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Even though plenty of applications comply with the bilevel
programming (BLP) and bilevel optimal control (BOC)
frameworks, not many real-life implementations appear in
the literature. The latter can be explained by the clear lack of
efficient algorithms solving medium- and large-scale BLP and
BOC problems. Indeed, treating a BLP (or BOC) program,
even in its simplest setting, is far from being an easy task.
Many alternative methods may be used, but there is no general recipe that could provide for convergence or optimality
for all problem of the required kind.
Mixed-integer BLPs (MIBLPs) with partly integer variables often produce a real challenge for the conventional
optimization techniques. For instance, a replacement of the
lower-level (LL) optimization problem with the KarushKuhn-Tucker (KKT) conditions may fail if some LL variables
are not continuous. Therefore, a solid theoretical base including elements of combinatorial methods is necessary to propose efficient algorithms aimed at finding local or global
solutions of such problems.
To this end, a lot of new ideas were proposed and developed into new algorithms by many outstanding researchers

in the area of bilevel programming. Among them, we would
name Dempe, Mordukhovich and Dutta [1, 2], Labbé, Marcotte, and Savard [3, 4], DeNegre and Ralphs [5], and Liberti
and Pantelides [6], whose efforts develop different modes of
reducing original bilevel programming problems to equivalent single level ones, as well as new types of algorithms
making the solution of mixed-integer BLP a treatable task for
the conventional mathematical programming software.
Engineering applications of bilevel optimization and
combinatorial problems also include facility location, environmental regulation, energy and agricultural policies, hazardous materials management, and optimal designs for
chemical and biotechnological processes.
For instance, many new applied problems in various areas
of human knowledge have recently arisen, which can be efficiently solved only as MIBLPs. A very short list of such
comprises the virtual desktops placement in distributed
cloud computing; a risk-based interval two-stage programming problem for agricultural system management under
uncertainty; complementary cycles in irregular multipartite
tournaments; a problem of an optimal product family design;
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corporate international investment problem; and so forth.
Bilevel models to describe migration processes have also
become very popular in the area of BLP and BOC.
The primary purpose of this annual special issue is to
discuss these problems with the researchers working in the
corresponding areas. The papers selected for this special
volume deal with three main themes: Mixed-Integer Bilevel
Programming, Bilevel Stochastic Control Models, and Combinatorial (Integer Programming) Problems, as well as their
Applications to Engineering/Planning.
One of such applications is the well-known bilevel programming problem of the virtual desktops placement in distributed cloud computing. It is well-known that distributed
cloud has been widely adopted to support service requests
from dispersed regions, especially for big enterprises that
request virtual desktops for multiple geodistributed branch
companies. The cloud service provider (CSP) usually aims at
delivering satisfactory services at the least cost. CSP selects
proper data centers (DCs) closer to the branch companies
so as to shorten the response time to the user’s request. At
the same time, it also strives to cut cost considering both
DC level and server level. At the DC level, the expensive
long distance inter-DC bandwidth consumption should be
reduced and lower electricity price is sought by exploiting the
geodistribution of DCs. Inside each tree-like DC, servers are
trying to be used as little as possible so as to save equipment
cost and power. In nature, there exists a noncooperative relationship between the DC level and server level in the selection
of DCs and servers. To attain these objectives and capture
the noncooperative relation, J. Zhang et al. in “A Unified
Algorithm for Virtual Desktops Placement in Distributed
Cloud Computing” make use of a multiobjective bilevel
programming framework. Then a unified genetic algorithm is
proposed to seek the best virtual desktops placement solution
which realizes the selection of DC and the server simultaneously. The extensive simulation shows that the proposed
algorithm outperforms the baseline algorithm in both the
quality of service guaranteed and the total cost.
One of the principal management problems deals with
product family design engineering, within which plenty of
leader-follower relationships exist. C. Miao et al. in “Genetic
Algorithm for Mixed Integer Nonlinear Bilevel Programming
and Applications in Product Family Design” study the problem in question by applying the bilevel programming (BLP)
techniques. Product family design problems boast important
features. For instance, the mixed-integer nonlinear bilevel
program (MINLBLP) controlling both continuous and discrete variables and solving multiple independent lower-level
problems is widely used in product family optimization. The
authors propose a bilevel genetic algorithm (BLGA) to solve
these particular MINLBLP problems. They provide results of
numerical experiments with several examples to demonstrate
the effectiveness and reliability of the developed algorithm. In
addition, a reduced family case study is examined in order to
demonstrate practical applications of the proposed BLGA.
Equilibrium time-consistent strategy for corporate international investment problem with mean-variance criterion
is proposed and founded in “Equilibrium Time-Consistent
Strategy for Corporate International Investment Problem
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with Mean-Variance Criterion” by J. Long and S. Zeng. In
this paper, the authors analyze a continuous-time (optimal
control) model for corporate international investment problem (CIIP) with mean-variance criterion. Based on the Nash
sub-game perfect equilibrium theory, they define an infinitesimal operator and directly derive an extended HamiltonJacobi-Bellman equation. Besides, the equilibrium timeconsistent strategy for CIIP is derived. In addition, the paper
also discusses two possible cases of the risk aversion coefficient. Namely, in case 1 it is constant, whereas in case 2 it is
state-dependent. Finally, the simulation results are given to
illustrate the conclusions and the influence of some parameters on the optimal solution as well.
A similar stochastic-related bilevel programming problem is studied in the paper “A Risk-Based Interval Two-Stage
Programming Model for Agricultural System Management
under Uncertainty” by Y. Xu and G. Huang. Nonpoint source
(NPS) pollution caused by agricultural activities is the main
reason for worsening, up to deterioration, of the water quality
in a watershed. Moreover, pollution control is quite costly and
usually accompanied with a revenue’s fall for the agricultural
system. Therefore, to design and generate an economically
effective, environment-friendly, and risk-averse agricultural
production pattern becomes a critical issue for local managers. To tackle the abovementioned problem, a risk-based
interval two-stage programming (RBITSP) model is developed by the authors. Compared to the general ITSP model,
a significant contribution made by the RBITSP model is that
it emphasized the importance of financial risk under various
probabilistic levels, rather than only being concentrated on
expected economic benefit (where the risk is considered as
the probability of unmeeting the target profit under each
individual scenario realization). This way effectively avoids
the solutions’ deviation caused by the traditional expected
objective function. Also, by this mode, a variety of solutions is
generated by adjusting the weight coefficients included in the
objective function, thus reflecting a kind of trade-off between
the system’s economy and reliability. A case study of agricultural system management related to the Lake Tai basin is
used to demonstrate the superiority of results could serve as a
base for designing and determining agricultural development
schemes realizing the balance between the system benefit,
system failure risk, and water-body protection.
Another work presenting a novel aggregate production planning (APP) model for operations management is
“Enhanced Simulated Annealing for Solving Aggregate Production Planning” by M. R. Abu Bakar et al. Since aggregate
production planning (APP) is one of the key points in the
whole production management, the authors of the paper set
the problem as a multiobjective linear programming model
and try to optimize it within the means of simulated annealing (SA). While dealing with the optimization of the APP
problem, the authors found out that the capability of SA was
inadequate and its performance was substandard, especially
for a sizable controlled APP problem with many decision
variables and plenty of constraints. Because this algorithm
works sequentially, the current iteration will generate only
one next iteration, which makes the search slow. The other
drawback is that the search may stop at a local minimum
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representing the best solution only on a part of the feasible set.
In order to enhance the method’s performance and alleviate
the deficiencies in the problem solving, a modified simulated
annealing (MSA) technique is proposed. The authors attempt
to augment the search region by starting with 𝑁 + 1 approximate solutions instead of only one iterate. To analyze and
compare the steps of the MSA against the standard SA and
harmony search (HS), the real performance of an industrial
company is taken into account, and simulations are made
to evaluate the various algorithms’ features. The obtained
numerical results show that, in comparison to SA and HS,
MSA offers better quality procedures with respect to their
convergence rates and accuracy.
Finally, the problem of complementary cycles in irregular
multidigraphs is examined in “Complementary Cycles in
Irregular Multipartite Tournaments” by Z. He et al. Here,
a tournament is a directed graph (digraph) obtained by
assigning a direction for each edge in an undirected complete
graph. A digraph D is cycle-complementary if there exist two
vertex-disjoint cycles C and C such that their vertices form a
partition of the set of vertices of digraph D. The existence of
such a partition with two cycles is an important issue in the
graph theory. As their main results, the authors of the paper
establish sufficient conditions for such a partition to exist in
any locally almost regular multipartite tournament.
We hope that the reader of this annual special issue will
find not only new ideas and algorithms dealing with the
difficult problems such as Mixed-Integer Bilevel Programming, Bilevel Stochastic Control Models, and Combinatorial
(Integer Programming) Problems, as well as their Applications to Engineering/Planning, but also some interesting
results concerning the modern simulation techniques and the
advanced graph theory.
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We analyze a continuous-time model for corporate international investment problem (CIIP) with mean-variance criterion. Based
on Nash subgame perfect equilibrium theory, we define an infinitesimal operator and directly derive an extended Hamilton-JacobiBellman (HJB) equation. Besides, we also obtain the equilibrium time-consistent strategy for CIIP. In addition, we discuss two cases
of risk aversion coefficient; one is constant and the other is state dependent. Finally, the simulation results are given to illustrate our
conclusions and the influence of some parameters on the optimal solution.

1. Introduction
Generally, a continuous-time stochastic optimal control
problem will lead to time inconsistency if the functional has
the following form:
𝐽 (𝑡, 𝑤, 𝜋)
𝑇

= 𝐸𝑡,𝑤 [∫ 𝐶 (𝑤, 𝑊𝑠𝜋 ; 𝜋 (𝑊𝑠𝜋 )) 𝑑𝑠 + 𝐹 (𝑤, 𝑊𝑇𝜋 )]
𝑡

(1)

+ 𝐺 (𝑤, 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ]) ,
where 𝑊𝑠 is a controlled Markov process and 𝑊𝑡 = 𝑤. The
term 𝜋 is a control applied at time 𝑠. The local utility function
𝐶, the terminal utility function 𝐹, and the nonlinear function
𝐺 are given functions. The reasons are as follows:
(1) For a fixed initial point (𝑡, 𝑊𝑡 ), we can determine
̂ through maximizing the
the optimal control law 𝜋
̂ at a
functional 𝐽(𝑡, 𝑊𝑡 , 𝜋). But the control law 𝜋
later point (𝑠, 𝑊𝑠 ) will no longer be optimal for
the functional 𝐽(𝑠, 𝑊𝑠 , 𝜋). This will lead to a timeinconsistent problem.

(2) If the term 𝐸𝑡,𝑤 [𝐹(𝑤, 𝑊𝑇𝜋 )] depends on the wealth
𝑊𝑡 = 𝑤 at time 𝑡, this will also lead to a timeinconsistent problem.
(3) Generally, the term 𝐺(𝑤, 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ]) is not an expected
value of a nonlinear function of terminal wealth but a
nonlinear function of the expected value of terminal
wealth, and this will also lead to a time-inconsistent
problem.
When 𝐶 ≡ 0, (1) becomes a mean-variance criterion
problem. In this paper, we study corporate international
investment problem with mean-variance criterion which is
time inconsistent.
Because time-inconsistent problem does not satisfy Bellman’s optimality principle, the standard dynamic programming approach fails. In order to deal with time inconsistency,
there are three common ways to handle this problem:
(1) We dismiss the entire problem as being silly.
(2) We fix one initial point, for example, (0, 𝑊0 ), and
̂ which maximizes
then try to find the control law 𝜋
𝐽(0, 𝑊0 , 𝜋). We simply consider that, at a later time
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̂ is still optimal
point such as (𝑠, 𝑊𝑠 ), the control law 𝜋
for the functional 𝐽(𝑠, 𝑊𝑠 , 𝜋). This is well known as
precommitment in the economics literature.
(3) Using game theory approach, we can seriously solve
the time-inconsistent problem.

The game theory approach which used Nash equilibrium
points to handle time inconsistency has a long history which
started with Strotz [1], in which a deterministic Ramsay
problem was studied. Further works in continuous and
discrete time along this line are provided in Goldman [2],
Krusell and Smith [3], Peleg and Yaari [4], Pollak [5], Vieille
and Weibull [6], Björk and Murgoci [7], and so on.
More specifically, Björk and Murgoci [7] deduced an
extended HJB equation in a discrete time setting and
extended it to continuous-time setting by taking formal limits
for the discrete problem. Hu et al. [8] studied a general
time-inconsistent stochastic linear-quadratic (LQ) control
problem and derived a sufficient condition for equilibrium
control via a flow of forward-backward stochastic differential
equations. Yong [9] studied a time-inconsistent optimal
control problem and proved the existence of an equilibrium
control via a forward ordinary differential equation coupled
with a backward Riccati-Volterra integral equation. Yong
[10] considered a general time-inconsistent optimal control
problem for stochastic differential equations with deterministic coefficients. Under suitable conditions, they derived a
Hamilton-Jacobi-Bellman equation for the equilibrium value
function of the problem. Czichowsky [11] developed a timeconsistent formulation of mean-variance portfolio problem
and proved the convergence based on a global description of
the locally optimal strategy in terms of the structure condition and the Föllmer-Schweizer decomposition of the meanvariance tradeoff. Yong [12] considered a linear-quadratic
optimal control problem for mean-field stochastic differential equations with deterministic coefficients and presented
open-loop and closed-loop equilibrium solutions for such
kind of problems. Björk and Murgoci [13] studied the problem with state-dependent risk aversion in the sense that the
risk aversion is inversely proportional to the current wealth,
and they showed that the time-consistent control was linear
in wealth. Bensoussan et al. [14] studied the time-consistent
strategies in the mean-variance portfolio selection with shortselling prohibition in both discrete and continuous-time
settings. Using backward induction, the equilibrium control
was shown to be linear in wealth. Wang and Wu [15] studied
a partially observed recursive optimization problem. They
established Kalman-Bucy filtering equations for a family of
parameterized forward and backward stochastic differential
equations and obtained the equilibrium control by means of
backward separation technique. Cui et al. [16] investigated
the effects of portfolio constraints on time consistency of
efficiency for convex cone constrained markets and derived
the semianalytical expressions for the precommitted efficient
mean-variance policy and the minimum-variance signed
supermartingale measure (VSSM) and revealed their close
relationship. Cui et al. [17] considered a continuous-time
mean-variance portfolio optimization problem and derived
an explicit time-consistent investment policy.

In addition, there are many literatures concerning time
consistency in other areas, for example, reinsurance (Zeng
and Li [18], Li et al. [19], Zeng et al. [20], Y. Li and Z. Li
[21], Zhao et al. [22], Zhao et al. [23], Li et al. [24], Li et al.
[25], Liang and Song [26], and Li et al. [27]), asset-liability
management (Wei et al. [28]), pricing (Pirvu and Zhang [29]),
dividend strategies (Chen et al. [30]), and jumps (Zeng et al.
[20] and Dang and Forsyth [31]).
In recent years, there are some literatures on corporate
international investment problem (CIIP). To be more specific, Choi [32] considered the CIIP in which the quantity
of output is assumed to be unity, and the dynamic processes
of price are assumed to follow Bachelier model. Based on
Choi [32], Bellalah and Wu [33] assumed that the quantity
of output is a function of output price and the dynamic
processes follow geometric Brownian motion model. Their
model accounted for the effects of exchange rates, taxes, and
information costs on corporate international investment and
assumed that firm maximized the present value of manager’s
expected utility of net cash flows. Finally, they made a
conclusion that information played a central role in foreign
investments and explained the “home bias” in international
finance. Besides, Wu and Zhang [34], D. Zhang and T. Zhang
[35], and Huang and Zhang [36] also studied corporate
international investment problem.
However, these prior literatures did not take into account
time inconsistency. So, our study tries to explore this problem. In other words, we study the time-inconsistent problem
of corporate international investment and deduce a timeconsistent strategy for it.
This study contributes to the literature as follows. In the
first place, based on Wu and Zhang [34] which considered
firms only invested in a real project (home market) and
money account and Bellalah and Wu [33] which considered firms only invested in home and foreign market, we
investigate those who invest not only in home and foreign
market, but also in money account. There is one more
point; based on Nash subgame perfect equilibrium theory,
we define an infinitesimal operator and directly derive an
extended HJB system for the general optimization problem
from the prospective of continuous time. Last but not least,
combining Björk and Murgoci [7] with Bellalah and Wu [33],
we obtain equilibrium time-consistent strategy for corporate
international investment problem. In addition, inspired by
Björk et al. [37] and Y. Li and Z. Li [21], we discuss not only
constant risk aversion coefficient but also state-dependent
risk aversion coefficient.
This paper is organized as follows. In Section 2, we
introduce the general optimization problem with meanvariance criterion in continuous time and derive an extended
HJB equation directly. In Section 3, we apply this method
to corporate international investment problem (CIIP) and
deduce the equilibrium time-consistent strategy for CIIP.
Some examples illustrating the main features of model are
explicitly solved in Section 4. Section 5 contains the main
conclusions and some extensions. In the end, some technical
details are provided in Appendix.
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2. The General Optimization Problem with
Mean-Variance in Continuous-Time Setting
Björk and Murgoci [7] discussed the time consistency in a
discrete time setting and extended it to a continuous-time
setting via limit theory, but their process is complicated.
In this section, we focus on the continuous-time problem
directly. Based on Nash subgame perfect equilibrium theory,
we, applying the dynamic programming approach, define an
infinitesimal operator and derive an extended HJB system
which is consistent with Björk and Murgoci [7] in continuous
time. Compared to Björk and Murgoci [7], our approach
avoids the complicated transformation process from discrete
time to continuous time. Therefore, our process is more
simple and straightforward. To some extent, this study is a
good supplement to Björk and Murgoci [7] in continuous
time.
In this section, we consider a controlled Markov process
in continuous time on the time interval [0, 𝑇]. Define the
measurable state space W and the measurable control space
Π. The dynamic state process is given by
𝑑𝑊𝑡 = 𝜇 (𝑡, 𝑊𝑡 , 𝜋𝑡 ) 𝑑𝑡 + 𝜎 (𝑡, 𝑊𝑡 , 𝜋𝑡 ) 𝑑𝐵𝑡 ,

lim inf
𝜀→0

̂ ) − 𝐽 (𝑡, 𝑊𝑡 , 𝜋𝜀 )
𝐽 (𝑡, 𝑊𝑡 , 𝜋
≥ 0,
𝜀

(8)

̂ is an equilibrium control law.
for all 𝜋 ∈ Π, one says that 𝜋
The equilibrium value function 𝑉 is defined by
̂) .
𝑉 (𝑡, 𝑊𝑡 ) = 𝐽 (𝑡, 𝑊𝑡 , 𝜋

(9)

2.2. Deriving the Extended HJB System. For convenient
description, we use the symbol (𝑡, 𝑤; 𝑊𝑇𝜋 ) or (𝑡, 𝑤, 𝑦; 𝑊𝑇𝜋 ) to
replace (𝑡, 𝑤) or (𝑡, 𝑤, 𝑦), although 𝑊𝑇𝜋 may be a determined
scalar but not a variable.
Denote that
𝑓 (𝑡, 𝑤, 𝑦; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝐹 (𝑦, 𝑊𝑇𝜋 )] ,

(10)

𝑔 (𝑡, w; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] ,
𝑓𝑦 (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝑓 (𝑡, 𝑤, 𝑦; 𝑊𝑇𝜋 ) ,

if 𝑦 is fixed,

𝐺𝑤 (𝑔 (𝑡, 𝑦; 𝑊𝑇𝜋 )) = 𝐺 (𝑤, 𝑔 (𝑡, 𝑦; 𝑊𝑇𝜋 )) ,

(2)

where 𝑊𝑡 ∈ W and 𝜋𝑡 ∈ Π.

(11)
if 𝑤 is fixed,

(𝐺 ⬦ 𝑔) (𝑡, 𝑤; 𝐸𝑇𝜋 ) = 𝐺 (𝑤, 𝑔 (𝑡, 𝑤; 𝐸𝑇𝜋 )) ,

2.1. Basic Problem Formulation. For initial point (𝑡, 𝑤) ∈
[0, 𝑇] × W, with a fixed control law 𝜋, we consider the
simplified functional
𝐽 (𝑡, 𝑤, 𝜋) = 𝐸𝑡,𝑤 [𝐹 (𝑤, 𝑊𝑇𝜋 )] + 𝐺 (𝑤, 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ]) .

(3)

Firstly, we introduce some definitions as follows.

𝜋
𝑃𝜋 ℎ (𝑡, 𝑤) = 𝐸 [ℎ (𝑡 + 𝜀, 𝑊𝑡+𝜀
) | 𝑊𝑡 = 𝑤] .

(4)

(5)

where 𝐼 is the identity operator.
as
(6)

The way that controls are influencing the dynamics of process is formalized by specifying the controlled infinitesimal
generator of 𝑊𝑡 .
̂ (informally viewed as
Definition 2. Consider a control law 𝜋
a candidate equilibrium law). For any efficient small number
𝜀 > 0, one chooses a fixed 𝜋 ∈ Π and also fixes an arbitrarily
chosen initial point (𝑡, 𝑤). The control law 𝜋𝜀 is defined by
if 𝑠 ∈ [𝑡, 𝑡 + 𝜀) ,
if 𝑠 ∈ [𝑡 + 𝜀, 𝑇] .

Then the value function at time 𝑡 can be expressed as
(13)

Naturally, at the next time 𝑡 + 𝜀 with efficient small 𝜀 > 0, the
corresponding value function can be expressed as
𝐽 (𝑡 + 𝜀, 𝑤𝜀 , 𝜋) = 𝑓 (𝑡 + 𝜀, 𝑤𝜀 , 𝑤𝜀 ; 𝑊𝑇𝜋 )

(14)

Taking expectations gives us
𝐸𝑡,𝑤 [𝐽 (𝑡 + 𝜀, 𝑤𝜀 , 𝜋)]

Therefore, the infinitesimal operator 𝐴𝜋 can be expressed
𝜋
𝐴𝜋 ℎ (𝑡, 𝑤) = 𝐸𝑡,𝑤 [ℎ (𝑡 + 𝜀, 𝑊𝑡+𝜀
)] − ℎ (𝑡, 𝑤) .

(12)

− 𝐺𝑤 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )) .

+ 𝐺 (𝑤𝜀 , 𝑔 (𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )) .

A corresponding infinitesimal operator 𝐴𝜋 is defined by
𝐴𝜋 = 𝑃𝜋 − 𝐼,

(𝐻𝑔𝜋 𝐺) (𝑡, 𝑤; 𝐸𝑇𝜋 ) = 𝐺𝑤 (𝑃𝜋 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )))

𝐽 (𝑡, 𝑤, 𝜋) = 𝑓 (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) + 𝐺 (𝑤, 𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )) .

Definition 1. For each 𝜋 ∈ Π and efficient small number 𝜀 > 0,
an operator 𝑃𝜋 , operating on real valued functions of the form
ℎ(𝑡, 𝑤), is defined by

{𝜋,
𝜋𝜀 (𝑠, 𝑤) = {
̂,
𝜋
{

If

(7)

= 𝐸𝑡,𝑤 [𝑓 (𝑡 + 𝜀, 𝑤𝜀 , 𝑤𝜀 ; 𝑊𝑇𝜋 )]

(15)

+ 𝐸𝑡,𝑤 [𝐺 (𝑤𝜀 , 𝑔 (𝑡 + 𝜀, 𝑤𝜀 ; 𝑊T𝜋 ))] .
By (6), we can construct the corresponding infinitesimal
operators with respect to 𝐽, 𝑓, 𝐺, and 𝑔.
Notice that
𝑓 (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝐹 (𝑤, 𝑊𝑇𝜋 )]
= 𝐸𝑡,𝑤 [𝐸𝑡+𝜀,𝑤𝜀 [𝐹 (𝑤, 𝑊𝑇𝜋 )]]
= 𝐸𝑡,𝑤 [𝑓 (𝑡 + 𝜀, 𝑤𝜀 , 𝑤; 𝑊𝑇𝜋 )] ,
𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] = 𝐸𝑡,𝑤 [𝐸𝑡+𝜀,𝑤𝜀 [𝑊𝑇𝜋 ]]
= 𝐸𝑡,𝑤 [𝑔 (𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )] .

(16)
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Then, the value function at the time 𝑡 can be expressed as
𝐽 (𝑡, 𝑤, 𝜋) = 𝐸𝑡,𝑤 [𝑓 (𝑡 + 𝜀, 𝑤𝜀 , 𝑤; 𝑊𝑇𝜋 )]
+ 𝐺 (𝑤, 𝐸𝑡,𝑤 [𝑔 (𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )]) .

(17)

Proposition 3. The extended HJB system for the Nash equilibrium problem satisfies
sup {𝐴𝜋 𝑉 (𝑡, 𝑤) − 𝐴𝜋 𝑓 (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 )
𝜋∈Π

+ 𝐴𝜋 𝑓𝑤 (𝑡, 𝑤; 𝑊𝑇𝜋 ) − 𝐴𝜋 (𝐺 ⬦ 𝑔) (𝑡, 𝑤; 𝑊𝑇𝜋 )

Next, we construct the infinitesimal operator 𝐴𝜋 𝐽(𝑡, 𝑤,
𝜋). By (6), (15), and (17), we have
𝜋

𝐴 𝐽 (𝑡, 𝑤, 𝜋) = 𝐸𝑡,𝑤 [𝐽 (𝑡 + 𝜀, 𝑤𝜀 , 𝜋)] − 𝐽 (𝑡, 𝑤, 𝜋)

𝐴𝜋̂ 𝑓𝑤 (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 0,

= 𝐸𝑡,𝑤 [𝑓 (𝑡 + 𝜀, 𝑤𝜀 , 𝑤𝜀 ; 𝑊𝑇𝜋 )]
+ 𝐸𝑡,𝑤 [𝐺 (𝑤𝜀 , 𝑔 (𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 ))]
− 𝐸𝑡,𝑤 [𝑓 (𝑡 +

̂
𝜋

𝐴
(18)

𝜀, 𝑤𝜀 , 𝑤; 𝑊𝑇𝜋 )]

− 𝐺 (𝑤, 𝐸𝑡,𝑤 [𝑔 (𝑡 +

𝐴

𝑓 (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 )
= 𝐸𝑡,𝑤 [𝑓 (𝑡 + 𝜀, 𝑤𝜀 , 𝑤𝜀 ; 𝑊𝑇𝜋 )] − 𝑓 (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) ,

𝜋 𝑤

𝐴 𝑓

= 𝐸𝑡,𝑤 [𝑓 (𝑡 +

−

𝑓 (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) ,

(19)

𝐴𝜋 𝐺 (𝑤, 𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ))

Secondly, notice the rest term 𝐺(𝑤, 𝐸𝑡,𝑤 [𝑔(𝑡+𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )])
in (18), which can be expressed as 𝐺(𝑤, 𝐸𝑡,𝑤 [𝑔(𝑡 +
𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )]) = 𝐺𝑤 (𝐸𝑡,𝑤 [𝑔(𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )]). By (11)-(12),
we can construct another operator

𝑉 (𝑇, 𝑤; 𝑊𝑇𝜋 ) = 𝐹 (𝑤, 𝑊𝑇𝜋 ) + 𝐺 (𝑤, 𝑊𝑇𝜋 ) ,
𝑔 (𝑇, 𝑤; 𝑊𝑇𝜋 ) = 𝑤.
̂ is the equilibrium control law which realizes the supreHere, 𝜋
mum in the first equation of (22), and 𝑓𝑦 , 𝐺 ⬦ 𝑔, and 𝐻𝑔𝜋 𝐺 are
given in (10)–(12).
Remark 4. (1) In the case when 𝐹(𝑤, 𝑊𝑇𝜋 ) does not depend
on 𝑤, the terms are
(23)

(2) By the infinitesimal operator 𝐴𝜋 ℎ(𝑡, 𝑤) = 𝐸𝑡,𝑤 [ℎ(𝑡 +
𝜀, 𝑤𝜀 )] − ℎ(𝑡, 𝑤) and the first-order Taylor extension ℎ(𝑤0 +
Δ𝑤) = ℎ(𝑤0 ) + ℎ (𝑤0 )Δ𝑤 + 𝑜(Δ𝑤), it is easy to see

+ 𝑜 (𝐴𝜋 𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ))
= 𝐺𝑤 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ))

(24)

+ 𝐺𝑦𝑤 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )) 𝐴𝜋 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ))
+ 𝑜 (𝐴𝜋 𝑔) ,

(20)

Therefore, by (18)–(20), the infinitesimal operator
𝐴𝜋 𝐽(𝑡, 𝑤, 𝜋) can be expressed as

where 𝐺𝑦𝑤 (𝑦) = (𝜕𝐺𝑤 /𝜕𝑦)(𝑦).
(3) A simple calculation shows that (see Björk and
Murgoci [7])
− 𝐴𝜋 [𝐺 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ))]

𝐴𝜋 𝐽 (𝑡, 𝑤, 𝜋) = 𝐴𝜋 𝑓 (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) − 𝐴𝜋 𝑓𝑤 (𝑡, 𝑤; 𝑊𝑇𝜋 )
+ 𝐴𝜋 (𝐺 ⬦ 𝑔) (𝑡, 𝑤; 𝑊𝑇𝜋 )

𝑡 ∈ [0, 𝑇]

= 𝐺𝑤 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ) + 𝐴𝜋 𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ))

− 𝐺 (𝑤, 𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )) .

− 𝐺𝑤 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )) .

(22)

𝐺𝑤 (𝐸𝑡,𝑤 [𝑔 (𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )])

= 𝐸𝑡,𝑤 [𝐺 (𝑤𝜀 , 𝑔 (𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 ))]

(𝐻𝑔𝜋 𝐺) (𝑡, 𝑤; 𝐸𝑇𝜋 ) = 𝐺𝑤 (𝐸𝑡,𝑤 [𝑔 (𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )])

= 0,

(𝐴𝜋 𝑓) (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) − (𝐴𝜋 𝑓𝑤 ) (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 0.

(𝑡, 𝑤; 𝑊𝑇𝜋 )
𝜀, 𝑤𝜀 , 𝑤; 𝑊𝑇𝜋 )]

𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )

𝑡 ∈ [0, 𝑇]

𝑓𝑤 (𝑇, 𝑤; 𝑊𝑇𝜋 ) = 𝐹 (𝑤, 𝑊𝑇𝜋 ) ,

𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 )]) .

Firstly, notice the three terms 𝐸𝑡,𝑤 [𝑓(𝑡 + 𝜀, 𝑤𝜀 , 𝑤𝜀 ; 𝑊𝑇𝜋 )],
𝐸𝑡,𝑤 [𝑓(𝑡 + 𝜀, 𝑤𝜀 , 𝑤; 𝑊𝑇𝜋 )], and 𝐸𝑡,𝑤 [𝐺(𝑤𝜀 , 𝑔(𝑡 + 𝜀, 𝑤𝜀 ; 𝑊𝑇𝜋 ))]
in (18); we could construct three corresponding infinitesimal
operators 𝐴𝜋 𝑓(𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ), 𝐴𝜋 𝑓𝑤 (𝑡, 𝑤; 𝑊𝑇𝜋 ), and 𝐴𝜋 𝐺(𝑤,
𝑔(𝑡, 𝑤; 𝑊𝑇𝜋 )); that is,
𝜋

+ (𝐻𝑔𝜋 𝐺) (𝑡, 𝑤; 𝑊𝑇𝜋 )} = 0, 𝑡 ∈ [0, 𝑇]

(21)

− (𝐻𝑔𝜋 𝐺) (𝑡, 𝑤; 𝑊𝑇𝜋 ) .
Collecting all results and noticing the fact 𝐴𝜋̂ 𝑉(𝑡, 𝑤) =
̂ ) which is given in (9), we arrive at the extended
𝐴𝜋̂ 𝐽(𝑡, 𝑤, 𝜋
HJB system which is consistent with Björk and Murgoci [7].

+ 𝐺 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )) 𝐴𝜋 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ))

(25)

1
= − 𝜎2 (𝑡, 𝑤, 𝜋) 𝐺 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )) 𝑔𝑤2 (𝑡, 𝑤; 𝑊𝑇𝜋 ) .
2
(4) In the extended HJB system, the partial derivatives of
𝑓 and 𝑔 should be evaluated at (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) and (𝑡, 𝑤; 𝑊𝑇𝜋 ),
respectively.
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𝑑𝐶𝑡∗
= 𝜇𝑐∗ 𝑑𝑡 + 𝜎∗ 𝑑𝐵𝑡2 ,
𝐶𝑡∗

3. Corporate International Investment
Problem with Mean-Variance Criterion
3.1. The Market Setting. Let (Ω, F, P) be a probability space
equipped with a filtration F = (F𝑡 )0≤𝑡≤𝑇 satisfying the
usual conditions; that is, (F𝑡 )0≤𝑡≤𝑇 is right-continuous and
P-complete, where 𝑇 is a positive finite constant representing
the time horizon. Suppose that all stochastic processes and
random variables are defined on the filtered probability space
(Ω, F, F, P).
3.2. Corporate International Investment Problem (CIIP). The
purpose of this paper is to study corporate international
investment problem (CIIP) that a firm invests in both bank
and real project which contains two markets: home market
and foreign market. We consider a risk-free asset with
dynamic price process
𝑑𝑆0 (𝑡) = 𝑟𝑆0 (𝑡) 𝑑𝑡,

(26)

where 𝑟 is constant short rate.
Choi [32] supposed a “two-country” firm whose static
cash flows for time 𝑡 from its home and foreign operations
could be written in a standard way
𝑅𝑡 = (𝑃𝑡 − 𝐶𝑡 ) 𝑄𝑡 ,

𝑑𝑒𝑡
= (𝜇𝑒 + 𝜆 𝑒 ) 𝑑𝑡 + 𝜎𝑒 𝑑𝐵𝑡3 .
𝑒𝑡
(29)
The initial values of above variables are 𝑃0 , 𝐶0 , 𝑃0∗ , 𝐶0∗ , and 𝑒0 ,
respectively. The terms 𝜇𝑝 , 𝜇𝑝∗ , 𝜇𝑐 , 𝜇𝑐∗ , and 𝜇𝑒 are bounded
constants which represent the instantaneous expected rates
of these variables, respectively. 𝜆 𝑒 reflects the information
cost carried by managers in order to get information about
foreign exchange markets. The terms 𝜎, 𝜎∗ , and 𝜎𝑒 are the
instantaneous volatility coefficients in home, foreign, and
exchange market. The terms 𝐵𝑡1 , 𝐵𝑡2 , and 𝐵𝑡3 are three onedimensional mutually dependent Brownian motions which
represent the external sources of uncertainty in the markets
with correlation coefficients 𝜌12 , 𝜌13 , and 𝜌23 .
The changes in the cash flows from home market can be
written as (see Appendix A)
𝑑𝑅𝑡 ̂
= 𝑓 (𝑡) 𝑑𝑡 + (𝛽 + 1) 𝜎𝑑𝐵𝑡1 ,
𝑅𝑡
where
̂ (𝑡) = 1 (𝛽 + 1)2 𝜎2 + (𝛽 + 1) (𝜇 − 1 𝜎2 )
𝑓
𝑝
2
2

(27)

𝑅𝑡∗ = 𝑒𝑡 (𝑃𝑡∗ − 𝐶𝑡∗ ) 𝑄𝑡∗ ,

+

where 𝑃𝑡 (𝑃𝑡∗ ) and 𝐶𝑡 (𝐶𝑡∗ ) were uncertain output and input
prices in home (foreign) market, 𝑄𝑡 (𝑄𝑡∗ ) was the quantity of
output which was assumed to be certain, and 𝑒𝑡 is uncertain
exchange rate.
Contrary to the model of Choi [32], Bellalah and Wu [33]
took the attitude that the quantity of output was a decreasing
function of the output price, and the cash flows of firm’s
activity were taxed at a certain rate. Thus they considered that
a “two-country” firm’s static cash flows from its home (𝑅𝑡 )
and foreign (𝑅𝑡∗ ) operations could be written in the following
form:

(𝜇𝑝 − 𝜇𝑐 ) 𝐶0 𝑒𝜇𝑐 𝑡
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡

(31)
.

However, managers should pay sunk costs in order to
obtain information. Therefore, they require an additional
return to get compensation for their resources engaged in the
search for information. Information costs have the dimension
of incremental rates of return which are added to the drift in
the process describing the dynamics for different variables.
So, the real changes in the cash flows from home market
should be written as
𝑑𝑅𝑡
̂ (𝑡) + 𝜆 ] 𝑑𝑡 + (𝛽 + 1) 𝜎𝑑𝐵1 ,
= [𝑓
𝑅
𝑡
𝑅𝑡
(32)
𝛽

𝑅0 = (1 − 𝜏) 𝑃0 (𝑃0 − 𝐶0 ) ,

𝛽

𝑅𝑡 = (1 − 𝜏) (𝑃𝑡 − 𝐶𝑡 ) 𝑄𝑡 , 𝑄𝑡 = 𝑃𝑡 ,
𝛽∗

𝑅𝑡∗ = 𝑒𝑡 (1 − 𝜏∗ ) (𝑃𝑡∗ − 𝐶𝑡∗ ) 𝑄𝑡∗ , 𝑄𝑡∗ = (𝑃𝑡∗ ) ,

(28)

where the terms 𝛽 and 𝛽∗ are negative constants. 𝜏 and 𝜏∗ are
tax rates in home and foreign market, respectively.
Similar to Bellalah and Wu [33], we assume the following
dynamics for output price, input price, and exchange rate:
𝑑𝑃𝑡
= 𝜇𝑝 𝑑𝑡 + 𝜎𝑑𝐵𝑡1 ,
𝑃𝑡

(30)

where 𝜆 𝑅 is the information costs rate in home market.
Similarly, the expression of changes in the cash flows from
foreign market before exchanging can be written as
𝑑𝑅𝑡
𝑅𝑡

= 𝑓 (𝑡) 𝑑𝑡 + (𝛽∗ + 1) 𝜎∗ 𝑑𝐵𝑡2 ,

(33)

where
𝑓 (𝑡) =

1 ∗
2
2
(𝛽 + 1) (𝜎∗ )
2

𝑑𝐶𝑡
= 𝜇𝑐 𝑑𝑡 + 𝜎𝑑𝐵𝑡1 ,
𝐶𝑡

+ (𝛽∗ + 1) (𝜇𝑝∗ −

𝑑𝑃𝑡∗
= 𝜇𝑝∗ 𝑑𝑡 + 𝜎∗ 𝑑𝐵𝑡2 ,
𝑃𝑡∗

+

1 ∗ 2
(𝜎 ) )
2

(𝜇𝑝∗ − 𝜇𝑐∗ ) 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡
𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

.

(34)
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Then, from 𝑅∗ = 𝑒𝑡 𝑅𝑡 and (32) and (33), the expression
of changes in the cash flows from foreign market after
exchanging is given by
𝑑𝑅𝑡∗
𝑅𝑡∗

̂ ∗ (𝑡) + 𝜇 + 𝜆 ] 𝑑𝑡 + (𝛽∗ + 1) 𝜎∗ 𝑑𝐵2
= [𝑓
𝑒
𝑒
𝑡

(35)

+ 𝜎𝑒 𝑑𝐵𝑡3 ,

̂ ∗ (𝑡) = 𝑓 (𝑡) + (𝛽∗ + 1) 𝜎∗ 𝜎 𝜌 .
𝑓
𝑒 23

(36)

However, managers also should pay sunk costs in order to
obtain information in foreign market. Thus, they also require
an additional return to get compensation for their resources
engaged in the search for information. So the real changes in
the cash flows from foreign market can be expressed as

̂ (𝑡) − 𝑟 + 𝜆 ) + 𝑊𝜋 𝑟] 𝑑𝑡 + 𝜋 (𝛽 + 1)
+ 𝜋2 (𝑓
𝑅
1
𝑡

(38)

𝛽

Definition 5. A strategy 𝜋 = (𝜋1 , 𝜋2 )0≤𝑡≤𝑇 is said to be
admissible if it satisfies the following conditions:
(i) Stochastic process 𝜋 =
progressively measurable

(𝜋1 , 𝜋2 )0≤𝑡≤𝑇 is F𝑡 -

𝑇

(37)

+ 𝜎𝑒 𝑑𝐵𝑡3 ,

We assume that the initial value of corporate wealth 𝑊0 >
0 and 𝜋 = (𝜋1 , 𝜋2 ) is a locally measurable bounded process,
almost surely.

(ii) 𝐸[∫0 (𝜋12 + 𝜋22 )𝑑𝑡] < +∞

𝑑𝑅𝑡∗
̂ ∗ (𝑡) + 𝜆 ∗ + 𝜇 + 𝜆 ] 𝑑𝑡 + (𝛽∗ + 1) 𝜎∗ 𝑑𝐵2
= [𝑓
𝑅
𝑒
𝑒
𝑡
∗
𝑅𝑡

∗

𝑅0∗ = 𝑒0 (1 − 𝜏∗ ) 𝑃0 (𝑃0∗ − 𝐶0∗ ) .
3.3. The Wealth Process. Suppose that 𝑊𝑡𝜋 is the corporate
wealth at time 𝑡 ≥ 0. Let 𝜋1 (𝑡) represent the money invested
in home market and 𝜋2 (𝑡) represent those invested in foreign
market. Then, the rest money 𝑊𝑡𝜋 − 𝜋1 (𝑡) − 𝜋2 (𝑡) is invested
in home money account.

{𝜋𝑡 }∈Π

̂ ∗ (𝑡) − 𝑟 + 𝜆 ∗ + 𝜇 + 𝜆 )
𝑑𝑊𝑡𝜋 = [𝜋1 (𝑓
𝑅
𝑒
𝑒

⋅ 𝜎𝑑𝐵𝑡1 + 𝜋2 (𝛽∗ + 1) 𝜎∗ 𝑑𝐵𝑡2 + 𝜋2 𝜎𝑒 𝑑𝐵𝑡3 .

where

max

From (32), (37), and bank account, we know that the
corporate wealth can be written as

(iii) The wealth process in (38) has a unique solution 𝑊𝑡𝜋
on [0, 𝑇]
For convenience, we will write 𝑊𝑡𝜋 as 𝑊𝑡 in next section.
Next, we consider the CIIP with constant risk aversion
coefficient and state-dependent risk aversion coefficient,
respectively.
3.4. Corporate International Investment Problem (CIIP) with
Constant Risk Aversion Coefficient. In this section, we consider the mean-variance model for corporate international
investment problem:

𝛾
𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] − Var𝑡,𝑤 [𝑊𝑇𝜋 ]
2

s.t. 𝑑𝑊𝑡
̂ ∗ (𝑡) − 𝑟 + 𝜆 ∗ + 𝜇 + 𝜆 ) + 𝜋 (𝑓
̂ (𝑡) − 𝑟 + 𝜆 ) + 𝑊 𝑟] 𝑑𝑡 + 𝜋 (𝛽 + 1) 𝜎𝑑𝐵1 + 𝜋 (𝛽∗ + 1) 𝜎∗ 𝑑𝐵2
= [𝜋1 (𝑓
𝑅
𝑒
𝑒
2
𝑅
𝑡
1
2
𝑡
𝑡

(39)

+ 𝜋2 𝜎𝑒 𝑑𝐵𝑡3 ,

where 𝑊𝑡 is the corporate wealth at time 𝑡 > 0, 𝐸𝑡,𝑤 is the
expected value operator under 𝑊𝑡 = 𝑤 conditions, and Var𝑡,𝑤
is the variance operator under 𝑊𝑡 = 𝑤 conditions. The terms
𝜋1 , 𝜋2 are the amounts of corporate capital budget invested
in home and foreign market, respectively. And 𝛾 is the
constant risk aversion coefficient which leads to aggressive
or passive corporate investments. The primary motive of an
aggressive company, which is usually a leader in the industry
and a risk-taker, is to anticipate greater expected return for
investing in foreign market. However, the motivation of a
passive company, which is a follower and risk-avoider, is to
maintain its existing market position rather than to increase
it. Generally, this passive company reacts to the leader when
the chance of foreign investment has been “proven” (see Choi
[32]).

Denote the value functional by
𝛾
𝐽 (𝑡, 𝑤, 𝜋) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] − Var𝑡,𝑤 [𝑊𝑇𝜋 ] .
2

(40)

The object is to maximize expected return with a risk penalty.
According to the definition of conditional variance
2
Var𝑡,𝑤 [𝑊𝑇 ] = 𝐸𝑡,𝑤 [𝑊𝑇2 ] − 𝐸𝑡,𝑤
[𝑊𝑇 ] ,

we can rewrite our value functional as
𝛾
𝐽 (𝑡, 𝑤, 𝜋) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] − Var𝑡,𝑤 [𝑊𝑇𝜋 ]
2
= 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ]

(41)
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𝛾
2
2
[𝑊𝑇𝜋 ])
(𝐸 [(𝑊𝑇𝜋 ) ] − 𝐸𝑡,𝑤
2 𝑡,𝑤
𝛾
𝛾
2
2
= 𝐸𝑡,𝑤 [𝑊𝑇𝜋 − (𝑊𝑇𝜋 ) ] + (𝐸𝑡,𝑤 [𝑊𝑇𝜋 ])
2
2

= 0,

−

𝑉 (𝑇, 𝑤) = 𝑤,
𝐴𝜋̂ 𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋̂ ) = 0,

fl 𝐸𝑡,𝑤 [𝐹 (𝑊𝑇𝜋 )] + 𝐺 (𝐸𝑡,𝑤 [𝑊𝑇𝜋 ]) ,

𝑔 (𝑇, 𝑤; 𝑊𝑇𝜋̂ ) = 𝑤,

(42)
2

where 𝐹(𝑥) = 𝑥 − (𝛾/2)𝑥 and 𝐺(𝑥) = (𝛾/2)𝑥 .
From Proposition 3 and (1)–(3) in Remark 4, the
extended HJB system is then given by the following system.
Proposition 6. The extended HJB system for the Nash equilibrium problem satisfies
sup {𝐴𝜋 𝑉 (𝑡, 𝑤)
𝜋∈Π

{𝜋∈Π}

{𝑉𝑡 + 𝑉𝑊𝑊Δ1𝑢 +

̂ is the equilibrium control law which realizes the
where 𝜋
supremum in the first equation of (43).
Furthermore, we have the following HJB system for
corporate international investment problem (CIIP).
Proposition 7. The extended HJB system for CIIP satisfies

1
− 𝜎2 (𝑤, 𝜋) 𝐺 (𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )) 𝑔𝑤2 (𝑡, 𝑤; 𝑊𝑇𝜋 )}
2
max

(43)

2

1
1
1
(𝑉𝑊𝑊 − 𝛾𝑔𝑤2 ) 𝑊2 Δ1𝑑 + 𝜋 [𝑉𝑊𝑊 (Δ2𝑢 − Δ1𝑢 ) + (𝑉𝑊𝑊 − 𝛾𝑔𝑤2 ) 𝑊2 Δ2𝑑 ] + 𝜋2 (𝑉𝑊𝑊 − 𝛾𝑔𝑤2 ) 𝑊2 Δ3𝑑 }
2
2
2

= 0,
𝑉 (𝑇, 𝑤) = 𝑤,

(44)

𝐴𝑢̂ 𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋̂ ) = 0,
𝑔 (𝑇, 𝑤; 𝑊𝑇𝜋̂ ) = 𝑤,

where

By the optimal condition of (44), we can deduce an optimal strategy. Further, by conjecturing the form of value function and incorporating the optimal strategy into extended
HJB system, we can obtain the value function.

