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Vibration signals are naturally available and can be readily
measured from many types of engineering systems through
a variety of low-cost data acquisition systems and sensors
under normal operating or imposed excitation conditions.
Based on the appropriate processing of the collected signals, rich information for the structural dynamics may
be extracted and used for linear and nonlinear modeling,
structural health monitoring, active vibration control, modal
analysis, and further system insight that may lead to the
design of improved performance, sustainability, safety, and
comfort. The aim of this special issue is to collect studies in the
state of the art for the abovementioned scientific areas with
applications in engineering and preference given to actual
systems and numerical and experimental procedures.
X. Wei et al. investigated the use of improved ensemble
empirical mode decomposition based on singular value
decomposition for filtering chaotic vibration signals in order
to reduce noise. The superiority of the proposed method was
demonstrated with simulated signal, two-degree-of-freedom
chaotic vibration signals, and the experimental signals based
on double potential well theory. F. Liu et al. proposed and
tested a novel feature called phase space similarity for health
monitoring of bearings. Based on vibration signals and this
feature, a fault pattern recognition algorithm was performed
to predict the remaining useful life estimation. E. J. Diehl and

J. Tang presented an approach to the modeling and analysis
of a benchmark two-stage gearbox test bed to characterize
gear fault signature when processed with harmonic wavelet
transform analysis. The results of the tests have the potential
to render the fault detection and diagnosis for gearbox
systems easier.
W. Wang et al. used acoustic emission to investigate the
process of damage evolution in T700/6808 composite under
tensile loading. The main damage contained was the matrix
cracking and interface damage as well as the fiber breakage.
A. Concha and L. Alvarez-Icaza estimated the shear
model of seismically excited, torsionally coupled building
using acceleration data measured considering noisy and
corrupt measurements of the ground and floors. A filtering strategy was used to eliminate the disturbance and to
attenuate noise. C. G. Rodriguez et al. developed a nonlinear
model with two-dimensional three degrees of freedom to
evaluate motion under off-design operation conditions. With
this model, a limit for springs failure was determined to
evaluate whether it is necessary to replace springs or not. C.
Xie et al. presented nonlinear aeroelastic models including
geometrical nonlinearities, steady and unsteady nonplanar
aerodynamics computations, and a structural model using
finite element method. Those two aerodynamic models share
the same aero mesh and allow the aerogrids to follow up
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with structural deflections via surface spline interpolation
between structural and aerogrids. A wind tunnel test was
conducted to validate and update this theoretical analysis
framework, and reasonable agreement was obtained.
With these papers, the readers can enjoy different
approaches in the use of vibration signals processing, damage
detection, and identification for structural dynamics and
engineering.
Samuel da Silva
Michael Todd
John S. Sakellariou
Maryam Ghandchi-Tehrani
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Springs of vibrating screens are prone to fatigue induced failure because they operate in a heavy duty environment, with abrasive
dust and under heavy cyclic loads. If a spring breaks, the stiffness at supporting positions changes, and therefore the amplitude
of motion and the static and dynamic angular inclination of deck motion also change. This change in the amplitude and in the
inclination of motion produces a reduction in separation efficiency. Available models are useful to determine motion under nominal
operating conditions when angular displacement is not significant. However in practice there is significant angular motion during
startup, during shutdown, or under off-design operating conditions. In this article, a two-dimensional three-degree-of-freedom
nonlinear model that considers significant angular motion and damping is developed. The proposed model allows the prediction
of vibrating screen behavior when there is a reduction in spring stiffness. Making use of this model for an actual vibrating screen in
operation in industry has permitted determining a limit for spring’s failure before separation efficiency is affected. This information
is of practical value for operation and maintenance staff helping to determine whether or not it is necessary to change springs, and
hence optimizing stoppage time.

1. Introduction
Vibrating screens are important machines used to separate
granulated ore materials based on particle size. In copper
industry, the most used vibrating screens are of linear motion
and with horizontal, sloped, or multisloped (banana) screen.
Most of vibrating screens in copper industry are supported
at four positions of the vibrating screen deck, and at each
of these supporting positions there are two or more steel
coil springs (depending on vibrating screen size there may
be more supporting positions and springs). The springs of
vibrating screens are prone to fail due to fatigue because
they operate continuously in a heavy duty environment, with
abrasive dust and under heavy cyclic loads.
If a spring in one supporting position breaks, then the
stiffness of the supporting position decreases. If the stiffness
decreases, then the amplitude of motion and the static and
dynamic angular inclination of deck motion are expected to
change in comparison to those expected at design operating
conditions. A change in amplitude motion of 15% could

produce a loss of separation efficiency of 5% [1]. A change
in the angular inclination of deck motion produces a change
in separation efficiency; for example, there are cases where
the efficiency is 86% at design operating conditions and for
a change of 2∘ in angle the separation efficiency drops to
55% [2, 3]. Xiao and Tong [4] show a drop of separation
efficiency from 55% to 35% with a change of only 1∘ . The
exact loss of efficiency due to amplitude or inclination
deviation depends on the specific vibrating screen and the
ore material characteristics. In order to ensure separation
efficiency, the vibrating screen vendor provides a range of
admissible amplitude and angle deviation for deck motion to
operate. The proper amplitude and angle are checked during
commissioning making measurements with accelerometers
located at particular positions of vibrating screen deck.
In order to assure operation under design conditions (at
a high separation efficiency), the evaluation of amplitude
and angle of inclination due to spring condition would
allow limiting spring deterioration. To be able to determine
amplitude and angle of inclination due to spring condition
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from vibration measurements, it is necessary to have a model
able to predict how the deck will move when all springs are
working at design conditions and how it will move when there
is a loss of stiffness due to deteriorated springs.
Models of vibrating screens in literature are focused on
separation [4–10], particles motion [11, 12], and failures in
deck structure [13, 14]. Regarding vibrating screen motion,
He and Liu [15] developed a three-degree-of-freedom linear
model of a vibrating screen supported at two positions with
equal stiffness for a circular motion vibrating screen. This
model assumes stationary motion and a phase relationship
between force and vibration of 0∘ in horizontal and vertical
motion. With this assumption, a phase relationship of 90∘
between horizontal and vertical displacement is imposed, and
the movement of vibrating screen center of mass results in an
ellipse or a circle with a vertical or horizontal principal axis
with no inclination. Liu et al. [16] developed a linear model
of a vibrating screen supported in four different positions
with different stiffness under a vertical force. This model did
not consider the possibility of lateral motion of vibrating
screen deck. They simulate supporting positions with loose
of stiffness but because of model formulation they obtain a
change in amplitude of the vertical displacement of the center
of mass but movement could not change its inclination. Liu
et al. [17] considered a linear model similar to He and Liu
[15] but with a quadruple exciter mechanism. He and Liu
[15], Liu et al. [16], and Liu et al. [17] consider no damping in
their models. L. I. Slepyan and V. I. Slepyan [18] considered
a linear model with damping and a tensile force for a linear
motion vibrating screen with equal stiffness in all supporting
positions. These linear models assume that angular motion
of vibrating screen deck is low (sin 𝜃 ≈ 𝜃 and cos 𝜃 ≈
1) and are useful for determining motion under nominal
operating conditions because angular displacement is not
significant but are not able to predict deck motion during
the startup, during shutdown, or under off-design operating
conditions such as the loss of stiffness in supporting positions.
In practice, there is significant angular motion that occurs in
vibrating screens during startup, during shutdown, and under
off-design operating conditions.
In this article, a two-dimensional three-degree-offreedom nonlinear model that considers significant angular
motion and damping is developed in order to predict
and evaluate the vibrating screen motion during startup,
during shutdown, and under stationary operation conditions
with deteriorated springs. The model simulates different
deterioration levels of springs in order to determine its effect
on amplitude and inclination of deck motion. The simulation
is performed considering empty screen and full load. Empty
screen is simulated because, after commissioning, the
vibrating screen is tested empty in order to verify adequate
amplitude and angle of inclination of motion. Full load is
simulated because it is the normal operating condition and
it is also the condition where springs operate under higher
dynamic forces. With this simulation, it is possible to predict a
range for acceptable spring deterioration in order to maintain
proper motion to achieve an adequate separation efficiency.
Finally, the model is compared with field measurements
taken from a vibrating screen in use at a copper mine.
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Figure 1: Vibrating screen.
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Figure 2: Model geometry.

2. The Model
In linear motion vibrating screens, motion is obtained by the
action of a linear dynamic force produced by one or more
exciter mechanisms. The linear force in the exciter mechanism is obtained by pairs of unbalanced masses mounted in
pairs of different shafts that rotate at the same velocity but in
different directions. Figure 1 shows a schematic of a vibrating
screen with the exciter mechanism at the top of the deck.
The deck is supported by springs. Figure 2 shows the
model of vibrating screen considered in this study, where 𝑀
is the mass of the vibrating screen when in operation; 𝐼 is
the moment of inertia of the center of mass of the vibrating
screen with respect to 𝑧-axis; 𝑘A𝑥 , 𝑘A𝑦 , 𝑘B𝑥 , and 𝑘B𝑦 are the
stiffness of springs in horizontal and vertical directions in
front and rear positions, respectively; 𝑐A𝑥 , 𝑐A𝑦 , 𝑐B𝑥 , and 𝑐B𝑦 are
the damping of springs in horizontal and vertical directions
in front and rear positions, respectively; 𝑓 is the force due
to the rotation of the unbalanced masses which is equal to
𝑛𝑚𝜔2 𝑟 sin 𝜔𝑡, where 𝑛 is the number of unbalanced masses, 𝑚
the unbalanced mass, 𝜔 the rotating speed, and 𝑟 the distance
from the axis of rotation to the unbalance mass. The line
AB is the line that connects the middle point of supporting
position at the front (A) with the middle point of supporting
position at the rear (B); 𝑎 and 𝑏 are the distances measured
on the line AB between the front supporting position and
the center of mass and between the center of mass and the
rear supporting position, respectively; 𝑐 is the distance from
the center of mass to the line AB; 𝑑 is the distance from the
center of mass to the point that connects the projection of the
line that defines the distance from the center of mass to the
line AB, with the projection of the line where the excitation
force 𝑓 is acting; 𝛼 is the angle of inclination of the force in
relation to line AB; and 𝛽 is the angle of inclination of line
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be able to predict the behavior under significant angular
displacements, the equations of motion are as follows:
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𝑀𝑥̈ + 𝑥̇ [𝑐A𝑥 + 𝑐B𝑥 ] − 𝜃̇ sin 𝜃 [𝑐A𝑥 (−𝑎 cos 𝛽 + 𝑐 sin 𝛽)

fBx

Front

Rear

+ 𝑐B𝑥 (𝑐 sin 𝛽 + 𝑏 cos 𝛽)] + 𝜃̇
⋅ cos 𝜃 [𝑐A𝑥 (𝑎 sin 𝛽 + 𝑐 cos 𝛽)

fBy
fAy

+ 𝑐B𝑥 (𝑐 cos 𝛽 − 𝑏 sin 𝛽)] + 𝑥 [𝑘A𝑥 + 𝑘B𝑥 ]
Figure 3: Model forces.

+ cos 𝜃 [𝑘A𝑥 (𝑐 sin 𝛽 − 𝑎 cos 𝛽)
+ 𝑘B𝑥 (𝑐 sin 𝛽 − 𝑏 cos 𝛽)]

AB. To determine the equations of motion, it is assumed that
the vibrating screen deck center of mass moves a distance
𝑥c.m. in the horizontal direction and a distance 𝑦c.m. in the
vertical direction and that the screen rotates an angle 𝜃 (see
Figure 3). With these considerations, the displacements 𝑥A ,
𝑦A , 𝑥B , and 𝑦B at supporting positions are obtained as follows
(see Figure 3)

𝑦A = 𝑦 + cos 𝜃 [−𝑐 cos 𝛽 − 𝑎 sin 𝛽]
(1)

+ cos 𝜃 [𝑘A𝑦 (−𝑐 cos 𝛽 − 𝑎 sin 𝛽) + 𝑘B𝑦 (−𝑐 cos 𝛽
+ 𝑏 sin 𝛽)] + sin 𝜃 [𝑘A𝑦 (𝑐 sin 𝛽 − 𝑎 cos 𝛽)
+ 𝑘B𝑦 (𝑐 sin 𝛽 + 𝑏 cos 𝛽)] + 𝑘A𝑦 (𝑐 cos 𝛽 + 𝑎 sin 𝛽)

𝑦B = 𝑦 + cos 𝜃 [−𝑐 cos 𝛽 + 𝑏 sin 𝛽]

+ 𝑘B𝑦 (𝑐 cos 𝛽 − 𝑏 sin 𝛽) = 𝐹 sin 𝜔𝑡 [cos 𝜃 sin (𝛼 + 𝛽)

+ sin 𝜃 [𝑐 sin 𝛽 + 𝑏 cos 𝛽] + 𝑐 cos 𝛽 − 𝑏 sin 𝛽.

+ sin 𝜃 cos (𝛼 + 𝛽)]

And consequently, the velocity of these positions is obtained
as follows:

𝐼𝜃̈ + 𝜃̇ sin 𝜃 cos 𝜃
⋅ {𝑐A𝑦 [(𝑐 sin 𝛽 − 𝑎 cos 𝛽) (−𝑎 sin 𝛽 − 𝑐 cos 𝛽)

𝑥̇ A = 𝑥̇ − 𝜃̇ sin 𝜃 [−𝑎 cos 𝛽 + 𝑐 sin 𝛽]

+ (−𝑐 cos 𝛽 − 𝑎 sin 𝛽) (𝑎 cos 𝛽 − 𝑐 sin 𝛽)]

+ 𝜃̇ cos 𝜃 [𝑎 sin 𝛽 + 𝑐 cos 𝛽]

− 𝑐B𝑦 [(𝑐 sin 𝛽 + 𝑏 cos 𝛽) (−𝑐 cos 𝛽 − 𝑏 sin 𝛽)

𝑦̇ A = 𝑦̇ − 𝜃̇ sin 𝜃 [−𝑐 cos 𝛽 − 𝑎 sin 𝛽]

𝑥̇ B = 𝑥̇ − 𝜃̇ sin 𝜃 [𝑐 sin 𝛽 + 𝑏 cos 𝛽]

⋅ sin 𝜔𝑡 [cos 𝜃 cos (𝛼 + 𝛽) − sin 𝜃 sin (𝛼 + 𝛽)]

− 𝑎 cos 𝛽) + 𝑐B𝑦 (𝑐 sin 𝛽 − 𝑏 cos 𝛽)] + 𝑦 [𝑘A𝑦 + 𝑘B𝑦 ]

+ sin 𝜃 [𝑐 cos 𝛽 − 𝑏 sin 𝛽] − 𝑐 sin 𝛽 − 𝑏 cos 𝛽

+ 𝜃̇ cos 𝜃 [𝑐 sin 𝛽 − 𝑎 cos 𝛽]

+ 𝑘B𝑥 (−𝑐 sin 𝛽 − 𝑏 sin 𝛽) = 𝐹

+ 𝑐B𝑦 (−𝑐 cos 𝛽 + 𝑏 sin 𝛽)] + 𝜃̇ cos 𝜃 [𝑐A𝑦 (𝑐 sin 𝛽

+ sin 𝛽 [𝑎 sin 𝛽 + 𝑐 cos 𝛽] + 𝑎 cos 𝛽 − 𝑐 sin 𝛽

𝑥B = 𝑥 + cos 𝜃 [𝑐 sin 𝛽 + 𝑏 cos 𝛽]

+ 𝑘B𝑥 (𝑐 cos 𝛽 − 𝑏 sin 𝛽)] + 𝑘A𝑥 (𝑎 cos 𝛽 − 𝑐 sin 𝛽)

𝑀𝑦̈ + 𝑦̇ [𝑐A𝑦 + 𝑐B𝑦 ] − 𝜃̇ sin 𝜃 [𝑐A𝑦 (−𝑐 cos 𝛽 − 𝑎 sin 𝛽)

𝑥A = 𝑥 + cos 𝜃 [−𝑎 cos 𝛽 + 𝑐 sin 𝛽]

+ sin 𝜃 [𝑐 sin 𝛽 − 𝑎 cos 𝛽] + 𝑐 cos 𝛽 + 𝑎 sin 𝛽

+ sin 𝜃 [𝑘A𝑥 (𝑐 cos 𝛽 + 𝑎 sin 𝛽)

− (𝑐 cos 𝛽 + 𝑏 sin 𝛽) (−𝑐 sin 𝛽 + 𝑏 cos 𝛽)]

(2)

+ 𝜃̇ cos 𝜃 [𝑐 cos 𝛽 − 𝑏 sin 𝛽]
𝑦̇ B = 𝑦̇ − 𝜃̇ sin 𝜃 [−𝑐 cos 𝛽 + 𝑏 sin 𝛽]
+ 𝜃̇ cos 𝜃 [𝑐 sin 𝛽 + 𝑏 cos 𝛽] .
In linear models, the terms cos 𝜃 and sin 𝜃 are linearized,
which is accurate when angular displacements are not
significant. Nevertheless, these angular displacements are
significant when the vibrating screen is operating during
startup, during shutdown, or with deteriorated springs. To

− 𝑐A𝑥 [(𝑎 sin 𝛽 + 𝑐 cos 𝛽) (𝑐 sin 𝛽 − 𝑎 cos 𝛽)
− (𝑎 cos 𝛽 + 𝑐 sin 𝛽) (𝑐 cos 𝛽 + 𝑎 sin 𝛽)]
+ 𝑐B𝑥 [(𝑐 cos 𝛽 − 𝑏 sin 𝛽) (𝑐 sin 𝛽 + 𝑏 cos 𝛽)
+ (𝑐 sin 𝛽 − 𝑏 cos 𝛽) (−𝑐 cos 𝛽 + 𝑏 sin 𝛽)]} + 𝜃̇
⋅ cos2 𝜃 {𝑐A𝑦 [𝑐 sin 𝛽 − 𝑎 cos 𝛽] [𝑎 cos 𝛽 − 𝑐 sin 𝛽]
− 𝑐B𝑦 [𝑐 sin 𝛽 + 𝑏 cos 𝛽] [−𝑐 sin 𝛽 + 𝑏 cos 𝛽]
− 𝑐A𝑥 [𝑐 sin 𝛽 + 𝑎 cos 𝛽] [𝑐 cos 𝛽 + 𝑎 sin 𝛽]
+ 𝑐B𝑥 [𝑐 cos 𝛽 − 𝑏 sin 𝛽] [−𝑐 cos 𝛽 + 𝑏 sin 𝛽]} + 𝜃̇
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⋅ sin2 𝜃 {𝑐A𝑦 [−𝑐 cos 𝛽 − 𝑎 sin 𝛽] [−𝑎 sin 𝛽 − 𝑐 cos 𝛽]
Motion
angle of
inclination

− 𝑐B𝑦 [−𝑐 cos 𝛽 + 𝑏 sin 𝛽] [−𝑐 cos 𝛽 − 𝑏 sin 𝛽]
− 𝑐A𝑥 [−𝑎 cos 𝛽 + 𝑐 sin 𝛽] [𝑐 sin 𝛽 − 𝑎 cos 𝛽]
Motion
amplitude

+ 𝑐B𝑥 [𝑐 sin 𝛽 + 𝑏 cos 𝛽] [𝑐 sin 𝛽 + 𝑏 cos 𝛽]} − 𝑥̇
⋅ cos 𝜃 [−𝑐A𝑥 (𝑐 cos 𝛽 + 𝑎 sin 𝛽)

y 0

+ 𝑐B𝑥 (−𝑐 cos 𝛽 + 𝑏 cos 𝛽)] − 𝑥̇

Deck static
angle of
inclination

⋅ sin 𝜃 [−𝑐A𝑥 (𝑐 sin 𝛽 − 𝑎 cos 𝛽)
+ 𝑐B𝑥 (𝑐 sin 𝛽 + 𝑏 cos 𝛽)] − 𝑦̇
⋅ cos 𝜃 [𝑐A𝑦 (𝑎 cos 𝛽 − 𝑐 sin 𝛽)
− 𝑐B𝑦 (−𝑐 sin 𝛽 + 𝑏 cos 𝛽)] − 𝑦̇
⋅ sin 𝜃 [𝑐A𝑦 (−𝑎 sin 𝛽 − 𝑐 cos 𝛽)
− 𝑐B𝑦 (−𝑐 cos 𝛽 − 𝑏 sin 𝛽)] + 𝑥
⋅ cos 𝜃 [𝑘A𝑥 (𝑎 sin 𝛽 + 𝑐 cos 𝛽)
+ 𝑘B𝑥 (𝑏 sin 𝛽 − 𝑐 cos 𝛽)] + 𝑥
⋅ sin 𝜃 [𝑘A𝑥 (𝑎 cos 𝛽 − 𝑐 sin 𝛽)
+ 𝑘B𝑥 (𝑏 cos 𝛽 + 𝑐 sin 𝛽)] + 𝑦
⋅ cos 𝜃 [𝑘A𝑦 (𝑎 cos 𝛽 − 𝑐 sin 𝛽)
+ 𝑘B𝑦 (𝑏 cos 𝛽 + 𝑐 sin 𝛽)] + 𝑦
⋅ sin 𝜃 [𝑘A𝑦 (−𝑎 sin 𝛽 − 𝑐 cos 𝛽)
+ 𝑘B𝑦 (−𝑏 sin 𝛽 + 𝑐 cos 𝛽)] + cos 2𝜃
⋅ {𝑘A𝑥 [𝑎𝑐 (−cos2 𝛽 + sin2 𝛽)
+ (𝑐2 − 𝑎2 ) sin 𝛽 cos 𝛽] + 𝑘A𝑦 [𝑎𝑐 (−cos2 𝛽 + sin2 𝛽)
+ (𝑐2 − 𝑎2 ) sin 𝛽 cos 𝛽] + 𝑘B𝑥 [𝑏𝑐 (−cos2 𝛽 + sin2 𝛽)
+ (−𝑐2 + 𝑏2 ) sin 𝛽 cos 𝛽]

0
x

Figure 4: Motion characteristics measured in linear vibrating
screens.

+ (−𝑐2 + 𝑏2 ) sin2 𝛽 + (𝑐2 − 𝑏2 ) cos2 𝛽]} + cos 𝜃
⋅ {𝑘A𝑥 [𝑎𝑐 (cos2 𝛽 − sin2 𝛽)
+ (−𝑐2 + 𝑎2 ) sin 𝛽 cos 𝛽] + 𝑘A𝑦 [𝑎𝑐 (cos2 𝛽 − sin2 𝛽)
+ (−𝑐2 + 𝑎2 ) sin 𝛽 cos 𝛽] + 𝑘B𝑥 [𝑏𝑐 (cos2 𝛽 − sin2 𝛽)
+ (𝑐2 − 𝑏2 ) sin 𝛽 cos 𝛽] + 𝑘B𝑦 [𝑏𝑐 (cos2 𝛽 − sin2 𝛽)
+ (𝑐2 − 𝑏2 ) sin 𝛽 cos 𝛽]} + sin 𝜃 {𝑘A𝑥 [𝑎 cos 𝛽
2

− 𝑐 sin 𝛽] + 𝑘A𝑦 [−2𝑎𝑐 sin 𝛽 cos 𝛽 − 𝑐2 cos2 𝛽
− 𝑎2 sin2 𝛽] + 𝑘B𝑥 [−2𝑏𝑐 sin 𝛽 cos 𝛽 − 𝑐2 sin2 𝛽
− 𝑐𝑏2 cos2 𝛽] + 𝑘B𝑦 [−2𝑏𝑐 sin 𝛽 cos 𝛽 + 𝑐2 cos2 𝛽
− 𝑏2 sin2 𝛽]} = −𝐹 sin 𝜔𝑡 ⋅ 𝑑.

(3)

+ (−𝑐2 + 𝑏2 ) sin 𝛽 cos 𝛽]} + cos 𝜃 sin 𝜃

These three equations correspond to a second-order nonlinear system of equations, which can be reduced in a series of
first-order differential equations solved making use of RungeKutta method with variable time step.

⋅ {𝑘A𝑥 [4𝑎𝑐 cos 𝛽 sin 𝛽 + (−𝑐2 + 𝑎2 ) sin2 𝛽

3. Vibrating Screen Motion

+ (𝑐2 − 𝑎2 ) cos2 𝛽] + 𝑘A𝑦 [4𝑎𝑐 cos 𝛽 sin 𝛽

The motion measured on the linear vibrating screen is mainly
defined by two variables: the amplitude and the angle of
inclination of motion as shown in Figure 4. In this section,
the behavior of these two variables under different stiffness at
supporting positions is analyzed.
As stated above, the present simulations make use of the
data obtained from a vibrating screen in use at a copper mine

2

2

+ 𝑘B𝑦 [𝑏𝑐 (−cos 𝛽 + sin 𝛽)

+ (−𝑐2 + 𝑎2 ) sin2 𝛽 + (𝑐2 − 𝑎2 ) cos2 𝛽]
+ 𝑘B𝑥 [4𝑏𝑐 cos 𝛽 sin 𝛽 + (−𝑐2 + 𝑏2 ) sin2 𝛽
+ (𝑐2 − 𝑏2 ) cos2 𝛽] + 𝑘B𝑦 [4𝑏𝑐 cos 𝛽 sin 𝛽
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Figure 5: Simulated vibrating screen, front view.

(Figure 5). The characteristics of the vibrating screen when
operating without load are 𝑎 = 2054 mm; 𝑏 = 3896 mm; 𝑐 =
298 mm; 𝑑 = 1372 mm; 𝛽 = 4,8∘ ; 𝛼 = 135∘ ; 𝑘A𝑦 = 𝑘B𝑦 =
4992000 N/m; 𝑘A𝑥 = 𝑘B𝑥 = 2064000 N/m; 𝑀 = 24468 kg;
𝐼 = 622443 kg m2 ; 𝑛 = 6; 𝑚 = 100 kg; 𝜔 = 98,96 rad/s; and
𝑟 = 0,225 m.
The vibrating screen motion is obtained in the model
after applying the excitation force 𝑓. To simulate startup of
vibrating screen, the frequency of 𝑓 is considered as variable
from zero to nominal rotating speed. The rise of frequency
from zero to nominal rotating conditions is considered as
a normal for an induction motor startup. The amplitude
of force 𝑓 is determined by the unbalance force that is
proportional to 134,4 𝜔2 N. Approximately 20 seconds after
force 𝑓 reaches nominal rotating speed, the stationary motion
is obtained. This procedure is repeated for the nominal
stiffness of springs and for all combinations from 100% to
10% of stiffness in decrements of 10% in front and rear
supporting positions. With this, the motion of vibrating
screen for 81 combinations of different stiffness in front and
rear supporting positions is obtained. Figure 6 shows the
motion obtained in the front supporting position, center of
mass, and rear supporting position for no deterioration of
springs, thus for 100% of nominal stiffness 𝑘A and 𝑘B .
Figure 6 shows the deviation in angle of inclination from
the angle at design operating conditions for the center of
mass. The same angle lines in Figure 7 are obtained after
interpolating selected angles between obtained angles for the
81 simulations. Angle deviation at front and rear supporting
positions behaves similarly and for that reason graphs for
these positions are not shown. For all the cases simulated
considering empty screen, the amplitude of motion changes
between a –2,3% and a +0,9% which is below vendor limits
for amplitude deviation and for that reason it is not shown in
a graph.
After empty vibrating screen is simulated, the model is
solved considering a full load of mineral. For this case, the
position of the center of mass, total mass, and moment of
inertia change from those considered for the case of empty
vibrating screen simulation. The values used in simulations of
full load operation of the vibrating screen are 𝑎 = 2917 mm;
𝑏 = 3033 mm; 𝑐 = 0 mm; 𝑑 = 667 mm; 𝑀 = 48497 kg; and
𝐼 = 1156474 kg m2 .
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In Figure 8, the motions obtained in the front supporting
position, center of mass, and rear supporting position for no
deterioration of springs and full load are shown. Figure 9
shows the deviation of angle from the angle at design
operating conditions. For all the simulated cases considering
full load screen, the amplitude of motion changes between
a −1,9% and a +0,0% which is below vendor limits for
amplitude deviation, and for that reason it is not graphically
shown herein. In Figure 9, the limit of operation indicated by
the manufacturer (±2∘ ) is depicted by a wider solid line. It can
be observed that with these two curves a limit of stiffness can
be defined in order to ensure that the loss of stiffness in the
supporting positions has no influence in the proper operation
of the vibrating screen.
In order to maintain separation efficiency, this model
is capable of defining a limit for spring stiffness. It has
been shown that adequate stiffness at supporting positions is
important to maintain a proper operation of vibrating screen.
It has also been observed that, for an actual vibrating screen,
amplitude variations due to loss of stiffness are not significant
with variations differing from −2,3% to +0,9%; this difference
has negligible effect on separation efficiency; in practice when
there are differences in the amplitude of motion, this is
solved by modifying unbalance masses configuration. From
the values obtained from Figure 9 it can be observed that, in
this vibrating screen, half of stiffness in the front supporting
position (46% 𝑘A ) and almost a third of stiffness in the
rear supporting position (38% 𝑘B ) can be allowed. Therefore,
maintenance can be performed after one of each two or one
of each three springs is broken at the front and the rear
supporting positions, respectively. Because in the simulated
vibrating screen each supporting position has eight springs in
parallel, then the separation efficiency will not be significantly
affected before 54% and 62% of springs are broken at the front
and the rear supporting positions, respectively, which leads
to a maximum of four springs broken in each supporting
position. The number of springs to break before maintenance
will depend on the particular vibrating screen characteristics
and therefore should be calculated for each particular case.

4. Conclusions
Available models of vibrating screen motion are useful to
predict its behavior under nominal operation conditions.
The model proposed in this article can predict behavior of
vibrating screen motion under nominal operating conditions
as well as under significant angular displacement: transient
conditions, resonance conditions, and different stiffness at
supporting positions.
These novel capabilities of the proposed model allow the
prediction of vibrating screen behavior when there is damage
in spring stiffness and, therefore, allow evaluating whether
it is necessary to replace springs or not in order to achieve
an adequate separation efficiency, or to reduce overhaul time,
thus increasing vibrating screen availability.
Making use of this model for an actual vibrating screen
has permitted determining a limit for spring’s stiffness reduction before separation efficiency is affected. For the simulated
vibrating screen, the minimum allowed stiffness is 46% and
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Figure 6: Movement in mm front supporting position (A), center of mass (c.m.), and rear supporting position (B) for nominal operating
conditions, empty screen.
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stiffness, empty screen.
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full load.

38% of nominal stiffness in the front and rear supporting
position, respectively. Because each supporting position has
eight springs in parallel, then the failure of four springs can
be allowed in each supporting position.
This information is of practical value for operation and
maintenance staff helping to determine whether or not it is
necessary to change springs, and hence optimizing stoppage
time.

Additional Points
Highlights. (i) A two-dimensional three-degree-of-freedom
nonlinear model is developed. (ii) The model is used to evaluate motion under off-design operating conditions. (iii) A limit
for springs failure is determined before separation efficiency
is affected. (iv) The model allows evaluating whether it is
necessary to replace springs or not.
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an industrial vibrating double-deck screen of a urea granulation
circuit,” Industrial and Engineering Chemistry Research, vol. 48,
no. 6, pp. 3187–3196, 2009.
[8] G. Wang and X. Tong, “Screening efficiency and screen length
of a linear vibrating screen using DEM 3D simulation,” Mining
Science and Technology, vol. 21, no. 3, pp. 451–455, 2011.
[9] M. Trumic and N. Magdalinovic, “New model of screening
kinetics,” Minerals Engineering, vol. 24, no. 1, pp. 42–49, 2011.
[10] J. Xiao and X. Tong, “Characteristics and efficiency of a new
vibrating screen with a swing trace,” Particuology, vol. 11, no. 5,
pp. 601–606, 2013.
[11] K. J. Dong, A. B. Yu, and I. Brake, “DEM simulation of particle
flow on a multi-deck banana screen,” Minerals Engineering, vol.
22, no. 11, pp. 910–920, 2009.
[12] L. Zhao, C. Liu, and J. Yan, “A virtual experiment showing single
particle motion on a linearly vibrating screen-deck,” Mining
Science and Technology (China), vol. 20, no. 2, pp. 276–280, 2010.
[13] Y.-M. Zhao, C.-S. Liu, X.-M. He, C.-Y. Zhang, Y.-B. Wang, and
Z.-T. Ren, “Dynamic design theory and application of large
vibrating screen,” Procedia Earth and Planetary Science, vol. 1,
no. 1, pp. 776–784, 2009, Proceedings of the 6th International
Conference on Mining Science & Technology.
[14] Z. Tang, Z. Yin, T. Han, X. Sun, and L. Zhang, “Research on
dynamic characteristics of elliptical vibrating screen,” in Proceedings of the International Conference on Mechanic Automation and Control Engineering (MACE ’10), pp. 2366–2369, IEEE,
Wuhan, China, June 2010.
[15] X.-M. He and C.-S. Liu, “Dynamics and screening characteristics of a vibrating screen with variable elliptical trace,” Mining
Science and Technology (China), vol. 19, no. 4, pp. 508–513, 2009.
[16] C. Liu, L. Peng, and F. Li, “Survey of signal processing methods
and research on vibrating screen fault diagnosis,” in Proceedings
of the 2nd International Conference on Mechanic Automation
and Control Engineering (MACE ’11), pp. 1709–1712, IEEE,
Hohhot, China, July 2011.
[17] C.-S. Liu, S.-M. Zhang, H.-P. Zhou et al., “Dynamic analysis and
simulation of four-axis forced synchronizing banana vibrating
screen of variable linear trajectory,” Journal of Central South
University, vol. 19, no. 6, pp. 1530–1536, 2012.
[18] L. I. Slepyan and V. I. Slepyan, “Coupled mode parametric
resonance in a vibrating screen model,” Mechanical Systems and
Signal Processing, vol. 43, no. 1-2, pp. 295–304, 2014.

Hindawi Publishing Corporation
Shock and Vibration
Volume 2016, Article ID 7641027, 14 pages
http://dx.doi.org/10.1155/2016/7641027

Research Article
Improved EEMD Denoising Method Based on
Singular Value Decomposition for the Chaotic Signal
Xiulei Wei, Ruilin Lin, Shuyong Liu, and Chunhui Zhang
College of Power Engineering, Naval University of Engineering, Wuhan 430033, China
Correspondence should be addressed to Shuyong Liu; lsydh@sina.com
Received 23 December 2015; Revised 11 April 2016; Accepted 30 May 2016
Academic Editor: John S. Sakellariou
Copyright © 2016 Xiulei Wei et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Chaotic data analysis is important in many areas of science and engineering. However, the chaotic signals are inevitably
contaminated by complicated noise in the collection process which greatly interferes with the analysis of chaos identification.
The chaotic vibration is extremely nonlinear and has a broad range of frequencies; linear filtering methods are not effective for
chaotic signal noise reduction. Then an improved ensemble empirical mode decomposition (EEMD) based on singular value
decomposition (SVD) and Savitzky-Golay (SG) filtering method was proposed. Firstly, the noise energy of first level intrinsic mode
function (IMF) was estimated by “3𝜎” criterion, and then SVD was used to extract the signal details from first IMF, and the singular
value was selected to reconstruct the IMF according to noise energy of the first IMF. Secondly, the remaining IMFs are divided into
high frequency and low frequency components based on consecutive mean square error (CMSE), and the useful signals of high
frequency components and low frequency components are extracted based on SVD and SG filtering method, respectively. The
superiority of the proposed method is demonstrated with simulated signal, two-degree-of-freedom chaotic vibration signals, and
the experimental signals based on double potential well theory.

