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Recently, coordinated control and estimation problems have
attracted a great deal of attention in different fields especially in biology, physics, computer science, and control
engineering. Coordinated control and estimation problems
have prominent characteristics of distributed control, local
interaction, and self-organization. Research on multiagent
coordinated control and estimation problems not only helps
better understand the mechanisms of natural collective phenomena but also benefits the applications of cyberphysical
systems.
This special issue focuses on theoretical and technological
achievements in cooperative multiagent Systems. It contains
twenty-six papers, the contents of which are summarized
below.
(1) Coordinated Control of Multiagent Systems and Synchronization of Complex Networks. D. Yang and X. Liu “Distributed Robust Attitude Tracking of Multiple Spacecraft
with Disturbances and Unmodelled Dynamics” investigated
the distributed robust attitude tracking problem of multiple
spacecraft subject to disturbances and unmodelled dynamics
using the relative attitudes and relative angular velocities
of neighbors. L. Ma et al. “Distributed Multiagent Control
Approach for Multitarget Tracking” presented a novel control
approach in distributed manner for multitarget tracking by
providing a suboptimal multiagent control solution by maximizing the local Rényi divergence. F. Jiang et al. “Extremum
Seeking Based Fault-Tolerant Cooperative Control for Multiagent Systems” proposed a novel fault tolerant cooperative

control strategy for multiagent systems, and a real-time
adaptive extremum seeking algorithm is utilized for adaptive
approximation of fault parameter.
H. Zhou et al. “Flocking Control of Multiple Mobile
Agents with the Rules of Avoiding Collision” investigated the
flocking and the coordinative control problems of multiple
mobile agents with the rules of avoiding collision. L. Wang et
al. “Adaptive Synchronization via State Predictor on General
Complex Dynamic Networks” discussed the adaptive synchronization of general complex dynamic networks via state
predictor based on the fixed topology for nonlinear dynamical systems. W. Hu et al. “Impulsive Containment Control
in Nonlinear Multiagent systems with Time-Delay” studied
the containment control problems of nonlinear multiagent
systems with time-delay via impulsive algorithms under both
fixed and switching topologies. J. Ma et al. “Distributed
Event-Triggered Control of Multiagent Systems with TimeVarying Topology” investigated the consensus of first-order
discrete-time multiagent systems with time-varying interaction topology. C. Xu et al. “Pinning-Like Adaptive Consensus
for Networked Mobile Agents with Heterogeneous Nonlinear
Dynamics” studied the adaptive consensus for networked
mobile agents with heterogeneous nonlinear dynamics. B.
Liu et al. “Consensus of the Multiagent System with a
Dynamic Leader Based on Directed Topology Using Laplace
Transform” investigated the consensus of the multiagent
system with directed topology and a dynamic leader. B.
Liu et al. “Consensus of Multiagent Systems with Directed
Topology and Communication Time Delay Bases on the
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Laplace Transform” investigated the consensus problem of
multiagent systems with directed topologies by proposing a
new method, the Laplace transform, to study the consensus
of multiagent systems. Y.-J. Sun et al. “Consensus Analysis
for a Class of Heterogeneous Multiagent Systems with Time
Delay Based on Frequency Domain Method” investigated
the consensus problem of heterogeneous multiagent systems
composed of first-order and second-order agent based on frequency domain method. The sufficient consensus conditions
were obtained. M. Yu et al. “Average Consensus in Multiagent
Systems with the Problem of Packet Losses When Using
the Second-Order Neighbors’ Information” investigated the
average consensus of multiagent systems with the problem of
packet losses when both the first-order and the second-order
neighbors’ information are used.
(2) Distributed Estimation and Control for Mobile Sensor
Networks. Y. Bo et al. “Improved Different Dimensional
Sensors Combined Space Registration Algorithm” studied
a method based on the state value and space deviation of
federated filtering of unscented Kalman filter and standard
Kalman filter, which conduces to real time registering of
system deviation of radar and IF sensors. B. Yan et al.
“Robust Fault Detection for a Class of Uncertain Nonlinear
Systems Based on MultiObjective Optimization” presented
a robust fault detection scheme for a class of nonlinear
systems with uncertainty. The proposed approach utilizes
robust control theory and parameter optimization algorithm
to design the gain matrix of fault tracking approximator
(FTA) for fault detection. The design of the gain matrix of
FTA takes into account the robustness of residual signals
to system uncertainty and sensitivity of residual signals to
system faults simultaneously, which leads to a multiobjective
optimization problem. Then, the detectability of system faults
is analyzed by investigating the threshold of residual signals.
W. Liu et al. “Energy-Efficient Node Scheduling Method for
Cooperative Target Tracking in Wireless Sensor Networks”
proposed an energy-efficient node scheduling method is
proposed to minimize energy consumption while ensuring
the tracking accuracy. The proposed scheduling method
can keep the tracking accuracy while minimizing energy
consumption and the NP-complete nature is avoided. B. Yan
et al. “Distributed Fault Detection for a Class of Nonlinear Stochastic Systems” presented a novel distributed fault
detection strategy for a class of nonlinear stochastic systems,
in which a nonlinear fault detection filter was constructed
to provide estimation of unmeasurable system states and
residual signals using outputs of the consensus filter.
(3) Applications of Coordinated Control of Complex Networked
Systems. L. Qin et al. “Distributed Multiagent for NAO Robot
Joint Position Control Based on Echo State Network” studied
the joints position control of NAO robot. X. Dongdong et
al. “The Study on Detection Method of Water Vapor on
Boundary Layer Based on Multiagent System” proposed a
method of detecting water vapor on boundary layer based on
multiagent system. G. Chen et al. “A Core Model for Parts
Suppliers Selecting Method in Manufacturing Supply Chain”
proposed a core model for parts suppliers selecting method
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in manufacturing supply chain. H. Zhang et al. “Data Fusion
Based Thermal Sensors for Mass Flow Measurement in Pneumatic Conveying” investigated the mass flow measurement
of the gas-solid two-phase flow in pneumatic conveyor and
proposed a new data fusion method based on the thermal
sensors. D. Wang and S. Wu “Design of the Congestion
Control for TCP/AQM Network with Time-Delay” designed
congestion controller for TCP/AQM (transmission control
protocol/Active queue management) networks using model
following control, the equilibrium of a class of TCP/AQM
network with time-delay was investigated, and the effect of
communication time-delay on the stability was addressed.
C. Zhang et al. “Hybrid Structure Based Tracking and Consensus for Multiple Motors” investigated a hybrid structure
based synchronous control strategy for multimotor system
of shaftless-driven printing press. S. Deng et al. “Solving
the Fuzzy Bilevel Linear Programming with Multiple Followers through Structured Element Method” showed that
the fuzzy bilevel linear programming with multiple followers (MFFBLP) model optimal solution was equivalent
to the optimal solution of the bilevel linear programming
with multiple followers by using fuzzy structured element
theory. W. Zeng et al. “Risk-Sensitive Multiagent DecisionTheoretic Planning Based on MDP and One-Switch Utility
Functions” studied multiagent decision-theoretic planning
under Markov decision processes (MDPs) framework with
considering the change of agent’s risk attitude as his wealth
level varies. C. Xie and J. Ren “A Dynamical Reliability
Prediction Algorithm for Composite Service” proposed a
new reliability predicting algorithm for composite services.
Comparing with the traditional reliability model, the new
dynamic reliability approach is more flexible, which does
not recompute reliability for all composite units and only
computes the reliability of the effected composite units. D.
Sun and X. Kou “Punishment Effect of Prisoner Dilemma
Game Based on a New Evolution Strategy Rule” discussed the
effect of the punishment in the Prisoner’s Dilemma Game and
proposed a new evolution strategy rule which can reflect the
external factor for both players in the evolution game.
Note that the selected topics and papers are not a
comprehensive representation of the area covered by the
special issue. Note, however, that the published papers in this
special issue do provide some recent advances in the field of
multiagent systems, which could benefit the current research
in some way.
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In multiagent systems, tracking multiple targets is challenging for two reasons: firstly, it is nontrivial to dynamically deploy
networked agents of different types for utility optimization; secondly, information fusion for multitarget tracking is difficult in the
presence of uncertainties, such as data association, noise, and clutter. In this paper, we present a novel control approach in distributed
manner for multitarget tracking. The control problem is modelled as a partially observed Markov decision process, which is a
NP-hard combinatorial optimization problem, by seeking all possible combinations of control commands. To solve this problem
efficiently, we assume that the measurement of each agent is independent of other agents’ behavior and provide a suboptimal
multiagent control solution by maximizing the local Rényi divergence. In addition, we also provide the SMC implementation
of the sequential multi-Bernoulli filter so that each agent can utilize the measurements from neighbouring agents to perform
information fusion for accurate multitarget tracking. Numerical studies validate the effectiveness and efficiency of our multiagent
control approach for multitarget tracking.

1. Introduction
Advances in microelectromechanical systems have significantly boosted the development of multiagent systems in
the past two decades. Low-cost agents, for example, robots,
unmanned vehicles, or autonomous platforms, with high
mobility, various sensing types, and powerful communication ability, are capable of different tasks in complex
environment, for example, environmental monitoring, target
localization and tracking, and event recognition [1, 2]. Multiagent coordinated control, as the fundamental problems in
multiagent system, has received increasing research interest
for utility optimization recently [3–5]. An area that benefits
greatly from multiagent system is target tracking [6]. However, very little progress has been made in this direction
since it is an extremely challenging problem in two aspects:
multiagent control and information fusion for multitarget
tracking.
The multiagent control problem in essence is a decision
making issue which is to fulfill a given task in an optimal/
suboptimal way. In this paper, we study the multiagent control problem particularly for multitarget tracking including

accurate estimation of both target number and the location
of each target. In the literature, researchers and practitioners
have done extensive work on the agent control problem.
Olfati-Saber et al. [6] established a consensus based Kalman
filter for distributed single target tracking. In [7], multiagent
control is performed by path following of a virtual leader.
Olfati-Saber [8] provided flocking algorithms in both theory
and applications to handle large number of agents. Unfortunately, none of them fit for the multitarget tracking issue well.
Recently, random finite set (RFS) based Bayesian framework has opened doors for multisensor multiobject system
and provides elegant mathematical tools to address multitarget tracking problem in multiagent systems [9]. The probability hypothesis density (PHD) [10], cardinalized PHD (CPHD)
[11], and multi-Bernoulli filter [12] have been developed as
approximations under different posterior assumptions. Gaussian mixture and particle implementation of these filters have
been shown to be effective in different tracking applications
[13–17]. Using tools from FISST, agent control can pose as a
partially observed Markov decision process (POMDP) [18],
which has been shown to be effective in a single agent case in
recent works [19, 20].
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In this paper, we will further extend the work in [19, 20]
to a more general problem: multiagent control for multitarget
tracking, which is far more difficult than the single agent
control case. We first model the multiagent coordinated
control problem as a 1-step look-ahead POMDP since the
multiple-step look-ahead is computationally intractable and
show it is a NP combinatorial optimization problem when
seeking all possible combinations of admissible control commands. Hence, we propose a suboptimal solution under the
assumption that the measurements of each agent are independent of other agents’ behavior. The multiagent coordinated
control is decoupled into distributed control of each agent
by maximizing the local Rényi divergence between prior and
posterior multitarget probability density. Besides, we present
the sequential Monte Carlo (SMC) implementation of the
sequential multi-Bernoulli filter for each agent to utilize measurements from neighbouring agents. Numerical simulations
demonstrate the effectiveness and efficiency of our approach.
The remainder of this paper is organized as follows.
Section 2 presents some preliminary knowledge of RFS based
Bayesian framework to lay a foundation for the rest of this
paper. In Section 3, we illustrate the distributed agent control
approach and present its implementation in detail. Section 4
provides the information fusion scheme for multitarget tracking for each agent to utilize measurements from other agents.
Section 5 provides numerical results that verify the proposed
agent control and multitarget tracking approach.

2. Preliminary Knowledge of RFS Based
Bayesian Framework
This section provides the basic concepts and notations of
RFS based Bayesian framework. Section 2.1 gives a general
description of RFS and how to model multitarget by multiBernoulli RFS. Then, the RFS based Bayesian filtering is
provided thereafter in Section 2.2.
2.1. Multi-Bernoulli RFS. A random finite set (RFS) is a
random variable that takes values as unordered finite sets. The
randomness of an RFS refers to two aspects: the set cardinality
(number of elements of the set) is random; each element in
the set is also a random variable. The probabilistic description
of RFS has been studied regarding various types of probability
distributions such as multi-Bernoulli (or Bernoulli) RFS,
IID (short for independent identically distributed) cluster
RFS, and Poisson RFS [21]. Here, we introduce the multiBernoulli RFS for multitarget state modelling, which offers
a better alternative than the Poisson RFS and IID cluster
RFS in applications with highly nonlinear model and/or
nonhomogeneous sensor type [12].
Assume the dimension of target state is 𝑛; then, the
target state space is denoted by X ⊆ R𝑛 . A multi-Bernoulli
RFS 𝑋 on X is a union of a fixed number of independent
Bernoulli RFSs 𝑋(𝑗) with existence probability 𝑟(𝑗) ∈ (0, 1)
and probability density 𝑝(𝑗) (defined on X), 𝑗 = 1, . . . , 𝑀;
(𝑗)
that is, 𝑋 = ∪𝑀
𝑗=1 {𝑋 }.
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Use a Bernoulli set for modelling a single target; then, the
multitarget state can be modeled as multi-Bernoulli RFS Ξ
with probability density given in [12] as follows:
𝑓 ({x1 , . . . , x𝑛 }) = 𝑓 (0) ⋅

∑
(𝑟(𝑗) ,𝑝(𝑗) )∈Ξ

𝑛

(∏
𝑖=1

𝑟(𝑗) 𝑝(𝑗) (x𝑖 )
) , (1)
1 − 𝑟(𝑗)

where 𝑟(𝑗) and 𝑝(𝑗) , respectively, represent the existence
probability and distribution of the 𝑗th target and 𝑓(0) =
(𝑗)
∏𝑀
𝑗=1 (1 − 𝑟 ). It is clear that the multitarget density can
be completely specified by multi-Bernoulli parameter set
{(𝑟(𝑗) , 𝑝(𝑗) )}𝑀
𝑗=1 . Hence, let us denote the multitarget density
(𝑗)

(𝑗)

𝑀

at time 𝑘 by 𝜋𝑘 = {(𝑟𝑘 , 𝑝𝑘 )}𝑗=1𝑘 for short in the following
content.
2.2. Multisource Multiobject Bayesian Framework. Stochastic
filtering in Bayesian framework has developed in decades
[22]. Under the assumption of linear model and Gaussian
distribution, Kalman filter is derived [23] and has been widely
used for tracking since then. To extend the standard Bayesian
framework to a multisource multitarget version, we need the
help of RFS modelling. Let 𝑋𝑘 and 𝑍𝑘 denote the state set and
observation set, respectively, as follows:
𝑋𝑘 = {x𝑘,1 , . . . , x𝑘,𝑁𝑘 } ,

(2)

𝑍𝑘 = {𝑍𝑘1 , . . . , 𝑍𝑘𝑊} ,

where 𝑊 is the total number of agents (we treat each agent
as a single sensor) and 𝑍𝑘𝑖 = {z𝑖𝑘 , . . . , z𝑖𝑘,𝑀𝑘,𝑖 } for 𝑖 = 1, . . . , 𝑊.
𝑁𝑘 is the time-varying cardinality of targets, while 𝑀𝑘,𝑖 is the
cardinality of the measurement set generated by agent 𝑖.
Using the RFS representation, the movement of multiobject can be described using two parts: an RFS for survival
targets from previous time step 𝑆𝑘 and an RFS for spontaneous birth targets at current time Γ𝑘 . Thus, at time 𝑘, we have
the predicted RFS 𝑋𝑘 = 𝑆𝑘 ∪ Γ𝑘 . The RFS for measurements
𝑍𝑘𝑖 of agent 𝑖 can be represented as a union of two parts:
target-generated measurements Θ𝑖𝑘 and clutter 𝐾𝑘𝑖 ; thus, 𝑍𝑘𝑖 =
Θ𝑖𝑘 ∪ 𝐾𝑘𝑖 .
Given the specific type of RFS, the Bayesian framework
for optimal estimation via RFS which is the same form as the
classical Bayesian filtering is given as follows:
𝑓𝑘|𝑘−1 (𝑋 | 𝑍1:𝑘−1 )
= ∫ 𝑓𝑘|𝑘−1 (𝑋 | 𝑋 ) 𝑓𝑘−1 (𝑋 | 𝑍1:𝑘−1 ) 𝛿𝑋 ,
𝑓𝑘 (𝑋 | 𝑍1:𝑘 ) =

𝑓𝑘 (𝑍𝑘 | 𝑋) 𝑓𝑘|𝑘−1 (𝑋 | 𝑍1:𝑘−1 )
∫ 𝑓𝑘 (𝑍𝑘 | 𝑋) 𝑓𝑘|𝑘−1 (𝑋 | 𝑍1:𝑘−1 ) 𝛿𝑋

(3)
,

which represent the prediction and update process of
Bayesian recursion via set integrals, respectively. Under
different assumptions of the RFS type, the PHD, CPHD, and
multi-Bernoulli filter have been derived from (3) by finite set
statistics [9]. Notice that the integrals in (3) are FISST set
integrals (see [9–11] for details).
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3. POMDP Based Distributed Multiagent
Control Approach

× 𝑓𝑘+1|𝑘 (𝑋𝑘+1 | 𝑍1:𝑘 ) 𝛿𝑋𝑘+1 )

In this section, we first illustrate multiagent control in the
framework of a POMDP in Section 3.1. Section 3.2 provides
maximizing expected Rényi divergence between prior and
posterior multitarget density as the objective function for
the control scheme. By assuming the measurement of each
agent is independent of other agents’ behavior, we propose a
distributed agent control approach by maximizing the local
Rényi divergence in Section 3.3.
3.1. POMDP Based Multiagent Control. We begin with the
notations of using a POMDP as the solution for multiagent
control. At time 𝑘, denote the control command of agent 𝑖
by u𝑖𝑘 ∈ U𝑖𝑘 , where U𝑖𝑘 is the set of all admissible control
commands for agent 𝑖. Let U𝑘 ∈ U𝑘 denote the multiagent
control command, and U𝑘 is the set of all possible control
command combinations. Then, U𝑘 = {u1𝑘 , . . . , u𝑖𝑘 , . . . , u𝑊
𝑘 } for
𝑖 = 1, . . . , 𝑊 and 𝑊 is the total number of agents.
Define D(V, 𝑓, 𝑍) as the objective function dependent on
multiagent control command V, multitarget density 𝑓, and
the associated measurement set 𝑍 when control command
V was applied. The aim of multiagent control is to find
the optimal multiagent control command U𝑘 by maximizing/minimizing the statistical expectation of predefined
objective function D(V, 𝑓, 𝑍) as
U𝑘 = arg max(min)E
(4)

× [D (V, 𝑓𝑘−1 (𝑋𝑘−1 | 𝑍0:𝑘−1 , U0:𝑘−1 ) , 𝑍𝑘 (V))] ,
where 𝑓𝑘−1 (𝑋𝑘−1 | 𝑍0:𝑘−1 , U0:𝑘−1 ) represents the multitarget
posterior density after applying a sequence of multiagent
control commands U0 , . . . , U𝑘−1 . Remark that the general
formulation of POMDP is a 𝑝-step future decision process
of which the computational cost would grow exponentially
with the number of future steps. In this paper, we only
consider a one-step future decision described by (4) as an
approximation.
3.2. Global Objective Function. As shown in (4), the objective
function plays a crucial role in POMDP based multiagent
control problem. Information theoretic method is a typical
objective function for sensor management. Here, we propose
maximizing the information gain of multitarget prior and
posterior density as the objective function for tracking. The
Rényi divergence, also known as alpha divergence, measures
the information gain between any two probability densities.
The objective function for multitarget tracking is given as
follows:
1
𝛼−1
× log ((∫ [𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , U𝑘 )]

(5)
where 𝑝(𝑍𝑘+1 | 𝑍1:𝑘 , U𝑘 ) = ∫ 𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , U𝑘 )
𝑓𝑘+1|𝑘 (𝑋𝑘+1 | 𝑍1:𝑘 )𝛿𝑋 and 𝛼 is a parameter that determines
how much we emphasize the tails of two densities in the metric. Notice that the Rényi divergence becomes the KullbackLeibler discrimination and Hellinger affinity, respectively,
when 𝛼 → 1 and 𝛼 = 0.5 [24].
To compute the expectation of (5), we introduce the
SMC implementation of the objective function. At time 𝑘,
assume that the multitarget predicted density 𝑓𝑘+1|𝑘 (𝑋𝑘 |
𝑍1:𝑘 ) is given in SMC form; that is, 𝑓𝑘+1|𝑘 (𝑋𝑘 | 𝑍1:𝑘 ) =
𝑗
∑𝑆𝑗=1 𝜔𝑗 ⋅ 𝛿𝑋𝑗 (𝑋), where each multitarget particle 𝑋𝑘+1 =
𝑗

𝑘+1

{x𝑘+1,1 , . . . , x
𝑗

𝑗

𝑗

𝑘+1,𝑛𝑘

𝑗

𝑗

}, 𝑛𝑘+1 = |𝑋𝑘+1 | is the number of targets,
𝑗

x𝑘+1,𝑖 for 𝑖 = 1, . . . , 𝑛𝑘+1 represent target position in the state
𝑗

space, and 𝜔𝑗 is the weight associated to particle 𝑋𝑘+1 . Notice
𝑗
that 𝑋𝑘+1 is a particle sampled from a RFS, which accounts for
the randomness of both the cardinality and target positions
𝑗
of particle 𝑋𝑘+1 . Given the Bayesian prediction and update
equations (3), we obtain
E [R (U𝑘 , 𝑍𝑘+1 )]
𝛼

𝑗

V∈U𝑘

R (U𝑘 ) =

𝛼 −1

× ([𝑝 (𝑍𝑘+1 | 𝑍1:𝑘 , U𝑘 )] ) ) ,

𝛼

∑𝑆𝑗=1 𝜔𝑗 [𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , U𝑘 )]
1
log 𝑆
=
𝛼,
𝑗
(𝛼 − 1)
[∑𝑗=1 𝜔𝑗 𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , U𝑘 )]

(6)

where the multisensor multitarget likelihood function depen𝑗
dent on multiagent control 𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , U𝑘 ) is given by
𝑊

𝑗

𝑗

𝑖
𝑖
𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , U𝑘 ) = ∏𝑔𝑘+1
(𝑍𝑘+1
| 𝑋𝑘+1 , U𝑘 )

(7)

𝑖=1

and the single-sensor multitarget likelihood function depen𝑗
𝑖
𝑖
(𝑍𝑘+1
| 𝑋𝑘+1 , U𝑘 ) is given in
dent on multiagent control 𝑔𝑘+1
[9] as follows:
𝑗

𝑖
𝑖
(𝑍𝑘+1
| 𝑋𝑘+1 , U𝑘 )
𝑔𝑘+1
𝑗

𝑛𝑘+1

𝑖
𝑖
= 𝑓𝑐 (𝑍𝑘+1
) (1 − 𝑝𝐷
)

×∑ ∏
𝜃 𝑙:𝜃(𝑙)>0
𝑗

𝑖 𝑖
𝑝𝐷
𝑔𝑘+1

(8)

𝑗
| x𝑘+1,𝑙 , U𝑘 )
,
𝑖
𝑝𝐷
) 𝜆𝑐 (z𝑖𝜃(𝑙) )

(z𝑖𝜃(𝑙)

(1 −

𝑖
where 𝑔𝑘+1
(z𝑖𝜃(𝑙) | x𝑘+1,𝑙 , U𝑘 ) is the standard single-sensor
single-target likelihood function described by the measure𝑖
) is the probability density of
ment model of agent 𝑖; 𝑓𝑐 (𝑍𝑘+1
𝑖
−𝜆
clutter RFS and 𝑓𝑐 (𝑍𝑘+1 ) = 𝑒 ∏z𝑖 ∈𝑍𝑖 𝜆𝑐(z𝑖 ) for Poisson RFS;
𝑘+1
𝜆 is the clutter rate, while 𝑐(⋅) is the probability distribution
of clutter; 𝑙 : 𝜃(𝑙) > 0 represents all possible associations
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𝑗

𝑖
between the particle set 𝑋𝑘+1 and the measurement set 𝑍𝑘+1
;
𝑗
that is, 𝜃 : {1, . . . , 𝑛𝑘+1 } → {0, 1, . . . , 𝑀𝑘,𝑖 }. Notice that (6)
is a multisensor multitarget case, whereas the derivation is
similar to the single sensor case in [19]. Thus, we directly omit
the tedious proof here.

3.3. Distributed Agent Control. Even though multiagent control can be described as a POMDP given by (4) and (5),
it is still intractable to achieve the global optimum of
defined objective function for two reasons: firstly, searching
all admissible control command combinations is a NP-hard
combinatorial optimization problem [25]; secondly, global
optimization requires the existence of a centralized fusion
center that receives information from all agents, which is
unrealistic for most large-scale multiagent systems. Hence,
we propose a distributed sensor control method that compromises the local optimum of the global objective function,
which is computationally tractable and convenient to implement.
Instead of computing the global information gain, we
consider finding the optimal command for each individual
agent. Similar to (5), the Rényi divergence for the 𝑖th agent is
given by
E [R𝑖 (u𝑖𝑘 , 𝑍𝑘+1 )]
𝛼

𝑗

∑𝑆𝑗=1 𝜔𝑗 [𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , u𝑖𝑘 )]
1
=
log 𝑆
𝛼.
𝑗
(𝛼 − 1)
[∑𝑗=1 𝜔𝑗 𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , u𝑖𝑘 )]

(9)

Assume that measurement set generated by one agent is
independent of other agents’ behaviour; then, the multisensor
𝑗
multitarget likelihood function 𝑔𝑘+1 (𝑍𝑘+1 | 𝑋𝑘+1 , u𝑖𝑘 ) in (9)
can be written as follows:
𝑔𝑘+1 (𝑍𝑘+1 |

𝑗
𝑋𝑘+1 , u𝑖𝑘 )

𝑊

𝑗

𝑙
𝑙
(𝑍𝑘+1
| 𝑋𝑘+1 , u𝑖𝑘 )
= ∏𝑔𝑘+1

(10)

𝑙=1

𝑊

𝑗

𝑗

𝑖
𝑖
𝑙
𝑙
= 𝑔𝑘+1
(𝑍𝑘+1
| 𝑋𝑘+1 , u𝑖𝑘 ) ∏ 𝑔𝑘+1
(𝑍𝑘+1
| 𝑋𝑘+1 ) ,
𝑙=1,𝑙=𝑖̸

𝑗

𝑗

𝑙
𝑙
𝑙
𝑙
where 𝑔𝑘+1
(𝑍𝑘+1
| 𝑋𝑘+1 , u𝑖𝑘 ) = 𝑔𝑘+1
(𝑍𝑘+1
| 𝑋𝑘+1 ) for
𝑙 ≠ 𝑖. The future measurement 𝑍𝑘+1 is generated assuming
no clutter and unity detection rate as illustrated in [20]. For
𝑖
is predicted based on the multitarget state and
agent 𝑖, 𝑍𝑘+1
𝑙
possible control command u𝑖𝑘 , while 𝑍𝑘+1
for 𝑙 ≠ 𝑖 is predicted
based on the multitarget state and current location of agent 𝑙.
Therefore, we can find the optimal control command for each
individual agent and then combine them together to form the
total control command set, which is given as follows:

u𝑖𝑘 = arg max E [R𝑖 (u, 𝑍𝑘+1 )] ,
u∈V𝑘

(11)

𝑊

U𝑘 = ⋃ {u𝑖𝑘 } .
𝑖=1

(12)

Remark 1. Equation (9) is exactly a particular case of (6) by
assuming all agents except agent 𝑖 stay still at current time.
The proposed distributed control approach is a suboptimal
solution of (6) by seeking its local optimum, and the local
optimum means that u𝑖𝑘 is optimal given all other agents keep
still.
When computing the optimal command of agent 𝑖, the
distributed agent control given by (11) approximates the
𝑗
𝑙
𝑙
likelihood function 𝑔𝑘+1
(𝑍𝑘+1
| 𝑋𝑘+1 ) via using current
locations of agent 𝑙 for 𝑙 ≠ 𝑖. Hence, we refer to (9) as the
“local Rényi divergence” in this paper.
The proposed distributed control approach can significantly reduce the computational cost to perform real-time
agent control. For illustration, assume that all agents have the
same number of possible control command denoted by 𝑚; the
computation complexity of our control approach is O(𝑊 ⋅ 𝑚)
which is much smaller than O(𝑚𝑊) by searching all control
combinations, especially in large-scale multiagent system.
Generally speaking, each agent can only communicate
with its neighbouring 𝑊𝑘 agents and obtain their current
locations s𝑙𝑘 as well as their measurement model 𝑔𝑙 (z | x) for
𝑙 = 1, . . . , 𝑊𝑘 . Here, we assume that the information received
by each agent is accurate without any input saturation. For a
more challenging case that there is input saturation described
in [26, 27], the topic is beyond the scope of this paper. The
neighbouring relationship may change over time due to the
relative movement of agents. Algorithm 1 provides the SMC
implementation of proposed distributed control for each
agent by maximizing the local Rényi divergence.

4. Multisensor Fusion for
Multi-Target Tracking
As mentioned before, the multi-Bernoulli filter outweighs the
PHD/CPHD filter in the SMC implementation for nonlinear
problem since the state extraction in multi-Bernoulli filter is
not dependent upon the heuristics in clustering but is dependent only on the Bernoulli parameters. Hence, the multiBernoulli filter has been used extensively in computer vision
[16, 17], robot SLAM [28], and sensor network [29]. Besides,
the state-of-the-art development of the multi-Bernoulli filter
offers the power to directly produce tracks of individual
targets, which is known as the labelled multi-Bernoulli filter
in the community [30].
In this section, we first briefly review the cardinalitybalanced multi-Bernoulli filter given in [12] in Section 4.1.
Then, Section 4.2 provides the sequential update scheme for
information fusion of multiple sensors.
4.1. Cardinality-Balanced Multi-Bernoulli Filter
Prediction. At time 𝑘, if the posterior multitarget density
(𝑗) (𝑗) 𝑀
is multi-Bernoulli given by 𝜋𝑘 = {(𝑟𝑘 , 𝑝𝑘 )}𝑗=1𝑘 and the
density of new births is also multi-Bernoulli 𝜋Γ,𝑘+1 =
𝑀
(𝑗)
(𝑗)
{(𝑟Γ,𝑘+1 , 𝑝Γ,𝑘+1 )}𝑗=1Γ,𝑘+1 , then the predicted density is given by
(𝑗)

(𝑗)

𝑀𝑘

(𝑗)

(𝑗)

𝑀Γ,𝑘+1

𝜋𝑘+1|𝑘 = {(𝑟𝑘+1|𝑘 , 𝑝𝑘+1|𝑘 )}𝑗=1 ∪ {(𝑟Γ,𝑘+1 , 𝑝Γ,𝑘+1 )}𝑗=1 , (13)
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Input: predicted multi-target density 𝜋𝑘+1|𝑘 , neighbouring agents s𝑙𝑘 and 𝑔𝑙 (z | x) for 𝑙 = 1, . . . , 𝑊𝑘
𝑗
(1) Sampling the multi-object state space {𝑋𝑘+1|𝑘 }𝑆𝑗=1 ∼ 𝜋𝑘+1|𝑘 ;
̂𝑘+1|𝑘 = ∪𝑛̂𝑘+1|𝑘 {x𝑗 };
(2) Compute predicted estimation: target number 𝑛̂𝑘+1|𝑘 and state 𝑋
𝑗=1

𝑘+1|𝑘

(3) for 𝑙 = 1, . . . , 𝑊𝑘 do
𝑙
̂𝑘+1|𝑘 and 𝑔𝑙 (z | x);
(4)
Predict 𝑍𝑘+1
based on 𝑋
𝑗
𝑙
| 𝑋𝑘+1|𝑘 )}𝑆𝑗=1 ;
(5)
Compute single-sensor multi-target likelihood given by (8) to obtain {𝑔(𝑍𝑘+1
(6) end for
(7) for each u𝑖𝑘 ∈ U𝑖𝑘 do
𝑖
based on u𝑖𝑘 and 𝑔𝑖 (z | x);
(8)
Predict 𝑍𝑘+1
𝑗
𝑖
| 𝑋𝑘+1|𝑘 , u𝑖𝑘 )}𝑆𝑗=1 ;
(9)
Compute single-sensor multi-target likelihood given by (8) to obtain {𝑔(𝑍𝑘+1
𝑗
(10) Compute multi-sensor multi-target likelihood given by (10) to obtain {𝑔(𝑍𝑘+1 | 𝑋𝑘+1|𝑘 , u𝑖𝑘 )}𝑆𝑗=1 ;
𝑖
𝑖
(11) Compute the value 𝜌(u𝑘 ) = E[R ] given by (9);
(12) end for
̂ 𝑖𝑘 = arg max 𝜌(u𝑖𝑘 )
Output: u
Algorithm 1: Control law of agent 𝑖.
𝑀

where for survival targets
(𝑗)
𝑟𝑘+1|𝑘
(𝑗)
𝑝𝑘+1|𝑘

=

(𝑗)
𝑟𝑘

⋅

𝑝𝑈,𝑘+1 (z) =

(𝑗)
⟨𝑝𝑘 , 𝑝𝑆,𝑘 ⟩ ,
(𝑗)

(x) =

⟨𝑓𝑘+1|𝑘 (𝑥 | ⋅) , 𝑝𝑘 𝑝𝑆,𝑘 ⟩
(𝑗)
⟨𝑝𝑘 , 𝑝𝑆,𝑘 ⟩
(𝑗)

(𝑗)

And, for new born targets, 𝑟Γ,𝑘+1 , 𝑝Γ,𝑘+1 (x) are prior existence
probability and distribution of birth model.
Update. At time 𝑘 + 1, if the predicted multitarget density
𝑀
(𝑗)
(𝑗)
is multi-Bernoulli 𝜋𝑘+1|𝑘 = {(𝑟𝑘+1|𝑘 , 𝑝𝑘+1|𝑘 )}𝑗=1𝑘+1|𝑘 , the output
of corrector is composed of legacy tracks and measurementupdated tracks as
(𝑗)

𝑀𝑘+1|𝑘

(𝑗)

𝜋𝑘+1 = {(𝑟𝐿,𝑘+1 , 𝑝𝐿,𝑘+1 )}𝑗=1

(15)

∪ {(𝑟𝑈,𝑘+1 (z) , 𝑝𝑈,𝑘+1 (⋅ | z))}z∈𝑍 ,
𝑘

where
(𝑗)
𝑟𝐿,𝑘+1

=

(𝑗)

(𝑗)
𝑟𝑘+1|𝑘

(𝑗)

1 − ⟨𝑝𝑘+1|𝑘 , 𝑝𝐷,𝑘+1 ⟩
(𝑗)

(𝑗)

1 − 𝑟𝑘+1|𝑘 ⟨𝑝𝑘+1|𝑘 , 𝑝𝐷,𝑘+1 ⟩
1 − 𝑝𝐷,𝑘+1 (x)

(𝑗)

𝑝𝐿,𝑘+1 (x) = 𝑝𝑘+1|𝑘 (x)

,

1−

(𝑗)
⟨𝑝𝑘+1|𝑘 , 𝑝𝐷,𝑘+1 ⟩

(𝑗)

(𝑗)

𝑗=1

(1 − 𝑟𝑘+1|𝑘 ⟨𝑝𝑘+1|𝑘 , 𝑝𝐷,𝑘+1 ⟩)

=( ∑

(𝑗)

𝑀𝑘+1|𝑘

× (𝜅𝑘+1 (z) + ∑

𝑗=1

2

(𝑗)

(𝑗)

)

(𝑗)

(𝑗)

(𝑗)

(𝑗)

(𝑗)

1 − 𝑟𝑘+1|𝑘 ⟨𝑝𝑘+1|𝑘 , 𝑝𝐷,𝑘+1 ⟩

,

(16)
𝑝𝑆 and 𝑝𝐷 are probability of survival and detection. The inner
product ⟨⋅, ⋅⟩ is defined between two real valued functions
𝛽 and 𝛾 by ⟨𝛽, 𝛾⟩ = ∫ 𝛽(𝑥)𝛾(𝑥)𝑑𝑥. Note that, without
loss of generality, we refer to the cardinality-balanced multiBernoulli filter as “multi-Bernoulli” filter for simplicity in this
paper.
4.2. Sequential Multisensor Multi-Bernoulli Filter. In multisensor multitarget tracking scenario, there is no unified
multisensor fusion method which is tractable and computationally acceptable. Sequential update has been widely used
and verified to be a good approximation for information
fusion of multiple sensors. Here, multitarget tracking in
multiagent network is implemented via multi-Bernoulli filter
with sequential update scheme based on the SMC implementation.
Suppose that, at time 𝑘, the posterior multitarget density
(𝑗) (𝑗) 𝑀
is given as {𝑟𝑘 , 𝑝𝑘 }𝑗=1𝑘 , and the distribution of each target

𝑖,𝑘

,

𝑟𝑘+1|𝑘 ⟨𝑝𝑘+1|𝑘 , 𝜓𝑘+1,z ⟩
(𝑗)

𝑀

∑𝑗=1𝑘+1|𝑘 (𝑟𝑘+1|𝑘 / (1 − 𝑟𝑘+1|𝑘 )) ⟨𝑝𝑘+1|𝑘 , 𝜓𝑘+1,z ⟩

(𝑗)

(𝑗)

𝑟𝑘+1|𝑘 (1 − 𝑟𝑘+1|𝑘 ) ⟨𝑝𝑘+1|𝑘 , 𝜓𝑘+1,z ⟩

(𝑗)

(𝑗)

𝐿

(𝑗)

𝑘
is given by a set of weighted particles 𝑝𝑘 (x) = ∑𝑖=1
𝜔𝑖,𝑘 ⋅
𝛿x(𝑗) (x). Then, we give the SMC implementation of sequential

𝑟𝑈,𝑘+1 (z)
𝑀𝑘+1|𝑘

(𝑗)

𝜓𝑘+1,z (x) = 𝑔𝑘+1 (z | x) 𝑝𝐷,𝑘+1 (x) ;

(14)

.

(𝑗)

∑𝑗=1𝑘+1|𝑘 (𝑟𝑘+1|𝑘 / (1 − 𝑟𝑘+1|𝑘 )) 𝑝𝑘+1|𝑘 (x) 𝜓𝑘+1,z (x)

−1

) ,

multisensor multi-Bernoulli filter in Algorithm 2. We refer
the readers to Section 4.1 of [12] for detailed equations.
The superscript (𝑗),𝑙 in Algorithm 2 represents the predicted 𝑗th Bernoulli set updated with the 𝑙th sensor. To
avoid the infinite growth of multi-Bernoulli set number, those
with existence probability less than a predefined threshold
(e.g., 0.001) are removed. Meanwhile, the particle number
is limited between 𝐿 min and 𝐿 max , in case that sampling is
not enough or resampling reallocates too many particles. The
number of particles for each Bernoulli set is proportional to
(𝑗)
each target existence 𝑟𝑘 during the resampling step. With
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Prediction:
(𝑗)
(𝑗) 𝑀
Input: 𝜋𝑘 = {𝑟𝑘 , 𝑝𝑘 }𝑗=1𝑘
(1) for Survival targets: 𝑗 = 1, . . . , 𝑀𝑘 do
(𝑗)
(𝑗)
(𝑗)
(𝑗)
̃𝑆,𝑖,𝑘+1|𝑘
(2)
for 𝑖 = 1, . . . , 𝐿 𝑘 , sample 𝑥𝑆,𝑖,𝑘+1|𝑘 , compute weight 𝜔𝑆,𝑖,𝑘+1|𝑘 and normalization 𝜔
(𝑗)
(𝑗)
(3)
compute 𝑟𝑆,𝑘+1|𝑘 , 𝑝𝑆,𝑘+1|𝑘 (x)
(4) end for
(5) for newborn targets: 𝑗 = 1, . . . , 𝑀Γ,𝑘+1 do
(𝑗)
(𝑗)
(𝑗)
(𝑗)
̃Γ,𝑖,𝑘+1
(6)
for 𝑖 = 1, . . . , 𝐿 Γ,𝑘 , sample 𝑥Γ,𝑖,𝑘+1 , compute weight 𝜔Γ,𝑖,𝑘+1 and normalization 𝜔
(𝑗)
(𝑗)
(7)
compute 𝑟Γ,𝑘+1 , 𝑝Γ,𝑘+1 (x)
(8) end for
𝑀
(𝑗)
(𝑗)
(𝑗)
(𝑗)
𝑀
Output: 𝜋𝑘+1|𝑘 = {(𝑟𝑘+1|𝑘 , 𝑝𝑘+1|𝑘 )}𝑗=1𝑘 ∪ {(𝑟Γ,𝑘+1 , 𝑝Γ,𝑘+1 )}𝑗=1Γ,𝑘+1
Update:
𝑀
(𝑗)
(𝑗)
𝑙
for 𝑙 = 1, . . . , 𝑊𝑘
Input: 𝜋𝑘+1|𝑘 = {𝑟𝑘+1|𝑘 , 𝑝𝑘+1|𝑘 }𝑗=1𝑘+1|𝑘 ; neighbouring agents s𝑙𝑘 , 𝑔𝑙 (z | x) and 𝑍𝑘+1

(1) for 𝑙 = 1, . . . , 𝑊𝑘 do
(2)
for Legacy targets: 𝑗 = 1, . . . , 𝑀𝑘+1|𝑘 do
(𝑗),𝑙
(𝑗),𝑙
(𝑗),𝑙
̃𝐿,𝑖,𝑘+1 , compute pseudo-likelihood 𝐿,𝑘+1
(3)
compute 𝜔𝐿,𝑖,𝑘+1 and normalization 𝜔
(4)
(5)
(6)
(7)
(8)

(𝑗),𝑙

(𝑗),𝑙

compute 𝑟𝐿,𝑘+1 , 𝑝𝐿,𝑘+1 (x)
end for
𝑙
do
for z ∈ 𝑍𝑘+1
for Measurement-updated targets: 𝑗 = 1, . . . , 𝑀𝑘+1|𝑘 do
(𝑗),𝑙
(𝑗),𝑙
(𝑗),𝑙
̃𝑈,𝑖,𝑘+1 (z), compute pseudo-likelihood 𝑈,𝑘+1 (z)
compute 𝜔𝑈,𝑖,𝑘+1 (z) and normalization 𝜔
(𝑗),𝑙

(𝑗),𝑙

(9)
compute 𝑟𝑈,𝑘+1 (z), 𝑝𝑈,𝑘+1 (x; z)
(10)
end for
(11) end for
𝑀
(𝑗),𝑙
(𝑗),𝑙
𝑙
𝑙
(z), 𝑝𝑈,𝑘+1
(⋅ | z))}z∈𝑍𝑙
(12) 𝜋𝑘+1|𝑘 = {(𝑟𝐿,𝑘+1 , 𝑝𝐿,𝑘+1 )}𝑗=1𝑘+1|𝑘 ∪ {(𝑟𝑈,𝑘+1
𝑘+1
(13) end for
(𝑗),𝑊

(𝑗),𝑊

𝑊

𝑀

𝑊

𝑘
𝑘
Output: 𝜋𝑘+1 = {(𝑟𝐿,𝑘+1𝑘 , 𝑝𝐿,𝑘+1𝑘 )}𝑗=1𝑘+1|𝑘 ∪ {(𝑟𝑈,𝑘+1
(z), 𝑝𝑈,𝑘+1
(⋅ | z))}

𝑊

𝑘
z∈𝑍𝑘+1

Algorithm 2: SMC sequential multisensor multi-Bernoulli filter.

(𝑗)

a given existence threshold 0.75, those sets with 𝑟𝑘 over
0.75 are true tracks, while the others are not. Notice that the
multi-Bernoulli filter we adopt here cannot produce tracks
directly, and it can be replaced by the labelled multi-Bernoulli
filter to produce individual tracks at the cost of some extra
computation.

5. Simulation
In order to demonstrate the performance of proposed multiagent control approach for multitarget tracking, we present
numerical results for a planar multitarget tracking scenario in multiagent system where three controllable moving
observers, two equipped with range-only sensors and one
with a bearing-only sensor, are placed in a specified surveillance area of size [0, 1000 m] × [0, 1000 m] to estimate the
number of targets as well as their positions. Each agent shares
its current locations, sensor type, and observations with the
other agents. It is intuitive that the initial positions of agents
have an impact on the agent control and target tracking
procedure. However, we are not going to involve the network
topology issue in this paper since our approach is supposed to
act independently from the network topology which is
different from the method described in [31, 32].

There are unknown and time-varying numbers of targets
observed in clutter for each agent. Assume that targets move
according to the nearly constant velocity model given by
x𝑘 = 𝐹x𝑘−1 + 𝐺wV,𝑘 ,

(17)

where x𝑘 = [𝑝𝑥,𝑘 , V𝑥,𝑘 , 𝑝𝑦,𝑘 , V𝑦,𝑘 ]𝑇 ; p𝑘 = [𝑝𝑥,𝑘 , 𝑝𝑦,𝑘 ]𝑇 are planar position and k𝑘 = [V𝑥,𝑘 , V𝑦,𝑘 ]𝑇 are planar velocity, respectively, along 𝑥-coordinate, 𝑦-coordinate. 𝐹 = 𝐼2 ⊗ [ 10 𝑇1 ]; 𝐺 =
2
𝐼2 ⊗[ 𝑇𝑇/2 ]. 𝐼2 is 2×2 identity matrix and ⊗ denotes Kronecker
product. 𝑇 is the sampling period, and wV,𝑘 ∼ N(0, 𝑄𝑘 ) is
a 2 × 1 IID Gaussian noise. Assume process noise is timeinvariant and identical for both V𝑥,𝑘 and V𝑦,𝑘 ; then, 𝑄 = 𝜎V2 𝐼2 ,
where 𝜎V is the standard deviation.
Measurement of sensor 𝑙 originated from target with state
x𝑘 is noisy vector of range or bearing measurement, and the
measurement model for range-only sensor is given by


z𝑙𝑟,𝑘 = p𝑘 − s𝑙  + 𝑤𝑟𝑙

(18)

and, for bearing-only sensor,
z𝑙𝜙,𝑘 = arctan

𝑦𝑙 − 𝑝𝑦,𝑘
𝑥𝑙 − 𝑝𝑥,𝑘

+ 𝑤𝜙𝑙 ,

(19)

Mathematical Problems in Engineering
1000

7

Agent 1 (range-only)
Target 2

800

with 𝑅0 = 320 m and 𝑐 = 0.002 m−1 . The clutter rate of each
sensor 𝜆 𝑐 = 5 per scan. The standard derivation of process
noise 𝜎V = 1 m/s for both V𝑥,𝑘 and V𝑦,𝑘 . Given the current
agent location s𝑙𝑘 , the set of admissible control commands for
each agent is computed as U𝑙𝑘 = {[𝑥𝑘𝑙 + 𝑖Δ 𝑅 cos(𝑗Δ 𝜙 ), 𝑦𝑘𝑙 +
𝑗=0,...,𝑁

600
y (m)

Target 3
Agent 3 (bearing-only)

400
Target 1

200

0

Agent 2 (range-only)
0

100

200

300

400

500

600

700

800

900 1000

x (m)

Figure 1: Target tracks. Start/stop positions for each track are shown
with ∙/◼. Colored ⧫ are initial locations of agents.

where s𝑙𝑘 = [𝑥𝑘𝑙 , 𝑦𝑘𝑙 ] is the location of agent 𝑙 and ‖p𝑘 −

s𝑙𝑘 ‖ = √(𝑥𝑘𝑙 − 𝑝𝑥,𝑘 )2 + (𝑦𝑘𝑙 − 𝑝𝑦,𝑘 )2 is the Euclidean distance

between sensor 𝑙 and the target. 𝑤𝑟𝑙 is zero mean Gaussian
noise N(⋅; 0, (𝜎𝑟𝑙 )2 ) and 𝑤𝜙𝑙 is also zero mean Gaussian noise
N(⋅; 0, (𝜎𝜙𝑙 )2 ). The standard derivations of 𝑤𝑟𝑙 and 𝑤𝜙𝑙 are,

respectively, given by 𝜎𝑟𝑙 and 𝜎𝜙𝑙 as follows:

2
𝑙
𝜎𝑟,𝑘
= 𝜎0 + 𝛽𝑟 p𝑘 − s𝑙 



𝑙
𝜎𝜙,𝑘
= 𝜎1 + 𝛽𝜙 p𝑘 − s𝑙  ,

(20)

with 𝜎0 = 1 m, 𝛽𝑟 = 5 × 10−5 m−1 , 𝜎1 = 𝜋/180 rad, and 𝛽𝜙 =
10−5 rad ⋅ m−1 .
Targets can appear or disappear in the scene at any time,
and survival probability 𝑝𝑆 = 0.95 for each existing target.
New born targets appear spontaneously according to 𝛾𝑘 =
0.2N(⋅; x, 𝑄). Three targets are presented as illustrated in
Figure 1, where x1 = [800 m; −5 m/s; 300 m; 0 m/s]𝑇 , x2 =
[650 m; 0.5 m/s; 800 m; −6 m/s]𝑇 , and x3 = [300 m; 5 m/s;
600 m; −8 m/s]𝑇 , respectively, for each target, and 𝑄 =
diag([50 m, 2 m/s, 50 m, 2 m/s]2 ) are identical for all three
targets.
The probability of detection for both range-only sensor
and bearing-only sensor is modelled by
0.99
𝑝𝐷 (x𝑘 ) = {


max {0, 0.99 − 𝑐 p𝑘 − s𝑙 }



p𝑘 − s𝑙  ≤ 𝑅0


p𝑘 − s𝑙  ≥ 𝑅0 ,
(21)

𝑖Δ 𝑅 cos(𝑗Δ 𝜙 )]}𝑖=0,...,𝑁𝜙𝑅 , where Δ 𝜙 = 2𝜋/𝑁𝜙 and Δ 𝑅 = 30 m
are for angular and radial step size. 𝑁𝑅 = 2 and 𝑁𝜙 = 8 here.
The initial locations of agents are shown in Figure 1, and
each agent runs for 30 scans with sampling period 𝑇 = 1 s.
Birth intensity for the multi-Bernoulli filter is approximated
using adaptive target birth intensity sampling technique
described in [33]. 𝐿 min = 300 and 𝐿 max = 500 are the minimum and maximum particle numbers of each Bernoulli set
for track maintenance.
Since each agent shares its location and observation with
other two agents, agents have pretty much the same performance in this scene. Hence, we take agent 3 (bearing-only)
as an example to illustrate the tracking procedure. Figure 2
presents three key frames of one trial run of the proposed
control and tracking approach. It is clear that, with the movement of agents, scattered particles converge to the ground
truth locations of targets. This is because each agent is moving
forward to a more informative direction so that “ghost” particles that are not generated by actual targets can be quickly
eliminated by the multisensor fusion scheme. As a result,
the estimation of target positions is getting more accurate
over time. Besides, it can be seen from Figure 2(c) that the
trajectories of agents are different for their distinctive initial
locations and sensor types.
Due to stochastic nature of our control and tracking
approach, we adopt 1000 Monte Carlo runs to evaluate their
performance. The optimal subpattern assignment (OSPA)
metric composed of location error and cardinality error
is used for tracking performance evaluation [34]. Figure 3
shows the OSPA distance of our approach, (𝑐 = 100 m, 𝑝 = 1)
from 1000 Monte Carlo runs, from which we can see that
the OSPA distance converges with the movement of agents
over time. The location error is reduced gradually since
each agent is obtaining more informative measurements
to lower the covariance of position estimation, while the
estimation of target number quickly converges to a relatively
low value. The average computation time for a single run
is only approximately 0.82 s (algorithm is implemented in
MATLAB 2012a on a PC with 8 GB RAM and Intel Core
i7-4770k CPU). Several runs have been recorded in videos
attached as Supplementary Material (available online at
http://dx.doi.org/10.1155/2015/903682) for demonstration.

6. Conclusion
In this paper, we propose a novel distributed multiagent
control approach by maximizing the local Rényi divergence.
The SMC implementation of the sequential multi-Bernoulli
filter is provided for each agent to utilize the information from
neighbouring agents. Simulation results demonstrate that
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Figure 2: One trial result. Green dots are for particles. Colored lines are trajectories of agents. Colored ⧫ are current locations of agents. Red
∘ are ground truth of target stop positions, while black ∗ are for target estimation.

the proposed approach is capable of distributed multitarget
tracking via effective sensor control.
Our future work is to use convex relaxation method
for seeking global optimal solution for multiagent control
and compare with the approach proposed in this paper. We
also need to consider more challenging measurement model,
such as time-difference-of-arrival measurement or Doppler
measurement, which depends on the behavior of multiple
agents.
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This paper investigates the flocking and the coordinative control problems of multiple mobile agents with the rules of avoiding
collision. We propose a set of control laws using hysteresis in adding new links and applying new potential function to guarantee that
the fragmentation of the network can be avoided, under which all agents approach a common velocity vector, and asymptotically
converge to a fixed value of interagent distances and collisions between agents can be avoided throughout the motion. Furthermore,
we extend the flocking algorithm to solve the flocking situation of the group with a virtual leader agent. The laws can make all
agents asymptotically approach the virtual leader and collisions can be avoided between agents in the motion evolution. Finally,
some numerical simulations are showed to illustrate the theoretical results.

1. Introduction
In recent years, the problem of coordinated motion of multiple mobile agents, especially the flocking control [1–3], has
attracted a lot of attention among researchers. Researchers
structure a distributed model that simulates these behaviors
such as flocks, herds, and schools [3–21]. The wide attention
and research on this issue get a good application in biology,
social behavior, statistical physics, control engineering, and
other fields [2–11]. Most previous works of flocking algorithm
are based on the assumption that the network topologies
are always connected [12, 13]. However, in fact, it is difficult
to ensure that network maintains connection at all times
even if the initial network is connected [14]. Therefore, there
is great realistic significance to find out an algorithm that
ensures that the connectivity requirement of the network is
always satisfied. Fortunately, a connectivity preserving flocking algorithm for network topologies with distributed control
was studied in [14–17]. Under the condition that the initial
network is connected, the author applies appropriate weight
for network edge to make the network maintain connection.
In [2, 16], in order to maintain network connectivity, the
method of measuring the local network was applied. In
[17], using the potential function method was considered.

However, these methods were designed for single-integrator
dynamics. In [13], the author first proposed a distributed
connected algorithm for the second-order network system.
With the algorithm, collisions between agents can be avoided
in the motion evolution.
In this work, we consider how to maintain network connectivity by constructing artificial potential function and
investigating the flocking algorithm with avoiding collision
rules. This algorithm is using hysteresis in adding new
links [14] and applying new potential function method to
maintain network connectivity. The major difference from
the algorithm which was considered in [13, 15] is that
we choose the new potential function. Furthermore, the
situation of multiagent systems with a virtual leader is further
investigated. We conclude that, in the case that the initial
network is connected, the laws can make all agents approach
a common velocity vector and asymptotically converge to
a fixed value of interagent distances and collisions between
agents can be avoided throughout the motion.
The rest of this paper is organized as follows. We define
the multiagent flocking problem in Section 2, and some
background on Graphs, Laplacian, and Reynolds model is
presented in this section. In Section 3 we propose a new
flocking algorithm and its results analyses are presented.
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Then, some numerical simulation examples are presented in
Section 4. Finally, some conclusions are made in Section 5.

For a given undirected graph 𝐺(𝑡), the Laplace matrix
is symmetrical, and the nonnegative adjacency matrix 𝐴
satisfies 𝐴𝑇 = 𝐴.

2. Problem Formulation
2.1. Background. In order to improve the understanding of
the flocking control problem and facilitate the narrative for
the next part, some basic knowledge including the undirected
graph 𝐺(𝑡), Laplacian matrix, and Reynolds model is introduced as follows.
2.1.1. Algebraic Graph Theory. Assume that each agent has the
same sensing radius 𝑟, for given constants 𝜀 ∈ (0, 𝑟] and
𝜀0 ∈ (0, 𝑟), satisfying 𝜀0 ≤ 𝜀. Consider the agent 𝑖 as a node
and use undirected edge link node 𝑖 and other nodes which
can be sensing. Thus, the graph consisting of a set of nodes
𝑉 = {1, . . . , 𝑁} and a time-varying set of edges 𝐸(𝑡) = {(𝑖, 𝑗) ∈
𝑉 × 𝑉 : 𝑖 ∼ 𝑗} can be expressed as an undirected graph 𝐺(𝑡)
at time 𝑡, and the detailed meaning is as follows [15, 22]:
(i) the initial edges are satisfied with 𝐸(0) = {(𝑖, 𝑗) |
‖𝑠𝑖 (0) − 𝑠𝑗 (0)‖ < 𝑟, 𝑖, 𝑗 ∈ 𝑉};
(ii) if the inequality 𝑟 ≤ ‖𝑠𝑖 (0) − 𝑠𝑗 (0)‖ is reasonable, we
have (𝑖, 𝑗) ∉ 𝐸(𝑡);
(iii) if 𝑟 − 𝜀 > ‖𝑠𝑖 (0) − 𝑠𝑗 (0)‖ and (𝑖, 𝑗) ∉ 𝐸(𝑡− ), a new edge
is generated between agent 𝑖 and agent 𝑗.
Here, 𝑠𝑖 (𝑡) denotes the position vector of agent 𝑖 and ‖ ∙ ‖
expresses the Euclidean norm. The description of whether
there exist edges between agent 𝑖 and agent 𝑗 at time 𝑡 can
use a symmetric indicator function 𝜎(𝑖, 𝑗) ∈ {0, 1}, and we
can describe it as follows:
𝜎 (𝑖, 𝑗) [𝑡] = 𝑘,

𝑘 = 0, 1.

(1)

Here, if ((𝜎(𝑖, 𝑗)[𝑡− ] = 0)∩(𝑟−𝜀 ≤ ‖𝑠𝑖 (𝑡)−𝑠𝑗 (𝑡)‖ < 𝑟))∪(‖𝑠𝑖 (𝑡)−
𝑠𝑗 (𝑡)‖ ≥ 𝑟), means that there is no edge between agent 𝑖 and
agent 𝑗 at time 𝑡, then 𝑘 = 0. If ((𝜎(𝑖, 𝑗)[𝑡− ] = 0) ∩ (𝑟 − 𝜀 ≤
‖𝑠𝑖 (𝑡) − 𝑠𝑗 (𝑡)‖ < 𝑟)) ∪ (‖𝑠𝑖 (𝑡) − 𝑠𝑗 (𝑡)‖ < 𝑟 − 𝜀), scilicet that exist
edge between agent 𝑖 and agent 𝑗 at time 𝑡, then 𝑘 = 1.
The above imply that a new edge will be added when
the distance between the two agents is less than induction
radius 𝑟.
2.1.2. Laplacian. Define the Laplacian of agent 𝑖 as 𝐿 = 𝐷 − 𝐴,
where 𝐴 is the adjacency matrix of graph 𝐺(𝑡) such that [13]
𝐴 = [𝑎𝑖𝑗 ] ∈ 𝑅𝑛×𝑛 ,

𝑎𝑖𝑗 = {

1,
0,

if (𝑢, V) ∈ 𝐺 (𝐸)
otherwise,

(2)

where 𝐷 = diag{𝑑𝑖 , 𝑖 ∈ 𝑉}, 𝑑𝑖 = ∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 , 𝑖 = 𝑙, 2, . . . , 𝑁,
is the sum of 𝑖th row element of matrix 𝐴. Obviously, the
sum is zero of all row elements for Laplacian. Furthermore,
Laplacian is a positive semidefinite matrix that satisfies the
following sum-of-squares property [14]:
𝑍𝑇 𝐿𝑍 =

2
1
∑ 𝑎𝑖𝑗 (𝑧𝑗 − 𝑧𝑖 ) ,
2 (𝑖,𝑗)∈𝜀

𝑧 ∈ 𝑅𝑛 .

(3)

2.1.3. Reynolds Model. In 1986, Reynolds introduced three
heuristic rules that led to creating the first computer animation of flocking [3]. Then, researchers used the name
Reynolds model that describes the rules. The flocking algorithm that will be proposed is based on these rules. Here, we
list three flocking rules of Reynolds [4].
(i) Flock centering: attempt to stay close to nearby agents.
(ii) Velocity matching: attempt to match velocity with
nearby agents.
(iii) Collision avoidance: avoid collisions with nearby
agents.
2.2. Problem Description. In our background, the Reynolds
model was proposed based on the position and velocity of
agents; consider a group of mobile agents moving in a 𝑛∙

dimensional Euclidean space. Let 𝑠𝑖 ∈ 𝑅𝑛 and V𝑖 ∈ 𝑅𝑛
denote the position vector and velocity vector of agent 𝑖, 𝑖 =
1, 2, . . . , 𝑁, respectively. The motion equations of each agent
are described by the following double integrator:
∙

𝑠𝑖 = V𝑖 ,
∙

(4)

V𝑖 = 𝑢𝑖 ,
where 𝑢𝑖 ∈ 𝑅𝑛 denotes the energy control input of agent 𝑖,
𝑖 = 1, 2, . . . , 𝑁. The value of the position vector and the
velocity vector of each agent is stored in the form of matrix;
define
𝑠1
[ 𝑠2 ]
[ ]
𝑠 = [ .. ] ,
[.]
[𝑠𝑁]

V1
[ V2 ]
[ ]
V = [ .. ] .
[ . ]
[V𝑁]

(5)

Then, the problems of flocking control can consider how to
design the control input 𝑢𝑖 value, which can make all agent
motion satisfy the three rules of Reynolds.
The control purpose of this work is to make all agents
approach a uniform velocity and asymptotically converge
to a fixed value of interagent distances, and collisions
can be avoided among agents in the motion evolution.
Namely, for all 𝑖, 𝑗 ∈ 𝑉, we require V𝑖 (𝑡) − V𝑗 (𝑡) → 0 and
𝑠𝑖 (𝑡) − 𝑠𝑗 (𝑡) → 𝑘𝑖𝑗 , and here 𝑘𝑖𝑗 ∈ 𝑅𝑛 is offset constants. In
general, we want the final desired formation that satisfies
equation 𝑠1 (𝑡) = 𝑠2 (𝑡) = 𝑠3 (𝑡) = ⋅ ⋅ ⋅ = 𝑠𝑛 (𝑡). In order to
achieve this goal, the control input 𝑢𝑖 is designed as follows:
𝑢𝑖 = 𝑓𝑖 + ℎ𝑖 .

(6)

And consider the situation of the group with a virtual
leader agent; the control input 𝑢𝑖 in this case can be described
as follows:
𝑢𝑖 = 𝑓𝑖 + ℎ𝑖 + 𝛾𝑖

(7)
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where 𝑓𝑖 ∈ 𝑅𝑛 is the gradient-base term and its action
is enforced on each agent that asymptotically converges to
the fixed value of interagent distances, ensures the network
connectivity, and avoids collision between agents. The middle
item of (7) ℎ𝑖 ∈ 𝑅𝑛 acts as a damping force, which makes
every agent attempt to consistent velocity with nearby agent.
And 𝛾𝑖 ∈ 𝑅𝑛 is the navigational feedback term, which enforces
that all agents are aware of the virtual leader.

3. Flocking Algorithms
3.1. Without a Virtual Leader. We have assumed that multiple
mobile agents are moving in 𝑛-dimensional Euclidean space;
consider the fact that the agent can only sense other agents in
its epsilon neighborhood because of the limited awareness of
each agent. So we define 𝑁𝑖 (𝑡) = {𝑗 | 𝜎(𝑖, 𝑗)[𝑡] = 1, 𝑗 ≠ 𝑖, 𝑗 =
1, . . . 𝑁} stand for the epsilon neighborhood of agent 𝑖 at time
𝑡. The control input (6) for agent 𝑖 is governed by
 
𝑢𝑖 = ∑ 𝜔𝑖𝑗 V𝑗 − ∑ (∇𝑠𝑖 𝜓 (𝑠𝑖𝑗 ) + 𝜔𝑖𝑗 V𝑖 ) ,
𝑗∈𝑁𝑖

𝑗∈𝑁𝑖

(8)

where 𝑠𝑖𝑗 = (𝑠𝑖 − 𝑠𝑗 ) and weight number 𝑤𝑖𝑗 = 𝑤𝑗𝑖 > 0.
The 𝜓(‖𝑠𝑖𝑗 ‖) where in (8) is nonnegative artificial potential
function, which independent variables is the distance ‖𝑠𝑖𝑗 ‖
between agent 𝑖 and agent 𝑗; here ‖𝑠𝑖𝑗 ‖ ∈ [0, 𝑟]. It has the
following properties:

Considering a group of 𝑁 agents with dynamic motion
(4) steered by protocol (8) in combination with the artificial
potential function which we have put forward, the following
conclusion can be got based on the above description.
Theorem 1. Assume that the initial energy 𝑄0 = 𝑄(𝑠(0), V(0))
and the initial network 𝐺(0) are finite and connected, respectively. Then, one has the main result: (i) for all 𝑡 ≥ 0, the
𝐺(𝑡) will maintain connection; (ii) the velocity V of the COM
remains the same for all 𝑡 ≥ 0; (iii) all agents approach a
uniform velocity V and asymptotically converge to the fixed
value of interagent distances; (iv) collisions among agents can
be avoided.
Proof. Part one of Theorem 1 is proved first. We can speculate
that the topology of 𝐺(𝑡) is fixed at the time period [𝑡𝑘−1 , 𝑡𝑘 )
under the assumption that 𝐺(𝑡) switches at time 𝑡𝑘 (𝑘 =
1, 2, . . . , 𝑁). In view of initial energy 𝑄0 is finite, and we
obtain the time derivative of energy equation 𝑄(𝑡) in [𝑡0 , 𝑡1 )
as follows:
∙

𝑄 (𝑡) =

𝑁
∙  
1 𝑁
∙
∑ ∑ 𝜓 (𝑠𝑖𝑗 ) + ∑ V𝑖𝑇 V𝑖
2 𝑖=1 𝑗∈𝑁𝑖
𝑖=1

𝑁
 
 
= ∑ V𝑖𝑇 ( ∑ ∇𝑠𝑖 𝜓 (𝑠𝑖𝑗 ) − ∑ ∇𝑠𝑖 𝜓 (𝑠𝑖𝑗 )
𝑖=1

𝑗∈𝑁𝑖

(i) the potential function 𝜓(‖𝑠𝑖𝑗 ‖) achieves its unique
minimum value when ‖𝑠𝑖𝑗 ‖ reaches a desired distance;
(ii) if ‖𝑠𝑖𝑗 ‖ → 0 and ‖𝑠𝑖𝑗 ‖ → 𝑟, the potential function
𝜓(‖𝑠𝑖𝑗 ‖) → ∞.
We can know that no distance between agents will tend
to 0 or 𝑟 at all times, which implies that any two agents
can attract each other and collisions can be avoided by
constructing 𝜓(‖𝑠𝑖𝑗 ‖). One example to meet the above features
of artificial potential function is as follows:
1
1
{
{   +
  ,
 


𝑠𝑖𝑗 


𝑠
𝑟
−
𝜓 (𝑠𝑖𝑗 ) = {  𝑖𝑗 
 
{
{+∞,

 
𝑠𝑖𝑗  ∈ (0, 𝑟)
 
(9)
 
 
𝑠𝑖𝑗  = 𝑟 or 𝑠𝑖𝑗  = 0.

For the physical properties of the dynamic agent, we
define the total energy of agent system as follows:
1 𝑁
 
𝑄 = − ∑ ∑ 𝜓 (𝑠𝑖𝑗 ) + V𝑖𝑇 V𝑖 .
2 𝑖=1 𝑗∈𝑁

(10)

𝑖

It shows that 𝑄 is the sum of the total potential energy and the
total relative kinetic energy among agents. Define the initial
energy 𝑄0 = 𝑄(𝑠(0), V(0)); it is easy to see that 𝑄 is a positive
semidefinite function.
For the convenience of description, denote the velocity
and position of the center of mass (COM) of all agents as
follows [22]:
V=

∑𝑁
𝑖=1 V𝑖
,
𝑁

𝑠=

∑𝑁
𝑖=1 𝑠𝑖
.
𝑁

(11)

𝑗∈𝑁𝑖

− ∑ 𝜔𝑖𝑗 (V𝑖 − V𝑗 ))

(12)

𝑗∈𝑁𝑖

𝑁

= ∑ V𝑖𝑇 ∑ 𝜔𝑖𝑗 (V𝑗 − V𝑖 )
𝑖=1

𝑗∈𝑁𝑖

= −V𝑇 [𝐿 (𝑡) ⊗ 𝐼𝑛 ] V.
∙

One has 𝑄 (𝑡) ≤ 0 in the time [𝑡0 , 𝑡1 ) because of the fact
that 𝐿(𝑡) is positive semidefinite [14], and it means that the
following inequality is established at the time period
𝑄max ≥ 𝑄0 ≥ 𝑄 (𝑡) .

(13)

According to the definition of the artificial potential
function, it is easy to know 𝜓(𝑟) > 𝑄max ≥ 𝑄0 . Therefore,
all existing edge-distances will not tend to 𝑟 in [𝑡0 , 𝑡1 ) from
the definition of artificial potential function, which implies
that fragmentation of existing edges will be avoided at time 𝑡1 .
Hence, the edge number of the interaction network must be
increased. The potential energy, which comes from the new
edges, is a limited value because of the effect of hysteresis.
Using a similar analysis method, we can obtain the time
derivative of 𝑄(𝑡), and the following equation exists in time
period [𝑡𝑘−1 , 𝑡𝑘 ):
∙

𝑄 (𝑡) = −V𝑇 [𝐿 (𝑡) ⊗ 𝐼𝑛 ] V ≤ 0.

(14)

Based on this fact, the inequation is reasonable in
[𝑡𝑘−1 , 𝑡𝑘 ) (𝑘 = 1, 2, . . . , 𝑁) as follows:
𝑄max > 𝑄(𝑡𝑘−1 ) ≥ 𝑄 (𝑡) .

(15)
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It is obvious that all existing edge-distances will not tend to
𝑟 in [𝑡𝑘−1 , 𝑡𝑘 ), which implies that fragmentation of existing
edges will be avoided at time 𝑡𝑘 . Therefore, 𝑄max ≥ 𝑄(𝑡𝑘 ).
According to the above analysis, we know that 𝐺(0) is
connected and no edge in 𝐸(0) will be fragmented, and it
proves that 𝐺(𝑡) maintains connection for all 𝑡 ≥ 0.
In what follows, we will give the proof procedure of parts
(ii) and (iii).
Let us consider that there are 𝑛𝑘 edges being added to the
dynamic network at 𝑡𝑘 ; it is easy to know that
𝑁 (𝑁 − 1)
Δ
0 < 𝑛𝑘 ≤ (
− (𝑁 − 1)) = 𝑀.
2

(16)

From the control input (8), we have
∙
 
𝑢𝑖 = V𝑖 = − ∑ ∇𝑠𝑖 𝜓 (𝑠𝑖𝑗 )
𝑗∈𝑁𝑖 (𝑡)

 
𝜕𝜓 (𝑠𝑖𝑗 )
=− ∑
 
𝜕 𝑠𝑖𝑗 
𝑗∈𝑁𝑖 (𝑡)

(17)

Combined with (16), clearly, 𝑄max ≥ 𝑄(𝑡) for all time 𝑡 ≥ 0.
Hence, we can define the positive invariant set Ω that goes
with above analysis. Consider the following:
Ω = {̂𝑠 ∈ 𝐷𝑔 , V ∈ 𝑅𝑁𝑛 | 𝑄 (̂𝑠, V) ≤ 𝑄max } .

(18)

2

Here, 𝐷𝑔 = {̂𝑠 ∈ 𝑅𝑁 𝑛 | ‖𝑠𝑖𝑗 ‖ ∈ [0, 𝑟), ∀(𝑖, 𝑗) ∈ 𝐸(𝑡)}, 𝑠̂ =
𝑇
𝑇
𝑇
𝑇
𝑇 𝑇
[𝑠11
, . . . , 𝑠1𝑁
, . . . , 𝑠𝑁1
, . . . , 𝑠𝑁𝑁
], and V = [V1𝑇 , V2𝑇 , . . . , V𝑁
] .
The inequality ‖𝑠𝑖𝑗 ‖ ≤ (𝑁 − 1)𝑟 is reasonable for all agents
𝑖 and 𝑗 under the fact that 𝐺(𝑡) always maintains connection.
From 𝑄(𝑡) ≤ 𝑄max , we have V𝑖𝑇 V𝑖 ≤ 2𝑄max or ‖V𝑖 ‖ ≤ √2𝑄max ,
and it means that the positive invariant set Ω is compact.
Note that network 𝐺(𝑡) is a fixed topology; combining with
LaSalle’s invariance principle [23], we know that the value
of each solution lies in set Ω that tends to the range of the
invariant set
∙

𝑆 = {̂𝑠 ∈ 𝐷𝑔 , V ∈ 𝑅𝑁𝑛 | 𝑄= 0} .

(19)

∙

∙

−

1

2
∑ 𝑤 V − V𝑖  .
2 (𝑖,𝑗)∈𝐸 𝑖𝑗  𝑗

(20)

∙

It is easy to see that 𝑄 = 0 if and only if V1 = V2 = ⋅ ⋅ ⋅ = V𝑁,
which shows that all agents approach a uniform velocity V.
For given conditions 𝑤𝑖𝑗 = 𝑤𝑗𝑖 and 𝜓(‖𝑠𝑖𝑗 ‖) = 𝜓(‖𝑠𝑗𝑖 ‖)
and the control input (8), we have
∙

−

𝑢 =V =

∑𝑁
𝑖=1 𝑢𝑖
𝑁

=−

1 𝑁
 
∑ ( ∑ ∇ 𝜓 (𝑠 )
𝑁 𝑖=1 𝑗∈𝑁 (𝑡) 𝑠𝑖  𝑖𝑗 

(23)

𝑇
̂ =
Here 𝑠 = [𝑠1𝑇 , 𝑠2𝑇 , . . . , 𝑠𝑁
], the element of matrix 𝐿(𝑡)
̂ = (𝜕𝜓(‖𝑠 ‖)/𝜕‖𝑠 ‖) ⋅ (1/‖𝑠 ‖), and 𝑙̂ =
[𝑙̂
𝑖𝑗
𝑖𝑗
𝑖𝑗
𝑖𝑖
𝑖𝑗 ] is 𝑙𝑖𝑗

− ∑𝑁
𝑗=1,𝑗=𝑁
̸ ((𝜕𝜓(‖𝑠𝑖𝑗 ‖)/𝜕‖𝑠𝑖𝑗 ‖) ⋅ (1/‖𝑠𝑖𝑗 ‖)). For a given initial
network and combining the definition of Laplacian matrix
̂ ⊗ 𝐼 , one has 𝑠 = 𝑠 = ⋅ ⋅ ⋅ = 𝑠 , and it means that part
𝐿(𝑡)
𝑛
1
2
𝑁
(iii) is reasonable.
At the end of Section 3, we prove part (iv). According to
the set Ω = {̂𝑠 ∈ 𝐷𝑔 , V ∈ 𝑅𝑁𝑛 | 𝑄(̂𝑠, V) ≤ 𝑄max }, it is easy
to know that 𝑄 ≤ 𝑄max for all 𝑡 ≥ 0. Hence, we can deduce
that lim‖𝑠𝑖𝑗 ‖ → 0 𝜓(‖𝑠𝑖𝑗 ‖) = ∞ combines with the definition of
artificial potential function. Thus, collisions between any two
agents can be avoided.
3.2. With a Virtual Leader. The situation of multiagent systems (4) with a virtual leader is considered in this subsection.
The control input is governed by
 
𝑢𝑖 = − ∑ ∇𝑠𝑖 𝜓 (𝑠𝑖𝑗 ) − ∑ 𝜔𝑖𝑗 (V𝑖 − V𝑗 ) − 𝑐1 (V𝑖 − V𝛾 ) ,
𝑗∈𝑁𝑖

𝑗∈𝑁𝑖

(24)

From (14), we can get
𝑄 (𝑡) = −V𝑇 [𝐿 (𝑡) ⊗ 𝐼𝑛 ] V =

(22)

implies that V𝑖 = V = 0 for all 𝑖 ∈ 𝑉. We can rewrite (22) in a
matrix form such that
− [𝐿̂
(𝑡) ⊗ 𝐼𝑛 ] 𝑠 = 0.

𝑄 (𝑡𝑘 ) ≤ 𝑄0 + (𝑛1 + 𝑛2 + 𝑛3 + ⋅ ⋅ ⋅ + 𝑛𝑘 ) 𝜓 (‖𝑟 − 𝜀‖) .

𝑖 = 1, . . . , 𝑁.

In a stable state, clearly V1 = V2 = ⋅ ⋅ ⋅ = V𝑁 = V, which

From (9) and (15), we have

∙

1
⋅   (𝑠𝑖 − 𝑠𝑗 ) ,
𝑠𝑖𝑗 
 

(21)

𝑖

+ ∑ 𝜔𝑖𝑗 (V𝑖 − V𝑗 )) = 0.
𝑗∈𝑁𝑖 (𝑡)

This formula implies that part (ii) of Theorem 1 is established.

where V𝛾 denotes the velocity of the virtual leader agent and
it is a constant vector. If 𝑐1 = 1, it means that agent 𝑖 has the
information of the virtual leader, and otherwise 𝑐1 = 0. The
last item in the equation has the same role of the 𝛾𝑖 in (7).
We define the total energy of agent system as follows:
𝑈=

𝑁
𝑇
1 𝑁
 
(∑ ∑ 𝜓 (𝑠𝑖𝑗 ) + ∑ (V𝑖 − V𝛾 ) (V𝑖 − V𝛾 )) .
2 𝑖=1 𝑗∈𝑁 (𝑡)
𝑖=1
𝑖

(25)
It shows that 𝑈 is the sum of the total interrelated kinetic
energy and the total potential energy between the virtual
leader and the agents of dynamic network, and it satisfies the
feature of positive semidefinite function. In this work, we will
choose the artificial potential function 𝜓(‖𝑠𝑖𝑗 ‖) which satisfies
the property defined in Section 2.
Similar to the analysis of flocking behavior without the
virtual leader, considering a group of 𝑁 agents with dynamic
motion (4) steered by protocol (24) in combination with the
artificial potential function which we have put forward, we
can get the following conclusion.
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Theorem 2. Assume that the initial energy 𝑄0 = 𝑄(𝑠(0), V(0))
and the initial network 𝐺(0) are finite and connected, respectively. Then, the following hold: (i) the 𝐺(𝑡) will maintain
connection for all 𝑡 ≥ 0; (ii) all agents approach a uniform
velocity V𝛾 and asymptotically converge to the fixed value of
interagent distances; (iii) collisions can be avoided between any
agents; (iv) the velocity of the COM will exponentially converge
to the desired velocity V𝛾 , and the group keeps on moving with
the velocity V𝛾 all the following time.
Proof. Part one of Theorem 2 is proved first.
Assume that 𝑠𝑖 = 𝑠𝑖 −V𝛾 𝑡 represents the position difference
and ̃V𝑖 = V𝑖 − V𝛾 represents the velocity difference between
agent 𝑖 of the network and virtual leader. The kinetic equation
of agent 𝑖 is given by
∙

∼

s 𝑖 = ̃V𝑖
∙

∼

v𝑖 = 𝑢𝑖 ,

(26)
𝑖 = 1, . . . , 𝑁.

According to the definition of 𝜓(‖𝑠𝑖𝑗 ‖), we have 𝜓(‖𝑠𝑖𝑗 ‖) =
𝜓(‖̃𝑠𝑖𝑗 ‖); therefore, the control input (24) can be rewritten as
follows:
 
𝑢𝑖 = − ∑ ∇̃𝑠𝑖 𝜓 𝑠̃𝑖𝑗  − ∑ 𝜔𝑖𝑗 (̃V𝑖 − ̃V𝑗 ) − 𝑐1 ̃V𝑖 .
𝑗∈𝑁𝑖

𝑗∈𝑁𝑖

(27)

∙

𝑇

𝑇

(32)

= −̃V [𝐿 (𝑡) ⊗ 𝐼𝑛 ] ̃V − 𝑐1 ̃V ̃V = 0.
Hence ̃V1 = ̃V2 = ⋅ ⋅ ⋅ = ̃V𝑁 = 0, and it means that V1 =
V2 = ⋅ ⋅ ⋅ = V𝑁 = V𝛾 , which implies that all agents approach a
uniform velocity V𝛾 .
We now prove part (iii) of Theorem 2. According to the
set Ω = {̂𝑠 ∈ 𝐷𝑔 , V ∈ 𝑅𝑁𝑛 | 𝑈(̂𝑠, V) ≤ 𝑈max }, it is
easy to know that 𝑈 ≤ 𝑈max for all 𝑡 ≥ 0. However, we
can deduce lim‖𝑠𝑖𝑗 ‖ → 0 𝜓(‖𝑠𝑖𝑗 ‖) = ∞ from the definition of
artificial potential function. Thus collisions will be avoided
among agents.
At the end of this section, we will prove part (iv). We can
get the following equation from the control protocol (24):
∙

−

∑𝑁
𝑖=1 𝑢𝑖
𝑁

=−

1 𝑁
 
∑ ∑ ∇ 𝜓 (𝑠𝑖𝑗  + ∑ 𝜔𝑖𝑗 (V𝑖 − V𝑗 )
𝑁 𝑖=1𝑗∈𝑁𝑖 𝑠𝑖
𝑗∈𝑁𝑖

(33)

𝑁

1
 
∑ ( ∑ 𝜓 (𝑠 )) + ̃V𝑖𝑇̃V𝑖 .
2 𝑖=1 𝑗∈𝑁𝑖  𝑖𝑗 

(28)

Referencing the proof of part (i) of Theorem 1, we obtain
the time derivative of energy equation 𝑈(𝑡) at the time
[𝑡𝑘−1 , 𝑡𝑘 ):
𝑈 (𝑡) =

∙

𝑇
𝑈 (𝑡) = −̃V [𝐿 (𝑡) + 𝑐1 𝐼𝑁 ⊗ 𝐼𝑛 ] ̃V

V=

The energy equation (25) can be rewritten as follows:
𝑈=

2

where 𝐷𝑔 = {̂𝑠 ∈ 𝑅𝑁 𝑛 | ‖𝑠𝑖𝑗 ‖ ∈ [0, 𝑟), ∀(𝑖, 𝑗) ∈ 𝐸(𝑡)},
Δ
𝑇 𝑇
𝑇
𝑇
𝑇
̃̂𝑠 = [̃𝑠11
, . . . , 𝑠̃𝑁1
, . . . , 𝑠̃𝑁𝑁
], 𝑈max = 𝑈0 + (1/2𝑁2 −
𝑠̃11 , . . . , 𝑠̃1𝑁
𝑇 𝑇
𝑇 𝑇
3/2𝑁 + 1)𝜓(‖𝑟 − 𝜀‖), and ̃V = [̃V1 , ̃V2 , . . . , ̃V𝑁] .
The following equation is given combined with LaSalle’s
invariance principle [23]:

𝑁
∙
∙  
∼
1 𝑁
∑ ∑ 𝜓 (𝑠𝑖𝑗 ) + ∑ ̃V𝑖𝑇 V𝑖
2 𝑖=1 𝑗∈𝑁𝑖
𝑖=1

(29)

It is clear that 𝑈(𝑡) ≤ 0, which implied that the following
inequality is existing in [𝑡𝑘−1 , 𝑡𝑘 ), (𝑘 = 1, 2, . . . , 𝑁). Consider
the following:
(30)

Hence, all existing edge-distances will not tend to radius 𝑟 in
[𝑡𝑘−1 , 𝑡𝑘 ), (𝑘 = 1, 2, . . . , 𝑁), which implies that fragmentation
of existing edges will be avoided at time 𝑡1 ; thus 𝑈(𝑡𝑘 ) ≤ 𝑈max .
We further understand that 𝐺(0) is connected and no edge in
𝐸(0) will be fragmentated, and it ensures that 𝐺(𝑡) maintains
connection for all 𝑡 ≥ 0.
Then, we give the proof procedure of part (ii). We can get
that the positive invariant set is
Ω = {̂𝑠 ∈ 𝐷𝑔 , V ∈ 𝑅𝑁𝑛 | 𝑈 (̂𝑠, V) ≤ 𝑈max } ,

= −𝑐1 V + 𝑐1 V𝛾 .

