 1296000 ≤ 0,
3

𝑔4 (𝑥) = −𝐿 − 240 ≤ 0.
The simple limits on the design variables are

𝑔2 (𝑥) = 𝛿 (𝑥) − 0.25 ≤ 0,

0.0625 ≤ 𝑑1 , 𝑑2 ≤ 99 × 0.0625,

𝑔3 (𝑥) = 𝜏 (𝑥) − 13, 600 ≤ 0,

10.0 ≤ 𝑟, 𝐿 ≤ 200.

(B.2)

𝑔4 (𝑥) = 𝜎 (𝑥) − 30, 000 ≤ 0,
𝑔5 (𝑥) = 1.10471𝑤2 + 0.04811𝑑ℎ (14.0 + 𝐿)
− 5.0 ≤ 0,
𝑔6 (𝑥) = 0.125 − 𝑤 ≤ 0,
𝑔7 (𝑥) = 6000 − 𝑃 (𝑥) ≤ 0,
(A.1)

C. Spring Design Optimisation
The main objective of this problem [33, 34] is to minimize the
weight of a tension/compression spring, subject to constraints
of minimum deflection, shear stress, surge frequency, and
limits on outside diameter and on design variables. There
are three design variables: the wire diameter 𝑥1 , the mean
coil diameter 𝑥2 , and the number of active coils 𝑥3 [6].
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Table 8: Optimal solutions for a variation on Himmelblau’s function.

Solution vector
𝑥1
𝑥2
𝑥3
𝑥4
𝑥5
𝑔1 (𝑥)
𝑔2 (𝑥)
𝑔3 (𝑥)
𝑓(𝑥)
a

GA [38]
∗a
∗
∗
∗
∗
∗
∗
∗
−30665.500

HSA [29]
78.0
33.0
29.995
45.0
36.776
∗
∗
∗
−30665.500

PHS [27]
78.0
33.0
30.0053
45.0
36.7521
91.9963
98.8362
20.0
−30663.845

IPHS [27]
78.0
33.0
29.9953
45.0
36.7756
91.9999
98.8404
20.0
−30665.533

PPA
78.0
33.0
29.9952
45.0
36.7758
92.0
98.8405
20.0
−30665.540

Not available.

𝑔1 (𝑥) =

27
− 1 ≤ 0,
𝑥1 𝑥22 𝑥3

𝑔2 (𝑥) =

𝑥23 𝑥3
≤ 0,
7, 178𝑥14

397.5
− 1 ≤ 0,
𝑥1 𝑥22 𝑥32

𝑔3 (𝑥) =

4𝑥22 − 𝑥1 𝑥2
12, 566 (𝑥2 𝑥13 ) − 𝑥14

1.93𝑥43
− 1 ≤ 0,
𝑥2 𝑥3 𝑥64

𝑔4 (𝑥) =

1.93𝑥53
− 1 ≤ 0,
𝑥2 𝑥3 𝑥74

𝑔5 (𝑥) =

1.0 √ 745.0𝑥4 2
(
) + 16.9 × 106
𝑥2 𝑥3
110𝑥63

The mathematical formulation of this problem, where 𝑥𝑇 =
(𝑥1 , 𝑥2 , 𝑥3 ), is as follows:
Minimize 𝑓 (𝑥) = (𝑥3 + 2) 𝑥2 𝑥12 ,
subject to

𝑔1 (𝑥) = 1 −
𝑔2 (𝑥) =

1
+
− 1 ≤ 0,
5, 108𝑥12
𝑔3 (𝑥) = 1 −
𝑔4 (𝑥) =

(C.1)

140.45𝑥1
≤ 0,
𝑥22 𝑥3

𝑥2 + 𝑥1
− 1 ≤ 0.
1.5

subject to

− 1 ≤ 0,
𝑔6 (𝑥) =

The simple limits on the design variables are 0.05 ≤ 𝑥1 ≤
2.0, 0.25 ≤ 𝑥2 ≤ 1.3, and 2.0 ≤ 𝑥3 ≤ 15.0.

D. Speed Reducer Design Optimization
The problem of designing a speed reducer [40] is a standard
test problem. It consists of the design variables as face width
𝑥1 , module of teeth 𝑥2 , number of teeth on pinion 𝑥3 , length
of the first shaft between bearings 𝑥4 , length of the second
shaft between bearings 𝑥5 , diameter of the first shaft 𝑥6 , and
diameter of the first shaft 𝑥7 (all variables continuous except
𝑥3 that is integer). The weight of the speed reducer is to be
minimized subject to constraints on bending stress of the gear
teeth, surface stress, transverse deflections of the shafts, and
stresses in the shaft [6]. The mathematical formulation of the
problem, where 𝑥𝑇 = (𝑥1 , 𝑥2 , 𝑥3 , 𝑥4 , 𝑥5 , 𝑥6 , 𝑥7 ), is as follows:
Minimise 𝑓 (𝑥) = 0.7854𝑥1 𝑥22 (3.3333𝑥32
+14.9334𝑥3 43.0934)
− 1.508𝑥1 (𝑥62 + 𝑥73 ) + 7.4777 (𝑥63 + 𝑥73 )
+ 0.7854 (𝑥4 𝑥62 + 𝑥5 𝑥72 ) ,

1.0 √ 745.0𝑥5 2
(
) + 157.5 × 106
𝑥2 𝑥3
85𝑥73
− 1 ≤ 0,

𝑔7 (𝑥) =

𝑥2 𝑥3
− 1 ≤ 0,
40

𝑔8 (𝑥) =

5𝑥2
− 1 ≤ 0,
𝑥1

𝑔9 (𝑥) =

𝑥1
− 1 ≤ 0,
12𝑥2

𝑔10 (𝑥) =

1.5𝑥6 + 1.9
− 1 ≤ 0,
𝑥4

𝑔11 (𝑥) =

1.1𝑥7 + 1.9
− 1 ≤ 0.
𝑥5
(D.1)

The simple limits on the design variables are
2.6 ≤ 𝑥1 ≤ 3.6,
17 ≤ 𝑥3 ≤ 28,

0.7 ≤ 𝑥2 ≤ 0.8,

7.3 ≤ 𝑥4 ≤ 8.3,

2.9 ≤ 𝑥6 ≤ 3.9,

7.8 ≤ 𝑥5 ≤ 8.3,

5.0 ≤ 𝑥7 ≤ 5.5.
(D.2)
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E. Constrained Optimization Problem 1
2

References

2

Minimize 𝑓 (𝑥) = (𝑥1 − 2) + (𝑥2 − 1) ,
subject to

𝑔1 (𝑥) = 𝑥1 − 2𝑥2 + 1 = 0,
𝑔2 (𝑥) =

(E.1)

−𝑥1
− 𝑥22 + 1 ≥ 0,
4
− 10 ≤ 𝑥1 , 𝑥2 ≤ 10.

F. Constrained Optimization Problem 2
2

2

Minimize 𝑓 (𝑥) = (𝑥12 + 𝑥2 − 11) + (𝑥1 + 𝑥22 − 7) ,
subject to 𝑔1 (𝑥) = 4.84 − (𝑥1 − 0.05)

2

2

(F.1)

− (𝑥2 − 2.5) ≥ 0,
2

𝑔2 (𝑥) = 𝑥12 + (𝑥2 − 2.5) − 4.84 ≥ 0,
0 ≤ 𝑥1 , 𝑥2 ≤ 6.

G. Himmelblau’s Optimization Problem
Minimize 𝑓 (𝑥) = 5.357847𝑥32 + 0.8356891𝑥1 𝑥5
+ 37.293239𝑥1 − 40792.141,
subject to 𝑔1 (𝑥) = 85.334407 + 0.0056858𝑥2 𝑥5
+ 0.00026𝑥1 𝑥4 − 0.0022053𝑥3 𝑥5 ,
𝑔2 (𝑥) = 80.51249 + 0.0071317𝑥2 𝑥5
+ 0.0029955𝑥1 𝑥2 + 0.0021813𝑥32 ,
𝑔3 (𝑥) = 9.300961 + 0.0047026𝑥3 𝑥5
+ 0.0012547𝑥1 𝑥3 + 0.0019085𝑥3 𝑥4 ,
0 ≤ 𝑔1 (𝑥) ≤ 92,

90 ≤ 𝑔2 (𝑥) ≤ 110,

20 ≤ 𝑔3 (𝑥) ≤ 25,

78 ≤ 𝑥1 ≤ 102,

33 ≤ 𝑥2 ≤ 45,

27 ≤ 𝑥𝑖 ≤ 45,

𝑖 = 3, 4, 5.
(G.1)
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We present a global error bound for the projected gradient of nonconvex constrained optimization problems and a local error
bound for the distance from a feasible solution to the optimal solution set of convex constrained optimization problems, by using
the merit function involved in the sequential quadratic programming (SQP) method. For the solution sets (stationary points set and
𝐾𝐾𝑇 points set) of nonconvex constrained optimization problems, we establish the definitions of generalized nondegeneration and
generalized weak sharp minima. Based on the above, the necessary and sufficient conditions for a feasible solution of the nonconvex
constrained optimization problems to terminate finitely at the two solutions are given, respectively. Accordingly, the results in this
paper improve and popularize existing results known in the literature. Further, we utilize the global error bound for the projected
gradient with the merit function being computed easily to describe these necessary and sufficient conditions.

1. Introduction
This paper is concerned with the following constrained
optimization problem:

SQP method, the next iterate point is generated by solving a
subproblem as follows:
max { ⟨∇𝑓 (𝑥) , 𝑥 − 𝑦⟩

𝑦∈𝑆(𝑥)

min {𝑓 (𝑥) | 𝑥 ∈ 𝑆} ,

where 𝑓 : R𝑛 → R is a continuously differentiable function
𝑆 = {𝑥 ∈ R𝑛 | 𝑐𝑖 (𝑥) ≤ 0, 𝑖 = 1, 2, . . . , 𝑚} ,

1
− ⟨𝐵 (𝑥) (𝑦 − 𝑥) , 𝑦 − 𝑥⟩} ,
2

(𝑁𝑃)

(𝑆𝑃 (𝑥))

where
𝑆 (𝑥) = {𝑦 ∈ R𝑛 | ⟨∇𝑐𝑖 (𝑥) , 𝑦 − 𝑥⟩ ≤ 0, 𝑖 ∈ 𝐼𝑆 (𝑥)} ,

(1)

and 𝑐𝑖 : R𝑛 → R, for 𝑖 = 1, 2, . . . , 𝑚, are continuously
differentiable convex functions.
It is well known that SQP is an important method for
solving the problem (𝑁𝑃). Its essential idea is to approximate
the solutions of the problem (𝑁𝑃) by using the optimal
solutions of a series of quadratic programming. The solutions
here may be referred to as the stationary points, 𝐾𝐾𝑇 points,
or optimal solutions of the problem (𝑁𝑃).
Suppose that 𝑥 ∈ 𝑆 is a current iterate point of the
problem (𝑁𝑃). Generally, during the iterative process of the

𝐼𝑆 (𝑥) = {1 ≤ 𝑖 ≤ 𝑚 | 𝑐𝑖 (𝑥) = 0} ,

(2)

∇𝑓 and ∇𝑐𝑖 are gradients of 𝑓 and 𝑐𝑖 , respectively, and 𝐵(𝑥)
is a symmetric positive definite matrix. The matrix 𝐵(𝑥) is
modified and selected again along with the iterative process.
For the matrix 𝐵(𝑥), we assume in this paper that there
exist positive numbers 𝜆 min and 𝜆 max such that
𝜆 min ≤ ‖𝐵 (𝑥)‖ ≤ 𝜆 max ,

∀𝑥 ∈ 𝑆,

(3)

where ‖ ⋅ ‖ stands for the Euclidean norm.
Due to the convexity of 𝑐𝑖 (⋅) and 𝐼𝑆 (𝑥) ⊆ {1, 2, . . . , 𝑚}, it is
easy to see that 𝑆 ⊆ 𝑆(𝑥) for all 𝑥 ∈ 𝑆.
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Consider the following function:
𝜙 (𝑥) = max { ⟨∇𝑓 (𝑥) , 𝑥 − 𝑦⟩
𝑦∈𝑆(𝑥)

1
− ⟨𝐵 (𝑥) (𝑦 − 𝑥) , 𝑦 − 𝑥⟩} ,
2

(4)

which is referred to as a merit function.
It is well known that the SQP method has wide and
valid application for solving optimization problems (see [1–
7]). However, the aim of this paper is not to propose more
algorithms or computing skills for SQP methods but to study
the global error bounds of projected gradient for nonconvex
problems (𝑁𝑃) and the local error bounds of the distance
from a feasible solution to the optimal solution set for convex
problems (𝑁𝑃), with these error bounds by means of the
merit function 𝜙(𝑥) being provided. This is one of the main
contents of this paper.
The theory of error bounds has attracted a lot of attention
and many good results have been obtained. In particular, [8,
9] established many types of global error bounds for monotone affine variational inequality problems; [10–12] developed
global 𝑆-type error bounds and global error bounds in R𝑛
for strongly monotone variational inequality problems; [13,
14] obtained global 𝑆-type error bounds for generalized
linear complementarity problems and monotone variational
inequality problems. However, to the best of our knowledge,
there is not much work concerning the error bounds in SQP
methods. This motivates us to do this research.
It should be noted that the merit function 𝜙(𝑥) considered
here is different from the regular gap function (another kind
of merit function) discussed in [10, 11, 15, 16], since 𝜙(𝑥) is
generated over a polyhedral set obtaining 𝑆, rather than over
𝑆 itself. The main advantage of this modification is that the
𝐾𝐾𝑇 point of the problem (𝑁𝑃) is equivalent to 𝜙(𝑥) = 0. In
addition, the computation of 𝜙(𝑥) is easier than the regular
gap function.
Another main contribution of this paper is the finite termination of a feasible solution sequence; that is, the feasible
solution sequence converges finitely to the solution sets (stationary points set and 𝐾𝐾𝑇 point set) of problem (𝑁𝑃). This
research has received considerable attention (see [17–25]).
Among these, under the assumption that the solution set is
weak sharp minima or nondegeneration, [20–25] studied the
finite termination, respectively; [17–19] discussed, under the
stronger condition, finite termination for some new efficient
algorithms. It is worth mentioning that Burke and Ferris (see
[20]), under the solution set satisfying the condition of weak
sharp minima and other hypotheses for convex optimization
problems, put forward the necessary and sufficient condition
by which a feasible solution sequence converges finitely
to the solution set (see [20, Theorem 4.7]). Afterwards,
under the same conditions, [21] verified the conclusion in
Pseudomonotone+ variational inequality problems. Recently,
[25, Theorem 2] simplified the conditions of [20, Theorem
4.7] and confirmed that [20, Theorem 4.7] is efficacious only
under the solution set satisfying the condition of weak sharp
minima. However, for nonconvex optimization problems
(𝑁𝑃), when its solution set satisfies the condition of weak

sharp minima or nondegeneration, establishing the necessary
and sufficient condition of a feasible solution sequence to
converge finitely to the solution set is undoubtedly of great
significance to solve this problem, but up to now we have not
seen the research literature on this issue.
In this paper, inspired by [25, Theorem 2], we solve this
problem. We firstly extend the concepts of nondegeneration
and weak sharp minima and, for the solution set of the
problem (𝑁𝑃), establish the definitions of generalized nondegeneration and generalized weak sharp minima. Based on
these two generalized concepts, we prove the following main
results:
(1) the necessary and sufficient condition of a feasible
solution sequence to converge finitely to the solution set
for the problem (𝑁𝑃) is that the corresponding sequence of
projected gradient converges to zero.
When the feasible solution set 𝑆 of (𝑁𝑃) is general closed
convex, the calculation of gradient projection is very difficult.
However, the calculation of a merit function is much easier,
and 𝜙(𝑥) = 0 equivalent to 𝑥 being a 𝐾𝐾𝑇 point. Based
on this feature of 𝜙(𝑥), we characterize the necessary and
sufficient condition for the sequence terminating finitely to
generalized a nondegeneration 𝐾𝐾𝑇 point set by global error
bound of projected gradient using merit function 𝜙(𝑥); that
is,
(2) for the problem (𝑁𝑃), the necessary and sufficient
condition for the feasible solution sequence terminating
finitely to generalized nondegeneration 𝐾𝐾𝑇 point set is that
the corresponding sequence of merit function converges to
zero.
For generalized weak sharp minima, we
(3) suppose the stationary point set of the nonconvex
optimization problem (𝑁𝑃) is convex; then the necessary
and sufficient condition for the feasible solution sequence
terminating finitely to a generalized weak sharp minima
stationary point set is that the corresponding sequence of
projected gradient converges to zero. As a straightforward
corollary of the result, we obtain [16, Theorem 2]; therefore,
we extend [20, Theorem 4.7] to nonconvex optimization
problems.
The rest of this paper is organized as follows. In Section 2,
we introduce some concepts and symbols which shall be
used in the following discussion. In Section 3, we develop
some basic properties of 𝜙(𝑥) and obtain a global error
bound for the projected gradient and a local error bound
for the distance from a feasible solution to the optimal
solution set of problem (𝑁𝑃) by using 𝜙(𝑥). Finally, in
Section 4, we give the necessary and sufficient condition
for the feasible solution sequence terminating finitely to the
sets of generalized nondegenerate and weak sharp minima,
respectively, and give a number of meaningful conclusions.

2. Definitions and Notation
Let ‖ ⋅ ‖ and ⟨⋅, ⋅⟩ stand for the standard Euclidean norm
̂ and
and inner product in R𝑛 , respectively. Denote by 𝑆, 𝑆,
∗
𝑆 the stationary points set, 𝐾𝐾𝑇 points set, and (global)
optimal solutions set of problem (𝑁𝑃), respectively. In view
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of the assumption given in the matrix 𝐵(𝑥), we know that the
optimal solution of the subproblem (𝑆𝑃 (𝑥)) is unique; say
𝑦∗ (𝑥). For simplicity, we denote this optimal solution by 𝑦∗ ,
and the confusion can be eliminated from the context.
Given a nonempty subset 𝐴 of R𝑛 , its closure set is
denoted by 𝑐𝑙𝐴 and the polar cone is defined as
𝐴∘ = {𝑦 ∈ R𝑛 | ⟨𝑦, 𝑥⟩ ≤ 0, ∀𝑥 ∈ 𝐴} .

(5)

The tangent cone of 𝐴 at 𝑥 ∈ 𝑐𝑙𝐴 is given by
𝑇𝐴 (𝑥) = {𝑑 ∈ R𝑛 | ∃𝜆 𝑘 ↓ 0, 𝑑𝑘 → 𝑑,
such that 𝑥 + 𝜆 𝑘 𝑑𝑘 ∈ 𝐴, ∀𝑘} .

𝑁𝐴 (𝑥) = {𝑦 ∈ R𝑛 | ⟨𝑦, 𝑧 − 𝑥⟩ ≤ 0, ∀𝑧 ∈ 𝐴} .

(6)

(7)

(8)

(9)

𝑛

Fixed vector 𝑎 ∈ R and a nonnegative scalar 𝑡, we use
notation 𝑎 + 𝑡B to mean that {𝑥 ∈ R𝑛 | ‖𝑥 − 𝑎‖ ≤ 𝑡}, where B
stands for the unit ball in R𝑛 .
A mapping ∇𝐴𝑓(⋅) : R𝑛 → R𝑛 is said to be a projected
gradient of 𝑓(⋅) with respect to a set 𝐴 if
∇𝐴𝑓 (𝑥) = 𝑃 (−∇𝑓 (𝑥) | 𝑇𝐴 (𝑥)) ,

∀𝑥 ∈ 𝐴.

(10)

Clearly, 𝑥 ∈ 𝑆 is a stationary point of (𝑁𝑃) if and only if
−∇𝑓(𝑥) ∈ 𝑁𝑆 (𝑥) or, equivalently, ∇𝑆 𝑓(𝑥) = 0. Since 𝑐𝑖 (𝑥) is
convex, it is easy to see that 𝑆̂ ⊆ 𝑆 and 𝑆∗ ⊆ 𝑆. Clearly, we
have 𝑆∗ = 𝑆 for convex optimization problem.
For the solution set 𝑆∗ of optimization problem (𝑁𝑃),
Burke and Ferris [20] extended the concept of strong singleton minima point to weak sharp minima, which can be used
to deal with the case where the solution set is a nonsingleton
point set. More precisely, a set 𝑆∗ is said to be weak sharp
minima if there exists a positive 𝛼∗ which depends only on
𝑓, 𝑆∗ , and 𝑆, such that
𝑓 (𝑥) − 𝑓 (𝑥∗ ) ≥ 𝛼∗ dist (𝑥, 𝑆∗ ) ,

∀𝑥∗ ∈ 𝑆∗ , 𝑥 ∈ 𝑆. (11)

We call that a sequence {𝑥𝑘 } terminates finitely to 𝐴 if there
exists 𝑘0 such that 𝑥𝑘 ∈ 𝐴 for all 𝑘 ≥ 𝑘0 . Given 𝛼 ∈ R, the level
set of 𝜙(𝑥) is defined as
𝐿 𝜙 (𝛼) = {𝑥 ∈ 𝑆 | 𝜙 (𝑥) ≤ 𝛼} .

𝑖∈𝐼𝑆 (𝑥)

𝜆∗𝑖 ⟨∇𝑐𝑖 (𝑥) , 𝑦∗ − 𝑥⟩ = 0,

∀𝑖 ∈ 𝐼𝑆 (𝑥) ,

(13)
(14)

where, for simplicity, one uses 𝜆∗𝑖 to denote 𝐾𝐾𝑇 multipliers
𝜆∗𝑖 (𝑥) associated with the unique optimal solution to the
problem (𝑆𝑃 (𝑥)).

𝜙 (𝑥) =

1
⟨𝐵 (𝑥) (𝑦∗ − 𝑥) , 𝑦∗ − 𝑥⟩ .
2

(15)

Proof. Left-multiplying the two sides of (13) by (𝑥 − 𝑦∗ )𝑇 and
using (14), we have
⟨∇𝑓 (𝑥) , 𝑥 − 𝑦∗ ⟩ − ⟨𝐵 (𝑥) (𝑦∗ − 𝑥) , 𝑦∗ − 𝑥⟩ = 0.

(16)

By the definition of 𝜙(𝑥), we obtain

and the distance from 𝑥 ∈ R𝑛 to 𝐴 is given by
dist (𝑥, 𝐴) = ‖𝑥 − 𝑃 (𝑥 | 𝐴)‖ .

Lemma 1. Given 𝑥 ∈ 𝑆, a point 𝑦∗ ∈ 𝑆(𝑥) is the unique
solution of the subproblem (𝑆𝑃 (𝑥)) if and only if there exist
𝐾𝐾𝑇 multipliers 𝜆∗𝑖 ≥ 0 for 𝑖 ∈ 𝐼𝑆 (𝑥) such that

Lemma 2. For any 𝑥 ∈ 𝑆, one has

The projection of a point 𝑥 ∈ R𝑛 onto a closed set 𝐴 is
defined by


𝑃 (𝑥 | 𝐴) = arg min {𝑦 − 𝑥 | 𝑦 ∈ 𝐴} ,

3.1. Properties of 𝜙(𝑥). This subsection mainly deals with
the basic properties of the merit function 𝜙(𝑥). From the
definition of subproblem (𝑆𝑃 (𝑥)), we know that 𝜙(𝑥) ≥ 0
for all 𝑥 ∈ 𝑆. Since 𝑆(𝑥) is polyhedral, we have the following.

∇𝑓 (𝑥) + 𝐵 (𝑥) (𝑦∗ − 𝑥) + ∑ 𝜆∗𝑖 ∇𝑐𝑖 (𝑥) = 0,

The normal cone of 𝐴 at 𝑥 ∈ 𝐴 is defined as 𝑁𝐴(𝑥) = 𝑇𝐴(𝑥)∘ .
In particular, if 𝐴 is convex, then the tangent and normal cone
of 𝐴 at 𝑥 ∈ 𝐴 take the following form, respectively:
𝑇𝐴 (𝑥) = 𝑐𝑙 {𝜆 (𝑦 − 𝑥) | 𝜆 ≥ 0, 𝑦 ∈ 𝑆} ;

3. Error Bound

(12)

𝜙 (𝑥) = ⟨∇𝑓 (𝑥) , 𝑥 − 𝑦∗ ⟩ −

1
⟨𝐵 (𝑥) (𝑦∗ − 𝑥) , 𝑦∗ − 𝑥⟩
2

1
= ⟨𝐵 (𝑥) (𝑦∗ − 𝑥) , 𝑦∗ − 𝑥⟩ .
2

(17)

Lemma 3. For any 𝑥 ∈ 𝑆, one has
1

2
𝜙 (𝑥) ≥ 𝜆 min 𝑦∗ − 𝑥 .
2

(18)

With the preparation of these lemmas, we obtain the
following result.
Theorem 4. The following conclusions are equivalent:
(1) 𝑥 is a 𝐾𝐾𝑇 point of the problem (𝑁𝑃);
(2) 𝑥 ∈ 𝑆 and 𝜙(𝑥) = 0;
(3) 𝑥 ∈ 𝑆 and 𝑥 = 𝑦∗ (𝑥).
From conclusions (1) and (2) of Theorem 4 and the
nonnegativity of 𝜙(𝑥), it is immediate to verify the following
result.
Corollary 5. Suppose that the 𝐾𝐾𝑇 point of (𝑁𝑃) is
nonempty. Then, 𝑥∗ is a 𝐾𝐾𝑇 point of problem (𝑁𝑃) if and
only if 𝑥∗ is an optimal solution of problem
min {𝜙 (𝑥) | 𝑥 ∈ 𝑆} .
In this case, 𝜙(𝑥∗ ) = 0 and 𝑥∗ = 𝑦∗ (𝑥∗ ).

(19)
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Lemma 6. For any 𝑥 ∈ 𝑆 and 𝑧 ∈ 𝑆(𝑥), one has
∗

On the other hand, Lemma 3 implies that

∗

⟨∇𝑓 (𝑥) + 𝐵 (𝑥) (𝑦 − 𝑥) , 𝑧 − 𝑦 ⟩ ≥ 0.

(20)

Proof. Clearly, the optimal solutions of problem (𝑆𝑃 (𝑥)) is
the same to that of the following programming problem:
1
min {⟨∇𝑓 (𝑥) , 𝑦 − 𝑥⟩ + ⟨𝐵 (𝑥) (𝑦 − 𝑥) , 𝑦 − 𝑥⟩} . (21)
𝑦∈𝑆(𝑥)
2
Since this is a convex programming, its optimal solutions
must be stationary points as well; that is,
∗

∗

⟨∇𝑓 (𝑥) + 𝐵 (𝑥) (𝑦 − 𝑥) , 𝑧 − 𝑦 ⟩ ≥ 0.

(22)

(

1/2

𝛽2 𝜙(𝑥)



≤ ∇𝑆(𝑥) 𝑓 (𝑥) ≤ 𝛽1 𝜙(𝑥)1/2 ,
1/2

where 𝛽1 = 𝜆 max (2/𝜆 min )

and 𝛽2 = (𝜆 min /2)

1/2

(

𝜆 min 1/2
1
) 𝜙(𝑥)1/2 ≤  ∗
 𝜙 (𝑥) .
2
𝑦 − 𝑥

𝑦∗ − 𝑥
 ∗
 ∈ 𝑇𝑆(𝑥) (𝑥) ,
𝑦 − 𝑥

 ∗
 𝑦 − 𝑥  = 1.
  ∗

 𝑦 − 𝑥 

(23)

𝜙 (𝑥)
𝛽2 𝜙(𝑥)1/2 ≤  ∗

𝑦 − 𝑥
𝑦∗ − 𝑥
= ⟨−∇𝑓 (𝑥) ,  ∗
⟩
𝑦 − 𝑥
−

(24)

⟨−∇𝑓 (𝑥) , 𝑑⟩ = ⟨𝐵 (𝑥) (𝑦 − 𝑥) , 𝑑⟩ +

∑ 𝜆∗𝑖
𝑖∈𝐼𝑆 (𝑥)

𝑦∗ − 𝑥
1
⟨𝐵 (𝑥) (𝑦∗ − 𝑥) ,  ∗
⟩
2
𝑦 − 𝑥

𝑦∗ − 𝑥
≤ ⟨−∇𝑓 (𝑥) ,  ∗
⟩
𝑦 − 𝑥

where we have used the fact that 𝐼𝑆 (𝑥) = 𝐼𝑆(𝑥) (𝑥). Take 𝑑 ∈
𝑇𝑆(𝑥) (𝑥) with ‖𝑑‖ ≤ 1. Left-multiplying both sides of (13) by
𝑑𝑇 and using Lemma 3, we obtain
∗

(30)

From (29) and (30), we obtain

Proof. Since 𝑆(𝑥) is a polyhedral set, it is easy to see that the
tangent cone of 𝑆(𝑥) at 𝑥 takes the form as follows:

= {𝑑 ∈ R𝑛 | ⟨∇𝑐𝑖 (𝑥) , 𝑑⟩ ≤ 0, 𝑖 ∈ 𝐼𝑆 (𝑥)} ,

(29)

Let 𝛽2 = (𝜆 min /2)1/2 . Note that

.

𝑇𝑆(𝑥) (𝑥) = {𝑑 ∈ R𝑛 | ⟨∇𝑐𝑖 (𝑥) , 𝑑⟩ ≤ 0, 𝑖 ∈ 𝐼𝑆(𝑥) (𝑥)}

(28)

from which we obtain

3.2. Error Bound. The following result provides an estimation
for ‖∇𝑆(𝑥) 𝑓(𝑥)‖.
Theorem 7. For any 𝑥 ∈ 𝑆, one has

𝜆 min 1/2  ∗

) 𝑦 − 𝑥 ≤ 𝜙(𝑥)1/2 ,
2

≤ max {⟨−∇𝑓 (𝑥) , 𝑑⟩ | 𝑑 ∈ 𝑇𝑆(𝑥) (𝑥) , ‖𝑑‖ ≤ 1}


= ∇𝑆(𝑥) 𝑓 (𝑥) .

⟨∇𝑐𝑖 (𝑥) , 𝑑⟩

(31)

∗

≤ ⟨𝐵 (𝑥) (𝑦 − 𝑥) , 𝑑⟩

So, the left inequality is valid.



≤ 𝜆 max 𝑦∗ − 𝑥
≤ 𝜆 max (

2
𝜆 min

1/2

)

The following result can be obtained by Theorems 4 and
1/2

𝜙(𝑥)

7.

.
(25)

(1) 𝑥 is a 𝐾𝐾𝑇 point of the problem (𝑁𝑃);

In other words, we obtain
⟨−∇𝑓 (𝑥) , 𝑑⟩ ≤ 𝛽1 𝜙(𝑥)1/2 ,
∀𝑑 ∈ 𝑇𝑆(𝑥) (𝑥) with ‖𝑑‖ ≤ 1,

(2) 𝑥 ∈ 𝑆 and ∇𝑆(𝑥) 𝑓(𝑥) = 0.
(26)

where 𝛽1 = 𝜆 max (2/𝜆 min )1/2 . This, together with the properties of projected gradient by Calamai and Moré [26], implies
that


∇𝑆(𝑥) 𝑓 (𝑥) = max {⟨−∇𝑓 (𝑥) , 𝑑⟩ | 𝑑 ∈ 𝑇𝑆(𝑥) (𝑥) , ‖𝑑‖ ≤ 1}
≤ 𝛽1 𝜙(𝑥)1/2 .
(27)
Thus, the right inequality is proved.

Corollary 8. The following conclusions are equivalent:

A global error bound for ∇𝑆 𝑓(𝑥) is given below.
Theorem 9. For any 𝑥 ∈ 𝑆, one has


1/2
∇𝑆 𝑓 (𝑥) ≤ 𝛽1 𝜙(𝑥) .

(32)

If 𝑆 is polyhedral, then


𝛽2 𝜙(𝑥)1/2 ≤ ∇𝑆 𝑓 (𝑥) ≤ 𝛽1 𝜙(𝑥)1/2 ,
where 𝛽1 = 𝜆 max (2/𝜆 min )1/2 and 𝛽2 = (𝜆 min /2)1/2 .

(33)
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Proof. Since 𝑆 ⊆ 𝑆(𝑥) and 𝑥 ∈ 𝑆, it follows from the definition
of tangent cone that
𝑇𝑆 (𝑥) ⊆ 𝑇𝑆(𝑥) (𝑥) .