1. Introduction
Chaotic data analysis is very important in many areas of science and engineering such as parameter estimation, system
identification, computation of correlation dimension, and
prediction [1]. However, the chaotic signals are inevitably
contaminated by complicated noise in the collection process
which greatly interferes with the analysis of chaos identification and prediction. Due to the complexity, nonstationarity,
and nonlinearity of vibration signals, the linear low-pass
filtering is not suitable for the noise reduction. In fact, linear
filtering based on frequency separations often causes distortion because some of the suppressed frequency components
are part of the dynamics, while chaos-based approaches often
are computationally expensive and may not be very effective
either, especially when noise is very serious [2–4]. Therefore,
the effective denoising method plays a decisive role in the
analysis of chaotic signals [5].
Lots of research works on denoising method of nonlinear
and nonstationary chaotic signals have been done in different
fields [3, 6, 7]. Davies applied the gradient descent algorithm

to reduce noise in a time series from nonlinear dynamical
system [8]. Holzfuss and Kadtke researched the noise reduction method with the radial basis functions. The interpolation
of the global flow of the nonlinear dynamical systems is
conducted with the global radial basis function, which provides a considerable increase of the signal-to-noise ratio [9].
The shadowing method is applied by Doyne Farmer and
Sidorowich to find the deterministic orbit as close as possible
to a given noisy orbit, and the optimal solution in the sense
of least-mean-squares is presented. It provides an effective
and convenient numerical method for noise reduction for
data generated by a nonlinear dynamical system [10]. In order
to increase the signal noise ratio of the measured signals,
Lee and Williams presented the preprocessing approach to
improve noise reduction for chaotic signals [11]. Han and Liu
proposed an effective noise reduction method to remove
Gaussian noise embedded in chaotic signal. The noise residual ration based on dual-wavelet is applied to choose wavelet
decomposition scales and the singular spectrum analysis and
spatial correlation theory is used to estimate wavelet coefficients [12]. Kang and Harlim presented the autoregressive
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linear stochastic models to filter the nonlinear spatiotemporal
chaos noise [13]. Shin et al. studied the iterative SVD method
for noise reduction for low dimensional chaotic time series.
The technique is particularly concerned with the improvement of the phase space reconstruction diagram. The method
can be used blindly in the case of very noisy signal [14].
In recent years empirical mode decomposition (EMD)
has been widely applied to noise reduction which is an adaptive time-frequency signal processing method [15]. The original signal is decomposed into a series of intrinsic mode
functions (IMFs) according to the signal characteristics with
EMD, and EMD can well reveal the nonstationary and nonlinearity information of the signal. EMD has been applied to
denoising for vibration signal successfully [16–19]. However,
EMD cannot extract true information of vibration signal
accurately for the problem of mode mixing. The phenomenon
that the different or similar scales appear in the same mode
is regarded as mode mixing. As the frequency of noise and
useful signal is too close to cause energy mutual penetration,
then the noise and useful signal cannot be separated accurately based on EMD [20]. To alleviate mode mixing, Huang
et al. [21] developed EEMD to improve EMD. By adding white
noise to the original signal and calculating the means of IMFs
repeatedly, EEMD is more accurate and effective for noise
reduction of vibration signal.
However, in the traditional EEMD noise reduction methods, the selection method of IMF components is not mentioned in the majority of literatures. An automatic algorithm
of choosing IMF components to reconstruct signal was
designed according to the characteristic when a white noise
signal is decomposed by EMD; the product of the energy
density of IMF component and its corresponding averaged
period is a constant in [22]. There are two shortcomings in
this method. The useful information in the high frequency
IMF components is eliminated but the noise in the low frequency IMF components is remained. Then the conventional
EEMD noise reduction method cannot achieve the desired
denoising target effectively. In order to overcome these shortcomings, an improved EEMD denoising method was proposed in this paper. The main denoising idea of the proposed
method is to suppress the noise and extract the useful information for each IMF component, which can remove noise
and retain useful signal as much as possible at the same
time. The implementation processes of the improved EEMD
denoising method are as follows. In Section 3.1, the combination of “3𝜎” criterion and SVD was used for extracting
the useful signal from the first IMF. Then, SVD refines the
high frequency IMFs in Section 3.2, and the Savitzky-Golay
(SG) is used for making the low frequency IMFs smoother
in Section 3.3. Finally, the process of the proposed method
is discussed in detail with a simulated signal analysis and
two-degree-of-freedom chaotic vibration signals. In order to
generate reliable and repetitive chaotic vibration to verify the
theoretical results about extraction of the chaos characteristics and evaluate the performance of the proposed method,
the experiment of leaf spring based on the double potential
well theory was carried out in this paper, and the results show
that the contaminated noise can be filtered effectively.
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2. EEMD Principle
The empirical mode decomposition as a new signal processing method is used for analyzing nonstationary and nonlinear
signals which are decomposed into several stationary data
and the trend superposition based on EMD, and the IMFs
are the stationary data and represent the different scale characteristic of the original signal. Compared with the Fourier
transform and wavelet transform, the EMD decomposes
any given data into intrinsic mode functions that are not
set analytically and are instead determined by an analyzed
sequence alone. The basis functions are in this case derived
adaptively and directly from input data. For an IMF resulting
from the EMD, these requirements should be met; that is,
the number of IMF extrema (the sum of the maxima and
minima) and the number of zero-crossings must either be
equal or differ at most by one; at any point of an IMF the
mean value of the envelope defined by the local maxima and
the envelope defined by the local minima should be zero.
Generally, the following steps are included in the process
of EMD. The maxima and minima of the sequence are identified, respectively, at first, and the envelopes are obtained.
The mean is calculated based on the two envelopes, and the
mean value so calculated is further subtracted from the initial
sequence, and then the above steps result in the extraction
of the required intrinsic mode function in the first approximation. To obtain the final IMF, new maxima and minima
shall again be identified and all the above steps repeated. This
repeated process is called sifting. The first IMF is obtained
when the sifting process is successfully completed, and the
next IMF can be obtained by subtracting the previously extracted IMF from the original signal and repeating the above
described procedure once again. This continues until all IMFs
are extracted.
EEMD is a substantial improvement of EMD. In this
method, the added white noise is distributed in the whole
time-frequency space uniformly, which facilitates a separation of the frequency scales and reduces the occurrence of
mode mixing. The procedures are presented as follows [23].
(1) Initialize the number of ensemble 𝑀.
(2) Given the amplitude of the added white noise, 𝑖 = 1.
(3) Given 𝑥(𝑡) is an original signal, add a random white
noise signal 𝑛𝑖 (𝑡) to 𝑥(𝑡),
𝑥𝑖 (𝑡) = 𝑥 (𝑡) + 𝑛𝑖 (𝑡) ,

(1)

where 𝑛𝑖 (𝑡) denotes the 𝑖th added white noise series
and 𝑥𝑖 (𝑡) represents the 𝑖th noise-added signal, 𝑖 = 1∼
𝑀, 𝑀 > 1.
(4) Decompose the noise-added signal 𝑥𝑖 (𝑡) into 𝑁 IMFs
𝑐𝑗,𝑖 (𝑡) (𝑗 = 1, 2, . . . , 𝑁) by using the EMD, where 𝑐𝑗,𝑖 (𝑡)
denotes the 𝑗th IMF of the 𝑖th noise-added signal and
𝑁 is the number of IMFs.
(a) Localize the maximal points of the signal and
connect them with a cubic spline. The upper
envelope of the signal is represented by 𝑈(𝑡).
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(b) Localize the minimal points of the signal and
connect them with a cubic spline. The lower
envelope of the signal is represented by 𝐺(𝑡).
(c) Subtract the mean envelop 𝑚1 (𝑡) = (𝑈(𝑡) +
𝐺(𝑡))/2 from the original signal to obtain a proIMF 𝑢1 (𝑡), and 𝑢1 (𝑡) is denoted as 𝑢1 (𝑡) = 𝑥1 (𝑡)−
𝑚1 (𝑡).
(d) Regard 𝑢1 (𝑡) as the new signal when 𝑢1 (𝑡) meets
these two properties: the mean of the upper and
lower envelope is equal to zero, and the number
of extrema and the number of zero-crossings are
equal or different at most by one.
(e) Regard substeps (a)–(d) of step (4) until the
resulting signal is a proper IMF 𝑐1 (𝑡).
(f) Subtract IMF 𝑐1 (𝑡) from the signal 𝑥1 (𝑡). The
residual 𝑟1 (𝑡) is considered as new data and is
fed back to step (1):
𝑥1 (𝑡) = 𝑐1 (𝑡) + 𝑟1 (𝑡) .

(2)

(g) Complete the algorithm when the residual of
substep (f) is a monotonic function. The last
residual 𝑟(𝑡) can be considered as the trend:
𝑁

𝑥𝑖 (𝑡) = ∑𝑐𝑗 (𝑡) + 𝑟 (𝑡) .

(3)

𝑗=1

If 𝑖 < 𝑀 then go to step (3) with 𝑖 = 𝑖 + 1.
(5) Calculate the ensemble mean 𝑎𝑗 (𝑡) of the 𝑀 trials for
each IMF:
𝑎𝑗 (𝑡) =

1 𝑀
∑𝑐 (𝑡) ,
𝑀 𝑖=1 𝑗,𝑖

(4)
𝑗 = 1, 2, . . . , 𝑁, 𝑖 = 1, 2, . . . , 𝑀.

(6) Regard the mean 𝑎𝑗 (𝑡) (𝑗 = 1, 2, . . . , 𝑁) of each of the
𝑁 IMFs as the final IMFs.
Evidently, the added white noise series cancel each other
in the final mean of the corresponding IMFs and the mean
IMFs stay within the natural dyadic filter windows and thus
significantly reduce the chance of mode mixing and preserve
the dyadic property.

3. Improved EEMD Method
3.1. “3𝜎” Criterion and Singular Value Decomposition. In the
process of signal denoising by conventional EEMD, all of the
first IMF (IMF1) is usually considered as noise. However,
through the in-depth study, it is found that there is a certain
amount of useful signals in IMF1 [24], and the refine of IMF1
is still a difficult problem because of lack of a prior knowledge.
Therefore, extracting the useful signal components of IMF1 is
very important for reducing the signal distortion. Consider
that the noise interfered in the most part of IMF1 approximately obeys the normal distribution with zero mean value;

the noise energy of first level intrinsic mode function (IMF)
was estimated by using the “3𝜎” criterion. Then singular
value decomposition (SVD) was used to extract the signal
details from first IMF, and the singular value was selected to
reconstruct the IMF according to noise energy of the IMF1 in
this paper.
According to “3𝜎” criterion, the distribution of noise
meets 𝑃{|𝑛1 [𝑖] − 𝑛1 [𝑖]|} ≤ 3𝜎1 = 99.73%, where 𝑛1 [𝑖] is the
mean value of 𝑛1 [𝑖]. Suppose V = |𝑛1 [𝑖] − 𝑛1 [𝑖]|; that means
the probability of V ∈ [−3𝜎1 , 3𝜎1 ] is 0.9973. Therefore we can
think the signals falling outside [−3𝜎1 , 3𝜎1 ] must contain the
useful information to be retained. The detailed expression is
as follows:
imf 𝑑1 [𝑖]
{imf 1 [𝑖] ,
={
{0,

if abs (imf1 [𝑖] − imf1 [𝑖]) ≥ 3𝜎1 ,

(5)

if abs (imf1 [𝑖] − imf1 [𝑖]) < 3𝜎1 ,

where imf 𝑑1 expresses the extracted signals from imf 1 , the
noise variance is 𝜎12 = Median(HH)/0.6745, and HH is the
high frequency coefficient of IMF1.
According to the theorem of the SVD, for a real matrix 𝐴
with the size of 𝑚 × 𝑛, it always satisfies
𝑇
,
𝐴 𝑚×𝑛 = 𝑈𝑚×𝑙 Λ 𝑙×𝑙 𝑉𝑛×𝑙

(6)

where the matrix Λ is a 𝑙 × 𝑙 diagonal matrix. All its diagonal
entries 𝜆 𝑖 (𝑖 = 1, 2, . . . , 𝑙) are nonnegative and sorted in
descending order; that is, 𝜆 1 ≥ 𝜆 2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆 𝑙 ≥ 0. These
elements are called the singular values of the matrix 𝐴. The
key problem is how to judge which of diagonal elements in
the matrix Λ should be regarded as those with small values
that are replaced by zero.
Since the original signal is decomposed by EEMD and
the trend component is extracted from the original signal,
SVD can be used to remove the detrended signal, and the
difference spectrum of singular value is used to select the
singular values adaptively [25].
The difference spectrum of singular value is defined as
𝑑𝑖 = 𝜆 𝑖 − 𝜆 𝑗 ,

𝑗 = 𝑖 + 1, 𝑖 = 1, 2, . . . , 𝑞,

(7)

where 𝑞 = min(𝑁 − 𝑛 + 1, 𝑛) − 1.
The difference spectrum series is 𝐷 = (𝑑1 , 𝑑2 , . . . , 𝑑𝑞 ).
Suppose the first 𝑘 singular values correspond to the useful
signal, and then the difference spectrum of 𝑘th element is the
maximum peak
𝑘 = arg max {peak (𝑑𝑖 )} , 𝑖 = 1, 2, . . . , 𝑞,

(8)

where peak(𝑑𝑖 ) is the peak value of 𝑑𝑖 . The useful signal can
be achieved by reconstructing the first 𝑘 singular values.
“3𝜎” criterion has been used to extract the useful signal
details of first IMF directly in [24]. As can be seen from
formula (5), the extracted signal is a high amplitude impulse
signal. As an example, the details extracted from IMF1 of 5 dB
noisy Lorenz time series after EEMD by using “3𝜎” criterion
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For the chaotic vibration signals, the noise is mainly
distributed in the high frequency IMFs. On the contrary, the
useful signals are mainly distributed in the low frequency
IMFs. Therefore, the IMFs dominated by noise and useful signals can be distinguished by using consecutive mean square
error (CMSE) [26]. The main principle is to find an index
value 𝑗𝑠 and make the reconstruction error of IMFs when 𝑗𝑠
is the minimum
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Figure 1: Extracted useful signal from 5 dB IMF1 based on “3𝜎”
criterion.

are shown in Figure 1. Obviously, it is untrue to take the
extracted details as useful signal of IMF1.
In order to obtain accurate details from IMF, the energy
of extracted signal based on “3𝜎” criterion is estimated as
a priori knowledge. Then SVD is used to extract the signal
details from IMF1, and the singular value was selected to
reconstruct the IMF1 according to noise energy in the IMF1.
The steps are given as follows.
(1) The details are extracted based on formula (5).
(2) The energy of extracted details is estimated based on
the following formula:
𝑀

2

𝐸1 = ∑ (imf1 (𝑖)) ,

(9)

𝑖=1

where 𝑀 is the number of IMFs which meet “3𝜎”
criterion.
(3) Suppose the singular value of IMF1 after SVD is 𝜆 =
[𝜆 1 , 𝜆 2 , . . . , 𝜆 𝑛 ], and the reconstructed signal of the
first 𝑘 singular value is 𝑆 = [𝑆1 , 𝑆2 , . . . , 𝑆𝑘 ]. Then the
value of 𝑘 can be calculated according to
𝑀

2

𝑘

2

𝐸1 = 𝐸1 = ∑ (imf1 (𝑖)) = ∑ (𝑆𝑗 ) .
𝑖=1

(10)

𝑗=1

3.2. The Extraction of High Frequency IMFs by Using SVD.
After processing signals based on EEMD, the IMF1 whose
spectrum is half of the original signal is equivalent of a highpass filtering, and the noise energy density of each IMF is
decreasing 2 times of original one; that is, the noise strength
is substantial reduced with the increasing of the order of
IMF [26]. Therefore, the singular values of IMF1 are evenly
distributed. For the remaining IMFs, the singular values of
signals are significantly greater than the singular values of
noise. According to this feature, the singular values of useful
signal can be selected based on difference spectrum method
and then they are used to reconstruct the original signal after
denoising.

(11)

𝑘 = 1, . . . , 𝑛 − 1,
where 𝑁 is the length of signal. The index value 𝑗𝑠 is given as
follows:
̃ 𝑘+1 )] ,
𝑦𝑘 , 𝑦
𝑗𝑠 = arg min [CMSE (̃

1 ≤ 𝑘 ≤ 𝑛 − 1.

(12)

After high and low frequency IMFs being distinguished,
the high frequency IMFs can be processed by SVD.
3.3. The Smooth of Low Frequency IMFs by SG. The IMFs
of low frequency still have few noise components through
EEMD processing. If the signals can be smoothed further,
the signal-to-noise ratio (SNR) will be improved effectively.
Reference [27] indicates that the Savitzky-Golay method
has a great denoising function for the low frequency IMFs.
Therefore, the useful signals are extracted from low frequency
IMFs by SG method.
Suppose 𝑐𝑖 is one of the IMF coefficients, and a polynomial
𝑝𝑖 (𝑐) with 𝑀th order is fitted by 𝑛𝑙 +𝑛𝑟 +1 points in the vicinity
of 𝑐𝑖 at the sense of least square. The smooth value 𝑔𝑖 shown
in the following is 𝑝𝑖 (𝑐)’s value in 𝑐𝑖 :
𝑀

𝑔𝑖 = ∑ 𝑏𝑝 (
𝑝=0

𝑐 − 𝑐𝑖
) 𝑝,
Δ𝑐

(13)

where 𝑛𝑙 is the number of the left points of 𝑐𝑖 and 𝑛𝑟 is the
number of the right points of 𝑐𝑖 . 𝑏𝑝 is the coefficient of 𝑝𝑖 (𝑐).
Suppose the measurement data is 𝑦𝑖 ; in order to fit the testing
data with 𝑝𝑖 (𝑐), we need to optimize
𝑖+𝑛𝑟

min

2

∑ [𝑝𝑖 (𝑐𝑗 ) − 𝑦𝑗 ] .

(14)

𝑖=1

The flow chart of improved EEMD is given in Figure 2.

4. Simulation Analysis of Proposed Method
4.1. Denoising for Noisy Lorenz. In order to test the denoising
performance of improved EEMD, the denoising for the Lorenz signal with noise is taken as an example and the process
of improved EEMD method is described in detail.
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Figure 2: The flow chart of improved EEMD.

The SNR of Lorenz time series is set to 5 dB. The Lorenz
time history is shown in Figure 3. The EEMD results of the
noisy Lorenz signal are shown in Figure 4.
The EEMD results comprise 7 IMFs (IMF1∼7) and a
residue component. The index value 𝑗𝑠 = 4 based on (11) and
(12); that is, IMF1∼3 are dominated by noise and IMF4∼7 are
dominated by signal. Therefore, the improved EEMD process
of noisy Lorenz time series 𝑥(𝑡) can be described as follows.
(1) The useful signal details 𝑑1 of IMF1 are extracted based
on “3𝜎” criterion and SVD. The singular values of IMF1 are
shown in Figure 5, where 𝑛 represents the number of singular
values and 𝑧 indicates the amplitude of the singular value.
We can see that the singular values are evenly distributed,
and the number of singular values cannot be determined by
using spectrum difference effectively. Therefore, the details
information of IMF1 is extracted based on “3𝜎” criterion;
then the noise energy which provides a priori knowledge for
selecting the singular values can be estimated.
The extracted useful signal from 5 dB IMF1 based on “3𝜎”
criterion and SVD is shown in Figure 6. Compared with
Figure 1, the extracted signal is more uniform and reasonable.
(2) The useful details of high frequency are extracted by
SVD. The singular values of IMF2 and IMF3 are shown in

Figure 7; it is shown that the first several singular values
are significantly larger than the other ones and the trend
component is extracted from the original signal as the EEMD.
Then the singular values of useful details are selected based
on spectrum difference and they are used to reconstruct 𝑑2 ,
𝑑3 which are shown in Figure 8.
(3) The low frequency IMFs are smoothed based on
Savitzky-Golay filter algorithm. The fitting polynomial order
is 3, and data window is 15. Then 𝑑4 ∼𝑑7 are obtained.
(4) The denoised result is 𝑥(𝑡) = 𝑑1 + 𝑑2 + ⋅ ⋅ ⋅ + 𝑑8 by
reconstructing signals.
In order to compare the proposed method with the traditional noise reduction, SNR = 5 dB Lorenz time series are
denoised by using wavelet weighted threshold method [28],
the traditional EEMD method, and the proposed method,
respectively. In the process of wavelet weighted threshold
method, “sym8” is chosen as wavelet basis function and the
wavelet decomposition level is taken as 5. In the process
of traditional EEMD method, the hard threshold method is
used in denoising. The denoising results for noisy Lorenz
time series with three methods are shown in Figure 9. Since
the model is known for Lorenz time series, SNR and MSE
(mean square error) are used to evaluated the denoising
effectiveness. It is obvious that the greater SNR and the
smaller MSE, the better the denoising effectiveness. The
denoised results for Lorenz time series with SNR = 0 dB, 5 dB,
10 dB, and 15 dB are shown in Table 1.
As seen in Figure 9, there are a lot of jitters in (a) and (b),
which means the nonsmooth, while Figure 9(c) is smooth
and in a good agreement with the original signal. As shown
in Table 1, the proposed method is superior to the wavelet
weighted threshold method and the traditional EEMD
method, and the advantage is particularly prominent for low
SNR Lorenz time series.
4.2. Denoising for Noisy Two-Degree-of-Freedom Chaotic Vibration Signal. In order to validate the effectiveness of the proposed method in chaotic vibration analysis, the two-degreeof-freedom chaotic signal is denoised as an essential example
for further confirmations. The power system physical model
of two-degree-of-freedom chaotic vibration is shown in Figure 10, where 𝑀1 is the mass of vibration isolated equipment,
𝑀2 is mass of basis, 𝑋1 represents the displacement of the
isolated equipment, and 𝑋2 represents the basis displacement. The elastic supporting of basis is assumed to be linear
and stiffness and damping coefficient are denoted as 𝐾2 , 𝐶2 ,
respectively. The vibration isolation elements have characteristics of cubic stiffness and linear damping. The linear and
nonlinear stiffness coefficients are 𝐾1 and 𝐾3 , respectively,
and 𝐶1 is damping coefficient. According to Newton’s law, the
differential equation of motion is derived:
𝑀1 𝑋̈ 1 + 𝐶1 (𝑋̇ 1 − 𝑋̇ 2 ) + 𝐾1 (𝑋1 − 𝑋2 )
3

+ 𝐾3 (𝑋1 − 𝑋2 ) = 𝐹0 cos Ω𝑇 + 𝑀1 𝑔,
𝑀2 𝑋̈ 2 − 𝐶1 (𝑋̇ 1 − 𝑋̇ 2 ) − 𝐾1 (𝑋1 − 𝑋2 )
3
− 𝐾3 (𝑋1 − 𝑋2 ) + 𝐶2 𝑋̇ 2 + 𝐾2 𝑋2 = 0.

(15)
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Figure 3: Lorenz time series. (a) The original Lorenz signal. (b) The noisy Lorenz signal.
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Figure 4: EEMD results of Lorenz signal.

Table 1: Denoising results of Lorenz time series.
Denoise method
Wavelet weighted threshold method
Traditional EEMD method
The proposed method

SNR/MSE
0 dB
14.273/0.2257
14.095/0.2375
15.237/0.2097

5 dB
16.536/0.1678
16.475/0.1762
17.335/0.1094

10 dB
20.305/0.076
20.257/0.083
20.828/0.055

15 dB
24.578/0.032
24.557/0.037
24.732/0.025

Shock and Vibration

7

80

Table 2: The denoising results of the three methods: wavelet weighted threshold method, traditional EEMD method, and the proposed
method.
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Let 𝑥1 = 𝑋1 √𝐾3 /𝐾1 , 𝑥2 = 𝑋2 √𝐾3 /𝐾1 , 𝜔1𝑛 = √𝐾1 /𝑀1 ,
𝑡 = 𝑇𝜔1𝑛 , and then
𝐾 d𝑥
d𝑋1
= 𝜔1𝑛 √ 1 1 ,
d𝑇
𝐾3 d𝑡
𝐾 d𝑥
d𝑋2
= 𝜔1𝑛 √ 1 2 ,
d𝑇
𝐾3 d𝑡

(16)

𝐾 d2 𝑥
d2 𝑋1
2
√ 1 21 ,
= 𝜔1𝑛
2
d𝑇
𝐾3 d𝑡
𝐾1 d2 𝑥2
d2 𝑋2
2
√
=
𝜔
.
1𝑛
d𝑇2
𝐾3 d𝑡2

Therefore (15) can be rewritten as dimensionless equation
form,
3

𝑥̈ 1 + 𝜉1 (𝑥̇ 1 − 𝑥̇ 2 ) + (𝑥1 − 𝑥2 ) + (𝑥1 − 𝑥2 ) = 𝑓 cos 𝜔𝑡
+𝐺
𝑥̈ 2 − 𝑢𝜉1 (𝑥̇ 1 − 𝑥̇ 2 ) − 𝑢 (𝑥1 − 𝑥2 ) − 𝑢 (𝑥1 − 𝑥2 )
+ 𝜉2 𝑥̇ 2 + 𝑢

𝐾2
𝑥 = 0,
𝐾1 2

where
𝜉1 =

𝐶1
,
√𝑀1 𝐾1

𝑓=√
𝜔=

𝐾3
𝐹,
𝐾13 0

Ω
,
𝜔1𝑛

𝑀1
= 2,
𝑀2

𝜉2 = 𝑢

Figure 6: Extracted useful signal from 5 dB IMF1 based on combination of “3𝜎” criterion and SVD.

3

(17)

𝐾3
𝑀 𝑔,
𝐾13 1

𝐶2
𝜉.
𝐶1 1
(18)

When parameter 𝜉1 = 0.02, 𝜉2 = 0.2, 𝐾 = 𝐾2 /𝐾1 =
100, 𝑓 = 8.8, 𝐺 = 96, the system works in a chaotic state
[29]. The phase diagram of the system is shown in Figure 10.
The white Gaussian noise is superposed on the system. Then
the noisy signal is denoised by wavelet weighted threshold
method, the traditional EEMD method, and the proposed
method, respectively. The denoised results are shown in
Figures 11(b), 11(c), and 11(d). As shown in Figure 11, the
signal curve is coarse in Figures 11(b) and 11(c), and the signal
curve in Figure 11(d) is more close to the original one in
Figure 11(a). The SNR and MSE of denoised signal based on
the three methods above are listed in Table 2. It is shown that
the SNR of denoised signal based on the proposed method
is the largest, and the MSE is least. It can be concluded that
a wonderful noise reduction effect is obtained based on the
proposed method.
4.3. Denoising for Noisy Two-Well Potential Magnetic Leaf
Spring Chaotic Vibration Signal. In order to verify the effectiveness of the proposed method in practical chaotic vibration
analysis, experiment of leaf spring based on the double
potential well theory was carried out in this paper.
The cantilever structure of mechanical chaotic platform
based on the double potential well theory is designed in
Figure 12, which includes eight components. (1) Exciter is
applied to provide exciting forces. (2) Supporter is used
to keep the exciter in horizontal state. (3) Leaf spring is
designed to generate chaotic signal. (4) Rectangular magnet
is chosen to produce the double potential well. (5) Mass
block is installed at the end of the leaf spring and it will be
attracted by the magnets which acts as two potential wells. (6)
External frame is given to install magnets and connect with
the exciter. (7) Clamp is applied to fix the leaf spring tensely.
(8) Laser displacement sensor model is CD33-30NV. The
maximal displacement is ±4 mm (the maximum permissible
error is ±0.1% FS). The distance between the sensor and the
leaf spring is 30 mm.
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proposed method.

The frequency sweeping experiment is conducted in
the range of 5 Hz∼27 Hz containing the natural frequency.
Sampling rate is set as 2 kHz; the measuring time length
is 5 seconds for each measurement. The procedures of the
experiment are as follows: (1) LabVIEW is functioned as
signal acquisition, and the time history and power spectrum
are monitored online; (2) the sinusoid signal from the
generator is amplified, and then the exciter is driven; (3)
Design a recording rule of the measuring data, such as
F××L××S×××.lvm, where 𝐹 is the gain of the amplifier, 𝐿 is
the distance between the magnet and the leaf spring central
line, and 𝑆 is the height of spring; (4) the frequency of the
excitation is changed in 0.1 Hz steps; (5) the nonlinear signal
analysis is carried out, such as visual inspection; extraction of

the frequency of the measured signal; calculating the reconstruction of the phase space and reconstructing attractor;
and computation of the characteristic exponent; (6) chaos
identification software based on the nonlinear time series
analysis is programmed, and the improved Poincaré section
and LE exponent are obtained; (7) determine the chaotic
parameters range of the system.
The system enters into stable chaotic state automatically
when the gain is 0.98. As shown in Figure 13(a), the time
history is random-like motion and the power spectrum is
broadband one. The reconstructed phase space parameters
are calculated with false nearest neighbors (FNN) and first
minimal mutual information (FMMI) methods. The reconstructed embedding dimension and delay time are 4 and 16,
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Table 3: Autocorrelation of vibration signals.

F0 cos ΩT

Time
delay/s
M1

C1

K1 , K3

5
10
15
20
25

X1

The noisy
signal

Wavelet
weighted
threshold
method

0.3865
0.3561
0.3216
0.2746
0.1986

0.9567
0.9056
0.8163
0.6959
0.5517

X2

12

C2

Figure 10: Two-degree-of-freedom vibration isolation model.

respectively. The chaotic attractor is obtained in Figure 13(e),
and the maximal Lyapunov exponent (LE) is 0.313. The measured signal is polluted by ambient noise apparently.
The measured signal is denoised by using wavelet weighted threshold method, the traditional EEMD method, and
the proposed method, respectively. The denoised results are
shown in Figures 14(a), 14(b), and 14(c). By comparison, it is
obvious that the denoised phase diagram Figure 14(c) based
on the proposed is smoother than the others and exhibits the
geometry of the original signal attractor more clearly. Since
the original signal derives from a mechanical vibration signal
and the signal and the noise are unknown, the SNR and MSE
cannot be used to quantitatively evaluate the effectiveness of
denoised for unknown system. However, the autocorrelation
coefficient value of chaotic signal is much greater than that
of noise signal [30]. Therefore, the autocorrelation coefficient
value of denoised signal can be applied to verify the effectiveness of the proposed method in practical chaotic vibration
analysis.
The autocorrelation coefficient is defined as
𝑅𝑥corr (𝜏) =

0.9573
0.9045
0.8155
0.6948
0.5499

0.9617
0.9093
0.8194
0.6982
0.5527

Table 4: Reconstruction parameters and characteristic exponents of
measured signals.

M2

K2

Traditional The proposed
EEMD
method

1 𝑁−𝜏
∑ 𝑥 (𝑛) 𝑥 (𝑛 + 𝜏) ,
𝑁 − 𝜏 𝑛=1

(19)

where 𝑥(𝑛) is denoised signal, 𝜏 is time delay, and 𝑁 is the
length of signal.
The autocorrelation coefficient values of noisy and denoised signal based on the three methods above are shown in
Table 3. As can be seen that the autocorrelation coefficient
values of noisy signal are much smaller than that of denoised
signal, and the autocorrelation coefficient values of the denoised signal based on the proposed method are the greatest,
which further demonstrates its superiority for denoising.

LE of noisy signal
LE of denoised
signal
Correlation
dimension of noisy
signal
Correlation
dimension of
denoised signal

Excitation frequency (Hz)
13
14

15

0.0384

0.0249

0.0135

0.0256

0.0460

0.0332

0.0372

0.0323

2.214

1.537

1.007

1.032

2.394

2.154

2.178

2.132

The parameter regime of the system is obtained through
the experiment, as shown in Figure 15, where the horizontal
axis is excitation frequency and the vertical axis is the gain.
The reconstruction parameters and characteristic exponents
of measured signals are shown in Table 4. As all we know, if
the maximum LE of the system is positive and the correlation
dimension is fractal, the system is a chaotic motion. When
𝑓 = 14 Hz and 15 Hz, the correlation dimension noisy signal
is close to integer; it illustrates that the unexpected noise seriously degrades the calculation of the characteristic exponents
for measured signals and the proposed method is beneficial
to the further analysis of chaotic vibration signals.

5. Conclusions
In order to develop a more reasonable and practical method
for chaotic signal denoising, an improved EEMD method is
proposed in this paper. The detail components are extracted
from the first IMF based on “3𝜎” criterion and SVD. The
signals of high and low frequency IMF are extracted based
on SVD and SG method, respectively, and thus it can be
used not only to reduce the loss of useful signal in high
frequency IMF but also to remove part noise of low frequency
IMF effectively. The effectiveness of the proposed method is
verified by a series of simulated and practical experiments.
From the calculation results and discussions, the following
conclusions can be drawn:
(1) The useful details extracted from the first IMF based
on combination of “3𝜎” criterion and SVD is more
reasonable than that based on “3𝜎” criterion.
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(2) The original signal is decomposed by EEMD and the
trend component is extracted; then the SVD can be
used to denoise the high frequency IMFs effectively
and the difference spectrum can be used to select the
singular values adaptively.
(3) The proposed method is effective in many cases no
matter whether the system equation of motion is
known or not. It can extract the useful signal from
noisy signal and even the SNR of the signal is very
low as well.
(4) The chaotic experiment setup based on the double
potential well theory is designed, which is applied to
produce repetitive, stable chaos, and the chaotic parameter regime of the system is determined, in which
the vibration signal is denoised by using the proposed
method.
(5) The calculation of characteristic exponents of measured signals is degraded by the noise and the proposed
method provides an important preprocessing way for
further analysis of chaotic vibration signals.
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T700/6808 composite has been widely used in aerospace field and the damage in composite will seriously influence the safety
of aircraft. However, the behavior of damage evolution in T700/6808 composite when it suffered from tensile loading is seldom
researched. In this paper, the acoustic emission (AE) technology is employed to research the process of damage evolution in
T700/6808 composite under tensile loading. Results show that the damage in T700/6808 composite is small in the initial stage of
tensile loading, and main damage is the matrix cracking. The composite has serious damage in the middle stage of tensile loading,
which mainly includes the matrix cracking and the interface damage as well as the fiber breakage. The number of fiber breakages
decreases rapidly in the later stage of tensile loading. When it comes into the stage of load holding, the composite has relatively
smaller damage than that in the stage of tensile loading, and the fiber breakage rarely occurs in the composite. Analysis of damage
modes shows that the criticality of the matrix cracking and the interface damage is higher than the fiber breakage, which illustrates
that the reliability of T700/6808 composite could be improved by the optimization of matrix and interface.

1. Introduction
T700/6808 composite is a new kind of carbon fiber reinforced
epoxy resin matrix composite, which has been widely used
in the aircraft structure for its excellent properties, such
as light weight, high specific strength, and well resistance
to the fatigue fracture [1, 2]. During the manufacturing
and flight process of structure, damage would occur in the
T700/6808 composite which will influence the structural
safety of aircraft.
At present, detection methods for the composite mainly
include the visual method, X-ray method, and ultrasonic
testing method. Acoustic emission (AE) technology is a kind
of nondestructive detection method, which could be used
for detecting the defect or the damage in composite, such as
container leakage, blade damage, and wing crack detection
[3–5]. In the past few decades, the AE research has obtained
attentions from scholars. Chou et al. [6] used the AE method
to detect the damage in carbon fiber composite pressure vessel. Al-Jumaili et al. [7] presented an AE parameter correction
method which could be used for the damage detection in
large composite component. Maillet et al. [8] proposed an AE

detection method with double sensors, which could evaluate
the energy attenuation of damage process in composite
structure. Saeedifar et al. [9] used AE method for detecting
the delamination damage in glass reinforced epoxy resin
composite. Liu and Xia [10] applied AE system to detect the
fatigue damage in composite blades. Masmoudi et al. [11]
combined AE method with piezoelectric technology to detect
the damage in composite sandwich structures.
Despite several advancements reported on the AE
research, however, little published works have been focused
on the damage monitoring in T700/6808 composite, and
its damage evolution behavior remains unclear. At present,
researchers mainly focused on the mechanical property
analysis of T700 series composite. Zhou et al. [12] developed
a method to characterize the fatigue strength distribution of
T700 carbon fibers by fiber bundles testing. Zhang et al. [13]
researched the difference of mechanical properties between
two kinds of T700 composite, which shows that the fiber
defect may lead to the property difference. Wang et al. [14]
carried out the tension-tension fatigue test on T700/9368
composite laminate and explored the damage mechanism by
ultrasonic C-scan. Chiu et al. [15] investigated the behavior
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Figure 1: Schematic diagram of the specimen.

of T700/M21 composite energy absorber under static and
dynamic loading, and the consistent damage modes and
measured force responses were obtained.
In order to obtain the behavior of damage evolution
in T700/6808 composite and discover the weakness of the
material, the tensile testing and acoustic emission technology
were used to analyze the T700/6808 composite in the paper.
The damage behavior of T700/6808 composite under tensile
loading, as well as the weakness in composite, could be
obtained and the result provides the basis for the optimization
and improvement of the material.

2. Materials and Methods
2.1. Specimen Preparation. Tensile specimens were designed
according to the national standards GB/T 3354-1999 [16]
and three specimens had been prepared in the experiment.
Detailed geometry of the specimen is shown in Figure 1.
The specimen is made of T700/6808 carbon fiber reinforced
epoxy resin matrix composite, and the composite is unidirectional ply.
2.2. Experiment Design. The experiment platform is shown in
Figure 2. The platform consisted of a tensile testing machine
and a set of AE system. The room temperature is 27∘ C ±
2∘ C. During the tensile testing, the AE system was employed
to record the damage signal from the T700/6808 composite.
Tensile testing for the specimen was conducted on WDW300 tensile testing machine as shown in Figure 2(a), and
the loading rate was set as 50 N/s and the maximum load
was set as 40 KN. When the tensile load reaches 35 KN, the
system automatically enters into the state of load holding
for 24 hours. The AE system is MISTRA 2001 E1.12 which is
made from Physical Acoustics Corporation. The information
of PAC-WSa sensor is shown as follows. (1) As shown in
Figure 2(b), the AE sensor is pasted on the middle of the
specimen with vacuum grease and it is fixed with elastic for
well contact. (2) The detection frequency is 0–551.36 KHz. (3)
The preamp gain is 40 dB. (4) The sampling rate is 1 MSPS.

3. Results
3.1. AE Signal Analysis of T700/6808 Composite under Tensile
Loading. Three specimens were used in the experiment, and
it is found that the damage behavior and the change trend of

AE signal are similar among three specimens during tensile
testing; therefore, the specimen of number 1 is studied in
detail. The change of AE hit number with the tensile loading
time is shown in Figure 3.
As shown in Figure 3(a), in the initial stage of tensile
loading (0–60 s), the AE hit number is mainly distributed
in the interval between 0 and 20. When it comes into the
middle stage of tensile loading from 60 s, the AE hit number
suddenly increases to about 85. In the middle stage of tensile
loading (60–580 s), the value of AE hit number relatively
maintains a high level, such as 132 at 125 s, 138 at 220 s, and
107 at 520 s. It indicates that, in the middle stage of tensile
loading, the composite suffered severe damage which led to
the occurrence of large quantity of AE hit number. From
580 s, when it comes into the later stage of tensile loading, the
value of AE hit number begins to decrease. The minimum AE
hit number is 17 when the testing time is close to 700 s, which
indicates that the damage in composite was small in the later
stage of tensile loading (580–700 s).
From 700 s, the tensile system automatically enters into
the stage of load holding. From final phase of Figure 3(a),
it can be seen that the value of AE hit number mainly stays
under 25 in the initial stage of tensile loading (700–1000 s). In
Figure 3(b), most of the AE hit number stays under 20 in the
middle stage of load holding (1000–10000 s), except for 118 at
1800 s. In Figure 3(c), the AE hit number still remains little in
the later stage of load holding (10000–80000 s); however, the
quantity of AE hit number is more than that in the middle
stage of load holding.
The change of AE hit amplitude with the tensile loading
time is shown in Figure 4.
As shown in Figure 4(a), most of AE signal is distributed
between 55 dB and 70 dB from 0 s to 60 s; however, none
of AE signal is distributed between 70 dB and 100 dB. From
60 s to 580 s, the AE signal is mainly distributed between
55 dB and 100 dB. Among them, the number of AE signals
which is distributed between 55 dB and 60 dB is the most,
and the number of AE signals which is distributed between
70 dB and 100 dB is the least. From 580 s, the number of
AE signals begins to decrease and the AE signal distributed
between 60 dB and 100 dB reduces the fastest. From 700 s to
1000 s, the AE signal is mainly distributed between 55 dB and
60 dB and little signal is distributed between 60 dB and 70 dB;
meanwhile, none of signal is distributed between 70 dB and
100 dB.
As shown in Figure 4(b), from 1000 s to 10000 s, the AE
signal is mainly distributed between 55 dB and 60 dB, and
the following is the AE signal which is distributed between
60 dB and 70 dB. However, the number of AE signals which
is distributed between 70 dB and 100 dB is the least. From
Figure 4(c), it can be seen that the distribution of AE signal
from 10000 s to 80000 s is similar to the distribution from
1000 s to 10000 s.
3.2. Damage Evolution Analysis in T700/6808 Composite.
In order to obtain the damage characteristic in T700/6808
composite during tensile testing, a preparation experiment
used to establish the relationship between the damage modes
and AE signal had been conducted before the formal tensile
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Figure 2: Experiment platform. (a) Experimental equipment; (b) diagram of equipment connection.
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Figure 4: Change of AE hit amplitude with the tensile loading time: (a) 0 s–1000 s; (b) 1000 s–10000 s; (c) 10000 s–80000 s.

testing. Several specimens were prepared and the method of
material microscopic analysis was used in the experiment.
During the experiment, the specimen was taken off the
tensile testing machine as needed according to the variation
of AE amplitude. Damage morphology could be observed
under microscope and electron microscope. Based on the
repeated testing and observation, and other references [17–
19] being learned also, the relationship between AE signal and
damage mode in T700/6808 composite could be established.
From the preparation experiment, it is found that the
matrix cracking had occurred when the AE amplitude
reached 55 dB, and the micromorphology is shown in Figure 5.
As tensile loading time increases, the value of AE amplitude also increased. When the value of AE amplitude reached
60 dB, the interface damage occurred in the specimen, and
the micromorphology is shown in Figure 6(a). When the
value of AE amplitude came into 70 dB, the fiber breakage
could be observed in the specimen as shown in Figure 6(b).