We can get the solution of the equation

= −̃V𝑇 [(𝐿 (𝑡) + 𝑐1 𝐼𝑁) ⊗ 𝐼𝑛 ] ̃V ≤ 0.

𝑈 (𝑡) ≤ 𝑈(𝑡𝑘−1 ) < 𝑈max .

+ 𝑐1 (V𝑖 − V𝛾 ) )

(31)

V = V𝛾 + (V (0) − V𝛾 ) 𝑒−𝑐1 𝑡 ,

(34)

which implies that the initial velocity of the COM will
exponentially converge to the desired velocity V𝛾 .

4. Numerical Simulation
In this section, several numerical examples of the proposed
control laws are presented to illustrate the rationality of the
theoretical analysis.
4.1. Flocking without a Virtual Leader. The simulation is performed with 10 agents moving in a two-dimensional
Euclidean space under the control protocol (8). All initial
positions are chosen randomly from the plane [0, 8] × [0, 8],
and initial velocities of the 10 agents are set with arbitrary
directions and magnitudes within the plane [0, 4] × [0, 4].
The potential function which is selected for the control
protocol (8) with the sensing radius 𝑟 = 4 and the switching
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Figure 2: Final states.
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threshold dictating is 𝜀 = 0.1, the difference between 𝑟 and
𝜀 is the threshold of add edges. The simulation results are
shown as follows in the figures. The initial states of each
agent are shown in Figure 1; the black lines represent existing
neighboring relations between agent 𝑖 and agent 𝑗 at time 𝑡,
and the blue point and the solid lines with arrows represent
the multiagent and the direction of velocity, respectively.
Figure 2 shows the final states of the 10 agents with the control
protocol (8), which showed that all agents eventually move in
the same direction. The paths and final states of the agents’
motion that evolve according to the control protocol (8) are
captured in Figure 3, where the dotted line represents the
path of each agent. Figures 4 and 5 describe the convergence
process of the agents velocity over the 𝑥-axis and the 𝑦axis. It is clearly known that all agents approach a uniform
velocity V. The convergence process of position over the 𝑥axis and the 𝑦-axis is demonstrated in Figures 6 and 7.
We can know clearly that all agents asymptotically converge
to the stabilization of interagent distances.
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Figure 4: Velocity convergence without virtual leader (𝑥-axis).
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Figure 1: Initial states.
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Figure 3: Paths and final states.

70
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4.2. Flocking with a Virtual Leader. This simulation is performed with a virtual leader and 10 agents moving in a twodimensional Euclidean space under the control protocol (24).
The choice of initial positions and initial velocities of the 10
agents is the same with the simulation of the flocking without
a virtual leader. The initial position and velocity of the virtual
leader are chosen randomly. Here we set 𝑠𝛾 = [10, 10]𝑇 and
V𝛾 = [3, 3]𝑇 , respectively. The radius for interagent sensing
and communication is 𝑟 = 4 and we will perform the simulation with 𝜀 = 0.1. The initial states of each agent are shown
in Figure 8; the pink hexagons represent the virtual leader
and its velocity vector is described as the solid lines with
arrows. Figure 9 shows the final states of the 10 agents with the
control protocol (24), which showed that all agents eventually
move in the same direction of the virtual leader. The paths
and final states of the agents’ motion that evolve according to the control protocol (24) are captured in Figure 10.
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Figure 5: Velocity convergence without virtual leader (𝑦-axis).
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Figure 11: Velocity convergence with a virtual leader (𝑥-axis).
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Figures 11 and 12 describe the convergence process of the
agents velocity over the 𝑥-axis and the 𝑦-axis, where the
dotted line represents the path of the ten agents and the red
solid line represents the virtual leader, which makes it clearly
known that all agents approach the velocity V𝛾 of virtual
leader and the group with the virtual leader keeps on moving
at this velocity V𝛾 all the time. The convergence process of
position over the 𝑥-axis and the 𝑦-axis is demonstrated in
Figures 13 and 14. These figures are in close agreement with
our theoretical predictions in Theorem 2.

5. Conclusion
In this paper, we have investigated the flocking and the coordinative control problems of mobile autonomous agents with
preserved network connectivity and proposed the flocking
algorithm with avoiding collision rules. This algorithm has
proposed using hysteresis in adding new links and applying
new potential function method to ensure that the network
always stays connected and collisions between agents can be
avoided. The extended application of the flocking algorithm
with a virtual leader has been investigated. The simulation has
proved that the laws can make all agents approach a common
velocity vector and asymptotically converge to the fixed value
of interagent distances and collisions between any agents can
be avoided throughout the motion. The laws also satisfy the
situation that there exists a virtual leader in the group of all
agents, and it is proved that the value of desired velocity of
the group is the same as that of the virtual leader. Future work
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will pay attention to the situation of how to make the network
topology be connected as the initial network is not satisfied.
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Based on echo state networks, the joints position control of NAO robot is studied in this paper. The process to control the robot
position can be divided into two phases. The senor parameters are released during the first phase. Depending on the dynamic
coupling effect between the angle acceleration of passive joint and the torque of active joint, passive joint can be controlled indirectly
to the desired position along the desired trajectory. The ESN control rules during the first phase are described and ESN controller
is designed to control the motion of passive joint. The brake is locked during the second phase; then active joint is controlled to the
desired position. The experimental control system based on PMAC controller is designed and developed. Finally, the joint position
control of the NAO robot is achieved successfully by experiments. Echo state networks utilized incremental updates driven by new
sensor readings and massive short memory with history inputs; thus varying communication rates can help imitate human upper
limb motion based on wearable sensors to obtain human joint angles.

1. Introduction
Humanoid robot is very common in our daily life. It can
communicate with humans, respond to the surrounding
environment, and complete kinds of work instead of humans.
In addition, it plays an important role in exploring human
interaction and cognitive processes. In robotics technology,
there is much space for improvement, because it is hard
to keep balance and stability of the robot at any moment,
especially during movement. Path planning is one of difficult
and hot spots in biped robot research. The researchers also
devoted themselves to studying it.
Park and Rhee [1] observed that the zero moment point
(ZMP) forward constantly on human movement; on this
basis, according to the hip position and the free leg configuration, they implemented a fuzzy-logic to generate the
ZMP trajectory. But the scheme was just simulated on a 7degree-of-freedom biped robot. Lee et al. [2] simplified the
dominant dynamics into a simply linear inverted pendulum
model (LIPM). Under the designed conditions, the choice
of ZMP function was determined with five parameters, and

then the walking pattern was formed; finally the goal to
perform complex tasks was achieved. In order to reduce
several difficulties brought about by the uncertainty world
model and unknown environment, Garcı́a et al. [3] presented
an estimator that depends on sensor fusion strategy; it was
able to filter out low frequency and high frequency.
Based on the NAO robot platform, Gouaillier et al. [4]
proposed a new walking method. They added trapezoid function to joint trajectory calculation, compensated joints that
are not up to the specified location, and introduced trunk
error feedback to form the close-loop achieved NAO robot
dynamic humanoid walk. Strom et al. [5] proposed an
omnidirectional walk for NAO based on ZMP and preview
controller. They firstly confirmed the following parameters:
leg trajectories in initial frame, foot frame, and center of mass
(CoM) frame, and then, combining with a series of steps,
specified CoM trajectory. Next they adopted preview control
for walking, which suits fast-moving environment. Besides,
Kulk and Welsh [6] achieved move smoothly by setting the
NAO robot motor in a low stiffness.

2
With the upgrading of the study level, researchers are
constantly expanding their research directions. To imitate
human movement seems to become a new content.
As early as in 1999, Dasgupta and Nakamura [7] had
already begun to study driving robot by human motion data.
They attached markers at the limbs and joints of human, using
the VICOT-370 system from Oxford metrics to obtain the
human motion data. In 2003, a system that imitates human
dance motions [8] was raised. According to motion features
which can be obtained from analyzing limbs motion track,
then calculated joint angle sequence of the robot. At the
same time, based on ZMP, it moved the waist trajectory
for keeping the balance and stability of the robot. Suleiman
et al. [9] also focused their energies on studying imitation of
human captured motions. They used a virtual actor to provide
the joint value as motions, took the physical limitations of
the humanoid robot as an optimization problem, and finally
based on an optimization framework to realize the upper
body imitate motion of humanoid.
Infrared camera has been used to obtain the location
of human [10] successfully. Firstly it used the motion information in the virtual human model and calculated the gait
information with the aid of related professional software
and then derived the NAO robot. Ude et al. [11] suggested
transforming human motion information obtained from an
optical tracking device into a high-dimensional trajectory for
the humanoid robot; then b-spline wavelet analysis is used
to remove noise. But the method based on static motion
capture device is difficult to realize when used in the realtime control in a lab environment. The most direct way to
get the joint information is to adopt ewearable sensor devices
[12]. ENC-03J sensor is produced by Japan Murata, which is
composed of a gyroscope and an accelerometer. Gyroscope
and accelerometer signals are amplified and filtered before
output to remove electrical noise.
In this paper, our main contribution is to realize the
humanoid robot to imitate human upper limb motion in
real-time based on ESN (Figure 3). We tie the wearable
sensors to the upper limb to get motion information. And
then with the help of specialized software platform, such
as Choregraphe developed by Aldebaran-Robotics Company
and Visual Studio, the corresponding data is relayed to
the humanoid robot. Ultimately we complete the real-time
trajectory imitation of the humanoid robot.

2. Method
This section provides the basic concepts and notations of joint
motion of NAO robot based echo state network. Section 2.1
gives a general description of NAO robot and how to control
the robot by traditional ways. Then, the basic architecture of
echo state network is introduced in the paper in Section 2.2.
Finally, the joint motion control based echo state network is
provided thereafter in Section 2.3.
2.1. NAO Robot. NAO robot is more popular humanoid robot
nowadays. It stands 57 cm high and weighs 4.5 kg and has
25 degrees of freedom. NAO was developed by AldebaranRobotics Company with the latest technology and a variety
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Figure 1: Human bones simplified model.

of sensors, so it can ensure the fluency of motion. The more
important feature of NAO is the embedded software. With the
software, NAO can do voice synthesis, acoustic positioning,
detect the visual image and shape with color, and detect
obstacles based on dual-channel ultrasonic system. Human
body can be simplified as a model that can be described as in
Figure 1, which contains 12 main body joints.
The purpose of this paper is to drive the robot arm joint,
mapped to the human body, corresponding to the upper arm
joint of the human body. So we tied the MTi sensors on
human upper limb to obtain joints movement data. And we
make sure the joint of human and NAO robot is the same.
As for the wearable sensors, we adopt the Xsens sensorsMTi. It is a miniature gyroscope enhanced heading measurement system that integrates MEMS inertial measurement
sensors. The internal low-power signal processor provides
three-dimensional orientations of no drift and corrected 3D
acceleration, 3D angular velocity, and 3D magnetic field data.
Now it is broadly used in robot fields.
MTi’s coordinate system is shown in Figure 2 and aligns
with the MTi sensor equipment enclosure. When starting
collecting data, the initial position of the MTi sensor is
marked as the coordinate direction of the current experiment.
We can use the MTi sensor directly with its function of
RS232, which can meet the real-time requirements of our
experiment. Then we can obtain the data from the serial
port with the MTi binary communication protocol using
flow (free-running) operation or polling (request) mode.
The initialization of the MTi sensor devices is done on the
computer programming. It is quite easy to achieve with the
Xsens code examples. The MTi sensors have a variety of
output modes; researchers can choose the mode according to
their needs. In this paper, we choose the Euler Angle output
mode. The output format is roll, pitch, and yaw; all data
elements are four-byte floating point.
Because human is more flexible, the activity scope is
relatively larger than robot; when the human body joint
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Table 1: Parameter settings for the reservoir of ESN.

z

y

Reservoir parameter
State dimensionality
Sparseness
Radius 𝜌
Input weight 𝑊in
Back weight 𝑊back

x

Values
100
5%
0.8
[−0.2, 0.2], even distribution
[−0.8, 0.8], even distribution

𝑊 = (𝑤𝑖𝑗in ), 𝐿 × (𝐾 + 𝑁 + 𝐿) weights in the output weight
Figure 2: MTi with sensor-fixed coordinate system overlaid (S).

Teacher
d(n)
u(n)

y(n)

𝑥 (𝑡 + 1) = 𝑓(𝑊in 𝑢(𝑡 + 1) + 𝑊𝑥(𝑡) + 𝑊back 𝑦(𝑡))
−

d(n)-y(n)

Figure 3: Basic ESN architecture.

(1)

where 𝑚 is the mass and inertia matrix, 𝐹 is the stiffness
matrix, 𝑓 is the damping matrix, and 𝜏 is the NAO robot joint
matrix. And the dynamic equation is described as matrix as
𝜃̈
𝐹
𝜃̇
𝑓
𝜏
𝑚 𝑚
( 11 12 ) ( 1̈ ) + ( 1 ) ( 1̇ ) + ( 1 ) = ( 1 ) .
𝑚21 𝑚22
𝐹2
𝑓2
0
𝜃2
𝜃2

(2)

2.2. Brief Formal Description on ESN. More formally, an ESN
consisted of 𝐾 input units, 𝑁 internal units, and 𝐿 output
units. Then, activation of input, internal, and output units
at time step 𝑡 is 𝑢(𝑡) = {𝑢1 (𝑡), . . . , 𝑢𝑘 (𝑡)}, 𝑥(𝑡) = {𝑥1 (𝑡),
. . . , 𝑥𝑁(𝑡)}, and 𝑦(𝑡) = {𝑦1 (𝑡), . . . , 𝑦𝐿 (𝑡)}, respectively. Connection weights between units are kept in four connection
matrices. There are 𝐾 × 𝑁 weights in the input weight matrix
𝑊in = (𝑤𝑖𝑗in ), 𝑁 × 𝑁 weights in the internal weight matrix

(3)

with 𝑓 = {𝑓1 , . . . , 𝑓𝑁} being the output functions of the
internal units, a sigmoid function for the experiments in this
paper. Similarly, the output was computed as
𝑦 (𝑡 + 1) = 𝑓out (𝑊out (𝑢(𝑡 + 1), 𝑥(𝑡 + 1), 𝑦(𝑡)))

movement value exceeds the limit value of the NAO robot,
the NAO robot will take the angle value as the maximum. In
order to achieve data-driven robot, the joint data obtained
by the MTi sensors is assigned to a target angle, with
the NAO robot’s angle function method; the target angle
values will be sent to the NAO robot. We can complete the
programming of the NAO robot motion control based on
VS platform and implement this program under the chorographer. Then call the program with port and IP address by
the DOS command.
The dynamic equation of NAT robot is given as
𝑚(𝜃)𝜃̈ + 𝐹(𝜃, 𝜃)̇ 𝜃̇ + 𝑓(𝜃)̇ = 𝜏,

matrix, and 𝐿 × 𝑁 weights in a matrix 𝑊back = (𝑤𝑖𝑗back )
for connection projecting back from the output to internal
units.
The activation of internal units was calculated as

(4)

with 𝑓out = {𝑓out1 , . . . , 𝑓out 𝐿 }, the output functions of the
output units and {𝑢(𝑡 + 1), 𝑥(𝑡 + 1), 𝑦(𝑡)} the concatenation
of input, internal, and previous output activation vector.
2.3. Motivation and Simulation on ESN. In order to get
motion flatness and velocity continuity of NAO robot’s joint,
human body can be simplified as a model that contained 12
main body joints (Figure 3). And the inputs of ESN were the
12 main body joints, described as 𝑢(𝑡) = {𝑢1 (𝑡), . . . , 𝑢12 (𝑡)}.
The outputs of ESN were 3 main parameters, described as
𝑦(𝑡) = {𝑦1 (𝑡), 𝑦2 (𝑡), 𝑦3 (𝑡)}.
First we created a random RNN with 800 neurons (called
the “reservoir”) and one output neuron. Importantly, the
output neuron was equipped with random connections that
project back into the reservoir. A 2500-step teacher sequence
𝑑(1), . . . , 𝑑(2500) was generated from the MGS equation
and fed into the output neuron. This excited the internal
neurons through the output feedback connections. After an
initial transient, they started to exhibit systematic individual
variations of the teacher sequence.
The fact that the internal neurons display systematic
variants of the exciting external signal is constitutional for
ESN: the internal neurons must work as “echo functions” for
the driving signal. Not every randomly generated RNN has
this property, but it can effectively be built into a reservoir.
Figure 4 was the simulation for trace of NAO robot’s legs. In
the paper, the parameter settings for the robot’s joint of NAO
robot are shown in Table 1.
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In this section, brief review the steps for collecting human
pose data is given in Section 3.1. Then, Section 3.2 provides
the sequential update scheme for the algorithm of multiple
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Figure 4: Trace of NAO’s legs.

Figure 4 shows that the parameters of single joint are
set. Taking the single joint of NAO robot as an example, the
dynamic trace for passive joint is as shown in
0

𝜃2
{
{
{
{
{
{
{𝜃0 + (𝜃end − 𝜃0 )
{
{
2
2
{ 2
𝑑
𝜃2 (𝑡) = {
2𝜋(𝑡 − 𝑡1 )
𝑡 − 𝑡1
1
{
×[
−
]
sin
{
{
𝑡
−
𝑡
2𝜋
𝑡2 − 𝑡1
{
2
1
{
{
{
{
{ end
{𝜃2

0 ≤ 𝑡 ≤ 𝑡1

𝑡1 ≤ 𝑡 ≤ 𝑡2
𝑡2 ≤ 𝑡 ≤ 𝑡3 .
(5)

And for function (5), in this paper, the states for shift, velocity,
and acceleration in the moving joint of NAO robot are set in
2 1
𝜆 1 2 𝜇1
𝜆2 2
(
d
(

𝑀1
𝑀2
𝑀3 )
)(
( .. )
.

𝜇2
d d
𝜆 𝑛−1 2 𝜇𝑛−1
1 2 )

𝑓[𝑥1 , 𝑥2 ] − 𝑚1
ℎ1
𝑓[𝑥1 , 𝑥2 , 𝑥3 ]
ℎ2
𝑓[𝑥2 , 𝑥3 , 𝑥4 ]
ℎ3
..
.

(
)
(
)
(
)
(
)
(
)
(
)
(
)
= 6(
).
(
)
(
)
(
)
( 𝑓[𝑥𝑛−2 , 𝑥𝑛−1 , 𝑥𝑛 ] )
(
)
(
)
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(
)

𝑀𝑛−1
( 𝑀𝑛 )

(6)

3.1. Collecting Human Motion Data. Follow the steps below;
our experiment of collecting human motion data goes on
well.
(1) The initial position of the human body and NAO
robot: to guarantee that the NAO robot can imitate human
body movement accurately, we first make sure that the initial
position of human body coordinates and the NAO should
keep in the same position. This can be achieved through
Choregraphe. In Choregraphe, processing the initialization
instruction, the NAO robot will be at the zero position, as
shown in Figure 5.
(2) Signal acquisition depended on MTi sensor: this paper
puts forward a humanoid robot control system based on
a wearable sensor. This system is not strictly limited by
fixed motion analysis equipment. Wear the MTi sensor in
the Shoulder joint, and as shown in Figure 6, just like the
NAO robot. With the Visual Studio platform, we connect
the computer and NAO robot. When ready, with the input
validation rules, the MTi sensor begins to collect the shoulder
joint data.
(3) Joint angle calculation and processing: the angle value
of human shoulder joint obtained by the MTi sensor should
be transformation and processing that will meet the NAO
robot’s requirements. On the right-handed Cartesian coordinate system, rotation about 𝑋, 𝑌, and 𝑍 axis, respectively,
called roll, pitch and yaw rotation. It is easy to express when
the rotation is expressed as on a rotating shaft. Combined
with the above formulas, it is easy to calculate the required
angle value.
(4) Data driven NAO robot: with the existing NAO robot
joint function, ready processed joint angle value is assigned
to the NAO robot. This process needs using two software
systems—Choregraphe and Visual Studio. The NAO robot
can be connected by its IP address.
3.2. Algorithms. Inputs for ESN networks controller are joint
sensors’ information or datum of NAO robot. The difference
of the different components of the range can reduce the studying accuracy and speed for networks. In order to improve
better studying accuracy and speed for ESN, inputting datum
for sensors must be normalized firstly with function (6) and
then be linear transformation:
𝑥𝑗 =

(𝑉max − 𝑥𝑗 )
(𝑉max − 𝑉min )

(𝑗 = 1, . . . , 8).

(7)

In training, the inner neurons update as follow:
𝑥(𝑡 + 1) = 𝑓[𝑊in 𝑢(𝑛 + 1) + 𝑊𝑥(𝑛) + 𝑊back 𝑑(𝑛)],

(8)

where 𝑓 is used as sigmoid function. When 𝑡 = 0, the network
begins to run and the state 𝑥(0) is initialized randomly (here,
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Input: 𝑥(𝑡 + 1) = 𝑓(𝑊in 𝑢(𝑡 + 1) + 𝑊𝑥(𝑡) + 𝑊back 𝑦(𝑡))
(1) Initialize networks
(2) Linear transform inputs: 𝑥𝑗 = (𝑉max − 𝑥𝑗 )/(𝑉max − 𝑉min )
(2) Setting parameter for ESN: input weight 𝑊in , back weight 𝑊back , radius 𝜌
(3) Compute predicted estimation: sparseness
(4) Update: 𝑥(𝑡 + 1) = 𝑓(𝑊in 𝑢(𝑡 + 1) + 𝑊𝑥(𝑡) + 𝑊back 𝑦(𝑡))
(5) Training
(6) end for
(7) for 𝑛 = 300, 301, . . . , 2500 do
2500
(8) Getting Training MSE: MSEtrain = 1/1000 ∑𝑛=300 {tanh−1 [𝑑(𝑛)] − tanh−1 [𝑦(𝑛)]}2
150
(9) Getting Testing MSE: MSEtest = 1/150 ∑𝑛=1 {tanh−1 [𝑑(𝑛)] − tanh−1 [𝑦(𝑛)]}2
(10) for each 𝑛 do
(11) While (MSE ⩽ 0.8) then to Step 7
(12) compute output value
(13) end for
Output: 𝑦(𝑡 + 1) = 𝑓out (𝑊out (𝑢(𝑡 + 1), 𝑥(𝑡 + 1), 𝑦(𝑡)))
Algorithm 1: Control law of joint motion.

Figure 6: The initial position of human and NAO.
Figure 5: The zero position of the NAO robot.

𝑥(0) = 0), 𝑑(𝑛) = 0. The training I/O date series is inputted
in the network. Then DR is encouraged fully, which shows
system dynamic characteristics (see Algorithm 1).

4. Analysis of Simulation
In order to demonstrate the performance of proposed multiagent control approach for joint motion of NAO robot,
numerical results are presented in the paper for a planar multitarget tracking scenario in multiagent system where three
controllable moving observers, two equipped with rangeonly sensors and one with a bearing-only sensor, are placed
in a specified surveillance area to estimate the number of
targets as well as their positions. Each joint shares its current
locations, sensor type, and observations with the other agents.
There are an unknown and time-varying number of targets
observed in clutter for each agent.
A series of experiments are done to prove the reliability of
this point proposed in this paper. The motion trace of NAO

robot joint is shown in Figure 7. During the experiments,
we constantly change the stop position of human right
arm; the robot can imitate the human right arm movement
accurately. Figure 8 shows that the passive robot’s joints could
be controlled more accurately along expecting trace with
human pose data.
The simulation result is shown that the joint motion
control based on ESN can get better motion flatness and
velocity continuity.

5. Conclusions and Future Work
In this paper, we propose a novel joint motion control of
NAO robot approach based on echo state network. Simulation results demonstrate that the proposed approach is
capable of joint motion control via effective sensor control.
Unfortunately, during the experiments, we cannot achieve the
man-robot synchronization. There could be network reason
for this. Or there may be a better way for data optimization.
How to optimize the time question is the focus of our efforts
in the future.
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This paper considers the distributed robust attitude tracking problem of multiple spacecraft subject to disturbances and unmodelled
dynamics. We designed a distributed robust attitude controller for each spacecraft using the relative attitudes and relative angular
velocities of neighbors to ensure that the attitude tracking errors between the leader and the followers converge to zero under the
condition that the communication graph among the followers is undirected and connected and at least one follower has the access
to the leader. The control algorithm achieves robust attitude tracking under the existence of the disturbances and unmodelled
dynamics by selecting the control gains according to the given condition.

1. Introduction
In the recent ten years, many researchers of the control
field began to study the coordinated control of multiagent
systems because of its broad applications including formation, flocking, and cooperative control [1–4]. It is wellknown that cooperative attitude control of multiple rigid
bodies is an important research direction and has received
much attention in the last decade. The existing literature
of multiagent systems contains the work with integrator
dynamics and general linear dynamics [1, 2, 4–6]. The topic
of our paper, cooperative attitude tracking for multiple
spacecraft, is more difficult. References [7–9] have considered
the attitude control problem of single spacecraft or single
rigid body by using some methods such as adaptive control
and sliding mode control. For the attitude tracking problem
of multiple rigid bodies or multiple spacecraft, distributed
control strategies seem to be a proper method because
there are some advantages such as less communication and
decentralized computing [10].
Many researchers in the field of control engineering
have considered the distributed attitude control problem of
multiple rigid bodies. A leader-follower strategy for attitude
coordination was studied in [11], while the cooperative
attitude control problem was considered in [12]. The authors
in [13] adopted the contraction analysis theory to guarantee

the exponential convergence of attitude synchronization
problem of multiple spacecraft. The communication topology
in [13] is a bidirectional ring. Using quaternion to describe
the spacecraft’s attitude, [14] studied the distributed attitude
synchronization problem. In contrast, the authors in [15]
used modified Rodriguez parameters (MRPs) to represent
the attitude of the spacecraft. Under the assumption that the
communication topology is a directed spanning tree, [16]
addressed the distributed attitude synchronization problem
for multiple spacecraft with unknown inertia matrices. In
a word, all the existing works above mainly considered the
cases where the exact model knowledge of each spacecraft
is known or the cases where the external disturbance does
not exist. However, there might exist some disturbances
and unmodelled dynamics in practical applications. References [17–19] considered the distributed coordinated control problem for multimanipulator systems or decentralized
consensus problem for multiagent systems. The semiglobal
leader-following consensus problem of linear multiagent
systems with input saturation via low-gain feedback was
investigated in [20, 21] based on state feedback and output
feedback.
In this paper, we consider the distributed robust attitude
tracking problem subject to disturbances and unmodelled
dynamics for multiple spacecraft. In this paper, we adopt
MRPs to describe the attitude for the spacecraft. We design
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a robust controller for each spacecraft in a distributed manner
using the relative attitudes and the angular velocities of
neighbors. Under the assumption that the communication
topology among the followers is undirected and at least one
follower can get the information from the leader, the proposed controller could guarantee that the combined errors
between the leader spacecraft and the follower spacecraft
would converge to zero. Although [22, 23] dealt with the
robust consensus tracking problem for multiagent system
where the agent dynamics were restricted to being single
or double integrators with disturbances and unmodelled
dynamics. In contrast to [22, 23] which only considered
the robust tracking problem with linear dynamics, this
paper considers the attitude tracking problem of multiple
spacecraft where the attitude dynamics of spacecraft are
totally nonlinear. The proposed controller solves the robust
attitude tracking problem in the presence of disturbances
and unmodelled dynamics by selecting the control gains
according to the given condition. Under the proposed control
strategy, only a subgroup of the followers have the access to
the leader; that is, the robust attitude tracking can be achieved
using only the neighboring information.
The structure of this paper is arranged as follows. Some
existing results and mathematical preliminaries are introduced in Section 2. Section 3 investigated the distributed
robust attitude tracking controllers. Section 4 represents
the simulation examples. The conclusion of this paper is
Section 5.

2.2. Attitude Dynamics. In this paper, we consider the distributed robust attitude tracking problem for a group of 𝑁 +
1 spacecrafts. We adopt MRPs to represent the attitude of
a spacecraft with respect to the inertial frame. The MRP
vector 𝜎𝑖 ∈ R3 is defined by 𝜎𝑖 = ̂e𝑖 tan(𝜙𝑖 /4) for the 𝑖th
spacecraft, where ̂e𝑖 is the Euler axis and 𝜙𝑖 is the Euler
angle [25]. In our following discussion, it is assumed that the
leader spacecraft is indexed by 0 and the follower spacecrafts
are labeled by 1, . . . , 𝑁. For the 𝑖th follower spacecraft, the
attitude dynamics is described by [26]
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where 𝑓𝑖 = 𝐽𝑖−1 𝑓𝑖 . Note that we define a new form 𝑓𝑖 (𝑡)
instead of 𝐽𝑖−1 𝑓𝑖 (𝑡) to represent the disturbances and unmodelled dynamics, which does not affect the overall analysis
in this paper. This modification is only for simplicity in the
subsequent discussion. We assume that the leader is not a real
spacecraft, but just a reference signal. So we do not consider
the disturbances and unmodelled dynamics for the leader.
We assume that there is no access to any follower
spacecraft from the leader. And the leader’s information can
only be obtained by a subset of the followers. We use an
undirected graph to represent the communication topology
of the 𝑁 followers. The access of the followers to the leader is
represented by a diagonal matrix 𝐴 0 = diag(𝑎10 , . . . , 𝑎𝑁0 ) ∈
R𝑁×𝑁. 𝑎𝑖0 = 1, 𝑖 = 1, . . . , 𝑁, if the 𝑖th spacecraft has the
access to the leader and 𝑎𝑖0 = 0 otherwise. To facilitate the
stability analysis of the closed-loop control system, we make
the following assumptions on 𝑓𝑖 (𝑡) and the communication
graph among the 𝑁 + 1 spacecraft. Our control objective is
to drive the follower spacecraft’s attitudes 𝜎𝑖 , 𝑖 = 1, . . . , 𝑁,
to follow the leader spacecraft’s attitude 𝜎0 in the presence
of the disturbances and unmodelled dynamics existing in the
follower spacecraft’s attitude dynamics. It is reasonable that
there exist external disturbances and parameter uncertainties
in the attitude dynamics for the followers in some applications.

2.1. Notation and Graph Theory. 𝐼𝑝 means the identity matrix
of dimension 𝑝. R𝑛×𝑛 represent the set of 𝑛 × 𝑛 real matrices.
Let 𝑇 represent the transpose for real matrices. Let 𝐴 ⊗ 𝐵
be the Kronecker product of matrices 𝐴 and 𝐵. Let ‖𝑥‖
be the 2-norm of a vector 𝑥. diag(𝐴 1 , . . . , 𝐴 𝑁) denotes a
block-diagonal matrix with matrices 𝐴 𝑖 , on its diagonal, 𝑖 =
1, . . . , 𝑁. We say a vector 𝑥 ∈ L∞ , when all the elements of
𝑥 are bounded.
A directed graph G is a pair (V, E), where V =
{V1 , . . . , V𝑁} is a set of nodes and E ⊆ V × V is a set of edges,
in which an edge is represented by an ordered pair of distinct
nodes. For an edge (V𝑖 , V𝑗 ), we call node V𝑖 the parent node,
node V𝑗 the child node, and V𝑖 a neighbor of V𝑗 . If (𝑖, 𝑗) ∈ E
means (𝑗, 𝑖) ∈ E, we say the graph is undirected. A path
from node V𝑖1 to node V𝑖𝑙 is a sequence of ordered edges of
the form (V𝑖𝑘 , V𝑖𝑘+1 ), 𝑘 = 1, . . . , 𝑙 − 1. The adjacency matrix
𝐴 = [𝑎𝑖𝑗 ] ∈ R𝑁×𝑁 associated with the directed graph G
is defined by 𝑎𝑖𝑖 = 0, 𝑎𝑖𝑗 = 1 if (V𝑗 , V𝑖 ) ∈ E and 𝑎𝑖𝑗 = 0
otherwise. The Laplacian matrix 𝐿 = [𝑙𝑖𝑗 ] ∈ R𝑁×𝑁 is defined
as 𝑙𝑖𝑖 = ∑𝑁
𝑗=0,𝑗=𝑖̸ 𝑎𝑖𝑗 and 𝑙𝑖𝑗 = −𝑎𝑖𝑗 , 𝑖 ≠ 𝑗.
Lemma 1 (see [24]). Zero is a simple eigenvalue of 𝐿 and the
associated eigenvector is 1 if and only if the undirected graph
is connected, where 1 = [1, . . . , 1]𝑇 ∈ R𝑁 is a unitary column
vector. All of the nonzero eigenvalues of 𝐿 are real and positive
for an undirected graph.

𝐽𝑖 𝜔̇ 𝑖 = −𝜔𝑖× 𝐽𝑖 𝜔𝑖 + 𝑢𝑖 + 𝑓𝑖 ,
𝜎𝑖̇ = 𝐺 (𝜎𝑖 ) 𝜔𝑖 ,

𝑖 = 1, . . . , 𝑁,

(1)

where 𝐽𝑖 ∈ R3×3 is the inertia matrix, 𝜔𝑖 ∈ R3 denotes the
attitude angular velocity with respect to the inertial frame in
the body-fixed frame, 𝑢𝑖 ∈ R3 is the control input, 𝜔𝑖× ∈ R3×3
is the skew-symmetric matrix such that 𝜔𝑖× V = 𝜔𝑖 × V for any
vector V ∈ R3 , 𝑓𝑖 represents the disturbances and unmodelled
dynamics, and
𝐺 (𝜎𝑖 ) =

𝑇
1 1 − 𝜎𝑖 𝜎𝑖
(
𝐼3 + 𝜎𝑖× + 𝜎𝑖 𝜎𝑖𝑇 ) .
2
2

(2)

Rewrite the dynamics equation to get a simpler form as
follows:
𝜔̇ 𝑖 = − 𝐽𝑖−1 𝜔𝑖× 𝐽𝑖 𝜔𝑖 + 𝐽𝑖−1 𝑢𝑖 + 𝑓𝑖 ,
𝜎𝑖̇ = 𝐺𝑖 𝜔𝑖 ,

(3)

Assumption 2. The disturbances term 𝑓𝑖 (𝑡) and the first-order
and second-order time derivatives of 𝑓𝑖 (𝑡) are bounded; that
is, 𝑓𝑖 (𝑡), 𝑓𝑖̇ (𝑡), 𝑓𝑖̈ (𝑡) ∈ L∞ , 𝑖 = 1, . . . , 𝑁.
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Assumption 3. The graph G is connected and at least one
follower has the access to the leader.

𝑇

𝑇

𝑒𝜎 = [𝑒𝜎𝑇1 ⋅ ⋅ ⋅ 𝑒𝜎𝑇𝑁 ] ,

𝑇
𝑒 = [𝑒1𝑇 ⋅ ⋅ ⋅ 𝑒𝑁
] ,

𝑇

𝑇
𝜌 = [𝜌1𝑇 ⋅ ⋅ ⋅ 𝜌𝑁
] ,

3. Main Results

𝐽 = diag (𝐽1 , . . . , 𝐽𝑁) .

This section considers the distributed robust attitude tracking
problem for multiple spacecraft described by (3). The followers’ attitudes are desired to follow the leader in the presence
of the disturbances and unmodelled dynamics. Note that the
attitude of the leader is a time-varying signal. The distributed
attitude tracking problem is defined as follows.
Definition 4. The distributed robust attitude tracking problem is said to be solved, if the local control laws 𝑢𝑖 , 𝑖 =
1, . . . , 𝑁, are designed for (3) in the presence of disturbances
and unmodelled dynamics such that lim𝑡 → ∞ ‖𝜎𝑖 − 𝜎0 ‖ = 0
and lim𝑡 → ∞ ‖𝜔𝑖 − 𝜔0 ‖ = 0, 𝑖 = 1, . . . , 𝑁.
Using the local information available to the 𝑖th spacecraft,
the angular velocity tracking error 𝑒𝜔𝑖 , the attitude tracking
error 𝑒𝜎𝑖 , and the combined tracking error 𝑒𝑖 for each follower
spacecraft at each time are defined by

𝑁

𝑗=1

(5)

𝑖 = 1, . . . , 𝑁,

𝑢=

⋅⋅⋅

𝑇
𝑓̂ = [𝑓̂1𝑇 ⋅ ⋅ ⋅ 𝑓̂𝑁𝑇 ] ,

𝑇

𝑇
𝜎 = [𝜎1𝑇 ⋅ ⋅ ⋅ 𝜎𝑁
] ,

𝑓=

[𝑓1𝑇

𝑒𝜔 =

[𝑒𝜔𝑇1

⋅⋅⋅

= (𝑀 ⊗ 𝐼3 ) (𝜔 + 𝛼𝜎) − 𝐴 0 ⊗ (𝜔0 + 𝛼𝜎0 ) ,
where 𝑀 ≜ 𝐿 + 𝐴 0 . The time derivative of the concatenated
combined tracking error 𝑒 is given by
𝑒 ̇ = 𝑒𝜔̇ + 𝛼𝑒𝜎̇
= (𝑀 ⊗ 𝐼3 ) (−𝜌 + 𝐽−1 𝑢 + 𝑓 + 𝛼𝐺𝜔)

− 𝑘𝑐 𝑒 − 𝛼𝐺𝜔) + 𝑓 + 𝛼𝐺𝜔)

(8)

− 𝐴 0 ⊗ (𝜔̇ 0 + 𝛼𝜎0̇ ) .
In addition, define a filtered tracking error 𝑟(𝑡) ∈ R3×𝑁 by
𝑘𝑐 (𝑀 ⊗ 𝐼3 ) 𝑟 = 𝑘𝑐 𝑒 ̇ + 𝑒,

using only the local information of neighboring spacecraft,
where 𝜌𝑖 = 𝐽𝑖−1 𝜔𝑖× 𝐽𝑖 𝜔𝑖 , 𝑘𝑐 , 𝑘1 , 𝑘2 , and 𝑘3 ∈ R are positive
constant control gains to be determined and sgn(⋅) is the sign
function. Since the disturbances and unmodelled dynamics
term 𝑓𝑖 is unknown, we use its estimate 𝑓̂𝑖 to obtain the
control law 𝑢𝑖 . We can see that 𝑓̂𝑖 is calculated by the
combined tracking error 𝑒𝑖 for each spacecraft. To facilitate
the further analysis, a group of concatenated vectors and
diagonal matrices are defined as

𝑇 𝑇
] ,
𝑢𝑁

(7)

𝑒 = 𝑒𝜔 + 𝛼𝑒𝜎

= (𝑀 ⊗ 𝐼3 ) (𝑓 − 𝑓̂ − 𝑘𝑐 𝑒 + 𝐴 0 ⊗ 𝜔̇ 0 )

𝑢𝑖 = 𝐽𝑖 (−𝑓̂𝑖 + 𝜌𝑖 + 𝑎𝑖0 𝜔̇ 0 − 𝑘𝑐 𝑒𝑖 − 𝛼𝐺𝑖 𝜔𝑖 ) ,

𝑇

𝑒𝜎 = (𝑀 ⊗ 𝐼3 ) 𝜎 − 𝐴 0 ⊗ 𝜎0 ,

− 𝐴 0 ⊗ (𝜔̇ 0 + 𝛼𝜎0̇ )

𝑖, 𝑗 = 1, . . . , 𝑁,

where 𝑎𝑖𝑗 is the (𝑖, 𝑗)th element of the adjacency matrix and
𝛼 ∈ R is a positive constant.
A distributed robust attitude tracking controller is proposed for each follower as

𝑇
𝜔 = [𝜔1𝑇 ⋅ ⋅ ⋅ 𝜔𝑁
] ,

𝑒𝜔 = (𝑀 ⊗ 𝐼3 ) 𝜔 − 𝐴 0 ⊗ 𝜔0 ,

(4)

𝑒𝜎𝑖 = ∑𝑎𝑖𝑗 (𝜎𝑖 − 𝜎𝑗 ) + 𝑎𝑖0 (𝜎𝑖 − 𝜎0 ) ,

̂̇ = 𝑘 𝑒 ̇ + 𝑘 sgn (𝑒 ) + 𝑘 𝑒 ,
𝑓
1 𝑖
2
𝑖
3 𝑖
𝑖

Then, it can be derived that

= (𝑀 ⊗ 𝐼3 ) (−𝜌 + 𝐽−1 𝐽 (−𝑓̂ + 𝜌 + 𝐴 0 ⊗ 𝜔̇ 0

𝑗=1

𝑒𝑖 = 𝑒𝜔𝑖 + 𝛼𝑒𝜎𝑖 ,

(6)

− 𝐴 0 ⊗ (𝜔̇ 0 + 𝛼𝜎0̇ )

𝑁

𝑒𝜔𝑖 = ∑𝑎𝑖𝑗 (𝜔𝑖 − 𝜔𝑗 ) + 𝑎𝑖0 (𝜔𝑖 − 𝜔0 ) ,

[𝑢1𝑇

𝐺 = diag (𝐺1 , . . . , 𝐺𝑁) ,

𝑇
𝑓𝑁𝑇 ] ,
𝑇

⋅ ⋅ ⋅ 𝑒𝜔𝑇𝑁 ] ,

(9)

deriving that 𝑒 ̇ = (𝑀 ⊗ 𝐼3 )𝑟 − (1/𝑘𝑐 )𝑒 and
−1

𝑟 = (𝑀 ⊗ 𝐼3 ) 𝑒 ̇ +

1
−1
(𝑀 ⊗ 𝐼3 ) 𝑒
𝑘𝑐

𝑡

1
−1
= ∫ 𝑚 𝑑𝜏 − 𝑓̂ − 𝑘𝑐 𝑒 + (𝑀 ⊗ 𝐼3 ) 𝑒,
𝑘𝑐
0

(10)

𝑡

where ∫0 𝑚 𝑑𝜏 = 𝑓 + 𝐴 0 ⊗ 𝜔̇ 0 − (𝑀 ⊗ 𝐼3 )−1 𝐴 0 ⊗ (𝜔̇ 0 + 𝛼𝜎0̇ ).
Using 𝑒 ̇ = (𝑀 ⊗ 𝐼3 )𝑟 − (1/𝑘𝑐 )𝑒, the time derivative of 𝑟 is given
by
̂̇ − 𝑘 𝑒 ̇ + 1 (𝑀 ⊗ 𝐼 )−1 𝑒 ̇
𝑟̇ = 𝑚 − 𝑓
𝑐
3
𝑘𝑐
= 𝑚 − 𝑘2 sgn (𝑒) − 𝑘3 𝑒 − 𝑘1 (𝑀 ⊗ 𝐼3 ) 𝑟 +
− 𝑘𝑐 (𝑀 ⊗ 𝐼3 ) 𝑟 + 𝑒 +

𝑘1
𝑒
𝑘𝑐

1
1
−1
𝑟 − 2 (𝑀 ⊗ 𝐼3 ) 𝑒.
𝑘𝑐
𝑘𝑐

(11)
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Remark 5. It can be concluded that the convergence of the
filtered tracking error 𝑟(𝑡) guarantees the convergence of
the concatenated combined tracking error 𝑒(𝑡), which can
be proved using the Lyapunov-based analysis by selecting a
Lyapunov function 𝑉(𝑒) = (1/2)𝑒𝑇 𝑒.
Lemma 6 (see [22]). A function 𝑠(𝑡) ∈ R defined as follows is
positive semidefinite:
𝑠 (𝑡) = 𝑒(0)𝑇 𝑘2 sgn (𝑒 (0)) − 𝑒(0)𝑇 𝑚 (0)
𝑡

− ∫ 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) (𝑚 − 𝑘2 sgn (𝑒)) 𝑑𝜏,

(12)

0

𝑉̇ (𝑡) = 𝑒𝑇 𝑒 ̇ + 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) 𝑟 ̇ + 𝑠 ̇

if the control gains 𝑘2 and 𝑘𝑐 satisfy
𝑘2 > ‖𝑚 (𝑡)‖ + 𝑘𝑐 ‖𝑚̇ (𝑡)‖ .

where 𝑠 is defined in (12). From Assumption 2, 𝑓𝑖 (𝑡),
𝑓𝑖̇ (𝑡), 𝑓𝑖̈ (𝑡) ∈ 𝐿 ∞ , 𝑖 = 1, . . . , 𝑁, which implies that
𝐹̇ and 𝐹̈ are both bounded. In view of the boundedness
of the initial state of the leader spacecraft, we know that
𝜔̇ 0 (0), 𝜔̈ 0 (0), 𝜎0̇ (0), 𝜎0̈ (0) ∈ 𝐿 ∞ . Based on the definition
̇
of 𝑚(𝑡) in (10), we can see that ‖𝑚(𝑡)‖ and ‖𝑚(𝑡)‖
are
both bounded. Then, it follows from Lemma 6, the positive
definiteness of the matrix 𝑀, and the first condition in (14)
that the Lyapunov function candidate 𝑉(𝑡) is positive definite.
Then the time derivative of 𝑉(𝑡) along the trajectory of (10),
(11), and (12) is given by

= 𝑒𝑇 ((𝑀 ⊗ 𝐼3 ) 𝑟 −

(13)

Theorem 7. Suppose that Assumptions 2 and 3 hold. The
distributed robust attitude tracking problem of the spacecraft
in (3) is solved by the distributed attitude tracking control law
(5) if the control gains are selected such that

× (𝑚 − 𝑘2 sgn (𝑒) − 𝑘3 𝑒 − 𝑘1 (𝑀 ⊗ 𝐼3 ) 𝑟 +
− 𝑘𝑐 (𝑀 ⊗ 𝐼3 ) 𝑟 + 𝑒 +

𝑘2 > ‖𝑚 (𝑡)‖ + 𝑘𝑐 ‖𝑚̇ (𝑡)‖ ,
𝑘3 =
𝑀 ⊗ 𝐼3 −

𝑘1
+ 1,
𝑘𝑐

(14)

1
𝐼
> 0.
𝑘𝑐2 3×𝑁

= (𝑀 ⊗ 𝐼3 ) (𝜔 + 𝛼𝜎) − 𝐴 0 ⊗ (𝜔0 + 𝛼𝜎0 )
− 𝐿 ⊗ (𝜔0 + 𝛼𝜎0 )

(15)

where we have used the fact that 𝐿 ⊗ (𝜔0 + 𝛼𝜎0 ) = (𝐿 ⊗ 𝐼3 )(𝐼𝑁 ⊗
(𝜔0 + 𝛼𝜔0 )) = 0 because 1 is the eigenvector of the Laplacian
matrix 𝐿 associated with the simple eigenvalue 0 according to
Lemma 1 and 𝐼𝑁 ⊗(𝜔0 +𝛼𝜔0 ) ∈ span{1}. Then, it follows from
(15) and the positive definiteness of the matrix 𝑀 that 𝑒 = 0
if and only if
𝜔0 + 𝛼𝜎0 = ⋅ ⋅ ⋅ = 𝜔𝑁 + 𝛼𝜎𝑁,

− 𝑘𝑐 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) ((𝑀 ⊗ 𝐼3 ) −


− 𝜔0  = 0,

So, the distributed robust attitude tracking problem is solved
if and only if 𝑒(𝑡) = 0 as 𝑡 → ∞.
Choose the Lyapunov function candidate
1
1
𝑉 (𝑡) = 𝑒𝑇 𝑒 + 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) 𝑟 + 𝑠,
2
2

𝑟𝑇 ((𝑀 ⊗ 𝐼3 ) −
=−

(18)

(20)

1
𝐼 ) 𝑒.
𝑘𝑐2 3×𝑁

1
𝐼 )𝑒
𝑘𝑐2 3×𝑁

1
1
[𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟]
2𝑘𝑐
𝑘𝑐

𝑇

1
× [𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟]
𝑘𝑐
2

+

𝑖 = 1, . . . , 𝑁. (17)

1
𝐼 )𝑟
𝑘𝑐2 3×𝑁

Since

(16)

which, as proved in [28], in turn implies that


1
1
−1
𝑟 − 2 (𝑀 ⊗ 𝐼3 ) 𝑒)
𝑘𝑐
𝑘𝑐

1
𝑉̇ (𝑡) = − 𝑒𝑇 𝑒 − 𝑘1 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) (𝑀 ⊗ 𝐼3 ) 𝑟
𝑘𝑐

+ 𝑟𝑇 ((𝑀 ⊗ 𝐼3 ) −

= (𝑀 ⊗ 𝐼3 ) [(𝜔 + 𝛼𝜎) − 𝐼𝑁 ⊗ (𝜔0 + 𝛼𝜎0 )] ,

lim 𝜔
𝑡→∞  𝑖

(19)

By using the second condition in (14), we can obtain that

𝑒 = (𝑀 ⊗ 𝐼3 ) (𝜔 + 𝛼𝜎) − 𝐴 0 ⊗ (𝜔0 + 𝛼𝜎0 )



− 𝜎0  = 0,

𝑘1
𝑒
𝑘𝑐

− 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) (𝑚 − 𝑘2 sgn (𝑒)) .

Proof. Note that 𝑀 = 𝐿 + 𝐴 0 and 𝐿 is the Laplacian matrix
associated with graph G. Under the Assumption 2, 𝑀 is
positive definite [27]. Then, it can be seen that

lim 𝜎
𝑡→∞  𝑖

1
𝑒) + 𝑟𝑇 (𝑀 ⊗ 𝐼3 )
𝑘𝑐

1 2 𝑇
1
1 𝑇
𝑘 𝑟 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟 +
𝑒 𝑒,
2𝑘𝑐 𝑐
𝑘𝑐
2𝑘𝑐

it follows that
1
𝑉̇ (𝑡) = − 𝑒𝑇 𝑒 − 𝑘1 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) (𝑀 ⊗ 𝐼3 ) 𝑟
𝑘𝑐
− 𝑘𝑐 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) ((𝑀 ⊗ 𝐼3 ) −

1
𝐼 )𝑟
𝑘𝑐2 3×𝑁

(21)
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𝑇

1
1
−
[𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟]
2𝑘𝑐
𝑘𝑐
× [𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) −

1

2

1
𝐼 ) 𝑟]
𝑘𝑐2 3×𝑁
0

2

+
=−

1 2 𝑇
1
1 𝑇
𝑘 𝑟 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟 +
𝑒 𝑒
2𝑘𝑐 𝑐
𝑘𝑐
2𝑘𝑐
1 𝑇
𝑒 𝑒 − 𝑘1 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) (𝑀 ⊗ 𝐼3 ) 𝑟
2𝑘𝑐

3

𝑇

−

1
1
[𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟]
2𝑘𝑐
𝑘𝑐

× [𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) −

Figure 1: The communication topology of spacecraft.

1
𝐼 ) 𝑟]
𝑘𝑐2 3×𝑁

In view of the third condition in (14), we obtain that
𝑀 ⊗ 𝐼3 − (1/𝑘𝑐2 )𝐼3×𝑁 > 0. Then, if follows from (22) that
̇
̇
𝑉(𝑡)
≤ 0. Since 𝑉(𝑡) > 0 and 𝑉(𝑡)
≤ 0, it is easy to see that
𝑉(𝑡) ≤ 𝑉(0) ∈ 𝐿 ∞ . From the definition of 𝑉(𝑡), we can see
that 𝑒(𝑡), 𝑟(𝑡) ∈ 𝐿 ∞ . Based on the boundedness of 𝑓(𝑡), 𝑒(𝑡),
̂ 𝑒(𝑡)
̇ ∈ 𝐿 ∞ . Then,
𝜔̇ 0 (𝑡), 𝜎0̇ (𝑡), (5), and (8), we can obtain 𝑓(𝑡),
̂̇
and
it follows from (10) and the boundedness of 𝑚(𝑡), 𝑓(𝑡),
̈
̇ that 𝑟(𝑡)
̇
𝑒(𝑡)
∈ 𝐿 ∞ , which in turn guarantees that 𝑉(𝑡)
=
𝑓(𝑒, 𝑒,̇ 𝑟, 𝑟)̇ is bounded. According to Barbalat’s lemma [29],
̇
we get that 𝑉(𝑡)
→ 0 as 𝑡 → ∞; that is, lim𝑡 → ∞ 𝑒(𝑡) = 0,
𝑖 = 1, . . . , 𝑁. Thus, the distributed robust attitude tracking
problem is solved.

1
− 𝑘𝑐 𝑟 (𝑀 ⊗ 𝐼3 ) ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟
𝑘𝑐
𝑇

2

1
1
+ 𝑘𝑐 𝑟𝑇 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟
2
𝑘𝑐
=−

1 𝑇
𝑒 𝑒 − 𝑘1 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) (𝑀 ⊗ 𝐼3 ) 𝑟
2𝑘𝑐
𝑇

1
1
−
[𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟]
2𝑘𝑐
𝑘𝑐
× [𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) −
2

− 𝑘𝑐 𝑟𝑇 [(𝑀 ⊗ 𝐼3 ) −
−
=−

1
𝐼 ) 𝑟]
𝑘𝑐2 3×𝑁

1
1
2
(𝑀 ⊗ 𝐼3 ) − (𝑀 ⊗ 𝐼3 )
2
𝑘𝑐
2

1
1
𝐼
+
(𝑀 ⊗ 𝐼3 )] 𝑟
2𝑘𝑐4 3×𝑁 𝑘𝑐2

1 𝑇
𝑒 𝑒 − 𝑘1 𝑟𝑇 (𝑀 ⊗ 𝐼3 ) (𝑀 ⊗ 𝐼3 ) 𝑟
2𝑘𝑐
1
1
[𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) − 2 𝐼3×𝑁) 𝑟]
2𝑘𝑐
𝑘𝑐

× [𝑒 − 𝑘𝑐 ((𝑀 ⊗ 𝐼3 ) −

1
𝐼 ) 𝑟]
𝑘𝑐2 3×𝑁

1
1
− 𝑘𝑐 𝑟𝑇 [(𝑀 ⊗ 𝐼3 ) + 2 𝐼3×𝑁]
2
𝑘𝑐
× [(𝑀 ⊗ 𝐼3 ) −

Remark 8. The cooperative attitude synchronization problem
for multiple rigid bodies has been solved in [15, 30]. However,
the authors in [15, 30] only considered the nominal model of
the attitude dynamics, while in this paper the disturbances
and unmodelled dynamics are contained during the analysis.
This paper proposed a sufficient condition for achieving
distributed robust attitude tracking between the following
spacecraft and the leader, which is a more challenging task
because of the disturbances and unmodelled dynamics.
Remark 9. Compared to [22, 31] where the robust consensus
tracking problems were considered and the agent dynamics
were restricted to being single or double integrator, this paper
considers robust attitude tracking of multiple spacecraft
where the attitude dynamics of spacecraft are nonlinear.
Additionally, [32, 33] considered the rendezvous problem
and the adaptive consensus problem for multiple mobile
linear agents with preserved network connectivity, which is
an interesting topic for the distributed cooperative control
of multiple spacecraft. However, it is more challenging and
cannot be obtained easily by extending the results in our
paper. We will consider the network connectivity preserving
case in our future research.

𝑇

−

4

1
𝐼 ] 𝑟,
𝑘𝑐2 3×𝑁
(22)

4. Simulation Examples
where we have used the equation 𝑀𝑇 = 𝑀 since the graph G
is undirected.

Consider a group of five spacecraft whose communication
topology is given by Figure 1. The inertia matrices of the
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0.5

spacecraft are shown in Table 1. We choose the initial attitude
𝜎𝑖 (0),𝜔𝑖 (0), 𝑖 = 0, . . . , 4, randomly. In this section, we assume
that the leader spacecraft’s information can only be obtained
by spacecrafts 1 and 2. We design the control input 𝑢0 as
𝑢0 = 𝐽0 [𝜌0 − 𝑘0 (𝜔0 −

𝜔0𝑑 )] ,

0
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20
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t (s)
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𝜎(2)
i

0.5
0

−0.5
0.5
𝜎(3)
i

Parameters/(kg⋅m2 )
[1.1 0.35 0.45; 0.35 1.0 0.5; 0.45 0.5 1.3]
[1 0.1 0.1; 0.1 0.1 0.1; 0.1 0.1 0.9]
[1.5 0.2 0.3; 0.2 0.9 0.4; 0.3 0.4 2.0]
[0.8 0.1 0.2; 0.1 0.7 0.3; 0.2 0.3 1.1]
[1.2 0.3 0.7; 0.3 0.9 0.2; 0.7 0.2 1.4]

Number
𝐽0
𝐽1
𝐽2
𝐽3
𝐽4

𝜎(1)
i

Table 1: Spacecraft inertias.
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5. Conclusion
In this paper, we considered the distributed robust attitude
tracking problem of multiple spacecraft with disturbances
and unmodelled dynamics. We designed distributed robust
controllers for multiple spacecraft based on the relative
attitudes and relative attitude angular velocities of neighbors
to track the leader’s time-varying attitude in the presence
of disturbances and unmodelled dynamics. The proposed
control algorithm achieves robust attitude tracking for the
case that the communication graph among follower spacecrafts is an undirected connected graph and at least one
follower has the access to the leader by selecting the control

0.5
0
−0.5

Error(1)
i

Figure 3: The angular velocities under the robust controller (5).

0.5
0
−0.5

Error(2)
i

The attitudes and the attitude angular velocities of the five
spacecrafts are shown in Figures 2 and 3, from which we
can see that the distributed robust attitude tracking problem
is solved provided that the disturbances and unmodelled
dynamics exist in the attitude dynamics. The tracking errors
𝑒𝑖 , 𝑖 = 1, . . . , 4, of the follower spacecraft are given in Figure 4,
which clearly converge to zero as 𝑡 → ∞.
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]
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]
[
𝑖
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]
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]
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𝜋
𝑖
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[
100
4 ]

𝜔(2)
i (rad/s)

𝑓𝑖1 (𝑡)
]
[
]
[
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[𝑓𝑖3 (𝑡)]

Figure 2: The attitudes under the robust controller (5).

𝜔(1)
i (rad/s)

and 𝑘0 = diag(1, 1, 1), to track a
where 𝜌0 =
given angular velocity 𝜔0𝑑 = [0.2 sin(0.3𝑡); 0.1 sin(0.4𝑡);
0.15 cos(0.5𝑡)].
To verify the theoretical result of our paper, let the
constants in Theorem 7 be 𝑘𝑐 = 10, 𝑘1 = 0.1, 𝑘2 = 0.003,
𝑘3 = 1.01, and 𝛼 = 1. The disturbances and unmodelled
dynamics 𝑓𝑖 (𝑡), 𝑖 = 1, . . . , 4, for the follower spacecraft are
given by

0
−0.5

Figure 4: The tracking errors under the robust controller (5).
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gains according to the given condition. The distributed robust
attitude tracking of multiple spacecraft without velocity
measurements and robust attitude tracking under directed
communication topologies are interesting topics for future
research.
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Service-oriented manufacturing is the new development of manufacturing systems, and manufacturing supply chain service is also
an important part of the service-oriented manufacturing systems; hence, the optimal selection of parts suppliers becomes one of
key problems in the supply chain system. Complex network theories made a rapid progress in recent years, but the classical models
such as BA model and WS model can not resolve the widespread problems of manufacturing supply chain, such as the repeated
attachment of edge and fixed number of vertices, but edges increased with preferential connectivity, and flexible edges’ probability.
A core model is proposed to resolve the problem in the paper: it maps the parts supply relationship as a repeatable core; a vertex’s
probability distribution function integrating the edge’s rate and vertex’s degree is put forward; some simulations, such as the growth
of core, the degree distribution characteristics, and the impacting of parameter, are carried out in our experiments, and the case
study is set also. The paper proposed a novel model to analyze the manufacturing supply chain system from the insights of complex
network.

1. Introduction
Manufacturing services spawned the manufacturing system’s
range, which needs the dominant firms collaborating with
their parts suppliers beyond geographical boundaries, but
how to select the most optimal parts suppliers in the supply
chain becomes the new difficulty. In order to resolve the
problem of optimal selecting part suppliers in manufacturing
supply chain, many scholars devote their researches in the
topics from those fields.
The first field is the cooperation models in the manufacturing supply chain. Holland proposed the mode of
cooperation and collaboration of supply chain management
[1]; Sarmah et al. went into the coordination models between
the business entities to gain lower supply chain cost [2].
Kelle and Akbulut discussed the software tools of ERP in
supply chain for information sharing, cooperation, and cost
optimization [3]; Nagarajan and Sošić discussed the gametheoretic analysis method in cooperation supply chains [4];

Fiala discussed the information sharing between suppliers,
manufacturers, distributors, retailers, and customers [5];
Savaskan et al. discussed the closed loop supply chain models
with product remanufacturing [6]; Ma and Chen researched
on the elements and characters in integrated logistics’ supply
chain [7]; Xu and Ma researched on the trust mechanism
between enterprises in supply chain and suggested that the
cultivation of mutual trust of enterprises is the core of supply
chain management [8]; and Love et al. researched on the
interorganizational relations in construction industry [9].
The second field is the dynamic analysis, evaluation
methods, and the business forecasting in the supply chain.
Liang et al. put forward nonlinear programming problems to
solve the DEA (Data envelopment analysis) models for supply
chain efficiency evaluation [10]; Leng and Zhu reviewed the
side-payment contracts in two-person nonzero-sum supply
chain games and discussed its application [11]; Zhu et al.
researched on the confirmation of a measurement model for
green supply chain management practices implementation
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[12]; Cachon and Zipkin discussed the competitive and
cooperative inventory policies in a two-stage supply chain
[13]; Sarkis proposed a strategic decision framework for
green supply chain management [14]; Huang et al. discussed
an analysis of manufacturer-retailer supply chain coordination in cooperative advertising [15]; Ferguson discussed
the “commitment time frame problem” between an end
product manufacturer and a parts supplier [16]; Surana et al.
researched the context of supply-chain networks [17]; Gupta
and Maranas discussed the managing demand uncertainty
method in supply chain planning and proposed a tool for
evaluating and actively managing the exposure of enterprises
assets (such as inventory levels and profit margins) to market
uncertainties [18]; Kim et al. go through an empirical investigation in IT alignment between supply chain partners to
enhance customer value creation [19]; and Connelly et al.
discussed the perspectives of six prominent organizational
theories, such as apply real options theory, internationalization theory, organizational economics, resource dependence
theory, social network theory, and institutional theory, and
how to effect the development of supply chain [20].
The third field is the complex network analysis approach
and its applications. Stanley Milgram pointed out the famous
theories of six degrees of separation; he observed that the
distant of human in the world is about six degrees; Watts
built a special website to check the theories [21]; and game of
Kevin Bacon checked the theories as Bacon degree [22], and
some scholars in Oakland University go through the theories
as Erdos degree [23]; all of those experiments proved the
theories are valid. Erdős and Rényi study the social network
based on the perspective of graph theory for the first time
in the world and published a famous paper on the evolution
of random graphs [24]; Watts and Strogatz researched on
the modeling of small-world networks, characteristics, and
mechanism [25, 26]; Barabási and Albert studied some kinds
of complex networks and put forward the statistical mechanism of small world networks, scale-free networks, complex
networks, and evolutionary theory [27, 28]; Gregoriades A
and Sutcliffe studied the reliability of complex systems based
on load forecasting and planning methods [29]. Shi et al.
studied the calculation model and vertex degree distribution
of complex networks, such as clustering coefficient estimates [30, 31]; Wang research network synchronization and
control technology [32]; Li and Chen studied the control
principles and methods of complex networks [33]. Guoning and Zheren discussed the components product family
relations, described the relationship between the network
diagram of parts products using the weighted directed tree
network method, calculated the statistical properties of the
relationship between the network components, studied the
revolution process of the parts products relationship network
diagram, and proposed a prediction approach of the amount
of parts [34]. The study is completely broken through the traditional way of manufacturing research information system
and provides a guideline for our research.
From the reviews above, we can see that the complex
network theory and its applications have made a rapid
progress in recent years, and it can integrate the system
engineering and topology and became a new approach to be

Mathematical Problems in Engineering

Min

Figure 1: The supply relationship network.

used to analyze the part suppliers’ optimal selecting problems
of manufacturing supply chain.
But there have been rare reports of complex network
theories applied in manufacturing supply chain. Based on
the preliminary studies [35], this paper will focus on the
part supplier’s optimal selecting problems and presents a core
model for the part suppliers optimal selecting problems in
manufacturing supply chain. It will describe the application
problem in Section 2; analyze the shortcomings of two classical complex network models named BA model and WS model
in Section 3; put forward a core model, discuss the designs
and description of the model, and present the probability
formula of selecting part suppliers in detail in Section 4;
and simulate the model and analyze the characteristics in
Section 5.

2. The Problem Description
The supply relationship of parts in manufacturing system
intertwined together and formed a complex relationship
network. The dominant firm wants some parts for assembling
its production. If there are many parts suppliers meeting
the given quality and times requirements, the cost is the
key factors to affect their decision that those parts suppliers
should to be selected. Supposing the parts consisted of some
parts, the parts are made up of subparts and so on; the
supply relation forms a supply relationship network, so the
manufacturing supply chain has the sketch as Figure 1.
It is not easy to resolve the suppliers selecting problem of
the whole network. In the paper, we select one vertex that has
many suppliers to analyze; other vertices’ characteristics are
easy to arrive using the same method.

3. The Relationship Model
Researches and the New Characteristics of
Manufacturing Supply Chain
Toward the manufacturing supply chain, the similar
researches mainly were two famous models, WS model [25]
and BA model [27].
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3.1. The WS Model [25]. Watts and Strogatz reported the WS
model firstly in their “Collective dynamics of ‘small-world’
networks” in 1998 (by Nature). Newman and Watts improved
it as NW model in 1999 [36]. The WS model starts from a
ring lattice with 𝑛 vertices and 𝑘 edges per vertex then rewire
each edge at random with probability 𝑝. This model shows
a graph between regularity (𝑝 = 0) and disorder (𝑝 = 1),
for intermediate values of 𝑝, and the graph is a small-world
network that is highly clustered like a regular graph, yet with
small characteristic path length, like a random graph; it is
shown in Figure 2. The characteristic can be used in large
scale network, with some characteristic as that the number
of vertices is fixed; number of edges is fixed, rewriting edges
random.
3.2. The BA Model. The BA model is proposed by Barabási
and Albert in their “Emergence of scaling in random networks” in 1999 (by Science) [27]. The BA model should meet
two conditions: at first, the graph is opened and new vertices
should continue to be added to the system; secondly, the
attachment of the edges has the characteristic of preferential
connectivity. So, the degree of vertices with rich-get-richer
phenomenon can be detected easily in BA networks, and the
growth process is shown as in Figure 3.
3.3. The Performances of Manufacturing Supply Chain Network. Now, let us trace the development of the manufacturing supply chain network from its origin. In Figure 1, at
first, the vertex 𝑀in is new one and has no parts supplier,
which means the core diagram only has candidate vertices
with degree 1; then, some parts need to be produced from the
suppliers, which means some edges should be added in the
network. Which are the next vertices to produce the parts?
It may be decided by random at the first time, the following
selections maybe select other vertices different from the first
vertices; perhaps the new selection is more efficient than the
first one. Then, a most efficiency route arrived; the follow-up
selections will tend to the same route to produce the parts;
the selection will strengthen the ability of the notes in the
chains, the abilities improvement of the vertices will firm the
tendency to form fixed manufacturing supply chains. From
the description above, we can see that the manufacturing
supply chain network has some characteristics different from
the BA model and WS model (see Figures 2 and 3).
First, both models suppose that the edges attached any
two vertices without any repetition, but, in the manufacturing
supply chain system, the edges maybe reduplicate, and it
usually is repeated many times with the development of the
manufacturing supply chain.
Second, in WS model, the attachment probability of
new edge is fixed and comes randomly; in BA model, the
attachment probability of new edge is be added along with
vertices and with preferential connectivity. But those cannot
meet the real supply chain network’s request, and the new
edges add into the network with preferential connectivity but
do not need to add new vertices, so the number of vertices
is fixed but the edges will keep increasing with preferential
connectivity.

3
Third, the WS model and the BA model suggested that
the edges probability of attachment is constant, but, in
supply chain network, because of the limitation of production
ability and the distance between them, the probability usually
changes periodically. So, it needs a new model to meet the
needs of manufacturing supply chains.

4. The Core Model
4.1. The Core Model of Manufacturing Supply Chain. In order
to resolve the problems mentioned in WS model and BA
model, our model maps the supply relationship network from
Figure 1 to the core diagram in Figure 4; in Figure 4(a), it constituted by some vertices and some edges that the core has one
input vertex and has 𝑛 selective supply vertices. The supply
vertices may be defined as part suppliers; the edges may be
defined as the costs between the input vertex/dominant firm
𝑀in and the special supply vertex. In the selecting process, the
director of edges directs the collected to the supply vertices.
If it needs to decide the parts supplier of vertex 𝑀𝑘 , the core
iterated on the vertex 𝑀𝑘 , as shown in Figure 4(b).
Now, towards Figure 4(a), if 𝑘𝑖 is used to express the
degrees set of vertex 𝑖, obviously, larger 𝑘𝑖 means more
experience to produce the candidate parts. The edge 𝐸𝑖 is
the supply relationships between the vertex 𝐸𝑖 to the supply
vertex 𝑀𝑖 , and lower value of 𝐸𝑖 shows that the transportation
costs from vertex 𝑀𝑖 to the supply vertex 𝑖 are more cheap
and means that vertex 𝑖 tends to be selected as the candidate
unit. The object of production scheduling is to optimize the
manufacturing systems so as to produce the parts using the
minimize costs in the given during time, and it may be
described as the following formula:
𝑂 = min {𝑂1 , 𝑂2 , 𝑂3 , . . . , 𝑂𝑛 } ,

(0 < 𝑖 < 𝑛) .

(1)

Therefore, 𝑂𝑖 is the cost of vertex 𝑖.
4.2. The Vertex Probability Distribution in Manufacturing
Supply Network. In order to describe the growing process of
the manufacturing supply network, we supposed it satisfied
the following 4 assumptions.
(1) The number of vertices in the network is fixed as 𝑁.
(2) It does not allow the edges’ start and end to join the
same vertices.
(3) The edges of network may grow freely only with
preferential connectivity.
(4) The probability of changes meets a special function
discussed next.
Supposing the core has 𝑚0 edges initially, now 𝑚 (𝑚 < 𝑁)
new edges should be added into the core diagram every fixed
time interval 𝑡. and the attachments should select the vertices
with biggest probability. After time interval 𝑡, the edges in the
network will be 𝑚0 + 𝑚𝑡 edges.
The first factor to be considered is the degree of vertex;
it means the truth, cooperation times, or selection history.

4
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Figure 2: The WS model.

Figure 3: The growth of BA model.
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Obviously, the selection process is a binomial distribution
function, as in the following formula:
𝑝 {𝑋 = 𝑡} = 𝑘𝑖 .

(2)

The normalized result is the following formula:
𝑝𝑖 =

𝑘𝑗

.

(3)

However, the degree can not involve all the factors. It is
only an experiment index; a bigger degree means the supplier
has more experiment of operation, or it has more relation
resources or skills. The edges rate should to be taken into
consideration, and it is a cost index; it is to be decided by
such as transportation costs of the parts, ready resources, and
other costs. So, the relationship between the vertices degree
and the edges rates should be taken into consideration. The
preresearch shows that it is a linear function if only it is taken
into consideration one factor of the vertex degree or the edges
rates individually. Toward the vertex, the vertex degree and
the edges rates are a binomial distribution; the probability
distribution meets the function as in formula
𝑝 {𝑋 = 𝑖} = 𝑘𝑖𝜏 𝑟𝑖1−𝜏 ,

(0 ≤ 𝜏 ≤ 1) .

(4)

The normalized results may be expressed as
𝑝𝑖 =

𝑘𝑖𝜏 𝑟𝑖1−𝜏

𝜏 1−𝜏
∑𝑁
𝑗=1 𝑘𝑗 𝑟𝑗

,

(0 ≤ 𝜏 ≤ 1) ,

(5)

where 𝑘𝑖 is the degree of vertex 𝑖, it may be decided as
the operation times, and it may be obtained by computing
the indegree; hence, 𝑘𝑖 may be computed as the following
formula:
𝑡

𝑘𝑖 = ∑ 𝑘in-𝑖 ,

(6)

𝑗=1

where 𝑟𝑖 is the rate of the attachment, 𝐸𝑖 means the costs
attaching vertex 𝑖, and the affecting factor includes the
diverting and other costs. Then, 𝑟𝑖 is
𝑟𝑖 =

1
,
𝐸𝑖

(7)

where 𝜏 is the adjustable parameter between 𝑘𝑖 and 𝑟𝑖 , and
it make it easier to adjust the vertices’ degree and the edge’s
rates.
Formula (5) gives us a quantitative method to compute
the probability distribution of suppliers at a time point. Each
supplier has different calculating result and the results will
change along with time because 𝑘𝑖 changes with the time.
If the time is unlimited, the parts supply chain plan
tends to the most effective route, and other suppliers have no
chances to obtain the orders. So, the operation cost is
𝑁

𝐶min = ∑ 𝐶Min-𝑖 ,
𝑗=1

Therefore, 𝐶Min-𝑖 is the minimizing vertex’s cost of vertex

On the contrary, if the time is very urgent, the time should
exceed the shortest time request so as to finish all the parts of
the batch. Maybe, the cost is the largest one:
𝑁

𝑘𝑖

∑𝑁
𝑗=1

𝑖.

(𝑡Γ ≤ 𝑇) .

(8)

𝐶max = ∑ 𝐶𝑖 ,
𝑗=1

(𝑡Γ =

𝑇
).
𝑛

(9)

Therefore, ∑𝑁
𝑗=1 𝐶𝑖 means all of the suppliers should work
regardless of its inefficiency.
Usually, the optimal plan is between the two extreme
cases, which means the operation tending to some effective
suppliers and other suppliers may allocate fewer amounts of
orders.

5. Simulation Study
Now, let us study the core model in simulation to check
it. In our experience, the rate of edges (the reciprocal of
transportation costs) came from random number between 0
and 1; each vertex has initial degree of 1.
5.1. The Growth Process of Core Model. The growth of core is
studied first in our experiment, and the results are shown in
Figures 5 and 6.
Where the adjustable parameter of degree and edge is 𝜏 =
0.1, the rates of edge come from random number; the vertex’s
number is 20, and the number following the vertex name in
Figure 5 is the vertex’ degree.
From Figure 5, we can see that, with new edges added into
the core model and the degree of core growing with the time,
some vertices tend to grow, but other vertices’ degree keeps
constant. M6, M8, and M12 have the greatest degrees while
degree = 1000, that means those suppliers may keep lowest
costs, and they are the best selections. On the contrary, the
degrees of M1, M2, M4, M5, M7, M9, and M20 are 1 or 2, which
means those suppliers have seldom chances to cooperate with
the center vertex 𝑀in .
5.2. The Degree Distribution of the Core Model. The degree
distribution of growing process is shown in Figure 6: it shows
that the key suppliers have a small number, but those vertices
supplied a large number of parts; on the contrary, a large
number of other vertices only supplied few parts (Figures
6(a) and 6(b)). The number of suppliers and the numbers of
vertices in a core show a power law, vertex with rich degree
becomes richer (Figures 6(c) and 6(d)), and the reality is
almost like it. If the supplier has no chance to attend the
cooperation in the earlier time, it needs to have a much lower
cost to attend the core later; the cooperation of core is decided
by lower cost and more trust.
Figure 7 shows the cooperation tendency chart in the
core: the suppliers in higher degree (Figure 7(a)) or hot
color (Figure 7(b)) mean the supplier has closer cooperation
relationship with the core center vertex.
Figure 5 shows the cooperation tendency chart in the
core: the suppliers in higher degree (Figure 5(a)) or hot

6
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Figure 5: The growth of the core.

color (Figure 5(b)) mean the supplier has closer cooperation
relationship with the core center vertex.
5.3. The Impact of Parameters
5.3.1. The Impact of Edge’s Rate. Formula (5) shows that the
edge’s rate is one of the key factors for the core. The edge’s
rate comes from random number in our experiments above,
and it affected the core chart which tends to smooth. What
will happen if the edge’s rate keeps constant? The experiment
results show in Figure 8.
It shows that the degree distribution is a single peak
function when the rates of edge are constant; it is obviously
different from the rates of edge which are not constant. It may
be explained from formula (5), while the rates of edge are

constant means that the probability of vertex is only decided
by the degree; once a vertex has a bigger degree than other
vertices, the vertex’s probability will be the biggest one in the
core; other vertices have no chance to have the new edge.
5.3.2. The Impact of Adjustable Parameter. The adjustable
parameter 𝑡 adjusts the importance of vertex’s rate and the
degree; it can impact the selection of new edge’s attachment.
Figure 9 shows the action of adjustable parameter 𝑡 from 𝑡 = 0
to 𝑡 = 1. While 𝑡 = 0, the degree does not act on any
action according to formula (5); the degree of the core is a
random function, and the difference of vertex degree is wave
in a narrow range (the wave motion is between 30 and 45
while 𝑡 = 0, shown in Figure 9(a)); while 𝑡 = 1, the edge’s
rate does not take action, and only one vertex degree keeps
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increasing. With the value of 𝑡 increasing, the wave motion
of vertex’s degree becomes more and more wider (the wave
motion is amplified between 20 and 50 while 𝑡 = 0.01, shown
in Figure 9(b); between 1 and 200 while 𝑡 = 0.1 in Figure 9(c);
between 1 and 350 while 𝑡 = 0.2 in Figure 9(d); between 1 and
1000 while 𝑡 ⩾ 0.5 in Figures 9(e) and 9(f)). It also shows
that degrees of vertex tend to difference, and the amount of
suppliers attending to supply chain becomes more and more
smaller; only one supplier supplies the parts while 𝑡 ⩾ 0.5.
5.3.3. The Impact of Time/Experience. Figure 10 shows the
growth process and tendency of the core with the time; the
supply relationship is very chaotic at first, but it will tend to
become different with the development of core; the supply
relationship of the core tends to differentiation and stablility
after a long time.
5.3.4. The Results of the Simulations. The simulations show
that the supply chain is a power law network, and the selecting
amount tends differently with the time. A little amount of
vertices supply the most amount of parts; on the contrary,
most of the vertices have little chances to attend the supply
chain, and the supply relationship is the effect of Matthew;

on the other hand, if a supplier improved their product and
reduced the cost of parts, they have the chance to attend
the supply chain network. So, the supply chain network is
dynamic and clustered.
Formula (5) shows the directions of how to improve the
chance of attending the supply chain: the first way is that the
parts supplier keeps a closer relationship to the core firms in
the network, which means that there is a larger 𝑘𝑖 ; another
way is to keep a lower cost, which means that the supplier
should reduce the cost of the parts, such as sale of lower
parts price or producing the product locally (to reduce the
transportation cost).
The simulations also show the difference between the
model proposed in the paper and the traditional model: our
model disclosed the running principle of the supply chain and
gives the ways to how to improve the chance to obtain the
orders, so it is a novel and practical method to analyze the
supply chain.

6. Case Analyses
6.1. The IT Manufacturing Supply Chains Development
at Chongqing China. The IT manufacturing industry of
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Figure 9: The impact of adjustable parameter.

Chongqing China was very weak at 2000, but it had a
rapid expansion while Hewlett-Packard (Chongqing) Co.,
Ltd, and Acer (Chongqing) Co., Ltd, began to produce
the notebook computer in recent years and the notebook
computer accounts for one-fifth of global production [37, 38].

Why did it expand so quickly? It clustered 5 large
computer enterprises, 6 large foundries, and 817 parts manufacturers in Xiyong Chongqing till February 11, 2014, and the
industry gathering circle is about 1 hour drive. One very interesting phenomenon is that these companies are new plants

10

Mathematical Problems in Engineering
5

180

4.5

160
140

4

120

3.5

100
3
80
2.5

60

2

40

1.5
1

20
0

2

4

6

8

10

12

14

16

18

20

0

0

2

4

6

8

(a)

10

12

14

16

18

20

(b)

Figure 10: The growth process and tendency of the core.

following the large enterprises such as HP, Acer, and Cisco.
The foundries and parts manufacturers built new production
plant in Chongqing in order to decrease the transportation
costs to the lowest level, so they have the lowest, calculated
from formula (5); the lowest gained the biggest probability
distribution, and they will obtain the greatest opportunities
for cooperating with the large computer enterprises, and the
industry aggregation phenomenon proved their action in
practice.
6.2. Jiangmen Hi-Tech Development Zone. Jiangmen Hi-tech
Development Zone began at 1992 [39]; it is one of the Hitech development zones of China. But the park was one of
the worst Hi-tech development zones in China before 2010.
It introduces itself as being able to serve for many industries,
such as LED, advanced and other industries, but only a few
enterprises grow up in the zone. Why is that? Because there
almost are no large enterprises, and the products produced
here need to be sold to the enterprises far away from there,
which means the product costs have higher than other part
suppliers; in other words, it has least probability distribution.
In order to develop better, Jiangmen Hi-tech Development
Zone replaned the industrial layout and direction and set
up three professional parks, such as auto parts professional
park; FAW Volkswagen and other auto manufacturers built
their factories in the park; it speeded up all the auto parts
development, so the professional park developed very fast
in recent years; Jiangmen Hi-tech Development Zone is an
important professional park in south China now.