(34)

Taking into account of the properties of the projected gradient and Theorem 7, we obtain


∇𝑆 𝑓 (𝑥) = max {⟨−∇𝑓 (𝑥) , 𝑑⟩ | 𝑑 ∈ 𝑇𝑆 (𝑥) , ‖𝑑‖ ≤ 1}


= ∇𝑆(𝑥) 𝑓 (𝑥)
≤ 𝛽1 𝜙(𝑥)1/2 .
(35)
If 𝑆 is polyhedral, then 𝑇𝑆 (𝑥) = 𝑇𝑆(𝑥) (𝑥); that is,
∇𝑆 𝑓(𝑥) = ∇𝑆(𝑥) 𝑓(𝑥). Thus, the result is established by
invoking Theorem 7.
Now, we consider the case where the problem (𝑁𝑃) is
convex; that is, the functions involved in (𝑁𝑃) are all convex.
Obviously, in this case, 𝑆∗ is a closed convex set. Under
condition (11), we use 𝜙(𝑥) to give a local error bound for
dist(𝑥, 𝑆∗ ).
Theorem 10. Suppose that (𝑁𝑃) is a convex programming. If
𝑆∗ is a set of weak sharp minima; that is, (11) holds, then there
exist positive constants 𝛼, 𝛽, and 𝛾 such that
∀𝑥 ∈ 𝐿 𝜙 (𝛼) .

Proof. Given any 𝑥 ∈ 𝑆, let 𝑧 = 𝑃(𝑥 | 𝑆 ). Taking into account
Lemma 6, we have
∗

⟨∇𝑓 (𝑥) , 𝑃 (𝑥 | 𝑆 ) − 𝑦 ⟩

(37)

≥ ⟨𝐵 (𝑥) (𝑦∗ − 𝑥) , 𝑦∗ − 𝑃 (𝑥 | 𝑆∗ )⟩ .

1
𝜙 (𝑥) = ⟨∇𝑓 (𝑥) , 𝑥 − 𝑦 ⟩ − ⟨𝐵 (𝑥) (𝑦∗ − 𝑥) , 𝑦∗ − 𝑥⟩
2
∗

+ ⟨𝐵 (𝑥) (𝑦∗ − 𝑥) , 𝑦∗ − 𝑃 (𝑥 | 𝑆∗ )⟩
1

2
− 𝜆 max 𝑦∗ − 𝑥
2

≥ 𝛼∗ dist (𝑥, 𝑆∗ ) − 𝜆 max (
−

2
𝜆 min

)

1/2

𝜙(𝑥)1/2 dist (𝑥, 𝑆∗ )

3𝜆 max
𝜙 (𝑥) ,
𝜆 min

(39)

which in turn implies that
[𝛼∗ − 𝜆 max (

2
𝜆 min

1/2

)

𝜙(𝑥)1/2 ] dist (𝑥, 𝑆∗ )
(40)

3𝜆
≤ ( max + 1) 𝜙 (𝑥) .
𝜆 min

Let 𝛼1/2 = (𝛼∗ /2)[𝜆 max (2/𝜆 min )1/2 ]−1 , 𝛽 = (1/2)𝛼∗ and 𝛾 =
3𝜆 max /𝜆 min + 1. When 𝑥 ∈ 𝐿 𝜙 (𝛼), it follows from (40) that
𝛽 dist (𝑥, 𝑆∗ ) = [𝛼∗ − (𝜆 max (
≤ [𝛼∗ − 𝜆 max (

1/2

2

)

𝜆 min
2

𝜆 min

1/2

)

) 𝛼1/2 ] dist (𝑥, 𝑆∗ )

𝜙(𝑥)1/2 ] dist (𝑥, 𝑆∗ )

≤ 𝛾𝜙 (𝑥) .

Corollary 11. Suppose that (𝑁𝑃) is a convex programming. If
(11) holds and {𝑥𝑘 } satisfies lim𝑘 → ∞ 𝜙(𝑥𝑘 ) = 0, then
𝑘→∞

∗

∗

= ⟨∇𝑓 (𝑥) , 𝑥 − 𝑃 (𝑥 | 𝑆 )⟩ + ⟨∇𝑓 (𝑥) , 𝑃 (𝑥 | 𝑆 ) − 𝑦 ⟩

≥ 𝑓 (𝑥) − 𝑓 (𝑃 (𝑥 | 𝑆∗ ))

3
2

− 𝜆 max 𝑦∗ − 𝑥
2

lim dist (𝑥𝑘 , 𝑆∗ ) = 0.

1

2
≥ ⟨∇𝑓 (𝑥) , 𝑥 − 𝑦∗ ⟩ − 𝜆 max 𝑦∗ − 𝑥
2
1

2
− 𝜆 max 𝑦∗ − 𝑥
2

According to the last inequality above and Lemma 3,


𝜙 (𝑥) ≥ 𝛼∗ dist (𝑥, 𝑆∗ ) − 𝜆 max 𝑦∗ − 𝑥 dist (𝑥, 𝑆∗ )

(41)

By (11), (37), the convexity of 𝑓(⋅), and the assumption of 𝐵(𝑥),
we have

∗

3

2
− 𝜆 max 𝑦∗ − 𝑥 .
2

(36)

∗

∗



 1
2
⋅ 𝑦∗ − 𝑃 (𝑥 | 𝑆∗ ) − 𝜆 max 𝑦∗ − 𝑥
2


≥ 𝛼∗ dist (𝑥, 𝑆∗ ) − 𝜆 max 𝑦∗ − 𝑥 dist (𝑥, 𝑆∗ )

(38)

≤ max {⟨−∇𝑓 (𝑥) , 𝑑⟩ | 𝑑 ∈ 𝑇𝑆(𝑥) (𝑥) , ‖𝑑‖ ≤ 1}

𝛽 dist (𝑥, 𝑆∗ ) ≤ 𝛾𝜙 (𝑥) ,



≥ 𝛼∗ dist (𝑥, 𝑆∗ ) − 𝜆 max 𝑦∗ − 𝑥

(42)

Proof. For the positive 𝛼 given in Theorem 10, it follows from
lim𝑘 → ∞ 𝜙(𝑥𝑘 ) = 0 that there exists 𝑘0 such that 𝜙(𝑥𝑘 ) ≤ 𝛼 for
all 𝑘 ≥ 𝑘0 ; that is, 𝑥𝑘 ∈ 𝐿 𝜙 (𝛼). The result then follows readily
from Theorem 10.

4. Finite Termination
In this section, we will study the necessary and sufficient
conditions for the feasible solution sequence of nonconvex
optimization problems (𝑁𝑃) terminating finitely to their
solution sets (stationary points set and 𝐾𝐾𝑇 points set).
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4.1. Generalized Nondegenerate Set. First we introduce the
concept of nondegenerate set.
Definition 12. Let 𝑆∘ ⊂ 𝑆; if
−∇𝑓 (𝑥) ∈ int 𝑁𝑆 (𝑥) ,

∀𝑥 ∈ 𝑆∘ ,

(43)

𝑆∘ is said to be a nondegenerate set.

Proof. Consider the following.
Necessity. If 𝑥𝑘 ∈ 𝑆, by the definition of stationary point, we
̂ for 𝑆̂ ⊂ 𝑆, we also have ∇𝑆 𝑓(𝑥𝑘 ) =
have ∇𝑆 𝑓(𝑥𝑘 ) = 0. If 𝑥𝑘 ⊆ 𝑆,
0.
Sufficiency. We only give the proof for 𝑆. The proof for 𝑆̂ is the
same as that for 𝑆. Suppose (45) holds. We prove the result by
contradiction. Suppose on the contrary that there exists an
infinite subsequence 𝑁 ⊆ {1, 2, . . .} such that

Now, we further extend the definition of the nondegeneration. Let 𝑁 ⊆ {1, 2, . . .} be an infinite subset.
Definition 13. Let 𝑆∘ ⊂ 𝑆 and {𝑥𝑘 } ⊂ R𝑛 . 𝑆∘ is said to
be a generalized nondegenerate set for {𝑥𝑘 }, if, for every
subsequence {𝑥𝑘 }𝑘∈𝑁, there exists 𝑥𝑁 ∈ 𝑆∘ and 𝑃𝑁 ∈ R𝑛 such
that
(i) −𝑃𝑁 ∈ int 𝑁𝑆 (𝑥𝑁);

𝑥𝑘 ∉ 𝑆,

∀𝑘 ∈ 𝑁.

Since 𝑆 is a generalized nondegenerate for {𝑥𝑘 }, so, according
to Definition 13, for subsequence {𝑥𝑘 }𝑘∈𝑁, ∃𝑥𝑁 ∈ 𝑆 and 𝑃𝑁 ∈
R𝑛 , such that
−𝑃𝑁 ∈ int 𝑁𝑆 (𝑥𝑁) ,

From (47), we know that ∃𝛼 > 0 such that

It is easy to verify that the following several propositions
expressed are special cases of generalized nondegenerate set.

−𝑃𝑁 + 𝛼B ⊂ 𝑁𝑆 (𝑥𝑁) ,

Proposition 15. Let 𝑆∘ ⊂ 𝑆, {𝑥𝑘 } ⊂ R𝑛 , and {∇𝑓(𝑥𝑘 )} be
bounded. If, for every accumulation point ∇𝑓∗ of {∇𝑓(𝑥𝑘 )},
there exists 𝑥∗ ∈ 𝑆∘ such that
∗

∗

−∇𝑓 ∈ int 𝑁𝑆 (𝑥 ) .

(44)

∘

then 𝑆 is a generalized nondegenerate set for {𝑥𝑘 }.
From [20, Theorem 3.1], we know that gradient ∇𝑓(⋅) is
always constant vector in the optimal solution set of a convex
optimization problems. So, according to the monotonicity of
∇𝑓(⋅), we get the following.
Proposition 16. Let 𝑆∗ , the optimal solution set of a convex
optimization problems (𝑁𝑃), be a nondegenerate set. Then, for
any {𝑥𝑘 } ⊂ R𝑛 , 𝑆∗ is a generalized nondegenerate set for {𝑥𝑘 }.
Here, we give the necessary and sufficient condition for
the feasible solution sequence of the nonconvex optimization
problems (𝑁𝑃) terminating finitely to its generalized nondegenerate solution set.
Theorem 17. For the nonconvex optimization problem (𝑁𝑃),
̂ be a generalized
let {𝑥𝑘 } ⊂ 𝑆, the solution set (𝑆 or 𝑆),
nondegenerate set. Then, {𝑥𝑘 } terminates finitely to solution set,
if and only if
lim ∇𝑆 𝑓 (𝑥𝑘 ) = 0.

𝑘→∞

(45)

(47)

1
lim sup 
 ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁, 𝑥𝑘 − 𝑥𝑁⟩ ≥ 0.
𝑘∈𝑁,𝑘 → ∞ 
𝑥𝑘 − 𝑥𝑁

(ii) lim sup𝑘∈𝑁,𝑘 → ∞ (1/‖𝑥𝑘 − 𝑥𝑁‖)⟨∇𝑓(𝑥𝑘 ) − 𝑃𝑁, 𝑥𝑘 −
𝑥𝑁⟩ ≥ 0.

Proposition 14. Let 𝑆∘ ⊂ 𝑆 be a nondegenerate set, and let
{𝑥𝑘 } ⊂ R𝑛 be a bounded sequence, with its every accumulation
point 𝑥∗ ∈ 𝑆∘ . Then, 𝑆∘ is a generalized nondegenerate set for
{𝑥𝑘 }.

(46)

(48)

(49)

where B stands for the unit ball in R𝑛 . By (49), for ∀𝑔 ∈
𝑇𝑆 (𝑥𝑁), 𝑔 ≠0, we have
𝑔
⟨−𝑃𝑁 + 𝛼   , 𝑔⟩ ≤ 0;
𝑔

(50)

𝑔
𝛼 ≤ ⟨𝑃𝑁,   ⟩ .
𝑔

(51)

that is,

Let 𝑔𝑘 = 𝑥𝑘 − 𝑥𝑁 (∀𝑘 ∈ 𝑁), and by (46) we have 𝑔𝑘 ≠0. Since
𝑆 is convex, we have
𝑔𝑘 ∈ 𝑇𝑆 (𝑥𝑁) ,

−𝑔𝑘 ∈ 𝑇𝑆 (𝑥𝑘 )

(∀𝑘 ∈ 𝑁) .

(52)

Then, according to (51), (52), and the property of gradient
projection, we have for all 𝑘 ∈ 𝑁
𝑔
𝛼 ≤ ⟨𝑃𝑁,  𝑘  ⟩
𝑔𝑘 
𝑔
= ⟨−𝑃𝑁, −  𝑘  ⟩
𝑔𝑘 
𝑔
𝑔
= ⟨−∇𝑓 (𝑥𝑘 ) , −  𝑘  ⟩ − ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩
𝑔𝑘 
𝑔𝑘 
(53)
≤ max {⟨−∇𝑓 (𝑥𝑘 ) , 𝑑⟩ | 𝑑 ∈ 𝑇𝑆 (𝑥𝑘 ) , ‖𝑑‖ ≤ 1}
𝑔
− ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩
𝑔𝑘 
𝑔


= ∇𝑆 𝑓 (𝑥𝑘 ) − ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩ .
𝑔𝑘 
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It follows that
𝑔


𝛼 ≤ ∇𝑆 𝑓 (𝑥𝑘 ) − ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩ ,
𝑔
 𝑘 

(∀𝑘 ∈ 𝑁) .

(55)

≤ 0,
which is a contradiction with 𝛼 > 0.
Corollary 18. For the the nonconvex optimization problems
(𝑁𝑃), let {𝑥𝑘 } ⊂ 𝑆 be a bounded sequence and let 𝑆 be a
nondegenerate set. Then, {𝑥𝑘 } terminates finitely to 𝑆, if and
only if (45) holds.
Proof. The Necessity is obvious. We only need to prove the
Sufficiency. Suppose (45) holds; that is,
lim ∇𝑆 𝑓 (𝑥𝑘 ) = 0.

(56)

According to the lower semicontinuity of ∇𝑆 𝑓(⋅) and the
boundedness of {𝑥𝑘 }, we have that every accumulation point
𝑥∗ of {𝑥𝑘 } is in 𝑆. Therefore, from Proposition 14, we know
that 𝑆 is a generalized nondegenerate set for {𝑥𝑘 }. Then,
according to (45), by Theorem 17, sufficiency holds.
Corollary 19. For the nonconvex optimization problem (𝑁𝑃),
let {𝑥𝑘 } ⊂ 𝑆, and {∇𝑓(𝑥𝑘 )} is a bounded sequence, and, for each
̂
of its accumulation point ∇𝑓∗ , there exists 𝑥∗ ∈ 𝑆 (or 𝑥∗ ∈ 𝑆)
such that
−∇𝑓∗ ∈ int 𝑁𝑆 (𝑥∗ ) .

(58)

𝑘→∞

Proof. Consider the following.
̂ then, according to Theorem 4, we have
Necessity. If 𝑥𝑘 ∈ 𝑆,
𝜙(𝑥𝑘 ) = 0.

𝑔


𝛼 ≤ lim inf {∇𝑆 𝑓 (𝑥𝑘 ) − ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩}
𝑘∈𝑁,𝑘 → ∞
𝑔𝑘 

𝑘→∞

lim 𝜙 (𝑥𝑘 ) = 0.

(54)

Since 𝑔𝑘 = 𝑥𝑘 − 𝑥𝑁, according to (45) (48), we have

𝑔
≤ − lim sup ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩
𝑔

𝑘∈𝑁,𝑘 → ∞
 𝑘 

Theorem 21. For the nonconvex optimization problem (𝑁𝑃),
{𝑥𝑘 } ⊂ 𝑆, and 𝐾𝐾𝑇 points set 𝑆̂ is a generalized nondegenerate
̂ if and only if
set for {𝑥𝑘 }. Then, {𝑥𝑘 } terminates finitely to 𝑆,

(57)

̂ if and
Then, {𝑥𝑘 } terminates finitely to the solution set 𝑆 (or 𝑆)
only if (45) holds.
Proof. By Proposition 15 and Theorem 17, we can get it.
Corollary 20. For the nonconvex optimization problem (𝑁𝑃),
let {𝑥𝑘 } ⊂ 𝑆, and 𝑆 is a nondegenerate set. Then, {𝑥𝑘 } terminates
finitely to 𝑆∗ , if and only if (45) holds.
∗

Proof. Here, we have 𝑆 = 𝑆. Then, by Proposition 16 and
Theorem 17, we can get it.
In the following, we will use the global error bounds
of projected gradient, which resulted from last section, to
characterize the necessary and sufficient condition of feasible
solution sequence terminating finitely by the merit function
𝜙(⋅) which is easy to calculate.

Sufficiency. Suppose (58) holds, and according to Theorem 9,
we have lim𝑘 → ∞ ∇𝑆 𝑓(𝑥𝑘 ) = 0; that is, (45) holds. From
Theorem 17, we get the sufficiency.
Lemma 22. For the nonconvex optimization problem (𝑁𝑃), let
{𝑥𝑘 } ⊂ 𝑆, and (58) holds. If 𝑥∗ is an accumulation point of {𝑥𝑘 }
satisfying the Mangasarian-Fromovitz constraint qualification,
then 𝑥∗ is a 𝐾𝐾𝑇 point of (𝑁𝑃).
Proof. Without loss of generality, we assume that
lim 𝑥𝑘 = 𝑥∗ .

(59)

𝑘→∞

Then, there exists an index set 𝐼𝑆 ⊂ {1, 2, . . . , 𝑚} and an
infinite subsequence 𝑁 ⊆ {1, 2, . . .} such that
𝐼𝑆 (𝑥𝑘 ) = 𝐼𝑆 ⊆ 𝐼𝑆 (𝑥∗ ) ,

∀𝑘 ∈ 𝑁.

(60)

The tangent cone of 𝑆(𝑥) at 𝑥 ∈ 𝑆 is
𝑇𝑆(𝑥) (𝑥) = {𝑑 ∈ R𝑛 | ⟨∇𝑐𝑖 (𝑥) , 𝑑⟩ ≤ 0, 𝑖 ∈ 𝐼𝑆 (𝑥)} ,

(61)

and its normal cone is
{
}
𝑁𝑆(𝑥) (𝑥) = { ∑ 𝛼𝑖 ∇𝑐𝑖 (𝑥) | 𝛼𝑖 ≥ 0, 𝑖 ∈ 𝐼𝑆 (𝑥)} .
{𝑖∈𝐼𝑆 (𝑥)
}

(62)

Therefore, by (60) and (62), when 𝑘 ∈ 𝑁, there exists 𝜆(𝑘)
𝑖 ≥0
for 𝑖 ∈ 𝐼𝑆 such that
𝑃 (−∇𝑓 (𝑥𝑘 ) | 𝑁𝑆(𝑥𝑘 ) (𝑥𝑘 )) = ∑ 𝜆(𝑘)
𝑖 ∇𝑐𝑖 (𝑥𝑘 ) ,
𝑖∈𝐼𝑆

(63)

from which, and using the orthogonal projection decomposition, for all 𝑘 ∈ 𝑁, we get
−∇𝑓 (𝑥𝑘 ) = 𝑃 (−∇𝑓 (𝑥𝑘 ) | 𝑇𝑆(𝑥𝑘 ) (𝑥𝑘 ))
+ 𝑃 (−∇𝑓 (𝑥𝑘 ) | 𝑁𝑆(𝑥𝑘 ) (𝑥𝑘 ))

(64)

= ∇𝑆(𝑥𝑘 ) 𝑓 (𝑥𝑘 ) + ∑ 𝜆(𝑘)
𝑖 ∇𝑐𝑖 (𝑥𝑘 ) .
𝑖∈𝐼𝑆

We now show that the sequence {∑𝑖∈𝐼𝑆 𝜆(𝑘)
𝑖 }𝑘∈𝑁 must be
bounded. Suppose on the contrary that
lim

∑ 𝜆(𝑘)
𝑖 = +∞,

𝑘∈𝑁,𝑘 → ∞
𝑖∈𝐼𝑆

(65)
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Let us suppose
𝜆(𝑘)
𝑖

lim

𝑘∈𝑁,𝑘 → ∞ ∑
𝑖∈𝐼𝑆

𝜆(𝑘)
𝑖

= 𝛼𝑖∗ ,

𝑖 ∈ 𝐼𝑆 .

(66)

4.2. Generalized Weak Sharp Minima. In [20], Burke and
Ferris gave an equivalent condition for weak sharp minima
for a convex optimization problem; that is, the optimal
solution set 𝑆∗ of the convex optimization problem is a set
of weak sharp minima if and only if for every 𝑥 ∈ 𝑆∗
∘

Dividing the two sides of (64) by ∑𝑖∈𝐼𝑆 𝜆(𝑘)
𝑖 and taking limit,
due to (65) and (66), with the continuity of ∇𝑐𝑖 (⋅), we obtain

−∇𝑓 (𝑥) ∈ int ⋂ [𝑇𝑆 (𝑥) ∩ 𝑁𝑆∗ (𝑥)] .

∑ 𝛼𝑖∗ ∇𝑐𝑖 (𝑥∗ ) = 0,

Generally speaking, for a nonconvex optimization problem, (72) is only a necessary condition for weak sharp minima
condition (11); that is, (72) is weaker than (11). However,
considering its importance in analyzing the finite termination
of algorithms, some previous studies, for example, [21, 22],
directly use (72) as the definition of weak sharp minima for
the optimal solution set. In this paper, we will use the weaker
condition (72) to define the set of weak sharp minima.

(67)

𝑖∈𝐼𝑆

and, according to (66), we have
∑ 𝛼𝑖∗ = 1,

𝑖∈𝐼𝑆

𝛼𝑖∗ ≥ 0, 𝑖 ∈ 𝐼𝑆 .

(68)

According to the assumption, 𝑥∗ satisfies the 𝑀 − 𝐹
constraint qualification; that is, there is ℎ ∈ R𝑛 such that
⟨∇𝑐𝑖 (𝑥∗ ) , ℎ⟩ < 0,

∀𝑖 ∈ 𝐼𝑆 (𝑥∗ ) .

(69)

∗

Since 𝐼𝑆 ⊆ 𝐼𝑆 (𝑥 ), so (69), (67), and (68) are contradictory. So
∗
we assume that lim𝑘∈𝑁,𝑘 → ∞ 𝜆(𝑘)
𝑖 = 𝜆 𝑖 for 𝑖 ∈ 𝐼𝑆 . By (58) and
Theorem 7, we know that lim𝑘 → ∞ ∇𝑆(𝑥𝑘 ) 𝑓(𝑥𝑘 ) = 0. Then, by
(64) and the continuity of ∇𝑓(⋅), we obtain
−∇𝑓 (𝑥∗ ) =
=

lim

𝑘∈𝑁,𝑘 → ∞

∇𝑆(𝑥𝑘 ) 𝑓 (𝑥𝑘 ) +

lim

lim

𝑘∈𝑁,𝑘 → ∞

∑ 𝜆(𝑘)
𝑖 ∇𝑐𝑖 (𝑥𝑘 )

𝑖∈𝐼𝑆

Now, we further extend the definition of weak sharp
minima as follows.
Definition 26. Let 𝑆∘ ⊂ 𝑆 and {𝑥𝑘 } ⊂ R𝑛 . 𝑆∘ is said to be a
set of generalized weak sharp minima for {𝑥𝑘 }, if, for every
subsequence {𝑥𝑘 }𝑘∈𝑁, there exists 𝑃𝑁 ∈ R𝑛 such that
(ii) lim sup𝑘∈𝑁,𝑘 → ∞ (1/‖𝑥𝑘 − 𝑃(𝑥𝑘
𝑃𝑁, 𝑥𝑘 − 𝑃(𝑥𝑘 | 𝑆∘ )⟩ ≥ 0.

|

𝑆∘ )‖)⟨∇𝑓(𝑥𝑘 ) −

With the same as the set of generalized nondegeneration,
it is easy to verify that the following several propositions
expressed are special cases of generalized weak sharp minima.

= ∑ 𝜆∗𝑖 ∇𝑐𝑖 (𝑥∗ ) ,
𝑖∈𝐼𝑆

(70)
∗

which means that 𝑥 is a 𝐾𝐾𝑇 point of the (𝑁𝑃).
Corollary 23. For the nonconvex optimization problem (𝑁𝑃),
suppose 𝑆̂ is a nondegenerate set, {𝑥𝑘 } ⊂ 𝑆 is bounded,
and each of its accumulation point 𝑥∗ is satisfying the
Mangasarian-Fromovitz constraint qualification. Then, {𝑥𝑘 }
terminates finitely to 𝑆̂ if and only if the sequence satisfies (58).
Proof. According to Lemma 22 and Proposition 14, by
Theorem 21 we can get it.
Corollary 24. For the nonconvex optimization problem (𝑁𝑃),
suppose {𝑥𝑘 } ⊂ 𝑆, and {∇𝑓(𝑥𝑘 )} is a bounded sequence, and,
for each of its accumulation point ∇𝑓∗ , there exists 𝑥∗ ∈ 𝑆̂ such
that
−∇𝑓∗ ∈ int 𝑁𝑆 (𝑥∗ ) .

(72)

Definition 25. Let 𝑆∘ ⊂ 𝑆, and 𝑆∘ is said to be a set of weak
sharp minima if and only if (72) holds.

(i) −𝑃𝑁 ∈ int ⋂𝑥∈𝑆∘ [𝑇𝑆 (𝑥) ∩ 𝑁𝑆∘ (𝑥)]∘ ;

− ∇𝑓 (𝑥𝑘 )

𝑘∈𝑁,𝑘 → ∞

𝑥∈𝑆∗

(71)

Proposition 27. Let 𝑆∘ ⊂ 𝑆 be a set of weak sharp minima,
and let {𝑥𝑘 } ⊂ R𝑛 be a bounded sequence, with its every
accumulation point 𝑥∗ ∈ 𝑆∘ . Then, 𝑆∘ is a set of generalized
weak sharp minima for {𝑥𝑘 }.
Proposition 28. Let 𝑆∘ ⊂ 𝑆, {𝑥𝑘 } ⊂ R𝑛 , and {∇𝑓(𝑥𝑘 )} be
bounded. If, for every accumulation point ∇𝑓∗ of {∇𝑓(𝑥𝑘 )},
∘

−∇𝑓∗ ∈ int ⋂ [𝑇𝑆 (𝑥) ∩ 𝑁𝑆∘ (𝑥)] ,
𝑥∈𝑆∘

(73)

then, 𝑆∘ is a set of generalized weak sharp minima for {𝑥𝑘 }.
Proposition 29. Let the optimal solution set 𝑆∗ of a convex
optimization problem (𝑁𝑃) be a set of weak sharp minima.
Then, for any {𝑥𝑘 } ⊂ R𝑛 , 𝑆∗ is a set of generalized weak sharp
minima for {𝑥𝑘 }.

Then, {𝑥𝑘 } terminates finitely to 𝑆̂ if and only if the sequence
satisfies (58).

Here, we give the necessary and sufficient condition for
the feasible solution sequence of a nonconvex optimization
problem (𝑁𝑃) terminating finitely to its solution set of
generalized weak sharp minima.

Proof. According to Proposition 15, by Theorem 21 we can get
it.

Theorem 30. For the nonconvex optimization problem (𝑁𝑃),
let {𝑥𝑘 } ⊂ 𝑆, and its stationary point set 𝑆 is convex and is
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a set of generalized weak sharp minima for {𝑥𝑘 }. Then, {𝑥𝑘 }
terminates finitely to 𝑆, if and only if (45) holds.
Proof. Consider the following.
Necessity. If 𝑥𝑘 ∈ 𝑆, by the definition of stationary point, we
have ∇𝑆 𝑓(𝑥𝑘 ) = 0.
Sufficiency. Suppose (45) holds. We prove the result by
contradiction. Suppose on the contrary that there exists an
infinite subsequence 𝑁 ⊆ {1, 2, . . .} such that
𝑥𝑘 ∉ 𝑆,

∀𝑘 ∈ 𝑁.

(74)

So, according to Definition 26 (i), we know that, for subsequence {𝑥𝑘 }𝑘∈𝑁, ∃𝑃𝑁 ∈ R𝑛 and 𝛼 > 0, such that, for ∀𝑥 ∈ 𝑆,
we have
∘

−𝑃𝑁 + 𝛼B ⊂ [𝑇𝑆 (𝑥) ∩ 𝑁𝑆 (𝑥)] .

(75)

By (74), for ∀𝑔 ∈ 𝑇𝑆 (𝑥) ∩ 𝑁𝑆 (𝑥) and ∀𝑥 ∈ 𝑆, we have
𝑔
𝛼 ≤ ⟨𝑃𝑁,   ⟩ .
𝑔

(76)

Let 𝑧𝑘 = 𝑃(𝑥𝑘 | 𝑆) and 𝑔𝑘 = 𝑥𝑘 − 𝑧𝑘 . By (74), we have ∀𝑘 ∈ 𝑁,
𝑔𝑘 ≠0. Since 𝑆 is convex, we have
𝑔𝑘 ∈ 𝑇𝑆 (𝑧𝑘 ) ,

−𝑔𝑘 ∈ 𝑇𝑆 (𝑥𝑘 ) .

(77)

𝑔
≤ − lim sup ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩
𝑔𝑘 
𝑘∈𝑁,𝑘 → ∞

(81)

≤ 0,
which is a contradiction with 𝛼 > 0.
With the same as generalized nondegeneration, according
to Propositions 27, 28, and 29 and by Theorem 30, we can get
the following corollaries.
Corollary 31. For the nonconvex optimization problem (𝑁𝑃),
suppose 𝑆 is convex and weak sharp minima, and {𝑥𝑘 } ⊂ 𝑆 is
an bounded sequence. Then, {𝑥𝑘 } terminates finitely to 𝑆, if and
only if (45) holds.
Corollary 32. For the nonconvex optimization problem (𝑁𝑃),
suppose 𝑆 is convex and {𝑥𝑘 } ⊂ 𝑆; {∇𝑓(𝑥𝑘 )} is a bounded
sequence, and for each of its accumulation point ∇𝑓∗ , we have
∘

−∇𝑓∗ ∈ int ⋂ [𝑇𝑆 (𝑥) ∩ 𝑁𝑆 (𝑥)] .

(82)

Then, {𝑥𝑘 } terminates finitely to 𝑆, if and only if (45) holds.
Corollary 33. For the nonconvex optimization problem (𝑁𝑃),
the optimal solution set 𝑆∗ is weak sharp minima, {𝑥𝑘 } ⊂ 𝑆.
Then, {𝑥𝑘 } terminates finitely to 𝑆∗ , if and only if (45) holds.

(78)

Then, according to (76), (77), (78), and the property of
gradient projection, we have
𝑔
𝛼 ≤ ⟨𝑃𝑁,  𝑘  ⟩
𝑔
 𝑘 
𝑔
= ⟨−𝑃𝑁, −  𝑘  ⟩
𝑔𝑘 
𝑔
𝑔
= ⟨−∇𝑓 (𝑥𝑘 ) , −  𝑘  ⟩ − ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩
𝑔𝑘 
𝑔𝑘 
(79)
≤ max {⟨−∇𝑓 (𝑥𝑘 ) , 𝑑⟩ | 𝑑 ∈ 𝑇𝑆 (𝑥𝑘 ) , ‖𝑑‖ ≤ 1}

Notation. Corollary 33 is [25, Theorem 2], which simplifies Theorem 4.7 in Burke and Ferris [20] (which
removes two assumptions of [20, Theorem 4.7]; that is,
lim𝑘 → ∞ dist(𝑥𝑘 , 𝑆∗ ) = 0 and ∇𝑓(⋅) is uniformly continuous
on an open set containing {𝑥𝑘 }); therefore, our Theorem 30
extends [20, Theorem 4.7] to nonconvex optimization problems.
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= ∇𝑆 𝑓 (𝑥𝑘 ) − ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩ .
𝑔𝑘 
It follows that
𝑔


𝛼 ≤ ∇𝑆 𝑓 (𝑥𝑘 ) − ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩ .
𝑔𝑘 

𝑔


𝛼 ≤ lim inf {∇𝑆 𝑓 (𝑥𝑘 ) − ⟨∇𝑓 (𝑥𝑘 ) − 𝑃𝑁,  𝑘  ⟩}
𝑘∈𝑁,𝑘 → ∞
𝑔𝑘 

𝑥∈𝑆

Since 𝑆 is convex, according to the property of projection and
the definition of 𝑁𝑆 (⋅), we have 𝑔𝑘 ∈ 𝑁𝑆 (𝑧𝑘 ), so by (77), we
have
𝑔𝑘 ∈ 𝑇𝑆 (𝑧𝑘 ) ∩ 𝑁𝑆 (𝑧𝑘 ) .