Figure 5: Micromorphology of matrix cracking in T700/6808
composite (AE amplitude ≥ 55 dB and ≤ 60 dB).

From Figure 6(a), it could be observed that the interface
damage with parallel linear form occurred in the specimen.
In Figure 6(b), large area of fiber breakage could be observed
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Figure 6: Micromorphology of damage modes in tensile specimen: (a) interface damage (AE amplitude ≥ 60 dB and ≤70 dB); (b) fiber
breakage (AE amplitude ≥ 70 dB and ≤100 dB).

clearly in the specimen and a small amount of interface
damage appears in the distance. Consequently, the AE
amplitude corresponding to the damage mode in T700/6808
composite could be defined as follows: (1) 55 dB–60 dB is
matrix cracking; (2) 60 dB–70 dB is interface damage; (3)
70 dB–100 dB is fiber breakage.
It could be obtained from Section 3.1, in the initial
stage of tensile loading (0–60 s), the number of AE signals
is little and the AE amplitude is low. It indicates that the
damage in T700/6808 composite is small in this period, and
a small amount of matrix cracking occurs. In the middle
stage of tensile loading (60–580 s), the number of AE signals
increases and the maximum value reaches 220 s. The range
of AE amplitude is 55 dB–100 dB; however, the number of
AE signals above 70 dB is significantly less than the number
of signals below 70 dB. From the distribution of damage
modes, it is known that the major damage is matrix cracking,
the secondary damage is interface damage, and the number
of fiber breakages is the least. In the later stage of tensile
loading (580–700 s), the number of AE signals decreases
quickly. The range of AE amplitude is 55–70 dB, and high
amplitude signals almost no longer appear. The number of
signals distributed between 55 dB and 60 dB is more than that
of signals distributed between 60 dB and 70 dB. It indicates
that the matrix cracking and interface damage are the major
damage in the later stage of tensile loading; however, the
number of fiber breakages decreases rapidly for the reduction
of the load.
When it comes into the initial stage of load holding (700–
1000 s), the incidence of AE signal reduces to the minimum.
The signal is mainly distributed in the 55–60 dB between
700 s and 1000 s, and high amplitude signals almost no longer
appear. It indicates that the damage number decreases rapidly
in the initial stage of load holding and the damage modes
are matrix cracking and interface damage; however, the fiber
breakage almost no longer occurs. In the middle stage of
load holding (1000–10000 s), the level of signal incidence is
low. The amplitude of signal is distributed between 55 dB
and 80 dB from 1000 s to 10000 s, and high amplitude signals
rarely appear. It indicates that the damage in the composite is

small and the major damage is matrix cracking and interface
damage; however, the fiber breakage rarely occurs. In the
later stage of load holding (after 10000 s), the signal incidence
reduces to the lowest level. The signal amplitude is less
than 70 dB after 10000 s, and the quantity of signal with the
amplitude between 55 dB and 60 dB is more than that with
the amplitude between 60 dB and 70 dB. It indicates that the
damage in composite decreases to the lowest level, the matrix
cracking is the major damage, and none of fiber breakages
occurs.
3.3. Criticality Analysis of Damage Modes in T700/6808 Composite. In the fiber reinforced epoxy resin matrix composite,
the elastic modulus of fiber is about 235 Gpa; however, the
elastic modulus of matrix is 4 Gpa or lower. Therefore, 99%
of strength of T700/6808 composite is undertaken by the
fiber, and the damage of matrix also has great influence
on the life of composite. Different damage modes will have
various effects on the reliability of the material; in order
to analyze the criticality of damage modes to the safety of
T700/6808 composite, the criticality analysis was conducted
on T700/6808 composite.
After the filtering of the AE signal with the amplitude
between 55 and 70 dB, the change of AE hit number with the
tensile loading time for fiber breakage could be obtained as
shown in Figure 7.
From Figure 7, it can be seen that the fiber breakage
mainly occurs in the middle stage of tensile loading (60–
580 s), and the incidences of fiber breakage are different
among three specimens during this period. In the later
stage of tensile loading (580–700 s), the incidence of fiber
breakage decreases rapidly. When it comes into the stage
of load holding (700–100000 s), the fiber breakage could be
hardly found in the specimen of number 1, and none of fiber
breakages occurs in the specimen of number 2; however, the
fiber breakage occurs occasionally in the specimen of number
3.
Figure 8 shows the change of cumulative number of fiber
breakages with the tensile loading time in three specimens,
obtained by the data processing in Figure 7.
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Figure 7: Change of AE hit number with the tensile loading time for fiber breakage in three specimens: (a) specimen of number 1; (b)
specimen of number 2; (c) specimen of number 3.

As shown in Figure 8, fiber breakages nearly occur from
70 s to 700 s in all three specimens, and the number of fiber
breakages becomes stable in the end of tensile loading at 700 s.
In the load holding stage, the number of fiber breakages
is, respectively, 4 in specimen of number 1, 2 in specimen of
number 2, and 12 in specimen of number 3. At the end of
tensile testing, the cumulative numbers of fiber breakages are
different among three specimens: the specimen of number 1
is 158, the specimen of number 2 is 209, and the specimen
of number 3 is 223. The number of fiber breakages and the
damage process are different among three specimens, caused
by the instability of forming technology and discreteness of
fiber strength in the T700/6808 composite.
After the filtering of the AE signal with the amplitude
between 71 and 100 dB, the change of AE hit number with the
tensile loading time for matrix and interface damage could be
obtained as shown in Figure 9.

As shown in Figure 9, it can be seen that the damage of
matrix and interface mainly occurs in the middle stage of
tensile loading, and the incidences are different among three
specimens. In the later stage of tensile loading, the incidence
decreases rapidly, and the incidence is less than 100 when it
comes into the load holding stage in most of specimens.
After the data processing in Figure 9, the change of
cumulative damage number of matrix and interface with the
tensile loading time is shown in Figure 10.
As shown in Figure 10, nearly all the damage of matrix and
interface occurs from 60 s in three specimens. In the stage of
tensile loading (0–700 s), the damage of matrix and interface
has high incidence in three specimens, and the incidence
reduces when the tensile loading finished. In the stage of
load holding (after 700 s), the curves of cumulative damage
are parallel which indicates that the damage incidence is
identical in the stage of load holding. At the end of the
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Figure 9: Change of AE hit number with the tensile loading time for matrix and interface damage in three specimens: (a) specimen of number
1; (b) specimen of number 2; (c) specimen of number 3.
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occurs. The fiber breakage mainly occurs in the middle stage
of tensile loading; however, it seldom occurs in the later stage
of tensile loading and load holding stage. It is shown that the
fiber breakage of T700/6808 composite rarely occurs in the
stage of load holding.
The maximum numbers of fiber breakage are different among three specimens, caused by the discreteness of
fiber strength and the instability of forming technology of
T700/6808 composite. The matrix cracking and interface
damage have higher incidence and longer duration than the
fiber in the whole process of tensile loading, which illustrates
that the matrix and interface are the weakness affecting the
reliability of T700/6808 composite.

9000
8000
7000
6000
5000
4000
3000
2000
1000
0

1

10

100

1000

10000

Time (s)
Number 1
Number 2
Number 3

Figure 10: Change of cumulative damage number of matrix and
interface with the tensile loading time.

tensile testing, it can be seen that the cumulative damage
number of matrix and interface is, respectively, 5862 in
specimen of number 1, 5977 in specimen of number 2, and
7844 in specimen of number 3. The difference of cumulative
damage number among three specimens shows the difference
properties of matrix and interface, and it is mainly related
to the discreteness of material molding process and the fiber
breakage number.
From Figure 10, it can be seen that the cumulative
damage number of matrix and interface is more than that of
fiber, and the damage of matrix and interface still maintains
high and stable incidence in the stage of load holding. The
criticality of damage mode is the product of the incidence
and damage duration, which illustrates that the matrix and
the interface are the weakness affecting the reliability of
T700/6808 composite.

4. Discussion and Conclusions
The study presents an investigation of damage evolution
process in the T700/6808 composite based on AE technology,
and some discoveries were obtained from the research. In
the initial stage of tensile loading, due to the design bearing
capacity of the material, small damage occurs inside the
composite. The composite suffered from severe damage in
the middle stage and the later stage of tensile loading, which
mainly include the matrix cracking, the interface damage,
and the fiber breakage. It is shown that the damage of
T700/6808 composite mainly occurs in the stage of tensile
loading.
The damage of T700/6808 composite had been decreased
rapidly in the stage of load holding. The matrix cracking
and interface damage are two major types of damage in
T700/6808 composite; however, the fiber breakage rarely
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This paper presents a systematic approach to the modeling and analysis of a benchmark two-stage gearbox test bed to characterize
gear fault signatures when processed with harmonic wavelet transform (HWT) analysis. The eventual goal of condition monitoring
is to be able to interpret vibration signals from nonstationary machinery in order to identify the type and severity of gear damage. To
advance towards this goal, a lumped-parameter model that can be analyzed efficiently is developed which characterizes the gearbox
vibratory response at the system level. The model parameters are identified through correlated numerical and experimental investigations. The model fidelity is validated first by spectrum analysis, using constant speed experimental data, and secondly by HWT
analysis, using nonstationary experimental data. Model prediction and experimental data are compared for healthy gear operation
and a seeded fault gear with a missing tooth. The comparison confirms that both the frequency content and the predicted, relative
response magnitudes match with physical measurements. The research demonstrates that the modeling method in combination
with the HWT data analysis has the potential for facilitating successful fault detection and diagnosis for gearbox systems.

1. Introduction
Gears, commonly used to transmit torque, are critical components of many energy and power, aircraft, automobile,
and marine/ship systems. The topic of gear-induced vibration has been widely studied and remains an important,
fundamental topic in engineering. In such systems, toothmeshing induces vibrations, and primary and sideband tones
arise which generally span a very wide frequency range.
While excessive vibrations cause reliability and durability
issues, vibration signals in a gearbox are frequently used as
information carriers in gear system condition monitoring
and fault detection/diagnosis [1, 2].
The variety of monitoring and diagnosis approaches can
be loosely categorized into data-based ones, model-based
ones, or a hybrid of these two [3]. In data-based approaches,
signal processing efforts are employed to pursue faults by
analyzing measured operational data to identify distinguishable features, indicating faults based on patterns learned from
empirical experience. Fault detection based on signal processing alone can be characterized as a “black box” approach;

as the specific physics of the system are not explicitly considered, only matching of processed data with known fault patterns is involved. One major issue of this type of approaches
is the difficulty in extrapolating from existing databases.
Data-based condition monitoring approaches of gearboxes,
specifically, process vibration signals which contain a complex mixture of harmonic and subharmonic components of
mechanically induced motion from gear meshing, bearing
rolling, and driver and load motion and random noise. Much
of the important information needed for condition monitoring is hidden by the undesired components within the signal,
but decomposing a measured signal by filtering often leads
to removal of desired content [4]. Other drawbacks of databased condition monitoring approaches include their lack of
physical interpretation and their specificity to a particular
piece of machinery, requiring machinery experience for each
kind of fault in order to distinguish the specific fault.
Model-based approaches to condition monitoring, often
referred to as “white-box” approaches, can in theory provide baseline data by subjecting the model to the same
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operating condition of the actual system, and fault detection is facilitated by comparing the model prediction with
the measurement data acquired by the monitoring system.
Typically, dynamic gearbox models (DGMs) are developed
with lumped-parameters at the system level and can yield
model prediction results within reasonable computational
time [4–7]. DGMs are meant to mimic the underlying physics
within a gear system and simulate the vibration response
of the physical unit, but a well-known weakness of most
modeling efforts is the difficulty in achieving precise, or even
acceptable, correlation with measured data, since DGMs only
simulate the deterministic dynamic behavior. Nonplanetary
multistage models have been investigated [8–13]. Apparently,
existing DGM literature shows a relatively limited amount
of experimental correlation for model validation. Many
DGM studies rely upon the experimental data obtained by
Munro [14], Kubo et al. [15], and Blankenship and Kahraman
[16]. Some other studies include their own test beds for
model validation [17–23]. All these investigations use single
stage gearboxes operating at multiple constant speeds to
demonstrate the “jump” phenomenon at natural frequencies
when accelerating or decelerating to each constant speed.
Experimental test data from multistage gear test beds is rare
in the literature search, as are multistage DGMs, and no
validated models are found.
Condition monitoring of rotating machinery has historically been performed on machines operating at constant
speeds by processing vibration data with the Fast Fourier
Transform (FFT) into the frequency domain. Nevertheless,
FFT and other frequency domain techniques are not well
suited for analyzing nonstationary signals such as machinery with changing speeds [24]. This complication can be
overcome by remaining in the time domain or by applying time-frequency techniques [1, 3, 25]. Time-frequency
domain analysis reveals the waveform energy distribution
across both time and frequency and can be used to identify
transient events as well as fault patterns. Examples of timefrequency distribution techniques are the short-time Fourier
transform (STFT), Wigner-Ville distribution (WVD), and
wavelet transforms (WT). The STFT segments a signal into
discrete time windows to find the frequency content in that
window, but window size limits the resolution, making STFT
only effective for analysis on slowly changing nonstationary
signals [1]. While WVD does not segment time as STFT, it
is susceptible to interference between “cross terms” that can
cause misleading results [24]. WT is conceptually similar to
FFT except that localized functions, called “mother wavelets,”
are used instead of sinusoidal functions, allowing the time
of an event to be retained. WT is used in numerous signal
processing applications including nonstationary vibration
signals [26–28]. The harmonic wavelet transform (HWT) has
shown promise in identifying faults in nonstationary gear
vibration signals [29].
In this research, we use a benchmark two-stage gearbox
test bed with variable speed controller to gather nonstationary experimental data and compare to DGM results. The
DGM proposed includes translational degrees-of-freedom
(DOFs) at locations and in directions corresponding to
the accelerometers placed on the bearings of the test bed
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Figure 1: Gearbox test bed.

for improved experimental correlation. DGM parametric
investigations and test bed experimental investigations are
performed in parallel in order to refine and validate the
model. Mimicking the shaft speed-time profile of monitored
equipment with a DGM will allow a wider range of collected
vibration data for building fault pattern libraries. To facilitate effective data processing especially under nonstationary
conditions, the harmonic wavelet transform is employed to
analyze the features of the vibration responses. It is identified
that the combination of the proposed DGM and the HWT
analysis yields effective correlation of vibration features with
and without faults, showing promise for feature extraction
and fault identification in nonstationary equipment.

2. Test Bed Structure and Experimental Setup
The test bed used in this research, shown in Figure 1, includes
a 3-HP motor driving a constant torque magnetic brake load
through a two-stage gearbox [30]. The test bed is equipped
with a variable speed controller and outfitted with multiple
accelerometers and a digital tachometer.
Accelerometers are positioned on the intermediate shaft
bearing hub in vertical, horizontal, and axial orientations for
data collection and on the motor for data collection triggering. The accelerations and tachometer data are converted
to digital signals at 20 kHz and recorded through a dSPACE
data acquisition system with an ADC board. The speed of the
input shaft is computer-controlled through a USB connection
to the variable speed controller and digital tachometer. The
representative speed-time profile input for this investigation
is shown in Figure 2.
The gearbox transmission, as shown in Figure 3, is made
up of three 32-tooth pinions on the input shaft, one of which
drives an 80-tooth gear on the intermediate shaft connected
to a 48-tooth pinion driving a 64-tooth gear on the output
shaft. The 80-tooth gear can be manually shifted along the
intermediate shaft to align with any of the three 32-tooth
pinions. This arrangement allows one healthy and two faulty
pinions to be investigated without complete removal of the
shaft with each trial.

3. Dynamic Gearbox Model
(DGM) Formulation
3.1. Model Structure. The number of degrees-of-freedom
(DOFs) representing a two-stage gear set in a DGM can range
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Figure 3: Gearbox test bed arrangement.

from a minimum of three (in which the angular displacement
of each gear is modeled) to very large finite element models
that attempt to incorporate all the local details. In general,
a model must be sufficiently complex to capture the desired
physical features while being small-scale enough for practical
computational solving speeds. Previously Diehl et al. [31]
investigated 3-, 6- and 12-DOF DGMs. In this research a 26DOF model is formulated, which includes translational DOF
representations of bearings at each end of each shaft instead
of a single bearing per shaft and translational DOF at each
gear center in both the vertical and horizontal directions.
These additional DOFs allow shaft bending stiffness to be
represented. The DOFs at the bearings can more closely
represent the measured output of horizontally and vertically
oriented accelerometers placed on the bearing housing of the
gearbox test bed. Another benefit of the increased DOFs is
the ability to represent shaft displacement at the gears for
comparison to proximity probes installed in the gearbox.
The 26-DOF DGM schematically shown in Figure 4 is
mathematically represented by
𝐼𝑖 𝜃̈ 𝑖 = 𝛼 ⋅ 𝑇𝑖 − 𝑊𝑗 𝑅𝑖 + 𝑐𝑡𝑖 (𝜃̇ 𝑖 − 𝜃̇ 𝑖+1 ) + 𝑘𝑡𝑖 (𝜃𝑖 − 𝜃𝑖+1 ) , (1)
𝑚𝑛 𝑥̈ 𝑛 = 𝑐𝑥̇ 𝑛 + 𝑘𝑥𝑛 + 𝑘𝑏 (𝑥𝑛 − 𝑥𝑛+1 ) − 𝑘𝑏 (𝑥𝑛+1 − 𝑥𝑛+2 )
+ 𝑊𝑗 ⋅ cos (𝛽 − 𝜙) ,

(6)

where

80 teeth

Motor

(5)

where (1) characterizes the 6 rotational DOFs and (2) and
(3) characterize the 20 translational DOFs. The complete
expressions are provided in the Appendix. This system of
equations is coupled by their in-common displacements, 𝑥𝑛
and 𝑦𝑛 , as well as the dynamic gear mesh force of each
gear pair, 𝑊𝑗 , represented by (4) and (5), that are functions
of dynamic transmission error (DTE) to be discussed later.
Other variable definitions are provided in Nomenclature.
Combining (1) through (5), we obtain
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0 𝑐 + 𝑐𝑏3 ]
(10)

Controlling the speed of the DGM is achieved by varying
the amount of drive torque, 𝑇𝐷, in (1) using a multiplier
referred to as torque factor, 𝛼. The load, 𝑇𝐿 , of the physical
system is a magnetic brake providing a constant torque load,
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so the drive torque of the system operating at steady speeds
is related to the load torque by the overall gear ratio as shown
below:
𝑁𝑁
𝑇𝐷 = 𝛼 (𝜃𝐷) 1 3 𝑇𝐿 ,
(11)
𝑁2 𝑁4
where 𝑁1 , 𝑁2 , 𝑁3 , and 𝑁4 are the number of gear teeth 32,
80, 48, and 64, respectively, for the specific gearbox test
bed studied. Values of the torque factor greater than unity
accelerate the system while values below decelerate and are
controlled using a call-out function based on drive position,
𝜃𝐷. The call-out function changes the torque factor at drive
positions, determined by the angular kinematics, so a known
speed-time profile can be replicated.
The mesh stiffness of each gear pair varies with angular
position since the number of teeth in contact of the gear pair
is not constant. Additionally, within each gear pair, the point
of contact moves along the involute profile, from tip to root
on one tooth and root to tip on the other, the individual tooth
stiffness varying with position. The contact ratio, the average
quantity of teeth engaged during a mesh cycle, usually varies
between 1.6 and 2.5 and is useful in describing the variation in
mesh stiffness along a gear pair’s line-of-action (LOA) when
treated like a linear spring on the LOA [16]. Figure 5 shows
the mesh stiffness, 𝑘𝑚1 and 𝑘𝑚2 , of each gear pair used in
this model, implemented as separate functions of each pinion
position, 𝜃1 and 𝜃3 , respectively. These mesh stiffness profiles
are developed from finite-element-analysis (FEA) models of
each entire gear with unit loads placed at discrete positions
along a single tooth face. To create gear pair mesh stiffness,

Linear stiffness along LOA (N/m)

Figure 4: 26-DOF DGM diagram.
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Figure 5: Mesh stiffness along the line-of-action (LOA) versus
pinion angle for first- and second-stage gear sets.

the individual teeth stiffness degrees are combined based on
contact position and assembled as springs in series for teeth
pairs or parallel for quantity of teeth pairs in contact. The gear
contact ratio is confirmed through this approach, revealing
a peak when three teeth are in contact and an arc of lower
values when only two teeth are in contact. A noteworthy
assumption made in this calculation is the omission of the
contribution of contact stiffness, which is dependent on load.
The magnitudes of the two teeth pairs and three teeth pairs
are compared with those found using equations developed
by Kiekbusch et al. [32] and Kuang and Yang [33]. These
comparisons show adequate agreement but most notably that
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the load used in this paper resulted in a relatively insignificant
contribution by the contact stiffness. Most gear faults can
be modeled by altering the mesh stiffness profile as will be
demonstrated.
The dynamic transmission error (DTE) is defined as, for
each respective gear pair,
DTE1
(𝑅1 𝜃1 − 𝑅2 𝜃2 ) − 𝑏 (𝑅1 𝜃1 − 𝑅2 𝜃2 ) > 𝑏,
{
{
{
{
= {0
𝑏 ≤ (𝑅1 𝜃1 − 𝑅2 𝜃2 ) ≤ 𝑏,
{
{
{
{(𝑅1 𝜃1 − 𝑅2 𝜃2 ) + 𝑏 (𝑅1 𝜃1 − 𝑅2 𝜃2 ) < 𝑏,

(12)

DTE2
(𝑅3 𝜃3 − 𝑅4 𝜃4 ) − 𝑏 (𝑅3 𝜃3 − 𝑅4 𝜃4 ) > 𝑏,
{
{
{
{
= {0
𝑏 ≤ (𝑅3 𝜃3 − 𝑅4 𝜃4 ) ≤ 𝑏,
{
{
{
{(𝑅3 𝜃3 − 𝑅4 𝜃4 ) + 𝑏 (𝑅3 𝜃3 − 𝑅4 𝜃4 ) < 𝑏.
They become a loss-of-contact nonlinear function with the
inclusion of backlash, 2𝑏, the clearance between gear pair
teeth along the line-of-action [14]. This model feature has
been addressed in the past and shown to be the source of
nonlinear behavior in gearboxes often related to whether
the units are accelerating up to or decelerating down to the
constant speeds [34].
Using the stiffness matrix (see (8)) and the input torque
and load torque (see (10)) as a static problem, the initial
displacements are found to avoid exaggerated large initial
accelerations. The mass matrix (see (7)) and stiffness matrix
(see (8)) are also used to determine the natural frequencies
of the system by finding the eigenvalues, which are used to
explore the effects of parameter variation on the system. With
the initial displacements from the static case and the initial
velocities set at zero, the model is solved using Runge Kutta
time marching with time steps matching the experimental
data sampling frequency.
3.2. Parametric Identification. The load torque for the DGM
matches the specific tests, 10.3 Nm for the constant speed
and 6.6 Nm for varying speed, which are determined by the
magnetic brake manufacturer’s torque versus input current
curves and are verified using a simple scale and lever arm. All
four gears have a 1.59 mm module (16 teeth per inch diametral
pitch) and a 14.5∘ pressure angle resulting. The pitch radii
are 25.4 mm, 63.5 mm, 38.1 mm, and 50.8 mm for variables
𝑅1 , 𝑅2 , 𝑅3 , and 𝑅4 , respectively. The resulting contact ratios
are 2.12 and 2.16 for gear pairs one and two, respectively.
The backlash used is 0.5 mm. The DGM requires stiffness,
damping, and inertia parameters to be gathered, calculated,
measured, or estimated for each component associated with
a DOF. Table 1 summarizes the parameter values identified
for the specific gearbox test bed. The masses of the shafts and
gears were measured directly, while the moments of inertia
were found from Solidworks models. The bending and torsional stiffness of the shafts were extracted from FEA models.
The mesh stiffness, as previously discussed, was calculated

based on FEA stiffness results. Other parameters, such as
bearing stiffness and the damping parameters, were estimated
using a combination of techniques, described below.
Accurately representing the dynamic behavior of bearings
in the DGM is particularly challenging due to their stiffness nonlinearity with respect to preload, radial load, and
rotational speed. Many papers have discussed this challenge
[35–38]. While modeling of bearing behavior continues to
advance, it is most advantageous for solution speed in a
DGM to assume linear behavior by using a single value for
stiffness. A series of investigations were performed to identify
the most accurate single value for bearing stiffness. These
investigations included comparing the load and displacement
data supplied by the manufacturer (Rexnord MB) against
published estimation techniques, parametric sensitivity of the
DGM to bearing stiffness and comparison to constant speed
experimental data, and hammer test frequency response
analysis comparison to FEA modal results where bearing
stiffness was included between shaft and casing. Damping
was estimated from the log decrement of hammer tests on
the in situ intermediate shaft, and the resulting damping ratio
from this test was applied to each DOF, treating damping
as being proportional to the associated inertia and stiffness
values. Other assumptions, besides proportional damping
and bearing stiffness linearity, include shaft mass lumped
at the bearings and gears and ignoring shaft gyroscopic
resonance.
Features included in other DGMs but omitted in this
model include manufacturing indexing errors [39], gear
profile and runout errors [40], gear teeth friction [41], and the
influence of the gearbox housing [42]. These omitted features
will be included in future research.
3.3. Fault Modeling. A variety of gear faults can be simulated
in a DGM by altering the time-varying mesh stiffness to
reflect the reduction caused by the defect. Many previous
studies have contributed to the development of fault models
such as tooth spalls and cracks [43], gear wear [44], and tooth
chips and breakage [45]. A missing tooth fault, represented in
Figure 6(a), is analyzed in this paper as an illustrative example, and other localized faults will be studied in future work.
The mesh stiffness pattern is reduced as shown in Figure 6(b).
For this high contact ratio gear pair, a missing tooth results in
two short durations when only one pair of teeth is in contact
interrupted by an even shorter period when two teeth pairs
are in contact. The faulty mesh stiffness profile is developed
similarly to the healthy meshing pattern, except that the
stiffness contribution of one tooth is omitted for the duration
of its engagement. This distinctive pattern will influence the
acceleration at the model bearing as well as the accelerometer
signal in the physical unit the model represents.

4. Correlation of Predictive Modeling and
Experimental Investigation
4.1. Model Validation with Constant Speed Experimental Comparisons. First, preliminary demonstration of the principles
of damage detection and of the model capabilities to replicate
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Table 1: Parameters used in dynamic gear model.

1
2
3
4
5
6
7 and 8
9 and 10
11 and 12
13 and 14
15 and 16

Variable
𝐼𝐷
𝐼1
𝐼2
𝐼3
𝐼4
𝐼𝐿
𝑚1
𝑚2
𝑚3
𝑚4
𝑚5

Mass
Value
7.51 × 10−3
3.86 × 10−4
2.69 × 10−3
4.18 × 10−4
1.21 × 10−3
6.64 × 10−5
0.743
0.748
0.643
0.443
1.466

Units
kg m2
kg m2
kg m2
kg m2
kg m2
kg m2
kg
kg
kg
kg
kg

17 and 18

𝑚6

0.550

kg

19 and 20
21 and 22
23 and 24
25 and 26

𝑚7
𝑚8
𝑚9
𝑚10

0.443
0.651
0.942
0.648

kg
kg
kg
kg

Degree-of-freedom

Variable
𝑘𝑡1

Stiffness
Value
247

Units
N m/rad

Variable
𝑐𝑡1

Damping
Value
0.0926

Units
N s/rad

𝑘𝑡2

39,900

N m/rad

𝑐𝑡2

1.45

N s/rad

𝑘𝑡3

12,600

N m/rad

𝑐𝑡3

0.507

N s/rad

𝑘
𝑘𝑏1
𝑘
𝑘
𝑘𝑏2𝑎
𝑘𝑏2
𝑘𝑏2𝑏
𝑘
𝑘
𝑘𝑏3
𝑘

3.50 × 107
1.83 × 108
3.50 × 107
3.50 × 107
2.43 × 108
1.32 × 108
2.43 × 108
3.50 × 107
3.50 × 107
3.49 × 108
3.50 × 107

N/m
N/m
N/m
N/m
N/m
N/m
N/m
N/m
N/m
N/m
N/m

𝑐
𝑐𝑏1
𝑐
𝑐
𝑐𝑏2𝑎
𝑐𝑏2
𝑐𝑏2𝑏
𝑐
𝑐
𝑐𝑏3
𝑐

831
0
831
831
0
0
0
831
831
0
831

N s/m
N s/m
N s/m
N s/m
N s/m
N s/m
N s/m
N s/m
N s/m
N s/m
N s/m

Table 2: Expected frequencies (Hz) from gearbox operating at 820 r/min.
ΔGMFa
175

GMF2

GMF1

2 × GMF2

GMF1 +
ΔGMF

3 × GMF2

2 × GMF1

4 × GMF2

3 × GMF1 and 5 × GMF2

4 × GMF1

262

437

525

612

787

875

1050

1312

1750

GMF: gear mesh frequency.
a
The difference between gear mesh frequencies of the first and second gear pairs.

many of the frequencies is made using constant speed operation of the gear test bed with a healthy pinion and a known
faulty pinion. A model running with conditions matching
the operating features and gear damage was run to simulate
gearbox test data collected with a constant 820 r/min. Plots
of accelerometer data and model acceleration versus time are
shown in Figure 7 for healthy and damaged gear conditions
and arranged for comparison. While the acceleration magnitude range is not the same, the relative increases in magnitude
due to the fault and the fault duration are quite similar. When
the experimental data and model results are processed with a
basic spectrum analysis (i.e., FFT), the frequencies expected
to be pronounced are the shaft speed times number of teeth,
the gear mesh frequency [46]. As such, the first-stage gear
mesh frequency (GMF1) is expected to be 437 Hz and the
second-stage gear mesh frequency (GMF2) 262 Hz. These
expected frequencies and their integer multiples are listed in
Table 2.
Sets of test data for this operating condition were
recorded with a healthy gear set and a first-stage pinion
missing a tooth. The healthy and faulty 26-DOF models were
solved with torque and speed conditions matching the test.
The spectrum results of unfiltered experimental data and
model results are presented in Figure 8. Peak frequencies are
labeled and show many of the same frequency changes and
features indicating gear damage.

The two primary fault indicators in a gear system spectrum analysis are the increased magnitude at multiples of
the gear mesh frequency and the sideband prevalence near
the primary gear mesh frequencies and integer multiples
[47]. The expected magnitude increases at the gear mesh
frequencies and multiples, as well as the presence of sideband
frequency content, are present in both test and model
results. These frequency plots, while validating that the model
captures many of the effects of gear damage, also reaffirm the
difficulty achieving perfect agreement between the data and
model. Many of the peaks are disproportionate, with the low
frequency content being particularly underrepresented in the
model, requiring a zoomed window to show this detail. In
spite of these shortcomings, this data and model comparison
demonstrates the ability of the DGM to capture the behavior
of the physical gearbox and represent a damaged gear.
4.2. Data Processing Using Harmonic Wavelet Transform.
Wavelets are useful in condition monitoring for their ability
to characterize frequency and time content within a signal to
find faults in rotating equipment as documented in [2, 48, 49].
In particular, the harmonic wavelet transform (HWT) [50]
has several advantages over other wavelets including welldefined bandwidths and a structure similar to the natural
occurring structure of vibration waves [51]. The HWT mother
wavelet appears as a step function in the frequency domain,
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Figure 6: Missing tooth fault (a) model representation and (b) stiffness profile of first-stage gear.
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Figure 7: Experimental data and model results for 820 rpm constant speed test: (a) healthy data, (b) healthy model, (c) missing tooth data,
and (d) missing tooth model.

with a well-defined bandwidth, so when transformed from
the frequency domain to the time domain, the resulting
harmonic wavelet has little to no bandwidth leakage. This
approach to mother wavelet creation is logical. Another
advantage of the HWT over other wavelet transforms is the
relative ease in its implementation, since it can be constructed
with an algorithm which uses the Fast Fourier Transform
(FFT) and Inverse Fast Fourier (IFF) Transform. The result of
HWT is a matrix of coefficients, and for vibration data these

coefficients represent the distribution of energy over time and
frequency which are represented by contour plots.
Because HWT are formed in the frequency domain, there
is minimal leakage between frequency bands. An important
decision needed to implement the HWT effectively is the
choice of bandwidths (levels) that will efficiently balance resolution in time and frequency to represent the desired features.
The divisions within a partition do not necessarily need to
form a specific pattern [26–28], but a consistent partition
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Figure 8: Spectrum analysis of experimental data and model results for 820 rpm constant speed test: (a) healthy data, (b) healthy model, (c)
damaged (missing tooth) data, and (d) damaged model. A: 1st-stage gear mesh frequency; B: 2nd-stage gear mesh frequency.

between analyses is needed to make detailed comparisons.
Every partition is a compromise between time resolution and
frequency resolution, so a variety of patterns were explored
for this present research. A partition that favors frequency
to time by 4 : 1 was chosen for this present effort because
while the experimental data sampling rate, 20 kHz, which
also matches the DGM time steps, has a folding frequency of
10 kHz and therefore a range of 0–10 kHz, the range of interest
was found to be typically 0–2 kHz. Processing a 4-second test
with this HWT partition creates a 400 row, 100 column matrix
of coefficients as seen in Figure 9.
Indeed, Figure 9 shows color contour plots, or wavelet
maps, of the HWT coefficients for the constant speed tests
previously shown in Figures 7 and 8. Wavelet maps indicate
the energy distribution with frequency on the vertical axis
and time on the horizontal axis. A contour color scale was
chosen so white-to-blueish colors represent regions of low
energy and reddish-to-black regions represent higher energy.
The magnitude of the coefficients was adjusted to use the
same contour scales for both processed data and model
results. The fault’s influence on the vibration in both time
and frequency is easily recognizable, especially in the DGM
simulation. The disruption due to the missing tooth appears
as a pulse in the HWT of the damaged gear at approximately
the rate of input shaft rotation, 820 rev/min or 13.7 Hz, for a
period of 0.073 seconds. This figure demonstrates the capability of HWT and DGM to characterize a fault in the signal, but
it also highlights a major benefit of using a DGM to build fault

libraries, as the fault signature is more easily distinguishable
in the signal than it is in the damaged experimental data.
4.3. Comparison of Experimental Data and Model Results
under Nonstationary Conditions. The time-frequency analysis capability is especially important for condition monitoring
when machinery speed is not constant. One important
example is the operation of a wind turbine whose rotational
speed is, in part, dependent on wind speed. Data-driven
condition monitoring approaches generally require periods
of constant speed to build libraries and assess machinery, but
DGM can mimic the nonstationary speed-time profile of the
equipment and can be solved repeatedly with healthy gear and
numerous simulated faults.
To demonstrate the nonstationary capability, the 4second motor speed-time profile used by [29] and shown
in Figure 2 is used. The speed increases from stop to 10 Hz
after one second and then increases up to 25 Hz at two
seconds and maintains this speed to three seconds before
decelerating to a stop. It is important to note that the speedtime profile described here represents the control message
to the motor and that actual motor speed varies with each
run. This variation can be mimicked by the DGM, but datadriven approaches are generally unable to account for this
variation. Figure 10 presents a comparison of HWT processed
test data with healthy gear and missing tooth and HWT
processed model results with the respective measured speedtime profiles. Note that the speed-profile of the healthy test
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Figure 9: HWT of experimental data and model results for 820 rpm constant speed test: (a) healthy data, (b) healthy model, (c) damaged
(missing tooth) data, and (d) damaged model.
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Figure 10: HWT of experimental data and model results for varying speed test: (a) healthy data, (b) healthy model, (c) damaged (missing
tooth) data, and (d) damaged model, with gear mesh frequencies (GMF) and integer harmonics superimposed.
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Figure 11: Contour plot of difference between HWT of healthy and
damaged model results, with gear mesh frequencies (GMF) and
integer harmonics superimposed.

was used for the healthy DGM, and likewise the damaged
gear test speed-profile was used for the damaged DGM. The
measured motor speed multiplied by the number of teeth in
the first-stage pinion is the anticipated gear mesh frequency
(GMF1), and the second-stage pinion times the intermediate
shaft speed is GMF2. These GMF frequency-time profiles
and their integer multiples are the kinematic behavior of
the system and are superimposed on the contour plots of
Figure 10 for both gear stages. The energy distribution in the
HWT plots matches many of these GMFs and multiples.
Visual comparisons of the HWT contour plots in Figure 10 reveal obvious differences between the healthy and
damaged cases in both experimental data and model results.
While the healthy-damaged differences are not entirely consistent between data and model, there are fault feature trends
in common, such as the increase in magnitude in GMF2
and widening of the regions near and around GMF1. While
these contour plots aid in visualizing the wave map, the subtle
numerical differences within the coefficient matrix contain
feature patterns to be used to build libraries within pattern
recognition algorithms.
To demonstrate the effectiveness of this approach, Figure 11 presents a contour plot of the subtraction of a damaged
gear DGM HWT coefficient matrix from a healthy one when
both use the same speed-profile. The ability to control the
speed of the DGM precisely enables isolation of the effects of
the damaged gear on the energy distribution in frequency and
time. A noteworthy aspect is the similarity in the relatively
constant speed region to the pulses found in the constant
speed region of Figure 9. These pulses represent a potential
feature that a pattern recognition algorithm can use when
developing fault libraries.

5. Concluding Remarks
In this research, a comprehensive dynamic gearbox model
(DGM) is developed for a benchmark two-stage gearbox
test bed. The central premise of the proposed approach in
this research is that gear faults can be included in DGMs
and then processed with HWT to develop and improve
condition monitoring pattern recognition libraries for fault
classification and severity identification, ultimately leading

to diagnosis and even prognosis. The primary advantage of
using HWT and DGM to simulate gear faults is the ability
to mimic the nonstationary operation of the physical gear
unit, specifically torque load and changing speeds, in order to
characterize the influence of the fault on the vibration signal.
The obstacle this overcomes is seen even when attempting to
keep test conditions identical; there is variation in the speed
of the gear test unit, making direct comparisons between
healthy and faulty gears difficult. Using the DGM as a gobetween and the fault detection sensitivity of HWT, a technique is developed which promises to eliminate a portion of
the uncertainty inherent in comparing nonstationary signals.
Follow-on research will include investigations into other
fault types and fault severity to develop the libraries of pattern
recognition algorithms, thereby further merging the datadriven and model-driven approaches.