7. Summary
Aiming at the three difficulties of classical complex network
theories to resolve the optimal selection of parts suppliers, a
core model is proposed in the paper after reviewing famous
BA model and WS model; it maps the parts supply relationships of manufacturing supply chain as a repeatable core.
A vertex’s probability distribution formula is put forward;

it mainly involves the edge’s rate and vertex’s degree. Some
simulation studies, such as the growth of core, the degree
distribution characteristics, and the impacting of parameter
experiment, were carried out. At last, two cases were set
out to prove the correctness in the paper. The core model
can be used to resolve some difficulties—with repeating edge
attachment, fixed vertices number but increasing edges with
preferential connectivity, and flexible edges probability.
It did not consider the interactions of other cores and
the consistency of costs in our experiments; the calculating
results may be a little deviated, and we plan to resolve those
problems in next steps.

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments
This research is supported by the Natural Sciences Fund of
China (Grant no. 51275547) and the Natural Science Fund
Projects in Chongqing (Grant no. cstc2012gg-yyjs40019,
CSTCjjA1481).

References
[1] C. P. Holland, “Cooperative supply chain management: the
impact of interorganizational information systems,” The Journal
of Strategic Information Systems, vol. 4, no. 2, pp. 117–133, 1995.
[2] S. P. Sarmah, D. Acharya, and S. K. Goyal, “Buyer vendor
coordination models in supply chain management,” European
Journal of Operational Research, vol. 175, no. 1, pp. 1–15, 2006.
[3] P. Kelle and A. Akbulut, “The role of ERP tools in supply
chain information sharing, cooperation, and cost optimization,”
International Journal of Production Economics, vol. 93-94, pp.
41–52, 2005.
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Using the sensor nodes to achieve target tracking is a challenging problem in resource-limited wireless sensor networks. The
tracking nodes are usually required to consume much energy to improve the tracking performance. In this paper, an energy-efficient
node scheduling method is proposed to minimize energy consumption while ensuring the tracking accuracy. Firstly, the Kalmanconsensus filter is constructed to improve the tracking accuracy and predict the target position. Based on the predicted position, an
adaptive node scheduling mechanism is utilized to adjust the sample interval and the number of active nodes dynamically. Rather
than using traditional search algorithm, the scheduling problem is decomposed to decouple the sample interval and number of
nodes. And the node index is mapped into real domain to get closed-form solution to decide the active nodes. Thus, the NP-complete
nature is avoided in the proposed method. The proposed scheduling method can keep the tracking accuracy while minimizing
energy consumption. Simulation results validate its effective performance for target tracking in wireless sensor networks.

1. Introduction
Wireless sensor network (WSN), which consists of tiny lowcost, energy-limited, and sensing range-limited nodes, has
received extensive research in recent years. The nodes in
WSN, equipped with one or more sensors, can sense, measure, and gather information from vicinal area. By utilizing
the wireless RF module, these nodes can transmit the gathered information from local region to remote base station
through node’s multiple-hop relay. With the development of
microelectronic technology, WSN has been deployed in various application scenarios to observe physical environmental
change and detect events of interest [1].
In all kinds of practical scenarios, target tracking is one of
the most important applications of WSN. Target tracking is a
process of estimating or predicting the trajectories and
velocities of some mobile targets by the sensor nodes in WSN
collaboratively. The cooperation among sensor nodes could
improve the accuracy of target’s location or velocity. The
targets of tracking can be any mobile objects, such as animals,
humans, and vehicles [2].
With the development of WSN, numerous target tracking
applications have emerged in many practical projects. For

instance, PinPtr [3] is a counter-sniper system applied in military field to detect and locate enemy shooters. Underwater
monitoring system in [4] developed a submarine platform to
monitor coral reefs and fisheries. CenWits [5] is a search-andrescue system utilizing static or mobile sensor nodes to locate
stranded person in wreckage. ZebraNet system [6] consists
of sensor nodes installed in animals to track and research
the migration of wildlife populations. These projects have
been used intensively in environmental detecting, industrial
monitoring, disaster alerting, and healthcare [2].
Differing from the traditional target tracking, the target
tracking using WSN brings up many challenges: keeping the
tracking accuracy under the node’s resources constraints. As
most existing works have mentioned, the constraints of node
resources, such as sensing range, communication bandwidth,
and computation ability, are critical factors to keep accuracy
and to save energy for target tracking in wireless sensor networks [7]. Recently, many researches have proposed algorithms to improve energy efficiency while keeping the target
tracking accuracy.
Some researches focus on reducing the communication
cost in target tracking. In [8], a heuristic algorithm to construct an efficient object tracking in wireless sensor networks
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was developed, which formulates the minimizing communication cost as 0/1 integer programming problem, and a
Lagrangian relaxation based heuristic algorithm was proposed to solve this optimization problem. In [9], a publishand-subscribe method and drain-and-balance policy were
described, respectively, to optimize the structure of network
communication and reduce communication consumption.
Reference [10] was considered to adjust physical topology
of the sensor network, so the total communication cost was
reduced. Although these works were devoted to reducing the
energy consumption, they have limitation on network energy
saving by just minimizing the communication cost, and they
may also not be scalable enough.
Recently much attention has been focusing on sensor
node scheduling to reduce energy for target tracking. The
node scheduling can be classified into 2 categories: the
random selection method and adaptive selection method. In
random selection method, the sensing nodes are randomly
selected according to a certain degree of probability; in
adaptive selection method, the sensing nodes are selected
according to the critical factors such as node type, detecting
ability, and residual energy.
Random selection method has compared low scheduling
cost and it is easy to deploy in real WSN. In [11], a probabilistic
scheduling of the duty cycle of the sensors was provided in a
sensor network deployed in an area of interest based on a
Poisson distribution. Its tracking algorithm exploits signal
from multiple sensor nodes in several modalities, relying on
prior statistical information about target models. In [12], the
authors describe the key ideas behind the CSP algorithms for
distributed sensor networks and present how the CSP algorithms interface with the networking/routing algorithms.
An entropy-based sensor selection heuristic algorithm for
location-to-location was proposed in [13], which needs (1) a
prior probability distribution of the target location and (2) the
locations and the sensing models of a set of candidate sensors
for selection. These works concentrated on improving the
energy conservation by randomly selecting tasking sensors.
However, sensors’ random sleep with a probability may
not keep the target tracking accuracy because some sensors
close to a target may be in sleep mode. Even in the target sensing region, there are not active nodes. But it is also sufficiently
important to keep the performance of the target tracking.
From this point of view, node selection along with the
trajectory of moving target has aroused much interest. Some
practical distributed sensor node selection algorithms have
been proposed to improve energy efficiency with reliable
tracking [14–18].
In [14], an energy-efficient selection of cooperative nodes
was presented. According to the information utility and the
remaining energy of sensor nodes, the authors in [10] constructed an objective function and proposed a dynamic node
selection scheme based on genetic algorithms. Although
the simulation results have shown its good effect, the node
selection scheme based on genetic algorithms is difficult to
apply in real applications and may not be suitable for the realtime requirement. The authors in [15] proposed an energyefficient distributed adaptive multisensor scheduling for
target tracking. The number of tasking sensors and the
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sampling time interval are taken into consideration. To select
the tasking node, the leader needs to know its target detection
probability which can be deduced from the target state
equations. But this process may be somehow complex and
requires implementing the Monte Carlo method. An adaptive
sensor scheduling is formulated in [16], which contains two
tracking modes: the fast tracking mode and the tracking
maintenance mode. The energy conservation was achieved by
adaptively adjusting the sampling time interval. But it is only
applied to selected single tasking sensor at each sample
interval. In [17, 18], the variable sampling interval was also
adopted, but it cannot realize the joint optimization to energy.
Summarizing the above works, the main factors that
influence position accuracy and energy efficiency of target
tracking include the network communication topology, the
sampling time interval, and the number of tasking sensors.
The number of tasking sensors is directly related to the total
energy consumption in tracking process. However, the current adaptive node selection method could not permit large
candidate node set because of their high complexity.
Comprehending these factors, this paper aims to propose
a novel node scheduling method with cooperative Kalmanconsensus filter to reduce the energy consumption while
keeping tracking accuracy. The Kalman-consensus filter is
used to obtain the target state estimation and predict the next
step position. The node selection problem is transformed into
a convex optimization problem, which is decomposed, and a
Lagrangian function is used to solve it.
The main contributions of this paper include (1) extending the classic Kalman filter to cooperative form, which can
combine the local nodes’ information to improve the tracking
precision; (2) proposing a joint sample interval and node
selection optimization scheme, which can realize the energy
consumption minimum while keeping the tracking accuracy;
(3) addressing the NP-hard joint optimization problem,
adopting a map method to map the selecting factor to real
domain; and utilizing gradient information to get the solution
rapidly.
The rest of this paper is organized as follows. The problem
formulation, dynamic model, and energy model are analyzed
in Section 2. In Section 3, the novel node selection method
is presented. Simulation results are proposed in Section 4.
Finally, conclusion and future work are given in Section 5.

2. Problem Formulation
2.1. Target Model and Kalman-Consensus Filter (KCF). Considering that wireless sensor network is constructed by
deploying 𝑛 sensor nodes and a moving target, all cognitive
sensors have the same sensing range and can jointly capture
the target trajectory. The target model is taken as general
linear model, like in [17]. A moving target with the system
disturbance is described by the differential equation
𝑥 (𝑘 + 1) = 𝐴 (𝑥 (𝑘)) 𝑥 (𝑘) + 𝐵𝜔 (𝑘) ,

(1)

where 𝑥(𝑘) = (𝑞𝑥 (𝑘), 𝑝𝑥 (𝑘), 𝑞𝑦 (𝑘), 𝑝𝑦 (𝑘))𝑇 denotes the state
of the target at time 𝑘; 𝑞 = (𝑞𝑥 , 𝑞𝑦 )𝑇 and 𝑝 = (𝑝𝑥 , 𝑝𝑦 )𝑇 are

Mathematical Problems in Engineering

3

the coordinate and velocity of the target, respectively, in twodimensional coordinate system; and 𝜔(𝑘) is the zero-mean
Gaussian white noise with variance 𝜎02 , which is the process
noise.
The state matrix 𝐴(𝑥) is depicted as
𝐴 (𝑥, Δ𝑡) = 𝐹 (𝑥) ⊗ 𝑀1 (Δ𝑡) + (𝐼2 − 𝐹 (𝑥)) ⊗ 𝑀2 ,
1 𝜀
𝑀1 = [
],
0 1

1
𝜀
],
𝑀2 = [
−𝜀𝑐1 1 − 𝜀𝑐2

𝐹 (𝑥) = [

(2)

𝜇 (𝑥1 )
0
],
0
𝜇 (𝑥3 )

where 𝜀 is the step size and does not depend on the sampling time interval, which means that the target’s motion is
independent of the sensor’s sampling frequency. 𝜇(𝑥) is
defined by
𝜇 (𝑥) =

𝜌 (𝑎 + 𝑥) + 𝜌 (𝑎 − 𝑥)
,
2

1,
𝑥 ≥ 0,
𝜌 (𝑥) = {
−1, 𝑥 < 0.

(3)

The matrix 𝐵 is defined as
𝐵 = 𝐼2 ⊗ 𝐺,

where 𝑥(𝑘) is the state of the target, 𝐻 is the observation
model, and 𝜐𝑖 is the measurement zero-mean Gaussian white
noise of the sensor 𝑖 with covariance 𝑅𝑖 .
The Kalman-consensus filter (KCF) algorithm used in
this paper is mainly referred to in [19] and operates as shown
in Algorithm 1.
2.2. Sensor Detection Model. The binary detection model,
described in most of the existing works [14, 20], assumes that
if the target is within the sensing zone of a node, the detection
of the target is successful. This is an ideal assumption to sensor’s detection ability. Generally, there is always uncertainty
when sensors perform the operation of detection. In this
paper, the target probability detected by node 𝑠𝑖 is
0,
𝑟𝑠 + 𝑟𝑒 ≤ 𝑑 (𝑠𝑖 , 𝑃) ,
{
{ −𝜆𝛼𝛽
𝑝 (𝑠𝑖 ) = {𝑒
, 𝑟𝑠 − 𝑟𝑒 ≤ 𝑑 (𝑠𝑖 , 𝑃) < 𝑟𝑠 + 𝑟𝑒 ,
{
1,
𝑟𝑠 − 𝑟𝑒 ≥ 𝑑 (𝑠𝑖 , 𝑃) ,
{

(6)

where 𝑟𝑒 (𝑟𝑒 < 𝑟) is the uncertainty measurement length of
node 𝑠𝑖 , 𝛼 = 𝑑(𝑠𝑖 , 𝑃) − (𝑟 − 𝑟𝑒 ), and 𝛼 and 𝛽 are measurement
parameters dependent on sensor type.
Based on this sensing model, for a target located in
𝑃(𝑥, 𝑦) detected by 𝑚 sensors 𝑠1 , 𝑠2 , . . . , 𝑠𝑚 , the joint detection
probability for these 𝑚 tasking sensors is given by
𝑚

𝜀2 𝜎0
[
],
𝐺=
2
[ 𝜀𝜎0 ]

𝑃𝑑 = 1 − ∏ (1 − 𝑝 (𝑠𝑖 )) .
(4)

where 𝑐1 , 𝑐2 > 0 are the parameters of a PD controller and “⊗”
denotes the Kronecker product of matrix.
The measurement model is given by
𝑧𝑖 (𝑘) = 𝐻𝑥 (𝑘) + 𝜐𝑖 (𝑘) ,

(5)

2.3. Tracking Error. According to [21], the estimated target
state error covariance at 𝑘 time step can be defined as
𝑃 (𝑘 | 𝑘) ≡ [𝜎𝑖𝑗 ] ,

𝜙 (𝑘 + 1 | 𝑘) = trace (∑ (Δ𝑡𝑘 ))
= (𝜎11 + 𝜎33 ) + (2𝜎12 + 2𝜎34 ) Δ𝑡𝑘

(10)

2
+ (𝜎22 + 𝜎44 ) Δ𝑡𝑘2 + 𝑞Δ𝑡𝑘3 .
3
A threshold 𝜙0 is preset as the tracking accuracy. If the
predicted target state uncertainty 𝜙(𝑘 + 1 | 𝑘) is less than 𝜙0 ,
the tracking accuracy is supposed to be satisfied. Otherwise,
it is deemed to be unsatisfied and needs to be improved.

(8)

and the predicted target state error covariance can be calculated as

𝜎13 + Δ𝑡𝑘 (𝜎14 + 𝜎23 ) + Δ𝑡𝑘2 𝜎24
𝜎11 + 2Δ𝑡𝑘 𝜎12 + Δ𝑡𝑘2 𝜎22
𝑃 (𝑘 | 𝑘) = ∑ (Δ𝑡𝑘 ) = [
].
𝜎13 + Δ𝑡𝑘 (𝜎14 + 𝜎23 ) + Δ𝑡𝑘2 𝜎24
𝜎33 + 2Δ𝑡𝑘 𝜎34 + Δ𝑡𝑘2 𝜎44

The predicted target state uncertainty is described as follows:

(7)

𝑖=1

(9)

2.4. Energy Model. At each tracking step, as the energy model
in [22] shows, energy cost is mainly used in target detecting,
data sending, data receiving, and data processing.
If the current tasking node 𝑖 selects node 𝑗 as the
candidate sensor for the next tracking step, the energy cost by
sending data from node 𝑖 to node 𝑗 is 𝐸𝑡 (𝑖, 𝑗) = (𝑒𝑡 + 𝑒𝑑 𝑟𝑖𝑗𝛼 )𝑏𝑐 ,
where 𝑒𝑡 and 𝑒𝑑 are decided by the transmitter and 𝑟𝑖𝑗 is the
distance between sensors 𝑖 and 𝑗. 𝛼 is known parameter that
relies on channel characteristic, and 𝑏𝑐 is the number of bits
of the transmitted data.
The energy cost in receiving data by sensor node 𝑗 is
𝐸𝑟 (𝑗) = 𝑒𝑟 𝑏𝑐 , where 𝑒𝑟 is decided by receiver installed in
sensor node 𝑗. In a practical application, energy consumption
mainly comes from communication between sensors. Hence,
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active on demand following the target trajectory. To save
energy, not all of the sensors in sensing zone are selected to
detect the target. These selected sensors, at first, cooperate to
generate an estimation of target position using Kalmanconsensus filter algorithm. And then they send their estimation to cluster header for further fusion so that more accurate
estimation of target position is achieved. The goal of the
method is twofold: (i) generating the state estimation and
predicting the position of dynamic target and (ii) selecting
the tasking cluster and cluster header for the tracking step.
At the beginning of detecting, all sensors are in the sleep
state initially, except for sensors that are on the borders of
the sensor filed. The sensor nodes on borders that first found
the target will broadcast the target information and start the
tracking task. They will obtain the first measurement and calculate the target state estimation to select and activate the next
tasking sensor nodes (including the cluster header) for the
next sample interval. They will send their state prediction to
the next tasking cluster.
At 𝑘 tracking step, the selected sensor nodes in current
active cluster perform the following sensing tasks:

Given the initial parameters 𝑃𝑖 = 𝑃0 , 𝑥𝑖 = 𝑥(0), for sensor
node 𝑖 at time step 𝑘
(1) Obtain measurement 𝑧𝑖 with covariance 𝑅𝑖 .
(2) Compute information vector and matrix of node 𝑖
𝑢𝑖 = 𝐻𝑖𝑇 𝑅𝑖−1 𝑧𝑖
𝑈𝑖 = 𝐻𝑖𝑇 𝑅𝑖−1 𝐻𝑖 .
(3) Send message 𝑚𝑖 = (𝑢𝑖 , 𝑈𝑖 , 𝑥𝑖 ) to active neighbors.
(4) Receive messages from all active neighbors.
(5) Fuse information matrices and vectors
𝑆𝑖 = ∑ 𝑈𝑗 .
𝑦𝑖 = ∑ 𝑢𝑗 ,
𝑗∈𝐽𝑖

𝑗∈𝐽𝑖

(6) Compute the Kalman-consensus state estimation
𝑀𝑖 = (𝑃𝑖−1 + 𝑆𝑖 )−1 ,
𝑥̂𝑖 = 𝑥𝑖 + 𝑀𝑖 (𝑦𝑖 − 𝑆𝑖 𝑥𝑖 ) + 𝜉𝑀𝑖 ∑ (𝑥𝑗 − 𝑥𝑖 ),
𝑗∈𝑁

𝑖
 
𝜉 = 1/(𝑀𝑖  + 1) .
(7) Update the estimate state of the target
𝑃𝑖 ← 𝐴𝑀𝑖 𝐴𝑇 + 𝐵𝑄𝐵𝑇
𝑥𝑖 ← 𝐴𝑥̂𝑖

Algorithm 1: Kalman-consensus filter.

(1) obtaining measurement 𝑧(𝑘) of target location with 𝑅;
we treat the energy cost from sensing and processing as a
union; that is, 𝐸𝑠 (𝑗) = 𝑒𝑠 𝑏𝑠 . Let 𝐸𝑖 (𝑘) be the remaining energy
after 𝑘 − 1 time step that is also the available energy at 𝑘
tracking step. Hence, the total energy cost for tasking sensor
𝑖 is
𝐸 (𝑗) = 𝐸𝑡 (𝑖, 𝑗) + 𝐸𝑟 (𝑗) + 𝐸𝑠 (𝑗) = 𝑒0 + 𝑒1 𝑟𝑖𝑗𝛼 ,

(11)

where
𝑒0 = (𝑒𝑡 + 𝑒𝑟 ) 𝑏𝑐 + 𝑒𝑠 𝑏𝑠 ,
𝑒1 = 𝑒𝑑 𝑏𝑐 .

(12)

And the total energy consumed for a tracking step is given

(13)

𝑖=1

where 𝜌𝑖 ∈ {0, 1} is the assignment index and it denotes by “1”
being active to track target and by “0” sleeping to save energy.
As the cluster header, the energy consumption for estimating
state fusion and selecting the next tasking sensors as well as
transmitting 𝑥̂𝑡 to receivers is
∑
𝑖∈𝐺(𝑘+1)−𝑠ℎ

𝛼
(𝑒𝑡 + 𝑒𝑑 𝑟ℎ𝑖
+ 𝑒𝑟 ) 𝑏𝑐 ,

As for the cluster header, except for the above tasks, it
needs to perform the following additional jobs:

(2) calculating the sampling interval Δ𝑡 for 𝑘 + 1 tracking
step;
(3) selecting the tasking cluster for the step 𝑘 + 1;
(4) selecting a new cluster header for the new tasking
cluster;

𝑁

𝐸 (ℎ) =

(3) sending the updated state estimation (𝑃, 𝑥) to cluster
header.

(1) fusing the state estimation (𝑃, 𝑥) so that an accurate
estimation of target position is achieved;

by
𝛼
𝐸𝑇 = ∑𝜌𝑖 (𝑒0 + 𝑒ℎ𝑖
),

(2) computing and updating the state estimation using
Kalman-consensus filter;

(14)

where 𝐺(𝑘) represents the sensor cluster at 𝑘 tracking step and
𝑠𝑘 is the cluster header.

3. Adaptive Node Scheduling Method
3.1. Analysis of Target Tracking Process. Figure 1 shows a general target tracking scene in a wireless sensor network with
uniform deployment sensor nodes. Sensor nodes will be

(5) transmitting the fused target estimation 𝑥̂𝑡 to the next
tasking sensor nodes.
Once the sensor nodes in the tasking cluster at step 𝑘
receive the estimation information from their cluster header
to next cluster, they will turn into sleep mode at step 𝑘 + 1.
3.2. Adaptive Node Selection Combining with KalmanConsensus Filter Algorithm (ANS-KCF). For the problem of
node selection for distributed cooperative target tracking, the
key issue is to form tasking sensor cluster dynamically, which
directly related to energy consumption and tracking accuracy. The objective of proposed method is to minimize the
energy cost of network under the condition of desired tracking error. In addition, the sampling time interval has a great
influence on tracking accuracy and network energy cost.
Actually, if the desired tracking performance is obtained, a
bigger sampling time interval will be a better choice for
energy saving.
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minimal sampling intervals and cannot be too small because
it must be larger than the total duration span for tracking
activities. A maximum sampling interval Δ𝑡𝑘 is obtained to
satisfy the given tracking accuracy specification 𝜙0 . The
corresponding suboptimization problem is

Sensing zone

max (Δ𝑡𝑘 )
s.t. 𝜙 (𝑘 + 1 | 𝑘) ≤ 𝜙0 .

(18)

According to [15], the max Δ𝑡𝑘 will be obtained at the
constraint bound:

Target trajectory

𝜙 (𝑘 + 1 | 𝑘) = 𝜙0 .

By solving the following equation, we can get the suitable
Δ𝑡𝑘∗ . That is,

Future active sensors
Cluster head
Estimated target position

Current candidate sensors
Current selected sensors
Inactive sensors

(19)

Δ𝑡𝑘∗ = arg max (Δ𝑡𝑘 )

Figure 1: Target tracking scene in WSN.

Δ𝑡𝑘

(20)

s.t. 𝜙 (𝑘 + 1 | 𝑘) ≤ 𝜙0 .
The formation of next cluster candidate set includes two
phases: the first phase is the target tracking, in which nodes
that can detect the target are active; the second phase is the
detection probability 𝑝(𝑠𝑖 ) calculating, which is calculated
according to (6). Only these nodes whose detection probability is bigger than the threshold 𝜃 can be taken as the
candidates. Hence, the set of candidate sensor nodes can be
given by
𝑉 = {𝑠𝑖 | 𝑝 (𝑠𝑖 ) > 𝜀, dis (𝑠𝑖 , 𝑥̂𝑡 ) < 𝑟𝑠 } ,

𝑉

(16)

𝑖=1

Based on the sensor detection probability model and the
energy model given previously, the node selection problem
can be formulated as follows: at tracking step 𝑘, considering
the target state estimation 𝑥̂𝑡 , its error covariance 𝑃(𝑘 | 𝑘),
and the sampling time interval Δ𝑡𝑘 , the tasking sensors at
tracking step 𝑘 + 1 are determined such that
|𝑉|

1
∑𝜌 (𝑒 + 𝑒 𝑟𝛼 )
𝜌𝑖 ,Δ𝑡𝑘
Δ𝑡𝑘 𝑖=1 𝑖 0 1 ℎ𝑖
subject to : 𝜙 (𝑘 + 1 | 𝑘) ≤ 𝜙0 , 𝑃𝑑 ≥ 𝜃𝑑 ,
min

𝐽=

(17)

where 𝜃𝑑 is the preset joint detection threshold for multiple
sensor nodes.
Because of the complexity in computing the detection
probability 𝑃𝑑 and the coupling effect of the sampling interval
Δ𝑡𝑘 and the selection of the tasking sensor nodes, a two-stage
suboptimal algorithm is designed to approximate the original
optimization problem (17).
As mentioned above, the fixed sampling time interval is
not suitable for energy-efficient target tracking. We suppose
that Δ𝑡𝑘 is in the range [𝑇min , 𝑇max ], where 𝑇min is the given

1 𝑉
∑𝜌 (𝑒 + 𝑒 𝑟𝛼 )
Δ𝑡𝑘∗ 𝑖=1 𝑖 0 1 ℎ𝑖
𝑃𝑑 ≥ 𝜃𝑑 .

𝐽=
min
𝜌
𝑖

(15)

where 𝑥̂𝑡 is the estimate position at 𝑘 tracking step.
In order to better express the node selecting problem, the
joint detection probability (7) to the following form is
𝑃𝑑 = 1 − ∏ (1 − 𝜌𝑖 𝑝 (𝑠𝑖 )) .

At the second stage, a number of sensors are selected
based on the determined sampling interval Δ𝑡𝑘∗ to form a
temporary tasking cluster to achieve the target detection
probability threshold. Therefore (17) can be rewritten as the
decomposed problem; the second suboptimization problem
can be expressed in the following mathematical form:

s.t.

(21)

Since 𝜕𝐽/𝜕𝜌𝑖 > 0 and 𝜕𝑃𝑑 /𝜕𝜌𝑖 > 0, also 𝜕2 𝐽/𝜕𝜌𝑖2 = 0 and
𝜕 𝑃𝑑 /𝜕𝜌𝑖2 = 0. This can be solved systematically as a convex
optimization problem [23] where index and constraints are
convex with respect to 𝜌𝑖 .
Then the resulting convex problem can be solved to find
the minimum 𝐽 and its corresponding parameters 𝜌𝑖 for each
node and for networks. We use the Lagrangian function as
follows:
2

𝑉

𝛼
𝐿 (𝜌𝑖 , 𝜆) = ∑𝜌𝑖 (𝑒0 + 𝑒1 𝑟ℎ𝑖
) − 𝜆 (𝑃𝑑 − 𝜃𝑑 ) ,

(22)

𝑖=1

where 𝜆 is the Lagrangian multiplier for the constraint in (21).
Then the gradient for the Lagrangian function is
𝜕𝐿
𝛼
= (𝑒0 + 𝑒1 𝑟ℎ𝑖
) − 𝜆𝑝 (𝑠𝑖 ) ∏ (1 − 𝜌𝑘 𝑝 (𝑠𝑘 )) ,
𝜕𝜌𝑖
𝑘!=𝑖

𝑖 ∈ 𝑉,
(23)

where 𝑉 is the candidate sensor set described by (15). To select
the suitable sensing nodes, there is no need to solve this equation, which is complex. The goal of proposed method is just
to determine the priority of the candidate sensor nodes for
target tracking. From the Karush-Kuhn-Tucker conditions
and the gradient (23), we let
𝜕𝐿
𝛼
= (𝑒0 + 𝑒1 𝑟ℎ𝑗
) − 𝜆𝑝 (𝑠𝑗 ) ∏ (1 − 𝜌𝑘 𝑝 (𝑠𝑘 )) = 0.
𝜕𝜌𝑗
𝑘!=𝑗

(24)
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Then, for node 𝑖, the following can be obtained:
𝛼
(𝑒0 + 𝑒1 𝑟ℎ𝑖
)
− 𝜆𝑝 (𝑠𝑖 ) = −𝜆𝑝 (𝑠𝑖 ) 𝜌𝑗 𝑝 (𝑠𝑗 ) .
∏𝑘!=𝑖,𝑗 (1 − 𝜌𝑘 𝑝 (𝑠𝑘 ))

(25)

And for node 𝑗, the following can be obtained:
𝛼
)
(𝑒0 + 𝑒1 𝑟ℎ𝑗

∏𝑘!=𝑖,𝑗 (1 − 𝜌𝑘 𝑝 (𝑠𝑘 ))

− 𝜆𝑝 (𝑠𝑗 ) = −𝜆𝑝 (𝑠𝑗 ) 𝜌𝑖 𝑝 (𝑠𝑖 ) . (26)

Therefore, the priority ratio (which is converse to the cost
ratio) for node 𝑖 and node 𝑗 can be obtained as follows:
𝛼
𝜌𝑖 (𝑒0 + 𝑒1 𝑟ℎ𝑗 ) − 𝜆𝑝 (𝑠𝑗 ) ∏𝑘=𝑖,𝑗
̸ (1 − 𝜌𝑘 𝑝 (𝑠𝑘 ))
=
𝛼
𝜌𝑗
(𝑒0 + 𝑒1 𝑟ℎ𝑖 ) − 𝜆𝑝 (𝑠𝑖 ) ∏𝑘=𝑖,𝑗
̸ (1 − 𝜌𝑘 𝑝 (𝑠𝑘 ))

≜

(27)

cos 𝑡 (𝑗)
.
cos 𝑡 (𝑖)

From (27), the cost function can be defined as
𝛼
cos 𝑡 (𝑖) = (𝑒0 + 𝑒1 𝑟ℎ𝑖
) − 𝜆𝑝 (𝑠𝑖 ) ∏ (1 − 𝜌𝑘 𝑝 (𝑠𝑘 )) .
𝑘!=𝑖,𝑗

(28)

The cost function is the energy consumption under the
target detection constraint if the nodes are selected.
The next stage is to determine the optimum 𝜆 and to
select the sensor nodes for target tracking. The node with max
remaining energy will be selected firstly and it can be taken as
cluster header. Then, considering just two nodes (i.e., the
other sensors are not selected yet), (26) can be simplified as
𝛼
− 𝜆𝑝 (𝑠𝑖 ) .
cos 𝑡 (𝑖) = 𝑒0 + 𝑒1 𝑟ℎ𝑖

(29)

The optimal 𝜆 should be calculated and it may be a
positive nonzero parameter or a zero parameter. Consider the
complimentary slackness conditions:
𝜆 (𝑃𝑑 − 𝜃𝑑 ) = 0 → 𝜆 = 0,

𝑃𝑑 > 𝜃𝑑 ,

(30a)

𝜆 (𝑃𝑑 − 𝜃𝑑 ) = 0 → 𝜆 ≠ 0,

𝑃𝑑 = 𝜃𝑑 .

(30b)

If 𝜆 = 0 is the optimal solution, then, due to (30a), 𝑃𝑑 > 𝛽 is
satisfied. We also know that 𝑃𝑑 is the increasing functions of
𝜌𝑗 . Therefore, we can decrease 𝜌𝑗 so that 𝑃𝑑 = 𝛽 is satisfied.
𝛼
, which
Under this reduction, we have smaller 𝑃𝑓 and 𝑒0 +𝑒1 𝑟ℎ𝑖
leads to a more desirable answer. In this way, 𝜆 is selected so
that 𝑃𝑑 = 𝜃𝑑 is satisfied. It is equal to (30b) condition. Thus,
in this paper, the optimal 𝜆 is positive nonzero parameter and
there is 𝑃𝑑 = 𝜃𝑑 .
In order to find the optimum 𝜆 we use an iterative
bisection algorithm. We search through the algorithm to
satisfy the optimal conditions stated before. At each iteration,
cost functions cos 𝑡(∗) for all sensors in (29) are calculated
and sorted in ascending order. Then the sensors with the
highest priority are selected until the global 𝑃𝑑 > 𝛽 is
satisfied. Then 𝜆 is updated according to the computed 𝑃𝑑 and
searching space is halved and the algorithm is repeated again.
This iterative algorithm ends when the accuracy of 𝜆
becomes smaller than 𝜀. 𝜀 declares the resolution of the

proposed algorithm. Noting that in each iteration, to obtain
the optimal 𝜆, if 𝑃𝑑 > 𝜃𝑑 , then 𝜆 is decreased and 𝑃𝑑 < 𝜃𝑑 ;
then 𝜆 is increased. It means that the proposed algorithm
converges to the optimal 𝜆 which satisfied 𝑃𝑑 = 𝜃𝑑 .
Because the solving of optimum 𝜆 adopts bisection
iteration, its order is (log2 (𝜆 max − 𝜆 min )/𝜀). For each iteration,
the proposed algorithm has the linear complexity with the
order of 𝑂(𝑁), since the cost functions for all sensors are
computed. Thus, to solve the optimal nodes’ schedule design,
the complexity is (𝑁 ⋅ log2 (𝜆 max − 𝜆 min )/𝜀). Then the optimal
sample period is decided by iteration, which is a linear
process with the order 𝑁𝑇 . Because of the decoupling of
node schedule and sample period in the proposed algorithm,
the entire complexity of algorithm is (𝑁 ⋅ log2 (𝜆 max −
𝜆 min )/𝜀+𝑁𝑇 ). It must be mentioned that the cost of algorithm
is mainly computing cost, whose energy consumption is
minor compared to the energy consumption when the node
participates in the target tracking.
In order to limit the search space of optimal 𝜆, it is proper
to find the 𝜆 max , which should guarantee the condition 0 <
𝜆 optimal < 𝜆 max ; 𝜆 max is obtained when priorities of selecting
sensors are determined according to their 𝑝(𝑠𝑖 )𝑠. We sort
𝑝(𝑠𝑖 )𝑠 for all nodes; then the relation between cost functions
of two nodes becomes
2
𝑒amp 𝑠𝑖2 − 𝜆 max 𝑝 (𝑠𝑖 ) < 𝑒amp 𝑠𝑖−1
− 𝜆 max 𝑝 (𝑠𝑖−1 )

∀𝑖 ∈ 𝑉. (31)

Hence,
𝜆 max >

2
𝑒amp (𝑠𝑖2 − 𝑠𝑖−1
)

𝑝 (𝑠𝑖 max ) − 𝑝 (𝑠𝑖−1 max )

∀𝑖 ∈ 𝑉.

(32)

It means that 𝜆 max should be selected according to (32) such
that a suitable searching space is considered to find desirable
answer.
Each node with the smaller cost function defined as (29)
has the higher priority in target tracking. To determine the
priority of tasking nodes, cost function in (29) is calculated
for all of candidates in 𝑉 and sorted in ascending order.
Algorithm 2 is given to calculate the optimal 𝜆 and to select
the tasking nodes from candidate sensor set.

4. Simulation Results
The intruder detection and tracking system in military is
a representative application of target tracking. To avoid the
sudden attack or surreptitious scout of enemy, the wireless
sensor network is deployed in the buffer region between
defensive line and the enemy. When the enemy combatants
or vehicles enter the buffer region, the sensor network can
detect these events and report the enemy position real time so
that the troops can respond immediately.
To evaluate the performance of the proposed algorithm,
the software MATLAB is used to simulate the intruder
detection and tracking scene. The network scene is formed
by sensing range-limited sensors and the monitoring area is
100 m × 100 m with coordinates from (−50, −50) to (50, 50), as
shown in Figure 1. In the scene, a single moving target whose
dynamics is given in (1) is tracked by 100 uniform distributed
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𝜆 min = 0, 𝜆 max = 1, 𝜇 is a small number
While (abs(𝜆 max − 𝜆 min ) > 𝜇)
𝜆 = (𝜆 min + 𝜆 max )/2
Number of tasking node 𝑛 = 0, Δ𝑡𝑘 = 𝑇max
𝛼
Calculate cos 𝑡(𝑖) = (𝑒0 + 𝑒1 𝑟ℎ𝑖
) − 𝜆𝑝(𝑠𝑖 ) for every node in 𝑉 and sort it in ascending order
While (n < length(V))
Compute 𝑃𝑑 by using (16)
If 𝑃𝑑 > 𝜃𝑑 , break
Else 𝑛 = 𝑛 + 1,
End;
For 𝑡 = 𝑁𝑇 to 1,
Predict 𝜙(𝑘 + 1 | 𝑘) for sensor node 𝑠𝑛 using Algorithm 1 with 𝑇𝑡
If 𝜙(𝑘 + 1 | 𝑘) ≤ 𝜙0 and 𝑇𝑡 ≤ Δ𝑡𝑘
Δ𝑡𝑘 = 𝑇𝑡 , break
End;
End;
End
If 𝑃𝑑 > 𝜃𝑑
𝜆 max = 𝜆
Else if 𝑃𝑑 < 𝜃𝑑
𝜆 min = 𝜆
End
End
Algorithm 2: Adaptive node selection algorithm combining with Kalman-consensus filter (ANS-KCF).

sensor nodes. Each sensor node measures the position of the
target in a 2D plane; that is,
1 0 0 0
𝐻=[
].
0 0 1 0

60
40
20

(33)

It is assumed that all the sensors in the network have
the same sensing parameters; that is, the sensing and communication range of each sensor are 𝑟𝑠 = 15 and 𝑟𝑐 = 18,
respectively. The measurement and process noise statistics are
𝑅𝑖 = 9𝐼2 and 𝑄 = 25𝐼4 , respectively. The desired sensor detection threshold is assumed to be 𝜃𝑑 = 0.95. The threshold of
the tracking accuracy is also assumed to be 𝜙0 = 5.
Firstly, the proposed method is tested and verified by
comparing the estimated trajectory with real target trajectory.
Figure 2 shows the estimated target trajectory of the proposed
method. The target moves in sensing area for 40 s and
forms a trajectory shown in Figure 2. It displays that the
estimated trajectory is closely following the target trajectory.
Furthermore, the tracking accuracy is shown in Figure 3.
Obviously, the excellent tracking performance is obtained in
simulation when using the proposed methods.
To display the performance more convincingly, the proposed tracking algorithm Kalman-consensus filter (KCF) is
compared with EKF, and the accuracy of target tracking
is evaluated using estimated trajectory and estimated error.
Figures 4 and 6 list the estimated value of 𝑋 coordinate and
𝑌 coordinate, respectively. And the corresponding estimated
errors are shown in Figures 5 and 7, respectively.
From the deviation of estimated position and actual position described in Figures 4–7, both the proposed KCF and
EKF can track target with small estimated error when target
movement direction remains the same. But when the target

y

0
−20
−40
−60
−60

−40

−20

0
x

20

40

60

Estimated trajectory
Target trajectory

Figure 2: The comparison of estimated trajectory with the real
target tracking trajectory.

direction changes, especially in the beginning of changes,
the estimated trajectory with KCF is more close to the real
target trajectory, and the estimated error is much smaller than
EKF. Therefore, compared with the conventional EKF, the
proposed scheme can achieve a better performance when the
target changes directions dynamically, which is more practical in actual applications.
To implement the KCF, the local sensor nodes need to
exchange their message packets, which include three parts:
node information vector 𝑢𝑖 , information matrix 𝑈𝑖 , and the
average target state value 𝑥𝑖 . For 2-dimensional target tracking, the exchanged data amount almost is less than 50 bytes.
Every active node will broadcast the information. In target
tracking process, the average number of the active nodes is
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Figure 4: The comparison of the estimated value of X coordinate
between KCF and EKF.

The X coordinate error
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Figure 6: The comparison of the estimated value of Y coordinate
between KCF and EKF.

Target trajectory
Estimated trajectory with KCF
Estimated trajectory with EKF

2.5
2
1.5
1
0.5
0
−0.5
−1
−1.5
−2
−2.5

10

Target trajectory
Estimated trajectory with KCF
Estimated trajectory with EKF

Figure 3: Tracking accuracy by using the proposed method.
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Figure 7: The comparison of the estimated error of Y coordinate
between KCF and EKF.
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Figure 5: The comparison of the estimated error of X coordinate
between KCF and EKF.

limited to 10 due to the application of node selection. Thus the
increased complexity is tolerable in practical tracking scene.
To improve the energy efficiency, the sensor node
selection algorithm is introduced into target tracking. As
described in the introduction, the node selection algorithm
can be classified into two categories: random selection and

−40
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−20
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20

40

60

t = 20 s

Figure 8: Target trajectory using random node selection with fixed
number of sensor nodes for each sensing step.

adaptive selection. Figures 8 and 9 give the estimated target
trajectories using random selection and adaptive selection,
respectively. In these figures, the red dot denotes the estimated position and the blue line connects the sensor node to
its estimation. From Figure 8, it is shown that the blue lines
in Figure 8 are much denser than in Figure 9, which means
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Figure 9: Target trajectory using the proposed adaptive node
selection with various number of sensor nodes for each sensing step.

Figure 11: The number of tasking sensor nodes participating in the
target tracking at different time for nonadaptive, DMTT, and ANSKCF methods.
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Figure 10: Tracking accuracy with nonadaptive, DMTT, and ANSKCF methods.

that the random selection algorithm uses more sensor nodes
than the proposed adaptive node selection algorithm. But
their tracking performance is similar. Thus some sensor
nodes in random selection algorithm could not be necessary.
To represent this, Figure 10 displays the comparison of
the tracking accuracy with nonadaptive and adaptive methods, DMTT algorithm, and the proposed ANS-KCF algorithm. As shown in Figure 10, nonadaptive algorithm indeed
outperforms the nonadaptive methods in the tracking accuracy because the nonadaptive algorithm uses fixed sample
frequency and has more sensor nodes that participate in
target tracking. But the differences existing are minor. All the
three methods can achieve the system requirement, but the
proposed ANS-KCF algorithm can reduce the number of
participating sensor nodes mostly, thus saving energy significantly.
Figures 11 and 12 show the number of tasking sensor
nodes and the sampling interval of the three methods, respectively. For nonadaptive methods, the participating nodes’
number and sampling interval are fixed. But for adaptive
methods, in the beginning of tracking, just one sensor node
found the target as shown in Figure 11. Thus just the smallest
sampling interval was chosen to improve the tracking accuracy, as shown in Figure 12.

Nonadaptive method
DMTT
ANS-KCF

Figure 12: The sampling interval of tasking sensor nodes participating in the target tracking at different time for nonadaptive, DMTT,
and ANS-KCF methods.

After that, the tracking accuracy is improved with the
number of sensing nodes increasing. But the tracking process
is tending towards stability with the tracking going on.
Also from Figures 11 and 12, it is shown that the proposed
algorithm ANS-KCF allows fewer nodes to participate in
tracking and allows larger sample interval than DMTT, which
illustrates that the proposed algorithm ANS-KCF has more
energy consideration.
Finally the energy performance is evaluated. Figure 13
shows the energy consumption in target tracking using
nonadaptive method with fixed number of active sensing
nodes and uniform sampling interval, Δ𝑡 = 0.1, and the target
tracking using DMTT and the proposed algorithm ANS-KCF.
The comparison results show that the energy consumption is
smallest when the proposed algorithm ANS-KCF was
adopted because it uses fewer nodes and larger sample
interval to realize tracking.
Compared to nonadaptive algorithm, the proposed adaptive algorithm has node selection procedure, which will

Energy consumption (mJ)
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increase the implementation complexity. From the analysis of
Section 3.2, the complexity of algorithm is (𝑁 ⋅ log2 (𝜆 max −
𝜆 min )/𝜀 + 𝑁𝑇 ), which mainly increases the computation
consumption with polynomial order. Under the parameter
setting of the simulation, the node selection can be implemented in real time. Compared to the saving energy, the
computing consumption can be accepted.

5. Conclusion and Future Works
In this paper, we have proposed a novel adaptive node
scheduling method for energy-efficient target tracking in
wireless sensor networks. Firstly, the Kalman-consensus filter is improved to support the cooperative node tracking.
Then the node scheduling problem with the energy and
accuracy constraints is decomposed and analyzed by convex
framework. The novelty of the proposed method lies in
using index gradient rather than using brute research to
decide the suitable sensor nodes. The method realizes the
tradeoff between tracking accuracy and energy efficiency for
resource-limited sensor networks. In our future work, we will
focus on the scenario that the sensing range of a sensor will
decay as energy consumption.
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This paper considers the adaptive synchronization of general complex dynamic networks via state predictor based on the fixed
topology for nonlinear dynamical systems. Using Lyapunov stability properties, it is proved that the complex dynamical networks
with state predictor are asymptotically stable. Moreover, it is also shown that the rate of convergence of complex dynamical networks
with state predictor is faster than the complex dynamical networks without state predictor.

1. Introduction
In recent years, the synchronization of complex dynamical
networks has received more and more attention. The synchronous research can be applied in many fields, such as
biology, smart city, computer, and the traffic [1–23].
It is well known that the complex network has a lot
of nodes; however, in order to save an increasing number
of energies, the pinning control is introduced to study the
synchronization of complex dynamical networks. So far, the
pinning control is a main tool by controlling a small number
of nodes to steer the whole network. In [2], the pinning
control of a continuous-time complex dynamical network
with general coupling topologies was researched. The speed
of synchronization is a significant issue, so, in [6], a state predictor was introduced. In [7], the adaptive synchronization of
complex dynamical networks with state predictor was studied, therefore, this paper studies the problem using the
pinning control.
This paper considers the adaptive synchronization of
general complex dynamic networks via state predictor based
on the fixed topology for nonlinear dynamical systems.
With the limited information, state predictor can predict the
future state of the nodes and its neighbors; therefore, general
complex dynamic networks via state predictor can be faster
to achieve synchronization.

This paper is organized as follows. Section 2 gives a
model of the complex dynamical network. In addition, some
preliminaries are introduced to prove the adaptive synchronization. Section 3 gives the main results and the theoretical
analysis. The simulations of the theoretical results are given in
Section 4. Finally, the conclusion is drawn in Section 5.

2. Preliminaries and Problem Statement
Consider a complex dynamical network described by
𝑁

𝑥𝑖̇ (𝑡) = 𝑓 (𝑥𝑖 (𝑡)) + ∑𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) [𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)]
𝑗=1

+𝛾∑
𝑗∈N𝑖

𝑝
𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑖̇

(1)
(𝑡) −

𝑝
𝑥𝑗̇

(𝑡)) + 𝑢𝑖 (𝑡) ,

where 𝑥𝑖 (𝑡) = (𝑥𝑖1 (𝑡), 𝑥𝑖2 (𝑡), . . . , 𝑥𝑖𝑛 (𝑡))𝑇 ∈ 𝑅𝑛 (𝑖 = 1, 2,
. . . , 𝑁) is the state vector of the 𝑖th node at time 𝑡, where 𝑡 is
the continuous time; 𝑓𝑖 : 𝑅𝑛 → 𝑅𝑛 is a continuous function;
𝑁𝑖 represents the neighbor node of 𝑖; 𝑎𝑖𝑗 typify the coupling
weight between any two nodes, where 𝑎𝑖𝑗 ≥ 0 and 𝑎𝑖𝑖 = 0; 𝑐𝑖𝑗 (𝑡)
stands for the coupling strengths between node 𝑖 and node 𝑗;
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define the matrix of the weighted coupling configuration of
the system as
𝑎11 𝑐11
[ 𝑎21 𝑐21
[
𝑈 = [ ..
[ .

[𝑎𝑁1 𝑐𝑁1

𝑎12 𝑐12 ⋅ ⋅ ⋅ 𝑎1𝑁𝑐1𝑁
𝑎22 𝑐22 ⋅ ⋅ ⋅ 𝑎2𝑁𝑐2𝑁 ]
]
𝑁×𝑁
,
..
.. ] ∈ 𝑅
]
.
d
.
𝑎𝑁2 𝑐𝑁2 ⋅ ⋅ ⋅ 𝑎𝑁𝑁𝑐𝑁𝑁]

Δ = diag {𝛿1 , . . . , 𝛿𝑛 } ,

𝑝

𝑝

𝑃 = diag {𝑝1 , . . . , 𝑝𝑛 }

(2)

Lemma 3 (see [8]). For any vectors 𝑥, 𝑦 ∈ 𝑅𝑛 and positivedefinite matrix 𝐺 ∈ 𝑅𝑛×𝑛 , the following matrix inequality holds:
2𝑥𝑇 𝑦 ≤ 𝑥𝑇 𝐺𝑥 + 𝑦𝑇 𝐺−1 𝑦.

(3)

𝑝

̇ )𝑇 , 𝛾 represents the impact factor
where 𝑋̇ 𝑝 = (𝑥1̇ , 𝑥2̇ , . . . , 𝑥𝑁
of the state predictor.
Under the state predictor (3), network (1) can be written
as

−2𝑎𝑇 𝑏 ≤ inf {𝑎𝑇 𝐸𝑎 + 𝑏𝑇 𝐸−1 𝑏} .
𝐸>0

𝑥𝑖̇ (𝑡) = 𝑓 (𝑥𝑖 (𝑡)) + ∑ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) [𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)]

𝑁

𝑖=1

− ∑ ∑ 𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡)(𝑥𝑗 (𝑡) − 𝑥𝑝 (𝑡))]
𝑗∈N𝑖 𝑝∈N𝑗
]
+ 𝑢𝑖 (𝑡) .
(4)
The control input is designed as
(5)

where ℎ𝑖 is a binary number; if the 𝑖th agent is controlled, ℎ𝑖 =
1; otherwise ℎ𝑖 = 0. 𝑐𝑖 is the feedback gain of position.
Definition 1. Network (4) is said to achieve synchronization
if


lim 𝑥 (𝑡) − 𝑥 (𝑡) = 0, 𝑖 = 1 ⋅ ⋅ ⋅ 𝑁,
(6)
𝑡→∞  𝑖
where the homogeneous state satisfies

(8)

where 𝑐𝑖𝑗 (0) ≥ 0.
In the following, some necessary assumptions and lemmas are stated.
Assumption 2 (see [10]). The continuous function 𝑓𝑖 : 𝑅𝑛 ×
[0, +∞] → 𝑅𝑛 satisfies
𝑇

(𝑥 − 𝑦) 𝑃 {[𝑓 (𝑥, 𝑡) − 𝑓 (𝑦, 𝑡)] − Δ (𝑥 − 𝑦)}
𝑇

≤ −𝜔(𝑥 − 𝑦) (𝑥 − 𝑦) ,

𝑁

𝑗=1,𝑗=𝑖̸

𝑇
1𝑁 𝑁
= ∑ ∑ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑥𝑖 − 𝑥𝑗 ) 𝑃 (𝑥𝑖 − 𝑥𝑗 ) .
2 𝑖=1 𝑗=1,𝑗=𝑖̸

(13)

Lemma 6 (see [18]). For a connected graph which is undirected, the Laplace matrix is positive semidefinite matrix, and
the minimum nonzero eigenvalue is the algebraic connectivity
of 𝐿, as follows:
𝜆 2 (𝐿) =

𝑥𝑇 𝐿𝑥
.
2
𝑥=0 ‖𝑥‖

min
𝑇

𝑥=0,1
̸

(14)

Lemma 7 (see [18]). For a system which is similar to 𝑥𝑖̇ =
𝑢𝑖 (𝑖 = 1, 2, . . . , 𝑛), the evolution rate associated with the
minimum nonzero eigenvalue 𝜆 2 . 𝜆 2 describes the lower bound
of convergence rate. Generally, the bigger the 𝜆 2 is, the faster the
system converges.

3. Main Results
(7)

The adaptive control at node 𝑖 is designed as
𝑇

𝑇

∑(𝑥𝑖 − 𝑥) 𝑃 ∑ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑥𝑖 − 𝑥𝑗 )

− 𝛾 [ ∑ ∑ 𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) (𝑥𝑖 (𝑡) − 𝑥𝑘 (𝑡))
[𝑗∈N𝑖 𝑘∈N𝑖

𝑐𝑖𝑗̇ (𝑡) = 𝑎𝑖𝑗 𝑘𝑖𝑗 [𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)] 𝑃 [𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)] ,

(12)

Lemma 5 (see [10]). The following equation holds:

𝑗=1

𝑥̇ (𝑡) = 𝑓 (𝑥 (𝑡) , 𝑡) = 0.

(11)

Lemma 4 (see [9]). Suppose that 𝑎 and 𝑏 are vectors; then for
any positive-definite matrix 𝐸, the following inequality holds:

𝑁

𝑢𝑖 = −ℎ𝑖 𝑐𝑖 (𝑥𝑖 (𝑡) − 𝑥 (𝑡)) ,

(10)

are positive constant matrices, for the constant 𝜔 > 0.

with 𝑎𝑖𝑖 𝑐𝑖𝑖 = − ∑𝑁
𝑗=1,𝑗=𝑖̸ 𝑎𝑖𝑗 𝑐𝑖𝑗 .
Introduce the state predictor as
𝑋̇ 𝑝 = −𝐿𝑋,

for ∀𝑥, 𝑦 ∈ 𝑅𝑛 . And

(9)

In the following, we will give the main result.
Theorem 8. Consider network (4) with the state predictor (3)
and 𝑁 nodes steered by adaptive control (8), under Assumption
2, and at least one node is selected to be controlled. Then, all
nodes asymptotically synchronize with the given homogeneous
stationary state:


(𝑡) − 𝑥 (𝑡) = 0.

lim 𝑥
𝑡→∞  𝑖

(15)

Proof. Let 𝑥̃𝑖 (𝑡) ≜ 𝑥𝑖 (𝑡) − 𝑥(𝑡). Construct the following
Lyapunov function:
𝑉 (𝑡) = 𝑉1 (𝑡) + 𝑉2 (𝑡) ,

(16)
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where

𝑁

𝑁

𝑖=1

𝑖=1

≤ −𝜔∑𝑥̃𝑖𝑇 𝑥̃𝑖 + ∑𝑥̃𝑖𝑇 𝑃Δ𝑥̃𝑖
1𝑁
𝑉1 (𝑡) = ∑𝑥̃𝑖𝑇 (𝑡) 𝑃𝑥̃𝑖 (𝑡) ,
2 𝑖=1

𝑁

𝑁

𝑖=1

𝑗=1

+ ∑𝑥̃𝑖𝑇 𝑃 ∑𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑗 − 𝑥𝑖 )
(17)

2

[𝑐𝑖𝑗 (𝑡) − 𝑚]
1𝑁
𝑉2 (𝑡) = ∑ ∑
.
2 𝑖=1𝑗∈N
2𝑘𝑖𝑗

𝑁

𝑁

𝑖=1

𝑖=1

− ∑𝑥̃𝑖𝑇 𝑃ℎ𝑖 𝑐𝑖 𝑥̃𝑖𝑇 − 𝛾∑𝑥̃𝑖𝑇 𝑃

𝑖

× ∑ ∑ 𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) 𝑥̃𝑖
𝑗∈N𝑖 𝑘∈N𝑖

Then

𝑁

+ 𝛾∑𝑥̃𝑖𝑇 𝑃 ∑ ∑ 𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) 𝑥̃𝑘
𝑉1̇ (𝑡) =

𝑁

∑𝑥̃𝑖𝑇 𝑃 [𝑓 (𝑥𝑖
𝑖=1

𝑖=1

𝑁

(𝑡)) + ∑ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑗 − 𝑥𝑖 )
𝑗=1

[

𝑝

𝑝

+ 𝛾 ∑ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑖̇ (𝑡) − 𝑥𝑗̇ (𝑡))
𝑗∈N𝑖

=

∑𝑥̃𝑖𝑇 𝑃 [𝑓 (𝑥𝑖
𝑖=1
[

𝑁

(𝑡)) + ∑ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑗 − 𝑥𝑖 )
𝑗=1

− 𝛾 [ ∑ ∑ 𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) (𝑥𝑖 − 𝑥𝑘 )
[𝑗∈N𝑖 𝑘∈N𝑖
− ∑ ∑ 𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡)
𝑗∈N𝑖 𝑝∈N𝑗

× (𝑥𝑗 − 𝑥𝑝 )]
]
− ℎ𝑖 𝑐𝑖 𝑥̃𝑖 (𝑡) − 𝑓 (𝑥 (𝑡))]
]
𝑁

= ∑𝑥̃𝑖𝑇 𝑃 [𝑓 (𝑥𝑖 (𝑡)) − 𝑓 (𝑥 (𝑡))]
𝑖=1

𝑁

𝑁

𝑖=1

𝑗=1

+ ∑𝑥̃𝑖𝑇 𝑃 ∑𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑗 − 𝑥𝑖 )
𝑁

𝑁

𝑗∈N𝑖 𝑝∈N𝑗

𝑁

𝑖=1

𝑗∈N𝑖 𝑝∈N𝑗

𝑁

𝑁

𝑖=1

𝑖=1

𝑁

𝑁

𝑖=1

𝑗=1

≤ −𝜔∑𝑥̃𝑖𝑇 𝑥̃𝑖 + ∑𝑥̃𝑖𝑇 𝑃Δ𝑥̃𝑖
+ ∑𝑥̃𝑖𝑇 (𝑡) 𝑃∑ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑗 − 𝑥𝑖 )
𝑁

𝑁

𝑖=1

𝑖=1

− ∑𝑥̃𝑖𝑇 𝑃ℎ𝑖 𝑐𝑖 𝑥̃𝑖 − 𝛾∑𝑥̃𝑖𝑇 𝑃
× ∑ ∑ 𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) 𝑥̃𝑖
𝑗∈N𝑖 𝑘∈N𝑖

1 𝑁
+ 𝛾∑ ∑ ∑ 𝑥̃𝑖𝑇 𝑃𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) 𝑥̃𝑖
2 𝑖=1 𝑗∈N 𝑘∈N
𝑖

𝑖

1 𝑁
+ 𝛾∑ ∑ ∑ 𝑥̃𝑘𝑇 𝑃𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) 𝑥̃𝑘
2 𝑖=1 𝑗∈N 𝑘∈N
𝑖

𝑖

𝑁

1
+ 𝛾∑ ∑ ∑ 𝑥̃𝑖𝑇 𝑃𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑖
2 𝑖=1 𝑗∈N 𝑝∈N
𝑖

𝑗

1 𝑁
+ 𝛾∑ ∑ ∑ 𝑥̃𝑗𝑇 𝑃𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑗
2 𝑖=1 𝑗∈N 𝑝∈N

𝑖=1

𝑖=1

𝑖

𝑗∈N𝑖 𝑘∈N𝑖

𝛾∑𝑥̃𝑖𝑇 𝑃 ∑ ∑ 𝑎𝑖𝑗 𝑎𝑖𝑝 𝑐𝑖𝑗
𝑖=1
𝑗∈N𝑖 𝑝∈N𝑗

𝑗

1 𝑁
+ 𝛾∑ ∑ ∑ 𝑥̃𝑖𝑇 𝑃𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑖
2 𝑖=1 𝑗∈N 𝑝∈N

× ∑ ∑ 𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) (𝑥̃𝑖 − 𝑥̃𝑘 )

+

𝑖=1

𝑖

− ∑𝑥̃𝑖𝑇 𝑃ℎ𝑖 𝑐𝑖 𝑥̃𝑖𝑇 − 𝛾∑𝑥̃𝑖𝑇 𝑃

𝑁

𝑁

+ 𝛾∑𝑥̃𝑖𝑇 𝑃 ∑ ∑ 𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑗
− 𝛾∑𝑥̃𝑖𝑇 𝑃 ∑ ∑ 𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑝

+ 𝑢𝑖 (𝑡) − 𝑓 (𝑥 (𝑡))]
]
𝑁

𝑗∈N𝑖 𝑘∈N𝑖

𝑗

1 𝑁
+ 𝛾∑ ∑ ∑ 𝑥̃𝑝𝑇 𝑃𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑝
2 𝑖=1 𝑗∈N 𝑝∈N
𝑖

(𝑡) 𝑐𝑖𝑝 (𝑡) (𝑥̃𝑗 − 𝑥̃𝑝 )

𝑗

𝑁

𝑁

𝑁

𝑖=1

𝑖=1

𝑖=1

= −𝜔∑𝑥̃𝑖𝑇 𝑥̃𝑖 + ∑𝑥̃𝑖𝑇 𝑃Δ𝑥̃𝑖 + ∑𝑥̃𝑖𝑇 𝑃
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𝑁

𝑁

𝑁

𝑖=1

𝑖=1

+ 2𝛾∑𝑥̃𝑗𝑇 𝑃𝐿2𝑖 𝑥̃𝑗 − 𝑚∑𝑥̃𝑖𝑇 𝑃 ∑ 𝑎𝑖𝑗 (𝑥̃𝑖 − 𝑥̃𝑗 )

× ∑𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑗 − 𝑥𝑖 )
𝑗=1

𝑗∈N𝑖

= 𝑥̃𝑇 [(𝐼𝑁 ⊗ 𝑃Δ + 2𝛾𝐿2 ⊗ 𝑃)

𝑁
1
− ∑𝑥̃𝑖𝑇 𝑃ℎ𝑖 𝑐𝑖 𝑥̃𝑖 − 𝛾
2
𝑖=1

𝑁

− (𝐻 ⊗ 𝑃 + 𝑚𝐴 ⊗ 𝑃)] 𝑥̃ − 𝜔∑𝑥̃𝑖𝑇 𝑥𝑖𝑇 .

𝑁

× ∑ ∑ ∑ 𝑥̃𝑖𝑇 𝑃𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) 𝑥̃𝑖

𝑖=1

(19)

𝑖=1 𝑗∈N𝑖 𝑘∈N𝑖

1 𝑁
+ 𝛾∑ ∑ ∑ 𝑥̃𝑘𝑇 𝑃𝑎𝑖𝑗 𝑎𝑖𝑘 𝑐𝑖𝑗 (𝑡) 𝑐𝑖𝑘 (𝑡) 𝑥̃𝑘
2 𝑖=1 𝑗∈N 𝑘∈N
𝑖

0.

𝑖

𝑁

𝑖=1 𝑗∈N𝑖 𝑝∈N𝑗

1 𝑁
+ 𝛾∑ ∑ ∑ 𝑥̃𝑗𝑇 𝑃𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑗
2 𝑖=1 𝑗∈N 𝑝∈N

Proof. For the system with state predictor, the main difference
𝑝
𝑝
is whether the system contains 𝛾 ∑𝑗∈N𝑖 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡)(𝑥𝑖̇ (𝑡) − 𝑥𝑗̇ (𝑡)).
We consider the minimum nonzero eigenvalue of state
predictor. The Laplace matrix is positive semidefinite matrix,
so there is a nonsingular matrix 𝑃 that can make the Laplace
matrix expressed as

𝑗

1 𝑁
+ 𝛾∑ ∑ ∑ 𝑥̃𝑝𝑇 𝑃𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑝
2 𝑖=1 𝑗∈N 𝑝∈N
𝑖

𝑁

Therefore, lim𝑡 → ∞ ‖𝑥𝑖 (𝑡) − 𝑥(𝑡)‖ = 0.

Theorem 9. Network (4) with the state predictor (3) is faster
to achieve synchronization than the network without the state
predictor.

+ 𝛾∑ ∑ ∑ 𝑥̃𝑖𝑇 𝑃𝑎𝑖𝑗 𝑎𝑗𝑝 𝑐𝑖𝑗 (𝑡) 𝑐𝑗𝑝 (𝑡) 𝑥̃𝑖

𝑖

̇
Since the positive constant m is sufficiently large, 𝑉(𝑡)
<

𝑗

𝑁

= −𝜔∑𝑥̃𝑖𝑇 𝑥̃𝑖 + ∑𝑥̃𝑖𝑇 𝑃Δ𝑥̃𝑖
𝑖=1

[
𝛾𝐿2 = 𝑃−1 [
[

𝑖=1

𝑁

𝑁

𝑖=1

𝑗=1

𝑁

𝑖=1

𝑖=1

d

𝛾𝜆22

]
] 𝑃,
]

0 < 𝜆 2 ≤ ⋅ ⋅ ⋅ ≤ 𝜆 𝑛 . (20)

0]
[
Obviously, under the same conditions, a system with state
predictor has greater minimum nonzero eigenvalue. According to Lemma 7, network (4) with the state predictor (3) is
faster to achieve synchronization than the network without
the state predictor.

+ ∑𝑥̃𝑖𝑇 𝑃 ∑𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡) (𝑥𝑗 − 𝑥𝑖 )
𝑁

𝛾𝜆2𝑛

− ∑𝑥̃𝑖𝑇 𝑃ℎ𝑖 𝑐𝑖 𝑥̃𝑖 + 2𝛾∑𝑥̃𝑗𝑇 𝑃𝐿2𝑖 𝑥̃𝑗 ,
(18)
where 𝐿 𝑖 = ∑𝑁
𝑗=1,𝑗=𝑖̸ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑡), 𝑖, 𝑗 = 1, 2, . . . , 𝑁.
Consider the following:
𝑉2̇ (𝑡)
(𝑐𝑖𝑗 − 𝑚) 𝑐𝑖𝑗̇
1𝑁
= ∑ ∑
2 𝑖=1 𝑗∈N
𝑘𝑖𝑗
𝑖

𝑇
1𝑁
= ∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 [𝑥𝑖 − 𝑥𝑗 ] 𝑃 [𝑥𝑖 − 𝑥𝑗 ]
2 𝑖=1 𝑗∈N
𝑖

𝑁

= ∑𝑥̃𝑖𝑇 𝑃 ∑ 𝑎𝑖𝑗 𝑐𝑖𝑗 (𝑥𝑖 − 𝑥𝑗 )
𝑖=1

𝑗∈N𝑖

𝑁

− 𝑚∑𝑥̃𝑖𝑇 𝑃 ∑ 𝑎𝑖𝑗 (𝑥𝑖 − 𝑥𝑗 ) .
𝑖=1

𝑗∈N𝑖

𝑉1̇ (𝑡) + 𝑉2̇ (𝑡)
𝑁

𝑁

𝑁

𝑖=1

𝑖=1

𝑖=1

≤ −𝜔∑𝑥̃𝑖𝑇 𝑥̃𝑖 + ∑𝑥̃𝑖𝑇 𝑃Δ𝑥̃𝑖 − ∑𝑥̃𝑖𝑇 𝑃ℎ𝑖 𝑐𝑖 𝑥̃𝑖

4. Simulations
In this section, a numerical simulation is given to illustrate
the analytical results.
Consider a network with the undirected topology described as follows:
0
0.0964 0.0757 0.0570
[0.0964
0
0.1199 0.1396]
],
𝐴=[
(21)
[0.0757 0.1199
0
0.0581]
0 ]
[0.0570 0.1396 0.0581
where each node is a Lorenz system:
𝑥̇1 = 10 (𝑥2 − 𝑥1 )
{
{
{ 2
1
1 3
2
𝑓 (𝑥 (𝑡)) = 𝑓 (𝑥1 , 𝑥2 , 𝑥3 ) = {𝑥̇ = 28𝑥 − 𝑥 𝑥 − 𝑥
{
{𝑥̇3 = 𝑥1 𝑥2 − 8 𝑥3 .
{
3

(22)

Figure 1 describes the error states on the 𝑥-axis, 𝑦-axis,
and 𝑧-axis, respectively. From Figure 1, we can see that all
nodes can synchronize with the synchronous state by degrees.
In particular, under the same conditions, the network with a
state predictor can be synchronized faster. It is shown in
Figure 2.
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Figure 1: The dynamical network without a state predictor.
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Figure 2: The dynamical network with a state predictor when 𝛾 =
100.

5. Conclusion
In this paper, we have investigated the state predictor problem
for synchronization of complex dynamical networks in fixed
topology. By introducing local adaptive strategies for the coupling strengths, we have proved that the complex dynamical
networks are asymptotically stable. It is obvious that the rate
of convergence of the network with a state predictor is faster
than the network without a state predictor.
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A robust fault detection scheme for a class of nonlinear systems with uncertainty is proposed. The proposed approach utilizes
robust control theory and parameter optimization algorithm to design the gain matrix of fault tracking approximator (FTA) for fault
detection. The gain matrix of FTA is designed to minimize the effects of system uncertainty on residual signals while maximizing the
effects of system faults on residual signals. The design of the gain matrix of FTA takes into account the robustness of residual signals
to system uncertainty and sensitivity of residual signals to system faults simultaneously, which leads to a multiobjective optimization
problem. Then, the detectability of system faults is rigorously analyzed by investigating the threshold of residual signals. Finally,
simulation results are provided to show the validity and applicability of the proposed approach.

1. Introduction
In recent years, with the development of intelligent control
technology and processing ability of microchips, modern
dynamic systems are becoming more and more complex.
Fault detection and identification (FDI) can be deployed for
monitoring and reacting to the faults occurring in these modern dynamic systems, which has a broad range of applications
including intelligent power grids, underwater robot, high
voltage direct current transmission lines, and long transmission lines in pneumatic, chemical processes. Effective FDI
schemes can ensure safety and reliability of complex dynamic
systems. The most fundamental problem for FDI is to develop
a fault diagnosis observer or fault diagnosis filter. Due to the
development of various nonlinear or linear states observers,
the model-based analytical redundancy approaches received
more and more attention in the last two decades, including
observer based method, parity space based method, eigenstructure assignment based method, and parameter identification based method and 𝐻∞ filter based method [1–8].
Early fault diagnosis approaches often assumed the availability of an accurate dynamic system model. In practice,
however, such an assumption can be invalid. The main
reason is that unstructured modeling uncertainties are always

unavoidable when modeling system mathematical structures. Therefore, there are a growing number of researchers
focusing their interests on FDI for nonlinear systems with
uncertainty. A novel integrated fault diagnosis and fault
tolerant control algorithm for non-Gaussian singular timedelayed stochastic distribution control system was proposed
based on iterative learning observer. The iterative learning
observer was developed to obtain estimation of system
faults. Recently in [9], the authors introduced a novel fault
detection and diagnosis for nonlinear non-Gaussian dynamic
processes using kernel dynamic independent component
analysis method. Sensor fault diagnosis and identification
in nonlinear plants were discussed in [10]. The faults under
consideration in [10] were assumed to be abruptly occurring calibration errors. Thus, an adaptive particle filter was
developed to diagnose sensor faults and compensate for
their effects. Chen and Saif in [11] proposed an iterative
learning observer (ILO) based fault diagnosis approach for
fault detection, identification, and accommodation. The main
characteristic of the ILO was that its states were updated or
driven successively by the estimation errors of previous system outputs and control inputs. The observer gain matrix and
adaptive adjusting rule of the fault estimator are investigated
in detail.
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In our previous work [12], a robust fault tracking approximator (RFTA) based fault detection and identification
scheme for a class of nonlinear systems was developed
and its stability properties were investigated as well. Due
to the existence of unstructured modeling uncertainties,
the convergence speed and fault tracking accuracy of the
FTA will be influenced dramatically. The objective of this
work is to extend the previous research results to a class of
nonlinear systems with uncertainty and optimize the gain
matrix of FTA. First of all, we decompose the fault diagnosis
problem into a parameter optimization problem and a fault
detection problem. The parameter optimization problem can
be described as follows: by using robust control technology
and parameter optimization algorithms, the gain matrix of
FTA is designed to minimize the effects of system uncertainty
on residual signals while maximizing the effects of system
faults on residual signals. The design of the gain matrix of
FTA takes into account the robustness to system uncertainty
and sensitivity to system faults simultaneously, which leads
to a multiobjective optimization problem. The fault detection
problem can be described as follows: we detect the system
faults according to the relationship between the calculated
threshold and residual signals. The detectability of system
faults is rigorously analyzed by investigating the threshold
of residual signals. In the end, an illustrative example is
proposed to demonstrate the validity and applicability of the
proposed approach.
An outline of this paper is organized as follows. In
Section 2, we define a class of uncertain nonlinear systems
and present a multiobjective optimization problem. The
design of gain matrix of FTA is investigated in Section 3.
The calculation of threshold for fault detection is designed
in Section 4. In Section 5, simulation results are reported
illustrating the effectiveness of the proposed robust fault
detection scheme. Some conclusion remarks are provided in
Section 6.

2. Problem Formulation
Consider a class of uncertain nonlinear systems described by
𝑥̇ (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) + 𝐵𝑓 𝑓 (𝑡) + 𝐵𝑑 𝑑 (𝑡) ,
(1)
𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑢 (𝑡) + 𝐷𝑓 𝑓 (𝑡) + 𝐷𝑑 𝑑 (𝑡) ,

(2)

𝑛

where 𝑥(𝑡) ∈ 𝑅 is the system state vector, 𝑢(𝑡) ∈ 𝑅𝑝
is the control input vector, 𝑦(𝑡) ∈ 𝑅𝑞 is the measurement
output vector, 𝑑(𝑡) is the system uncertainty that belongs to
𝐿𝑚2 [0, +∞], 𝑓(𝑡) ∈ 𝑅𝑚 is the system fault to be detected,
and 𝑔(⋅): is a known nonlinear function. 𝐴, 𝐵, 𝐵𝑓 , 𝐵𝑑 , 𝐶, 𝐷,
𝐷𝑓 , and 𝐷𝑑 are known parameter matrix with appropriate
dimensions. We take the following assumptions.
Assumption 1. The observability matrix associated with the
pair (𝐴, 𝐶) is full rank.
Assumption 2. The function 𝑑(𝑡) in (1), representing the
unstructured modeling uncertainty, is bounded by a known
constant; that is, ‖𝑑(𝑡)‖ ≤ 𝐿 𝑤 .

Assumption 3. The nonlinear function 𝑔(⋅) satisfies Lipschitz
condition; that is,

 

𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑦 (𝑡) , 𝑡) ≤ 𝜌 (𝑥 (𝑡) − 𝑦 (𝑡))
∀𝑥 (𝑡) , 𝑦 (𝑡) ∈ 𝐷,

(3)

where 𝜌 is a known real constant. Throughout the paper, the
notation ‖ ⋅ ‖ will be used to denote the Euclidean norm of a
vector.
To detect a fault, the FTA is constructed as follows [12]:
̂̇ 𝑘 = 𝐴𝑥̂𝑘 (𝑡) + 𝑔 (𝑥̂𝑘 (𝑡) , 𝑡) + 𝐵𝑢𝑘 (𝑡) + 𝐵𝑓 𝑓̂𝑘 (𝑡)
𝑥
+ 𝐻 (𝑦 (𝑡) − 𝑦̂ (𝑡)) ,

(4)

𝑦̂𝑘 (𝑡) = 𝐶𝑥̂𝑘 (𝑡) + 𝐷𝑢𝑘 (𝑡) ,

(5)

𝑒𝑘 (𝑡) = 𝑥𝑘 (𝑡) − 𝑥̂𝑘 (𝑡) ,

(6)

𝑟𝑘 (𝑡) = 𝐶𝑒𝑘 (𝑡) ,

(7)

𝑓̂𝑘+1 (𝑡) = 𝑓̂𝑘 (𝑡) + Γ𝑟𝑘̇ (𝑡) ,

(8)



𝑦𝑘 (𝑡) − 𝑦̂𝑘 (𝑡)∞ ≤ 𝛾,

𝑡 ∈ [𝑡𝑎 , 𝑡𝑏 ] ,

(9)

where 𝑥̂𝑘 (𝑡) ∈ 𝑅𝑛 , 𝑦̂𝑘 (𝑡) ∈ 𝑅𝑞 are estimated system state and
output, respectively. 𝑘 is the iteration index and 𝛾 is the given
performance index. Γ is constant gain matrix, and its elements
are within the scope (0, 1). 𝑓̂𝑘 (𝑡) is virtual fault, which is an
̂ is set to zero until a fault
estimate of 𝑓(𝑡) and the value of 𝑓(𝑡)
is detected. 𝑒(𝑡) denotes the system state estimation error.
𝑒𝑘 (𝑡) denotes the estimation error of 𝑒(𝑡) after 𝑘th iterative
operation. 𝑟𝑘 (𝑡) denotes the estimation error of 𝑟(𝑡) after 𝑘th
iterative operation. 𝐻 is the gain matrix to be optimized. 𝑟(𝑡)
is the so-called generated residual signal.
The basic idea behind the FTA is to adjust the virtual fault
𝑓̂𝑘 (𝑡) within a specified time horizon by using iterative learning algorithm such that the virtual fault can approximate the
system fault 𝑓(𝑡) as closely as possible. Detailed description
about the FTA can be found in [12].
From (4) we can clearly see that the value of gain matrix 𝐻
will have a great influence on the convergence speed of FTA.
As a result, the fault tracking accuracy will be influenced as
well. In previous work [12], we have investigated the stability
and fault tracking accuracy of the FTA on the assumption that
the gain matrix is a prespecified value. However, the design of
gain matrix 𝐻 still remains unresolved. In this work, we will
utilize multiobjective parameter optimization algorithm and
robust control theory to optimize the gain matrix 𝐻.

3. Design of Gain Matrix
First, we convert the parameter optimization problem into a
performance index optimization problem. Then, the design
of gain matrix is given in terms of linear matrix inequality
(LMI).
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̂
Define the state estimation error 𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡),
and
then it follows from (1)–(7) that [13–17]
𝑒 ̇ (𝑡) = (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + (𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝑡)
+ (𝐵𝑑 − 𝐻𝐷𝑑 ) 𝑑 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡) , (10)
𝑟 (𝑡) = 𝐶𝑒 (𝑡) + 𝐷𝑓 𝑓 (𝑡) + 𝐷𝑑 𝑑 (𝑡) ,
where gain matrix 𝐻 is to be designed such that the system
(10) is asymptotically stable. To optimize the gain matrix 𝐻,
we propose the following performance index [18]:
𝑇𝑟𝑑 
𝐽 =  ∞ ,
(11)
𝑇𝑟𝑓 
 −

where
𝑀1 = 𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝐶𝑇 𝐶 + 𝜀1 𝜌2 𝐼,
𝑀2 = 𝐷𝑑𝑇 𝐷𝑑 − 𝛾2 𝐼,
𝑀3 = 𝐶𝑇 𝐷𝑑 + 𝑃 (𝐵𝑑 − 𝐻𝐷𝑑 ) .
Proof. We choose a Lyapunov function of the form:
𝑉 (𝑡) = 𝑒𝑇 (𝑡) 𝑃𝑒 (𝑡) ,

with (10); note that the dynamics of the residual signal
depends not only on 𝑓(𝑡) and 𝑑(𝑡), but also on the nonlinear
̂ 𝑡). So the traditional fault detection
part: 𝑔(𝑥(𝑡), 𝑡) − 𝑔(𝑥(𝑡),
observer design methods cannot be used here. A novel
method to design gain matrix 𝐻, meeting the performance
index (12), is required. In this paper, we propose a method to
resolve this problem in terms of LMIs.
Lemma 5 (see [18, 19]). Let 𝐴 and 𝐵 be real matrices with
appropriate dimensions. For any scalar 𝜀 > 0 and vectors
𝑥, 𝑦 ∈ 𝑅𝑛 , then
2𝑥𝑇 𝐴𝐵𝑦 ≤ 𝜀−1 𝑥𝑇 𝐴𝐴𝑇 𝑥 + 𝜀𝑦𝑇 𝐵𝑇 𝐵𝑦.

(13)

Theorem 6. Given a constant 𝛾 > 0, in the condition of
𝑓(𝑡) = 0, the system (10) is asymptotically stable and satisfies
‖𝑟(𝑡)‖∞ ≤ 𝛾‖𝑑(𝑡)‖∞ , if there exists a positive symmetrical
matrix 𝑃, scalar 𝜀1 > 0, satisfying the following LMI:
𝑀1 𝑀3

[ 𝑇
[𝑀3 𝑀2
[𝑃

𝑇

0

𝑃

]
0 ] < 0,

−𝜀1 𝐼]

(14)

(16)

where 𝑃 is a positive symmetrical matrix. In the fault-free
case, when the system uncertainty 𝑑(𝑡) = 0, we have
𝑉̇ (𝑡) = 𝑒𝑇 (𝑡) 𝑃𝑒 ̇ (𝑡) + 𝑒𝑇̇ (𝑡) 𝑃𝑒 (𝑡)
= 𝑒𝑇 (𝑡) 𝑃 [(𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)]

where 𝑇𝑟𝑑 denotes the transfer function from system uncertainty to residual signal and 𝑇𝑟𝑓 denotes the transfer function
from system faults to residual signal. The objective of this
parameter optimization problem is to maximize the effects of
system faults on residual signals while minimizing the effects
of system uncertainty on residual signals. Thus, it leads to
the following optimization problem: finding a gain matrix 𝐻,
such that the system (10) remains asymptotically stable, and
the performance index 𝐽 = ‖𝑇𝑟𝑑 ‖∞ /‖𝑇𝑟𝑓 ‖− is minimized.
Remark 4. The item ‖𝑇𝑟𝑑 ‖∞ is used to measure the robustness
of residual signals to system uncertainty, while the sensitivity of residual signals to system faults is measured by
‖𝑇𝑟𝑓 ‖− = inf 𝑓∈(0,∞) 𝜎[𝑇𝑟𝑓 (𝑗𝑤)] and 𝜎[𝑇𝑟𝑓 (𝑗𝑤)] denotes the
nonzero singular value of 𝑇𝑟𝑓 (𝑗𝑤). The optimization problem
described by (11) is actually a multiobjective optimization
problem, and it can be formulated as follows: for a given
constant 𝛾 > 0, 𝛽 > 0, finding a gain matrix 𝐻, such that
the system (10) remains asymptotically stable, and satisfying
the following inequality [18]:


‖𝑟(𝑡)‖− > 𝛽 𝑓(𝑡)−
‖𝑟(𝑡)‖∞ ≤ 𝛾 ‖𝑑 (𝑡)‖∞ ,
(12)

(15)

𝑇

+ [(𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)] 𝑃𝑒
= 𝑒𝑇 (𝑡) [𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃] 𝑒 (𝑡)
+ 𝑒𝑇 (𝑡) 𝑃 [𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)]
𝑇

+ [𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)] 𝑒𝑃.
(17)
According to Lemma 5 and Assumption 3, we have
2𝑒𝑇 (𝑡) 𝑃 [𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)]
𝑇

≤ 𝜀1−1 𝑒𝑇 (𝑡) 𝑃𝑃𝑇 𝑒 (𝑡) + 𝜀1 (𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡))
× (𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡))

(18)

≤ 𝜀1−1 𝑒𝑇 (𝑡) 𝑃𝑃𝑇 𝑒 (𝑡) + 𝜀1 𝜌2 𝑒𝑇 (𝑡) 𝑒 (𝑡) .
Thus:
𝑉̇ (𝑡) ≤ 𝑒𝑇 (𝑡) ⌊𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃
+ 𝜀1−1 𝑃𝑃𝑇 + 𝜀1 𝜌2 𝐼⌋ 𝑒 (𝑡) .