∗

̂ (𝑡) − 𝑟 + 𝜆 ∗ + 𝜇 + 𝜆 ,
Δ1𝑢 = 𝑓
𝑅
𝑒
𝑒
̂ (𝑡) − 𝑟 + 𝜆 ,
Δ2𝑢 = 𝑓
𝑅
2

Δ1𝑑 = (𝛽 + 1) 𝜎2 ,

(45)

Δ2𝑑 = (𝛽 + 1) (𝛽∗ + 1) 𝜎𝜎∗ 𝜌12 + (𝛽 + 1) 𝜎𝜎𝑒 𝜌13 ,
2

Theorem 8. The equilibrium time-consistent strategy for corporate international investment problem (CIIP) is of the
following forms:
𝜋1∗ (𝑡) =

2

Δ3𝑑 = (𝛽∗ + 1) (𝜎∗ ) + 𝜎𝑒2 + 2 (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 ,
̂ is the equilibrium control law which realizes the
and 𝜋
supremum in the first equation of (44).
The term 𝑉𝑡 describes the growth rate of the manager’s
value function. The term 𝑉𝑊 describes the marginal increase
of stochastic return. The term 𝑉𝑊𝑊 reflects the effects of
stochastic return. The term Δ1𝑑 = (𝛽 + 1)2 𝜎2 represents the
home returns volatility. The term (𝛽+1)(𝛽∗ +1)𝜎𝜎∗ 𝜌12 reflects
the home and foreign returns correlation volatility. And the
term (𝛽 + 1)𝜎𝜎𝑒 𝜌13 shows the home returns and exchange
rate correlation volatility. Therefore, the term Δ2𝑑 represents
the sum of these two correlation volatilities. The term Δ3𝑑 =
(𝛽∗ + 1)2 (𝜎∗ )2 + 𝜎𝑒2 + 2(𝛽∗ + 1)𝜎∗ 𝜎𝑒 𝜌23 represents the sum of
foreign returns volatility, exchange rate, and their correlation
volatility.

𝜋2∗

1 𝑟(𝑇−𝑡) 1
Δ 𝑚,
𝑒
𝛾

1
(𝑡) = 𝑒𝑟(𝑇−𝑡) Δ2𝑚 .
𝛾

(46)

And the value functions 𝑉 and 𝑔 are of the following forms:
𝑉 (𝑡, 𝑤) = 𝑒𝑟(𝑇−𝑡) 𝑤 +
𝑟(𝑇−𝑡)

𝑔 (𝑡, 𝑤) = 𝑒

1 𝑇
∫ [Λ (𝑠) − Γ (𝑠)] 𝑑𝑠,
𝛾 𝑡

1 𝑇
𝑤 + ∫ Λ (𝑠) 𝑑𝑠,
𝛾 𝑡

(47)

where
Λ (𝑡) = Δ1𝑚 Δ1𝑢 + Δ2𝑚 Δ2𝑢 ,
2
2
1
1
Γ (𝑡) = − (Δ1𝑚 ) Δ1𝑑 − Δ1𝑚 Δ2𝑚 Δ2𝑑 − (Δ2𝑚 ) Δ3𝑑 ,
2
2

(48)
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the terms Δ1𝑢 , Δ2𝑢 , Δ1𝑑 , Δ2𝑑 , and Δ3𝑑 are given in (45), and
Δ1𝑚 =
Δ2𝑚

=

Δ1𝑢 Δ3𝑑 − Δ2𝑢 Δ2𝑑
2

Δ1𝑑 Δ3𝑑 − (Δ2𝑑 )

Δ2𝑢 Δ1𝑑 − Δ1𝑢 Δ2𝑑
2

Δ1𝑑 Δ3𝑑 − (Δ2𝑑 )

+ Δ2𝑑 𝜇𝑐

,
(49)

𝜕𝜆 𝑒

− Δ1𝑑 𝜇𝑝 (

= 𝑀Δ3𝑑 ,

+ Δ1𝑑 𝜇𝑐

= 𝑀Δ3𝑑 ,

𝜕𝜋2∗
= 𝑀Δ1𝑑 ,
𝜕𝜆 𝑅

(50)

𝜕𝜋2∗
= −𝑀Δ2𝑑 ,
𝜕𝜆 𝑅∗
𝜕𝜋2∗
= −𝑀Δ2𝑑 ,
𝜕𝜇𝑒
𝜕𝜋2∗
= −𝑀Δ2𝑑 .
𝜕𝜆 𝑒
Note that
arguments.

Δ𝑖𝑑

> 0, 𝑖 = 1, 2, 3, so we can get the following

Remark 9. If 𝑀 ≥ 0, 𝜋1∗ increases with respect to foreign
market information cost 𝜆 𝑅∗ , exchange market information
cost 𝜆 𝑒 , and exchange rate 𝜇𝑒 and decreases with respect to
home market information cost 𝜆 𝑅 . 𝜋2∗ decreases with respect
to 𝜆 𝑅∗ , 𝜆 𝑒 , and 𝜇𝑒 and increases with respect to 𝜆 𝑅 and vice
versa.
Now, we explain the economic meanings of the equilibrium time-consistent strategy. By (49), we have
Δ1𝑚 =

1
Δ1𝑑 Δ3𝑑

−

2
(Δ2𝑑 )

[Δ3𝑑 (𝜆 𝑅∗ + 𝜆 𝑒 ) − Δ2𝑑 𝜆 𝑅

+ 𝜇𝑒 Δ3𝑑 − 𝑟 (Δ3𝑑 − Δ2𝑑 )
+ Δ3𝑑 𝜇𝑝∗ (
− Δ2𝑑 𝜇𝑝 (

𝑃0∗ 𝑒𝜇𝑝∗ 𝑡
+ 𝛽∗ )
𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

𝑃0 𝑒𝜇𝑝 𝑡
+ 𝛽)
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡

1
2

Δ1𝑑 Δ3𝑑

+ Δ2𝑑 𝜇𝑝∗ (

𝜕𝜋1∗
= 𝑀Δ3𝑑 ,
𝜕𝜆 𝑅∗

𝜕𝜋1∗

Δ2𝑚 = −

− (Δ2𝑑 )

[Δ2𝑑 (𝜆 𝑅∗ + 𝜆 𝑒 ) − Δ1𝑑 𝜆 𝑅

+ 𝜇𝑒 Δ2𝑑 − 𝑟 (Δ2𝑑 − Δ1𝑑 )

𝜕𝜋1∗
= −𝑀Δ2𝑑 ,
𝜕𝜆 𝑅

𝜕𝜇𝑒

1
2
+ Δ3𝑑 (𝛽∗ (𝛽∗ + 1) (𝜎∗ ) + 2 (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 )
2
1
− Δ2𝑑 𝛽 (𝛽 + 1) 𝜎2 ] ,
2

.

The proof is given in Appendix B.
If we denote that 𝑀 = (1/𝛾)(1/(Δ1𝑑 Δ3𝑑 −(Δ2𝑑 )2 ))𝑒𝑟(𝑇−𝑡) and
by (46), we have

𝜕𝜋1∗

𝐶0∗ 𝑒𝜇𝑐∗ 𝑡
𝐶0 𝑒𝜇𝑐 𝑡
3
∗
−
Δ
𝜇
𝑑 𝑐
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡
𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

𝑃0∗ 𝑒𝜇𝑝∗ 𝑡
+ 𝛽∗ )
𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

𝑃0 𝑒𝜇𝑝 𝑡
+ 𝛽)
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡

𝐶∗ 𝑒𝜇𝑐∗ 𝑡
𝐶0 𝑒𝜇𝑐 𝑡
− Δ2𝑑 𝜇𝑐∗ ∗ 𝜇 ∗ 𝑡0
𝜇
𝑡
𝑃0 𝑒 − 𝐶0 𝑒 𝑐
𝑃0 𝑒 𝑝 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡
𝜇𝑝 𝑡

1
2
+ Δ2𝑑 (𝛽∗ (𝛽∗ + 1) (𝜎∗ ) + 2 (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 )
2
1
− Δ1𝑑 𝛽 (𝛽 + 1) 𝜎2 ] .
2
(51)
For simplifying, we denote that
𝐻11 = Δ3𝑑 (𝜆 𝑅∗ + 𝜆 𝑒 ) − Δ2𝑑 𝜆 𝑅 + 𝜇𝑒 Δ3𝑑 − 𝑟 (Δ3𝑑 − Δ2𝑑 )
+ Δ3𝑑 𝜇𝑝∗ (
− Δ2𝑑 𝜇𝑝 (
+ Δ2𝑑 𝜇𝑐

𝑃0∗ 𝑒𝜇𝑝∗ 𝑡
𝜇
𝑃0∗ 𝑒 𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

+ 𝛽∗ )

𝑃0 𝑒𝜇𝑝 𝑡
+ 𝛽)
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡

𝐶0 𝑒𝜇𝑐 𝑡
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡

− Δ3𝑑 𝜇𝑐∗

𝐶0∗ 𝑒𝜇𝑐∗ 𝑡
,
𝜇𝑝∗ 𝑡
∗
𝑃0 𝑒
− 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

1
2
𝐻12 = Δ3𝑑 (𝛽∗ (𝛽∗ + 1) (𝜎∗ ) + 2 (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 )
2
1
− Δ2𝑑 𝛽 (𝛽 + 1) 𝜎2 ,
2
𝐻21 = Δ2𝑑 (𝜆 𝑅∗ + 𝜆 𝑒 ) − Δ1𝑑 𝜆 𝑅 + 𝜇𝑒 Δ2𝑑 − 𝑟 (Δ2𝑑 − Δ1𝑑 )
+ Δ2𝑑 𝜇𝑝∗ (
− Δ1𝑑 𝜇𝑝 (

𝑃0∗ 𝑒𝜇𝑝∗ 𝑡
+ 𝛽∗ )
𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

𝑃0 𝑒𝜇𝑝 𝑡
+ 𝛽)
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡
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𝐶0 𝑒𝜇𝑐 𝑡
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡

− Δ2𝑑 𝜇𝑐∗

foreign returns is lower, managers will increase the foreign
investments. In this case, the investment flow is affected by
the cross-covariances and the degree of competition in home
and foreign markets. These effects are reflected in the terms
𝐻12 and 𝐻22 .

𝐶0∗ 𝑒𝜇𝑐∗ 𝑡
,
𝜇
𝑃0∗ 𝑒 𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

1
2
𝐻22 = Δ2𝑑 (𝛽∗ (𝛽∗ + 1) (𝜎∗ ) + 2 (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 )
2

Remark 10. We find that the optimal investment strategy does
∗
not depend on the wealth process 𝑊𝑡𝜋 .

1
− Δ1𝑑 𝛽 (𝛽 + 1) 𝜎2 .
2
(52)
Then, the equilibrium time-consistent strategy in (46) can be
expressed as
𝜋1∗

(𝑡) =

𝑀 (𝐻11

+

𝐻12 ) ,

𝜋2∗ (𝑡) = −𝑀 (𝐻21 + 𝐻22 ) .

Inspired by Zeng et al. [20], we can derive the relationship
between conditional expectation and conditional variance
of terminal wealth for corporate international investment
problem (CIIP).
Theorem 11. The efficient frontier of problem (39) at initial
point (𝑡, 𝑊𝑡 ) is given by

(53)

The terms 𝑀𝐻11 and −𝑀𝐻21 are referred to as the “speculative
demand” or the aggressive demand. The terms 𝑀𝐻12 and
−𝑀𝐻22 are called the “hedging demand.” They describe the
demand for home and foreign investments on risk-hedged
basis, respectively.
These expressions of the speculative demand involve
some foreign direct investment theories, some of which
emphasize the cost advantage of host countries and advance
the comparative cost savings offered by foreign production
vis-a-vis home production. These are reflected in the terms
Δ2𝑑 𝜇𝑐 (𝐶0 𝑒𝜇𝑐 𝑡 /(𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡 )) − Δ3𝑑 𝜇𝑐∗ (𝐶0∗ 𝑒𝜇𝑐∗ 𝑡 /(𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 −
𝐶0∗ 𝑒𝜇𝑐∗ 𝑡 )) in 𝐻11 and Δ1𝑑 𝜇𝑐 (𝐶0 𝑒𝜇𝑐 𝑡 /(𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡 )) −
Δ2𝑑 𝜇𝑐∗ (𝐶0∗ 𝑒𝜇𝑐∗ 𝑡 /(𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 −𝐶0∗ 𝑒𝜇𝑐∗ 𝑡 )) in 𝐻21 . Other foreign direct
investment theories, however, incorporate the demand side
effect. In this case, foreign investment depends on whether
output price is higher in foreign market than in home market,
which is reflected in the terms Δ3𝑑 𝜇𝑝∗ (𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 /(𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 −
𝐶0∗ 𝑒𝜇𝑐∗ 𝑡 ) + 𝛽∗ ) − Δ2𝑑 𝜇𝑝 (𝑃0 𝑒𝜇𝑝 𝑡 /(𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡 ) + 𝛽)
in 𝐻11 and Δ2𝑑 𝜇𝑝∗ (𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 /(𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡 ) + 𝛽∗ ) −
Δ1𝑑 𝜇𝑝 (𝑃0 𝑒𝜇𝑝 𝑡 /(𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡 ) + 𝛽) in 𝐻21 . The investment flow
is also affected by the exchange rate and the domestic short
rate. The effect of exchange rate can be seen in the terms 𝜇𝑒 Δ3𝑑
in 𝐻11 and 𝜇𝑒 Δ2𝑑 in 𝐻21 . The effect of short rate can be seen in
the terms −𝑟(Δ3𝑑 − Δ2𝑑 ) in 𝐻11 and −𝑟(Δ2𝑑 − Δ1𝑑 ) in 𝐻21 .
We also take into account information costs as well as
the degree of competition in home and foreign markets. In
fact, if managers do not know about the foreign investment
opportunity or they do not want to spend much information
cost on foreign and exchange market, they will choose to
invest in home market which is referred to as the “home bias
puzzle.” Therefore, information plays an important role in
foreign investment. It can help managers to make decisions
about investment in foreign market. These effects can be seen
in the terms Δ3𝑑 (𝜆 𝑅∗ + 𝜆 𝑒 ) − Δ2𝑑 𝜆 𝑅 in 𝐻11 and Δ2𝑑 (𝜆 𝑅∗ + 𝜆 𝑒 ) −
Δ1𝑑 𝜆 𝑅 in 𝐻21 .
The hedging demand describes a portfolio story as in
Choi [32] and Bellalah and Wu [33]. If the variability of
home returns is higher and the correlation between home and

∗

𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] = 𝑒𝑟(𝑇−𝑡) 𝑊𝑡 − √Var𝑡,𝑤 [𝑊𝑇𝜋 ]
∗

𝑇

⋅

∫𝑡 Λ (𝑠) 𝑑𝑠
𝑇

√2 ∫ Γ (𝑠) 𝑑𝑠
𝑡

(54)
,

where Λ(𝑡) and Γ(𝑡) are given in (48).
The proof is given in Appendix C.
Remark 12. For all (𝑡, 𝑊𝑡 ) ∈ [0, 𝑇] × W, the relationship
∗
∗
between 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] and Var𝑡,𝑤 [𝑊𝑇𝜋 ] is given by (54). It is also
called the efficient frontier of problem (39) at initial point
(𝑡, 𝑊𝑡 ) in the modern portfolio theory.
3.5. Corporate International Investment Problem with StateDependent Risk Aversion Coefficient. In this section, we
consider corporate international investment problem (CIIP)
under mean-variance criterion with state-dependent risk
aversion coefficient which is discussed in Björk et al. [37]; that
is, the value functional is given by
𝐽 (𝑡, 𝑤, 𝜋) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] −

𝛾 (𝑤)
Var𝑡,𝑤 [𝑊𝑇𝜋 ] ,
2

(55)

where 𝛾(𝑤) = 𝛾/𝑤.
The target of manager is to find the equilibrium timeconsistent strategy or optimal solution 𝜋∗ = (𝜋1∗ , 𝜋2∗ ) and the
equilibrium value function
𝑉 (𝑡, 𝑤) = 𝐽 (𝑡, 𝑤, 𝜋∗ ) .

(56)

As indicated in Section 2.2, for these questions, value function
(55) can be written as
𝐽 (𝑡, 𝑤, 𝜋) = 𝐸𝑡,𝑤 [𝐹 (𝑤, 𝑊𝑇𝜋 )] + 𝐺 (𝑤, 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ]) ,

(57)

where
𝐹 (𝑥, 𝑦) = 𝑦 −

𝛾 2
𝑦,
2𝑥

𝛾 2
𝐺 (𝑥, 𝑦) =
𝑦.
2𝑥

(58)
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where 𝑐1 (𝑡), 𝑐2 (𝑡), 𝑘1 (𝑡), and 𝑘2 (𝑡) satisfy the following integral
equations:

Note that
𝑉 (𝑡, 𝑤) = 𝐽 (𝑡, 𝑤, 𝜋∗ )
=

∗
𝐸𝑡,𝑤 [𝑊𝑇𝜋 ]

∗
𝛾
−
Var𝑡,𝑤 [𝑊𝑇𝜋 ] .
2𝑤

(59)

𝑐1 (𝑡)
= Δ1𝑚
𝑇
1 𝑇
⋅ ( 𝑒∫𝑡 [Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠 + 𝑒∫𝑡 [2Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠 − 1) ,
𝛾

We recall the probabilistic interpretations
∗

∗

∗

∗

𝑓 (𝑡, 𝑤, 𝑦; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] −

∗ 2
𝛾
𝐸𝑡,𝑤 [(𝑊𝑇𝜋 ) ] ,
2𝑦

𝑐2 (𝑡)
= Δ1𝑚

(60)

𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] .

𝑇
1 𝑇
⋅ ( 𝑒∫𝑡 [Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠 + 𝑒∫𝑡 [2Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠 − 1) ,
𝛾

From these, we have

𝑘1 (𝑡)
∗

𝑉 (𝑡, 𝑤) = 𝑓 (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) +

∗
𝛾 2
𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ) .
2𝑤

= −Δ2𝑚

(61)

By Proposition 3, we get the following results after a large
number of elementary calculations.

𝑇
𝑇
𝑠
1
⋅ ( − 𝑒2 ∫𝑡 Ψ1 (𝑠)𝑑𝑠 ) ∫ 𝑒− ∫𝑡 Φ1 (𝜏)𝑑𝜏 Φ2 (𝑠) 𝑑𝑠,
2
𝑡

𝑘2 (𝑡)

Proposition 13. With notations as above, the extended HJB
system takes the form
𝑓𝑡 +

𝛾
𝛾
𝑔𝑔 + sup {(𝑓𝑤 + 𝑔𝑔𝑤 )
𝑤 𝑡 𝜋∈Π
𝑤

⋅ (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟) +

𝛾
1
(𝑓 + 𝑔𝑔 )
2 𝑤𝑤 𝑤 𝑤𝑤

(62)

2

2

2

⋅ 𝜎2 + 𝑐22 (𝑡) ((𝛽∗ + 1) (𝜎∗ ) + 𝜎𝑒2 ) + 2𝑐1 (𝑡) 𝑐2 (𝑡)

𝑑

𝑑

⋅ ((𝛽 + 1) (𝛽∗ + 1) 𝜎𝜎∗ 𝜌12 + (𝛽 + 1) 𝜎𝜎𝑒 𝜌13 )

(𝛾/𝑤) 𝑔𝑔𝑤 Δ1𝑢 Δ2𝑑
(𝛾/𝑤) 𝑔𝑔𝑤𝑤 Δ1 Δ3
𝑑 𝑑

+ 2𝑐22 (𝑡) (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 ,

𝑑

Φ2 (𝑡) = 2 (𝑘1 (𝑡) Δ1𝑢 + 𝑘2 (𝑡) Δ2𝑢 ) + 2𝑐1 (𝑡) 𝑘1 (𝑡)

𝑓𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤 1
Δ ,
𝑓𝑤𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤𝑤 𝑚
𝑓𝑤 +
𝑓𝑤𝑤 +

Ψ1 (𝑡) = 𝑐1 (𝑡) Δ1𝑢 + 𝑐2 (𝑡) Δ2𝑢 + 𝑟,
Φ1 (𝑡) = 2 (𝑐1 (𝑡) Δ1𝑢 + 𝑐2 (𝑡) Δ2𝑢 + 𝑟) + 𝑐12 (𝑡) (𝛽 + 1)

𝑓 + (𝛾/𝑤) 𝑔𝑔𝑤 Δ2𝑢 Δ2𝑑 − Δ1𝑢 Δ3𝑑
= 𝑤
𝑓𝑤𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤𝑤 Δ1 Δ3 − (Δ2 )2

𝜋2∗ =

𝑇
𝑇
𝑠
1
⋅ ( − 𝑒2 ∫𝑡 Ψ1 (𝑠)𝑑𝑠 ) ∫ 𝑒− ∫𝑡 Φ1 (𝜏)𝑑𝜏 Φ2 (𝑠) 𝑑𝑠,
2
𝑡

Ψ2 (𝑡) = 𝑘1 (𝑡) Δ1𝑢 + 𝑘2 (𝑡) Δ2𝑢 ,

and the optimal solution is given by

=

= −Δ1𝑚

with

⋅ (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 )} = 0,

𝜋1∗

(65)

− Δ2𝑢 Δ1𝑑
2
− (Δ2𝑑 )

(63)

⋅ ((𝛽 + 1) (𝛽∗ + 1) 𝜎𝜎∗ 𝜌12 + (𝛽 + 1) 𝜎𝜎𝑒 𝜌13 )
+ 4𝑐2 (𝑡) 𝑘2 (𝑡) (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 ,

The proof is given in Appendix D.
Following Y. Li and Z. Li [21], we have two theorems as
follows.
Theorem 14. The equilibrium time-consistent strategy for CIIP
is given by

𝜋2∗ = 𝑐2 (𝑡) 𝑤 + 𝑘2 (𝑡) ,

2

+ 2 (𝑐1 (𝑡) 𝑘2 (𝑡) + 𝑐2 (𝑡) 𝑘1 (𝑡))

𝑓 + (𝛾/𝑤) 𝑔𝑔𝑤 2
= 𝑤
Δ .
𝑓𝑤𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤𝑤 𝑚

𝜋1∗ = 𝑐1 (𝑡) 𝑤 + 𝑘1 (𝑡) ,

2

2

⋅ (𝛽 + 1) 𝜎2 + 2𝑐2 (𝑡) 𝑘2 (𝑡) ((𝛽∗ + 1) (𝜎∗ ) + 𝜎𝑒2 ) (66)

(64)

2

Φ3 (𝑡) = 𝑘12 (𝑡) (𝛽 + 1) 𝜎2 + 𝑘22 (𝑡)
2

2

⋅ ((𝛽∗ + 1) (𝜎∗ ) + 𝜎𝑒2 ) + 𝑘1 (𝑡) 𝑘2 (𝑡)
⋅ ((𝛽 + 1) (𝛽∗ + 1) 𝜎𝜎∗ 𝜌12 + (𝛽 + 1) 𝜎𝜎𝑒 𝜌13 )
+ 𝑘22 (𝑡) (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 ,
and the symbols Δ1𝑢 , Δ2𝑢 are given in (45).
The proof is given in Appendix E.
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Figure 1: Portfolio changes with time 𝑡.

Theorem 15. Integral equations (65) admit a unique solution
𝑐1 (𝑡), 𝑐2 (𝑡), 𝑘1 (𝑡), 𝑘2 (𝑡) ∈ 𝐶1 [0, 𝑇] ∪ 𝐶2 [0, 𝑇].
The proof can be seen in Y. Li and Z. Li [21].

4. Simulating Results
In this section, we give some simulating results of the optimal
investment strategy for CIIP. Suppose that the time unit in
the model is one year and let 𝛽 = −0.02, 𝛽∗ = −0.02, 𝜇𝑝 =
0.08, 𝜇𝑝∗ = 0.06, 𝜇𝑐 = 0.02, 𝜇𝑐∗ = 0.03, 𝜎 = 0.2, 𝜎∗ = 0.15,
𝜎𝑒 = 0.05, 𝜌12 = 0.8, 𝜌13 = 0.6, 𝜌23 = 0.4, 𝜇𝑒 = 0.02, 𝜆 𝑅 =
0.005, 𝜆 𝑅∗ = 0.01, 𝜆 𝑒 = 0.01, 𝑃0 = 6 = 𝑃0∗ , and 𝐶0 = 2 =
𝐶0∗ . Besides, let the interest rate 𝑟 = 0.003, and risk aversion
coefficient 𝛾 = 5. For simplifying, we set 𝜋1 = 𝜋1∗ /𝑊𝑡 , 𝜋2 =
𝜋2∗ /𝑊𝑡 , and then 𝜋0 = 1 − 𝜋1∗ /𝑊𝑡 − 𝜋2∗ /𝑊𝑡 .
Example 16. In this example, we present that the optimal
investment strategy 𝜋 = (𝜋1 , 𝜋2 ) changes with time 𝑡.
As can be seen from Figure 1, the variable 𝜋1 increases
with respect to time 𝑡, which shows that the money invested in
home market is growing over time. The variable 𝜋2 decreases
with respect to time 𝑡, which shows that the money invested
in foreign market is declining over time. And the trend of
variable 𝜋0 = 1 − 𝜋1 − 𝜋2 , representing the money invested in
risk-free asset, is similar to 𝜋1 .
Example 17. In this example, we present that the optimal
investment strategy 𝜋 = (𝜋1 , 𝜋2 ) changes with parameters
𝜆 𝑅∗ , 𝜆 𝑅 , 𝜆 𝑒 , and 𝜇𝑒 .
To find the relationship between the portfolio and a single
parameter, we set other parameters equal to zero. Besides,
let 𝑇 = 30 and 𝑡 = 5, so we get four figures for different
parameters.

In Figure 2(a), we get the curve demonstrating that the
portfolio changes with home market information cost 𝜆 𝑅 .
When 𝜆 𝑅 = −0.035, we can get the optimal investment strategy 𝜋1 = 0.2671, 𝜋2 = 0.1714, and 𝜋0 = 0.5615, which shows
that 26.71% of the wealth should be invested in home market,
17.14% of the wealth should be invested in foreign market,
and 56.15% of that should be invested in risk-free asset.
In Figure 2(b), we get the curve demonstrating that the
portfolio changes with foreign market information cost 𝜆 𝑅∗ .
When 𝜆 𝑅∗ = 0.03, we can get the optimal investment strategy
𝜋1 = 0.1899, 𝜋2 = 0.4975, and 𝜋0 = 0.3127, which shows that
18.99% of the wealth should be invested in home market,
49.75% of the wealth should be invested in foreign market,
and 31.27% of that should be invested in risk-free asset.
In Figure 2(c), we get the curve demonstrating that the
portfolio changes with exchange market information cost 𝜆 𝑒 .
When 𝜆 𝑒 = 0.045, we can get the optimal investment strategy
𝜋1 = 0.4976, 𝜋2 = 0.2006, and 𝜋0 = 0.3018, which shows that
49.76% of the wealth should be invested in home market,
20.06% of the wealth should be invested in foreign market,
and 30.18% of that should be invested in risk-free asset.
In Figure 2(d), we get the curve demonstrating that the
portfolio changes with exchange rate 𝜇𝑒 . When 𝜇𝑒 = 0.025,
we can get the optimal investment strategy 𝜋1 = 0.0873,
𝜋2 = 0.5964, and 𝜋0 = 0.3163, which shows that 8.73% of
the wealth should be invested in home market, 59.64% of the
wealth should be invested in foreign market, and 31.63% of
that should be invested in risk-free asset.

5. Conclusion
In this paper, we analyze a continuous-time model for corporate international investment problem (CIIP) with meanvariance criterion. Inspired by Björk and Murgoci [7], based
on Nash subgame perfect equilibrium theory, we define an
infinitesimal operator and deduce an extended HJB equation
in continuous time. Besides, combining Björk and Murgoci
[7] with Bellalah and Wu [33], we obtain the equilibrium
time-consistent strategy for corporate international investment problem. In addition, following Björk et al. [37] and Y. Li
and Z. Li [21], we discuss two cases of risk aversion coefficient:
one is constant and the other is state dependent. Finally, the
simulating results are given to illustrate our conclusion and
the influence of some parameters on the optimal solution.
Several possible extensions of this study may be interesting. Firstly, our study could be extended to stochastic interest
rate and inflation. Secondly, jump-diffusion could be taken
into account in our model. Thirdly, we could also consider
that the prices of input and output hold for CEV model or
mean-reverse model.

Appendix
A. Deriving the Dynamics Price Process
Generally, we consider the dynamics output price process
𝑑𝑃𝑡 = 𝑃𝑡 (𝜇𝑝 𝑑𝑡 + 𝜎𝑑𝐵𝑡1 ) .

(A.1)
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Figure 2: (a) Portfolio changes with home market information cost 𝜆 𝑅 . (b) Portfolio changes with foreign market information cost 𝜆 𝑅∗ . (c)
Portfolio changes with exchange market information cost 𝜆 𝑒 . (d) Portfolio changes with exchange rate 𝜇𝑒 .

Denote that 𝑌 = ln 𝑃, which means that 𝑌𝑡 = 0, 𝑌𝑃 = 1/𝑃,
and 𝑌𝑃𝑃 = −1/𝑃2 . By Itô Lemma, we obtain
1
𝑑𝑌 = 𝑑 ln 𝑃𝑡 = 𝑌𝑡 𝑑𝑡 + 𝑌𝑃 𝑑𝑃 + 𝑌𝑃𝑃 (𝑑𝑃)2
2
1
= (𝜇𝑝 − 𝜎2 ) 𝑑𝑡 + 𝜎𝑑𝐵𝑡1 .
2

Similarly, we have
∗ 2

𝑃𝑡∗ = 𝑃0∗ 𝑒[𝜇𝑝∗ −(1/2)(𝜎
2

) ]𝑡 𝜎𝐵𝑡2

𝑒

,

1

𝐶𝑡 = 𝐶0 𝑒(𝜇𝑐 −(1/2)𝜎 )𝑡 𝑒𝜎𝐵𝑡 ,
(A.2)

𝐶𝑡∗

=

∗ 2
2
𝐶0∗ 𝑒[𝜇𝑐∗ −(1/2)(𝜎 ) ]𝑡 𝑒𝜎𝐵𝑡 ,
2

(A.4)

3

𝑒𝑡 = 𝑒0 𝑒(𝜇𝑒 −(1/2)𝜎𝑒 )𝑡 𝑒𝜎𝐵𝑡 .

Therefore, we obtain

Now, we derive the dynamics cash flow process in home
market. Notice that
2

1

𝑃𝑡 = 𝑃0 𝑒(𝜇𝑝 −(1/2)𝜎 )𝑡 𝑒𝜎𝐵𝑡 .

(A.3)

𝛽

𝑅𝑡 = (1 − 𝜏) 𝑃𝑡 (𝑃𝑡 − 𝐶𝑡 ) .

(A.5)
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̃ = (1−𝜏)𝑃𝛽 (𝑃−𝐶) = (1−𝜏)𝑃𝛽+1 −(1−𝜏)𝑃𝛽 𝐶,
Denote that 𝑌
which means that

Similarly, we can derive the dynamics cash flow process
in foreign market before exchanging as follows:

̃ 𝑡 = 0,
𝑌

𝑑𝑅𝑡

̃ 𝑃 = (1 − 𝜏) (𝛽 + 1) 𝑃 − (1 − 𝜏) 𝛽𝑃
𝑌
𝛽

𝛽−1

𝑅𝑡

𝐶,

̃ 𝑃𝑃 = (1 − 𝜏) 𝛽 (𝛽 + 1) 𝑃𝛽−1
𝑌

= 𝑓 (𝑡) 𝑑𝑡 + (𝛽∗ + 1) 𝜎∗ 𝑑𝐵𝑡2 ,

where

− (1 − 𝜏) 𝛽 (𝛽 − 1) 𝑃𝛽−2 𝐶,

1 ∗
2
2
(𝛽 + 1) (𝜎∗ )
2

𝑓 (𝑡) =

(A.6)

̃ 𝐶 = − (1 − 𝜏) 𝑃𝛽 ,
𝑌

+ (𝛽∗ + 1) (𝜇𝑝∗ −

̃ 𝐶𝐶 = 0,
𝑌
̃ 𝑃𝐶 = − (1 − 𝜏) 𝛽𝑃𝛽−1 .
𝑌

+

Similar to (A.2), we get

𝑃−𝐶

] 𝑑𝑡

(A.7)

Notice that the term (𝜇𝑝 − 𝜇𝑐 )𝐶/(𝑃 − 𝐶) existed in the
above equation. By (A.1)–(A.3), we have
2

1

𝐶0 𝑒(𝜇𝑐 −(1/2)𝜎 )𝑡 𝑒𝜎𝐵𝑡
𝐶
=
𝑃 − 𝐶 𝑃0 𝑒(𝜇𝑝 −(1/2)𝜎2 )𝑡 𝑒𝜎𝐵𝑡1 − 𝐶0 𝑒(𝜇𝑐 −(1/2)𝜎2 )𝑡 𝑒𝜎𝐵𝑡1
𝐶0 𝑒𝜇𝑐 𝑡
,
𝑃0 𝑒𝜇𝑝 𝑡 − 𝐶0 𝑒𝜇𝑐 𝑡

(A.14)

(A.9)

(A.10)

(A.16)

𝑉 (𝑡, 𝑤) = 𝐴 (𝑡) 𝑤 + 𝐵 (𝑡) ,
𝐴 (𝑇) = 1,
𝐵 (𝑇) = 0,
(B.1)

𝑎 (𝑇) = 1,

̂ (𝑡) = 1 (𝛽 + 1)2 𝜎2 + (𝛽 + 1) (𝜇 − 1 𝜎2 )
𝑓
𝑝
2
2

𝑏 (𝑇) = 0.
(A.11)

.

We conjecture that the value functions 𝑉(𝑡, 𝑤) and 𝑔(𝑡, 𝑤;
𝑊𝑇𝜋̂ ) have the following forms:

𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋̂ ) = 𝑎 (𝑡) 𝑤 + 𝑏 (𝑡) ,

where

− 𝐶0

(A.15)

𝜎𝑒 𝑑𝐵𝑡3 ,

B. Proof of Theorem 8

𝑑𝑅𝑡 ̂
= 𝑓 (𝑡) 𝑑𝑡 + (𝛽 + 1) 𝜎𝑑𝐵𝑡1 ,
𝑅𝑡

𝑒𝜇𝑐 𝑡

𝑑𝑅∗
̂ ∗ (𝑡) + 𝜇 + 𝜆 ] 𝑑𝑡 + (𝛽∗ + 1) 𝜎∗ 𝑑𝐵2
= [𝑓
𝑒
𝑒
𝑡
𝑅∗
+

The dynamics cash flow process in home market can be
expressed as

(𝜇𝑝 − 𝜇𝑐 ) 𝐶0 𝑒𝜇𝑐 𝑡

Therefore, we obtain the dynamics cash flow process coming
from foreign market as follows:

̂ ∗ (𝑡) = 𝑓 (𝑡) + (𝛽∗ + 1) 𝜎∗ 𝜎 𝜌 .
𝑓
𝑒 23

1
1
2
= (𝛽 + 1) 𝜎2 + (𝛽 + 1) (𝜇𝑝 − 𝜎2 ) .
2
2

𝑃0 𝑒

= 𝑒𝑡 𝑅𝑡 {[𝑓 (𝑡) + (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 + 𝜇𝑒 + 𝜆 𝑒 ] 𝑑𝑡

where

1
(𝛽 + 1) (𝜇𝑝 + 𝛽𝜎2 )
2

𝜇𝑝 𝑡

.

+ 𝑑 (𝑒𝑡 ) 𝑑 (𝑅𝑡 )

(A.8)

and the fact

+

𝑃0∗ 𝑒𝜇𝑝∗ 𝑡 − 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

+ (𝛽∗ + 1) 𝜎∗ 𝑑𝐵𝑡2 + 𝜎𝑒 𝑑𝐵𝑡3 } .

+ (𝛽 + 1) 𝜎𝑑𝐵𝑡1 } .

=

(𝜇𝑝∗ − 𝜇𝑐∗ ) 𝐶0∗ 𝑒𝜇𝑐∗ 𝑡

(A.13)

𝑑𝑅∗ = 𝑑 (𝑒𝑡 𝑅𝑡 ) = 𝑑 (𝑒𝑡 ) 𝑅𝑡 + 𝑒𝑡 𝑑 (𝑅𝑡 )

1̃
̃ 𝑃𝐶𝑑𝑃𝑑𝐶 = (1 − 𝜏) 𝑃𝛽 (𝑃 − 𝐶)
+ 𝑌
(𝑑𝐶)2 + 𝑌
2 𝐶𝐶
(𝜇𝑝 − 𝜇𝑐 ) 𝐶

1 ∗ 2
(𝜎 ) )
2

Then, by 𝑅∗ = 𝑒𝑡 𝑅𝑡 , the dynamics cash flow process in
foreign market after exchanging is given by

̃ = 𝑑𝑅𝑡 = 𝑌
̃ (𝑑𝑃)2 + 𝑌
̃ 𝑡 𝑑𝑡 + 𝑌
̃ 𝑃 𝑑𝑃 + 1 𝑌
̃ 𝐶𝑑𝐶
𝑑𝑌
2 𝑃𝑃

1
⋅ {[(𝛽 + 1) (𝜇𝑝 + 𝛽𝜎2 ) +
2

(A.12)

𝑉(𝑇, 𝑊(𝑇)) and 𝑔(𝑇, 𝑊(𝑇); 𝑊𝑇𝜋̂ ) satisfy the boundary conditions 𝑉(𝑇, 𝑊(𝑇)) = 𝑊𝑇 and 𝑔(𝑇, 𝑊(𝑇); 𝑊𝑇𝜋̂ ) = 𝑊𝑇 ,
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respectively. Given the linear structure of dynamics as well
as the boundary conditions, it is natural to make the ansatz

= sup {𝑉𝑡 + 𝑉𝑤 𝑤𝑟 + 𝜋1 𝑉𝑤 Δ1𝑢 + 𝜋2 𝑉𝑤 Δ2𝑢
𝜋∈Π

̇ + 𝐵,̇
𝑉𝑡 = 𝐴𝑤

1
+ 𝜋12 [𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ] Δ1𝑑
2

̇ + 𝑏,̇
𝑔𝑡 = 𝑎𝑤

+ 𝜋1 𝜋2 (𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ) Δ2𝑑

𝑉𝑤 = 𝐴,

(B.2)

𝑔𝑤 = 𝑎,

1
+ 𝜋22 (𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ) Δ3𝑑 } .
2
(B.6)

𝑉𝑤𝑤 = 0,

Therefore, the HJB system can be expressed as

𝑔𝑤𝑤 = 0.

sup {𝑉𝑡 + 𝑉𝑤 𝑤𝑟 + 𝜋1 𝑉𝑤 Δ1𝑢 + 𝜋2 𝑉𝑤 Δ2𝑢

For convenience, we denote that

𝜋∈U

Δ1𝑢

̂ ∗ (𝑡) − 𝑟 + 𝜆 ∗ + 𝜇 + 𝜆 ,
=𝑓
𝑅
𝑒
𝑒

1
+ 𝜋12 [𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ] Δ1𝑑
2

Δ2𝑢

̂ (𝑡) − 𝑟 + 𝜆 ,
=𝑓
𝑅

+ 𝜋1 𝜋2 [𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ] Δ2𝑑
1
+ 𝜋22 [𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ] Δ3𝑑 } = 0,
2

2

Δ1𝑑 = (𝛽 + 1) 𝜎2 ,
Δ2𝑑 = (𝛽 + 1) (𝛽∗ + 1) 𝜎𝜎∗ + (𝛽 + 1) 𝜎𝜎𝑒 ,
Δ3𝑑

2

∗

∗ 2

= (𝛽 + 1) (𝜎 ) +

Δ1𝑚 =
Δ2𝑚 =

Δ1𝑢 Δ3𝑑 − Δ2𝑢 Δ2𝑑
2

Δ1𝑑 Δ3𝑑 − (Δ2𝑑 )

Δ2𝑢 Δ1𝑑 − Δ1𝑢 Δ2𝑑
2

Δ1𝑑 Δ3𝑑 − (Δ2𝑑 )

𝜎𝑒2

∗

∗

+ 2 (𝛽 + 1) 𝜎 𝜎𝑒 ,

(B.3)

,

𝑉𝑤 Δ1𝑢 + (𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ) (𝜋1 Δ1𝑑 + 𝜋2 Δ2𝑑 ) = 0,
𝑉𝑤 Δ2𝑢 + (𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ) (𝜋1 Δ2𝑑 + 𝜋2 Δ3𝑑 ) = 0,

.

+ 𝜋2 (𝛽 + 1) 𝜎

𝑑𝐵𝑡2

+

𝜋2 𝜎𝑒 𝑑𝐵𝑡3 .

2

(B.5)

By (B.4)-(B.5) and Proposition 6, we can deduce an
extended HJB equation
1
0 = sup {𝐴 𝑉 (𝑡, 𝑤) − (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ1𝑑
2
𝜋∈Π
𝜋

+ 𝜋12 Δ1𝑑 ) 𝐺 𝑔𝑤2 } = sup {𝑉𝑡
𝜋∈Π

+
+

+

(B.9)

+ 𝑤𝑟)

1
(𝑉 − 𝐺 𝑔𝑤2 ) (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 )}
2 𝑤𝑤

Δ1𝑢 Δ3𝑑 − Δ2𝑢 Δ2𝑑
𝑉𝑤
⋅
𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 Δ1 Δ3 − (Δ2 )2
𝑑 𝑑
𝑑

fl −
𝜋2∗

[𝑑𝑊𝑡 ] = (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 ) 𝑑𝑡.

𝜋2 Δ2𝑢

𝜋1∗ = −

(B.4)

By (B.3) and (B.4), we have

𝑉𝑤 (𝜋1 Δ1𝑢

(B.8)

which implies that

𝑑𝑊𝑡 = (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟) 𝑑𝑡 + 𝜋1 (𝛽 + 1) 𝜎𝑑𝐵𝑡1
∗

𝐴𝜋̂ 𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋̂ ) = 0.
By the first-order conditions of (B.7), we have

Then, by (38), the corporate wealth process can be written as

∗

(B.7)

𝑉𝑤
⋅ Δ1𝑚 ,
𝑉𝑤𝑤 − 𝐺 𝑔𝑤2

Δ2𝑢 Δ1𝑑 − Δ1𝑢 Δ2𝑑
𝑉𝑤
=−
⋅
𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 Δ1 Δ3 − (Δ2 )2
𝑑 𝑑
𝑑
fl −

(B.10)

𝑉𝑤
⋅ Δ2𝑚 .
𝑉𝑤𝑤 − 𝐺 𝑔𝑤2

By (B.2), we have
𝑉𝑤
𝐴
= − 2.
𝑉𝑤𝑤 − 𝐺 𝑔𝑤2
𝛾𝑎

(B.11)

Therefore, the optimal strategy can be written as
𝜋1∗ =
𝜋2∗

1𝐴 1
Δ ,
𝛾 𝑎2 𝑚

1𝐴 2
=
Δ .
𝛾 𝑎2 𝑚

(B.12)
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Similar to (B.14) and (B.15), the functions 𝑎 and 𝑏 must satisfy
the following ODE:

Incorporating (B.2) and (B.12) into (B.7), we have
0 = sup {𝑉𝑡 + 𝑉𝑤 𝑤𝑟 + 𝜋1 𝑉𝑤 Δ1𝑢 + 𝜋2 𝑉𝑤 Δ2𝑢

𝑎̇ + 𝑎𝑟 = 0,

(B.19)

1𝐴
Λ = 0.
𝑏̇ +
𝛾𝑎

(B.20)

𝜋∈Π

1
+ 𝜋12 [𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ] Δ1𝑑
2
+ 𝜋1 𝜋2 [𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ] Δ2𝑑

By (B.19) and the boundary condition 𝑎(𝑇) = 1, we have

1
̇ + 𝐵̇ + 𝐴𝑤𝑟
+ 𝜋22 [𝑉𝑤𝑤 − 𝐺 𝑔𝑤2 ] Δ3𝑑 } = 𝐴𝑤
2
+

1𝐴 1 1𝐴 2
Δ
Δ [−𝛾𝑎2 ] Δ2𝑑
𝛾 𝑎2 𝑚 𝛾 𝑎2 𝑚

1 1𝐴 2 2
̇ + 𝐵̇ + 𝐴𝑤𝑟
Δ ) [−𝛾𝑎2 ] Δ3𝑑 = 𝐴𝑤
(
2 𝛾 𝑎2 𝑚
2

𝑏 (𝑡) =
(B.13)

⋅

𝐵 (𝑡) =

𝐴
1 𝐴
⋅ Δ3𝑑 ( ) = (𝐴̇ + 𝐴𝑟) 𝑤 + 𝐵̇ + ( )
𝑎
𝛾 𝑎

𝜋2∗

⋅ [(Δ1𝑚 Δ1𝑢 + Δ2𝑚 Δ2𝑢 )

As (B.13) must be satisfied for every 𝑤, the variables 𝐴 and
𝐵 must satisfy the following ordinary differential equation
(ODE):
𝐴̇ + 𝐴𝑟 = 0,

(B.14)

1 𝐴
𝐵̇ + ( ) (Λ − Γ) = 0,
𝛾 𝑎

(B.15)

2

where

1
= 𝑒𝑟(𝑇−𝑡) Δ2𝑚 .
𝛾

𝑉 (𝑡, 𝑤) = 𝑒𝑟(𝑇−𝑡) 𝑤 +
𝑟(𝑇−𝑡)

𝑔 (𝑡, 𝑤) = 𝑒

(B.24)

1 𝑇
∫ [Λ (𝑠) − Γ (𝑠)] 𝑑𝑠,
𝛾 𝑡

1 𝑇
𝑤 + ∫ Λ (𝑠) 𝑑𝑠,
𝛾 𝑡

(B.25)

where Λ(𝑠), Γ(𝑠) are given in (B.16) and Δ1𝑢 , Δ2𝑢 , Δ1𝑑 , Δ2𝑑 , Δ3𝑑 ,
Δ1𝑚 , and Δ2𝑚 are given in (B.3).
Then, we complete the proof.

(B.16)

According to the definition of value function
𝑉 (𝑡, 𝑤) = 𝐽 (𝑡, 𝑤, 𝜋∗ )
∗
∗
𝛾
= 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] − Var𝑡,𝑤 [𝑊𝑇𝜋 ]
2

By (B.14) and the boundary condition 𝐴(𝑇) = 1, we have
(B.17)

As (B.15) contains an unknown function 𝑎, we must use
(B.8) to determine it. Inserting (B.2), (B.12), and (B.17) into
(B.8), we have
1𝐴 1 1
(Δ 𝑚 Δ 𝑢 + Δ2𝑚 Δ2𝑢 ) .
𝛾𝑎

1 𝑟(𝑇−𝑡) 1
Δ 𝑚,
𝑒
𝛾

C. Proof of Theorem 11

Λ (𝑡) = Δ1𝑚 Δ1𝑢 + Δ2𝑚 Δ2𝑢 ,

0 = (𝑎̇ + 𝑎𝑟) 𝑤 + 𝑏̇ +

(B.23)

And the value functions 𝑉 and 𝑔 are of the following forms:

2
2
1
1
− ( (Δ1𝑚 ) Δ1𝑑 + Δ1𝑚 Δ2𝑚 Δ2𝑑 + (Δ2𝑚 ) Δ3𝑑 )] .
2
2

𝐴 (𝑡) = 𝑒−𝑟(𝑇−𝑡) .

1 𝑇
∫ [Λ (𝑠) − Γ (𝑠)] 𝑑𝑠.
𝛾 𝑡

𝜋1∗ =

2

2
2
1
1
Γ (𝑡) = (Δ1𝑚 ) Δ1𝑑 + Δ1𝑚 Δ2𝑚 Δ2𝑑 + (Δ2𝑚 ) Δ3𝑑 .
2
2

(B.22)

Therefore, we obtain the equilibrium time-consistent
strategy as follows:

2
𝐴 2 1
𝐴 2 1
( ) − Δ1𝑚 Δ2𝑚 Δ2𝑑 ( ) −
(Δ2 )
𝑎
𝛾
𝑎
2𝛾 𝑚
2

1 𝑇
∫ Λ (𝑠) 𝑑𝑠.
𝛾 𝑡

Meanwhile, (B.15) and 𝐵(𝑇) = 0 give us

2

2
1
𝐴
1
𝐴
1
+ Δ1𝑚 Δ1𝑢 ( ) + Δ2𝑚 Δ2𝑢 ( ) −
(Δ1𝑚 )
𝛾
𝑎
𝛾
𝑎
2𝛾

Δ1𝑑

(B.21)

Notice that (B.17) and (B.21) lead to 𝐴/𝑎 = 1. Equation
(B.20) and 𝑏(𝑇) = 0 give us

1 𝐴2 1 1 1 𝐴2 2 2 1 1 𝐴 1 2
Δ Δ +
Δ Δ + (
Δ )
𝛾 𝑎2 𝑚 𝑢 𝛾 𝑎2 𝑚 𝑢 2 𝛾 𝑎2 𝑚

⋅ [−𝛾𝑎2 ] Δ1𝑑 +
+

𝑎 (𝑡) = 𝑒−𝑟(𝑇−𝑡) .