Appendix
Equations of 26-DOF DGM
The DGM is built corresponding to the DOFs specified in
Figure 4. Equations of rotational DOFs are as follows:
𝐼𝐷𝜃̈ 𝐷 = 𝛼 ⋅ 𝑇𝐷 − 𝑐𝑡1 (𝜃̇ 𝐷 − 𝜃̇ 1 ) − 𝑘𝑡1 (𝜃𝐷 − 𝜃1 ) ,
𝐼1 𝜃̈ 1 = −𝑊1 𝑅1 + 𝑐𝑡1 (𝜃̇ 𝐷 − 𝜃̇ 1 ) + 𝑘𝑡1 (𝜃𝐷 − 𝜃1 ) ,
𝐼2 𝜃̈ 2 = 𝑊1 𝑅2 − 𝑐𝑡2 (𝜃̇ 2 − 𝜃̇ 3 ) − 𝑘𝑡2 (𝜃2 − 𝜃3 ) ,
𝐼3 𝜃̈ 3 = −𝑊2 𝑅3 + 𝑐𝑡2 (𝜃̇ 2 − 𝜃̇ 3 ) + 𝑘𝑡2 (𝜃2 − 𝜃3 ) ,
𝐼4 𝜃̈ 4 = 𝑊2 𝑅4 − 𝑐𝑡3 (𝜃̇ 4 − 𝜃̇ 𝐿 ) − 𝑘𝑡3 (𝜃4 − 𝜃𝐿 ) ,
𝐼𝐿 𝜃̈ 𝐿 = −𝑇𝐿 + 𝑐𝑡3 (𝜃̇ 4 − 𝜃̇ 𝐿 ) + 𝑘𝑡3 (𝜃4 − 𝜃𝐿 ) .
Equations of the translational DOFs are as follows:
𝑚1 𝑥̈ 1 = −𝑐𝑥̇ 1 − 𝑘𝑥1 − 𝑘𝑏1 (𝑥1 − 𝑥2 ) ,
𝑚1 𝑦̈ 1 = −𝑐𝑦̇ 1 − 𝑘𝑦1 − 𝑘𝑏1 (𝑦1 − 𝑦2 ) ,
𝑚2 𝑥̈ 2 = +𝑘𝑏1 (𝑥1 − 𝑥2 ) − 𝑘𝑏1 (𝑥2 − 𝑥3 ) + 𝑊1
⋅ cos (15.5) ,
𝑚2 𝑦̈ 2 = +𝑘𝑏1 (𝑦1 − 𝑦2 ) − 𝑘𝑏1 (𝑦2 − 𝑦3 ) − 𝑊1
⋅ sin (15.5) ,
𝑚3 𝑥̈ 3 = −𝑐𝑥̇ 3 − 𝑘𝑥3 + 𝑘𝑏1 (𝑥2 − 𝑥3 ) ,
𝑚3 𝑦̈ 3 = −𝑐𝑦̇ 3 − 𝑘𝑦3 + 𝑘𝑏1 (𝑦2 − 𝑦3 ) ,
𝑚4 𝑥̈ 4 = −𝑐𝑥̇ 4 − 𝑘𝑥4 − 𝑘𝑏2𝑎 (𝑥4 − 𝑥5 ) ,
𝑚4 𝑦̈ 4 = −𝑐𝑦̇ 4 − 𝑘𝑦4 − 𝑘𝑏2𝑎 (𝑦4 − 𝑦5 ) ,
𝑚5 𝑥̈ 5 = −𝑘𝑏2 (𝑥5 − 𝑥6 ) + 𝑘𝑏2𝑎 (𝑥4 − 𝑥5 ) − 𝑊1
⋅ cos (15.5) ,
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Mass moment of inertia, kg-m2
Lumped mass, kg
Torsional stiffness, N-m/rad
Shaft bending stiffness, N/m
Bearing stiffness, N/m
Mesh stiffness, N/m
Torsional damping, N-s/rad
Shaft bending damping, N-s/m
Bearing damping, N-s/m
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Rotational velocity, rad/s
Translational velocity, m/s
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Torque factor
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Dynamic transmission error, rad
Relative orientation of shaft, rad
Pressure angle, rad.
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[5] H. N. Özgüven and D. R. Houser, “Mathematical models used
in gear dynamics-a review,” Journal of Sound and Vibration, vol.
121, no. 3, pp. 383–411, 1988.
[6] J. Wang, R. Li, and X. Peng, “Survey of nonlinear vibration of
gear transmission systems,” Applied Mechanics Reviews, vol. 56,
no. 3, pp. 309–329, 2003.
[7] A. Parey and N. Tandon, “Spur gear dynamic models including
defects: a review,” Shock and Vibration Digest, vol. 35, no. 6, pp.
465–478, 2003.
[8] J. Lin and R. G. Parker, “Mesh stiffness variation instabilities in
two-stage gear systems,” Journal of Vibration and Acoustics, vol.
124, no. 1, pp. 68–76, 2002.
[9] S. Jia, I. Howard, and J. Wang, “The dynamic modeling of
multiple pairs of spur gears in mesh, including friction and geometrical errors,” International Journal of Rotating Machinery,
vol. 9, no. 6, pp. 437–442, 2003.
[10] A. Al-Shyyab and A. Kahraman, “Non-linear dynamic analysis
of a multi-mesh gear train using multi-term harmonic balance
method: sub-harmonic motions,” Journal of Sound and Vibration, vol. 279, no. 1-2, pp. 417–451, 2005.
[11] A. Al-Shyyab and A. Kahraman, “Non-linear dynamic analysis
of a multi-mesh gear train using multi-term harmonic balance
method: period-one motions,” Journal of Sound and Vibration,
vol. 284, no. 1-2, pp. 151–172, 2005.
[12] L. Walha, T. Fakhfakh, and M. Haddar, “Nonlinear dynamics of
a two-stage gear system with mesh stiffness fluctuation, bearing
flexibility and backlash,” Mechanism and Machine Theory, vol.
44, no. 5, pp. 1058–1069, 2009.
[13] Z. Rao, C. Y. Zhou, Z. H. Deng, and M. Y. Fu, “Nonlinear
torsional instabilities in two-stage gear systems with flexible
shafts,” International Journal of Mechanical Sciences, vol. 82, pp.
60–66, 2014.
[14] R. G. Munro, The dynamic behavior of spur gears [Ph.D.
dissertation], University of Cambridge, Cambridge, UK, 1962.

12
[15] A. Kubo, K. Yamada, T. Aida, and S. Sato, “Research on ultra
high speed gear devices,” Transactions of the Japan Society of
Mechanical Engineers, vol. 38, pp. 2692–2715, 1972.
[16] G. W. Blankenship and A. Kahraman, “Gear dynamics experiments, part i: characterization of forced response,” in Proceedings of the ASME Power Transmission and Gearing Conference,
pp. 373–376, San Diego, Calif, USA, September 1996.
[17] F. K. Choy, Y. F. Ruan, J. J. Zakrajsek, and F. B. Oswald, “Modal
simulation of gearbox vibration with experimental correlation,”
Tech. Rep. NASA-E-7090, 1992.
[18] F. K. Choy, M. J. Braun, V. Polyshchuk, J. J. Zakrajsek, and D.
P. Townsend, Analytical and Experimental Vibration Analysis
of a Faulty Gear System (No. NASA-TM-106689), National
Aeronautics and Space Administration, Lewis Research Center,
Cleveland, Ohio, USA, 1994.
[19] S. Baud and P. Velex, “Static and dynamic tooth loading in spur
and helical geared systems-experiments and model validation,”
Journal of Mechanical Design, vol. 124, no. 2, pp. 334–346, 2002.
[20] N. Sawalhi and R. B. Randall, “Simulating gear and bearing
interactions in the presence of faults: part I. The combined gear
bearing dynamic model and the simulation of localised bearing
faults,” Mechanical Systems and Signal Processing, vol. 22, no. 8,
pp. 1924–1951, 2008.
[21] J.-L. Dion, S. Le Moyne, G. Chevallier, and H. Sebbah, “Gear
impacts and idle gear noise: experimental study and non-linear
dynamic model,” Mechanical Systems and Signal Processing, vol.
23, no. 8, pp. 2608–2628, 2009.
[22] F. K. Omar, K. A. F. Moustafa, and S. Emam, “Mathematical
modeling of gearbox including defects with experimental verification,” JVC/Journal of Vibration and Control, vol. 18, no. 9,
pp. 1310–1321, 2012.
[23] H. Ma, X. Pang, R. Feng, R. Song, and B. Wen, “Fault features
analysis of cracked gear considering the effects of the extended
tooth contact,” Engineering Failure Analysis, vol. 48, pp. 105–120,
2015.
[24] Z. K. Peng and F. L. Chu, “Application of the wavelet transform in machine condition monitoring and fault diagnostics:
a review with bibliography,” Mechanical Systems and Signal
Processing, vol. 18, no. 2, pp. 199–221, 2004.
[25] M. S. Kan, A. C. Tan, and J. Mathew, “A review on prognostic
techniques for non-stationary and non-linear rotating systems,”
Mechanical Systems and Signal Processing, vol. 62, pp. 1–20, 2015.
[26] D. E. Newland, “Harmonic and musical wavelets,” Philosophical
Transactions of the Royal Society A: Mathematical, Physical and
Engineering Sciences, vol. 444, no. 1922, pp. 605–620, 1994.
[27] D. E. Newland, “Wavelet analysis of vibration, part I: theory,”
Journal of Vibration and Acoustics, vol. 116, no. 4, pp. 409–416,
1994.
[28] D. E. Newland, “Wavelet analysis of vibration: part 2—wavelet
maps,” Journal of Vibration and Acoustics, vol. 116, no. 4, pp. 417–
425, 1994.
[29] Y. Lu, J. Tang, and H. Luo, “Wind turbine gearbox fault detection
using multiple sensors with features level data fusion,” Journal of
Engineering for Gas Turbines and Power, vol. 134, no. 4, Article
ID 042501, 2012.
[30] SpectraQuest, “Gearbox dynamics simulator operating manual,”
2009, http://spectraquest.com/drivetrains/details/gds/.
[31] E. J. Diehl, J. Tang, and H. DeSmidt, “Gear fault modeling and
vibration response analysis,” in Proceedings of the ASME 5th
Annual Dynamic Systems and Control Conference Joint with the
JSME 11th Motion and Vibration Conference, pp. 709–718, 2012.

Shock and Vibration
[32] T. Kiekbusch, D. Sappok, B. Sauer, and I. Howard, “Calculation
of the combined torsional mesh stiffness of spur gears with
two- and three-dimensional parametrical FE models,” Strojniški
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A methodology to estimate the shear model of seismically excited, torsionally coupled buildings using acceleration measurements
of the ground and floors is presented. A vector parameterization that considers Rayleigh damping for the building is introduced
that allows identifying the stiffness/mass and damping/mass ratios of the structure, as well as their eccentricities and radii of
gyration. This parameterization has the advantage that its number of parameters is smaller than that obtained with matrix
parameterizations or when Rayleigh damping is not used. Thus, the number of spectral components of the excitation signal required
to identity the structural parameters is reduced. To deal with constant disturbances and measurement noise that corrupt acceleration
measurements, Linear Integral Filters are used that guarantee elimination of constant disturbances and attenuation of noise.

1. Introduction
The parameter identification of torsionally coupled shear
building models has been a topic of interest in the last
three decades [1–13]. Its identification is important because
it allows verifying the structural health, or designing control
law techniques that attenuate the vibration of the building
when it is excited by external forces as earthquakes or wind
[14–16]. This kind of model more closely approximates a
shear building than the planar frame model, which is widely
used in the literature [17–19]. The reason is that most buildings present torsional movements under purely translational
excitations since their centers of resistance and mass do
not generally coincide [20]. Although in some identification
schemes buildings are modeled as two independent planar
frames where torsional motion is neglected, the focus in
this paper is in recovering the model of buildings where
the centers of mass and the centers of torsion in each floor
do not coincide and, therefore, significant torsional motions
are expected. There are significant differences between the
responses of these two approaches, whose comparison is
beyond the scope of this paper.

References [1–8] propose techniques to estimate the
modal parameters of torsionally coupled buildings using
acceleration measurements. Li and Mau [1] present a methodology that identity the modal parameters by minimizing
the error between the measured accelerations and the ones
predicted by the solution of the Duhamel integral. Ueng et al.
[2], Lin et al. [3], and Nayeri et al. [4] obtain the parameters
of a structure excited by means of ambient vibrations; [2, 3]
combine an extended decrement random method and the
Ibrahim Time Domain estimation technique, whereas [4]
identifies a full-scale 17-story building using the NExT/ERA
(Natural Excitation Technique in conjunction with the
Eigensystem Realization Algorithm) and a time domain
identification technique for chain-like MDOF systems. In
[5, 6], identification techniques that employ the Eigensystem
Realization Algorithm (ERA) in order to generate a building
state space model are proposed. Hegde and Sinha [6] use only
acceleration measurements of the top and first floor levels,
but their method is applied only to structures whose masses
and eccentricities are equal for all stories. Antonacci et al.
[7] identify the modal parameters by means of the following
methods: Enhanced Frequency Domain Decomposition

2
(EFFD), ERA, Stochastic Subspace Identification (SSI),
and Time-Frequency Instantaneous Estimators (TFIE).
The algorithms in [8, 9] estimate the stiffness matrix of
torsionally coupled buildings; Torkamani and Ahmadi [8]
firstly identify the natural frequencies and modal shapes by
means of the Fourier spectra of the acceleration of the floors;
then, a parameter identification technique, which assumes
knowledge of the building floors masses, is used to obtain
the stiffness matrix. Omrani et al. [9] obtain the stiffness
matrix from a methodology that uses the structure response
to ambient excitation and the knowledge of all the masses
and eccentricities of the floors. Wang et al. [10] proposed a
procedure that combines the identification technique SRIM
(System Realization using Information Matrix) and a damage
index in order to estimate the damage of torsional coupled
buildings. Angeles-Cervantes and Alvarez-Icaza [13] propose
a technique that combines the online Least Squares Method
with a parametrization of the building, which in the sequel
will be called matrix parameterization, that is used for estimating the complete matrices M−1 K and M−1 C of the structure, where M, K, and C are the mass, stiffness, and damping
matrices, respectively; however, the identified matrices are
overparameterized and, as a consequence the stiffness/mass
and damping/mass ratios of the structure cannot be uniquely
identified; in addition, with this parameterization, the zeros
entries of the matrices M−1 K and M−1 C are also identified,
which greatly increases the number of parameters to be
estimated. Finally, [11, 12] propose an identification approach,
based on the unscented Kalman filter, that identifies the
stiffness and damping parameters of a torsionally coupled
building, as well as the Bouc-Wen model parameters
that represent the hysteretic response of each lateral load
resisting elements of the structure; the algorithm in [12] is an
extension of [11] and also estimates the mass eccentricities of
the building; the unscented Kalman filter, proposed in these
two references, uses only acceleration measurements and
also estimates the velocity and displacement of the structure,
thus avoiding the numerical integration of the acceleration
measurements, which leads to velocity and displacement
histories that drift away linearly and quadratically with the
time, respectively [21]. The approach in [11] attenuates measurement noise; however, the constant disturbance voltage
in accelerometers output cannot be eliminated by a Kalman
filter. The usual approach to eliminate these constant disturbances is the offline processing of the accelerometer signals.
This paper presents an identification technique that
estimates the parameters of a torsionally coupled building
model, which exhibits torsionally movements under purely
translational excitations due to a seismic event. A vector
parameterization of the building is proposed that has the
following characteristics: (1) it assumes that the structure
has classical Rayleigh damping and (2) it contains a vector
whose entries depend on the building stiffness/mass ratios,
which are estimated using accelerations measurements of the
ground and floors. Once that these ratios are identified, it is
possible to estimate the building damping/mass ratios and the
modal parameters; additionally, it is also possible to identify
the radii of gyration and eccentricities of the floors and the
stiffness, damping, and mass matrices of the structure.
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In contrast to the estimation methods in [6, 8, 9], the
proposed technique does not assume that the eccentricities
of all the floors are in the same direction or that all the
floor masses are equal or known. The proposed vector
parameterization is combined with the offline or with the
online Least Squares Method (LSM) and can be used for
estimating the complete model of the structure if all the floors
are instrumented or be employed for identifying a reduced
model of the building, if only some floors are equipped with
accelerometers.
Assuming Rayleigh damping for the structure permits
reducing the number of parameters contained in the proposed vector parameterization, since it is composed only
of stiffness/mass ratios instead of stiffness/mass and damping/ratios as in the matrix parameterization [13] or the work
of Omrani et al. [12]. The number of parameters contained in
the vector parameterization is thus reduced with the positive
impact on the (1) reduction of the computational effort that
allows implementing the online LSM and (2) the reduction
of the spectral richness of the excitation signal required to
uniquely estimate the structural parameters.
This paper extends the use of the Linear Integral Filters
(LIF), first introduced in [19], to eliminate constant disturbances in the acceleration measurements and to attenuate measurement noise, to the parameter estimation of
torsionally coupled building models, a more challenging
problem when real-time estimation is desired, as the number
of parameters involved in the torsion based model greatly
increases.
The paper is organized as follows. Section 2 describes
the model of a torsionally coupled multistory building.
Section 3 presents the proposed vector parameterization and
introduces the LIF. Section 4 shows both the offline and the
online LSMs employed to estimate the stiffness/mass ratios
and describes the methodology that allows estimating the
damping/mass ratios, eccentricities, radii of gyration, and the
mass, stiffness, and damping matrices of the structure. Experimental results in a five-story torsional building obtained with
the vector parameterization and the LSM are presented in
Section 5; three cases are considered, the first where all the
floors are instrumented, the second where only the first, third,
and fifth stories are equipped with accelerometers, and the
third where only the first and the top floors are instrumented.
Finally, Section 6 establishes the conclusions of this paper.

2. Mathematical Model of a Torsionally
Coupled Shear Building
Figure 1 shows a torsionally coupled shear building that is
seismically excited, where the centers of mass and centers of
resistance of the floors do not lie on one vertical axis. The
building model is defined as [2, 10, 22, 23]
M (𝑈̈ + 𝑈̈ 𝑔 ) + C𝑈̇ + K𝑈 = 𝑂3𝑛×1 ,

(1)

where M, K, and C are, respectively, the mass, stiffness, and
damping matrices. Moreover, the variable 𝑂V×𝑤 denotes a
zero matrix of size V × 𝑤, and 𝑈̈ 𝑔 represents the absolute
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Mass matrix M is

ground acceleration induced by an earthquake, which is given
by
𝑈̈ 𝑔 =

𝑚𝑓 𝑂𝑛×𝑛 𝑂𝑛×𝑛
]
[
3𝑛×3𝑛
]
.
M=M =[
[𝑂𝑛×𝑛 𝑚𝑓 𝑂𝑛×𝑛 ] ∈ 𝑅
[𝑂𝑛×𝑛 𝑂𝑛×𝑛 𝐼𝑓 ]

𝑇
𝑇
𝑇
[𝑈̈ 𝑔𝑥 , 𝑈̈ 𝑔𝑦 , 𝑂1×𝑛 ] ,

𝑇

𝑈̈ 𝑔𝑥 = [1, . . . , 1]𝑇 𝑢̈ 𝑔𝑥 ∈ 𝑅𝑛×1 ,

(2)

The entries 𝑚𝑓 and 𝐼𝑓 of M are, respectively, diagonal
matrices that contain the masses of the stories and the
moment of inertia of them about the vertical axis that pass
through their center of mass. These matrices are given by

𝑈̈ 𝑔𝑦 = [1, . . . , 1]𝑇 𝑢̈ 𝑔𝑦 ∈ 𝑅𝑛×1 ,
where 𝑛 is the total number of floors and the terms 𝑢̈ 𝑔𝑥 and
𝑢̈ 𝑔𝑦 are the ground accelerations in the 𝑥 and 𝑦 directions,
respectively. Furthermore, vector 𝑈 is defined as
𝑈=

𝑇
[𝑈𝑥𝑇 , 𝑈𝑦𝑇, 𝑈𝜃𝑇 ] ,

𝑚𝑓 = diag (𝑚1 , 𝑚2 , 𝑚3 , 𝑚4 , . . . , 𝑚𝑛 ) ,

(3)

𝐼𝑓 = diag (𝐼1 , 𝐼2 , 𝐼3 , 𝐼4 , . . . , 𝐼𝑛 )

where 𝑈𝑖 ∈ 𝑅𝑛×1 , 𝑖 = 𝑥, 𝑦, 𝜃, is the displacement vector in the
𝑖th coordinate and 𝑈̇ and 𝑈̈ are the first and the second time
derivatives of 𝑈. Vectors 𝑈𝑖 , 𝑖 = 𝑥, 𝑦, 𝜃, have the following
structure:

where diag(𝑝) is a square diagonal matrix with the elements
of the vector 𝑝 on the main diagonal, 𝑚𝑖 and 𝐼𝑖 , 𝑖 = 1, 2, . . . , 𝑛,
are, respectively, the lumped mass and the moment of inertia
at floor 𝑖; moreover, 𝑟𝑖 is the radius of gyration of the 𝑖th floor
around the vertical axis passing through its centers of mass.
On the other hand, the structure of the stiffness matrix K is
the following:

𝑇

𝑇

(4)

𝑇

𝑈𝜃 = [𝜃1 , 𝜃2 , . . . , 𝜃𝑛 ] .

𝐾𝑋𝑋 𝑂𝑛×𝑛 𝐾𝑋Θ
]
[
3𝑛×3𝑛
[
,
K = K = [𝑂𝑛×𝑛 𝐾𝑌𝑌 𝐾𝑌Θ ]
]∈𝑅
𝑇
𝑇
[ 𝐾𝑋Θ 𝐾𝑌Θ 𝐾ΘΘ ]

Note from Figure 1 that each story has three displacements, two in the 𝑥 and 𝑦 directions relative to the ground
and a rotation of its center of mass about the vertical axis.
Moreover, the terms cm and cr in this figure denote the center
of mass and the center of resistance of the corresponding
story, respectively.

−𝐾𝑥2
0
𝐾𝑥1 + 𝐾𝑥2
[
𝐾𝑥2 + 𝐾𝑥3
−𝐾𝑥3
[ −𝐾𝑥2
[
[
0
−𝐾𝑥3
𝐾𝑥3 + 𝐾𝑥4
=[
[
[
..
..
..
[
.
.
.
[

𝐾𝑋𝑋

0

[

𝐾𝑌𝑌

0

0

𝐾𝑋Θ

[

𝑇

(7)

where the submatrices of K have a size of 𝑛×𝑛 and are defined
as

⋅⋅⋅
⋅⋅⋅
⋅⋅⋅
d

0

]
0 ]
]
0 ]
],
]
.. ]
. ]
]

(8)

⋅ ⋅ ⋅ 𝐾𝑥𝑛 ]

−𝐾𝑦2
0
𝐾𝑦1 + 𝐾𝑦2
[ −𝐾
𝐾𝑦2 + 𝐾𝑦3
−𝐾𝑦3
[
𝑦2
[
[
0
−𝐾𝑦3
𝐾𝑦3 + 𝐾𝑦4
=[
[
[
..
..
..
[
.
.
.
[
0
0
0
[
[
[
[
[
= −[
[
[
[
[

(6)

= diag (𝑚1 𝑟12 , 𝑚2 𝑟22 , 𝑚3 𝑟32 , 𝑚4 𝑟42 , . . . , 𝑚𝑛 𝑟𝑛2 ) ,

𝑈𝑥 = [𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ] ,
𝑈𝑦 = [𝑦1 , 𝑦2 , . . . , 𝑦𝑛 ] ,

(5)

⋅⋅⋅

0

0 ]
]
]
⋅⋅⋅ 0 ]
],
]
.. ]
d . ]
]
⋅ ⋅ ⋅ 𝐾𝑦𝑛 ]
⋅⋅⋅

(9)

𝑒𝑦1,1 𝐾𝑥1 + 𝑒𝑦1,2 𝐾𝑥2

−𝑒𝑦2,2 𝐾𝑥2

0

⋅⋅⋅

0

−𝑒𝑦1,2 𝐾𝑥2

𝑒𝑦2,2 𝐾𝑥2 + 𝑒𝑦2,3 𝐾𝑥3

−𝑒𝑦3,3 𝐾𝑥3

⋅⋅⋅

0

0

−𝑒𝑦2,3 𝐾𝑥3

𝑒𝑦3,3 𝐾𝑥3 + 𝑒𝑦3,4 𝐾𝑥4 ⋅ ⋅ ⋅

0

..
.

..
.

..
.

d

0

0

0

⋅ ⋅ ⋅ 𝑒𝑦𝑛,𝑛 𝐾𝑥𝑛 ]

..
.

]
]
]
]
],
]
]
]
]

(10)
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𝐾𝑌Θ

[
[
[
[
=[
[
[
[
[

𝑒𝑥1,1 𝐾𝑦1 + 𝑒𝑥1,2 𝐾𝑦2

−𝑒𝑥2,2 𝐾𝑦2

0

⋅⋅⋅

0

−𝑒𝑥1,2 𝐾𝑦2

𝑒𝑥2,2 𝐾𝑦2 + 𝑒𝑥2,3 𝐾𝑦3

−𝑒𝑥3,3 𝐾𝑦3

⋅⋅⋅

0

0

−𝑒𝑥2,3 𝐾𝑦3

𝑒𝑥3,3 𝐾𝑦3 + 𝑒𝑥3,4 𝐾𝑦4 ⋅ ⋅ ⋅

0

..
.

..
.

..
.

d

0

0

0

⋅ ⋅ ⋅ 𝑒𝑥𝑛,𝑛 𝐾𝑦𝑛 ]

[

𝐾ΘΘ

𝐾𝜗1 −𝐾𝜗2 0
[
[−𝐾𝜗2 𝐾𝜗3 −𝐾𝜗4
[
[ 0 −𝐾
𝜗4 𝐾𝜗5
=[
[
[ .
..
..
[ ..
.
.
[
[ 0

0

0

⋅⋅⋅

0

⋅⋅⋅

0

⋅⋅⋅

0

d

..
.

]
]
]
]
],
]
]
]
]

..
.

]
]
]
]
],
]
]
]
]

(11)

(12)

⋅ ⋅ ⋅ 𝐾𝜗(2𝑛−1) ]

2
2
2
2
+ 𝐾𝑥2 𝑒𝑦1,2
+ 𝐾𝑦1 𝑒𝑥1,1
+ 𝐾𝑦2 𝑒𝑥1,2
,
𝐾𝜗1 = 𝐾𝜃1 + 𝐾𝜃2 + 𝐾𝑥1 𝑒𝑦1,1

𝐾𝜗2 = 𝐾𝜃2 + 𝐾𝑥2 𝑒𝑦1,2 𝑒𝑦2,2 + 𝐾𝑦2 𝑒𝑥1,2 𝑒𝑥2,2 ,
2
2
2
2
+ 𝐾𝑥3 𝑒𝑦2,3
+ 𝐾𝑦2 𝑒𝑥2,2
+ 𝐾𝑦3 𝑒𝑥2,3
,
𝐾𝜗3 = 𝐾𝜃2 + 𝐾𝜃3 + 𝐾𝑥2 𝑒𝑦2,2

𝐾𝜗4 = 𝐾𝜃3 + 𝐾𝑥3 𝑒𝑦2,3 𝑒𝑦3,3 + 𝐾𝑦3 𝑒𝑥2,3 𝑒𝑥3,3 ,

(13)

2
2
2
2
𝐾𝜗5 = 𝐾𝜃3 + 𝐾𝜃4 + 𝐾𝑥3 𝑒𝑦3,3
+ 𝐾𝑥4 𝑒𝑦3,4
+ 𝐾𝑦3 𝑒𝑥3,3
+ 𝐾𝑦4 𝑒𝑥3,4
,
2
2
+ 𝐾𝑦𝑛 𝑒𝑥𝑛,𝑛
.
𝐾𝜗(2𝑛−1) = 𝐾𝜃𝑛 + 𝐾𝑥𝑛 𝑒𝑦𝑛,𝑛

The elements 𝐾𝑥𝑖 and 𝐾𝑦𝑖 given in (8)–(11) are the equivalent
stiffness between floors 𝑖 and 𝑖 − 1 along the 𝑥- and 𝑦-axes,
respectively; 𝐾𝜃𝑖 in (13) is the torsional stiffness of the 𝑖th floor
about a vertical axis at its center of resistance. Moreover, 𝑒V𝑖,𝑖
and 𝑒V𝑖,𝑖+1 with V = 𝑥, 𝑦 denote the static eccentricities in Vaxis at floor 𝑖 with respect to stories 𝑖 and 𝑖 + 1, respectively.
The damping C of building (1) will be represented by a
Rayleigh damping matrix, which is given by
C = 𝑎0 M + 𝑎1 K,

(14)

where 𝑎0 and 𝑎1 are constants computed by the next equation
[17]:
1
𝜔𝑖
𝜁
[
] 𝑎0
𝜔
1[ 𝑖
] [ ] = [ 𝑖] ,
[
]
1
2
𝜁𝑗
𝜔𝑗 𝑎1
[ 𝜔𝑗
]

(15)

where 𝜁V and 𝜔V , V = 𝑖, 𝑗, are the damping ratio and natural
frequency of the Vth mode of the structure.
2.1. Assumptions. In order to apply the proposed identification technique, assume the following:
̇
(A1) Initial conditions 𝑈(0) and 𝑈(0)
are zero, which is
reasonable since the structure is at rest before an
earthquake.
(A2) Three acceleration measurements are available for
each floor, two in the 𝑥 direction and one in the 𝑦

direction, or vice versa. Thus, with these measurements it is possible to obtain the acceleration of the
centers of mass (CM) of the floors in the 𝑥 and 𝑦
directions, as well as their angular accelerations [3,
13]. Moreover, the ground accelerations in the 𝑥 and
𝑦 directions are also accessible.
Remark 1. In order to recover the acceleration of the CM
of each floor with three accelerometers, it is necessary to
determine the floor’s CM position. This point can be deduced
from the geometry of the story and the position and weight
of its columns. Note that the column weight depends on its
materials and dimensions.
Remark 2. The building can also be identified when only the
three acceleration measurements of 𝑛𝑟 floors are available,
where 𝑛𝑟 < 𝑛. In this case the torsional building is considered
as a structure with 𝑛𝑟 floors, where every condensed floor of
the building will consist of the instrumented level and all the
floors beneath it that are not instrumented:
̂ 𝑗⋆ of two natural frequencies 𝜔𝑖
̂ 𝑖⋆ and 𝜔
(A3) Estimates 𝜔
and 𝜔𝑗 of the structure are available. Note that these
estimated frequencies can be extracted from Fourier
spectra of the acceleration responses due to ambient
or force excitations of the building [24].
(A4) Estimates ̂𝜁𝑖⋆ and ̂𝜁𝑗⋆ of the damping ratios for the
𝑖th and 𝑗th modes are also accessible. These estimates
can be obtained using the recommended damping
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𝜃̈ n

cr

cm

mn

cm

Terms 𝑢̈ 𝑔𝑥𝑚 and 𝑢̈ 𝑔𝑦𝑚 are the measured accelerations
of the ground in the 𝑥 and 𝑦 directions, respectively. Variables 𝑈̈ 𝑥𝑚 = [𝑥̈ 1𝑚 , . . . , 𝑥̈ 𝑛𝑚 ]𝑇 , 𝑈̈ 𝑦𝑚 =
[𝑦̈ 1𝑚 , . . . , 𝑦̈ 𝑛𝑚 ]𝑇 , and 𝑈̈ 𝜃𝑚 = [𝜃̈ 1𝑚 , . . . , 𝜃̈ 𝑛𝑚 ]𝑇 are
vectors that contain the measured accelerations of the
centers of mass of the floors in the 𝑥, 𝑦, and 𝜃 directions, respectively. Moreover, the elements of the vectors 𝐷𝑥 = [𝑑𝑥1 , . . . , 𝑑𝑥𝑛 ]𝑇 , 𝐷𝑦 = [𝑑𝑦1 , . . . , 𝑑𝑦𝑛 ]𝑇 , 𝐷𝜃 =
[𝑑𝜃1 , . . . , 𝑑𝜃𝑛 ]𝑇 , and 𝑑𝑔𝑥 and 𝑑𝑔𝑦 are constant disturbances. Finally, the entries of 𝜎𝑥 = [𝜉𝑥1 , . . . , 𝜉𝑥𝑛 ]𝑇 ,
𝜎𝑦 = [𝜉𝑦1 , . . . , 𝜉𝑦𝑛 ]𝑇 , 𝜎𝜃 = [𝜉𝜃1 , . . . , 𝜉𝜃𝑛 ]𝑇 , and 𝜉𝑔𝑥 and
𝜉𝑔𝑦 are measurement noises.

cr

ÿ 1

cr
cm

ẍ 1

𝜃̈ 1

(18)

𝑈̈ 𝜃𝑚 = 𝑈̈ 𝜃 + 𝐷𝜃 + 𝜎𝜃 .

ẍ 2

m2

m1

𝑈̈ 𝑦𝑚 = 𝑈̈ 𝑦 + 𝐷𝑦 + 𝜎𝑦 ,

ẍ n

ÿ 2

𝜃̈ 2

𝑈̈ 𝑥𝑚 = 𝑈̈ 𝑥 + 𝐷𝑥 + 𝜎𝑥 ,

yn

Define the following vectors:

ü gx

𝑈̈ 𝑔𝑥𝑚 = [1, . . . , 1]𝑇 𝑢̈ 𝑔𝑥𝑚 ,

ü gy

𝑈̈ 𝑔𝑦𝑚 = [1, . . . , 1]𝑇 𝑢̈ 𝑔𝑦𝑚 ,
Figure 1: Torsionally coupled building with 𝑛 floors.

𝐷𝑔𝑥 = [1, . . . , 1]𝑇 𝑑𝑔𝑥 ,
𝐷𝑔𝑦 = [1, . . . , 1]𝑇 𝑑𝑔𝑦 ,

values for buildings, which depend on the structure
materials and can be found in Table 11.2.1 from [17].
The next values of damping are recommended, 1-2%
for steel buildings and 3–5% for reinforced concrete
buildings [18]. This assumption allows computing the
parameters 𝑎0 and 𝑎1 in (14) and (15) as follows:
𝑎0 = 2 (

𝑎1 = 2 (

̂ 2𝑗⋆ 𝜔
̂ 𝑗⋆ ̂𝜁𝑗⋆ − 𝜔
̂ 𝑖⋆ ̂𝜁𝑖⋆
̂ 2𝑖⋆ 𝜔
𝜔
̂ 2𝑗⋆
̂ 2𝑖⋆ − 𝜔
𝜔
̂ 𝑗⋆ ̂𝜁𝑗⋆
̂ 𝑖⋆ ̂𝜁𝑖⋆ − 𝜔
𝜔
̂ 2𝑖⋆
𝜔

−

̂ 2𝑗⋆
𝜔

𝜎𝑔𝑥 = [1, . . . , 1]𝑇 𝜉𝑔𝑥 ,

(19)

𝑇

𝜎𝑔𝑦 = [1, . . . , 1] 𝜉𝑔𝑦 ,
𝑇

𝑇
𝑇
𝑈̈ 𝑔𝑚 = [𝑈̈ 𝑔𝑥𝑚 , 𝑈̈ 𝑔𝑦𝑚 , 𝑂1×𝑛 ] ,
𝑇

𝑇
𝑇
𝐷𝑔 = [𝐷𝑔𝑥
, 𝐷𝑔𝑦
, 𝑂1×𝑛 ] ,

),

𝑇

𝑇
𝑇
𝜎𝑔 = [𝜎𝑔𝑥
, 𝜎𝑔𝑦
, 𝑂1×𝑛 ] .

(16)

Substituting the signals 𝑢̈ 𝑔𝑥 and 𝑢̈ 𝑔𝑦 (17) in (2) and using
the equations in (19) lead to

).

𝑈̈ 𝑔 = 𝑈̈ 𝑔𝑚 − 𝐷𝑔 − 𝜎𝑔 .
Remark 3. The proposed identification method does not need
the exact knowledge of the natural frequencies 𝜔𝑖 and 𝜔𝑗 used
to compute the parameters 𝑎0 and 𝑎1 . This fact is reflected in
Section 5.1, where the proposed method estimates practically
̂ 𝑗⋆ = 𝜔𝑗 ;
̂ 𝑖⋆ = 𝜔𝑖 , 𝜔
the same model in the next three cases: (a) 𝜔
̂ 𝑗⋆ = 0.5𝜔𝑗 ; and (c) 𝜔
̂ 𝑖⋆ = 1.5𝜔𝑖 , 𝜔
̂ 𝑗⋆ = 1.5𝜔𝑗 .
̂ 𝑖⋆ = 0.5𝜔𝑖 , 𝜔
(b) 𝜔
(A5) All the acceleration measurements are corrupted by
constant disturbances and measurement noise; that is,
𝑢̈ 𝑔𝑥𝑚 = 𝑢̈ 𝑔𝑥 + 𝑑𝑔𝑥 + 𝜉𝑔𝑥 ,
𝑢̈ 𝑔𝑦𝑚 = 𝑢̈ 𝑔𝑦 + 𝑑𝑔𝑦 + 𝜉𝑔𝑦 ,

Now define
𝑇

𝑇
𝑇
𝑇
𝑈̈ 𝑚 = [𝑈̈ 𝑥𝑚 , 𝑈̈ 𝑦𝑚 , 𝑈̈ 𝜃𝑚 ] ,
𝑇

𝐷 = [𝐷𝑥𝑇 , 𝐷𝑦𝑇 , 𝐷𝜃𝑇 ] ,

(21)

𝑇

𝜎 = [𝜎𝑥𝑇 , 𝜎𝑦𝑇 , 𝜎𝜃𝑇 ] .
Using this definition and (18) produces
𝑈̈ = 𝑈̈ 𝑚 − 𝐷 − 𝜎,

(17)

(20)

𝑇

𝑇

𝑇

where 𝑈̈ = [𝑈̈ 𝑥 , 𝑈̈ 𝑦 , 𝑈̈ 𝜃 ]𝑇 .

(22)

6

Shock and Vibration
The product −M−1 K𝑈 in (24) can be parameterized as

3. Vector Parameterization
Expression (1) is equivalent to
𝑈̈ + 𝑈̈ 𝑔 = −M−1 C𝑈̇ − M−1 K𝑈.

(23)

−M−1 K𝑈 = 𝑊Θ𝐾 ,

(24)

where the vector Θ𝐾 contains the stiffness/mass ratios of the
structure and is defined in (A.1); moreover,

Substituting C from (14) into (23) gives
𝑈̈ + 𝑈̈ 𝑔 + 𝑎0 𝑈̇ = −𝑎1 M−1 K𝑈̇ − M−1 K𝑈.