(19)

̇ ≤ 0. So the system
According to (14), we can obtain that 𝑉(𝑡)
(10) is asymptotically stable in the condition of no fault.
When the system uncertainty 𝑑(𝑡) ≠ 0, define
𝐻 (𝑒, 𝑑) = 𝑉̇ (𝑡) + ‖𝑟 (𝑡)‖∞ − 𝛾2 ‖𝑑 (𝑡)‖∞ .
So we have
𝐻 (𝑒, 𝑑) = 𝑒𝑇 (𝑡) 𝑃𝑒 ̇ (𝑡) + 𝑒𝑇̇ (𝑡) 𝑃𝑒 (𝑡) + 𝑒𝑇 (𝑡) 𝐶𝑇 𝐶𝑒 (𝑡)
+ 𝑒𝑇 (𝑡) 𝐶𝑇 𝐷𝑑 𝑑 (𝑡) + 𝑑𝑇 (𝑡) 𝐷𝑑𝑇 𝐶𝑒 (𝑡)
+ 𝑑𝑇 (𝑡) 𝐷𝑑𝑇 𝐷𝑑 𝑑 (𝑡) − 𝛾2 𝑑𝑇 (𝑡) 𝑑 (𝑡)
= 𝑒𝑇 (𝑡) 𝑃 [(𝐴 − 𝐻𝐶) 𝑒 (𝑡) + (𝐵𝑑 − 𝐻𝐷𝑑 ) 𝑑 (𝑡)
+ 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)]
+ [(𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)
𝑇

+ (𝐵𝑑 − 𝐻𝐷𝑑 ) 𝑑 (𝑡)] 𝑃𝑒 (𝑡)

(20)
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+ 𝑒𝑇 (𝑡) 𝐶𝑇 𝐶𝑒 (𝑡) + 𝑒𝑇 (𝑡) 𝐶𝑇 𝐷𝑑 𝑑 (𝑡)
𝑇

+𝑑

(𝑡) 𝐷𝑑𝑇 𝐶𝑒 (𝑡)

𝑇

where 𝑄 is a positive symmetrical matrix. In the condition of
𝑑(𝑡) = 0, when the system faults 𝑓(𝑡) = 0, we have

(𝑡) 𝐷𝑑𝑇 𝐷𝑑 𝑑 (𝑡)

+𝑑

𝑉̇ (𝑡) = 𝑒𝑇 (𝑡) 𝑄𝑒 ̇ (𝑡) + 𝑒𝑇̇ (𝑡) 𝑄𝑒 (𝑡)

− 𝛾2 𝑑𝑇 (𝑡) 𝑑 (𝑡)

= 𝑒𝑇 (𝑡) 𝑄 [(𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)]

≤ 𝑒𝑇 (𝑡) [𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝜀1−1 𝑃𝑃𝑇

𝑇

+ [(𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)] 𝑄𝑒

+ 𝐶𝑇 𝐶 + 𝜀1 𝜌2 𝐼] 𝑒 (𝑡) + 𝑒𝑇 (𝑡) [𝐶𝑇 𝐷𝑑 ] 𝑑 (𝑡)

= 𝑒𝑇 (𝑡) [𝑄 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑄] 𝑒 (𝑡)

+ 𝑑𝑇 (𝑡) [𝐷𝑑𝑇 𝐶] 𝑒 (𝑡) + 𝑑𝑇 (𝑡) 𝐷𝑑𝑇 𝐷𝑑 𝑑 (𝑡)

+ 𝑒𝑇 (𝑡) 𝑄 [𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)]

− 𝛾2 𝑑𝑇 (𝑡) 𝑑 (𝑡) + 𝑒𝑇 (𝑡) [𝑃 (𝐵𝑑 − 𝐻𝐷𝑑 )] 𝑑 (𝑡)

𝑇

+ [𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)] 𝑒𝑄.

𝑇

+ 𝑑𝑇 (𝑡) [(𝐵𝑑 − 𝐻𝐷𝑑 ) 𝑃] 𝑒 (𝑡)
=[

(28)

𝑇
𝑒(𝑡) [ 𝑀1 𝑀3 ] 𝑒 (𝑡)
],
[
]
𝑑(𝑡)
𝑀𝑇 𝑀2 𝑑 (𝑡)
[ 3
]

According to Lemma 5 and Assumption 3, we have
2𝑒𝑇 (𝑡) 𝑄 [𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)]
(21)

𝑇

≤ 𝜂1−1 𝑒𝑇 (𝑡) 𝑄𝑄𝑇 𝑒 (𝑡) + 𝜂1 (𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡))

where

× (𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡))

𝑀1 = 𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝐶𝑇 𝐶 + 𝜀1−1 𝑃𝑃𝑇 + 𝜀1 𝜌2 𝐼,
𝑀2 =

𝐷𝑑𝑇 𝐷𝑑

≤ 𝜂1−1 𝑒𝑇 (𝑡) 𝑄𝑄𝑇 𝑒 (𝑡) + 𝜂1 𝜌2 𝑒𝑇 (𝑡) 𝑒 (𝑡) .

2

− 𝛾 𝐼,

𝑇

𝑀3 = 𝐶 𝐷𝑑 + 𝑃 (𝐵𝑑 − 𝐻𝐷𝑑 ) .

Thus
(22)

According to (14) and Schur theory, we can obtain that
𝐻 (𝑒, 𝑑) = 𝑉̇ (𝑡) + 𝑟𝑇 (𝑡) 𝑟 (𝑡) − 𝛾2 𝑑𝑇 (𝑡) 𝑑 (𝑡) < 0.
+∞

0

+∞

𝑟𝑇 (𝑡) 𝑟 (𝑡) < 𝛾2 ∫

0

𝑑𝑇 (𝑡) 𝑑 (𝑡) .

(23)

(24)

Thus, the inequality ‖𝑟(𝑡)‖∞ ≤ 𝛾‖𝑑(𝑡)‖∞ holds. This completes the proof.
Theorem 7. Given a constant 𝛽 > 0, in the condition of 𝑑(𝑡) =
0, the system (10) is asymptotically stable and satisfies ‖𝑟(𝑡)‖− ≥
𝛽‖𝑓(𝑡)‖− , if there exists a positive symmetrical matrix 𝑄, scalar
𝜂1 > 0, satisfying the following LMI:
𝑁1 𝑁3

[ 𝑇
[𝑁3 𝑁2
𝑇

[𝑄

(25)

0 −𝜂1 𝐼]

𝐻 (𝑒, 𝑓) = 𝑒𝑇 (𝑡) 𝑄𝑒 ̇ (𝑡) + 𝑒𝑇̇ (𝑡) 𝑄𝑒 (𝑡) − 𝑒𝑇 (𝑡) 𝐶𝑇 𝐶𝑒 (𝑡)
− 𝑒𝑇 (𝑡) 𝐶𝑇 𝐷𝑓 𝑓 (𝑡) − 𝑓𝑇 (𝑡) 𝐷𝑓𝑇 𝐶𝑒 (𝑡)
− 𝑓𝑇 (𝑡) 𝐷𝑓𝑇 𝐷𝑓 𝑓 (𝑡) + 𝛽2 𝑓𝑇 (𝑡) 𝑓 (𝑡)

+ 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)]

𝑇

+ (𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝑡)] 𝑄𝑒 (𝑡) − 𝑒𝑇 (𝑡) 𝐶𝑇 𝐶𝑒 (𝑡)

𝑁1 = 𝑄 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑄 − 𝐶𝑇 𝐶 + 𝜂1 𝜌2 𝐼,
(26)

− 𝑒𝑇 (𝑡) 𝐶𝑇 𝐷𝑓 𝑑 (𝑡) − 𝑓𝑇 (𝑡) 𝐷𝑓𝑇 𝐶𝑒 (𝑡)
− 𝑓𝑇 (𝑡) 𝐷𝑓𝑇 𝐷𝑓 𝑓 (𝑡) + 𝛽2 𝑓𝑇 (𝑡) 𝑓 (𝑡)

𝑁3 = −𝐶𝑇 𝐷𝑓 + 𝑄 (𝐵𝑓 − 𝐻𝐷𝑓 ) .

≤ 𝑒𝑇 (𝑡) [𝑄 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑄 + 𝜂1−1 𝑄𝑄𝑇

Proof. We choose a Lyapunov function of the form:
𝑉 (𝑡) = 𝑒𝑇 (𝑡) 𝑄𝑒 (𝑡) ,

̇ ≤ 0. So the system
According to (25), we can obtain that 𝑉(𝑡)
(10) is asymptotically stable in the condition of 𝑓(𝑡) = 0.
When the system faults 𝑓(𝑡) ≠ 0, define


(31)
𝐻 (𝑒, 𝑓) = 𝑉̇ (𝑡) + 𝛽2 𝑓 (𝑡)∞ − ‖𝑟 (𝑡)‖∞ .
So we have

+ [(𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡)

where

𝑁2 = −𝐷𝑓𝑇𝐷𝑓 + 𝛽2 𝐼,

(30)

= 𝑒𝑇 (𝑡) 𝑄 [(𝐴 − 𝐻𝐶) 𝑒 (𝑡) + (𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝑡)

𝑄

]
0 ] < 0,

𝑉̇ (𝑡) ≤ 𝑒𝑇 (𝑡) [𝑄 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑄
+ 𝜂1−1 𝑃𝑃𝑇 + 𝜂1 𝜌2 𝐼] 𝑒 (𝑡) .

For any given time 𝑡 > 0, integration of (23) from 0 to 𝑡 yields
∫

(29)

(27)

− 𝐶𝑇 𝐶 + 𝜂1 𝜌2 𝐼] 𝑒 (𝑡) − 𝑒𝑇 (𝑡) [𝐶𝑇 𝐷𝑓 ] 𝑓 (𝑡)
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− 𝑓𝑇 (𝑡) [𝐷𝑓𝑇 𝐶] 𝑒 (𝑡) − 𝑓𝑇 (𝑡) 𝐷𝑓𝑇 𝐷𝑓 𝑓 (𝑡)

Remark 9. Theorem 6 considers the robustness of residual
signals to system uncertainty, and Theorem 7 considers the
sensitivity of residual signals to system faults. Theorem 8
investigates the optimization of gain matrix 𝐻 by taking
into account the robustness of residual signals to system
uncertainty and sensitivity of residual signals to system faults
simultaneously. If we iteratively use Theorem 8, we can get the
optimized solution of the performance indices 𝛾, 𝛽 and gain
matrix 𝐻 by using LMI toolbox in MatLab.

+ 𝛽2 𝑓𝑇 (𝑡) 𝑓 (𝑡) − 𝑒𝑇 (𝑡) [𝑄 (𝐵𝑑 − 𝐻𝐷𝑑 )] 𝑓 (𝑡)
𝑇

− 𝑓𝑇 (𝑡) [(𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑄] 𝑒 (𝑡)
=[

𝑇
𝑒(𝑡) [ 𝑁1 𝑁3 ] 𝑒 (𝑡)
],
[
]
𝑓(𝑡)
𝑁3𝑇 𝑁2 𝑓 (𝑡)
[
]

(32)
where

In the above sections, we have investigated the optimization
of the value of gain matrix 𝐻 in terms of LMIs. In this
section, we will investigate the calculation of threshold for
fault detection.

𝑁1 = 𝑄 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑄 − 𝐶𝑇 𝐶
+ 𝜂1−1 𝑄𝑄𝑇 + 𝜂1 𝜌2 𝐼,

(33)

𝑁2 = −𝐷𝑓𝑇 𝐷𝑓 + 𝛽2 𝐼,
𝑁3 = −𝐶𝑇 𝐷𝑓 + 𝑄 (𝐵𝑓 − 𝐻𝐷𝑓 ) .
According to Schur theory, we can obtain that
𝐻 (𝑒, 𝑓) = 𝑉̇ (𝑡) + 𝛽2 𝑓𝑇 (𝑡) 𝑓 (𝑡) − 𝑟𝑇 (𝑡) 𝑟 (𝑡) < 0.

(34)

For any given time 𝑡 > 0, integration of (34) from 0 to 𝑡 yields
∫

+∞

0

+∞

𝑟𝑇 (𝑡) 𝑟 (𝑡) > 𝛽2 ∫

0

𝑓𝑇 (𝑡) 𝑓 (𝑡) .

(35)

Thus, the inequality ‖𝑟(𝑡)‖− > 𝛽‖𝑓(𝑡)‖− holds. This completes
the proof.
Theorem 8. Given constants 𝛾 > 0 and 𝛽 > 0, the system (10)
is asymptotically stable and satisfies ‖𝑟(𝑡)‖∞ ≤ 𝛾‖𝑑(𝑡)‖∞ and
‖𝑟(𝑡)‖− ≥ 𝛽‖𝑓(𝑡)‖− , if there exist matrices 𝑃, 𝑄, and 𝐻, scalar
𝜀1 > 0, 𝜂1 > 0 satisfying matrix inequality:
𝑀1 𝑀3

[ 𝑇
[𝑀3 𝑀2
[𝑃

𝑇

0

𝑃

]
0 ] < 0,

−𝜀1 𝐼]

𝑁1 𝑁3

[ 𝑇
[𝑁3 𝑁2
𝑇

[𝑄

Theorem 10. Suppose Assumptions 1–3 hold. Consider the
dynamic system described by (1), (2) and the FTA described by
(4)∼(9); let the initial state and output of the FTA be 𝑥̂𝑘 (0) =
𝑥(0), 𝑦̂𝑘 (0) = 𝑦(0) (𝑘 = 1, 2, . . .), respectively. If the following
inequality holds




𝑟𝑘 (𝑡) > 𝐿 𝑤 𝑃 sup 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 )
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

+ (( sup ‖𝐶Φ (𝑡, 𝜏)‖ 𝐿 𝑤 𝑃
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

×



sup Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ))

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

−1

× ( sup ‖Φ (𝑡, 𝜏)‖) )
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

× exp 𝜌 sup ‖Φ (𝑡, 𝜏)‖ 𝑃
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

(38)
then there is fault occurring in the system.

𝑄

]
0 ] < 0,

4. Fault Detection Threshold

(36)

0 −𝜂1 𝐼]

where
𝑀1 = 𝑃 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑃 + 𝐶𝑇 𝐶 + 𝜀1 𝜌2 𝐼,

Proof. Without loss of generality, we assume 𝑡 ∈ [𝑡𝑎 , 𝑡𝑏 ] and
𝑡𝑏 − 𝑡𝑎 = 𝑃.
Subtracting (4) from system equation (1) and subtracting
(5) from system equation (2) result in the estimation error
dynamics:
𝑒 ̇ (𝑡) = (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + (𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝑡)

𝑀2 = 𝐷𝑑𝑇 𝐷𝑑 − 𝛾2 𝐼,

+ (𝐵𝑑 − 𝐻𝐷𝑑 ) 𝑑 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡)

𝑀3 = 𝐶𝑇 𝐷𝑑 + 𝑃 (𝐵𝑑 − 𝐻𝐷𝑑 ) ,

− 𝑔 (𝑥̂ (𝑡) , 𝑡) − 𝐵𝑓 𝑓̂ (𝑡) ,

𝑁1 = 𝑄 (𝐴 − 𝐻𝐶) + (𝐴 − 𝐻𝐶)𝑇 𝑄 − 𝐶𝑇 𝐶 + 𝜂1 𝜌2 𝐼,

(37)

𝑁2 = −𝐷𝑓𝑇 𝐷𝑓 + 𝛽2 𝐼,
𝑁3 = −𝐶𝑇 𝐷𝑓 + 𝑄 (𝐵𝑓 − 𝐻𝐷𝑓 ) .
Proof. By combining Theorems 6 and 7, we have Theorem 8.
This completes the proof.

(39)

𝑟 (𝑡) = 𝐶𝑒 (𝑡) + 𝐷𝑓 𝑓 (𝑡) + 𝐷𝑑 𝑑 (𝑡) .
̂ = 0, we have
In the condition of 𝑓(𝑡)
𝑒 ̇ (𝑡) = (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + (𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝑡)
+ (𝐵𝑑 − 𝐻𝐷𝑑 ) 𝑑 (𝑡) + 𝑔 (𝑥 (𝑡) , 𝑡) − 𝑔 (𝑥̂ (𝑡) , 𝑡) , (40)
𝑟 (𝑡) = 𝐶𝑒 (𝑡) + 𝐷𝑓 𝑓 (𝑡) + 𝐷𝑑 𝑑 (𝑡) .
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≤ ∫ 𝜌 ‖Φ (𝑡, 𝜏)‖ 𝑒𝑘 (𝜏) 𝑑𝜏

The solution of (40) is

𝑡𝑎

𝑒𝑘 (𝑡) = Φ (𝑡, 𝑡𝑎 ) 𝑒𝑘 (𝑡𝑎 )



+ 𝐿 𝑤 𝑃 sup Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ) .
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

𝑡

+ ∫ Φ (𝑡, 𝜏) [(𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝜏) + 𝑔𝑘 (𝑥 (𝜏) , 𝜏)
𝑡𝑎

(47)
− 𝑔𝑘 (𝑥̂ (𝜏) , 𝜏) + (𝐵𝑑 − 𝐻𝐷𝑑 ) 𝑑 (𝜏)] 𝑑𝜏,
(41)

Using Gronwall-Bellman inequality, (47) can be simplified as
𝑒𝑘 (𝑡) ≤ 𝐿 𝑤 𝑃 sup Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 )




𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

𝑟𝑘 (𝑡) = 𝐶Φ (𝑡, 𝑡𝑎 ) 𝑒𝑘 (𝑡𝑎 )

× exp 𝜌 sup ‖Φ (𝑡, 𝜏)‖ (𝑡 − 𝑡𝑎 ) ,

𝑡

+ ∫ 𝐶Φ (𝑡, 𝜏) [(𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝜏) + 𝑔𝑘 (𝑥 (𝜏) , 𝜏)

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

𝑡𝑎

− 𝑔𝑘 (𝑥̂ (𝜏) , 𝜏)+(𝐵𝑑 −𝐻𝐷𝑑 ) 𝑑 (𝜏)] 𝑑𝜏,
(42)
where Φ(𝑡) = 𝐿−1 [(𝑠𝐼 − (𝐴 − 𝐻𝐶))−1 ]; 𝐿−1 denotes inverse
Laplacian transform.
Due to 𝑥̂𝑘 (0) = 𝑥(0), 𝑦̂𝑘 (0) = 𝑦(0) (𝑘 = 1, 2, . . .), we have
𝑦̂𝑘+1 (𝑡𝑎 ) = 𝐶𝑥̂𝑘+1 (𝑡𝑎 ) = 𝐶𝑥̂𝑘 (𝑡𝑎 ) = 𝑦̂𝑘 (𝑡𝑎 ) ,

(48)

𝑟𝑘 (𝑡𝑎 ) = 0,

𝑒𝑘 (𝑡𝑎 ) = 0.
(43)
Substituting (43) into (42) yields

where exp denotes exponential function. Substituting (48)
into (46) yields
𝑡





𝑟𝑘 (𝑡) ≤ ∫ 𝐶Φ (𝑡, 𝜏) (𝑔𝑘 (𝑥 (𝜏) , 𝜏) − 𝑔𝑘 (𝑥̂ (𝜏) , 𝜏)) 𝑑𝜏
𝑡
𝑎

𝑡



+ ∫ 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ) ‖𝑑 (𝜏)‖ 𝑑𝜏
𝑡
𝑎

𝑡



≤ ∫ 𝜌 ‖𝐶Φ (𝑡, 𝜏)‖ ⋅ 𝑒𝑘 (𝑡) 𝑑𝜏
𝑡𝑎

𝑡



+ ∫ 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ) ‖𝑑 (𝜏)‖ 𝑑𝜏
𝑡
𝑎

𝑡



≤ 𝐿 𝑤 𝑃 sup 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 )

𝑟𝑘 (𝑡) = ∫ 𝐶Φ (𝑡, 𝜏) [(𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝜏) + 𝑔𝑘 (𝑥 (𝜏) , 𝜏)
𝑡𝑎

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

− 𝑔𝑘 (𝑥̂ (𝜏) , 𝜏) + (𝐵𝑑 − 𝐻𝐷𝑑 ) 𝑑 (𝜏)] 𝑑𝜏.
(44)
According to Assumptions 1–3, the time weighted norm of
(44) is
𝑡





𝑟𝑘 (𝑡) ≤ ∫ 𝐶Φ (𝑡, 𝜏) (𝐵𝑓 − 𝐻𝐷𝑓 ) 𝑓 (𝜏) 𝑑𝜏
𝑡

+ (( sup ‖𝐶Φ (𝑡, 𝜏)‖ 𝐿 𝑤 𝑃
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]



× sup Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ))
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

𝑎

−1

𝑡



+ ∫ 𝐶Φ (𝑡, 𝜏) (𝑔𝑘 (𝑥 (𝜏) , 𝜏) − 𝑔𝑘 (𝑥̂ (𝜏) , 𝜏)) 𝑑𝜏
𝑡
𝑎

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

𝑎

(45)
In the condition of 𝑓(𝑡) = 0, we have
𝑡





𝑟𝑘 (𝑡) ≤ ∫ 𝐶Φ (𝑡, 𝜏) (𝑔𝑘 (𝑥 (𝜏) , 𝜏) − 𝑔𝑘 (𝑥̂ (𝜏) , 𝜏)) 𝑑𝜏
𝑡𝑎

𝑡



+ ∫ 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ) ‖𝑑 (𝜏)‖ 𝑑𝜏.
𝑡
(46)
𝑡

𝑎

𝑡



+ ∫ Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ) ‖𝑑 (𝜏)‖ 𝑑𝜏
𝑡
𝑎



≤ 𝐿 𝑤 𝑃 sup 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 )
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

+ (( sup ‖𝐶Φ (𝑡, 𝜏)‖ 𝐿 𝑤 𝑃
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]



× sup Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ))

𝑎





𝑒𝑘 (𝑡) ≤ ∫ 𝜌 ‖Φ (𝑡, 𝜏)‖ 𝑒𝑘 (𝜏) 𝑑𝜏
𝑡

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

× exp 𝜌 sup ‖Φ (𝑡, 𝜏)‖ (𝑡 − 𝑡𝑎 )

𝑡



+ ∫ 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ) ‖𝑑 (𝜏)‖ 𝑑𝜏.
𝑡

According to (41), we have

× ( sup ‖Φ (𝑡, 𝜏)‖) )

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

−1

× ( sup ‖Φ(𝑡, 𝜏)‖) )
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

× exp 𝜌 sup ‖Φ (𝑡, 𝜏)‖ 𝑃.
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]
(49)
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If faults occur in the system, then




𝑟𝑘 (𝑡) > 𝐿 𝑤 𝑃 sup 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 )

0.6

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

0.4

+ (( sup ‖𝐶Φ (𝑡, 𝜏)‖ 𝐿 𝑤 𝑃

0.2
Noises

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]



× sup Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ))
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

0
−0.2

−1

× ( sup ‖Φ(𝑡, 𝜏)‖) )

−0.4

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

−0.6

× exp 𝜌 sup ‖Φ (𝑡, 𝜏)‖ 𝑃.
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

−0.8

0

100

200

(50)

300

400

500

400

500

Time (s)

If the following inequality holds




𝑟𝑘 (𝑡) ≤ 𝐿 𝑤 𝑃 sup 𝐶Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 )

Figure 1: White noise signal.

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

1.2

+ (( sup ‖𝐶Φ (𝑡, 𝜏)‖ 𝐿 𝑤 𝑃

1

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

−1

× ( sup ‖Φ(𝑡, 𝜏)‖) )
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

× exp 𝜌 sup ‖Φ (𝑡, 𝜏)‖ 𝑃
𝑡,𝜏∈[𝑡𝑎 ,𝑡𝑏 ]

5. Simulation Results
In this section, we use the proposed method to detect faults
for a class of uncertain nonlinear systems. Let us consider the
uncertain nonlinear system with parameters as follows:
−0.38 0
1
𝑥̇ (𝑡) = [
] 𝑥 (𝑡) + [ ] 𝑢
0 −0.59
1

+[

0.1 sin (𝑡)

0.4
0.2

−0.2

In the presence of unstructured modeling uncertainty, we
have to determine the upper bounds of the residual signals
for fault detection, referred to as the threshold. Theorem 10
investigated the calculation of threshold for fault detection.
Once the residual signals exceed the threshold, it indicates
that system faults occur. If the residual signal is below the
threshold, there is no fault occurring. Moreover, we can use
the residual evaluation function ‖𝑟(𝑡)‖2 to detect system
faults [20, 21].

0.1 sin (𝑡)

0.6

0

then there are no faults occurring in the system.
This completes the proof.

+[

0.8

(51)
Residual signals



× sup Φ (𝑡, 𝜏) (𝐵𝑑 − 𝐻𝐷𝑑 ))

] 𝑥 (𝑡)

0.2
0.1
] 𝑑 (𝑡) + [ ] 𝑓 (𝑡) ,
0.2
0.1

𝑦 (𝑡) = [1 1] 𝑥 (𝑡) + 0.1𝑓 (𝑡) + 0.1𝑑 (𝑡) .
(52)

−0.4

0

100

200

300
Time (s)

Figure 2: Generated residual signal.

Let 𝛾 = 0.3, let 𝛽 = 0.7, and let 𝑑(𝑡) be white noise with
energy 0.5. According to Theorem 8, the gain matrix of FTA
can be determined: 𝐻 = [0.2071, 0.1832]𝑇 . According to
Theorem 10, the threshold for fault detection is 0.426. The
white noise signal, generated residual signal are shown in
Figures 1 and 2, respectively.
From Figure 2, we can clearly see that the residual signal
is below the threshold at time 𝑡 < 100 s. Therefore, there is no
fault occurring at time 𝑡 < 100 s. At time 100 s < 𝑡 < 200 s,
the residual signal exceeds the threshold; it indicates that
system fault occurs. Next, we use residual evaluation function
‖𝑟(𝑡)‖2 to detect system faults. Figure 3 shows the evolution
of residual evaluation function ‖𝑟(𝑡)‖2 . From Figure 3 we can
see that, at time 100 s < 𝑡 < 200 s, the residual evaluation
function ‖𝑟(𝑡)‖2 jumps from 0.1 to 5.1; it indicates that system
fault occurs. It can be seen from the simulation results that
the proposed approach can improve not only the sensitivity
of the FTA to system faults, but also the robustness of the FTA
to systems uncertainty.
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Evolution of residual signals
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[8]

Figure 3: Evolution of residual evaluation function.
[9]

6. Conclusions
This paper has proposed a fault detection scheme for a class
of uncertain nonlinear systems. The main contribution of this
paper is to utilize robust control theory and multiobjective
optimization algorithm to design the gain matrix of FTA. The
gain matrix of FTA is designed to minimize the effects of
system uncertainty on residual signals while maximizing the
effects of system faults on residual signals. The calculation
of the gain matrix is given in terms of LMIs formulations.
The selection of threshold for fault detection is rigorously
investigated as well. In the end, an illustrative example has
demonstrated the validity and applicability of the proposed
approach.
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We propose a novel fault-tolerant cooperative control strategy for multiagent systems. A set of unknown input observers for
each agent are constructed for fault detection. Then a real-time adaptive extremum seeking algorithm is utilized for adaptive
approximation of fault parameter. We prove that the consensus can be still reached by regulating the interconnection weights
and changing the connection topology of the fault agent. A numerical simulation example is given to illustrate the feasibility and
effectiveness of the proposed method.

1. Introduction
Recent years have seen a growing interest in the cooperative control of multiagent systems [1, 2]. Cooperative
multiagent system refers to the concept that multiple agents
work together to complete a task or achieve a target state
according to the cooperative control law [3]. With the rapid
development of embedded systems, complex algorithms can
be effectively implemented in multiagent systems.
In multiagent systems, a fault occurring in any agent may
have an impact on other agents, which is different from the
traditional faults occurring in isolated systems [4]. Moreover,
when faults occur to agents, the topology of the multiagent
system may change [5]. Therefore, fault detection should
perform fast detecting to avoid affecting other agents, and
fault-tolerant control should make the system has endurance
to the failures while keeping the topology structure.
Fault detection of multiagent systems has to be completed
before fault tolerance. In the last decade, scholars proposed
different methods for fault detection, such as observer-based
methods [6, 7], parity equation [8], and the identificationbased method [9]. Shames et al. derived sufficient conditions
for the existence of unknown input observers for secondorder linear time invariant systems [6], which constituted
the basis of the current study. Then, they extended these
conditions to imprecise models [7]. For parity space method,

residual errors are obtained by collecting system input and
output. Chan et al. developed a parity space-based estimator,
which is sensitive to specific faults [8]. The literature [9]
overviewed the problem of identifying. The identificationbased method means that residuals for output variables
are generated with adaptive nonparametric or parametric
models. However, all these methods need a great amount
of computations and long computing time when the system
has large numbers of agents, which are not acceptable for
practice.
Once a faulty agent is detected, fault-tolerant control
is taken for handling faults. In this paper, fault-tolerant
control is divided into two steps, namely, fault parameter
approximation and adjusting some interconnection weights.
Adaptive fault parameter approximation is developed on the
basis of parameter estimation. Generally, fault parameters
are estimated using the nonlinear neural network [10, 11].
We transform the fault parameter approximation problem
into the optimization problem by using extremum seeking.
Compared with the classical neural network method, the
advantages of the proposed approach are that the approximation is real-time and online without any offline training.
Moreover, the extremum seeking based parameter approximation is significantly simplified. The design process of
extremum seeking does not call for the understanding of the
input and output characteristics of the system [12, 13].
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In step two, the faulty system is recovered by adjusting some weights of the cooperative protocol. There have
been several studies in recovering faulty multiagent systems. Semsar-Kazerooni and Khorasani [14] and Azizi and
Khorasani [15] used fault-tolerant control algorithms to
recover an actuator fault detected by FDI. Furthermore, Azizi
and Khorasani put forward a two-level architecture which
contains partial recovery and cooperative recovery [15]. Yang
et al. proposed a cooperative protocol to adjust fault parameters for a target aggregation problem of nonlinear multiagent
systems [5]. However, in these studies, the cooperative faulttolerant control was used to adjust interconnection weights
without isolating out the faulty agent, which leads to a lot of
calculation when faulty agent has a number of neighbors.
The rest of the paper is organized as follows. Section 2
provides some preliminary knowledge and formulates the
problems. Section 3 focuses on fault detection. In Section 4,
an adaptive fault parameter approximation algorithm using
extremum seeking is proposed. In Section 5, the cooperative
fault-tolerant control of multiagent systems is discussed.
In Section 6, an example of a multiagent team is given to
demonstrate the effectiveness of the proposed scheme. In
Section 7, conclusion is drawn.

2. Preliminary Knowledge

𝑓 ∈ 𝑅2𝑛 . We designed 𝐶 = 𝐼2𝑛 (𝐼𝑛 means an identity matrix
with the dimension 𝑛 × 𝑛) to observe all the states of the
multiagent system. The following text gave some details of 𝐴
for the velocity consensus and position consensus problems:
0 𝐼
𝐴 = [ 𝑛 𝑛 ],
−𝐿 −𝐵

or 𝐴 = [

0𝑛 𝐼𝑛
],
−𝐿 −𝛾𝐿

(4)

where 𝐵 = diag(𝑏, 𝑏, . . . , 𝑏) ∈ 𝑅𝑛×𝑛 ; 𝐿 is the Laplacian matrix
of the graph, where 𝑙𝑖𝑗 = −𝑎𝑖𝑗 , if (𝑗, 𝑖) ∈ 𝜀, 𝑖 ≠ 𝑗 (otherwise,
𝑙𝑖𝑗 = 0), and 𝑙𝑖𝑖 = − ∑𝑖=𝑗̸ 𝑙𝑖𝑗 . By this definition, every row sum
of the matrix 𝐿 is zero, so the Laplacian matrix always has
a zero eigenvalue, right eigenvector V = (1, 1, . . . , 1)T , and
rank(𝐿) ≤ 𝑛 − 1.

3. Fault Detection and Isolation
In this paper, a set of state observers are constructed for
the second-order system using the unknown input observer
(UIO) method. UIO refers to a robust fault diagnosis scheme
for multiagent systems. Once an actuator failure is detected,
residual errors are used to locate the faulty agent. In order
to reduce the amount of calculation, only neighbors are
observed for each agent. We rewrite (3) as
𝑥̇ (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑓−𝑖 𝑓−𝑖 (𝑡) + 𝑏𝑓𝑖 𝛽𝑖 (𝑡 − 𝑇𝑖 ) 𝑓𝑖 (𝑡) ,

Agents and their link topology are mapped based on the
graph theory [16]. We consider a system constituted by 𝑛
agents; 𝐺(V, 𝜀) is an undirected graph with vertex set V and
edge set 𝜀, where 𝑖 ∈ V represents agent 𝑖. The edge (𝑗, 𝑖) ∈ 𝜀
denotes a connection between agent 𝑗 and agent 𝑖, and 𝑎𝑖𝑗
is the weight of the interconnection. The set 𝑁𝑖 = {𝑗 ∈
V : {𝑖, 𝑗} ∈ 𝜀} represents all the neighboring agents that are
interconnected with 𝑖. Agent 𝑖 is supposed to have a doubleintegrator dynamics:

where 𝐵𝑓−𝑖 is 𝐵𝑓 with the 𝑖th column deleted, 𝑏𝑓𝑖 is the 𝑖th
column of 𝐵𝑓 , 𝑓−𝑖 (𝑡) is 𝑓 with the 𝑖th component deleted,
and 𝑓𝑖 (𝑡) is the 𝑖th component of 𝑓. Suppose graph 𝐺(V, 𝜀)
is interconnected and the topology of the system is fixed.
A full-order observer for system (5) is described by

𝑝𝑖̇ (𝑡) = 𝑞𝑖 (𝑡) ,

𝜒̇ (𝑡) = 𝐹𝜒 (𝑡) + 𝑇𝐵𝑓−𝑖 𝑓−𝑖 (𝑡) + 𝐾𝑦 (𝑡) ,

𝑞𝑖̇ (𝑡) = 𝑢𝑖 (𝑡) ,

(1)

where 𝑝𝑖 (𝑡) ∈ 𝑅 and 𝑞𝑖 (𝑡) ∈ 𝑅 are the position and velocity of
agent 𝑖 and 𝑢𝑖 is the controlled input based on the following
formula:
𝑢𝑖 (𝑡) = ∑ 𝑎𝑖𝑗 [(𝑝𝑗 (𝑡) − 𝑝𝑖 (𝑡)) + 𝛾 (𝑞𝑗 (𝑡) − 𝑞𝑖 (𝑡))]
𝑗∈𝑁𝑖

(2)

+ 𝛽𝑖 (𝑡 − 𝑇𝑖 ) 𝑓𝑖 .
Formula (2) achieves the position and velocity consensus. The
term 𝛽𝑖 (𝑡 − 𝑇𝑖 ) characterizes the time jump function of an
actuator fault, 𝑇𝑖 denotes faulty time of agent 𝑖, if 𝑡 ≥ 𝑇𝑖 , 𝛽𝑖 =
1, else 𝛽𝑖 = 0. The variable 𝑓𝑖 ∈ 𝑅 is the fault parameter of
agent 𝑖. The system dynamics in the presence of a fault are
written as follows:
𝑥̇ (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑓 𝑓,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) ,

(3)

where 𝑥 = [𝑝1 , 𝑝2 , . . . , 𝑝𝑁, 𝑞1 , 𝑞2 , . . . , 𝑞𝑁]T , 𝑓 = [𝑓1 , 𝑓2 , . . . ,
𝑓𝑁] ∈ 𝑅𝑛 , 𝐴, 𝐶 ∈ 𝑅2𝑛×2𝑛 , 𝐵𝑓 ∈ 𝑅2𝑛×2𝑛 , 𝑥, 𝑦 ∈ 𝑅2𝑛 , and

𝑦 (𝑡) = 𝐶𝑥 (𝑡) ,

𝑥̂ (𝑡) = 𝜒 (𝑡) + 𝐻𝑦 (𝑡) .

(5)

(6)

Choosing the matrixes 𝐹, 𝑇, 𝐾, and 𝐻 satisfies the following
conditions:
𝐹 = 𝐴 − 𝐾1 𝐶 − 𝐻𝐶𝐴,
𝐾 = 𝐾1 + 𝐾2 ,

𝐾2 = 𝐹𝐻,

𝑇 = 𝐼 − 𝐻𝐶,
(𝐻𝐶 − 𝐼) 𝐵𝑓−𝑖 = 0.

(7)

Then, there exists a UIO [7] for agent 𝑖 as follows:
𝜒𝑖̇ (𝑡) = 𝐹𝑖 𝜒𝑖 (𝑡) + 𝑇𝑖 𝐵𝑓−𝑖 𝑓−𝑖 (𝑡) + 𝐾𝑖 𝑦 (𝑡)
𝑥̂𝑖 (𝑡) = 𝜒𝑖 (𝑡) + 𝐻𝑖 𝑦 (𝑡) ,

(8)

where 𝑥̂𝑖 (𝑡) ∈ 𝑅2𝑛 and 𝜒𝑖 (𝑡) ∈ 𝑅2𝑛 are the estimated
state and the observer’s state for agent 𝑖 and 𝐹𝑖 , 𝑇𝑖 , 𝐾𝑖 , and
𝐻𝑖 are unknown matrices of appropriate dimension, which
must be designed such that 𝑥̂𝑖 will asymptotically converge
to 𝑥. The unknown input observer is constructed to achieve
the decoupling from 𝑓𝑖 (𝑡), by designing matrixes 𝐹𝑖 , 𝑇𝑖 , 𝐾𝑖 ,
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and 𝐻𝑖 . Matrix 𝐹𝑖 is a stability matrix; that is, it has all its
eigenvalues in the left-hand side of the complex plane.
Thus, we can obtain the observer error and residual
dynamics as
𝑒𝑖̇ (𝑡) = 𝐹𝑖 𝑒𝑖 (𝑡) − 𝑇𝑖 𝐵𝑓−𝑖 𝑓−𝑖 (𝑡)
𝑟𝑖 (𝑡) = 𝐶𝑒𝑖 (𝑡) ,

(9)

where 𝑒𝑖 (𝑡) = 𝑥(𝑡) − 𝑥̂𝑖 (𝑡) is the observer error and 𝑟𝑖 (𝑡) is
the corresponding residual, which is a fault indicator function
that satisfies




(10)
𝑟𝑖 (𝑡) = 0 ⇐⇒ 𝑓−𝑖 (𝑡) = 0.
The detection and isolation condition for fault 𝑓𝑖 (𝑡) are
given as follows:


𝑟𝑖 (𝑡) < 𝜃𝑓𝑖 ,
(11)


𝑟𝑗 (𝑡) ≥ 𝜃𝑓𝑗 ,


where 𝜃𝑓𝑖 and 𝜃𝑓𝑗 are isolation thresholds. If the above
condition is satisfied, we can conclude that there is a fault
affecting the system’s 𝑖th component.
The proposed approach in this section is feasible if a
single additive fault exists. In order to isolate multiple faults,
one can repeat the abovementioned fault detection procedure
for each of the potential fault combinations. We can derive
similar observers for all faults and then adopt the detection
and isolation condition to isolate each of them.

̂
f
m

fm

−

2

̂ ) = B−1 (̂
𝜒(t))
J(f
m
 f 𝜒 − Â


1
s+1

k
s

−

s
s+h

a
sin 𝜔t

Figure 1: Structure of fault parameter estimation with extremum
seeking.

Then we obtain

2  ̃ 2

̃̇ (𝑡) − 𝐴𝑥(𝑡))
̃  = 𝑓(𝑡)
𝐽 (𝑓̂𝑚 ) = 𝐵𝑓−1 (𝑥

𝑛

2
= (𝑓̂1 − 𝑓1 ) + ⋅ ⋅ ⋅ (𝑓̂𝑛 − 𝑓𝑛 ) = ∑ (𝑓̂𝑖 − 𝑓𝑖 ) .

4.1. Single Faulty Agent Case. The fault detection scheme
makes use of observers called unknown input observer, as
described in the previous section. Then residuals and their
thresholds are designed to generate false alarms, which is
used for fast network fault location. Under the assumption of
only one faulty agent in the network (suppose the 𝑚th agent is
faulty), the proposed extremum seeking framework is shown
in Figure 1.
Theorem 1. Let 𝐽 : 𝑅𝑛 → 𝑅 be a sufficiently smooth objective
function, and suppose the changing rate of fault parameter
estimation 𝑓̂𝑚 is much faster than the changing rate of fault
parameter 𝑓𝑚 :

2
(12)
̃̇ (𝑡) − 𝐴𝑥̃ (𝑡)) ,
𝐽 (𝑓̂𝑚 ) = 𝐵𝑓−1 (𝑥
where 𝐽 has a global minimum (𝑓̂𝑚∗ = 𝑓𝑚 ). Then with the
fault parameter estimation scheme shown in Figure 1, 𝑓̂𝑚 will
converge to the extremum point 𝑓̂∗ .
𝑚

Proof. Define the error between estimate state and real state
̃ = 𝑥(𝑡) − 𝑥(𝑡):
̂
by 𝑥(𝑡)
̃̇ (𝑡) = 𝑥̇ (𝑡) − 𝑥
̂̇ (𝑡) = 𝐴 (𝑥 (𝑡) − 𝑥̂ (𝑡)) + 𝐵𝑓 (𝑓 (𝑡) − 𝑓̂ (𝑡))
𝑥
= 𝐴𝑥̃ (𝑡) + 𝐵𝑓 𝑓̃ (𝑡) .
(13)

(14)

𝑖=1

From the definition above we have 𝐽(𝑓𝑚 ) = 0, 𝐽 = 2, and
there is only one faulty agent in the network: 𝑓𝑖 = 0 if 𝑖 ≠ 𝑚.
Then formula (14) can be rewritten as
𝑛
2
2
𝐽 ̂
𝐽 (𝑓̂𝑚 ) = ∑ (𝑓̂𝑖 − 𝑓𝑖 ) = 𝐽 (𝑓𝑚 ) +
(𝑓𝑚 − 𝑓𝑚 ) .
2
𝑖=1

4. Extremum Seeking for Approximating
Fault Parameters

yseek

(15)

Denote the estimation error of 𝑓̂𝑚 as 𝑓̃𝑚 = 𝑓𝑚 − 𝑓𝑚 , so we
have
𝑓̃𝑚 = 𝑓𝑚 − 𝑓̂𝑚 − 𝑎 sin (𝜔𝑡) .

(16)

The dynamic model of the system can be summarized as
follows:
𝑠
𝜉 = [𝑎 sin (𝜔𝑡)]
𝑓̂𝑚 = 𝑓𝑚 + 𝑎 sin (𝜔𝑡) ,
𝑦 ,
𝑠 + ℎ seek
(17)
where [𝑎 sin(𝑤𝑡)] means the Laplace transforms of 𝑎 sin(𝑤𝑡).
Then we have
2
𝐽
(18)
𝐽 (𝑓̂𝑚 ) = 𝐽 (𝑓𝑚 ) +
(𝑎 sin (𝜔𝑡) − 𝑓̃𝑚 ) .
2
Then we have
𝐽 𝑓̃𝑚2
𝑎2 𝐽 sin2 (𝜔𝑡)
𝐽 (𝑓̂𝑚 ) = 𝑓𝑚 +
− 𝑎𝐽 𝑓̃𝑚 sin (𝜔𝑡) +
.
2
2
(19)

Then the signal which is processed with high-pass filter 𝑠/(𝑠 +
ℎ) can be denoted as
𝑠
[𝐽 (𝑓̂𝑚 )]
𝑠+ℎ
(20)
𝐽 𝑓̃𝑚2
𝑎2 𝐽 sin2 (𝜔𝑡)
 ̃
=[
− 𝑎𝐽 𝑓𝑚 sin (𝜔𝑡) +
].
2
2

4
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So we have
𝐽 𝑓̃𝑚2
𝑎2 𝐽 sin3 (𝜔𝑡)
𝜉=
sin (𝜔𝑡) − 𝑎𝐽 𝑓̃𝑚 sin2 (𝜔𝑡) +
,
2
2
𝑘
1
𝑓𝑚 = (− )
𝜉.
𝑠 𝑠+1

where 𝜔𝑖 ≠ 𝜔𝑗 and 𝜔𝑖 + 𝜔𝑗 ≠ 𝜔𝑘 , 𝐽 has a global minimum
(𝑓̂ = 𝑓), and 𝑓̂ will converge to the extremum vector 𝑓̂∗ .
Proof. From formula (14),
𝑛

(21)

From 𝑓̃𝑚 = 𝑓𝑚 − 𝑓𝑚 , we obtain

2

𝐽 (𝑓̂𝑚 ) = ∑ (𝑓̂𝑖 − 𝑓𝑖 ) .

(25)

𝑖=1

The first derivative and second derivative of cost function

̃̇ = −𝑓̇ = −𝑠 ((− 𝑘 ) 1 𝜉) = 𝛽 𝜉.
𝑓
𝑚
𝑚
𝑠 𝑠+1
𝑠+1
We arrive at
 ̃2
̃̇ = 𝑘 ( 𝐽 𝑓𝑚 sin (𝜔𝑡) − 𝑎𝐽 𝑓̃
𝑓
𝑚
𝑚
𝑠+1
2

are
(22)

𝑖

𝜕2 𝐽
= 2,
𝜕𝑓̂2
𝑖

𝜕2 𝐽
= 0.
𝜕𝑓̂ 𝜕𝑓̂
𝑖

̂ = 𝐽 (𝑓) + 1 (𝑓̂ − 𝑓)T 𝐻 (𝑓̂ − 𝑓) .
𝐽 (𝑓)
𝑒
2

𝑛

2

𝑦seek = ∑ (𝑓̃𝑖 − 𝑎𝑖 sin 𝜔𝑖 𝑡)

(23)

From formula (23), we find that the convergence rate is
governed by the excitation signal gain 𝑎, integration time
𝑘, and the estimation error 𝑓̃𝑚 . However, to implement the
algorithm, some suitable parameters have to be designed; for
example, 𝜔 is designed large relative to 𝑘, 𝑎.
Remark 2. The principle of extremum seeking has been
reported in the literature [12]. Since Wang and Krstic proved
the stability of extremum seeking in 2000 [17], scholars have
shown increasing interest in extremum seeking. In addition,
sin 𝜔𝑡 (excitation signals) can be replaced by other excitation
signals [13]. The assumption that the changing rate of 𝑓̂𝑚
is much faster than 𝑓𝑚 can be fulfilled if the gain 𝑎 and
frequency 𝜔 of excitation signal are chosen large enough.
Remark 3. There are many other self-adapting algorithms
to estimate fault parameters. However, comparing with
extremum seeking, most of the algorithms are more difficult
to design.
4.2. Multiple Faulty Agents Case. Theorem 1 gives the condition of parameter estimation when there is only a faulty
agent in the network. When there are multiple faulty agents
in the network, a multivariable extremum seeking parameter estimation scheme is proposed, which is concluded in
Theorem 4.
Theorem 4. Replace the excitation signals 𝑎 sin 𝜔𝑡 and sin 𝜔𝑡
with excitation signals vector 𝑆(𝑡) and 𝑀(𝑡) in the structure of
fault parameter estimation in Figure 1:
𝑇

𝑆 (𝑡) = [𝑎1 sin 𝜔1 𝑡 ⋅ ⋅ ⋅ 𝑎𝑛 sin 𝜔𝑛 𝑡] ,
2
2
sin (𝜔1 𝑡) ⋅ ⋅ ⋅ sin (𝜔𝑛 𝑡)] ,
𝑎1
𝑎𝑛

(24)

(27)

Denote the estimation error of 𝑓̂ as 𝑓̃ = 𝑓 − 𝑓, and we
have

𝑖=1

𝑀 (𝑡) = [

(26)

𝑗

The Hessian matrix is 𝐻𝑒 = diag(2, 2, . . . , 2), and formula
(25) can be rewritten as

1 − cos (2𝜔𝑡) 2
𝑎2 𝐽 sin3 (𝜔𝑡)
×(
sin (𝜔𝑡) +
))
2
2
𝑘
≈ − 𝑎𝐽 𝑓̃𝑚 = −𝑘𝑎𝑓̃𝑚 .
2

𝜕𝐽
= 2 (𝑓̂𝑖 − 𝑓𝑖 ) ,
𝜕𝑓̂

=

𝑛

∑ (𝑓̃𝑖2
𝑖=1

(28)
− 2𝑎𝑖 sin 𝜔𝑖 𝑡 +

2
𝑎𝑖2 sin2 𝜔𝑖 𝑡)

.

Then we obtain
𝑠
𝜉 = 𝑀 (𝑡)
𝑦
𝑠 + ℎ seek
=[
𝜉𝑖 =
=

2
2
sin (𝜔1 𝑡) 𝑦seek , . . . , sin (𝜔𝑛 𝑡) 𝑦seek ] ,
𝑎1
𝑎𝑛
(29)

2
sin (𝜔𝑖 𝑡) 𝑦seek
𝑎𝑖
𝑛
2
sin (𝜔𝑖 𝑡) ∑𝑓̃𝑖2 − 4𝑓̃𝑖 sin2 (𝜔𝑖 𝑡) + 2𝑎𝑖 sin2 (𝜔𝑖 𝑡) .
𝑎𝑖
𝑖=1

We have
𝑓𝑖 =
=

𝑘
1
⋅
𝜉
𝑠 𝑠+1 𝑖
𝑘
1
⋅
𝑠 𝑠+1
×[

𝑛
2
sin (𝜔1 𝑡) ∑𝑓̃𝑖2 − 4𝑓̃𝑖 sin2 (𝜔𝑖 𝑡) + 2𝑎𝑖 sin2 (𝜔𝑖 𝑡)]
𝑎1
𝑖=1

𝑘
≈ −4𝑓̃𝑖 ,
𝑠

(30)
̃̇ = −4𝑘𝑓̃ .
𝑓
𝑖

(31)

From (31), we find that the convergence rate is governed
̃
by the integration time 𝑘 and the estimation error 𝑓.
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Lemma 5. The new system (34) achieves consensus asymptotically if and only if 𝐴 −𝑚 has exactly two zeros and all other
eigenvalues have negative real parts, specifically,

5. Cooperative Weight Accommodation for
Fault Tolerance
In this section, we primarily focus on the design of cooperative fault-tolerant control laws for multiagent systems. The
system contains 𝑁 agents with fixed connection topology.
The connection matrix can be formulated as a Laplacian
matrix, and the velocity of the 𝑖th agent is influenced by
connection weight 𝑎𝑖𝑗 . When the unknown input observers
detect a failure in the network, we can improve the influence
of its nonfaulty neighbors on the faulty agent by adjusting the
weight.
5.1. Single Faulty Agent Case. Weights 𝑎𝑚𝑗 and 𝑏𝑚 are both
positive constants. Based on (2), all agents asymptotically
converge to the same velocity and reach the same position
if there is no faulty agent. Agent 𝑚 turns faulty at 𝑇𝑚 and it
was first isolated from the system. The new networked system
without faulty agent can be written as a linear time invariant
dynamical system as
̇ = 𝐴 −𝑚 𝑥,
𝑥−𝑚

(32)

𝑦−𝑚 = 𝐶−𝑚 𝑥−𝑚 ,

where 𝑥−𝑚 = [𝑝1 , 𝑝2 , . . . , 𝑝𝑚−1 , 𝑝𝑚+1 , . . . , 𝑝𝑁, 𝑞1 , 𝑞2 , . . . , 𝑞𝑚−1 ,
𝑞𝑚+1 , . . . , 𝑞𝑁]T , 𝐴 −𝑘 , 𝐶−𝑘 ∈ 𝑅2(𝑛−1)×2(𝑛−1) , and 𝑥, 𝑦 ∈ 𝑅2(𝑛−1) .
All the eigenvalues of the matrix 𝐴 −𝑘 less than 0 guarantee
the convergence to the target point. We defined the state
of each agent as 𝑥𝑖 = [𝑝𝑖 , 𝑞𝑖 ], 𝑥𝑡 ∈ 𝑅2 as the target
state. We defined 𝑝̃𝑖 = 𝑝𝑖 − 𝑝0 , 𝑞̃𝑖 = 𝑞𝑖 − 𝑞0 and 𝑥̃ =
[𝑝̃1 , 𝑝̃2 , . . . , 𝑝̃𝑛−1 , 𝑞̃1 , 𝑞̃2 , . . . , 𝑞̃𝑛−1 ], and we have

𝑞𝑇𝑚

𝑛−1
1 𝑛−1
1
(𝑡 − 𝑇𝑚 ) ∑ 𝑞𝑖 (𝑇𝑚 ) ,
∑ 𝑝𝑖 (𝑇𝑚 ) +
𝑛 − 1 𝑖=1
𝑛−1
𝑖=1

1 𝑛−1
=
∑ 𝑞 (𝑇 ) .
𝑛 − 1 𝑖=1 𝑖 𝑚

Theorem 6. The faulty agent has an equilibrium state 𝑞0̇ = 0
when
∑ 𝑎0𝑗 𝑝𝑗 = −𝑓0 ,

𝑗∈𝑁0

𝑗∈𝑁0

(33)

where 𝑎min ≤ 𝑎0𝑗 ≤ 𝑎max .
Proof. The new multiagent system is still able to converge to
the target state 𝑥𝑡 = [𝑝𝑡 , 𝑞𝑡 ] after the faulty agent is isolated. For a faulty agent under 𝑢𝑖 , the Lyapunov function is
constructed as
𝑉0 =

2
1
1
∑ 𝑎0𝑗 (𝑝𝑒 − 𝑝𝑗 − 𝑝0 ) + 𝑞02
2 𝑗=𝑁0
2

The networked system without faulty agent can be written
as a linear time invariant dynamical system:
𝑥̃ = 𝐴 1 𝑥̃ − 𝐴 2 𝑥̃ − 𝑓𝑒 .

(34)

The following text gives some details of 𝐴 1 and 𝐴 2 :

[

0(𝑛−1)(𝑛−1)
]
𝑑
]
],
..
]
.
𝑑

(38)

and the time derivative of 𝑉0 is
𝑉0̇ = − ∑ 𝑎0𝑗 (𝑝𝑒 − 𝑝𝑗 − 𝑝0 ) 𝑞0
𝑗∈𝑁0

+ 𝑞0 [−𝑏𝑞0 + ∑ 𝑎0𝑗 (𝑝𝑗 − 𝑝0 ) + 𝑓0 ]
𝑗∈𝑁0
[
]

(39)

Then we have
𝑉0̇ = ∑ 𝑎0𝑗 𝑝𝑗 𝑞0 − 𝑏𝑞02 + 𝑞0 𝑓0 = −𝑏𝑞02 ≤ 0.
𝑗∈𝑁0

0 𝐼
𝐴 1 = [ ̃ 𝑛−1 ] ,
−𝐿 −𝑏

(37)

𝑗∈𝑁0

𝑞̃̇ 𝑖 = 𝑞𝑖̇ − 𝑞0̇ = −𝑏̃
𝑞0 + ∑ 𝑎𝑖𝑗 (𝑝̃𝑗 − 𝑝̃𝑖 ) − ∑ 𝑎0𝑗 𝑝̃𝑗 − 𝑓0 .

[
[
𝐴2 = [
[

(36)

= ∑ 𝑎0𝑗 𝑝𝑗 𝑞0 − 𝑏𝑞02 + 𝑞0 𝑓0 .

̃̇ 𝑖 = 𝑝𝑖̇ − 𝑝0̇ = 𝑞𝑖 − 𝑞0 = 𝑞̃𝑖 ,
𝑝
𝑗∈𝑁𝑖

𝑝𝑒 (𝑡) =

(40)

5.2. Multiple Faulty Agent Case. As described above, all the
faulty agents are isolated from the system. The faulty set
is defined by 𝑚 = [𝑚1 , 𝑚2 , . . . , 𝑚𝑛𝑓 ], where there are 𝑛𝑓
faulty agents in the network. We defined 𝑝̃𝑖𝑚𝑘 = 𝑝𝑖 − 𝑝𝑚𝑘 ,
𝑞̃𝑖𝑚𝑘 = 𝑞𝑖 − 𝑞𝑚𝑘 and 𝑥̃𝑚𝑘 = [𝑝̃2𝑚𝑘 , 𝑝̃2𝑚𝑘 , . . . , 𝑝̃(𝑛−𝑛𝑓 )𝑚𝑘 , 𝑞̃1𝑚𝑘 ,
𝑞̃2𝑚𝑘 , . . . , 𝑞̃(𝑛−𝑛𝑓 )𝑚𝑘 ]. Then we have the following theorem.
Theorem 7. For multiple faulty agents case, each faulty agent
̇ = 0 when
has an equilibrium state 𝑞𝑚𝑘

(35)

]

where 𝑑 ∈ 𝑅𝑛−1 , 𝑑 = [𝑑1 , 𝑑2 , . . . , 𝑑𝑛−1 ], and 𝑓𝑒 = [0, 0, . . . ,
0, 𝑓0 , 𝑓0 , . . . , 𝑓0 ]T .

∑ 𝑎𝑚𝑘 𝑗 𝑝𝑗𝑚𝑘 = −𝑓𝑚𝑘 ,

𝑗∈𝑁𝑚𝑘

where 𝑎min ≤ 𝑎𝑚𝑘𝑗 ≤ 𝑎max .
Proof. See Theorem 6.

(41)
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Figure 2: Initial positions and desired positions of 7 agents.
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Figure 3: The consensus process of seven agents.

6. Simulation
In this study, a cooperative multiagent team example is
given to illustrate the feasibility and effectiveness of the
proposed method. Seven agents communicate with each
other to aggregate the consensus position. First, we build a
set of unknown input observers for each agent. Then, we
utilize extremum seeking to adaptively approximate the fault
parameter. Finally, we use the fault tolerance method to
recover the system.
As shown in Figure 2, seven agents will converge to the
consensus state in 𝑥-label, where the position in 𝑦-label is
fixed. The start position of the seven agents is 10∗random(1),
where the start velocity is zero. The initialization parameters
are 𝑎𝑖𝑗 = 1, 𝑏 = 1, and 𝛾 = 1, so the second maximum
eigenvalue of matrix A for the position consensus problem

is Re(𝜆) = −0.5. At 𝑇2 = 16 s, agent 2 gets faulty, and the
faulty parameter is f 2 = 2,5. Figure 3 shows the 𝑥-position
and velocity of seven agents, and all agents achieve target
state consensus by cooperative control law. The final state of
position is mean value of the initial positions, and the final
state of velocity is zero for the initial velocity. When 𝑡 > 𝑇2 =
16 s, there was a deviation between real state and estimate
state. In extremum seeking, we choose 𝜔 = 10, 𝑘 = 0.001,
and 𝑎 = 0.1. The seeking process is shown in Figure 4.

7. Conclusion
This paper proposes a new framework of fault detection
and fault-tolerant control of multiagent systems. This paper
mainly studies fault parameter approximation using extremum seeking and cooperative fault-tolerant control using
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Figure 4: The search process of extremum seeking.

interconnection weights adjusting. Fault parameter approximation using extremum seeking simplifies the design process.
Then, by adjusting some interconnection weights based on
Lyapunov potential-energy function, we show that the target
state is still reached.
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The containment control problems of nonlinear multiagent systems with time-delay via impulsive algorithms under both fixed
and switching topologies are studied. By using the Lyapunov methods, several conditions are derived to achieve the containment
control. It is shown that the states of the followers can converge into the convex hull spanned by the states of the leaders if every
leader has directed paths to all the followers and the impulsive period is short enough. Finally, some simulations are conducted to
verify the effectiveness of the proposed algorithms.

1. Introduction
Recently, the distribution cooperative control of the multiagent systems has attracted numerous researches due to
the extensive applications in the scientific, engineering, biological aspects, and so forth [1–5]. The very essence of the
distribution cooperative control lies in that none of the agents
know the states of all the other agents exactly and every
agent updates its own states based on the state information
from its neighbors. Consensus problems, as a fundamental
branch of cooperative control, have been investigated in
many literatures with plenty of useful results obtained [6,
7]. In earlier times, the researches mainly focused on the
consensus cases where there exists no more than one leader
[8–11]. Zhu and Cheng in [8] considered the consensus of
multiagent systems where there exists one leader. Su et al.
in [9, 10] mainly investigated the leader-following consensus
of linear multiagent systems with one leader and input
saturation. Lu et al. [11] studied the finite-time distributed
tracking control for multiagent systems with an active leader.
The investigations on consensus problems of multiple
leaders [12–19], called containment control, are also significant because they are related with many practical applications, such as there are some agents equipped with the
detective sensors, while the other less capable agents are

driven into the convex hull spanning by the former agents
such that all the agents can navigate their trip without any
potential danger.
The proposed algorithms in [13, 14] are applied to multiagent systems with linear dynamics. These critical defects limit
the validity of the proposed models because the nonlinear
systems are ubiquitous in the real world [20–22]. In this
paper, we deal with the containment control of the nonlinear
multiagent systems. Compared with the continuous control
algorithms [12–19], the impulsive algorithms have remarkable
superiority as the impulsive controllers are usually simple and
practical [23–26]. In many cases, to achieve the consensus,
the continuous regulation and control are not necessary or
impossible. Nevertheless, the impulsive algorithms just need
to regulate and alter the states of the systems at the impulsive
instants. Also, it can be easily seen that impulsive control is
effective and efficient in the control of the multiagent systems
to achieve consensus. In many real applications, due to the
limited switching speed and the transmission of the signals,
the next states of the dynamic systems may be concerned
not only with the states at this time but also with states of
the time before. It is practical and necessary to analyse the
systems with time-delay. If the time-delay is not taken into
consideration in the system models, inappropriate or even
inaccurate results may be obtained. There are some works
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[27, 28] that deal with the consensus or synchronization
problem with time-delays.
Motivated by the aforementioned discussions, we investigate the achievement of the containment control for the
nonlinear multiagent systems with time-delay under both
fixed and switching topology in this paper. The proposed
impulsive algorithm can achieve the containment control
and some sufficient conditions are obtained, which show
that, for specific dynamic systems, the containment control
can be achieved if the control period of the impulsive
algorithms and the feedback gain of the controller satisfy
the given conditions. Finally, some numerical simulations are
presented to verify the validity of the theoretical analysis.
The outline of this paper is organized as follows. In
Section 2, we first give some preliminaries which are essential for the analyses of the multiagent systems. Then, the
containment control of the nonlinear dynamic systems with
internal time-delays under both fixed and switching topology via impulsive algorithms is considered. In Section 3,
some simulations are presented to illustrate the theoretical
results. Finally, some conclusions of this paper are drawn in
Section 4.
The notions and symbols used in the paper are given as
follows. R denotes the set of real numbers. Let 𝐼𝑁 be the 𝑁×𝑁
identity matrix (or just 𝐼 if no confusion), 1𝑁 = [1, 1, . . . , 1]𝑇 .
0𝑁×𝑀 is the 𝑁×𝑀 matrix with all entries zero. ‖⋅‖ denotes the
Euclidean norm. 𝜆 max (𝐴), 𝜆 min (𝐴) denote the maximum and
minimum eigenvalue of the square matrix 𝐴, respectively.

2. Impulsive Containment Control for
Nonlinear Systems with Internal Delay
First, we summarize some definitions and results from graph
theory that will be used in the paper.
Let G = (V, E, A) be a weighted graph consisting of
the set of nodes V = {1, 2, . . . , 𝑛}, the set of edges E ⊂
V × V, and a weighted adjacency matrix A = [𝑎𝑖𝑗 ], 𝑖,
𝑗 = 1, 2, . . . , 𝑛. If (𝑗, 𝑖) ∈ E, then 𝑎𝑖𝑗 > 0 and 𝑎𝑗𝑖 > 0;
otherwise, 𝑎𝑖𝑗 = 𝑎𝑗𝑖 = 0 and the diagonal entries of A
are zero; that is, 𝑎𝑖𝑖 = 0. A path from node 𝑖 to node
𝑗 is a sequence of edges (𝑖, 𝑝1 ), (𝑝1 , 𝑝2 ), . . . , (𝑝𝑘 , 𝑗), where
(𝑖, 𝑝1 ), (𝑝1 , 𝑝2 ), . . . , (𝑝𝑘 , 𝑗) ∈ E. N𝑖 denotes the set of the
neighbors of node 𝑖, where N𝑖 = {𝑗 ∈ V : (𝑗, 𝑖) ∈ E}. The
Laplacian matrix of graph G is denoted by 𝐿 = [𝑙𝑖𝑗 ] ∈ R𝑛×𝑛 ,
𝑙𝑖𝑖 = ∑𝑛𝑗=1 𝑎𝑖𝑗 and 𝑙𝑖𝑗 = −𝑎𝑖𝑗 for 𝑖 ≠ 𝑗.
2.1. Impulsive Containment Control for Nonlinear Dynamic
Systems of Fixed Topology with Internal Delay. Consider a
nonlinear dynamic multiagent system with (𝑀 + 𝑁) agents.
Assume that there are 𝑀 leaders and 𝑁 followers. An agent
is a leader if the agent does not receive any information from
others. Otherwise, it is a follower. The set of leaders is denoted
by M = {1, 2, . . . , 𝑀} and the set of followers is denoted by
N = {𝑀+1, . . . , 𝑀+𝑁}. Let V = M∪N = {1, 2, . . . , 𝑀+𝑁}
be the set of all the agents. The communications among the
(𝑀 + 𝑁) agents are represented by a directed graph G.
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The dynamics of the nonlinear multiagent system with
internal time-delay are given as follows:
𝑥𝑖̇ (𝑡) = 𝑔 (𝑡, 𝑥𝑖 (𝑡) , 𝑥𝑖 (𝑡 − 𝑑)) + 𝑢𝑖 (𝑡) ,
𝑥𝑖̇ (𝑡) = 𝑔 (𝑡, 𝑥𝑖 (𝑡) , 𝑥𝑖 (𝑡 − 𝑑)) ,

𝑖 ∈ N,

𝑖 ∈ M,

(1)

where 𝑑 is the internal delay and 𝑥𝑖 (𝑡) ∈ R𝑛 and 𝑢𝑖 (𝑡) ∈ R𝑛
are the state and control input of the 𝑖th agent, respectively.
𝑔(⋅, ⋅, ⋅) : R × R𝑛 × R𝑛 → R𝑛 is the nonlinear dynamic of the
𝑖th agent.
Assumption 1. The nonlinear function 𝑔(𝑡, 𝑥𝑖 (𝑡), 𝑥𝑖 (𝑡 − 𝑑)) in
system (1) satisfies the convex Lipschitz condition. That is,
there exist two positive numbers 𝐾 and 𝑙, such that, for all
𝑥𝑖 , 𝑦𝑖 , 𝑖 = 𝑀 + 1, . . . , 𝑀 + 𝑁,


𝑀


𝑔 (𝑡, 𝑥 , 𝑦 ) − ∑𝑎 𝑔 (𝑡, 𝑥 , 𝑦 )

𝑖 𝑖
𝑗
𝑗 𝑗 



𝑗=1


 

𝑀
𝑀

 




⩽ 𝐾 𝑥𝑖 − ∑ 𝑎𝑗 𝑥𝑗  + 𝑙 𝑦𝑖 − ∑ 𝑎𝑗 𝑦𝑗  ,

 

𝑗=1
𝑗=1

 


(2)

where 𝑎𝑗 ⩾ 0, 𝑗 = 1, . . . , 𝑀 and ∑𝑀
𝑗=1 𝑎𝑗 = 1.
The initial states of the system (1) are
𝑥𝑖 (𝑡) = 𝑜𝑖 (𝑡) ,

−𝑑 ⩽ 𝑡 ⩽ 0, 𝑖 ∈ V,

(3)

where 𝑜𝑖 (𝑡) ∈ 𝐶([−𝑑, 0], R𝑛 ) and 𝐶([−𝑑, 0], R𝑛 ) is the 𝑛dimensional vector space of continuous functions. In this
paper, we consider the case of 𝑛 = 1 and all the results will
hold for 𝑥𝑖 (𝑡), 𝑢𝑖 (𝑡) ∈ R𝑛 (𝑛 > 1) by using the property of
Kronecker product.
From the definitions of the leader and the follower, the
Laplacian matrix of the graph G can be partitioned as
𝐿=[

𝐿 12
𝐿 11
],
0𝑀×𝑁 0𝑀×𝑀

(4)

where 𝐿 11 is a 𝑁 × 𝑁 matrix which denotes the communications among the followers. 𝐿 12 is a 𝑁 × 𝑀 matrix
which denotes the communications among the followers and
leaders.
Assumption 2. In the graph G, the communications among
the followers are undirected and, for each follower, there
exists at least one leader that has a directed path to that
follower.
From the property of the Laplacian matrix, the following
lemma can be obtained.
Lemma 3 (see [17]). Let Assumption 1 hold. Then 𝐿 11 is
symmetric positive definite and all the entries of −(𝐿−1
11 𝐿 12 ) are
𝐿
)1
=
1
.
nonnegative and −(𝐿−1
𝑁
11 12 𝑀
Definition 4 (see [29]). A subset 𝐶 of R𝑁 is said to be convex
if (1 − 𝜆)𝑥 + 𝜆𝑦 ∈ 𝐶 whenever 𝑥 ∈ 𝐶, 𝑦 ∈ 𝐶, and 0 < 𝜆 < 1.
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The convex hull of a finite set of points 𝑥1 , 𝑥2 , . . . , 𝑥𝑞 ∈ R𝑁 (𝑞
is a positive integer) is the minimal convex set containing all
points in {𝑥1 , 𝑥2 , . . . , 𝑥𝑞 }. We use co{𝑥1 , 𝑥2 , . . . , 𝑥𝑞 } to denote
it; that is,

𝑞
{𝑞
}
co {𝑥1 , 𝑥2 , . . . , 𝑥𝑞 } = { ∑ 𝑎𝑗 𝑥𝑗 | 𝑎𝑗 ∈ R, 𝑎𝑗 ⩾ 0, ∑ 𝑎𝑗 = 1} .
𝑗=1
{𝑗=1
}
(5)

Let
𝑇

𝑥𝐹 (𝑡) = [𝑥𝑀+1 (𝑡), . . . , 𝑥𝑀+𝑁(𝑡)] ,
𝑇

𝑥𝐿 (𝑡) = [𝑥1 (𝑡), . . . , 𝑥𝑀(𝑡)] ,
𝐺𝐹 (𝑡) = [𝑔 (𝑡, 𝑥𝑀+1 (𝑡) , 𝑥𝑀+1 (𝑡 − 𝑑)) , . . . ,
𝑇

(8)

𝑔(𝑡, 𝑥𝑀+𝑁(𝑡), 𝑥𝑀+𝑁(𝑡 − 𝑑))] ,
𝐺𝐿 (𝑡) = [𝑔 (𝑡, 𝑥1 (𝑡) , 𝑥1 (𝑡 − 𝑑)) , . . . ,
𝑇

Definition 5. The containment control is achieved in system
(1) if, for any initial conditions, 𝑥𝑖 (𝑡) ∈ co{𝑥1 (𝑡), . . . , 𝑥𝑀(𝑡)}
as 𝑡 → +∞, for all 𝑖 ∈ N. That is, each state of the followers
will converge into the convex hull formed by the states of the
leaders as 𝑡 → +∞.
To achieve the containment control for the system (1), we
propose the following impulsive algorithm:

∞

(6)

𝑖 ∈ N,

𝑡 ≠ 𝑡𝑘 ,

𝑁+𝑀

Δ𝑥𝑖 (𝑡𝑘 ) = (−𝛼) ∑ 𝑎𝑖𝑗 (𝑥𝑖 (𝑡𝑘 ) − 𝑥𝑗 (𝑡𝑘 )) ,
𝑗=1

(7)

𝑖∈N
𝑥𝑖̇ (𝑡) = 𝑔 (𝑡, 𝑥𝑖 (𝑡) , 𝑥𝑖 (𝑡 − 𝑑)) ,

𝑥𝐹̇ (𝑡) = 𝐺𝐹 (𝑡) ,

𝑡 ≠ 𝑡𝑘

Δ𝑥𝐹 (𝑡𝑘 ) = − 𝛼𝐿 11 [𝑥𝐹 (𝑡𝑘 ) + 𝐿−1
11 𝐿 12 𝑥𝐿 (𝑡𝑘 )] ,
𝑥𝐿̇ (𝑡) = 𝐺𝐿 (𝑡) ,

(9)

𝑡 > 0.

𝜔̇ (𝑡) = 𝐺𝐹 (𝑡) + (𝐿−1
11 𝐿 12 ) 𝐺𝐿 (𝑡) ,

𝑡 ≠ 𝑡𝑘 ,

Δ𝜔 (𝑡𝑘 ) = − 𝛼𝐿 11 𝜔 (𝑡𝑘 ) .

where 𝛼 > 0 is the feedback gain to be determined and A =
[𝑎𝑖𝑗 ] ∈ R𝑛×𝑛 is the adjacency matrix associated with the graph
G. The impulsive instants are 𝑡𝑘 , 𝑘 = 1, 2, . . ., lim𝑘 → +∞ 𝑡𝑘 =
+∞. That is, 𝑡1 < 𝑡2 < ⋅ ⋅ ⋅ < 𝑡𝑘 < ⋅ ⋅ ⋅ is the impulsive instant
sequence, where 𝑡1 > 𝑡0 ; 𝑡0 = 0 is the initial time. 𝛿(⋅) is the
Dirac impulsive function.
Using the impulsive algorithm (6) in the system (1), we
can obtain
𝑥𝑖̇ (𝑡) = 𝑔 (𝑡, 𝑥𝑖 (𝑡) , 𝑥𝑖 (𝑡 − 𝑑)) ,

According to equality (4), the system (7) can be rewritten as

Let 𝜔(𝑡) = 𝑥𝐹 (𝑡) + (𝐿−1
11 𝐿 12 )𝑥𝐿 (𝑡), 𝑡 ≠ 𝑡𝑘 , and Δ𝜔(𝑡𝑘 ) =
𝐿
)Δ𝑥
(𝑡
Δ𝑥𝐹 (𝑡𝑘 ) + (𝐿−1
𝐿 𝑘 ). Because Δ𝑥𝐿 (𝑡𝑘 ) = 0 and from
11 12
equality (9), the following equations can be obtained:

𝑀+𝑁

𝑢𝑖 (𝑡) = ∑ [(−𝛼) ∑ 𝑎𝑖𝑗 (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡))] 𝛿 (𝑡 − 𝑡𝑘 ) ,
𝑗=1
𝑘=1
[
]

𝑔(𝑡, 𝑥𝑀(𝑡), 𝑥𝑀(𝑡 − 𝑑))] .

𝑡 > 0, 𝑖 ∈ M,

where Δ𝑥𝑖 (𝑡𝑘 ) = 𝑥𝑖 (𝑡𝑘+ ) − 𝑥𝑖 (𝑡𝑘 ) and 𝑥𝑖 (𝑡𝑘+ ) = lim𝑡 → 𝑡𝑘+ 𝑥𝑖 (𝑡).
Assume that 𝑥𝑖 (𝑡) is left-hand continuous at 𝑡 = 𝑡𝑘 , 𝑘 =
1, 2, . . .; that is, 𝑥𝑖 (𝑡𝑘− ) = 𝑥𝑖 (𝑡𝑘 ), where 𝑥𝑖 (𝑡𝑘− ) = lim𝑡 → 𝑡𝑘− 𝑥𝑖 (𝑡),
𝑖 ∈ N. For simplification, we assume that 𝑥𝑖 (𝑡), 𝑖 ∈ V, is
continuous at the initial time 𝑡0 = 0.
Assumption 6. The internal delay must be less than the
impulsive period. That is, 0 ⩽ 𝑑 ⩽ 𝜏0 , where 𝑡𝑘+1 − 𝑡𝑘 = 𝜏0 ,
𝑘 = 1, 2 . . ., is the impulsive period.

(10)

Remark 7. From Lemma 3, every entry in −(𝐿−1
11 𝐿 12 ) is non𝐿
)1
=
1
.
We
can
get
that
each entry
negative and −(𝐿−1
𝑁
11 12 𝑀
𝐿
)𝑥
(𝑡)
is
the
convex
hull
formed
by
the
states of
of (−𝐿−1
11 12 𝐿
the leaders. So, the containment control is achieved if the
system (10) is stable.
Theorem 8. Suppose that Assumptions 1, 2, and 6 are satisfied.
The system (1) using impulsive algorithm (6) achieves containment control, that is, 𝑥𝐹 (𝑡) → (−𝐿−1
11 𝐿 12 )𝑥𝐿 (𝑡), as 𝑡 → +∞,
if the following conditions are satisfied:
𝜆 max (𝐿 11 ) − 𝜆 min (𝐿 11 )
⩽ 𝑞 < 1,
𝜆 max (𝐿 11 ) + 𝜆 min (𝐿 11 )

(11)

1+𝑞
1−𝑞
⩽𝛼⩽
,
𝜆 min (𝐿 11 )
𝜆 max (𝐿 11 )

(12)

𝜏0 <

− ln (𝑞)
,
2 (𝐾 + 𝑙)

(13)

where 𝑞 is an auxiliary constant.
Proof. Construct a Lyapunov function 𝑉(𝑡) = 𝜔𝑇 (𝑡)𝜔(𝑡).
Then 𝑉(𝑡) is piecewise continuous and positive definite.
̇
̇
= 2𝜔𝑇 (𝑡)𝜔(𝑡).
Let 𝜔(𝑡) =
When 𝑡 ≠ 𝑡𝑘 , we can get 𝑉(𝑡)
[𝜔1 (𝑡), . . . , 𝜔𝑁(𝑡)]𝑇 and 𝜔(𝑡) = [|𝜔1 (𝑡)|, . . . , |𝜔𝑁(𝑡)|]𝑇 ; then
we can get 𝑉(𝑡) = 𝜔𝑇 (𝑡)𝜔(𝑡). From Assumption 1 and (10),
𝑉̇ (𝑡) ⩽ 2𝜔𝑇 (𝑡) (𝐾𝜔 (𝑡) + 𝑙𝜔 (𝑡 − 𝑑))

(14)
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can be obtained. That is,

Thus, from equality (22), we can obtain

𝑉̇ (𝑡) ⩽ 2𝐾𝜔 (𝑡) 𝜔 (𝑡) + 2𝑙𝜔 (𝑡) 𝜔 (𝑡 − 𝑑) .
𝑇

𝑇

(15)

𝑡


2
𝜉 (𝑡) < 𝑒−𝑎𝑡 𝑜𝜔 (𝑡) + ∫ 𝑒−𝑎(𝑡−𝑠) [𝑙𝜉 (𝑠 − 𝑑) + 𝜇] 𝑑𝑠
0
sup(−𝑑⩽𝑡⩽0)

It is obvious that
2𝜔𝑇 (𝑡) 𝜔 (𝑡 − 𝑑) ⩽ 𝜔𝑇 (𝑡) 𝜔 (𝑡) + 𝜔𝑇 (𝑡 − 𝑑) 𝜔 (𝑡 − 𝑑) . (16)
Combining inequalities (15) and (16) and the definition of
𝑉(𝑡), we can arrive at the following inequality:
𝑉̇ (𝑡) ⩽ (2𝐾 + 𝑙) 𝑉 (𝑡) + 𝑙𝑉 (𝑡 − 𝑑) ,

𝑡 ≠ 𝑡𝑘 .

(17)

From the definition of 𝑉(𝑡), we can obtain 𝑉(𝑡𝑘+ ) =
𝜔𝑇 (𝑡𝑘+ )𝜔(𝑡𝑘+ ). From system (10), it is easy to see that 𝜔(𝑡𝑘+ ) =
(𝐼 − 𝛼𝐿 11 )𝜔(𝑡𝑘 ). Thus,
𝑇

𝑉 (𝑡𝑘+ ) = 𝜔𝑇 (𝑡𝑘 ) (𝐼 − 𝛼𝐿 11 ) (𝐼 − 𝛼𝐿 11 ) 𝜔 (𝑡𝑘 ) ,

(18)

⩽ 𝜆2max (𝐼 − 𝛼𝐿 11 ) 𝜔𝑇 (𝑡𝑘 ) 𝜔 (𝑡𝑘 ) .

for 𝑡 ⩾ 0.
Let 𝜀(𝜃) = 𝜃−𝑎+𝑙𝑒𝜃𝑑 . Then, 𝜀(𝜃) = 0 has a unique solution
∗
̇
=
𝜃 > 0 because 𝜀(𝜃) is a strictly monotonic function 𝜀(𝜃)
1 + 𝑙𝑑𝑒𝜃𝑑 > 0 and 𝜀(0) = −𝑎 + 𝑙 < 0, 𝜀(+∞) > 0. According to
𝑎 − 𝑙 > 0 and −𝜃∗ 𝑡 > 0 when −𝑑 ⩽ 𝑡 ⩽ 0, we can get
∗
𝜇
2

𝜉 (𝑡) < 𝑒−𝜃 𝑡 𝑜𝜔 (𝑡) +
,
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)

∗

𝜉 (𝑡𝑐 ) ⩾ 𝑒−𝜃
(19)

To prove that the Lyapunov function 𝑉(𝑡) is convergent, we
construct an auxiliary variable 𝜉 in the following form:
𝜉 ̇ (𝑡) = (2𝐾 + 𝑙) 𝜉 (𝑡) + 𝑙𝜉 (𝑡 − 𝑑) + 𝜇,

𝑡 ≠ 𝑡𝑘

(20)

𝜉 (𝑡𝑘+ ) = 𝜆2max (𝐼 − 𝛼𝐿 11 ) 𝜉 (𝑡𝑘 ) ,

where the initial states are 𝜉(𝑡) = ‖𝑜𝜔 (𝑡)‖2 , −𝑑 ⩽ 𝑡 ⩽ 0,
and 𝜇 > 0, where 𝑜𝜔 (𝑡) = 𝑜𝐹 (𝑡) + (𝐿−1
11 𝐿 12 )𝑜𝐿 (𝑡), 𝑜𝐹 (𝑡) =
𝑇
[𝑜𝑀+1 (𝑡), . . . , 𝑜𝑀+𝑁(𝑡)] , and 𝑜𝐿 (𝑡) = [𝑜1 (𝑡), . . . , 𝑜𝑀(𝑡)]𝑇 .
Let
𝜂̇ (𝑡) = (2𝐾 + 𝑙) 𝜂 (𝑡) ,

𝑡 ≠ 𝑡𝑘 ,

(21)

𝜂 (𝑡𝑘+ ) = 𝜆2max (𝐼 − 𝛼𝐿 11 ) 𝜂 (𝑡𝑘 ) .

From inequalities (17), (19), and (20), it is obvious that, for
all 𝑡 > 0, 0 ⩽ 𝑉(𝑡) ⩽ 𝜉(𝑡). And the solution of (20) satisfies
the following integral equation:
𝑡

𝜉 (𝑡) = 𝜙 (𝑡, 0) 𝜉 (0) + ∫ 𝜙 (𝑡, 𝑠) [𝑙𝜉 (𝑠 − 𝑑) + 𝜇] 𝑑𝑠,

(22)

0

where 𝜙(𝑡, 𝑠), (𝑡, 𝑠 ⩾ 0), is the state transition matrix of the
system (21).
When 𝑡𝑘 < 𝑡 < 𝑡𝑘+1 and 𝑡𝑘−1 < 𝑠 < 𝑡𝑘 , 𝑘 = 1, 2, . . ., we can
arrive at
𝜙 (𝑡, 𝑠) ⩽ 𝑒(2𝐾+𝑙)(𝑡−𝑠) 𝜆2max (𝐼 − 𝛼𝐿 11 ) .