Since 𝑔𝑘 = 𝑥𝑘 − 𝑃(𝑥𝑘 | 𝑆), according to (45) and Definition 26
(ii), we have
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In many applications of DEA, ranking of DMUs and finding the most efficient DMU are desirable, as reported by Toloo (2013).
In this paper, after introducing an improvement to the measure of cross-efficiency by Jahanshahloo et al. (2011), we develop a
new ranking method under the condition of variable returns to scale (VRS). Numerical example illustrates the effectiveness of
the proposed cross-efficiency based ranking method and demonstrates the advantages of our proposal, against the other ranking
approaches.

1. Introduction
Data envelopment analysis (DEA) provides a relative efficiency measure to evaluate decision making units (DMUs)
with multiple inputs and multiple outputs. While it is an
effective approach in identifying the best practice frontier, its
flexibility in selecting the input/output weights and its nature
of self-evaluation may result in a relatively high number of
efficient DMUs. The lack of discrimination between efficient
DMUs has been considered as an important problem in DEA
models and subgroups of papers have been developed in this
field in which many researchers have sought to improve the
differential capabilities of DEA and to fully rank both efficient
and inefficient DMUs.
Since these ranking methods have been developed based
on some of the aspects of production possibility set (PPS), in
certain cases, different calculations are reached in applying
the alternative ranking methods. Furthermore, for each
method, there are problematic areas, for example, infeasibility
and instability of the proposed model. Hence, whilst each
ranking technique is useful in a specialist area, no methodology can be prescribed as the complete solution to the question
of ranking.
To increase the discrimination power of DEA models and
make its weights more realistic, cross-efficiency evaluation

has been suggested by Sexton et al. [1] and was later investigated by Doyle and Green [2, 3]. The basic idea of the crossefficiency evaluation is to evaluate the overall efficiencies of
the DMUs through both self- and peer-evaluations and can
usually provide a full ranking for the DMUs to be evaluated.
Therefore, it has found a significant number of applications in
various fields; see Green et al. [4], Sun and Lu [5], Bao et al.
[6], Wu et al. [7, 8], and Yang et al. [9].
However, the nonuniqueness of the DEA optimal weights
possibly reduces the usefulness of cross-efficiency evaluation.
It is due to this reason that the cross-efficiency evaluation has
also been extensively investigated theoretically. Sexton et al.
[1] were the first who recommended the use of aggressive
and benevolent formulations of secondary objectives to deal
with the nonuniqueness issue. Recently, Jahanshahloo et al.
[10] proposed the symmetric weight assignment technique
(SWAT) that does not affect feasibility and rewards DMUs
that make a symmetric selection of weights. Similar thoughts
also appeared in the articles of Anderson et al. [11], Liang et al.
[12, 13], Wu et al. [14–16], Lam [17], Ramón et al. [18, 19], Wang
et al. [20–24], Örkcü and Bal [25], Contreras [26], Lim [27],
Ruiz and Sirvent [28], Jeong and Ok [29], Zerafat Angiz et al.
[30], and Washio et al. [31].
This paper develops a new ranking method under
the condition of VRS, which is based on introducing
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an improvement to Jahanshahloo et al.’s measure of crossefficiency [10]. That is, the proposed cross-evaluation method
is developed as a BCC extension tool that can be utilized to
rank the DMUs using cross-efficiency scores and to identify
the most BCC efficient DMU.
The rest of the paper is organized as follows. Section 2
gives a brief introduction to the DEA models. The mathematical foundation of our method to propose a secondary
objective function in VRS cross-evaluation is discussed in
Section 3. In Section 4, numerical example illustrates the
effectiveness of the proposed cross-efficiency based ranking
method. Finally, Section 5 is devoted to concluding remarks.

2. DEA Background
Consider 𝑛 DMUs that are evaluated in terms of 𝑚 inputs and
𝑠 outputs. Let 𝑥𝑖𝑗 and 𝑦𝑟𝑗 , 𝑖 = 1, 2, . . . , 𝑚, 𝑟 = 1, 2, . . . , 𝑠, be
their input and output values for DMU𝑗 𝑗 = 1, 2, . . . , 𝑛. The
CCR efficiency of 𝑛 DMUs is measured by
max

s.t

𝑢𝑡 𝑦0
V𝑡 𝑥0
𝑢𝑡 𝑦𝑗
V𝑡 𝑥𝑗

≤ 1,

𝑗 = 1, 2, . . . , 𝑛,
𝑢 ≥ 0,

(1)



𝑢𝑖 𝑦𝑖0 − 𝑢𝑗 𝑦𝑗0  = 𝑍𝑖𝑗 ,



𝑍

V ≥ 0,

s.t

𝑡

𝑢 𝑦0 = 1,
𝑢𝑡 𝑌 − V𝑡 𝑋 ≤ 0,


𝑢𝑖 𝑦𝑖0 − 𝑢𝑗 𝑦𝑗0  = 𝑍𝑖𝑗 ,



𝑢𝑡 𝑦0

𝑢 ≥ 0,

V 𝑥0 = 1,
𝑢𝑡 𝑌 − V𝑡 𝑋 ≤ 0,
𝑢 ≥ 0,

(2)

V ≥ 0.

Note that model CCR in oriented output is as follows:
min

V𝑡 𝑥0

s.t

𝑢𝑡 𝑦0 = 1,
𝑢𝑡 𝑌 − V𝑡 𝑋 ≤ 0,
𝑢 ≥ 0,

(3)

V𝑡 𝑥0 − V0

s.t

𝑢𝑡 𝑦0 = 1,

𝑢 ≥ 0,

V ≥ 0,

V0 free.

∀𝑖, 𝑗
V ≥ 0.

V𝑡 𝑥0 + 𝛽𝑒𝑡 𝑍𝑒
min
𝑢,V,𝑧
𝑢𝑡 𝑦0 = 1,
𝑢𝑡 𝑌 − V𝑡 𝑋 ≤ 0,

V ≥ 0.

𝑢𝑡 𝑌 − V𝑡 𝑋 + V0 ≤ 0,

(6)

But model (6) is not an LP model. Fortunately, as we are
minimizing 𝑒𝑡 𝑍𝑒, we may change the equality to ≤ as any
optimal solution will have the equality constraint satisfied.
With this observation, Dimitrov and Sutton [34] rewrite (6)
as follows, where its objective function is ∈ [1, ∞) and has the
same feasibility region as LP model (3):

s.t

Previous models have constant returns to scale (CRS)
characteristic. Banker et al. [32] proposed BCC model which
has variable returns to scale (VRS). The LP form of this model
in oriented output is as follows:
min

(5)

where 𝑍𝑖𝑗 is the difference in symmetry between output
dimension 𝑖 and dimension 𝑗 for all DMUs under evaluation.
They minimized the sum of all the 𝑍𝑖𝑗 values (∑𝑖,𝑗 𝑍𝑖𝑗 = 𝑒𝑇 𝑍𝑒,
where 𝑒 = [1, 1, . . . , 1]𝑇 is an 𝑠-dimensional vector) and then
effectively rewarded symmetry with asymmetry scaling factor
𝛽 ≥ 0. By adding this constraint to model (3), we have

𝑡

s.t

∀𝑖, 𝑗,

V𝑡 𝑥0 + min𝛽𝑒𝑡 𝑍𝑒
min
𝑢,V

where 𝑢 and V are input and output weight vectors and 𝑥0
and 𝑦0 are the input and output vectors for the DMU under
evaluation, respectively. Model (1) can be transformed to the
following LP format, called input oriented CCR model:
max

The optimal objective value of this model is BCC efficiency
score of DMU0 in oriented output.
However, in classical DEA models, no preference information is needed and the weights are allowed total flexibility
to obtain maximum efficiency. Thompson et al. [33] were
the first who studied the role of weight restrictions in DEA
models. Note that the above DEA models have alternative
optimal solutions and free selection of weights may lead one
DMU to have two types of weights. In one type, all of positive
weights are on one group of variables and another with its
weights symmetrically allocated to all variables. Dimitrov
and Sutton [34] proposed symmetry measure which was the
relative weight of each output dimension to all other output
dimensions as follows:

(4)

𝑢𝑖 𝑦𝑖0 − 𝑢𝑗 𝑦𝑗0 ≤ 𝑍𝑖𝑗 ,
− 𝑢𝑖 𝑦𝑖0 + 𝑢𝑗 𝑦𝑗0 ≤ 𝑍𝑖𝑗 ,
𝑢 ≥ 0,

∀𝑖, 𝑗

(7)

∀𝑖, 𝑗
V ≥ 0.

The resulting objective function value of the LP (7) is
referred to as the SWAT score with smaller scores being
more desirable. Here, we want to extend the above model
to BCC model and variable returns to scale environment.
It is straightforward that the SWAT model can easily adapt
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to situation with variable returns to scale in BCC model as
follows:
min

𝑢,V,V0 ,𝑧

s.t

𝑡

𝑡

V 𝑥0 − V0 + 𝛽𝑒 𝑍𝑒
𝑢𝑡 𝑦0 = 1,
𝑢𝑡 𝑌 − V𝑡 𝑋 + V0 ≤ 0,

(8)

𝑢𝑖 𝑦𝑖0 − 𝑢𝑗 𝑦𝑗0 ≤ 𝑍𝑖𝑗 ,

∀𝑖, 𝑗

− 𝑢𝑖 𝑦𝑖0 + 𝑢𝑗 𝑦𝑗0 ≤ 𝑍𝑖𝑗 ,
𝑢 ≥ 0,

V ≥ 0,

∀𝑖, 𝑗

V0 free,

where the objective function is ∈ [1, ∞) and the 𝛽 factor is a
nonnegative factor, which determines how much a particular
DMU will be penalized for an asymmetric selection of virtual
weights. Note that 𝛽 = 0 is equivalent to the original oriented
output BCC model and 𝛽 → ∞ is equivalent to the situation
that all DMUs select equal virtual weights for all outputs.
However, ideal 𝛽 value can be determined by the decision
maker (DM).

Table 1: Data set for six nursing homes.
𝑂1
1.4
1.4
4.2
2.8
1.9
1.4

DMUs
DMU1
DMU2
DMU3
DMU4
DMU5
DMU6

𝑂2
0.35
2.1
1.05
4.2
2.5
1.5

Jahanshahloo et al. [10], based on model (7), suggested a
secondary goal for cross-efficiency evaluation in CRS environment. In this section and based on model (8), we propose
an improvement to their method to propose a secondary
objective function in VRS cross-evaluation.
∗
(𝑟 = 1, 2, . . . , 𝑠)
3.1. Cross-Efficiency for CCR Model. Let 𝑢𝑟0
∗
and V𝑖0 (𝑖 = 1, 2, . . . , 𝑚) be the optimal solution to model (7).
∗
∗
= ∑𝑠𝑟=1 𝑢𝑟0
𝑦𝑟0 is referred to as the CCR efficiency of
Then, 𝜃00
∗
= 1, DMU0 is CCR efficient
DMU0 by self-evaluation. If 𝜃00
and otherwise it is CCR inefficient. Moreover,

𝜃𝑗0 =

∗
𝑦𝑟𝑗
∑𝑠𝑟=1 𝑢𝑟0
∗
∑𝑚
𝑖=1 V𝑖0 𝑥𝑖𝑗

,

𝑗 = 1, 2, . . . , 𝑛,

(9)

is referred to as DMU𝑗 efficiency peer-evaluated by
0). As a result, each DMU has
DMU0 (𝑗 = 1, 2, . . . , 𝑛, 𝑗 ≠
one CCR efficiency and (𝑛 − 1) peer-efficiencies and CCR
cross-efficiency score of DMU0 is calculated as follows:
𝜃0 =

∑𝑛𝑗=1 𝜃𝑗0
𝑛

𝐼2
0.2
0.7
1.2
2
1.2
0.7

∗
score of DMU0 by self-evaluation. If 𝐸00
= 1, the DMU0
is called BCC efficient and otherwise it is called BCC
inefficient. Moreover, the BCC peer-evaluated efficiency of
DMU𝑗 (𝑗 = 1, 2, . . . , 𝑛) by DMU0 is calculated by
∗
𝐸𝑗0

=

∗
∑𝑚
𝑖=1 V𝑖0 𝑥𝑖𝑗 − V0
∗𝑦
∑𝑠𝑟=1 𝑢𝑖0
𝑟𝑗

.

(11)

∗
is called BCC cross-efficiency score
The average of all 𝐸𝑗0
which is calculated as follows:

𝐸0 =

3. BCC Cross-Efficiency Evaluation

𝐼1
1.5
4
3.2
5.2
3.5
3.2

∗
∑𝑛𝑗=1 𝐸𝑗0

𝑛

𝑗 = 1, 2, . . . , 𝑛.

(12)

Note that, because of using oriented output of BCC model,
the DMU with lower cross-efficiency score has better rank.
However, the weights obtained from model (4) are usually
not unique. As a result, the cross-efficiency is determined
depending on the optimal solution arising from the particular
LP software in use. As discussed before, Jahanshahloo et al.
[10] suggested the use of symmetric weights as a secondary
goal in CCR cross-efficiency evaluation. Here, to propose
a secondary objective function in VRS cross-evaluation, we
propose the following algorithm.
Step 1. Solve model (4) to determine BCC efficiency scores.
Step 2. To select the best weight from alternative optimal
weights of model (4), based on the concept of symmetric
weights introduced by model (8), solve LP model (13) to select
suitable weight between alternative solutions. Consider
min

𝑒𝑡 𝑍0 𝑒

s.t

∑𝑢𝑟0 𝑦𝑟0 = 1,

𝑠

𝑟=1

.

(10)

It is noticed that DEA models may have multiple optimal solutions. This nonuniqueness of input/output optimal
weights would damage the use of cross-efficiency concept
due to the ambiguity in using weights for execution of final
results. To resolve this ambiguity, alternative secondary goals
in cross-efficiency evaluation have been introduced.
∗
, 𝑟
=
3.2. Cross-Efficiency for BCC Model. Let 𝑢𝑟0
∗
∗
1, 2, . . . , 𝑠, V𝑖0 , 𝑖 = 1, 2, . . . , 𝑚, V0 , be the optimal solution of
∗
∗
= ∑𝑚
model (4). Then, 𝐸00
𝑖=1 V𝑖0 𝑥𝑖0 − V0 is BCC efficiency

𝑚

∗
∑V𝑖0 𝑥𝑖0 − V0 = 𝐸00
𝑖=1

𝑢0𝑡 𝑌

(13)
−

V0𝑡 𝑋

+ V0 ≤ 0,

𝑢𝑖0 𝑦𝑖0 − 𝑢𝑗0 𝑦𝑗0 ≤ 𝑍𝑖𝑗 ,

∀𝑖, 𝑗 (𝐼)

− 𝑢𝑖0 𝑦𝑖0 + 𝑢𝑗0 𝑦𝑗0 ≤ 𝑍𝑖𝑗 ,
𝑢0 ≥ 0,

V0 ≥ 0,

∀𝑖, 𝑗 (𝐼𝐼)
V0 free.

We add constraints (𝐼), (𝐼𝐼) for selecting symmetric
weights in BCC model by minimizing the sum of difference in
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Table 2: Alternative optimal solutions for model proposed by Toloo and Nalchigar [35].
∗

DMUs

𝑀

DMU1

1

DMU2

1

DMU3

1

DMU4

1

DMU5

1

V∗
0.0001
0.4997
0.00003
0.499
0.192
0.001
0.192
0.001
0.192
0.00067

𝑢∗
0.0001
0.0001
0.0003
0.143
0.303
0.001
0.078
0.157
0.0451
0.1684

V0∗
−0.0999
−0.0498
0.658
−0.124
−0.1664

symmetry between output dimension 𝑖 and dimension 𝑗 for
DMU0 in objective function. Selecting symmetric weights is
desirable, because, in application, centralization of weights in
one group of variables may not be acceptable.
Step 3. Compute the BCC cross-efficiency score of DMU𝑗
based on the formulations (11) and (12), where (𝑢0∗ , V0∗ , V0∗ ) is
optimal solution of model (13). Finally, DMU0 with the lowest
cross-efficiency score is the most BCC efficient DMU.

𝑑∗
𝑑7 = 0
1
𝑑𝑗 = 1, 𝑗 ≠
𝑑2 = 0
2
𝑑𝑗 = 1, 𝑗 ≠
𝑑3 = 0
3
𝑑𝑗 = 1, 𝑗 ≠
𝑑4 = 0
4
𝑑𝑗 = 1, 𝑗 ≠
𝑑5 = 0
5
𝑑𝑗 = 1, 𝑗 ≠

𝛽∗
(0.000, 0.75004, 0.5004,0.1006, 0.5003, 0.75)
(0.9999, 0.000, 0.6015,0.6517, 0.808, 0.9142)
(0.479, 0.000, 0.000,0.194, 0.247, 0.153)
(0.9999, 0.7942, 0.9994, 0.000, 0.9915, 0.8536)
(0.999, 0.8147, 0.9175,0.999, 0.000, 0.8673)

4. Numerical Example
Six nursing homes are evaluated in terms of two inputs and
two outputs. The data set is reported in Table 1. Input variables
are
𝐼1 : staff hours per day including nurses and physicians,
𝐼2 : supplier per day, measured in thousands of dollars.
Output variables are

Note that we can use model (8) instead of Steps 1 and 2 of
the above algorithm. As discussed before, 𝛽 is nonnegative
factor where 𝛽 = 0 results in the classical BCC model in
oriented output and, for 𝛽 = 1, model (8) is equivalent to
model (13).
However, the ideal value for parameter 𝛽 can be determined by DM. In other words, as it is discussed in Dimitrov
and Sutton [34], instead of (8) and for greater flexibility, we
can use the following model which puts greater burden on the
DM to define the appropriate 𝛽𝑖𝑗 values:

min

𝑢,V,V0 ,𝑍

s.t

V𝑡 𝑥0 − V0 + ∑𝛽𝑖𝑗 𝑍𝑖𝑗
𝑖,𝑗

𝑢𝑡 𝑦0 = 1,
𝑢𝑡 𝑌 − V𝑡 𝑋 + V0 ≤ 0,
𝑢𝑖 𝑦𝑖0 − 𝑢𝑗 𝑦𝑗0 ≤ 𝑍𝑖𝑗 ,
− 𝑢𝑖 𝑦𝑖0 + 𝑢𝑗 𝑦𝑗0 ≤ 𝑍𝑖𝑗 ,
𝑢 ≥ 0,

V ≥ 0,

(14)
∀𝑖, 𝑗
∀𝑖, 𝑗
V0 free.

In the next section, we use the proposed BCC crossevaluation approach for ranking of DMUs in a numerical
example and finding the most BCC efficient DMU. To
demonstrate the advantages of our proposal, against the other
approaches, we compare the results to the results of using the
approach proposed by Toloo and Nalchigar [35].

𝑂1 : total medicative plus medicated reimbursed
patient days,
𝑂2 : total privately paid patient days.
By using mixed integer linear problem proposed by Toloo
and Nalchigar [35], the most BCC efficient DMU is not
unique and, based on the results depicted in Table 2, all of
BCC efficient DMUs can choose as most BCC efficient DMU.
This is due to the fact that the model proposed by Toloo and
Nalchigar [35] has alternative optimal solutions.
Results of the proposed model (13) in this paper are
presented in Table 3. The second column of this table shows
BCC efficiency, and BCC cross-efficiency scores produced
by our proposed method are depicted in the third column.
Based on our procedure, DMU2 is the most BCC efficient
unit, alone. Moreover, to compare the obtained results with
BCC model, in BCC model, five of six units are most efficient
and choosing single most efficient unit is impossible.
Moreover, Table 4 shows cross-efficiency score based on
model (14) with different amounts for 𝛽. Rank of DMUs is
depicted in parentheses. It represents that DMU2 is the most
efficient DMU with three types of 𝛽, where, as mentioned
before, factor 𝛽 shows how a particular DMU will be
penalized for an asymmetric choice of virtual weights.

5. Conclusion
In this paper, we proposed BCC cross-efficiency with model
based on symmetric weight selection and by using it we discussed a procedure for finding the most BCC efficient DMU.
Considerably, advantages of our cross-efficiency model are as
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Table 3: Efficiency scores based on BCC model and BCC crossefficiency model.
DMUs

BCC EFF

Cross-EFF
(model (13))

Rank

DMU1
DMU2
DMU3
DMU4
DMU5
DMU6

1
1
1
1
1
1.1525

1.18
1.091
1.152
1.445
1.181
1.182

3
1
2
6
4
5

Table 4: Results for model (14) with different amounts of 𝛽.
DMUs
DMU1
DMU2
DMU3
DMU4
DMU5
DMU6

𝛽 = 0.18
1.382(4)
1.115(1)
1.38(3)
1.42(6)
1.2(2)
1.391(5)

𝛽=1
1.18(3)
1.091(1)
1.152(2)
1.445(6)
1.181(4)
1.182(5)

𝛽≫1
1.155(3)
1.086(1)
1.087(2)
1.46(6)
1.18(5)
1.16(4)

follows: it is a linear program which is always feasible, it gives
full ranking for DMUs, and it can find single most efficient
unit.
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This paper deals with the problem of fairly allocating a certain amount of divisible goods or burdens among individuals or
organizations in the multicriteria environment. It is analyzed within the framework of data envelopment analysis (DEA). We
improve the game proposed by Nakabayashi and Tone (2006) and develop an alternative scheme by reassigning the total weight or
power for the coalition members. The solutions and equilibria of the new DEA game proposed in this paper are also studied.

1. Introduction
Recently game theoretic approaches to DEA problems have
been often observed. These include, in part, Nakabayashi and
Tone [1], Liang et al. [2], Wu et al. [3], Wu et al. [4], and
Zhu [5]. Among them, Nakabayashi and Tone [1] studied the
problem of allocating a fixed amount of reward to players
who are evaluated by multiple criteria. They proposed a new
scheme for allocating the reward to the players based on
cooperative game theory and DEA. Later, Wu et al. [3] and
Wu et al. [4] applied the game model by Nakabayashi and
Tone [1] to evaluate the cross efficiency of players (decisionmaking units (DMU) in DEA terms) by using solutions in
cooperative games, the nucleolus, and the Shapley value.
The game proposed by Nakabayashi and Tone [1] was,
however, subadditive. Namely, players lose their power when
they cooperate. The reason is clear. Before forming a coalition, each player has a weight of one and puts it on his/her
most preferable criterion. To increase their bargaining power,
some of the players choose to form a coalition, but, in
Nakabayashi and Tone’s [1] assumption, the coalition is only
given a weight of one in total though each of the members’
precoalition weight was one, which causes the subadditivity.
To make the game superadditive, they took the dual of the
game, called the DEA min game, and studied solutions such
as the core, the Shapley value, and the nucleolus. In the DEA
min game, each player and each coalition pick up the weight

that minimizes their evaluation. No reasonable justification
was given in their paper for picking up the minimizing weight
under the assumption that players are egoistic and want to
maximize their own evaluation. The purpose of this paper is
to propose an alternative, and more natural, cooperative game
scheme that fits for the problem. We will start with a strategic
form game describing the problem posed by Nakabayashi
and Tone [1] and then construct a cooperative game from
the strategic form game based on the procedures by von
Neumann and Morgenstern [6].
The rest of the paper will be organized as follows. In
Sections 2 and 3, we review the DEA problem and the DEA
game proposed by Nakabayashi and Tone [1]. After giving
a definition of the strategic form game in Section 4, we will
present a cooperative TU game representation in Section 5
and then study its properties and solutions in Sections 6
and 7. The Nash equilibrium, strong Nash equilibrium, and
coalition-proof Nash equilibrium for the strategic form game
are analyzed in Section 8. Section 9 will close the paper with
remarks.

2. The Model
Let 𝐸 (>0) denote the fixed amount of benefit to be allocated to players 1, . . . , 𝑛. Players’ contributions are evaluated
by multiple criteria and summarized as the score matrix
𝐶 = (𝑐𝑖𝑗 )𝑖=1,...,𝑚, 𝑗=1,...,𝑛 , where 𝑐𝑖𝑗 is player 𝑗’s contribution
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measured by criterion 𝑖, called the evaluation index. The
problem is to find a weight vector on the criteria determined
endogenously by players themselves. Following the DEA
analysis, each player 𝑘 chooses a nonnegative weight vector
𝑘
𝑘
𝑘
) such that ∑𝑚
𝑤𝑘 = (𝑤1𝑘 , . . . , 𝑤𝑚
𝑖=1 𝑤𝑖 = 1, 𝑤𝑖 ≥ 0 ∀𝑖 =
1, . . . , 𝑚, where 𝑤𝑖𝑘 is the weight given to criterion 𝑖 by player
𝑘. Then the contribution of player 𝑘 relative to the total
contribution of all players measured by the weight vector 𝑤𝑘
is given by
𝑘
∑𝑚
𝑖=1 𝑤𝑖 𝑐𝑖𝑘

𝑛
𝑘
∑𝑚
𝑖=1 𝑤𝑖 (∑𝑗=1 𝑐𝑖𝑗 )

.

(1)

Player 𝑘 chooses the weight vector that maximizes this ratio.
The weight vector is found by solving the following fractional
program:
max
𝑤𝑘

𝑘
∑𝑚
𝑖=1 𝑤𝑖 𝑐𝑖𝑘

𝑛
𝑘
∑𝑚
𝑖=1 𝑤𝑖 (∑𝑗=1 𝑐𝑖𝑗 )
𝑚

s.t.

∑𝑤𝑖𝑘
𝑖=1

= 1,

𝑤𝑖𝑘

(2)

≥ 0 ∀𝑖 = 1, . . . , 𝑚.

𝑐𝑖𝑗
,
𝑛
∑𝑗=1 𝑐𝑖𝑗

𝑖 = 1, . . . , 𝑚.

(3)

=

𝑛
𝑛
𝑘
∑𝑚
𝑖=1 𝑤𝑖 (∑𝑗=1 𝑐𝑖𝑗 ) / ∑𝑗=1 𝑐𝑖𝑗
𝑘 
∑𝑚
𝑖=1 𝑤𝑖 𝑐𝑖𝑘
𝑘
∑𝑚
𝑖=1 𝑤𝑖

.

∑𝑤𝑖𝑘 𝑐𝑖𝑘
𝑖=1
𝑚

s.t.

∑𝑤𝑖𝑘 = 1,
𝑖

(5)
𝑤𝑖𝑘 ≥ 0 ∀𝑖 = 1, . . . , 𝑚.

𝑚

s.t.

∑𝑤𝑖𝑘
𝑖

(7)
= 1,

𝑤𝑖𝑘

≥ 0 ∀𝑖 = 1, . . . , 𝑚.

3. The DEA Game by Nakabayashi and Tone
Nakabayashi and Tone [1] construct a characteristic function
form game (𝑁, 𝑐) in the following manner. 𝑁 = {1, . . . , 𝑛}
is the set of players and 𝑐 is the characteristic function that
gives each coalition a value it obtains. For each single player
coalition {𝑘}, 𝑐({𝑘}) is given by 𝑐(𝑘)𝐸. Similarly for each
coalition 𝑆 ⊆ 𝑁, 𝑐(𝑆) is given by the maximum value of the
linear maximization program:
𝑚

s.t.

𝑚

𝑤𝑘

𝑖=1

∑ (𝑤𝑖𝑆 ∑𝑐𝑖𝑗 ) 𝐸
𝑚

𝑘
Due to ∑𝑚
𝑖 𝑤𝑖 = 1, the fractional maximization program
above can be expressed as the following linear maximization
program:

max

𝑚

∑𝑤𝑖𝑘 𝑐𝑖𝑘

𝑖=1

(4)

(6)

Nakabayashi and Tone [1] showed that if each player 𝑘 claims
the portion 𝑐(𝑘) of 𝐸, the sum of the claims generally exceeds
the total benefit 𝐸. Then the following problem arises: how
to allocate 𝐸 reasonably to players? To find a fair allocation
of 𝐸, they proposed to apply cooperative game theory. Let
us review their cooperative game model that they call a DEA
game.
In the following sections, we assume that the score
matrix is given in the normalized form. That is, 𝐶 =
(𝑐𝑖𝑗 )𝑖=1,...,𝑚, 𝑗=1,...,𝑛 , where ∑𝑛𝑗=1 𝑐𝑖𝑗 = 1 ∀𝑖 = 1, . . . , 𝑚; 𝑐𝑖𝑗 ≥
0 ∀𝑖 = 1, . . . , 𝑚, ∀𝑗 = 1, . . . , 𝑛. Then the fractional
maximization program can be rerepresented by

max

𝑘
∑𝑚
𝑖=1 𝑤𝑖 𝑐𝑖𝑘
𝑚
∑𝑖=1 𝑤𝑖𝑘 (∑𝑛𝑗=1 𝑐𝑖𝑗 )

=

𝑖=1,...,𝑚

𝑤𝑘

The matrix 𝐶 = (𝑐𝑖𝑗 )𝑖=1,...,𝑚, 𝑗=1,...,𝑛 is called the normalized
score matrix and ∑𝑛𝑗=1 𝑐𝑖𝑗 = 1 is satisfied. Then

𝑛
𝑘
∑𝑚
𝑖=1 𝑤𝑖 𝑐𝑖𝑘 / ∑𝑗=1 𝑐𝑖𝑗

𝑐 (𝑘) = max 𝑐𝑖𝑘 .

max

Each of the other players similarly maximizes the ratio
produced by his/her own weight vector.
This maximization problem can be reformulated as the
following much simpler form. First for each row (𝑐𝑖1 , . . . , 𝑐𝑖𝑛 ),
𝑖 = 1, . . . , 𝑚, divide each element by the row-sum ∑𝑛𝑗=1 𝑐𝑖𝑗 .
By Charnes-Cooper transformation [7], the maximization
problem above is not affected by this operation. Let
𝑐𝑖𝑗 =

Let 𝑐(𝑘) be the maximal value of the program. Apparently
𝑘
= 1 for the
the maximal value is attained by letting 𝑤𝑖(𝑘)


criterion 𝑖(𝑘) such that 𝑐𝑖(𝑘)𝑘 = max𝑖=1,...,𝑚 𝑐𝑖𝑘 and letting 𝑤𝑖𝑘 =
0 for all other criteria 𝑖 ≠𝑖(𝑘). Thus 𝑐(𝑘) is the highest relative
contribution of player 𝑘. Namely,

∑𝑤𝑖𝑆
𝑖=1

𝑗∈𝑆

= 1,

(8)
𝑤𝑖𝑆

≥ 0 ∀𝑖 = 1, . . . , 𝑚,

𝑆
where 𝑤𝑆 = (𝑤1𝑆 , . . . , 𝑤𝑚
) is the weight vector chosen by 𝑆.
Here they assume that players’ evaluation is transferable and
take a total of players’ evaluation in coalition 𝑆. Hereafter we
call this characteristic function form game NT (Nakabayashi
and Tone) DEA game.
Nakabayashi and Tone [1] show a counterintuitive fact
that the NT DEA game is subadditive. Namely, players lose
their value by forming a coalition. The reason is quite simple.
Consider the score matrix in Table 1.
It is easily seen that the optimal weight vector for each
player is (1, 0, 0) for 1, (0, 1, 0) for 2, and (0, 0, 1) for 3, and
thus 𝑐({1}) = 0.6, 𝑐({2}) = 0.7, and 𝑐({3}) = 0.8. Suppose that
players 1 and 2 form a coalition and aim at maximizing their
joint evaluation for higher bargaining power. Then we have
the score matrix in Table 2.
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Table 1: Score matrix for single player coalition case.