𝑤𝑥 𝑤𝜃 𝑂𝑧 𝑂V 𝑂𝑧 𝑂𝑧 𝑂V
]
[
3𝑛×(17𝑛−10)
]
𝑊=[
, 𝑧 = 𝑛 × (2𝑛 − 1) , V = 𝑛 × (3𝑛 − 2) ,
[𝑂𝑧 𝑂V 𝑤𝑦 −𝑤𝜃 𝑂𝑧 𝑂𝑧 𝑂V ] ∈ 𝑅
[𝑂𝑧 𝑂V 𝑂𝑧 𝑂V −𝑤𝑥 𝑤𝑦 −𝑤𝜃 ]
0
0
0
0
⋅⋅⋅
𝑥1 𝑥1 − 𝑥2
[
0
𝑥2 − 𝑥1 𝑥2 − 𝑥3
0
0
⋅⋅⋅
[0
[
[0
0
0
0
𝑥3 − 𝑥2 𝑥3 − 𝑥4 ⋅ ⋅ ⋅
𝑤𝑥 = − [
[
[.
..
..
..
..
..
[ ..
.
.
.
.
.
[
[0

0

0

𝜃1 −𝜃2 0
[ 0 0 −𝜃
[
1
[
𝑤𝜃 = [ .
..
..
[.
.
.
[.
[0

0

0

0

0

0

0

⋅⋅⋅

0

𝜃2 −𝜃3 ⋅ ⋅ ⋅

0
..
.

d

0

0

⋅ ⋅ ⋅ −𝜃𝑛−1 𝜃𝑛 ]

The matrix 𝑤𝑦 has the same structure as 𝑤𝑥 and uses the
signals 𝑦1 , . . . , 𝑦𝑛 .
Similarly, the product −𝑎1 M−1 K𝑈̇ in (24) is parameterized as follows:

(30)

The Laplace transform of (30) is given by
L [𝑈̈ + 𝑈̈ 𝑔 ] + 𝑎0 𝑠𝑈 = (𝑎1 𝑠L [𝑊] + L [𝑊]) Θ𝐾 .

(31)

Multiplying (31) by 𝑠3 in order to obtain only acceleration
signals leads to
𝑠3 L [𝑈̈ + 𝑈̈ 𝑔 ] + 𝑎0 𝑠4 L [𝑈]
= (𝑎1 𝑠4 L [𝑊] + 𝑠3 L [𝑊]) Θ𝐾 .

(32)

Equation (32) is equivalent to
̈
𝑠3 L [𝑈̈ + 𝑈̈ 𝑔 ] + 𝑎0 𝑠2 L [𝑈]
̈ + 𝑠L [𝑊])
̈ Θ𝐾 ,
= (𝑎1 𝑠2 L [𝑊]
where 𝑊̈ is the second time derivative of 𝑊 in (26).

..
.

(27)

⋅ ⋅ ⋅ 𝑥𝑛 − 𝑥𝑛−1 ]

(28)

Substituting the entries of the vector 𝑈̈ from (22) into 𝑊̈
leads to
𝑊̈ = 𝑊̈ 𝑚 − 𝛾 − 𝜐.

(34)

(29)

where 𝑊̇ is the time derivative of 𝑊 (26).
Equalities (25) and (29) allow writing expression (24) as
𝑈̈ + 𝑈̈ 𝑔 + 𝑎0 𝑈̇ = (𝑎1 𝑊̇ + 𝑊) Θ𝐾 .

0

]
]
]
]
] ∈ 𝑅𝑛×(2𝑛−1) ,
]
]
]
]

0]
]
]
∈ 𝑅𝑛×(3𝑛−2) .
.. ]
]
.]

..
.

̇ 𝐾,
−𝑎1 M K𝑈̇ = 𝑎1 𝑊Θ

0

(26)

0

..
.

−1

0

0

(25)

(33)

The matrix 𝑊̈ 𝑚 has the same structure as 𝑊̈ and is composed
of measured accelerations; moreover,
𝛾𝑥 𝛾𝜃 𝑂𝑧 𝑂V 𝑂𝑧 𝑂𝑧 𝑂V
]
[
]
𝛾=[
[𝑂𝑧 𝑂V 𝛾𝑦 −𝛾𝜃 𝑂𝑧 𝑂𝑧 𝑂V ]
[𝑂𝑧 𝑂V 𝑂𝑧 𝑂V −𝛾𝑥 𝛾𝑦 −𝛾𝜃 ]

(35)

∈ 𝑅3𝑛×(17𝑛−10) ,
𝜐𝑥 −𝜐𝜃 𝑂𝑧 𝑂𝑧 𝑂𝑧 𝑂𝑧 𝑂𝑧
[
]
3𝑛×(17𝑛−10)
]
𝜐=[
, (36)
[𝑂𝑧 𝑂𝑧 𝜐𝑦 𝜐𝜃 𝑂𝑧 𝑂𝑧 𝑂𝑧 ] ∈ 𝑅
𝑂
𝑂
𝑂
𝑂
−𝜐
𝜐
𝜐
𝑧
𝑧
𝑧
𝑥
𝑦
𝜃]
[ 𝑧
where 𝛾𝑥 , 𝛾𝑦 , and 𝛾𝜃 in (35) are obtained by replacing the
signals 𝑥𝑖 , 𝑦𝑖 , and 𝜃𝑖 with the disturbances 𝑑𝑥𝑖 , 𝑑𝑦𝑖 , and 𝑑𝜃𝑖
in the submatrices 𝑤𝑥 , 𝑤𝑦 , and 𝑤𝜃 given in (26). Similarly, 𝜐𝑥 ,
𝜐𝑦 , and 𝜐𝜃 are derived by substituting 𝑥𝑖 , 𝑦𝑖 , and 𝜃𝑖 with the
noises 𝜉𝑥𝑖 , 𝜉𝑦𝑖 , and 𝜉𝜃𝑖 in the submatrices 𝑤𝑥 , 𝑤𝑦 , and 𝑤𝜃 .
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Replacing 𝑈̈ 𝑔 (20), 𝑈̈ (22), and 𝑊̈ (34) into (33) gives
𝑠3 𝑌𝑚 (𝑠) + 𝑎0 𝑠2 L [𝑈̈ 𝑚 ]
= (𝑎1 𝑠 L [𝑊̈ 𝑚 ] + 𝑠L [𝑊̈ 𝑚 ]) Θ𝐾 + 𝑅 (𝑠) + Λ (𝑠) ,
2

𝑌𝑚 (𝑠) = L [𝑈̈ 𝑚 + 𝑈̈ 𝑔𝑚 ] ,

(37)
(38)

2

𝑅 (𝑠) = 𝑠 (𝐷 + 𝐷𝑔 ) + 𝑎0 𝑠𝐷 − 𝛾Θ𝐾 (𝑎1 𝑠 + 1) ,

(39)

Λ (𝑠)
= 𝑠3 [Σ𝑔 (𝑠) + Σ (𝑠)] + 𝑎0 𝑠2 Σ (𝑠)

(40)

− Υ (𝑠) Θ𝐾 (𝑎1 𝑠2 + 𝑠)
with Σ(𝑠) = L[𝜎], Σ𝑔 (𝑠) = L[𝜎𝑔 ], and Υ(𝑠) = L[𝜐].
Note that variables 𝑅(𝑠) and Λ(𝑠) depend on the constant
disturbances and the measured noise, respectively.
Equation (37) can be written in the time domain as
(2)

(2)

(1)

(3)
𝑦𝑚
(𝑡) + 𝑎0 𝑈̈ 𝑚 (𝑡) = (𝑎1 𝑊̈ 𝑚 (𝑡) + 𝑊̈ 𝑚 (𝑡)) Θ𝐾

where the superscript (𝑖), 𝑖 = 1, 2, represents the 𝑖th time
derivative, 𝑟(𝑡) = L−1 [𝑅(𝑠)], and 𝜆(𝑡) = L−1 [Λ(𝑠)].
In order to avoid the use of the derivatives of the measured
signals 𝑈̈ 𝑚 , 𝑈̈ 𝑔𝑚 , and 𝑊̈ 𝑚 and to attenuate the term 𝜆 that
depends on the measurement noise, (41) is integrated five
times over finite time periods using Linear Integral Filters
(LIF). Before carrying out this integration, it is useful to
define the next operator [25]:

𝑡

1
𝛿𝑛−1

∫

∫

𝜏1

𝑡−𝛿 𝜏1 −𝛿

⋅⋅⋅∫

𝜏𝑛−1

𝜌 (𝜏𝑛 ) 𝑑𝜏𝑛 ⋅ ⋅ ⋅ 𝑑𝜏1 ,

𝜏𝑛−1 −𝛿

(42)

where the expression ( 𝑤𝑗 ), 𝑤, 𝑗 = 1, 2, 3 in (45) and (46) is the
binomial coefficient.
Finally, the next vectorial parameterization is obtained
from (44):
𝜒 (𝑡) = Φ𝐾 (𝑡) Θ𝐾 + 𝐼5 [𝑟 (𝑡)] + 𝐼5 [𝜆 (𝑡)]

L [𝐼𝑛 {𝜌 (𝑡)}] =

1
1−𝑒
(
𝛿𝑛−1
𝑠

𝑛

) L [𝜌 (𝑡)] .

(43)

Applying the operator 𝐼5 [⋅] to (41) leads to
𝜒 (𝑡) = Φ𝐾 (𝑡) Θ𝐾 + 𝐼5 [𝑟 (𝑡)] + 𝐼5 [𝜆 (𝑡)] ,
3
}
1 {
𝐼2 { ∑ ( ) (−1)𝑗 𝑦𝑚 (𝑡 − 𝑗𝛿)}
3
𝛿
𝑗
{𝑗=0
}

with 𝜒(𝑡) ∈ 𝑅3𝑛×1 , Φ𝐾 (𝑡) ∈ 𝑅3𝑛×(17𝑛−10) is the regressor, and
Θ𝐾 ∈ 𝑅(17𝑛−10)×1 is the vector containing the stiffness/mass
ratios that will be estimated.
Proposition 4. The term 𝐼5 [𝑟(𝑡)] in (47) converges to zero at
𝑡 = 5𝛿.

Moreover, by substituting the variable Λ(𝑠) (40) into (43)
allows obtaining the Laplace transform of L(𝐼5 [𝜆]), which is
given by
L (𝐼5 [𝜆]) = [Σ (𝑠) + Σ𝑔 (𝑠)] 𝐻3 (𝑠)
+ (𝑎0 Σ (𝑠) − 𝑎1 Υ (𝑠) Θ𝐾 ) 𝐻2 (𝑠)

(48)

− Υ (𝑠) Θ𝐾 𝐻1 (𝑠) ,
𝐻1 (𝑠) = 𝑠𝛿𝐺 (𝑠) ,
(49)

𝐻3 (𝑠) = 𝑠3 𝛿𝐺 (𝑠) ,

5

1 − 𝑒−𝛿𝑠
𝐺 (𝑠) = (
) .
𝛿𝑠

(45)

(50)

Its frequency response is given by

5
  sin (𝜋𝜔/𝜔𝑐 ) 

𝐺 (𝑗𝜔) = 
 ,
 (𝜋𝜔/𝜔𝑐 ) 
𝜔𝑐 =

2𝜋
,
𝛿

𝑓𝑐 =

1
,
𝛿

(44)

3

}
𝑎 {2 2
+ 02 𝐼3 {∑ ( ) (−1)𝑗 𝑈̈ 𝑚 (𝑡 − 𝑗𝛿)} ,
𝛿
𝑗
{𝑗=0
}

(47)

where 𝐺(𝑠) is the following fifth-order low pass filter:

where 𝑛 is the number of integrations over finite time periods
and 𝛿 is the integration time period defined as 𝛿 = ℏ𝑇𝑠 , with
ℏ > 0 and 𝑇𝑠 as the sampling period. The Laplace transform
of (42) is given by
−𝛿𝑠

(46)

}
1 {1 1
+ 𝐼4 {∑ ( ) (−1)𝑗 𝑊̈ 𝑚 (𝑡 − 𝑗𝛿)} ,
𝛿
𝑗
}
{𝑗=0

𝐻2 (𝑠) = 𝑠2 𝛿𝐺 (𝑠) ,

𝐼𝑛 {𝜌 (𝑡)}

𝜒 (𝑡) =

}
𝑎1 { 2 2
𝐼3 { ∑ ( ) (−1)𝑗 𝑊̈ 𝑚 (𝑡 − 𝑗𝛿)}
2
𝛿
𝑗
{𝑗=0
}

Proof. See Appendix B.
(41)

+ 𝑟 (𝑡) + 𝜆 (𝑡) ,

=

Φ𝐾 (𝑡) =

(51)

where 𝜔𝑐 and 𝑓𝑐 determine the bandwidth of 𝐺(𝑠) and are
given in rad/s and Hz, respectively.
Let 𝜔1 , 𝜔2 , . . . , 𝜔3𝑛 = 𝜔max be all the natural frequencies of
the structure, which are ordered from the lowest to the highest frequency. If the structure is completely instrumented, it is
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suggested that the frequency 𝜔𝑐 in (51) is selected such that it
takes a value within the interval 𝜔𝑐 ∈ [2𝜔max , 4𝜔max ]. Values
of 𝜔𝑐 above this interval could deteriorate the performance of
the identification method, since high frequency noise could
be passed by the filters in (49). On the other hand, if only 𝑛𝑟
floors are instrumented, where 𝑛𝑟 < 𝑛 (see Remark 2), it is
recommended to select 𝛿 such that 𝜔𝑐 takes the value within
𝜔𝑐 ∈ [1.5𝜔3∗𝑛𝑟 , 2𝜔3∗𝑛𝑟 ]; for example, if a five-story structure
is instrumented in only four floors, then 𝛿 would be chosen
such that 𝜔𝑐 ∈ [1.5𝜔12 , 2𝜔12 ]. Note that, in the reduced
measurement case, only the first 3𝑛𝑟 natural frequencies of the
torsional building will be estimated, since a 𝑛𝑟 -story building
model will be obtained.

̂
̂
̂
−1
−1
−1
K and M
C of the building model (23). Matrix M
C is
M
obtained through the next expression:
̂
̂
−1
−1
C = 𝑎0 + 𝑎1 M
K.
M

(56)

The natural frequencies and modal damping of the
estimated building model can be obtained by means of the
roots of the next characteristic polynomial corresponding to
model (23):
̂
̂
−1
−1
C𝑠 + M
K = 𝑂3𝑛×3𝑛 .
𝐼3𝑛×3𝑛 𝑠2 + M

(57)

The roots of polynomial (57) are given by

4. Parameter Identification of the Building

𝛾𝑖 = −̂
𝛼𝑖 + 𝑗̂
𝜔𝑑𝑖 ,

4.1. Estimation of the Stiffness/Mass Ratios. The expression
(47) is valid for 𝑡 = 𝑘𝑇𝑠 , 𝑘 = 0, 1, 2, . . ., where 𝑇𝑠 is the
sampling period. Then, (47) can be written as
𝜒 (𝑘𝑇𝑠 ) = Φ𝐾 (𝑘𝑇𝑠 ) Θ𝐾 + 𝐼5 [𝜆 (𝑘𝑇𝑠 )] ,

𝑡 ≥ 5𝛿.

(52)

Omitting 𝑇𝑠 leads to
(53)

In order to estimate the stiffness/mass ratios of the
structure, the vector parameterization is combined with the
Least Squares Method (LSM) [26], which is given by
−1 𝑁

̂ 𝐾 = [ ∑ Φ𝑇 (𝑘) Φ𝐾 (𝑘)]
Θ
𝐾
𝑘=1

∑ Φ𝑇𝐾 (𝑘) 𝜒 (𝑘) ,

(54)

𝑘=1

where 𝑁 is the total number of samples of Φ𝐾 and 𝜒.
The stiffness/mass ratios can be also estimated online by
means of the recursive LSM, given by
̂ 𝐾 (𝑘 − 1) + 𝐿 (𝑘) 𝜖 (𝑘) ,
̂ 𝐾 (𝑘) = Θ
Θ

(58)

̂ 𝑖 = ̂𝜁𝑖 𝜔
̂ 𝑖,
𝛼
̂ 𝑑𝑖 = 𝜔
̂ 𝑖 √ 1 − ̂𝜁𝑖 ,
𝜔

̂ 𝑖 and ̂𝜁𝑖 , 𝑖 = 1, 2, . . . , 3𝑛, are the estimated natural frewhere 𝜔
quencies and damping ratios, respectively. They are computed
as
̂ 2𝑑𝑖 ,
̂ 2𝑖 + 𝜔
̂ 𝑖 = √𝛼
𝜔
̂𝑖
̂𝜁 = 𝛼
,
𝑖
̂𝑖
𝜔

(59)
𝑖 = 1, 2, . . . , 3𝑛.

It is worth mentioning that the estimated modal shape
matrix can be obtained by computing the eigenvectors of the
̂
−1
K.
matrix M

𝐿 (𝑘) = 𝑃 (𝑘 − 1) Φ𝑇𝐾 (𝑘)
−1

⋅ [𝛽𝐼3𝑛×3𝑛 + Φ𝐾 (𝑘) 𝑃 (𝑘 − 1) Φ𝑇𝐾 (𝑘)] ,
𝑃 (𝑘) =

𝑖 = 1, 2, . . . , 3𝑛

2

𝜒 (𝑘) = Φ𝐾 (𝑘) Θ𝐾 + 𝐼5 [𝜆 (𝑘)] .

𝑁

𝛼𝑖 − 𝑗̂
𝜔𝑑𝑖 ,
𝛾𝑖∗ = −̂

(55)

[𝑃 (𝑘 − 1) − 𝐿 (𝑘) Φ𝐾 (𝑘) 𝑃 (𝑘 − 1)]
,
𝛽

̂𝐾,
𝜖 (𝑘) = 𝜒 (𝑘) − Φ𝐾 (𝑘) Θ
where 𝜖(𝑘) is the output estimation error, 𝛽, 0 < 𝛽 ≤ 1,
is the forgetting factor, and 𝑃 = 𝑃𝑇 ∈ 𝑅17𝑛−10×17𝑛−10 is the
covariance matrix such that 𝑃 > 0. Note that the online LSM
allows detecting damage in a seismically excited structure by
observing the variations of the parameter estimates.
It is worth mentioning that, according to Proposition 4,
taking samples of 𝜒 and Φ𝐾 from 𝑡 = 5𝛿 to a final time 𝑡𝑓
assures that the LSM is insensible to constant disturbances.
4.2. Estimation of the Modal Parameters. Once that vector
̂ 𝐾 has been estimated, it is possible to construct matrices
Θ

4.3. Estimation of the Eccentricities and Radii of Gyration. In
order to identify the eccentricities 𝑒𝑥1,1 , 𝑒𝑥1,2 , . . . , 𝑒𝑥𝑛,𝑛 of the
structure, assume that the estimates 𝜃̂𝐾𝑦𝜃𝑧 of 𝜃𝐾𝑦𝜃𝑧 in (A.5),
𝑧 = 1, 2, . . . , 3𝑛 − 3, satisfy the following equalities:
𝜃̂𝐾𝑦𝜃(3𝑖) = (

̂
𝑒𝑥𝑖,𝑖+1
𝐾𝑦𝑖+1
𝑚𝑖+1

) = ̂𝑒𝑥𝑖,𝑖+1

̂
𝐾𝑦𝑖+1
𝑚𝑖+1

= ̂𝑒𝑥𝑖,𝑖+1 𝜃̂𝐾𝑦𝑦(2𝑖+1) ,
𝜃̂𝐾𝑦𝜃(3𝑖−1) = (

̂
𝑒𝑥𝑖+1,𝑖+1
𝐾𝑦𝑖+1
𝑚𝑖

) = ̂𝑒𝑥𝑖+1,𝑖+1

= ̂𝑒𝑥𝑖+1,𝑖+1 𝜃̂𝐾𝑦𝑦(2𝑖) ,
𝜃̂𝐾𝑦𝜃1 = (

𝑒𝑥1,1 𝐾𝑦1̂
𝑒𝑥1,2 𝐾𝑦2
+
)
𝑚1
𝑚1

̂
𝐾𝑦𝑖+1
𝑚𝑖

Shock and Vibration

9

= ̂𝑒𝑥1,1

̂
𝐾𝑦1
𝑚1

+ ̂𝑒𝑥1,2

̂
𝐾𝑦2
𝑚1

= ̂𝑒𝑥1,1 𝜃̂𝐾𝑦𝑦1 + ̂𝑒𝑥1,2 𝜃̂𝐾𝑦𝑦2 ,
(60)
where 𝑖 = 1, 2, . . . , 𝑛 − 1. From (60), the next estimates
̂𝑒𝑥1,1 , . . . , ̂𝑒𝑥𝑛,𝑛 of the eccentricities 𝑒𝑥1,1 , . . . , 𝑒𝑥𝑛,𝑛 are given by
̂𝑒𝑥𝑖,𝑖+1 =

𝜃̂𝐾𝑦𝜃(3𝑖)
,
𝜃̂

̂𝑒𝑥𝑖+1,𝑖+1 =

𝜃̂𝐾𝑦𝜃(3𝑖−1)
,
𝜃̂

̂𝑒𝑥1,1

𝐾𝑦𝑦(2𝑖+1)

(61)

𝐾𝑦𝑦(2𝑖)

𝜃̂𝐾𝑦𝜃1 − ̂𝑒𝑥1,2 𝜃̂𝐾𝑦𝑦2
=
.
𝜃̂

Figure 2: Torsionally coupled five-story building mounted on the
shaking table.

𝐾𝑦𝑦1

A similar procedure allows obtaining the estimates ̂𝑒𝑦1,1 , . . . ,
̂𝑒𝑦𝑛,𝑛 of the eccentricities 𝑒𝑦1,1 , . . . , 𝑒𝑦𝑛,𝑛 .
On the other hand, suppose that the estimates 𝜃̂𝐾𝑦𝜃𝑗⋆ of
𝜃𝐾𝑦𝜃𝑗⋆ in (A.7), 𝑗 = 1, 2, . . . , 𝑛, fulfill the next equality:
𝜃̂𝐾𝑦𝜃(2𝑗−1)⋆ = (
=

𝑒̂
𝑥𝑗,𝑗 𝐾𝑦𝑗
𝑚𝑗 𝑟𝑗2

)=

̂
𝐾𝑦𝑗
1
̂𝑒
2 𝑥𝑗,𝑗 𝑚
̂𝑟𝑗
𝑗

1
̂𝑒𝑥𝑗,𝑗 𝜃̂𝐾𝑦𝑦(2𝑗−1) , 𝑗 = 1, 2, . . . , 𝑛.
̂𝑟2𝑗

̂𝑠 =
𝑚

̂ 𝑦𝑠 = 𝑚
̂ 𝑠−1 𝜃̂𝐾𝑦𝑦(2𝑠−2) ,
𝐾

(62)

̂ 𝜗(2𝑖−1) = 𝑚
̂ 𝑖̂𝑟2𝑖 𝜃̂𝐾𝜃𝜃(3𝑖−2) ,
𝐾
̂ 𝜗(2𝑗) = 𝑚
̂ 𝑗̂𝑟2𝑗 𝜃̂𝐾𝜃𝜃(3𝑗−1) ,
𝐾
(64)
(63)

4.4. Estimation of the Mass, Stiffness, and Damping Matrices.
The next proposed methodology uses the knowledge of a
building floor mass in order to identify the mass, stiffness,
and damping matrices of the structure. Employing the entries
of the estimated vectors 𝜃̂𝐾𝑥𝑥 , 𝜃̂𝐾𝑦𝑦 , and 𝜃̂𝐾𝜃𝜃 of 𝜃𝐾𝑥𝑥 , 𝜃𝐾𝑦𝑦 ,
and 𝜃𝐾𝜃𝜃 given in (A.1) and assuming the knowledge of the
mass 𝑚1 , it is possible to compute the entries of the mass and
stiffness matrices as follows:

̂ 𝑥2 = 𝑚1 𝜃̂𝐾𝑥𝑥2 ,
𝐾
̂2 =
𝑚

̂ 𝑥2
𝐾
,
𝜃̂
𝐾𝑥𝑥3

̂ 𝑥3 = 𝑚
̂ 2 𝜃̂𝐾𝑥𝑥4 ,
𝐾
̂3 =
𝑚

̂ 𝑥3
𝐾
,
𝜃̂
𝐾𝑥𝑥5

̂ 𝑥𝑠 = 𝑚
̂ 𝑠−1 𝜃̂𝐾𝑥𝑥(2𝑠−2) ,
𝐾

,

̂ 𝑦2 = 𝑚1 𝜃̂𝐾𝑦𝑦2 ,
𝐾

𝐾𝑦𝜃(2𝑗−1)⋆

̂ 𝑥1 = 𝑚1 𝜃̂𝐾𝑥𝑥1 ,
𝐾

𝜃̂𝐾𝑥𝑥(2𝑠−1)

̂ 𝑦1 = 𝑚1 𝜃̂𝐾𝑦𝑦1 ,
𝐾

Then, the radius of gyration can be estimated as
̂𝑒𝑥𝑗,𝑗 𝜃̂𝐾𝑦𝑦(2𝑗−1)
̂𝑟𝑗 = √
, 𝑗 = 1, 2, . . . , 𝑛.
𝜃̂

̂ 𝑥𝑠
𝐾

where 𝑠 = 2, 3, . . . , 𝑛, 𝑖 = 1, 2, . . . , 𝑛, and 𝑗 = 1, 2, . . . , 𝑛 − 1.
The terms ̂𝑟21 , ̂𝑟22 , . . . , ̂𝑟2𝑛 are given in (63); on the other hand,
̂ of the damping matrix C can be computed by
an estimate C
the next expression:
̂
−1
̂=M
̂M
C,
C

(65)

̂ are the parameters 𝑚1 , 𝑚
̂ 2,
where the entries of the matrix M
̂
−1
̂ given in (64); moreover, M C is defined in (56). The
...,𝑚
𝑛

procedure is similar if any other mass 𝑚𝑖 is assumed to be
known.

Remark 5. Note that a parameter projection scheme as the
one presented in [19] can be applied to the estimates of
the denominators in (61), (63), and (64) in order to avoid
divisions by zero and to recursively identify the eccentricities,
radii of gyration, and the stiffness, mass, and damping
matrices.

5. Experimental Results
An experimental five-story torsional building, which is
shown in Figure 2, is used to verify the performance of the
vector parameterization combined with the LSM. The signals
𝜒 (45) and Φ𝐾 (46) of the parameterization and the LSM are
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(b) Photo of the accelerometers

(a) Position of the accelerometers

Figure 3: Position of the accelerometers in the floors.

coded using the Matlab/Simulink software. All the experiments use a sampling time 𝑇𝑠 of 2 ms and the integrals of Φ𝐾
and 𝜒 are computed through the trapezoidal numerical integration method. The experimental structure has dimensions
65 × 55 × 175.5 cm and is mounted on a shaking table, which
is actuated by servomotors from Parker model 406T03LXR,
that moved it over the 𝑥- and 𝑦-axes of the horizontal plane.
Each floor is made from aluminum; moreover, the center of
mass and resistance of each story do not coincide since only
one column is made from aluminum and the remaining three
columns are made from brass. Note that the stiffness of a
brass column is larger that the one of an aluminum column.
The dimensions of the columns of the first and the remaining
four floors are 0.635 × 0.635 × 31.5 cm and 0.635 × 0.635 ×
36 cm, respectively; in addition, the masses of the floors are
approximately given by 𝑚1 = 10.78 kg and 𝑚2 = 𝑚3 = 𝑚4 =
𝑚5 = 9.2 kg. It is important to mention that the first floor is
heavier that the others, since an iron mass of approximately
1.58 kg is added to its edge. Twelve laser sensors from MicroEpsilon, model optoNCDT 1302, measure the absolute position of the shaking table and floors; these sensors are not used
for parameter identification purposes. Two PCI-6221 boards
from National Instruments perform the data acquisition and
their communication with a personal computer is carried
out using the Matlab Real-Time Windows Target toolbox.
The absolute accelerations of the shaking table and floors
are measured through dual-axis accelerometers from Analog
Devices, model ADXL203, that have a range from −1.7 g to
1.7 g and can provide accelerations in the 𝑥- and 𝑦-axes. The
center of the shaking table contains an accelerometer that
measures its acceleration in both axes; moreover, each floor is
equipped with two accelerometers, represented as 𝐴 𝑐 and 𝐴 𝑠 ,
as shown in Figure 3; accelerometer 𝐴 𝑐 provides the absolute
accelerations of the center of mass (CM) of the floor in the 𝑥
and 𝑦 directions, which are denoted as 𝑥̈ 𝑐 and 𝑦̈ 𝑐 ; on the other
side, accelerometer 𝐴 𝑠 provides the absolute acceleration at
the point 𝑆 in the 𝑦 direction; this acceleration is denoted as
𝑦̈ 𝑠 . In order to compute the angular acceleration 𝜃̈ 𝑖𝑚 of the 𝑖th
floor, the following approximation is employed [13]:
𝑦̈ − 𝑦̈ 𝑖𝑐
,
𝜃̈ 𝑖𝑚 ≈ 𝑖𝑠
0.3 m

𝑖 = 1, 2, 3, 4, 5,

(66)

Table 1: Natural frequencies of the structure.
rad/s
𝜔1 = 9.588
𝜔2 = 9.971
𝜔3 = 14.476
𝜔4 = 29.814
𝜔5 = 30.775
𝜔6 = 43.335
𝜔7 = 46.213
𝜔8 = 48.418
𝜔9 = 60.978
𝜔10 = 63.020
𝜔11 = 68.550
𝜔12 = 72.005
𝜔13 = 72.319
𝜔14 = 90.289
𝜔15 = 110.081

Hz
𝑓1 = 1.526
𝑓2 = 1.587
𝑓3 = 2.304
𝑓4 = 4.745
𝑓5 = 4.898
𝑓6 = 6.897
𝑓7 = 7.355
𝑓8 = 7.706
𝑓9 = 9.705
𝑓10 = 10.030
𝑓11 = 10.910
𝑓12 = 11.460
𝑓13 = 11.510
𝑓14 = 14.370
𝑓15 = 17.520

where 𝑦̈ 𝑖𝑐 and 𝑦̈ 𝑖𝑠 are the absolute accelerations of the 𝑖th floor
at the points 𝐶 and 𝑆, respectively, and 0.3 m is the distance
between the accelerometers in the 𝑥 direction, as depicted in
Figure 3(a). On the other hand, the relative accelerations 𝑥̈ 𝑖𝑚
and 𝑦̈ 𝑖𝑚 of the 𝑖th floor, which are employed in the matrices
𝑈̈ 𝑚 and 𝑊̈ 𝑚 in (45)-(46), are obtained as follows:
𝑥̈ 𝑖𝑚 = 𝑥̈ 𝑖𝑐 − 𝑢̈ 𝑔𝑥𝑚 ,
𝑦̈ 𝑖𝑚 = 𝑦̈ 𝑖𝑐 − 𝑢̈ 𝑔𝑦𝑚 ,

(67)
𝑖 = 1, 2, 3, 4, 5,

where 𝑢̈ 𝑔𝑥𝑚 and 𝑢̈ 𝑔𝑦𝑚 are the accelerations provided by the
accelerometer of the shaking table.
Let 𝜔𝑖 and 𝑓𝑖 , 𝑖 = 1, 2, . . . , 15, be the natural frequencies
of the building in rad/s and Hz, respectively. Table 1 presents
the natural frequencies of the structure that are obtained
by exciting it through a chirp signal from 0.1 to 30 Hz. The
natural frequencies are between 9.588 and 110.081 rad/s or
1.526 and 17.520 Hz, and they are also shown in Figure 4,
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Figure 4: Fourier spectra of the acceleration measurements 𝑥̈ 2𝑚 , 𝑦̈ 2𝑚 , and 𝜃̈ 2𝑚 of the second floor.
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Figure 5: Acceleration measurements 𝑢̈ 𝑔𝑥𝑚 and 𝑢̈ 𝑔𝑦𝑚 of the shaking table.

which depicts the Fourier spectra of the acceleration measurements 𝑥̈ 2𝑚 , 𝑦̈ 2𝑚 , and 𝜃̈ 2𝑚 of the second floor. This chirp
signal is not used for estimating the parameter vector Θ𝐾
of the proposed parameterization given in (53). In order to
estimate Θ𝐾 , the experimental structure is excited through
the North-South and East-West components of the Mexico
City 1985 earthquake, which is fitted in amplitude to be in
agreement with the structure. Figures 5 and 6 depict the
acceleration measurements of the shaking table and fourth
floor, respectively; note that these measurements have offsets.
Notice in Figure 4 that the lower frequencies in Table 1 have
a small contribution in the spectra, a fact that will have an

impact on the identification of the lower frequencies as it will
be shown later.
5.1. Experimental Results Using the Acceleration Measurements
of All the Floors. This section presents the identified model
of the structure obtained using acceleration measurements
of all the floors and ground. It is assumed that estimates ̂𝜁1⋆
and ̂𝜁2⋆ of the damping ratios 𝜁1 and 𝜁2 of the structure are
equal to ̂𝜁1⋆ = ̂𝜁2⋆ = 1%. This assumption that the first
and second modes of the structure are equal is reasonable
based on experimental data [17]. The parameters ̂𝜁1⋆ and ̂𝜁2⋆
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Figure 6: Measured accelerations 𝑥̈ 4𝑚 , 𝑦̈ 4𝑚 , and 𝜃̈ 4𝑚 of the fourth floor that are produced by the Mexico City 1985 earthquake.

̂ 1⋆ = 𝜔1 and 𝜔
̂ 2⋆ = 𝜔2 are
and the natural frequencies 𝜔
substituted into (16) in order to compute the constants 𝑎0 and
𝑎1 , corresponding to the Rayleigh damping (14), whose values
are given by
𝑎0 = 0.09776,
𝑎1 = 0.001022.

(68)

Note that these constants are employed in the signals 𝜒 (45)
and Φ𝐾 in (46) of the proposed vector parameterization.
Tables 2 and 3 show, respectively, the identified natural
frequencies and damping ratios obtained for three different
values of the integration time period 𝛿, which are 𝛿1 =
0.016 s, 𝛿2 = 0.02 s, and 𝛿3 = 0.024 s. These modal parameters
̂
̂
−1
−1
are computed using (59) and matrices M
C and M
K in
̂𝐾
(57), which are constructed using the vector estimate Θ
produced by the offline LSM (54), which takes samples of 𝜒
and Φ𝐾 from 5𝛿 to 18 s. Table 2 also shows the identification
̃ 𝑖 in percentage (%) for the estimated natural frequency
error 𝜔
𝜔𝑖 , which is defined as

 ̂
𝜔 − 𝜔𝑖 
(69)
̃𝑖 =  𝑖
× 100, 𝑖 = 1, 2, . . . , 𝑛,
𝜔
𝜔𝑖
where 𝑛 = 15; note that the natural frequencies are identified
with an error less than 15% and that the larger errors in Table 2
correspond to frequencies with low magnitude in Figure 4.
On the other hand, the following index 𝐸𝜔̃ ,
𝑛

̃ 2𝑖 ,
𝐸𝜔̃ = √ ∑𝜔
𝑖=1

(70)

is also presented in Table 2 and it is computed in order to
validate the quality of the identified model; the smaller the
value of 𝐸𝜔̃ , the better the quality of the identified building
model. Moreover, Figures 8(a) and 8(b) exhibit the graphs
𝐸𝜔̃ versus 𝛿 and 𝐸𝜔̃ versus 𝜔𝑐 , respectively. Note that relative
low values of 𝐸𝜔̃ appear within 𝛿 = [0.014, 0.028] s or within
𝜔𝑐 = [2𝜔15 , 4𝜔15 ] rad/s.
Let ̂V̈𝑖 , V = 𝑥, 𝑦, 𝜃, 𝑖 = 1, 2, . . . , 𝑛, be the responses predicted through the identified model. Figure 7 shows the timê̈ , corresponding to the identified
̂̈ 4 and 𝑦
history responses 𝑥
5
model obtained with 𝛿 = 𝛿1 , and they are compared with
the acceleration measurements 𝑥̈ 4𝑚 and 𝑦̈ 5𝑚 , respectively.
It is shown that these estimated responses are close to the
measured ones.
Table 4 shows the nominal and estimated eccentricities
and radii of gyration of the building; these estimates are
produced by (61) and (63) and the stiffness/mass ratios of the
̂ 𝐾 identified with the offline LSM with 𝛿 = 𝛿1 . From
vector Θ
Table 4, it is possible to see that the estimated radii of gyration
are between 23.38 and 27.76 cm; moreover, the estimated
eccentricities in the 𝑥- and 𝑦-axes take a value between
1.24 and 3.92 cm and −0.26 and 10.66 cm, respectively. It is
important to mention that 𝑒𝑦1,1 has a high value since the iron
mass added to the edge of the first floor moves the center of
mass of this story away from its geometric center.
To compare the obtained results and to analyze the larger
errors in the lower frequencies, the nominal values of the
experimental structure were computed by measuring the
mass of each floor and calculating the stiffness using the
dimensions, moments of inertia, and the columns’ Young
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Table 2: Estimated natural frequencies.