(24)

<𝑒

⋅

−𝑎(𝑡−𝑠)

(𝐼 − 𝛼𝐿 11 ) ⩽ 𝑒

𝑡 < 𝑡𝑐 .

.

(25)

(28)
(29)

However, from (26) and (29), we can obtain
𝜇
2

𝜉 (𝑡𝑐 ) < 𝑒−𝑎𝑡𝑐 ( 𝑜𝜔 (𝑡) +
)
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)
𝑡𝑐

+ ∫ 𝑒−𝑎(𝑡𝑐 −𝑠) [𝑙𝜉 (𝑠 − 𝑑) + 𝜇] 𝑑𝑠
0

𝜇
2

< 𝑒−𝑎𝑡𝑐 ( 𝑜𝜔 (𝑡) +
) + 𝑒−𝑎𝑡𝑐
𝑎−𝑙
sup(−𝑑⩽𝑡⩽0)
𝑡𝑐

∗

× ∫ 𝑒𝑎𝑠 [𝑙 (𝑒−𝜃

(𝑠−𝑑)

0

𝜇
2

) + 𝜇] 𝑑𝑠
𝑜𝜔 (𝑡) +
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)

𝜇
2
2


= 𝑒−𝑎𝑡𝑐 [ 𝑜𝜔 (𝑡) +
+ 𝑙 𝑜𝜔 (𝑡)
𝑎 − 𝑙 sup(−𝑑⩽𝑡⩽0)
sup(−𝑑⩽𝑡⩽0)
𝑡𝑐

∗

× ∫ 𝑒𝑎𝑠 ⋅ 𝑒−𝜃
0

+

(𝑠−𝑑)

𝑑𝑠

𝑡𝑐
𝑙𝜇 𝑡𝑐 𝑎𝑠
∫ 𝑒 𝑑𝑠 + 𝜇 ∫ 𝑒𝑎𝑠 𝑑𝑠] .
𝑎−𝑙 0
0

(30)
∗

𝜙 (𝑡, 𝑠) ⩽ 𝑒(−𝑎−𝛾/2)(𝑡−𝑠) 𝜆2max (𝐼 − 𝛼𝐿 11 )
𝑒−(𝛾/2)⋅2𝜏0 𝜆2max

𝜇
2

,
𝑜𝜔 (𝑡) +
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)

∗
𝜇
2

𝜉 (𝑡) < 𝑒−𝜃 𝑡 𝑜𝜔 (𝑡) +
,
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)

Combine the fact that 𝑙𝑒𝜃

Let 𝑎 = −(2𝐾 + 𝑙) − 𝛾/2 and 2 ln(𝑞)/𝜏0 = 𝛾. From condition
(13), it is obvious that 𝛾 < −4(𝐾 + 𝑙) and 𝑎 > 0. Accordingly,
inequality (23) can be rewritten:

−𝑎(𝑡−𝑠)

𝑡𝑐

(23)

From inequalities (11) and (12), we can obtain
𝜆 max (𝐼 − 𝛼𝐿 11 ) ⩽ 𝑞 < 1.



(27)

where −𝑑 ⩽ 𝑡 ⩽ 0. And we can prove that inequality (27) is
true for 𝑡 ⩾ 0 in the following.
Suppose that inequality (27) is not held; there must exist
a 𝑡𝑐 such that

That is,
𝑉 (𝑡𝑘+ ) ≤ 𝜆2max (𝐼 − 𝛼𝐿 11 ) 𝑉 (𝑡𝑘 ) .

(26)

𝑑
∗

𝜉 (𝑡𝑐 ) < 𝑒−𝜃

= 𝑎 − 𝜃∗ and we can get

𝑡𝑐

𝜇

2
,
𝑜𝜔 (𝑡) +
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)

(31)

which contradicts inequality (28). Thus, (27) can hold for 𝑡 >
0.
As 𝜇 → 0, then
∗

2
𝑉 (𝑡) ⩽ 𝜉 (𝑡) < 𝑒−𝜃 𝑡 𝑜𝜔 (𝑡) .

sup(−𝑑⩽𝑡⩽0)

(32)
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That is,

From (4) and (35), we can arrive at


‖𝜔 (𝑡)‖ ⩽ 𝑜𝜔 (𝑡) 𝑒−𝜃

∗

𝑡/2

sup(−𝑑⩽𝑡⩽0)

.

Remark 9. For the special case with only one leader, the
final states of the followers will track the leader under the
conditions in Theorem 8. That is, 𝑥𝑖 (𝑡) → 𝑥𝑙 (𝑡), as 𝑡 → ∞,
where 𝑖 ∈ N and 𝑥𝑙 (𝑡) is the state of the leader.
2.2. Impulsive Containment Control for Nonlinear Dynamic
Systems of Switching Topology with Internal Delay. In the
following, we propose the impulsive algorithms to achieve
the containment control for nonlinear systems with switching
topologies.
Consider the nonlinear system (1) in the switching cases;
the proposed impulsive algorithm is

𝜔̇ (𝑡) = 𝐺𝜔 (𝑡) ,

𝑡 ∈ (𝑡𝑘−1 , 𝑡𝑘 ] ,

(𝑖 )

𝑀+𝑁

𝑖 ∈ N,
(34)
where 𝛽 > 0 is the feedback gain.
Using the impulsive algorithm (34), the system (1) can be
rewritten as
𝑥𝑖̇ (𝑡) = 𝑔 (𝑡, 𝑥𝑖 , 𝑥𝑖 (𝑡 − 𝑑)) ,

𝑡 ≠ 𝑡𝑘

𝑗=1

𝑡 = 𝑡𝑘 , 𝑖 ∈ N,

1⩽𝑖⩽𝑚

− 𝑥𝑖 (𝑡𝑘 ) and assume that 𝑥𝑖 (𝑡) is leftwhere Δ𝑥𝑖 (𝑡𝑘 ) =
hand continuous at 𝑡 = 𝑡𝑘 , 𝑘 = 1, 2, . . ., 𝑖 ∈ N. Obviously,
𝑥𝑖 (𝑡) is continuous when 𝑡 ∈ M. For simplicity, we assume
that 𝑥𝑖 (𝑡) is continuous at 𝑡0 = 0, 𝑖 ∈ N.
Let
𝑇

𝑥𝐹 (𝑡) = [𝑥𝑀+1 (𝑡), . . . , 𝑥𝑀+𝑁(𝑡)] ,

2
max {𝜆2max (𝐼 − 𝛽𝐿(𝑖)
11 )} < 𝑞 .

1⩽𝑖⩽𝑚

(𝑖)
max1⩽𝑖⩽𝑚 {𝜆 max (𝐿(𝑖)
11 )} + min1⩽𝑖⩽𝑚 {𝜆 min (𝐿 11 )}

1−𝑞
min1⩽𝑖⩽𝑚 {𝜆 min (𝐿(𝑖)
11 )}

⩽𝛽⩽

(40)

𝑇

𝑥𝐿 (𝑡) = [𝑥1 (𝑡), . . . , 𝑥𝑀(𝑡)] ,

⩽ 𝑞 < 1,

1+𝑞

,

max1⩽𝑖⩽𝑚 {𝜆 max (𝐿(𝑖)
11 )}

(41)
𝜏0 <

− ln (𝑞)
,
2 (𝐾 + 𝑙)

(42)

where 𝑞 is an auxiliary constant.

𝐺𝐹 (𝑡) = [𝑔 (𝑡, 𝑥𝑀+1 (𝑡) , 𝑥𝑀+1 (𝑡 − 𝑑)) , . . . ,
𝑇

𝑇

(39)

Theorem 10. Suppose that Assumption 2 is satisfied in every
subsystem of (38) and Assumptions 1 and 6 are held. The system
(1) with switching topologies using impulsive algorithm (34)
achieves the containment control if

(𝑖)
max1⩽𝑖⩽𝑚 {𝜆 max (𝐿(𝑖)
11 )} − min1⩽𝑖⩽𝑚 {𝜆 min (𝐿 11 )}

𝑥𝑖 (𝑡𝑘+ )

𝑔 (𝑡, 𝑥𝑀+𝑁 (𝑡) , 𝑥𝑀+𝑁 (𝑡 − 𝑑))] ,

(38)

That is,

𝑡 > 0, 𝑖 ∈ M,

𝐺𝐿 (𝑡) = [𝑔 (𝑡, 𝑥𝑀+1 (𝑡) , 𝑥𝑀+1 (𝑡 − 𝑑)) , . . . ,

𝑡 = 𝑡𝑘 ,

𝛾 = max {𝜆2max (𝐼 − 𝛽𝐿(𝑖)
11 )} .

(35)

𝑘 = 1, 2, . . .

𝑔(𝑡, 𝑥𝑀+𝑁(𝑡), 𝑥𝑀+𝑁(𝑡 − 𝑑))] ,

(37)

where 𝑖𝑘 ∈ {1, 2, . . . , 𝑚}, 𝑘 = 1, 2, . . ..
To simplify the presentation, define the constant numbers
𝛾 that satisfy the following equality:

𝑁+𝑀

Δ𝑥𝑖 (𝑡) = (−𝛽) ∑ 𝑎𝑖𝑗 (𝑡) (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)) ,

𝑡 = 𝑡𝑘 ,

where 𝑘 = 1, 2, . . .. The switching signal 𝜎 : 𝑅+ →
{1, 2, . . . , 𝑚}, which is equivalent to (𝑡𝑘−1 , 𝑡𝑘 ] → 𝐿 11 (𝑡) ∈
(2)
(𝑚)
{𝐿(1)
11 , 𝐿 11 , . . . , 𝐿 11 }, is a piecewise constant function. That
is, the Lapacian matrix of the communication topologies is
assumed to take from a set L = {𝐿(1) , 𝐿(2) , . . . , 𝐿(𝑚) } and
the switching signal 𝜎 : 𝑅+ → {1, 2, . . . , 𝑚} describes
which communication topology is active in the time interval
(𝑡𝑘−1 , 𝑡𝑘 ]. The communication topology is constant during
(𝑡𝑘−1 , 𝑡𝑘 ] and changes at 𝑡𝑘 , 𝑘 = 1, 2, . . .. So, there exist 𝑚
subsystems in the system (37); that is,

Δ𝜔 (𝑡) = −𝛽𝐿 11𝑘 𝜔 (𝑡) ,

𝑢𝑖 (𝑡) = ∑ [(−𝛽) ∑ 𝑎𝑖𝑗 (𝑡) (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡))] 𝛿 (𝑡 − 𝑡𝑘 ) ,
𝑗=1
𝑘=1
[
]

𝑥𝑖̇ (𝑡) = 𝑔 (𝑡, 𝑥𝑖 , 𝑥𝑖 (𝑡 − 𝑑)) ,

𝑡 ∈ (𝑡𝑘−1 , 𝑡𝑘 ]

Δ𝜔 (𝑡) = − 𝛽𝐿 11 (𝑡) 𝜔 (𝑡) ,

This completes the proof.

∞

𝜔̇ (𝑡) = 𝐺𝜔 (𝑡) ,

(33)

(36)

Proof. Construct a Lyapunov function 𝑉(𝑡) = 𝜔𝑇 (𝑡)𝜔(𝑡); then
𝑉(𝑡) is piece continuous and positive definite. It is obvious
that 𝑉(𝑡) is left-hand continuous at 𝑡 = 𝑡𝑘 , 𝑘 = 1, 2, . . .. Now
consider the time interval (𝑡𝑘−1 , 𝑡𝑘 ], 𝑘 = 1, 2, . . .. When 𝑡 ∈
(𝑡𝑘−1 , 𝑡𝑘 ], owing to Assumption 1, the differential of the 𝑉(𝑡)
with regard to (38) is

𝜔 (𝑡) = 𝑥𝐹 (𝑡) + (𝐿−1
11 (𝑡) 𝐿 12 (𝑡)) 𝑥𝐿 (𝑡) ,

𝑉̇ (𝑡) = 2𝜔𝑇 (𝑡) 𝜔̇ (𝑡) = 2𝜔𝑇 (𝑡) 𝐺𝜔 (𝑡)

𝐺𝜔 (𝑡) = 𝐺𝐹 (𝑡) + (𝐿−1
11 (𝑡) 𝐿 12 (𝑡)) 𝐺𝐿 (𝑡) .

⩽ 2𝜔𝑇 (𝑡) (𝐾𝜔 (𝑡) + 𝑙𝜔 (𝑡 − 𝑑)) ,

(43)
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where 𝐺𝜔 (𝑡) = [|𝜔̇ 1 (𝑡)|, . . . , |𝜔̇ 𝑁(𝑡)|]𝑇 . It is obvious that
2𝜔𝑇 (𝑡) 𝜔 (𝑡 − 𝑑) ⩽ 𝜔𝑇 (𝑡) 𝜔 (𝑡) + 𝜔𝑇 (𝑡 − 𝑑) 𝜔 (𝑡 − 𝑑) . (44)
As a consequence, we obtain
𝑉̇ (𝑡) ⩽ (2𝐾 + 𝑙) 𝑉 (𝑡) + 𝑙𝑉 (𝑡 − 𝑑) ,

𝑡 ∈ (𝑡𝑘−1 , 𝑡𝑘 ] .

∗
𝜇
2

𝜉 (𝑡) < 𝑒−𝜃 𝑡 𝑜𝜔 (𝑡) +
,
𝑎−𝑙
sup(−𝑑⩽𝑡⩽0)

(45)

(𝑖 )
𝛽𝐿 11𝑘 )𝜔(𝑡𝑘 ).

𝜔(𝑡𝑘+ )

Let 𝜀(𝜃) = 𝜃 − 𝑎 + 𝑙𝑒𝜃𝑑 . Then, 𝜀(𝜃) = 0 has a unique solution
̇
=
𝜃∗ > 0 because 𝜀(𝜃) is a strictly monotonic function 𝜀(𝜃)
1 + 𝑙𝑑𝑒𝜃𝑑 > 0 and 𝜀(0) = −𝑎 + 𝑙 < 0, 𝜀(+∞) > 0. It is obvious
that the following inequality is satisfied:

= (𝐼 −
Combine
It follows from (38) that
the definition of 𝑉(𝑡) and 𝛾 in equality (39); we can obtain

where −𝑑 ⩽ 𝑡 ⩽ 0. Then we can prove that inequality
∗
𝜇
2

𝜉 (𝑡) < 𝑒−𝜃 𝑡 𝑜𝜔 (𝑡) +
,
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)

(𝑖 ) 2

𝑉 (𝑡𝑘+ ) = 𝜔𝑇 (𝑡𝑘+ ) (𝐼 − 𝛽𝐿 11𝑘 ) 𝜔 (𝑡𝑘+ )
(𝑖 )

⩽ 𝜆2max (𝐼 − 𝛽𝐿 11𝑘 ) 𝜔𝑇 (𝑡𝑘 ) 𝜔 (𝑡𝑘 ) ⩽ 𝛾𝑉 (𝑡𝑘 ) ,

(46)

where 𝑘 = 1, 2, . . ., 𝑖𝑘 ∈ {1, 2, . . . , 𝑚}.
To prove the Lyapunov function 𝑉(𝑡) is convergent, we
construct an auxiliary variable 𝜉 in the following form:
𝜉 ̇ (𝑡) = (2𝐾 + 𝑙) 𝜉 (𝑡) + 𝑙𝜉 (𝑡 − 𝑑) + 𝜇,

𝑡 ≠ 𝑡𝑘 ,

(𝑖 )

𝜉 (𝑡𝑘+ ) = 𝜆2max (𝐼 − 𝛽𝐿 11𝑘 ) 𝜉 (𝑡𝑘 ) ,

𝜂̇ (𝑡) = (2𝐾 + 𝑙) 𝜂 (𝑡) ,
𝜂 (𝑡𝑘+ )

=

𝜆2max

(𝐼 −

𝑡 ≠ 𝑡𝑘

(𝑖 )
𝛽𝐿 11𝑘 ) 𝜂 (𝑡𝑘 ) ,

(48)

where 𝑘 = 1, 2, . . ..
From (45), (46), and (47), it is obvious that, for all 𝑡 > 0,
0 ⩽ 𝑉(𝑡) ⩽ 𝜉(𝑡). And the solution of (47) satisfies the
following integral equation:
𝑡

𝜉 (𝑡) = 𝜙 (𝑡, 0) 𝜉 (0) + ∫ 𝜙 (𝑡, 𝑠) [𝑙𝜉 (𝑠 − 𝑑) + 𝜇] 𝑑𝑠,
0

(49)

𝜙 (𝑡, 𝑠) ⩽

𝑒(2𝐾+𝑙)(𝑡−𝑠) 𝜆2max

(𝐼 −

(𝑖 )
𝛽𝐿 11𝑘 ) .

From inequalities (40) and (41), we can obtain
𝜆 (𝐼 − 𝛽𝐿(𝑖𝑘 ) ) ⩽ 𝑞 < 1.
 max
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(50)

(51)

Let 𝑎 = −(2𝐾 + 𝑙) − 𝛾/2 and 2 ln(𝑞)/𝜏0 = 𝛾. Then, from
inequality (42), we can get 𝛾 < −4(𝐾 + 𝑙) and 𝑎 > 0.
Accordingly, inequality (50) can be rewritten as follows:
(𝑖 )

𝜙 (𝑡, 𝑠) ⩽ 𝑒(−𝑎−𝛾/2)(𝑡−𝑠) 𝜆2max (𝐼 − 𝛽𝐿 11𝑘 )
(𝑖 )

< 𝑒−𝑎(𝑡−𝑠) ⋅ 𝑒−(𝛾/2)⋅2𝜏0 𝜆2max (𝐼 − 𝛽𝐿 11𝑘 ) = 𝑒−𝑎(𝑡−𝑠) .

(52)

Thus, from (49), we can obtain
𝑡

2

𝜉 (𝑡) < 𝑒−𝑎𝑡 𝑜𝜔 (𝑡) + ∫ 𝑒−𝑎(𝑡−𝑠) [𝑙𝜉 (𝑠 − 𝑑) + 𝜇] 𝑑𝑠.
sup(−𝑑⩽𝑡⩽0)

∗

𝜉 (𝑡𝑐 ) ⩾ 𝑒−𝜃

𝑡𝑐

𝜇
2

,
𝑜𝜔 (𝑡) +
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)

∗
𝜇
2

𝜉 (𝑡𝑐 ) < 𝑒−𝜃 𝑡 𝑜𝜔 (𝑡) +
,
𝑎−𝑙
sup(−𝑑⩽𝑡⩽0)

0

(53)

(55)

𝑡 < 𝑡𝑐 .

(56)
(57)

However, from (53) and (57), we can obtain
∗

𝜉 (𝑡𝑐 ) < 𝑒−𝜃

𝑡𝑐

𝜇

2
𝑜𝜔 (𝑡) +
𝑎
−𝑙
sup(−𝑑⩽𝑡⩽0)

(58)

which contradict inequality (56). Thus, (55) can hold for 𝑡 >
0.
As 𝜇 → 0,
∗
2

𝑉 (𝑡) ⩽ 𝜉 (𝑡) < 𝑒−𝜃 𝑡 𝑜𝜔 (𝑡) .

(59)

∗


‖𝜔 (𝑡)‖ ⩽ 𝑜𝜔 (𝑡) 𝑒−𝜃 𝑡/2 .

(60)

sup(−𝑑⩽𝑡⩽0)

That is,
sup(−𝑑⩽𝑡⩽0)

where 𝜙(𝑡, 𝑠), (𝑡, 𝑠 ⩾ 0), is the state transition matrix of the
system (48).
When 𝑡𝑘 < 𝑡 < 𝑡𝑘+1 and 𝑡𝑘−1 < 𝑠 < 𝑡𝑘 , we can arrive at

𝑡 > 0,

is true in the following.
Suppose that inequality (55) is not held; there must be a
𝑡𝑐 such that

(47)

where the initial states of 𝜉(𝑡) = ‖𝑜𝜔 (𝑡)‖2 , −𝑑 ⩽ 𝑡 ⩽ 0, 𝜇 > 0,
𝑘 = 1, 2, . . ., where 𝑜𝜔 (𝑡) = 𝑜𝐹 (𝑡)+(𝐿−1
11 (0)𝐿 12 (0))𝑜𝐿 (𝑡), 𝑜𝐹 (𝑡) =
[𝑜𝑀+1 (𝑡), . . . , 𝑜𝑀+𝑁(𝑡)]𝑇 , 𝑜𝐿 (𝑡) = [𝑜1 (𝑡), . . . , 𝑜𝑀(𝑡)]𝑇 .
Let

(54)

This completes the proof.
Remark 11. For the special case with only one leader, the result
obtained in Theorem 10 also holds. And the final states of the
followers will track the leader’s state.
Remark 12. The fixed communication topology in Section 2.1
can be viewed as a special case in the switching topology
case. The achievement of the containment control in the fixed
topology systems is the fundamental problem and it contributes to the proof procedure of the switching counterpart.
Remark 13. The design procedure of the impulsive controller
in Theorem 8 is that first, according to the communication
topology of the graph G and inequality (11), the region
of 𝑞 can be ascertained. Then, we choose an appropriate
constant 𝑞. From conditions (12) and (13), we can derive
the region of the feedback 𝛼 and the impulsive period 𝜏0 .
Choosing the appropriate 𝛼 and 𝜏0 , the containment control
can be achieved. The counterpart under switching topology
in Theorem 10 is similar and we omit it.
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Figure 1: The interaction graphs.
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Figure 3: The states of the agents in system (1) with switching
topologies using impulsive algorithm (34).
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Figure 2: The states of the agents in system (1) with fixed topology
using impulsive algorithm (6).

3. Simulations
In this section, we give some examples to verify the theoretical
analysis. The communication graphs are shown in Figure 1.
The agents labeled as 6 and 7 are the leaders and the agents
labeled as 1, 2, 3, 4, and 5 are the followers.
Example 1. According to Figure 1, the communication graph
(1) satisfies the Assumption 2. Consider that the system
(1) with the nonlinear dynamic is 𝑔(𝑡, 𝑥𝑖 (𝑡), 𝑥𝑖 (𝑡 − 𝑑)) =
𝑥𝑖 (𝑡) sin(𝑡) + 0.5𝑥𝑖 (𝑡) sin(𝑡 − 𝑑), 𝑖 ∈ V. Obviously,
Assumption 1 is satisfied in the system and the corresponding
parameters are 𝐾 = 1 and 𝑙 = 0.5, respectively. Using the
proposed impulsive containment control algorithm (6), the
simulation results are shown in Figure 2. From condition (11)
in Theorem 8, the regions of 𝑞 should be 0.8774 < 𝑞 < 1. In
this case, we choose 𝑞 = 0.9 and, according to conditions (12)
and (13), it is obvious that the region of 𝛼 and the impulsive
period 𝜏0 are 0.3263 ⩽ 𝛼 ⩽ 0.4048 and 𝜏0 < 0.0351,

respectively. We choose 𝛼 = 0.38 and 𝜏0 = 0.03. Suppose the
time-delay 𝑑 = 0.01. Obviously, Assumption 6 is satisfied in
the system (1). From Figure 2, it is obvious that the final states
of the followers converge into the convex hull formed by the
leaders.
Example 2. The graphs of the communication topology
are shown in Figure 1. Now consider the nonlinear system
𝑔(𝑡, 𝑥𝑖 (𝑡), 𝑥𝑖 (𝑡 − 𝑑)) = 𝑥𝑖 (𝑡) sin(𝑡) + 0.5𝑥𝑖 (𝑡) sin(𝑡 − 𝑑), 𝑖 ∈ V,
with switching topologies. It is clear that the four topologies
in Figure 1 satisfy Assumption 2 and the dynamics of the
system satisfy Assumption 1. In every time interval (𝑡𝑘−1 , 𝑡𝑘 ],
𝑘 = 1, 2, . . ., the communication topology is chosen from
Figure 1 randomly. Using the impulsive algorithm (34), the
simulation result of the nonlinear system with switching
topologies is shown in Figure 3. According to the conditions
in Theorem 10, the region of 𝑞 is 𝑞 > 0.9273 and we choose
𝑞 = 0.93. According to condition (41), the feedback gain 𝛽
should choose from 0.3755 ⩽ 𝛽 ⩽ 0.3907 and we choose 𝛽 =
0.38. From inequality (42), the impulsive period 𝜏0 should
be less than 0.0242 and we choose 𝜏0 = 0.02. And suppose
that the time-delay 𝑑 = 0.01, which satisfies Assumption 6.
From Figure 3, we can get that the containment control is
achieved and the follower’s states converge into the convex
hull spanned by the multiple leaders. The final states of the
followers 𝑥𝐹 (𝑡) converge to (−𝐿−1
11 (𝑡)𝐿 12 (𝑡))𝑥𝐿 (𝑡) as 𝑡 →
−1
+∞ and the states (−𝐿 11 (𝑡)𝐿 12 (𝑡))𝑥𝐿 (𝑡) are time varying and
nonsmooth.

4. Conclusions
This paper has considered the nonlinear multiagent systems
with time-delay of multiple leaders. When the topologies
in the nonlinear systems are fixed, an impulsive control
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algorithm is proposed and some useful sufficient conditions
to achieve containment control are obtained. Also, the nonlinear systems under switching topologies are considered.
Using the proposed impulsive algorithms, the final states of
all the followers will converge into the convex hull formed by
the states of the leaders. Finally, some simulations are given
to illustrate our theoretical analyses.
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To address the problem of deviation and registration of 3D radar and infrared sensor, this paper presents and improves a method
based on the state value and space deviation of federated filtering of unscented Kalman filter and standard Kalman filter, which
conduces to real time registering of system deviation of radar and IF sensors. In the method presented here, a covariance
matching criteria-based approach was employed for judgment of filtering divergent trend, while self-adaptive attenuation factor
was introduced for correction of the predicted error covariance so as to inhibit the divergent phenomenon. The experiment results
indicated that the method presented here conduces to improvement of the precision and speed of space registration, showing
practical value in deviation registration of 3D radars and infrared sensors.

1. Introduction
Heterogeneous multisensor system overcomes the defect of
single sensor that can provide unilateral information of
the tracking object image [1, 2]. However, employment of
heterogeneous multisensor system in measurement requires
calibration of the data information of such sensors. Due
to the fact that the transferred data form, narration, and
description of the environment by every sensor vary [2–4],
if the space deviation undergoes information fusion directly
without registration, then it may result in obvious tracking
error or even the presence of multiple false points [5–8].
3D radar is able to provide the complete position information of the tracking objects. Nevertheless, since radar
always radiates high-power magnetic wave into the air during
working, it is apt to magnetic interference and attack by
antiradiation missiles. Infrared sensors can be easily concealed and effective in resisting interference, yet unable to
offer the distance data of the tracking object to the system
[8]. Moreover, it can be easily influenced by climate due to
over close distance. Deviation fusion mainly relies on two
methods: least square method and exact maximum likelihood
method [9]. Unfortunately, least square method overlooks
the measurement noise of sensors and the impact of deviation relative to the common coordinate system of each

sensor on information fusion. Exact maximum likelihood
method though takes the measurement noise of sensors
into consideration [10], yet fails to resolve the problem of
error in coordinate conversion, which inevitably results in
wrong data and inaccurate models [11]. Moreover, least square
method and exact maximum likelihood method all require
the sensors to be homogeneous sensors which are less capable
in measurement of deviation registration among sensors at
different dimensions.
To address the issues stated above, this paper employed an
improved federated filter based on unscented and standard
Kalman filters, the former wherein was used for accuracy
estimation relying on its self-adaptive divergence-inhibition
ability, the later wherein was used for deviation vector
estimation depending on its high speed, thereby actualizing
accurate registration of space deviation.

2. UKF (Unscented Kalman Filter)
Consider a discrete time nonlinear system as follows:
𝑋 (𝑡𝑘+1 ) = 𝐹 (𝑋 (𝑡𝑘 )) + 𝑊 (𝑡𝑘 ) ,
𝑍 (𝑡𝑘 ) = ℎ (𝑋 (𝑡𝑘 )) + 𝑉 (𝑡𝑘 ) ,

(1)

2
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where in 𝑋𝑘+1 is the state vector of the system, 𝐹 is the state
transition matrix, 𝑊𝑘 is system process noise with 𝑄(𝑡𝑘 ) as
variance, and 𝑉𝑘 is measurement noise with 𝑅(𝑡𝑘 ) as variance.
After state estimation of the above nonlinear system, the
linear approximation in EKF (Extended Kalman Filter, EKF)
algorithm was replaced by UT [12], and then the UKF [13]
algorithm for nonlinear system state estimation was acquired
[14]. Now simply after sigma point sampling of the system
state vector, the process noise and measurement noise can be
separated.
The detailed operation steps of UKF algorithm are given
as follows.
Initializing:

When UKF algorithm is applied to target tracking, the
mathematical model of the studied object and the a priori
knowledge of noise statistics should be known at first. If the
filter was designed based on inaccurate mathematical model
or noise statistics, then a larger state estimation error or even
filter divergence can occur [15].
Divergence of UKF occurs frequently. A covariance
registration criterion-based method was presented here for
judgment of filter divergence trend:

𝑥̂ (𝑡0 ) = 𝐸 [𝑥 (𝑡0 )] ,

≤ 𝑆 tr [𝐸 ((𝑧𝑘 − ℎ (𝑥̂𝑘|𝑘−1 )) (𝑧𝑘 − ℎ (𝑥̂𝑘|𝑘−1 )))] ,
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𝑇

(𝑧𝑘 − ℎ (𝑥̂𝑘|𝑘−1 )) (𝑧𝑘 − ℎ (𝑥̂𝑘|𝑘−1 ))
𝑇

𝑇

𝑃 (𝑡0 ) = 𝐸 [(𝑥 (𝑡0 ) − 𝑥̂ (𝑡0 )) (𝑥 (𝑡0 ) − 𝑥̂ (𝑡0 )) ] .

(2)

wherein 𝑆 is the preset adjustability coefficients, 𝑆 ≥ 1; if the
above equation is false, then adjust 𝑃𝑘|𝑘−1 to be

Computing sigma point set:
𝜒 (𝑡𝑘 ) = [𝑥̂ (𝑡𝑘 ) 𝑥̂ (𝑡𝑘 ) ± ((𝐿 + 𝜆) 𝑃 (𝑡𝑘 ))1/2 ] .

(6)

2𝑛

(3)

̂ (𝑡𝑘 | 𝑡𝑘−1 )]
𝑃𝑘|𝑘−1 = 𝜆 𝑘 ∑𝑊𝑖 [𝜒𝑖 (𝑡𝑘 | 𝑡𝑘−1 ) − 𝑋
0

Prediction updating:

(7)

̂ (𝑡𝑘 | 𝑡𝑘−1 )] + 𝑄𝑘−1 .
× [𝜒𝑖 (𝑡𝑘 | 𝑡𝑘−1 ) − 𝑋

𝜒 (𝑡𝑘+1 | 𝑡𝑘 ) = 𝐹 (𝜒𝑘 ) ,
2𝑛

When the filtering diverges, attenuation factor calculation
formula can be used to acquire self-adaptive weighting
coefficient 𝜆 𝑘 that can then be used for correction of 𝑃𝑘|𝑘−1 ,
accordingly increasing the use of the current observed quantity and inhibiting the filtering divergence. 𝜆 𝑘 therein can be
determined by the following equation:

𝑥̂ (𝑡𝑘+1 | 𝑡𝑘 ) = ∑𝑊𝑖𝑚 𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) ,
𝑖=0

2𝐿

𝑃 (𝑡𝑘+1 | 𝑡𝑘 ) = ∑𝑊𝑖𝑐 [𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑥̂ (𝑡𝑘+1 | 𝑡𝑘 )]
𝑖=0

𝑇

× [𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑥̂ (𝑡𝑘+1 | 𝑡𝑘 )] + 𝑄 (𝑡𝑘+1 ) ,
𝜆𝑘 = {

𝑧̂𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) = ℎ (𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 )) ,
2𝐿

𝜆 0 = tr (𝐶0,𝑘 − 𝑅)

𝑧̂ (𝑡𝑘+1 | 𝑡𝑘 ) = ∑𝑊𝑖𝑚 𝑧̂𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) .
𝑖=0

𝜆0,
1,

𝜆0 ≥ 1
𝜆 < 1,

𝑇

𝐿

(4)

× (tr (∑𝑊𝑖 [ℎ (𝜒𝑖 (𝑡𝑘 | 𝑡𝑘−1 ) − 𝑧̂𝑘|𝑘−1 )]
𝑖=0

Measurement updating:

𝑇

2𝐿

(8)

× [ℎ (𝜒𝑖 (𝑡𝑘 | 𝑡𝑘−1 )) − 𝑧̂𝑘|𝑘−1 ] )) ,

𝑃𝑧𝑧 (𝑡𝑘+1 ) = ∑𝑊𝑖𝑐 [̂𝑧𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑧̂(1) (𝑡𝑘+1 | 𝑡𝑘 )]
𝑖=0

𝑇

𝑇

× [̂𝑧𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑧̂ (𝑡𝑘+1 | 𝑡𝑘 )] + 𝑅 (𝑡𝑘+1 ) ,
𝐶0,𝑘

2𝐿

𝑃𝑥𝑧 (𝑡𝑘+1 ) = ∑𝑊𝑖𝑐 [𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑥̂ (𝑡𝑘+1 | 𝑡𝑘 )]
𝑖=0

𝑇

× [𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑥̂ (𝑡𝑘+1 | 𝑡𝑘 )] ,
−1

𝐾 (𝑡𝑘+1 ) = 𝑃𝑥𝑧 (𝑡𝑘+1 ) (𝑃𝑧𝑧 (𝑡𝑘+1 )) ,
𝑥̂ (𝑡𝑘+1 ) = 𝑥̂ (𝑡𝑘+1 | 𝑡𝑘 ) + 𝐾 (𝑡𝑘+1 ) ⋅ [𝑧 (𝑡𝑘+1 ) − 𝑧̂ (𝑡𝑘+1 | 𝑡𝑘 )] ,
−1

−1

𝑇

𝑃 (𝑡𝑘+1 ) = 𝑃 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝐾 (𝑡𝑘+1 ) (𝑃𝑧𝑧 (𝑡𝑘+1 ) ) (𝐾 (𝑡𝑘+1 )) .
(5)

(𝑧𝑘 − ℎ (𝑥̂𝑘|𝑘−1 )) (𝑧𝑘 − ℎ (𝑥̂𝑘|𝑘−1 )) , 𝑘 = 1
{
{
{
{
{(𝜌𝐶0,𝑘 + (𝑧𝑘 − ℎ (𝑥̂𝑘|𝑘−1 ))
={
𝑇
{
× (𝑧𝑘 − ℎ (𝑥̂𝑘|𝑘−1 )) )
{
{
{
−1
𝑘 > 1,
{ × (1 + 𝜌)

in which 0 < 𝜌 < 1 is the attenuation coefficient which can
further enhance the rapid tracking ability of filter, normally
the more it close to 1, the greater proportion of the information before moment 𝑘, and the influence of the current
residual error vector can be highlighted better. This method
shows good tracking ability of mutation state and keeps
effective in tracking even though the filtering reaches a steady
state.
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Z

Z
T

𝜂A

TB (tk )


TA (tk ) 𝜂B

rA

𝜂B

r
𝜂A

Convert (9) into the common reference coordinate system; then

𝜃B


(𝑡𝑘 ) = 𝑟𝐴 (𝑡𝑘 ) sin (𝜃𝐴 (𝑡𝑘 )) cos (𝜂𝐴 (𝑡𝑘 )) − 𝜇1 (𝑡𝑘 )
𝑥𝐴

Y
𝜃B

IR B(x0 , y0 , z0 )

= (𝑟𝐴 (𝑡𝑘 ) + Δ𝑟𝐴 ) sin (𝜃𝐴 (𝑡𝑘 ) + Δ𝜃𝐴)
⋅ cos (𝜂𝐴 (𝑡𝑘 ) + Δ𝜂𝐴) − 𝜇1 (𝑡𝑘 ) ,

X

𝑦𝐴 (𝑡𝑘 ) = 𝑟𝐴 (𝑡𝑘 ) cos (𝜃𝐴 (𝑡𝑘 )) cos (𝜂𝐴 (𝑡𝑘 )) − 𝜇2 (𝑡𝑘 )

𝜃A
𝜃A

Radar A(0, 0, 0)

X

Figure 1: Improved heterogeneous sensor deviation registration
model.

4. Establishment of Improved Heterogeneous
Sensor Deviation Registration Model
3D radar and IR sensor B are tracking and detecting the
same object 𝑇, the set relation of deviation registration is
shown in Figure 1 It is assumed that radar A is located
at the origin of the reference Cartesian coordinate system
(0, 0, 0), IR sensor B locating at (𝑥0 , 𝑦0 , 𝑧0 ) in the reference
Cartesian coordinate system. Let Δ𝑡 be the measurement time
deviation, (Δ𝑟𝐴, Δ𝜃𝐴 , Δ𝜂𝐴) the system deviation of radar A
(distance, azimuth angle, and pitch angle), and (Δ𝜃𝐵 , Δ𝜂𝐵 ) the
system deviation (azimuth angle and pitch angle) of infrared
𝐵. Assuming the system deviation measurement random
noises of 3D radar A and IR sensor B were 𝑉𝐴 = [V𝑟𝐴 , V𝜃𝐴, V𝜂𝐴]
and 𝑉𝐵 = [V𝜃𝐵 , V𝜂𝐵 ], respectively, wherein the subject means
of 𝑉𝐴 and 𝑉𝐵 were 0, covariance was the Gaussian distribution
2
2
2
2
2
, 𝜎𝜃𝐴
, 𝜎𝜂𝐴
] and 𝑅𝐵 = diag[𝜎𝜃𝐵
, 𝜎𝜂𝐵
], in
of 𝑅𝐴 = diag[𝜎𝑟𝐴
2
2
which 𝜎𝑟𝐴 is the standard deviation of distance, 𝜎𝜃𝐴 is the
2
standard deviation of radar azimuth angle, 𝜎𝜂𝐴
is the standard
2
deviation of radar pitch angle, 𝜎𝜃𝐵 is the standard deviation of
2
is the standard deviation of IR
IR sensor azimuth angle, 𝜎𝜂𝐵
sensor pitch angle.
Supposing the true position coordinate of object 𝑇 at 𝑡𝑘 is
{𝑥(𝑡𝑘 ), 𝑦(𝑡𝑘 ), 𝑧(𝑡𝑘 )}, true polar coordinates of object relative
to IR sensor B are {𝜃𝐵 (𝑡𝑘 ), 𝜂𝐵 (𝑡𝑘 )} and measurement values
of radar A and TR sensor B were {𝑟 (𝑡𝑘 ), 𝜃𝐴 (𝑡𝑘 ), 𝜂𝐴 (𝑡𝑘 )} and
{𝜃𝐵 (𝑡𝑘 ), 𝜂𝐵 (𝑡𝑘 )}, respectively. The true polar coordinate value
of object 𝑇 relative to radar A is {𝑟(𝑡𝑘 ), 𝜃𝐴 (𝑡𝑘 ), 𝜂𝐴(𝑡𝑘 )}, and
then (9) can be deduced:

(11)

⋅ cos (𝜂𝐴 (𝑡𝑘 ) + Δ𝜂𝐴) − 𝜇2 (𝑡𝑘 ) ,
𝑧𝐴 (𝑡𝑘 ) = 𝑟𝐴 (𝑡𝑘 ) sin (𝜃𝐴 (𝑡𝑘 )) − 𝜇1 (𝑡𝑘 )
= (𝑟𝐴 (𝑡𝑘 ) + Δ𝑟𝐴 ) sin (𝜃𝐴 (𝑡𝑘 ) + Δ𝜃𝐴) − 𝜇3 (𝑡𝑘 ) .
Developing (11) using the transfer of axes polar
coordinate-Cartesian coordinate and Taylor first approximation formula, (12) can be acquired as follows:

𝑥𝐴
(𝑡𝑘 ) ≈ 𝑥𝐴 (𝑡𝑘 ) +

−

𝑧𝐴 (𝑡𝑘 ) ⋅ 𝑥𝐴 (𝑡𝑘 )
2 (𝑡 ) + 𝑦2 (𝑡 )
√𝑥𝐴
𝑘
𝐴 𝑘

𝑦𝐴 (𝑡𝑘 ) ≈ 𝑦𝐴 (𝑡𝑘 ) +
−

𝑥𝐴 (𝑡𝑘 )
Δ𝑟 + 𝑦𝐴 (𝑡𝑘 ) Δ𝜃𝐴
𝑟𝐴 (𝑡𝑘 ) 𝐴

𝑦𝐴 (𝑡𝑘 )
Δ𝑟 − 𝑥𝐴 (𝑡𝑘 ) Δ𝜃𝐴
𝑟𝐴 (𝑡𝑘 ) 𝐴

𝑧𝐴 (𝑡𝑘 ) ⋅ 𝑥𝐴 (𝑡𝑘 )
2 (𝑡 ) + 𝑦2 (𝑡 )
√𝑥𝐴
𝑘
𝐴 𝑘

𝑧𝐴 (𝑡𝑘 ) ≈ 𝑧𝐴 (𝑡𝑘 ) +

Δ𝜂𝐴 − 𝜇1 (𝑡𝑘 ) ,

(12)

Δ𝜂𝐴 − 𝜇2 (𝑡𝑘 ) ,

𝑧𝐴 (𝑡𝑘 )
Δ𝑟
𝑟𝐴 (𝑡𝑘 ) 𝐴

2 (𝑡 ) + 𝑦2 (𝑡 )Δ𝜂 − 𝜇 (𝑡 ) ,
+ √𝑥𝐴
𝑘
3 𝑘
𝐴 𝑘

2 (𝑡 ) + 𝑦2 (𝑡 ) + 𝑧2 (𝑡 ).
wherein 𝑟𝐴(𝑡𝑘 ) = √𝑥𝐴
𝑘
𝐴 𝑘
𝐴 𝑘
For the same object, since the object positions in the
common coordinate system are the same, thus the following
equation is true:

𝑥𝐴 (𝑡𝑘 ) = 𝑟𝐴 (𝑡𝑘 ) sin (𝜃𝐴 (𝑡𝑘 )) cos (𝜂𝐴 (𝑡𝑘 ))

𝑟𝐴 (𝑡𝑘 )

= 𝑟𝐴 (𝑡𝑘 ) + Δ𝑟𝐴 + V𝑟𝐴,

𝜃𝐴 (𝑡𝑘 )

= 𝜃𝐴 (𝑡𝑘 ) + Δ𝜃𝐴 + V𝜃𝐴,

𝜂𝐴 (𝑡𝑘 )

= 𝜂𝐴 (𝑡𝑘 ) + Δ𝜂𝐴 + V𝜂𝐴,

𝜃𝐵 (𝑡𝑘 ) = 𝜃𝐵 (𝑡𝑘 ) + Δ𝜃𝐵 + V𝜃𝐵 ,
𝜂𝐵 (𝑡𝑘 )

= (𝑟𝐴 (𝑡𝑘 ) + Δ𝑟𝐴 ) cos (𝜃𝐴 (𝑡𝑘 ) + Δ𝜃𝐴 )

= 𝜂𝐵 (𝑡𝑘 ) + Δ𝜂𝐵 + V𝜂𝐵 .

= 𝑟𝐵 (𝑡𝑘 ) sin (𝜃𝐵 (𝑡𝑘 )) cos (𝜂𝐵 (𝑡𝑘 )) + 𝑥0 ,
(9)

𝑦𝐴 (𝑡𝑘 ) = 𝑟𝐴 (𝑡𝑘 ) cos (𝜃𝐴 (𝑡𝑘 )) cos (𝜂𝐴 (𝑡𝑘 ))
= 𝑟𝐵 (𝑡𝑘 ) cos (𝜃𝐵 (𝑡𝑘 )) cos (𝜂𝐵 (𝑡𝑘 )) + 𝑦0 ,

(10)

𝑧𝐴 (𝑡𝑘 ) = 𝑟𝐴 (𝑡𝑘 ) sin (𝜃𝐴 (𝑡𝑘 ))
= 𝑟𝐵 (𝑡𝑘 ) sin (𝜃𝐵 (𝑡𝑘 )) + 𝑧0 .

(13)
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Deducing from the equation above, we have
𝜃𝐵 (𝑡𝑘 ) = arctan (

𝜂𝐵 (𝑡𝑘 ) = arctan (

Besides, from the measurement equations (17), (12), and
(15), we can see that, relative to the object state vector 𝑋(1) (𝑡𝑘 ),
the measurement equation is nonlinear. But it is linear relative
to space deviation vector 𝑋(2) (𝑡𝑘 ). That is, measurement
equation (17) can be developed into

𝑥𝐴 (𝑡𝑘 ) − 𝑥0
),
𝑦𝐴 (𝑡𝑘 ) − 𝑦0
𝑧𝐴 (𝑡𝑘 ) − 𝑧0
2

√[𝑥𝐴 (𝑡𝑘 ) − 𝑥0 ] + [𝑦𝐴 (𝑡𝑘 ) − 𝑦0 ]

).
(14)

Introducing the equation above into (10),
𝜃𝐵 (𝑡𝑘 ) = arctan (

𝜂𝐵 (𝑡𝑘 ) = arctan (

𝑥𝐴 (𝑡𝑘 ) − 𝑥0
) + Δ𝜃𝐵 + V𝜃𝐵 ,
𝑦𝐴 (𝑡𝑘 ) − 𝑦0
𝑧𝐴 (𝑡𝑘 ) − 𝑧0

√[𝑥𝐴 (𝑡𝑘 ) − 𝑥0 ]2 + [𝑦𝐴 (𝑡𝑘 ) − 𝑦0 ]

)

𝑍 (𝑡𝑘 ) = 𝐻 [𝑋(1) (𝑡𝑘 )] 𝑋(2) (𝑡𝑘 ) + 𝑉 (𝑡𝑘 ) .

𝐻[𝑋(1) (𝑡𝑘 )] is the nonlinear function matrix of the state
vector 𝑋(1) (𝑡𝑘 ) of the object.
Therefore, giving a fixed dimension expansion state vector 𝑋(𝑡𝑘 ), the object state vector 𝑋(1) (𝑡𝑘 ) can be estimated
by improved UKF, and then KF can be used to estimate the
space deviation vector 𝑋(2) (𝑡𝑘 ). The specific steps are given as
follows.
̂ 𝑘 ), and its correspond(1) Let the state vector mean be 𝑋(𝑡
ing covariance 𝑃(𝑡𝑘 ):
̂(1)
̂ (𝑡𝑘 ) = [𝑋(2) (𝑡𝑘 )] ,
𝑋
̂ (𝑡𝑘 )
𝑋

+ Δ𝜂𝐵 + V𝜂𝐵 .
(15)

5. Heterogeneous Sensor Deviation
Registration Steps
5.1. Vector Dimension Expansion. Different from the standard state filtering, since the algorithm given in this paper is
the federated computation estimation of the object state and
deviation registration, dimension expansion is performed
here.
Firstly establishing dimension expansion vector 𝑋(𝑡𝑘 ) =
[𝑋(1) (𝑡𝑘 )𝑇 , 𝑋(2) (𝑡𝑘 )𝑇 ], in which 𝑋(1) (𝑡𝑘 ) is the state vector of
𝑇
the object, and 𝑋(2) (𝑡𝑘 ) = [Δ𝑟𝐴 Δ𝜃𝐴 Δ𝜂𝐴 Δ𝜃𝐵 Δ𝜂𝐵 ] is
the time and space deviation vector, then the system state
equation in dimension expansion state is shown in
𝑋 (𝑡𝑘+1 ) = Φ𝑋 (𝑡𝑘 ) + 𝑊 (𝑡𝑘 ) ,

(16)

wherein Φ = [ 𝐹0 0𝐼 ], 𝑊(𝑡𝑘 ) = [Γ𝑤(𝑡𝑘 ) 0], and 𝐹 and Γ are
determined by the specific object motion model.
After dimension expansion, the system measurement

vector is 𝑍(𝑡𝑘 ) = [𝑥𝐴
(𝑡𝑘 ) 𝑦𝐴 (𝑡𝑘 ) 𝑧𝐴 (𝑡𝑘 ) 𝜃𝐵 (𝑡𝑘 ) 𝜂𝐵 (𝑡𝑘 )], and
the system measurement equation after dimension expansion
is shown in
𝑍 (𝑡𝑘 ) = ℎ (𝑡𝑘 ) + 𝑉 (𝑡𝑘 ) ,

(17)

0
𝑃(1) (𝑡𝑘 )
𝑃 (𝑡𝑘 ) = [
],
0
𝑃(2) (𝑡𝑘 )
̂(1)
̂(1)
̂ (𝑡𝑘+1 | 𝑡𝑘 ) = [𝑋(2) (𝑡𝑘+1 | 𝑡𝑘 )] = [𝐹𝑋(2) (𝑡𝑘 )] ,
𝑋
̂ (𝑡𝑘+1 | 𝑡𝑘 )
̂ (𝑡𝑘 )
𝑋
𝑋

5.2. Computing Steps. The following equation can be deduced
from (16):
𝑋

(𝑡𝑘+1 ) = 𝑋

(2)

(𝑡𝑘 ) .

(18)

From (18), registering deviation shows the features of
fixed error and remains the same within a certain time.

(20)

0
𝑃(1) (𝑡𝑘+1 | 𝑡𝑘 )
𝑃 (𝑡𝑘+1 | 𝑡𝑘 ) = [
]
0
𝑃(2) (𝑡𝑘+1 | 𝑡𝑘 )
=[

0
𝐹𝑃(1) (𝑡𝑘 ) 𝐹𝑇 + Γ𝑄𝑘 Γ𝑇
].
0
𝑃(2) (𝑡𝑘 ) 𝐹𝑇

(2) Sampling symmetric strategy can be used for computation of Sigma point 𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) and the corresponding
weight:
̂(1) (𝑡𝑘+1 | 𝑡𝑘 ) ,
𝜒0 (𝑡𝑘+1 | 𝑡𝑘 ) = 𝑋

𝑖 = 0,

̂(1) (𝑡𝑘+1 | 𝑡𝑘 )
𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) = 𝑋
+ (√(𝐿 1 + 𝜅) 𝑃(1) (𝑡𝑘+1 | 𝑡𝑘 )) ,
𝑖

𝑖 = 1, . . . , 𝐿 1 ,
̂(1) (𝑡𝑘+1 | 𝑡𝑘 )
𝜒𝑖+𝐿 1 (𝑡𝑘+1 | 𝑡𝑘 ) = 𝑋
+ (√(𝐿 1 + 𝜅) 𝑃(1) (𝑡𝑘+1 | 𝑡𝑘 )) ,

in which ℎ(𝑡𝑘 ) = [ℎ1 (𝑡𝑘 ), ℎ2 (𝑡𝑘 ), ℎ3 (𝑡𝑘 ), ℎ4 (𝑡𝑘 ), ℎ5 (𝑡𝑘 )]. The
specific forms can be referred to as (12) and (15). 𝑉(𝑡𝑘 ) =
[0, 0, 0, V𝜃𝐵 , V𝜂𝐵 ]𝑇 is the measurement noise vector.

(2)

(19)

𝑖

𝑖 = 1, . . . , 𝐿 1 ,
𝑊0 =
𝑊𝑖 =

𝜅
,
𝐿1 + 𝜅

1
[2 (𝐿 1 + 𝜅)]

𝑊𝑖+𝐿 1 =

𝑖 = 1, . . . , 𝐿 1 ,

,

1
[2 (𝐿 1 + 𝜅)]

𝑖 = 0,

,

𝑖 = 1, . . . , 𝐿 1 ,

(21)
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̂(1) (𝑡𝑘 ),
wherein 𝐿 1 is the dimension of the object state vector 𝑋
𝜅 is the scale parameter, and (√(𝐿 1 + 𝜅)𝑃(1) (𝑡𝑘+1 | 𝑡𝑘 ))𝑖 is the
𝑖th column of the matrix square root.
(3) Along the time update process, according to the state
equation, the updated sigma point is
𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) = 𝐹𝜒𝑖 (𝑡𝑘 ) ,

𝑖 = 0, 1, . . . , 2𝐿 1 .

(22)

(4) Compute the state variance prediction and covariance
2𝐿 1

̂(1) (𝑡𝑘+1 𝑡𝑘 ) = ∑ 𝑊𝑖 𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) ,
𝑋

𝑄 = 10
𝑄 = 20

Algorithm
UKF
Improved UKF
UKF
Improved UKF

2𝐿 1

Time (s)
0.2890
0.3156
0.2874
0.3237

𝑇
𝑡𝑘+1
̂(1) (𝑡𝑘+1 )]
) 𝐻 [𝑋
𝑡𝑘

̂(1) (𝑡𝑘+1 )] 𝑃(2) ( 𝑡𝑘+1 )
⋅ [𝐻 [𝑋
𝑡𝑘

̂(1) (𝑡𝑘+1 | 𝑡𝑘 )]
𝑃(1) (𝑡𝑘+1 | 𝑡𝑘 ) = ∑ 𝑊𝑖 [𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑋
𝑖=0

𝑇

̂(1) (𝑡𝑘+1 | 𝑡𝑘 )] + 𝑄,
× [𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑋
(23)
wherein 𝑄 is the covariance of process noise.
(5) If covariance is emanative, modify 𝑃(1) (𝑡𝑘+1 | 𝑡𝑘 )
according to (7), or otherwise take the next step.
The measurement prediction and covariance corresponding to sigma point are given as follows, respectively:
̂𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) = ℎ (𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 )) ,
𝑍

RMSE
3.1372
2.2089
5.2998
2.7304

(7) Then make use of Kalman filtering method to estimate
space deviation vector. The specific steps are given as follows:
𝐾(2) (𝑡𝑘+1 ) = 𝑃(2) (

𝑖=0

(24)

2𝐿 1

̂(1) (𝑡𝑘+1 | 𝑡𝑘 ) = ∑ 𝑊𝑖 𝑍
̂𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) ,
𝑍

𝑇

−1

̂(1) (𝑡𝑘+1 )] + 𝑅 (𝑡𝑘+1 )] ,
⋅ 𝐻 [𝑋
̂(2) (𝑡𝑘+1 ) = 𝑋
̂(2) ( 𝑡𝑘+1 ) + 𝐾(2) (𝑡𝑘+1 )
𝑋
𝑡𝑘
̂(1) (𝑡𝑘+1 )] 𝑋
̂(2) ( 𝑡𝑘+1 )] ,
⋅ [𝑧 (𝑡𝑘+1 ) − 𝐻 [𝑋
𝑡𝑘
̂(1) (𝑡𝑘+1 )]] 𝑃(2) (𝑡𝑘+1 | 𝑡𝑘 ) .
𝑃(2) (𝑡𝑘+1 ) = [𝐼 − 𝐾(2) (𝑡𝑘+1 ) 𝐻 [𝑋
(27)

6. Simulation Experiment

𝑖=0

6.1. Univariate Nonstationary Growth Model. Choosing univariate nonstationary growth model [16], the process model
and measurement model are given as follows:

2𝐿 1

(1)
̂𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑍
̂(1) (𝑡𝑘+1 | 𝑡𝑘 )]
𝑃𝑍𝑍
(𝑡𝑘+1 ) = ∑ 𝑊𝑖 [𝑍
𝑖=0

̂(1) (𝑡𝑘+1 | 𝑡𝑘 )]𝑇 + 𝑅 (𝑡𝑘+1 ) ,
̂𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑍
× [𝑍
2𝐿 1

𝑥 (𝑡) = 0.5𝑥 (𝑡 − 1) +

25𝑥 (𝑡 − 1)
1 + [𝑥 (𝑡 − 1)]2

+ 8 cos [1.2 (𝑡 − 1)] + 𝑤 (𝑡) ,

(1)
̂(1) (𝑡𝑘+1 | 𝑡𝑘 )]
𝑃𝑋𝑍
(𝑡𝑘+1 ) = ∑ 𝑊𝑖 [𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑋
𝑖=0

𝑧 (𝑡) =

𝑇

̂(1) (𝑡𝑘+1 | 𝑡𝑘 )] .
× [𝜒𝑖 (𝑡𝑘+1 | 𝑡𝑘 ) − 𝑋
(25)
(6) Measurement updating is as follows:
̂(1) (𝑡𝑘+1 ) = 𝑋
̂(1) (𝑡𝑘+1 | 𝑡𝑘 )
𝑋
̂(1) (𝑡𝑘+1 | 𝑡𝑘 )] ,
+ 𝐾(1) (𝑡𝑘+1 ) ⋅ [𝑍 (𝑡𝑘+1 ) − 𝑍
𝑃(1) (𝑡𝑘+1 ) = 𝑃(1) (𝑡𝑘+1 | 𝑡𝑘 )
𝑇

−1

Table 1: Comparison of simulation parameters by UNGM model.

− 𝐾(1) (𝑡𝑘+1 ) (𝑃𝑍𝑍(1) (𝑡𝑘+1 ) ) (𝐾(1) (𝑡𝑘+1 )) ,
−1

(1)
(1)
𝐾(1) (𝑡𝑘+1 ) = 𝑃𝑋𝑍
(𝑡𝑘+1 ) (𝑃𝑍𝑍
(𝑡𝑘+1 )) .

(26)

(28)

𝑥 (𝑡)2
+ V (𝑡) .
20

𝑤(𝑡) and V(𝑡) are zero-mean Gaussian noise. This system
is highly nonlinear and the likelihood function presents
bimodal [17, 18]. Using UKF and improved UKF to estimate
the state, the formula of root-mean-square error is RMSE =
[(1/𝑇) ∑𝑇𝑡=1 (𝑥𝑡 −𝑥𝑡 )2 ]1/2 . Giving the particle number 𝑁 = 100,
and process noise variance values 𝑄 = 10, 𝑄 = 20, and
measurement noise variance 𝑅 = 1, simulation is conducted.
The results of a single simulation are shown in Figures 2–5.
After 100 times of Monte Carlo simulation, the result is given
in Table 1.
From the experimental result, it is apparent that giving
different noise intensities, the errors of improved UKF algorithm are lower. In the above calculation, with respect to
both precision and time, the improved UKF algorithm has
the most desirable performance.
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Figure 5: RMSE of different algorithm.

6.2. Deviation Registration Model. Assuming the tracked
object is in uniform linear motion within 3D space, the initial
position of the object was (20 km, 50 km, 0.5 km), speed
(0.3 km/s, 0.3 km/s, 0 km/s), and process noise variance 𝜎V =
0.01 km. Also assuming radar A locating at the origin, and
IF sensor B at position (5 km, 5 km, 0 km). Sampling cycle
is 𝑇 = 10 s and deviations of sensors are Δ𝑟𝐴 = 1000 m,
Δ𝜃𝐴 = 0.0175 rad, Δ𝜂𝐴 = 0.0175 rad, Δ𝜃𝐵 = 0.0175 rad, and
Δ𝜂𝐵 = 0.0175 rad. Random noises of radar A and IF sensor B
are 𝑅𝐴 = diag[(100 m)2 , (0.00087 rad)2 , (0.00087 rad)2 ] and
𝑅𝐵 = diag[(0.00087 rad)2 , (0.00087 rad)2 ], respectively.
In order to verify the effectiveness of the algorithm, UKFbased registration algorithm mentioned in literature [19] and

the improved UKF and KF federated filtering-based registration algorithm presented here were employed, respectively,
for carrying out 100 simulation experiments Monte Carlo,
acquiring the following simulation results (Figures 6, 7, 8, 9
and 10).
The simulation results have indicated that the improved
KF and KF federated filtering deviation registration method
features better registering precision in distance deviation of
radar, azimuth angle, and pitch angle deviations of both
radar and IF than UKF-based deviation registering method.
This is because the improved UKF presented here is making
judgments of the filtering discrete trend based on measurement information and attenuation factor has been introduced
to inhibit the discretion, which can not only guarantee
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Figure 6: RMSE of the range bias estimation of radar.

Figure 8: RMSE of the elevation bias estimation of radar.
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Figure 7: RMSE of the azimuth bias estimation of radar.

the positive semidefiniteness and positive definiteness of
the noise variance matrix, but also effectively monitor the
variance matrix. As a result the problem of instable filtering
arising from inaccurate or unknown statistics of system noise
can be effectively resolved, while the divergent speed and
estimation precision can also be significantly enhanced. In
addition, when the deviation vector is updated, KF can enable
accurate computation of that since the deviation vector is
linear. Therefore, the algorithm in this paper displays great
advantages in registering precision.
In terms of real time, after repeated simulation experiment Monte Carlo and acquisition of the average value, average time consumption of UKF-based registering algorithm is
0.2836, whereas that of the method based on improved UKF
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Step
UKF registration algorithm
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Figure 9: RMSE of the azimuth bias estimation of IR.

and KF federated filtering is 0.2971. Apparently, compared
with UKF-based deviation registering method, the computation complexity of federated filtering deviation registering
method remains the same as UKF-based deviation registering
method. This is because, in the improved UKF, in addition to
real-time judgment of the filtering discrete trend, 𝑃(1) (𝑡𝑘+1 |
𝑡𝑘 ) also needs to be modified in a discrete situation. To
analyze from a comprehensive perspective, the algorithm in
this paper can well meet the requirement of high precise
deviation registering. At the same time the real time can also
be guaranteed.
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vol. 49, no. 3, pp. 1637–1653, 2013.
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classification in multisource remote sensing,” IEEE Transactions
on Geoscience and Remote Sensing, vol. 35, no. 4, pp. 1018–1031,
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Figure 10: RMSE of the elevation bias estimation of IR.

7. Conclusions
This paper presents an improved deviation registration
method based on federated filtering of unscented Kalman
filter and standard Kalman filter. It takes the system deviation
of sensors, position, and azimuth deviations relative to the
common reference coordinate into consideration, modifies
the covariance self-adaptively based on the real-time discrete
situation, and performs precise deviation registering as per
the data at different dimensions of 3D radar and IF sensors.
At the same time it features a desirable computation speed.
Therefore it has a promising future in heterogeneous sensor
space registering field.
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A method of detecting water vapor on boundary layer based on multiagent system is proposed in this paper. Multiagent system
receives electromagnetic signals emitted by the telecommunication base station. Due to the analysis of the actual electromagnetic
wave signal propagation path in the atmosphere, atmospheric refraction index and moisture inversion are discussed in this paper.
And the feasibility of using electromagnetic detection method is also analyzed. A multiagent system is designed to receive the
electromagnetic signals. The composition and function of the multiagent system are clearly described. The atmospheric refractivity
is detected by the multiagent system in three weather conditions of sunny, foggy, and rainy days. The results demonstrate the
feasibility of water vapor detection method of multiagent system boundary by comparing the result of experiment with traditional
method.

1. Introduction
Water vapor is a kind of trace gas and mainly distributes in
the bottom of the atmosphere. In particular when the height
is less than 10–12 kilometers, water vapor accounts for 99%
of all total. Even though the content is very small, it is the
most active part in the atmosphere and is of great significance
to life on Earth. Water vapor presents three states in the
atmosphere varied from the temperature and is the material
basis for the formation of clouds and rainfall. Water on
Earth circulates between the atmosphere, land, and ocean and
atmospheric water vapor plays an important role in the global
water cycle. Most phenomena are the results of the changes
of atmospheric water vapor while in the phase transition
process water vapor absorbs and releases large amounts of
latent heat which directly have impact on temperature of
the ground and the air, hence affecting the stability of the
atmosphere and the formation and evolution of atmospheric
vertical stability and convective weather systems. Water vapor
is a changeable parameter and plays a very important role
in the atmospheric energy transfer and the evolution of
weather systems. Atmospheric water vapor content is an
essential parameter for forecasting rainfall of mesoscale or
local scale [1]. Hence, obtaining atmospheric water vapor

information in high precision and high space-time resolution
is very important for accurately analyzing the formation and
evolution of mesoscale severe weather system and mediumscale severe weather forecasting and disaster mitigation.
Factors in atmosphere which affect the distribution and
water vapor content are very complex, and meanwhile the
space-time change of water vapor is the most obvious factor
in the atmosphere. Currently, the detection and requirement
of water vapor data of high space-time resolution are still
a difficult problem due to the limitation of detection funds,
networking, and techniques. However, the water vapor data
of high space-time resolution is the prerequisite for accurate
numerical prediction. Hence, applying new technologies
to improve the accuracy and resolution of water vapor
observation is the most active research interest in the area
of atmospheric sounding. Currently, the effective methods
which have been used in sensing of atmospheric water vapor
are the observation of hygrometers of ground weather station,
solar spectrum water vapor analyzer, meteorological aircraft
detection, laser detection, radar detection, satellite observation of water vapor, ground-based microwave radiometers
detection, radio water vapor detection technology, and GPS
measurements of water vapor. Among these methods, radio
water vapor detection technology is the main mean which
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is used in the high altitude meteorological data detection at
present. The shortages of this method are that the cost of
radiosondes is high and they have lower network distribution
density. Meanwhile, the temporal resolution of observation
data is very low which is not enough to distinguish the rapid
space-time variation of water vapor. Furthermore, because
of the restriction of sounding balloon tracking and locating
technology as sounding balloon has low location resolution
under high altitude complex turbulent condition and during
the period of thunderstorms, we cannot detect the variation
of water vapor during the process of convective weather
effectively. The GPS used for measuring water vapor is a new
method in atmospheric detection. The disadvantage of GPS
measurement system is that the cost is high and it is hard to
achieve high density distribution network. High resolution
numerical weather prediction model of next generation
needs meteorological date of 2–5 kilometers when forecasting
mesoscale severe weather. However, GPS detection cannot
satisfy this requirement [2, 3].
This paper provides a method which applies multiagent
into the area of weather forecast and detection of water
vapor content of atmospheric boundary layer. Multiagent
receives electromagnetic signals from the communication
base station. Then the atmospheric refractivity can be derived
by using signal refraction phenomenon which resulted from
the transmission of radio signals in the atmosphere. Since
the atmospheric refractivity is a function of temperature,
pressure, and water vapor pressure, the water vapor content
can be derived from atmospheric refractivity under the
assumption that the pressure and temperature are known
[4]. Multiagent receiving signal from communication base
station is a measurement method of a passive way. When the
agent receives electromagnetic signal, multiple agents communicate with each other and sample the current location.
Through the decision-making mechanism, the agent receives
electromagnetic signal again after altering the location [5].
This method has its own superiorities compared with traditional detection methods.
(1) The method can be based on exiting communication
network, such as mobile communication network and
digital broadcasting network. Hence the observation
network does not need to be reconfigured, and the
cost of the observation could be decreased.
(2) Electromagnetic signal transmits linearly or quasilinearly on the boundary layer without ionosphere
reflection. Hence, there is no ionosphere delay interference phenomenon and the observation accuracy
can be higher.
(3) Different transmission characteristics of electromagnetic signals of different wavelength can be used for
enriching observation data.
(4) The time interval of multiagent receiving electromagnetic signals can be altered, which extends temporal
resolution.
(5) Multiagent communication between the data generated according to the location information combined
data.

Table 1: The level of sensitivity of electromagnetic waves of different
wavelength to the water vapor.
Frequency
(MHz)

Wavelength
(m)

The level of sensitivity
(km−1 g−1 m3 )

1.351
0.333
0.166

1.6
6.5
13.01

222
900
1800

(6) Data handling ability of multiagent individual can
preprocess data, making it easy to post data processing.

2. Feasibility Analyses for Detection Method
of Water Vapor of Boundary Layer Based
on Multiagent
When propagating in the atmospheric environment, electromagnetic wave of different frequency has different level of
sensitivity to water vapor which depends on the wavelength.
Table 1 shows the level of sensitivity of electromagnetic waves
of different wavelength to the water vapor [6].
From Table 1, it is obvious that the shorter the wavelength
of electromagnetic wave, the higher the sensitivity of electromagnetic waves to the water vapor.
Electromagnetic wave is transported linearly in vacuum
at a speed of 3 × 108 m/s. The electromagnetic wave will
propagate in curve obviously which is called atmospheric
refraction, when transmitted in the atmosphere, especially
in remote transmission and atmospheric meteorological
elements have abnormal vertical distribution. The index of
atmospheric refraction has a very close relation to dielectric
constant of atmosphere which depends on the material
density, temperature, and the properties of molecules. The
temperature, humidity, and atmospheric pressure vary along
with molecules.
Electromagnetic wave has different velocity in inhomogeneous medium which is due to different physical properties
of the propagation medium forming different levels. The
essence of refraction is the deflection of electromagnetic
wave in the propagation direction when the direction is not
perpendicular to interface of medium. Investigating plane
wave using Maxwell equation set can derive that
V=

1
,
√𝜀𝜇

(1)

where V is the propagation velocity of electromagnetic wave in
some homogeneous medium. 𝜀 and 𝜇 are absolute dielectric
constant and absolute permeability, respectively. In a vacuum,
V=𝑐=

1
= 2.9979 × 108 m/s,
√𝜀0 𝜇0

(2)

where 𝜀0 = 8.85 × 10−12 C kg−1 m−1 and 𝜇0 = 1.2566 ×
10−6 C kg−1 m−1 .
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The refractive index of medium 𝑛 usually can be defined
as
𝑛=

𝜀𝜇
𝑐
= √ 0 0 = √𝜀𝑟 𝜇𝑟 .
V
𝜀𝜇

(3)

The magnetic permeability of most media satisfies 𝜇𝑟 ≈ 1;
hence 𝑛2 = 𝜀.
It should be noted that the most common form of
refractive index is a complex number as
𝑚 = 𝑛 − 𝑘𝑖,

(4)

where 𝑚 is usually called complex refractive index. The real
part 𝑛 of 𝑚 is ordinary refractive index and the imaginary
part 𝑘 of 𝑚 is a coefficient which denotes the attenuation of
electromagnetic wave signal. In this paper, we do not consider
attenuation and use the refractive index 𝑛.
Considering the polarization of atmosphere in external
electric field, when the medium consisting of nonpolar
molecules is polarized, its molecules form an electric dipole
of electric dipole moment 𝑝.⃗ And 𝑝⃗ is proportional to the
electric field which acts on molecules
𝑝⃗ = 𝛽𝐸⃗ ≈ 𝛽𝐸,⃗

(5)

where 𝛽 is the polarizability of molecules. 𝐸⃗ denotes effective
electric field acting on molecules. 𝐸⃗ is the average electric
field. It can be approved that the relationship between 𝛽, 𝐸⃗ ,
and 𝐸⃗ can be written as
4
1
𝐸⃗ = 𝐸⃗ + 𝜋𝑝⃗ =
,
3
1 − (4/3) 𝜋𝛽
𝛽𝐸⃗
𝑝⃗ =
.
1 − (4/3) 𝜋𝛽

(6)

For polar molecules such as water vapor molecules, the
electric dipole moment 𝑝⃗ can be derived into two parts as
→

→

→ 
𝑝⃗ = 𝑝0 + 𝑝1 where 𝑝0 is related to the orientation of polar

→
molecules and has no relation to external field. Hence, 𝑝1 can
be written as

→
𝑝1 =

𝛽𝐸⃗
.
1 − (4/3) 𝜋𝛽

(7)

If the number of molecules per unit volume is 𝑁, then the
total dipole moment 𝑝⃗ can be written as
𝑁𝑃𝐸⃗
.
𝑝⃗ = 𝑁𝑝⃗ = 𝑁𝛽𝐸⃗ =
1 − (4/3) 𝜋𝑁𝛽

(8)

(11)

where 𝑘 is the Boltzmann constant, 𝑇 is the absolute temperature of the atmosphere, and 𝐶 is a proportional constant. It
is known that the electrostatic energy of electric dipole with
electric dipole moment 𝑝⃗ is
𝑈 = −𝑝𝐸 cos 𝜃,

(12)

where 𝜃 is the angle between electric axis and electric field 𝐸.⃗
𝑝 and 𝐸 are modulus of 𝑝⃗ and 𝐸.⃗ Considering the polarization
intensity of medium of polar molecules, we should take rotary
and slight elastic deformation of each molecular dipole in
external field into consideration. Hence, under the condition
of weak electronic field and normal temperature, 𝑝⃗ can be
expressed as
𝑝2
𝜀 − 1 4𝜋𝑁
=
(𝛽 +
).
𝜀+2
3
3𝑘𝑇

(10)

(13)

The atmosphere consists of nonpolar molecules of dry air
and polar molecules of water vapor. Hence, under the action
of electric field, the electric polarization vector 𝑝⃗ of mixed gas
can be expressed as
→

→ 
𝑝⃗ = 𝑝𝑛 + 𝑝𝑝 = 𝐾𝑛 𝐸⃗ + 𝐾𝑝 𝐸,⃗

(14)

→

→ 
where 𝑝𝑛 , 𝑝𝑝 , 𝐾𝑛 , and 𝐾𝑝 denote polarization vectors and
polarizabilities of nonpolar and polar molecules. Without
regard to the difference between 𝐸⃗ and 𝐸⃗ , the polarizability
𝐾 of mixed gas can be written as
𝐾 = 𝑁𝑛 𝛽𝑛 + 𝑁𝑝 (𝛽 +

𝑝2
).
3𝑘𝑇

(15)

It is known that the relationship between polarizability 𝐾
and dielectric constant 𝜀 is
(16)

While 𝜀2 − 1 = 𝑛2 − 1 ≈ 2𝑛 − 1, we can find that

(9)

Then we can derive the relationship between dielectric
constant and molecular polarizability as
𝜀−1 4
= 𝜋𝑁𝛽.
𝜀+2 3

𝑑𝑁 = 𝐶𝑒𝑈/𝑘𝑇 𝑑𝑈,

𝜀 − 1 = 4𝜋𝐾.

The intensity of electric induction in isotropic medium is
𝐷 = 𝜀𝐸⃗ = 𝐸⃗ + 4𝜋𝑝.⃗

In the air comprising of multiple polar molecules, when
external electric field 𝐸⃗ = 0, the sum of inherent dipole
moment equals 0 for random orientations. When external electric field 𝐸⃗ ≠ 0, natural pole moment of each
molecules makes contribution to total dipole moment with
certain probability. And the probability relates to absolute
temperature 𝑇 in the atmosphere. To quantify the relationship
between the polarization of medium of polar molecules
and the temperature, according to the statistical theory of
Boltzmann, the number of polar molecules between 𝑈 and
𝑈 + 𝑑𝑢 in the energy per unit volume is as follows:

𝑛 − 1 ≈ 2𝜋 (𝑁𝛽𝑛𝑝 + 𝑁𝑝

𝑝2
),
3𝑘𝑇

(17)

where 𝑁 = 𝑁𝑛 + 𝑁𝑝 denotes the number of molecules of
→
mixed gas per unit volume and 𝛽𝑛𝑝 ((𝑁𝑛 𝛽𝑛 +𝑁𝑝 𝛽𝑝 )/(𝑁𝑛 +𝑁𝑝 ))
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is the average number of polarizations of molecules of mixed
gas.
The atmosphere is a mixture of gases and the atmospheric
pressure is 𝑃 = 𝑃𝑑 + 𝑒. Assuming that the density is 𝜌, gram
molecular weight is 𝜇 and ideal gas state equation per unit
volume is 𝑃 = (𝜌/𝜇) 𝑅𝑇; according to the equation 𝜌 = 𝑁𝜇,
it can be derived that
𝑃
,
𝑅𝑇

𝑁=

(18)

where 𝑃 is the atmospheric pressure and its unit is hPa. 𝑅 is
universal gas constant with the value of 8.31 J ⋅ mol−1 ⋅ k−1 .
Similarly, the number of molecules of water vapor per
unit volume 𝑁𝑝 can be derived as
𝑁𝑝 =

𝑒
,
𝑅𝑇

(19)

where 𝑒 is the water vapor pressure and its unit is hPa.
Furthermore, it can be derived as
(𝑛 − 1) 106 =

𝐴
𝐵𝑒
(𝑃 + ) ,
𝑇
𝑇

(20)

where 𝐴 and 𝐵 are coefficients which are determined by
experiments, 𝑇 is the absolute temperature, and the units of
𝑃 and 𝑒 are hPa.
While the value of 𝑛 is small and bad for expression, the
refraction unit 𝑁 is always used actually which can be called
refraction index N:
𝑁 = (𝑛 − 1) 106 .

(21)

The refraction index 𝑁 includes dry refractive components caused by atmospheric pressure 𝑃 and temperature
𝑇 and wet refractive components caused by water vapor
pressure. The expression of atmospheric refractive index
can be derived after decomposing dry and wet refractive
components as
𝑁 = 77.6

𝑒
𝑃
+ 3.75 × 105 2 = 𝑁dry + 𝑁wet ,
𝑇
𝑇

(22)

where the first item 𝑁dry is just connected with atmospheric
pressure 𝑃 and temperature 𝑇 and the second item 𝑁wet
which is called wet refractive component is related to water
vapor pressure. The variation range of 𝑁dry is between 225
and 325 units and 𝑁wet is between 0 and 150 units. And the
change of humility has larger impact on refractive index than
atmospheric pressure and temperature. The investigation
in this paper is an inverse process actually which takes
advantage of transmission feature of electromagnetic wave in
the atmosphere to inverse refractive index. Then the value
of water vapor pressure or the distribution of water vapor
can be derived due to refractive index, temperature 𝑇, and
atmospheric pressure 𝑃 [7–9].
However the value of 𝑁 during the actual inversion of
water vapor cannot be obtained directly and it needs the comparison between the actual broadcasting distance and visual
broadcasting distance (pseudorange) between electromagnetic transfer and receiver position. Lower atmosphere effects

G

Telecommunication
base station

Agent

Figure 1: Propagation path 𝑆 of electromagnetic wave at the bottom
of the atmosphere and distance 𝐺 between agent and base station.

the transmission of electromagnetic wave in two ways,
while the signal is transported near the ground and on the
boundary layer. First, comparing to vacuum, the broadcasting velocity of electromagnetic wave becomes slower. The
relationship between the velocities of electromagnetic wave
in atmosphere and in vacuum is 𝑛 = 𝑐/V, where 𝑛 is the
atmospheric refractive index. Second, the propagation path
changes from linear to curved. These two influences are
caused by the change of atmospheric refractive index 𝑁 along
with the propagation path. The delay of propagation of signal
compared with vacuum equals the increase of propagation
path length [10]. Therefore, the distance between agent and
base station which is calculated according to the propagation
delay and velocity is not the real distance actually but the
visual broadcasting distance which is called pseudorange.
Figure 1 shows the propagation path 𝑆 of electromagnetic
wave at the bottom of the atmosphere and distance 𝐺 between
agent and base station.
The increased propagation path can be expressed as
Δ𝐿 = 𝑐Δ𝑡 − 𝐺 = 𝑐 ∫

𝐿

𝑑𝑠
− 𝐺 = ∫ 𝑛 (𝑠) 𝑑𝑠 − 𝐺,
V

(23)

where 𝑐 is the speed of light in vacuum, Δ𝑡 is the actual
propagation time of signal, V is the propagation velocity of
signal in the atmosphere, and 𝑛 (𝑠) is the average refractive
index of the signal on the transmission path. The integral
is performed along with the curved path of propagation of
electromagnetic signals. 𝐺 is the actual geometric distance
between the transfer and the receiver stations. The formula
can be rewritten in the following form:
Δ𝐿 = ∫ [𝑛 (𝑠) − 1 + 1] 𝑑𝑠 − 𝐺 = ∫ [𝑛 (𝑠) − 1] 𝑑𝑠 − (𝑆 − 𝐺) ,
𝐿

𝐿

(24)

where 𝑆 is the length of propagation path. The first item is a
slower one and is only related to atmospheric index 𝑛 which
is inversely proportional to the propagation velocity V. The
second item is a signal bending one which is the difference
between signal bending path 𝑆 and linear propagation path 𝐺.
The increasing of propagation path is mainly caused by signal
slowing effect. Replacing atmospheric refractive index with
refractivity, we can find that
Δ𝐿 = 10−6 × ∫ 𝑁 (𝑠) 𝑑𝑠.
𝐿

(25)
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(1) receiving the electromagnetic waves of current position,
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.
.
.

.
.
.

Sensor agent
.
..

(2) acquiring the relevant information and data of current position,

Interface agent

.
..

(3) getting the information and data of current environment,
(4) calculating the corresponding water vapor content,
(5) uploading all data to manager agent.

Manager agent

There are some rules to help sensor agent work effectively:

Sensor agent

(i) time resolution rules, which are used to control the
time resolution of receiving the electromagnetic wave
signal according to the preestablished time resolution
or changed by instructions,

Figure 2: The architecture of multiagent system.

And Δ𝐿 can be decomposed as follows:
−6

Δ𝐿 = 10

× ∫ (𝑁dry + 𝑁wet ) 𝑑𝑠 = Δ𝐿 𝑑 + Δ𝐿 𝑤 ,
𝐿

(26)

where Δ𝐿 𝑑 and Δ𝐿 𝑤 denote dry delay and wet delay,
respectively. Compared with GPS system which is used in
water vapor measurement, multiagent system could measure
atmospheric refractive index of lower or boundary layer.
Without ionospheric propagation of signal, it is not necessary
to use the double-frequency method to correct the error
caused by ionospheric delay which reduces the possibility of
measurement error to some extent. In addition, multiagent
detection system measures water vapor in low atmosphere
and the water vapor content per volume is bigger than using
GPS measurements which measure the whole atmospheric
convection layer. Hence, it will cause larger delay under
the same propagation distance. Besides, according to the
measured refractive index 𝑁 which is used to inverse water
vapor pressure or intensity near the ground or boundary
layer, we only need to combine it with observation data of
atmospheric pressure and temperature near the ground and
gradient distribution near the ground or boundary layer [11].
Hence, there is no need to consider the weighted average
temperature of the whole atmosphere which makes a further
error reduction of the source.
Therefore, the key of the inversion of atmospheric refraction index is to find the propagation path delay Δ𝐿. The key
issues of finding Δ𝐿 are to obtain signal propagation delay Δ𝑡
in high accuracy and to eliminate error caused by noise and
so forth [12].