(B.18)

(C.1)

and the optimal value function given in Theorem 8,
𝑉 (𝑡, 𝑤) = 𝑒𝑟(𝑇−𝑡) 𝑤 +
∗

𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝑒𝑟(𝑇−𝑡) 𝑤 +

1 𝑇
∫ [Λ (𝑠) − Γ (𝑠)] 𝑑𝑠,
𝛾 𝑡

(C.2)

1 𝑇
∫ Λ (𝑠) 𝑑𝑠.
𝛾 𝑡

(C.3)

16
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∗

(𝐴𝜋 𝑓) (𝑡, 𝑤, 𝑤; 𝑊𝑇𝜋 ) = 𝑓𝑡 + (𝑓𝑤 + 𝑓V )

∗

And noticing that 𝑔(𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ], we have
∗
Var𝑡,𝑤 [𝑊𝑇𝜋 ]

⋅ (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟) +

∗
2
= (𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] − 𝑉 (𝑡, 𝑤))
𝛾

=

2
(𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ) − 𝑉 (𝑡, 𝑤))
𝛾

=

2 𝑇
∫ Γ (𝑠) 𝑑𝑠,
𝛾2 𝑡

1
(𝑓 + 2𝑓𝑤V + 𝑓VV )
2 𝑤𝑤

⋅ (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 ) ,

∗

(C.4)

(𝐴𝜋 𝑓𝑤 ) (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝑓𝑡 + 𝑓𝑤 (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟)
1
+ 𝑓𝑤𝑤 (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 ) ,
2
(𝐴𝜋 (𝐺 ⬦ 𝑔)) (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝐺V 𝑔𝑡 + (𝐺𝑤 + 𝐺V 𝑔𝑤 )

which leads to

⋅ (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟)
∗

Var𝑡,𝑤 [𝑊𝑇𝜋 ]
1
.
=√
𝑇
𝛾
2 ∫ Γ (𝑠) 𝑑𝑠

+

(C.5)

𝑡

1
(𝐺 + 𝐺VV 𝑔𝑤2 + 𝐺V 𝑔𝑤𝑤 + 2𝐺𝑤V 𝑔𝑤 )
2 𝑤𝑤

⋅ (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 ) ,
(D.1)

Then, incorporating it into (C.3), we have
∗

𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝑒𝑟(𝑇−𝑡) 𝑤 +

where 𝐺 = 𝐺(𝑤, 𝑔(𝑡, 𝑤; 𝑊𝑇𝜋 )), 𝑔 = 𝑔(𝑡, 𝑤; 𝑊𝑇𝜋 ), and

𝑇

1
∫ Λ (𝑠) 𝑑𝑠
𝛾 𝑡

(𝐻𝑔𝜋 𝐺) (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝐺V [𝑔𝑡
∗

𝑟(𝑇−𝑡)

=𝑒

𝑤+√

Var𝑡,𝑤 [𝑊𝑇𝜋 ]

+ 𝑔𝑤 (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟)

𝑇

2 ∫𝑡 Γ (𝑠) 𝑑𝑠

𝑇

1
+ 𝑔𝑤𝑤 (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 )] .
2

(C.6)

⋅ ∫ Λ (𝑠) 𝑑𝑠

The extended HJB system is thus as follows:

𝑡

= 𝑒𝑟(𝑇−𝑡) 𝑤 + √Var𝑡,𝑤 [𝑊𝑇𝜋 ]
∗

𝑉𝑡 + sup {(𝑉𝑤 − 𝑓V − 𝐺𝑤 ) (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟)
𝜋∈Π

𝑇

⋅

∫𝑡 Λ (𝑠) 𝑑𝑠
𝑇

√2 ∫ Γ (𝑠) 𝑑𝑠
𝑡

.

+

∗

1
2
𝑓𝑡 + 𝑓𝑤 (𝜋1∗ Δ1𝑢 + 𝜋2∗ Δ2𝑢 + 𝑊𝑡 𝑟) + 𝑓𝑤𝑤 ((𝜋1∗ ) Δ1𝑑
2

𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] = 𝑒𝑟(𝑇−𝑡) 𝑤 − √Var𝑡,𝑤 [𝑊𝑇𝜋 ]
∗

𝑇

√2 ∫ Γ (𝑠) 𝑑𝑠
𝑡

(C.7)
.

1
2
𝑔𝑡 + 𝑔𝑤 (𝜋1∗ Δ1𝑢 + 𝜋2∗ Δ2𝑢 + 𝑊𝑡 𝑟) + 𝑔𝑤𝑤 ((𝜋1∗ ) Δ1𝑑
2
2

Noticing that 𝐺(𝑤, V) = (𝛾/2𝑤)V2 and 𝑉(𝑡, 𝑤) = 𝑓(𝑡, 𝑤, V;
∗
+ (𝛾/2𝑤)𝑔2 (𝑡, 𝑤; 𝑊𝑇𝜋 ), we obtain

∗
𝑊𝑇𝜋 )

D. Proof of Proposition 13

𝛾 2
V,
2𝑤2
𝛾
𝐺V = V,
𝑤
𝛾
𝐺𝑤𝑤 = 3 V2 ,
𝑤
𝐺𝑤 = −

Firstly, by (B.4) and (B.5), we have

⋅ 𝑉𝑤𝑤 (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 ) ,

+ 2𝜋1∗ 𝜋2∗ Δ2𝑑 + (𝜋2∗ ) Δ3𝑑 ) = 0,

+ 2𝜋1∗ 𝜋2∗ Δ2𝑑 + (𝜋2∗ ) Δ3𝑑 ) = 0.

Hereto, we complete the proof.

(𝐴𝜋 𝑉) (𝑡, 𝑤) = 𝑉𝑡 + 𝑉𝑤 (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟) +

(D.3)

2

𝑇

∫𝑡 Λ (𝑠) 𝑑𝑠

1
[𝑉 − 2𝑓𝑤V − 𝑓VV − 𝐺𝑤𝑤 − 𝐺VV 𝑔𝑤2
2 𝑤𝑤

− 2𝐺𝑤V 𝑔𝑤 ] (𝜋12 Δ1𝑑 + 2𝜋1 𝜋2 Δ2𝑑 + 𝜋22 Δ3𝑑 )} = 0,

Therefore, we have

⋅

(D.2)

1
2
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𝛾
V,
𝑤2
𝛾
𝐺VV = ,
𝑤

for some deterministic functions 𝑐1 , 𝑘1 , 𝑐2 , 𝑘2 . In this case, the
wealth process 𝑊 is

𝐺𝑤V =

𝑑𝑊 = [Ψ1 (𝑡) 𝑊 + Ψ2 (𝑡) 𝑟] 𝑑𝑡

𝛾
𝑉𝑡 = 𝑓𝑡 + 𝑔𝑔𝑡 ,
𝑤

+ [𝑐1 (𝑡) 𝑊 + 𝑘1 (𝑡)] (𝛽 + 1) 𝜎𝑑𝐵𝑡1

𝛾 2 𝛾
𝑉𝑤 = 𝑓𝑤 + 𝑓V −
𝑔 + 𝑔𝑔𝑤 ,
2𝑤2
𝑤
𝑉𝑤𝑤

𝛾
2𝛾
𝛾
= 𝑓𝑤𝑤 + 2𝑓𝑤V + 𝑓VV + 3 𝑔2 − 2 𝑔𝑔𝑤 + 𝑔𝑤2
𝑤
𝑤
𝑤
𝛾
+ 𝑔𝑔𝑤𝑤 .
𝑤
(D.4)

Using these expressions, the HJB equation becomes
𝑓𝑡 +

⋅

(𝜋12 Δ1𝑑

+

2𝜋1 𝜋2 Δ2𝑑

+

where
Ψ1 (𝑡) = 𝑐1 (𝑡) Δ1𝑢 + 𝑐2 (𝑡) Δ2𝑢 + 𝑟,
Ψ2 (𝑡) = 𝑘1 (𝑡) Δ1𝑢 + 𝑘2 (𝑡) Δ2𝑢 ,
(E.3)

+ 2 [𝑐1 (𝑡) 𝑊2 + 𝑘1 (𝑡) 𝑊] (𝛽 + 1) 𝜎𝑑𝐵𝑡1

𝛾
1
(𝑓𝑤𝑤 + 𝑔𝑔𝑤𝑤 )
2
𝑤

𝜋22 Δ3𝑑 )}

+ [𝑐2 (𝑡) 𝑊 + 𝑘2 (𝑡)] 𝜎𝑒 𝑑𝐵𝑡3 ,

𝑑𝑊2 = [Φ1 (𝑡) 𝑊2 + Φ2 (𝑡) 𝑊 + Φ3 (𝑡)] 𝑑𝑡

𝛾
𝛾
𝑔𝑔𝑡 + sup {(𝑓𝑤 + 𝑔𝑔𝑤 )
𝑤
𝑤
𝜋∈Π

⋅ (𝜋1 Δ1𝑢 + 𝜋2 Δ2𝑢 + 𝑊𝑡 𝑟) +

(E.2)

+ [𝑐2 (𝑡) 𝑊 + 𝑘2 (𝑡)] (𝛽∗ + 1) 𝜎∗ 𝑑𝐵𝑡2

+ 2 [𝑐2 (𝑡) 𝑊2 + 𝑘2 (𝑡) 𝑊] (𝛽∗ + 1) 𝜎∗ 𝑑𝐵𝑡2

(D.5)

+ 2 [𝑐2 (𝑡) 𝑊2 + 𝑘2 (𝑡) 𝑊] 𝜎𝑒 𝑑𝐵𝑡3 ,

= 0.
where

By the first-order conditions (FOCs) of (D.5), we have
𝛾
𝑔𝑔 ) Δ1𝑢
𝑤 𝑤
𝛾
+ (𝑓𝑤𝑤 + 𝑔𝑔𝑤𝑤 ) (𝜋1 Δ1𝑑 + 𝜋2 Δ2𝑑 ) = 0,
𝑤
𝛾
(𝑓𝑤 + 𝑔𝑔𝑤 ) Δ2𝑢
𝑤
𝛾
+ (𝑓𝑤𝑤 + 𝑔𝑔𝑤𝑤 ) (𝜋1 Δ2𝑑 + 𝜋2 Δ3𝑑 ) = 0.
𝑤

Φ1 (𝑡) = 2 (𝑐1 (𝑡) Δ1𝑢 + 𝑐2 (𝑡) Δ2𝑢 + 𝑟) + 𝑐12 (𝑡) (𝛽 + 1)

(𝑓𝑤 +

2

𝑓𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤 1
Δ ,
𝑓𝑤𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤𝑤 𝑚

𝑓 + (𝛾/𝑤) 𝑔𝑔𝑤 2
𝜋2∗ = 𝑤
Δ .
𝑓𝑤𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤𝑤 𝑚

⋅ ((𝛽 + 1) (𝛽∗ + 1) 𝜎𝜎∗ 𝜌12 + (𝛽 + 1) 𝜎𝜎𝑒 𝜌13 )

(D.6)

= 𝑐2 (𝑡) 𝑤 + 𝑘2 (𝑡) ,

2

+ 2 (𝑐1 (𝑡) 𝑘2 (𝑡) + 𝑐2 (𝑡) 𝑘1 (𝑡))

(E.4)

⋅ ((𝛽 + 1) (𝛽∗ + 1) 𝜎𝜎∗ 𝜌12 + (𝛽 + 1) 𝜎𝜎𝑒 𝜌13 )
+ 4𝑐2 (𝑡) 𝑘2 (𝑡) (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 ,

(D.7)

2

Φ3 (𝑡) = 𝑘12 (𝑡) (𝛽 + 1) 𝜎2 + 𝑘22 (𝑡)
2

2

⋅ ((𝛽∗ + 1) (𝜎∗ ) + 𝜎𝑒2 ) + 𝑘1 (𝑡) 𝑘2 (𝑡)
⋅ ((𝛽 + 1) (𝛽∗ + 1) 𝜎𝜎∗ 𝜌12 + (𝛽 + 1) 𝜎𝜎𝑒 𝜌13 )
+ 𝑘22 (𝑡) (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 .

Following Y. Li and Z. Li [21], we conjecture that 𝜋1∗ and 𝜋2∗
are affine form of 𝑤, so we guess that

𝜋2∗

2

2

⋅ (𝛽 + 1) 𝜎2 + 2𝑐2 (𝑡) 𝑘2 (𝑡) ((𝛽∗ + 1) (𝜎∗ ) + 𝜎𝑒2 )

E. Proof of Theorem 14

= 𝑐1 (𝑡) 𝑤 + 𝑘1 (𝑡) ,

+ 2𝑐22 (𝑡) (𝛽∗ + 1) 𝜎∗ 𝜎𝑒 𝜌23 ,
Φ2 (𝑡) = 2 (𝑘1 (𝑡) Δ1𝑢 + 𝑘2 (𝑡) Δ2𝑢 ) + 2𝑐1 (𝑡) 𝑘1 (𝑡)

Now, we complete the proof.

𝜋1∗

2

⋅ 𝜎2 + 𝑐22 (𝑡) ((𝛽∗ + 1) (𝜎∗ ) + 𝜎𝑒2 ) + 2𝑐1 (𝑡) 𝑐2 (𝑡)

Compared to (B.9) and (B.10), we obtain the optimal strategy
as follows:
𝜋1∗ =

2

(E.1)

Then, a direct computation shows that
∗

𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] = 𝑎 (𝑡) [𝑤 + ℎ (𝑡)] ,
∗

2

𝐸𝑡,𝑤 [(𝑊𝑇𝜋 ) ] = 𝑏 (𝑡) [𝑤2 + 𝑙 (𝑡) 𝑤 + 𝑑 (𝑡)] ,

(E.5)
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where

Denote that
𝑇

∫𝑡 Ψ1 (𝑠)𝑑𝑠

𝑎 (𝑡) = 𝑒

,

𝑠

(1/2) 𝑏 (𝑡) 𝑙 (𝑡) − 𝑎2 (𝑡) 𝑙 (𝑡)
𝑘̃ (𝑡) =
.
𝑏 (𝑡)

ℎ (𝑡) = 𝑒− ∫𝑡 Φ1 (𝜏)𝑑𝜏 Φ2 (𝑠) 𝑑𝑠,
𝑇

𝑏 (𝑡) = 𝑒∫𝑡

Φ1 (𝑠)𝑑𝑠

𝑇

,

(E.6)

𝑠

𝑡

𝑠

− ∫𝑡 Φ1 (𝜏)𝑑𝜏

𝑑 (𝑡) = ∫ 𝑒
𝑡

1 ∫𝑡𝑇 [Ψ1 (𝑠)−Φ1 (s)]𝑑𝑠 ∫𝑡𝑇 [2Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠
+𝑒
− 1,
𝑒
𝛾

1
𝑘̃ (𝑡) = ( − 𝑒2 ∫𝑡
2

𝑇

Φ3 (𝑠) 𝑑𝑠.

(E.10)

Then, by (E.6), we have
̃𝑐 (𝑡) =

𝑙 (𝑡) = ∫ 𝑒− ∫𝑡 Φ1 (𝜏)𝑑𝜏 Φ2 (𝑠) 𝑑𝑠,
𝑇

(1/𝛾) 𝑎 (𝑡) + 𝑎2 (𝑡) − 𝑏 (𝑡)
,
𝑏 (𝑡)

̃𝑐 (𝑡) =

Ψ1 (𝑠)𝑑𝑠

𝑇

𝑠

− ∫𝑡 Φ1 (𝜏)𝑑𝜏

)∫ 𝑒
𝑡

(E.11)

Φ2 (𝑠) 𝑑𝑠.

Therefore, (D.7) can be written as

We recall that
∗

∗

∗

∗

𝑓 (𝑡, 𝑤, V; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] −

∗ 2
𝛾
𝐸𝑡,𝑤 [(𝑊𝑇𝜋 ) ] ,
2V

𝜋1∗ = Δ1𝑚 [̃𝑐 (𝑡) 𝑤 − 𝑘̃ (𝑡)] ,
(E.7)

𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 ) = 𝐸𝑡,𝑤 [𝑊𝑇𝜋 ] .

𝜋2∗ = Δ2𝑚 [̃𝑐 (𝑡) 𝑤 − 𝑘̃ (𝑡)] .

(E.12)

Compared to (E.1), we get the following integral equations:
𝑐1 (𝑡)

So, we have

= Δ1𝑚

∗

𝑓 (𝑡, 𝑤, V; 𝑊𝑇𝜋 ) = 𝑎 (𝑡) [𝑤 + ℎ (𝑡)]
−
∗
𝑔 (𝑡, 𝑤; 𝑊𝑇𝜋 )

𝑇
1 𝑇
⋅ ( 𝑒∫𝑡 [Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠 + 𝑒∫𝑡 [2Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠 − 1) ,
𝛾

𝛾
𝑏 (𝑡) [𝑤2 + 𝑙 (𝑡) 𝑤 + 𝑑 (𝑡)] ,
2V

𝑐2 (𝑡)

= 𝑎 (𝑡) [𝑤 + ℎ (𝑡)] ,

= Δ2𝑚

𝑓𝑡 = 𝑎̇ (𝑡) [𝑤 + ℎ (𝑡)] + 𝑎 (𝑡) ℎ̇ (𝑡)
𝛾 ̇
𝑏 (𝑡) [𝑤2 + 𝑙 (𝑡) 𝑤 + 𝑑 (𝑡)]
2V
𝛾
− 𝑏 (𝑡) [𝑙 ̇ (𝑡) 𝑤 + 𝑑̇ (𝑡)] ,
2V
𝛾
𝑓𝑤 = 𝑎 (𝑡) − 𝑏 (𝑡) [2𝑤 + 𝑙 (𝑡)] ,
2V
𝛾
𝑓𝑤𝑤 = − 𝑏 (𝑡) ,
V

𝑇
1 𝑇
⋅ ( 𝑒∫𝑡 [Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠 + 𝑒∫𝑡 [2Ψ1 (𝑠)−Φ1 (𝑠)]𝑑𝑠 − 1) ,
𝛾

−

(E.8)

𝑘1 (𝑡)

(E.13)

= −Δ1𝑚
𝑇
𝑇
𝑠
1
⋅ ( − 𝑒2 ∫𝑡 Ψ1 (𝑠)𝑑𝑠 ) ∫ 𝑒− ∫𝑡 Φ1 (𝜏)𝑑𝜏 Φ2 (𝑠) 𝑑𝑠,
2
𝑡

𝑘2 (𝑡)

𝑔𝑡 = 𝑎̇ (𝑡) [𝑤 + ℎ (𝑡)] + 𝑎 (𝑡) ℎ̇ (𝑡) ,

= −Δ2𝑚

𝑔𝑤 = 𝑎 (𝑡) ,

𝑇
𝑇
𝑠
1
⋅ ( − 𝑒2 ∫𝑡 Ψ1 (𝑠)𝑑𝑠 ) ∫ 𝑒− ∫𝑡 Φ1 (𝜏)𝑑𝜏 Φ2 (𝑠) 𝑑𝑠.
2
𝑡

𝑔𝑤𝑤 = 0,

Hereto, we complete the proof.

̇ = 𝜕𝑎/𝜕𝑡 and so forth.
where 𝑎(𝑡)
Now, we calculate the term (𝑓𝑤 + (𝛾/𝑤)𝑔𝑔𝑤 )/(𝑓𝑤𝑤 +
(𝛾/𝑤)𝑔𝑔𝑤𝑤 ) which exists in (D.7):
𝑓𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤
(1/𝛾) 𝑎 (𝑡) + 𝑎2 (𝑡) − 𝑏 (𝑡)
=−
𝑤
𝑏 (𝑡)
𝑓𝑤𝑤 + (𝛾/𝑤) 𝑔𝑔𝑤𝑤
+

2

(1/2) 𝑏 (𝑡) 𝑙 (𝑡) − 𝑎 (𝑡) 𝑙 (𝑡)
.
𝑏 (𝑡)

(E.9)

Competing Interests
The authors declare that there are no competing interests
regarding the publication of this article.

Acknowledgments
This research is supported by grants from the National
Natural Science Foundation of China (no. 71231008).

Mathematical Problems in Engineering

References
[1] R. H. Strotz, “Myopia and inconsistency in dynamic utility
maximization,” The Review of Economic Studies, vol. 23, no. 3,
pp. 165–180, 1955.
[2] S. M. Goldman, “Consistent plans,” The Review of Economic
Studies, vol. 47, no. 3, pp. 533–537, 1980.
[3] P. Krusell and A. A. Smith Jr., “Consumption-savings decisions
with quasi-geometric discounting,” Econometrica, vol. 71, no. 1,
pp. 365–375, 2003.
[4] B. Peleg and M. E. Yaari, “On the existence of a consistent course
of action when tastes are changing,” The Review of Economic
Studies, vol. 40, no. 3, pp. 391–401, 1973.
[5] R. A. Pollak, “Consistent planning,” The Review of Economic
Studies, vol. 35, no. 2, pp. 201–208, 1968.
[6] N. Vieille and J. W. Weibull, “Multiple solutions under quasiexponential discounting,” Economic Theory, vol. 39, no. 3, pp.
513–526, 2009.
[7] T. Björk and A. Murgoci, “A general theory of Markovian timeinconsistent stochastic control,” Working Paper, Stockholm
School of Economics, Stockholm, Sweden, 2009.
[8] Y. Hu, H. Jin, and X. Y. Zhou, “Time-inconsistent stochastic
linear-quadratic control,” SIAM Journal on Control and Optimization, vol. 50, no. 3, pp. 1548–1572, 2012.
[9] J. Yong, “A deterministic linear quadratic time-inconsistent
optimal control problem,” Mathematical Control and Related
Fields, vol. 1, no. 1, pp. 83–118, 2011.
[10] J. Yong, “Time-inconsistent optimal control problems and the
equilibrium HJB equation,” Mathematical Control and Related
Fields, vol. 2, no. 3, pp. 271–329, 2012.
[11] C. Czichowsky, “Time-consistent mean-variance portfolio
selection in discrete and continuous time,” Finance and Stochastics, vol. 17, no. 2, pp. 227–271, 2013.
[12] J. Yong, “Linear-quadratic optimal control problems for meanfield stochastic differential equations,” SIAM Journal on Control
and Optimization, vol. 51, no. 4, pp. 2809–2838, 2013.
[13] T. Björk and A. Murgoci, “A theory of Markovian timeinconsistent stochastic control in discrete time,” Finance and
Stochastics, vol. 18, no. 3, pp. 545–592, 2014.
[14] A. Bensoussan, K. C. Wong, S. C. P. Yam, and S. P. Yung, “Timeconsistent portfolio selection under short-selling prohibition:
from discrete to continuous setting,” SIAM Journal on Financial
Mathematics, vol. 5, no. 1, pp. 153–190, 2014.
[15] H. Wang and Z. Wu, “Partially observed time-inconsistency
recursive optimization problem and application,” Journal of
Optimization Theory and Applications, vol. 161, no. 2, pp. 664–
687, 2014.
[16] X. Cui, D. Li, and X. Li, “Mean-variance policy for discretetime cone-constrained markets: time consistency in efficiency
and the minimum-variance signed supermartingale measure,”
Mathematical Finance, 2015.
[17] X. Cui, L. Xu, and Y. Zeng, “Continuous time mean-variance
portfolio optimization with piecewise state-dependent risk
aversion,” Optimization Letters, 2015.
[18] Y. Zeng and Z. Li, “Optimal time-consistent investment and
reinsurance policies for mean-variance insurers,” Insurance:
Mathematics & Economics, vol. 49, no. 1, pp. 145–154, 2011.
[19] Z. Li, Y. Zeng, and Y. Lai, “Optimal time-consistent investment
and reinsurance strategies for insurers under Heston’s SV
model,” Insurance: Mathematics and Economics, vol. 51, no. 1, pp.
191–203, 2012.

19
[20] Y. Zeng, Z. Li, and Y. Lai, “Time-consistent investment and
reinsurance strategies for mean-variance insurers with jumps,”
Insurance: Mathematics & Economics, vol. 52, no. 3, pp. 498–507,
2013.
[21] Y. Li and Z. Li, “Optimal time-consistent investment and
reinsurance strategies for mean-variance insurers with state
dependent risk aversion,” Insurance: Mathematics and Economics, vol. 53, no. 1, pp. 86–97, 2013.
[22] H. Zhao, C. Weng, and Y. Zeng, “Time-consistent investmentreinsurance strategies towards joint interests of the insurer and
the reinsurer under CEV models,” SSRN 2432207, 2014.
[23] H. Zhao, Y. Shen, and Y. Zeng, “Time-consistent investmentreinsurance strategy for mean-variance insurers with a defaultable security,” Journal of Mathematical Analysis and Applications, vol. 437, no. 2, pp. 1036–1057, 2016.
[24] Y. Li, H. Qiao, S. Wang, and L. Zhang, “Time-consistent investment strategy under partial information,” Insurance: Mathematics and Economics, vol. 65, pp. 187–197, 2015.
[25] D. Li, X. Rong, and H. Zhao, “Time-consistent reinsuranceinvestment strategy for a mean-variance insurer under stochastic interest rate model and inflation risk,” Insurance: Mathematics and Economics, vol. 64, pp. 28–44, 2015.
[26] Z. Liang and M. Song, “Time-consistent reinsurance and
investment strategies for mean-variance insurer under partial
information,” Insurance: Mathematics and Economics, vol. 65,
pp. 66–76, 2015.
[27] D. Li, X. Rong, and H. Zhao, “Time-consistent reinsuranceinvestment strategy for an insurer and a reinsurer with meanvariance criterion under the CEV model,” Journal of Computational and Applied Mathematics, vol. 283, pp. 142–162, 2015.
[28] J. Wei, K. C. Wong, S. C. P. Yam, and S. P. Yung, “Markowitz’s
mean-variance asset-liability management with regime switching: a time-consistent approach,” Insurance: Mathematics and
Economics, vol. 53, no. 1, pp. 281–291, 2013.
[29] T. A. Pirvu and H. Zhang, “Utility indifference pricing: a time
consistent approach,” Applied Mathematical Finance, vol. 20, no.
4, pp. 304–326, 2013.
[30] S. Chen, Z. Li, and Y. Zeng, “Optimal dividend strategies with
time-inconsistent preferences,” Journal of Economic Dynamics
and Control, vol. 46, pp. 150–172, 2014.
[31] D.-M. Dang and P. A. Forsyth, “Continuous time meanvariance optimal portfolio allocation under jump diffusion: an
numerical impulse control approach,” Numerical Methods for
Partial Differential Equations, vol. 30, no. 2, pp. 664–698, 2014.
[32] J. J. Choi, “Diversification, exchange risk and corporate international investment,” Journal of International Business Studies, vol.
20, no. 1, pp. 145–155, 1989.
[33] M. Bellalah and Z. Wu, “A simple model of corporate international investment under incomplete information and taxes,”
Annals of Operations Research, vol. 165, no. 1, pp. 123–143, 2009.
[34] Z. Wu and L. Zhang, “The corporate optimal portfolio and
consumption choice problem in the real project with borrowing
rate higher than deposit rate,” Applied Mathematics and Computation, vol. 175, no. 2, pp. 1596–1608, 2006.
[35] D. Zhang and T. Zhang, “Optimal portfolio of corporate investment and consumption under market closure,” International
Journal of Business, vol. 17, no. 1, pp. 25–38, 2012.
[36] Z. Huang and D. Zhang, “Optimal portfolio of corporate
investment and consumption problem under market closure:
inflation case,” Mathematical Problems in Engineering, vol. 2013,
Article ID 715869, 9 pages, 2013.

20
[37] T. Björk, A. Murgoci, and X. Y. Zhou, “Mean-variance portfolio
optimization with state-dependent risk aversion,” Mathematical
Finance, vol. 24, no. 1, pp. 1–24, 2014.

Mathematical Problems in Engineering

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2016, Article ID 1379315, 15 pages
http://dx.doi.org/10.1155/2016/1379315

Research Article
Genetic Algorithm for Mixed Integer Nonlinear Bilevel
Programming and Applications in Product Family Design
Chenlu Miao, Gang Du, Yi Xia, and Danping Wang
College of Management and Economics, Tianjin University, Tianjin 300072, China
Correspondence should be addressed to Yi Xia; xiayi@tju.edu.cn
Received 12 April 2016; Revised 4 July 2016; Accepted 21 July 2016
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Many leader-follower relationships exist in product family design engineering problems. We use bilevel programming (BLP) to
reflect the leader-follower relationship and describe such problems. Product family design problems have unique characteristics;
thus, mixed integer nonlinear BLP (MINLBLP), which has both continuous and discrete variables and multiple independent
lower-level problems, is widely used in product family optimization. However, BLP is difficult in theory and is an NP-hard
problem. Consequently, using traditional methods to solve such problems is difficult. Genetic algorithms (GAs) have great value
in solving BLP problems, and many studies have designed GAs to solve BLP problems; however, such GAs are typically designed
for special cases that do not involve MINLBLP with one or multiple followers. Therefore, we propose a bilevel GA to solve these
particular MINLBLP problems, which are widely used in product family problems. We give numerical examples to demonstrate the
effectiveness of the proposed algorithm. In addition, a reducer family case study is examined to demonstrate practical applications
of the proposed BLGA.

1. Introduction
With the evolution of the mass customization paradigm,
product family has played an increasingly important role
in modern production and has garnered significant attention. Product family optimization design includes productdesign-related knowledge, the product family structure, and
customization design based on the same product platform
to meet customer needs. Many leader-follower relationships
exist in product family optimization design problems, for
example, between platform and customization design [1],
between modular design and product family architecture [2],
and between product family and supply design [3, 4]. Consequently, many researchers have used this model to reflect the
optimization relationship in product family design. Du et al.
[5] formulated a Stackelberg game-theoretic model for joint
optimization of product family configuration and scaling
design, wherein a bilevel decision structure reveals coupled
decision-making between module configuration and parameter scaling. Kristianto et al. [6] demonstrated the potential of a two-stage, bilevel stochastic programming framework for tackling engineer-to-order product customization.

Du et al. [7] proposed a leader-follower joint optimization
model of product family configuration and supply chain
design, and Ji et al. [8] studied green design modularity using
bilevel optimization. In addition, Jiao et al. [9] proposed an
underpinning decision structure that distinguishes a de facto
leader-follower model rather than a single-level, all-in-one
optimization problem.
Due to the impact of Stackelberg game theory, which
was proposed by Stackelberg when researching marketing
economics, researchers have studied bilevel programming
(BLP) since the 1970s. Bracken and Gill proposed BLP models
in 1973 and 1977, respectively. Candler and Norton proposed a
formal definition of BLP and multilevel programming in their
technology reports [10]. BLP models are NP-hard problems.
Prominent BLP results primarily include the following: the
kth best method for special linear cases [11], replacing a
lower-level problem with Karush-Kuhn-Tucker conditions
to convert a bilevel problem to a single-level problem [12],
and converting the problem to a single level by constructing a penalty function based on the duality gap [13]. The
monographs of Bard [14] and Dempe [15] present systematic
surveys of BLP models. In leader-follower joint optimization

2
for product family design, 0-1 mixed integer nonlinear bilevel
BLP, which has multiple nonlinear and nonconvex low-level
models, is involved. Therefore, traditional methods (e.g.,
the K-T method for convex bilevel BLP) are limited to
solving specific types of the BLP models, which restrict their
application.
The BLP used in product family design has unique characteristics. In this type of programming, both continuous and
discrete variables such as 0-1 variables (the most commonly
used) are employed. In product family design problems,
more than one lower-level model, which are nonlinear and
nonconvex to model, are required. In addition, in this type of
BLP, the leader’s constraints often contain follower variables.
Mixed integer nonlinear BLP (MINLBLP) contains the above
characteristics when applied to product family optimization.
Note that MINLBLP combines integer programming and
BLP. However, the discreteness of decision variables and
multiple followers make problems more complex. Some
researchers prefer to use intelligent algorithms to solve this
problem. BLP with multiple lower-level models is more
difficult to solve than with a model consisting of only one
follower. Therefore, developing an intelligent algorithm to
solve the MINLBLP used in product family design problems
has significant value.
A genetic algorithm (GA) is a method to search for an
optimal solution by simulating biological evolution (survival
of the fittest). GAs are popular intelligent algorithms that have
seen increasingly wide utilization in many fields. GAs have
many advantages such as convergence and robustness. Thus,
GAs are effective in solving optimization problems. Using a
GA to solve a bilevel problem reduces the limitations which
traditional methods have, which has been extensively studied.
Consequently, many GA monographs for BLP exist. In 1998,
Liu designed a GA for multilevel programming with multiple
followers, in which high-level models do not contain the lowlevel models’ decision variables [16]. In 2002, Oduguwa and
Roy used a GA to solve a BLP scheme that was developed
to encourage limited asymmetric cooperation between two
players [17]. Kuo and Han applied bilevel linear programming
to a supply chain distribution problem and developed an efficient method based on a hybrid of a GA and particle swarm
optimization [18], and Lin et al. presented a modified GA to
solve a bilevel linear programming network design problem
[19]. For a linear bilevel programming problem with interval
coefficients in the upper-level objective, Fan and Li propose
a genetic algorithm to obtain the best optimal solution and
the worst one simultaneously [20]. Li et al. convert an integer
linear bilevel programming problem into a single-level binary
implicit program and then develop an orthogonal genetic
algorithm for solving such problem based on the orthogonal
design [21]. Based on a novel coding scheme, Li proposes a
genetic algorithm with global convergence to solve nonlinear
bilevel programming problems where the follower is a linear
fractional program [22]. However, even though GAs have
been successfully applied to BLP, it is difficult for such GAs
to solve MINLBLP in product family design problems. Such
GAs focus on solving specific models for other problems.
They can solve linear BLP, single-level programming, and
BLP with multiple followers, in which leader constraints do
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not contain follower decision variables. However, these GAs
are not suitable for solving MINLBLP, which contains 0-1
decision variables and multiple low-level models. A bilevel
GA (BLGA) for MINLBLP is proposed to solve product
family design optimization problems.
The proposed BLGA can handle MINLBLP with both
continuous and discrete variables with one or multiple
independent nonlinear and nonconvex lower-level models.
The remainder of this paper is organized as follows. In
Section 2, we pose the primary research question and derive
MINLBLP. In Section 3, we propose the BLGA and describe
its procedures. Numerical examples are provided in Section 3
to illustrate the proposed algorithm. In Section 4, we provide
a case study of product family design to demonstrate an
application of the proposed method. Conclusions are given
in Section 5.

2. MINLBLP with One or Multiple
Independent Followers
An MINLBLP model probably has one or multiple followers.
Based on the relationships among the multiple followers,
such MINLBLP problems can be classified as dependent
or independent and, for each particular case, there exists
a specific model to describe it [23–25]. The coupling relationships among the followers are not taken into account
for most of the bilevel problems in product family design
[26, 27]. Therefore, this paper focuses on the MINLBLP with
independent followers. In an MINLBLP model with multiple
independent followers, the followers are independent and
have no coupling relationship, which means that the objective
function and the set of constraints of each follower only
include the leader’s variables and its own variables [24].
Here, assume the leader first chooses its decision variables
𝑋 = {𝑥1 , 𝑥2 , . . . , 𝑥𝑖 , . . . , 𝑥𝑚 }, in which 𝑥1 , 𝑥2 , . . . , 𝑥𝑖 , . . . , 𝑥𝑚
are continuous or discrete, and the followers determine
their decision variables 𝑌𝑖 = {𝑦𝑖1 , 𝑦𝑖2 , . . . , 𝑦𝑖𝑗 , . . . , 𝑦𝑖𝑝 }, in
which 𝑦𝑖1 , 𝑦𝑖2 , . . . , 𝑦𝑖𝑗 , . . . , 𝑦𝑖𝑝 are continuous or discrete. The
MINLBLP model with one or multiple independent followers
should be formulated as follows:
max
𝑋

s.t.

𝐹 (𝑋, 𝑌1 , . . . , 𝑌𝑖 , . . . , 𝑌𝑛 )
𝐺 (𝑋, 𝑌1 , . . . , 𝑌𝑖 , . . . , 𝑌𝑛 ) ≤ 0
𝐻 (𝑋, 𝑌1 , . . . , 𝑌𝑖 , . . . , 𝑌𝑛 ) = 0,
where 𝑌𝑖 (𝑖 = 1, . . . , 𝑛) are solved from

(1)

min 𝑓𝑖 (𝑋, 𝑌𝑖 )
𝑌𝑖

s.t.

𝑔𝑖 (𝑋, 𝑌𝑖 ) ≤ 0
ℎ𝑖 (𝑋, 𝑌𝑖 ) = 0,

where 𝑛 means the number of followers.
In this programming model, the follower solutions interact with the leader solution. Here, Discrete and continuous
variables have upper and lower bounds. Bard [14] proposed
the following basic definition for a BLP solution:
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(1) Constraint region of the BLP problem:
𝑆 ≜ {𝑋, 𝑌1 , . . . , 𝑌𝑛 | 𝐺 (𝑋, 𝑌1 , . . . , 𝑌𝑛 )
≤ 0, 𝐻 (𝑋, 𝑌1 , . . . , 𝑌𝑛 ) = 0, 𝑔𝑖 (𝑋, 𝑌𝑖 )

(2)

≤ 0, ℎ𝑖 (𝑋, 𝑌𝑖 ) = 0, 𝑖 = 1, . . . , 𝑛} .
(2) Feasible set for the 𝑖th (𝑖 = 1, . . . , 𝑛) follower for each
fixed: 𝑥 ∈ 𝑋:
𝑆𝑖 (𝑋) ≜ {𝑌𝑖 | 𝑔𝑖 (𝑋, 𝑌𝑖 ) ≤ 0, ℎ𝑖 (𝑋, 𝑌𝑖 ) = 0} .

(3)

(3) Leader’s decision space:
𝑀 (𝑋) ≜ {𝑋 | ∃𝑌1 , . . . , 𝑌𝑛 : 𝐺 (𝑋, 𝑌1 , . . . , 𝑌𝑛 )
≤ 0, 𝐻 (𝑋, 𝑌1 , . . . , 𝑌𝑛 ) = 0, 𝑔𝑖 (𝑋, 𝑌𝑖 )

(4)

≤ 0, ℎ𝑖 (𝑋, 𝑌𝑖 ) = 0, 𝑖 = 1, . . . , 𝑛} .
(4) 𝑖th (𝑖 = 1, . . . , 𝑛) follower’s rational reaction set for
𝑥 ∈ 𝑀(𝑥):
𝑃𝑖 (𝑋) ≜ {𝑌𝑖 | 𝑌𝑖 ∈ argmin {𝑓𝑖 (𝑋, 𝑌𝑖 ) , 𝑌𝑖 ∈ 𝑆𝑖 (𝑋)}} .

(5)

(5) Inducible region of the BLP problem:
IR ≜ {(𝑋, 𝑌1 , . . . , 𝑌𝑛 ) | (𝑋, 𝑌1 , . . . , 𝑌𝑛 ) ∈ 𝑆, 𝑌𝑖
∈ 𝑃𝑖 (𝑋) , 𝑖 = 1, . . . , 𝑛} .

(6)

(6) Optimal solution of BLP problem:
(𝑋∗ , 𝑌1∗ , . . . , 𝑌𝑛∗ ) is considered the optimal solution of
BLP if and only if there exists (𝑋∗ , 𝑌1∗ , . . . , 𝑌𝑛∗ ) ∈ IR
such that 𝐹(𝑋∗ , 𝑌1∗ , . . . , 𝑌𝑛∗ ) ≤ 𝐹(𝑋, 𝑌1 , . . . , 𝑌𝑛 ) for all
(𝑋, 𝑌1 , . . . , 𝑌𝑛 ) ∈ IR.

3. BLGA Design
3.1. Assumption. Analysis of feasibility of the proposed algorithm illustrates that two assumptions must be satisfied to
obtain good performance. These assumptions ensure the
effectiveness of the proposed BLGA by restraining the algorithm’s process.
The first assumption is that solutions must meet the
requirements of BLP, which means that the solutions must
satisfy the constraints of both the upper- and lower-level
programs. Meaningful solutions can only be obtained if the
algorithm is feasible.
According to the concepts about the solution, we know
that if (𝑋, 𝑌1 , . . . , 𝑌𝑛 ) is within the feasible region, it is denoted
as follows:
(𝑋, 𝑌1 , . . . , 𝑌𝑛 ) ∈ 𝑆.

(7)

We propose a BLGA that meets these constrain requirements.
First, the binary code encodes the leader variables and
initializes them according to their bound constraints. Second,

by taking the initial leader variables as parameters, each
follower programming uses the lower-level GA to obtain the
best solution in the last generation. Note that the best solution
in the last generation provided by the lower-level GA is a good
approximation for the optimal solution, which meets the
lower-level constraints. Then the lower-level approximation
solutions are brought back to the upper-level GA to solve the
leader program. In the upper-level GA, the solutions should
be verified whether they satisfy the leader’s constraints.
The second assumption is that the algorithm has convergence. As the proposed BLGA meets the first condition, it
can obtain the optimal solution only if it has convergence,
which is an important measurement of computing capacity.
Convergence of a GA means that the last cycle of a finite series
of cycles can yield the optimal solution. This assumption
ensures that, after comparing feasible solutions, the optimal
solution can be found. An algorithm is only effective and
feasible when it satisfies this condition.
Currently, many GAs have been designed to solve special
types of problems that have convergence [28–30]. Markov
chains are often used to evaluate convergence. If a GA whose
mutation rate is fixed and greater than 0 takes an elitist
strategy and the binary code strategy, it has convergence that
cannot be influenced by the initial population. Using the elitist strategy allows the best chromosome to be removed from
operations in order to avoid disappearing in the operations.
Moreover, many factors influence convergence, such as the
maximal number of generations, crossover rate, mutation
rate, and crossover and mutation methods.
According to the above assumptions, even though the
best solution provided by the BLGA does not guarantee to be
the optimal solution, it may be a good approximation for the
global optimal solution in reasonable time. We can calculate
the problem several times, using different seeds, to find
the closest approximation solutions. Numerical examples are
given in Section 3.4 to verify the algorithm.
3.2. Design Process of BLGA. On the basis of the above
assumptions, this study proposes a BLGA to solve MINLBLP
with one or multiple independent followers that can improve
efficiency in generating solutions. The essential process is as
follows. First, leader decision variables are initialized according to their bound constraints. Second, each lower-level GA
takes leader decision variables 𝑋 = {𝑥1 , 𝑥2 , . . . , 𝑥𝑖 , . . . , 𝑥𝑚 }
as parameters to solve the 𝑖th follower problem to determine
the best solution 𝑌𝑖∗ (𝑋) and the value of 𝑓𝑖∗ (𝑋, 𝑌𝑖∗ (𝑋)), where
𝑖 = 1, . . . , 𝑛. Third, the best solution 𝑌𝑖∗ (𝑋) for each follower
and the leader decision variables 𝑋 is returned to the leader
problem to determine if they satisfy other leader constraints.
Their fitness values are then evaluated. Fourth, selection,
crossover, and mutation operations are performed for these
leader decision variables. Fifth, this cycle continues until
maximal iterations are reached. The best optimal solutions
𝑋∗ and 𝑌1∗ , . . . , 𝑌𝑛∗ are then recorded.
However, there is no guarantee that the optimal solutions
will be the best solution for MINLBLP with one or multiple
independent followers because the GA can only ensure that
solutions belong to the constraint region rather than the
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Figure 1: Process of the proposed BLGA.

inducible region. It is necessary to run this process several
times to obtain several optimal solutions. These optimal
solutions are then compared to determine the best solution.
The process of the proposed BLGA is shown in Figure 1.

number. To determine if the termination condition has been
satisfied, the maximal number of runs 𝑘 must be input. If this
condition is satisfied, each optimal solution is compared to
determine the best solution. If the termination condition is
not satisfied, the process proceeds to Step 2.