̂ 𝑖 with 𝛿1
Natural frequency (rad/s) Estimate 𝜔
𝜔1 = 9.588
10.948
11.372
𝜔2 = 9.971
14.696
𝜔3 = 14.476
31.937
𝜔4 = 29.814
32.834
𝜔5 = 30.775
45.563
𝜔6 = 43.335
48.677
𝜔7 = 46.213
50.344
𝜔8 = 48.418
62.049
𝜔9 = 60.978
63.904
𝜔10 = 63.020
69.844
𝜔11 = 68.550
71.580
𝜔12 = 72.005
72.729
𝜔13 = 72.319
89.871
𝜔14 = 90.289
100.990
𝜔15 = 110.081

Error (%)
̃
𝜔1 = 14.186
̃ 2 = 14.048
𝜔
̃ 3 = 1.518
𝜔
̃ 4 = 7.120
𝜔
̃ 5 = 6.690
𝜔
̃ 6 = 5.141
𝜔
̃ 7 = 5.332
𝜔
̃ 8 = 3.978
𝜔
̃ 9 = 1.756
𝜔
̃
𝜔10 = 1.402
̃ 11 = 1.889
𝜔
̃ 12 = 0.591
𝜔
̃ 13 = 0.567
𝜔
̃ 14 = 0.463
𝜔
̃ 15 = 8.258
𝜔
𝐸𝜔̃ = 25.392

̂ 𝑖 with 𝛿2
Estimate 𝜔
10.785
11.244
14.005
31.831
32.560
45.015
48.498
49.978
61.882
63.524
69.389
71.275
72.243
89.087
100.112

8

Error (%)
̃
𝜔1 = 12.485
̃ 2 = 12.763
𝜔
̃ 3 = 3.2540
𝜔
̃ 4 = 6.765
𝜔
̃ 5 = 5.799
𝜔
̃ 6 = 3.877
𝜔
̃ 7 = 4.944
𝜔
̃ 8 = 3.221
𝜔
̃ 9 = 1.482
𝜔
̃ 10 = 0.800
𝜔
̃ 11 = 1.224
𝜔
̃ 12 = 1.014
𝜔
̃ 13 = 0.106
𝜔
̃ 14 = 1.332
𝜔
̃ 15 = 9.056
𝜔
𝐸𝜔̃ = 23.405

̂ 𝑖 with 𝛿3
Estimate 𝜔
10.752
11.153
14.572
31.766
32.346
44.636
48.368
49.678
61.729
63.196
68.910
71.015
71.791
88.279
99.030

Error (%)
̃
𝜔1 = 12.139
̃ 2 = 11.853
𝜔
̃ 3 = 0.659
𝜔
̃ 4 = 6.548
𝜔
̃ 5 = 5.103
𝜔
̃ 6 = 3.003
𝜔
̃ 7 = 4.664
𝜔
̃ 8 = 2.603
𝜔
̃ 9 = 1.231
𝜔
̃
𝜔10 = 0.280
̃ 11 = 0.5255
𝜔
̃ 12 = 1.375
𝜔
̃ 13 = 0.731
𝜔
̃ 14 = 2.226
𝜔
̃ 15 = 10.040
𝜔
𝐸𝜔̃ = 22.468
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Figure 7: Comparison between predicted responses by the identified model and the acceleration measurements.

elastic modulus of the experimental building [17]. Using
the precise knowledge of the mass of the first floor 𝑚1 =
10.78 kg and the final estimates of the vector of parameters,
the estimated mass and stiffness matrices were computed
according to the procedure detailed in Section 4. The nominal
natural frequencies are the ones obtained by substituting the
nominal mass and stiffness matrices into (5) and (7). The
results are presented in Table 5 that shows that most of the
entries of the estimated mass and stiffness matrices and most
of the natural frequencies are close to their nominal values.
̂1
Also note that the first two estimated natural frequencies 𝜔
̂ 2 are, respectively, closer to the frequencies 𝜔1nom and
and 𝜔
𝜔2nom than to the frequencies 𝜔1 and 𝜔2 in Table 1.
̂ 𝑖 , 𝑖 = 1, 2,
Remark 6. The estimated natural frequencies 𝜔
. . . , 𝑛, can also be calculated using the nominal frequencies
𝜔𝑖nom in Table 5 instead of the frequencies 𝜔𝑖 in Table 1, which
are obtained with the Fourier spectra of the acceleration measurements. In other words, the index 𝐸𝜔̃ in (70) could have

been calculated using 𝜔𝑖nom in place of 𝜔𝑖 . Since the natural
frequencies, computed with the Fourier spectra, are usually
selected in the literature for model validation [8, 13], this
paper employs the frequencies 𝜔𝑖 for this purpose.
On the other hand, Figures 9 and 10 depict the time
̂𝐾,
evolution of the stiffness/mass ratios of the vector Θ
which are estimated through the online LSM (55) with
𝛿 = 𝛿1 . Note that these parameters converge at 7.5 s to
a small neighborhood around a constant value. Moreover,
̂ 𝑥𝑖 , 𝑖 = 1, 2, . . . , 5,
Figure 10(d) shows the estimated stiffness 𝐾
which are obtained using (64) and the parameter projection
scheme in [19]. It is worth mentioning that the initial values
̂ 𝐾 (0) =
employed by the online LSM are 𝑃(0) = 1000𝐼75×75 , Θ
500[1, 1, 1, . . . , 1, 1]𝑇 ∈ 𝑅75×1 , and 𝛽 = 0.9999.
5.2. Case in Which Exact Knowledge of Two Natural Frequencies of the Building Is Not Available. If exact knowledge of two
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Figure 9: Estimated vectors 𝜃̂𝐾𝑥𝑥 , 𝜃̂𝐾𝑥𝜃 , 𝜃̂𝐾𝑦𝑦 , and 𝜃̂𝐾𝑦𝜃 .

natural frequencies of the building is not available, then the
iterative technique shown in Figure 11 can be used to estimate
the parameters of the structure, where 𝐿 is the number of
iterations and is generally equal to three or four. Table 6
̂ 𝑖 and damping ratios ̂𝜁𝑖 ,
presents the natural frequencies 𝜔
𝑖 = 1, 2, . . . , 𝑛, identified after three iterations, that is, 𝐿 =
3, using the offline LSM with 𝛿1 and the initial parameters
̂ 2⋆ = 0.5𝜔2 in (16), which have an error of
̂ 1⋆ = 0.5𝜔1 and 𝜔
𝜔
50% with respect to 𝜔1 and 𝜔2 . Note that the estimated natural
frequencies and damping ratios in Table 6 are similar to those
in Tables 2 and 3 for 𝛿1 . It is important to mention that the
same parameters in Table 6 are obtained if the initial param̂ 2⋆ are equal to 𝜔
̂ 1⋆ = 1.5𝜔1 and 𝜔
̂ 2⋆ = 1.5𝜔2 .
̂ 1⋆ and 𝜔
eters 𝜔

̂ 15⋆ , ̂𝜁1⋆ , and ̂𝜁15⋆
̂ 1⋆ , 𝜔
5.3. Case in Which the Parameters 𝜔
Are Employed for Computing 𝑎0 and 𝑎1 in (16). This section
̂ 15⋆ ,
̂ 1⋆ , 𝜔
shows the results obtained when the parameters 𝜔
̂𝜁 , and ̂𝜁 are used in (16) for computing the parameters
1⋆
15⋆
𝑎0 and 𝑎1 of the vector parameterization. Table 7 shows the
̂ 𝑖 and damping ratios ̂𝜁𝑖 , 𝑖 = 1, 2, . . . , 15,
natural frequencies 𝜔
estimated for two cases: one considers that ̂𝜁15⋆ = 5% and
the other considers that ̂𝜁15⋆ = 10%; in both cases the offline
̂ 1⋆ = 𝜔1 , 𝜔
̂ 15⋆ = 𝜔15 , and
LSM and the parameters 𝛿 = 𝛿3 , 𝜔
̂𝜁 = 1% are used. Moreover, Figure 12 presents the variation
1⋆
of the index 𝐸𝜔̃ with respect to ̂𝜁15⋆ , which increases from
1% to 20%, where ̂𝜁1⋆ is kept fixed to 1%; note that the best
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Figure 10: Estimated vectors 𝜃̂𝐾𝑥𝜃⋆ , 𝜃̂𝐾𝑦𝜃⋆ , and 𝜃̂𝐾𝜃𝜃 , as well as the identified stiffness 𝐾

Table 3: Estimated damping ratios.
Estimate in %
with 𝛿1
̂𝜁 = 1.006
1
̂𝜁 = 1.011
2
̂𝜁 = 1.084
3
̂𝜁 = 1.786
4
̂𝜁 = 1.827
5
̂𝜁 = 2.437
6
̂𝜁 = 2.589
7
̂𝜁 = 2.671
8
̂𝜁 = 3.251
9
̂𝜁 = 3.344
10
̂𝜁 = 3.641
11
̂𝜁 = 3.728
12
̂𝜁 = 3.785
13
̂𝜁 = 4.649
14
̂𝜁 = 5.211
15

Estimate in %
with 𝛿2
̂𝜁 = 1.005
1
̂𝜁 = 1.010
2
̂𝜁 = 1.065
3
̂𝜁 = 1.781
4
̂𝜁 = 1.815
5
̂𝜁 = 2.410
6
̂𝜁 = 2.580
7
̂𝜁 = 2.653
8
̂𝜁 = 3.243
9
̂𝜁 = 3.325
10
̂𝜁 = 3.618
11
̂𝜁 = 3.712
12
̂𝜁 = 3.761
13
̂𝜁 = 4.609
14
̂𝜁 = 5.167
15

Estimate in %
with 𝛿3
̂𝜁 = 1.005
1
̂𝜁 = 1.009
2
̂𝜁 = 1.089
3
̂𝜁 = 1.777
4
̂𝜁 = 1.804
5
̂𝜁 = 2.399
6
̂𝜁 = 2.572
7
̂𝜁 = 2.640
8
̂𝜁 = 3.234
9
̂𝜁 = 3.311
10
̂𝜁 = 3.594
11
̂𝜁 = 3.702
12
̂𝜁 = 3.738
13
̂𝜁 = 4.565
14
̂𝜁 = 5.110
15

quality 𝐸𝜔̃ of the building model appears when ̂𝜁15⋆ takes a
value between 1 and 10%. It is worth mentioning that the

damping ratios ̂𝜁𝑖 , 𝑖 = 1, 2, . . . , 15, in Table 7 for ̂𝜁15⋆ = 5%
are similar to the ones in Table 3.
5.4. Estimation of the Building Using Reduced Measurements.
This section presents the identification of the structure using
the vector parameterization, when only some floors are
equipped with accelerometers. This estimation procedure
that uses reduced measurements has the same objective as the
condensation method [18], which provides a reduced degrees
of freedom model for structures. Tables 8 and 9 present the
estimated natural frequencies and damping ratios of a threestory reduced model, which are obtained when only the first,
third, and fifth stories of the building are instrumented and
when it is excited through the earthquake in Figure 5. These
parameters are computed by means of the offline LSM using
𝛿4 = 0.056 s, 𝛿5 = 0.06 s, 𝛿6 = 0.064 s, and the parameters 𝑎0
and 𝑎1 in (68). Note that in this reduced measurement case
only the first nine natural frequencies of the torsional building are estimated. Table 8 also shows the quality 𝐸𝜔̃ of the
reduced model, where 𝑛 = 9 in (70). In addition, Figure 13
depicts the plots 𝐸𝜔̃ versus 𝛿 and 𝐸̃𝜁 versus 𝜔𝑐 ; from this
figure, it is possible to see that the quality of the reduced
model is better from 𝛿 ∈ [0.051, 0.075] s. Figure 13(b) also
shows the values of 𝐸𝜔̃ for 𝜔𝑐 = 1.5𝜔9 and 𝜔𝑐 = 2𝜔9 , where
𝜔9 is given in Table 1. It is worth mentioning that the
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estimated natural frequencies in Table 8 have more errors
than the ones in Table 2; however, the identified reduced
model is also useful for designing control laws that attenuates
the vibrations in the building. Furthermore, a reduced model
is sometimes necessary because the number of degrees of
freedom of a structure can be very large; and as a consequence, the stiffness, mass, and damping matrices can
have large dimensions. In this case, the determination of
the natural frequencies and modal shapes is difficult and

expensive, and it is desirable to reduce the size of those
matrices [18].
On the other hand, a two-story reduced model is
identified using only the first and fifth floors' acceleration
measurements. Tables 10 and 11 show, respectively, the natural
frequencies and damping ratios that are estimated when the
offline LSM uses the parameters 𝛿7 = 0.076 s, 𝛿8 = 0.08 s, and
𝛿9 = 0.084 s; moreover, the parameters 𝑎0 and 𝑎1 of the vector
parameterization are the ones in (68). The index 𝐸𝜔̃ in (70),
where 𝑛 = 6, is plotted in Figures 14(a) and 14(b) with respect
to 𝛿 ∈ [0.072, 0.1] and with respect to 𝜔𝑐 = 2𝜋/𝛿, respectively.
From, Figure 14(b) it is possible to see that relative low
indexes 𝐸𝜔̃ are produced from 𝜔𝑐 = 1.5𝜔6 to 𝜔𝑐 = 2𝜔6 , where
𝜔6 is presented in Table 1. Finally, the estimated stiffness/mass
ratios of the two-story reduced model, obtained with 𝛿 =
𝛿9 s and the offline LSM, are presented in Table 12; the
corresponding estimates 𝜃̂𝐾𝑥𝑥𝑖 and 𝜃̂𝐾𝑥𝜃𝑗 , 𝑖 = 1, 2, 3, 𝑗 =
1, 2, 3, 4, produced by the online LSM are shown in Figure 15.

6. Conclusions
This paper has presented an identification technique that
combines a vector parameterization with the offline or with
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the online Least Squares Method to recover the parameters of
the model of a torsionally coupled building, which is assumed
to have classical Rayleigh damping and that is seismically
excited. The proposed technique uses acceleration measurements of the floors and ground; it estimates the complete
model of the building, as well as its eccentricities, radii of
gyration, and the mass, stiffness, and damping matrices, if all
the floors are instrumented; and it identifies a reduced model
of the building, if only some floors are instrumented. The
vector parametrization has the advantage that the number
of parameters identified with it is much smaller that the
number of parameters identified with a matrix parameterization recently proposed in the literature. The reduction in
the number of estimated parameters has a positive impact
on the reduction of the computational effort that allows
implementing the real-time LSM and has a positive impact on
the reduction of the spectral richness of the excitation signal
required to uniquely estimate the structural parameters. In
addition, the vector parameterization eliminates constant
disturbances and attenuates measurement noise by means of
Linear Integral Filters (LIF), whose cut-off frequency 𝜔𝑐 is
determined by the integration period 𝛿. Experiments using a
five-story torsional coupled building mounted on a shaking
table were carried in order to verify the performance of
the proposed methodology. The results of three tests were
presented in the paper; in the first test, the parameters
estimated using acceleration measurements of the five floors
are obtained; in the remaining two tests, the parameters of

three-story and two-story reduced models of the structure
are estimated using acceleration measurements of only three
and two floors, respectively. An index 𝐸𝜔̃ that measures the
quality of the models identified during the experiments was
also proposed. Experimental results in the full measurement
case show that the best quality 𝐸𝜔̃ of the identified model is
achieved when the frequency 𝜔𝑐 of the LIF is selected such
that it takes a value within the interval 𝜔𝑐 ∈ [2𝜔max , 4𝜔max ],
where 𝜔max is the highest natural frequency of the structure.
The experiments also show that when only 𝑛𝑟 floors are
instrumented, the model with the best quality is obtained
from 𝜔𝑐 ∈ [1.5𝜔3∗𝑛𝑟 , 2𝜔3∗𝑛𝑟 ]. Tests also demonstrate that the
estimated natural frequencies of the reduced models have
more errors than the natural frequencies estimated in the
full measurement case; however, a reduced model is also
useful for designing control laws that can attenuate vibrations
affecting the structure.

Appendix
A. Parameter Vector Θ𝐾
The vector Θ𝐾 represents the stiffness/mass ratios of the
structure and is defined as
Θ𝐾 = [𝜃𝐾𝑥𝑥 , 𝜃𝐾𝑥𝜃 , 𝜃𝐾𝑦𝑦 , 𝜃𝐾𝑦𝜃 , 𝜃𝐾𝑥𝜃⋆ , 𝜃𝐾𝑦𝜃⋆ , 𝜃𝐾𝜃𝜃 ]
∈ 𝑅(17𝑛−10)×1 ,

𝑇

(A.1)
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Table 4: Nominal and identified eccentricities and radii of gyration.
Nominal eccentricities and
radii of gyration (cm)
𝑒𝑥1,1 = 2.150
𝑒𝑥1,2 = 2.150
𝑒𝑥2,2 = 2.150
𝑒𝑥2,3 = 2.150
𝑒𝑥3,3 = 2.150
𝑒𝑥3,4 = 2.150
𝑒𝑥4,4 = 2.150
𝑒𝑥4,5 = 2.150
𝑒𝑥5,5 = 2.150
𝑒𝑦1,1 = 4.430
𝑒𝑦1,2 = 4.430
𝑒𝑦2,2 = 1.730
𝑒𝑦2,3 = 1.730
𝑒𝑦3,3 = 1.730
𝑒𝑦3,4 = 1.730
𝑒𝑦4,4 = 1.730

Identified eccentricities and
radii of gyration (cm)
̂𝑒𝑥1,1 = 1.970
̂𝑒𝑥1,2 = 1.240
̂𝑒𝑥2,2 = 3.400
̂𝑒𝑥2,3 = 2.620
̂𝑒𝑥3,3 = 2.050
̂𝑒𝑥3,4 = 3.140
̂𝑒𝑥4,4 = 3.920
̂𝑒𝑥4,5 = 3.270
̂𝑒𝑥5,5 = 2.550
̂𝑒𝑦1,1 = 10.660
̂𝑒𝑦1,2 = 3.790

𝑟1 = 25.050
𝑟2 = 24.910
𝑟3 = 24.910
𝑟4 = 24.910
𝑟5 = 24.910

̂𝑟1 = 25.690
̂𝑟2 = 26.310
̂𝑟3 = 23.380
̂𝑟4 = 27.760
̂𝑟5 = 26.750

𝑒𝑦1,1 𝐾𝑥1 + 𝑒𝑦1,2 𝐾𝑥2 𝑒𝑦2,2 𝐾𝑥2 𝑒𝑦1,2 𝐾𝑥2
,
,
,
𝑚1
𝑚1
𝑚2

(A.3)

𝑒𝑦𝑛,𝑛 𝐾𝑥𝑛 𝑇
𝑒𝑦2,2 𝐾𝑥2 + 𝑒𝑦2,3 𝐾𝑥3 𝑒𝑦3,3 𝐾𝑥3
,
,...,
] ,
𝑚2
𝑚2
𝑚𝑛
𝑇

𝜃𝐾𝑦𝑦 = [𝜃𝐾𝑦𝑦1 , 𝜃𝐾𝑦𝑦2 , 𝜃𝐾𝑦𝑦3 , . . . , 𝜃𝐾𝑦𝑦(2𝑛−1) ]
∈ 𝑅(2𝑛−1)×1
=[

(A.4)

𝐾𝑦1 𝐾𝑦2 𝐾𝑦2 𝐾𝑦3 𝐾𝑦3
𝐾𝑦𝑛 𝑇
,
,
,
,
,...,
] ,
𝑚1 𝑚1 𝑚2 𝑚2 𝑚3
𝑚𝑛

𝜃𝐾𝑦𝜃 = [𝜃𝐾𝑦𝜃1 , 𝜃𝐾𝑦𝜃2 , 𝜃𝐾𝑦𝜃3 , . . . , 𝜃𝐾𝑦𝜃(3𝑛−2) ]

̂𝑒𝑦3,4 = 0.970
̂𝑒𝑦4,4 = 1.970

𝑒𝑦5,5 = 1.730

∈ 𝑅(3𝑛−2)×1
=[

̂𝑒𝑦2,2 = 6.360
̂𝑒𝑦2,3 = −0.260
̂𝑒𝑦3,3 = 0.720

̂𝑒𝑦4,5 = 2.820
̂𝑒𝑦5,5 = 1.670

𝑒𝑦4,5 = 1.730

𝑇

𝜃𝐾𝑥𝜃 = [𝜃𝐾𝑥𝜃1 , 𝜃𝐾𝑥𝜃2 , 𝜃𝐾𝑥𝜃3 , . . . , 𝜃𝐾𝑥𝜃(3𝑛−2) ]

𝑇

∈ 𝑅(3𝑛−2)×1
=[

𝑒𝑥1,1 𝐾𝑦1 + 𝑒𝑥1,2 𝐾𝑦2 𝑒𝑥2,2 𝐾𝑦2 𝑒𝑥1,2 𝐾𝑦2
,
,
,
𝑚1
𝑚1
𝑚2

(A.5)

𝑒𝑥𝑛,𝑛 𝐾𝑦𝑛 𝑇
𝑒𝑥2,2 𝐾𝑦2 + 𝑒𝑥2,3 𝐾𝑦3 𝑒𝑥3,3 𝐾𝑦3
,
,...,
] ,
𝑚2
𝑚2
𝑚𝑛
𝜃𝐾𝑥𝜃⋆ = [𝜃𝐾𝑥𝜃1⋆ , 𝜃𝐾𝑥𝜃2⋆ , 𝜃𝐾𝑥𝜃3⋆ , . . . , 𝜃𝐾𝑥𝜃(2𝑛−1)⋆ ]

𝑇

∈ 𝑅(2𝑛−1)×1
𝜃𝐾𝑥𝑥 = [𝜃𝐾𝑥𝑥1 , 𝜃𝐾𝑥𝑥2 , 𝜃𝐾𝑥𝑥3 , . . . , 𝜃𝐾𝑥𝑥(2𝑛−1) ]

𝑇

=[

(2𝑛−1)×1

∈𝑅
=[

(A.2)

𝑒𝑦1,1 𝐾𝑥1 𝑒𝑦1,2 𝐾𝑥2 𝑒𝑦2,2 𝐾𝑥2 𝑒𝑦2,3 𝐾𝑥3 𝑒𝑦3,3 𝐾𝑥3 (A.6)
,
,
,
,
,
𝑚1 𝑟12
𝑚1 𝑟12
𝑚2 𝑟22
𝑚2 𝑟22
𝑚3 𝑟32

𝑇

𝐾𝑥1 𝐾𝑥2 𝐾𝑥2 𝐾𝑥3 𝐾𝑥3
𝐾
,
,
,
,
, . . . , 𝑥𝑛 ] ,
𝑚1 𝑚1 𝑚2 𝑚2 𝑚3
𝑚𝑛

...,

𝑒𝑦𝑛,𝑛 𝐾𝑥𝑛
𝑚𝑛 𝑟𝑛2

𝑇

] ,
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Table 5: Nominal and identified masses, stiffness, and natural frequencies.

Nominal mass
(kg)

Estimated mass
(kg)

Nominal stiffness
(kN/m)

̂ 1 = 10.780
𝑚

𝐾𝑥1 = 18.415

𝑚1 = 10.780
𝑚2 = 9.200

̂ 2 = 9.250
𝑚

𝐾𝑥2 = 12.336

𝑚3 = 9.200

̂ 3 = 9.550
𝑚

𝐾𝑥3 = 12.336

𝑚4 = 9.200

̂ 4 = 9.200
𝑚

𝐾𝑥4 = 12.336

𝑚5 = 9.200

̂ 5 = 9.370
𝑚

𝐾𝑥5 = 12.336

̂ 𝑥2 = 12.959
𝐾
̂ 𝑥3 = 12.688
𝐾
̂ 𝑥4 = 13.193
𝐾
̂
𝐾𝑥5 = 12.845
̂ 𝑦1 = 19.144
𝐾

𝐾𝑦1 = 18.415

̂ 𝑦2 = 13.539
𝐾
̂ 𝑦3 = 13.719
𝐾

𝐾𝑦2 = 12.336
𝐾𝑦3 = 12.336

̂ 𝑦4 = 13.908
𝐾
̂ 𝑦5 = 13.420
𝐾

𝐾𝑦4 = 12.336
𝐾𝑦5 = 12.336

̂ 𝜗1 = 4.299
𝐾
̂ 𝜗2 = 1.751
𝐾

𝐾𝜗1 = 4.380
𝐾𝜗2 = 1.742

̂ 𝜗3 = 3.444
𝐾
̂ 𝜗4 = 1.680
𝐾

𝐾𝜗3 = 3.473
𝐾𝜗4 = 1.737

̂ 𝜗5 = 2.833
𝐾
̂ 𝜗6 = 1.484
𝐾

𝐾𝜗5 = 3.473
𝐾𝜗6 = 1.737
𝐾𝜗8 = 1.737

𝑇

𝑒𝑥1,1 𝐾𝑦1 𝑒𝑥1,2 𝐾𝑦2 𝑒𝑥2,2 𝐾𝑦2 𝑒𝑥2,3 𝐾𝑦3 𝑒𝑥3,3 𝐾𝑦3 (A.7)
,
,
,
,
,
𝑚1 𝑟12
𝑚1 𝑟12
𝑚2 𝑟22
𝑚2 𝑟22
𝑚3 𝑟32

...,

𝑚𝑛 𝑟𝑛2

𝑇

] ,

𝜃𝐾𝜃𝜃 = [𝜃𝐾𝜃𝜃1 , 𝜃𝐾𝜃𝜃2 , 𝜃𝐾𝜃𝜃3 , . . . , 𝜃𝐾𝜃𝜃(3𝑛−2) ]

𝑇

∈ 𝑅(3𝑛−2)×1

(A.8)
𝑇

=[

𝐾𝜗(2𝑛−1)
𝐾𝜗1 𝐾𝜗2 𝐾𝜗2 𝐾𝜗3 𝐾𝜗4
,
,
,
,
,...,
] .
𝑚𝑛 𝑟𝑛2
𝑚1 𝑟12 𝑚1 𝑟12 𝑚2 𝑟22 𝑚2 𝑟22 𝑚2 𝑟22

B. Proof of Proposition 4
Proof. Using (43), the variable 𝐼5 [𝑟] can be expressed in the
frequency domain as
−𝛿𝑠

1 1−𝑒
L (𝐼5 [𝑟]) = 4 (
𝛿
𝑠

5

) 𝑅 (𝑠) .

𝜔1nom = 11.012

̂ 1 = 10.948
𝜔

𝜔2nom = 11.065
𝜔3nom = 16.780
𝜔4nom = 31.607
𝜔5nom = 31.794
𝜔6nom = 47.635
𝜔7nom = 48.678
𝜔8nom = 49.133
𝜔9nom = 61.157
nom
𝜔10
= 61.612
nom
𝜔11 = 69.700
nom
𝜔12
= 70.082
nom
𝜔13 = 74.250
nom
𝜔14
= 93.386
nom
𝜔15 = 106.192

̂ 2 = 11.372
𝜔
̂ 3 = 14.696
𝜔
̂ 4 = 31.937
𝜔
̂ 5 = 32.834
𝜔
̂ 6 = 45.563
𝜔
̂ 7 = 48.677
𝜔
̂ 8 = 50.344
𝜔
̂ 9 = 62.049
𝜔
̂ 10 = 63.904
𝜔
̂ 11 = 69.844
𝜔
̂ 12 = 71.580
𝜔
̂ 13 = 72.729
𝜔
̂ 14 = 89.871
𝜔
̂ 15 = 100.990
𝜔

Table 6: Natural frequencies and damping ratios estimated with the
̂ 1⋆
algorithm in Figure 11, where 𝐿 = 3 and the initial frequencies 𝜔
̂ 2⋆ in (16) have an error of 50% with respect to 𝜔1 and 𝜔2 .
and 𝜔

∈ 𝑅(2𝑛−1)×1

𝑒𝑥𝑛,𝑛 𝐾𝑦𝑛

̂𝑖
Estimated 𝜔
(rad/s)

̂ 𝜗9 = 1.815
𝐾

𝐾𝜗9 = 1.737

=[

Nominal 𝜔𝑖nom
(rad/s)

̂ 𝜗7 = 4.048
𝐾
̂ 𝜗8 = 1.892
𝐾

𝐾𝜗7 = 3.473

𝜃𝐾𝑦𝜃⋆ = [𝜃𝐾𝑦𝜃1⋆ , 𝜃𝐾𝑦𝜃2⋆ , 𝜃𝐾𝑦𝜃3⋆ , . . . , 𝜃𝐾𝑦𝜃(2𝑛−1)⋆ ]

Estimated stiffness
(kN/m)
̂
𝐾𝑥1 = 18.240

(B.1)

̂ (rad/s)
𝜔

̃ (%)
𝜔

̂ 1 = 10.943
𝜔

̃ 1 = 14.133
𝜔

̂ 2 = 11.382
𝜔

̃ 2 = 14.143
𝜔

̂ 3 = 14.570
𝜔

̃ 3 = 0.647
𝜔

̂ 4 = 31.950
𝜔

̃ 4 = 7.165
𝜔

̂ 5 = 32.841
𝜔

̃ 5 = 6.714
𝜔

̂ 6 = 45.558
𝜔

̃ 6 = 5.131
𝜔

̂ 7 = 48.693
𝜔

̃ 7 = 5.366
𝜔

̂ 8 = 50.367
𝜔

̃ 8 = 4.024
𝜔

̂ 9 = 62.085
𝜔

̃ 9 = 1.814
𝜔

̂ 10 = 63.934
𝜔

̃ 10 = 1.449
𝜔

̂ 11 = 69.890
𝜔

̃ 11 = 1.956
𝜔

̂ 12 = 71.620
𝜔

̃ 12 = 0.535
𝜔

̂ 13 = 72.771
𝜔

̃ 13 = 0.624
𝜔

̂ 14 = 89.967
𝜔

̃ 14 = 0.357
𝜔

̂ 15 = 101.091
𝜔

̃ 15 = 8.167
𝜔
𝐸𝜔̃ = 25.390

̂𝜁 (%)
̂𝜁 = 1.000
1
̂𝜁 = 1.000
2

̂𝜁 = 1.036
3
̂𝜁 = 1.606
4

̂𝜁 = 1.641
5
̂𝜁 = 2.163
6

̂𝜁 = 2.296
7
̂𝜁 = 2.367
8

̂𝜁 = 2.871
9
̂𝜁 = 2.951
10

̂𝜁 = 3.210
11
̂𝜁 = 3.286
12

̂𝜁 = 3.336
13
̂𝜁 = 4.092
14

̂𝜁 = 4.583
15
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̂ 1⋆ = 𝜔1 , 𝜔
̂ 15⋆ = 𝜔15 , ̂𝜁1⋆ , and ̂𝜁15⋆ .
Table 7: Estimated natural frequencies obtained using estimates 𝜔

̂ (rad/s)
𝜔

̂𝜁 = 1% and ̂𝜁 = 5%
1⋆
15⋆
̃ (%)
𝜔

̂ 1 = 10.750
𝜔
̂ 2 = 11.156
𝜔
̂ 3 = 14.515
𝜔

̃ 1 = 12.115
𝜔
̃ 2 = 11.885
𝜔
̃ 3 = 0.264
𝜔

̂ 4 = 31.774
𝜔
̂ 5 = 32.352
𝜔

̃ 4 = 6.577
𝜔
̃ 5 = 5.125
𝜔

̂ 6 = 44.641
𝜔
̂ 7 = 48.381
𝜔
̂ 8 = 49.699
𝜔

̃ 6 = 3.014
𝜔
̃ 7 = 4.693
𝜔
̃ 8 = 2.646
𝜔

̂ 9 = 61.761
𝜔
̂ 10 = 63.223
𝜔
̂ 11 = 68.954
𝜔
̂ 12 = 71.051
𝜔
̂ 13 = 71.826
𝜔

̃ 9 = 1.284
𝜔
̃ 10 = 0.322
𝜔
̃ 11 = 0.591
𝜔
̃ 12 = 1.325
𝜔
̃ 13 = 0.682
𝜔

̂ 14 = 88.363
𝜔
̂ 15 = 99.118
𝜔

̃ 14 = 2.133
𝜔
̃ 15 = 9.959
𝜔

̂𝜁 (%)

̂𝜁 = 1% and ̂𝜁 = 10%
1⋆
15⋆
̃ (%)
𝜔

̂ (rad/s)
𝜔

̂𝜁 = 0.991
1
̂𝜁 = 0.991
2

̂𝜁 = 1.028
3
̂𝜁 = 1.601
4
̂𝜁 = 1.623
5

̂𝜁 = 2.130
6
̂𝜁 = 2.288
7

̂𝜁 = 2.345
8
̂𝜁 = 2.866
9
̂𝜁 = 2.929
10

̂𝜁 = 3.180
11
̂𝜁 = 3.272
12

̂𝜁 = 3.306
13
̂𝜁 = 4.035
14
̂𝜁 = 4.512
15

̂ 1 = 10.780
𝜔
̂ 2 = 11.119
𝜔
̂ 3 = 15.127
𝜔

̃ 1 = 12.430
𝜔
̃ 2 = 11.506
𝜔
̃ 3 = 4.491
𝜔

̂ 4 = 31.672
𝜔
̂ 5 = 32.261
𝜔
̂ 6 = 44.574
𝜔
̂ 7 = 48.233
𝜔
̂ 8 = 49.481
𝜔

̃ 4 = 6.232
𝜔
̃ 5 = 4.829
𝜔
̃ 6 = 2.858
𝜔
̃ 7 = 4.371
𝜔
̃ 8 = 2.195
𝜔

̂ 9 = 61.441
𝜔
̂ 10 = 62.942
𝜔
̂ 11 = 68.538
𝜔
̂ 12 = 70.637
𝜔
̂ 13 = 71.460
𝜔

̃ 9 = 0.759
𝜔
̃ 10 = 0.124
𝜔
̃ 11 = 0.016
𝜔
̃ 12 = 1.900
𝜔
̃ 13 = 1.188
𝜔

̂ 14 = 87.506
𝜔
̂ 15 = 98.185
𝜔

̃ 14 = 3.082
𝜔
̃ 15 = 10.807
𝜔

̂𝜁 (%)
̂𝜁 = 1.094
1
̂𝜁 = 1.121
2

̂𝜁 = 1.455
3
̂𝜁 = 2.913
4
̂𝜁 = 2.966
5

̂𝜁 = 4.072
6
̂𝜁 = 4.402
7

̂𝜁 = 4.515
8
̂𝜁 = 5.595
9
̂𝜁 = 5.731
10

̂𝜁 = 6.237
11
̂𝜁 = 6.427
12

̂𝜁 = 6.502
13
̂𝜁 = 7.954
14
̂𝜁 = 8.922
15

𝐸𝜔̃ = 23.091

𝐸𝜔̃ = 22.445

Table 8: Estimated natural frequencies of the three-story reduced model.
Natural frequency
(rad/s)

Estimate with 𝛿4

Error (%)

Estimate with 𝛿5

Error (%)

Estimate with 𝛿6

Error (%)

𝜔1 = 9.588

11.481

̃ 1 = 19.745
𝜔

11.278

̃ 1 = 17.622
𝜔

11.080

̃ 1 = 15.559
𝜔

𝜔2 = 9.971

12.322

̃ 2 = 23.576
𝜔

11.941

̃ 2 = 19.757
𝜔

11.603

̃ 2 = 16.365
𝜔

𝜔3 = 14.476

15.034

̃ 3 = 3.850
𝜔

15.074

̃ 3 = 4.126
𝜔

15.003

̃ 3 = 3.637
𝜔

𝜔4 = 29.814

32.595

̃ 4 = 9.328
𝜔

31.911

̃ 4 = 7.034
𝜔

31.289

̃ 4 = 4.950
𝜔

𝜔5 = 30.775

33.711

̃ 5 = 9.540
𝜔

32.981

̃ 5 = 7.167
𝜔

32.285

̃ 5 = 4.905
𝜔

𝜔6 = 43.335

42.174

̃ 6 = 2.678
𝜔

41.439

̃ 6 = 4.375
𝜔

40.964

̃ 6 = 5.470
𝜔

𝜔7 = 46.213

43.853

̃ 7 = 5.106
𝜔

42.939

̃ 7 = 7.084
𝜔

42.129

̃ 7 = 8.837
𝜔

𝜔8 = 48.418

45.882

̃ 8 = 5.237
𝜔

45.563

̃ 8 = 5.897
𝜔

45.570

̃ 8 = 5.883
𝜔

𝜔9 = 60.978

52.682

̃ 9 = 13.605
𝜔

48.931

̃ 9 = 19.757
𝜔

45.613

̃ 9 = 25.198
𝜔

𝐸𝜔̃ = 37.206

Table 9: Estimated damping ratios of the three-story reduced
model.
Estimate in %
with 𝛿1
̂𝜁 = 1.006
1
̂𝜁 = 1.011
2
̂𝜁 = 1.084
3
̂𝜁 = 1.786
4
̂𝜁 = 1.827
5
̂𝜁 = 2.437
6
̂𝜁 = 2.589
7
̂𝜁 = 2.671
8
̂𝜁 = 3.251
9

Estimate in %
with 𝛿2
̂𝜁 = 1.010
1
̂𝜁 = 1.020
2
̂𝜁 = 1.095
3
̂𝜁 = 1.785
4
̂𝜁 = 1.834
5
̂𝜁 = 2.236
6
̂𝜁 = 2.309
7
̂𝜁 = 2.437
8
̂𝜁 = 2.601
9

Estimate in %
with 𝛿3
̂𝜁 = 0.308
1
̂𝜁 = 1.008
2
̂𝜁 = 1.014
3
̂𝜁 = 1.093
4
̂𝜁 = 1.756
5
̂𝜁 = 1.802
6
̂𝜁 = 2.214
7
̂𝜁 = 2.270
8
̂𝜁 = 4.566
9

𝐸𝜔̃ = 36.238

𝐸𝜔̃ = 36.732

Substituting 𝑅(𝑠) from (38) into (B.1) produces
5

(1 − 𝑒−𝛿𝑠 )
1 [
L (𝐼5 [𝑟]) = 4 −𝛾Θ𝐾
𝛿
𝑠5
[
+ (𝑎0 𝐷 − 𝑎1 𝛾Θ𝐾 )

(1 − 𝑒−𝛿𝑠 )
𝑠4
5

+ [𝐷 + 𝐷𝑔 ]

(1 − 𝑒−𝛿𝑠 )
𝑠3

].
]

5

(B.2)
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Table 10: Estimated natural frequencies of the two-story reduced model.
Estimate with 𝛿7

Error (%)

Estimate with 𝛿8

Error (%)

Estimate with 𝛿9

Error (%)

𝜔1 = 9.588
𝜔2 = 9.971

11.096
11.895

̃ 1 = 15.731
𝜔
̃ 2 = 19.294
𝜔

10.965
11.452

̃ 1 = 14.356
𝜔
̃ 2 = 14.849
𝜔

10.976
10.976

̃ 1 = 14.475
𝜔
̃ 2 = 10.077
𝜔

𝜔3 = 14.476
𝜔4 = 29.814
𝜔5 = 30.775

15.331
30.590
30.904

̃ 3 = 5.905
𝜔
̃ 4 = 2.603
𝜔
̃ 5 = 0.420
𝜔

15.105
29.919
30.479

̃ 3 = 4.342
𝜔
̃ 4 = 0.355
𝜔
̃ 5 = 0.963
𝜔

14.932
29.284
30.447

̃ 3 = 3.147
𝜔
̃ 4 = 1.778
𝜔
̃ 5 = 1.065
𝜔

𝜔6 = 43.335

39.101

̃ 6 = 9.770
𝜔
𝐸𝜔̃ = 27.514

38.139

̃ 6 = 11.990
𝜔
𝐸𝜔̃ = 24.295

36.915

̃ 6 = 14.815
𝜔
𝐸𝜔̃ = 23.340

Natural frequency (rad/s)

Table 11: Estimated damping ratios of the two-story reduced model.
Estimate in %
with 𝛿7
̂𝜁 = 1.008

Estimate in %
with 𝛿8
̂𝜁 = 1.006

Estimate in %
with 𝛿9
̂𝜁 = 0.305

̂𝜁 = 1.019
2
̂𝜁 = 1.103

̂𝜁 = 1.012
2
̂𝜁 = 1.096

̂𝜁 = 1.091
2
̂𝜁 = 1.664

̂𝜁 = 1.724
4
̂𝜁 = 1.738

̂𝜁 = 1.693
4
̂𝜁 = 1.719

̂𝜁 = 1.708
4
̂𝜁 = 1.717

̂𝜁 = 2.124
6

̂𝜁 = 2.078
6

̂𝜁 = 2.020
6

1

1

3

3

5

5

1

3

5

Table 12: Stiffness/mass ratios of the two-story reduced model.
N/(kg⋅m)
𝜃̂
= 640.35

N/kg

N/(kg⋅m2 )

N/(kg⋅m)

𝜃̂𝐾𝑥𝜃1 = 48.60
𝜃̂𝐾𝑥𝜃1⋆ = 42.18 𝜃̂𝐾𝜃𝜃1 = 1124.5
𝐾𝑥𝑥1
̂𝜃
̂
̂
𝜃𝐾𝑥𝜃2 = 23.89
𝜃𝐾𝑥𝜃2⋆ = 25.60 𝜃̂𝐾𝜃𝜃2 = 200.98
𝐾𝑥𝑥2 = 167.33
̂
̂
̂𝜃
𝜃𝐾𝑥𝜃3⋆ = 48.40 𝜃̂𝐾𝜃𝜃3 = 1108.90
𝐾𝑥𝑥3 = 153.56 𝜃𝐾𝑥𝜃3 = −572.07
𝜃̂𝐾𝑦𝑦1 = 725.57 𝜃̂𝐾𝑥𝜃4 = −124.38 𝜃̂𝐾𝑦𝜃1⋆ = 115.03 𝜃̂𝐾𝜃𝜃4 = 467.57
𝜃̂
= 172.78 𝜃̂
= 74.40
𝜃̂
= −5.25
𝐾𝑦𝑦2

𝜃̂𝐾𝑦𝑦3 = 159.47

𝐾𝑦𝜃1

𝜃̂𝐾𝑦𝜃2 = 14.82

𝜃̂𝐾𝑦𝜃3 = −222.45
𝜃̂
= −40.53

𝐾𝑦𝜃2⋆

𝜃̂𝐾𝑦𝜃3⋆ = −7.85

𝐾𝑦𝜃4

Equation (B.2) in the time domain is given by

𝐼5 [𝑟] = −

+

+

𝛾Θ𝐾 [ 5 5
4
∑ ( ) (−1)𝑗 (𝑡 − 𝑗𝛿) 𝜄 (𝑡 − 𝑗𝛿)]
𝛿4 4! 𝑗=0 𝑗
]
[

𝑎0 𝐷 − 𝑎1 𝛾Θ𝐾 [ 5 5
3
∑ ( ) (−1)𝑗 (𝑡 − 𝑗𝛿) 𝜄 (𝑡 − 𝑗𝛿)] (B.3)
𝛿4 3!
]
[𝑗=0 𝑗
𝐷 + 𝐷𝑔
𝛿4 2!