3. The Architecture of Multiagent System
A multiagent system is designed to detect the vapor on
boundary layer by calculating the refractive index of electromagnetic waves. The system has three components, such
as sensor agent, manager agent, and interface agent. Figure 2
shows the architecture of multiagent system.
3.1. Sensor Agent. Sensor agent is the basic component of the
multiagent system. The main task of sensor agent contains the
following:

(ii) data acquiring rules, which are used to acquire the
parameters of current position and environment such
as GPS data, temperature, relative humidity, wind
direction, wind speed, rainfall, air pressure, and solar
radiation,
(iii) vapor calculating rules, which are used to set the
different algorithms of calculating,
(iv) sensors connecting rules, which are used to connect
with manager agent and other sensors agents nearby
for data communication.
Sensor agent could only receive the very electromagnetic
waves from telecommunication base station generally. But
it also could receive several electromagnetic waves from
different telecommunication base stations in other cases.
When it happens, the sensor agent would provide several
data. Each sensor agent associates with other sensor agents.
3.2. Manager Agent. All data collected from sensor agents
upload to manager agent. The main task of manager agent
contains the following:
(1) verifying the data of water vapor according to position
information,
(2) sampling the verified data,
(3) merging the data based on position information,
(4) uploading all preprocessed data to interface agent,
(5) altering the frequency of sending data through the
control instruction from the interface agent.
Some rules are used to make manager agents cooperate
with each other:
(i) correlation rules, which are used to detect correspondences between data provided by several sensors to
evaluate the quality of these data,
(ii) data sample rules, which are going to be used to set
the different algorithms of data sampling,
(iii) data merge rules, which are used to merge the data
from sensor agents with the data acquired in traditional method or historical data,
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(iv) communication rules, which are used to define the
communication protocol among sensor agents and
interface agent.
Sensor
agent number 1

Sensor
agent number 2
r

The manager agent would standardize the data received
from sensor agents and exclude the wrong data by comparing
the data based on same position or nearby. Then the manager
agent would get the valid data. Atmospheric water vapor content generally existed in the form of a continuous function,
so the character of data acquired in same position or nearby
should also show continuity [13]. This requires the use of the
data associated with the agent.
The valid data acquired by sensor agents represent the
character of selected area. But it is not necessary to analyse
all valid data. So some data would be sampled from the
valid data according to position information, which could
also represent the character of selected area and distribute
evenly. Here we use the method of stratified sampling. Firstly
we stratify the sample space, then random sample at each
layer [14]. Location-based sampling method is implemented
as following.

Figure 3: The position of sensor agents and telecommunication base
station sampling based on position.

(I) Stratification. The sample space is divided into nonoverlapping subspaces, called the layer of each subspace. In
telecommunication base station as the center, the coverage is
divided into several rings with the radius of 𝑟. Set distances
𝑑1 , 𝑑2 , 𝑑3 , . . . , 𝑑𝑘 with the number of 𝑘 to determine the space
of each layer [15].

All valid data which are preprocessed by agents would
upload to interface agent. The system’s interface uses web
application that displays all valid data and the status of all
agents via Maps in Time [18]. The frequency of update valid
date would be set by different time resolution.

(II) Random Sampling. Randomly sample at each layer.
Determine the number of each layer 𝑛1 , 𝑛2 , 𝑛3 , . . . , 𝑛𝑘 and
make sure the result of sample distributes evenly. Figure 3
shows the position of sensor agents and telecommunication
base station and the sampling based on position.
The sample number in layer 𝑖 is as follows:
𝑛𝑖 = 𝑛𝑒 ×

𝑠 (𝑑𝑖 )

∑𝑘𝑗=1

𝑠 (𝑑𝑗 )

.

(27)

And 𝑛𝑒 is the presetted sample number and 𝑠 (𝑑𝑖 ) is the
mumber of sample covered in layer 𝑖:
𝑆 (𝑑1 ) = 𝑅𝑄 (𝑟1 ) ,
𝑆 (𝑑2 ) = 𝑅𝑄 (𝑟2 ) − 𝑅𝑄 (𝑟1 ) , . . . ,
𝑆 (𝑑𝑖 ) = 𝑅𝑄 (𝑟𝑖 ) − 𝑅𝑄 (𝑟𝑖−1 ) , . . . ,
𝑟1 = 𝑑1 ,

𝑟2 = 𝑟1 + 𝑑2 , . . . ,

(28)

𝑟𝑖 = 𝑟𝑖−1 + 𝑑𝑖 , . . . .

The parameters 𝑅𝑄 (𝑟𝑖 ) could be inquired by the range of
sensor agents. Euclidean distance query and network distance
query depend on the distribution of sensor agents. The range
query refers to a query 𝑞 where 𝑄 is the center point, a radius
equal to the length of a subset of the query objects within a
circle of radius 𝑟. In order to improve the efficiency of range
query, algorithm of LUR-tree is used to build the index for the
moving stored objects [16, 17].

Telecommunication base
station number 1
Sensor
agent number 3

Sensor
agent number 4

3.3. Interface Agent. The interface agent is the humancomputer interface between human and multiagent. The
main task of interface agent contains the following:
(1) showing the current position and status of all sensor
agents on the map,
(2) setting the parameters of the system.

4. Implementation
The system has been implemented using a JADE platform
[19]. JADE is a software framework to develop agent applications in compliance with FIPA specifications for interoperable intelligent multiagent systems. The development of multiagent system greatly simplifies by middleware. The inference
engine for the rule-based system has been implemented using
Drools [20].
In experiment, the sensor agents are settled on several
vehicles, and the manager agents are placed in fixed position
among the selected observation area. The vehicles select roads
randomly during the processing of observation. The time
resolution of uploading data is controlled by the instruction
of interface agent.
Three different weather conditions are selected to verify
the results of the measurement accuracy with the method
of multiagents under sunny, foggy, and rainy weather. The
atmospheric refraction index is calculated by the measured
electromagnetic signals. The retrieval result with traditional
measurement method and multiagent method is compared
under the three weather conditions.
4.1. Retrieval and Analysis of Atmospheric Refractivity under
Sunny Weather Condition. According to the result of retrieval
atmospheric refractivity (Figure 4), the value of atmospheric
refractivity acquired by multiagent method is entirely well
fitted with the value of atmospheric refractivity acquired by
observation. The average observation error of 96 samples
which were observed in 24 hours is 42 percent of 𝑁. And the
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Figure 4: The comparison of the value of atmospheric refractivity 𝑁
under sunny weather condition. Red line: the value of atmospheric
refractivity acquired by observation. Green line: the value of atmospheric refractivity acquired by multiagent method. Blue line: the
value of atmospheric refractivity acquired by traditional method.

average observation error of all samples is less than 100
percent of 𝑁. The correlation coefficient of the observed
samples and calculated samples is 0.993, and the RMSE equals
1.072.
The difference between retrieval atmospheric refractivity by multiagent method and traditional method changes
slightly. It reflects the high sensitivity of the electromagnetic
signals. It is meaningful to analyse mesoscale convective
weather or fog of boundary changes and transport of water
vapor.
4.2. Retrieval and Analysis of Atmospheric Refractivity under
Foggy Weather Condition. According to the result of retrieval
atmospheric refractivity (Figure 5), the value of atmospheric
refractivity acquired by multiagent method is entirely well
fitted with the value of atmospheric refractivity acquired by
observation. The average observation error of 96 samples
which were observed in 24 hours is 49 percent of 𝑁. And
the average observation error of all samples is less than 100
percent of 𝑁. The correlation coefficient of the observed
samples and calculated samples is 0.993, and the RMSE equals
1.113.
The range of observation error under foggy weather
condition is very close to observation error under sunny
weather condition. It means that tiny liquid water droplets
do not cause interference to retrieval results. And it is
feasible to retrieve atmospheric refractivity by measuring the
electromagnetic signals using multiagent system. Meanwhile
according to retrieval, it can be found that the atmospheric
refractivity would increase rapidly prior to significantly
reducing visibility to develop into a very dense fog. Observation of this phenomenon can be used as early warning of
approaching fog important reference index.
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Figure 5: The comparison of the value of atmospheric refractivity 𝑁
under foggy weather condition. Red line: the value of atmospheric
refractivity acquired by observation. Green line: the value of atmospheric refractivity acquired by multiagent method. Blue line: the
value of atmospheric refractivity acquired by traditional method.

4.3. Retrieval and Analysis of Atmospheric Refractivity under
Rainy Weather Condition. According to the result of retrieval
atmospheric refractivity (Figure 6), the value of atmospheric
refractivity acquired by multiagent method is entirely well
fitted with the value of atmospheric refractivity acquired by
observation. The average observation error of 96 samples
which were observed in 24 hours is 57 percent of 𝑁. And
the average observation error of all samples is less than 100
percent of 𝑁. The correlation coefficient of the observed
samples and calculated samples is 0.991, and the RMSE equals
1.091.
Compared with the previous analysis, larger liquid water
droplets do not interfere with the results of retrieval under
rainy weather condition. Trends in rainfall and atmospheric
vapor pressure of the index of refraction are consistent trends.
Subtle changes in atmospheric refractivity of water vapor,
temperature, and barometric pressure are very sensitive. The
experimental validation of the method of the refractivity
of atmospheric retrieval weather conditions in rainfall is
possible and obtains higher retrieval accuracy.

5. Conclusions and Future Work
The refractivity of the low-altitude atmospheric inversion
results fits well the results of the calculation of meteorological
elements under sunny, foggy, and rainy weather condition
according to the comparison. Tiny water droplets in the
atmosphere almost have no impact on the results of the electromagnetic signal inversion of atmospheric refractive index.
Therefore, electromagnetic measurement method based on
multiagent is able to achieve real-time monitoring of water
vapor near the ground changes under different weather
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Figure 6: The comparison of the value of atmospheric refractivity
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value of atmospheric refractivity acquired by traditional method.

conditions with a high time resolution. It exhibits a good electromagnetic wave signal variation of the moisture sensitivity
of the results obtained in comparison with the conventional
method results consistent.
A certain accuracy of moisture content of the boundary
layer method by multiagent can be achieved according to the
experiment. In future work, the following points could be
improved.
(1) Sensor agents are mounted on the car body in the
experiment, so the trajectory of the sensor agents
is restricted in the trajectory of the car. The data
only generated in the position where car can reach.
Although the interpolation method can be used to
fill with the position where the car cannot reach, this
is not the actual measured data. Sensor agents will
be settled to aerocraft in further work. And track of
aerocraft would be controlled by manager agents. The
more comprehensive data will be acquired.
(2) The only specific frequency which is electromagnetic is used in experiment. Previous studies showed
that electromagnetic wave of different frequency has
different level of sensitivity to water vapor which
depends on the wavelength. Shorter wavelength electromagnetic would be selected to compare with result
in further work.
(3) It would be worthy to research location sampling
algorithm of sensor agents which are controlled by
manager agents.
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This paper mainly investigates the mass flow measurement of the gas-solid two-phase flow in pneumatic conveyor. A new data
fusion method based on the thermal sensors is proposed, which can improve the overall accuracy of the flow rate of the gas-solid
two-phase flow and the time resolution, that is, the overall response rate of the system. Based on this method, a model fusion used
in time domain is obtained. Several examples are given to illustrate the advantages of the proposed method.

1. Introduction
The measurement of the gas-solid two-phase flow in pneumatic conveyor is of great significance, especially in the coilfired station and steel production industry. The solid phase
concentration measurement of gas-solid two-phase flow is
one of the most difficult parameters to be measured, which
has always been the research focus and difficulty in industrial
detection over the last decade [1]. Recently, many sensors,
such as capacitance sensor used in process tomography [2, 3],
electrostatic sensor [4, 5], optical sensor [6, 7], microwave
sensor [8, 9], and thermal sensor [10, 11], have been adopted
in the research on gas-solid two-phase flow. A variety of
data processing methods have been used in the measurement
system to improve the accuracy, including neural network
technique [12, 13], soft-sensing technique [14], and data fusion
method [15].
The methods in thermology fell into two categories: heat
balance method and heat transfer method. At present, the
heat balance method, which has been employed for many
years, is known as a comparatively mature measurement
method. A lot of work has been done on the establishment
of measurement models [16, 17], analysis of affecting error,
and system implementation. Besides, several field devices
with good practicality have been established. Despite its
late start on the measurement of gas-solid two-phase flow,
the heat transfer method is becoming popular gradually.

Based on the heat transfer method, a noninvasive prototype
system measuring the mass flow rate of two-phase flow can
be first found in Moriyama [11]. The system can measure
the mass flow rate of gas-solid from dilute phase to dense
phase. Another noninvasive method measuring the mass
of gas-solid, which measures the solid phase mass flow by
heating the solid particles in the tube wall and measuring
the temperature distribution of gas-solid two-phase flow, is
well discussed in [18]. This method is similar to the principle
for measurement of thermal distribution. A heat transfer
probe method which is employed to measure pulverized
coal concentration of the power feeding system in a power
station is proposed in [19]. This method adopts elliptic probes
with different placement to measure the concentration of
pulverized coal and air volume. Yuan et al. [20] place a
probe with electric heating in the flow to measure the solid
flow rate. There are different heat transfer effects when the
probe contacts the flow media with different flow velocities,
concentrations, and particle diameters. In this case, the solid
phase flow in the two-phase flow, given air volume, can be
measured by the electrical heating power and the measured
temperature of the probe. The heat transfer method has also
been applied in [21]. They adopt the principle of heat dissipation type mass flowmeter in the plug-in probe consisting of
platinum thermal resistance. The control circuit works in an
environment of constant difference in temperature where it
has a better response characteristic. Meanwhile, the thermal
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sensor and temperature sensor in the same base can be
formed into a compound transducer, which can not only
acquire the flow signal but also decouple the temperature
signal.
In terms of data processing technique, several key issues
in indirect measurement method have been studied and
discussed deeply, including spatial filtering effect, average
effect, and the resolution and sensitivity of the tomographic
imaging sensor array [22]. The BP artificial neural network
has been used to predict the measurement of the solid flow
rate of two-phase flow with heat transfer method and the
prediction process is examined in [13]. Based on a lot of
experimental data, it has been shown that the complicated
nonlinear problem between the solid flow rate and the factors
can be solved by the artificial neural network. The data fusion
is attempted to deal with the measurement of heat balance
method and heat transfer method via mathematical analysis,
which has made some achievements [21]. Based on the result,
this paper conducts further research.
The two different methods which measure gas-solid twophase flow discussed in this paper are necessary to achieve
data fusion and have something in common. First of all,
not only are the two methods based on the principle of
heat transfer, but also they have a direct relationship with
the flow rate of air. Secondly, although each method has its
own advantages and disadvantages, both of the measurement
data are processed by reasonable data fusion method, which
can improve the measurement accuracy, response speed, and
robustness of the system.
The rest of the paper is organized as follows. Section 2
gives some problems in data fusion method and real-time
measurement. Section 3 introduces the general model fusion
method. Section 4 provides some main results. And Section 5
discusses the window size and the distribution of weights. The
final section gives the conclusion of this paper.
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The sample time of heat balance method is about two
minutes while the sample time of heat transfer method is
five seconds because the probe of heat transfer method is
placed in the fluid directly and the sensor has a speedy
response. If the window size is set to be 16, the sampling
point will not be inside some windows when the window
is moving. If the window size is very large, the correlation
among the measurements from the two measured methods
will be reduced very much. If the sampling point is not in the
middle of the window, it is difficult to satisfy the assumption
of weighted average.
It is suggested that the measurements are processed by
̃ with high accudata fusion method after the sample value 𝑋
racy is predicted by the preliminary data if the measurements
are processed in real-time. For one sample value, we conclude
𝑛

̃1 ≈ ∑𝑤1,𝑖 ⋅ 𝑥𝑖 ,
𝑋

(1)

𝑖=1

̃ expresses the weighted average of 𝑥.
̃ can be
̃ 𝑋
where 𝑋
predicted by the modified sample value of system B.
After the sample value of system B is corrected, a new
sample value 𝑋𝑛+1 will be put into the processing window and
the old sample value 𝑋1 will be removed from the window.
𝑋1 is the corrected sample value while 𝑋𝑛+1 has not been
̃ can be obtained
corrected. In this paper, the estimate of 𝑋
by predicting the corrected measurement of 𝑋𝑛+1 as follows:
̃ = 𝑋
̃1 − 𝑤1,1 𝑥1 + 𝑤1,𝑛 𝑥̂𝑛+1 ,
𝑋
1

(2)

where 𝑥̂𝑛+1 is the (𝑛 + 1)th estimate which is predicted by the
corrected measurement of system B.

3. Data Fusion
2. Date Fusion Based Real-Time Measurement
For high performance, the measurement system has to provide not only high accuracy measured output information,
but also a sufficiently high response speed in industrial
process control, such as the boiler combustion control. This
paper mainly investigates the real-time measurement via data
fusion method, which can improve the overall accuracy of
the flow rate of the gas-solid two-phase flow and the time
resolution, that is, the overall response rate of the system.
Date fusion based real-time measurement can be described
as shown in Figure 1.
In Figure 1, when the sample data of system B with higher
time resolution is measured in real-time, the corresponding
sample data of system A could not be generated to fuse
the data and modify the data of system B in time. If the
̃1 in [𝑁/2].
window size is 𝑁, there will be a sample data 𝑋
In general, the data will be delayed in half of the window
̃1
size and when the processing window is moving forward, 𝑋
̃
cannot stay in the correct place. The sample interval of 𝑋1 is
̃1 is proper in the
too long to ensure that the sample value of 𝑋
processing window.

In the data fusion method [23], there are several methods to
get the measured value of the same measurement 𝑥. Denote
the 𝑖th measurement value of 𝑥 as 𝑥̃(𝑖) , 𝑖 = 1, . . . , 𝑛. Then, the
corresponding measured error can be written as
Δ𝑥(𝑖) = 𝑥̃(𝑖) − 𝑥,
def

(3)

where 𝑥 represents the actual value of the measurement and
Δ𝑥(𝑖) is the measured error of the 𝑖th measured method.
If each measured error obeys normal distribution with
zero mean and standard deviation 𝜎(𝑖) , the probability density
function of Δ𝑥(𝑖) can be described as
2

(Δ𝑥(𝑖) )
1
1
𝑓 (𝑥) =
⋅
exp
(−
)=
2
(𝑖)
√2 ⋅ 𝜋 ⋅ 𝜎
√2 ⋅ 𝜋 ⋅ 𝜎(𝑖)
2 ⋅ (𝜎(𝑖) )
2

⋅ exp (−

(𝑥̃(𝑖) − 𝑥)

2

2 ⋅ (𝜎(𝑖) )

).
(4)
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If the measured error Δ𝑥(𝑖) is independent, 𝜌(𝑥) expresses
the joint probability destiny of 𝑥 and it can be written as
2

̃𝑗 from system A with a
(B) Each sampling value 𝑋
high time resolution is approximately equal to the weighted
average of the actual values, with the standard deviation 𝜎𝑙,𝑖 :

(𝑥̃(𝑖) − 𝑥)
1
𝜌 (𝑥) = ∏
⋅ exp (−
)
2
(𝑖)
2 ⋅ (𝜎(𝑖) )
𝑖=1 √2 ⋅ 𝜋 ⋅ 𝜎
𝑛

𝑛

𝑛

̃𝑗 ≈ ∑𝑤𝑗,𝑖 ⋅ 𝑥𝑖 ,
𝑋
2

(𝑥̃(𝑖) − 𝑥)

(5)

1
) ⋅ exp (−∑
).
(𝑖)
(𝑖) 2
√
𝑖=1 2 ⋅ 𝜋 ⋅ 𝜎
𝑖=1 2 ⋅ (𝜎 )

= (∏

It is reasonable to select the maximum likelihood estimate
as the estimate of 𝑥 when the probability 𝜌(𝑥) is the largest.
Since exp(𝑧) is an increasing function, maximizing 𝜌(𝑥) =
𝐴 ⋅ exp(−𝐵(𝑥)) is equivalent to minimizing 𝐵(𝑥), and then we
can derive that
2

𝑛

(𝑥̃(𝑖) − 𝑥)

𝑖=1

2 ⋅ (𝜎(𝑖) )

min (∑

2

).

(6)

Differentiating (6) with respect to 𝑥 and equating the
derivative to zero, we can conclude the maximum value:
𝑥=

∑𝑛𝑖=1 𝑥̃(𝑖) ⋅ (𝜎(𝑖) )
−2

∑𝑛𝑖=1 (𝜎(𝑖) )

−2

.

(7)

The accuracy of this fused estimator can be described by
the synthetic standard deviation 𝜎 as follows:
−2

𝜎

𝑛

(𝑖) 2

= ∑(𝜎 ) .

(8)

𝑖=1

It is assumed that there are two measurement systems,
that is, the heat balance method and the heat transfer method,
of which the accuracy and time (spatial) resolution are
different. The accuracy of system with higher time resolution
is higher, while the accuracy of system with lower time
resolution is lower. Considering the individual and the
mutual probability distribution, the data fusion method will
use least squares (LS) algorithm to minimizing the deviation
of the fused data.
̃𝑗 is defined as the sample value (or
In convenience, 𝑋
estimated value) of system with low time resolution and
high accuracy and the corresponding system is called system
A. 𝑥̃𝑖 expresses the sample value (or estimated value) of
system with high time resolution and high accuracy and the
corresponding system is system B. In this paper, system A
uses the heat balance method and system B adopts the heat
transfer method.
The following problems will be considered in this algorithm.
(A) Each sampling value 𝑥̃𝑖 from system B is approximately equal to the actual value 𝑥𝑖 at a certain probability in
the corresponding time, with the standard deviation 𝜎ℎ,𝑖 :
𝑥̃𝑖 ≈ 𝑥𝑖 𝑖.

(10)

𝑖

(9)

where 𝑤𝑗,𝑖 ≥ 0 and ∑𝑛𝑖=1 𝑤𝑗,𝑖 = 1. In general, the weights
are known. For example, these weights are equal in a joint
inversion system and we get
̃𝑗 ≈
𝑋

𝑥𝑖 (1, 𝑗) + ⋅ ⋅ ⋅ + 𝑥𝑖 (𝑘𝑗 , 𝑗)
𝑘𝑗

.

(11)

In this application, the influences on weights are different
because the sampling intervals are different. So the weights
will be different and the problem about the selection of weight
will be discussed in the following sections.
(C) A prior estimate: if the system B has a prior estimate
with higher time resolution, we get
𝑥𝑖 ≈ 𝑥pr,𝑖 ,

(12)

where the standard deviation of 𝑥pr,𝑖 is 𝜎pr,𝑖 . In application,
if there is no prior estimate, we can set 𝜎pr,𝑖 = ∞ and its
influence can be eliminated.
̃𝑗 from system A is approxi(D) The sampling value 𝑋
mately equal to the actual value at the sampling time point
with a high resolution at a certain probability, with the
accuracy corresponding to the standard deviation 𝜎𝑒,𝑗 :
̃𝑗 ≈ 𝑥𝑖 (𝑙, 𝑗) .
𝑋

(13)

The expectation can be estimated by the sampling value
of system B:
𝑘𝑗

1
⋅ ∑𝑥̃ (𝑙, 𝑗) .
𝐸𝑗 =
𝑘𝑗 𝑙=1 𝑖

(14)

The corresponding standard deviation is defined as 𝜎𝑒,𝑗
and it can be expressed as
𝑘𝑗

2
1
=
⋅ ∑(𝑥̃ (𝑙, 𝑗) − 𝐸𝑗 ) .
𝑘𝑗 𝑙=1 𝑖

2
𝜎𝑒,𝑗

(15)

Next, the least squares (LS) technique will be applied to
combine these approximate equalities and find the desirable
estimate of the measurements by minimizing the resulting
sum of weighted squared differences.
According to the LS approach, the sum of the different
deviation in the above expression is minimized. In general
case, we minimize the following expression:
2

𝑛

𝑚
𝑛
(𝑥 − 𝑥̃ )
1 ̃
∑ 𝑖 2 𝑖 + ∑ 2 (𝑋
𝑗 − ∑𝑤𝑗,𝑖 ⋅ 𝑥𝑖 )
𝜎ℎ,𝑖
𝑖=1
𝑗=1 𝜎𝑙,𝑗
𝑖=1
𝑛

+∑
𝑖=1

2

(𝑥𝑖 − 𝑥pr,𝑖 )
2
𝜎pr,𝑖

𝑚 𝑘𝑗

+∑∑
𝑗=1 𝑙=1

2

(16)

2

̃𝑗 − 𝑥𝑖 (𝑙, 𝑗))
(𝑋
2
𝜎𝑒,𝑗

.
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The solution of the LS approach includes the deviation of
the measurements with high resolution (the first expression),
the deviation of the prior estimate with high resolution (the
third expression), the deviation of the weighted estimates of
which low resolution are weighted by the sampling value of
the high resolution (the fourth expression), and the deviation
between the sampling value of high resolution and the
corresponding area with the high resolution (the second
expression). The synthesis results minimize the overall deviation in the above and the solution of the estimated 𝑥𝑖 is equal
to the value of data fusion.
Differentiation with respect to 𝑥𝑖 leads to the following
system of linear equations:
𝑛
1
1
̃𝑗 )
̃
⋅
(𝑥
−
𝑥
)
+
⋅
𝑤
⋅
(
𝑤𝑗,𝑖 ⋅ 𝑥𝑖 − 𝑋
∑
∑
𝑖
𝑖
𝑗,𝑖
2
2
𝜎ℎ,𝑖
𝜎

𝑗:𝑗∋𝑖 𝑙,𝑗
𝑖 =1

1
1
̃𝑗 ) = 0,
+ 2 ⋅ (𝑥𝑖 − 𝑥pr,𝑖 ) + ∑ 2 ⋅ (𝑥𝑖 − 𝑋
𝜎pr,𝑖
𝜎
𝑗:𝑗∋𝑖 𝑒,𝑗

+

−2 def
𝜎𝑓,𝑖
=

−2
𝜎ℎ,𝑖

+

𝑖

(23)

1
̃1 ) ,
⋅ (∑𝑤1,𝑖 ⋅ 𝑥𝑖 − 𝑋
2
𝜎𝑙,1
𝑖

def

(24)

we get the equation
2
⋅𝜇+
𝑥𝑖 − 𝑥𝑓,𝑖 + 𝑤1,𝑖 ⋅ 𝜎𝑓,𝑖

2
𝜎𝑓,𝑖
2
𝜎𝑒,1

̃1 ) = 0.
⋅ (𝑥𝑖 − 𝑋

(25)

By keeping terms proportional to 𝑥𝑖 in the left-hand side
and by moving all the other terms to the right-hand side, we
get
(19)

2
𝜎𝑓,𝑖
2
𝜎𝑒,1

) ⋅ 𝑥𝑖 = 𝑥𝑓,𝑖 − 𝑤1,𝑖 ⋅

2
𝜎𝑓,𝑖

⋅𝜇+

2
𝜎𝑓,𝑖
2
𝜎𝑒,1

̃1 .
⋅𝑋

(26)

Hence
(20)

Similarly, if the standard deviation is set to infinity, the
influence of the corresponding term will be eliminated. For
example, we can set 𝜎ℎ,𝑖 = 0 if only the prior estimates of the
system are known.
After simplification, the LS expression is
−2
⋅ (𝑥𝑖 − 𝑥𝑓,𝑖 ) + ∑
𝜎𝑓,𝑖

1
̃𝑗 ) = 0.
+ ∑ 2 ⋅ (𝑥𝑖 − 𝑋
𝜎
𝑗:𝑗∋𝑖 𝑒,𝑗

̃1 )
⋅ 𝑤1,𝑖 ⋅ (∑𝑤1,𝑖 ⋅ 𝑥𝑖 − 𝑋

̃1 ) = 0.
⋅ (𝑥𝑖 − 𝑋

2
𝜎𝑒,1

𝜇 =

𝑥𝑖 =

−2
𝜎pr,𝑖
.

𝑛
1
̃𝑗 )
⋅
𝑤
⋅
(
𝑤𝑗,𝑖 ⋅ 𝑥𝑖 − 𝑋
∑
𝑗,𝑖
2

𝑗:𝑗∋𝑖 𝜎𝑙,𝑗
𝑖 =1

2
𝜎𝑙,1

(18)

−2
−2
+ 𝑥pr,𝑖 ⋅ 𝜎pr,𝑖
𝑥̃𝑖 ⋅ 𝜎ℎ,𝑖
−2
−2
𝜎ℎ,𝑖
+ 𝜎pr,𝑖

2
𝜎𝑓,𝑖

2
𝜎𝑓,𝑖

If we introduce an auxiliary variable 𝜇 as

(1 +

𝑥𝑓,𝑖 =

(22)

2
If multiplying both sides of (22) by 𝜎𝑓,𝑖
, we conclude that

where
def

1
̃1 )
⋅ 𝑤1,𝑖 ⋅ (∑𝑤1,𝑖 ⋅ 𝑥𝑖 − 𝑋
2
𝜎𝑙,1
𝑖

1
̃1 ) = 0.
+ 2 (𝑥𝑖 − 𝑋
𝜎𝑒,1

(17)

Equation (18) can be expressed as follows:
−2
⋅ (𝑥𝑖 − 𝑥𝑓,𝑖 ) ,
𝜎𝑓,𝑖

−2
⋅ (𝑥𝑖 − 𝑥𝑓,𝑖 ) +
𝜎𝑓,𝑖

𝑥𝑖 − 𝑥𝑓,𝑖 +

where 𝑗 ∋ 𝑖 means that the 𝑗th sampling value corresponding
to a model with a low spatial resolution covers the 𝑖th
sampling value.
In the above solution of LS approach, the prior estimate
𝑥pr,𝑖 and the estimate 𝑥̃𝑖 from system A with a higher
resolution have the general form. Then, they can be expressed
into a unified form:
1
1
⋅ (𝑥𝑖 − 𝑥̃𝑖 ) + 2 ⋅ (𝑥𝑖 − 𝑥pr,𝑖 )
2
𝜎ℎ,𝑖
𝜎pr,𝑖

Let us consider the simplest case, when we have exactly
one estimate from system A with a low resolution. In this case,
(21) takes the following form:

Now, we consider the case of a single estimate with low
resolution.

2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

⋅

−

2
2
𝜎𝑓,𝑖
/𝜎𝑒,1
2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

2
𝑤1,𝑖 ⋅ 𝜎𝑓,𝑖
2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

̃1
⋅𝜇+𝑋
(27)

.

According to the definition of 𝜇, it includes the actual
value of random variable 𝑥𝑖 . To make this expression prac̃1 .
tical, we must describe 𝜇 in terms of the given 𝑥̃𝑖 and 𝑋
From (27), we get
𝑛

(21)

𝑥𝑓,𝑖

𝑛

∑𝑤1,𝑖 ⋅ 𝑥𝑖 = ∑
𝑖=1

𝑖=1 1

𝑤1,𝑖 ⋅ 𝑥𝑓,𝑖
2 /𝜎2
+ 𝜎𝑓,𝑖
𝑒,1

𝑛

⋅∑

𝑖=1 1

−𝜇

2
2
𝑤1,𝑖
⋅ 𝜎𝑓,𝑖
2 /𝜎2
+ 𝜎𝑓,𝑖
𝑒,1

𝑛

2
2
𝑤1,𝑖 ⋅ (𝜎𝑓,𝑖
/𝜎𝑒,1
)

𝑖=1

2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

̃1 ⋅ ∑
+𝑋

.

(28)
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According to definition of 𝜇, we conclude that

Then, under higher time resolution, we compute the more
accurate estimate for 𝑥𝑖 , 𝑖 = 1, . . . , ℎ, as

𝑛

2
̃1
𝜎𝑙,1
⋅ 𝜇 = ∑𝑤1,𝑖 ⋅ 𝑥𝑖 − 𝑋
𝑖=1

𝑤1,𝑖 ⋅ 𝑥𝑓,𝑖

𝑛

=∑

𝑖=1 1

2 /𝜎2
+ 𝜎𝑓,𝑖
𝑒,1

−𝜇⋅∑

𝑖=1 1

𝑛

2
2
𝑤1,𝑖 ⋅ (𝜎𝑓,𝑖
/𝜎𝑒,1
)

𝑖=1

2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

⋅∑

2
2
𝑤1,𝑖
⋅ 𝜎𝑓,𝑖

𝑛

2 /𝜎2
+ 𝜎𝑓,𝑖
𝑒,1

̃1
+𝑋

𝑥̂𝑖 =
(29)

𝑛

∑𝑤1,𝑖 = 1.

(30)

𝑖=1

Then the final two terms in the left-hand side of (29) can
be merged into
𝑛

2
2
𝑤1,𝑖 ⋅ (𝜎𝑓,𝑖
/𝜎𝑒,1
)

𝑖=1

2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

̃1
−𝑋

𝑛

2
2
𝜎𝑓,𝑖
/𝜎𝑒,1

𝑖=1

2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

̃1 ⋅ (∑𝑤1,𝑖
=𝑋

𝑛

− ∑𝑤1,𝑖 )

(31)

𝑖=1

𝑛

𝑤1,𝑖
.
2
2
𝑖=1 1 + 𝜎𝑓,𝑖 /𝜎𝑒,1

̃1 ⋅ ∑
= −𝑋

By taking (31) into (24) and moving all terms containing
𝜇 to the left-hand side, we get
2
𝑤1,𝑖

𝑛

2
+∑
𝜇 ⋅ (𝜎𝑙,1

𝑖=1 1

2
⋅ 𝜎𝑓,𝑖
)
2 /𝜎2
𝜎𝑓,𝑖
𝑒,1

𝑤1,𝑖 ⋅ 𝑥𝑓,𝑖

𝑛

=∑

+

𝑖=1 1

𝑤1,𝑖
2
2
𝑖=1 1 + 𝜎𝑓,𝑖 /𝜎𝑒,1

̃1 ⋅ ∑
−𝑋

𝑛

̃1 )
𝑤1,𝑖 (𝑥𝑓,𝑖 − 𝑋

𝑖=1

2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

=∑

(32)

.

𝑁
,
𝐷

2
2
𝜎𝑓,𝑖
/𝜎𝑒,1
2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

2
𝑤1,𝑖 ⋅ 𝜎𝑓,𝑖
2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

̃1
⋅𝜇+𝑋
(35)

.

Equation (35) indicates that the sampling accuracy of the
low accuracy system B will be improved by modifying the
sampling value with the sampling value of higher accuracy
system A if the noises of system A and B obey a Gaussian
distribution and the standard deviation of system A is known.
The above method, using LS algorithm, shows the basic
results by modifying the sampling value from a measurement
system with a low accuracy when we have one estimate
from system A with a higher accuracy. If all of the standard
deviations in the resulting expression can be computed online
or known in advance, they can be used to improve the
accuracy of the system with a low accuracy.
We then solve the problem which is how to obtain the
standard deviation of the above model in real-time. If this
problem can be solved, the whole system will satisfy the need
of the real-time measurement and this method will be applied
into the polynomial prediction filter approach in the next
section.

4. Main Results
4.1. Polynomial Prediction Filtering Method Based on FIR
Scheme. In theory, the signal can be described by a 𝑀-order
polynomial. Consider

𝑥 (𝑛) = 𝑎0 + 𝑎1 𝑛 + ⋅ ⋅ ⋅ + 𝑎𝑀𝑛𝑀 = ∑𝑎𝑙 𝑛𝑙 .

(36)

𝑙=0

If we introduce two auxiliary variables 𝑁 and 𝐷, the
auxiliary variable 𝜇 can be computed as follows:
𝜇=

−

𝑀

𝑛

2 /𝜎2
+ 𝜎𝑓,𝑖
𝑒,1

2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

⋅
̃1 .
−𝑋

According the definition of weighted average, the sum of
the weights is equal to one:

̃⋅∑
𝑋

𝑥𝑓,𝑖

(33)

The polynomial filter method is that the measured signals
are predicted and filtered by polynomial. A polynomial
prediction filter method based on the finite impulse response
(FIR) scheme has been proposed in Henry and Clarke [24].
And it is called H-N FIP predictor. This method can predict
the signals with smoothness.
It is assumed that the first 𝑛 measurements are known and
the (𝑛 + 𝑝)th measurement can be predicted as follows:

where
𝐷=

2
(𝜎𝑙,1

𝑛

+∑

𝑖=1 1

2 /𝜎2
+ 𝜎𝑓,𝑖
𝑒,1

𝑛

̃1 )
𝑤1,𝑖 (𝑥𝑓,𝑖 − 𝑋

𝑖=1

2 /𝜎2
1 + 𝜎𝑓,𝑖
𝑒,1

𝑁=∑

𝑁−1

2
2
𝑤1,𝑖
⋅ 𝜎𝑓,𝑖

.

𝑥̂ (𝑛 + 𝑝) = ∑ ℎ (𝑘) 𝑥 (𝑛 − 𝑘) ,

)

(37)

𝑘=0

(34)
where 𝑝 is the prediction horizon, which can be an integer or
a decimal. ℎ(𝑘) is a coefficient of the FIR scheme.
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By taking (36) into (37), we can get
𝑀

𝑙

𝑥̂ (𝑛 + 𝑝) = ∑𝑎𝑙 [𝑛 + 𝑝] ,

(38)

𝑙=0

𝑁−1

𝑁−1

𝑀

𝑘=0

𝑘=0

𝑙=0

∑ ℎ (𝑘) 𝑥 (𝑛 − 𝑘) = ∑ ℎ (𝑘) ∑𝑎𝑙 [𝑛 − 𝑘]𝑙 ,
𝑀

𝑙

𝑁−1

𝑀

𝑘=0

𝑙=0

∑𝑎𝑙 [𝑛 + 𝑝] = ∑ ℎ (𝑘) ∑𝑎𝑙 [𝑛 − 𝑘]𝑙 .
𝑙=0

(39)

(40)

Both sides of (40) are expended by the 𝑙th power
subentry, respectively. The polynomial which includes 𝑎𝑙 is
that
𝑙

𝑁−1

𝑁−1

𝑘=0

𝑘=0

𝑎𝑙 [𝑛 + 𝑝] = ∑ ℎ (𝑘) 𝑎𝑙 [𝑛 − 𝑘]𝑙 = 𝑎𝑙 ∑ ℎ (𝑘) [𝑛 − 𝑘]𝑙 . (41)

𝜎𝑦2 = (

If 𝑎𝑙 is removed from (41), we can get
𝑙

𝜕𝑓 2 2
𝜕𝑓 2 2
𝜕𝑓 2 2
) ⋅ 𝜎𝑥1 + (
) ⋅ 𝜎𝑥2 + ⋅ ⋅ ⋅ + (
) ⋅ 𝜎𝑥𝑛 .
𝜕𝑥1
𝜕𝑥2
𝜕𝑥𝑛
(47)

𝑁−1

[𝑛 + 𝑝] = ∑ ℎ (𝑘) [𝑛 − 𝑘]𝑙

(42)

𝑘=0

2
2
2
2
𝜎𝑋
̃ = 𝜎𝑋
̃ + 𝜎𝑥1 + 𝜎𝑥𝑛+1 ,

(43)

1

𝑘=0

Equation (43) is one of the restrictions of ℎ(𝑘).
The noise of signals can be sufficiently suppressed by
minimizing the gain of the filter noise. If the noise is a white
noise, the gain of signals for the digital filter based on FIR
scheme can be expressed as
𝑁−1

𝐺noise = ∑ |ℎ (𝑘)|2 .

(44)

If the restriction is satisfied, we can minimize 𝐺noise and
the optimal solution of ℎ(𝑘) can be obtained.
When 𝑝 = 1 and 𝑀 = 1, we can get
4𝑁 − 6𝑘 − 4
.
𝑁 (𝑁 − 1)

(45)

When 𝑝 = 1 and 𝑀 = 2, we can get
ℎ (𝑘) =

9𝑁2 + (9 − 36𝑘) 𝑁 + 30𝑘2 − 18𝑘 + 6
.
𝑁3 − 3𝑁2 + 2𝑁

(49)

where 𝜎𝑋̃1 is the sampling standard deviation of one estimate
for system A; 𝜎𝑥1 is the standard deviation of modified
measurement for system B in the fusing window; and 𝜎𝑥𝑛+1 is
the standard deviation of the (𝑛+1)th modified measurement
for system B. 𝜎𝑥1 can be obtained from (15).
In the polynomial prediction algorithm, the standard
deviation of 𝑥̂𝑛+1 can be expressed as
𝑘

𝑘=0

ℎ (𝑘) =

(48)

The standard deviation can be computed as follows:

𝑁−1

[−𝑝] = ∑ ℎ (𝑘) [𝑘]𝑙 .

For one estimate of system A, we have
̃ = 𝑋
̃1 − 𝑤1,1 𝑥1 + 𝑤1,𝑛 𝑥̂𝑛+1 .
𝑋
1

or it can expressed as
𝑙

4.2. Model Parameters Modification under the Prediction
Model. In this paper, the measurements of heat balance
method in data fusion are estimated. Therefore, there is
a necessity of modifying the estimated signal parameter
in order to adapt to the model fusion method. Once the
prediction method is applied, we should consider whether all
of the standard deviations defined in model fusion method
need to be reestimated.
It is assumed that the corresponding standard deviations
are known in a “real” fusion which is based on the actual
measurements from heat balance method. The standard deviations include the standard deviation of the measurements
with heat balance method and standard deviation of single
measurement with heat transfer method. Both of them can
be measured and calculated by experiments.
According to the principle of combination of error,
assuming each measurement is independent,

2
= 𝜎𝑖2 ∑ℎ0 (𝑖)2 ,
𝜎𝑛+1

(50)

𝑖=1

where 𝜎𝑖 is the sample deviation.
By taking (49) into (50), the standard deviation of
measurements from heat balance method can be estimated
before model fusion.

5. Discussion
(46)

According to (45) and (46), the coefficient of polynomial
prediction filter is independent of 𝑥(𝑘). But it is simply a
matter of the window size 𝑁, the order 𝑀 of polynomial,
and the prediction horizon 𝑝. All of the parameters are
determined before computation. Therefore, this method is
called one-step-prediction algorithm and it is applicable
under the real-time condition.

5.1. Window of the Data Fusion. The measurements of heat
transfer method are estimated by polynomial prediction
method; then the estimated value of heat balance method
can be obtained. The estimated value will be used in the data
fusion method.
Considering the polynomial prediction filtering method
̃ can
and the characteristic of signal, 𝑀 is 2 and 𝑁 is 16, and 𝑋
be estimated from (36) in most of the windows. The measured
value of heat transfer method will be modified after the actual
measurement enters into the window.
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Table 1: The distribution of weights.

𝑚
16
15
14
13

𝑖
1
0.5
0.8
1.1
1.5

2
0.8
1.1
1.5
2

3
1.1
1.5
2
2.5

4
1.5
2
2.5
3

Sampling of heat
balance method

5
2
2.5
3
4

6
2.5
3
4
4

7
3
4
4
3

8
4
4
3
2.5

9
4
3
2.5
2

10
3
2.5
2
1.5

11
2.5
2
1.5
1.1

12
2
1.5
1.1
1.1

13
1.5
1.1
0.8
0.8

14
1.1
0.8
0.8
0.8

15
0.8
0.5
0.5
0.5

16
0.5
0.5
0.5
0.5

Direction of the
window
Direction of the
window

Sampling of heat
transmission method

N = 16

Time
Time

(a) The sampling of heat balance method is outside the
window

(b) The sampling of heat balance method is inside the
window

Direction of the
window

Time
(c) The sampling of heat balance method is in the middle
of the window

Figure 1: Window of data fusion.

The window adopted in this data fusion method is shown
in Figure 1. Here, the sample time of the heat balance method
is 2 minutes while the sample time of the heat transfer method
can be 5 seconds which is much shorter than heat balance
method. Therefore, there is no actual high accuracy sample
value of heat balance method in the fusing window when
the window is 16. As described in the previous section, the
data used in the fusing window will be estimated by the
polynomial prediction filtering method.
5.2. Distribution of Weight. In Figure 1, the actual sample
value rather than the estimated value will be used to process
by the data fusion method once a new sample value of heat
balance method enters into the window. The new sample
value of heat balance method stays in the window for a while
and the position of the sampling point will change.
If the sampling point of heat balance method is in middle
of the fusing window, the result is the average of the sampling
value of heat balance in the window which can be seen in
(11). In fact, the sampling point is often not in the middle
of the fusing window where the weights should be assigned
reasonably.
If the window size is 16, the weight 𝑤1,𝑖 of data fusion
method can be expressed as follows:
𝑤1,𝑖 =

𝑤𝑚,𝑖
,
16

(51)

where 𝑖 is the position of the sample value of system B in the
fusing window. The position of the sample value of system

A in the window is used here and it satisfies the following
equation:
16

∑ 𝑤𝑚,𝑖 = 16.

(52)

𝑚=1

When a new sample value of system A enters into the
window, it is reasonable that the new sample value contains
sixteen sample values of system B. In other words, it is a
sample value which delays half of the window. When the
position of the sampling value of system A is less than 13 in the
window, its effect becomes weaker and the sampling value of
system A will be decided by the prediction method which is
used in the data fusion. The distribution of weights is shown
in Table 1.

6. Conclusion
This paper investigates the measurement of the gas-solid twophase flow in pneumatic conveyor. A new approach called
data fusion based real-time measurement is proposed, which
can improve the overall accuracy of the flow rate of the gassolid two-phase flow and the time resolution. The proposed
method also can be applied into the polynomial prediction
filter for modifying the model parameters.
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This paper studies the consensus of first-order discrete-time multiagent systems, where the interaction topology is time-varying.
The event-triggered control is used to update the control input of each agent, and the event-triggering condition is designed based
on the combination of the relative states of each agent to its neighbors. By applying the common Lyapunov function method, a
sufficient condition for consensus, which is expressed as a group of linear matrix inequalities, is obtained and the feasibility of
these linear matrix inequalities is further analyzed. Simulation examples are provided to explain the effectiveness of the theoretical
results.

1. Introduction
The distributed control of multiagent systems has received
much attention because of its wide applications in scheduling
of automated highway systems, cooperation control of multiple vehicles/robots, design of sensor networks, and so forth,
and consensus is one of the hot topics in distributed control
of multiagent systems [1–3].
Consensus of multiagent systems has been studied by
researchers from different viewpoints, such as the dynamics
of agents [4–7], the interaction topology [8–10], the convergence rate [11], and the information transmission [12–
15]. In [12], consensus of first-order multiagent systems is
considered in the cases with sampling delay and without
sampling delay, respectively, and some sufficient and necessary conditions are provided in the case of fixed topology.
In [13], consensus is analyzed for second-order multiagent
systems with time-varying sampling intervals by applying
matrix theory and Lyapunov stability theory, respectively.
In [14], consensus of second-order multiagent systems is
also discussed, where the sampling periods of agents are
different and the topology at each time may not have
spanning tree. In [15], consensus of second-order multiagent

systems with uniform and nonuniform sampling periods is
considered, where only position information is transmitted
among agents. It is noted that the work in [12–15] all assumes
that the information received by agents at each time will be
transmitted to controllers and thus consensus in these cases
can be viewed as time-based consensus.
Compared with the time-based consensus, event-based
consensus is more realistic, where the information received
by agents is transmitted to controllers only when some events
occur. Event-triggered control has some advantages such as
reducing the number of transmissions and thus it is more
suitable for cooperative control over networks with limited
bandwidth [16]. There has been some work on event-based
consensus of first-order continuous-time multiagent systems
[17–22] and second-order continuous-time multiagent systems [20, 23–25]. In [17], a centralized event-triggering condition is provided and a sufficient condition of consensus is
established in the cases of fixed topology and switching topology, where the topology at each time is strongly connected
and balanced. In [18–20], a distributed event-triggering condition is given and some sufficient conditions for consensus
are obtained in the case of fixed topology. Moreover, to
avoid continuously monitoring whether the event-triggering

2
condition is satisfied, the self-trigged control, where the next
update time of controller is predetermined, is also discussed.
In [21, 22], each agent can only obtain information at some
discrete times, and if the information at these discrete times
satisfies the distributed event-triggering condition, then they
will be used to update control input. Furthermore, sufficient
conditions for consensus in the cases of fixed and switching
topology, where the topology at each time is connected, are
provided. In [20, 23, 24], some centralized or distributed
event-triggering conditions are designed for second-order
multiagent systems with fixed topology, where the position
and velocity information of each agent share a common
event-triggering condition. In addition, the leader-follower
consensus based on event-triggered control is considered for
the case of fixed topology in [25].
However, there is little work [26–28] on the event-based
consensus of discrete-time multiagent systems. In [26], a
centralized event-triggering condition is provided for firstorder multiagent systems and some sufficient conditions
are obtained. In [27, 28], the event-based consensus of
heterogeneous discrete-time multiagent systems is discussed.
Moreover, the above three papers all consider the fixed
topology case. Based on the above observation, we study the
event-based consensus of first-order discrete-time multiagent
systems in the case of time-varying topology. The main
contribution of our work is to design a distributed eventtriggering condition and obtain a sufficient condition of
consensus in the case of time-varying topology.
This paper is organized as follows. In Section 2, we present
some concepts in graph theory and formulate the model to
be studied. In Section 3, main results are stated. In Section 4,
simulations are provided to illustrate the effectiveness of the
theoretical results. Conclusion remarks are made in Section 5.

2. Preliminaries
2.1. Graph Theory. Graph plays a key role in modeling the
interaction topology among agents. We first introduce some
basic definitions in graph theory [29].
A directed graph G consists of a vertex set V(G) and
an edge set E(G), where V(G) = {V1 , . . . , V𝑛 } and E(G) ⊂
{(V𝑗 , V𝑖 ) : V𝑗 , V𝑖 ∈ V(G)}. For edge (V𝑗 , V𝑖 ), V𝑗 is called the
parent vertex of V𝑖 and V𝑖 is called the child vertex of V𝑗 . If two
ends of an edge are the same vertex, then such an edge is called
a self-loop. The set of neighbors of vertex V𝑖 is defined by
𝑁(G, V𝑖 ) = {V𝑗 : (V𝑗 , V𝑖 ) ∈ E(G) and 𝑗 ≠ 𝑖}, and the associated
index set is denoted by 𝑁(G, 𝑖) = {𝑗 : V𝑗 ∈ 𝑁(G, V𝑖 )}. A
(directed) path from V𝑖1 to V𝑖𝑘 is a sequence, V𝑖1 , . . . , V𝑖𝑘 , of
distinct vertices such that (V𝑖𝑗 , V𝑖𝑗+1 ) ∈ E(G), 𝑗 = 1, . . . , 𝑘−1. A
directed graph G is strongly connected if there is a path from
every vertex to every other vertex. A directed tree is a directed
graph, where every vertex except one special vertex has
exactly one parent vertex, and the special vertex, called root
vertex, has no parent vertices and can be connected to any
other vertices via paths. A subgraph G𝑠 of G is a graph such
that V(G𝑠 ) ⊂ V(G) and E(G𝑠 ) ⊂ E(G). G𝑠 is said to be a
spanning subgraph if V(G𝑠 ) = V(G). For any V𝑖 , V𝑗 ∈ V(G𝑠 ),
if (V𝑖 , V𝑗 ) ∈ E(G𝑠 ) ⇔ (V𝑖 , V𝑗 ) ∈ E(G), then G𝑠 is said to be
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an induced subgraph of G and G𝑠 is also said to be induced
by V(G𝑠 ). A spanning tree of G is a directed tree which is a
spanning subgraph of G. G is said to have a spanning tree if
some edges form a spanning tree of G.
A matrix is called nonnegative if each of its elements is
nonnegative. A weighted directed graph G(𝐴) is a directed
graph G plus a nonnegative matrix 𝐴 = [𝑎𝑖𝑗 ] ∈ R𝑛×𝑛 , where
𝑎𝑖𝑗 > 0 ⇔ (V𝑗 , V𝑖 ) ∈ E(G), and 𝑎𝑖𝑗 is called the weight of edge
(V𝑗 , V𝑖 ). If ∑𝑛𝑗=1 𝑎𝑖𝑗 = ∑𝑛𝑗=1 𝑎𝑗𝑖 , 𝑖 = 1, . . . , 𝑛, then G(𝐴) is called
balanced. If 𝐴 = 𝐴𝑇 , then G(𝐴) is also called undirected,
and G(𝐴) is said to be connected if it, as a directed graph,
is strongly connected. The Laplacian matrix 𝐿 = [𝑙𝑖𝑗 ] ∈ R𝑛×𝑛
of G(𝐴) is defined as
𝑖 ≠ 𝑗
−𝑎𝑖𝑗 ,
{
{
{
{
𝑙𝑖𝑗 = { 𝑛
{
{
{ ∑ 𝑎𝑖𝑠 , 𝑖 = 𝑗.
{𝑠=1,𝑠=𝑖̸

(1)

The Laplacian matrix of G(𝐴) has the following properties.
Lemma 1 (see [9]). Consider the following:
(i) zero is an eigenvalue of 𝐿 and 1𝑛 is the associated right
eigenvector;
(ii) zero is an algebraically simple eigenvalue of 𝐿 and all
the other eigenvalues are with positive real parts if and
only if G(𝐴) has a spanning tree.
Remark 2. In the time-varying topology case, we use G(𝑡) to
denote the topology graph at time 𝑡.
2.2. Model. Consider a group of agents with first-order
discrete-time dynamics:
𝑥𝑖 (𝑘 + 1) = 𝑥𝑖 (𝑘) + 𝑢𝑖 (𝑘) ,

𝑖 = 1, . . . , 𝑛, 𝑘 = 0, 1, 2, . . . ,
(2)

where 𝑥𝑖 (𝑘) is the state of agent 𝑖 at time 𝑘 and 𝑢𝑖 (𝑘) is the
control input, called the protocol, to be designed based on the
information obtained by agent 𝑖. Without loss of generality,
we assume 𝑥𝑖 ∈ R, 𝑖 = 1, . . . , 𝑛.
Given 𝑢𝑖 , 𝑖 = 1, . . . , 𝑛, 𝑢𝑖 or multiagent system (2) solves a
consensus problem asymptotically if, for any initial states and
any 𝑖, 𝑗 = 1, . . . , 𝑛, lim𝑘 → ∞ (𝑥𝑖 (𝑘) − 𝑥𝑗 (𝑘)) = 0.
Different from the previous work on consensus, not all
the information obtained by agent 𝑖 is used by controller 𝑢𝑖
in our work. For agent 𝑖, when it receives new information,
it will validate whether some condition, which is called
event-triggering condition, is satisfied. If the event-triggering
condition is satisfied, then the received information will not
be used by its controller, or else the received information
will be transmitted to its controller. The following eventtriggering condition is considered:







𝑒𝑖 (𝑘) ≤ 𝜎𝑖  ∑ 𝑎𝑖𝑗 (𝑘) (𝑥𝑗 (𝑘) − 𝑥𝑖 (𝑘)) , 𝑖 = 1, 2, . . . , 𝑛,
𝑗∈𝑁 (𝑘)

 𝑖

(3)
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where 𝑒𝑖 (𝑘)

=

3

∑𝑗∈𝑁𝑖 (𝑡𝑖 ) 𝑎𝑖𝑗 (𝑡𝑙𝑖 )(𝑥𝑗 (𝑡𝑙𝑖 ) − 𝑥𝑖 (𝑡𝑙𝑖 )) −
𝑙

𝑡0𝑖 , 𝑡1𝑖 , . . .

are event times of
∑𝑗∈𝑁𝑖 (𝑘) 𝑎𝑖𝑗 (𝑘)(𝑥𝑗 (𝑘) − 𝑥𝑖 (𝑘)) and
agent 𝑖; namely, at these times, (3) is not satisfied and the
controller of agent 𝑖 will be updated. Hence, the controller
has the following form:

where 𝑋(𝑘) = (𝑥1 (𝑘), 𝑥2 (𝑘), . . . , 𝑥𝑛 (𝑘))𝑇 , 𝑒(𝑘) = (𝑒1 (𝑘),
̂ 𝑘 denotes the Laplacian matrix of
𝑒2 (𝑘), . . . , 𝑒𝑛 (𝑘))𝑇 and 𝐿
̂
G(𝑘).
̂ has a spanning tree for any 𝑘 = 0, 1, . . .; then
Assume G(𝑘)
there exists an orthogonal matrix 𝑈 = [(1/√𝑛)1𝑛 , 𝑈1 ] ∈ R𝑛×𝑛
such that

𝑖
− 1} , 𝑖 = 1, 2, . . . , 𝑛,
𝑢𝑖 (𝑘) = 𝑢𝑖 (𝑡𝑙𝑖 ) , 𝑘 ∈ {𝑡𝑙𝑖 , 𝑡𝑙𝑖 + 1, . . . , 𝑡𝑙+1
(4)

̂ 𝑘𝑈 = [
𝑈𝑇 𝐿

0 ̂ℎ𝑘
].
̂𝑘
0 𝐻

(7)

where 𝑢𝑖 (𝑡𝑙𝑖 ) is dependent on the information received at time
𝑡𝑙𝑖 ; namely,

Let 𝜃(𝑘) = 𝑈𝑇 𝑋(𝑘), where 𝜃(𝑘) = [𝛿1 (𝑘), 𝛿(𝑘)𝑇 ]𝑇 , 𝛿(𝑘) ∈
R ; then

𝑢𝑖 (𝑡𝑙𝑖 ) = 𝜀 ∑ 𝑎𝑖𝑗 (𝑡𝑙𝑖 ) (𝑥𝑗 (𝑡𝑙𝑖 ) − 𝑥𝑖 (𝑡𝑙𝑖 )) ,
𝑗∈𝑁𝑖 (𝑡𝑙𝑖 )

1 𝑇
1 𝑒 (𝑘) ,
𝛿1 (𝑘 + 1) = 𝛿1 (𝑘) + ̂ℎ𝑘 𝛿 (𝑘) + 𝜀
√𝑛 𝑛

(8)

̂𝑘 ) 𝛿 (𝑘) + 𝜀𝑈𝑇 𝑒 (𝑘) .
𝛿 (𝑘 + 1) = (𝐼𝑛−1 − 𝜀𝐻
1

(9)

(5)

where 𝜀 > 0.
Remark 3. If (3) is satisfied at all times, then the consensus
under consideration becomes the usual consensus of discrete
time multiagent systems.
Remark 4. In the following analysis, we use another topology
̂
graph G(𝑘),
which is different from the actual topology graph
̂
̂
G(𝑘). G(𝑘)
is defined as follows: G(𝑘)
has the same vertex
set as G(𝑘); if (V𝑗 , V𝑖 ) ∈ E(G(𝑡𝑙𝑖 )), then, for any 𝑘 ∈ {𝑡𝑙𝑖 , 𝑡𝑙𝑖 +
𝑖
̂
− 1}, (V𝑗 , V𝑖 ) ∈ E(G(𝑘)),
or else, for any 𝑘 ∈ {𝑡𝑙𝑖 , 𝑡𝑙𝑖 +
1, . . . , 𝑡𝑙+1
𝑖
̂
For facilitating the follow1, . . . , 𝑡𝑙+1 − 1}, (V𝑗 , V𝑖 ) ∉ E(G(𝑘)).
̂
̂
ing analysis, we assume that {G(0), G(1),
. . .} is a finite set.

3. Main Results
Obviously, ∑𝑗∈𝑁𝑖 (𝑡𝑖 ) 𝑎𝑖𝑗 (𝑡𝑙𝑖 )(𝑥𝑗 (𝑡𝑙𝑖 ) − 𝑥𝑖 (𝑡𝑙𝑖 )) = 𝑒𝑖 (𝑘) +
𝑙
∑𝑗∈𝑁𝑖 (𝑘) 𝑎𝑖𝑗 (𝑘)(𝑥𝑗 (𝑘) − 𝑥𝑖 (𝑘)); then the multiagent system (2)
under event-triggering condition (3) and controller (4) can
be written as
̂ 𝑘 ) 𝑋 (𝑘) + 𝜀𝑒 (𝑘) ,
𝑋 (𝑘 + 1) = (𝐼 − 𝜀𝐿

(6)

𝑇

𝑇

𝑛−1

̂1 , . . .} and {𝐿
̂ 0, 𝐿
̂ 1 , . . .} are finite sets;
̂0 , 𝐻
By Remark 4, both {𝐻
let
̂ 1 , . . .} = {𝐿1 , 𝐿2 , . . . , 𝐿𝑁} ,
̂ 0, 𝐿
{𝐿
̂1 , . . .} = {𝐻1 , 𝐻2 , . . . , 𝐻𝑁} .
̂0 , 𝐻
{𝐻
By the result in [30], we obtain the following lemma.
Lemma 5. Multiagent system (2) under event-triggering condition (3) and controller (4) solves a consensus problem
asymptotically if system (9) is asymptotically stable.
Hence, we can obtain the following main result by analyzing the stability of system (9). Because the topology graph
is time-varying, we apply the common Lyapunov function to
analyze the stability of system (9).
̂
Theorem 6. Assume G(𝑘)
has a spanning tree at all times.
Multiagent system (2) under event-triggering condition (3) and
controller (4) solves a consensus problem asymptotically if there
exists 𝑃 > 0 such that the following linear matrix inequalities
are satisfied:
𝑇

(𝐼 − 𝜀𝐻𝑖 ) 𝑃 (𝐼𝑛−1 − 𝜀𝐻𝑖 ) − 𝑃 + 𝜎2 𝑈1𝑇 𝐿𝑖 𝐿𝑖 𝑈1 𝜀(𝐼𝑛−1 − 𝜀𝐻𝑖 ) 𝑃𝑈1𝑇
( 𝑛−1
) < 0,
∗
𝜀2 𝑈1 𝑃𝑈1𝑇 − 𝐼𝑛−1
where 𝜎 = max{𝜎1 , . . . , 𝜎𝑛 }.

(10)

𝑖 = 1, 2, . . . , 𝑁,

(11)

By event-triggering condition (3),

Proof. Let 𝑉(𝑘) = 𝛿(𝑘)𝑇 𝑃𝛿(𝑘), where 𝑃 > 0; then, by (9), we
obtain
Δ𝑉 (𝑘) = 𝑉 (𝑘 + 1) − 𝑉 (𝑘)
̂𝑘 )𝑇 𝑃 (𝐼𝑛−1 − 𝜀𝐻
̂𝑘 ) − 𝑃] 𝛿 (𝑘)
= 𝛿(𝑘)𝑇 [(𝐼𝑛−1 − 𝜀𝐻
+ 𝜀2 𝑒(𝑘)𝑇 𝑈1 𝑃𝑈1𝑇 𝑒 (𝑘)

̂ 𝑇 diag {𝜎2 , . . . , 𝜎2 } 𝐿
̂ 𝑘 𝑋 (𝑘)
𝑒(𝑘)𝑇 𝑒 (𝑘) ≤ 𝑋(𝑘)𝑇 𝐿
𝑘
1
𝑛
̂𝑇𝐿
̂
≤ 𝜎2 𝑋(𝑘)𝑇 𝐿
𝑘 𝑘 𝑋 (𝑘)
(13)
𝑇
̂𝑇𝐿
̂
= 𝜎2 𝑋(𝑘)𝑇 𝑈 (𝑈𝑇 𝐿
𝑘 𝑘 𝑈) 𝑈 𝑋 (𝑘)

̂𝑘 ) 𝛿 (𝑘) .
+ 2𝜀𝑒(𝑘)𝑇 𝑈1 𝑃 (𝐼𝑛−1 − 𝜀𝐻
(12)

̂𝑇𝐿
̂
= 𝜎2 𝛿(𝑘)𝑇 𝑈1𝑇 𝐿
𝑘 𝑘 𝑈1 𝛿 (𝑘) .
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𝑇
̂𝑇𝐿
̂
+ 𝜎2 𝛿(𝑘)𝑇 𝑈1𝑇 𝐿
𝑘 𝑘 𝑈1 𝛿 (𝑘) − 𝑒(𝑘) 𝑒 (𝑘)

Thus,
̂𝑘 )𝑇 𝑃 (𝐼𝑛−1 − 𝜀𝐻
̂𝑘 ) − 𝑃] 𝛿 (𝑘)
Δ𝑉 (𝑘) ≤ 𝛿(𝑘)𝑇 [(𝐼𝑛−1 − 𝜀𝐻

𝑇

= (𝛿(𝑘)𝑇 , 𝑒(𝑘)𝑇 ) Φ𝑘 (𝛿(𝑘)𝑇 , 𝑒(𝑘)𝑇 ) ,

+ 𝜀2 𝑒(𝑘)𝑇 𝑈1 𝑃𝑈1𝑇 𝑒 (𝑘)

(14)

̂𝑘 ) 𝛿 (𝑘)
+ 2𝜀𝑒(𝑘)𝑇 𝑈1 𝑃 (𝐼𝑛−1 − 𝜀𝐻

Φ𝑘 = (

where

̂𝑇 ̂
̂𝑘 )𝑇 𝑃 (𝐼𝑛−1 − 𝜀𝐻
̂𝑘 ) − 𝑃 + 𝜎2 𝑈𝑇 𝐿
̂ 𝑇 𝑇
(𝐼𝑛−1 − 𝜀𝐻
1 𝑘 𝐿 𝑘 𝑈1 𝜀(𝐼𝑛−1 − 𝜀𝐻𝑘 ) 𝑃𝑈1
𝜀2 𝑈1 𝑃𝑈1𝑇 − 𝐼𝑛−1

∗

By (11), Φ𝑘 < 0, 𝑘 = 0, 1, 2, . . .; that is, system (9) is
asymptotically stable. Hence, multiagent system (2) under
event-triggering condition (3) and controller (4) solves a
consensus problem asymptotically.

𝑇

(

(15)

Remark 7. The feasibility of LMI (11) is explained as follows:

𝑇

(𝐼𝑛−1 − 𝜀𝐻𝑖 ) 𝑃 (𝐼𝑛−1 − 𝜀𝐻𝑖 ) − 𝑃 + 𝜎2 𝑈1𝑇 𝐿𝑇𝑖 𝐿 𝑖 𝑈1 𝜀(𝐼𝑛−1 − 𝜀𝐻𝑖 ) 𝑃𝑈1𝑇
𝜀2 𝑈1 𝑃𝑈1𝑇 − 𝐼𝑛−1

∗

).

−𝜀 (𝐻𝑖𝑇 𝑃 + 𝑃𝐻𝑖 ) + 𝜎2 𝑈1𝑇 𝐿𝑇𝑖 𝐿 𝑖 𝑈1 𝜀𝑃𝑈1𝑇
)= (
)
∗
−𝐼𝑛−1
(16)
+ 𝑂 (𝜀2 ) ,

where 𝑂(𝜀2 ) denotes a matrix, each element of which is the
same order infinitesimal of 𝜀2 . By Schur complement,

−𝜀 (𝐻𝑖𝑇 𝑃
(

2

+ 𝑃𝐻𝑖 ) + 𝜎
∗

𝑈1𝑇 𝐿𝑇𝑖 𝐿 𝑖 𝑈1

𝜀𝑃𝑈1𝑇

−𝐼𝑛−1

)<0

(17)

and G2 at odd and even times, respectively. The Laplacian
matrices of 𝐿 1 and 𝐿 2 are
1
−1
𝐿1 = (
−1
0

0
1
−1
0

0
0
2
−1

−1
0
),
0
1

1
−1
𝐿2 = (
0
0

0
1
0
0

0
0
0
−1

−1
0
).
0
1

if and only if

−𝜀 (𝐻𝑖𝑇 𝑃 + 𝑃𝐻𝑖 ) + 𝜎2 𝑈1𝑇 𝐿𝑇𝑖 𝐿 𝑖 𝑈1 < 0,
−𝜀 (𝐻𝑖𝑇 𝑃 + 𝑃𝐻𝑖 ) + 𝜎2 𝑈1𝑇 𝐿𝑇𝑖 𝐿 𝑖 𝑈1 + 𝜀2 𝑃𝑈1𝑇 𝑈1 𝑃 < 0.

(18)

Hence, if there exists 𝑃 > 0 such that 𝐻𝑖𝑇 𝑃 + 𝑃𝐻𝑖 > 0, 𝑖 =
1, 2, . . . , 𝑁, then (11) must be feasible in the case that 𝜀 and 𝜎
are small.

(19)

By the LMI Toolbox in Matlab, (11) is feasible for 𝜀 = 0.1 and
𝜎 = 0.1. Hence, by Theorem 6, consensus can be reached
asymptotically for controller (4) with 𝜀 = 0.1 and eventtriggering condition (3) with max{𝜎𝑖 } < 0.1. The state
trajectories of four agents in the case of 𝜀 = 0.1, 𝜎1 =
0.01, 𝜎2 = 0.02, 𝜎3 = 0.03, and 𝜎4 = 0.05 are shown in
Figure 1, which validate the result of Theorem 6.

5. Conclusion
4. Simulations
Consider four agents and their interaction topology is timevarying. For convenience, assume that the topology is G1

This paper has studied the consensus problem of firstorder discrete-time multiagent systems with time-varying
topology. Based on the designed event-triggering condition,
each agent updates its control input only at event times. By
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Figure 1: State trajectories of four agents.

applying a state transformation, consensus is transformed
into the asymptotical stability of a time-varying system.
In virtue of the common Lyapunov function method, we
obtain that if the event-triggering conditions and controllers
satisfy some linear matrix inequalities, then consensus can be
reached asymptotically, and we further analyze the feasibility
of these linear matrix inequalities. Our future work will focus
on time delays and another time-varying tropology, namely,
the jointly connected case.
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The consensus problem of heterogeneous multiagent systems composed of first-order and second-order agent is investigated. A
linear consensus protocol is proposed. Based on frequency domain method, the sufficient conditions of achieving consensus are
obtained. If communication topology contains spanning tree and some conditions can be satisfied on control gains, consensus
can be achieved. Then, a linear consensus protocol with time delay is proposed. In this case, consensus is dependent only on
system coupling strength, each agent input time delay, but independent of communication delay. Finally, numerical simulations are
provided to illustrate the effectiveness of the theoretical result.

1. Introduction
Recently, multiagent systems have received significant attention due to their potential impact on numerous civilians,
homeland securities, and military applications. Consensus
plays an important role in achieving distributed coordination.
The basic idea of consensus is that a team of agents reach
an agreement on a common value by negotiating with
their neighbors. Many literatures have investigated consensus
problem on many cases, such as time variant topology, time
delay, and nonlinearity [1–10].
Unfortunately, all the aforementioned multiagent systems
are homogeneous; that is, all the agents share the same
dynamics behavior. However, the dynamics of the agents
are quite different because of various restrictions in the
practical systems. Zheng et al. [11] studied the consensus
problem of heterogeneous multiagent systems composed of
first-order and second-order integrator agents. Zhu et al. [12]
studied consensus problem of multiagent systems with two
types of agents, namely, active agents and passive agents. Yin
et al. [13] investigated the consensus problem for a set of
discrete-time heterogeneous multiagent systems composed
of two kinds of agents differed by their dynamics. Zhu et
al. [14] investigated the finite-time consensus problem for
heterogeneous multiagent systems composed of first-order

and second-order agents. Zheng and Wang [15] studied finitetime consensus of heterogeneous multiagent systems with
and without velocity measurements. C. Liu and F. Liu [16]
considered stationary consensus of heterogeneous multiagent
systems with bounded communication delays. Yan et al. [17]
are concerned with the cooperative target pursuit problem
by multiple agents based on directed acyclic graph. Kim et
al. [18] studied the output consensus problem for a class of
heterogeneous uncertain linear multiagent systems. Yin et
al. [19] studied the consensus protocols design for a set of
fractional-order heterogeneous agents, which is composed
of two kinds of agents. Kim et al. [20] investigated the
heterogeneous consensus problem for multiagent systems
with random link failures between agents.
Consensus of heterogeneous multiagent systems is investigated in undirected graph generally. An important challenge
is to study this problem in directed graph. However, this
seems to be less studied in the literature. Meanwhile, frequency domain approach is an important method for analyzing stability of control system. In the existing literatures, there
are so few literatures that use frequency domain method.
Time delay appears in almost all practical systems, and times
delay can degrade the systems performance or even destroy
the system stability.
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In this paper, we study consensus problem of heterogeneous multiagent systems with and without time delay.
The model and algorithms in this paper are similar to [11],
but in [11] they only consider the case in undirected graph
mainly based on Lyapunov theory. Unlike [11], in this paper
consider the cases with and without time delay in directed
graph. Based on the frequency domain method, the sufficient
conditions are given for the existence of consensus solution
to heterogeneous multiagent systems. By these conditions, it
is shown that consensus can be achieved when control gains
satisfy some conditions in the case without time delay. In
the case with time delay, the results show that the consensus
is dependent only on system coupling strength, each agent
input time delay, but independent of communication delay.
The rest of the paper is organized as follows. In Section 2,
some preliminaries are introduced for the graph theory,
and heterogeneous multiagent systems are formulated. Two
consensus protocols are proposed in Section 3, and consensus
analysis is shown for without delay time and with delay
time, respectively. In Section 4, two numerical examples are
studied. Finally, concluding remarks are given in Section 5.

2. Preliminaries
2.1. Graph Theory. Let G(V, E, A) be a weighted directed
graph composed of a set of nodes V = {V1 , V2 , . . . , V𝑛 }, set
of edges E ⊂ V × V, and a weighted adjacency matrix
𝐴 = [𝑎𝑖𝑗 ]𝑛×𝑛 , with nonnegative adjacency elements 𝑎𝑖𝑗 . An
edge of G is denoted by 𝑒𝑖𝑗 = (V𝑖 , V𝑗 ) ∈ E, which means that
node V𝑖 receives information from node V𝑗 and V𝑗 is called the
parent of V𝑖 . The adjacency elements associated with the edges
of the graph are positive; that is, 𝑒𝑖𝑗 ∈ E ⇔ 𝑎𝑖𝑗 > 0. Moreover,
we assume 𝑎𝑖𝑖 = 0 for all 𝑖 ∈ 1, . . . , 𝑛. The set of neighbors
of node V𝑖 is denoted by 𝑁𝑖 = {V𝑗 ∈ V : (V𝑖 , V𝑗 ) ∈ E}. The
corresponding graph Laplacian 𝐿 = [𝑙𝑖𝑗 ]𝑛×𝑛 can be defined as
𝑗 ≠ 𝑖,
{
{−𝑎𝑖𝑗 ,
𝑙𝑖𝑗 = { ∑ 𝑎 , 𝑗 = 𝑖.
𝑖𝑗
{
{𝑗∈𝑁𝑖

(1)

If 𝑎𝑖𝑗 = 𝑎𝑗𝑖 , then G becomes the undirected graph. If there is
not isolated node in an undirected graph, the graph is said to
be connected.
Graph with a Spanning Tree. For a directed graph, if every
node, except a node called root, has exactly one parent, then
it is called a directed tree. A spanning tree of a directed graph
is a directed tree formed by graph edges that connect all the
nodes of the graph.
In heterogeneous multiagent system, the neighbors of
each second-order agent 𝑖 include first-order and second𝑓
order agents, denoted by 𝑁𝑖 = 𝑁𝑖𝑠 ∪ 𝑁𝑖 , and the neighbors
𝑓
of each first-order agent are denoted by 𝑁𝑙 = 𝑁𝑙𝑠 ∪ 𝑁𝑙 . The
Laplacian matrix can be denoted as follows:
𝐿
−𝐴 𝑠𝑓
],
𝐿=[ 𝑠
−𝐴 𝑓𝑠 𝐿𝑓

(2)

where 𝐿𝑠 = 𝐷𝑠𝑓 + 𝐿 𝑠 , 𝐿 𝑠 is the Laplacian matrix of secondorder agents, 𝐷𝑠𝑓 = diag(∑𝑗∈𝑁𝑓 𝑎𝑖𝑗 , 𝑖 = 1, . . . , 𝑚), and 𝐴 𝑠𝑓
𝑖
denotes the adjacency relations of second-order agent to firstorder agent. Meanwhile, 𝐿 𝑓 is the Laplacian matrix of firstorder agent, 𝐷𝑓𝑠 = diag(∑𝑗∈𝑁𝑠 𝑎𝑙𝑗 , 𝑙 = 𝑚 + 1, . . . , 𝑛), and
𝑙
𝐴 𝑓𝑠 denotes the adjacency relations of first-order agents to
second-order agents.
2.2. The Heterogeneous Multiagent System. Suppose that the
heterogeneous multiagent system consists of first-order and
second-order integrator agents. The number of agents is
𝑛, labeled from 1 through 𝑛. Firstly, the heterogeneous
multiagent system and concept of consensus are established.
Suppose that the number of second-order integrator agents is
𝑚 (𝑚 < 𝑛). The remainder is the first-order integrator agents;
the number is 𝑛 − 𝑚. Then, the system is given as follows:
𝑥𝑖̇ = V𝑖 ,
V̇𝑖 = 𝑢𝑖 , 𝑖 = 1, . . . , 𝑚,
𝑥𝑙̇ = 𝑢𝑙 , 𝑙 = 𝑚 + 1, . . . , 𝑛,

(3)

where 𝑥𝑖 , V𝑖 , 𝑢𝑖 are the position, velocity, and control input, of
second-order agent 𝑖, respectively. 𝑥𝑙 , 𝑢𝑙 are the position and
control input of first-order agent 𝑙, respectively. The initial
conditions are x(0) = [𝑥1 (0), 𝑥2 (0), . . . , 𝑥𝑛 (0)]𝑇 and v(0) =
[V1 (0), V2 (0), . . . , V𝑚 (0)]𝑇 .
Definition 1. The heterogeneous multiagent system (3) is said
to reach consensus asymptotically if, for any initial conditions
x(0) and v(0), one has lim𝑡 → ∞ ‖𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)‖ = 0, 𝑖, 𝑗 =
1, . . . , 𝑛, lim𝑡 → ∞ ‖V𝑗 (𝑡) − V𝑖 (𝑡)‖ = 0, 𝑖, 𝑗 = 1, . . . , 𝑚.
Lemma 2 (see [5]). Suppose that z = [𝑧1 , 𝑧2 , . . . , 𝑧𝑝 ]𝑇 with
𝑧𝑖 ∈ 𝑅 and 𝐿 ∈ 𝑅𝑝×𝑝 is the Laplacian matrix. Then, the
following four conditions are equivalent: (i) 𝐿 has a simple zero
eigenvalue with an associated eigenvector 1𝑝 and all of the other
eigenvalues have positive real parts; (ii) 𝐿𝑧 = 0 implies that
𝑧1 = 𝑧2 ⋅ ⋅ ⋅ = 𝑧𝑝 ; (iii) consensus is reached asymptotically for
a system 𝑧 = −𝐿𝑧; (iv) the directed graph of 𝐿 has a directed
spanning tree.
Remark 3. Throughout the paper, we just take the positions
and velocities of agents as scalars. However, all the following
developments can be directly extended to the case of vectors
by introducing the Kronecker product.

3. Main Results
3.1. Consensus Protocol without Time Delay. In this section,
the protocol without time delay is proposed for system (3), as
follows:
𝑢𝑖 = ∑ 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) − 𝑘1 V𝑖 ,

𝑖 = 1, . . . , 𝑚,

𝑗∈𝑁𝑖

𝑢𝑙 = 𝑘2 ∑ 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑙 ) ,
𝑗∈𝑁𝑙

where 𝑘1 , 𝑘2 > 0 are control gains.

𝑙 = 𝑚 + 1, . . . , 𝑛,

(4)
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Theorem 4. If the following conditions can hold, then consensus of system (3) with protocol (4) can be achieved.
(i) The fixed topology contains spanning tree. (ii) The
control gains satisfy conditions
𝑘1 ≥ √2 max {𝑑𝑖 , 𝑖 = 1, . . . , 𝑚},

𝑘2 > 0.

(5)

Proof. The system (3) under protocol (4) can be written in a
vector form as
𝑧̇ (𝑡) = Λ𝑧 (𝑡) ,

(6)

0
0
𝐼𝑚
[
]
𝐴 𝑠𝑓
Λ = [− (𝐿 𝑠 + 𝐷𝑠𝑓 ) −𝑘1 𝐼𝑚
],
𝑘
𝐴
0
−𝑘
(𝐿
+
𝐷
)
2 𝑓𝑠
2
𝑓
𝑓𝑠 ]
[

(7)

where

where z(𝑡) = [𝑥1 (𝑡), . . . , 𝑥𝑚 (𝑡), V1 (𝑡), . . . , V𝑚 (𝑡), 𝑥𝑚+1 (𝑡), . . .,
𝑥𝑛 (𝑡)]T .
The Laplace transformation is imposed on system (6) and
we have
2

𝑠 𝑥𝑠 (𝑠) = − (𝐿 𝑠 + 𝐷𝑠𝑓 ) 𝑥𝑠 (𝑠) − 𝑘1 𝑠𝑥𝑠 (𝑠) + 𝐴 𝑠𝑓 𝑥𝑓 (𝑠) ,
𝑠𝑥𝑓 (𝑠) = − 𝑘2 (𝐿 𝑓 + 𝐷𝑓𝑠 ) 𝑥𝑓 (𝑠) + 𝑘2 𝐴 𝑓𝑠 𝑥𝑠 (𝑠) .

(8)

− (𝐿 𝑠 + 𝐷𝑠𝑓 ) 𝑥𝑠 (𝑠) − 𝑠2 𝑥𝑠 (𝑠) + 𝐴 𝑠𝑓 𝑥𝑓 (𝑠)
𝑘1

,

(9)

Let 𝑥𝑠 = [𝑥1 , . . . , 𝑥𝑚 ]T , 𝑥𝑓 = [𝑥𝑚+1 , . . . , 𝑥𝑛 ]T , and 𝑦 =
[𝑥𝑠T , 𝑥𝑓T ]T ; we have
𝑠𝑦 (𝑠) = Γ (𝑠) 𝑦 (𝑠) ,
[
Γ (𝑠) = [
[

𝑘1
𝑘2 𝐴 𝑓𝑠

𝐴 𝑠𝑓

]
].
𝑘1
−𝑘2 (𝐿 𝑓 + 𝐷𝑓𝑠 )]




∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 𝑗𝜔 
{

 ≤ ∑  𝑎𝑖𝑗 } ,
𝐺𝑖 = {𝜉 : 𝜉 ∈ 𝐶 | 𝜉 −
−


𝑗𝜔𝑘1
𝑘1  𝑗∈𝑁  𝑗𝜔𝑘1 }

𝑖
}
{
𝑖 = 1, . . . , 𝑚,



𝑘2 ∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 
{

 ≤ ∑  𝑘2 𝑎𝑖𝑗 } ,
𝐺𝑙 = {𝜉 : 𝜉 ∈ 𝐶 | 𝜉 −



𝑗𝜔
 𝑗∈𝑁𝑖  𝑗𝜔 }

}
{
𝑙 = 𝑚 + 1, . . . , 𝑛,
(11)
where 𝐺𝑖 , 𝑖 = 1, . . . , 𝑚, are considered firstly. Let 𝑑𝑖 =
∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 ,and the center of circle 𝐺𝑖 is 𝐺𝑖0 (𝑗𝜔) = ((𝜔/𝑘1 ) −
(𝑑𝑖 /𝜔𝑘1 ))𝑗.
If the point (−𝑎, 0𝑗), 𝑎 ≥ 1, is not in 𝐺𝑖 , then

 𝑎𝑖𝑗 
𝑗𝜔 
𝑑



−𝑎 − 𝑖 −
 ≥ ∑ 
.

𝑗𝜔𝑘1 𝑘1  𝑗∈𝑁𝑖  𝑗𝜔𝑘1 

2𝑑𝑖 − 𝜔2 ≤ 𝑘12 .