3.3. BLGA Procedure. The procedure of the proposed BLGA
is as follows.

Step 2 (initialize the leader population with leader population
size 𝑁𝐹 ). According to their bound constraints, the leader
population is initialized and these variables are encoded.
Two strategies are used for the encoding of variables. The
proposed method uses the binary code strategy, which uses

Step 1 (verify if the process is terminated). The termination
condition is that the number of runs has reached the maximal
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binary vectors as chromosomes, to represent the values
of continuous variables with unequal lengths. The variable
encoding length 𝑙 is expressed as follows:
𝑙 = [log2 (

𝑢max − 𝑢min
)] + 1,
𝛿

(8)

where 𝑢max and 𝑢min represent the upper and lower bounds
of the variables, respectively, and 𝛿 is precision. The proposed
method also uses the real code strategy for encoding, which
uses ordered arrays to represent discrete variable values.
Step 3 (run lower-level GAs). Each follower programming
takes the initial leader population 𝑋 = {𝑥1 , 𝑥2 , . . . , 𝑥𝑖 , . . . , 𝑥𝑚 }
as a parameter. Note that the processes for each lower-level
GA are the same. First, the follower population size 𝑁𝑓 is
input, and the follower population is initialized according
to their bound constraints. The two strategies described in
Step 2 are used to encode the population. Second, verify that
the follower chromosomes satisfy the follower constraints. If
the follower chromosome does not satisfy the requirement,
set the fitness values of it to zero. The others are evaluating
the fitness value based on the follower objective function.
Third, the maximal number of generations is input to verify
whether the current number of generations is equivalent to
the maximal number. If the current generation reaches the
maximal number, the best follower chromosome 𝑌𝑖∗ (𝑋), 𝑖 =
1, . . . , 𝑛, is recorded and the solution’s feasibility is verified. If
the solution meets the lower-level constraints, it is returned
to the leader program or else null is returned. If the current
population does not reach the maximal number, selection,
crossover, and mutation operations are performed and the
process continues.
Step 4 (calculate the leader fitness evaluation). The leader
programming takes the best chromosome of each follower
𝑌𝑖∗ (𝑋), 𝑖 = 1, . . . , 𝑛, as a parameter. Then, verify if 𝑌𝑖∗ (𝑋),
𝑖 = 1, . . . , 𝑛, are null values. If at least one is null, the fitness
value is set to zero. If no null values are found, (𝑋∗ , 𝑌1∗ (𝑋),
. . . , 𝑌𝑛∗ (𝑋)) are taken into the leader constraints. If it satisfies
the constraints, the objective function 𝐹(𝑋∗ , 𝑌1∗ , . . . , 𝑌𝑛∗ ) is
calculated and all 𝐹(𝑋∗ , 𝑌1∗ , . . . , 𝑌𝑛∗ ) are sorted in descending
order to obtain the largest value, that is, 𝐹max . The current
𝐹max is compared with the previous 𝐹max , and the larger
value is recorded as the new 𝐹max . The fitness function
𝐹max − 𝐹(𝑋∗ , 𝑌1∗ , . . . , 𝑌𝑛∗ ), which can ensure nonnegative
fitness values, is used to evaluate the individuals and record
their fitness values. If the constraints are not satisfied, the
fitness value is set to zero.
Step 5 (verify if the cycle is terminated). The termination
condition is that the number of generations has reached the
maximal number. If the maximal number is reached, the
chromosome with the greatest fitness value is considered
the best solution. The best leader chromosome 𝑋∗ and each
best follower chromosome 𝑌𝑖∗ (𝑋), 𝑖 = 1, . . . , 𝑛, for each
generation are recorded and the process returns to Step 1.
If the maximal number has not been reached, the process
continues to Step 6. Note that inputting a correct maximal
number of generations is very important to an algorithm’s

convergence. If the number is too small, the algorithm may
not find the best solution after termination of the cycle. In
contrast, if the number is too large, efficiency may be reduced.
A careful and deliberate choice is required.
Step 6 (selection operation). The roulette wheel selection
method is used to select 𝑁𝐹 −1 good chromosomes as parents
for the crossover operation. Simultaneously, another good
chromosome is selected as the best chromosome within the
current population according to the elitist strategy.
Step 7 (crossover operation). Input the crossover rate 𝑝𝑐 .
Each of the parents selected in Step 6 is picked randomly,
and each pair uses a uniform crossover method to undergo
crossover with the given probability. Note that the new
population includes these new chromosomes.
Step 8 (mutation operation). The proposed method uses two
mutation methods. For continuous variables that use the
binary code strategy for encoding, the mutation rate 𝑝𝑚
is input and the uniform mutation method with the given
probability is used. For discrete variables that use the real
code strategy, new chromosomes are formulated as follows:
𝑥𝑖∧ = [(𝑥𝑖 − lb𝑖 + 1) mod (ub𝑖 − lb𝑖 )] + lb𝑖 ,

(9)

where 𝑥𝑖 and 𝑥𝑖∧ are the individuals before and after mutating,
respectively, and lb𝑖 and ub𝑖 are the lower and upper bounds
of the integer variables, respectively. After completion of
Step 8, the process returns to Step 3.
3.4. Numerical Examples. The proposed BLGA for solving
MINLBLP with one or multiple independent followers is
realized using MATLAB. To verify the effectiveness and
robustness of the proposed BLGA, we give numerical examples obtained with a personal computer with the following
parameters: population size is 50; maximal number of generations is 200; precision of binary code is 0.01; crossover
rate is 0.8; mutation rate is 0.01; number of experiments is
fifteen. The results were compared with the exact solutions
obtained from traditional methods for solving MINLBLP to
test the quality of the computed solution. The best, worst,
average, and median results and standard deviation value are
presented.
Example 1 (leader and follower decision variables are discrete).
min 𝐹 (𝑋, 𝑌) = −𝑥1 2 − 3𝑥2 − 4𝑦1 2 + 𝑦2 2
𝑋

𝑥1 2 + 2𝑥2 2 − 4 ≤ 0
𝑥1 + 𝑥2 − 𝑦1 − 𝑦2 ≤ 0
𝑥1 ∈ {0, 1, 2}
𝑥2 ∈ {0, 1, 2}

6

Mathematical Problems in Engineering
Table 1: Results of Example 1.
∗

∗

∗

∗

Table 2: Results of Example 2.
∗

∗

∗

∗

𝐹 (𝑋 , 𝑌 ) 𝑋
𝑓 (𝑋 , 𝑌 ) 𝑌
Best
0
(1, 1)
−8
(0, 2)
Worst
0
(2, 0)
−2
(0, 2)
Average
0
—
−5.60
—
Median
0
—
−8
—
Standard deviation value
0
—
3.04
—
Enumeration method
0
(1, 1)
−8
(0, 2)

𝐹∗ (𝑥∗ , 𝑦∗ ) 𝑥∗
𝑓∗ (𝑥∗ , 𝑦∗ ) 𝑦∗
Best
12.0030 6.0000 −2.0010 2.0010
Worst
12.1596
5.9217 −2.0793 2.0793
Average
12.0134
—
−2.0010
—
Median
12.0030
—
−2.0070
—
Standard deviation value 0.0404
—
0.0217
—
Graphic method
12.0000
6
−2.0000 2.0000

min 𝐹 (𝑋, 𝑌) = 2𝑥1 2 + 𝑦1 2 − 5𝑦2
𝑌

− 2𝑦1 + 𝑦2 ≤ 3 + 𝑥1 2 − 2𝑥1 + 𝑥2 2
𝑦1 ∈ {0, 1, 2}
𝑦2 ∈ {0, 1, 2} .
(10)
Example 1 is a simple integer nonlinear BLP problem that
can be solved using the enumeration method. The best, worst,
average, and median results and standard deviation value are
shown in Table 1.
Table 1 shows the results of Example 1. The standard
deviation value of 𝐹∗ (𝑋∗ , 𝑌∗ ) is zero, which means that
each run of this BLGA in this test finds the same upper
objective function value. However, the standard deviation
of 𝑓∗ (𝑋∗ , 𝑌∗ ) is 3.04, which means that there exists more
than one optimal solution found by the proposed BLGA in
this example. From the result of each run, we find that the
solutions 𝑋 = (2, 0) and 𝑋 = (1, 1) are the optimal solutions.
However, even though both of these solutions have the same
upper optimal solution, their lower optimal solutions are
different. When the upper-level solution is 𝑋 = (2, 0), the
lower-level result is −2. When the upper-level solution is
𝑋 = (1, 1), the lower-level result is −8. The upper solution
𝑋 = (1, 1) provides a better value for the lower-level objective
function. Therefore, the best solution for this test is 𝑋 = (1, 1)
and 𝑌 = (0, 2). The iterative process is shown in Figure 2.
As seen in Figure 2(a), the maximal number of generations
does not need to be 200 because the optimal solution has
been determined in the first generation. Figure 2(b) shows the
BLGA evolution processes for the upper-level and lower-level
optimizations.
Example 2 (continuous leader and follower decision variables).
𝐹 (𝑥, 𝑦) = 𝑥 + 3𝑦
min
𝑥
𝑦−𝑥≤0
1≤𝑥≤6
min
𝐹 (𝑥, 𝑦) = −𝑦
𝑦
𝑥+𝑦≤8
− 𝑥 − 4𝑦 ≤ −8
𝑥 + 2𝑦 ≤ 13.

(11)

Example 2 is simple continuous BLP that can be solved
by the graphic method. The best, worst, average, and median
results and standard deviation value are shown in Table 2.
As can be seen, the difference between the values of
upper-level objective functions of the best result calculated
by the proposed BLGA and the exact method is 0.0030, which
is a negligible difference. This demonstrates the effectiveness
of the proposed BLGA. In these 15 independent runs, except
the worst result, the other results are the same. The iterative
process of the best result is shown in Figure 3(a). As can be
seen, the maximal number of generations does not need to
be 200 because the optimal solution has been determined in
the fifth generation. Figure 3(b) shows the BLGA evolution
processes for the upper-level and lower-level optimizations.
Example 3 (leader decision variables are discrete and follower
decision variables are continuous).

min 𝐹 (𝑋, 𝑌) = −
𝑋

(𝑥1 + 𝑦1 ) (𝑥2 + 𝑦2 )
1 + 𝑥1 𝑦1 + 𝑥2 𝑦2

𝑥1 2 + 𝑥2 2 ≤ 100
𝑥1 2 − 𝑥2 2 ≤ 𝑦1 2 − 𝑦2 2
𝑥1 ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}
𝑥2 ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}
min 𝐹 (𝑋, 𝑌) =
𝑌

(12)

(𝑥1 + 𝑦1 ) (𝑥2 + 𝑦2 )
1 + 𝑥1 𝑦1 + 𝑥2 𝑦2

0 ≤ 𝑦1 ≤ 𝑥1
0 ≤ 𝑦2 ≤ 𝑥2 .
The results calculated by the proposed BLGA and the
exact method are shown in Table 3.
Table 3 shows the best and the worst results among these
15 runs, whose objective function values are the same as that
calculated by the exact method, even though the solutions
are different. The standard deviation value is near zero, which
means that each independent run draws the similar objective
function values. Figure 4(a) shows the iterative process of a
best run, and the evolution processes for the upper-level and
lower-level GAs are shown in Figure 4(b).
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Figure 2: Iterative process of Example 1.

11
200

The best objective function of the lower-level model
The best objective function of the upper-level model

(a)

(b)

Figure 3: Iterative process of Example 2.

Table 3: Results of Example 3.
∗

Best
Worst
Average
Median
Standard deviation value
Exact method

∗

∗

𝐹 (𝑋 , 𝑌 )
−1.9600
−1.9600
−1.9600
−1.9600
6.8951 × 10−16
−1.9600

𝑋∗
(7, 7)
(7, 7)
—
—
—
(7, 7)

𝑓∗ (𝑋∗ , 𝑌∗ )
1.9600
1.9600
1.9600
1.9600
6.8951 × 10−16
1.9600

𝑌∗
(7.0000, 0.0008)
(0.0009, 7.0000)
—
—
—
(7.0000, 0.0000)
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Figure 4: Iterative process of Example 3.

Example 5 (MINLBLP with multiple independent followers).

Table 4: Results of Example 4.
∗

∗

∗

∗

∗

∗

∗

𝐹 (𝑋 , 𝑌 )
𝑥
𝑓 (𝑥 , 𝑦 )
Best
1.0000
1.0039 1.5319 × 10−5
Worst
1.0333
1.0011 1.1000 × 10−3
Average
1.0045
—
1.8139 × 10−4
Median
1.0000
—
1.5319 × 10−5
Standard deviation value
0.1171
—
0.0004
Exact method
1.0000
1.0000
0.0000

∗

𝑦
1
1
—
—
—
1

𝐹 (𝑥, 𝑌1 , 𝑌2 )
min
𝑥
= (𝑦11 + 𝑦21 − 200) (𝑦11 + 𝑦21 )
+ (𝑦12 + 𝑦22 − 160) (𝑦12 + 𝑦22 )
𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 ≤ 40
𝑦11 + 𝑦22 ≤ 𝑥3
1 ≤ 𝑥1 ≤ 10

Example 4 (leader decision variables are continuous and
follower decision variables are discrete).
𝐹 (𝑥, 𝑦) = (𝑥 − 1)2 + (𝑦 − 2)
min
𝑥

1 ≤ 𝑥3 ≤ 15

2

1 ≤ 𝑥4 ≤ 20

𝑦−𝑥≤0

2

2

min 𝑓 (𝑥, 𝑌1 ) = (𝑦11 − 4) + (𝑦12 − 4)
𝑌1

1≤𝑥≤3
𝐹 (𝑥, 𝑦) = (𝑥 + 𝑦 − 2)
min
𝑦

1 ≤ 𝑥2 ≤ 5

2

0.4𝑦11 + 0.7𝑦12 ≤ 𝑥1

(13)

0.6𝑦11 + 0.3𝑦12 ≤ 𝑥2

𝑥+𝑦≤5

0 ≤ 𝑦11 ≤ 20

𝑦 ∈ {0, 1, 2, 3} .

𝑦12 ∈ {0, 1, 2, . . . , 20}
2

The results are shown in Table 4.
In these 15 runs, there are 6 times in which the proposed
BLGAs draw the different solutions with the best result.
However, these differences are so small that can be negligible.
Moreover, the best result is rather similar to the exact solution, which demonstrates the effectiveness of the proposed
BLGA. The iterative process is shown in Figure 5(a), and the
BLGA evolution processes for the upper-level and lower-level
optimizations are shown in Figure 5(b).

(14)

min 𝑓 (𝑥, 𝑌2 ) = (𝑦21 − 35) + (𝑦22 − 2)
𝑌2

0.4𝑦21 + 0.7𝑦22 ≤ 𝑥3
0.6𝑦21 + 0.3𝑦22 ≤ 𝑥4
0 ≤ 𝑦21 ≤ 40
𝑦22 ∈ {0, 1, 2, . . . , 40} .
The results are shown in Table 5.

2
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Table 5: Results of Example 5.

∗

Best
Worst
Average
Median
Standard deviation value
Exact method

𝐹
−6598.6
−6512.8
−6568.81
6572.40
22.0338
−6600

𝑓1 ∗
16.5284
54.8902
25.0162
9.8871
15.1987
11.9241

𝑋∗
(7.61, 4.66, 11.09, 16.64)
(4.82, 2.90, 12.80, 19.38)
—
—
—
(7.91, 4.37, 11.09, 16.63)

𝑌1 ∗
(3.27, 9)
(1.57, 6)
—
—
—
(2.29, 10)

𝑓2 ∗
56.8328
12.94
52.3811
72.1481
22.4542
64.6841

1.5

Function value of lower level

Function value

5
4
3
2

2

1
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0.5
1
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−0.5

1

0

50

100
150
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200
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−1
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Function value of upper level

2.5

6

0

𝑌2 ∗
(27.73, 0)
(32.01, 0)
—
—
—
(27.21, 0)

0
200

The best objective function of the lower-level model
The best objective function of the upper-level model

(a)

(b)

Figure 5: Iterative process of Example 4.

Table 5 shows the basic information about these 15
independent runs. Note that the differences between the best
objective function values calculated by the proposed BLGA
and the exact method are negligible. The iterative process is
shown in Figure 6(a), and the BLGA evolution processes for
the upper-level and lower-level optimizations are shown in
Figure 6(b).
3.5. Algorithm Evaluation. Based on the characteristic of
MINLBLP with one or multiple independent followers in
product family design (PFD), we have proposed a BLGA
to solved this problem. We use five numerical examples to
demonstrate the effectiveness and robustness of the proposed
BLGA. We summarize the advantages of the proposed BLGA
as follows.
First, MINLBLP with one or multiple independent followers has generality, which can illustrate many practical
management and engineering problems, such as PFD. Many
studies have examined using GAs to solve special BLP problems. Some algorithms require that leader constraints include
no follower decision variables, which cannot solve the target
MINLBLP problems. In addition, some algorithms require
only continuous decision variables, which limit practical
application. In theory, the proposed BLGA has no limitations
on constraints and variables.

Second, the optimal solutions calculated by the proposed
algorithm belong to the constraint region. Note that to
ensure the feasibility of the optimal solutions, we have made
the following assumptions prior to designing the proposed
BLGA. In the BLGA, the fitness values of individuals that do
not satisfy constraints are set to zero to avoid being selected
as parents. This ensures that the optimal solutions satisfy all
constrains, which belong to the constraint region.
Third, the proposed BLGA has good effectiveness and
strong robustness, which has been demonstrated through the
five numerical examples. Note that we use the binary code
strategy to encode so that we can set the precision according
to practical requirements. This strategy suits the mechanism
of GAs, which can search for optimal solutions carefully.

4. Case Study
4.1. Problem Description. A case study of a simplified reducer
family design is shown to demonstrate the proposed BLGA. A
single-stage gear reducer includes three types of customized
reducers, whose transmission ratios are 2, 3, and 4, respectively. To reduce cost and produce the three reducers simultaneously, we design platform parts and different customization
parts, respectively. In this case, platform parts include a shell,
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Figure 6: Iterative process of Example 5.

a high-speed shaft, and a low-speed shaft, whose critical
parameters are taken as the platform variables. The different
customization parts include the high-speed gear and the
low-speed gear, whose critical parameters are taken as the
customization variables. The critical parameter of platform
parts is shell size, which is described by the center distance
and diameter of high-speed shaft 𝑑𝐻. The center distance is
proportional to the total number of gears when the module
is determined; thus, we take the total number of gears 𝑧𝑠 as a
platform variable. To optimize customization parts, we must
optimize the selection of materials of gears 𝑦𝑖𝑗 (a 0-1 variable)
and the number of teeth of high-speed gear 𝑧𝐻𝑖 (𝑖 = 1, 2, 3;
the total number of gears is the sum of the number of lowspeed gear and high-speed gear teeth). Here, 𝑦𝑖𝑗 = 1 indicates
that the 𝑖th reducer uses the jth material.
In the design process of the reducer family, we cannot
consider platform optimization and customization optimization simultaneously. The platform designer who optimizes
the platform aims to leverage enterprise profitability, which
includes maximizing the performance of all reducers and
minimizing total cost. The customization designers design
customization variables to maximize the performance of each
reducer. Note that these designers have different goals and
decision variables; however, their decisions affect each other.
This is a joint optimization problem. Compared with the
customization designers, platform designers act as leaders
because the platform is the basis of a product family, which is
more important. The customization designers act as followers. Consequently, this case can be considered a Stackelberg
game-based decision-making problem.
4.2. Model Development. In this reducer family design problem, the leader is the platform design, whose decision
variables are the total number of gears 𝑧𝑠 and the diameter
of high-speed shaft 𝑑𝐻. The objective is to maximize the

performance of all reducers and minimize total cost. The
constraints are the ranges of the decision variables.
In this problem, the performance of the reducer family
is the sum of the performance of each reducer, which is
influenced by bending resistance and abrasion resistance.
We use the bending fatigue stress of high-speed gear 𝜎𝐹𝐻𝑖
to define the bending resistance of the 𝑖th reducer because
bending resistance affects the bending and fracture of a gear
and, compared with a low-speed gear, the high-speed gear
is easier to break. Because it is influenced by contact fatigue
stress, the abrasion resistance is defined by the contact fatigue
stress 𝜎𝐻𝑖 . In this simplified case, we describe the evolution of
fatigue stress of the 𝑖th reducer by the product of two types
of fatigue stress. The evolution of fatigue stress of the reducer
family is ∑ 𝜎𝐻𝑖 𝜎𝐹𝐻𝑖 . This has an inverse relationship with the
performance of the reducer; thus, the goal of maximizing the
performance of all reducers can be replaced by minimizing
the evolution of fatigue stress of the reducer family.
Here, the total cost is the sum of the costs of each reducer,
which is influenced by manufacturing materials. Assume that
different types of reducers that use the same type of material
have the same production cost. The customization designer
can select the manufacturing materials from metals A, B, and
C. The production costs 𝐶𝑗 (𝑗 = 1, 2, 3) are 50, 70, and 100,
respectively. We define 𝑦𝑖𝑗 as 0-1 variables that show whether
the 𝑖th reducer uses the jth material. The production cost
of the 𝑖th reducer is ∑ 𝐶𝑗 𝑦𝑖𝑗 , and the production cost of the
reducer family is ∑ ∑ 𝐶𝑗 𝑦𝑖𝑗 .
We can describe the leader’s objective of the upper-level
model as minimizing the product between the evolution of
fatigue stress and the total cost, which is given as follows:
min

3

3 3

𝑖=1

𝑖=1 𝑗=1

∑𝜎𝐻𝑖 𝜎𝐹𝐻𝑖 ∑ ∑𝐶𝑗 𝑦𝑖𝑗 .

(15)
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Table 6: Material coefficients of metals.
Metal A (𝑗 = 1)
200 MPa0.5

Metal B (𝑗 = 2)
190 MPa0.5

Metal C (𝑗 = 3)
180 MPa0.5

Contact fatigue stress [𝜎]𝐻𝑗

300 MPa

400 MPa

500 MPa

Bending fatigue stress [𝜎]𝐹𝐻𝑗

100 MPa

200 MPa

300 MPa

Elastic coefficient 𝑍𝐸𝑗

The lower-level models attempt to optimize the three
types of reducers. For the 𝑖th reducer, the decision variables
are the diameter of low-speed shaft 𝑑𝐿 𝑖 , the number of teeth
of high-speed gear 𝑧𝐻𝑖 , and the materials selection variable
𝑦𝑖𝑗 (𝑖, 𝑗 = 1, 2, 3). The objectives of the lower-level models are
to minimize the cost of reducer 𝐶𝑗 𝑦𝑖𝑗 . The constraints are the
restrictions of fatigue stress, dimensions, ranges of indicators,
ranges of variables, and material selections.
The constraints of fatigue stress are that bending fatigue
stress and the contact fatigue stress are less than allowable
stress, respectively, which are given as follows:
3

𝜎𝐻𝑖 = 𝑍𝐻 ∑𝑍𝐸𝑗 𝑦𝑖𝑗 √
𝑗=1

2𝐾𝑇𝐻𝑖

𝑏𝑖 𝑚2 𝑧𝐻𝑖 2

⋅

𝑢𝑖 + 1
𝑢𝑖

3

≤ ∑ [𝜎𝐻𝑖 ] 𝑦𝑖𝑗 ,

(16)

𝑗=1

𝜎𝐹𝐻𝑖 =

2𝐾𝑇𝐻𝑖 𝑌𝐹𝑆𝐻𝑖
𝑏𝑖 𝑧𝐻𝑖 𝑚2

3

Variables and indicators
Diameters of high-speed shaft 𝑑𝐻
Total number of gears 𝑧𝑆
Diameters of low-speed shaft 𝑑𝐿 𝑖
Number of teeth of high-speed gear 𝑧𝐻𝑖
Transmission ratio of reducer 1 𝑢1
Transmission ratio of reducer 2 𝑢2
Transmission ratio of reducer 3 𝑢3

𝑗=1

𝐷𝐻𝑖 = 𝑚𝑧𝐻𝑖 ≥ 𝑑𝐻𝑖 + 20,
𝐷𝐿 𝑖 = 𝑚𝑧𝐿 𝑖 ≥ 𝑑𝐿 𝑖 + 20.

(17)

𝑧𝑆 − 𝑧𝐻𝑖
𝑧𝐻𝑖

≤ 𝑢𝑖𝐻.

𝑑𝐻 ,𝑧𝑆

s.t.

3

3 3

𝑖=1

𝑖=1 𝑗=1

∑𝜎𝐻𝑖 𝜎𝐹𝐻𝑖 ∑∑ 𝐶𝑗 𝑦𝑖𝑗
𝐿
𝑈
𝑑𝐻
≤ 𝑑𝐻 ≤ 𝑑𝐻

𝑧𝑆𝐿 ≤ 𝑧𝑆 ≤ 𝑧𝑆𝑈
3

min

𝑑𝐿 𝑖 ,𝑧𝐻𝑖 ,𝑦𝑖𝑗

∑ 𝐶𝑗 𝑦𝑖𝑗

𝑗=1

3

s.t.

𝜎𝐻𝑖 = 𝑍𝐻 ∑ 𝑍𝐸𝑗 𝑦𝑖𝑗 √
𝜎𝐹𝐻𝑖 =

2𝐾𝑇𝐻𝑖

𝑏𝑖 𝑚2 𝑧𝐻𝑖 2

2𝐾𝑇𝐻𝑖 𝑌𝐹𝑆𝐻𝑖
𝑏𝑖 𝑧𝐻𝑖 𝑚2

3

𝜎𝐻𝑖 ≤ ∑ [𝜎𝐻𝑖 ] 𝑦𝑖𝑗
𝑗=1

(18)

Each customization designer can only select a single material.
This constraint is expressed as follows:
3

∑𝑦𝑖𝑗 = 1.

min

𝑗=1

Suppose the margin of error for the actual transmission
ratio of the reducers is 10% above or below the nominal
transmission ratio. The constraints of the indicator ranges
include the ranges of the actual transmission ratio, which is
expressed as follows:

Range
40–60 mm
140∼160
60–100 mm
25–60
1.8–2.2
2.7–3.3
3.6–4.4

the upper and lower bounds are represented by superscripts
𝑈 and 𝐿.
According to our analysis, an MINLBLP model with
multiple independent followers of the leader-follower joint
optimization for the reducer family design can be expressed
as follows:

≤ ∑ [𝜎𝐹𝐻𝑖 ] 𝑦𝑖𝑗 ,

where loading coefficient 𝐾 is 1.4, region coefficient 𝑍𝐻 is 2.5,
tooth width 𝑏𝑖 is 80 mm, and the torque of the high-speed
shaft is 1.27 × 105 N⋅mm. The different material coefficients
of metal are given in Table 6. The dimension constraints
dictate that the diameters of the reference circles of low-speed
and high-speed gears are greater than 20 mm longer than
the diameters of the low-speed shaft and high-speed shaft,
respectively, which are given as follows:

𝑢𝑖𝐿 ≤ 𝑢𝑖 =

Table 7: Ranges of variables and indicators.

(19)

𝑗=1

In addition, there are also constraints for the ranges of
variables. These constraints are given in Table 7. Note that

3

𝜎𝐹𝐻𝑖 ≤ ∑ [𝜎𝐹𝐻𝑖 ] 𝑦𝑖𝑗
𝑗=1

𝑚𝑧𝐻𝑖 ≥ 𝑑𝐻𝑖 + 20
𝑚 (𝑧𝑆 − 𝑧𝐻𝑖 ) ≥ 𝑑𝐿 𝑖 + 20
𝑢𝑖𝐿 ≤

𝑧𝑆 − 𝑧𝐻𝑖
𝑧𝐻𝑖

≤ 𝑢𝑖𝐻

⋅

𝑢𝑖 + 1
𝑢𝑖
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Figure 7: Iterative process.

3

∑𝑦𝑖𝑗 = 1,

𝑗=1

𝑦𝑖𝑗 = 1 or 0

𝑑𝐿𝐿 𝑖 ≤ 𝑑𝐿 𝑖 ≤ 𝑑𝐿𝑈𝑖
𝐿
𝑈
𝑧𝐻
≤ 𝑧𝐻𝑖 ≤ 𝑧𝐻
𝑖
𝑖

𝑖 = 1, 2, 3.
(20)
The material coefficient of metal and the ranges of variables and indicators are shown in Tables 6 and 7, respectively.

4.3. Solution and Analysis of Results. This model is an
MINLBLP problem with three independent followers. We
use the proposed BLGA to solve this problem with the
following parameters: population size is 50; maximal number
of generations is 300; precision of binary code is 0.01; and
crossover rate is 0.8. Figure 7(a) shows that the best optimal
solutions are found in the fiftieth generation. Figure 7(b)
shows the evolution processes of the overall evaluation and
cost. Figure 7(c) shows the overall evolution processes of the
fatigue stress of the family and each reducer. The optimal
results are given in Table 8, which shows the design of each
reducer.

Reducer A
Reducer B
Reducer C

52.2627

159.6643

Platform variables
Diameter of
Total number of
high-speed shaft
gears
𝑧𝑆
𝑑𝐻 /mm

Table 8: Results.
Customization variables
Diameter of
Number of teeth of
Selections in metal
low-speed shaft
high-speed gear
𝑦𝑖𝑗
𝑑𝐿 𝑖 /mm
𝑧𝐻𝑖
77.4652
57.0171
A
64.0830
43.0684
A
79.6435
34.6496
B

50
50
79
8.7881 × 10

1.0337 × 105
1.7082 × 105
2.4275 × 105

Cost of reducer

Overall evaluation
of reducer family
6

Evaluation of fatigue
stress

Lower-level goal

Upper-level goal
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5. Conclusion and Further Study
MINLBLP can accurately model product family design,
which has one or multiple nonlinear and nonconvex independent low-level models. Based on the characteristics of the
model in product family optimization, the primary purpose
of this study has been to propose a bilevel BLGA to solve
product family optimization models. The proposed BLGA
applies a GA to both the leader and followers and uses
appropriate encoding strategies to handle continuous and
discrete decision variables, which are common in product
family optimization. The proposed BLGA overcomes many
limitations of previously proposed GAs. For example, such
GAs cannot solve a model in which leader constraints do
not contain follower decision variables, which is common in
product family optimization. The proposed BLGA overcomes
this limitation. This paper models the joint optimization
between product platform and product family designs by
an MINLBLP approach in detail and presents a case study
of a simplified reducer family design to demonstrate the
feasibility and effectiveness of this model and BLGA.
Currently, BLP is widely used in product family design
optimization, which is a hot topic in engineering. GAs can
solve BLP problems effectively. This paper only presents a
specific application of a simplified reducer family design
which describes the joint optimization between product
platform design and product family design. In the future, we
can do more research on other leader-follower relationships
in the product family design problems and improve the BLGA
efficiency by adjusting the encoding strategies and operation
strategies.
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Simulated annealing (SA) has been an effective means that can address difficulties related to optimisation problems. SA is
now a common discipline for research with several productive applications such as production planning. Due to the fact that
aggregate production planning (APP) is one of the most considerable problems in production planning, in this paper, we present
multiobjective linear programming model for APP and optimised by SA. During the course of optimising for the APP problem, it
uncovered that the capability of SA was inadequate and its performance was substandard, particularly for a sizable controlled APP
problem with many decision variables and plenty of constraints. Since this algorithm works sequentially then the current state will
generate only one in next state that will make the search slower and the drawback is that the search may fall in local minimum which
represents the best solution in only part of the solution space. In order to enhance its performance and alleviate the deficiencies in
the problem solving, a modified SA (MSA) is proposed. We attempt to augment the search space by starting with 𝑁 + 1 solutions,
instead of one solution. To analyse and investigate the operations of the MSA with the standard SA and harmony search (HS), the
real performance of an industrial company and simulation are made for evaluation. The results show that, compared to SA and HS,
MSA offers better quality solutions with regard to convergence and accuracy.

1. Introduction
Aggregate production planning (APP) is considered as an
important technique in operations management. Other elemental methods that are closely related to this included
capacity requirements planning (CRP), master production
scheduling (MPS), and material requirements planning
(MRP). APP refers to a medium-term resource and capacity
planning that ascertains optimum levels of the inventory,
workforce, subcontracting, production, and backlog to meet
the inconsistent demands and requirements with limited
capacity and supply over a definite period of time that spans
from 3 to 18 months. Also, APP is implemented to resolve
problems that involve collective decisions. It finds the total
capacity level in industries for a certain period, while not
calculating the amount of produce from each individual
stock-keeping unit. The extent of details estimated makes

APP a useful instrument for analysing decisions with a transitional time frame where determining levels of production
by stock-keeping unit becomes too early, while arranging
for additional capacity becomes too late. The objective of
APP is to fulfill the expected changing requirements and
demands in a cost-effective way through a definite period.
The usual expenses include the costs of inventory, production,
backlog, subcontracting, hiring, layoff, backorder, over time,
and regular time.
The APP problem has been researched widely since it
was first conceptualised in the 1955 study by Holt et al. [1].
They proposed the HMMS rule. Bergstrom and Smith [2]
generalized the HMMS approach to a multiproduct formulation. Bitran and Yanasse [3] investigated the problems of
ascertaining production plans under stochastic demands over
a set of time periods. Nam and Logendran [4] evaluated APP
models and categorised them into near optimal and optimal.
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APP along with the other mathematical optimisation models
indicated that linear programming has the most pervasive
acknowledgment. Silva Filho [5] developed a stochastic
optimisation model with the limitations of production, stock,
and workforce to explain a multiproduct and multiperiod
APP problem. APP was described by Fung et al. (2003) [6] as
a method to ascertain inventory, production, and workforce
levels required to meet all market demands. Mirzapour
Al-E-Hashem et al. [7] formulated a robust multiproduct,
multiperiod, multiobjective, and multisite APP that handles
contradictions in relation to total expenses of supply chain,
customer assistance levels, and efficiency of workers during
medium-term planning in an uncertain environment.
A mixed-integer linear programming model was proposed by Zhang et al. [8] for APP problems related to the
expansion of production capacity. Jamalnia and Feili [9]
introduced a distinct hybrid event simulation and system
dynamics method to simulate and replicate APP problems.
The prime purpose of their study was to find out the
efficiency of APP strategies with regard to the total profit.
Tonelli et al. [10] suggested an optimisation method to
confront aggregate planning difficulties of a hybrid model
production setting. They assessed the planning problem of a
real-world assembly manufacturing system and tackled the
model flexibility challenge. A mixed-integer, multiobjective,
nonlinear programming model was proposed by Gholamian
et al. [11] for scheduling aggregate production in an SC under
uncertainty demand. The model resolves the problem with
a fuzzy multiobjective optimisation approach. The suggested
approach changes the nonlinear model to a linear one and
then alters the fuzzy model to the parametric deterministic
model.
In recent times, with the influence of sophisticated
modeling methods invented and increasing the number of
assumptions, the APP problem has turned into a complicated
and large-scale problem. In the research community, there
is a tendency to resolve large and complex problems by the
use of modern heuristic optimisation methods. This is mainly
due to the time-consuming and unsuitability of classical
techniques in many circumstances.
A fuzzy multiobjective APP model was introduced by
Baykasoglu and Gocken [12] along with a direct solution
technique based on ranking orders of fuzzy numbers and
tabu search. Ramazanian and Modares [13] presented a
goal programming multiobjective model for a multiperiod,
multistep, and multiproduct APP problem in the cement
sector. The model was modified as a nonlinear programming
model with a single objective. An extended objective function
method and a suggested PSO variant whose inertia weight
was established as a function were used to resolve it. A
comparison of the simulation with GA and PSO confirmed
that PSO shows more acceptable results than GA. To simulate
the process of human decision-making, Wang and Fang [14]
implemented a genetic algorithm (GA) based technique with
fuzzy logic. In place of finding the most optimal solution,
this procedure looks for a group of inaccurate solutions that
yields results within satisfactory levels. Subsequently, a final
solution was selected by examining a convex combination of
these solutions.
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Kumar and Haq [15] resolved an APP problem by utilising
genetic algorithm (GA), ant colony algorithm (AGA), and
hybrid genetic-ant colony algorithm (HGA). Based on the
results, HGA and GA exhibited relatively good performance.
Aungkulanon et al. [16] considered various hybridisation
techniques of the harmony search algorithm to explain the
fuzzy programming method for several objectives to the
APP problems. To resolve the multiobjective APP problem,
Luangpaiboon and Aungkulanon [17] recommended hybrid
metaheuristics of the hunting search (HuSIHSA) and firefly
(FAIHSA) procedures based on the enhanced harmony
search algorithm. A mathematical model was suggested by
Kaveh and Dalfard [18] that took into consideration the time
and expenses for preventative upkeep of APP problems and
used a simulated annealing algorithm to solve this. In spite
of this, they manage single objective only. Wang and Yeh [19]
introduced the concept of subparticles to the update rules of
PSO to relieve the lack of resources to change the PSO plan
so that the restrained integer linear programming model can
be implemented to solve real-world APP problems. However,
all these presented approaches are generality concentrated
on the solution algorithm but not on a general model. The
majority of models in the APP are relevant to single product,
single stage systems, and even single objective; they are not
compatible with production systems [20].
A simulated annealing algorithm (SAA) has not been
functional in solving multiobjective APP problems, even
though most applications made use of metaheuristic algorithms on APP. In this paper, we first suggest a conventional multiobjective linear programming model for APP.
Throughout the implementation of SA to the APP problems,
it was observed that SA has an inadequacy with respect to
big APP problems that have plenty of decision variables.
To improve the SA efficiency for the production planning
system, a modified SA is introduced that can resolve APP
problems with multiobjective linear programming model,
since a large number of companies intend to fulfill more than
one objective while creating a response and flexibility. The
objective of the model is to decrease the aggregate expenses of
production and workforce, and simulation and real-life data
were used to verify the effectiveness of this method.
The organisation of the paper is as follows. Section 2
gives an overview of harmony search. Section 3 includes
some essential theories of simulated annealing algorithm.
Section 4 introduces the scheme of modifying the simulated
annealing algorithm. Section 5 explains the multiobjective
linear programming model of the APP. Section 6 discusses
the trials and comparisons for the altered SA with standard
HS and SA. Section 7 provides a few conclusions and offers
some discussions.

2. Multiobjective Linear Programming Model
We proposed mathematical model for APP problem and
assumed that an industrial company manufacturing produces
𝑛 types of products to fulfill market demand over planning
time horizon 𝑇. We considered two objective functions in this
paper: to minimize production costs and minimize workforce
costs. We will describe them below.
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2.1. Objective Function

The HSA process can be summed up as follows.

Minimize Production Costs. Consider the following:
𝑁 𝑇

min 𝑍1 = ∑ ∑𝑐𝑛𝑡 𝑃𝑛𝑡 + 𝑖𝑛𝑡 𝐼𝑛𝑡 .

(1)

𝑛=1 𝑡=1

Step 1. Initialize the harmony memory (HM) which contains
HMS vectors generated randomly, where 𝑥𝑖 = 𝑥𝑖𝑗 , 𝑖 =
1, 2, . . . , HMS, and 𝑗 = 1, 2, . . . , 𝑛, where n is the size of the
problem, and the harmony memory (HM) matrix is filled
with HMS and 𝑓 represented the fitness function as follows:
HM

Minimize Workforce Costs. Consider the following:
𝑇

min 𝑍2 = ∑𝑤𝑡 𝑊𝑡 + ℎ𝑡 𝐻𝑡 + 𝑓𝑡 𝐹𝑡 + 𝑜𝑡 𝑂𝑡 .

(2)

𝑡=1

2.2. Subject to Constraint. Consider the following:

∀𝑡

𝑂𝑡 − 𝐴 𝑂 × 𝑊𝑡 ≤ 0

∀𝑡

∑ 𝑀𝑛 𝑃𝑛𝑡 − 𝐴 𝑅 × 𝑊𝑡 − 𝑂𝑡 ≤ 0

∀𝑡.

𝑁

]
] (4)
]
].
]
]
]
]

Step 2. Improvise a new harmony. There are three rules for
this:

𝑃𝑛𝑡 + 𝐼𝑛(𝑡−1) − 𝐼𝑛𝑡 = 𝐷𝑛𝑡 , ∀𝑛, ∀𝑡
𝐹𝑡 − 𝐻𝑡 + 𝑊𝑡 − 𝑊𝑡−1 = 0

𝑥12
𝑥13 ⋅ ⋅ ⋅ 𝑥1𝑛
𝑓 (𝑥1 )
𝑥11
[
[ 𝑥21
𝑥22
𝑥23 ⋅ ⋅ ⋅ 𝑥2𝑛
𝑓 (𝑥2 )
[
[
=[ .
..
..
..
..
..
[ ..
.
.
.
.
.
[
[ 𝑥HMS1 𝑥HMS2 𝑥HMS3 ⋅ ⋅ ⋅ 𝑥HMS𝑛 𝑓 (𝑥HMS𝑛 )

(3)

𝑛=1

𝐻𝑡 ≤ 𝐻max
𝐹𝑡 ≤ 𝐹max
𝐻𝑡 , 𝐹𝑡 , 𝑊𝑡 are integer, 𝑃𝑛𝑡 , 𝐼𝑛𝑡 , 𝑂𝑡 ≥ 0.

3. Harmony Search Algorithm
Geem et al. [21] first introduced the harmony search algorithm HSA. HSA is believed to be an inspiration algorithm
based socially on local search attributes. The concept of HSA
has originated from the natural pattern of musicians conduct
when they play their musical instruments or improvise the
music together.
This creates a perfect state of harmony or a pleasurable
harmony as governed by an aesthetic quality with the pitch of
every musical device. In a similar manner, the optimisation
technique searches for a globule solution as ascertained by
an objective function through a series of values designated
to every decision variable. In a musical orchestration, the set
of pitches from every musical instrument accomplishes the
aesthetic evaluation. The quality of harmony gets enriched
with every practice. Each style of music is composed by musicians out of specific instruments. If all musical pitches create
a perfect harmony, then that musical experience remains
in every instrument player's memory, and the likelihood to
create a good harmony the next time increases manyfold. If
every player plays together with dissimilar notes, then a new
musical harmony is composed. There are three rules of musical improvisation playing a completely random pitch from
the workable sound range, playing a pitch from memory, or
playing an adjoining pitch of a pitch from memory. These
techniques rules are implemented in HSA and the same was
explained to describe the process of HSA.

(1) Harmony memory considering (HMC) rule: for this
rule, a new random number 𝑟1 is generated within the
range [0, 1].
If 𝑟1 < HMCR, then the first decision variable in the
new vector 𝑥𝑖𝑗 is chosen randomly from the values in
the current HM as follows:
𝑥𝑖𝑗new = 𝑥𝑖𝑗 , 𝑥𝑖𝑗 ∈ {𝑥1𝑗 , 𝑥2𝑗 , . . . , 𝑥HMS𝑗 } .

(5)

(2) Pitch adjusting rate (PAR): a new random number 𝑟2
is generated within the range [0, 1].
If 𝑟2 < PAR, then the pitch adjustment decision
variable is calculated as follows:
𝑥𝑖𝑗new = 𝑥𝑖𝑗 ± 𝑟3 ⋅ BW,

(6)

where BW is a bandwidth factor, which is used to
control the local search around the selected decision
variable in the new vector.
(3) Random initialization rule is as follows.
If the condition 𝑟1 < HMCR fails, the new first
decision variable in the new vector 𝑥𝑖𝑗new is generated
randomly as follows:
𝑥𝑖𝑗new = 𝑙𝑖𝑗 + (𝑢𝑖𝑗 − 𝑙𝑖𝑗 ) 𝑟4 ,

(7)

where 𝑙, 𝑢 are the lower and upper bound for the given
problem and 𝑟3 , 𝑟4 ∈ (0, 1)
Step 3. Update harmony memory. If improvised harmony
vector is better than the worst harmony, replace the worst
harmony in the HM form:
if 𝑓 (𝑥new ) < 𝑓 (𝑥worst ) then 𝑥worst = 𝑥new

(8)

Step 4. Check the stopping criterion. If the stopping criterion
is satisfied, the computation is terminated. Otherwise, repeat
Steps 3 and 4.
The steps of HSA are elucidated in Figure 1.
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Start

r1 < HMCR
Set and initialize the parameters HMS,
HMCR, PAR, max number of iterations K

No

xij = lij + (uij − lij )r4

Yes
xijnew = xij

Generated HM vectors xij ,
initialize {r1 , r2 , r3 , r4 } ∈ (0, 1)

No

r2 < PAR

Yes
xijnew = xijnew ± r3 BW

f(xnew ) < f(xworst )

No

Yes
Update HM : xworst = xnew

No

Stopping condition
iteration = k
Yes
End

Figure 1: Flowchart for HS procedure.

4. Simulated Annealing Algorithm
For complicated optimisation problems, simulated annealing
(SA) has been regarded as an effective measure. Kirkpatrick
et al. [22] introduced SA for the first time. SA refers to a random search technique that makes use of a similarity between
the method through which a metal cools down and freezes to
a crystalline structure (the annealing process) with minimum
energy and the search process for a minimum in a more
undefined system. This is used as the base of an optimisation
method that can be used for combinatorial problems. The
method has been extensively used to solve various problems.
The foremost benefits and strengths of SA over other search
techniques are its flexibility and capability to achieve overall
optimality. Conversely, the main disadvantage of the method
is its extremely slow convergence in big problems. In SA,

first a primary solution is randomly created, and a neighbour
is found and this is accepted with a probability of min
(1, 𝑒(−𝛿𝑓/𝑇) ), where 𝑇 is the control parameter corresponding
to the temperature of the physical analogy and is called
temperature, and 𝛿𝑓 is the cost difference [23]. On gradual
decrease of temperature, the algorithm congregates to the
global minimum. The operations of the SA are depicted in
Figure 2.

5. Modified Simulated Annealing Algorithm
Practitioners make extensive use of SA to solve NP-hard
problems. But SA can get stuck at a local minimum and
not attain the global optimum because of its inadequate
capability and substandard performance, specifically with a
large number of decision variables in APP problems. It is also
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k= k+1

Start

Initialize solution x, k = 0,
set m and the temperature T

Generate a new solution x for x

p = e(−(|f(x



No

)−f(x)|)/T)

f(x ) ≤ f(x)

Yes
x = x
f(x) = f(x )

Generation random number Z

No

k=m
No

P<Z
Yes
Yes
Reduce the parameter T,
Tk+1 = 𝛼T, 𝛼 = 0.95

Yes
End

Stopping criteria?

No

Figure 2: Operations for SA.

programmed to function sequentially and hence the current
state will generate only one subsequent state. This will slow
down the search. In order to improve the problem solving
by the aforementioned SA, a modified SA (MSA) is proposed
to augment its performance and address the problem-solving
insufficiencies. We attempt to augment the search space by
starting with 𝑁 + 1 solutions, instead of one solution. These
solutions work in a parallel way for utilising the overall search
area in short time. The details are described in the following
steps, and the operations of the MSA are also illustrated in
Figure 3.
Step 1. Generate 𝑛 + 1 initial solutions, namely, 𝑥1 , 𝑥2 , . . . ,
𝑥𝑛 , 𝑥𝑛+1 , and set initial high temperature 𝑇.
Step 2. Find the objective function for each 𝑥𝑖 , 𝑖 = 1, 2, . . . ,
𝑛, 𝑛 + 1.
Step 3. Sort the solution such as 𝑓(𝑥1 ) ≤ 𝑓(𝑥2 ) ≤ ⋅ ⋅ ⋅ ≤
𝑓(𝑥𝑛 ) ≤ 𝑓(𝑥𝑛+1 ), where 𝑓(𝑥1 ) is the best solution (current
solution).

Step 4. Repeat this step 𝑚 times:
(i) Generate a new solution 𝑥𝑖 for each 𝑥𝑖 .

(ii) If 𝑓(𝑥𝑖 ) ≤ 𝑓(𝑥𝑖 ) then 𝑥𝑖 = 𝑥𝑖 and 𝑓(𝑥𝑖 ) = 𝑓(𝑥𝑖 ).


(iii) Else if 𝑝 = 𝑒(−(|𝑓(𝑥𝑖 )−𝑓(𝑥𝑖 )|)/𝑇) and 𝑃 < 𝑍 then 𝑥𝑖 = 𝑥𝑖 ,
𝑓(𝑥) = 𝑓(𝑥𝑖 ), where 𝑍 is a random number ∈ (0 to 1)
and 𝑝 is Boltzmann probability factor.
Step 5. Reduce the parameter 𝑇 according to 𝑇𝑘+1 = 𝛼𝑇, 𝛼 =
0.95. Convergence criteria are satisfied and if not then go to
Step 3. Concerning the stopping condition, theory suggests a
final temperature equal to 0.

6. Computational Study and Results
To assess the functioning of the MSA algorithm for the APP
problem, two criteria are used: APP problem from real-world
(case study) and simulation. Standard SA, MSA, and HS are
coded by MATLAB 𝑅2015𝑎; the prevailing algorithms (SA,
HS) are compared with the proposed algorithm.
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k= k+1

Start

Initialize solution x, k = 0,
set m and the temperature T

Generate a new solution xi , for each x

No



p = e(−(|f(x𝑖 )−f(x𝑖 )|)/T)

Find f(xi ), ∀i
f(x1 ) ≤ f(x2 ) ≤ · · · ≤ f(xn+1 )

f(xi ) ≤ f(xi )

Yes
xi = x0i

f(xi ) = f(xi )

Generation random number Z

No

k=m
No

P<Z

Yes
Yes

Reduce the parameter T,
Tk+1 = 𝛼T, 𝛼 = 0.95

Yes
End

No

Stopping criteria?

Figure 3: Operation for modified SA.

6.1. Case Study. In this section, the General Company for
Vegetable Oils is used as a case study to demonstrate the proposed model. This company produces ten types of products.
Each product is represented by a letter (𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹, 𝐺,
𝐻, 𝐽, and 𝐾). The time horizon of APP decision is six months.
Tables 1–3 represent costs of production and inventory, hours
required to produce one ton for each product, and forecast
demand for each product, respectively. The initial inventory
for product 𝐴 is 105 tons, 𝐸 is 333 tons, 𝐻 is 0.25 ton, and 𝐽
is 1.8 ton. The initial worker level is 3313 workers. The cost of
regular worker per month is 500 $/man, the working hours
in one month are 140 hours. 5.357 $ (dollar) is overtime costs
per worker per hour. The costs associated with hiring and
firing are 774.910 $ and 581.182 $ per worker, respectively.
Hours of overtime, allowed during the period, are 60 hours
per period 𝑡.
The authors select HS because it provides better results
than standard SA in terms of costs especially in the second
objective 𝑍2 , while HS gives slower runtime than standard
SA.

Table 1: Production and inventory costs in dollars.
𝐴
𝐵 𝐶
𝐷
𝐸
𝐹
𝐺
𝐻
𝐽
𝐾
𝑐𝑛𝑡 3285 385 451 1006 801 487 449 1007
496 739
𝑖𝑛𝑡 38 47 53.6 35.511 35.415 24.6 37.75 37.666 58.666 37
Table 2: Hours required to produce one ton of product.
Product 𝐴
Hours 92

𝐵
525

𝐶
69

𝐷
64

𝐸
50

𝐹
121

𝐺
42

𝐻
607

𝐽
172

𝐾
692

After we used the MSA to solve the case study, it is clear
from the results that the proposed MSA was effective and
faster than the standard SA and HS as shown in Table 4.
Due to the fact that MSA provided better results than the
SA and HS in terms of cost and time, consequently, MSA
was used to solve the model in the company as it is shown
in Tables 5–7.
Tables 5 and 6 contain the amount of the production
yield and inventory levels, respectively, to fulfill the forecast
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P2
1664.1
50.9
708.1
152
482.7
26.501
3.3
2
1.8
1.1669

P3
1236.4
35.4
700
138
496.8
14.801
7.4
1.7
2.3
0.4614

P4
782.5
40.8
650.2
77
429.9
25
8.7
2.5
2.9
0.722

Time
157 s.
17 s.
11 s.