Criterion 1
Criterion 2
Criterion 3

Player 1
6/10
2/10
1/10

Player 2
2/10
7/10
1/10

Player 3
2/10
1/10
8/10

Row-sum
1
1
1

Table 2: Score matrix for the coalition {1, 2} case.
Criterion 1
Criterion 2
Criterion 3

Coalition {1, 2}
8/10
9/10
2/10

Player 3
2/10
1/10
8/10

Row-sum
1
1
1

Coalition {1, 2}’s optimal weight vector is (0, 1, 0) and
𝑐({1, 2}) = 0.9, which is less than 𝑐({1}) + 𝑐({2}) = 1.3; thus 𝑐
is subadditive.
The reason is intuitively clear. Either of players 1 and 2
has a weight of one and puts it on his/her most preferable
criterion, respectively, before forming a coalition. To increase
their bargaining power, they choose to form a coalition, but
after forming a coalition they are only given a total weight
of one and put it on their most preferable criterion that
maximizes their total evaluation. This is the primary reason
for the subadditivity. The coalition of players 1 and 2 should
be given weight of two since their total weights are two before
forming a coalition. For example, in voting decisions, it is
considered to be fair if the coalition is given two votes in total,
in the case such that two voters each having one vote form a
coalition.
On the basis of this consideration, we introduce a new
approach to endogenously determine the weight vector. Each
player is equally given a weight of one and he/she chooses
a weight vector, the component of which is a portion of the
weight given to each criterion. The sum of the weights given to
all criteria must be one. Then by taking a simple average of all
players’ weight vectors, we obtain the weight vector that will
be used to calculate each player’s average contribution. Here
“simple average” implies that each player has equal influence;
in other words, players are treated equally. To illustrate
the procedure, suppose, for example, in Table 1, players 1,
2, and 3 choose weight vectors (1/3, 1/3, 1/3), (1/2, 1/2, 0),
and (1/6, 1/2, 1/3), respectively. Then the weight vector for
average contribution calculation is their simple average; that
is, ((1/3+1/2+1/6)/3, (1/3+1/2+1/2)/3, (1/3+0+1/3)/3) =
(1/3, 4/9, 2/9), and player 1’s weighted average contribution is
6/10 × 1/3 + 2/10 × 4/9 + 1/10 × 2/9 = 28/90. Similarly the
average contributions of players 2 and 3 are 36/90 and 26/90,
respectively.
By using this framework, we propose an alternative characteristic function form game. First we construct a strategic
form game. Each player’s strategy is a weight vector, and the
payoff is his/her weighted average contribution calculated by
using the simple average of all players’ weight vectors. From
this strategic form game, we derive a characteristic function
form game following the procedure by von Neumann and
Morgenstern [6], which will be explained in detail in the
following sections.

4. A Strategic Form DEA Game
Let 𝑁 = {1, . . . , 𝑛} be the set of players and let 𝑀 = {1, . . . , 𝑚}
be the set of criteria. The basic DEA model stated in Section 2
is as follows. Each player 𝑗 ∈ 𝑁 chooses a weight vector 𝑤𝑗 =
𝑗
𝑗
𝑗
𝑗
𝑗
(𝑤1 , . . . , 𝑤𝑚
) with 𝑤1 + ⋅ ⋅ ⋅ + 𝑤𝑚
= 1, 𝑤𝑖 ≥ 0 ∀𝑖 ∈ 𝑀, on the
criteria so as to maximize the weighted sum of his/her relative
𝑗
evaluation indices, ∑𝑚
𝑖=1 𝑤𝑖 𝑐𝑖𝑗 . The fixed amount of reward 𝐸
is shared by the players according to their weighted sums of
the evaluation indices.
Therefore the strategic form game naturally reflecting the
DEA model will be
(𝑁, {𝑊𝑗 }𝑗∈𝑁, {𝑓𝑗 }𝑗∈𝑁) ,

(9)

where 𝑁 = {1, . . . , 𝑛} is the set of players, 𝑊𝑗 = {𝑤𝑗 =
𝑗
𝑗
𝑗
𝑗
𝑗
(𝑤1 , . . . , 𝑤𝑚
) | 𝑤1 + ⋅ ⋅ ⋅ + 𝑤𝑚
= 1, 𝑤𝑖 ≥ 0 ∀𝑖 ∈ 𝑀} is the
strategy set of player 𝑗 ∈ 𝑁, and 𝑓𝑗 : 𝑊1 × ⋅ ⋅ ⋅ × 𝑊𝑛 → R is
the payoff function of player 𝑗 ∈ 𝑁, which is given by

𝑚
1 𝑛 𝑗
𝑓𝑗 (𝑤1 , . . . , 𝑤𝑛 ) = (∑ ( ∑ 𝑤𝑖 ) 𝑐𝑖𝑗 ) 𝐸.
𝑛 𝑗=1
𝑖=1

(10)

Namely, the reward 𝐸 is shared by players in
proportion to the weighted sum of their evaluation
indices where the weights are the average weights
over all players (another possible definition of 𝑓𝑗 is
𝑗
𝑗
𝑛
𝑚
; that is,
𝑓𝑗 (𝑤1 , . . . , 𝑤𝑛 ) = (∑𝑚
𝑖=1 𝑤𝑖 𝑐𝑖𝑗 / ∑𝑗 =1 (∑𝑖=1 𝑤𝑖 𝑐𝑖𝑗 ))𝐸
the reward 𝐸 is shared by players in proportion to their
weighted evaluation indices with their own weights. Both
payoff functions lead to the same conclusions with respect
to the solution concepts). Hereafter we call this game the
strategic form DEA game. The equilibria in the strategic
form game will be studied in Section 8.

5. TU DEA Game
In the characteristic function form game theory, it is commonly considered that the characteristic function gives each
coalition the value that the coalition members can surely
win by themselves. Here the term “by themselves” means
that they can win the value even if outsiders’ behavior is
least favorable to them. In our game, every player wishes to
maximize his/her evaluation so as to maximize the share of 𝐸.
Hence the least favorable behavior of outsiders is to minimize
the coalition’s evaluation, that is, the weighted sum of the
players’ evaluation indices inside the coalition. This behavior
is also most favorable to the players outside the coalition
since in our game players share a fixed amount of reward
𝐸. Namely, minimizing the coalition’s evaluation leads to the
maximization of the outsiders’ evaluation.

4
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Therefore following von Neumann and Morgenstern [6],
the characteristic function V gives the following value V(𝑆) to
each coalition 𝑆 ⊆ 𝑁:
V (𝑆) = max

𝑗

1

Then by simple calculation, we can get
V (𝑆 ∪ 𝑇) − V (𝑆) − V (𝑇)
= ((

𝑛

min ∑𝑓 (𝑤 , . . . , 𝑤 )

(𝑤𝑗 )𝑗∈𝑆 (𝑤𝑗 )𝑗∈𝑁\𝑆 𝑗∈𝑆

𝑠
𝑛−𝑠
− ( ) × max ∑𝑐𝑖𝑗 − (
) × min ∑𝑐𝑖𝑗
𝑖=1,...,𝑚
𝑖=1,...,𝑚
𝑛
𝑛
𝑗∈𝑆
𝑗∈𝑆

𝑠
𝑛−𝑠
= (( ) × max ∑𝑐𝑖𝑗 + (
) × min ∑𝑐𝑖𝑗 ) 𝐸,
𝑖=1,...,𝑚
𝑖=1,...,𝑚
𝑛
𝑛
𝑗∈𝑆
𝑗∈𝑆

𝑡
𝑛−t
− ( ) × max ∑ 𝑐𝑖𝑗 − (
) × min ∑ 𝑐𝑖𝑗 ) 𝐸
𝑖=1,...,𝑚
𝑖=1,...,𝑚
𝑛
𝑛
𝑗∈𝑇
𝑗∈𝑇

(11)
where 𝑠 is the number of players in 𝑆. From the perspective of
the bargaining story we mentioned in the previous section,
the worst situation for 𝑆 is when outsiders put their whole
weights on the criterion with the lowest evaluation for the
coalition. For example, in Table 2, coalition {1, 2}’s maximum
and minimum evaluation indices are 0.9 and 0.2. Therefore
the value for coalition {1, 2} is properly measured by the
weighted average of 0.9 and 0.2 with weights of 2/3 and 1/3,
respectively. Thus we would propose (2/3)×0.9+(1/3)×0.2 =
2/3 as the value of the characteristic function for coalition
{1, 2}. Similarly for the single player coalition {3}, the value
would be (2/3) × 0.1 + (1/3) × 0.8 = 1/3 since player 3’s
maximum and minimum evaluation indices are 0.8 and 0.2.
Note that V(𝑁) = 𝐸 since ∑𝑗∈𝑁 𝑐𝑖𝑗 = 1 ∀𝑖 = 1, . . . , 𝑚.
We call the characteristic function form game (𝑁, V) the TU
DEA game since we allow for side payments among players
assuming transferable utility. Nontransferable utility case will
be studied in the future extension work.

≥(

𝑛−𝑠−𝑡
)
𝑛

× ( min ∑ 𝑐𝑖𝑗 − min ∑𝑐𝑖𝑗 − min ∑ 𝑐𝑖𝑗 ) 𝐸
𝑖=1,...,𝑚
𝑗∈𝑆∪𝑇

𝑖=1,...,𝑚
𝑗∈𝑆

𝑖=1,...,𝑚
𝑗∈𝑇

≥ 0.
(14)
Furthermore TU DEA games are constant-sum.
Definition 3 (constant-sum). A characteristic function form
game (𝑁, V) is constant-sum if
V (𝑆) + V (𝑁 \ 𝑆) = V (𝑁)

(15)

holds for all 𝑆 ⊆ 𝑁.
Theorem 4. Let (𝑁, V) be a TU DEA game; then (𝑁, V) is
constant-sum.
Proof. Since in our game ∑𝑗∈𝑁 𝑐𝑖𝑗 = 1 ∀𝑖 = 1, . . . , 𝑚, thus we
have

6. Properties of the TU DEA Game
TU DEA games satisfy interesting properties. First TU DEA
games are superadditive.
Definition 1 (superadditivity). A characteristic function form
game (𝑁, V) is superadditive if
V (𝑆 ∪ 𝑇) ≥ V (𝑆) + V (𝑇)

𝑛−𝑠−𝑡
𝑠+𝑡
) × max ∑ 𝑐𝑖𝑗 + (
) × min ∑ 𝑐𝑖𝑗
𝑖=1,...,𝑚
𝑖=1,...,𝑚
𝑛
𝑛
𝑗∈𝑆∪𝑇
𝑗∈𝑆∪𝑇

(12)

max ∑𝑐𝑖𝑗 + min ∑ 𝑐𝑖𝑗 = 1,

𝑖=1,...,𝑚
𝑗∈𝑆

𝑖=1,...,𝑚
𝑗∈𝑁\𝑆

min ∑𝑐𝑖𝑗 + max ∑ 𝑐𝑖𝑗 = 1.

𝑖=1,...,𝑚
𝑗∈𝑆

(16)

𝑖=1,...,𝑚
𝑗∈𝑁\𝑆

Then it is quite simple to show that
𝑠 𝑛−𝑠
V (𝑆) + V (𝑁 \ 𝑆) = ( +
) 𝐸 = 𝐸 = V (𝑁) .
𝑛
𝑛

(17)

holds for all 𝑆, 𝑇 ⊆ 𝑁 with 𝑆 ∩ 𝑇 = 0.
Theorem 2. Let (𝑁, V) be a TU DEA game; then (𝑁, V) is
superadditive.
Proof. It is obvious that

𝑖=1,...,𝑚
𝑗∈𝑆

𝑖=1,...,𝑚
𝑗∈𝑇

(13)
max ∑ 𝑐𝑖𝑗 ≥ max ∑ 𝑐𝑖𝑗 + min ∑𝑐𝑖𝑗 .

𝑖=1,...,𝑚
𝑗∈𝑆∪𝑇

𝑖=1,...,𝑚
𝑗∈𝑇

𝑖=1,...,𝑚
𝑗∈𝑆

7.1. Core. In characteristic function form games, solutions are
considered within the concept of imputations.
Definition 5 (imputation). In a characteristic function form
TU game (𝑁, V), a payoff vector 𝑥 = (𝑥𝑗 )𝑗∈𝑁 is called an
imputation if it satisfies

max ∑ 𝑐𝑖𝑗 ≥ max ∑𝑐𝑖𝑗 + min ∑ 𝑐𝑖𝑗 ,

𝑖=1,...,𝑚
𝑗∈𝑆∪𝑇

7. Solutions to the TU DEA Game

(1) (group rationality) ∑𝑗∈𝑁 𝑥𝑗 = V(𝑁);
(2) (individual rationality) 𝑥𝑗 ≥ V({𝑗}) ∀𝑗 ∈ 𝑁.
The set of imputations of (𝑁, V) is denoted by 𝐴(V).
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for the coalition 𝑆 ∈ {𝑆 ⊆ 𝑁 | {𝑘} ⊊ 𝑆}, we have
max𝑖=1,...,𝑚 ∑𝑗∈𝑆 𝑐𝑖𝑗 > min𝑖=1,...,𝑚 ∑𝑗∈𝑆 𝑐𝑖𝑗 . Then

Definition 6 (core). The set

{
}
𝐶 (V) = {𝑥 ∈ 𝐴 (V) | ∑𝑥𝑗 ≥ V (𝑆) ∀𝑆 ⊆ 𝑁}
𝑗∈𝑆
{
}

(18)

𝑠
𝑛 − 𝑠
V (𝑆 ) = (( ) × max ∑ 𝑐𝑖𝑗 + (
) × min ∑ 𝑐𝑖𝑗 ) 𝐸
𝑖=1,...,𝑚 
𝑖=1,...,𝑚 
𝑛
𝑛
𝑗∈𝑆
𝑗∈𝑆
𝑠
𝑛 − 𝑠
= ( ∑ 𝑐𝑖𝑗 + ( ) 𝑐̂𝑖𝑘 + (
) 𝑐𝑖𝑘 ) 𝐸
𝑛
𝑛
𝑗∈𝑆 \{𝑘}

is called the core of (𝑁, V).
Definition 7 (inessentiality). A characteristic function form
game (𝑁, V) is inessential if
V (𝑆) = ∑V ({𝑗})
𝑗∈𝑆

(19)

1
𝑛−1
> ( ∑ 𝑐𝑖𝑗 + ( ) 𝑐̂𝑖𝑘 + (
) 𝑐𝑖𝑘 ) 𝐸
𝑛
𝑛
𝑗∈𝑆 \{𝑘}
= ∑ V ({𝑗}) ,
𝑗∈𝑆

(21)

holds for all 𝑆 ⊆ 𝑁. It is essential if V(𝑁) > ∑𝑗∈𝑁 V({𝑗}).

which contradicts the definition of inessentiality.

If a characteristic function form game (𝑁, V) is inessential, then its imputation set is a singleton (V({𝑗}))𝑗∈𝑁. Each
player can receive the “safety” amount, guaranteeing the
individual value being not worse off compared with the
precoalition amount. Hence it is essential games that are of
interest to us. The following theorem is well known; for the
proof see Owen [8].

Therefore in the TU DEA game, the core is nonempty
if and only if the evaluation indices for all the criteria are
identical for each player. It is usually not the case in reality and
thus the core is generally empty. We can see that the allocation
by the core concept is not of significant meaning for the TU
DEA game.

Theorem 8. Suppose that a characteristic function form game
(𝑁, V) is constant-sum. Then if it is essential, its core 𝐶(V) = 0.
As proved in the previous section, the TU DEA game
(𝑁, V) is superadditive and constant-sum, and thus the core
is nonempty only when the game is inessential, which is
equal to the unique imputation set. The following theorem
characterizes the inessential TU DEA game.
Theorem 9. A TU DEA game is inessential if and only if, for
all 𝑗 ∈ 𝑁, 𝑐𝑖𝑗 = 𝑐𝑖 𝑗 holds for all 𝑖, 𝑖 = 1, . . . , 𝑚.
Proof. First let us see the sufficient condition. If 𝑐𝑖𝑗 = 𝑐𝑖 𝑗 ∀𝑗 ∈
𝑁 ∀𝑖, 𝑖 = 1, . . . , 𝑚, holds, by simple calculation

𝑠
𝑛−𝑠
V (𝑆) = (( ) × max ∑𝑐𝑖𝑗 + (
) × min ∑𝑐𝑖𝑗 ) 𝐸
𝑖=1,...,𝑚
𝑖=1,...,𝑚
𝑛
𝑛
𝑗∈𝑆
𝑗∈𝑆
= (∑𝑐𝑖𝑗 ) 𝐸 = ∑V ({𝑗}) .
𝑗∈𝑆

7.2. Shapley Value. If the concept of the core is to give a set of
stable imputations without distinguishing the most preferable
payoff vector, although it might be empty, then the Shapley
value is trying to assign the game a specific payoff vector. It is
defined below.
Definition 10 (Shapley value). In a characteristic function
form game (𝑁, V), for each 𝑗 ∈ 𝑁,
𝜙𝑗 (V) =

(𝑠 − 1)! (𝑛 − 𝑠)!
(V (𝑆) − V (𝑆 \ {𝑗}))
𝑛!
𝑆⊆𝑁,𝑗∈𝑆
∑

is called the Shapley value for player 𝑗. The vector 𝜙(V) =
(𝜙𝑗 (V))𝑗∈𝑁 is called the Shapley value.
By applying the constant-sum property of the TU DEA
game, the Shapley value can be represented in a much simpler
form, which is also an exercise problem in Owen [8].
Theorem 11. In the TU DEA game (𝑁, V), the Shapley value is
given by 𝜙(V) = (𝜙𝑗 (V))𝑗∈𝑁, where
𝜙𝑗 (V) = 2 ∑ (

𝑗∈𝑆

(20)
For the necessary condition, assume ∃𝑘 ∈ 𝑁 and ∃̂𝑖 ∈ 𝑀
such that 𝑐̂𝑖𝑘 > 𝑐𝑖𝑘 (or 𝑐̂𝑖𝑘 < 𝑐𝑖𝑘 ; the proof is the same)
and 𝑐𝑖𝑘 = 𝑐𝑖 𝑘 ∀𝑖, 𝑖 ∈ 𝑀 \ {̂𝑖}. For any other player 𝑗 ∈
𝑁 \ {𝑘}, the condition in the theorem is satisfied, and thus,

(22)

𝑆⊆𝑁,𝑗∈𝑆

(𝑠 − 1)! (𝑛 − 𝑠)!
V (𝑆)) − V (𝑁) .
𝑛!

(23)

Proof. From the constant-sum property, we get V(𝑆 \ {𝑗}) =
V(𝑁) − V(𝑁 \ {𝑆 \ {𝑗}}), and we also know the combination
equation can be represented as
(𝑛 − 1)!
𝑛−1
.
(
)=
𝑠−1
(𝑠 − 1)! (𝑛 − 𝑠)!

(24)
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Then the calculation is shown as follows:
(𝑠 − 1)! (𝑛 − 𝑠)!
𝜙𝑗 (V) = ∑
𝑛!
𝑆⊆𝑁,𝑗∈𝑆

can be proved by the constant-sum property of the TU DEA
game. Thus we just have to check the excesses for half of the
coalitions.
Example 15. Based on the data set in Table 1, consider an
arbitrary point, say (10/30, 10/30, 10/30)𝐸. Assuming 𝐸 = 1,
the nucleolus (9/30, 10/30, 11/30), which coincides with the
imputation by Shapley value, can be calculated as in Table 3.

× (V (𝑆) − V (𝑁) + V (𝑁 \ {𝑆 \ {𝑗}}))
=

(𝑠 − 1)! (𝑛 − 𝑠)!
𝑛!
𝑆⊆𝑁,𝑗∈𝑆
∑

(25)

× (V (𝑆) + V (𝑁 \ {𝑆 \ {𝑗}}))
𝑛

𝑛 − 1 (𝑠 − 1)! (𝑛 − 𝑠)!
− ∑(
V (𝑁)
)
𝑠−1
𝑛!
𝑠=1
=2 ∑ (
𝑆⊆𝑁,𝑗∈𝑆

Theorem 16. In the 3-player TU DEA game (𝑁, V), the
allocations by the Shapley value and the nucleolus coincide.
Proof. Assuming 𝐸 = 1, the characteristic function for each
coalition 𝑆 ∈ {1, 2, 3} is

(𝑠 − 1)! (𝑛 − 𝑠)!
V (𝑆)) − V (𝑁) .
𝑛!

V (0) = 0,

For any 𝑠 = 1, . . . , 𝑛, 𝑆 ∩ {𝑁 \ {𝑆 \ {𝑗}}} = {𝑗} is always satisfied.

2
1
V ({1}) = max 𝑐𝑖1 + min 𝑐𝑖1 ,
3 𝑖∈𝑀
3 𝑖∈𝑀

Example 12. Applying the simplified formula above and using
the data set in Table 1, the imputation by Shapley value is
(9/30, 10/30, 11/30), assuming 𝐸 = 1.

1
2
V ({2}) = max 𝑐𝑖2 + min 𝑐𝑖2 ,
3 𝑖∈𝑀
3 𝑖∈𝑀

7.3. Nucleolus. Instead of applying a general axiomatization
of fairness to a value function defined by the set of characteristic functions, the nucleolus looks at a fixed characteristic
function, V, and tries to find an imputation 𝑥 = (𝑥𝑗 )𝑗∈𝑁 that
minimizes the worst inequity. That is, we ask each coalition
𝑆 ⊆ 𝑁 how dissatisfied it is with the proposed imputation 𝑥
and we try to minimize the maximum dissatisfaction.
Definition 13 (excess). As a measure of the inequity of an
imputation 𝑥 = (𝑥𝑗 )𝑗∈𝑁 for a coalition 𝑆 ⊆ 𝑁, the excess is
defined as
𝑒 (𝑥, 𝑆) = V (𝑆) − ∑𝑥𝑗

1
2
V ({3}) = max 𝑐𝑖3 + min 𝑐𝑖3 ,
3 𝑖∈𝑀
3 𝑖∈𝑀
V ({1, 2}) =

1
+ min (𝑐𝑖1 + 𝑐𝑖2 ) = 1 − V ({3}) ,
3 𝑖∈𝑀
V ({1, 3}) =

which measures the amount by which coalition 𝑆 falls short
of V(𝑆) by the proposed allocation 𝑥.
From the definition of the core, we immediately know that
an imputation 𝑥 is in the core if and only if all of its excesses
are negative or zero.
Define 𝑂(𝑥) as the vector of excesses arranged in nonincreasing order. On the vector 𝑂(𝑥) we use the lexicographic
order, that is, 𝑧>𝐿 𝑦, if ∃𝑘 ∈ {1, . . . , 2𝑛 − 2}, such that 𝑧𝑖 =
𝑦𝑖 ∀𝑖 ∈ {1, . . . , 𝑘 − 1} and 𝑧𝑖 > 𝑦𝑖 ∀𝑖 ∈ {𝑘, . . . , 2𝑛 −
2}. We may omit the empty set and the grand coalition
from consideration since their excesses are always zero. The
nucleolus is an efficient allocation that minimizes 𝑂(𝑥) in the
lexicographic ordering.
∑𝑛𝑗=1

𝑥𝑗 =
Definition 14 (nucleolus). Let 𝑋 = {𝑥 = {𝑥𝑗 }𝑗∈𝑁 |
V(𝑁)} be the set of efficient allocations. One says that a vector
] ∈ 𝑋 is a nucleolus if, for each 𝑥 ∈ 𝑋, one has 𝑂(])≤𝐿 𝑂(𝑥).
The property such that 𝑒(𝑥, 𝑆) + 𝑒(𝑥, 𝑁 \ 𝑆) = 0 can
reduce the computational complexity of the nucleolus, which

2
max (𝑐 + 𝑐 )
3 𝑖∈𝑀 𝑖1 𝑖3
1
+ min (𝑐𝑖1 + 𝑐𝑖3 ) = 1 − V ({2}) ,
3 𝑖∈𝑀

(26)

𝑗∈𝑆

2
max (𝑐 + 𝑐 )
3 𝑖∈𝑀 𝑖1 𝑖2

V ({2, 3}) =

2
max (𝑐 + 𝑐 )
3 𝑖∈𝑀 𝑖2 𝑖3
1
+ min (𝑐𝑖2 + 𝑐𝑖3 ) = 1 − V ({1}) ,
3 𝑖∈𝑀
V ({1, 2, 3}) = 1.
(27)

The Shapley value allocation 𝜙(V) is decided by

𝜙1 (V) =

1
2
1
V ({1}) + (V ({1, 2}) + V ({1, 3})) − ,
3
3
3

𝜙2 (V) =

1
1
2
V ({2}) + (V ({1, 2}) + V ({2, 3})) − ,
3
3
3

𝜙3 (V) =

1
2
1
V ({3}) + (V ({1, 3}) + V ({2, 3})) − .
3
3
3

(28)
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With the allocation above, the excess for each single player
coalition is
1
1
1
𝑒 (𝜙 (V) , {1}) = V ({1}) − (V ({1, 2}) + V ({1, 3})) + ,
3
3
3
1
1
1
𝑒 (𝜙 (V) , {2}) = V ({2}) − (V ({1, 2}) + V ({2, 3})) + ,
3
3
3
𝑒 (𝜙 (V) , {3}) =

1
1
1
V ({3}) − (V ({1, 3}) + V ({2, 3})) + .
3
3
3
(29)

Table 3: The nucleolus calculation.
𝑆

V (𝑆)

𝑒 (𝑥, 𝑆)

20
30
21
30
22
30

20
− 𝑥1 − 𝑥2
30
21
− 𝑥1 − 𝑥3
30
22
− 𝑥2 − 𝑥3
30

{1, 2}
{1, 3}
{2, 3}

(

10 10 10
, , )
30 30 30

(

0
1
30
2
30

9 10 11
, , )
30 30 30
1
30
1
30
1
30

Table 4: Incoincidence of the Shapley value and nucleolus.

It can be easily verified that 𝑒(𝜙(V), {1}) = 𝑒(𝜙(V), {2}) =
𝑒(𝜙(V), {3}) is satisfied:
𝑒 (𝜙 (V) , {1}) − 𝑒 (𝜙 (V) , {2}) =

1
(V ({1}) − V ({2}))
3
−

1
(V ({1, 3}) − V ({2, 3}))
3

= 0,
𝑒 (𝜙 (V) , {1}) − 𝑒 (𝜙 (V) , {3}) =

1
(V ({1}) − V ({3}))
3
−

1
(V ({1, 2}) − V ({2, 3}))
3

= 0.
(30)
By the constant-sum property, any deviation from the allocation 𝜙(V) will increase at least one of the excesses. Hence
in the 3-player TU DEA game, the allocations by the Shapley
value and the nucleolus always coincide.
For the cases that players are more than 3, here is a
counterexample showing that the theorem above does not
necessarily hold.
Example 17. The Shapley value allocation is (16/60, 16/60,
15/60, 13/60) with the data set in Table 4. It can be easily
verified that the maximum excess is not minimized with the
allocation above, and hence the nucleolus allocation does not
coincide with the Shapley value allocation in this example.

Player 1
6/10
2/10
1/10

Criterion 1
Criterion 2
Criterion 3

Player 2
2/10
6/10
1/10

Player 3
1/10
1/10
5/10

Player 4
1/10
1/10
3/10

Row-sum
1
1
1

The Nash equilibrium is a strategy combination in which
no player gains more by his/her unilateral deviation. Then
we have the following theorem. That is, in Nash equilibrium,
every player puts positive weights only on the criteria that give
him/her the highest evaluation. Let 𝐶𝑗 be the set of criteria
that give player 𝑗 the maximum evaluation index; that is,
𝐶𝑗 = {𝑖 ∈ 𝑀 | 𝑐𝑖𝑗 ≥ 𝑐𝑖 𝑗 ∀𝑖 ∈ 𝑀}.
Theorem 19. In a strategic form DEA game (𝑁, {𝑊𝑗 }𝑗∈𝑁,
{𝑓𝑗 }𝑗∈𝑁), the Nash equilibrium is of the form
∗𝑗
𝑤𝑖 = 0 ∀𝑖 ∉ 𝐶𝑗 ∀𝑗 ∈ 𝑁. (32)

𝑤∗ = (𝑤∗1 , . . . , 𝑤∗𝑛 ) ,

Proof. First let us prove the sufficient condition. By definition, we know that, for a strategy combination (𝑤∗1 , . . . ,
𝑤∗𝑛 ) to be a Nash equilibrium, 𝑓𝑗 (𝑤∗𝑗 , 𝑤∗−𝑗 ) ≥ 𝑓𝑗 (𝑤𝑗 ,

𝑤∗−𝑗 ) ∀𝑤𝑗 ∈ 𝑊𝑗 should be satisfied. Assume 𝑤−𝑗 =


(𝑤1 , . . . , 𝑤𝑗 −1 , 𝑤𝑗 +1 , . . . , 𝑤𝑛 ) is determined; then for player
𝑗 ∈ 𝑁
𝑚

1
𝑗
𝑗
𝑓𝑗 (𝑤1 , . . . , 𝑤𝑛 ) = (∑ ( ( ∑ 𝑤𝑖 + 𝑤𝑖 )) 𝑐𝑖𝑗 ) 𝐸.
𝑛
𝑖=1
𝑗∈𝑁, 𝑗 ≠
𝑗

(33)

8. Equilibria in the Strategic Form DEA Game
In this section we study the equilibria in the strategic form
DEA game, which is defined in Section 4.
8.1. Nash Equilibrium
Definition 18 (Nash equilibrium). In a strategic form game
(𝑁, {𝑊𝑗 }𝑗∈𝑁, {𝑓𝑗 }𝑗∈𝑁), a strategy combination (𝑤∗1 , . . . , 𝑤∗𝑛 )
is called a Nash equilibrium if for all 𝑗 ∈ 𝑁



𝑐𝑖𝑗 (∀𝑖 ∈ 𝑀) is given; in order to maximize 𝑓𝑗 (𝑤1 , . . . , 𝑤𝑛 ),
player 𝑗 should choose a weight vector maximizing
𝑗

∑𝑚
𝑖=1 (𝑤𝑖 𝑐𝑖𝑗 ). It is obvious that only criteria with the
highest evaluation indices should be assigned with
positive weights. Applying this procedure for all other
players, the Nash equilibrium should be 𝑤∗ = (𝑤∗1 , . . . ,
∗𝑗
𝑤∗𝑛 ), 𝑤𝑖 = 0 ∀𝑗 ∈ 𝑁 ∀𝑖 ∉ 𝐶𝑗 .
For the necessary condition, assume that player 𝑗 ∈ 𝑁


𝑓𝑗 (𝑤∗𝑗 , 𝑤∗−𝑗 ) ≥ 𝑓𝑗 (𝑤𝑗 , 𝑤∗−𝑗 )

∀𝑤𝑗 ∈ 𝑊𝑗

holds. Here 𝑤∗−𝑗 = (𝑤∗1 , . . . , 𝑤∗𝑗−1 , 𝑤∗𝑗+1 , . . . , 𝑤∗𝑛 ).

(31)



𝑗

deviates from 𝑤∗𝑗 to 𝑤𝑗 such that ∃𝑖 ∉ 𝐶𝑗 with 𝑤𝑖 > 0.
𝑗





𝑗
= 1, there must exist at least one
Because 𝑤1 + ⋅ ⋅ ⋅ + 𝑤𝑚

criterion 𝑖 ∈ 𝐶𝑗 to which the weight assigned becomes less
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∗𝑗

than 𝑤𝑖 ; let us first assume such criteria set is a singleton,
which means

𝑗
𝑤𝑖

=

∗𝑗
𝑤𝑖



−

𝑗
𝑤𝑖 .

Table 5: A counterexample for the existence of SNE.