𝑠𝑥𝑓 (𝑠) = − (𝐿 𝑓 + 𝐷𝑓𝑠 ) 𝑥𝑓 (𝑠) + 𝐴 𝑓𝑠 𝑥𝑠 (𝑠) .

− (𝐿 𝑠 + 𝐷𝑠𝑓 ) − 𝑠2 𝐼

𝜆 (𝐺 (𝑗𝜔)) ∈ {𝐺𝑖 , 𝑖 = 1, . . . , 𝑚} ⋃ {𝐺𝑙 , 𝑙 = 𝑚 + 1, . . . , 𝑛} ,

(12)

Then, we have

From (8), the following form is obtained:
𝑠𝑥𝑠 (𝑠) =

Let 𝑠 = 𝑗𝜔, according to Gershgorin disk theorem, the
eigenvalues 𝜆(𝐺(𝑗𝜔)) of matrix 𝐺(𝑗𝜔) are all in below circles.
One can see that

(10)

Let 𝐹(𝑠) = det(𝑠𝐼 − Γ(𝑠)). It is the fact that the zero point
of 𝐹(𝑠) is the eigenvalue of Λ. Consider the following.
(1) When 𝑠
=
0, 𝐹(0)
=
det(Γ(0))
=
(1/𝑘1 )𝑚 (𝑘2 )𝑛−𝑚 det(𝐿). Zero is a simple eigenvalue
of 𝐿 owing to the topology that contains spanning
tree based on Lemma 2. Then, 𝐹(0) = 0 and the zero
point is 𝑠 = 0.
(2) When 𝑠 ≠ 0, let 𝑃(𝑠) = det(𝐼 + 𝐺(𝑠)), 𝐺(𝑠) =
−Γ(𝑠)/𝑠. Based on the generalized Nyquist criterion,
if the point (−1, 0𝑗) is not encircled by Nyquist curve
of 𝐺(𝑠), then zero points of 𝑃(𝑠) are all with negative
real part.

(13)

It is easy to see that if 𝑘1 ≥ √2 max{𝑑𝑖 , 𝑖 = 1, . . . , 𝑚}, then
(20) can be established.
Therefore, 𝑘1 ≥ √2 max{𝑑𝑖 , 𝑖 = 1, . . . , 𝑚}, and the point
(−1, 0𝑗) is not encircled by 𝐺𝑖 , 𝑖 = 1, . . . , 𝑚.
Next, 𝐺𝑙 , 𝑙 = 𝑚 + 1, . . . , 𝑛, will be considered. If the point
(−𝑎, 0𝑗), 𝑎 ≥ 1, is not in 𝐺𝑙 , then

 𝑘2 𝑎𝑖𝑗 
𝑘 𝑑 

 .
−𝑎 − 2 𝑙  ≥ ∑ 


𝑗𝜔  𝑗∈𝑁𝑙  𝑗𝜔 

(14)

It is easy to verify that if 𝑘2 > 0, (14) can be established.
From the above analysis, we can get that matrix Λ only
has a simple eigenvalue and all nonzero eigenvalues with
negative real part. Then, system (6) can converge a stable
state, lim𝑡 → ∞ z(𝑡) = z∗ (𝑡), and Λz∗ (𝑡) = 0, where z∗ (𝑡) =
∗
∗
∗
(𝑡), V1∗ (𝑡), . . . , V𝑚
(𝑡), 𝑥𝑚+1
(𝑡), . . . , 𝑥𝑛∗ (𝑡)]T . It is
[𝑥1∗ (𝑡), . . . , 𝑥𝑚
T
T
easy to verify that the vector 𝑐[1𝑚 , 0𝑚 , 1T𝑛−𝑚 ]T is eigenvector
of matrix Λ associated with eigenvalue 0. So, the solution of
Λy∗ (𝑡) = 0 is 𝑐[1T𝑚 , 0T𝑚 , 1T𝑛−𝑚 ]T , where 𝑐 is a constant. We
can get that lim𝑡 → ∞ 𝑥𝑖 (𝑡) = 𝑐, 𝑖 = 1, . . . , 𝑛, lim𝑡 → ∞ V𝑖 (𝑡) =
0, 𝑖 = 1, . . . , 𝑚. Based on Definition 1, the system achieves
the consensus. It can be observed from Theorem 4 that
the control gains 𝑘1 , 𝑘2 play important roles in achieving
consensus.
3.2. Consensus Protocol with Time Delay. In this section, the
case with time delay is considered. A consensus protocol
with time delay is proposed for system (3). The different
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communication time delay and identical input time delay
among agents are considered in following protocol:
𝑢𝑖 = ∑ 𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 ) − 𝑥𝑖 (𝑡 − 𝜏)) − 𝑘1 V𝑖 (𝑡 − 𝜏) ,
𝑗∈𝑁𝑖

𝑖 = 1, . . . , 𝑚,
𝑢𝑙 = 𝑘2 ∑ 𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 ) − 𝑥𝑙 (𝑡 − 𝜏)) ,

𝑙 = 𝑚 + 1, . . . , 𝑛,

𝑗∈𝑁𝑙

(15)
where 𝑘1 , 𝑘2 > 0 are control gains, 𝜏𝑖𝑗 is communication time
delay, and 𝜏 is input time delay.
Theorem 5. If the following conditions can be hold, then
consensus of system (3) with protocol (15) can be achieved.
(i) The fixed topology contains spanning tree. (ii) The
≥
following conditions can be established: 𝑘1
√2 max{𝑑𝑖 , 𝑖 = 1, . . . , 𝑚}, 𝑘2 > 0, and 𝜏 ≤ min{1/2𝑘1 ,
1/2𝑘2 max{𝑑𝑙 , 𝑙 = 𝑚 + 1, . . . , 𝑛}}.
Proof. The Laplace transformation is imposed on system (3)
with protocol (15), and we have

̃ = det(𝑠𝐼 − Γ(𝑠)).
̃
Let 𝐹(𝑠)
Next, the zero point of 𝐹(𝑠) will
be analyzed. Consider the following.
̃
̃
(1) When 𝑠
=
0, 𝐹(0)
=
det(Γ(0))
=
𝑚
𝑛−𝑚
det(𝐿). Zero is a simple eigenvalue
(1/𝑘1 ) (𝑘2 )
of 𝐿 owing to the topology that contains spanning
tree based on Lemma 2. Then, 𝐹(0) = 0 and the zero
point is 𝑠 = 0.
̃
̃
̃
(2) When 𝑠 ≠ 0, let 𝑃(𝑠)
= det(𝐼 + 𝐺(𝑠)),
𝐺(𝑠)
=
̃
−Γ(𝑠)/𝑠.
Based on the generalized Nyquist criterion,
if the point (−1, 0𝑗) is not encircled by Nyquist curve
̃ then zero points of 𝑃(𝑠)
̃ are all with negative
of 𝐺(𝑠),
real part.
Let 𝑠 = 𝑗𝜔; according to Gershgorin disk theorem, the
̃
̃
eigenvalues 𝜆(𝐺(𝑗𝜔))
of matrix 𝐺(𝑗𝜔)
are all in below circles.
Consider
̃𝑙 , 𝑙 = 𝑚 + 1, . . . , 𝑛} ,
̃ (𝑗𝜔)) ∈ {𝐺
̃𝑖 , 𝑖 = 1, . . . , 𝑚} ⋃ {𝐺
𝜆 (𝐺

𝜏𝜔𝑗 
𝑎
∑
{
̃𝑖 = 𝜉 : 𝜉 ∈ 𝐶 | 𝜉 − 𝑗∈𝑁𝑖 𝑖𝑗 − 𝑗𝜔𝑒 
𝐺
{

𝑗𝜔𝑘1
𝑘1 

{
 𝑎 𝑒−(𝜏𝑖𝑗 −𝜏)𝜔𝑗 
 𝑖𝑗
}
 ,
≤ ∑ 
}

𝑗𝜔𝑘

1
𝑗∈𝑁𝑖 
}

𝑠𝑥𝑖 (𝑠) = V𝑖 (𝑠) ,
𝑠V𝑖 (𝑠) = ∑ 𝑎𝑖𝑗 (𝑒−𝜏𝑖𝑗 𝑠 𝑥𝑗 (𝑠) − 𝑒−𝜏𝑠 𝑥𝑖 (𝑠)) − 𝑘1 𝑒−𝜏𝑠 V𝑖 (𝑠) ,
𝑗∈𝑁𝑖

𝑖 = 1, . . . , 𝑚,


𝑎 𝑒−𝜏𝜔𝑗 
∑
{


̃𝑙 = 𝜉 : 𝜉 ∈ 𝐶 | 𝜉 − 𝑗∈𝑁𝑙 𝑙𝑗
𝐺


{
𝑗𝜔


{
 𝑎 𝑒−𝜏𝑙𝑗𝜔𝑗 
 𝑙𝑗
}
 ,
≤ ∑ 
 𝑗𝜔 }
𝑗∈𝑁𝑙 
}

𝑠𝑥𝑙 (𝑠) = ∑ 𝑎𝑖𝑗 (𝑒−𝜏𝑖𝑗 𝑠 𝑥𝑗 (𝑠) − 𝑒−𝜏𝑠 𝑥𝑙 (𝑠)) ,
𝑗∈𝑁𝑙

𝑙 = 𝑚 + 1, . . . , 𝑛.
(16)
̃ = [̃𝑙𝑖𝑗 ]
Let 𝐿
𝑛×𝑛
−𝜏𝑖𝑗𝑠
{𝑒 𝑎𝑖𝑗 ,
̃𝑙 =
−𝜏𝑠
𝑖𝑗
{ ∑ 𝑎𝑖𝑗 𝑒 ,
{𝑗∈𝑁𝑖

𝑖 ≠ 𝑗,
𝑖 = 𝑗.

(17)

We have
̃𝑠𝑓 ) 𝑥𝑠 (𝑠) − 𝑘1 𝑒−𝜏𝑠 𝑠𝑥𝑠 (𝑠) + 𝐴
̃𝑠 + 𝐷
̃𝑠𝑓 𝑥𝑓 (𝑠) ,
𝑠2 𝑥𝑠 (𝑠) = − (𝐿
̃𝑓𝑠 𝑥𝑠 (𝑠) .
̃𝑓 + 𝐷
̃𝑓𝑠 ) 𝑥𝑓 (𝑠) + 𝑘2 𝐴
𝑠𝑥𝑓 (𝑠) = −𝑘2 (𝐿
(18)
Let 𝑥𝑠 = [𝑥1 , . . . , 𝑥𝑚 ]T , 𝑥𝑓 = [𝑥𝑚+1 , . . . , 𝑥𝑛 ]T , and 𝑦 =
[𝑥𝑠T , 𝑥𝑓T ]T ; we have
̃ (𝑠) ,
𝑠𝑦 (𝑠) = Γ𝑦
[
Γ̃ (𝑠) = [
[

̃𝑠 + 𝐷
̃𝑠𝑓 ) − 𝑠2 𝐼
− (𝐿
𝑘1 𝑒−𝜏𝑠
̃𝑓𝑠
𝑘2 𝐴

̃𝑠𝑓
𝐴

]
].
𝑘1 𝑒−𝜏𝑠
̃
̃
−𝑘2 (𝐿 𝑓 + 𝐷𝑓𝑠 )]

(19)

𝑖 = 1, . . . , 𝑚,

𝑙 = 𝑚 + 1, . . . , 𝑛.
(20)

̃𝑖 , 𝑖 = 1, . . . , 𝑚, are considered. Let 𝑑𝑖 =
Firstly, 𝐺
̃𝑖0 = −((𝜔 sin 𝜔𝜏)/𝑘1 ) +
∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 , and the center of circle is 𝐺
(((𝜔 cos 𝜔𝜏)/𝑘1 ) − (𝑑𝑖 /𝑘1 𝜔))𝑗.
̃𝑖 , then
If the point (−𝑎, 0𝑗), 𝑎 ≥ 1, is not in 𝐺
 −(𝜏𝑖𝑗 −𝜏)𝜔𝑗 

∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 𝑗𝜔𝑒𝜏𝜔𝑗 


 ≥ ∑  𝑎𝑖𝑗 𝑒
 .
−𝑎 −
−



𝑗𝜔𝑘1
𝑘1  𝑗∈𝑁𝑖  𝑗𝜔𝑘1 


(21)

We have
1−2

cos 𝜔𝜏𝑑𝑖
𝜔 sin 𝜔𝜏 𝜔2
+ 2 −2
≥ 0,
𝑘1
𝑘1
𝑘12

𝜔2 (1 − 2𝑘1 𝜏

sin 𝜔𝜏
) + 𝑘12 − 2 cos 𝜔𝜏𝑑𝑖 ≥ 0.
𝜔𝜏

(22)
(23)

If the following inequalities can hold, then (22) will be
established:
(1 − 2𝑘1 𝜏
𝑘12

sin 𝜔𝜏
) ≥ 0,
𝜔𝜏

− 2 cos 𝜔𝜏𝑑𝑖 ≥ 0.

(24)
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Note that sin 𝑥/𝑥 ≤ 1 can be established for all 𝑥 ∈ 𝑅
and −1 ≤ cos 𝑥 ≤ 1. Therefore, if the following conditions are
satisfied, then the point (−1, 0𝑗) is not encircled by Nyquist
̃𝑖 (𝑗𝜔), 𝑖 = 1, . . . , 𝑚:
curve of 𝐺
𝜏≤

1
,
2𝑘1

2
1

4

(25)

3

𝑘1 ≥ √2 max {𝑑𝑖 , 𝑖 = 1, . . . , 𝑚}.

Figure 1: Interconnection graph.

̃𝑙 , 𝑙 = 𝑚 + 1, . . . , 𝑛, are considered. If the point
Next, 𝐺
̃𝑙 , 𝑙 = 𝑚 + 1, . . . , 𝑛, then
(−𝑎, 0𝑗), 𝑎 ≥ 1, is not in 𝐺
(26)

We have
𝑎2 − 2𝑎𝑘2
2𝑘2

sin 𝜔𝜏𝑑𝑙
≥ 0,
𝜔

𝜏 sin 𝜔𝜏𝑑𝑙
≤ 1.
𝜔𝜏

3
Position x


 𝑘 𝑎 𝑒−𝜏𝑙𝑗𝜔𝑗 
𝑘 ∑
𝑎 𝑒−𝜏𝜔𝑗 



−𝑎 − 2 𝑗∈𝑁𝑙 𝑙𝑗
 ≥ ∑  2 𝑙𝑗
 .




 𝑗∈𝑁 
𝑗𝜔
𝑗𝜔



𝑙 

2.5
2
1.5
1

(27)

0

10

8

12

14

16

18

20

14

16

18

20

Remark 6. From Theorem 5, it can be seen that consensus
condition of system (3) with time delay only is dependent
on input time delay of each agent, but is independent of
communication time delay.
In Theorem 5, each agent with identical input time delay
is assumed. From the above analysis, the conclusion with
different input time delay among agents can also be deduced
from the conclusion of Theorem 5. Consider

x3
x4

2
Velocity 

(29)

Combining the above analysis, Theorem 5 is demonstrated.

1.5
1
0.5
0
−0.5

0

2

4

6

8

10
12
Time t

1
2

Figure 2: The state information of agents.

4. Simulation
In this section, several simulation results are presented to
illustrate the proposed consensus algorithm introduced in
Section 3.

𝑢𝑖 = ∑ 𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 ) − 𝑥𝑖 (𝑡 − 𝜏𝑖 )) − 𝑘1 V𝑖 (𝑡 − 𝜏𝑖 ) ,
𝑗∈𝑁𝑖

𝑢𝑙 = 𝑘2 ∑ 𝑎𝑖𝑗 (𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 ) − 𝑥𝑙 (𝑡 − 𝜏𝑖 )) ,

6

x1
x2

It is obvious that sin 𝑥/𝑥 ≤ 1 can be established for all
𝑥 ∈ 𝑅. So, (29) can be satisfied, and (28) will hold:

𝑖 = 1, . . . , 𝑚,

4

Time t

(28)

1
.
𝜏≤
2𝑘2 max {𝑑𝑙 , 𝑙 = 𝑚 + 1, . . . , 𝑛}

2

(30)

𝑗∈𝑁𝑙

𝑙 = 𝑚 + 1, . . . , 𝑛.
Corollary 7. If the following conditions can hold, then consensus of system (3) with protocol (30) can be achieved.
(i) The fixed topology contains spanning tree. (ii)
≥
The following conditions can be established: 𝑘1
√2 max{𝑑𝑖 , 𝑖 = 1, . . . , 𝑚}, 𝑘2 > 0, and 𝜏𝑖 ≤ 1/2𝑘1 , 𝑖 = 1, . . . , 𝑚,
𝜏𝑙 ≤ 1/2𝑘2 𝑑𝑙 , and 𝑙 = 𝑚 + 1, . . . , 𝑛.
From Corollary 7, the upper bound of each 𝜏𝑖 , 𝑖
1, . . . , 𝑛, can be established.

=

Example 8. Consider a heterogeneous multiagent system
with 4 agents, shown in Figure 1, where nodes 1, 2 are secondorder agents and nodes 3, 4 are first-order agents. The graph
has a directed spanning tree apparently. If 𝑒𝑗𝑖 ∈ E, then
𝑎𝑖𝑗 = 1; else 𝑎𝑖𝑗 = 0. The Laplacian matrix is given as follows:
1
[−1
𝐿=[
[0
[0

0
2
−1
0

0
0
1
−1

−1
−1]
].
0]
1]

(31)

According to the conditions in Theorem 4, we select 𝑘1 =
2.1, 𝑘2 = 1.2. The initial conditions are x(0) = [2, 1, 1.5, 3]T ,
k(0) = [2, 1]T . The simulation results (Figure 2) show that
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Figure 5: The state information of agents.
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Figure 3: The state information of agents.
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Figure 4: The state information of agents.

the positions of all agents and the velocities of second-order
agents reach consensus asymptotically.
Example 9. These are the same communication topology and
initial conditions as Example 8. The consensus protocol with
time delay is considered. Firstly, control gains are selected as
𝑘1 = 2.1, 𝑘2 = 1.2. Based on the conditions in Theorem 5,

the upper bound of input time delay can be obtained and
𝜏 < 0.2381 can be derived. We selected 𝜏 = 0.23. The
communication time delay among agents is set as 𝜏12 =
0.2, 𝜏23 = 0.6, 𝜏34 = 0.4, 𝜏41 = 0.5, and 𝜏42 = 0.3.
The simulation results (Figure 3) show that the positions of
all agents and the velocities of second-order agents reach
consensus asymptotically. It can be seen that the speed of
convergence of system with time delay is slower than the
system without time delay.
Based on Example 9, input time delay is set as 𝜏 = 0.5,
and the simulation result (Figure 4) shows that the system
is divergent. So, consensus condition is dependent on input
time delay.
Meanwhile, we selected 𝜏 = 0.23, and the communication
time delays are enlarged as 𝜏12 = 1.5, 𝜏23 = 1.2, 𝜏34 = 1.6, 𝜏41 =
1.4, and 𝜏42 = 1.2. The simulation result (Figure 5) shows that
the system is convergent. Consensus condition is dependent
on input time delay. But, communication time delays can
affect the speed of convergence of system obviously.

5. Conclusion
This paper focuses on the consensus problem of heterogeneous multiagent composed of first-order agent and
second-order agent. The protocols with time delay and
without time delay are investigated, respectively. The sufficient conditions of consensus are obtained in two cases.
Consensus of the protocol without time delay is dependent
on control gains and communication topology. If the control
gains satisfy some conditions and communication topology
contains spanning tree, then the consensus can be achieved.
Consensus of the protocol with time delay is dependent only
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on system coupling strength, each agent input time delay,
but independent of communication delay. Finally, numerical
simulations are provided to illustrate the effectiveness of the
theoretical result. From simulation, it can be seen that all
communication time delays and input time delay can affect
the speed of convergence of system obviously. In the future
work, discrete-time heterogeneous with time delay will be
considered.
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A novel distributed fault detection strategy for a class of nonlinear stochastic systems is presented. Different from the existing design
procedures for fault detection, a novel fault detection observer, which consists of a nonlinear fault detection filter and a consensus
filter, is proposed to detect the nonlinear stochastic systems faults. Firstly, the outputs of the nonlinear stochastic systems act as
inputs of a consensus filter. Secondly, a nonlinear fault detection filter is constructed to provide estimation of unmeasurable system
states and residual signals using outputs of the consensus filter. Stability analysis of the consensus filter is rigorously investigated.
Meanwhile, the design procedures of the nonlinear fault detection filter are given in terms of linear matrix inequalities (LMIs).
Taking the influence of the system stochastic noises into consideration, an outstanding feature of the proposed scheme is that false
alarms can be reduced dramatically. Finally, simulation results are provided to show the feasibility and effectiveness of the proposed
fault detection approach.

1. Introduction
In recent years, with the increasing complexity of modern
dynamic systems, more and more researchers are now investigating new fault detection and identification (FDI) schemes
to ensure safety and reliability of these modern complex
dynamic systems. Effective FDI schemes can help find the
early indication of system faults and avoid breakdowns of
these complicated plants. The model-based analytical redundancy approaches have been proved to be an effective way to
detect and diagnose faults for linear systems in the last two
decades [1, 2].
However, in many practical applications, a large number of dynamic systems are inherently nonlinear systems
with some uncertainty, which include the transformer,
some chemical processes, and robotic manipulators with
homonymic constraints. There are fruitful research results
on fault diagnosis schemes for nonlinear systems in recent
years. In [3], Donghua and Yinzhong proposed a novel FDI
scheme for a class of nonlinear systems. Strong tracking
filter was employed for parameter estimation to achieve fault
detection. Fault estimation and accommodation scheme for

nonlinear time-delay systems was developed using adaptive
fault diagnosis observer in literature [4]. A novel fast adaptive
fault estimation algorithm was proposed to improve the
accuracy of fault estimation. The existence of the proposed
adaptive fault diagnosis observer was given in terms of matrix
inequality. More recently, by combining adaptive learning
control theory with neural network, Polycarpou et al. in [5–
8] proposed an online learning approximator to detect and
isolate system faults. These approaches were based on generic
function approximator with adjustable parameters. In [7],
Zhang et al. developed a sensor fault isolation scheme for a
class of nonlinear systems using online learning approximator. In the presence of modeling uncertainties, Vemuri used
adaptive techniques to estimate an unknown sensor bias for
a class of nonlinear discrete-time systems. The robustness,
sensitivity, and stability properties were rigorously investigated [8]. Chen and Saif in [9] proposed an iterative learning
observer (ILO) based fault diagnosis approach for fault
detection, identification, and accommodation. The states of
the ILO were updated using the previous output errors and
the control input vectors.
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Due to the existence of some Gaussian or non-Gaussian
noises, fault detection and identification for nonlinear
stochastic systems are always challenging tasks [10–12]. There
are fewer research results on FDI for nonlinear stochastic
systems compared with fruitful research results for linear
systems. An effective FDI method for linear stochastic systems is to apply Kalman filters or extended Kalman filters. For
nonlinear stochastic systems, this situation turns to be much
more complicated. Zhang et al. investigated a fault detection
and isolation scheme for a class of Lipschitz nonlinear systems with nonlinear and unstructured modeling uncertainty
using adaptive estimation techniques [10]. The fault detection
and isolation scheme was composed of a fault detection
estimator and a bank of fault isolation estimators. The fault
detectability and isolability were also rigorously investigated.
For fault isolation problems, Guo and Wang proposed a novel
fault isolation scheme for nonlinear non-Gaussian stochastic
systems with multiple faults [11]. In this work, the fault isolation problem was converted into an entropy optimization
problem using a state estimator. By building output probability density functions (PDFs) of the stochastic error, a novel
data-driven fault isolation algorithm was derived. For those
unmeasurable system outputs, square root B-spline expansion approach was applied to find the relationship of entropy
of the system outputs with system faults and noises [12].
The main difficulty of designing an effective fault detection observer is the influence of stochastic noises on residual
signals, which can give rise to false alarm and reduce the
accuracy of fault detection. In this paper, we present a novel
distributed fault detection scheme for a class of nonlinear stochastic systems. The objective of the fault detection
scheme is to minimize the influence of system stochastic
noises on residual signals using parameter optimization
techniques. Firstly, by constructing a consensus filter to filter
system outputs, a novel fault detection filter is proposed to
estimate system states and generate residual signals. Secondly,
the properties of the consensus filter are analyzed in detail,
and the existence of the proposed fault detection filter is
rigorously investigated in terms of linear matrix inequalities.
An outstanding feature of the proposed scheme is that the
influence of system stochastic noises on residual signals is
reduced greatly, and, as a result, fault detection accuracy can
be improved dramatically.
An outline of this paper is as follows. In Section 2,
we define a class of nonlinear stochastic systems and give
some preliminaries. In Section 3, a fault detection observer
is proposed to detect system faults. The stability analysis
of the consensus filter and the existence of the proposed
fault detection filter are rigorously investigated. Finally, in
Section 4, some simulation results are reported to illustrate
the effectiveness of the proposed fault detection scheme.
Some conclusion remarks are provided in Section 5.

2. Problem Statement and Preliminaries
Consider a class of nonlinear stochastic systems described by
𝑥̇ (𝑡) = 𝐴𝑥 (𝑡) + Φ (𝑥, 𝑢) + 𝐵𝑑 𝑑 (𝑡) + 𝐵𝑓 𝑓 (𝑡) ,

(1)

𝑦 (𝑡) = 𝐶𝑥 (𝑡) ,

(2)

where 𝑥(𝑡) ∈ 𝑅𝑛 is the system state vector, 𝑢(𝑡) ∈ 𝑅𝑚
is the control input vector, 𝑦(𝑡) ∈ 𝑅𝑞 is the measurement
output vector, 𝑑(𝑡) is a zero-mean Gaussian white-noise
process, 𝑓(𝑡) ∈ 𝑅𝑚 is the system fault to be detected, and
Φ(𝑥, 𝑢) is a known nonlinear function. 𝐴, 𝐵𝑓 , 𝐵𝑑 , and 𝐶
are known parameter matrices with appropriate dimensions.
Throughout this paper, we take the following assumptions.
Assumption 1. System faults 𝑓(𝑡) and stochastic noises 𝑑(𝑡)
are bounded, that is, ‖𝑓(𝑡)‖ ≤ 𝑁1 , and ‖𝑑(𝑡)‖ ≤ 𝑁2 .
Assumption 2. The nonlinear function Φ(⋅) satisfies Lipschitz
condition: that is,




Φ (𝑥 (𝑡) , 𝑡) − Φ (𝑦 (𝑡) , 𝑡) ≤ 𝑎 (𝑥 (𝑡) − 𝑦 (𝑡)) ,
(3)
∀𝑥 (𝑡) , 𝑦 (𝑡) ∈ 𝐷,
where 𝑎 is a known real constant.
In order to estimate system states, one gives the following
full order Luenberger-like observer [13–16]:
̂̇ (𝑡) = 𝐴𝑥̂ (𝑡) + Φ (𝑥,
̂ 𝑢) + 𝐻 (𝑦 − 𝐶𝑥)
̂ ,
𝑥

(4)

where H is a gain matrix to be determined. In order to detect
system faults, one constructs the nonlinear fault detection
filter as follows:
̂̇ (𝑡) = 𝐴𝑥̂ (𝑡) + Φ (𝑥,
̂ 𝑢) + 𝐻 (𝑦 − 𝐶𝑥)
̂ ,
𝑥

(5)

𝑦̂ (𝑡) = 𝐶𝑥̂ (𝑡) ,

(6)

𝑟 (𝑡) = 𝑦 (𝑡) − 𝑦̂ (𝑡) ,

(7)

̂ ∈ 𝑅𝑞 represent the estimated states
̂ ∈ 𝑅𝑛 and 𝑦(𝑡)
where 𝑥(𝑡)
and outputs vectors, respectively. H is a 𝑛 × 𝑞 design gain
matrix. 𝑟(𝑡) is the so-called generated residual signal. Define
̂ and it follows from
states estimation error 𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡),
(1) to (7) that
̂
𝑒 ̇ (𝑡) = (𝐴 − 𝐻𝐶) 𝑒 (𝑡) + 𝐵𝑓 𝑓 (𝑡) + 𝐵𝑑 𝑑 (𝑡) + Φ − Φ,
𝑟 (𝑡) = 𝐶𝑒 (𝑡) ,

(8)
(9)

̂ ≜ Φ(𝑥,
̂ 𝑢). The gain matrix H is
where Φ ≜ Φ(𝑥, 𝑢) and Φ
to be designed such that systems (5)–(7) are asymptotically
stable.
We can clearly see from (5) to (7) that estimation errors
of system states and system outputs are all corrupted by
stochastic noises, which will lead to false alarms. In order to
improve fault detection accuracy, a nonlinear fault detection
observer is needed to minimize the influence of the system
stochastic noise on residual signals. Therefore, we convert
this problem to the following optimization problem: finding
a gain matrix H, such that system (8) and (9) remains
asymptotically stable, and the performance index 𝐽 = ‖𝑇rd ‖∞
is minimized. Here, 𝑇rd denotes the transfer function from
system stochastic noises to residual signals. From (8) and (9),
we can see that dynamics of the residual signals depend not
̂ So the
only on 𝑓(𝑡) and 𝑑(𝑡) but also on nonlinear part: Φ− Φ.
existing design techniques for fault detection observer cannot
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be used here. In this paper, we propose a novel distributed
fault detection approach by combining a consensus filter with
a nonlinear fault detection filter. The selection of matrix H
will be given in terms of LMIs in Section 3.

3. Main Results
In this section, we will give detailed design procedures for
fault detection observer. The stability analysis of consensus
filter and the existence of the fault detection filter are
rigorously investigated.

3.1. Fault Detection Observer Design. Generally speaking, it is
often difficult to get an exact description of a real plant system.
Some unavoidable stochastic noises will have an influence
on the practical engineering systems. As a result, some false
alarms will be generated using the existing fault detection
techniques. Also, with the increasing complexity of a real
plant system, it is inevitable to use distributed sensors to measure system outputs at the same time. Take the high voltage
direct current transmission system, for instance, we have to
use distributed sensors to measure voltages, currents, and
resistors along the transmission lines. Therefore, distributed
fault diagnosis schemes are now attracting a lot of attentions
from researchers.
In this work, we propose a novel distributed fault detection observer for a class of nonlinear stochastic systems. From
(5) to (7), we can clearly see that the estimation errors of
system states and outputs are affected by stochastic noises.
It is difficult to detect the nonlinear stochastic systems faults
using residual signals generated by a fault detection filter. To
improve the fault detection accuracy, we develop a novel fault
detection observer to detect system faults, which consists of
a consensus filter and a fault detection filter. Firstly, a bank
of distributed sensors is used to measure the system outputs.
Secondly, each sensor sends its data to the consensus filter.
The consensus filter acts as a data fusion center to reduce
the influence of stochastic noises on residual signals. Then, a
novel fault detection filter is developed by combining system
control inputs with outputs of the consensus filter. Due to the
existence of stochastic noises, one thing we have to consider
is that to what extent the stochastic noises will have an
influence on the residual signals. The whole architecture of
the proposed fault detection scheme is shown in Figure 1.

For the convenience of designing the fault detection
observer, we rewrite (5)–(7) as follows:
̂ ,
̂̇ (𝑡) = 𝐴𝑥̂ (𝑡) + Φ (𝑥,
̂ 𝑢) + 𝐿 (𝑦 − 𝐶𝑥)
𝑥

(10)

𝑦̂ (𝑡) = 𝐶𝑥̂ (𝑡) ,

(11)

𝑧𝑖 (𝑡) = 𝑦̃𝑖 (𝑡) − 𝑦 (𝑡) ,

(𝑖 = 0, 1, . . . , 𝑛) ,

𝑟 (𝑡) = 𝑦 (𝑡) − 𝑦̂ (𝑡) ,

(12)
(13)

̃ is the state
where 𝑦(𝑡) is outputs of the consensus filter. 𝑦(𝑡)
of each node in consensus filter. To minimize the influence of
nonlinear system stochastic noises on residual signals, it leads
to the following optimization problem: finding gain matrix L,
such that system (10)–(13) remains asymptotically stable, and
the performance index 𝐽 = ‖𝑇rd ‖∞ is minimized.
3.2. Stability Analysis of Consensus Filter. In recent years, the
study of information flow and coordination among different
dynamic agents had aroused a larger amount of interests for
researchers from all over the world. Among them, how to
control each agent in a group to reach consensus is the key
point in the condition that information exchange is limited
and unreliable. The conceptions and ideas of consensus filter
can be found in [17–29] and references therein.
Theorem 3. Suppose that system (1) and (2) satisfies the
Assumptions 1 and 2, and the fault diagnosis observer holds the
form of (10)–(13). Then the consensus filter is asymptotically 𝜀
stable with each node state 𝜂∗ = 𝑧(𝑡)𝑃, where
 
 
𝜀 = (‖𝐶‖ [(‖𝐴 − 𝐿𝐶‖ + 𝛼) 𝜎 + 𝑁1 𝐵𝑓  + 𝑁2 𝐵𝑑 ]
×√𝑛 (1 + 𝑑max ) 𝜆1/2
min (𝑀))

(14)

−1

× (𝜆5/2
min (𝑀)) ,
𝜂 denotes the node of a small world networks 𝐺, 𝑀 = {𝑚𝑖𝑗 } is
the relation topology matrix of 𝐺, 𝑍(𝑡) is the expected output of
the consensus filter, and 𝑃 = ⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
[1, 1, . . . , 1]𝑇 .
𝑛

Proof. From (10)–(12) and the definition of state estimation
̂
errors 𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡),
the maximum estimation errors of
system states can be expressed as follows: 𝜎 = MAX(𝑒(𝑡)).
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We choose small world networks 𝐺 as the weighed graph
of the consensus filter. Let 𝜂 denote a set of nodes in graph 𝐺
with size 𝑛. 𝑧(𝑡) is the input of the consensus filter, that is, the
state of each node is 𝑧(𝑡)𝑃.
Let 𝛿 = 𝜂 − 𝑧(𝑡)𝑃, then we have
𝛿̇ = −𝑀𝛿 + 𝑧̇ (𝑡) 𝑃,

(15)

where 𝑀 is a positive definite matrix with property
(1 + 𝑑min ) ≤ 𝜆 min (𝑀) ≤ 𝜆 max (𝑀) ≤ (1 + 3𝑑max ) .

(16)

Then we have 𝑋 ⊂ Δ,
1
1
(21)
‖𝛿‖ ≤ 𝑟 ⇒ 𝑉 (𝛿) = 𝛿𝑇 𝑀𝛿 ≤ 𝜆 max (𝑀) 𝛿2 .
2
2
Thus we have 𝛿 ∈ Δ. Therefore, the solution of 𝛿̇ = −𝑀𝛿 +
̇
̇
𝑧(𝑡)𝑃
satisfies 𝑉(𝜌)
< 0.
This completes the proof.
According to Theorem 3, we can draw the conclusion that
the consensus filter for the nonlinear stochastic systems is
asymptotically convergent.

For system (12), we select the Lyapunov function as follows:
1
𝑉 = 𝛿𝑇 𝑀𝛿.
2

(17)

Then we have
𝑉̇ = −‖𝑀𝛿‖2 + 𝑧̇ (𝑡) (𝑃𝑇 𝑀𝛿)

Lemma 4 (see [1]). Let A and B be real matrices with
appropriate dimensions. For any scalar 𝜀 > 0 and vectors x,
y ∈ 𝑅𝑛 , one has 2𝑥𝑇 𝐴𝐵𝑦 ≤ 𝜀−1 𝑥𝑇 𝐴𝐴𝑇 𝑥 + 𝜀𝑦𝑇 𝐵𝑇 𝐵𝑦.

= −‖𝑀𝛿‖2
̂ + 𝐵𝑓 𝑓 (𝑡) + 𝐵𝑑 𝑑 (𝑡)]
+ 𝐶 [(𝐴 − 𝐿𝐶) 𝑒 (𝑡) + Φ − Φ

Theorem 5. Suppose that the systems (1) and (2) satisfy
Assumptions 1 and 2, and the fault detection observer holds
the form of (10)–(13). Given a constant 𝛾 > 0, the system
(10)–(13) satisfies ‖𝑟(𝑡)‖∞ ≤ 𝛾‖𝑑(𝑡)‖∞ , if there exist a positive
symmetrical matrix 𝑃 and a scalar 𝜀1 > 0, satisfying the
following LMI:

× [(1 + 𝑑1 , 1 + 𝑑2 , . . . , 1 + 𝑑𝑛 ) 𝛿]
≤ −𝜆2min (𝑀) ‖𝛿‖2
 
 
+ ‖𝐶‖ (‖𝐴 − 𝐿𝐶‖ 𝜎 + 𝛼𝜎 + 𝑁1 𝐵𝑓  + 𝑁2 𝐵𝑑 )
2

1/2

× [∑(1 + 𝑑𝑖 ) ]

𝑃 (𝐴 − 𝐿𝐶) + (𝐴 − 𝐿𝐶)𝑇 𝑃 + 𝐶𝑇 𝐶 + 𝜀1 𝛼2 𝐼 0
𝑃
]
0
−𝛾2 𝐼
𝑇
−𝜀1 𝐼]
𝑃
[

‖𝛿‖

[

𝑖

≤

−𝜆2min

3.3. Design of Fault Detection Filter. In this section, design
procedures of fault detection filter are given in details. The
matrix parameters are designed in terms of linear matrix
inequality using robust control theory and nonlinear matrix
inequality methods.

(𝑀) ‖𝛿‖2

< 0.

 
 
+ ‖𝐶‖ [(‖𝐴 − 𝐿𝐶‖ + 𝛼) 𝜎 + 𝑁1 𝐵𝑓  + 𝑁2 𝐵𝑑 ]

(22)

× √𝑛 (1 + 𝑑max ) ‖𝛿‖
= − {𝜆 min (𝑀) ‖𝛿‖
 
 
− (‖𝐶‖ [(‖𝐴 − 𝐿𝐶‖ + 𝛼) 𝜎 + 𝑁1 𝐵𝑓  + 𝑁2 𝐵𝑑 ]
−1
× √𝑛 (1 + 𝑑max )) (2𝜆 min (𝑀)) }

2

𝑉̇ (𝑡) = 𝑒𝑇 (𝑡) 𝑃𝑒 ̇ (𝑡) + 𝑒𝑇̇ (𝑡) 𝑃𝑒 (𝑡)
̂ + 𝑒𝑇̇ (𝑡) 𝑃𝑒 (𝑡)
= 𝑒𝑇 (𝑡) 𝑃 [(𝐴 − 𝐿𝐶) 𝑒 (𝑡) + Φ − Φ]

 
 
+ ((‖𝐶‖ [(‖𝐴 − 𝐿𝐶‖ + 𝛼) 𝜎 + 𝑁1 𝐵𝑓  + 𝑁2 𝐵𝑑 ]

̂
= 𝑒𝑇 (𝑡) 𝑃 [(𝐴 − 𝐿𝐶) 𝑒 (𝑡) + Φ − Φ]

−1 2

(23)

̂ 𝑇 𝑃𝑒
+ [(𝐴 − 𝐿𝐶) 𝑒 (𝑡) + Φ − Φ]

×√𝑛 (1 + 𝑑max )) (2𝜆 min (𝑀)) ) .
(18)
Define a closed ball X which is centered at zero point, and the
radius of the closed ball is
 
 
𝑟 = ( ‖𝐶‖ [(‖𝐴 − 𝐿𝐶‖ + 𝛼) 𝜎 + 𝑁1 𝐵𝑓  + 𝑁2 𝐵𝑑 ]
(19)
−1
×√𝑛 (1 + 𝑑max ) ) (2𝜆 min (𝑀)) .

= 𝑒𝑇 (𝑡) [𝑃 (𝐴 − 𝐿𝐶) + (𝐴 − 𝐿𝐶)𝑇 𝑃] 𝑒 (𝑡)
̂ + [Φ − Φ]
̂ 𝑇 𝑃𝑒.
+ 𝑒𝑇 (𝑡) 𝑃 [Φ − Φ]
According to Lemma 4 and Assumption 2, we have
̂
2𝑒𝑇 (𝑡) 𝑃 [Φ − Φ]
𝑇

Define a set of Lyapunov functions:
1
Δ = {𝛿 : 𝑉 (𝛿) ≤ 𝜆 max (𝑀) 𝑟2 } .
2

Proof. Considering the system (10)–(13), we choose a Lyapunov function of the following form: 𝑉(𝑡) = 𝑒𝑇 (𝑡)𝑃𝑒(𝑡),
where P is a positive symmetrical matrix. In fault-free case,
when system uncertainty 𝑑(𝑡) = 0, we have

̂ (Φ − Φ)
̂
≤ 𝜀1−1 𝑒𝑇 (𝑡) 𝑃𝑃𝑇 𝑒 (𝑡) + 𝜀1 (Φ − Φ)
(20)

≤ 𝜀1−1 𝑒𝑇 (𝑡) 𝑃𝑃𝑇 𝑒 (𝑡) + 𝜀1 𝛼2 𝑒𝑇 (𝑡) 𝑒 (𝑡) .

(24)
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Figure 2: Stochastic noises.

Figure 3: System outputs.

Thus,
𝑉̇ (𝑡) ≤ 𝑒𝑇 (𝑡) [𝑃 (𝐴 − 𝐿𝐶) + (𝐴 − 𝐿𝐶)𝑇 𝑃 + 𝜀1−1 𝑃𝑃𝑇
+ 𝜀1 𝛼2 𝐼] 𝑒 (𝑡) .

For any given time 𝑡 > 0, integration of (29) from 0 to t yields
(25)

∫

+∞

0

̇ ≤ 0.
From (22), we can obtain that 𝑉(𝑡)
So the system described by (10)–(13) is asymptotically
stable in the condition of no fault.
When the system uncertainty 𝑑(𝑡) ≠ 0, by defining
𝐻 (𝑒, 𝑑) = 𝑉̇ (𝑡) + ‖𝑟 (𝑡)‖∞ − 𝛾2 ‖𝑑 (𝑡)‖∞

(26)

we have
𝐻 (𝑒, 𝑑) = 𝑒𝑇 (𝑡) 𝑃𝑒 ̇ (𝑡) + 𝑒𝑇̇ (𝑡) 𝑃𝑒 (𝑡) + 𝑒𝑇 (𝑡) 𝐶𝑇 𝐶𝑒 (𝑡)
− 𝛾2 𝑑𝑇 (𝑡) 𝑑 (𝑡)
̂
= 𝑒𝑇 (𝑡) 𝑃 [(𝐴 − 𝐿𝐶) 𝑒 (𝑡) + 𝐵𝑑 𝑑 (𝑡) + Φ − Φ]
𝑇

𝑟𝑇 (𝑡) 𝑟 (𝑡) < 𝛾2 ∫

+∞

0

𝑑𝑇 (𝑡) 𝑑 (𝑡) .

Thus, the inequality ‖𝑟(𝑡)‖∞ ≤ 𝛾‖𝑑(𝑡)‖∞ holds.
This completes the proof.
Remark 6. Theorem 5 gives the existence of the fault detection filter. This optimization problem (22) can be solved by
using Matlab software toolboxes. In the presence of system
stochastic noises, the effects of faults on residual signals are
hidden in the stochastic noises. It is difficult to distinguish
a real one from the residual signals. Theorem 5 gives us a
method to select an approximate gain matrix to design the
fault detection filter. One can use residual evaluation function
‖𝑟(𝑡)‖2 to detect system faults. As a result, the fault detection
accuracy can be improved dramatically.

̂ + 𝐵𝑑 𝑑 (𝑡)] 𝑃𝑒 (𝑡)
+ [(𝐴 − 𝐿𝐶) 𝑒 (𝑡) + Φ − Φ

4. Simulation Results

+ 𝑒𝑇 (𝑡) 𝐶𝑇 𝐶𝑒 (𝑡) − 𝛾2 𝑑𝑇 (𝑡) 𝑑 (𝑡)

We consider a class of nonlinear stochastic systems:

≤ 𝑒𝑇 (𝑡) [𝑃 (𝐴 − 𝐿𝐶) + (𝐴 − 𝐿𝐶)𝑇 𝑃 + 𝜀1−1 𝑃𝑃𝑇 + 𝐶𝑇 𝐶
+ 𝜀1 𝛼2 𝐼] 𝑒 (𝑡) − 𝛾2 𝑑𝑇 (𝑡) 𝑑 (𝑡)

𝑥̇ (𝑡) = [

−0.46 0
1
] 𝑥 (𝑡) + [ ] 𝑢
0 −0.53
1

+[

𝑇

Λ 0
𝑒 (𝑡)
𝑒 (𝑡)
=[
] [
][
],
𝑑 (𝑡)
0 −𝛾2 𝐼 𝑑 (𝑡)
(27)

(30)

+[

0.3 sin (𝑥 (𝑡))

]

0.2 sin (𝑥 (𝑡))

(31)

0.3
1
] 𝑑 (𝑡) + [ ] 𝑓 (𝑡) ,
0.2
0

𝑦 (𝑡) = [1 1] 𝑥 (𝑡) ,

where
𝑇

𝑇

Λ = 𝑃 (𝐴 − 𝐿𝐶) + (𝐴 − 𝐿𝐶) 𝑃 + 𝐶 𝐶 +

𝜀1−1 𝑃𝑃𝑇

2

+ 𝜀1 𝛼 𝐼.
(28)

From the known condition (22), by using Schur theory we
have
𝐻 (𝑒, 𝑑) = 𝑉̇ (𝑡) + 𝑟𝑇 (𝑡) 𝑟 (𝑡) − 𝛾2 𝑑𝑇 (𝑡) 𝑑 (𝑡) < 0.

(29)

where 𝑑(𝑡) is a zero-mean Gaussian white noise. Let 𝛾 =
0.3, 𝜀1 = 0.7. According to Theorem 5, we determine the gain
matrix L with Matlab toolbox: 𝐿 = [0.2511, 0.1279].
In the simulation study, we take the step-function fault
into consideration. Figure 2 shows the zero-mean Gaussian
white noises generated by Matlab software. Figure 3 shows
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Figure 5: (a) System outputs, (b) measurements by distributed sensors, and (c) outputs of fault detection filter.

the system outputs measured by 100 distributed sensors.
Figure 4 shows the outputs of the fault detection filter using
the outputs of the consensus filter. From Figure 3, we can
see that system outputs are corrupted by stochastic noises,
and it is difficult to detect system faults using these system
outputs. From Figure 4 we can clearly see that system faults
occur at time 𝑡 = 100 s and 𝑡 = 300 s, respectively. As a
result, we can detect system faults at time 𝑡 = 100 s and 𝑡 =
300 s, respectively. Figure 5 shows another simulation study
by using 100 distributed sensors. In this simulation study, we
investigate a step-function fault which occurs at 𝑡 = 0.38 s.
From Figure 5(a), we can see that the system faults seem to be
hidden by system stochastic noises. Some false alarms may be
generated using existing fault detection approaches. We use
100 distributed sensors to measure the system outputs at the
same time and then send the measured system outputs to the
consensus filter, as is shown in Figure 5(b). A fault detection

filter is constructed using outputs of the consensus filter
and the system control inputs. Comparing Figure 5(a) with
Figure 5(c), we can see that the residual signals generated by
fault detection filter can reflect real system faults. Therefore,
fault detection accuracy can be improved dramatically.

5. Conclusions
This paper has proposed a novel distributed fault detection
scheme for a class of nonlinear stochastic systems. A novel
fault detection observer is developed using a consensus filter
and a nonlinear fault detection filter. By combining these
two kinds of filters, a distributed fault detection observer is
designed to minimize the influence of stochastic noises on
residual signals. The stability of consensus filter is rigorously
analyzed in detail. Meanwhile, the parameter optimization
of the fault detection filter is given in terms of LMIs.

Mathematical Problems in Engineering
In the simulation study, numerical examples are given to
demonstrate the validity and applicability of the proposed
approach.
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[27] D. Bauso, L. Giarré, and R. Pesenti, “Distributed consensus
protocols for coordinating buyers,” in Proceedings of the IEEE
Conference on Decision and Control, pp. 588–592, December
2003.

8
[28] R. Olfati-Saber, “Distributed Kalman filter with embedded
consensus filters,” in Proceedings of the 44th IEEE Conference
on Decision and Control, and the European Control Conference
(CDC-ECC ’05), pp. 8179–8184, December 2005.
[29] R. Olfati-Saber, “Distributed Kalman filtering and sensor fusion
in sensor networks,” in Proceedings of the Workshop on Network
Embedded Sensing and Control, Notre Dame University, South
Bend, Ind, USA, October 2005.

Mathematical Problems in Engineering

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 269031, 9 pages
http://dx.doi.org/10.1155/2014/269031

Research Article
Pinning-Like Adaptive Consensus for Networked Mobile Agents
with Heterogeneous Nonlinear Dynamics
Chengjie Xu,1,2 Yanwei Wang,3 Hong Zhang,2 and Xiaoqi Zhou1
1

School of Science, Hunan University of Technology, Zhuzhou 412007, China
School of Automation, Huazhong University of Science and Technology, Wuhan 430074, China
3
School of Mechanical and Electrical Engineering, Wuhan Institute of Technology, Wuhan 430073, China
2

Correspondence should be addressed to Yanwei Wang; ywwang.cad@gmail.com
Received 26 June 2014; Accepted 15 August 2014; Published 25 September 2014
Academic Editor: Michael Chen
Copyright © 2014 Chengjie Xu et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
This paper investigates the adaptive consensus for networked mobile agents with heterogeneous nonlinear dynamics. Using tools
from matrix, graph, and Lyapunov stability theories, sufficient consensus conditions are obtained under adaptive control protocols
for both first-order and second-order cases. We design an adaptive strategy on the coupling strengths, which can guarantee that the
consensus conditions do not require any global information except a connection assumption. The obtained results are also extended
to networked mobile agents with identical nonlinear dynamics via adaptive pinning control. Finally, numerical simulations are
presented to illustrate the theoretical findings.

1. Introduction
In recent years, distributed cooperative control for multiagent
systems has been intensively investigated by researchers from
various disciplines. This is due to its broad potential applications in sensor networks, combat intelligence, surveillance,
and so forth [1, 2]. Various scenarios about distributed
cooperative control are studied, such as leaderless consensus
[3–5], leader-following consensus [6–8], containment [9–13],
and flocking [14, 15].
Consensus is one of the most fundamental problems in
distributed cooperative control, which means that the states
of the agents reach an agreement on a common physical
quantity of interest by implementing an appropriate consensus protocol based on the information from local neighbors.
Numerous interesting results about consensus algorithm
were presented in the past decade. The earlier studies on
consensus problem are mainly about multiagent systems with
first-order dynamics [16–18]. And consensus for multiagent
systems with second-order dynamics has been investigated
recently [19–21], which is more challenging than the firstorder case. Meanwhile, consensus for linear multiagent systems is discussed in [22, 23], which is considered more general than first-order and second-order multiagent systems.

However, in reality, mobile agents may be governed
by more complicated intrinsic dynamics, so second-order
consensus problems for multiagent with nonlinear dynamics
have been investigated [24–33], in which the authors assume
that all the agents have identical nonlinear dynamics.
Recently, second-order consensus of multiagent systems with
heterogeneous nonlinear dynamics and time-varying delay
was investigated by introducing novel decentralized adaptive
control in [28]. In [29], a distributed cooperative tracking
problem was studied for a group of second-order multiagents
networked system with nonidentical nonlinear dynamics and
bounded external disturbances. Impulsive consensus for firstorder multiagent with heterogeneous nonlinear dynamics
was discussed [30], in which the information of the leader is
known by every following agent. This assumption is also
adopted in [31]. Motivated by [28–33], we investigate the
second-order consensus for networked mobile agents with
heterogeneous nonlinear dynamics without assuming that all
the nonlinear functions have a common equilibrium solution.
A distributed adaptive strategy and a pinning-like control
is introduced in the consensus protocol. The protocol is
composed of two parts. One is designed to compensate
the errors of the nonlinear dynamics and the other one is
designed like a pinning controller.
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The rest of the paper is organized as follows. In Section 2,
we state the model considered in the paper and give some
basic definitions, lemmas, and assumptions. In Section 3, new
results on the second-order consensus problem are addressed. And numerical example is given in Section 4. Finally, we
conclude the paper in Section 5.

where 𝑖 = 1, 2, . . . , 𝑁, 𝑡 ∈ 𝑅+ , 𝑥𝑖 = (𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖𝑛 )𝑇 ∈ 𝑅𝑛 is
the state vector of the 𝑖th node. 𝑓𝑖 : 𝑅 × 𝑅𝑛 → 𝑅𝑛 is a
continuous vector-value function, which describes the local
dynamics of the nodes in the 𝑖th node.
For the second-order case, the 𝑖th node can be described
as
𝑥𝑖̇ (𝑡) = V𝑖 (𝑡) ,

2. Preliminaries and Model Description

V̇𝑖 (𝑡) = 𝑓𝑖 (𝑡, 𝑥𝑖 (𝑡) , V𝑖 (𝑡)) + 𝑢𝑖 (𝑡) ,

In this section, some notations and preliminaries are introduced. The following notations are used throughout this
paper. 𝐼𝑛 denotes the 𝑛 × 𝑛 identity matrix. For a matrix 𝐴
(or a vector 𝑥), 𝐴𝑇 (or 𝑥𝑇 ) represents the transpose of 𝐴 (or
𝑥).
Let G = (V, E, A) be a directed graph with a nonempty
set of nodes V = (𝜐1 , 𝜐2 , . . . , 𝜐𝑁+𝑀), a set of edges E ⊆ V×V,
and a weighted adjacent matrix A = [𝑎𝑖𝑗 ]. An edge is denoted
by (𝜐𝑖 , 𝜐𝑗 ) in a directed graph which means that vertex 𝑗
can obtain information from vertex 𝑖 but not necessarily vice
versa. 𝑎𝑖𝑗 represents the weight of the edge (𝜐𝑗 , 𝜐𝑖 ) and 𝑎𝑖𝑗 >
0 ⇔ (𝜐𝑗 , 𝜐𝑖 ) ∈ E. Node V𝑗 is called the parent node, node V𝑖
is the child node, and V𝑗 is a neighbor of V𝑖 . The neighbor set
N𝑖 = {𝜐𝑗 | (𝜐𝑗 , 𝜐𝑖 ) ∈ E}. A graph is undirected if (𝜐𝑗 , 𝜐𝑖 ) ∈ E
implies (𝜐𝑖 , 𝜐𝑗 ) ∈ E. The elements 𝑙𝑖𝑗 of Laplace matrix 𝐿 is
𝑎𝑖𝑗 .
defined as 𝑙𝑖𝑗 = −𝑎𝑖𝑗 , 𝑖 ≠ 𝑗, and 𝑙𝑖𝑖 = ∑𝑁
𝑗=𝑖,𝑗=1
̸
Before moving on, some assumptions and Lemmas are
introduced.
Assumption 1. Suppose that the undirected graph 𝐺 is connected.
Lemma 2 (see [33]). If 𝐿 = (𝑙𝑖𝑗 ) ∈ 𝑅𝑁×𝑁 is a symmetric
irreducible matrix with 𝑙𝑖𝑖 = − ∑𝑁
𝑗=1,𝑗=𝑖̸ 𝑙𝑖𝑗 , 𝑙𝑖𝑗 = 𝑙𝑗𝑖 ≤ 0 (𝑖 ≠ 𝑗),
then 𝐿 is semipositive definite and then for any matrix 𝐸 =
diag(𝑒, 0, . . . , 0) with 𝑒 > 0, all eigenvalues of the matrix (𝐿+𝐸)
are positive.
Lemma 3 (see [34]). The matrix 𝐴 of an undirected graph 𝐺
is irreducible if and only if the undirected graph is connected.
Lemma 4 (see [35]). If a scalar function 𝑉(𝑥, 𝑡) satisfies the
̇ 𝑡) → 0, as 𝑡 → ∞. (a)
following conditions, then 𝑉(𝑥,
̇ 𝑡) is negative semidefinite;
𝑉(𝑥, 𝑡) is lower bounded; (b) 𝑉(𝑥,
̇
(c) 𝑉(𝑥, 𝑡) is uniformly continuous in 𝑡.

(2)

𝑖 = 1, . . . , 𝑁,
where 𝑡 ∈ 𝑅+ , 𝑥𝑖 , V𝑖 , 𝑢𝑖 ∈ 𝑅𝑛 are the position, velocity, and
input vector of the 𝑖th follower, respectively. 𝑓𝑖 : 𝑅×𝑅𝑛 ×𝑅𝑛 →
𝑅𝑛 is a continuous vector-value function, which describes the
local dynamics of the nodes in the 𝑖th node.
3.1. Pinning-Like Adaptive Consensus for First-Order Multiagent Systems with Heterogeneous Nonlinear Dynamics. In this
subsection, we investigate consensus criteria for first-order
multiagent systems with heterogeneous nonlinear dynamics
via distributed adaptive pinning control.
As mentioned in many literatures, consensus or synchronization for networked systems with nonidentical nodes cannot be realized without control if the nonidentical dynamic
functions do not have a common solution. Thereby, a distributed adaptive pinning-like control protocol is proposed,
under which leader-following consensus for networked system (1) can be achieved; that is, there exists a desired state 𝑠,
such that


lim 𝑥 (𝑡) − 𝑠 (𝑡) = 0, 𝑖 = 1, 2, . . . , 𝑁,
(3)
𝑡→∞  𝑖
where 𝑠 satisfies 𝑠 ̇ = 𝑓(𝑡, 𝑠(𝑡)), and 𝑠 can be an equilibrium, a
limit cycle, or even a chaotic attractor.
The following assumption is necessary for our main
results.
Assumption 5. For arbitrary 𝑥, 𝑦 ∈ 𝑅𝑛 and every 𝑖 ∈ {1, 2, . . . ,
𝑁}, there exists a constant 𝜔 > 0 such that
𝑇

𝑇

(𝑥 − 𝑦) (𝑓𝑖 (𝑡, 𝑥) − 𝑓𝑖 (𝑡, 𝑦)) ≤ 𝜔(𝑥 − 𝑦) (𝑥 − 𝑦) .
(4)
We choose the control protocol as
𝑢𝑖 (𝑡) = 𝑠 ̇ (𝑡) − 𝑓𝑖 (𝑡, 𝑠 (𝑡)) + ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡))
𝑗∈N𝑖

3. Main Results
In this section, consensus conditions for both first-order and
second-order multiagent systems with heterogeneous nonlinear dynamics are obtained by designing pinning-like adaptive control protocols. Pinning-like adaptive consensus for
first-order multiagent systems with heterogeneous nonlinear
dynamics is investigated in the first subsection and the
second-order case is investigated in the second subsection.
For the first-order case, the 𝑖th node can be described as
𝑥𝑖̇ = 𝑓𝑖 (𝑡, 𝑥𝑖 (𝑡)) + 𝑢𝑖 ,

(1)

(5)

+ ℎ𝑖 𝑐𝑖 (𝑡) (𝑠 (𝑡) − 𝑥𝑖 (𝑡)) .
In the controller (4), ℎ𝑖 = 1 for some 𝑖, then the 𝑖th node is
named as pinning-like node and ℎ𝑖 = 0 for others. 𝑐𝑖 > 0 and
𝑐𝑖𝑗 > 0 are determined by the following equations:
𝑇

𝑐𝑖̇ (𝑡) = ℎ𝑖 𝑘𝑖 (𝑠 (𝑡) − 𝑥𝑖 (𝑡)) (𝑠 (𝑡) − 𝑥𝑖 (𝑡)) ,
𝑇

𝑐𝑖𝑗̇ (𝑡) = 𝑎𝑖𝑗 𝑘𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) ,
𝑖 ≠ 𝑗,

𝑖, 𝑗 = 1, 2, . . . , 𝑁,

(6)
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where 𝑘𝑖𝑗 = 𝑘𝑗𝑖 > 0, 𝑘𝑖 > 0 are the weights of adaptive laws
for parameters 𝑐𝑖𝑗 (𝑡) and 𝑐𝑖 (𝑡). 𝑐𝑖𝑗 > 0 denotes the coupling
strength between node 𝑖 and node 𝑗, 𝑖, 𝑗 = 1, . . . , 𝑁. We define
a new matrix, named adaptive weighted Laplace matrix of the
network topology, as the following:
̃𝑙
11
[̃
[ 𝑙21
̃=[ .
𝐿
[ .
[ .
̃
[𝑙𝑁1

where 𝑚 > 𝜔/𝜆 1 (𝐿+𝐻), and 𝜆 1 (𝐿+𝐻) denotes the minimum
eigenvalue of 𝐿 + 𝐻.
Differentiating 𝑉(𝑡) with respect to 𝑡 along (11), we have
𝑁

𝑉̇ (𝑡) = ∑𝑒𝑖𝑇 (𝑓𝑖 (𝑡, 𝑥𝑖 (𝑡)) − 𝑓𝑖 (𝑡, 𝑠 (𝑡)))

̃𝑙 ⋅ ⋅ ⋅ ̃𝑙
12
1𝑁
̃𝑙 ⋅ ⋅ ⋅ ̃𝑙 ]
22
2𝑁 ]
.. ..
.. ]
].
. .
. ]
̃𝑙
̃
𝑁2 ⋅ ⋅ ⋅ 𝑙𝑁𝑁 ]

𝑖=1

(7)

𝑁

𝑁

− ∑𝑒𝑖𝑇 [∑̃𝑙𝑖𝑗 𝑥𝑗 (𝑡) + ℎ𝑖 𝑐𝑖 (𝑡) 𝑒𝑖 (𝑡)]
𝑖=1
[𝑗=1
]

The elements ̃𝑙𝑖𝑗 is defined as ̃𝑙𝑖𝑗 = 𝑐𝑖𝑗 𝑙𝑖𝑗 , 𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1, 2, . . . ,
̃ is zero𝑁, and 𝑐𝑖𝑖 is defined as ̃𝑙𝑖𝑖 = 𝑐𝑖𝑖 𝑙𝑖𝑖 = ∑𝑁
𝑐𝑖𝑗 𝑎𝑖𝑗 , so 𝐿
𝑗=𝑖,𝑗=1
̸
̃
row-sum. The initial values of the elements of 𝐿 should be
̃
chosen symmetrically for the symmetry of 𝐿.

𝑇
1𝑁 𝑁
+ ∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) (𝑥𝑗 − 𝑥𝑖 )
2 𝑖=1 𝑗=1,𝑗=𝑖̸
𝑁

+ ∑ (𝑐𝑖 − 𝑚) ℎ𝑖 𝑒𝑖𝑇 𝑒𝑖
𝑖=1

Remark 6. From Lemmas 2 and 3, if the undirected topology
graph 𝐺 is connected, the adaptive weighted Laplace matrix
is semipositive definite.

𝑁

𝑁

≤ ∑ [𝜔𝑒𝑖𝑇 𝑒𝑖 − 𝑚ℎ𝑖 𝑒𝑖𝑇 𝑒𝑖 − ∑̃𝑙𝑖𝑗 𝑒𝑖𝑇 𝑥𝑗 (𝑡)
𝑖=1
𝑗=1
[

The controlled network for system (1) under protocol (5)
with adaptive strategy (6) can be rewritten as

+

𝑥𝑖̇ = 𝑓𝑖 (𝑡, 𝑥𝑖 (𝑡)) + ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡))
𝑗∈N𝑖

(8)

𝑇
1 𝑁
∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) (𝑥𝑗 − 𝑥𝑖 )] .
2 𝑗=1,𝑗=𝑖̸
]
(13)

+ 𝑠 ̇ (𝑡) − 𝑓𝑖 (𝑡, 𝑠 (𝑡)) + ℎ𝑖 𝑐𝑖 (𝑡) (𝑠 (𝑡) − 𝑥𝑖 (𝑡)) .
̃ is symmetric and zero-row-sum, we have
Noting that 𝐿

Let error state 𝑒𝑖 be defined as
𝑒𝑖 = 𝑥𝑖 − 𝑠,

𝑖 = 1, 2, . . . , 𝑁.

(9)

From (1) and ((8)-(9)), the error systems can be described as
𝑒𝑖̇ = 𝑓𝑖 (𝑡, 𝑥𝑖 (𝑡)) − 𝑓𝑖 (𝑡, 𝑠 (𝑡))

𝑁 𝑁

𝑁 𝑁

𝑖=1 𝑗=𝑖̸

𝑖=1 𝑗=𝑖̸

∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 𝑒𝑗𝑇 𝑒𝑗 = ∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 𝑒𝑖𝑇 𝑒𝑖
𝑁

(10)

+ ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) − ℎ𝑖 𝑐𝑖 (𝑡) 𝑒𝑖 (𝑡) .

(14)

= ∑ (𝑐𝑖𝑖 − 𝑚) 𝑙𝑖𝑖 𝑒𝑖𝑇 𝑒𝑖 .
𝑖=1

𝑗∈N𝑖

̃ is zero-row-sum, (10) can be rewritten as
Noting that 𝐿

According to (14), we have

𝑁

𝑒𝑖̇ = 𝑓𝑖 (𝑡, 𝑥𝑖 (𝑡)) − 𝑓𝑖 (𝑡, 𝑠 (𝑡)) − ∑̃𝑙𝑖𝑗 𝑥𝑗 − ℎ𝑖 𝑐𝑖 (𝑡) 𝑒𝑖 .

(11)

𝑗=1

Theorem 7. Suppose that Assumptions 1 and 5 hold. Then consensus for multiagent system (1) can be achieved under the control protocol (5) with adaptive strategy (6) if there exists at least
one pinned-like node in the network.
Proof. Let 𝐻 = diag (ℎ1 , ℎ2 , . . . , ℎ𝑁), according to Lemma 2,
𝐿 + 𝐻 is positive definite. Consider the following Lyapunov
function candidate:
1𝑁
𝑉 (𝑒𝑖 , 𝑐𝑖𝑗 , 𝑐𝑖 ) = ∑𝑒𝑖𝑇 𝑒𝑖
2 𝑖=1

𝑁

𝑁

𝑇

∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) (𝑥𝑗 − 𝑥𝑖 )
𝑖=1 𝑗=1,𝑗=𝑖̸

𝑁 𝑁

𝑇

= ∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖 ) (𝑒𝑗 − 𝑒𝑖 )
𝑖=1 𝑗=𝑖̸
𝑁 𝑁

= ∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 (𝑒𝑗𝑇 𝑒𝑗 + 𝑒𝑖𝑇 𝑒𝑖 − 2𝑒𝑖𝑇 𝑒𝑗 )
𝑖=1 𝑗=𝑖̸
𝑁

𝑁 𝑁

𝑖=1

𝑖=1 𝑗=𝑖̸

= 2∑ (𝑐𝑖𝑖 − 𝑚) 𝑙𝑖𝑖 𝑒𝑖𝑇 𝑒𝑖 + 2∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑙𝑖𝑗 𝑒𝑖𝑇 𝑒𝑗
2

2

𝑁 (𝑐 − 𝑚)
(𝑐 − 𝑚) ]
1𝑁
𝑖𝑗
+ ∑[ ∑
+ 𝑖
,
2 𝑖=1 𝑗=1,𝑗=𝑖̸
2𝑘𝑖𝑗
𝑘𝑖
[
]

(12)

𝑁 𝑁

= 2∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑙𝑖𝑗 𝑒𝑖𝑇 𝑒𝑗 .
𝑖=1 𝑗=1

(15)

4
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where the desired state 𝑠 satisfies 𝑠 ̇ = 𝑓(𝑡, 𝑠) and the adaptive
strategy is designed as (6).

So we have
𝑁 𝑁

∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑙𝑖𝑗 𝑒𝑖𝑇 𝑒𝑗

According to Theorem 7, we have the following corollary.

𝑖=1 𝑗=1

𝑇
1𝑁 𝑁
= ∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖 ) (𝑒𝑗 − 𝑒𝑖 ) .
2 𝑖=1 𝑗=𝑖̸

(16)

Corollary 9. Suppose that the topology is undirected and connected and 𝑓 satisfies Lipschitz condition with a Lipschitz constant 𝛾 > 0. Then, under the control protocol (20) with adaptive
strategy (6), consensus for multiagent system (19) can be
achieved if there exists at least one pinned node in the network.

(17)

3.2. Pinning-Like Adaptive Consensus for Second-Order Multiagent Systems with Heterogeneous Nonlinear Dynamics. In
this subsection, we investigate second-order consensus of
networked nonlinear multiagent system (2) via pinning-like
adaptive control.

From ((14)–(16)), one can easily conclude the following:
𝑁 𝑁
𝑇
1𝑁 𝑁
∑ ∑̃𝑙𝑖𝑗 𝑒𝑖𝑇 𝑒𝑗 = ∑ ∑𝑐𝑖𝑗 𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖 ) (𝑒𝑗 − 𝑒𝑖 ) .
2 𝑖=1 𝑗=𝑖̸
𝑖=1 𝑗=1

From (13), (16), and (17), we have
𝑁

𝑁 𝑁

𝑖=1

𝑖=1 𝑗=1

𝑉̇ (𝑡) ≤ ∑𝜔𝑒𝑖𝑇 𝑒𝑖 − ∑ ∑̃𝑙𝑖𝑗 𝑒𝑖𝑇 𝑒𝑗

Assumption 10. For every 𝑓𝑖 in (2) and arbitrary 𝑢, V, 𝑥, 𝑦 ∈
𝑅𝑛 , there exist corresponding constants 𝜃 > 0 such that




𝑓𝑖 (𝑡, 𝑢, V) − 𝑓𝑖 (𝑡, 𝑥, 𝑦) ≤ 𝜃 (‖𝑢 − 𝑥‖ + V − 𝑦) .
(21)

𝑇
1𝑁 𝑁
+ ∑ ∑ (𝑐𝑖𝑗 − 𝑚) 𝑎𝑖𝑗 (𝑒𝑗 − 𝑒𝑖 ) (𝑒𝑗 − 𝑒𝑖 )
2 𝑖=1 𝑗=1,𝑗=𝑖̸
𝑁

(18)

− 𝑚∑ℎ𝑖 𝑒𝑖𝑇 𝑒𝑖
𝑖=1

𝑁

𝑁 𝑁

𝑁

𝑖=1

𝑖=1 𝑗=1

𝑖=1

= ∑𝜔𝑒𝑖𝑇 𝑒𝑖 − ∑ ∑ 𝑚𝑙𝑖𝑗 𝑒𝑖𝑇 𝑒𝑗 − 𝑚∑ℎ𝑖 𝑒𝑖𝑇 𝑒𝑖
= 𝑒𝑇 [𝜔𝐼 − 𝑚 (𝐿 + 𝐻)] 𝑒.

Remark 11. Choosing 𝜃 = max{𝜌1 , 𝜌2 } in [24], we can get the
well-definition of Assumption 10. In fact, this condition can
be satisfied by many systems. Examples include the pendulum
system with a control torque, car-like robots, the Chuas
circuit, the Lorenz system, and the Chen system and so forth
[27].
Let
𝑥̃𝑖 = 𝑥𝑖 − 𝑥0 ,

Since 𝑚 > 𝜔/𝜆 1 (𝐿 + 𝐻), 𝜔𝐼 − 𝑚(𝐿 + 𝐻) is negative definite,
̇ ≤ 0. This implies that 𝑉(𝑒(𝑡), 𝑐𝑖 𝑗(𝑡), 𝑐𝑖 (𝑡)) ≤
which means 𝑉(𝑡)
𝑉(𝑒(0), 𝑐𝑖 𝑗(0), 𝑐𝑖 (0)), for all 𝑡 > 0. Therefore, 𝑒, 𝑐𝑖 𝑗, and
𝑐𝑖 are bounded. Noting that 𝑐𝑖 𝑗 and 𝑐𝑖 are dependent on 𝑒
and 𝑒 is bounded, then, from Assumption 1, (13), and (18),
one can know that 𝑉̈ is bounded. This means that 𝑉̇ is
uniformly continuous in 𝑡. Hence, according to Lemma 4,
̇
𝑉(𝑒(𝑡),
𝑐𝑖 𝑗(𝑡), 𝑐𝑖 (𝑡)) → 0 as 𝑡 → ∞. Again noting that 𝜔𝐼 −
𝑚(𝐿+𝐻) is negative definite, one can conclude that 𝑒(𝑡) → 0,
as 𝑡 → ∞, which means that the consensus of networked
system (1) is achieved.

̃V𝑖 = V𝑖 − V0 ,

𝑖 = 1, 2, . . . , 𝑁.

(22)

Synchronization or consensus for network with nonidentical
nodes cannot be realized without control if the nonidentical
dynamic functions do not have a common equilibrium. The
purpose of this paper is to design distributed tracking consensus algorithm for networked system (1). Therefore, a distributed adaptive control protocol is proposed, under which
leader-following second-order consensus for network (1)
can be achieved; that is, there exists a desired state 𝑠 =
(𝑥0𝑇 , V0𝑇 )𝑇 , satisfying 𝑥𝑖̇ (𝑡) = V0 (𝑡), V̇0 (𝑡) = 𝑓0 (𝑡, 𝑥0 (𝑡), V0 (𝑡)),
such that


lim 𝑥𝑖 (𝑡) − 𝑥0 (𝑡) = 0,
𝑡→∞

Remark 8. From Theorem 7, we can know all the nodes in
network (1) will asymptotically converge to the desired node
𝑠. When all the nonlinear dynamic 𝑓𝑖 have a common solution, that is, there exists a vector 𝑦 ∈ 𝑅𝑛 , satisfied 𝑦̇ = 𝑓𝑖 (𝑡, 𝑦),
we can choose 𝑦 as the desired node. And if all the nonlinear
dynamic 𝑓𝑖 do not have a common solution, we can choose
𝑥 = ∑𝑁
𝑖=1 𝑥𝑖 /𝑁 as the desired node. And we also can obtain
the distributed consensus protocol for nonlinear multiagent
systems with identical nodes. Considering the network with
identical nodes, the 𝑖th node of which is described as
𝑥𝑖̇ = 𝑓 (𝑡, 𝑥𝑖 (𝑡)) .

(19)

𝑗∈𝑁𝑖

The following consensus protocol is designed for networked
system (2):
𝑢𝑖 (𝑡) = V̇0 (𝑡) − 𝑓𝑖 (𝑡, 𝑥0 (𝑡) , V0 (𝑡))
𝑁

+ ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) + ℎ𝑖 𝑐𝑖 (𝑡) (𝑥0 (𝑡) − 𝑥𝑖 (𝑡))
𝑗=1,𝑗=𝑖̸

(24)

+ ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (V𝑗 − V𝑖 ) + ℎ𝑖 𝑐𝑖 (𝑡) (V0 (𝑡) − V𝑖 (𝑡)) ,
𝑗=1,𝑗=𝑖̸

(20)

(23)

𝑖 = 1, 2, . . . , 𝑁.

𝑁

We choose the control protocol as
𝑢𝑖 (𝑡) = ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) + ℎ𝑖 𝑐𝑖 (𝑠 − 𝑥𝑖 ) ,



(𝑡) − V0 (𝑡) = 0,

lim V
𝑡→∞  𝑖

𝑖 = 1, 2, . . . , 𝑁.
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In the controller (3), ℎ𝑖 = 1 for some 𝑖, then the 𝑖th node is
named as pinning-like node and ℎ𝑖 = 0 for others. The adaptive weights 𝑐𝑖𝑗 > 0, 𝑐𝑖 > 0, 𝑖, 𝑗 = 1, 2, . . . , 𝑁 are determined
by the following equations:

where 𝛼 > (2𝜃 + 1)/𝜆 1 (𝐿 + 𝐻), 𝐻 = diag(ℎ1 , . . . , ℎ𝑁), and
𝜆 1 (𝐿 + 𝐻) denotes the minimum eigenvalue of (𝐿 + 𝐻).
Differentiating 𝑉(𝑡) with respect to 𝑡 along (28), we have

𝑇

𝑐𝑖𝑗̇ (𝑡) = ℎ𝑖𝑗 𝑎𝑖𝑗 [(𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡)) (𝑥𝑗 (𝑡) − 𝑥𝑖 (𝑡))

̃ + 2Δ + 𝐼𝑁) ̃V + 𝑥̃𝑇̃V̇ + ̃V𝑇̃V + ̃V𝑇̃V̇
𝑉̇ (𝑡) = 𝑥̃𝑇 (2𝐿

𝑇

+ (V𝑗 (𝑡) − V𝑖 (𝑡)) (V𝑗 (𝑡) − V𝑖 (𝑡))] ,
𝑖 ≠ 𝑗,

𝑖, 𝑗 = 1, 2, . . . , 𝑁,

𝑁

(25)

𝑇

𝑐𝑖̇ (𝑡) = ℎ𝑖 𝑑𝑖 [(𝑥0 (𝑡) − 𝑥𝑖 (𝑡)) (𝑥0 (𝑡) − 𝑥𝑖 (𝑡))

(𝑐𝑖𝑗 − 𝛼) 𝑐𝑖𝑗̇
2ℎ𝑖𝑗

+

𝑇

𝑁

𝑇

+ ∑(𝑥̃𝑖 + ̃V𝑖 ) (𝑓𝑖 (𝑡, 𝑥𝑖 , V𝑖 ) − 𝑓𝑖 (𝑡, 𝑥0 , V0 ))

𝑖 = 1, 2, . . . , 𝑁,

𝑖=1

where ℎ𝑖𝑗 = ℎ𝑗𝑖 > 0, 𝑑𝑖 > 0 are the weights of adaptive laws
for parameters 𝑐𝑖𝑗 (𝑡) and 𝑐𝑖 (𝑡).
Under consensus protocol (24), the error systems can be
rewritten as
̃̇ (𝑡) = ̃V (𝑡) ,
𝑥

𝑁

𝑇

𝑁

+ ∑(𝑥̃𝑖 + ̃V𝑖 ) ( ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 )
𝑖=1

𝑗=1,𝑗=𝑖̸

𝑁

+ ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (V𝑗 − V𝑖 )

𝑖

𝑗=1,𝑗=𝑖̸

̃V̇𝑖 (𝑡) = 𝑓𝑖 (𝑡, 𝑥𝑖 (𝑡) , V𝑖 (𝑡)) − 𝑓𝑖 (𝑡, 𝑥0 (𝑡) , V0 (𝑡))
𝑁

+ ∑ 𝑐𝑖𝑗 (𝑡) 𝑎𝑖𝑗 (𝑥̃𝑗 (𝑡) − 𝑥̃𝑖 (𝑡)) − ℎ𝑖 𝑐𝑖 (𝑡) 𝑥̃𝑖 (𝑡)
𝑗=1,𝑗=𝑖̸

(26)
𝑇
1𝑁 𝑁
+ ∑ ∑ [(𝑐𝑖𝑗 − 𝛼) 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) (𝑥𝑗 − 𝑥𝑖 )
2 𝑖=1 𝑗=1,𝑗=𝑖̸

+ ∑ 𝑐𝑖𝑗 (𝑡) 𝑎𝑖𝑗 (̃V𝑗 (𝑡) − ̃V𝑖 (𝑡)) − ℎ𝑖 𝑐𝑖 (𝑡) ̃V𝑖 (𝑡) ,
𝑗=1,𝑗=𝑖̸

𝑇

+ (𝑐𝑖𝑗 − 𝛼) 𝑎𝑖𝑗 (V𝑗 − V𝑖 )

𝑖 = 1, . . . , 𝑁.
The following theorem addresses a sufficient condition for the
consensus of networked system (2).
Theorem 12. Suppose that Assumptions 1 and 5 hold. Then
consensus of heterogeneous nonlinear networked system (2)
can be achieved under the control protocol (24) with adaptive
strategy (25) if there exists at least one pinned-like node in the
network.
̃

𝑁 𝐼𝑁 ], Δ = diag (𝑐 ℎ , . . . , 𝑐 ℎ ).
Proof. Let 𝑄 = [ 2𝐿+2Δ+𝐼
1 1
𝑁 𝑁
𝐼𝑁
𝐼𝑁
According to [19, Theorem 6.2.24], for an undirected graph 𝐺,
the Laplace matrix 𝐿 is irreducible if and only if 𝐺
̃
is connected. Noting that the corresponding graph of 𝐿
̃
has the same connectivity with 𝐿, 𝐿 is irreducible under
̃ is semipositive
Assumption 5. Then one can conclude that 𝐿
definite according to Lemma 2. And then by virtue of 𝑆𝑐ℎ𝑢𝑟
Complement Lemma, we can know that 𝑄 is positive definite.
Consider the following Lyapunov function candidate:

1
𝑥̃
𝑉 (𝑒𝑖 , 𝑐𝑖𝑗 , 𝑐𝑖 ) = (𝑥̃𝑇 ̃V𝑇 ) 𝑄 ( )
̃V
2

× (V𝑗 − V𝑖 ) ]
𝑁

𝑁

𝑖=1

𝑖=1

+ ∑ (𝑐𝑖 − 𝛼) ℎ𝑖 𝑥̃𝑖𝑇 𝑥̃𝑖 + ∑ (𝑐𝑖 − 𝛼) ℎ𝑖 ̃V𝑖𝑇̃V𝑖 .