P5
914.4
27.5
439
56
324.7
14.5671
21.5
3.69
2.1
3.0498

P6
652.9
37.9
619.1
50
652.9
11.7534
29.1
0.7
2.7
0.068

Table 6: Inventory levels.
Product
P1
𝐴
36.50167
𝐵
1.29
𝐶
0
𝐷
0
𝐸
0.1612
𝐹
0
𝐺
0
𝐻
0.1434
𝐽
0
𝐾
0.1

P2
36.5017
2.59
0
0
0.1612
0
0
0.1434
0
0.6

P3
36.5017
3.63
0
0
0.1612
0
0
0.1434
0
0.06

P4
36.502
4.15
0
0
0.1612
0
0
1.1434
0
0.02

P5
36.502
4.15
0
0
0.1612
0.2308
0
0.1946
0
0.77

P6
36.502
5.27
0
0
0.1612
0
0
0.1263
0
0

Table 7: The rate of workforce level.
Workforce level
𝑊𝑡
𝐻𝑡
𝐹𝑡
𝑂𝑡

P1
1915
0
1400
31079

P2
1831
0
84
0

P3
1602
0
229
0

P4
1296
0
306
0

500000000

P5
1190
0
106
0

P6
1191
1
0
0

Z1 Z2 Z1 Z2 Z1 Z2 Z1 Z2 Z1 Z2 Z1 Z2 Z1 Z2 Z1 Z1 Z1 Z2

N = 15

N = 25

P = 18

𝑍2
5737053
5918976
5814778

Table 5: Production yield.
Product
P1
𝐴
2944.82
𝐵
53.9
𝐶
340.6
𝐷
100
𝐸
144.071
𝐹
23.101
𝐺
1.7
𝐻
1.19
𝐽
1.258
𝐾
0.741

1E + 09

P = 12

𝑍1
7043102
7159657
6993111

1.5E + 09

0

Table 4: Results for each algorithm.
Algorithm
HS
SA
MSA

2E + 09

P=6

𝐾
0/74
1.1
0.47
0.76
2.3
0.71

P = 18

𝐽
3.1
1.8
2.3
2.9
2.1
2.7

P = 12

𝐻
1.2
2
1.7
2.5
2.4
1.3

P=6

𝐺
1.7
3.3
7.4
8.7
215
29.1

P = 18

𝐵
𝐶
𝐷
𝐸
𝐹
539 340.6 100 606.4 23.1
509 708.1 152 482.7 265
35.4 700 138 496.8 14.8
40.8 650 77 429.9 25
275 439 56 324.7 15
379 619.1 50 652.9 12.4

P=6

Period 𝐴
1
3049.1
2
1664.1
3
1236.4
4
782.5
5
914.4
6
652.9

P = 12

Table 3: Forecast demand for all products.

N = 35

HS
SA
MSA

Figure 4: Optimal cost comparison MSA, SA, and HS.

number of regular workers that should be hired during that
period. Also, number 0 refers to the fact that the company
does not need to hire any worker in that period. In addition,
the result (𝐹𝑡 = 1400) represents the number of workers that
should be fired from the factory, while number 31079 refers to
the hours of overtime that should be adopted in that period.
6.2. Simulation. Simulation is another criterion for analysing
the effectiveness of the proposed modified SA. During simulation, based on the same preliminary data set for the case
study, the algorithm was used to resolve various problems.
To compare the performances of these algorithms, SA, MSA,
and HS, 9 cases of problems have been used depending
on regular working hours (𝐴 𝑅 ), overtime hours (𝐴 𝑂), and
different number of products and periods. The algorithms
have been implemented 1000 times for every problem. The
average time and the total costs for each objective of MSA,
SA, and HS are depicted in Table 8. According to this table,
the MSA provided better results by minimizing the objective
function through utilising a different number of products and
period. Besides that, we changed the regular 𝐴 𝑅 and 𝐴 𝑂 to
enlarge and change our problem, where 𝑁 and 𝑃 represent
the product number and period number, respectively, while
minimizing production costs and minimizing the workforce
costs are represented by 𝑍1 and 𝑍2 , respectively.
From Figure 4, we can see that it is evident that the
modified algorithm is superior even for complex and large
problems in minimizing the total cost of production and
workforce levels. As illustrated in Figure 5, the quality of
solutions obtained by MSA is better in runtime than SA and
HS.

7. Conclusion
demand, while Table 7 shows the results in the first column
which represent the first period. Number 1915 explains the

Simulated annealing provides a mechanism to escape local
optima by allowing hill-climbing moves in hopes of finding

8

Mathematical Problems in Engineering
Table 8: Optimal costs and time for each problem when 𝐴 𝑅 = 160, 𝐴 𝑂 = 100 hours, respectively.

𝑁 = 15

𝑃=6

𝑁 = 15

𝑃 = 12

𝑁 = 15

𝑃 = 18

𝑁 = 25

𝑃=6

𝑁 = 25

𝑃 = 12

𝑁 = 25

𝑃 = 18

𝑁 = 35

𝑃=6

𝑁 = 35

𝑃 = 12

𝑁 = 35

𝑃 = 18

SA
96231219.04
44743742.22
4.8048
250053722.9
61096198.47
8.4552
364563840.4
48838028.24
13.1352
178871907.1
37988545.97
5.0856
272811050.9
54821702.95
8.081
489020932.2
55478086.78
16.9105
209736151.9
42890759.51
8.346
400060878.1
62516501.51
11.4817
769395323.5
87815572.15
16.3801

𝑍1
𝑍2
Time
𝑍1
𝑍2
Time
𝑍1
𝑍2
Time
𝑍1
𝑍2
Time
𝑍1
𝑍2
Time
𝑍1
𝑍2
Time
𝑍1
𝑍2
Time
𝑍1
𝑍2
Time
𝑍1
𝑍2
Time

180

MSA
93276091.81
44327446.38
0.6864
241796947.2
61096198.47
0.7956
350843833.1
48838028.24
0.4212
173263161
37988545.97
0.3276
260926577.2
45726695.02
0.4056
467749414.1
50163753.84
0.4524
202629622.2
41396915.52
0.3276
384906240.5
46909627.02
0.421
740635030.5
85013218.68
0.4683

algorithm works sequentially that the current solution will
generate only one solution. To improve its performance and
lessen its insufficiencies to problem-solving, a modified SA
(MSA) is introduced that will expand the search space by
generating 𝑁 + 1 solutions to create as many numbers as
possible of the neighbour states. The study effectively explains
the applicability of the MSA algorithm in solving the APP
problem in industries. The results indicated that the use of
the modified SA resolved numerous problems, including the
complex and large ones.

160
140
120
100
80
60
40

N = 35

P = 18

P=6

P = 12

N = 25

P = 18

P=6

P = 12

N = 15

P = 18

P = 12

P=6

20
0

HS
95850473.04
44686669.41
9.8436
247445920
61096198.47
17.4097
363660493.9
48838028.24
44.3042
176467812.5
37988545.97
14.821
271276691.3
47805043.77
68.999
486493908
50555865.02
135.1904
208824558.5
41396915.52
18.33
399731639.9
54712694.41
126.0956
767172581.9
85013218.68
165.478

HS
SA
MSA

Figure 5: Comparison time running for each algorithm.

a global optimum. However, it has a disadvantage which
is the imperfections ability and unacceptable performance,
especially a large constrained APP issue. Therefore, this

Definition of Notations
𝑛: Number of products, 𝑛 = 1, 2, . . . , 𝑁
𝑡: Number of periods in the planning horizon,
𝑡 = 1, 2, . . . , 𝑇
𝑐𝑛𝑡 : Production cost per ton of product 𝑛 per period 𝑡
($/ton)
𝑖𝑛𝑡 : Inventory carrying cost per ton of product 𝑛 per
period 𝑡 ($/ton)
ℎ𝑡 : Hiring cost per worker in period 𝑡 ($, worker)
𝑓𝑡 : Firing cost per worker in period 𝑡 ($, worker)
𝑜𝑡 : Cost per man-hour of overtime labor per period 𝑡
($, worker)
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𝑤𝑡 :
𝐷𝑛𝑡 :

Cost of regular labor per period 𝑡 ($, worker)
Forecasted demand for product 𝑛 per period
𝑡 (tons)
𝑃𝑛𝑡 : Production of product 𝑛 per period 𝑡 (tons)
𝐼𝑛𝑡 : Inventory level of product 𝑛 per period 𝑡
(tons)
𝑂𝑡 : Man-hours of overtime labor per period 𝑡
𝑊𝑡 : Workforce level per period 𝑡 (workers)
𝐻𝑡 : Hired workers per period 𝑡 (workers)
Fired workers per period 𝑡 (workers)
𝐹𝑡 :
𝐻max : Maximum hiring in each period
𝐹max : Maximum firing in each period
𝑀𝑛 : Hours required to produce one ton of
product 𝑛
𝐴 𝑅 : Working regular hours per period 𝑡
𝐴 𝑂: Working overtime hours, which are allowed
during per period 𝑡
𝐾𝑛 : Hours required to produce one ton for
product 𝑛 per worker.
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Nonpoint source (NPS) pollution caused by agricultural activities is main reason that water quality in watershed becomes worse,
even leading to deterioration. Moreover, pollution control is accompanied with revenue’s fall for agricultural system. How to design
and generate a cost-effective and environmentally friendly agricultural production pattern is a critical issue for local managers.
In this study, a risk-based interval two-stage programming model (RBITSP) was developed. Compared to general ITSP model,
significant contribution made by RBITSP model was that it emphasized importance of financial risk under various probabilistic
levels, rather than only being concentrated on expected economic benefit, where risk is expressed as the probability of not meeting
target profit under each individual scenario realization. This way effectively avoided solutions’ inaccuracy caused by traditional
expected objective function and generated a variety of solutions through adjusting weight coefficients, which reflected trade-off
between system economy and reliability. A case study of agricultural production management with the Tai Lake watershed was
used to demonstrate superiority of proposed model. Obtained results could be a base for designing land-structure adjustment
patterns and farmland retirement schemes and realizing balance of system benefit, system-failure risk, and water-body protection.

1. Introduction
As a water-based compound system which is composed of
natural, economical, social, and environmental factors,
watershed has always been playing important roles in human
survival and development. As rapid socioeconomical development, water shortage and water pollution issue related to
watershed becomes more and more serious, which is an
obstacle for coordinated development of social economy and
ecological environment. To tackle such a problem, many
types of point source control measures made large contribution for decreasing pollutants-discharging amounts, such as
real-time monitoring, adoption of treatment, and control
techniques, as well as design and implementation of some
laws or regulations. However, water quality in watershed is
not significantly improved, because NPS pollution issues
have not been resolved well, especially pollution caused by
agricultural activities [1].

NPS pollution issues sourced from agricultural production are presented as many aspects and ways, including
soil erosion and loss, untreated rural domestic sewage and
garbage, and unused nitrogen and phosphorus from fertilizer
and manure. Moreover, the difficulties in controlling agricultural NPS pollution are exacerbated due to its some characteristics, such as diversities of discharge sources, disparity of
spatial and temporal distribution, complexity of generation
mechanism, uncertainty on load estimation, and unpopularity caused by overhigh control cost [1, 2]. Therefore, how to
generate an economy-effective and environmentally friendly
agricultural production pattern under complexity and uncertainty is a critical issue for local authorities.
As demonstrated in previous studies [2–17], uncertain
optimization techniques are suitable in tackling water quality
management problems, which included stochastic mathematical programming (SMP), fuzzy mathematical programming (FMP), and interval linear programming (ILP), as well
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as their integrations. Among above optimization approaches,
inexact two-stage stochastic programming (ITSP) model
proposed by Huang and Loucks [18] was frequently applied
in water management fields [15, 19–23]. This is mainly due
to the facts that (i) uncertain factors included within water
quality management system exhibit random features, such
as rainfall and runoff amounts; (ii) some factors are suitably
assumed as interval formats due to their small variation
range and limited information, including unit costs/benefits
of crops and pollutants-generation amounts; (iii) policy makers involving large agricultural production projects should
firstly know available tillable land area and then make
appropriate decisions (i.e., plant area for various land-use
types) after identifying precipitation-occurrence information
and determining whether discharge standards are violated.
ITSP model is useful in tackling probability distribution and
interval information and designing corrective actions after a
random event has taken place, leading to optimal decision
schemes. Nevertheless, ITSP model also has a drawback in
model configuration and may affect its stability and reliability.
It is reflected that objective function of ITSP model is
to maximize (or minimize) expected value under various
probabilistic scenarios without consideration of possible risk
while objective value under some specific scenarios may be
worse. This is because that realization of expected objective
value is incapable of ensuring that objective values under each
scenario are optimal, leading to low system stability. Moreover, this drawback may be aggravated while uncertainties are
exerting on management system in real world. Therefore, the
improvement in objective function is necessary.
This study aims to develop a risk-based interval two-stage
programming model for generating an optimal agricultural
production pattern within the Tai Lake watershed, which has
realized balance between system economy and system-failure
risk. RBITSP model incorporated risk-estimation measure
into objective function and ensures optimality of objective
value under each scenario. A variety of solutions are obtained
through adjusting weight coefficients in objective function,
which are suitable in evaluating trade-off between system
economy and reliability. The rest of this paper is organized as
follows: introduction in studied region and its environmental
issue are described in Section 2. Section 3 presents formulation of agricultural system optimization model and its
solution algorithm. Result analysis, its comparison situation
with traditional ITSP model, and potential improvement are
demonstrated in Section 4. The summary will be provided in
Section 5.

2. Case Study
2.1. Introduction in the Tai Lake Watershed. Located in transit
zone of northern subtropics and midsubtropics, Tai Lake
watershed is a tributary in the lower reaches of Yangtze River,
where Huangpu River is its main drainage channel (shown in
Figure 1). The area of Tai Lake watershed is 36895 km2
approximately with numerous branching lakes. There are
about 189 lakes distributing in Tai Lake watershed and their
total area reached 3231 km2 . The average temperature is
15–17∘ C and multiyear average precipitation is 1180 mm
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Figure 1: Studied region of Tai Lake watershed.

roughly. The landscape of this region is divided into two
types: hills and plain, respectively. The plains are accounting
for 80% of total area. The superior climate and geographical
conditions of Tai Lake watershed, including sufficient light,
heat, water, and land resources, are very beneficial for
promoting development of agricultural economy. It makes
watershed become core economic zones in China with the
highest population concentration, economic scale, development potential, and innovation abilities and the Tai Lake
watershed thus holds a critically important strategic position.
However, rapidly socioeconomical development not only
realized the increase in economic output, but also has resulted
in serious water pollutions. In recent years, frequent sudden
water pollution accidents have brought serious damage to
water environment and human’s daily lives. Water pollution
has become key factor limiting social and economic development of Tai Lake watershed. There are 35 observation
sections selected for reflecting water quality situation in Tai
Lake watershed [24]. As shown in monitoring results in May
2010, three sections meet requirement of the class II water
quality standard; seven sections satisfied the class III water
quality standard. Other 25 monitoring sections did not reach
the class III water quality standard, of which four sections
reached the class IV water quality standard, nine sections
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satisfied the class V water quality standard (which accounted
for 25.7%), and twelve sections were even worse than the
class V water quality standard (which accounted for 34.3%).
The water quality evaluation is based on the “Environmental
Quality Standards for Surface Water” (GB3838-2002) regulated by the national environmental protection agency, where
surface water is classified into five types. Among them, the
class I water means water quality is good enough to be
drinking water; conversely, with gradual degradation in
water quality, the class V water is provided for agricultural
production due to its worse quality.
In recent few decades, control activities in point source
pollutions effectively alleviate pollution level of point sources;
water pollution caused by agricultural NPS pollutions
become obvious, which have become main pollution source
to Tai Lake watershed. The NPS pollutions of Tai Lake
watershed are mainly reflected in following four aspects [25]:
(i) overuse of fertilizer. As shown in Xia [24], average
fertilizer-utilization amounts in Tai Lake watershed have
increased from 224.5 kg/hm2 in 1979 to 667.5 kg/hm2 in 2014.
Average proportion of fertilizer utilization is ranged in [0.3,
0.35]. The runoffs with large amount of fertilizer flow into
water body, which results in water-quality degradation; (ii)
soil erosion in western part bringing pollutants to water body.
Currently, the area of soil erosion in Tai Lake watershed
has reached 1472 km2 ; (iii) pollution caused by livestock
breeding. With improvement of living quality and production
structure adjustment, livestock-breeding scale is increasing
continually. Recently, total number of livestock and poultry
has reached 347 million; (iv) other pollution sources, including agricultural residues, rural domestic wastes, biological
pollutions deriving from excessive growth, and rot of aquatic
plants, as well as poor management of infrastructure constructions and operations. Therefore, effective control and
management of NPS pollution have become the key for
solving water pollution issue in Tai Lake watershed.
Previous studies and practices indicate that most economical and effective way to control NPS pollutions is
realizing source control, which mainly includes scientific use
of fertilizers, adjusting land-use types, as well as enhancing
waste management of livestock breeding. Among them, the
change in land-use types has very important influences on
reduction of NPS pollutions [22, 26]. Through adjusting plant
structure, cultivating area of crops with the high pollutants
emissions can be limited and the amounts of soil erosions and
pollutants flowing into water body can be reduced, which is
useful in controlling water pollution. On the other hand, the
adjustment of agricultural structures is difficult to be realized
due to its negative effects on agricultural production benefits.
Therefore, how to maximize economical performance of
agricultural structures adjustment and meanwhile make
pollutant emissions reach designed standard have become
a critical issue for watershed development. Optimization
model is capable of tackling this problem.
2.2. Understanding and Identification of System Configuration
and Parameters. In this study, agricultural system management issue of Tai Lake watershed is selected as studied target
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in order to provide decision support for coordinated development of watershed. Generally, watershed is composed of multiple subsystems, such as natural, social, economic, ecoenvironmental, and water resource subsystems. All subsystems
are interrelated and interacted with each other. For example,
the determination of crop area is affected by many factors,
including available land area, economical output, regulated
pollutants-discharge amounts, and water provision amounts.
Once cropping areas are fixed, they in turn affected reserves
of land and water resources, water quality, and ecological
balance, as well as living quality of local residents. Similarly,
strict pollutants-discharge standards are necessary in order
to realize environmental quality improvement. However, they
also may lead to decrease in revenues due to their limitations
in agricultural activities and will be met with opposition
by local residents. From the point of systemic view, deep
understanding in system framework and operation is critical
for generating ideal agricultural production patterns.
In decision-making process, five agricultural zones in
Tai Lake watershed were selected, adjustment of agricultural
production structures is examined, and discharge control of
total nitrogen and total phosphorus (i.e., TN and TP) was
considered. According to variations in precipitation amounts,
planning horizon is designed as three periods where each
period is four months, that is, dry, medium, and wet seasons.
As demonstrated in Section 1, there are many uncertain factors existing in management system. Accurate identification
and expression in such uncertainties are very important in
order to establish a rational agricultural production management model. As shown in statistical results of historical
observation data, precipitation amounts follow probabilistic
distributions and are thus assumed as fixed values under a
specific scenario set. Table 1 provides the details. Other factors, which are related to environmental parameters, including pollutants-generation amounts and allowable discharge
amounts, are varying in small range and are thus assumed
as interval numbers. Their introductions and descriptions
are reflected in Table 2. With regard to some economical
parameters, such as agricultural production revenues and
treated costs for excess discharge of pollutants, they also are
expressed as discrete intervals and are depicted in Table 3. The
related data information is referring to Liu et al. [22].

3. Methodology
3.1. Model Formulation for Agricultural Production Management. Within the context of agricultural management,
agricultural production department should know in advance
available land areas for various land-use types, that is, how
much area of land could be used to be crop and forestland, respectively. According to the information provided by
local authorities, production sectors will design appropriate
investment plans in irrigation infrastructure for realizing
maximum production profits. Moreover, based on predefined
land-allocation target, local manager should ensure that
available land be effectively utilized with the minimization
of any associated penalties, where penalties mean overhigh
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Table 1: Precipitation amounts under various probabilistic levels.

Zone (i)

Precipitation amounts at three periods (mm)
Probability
Planning
level (j)
period (k = 2)

Probability
level (j)

Planning
period (k = 1)

Probability
level (j)

Planning
period (k = 3)

i=1

P = 0.15
P = 0.70
P = 0.15

[130, 150]
[160, 180]
[190, 210]

P = 0.17
P = 0.66
P = 0.17

[280, 315]
[330, 365]
[380, 415]

P = 0.15
P = 0.70
P = 0.15

[680, 730]
[750, 800]
[820, 870]

i=2

P = 0.20
P = 0.60
P = 0.20

[145, 165]
[175, 195]
[205, 225]

P = 0.12
P = 0.76
P = 0.12

[310, 345]
[360, 395]
[410, 445]

P = 0.14
P = 0.72
P = 0.14

[740, 790]
[810, 860]
[880, 930]

i=3

P = 0.10
P = 0.80
P = 0.10

[165, 185]
[195, 215]
[225, 245]

P = 0.11
P = 0.78
P = 0.11

[350, 385]
[400, 435]
[450, 485]

P = 0.15
P = 0.70
P = 0.15

[830, 880]
[900, 950]
[970, 1020]

i=4

P = 0.14
P = 0.72
P = 0.14

[110, 130]
[140, 160]
[170, 190]

P = 0.22
P = 0.56
P = 0.22

[250, 285]
[300, 335]
[350, 385]

P = 0.14
P = 0.72
P = 0.14

[600, 650]
[670, 720]
[740, 790]

i=5

P = 0.18
P = 0.64
P = 0.18

[95, 115]
[125, 145]
[155, 175]

P = 0.15
P = 0.70
P = 0.15

[220, 255]
[270, 305]
[320, 355]

P = 0.13
P = 0.74
P = 0.13

[540, 590]
[610, 660]
[680, 730]

Note: the related data are referred to Liu et al. [22].

Table 2: Environmental parameters presented as discrete intervals.
Planning period (k)

k=1
k=2
k=3
k=1
k=2
k=3
k=1
k=2
k=3
k=1
k=2
k=3

Agricultural zone (𝑖)
i=1
i=2
i=3
i=4
The concentrations of the pollutant TN in the surface runoff from cropland (mg/L)
[1.25, 1.45]
[0.95, 1.15]
[1.35, 1.55]
[0.90, 1.10]
[2.15, 2.50]
[1.80, 2.15]
[2.50, 2.85]
[1.65, 2.00]
[4.20, 4.65]
[3.45, 3.90]
[4.55, 5.00]
[3.10, 3.55]
The concentrations of the pollutant TP in the surface runoff from cropland (mg/L)
[0.14, 0.16]
[0.11, 0.13]
[0.16, 0.18]
[0.09, 0.11]
[0.24, 0.27]
[0.20, 0.23]
[0.26, 0.29]
[0.17, 0.20]
[0.44, 0.49]
[0.40, 0.45]
[0.46, 0.51]
[0.34, 0.39]
The concentrations of the pollutant TN in the surface runoff from forestland (mg/L)
[0.55, 0.65]
[0.60, 0.70]
[0.75, 0.85]
[0.50, 0.60]
[0.95, 1.15]
[1.10, 1.30]
[1.20, 1.40]
[0.85, 1.05]
[1.65, 1.95]
[1.90, 2.20]
[2.15, 2.45]
[1.50, 1.80]
The concentrations of the pollutant TP in the surface runoff from forestland (mg/L)
[0.03, 0.04]
[0.04, 0.05]
[0.04, 0.05]
[0.03, 0.04]
[0.06, 0.08]
[0.07, 0.09]
[0.07, 0.09]
[0.05, 0.07]
[0.09, 0.12]
[0.11, 0.14]
[0.12, 0.15]
[0.09, 0.12]

i=5
[1.10, 1.30]
[2.05, 2.40]
[3.95, 4.40]
[0.13, 0.15]
[0.23, 0.26]
[0.43, 0.48]
[0.50, 0.60]
[0.80, 1.00]
[1.40, 1.70]
[0.03, 0.04]
[0.04, 0.06]
[0.08, 0.11]

Note: the related data are referred to Liu et al. [22].

treatment costs for excess discharge of pollutants caused by
agricultural production activities in order to maintain water
quality of Tai Lake watershed. To tackle above problems, ITSP
model is useful.
Under the context of ITSP framework of agricultural
system management in Tai Lake watershed, the meaning
of “two-stage” is that a decision of agricultural production
pattern needs to be made at the first stage before precipitation

amounts are known; a recourse action (i.e., adjustment of
land-cultivation structure) can then be taken at the second
stage, when uncertainties of pollutants-generation amounts
are quantified and land-allocation targets are fixed. Objective
function of ITSP model is determined as maximization of
net system benefit, which is described as the difference
between agricultural production revenues and cost caused
by excess discharge of pollutants generated by agricultural
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Table 3: Economical parameters presented as discrete intervals.
Economical parameters

Cropland
Forestland
k=1
k=2
k=3
k=1
k=2
k=3

Agricultural zone (𝑖)
i=2
i=3
i=4
Unit net revenue of the agricultural production ($/ha)
[1820, 1940]
[1545, 1665]
[1700, 1820]
[1630, 1750]
[1050, 1170]
[1220, 1340]
[1270, 1390]
[1060, 1180]
The penalty costs for the excess discharge of the pollutant TN ($/kg)
[19, 25]
[21, 28.5]
[20, 26.5]
[18, 23.5]
[21.5, 28.5]
[24, 32.5]
[22.5, 30.5]
[20.5, 27.5]
[23.5, 33]
[26.5, 36.5]
[25, 34.5]
[23.5, 31.5]
The penalty costs for the excess discharge of the pollutant TP ($/kg)
[39, 51]
[43, 58]
[41.5, 53.5]
[38, 49]
[44, 56]
[49.5, 63.5]
[47, 58.5]
[43.5, 54]
[51, 60.5]
[56, 68.5]
[53.5, 63.5]
[50, 59]
i=1

i=5
[1440, 1550]
[930, 1040]
[18, 23.5]
[21, 27.5]
[24.5, 31.5]
[38, 49]
[43, 54]
[48, 59]

Note: the related data are referred to Liu et al. [22].

activities. Constraints mainly included available land-area
restriction, limitation of pollutants-discharge amounts, and
𝐼

nonnegativity restrictions. An ITSP model for agricultural
system management can be formulated as follows:
𝐼

𝐽

𝐾

±
±
Maximize 𝑓± = ∑ (𝐿𝐵𝑖± 𝐿𝑋𝑖± + 𝐹𝐵𝑖± 𝐹𝑌𝑖± ) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘± 𝑍𝑛,𝑖𝑗𝑘
+ 𝐶𝑃𝑖𝑘± 𝑍𝑝,𝑖𝑗𝑘
),
𝑖=1

where 𝑓± is expected agricultural production profit and
expressed as interval form ($), where items 𝑓− and 𝑓+ in
equation 𝑓± = [𝑓− , 𝑓+ ] are the lower and upper bounds of
𝑓± , respectively; 𝐿𝐵𝑖± and 𝐹𝐵𝑖± are profits of cropland cultivation and forestland generated from zone 𝑖 ($/ha), respectively,
where 𝑖 is name of zone (𝑖 = 1, 2, . . . , 𝐼); 𝐿𝑋𝑖± and 𝐹𝑌𝑖± are
designed allocation targets of cropland and forestland at the
first stage (ha), respectively; 𝑃𝑖𝑗𝑘 is probability of occurrence
of specified precipitation level, where 𝑗 is precipitation level
(𝑗 = 1, 2, . . . , 𝐽) and 𝑘 is time period (𝑘 = 1, 2, . . . , 𝐾); 𝐶𝑁𝑖𝑘±
and 𝐶𝑃𝑖𝑘± are penalty costs for excess discharge of TN and TP
generated from zone 𝑖 during period 𝑘 ($/kg), respectively;
±
±
and 𝑍𝑝,𝑖𝑗𝑘
are excess discharge amounts of TN and
𝑍𝑛,𝑖𝑗𝑘
TP in zone 𝑖 during period 𝑘 under precipitation level 𝑗
(kg), respectively. Objective function (1) is net benefits which
equals agricultural production revenues minus pollutantstreatment costs.
Subject to the following:
(1) Land area balance
𝐿𝑋𝑖± + 𝐹𝑌𝑖± = 𝐴 𝑖 , ∀𝑖,

(2)

where 𝐴 𝑖 is total available land area (ha). Constraint (2)
regulated that tillable land of studied agricultural region is
occupied by cropland and forestland.

±
±
× 𝑅𝑖𝑗𝑘
× 𝐷𝑛,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘

±
±
≤ 𝐸𝑛,𝑖𝑗𝑘
, ∀𝑖, 𝑗, 𝑘
0 ≤ 𝑍𝑛,𝑖𝑗𝑘
±
±
±
𝐸𝑛,𝑖𝑗𝑘
− 𝑍𝑛,𝑖𝑗𝑘
≤ 𝑆𝑛,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘

(3)

(4)
(5)

𝐼

±
±
≤ 𝑇𝑛,𝑘
, ∀𝑘,
∑𝑆𝑛,𝑖𝑘

(6)

𝑖=1

±
is discharge amounts of TN in zone 𝑖 during
where 𝐸𝑛,𝑖𝑗𝑘
±
±
period 𝑘 under precipitation level 𝑗 (kg); 𝜇𝑖𝑘
and V𝑖𝑘
are
surface runoff coefficients in cropland and forestland, respec±
is precipitation amounts with probabilities 𝑃𝑖𝑗𝑘 ,
tively; 𝑅𝑖𝑗𝑘
±
±
are concentrations of TN in surface
(mm); 𝐶𝑛,𝑖𝑘 and 𝐷𝑛,𝑖𝑘
runoff from cropland and forestland (mg/L), respectively;
±
is reallocated discharge permits of TN in zone 𝑖 during
𝑆𝑛,𝑖𝑘
±
period 𝑘 under the context of discharge trading (kg); 𝑇𝑛,𝑘
is total discharge permits of TN for during period 𝑘 (kg).
Constraint (3) is used to calculate generation amounts of
TN sourced from production activities, where surface runoff
coefficients were designed as one percent of original parameters values in order to realize consistency of left and right sides
units of constraint (3). Constraint (4) regulated relationships
between generation and excess amounts. Constraints (5) and
(6) required discharge amounts of pollutants TN are lower
than allowable discharge amounts.

(3) Total phosphorus losses constraint

(2) Total nitrogen losses constraint
±
±
±
±
±
= 𝜇𝑖𝑘
× 𝐿𝑋𝑖± × 𝑅𝑖𝑗𝑘
× 𝐶𝑛,𝑖𝑘
+ V𝑖𝑘
× 𝐹𝑌𝑖±
𝐸𝑛,𝑖𝑗𝑘

(1)

𝑖=1 𝑗=1 𝑘=1

±
±
±
±
±
= 𝜇𝑖𝑘
× 𝐿𝑋𝑖± × 𝑅𝑖𝑗𝑘
× 𝐶𝑝,𝑖𝑘
+ V𝑖𝑘
× 𝐹𝑌𝑖±
𝐸𝑝,𝑖𝑗𝑘
±
±
× 𝑅𝑖𝑗𝑘
× 𝐷𝑝,𝑖𝑘
,

∀𝑖, 𝑗, 𝑘
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±
±
≤ 𝐸𝑝,𝑖𝑗𝑘
,
0 ≤ 𝑍𝑝,𝑖𝑗𝑘
±
𝐸𝑝,𝑖𝑗𝑘

−

±
𝑍𝑝,𝑖𝑗𝑘

≤

±
𝑆𝑝,𝑖𝑘
,

∀𝑖, 𝑗, 𝑘

of not meeting a certain target profit level referred to as Ω𝑞 ,
where 𝑞 reflects various target values. For models (1)–(8),
financial risk associated with decision variables and target
profit Ω𝑞 is expressed by probability measure [27]:

∀𝑖, 𝑗, 𝑘

𝐼

±
±
≤ 𝑇𝑝,𝑘
,
∑𝑆𝑝,𝑖𝑘

∀𝑘,

𝑖=1

(7)

±
±
Risk (𝐿𝑋𝑖± , 𝐹𝑌𝑖± , 𝑍𝑛,𝑖𝑗𝑘
, 𝑍𝑝,𝑖𝑗𝑘
, Ω𝑞 )

±
where 𝐸𝑝,𝑖𝑗𝑘
is discharge amounts of TP in zone 𝑖 during
±
±
period 𝑘 under precipitation level 𝑗 (kg); 𝐶𝑝,𝑖𝑘
and 𝐷𝑝,𝑖𝑘
are
concentrations of TP in surface runoff from cropland and
±
is reallocated discharge
forestland (mg/L), respectively; 𝑆𝑝,𝑖𝑘
permits of TP in zone 𝑖 during period 𝑘 under the context of
±
is total discharge permits of TN
discharge trading (kg); 𝑇𝑝,𝑘
for during period 𝑘 (kg). The meanings of constraints (7) are
similar to some above constraints (3) to (6), correspondingly.

±
±
, 𝑍𝑝,𝑖𝑗𝑘
) < Ω𝑞 ]
= 𝑃 [Profit (𝐿𝑋𝑖± , 𝐹𝑌𝑖± , 𝑍𝑛,𝑖𝑗𝑘
𝑄

= ∑ 𝑃 (𝑓± < Ω𝑞 )
𝑞=1
𝐼

≥ 0,

∀𝑖.

={

(8)

𝐼

𝐼

𝐽

𝑄

1 if 𝑓± < Ω𝑞
0 otherwise

∀𝑖, 𝑗, 𝑘, 𝑞,

where Ω𝑞 is predefined target profit and 𝑞 (𝑞 = 1, 2, . . . , 𝑄)
is profit level and 𝑤𝑖𝑗𝑘,𝑞 is binary variable, as shown in (9),
where 𝑤𝑖𝑗𝑘,𝑞 is zero when profit for zone 𝑖, scenario 𝑗, and
period 𝑘 is greater than or equal to target level Ω𝑞 and a value
of one otherwise. In order to examine influences caused by
possible financial risk, above two equations are incorporated
into models (1)–(8), leading to a RBISTP model as follows:

𝐾

𝐼

𝐽

𝐾 𝑄

±
±
+ 𝐶𝑃𝑖𝑘± 𝑍𝑝,𝑖𝑗𝑘
) − 𝛼𝑚 ∑ ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 𝑤𝑖𝑗𝑘,𝑞
𝑓± = ∑ (𝐿𝐵𝑖± 𝐿𝑋𝑖± + 𝐹𝐵𝑖± 𝐹𝑌𝑖± ) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘± 𝑍𝑛,𝑖𝑗𝑘
𝑖=1

=

±
𝜇𝑖𝑘

×

𝐿𝑋𝑖±

×

±
𝑅𝑖𝑗𝑘

(10)

𝑖=1 𝑗=1 𝑘=1 𝑞=1

𝑖=1 𝑗=1 𝑘=1

Subject to: 𝐿𝑋𝑖± + 𝐹𝑌𝑖± = 𝐴 𝑖 , ∀𝑖
±
𝐸𝑛,𝑖𝑗𝑘

(9)

±
±
𝑤𝑖𝑗𝑘,𝑞 (𝐿𝑋𝑖± , 𝐹𝑌𝑖± , 𝑍𝑛,𝑖𝑗𝑘
, 𝑍𝑝,𝑖𝑗𝑘
, Ω𝑞 )

As described in Section 1, the maximization of expected
objective value is incapable of ensuring maximization of
objective function values under each scenario. Therefore,
financial risk associated with agricultural production should
be incorporated into ITSP framework, which is capable
of guaranteeing that objective value under each scenario
reaches specific target as possible. Referring to Barbaro and
Bagajewicz [27], financial risk can be defined as probability

Maximize

𝐾

𝑖=1 𝑗=1 𝑘=1 𝑞=1

(4) Nonnegativity constraint
𝐿𝑋𝑖± , 𝐹𝑌𝑖±

𝐽

±
±
, 𝑍𝑝,𝑖𝑗𝑘
, Ω𝑞 )
= ∑ ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 𝑤𝑖𝑗𝑘,𝑞 (𝐿𝑋𝑖± , 𝐹𝑌𝑖± , 𝑍𝑛,𝑖𝑗𝑘

(11)
×

±
𝐶𝑛,𝑖𝑘

+

±
V𝑖𝑘

×

𝐹𝑌𝑖±

×

±
𝑅𝑖𝑗𝑘

×

±
𝐷𝑛,𝑖𝑘
,

∀𝑖, 𝑗, 𝑘

(12)

±
±
0 ≤ 𝑍𝑛,𝑖𝑗𝑘
≤ 𝐸𝑛,𝑖𝑗𝑘
, ∀𝑖, 𝑗, 𝑘

(13)

±
±
±
𝐸𝑛,𝑖𝑗𝑘
− 𝑍𝑛,𝑖𝑗𝑘
≤ 𝑆𝑛,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘

(14)

𝐼

±
±
≤ 𝑇𝑛,𝑘
,
∑𝑆𝑛,𝑖𝑘

∀𝑘

(15)

𝑖=1

±
±
±
±
±
±
±
= 𝜇𝑖𝑘
× 𝐿𝑋𝑖± × 𝑅𝑖𝑗𝑘
× 𝐶𝑝,𝑖𝑘
+ V𝑖𝑘
× 𝐹𝑌𝑖± × 𝑅𝑖𝑗𝑘
× 𝐷𝑝,𝑖𝑘
,
𝐸𝑝,𝑖𝑗𝑘

0≤

±
𝑍𝑝,𝑖𝑗𝑘

≤

±
𝐸𝑝,𝑖𝑗𝑘
,

∀𝑖, 𝑗, 𝑘

∀𝑖, 𝑗, 𝑘

(16)
(17)

±
±
±
𝐸𝑝,𝑖𝑗𝑘
− 𝑍𝑝,𝑖𝑗𝑘
≤ 𝑆𝑝,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘

(18)

𝐼

±
±
≤ 𝑇𝑝,𝑘
, ∀𝑘
∑𝑆𝑝,𝑖𝑘

(19)

𝑖=1

±
{1 if 𝑓 < Ω𝑞
±
±
𝑤𝑖𝑗𝑘,𝑞 (𝐿𝑋𝑖± , 𝐹𝑌𝑖± , 𝑍𝑛,𝑖𝑗𝑘
, 𝑍𝑝,𝑖𝑗𝑘
, Ω𝑞 ) = {
0 otherwise
{
𝑤𝑖𝑗𝑘,𝑞 ∈ (0, 1) ∀𝑖, 𝑗, 𝑘, 𝑞

𝐿𝑋𝑖± , 𝐹𝑌𝑖± ≥ 0, ∀𝑖,

∀𝑖, 𝑗, 𝑘, 𝑞

(20)
(21)
(22)
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𝐼

where 𝛼𝑚 is weight coefficient and 𝑚 represents attitude of
decision makers on financial risk. Ω±𝑞 is assumed as interval
values.

∑ (𝐿𝐵𝑖± 𝐿𝑋𝑖± + 𝐹𝐵𝑖± 𝐹𝑌𝑖± )
𝑖=1

𝐽

𝐼

𝐾

±
±
− ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘± 𝑍𝑛,𝑖𝑗𝑘
+ 𝐶𝑃𝑖𝑘± 𝑍𝑝,𝑖𝑗𝑘
) < Ω±𝑞
𝑖=1 𝑗=1 𝑘=1

3.2. Solution Algorithm of Formulated Agricultural Management Model. To solve models (10)–(22), constraint (20)
should be transformed into deterministic form firstly. Referring to Barbaro and Bagajewicz [27], constraint (20) can be
rewritten as follows:

+ 𝑈𝑞 (1 − 𝑤𝑖𝑗𝑘,𝑞 )

𝐼

𝑖=1

𝐼

𝐽

𝐾

(23)

𝑖=1 𝑗=1 𝑘=1

− 𝑈𝑞 𝑤𝑖𝑗𝑘,𝑞

∀𝑖, 𝑗, 𝑘, 𝑞,

where 𝑈𝑞 is predefined upper bound of profit under each
scenario. Constraints (23) and (24) are used to ensure binary
variable 𝑤𝑖𝑗𝑘,𝑞 is zero or one when profit under scenario
𝑞 is greater than, equal to, or lower than target level Ω±𝑞 ,
respectively. After above transformation, models (10)–(22) is
converted into ITSP model. Based on Huang and Loucks [18],
let 𝐿𝑋𝑖± = 𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 , where Δ𝐿𝑋𝑖 = 𝐿𝑋𝑖+ − 𝐿𝑋𝑖− and
𝐺𝑖 ∈ [0, 1]; 𝐹𝑌𝑖± = 𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 , where Δ𝐹𝑌𝑖 = 𝐹𝑌𝑖+ − 𝐹𝑌𝑖−
and 𝐻𝑖 ∈ [0, 1]. The variables 𝐺𝑖 and 𝐻𝑖 are decision variables,
which are used to determine optimal sets of target values
𝐿𝑋𝑖 and 𝐹𝑌𝑖 , respectively. Finally, models (10)–(22) can be
rewritten as follows:

∑ (𝐿𝐵𝑖± 𝐿𝑋𝑖± + 𝐹𝐵𝑖± 𝐹𝑌𝑖± )
±
±
− ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘± 𝑍𝑛,𝑖𝑗𝑘
+ 𝐶𝑃𝑖𝑘± 𝑍𝑝,𝑖𝑗𝑘
) ≥ Ω±𝑞

(24)

∀𝑖, 𝑗, 𝑘, 𝑞

Maximize 𝑓±
𝐼

𝐼

𝐽

𝐾

±
±
= ∑ (𝐿𝐵𝑖± (𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 ) + 𝐹𝐵𝑖± (𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 )) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘± 𝑍𝑛,𝑖𝑗𝑘
+ 𝐶𝑃𝑖𝑘± 𝑍𝑝,𝑖𝑗𝑘
)
𝑖=1

𝑖=1 𝑗=1 𝑘=1

𝐼

𝐽

𝐾 𝑄

− 𝛼𝑚 ∑ ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 𝑤𝑖𝑗𝑘,𝑞
𝑖=1 𝑗=1 𝑘=1 𝑞=1

Subject to:

𝐿𝑋𝑖−

+ Δ𝐿𝑋𝑖 𝐺𝑖 + 𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 = 𝐴 𝑖 , ∀𝑖

±
±
±
±
±
±
±
= 𝜇𝑖𝑘
× 𝐿𝑋𝑖± × 𝑅𝑖𝑗𝑘
× 𝐶𝑛,𝑖𝑘
+ V𝑖𝑘
× 𝐹𝑌𝑖± × 𝑅𝑖𝑗𝑘
× 𝐷𝑛,𝑖𝑘
,
𝐸𝑛,𝑖𝑗𝑘
±
±
0 ≤ 𝑍𝑛,𝑖𝑗𝑘
≤ 𝐸𝑛,𝑖𝑗𝑘
,

∀𝑖, 𝑗, 𝑘

∀𝑖, 𝑗, 𝑘

±
±
±
𝐸𝑛,𝑖𝑗𝑘
− 𝑍𝑛,𝑖𝑗𝑘
≤ 𝑆𝑛,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘
𝐼

±
±
≤ 𝑇𝑛,𝑘
, ∀𝑘
∑𝑆𝑛,𝑖𝑘
𝑖=1
±
𝐸𝑝,𝑖𝑗𝑘

(25)

±
𝜇𝑖𝑘

±
±
=
× 𝐿𝑋𝑖± × 𝑅𝑖𝑗𝑘
× 𝐶𝑝,𝑖𝑘
±
±
≤ 𝐸𝑝,𝑖𝑗𝑘
, ∀𝑖, 𝑗, 𝑘
0 ≤ 𝑍𝑝,𝑖𝑗𝑘
±
±
±
𝐸𝑝,𝑖𝑗𝑘 − 𝑍𝑝,𝑖𝑗𝑘 ≤ 𝑆𝑝,𝑖𝑘 , ∀𝑖, 𝑗, 𝑘

+

±
V𝑖𝑘

×

𝐹𝑌𝑖±

×

±
𝑅𝑖𝑗𝑘

×

±
𝐷𝑝,𝑖𝑘
,

∀𝑖, 𝑗, 𝑘

𝐼

±
±
≤ 𝑇𝑝,𝑘
, ∀𝑘
∑𝑆𝑝,𝑖𝑘
𝑖=1
𝐼

𝐼

𝐽

𝐾

±
±
+ 𝐶𝑃𝑖𝑘± 𝑍𝑝,𝑖𝑗𝑘
) ≥ Ω±𝑞 − 𝑈𝑞 𝑤𝑖𝑗𝑘,𝑞
∑ (𝐿𝐵𝑖± 𝐿𝑋𝑖± + 𝐹𝐵𝑖± 𝐹𝑌𝑖± ) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘± 𝑍𝑛,𝑖𝑗𝑘
𝑖=1
𝐼

∀𝑖, 𝑗, 𝑘, 𝑞

𝑖=1 𝑗=1 𝑘=1
𝐼

𝐽

𝐾

±
±
+ 𝐶𝑃𝑖𝑘± 𝑍𝑝,𝑖𝑗𝑘
) < Ω±𝑞 + 𝑈𝑞 (1 − 𝑤𝑖𝑗𝑘,𝑞 )
∑ (𝐿𝐵𝑖± 𝐿𝑋𝑖± + 𝐹𝐵𝑖± 𝐹𝑌𝑖± ) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘± 𝑍𝑛,𝑖𝑗𝑘
𝑖=1

𝑖=1 𝑗=1 𝑘=1

𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 ≥ 0, 0 ≤ 𝐺𝑖 ≤ 1, ∀𝑖
𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 ≥ 0, 0 ≤ 𝐻𝑖 ≤ 1, ∀𝑖.