Then





𝑓𝑗 (𝑤∗1 , . . . , 𝑤∗𝑛 ) − 𝑓𝑗 (𝑤∗1 , . . . , 𝑤𝑗 , . . . , 𝑤∗𝑛 )
(34)

1 𝑗
= 𝑤𝑖 (𝑐𝑖 𝑗 − 𝑐𝑖 𝑗 ) 𝐸.
𝑛


By the definition of 𝐶𝑗 , we know that 𝑐𝑖 𝑗 > 𝑐𝑖 𝑗 . Hence
player 𝑗 gains less if he/she made this deviation. The
proof for the condition when the weight assignments for
multiple criteria become less than that before the deviation
is similar.
Thus the Nash equilibrium exists, and the players choose
putting positive weights only on the criteria with the highest
evaluation indices.
8.2. Cooperative Behavior in the Strategic Form DEA Game.
Next we examine players’ cooperative behavior in the strategic form DEA game by using the concept of strong Nash
equilibrium. First let us define the deviation.
Definition 20 (deviation). Take a strategy combination 𝑤 =
(𝑤1 , . . . , 𝑤𝑛 ). Coalition 𝑇 ⊆ 𝑁 has a deviation 𝑢𝑇 = (𝑢𝑗 )𝑗∈𝑇
from 𝑤 if
𝑓𝑗 (𝑢𝑇 , 𝑤−𝑇 ) > 𝑓𝑗 (𝑤)

∀𝑗 ∈ 𝑇,

(35)

where 𝑤−𝑇 = (𝑤𝑗 )𝑗∈𝑁\𝑇 .
Definition 21 (strong Nash equilibrium). In a strategic form
game (𝑁, {𝑊𝑗 }𝑗∈𝑁, {𝑓𝑗 }𝑗∈𝑁), a strategy combination 𝑤∗ =
(𝑤∗1 , . . . , 𝑤∗𝑛 ) is called a strong Nash equilibrium if no
coalition 𝑇 ⊆ 𝑁 has a deviation from 𝑤∗ .
Thus in the strong Nash equilibrium, no group of players
has an incentive to unilaterally deviate from the strategy
combination. The strong Nash equilibrium must be a Nash
equilibrium.
The strong Nash equilibrium does not always exist as
shown in the following example.
Example 22. Suppose a strong Nash equilibrium exists with
the data set in Table 5. Then it must be a Nash equilibrium;
thus, by the theorem above, it must be of the form 𝑤∗ =
((0, 1, 0), (1, 0, 0), (1, 0, 0)). Criterion 1 is chosen with probability 2/3 and criterion 2 is chosen with probability 1/3. By
simple calculation, we get that players 1, 2, and 3 gain 5/30,
6/30, and 19/30, respectively. Suppose players 1 and 2 jointly
deviate and choose 𝑤{1,2} = (0, 0, 2). Then since 𝑤∗3 =
(1, 0, 0), criteria 1 and 3 are chosen with probabilities 1/3 and
2/3, respectively. Hence player 1 gains 6/30 and player 2 gains
6.5/30; both players are better off. Therefore there is no strong
Nash equilibrium in this example.
We next analyze the coalition-proof Nash equilibrium.
The strong Nash equilibrium assumes that the deviation is

Criterion 1
Criterion 2
Criterion 3

Player 1
1/10
3/10
2.5/10

Player 2
2.5/10
1/10
2/10

Player 3
6.5/10
6/10
5.5/10

Row-sum
1
1
1

binding; that is, deviated coalition never breaks up. The
coalition-proof Nash equilibrium supposes the possibility of
further deviation inside deviated coalitions and considers
only credible deviations, that is, deviations from which no
further deviation takes place.
Definition 23 (credible deviation). We say 𝑇 ⊆ 𝑁 has a
credible deviation from a strategy profile 𝑤 = (𝑤1 , . . . , 𝑤𝑛 ) if
(1) 𝑇 has a deviation 𝑢𝑇 = (𝑢𝑗 )𝑗∈𝑇 ∈ 𝑊𝑇 from 𝑤 and (2) there
is no 𝑅 ⊊ 𝑇 which has a credible deviation from (𝑢𝑇 , 𝑤−𝑇 ).
When 𝑇 = {𝑗}, 𝑗 has a credible deviation 𝑢𝑗 from 𝑤 if and only
if 𝑓𝑗 (𝑢𝑗 , 𝑤−𝑗 ) > 𝑓𝑗 (𝑤). For 𝑇 with |𝑇| > 1, the definition of
a credible deviation follows inductively.
Definition 24 (coalition-proof Nash equilibrium). In a strategic form game (𝑁, {𝑊𝑗 }𝑗∈𝑁, {𝑓𝑗 }𝑗∈𝑁), a strategy combination
𝑤∗ = (𝑤∗1 , . . . , 𝑤∗𝑛 ) is called a coalition-proof Nash
equilibrium if no coalition 𝑇 ⊆ 𝑁 has a credible deviation
from 𝑤∗ .
Same as the strong Nash equilibrium, the coalition-proof
Nash equilibrium in the strategic form DEA game does not
always exist as well. Here is a counterexample.
Example 25. Suppose that a coalition-proof Nash equilibrium exists with the data set in Table 6, and 𝐸 = 1. Then
it must be a Nash equilibrium; thus, by the theorem above,
it must be of the form 𝑤∗ = ((𝑤11 , 1 − 𝑤11 , 0), (𝑤12 , 0, 1 −
𝑤12 ), (0, 𝑤23 , 1 − 𝑤23 )). Criterion 1 is chosen with probability
(𝑤11 + 𝑤12 )/3, criterion 2 is chosen with probability (1 − 𝑤11 +
𝑤23 )/3, and criterion 3 is chosen with probability (2 − 𝑤12 −
𝑤23 )/3. By simple calculation following our basic proposal,
we get that players 1, 2, and 3 gain (2𝑤12 + 2𝑤23 + 8)/30,
(2𝑤11 −2𝑤23 +10)/30, and (−2𝑤11 −2𝑤12 +12)/30, respectively.
Assume initially 𝑤11 ∈ (0, 1) and 𝑤12 ∈ (0, 1) as well. If
players 1 and 2 form a coalition, they can jointly maximize
their total as well as individual payoff by putting their whole
weight on the first criterion, namely, letting 𝑤11 = 𝑤12 = 1.
Then players 1 and 2 can, respectively, gain (2𝑤23 +10)/30 and
(−2𝑤23 + 12)/30. Both players are better off. However, player
3 can only receive 8/30.
We can also see that each player’s payoff is irrelevant to its
own choice on the weight vector; thus neither {1} nor {2} has
a credible deviation from 𝑤11 = 𝑤12 = 1. Hence the deviation
above is credible.
Starting from this deviated strategy profile ((1, 0, 0),
(1, 0, 0), (0, 𝑤23 , 1 − 𝑤23 )), if players 1 and 3 form a coalition
and choose to put their whole weight on the second criterion,
then they can gain 12/30 and 10/30, respectively. Both players
1 and 3 are better off, and this deviation is credible as well.
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Table 6: A counterexample for the existence of CPNE.
Player 1
4/10
4/10
2/10

Criterion 1
Criterion 2
Criterion 3

Player 2
4/10
2/10
4/10

Player 3
2/10
4/10
4/10

Row-sum
1
1
1

In this manner, we can show that there is always a credible
deviation from any Nash equilibrium. Hence the coalitionproof Nash equilibrium does not exist in this example.
Next we give a condition under which the coalition-proof
Nash equilibrium exists and is uniquely determined.
Theorem 26. In a strategic form DEA game (𝑁, {𝑊𝑗 }𝑗∈𝑁,

{𝑓𝑗 }𝑗∈𝑁), if 𝐶𝑗 is a singleton set for each 𝑗 ∈ 𝑁 and 𝑤∗ =
(𝑤∗1 , . . . , 𝑤∗𝑛 ) is the Nash equilibrium, then 𝑤∗ is the unique
coalition-proof Nash equilibrium, where 𝐶𝑗 = {𝑖 ∈ 𝑀 | 𝑐𝑖𝑗 ≥
𝑐𝑖 𝑗 ∀𝑖 ∈ 𝑀}.
Proof. Let 𝑐𝑖(𝑗)𝑗 denote the maximum evaluation index for
player 𝑗

∈

𝑁. If 𝐶𝑗 is a singleton set, then 𝑐𝑖(𝑗)𝑗

>

𝑐𝑖𝑗 ∀𝑖 ≠𝑖(𝑗) ∈ 𝑀 ∀𝑗 ∈ 𝑁 must be satisfied. By Theorem 19,
the unique Nash equilibrium is
𝑤∗ = (𝑤∗1 , . . . , 𝑤∗𝑛 ) ,
∗𝑗

𝑤

𝑖(𝑗)

= 1,

∗𝑗

𝑤𝑖 = 0 ∀𝑖 ≠𝑖 (𝑗) ∈ 𝑀, ∀𝑗 ∈ 𝑁.

(36)

Assume ∃𝑇 ⊆ 𝑁 such that 𝑇 has a credible deviation from 𝑤∗ ,
and let 𝑢𝑇 = (𝑢𝑗 )𝑗∈𝑇 ∈ 𝑊𝑇 denote the deviation. Then some
{𝑗} ⊊ 𝑇 must have a deviation at (𝑢𝑇 , 𝑤∗−𝑇 ) by Theorem 19.
This deviation is a credible one by Definition 23. Therefore
𝑢𝑇 is not a credible deviation at 𝑤∗ . Hence 𝑤∗ is the unique
coalition-proof Nash equilibrium.
Theorem 26 shows that if for each player the criteria set
giving him/her the maximum evaluation index is a singleton,
then the coalition-proof Nash equilibrium exists and is
uniquely determined.

9. Concluding Remarks
In this paper, we have improved the DEA min game proposed
by Nakabayashi and Tone [1] by reassigning the total weight
for the coalition members and developed a more natural,
superadditive cooperative game scheme for this kind of
problems. We first introduced a strategic form DEA game
with the average weights over all players regarding each
criterion in Section 4 and then defined the TU DEA game
based on the definition of the strategic form game in Section 5
and studied its properties and solutions in Sections 6 and
7, respectively. By applying the constant-sum property, we
found the sufficient and necessary condition for the inessentiality of the TU DEA game, which is also the condition for
a nonempty core. On showing that the core is usually empty

in the TU DEA game, we next introduced the Shapley value
and nucleolus and also proved that the allocations by these
two concepts coincide with each other in the 3-player setting.
Section 8 analyzed the equilibria for the strategic form DEA
game. We gave a condition under which the coalition-proof
Nash equilibrium exists and is uniquely determined.
Our future research subjects include the following:
(1) the solutions for the NTU DEA game, namely, the
existence of 𝛼-core and 𝛽-core;
(2) the role of other imputations, that is, the kernel, the
proportional nucleolus, and so forth;
(3) the application of our proposed scheme in the voting
game.
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This paper presents a modified artificial bee colony (MABC) algorithm to solve optimal power flow (OPF) problem. In the proposed
MABC algorithm, the searching operation for new food source of artificial bee colony (ABC) algorithm is replaced with mutation
and crossover operation of differential evolution (DE) algorithm to improve exploitation capacity. The OPF objective functions
involve minimization of total fuel cost of generating units, minimization of emission of atmospheric pollutants, minimization of
active power losses, and minimization of voltage deviations. The fuzzy satisfaction-maximizing method is utilized to convert the
multiobjectives problem into single objective problem. The proposed approach is applied to the OPF problem on IEEE 30-bus
test system. And the results are compared with those obtained by other heuristic algorithms, which demonstrate that the MABC
algorithm not only has a better exploration capacity but also possesses stronger exploitation capacity and can effectively solve the
OPF problem.

1. Introduction
Optimal power flow (OPF) was first proposed by French
scholar Carpentier in the 1960s. Its definition can be
described as the optimal power flow distribution of power
system with fixed structure parameters and loads, which optimizes the objective functions by optimal settings of the OPF
control variables, while at the same time satisfying various
constraints [1, 2]. OPF problem has received much attention
by the academics due to the fact that it is an effective analysis
tool for the safe operation and economic dispatch of power
system.
On the aspect of choosing OPF objective function, Paranjothi and Anburaja in [3] established the single objective OPF
model which considered the minimization of total fuel cost as
objective function. The results illustrated that the economics
of power system could be further improved in some extent.
Because the active power loss caused by transmission and
distribution and the emission cost brought by the some
generators affect the economics of the power system [4],
the OPF objective functions which are established from the

aspect of system economics also need to consider these two
factors. In order to further improve the system stability,
Pouyan et al. in [5] proposed the OPF objective function
which furthermore considered voltage stability index, and
the obtained optimization scheme considers both economics
and stability of power system. The multiobjective OPF model
can comprehensively reflect the operation performance of
the optimized power system, which improves not only the
economy of power system but also the stability of operation.
The weighting method [6] and fuzzy mathematics
method [7] et al. are usually used to handle each objective
weight of multiobjective optimization problem. The weighting method adopts weighting coefficients to treat each objective function to form a single objective. This method can solve
multiobjective OPF effectively, but the weighting coefficients
are determined either by subjective settings or by several
tests for optimal scheme to get a more satisfactory function
value. The fuzzy mathematics method uses membership
function to make objective function fuzzification to form the
fuzzy multiobjective OPF. There is no need to use weighting
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coefficients to solve multiobjective problem in fuzzy mathematics method, and the solution is obtained objectively.
The OPF problem is considered as complex multiconstraints, nonlinear, and noncontinuous optimization problem
regardless of OPF model with single objective or multiobjective function. Many classical algorithms such as linear
programming [8], quadratic programming [9], simplified
gradient method [10], Newton method [11], and interior point
method [12] have been widely applied to solve the OPF
problem. These algorithms are taking an order or second
order gradient of objective functions as the main information
to search for the optimal solution and have relatively rapid
calculation. They are suitable for online calculation but not
suitable for optimization problem with discrete variables. The
heuristic algorithms are novel algorithms for solving the optimization problem. And the typical heuristic methods include
genetic algorithm (GA), particle swarm optimization (PSO),
differential evolution (DE), artificial immune algorithm,
and artificial bee colony (ABC) algorithm [13–17]. These
algorithms are based on multipoint stochastic searching, and
they can effectively solve optimization problem with discrete
variables. Their global convergence capacity is better than
classical algorithms.
The ABC algorithm possesses superior performance on
many benchmark functions compared to other heuristic
algorithms [18]. It was proposed by Karaboga in 2005 and
it simulated the intelligent foraging behavior of honeybee
swarms [19]. Its advantages include easy implementation and
better global search ability. The ABC algorithm was applied
to the power system network reconfiguration problem which
considered the power loss as the optimization objective
function for the first time in the literature [20] and was
simulated on test system. The results show that the power
loss of reconfiguration system by the ABC algorithm is less
and running time is shorter than other algorithms. In [21],
the authors utilized the ABC algorithm to solve the economic
power dispatch problem, and the proposed method was
applied to the test system. The results indicate that the
exploration capacity of ABC algorithm was better than other
heuristic algorithms.
The ABC algorithm is also easily to get trapped in local
optima as a heuristic algorithm [22]. In order to overcome
the shortage of ABC algorithm, the scholars have proposed
some improved ABC algorithms [23–25]. Gao and Liu in [26]
proposed the new solution search equation of ABC algorithm
which was inspired by the DE/best/1 algorithm and adopted
the chaotic systems and opposition-based learning method
to generate the initial population. In [27] some modified
search equations were proposed and the orthogonal learning
strategy was applied to discover the useful information from
the search experiences to improve the optimization performance of ABC algorithm. However, the exploration capacity
and exploitation capacity are not very well balanced in some
improved algorithms. For comprehensively improving the
exploration and exploitation capacity, the paper proposes a
modified ABC algorithm named MABC algorithm whose
searching operation for new food source of ABC algorithm
is replaced with mutation and crossover operation of DE
algorithm and uses the MABC algorithm to solve OPF

Mathematical Problems in Engineering
problem. For comprehensively considering the economics
and stability of the power system, the OPF objective functions
involve minimization of total fuel cost, minimization of
emission, minimization of active power loss, and minimization of voltage deviation. The fuzzy satisfaction-maximizing
method is utilized to convert the multiobjective problem
into single objective problem to form fuzzy multiobjective
OPF. Finally, the fuzzy multiobjective OPF based MABC
algorithm is tested on the standard IEEE 30-bus test systems.
The simulation results are compared with those obtained by
other heuristic methods, and they demonstrate that MABC
algorithm possesses not only better exploration capacity but
also stronger exploitation capacity.

2. OPF Mathematical Model
The main purpose of the OPF is to determine the optimal
control variables values for minimizing one or more objective
functions while satisfying the several equality and inequality
constraints. Its mathematical model [28] can be established
as
min

𝑓 (𝑥, 𝑢)

s.t. 𝑔 (𝑥, 𝑢) = 0,

ℎ (𝑥, 𝑢) ≤ 0,

(1)

where 𝑓 is the objective function to be optimized, 𝑔 is
the equality constraints representing nonlinear power flow
equations, and ℎ is the system operating constraints; 𝑥 is
the vector of dependent state variables including slack bus
generated active power, generator reactive power output, load
(𝑃𝑄) bus voltage, and transmission line flow; 𝑢 is the vector
of independent control variables including generator active
power output, generator bus voltage, transformer tap settings,
and shunt VAR compensation.
The paper considers four optimization objectives of
OPF. Their mathematical models and OPF constraints are
described as follows.
2.1. OPF Objective Function
2.1.1. Minimization of Total Fuel Cost. The fuel cost of generating units is one of the important factors affecting the system
economic. And how to allocate the active power output at
each generating unit decides the total fuel cost under the
conditions of fixed demand active power. Therefore, the total
fuel cost is considered as one of the OPF objective functions,
and it can be expressed as
𝑁𝐺

2
+ 𝑏𝑖 𝑃𝐺𝑖 + 𝑐𝑖 ,
FC = ∑𝑎𝑖 𝑃𝐺𝑖

(2)

𝑖=1

where FC is the total fuel cost; 𝑎𝑖 , 𝑏𝑖 , and 𝑐𝑖 are the fuel cost
coefficients of the 𝑖th generator; 𝑃𝐺𝑖 is the active power output
of thermal unit 𝑖; 𝑁𝐺 is the number of generators.
2.1.2. Minimization of Total Emission. The total emission
of atmospheric pollutants is caused by the operation of
fossil-fueled thermal generation. And the treatment cost of
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pollutants will be produced, which have an influence on the
economical operation of power system. Therefore, the total
emission is also considered as one of objective functions, and
it can be described as
𝑁𝐺

2
+ 𝛽𝑖 𝑃𝐺𝑖 + 𝛾𝑖 ,
EM = ∑𝛼𝑖 𝑃𝐺𝑖

(3)

susceptance, and voltage angle difference between bus 𝑖 and
bus 𝑗, respectively; 𝑉𝑖 , 𝑉𝑗 are voltage magnitude at bus 𝑖 and
bus 𝑗, respectively; 𝑁 is total number of nodes.
The inequality constraints include control variables constraints and state variables constraints in the OPF model. And
the control variables constraints can be described as
𝑃𝐺𝑖 min ≤ 𝑃𝐺𝑖 ≤ 𝑃𝐺𝑖 max ,

𝑖=1

where EM is the total emission; 𝛼𝑖 , 𝛽𝑖 , and 𝛾𝑖 are the emission
coefficients of the 𝑖th generator.

𝑉𝐺𝑖 min ≤ 𝑉𝐺𝑖 ≤ 𝑉𝐺𝑖 max ,

2.1.3. Minimization of Total Power Loss. Active power loss
is produced by the transmission and distribution in power
system. It is an important measurable index of the economic
operation. Smaller active power loss will generate the better
economic benefits; therefore, the total power loss is considered as one of objective functions and it can be expressed as

𝑄𝑐𝑗 min ≤ 𝑄𝑐𝑗 ≤ 𝑄𝑐𝑗 max ,

𝑁

𝑃loss = ∑ 𝐺𝑖𝑗 (𝑉𝑖 2 + 𝑉𝑗 2 − 2𝑉𝑖 𝑉𝑗 cos 𝜃𝑖𝑗 ) ,

(4)

𝑇𝑡𝑘 min ≤ 𝑇𝑡𝑘 ≤ 𝑇𝑡𝑘 max ,

where 𝑃𝐺𝑖 , 𝑉𝐺𝑖 , 𝑇𝑡𝑘 , and 𝑄𝑐𝑗 are active power output of
the generator, terminal voltage of the generator, transformer
tap settings, and reactive power compensation capacity,
respectively. They are automatically satisfied by setting the
constraint boundary.
The state variables constraints can be described as
𝑉𝐷𝑖 min ≤ 𝑉𝐷𝑖 ≤ 𝑉𝐷𝑖 max ,

𝑖,𝑗=1

where 𝑃loss is active power loss; 𝑉𝑖 , 𝑉𝑗 are the voltage
magnitudes at bus 𝑖 and bus 𝑗, respectively; 𝐺𝑖𝑗 , 𝜃𝑖𝑗 are the
branch conductance and phase angles difference between bus
𝑖 and bus 𝑗, respectively; 𝑁 is the total number of nodes.
2.1.4. Minimization of Voltage Deviation. The stability of
power system is considered as one of the optimization
objectives besides the economics of system. The bus voltage
deviation is an important index of voltage stability, and it can
measure size of the deviations from 1.0 per unit and represent
the overall level of voltage stability. This objective function
can be described as
𝑁𝑃𝑄



Δ𝑉 = ∑ 𝑉𝑖 − 1.0 ,

(5)

𝑖=1

where 𝑁𝑃𝑄 is the number of 𝑃𝑄 nodes and 1.0 is per unit.
2.2. OPF Constraints. It can be seen that the control variables
and state variables must be satisfied with some constraints
to make the power system on the stability operation from
the definition of OPF. The OPF constraints of power system
include equality constraints and inequality constraints.
The equality constraints are the power flow equations, and
they can be described as
𝑁

𝑃𝐺𝑖 − 𝑃𝐿𝑖 = 𝑉𝑖 ∑𝑉𝑗 (𝐺𝑖𝑗 ⋅ cos 𝜃𝑖𝑗 + 𝐵𝑖𝑗 ⋅ sin 𝜃𝑖𝑗 )
𝑗=1
𝑁

(6)

𝑄𝐺𝑖 − 𝑄𝐿𝑖 = 𝑉𝑖 ∑𝑉𝑗 (𝐺𝑖𝑗 ⋅ sin 𝜃𝑖𝑗 − 𝐵𝑖𝑗 ⋅ cos 𝜃𝑖𝑗 ) ,
𝑗=1

where 𝑃𝐺𝑖 , 𝑄𝐺𝑖 are active power and reactive power outputs
of generating units at bus 𝑖, respectively; 𝑃𝐿𝑖 , 𝑄𝐿𝑖 are the
demanded active power and reactive power of loads at bus
𝑖, respectively; 𝐺𝑖𝑗 , 𝐵𝑖𝑗 , and 𝜃𝑖𝑗 are transfer conductance,

(7)

𝑄𝐺𝑗 min ≤ 𝑄𝐺𝑗 ≤ 𝑄𝐺𝑗 max ,

(8)

𝑆𝐿𝑘 < 𝑆𝐿𝑘 max ,
where 𝑉𝐷𝑖 , 𝑄𝐺𝑗 , and 𝑆𝐿𝑘 are the load bus voltage magnitudes,
reactive power output of generator, and transmission line
flow, respectively. They are satisfied by penalty functions that
are brought in the objective functions.

3. Fuzzy Multiobjective OPF
The multiobjective OPF model is established, which involves
the minimization of total fuel cost, the minimization of total
emission, the minimization of power loss, and the minimization of voltage deviation. For objectively considering the
weight of each optimization objective, the linear membership
function is used to make the objective functions fuzzification
to form the fuzzy multiobjective function OPF. The linear
membership function can be described as
𝜇𝑖 (𝑥)
1
{
{
{
{ 𝑐𝑖 max − 𝑓𝑖 (𝑥)
={
{ 𝑐𝑖 max − 𝑐𝑖 min
{
{
{0

𝑓𝑖 (𝑥) < 𝑐𝑖 min
𝑐𝑖 min < 𝑓𝑖 (𝑥) < 𝑐𝑖 max

𝑖 = 1, 2, . . . , 𝑚

𝑓𝑖 (𝑥) > 𝑐𝑖 max ,
(9)

where 𝑓𝑖 (𝑥) is 𝑖th objective function of fuzzy multiobjective
OPF; 𝜇𝑖 (𝑥) is the membership function of 𝑓𝑖 (𝑥); 𝑚 is the
number of objective functions; 𝑐𝑖 max , 𝑐𝑖 min are upper and
lower limit values of 𝑓𝑖 (𝑥), respectively, 𝑐𝑖 min is the optimal
value obtained by single objective OPF for each objective
function, and 𝑐𝑖 max is initial value of each objective function.
The curves of each membership function by (9) are shown in
Figure 1.
Abscissa [4] represents each objective function value of
fuzzy multiobjective OPF, and the ordinate represents the
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1
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FCmin
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(a) Membership function of total fuel cost
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(b) Membership function of total emission

𝜇(ΔV)
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1

1

0

Ploss max

Ploss min

Ploss

(c) Membership function of power loss

0

ΔVmin

ΔVmax

ΔV

(d) Membership function of voltage deviation

Figure 1: Membership functions of each subobjective.

membership function value of each optimization objective
at (a), (b), (c), and (d) in Figure 1. From (9) or Figure 1, it
can be seen that the larger the membership function value,
the smaller the corresponding objective function. The objective function 𝜇𝐷(𝑥) of fuzzy multiobjective OPF is chosen
from membership function 𝜇𝑖 (𝑥) by the fuzzy satisfactionmaximizing method [29], and it can be expressed as
𝜇𝐷 (𝑥) = max {1 − 𝜇𝑖 (𝑥)} ,

(10)

where 𝜇𝑖 (𝑥) is membership of 𝑖th objective function; 𝜇𝐷(𝑥)
is objective function of fuzzy multiobjective OPF; 𝑖 ∈
{1, 2, . . . , 𝑚}, 𝑚 is the number of objective functions.
The model of fuzzy multiobjective OPF converted by (10)
is described as
min
s.t.

𝜇𝐷 (𝑥)
𝑔 (𝑥, 𝑢) = 0,

ℎ (𝑥, 𝑢) ≤ 0.

(11)

The optimal scheme of fuzzy multiobjective OPF
described by (11) is the optimal solution of multiobjective
OPF, and it can make each objective function achieve
satisfactory values at the same time.

4. Modified Artificial Bee Colony Algorithm
4.1. Artificial Bee Colony Algorithm. Artificial bee colony
algorithm is a swarm intelligence optimization algorithm
which simulates the behavior of honeybee swarms foraging
for maximum nectar amount [18]. The honeybee swarms,
food sources, and nectar amount are important parts of
the ABC algorithm. The food sources foraged by honeybees
represent a feasible solution of the optimization problem,
and the nectar amount of food sources corresponds to the
fitness value of associated feasible solution. The honeybee
swarms include employed bees and unemployed bees, and the
unemployed bees are divided into two groups: onlooker bees
and scout bees. The number of employed bees 𝑁𝑒 is equal to
the number of onlooker bees 𝑁𝑜 and is equal to half of the
number of honeybee swarms 𝑁𝑠 [19]. The whole optimization
process of ABC algorithm mainly includes initialization,
employed bee phase, onlooker bee phase, and scout bee
phase. And they are described by the following subsections.
4.1.1. Initialization. The ABC algorithm randomly generates 𝑁𝑠 numbers of initial swarms which are described as
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𝑋 = {𝑥𝑖𝑗 | 𝑖 = 1, 2, . . . , 𝑁𝑠 ; 𝑗 = 1, 2, . . . , 𝐷}; 𝐷 is the number of
parameter dimensions and is equal to the number of control
variables. The initial swarms are generated as
𝑥𝑖𝑗 = 𝑥𝑗𝐿 + rand × (𝑥𝑗𝐻 − 𝑥𝑗𝐿 ) ,

(12)

where 𝑥𝑖𝑗 is the 𝑗th dimension parameter of food source 𝑖;
𝑥𝑗𝐻, 𝑥𝑗𝐿 are the upper and lower bounds for the dimension 𝑗,
respectively; rand is random number between 0 and 1.
The fitness values of the initial swarms are calculated by
the following expression:
1
{
𝑓𝑖 ≥ 0
fit𝑖 = { 1 + 𝑓𝑖
{1 + abs (𝑓𝑖 ) 𝑓𝑖 < 0,

(13)

where 𝑓𝑖 is the objective function value of employed bee 𝑖, and
fit𝑖 is the fitness value of employed bee 𝑖.
The higher fitness value indicates the smaller value of
objective function and the better food source. The values of
initial swarms are sorted from the largest to the smallest. And
the corresponding food sources of the previous 𝑁𝑒 numbers
fitness values are chosen to be considered as food sources of
employed bees.
4.1.2. Employed Bee Phase. After initialization, the employed
bees search for new candidate food sources V𝑖 within the
neighborhood of the associated food sources 𝑥𝑖 . The searching equation is described as
V𝑖𝑗 = 𝑥𝑖𝑗 + 𝑅𝑖𝑗 × (𝑥𝑖𝑗 − 𝑥𝑘𝑗 ) ,

(14)

where 𝑗 ∈ {1, 2, . . . , 𝐷} and 𝑘 ∈ {1, 2, . . . , 𝑁𝑒 } are randomly
generated and 𝑘 ≠𝑖; V𝑖𝑗 is a new candidate food source; 𝑥𝑘𝑗
is a randomly chosen food source different from 𝑥𝑖𝑗 ; 𝑅𝑖𝑗
is random number between −1 and 1, if a parameter value
exceeds its limits, it will be fixed on its limit value.
The greedy selection mechanism is utilized to select the
better solution between V𝑖 and 𝑥𝑖 .
4.1.3. Onlooker Bee Phase. After all employed bees complete
the searching process, the probability value that a food source
will be chosen by the onlooker bee is calculated by the
following expression:
𝑃𝑖 =

fit𝑖

𝑁
∑𝑖=1𝑒

fit𝑖

,

(15)

where 𝑃𝑖 is the probability value.
Each onlooker bee chooses a food source according to
the probability 𝑃𝑖 to search for a new food source by (14)
and records the better solution by the greedy selection mechanism. By increasing the fitness value of that food source,
the probability of a food source chosen by the onlooker bees
increases.
4.1.4. Scout Bee Phase. After all the employed bees and
onlooker bees complete their operation phase, the scout

bee checks the numbers of fitness unimproved of a food
source. If a food source cannot be improved further over the
predetermined number of cycles limit, which indicates that
the fitness value of the food source is local optima, the food
source will be replaced with a new food source produced by
the scout bee using (12).
4.2. Modified Artificial Bee Colony Algorithm. The ABC algorithm possesses the better global searching ability due to the
employed bees and scout bee phase. The only one dimension
parameter will be changed by (14) for new food sources
searching, and it may find the global optimal solution in
low dimension optimization problems. But the optimization
efficiency will be decreased by (14) in the high dimension
optimization problems, and the algorithm gets trapped in the
local optimal solution easily. Therefore, the local searching
ability of ABC algorithm is poor in the high dimension
optimization problems.
The DE algorithm possesses the strong exploitation ability
due to one or more dimension parameters which will be
changed at the mutation operation process [30]. In order to
overcome the shortage of poor exploitation capacity of ABC
algorithm, the paper proposes the modified ABC algorithm
which brings the mutation and crossover operation of DE
algorithm into the employed bee phase and onlooker bee
phase instead of the searching operation of (14). The modified
ABC algorithm is named MABC algorithm which combines
the advantages of both ABC and DE algorithms.
On the aspect of choosing the mutation operation, the
paper considers the influence of current optimal food source
𝑥best on searching for new food source 𝑢𝑖 at the 𝑘th iteration.
The convergence speed is improved by the effect of current
optimal food source 𝑥best . The new food source 𝑢𝑖 of mutation
operation is generated by
𝑢𝑖 = 𝑥best + 𝐹 ⋅ (𝑥𝑟1 − 𝑥𝑟2 ) ,

(16)

where 𝑢𝑖 is a new food source generated by the mutation
operation; 𝑥best is the current best food source having the
highest fitness value; 𝑥𝑟1 and 𝑥𝑟2 are different food sources
generated randomly, and 𝑟1 ≠𝑟2 ≠𝑖; 𝜆 and 𝐹 are scaling factor
of mutation operation.
The new food source V𝑖𝑗 of crossover operation is generated by
𝑢
V𝑖𝑗 = { 𝑖𝑗
𝑥𝑖𝑗

𝜑𝑗 ≤ CR ‖ 𝑗 = 𝑞
𝜑𝑗 > CR ‖ 𝑗 ≠𝑞,

(17)

where V𝑖𝑗 is a new food source generated by the crossover
operation; 𝜑𝑗 is random parameter of dimension 𝑗 in the
range [0, 1], generated anew for each value of 𝑗; CR is the
constant parameter of crossover operation in the range [0, 1];
𝑞 is random parameter in the range [0, 𝐷] which ensures that
V𝑖𝑗 gets at least one parameter from 𝑢𝑖𝑗 .
The flowchart of MABC algorithm for solving the optimization problem is shown in Figure 2.
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(3) Calculate fuzzy fitness value. Calculate the value of
objective functions using (2)∼(5) based on the results
of Newton-Raphson power flow calculation. Utilize
(9) to convert each objective function value into
corresponding fuzzy membership function values.
Choose a fuzzy optimization objective function of
multiobjective OPF using (10) according to each
membership function value. Finally, calculate the
fuzzy fitness value by (18).