5
5
[ ∑ ( ) (−1)𝑗 (𝑡 − 𝑗𝛿)2 𝜄 (𝑡 − 𝑗𝛿)] ,
]
[𝑗=0 𝑗

where 𝜄(𝑡 − 𝑡0 ) is the unit step function applied at 𝑡 = 𝑡0 . The
three summations of (B.3) that are inside the brackets are zero

at 𝑡 = 5𝛿. For instance, the third summation from 𝑡 = 5𝛿 to
𝑡 = ∞ is given by
𝑡2 − 5 [𝑡2 − 2𝑡𝛿 + 𝛿2 ] + 10 [𝑡2 − 4𝑡𝛿 + 4𝛿2 ]
− 10 [𝑡2 − 6𝑡𝛿 + 9𝛿2 ] + 5 [𝑡2 − 8𝑡𝛿 + 16𝛿2 ]

(B.4)

− [𝑡2 − 10𝑡𝛿 + 25𝛿2 ] = 0.
Similarly, the other two summations are zero after 𝑡 = 5𝛿.
Therefore, 𝐼5 [𝑟] converges to zero at 𝑡 = 5𝛿.
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VFAs (very flexible aircraft) have begun to attract significant attention because of their good flight performances and significant
application potentials; however, they also bring some challenges to researchers due to their unusual lightweight designs and
large elastic deformations. A framework for the geometrically nonlinear aeroelastic stability analysis of very flexible wings is
constructed in this paper to illustrate the unique aeroelastic characteristics and convenient use of these designs in engineering
analysis. The nonlinear aeroelastic analysis model includes the geometrically nonlinear structure finite elements and steady and
unsteady nonplanar aerodynamic computations (i.e., the nonplanar vortex lattice method and nonplanar doublet-lattice method).
Fully nonlinear methods are used to analyse static aeroelastic features, and linearized structural dynamic equations are established
at the structural nonlinear equilibrium state to estimate the stability of the system through the quasimode of the stressed and
deformed structure. The exact flutter boundary is searched via an iterative procedure. A wind tunnel test is conducted to validate this
theoretical analysis framework, and reasonable agreement is obtained. Both the analysis and test results indicate that the geometric
nonlinearity of very flexible wings presents significantly different aeroelastic characteristics under different load cases with large
deformations.

1. Introduction
Large-aspect-ratio wings produce a high lift-drag ratio and
good flight performance for high-altitude long-endurance
unmanned aerial vehicles (HALE UAVs). Advanced composite materials make wing structures lightweight but also
introduce large elastic deformations during aerodynamic
loads in flight, which induces significant geometric nonlinearity in aeroelasticity and flight dynamics. In particular, after
the NASA Helios mishap, the shortcomings of traditional
linear analysis were deemed unsuitable for VFAs with large
deflections, and the following recommendation was made by
the investigators of the accident [1]:
[There is a need to] develop more advanced, multidisciplinary (structures, aeroelastic, aerodynamics, atmospheric, materials, propulsion, controls,
etc.) time domain analysis methods appropriate to
highly flexible, morphing vehicles.

Structural geometric nonlinearity, a key feature of HALE
UAVs, yield a nonlinear relationship between displacement
and strain due to large elastic deformations. Because the
structural stiffness and equilibrium equations all depend on
instantaneous structural deflections and load condition, the
aerodynamic calculations and dynamic equations should be
established for a large deformed state [2]. Thus, geometrically
nonlinear aeroelasticity could be defined as a subdiscipline
of aeroelasticity that considers nonlinear large structural
deformations and the aerodynamics on curved aerosurfaces
simultaneously.
In traditional linear analysis, aircraft were not particularly
flexible, and the geometric nonlinearity were not significant;
thus, linear structural finite elements based on the small
displacement assumption combined with the planar doubletlattice method [3] were widely used in engineering analyses
and even imbedded in commercial software [4]. As aircraft
have become more flexible, researchers have found linear
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aeroelastic analysis methods to be inaccurate and many new
analysis methods for VFAs have been brought up. Hodges
developed a nonlinear geometric exact beam element [5],
reducing the order of structural nonlinearity, to analyse the
nonlinear aeroelastic response of VFAs. He reported that
structural geometric nonlinearity had a significant effect
on the structural dynamics and dynamic aeroelastic characteristics of a high aspect ratio wing. The geometrically
exact calculation of the angle of attack and aerodynamically
consistent application of the air loads was also important
for accurate aeroelastic characterisation [6]. Combined with
Peter’s 2D inflow theory [7], an aeroelastic analysis toolbox
named NATASHA was developed to analyse the nonlinear
behaviour of VFAs. The nonlinear beam model and reduced
order model (ROM) combined with 2D or quasi-3D aerodynamic theory help researchers to predict VFA performance
[8–10] but prevent wide application in industry because a
real structure is overly complex (i.e., it cannot be simply
represented with a beam model); thus, it is necessary to
find a 3D aerodynamic code to manage VFA aerodynamic
computations. To obtain accurate aerodynamic loads, some
researchers used CFD/CSD [11] methods to analyse the geometric nonlinearity of VFAs. Smith et al. [12] loosely coupled
the Euler solver with geometric exact beam structural analysis
and investigated the effects of adding aerodynamic nonlinearity to the elastic behaviour of high aspect ratio wings.
For VFA stability analysis, considering the high computing
costs of time domain aerodynamic computations and the
importance of highlighting basic aeroelastic principles for
unconventional wings with high aspect ratios [13], dynamic
flexible motion of the system can be assumed with small
amplitudes around a nonlinear static equilibrium state [14];
thus the linearized method and frequency domain solution
are still a valuable approach in preliminary designs and even
in the detailed design stage. Panel aerodynamic methods have
been well understood and widely used in engineering design;
extending the panel aerodynamic code into 3-Dimentional
application can make geometrically nonlinear aeroelastic
analysis easy to accept in industrial applications.
Based on the above discussion, in this paper, a practicable
geometrically nonlinear analysis system is established and a
wind tunnel test is conducted to validate the analysis results.
Nonlinear finite element method (FEM) is utilized so that
the method could be easily used in industry. Actually there
are some refined modelling methods like intrinsic beam
[5], strain-based beam and plate elements [15], nonlinear
substructure, ROM, and so forth. These methods are well
developed theoretically and can illustrate the flexible structural characteristics to different degrees. Considering the
practical problems we have met, the structures are often so
complex that these modelling methods are not convenient
to apply. Additionally, these simplified methods cannot well
reflect the original structure especially in detailed parts.
Moreover, FEM is the most often used modelling method in
practical analysis and it will be very efficient and convenient
if the FEM model can be directly used to analyse the VFAs
structural geometric nonlinearity. The purpose of this paper
is to establish an analysis framework easy to implement and
able to reveal some nonlinear aeroelasticity of flexible wings.
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Based on the concerns above, the nonlinear FEM is responsible for structural nonlinear analysis. As to the aerodynamic
computation, the importance of the nonplanar aerosurface
effect and exact aerodynamic modelling consistent with
structural deflection comes from our experience and many
reference papers. Structural nonlinearity and nonplanar aerodynamic compotation must be considered simultaneously.
Considering the easy programming and good inheritance
of conventionally used linear method, NVLM (nonplanar
vortex lattice method) and NDLM (nonplanar doublet-lattice
method) are adopted and they can well present the nonplanar
effect of aerodynamic for flexible wings in stability analysis.
All of these methods together can describe the geometric
nonlinearity of both the aerodynamics and structure of VFAs
and can be conveniently used in industrial design. Wind
tunnel test under different load cases indicates that different
deformations under varying flight states result in different
flutter speeds that may alter the aircraft’s flight envelope.
Reasonable agreement between the analysis results and test
results has been obtained, and all the results demonstrate that
the static aeroelastic response and flutter characteristics are
quite different from the results obtained from linear analysis.

2. Theory
2.1. Structure Geometric Nonlinearity. Large structural excursions induced by very flexible wings when undergoing aerodynamic loads in the air prevent the use of linear methods
based on the small displacement assumption and call for
geometrically nonlinear structural analysis. Geometric nonlinearity are based on the kinematic description of the body,
and the strain on the wing should be defined in terms of
local displacement of the wing for dynamic motion. These
result in the nonlinear geometric equations including the
quadric term of the displacement differential and require
the nonlinear force equilibrium equation established on the
deformed state of the structure. Structural geometrically nonlinear problems are often solved by the maturely developed
nonlinear incremental finite element method [16] and two
formulae called the total Lagrange formulation (TLF) and
the updated Lagrange formulation (ULF) [17], which are
well known. The ULF is used in this study, and the primary
equations are presented briefly below. The core method
of structural analysis has already imbedded in commercial
software, so it is convenient to be used in engineering analysis.
The relationship between the nonlinear Lagrange/Green
strain and displacement is
𝑡

𝜀𝑖𝑗 =

1 𝑡
( 𝑢𝑖,𝑗 + 𝑡 𝑢𝑗,𝑖 + 𝑡 𝑢𝑘,𝑖 𝑡 𝑢𝑘,𝑗 ) ,
2

(1)

where 𝑡 𝑢𝑖,𝑗 is the partial derivative of displacement component 𝑢𝑖 to the coordinate 𝑥𝑗 at time 𝑡.
Despite a large elastic deformation, the material is still
within the elastic limitation for a small strain, so the conjugate
Kirchhoff stress tensor 𝑆𝑗𝑖 at time t satisfies
𝑡

𝑆𝑗𝑖 𝑡 𝑛𝑗 𝑡 𝑑𝑠 = 𝑡 𝑥𝑖,𝑗 𝑡 𝑑𝑇𝑗 ,

(2)
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where 𝑡 𝑛𝑗 is the direction cosine of a small area element
𝑑𝑠 at time 𝑡 and 𝑑𝑇𝑗 is the corresponding surface force in
which the follower force effect is considered. The linear elastic
constitutive relation is given as follows:

dynamic problems, including the flexible wing structural
dynamic stability:

𝑆𝑖𝑗 = 𝑡 𝐷𝑖𝑗𝑘𝑙 𝑡 𝜀𝑘𝑙 ,

where u is the large deflecting equilibrium deformation from
(8) and x is a small vibration deformation. According to (9)
and the static equilibrium condition, the linearized structural
quasimode can be obtained by generalized diagonalization,
and the vibration equation of the system under steady forces
reduces to

𝑡

(3)

where 𝐷𝑖𝑗𝑘𝑙 is the elastic tensor, which has a different form for
isotropic or anisotropic material.
The finite element method (FEM) based on energy principles is an effective approach to solve structural problems.
For geometric nonlinear problems, considering the follower
force effect, the incremental FEM is used. The strain 𝜀𝑖𝑗 can
be decomposed into a linear part 𝑒𝑖𝑗 and a nonlinear part 𝜂𝑖𝑗
of the current displacement:
𝑡

𝜀𝑖𝑗 = 𝑡 𝑒𝑖𝑗 + 𝑡 𝜂𝑖𝑗 .

(4)

The stress can also be decomposed in increments, where 𝑡 𝑆𝑖𝑗
represents the equilibrium stress at time 𝑡 and 𝑡 𝜏𝑖𝑗 represents
the incremental stress to be calculated at each time step:
𝑡+Δ𝑡

𝑆𝑖𝑗 = 𝑡 𝜏𝑖𝑗 + 𝑡 𝑆𝑖𝑗 .

(5)

The integral equation is established by linearization in each
incremental step:
∫

𝑡

𝑡𝑉

𝐷𝑖𝑗𝑘𝑙 𝑡 𝑒𝑘𝑙 𝛿𝑡 𝑒𝑖𝑗 𝑑𝑡 𝑉 + ∫
𝑡

= 𝑡+Δ𝑡 𝑄 − ∫
𝑡

𝑡
𝑉

𝑡
𝑉

𝜏𝑖𝑗 𝛿𝑡 𝜂𝑖𝑗 𝑑𝑡 𝑉
(6)

𝜏𝑖𝑗 𝛿𝑡 𝑒𝑖𝑗 𝑑𝑡 𝑉,

where 𝑡+Δ𝑡 𝑄 is the incremental outer force including the
aerodynamic force, engine thrust, and gravity, at the new
time step. Considering a number of shape functions, the
relationship between strain and deformation is presented as
𝑡

𝑒 = 𝑡 B𝐿 𝑢,

𝑡𝜂

(7)

= 𝑡 B𝑁𝐿 𝑢.

Substituting these shape functions into (6) leads to the
element governing equation [18]:
(𝑡 K𝐿 + 𝑡 K𝑁𝐿 ) u =

𝑡+Δ𝑡

Q − 𝑡 F𝐴 ,

(8)

𝑡+Δ𝑡

Q is the incremental outer force including the
where
aerodynamic force, engine thrust, and gravity at the new time
step. The stiffness matrix in (8) could be decomposed into a
linear part 𝑡 K𝐿 and nonlinear part 𝑡 K𝑁𝐿 . The linear part is
only related to the structure itself, whereas the nonlinear part
is related to the deflected configuration and strain quality,
which should be updated in each computation step.
The corresponding dynamic equation can be expressed as
M𝑡+Δ𝑡 ü + (𝑡 K𝐿 + 𝑡 K𝑁𝐿 ) u = 𝑡+Δ𝑡 Q − 𝑡 F𝐴,

(9)

where 𝑡+Δ𝑡 ü is the structural displacement acceleration vector
at new time step. The assumption of a small amplitude vibration around the static equilibrium state is suitable for many

u = u + x,

M𝑇 ẍ + K𝑇 x = 0,

(10)

(11)

where M𝑇 is the inertial matrix of the structure at the
nonlinear static equilibrium configuration and K𝑇 is the
corresponding stiffness matrix. Both of these parameters are
nonlinear functions of u and vary under different equilibrium
states, which is a key feature of geometric nonlinear structures. The mode shapes and frequencies can be deduced from
(11).
Introducing the harmonic oscillating assumption x =
𝜙𝑒𝑖𝜔𝑡 , the vibration equation can be written as
(K𝑇 − 𝜔2 M𝑇 ) 𝜙 = 0,

(12)

where 𝜔 is the vibration circular frequency and 𝜙 is the
vibration mode matrix. If (12) has all-nonzero solutions, that
demands


(13)
det K𝑇 − 𝜔2 M𝑇  = 0.
That is a generalized eigenvalue problem about K𝑇 and M𝑇 .
Solving (13), the vibration circular frequency 𝜔𝑖 should be
obtained. Substituting 𝜔𝑖 into (12), structural eigenvector 𝜙𝑖
(structural mode shape) can be obtained.
2.2. Nonplanar Vortex Lattice Method. The modelling of flexible aircraft with significant structural deformations requires
the incorporation of structural dynamics and aerodynamics
in a unified framework. The aerodynamic loads in (9) should
be computed on a deformed configuration. This section
summarizes the primary characteristics of the NVLM and its
application to a curved aerosurface. The NVLM is derived
from three-dimensional potential flow theory and is suitable
for most normal situations that VAFs may encounter. Because
the simple programming effort is required, NVLM is easy
to combine with structural dynamic computations to obtain
the response results for aeroelastic structures. Additionally,
the exact boundary condition is satisfied on the real wing
surface in the NVLM, which can have camber and various
platform shapes. Thus, the NVLM is convenient for use
with very flexible wings, whose aerodynamic surfaces are
subjected to large structural deformations [19]. The NVLM
is implemented using vortex ring quadrilateral elements to
discretize the curved lifting surface along with the wing’s
deformation, as shown in Figure 1.
A Cartesian coordinate system is shown in Figure 1,
whose 𝑥𝑦-plane represents the undeformed wing plane, and
the 𝑥-axis points in the flow direction when the angle of
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where V𝑥 , V𝑦 , and V𝑧 are the induced velocity components
along the 𝑥-axis, 𝑦-axis, and 𝑧-axis, respectively, and WC𝑥 ,
WC𝑦 , and WC𝑧 are their influence coefficient matrices related
to the current large deformed configuration.
The Neumann boundary condition is implemented to
obtain the vortex distribution. The nonpenetration boundary condition is applied on the aerodynamic lattice of the
current configuration, which implies that the method is
also geometrically nonlinear and can account for large wing
deformations. For the collocation point of the 𝑖th panel
element,

z
y

(V∞ + V𝑖 ) ⋅ n𝑖 = 0,
x

Figure 1: Nonplanar vortex lattice model for a thin lifting surface.

 ×


×



×



×

where V∞ is the velocity of the free stream; V𝑖 is the induced
velocity at the 𝑖th collocation point by all vortex elements,
𝑇
V𝑖 = [𝑉𝑥𝑖 𝑉𝑦𝑖 𝑉𝑧𝑖 ] ; and n𝑖 is the normal vector of the 𝑖th
panel element reflecting the local spatial deformation.
The circulation of the bound vortices is obtained by
solving (15). Thus, the pressure distribution over the lifting
surface can be obtained through the Kutta-Joukowski lift
theorem [21]. The aerodynamic force that acts on the 𝑖th panel
element is
f𝐴𝑖 = 𝜌V∞ × Γ𝐹𝑖 ,



×

Figure 2: Arrangement of the vortex ring elements.

attack is 0. Both the structural displacement and aerodynamic
computation will be computed and described in this unified
coordinate system. The leading segment of the vortex ring
is placed on the panel’s quarter chord line; the aeroforce of
the panels acts on the midpoint of the segment, which is
represented by “I” in Figure 2, and the collocation point
(represented by “×” in Figure 2) is at the centre of the
three-quarter chord line, where the nonpenetration boundary condition will be implemented. Aerofoil warp can be
represented by its middle camber surface, and some typical
panel elements are shown in Figure 2.
The velocity induced at an arbitrary point by a typical
vortex ring can be calculated by applying the Biot-Savart law
[20] to the ring’s four segments, but attention should be paid
to the rings located at the trailing edge where two semiinfinite trailing vortex lines that model the wake flow are
shed along the free stream direction, as shown in Figure 3.
Then, the induced velocities at all collocation points could be
represented as
V𝑥 = WC𝑥 Γ
V𝑦 = WC𝑦 Γ
V𝑧 = WC𝑧 Γ,

(14)

(15)

(16)

where Γ𝐹𝑖 is the total vortex strength at the 𝑖th panel element’s

has different values depending
quarter chord line, Γ𝐹𝑖 = l𝑖 Γ𝐹𝑖
on whether the panel is the leading edge panel or not, and l𝑖 is
the vector describing the magnitude and direction of the 𝑖th

= Γ𝑖 when
panel element’s quarter chord line. Consider Γ𝐹𝑖

the panel is located on the leading edge of the wing and Γ𝐹𝑖
=


Γ𝑖 − Γ𝑖−1 when it is not.
The curved surface distributed aerodynamic force
obtained by the NVLM combined with the nonlinear FEM
with the follower force effect can describe the large deformed
static equilibrium state. Some extreme conditions, such
as stall and hover, require further consideration by some
possible modification or more accurate calculation method,
such as CFD. Here, only a normal situation that NVLM can
manage is considered, which is sufficient for normal stability
analysis for flexible wings.
2.3. Nonplanar Doublet-Lattice Method. The calculation of
unsteady loads plays an important role across much of the
design and development of an aircraft and has significant
impacts on structural design, aerodynamic characteristics,
weight, flight control system design, control surface design,
and performance [22]. In stability analysis, spatial aerodynamic modelling was found to perform well in situations
dominated by small amplitude dynamics around large quasistatic wing deflections [23]; thus, the concept of frequency
and modal analysis could also be inherited from vibration
theory. Then, the frequency domain aerodynamic methods
could also be suitable for VFAs in stability analysis, in
which the planar DLM is often used in traditional aeroelastic
analysis. In this section, the DLM code is extended into
nonplanar cases to account for the 3D unsteady loads of
large-aspect-ratio wings with large deflections and can be
successively applied in engineering practice.
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Figure 3: Typical vortex elements.

z

where 𝑇1 and 𝑇2 are geometric relations that represent the
local deformations. 𝐾1 and 𝐾2 could be evaluated by integrals
or via other methods [24].
The critical problem of NDLM is the implementation of
exact geometric boundary conditions. The local normal wash
velocity, shown in Figure 5, is computed via (17); then, the
boundary condition is expressed as

y

O

(𝑈𝑛 )𝑖 = (𝑈𝑛𝑏 )𝑖 .

x

Figure 4: Typical nonplanar lattice on a curved lifting surface.

To meet the demand of nonplanar aerodynamic computations, mesh dividing should be determined on the deformed
surface and updated along with the structure deflection,
as shown in Figure 4. In addition to the spatial lattices,
local coordinates should be established to reflect the exact
nonplanar configuration of the wing. The nonplanar effect not
only is reflected geometrically but also should be contained in
the kernel function 𝐾.
The relationship between the pressure and normal wash
distribution in unsteady potential subsonic flow can be
written as [24]
𝑤 (𝑥, 𝑦, 𝑧)
𝑈
=(

1
)
8𝜋

× ∬[

(17)
Δ𝑝 (𝜉, 𝜂, 𝜁) 𝐾 (𝑥, 𝑦, 𝑧, 𝜉, 𝜂, 𝜁; 𝑘, 𝑀)
] 𝑑𝜉 𝑑𝜂.
(𝑞𝑟2 )

Rodemich demonstrated that the kernel function can
be written in the following form; a detailed derivation and
explanation can be found in [25]:
𝐾=

𝑒−(𝑖𝜔𝑥0 /𝑈) (𝐾1 𝑇1 + 𝐾2 𝑇2 )
,
𝑟12

(18)

(19)

Due to large deformations, the wing cannot be treated
as oscillating about the 𝑥𝑦-plane; thus, the real boundary
condition is related to local geometric nonlinearity. The more
generalized boundary condition written based on modes is
𝜕𝑓
𝑘
,
𝑤=𝑖 𝑓+
𝑏
𝜕𝑥

(20)

where 𝑤 = 𝑈𝑛𝑏 /𝑉∞ is the nondimensional induced velocity in
the normal direction by the spatial lattice, 𝑘 is the reduced
frequency, and 𝑓 is the modal vibration shape function of
the wing structure in a local normal direction and varies
under different equilibrium states; 𝑓 already includes the
large static deformation, which makes it different from the
traditional DLM despite its similar format. Because of the
nonlinear geometric stiffness effects discussed before, modal
shape and structure stiffness should be updated according
to the different deformed configurations when computing
unsteady aerodynamic forces.
Substituting (17) and (20) into (19), the boundary condition can be written as an aerodynamic influence coefficient (AIC) in matrix form, where D is the instantaneously
geometry-related AIC matrix:
w = DΔ𝑐𝑝 .

(21)

Although the nonplanar DLM has been developed and
used for many years and it could not consider an excessive
number of unsteady effects, it is still capable of use in flexible
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Then, the deformation vector U𝐴 of 𝑀 aerodynamic grids
with the coordinates of X𝐴 can be interpolated as

Double lattice line

U𝐴 = A𝐴A−1
𝑆 W𝑆 ,

(25)

where A𝐴 is the constant matrix related to the given coordinates of aerodynamic grids X𝐴. Equation (25) can be
transformed into
U𝐴 = GU𝑆 ,

Normal wash

Figure 5: Typical doublet-lattice line and its normal vector.

wing stability analysis because the structure can be linearized,
and the hypothesis of small amplitude dynamics around large
quasistatic wing deflections can be made.
2.4. Surface Spline Interpolation. The integration of the flexible structure motion and the corresponding aerodynamic
computation relies on the coupling between aerodynamics
and structure. This is a critical problem in aeroelastic analysis,
particularly for VFAs, whose large 3D elastic deformations
make conventional 1D or 2D interpolations invalid. The
generalized surface spline interpolation [26] is used in this
study to couple the aerodynamics and structure. This method
can clearly describe the interpolations in arbitrary space
dimensions, which makes it applicable for VFA aerodynamic/structure coupling, whose structural configuration is
typically considered to be embedded in a 3D space. A brief
introduction is presented here.
Consider a given vector set 𝑋𝑖 = {𝑥𝑖1 , . . . , 𝑥𝑖𝑁} (𝑖 =
1, 2, . . . , 𝑛) in 𝑁-dimension space and the corresponding
image vectors 𝑊𝑖 = {𝑤𝑖1 , . . . , 𝑤𝑖𝑀} (𝑖 = 1, 2, . . . , 𝑛) in Mdimension space. For the 𝑘th component of 𝑊, it can be
expressed as
𝑁

𝑛

𝑝=1

𝑖=1

𝑘
𝑘
𝑥𝑝 + ∑𝑐𝑁+1+𝑖
𝑟𝑖2 ln (𝑟𝑖2 + 𝜀) ,
𝑤𝑘 (𝑋) = 𝑐1𝑘 + ∑ 𝑐𝑝+1

(22)

where the symbols in (22) are the same as those in [27]
and the coefficient 𝜀 could be given different value with 𝑘.
This can be used as the interpolation between structural
grids and aerodynamic grids. Considering 𝑁 given structural
grids with coordinates X𝑆 and a corresponding deformation
vector U𝑆 , the relationship between the coordinates and the
deformation of the grids could be written in matrix form:
A 𝑆 C = W𝑆 ,

(23)

and according to (22) we know that A𝑆 and W𝑆 are constant
matrices related to the coordinates X𝑆 and corresponding
deformation U𝑆 . C is the coefficient matrix of the surface
spline fitting function. When A𝑆 is nonsingular, C can be
solved as
C = A−1
𝑆 W𝑆 .

(24)

(26)

where G is the spline matrix for displacement interpolation
between the aerodynamic grids and structural grids. According to this relationship, the aerodynamic grid and meshes can
be updated automatically, ensuring that the real deformed
aerosurface is considered in every aerodynamic computation.
The other transformation also occurs here between the
aerodynamic and structural force systems to obtain an
equivalent force on the structure for the structural deflection
analysis. When the aerodynamic forces F𝐴 and their equivalent structure forces F𝑆 perform the same virtual work on
their respective virtual deflections, the structural equivalence
of the two force systems is guaranteed by
𝛿U𝑇𝐴 F𝐴 = 𝛿U𝑇𝑆 F𝑆 ,

(27)

where 𝛿U𝐴 and 𝛿U𝑆 are the arbitrary virtual deflections
satisfying (26). The nonplanar aerodynamic force computed
is F𝐴 = [𝐹𝐴𝑥 𝐹𝐴𝑦 𝐹𝐴𝑧 ]. Therefore,
F𝑆 = G𝑇 F𝐴 .

(28)

The bidirectional coupling between aerodynamics and
the structure helps to complete the iterative process to
determine the equilibrium states, which is fundamental in
nonlinear analysis.
2.5. Flutter Analysis. Nonlinear structural stiffness [28] and
nonplanar aerodynamics due to large deformations have
dramatic effects on the flutter response, and, thus, the
conventional linear approach of aeroelastic stability analysis
is not applicable. To determine the stability properties of the
structure, a modal analysis is conducted at the nonlinear
equilibrium state, and the aeroelastic equation can be derived
as
Mq̈ + Kq = Q.

(29)

Equation (29) has the same form as that of the linear case, but
each item is obtained from the nonlinear analysis introduced
previously. Q = (1/2)𝜌𝑉2 Aq describes the generalized
unsteady aerodynamics vector, and A is the unsteady nonplanar aerodynamic influence coefficient complex matrix related
to the reduced frequency 𝑘 and the deformed configuration
given by the NDLM. Using the 𝑝-𝑘 method, (29) can be
rewritten as
[𝑝2 M − 𝑝

𝑏
1
𝜌𝑉QI + (K − 𝜌𝑉2 QR )] q = 0
2𝑘
2

𝑏 

𝑘 = Im (𝑝) ,
𝑉

(30)
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Table 1: Structure mode frequency.

Mode name

Natural frequency
(Hz)

Test frequency
(Hz)

Linearized
frequency (Hz)

The error between test
and nonlinear
analysis (%)

1

Vertical 1st bend

1.78

2.00

1.95

−2.50

2

Horizontal 1st bend

10.60

10.56

10.63

−0.66

3

1st twist

13.75

13.93

13.74

−1.36

4

Vertical 2nd bend

17.36

18.10

17.60

−2.76

5

Vertical 3rd bend

54.00

55.83

54.26

−2.81

Mode number

where QR and QI are the generalized aerodynamic stiffness
matrix and aerodynamic damping matrix, respectively; 𝑝 =
𝜔(𝛾 ± 𝑖) = 2𝜋𝑓(𝛾 ± 𝑖) is the complex eigenvalue; 𝛾 is the
decaying rate; and 𝑔 = 2𝛾 is the structural damping ratio.
In detailed computations with a certain Mach number,
air density 𝜌, and flying velocity 𝑉, solving (30) yields a
series of 𝜔/𝑓 and 𝑔. Drawing the 𝑉-𝑔 and 𝑉-𝑓 curves
of each mode, when 𝑔 = 0, the corresponding flutter
velocity and frequency can be obtained. However, in the
nonlinear analysis, the flutter velocity obtained here is
only a predicted value that may change under different
static loads and deformation cases. Thus, the nonlinear
static aeroelastic analysis and stability analysis should be
considered jointly, not separately, as in the linear analysis.
The exact flutter velocity can be searched iteratively to use
the geometrically nonlinear aeroelastic analysis flowchart
below.
The geometric nonlinear aeroelastic analysis flowchart for
a very flexible wing, as shown in Figure 6, can be decomposed
into two parts: a nonlinear static aeroelastic iterative analysis
and a larger iterative stability analysis that searches for an
exact flutter speed. The static aeroelastic analysis is implemented using an automatic aerosurface update via surface
spline interpolation to acquire the accurate static aeroelastic
results. The geometrically nonlinear static structural analysis
is executed by the FEM, which could reduce the limitations of the simple beam model and can be easily used
in engineering practice. Typically, after four to five times
iterative calculation, the nonlinear static aeroelastic analysis
can get a convergent result. Flutter analysis is implemented
by coupling the NDLM computation and the quasimodes
calculation of the wing at its nonlinear equilibrium state
obtained by the static aeroelastic analysis. Once those two
iterations reach the same flight speed, the aeroelastic flutter
analysis is accomplished. Otherwise, the analysis changes
the flight status, such as the Mach number or the dynamic
pressure, and repeats the calculation. Commonly, dichotomy
is used to search for the exact flutter speed. If the predicted flutter speed is higher than the current computed
flight speed, then the intermediate speed can be selected
as the next computed flight speed. Most often, after four
times dichotomy computation, the exact flutter speed can be
found.

3. Analysis Model
3.1. Wind Tunnel Test Model. The geometrically nonlinear
characteristics of VFAs have attracted people’s attention for
many years; however, there are still some basic principles that
require a more in-depth description; this situation indicates
the importance of wind tunnel tests. Thus, a wind tunnel
test model was designed to validate the theoretical analysis
established in this paper and to provide insight into VFA
aeroelastic characteristics. Although the proposed theoretical
analysis framework can be widely used for models of different
complexities, a simple wing model here was used to perform
the wind tunnel test and illustrate the nonlinearity of the
aeroelasticity of very flexible wings. The tested semiwing,
whose deformation is quite large during testing, is fixed at the
root (right side of the 64 × 8 lattices, as shown in Figure 8).
The FEM model as shown in (Figure 7) has been modified
by ground vibration tests, in which different weights were
attached to test the static deformation and model frequency
under horizontal suspended cases. The wing was also fixed
upright to minimize the gravity effect and obtain its approximate natural frequency. The natural vibration information
obtained by FEM after model calibration is shown in Table 1.
Moreover, the GVT test results and nonlinear analysis results
were also presented in the table. Although the wing had
been fixed vertically, as shown in Figure 9, the nonlinear
characteristics could still be observed. Since the gravity acted
along spanwise, the stiffening effect can be noticed from the
commonly higher frequency in the test results compared with
linear natural frequency. The structural linearized frequency
results shown in Table 1 were obtained via nonlinear static
analysis and quasimode analysis under nonlinear equilibrium
as introduced in Section 2.1. The acceptable small errors
between test results and linearized analysis results indicate
our structural modelling is credible and nonlinear analyses
64 × 8 were basically accurate and available to be used in the
subsequent analysis.

4. Aeroelastic Stability Analysis
4.1. Static Aeroelastic Analysis. For comparison purposes, the
static aeroelasticity of the wing model is calculated by the
traditional linear method (represented by the label “linear” in
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Data input:
structure model,
aerodynamic model

Flight status
Mach, QD

Structure and aerodynamic modeling
spline matrix computation
XS , XA , G

Nonplanar VLM computation

Autoaerodynamic model
update

Force spline
FS = GT FA
Deformation spline
UA = GUS

Structural nonlinear static analysis
US

Convergence test
Nonlinear static
aeroelastic analysis

No

Yes
Output the results
FS , US , FA , UA

Deformed configuration quasimodal
analysis

Nonplanar DLM computation

Solve flutter equation
No
Consistency test
Yes
End

Figure 6: Geometric nonlinear aeroelastic analysis flowchart.

Figure 7: Structure of the FEM model.
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Figure 8: Aerodynamic model.

Figure 9: Ground vibration test (wing was fixed vertically).
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Figure 10: Vertical displacement at the wing tip versus airspeed.