∀𝑖, 𝑗, 𝑘, 𝑞
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Next, interactive two-step algorithm proposed by Huang et
al. [28] is used for converting model (25) into two deterministic submodels, which are corresponding to the upper and
lower bounds of objective function value, respectively. Since

objective function of model (25) is to maximize net system
benefit, model (26) corresponding to 𝑓+ will be formulated
firstly as follows:

𝐼

Maximize

𝐼

𝐽

𝐾

𝐼

𝐽

𝐾 𝑄

−
−
+ 𝐶𝑃𝑖𝑘− 𝑍𝑝,𝑖𝑗𝑘
𝑓+ = ∑ (𝐿𝐵𝑖+ (𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 ) + 𝐹𝐵𝑖+ (𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 )) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘− 𝑍𝑛,𝑖𝑗𝑘
) − 𝛼𝑚 ∑ ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 𝑤𝑖𝑗𝑘,𝑞
𝑖=1

𝑖=1 𝑗=1 𝑘=1 𝑞=1

𝑖=1 𝑗=1 𝑘=1

Subject to: 𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 + 𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 = 𝐴 𝑖 , ∀𝑖
−
−
−
−
−
−
−
= 𝜇𝑖𝑘
× (𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 ) × 𝑅𝑖𝑗𝑘
× 𝐶𝑛,𝑖𝑘
+ V𝑖𝑘
× (𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 ) × 𝑅𝑖𝑗𝑘
× 𝐷𝑛,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘
𝐸𝑛,𝑖𝑗𝑘
−
−
0 ≤ 𝑍𝑛,𝑖𝑗𝑘
≤ 𝐸𝑛,𝑖𝑗𝑘
, ∀𝑖, 𝑗, 𝑘
−
−
−
𝐸𝑛,𝑖𝑗𝑘
− 𝑍𝑛,𝑖𝑗𝑘
≤ 𝑆𝑛,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘
𝐼

−
−
≤ 𝑇𝑛,𝑘
,
∑𝑆𝑛,𝑖𝑘

∀𝑘

𝑖=1

−
−
−
−
−
−
−
𝐸𝑝,𝑖𝑗𝑘
= 𝜇𝑖𝑘
× (𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 ) × 𝑅𝑖𝑗𝑘
× 𝐶𝑝,𝑖𝑘
+ V𝑖𝑘
× (𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 ) × 𝑅𝑖𝑗𝑘
× 𝐷𝑝,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘
−
−
0 ≤ 𝑍𝑝,𝑖𝑗𝑘
≤ 𝐸𝑝,𝑖𝑗𝑘
,

(26)

∀𝑖, 𝑗, 𝑘

−
−
−
𝐸𝑝,𝑖𝑗𝑘
− 𝑍𝑝,𝑖𝑗𝑘
≤ 𝑆𝑝,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘
𝐼

−
−
≤ 𝑇𝑝,𝑘
, ∀𝑘
∑𝑆𝑝,𝑖𝑘
𝑖=1
𝐼

𝐼

𝐽

𝐾

−
−
+ 𝐶𝑃𝑖𝑘− 𝑍𝑝,𝑖𝑗𝑘
) ≥ Ω+𝑞 − 𝑈𝑞 𝑤𝑖𝑗𝑘,𝑞
∑ (𝐿𝐵𝑖+ (𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 ) + 𝐹𝐵𝑖+ (𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 )) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘− 𝑍𝑛,𝑖𝑗𝑘
𝑖=1

∀𝑖, 𝑗, 𝑘, 𝑞

𝑖=1 𝑗=1 𝑘=1

𝐼

𝐼

𝐽

𝐾

−
−
+ 𝐶𝑃𝑖𝑘− 𝑍𝑝,𝑖𝑗𝑘
) < Ω+𝑞 + 𝑈𝑞 (1 − 𝑤𝑖𝑗𝑘,𝑞 )
∑ (𝐿𝐵𝑖+ (𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 ) + 𝐹𝐵𝑖+ (𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 )) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘− 𝑍𝑛,𝑖𝑗𝑘
𝑖=1

𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 ≥ 0,
𝐹𝑌𝑖−

∀𝑖, 𝑗, 𝑘, 𝑞

𝑖=1 𝑗=1 𝑘=1

0 ≤ 𝐺𝑖 ≤ 1, ∀𝑖

+ Δ𝐹𝑌𝑖 𝐻𝑖 ≥ 0, 0 ≤ 𝐻𝑖 ≤ 1, ∀𝑖.

−
Decision variables, including 𝐺𝑖 , 𝐻𝑖 , 𝐿𝑋𝑖,opt , 𝐹𝑌𝑖,opt , 𝑍𝑛,𝑖𝑗𝑘
,
−
and 𝑍𝑝,𝑖𝑗𝑘 , are obtained through solving model (26) such that
model (27) corresponding to 𝑓− is formulated as follows:

𝐼

Maximize

𝐼

𝐽

𝐾

𝐼

𝐽

𝐾 𝑄

+
+
𝑓− = ∑ (𝐿𝐵𝑖− 𝐿𝑋𝑖,opt + 𝐹𝐵𝑖− 𝐹𝑌𝑖,opt ) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘+ 𝑍𝑛,𝑖𝑗𝑘
+ 𝐶𝑃𝑖𝑘+ 𝑍𝑝,𝑖𝑗𝑘
) − 𝛼𝑚 ∑ ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 𝑤𝑖𝑗𝑘,𝑞
𝑖=1

𝑖=1 𝑗=1 𝑘=1 𝑞=1

𝑖=1 𝑗=1 𝑘=1

+
+
+
+
+
+
+
Subject to: 𝐸𝑛,𝑖𝑗𝑘
= 𝜇𝑖𝑘
× 𝐿𝑋𝑖,opt × 𝑅𝑖𝑗𝑘
× 𝐶𝑛,𝑖𝑘
+ V𝑖𝑘
× 𝐹𝑌𝑖,opt × 𝑅𝑖𝑗𝑘
× 𝐷𝑛,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘
−
+
+
𝑍𝑛,𝑖𝑗𝑘
≤ 𝑍𝑛,𝑖𝑗𝑘
≤ 𝐸𝑛,𝑖𝑗𝑘
, ∀𝑖, 𝑗, 𝑘
+
+
+
𝐸𝑛,𝑖𝑗𝑘
− 𝑍𝑛,𝑖𝑗𝑘
≤ 𝑆𝑛,𝑖𝑘
, ∀𝑖, 𝑗, 𝑘
𝐼

+
+
≤ 𝑇𝑛,𝑘
, ∀𝑘
∑𝑆𝑛,𝑖𝑘
𝑖=1

+
+
+
+
+
+
+
𝐸𝑝,𝑖𝑗𝑘
= 𝜇𝑖𝑘
× 𝐿𝑋𝑖,opt × 𝑅𝑖𝑗𝑘
× 𝐶𝑝,𝑖𝑘
+ V𝑖𝑘
× 𝐹𝑌𝑖,opt × 𝑅𝑖𝑗𝑘
× 𝐷𝑝,𝑖𝑘
,
−
+
+
𝑍𝑝,𝑖𝑗𝑘
≤ 𝑍𝑝,𝑖𝑗𝑘
≤ 𝐸𝑝,𝑖𝑗𝑘
, ∀𝑖, 𝑗, 𝑘

∀𝑖, 𝑗, 𝑘
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+
+
+
− 𝑍𝑝,𝑖𝑗𝑘
≤ 𝑆𝑝,𝑖𝑘
,
𝐸𝑝,𝑖𝑗𝑘
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∀𝑖, 𝑗, 𝑘

𝐼

+
+
≤ 𝑇𝑝,𝑘
, ∀𝑘
∑𝑆𝑝,𝑖𝑘
𝑖=1
𝐼

𝐼

𝐽

𝐾

+
+
+ 𝐶𝑃𝑖𝑘+ 𝑍𝑝,𝑖𝑗𝑘
) ≥ Ω−𝑞 − 𝑈𝑞 𝑤𝑖𝑗𝑘,𝑞
∑ (𝐿𝐵𝑖− 𝐿𝑋𝑖,opt + 𝐹𝐵𝑖− 𝐹𝑌𝑖,opt ) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘+ 𝑍𝑛,𝑖𝑗𝑘
𝑖=1
𝐼

∀𝑖, 𝑗, 𝑘, 𝑞

𝑖=1 𝑗=1 𝑘=1
𝐼

𝐽

𝐾

+
+
+ 𝐶𝑃𝑖𝑘+ 𝑍𝑝,𝑖𝑗𝑘
) < Ω−𝑞 + 𝑈𝑞 (1 − 𝑤𝑖𝑗𝑘,𝑞 )
∑ (𝐿𝐵𝑖− 𝐿𝑋𝑖,opt + 𝐹𝐵𝑖− 𝐹𝑌𝑖,opt ) − ∑ ∑ ∑ 𝑃𝑖𝑗𝑘 (𝐶𝑁𝑖𝑘+ 𝑍𝑛,𝑖𝑗𝑘
𝑖=1

∀𝑖, 𝑗, 𝑘, 𝑞.

𝑖=1 𝑗=1 𝑘=1

(27)

Finally, a variety of solutions of objective function value
and decision variables under different weighted coefficients
are obtained through solving above two models; that is,
±
−
+
±
𝑓opt
= [𝑓opt
, 𝑓opt
], 𝐺𝑖,opt , 𝐻𝑖,opt , 𝐿𝑋𝑖,opt , 𝐹𝑌𝑖,opt , 𝑍𝑛,𝑖𝑗𝑘,opt
=
−
+
±
−
+
±
[𝑍𝑛,𝑖𝑗𝑘,opt , 𝑍𝑛,𝑖𝑗𝑘,opt ], 𝑍𝑝,𝑖𝑗𝑘,opt = [𝑍𝑝,𝑖𝑗𝑘,opt , 𝑍𝑝,𝑖𝑗𝑘,opt ], 𝑆𝑛,𝑖𝑘 =
−
+
±
−
+
, 𝑆𝑛,𝑖𝑘,opt
], and 𝑆𝑝,𝑖𝑘
= [𝑆𝑝,𝑖𝑘,opt
, 𝑆𝑝,𝑖𝑘,opt
], respectively.
[𝑆𝑛,𝑖𝑘,opt
Figure 2 shows general framework of RBITSP model,
where optimization software LINGO 12.0 is used to solve
model due to its user-friendly interface, easy-to-edit language, and quick computational speed. The computational
time of solving model is within a few seconds. Detailed
procedures of formulating and solving RBITSP model are
summarized as follows.
Step 1. Identify uncertain variables and acquire related probabilistic distribution and discrete-interval information.
Step 2. Formulate an ITSP model.
Step 3. Incorporate measure of financial risk into ITSP
model, including target level of profit Ω±𝑞 and binary variable
𝑤𝑖𝑗𝑘,𝑞 , such that RBITSP model is obtained.
Step 4. Transform RBITSP model into ITSP model through
introducing variable 𝑈𝑞 , which is predefined upper bound of
profit target.
Step 5. Reformulate ITSP model by introducing 𝐿𝑋𝑖± =
𝐿𝑋𝑖− + Δ𝐿𝑋𝑖 𝐺𝑖 , where Δ𝐿𝑋𝑖 = 𝐿𝑋𝑖+ − 𝐿𝑋𝑖− and 𝐺𝑖 ∈ [0, 1];
𝐹𝑌𝑖± = 𝐹𝑌𝑖− + Δ𝐹𝑌𝑖 𝐻𝑖 , where Δ𝐹𝑌𝑖 = 𝐹𝑌𝑖+ − 𝐹𝑌𝑖− and
𝐻𝑖 ∈ [0, 1].
Step 6. Transform original ITSRP model into two submodels,
which correspond to 𝑓+ and 𝑓− , respectively.
Step 7. Solve two submodels and generate final solutions of
±
−
+
±
𝑓opt
= [𝑓opt
, 𝑓opt
], 𝐺𝑖,opt , 𝐻𝑖,opt , 𝐿𝑋𝑖,opt , 𝐹𝑌𝑖,opt , 𝑍𝑛,𝑖𝑗𝑘,opt
=
−
+
±
−
+
±
[𝑍𝑛,𝑖𝑗𝑘,opt , 𝑍𝑛,𝑖𝑗𝑘,opt ], 𝑍𝑝,𝑖𝑗𝑘,opt = [𝑍𝑝,𝑖𝑗𝑘,opt , 𝑍𝑝,𝑖𝑗𝑘,opt ], 𝑆𝑛,𝑖𝑘 =
−
+
±
−
+
, 𝑆𝑛,𝑖𝑘,opt
], and 𝑆𝑝,𝑖𝑘
= [𝑆𝑝,𝑖𝑘,opt
, 𝑆𝑝,𝑖𝑘,opt
], respectively.
[𝑆𝑛,𝑖𝑘,opt

4. Result Analysis and Discussion
4.1. Result Analysis. Table 4 reflects a part of solutions
generated by proposed RBITSP model at fixed alpha value
(i.e., weight coefficient) and various omega values (i.e., predetermined profit target), which include objective function
values and decision variables. Herein, alpha value reflects the
decision maker’s attitudes to financial risk and is an acceptable extent for system revenue not reaching predesigned
target value under various situations, where the increase
in alpha values means financial risk is emphasized. In this
study, we have tested different sets of alpha values and found
that varying trends of objective function values and most of
nonzero decision variables under different sets of alpha values
are similar. Thus, we consider alpha values of 1 and 1000 as
representative and use them for further result analysis. As for
omega values, they are designed and determined based on
calculated system incomes under various situations. Finally,
four situations are selected (i.e., low, low-medium, medium,
and high income) and each situation includes four target
values which are expressed as interval forms, where four
target values under the low condition are [8, 13], [10, 15],
[12, 17], and [14, 19] × 106 $, respectively; those under the
low-medium condition are [10, 17], [12, 19], [14, 21], and
[16, 23] × 106 $, respectively; those under the medium condition are [12, 19], [14, 21], [16, 23], and [18, 25] × 106 $,
respectively; those under the high condition are [14, 21],
[16, 23], [18, 25], and [20, 27] × 106 $, respectively. Since
RBITSP was developed through incorporating financial risk
measure into ITSP model, the solutions show characteristics
of both methods.
4.1.1. The Trend Analysis in Decision Variables. Under the
influences imposed by ILP solution algorithm, decision
variables and objective function are expressed as interval
numbers. For example, when omega values are under the
low condition at a fixed alpha of 1, variation range of
expected incomes is [38.80, 52.68] × 106 $. Among them,
solutions (i.e., expected income values and planting areas)
corresponding to the lower bounds were obtained under
the conditions when parameters such as planting return,
available land area, and allowed pollutant discharge amounts

10

Mathematical Problems in Engineering

Investigation and analysis in the agricultural system management

(i) Precipitation amounts
(ii) Runoff amounts

(i) Financial risk measures

(i) Economical parameters
(ii) Environmental standards

Probability distributions

Discrete interval

Discrete interval

A risk-based interval two-stage programming model (RBITSP)

Interactive two-step interval
linear programming

Probabilistic definition of
financial risk

Two submodels corresponding to the upper-bound submodel
and the lower-bound model
Optimal interval solutions under
various weight coefficients
Adjustment within solution
intervals

Trade-off between system
economy and risk

Generation of decision alternatives

Figure 2: Formulation and solution framework of RBITSP model.

Table 4: Part of solutions from RBITSP model under the coefficient of alpha = 1.
Decision variables

The amounts of the TN (kg)
The amounts of the TP (kg)
The cropland area (ha)
The forestland area (ha)
The amounts of the TN (kg)
The amounts of the TP (kg)
The cropland area (ha)
The cropland area (ha)
The amounts of the TN (kg)
The amounts of the TP (kg)
The cropland area (ha)
The cropland area (ha)
The amounts of the TN (kg)
The amounts of the TP (kg)
The cropland area (ha)
The cropland area (ha)

Agricultural zone (𝑖)
i=2
i=3
i=4
The target values (i.e., omega values) are under the low condition
[245602, 341569]
[89858, 171540]
[287864, 437783]
[121050, 169887]
[25022, 34333]
[18181, 26359]
[26922, 39707]
[12008, 16959]
4240
3292.78
3876.86
2500
3080
7167.22
8613.15
2600
The target values (i.e., omega values) are under the low-medium condition
[241417, 341113]
[76574, 153242]
[285988, 431687]
[121050, 169631]
[25023, 34310]
[17306, 24749]
[25467, 38197]
[11986, 16959]
4240
2800
3845.86
2500
3080
7600
8644.14
2600
The target values (i.e., omega values) are under the medium condition
[241417, 341113]
[38962, 136301]
[323600, 448628]
[121050, 169631]
[25022, 34310]
[13496, 21563]
[29277, 41383]
[11986, 16959]
4240
2800
3845.86
2500
3080
7600
8644.14
2600
The target values (i.e., omega values) are under the high condition
[236961, 336658]
[38963, 136301]
[326268, 452678]
[121050, 169627]
[25021, 34310]
[12067, 20134]
[30672, 42766]
[11987, 16959]
4240
2800
3840
2500
3080
7600
8650
2600
i=1

i=5
[197255, 266149]
[19867, 27696]
4160
2150
[191256, 266149]
[19867, 27696]
4160
2150
[191256, 266149]
[19867, 27696]
4160
2150
[191256, 266149]
[19867, 27696]
4160
2150
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50
45
40

Low

Low-medium

Medium

1
1
1000
1000

1
1
1000
1000

1
1
1000
1000

35
1
1
1000
1000

Expected system benefits
(106 $)
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High

Weight coefficient
Profit target

The lower-bound objective function values under alpha = 1
The upper-bound objective function values under alpha = 1
The lower-bound objective function values under alpha = 1000
The upper-bound objective function values under alpha = 1000

Figure 3: Expected objective values of RBITSP model.

reached their lower bounds, and other parameters such as
economical punishment on excessive pollutant emissions,
surface runoff coefficient, and pollutant emission coefficient
reached to their upper bounds. It is concluded that decision
alternatives corresponding to the lower bounds show poor
performance on economical aspect, which is more in favor of
resource conservation and water-quality protection. On the
contrary, decision schemes of upper bounds are beneficial
in system profits, which are accompanied with resource
shortage and water pollution. Interval forms of objective
functions and decision variables can effectively reflect tradeoff between economic revenues and protection of resources
and environment, which could facilitate decision makers
to generate agricultural production patterns based on their
judgment and preference.
Unlike ITSP model, in this study, the measures of
financial risk were incorporated into objective function, and
different omega and alpha values were designed for reflecting
trade-off between system economy and risk. As shown in
Table 4, the variation of these two parameters has great
impacts on obtained solutions. Firstly, with the increase of
omega value (when alpha value is fixed), cropland area in
subzones 2 and 3 would decrease and forestland area would
increase. For example, when alpha takes the value of 1,
cropland areas of subzone 2 are 3292.78, 2800, 2800, and
2800 ha while forestland areas are 7167.22, 7600, 7600, and
7600 ha, respectively. Similarly, farmland areas of subzone 3
are 3876.86, 3845.86, 3845.86, and 3840 ha while its forestland
areas are 8613.15, 8644.14, 8644.14, and 8650 ha, respectively.
It is mainly because that increase of omega will result
in increase in predesigned target values of system profits.
Although the revenue of farmland is higher than that of
forestland, nevertheless, runoff volume and pollutant discharge amounts of farmland are also much higher. This
will lead to the fact that punishments of farmland deriving
from excessive pollutant discharge are higher than those of
forestland. In order to avoid penalty cost, farm areas would
decrease while forestland areas become increased.
4.1.2. The Trend Analysis in Objective Function. As shown in
Figure 3, parameters above-mentioned have great impacts
not only on decision variables, but also on expected value
of system profits. Under the influences of two indicators,

expected profits exhibit certain variation tendency. Firstly,
when alpha value is fixed, with the increase of omega,
expected system profits would increase. For example, at a
weighted coefficient of alpha = 1, expected revenue is [38.80,
52.68], [39.00, 52.71], [39.01, 52.73], and [39.02, 52.74] × 106 $.
Under a value of alpha = 1000, expected income is [38.27,
52.55], [38.45, 52.57], [38.45, 52.57], and [38.45, 52.57] ×
106 $. Similarly, when omega value is fixed, expected profit
would decrease with decrease of alpha value. The profits
at two alpha values under the low condition are [38.80,
52.68] and [38.27, 52.55] × 106 $, respectively; those under the
high situation are [39.02, 52.73] and [38.45, 52.57] × 106 $,
respectively. This is because that the increase of omega value
requires expected system profits under different circumstance
increase as much as possible in order to avoid risk, while
alpha values remain unchanged; thus, total expected incomes
would increase. As for the increase of alpha value, it will
emphasize importance on financial risks under different
situations, which cannot guarantee the maximization of total
expected incomes, leading to the decrease of total expected
revenues.
The variations above-mentioned effectively reflect tradeoff between system profits and risks. The increase in expected
profits can only guarantee average profit level of management
system. Nevertheless, it cannot ensure that system profits
under some specific conditions also meet requirement simultaneously. In contrast, economic benefit may be loss in order
to make system profits under specific conditions reach predetermined standard. Under the context of global warming,
frequent occurrences of extreme climate event and flood
disasters associated with Tai Lake watershed may exacerbate
failure risk in decision-making process. RBITSP model is
capable of reflecting risk measure and generating a variety
of solutions realizing balance of system-profit targets and
system-failure risk. Decision alternatives at the low alpha and
high omega values are suitable in avoiding risk and providing
instructions for local authorities. Generally, RBITSP model
formulated in this study has realized improvement and its
feasibility and practicability are also obviously enhanced.
The introduction of two indicators omega and alpha, on
the one hand, can overcome disadvantage that ITSP model
only emphasizes the maximization of expected profits and
neglects unsatisfied values under specific situations. On the
other hand, the adjustment of parameters effectively reflects
trade-off between system profits and risks, which can not
only enrich the diversity of generated solution but also
provide basis for decision makers. This model is suitable
in tackling agricultural production management issue of
subareas in Tai Lake watershed. It is extremely useful for
local managers under circumstance of global warming and
frequent occurrence of extreme weather events.
4.2. Discussion. In order to better reflect the advantages of
proposed RBITSP model, in this study, ITSP model was
formulated for tackling the same problem. Here, constraints
related to financial risk and punishment caused by profit
lower than predefined target in objective functions were
deleted. The objective function obtained from ITSP model
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is [39.02, 52.73] × 106 $, which is included within interval
solutions generated by RBITSP model, which indicates that
solution from ITSP model is special case. However, RBITSP
model also has some drawbacks in theoretical framework
and practical applications which need further improvements.
Firstly, the determination of omega values has great impacts
on obtained model solutions. In this study, omega value
was determined by calculating system profits under various
conditions, which represent different backgrounds. How
to design rational omega values is critical for generating
accurate decision schemes. Secondly, the introductions of two
indicators (omega and alpha) also bring out a question, which
is how to select reasonable solutions. Since every solution
has its own specific meanings, selection of evaluation criteria
and methods will be critical for determining management
alternatives. Finally, other uncertain optimization methods,
such as FMP, could be incorporated into model for handling
more-complex issue.

5. Conclusions
In this study, a risk-based interval two-stage programming
model was developed for designing and generating an
economy-effective, environmentally friendly, and risk-averse
agricultural production pattern. Compared with general
ITSP model, main advantage of proposed model was that it
provided enough attention on financial risk under various
probabilistic levels, rather than only being concentrated on
economic benefit. The way was suitable in generating more
stable solutions, which realized balance between system
economy and reliability. Applied results of RBITSP model
in agricultural management system with Tai Lake watershed
showed that it could be a base for designing and determining
agricultural development schemes. Decision alternative (its
expected profit reached [38.45, 52.57] × 106 $) under the high
alpha and omega values was recommended to be a decision
base due to its balanced characteristic. In the future, some
improvements, including selection of critical indicators, the
incorporation of multicriteria evaluation technology, and
other uncertain optimization approaches, deserved to be
further studied.
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A tournament is a directed graph obtained by assigning a direction for each edge in an undirected complete graph. A digraph 𝐷 is
cycle complementary if there exist two vertex disjoint cycles 𝐶 and 𝐶 such that 𝑉(𝐷) = 𝑉(𝐶) ∪ 𝑉(𝐶 ). Let 𝐷 be a locally almost
regular 𝑐-partite tournament with 𝑐 ≥ 3 and |𝛾(𝐷)| ≤ 3 such that all partite sets have the same cardinality 𝑟, and let 𝐶3 be a 3-cycle
of 𝐷. In this paper, we prove that if 𝐷 − 𝑉(𝐶3 ) has no cycle factor, then 𝐷 contains a pair of disjoint cycles of length 3 and |𝑉(𝐷)| − 3,
∗
, or 𝐷3,2 .
unless 𝐷 is isomorphic to 𝑇7 , 𝐷4,2 , 𝐷4,2

1. Introduction
Denote the vertex set and arc set of a digraph 𝐷 by 𝑉(𝐷) and
𝐸(𝐷), respectively. For a subset 𝑋 of 𝑉(𝐷), we define 𝐷[𝑋]
as the subdigraph induced by 𝑋. If 𝑥𝑦 is an arc of a digraph
𝐷, then we write 𝑥 → 𝑦 and say 𝑥 dominates 𝑦. If 𝑋 and
𝑌 are two disjoint subsets of 𝑉(𝐷) or subdigraphs of 𝐷 such
that every vertex of 𝑋 dominates every vertex of 𝑌, then 𝑋
dominates 𝑌, denoted by 𝑋 → 𝑌. We write 𝑋 ⇒ 𝑌 if there is
no arc from 𝑌 to 𝑋.
+
(𝑥) = 𝑁+ (𝑥) of a vertex 𝑥 is
The out-neighborhood 𝑁𝐷
the set of vertices dominated by 𝑥, and the in-neighborhood
−
(𝑥) = 𝑁− (𝑥) is the set of vertices dominating 𝑥. The
𝑁𝐷
+
−
(𝑥) = 𝑑+ (𝑥) = |𝑁+ (𝑥)| and 𝑑𝐷
(𝑥) = 𝑑− (𝑥) =
numbers 𝑑𝐷
−
|𝑁 (𝑥)| are the outdegree and indegree of 𝑥, respectively.
The minimum outdegree and the minimum indegree of 𝐷 are
denoted by 𝛿+ (𝐷) = 𝛿+ and 𝛿− (𝐷) = 𝛿− and 𝛿(𝐷) =
𝛿 = min{𝛿+ , 𝛿− }. The local irregularity is defined by 𝑖𝑙 (𝐷) =
max |𝑑+ (𝑥) − 𝑑− (𝑥)| over all vertices 𝑥 of 𝐷 and the global
irregularity is defined by 𝑖𝑔 (𝐷) = max{max(𝑑+ (𝑥), 𝑑− (𝑥)) −
min(𝑑+ (𝑦), 𝑑− (𝑦)) | 𝑥, 𝑦 ∈ 𝑉(𝐷)}. Clearly, 𝑖𝑙 (𝐷) ≤ 𝑖𝑔 (𝐷). If
𝑖𝑔 (𝐷) = 0, then 𝐷 is regular and if 𝑖𝑔 (𝐷) ≤ 1, then 𝐷 is almost
regular. If 𝑖𝑙 (𝐷) ≤ 1, then 𝐷 is locally almost regular.
By a path or cycle we mean a directed path or cycle. A
cycle of length 𝑚 is an 𝑚-cycle. The independence number
𝛼(𝐷) = 𝛼 is the maximum size among all independent sets of

vertices of 𝐷. A digraph 𝐷 is strongly connected or strong if, for
each pair of vertices 𝑢 and V, there is a path from 𝑢 to V in 𝐷. A
digraph 𝐷 with at least 𝑘 + 1 vertices is 𝑘-connected if for any
set 𝐴 of at most 𝑘 − 1 vertices, the subdigraph 𝐷 − 𝐴 obtained
by deleting 𝐴 is strong. The connectivity of 𝐷, denoted by
𝜅(𝐷), is defined to be the largest value of 𝑘 such that 𝐷 is 𝑘connected.
A cycle factor is a spanning subdigraph consisting of
disjoint cycles. A cycle factor with the minimum number of
cycles is called a minimal cycle factor. If we replace every arc
𝑥𝑦 of 𝐷 by 𝑦𝑥, then we call the resulting digraph, denoted by
𝐷−1 , the converse digraph of 𝐷.
A 𝑐-partite graph is a graph whose vertices are or can
be partitioned into 𝑐 different independent sets. Equivalently,
it is a graph that can be colored with 𝑐 colors, so that no
two endpoints of an edge have the same color. A complete
𝑐-partite graph is a graph that can be partitioned into 𝑐
independent sets, as above, so that every pair of vertices from
two different independent sets have different colors.
A 𝑐-partite or multipartite tournament is an orientation of
a complete 𝑐-partite graph. If 𝐷 is a 𝑐-partite tournament with
the partite sets 𝑉1 , 𝑉2 , . . . , 𝑉𝑐 such that |𝑉1 | ≤ |𝑉2 | ≤ ⋅ ⋅ ⋅ ≤ |𝑉𝑐 |,
then we define 𝛾(𝐷) = |𝑉1 |. If the vertex 𝑥 of 𝐷 belongs to the
partite set 𝑉𝑖 , then we define 𝑉(𝑥) = 𝑉𝑖 .
A digraph 𝐷 is cycle complementary if there exist two vertex disjoint cycles 𝐶 and 𝐶 such that 𝑉(𝐷) = 𝑉(𝐶) ∪ 𝑉(𝐶 ).
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The problem of complementary cycles in tournaments was
almost completely solved by Reid [1] in 1985 and by Song
[2] in 1993. The authors proved that every 2-connected
tournament 𝐷 on at least 8 vertices has complementary cycles
of length 𝑡 and |𝑉(𝐷)| − 𝑡 for all 𝑡 ∈ {3, 4, . . . , |𝑉(𝐷)| − 3}.
There exists only the following conjecture.
Conjecture 1 (see Yeo [3] 1999). A regular 𝑐-partite tournament 𝐷 with 𝑐 ≥ 4 and |𝑉(𝐷)| ≥ 8 has a pair of vertex disjoint
cycles of length 𝑡 and |𝑉(𝐷)|−𝑡 for all 𝑡 ∈ {3, 4, . . . , |𝑉(𝐷)|−3}.
In 2005, Volkmann [4] confirmed the first conjecture for
𝑡 = 3, unless 𝐷 is a regular 4-partite tournament with two
vertices in each partite set. In 2004, Volkmann [5] confirmed
conjecture for 𝑡 = 4. In 2009, He et al. [6] confirmed
conjecture for 𝑡 = 5. In 2013, Volkmann [7] confirmed every
almost regular c-partite tournament 𝐷 with |𝑉(𝐷)| ≥ 8 such
that all partite sets have the same cardinality 𝑟. If 𝑐 ≥ 5 or
𝑐 = 4 and 𝑟 ≥ 6, then D contains a pair of vertex disjoint
directed cycles of lengths 4 and |𝑉(𝐷)−4|. In 2014, Bai et al. [8]
confirmed every regular bipartite tournament contains two
complementary cycles. In 2014, He et al. [9] characterized all
locally almost regular multipartite tournaments 𝐷 whose partite sets have the same cardinality with 𝛾(𝐷) ≥ 4 that contain
two complementary cycles of length 3 and |𝑉(𝐷)|−3. Let 𝐷 be
a locally almost regular 𝑐-partite tournament with 𝑐 ≥ 3 and
|𝛾(𝐷)| ≤ 3 such that all partite sets have the same cardinality,
and let 𝐶3 be a 3-cycle of 𝐷. We prove if 𝐷−𝑉(𝐶3 ) has no cycle
factor, then 𝐷 contains a pair of disjoint cycles of length 3 and
∗
, or 𝐷3,2 .
|𝑉(𝐷)| − 3, unless 𝐷 is isomorphic to 𝑇7 , 𝐷4,2 , 𝐷4,2

2. Preliminary Results
The following results play important roles in the proof of our
main theorem (Theorem 12), where the first one is immediate.
Lemma 2 (see [7]). If 𝐷 is a regular 𝑐-partite tournament with
the partite sets 𝑉1 , 𝑉2 , . . . , 𝑉𝑐 , then 𝛼(𝐷) = |𝑉1 | = |𝑉2 | = ⋅ ⋅ ⋅ =
|𝑉𝑐 |.
Lemma 3 (see Yeo [10] 1998). If 𝐷 is a multipartite tournament, then
|𝑉 (𝐷)| − 2𝑖𝑙 (𝐷) − 𝛼 (𝐷)
𝜅 (𝐷) ≥ ⌈
⌉.
(1)
3
Lemma 4 (see Reid [1] 1985 and Song [2] 1993). If 𝐷 is a 2connected tournament with at least 6 vertices, then 𝐷 contains
two complementary cycles of length 𝑡 and |𝑉(𝐷)| − 𝑡 for all 3 ≤
𝑡 ≤ |𝑉(𝐷)|/2, unless it is isomorphic to the tournament 𝑇7 .
Lemma 5 (see Bondy [11] 1976). Each strong 𝑐-partite tournament with 𝑐 ≥ 3 contains an 𝑚-cycle for each 𝑚 ∈ {3, 4, . . . , 𝑐}.
Lemma 6 (see Yeo [12] 1999). Let 𝐷 be a 𝑐-partite tournament
with the partite sets 𝑉1 , 𝑉2 , . . . , 𝑉𝑐 such that 𝑘 = |𝑉1 | ≤ |𝑉2 | ≤
⋅ ⋅ ⋅ ≤ |𝑉𝑐 | = 𝑘 + 𝑖 for some 𝑖 ∈ {0, 1}. If
 


|𝑉 (𝐷)| − 𝑉𝑐−1  − 2 𝑉𝑐  + 2
(2)
𝑖𝑙 (𝐷) ≤
,
2
then 𝐷 is Hamiltonian.
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Lemma 7 (see Volkmann [5] 2004). Let 𝐷 be a regular 3partite tournament with |𝑉(𝐷)| ≥ 6. Then 𝐷 contains two
complementary cycles of length 3 and |𝑉(𝐷)| − 3, unless 𝐷 is
isomorphic to 𝐷3,2 .
Lemma 8 (see Volkmann [4] 2005). Let 𝐷 be a regular cpartite tournament with 𝑐 ≥ 4 and |𝑉(𝐷)| ≥ 6. Then 𝐷
contains two complementary cycles of length 3 and |𝑉(𝐷)| − 3,
∗
.
unless 𝐷 is isomorphic to 𝑇7 , 𝐷4,2 , or 𝐷4,2
Lemma 9 (see Tewes [13] 2002). If 𝐷 is a multipartite
tournament, then
𝛿 (𝐷) ≥
≥

|𝑉 (𝐷)| − 𝑖𝑙 (𝐷) − 𝛼 (𝐷)
2
|𝑉 (𝐷)| − 𝑖𝑔 (𝐷) − 𝛼 (𝐷)
2

(3)
.

Lemma 10 (see Yeo [12] 1999 and Gutin and Yeo [14] 2000).
A digraph 𝐷 has no cycle factor if and only if its vertex set 𝑉(𝐷)
can be partitioned into four subsets 𝑌, 𝑍, 𝑅1 , and 𝑅2 such that
𝑅1 ⇒ 𝑌,
(𝑅1 ∪ 𝑌) ⇒ 𝑅2 ,

(4)

|𝑌| > |𝑍| ,
where 𝑌 is an independent set.
Lemma 11 (see Volkmann and Winzen [15] 2004). Let
𝑉1 , 𝑉2 , . . . , 𝑉𝑐 be the partite sets of a 𝑐-partite tournament 𝐷
with no cycle factor such that |𝑉1 | ≤ |𝑉2 | ≤ ⋅ ⋅ ⋅ ≤ |𝑉𝑐 |.
According to Lemma 10, the vertex set 𝑉(𝐷) can be partitioned
into subsets 𝑌, 𝑍, 𝑅1 and 𝑅2 satisfying (4) such that |𝑍|+𝑘+1 ≤
|𝑌| ≤ |𝑉𝑐 | − 𝑡 with integers 𝑘, 𝑡 ≥ 0. Let 𝑉𝑖 be the partite set with
the property that 𝑌 ⊆ 𝑉𝑖 . If 𝑄 = 𝑉(𝐷) − 𝑍 − 𝑉𝑖 , 𝑄1 = 𝑄 ∩ 𝑅1 ,
and 𝑄2 = 𝑄 ∩ 𝑅2 , then
 
𝑖𝑙 (𝐷) ≥ |𝑉 (𝐷)| − 3 𝑉𝑐  + 2𝑡 + 2𝑘 + 2,

 

(5)
|𝑉 (𝐷)| − 𝑉𝑐−1  − 2 𝑉𝑐  + 3𝑘 + 3
𝑖𝑔 (𝐷) ≥
,
2
if 𝑄1 = 0 or 𝑄2 = 0 case part (1) of lemma and
 


|𝑉 (𝐷)| − 𝑉𝑐−1  − 2 𝑉𝑐  + 3𝑘 + 3 + 𝑡
𝑖𝑔 (𝐷) ≥ 𝑖𝑙 (𝐷) ≥
, (6)
2
if 𝑄1 ≠ 0 and 𝑄2 ≠ 0 case part (2) of lemma.

3. Main Result
Theorem 12. Let 𝐷 be a locally almost regular 𝑐-partite
tournament with 𝑐 ≥ 3 and |𝛾(𝐷)| ≤ 3 such that all partite
sets have the same cardinality, and let 𝐶3 be a 3-cycle of 𝐷. We
prove that if 𝐷 − 𝑉(𝐶3 ) has no cycle factor, then according to
Lemma 10, the vertex set 𝑉(𝐷) can be partitioned into subsets
𝑌, 𝑍, 𝑅1 and 𝑅2 satisfying (4) such that 𝑅1 ⇒ 𝑌, (𝑅1 ∪𝑌) ⇒ 𝑅2
and |𝑌| > |𝑍|, where 𝑌 is an independent set. If |𝑍 ∪ 𝑌| ≤
4, then 𝐷 contains a pair of disjoint cycles of length 3 and
∗
, or 𝐷3,2 .
|𝑉(𝐷)| − 3, unless 𝐷 is isomorphic to 𝑇7 , 𝐷4,2 , 𝐷4,2
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3

Proof. First of all notice that the condition that all partite
sets have the same cardinality shows that 𝑖𝑙 (𝐷) = 𝑖𝑔 (𝐷). Let
𝑉1 , 𝑉2 , . . . , 𝑉𝑐 be the partite sets of a locally almost regular 𝑐partite tournament 𝐷 such that |𝑉1 | = |𝑉2 | = ⋅ ⋅ ⋅ = |𝑉𝑐 | = 𝑟.
If |𝑉(𝐷)| − 𝑟 is even, then it is easy to say that 𝐷 is regular.
Thus, if 𝑐 = 3, then 𝐷 is a regular 3-partite tournament, and
by Lemma 7, 𝐷 contains two complementary cycles of length
3 and |𝑉(𝐷)| − 3, unless 𝐷 is isomorphic to 𝐷3,2 .
According to Lemma 3, we have
𝜅 (𝐷) ≥ ⌈

|𝑉 (𝐷)| − 2𝑖𝑙 (𝐷) − 𝛼 (𝐷)
⌉.
3

(7)

If 𝑐 ≥ 7 and 𝑟 = 1, which means that 𝐷 is a tournament,
then (7) yields 𝜅(𝐷) ≥ 2. In addition, if 𝑐 = 6 and 𝑟 = 1, then
it can be shown that 𝜅(𝐷) ≥ 2 too. Hence Lemma 4 implies
that 𝐷 contains two complementary cycles of length 3 and
|𝑉(𝐷)| − 3, unless 𝐷 is isomorphic to 𝑇7 .
Therefore we only need to consider the case 𝑐 ≥ 4 and
2 ≤ 𝑟 ≤ 3. In view of Lemma 3, 𝜅(𝐷) ≥ 2 and thus Lemma 5
ensures the existence of a 3-cycle 𝐶3 in 𝐷. If we define in the
case 𝑟 ≥ 2 the 𝑐-partite tournament 𝐻 by 𝐻 = 𝐷 − 𝑉(𝐶3 ),
then 𝑖𝑙 (𝐻) ≤ 4, and |𝑉(𝐻)| = 𝑐𝑟 − 3. If 𝑉1 , 𝑉2 , . . . , 𝑉𝑐 are
the partite sets of 𝐻 such that |𝑉1 | ≤ |𝑉2 | ≤ ⋅ ⋅ ⋅ ≤ |𝑉𝑐 |, then
|𝑉1 | = 𝑟 − 1 and |𝑉𝑐 | = 𝑟. With exception of the cases 𝑐 = 4
and 𝑟 = 2, 3, 𝑐 = 5 and 𝑟 = 2, 3, 𝑐 = 6 and 𝑟 = 2, and 𝑐 = 7
and 𝑟 = 2, this leads to
𝑖𝑙 (𝐻) ≤ 4 ≤

 
  
 − 2 𝑉𝑐  + 2
|𝑉 (𝐻)| − 𝑉𝑐−1
 

2

.

(8)

Applying Lemma 6, we conclude that 𝐻 has a Hamiltonian
cycle 𝐶, and we obtain the desired result that 𝑉(𝐷) = 𝑉(𝐶3 )∪
𝑉(𝐶). Since 𝐷 is a regular 𝑐-partite tournament for 𝑐 = 4 and
𝑟 = 2, 𝑐 = 5 and 𝑟 = 2, 3, 𝑐 = 6 and 𝑟 = 2, and 𝑐 = 7 and
𝑟 = 2, by Lemma 8, 𝐷 contains two complementary cycles of
length 3 and |𝑉(𝐷)| − 3, unless 𝐷 is isomorphic to 𝐷4,2 , or
∗
. Therefore, there only remain the cases 𝑐 = 4 and 𝑟 = 3.
𝐷4,2
Let 𝑉1 = {𝑢1 , 𝑢2 , 𝑢3 }, 𝑉2 = {V1 , V2 , V3 }, 𝑉3 = {𝑤1 , 𝑤2 , 𝑤3 },
𝑉4 = {𝑥1 , 𝑥2 , 𝑥3 } be the partite sets of 𝐷, 𝐶3 = 𝑢3 V3 𝑤3 𝑢3 , and
+
−
(𝑥), 𝑑𝐷
(𝑥) ≤
𝐻 = 𝐷 − 𝑉(𝐶3 ). Then 𝛼(𝐷) = 3 and 4 ≤ 𝑑𝐷
5 for each 𝑥 ∈ 𝑉(𝐷). Then 𝑖𝑙 (𝐻) ≤ 4, and |𝑉(𝐻)| = 9. If
𝑉1 , 𝑉2 , 𝑉3 , 𝑉4 are the partite sets of 𝐻 such that |𝑉1 | ≤ |𝑉2 | ≤
|𝑉3 | ≤ |𝑉4 |, then |𝑉1 | = |𝑉2 | = |𝑉3 | = 2 and |𝑉4 | = 3. Then by
Lemma 10, the vertex set 𝑉(𝐻) can be partitioned into subsets
𝑌, 𝑍, 𝑅1 , 𝑅2 such that 𝑅1 ⇒ 𝑌, (𝑅1 ∪ 𝑌) ⇒ 𝑅2 , |𝑌| > |𝑍|, and
𝑌 is an independent set. Let, without loss of generality, |𝑅1 | ≤
|𝑅2 | (if |𝑅1 | ≥ |𝑅2 |, then we consider 𝐷−1 ). By Lemma 9,
𝛿(𝐻) ≥ 1.
Case 1. 𝑍 = 0 and |𝑌| = 1, 2, 3. Then 𝑅1 ≠ 0. Otherwise
+
−
(𝑥) ≥ 6 and 𝑑𝐷
(𝑥) ≤ 3 for 𝑥 ∈ 𝑌 which contradicts 𝑖𝑙 (𝐷) ≤
𝑑𝐷
1. Consider |𝑅1 | ≠ 1, 2 for 𝛿(𝐻) ≥ 1. So 3 ≤ |𝑅1 | ≤ 4.
Assume that |𝑌| = 1. We claim that |𝑅1 | ≠ 3, or else since
+
−
(𝑥), 𝑑𝐻
(𝑥) ≥ 1, 𝑥 ∈ 𝑉(𝐻), 𝑅1 induces a 3-cycle, and thus
𝑑𝐻
there is a vertex 𝑦 ∈ 𝑅1 such that |𝑉(𝑦) ∩ (𝑌 ∪ 𝑅2 )| ≤ 1.
+
−
(𝑦) ≥ 6 and 𝑑𝐷
(𝑦) ≤ 3, a contradiction
It follows that 𝑑𝐷
to 𝑖𝑙 (𝐷) ≤ 1. Assume that |𝑅1 | = 4. If 𝑅1 is bipartite, then
since 𝛿(𝐻) ≥ 1, each partite set of 𝑅1 consists of two vertices.