Start
Generate the initial swarms using (12)
Calculate the fitness values using (13), sort
them from the largest to the smallest, and choose previous
Ne numbers of bees as the employed bees
k=1

Search for new solution i using ( 16 ) and ( 17),
calculate the fitness value using (13), and record
the better solution by greedy selection mechanism

(4) Select the employed bees. Sort the 𝑁𝑠 numbers of
fuzzy fitness values obtained by the step (3) from
the largest to the smallest and select food sources
of the previous 𝑁𝑒 numbers of fitness values to be
considered as employed bees.

Calculate the probability value Pi using (15 ),
choose a solution xi by Pi to search for new one i

(5) Employed bees phase: each employed bee 𝑥𝑖𝑗 adopts
(16) and (17) to search for new food source V𝑖𝑗 .

Calculate the fitness value using (13)
and record the better solution by greedy
selection mechanism between xi and i

(6) Greedy selection mechanism: the fuzzy fitness value
fit(V𝑖𝑗 ) of the new food source V𝑖𝑗 is calculated by step
(3). It is compared with fit(𝑥𝑖𝑗 ) of corresponding food
source 𝑥𝑖𝑗 ; if the fit(V𝑖𝑗 ) is better than fit(𝑥𝑖𝑗 ), 𝑥𝑖𝑗 will
be replaced by the new food source V𝑖𝑗 ; otherwise 𝑥𝑖𝑗
is retained.

k= k+1

No

Whether thel local optimal solution exists
Yes
Generate a new solution using (12)
to replace the local optimal one

(7) Calculate probability value 𝑃𝑖 . The probability value 𝑃𝑖
of each employed bee 𝑥𝑖𝑗 is calculated by (15).

Memorize the global optimal solution
No
k > MCN
Yes
Print the optimal solution

(8) Onlooker bees phase: a parameter is randomly generated by 𝑛th onlooker bee between 0 and 1, and it is
compared with 𝑃𝑖 ; if it is smaller than 𝑃𝑖 , then the 𝑛th
onlooker bee searches for a new food source V𝑖𝑗 within
the neighborhood of food source 𝑥𝑖𝑗 by (16) and (17).
Greedy selection mechanism is used to choose the
better feasible solution between V𝑖𝑗 and 𝑥𝑖𝑗 , and 𝑛 =
𝑛 + 1. Otherwise, 𝑖 = 𝑖 + 1, and the 𝑛th onlooker bee
regenerates a random parameter until it is assigned.

End

Figure 2: Flowchart of MABC algorithm.

5. Fuzzy Multiobjective OPF
Base on MABC Algorithm
The proposed MABC algorithm is applied to fuzzy multiobjective OPF in power system. The capacity of optimization to
multiobjective functions simultaneously can be reflected by
the fuzzy fitness value which is calculated by
fit𝐷𝑖 =

1
,
1 + 𝜇𝐷𝑖

𝑖 = 1, 2, . . . , 𝑁𝑒 ,

(18)

where 𝜇𝐷𝑖 is the objective function value of 𝑖th food source;
fit𝐷𝑖 is the fuzzy fitness value of 𝑖th food source; 𝑁𝑒 is the
number of food sources.
The higher fuzzy fitness value represents the closer to
optimal value of each objective function simultaneously and
the better optimization capacity. The detailed calculation
processes of fuzzy multiobjective OPF based on MABC
algorithm are described as follows.
(1) Read the original data of power system and the control parameters of MABC algorithm.
(2) Initialization bees swarm: according to the boundary
conditions, the initial bee swarms 𝑋 will be randomly
generated by (12), 𝑋 = {𝑥𝑖𝑗 | 𝑖 = 1, 2, . . . , 𝑁𝑠 ; 𝑗 =
1, 2, . . . , 𝐷}.

(9) Judge whether all the onlooker bees are assigned. If all
the onlooker bees are assigned (𝑛 > 𝑁𝑜 ), then proceed
to step (10). Otherwise, return to step (8).
(10) Scout bee phase: the scout bee checks the unimproved
fitness number; if a food source cannot be improved
further over the number limit, the food source will be
abandoned and a new food source will be generated
by (12) to replace the associated food source.
(11) Record the current optimal food source, current
optimal value of each objective function, and current
optimal fuzzy fitness value of MABC algorithm, and
the cycle parameter 𝑘 = 𝑘 + 1.
(12) Cycle operation: repeat steps (5)∼(11) until the cycle
parameter 𝑘 is further over maximum cycle number MCN, and then MABC algorithm is stopped
and outputs the optimal solution and corresponding
objective function value.

6. Numerical Examples
6.1. IEEE 30-Bus Test System. The IEEE 30-bus test system
[14] has six generators, four transformers, and nine shunt
VAR compensation devices and has a total of twenty-four
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Table 1: Comparisons of the results obtained by different algorithms for Case 1.
Fuel cost ($/h)

Method

Min
800.3981
800.4390
805.1752
802.0600
802.4650
802.2300

MABC
ABC
GSA [6]
EGA [33]
IEP [34]
DE [35]

Average
800.4043
800.5346
812.1935
NA
NA
NA

Max
800.4446
800.5844
827.4950
802.1400
NA
NA

Standard deviation
0.0105
0.0443
NA
NA
NA
NA
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3

815

810

805
23
26

29

25

30

24
27

800

0

50

100
Iteration
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Figure 3: Single line diagram of IEEE 30-bus test system.

MABC
ABC

Figure 4: Comparisons of convergent characteristic obtained by
different algorithms for Case 1.

control variables. The total system demand is 283.4 MW
for active power and 126.2 MVar for reactive power. The
transformer tap settings are assumed to vary in the range
[0.9, 1.1] p.u., with step size of 0.0125 p.u.. The VAR injections
of the shunt capacitors are assumed to vary in the range
[0, 5] MVar, with step size of 1MVar. Bus 1 is taken as slack bus,
and the limits of generator buses and load buses are between
0.95–1.1 p.u. and 0.95–1.05 p.u., respectively. The Single line
diagram of the system is shown in Figure 3.
6.2. Numerical Examples. The proposed MABC algorithm
and the fuzzy multiobjective OPF model have been applied
to the IEEE 30-bus test system. And five cases with different
optimization objectives have been simulated. The different
single objective OPF has been simulated in Case 1∼Case 4,
and the results are compared with those found by other
heuristic methods. The fuzzy multiobjective OPF is stimulated in Case 5. The MABC algorithm parameters used [31, 32]
are 𝑁𝑠 = 100, MCN = 300, limit = 50, 𝜆 = 0.6, F = 0.6, and CR =
0.5.
Case 1 (minimization of total fuel cost for single objective
OPF). The minimization of total fuel cost described by (2)
is selected as objective function for single objective OPF.
The minimum total fuel cost obtained by the proposed

MABC approach over 20 independent runs was 800.3981 $/h
with average of 800.4043 $/h and maximum of 800.4446 $/h,
which are compared to those obtained by ABC and also compared to gravitational search algorithm (GSA) [6], enhanced
genetic algorithm (EGA) [33], improved evolutionary programming (IEP) [34], and DE [35]. The results are given in
Table 1.
From Table 1, it can be seen that the average total fuel cost
obtained by the proposed MABC approach was 800.4043 $/h
which is less than the 800.5346 $/h obtained by ABC algorithm and is smaller than 812.1935 $/h obtained by the
GSA [6] obviously. The maximum value was 800.4446 $/h
obtained by MABC algorithm, and it is better than maximum
values obtained by other algorithms in Table 1. The maximum
value, average value, minimum value, and standard deviation
value obtained by MABC algorithm are better than those
obtained by ABC algorithm. The results demonstrate that
the MABC can solve the OPF problem effectively, and the
optimal value obtained by MABC algorithm is better than
other algorithms. The convergence characteristics of MABC
and ABC algorithms for Case 1 are shown in Figure 4.
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0.25

Method
MABC
ABC
PSO [36]
GA [36]
SFLA [36]
MSFLA [36]

0.24

Emission (ton/h)
0.1943
0.1943
0.2096
0.2117
0.2063
0.2056

Emission (ton/h)

Table 2: Comparisons of the results obtained by different algorithms
for Case 2.

0.23
0.22
0.21
0.2

In order to compare the results by MABC with those
by ABC obviously, Figure 4 has only described the data of
previous 200 iterations. From Figure 4 and simulation data,
it can be seen that when the iteration number reaches up
to 20, the fuel cost values obtained by MABC and ABC
are 800.5810 $/h and 815.4091 $/h, respectively. The results
demonstrate that the convergent rate of the MABC algorithm
is better than that of ABC algorithm.
Case 2 (minimization of total emission for single objective
OPF). The minimization of total emission described by (3)
is selected as objective function for single objective OPF. The
minimum total emission obtained by MABC is 0.1943 ton/h,
which are compared to those by ABC and also compared to
those obtained by particle swarm optimization (PSO) [36],
genetic algorithm (GA) [36], shuffled frog leaping algorithm
(SFLA) [36], and modified SFLA (MSFLA) [36]. The results
are given in Table 2.
From Table 2, it can be seen that the optimal value
obtained by MABC is 0.1943 ton/h which reduces by 8.22%
compared with 0.2117 ton/h obtained by GA [36] and is
smaller than the values obtained by other algorithms obviously. The results demonstrate that the optimal value obtained
by MABC algorithm is better than other algorithms. The
convergence characteristics of the MABC and ABC for Case
2 are shown in Figure 5.
From Figure 5 and simulation data, it can be seen that
when the iteration number reaches up to 20, the minimum
value obtained by MABC is already equal to global optimal value 0.1943 ton/h, and at the same time the objective
function value obtained by ABC algorithm got tripped in
local optimal value, and the ABC algorithm converges to
global optimal value in about 160th iteration. The results
demonstrate that the convergent rate of the MABC algorithm
is better than that of ABC obviously.
Case 3 (minimization of active power loss for single objective
OPF). The minimization of active power loss described by
(4) is selected as objective function for single objective OPF.
The minimum active power loss obtained by the MABC
is 3.0819 MW, which is compared to the ABC and also
compared to those obtained by enhanced genetic algorithm
(EGA) [37], PSO [37], and DE [38]. The results are given in
Table 3.

0.19

0

50

100
Iteration

150

200

MABC
ABC

Figure 5: Comparisons of convergent characteristic obtained by
different algorithms for Case 2.

Table 3: Comparisons of the results obtained by different algorithms
for Case 3.
Method
MABC
ABC
EGA [37]
PSO [37]
DE [38]

Active power loss (MW)
3.0819
3.0938
3.2008
3.6294
3.2400

From Table 3, it can be seen that the optimal value
obtained by MABC algorithm is 3.0819 MW which reduces
by about 15.09% compared with the 3.6294 MW obtained by
PSO [37] and reduces by about 4.88% compared with the
3.2400 MW obtained by DE [38] and is smaller than the
values obtained by other algorithms. The results demonstrate
that the MABC leads to better results than the other algorithms. The convergence characteristics of the MABC and
ABC algorithms for Case 3 are shown in Figure 6.
From Figure 6 and simulation data, it can be seen that the
MABC algorithm converges to the highest quality solution
among the two algorithms in less iterations.
Case 4 (minimization of voltage deviation for single objective
OPF). The minimization of voltage deviation described by
(5) is selected as objective function for single objective OPF.
The minimum voltage deviation obtained by MABC algorithm is 0.0841 p.u., which is compared with those obtained
by ABC algorithm and also compared to those obtained
by DE [15] and biogeography-based optimization algorithm
(BBO) [39]. The results are given in Table 4.
From Table 4, it can be seen that the optimal value
obtained by MABC is 0.0841 p.u. which reduces by 19.13%
compared with optimal value 0.1040 p.u. obtained by ABC
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Figure 6: Comparisons of convergent characteristic obtained by
different algorithms for Case 3.

Table 4: Comparisons of the results obtained by different algorithms for Case 4.
Method
MABC
ABC
DE [15]
BBO [39]

50

Voltage deviation (p.u.)
0.0841
0.1040
0.1357
0.1020

Figure 7: Comparisons of convergent characteristic obtained by
different algorithms for Case 4.
Table 5: Minimum values obtained by different algorithms over 20
independent runs.
Method
MABC
ABC

Case 5 (fuzzy multiobjective OPF). The optimal values
obtained by Case 1∼Case 4 are considered as the reference
values of fuzzy membership function, and (9) and (10) are
used to convert OPF with four objective functions into fuzzy
multiobjective OPF which is solved by MABC algorithm.
The minimum values of each objective function obtained by
the proposed MABC approach and ABC algorithm over 20
independent runs for Case 5 are given in Table 5.

Objective function value
EM (ton/h)
𝑃loss (MW)
0.2224
4.8331
0.2224
4.9129

Δ𝑉 (p.u)
0.3253
0.3474

Table 6: Fuzzy fitness values obtained by different algorithms over
20 independent runs.
Method

algorithm and reduces by 38.03% compared with optimal
value 0.1357 p.u. obtained by DE algorithm [15] and reduces
by 17.55% compared with optimal value 0.1020 p.u. obtained
by BBO algorithm [39]. The results indicate that the optimal value found by MABC is better than other heuristic
algorithms obviously. The convergence characteristics of the
MABC and ABC algorithms for Case 4 are shown in Figure 7.
From Figure 7 and simulation data, it can be seen that the
convergent capacity is better than other heuristic algorithms.
From the results of single objective OPF in Case 1∼Case
4, it can be seen that the convergent capacity and the optimal
value of MABC algorithm are better than ABC algorithm and
other heuristic algorithms, which can demonstrate that the
proposed MABC algorithm possesses not only the stronger
exploration capacity but also the better exploitation capacity.

FC ($/h)
850.5996
852.5226

MABC
ABC

Max
0.7716
0.7645

Fuzzy fitness value
Average
Min
Standard deviation
0.7713
0.7707
0.0003
0.7558
0.7449
0.0044

From Table 5, it can be seen that the minimum values
of each objective function obtained by MABC algorithm
are 850.5996 $/h, 0.2224 ton/h, 4.8331 MW, and 0.3253 p.u.,
respectively. And the minimum values obtained by ABC
algorithm are 852.5226 $/h, 0.2224 ton/h, 4.9129 MW, and
0.3474 p.u., respectively. The results demonstrate that the
minimum values of each objective function obtained by
MABC algorithm are better than those obtained by ABC
algorithm for fuzzy multiobjective OPF.
The maximum value, average value, minimum value, and
standard deviation value of the fuzzy fitness obtained by
MABC and ABC algorithms over 20 independent runs are
given in Table 6.
From Table 6, it can be seen that the maximum value
obtained by MABC is 0.7716 which is higher than the value
0.7645 obtained by ABC algorithm. The minimum value
and average value obtained by MABC are also higher than
those obtained by ABC. The results indicate that the optimal
solution obtained by MABC algorithm is better than that by
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Table 7: Comparison of the OPF control variables for different cases.

Variables
𝑃𝐺2
𝑃𝐺5
𝑃𝐺8
𝑃𝐺11
𝑃𝐺13
𝑉𝐺1
𝑉𝐺2
𝑉𝐺5
𝑉𝐺8
𝑉𝐺11
𝑉𝐺13
𝑇6–9
𝑇6–10
𝑇4–12
𝑇27-28
𝑄10
𝑄12
𝑄15
𝑄17
𝑄20
𝑄21
𝑄23
𝑄24
𝑄29
FC ($/h)
EM (ton/h)
𝑃loss (MW)
Δ𝑉 (p.u)

Case 1
MABC
ABC
48.7156
48.5498
21.3816
21.4468
21.2175
21.9803
11.9245
11.7107
12
12
1.0831
1.0840
1.0641
1.0654
1.0329
1.0339
1.0377
1.0378
1.0269
1.0579
1.0426
1.0304
0.9625
1
0.9000
0.9000
0.9375
0.9250
0.9125
0.9250
1
0
4
5
4
5
5
5
4
4
5
5
2
2
4
4
2
4
800.3981
800.4390
0.3291
0.3281
9.0001
8.9640
0.8985
0.8805

Case 2
MABC
ABC
72.5306
72.9516
50
50
35
35
30
30
40
40
1.0605
1.0635
1.0553
1.0541
1.0359
1.0342
1.0424
1.0429
1.0340
1.0020
1.0584
1.0479
0.9000
0.9875
1
0.9000
0.9750
0.9625
0.9125
0.9250
0
5
5
3
5
5
5
5
4
5
5
5
1
2
5
5
2
3
952.8354
953.6603
0.1943
0.1943
3.1611
3.1792
0.9203
0.7925

Case 3
MABC
ABC
80
80
50
50
35
35
30
30
40
40
1.0610
1.0619
1.0570
1.0603
1.0375
1.0392
1.0438
1.0449
1.0159
1.0171
1.0546
1.0467
0.9500
0.9625
0.9250
0.9125
0.9625
0.9500
0.9125
0.9250
3
2
2
3
5
4
5
4
4
5
5
5
2
3
4
3
2
3
967.6192
967.6468
0.1950
0.1950
3.0819
3.0938
0.9105
0.8660

ABC algorithm. In other words, the control variables setting
values obtained by MABC are able to make the system more
efficient and reliable than those by ABC algorithm.
From Table 6, it also can be seen that the standard
deviation value by MABC is 0.0003 which is smaller than the
value 0.0044 by ABC obviously. The results demonstrate that
the whole optimization capacity of MABC is obviously better
than that of ABC algorithm.
The convergence characteristics of MABC and ABC
algorithms for Case 5 are shown in Figure 8.
From Figure 8, it can be seen that the MABC algorithm
converges to the highest fuzzy fitness value among the two
algorithms in less iterations. In addition, the convergent
characteristic curve of MABC algorithm is smoother, and the
ABC algorithm is easily to get trapped in local optima to
solve the multiobjective OPF. The results illustrate that the
convergence capacity of proposed MABC algorithm is better
than ABC algorithm.
In Case 1∼Case 5, the optimal control variables and
the corresponding objective function values obtained by the
proposed MABC and standard ABC algorithms are given in
Table 7.

Case 4
MABC
ABC
79.9636
80
49.6799
32.1691
31.2334
25.3745
30
23.7699
40
40
1.0014
1.0115
1.0013
1.0071
1.0193
1.0222
1.0033
0.9973
0.9954
1.0462
1.0142
0.9978
0.9375
0.9500
0.9000
0.9250
0.9625
0.9375
0.9000
0.9000
4
2
0
5
5
3
0
0
5
5
1
0
4
4
5
5
2
2
962.9924
886.8907
0.1962
0.2131
4.0211
5.8126
0.0841
0.1040

Case 5
MABC
ABC
54.9454
59.6575
35.9487
37.4470
35
34.5021
29.9513
36.8806
25.008
23.9546
1.0689
1.0719
1.0575
1.0594
1.0336
1.0306
1.0413
1.0306
0.9930
0.9880
1.0281
1.0219
0.9750
1.0125
0.9625
0.9000
0.9875
0.9750
0.9375
0.9500
0
4
0
1
4
5
5
5
5
4
5
5
1
3
3
3
2
4
850.5996
852.5226
0.2224
0.2224
4.8331
4.9129
0.3253
0.3474

From Table 7, it can be seen that the optimal solutions
obtained by the proposed MABC algorithm can make the
results better than those obtained by the ABC algorithm in
different optimization objectives.

7. Conclusions
The paper proposes the MABC algorithm which adopts the
mutation and crossover operation of DE algorithm instead of
the searching operation of ABC algorithm. And the MABC
algorithm is used to solve the multiobjective OPF problem
which considers the total fuel cost of generating units, the
emission of atmospheric pollutants, the active power losses,
and the voltage deviations as the optimization objective. The
simulation results show that the convergent capacity and
the optimal value of MABC algorithm are better than ABC
algorithm and other heuristic algorithms, which demonstrate
that the proposed MABC algorithm possesses not only the
stronger exploration capacity but also the better exploitation
capacity and indicate the efficiency and superiority of MABC
algorithm for solving the nonlinear optimization problem.

Fuzzy fitness
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0

50

Figure 8: Comparisons of convergent characteristic obtained by
different algorithms for Case 5.

However, the influences of algorithm parameters settings on
the optimization performance of MABC algorithm will be
further discussed in the future researches.
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The development of radio frequency identification (RFID) technology generates the most challenging RFID network planning
(RNP) problem, which needs to be solved in order to operate the large-scale RFID network in an optimal fashion. RNP involves
many objectives and constraints and has been proven to be a NP-hard multi-objective problem. The application of evolutionary
algorithm (EA) and swarm intelligence (SI) for solving multiobjective RNP (MORNP) has gained significant attention in the
literature, but these algorithms always transform multiple objectives into a single objective by weighted coefficient approach. In
this paper, we use multiobjective EA and SI algorithms to find all the Pareto optimal solutions and to achieve the optimal planning
solutions by simultaneously optimizing four conflicting objectives in MORNP, instead of transforming multiobjective functions into
a single objective function. The experiment presents an exhaustive comparison of three successful multiobjective EA and SI, namely,
the recently developed multiobjective artificial bee colony algorithm (MOABC), the nondominated sorting genetic algorithm II
(NSGA-II), and the multiobjective particle swarm optimization (MOPSO), on MORNP instances of different nature, namely, the
two-objective and three-objective MORNP. Simulation results show that MOABC proves to be more superior for planning RFID
networks than NSGA-II and MOPSO in terms of optimization accuracy and computation robustness.

1. Introduction
Academic research into radio frequency identification
(RFID) has increased significantly over the last ten years,
to the point that RFID is used to build up an “internet of
things”—a network connects physical things to the Internet
that makes it possible to access remote sensor data and to
control the physical world from a distance [1]. An RFID
system consists of four types of important components
(see Figure 1): (1) RFID tags, each placed on an object
and consisting of a microchip and an embedded antenna
containing a unique identity, which is called Electronic
Product Code (EPC); (2) RFID readers, each having more
than one antenna and is responsible to send and receive data
to and from the tag via radio frequency waves; (3) RFID
middleware, which manages readers, as well as filtering and
formatting the RFID raw tag data; and (4) RFID database,

which records RFID raw tag data that contains information
such as reading time, location, and tag EPC.
In many real-world RIFD applications, such as production, logistics, supply chain management, and asset tracking,
a sufficient number of readers are deployed in order to provide complete coverage of all the tags in the given areas [2, 3].
This gives rise to some challenging issues in the deployment
of an RFID network, such as optimal tag coverage, quality
of service (QoS), and cost efficiency. Therefore, our previous
pioneering work pointed out that the RFID network planning
(RNP) problem in RFID system is a key issue that has to meet
many requires of the RFID system in order to operate the
large-scale network of RFID readers in an optimal fashion
[4]. In general, we defined that the RNP aims to optimize a
set of objectives (coverage, load balance, economic efficiency
and interference between readers, etc.) simultaneously by
adjusting the control variables (the coordinates of the readers,
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Figure 1: RFID system.

the number of the readers, and the antenna parameters, etc.)
of the system. As a result, in the large-scale deployment
environment, the RNP problem is a high-dimensional NPhard optimization problem with a large number of variables
and uncertain parameters.
Obviously, optimization of the RNP is essentially a typical
multiobjective problem (MOP). However, the methods used
in the previous studies to solve the multiobjective RNP
(MORNP) are always weighted coefficient approaches used
to transform multiple objectives into a single objective [4–8].
Most of these methods are based on evolutionary algorithm
(EA) and swarm intelligence (SI) optimization techniques,
such as genetic algorithms (GA) [6, 9], evolutionary strategy
(ES) [10], differential evolution (DE) [7], particle swarm optimization (PSO) [4, 5, 10], and bacterial foraging algorithm
(BFA) [11]. Notice that these works considered only one object
in RFID network planning or a single objective function that
linearly composed several planning objectives and none of
them can generate the tradeoffs between objectives. However, it is hard for users to determine these coefficients for
optimization in RFID network. On the other hand, what
can be acquired using a combination of coefficients is a
single optimal solution instead of all the optimal solutions,
namely, Pareto optimal solutions. Therefore, transformation
of multiobjective functions into a single objective function
is not the best choice for optimizing the real-world MORNP
problem.
This paper substantially extends the previous work on
RNP and can be distinguished from it from three aspects as
follows.
(1) A MORNP optimization approach is conducted in
this work. In MORNP approach, four objectives,
namely, coverage, load balance, economic efficiency,
and interference, are considered simultaneously in
optimization process. A fuzzy decision-making process for selection of the final solution from the
available optimal points on Pareto frontier is also
presented here.
(2) Due to conflicts between different goals of the existing
MORNP model, an efficient solution method should
be used to search in the feasible solution space with
the hope of finding the ideal RFID network layout
while extracting a set of Pareto optimal solutions.

Hence, this paper provides recommendations and
guidance for the utilization of multiobjective EA and
SI optimization techniques, such as the recently developed multiobjective artificial bee colony algorithm
(MOABC), the nondominated sorting genetic algorithm II (NSGA-II), and the multiobjective particle
swarm optimization (MOPSO). The success of multiobjective EA and SI is due to their ability of finding
a set of representative Pareto optimal solutions in a
single run.
(3) By applying multiobjective approaches for solving the
MORNP problem, a new framework was established
that could handle different objectives and would
enable the planner to find the optimal RFID network
plan based on multiobjective EA and SI. Specifically,
we formulated MORNP as two types of multiobjective
problems, namely, two- and three-objective problems,
whereas each two- or three-objective functions in
RFID system are optimized simultaneously.
The rest of this paper is organized as follows. Section 2
gives the formulation of the MORNP problem. Section 3
presents the brief review of MOABC, NSGA-II, and MOPSO
algorithms. In Section 4, the comparative study is performed
for the three nature-inspired algorithms on solving the
MORNP problem. Finally, Section 5 outlines the conclusions.

2. Problem Formulation
2.1. Multiobjective Optimization Problems. In many realworld optimization applications, the decision maker is always
faced with the presence of multiple noncommensurable and
often competing objectives. The solutions for the multiobjective problem (MOP) often result from both the optimization
and decision making process [12]. When trying to solve an
MOP, a set of trade-off solutions is the target of the solution
algorithm and the one that will be chosen depends on the
needs of the decision maker.
An MOP can be defined as:
Τ

Min 𝑓 (𝑥) = [𝑓1 (𝑥) , 𝑓2 (𝑥) , . . . , 𝑓𝑘 (𝑥)]
s.t. ℎ (𝑥) = 0
𝑔 (𝑥) ≤ 0,

(1)
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𝑗

power 𝑃𝑖 of each tag 𝑖 in the interrogation region of reader
𝑗:
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𝑗
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Min 𝑓𝑐 = ∑ ∑ (𝑃𝑖 − 𝛿) ,

(2)
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Figure 2: Illustrative example of Pareto front.

where multiobjective function 𝑓 includes 𝑘 (𝑘 ≥ 2) objective
functions, constraints ℎ(𝑥) and 𝑔(𝑥) are equality and inequality functions, and 𝑥 is control variable.
In order to optimize the vector function, the concept tied
to an MOP called “Pareto Optimal” is defined as follows. For
(1), let 𝛼 = (𝛼1 , . . . , 𝛼𝑘 ), 𝛽 = (𝛽1 , . . . , 𝛽𝑘 ) ∈ 𝑅𝑘 (𝑅𝑘 is the
objective space) be two vectors, 𝛼 is said to dominate 𝛽 if 𝛼𝑖 ≤
𝛽𝑖 for all 𝑖 = 1, . . . , 𝑘, and 𝛼 ≠𝛽. A point 𝑥∗ ∈ 𝑋 (𝑋 is the
objective space) is called (globally) Pareto optimal if there is
no 𝑥 ∈ 𝑋 such that 𝑓(𝑥) dominates 𝑓(𝑥∗ ). The set of all the
Pareto optimal solutions, denoted by PS, is called the Pareto
set. The set of all the Pareto objectives vectors, PF = {𝑓(𝑥) ∈
𝑅𝑘 | 𝑥 ∈ PS}, is called the Pareto front. Illustrative example
can be seen in Figure 2.
2.2. Problem Formulation on Multiobjective RFID Network
Planning. In this section, a mathematical multiobjective
optimization model for the MORNP problem based on RFID
middleware is proposed. The model is constructed from
several different aspects. The deployment region of hotspots
is supposed as a two-dimension square domain. The tags
here are passive and based on the Class-1 Generation 2
UHF standard specification [13]. It means that they can only
be powered by radio frequency energy from readers. The
proposed multiobjective model aims to improve the QoS
of RFID networks by simultaneously optimizing the objects
including coverage, interference, load balance, and aggregate
efficiency via regulating the parameters of RFID networks,
including the number, location, and radiated power of readers. Generally the problem is formulated as follows.
2.2.1. Optimal Tag Coverage (𝑓𝑐 ). The first objective function
represents the level of coverage, which is most important in
an RFID system. In this paper, if the radio signal received
at a tag is higher than the threshold 𝛿 = −10 dBm, the
communication between reader and tag can be established.
Then the function is formulated as the sum of the difference
between the desired power level 𝛿 and the actual received

where TS and RS is the tag and reader set that deployed in
the working area, respectively, and RS𝑖 represents the set of
readers which has the tag 𝑖 in its interrogation region. This
𝑗
object function ensures that the received power 𝑃𝑖 at the
tag 𝑖 from the reader 𝑗 in RS𝑖 , which is mainly determined
by the relative distance and radiated power of the reader
𝑗, is higher than the threshold 𝛿, which guarantees that
the tag is activated. That is, by regulating the locations and
radiated power of the readers, the optimization algorithm
should locate the RFID readers close to the regions where
the desired coverage level is higher, while the areas requiring
lower coverage are taken into account by the proper radiated
power increases of the readers.
2.2.2. Reader Interference (𝑓𝑖 ). Reader collision mainly
occurs in a dense reader environment, where several readers
try to interrogate tags at the same time in the same area.
This results in an unacceptable level of misreads. The main
feature of our approach is that the interference is not solved
by traditional ways, such as frequency assignment and reader
scheduling [4, 13], but in a more precautionary way. This
objective function is formulated as
𝑗 ≠𝑘

𝑗

Min 𝑓𝑖 = ∑ ∑ (𝛿 − (𝑃𝑖𝑘 − ∑ 𝑃𝑖 )) ,
𝑘∈RS 𝑖∈TS𝑘

(3)

𝑗∈RS𝑖

where TS𝑘 is the tag set in the interrogation region of reader
𝑘. For each tag 𝑖, this objective considers all the readers
except the best one as interfering sources. That is, by changing
reader positions and powers according to this functional the
algorithm tries to locate the readers far from each other to
reduce the interference.
2.2.3. Economic Efficiency (𝑓𝑒 ). This aspect could be
approached from various points of view. For example, due
to the stochastic noise, multipath effect, and attenuation in
the propagation channel, readers should be located closely to
the center of tags in the hotspots. From this perspective, this
objective can be reached by weighing the distances of each
center of tag clusters from its best served reader. Here we
employ 𝐾-means clustering algorithm to find the tag cluster.
It can be defined below:
Min 𝑓𝑒 = ∑ dist (𝑅𝑘 , 𝜃𝑘 ) ,
𝑘∈RS

(4)

where dist() is the distance between the 𝑘th reader and the
𝑘th tag center and 𝜃𝑘 and 𝑅𝑘 are the position of 𝑘th cluster
center and its best served reader, respectively. In this way the
algorithm tries to reduce the distance from the readers to the
elements with high tag densities.
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Table 1: Representation of an individual solution 𝑖. 𝑁𝑟 is the max. number of RFID readers that deployed in the working area.

Solution𝑖

Reader 1 variables
𝑌𝑖1
𝑃𝑖1

𝑋𝑖1

⋅⋅⋅
⋅⋅⋅

Reader 2 variables
𝑌𝑖2
𝑃𝑖2

𝑋𝑖2

𝑁
𝑋𝑖 𝑟

Reader 𝑁𝑟 variables
𝑁
𝑁
𝑌𝑖 𝑟
𝑃𝑖 𝑟

30
30
25

25

Y-coordinate

20
20
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P
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15

5
0
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Figure 3: Example of a 30 m × 30 m working area with one RFID reader and 100 tags. The radiated power level (dBm) is marked on the right
diagram sidebar and the green cycle represents the read range of the RFID reader.