Figure 10) and the nonlinear method developed in this paper
(represented by the label “nonlinear” in Figure 10). In the
linear method, the assumption of infinitesimal deformation
is adopted, and the aerodynamic loads are computed by the
steady planar vortex lattice method, which do not consider
the wing’s deflection. Although the conventional planar vortex lattice method is not accurate and even erroneous in this
case, it has been adopted for more than thirty years and still
has been widely used in engineering analysis. However, that is

our paper’s aim to show the inaccuracy of planar aerodynamic
computation and establish an easily acceptable nonplanar
aerodynamic computation to deal with the nonplanar lifting
surfaces. Figure 10 shows the vertical displacements of the
wing tip that are obtained by these two methods under a 0.5∘
angle of attack at the root; the results of the wind tunnel test
are also presented.
The test results in Figure 10 indicate that vertical displacement of the wing tip increases with increasing wind
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Final aerodynamic model
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Figure 11: Initial and final aerodynamic model of the flexible wing.
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Figure 12: Aerodynamic force in linear and nonlinear case.

speed, as does the curve slope of the test result until the
velocity reaches approximately 33.5 m/s. When the velocity is
further increased, the rate of wing tip displacement increase
is slowed down and converges to a limit value due to geometric stiffness effect. The results obtained by the nonlinear
method are consistent with the test results despite some small
differences that may be caused by systematic measurement
errors. However, the wing tip deflection obtained by the linear
method increases with wind speed and reaches approximately
456.9 mm at 34.0 m/s, which is far beyond reality and is no
longer significant.
According to the test results, the vertical displacement
at the wing tip is approximately 37.5% of the span under a
0.5∘ angle of attack when the wind speed is 34.0 m/s. The
initial and final aerosurfaces in the nonlinear analysis are
presented in Figure 11. It is a typical nonlinear case of the
flexible wing with a large deformation, and the nonplanar
effect of the lifting surface is quite significant. Detailed
displacements in three directions along the span in this case
are presented in Figure 13. Figure 12 shows the linear planar
case and nonlinear nonplanar case in static analysis. In the
traditional linear analysis, the aerosurface remains planar,
and the aerodynamic force F𝐴 acts only in the z direction;
considering the linear relation between displacement and
force, deflections in the x-axisand y-axis are small, shown in
Figure 13. However, in the nonlinear analysis, the aerosurface
is automatically updated with structural deflections, and the
follower force effect is included so that the displacements
in the x-axis and y-axis can be considered. As shown in

Figure 12, the aerodynamic force F𝐴 acts vertically to the
aerosurface. Thus, besides the lift, a large component side
force is significant in nonlinear cases, which may induce
large deflections in the 𝑦-axis (V in Figure 12) and reduce the
effective lift. There is induced drag in 𝑥-axis in both linear
case and nonlinear case, but it is only quite small part of
force in 𝑥-axis. The deflection in 𝑥-axis under nonlinear case
is mainly caused by the follower force effect other than the
induced drag force. Once there is a little torsion, there is a
component force of F𝐴 in 𝑥-axis that may cause deflections
in 𝑥-axis. In linear case, the aerosurface keeps planar and the
aero force only acts in 𝑧-axis, and the structural deflection in
𝑥-axis is rather small.
Additionally, in the linear analysis, the effective aerodynamic load reduction due to the shortening of aerosurface
and structural stiffening effect due to elastic deflections
cannot be considered; as a result, the displacements along
the 𝑧-axis (Figure 13) and the torsion angle (Figure 14) of
the nonlinear analysis are smaller and more reliable than the
linear results. Because the wings are fixed at their roots, the
torsion angle increases from zero along the span. The tip
torsion angle is still within the limitation of potential flow,
so the NVLM still can be applied.
The aerodynamic loads along spanwise, including the lift,
drag, and side force, are shown in Figure 15. These loads are
the directional component forces of the total aerodynamic
load obtained from the NVLM. Since the aerosurface keeps
planar, the effective lifting surface area is much bigger than
the nonlinear case. Additionally, the torsion angle is bigger
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Figure 13: Displacement of the wing spar spanwise (0.5∘ AOA, 34 m/s).

than nonlinear case, so the lift in linear case is bigger than that
in nonlinear case. Because of the follower force effect and the
updated aerosurface, aerodynamic force may have significant
component force in 𝑥-axis, so the drag in nonlinear case is
bigger than that in linear case. Since the aerosurface keeps
planar, there is no side force in linear case. In nonlinear case,
the aerodynamic force acts vertically to the large deformed
aerosurface so there is quite large component force acting
along the span as the side force. The side force is comparable
to the lift and contributes significantly to the root bend
moment; thus, it cannot be ignored in the nonlinear analysis.
The elastic torsional angle increases the effective angle of

attack; thus, the maximum aerodynamic loads along the span
move to the outer wing.
4.2. Flutter Analysis. The structural dynamics are different
under various deflections and force cases due to geometrically
nonlinear effects. Figure 16 shows the structural dynamic
frequency under different static load cases. The reduction of
the horizontal bend frequency and the increase in the twist
frequency are distinct. An iterative process is used to obtain
the exact flutter boundary under certain flight conditions,
and the effect of gravity is also considered. The results of
different cases are compared with the experiment results to
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Figure 14: Torsional angle of the wing spar spanwise (0.5∘ AOA, 34 m/s).

illustrate the nonlinear flutter characteristics and validate the
theoretical analysis.
Figure 17 shows the 𝑉-𝐹 and 𝑉-𝑔 curves of the traditional
linear results. A classical bend/twist coupling flutter pattern
results in a flutter speed at approximately 33.5 m/s, and the
horizontal bend mode does not contribute to the flutter;
its frequency remains unchanged. The 1st vertical mode
frequency reduces to zero when the speed is over 34 m/s but
the double calculation and the wind tunnel test indicate that
there is no divergence occurring around 34 m/s.
The nonlinear stability analysis results are presented
below. All 𝑉-𝑔 curves are found to be significantly different
from the linear results with an unstable mode switching to
a horizontal bend in the nonlinear analysis. This is caused
by the geometrically nonlinear effect, which makes the
horizontal bending mode contain large torsional components
and becomes unstable when the structure experiences a
large deformation, as shown in Figure 18. It is a remarkable
characteristic of nonlinear stability analysis of VFAs that
the horizontal bend mode plays an important role in flutter
characteristics.
Figure 19 shows the stability analysis results under the
equilibrium states of 20 and 25 m/s. The corresponding
predicted flutter speeds are approximately 31 and 33 m/s.
Typically, the flutter speed decreases with increasing airspeed
in the nonlinear analysis, but the test wing induces a negative
deformation when the airspeed is below 28 m/s. Thus, the
predicted flutter speed of 25 m/s is larger than that of 20 m/s.
Because of the disagreement between the static equilibrium
flight speed and predicted flutter speed, only the data near the
static state marked red in Figure 19 are reliable. An iterative
process is performed to narrow the disagreement and search
for the exact flutter speed. Figure 20 shows the 𝑉-𝑔 and 𝑉-𝐹
curves from the dynamic aeroelastic analysis under the static
equilibrium flight speed of 31.5 m/s. The predicted critical
speed is 31.5 m/s, which is the theoretical exact nonlinear

flutter speed of the analysis model under 0.5∘ angle of attack.
Again, the data in Figure 20 is only accurate near 31.5 m/s,
and if completely accurate 𝑉-𝑔 and 𝑉-𝐹 curves were desired,
the divisional accurate data should be pieced together, as is
in Figure 21, which requires more data to make the curve
smoother and more reliable.
The calculated cases above are under a 0.5∘ angle of attack.
Due to geometric nonlinearity, cases under different angles of
attack lead to different flutter speeds. The iterative processes
searching for exact flutter boundary under different angles of
attack have been implemented and the final results are shown
in Figure 22. The flutter results are summarized in Table 2. The
aerodynamic loads and structural deflections increase as the
angle of attack increases. Due to geometric nonlinearity, large
deflections and load conditions easily cause the horizontal
bending to become unstable. Thus, both the test and nonlinear analysis results indicate that the flutter speed decreases
with an increasing angle of attack, whereas no changes are
noted in the linear analysis under different cases. The first
three cases present nearly identical deviations between the
nonlinear analysis results and test results (in Figure 23).
This effect may be caused by the conservative aerodynamic
computation that can be validated in the deflection curve in
Figure 10, where the analysed displacement is larger than that
found in the test when the displacement is positive. Thus, it is
understandable that the analysed flutter speed is smaller than
the test results. The deviation narrows in the last case because
the test result changes to a stall flutter depending on the
flutter phenomena observed in the test; the stall model is not
considered in theoretical aerodynamic computation, but the
decline in flutter speed can still be reflected. In our test cases,
the linear analysis results sometimes are less conservative
than nonlinear results. This is not a referable conclusion. For
most cases, the nonlinear analysis results are more accurate
and reliable than linear results, especially when the nonlinear
flutter speed is lower than the linear results.
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Figure 15: Drag, side force, and lift along spanwise.

Table 2: Flutter speeds under different angles of attack.
Angle of
attack

0∘

0.5∘

1.0∘

1.5∘

Linear

Computation Experiment Computation Experiment Computation Experiment Computation Experiment Computation

Flutter speed
(m/s)

33.0

35.7

31.5

34.4

28.0

32.2

26.5

27.0

33.5

Flutter
frequency
(Hz)

7.60

6.94

7.82

6.88

7.34

7.00

7.53

13.38

7.29

Unstable
mode

First horizontal bend in plane

First twist
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Figure 16: Structural frequency under nonlinear static deflections.
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Figure 17: 𝑉-𝐹 and 𝑉-𝑔 curves of the linear flutter analysis.
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Figure 19: Predicted flutter speed under two flight cases.
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Figure 20: 𝑉-𝑔 and 𝑉-𝐹 curves under 31.5 m/s.

5. Conclusion
A theoretical analysis framework has been introduced for
very flexible wing structures that present notable geometric
nonlinearity. The NVLM and NDLM are combined, and
the proposed code has been developed to obtain the steady
and unsteady aerodynamic loads for aeroelastic stability
analysis. Wind tunnel testing is used to demonstrate the

geometrically nonlinear characteristics of a large-aspect-ratio
wing and validate the theoretical analysis results. Reasonable agreement between the computational results and test
results has been obtained; all the results indicated that the
static aeroelastic responses and flutter characteristics of very
flexible wings are significantly different compared with the
traditional linear analysis results. The geometrically nonlinear aeroelastic stability is related to certain flight conditions,
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Figure 21: Accurate data pieced together roughly.
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Figure 22: Nonlinear analysed flutter speed under different angles
of attack.

and large elastic deformations make the horizontal bend
mode unstable and may decrease the flutter speed, which
have a significant influence on the flight envelope. The
NVLM/NDLM and nonlinear FEM with the quasimodal
dynamic approach make the nonlinear aeroelastic stability
analysis feasible and more accurate. The theoretical analysis
process established in this paper follows conventional linear
analysis ways with some significant modifications considering VFAs’ geometrical nonlinearity both theoretically and

practically and can thus be easily used to estimate the
occurrence of critical aeroelastic behaviours of VFAs in
engineering analysis. Efforts to apply the methodology to a
flexible aircraft including control surfaces and coupled flight
dynamics are ongoing; some aerodynamic derivatives may
also be discussed in future work.

Nomenclature
𝑏:
Δ𝑐𝑝 :
𝑡
F𝐴:
f𝐴𝑖 :
𝑡
K𝐿 :
𝑡
K𝑁𝐿 :
K:
𝑘:
M:
𝑀:
𝑁:
𝑝:
Δ𝑝𝑗 :
Q:
q:
𝑆𝑖 :
U𝐴 :
U𝑆 :
(𝑈𝑛 )𝑖 :
(𝑈𝑛𝑏 )𝑖 :
𝑉:
𝑉𝐹 :
𝑉∞ :
𝑤:
Γ:
𝜌:
𝜀𝑖𝑗 :

Reference chord length
Pressure vector on an aeroelement
Total aerodynamic loads at time 𝑡
Aerodynamic force vector on the 𝑖th element
Linear stiffness matrix at time 𝑡
Nonlinear stiffness matrix at time 𝑡
Generalized structural stiffness matrix
Reduced frequency
Generalized structural mass matrix
Number of aerogrids used in interpolation
Number of structural grids in interpolation
Complex eigenvalue used in the 𝑝𝑘 method
Pressure difference on the 𝑗th lattice
Generalized load vector
Modal coordinate
Area of the 𝑖th lattice
The deformation of aerodynamic grid
The deformation of structural grid
Normal wash in 𝑖th lattice
Normal movement velocity of the 𝑖th lattice
Reference speed
Flutter speed
Velocity of the free stream
Nondimensional induced velocity
Vortex strength
Air density
Strain.
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Feature extraction from vibration signal is still a challenge in the area of fault diagnosis and remaining useful life (RUL) estimation
of rotary machine. In this paper, a novel feature called phase space similarity (PSS) is introduced for health condition monitoring of
bearings. Firstly, the acquired signal is transformed to the phase space through the phase space reconstruction (PSR). The similar
vibration always exists in the phase space due to the comparable evolution of the dynamics that are characteristic of the system state.
Secondly, the normalized cross-correlation (NCC) is employed to calculate the PSS between bearing data with different states. Based
on the PSS, a fault pattern recognition algorithm, a bearing fault size prediction algorithm, and a RUL estimation algorithm are
introduced to analyze the experimental signal. Results have shown the effectiveness of the PSS as it can better grasp the nature and
regularity of the signals.

1. Introduction
Currently, fault diagnosis is an extremely significant research
field in industry; intelligent health monitoring is gradually
supplemented in maintenance of the machine to ensure
the stability of systems and decrease the downtime. Rolling
bearing is a key component in the rotary machine, and faults
occurred frequently, leading to a disastrous accident. Typical
damage of bearing is located at outer race, ball, and inner
race. One of the challenges for health monitoring is sensitive
feature extraction from sensor signals that are often mixed
by noise [1, 2]. Representative feature extraction methods
are based on time-domain analysis and frequency-domain
analysis [3–5]. Although the above methods cannot extract
the nonlinear features from the vibration signals, the timefrequency analysis can overcome this problem, investigating
a signal in both time and frequency domains [6]. In addition,
empirical mode decomposition and wavelet analysis are able
to express the nonstationary signals well and can also extract
the sensitive features [7, 8]. Nevertheless, the extracted features are still redundant and with high dimension. Therefore,

the advanced dimension reduction techniques are proposed
to solve the aforementioned problem such as principal
component analysis (PCA) [9] and independent component
analysis (ICA) [10], and they have been employed to extract
sensitive features from high-dimensional data.
Chaotic time series analysis is an excellent method for
nonlinear signals, which can grasp the nature and regularity
of the time series [11]. And it has been verified in signal processing. In the literature [12], vibration signal is reconstructed
by PSR in which the phase trajectory of different kinds of
signals will demonstrate different structures. In the literature
[13], the PSR is combined with time-frequency synthesis
and utilized in data denoising. In these studies, the PSR is
introduced for fault diagnosis and RUL estimation, which can
extend time series to a high-dimensional phase space and
maintain topologically equivalent. Theoretically speaking, a
time series can sufficiently reconstruct an original dynamic
system by PSR [14].
On the one hand, the template matching is widely applied
to image analysis, which can calculate the dissimilarity or
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similarity between the template and the image. Then the
position with maximum correlation is taken to represent
the instance of the template into the image [15]. Classical
correlation matching methods are as below: maximum close
distance (MCD), minimum absolute difference (MAD), and
NCC [16]. Among them, the NCC has been widely used in
correlation measure because it proved to be good at template
matching [17, 18]. In these studies, NCC is utilized in sensor
signal processing. Besides, the NCC is combined with PSR
in order to serve for feature extraction. The new feature was
called PSS. Furthermore, template matching that is based
on the proposed feature is employed in the recognition of
bearing fault patterns and estimation of bearing RUL.
On the other hand, on the basis of these features that are
extracted from the sensor signals, machine learning is widely
used in machine fault diagnosis such as artificial neural
networks (ANN) [19] and support vector machine (SVM)
[20]. Although these strategies have been successfully utilized
in fault diagnosis, the ANN still has a slow convergence and
poor generalization ability and the SVM is only being used to
handle a binary problem. What is more, the aforementioned
methods are inefficient or even infeasible in regression
problem. According to the study of the literatures [21–23],
the support vector regression machine (SVR) can establish
a stable nonlinear relationship between inputs and outputs
and then make time series prediction. As a result, the SVR is
introduced for bearing fault size prediction so as to overcome
the above limitation.
In this research, firstly, the autocorrelation function is
used to determine the delay time. Meanwhile, Cao’s algorithm
is used to determine the embedding dimension [24], and
then all of data are transformed to the phase space by PSR.
Thereafter, a sliding window is employed to obtain the data
segment and NCC is adopted in template matching to realize
the recognition of bearing fault patterns. Secondly, a SVR
structure is trained by PSS, which aims to quantitatively
predict the fault size. Finally, the RUL of the tested bearing
is estimated by template matching that is based on PSS.
Going further, three applications based on PSS are verified by
case studies; the experimental results show that the proposed
method can effectively realize the fault diagnosis and RUL
estimation for bearing.
The rest of the paper is organized as follows. Section 2
gives a brief introduction of PSR, NCC, and SVR. The
proposed fault pattern recognition, fault size prediction, and
RUL estimation procedures for bearings are illustrated in
Section 3. Experimental validations and the comparison with
original signal’s similarity and root mean square (RMS) are
presented in Section 4. Finally, the conclusions are drawn in
Section 5.

2. Theory Background
2.1. Phase Space Reconstitution (PSR). The research of PSR
on chaotic time series was started by Packard et al. [25].
The underlying dynamics characteristic of a system can be
exhibited in the phase space. In this research, the time
delay embedding is applied to characterize the nonlinear
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feature of time series. Suppose that the time series is 𝑥 =
(𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ), and a phase point is constructed as
𝑋𝑖 (𝑑) = [𝑥𝑖 , 𝑥𝑖+𝜏 , . . . , 𝑥𝑖+(𝑑−2)𝜏 , 𝑥𝑖+(𝑑−1)𝜏 ] ,

(1)

where 𝑛 is the number of points in time series, 𝑖 is the index
of the phase point, which ranges from 1 to 𝑛 − (𝑑 − 1)𝜏, the
embedding dimension is chosen as 𝑑, and 𝜏 is the time delay.
According to the literature [26], the embedding dimension
and the time delay of the ideal time series (infinite length and
noiseless) can be chosen as any value. However, the sensor
signals are distributed with ambient noise. Therefore, it is
difficult to determine the parameters of PSR [27].
The adjacent components in the phase space will became
similar when the time delay is selected as a low value. By contrast, the components will be independent in statistics with
a high value of time delay. Consequently, the autocorrelation
function is utilized in this research for time delay identification; it is defined as
𝑛

𝐶𝑖 (𝜏) =

(1/𝑛) ∑𝑖=1 [𝑥 (𝑖 + 𝜏) − 𝑥] [𝑥 (𝑖) − 𝑥]
𝑛

(1/𝑛) ∑𝑖=1 [𝑥 (𝑖) − 𝑥]2

,

(2)

where 𝑥 = (1/𝑛) ∑𝑛𝑖=1 𝑥(𝑖). According to Rosenstein’s theories
[28], the minimum value of time delay 𝜏 that firstly makes
𝐶𝑖 (𝜏) lower than 1−1/𝑒 can be considered as the most optimal
time delay, where 𝑒 is the natural constant that is approximately equal to 2.718.
After that, Cao’s algorithm is employed to determine the
embedding dimension. In accordance with (1), the 𝑖th phase
point is written as 𝑋𝑖 (𝑑); suppose that the nearest phase point
is 𝑋near(𝑖,𝑑) (𝑑). In the light of the embedding theorem, if 𝑑 is
qualified as embedding dimension, then any two points that
are close in the 𝑑 dimensional reconstructed phase space will
continue to be close in the 𝑑 + 1 dimensional space:


𝑋𝑖 (𝑑 + 1) − 𝑋near(𝑖,𝑑+1) (𝑑 + 1)
,
𝑎 (𝑖, 𝑑) =  

𝑋𝑖 (𝑑) − 𝑋near(𝑖,𝑑) (𝑑)
𝐸 (𝑑) =
𝐸1 (𝑑) =

1 𝑛−𝑑𝜏
∑ 𝑎 (𝑖, 𝑑) ,
𝑛 − 𝑑𝜏 𝑖=1

(3)

𝐸 (𝑑 + 1)
,
𝐸 (𝑑)

where 𝑎(𝑖, 𝑑) indicates the relative distance increment and
𝐸(𝑑) indicates the mean statistics of the 𝑎(𝑖, 𝑑). 𝐸1 (𝑑) will be
gradually stabilized with the increase of 𝑑; therefore, the minimum 𝑑 that stabilizes 𝐸1 (𝑑) is the embedding dimension.
However, it is difficult to judge that 𝐸1 (𝑑) has been steadied
owing to the finite length of obtained samples. Therefore,
supplementary criteria are proposed as follows:
𝐸∗ (𝑑) =

1 𝑛−𝑑𝜏 

− 𝑥near(𝑖,𝑑)+𝑑𝜏  ,
∑ 𝑥
𝑛 − 𝑑𝜏 𝑖=1  𝑖+𝑑𝜏

𝐸∗ (𝑑 + 1)
𝐸2 (𝑑) =
.
𝐸∗ (𝑑)

(4)
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𝑟

Suppose that the time series is random, 𝐸2 (𝑑) is equal
to 1. In contrast, as to a deterministic sample, 𝐸2 (𝑑) will be
changed with the increasing of 𝑑. The appropriate embedding
dimension can be determined by observing the curve of both
𝐸1 (𝑑) and 𝐸2 (𝑑) [29].
2.2. Normalized Cross-Correlation (NCC). Classical correlation matching methods are as follows: MCD, MAD, and
NCC. In this research, the NCC is employed to calculate the
similarity because it is invariant to a linear transformation
and is less sensitive to noise [16]. Suppose that the sample
phase space is Z = {𝑍1 , 𝑍2 , . . . , 𝑍𝑚 } and the current phase
space is Y = {𝑌1 , 𝑌2 , . . . , 𝑌𝑚 }, where 𝑚 is the number of phase
points. The PSS is expressed as

− ∑𝑎𝑖∗ (𝜀 + 𝜉𝑖∗ + 𝑦𝑖 − 𝑤 ⋅ 𝑥𝑖 − 𝑏)
𝑖=1
𝑟

− ∑ (𝜂𝑖 𝜉𝑖 + 𝜂𝑖∗ 𝜉𝑖∗ ) ,
𝑖=1

(8)
where 𝑎𝑖 and 𝑎𝑖∗ are the Lagrange multipliers. The function
can be expressed as follows:
𝑤 (𝑎, 𝑎∗ )

max

𝑛

= −𝜀∑𝑦𝑖 (𝑎𝑖∗ − 𝑎𝑖 )
𝑖=1



(Z − Z) ∗ (Y𝑖 − Y𝑖 )
(5)
PSS (𝑖) = 
 ,
 
Z − Z Y𝑖 − Y𝑖 

2
2 
where Y𝑖 = {𝑌𝑖 , 𝑌𝑖+1 , . . . , 𝑌𝑖+𝑙 } is a part of Y and it is obtained
by a sliding window with length 𝑙 and Z and Y𝑖 are the mean
vectors of Z and Y𝑖 .
2.3. Support Vector Regression Machine (SVR). SVR was
developed for solving regression problems, which maximizes
predictive accuracy and avoids overfitting simultaneously
[30]. Suppose that the training sample is {𝑥𝑖 , 𝑦𝑖 }, 𝑖 =
1, 2, . . . , 𝑛, where 𝑥𝑖 is the input features and 𝑦𝑖 is the label of
experiment condition. It can be represented by a linear function of 𝑓(𝑥) = 𝑤 ∗ 𝑥 + 𝑏, where 𝑤 identifies the weight vector
and 𝑏 corresponds to the threshold coefficient. The SVR function can be more comfortable by using the 𝜀-insensitive loss
function as follows:
𝑦𝑖 − 𝑤 ⋅ 𝑥𝑖 − 𝑏 ≤ 𝜀,
𝑤 ⋅ 𝑥𝑖 + 𝑏 − 𝑦𝑖 ≤ 𝜀,

(6)
𝑖 = 1, . . . , 𝑛.

Flatness of linear function can be ensured by minimizing
the (1/2)‖𝑤‖2 , leading to the following convex optimization
problem:
𝑛
1
‖𝑤‖2 + 𝐶∑ (𝜉𝑖 + 𝜉𝑖∗ ) ,
2
𝑖=1

min

𝑦𝑖 − 𝑤 ⋅ 𝑥𝑖 − 𝑏 ≤ 𝜀 + 𝜉𝑖 ,

s.t.

𝑤 ⋅ 𝑥𝑖 + 𝑏 − 𝑦𝑖 ≤ 𝜀 +

(7)

with regularization parameter 𝐶 > 0 and the slack variables
𝜉𝑖 ≥ 0 and 𝜉𝑖∗ ≥ 0. Then we get the following convex quadratic
programming problem by introducing a Lagrange function:
𝑟
1
‖𝑤‖2 + 𝐶∑ (𝜉𝑖 + 𝜉𝑖∗ )
2
𝑖=1
𝑟

− ∑𝑎𝑖 (𝜀 + 𝜉𝑖 + 𝑦𝑖 − 𝑤 ⋅ 𝑥𝑖 − 𝑏)
𝑖=1

1 𝑛
∑ (𝑎∗ − 𝑎𝑖 ) (𝑎𝑗∗ − 𝑎𝑗 ) (𝑥𝑖 ⋅ 𝑥𝑗 ) ,
2 𝑖,𝑗=1 𝑖

(9)

𝑛

s.t. ∑ (𝑎𝑖 − 𝑎𝑖∗ ) = 0,
𝑖=1

0 ≤ 𝑎𝑖 , 𝑎𝑖∗ ≤ 𝐶, 𝑖 = 1, . . . , 𝑛.
The regression function is
𝑛

𝑓 (𝑥) = (𝑤 ⋅ 𝑥) + 𝑏 = ∑ (𝑎𝑖∗ − 𝑎𝑖 ) ⟨𝑥𝑖 ⋅ 𝑥⟩ + 𝑏∗ .

(10)

𝑖=1

3. Methods and Procedures
In this paper, a novel feature extraction method that is
based on PSR and NCC is proposed for fault diagnosis and
RUL estimation. The framework of the proposed method
is shown in Figure 1, where the signals come from bearing
by accelerometer sensor. In the step of data reconstruction,
PSR is applied to embed the vibration signals into the highdimensional phase space. Assumed that the 𝑗th sample signal
𝑗 𝑗
is 𝑥𝑗 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛𝑗 ), where 𝑛 is the number of signal points
and 𝑗 ranges from 1 to 𝑀. Then the autocorrelation function
is employed to determine the delay time; Cao’s algorithm is
employed to determine the embedding dimension 𝑑𝑗 in 𝑗th
sample of database. To simplify, the embedding dimension is
unified to 𝑑, where 𝑑 > 𝑑𝑗 , and the 𝑗th sample phase space is
described in

𝜉𝑖∗ ,

𝑖 = 1, . . . , 𝑛

𝐿=

−

𝑗

𝑗

𝑗

𝑇

Z𝑗 = [𝑋𝑖 , 𝑋𝑖+1 , . . . , 𝑋𝑛−𝑑𝜏 ] ,
𝑗

𝑗

𝑗

𝑗

(11)

𝑗

where 𝑋𝑖 = [𝑥𝑖 , 𝑥𝑖+𝜏 , . . . , 𝑥𝑖+(𝑑−2)𝜏 , 𝑥𝑖+(𝑑−1)𝜏 ] is the 𝑖th phase
point. Suppose that 𝑦 = (𝑦1 , 𝑦2 , . . . , 𝑦𝑛 ) is the current data;
in order to reduce the influence of the phase offset, the
sliding window is utilized to obtain the segment from current
data, where the window width is 𝐶 and step length is 𝑆.
The segment is written as 𝑦𝑘 = (𝑦𝑖 , 𝑦𝑖+1 , . . . , 𝑦𝑖+𝐶−1 ) and the
corresponding phase space is given in
𝑇

Y𝑘 = [𝑌𝑖 , 𝑌𝑖+1 , . . . , 𝑌𝑖+𝐶−1−𝑑𝜏 ] ,

(12)
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Figure 1: Framework of the proposed method.

𝑘
𝑘
𝑘
where 𝑌𝑖 = [𝑦𝑖𝑘 , 𝑦𝑖+𝜏
, . . . , 𝑦𝑖+(𝑑−2)𝜏
, 𝑦𝑖+(𝑑−1)𝜏
] is 𝑖th phase point,
𝑘 changes from 1 to (𝑛 − 𝐶)/𝑆 + 1, and 𝑖 changes from 1 to
𝑛 − 𝐶 + 1. Thereafter, the PSS between Y𝑘 and Z𝑗 is calculated
in accordance with (5); suppose that PSS-𝑗 is the maximum
value between current data and 𝑗th sample data. Finally,
the PSS is employed to health condition monitoring and it
can contribute to the recognition of bearing fault patterns,
prediction of fault size, and RUL estimation. The detailed
description of the three applications is described as follows.

(1) Recognition of Bearing Fault Patterns. Taking all fault
patterns signal as database, the maximum PSS from PSS-𝑗 will
be found and the corresponding fault pattern is considered
as the current fault pattern. The framework of the proposed
method is shown in Figure 2.
(2) Prediction of Fault Size. As described in Figure 3, take
normal vibration signals as database and bearing vibration
signal with different fault size as the train data. The PSS
between train data and normal signal as the training sample is
to train the SVR structure, and the PSS between test data and
normal signal as the testing sample is used for the trained SVR
structure. Finally, the fault size of test data can be predicted
by SVR.
(3) RUL Estimation of Rolling Bearing. The framework of the
proposed method is shown in Figure 4. Take 𝑀 vibration

Fault
pattern 1
Fault
pattern 2
..
.
Fault
pattern M

PSS-1
Feature
extraction

PSS-2
..
.

Template
matching

Fault
pattern
recognition

PSS-M
Current data

Figure 2: Framework of the fault pattern recognition.

signals of the entire life cycle as database, which are acquired
from bearing run-to-failure and chronological arrangement.
Due to the random fluctuation of signals, the accuracy of
template matching will be decreased. Therefore, the similarity
metric is improved as follows:


𝑡𝑐 − 𝑡𝑗 
) ,

𝑆𝐾 (𝑗) = PSS (𝑗) + (1 −
𝑡𝑐

(13)

where 𝑡𝑐 is the current operating time. In this similarity
metric, the factor of operating time has been considered. If
𝑆𝐾 gets the maximum value at 𝑡𝑗 , where the current health
condition is most similar to the 𝑗th segment, then 𝑡𝑗 is
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assigned to 𝑇. The RUL of the current data can be calculated
as
RUL = 𝑡𝑀 − 𝑇,

(14)

where 𝑡𝑀 denotes the failure time or lifetime that has been
recorded in tested bearing sample.

4. Experiment Validation
4.1. Validation of Fault Patterns Recognition. The rolling
bearing fault data of the Case Western Reserve University [31]
are used to verify the proposed method; the vibration data are
recorded on the test bench given in Figure 5. The test platform
consists of four parts that are a motor, a dynamometer, a
torque transducer, and a control electrometer. The resulting
vibration was measured by an accelerometer being mounted
to the motor housing at the fan end of the motor. Single-point
faults of size 0.007, 0.014, and 0.021 inches were set on the
fan end bearings by using the electric discharge machining
approach. These faults were set on ball, inner race, and
outer race. The motor speed was 1797 r/min, the sampling
frequency is 12 kHz, and motor load is 0.
All fault locations and sizes are listed in Table 1, which
includes 10 patterns; every pattern contains 122426 points,
and then divided into 60 samples, each sample has 512 points
and is without overlap between adjacent samples; the 60

samples are divided into 30 training samples and 30 testing
samples. Therefore, this is a complex classification problem
of ten patterns, which requires comprehensive identifying of
both the fault location and the fault size.
At the very beginning, the embedding dimension 𝑑 and
the time delay 𝜏 should be determined as described in
Section 2.1. Take inner-0.014-inch-fault case as an example,
the curves of 𝐸1 (𝑑), 𝐸2 (𝑑), and 𝐶𝑖 (𝜏) are shown in Figure 6.
It can be seen that 𝐸1 (𝑑) tends to a stationary value when
𝑑 is larger than 8 and 𝐸2 (𝑑) changes with the increasing of
𝑑. The same conclusions are drawn for other cases. Hence,
the embedding dimension is set as 8. And 𝐶𝑖 (𝜏) is lower than
1 − 1/𝑒 when 𝜏 equals 2; hence, the time delay is set as 2.
Thereafter, a sliding window with a window width of 64
and step length of 16 is used to intercept the segments from
the current data. Take inner-0.014-inch-fault case as current
data, the maximum PSS between current data and every fault
pattern is calculated and the results are shown in Figure 7.
It can be found that PSS of pattern 3 is generally higher
than others; therefore, the fault patterns of current data are
most similar with the health condition of pattern 3. Thus, the
current fault pattern is considered as inner-0.014-inch-fault
pattern. Afterwards, all of testing samples are processed as
above-mentioned methods that are based on PSS. In order
to demonstrate the improvements, the proposed method is
compared with the recognition method that is based on
original signal similarity and SVM such that the classical
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Figure 6: (a) Curve of 𝐸1 (𝑑) and 𝐸2 (𝑑) and (b) curve of 𝐶𝑖 (𝜏).
Table 2: Results of rolling bearing fault pattern recognition.
Original signal
Number of samples
Accuracy
(test/true)
100%
30/30
100%
30/30
93.3%
30/28
96.7%
30/29
56.7%
30/17
53.3%
30/16
60%
30/18
86.7%
30/26
90%
30/27
100%
30/30
83.7%
300/251

Fault pattern
1
2
3
4
5
6
7
8
9
10
Total

RMS
Number of samples
(test/true)
30/1
30/10
30/13
30/14
30/25
30/30
30/26
30/19
30/19
30/6
300/162

3.3%
33.3%
43.3%
46.7%
83.3%
100%
86.7%
63.3%
63.3%
20%
54%

feature RMS is selected as input. The results are shown in
Table 2.
From Table 2, it can be seen that the recognition of fault
patterns based on PSS has a higher accuracy. Moreover, the
accuracy of the ball-fault (pattern 5 to pattern 7) recognition
is lower than other fault patterns because the vibration
signal of defective ball is more complicated and with strong
randomization.
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Figure 7: The PSS between the current data and every fault pattern.

4.2. Prediction of the Fault Size. To evaluate the effectiveness
of the proposed feature for fault size prediction, the SVR is
adopted in this section. The PSS based on two-class mode is
proposed to predict the fault size. At first, take normal bearing
vibration signal as one class and bearing vibration signal with
different fault sizes as another class. The results of PSS are
shown in Figure 8.
From Figure 8, the classes 1–4 are represented as fault sizes
0, 0.007, 0.014, and 0.021 inches, respectively. The height of
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Figure 8: The PSS between two fault sizes.

the bar is the PSS between corresponding fault size signal
and normal signal. It can be seen that the PSS gradually
decreases with the increasing of the fault size. After that,
consider the PSS of classes 1, 2, and 4 as the training sample
to train the SVR structure and the PSS of class 3 as the testing
sample. In this study, the kernel function of SVR is set as RBF
kernel 𝐾(𝑥𝑖 , 𝑥) = exp(−‖𝑥𝑖 − 𝑥‖2 /2𝜎2 ), where 𝑥 and 𝑥𝑖 are
represented as feature vectors, ‖𝑥𝑖 − 𝑥‖2 can be recognized
as the squared Euclidean distance between the two feature
vectors, and 𝜎 is a free parameter. Finally, the fault size of the
testing sample will be regression-analyzed and predicted by
SVR. The results of prediction are presented in Figure 9.
The maximum error is utilized to determine the
accuracy of the fault size prediction and is defined as

max(|𝑓predicted − 𝑓actual |); the error is 0.043, 0.049, and 0.019
inches, respectively.
The values of RMS of three bearing fault cases are shown
in Figure 10. It can be seen that the values of RMS are
nonmonotonic with growth of fault size, so it was not suitable
in fault size prediction.
4.3. RUL Estimation of Rolling Bearing. To evaluate the
effectiveness of the proposed feature for RUL estimation, the
entire life cycle data of bearing is originated from the Center
for Intelligent Maintenance Systems [32]. The experimental
data sets are generated from run-to-failure bearing, which
is tested on the designed test platform. Four bearings are
installed on a shaft. The rotation speed is kept at 2000 r/min

Shock and Vibration
Fault size (inch)

8

Table 3: Comparison of RUL estimation.
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Figure 9: The prediction of fault size based on SVR.

by using an AC motor coupled to the shaft via rub belts. A
6000 lb radial load is applied onto the bearing and shaft by
using a spring mechanism. A PCB 353B33 High Sensitivity
Quartz ICP Accelerometer was installed on bearing housing.
A vibration data sample of 20480 points was collected every
10 minutes by a National Instruments DAQCard-6062E data
acquisition card. The sampling rate is set at 20 kHz, the
vibration data are recorded on the test bench given in
Figure 11, and more details can be found in [33].
Taking outer-race-fault case as an example, the curves
of 𝐸1 (𝑑), 𝐸2 (𝑑), and 𝐶𝑖 (𝜏) are shown in Figure 12. From
Figure 12(a), it can be seen that 𝐸1 (𝑑) keeps stable when 𝑑
is larger than 8, and 𝐸2 (𝑑) randomly fluctuates with 𝑑. Figure 12(b) shows 𝐶𝑖 (𝜏) changes with the increase of delay time,
and the minimum 𝜏 that makes 𝐶𝑖 (𝜏) lower than 1−1/𝑒 could
be considered as the most optimal time delay. Consequently,
the time delay is set to 2 and embedding dimension is set to
10. Then, the entire life data is reconstructed by PSR, and the
similarity between the two adjacent data is calculated by NCC
and shown in Figure 13.
There are three health states: normal operation stage,
slight degradation stage, and serious degradation stage. It can
be seen that the value of PSS becomes higher in the serious
degradation stage. The reason is that the vibration becomes

more regular when the failure occurs. PSS can better reveal
the potential links between adjacent signals, which have been
proved in the front part of this research. At the same time, PSS
begins to increase in the region of 500-phase point, which
can be considered as the threshold for the beginning of the
RUL estimation. After that, the original data are divided into
reference data and test data; reference data are viewed as
the database; test data are considered as the current data to
estimate the RUL. The results are shown in Figures 14–16.
It can be seen that the estimated RUL is close to the actual
RUL. Furthermore, the comparisons with the original signal
similarity and RMS are conducted to prove the superiority
of the proposed method in RUL estimation. The results of
estimation based on original signal similarity are shown in
Figures 17–19. Three criteria defined in the following equation
are applied to evaluate the accuracy of the RUL estimation:
𝐹1 =

1 𝑁 

∑ 𝑥 − 𝑦𝑖  ,
𝑁 𝑖=1  𝑖

𝐹2 = √

1 𝑁
2
∑ (𝑥 − 𝑦𝑖 ) ,
𝑁 𝑖=1 𝑖

(15)
2

1 𝑁 

𝐹3 = [ ∑√𝑥𝑖 − 𝑦𝑖 ] ,
𝑁 𝑖=1
where 𝑥𝑖 is the estimated RUL, 𝑦𝑖 is the actual RUL, and 𝑁 is
the length of the data points. The estimation results of the last
15 h are shown in Table 3.
As for the findings in Table 3, the proposed method has a
higher accuracy, which indicates that the PSR can better grasp
the nature and regularity of signal. It is effective in the RUL
estimation of bearing, especially in the serious degradation
stage.

5. Conclusions
In this paper, a novel method based on PSS is proposed
to recognize the fault patterns, predict the fault size, and
estimate the RUL of rolling bearing. The PSR is employed to
transform the vibration signal into high-dimensional phase
space. The NCC is employed to calculate the similarity
between two health conditions, which is not affected by the
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Figure 10: The RMS of three bearing fault cases.

scaling and shifting of the signals. The proposed method has
two important characteristics. Firstly, the nonlinear vibration
signal of bearing is represented by phase space, which can
better grasp the nature and regularity of the signals. Secondly,
the proposed feature of PSS is utilized in template matching and as a powerful feature for data-based bearing fault
size prediction. To verify the effectiveness of the proposed
method, the PSS is evaluated by the actual data acquired from
bearing and compared with the original signal similarity. The
experimental results show that the proposed method has a

satisfying performance. According to the analysis, the PSS is
also been suited to other machine faults diagnosis and RUL
estimation, such as gears and cutting tools.
Moreover, owning to the limited samples, the SVR structure cannot be fully trained to obtain a better prediction
result. Part of the validation is not very comprehensive, which
is the deficiency of this paper. Therefore, more experiments
will be carried out in the future. At the same time, the
technical fields in the proposed PSS can be further improved
and strengthened.

10

Shock and Vibration

Radical
load

Accelerometers

Bearing 1

Bearing 2

(a)

Bearing 3

Thermocouple

Bearing 4

(b)

Figure 11: Bearing test platform and sensor placement illustration.

1.2

0.6

1.0
0.8
C

0.6
0.4

0.0

−0.3

0.2
0

2

4

8

6

10

12

14

16

−0.6

Dimension

6
8
10
Delay time

0

2

4

(a)

(b)

E1
E2

Figure 12: (a) Curve of 𝐸1 (𝑑) and 𝐸2 (𝑑) and (b) curve of 𝐶𝑖 (𝜏).

1.0

Serious operation

0.9
PSS

E1 and E2

0.3

Slight operation
Normal operation

0.8
0.7
0.6
0

100

200

300

400

500

600

700

800

Phase point
PSS
Polynomial fit

Figure 13: Bearing performance assessment based on PSS.

12

14

16

Shock and Vibration

11
50
40

30

RUL (hours)

RUL (hours)

40

20
10

30
20
10

0

0

80

85

90

95 100 105 110 115
Operating time (hours)

120

125

80

130

115

120

125

100

80

80
RUL (hours)

RUL (hours)

95
100 105 110
Operating time (hours)

Figure 17: RUL estimation for the outer-race-fault case based on
original signal similarity.

100

60
40
20

60
40
20

0

0
260

260 270 280 290 300 310 320 330 340 350 360
Operating time (hours)

Figure 15: RUL estimation for the inner-race-fault case based on
PSS.

80

80
RUL (hours)

100

40

280

290 300 310 320 330
Operating time (hours)

340

350

360

Figure 18: RUL estimation for the inner-race-fault case based on
original signal similarity.

100

60

270

Estimated RUL
Actual RUL

Estimated RUL
Actual RUL

RUL (hours)

90

Estimated RUL
Actual RUL

Estimated RUL
Actual RUL

Figure 14: RUL estimation for the outer-race-fault case based on
PSS.

85

60
40
20

20

0
260

0
260 270 280 290 300 310 320 330 340 350 360
Operating time (hours)
Estimated RUL
Actual RUL

Figure 16: RUL estimation for the ball-fault case based on PSS.
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Figure 19: RUL estimation for the ball-fault case based on original
signal similarity.
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