Hence, 𝑅1 induces a 4-cycle and thus there is a vertex 𝑦 ∈ 𝑅1
+
such that |𝑉(𝑦) ∩ (𝑌 ∪ 𝑅2 )| ≤ 1. It follows that 𝑑𝐷
(𝑦) ≥ 6 and
−
𝑑𝐷(𝑦) ≤ 3, a contradiction to 𝑖𝑙 (𝐷) ≤ 1. If 𝑅1 is 3-partite, then
there exists a vertex 𝑦 ∈ 𝑅1 such that |𝑉(𝑦)∩(𝑌∪𝑅2 )| ≤ 2 and
𝑑𝑅+1 (𝑦) ≥ 2 or |𝑉(𝑦) ∩ (𝑌 ∪ 𝑅2 )| ≤ 1 and 𝑑𝑅+1 (𝑦) ≥ 1. This leads
+
−
to 𝑑𝐷
(𝑦) ≥ 6 and 𝑑𝐷
(𝑦) ≤ 3, a contradiction to 𝑖𝑙 (𝐷) ≤ 1. If
𝑅1 is 4-partite, then 𝑦 ∈ 𝑅1 such that |𝑉(𝑦)∩(𝑌∪𝑅2 )| ≤ 1 and
+
−
(𝑦) ≥ 6 and 𝑑𝐷
(𝑦) ≤ 3, a contradiction
𝑑𝑅+1 (𝑦) ≥ 2; then 𝑑𝐷
to 𝑖𝑙 (𝐷) ≤ 1.
If |𝑌| = 2, then |𝑅1 | ≤ 3. Note that 𝛿(𝐻) ≥ 1, 𝑅1 induces
+
(𝑦) ≥ 6 and
a 3-cycle. So there is a vertex 𝑦 ∈ 𝑅1 such that 𝑑𝐷
−
𝑑𝐷(𝑦) ≤ 3, a contradiction to 𝑖𝑙 (𝐷) ≤ 1.
If |𝑌| = 3, then replacing 𝑘 by 2 and 𝑡 by 0 in Lemma 11
leads us to 𝑖𝑙 (𝐻) ≥ 5, a contradiction to 𝑖𝑙 (𝐻) ≤ 4.
Case 2. One has |𝑍| = 1 and |𝑌| = 2. We discuss this case by
the value of |𝑅1 |, where |𝑅1 | = 0, 1, 2, 3.
Case 2.1. Assume that |𝑅1 | = 0; that is, 𝑅1 = 0.
Note that 𝑍 → 𝑌 since 𝛿(𝐻) ≥ 1. If 𝑌 ⊂ 𝑉𝑖 , for some 𝑖 ∈
+
−
(𝑦) ≥ 6 and 𝑑𝐷
(𝑦) ≤ 3 for
{1, 2, 3}, then 𝑅2 ∩ 𝑉𝑖 = 0. Then 𝑑𝐷
𝑦 ∈ 𝑌, a contradiction. Therefore, 𝑌 ⊂ 𝑉4 . Assume, without
loss of generality, that 𝑌 = {𝑥1 , 𝑥2 }, 𝑥3 ∈ 𝑅2 , and 𝑍 = {𝑢1 }.
Since 𝑖𝑙 (𝐷) ≤ 1, 𝑉(𝐶3 ) → 𝑌, and there exists one vertex in
{V1 , V2 , 𝑤1 , 𝑤2 }, say, V1 such that V1 → 𝑢1 .
Case 2.1.1. Assume that 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 , 𝑥3 }] has a Hamiltonian path.
(1) Assume that there is a Hamiltonian path which
does not end at 𝑥3 or begin at 𝑥3 , say, 𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 with
𝑥3 ∉ {𝑝1 , 𝑝5 } in 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 , 𝑥3 }]. If 𝑝5 does not
dominate 𝑝1 , then 𝑝5 has at least one positive neighbor 𝑥
in 𝐶3 , and there are the complementary cycles 𝑥1 V1 𝑢1 𝑥1 and
𝑥2 𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑥𝑥+ 𝑥++ 𝑥2 . If 𝑝5 → 𝑝1 , then there exist at
least two arcs from {𝑝1 , 𝑝2 , 𝑝3 , 𝑝4 , 𝑝5 } to 𝐶3 . Let, without
loss of generality, 𝑝𝑖 → 𝑥 with 𝑝𝑖+ ≠ 𝑥3 and 𝑥 ∈
𝑉(𝐶3 ). This leads to the complementary cycles 𝑥1 V1 𝑢1 𝑥1 and
𝑥2 𝑝𝑖+1 𝑝𝑖+2 ⋅ ⋅ ⋅ 𝑝𝑖 𝑥𝑥+ 𝑥++ 𝑥2 , all indices are taken modulo 5.
(2) If there is a Hamiltonian path ending at 𝑥3 in
𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 , 𝑥3 }], say, 𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 with 𝑝5 = 𝑥3 , then
we need only to consider {𝑝1 , 𝑝2 , 𝑝3 } → 𝑝5 . The other cases
are easily reduced to (1). Thus 𝑝5 has at least one positive
neighbor in 𝐶3 , say, 𝑥. This leads to the complementary cycles
𝑥1 V1 𝑢1 𝑥1 and 𝑥2 𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 𝑥𝑥+ 𝑥++ 𝑥2 .
(3) If there is a Hamiltonian path beginning at 𝑥3 in
𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 , 𝑥3 }], say, 𝑝1 𝑝2 𝑝3 𝑝4 𝑝5 with 𝑝1 = 𝑥3 , then we
need only to consider 𝑝1 → {𝑝2 , 𝑝3 , 𝑝4 , 𝑝5 }. The other cases
are easily reduced to (1) or (2).
Assume that 𝑝1 → V1 . Then (𝑉(𝐶3 ) ∪ {𝑢1 }) → 𝑝1 ,
and we obtain a 3-cycle 𝑝1 V1 𝑢1 𝑝1 . Next we are to find its
complementary cycle. Since 𝑖𝑙 (𝐷) ≤ 1, 𝑝5 dominates at least
one vertex 𝑥 of 𝐶3 , and there exists at least one vertex of
{𝑝2 , 𝑝3 , 𝑝4 }, say, 𝑝𝑖 , such that 𝑝𝑖 → 𝑦 with 𝑖 ∈ {2, 3, 4},
𝑦 ∈ 𝑉(𝐶3 ) and 𝑥 ≠ 𝑦. This leads to the complementary cycles
𝐶1 = 𝑝1 V1 𝑢1 𝑝1 and 𝐶2 = 𝑥1 𝑝2 ⋅ ⋅ ⋅ 𝑝𝑖 𝑦𝑦+ 𝑥2 𝑝𝑖+1 ⋅ ⋅ ⋅ 𝑝5 𝑥𝑥1 if
𝑦 = 𝑥+ or 𝐶2 = 𝑥1 𝑝2 ⋅ ⋅ ⋅ 𝑝𝑖 𝑦𝑥2 𝑝𝑖+1 ⋅ ⋅ ⋅ 𝑝5 𝑥𝑥+ 𝑥1 if 𝑦 = 𝑥− .
Now assume that V1 → 𝑝1 . If there is a vertex 𝑝𝑖 of
{𝑝2 , 𝑝3 , 𝑝4 , 𝑝5 } that dominates 𝑢1 (𝑖 ∈ {2, 3, 4, 5}), then let 𝑝𝑖
take the place of V1 , the above case being reduced to (1) of
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Case 2.1.1. Therefore, we let 𝑢1 ⇒ {𝑝2 , 𝑝3 , 𝑝4 , 𝑝5 }. Then we
have 𝑝1 ∪ 𝑉(𝐶3 ) ⇒ 𝑢1 .
If 𝑢2 ∉ {𝑝3 , 𝑝5 } and 𝑉(𝑝3 ) ≠ 𝑉(𝑝5 ), then there exists an
arc between 𝑝3 and 𝑝5 . Let, without loss of generality, 𝑝3 →
−
(𝑝5 ) ≥ 6.
𝑝5 . This leads to the contradiction 𝑑𝐷
If 𝑢2 ∉ {𝑝3 , 𝑝5 } and 𝑉(𝑝3 ) = 𝑉(𝑝5 ), then {𝑝3 , 𝑝5 } =
{𝑤1 , 𝑤3 } and {𝑝3 , 𝑝5 } ⇒ {V1 } ∪ 𝑉(𝐶3 ) and 𝑝5 → 𝑝2 . If
𝑝2 → 𝑝4 , then 𝑝4 = 𝑢2 , 𝑝2 = V2 , {𝑝2 , 𝑝4 } ⇒ {V1 } ∪ 𝑉(𝐶3 ),
and V1 ⇒ 𝑉(𝐶3 ). This leads to the complementary cycles
𝑝2 𝑝4 𝑝5 𝑝2 and 𝑥1 𝑝3 𝑢3 𝑥2 V1 𝑝1 V3 𝑤3 𝑢1 𝑥1 . If 𝑝4 → 𝑝2 , then
𝑝2 = 𝑢2 , 𝑝4 = V2 , {𝑝2 , 𝑝4 } ⇒ {V1 } ∪ 𝑉(𝐶3 ), and V1 ⇒
𝑉(𝐶3 ). This leads to the complementary cycles 𝑝2 𝑝3 𝑝4 𝑝2 and
𝑥1 𝑝5 𝑢3 𝑥2 V1 𝑝1 V3 𝑤3 𝑢1 𝑥1 .
If 𝑢2 ∈ {𝑝3 , 𝑝5 }, let, without loss of generality, 𝑝5 = 𝑢2 ;
then we have 𝑉(𝑝2 ) = 𝑉(𝑝4 ) = 𝑉(𝑤1 ), 𝑝3 = V2 , 𝑝3 →
𝑝5 , 𝑝5 → 𝑝2 , {𝑝2 , 𝑝4 , 𝑝5 } → V1 , and {V1 , 𝑝2 , 𝑝3 , 𝑝4 , 𝑝5 } ⇒
𝑉(𝐶3 ). This leads to the complementary cycles 𝑝2 𝑝3 𝑝5 𝑝2 and
𝑥1 V1 𝑝1 𝑢1 𝑥2 𝑝4 𝑢3 V3 𝑤3 𝑥1 .
Case 2.1.2. Now we assume that 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 , 𝑥3 }] has no
Hamiltonian path. Then let, without loss of generality, 𝑢2 →
V2 .
(1)Assume that V2 dominates one vertex {𝑤1 , 𝑤2 }, say,
V2 → 𝑤2 .
(a) If 𝑤2 → 𝑥3 , then since 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 , 𝑥3 }] has no
Hamiltonian path, 𝑤1 → 𝑥3 , {𝑢2 , V2 } → {𝑤1 , 𝑥3 }, and 𝑢2 →
𝑤2 .
If there is one vertex of {𝑤1 , 𝑤2 } that dominates 𝑢1 , let,
without loss of generality, 𝑤1 → 𝑢1 ; then let 𝑤1 take the
place of V1 , the case being reduced to (1) of Case 2.1.1.
Therefore, let 𝑢1 → {𝑤1 , 𝑤2 }. Then we have {𝑤1 , 𝑤2 } ⇒
({V1 } ∪ 𝑉(𝐶3 )). Since 𝑖𝑙 (𝐷) ≤ 1, 𝑥3 → 𝑢3 or 𝑥3 → V3 . In the
former case there are complementary cycles 𝑤1 V1 𝑢1 𝑤1 and
𝑥1 𝑢2 𝑥3 𝑢3 𝑥2 V2 𝑤2 V3 𝑤3 𝑥1 ; in the latter case complementary
cycles are 𝑤1 V1 𝑢1 𝑤1 and 𝑥1 𝑢2 𝑤2 𝑢3 𝑥2 V2 𝑥3 V3 𝑤3 𝑥1 .
(b) Assume that 𝑥3 → 𝑤2 .
If 𝑤1 → 𝑢2 , then since 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 , 𝑥3 }] has no
Hamiltonian path, {𝑤1 , 𝑢2 , V2 } → 𝑥3 . This leads to the
Hamiltonian path 𝑤1 𝑢2 V2 𝑥3 𝑤2 , a contradiction.
If 𝑢2 → 𝑤1 and 𝑤1 → V2 , then since 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 ,
𝑥3 }] has no Hamiltonian path, 𝑥3 → {𝑤1 , 𝑢2 , V2 }. This leads
to the Hamiltonian path 𝑥3 𝑢2 𝑤1 V2 𝑤2 , a contradiction.
If 𝑢2 → 𝑤1 and V2 → 𝑤1 , then since 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 ,
𝑥3 }] has no Hamiltonian path, 𝑥3 → 𝑤1 , 𝑢2 → 𝑤2 , and
{𝑤1 , 𝑤2 } ⇒ ({V1 , 𝑢1 } ∪ 𝑉(𝐶3 )). If V2 → 𝑥3 or 𝑥3 → V2 and
𝑢2 → 𝑥3 , then let 𝑤1 take the place of V1 , the case being
reduced to (1) of Case 2.1.1. If 𝑥3 → V2 and 𝑥3 → 𝑢2 , then let
𝑤1 take the place of V1 , the case being reduced to (3) of Case
2.1.1.
(2) Assume that {𝑤1 , 𝑤2 } → V2 . Then we have V2 ⇒ (𝑍 ∪
𝑉(𝐶3 ) ∪ {𝑥3 }).
(a) If 𝑢2 dominates one vertex of {𝑤1 , 𝑤2 }, say, 𝑤1 ,
then since 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 , 𝑥3 }] has no Hamiltonian path,
{𝑤1 , 𝑤2 } → 𝑥3 and 𝑢2 → {𝑥3 , 𝑤2 }.
(i) If 𝑥3 → V1 and V1 dominates one vertex of {𝑤1 , 𝑤2 },
then let V2 take the place of V1 , the case being reduced to (3)
of Case 2.1.1.
(ii) If 𝑥3 → V1 and {𝑤1 , 𝑤2 } → V1 , then let V2 take the
place of V1 , the case being reduced to (2) of Case 2.1.1.
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(iii) Assume that V1 → 𝑥3 ; then we have 𝑥3 → (𝑍 ∪
𝑉(𝐶3 )).
If V3 dominates one vertex of {𝑢2 , 𝑤1 , 𝑤2 }, say, V3 →
𝑤1 , then we obtain the complementary cycles 𝑤1 𝑥3 V3 𝑤1 and
𝑥1 V1 𝑢1 𝑥2 𝑢2 𝑤2 V2 𝑤3 𝑢3 𝑥1 .
If {𝑢2 , 𝑤1 , 𝑤2 } → V3 , then we have V1 ⇒ ({𝑢2 } ∪ 𝑉(𝐶3 )).
Then let V2 take the place of V1 , the case being reduced to (2)
of Case 2.1.1.
(b) Assume that {𝑤1 , 𝑤2 } → 𝑢2 . Since 𝐻[{𝑢2 , V2 , 𝑤1 , 𝑤2 ,
𝑥3 }] has no Hamiltonian path, {𝑤1 , 𝑤2 } → 𝑥3 .
(i) Assume that 𝑥3 → 𝑢2 . Then 𝑢2 ⇒ (𝑉(𝐶3 ) ∪ {V1 }).
If 𝑥3 → V1 , then V1 dominates at least one vertex of
{𝑤1 , 𝑤2 }; then let V2 take the place of V1 , the case being
reduced to (1) of Case 2.1.1.
If V1 → 𝑥3 and there exists one vertex of {𝑤1 , 𝑤2 } that
dominates at least one vertex of 𝐶3 , say, 𝑤1 → V3 , then we
obtain the complementary cycles 𝐶1 = 𝑥3 𝑢2 V1 𝑥3 and 𝐶2 =
𝑥1 𝑤2 V2 𝑢1 𝑥2 𝑤1 V3 𝑤3 𝑢3 𝑥1 .
If V1 → 𝑥3 and 𝑉(𝐶3 ) ⇒ {𝑤1 , 𝑤2 }, then 𝑅2 \ {𝑤1 ,
𝑤2 } ⇒ {𝑢3 , V3 }. This leads to the complementary cycles 𝐶1 =
𝑤1 V2 𝑢3 𝑤1 and 𝐶2 = 𝑥1 V1 𝑢1 𝑥2 𝑤2 𝑥3 𝑢2 V3 𝑤3 𝑥1 .
(ii) Assume that 𝑢2 → 𝑥3 .
If 𝑥3 → V1 and V1 dominates one vertex of {𝑤1 , 𝑤2 }, then
let V2 take the place of V1 , the case being reduced to (1) of Case
2.1.1.
Assume that {𝑤1 , 𝑤2 , 𝑥3 } → V1 . Then we have V1 ⇒
(𝑉(𝐶3 ) ∪ {𝑢2 }) and 𝑢2 ⇒ 𝑉(𝐶3 ). If there exists one vertex
of {𝑤1 , 𝑤2 } that dominates 𝑢1 , say, 𝑤1 → 𝑢1 , then let 𝑤1 take
the place of V1 , the case being reduced to (2) of Case 2.1.1.
Therefore, let 𝑢1 → {𝑤1 , 𝑤2 }. This leads to the complementary
cycles 𝐶1 = 𝑤1 V1 𝑢1 𝑤1 and 𝐶2 = 𝑥1 V2 𝑢3 𝑥2 𝑤2 𝑢2 𝑥3 V3 𝑤3 𝑥1 .
Now assume that V1 → 𝑥3 . Then we have 𝑥3 → ({𝑢1 } ∪
𝑉(𝐶3 )).
Let V1 dominate one vertex of {𝑤1 , 𝑤2 }, say, V1 → 𝑤1 .
If 𝑤2 → 𝑢1 , then we have the complementary cycles 𝐶1 =
𝑥1 𝑤2 𝑢1 𝑥1 and 𝐶2 = 𝑥2 V1 𝑤1 𝑢2 V2 𝑥3 𝑢3 V3 𝑤3 𝑥2 .
If 𝑢1 → 𝑤2 , then since 𝑖𝑙 (𝐷) ≤ 1, 𝑢2 dominates at least one
vertex of 𝐶3 . This leads to the complementary cycles 𝐶1 =
𝑤2 V2 𝑢1 𝑤2 and 𝐶2 = 𝑥1 𝑤1 𝑢2 V3 𝑤3 𝑥2 V1 𝑥3 𝑢3 𝑥1 if 𝑢2 → V3 or
𝐶2 = 𝑥1 𝑤1 𝑢2 𝑤3 𝑥2 V1 𝑥3 𝑢3 V3 𝑥1 if 𝑢2 → 𝑤3 .
Now let {𝑤1 , 𝑤2 } → V1 .
If 𝑢1 dominates one vertex of {𝑤1 , 𝑤2 }, say, 𝑢1 → 𝑤1 , then
we obtain the complementary cycles 𝐶1 = V1 𝑢1 𝑤1 V1 and 𝐶2 =
𝑥1 𝑤2 V2 𝑢3 𝑥2 𝑢2 𝑥3 V3 𝑤3 𝑥1 .
If {𝑤1 , 𝑤2 } → 𝑢1 , then we have 𝑢1 ⇒ 𝑉(𝐶3 ) and
𝑉(𝐶3 ) ⇒ {𝑤1 , 𝑤2 }. This leads to the complementary cycles
𝐶1 = 𝑤1 𝑢1 V3 𝑤1 and 𝐶2 = 𝑥1 𝑤2 𝑢2 V2 𝑤3 𝑥2 V1 𝑥3 𝑢3 𝑥1 .
Case 2.2. Assume that |𝑅1 | = 1. If 𝑅1 ∩ 𝑉4 = 0, then |𝑉(𝑥) ∩
+
(𝑥) ≥ 6 and
(𝑌 ∪ 𝑅2 )| = 1 for 𝑥 ∈ 𝑅1 . Therefore, we have 𝑑𝐷
−
(𝑥) ≤ 3 for 𝑥 ∈ 𝑅1 , a contradiction. Hence, let, without
𝑑𝐷
loss of generality, 𝑅1 = {𝑥3 }. If 𝑌 = {𝑥1 , 𝑥2 }, then the case
is equivalent to the case of “|𝑌| = 2, 𝑥3 ∈ 𝑅2 , and 𝑥3 →
𝑅2 \ {𝑥3 },” which has been proved in (3) of Case 2.1.1 and
+
(𝑥3 ) ≥ 6, a contradiction.
Case 2.1.2. If 𝑍 ∩ 𝑉4 ≠ 0, then 𝑑𝐷
So, let, without loss of generality, 𝑌 = {𝑢1 , 𝑢2 } and 𝑍 = {V1 }.
Then (𝑉(𝐶3 ) ∪ 𝑍) ⇒ 𝑅1 and (𝑉(𝐶3 ) ∪ 𝑍) ⇒ 𝑌.
(1) Assume that there is an arc from {𝑥1 , 𝑥2 } to V1 , say,
𝑥1 → V1 . Then we have 𝐶1 = 𝑥1 V1 𝑢1 𝑥1 .
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(a) Assume that 𝐻[{𝑤1 , 𝑤2 , V2 , 𝑥2 }] has a Hamiltonian
path.
If there is a Hamiltonian path which does not end at 𝑥2 or
begin at 𝑥2 , let, without loss of generality, 𝑝1 𝑝2 𝑝3 𝑝4 with 𝑥2 ∉
{𝑝1 , 𝑝4 } be a Hamiltonian path in 𝐻[{𝑤1 , 𝑤2 , V2 , 𝑥2 }]; then 𝑝4
has at least one positive neighbor in 𝐶3 , say, 𝑝4 → 𝑢3 , and we
have the complementary cycle 𝐶2 = 𝑤3 𝑥3 𝑢2 𝑝1 𝑝2 𝑝3 𝑝4 𝑢3 V3 𝑤3 .
If there is a Hamiltonian path ending at 𝑥2 , let, without
loss of generality, 𝑝1 𝑝2 𝑝3 𝑝4 with 𝑝4 = 𝑥2 be a Hamiltonian
path in 𝐻[{𝑤1 , 𝑤2 , V2 , 𝑥2 }]; then we need only to consider
{𝑝1 , 𝑝2 , 𝑝3 } → 𝑝4 . The other cases are easily reduced to
the above case which does not end at 𝑥2 . Thus 𝑝4 →
({V1 } ∪ 𝑉(𝐶3 )) and there is the complementary cycle 𝐶2 =
𝑢3 𝑥3 𝑢2 𝑝1 𝑝2 𝑝3 𝑝4 V3 𝑤3 𝑢3 .
If there is a Hamiltonian path beginning at 𝑥2 , let, without
loss of generality, 𝑝1 𝑝2 𝑝3 𝑝4 with 𝑝1 = 𝑥2 be a Hamiltonian
path in 𝐻[{𝑤1 , 𝑤2 , V2 , 𝑥2 }]; then we need only to consider
𝑝1 → {𝑝2 , 𝑝3 , 𝑝4 }. The other cases are easily reduced to
the above case which does not begin at 𝑥2 . Thus 𝑝4 ⇒
({V1 , 𝑥1 } ∪ 𝑉(𝐶3 )) and we have the complementary cycle 𝐶2 =
𝑥3 𝑢2 𝑝1 𝑝2 𝑝3 𝑝4 𝑢3 V3 𝑤3 𝑥3 .
(b) Now we assume that 𝐻[{𝑤1 , 𝑤2 , V2 , 𝑥2 }] has no Hamiltonian path. Let, without loss of generality, V2 → 𝑤2 .
If 𝑤2 → 𝑥2 , then since 𝐻[{𝑤1 , 𝑤2 , V2 , 𝑥2 }] has no Hamiltonian path, 𝑤1 → 𝑥2 , V2 → 𝑥2 , and V2 → 𝑤1 . Then we
have 𝑥2 → 𝑉(𝐶3 ) and 𝑤1 dominates at least one vertex of
𝐶3 , say, 𝑤1 → 𝑢3 . This leads to the complementary cycle
𝐶2 = 𝑢3 𝑥3 V2 𝑤2 𝑥2 V3 𝑤3 𝑢2 𝑤1 𝑢3 .
If 𝑥2 → 𝑤2 and V2 → 𝑥2 , then V2 → 𝑤1 and 𝑥2 → 𝑤1 .
This leads to {𝑤1 , 𝑤2 } ⇒ 𝑉(𝐶3 ) and the complementary cycle
𝐶2 = 𝑢3 𝑥3 V2 𝑥2 𝑤2 V3 𝑤3 𝑢2 𝑤1 𝑢3 .
If 𝑥2 → 𝑤2 and 𝑥2 → V2 , then {𝑥2 , V2 } → 𝑤1 and
{𝑤1 , 𝑤2 } ⇒ 𝑉(𝐶3 ). This leads to the complementary cycle
𝐶2 = 𝑢3 𝑥3 V2 𝑤1 V3 𝑤3 𝑢2 𝑥2 𝑤2 𝑢3 .
(2) Assume that V1 → {𝑥1 , 𝑥2 }. Then we have ({𝑤1 , 𝑤2 } ∪
𝑉(𝐶3 )) ⇒ V1 , 𝑅2 ⇒ 𝑤3 , and 𝐶1 = 𝑤1 V1 𝑢1 𝑤1 .
(a) Assume that 𝐻[{V2 , 𝑤2 , 𝑥1 , 𝑥2 }] has a Hamiltonian
+
(𝑥) ≤ 5, there exists a Hamiltonian endpath. Then, since 𝑑𝐷
ing at 𝑥1 or 𝑥2 ; let, without loss of generality, 𝑝1 𝑝2 𝑝3 𝑝4 with
𝑝4 = 𝑥1 be a Hamiltonian path 𝐻[{V2 , 𝑤2 , 𝑥1 , 𝑥2 }]. This leads
to the complementary cycle 𝐶2 = 𝑤3 𝑢3 V3 𝑥3 𝑢2 𝑝1 𝑝2 𝑝3 𝑝4 𝑤3 .
(b) Assume that 𝐻[{V2 , 𝑤2 , 𝑥1 , 𝑥2 }] has no Hamiltonian
path.
If V2 → 𝑤2 , then 𝑤2 → 𝑥1 or 𝑤2 → 𝑥2 , say, 𝑤2 → 𝑥1 .
Since 𝐻[{V2 , 𝑤2 , 𝑥1 , 𝑥2 }] has no Hamiltonian path, {V2 , 𝑤2 } →
𝑥2 and V2 → 𝑥1 . This leads to {𝑥1 , 𝑥2 } → 𝑉(𝐶3 ) and we obtain
the complementary cycle 𝐶2 = 𝑢3 𝑥3 V2 𝑤2 𝑥1 V3 𝑤3 𝑢2 𝑥2 𝑢3 .
If 𝑤2 → V2 , then V2 → 𝑥1 or V2 → 𝑥2 , say, V2 → 𝑥1 . Since
𝐻[{V2 , 𝑤2 , 𝑥1 , 𝑥2 }] has no Hamiltonian path, {V2 , 𝑤2 } → 𝑥2
and 𝑤2 → 𝑥1 . This leads to {𝑥1 , 𝑥2 } → 𝑉(𝐶3 ) and we obtain
the complementary cycle 𝐶2 = 𝑢3 𝑥3 𝑤2 V2 𝑥1 V3 𝑤3 𝑢2 𝑥2 𝑢3 .
Case 2.3. Assume that |𝑅1 | = 2. If 𝑅1 ∩ 𝑉4 = 0, then there
exists a vertex 𝑥 ∈ 𝑅1 such that |𝑉(𝑥) ∩ 𝑅1 | = 2 or 𝑑𝑅+1 (𝑥) = 1.
+
−
Each case leads to 𝑑𝐷
(𝑥) ≥ 6 and 𝑑𝐷
(𝑥) ≤ 3, a contradiction
to 𝑖𝑙 (𝐷) ≤ 1. Therefore, 𝑅1 ∩ 𝑉4 ≠ 0. Let, without loss of
generality, 𝑥1 ∈ 𝑅1 .
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(1) Assume that 𝑅1 ⊂ 𝑉4 . Let, without loss of generality,
𝑅1 = {𝑥1 , 𝑥2 } and 𝑌 = {𝑢1 , 𝑢2 }. Then 𝑥3 ∈ 𝑅2 . Let, without loss
of generality, 𝑍 = {V1 }. Since 𝑖𝑙 (𝐷) ≤ 1, (𝑍 ∪ 𝑉(𝐶3 )) ⇒ 𝑅1 ,
V2 → 𝑤1 , or V2 → 𝑤2 , say, V2 → 𝑤2 . Then we have 𝑤2 ⇒
({V1 , 𝑥3 } ∪ 𝑉(𝐶3 )).
Assume that there is an arc from 𝑍 to 𝑌, say, V1 → 𝑢1 .
If 𝑤1 → V2 , then we have V2 ⇒ (𝑉(𝐶3 ) ∪
{𝑥3 }) and 𝑥3 dominates at least two vertices of 𝐶3 . This
leads to the complementary cycles 𝐶1 = 𝑢1 𝑤2 V1 𝑢1 and
𝐶2 = 𝑢2 𝑥3 𝑢3 V3 𝑥1 𝑤1 V2 𝑤3 𝑥2 𝑢2 if 𝑥3 → 𝑢3 , or 𝐶2 =
𝑢2 𝑥3 V3 𝑥1 𝑤1 V2 𝑤3 𝑢3 𝑥2 𝑢2 if 𝑥3 → V3 .
If V2 → 𝑤1 , then 𝑤1 ⇒ (𝑉(𝐶3 ) ∪ {𝑥3 }), and 𝑥3 dominates
at least two vertices of 𝐶3 . This leads to the complementary
cycles 𝐶1 = 𝑢1 𝑤2 V1 𝑢1 and 𝐶2 = 𝑢2 𝑥3 𝑢3 𝑥1 V2 𝑤1 V3 𝑤3 𝑥2 𝑢2 if
𝑥3 → 𝑢3 , or 𝐶2 = 𝑢2 𝑥3 V3 𝑥1 V2 𝑤1 𝑤3 𝑢3 𝑥2 𝑢2 if 𝑥3 → V3 .
Now assume that 𝑌 → 𝑍. Then we have 𝑉(𝐶3 ) → 𝑌,
𝑅2 ⇒ 𝑤3 , and 𝐶1 = 𝑢1 V1 𝑥1 𝑢1 .
If 𝑤1 → V2 , then we have V2 ⇒ (𝑉(𝐶3 ) ∪ {𝑤2 , 𝑥3 })
and 𝑤2 → 𝑥3 . This leads to the complementary cycle 𝐶2 =
𝑢2 𝑤1 V2 𝑤2 𝑥3 𝑤3 𝑢3 V3 𝑢2 .
If V2 → 𝑤1 , then 𝑤1 ⇒ (𝑉(𝐶3 ) ∪ {𝑥3 }) and we obtain the
complementary cycle 𝐶2 = 𝑢2 V2 𝑤1 𝑥3 𝑤3 𝑢3 𝑥2 𝑤2 V3 𝑢2 .
(2) Assume that |𝑅1 ∩ 𝑉4 | = 1. Let, without loss of
generality, 𝑅1 = {𝑥1 , 𝑢1 }. Then 𝑥1 → 𝑢1 , 𝑢2 ∈ 𝑅2 , and
(𝑍 ∪ 𝑉(𝐶3 )) ⇒ 𝑅1 . Since 𝑖𝑙 (𝐷) ≤ 1, 𝑍 ∩ 𝑉4 = 0. Let, without
loss of generality, 𝑍 = {V1 }.
(a) Assume that 𝑌 ∩ 𝑉4 = 0. Let, without loss of generality,
𝑌 = {𝑤1 , 𝑤2 }. Then 𝑅2 = {𝑥2 , 𝑥3 , 𝑢2 , V2 }.
(i) Assume that there is an arc from 𝑌 to 𝑍, say, 𝑤1 → V1 .
Then we have 𝐶1 = 𝑤1 V1 𝑥1 𝑤1 .
If 𝐻[𝑅2 ] has a Hamiltonian path, then it ends at 𝑥2 (or
𝑥3 ). Let, without loss of generality, 𝑝1 𝑝2 𝑝3 𝑝4 with 𝑝4 ∈
{𝑥2 , 𝑥3 } be a Hamiltonian path in 𝐻[𝑅2 ]. Then 𝑝4 dominates
at least two vertices of 𝐶3 . This leads to the complementary
cycle 𝐶2 = 𝑤2 𝑝1 𝑝2 𝑝3 𝑝4 𝑢3 V3 𝑤3 𝑢1 𝑤2 if 𝑝4 → 𝑢3 or 𝐶2 =
𝑤2 𝑝1 𝑝2 𝑝3 𝑝4 𝑤3 𝑢3 V3 𝑢1 𝑤2 if 𝑝4 → 𝑤3 .
Now assume that 𝐻[𝑅2 ] has no Hamiltonian path.
If 𝑢2 → v2 , then V2 ⇒ ({𝑥2 , 𝑥3 } ∪ 𝑉(𝐶3 )). Since 𝐻[𝑅2 ]
has no Hamiltonian path, 𝑢2 → {𝑥2 , 𝑥3 }. Then we have
{𝑥2 , 𝑥3 } → (𝑍 ∪ 𝑉(𝐶3 )). If 𝑢3 → 𝑤2 , then we have the
complementary cycle 𝐶2 = 𝑢2 V2 𝑥2 V3 𝑢1 𝑥3 𝑤3 𝑢3 𝑤2 𝑢2 . If 𝑤2 →
𝑢3 , then V3 → 𝑤2 and we have the complementary cycle
𝐶2 = 𝑢2 V2 𝑥2 𝑤3 𝑢1 𝑥3 𝑢3 V3 𝑤2 𝑢2 .
If V2 → 𝑢2 , then 𝑢2 dominates one vertex of {𝑥2 , 𝑥3 },
say, 𝑢2 → 𝑥2 . Since 𝐻[𝑅2 ] has no Hamiltonian path, V2 →
{𝑥2 , 𝑥3 } and 𝑢2 → 𝑥3 . Then we have {𝑥2 , 𝑥3 } → (𝑍 ∪ 𝑉(𝐶3 )).
If 𝑢3 → 𝑤2 , then we have the complementary cycle 𝐶2 =
V2 𝑢2 𝑥2 V3 𝑢1 𝑥3 𝑤3 𝑢3 𝑤2 V2 . If 𝑤2 → 𝑢3 , then V3 → 𝑤2 and we
have the complementary cycle 𝐶2 = V2 𝑢2 𝑥2 𝑤3 𝑢1 𝑥3 𝑢3 V3 𝑤2 V2 .
(ii) Assume that 𝑍 → 𝑌. Then there is an arc from {𝑥2 , 𝑥3 }
to 𝑍, say, 𝑥2 → V1 . This leads to the 3-cycle 𝐶1 = 𝑤1 𝑥2 V1 𝑤1 .
If 𝑢2 → V2 , then V2 ⇒ 𝑥3 and 𝑥3 dominates at
least two vertices of 𝐶3 . This leads to the complementary
cycle 𝐶2 = 𝑢2 V2 𝑥3 𝑢3 V3 𝑤3 𝑥1 𝑢1 𝑤2 𝑢2 if 𝑥3 → 𝑢3 or 𝐶2 =
𝑢2 V2 𝑥3 V3 𝑤3 𝑢3 𝑥1 𝑢1 𝑤2 𝑢2 if 𝑥3 → V3 .
If V2 → 𝑢2 and 𝑢2 → 𝑥3 , then 𝑥3 dominates at
least two vertices of 𝐶3 . This leads to the complementary
cycle 𝐶2 = V2 𝑢2 𝑥3 𝑢3 V3 𝑤3 𝑥1 𝑢1 𝑤2 V2 if 𝑥3 → 𝑢3 or 𝐶2 =
V2 𝑢2 𝑥3 V3 𝑤3 𝑢3 𝑥1 𝑢1 𝑤2 V2 if 𝑥3 → V3 .
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If V2 → 𝑢2 and 𝑥3 → 𝑢2 , then 𝑢2 ⇒ 𝑉(𝐶3 ). This leads
to the complementary cycle 𝐶2 = V2 𝑥3 𝑢2 V3 𝑤3 𝑢3 𝑥1 𝑢1 𝑤2 V2 if
V2 → 𝑥3 or 𝐶2 = 𝑥3 V2 𝑢2 V3 𝑤3 𝑢3 𝑥1 𝑢1 𝑤2 V2 if 𝑥3 → V2 .
(b) Assume that 𝑌 ⊂ 𝑉4 . Then let, without loss of
generality, 𝑌 = {𝑥2 , 𝑥3 }. Then we have 𝑅2 = {𝑢2 , V2 , 𝑤1 , 𝑤2 }.
(i) Assume that there is an arc from 𝑍 to 𝑌, say, V1 → 𝑥2 .
Then there is an arc from 𝑅2 to 𝑍.
If there is an arc from {𝑤1 , 𝑤2 } to 𝑍, say, 𝑤1 → V1 ,
then we have 𝐶1 = 𝑥2 𝑤1 V1 𝑥2 . Let, without loss of generality,
V2 → 𝑤2 . Then 𝑤2 ⇒ ({𝑢2 } ∪ 𝑉(𝐶3 )) and 𝑢2 dominates
at least one vertex of 𝐶3 . This leads to the complementary
cycle 𝐶2 = V2 𝑤2 𝑢2 V3 𝑤3 𝑢3 𝑥1 𝑢1 𝑥3 V2 if 𝑢2 → V3 or 𝐶2 =
V2 𝑤2 𝑢2 𝑤3 𝑢3 V3 𝑥1 𝑢1 𝑥3 V2 if 𝑢2 → 𝑤3 .
Otherwise, 𝑢2 → V1 . Then we have 3-cycle 𝐶1 =
𝑥2 𝑢2 V1 𝑥2 . Let, without loss of generality, V2 → 𝑤2 . Then
𝑤2 ⇒ (𝑍 ∪ 𝑉(𝐶3 )).
If 𝑤1 → V2 , then we have the complementary cycle 𝐶2 =
𝑥3 𝑤1 V2 𝑤2 𝑢3 V3 𝑤3 𝑥1 𝑢1 𝑥3 .
If V2 → 𝑤1 , then 𝑤1 ⇒ 𝑍 ∪ 𝑉(𝐶3 ) and we have the
complementary cycle 𝐶2 = V2 𝑤2 𝑢3 𝑥1 𝑤1 V3 𝑤3 𝑢1 𝑥3 V2 .
(ii) Assume that 𝑌 → 𝑍. Then 𝑉(𝐶3 ) → 𝑌 and we have
3-cycle 𝐶1 = 𝑥2 V1 𝑢1 𝑥2 .
If 𝑤2 → V2 , then V2 ⇒ {𝑤1 , 𝑢2 } ∪ 𝑉(𝐶3 ), 𝑤1 ⇒ {𝑢2 } ∪
𝑉(𝐶3 ), and 𝑢2 ⇒ 𝑉(𝐶3 ). This leads to the complementary
cycle 𝐶2 = 𝑤2 V2 𝑢3 𝑥1 𝑤1 𝑢2 V3 𝑤3 𝑥3 𝑤2 .
Now assume that V2 → 𝑤2 . Then 𝑤2 ⇒ {𝑢2 } ∪ 𝑉(𝐶3 ).
If 𝑢2 → 𝑤1 , then 𝑤1 ⇒ 𝑉(𝐶3 ) and we have the complementary cycle 𝐶2 = 𝑢2 𝑤1 V3 𝑤3 𝑥1 V2 𝑤2 𝑢3 𝑥3 𝑢2 .
If 𝑤1 → 𝑢2 , then 𝑢2 ⇒ 𝑉(𝐶3 ) and we have the complementary cycle 𝐶2 = 𝑤1 𝑢2 V3 𝑤3 𝑥1 V2 𝑤2 𝑢3 𝑥3 𝑤1 .
Case 2.4. Assume that |𝑅1 | = 3.
Let 𝑅1 ∩ 𝑉4 = 0. If 𝑅2 ∩ 𝑉4 ≠ 0, then there exists one vertex
+
(𝑥) ≥ 6, a contradiction to 𝑖𝑙 (𝐷) ≤ 1.
𝑥 ∈ 𝑅1 such that 𝑑𝐷
Therefore, 𝑍 ∪ 𝑌 = {𝑥1 , 𝑥2 , 𝑥3 }. Let, without loss of generality,
𝑍 = {𝑥1 }, 𝑌 = {𝑥2 , 𝑥3 }. Since 𝑖𝑙 (𝐷) ≤ 1, let, without loss
of generality, the set 𝑅1 induce the 3-cycle 𝑢1 V1 𝑤1 𝑢1 , and the
set 𝑅2 induces the 3-cycle 𝑢2 V2 𝑤2 𝑢2 such that 𝑅2 ⇒ 𝑍 ⇒
𝑅1 . In addition, 𝑖𝑙 (𝐷) ≤ 1 implies 𝑅2 ⇒ 𝑉(𝐶3 ) ⇒ 𝑅1 .
It is evident that 𝑢2 𝑥1 V1 𝑢2 and 𝑥2 V2 𝑢3 𝑤1 𝑥3 𝑤2 V3 𝑤3 𝑢1 𝑥2 are
complementary cycles in 𝐷.
If 𝑅1 = 𝑉4 , then there exist two vertices 𝑥, 𝑦 ∈ 𝑅2 such
that (𝑉(𝑥)∪𝑉(𝑦))∩(𝑌∪𝑅1 ) = 0. Since there is an arc between
+
+
(𝑥) ≥ 6 or 𝑑𝐷
(𝑦) ≥ 6, a contradiction.
𝑥 and 𝑦, 𝑑𝐷
Therefore, 𝑅1 ∩ 𝑉4 =0
 and 𝑅1 =𝑉
 4 . Thus |𝑅1 ∩ 𝑉4 | = 1 or 2.
(1) Assume that |𝑅1 ∩ 𝑉4 | = 1 first. Let, without loss of
generality, {𝑥1 , 𝑢1 } ⊂ 𝑅1 .
(a) If 𝑢2 ∈ 𝑅1 , then 𝑥1 → {𝑢1 , 𝑢2 } and {𝑥2 , 𝑥3 } ⊂ (𝑌 ∪ 𝑅2 ).
(i) If 𝑌 = {𝑥2 , 𝑥3 }, then there exists one vertex 𝑥 ∈ 𝑅2 such
−
(𝑥) ≥ 6, a contradiction.
that 𝑑𝐷
(ii) If, without loss of generality, 𝑌 = {𝑤1 , 𝑤2 } and 𝑍 =
{V1 }, then 𝑅2 = {𝑥2 , 𝑥3 , V2 }. Then we have V2 → {𝑥2 , 𝑥3 },
𝑅2 ⇒ (𝑉(𝐶3 ) ∪ 𝑍), and (𝑉(𝐶3 ) ∪ 𝑍) ⇒ 𝑅1 . This leads
to the complementary cycles 𝐶1 = 𝑥2 V2 𝑢1 𝑥2 and 𝐶2 =
𝑤1 𝑥3 𝑢3 V3 𝑢2 𝑤2 V2 𝑤3 𝑥1 𝑤1 .
(b) If, without loss of generality, V1 ∈ 𝑅1 and we let 𝑢1 →
V1 , then 𝑥1 → 𝑢1 , 𝐶3 ⇒ 𝑢1 , and 𝑢2 ∈ 𝑅2 .
(i) Let 𝑥1 → V1 .

Mathematical Problems in Engineering
Assume that {𝑥2 , 𝑥3 } ⊂ 𝑅2 . Then 𝑌 = {𝑤1 , 𝑤2 } and 𝑍 =
{V2 }. In addition, 𝑖𝑙 (𝐷) ≤ 1 implies (𝑉(𝐶3 ) ∪ 𝑍) ⇒ 𝑅1 .
If 𝑥2 → 𝑢2 or 𝑥3 → 𝑢2 , say, 𝑥2 → 𝑢2 , then 𝑢2 ⇒
({𝑥3 , V2 } ∪ 𝑉(𝐶3 )) and 𝑥3 → ({V2 } ∪ 𝑉(𝐶3 )). Since 𝑖𝑙 (𝐷) ≤ 1,
𝑥2 → 𝑢3 or 𝑥2 → V3 . In the former case there exist two complementary cycles 𝑥3 V2 𝑢1 𝑥3 and 𝑤1 𝑥2 𝑢3 𝑥1 𝑤2 𝑢2 V3 𝑤3 V1 𝑤1 ,
and in the latter case two complementary cycles are 𝑥3 V2 𝑢1 𝑥3
and 𝑤1 𝑥2 V3 𝑥1 𝑤2 𝑢2 𝑤3 𝑢3 V1 𝑤1 .
If 𝑢2 → {𝑥2 , 𝑥3 }, then {𝑥2 , 𝑥3 } → ({V2 } ∪ 𝑉(𝐶3 )). In
addition, if 𝑢2 → V2 , we have the complementary cycles
𝑢2 V2 𝑥1 𝑢2 and 𝑤1 𝑥2 𝑢3 V1 𝑤2 𝑥3 V3 𝑤3 𝑢1 𝑤1 ; if V2 → 𝑢2 and
there exists an arc from 𝑌 to 𝑍, say, 𝑤1 → V2 , then we
have the complementary cycles 𝐶1 = 𝑤1 V2 𝑥1 𝑤1 and 𝐶2 =
𝑥2 𝑢3 V1 𝑤2 𝑢2 𝑥3 V3 𝑤3 𝑢1 𝑥2 ; if V2 → ({𝑢2 }∪𝑌), then 𝑉(𝐶3 ) ⇒ V2 ,
and we have the complementary cycles 𝐶1 = V2 𝑤1 𝑥2 V2 and
𝐶2 = 𝑤2 𝑢2 𝑥3 𝑢3 V3 𝑤3 𝑥1 𝑢1 V1 𝑤2 .
Now assume that 𝑥2 ∉ 𝑅2 or 𝑥3 ∉ 𝑅2 . Then 𝑌 = {𝑥2 , 𝑥3 }
and V2 ∈ 𝑅2 . Otherwise, there exists one vertex 𝑥 ∈ 𝑅2 such
−
(𝑥) ≥ 6, a contradiction. Therefore, let, without loss
that 𝑑𝐷
of generality, 𝑍 = {𝑤1 }. Then we have 𝑅2 = {𝑢2 , V2 , 𝑤2 }, (𝑍 ∪
𝑉(𝐶3 )) ⇒ {𝑥1 , 𝑢1 }, and 𝑤2 → {𝑢2 , V2 }. Let, without loss of
−
(V2 ) ≥
generality, 𝑢2 → V2 . This leads to the contradiction 𝑑𝐷
6.
(ii) Let V1 → 𝑥1 . Then V2 ∈ 𝑅2 and (𝑍 ∪ 𝑉(𝐶3 )) ⇒ V1 .
Let, without loss of generality, 𝑢2 → V2 . If 𝑌 = {𝑤1 , 𝑤2 },
let, without loss of generality, 𝑍 = {𝑥2 }, 𝑥3 ∈ 𝑅2 ; then
V2 → 𝑥3 → 𝑢2 , 𝑅2 ⇒ (𝑉(𝐶3 ) ∪ 𝑍), and (𝑍 ∪ 𝑉(𝐶3 )) ⇒ 𝑅1 .
It is evident that 𝑢2 𝑥2 V1 𝑢2 and 𝑤1 𝑥3 𝑤3 𝑥1 𝑤2 V2 𝑢3 V3 𝑢1 𝑤1 are
complementary cycles in 𝐷. If 𝑌 = {𝑥2 , 𝑥3 }, let, without loss
of generality, 𝑍 = {𝑤1 }; then V2 → 𝑤2 → 𝑢2 . This leads to the
+
(𝑤2 ) ≥ 6.
contradiction 𝑑𝐷
(2) Assume that |𝑅1 ∩ 𝑉4 | = 2. Let, without loss of
generality, 𝑅1 = {𝑥1 , 𝑥2 , 𝑢1 } and 𝑌 = {V1 , V2 }.
(a) If 𝑍 = {𝑥3 }, then 𝑅2 = {𝑢2 , 𝑤1 , 𝑤2 } and {𝑤1 , 𝑤2 } → 𝑢2 .
−
(𝑢2 ) ≥ 6.
This leads to the contradiction 𝑑𝐷
(b) If 𝑍 = {𝑢2 }, then 𝑅2 = {𝑥3 , 𝑤1 , 𝑤2 }, {𝑤1 , 𝑤2 } → 𝑥3 ,
𝑅2 ⇒ (𝑉(𝐶3 ) ∪ Z), and (𝑉(𝐶3 ) ∪ 𝑍) ⇒ 𝑅1 . This leads
to the complementary cycles 𝐶1 = 𝑤1 𝑢2 𝑥1 𝑤1 and 𝐶2 =
V1 𝑤2 𝑢3 𝑥2 V2 𝑥3 V3 𝑤3 𝑢1 V1 .
(c) If, without loss of generality, 𝑍 = {𝑤1 }, then 𝑅2 =
{𝑥3 , 𝑢2 , 𝑤2 }, 𝑤2 → {𝑢2 , 𝑥3 }, and 𝑢2 → 𝑥3 . This leads to
𝑅2 ⇒ (𝑉(𝐶3 ) ∪ 𝑍) and (𝑉(𝐶3 ) ∪ 𝑍) ⇒ 𝑅1 .
If 𝑢1 → 𝑥1 or 𝑢1 → 𝑥2 , say, 𝑢1 → 𝑥1 , then 𝑥2 ⇒ 𝑢1
and (𝑍 ∪ 𝑉(𝐶3 )) ⇒ {𝑢1 , 𝑥2 }. This leads to the complementary
cycles 𝐶1 = 𝑢2 𝑤1 𝑥1 𝑢2 and 𝐶2 = V1 𝑤2 𝑢3 𝑥2 V2 𝑥3 V3 𝑤3 𝑢1 V1 .
If {𝑥1 , 𝑥2 } → 𝑢1 , then 𝑍 ∪ 𝑉(𝐶3 ) ⇒ {𝑥1 , 𝑥2 }. This leads
to the complementary cycles 𝐶1 = 𝑥3 𝑤1 𝑢1 𝑥3 and 𝐶2 =
V1 𝑢2 V3 𝑤3 𝑥1 V2 𝑤2 𝑢3 𝑥2 V1 .
Thus we finish proof of case (|𝑍|, |𝑌|) = (1, 2).
Case 3. One has |𝑍| = 1 and |𝑌| = 3. Then 𝑌 = 𝑉4 =
{𝑥1 , 𝑥2 , 𝑥3 }.
The case is equivalent to the case of “|𝑌| = 2, 𝑥3 ∈ 𝑅2 , and
𝑥3 → 𝑅2 \ {𝑥3 },” which has been proved in Case 2.

4. Concluding Remarks
In this paper, we proved the existence of complementary
cycles in a kind of irregular multipartite tournaments.

Mathematical Problems in Engineering
Problems on complementary cycles in irregular multidigraphs have important significance.
In 2002, Volkmann gave a new type of connectivity
condition for a multipartite tournament to be cycle complementary. They proposed the following conjecture.
Conjecture 13 (see Volkmann [16] 2002). Let 𝐷 be a multipartite tournament. If 𝑘(𝐷) ≥ 𝛼(𝐷) + 1, then 𝐷 is cycle
complementary, unless 𝐷 is a member of a finite family of
multipartite tournaments.
In 2010, Li et al. [17] proved every (𝛼(𝐷) + 1)-strong 𝑛partite tournament 𝐷 with 𝑛 ≥ 6 contains two disjoint cycles
which contain vertices from exactly 3 and 𝑛 − 3 partite sets,
respectively, unless it is isomorphic to 𝑇71 .
The vertex set of a digraph 𝐷 is denoted by 𝑉(𝐷). A 𝑐partite tournament is an orientation of a complete 𝑐-partite
graph. A multipartite tournament 𝐷 is called weakly cycle
complementary if there exist two vertex disjoint cycles 𝐶1 and
𝐶2 such that 𝑉(𝐶1 ) ∪ 𝑉(𝐶2 ) contains vertices of all partite
sets of 𝐷. In 2008, Volkmann and Winzen [18] proved all 3connected c-partite tournaments with 𝑐 ≥ 3 that are weakly
cycle complementary. In 2011, He and Wang [19] proved all
3-partite tournaments that are weakly cycle complementary.
In 2008, Volkmann and Winzen [18] also proposed the
following problem.
Problem 14 (see Volkmann and Winzen [18] 2008). Characterize all 2-strong 𝑐-partite tournaments 𝐷 with 𝑐 ≥ 3 and
|𝑉(𝐷)| ≥ 6 that are weakly cycle complementary.
All these problems may stimulate our further study for
complementary cycles of digraphs.
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Distributed cloud has been widely adopted to support service requests from dispersed regions, especially for large enterprise
which requests virtual desktops for multiple geodistributed branch companies. The cloud service provider (CSP) aims to deliver
satisfactory services at the least cost. CSP selects proper data centers (DCs) closer to the branch companies so as to shorten the
response time to user request. At the same time, it also strives to cut cost considering both DC level and server level. At DC level, the
expensive long distance inter-DC bandwidth consumption should be reduced and lower electricity price is sought. Inside each treelike DC, servers are trying to be used as little as possible so as to save equipment cost and power. In nature, there is a noncooperative
relation between the DC level and server level in the selection. To attain these objectives and capture the noncooperative relation,
multiobjective bilevel programming is used to formulate the problem. Then a unified genetic algorithm is proposed to solve the
problem which realizes the selection of DC and server simultaneously. The extensive simulation shows that the proposed algorithm
outperforms baseline algorithm in both quality of service guaranteeing and cost saving.