2.2.4. Load Balance. A network with a homogeneous distribution of reader cost can give a better performance than an
unbalanced configuration. Thus, in large-scale RFID system,
the set of tags to be monitored needs to be properly balanced
among all readers. This objective function is formulated as
Min 𝑓𝑙 = ∏ (
𝑘∈RS

𝐶𝑘max
),
𝐶𝑘

(5)

where 𝐶𝑘 is the assigned tags number to reader 𝑘 and 𝐶𝑘max is
the maximum number of tags which can be read by the reader
𝑘 in unit time. It should be noticed that the 𝐶𝑘max take different
values according to the different types of readers used in the
network. This object aims to minimize the variance of load
conditions by changing the locations and radiated power of
readers.
2.3. Objective Constraint. All the tags in working area must be
covered by a reader. This constraint can be formally expressed
by the following formula:
s.t.

𝑗
𝑃𝑖

− 𝛿 ≥ 0 ∀𝑖 ∈ TS, 𝑗 ∈ RS𝑖

∑ 𝜆𝑘𝑖 ≥ 1 ∀𝑖 ∈ TS

(6)

𝑘∈RS

where 𝜆𝑘𝑖 is a binary variable that 𝜆𝑘𝑖 = 1 if the reader
𝑘 ∈ RS𝑖 ; otherwise 𝜆𝑘𝑖 = 0. So this constraint can maintain

the power efficiency of network and ensure a complete
coverage deployment.

3. Multiobjective EA and SI Algorithms for
MORNP
In this section, we detail the representation of the individual
solutions and give a brief description of the multiobjective EA
and SI algorithms compared in this work.
3.1. Solution Representation. In this work, the task of RFID
network planning is to deploy several RFID readers in the
working area in order to achieve four goals described in
Section 2. Figure 3 shows an example of a working area
containing 100 RFID tags and 1 RFID reader, where the
following three decision variables are chosen in this work:
X: the x-axis coordinate value of the RFID reader,
Y: the y-axis coordinate value of the RFID reader,
P: the read range (i.e., radiated power level) of the
RFID reader.
These variables can be encoded into solution’s representation shown in Table 1. We employ a representation that
each solution is characterized by a 𝐷 = 3𝑁𝑟 (𝑁𝑟 is the total
number of readers that deployed in the network) dimensional
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real number vector. In the representation, 2𝑁𝑟 dimensions
indicate the coordinates of the readers in the 2-dimensional
working area, and the other 1𝑁𝑟 dimensions denote the
interrogation range of each reader (which is determined by
the radiated power).
3.2. Multiobjective Artificial Bee Colony (MOABC). ABC
is a swarm intelligence algorithm developed by Karaboga
motivated by the intelligent behavior of honeybees colony
[14]. In ABC model, the colony of artificial bees contains three
groups of individuals, namely, the employed, onlookers, and
scouts bees [15]. Employed bees go to their food source and
come back to hive and dance on this area. The employed
bee whose food source has been abandoned becomes a
scout and starts to search for finding a new food source.
Onlookers watch the dances of employed bees and choose
food sources depending on them. Since the original ABC
is formulated as a single objective problem optimizer, we
defined a new multiobjective algorithm in [16] named as
MOABC. This algorithm incorporates two changes that allow
its application in multiobjective optimization problems. The
first modification applied is based on nondominated sorting
strategy. That is, the MOABC algorithm uses the concept of
Pareto dominance to determine the flight direction of a bee
and it maintains nondominated solution vectors which have
been found in an external archive. Secondly, the MOABC uses
comprehensive learning strategy which is inspired by comprehensive learning particle swarm optimizer (CLPSO) [9]
to ensure the diversity of population. Additionally, MOABC
applies the crowding distance concept to calculate the corresponding value for all the solutions of the conflicting Pareto
front and choose the sources of the best crowding distances.
For further information about the MOABC algorithm please
refer to [16].
3.3. Nondominated Sorting Genetic Algorithm (NSGA-II).
Deb developed the nondominated sorting genetic algorithm
(NSGA) based on the classification of the population at
various levels [17]. In this algorithm, before the selection,
NSGA ranks the population by using the dominance concept.
All nondominated individuals are classified into a category
with a dummy fitness proportional to the population size. In
order to maintain the diversity of the population, these individuals are distributed according to their fitness, subject to
a distribution parameter (sharing parameter). This classified
group is removed of the population and the remaining individuals are reclassified by the same procedure. This process
continues until all individuals in the population are classified.
Since the first individuals are of best quality, they always
get more copies than the rest of the population, allowing
the search in nondominated regions. NSGA got promising
results; however, it was criticized for computational complexity problem. To repair this limitation, Deb et al. proposed
an enhanced version of this method, called NSGA-II [18]. It
solves the computational complexity problem through a fast
nondominated sorting mechanism and a selection operator
to combine the parent and child populations and select the
N best solutions taking into account their quality and their

5
distribution in the Pareto front. NSGA-II has become a
standard multiobjective algorithm that has solved a lot of
multiobjective problems. For further information about the
NSGA/NSGA-II algorithms see [17, 18].
3.4. Multiobjective Particle Swarm Optimization (MOPSO).
Particle swarm optimization (PSO) has established itself as
a successful swarm intelligence algorithm in a variety of
optimization contexts. The rules of particle dynamics that
govern this movement are inspired by models of swarming
and flocking [19]. In PSO population, each particle has a
position and a velocity and experiences linear spring-like
attractions towards two attractors: its previous best position
(pbest) and the best position of its neighbors (gbest). Until
now there have been several proposals for extending PSO
to multiobjective problems and these methods are called
multiobjective particles swarm optimization (MOPSO) [20].
The greatest challenge in extending the PSO to multiobjective
problems is deciphering the notion of guide and selection of
pbest and gbest as in multiobjective scenario. In this work,
we considered a Pareto-based MOPSO [21] to solve MORNP.
This algorithm incorporates the main mechanisms of NSGAII to a PSO algorithm. In this approach, once a particle has
updated its position, instead of comparing the new position
only against the pbest position of the particle, all the pbest
positions of the swarm and all the new positions recently
obtained are combined in just one set. Then, MOPSO selects
the best solutions among them to construct the next swarm
(by means of a nondominated sorting). This approach also
selects the leaders randomly from the leaders set (stored in
an external archive) among the best of them, based on two
different mechanisms: a niche count and a nearest neighbor
density estimator. For further information about this MOPSO
algorithm see [21].
3.5. Optimization Procedure. The overall operating process
of MORNP based on MOEA and MOSI algorithms can be
described as follows:
Step 1 (initialization). The positions of all individuals of each
algorithm are randomly generated, with each (𝑋𝑖𝑘 , 𝑌𝑖𝑘 ) being
a random point in the working area and 𝑃𝑖𝑘 being a random
value within the transmitted power range of readers (𝑘 =
1, 2, . . . , 𝑁𝑟 ).
Step 2 (fitness evaluation). As described in Section 2, the
individuals should be evaluated on all the objectives of
MORNP including maximizing tag coverage (defined by (2)),
minimizing interference (defined by (3)), maximizing economic efficiency (defined by (4)), and maintaining an optimal
load balance (defined by (5)), in an order of decreasing
importance. Accordingly, the algorithm handles these four
objectives in a multiobjective manner in the next step.
Step 3 (population evolution). Compare the evaluated fitness
values and update the position of each individual according
to specific rules of MOABC, NSGA-II, and MOPSO, respectively.
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Figure 4: The test working area with 100 tags.
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Table 2: The example setting of a RFID network.

Figure 5: Pareto fronts for tag coverage-reader interference.

Reader specification
Topology specification
Reader number
10
Dimension
30 m × 30 m
Radiated power
0.1–2 watt
Tag number
100
Interrogation range 3-4 m
Tag distribution
Uniform
Interference range 3.5–4.5 m Tag power threshold −10 dBm

6

×10−6

Step 4 (termination condition). The computation is repeated
until the maximum number of iterations is met or the system
requirement is researched.

Load balance

4

2

4. Experiment
4.1. Experimental Setup. We consider an idea example shown
in Table 2 [4]. That is, the proposed algorithm is evaluated
against a test working area: a 30 m × 30 m working space with
100 tags that are distributed by a specific topology (shown
in Figure 4). Ten RFID readers, whose radiated power is
adjustable in the range from 0.1 to 2 watt, are considered to
serve this area. Here the interrogation range according to the
reader radiated power is computed as in [4].
In this experiment, the performance of three multiobjective EA and SI algorithms, namely, the MOABC, NSGAII, and MOPSO, is compared on two- and three-objective
MORNP cases. The maximum generation for each algorithm
is 1000. The initialized population size of 100 individuals is
the same for all tested algorithms. For MOABC, archive size
𝐴 = 100, elitism probability is 0.4. For NSGA-II, crossover
probability 𝑝𝑐 = 0.9, mutation probability 𝑝𝑚 = 1/𝑛 (where 𝑛
is the number of decision variables), and distribution indices
for crossover and mutation operators 𝜂𝑐 = 20 and 𝜂𝑚 = 20,
respectively. For MOPSO, the inertia weight 𝜔 started at 0.9
and ended at 0.5 and the learning rate 𝑐1 = 𝑐2 = 2.0, and for
the other parameters set for MOPSO please refer to [21].

0
0.025

0.03
0.035
Optimal tag coverage

0.04

MOABC
MOPSO
NSGA-II

Figure 6: Pareto fronts for tag coverage-load balance.

4.2. Best Compromise Solution Based on Fuzzy Decision.
Upon having the Pareto-optimal set of nondominated solution, the proposed approach presents one solution to the
decision maker in RFID middleware as the best compromise
solution. In this work, a fuzzy-based mechanism is employed
to extract the best compromise solution over the trade-off
curve and assist the decision maker to adjust the generation
levels efficiently [22]. Due to imprecise nature of the decision
maker’s judgment, each objective function of the 𝑖th solution
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Figure 7: Pareto fronts for tag coverage-economic efficiency.
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Figure 9: Pareto fronts for reader interference-economic efficiency.
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Figure 10: Pareto fronts for load balance-economic efficiency.

Figure 8: Pareto fronts for reader interference-load balance.

is represented by a membership function 𝜇𝑖 defined as
follows:
1,
{
{
{
{ 𝐹𝑖max − 𝐹𝑖
,
𝜇𝑖 = { max
{
𝐹
− 𝐹𝑖min
{
{ 𝑖
{0,

𝐹𝑖 ≤ 𝐹𝑖min ,
𝐹𝑖min ≤ 𝐹𝑖 ≤ 𝐹𝑖max ,
𝐹𝑖 ≥ 𝐹𝑖max ,

(7)

where 𝐹𝑖min and 𝐹𝑖max are lower and upper bounds of 𝑖th
objective function. The higher the values of the membership
function are, the greater the solution satisfaction is.
For each nondominated solution, the normalized membership function 𝜇𝑘 is calculated as

𝜇𝑘 =

𝑁

∑𝑖=1obj 𝜇𝑖𝑘
𝑁

obj
𝑘
∑𝑀
𝑘=1 ∑𝑖=1 𝜇𝑖

,

(8)
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Figure 13: Pareto fronts for tag coverage-load balance-economic
efficiency.
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Figure 11: Pareto fronts for tag coverage-reader interference-load
balance.
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Figure 12: Pareto fronts for tag coverage-reader interferenceeconomic efficiency.

where 𝑀 is the number of nondominated solutions and 𝑁obj
is the number of object. The best compromise solution is the
one having the maximum of 𝜇𝑘 .
4.3. Two-Objective MORNP Optimization Results. In this
case, the RFID network planning is handled as a multiobjective optimization problem, where each two objective
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d

Figure 14: Pareto fronts for reader interference-load balanceeconomic efficiency.

functions are optimized simultaneously. According to the
tag coverage-reader interference, tag coverage-load balance, tag
coverage-economic efficiency, reader interference-load balance,
reader interference-economic efficiency, and load balanceeconomic efficiency pairs, all obtained Pareto fronts by the
MOABC, NSGA-II, and MOPSO algorithms are shown in
Figures 5, 6, 7, 8, 9, and 10, respectively. Table 3 shows

𝑓1 -𝑓2 : tag coverageload balance
MOABC
MOPSO NSGA-II
8.0243
14.3741
3.0968
8.1933
13.2948
18.8718
23.8009
14.6396
22.0302
13.3678
3.2982
15.4898
22.4914
22.5116
14.4811
18.4790
7.9865
27.6549
10.8805
6.4234
13.4249
0
21.5524
7.1051
16.7345
25.4174
13.0661
2.6244
19.8279
21.5497
19.4920
24.9699
29.9945
29.4010
17.7300
21.6393
12.7520
18.0847
13.4248
9.7634
22.5299
18.5291
1.9005
7.6897
0.6968
10.5770
12.3945
27.2645
0
21.0586
24.5199
13.2954
6.2764
10.6532
12.1615
26.1840
19.1473
23.4485
21.2759
15.3933
30.0000
22.9925
21.8565
2.6086
12.4009
16.4076
30.0000
18.0682
25.2165
24.5835
25.4954
13.6050
20.1886
21.6631
29.4136
29.9921
13.5260
20.3225
18.0392
11.0446
23.8474
24.1827
11.9192
12.0720
7.8134
16.7762
29.8577
30.0000
14.1121
27.6338
0.0272
0.1461
0.0262
0
0
0

𝑓1 -𝑓2 : tag coverageeconomic efficiency
MOABC
MOPSO NSGA-II
22.1271
12.0735
25.7203
16.0752
13.0334
19.2306
3.0673
16.8770
6.2154
12.6043
3.3217
13.6645
12.2238
23.1667
8.0651
12.0984
18.9583
21.8078
17.0103
21.7660
19.1332
1.7632
14.8215
18.6486
15.6573
7.7429
14.8634
2.6164
12.2108
2.9496
26.0054
24.7067
10.6806
16.5819
17.424
16.8855
10.7506
7.5776
18.4566
4.2459
22.2473
29.0428
7.7477
10.8887
18.7944
22.1314
12.2439
12.4288
28.4301
13.3601
12.1297
17.6250
12.0000
14.3425
16.3310
2.8480
2.5991
18.1338
11.1619
15.7726
29.1985
7.3709
19.9079
12.6566
18.7052
19.9648
1.6545
14.5860
0.7097
0.0006
9.4255
5.3374
0
22.4140
15.8294
29.9308
17.3120
15.2129
0.0052
17.8124
7.4149
30.0000
18.6012
5.3309
0.1760
14.3726
1.7169
29.9470
22.2466
13.1698
0.0592
0.0481
0.1704
0.0244
0.1026
0.0516

𝑓1 -𝑓2 : reader interferenceload balance
MOABC
MOPSO NSGA-II
15.0263
16.2267
11.6752
15.4210
15.8344
21.2025
16.9529
15.7222
15.8465
15.2430
15.1584
12.4404
12.5142
15.0240
20.5168
12.6226
15.5996
15.8852
12.2440
14.6418
13.6673
13.9441
15.8820
12.5367
16.8370
15.5021
9.4594
16.2388
16.5136
13.8324
16.3634
15.7880
12.0369
9.3519
21.7933
12.0127
28.6247
17.3494
24.9182
23.5482
14.6977
10.4249
11.7648
19.2868
23.6823
11.3147
14.2619
19.3590
29.2736
20.3418
9.8239
29.1248
20.5881
8.9728
18.6003
16.1876
4.1920
2.1852
13.2425
9.9108
30.0000
20.7485
29.9531
30.0000
24.2889
28.9745
29.9835
18.8867
16.2649
29.9908
21.8553
29.9507
30.0000
19.6825
20.7239
29.5915
20.7426
29.8516
28.1585
24.1357
14.3184
30.0000
17.9936
29.3191
30.0000
17.2945
25.0529
30.0000
17.3401
230523
0.4648
0.5083
0.5471
0
0.0138
0

𝑓1 -𝑓2 : reader interferenceeconomic efficiency
MOABC
MOPSO
NSGA-II
17.2808
11.9258
15.2901
15.9344
12.2486
15.7009
16.1994
12.2200
18.8190
17.5005
12.2523
20.9882
15.3896
16.1644
13.8571
11.9416
15.7955
13.2327
12.2466
13.2044
14.8848
12.1589
16.3929
20.4061
12.2530
16.1182
13.4459
12.1940
16.0794
15.4850
6.9216
9.1411
16.8075
22.3016
23.9233
9.2303
2.5598
28.7307
9.0639
13.6075
18.0936
12.2212
9.3788
8.8868
11.5189
21.9164
22.6378
0.5988
27.3754
14.7298
12.8665
17.0486
2.5995
14.4691
18.9171
6.5382
26.6609
18.5032
21.0702
17.8097
30.0000
28.1238
20.0529
30.0000
26.9935
21.3541
30.0000
28.5281
27.7953
29.9048
28.3914
19.3609
29.9968
30.0000
18.6862
30.0000
30.0000
29.9661
30.0000
29.9349
29.9941
29.9373
28.4198
30.0000
29.9955
29.1151
29.7016
29.9822
30.0000
16.8744
0.4756
0.4766
0.5256
0.0971
0.1468
0.2450

Where 𝑋𝑖 and 𝑌𝑖 represent the position of the 𝑖th RFID reader in the working area and 𝑃𝑖 represents the radiated power of the 𝑖th RFID reader.

𝑋1
𝑌1
𝑋2
𝑌2
𝑋3
𝑌3
𝑋4
𝑌4
𝑋5
𝑌5
𝑋6
𝑌6
𝑋7
𝑌7
𝑋8
𝑌8
𝑋9
𝑌9
𝑋10
𝑌10
𝑃1
𝑃2
𝑃3
𝑃4
𝑃5
𝑃6
𝑃7
𝑃8
𝑃9
𝑃10
𝑓1
𝑓2

𝑓1 -𝑓2 : tag coveragereader interference
MOABC
MOPSO NSGA-II
14.6668
14.9591
23.6603
14.2470
14.1992
15.3618
14.4493
14.6396
14.8650
14.2839
14.1494
15.4898
7.5738
14.8056
14.4811
14.8167
13.8212
15.5783
14.1844
21.2353
13.9386
14.7374
13.2745
15.3881
21.8309
16.8342
14.8401
15.6692
9.5623
14.8721
13.7471
17.0190
7.4532
22.4647
18.9882
9.1349
21.4122
17.7159
22.2261
29.5893
18.7159
9.0002
23.7329
17.9861
12.7217
30.0000
13.7097
1.4773
0.0394
20.4814
22.5273
0.5512
15.7414
7.2266
0.9966
22.9037
3.7019
25.4693
17.9346
20.9468
29.6831
25.4623
16.2849
30.0000
23.9497
22.9714
29.9923
21.5273
16.2968
30.0000
24.1162
27.3476
29.8647
20.9584
27.8525
29.2786
22.0590
18.9056
29.9781
28.7987
29.3736
29.8020
25.3925
25.5862
29.8250
27.5284
29.9612
29.4446
28.4619
29.5342
0.0944
0.1257
0.1816
0.4998
0.5208
0.5163

𝑓1 -𝑓2 : load balanceeconomic efficiency
MOABC
MOPSO
13.5976
14.8326
11.7350
2.7473
28.2506
17.4607
18.8189
17.5964
16.4754
12.0461
2.3578
12.1474
28.1157
8.9226
16.2639
22.6934
12.1106
6.6118
3.0829
24.8726
4.8475
6.7352
12.5767
20.9216
26.0313
27.2525
16.5968
17.2175
10.8501
3.0391
12.4080
12.6008
7.7341
5.5630
22.1321
22.9728
17.5415
9.6663
17.5877
20.3473
15.7997
21.2355
29.9113
17.1525
29.5788
17.0314
7.3992
22.3946
30.0000
23.1712
30.0000
21.1680
13.0170
16.2818
29.9472
10.7081
29.6526
17.7010
29.9478
11.4670
0
0
0.0124
0.0043

Table 3: The best compromise solutions for each two-objective pair from the Pareto front based on different multiobjective algorithms.

NSGA-II
26.9110
19.0259
6.6272
13.0753
26.1841
17.4291
18.3752
16.9155
27.7083
15.9665
25.8685
17.0771
28.2079
16.3333
29.5283
15.2288
7.9657
21.8465
13.4027
7.7711
17.4112
8.5656
19.7733
28.3690
7.1341
6.6785
5.6323
10.5206
10.4884
18.0714
0
0.0432
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𝑋1
𝑌1
𝑋2
𝑌2
𝑋3
𝑌3
𝑋4
𝑌4
𝑋5
𝑌5
𝑋6
𝑌6
𝑋7
𝑌7
𝑋8
𝑌8
𝑋9
𝑌9
𝑋10
𝑌10
𝑃1
𝑃2
𝑃3
𝑃4
𝑃5
𝑃6
𝑃7
𝑃8
𝑃9
𝑃10
𝑓1
𝑓2
𝑓3

𝑓1 -𝑓2 -𝑓3 : tag coverage-reader
interference-load balance
MOABC
MOPSO
NSGA-II
30.0000
15.6458
20.3190
16.9790
14.3781
12.5002
11.6783
16.2336
18.2667
6.8240
10.2314
12.2365
25.4676
18.2227
24.0731
14.1602
6.5977
19.6585
5.9639
11.0810
14.0721
13.4280
23.6013
13.4354
15.2744
14.6464
15.1293
17.3405
10.8091
6.9810
20.2859
14.0696
13.3128
11.6031
9.2959
19.4163
28.1739
21.6110
22.2639
29.6683
11.5423
9.9485
20.9052
16.7326
10.6803
13.2269
11.8862
8.8565
2.5844
17.4557
5.6418
30.0000
9.2592
29.6541
6.9912
9.7717
26.9739
22.8135
12.3124
14.5397
28.5994
10.2497
24.3570
29.9048
14.8504
20.5618
29.3810
15.5604
5.5342
29.7105
18.3519
29.8482
29.9965
12.0862
27.3747
0
16.6213
7.2695
0
20.5853
0
30.0000
23.1314
12.8241
0
15.1540
28.5495
29.8938
16.5469
20.3087
0.4300
0.2413
0.0400
0.4583
0.5458
06788
0
0
0

𝑓1 -𝑓2 -𝑓3 : tag coverage-reader
interference-economic efficiency
MOABC
MOPSO
NSGA-II
14.4420
11.8283
8.4442
0
18.3440
20.7029
7.0450
17.0533
23.4947
24.7556
15.0016
17.5124
26.9491
7.3295
7.7721
18.6439
16.4109
21.3357
17.3119
16.4662
22.9025
18.3675
17.3788
16.5265
12.4728
17.1886
8.2734
11.0377
17.4837
17.5023
6.9209
17.6499
28.3456
20.6577
16.9948
18.6085
4.3360
10.6829
25.4949
13.6199
16.8479
13.6055
2.3055
15.4599
5.3180
10.7391
6.5395
27.2699
9.9599
25.5618
12.3296
19.3121
16.3300
21.1540
18.6074
12.3257
24.2924
15.6450
11.8818
10.9631
29.3637
19.6143
9.7765
28.9276
17.3447
11.2273
28.4916
17.7065
22.6933
29.9584
18.1298
0
30.0000
16.6680
6.0234
28.5306
19.4510
4.3180
29.1589
16.6647
22.7788
27.0217
21.8865
15.0980
30.0000
20.8408
28.6249
29.1991
20.2684
16.3864
0.2827
0.3225
0.1291
0.6043
0.5522
0.7583
0.0627
0.2661
0.4006

𝑓1 -𝑓2 -𝑓3 : tag coverage-load
balance-economic efficiency
MOABC
MOPSO
NSGA-II
26.8131
17.8148
17.5537
16.5430
14.6978
17.6758
12.0077
13.8891
7.9142
11.8382
7.9821
22.1609
28.9775
16.5915
4.3063
18.2038
15.0106
5.9032
8.1405
13.4403
12.2387
21.7743
23.5938
12.0325
2.8157
22.4016
25.1392
11.3618
14.1959
12.8338
27.2172
3.7468
14.6130
16.6506
12.6232
2.5993
28.7175
14.7962
26.1424
16.1278
2.1734
15.7406
17.7040
28.6417
26.2886
17.7577
18.8571
17.2283
15.5689
9.0791
2.5127
2.6437
21.8757
13.5274
3.5366
26.2076
27.2014
13.8447
16.4889
16.0260
0
10.7962
5.3177
29.8120
12.8104
4.5570
0.1976
18.7327
21.5341
30.0000
0
23.8859
3.5911
0
29.4297
0
7.3890
16.9454
8.9367
17.8957
20.7766
26.6633
22.7678
25.9616
7.7588
20.7964
10.3521
30.0000
14.7074
0.1723
0.0281
0.0926
0.4132
0
0
0.0698
0.0287
0.1211
0.0019

𝑓1 -𝑓2 -𝑓3 : reader interference-load
balance-economic efficiency
MOABC
MOPSO
NSGA-II
25.8946
22.6339
27.2339
16.4923
16.1318
13.4871
29.9279
14.4756
3.6646
18.4677
17.6092
19.5012
17.5268
14.9108
21.3461
17.6167
14.0875
14.3025
28.0962
13.8269
15.3770
16.4211
14.1824
25.2919
12.6584
14.6806
12.7989
11.7092
15.0255
22.7917
14.7326
13.2400
27.0443
2.6127
17.7407
19.0955
29.9136
13.6599
12.9675
15.3185
6.6932
12.9054
3.0762
15.0238
25.6991
12.6195
13.8859
13.8272
7.9611
14.8855
23.1240
22.2376
15.1088
5.5600
27.3023
12.2537
13.2477
18.4885
11.5432
6.3683
0
16.9192
9.1608
29.4346
16.1668
8.1942
20.5107
20.0453
19.8892
0.2752
18.0065
10.7492
3.2871
21.4912
0
27.9123
17.7692
20.0606
0
12.4918
12.6108
6.2084
17.1475
17.9766
28.7588
13.4188
28.7101
29.5780
18.0411
23.8331
0.3735
0.3489
0.0803
0.3212
0.5562
0.6562
0.0082
0.3079
0.3542

Table 4: The best compromise solutions for each three-objective combination from the Pareto front based on different multiobjective algorithms.
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Figure 15: Reader distribution and radiated power contour obtained by MOABC, MOPSO, and NSGA-II: (a)–(c) for tag coverage-reader
interference-load balance; (d)–(f) for tag coverage-reader interference-economic efficiency; (g)–(h) for tag coverage-load balance-economic
efficiency; (j)–(l) for reader interference-load balance-economic efficiency.

the best compromise solutions for each objective in the twodimensional Pareto front.
From the results, we can observe that the trade-off among
two selected competing objectives is obtained by emphasizing
on nondominated solutions and getting a well-distributed
set of solutions, respectively. From Figures 5–11, it is clear
that the MOABC algorithm is able to obtain well-distributed
Pareto-optimal fronts. From Table 3, we can see that MOABC
gets the best convergence solutions for most of objective pairs.

4.4. Three-Objective MORNP Optimization Results. In this
case, three competing objectives are optimized simultaneously by the MOEA and MOSI algorithms. According to the
three-objective combination set, namely, tag coverage-reader
interference-load balance, tag coverage-reader interferenceeconomic efficiency, tag coverage-load balance-economic efficiency, and reader interference-load balance-economic efficiency, all obtained Pareto fronts by the MOABC, NSGA-II,
and MOPSO algorithms are shown in Figures 11, 12, 13, and

12
14, respectively. Table 4 shows the best compromise Paretooptimal solutions for each objective in the three-dimensional
Pareto front, respectively.
It is clear that each RNP objective cannot be further
improved without degrading the other related optimized
objectives. Figures 11–14 clearly show the relationships among
all presented objective functions. Between the obtained
Pareto-optimal solutions, it is necessary to choose one of
them as a best compromise for implementation.
Figures 15(a)–15(l) show the reader locations and radiated power contours for the four three-objective MORNP
instances, in which the best results obtained by MOABC,
MOPSO, and NSGA-II are compared in a visible way. A
contour in the figures represents the points with the same
radiated power (which equals the value assigned to that
contour). It can be seen in Figure 15 that the power peaks
in the working area are the points where the readers are
placed. Then, the signal strength decreases with respect to the
distance to the readers. The figures clearly show that all the
MO algorithms try to (1) generate an optimal reader network
layout with high tag coverage rate; (2) maintain sufficient
distances between RFID readers to reduce interference; (3)
provide a satisfactory economic efficiency by increasing the
best-server areas; and (4) configure the network in a load
balance scheme so that each reader in the network serves the
optimal amount of tags according to its capacity.
It can once again be proved that the MOABC algorithm is giving better performance for four three-objective
MORNP cases, while the other two algorithms sometimes
have redundant readers and cannot provide full coverage. All
the results confirm that the MOEA and MOSI methods are
impressive tools for solving the multiobjective RFID network
planning problem where multiple Pareto-optimal solutions
can be obtained in a single run.

5. Conclusion
In this paper, we have compared three state-of-the-arts
evolutionary and swarm intelligence based multiobjective
algorithms, namely, MOABC, NSGA-II, and MOPSO, to
solve the multiobjective RFID network planning (MORNP).
This work differs from previous approaches to RFID network
planning, because our new MORNP model focuses on use
of multiobjective algorithms to find all the Pareto optimal
solutions and to achieve the optimal planning solutions
by simultaneously optimizing four conflicting objectives,
instead of transforming multiobjective functions into a single objective function in the previous works on RNP. By
applying multiobjective approaches for solving MORNP, a
new framework was established that could handle different
objectives and would enable the planner to find the optimal
RFID network plan based on multiobjective EAs and SI.
To summarize, some of the contributions of this work are
the formulation presented and applied to solve the MORNP
and the comparison made among MOABC, NSGA-II, and
MOPSO, where we analyze the behavior of each of them
in two- and three-objective MORNP totally composed of 10
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instances of different nature. As we have seen, MOABC is the
algorithm that best results have obtained in most instances.
Evaluating new algorithms for this MORNP problem is a
matter of future work. In particular, we have planned comparisons with other known multiobjective evolutionary and
swarm-based algorithms that have received a lot of attention
in the literature. Furthermore, we will also investigate the
application of parallel or distributed techniques for solving
the MORNP.
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In recent years, multi-spot-beam satellite communication systems have played a key role in global seamless communication.
However, satellite power resources are scarce and expensive, due to the limitations of satellite platform. Therefore, this paper
proposes optimizing the power allocation of each user in order to improve the power utilization efficiency. Initially the capacity
allocated to each user is calculated according to the satellite link budget equations, which can be achieved in the practical satellite
communication systems. The problem of power allocation is then formulated as a convex optimization, taking account of a tradeoff between the maximization of the total system capacity and the fairness of power allocation amongst the users. Finally, an
iterative algorithm based on the duality theory is proposed to obtain the optimal solution to the optimization. Compared with
the traditional uniform resource allocation or proportional resource allocation algorithms, the proposed optimal power allocation
algorithm improves the fairness of power allocation amongst the users. Moreover, the computational complexity of the proposed
algorithm is linear with both the numbers of the spot beams and users. As a result, the proposed power allocation algorithm is easy
to be implemented in practice.

1. Introduction
As an important complement of the terrestrial networks,
satellite communication systems provide service to users in
several scenarios where terrestrial networks cannot be used.
In modern satellite communication systems the multi-spotbeam technique has been widely applied, due to its advantage
of concentrating the energy on a small area to provide high
data rate to the users and reusing the same frequency to
increase the total system capacity [1]. However, due to the
limitations of the satellite platform, it is known that the
satellite power resources are scarce and expensive. Moreover,
the real traffic demands of each use are also different and
time varying. As a result, it is necessary to optimize the power
allocation to each user to satisfy its traffic demand.
The problem of power allocation in the multi-spotbeam satellite system has been investigated in [2–9]. In
[2] the problem of power allocation was formulated as
an optimization problem, which is shown to be convex.
Then the Lagrangian multipliers were introduced to solve

the optimization problem. However, the way to find the
optimal Lagrangian multiplier was not provided in [2]. As a
result, the methods of bisection and subgradient were applied
to search the optimal Lagrangian multipliers in [3, 4]. In
order to improve the total system capacity, a method of
selecting a small number of active beams was proposed in
[5], while keeping the fairness of power allocation amongst
the beams. In [6], a joint power and bandwidth allocation
algorithm was proposed. The algorithm improved both the
total system capacity and the fairness amongst the beams, due
to the dynamic allocation of both the power and bandwidth
resource. The work in [2–6] proposed power allocation
algorithms for the spot beams, without considering the power
allocation to each user in the beams. However, for the users
they only care about the power allocation to them. Therefore,
it is significant to investigate how to allocate the power
resources to the different users in different spot beams. In
[7] a power allocation algorithm was proposed to stabilize
the total system capacity even if the channel model and the
specific arrival rates were unknown, as long as the arrival rate
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vector was inside the capacity region. When the users were
covered by multiple satellites, each of which had multiple
queues for downlink traffic, a routing decision was made
to maximize the total system throughput. In [8] an optimal
power allocation algorithm was proposed to maximize the
total system effective capacity in the mobile satellite systems.
The main problem in [2–8] is that the allocated capacity
to each user is calculated through the Shannon capacity
formula. However, the capacity only can be obtained in
theory, which cannot be achieved in the practical satellite
communication system. Therefore, the proposed power allocation algorithms in these papers may not be the optimal
algorithm for the practical systems. In order to overcome
this drawback, in [9] a practical capacity formula was applied
in the power allocation, aiming to maximize the number of
users which are satisfied with the desired quality of service.
However, only a heuristic algorithm was proposed without
mathematic analysis, and the fairness of power allocation
amongst the users was also ignored.
This paper is aimed to fill these gaps, by optimizing
the power allocation to each user in the multi-spot-beam
satellite communication, according to the practical formula
for calculating the allocated capacity to each user. The
first step is to calculate the allocated capacity to each user
according to the satellite link budget equations, which can be
achieved in the practical system. It is found that the allocated
capacity to each user is determined by the allocated satellite
power, coding and modulation mode, and channel condition.
At the same time, the allocated capacity is also constrained by
the bandwidth of each user. In order to preciously describe
the impact of these factors on the power allocation, the
problem of power allocation is mathematically formulated as
a nonlinear optimization problem, which is demonstrated as
a convex optimization problem. An iterative algorithm based
on the duality theory is then proposed to obtain the optimal
solution to the optimization. Finally, the impact of the coding
and modulation mode adopted by each user, the bandwidth
of each spot beam, and the channel conditions of each user
on the power allocation results are discussed.
The main contributions of this paper are summarized as
follows:
(1) the mathematical formulation of the problem of
power allocation for multiple users in the multi-spotbeam satellite communication system according to
the practical capacity formula, through a compromise
between the maximization of the total system capacity
and the fairness of the power allocation amongst the
users;
(2) the proposal of an iterative algorithm, which will
obtain the optimal solution to the optimization;
(3) the analysis of the impact of the coding and modulation mode, bandwidth of each spot beam, and channel
conditions of each user on the power allocation
results.
The remainder of this paper is organized as follows. In
Section 2, the model of the multi-spot-beam satellite communication system with multiple users is described, and

the calculation of the capacity allocated to each user according to the satellite link budget equations is also shown. In
Section 3, the problem of power allocation is formulated
as a convex optimization problem. Section 4 proposes the
iterative algorithm to obtain the optimal solution to the
optimization. Section 5 presents the simulation results and
analyzes the impact of the coding and modulation mode,
bandwidth of each spot beam, and channel conditions of each
user on the power allocation result. Section 6 concludes the
paper.

2. A Multi-Spot-Beam Satellite
Communication System Model
Figure 1 shows the configuration of a multi-spot-beam
satellite communication system, where a regenerative satellite
payload is considered and the single channel per carrier
(SCPC) technique is employed as the access method for the
downlink. In this system uplink signal from user is demodulated and decoded to recover the originally transmitted data
on the satellite. Then the decoded data to user is reencoded
and remodulated using the same or different coding and
modulation schemes in the downlink, where different users
use different signals at different frequency and bandwidth.
This paper proposes solving the problem of power allocation
for different users in the downlink.
It is assumed that the system consists of 𝐾 spot beams
𝐵𝑖 , 𝑖 ∈ {1, . . . , 𝐾}, and 𝑀 users 𝑈𝑖 , 𝑖 ∈ {1, . . . , 𝑀}. The set
of users which are served by the spot beam 𝐵𝑖 is denoted
by N𝐵𝑖 . The traffic demand of the 𝑖th user is 𝑇𝑖 , and the
satellite transmitting power allocated to the 𝑖th user is 𝑃𝑖 .
The coding and modulation mode adopted by the 𝑖th useris
𝛼𝑖 , and the corresponding threshold signal-to-noise ratio per
bit for demodulation is (𝐸𝑏 /𝑁0 )𝛼𝑖 . It is noted that there are
many schemes of the choice for 𝛼𝑖 ; however, it is beyond the
scope of this paper. In order to simplify the problem, it is
supposed that each user can only support one kind of coding
and modulation mode. When the user is given, the coding
and modulation mode adopted by the user is determined. It
is meant that 𝛼𝑖 is only determined by the 𝑖th user. Thus the
allocated capacity 𝐷𝑖 of the 𝑖th user is calculated according to
the following equations [1]:
𝐷𝑖 =

(𝐶/𝑁0 )𝑖

(𝐸𝑏 /𝑁0 ) 𝛼𝑖

,

(1)

where (𝐶/𝑁0 )𝑖 is the downlink carrier power-to-noise power
spectral density ratio of the 𝑖th user, which can be calculated
according to the satellite link budget equation [1], given as
follows:
(

𝑃 ⋅𝐺
𝐺
𝐶
) = 𝑖 𝑆 ⋅( ),
𝑁0 𝑖
𝐿𝑖 ⋅ 𝑘
𝑇 𝑖

(2)

where 𝐿 𝑖 is the downlink loss of the 𝑖th user, which is affected
by the channel condition. It mainly consists of free-space loss,
rain attenuation, and other losses due to catastrophic failure.
(𝐺/𝑇)𝑖 is the gain-to-equivalent noise temperature ratio of the
receiving equipment of the 𝑖th user. 𝐺𝑆 is the transmitting
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Figure 1: Configuration of a multi-spot-beam satellite communication system.

antenna gain of the satellite. It is assumed that the value of
𝐺𝑆 is the same for all the users in this paper. 𝑘 is Boltzmann’s
constant, which is 1.379 × 10−23 W/KHz.
It is noted that the interbeam interference from the
sidelobes of adjacent spot beams will decrease the capacity
of each user. However, the interbeam interference is ignored
here, because the very narrow spot beams over a large number
of spot beams are considered [10].
According to (1) and (2), it is shown that the capacity
allocated to the 𝑖th user is determined by the allocated satellite
transmitting power, given as
𝐷𝑖 =

𝑃𝑖 ⋅ 𝐺𝑆 ⋅ (𝐺/𝑇)𝑖
.
𝐿 𝑖 ⋅ (𝐸𝑏 /𝑁0 )𝛼𝑖 ⋅ 𝑘

(3)

It is observed from (3) that the allocated capacity 𝐷𝑖 of
the 𝑖th user is increased as the power allocated to it increases.
However, the total satellite power resources are fixed, so the
capacity of the system is limited. Moreover, the allocated
capacity of each user is also constrained by the bandwidth
resources allocated to it, which are also scarce in the system.
When the coding and modulation mode adopted by the 𝑖th
user is given, the bandwidth that needs to be provided to it is
expressed as
𝐷 ⋅ [1 + 𝜌 (𝛼𝑖 )]
,
𝑊𝑖 = 𝑖
𝜂 (𝛼𝑖 )

Let 𝑊𝐵𝑖 denote the bandwidth of the 𝑖th spot beam. Thus
the total bandwidth that can be provided to the users in the 𝑖th
spot beam cannot exceed 𝑊𝐵𝑖 . In other words, the allocated
capacity to the users is also constrained by the bandwidth of
each spot beam.

3. Mathematical Formulation of the
Optimization Problem
In this study, the objective of the power allocation optimization is to minimize the sum of the squared differences
between the traffic demand and the capacity allocated to each
user, taking account of a trade-off between the maximum
total system capacity and the fairness of power allocation
amongst the users. Therefore, the optimization problem is
formulated as follows:
𝑀

min∑(𝑇𝑖 − 𝐷𝑖 )
{𝑃𝑖 }

2

(5)

𝑖=1

subject to
𝐷𝑖 =

𝑃𝑖 ⋅ 𝐺𝑆 ⋅ (𝐺/𝑇)𝑖
≤ 𝑇𝑖
𝐿 𝑖 ⋅ (𝐸𝑏 /𝑁0 )𝛼𝑖 ⋅ 𝑘

(6)

𝑀

(4)

where 𝜂(𝛼𝑖 ) and 𝜌(𝛼𝑖 ) are the spectral efficiency and roll-off
factor of the coding and modulation mode 𝛼𝑖 .

∑𝑃𝑖 ≤ 𝑃total

(7)

∑ 𝑊𝑖 ≤ 𝑊𝐵𝑗 .

(8)

𝑖=1

𝑖∈N𝐵𝑗
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The constraint (6) indicates that the allocated capacity to
each user should not exceed the traffic demand of it, in order
to avoid the waste of the scarce power resources. Conditions
(7)-(8) imply the constraint for the total power of the satellite
and the total bandwidth of each spot beam, respectively.
It is seen that the problem is a nonlinear optimization
problem with constraints. Moreover, it is obvious that the
objective function in (5) is convex and the functions in
constrains (6)–(8) are linear. As a result, the problem under
consideration is a convex optimization [11].
Due to the nonlinearity of the optimization, it is difficult
to obtain the global optimal solution. In order to make
the above problem tractable, an iterative algorithm based
on the duality theory is proposed in the following section.
It is known that if the optimization problem is a convex
optimization problem, the duality gap between the primal
problem and dual problem is zero, and the optimal value of
the dual problem is equal to the optimal value of the primal
problem. As a result, the dual problem can be first solved
to obtain the optimal dual solution, and the primal optimal
solution is then computed by solving the primal problem at
the point of the optimal dual solution [11]. Fortunately, it has
been proved that the optimization problem studied here is
a convex optimization problem; thus the power allocation
result obtained by the proposed algorithm is the optimal
power allocation for the users in the multi-spot-beam satellite
communication system.

4. Proposed Power Allocation Algorithm
As mentioned previously, the proposed power allocation
algorithm is based on the duality theory. By introducing
nonnegative dual variables 𝜆 and 𝜎 = [𝜎1 , 𝜎2 , . . . , 𝜎𝐾 ] yielded
the Lagrangian, given as
𝑀

𝐿 (P, 𝜎, 𝜆) = ∑(𝑇𝑖 − 𝐷𝑖 ) − 𝜆 (𝑃total − ∑𝑃𝑖 )
𝑖=1

𝑖=1

(9)

𝐾

− ∑𝜎𝑖 (𝑊𝐵𝑖 − ∑ 𝑊𝑗 ) ,
𝑖=1

𝑗∈N𝐵𝑖

𝜆≥0,𝜎≥0

(10)

It is seen that if the optimization variables 𝑃𝑖 are satisfied
with the constrains (7)-(8), then 𝜆(𝑃total − ∑𝑀
𝑖=1 𝑃𝑖 ) ≥ 0 and
∑𝐾
𝜎
(𝑊
−
∑
𝑊
)
≥
0.
Therefore,
(10)
will get the
𝐵𝑖
𝑗
𝑗∈N𝐵
𝑖=1 𝑖
𝑖

𝐾
maximal value when 𝜆(𝑃total − ∑𝑀
𝑖=1 𝑃𝑖 ) = 0 and ∑𝑖=1 𝜎𝑖 (𝑊𝐵𝑖 −
2
∑𝑗∈N𝐵 𝑊𝑗 ) = 0. As a result, 𝑧(P) = ∑𝑀
𝑖=1 (𝑇𝑖 − 𝐷𝑖 ) . To this
𝑖
end, the primal optimization with constraints is changed into
the optimization with no constraints as follows [11]:

𝑝 = min 𝑧 (P) = min max 𝐿 (P, 𝜎, 𝜆) .
P

P 𝜆≥0,𝜎≥0

(12)

P

and the dual problem of (11) can be written as
𝑑 = max 𝐷 (𝜎, 𝜆) = max min 𝐿 (P, 𝜎, 𝜆) .
𝜆≥0,𝜎≥0 P

𝜆≥0,𝜎≥0

(11)

(13)

The work in [12] solved the joint spectrum and power
allocation in cognitive radio networks and proposed a
method to solve the dual problem. Inspired with this paper,
the dual problem (13) is decomposed into the following two
sequentially iterative subproblems.
Subproblem 1: Power Allocation. Given the dual variables 𝜆
and 𝜎, for any 𝑖 = [1, . . . , 𝑀], maximizing (9) with respect
to 𝑃𝑖 brings the following equation:
opt

𝑃 ⋅ 𝐺𝑆 ⋅ (𝐺/𝑇)𝑖
2 ⋅ 𝐺𝑆 ⋅ (𝐺/𝑇)𝑖
(𝑇𝑖 − 𝑖
)
𝐿 𝑖 ⋅ (𝐸𝑏 /𝑛0 )𝛼𝑖 ⋅ 𝑘
𝐿 𝑖 ⋅ (𝐸𝑏 /𝑛0 )𝛼𝑖 ⋅ 𝑘
𝐺 ⋅ (𝐺/𝑇)𝑖 ⋅ [1 + 𝜌 (𝛼𝑖 )]
= 𝜆 + 𝜎𝑗 𝑆
,
𝐿 𝑖 ⋅ (𝐸𝑏 /𝑛0 )𝛼𝑖 ⋅ 𝑘 ⋅ 𝜂 (𝛼𝑖 )

(14)

𝑖 ∈ N𝐵𝑗 .
opt

The optimized power allocation of the 𝑖th user 𝑃𝑖 can be
easily obtained from (14). It is seen from (14) that nonnegative
dual variables 𝜆 and 𝜎 guarantee that 𝑇𝑖 ≥ 𝐷𝑖 . As a result, the
constrain (6) is satisfied.
Subproblem 2: Dual Variables Update. The optimal dual
variables can be obtained by solving the problem:
(𝜎opt , 𝜆opt ) = arg max min [𝐿 (Popt , 𝜎, 𝜆)] .

(15)

Due to concavity of the dual objective function, here a
subgradient (a generalization of gradient) method is applied
to update the duality variables, shown as [13]
𝑀

where P = [𝑃1 , 𝑃2 , . . . , 𝑃𝑛 ].
Maximizing (9) with respect to the nonnegative 𝜆 and 𝜎
brings the following function:
𝑧 (P) = max 𝐿 (P, 𝜎, 𝜆) .

𝐷 (𝜎, 𝜆) = min 𝐿 (P, 𝜎, 𝜆)

𝜎,𝜆

𝑀

2

In addition, the Lagrange dual function can be obtained
from (9) as [11]

+

𝜆𝑛+1 = [𝜆𝑛 − Δ𝑛𝜆 (𝑃total − ∑𝑃𝑖 )] ,
opt

(16)

𝑖=1

+

𝜎𝑖𝑛+1

=

[𝜎𝑛
𝑖
[

−

Δ𝑛𝜎

(𝑊𝐵𝑖 − ∑ 𝑊𝑗 )] ,
𝑗∈N𝐵𝑖
]

(17)

where [𝑥]+ = max{0, 𝑥},𝑛 is the iteration number, and Δ is
the iteration step size of each dual variable.
The subgradient method is very suitable for the situation
that the dual function is not differentiable. As a result, the
method has been widely applied to solve the optimization
problem [12–18]. It has proven that the above dual variables
update algorithm is guaranteed to converge to the optimal
solution as long as the iteration step size chosen is sufficiently
small [13]. A common criterion for choosing the iteration step
size is that the step size must be square summable, but not
absolute summable [13, 18].
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Step 1. Set appropriate initial values for the dual variables.
Step 2. Substitute the values of the dual variables into (14), and then calculate the
optimized power allocation to each user.
Step 3. Substitute the values of the power of each user which is obtained from
step 2, into (16) and (17), and then update the dual variables.


Step 4. If the conditions of 𝜆𝑛+1 (𝑃total − ∑𝑖 𝑃𝑖 ) < 𝜀 and
 𝑛+1

𝜎 (𝑊𝐵 − ∑𝑗∈N 𝑊𝑗 ) < 𝜀, ∀𝑖 ∈ {1, . . . , 𝐾} are satisfied simultaneously, then terminate
𝑖
𝐵𝑖
 𝑖

the algorithm. Otherwise, jump to Step 2.
Algorithm 1: The proposed power allocation algorithm.
Table 1: Parameters of the multi-spot-beam satellite communication system.
Parameter
Beam number
User number
User number per spot beam
Traffic demand of each user
Total satellite power [𝑃total ]
Satellite transmitting antenna gain [𝐺𝑆 ]
Bandwidth of each spot beam
Gain-to-equivalent noise temperature ratio of the receiving equipment [𝐺/𝑇]
Downlink loss [𝐿 𝑖 ]
Spectral efficiency of the coding and modulation mode [𝜂(𝛼𝑖 )]
Roll-off factor of the coding and modulation mode [𝜌(𝛼𝑖 )]
Threshold signal-to-noise ratio per bit of the coding and modulation mode [(𝐸𝑏 /𝑁0 )𝛼𝑖 ]

The whole process of the proposed power allocation
algorithm can be summarized as shown in Algorithm 1.
According to Algorithm 1, it is shown that the computational complexity of step 2 and step 3 is 𝑂(𝑀) and 𝑂(2𝐾),
respectively. Thus the total computational complexity of the
algorithm is 𝑂(𝑆𝑀+2𝑆𝐾), where 𝑆 is the number of iterations.
It is noted that 𝑆 is independent of 𝐾 and 𝑀. Therefore, the
computational complexity of the proposed algorithm is linear
with both the numbers of the spot beams and users, and the
proposed algorithm is easy to be implemented in practice.

5. Simulation Results and Analysis
For the simulation, a multi-spot-beam satellite communication system model is set up. It is assumed that the values of
downlink loss, gain-to-equivalent noise temperature ratio of
the receiving equipment, and coding and modulation mode
are the same for all the users. The parameters of the system
are shown in Table 1.
5.1. Efficiency of the Proposed Power Allocation Algorithm.
The proposed power allocation algorithm is compared with
the following two traditional allocation algorithms in order
to verify the efficiency of it.
(i) Uniform Resource Allocation Algorithm. The power
allocated to each user is 𝑃𝑖 = 𝑃total /𝑀, 𝑖 ∈
{1, 2, . . . , 𝑀}. The bandwidth allocated to the user in

Value
4
20
5
From 1 Mbps to 20 Mbps by step of 1 Mbps
20 W
20000
100 MHz
20
2𝑒21
1.5
1
2.63

Table 2: Total system capacity of the three algorithms when the
channel conditions of each user are the same.
Algorithms
Uniform resource allocation
Proportional resource allocation
Proposed optimal power allocation

∑ 𝐶𝑖
109.1 Mbps
109.1 Mbps
109.1 Mbps

the same spot beam is 𝑊𝑗 = 𝑊𝐵𝑖 /|N𝐵𝑖 |, 𝑗 ∈ N𝐵𝑖 ,
where |N𝐵𝑖 | is the cardinality of the set N𝐵𝑖 .
(ii) Proportional Resource Allocation Algorithm. The
power allocated to each user is 𝑃𝑖 = 𝑇𝑖 ⋅ 𝑃total / ∑𝑀
𝑖=1 𝑇𝑖 ,
𝑖 ∈ {1, 2, . . . , 𝑀}. The bandwidth allocated to the user
in the same spot beam is 𝑊𝑗 = 𝑇𝑗 ⋅𝑊𝐵𝑖 / ∑𝑘∈N𝐵 𝑇𝑘 , 𝑗 ∈
𝑖
N𝐵𝑖 .
Figure 2 shows the capacity distributions of the users
which are allocated by the three algorithms. Table 2 shows
the total system capacities of the three algorithms. It is
noted that when the channel conditions of each user are
the same, the uniform resource allocation algorithm is a
special case of the water-fill algorithm, which can achieve the
maximal total system capacity [19]. As shown in Figure 2, the
uniform resource allocation algorithm uniformly allocates
the resources to each user, regardless of the traffic demand
of each user, even resulting in some users being allocated
more capacity than that is needed. As a result, this uniform
resource allocation algorithm causes a waste of the scarce
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Proportional resource allocation
Proposed optimal power allocation

Figure 2: Comparison of the three algorithms in terms of the
capacity allocated to each user when the channel conditions of each
user are the same.
Table 3: Sum of (𝑇𝑖 − 𝐶𝑖 )2 of the three algorithms when the channel
conditions of each user are the same.
Algorithms
Uniform resource allocation
Proportional resource allocation
Proposed optimal power allocation

0

∑ (𝑇𝑖 − 𝐶𝑖 )2
1.134𝐸15
6.627𝐸14
5.470𝐸14

resources. The proportional resource allocation algorithm
allocates the power resources to each user only according
to its traffic demand. The capacity allocated to each user
is linearly increasing, considering the fairness of power
allocation amongst the users to some extent. However, it is
not the optimal solution to the optimization. In order to get a
better fairness, the proposed power algorithms provide more
capacity to the users with higher traffic demands and suppress
the capacities of the users with lower traffic demands. For
example, the algorithm provides no capacity to the five lowest
traffic demand users. Although the capacities allocated to
each user are different, the total system capacities are the same
for the three algorithms, due to the linearity of the capacity
function in terms of the allocated power, and the sameness
of the channel conditions of each user. The conclusion is also
demonstrated by the data in Table 2.
Figure 3 shows the squared difference between the traffic
demand and the capacity allocated of each user of the
three algorithms. Table 3 presents the sum of the squared
differences of the three algorithms. It is shown from Figure 3
that for the uniform and proportional resource allocation
algorithms, although the squared difference between the
traffic demand and the capacity allocated to the user with
low traffic demand is small, however, the squared difference
increases rapidly when the traffic demand increases. On

Figure 3: Comparison of the three algorithms in terms of the
squared difference between the traffic demand and the capacity
allocated to each user when the channel conditions of each user are
the same.

the contrast, for the proposed optimal power allocation
algorithm, the squared difference between the traffic demand
and the capacity allocated to the users with low traffic demand
is larger than that of the former two algorithms. However,
the squared difference is almost the same from user 6 to user
20. As a result, the total squared difference of the proposed
power allocation algorithm is less than that of the former two
algorithms, which is also shown in Table 3. In other words,
the power allocation result of the proposed algorithm is the
best amongst the three algorithms.
5.2. Impact of the Spot Beam Bandwidth on the Power
Allocation Result. As mentioned above, the capacity allocated
to each user is constrained by both the power and bandwidth
allocated to it. Due to the limitation of the bandwidth of each
spot beam, the capacity allocated to the users in the same spot
beam is also constrained. As a result, the power resources
allocated to the users are impacted. In order to show the
impact of the spot beam bandwidth on the power allocation
result, the power allocation results are compared when the
bandwidth of each spot beam is set to be 25 MHz, 50 MHz,
and 100 MHz, and other parameters of the system stay the
same.
From Figure 4, it is obvious that the power allocation
results are different when the bandwidth resources of each
spot beam are various. When the spot beam bandwidth is
25 MHz, the capacity allocated to each user is constrained
by the bandwidth. Although the total system power is 20 W,
the total power allocated to all the users is only 13.06 W. As
a result, the power resources in the system are wasted and
the total system capacity is decreased. When the bandwidth
is 50 MHz, the capacities allocated to the users in the last

Mathematical Problems in Engineering

7

20

×1014
2.5

18

2

14
12
(Ti − Ci )2

Capacity allocated (Mbps)

16

10
8
6

1.5

1

4
0.5

2
0

2

4

6

8

10

12

14

16

18

20

ith user

0

2

4

6

8

10

12

14

16

18

20

ith user

Traffic demand
Spot beam bandwidth is 25 MHz
Spot beam bandwidth is 50 MHz
Spot beam bandwidth is 100 MHz

Spot beam bandwidth is 25 MHz
Spot beam bandwidth is 50 MHz
Spot beam bandwidth is 100 MHz

Figure 4: Comparison of the three different spot beams bandwidths
in terms of the capacity allocated to each user.

Figure 5: Comparison of the three different spot beams bandwidths
in terms of the squared difference between the traffic demand and
the capacity allocated to each user.

Table 4: Total system capacity of three different spot beams
bandwidths.

Table 5: Sum of (𝑇𝑖 − 𝐶𝑖 )2 of the three different spot beams
bandwidths.

Bandwidth of each spot beam
25 MHz
50 MHz
100 MHz

∑ 𝐶𝑖
71.25 Mbps
109.1 Mbps
109.1 Mbps

two spot beams are constrained by the bandwidth, due to
the high traffic demand of users. Thus the power resources
will be provided to the users with low traffic demands in
the former two spot beams. When the bandwidth of each
spot beam is 100 MHz, the system has more than enough
bandwidth to be allocated to each user, thus the capacity
allocated to each user is limited by the total system power
resources. In order to improve the fairness of power allocation
amongst the users, the power resources are rarely or never
provided to the users with low traffic demand. Although the
power resources allocated to each user are different when the
spot beam bandwidth is 50 MHz and 100 MHz, the power
resources are sufficiently utilized. As a result, the total system
capacity is the same, which is also seen from Table 4.
As mentioned in Figure 5 and Table 5, when the bandwidth of each spot beam is lower, more power resources will
be provided to the users with low traffic demand. Therefore,
it is seen from Figure 5 that the squared difference between
traffic demand and allocated capacity to users with low traffic
demand is smaller. However, the squared difference is lager
for the users with high traffic demand. As a result, the total
squared difference is larger when the bandwidth of each spot
beam is lower. This conclusion can be also observed from
Table 5.

Bandwidth of each spot beam
25 MHz
50 MHz
100 MHz

∑ (𝑇𝑖 − 𝐶𝑖 )2
15.34𝐸14
7.476𝐸14
5.470𝐸14

5.3. Impact of the Coding and Modulation Mode of Each
User on the Power Allocation Result. It is known that the
power efficiency and spectral efficiency of a given coding
and modulation mode are usually contradictory to each
other. In other word, a higher spectral efficiency coding and
modulation code can support more capacity in the limited
bandwidth. However, more power must be provided to it to
support the coding and modulation mode, due to a higher
value of 𝐸𝑏 /𝑁0 , resulting in lower power efficiency, and vice
versa. It is seen from the analysis in Section 5.2 that when
the bandwidth of each spot beam is 25 MHz, the capacity
allocated to each other is limited by the bandwidth and the
power resources are wasted. In order to solve the problem,
a higher bandwidth efficiency coding and modulation mode
can be adopted by each user. The capacity allocation results
are compared when each user adopts the three different
coding and modulation modes, as shown in Table 6.
It is known that when mode 1 is adopted by each user, the
power resources are wasted, due to the low spectral efficiency.
When mode 2 is adopted by each user, it is seen from Figure 6
that more capacity will be allocated to the users in spot beam
2 to spot beam 4, due to the higher spectral efficiency of
the mode and sufficient utilization of the power resource.
As a result, the total system capacity is increased. When
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Table 6: Threshold signal-to-noise ratio per bit and spectral
efficiency of the three coding and modulation modes.

Mode 1
Mode 2
Mode 3

Threshold signal-to-noise
ratio per bit

Spectral
efficiency

2.63
3.63
4.47

1.5
1.75
2.15

Table 7: Total system capacity of three different coding and
modulation modes.
Adopted coding and modulation mode of each user
Mode 1
Mode 2
Mode 3

6

8

10

12

14

16

18

20

Mode 1
Mode 2
Mode 3

Figure 6: Comparison of the three different coding and modulation
modes in terms of the capacity allocated to each user.

Coding and
modulation mode

4

ith user

Mode 2
Mode 3

Traffic demand
Mode 1

2

∑ 𝐶𝑖
71.25 Mbps
79.02 Mbps
64.24 Mbps

mode 3 is adopted, although the spectral efficiency is further
improved, the power efficiency is further reduced. Therefore,
the capacity allocated to each user is limited by the power
resources allocated to it. Due to the low power efficiency, the
total system capacity is increased, which is shown in Table 7.
When the spectral efficiency of the coding and modulation mode is higher, the users with high traffic demand
in the last several spot beams are provided more capacity
due to the higher spectral efficiency, resulting in a lower
squared difference as shown in Figure 7. Therefore, the
total system squared difference between traffic demand and
capacity allocated to the users is smaller, especially for mode
3. This conclusion is obviously seen from Table 8.
5.4. Impact of the Channel Condition of Each User on the Power
Allocation Result. It is known that the channel conditions of
each user are affected by many kinds of factor, causing that
the downlink losses of each user are not the same. In order to

Figure 7: Comparison of the three different spot beams bandwidths
in terms of the squared difference between the traffic demand and
the capacity allocated to each user.
Table 8: Sum of (𝑇𝑖 − 𝐶𝑖 )2 of the three different spot beams
bandwidths.
Adopted coding and
modulation mode of each user
Mode 1
Mode 2
Mode 3

∑ (𝑇𝑖 − 𝐶𝑖 )2
1.533𝐸15
1.366𝐸15
1.298𝐸15

Table 9: Total system capacity of the three algorithms when the
channel conditions of each user are not the same.
Algorithms
Uniform resource allocation
Proportional resource allocation
Proposed optimal power allocation

∑ 𝐶𝑖
63.91 Mbps
60.73 Mbps
55.10 Mbps

show the impact of channel condition on the power allocation
result, the channel conditions of the users in the same spot
beam are set to be 2𝑒21 , 3𝑒21 , 4𝑒21 , 5𝑒21 , and 6𝑒21 . Moreover,
the traffic demands of the users in the same spot beam are
set the same, and the traffic demands of the users in the four
different spot beams are set to be 3 Mbps, 8 Mbps, 13 Mbps,
and 18 Mbps. The simulation results are shown in Figure 8
and Table 9.
It is seen from Figure 8 that the proposed power allocation
algorithm provides more capacity to the users with higher
traffic demand, in order to minimize the total system squared
difference between the traffic demand and capacity allocated
to each user. The proposed algorithm allocates the same
capacities to the users in spot beam 3 or 4, which implied
that more power resource will be allocated to the users with
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Figure 8: Comparison of the three algorithms in terms of the
capacity allocated to each user when the channel conditions of each
user are not the same.

Table 10: Sum of (𝑇𝑖 − 𝐶𝑖 )2 of the three algorithms when the channel
conditions of each user are not the same.
Algorithms
Uniform resource allocation
Proportional resource allocation
Proposed optimal power allocation

0

∑ (𝑇𝑖 − 𝐶𝑖 )2
1.719𝐸15
1.414𝐸15
1.363𝐸15

worse channel conditions in these two spot beams. As a result,
compared with the other two resource allocation algorithms,
the total system capacity of the proposed power allocation
algorithm is decreased, as clearly shown in Table 9.
As mentioned in Figure 9 and Table 10, the proposed
power allocation algorithm provides more capacity to the
users with higher traffic demand. Therefore, the squared
differences between the traffic demand and capacity allocated
to these users are lower. Compared with the other two
algorithms, although the squared differences of the users with
lower traffic demand are higher, the total squared difference
of the proposed power allocation algorithm is lower, as shown
in Table 10. As a result, it is observed that the proposed
algorithm improves the fairness of power allocation amongst
the user at cost of the total system capacity.

6. Conclusion
In the multi-spot-beam satellite system it is crucial for us to
improve the power resources utilization efficiency, due to the
scarceness of the satellite power resources. To this end, the
problem of power allocation was mathematically formulated
as a convex optimization problem and an optimal power

Figure 9: Comparison of the three algorithms in terms of the
squared difference between the traffic demand and the capacity
allocated to each user when the channel conditions of each user are
not the same.

allocation algorithm was proposed to solve the problem.
In the optimization, the capacity allocated to each user
was calculated according to satellite link budget equations
rather than the Shannon capacity formula. As a result, the
capacity allocated to each user can be achieved and the power
allocation result is more suitable for the practical multispot-beam satellite communication system. Moreover, the
computational complexity of proposed algorithm is linear
with both the numbers of the spot beams and users. As a
result, it can be implemented in the practical system.
It is shown from the simulation results that, compared
with the traditional power allocation algorithms, the proposed algorithm improved the fairness of the power allocation amongst the users. Both the coding and modulation
mode adopted by each user and the bandwidth of each spot
beam have a significant impact on the power allocation result.
When the bandwidth of each spot beam is sufficient, more
power resources will be provided to the users with higher
traffic demand to improve the fairness of power allocation
amongst the users. On the contrast, when the bandwidth
of each spot beam is limited, more power will be provided
to the users with lower traffic demand. Even the satellite
power resources are wasted, due to the further reduction of
bandwidth of each spot beam. The impact of the coding and
modulation mode on the power allocation result is similar
to that of the bandwidth of each spot beam. Moreover,
the channel conditions of each user also affect the power
allocation result. The proposed algorithm provides more
resource to the users with the high traffic demand. As a result,
if the channel conditions of these high traffic demand users
are worse, the total system capacity will be decreased.
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