1. Introduction
Distributed cloud computing has been widely adopted to
support service requests from dispersed regions by exploiting
the differences of locations and various service capabilities.
As one of the most promising services in cloud computing,
Virtual desktop technology [1, 2] facilitates users accessing
virtual machines (VMs) [3] named as virtual desktops (VDs),
deployed in remote data centers (DCs) by the local thin
clients. Compared with traditional personal computers or
desktops, the local clients are equipped with less resources
and there is no data or file saved in local clients, hence
reducing the initial investment greatly and also realizing better confidentiality. Moreover, it can be more green [4]. VDs
have attracted the interest of many CSPs such as Microsoft

[5], VMware [6], Huawei [7], and other traditional telecom
operators [8]. It has been widely used around the world [7].
The service delivery scheme is depicted in Figure 1. VDs
are placed in geodistributed DCs closer to the branch companies (BCs). Users in each BC access cloud services through
one specified gateway by using local thin clients. Because of
the relatively small scale of distributed DC or the specific
availability policy [9] (e.g., an upper limit of VMs of one BC
is designated in one DC), it is possible that more than one
DC is used to accommodate the VDs for a big BC [10]. The
distributed DCs are often connected by dedicated high-speed
links or expensive long distance links. Inside each DC, servers
are normally networked in a tree-like topology. In the context
of infrastructure as a service, VD is corresponding to VM (in
this paper, we use servers and physical machines (PMs), VDs,
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Figure 1: Virtual desktops in worldwide distributed cloud computing.

and VMs interchangeably). The traffic delay inside DC is
mainly dominated by switches or routers in the path. The cost
matrix [11] in Figure 1 demonstrates the number of switches
between each PM for a tree-like topology, such as PortLand,
VL2, and BCube.
CSP faces great challenges in VD service delivery. On the
one hand, it should guarantee the service level agreement.
Especially for the latency sensitive VDs, it should shorten the
response time on the premise of keeping the delay within the
threshold agreed. The delay consists of three parts. The first
is the time between thin client and the gateway. The second
is the time between the gateway and DC. The third is the
queueing delay inside DC. Now that the first is fixed for each
BC once the gateway is specified, so we consider the latter
twos. For the second one, we only consider a one-way delay.
Delay optimization drives the CSP to deploy VMs in DC
closest to each BC. But maybe the closest one is not the best
candidate from the economic perspective.
On the other hand, aiming to make maximum profit, CSP
also strives to reduce cost as much as possible. At DC level,
appropriate DC should be selected to pursue cheaper electricity price and less long distance inter-DC links consumption. Sometimes competition will occur where adjacent BCs
compete for the resource of one DC. It complicates matters
even more. Inside each DC, VMs should be consolidated and
stay together so that fewer PMs are used, power is saved,
and less inter-PM bandwidth is consumed. Because nodes,
bandwidth, and power comprise 75% of DC cost [12], they
are the prime consideration to optimize.
When CSP selects DCs with cheaper electricity price and
closer to BC, it must consider the service type, resource capability of PMs inside each DC. The normal two-phase scheme
selects DCs according to power and location objective, then
determines PMs, and assigns VMs to the hosts. It is a natural

but maybe not a good strategy, because the determination
of DCs has limited the candidates of PMs to a large extent.
Inside each DC, the assignment of the VMs to these PMs
cannot guarantee the optimal overall cost. So the decision
of DCs is also subject to the assignment of VMs to proper
PMs inside each DC. In nature, there is a noncooperative
relation which leads to a bilevel structure. Each level pursues
different objectives. Some are consistent and others are not (it
is detailed in Section 3). CSP should balance quality with cost
by considering both DC and server selection simultaneously.
To the best of our knowledge, our work is the first to
explore unified algorithms for multi-BC virtual desktops
placement. The main contributions are as follows:
(1) We formulate the problem as multiobjective bilevel
programming considering resource provision at both
DC and server level.
(2) A novel unified algorithm, segmented two-level
grouping genetic algorithm (STLGGA), is proposed.
It can realize the selection of DC and server simultaneously. It also minimizes the response delay between
VDs and BCs at the least cost consisting of bandwidth,
server nodes, and power.
(3) Extensive simulation demonstrates that STLGGA
outperforms the baseline algorithm for both multiBC and single BC scenarios. For multi-BC, it achieves
a 13% shorter delay, while saving power and resources
by 21% and 6% on average, respectively.
The remainder of the paper is organized as follows.
Related work is reviewed in Section 2. Section 3 formulates
the problem and Section 4 presents a novel GA. It is evaluated
in Section 5 and the whole paper is concluded in Section 6.
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2. Related Work
Various objectives of virtual desktops placement have been
explored recently. Most works take into consideration the
resource efficiency inside DC [2, 14–16]. Man and Kayashima
[14] use bin packing (BP) method to find the group of VDs
which is suitable for a server so that minimal hosts are used.
Makarov et al. [15] propose a tool for evaluating VDs. It focuses on assessing the effect of VD access protocol so as to guide
the resource configuration according to the reaction time of
the task execution. Deboosere et al. [2] study different aspects
to optimize resources and user satisfaction. The resource
requirement is predicted first, and then overbooking category
is adopted and resource allocation and resource reallocation
are used to achieve load balance or energy efficiency. This
method provides a VDs resource management framework.
VDs secure sharing is explored by [16]. But, in all these works,
no location of VDs and inter-DC resource are considered.
Other works investigate VDs deployment across DCs.
Kochut [17] prefers placing VDs across DCs in different location to lower the power consumption. But no service quality
is touched. OpenFlow based mechanism is proposed to
distribute VDs in multiple DCs so that the performance and
scalability are maximized [18]. However, the authors focus on
route setup, route selecting, and load balance between thin
client and DC. The most similar work to ours is [1]. Latency
sensitive VDs are optimized by exploiting the geodistributed
DCs location. A greedy algorithm VMShadow is presented
by migrating VD to its user while considering the overhead
of migration. But it does not establish mapping between VDs
and PMs. Furthermore, the resources at DC level and inside
DC as well as energy cost are not involved.
Only seldom papers [13, 19] consider the selection of DC
and server simultaneously when placing VMs. Yao et al. [19]
propose a two-time-scale Lyapunov optimization algorithm
to reduce power cost for delay tolerant workloads. A multilevel group GA (MLGGA) is proposed to reduce carbon
emission by exploiting green energy [13]. The main idea is DC
consolidation and PM consolidation. Herein, the distributed
DCs are viewed as the higher level group and servers in DC
as lower level group. This scheme can group the items and
is designed for multilevel BP. But it does not consider bandwidth optimization and quality of service guarantee. Both of
them focus on the general VMs. Calyam et al. [10] present
a utility driven model U-RAM to allocate resources for VDs
so that the utility in each DC is maximized. The resource
should be enough to ensure the timeliness user perceived
and coding efficiency of VD access protocol. It adopts a twophase scheme: the DCs are selected based on balance, power,
or express migration. Then VMs are assigned to PMs in the
selected DC. Inter-DC bandwidth cost is not considered. The
overall resource cost in the two levels cannot be optimized
integratedly. All works cannot capture the noncooperation
relation between DC network and servers.

3. Formulation
Suppose there are 𝑅 BCs and each requires 𝐼𝑟 , 𝑟 = 1, 2, . . . , 𝑅
VMs, and ∑𝑅𝑟=1 𝐼𝑟 = 𝐼. There are 𝐾 candidate DCs. In each

3
DC 𝑘, 𝑘 = 1, 2, . . . , 𝐾, there are 𝐽𝑘 PMs. The total number of
PMs in all DCs is 𝐽; that is, ∑𝐾
𝑘=1 𝐽𝑘 = 𝐽. The cost and quality
aware multi-BC virtual desktops placement problem can be
summarized as placing 𝐼 VMs belonging to 𝑅 BCs on 𝐽 PMs
which distribute in 𝐾 DCs, so that the maximum distance
between DCs and BCs being served is as short as possible,
while minimizing the overall cost at both DC and server
level, including power, network, and server. The problem is
modeled as multiobjective bilevel programming (MOBLP).
3.1. Low Level Objective and Constraints. Low level is server
level. It aims to select PMs in DC determined by high level
(DC level, as illustrated in Figure 1). We will place 𝐼𝑘 VMs
in DC 𝑘. Note that maybe the VMs serving different BCs
will be placed in one DC. The number of VMs is fixed; that
𝑅
is, ∑𝐾
𝑘=1 𝐼𝑘 = ∑𝑟=1 𝐼𝑟 . Each VM 𝑖 (𝑉𝑖 ) requires 𝐻 kinds of
resources 𝑉𝑖1 , . . . , 𝑉𝑖𝐻, such as network bandwidth, CPU,
memory, and disk storage. 𝑃𝑗𝑘 denotes PM 𝑗 in DC 𝑘. It pos-

sesses 𝐻 kinds of normalized resources 𝑃𝑗𝑘1 , . . . , 𝑃𝑗𝑘𝐻 where
𝑃𝑗𝑘ℎ ∈ (0, 1] (the normalized weight for dimension ℎ is 𝜔ℎ =

1/(max𝑗,𝑘 𝑃𝑗𝑘ℎ )). Specifically, we designate the first dimen-

sion resource as bandwidth (𝑃𝑗𝑘1 and 𝑉𝑖1 ) and the second one

as CPU (𝑃𝑗𝑘2 and 𝑉𝑖2 ) for ease of notation. The communication
traffic rate between 𝑉ℎ and 𝑉𝑜 is 𝑡ℎ𝑜 and 𝑡ℎℎ equals 0. Herein
we suppose 𝑡ℎ𝑜 = 𝑡𝑜ℎ in that a bidirectional link normally has
equal bandwidth in each direction. If 𝑡ℎ𝑜 ≠ 𝑡𝑜ℎ we select the
biggest one as the traffic. 𝑥𝑖𝑗𝑘 and 𝑦𝑗𝑘 are both Boolean variables
controlled by low level. 𝑥𝑖𝑗𝑘 indicates whether 𝑉𝑖 is assigned

to 𝑃𝑗𝑘 . It equals 1 if 𝑉𝑖 is assigned to 𝑃𝑗𝑘 and 0 otherwise. 𝑦𝑗𝑘

indicates whether 𝑃𝑗𝑘 is active. It equals 1 if 𝑃𝑗𝑘 is active and 0
otherwise.
The low level only considers resource cost of PM nodes
(the former half part of 𝑓(𝑦, 𝑥)) and bandwidth (the latter
half part) inside each DC 𝑘:
𝐽𝑘

𝐻

𝑗=1

ℎ=2

3

𝐽𝑘

𝐽𝑘

𝑓 (𝑦, 𝑥) = ∑ 𝑦𝑗𝑘 ∑ 𝑐ℎ 𝑃𝑗𝑘ℎ + ∑ ∑ ∑ 𝑏𝑙 𝛿𝑙 (𝑃𝑗𝑘1 , 𝑃𝑗𝑘2 ) ,

(1)

𝑙=1 𝑗1 =1 𝑗2 =1

where 𝑐ℎ is the price for resource ℎ. ℎ is summed from 2
because the bandwidth cost has been calculated explicitly in
the latter part. Multiplier 𝑦𝑗𝑘 means that only cost of active
PMs needs to be considered. 𝑏𝑙 is the 𝑙th layer bandwidth
price, where 𝑙 = 1, 2, 3 represents bandwidth in access, aggregate, and core layer (Figure 1), respectively. Normally, 𝑏1 <
𝑏2 < 𝑏3 . 𝛿𝑙 (𝑃𝑗𝑘1 , 𝑃𝑗𝑘2 ) is the 𝑙th layer bandwidth consumption
and defined as the sum of the 𝑙th layer traffic of VMs across
PMs (2). So it equals zero for the same PMs (3). Consider
𝛿𝑙 (𝑃𝑗𝑘1 , 𝑃𝑗𝑘2 ) = ∑

𝑙
∑ 𝑡ℎ𝑜

𝑉ℎ ∈𝑃𝑗𝑘 𝑉𝑜 ∈𝑃𝑗𝑘
1

𝛿𝑙 (𝑃𝑗𝑘1 , 𝑃𝑗𝑘2 ) = 0

𝑗1 ≠ 𝑗2 , 𝑙 = 1, 2, 3,

(2)

2

𝑗1 = 𝑗2 , 𝑙 = 1, 2, 3.

(3)
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In each PM, the resource capacity should be respected.
Because if VMs are placed in one PM, then the interVM traffic is changed to intra-PM traffic and no outgoing
bandwidth is occupied; the intra-PM traffic is subtracted. The
bandwidth constraint is as follows:
𝐼𝑘

∑𝑥𝑖𝑗𝑘 𝑉𝑖1
𝑖=1

−

𝐼𝑘

𝐼𝑘

𝑘 𝑘
𝑥𝑜𝑗 𝑡ℎ𝑜
∑ ∑ 𝑥ℎ𝑗
ℎ=1 𝑜=1

≤

𝑃𝑗𝑘1

𝑗 = 1, . . . , 𝐽𝑘 .

∑𝑥𝑖𝑗𝑘 𝑉𝑖ℎ ≤ 𝑃𝑗𝑘ℎ

ℎ = 2, . . . , 𝐻, 𝑗 = 1, . . . , 𝐽𝑘 .

𝑖=1

s.t.

(5)

(1)
(6)

(2) , (3) , (4) , (5) ,
𝐼

𝑦𝑗𝑘 ≥

𝑘
𝑥𝑖𝑗𝑘
∑𝑖=1

𝑗 = 1, . . . , 𝐽𝑘 ,

𝐼𝑘

𝑦𝑗𝑘 ∈ {0, 1}

𝑗 = 1, . . . , 𝐽𝑘 ,

(7)
(8)

𝑖 = 1, . . . , 𝐼𝑘 , 𝑗 = 1, . . . , 𝐽𝑘 .

(9)

𝐻

𝑘=1 𝑗=1

ℎ=2

3.2. High Level Objectives and Constraints. High level focuses
on DC selection. It optimizes the delay, the overall power, and
physical resource cost. Binary variable 𝑧𝑘𝑟 indicates whether
there exists a PM which is used to serve BC 𝑟 and the PM is
in 𝐷𝑘 . If it is true then 𝑧𝑘𝑟 = 1 and 0 otherwise. Once there
exists one active PM in 𝐷𝑘 , the 𝐷𝑘 is viewed as active. So we
have
𝐽𝑘

𝑘 = 1, . . . , 𝐾.

𝑧𝑘𝑟 𝑑𝑘𝑟 ≤ 𝜌 ≤ 𝜌

𝑟 = 1, . . . , 𝑅, 𝑘 = 1, . . . , 𝐾.

𝐾

Multiplier 𝑧𝑘𝑟 means that we only care about the delay
between active DC and the BC being served. At the same time
we want to reduce the delay to a minimum. This is the first
objective:
𝐹1 (𝑧, 𝑦, 𝑥) = 𝜌.

(13)

𝐾

𝑘1 =1 𝑘2 =1

The former two parts are consistent with the objective of low
level (𝑓(𝑦, 𝑥)). However, low level only considers resources
inside each DC. High level considers the inter-DC bandwidth
cost in the third part additionally. Inter-DC bandwidth
definition is similar to inter-PM bandwidths (2), (3):
𝛿 (𝐷𝑘1 , 𝐷𝑘2 ) = ∑

∑ 𝑡ℎ𝑜

𝑉ℎ ∈𝐷𝑘1 𝑉𝑜 ∈𝐷𝑘2

𝛿 (𝐷𝑘1 , 𝐷𝑘2 ) = 0

𝑘1 ≠ 𝑘2 ,

𝑘1 = 𝑘2 .

(16)
(17)

The high level optimization can be summarized as multiobjective programming (MOP):
min
𝑧,𝑦,𝑥
s.t.

(12)

(15)

+ ∑ ∑ 𝑏𝛿 (𝐷𝑘1 , 𝐷𝑘2 ) .

(11)

Suppose the one-way delay between 𝐷𝑘 and BC 𝑟 being
served is 𝑑𝑘𝑟 . It can be estimated by some extensively studied
work [20]. We hope to ensure that all the delays are within a
threshold 𝜌 which is the maximum delay permitted; that is,

𝐽𝑘

𝑘=1 𝑙=1 𝑗1 =1 𝑗2 =1

𝐽

𝑟=1

𝐽𝑘

3

+ ∑ ∑ ∑ ∑ 𝑏𝑙 𝛿𝑙 (𝑃𝑗𝑘1 , 𝑃𝑗𝑘2 )

(10)

Constraint (7) states that a PM is viewed as active if it
hosts at least one VM. Constraint (9) implies that all VMs
should be assigned and a VM can only be placed in one PM.

𝑘
𝑦𝑗𝑘
∑𝑗=1

(14)

𝑉𝑖 ∈𝑃𝑗𝑘

𝐾 𝐽𝑘

𝐾

𝑥𝑖𝑗𝑘 ∈ {0, 1}

𝑅

𝑗=1

𝐹3 (𝑧, 𝑦, 𝑥) = ∑ ∑𝑦𝑗𝑘 ∑ 𝑐ℎ 𝑃𝑗𝑘ℎ

𝑗=1

∑𝑧𝑘𝑟 ≥

𝑘=1

consumption of 𝑃𝑗𝑘 in idle or standby state. Because power
grows largely positively proportional to CPU utilization [21],
we use an affine function of CPU load (∑𝑉𝑖 ∈𝑃𝑗𝑘 𝑉𝑖2 ) to estimate
power cost. To make the power consumed and physical
resource cost comparable, we follow the way of [12]. All the
one-time purchased physical resource cost is amortized in a
reasonable lifetime. So all the physical resource prices in the
formulation are the amortized ones. Implicitly, in the formulation, we only balance the cost in the amortized period. The
former half of 𝐹2 (𝑧, 𝑦, 𝑥) represents power cost caused by
workload and the latter half is power in idle or standby state.
The third objective is the overall resource costs including
PMs and bandwidth:

𝐽𝑘

∑ 𝑥𝑖𝑗𝑘 = 1 𝑖 = 1, . . . , 𝐼𝑘 ,

𝐽𝑘

where 𝑒𝑘 is electricity price of 𝐷𝑘 . 𝑎 is the coefficient to reflect
the relation between power and CPU load. 𝑝𝑗𝑘 is the power

For each DC 𝑘, the low level programming is written as
min
𝑦,𝑥

𝐾

𝐹2 (𝑧, 𝑦, 𝑥) = ∑ 𝑒𝑘 ∑ 𝑦𝑗𝑘 (𝑎 ∑ 𝑉𝑖2 + 𝑝𝑗𝑘 ) ,

(4)

The other resources constraint is
𝐼𝑘

The second objective aims to optimize power cost of
all the selected DCs by leveraging the geodiverse electricity
price:

(13) , (14) , (15)
(18)
(2) , (3) , (11) , (12) , (16) , (17) ,
𝑧𝑘𝑟 ∈ {0, 1}

𝑟 = 1, . . . , 𝑅, 𝑘 = 1, . . . , 𝐾,

(19)

𝑦𝑗𝑘 ∈ {0, 1}

𝑗 = 1, . . . , 𝐽𝑘 , 𝑘 = 1, . . . , 𝐾,

(20)

where 𝑥 and 𝑦 are the solutions of the low level programming.
Obviously, each level has its own objectives and constraints. The high level objective value depends on the optimal
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solutions of the low level. Needless to say the first two parts
of 𝐹3 which are just what was pursued by the low level, the
inter-DC bandwidth (𝐹3 ) and the overall power (𝐹2 ), are both
subject to the optimal solution of the low server level. InterDC bandwidth consists of the traffic between VMs across
DCs (16). The overall power is directly related to the CPU
load and how many PMs are used. The low level optimizes
itself under the determined high level decision variable
(DC is determined by high level). In particular, there is a
noncooperation relation between DC level and server level.
For example, each DC only tries to minimize its resource
consumed, but sometimes it is contrary to minimizing the
inter-DC traffic because minimizing inter-DC traffic may
need to consume more PM resources. This is just the case
described by bilevel programming [22].
Note that the bandwidth related constraints, (2), (4), and
(16) are nonlinear, MOBLP is nonlinear bilevel programming.
Even linear bilevel programming, the simplest one of bilevel
programming problems, is proved to be strong NP-hard.
The problem formulated herein is NP-hard. GA has been
demonstrated as a very efficient scheme to address bilevel
programming [23, 24]. We resort to GA to solve it.

4. Algorithm
For minimization programming, suppose there are two vectors, 𝑥 and 𝑦, with the same dimension 𝑛; we say 𝑥 dominates
𝑦 if and only if 𝑥𝑖 ≤ 𝑦𝑖 for any 𝑖 and there exists at least
𝑗 ∈ 1, 2, . . . , 𝑛 so that 𝑥𝑗 < 𝑦𝑗 . Suppose the feasible solution set
of multiobjective programming (MOP) is F; then a solution
𝑥∗ is Pareto optimal to MOP if there is no point 𝑥 ∈ F, so
that 𝐹(𝑥) dominates 𝐹(𝑥∗ ), where 𝐹 = {𝐹1 , 𝐹2 , 𝐹3 }. In short,
any decrease in one dimension of 𝐹 must lead to the increase
of at least one other dimension. We try to find the multiple
Pareto solutions for MOBLP.
Distinctive encoding and decoding, initial population
generation scheme, and genetic operators are designed to
address the multiobjective bilevel resource provision problem.
4.1. Encoding and Decoding Scheme. In GA, it is very important to reflect the structure and information of the problem to
be optimized in the genes of chromosome (it is assumed that
readers are familiar with the structure of GA, otherwise please
refer to [25] for details). Considering the characteristic of
multi-BC and two levels of 𝑀𝑂𝐵𝐿𝑃, we propose a segmented
two-level grouping encoding scheme as depicted in Figure 2.

The entire candidate PMs and DCs are numbered first. The
encoding gives the serial number (SN) of PM to which each
VM is assigned and DC to which each PM belongs. It consists
of 𝑅 segments in series and is encoded as 𝐸 = 𝐸1 ; 𝐸2 ; . . . ; 𝐸𝑅 .
Segments are separated by a semicolon and 𝐸𝑟 corresponds
to BC 𝑟 for 𝑟 = 1, 2, . . . , 𝑅. The structure of 𝐸𝑟 is the same
as the encoding of MLGGA [13]. It comprises three parts.
The first is SN of PMs used. The second is SN of DC to
which each PM belongs. The third is DC in the second
part after deleting the repeated ones. The three parts are
isolated by a colon. For example, suppose there are DCs
𝑥, 𝑦, 𝑧, PMs 𝐴 ∼ 𝐹; the relation of belongingness of the
PM and DC is as follows: 𝑥 = 𝐴, 𝐵, 𝐶, 𝑦 = 𝐷, 𝐸, 𝑧 = 𝐹.
BC 1 requires 𝐼1 = 10 VMs and they are assigned to PM
𝐵𝐴𝐶𝐹𝐷𝐸𝐵𝐹𝐴𝐶. The corresponding DCs are 𝑥𝑥𝑥𝑧𝑦𝑦𝑥𝑧𝑥𝑥.
They are abbreviated as 𝑥𝑦𝑧 by deleting the latter repeated
ones. Then 𝐸1 is 𝐵𝐴𝐶𝐹𝐷𝐸𝐵𝐹𝐴𝐶: 𝑥𝑥𝑥𝑧𝑦𝑦𝑥𝑧𝑥𝑥: 𝑥𝑦𝑧.
The new encoding scheme lists the PMs and DCs to which
the VMs of each BC are assigned. It can capture the placement
of VMs of multiple BCs as a whole and facilitate the competitive scenario resolution. Therefore, better solutions can be
found. It also remedies the incompetency of MLGGA which
can only place VMs of one BC one time and achieves better
performance as revealed in Section 5. The decoding is selfevident.
Distinctive initial population generation scheme and
genetic operators are designed to address the multiobjective
bilevel VDs placement problem.
4.2. Initial Population Generation. The Pareto solution aims
to optimize each scalar objective 𝐹𝑖 . So we strive to embody
the optimum of each 𝐹𝑖 in the initial population. Solutions
for the solo member objective are produced so that the initial
population has a rather good gene to be inherited by the
offspring.
For 𝐹1 , the shortest delay VM placement algorithm (SD)
is proposed in Algorithm 1. For BC 𝑟, only those DCs,
delays between them, and BC 𝑟 which do not exceed 𝜌 are
considered. Denote those candidate DCs for BC 𝑟 as feasible
DC set F𝑟 . For each BC, SD prefers placing VMs of this BC
in closer DC in F𝑟 until all VMs are assigned. This procedure
is repeated for all BCs.
In Algorithm 1, we can replace the sorting criterion 𝑑𝑘𝑟
with electricity price 𝑒𝑘 . Then we have another method which
strives to place VDs in feasible DC with the lowest electricity
price. We denote it as LeastPowerCost (LPC). LPC aims to
optimize 𝐹2 .
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Input: 𝑅: numbers of BCs
F𝑟 : feasible DC set for BC 𝑟 and |F𝑟 | = 𝑛𝑟
𝑉𝑟 : VMs set for BC 𝑟
Output: VM placement solution encoding 𝑋
(1) for 𝑟 = 1, . . . , 𝑅 do
(2) Sort DCs in F𝑟 according to 𝑑𝑔𝑘 . Closer DC is selected
with higher probability and denote the sorted sequence
as 𝐷1 , 𝐷2 , . . . , 𝐷𝑛𝑟
(3) for 𝑘 = 1, . . . , 𝑛𝑟 do
(4)
Randomly select non-assigned VM from 𝑉𝑟 and put
it into a random non-full PM in 𝐷𝑘 until 𝐷𝑘 is full
or reach the upper limit
(5)
𝑉𝑟 ← (𝑉𝑟 \VMs assigned to 𝐷𝑘 )
(6)
if |𝑉𝑟 | = 0 then
(7)
break
(8)
end if
(9) end for
(10) end for
(11) encoding the solution as 𝑋 according to Section 4.1
Algorithm 1: Shortest delay VM placement algorithm (SD).

For 𝐹3 , a modified first fit decreasing algorithm (MFFD,
Algorithm 2) which takes into account both nodes and interPM bandwidth optimization is depicted in Algorithm 2. It
strives to place VDs in the 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡-𝑐𝑜𝑠𝑡-cluster with the
largest capacity in a DC which is the largest one in F𝑟 . The
communication cost is defined as the number of switches
or routers in the path [11]. The PMs with the same 𝑐 cost
are named as 𝑐-cluster. There are three kinds of clusters in
topology in Figure 1. For example, PM1∼PM4 is a 1-cluster.
PM9∼PM16 is a 3-cluster. PM5∼PM8 and PM9∼PM11 are
both 5-clusters. Each time, we prefer the largest capacity
cluster with the smallest cost, because bigger cost means more
aggregate links and core links will be used. The overconsumption of these relatively scarce top layer links may further
lead to congestion and communication delay. This tactic can
reduce consumption of the higher layer bandwidth. In the
process of placement, once a 𝑐-cluster is selected, another
cluster with the same cost 𝑐 will be selected in priority if both
clusters can constitute a 𝑠𝑒𝑐𝑜𝑛𝑑-𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡-𝑐𝑜𝑠𝑡-cluster. This
can ensure the effect of consolidation and save more links
between clusters. For example, if PM1∼PM4 is the cluster with
the biggest capacity in all 1-cluster, it will be selected first
and then PM5∼PM8 cluster is considered unconditionally
because they constitute a 2-cluster.
The capacity of a PM 𝑃𝑗𝑘 is defined as that in [26]:
𝐻

cap = ∑ 𝜔ℎ 𝑃𝑗𝑘ℎ ,

(21)

ℎ=1

that is, the sum of all the resources dimensions of all the PMs
in the cluster. Or
𝐻

cap = ∑ 𝜔ℎ 𝑟𝑗𝑘ℎ ,
ℎ=1

(22)

if there is at least one VM in this PM, where 𝜔ℎ is the normalized factor for dimension ℎ. 𝑟𝑗𝑘ℎ is the ℎ-dimension residue

capacity of PM 𝑃𝑗𝑘 . The reason is that, in the computer, if any
dimension is used up, then the PM cannot support any more
VMs. The corresponding cluster capacity is defined as the
sum of the capacities of PMs in the cluster and similar for the
capacity of DC. Capacity of VM 𝑉𝑖 is similar to (21) except
that 𝑃𝑗𝑘ℎ is replaced by 𝑉𝑖ℎ .
MFFD strives to place VDs in the 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡-𝑐𝑜𝑠𝑡-cluster
with the largest capacity in the largest DC chosen from F𝑟 .
MFFD, SD, and LPC will be invoked 𝑥 times, respectively,
to produce 3∗𝑥 initial feasible solutions. This scheme can produce a rather large initial population and the three groups of
population embody a relatively good assignment for the three
objectives, respectively. Thus, the initial parents are endowed
with some optimal property. In the latter crossover and mutation, though the initial solution will be replaced by a new one
which dominates this solution, the size of the initial population remained at least 3∗𝑥 so that the GA can converge faster.
Lines (2)–(21) of MFFD describe the placement scheme
for one BC. We denote them as MFFDOneB. Compared with
line (2) where DC with a larger capacity is preferred, in
MFFDOneB, the DC, which has the smallest residue capacity
and has been used, has a higher priority for selection, so
as to take full advantage of the residue capacity and reduce
the number of DCs used. Lines (4)–(21) of MFFD describe
the placement scheme inside one DC. We denote then as
MFFDOneDC. MFFDOneDC mainly works for 𝑓, while SD,
LPC, MFFD, and MFFDOneB work for 𝐹𝑖 (𝑖 = 1, 2, 3).
4.3. Crossover Operator. The crossover is applied to the segment one by one and every segment can produce an effect on
other segments if the BCs corresponding to these segments
compete for the same DC. Crossover operator is depicted in
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Input: 𝑅: numbers of BCs
F𝑟 : feasible DC set for BC 𝑟 and |F𝑟 | = 𝑛𝑟
𝐶: cost matrix of each DC as illustrated in Figure 1
𝑉𝑟 : VMs set for BC 𝑟
Output: solution encoding 𝑋
(1) for 𝑟 = 1, . . . , 𝑅 do
(2) Sort DCs in F𝑟 according to their capacity. Bigger DC
is selected with higher probability and denote the sorted
sequence as 𝐷1 , 𝐷2 , . . . , 𝐷𝑛𝑟
(3) for 𝑘 = 1, . . . , 𝑛𝑟 do
(4)
while (|𝑉𝑟 | ≠ 0) and (exists 𝑃𝑗𝑘 not be searched) do
(5)
Find smallest-cost-PM cluster with the largest
capacity. Suppose there are total 𝑚𝑘 PMs in this
cluster
(6)
Sort these PMs in non-increase capacity (21) and (22)
order as 𝑃1𝑘 , 𝑃2𝑘 , . . . , 𝑃𝑚𝑘 𝑘
(7)
for 𝑗 = 1, . . . , 𝑚𝑘 do
(8)
Select the biggest non-assigned VM from 𝑉𝑟
and put it into 𝑃𝑗𝑘 until 𝑃𝑗𝑘 is full
(9)
𝑉𝑟 ← (𝑉𝑟 \VMs assigned to 𝑃𝑗𝑘 )
(10)
if |𝑉𝑟 | = 0 then
(11)
break
(12)
end if
(13)
end for
(14)
end while
(15)
if |𝑉𝑟 | = 0 then
(16)
break
(17)
end if
(18) end for
(19) if (|𝑉𝑟 | ≠ 0) and (all 𝑃𝑗𝑘 is searched) then
(20)
There is overflow, return FAILURE
(21) end if
(22) end for
(23) Encoding the solution as 𝑋 according to Section 4.1
Algorithm 2: Modified first fit decreasing algorithm (MFFD).

Input: 𝑋, 𝑌: two individuals
Output: 𝑋 , 𝑌 : two individuals after crossover
(1) for 𝑟 = 1, . . . , 𝑅 do
(2) 𝐸𝑟 (𝑋) crossover with 𝐸𝑟 (𝑌) according to
MLGGA [13] with the exception that when
“competition” occurs then the upper described
scheme is used
(3) end for
Algorithm 3: Crossover operator.

Algorithm 3. 𝐸𝑟 (𝑋) denotes the segment corresponding to
BC 𝑟 in encoding 𝑋. For each segment, the mechanism of the
crossover operator in MLGGA is adopted. But to capture the
scenario of multi-BC, we propose twofold exceptions.
First, the classic FFD used in MLGGA is replaced by
MFFDOneB when placing VMs of one BC or MFFDOneDC
when placing some VMs inside one DC, respectively.

Second, a new technique is recommended to address the
“competition” case in the multi-BC scenario. In MLGGA,
it tries to inherit the property of the parent and keep the
VMs in the inserted group (PM or DC) unchanged. So it
will clear the different resident VMs in the same group in the
target chromosome in advance and keep the common VMs.
For example, there are two chromosomes, 𝑃1 : 𝑏𝑎𝑐𝑓𝑑𝑒𝑏𝑓𝑎𝑐:
𝑋𝑋𝑋𝑍𝑌𝑌𝑋𝑍𝑋𝑋: 𝑋|𝑌|𝑍, where DC 𝑍 contains VM 4 and
VM 8, and 𝑃2 : 𝐵𝐹𝐶𝐹𝐷𝐵𝐵𝐶𝐴𝐸: 𝑥𝑧𝑥𝑧𝑦𝑥𝑥𝑥𝑥𝑦: 𝑥|𝑧|𝑦, where
DC 𝑧 contains VM 2 and VM 4. Here the same alphabet with
different case represents the same PM or DC. Therefore, 𝑧 and
𝑍 indicate the same DC. | means crossover point. For target
chromosome 𝑃1 , when crossover operates, 𝑦 will be replaced
by 𝑍. Now there are two same DC 𝑧 and 𝑍 in the offspring
of 𝑃1 . So VMs in 𝑧 should be cleared so that VMs in 𝑍 are
kept unchanged; that is, VM 8 in 𝑧 will be reassigned by FFD
and VM 4 is preserved. But in the multi-BC scenario, maybe
𝑧 contains many VMs of other BCs. So when there are too
many VMs in 𝑍, 𝑧 has not enough residue capacity to host
these VMs. This is just the case of “competition” where BCs
compete for the same PM or DC. We propose the competition
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Input: 𝑋: input individual
F𝑟 : feasible DC set for BC 𝑟 and |F𝑟 | = 𝑛𝑟
Output: 𝑋 : individual after mutation
(1) for 𝑟 = 1, . . . , 𝑛𝑟 do
(2) Randomly select one DC 𝑘 in the third part of 𝐸𝑟 (𝑋)
and change it to one DC with lower electricity price
with higher probability in F𝑟 , denotes as 𝑘
(3) if (𝑘 is used by 𝑟) or (𝑘 is used by another BC (such
as 𝑟 )) or (𝑘 is shared by BC 𝑟 and BC 𝑟 ) then
(4)
Clear 𝑘 . Assign VMs of BC 𝑟 in 𝑘 to 𝑘 by
MFFDOneDC in priority
(5)
The overflow VMs of 𝑟, if any, are assigned to other
DCs in the order of non-increase order of electricity
price in F𝑟 . Inside each DC, the assignment is
completed by MFFDOneDC
(6)
The VMs of 𝑟 originally in 𝑘 are assigned to 𝑘 by
MFFDOneDC.
(7)
The overflow VMs of 𝑟 , if any, are preferentially
assigned to 𝑘 , then to other DCs in the order of non-increase
order of electricity price in F𝑟 . Inside each
DC, the assignment is completed by MFFDOneDC
(8) else
(9)
Place the VMs in 𝑘 by MFFDOneDC
(10) end if
(11) if All VMs are assigned successfully then
(12)
Clear the VMs of BC 𝑟 in DC 𝑘
(13) else
(14)
Remain the original assignment before mutation unchanged
(15) end if
(16) end for
Algorithm 4: Mutation operator.

resolution scheme and allow one BC to drive out VMs of
other BCs as follows. The resident VMs of the other BCs
and this driving BC in 𝑧 will be cleared first. Thus ensure
VMs in 𝑍 are kept unchanged and the group property of the
parent is inherited. Then the cleared VMs are reassigned in 𝑧
by MFFDOneDC according to the following BC order: first
this driving BC and then another randomly selected one. The
procedure is repeated until all BCs are processed or 𝑧 is full.
At last, the overflow VMs are reassigned to the feasible BCs of
the BC being served, by MFFDOneB. Crossover can reduce
both delay and PM and network cost.
4.4. Mutation Operator. The mutation happens in the third
part of each segment, that is, DC in F𝑟 , thus leading to VMs
replacement in PMs belonging to the mutated DC. There are
three possible scenarios for the mutation. The first is that DC
mutates to an idle candidate. The second is that it mutates
to a DC which is used by the same BC. The last is that the
target DC has been used by other BCs, and therefore this
DC/PM is competed for by two BCs. The latter two scenarios
may coexist. Because the newly added VMs may cause a
violation of capacity or exceed the upper limit of the BC,
some VMs may overflow; that is, the resident VMs need to
be reassigned. This facilitates the changeover of DCs/PMs for
two BCs so that resources can be balanced between them. See

Algorithm 4 for details. In line (7), the overflow VMs of BC
𝑟 are preferentially assigned to 𝑘 because maybe 𝑘 is sill not
full after VMs of BC 𝑟 are assigned.
Power cost optimization is mainly fulfilled by mutation
operator in that the electricity price differs at DC level.
4.5. The Unified Genetic Algorithm: STLGGA. The unified GA, segmented two-level grouping GA (STLGGA), is
depicted in Algorithm 5.

5. Simulation Results
DC network is simulated in a 1400 ∗ 1400 grid in 𝑥-𝑦 plane.
Generally, the DCs hold the property of clustering. 80%
of DCs follow a normal distribution and 20% of DCs are
selected uniformly from the grid. The distance between DCs
is 𝐸-distance and the number of PMs inside each DC follows
𝑈 (30–50). Configurations of PMs are borrowed from IBM
System x M5 server and System x3300 M4 server [27]. Four
classes of PMs equipped with a 1 Gbps Ethernet card are
simulated. Considering the proportional configuration of
PMs, we simply give each class a price instead of giving every
resource a unique price. For the resource requirements of
VMs, we adopt the four kinds of configurations of Amazon
m3-serials [28] (for consistency with PM, GiB is replaced
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(1) Pareto solution set 𝑃𝑆𝑒𝑡 ← 0
(2) Generate 3 ∗ 𝑥 initial population by SD (Algorithm 1), LPC
and MFFD (Algorithm 2), respectively. Denotes these
population as C
(3) while Stopping condition not satisfied do
(4) Crossover. Random select two individuals from C and
denote as 𝑋1 , 𝑋2 . Applying Algorithm 3 to 𝑋1 , 𝑋2 .
Produce two offspring 𝑌, 𝑍
(5) Mutation. Applying Algorithm 4 to 𝑌, 𝑍 to produce
𝑌 , 𝑍
(6) Update of C. For each 𝑋 in C,
If 𝐹(𝑌 ) ≤ 𝐹(𝑋), then 𝑋 = 𝑌
If 𝐹(𝑍 ) ≤ 𝐹(𝑋), then 𝑋 = 𝑍
The size of C is kept not less than 3 ∗ 𝑥
(7) Update of 𝑃𝑆𝑒𝑡.
Remove from 𝑃𝑆𝑒𝑡 all the points 𝑋 if 𝐹(𝑋) is
dominated by 𝐹(𝑌 ) and 𝐹(𝑍 )
Add 𝐹(𝑌 ) to 𝑃𝑆𝑒𝑡 if not exist point 𝑋 in 𝑃𝑆𝑒𝑡 so
that 𝐹(𝑋) dominates 𝐹(𝑌 )
Add 𝐹(𝑍 ) to 𝑃𝑆𝑒𝑡 if not exist point 𝑋 in 𝑃𝑆𝑒𝑡 so
that 𝐹(𝑋) dominates 𝐹(𝑍 )
(8) end while
Algorithm 5: The unified genetic algorithm (STLGGA).

Table 1: PMs resource configurations and VMs resource requirements.
CPU
4 Cores
8 Cores
PM
24 Cores
32 Cores

Memory
32 GB
64 GB
192 GB
256 GB

Price
1
2
6
8

VM

vCPU
1 vCPUs
2 vCPUs
4 vCPUs
8 vCPUs

Memory
3.75 GB
7.5 GB
15 GB
30 GB

by GB). m3-serials are designed for general purpose and are
very suitable for VDs. Table 1 lists the details. For each DC,
we simulate a tree-like topology (Figure 1). Each core switch
administrates 15 aggregate switches. Each aggregate switch
administrates 2 access switches. 5 PMs are connected to the
same access switch.
Depending on VMWare [29], a virtual machine cannot
have more vCPUs than the number of logical cores of the
host. The number of logical cores is equal to the number of
the physical cores if hyperthreading is disabled or at most
twice that number of the physical cores if hyperthreading is
enabled. So we suppose there is a one-to-one relation between
vCPU and physical core.
For multi-BC scenario, the number of VDs each BC
requires is chosen uniformly between 20 and 300. Traffic
between VDs follows 𝑈 (0-1) Mbps [9]. For the VDs in the
same BC, all of them communicate. For the VDs belonging
to different BCs, only 10% VDs communicate. The bandwidth
prices 𝑏1 = 0.01, 𝑏2 = 0.03, and 𝑏3 = 0.05 are attached
to access, aggregate, and core layer, respectively. The long
distance inter-DC bandwidth price is 𝑏 = 0.1.
The electricity price pool is from the data of August, 2015,
of EIA [30]. Each simulated DC is equipped with a random

price selected from the pool. The transmission delay is
measured by distance; herein we use 300 as the threshold. We
assume the queueing delay is same and therefore it is omitted.
We adopt the idle or standby power consumption 𝑝𝑗𝑘 as 60%
of the peak power [21].
The initial solution size of STLGGA is 3 ∗ 𝑥 and 𝑥 =
20. Our simulation is realized with Matlab. All numerical
experiments stop after 30 thousand iterations. In average, it
takes about 105 seconds and is a little slower than MLGGA
which will take about 81 seconds as claimed in [13]. This is
because STLGGA need to deal with the competition scenario.
In all the simulations, the numerical results are the average of
all the Pareto solutions for multiobjective programming.
We use a latest proposed unified algorithm, MLGGA [13],
as the baseline. Because each time it can only place the VMs
of one BC, the objective 𝐹3 cannot be calculated. Therefore,
𝐹1 and 𝐹2 are used to calculate the fitness values. MLGGA is
invoked for a randomly selected BC 𝑟 in F𝑟 to optimize 𝐹1
and 𝐹2 . A solution is chosen randomly from the Pareto solutions as the assignment scheme of 𝑟. Then, other BCs are traversed on the basis of the remaining resource after the deployment of VDs of previous BCs, until the VMs of all BCs are
assigned. Now 𝐹3 can be calculated based on the results. The
simulation results are detailed in Section 5.1. We also compare
the two algorithms for one BC case in Section 5.2, where each
algorithm pursues three objectives defined in MOBLP. Both
scenarios validate the effectiveness of STLGGA.
5.1. Simulation Results for Multi-BC Scenario. To investigate
the scale efficiency of STLGGA, we vary the number of BCs
from 5 to 15. Figure 3 plots the solution quality compared
with MLGGA. The three objectives achieved are shown
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Figure 3: The efficiency comparison with the number of BCs increasing.

in Figures 3(a)∼3(c). With the number of BCs increasing,
delay, accompanied with power and resources, increases
for both algorithms. STLGGA results in an average of 13%
shorter delay, which also means the communication of users
supported by VDs deployed in different DCs becomes much
faster. When STLGGA is used, power and resources are saved
by 21% and 6% on average, respectively.
Resource efficiency is detailed in Figures 3(d)∼3(g).
STLGGA uses fewer PMs. The average reduction is about
27%, that is, 118 PMs (Figure 3(d)). Because of the heterogeneity of PMs, we also compare the PM resource consumed.
STLGGA leads to 1% ∼19% resource cost saving. On average,
about 9% of cost is saved (Figure 3(e)). Fewer PMs indicate
that less power is needed to keep PMs active. Therefore,
power efficiency is improved and the total power is reduced.
This further backs up Figure 3(b). On average, STLGGA also
leads to a reduction of 13% of the expensive inter-DC traffic
(Figure 3(f)). Because the total traffic between all VMs is
a determined value, STLGGA saves more expensive long
distance inter-DC bandwidth by converting more inter-DC
traffic to intra-DC traffic at the cost of relatively cheaper intraDC bandwidth, including access, aggregate, and core layer
one. The traffic across the three layers produced by STLGGA
is more than what was produced by MLGGA. But the cost
of the total required bandwidth produced by STLGGA inside
DC is much less than what was produced by MLGGA, that is,
an average reduction of about 13%. It is consistent with our
purpose (objective 𝑓) to optimize the bandwidth cost inside
DC (Figure 3(g)).
Suppose 5 BCs apply for VDs. We study VDs placement
with different scales of DCs varied from 4 to 60. The capacity
of DC and the number of VDs requested for each BC remain
as before. Figure 4 demonstrates the three objectives. On
average, 5% delay is shortened. 10% power and 5% resource
cost are saved, respectively. The detailed resource comparison

results show the same tendency as Figures 3(d)∼3(f) and are
omitted here.
It is noted that, naturally, it is expected that the solution
quality will improve because as the number of DCs increases,
there are more candidates. But in reality, the Pareto solution
tries to balance the three objectives and the figures appear
in a nonsmooth phenomenon. The delay displays an uptrend
when DCs increase from 35 to 50 (Figure 4(a)), accompanied
by the declining of power cost (Figure 4(b)) and resource
cost (Figure 4(c)). But when delay decreases as DCs increased
from 55 to 60, the latter two objectives go upward. This
is due to the random number of PMs in DC, the location
diversity, and random power assignment. It is also observed
that STLGGA still performs much better than MLGGA in the
latter two objectives. This comes at a cost of a little bigger
delay when 60 DCs are searched. Generally, with the number
of DCs increasing, all the three figures show a downtrend.
5.2. Simulation Results for Single BC Scenario. We also examine the VDs placement when there is just one BC. The number
of VDs being applied for varies from 500 to 1000. This time,
MLGGA is invoked to optimize 𝐹1 , 𝐹2 , and 𝐹3 simultaneously
within the feasible DCs, now that 𝐹3 can be calculated. The
average results of the Pareto solutions for both algorithms
are reported in Figure 5. Similar to the results of multi-BC,
STLGGA outperforms MLGGA for the three objectives, as
well as for PM number, PM resources, inter-DC traffic, and
total required bandwidth cost.
This further validates the idea that STLGGA not only
works well for multi-BC, but also does for a single BC.

6. Conclusion
Considering the bilevel resource provision for the deployment of virtual desktops of multi-BC in distributed cloud,
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Figure 4: The efficiency comparison with the number of DCs increasing.

service delay, power efficiency, and cost optimization are
explored in this paper. The problem is formulated as multiobjective bilevel programming which captures the noncooperative relation of DC network level and server level. So
it can facilitate the optimization of nodes and bandwidth
cost of both levels without violating the delay threshold,
while striving to further minimize the maximum delay of
each BC. Because of the NP-hard nature of the problem, a
segmented two-level group GA is proposed. Novel coding,
initial population production, and operators schemes are
tailored to address the problem. The effectiveness of the algorithm is validated by extensive simulations. The algorithm
outperforms the baseline algorithm in both multi-BC and
single BC scenarios.
Though we focus on VDs deployment, it is just one
applicable object of the proposed formulation and algorithm.
They can also be applied to the placement of VMs to support

any location-sensitive or delay-sensitive services [31] in distributed clouds, such as VOD [32] and big data [33].
In this paper, we only consider different electricity prices
of DCs in energy cost optimization. But it cannot reflect the
utilization of renewable energy. Because renewable energy,
such as solar, wind, and tidal energy, is varying with time and
regions, VDs can be migrated to exploit them more efficiently
within the delay threshold [34, 35]. In our future work, we
aim to utilize more renewable energy by leveraging the widespanned distributed DCs over the globe, so that not only
economic, but also social benefit can be achieved.
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