̃ is symmetric and zero-row-sum, similarly as
Noting that 𝐿
(16), we have

𝑁

𝑁

𝑇

∑ ∑ (𝑐𝑖𝑗 − 𝛼) 𝑎𝑖𝑗 (𝑥̃𝑗 − 𝑥̃𝑖 ) (𝑥̃𝑗 − 𝑥̃𝑖 )
𝑖=1 𝑗=1,𝑗=𝑖̸

𝑁 𝑁

= 2∑ ∑ (̃𝑙𝑖𝑗 − 𝛼𝑙𝑖𝑗 ) 𝑥̃𝑖𝑇 𝑥̃𝑗 ,
𝑖=1 𝑗=1

𝑁

(29)

𝑁

𝑇

∑ ∑ (𝑐𝑖𝑗 − 𝛼) 𝑎𝑖𝑗 (̃V𝑗 − ̃V𝑖 ) (̃V𝑗 − ̃V𝑖 )
𝑖=1 𝑗=1,𝑗=𝑖̸

2

𝑁 (𝑐 − 𝛼)
(𝑐 − 𝛼) ]
1𝑁
𝑖𝑗
+ ∑[ ∑
+ 𝑖
,
2 𝑖=1 𝑗=1,𝑗=𝑖̸ 2ℎ𝑖𝑗
𝑑𝑖
[
]

(28)

− 𝑐𝑖 ℎ𝑖 𝑥̃𝑖 − 𝑐𝑖 ℎ𝑖 ̃V𝑖 )

𝑁

2

(𝑐𝑖 − 𝛼) 𝑐𝑖̇ ]
𝑑𝑖
]

̃ + 2Δ + 𝐼𝑁) ̃V + ̃V𝑇̃V
= 𝑥̃𝑇 (2𝐿

+ (V0 (𝑡) − V𝑖 (𝑡)) (V0 (𝑡) − V𝑖 (𝑡))] ,

𝑖

𝑁

+ ∑[ ∑
𝑖=1 𝑗=1,𝑗=𝑖̸
[

𝑁 𝑁

(27)

= 2∑ ∑ (̃𝑙𝑖𝑗 − 𝛼𝑙𝑖𝑗 ) ̃V𝑖𝑇̃V𝑗 .
𝑖=1 𝑗=1

6

Mathematical Problems in Engineering
3

From ((11)–(13)), we have
̃ + 2Δ + 𝐼𝑁) ̃V + ̃V𝑇̃V
𝑉̇ (𝑡) = 𝑥̃𝑇 (2𝐿
𝑁

2

𝑇

+ ∑(𝑥̃𝑖 + ̃V𝑖 ) (𝑓𝑖 (𝑡, 𝑥𝑖 , V𝑖 ) − 𝑓𝑖 (𝑡, 𝑥0 , V0 ))

1

𝑖=1
𝑁

𝑁

𝑇
+ ∑(𝑥̃𝑖 + ̃V𝑖 ) [ ∑ (−̃𝑙𝑖𝑗 (𝑥̃𝑗 + ̃V𝑗 )) − 𝑐𝑖 ℎ𝑖 (𝑥̃𝑖 + ̃V𝑖 )]
𝑖=1
]
[𝑗=1
𝑁

x

0
−1

𝑁

+ ∑ ∑ [(̃𝑙𝑖𝑗 − 𝛼𝑙𝑖𝑗 ) 𝑥̃𝑖𝑇 𝑥𝑗 + (̃𝑙𝑖𝑗 − 𝛼𝑙𝑖𝑗 ) ̃V𝑖𝑇̃V𝑖 ]

−2

𝑖=1 𝑗=1,𝑗=𝑖̸
𝑁

𝑁

𝑖=1

𝑖=1

−3

+ ∑ (𝑐𝑖 − 𝛼) ℎ𝑖 𝑥̃𝑖𝑇 𝑥̃𝑖 + ∑ (𝑐𝑖 − 𝛼) ℎ𝑖 ̃V𝑖𝑇̃V𝑖

0
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20
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30

t

≤ (2𝜃 + 1) (𝑥̃𝑇 𝑥̃ + ̃V𝑇̃V)

Figure 1: State trajectories of the four nodes with the reference state.

− 𝛼𝑥̃𝑇 (𝐿 + 𝐻) 𝑥̃ − 𝛼̃V𝑇 (𝐿 + 𝐻) ̃V

In the protocol, the adaptive weights 𝑐𝑖𝑗 > 0, 𝑐𝑖 > 0, 𝑖, 𝑗 =
1, 2, . . . , 𝑁, are determined by (25). Then, from Theorem 12,
one can easily obtain the following corollary.

= 𝑥̃𝑇 [(2𝜃 + 1) 𝐼 − 𝛼 (𝐿 + 𝐻)] 𝑥̃
+ ̃V𝑇 [(2𝜃 + 1) 𝐼 − 𝛼 (𝐿 + 𝐻)] ̃V.
(30)
According to Lemma 2, (𝐿 + 𝐻) is positive definite. Since
𝛼 > (2𝜃+1)/𝜆 1 (𝐿+𝐻), (2𝜃+1)𝐼−𝛼(𝐿+𝐻) is negative definite,
̇
which means 𝑉(𝑡)
≤ 0. The same to Theorem 7, by in virtue
of Lemma 4, one can conclude that 𝑥̃𝑖 → 0 and ̃V𝑖 → 0, as
𝑡 → ∞, which means that the consensus of networked
system (2) is achieved.

Corollary 14. Suppose that Assumptions 1 and 5 hold. Then
consensus for nonlinear mobile multiagent networked system
(31) can be achieved under the control protocol (32) with
adaptive strategy (25) if there exists at least one pinned node in
the network.

4. Simulations

Remark 13. From Theorem 12, we can know that all the nodes
in network (2) will asymptotically converge to the desired
node 𝑠. When all the nonlinear dynamic 𝑓𝑖 have a common
solution, we can choose it as the desired node. And if all the
nonlinear dynamics 𝑓𝑖 do not have a common solution, we
can choose average state as the desired node. And we also can
obtain the pinning adaptive consensus control protocol for
nonlinear mobile agents networked system with identical
nonlinear dynamics.
When all the nonlinear function 𝑓𝑖 , 𝑖 = 1, . . . , 𝑁 are
identical, that is, the 𝑖th node in system (1) can be described
as
𝑥𝑖̇ (𝑡) = V𝑖 (𝑡) ,

In this section, several simulation results are presented to
illustrate the previous theoretical results.

V̇𝑖 (𝑡) = 𝑓 (𝑡, 𝑥𝑖 (𝑡) , V𝑖 (𝑡)) + 𝑢𝑖 (𝑡) ,

In Figure 1, the dash dotted line denotes the state of the
reference node. And other lines represent the trajectories of
the nodes in the network. The trajectories of the adaptive
gains are drawn in Figure 2. According to the simulation, we
can know that the consensus for the proposed network can be
achieved rapidly, which results in that the adaptive gains are
stabilized rapidly.

(31)

𝑖 = 1, . . . , 𝑁.
We choose the control protocol as
𝑁

𝑢𝑖 (𝑡) = ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖 ) + ℎ𝑖 𝑐𝑖 (𝑡) (𝑥0 − 𝑥𝑖 )
𝑗=1,𝑗=𝑖̸

𝑁

+ ∑ 𝑐𝑖𝑗 𝑎𝑖𝑗 (V𝑗 − V𝑖 ) + ℎ𝑖 𝑐𝑖 (𝑡) (V0 − V𝑖 ) ,
𝑗=1,𝑗=𝑖̸

𝑖 = 1, 2, . . . , 𝑁.

(32)

Example 1. We choose a network with 4 nodes and the reference node is chosen as V̇0 (𝑡) = sin 𝑡. The nonlinear dynamic
functions are chosen as 𝑓𝑖 = sin(𝑖𝑥𝑖 + 𝜋/𝑖), 𝑖 = 1, 2, 3, 4, and
nonlinear coupled function 𝑔(𝑥) = 𝑥 + tanh 𝑥. The topology
is described by the following adjacent matrix:
0
1
𝐴=(
0
1

1
0
1
0

0
1
0
1

1
0
).
1
0

(33)

Example 2. The topology is chosen the same as Example 1 and
the reference node is chosen as
𝑥0̇ (𝑡) = sin 𝑡,
V̇0 (𝑡) = cos 𝑡.

(34)
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Figure 2: Trajectories of the adaptive gains.

Figure 4: Trajectories for velocity.
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Figure 5: Trajectories of the adaptive gains.

The nonlinear dynamic functions are chosen as 𝑓𝑖 =
sin(𝑖𝑥𝑖 + 𝜋/𝑖), 𝑖 = 1, 2, 3, 4. We choose the first node as the
pinning-like node. In Figures 3 and 4, the dash dotted line
denotes the position trajectory and the velocity trajectory of
the reference node. And other lines represent the trajectories
of the nodes in the network. The trajectories of the adaptive
gains are drawn in Figure 5. According to Figures 3 and 4, the
consensus can be achieved.

nonlinear dynamics. Simulation examples were given to
demonstrate the feasibility and effectiveness of the proposed
consensus scheme.

5. Conclusions

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Adaptive consensus for networked mobile agents with heterogeneous nonlinear dynamics was investigated in this paper.
Sufficient consensus conditions for both first-order and
second-order networked mobile agents with heterogeneous
nonlinear dynamics were obtained. By designing an adaptive
strategy on the coupling strengths, the consensus can be
achieved without requiring any global information except
a connection assumption. We also extended the results to
the consensus for nonlinear mobile agents with identical
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The purpose of this paper is to design congestion controller for TCP/AQM (transmission control protocol/active queue
management) networks using model following control; the equilibrium of a class of TCP/AQM networks with time-delay is
investigated, and the effect of communication time-delay on the stability is addressed. The features of this design method are
bounded property of the internal states of the control system being given and the utility of this control. Such design exhibits
important attributes including fast convergence with high accuracy to a desired queue length. Simulation results show that the
time-delay nonlinear behavior of the system can be controlled by this method.

1. Introduction
In recent years, with the rapid growth of throughput-demanding applications, congestion control has emerged as
a major issue in computer and communication network
design [1]. So many researchers are seeking some methods
to effectively control congestion. TCP congestion control
mechanism is used to prevent congestion collapse.
AQM schemes have been proposed to complement the
TCP network congestion control [2]. Several mathematical
models are developed by some researchers [3–5] and a
variety of control theory-based AQM schemes are proposed
based on these models. The simulated approaches contain a
wide range of variations in network topologies, topological
parameters, load and capacity, and traffic mixtures. The
outperformance of the PFC-AQM in comparison with the
commonest AQM methods such as the RED (random early
detection), PI, and REM (random early marking) emphasizes
the proper applicability of PFC as an AQM method [6–
9]. Based on the system model for congestion control in
transmission control protocol TCP/AQM networks, control
theory-based approaches are utilized either to analyze or
to design the AQM schemes. Based on the system model,
several conventional controllers [10–15] are designed as AQM
methods in TCP networks.

The design of some communication systems requires
the implementation of time-delays within the system. These
time-delays can be accomplished with a variety of optics technologies, which could be readily fabricated and integrated
into the communication system without significant impacts
on the system design [16–19]. Time-delay is very important
for the modeling of networks, occurring both in the control of
networks and in the control over networks [20]. In the context
of communication networks, the term “congestion control” is
generally used to refer to the action of regulating various flows
within a network. In recent years, intense research efforts
are devoted to the application of the Smith predictor for
queue length control of ATM (asynchronous transfer mode)
networks [21]. The TCP was designed in the late 1983s by
Jacobson, which is a critical part of the internet machinery.
The purpose of this paper is to design a congestion
controller based on the model following control system
(MFCS) [22, 23] control theory. The features of this design
method are that bounded property of the internal state of the
system, which is given and confirmed on basis of a numerical
example of the network congestion system in which the
output signal of the control system asymptotically follows
the reference model signal in the case of the existence of
disturbances.
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The paper is organized as follows. In Section 2, the
TCP/AQM network in congestion control model is described.
In Section 3, controller design of the network congestion
system with time-delay is proposed. In Section 4, bounded
analysis of control system internal state is shown. Section 5 is
the simulation results. The paper is concluded in Section 6.

Sender 1

Sender 2

2. The TCP/AQM Networks in Congestion
Control Model

Router
Receiver

In this paper, the network in Figure 1 is considered. The
network consists of 𝑛 nodes (sender), 1 node (receiver), and 1
bottleneck router. The bottleneck router sends packets from
these senders to the receiver. This network topology denotes
1 server machine to multiple client machines in a computer
network. TCP is only the communication protocol in Figure 1.
Large-scale networks can be simplified as in Figure 1 in
case of designing congestion controllers if only one router is
bottleneck in the large-scale computer network.
In this approach, we overview the dynamical fluid-flow
model developed by [24–29] to describe the behavior of
TCP/AQM networks. A simplified version of that system
model is considered, which ignores the timeout and slow start
mechanism of TCP. The model involves the average value
of key network variables and is described by the following
coupled nonlinear differential equations with time-delay [25]:
𝑊 (𝑡) 𝑊 (𝑡 − 𝑅 (𝑡))
1
𝑊̇ (𝑡) =
−
𝑝 (𝑡 − 𝑅 (𝑡)) ,
𝑅 (𝑡)
2 𝑅 (𝑡 − 𝑅 (𝑡))
𝑞 ̇ (𝑡) =

𝑊 (𝑡)
𝑁 (𝑡) − 𝐷 (𝑡) ,
𝑅 (𝑡)

𝑅 (𝑡) =

𝑞 (𝑡)
+ 𝑇𝑝 ,
𝐷 (𝑡)

Sender n

Figure 1: The network of the congestion control.

where
𝑇

𝑥 (𝑡) = [𝑥1 (𝑡) 𝑥2 (𝑡)] ,
𝑇

(1)

(2)

𝑓 (𝑥 (𝑡)) = [𝑓1 (𝑥 (𝑡)) 𝑓2 (𝑥 (𝑡))] ,
𝑇

𝑔 (𝑥 (𝑡)) = [𝑔1 (𝑥 (𝑡)) 𝑔2 (𝑥 (𝑡))] ,
𝑓1 (𝑥 (𝑡)) = 𝑥2 (𝑡) ,
𝑓2 (𝑥 (𝑡)) =

(3)

𝑁 (𝑡)
,
𝑅2 (𝑡)

𝑔1 (𝑥 (𝑡)) = −

where 𝑊(𝑡) is the congestion window size in packets at time
𝑡, 𝑞(𝑡) is the queue length at the congested router in packets,
𝑅(𝑡) is the RTT (round trip time) which represents the timedelay in TCP dynamics in seconds, 𝐷(𝑡) is the link capacity
in packets per second, 𝑇𝑝 is the propagation time-delay in
seconds, 𝑁(𝑡) is the number of active TCP connections, and
𝑝(𝑡) is the packet mark/drop probability.
These differential equations in the block diagram of
Figure 2 are taken from [24] highlighting TCP windowcontrol and queue dynamics.
Set up a model for nonlinear TCP networks dynamic
model. Let 𝑥1 (𝑡) = 𝑞(𝑡) − 𝑞0 , 𝑥2 (𝑡) = 𝑥1̇ (𝑡), and 𝑢(𝑡) = 𝑝(𝑡),
where 𝑞0 is a desired queue length in the router. Assume that
the rate of the change for 𝑥1 (𝑡), 𝑁(𝑡), 𝐶(𝑡), and 𝑅(𝑡) is slower
than 𝑊(𝑡), 𝑞(𝑡); (1) can be expressed in the following form
[30]:
𝑥̇ (𝑡) = 𝑓 (𝑥 (𝑡)) + 𝑔 (𝑥 (𝑡)) 𝑢 (𝑡 − 𝑅 (𝑡)) ,

..
.

(4)

[(𝑥2 (𝑡) + 𝐶 (𝑡) ] + [𝑥2 (𝑡 − 𝑅 (𝑡)) + 𝐶 (𝑡)]
.
2𝑁 (𝑡)
(5)

Therefore, the system is defined by
𝑥̇ (𝑡) = 𝑓 (𝑥 (𝑡) , 𝑢 (𝑡 − 𝑅 (𝑡))) ,

(6)

𝑦 (𝑡) = [0 1] 𝑥 (𝑡) .

(7)

3. Controller Design of the Network
Congestion System with Time-Delay
Based on (6), the system in (4) can be rewritten in equivalent
form as follows:
𝑥̇ (𝑡) = 𝐴 11 𝑥 (𝑡) + 𝐴 12 𝑢 (𝑡) + 𝑓1 (𝑥 (𝑡) , 𝑢 (𝑡 − 𝑅 (𝑡))) ,
𝑢̇ (𝑡) = 𝐴 21 𝑥 (𝑡) + 𝐴 22 𝑢 (𝑡) + 𝑔1 (𝑥 (𝑡) , 𝑢 (𝑡)) + 𝐵𝑢1 (𝑡) ,

(8)

where 𝐴 11 ∈ 𝑅𝑛×𝑛 , 𝐴 12 ∈ 𝑅𝑛×𝑙 , 𝐴 21 ∈ 𝑅𝑙×𝑛 , and 𝐴 22 ∈ 𝑅𝑙×𝑙 .
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Figure 2: Block diagram of TCP congestion avoidance mode.

Then, from (8), we can obtain the following system:

Now we have

𝑥1̇ (𝑡) = 𝐴 1 𝑥1 (𝑡) + 𝐵1 𝑢1 (𝑡) + 𝑓2 (𝑥1 (𝑡)) ,

(9)

𝑦 (𝑡) = 𝐶1 𝑥1 (𝑡) ,
where

𝐷 (𝑝) 𝑦 (𝑡) = 𝑝𝑛+𝑙−2 (𝐶

+ 𝑁1 (𝑝) 𝑢1 (𝑡) + 𝑝𝑛+𝑙−2

𝑇

𝑥1 (𝑡) = [𝑥 (𝑡) 𝑢 (𝑡)] ,
𝑇

× {𝐶 (

𝑓2 (𝑥1 (𝑡)) = [𝑓1 (𝑥1 (𝑡)) 𝑔1 (𝑥1 (𝑡))] ,
𝑓1 (𝑥1 (𝑡)) = 𝑓 (𝑥1 (𝑡)) − 𝐴 11 𝑥 (𝑡) − 𝐴 12 𝑢 (𝑡) ,
(10)

𝐴 𝐴
𝐴 1 = [ 11 12 ] ,
𝐴 21 𝐴 22

𝜕𝑓 (𝑥1 (𝑡))
− 𝐴 12 )
𝜕𝑢𝑇 (𝑡)

× (𝐴 21 𝑥 (𝑡) + 𝐴 22 𝑢 (𝑡) + 𝑔1 (𝑥1 (𝑡)))
+𝐶 (

𝑇

𝐵1 = [0 𝐵] ,
𝐶1 = [𝐶 0] .
−1

−1

𝑦 (𝑡) = 𝐶1 [𝑝𝐼 − 𝐴 1 ] 𝐵1 𝑢1 (𝑡) + 𝐶1 [𝑝𝐼 − 𝐴 1 ] 𝑓2 (𝑥1 (𝑡)) .
(11)
Then the representations of input-output are given as
𝐷 (𝑝) 𝑦 (𝑡) = 𝑁 (𝑝) 𝑢1 (𝑡) + 𝑁𝑓 (𝑝) 𝑓2 (𝑥1 (𝑡))

𝑑
𝑓 (𝑥 (𝑡)) + 𝑁𝑓1 (𝑝) 𝑓2 (𝑥1 (𝑡)) ,
𝑑𝑡 2 1
(12)

𝜕𝑓 (𝑥1 (𝑡))
𝐵) 𝑢1 (𝑡) + 𝑁1 (𝑝) 𝑢1 (𝑡)
𝜕𝑢𝑇 (𝑡)

+ 𝑝𝑛+𝑙−2 {𝐶 (

𝜕𝑓 (𝑥1 (𝑡))
− 𝐴 12 )
𝜕𝑢𝑇 (𝑡)

+𝐶(

𝜕𝑓 (𝑥1 (𝑡))
− 𝐴 11 ) 𝑓 (𝑥1 (𝑡))}
𝜕𝑥𝑇 (𝑡)

+ 𝐶1 Γ𝑛+𝑙−2 𝑝𝑛+𝑙−2 𝑓2 (𝑥1 (𝑡))

where 𝑁(𝑝)/𝐷(𝑝) = 𝐶1 [𝑝𝐼 − 𝐴 1 ]−1 𝐵1 ,
𝑁𝑓 (𝑝) = 𝐶1 adj (𝑝𝐼 − 𝐴 1 ) ,

𝑁𝑓 (𝑝) = 𝐶1 𝑝𝑛+𝑙−1 + 𝑁𝑓1 (𝑝) .

= 𝑝𝑛+𝑙−2 (𝐶

× (𝐴 21 𝑥 (𝑡) + 𝐴 22 𝑢 (𝑡) + 𝑔1 (𝑥1 (𝑡)))

= 𝑁𝑟 𝑝𝑛+𝑙−2 𝑢1 (𝑡) + 𝑁1 (𝑝) 𝑢1 (𝑡)

𝑁 (𝑝) = 𝑁𝑟 𝑝𝑛+𝑙−2 + 𝑁1 (𝑝) ,

𝜕𝑓 (𝑥1 (𝑡))
− 𝐴 11 ) 𝑓 (𝑥1 (𝑡))}
𝜕𝑥𝑇 (𝑡)

+ 𝑁𝑓1 (𝑝) 𝑓2 (𝑥1 (𝑡))

Let 𝑝 = 𝑑/𝑑𝑡; we have

+ 𝐶1 𝑝𝑛+𝑙−2

𝜕𝑓 (𝑥1 (𝑡))
𝐵) 𝑢1 (𝑡)
𝜕𝑢𝑇 (𝑡)

+ 𝑁𝑓2 (𝑝) 𝑓2 (𝑥1 (𝑡)) ,
(14)

(13)
where 𝑁𝑓1 (𝑝) = 𝐶1 Γ𝑛+𝑙−2 𝑝𝑛+𝑙−2 + 𝑁𝑓2 (𝑝).
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Let
Γ𝑛+𝑙−1 = 𝐼,
Γ𝑛+𝑙−2 = 𝐴 1 Γ𝑛+𝑙−1 + 𝛼𝑛+𝑙−1 𝐼
= 𝐴 1 + 𝛼𝑛+𝑙−1 𝐼

(15)

where the degree of each polynomial is 𝜕𝑇(𝑝) = 𝜌, 𝜕𝐷𝑚 (𝑝) =
𝑛𝑚 , 𝜕𝐷𝑑 (𝑝) = 𝑛𝑑 , 𝜕𝐷(𝑝) = 𝑛, 𝜕𝑅(𝑝) = 𝜌 + 𝑛𝑚 − 𝑛𝑑 − 𝑛, and
𝜕𝑆(𝑝) ≤ 𝑛𝑑 + 𝑛 − 1. 𝑇(𝑝), 𝐷𝑚 (𝑝), 𝐷𝑑 (𝑝), 𝐷(𝑝), and 𝑅(𝑝) are
monic polynomials.
In this paper, we propose a design of model following
control system with disturbances. We can prove that all the
internal states are bounded and output error

= 𝐴 1 − 𝑇𝑟 (𝐴 1 ) 𝐼,

𝑒 (𝑡) = 𝑦 (𝑡) − 𝑦𝑚 (𝑡)

where 𝛼𝑛+𝑙−1 = −𝑇𝑟 (𝐴 1 ).
Now the representations of input-output (12) are given as
follows:
𝐷 (𝑝) 𝑦 (𝑡) = 𝑝𝑛+𝑙−2 (𝐶

𝜕𝑓 (𝑥1 (𝑡))
𝐵) 𝑢1 (𝑡)
𝜕𝑢𝑇 (𝑡)

+ 𝑁1 (𝑝) 𝑢1 (𝑡) + 𝑝𝑛+𝑙−2 𝑓4 (𝑥1 (𝑡))

(21)

converges to zero asymptotically. Then the following form is
obtained:
𝑇 (𝑝) 𝐷𝑚 (𝑝) 𝑒 (𝑡)

(16)

= 𝐷𝑑 (𝑝) 𝑅 (𝑝) {𝑝𝑛+𝑙−2 𝑁𝑟 V𝑧 (𝑡)
+𝑁1 (𝑝) 𝑢1 (𝑡) + 𝑁𝑓2 (𝑝) 𝑓2 (𝑥1 (𝑡))}

+ 𝑁𝑓2 (𝑝) 𝑓2 (𝑥1 (𝑡)) ,

+ 𝑆 (𝑝) 𝑦 (𝑡) − 𝑇 (𝑝) 𝐷𝑚 (𝑝) 𝑦𝑚 (𝑡) ,

where

(22)

𝑓4 (𝑥1 (𝑡))
= 𝐶 {(

𝜕𝑓 (𝑥1 (𝑡))
− 𝑇𝑟 (𝐴 1 ) 𝐼) 𝑓 (𝑥1 (𝑡))
𝜕𝑥𝑇 (𝑡)

+(

𝜕𝑓 (𝑥1 (𝑡))
) 𝑔1 (𝑥1 (𝑡))
𝜕𝑢𝑇 (𝑡)

𝜕𝑓 (𝑥1 (𝑡))
− 𝐴 12 )
+(
𝜕𝑢𝑇 (𝑡)

𝑘
where 𝑁1 (𝑝) = ∑𝑛+𝑙−3
𝑘=0 𝐶1 Γ𝑘 𝑝 𝐵1 = 𝑁𝑓2 (𝑝)𝐵1 .
The control law (controller) V𝑧 (𝑡) can be obtained by
making the right-hand side of (22) equal to zero.
Thus,

(17)
−1

V𝑧 (𝑡) = −𝑁𝑟−1 𝑄(𝑝) {𝐷𝑑 (𝑝) 𝑅 (𝑝) 𝑝𝑛+𝑙−2 − 𝑄 (𝑝)} 𝑁𝑟 V𝑧 (𝑡)
−1

− 𝑁𝑟−1 𝑄(𝑝) 𝐷𝑑 (𝑝) 𝑅 (𝑝) 𝑁𝑓2 (𝑝)

⋅ (𝐴 21 𝑥 (𝑡) + 𝐴 22 𝑢 (𝑡)) + (𝑇𝑟 (𝐴 1 ) 𝐼 − 𝐴 11 )

⋅ {𝐵1 𝑢1 + 𝑓2 (𝑥1 (𝑡))}

⋅ (𝐴 11 𝑥 (𝑡) + 𝐴 12 𝑢 (𝑡)) } .

−1

− 𝑁𝑟−1 𝑄(𝑝) 𝑆 (𝑝) 𝑦 (𝑡) + 𝑟𝑚 (𝑡) ,

Let 𝑁𝑟 V𝑧 (𝑡) = (𝐶(𝜕𝑓(𝑥1 (𝑡))/𝜕𝑢𝑇 (𝑡))𝐵)𝑢1 (𝑡) + 𝑓4 (𝑥1 (𝑡)).
We have
𝐷 (𝑝) 𝑦 (𝑡) = 𝑝𝑛+𝑙−2 𝑁𝑟 V𝑧 (𝑡) + 𝑁1 (𝑝) 𝑢1 (𝑡)
+ 𝑁𝑓2 (𝑝) 𝑓2 (𝑥1 (𝑡)) .

−1

V𝑚 (𝑡) = 𝑁𝑟−1 𝑄(𝑝) 𝑇 (𝑝) 𝑁𝑚 (𝑝) 𝑟𝑚 (𝑡) .

(18)

The reference model is given as
̇ (𝑡) = 𝐴 𝑚 𝑥𝑚 (𝑡) + 𝐵𝑚 𝑟𝑚 (𝑡)
𝑥𝑚
𝑦𝑚 (𝑡) = 𝐶𝑚 𝑥𝑚 (𝑡) .

(19)

Choose a stable polynomial 𝑇(𝑝) which satisfies the
following conditions. (1) The degree of 𝑇(𝑝) is 𝜌 ≥ 𝑛𝑑 + 2𝑛 −
𝑛𝑚 − 2 − 𝜂𝑖 . (2) The coefficient of the maximum degree term
of 𝑇(𝑝) is the same as 𝐷(𝑝).
Consider the following equation:
𝑇 (𝑝) 𝐷𝑚 (𝑝) = 𝐷𝑑 (𝑝) 𝐷 (𝑝) 𝑅 (𝑝) + 𝑆 (𝑝) ,

(20)

(23)

Therefore, V𝑧 (𝑡) of (22) is obtained from 𝑒(𝑡) = 0. The
model following control system can be realized if the system
internal states are bounded.

4. Bounded Analysis of Control System
Internal State
𝑇

Let 𝑧1 (𝑡) = [𝑥1𝑇 (𝑡) 𝜉1𝑇 (𝑡) 𝜉2𝑇 (𝑡) 𝜉3𝑇 (𝑡)] ; then the system is
defined by
𝑧̇1 (𝑡) = 𝐴 𝑠 + 𝜓 (𝑧1 (𝑡)) ,
𝑥1 (𝑡) = 𝐶𝑠 𝑧1 (𝑡) ,

(24)
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where

Table 1: Sender 1-2 node and receiver node parameters.

−𝐵1 𝐻2
−𝐵1 𝐻3
𝐴 1 − 𝐵1 𝐸2 𝐶1 −𝐵1 𝐻1
[ −𝐺1 𝐸2 𝐶1 𝐹1 − 𝐺1 𝐻1 −𝐺1 𝐻2
]
−𝐺
1 𝐻3
],
𝐴𝑠 = [
[
]
𝐺2 𝐶1
0
𝐹2
0
𝐵
𝐸
𝐶
−𝐺
𝐵
𝐻
−𝐺
𝐵
𝐻
𝐹
−
𝐺
𝐵
𝐻
−𝐺
3
1
2
1
3
1
1
3
1
2
3
3
1
3
[
]
𝐶𝑠 = [𝐼 0 0 0] ,
𝜓 (𝑧1 (𝑡)) = 𝑓2 (𝑥1 (𝑡)) − 𝐵1 (𝐶

𝜕𝑓 (𝑥1 (𝑡))
𝐵)
𝜕𝑢𝑇 (𝑡)

−1

Value

Parameter
Application
Transport layer protocol
TCP agent SACK bit
Packet size
Acknowledgment size
Flow number (TCP session number)
(disturbance)

ftp
TCP
False
1448 (byte)
40 (byte)
8 (+1) (flow)

⋅ (𝑊 (𝑥1 (𝑡)) V𝑧 (𝑡) + 𝑓4 (𝑥1 (𝑡))) ,
𝜓 (𝑧2 (𝑡)) = 𝐺3 (𝑓2 (𝑥1 (𝑡))

1
−1

− 𝐵1 (𝐶

𝜕𝑓 (𝑥1 (𝑡))
𝐵) 𝑓4 (𝑥1 (𝑡)))
𝜕𝑢𝑇 (𝑡)

Line 1

Sender 1
3

−1

𝜕𝑓 (𝑥1 (𝑡))
= 𝐺3 𝐵1 (𝐶
𝐵) 𝑊 (𝑥1 (𝑡)) V𝑧 ,
𝜕𝑢𝑇 (𝑡)
𝐶

𝜕𝑓 (𝑥1 (𝑡))
𝐵 = 𝑁𝑟 + 𝑊 (𝑥1 (𝑡)) .
𝜕𝑢𝑇 (𝑡)

Router
2

(25)

The characteristic polynomial |𝑝𝐼 − 𝐴 𝑠 | can be calculated
as follows:
𝑙
𝑙
2
 

(26)
𝑝𝐼 − 𝐴 𝑠  = 𝑄 (𝑝) 𝑉𝑠 (𝑝) 𝑇(𝑝) 𝐷𝑚 (𝑝)
with stable polynomials of 𝑇(𝑝), 𝐷𝑚 (𝑝), |𝑄(𝑝)|, and 𝑉𝑠 (𝑝).
Therefore, 𝐴 𝑠 is also a stable system matrix.
Now, the system can be rewritten as
𝑧̇2 (𝑡) = 𝐴 𝑠 𝑧2 (𝑡) + 𝜓 (𝑧1 (𝑡)) ,

(27)

𝑥1 (𝑡) = 𝐶𝑠 𝑧2 (𝑡) .

(28)

Consider a quadratic Lyapunov function candidate:
𝑉 (𝑡) =

1 𝑇
𝑧 (𝑡) 𝑃𝑠 𝑧2 (𝑡) ,
2 2

(29)

𝑉̇ (𝑡) = 𝑧2𝑇 (𝑡) 𝑃𝑠 (𝐴 𝑠 𝑧2 (𝑡) + 𝜓 (𝑧1 (𝑡)))

𝑃𝑠 𝐴 𝑠 + 𝐴𝑇𝑠 𝑃𝑠 = −𝑄𝑠 ,

Receiver

Line 2

Sender 2

Figure 3: The network topology.

The network topology is simple and it is shown in
Figure 3. But this small-scale network is developed by using
four computers, and some experiments are carried out.
This network consists of two senders with four data flows
(this means four sessions and 𝑁 = 8), one bottleneck router,
and one receiver, which receives data from senders through
the bottleneck router (see Table 1).
In the responses (Figures 4, 5, and 6) of the congestion
system with time-delay, the output errors converge to zero.
So the effectiveness of this method is verified.

6. Conclusions

1
= − 𝑧2𝑇 (𝑡) 𝑄𝑠 𝑧2 (𝑡) + 𝑧2𝑇 (𝑡) 𝑃𝑠 𝜓 (𝑧1 (𝑡))
2
≤ 𝑧2𝑇 (𝑡) 𝑃𝑠 𝜓 (𝑧1 (𝑡)) < 0,

4

(30)
(31)

where 𝑄𝑠 and 𝑃𝑠 are symmetric positive definite matrices
defined by (27). If 𝐴 𝑠 is a stable matrix, we can get a unique
𝑃𝑠 from (31) when 𝑄𝑠 is given. Therefore, 𝑧2 (𝑡) is bounded.

5. Simulation Results
This simulation, which proposes static state feedback AQM
controller for the time-delay system, verifies the performance.

In this paper, a new design method for the congestion
controller of the TCP/AQM networks is introduced. The
developed approach can theoretically guarantee the system
performances, including the disturbance rejection and the
implied stability of the closed-loop system. This property is
useful for congestion controller design. This paper studies
a control system with time-delay using a model following
method which is one of the effective means of solving
time-delay problems in a control system. The method can
efficaciously control time-delay under disturbances and has
excellent practicability.
By using this model, the nonlinear input time-delay system, which describes a TCP/AQM network, is transformed
into an equivalent nonlinear system, and it is possible to
design controllers based on nonlinear control theories. For
a congestion control problem, a round packet trip time is
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not stationary and depends on the actual traffic. Finally, it is
pointed out that the effectiveness of the proposed approach is
only verified via simulations.
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This paper investigates a hybrid structure based synchronous control strategy for multimotor system of shaftless-driven printing
press. Many existing algorithms can obtain a stable synchronous system; however, the obtained stable system may encounter a large
enough disturbance that can destroy the synchronization. Focusing on this challenging technological problem about how to receive
more robust synchronization during steady-state process, this paper first proposes a state-dependent-switching based leaderfollowing control approach, in which synchronization includes two parts, one associated with tracking control for all members, and
the other one associated with consensus maintained among followers in the case that one follower loses synchronization with the
leader during steady-state motion. By employing the algebra graph theory, matrix theory, and Lyapunov analysis, the convergence
and stability of the given multimotor system are proved. Finally, simulation examples are presented to demonstrate the effectiveness
and robustness of the theoretical results.

1. Introduction
Recent years have witnessed increasing interests in the study
of shaftless-driven systems. Owing to excellent synchronous
performance, shaftless-driven printing presses play a central
role in printing industry [1, 2]. However, the accuracy of
multiaxis synchronization has a direct effect on production quality and efficiency [3]. Accordingly, finding more
advanced multiaxis synchronous control technology remains
a challenge.
Existing synchronization related literatures for multiaxis
printing presses are mostly directed toward coupling control
[4, 5] and virtual line shaft control [6, 7]. In the past years,
considerable algorithms on synchronization for multiple
motors pose advantages as well as limitations. References
[4, 5] achieved synchronization by introducing parameter
coupling into control strategies. However, the increasing
coordinated axes induce intensive online computational
work. References [6, 7] presented novel synchronous control

laws with a virtual line shaft. However, there is no information
exchange among followers, and it is difficult to find a satisfactory solution for the measurement of acceleration.
Meanwhile, we notice that consensus of multiagent system is arousing extensive attention in various disciplines,
including biology, computer science, and control engineering
[8–10]. Many existing papers have made great contributions
in distributed coordinated control. Vicsek et al. first proposed the emergence of self-ordered motion in systems of
particles with biologically motivated interaction and received
interesting results [11]. Jadbabaie et al. provided a theoretical
explanation for this convergence behavior and derived several
other similar models [12]. Cortes extended the application
of consensus algorithms to general continuous functions
[13]. Thereafter, various consensus algorithms were investigated, ranging from single-integrator dynamics to doubleintegrator and high-order-integrator dynamics [14–16], from
continuous time to discrete time [17, 18], from fixed topologies to switching topologies [19], from average consensus to

2

Mathematical Problems in Engineering

consensus tracking [20–22], and so forth. Extension consensus algorithms that considered many other extra conditions
were studied afterwards, and an adaptive synchronization
algorithm of coupled oscillators was proposed [23]. In [24],
an adaptive algorithm of coupled oscillators with multiple
leaders was investigated. In [25], a superior decentralized
adaptive cluster synchronization was introduced to investigate the pinning-control problem of complex dynamical
networks. In [26, 27], input saturation was taken into account
in the leader-following consensus of agents described by
general linear systems. Due to different versions of consensus algorithms, various cooperation control capabilities
were developed; examples include flocking [28, 29], task
assignment [30, 31], containment control [32, 33], formation
control [34–36], and rendezvous [37].
To our knowledge, many existing algorithms can obtain
a stable synchronous system; however, when the obtained
stable system encounters these unanticipated situations, such
as parameter perturbations, external load disturbances, and
model nonlinearities, the created consistent system may be
inconsistent. Moreover, amounts of wastes would be produced in the high speed printing process. Therefore, in industrial manufacturing areas, one of the main challenges is how
to find a control strategy that keeps all motors maintaining
consensus all the time, especially in the case that one follower
loses synchronization with reference signal. If the other
followers turn to track the faulty one rather than the given
reference in this circumstance, the problem would be solved.
Inspired by the aforementioned researches and industrial
requirement, based on a state-dependent-switching law, this
paper proposes a virtual-leader-based consensus tracking
control with hybrid structure for multimotor system.
The remainder of this paper is organized as follows.
Section 2 states the problems to be solved according to a
multimotor system. Section 3 establishes the control strategy
and presents theoretical analysis. Simulation results are given
in Section 4. Finally, Section 5 draws a conclusion.

2. Preliminaries and Problem Statement
Consider a shaftless-driven printing press (SDPP), which can
be regarded as a multimotor system (MMS). Let each printing
roller be driven by a servomotor, and each servomotor system
stands for an agent with actual motion ability; multiple servo
systems compose a multiagent system.
Let 𝑅 denote the set of real number. The SDPP consists of
𝑛 different motors, together with an additional motor labeled
0(𝐿), which acts as the unique virtual leader of the group, and
motors 1, 2, . . . , 𝑛 are followers.
The motion of each DC motor is described by [38]
𝜃𝑖̇ = 𝜔𝑖
𝜔̇ 𝑖 = −

𝐾𝑡𝑖 𝐾𝑒𝑖
𝐾
1
𝜔𝑖 + 𝑡𝑖 𝑢𝑖 − 𝑇𝐿𝑖
𝐽𝑖 𝑅𝑖
𝐽𝑖 𝑅𝑖
𝐽𝑖

(𝑖 = 0, 1, . . . , 𝑛) ,

(1)

where 𝜃𝑖 is the position of motor 𝑖, 𝜔𝑖 is the speed of motor 𝑖, 𝑢𝑖
is the control input of motor 𝑖, 𝑅𝑖 is total armature resistance
of motor 𝑖, 𝐾𝑒𝑖 is the voltage feedback coefficient of motor

𝑖, 𝐽𝑖 is inertia of motor 𝑖, 𝐾𝑡𝑖 is the electromagnetic torque
coefficient of motor 𝑖, and 𝑇𝐿𝑖 is the load torque of motor 𝑖.
Let 𝑎𝑖 = −𝐾𝑡𝑖 𝐾𝑒𝑖 /𝐽𝑖 𝑅𝑖 , 𝑏𝑖 = 𝐾𝑡𝑖 /𝐽𝑖 𝑅𝑖 , and 𝑐𝑖 = −1/𝐽𝑖 ; here,
𝑎𝑖 = 𝑎𝑖 +Δ𝑎𝑖 , 𝑏𝑖 = 𝑏𝑖 +Δ𝑏𝑖 , and 𝑐𝑖 = 𝑐𝑖 +Δ𝑐𝑖 . 𝑎𝑖 , 𝑏𝑖 , and 𝑐𝑖 denote
the nominal value of 𝑎𝑖 , 𝑏𝑖 , and 𝑐𝑖 , respectively. Δ𝑎𝑖 , Δ𝑏𝑖 , and
Δ𝑐𝑖 denote the uncertain value.
Equation (1) can be rewritten as
𝜃𝑖̇ = 𝜔𝑖
𝜔̇ 𝑖 = 𝑎𝑖 𝜔𝑖 + 𝑏𝑖 𝑢𝑖 + 𝐹𝑖 .

(2)

Here, 𝑖 = 0, 1, . . . , 𝑛, 𝐹𝑖 = Δ𝑎𝑖 𝜔𝑖 +Δ𝑏𝑖 𝑢𝑖 +𝑐𝑖 𝑇𝐿𝑖 is a time-varying
uncertainty.
Define
𝑆 = [𝜃0 𝜃1 ⋅ ⋅ ⋅ 𝜃𝑛 ]

𝑇

(3)

to be the actual output position of each motor in MMS (2).
Let 𝜃𝑑 be the given reference, which is only transmitted to
virtual leader. The output of leader 𝜃0 (𝜃𝐿 ) acts as the reference
of followers. Since the power of inverter is limited, the driven
control system provides a limited torque; that is, 𝜃𝑖 (𝑖 =
0, 1, . . . , 𝑛) is bounded. Our results will rely on the following
assumption.
Assumption 1. The uncertainty 𝐹𝑖 (𝑖 = 0, 1, . . . , 𝑛), 𝜃𝑖 , 𝜃𝑖̇ , and
𝜃𝑖̈ (𝑖 = 1, . . . , 𝑛) are bounded in an actual SDPP.
The interaction topology of MMS (2) is represented by
graph 𝐺𝑛+1 = (V𝑛+1 , 𝜀𝑛+1 ), where V𝑛+1 = {0, 1, . . . , 𝑛} is the
set of nodes and 𝜀𝑛+1 ⊆ V𝑛+1 × V𝑛+1 is the set of edges. Let
𝐴 𝑛+1 = [𝑎𝑖𝑗 ] ∈ 𝑅(𝑛+1)×(𝑛+1) be the adjacency matrix related to
𝐺𝑛+1 ; 𝑎𝑖𝑗 > 0 implies that information flows from node 𝑗 to 𝑖;
otherwise, 𝑎𝑖𝑗 = 0. Here we assume 𝑎𝑖𝑖 = 0, ∀𝑖 = 0, 1, . . . , 𝑛. 𝑎𝑖0
is positive if (0, 𝑖) ∈ 𝜀𝑛+1 ; otherwise, 𝑎𝑖0 = 0, ∀𝑖 = 1, 2, . . . , 𝑛.
Consider 𝑎0𝑗 = 0, ∀𝑗 = 0, 1, . . . , 𝑛. When we need to focus
only on followers 1 to 𝑛, we use a follower graph 𝐺𝑛 = (V𝑛 , 𝜀𝑛 ),
letting 𝐴𝑛 = [𝑎𝑖𝑗 ] ∈ 𝑅𝑛×𝑛 be the adjacency matrix associated
with 𝐺𝑛 . The Laplacian matrix 𝐿𝑛 = [𝑙𝑖𝑗 ] ∈ 𝑅𝑛×𝑛 associated
with 𝐴𝑛 is defined as 𝑙𝑖𝑖 = ∑𝑛𝑗=1,𝑗=𝑖̸ 𝑎𝑖𝑗 and 𝑙𝑖𝑗 = −𝑎𝑖𝑗 , where
𝑖 ≠ 𝑗. In this paper, we suppose 𝜃0 (𝜃𝐿 ) is available to all the
followers, and the followers have only local interactions with
their neighbors and graphs 𝐺𝑛+1 and 𝐺𝑛 are fixed and have a
spanning tree.
Problems to be addressed in this paper can be divided
into two parts. One is the tracking control of all group
members, under normal circumstances (i.e., the followers can
track the motion trajectory of virtual leader with the given
tracking control law), designing a tracking control algorithm
to achieve ‖𝜃𝑖 − 𝜃𝐿 ‖ → 0 (𝑖 = 1, 2, . . . , 𝑛), such that all
followers will track the trajectory of virtual leader. The other
one is consensus control among followers, under abnormal
circumstance (i.e., at least one follower cannot follow the
virtual leader during large enough disturbances), designing
a consensus algorithm to guarantee that the other followers
can track the faulty one; if it satisfies ‖𝜃𝑖 − 𝜃𝑗 ‖ → 0 (𝑖, 𝑗 =
1, 2, . . . , 𝑛), then followers would maintain consensus. It
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contributes to solving the technological problem about how
to reduce the production of vast amounts of wastes due to the
existent printing-registration deviation when a high speed
SDPP is in response to local environment disturbances.

𝜃i

Tracking
controller i

𝜃di

ui

Motor i

3. Main Results
In this section, we design control algorithms to satisfy the
conditions proposed in Section 2 and give the theoretical
analysis.

Consensus
controller i

ei−1
ei+1

𝜃i

ui∗

Figure 1: Structure diagram of the position controller.

𝑛×𝑛

Lemma 2 (see [39]). Given a matrix 𝐿 𝑛 = [𝑙𝑖𝑗 ] ∈ 𝑅 , where
𝑙𝑖𝑖 ≤ 0, 𝑙𝑖𝑗 ≥ 0, ∀𝑖 ≠ 𝑗, and ∑𝑛𝑗=1 𝑙𝑖𝑗 = 0 for each 𝑖, then 𝐿 𝑛
has at least one zero eigenvalue with an associated eigenvector
1𝑛 , and all nonzero eigenvalues are in the open left half plane.
Furthermore, 𝐿 𝑛 has exactly one zero eigenvalue if and only if
the directed graph of 𝐿 𝑛 has a directed spanning tree.
Corollary 3 (see [39]). The nonsymmetrical Laplacian matrix
𝐿 𝑛 of a directed graph has a simple zero eigenvalue with an
associated eigenvector 1𝑛 and all of the other eigenvalues are in
the open right half plane if and only if the directed graph has a
directed spanning tree.
Define synchronous coordinated matrix 𝐷 = [𝐷𝑖𝑗 ] ∈
𝑅𝑛×𝑛 (𝑖, 𝑗 = 1, 2, . . . , 𝑛), where
𝐷𝑖𝑗 = 𝜃𝑖 − 𝜃𝑗 .

(4)

Let 𝑒 = [𝑒1 𝑒2 ⋅ ⋅ ⋅ 𝑒𝑛 ]𝑇 represent the tracking error of each
member, where
𝑒𝑖 = 𝜃𝑖 − 𝜃𝐿

(𝑖 = 1, 2, . . . , 𝑛) .

(5)

Let 𝐸𝑖 = ∑𝑛𝑗=1,𝑗=𝑖̸ 𝑎𝑖𝑗 (𝜃𝑖 − 𝜃𝑗 ) be the element of 𝐸𝑛×1 , which
represents the synchronous coordinated error of each follower, and 𝐸𝑛×1 can be expressed in a vector form
𝐸 = (𝐴 ∘ 𝐷) 1𝑛×1 .

(6)

Here, operator ∘ expresses the Hadamard product of matrix.
Theorem 4. Consider the MMS (2) and suppose graphs 𝐺𝑛+1
and 𝐺𝑛 are connected and both have a spanning tree, under
normal circumstance; 𝑛 followers track the virtual leader if and
only if 𝑒 = 0; under abnormal circumstance, the followers
maintain consensus if and only if 𝐸 = 0.
Proof. From (5), 𝑒 = [𝑒𝑖 ]𝑛×1 = [𝜃𝑖 − 𝜃𝐿 ]𝑛×1 , and we have 𝑒 =
0 ⇔ 𝜃𝑖 = 𝜃𝐿 (𝑖 = 1, 2, . . . , 𝑛). Thus, each follower can follow
the motion state of virtual leader if and only if 𝑒 = 0.
Consider the related properties of adjacency matrix and
(5); (6) is equivalent to
𝐸 = (𝐴 ∘ 𝐷) 1𝑛×1 = 𝐿𝑒.

(7)

If we have 𝐸 = 0, according to Lemma 2 and Corollary 3,
we can also have 𝑒 ∈ span{1}, it means that each element of 𝑒 is nonzero and the same as the others; that is,

𝜃1 = ⋅ ⋅ ⋅ = 𝜃𝑖 = ⋅ ⋅ ⋅ = 𝜃𝑛 ≠ 𝜃𝐿 . It follows that 𝐸 = 0 infers
𝜃1 = ⋅ ⋅ ⋅ = 𝜃𝑖 = ⋅ ⋅ ⋅ = 𝜃𝑛 and vice versa. Therefore, we can
conclude that followers maintain consensus under abnormal
circumstance if and only if synchronous coordination error 𝐸
asymptotically converges to zero.
This completes the proof.
Our control scheme is composed by tracking control
under normal circumstance and coordinated consensus control under abnormal circumstance. The position controller
structure of the follower servomotor 𝑖 (𝑖 = 1, 2, . . . , 𝑛) is
shown in Figure 1. Define a state-dependent-switching law
1 𝑛 

{
{
𝑢
∑ 𝑒 − 𝑒  < 𝛿
{
𝑖
{
2 𝑖,𝑗=1  𝑖 𝑗 
{
(8)
𝑈𝑖 = {
{ ∗ 1 𝑛 

{


{
𝑢
𝑒
≥
𝛿,
−
𝑒
∑


{ 𝑖
2 𝑖,𝑗=1  𝑖 𝑗 
{
where 𝛿 is a positive constant, and 𝑢𝑖 and 𝑢𝑖∗ are designed as
equations (9) and (10).
The tracking control law of each motor is given by
𝑢𝑖 =

1
𝑏𝑖

(−𝜆 𝑖 𝑒𝑖̇ − 𝑎𝑖 𝜃𝑖̇ + 𝜃𝐿̈ − 𝐹𝑖 sgn (𝜎𝑖 )
−ℎ𝑖 (𝜎𝑖 + 𝛽𝑖 sgn (𝜎𝑖 )))

(9)

(𝑖 = 0, 1, . . . , 𝑛) ,
where the gains 𝜆 𝑖 , ℎ𝑖 , and 𝛽𝑖 are to be designed, 𝐹𝑖 is the
upper bound of 𝐹𝑖 , and sgn(𝜎𝑖 ) denotes a signum function,
where 𝜎𝑖 = 𝜆 𝑖 𝑒𝑖 + 𝑒𝑖̇ .
The consensus control law is given by
𝑑𝐸𝑖
(𝑖 = 1, 2, . . . , 𝑛) ,
𝑑𝑡
where the gains 𝑘𝑝 , 𝑘𝑖 , and 𝑘𝑑 are to be designed.
𝑢𝑖∗ = 𝑘𝑝 𝐸𝑖 + 𝑘𝑖 ∫ 𝐸𝑖 𝑑𝑡 + 𝑘𝑑

(10)

Theorem 5. Consider the MMS (2). Let each motor be steered
by the control input (8). Then choose arbitrary proper gains 𝑘𝑝 ,
𝑘𝑖 , 𝑘𝑑 , and 𝛿 and positive gains 𝜆 𝑖 , ℎ𝑖 , and 𝛽𝑖 satisfying 𝜆 𝑖 ℎ𝑖 >
1/4; the multimotor system asymptotically synchronizes with a
common evolution with the following:
(i) under normal circumstances, ‖𝜃𝑖 − 𝜃𝐿 ‖ → 0 (𝑖 = 1, 2,
. . . , 𝑛), as 𝑡 → ∞;
(ii) under abnormal circumstances, ‖𝜃𝑖 − 𝜃𝑗 ‖ → 0 (𝑖 = 1,
2, . . . , 𝑛), as 𝑡 → ∞.
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Proof. Case (i). Under the normal circumstances (i.e., when
unanticipated environmental disturbances can be tolerated
by followers, that is, (1/2) ∑𝑛𝑖,𝑗=1 |𝑒𝑖 − 𝑒𝑗 | < 𝛿), define vector
𝛼𝑖𝑇 = [𝑒𝑖 𝜎𝑖 ] .

(11)

Consider a Lyapunov function candidate

Motor 0 (L)
(virtual leader)

Motor 1

𝑛

(12)

1
𝑉𝑖 (𝑡) = 𝛼𝑖𝑇 𝛼𝑖
2

(13)

𝑖=1

where

which is a positive definite function and radially unbounded
with respect to 𝛼𝑖𝑇 .
Differentiating 𝑉(𝑡) with respect to time gives
𝑛

Motor 4

𝜆 𝑖 −1/2
Letting 𝑄𝑖 = [ −1/2
ℎ𝑖 ], we have |𝑄𝑖 | = 𝜆 𝑖 ℎ𝑖 − 1/4 and
supposing 𝜆 𝑖 ℎ𝑖 > 1/4, then, |𝑄𝑖 | > 0, 𝑄𝑖 is a positive definite
matrix
1
𝜆𝑖 − ] 𝑒
[
𝑇
𝛼𝑖 𝑄𝑖 𝛼𝑖 = [𝑒𝑖 𝜎𝑖 ] [ 1 2 ] [ 𝑖 ]
𝜎𝑖
−
ℎ𝑖
(17)
[ 2
]

= 𝜆 𝑖 𝑒𝑖2 − 𝑒𝑖 𝜎𝑖 + ℎ𝑖 𝜎𝑖2 .
Substituting (17) into (16) yields
𝑛

 
𝑉̇ (𝑡) ≤ ∑ (−𝛼𝑖𝑇 𝑄𝑖 𝛼𝑖 − ℎ𝑖 𝛽𝑖 𝜎𝑖 )

𝑉̇ (𝑡) = ∑𝛼𝑖𝑇 𝛼̇𝑖
𝑖=1

𝑖=1

𝑛

𝑛

≤ ∑ − 𝛼𝑖𝑇 𝑄𝑖 𝛼𝑖

(14)

𝑖=1

(18)

𝑖=1

𝑛

𝑛
 2
≤ ∑ − 𝜆 min (𝑄𝑖 ) 𝛼𝑖𝑇  ≤ 0,

= ∑ (𝑒𝑖 𝑒𝑖̇ + 𝜎𝑖 (𝜆 𝑖 𝑒𝑖̇ + 𝑒𝑖̈ )) .
𝑖=1

𝑖=1

From (2) and (5), we obtain
𝑒𝑖̈ = 𝜃𝑖̈ − 𝜃𝐿̈ = 𝑎𝑖 𝜃𝑖̇ + 𝑏𝑖 𝑢𝑖 + 𝐹𝑖 − 𝜃𝐿̈ .

Motor 3

Figure 2: Interaction topology among five motors where 𝜃𝐿 is available to all the followers.

𝑉 (𝑡) = ∑𝑉𝑖 (𝑡) ,

= ∑ (𝑒𝑖 𝑒𝑖̇ + 𝜎𝑖 𝜎𝑖̇ )

Motor 2

(15)

Substituting (15) and (9) into (14) yields
𝑛

𝑉̇ (𝑡) = ∑ (𝑒𝑖 𝑒𝑖̇ + 𝜎𝑖 (𝜆 𝑖 𝑒𝑖̇ + 𝑎𝑖 𝜃𝑖̇ + 𝑏𝑖 𝑢𝑖 + 𝐹𝑖 − 𝜃𝐿̈ ))
𝑖=1
𝑛

= ∑ [𝑒𝑖 𝑒𝑖̇ + 𝜎𝑖 (𝜆 𝑖 𝑒𝑖̇ + 𝑎𝑖 𝜃𝑖̇ + 𝐹𝑖 − 𝜃𝐿̈
𝑖=1

+ (−𝜆 𝑖 𝑒𝑖̇ − 𝑎𝑖 𝜃𝑖̇ + 𝜃𝐿̈ )
−𝐹𝑖 sgn (𝜎𝑖 ) − ℎ𝑖 (𝜎𝑖 + 𝛽𝑖 sgn (𝜎𝑖 )))]
𝑛

 
 
= ∑ (𝑒𝑖 𝑒𝑖̇ + 𝐹𝑖 𝜎𝑖 − 𝐹𝑖 𝜎𝑖  − ℎ𝑖 𝜎𝑖2 − ℎ𝑖 𝛽𝑖 𝜎𝑖 )
𝑖=1
𝑛

 
 
 
≤ ∑ (𝑒𝑖 (𝜎𝑖 − 𝜆 𝑖 𝑒𝑖 ) + (𝐹𝑖  − 𝐹𝑖 ) 𝜎𝑖  − ℎ𝑖 𝜎𝑖2 − ℎ𝑖 𝛽𝑖 𝜎𝑖 )

where 𝜆 min (𝑄𝑖 ) is the minimum eigenvalue of 𝑄𝑖 .
It implies that 𝑉(𝑡) ≤ 𝑉(0); that is, 𝑒𝑖 , 𝛿𝑖 are bounded;
𝑒𝑖̇ is bounded since 𝛿𝑖 is bounded. 𝑒𝑖̈ is bounded from (15)
and Assumption 1, and thus 𝑒𝑖̇ , 𝜎𝑖̇ are bounded, and then 𝑒𝑖 ,
𝜎𝑖 are uniformly continuous; from Barbalat lemma, 𝛼𝑖𝑇 =
[𝑒𝑖 𝜎𝑖 ] → 0 as 𝑡 → ∞; that is, 𝜃𝑖 → 𝜃𝐿 , which is equivalent
to ‖𝜃𝑖 − 𝜃𝐿 ‖ → 0.
Case (ii). Under the abnormal circumstances (i.e., when
unanticipated environmental disturbances cannot be tolerated by followers, at least one member fails to follow the
reference motion state; that is, it satisfies (1/2) ∑𝑛𝑖,𝑗=1 |𝑒𝑖 −𝑒𝑗 | ≥
𝛿), when (1/2) ∑𝑛𝑖,𝑗=1 |𝑒𝑖 − 𝑒𝑗 | is above a specified threshold 𝛿,
the system will switch to consensus control law 𝑢𝑖∗ which is
shown in (10), controller 𝑢𝑖∗ provides 𝐸 → 0, as the proof
of Theorem 4, and 𝐸 → 0 is equivalent to 𝑒1 = ⋅ ⋅ ⋅ = 𝑒𝑖 =
⋅ ⋅ ⋅ = 𝑒𝑛 ≠ 0 (i.e., 𝜃1 = ⋅ ⋅ ⋅ = 𝜃𝑖 = ⋅ ⋅ ⋅ = 𝜃𝑛 ). Thus
‖𝜃𝑖 − 𝜃𝑗 ‖ → 0, and all the followers maintain consensus. In
the regulation of switching law and consensus control law, the
system ultimately switches to tracking control and converges
to the leader again.
This completes the proof.

𝑖=1

4. Simulations

𝑛

 
≤ ∑ (−𝜆 𝑖 𝑒𝑖2 + 𝑒𝑖 𝜎𝑖 − ℎ𝑖 𝜎𝑖2 − ℎ𝑖 𝛽𝑖 𝜎𝑖 ) .
𝑖=1

(16)

In this section, three different cases are considered to validate
the theoretical results. The network topology of MMS (2)
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Table 1: Parameters of five driven motors.

Motor
𝑅 (Ω)
𝐾𝑡
𝐽 (Kg⋅m2 )
𝐾𝑒
Initial position (rad)

0 (𝐿)
0.2
0.005
0.02
0.1
0.5

1
0.5
0.01
0.03
0.2
−0.8

2
0.4
0.008
0.025
0.2
1.3

4

3
0.6
0.015
0.05
0.18
−2.0

4
0.7
0.02
0.04
0.25
−2.4

5
3
4

3
2.5
Tracking error (rad)

3

𝜃 (rad)

2
2
5.5

1

6

6.5

0

2
1
0
−1

−1
−2
−2

0

2

4

6

8

−3

10

0

2

4

Time (s)
𝜃d
𝜃L
𝜃1

𝜃2
𝜃3
𝜃4

e1
e2

8

10

6

8

10

e3
e4
(b)

(a)

5

60

4
40
3
2

20

1
F1

Synchronous cooperation error (rad)

6
Time (s)

0

0
−1

−20

−2
−40
−3
−4

0

2

4

6

8

10

Time (s)
E1
E2

−60

0

2

4
Time (s)

E3
E4
(c)

(d)

Figure 3: Simulation results for motor 1 with a slowly varying disturbance under protocol (8) corresponding to topology in Figure 2.

is shown in Figure 2. Apparently, it has a spanning tree in
this graph, for which the virtual leader 0(𝐿) acts as the root
node, and the reference state 𝜃𝐿 is available to all the
followers. Follower motor 1 is selected to be added to various
disturbances. The parameters of the five driven motors are
given in Table 1. Let each motor be steered by the control

input (8), set 𝛿 = 0.075, and let the consensus reference state
of virtual leader be 𝜃𝑑 = sin(2𝜋𝑡)rad.
From Figure 2, let
0 𝐵
],
𝐴=[
𝐶 𝐴

(19)
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2
−2.6

2 −2.8

𝜃 (rad)

4

4.1 4.2 4.3 4.4

Tracking error (rad)

−3
1

1

0
−1
−2

0
−1
−2
−3

−3
0

2

4

6

8

−4

10

0

2

4

Time (s)
𝜃d
𝜃L
𝜃1

𝜃2
𝜃3
𝜃4

e1
e2

8

10

6

8

10

e3
e4
(b)

(a)

5

50

4

45

3

40

2

35
30

1
F1

Synchronous cooperation error (rad)

6
Time (s)

0

25
20

−1

15

−2

10

−3
−4

5
0

2

4

6

8

10

Time (s)

0

0

2

4
Time (s)

E3
E4

E1
E2

(d)

(c)

Figure 4: Simulation results for motor 1 with a step disturbance under protocol (8) corresponding to topology in Figure 2.

and supposing all the neighbors have the same effect on each
motor, we have
𝑇

𝐵 = [0 0 0 0] ,
0
[0.5
𝐴=[
[0
[0

𝐶 = [1 1 1 1] ,
1
0
0.5
0

0
0.5
0
1

0
0]
].
0.5]
0]

the synchronous cooperation error of each follower. From
subplot 3(a), each follower can follow the reference state at
first. As the disturbance 𝐹1 increases gradually, motor 1 will
lose tracking. Simultaneously, from subplots 3(a) and 3(b), we
can see that other followers maintain consensus with motor 1
in this situation.
Case (2). In the second case, we consider a step disturbance

(20)
Case (1). In the first case, we choose a slowly varying disturbance that is shown in subplot 3(d). Subplot 3(a) shows the
position tracking of each motor, subplot 3(b) is the tracking
error of each team member, and subplot (c) in Figure 3 shows

0𝑁 ⋅ 𝑚 𝑡 < 2𝑠
𝐹1 = {
50𝑁 ⋅ 𝑚 𝑡 ≥ 2𝑠,

(21)

which is shown in subplot 4(d). It is obvious from subplot 4(a)
that the control protocol (8) is capable of tracking the virtual
leader and that the followers maintain a consensus state even
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3

4
2.6
2.4
2.2
2
1.8

2
1.5
𝜃 (rad)

1

3

2

Tracking error (rad)

2.5

2.2

0.5
0
−0.5

2
1
0
−1

−1
−2

−1.5
−2

0

2

4

6

8

−3

10

0

2

4

𝜃d
𝜃L
𝜃1

e1
e2

𝜃2
𝜃3
𝜃4

8

10

6

8

10

e3
e4
(b)

(a)

5

400

4

300

3

200

2

100

1
F1

Synchronous cooperation error (rad)

6
Time (s)

Time (s)

0

0
−100

−1

−200

−2

−300

−3

−400

−4
2

0

4

6

8

10

0

2

4
Time (s)

Time (s)
E1
E2

E3
E4
(d)

(c)

Figure 5: Simulation results for motor 1 with a high-frequency disturbance under protocol (8) corresponding to topology in Figure 2.

during a step disturbance. Subplot 4(b) corresponds to the
tracking error of each motor and subplot 4(c) corresponds to
the synchronous cooperation error of each follower.
Case (3). The third case considers a high-frequency disturbance shown in subplot 5(d). It is clear from subplot (a) in
Figure 5 that the control protocol (8) is capable of tracking the
virtual leader at first and followers maintain consensus even
during high-frequency disturbance 𝐹1 in 5(d). Subplot 5(b)
presents the tracking error of each motor, and subplot 5(c)
shows the synchronous cooperation error of each follower.

other relevant results which refer only to a final synchronization, our novel control strategy in this paper additionally
considers the synchronous process by integrating tracking
with consensus control based on hybrid structure. Theoretical
analysis has shown that all followers asymptotically converge
to a consistent state even when one follower fails to follow the
virtual leader during a large enough disturbance. Simulation
results show good performance of synchronization control
accuracy, interference immunity, and convergence for the
suggested algorithms.

5. Conclusion

Conflict of Interests

In this paper, we have studied approaches of improving
synchronous accuracy for multiple motors. Compared with

The authors declare that there is no conflict of interests
regarding the publication of this paper.

8

Acknowledgments
This work was supported by the Natural Science Foundation
of China (nos. 61273157, 61104024, and 61473117), Hunan Provincial Natural Science Foundation of China (nos. 13JJ8020
and 14JJ5024), and Hunan Province Education Department
(nos. 12A040 and 13CY018).

References
[1] S. Tang, “Application of shaftless drive in gravure,” Micromotors
Servo Technique, vol. 39, no. 5, pp. 69–74, 2006.
[2] M. Yang, “Analysis and simulation of winding tension control
system in shaftless web press,” in Proceeding of the 31st Chinese
Control Conference (CCC '12), pp. 1826–1830, Hefei, China, July
2012.
[3] Y. Xiao, Y. Pang, X. Ge, and J. Sun, “Synchronous control for
high-accuracy biaxial motion systems,” Journal of Control Theory and Applications, vol. 11, no. 2, pp. 294–298, 2013.
[4] C. Chen and L. Chen, “Robust cross-coupling synchronous
control by shaping position commands in multiaxes system,”
IEEE Transactions on Industrial Electronics, vol. 59, no. 12, pp.
4761–4773, 2012.
[5] L. Zeng and Z. Li, “Double-motor synchronous control system
based on deviation coupling strategy,” in Unifying Electrical
Engineering and Electronics Engineering, pp. 849–855, Springer,
2014.
[6] G. Liu, S. Li, and L. Zhang, “The synchronization control of the
hydraulic press brake based on the virtual shaft control algorithm,” Advanced Materials Research, vol. 383-390, pp. 574–579,
2012.
[7] R. G. Anderson, A. J. Meyer, M. A. Valenzuela, and R. D. Lorenz,
“Web machine coordinated motion control via electronic lineshafting,” IEEE Transactions on Industry Applications, vol. 37, no.
1, pp. 247–254, 2001.
[8] J. Toner and Y. Tu, “Flocks, herds, and schools: a quantitative
theory of flocking,” Physical Review E, vol. 58, no. 4, pp. 4828–
4858, 1998.
[9] W. Ren and R. W. Beard, “Consensus seeking in multiagent
systems under dynamically changing interaction topologies,”
IEEE Transactions on Automatic Control, vol. 50, no. 5, pp. 655–
661, 2005.
[10] H. Su, X. Wang, and Z. Lin, “Flocking of multi-agents with a
virtual leader,” IEEE Transactions on Automatic Control, vol. 54,
no. 2, pp. 293–307, 2009.
[11] T. Vicsek, A. Czirk, E. Ben-Jacob, I. Cohen, and O. Shochet,
“Novel type of phase transition in a system of self-driven
particles,” Physical Review Letters, vol. 75, no. 6, pp. 1226–1229,
1995.
[12] A. Jadbabaie, J. Lin, and A. S. Morse, “Coordination of groups of
mobile autonomous agents using nearest neighbor rules,” IEEE
Transactions on Automatic Control, vol. 48, no. 6, pp. 988–1001,
2003.
[13] J. Cortés, “Distributed algorithms for reaching consensus on
general functions,” Automatica, vol. 44, no. 3, pp. 726–737, 2008.
[14] G. Xie and L. Wang, “Consensus control for a class of networks
of dynamic agents,” International Journal of Robust and Nonlinear Control, vol. 17, no. 10-11, pp. 941–959, 2007.
[15] H. Su, X. Wang, G. Chen, and Z. Lin, “Adaptive secondorder consensus of networked mobile agents with nonlinear
dynamics,” Automatica, vol. 47, no. 2, pp. 368–375, 2011.

Mathematical Problems in Engineering
[16] W. He and J. Cao, “Consensus control for high-order multiagent systems,” IET Control Theory & Applications, vol. 5, no.
1, pp. 231–238, 2011.
[17] L. Wang and F. Xiao, “Finite-time consensus problems for
networks of dynamic agents,” IEEE Transactions on Automatic
Control, vol. 55, no. 4, pp. 950–955, 2010.
[18] M. Zhu and S. Martnez, “Discrete-time dynamic average consensus,” Automatica, vol. 46, no. 2, pp. 322–329, 2010.
[19] W. Ni and D. Cheng, “Leader-following consensus of multiagent systems under fixed and switching topologies,” Systems &
Control Letters, vol. 59, no. 3-4, pp. 209–217, 2010.
[20] J. Qin, H. Gao, and W. X. Zheng, “On average consensus in
directed networks of agents with switching topology and time
delay,” International Journal of Systems Science, vol. 42, no. 12,
pp. 1947–1956, 2011.
[21] F. Zhang and G. Duan, “Integrated relative position and attitude
control of spacecraft in proximity operation missions,” International Journal of Automation and Computing, vol. 9, no. 4, pp.
342–351, 2012.
[22] Y. Xia, Z. Zhu, M. Fu, and S. Wang, “Attitude tracking of rigid
spacecraft with bounded disturbances,” IEEE Transactions on
Industrial Electronics, vol. 58, no. 2, pp. 647–659, 2011.
[23] H. Su, X. Wang, and Z. Lin, “Synchronization of coupled harmonic oscillators in a dynamic proximity network,” Automatica,
vol. 45, no. 10, pp. 2286–2291, 2009.
[24] H. Su, M. Z. Q. Chen, X. Wang, H. Wang, and N. V. Valeyev,
“Adaptive cluster synchronisation of coupled harmonic oscillators with multiple leaders,” IET Control Theory & Applications,
vol. 7, no. 5, pp. 765–772, 2013.
[25] H. Su, Z. Rong, M. Z. Q. Chen, X. Wang, G. Chen, and H. Wang,
“Decentralized adaptive pinning control for cluster synchronization of complex dynamical networks,” IEEE Transactions on
Systems, Man, and Cybernetics B: Cybernetics, vol. 43, no. 1, pp.
394–399, 2013.
[26] H. Su, M. Z. Q. Chen, J. Lam, and Z. Lin, “Semi-global leaderfollowing consensus of linear multi-agent systems with input
saturation via low gain feedback,” IEEE Transactions on Circuits
and Systems I: Regular Papers, vol. 60, no. 7, pp. 1881–1889, 2013.
[27] H. Su, M. Z. Q. Chen, X. Wang, and J. Lam, “Semi-global
observer-based leader-following consensus with input saturation,” IEEE Transactions on Industrial Electronics, vol. 61, no. 6,
pp. 2842–2850, 2014.
[28] H. G. Tanner, A. Jadbabaie, and G. J. Pappas, “Flocking in
fixed and switching networks,” IEEE Transactions on Automatic
Control, vol. 52, no. 5, pp. 863–868, 2007.
[29] W. Yu, G. Chen, and M. Cao, “Distributed leader-follower
flocking control for multi-agent dynamical systems with timevarying velocities,” Systems & Control Letters, vol. 59, no. 9, pp.
543–552, 2010.
[30] K. L. Moore and D. Lucarelli, “Decentralized adaptive scheduling using consensus variables,” International Journal of Robust
and Nonlinear Control, vol. 17, no. 10-11, pp. 921–940, 2007.
[31] D. Zou, L. Gao, S. Li, J. Wu, and X. Wang, “A novel global harmony search algorithm for task assignment problem,” Journal of
Systems and Software, vol. 83, no. 10, pp. 1678–1688, 2010.
[32] Z. Meng, W. Ren, and Z. You, “Distributed finite-time attitude
containment control for multiple rigid bodies,” Automatica, vol.
46, no. 12, pp. 2092–2099, 2010.
[33] C. Xu, Y. Zheng, H. Su, C. Zhang, and M. Chen, “Necessary
and sufficient conditions for distributed containment control
of multi-agent systems without velocity measurement,” IET
Control Theory & Applications, 2014.

Mathematical Problems in Engineering
[34] W. Ren, “Consensus strategies for cooperative control of vehicle
formations,” IET Control Theory and Applications, vol. 1, no. 2,
pp. 505–512, 2007.
[35] A. Karimoddini, H. Lin, B. M. Chen, and T. H. Lee, “Hybrid formation control of the unmanned aerial vehicles,” Mechatronics,
vol. 21, no. 5, pp. 886–898, 2011.
[36] C. S. Ho, Q. H. Nguyen, Y. Ong, and X. Chen, “Autonomous
multi-agents in flexible flock formation,” Lecture Notes in
Computer Science, vol. 6459, pp. 375–385, 2010.
[37] H. Su, X. Wang, and G. Chen, “Rendezvous of multiple mobile
agents with preserved network connectivity,” Systems & Control
Letters, vol. 59, no. 5, pp. 313–322, 2010.
[38] W. P. Aung, “Analysis on modeling and Simulink of DC motor
and its driving system used for wheeled mobile robot,” World
Academy of Science, Engineering and Technology, vol. 32, pp.
299–306, 2007.
[39] W. Ren and R. W. Beard, Distributed Consensus in Multi-vehicle
Cooperative Control: Theory and Applications, Springer, New
York, NY, USA, 2007.

9

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 616024, 7 pages
http://dx.doi.org/10.1155/2014/616024

Research Article
Consensus of the Multiagent System with a Dynamic Leader
Based on Directed Topology Using Laplace Transform
Bo Liu,1 Fei Han,2 Yang Mei,3 and Xinmao Zhu1
1

College of Science, North China University of Technology, Beijing 100144, China
College of Mechanical and Electrical Engineering, North China University of Technology, Beijing 100144, China
3
Power Electronics and Motor Driving Engineering Center, North China University of Technology,
Beijing 100144, China
2

Correspondence should be addressed to Bo Liu; liubo2014@yeah.net
Received 26 June 2014; Accepted 19 July 2014; Published 5 August 2014
Academic Editor: Wei Zhang
Copyright © 2014 Bo Liu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
The consensus of the multiagent system with directed topology and a leader is investigated, in which the leader is dynamic. Based on
Laplace transform method, the accurate upper error bound between the leader and the followers can be obtained. It is also proved
that all agents of the system will aggregate and eventually form a cohesive cluster following the leader if the leader is globally
reachable. Finally, some simulation examples are given to illustrate the theoretical results.

1. Introduction
In recent years, the consensus problem of multiagent systems
has become a hot topic due to their broad applications, such
as cooperative unmanned air vehicles, automated highway
systems, air traffic control, and autonomous underwater
vehicles [1–22].
Various algorithms and models about multiagent systems
have been discussed based on different tasks or interests.
The leader-following system is one of the most interesting
topics in the motion control of the multiagent systems.
Vicsek et al. [1] proposed a simple model about autonomous
agents moving with a constant identical speed and tending
to the average direction of its neighbors. It is demonstrated
numerically that all the agents will move in the same direction
at the same speed eventually. Jadbabaie et al. [2] gave the
theoretical explanation for the numerical results of the Vicsek
model by algebraic graph theory. Based on the Vicsek model,
some researchers designed the leader-following model, where
the leader agent can be regarded as the control input used to
control the other agents in such system. Shi et al. [5] regarded
the reference signal as a virtual leader for guiding the agent

group to move at the desired constant velocity. Hong et al. [7]
discussed the leader-following system with variable coupling
topology. Olfati-Saber [3] used virtual leaders to accomplish
obstacle avoidance.
The coupling topology plays an important role in the
studies of multiagent systems. Because of the complexity
in the consensus analysis with directed topology, most
researchers focus on the undirected topology or balance
topology to simplify the problem [7–22]. In this paper, we
will discuss the consensus problem with directed topology
and give a weak condition for reaching network consensus.
According to Laplace transform, the accurate upper error
bound between the leader and followers can be calculated
and some assumptions needed in Lyapunov approach can be
simplified. Finally, some simulation examples are provided to
illustrate the theoretical results.
This paper is organized as follows. Section 2 proposes
the model formulation and some preliminaries of graph
theory. Section 3 gives the analysis of the convergence of the
model. Section 4 gives simulations of the theoretical results.
Finally, the main contribution of this paper is summarized in
Section 5.
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2. Model and Preliminaries
2.1. Model. Consider a multiagent system of 𝑛 + 1 agents,
where the leader is labeled with 0 and the followers are labeled
with 1, 2, . . . , 𝑛. The motion of the system is described by
𝑥𝑖̇ = − ∑ 𝑎𝑖𝑗 (𝑥𝑖 − 𝑥𝑗 ) + 𝑏𝑖 (𝑥0 − 𝑥𝑖 ) ,

Proof. If node 0 is globally reachable, the Laplacian matrix of
G can be written as
0 0 0
𝑙10 𝑙11 𝑙12
𝐿 = (𝑙20 𝑙21 𝑙22
.. .. ..
. . .
𝑙𝑛0 𝑙𝑛1 𝑙𝑛2

𝑖 = 1, 2, . . . , 𝑛,

𝑗∈N𝑖

(1)

𝑥0̇ = V (𝑡) ,
where 𝑥𝑖 ∈ R𝑚 represents the state of agent 𝑖; N𝑖 is the
neighbor set of agent 𝑖. 𝐴 = [𝑎𝑖𝑗 ] ∈ R𝑛×𝑛 is the coupling
matrix, where 𝑎𝑖𝑗 is the weight parameter with 𝑎𝑖𝑗 ≥ 0 and
𝑎𝑖𝑖 = 0. 𝑏𝑖 (𝑥0 − 𝑥𝑖 ) is the term performing attractive effect
from leader agent 0 to agent 𝑖. Define 𝐵 = diag{𝑏1 , 𝑏2 , . . . , 𝑏𝑛 } ∈
R𝑛×𝑛 . 𝑏𝑖 > 0 means agent 𝑖 can measure the information of
the leader with strength 𝑏𝑖 , while 𝑏𝑖 = 0 means there is no
information from the leader to agent 𝑖. V(𝑡) is the velocity of
the leader, which is a bounded function.
2.2. Preliminaries. To discuss the coordinated control among
the agents, graph theory is a very effective tool. Regard the
agent as a node and the connection link between any two
agents as an edge; the coupling topology is conveniently
described by a directed graph. Let G = (V, E, 𝐴) be a
weighted digraph of order 𝑛 with the set of nodes V =
{1, 2, 3, . . . , 𝑛} and set of arcs E ⊆ V × V. 𝐴 = [𝑎𝑖𝑗 ] is
adjacency matrix of graph G. An arc of G is denoted by (𝑖, 𝑗),
which starts from 𝑖 and ends at 𝑗. The set of neighbors of node
𝑖 is denoted by N𝑖 = {𝑗 ∈ V : (𝑖, 𝑗) ∈ E}. A digraph G
is strongly connected if there exists a path between any two
distinct nodes. For a node 𝑗, if there exists at least a path from
every other node 𝑖 in G to node 𝑗, we say that node 𝑗 is globally
reachable.
A diagonal matrix 𝐷 = diag{𝑑1 , 𝑑2 , . . . , 𝑑𝑛 } ∈ R𝑛×𝑛 is a
degree matrix of G with its diagonal elements 𝑑𝑖 = ∑𝑗∈N𝑖 𝑎𝑖𝑗 ,
𝑖 = 1, 2, . . . , 𝑛. Then the Laplacian of the weighted digraph
G(or matrix 𝐴) is defined as
𝐿 = 𝐷 − 𝐴 ∈ R𝑛×𝑛 .

(2)

In order to study the leader-following problem, a multiagent
system with directed topology is considered, which is consisting of 𝑛 agents and one leader. In G, if there exists at least one
path from every node in G to the leader, we say that the leader
is globally reachable in G.
It is easy to see that 𝐿 has a zero eigenvalue corresponding
to the right eigenvector 1 = (1, 1, . . . , 1)𝑇 .

Proof. The proof is similar to that of [3]; it is omitted here.
Lemma 3. The eigenvalues of 𝐿 + 𝐵 have positive real parts if
and only if the leader is a globally reachable node in digraph G.

(3)

According to Lemma 1, then rank(𝐿) = 𝑛.
Notice that the block matrix of 𝐿 is
𝑙11 𝑙12
𝑙21 𝑙22
( .. ..
. .
𝑙𝑛1 𝑙𝑛2

. . . 𝑙1𝑛
. . . 𝑙2𝑛
𝑛×𝑛
. )=𝐿+𝐵∈R .
d ..

(4)

. . . 𝑙𝑛𝑛

Then, we can have rank(𝐿 + 𝐵) = 𝑛, where 𝐿 is the Laplacian
matrix of G.

3. Coordinated Control Analysis
In this section, we focus on the coordinated control problem of model (1). Denote 𝑋 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 )𝑇 , 𝑋0 =
(𝑥0 , 𝑥0 , . . . , 𝑥0 )𝑇 , and 𝑉 = (V, V, . . . , V)𝑇 = 1V; then the model
can be rewritten into matrix form
𝑋̇ = −𝐿𝑋 − 𝐵 (𝑋 − 𝑋0 ) .

(5)

Based on system (5), we can derive the following theorem.
Theorem 4. If leader 0 is globally reachable in digraph G, all
the agents described by (1) will converge and form a cohesive
cluster following the leader asymptotically. Moreover, the errors
between the leader and followers will be included in a fixed
bound.
Proof. To solve this problem, we introduce the Laplace
transform, succinctly denoted by L(⋅) in this paper. System
(5) can be transformed as
𝑋̇ − 𝑋̇ 0 = − (𝐿 + 𝐵) (𝑋 − 𝑋0 ) − 𝑉.

(6)

Define 𝑋 − 𝑋0 = 𝑌 as the error vector; then (6) can be written
as
𝑌̇ = − (𝐿 + 𝐵) 𝑌 − 𝑉.

(7)

Applying L to (7), then we have

Lemma 1 (see [9]). A digraph G has a globally reachable node
if and only if 0 is a simple eigenvalue of 𝐿 (i.e., rank(𝐿) = 𝑛−1).
Lemma 2. The nonzero eigenvalues of 𝐿 have positive real
parts.

... 0
. . . 𝑙1𝑛
. . . 𝑙2𝑛 ) ∈ R(𝑛+1)×(𝑛+1) .
.
d ..
. . . 𝑙𝑛𝑛

̇ = L (− (𝐿 + 𝐵) 𝑌 − 𝑉) .
L (𝑌)

(8)

[𝑠𝐼𝑛 + (𝐿 + 𝐵)] L (𝑌) = 𝑌 (0) − L (𝑉) .

(9)

That is,

For simplicity, denote L(𝑌) = Y(𝑠) and L(𝑉) = V(𝑠),
where 𝑠 is the Laplace variable; then
[𝑠𝐼𝑛 + (𝐿 + 𝐵)] Y (𝑠) = 𝑌 (0) − V (𝑠) .

(10)
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According to Cramer rule, we can get solutions of (10):

in (14) are irreducible. Applying Heaviside’s Method, (14) can
be expanded into

𝑖

Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]
Y𝑖 (𝑠) =
,
Δ [𝑠𝐼𝑛 + (𝐿 + 𝐵)]

𝑖 = 1, 2, . . . , 𝑛,

(11)

Y𝑖 (𝑠) =

where 𝐼𝑛 is the identity matrix of order 𝑛; Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]𝑖 is
the determinant of matrix 𝑠𝐼𝑛 +(𝐿+𝐵) in which the 𝑖th column
has been replaced by 𝑌(0) − V(𝑠); and Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)] is the
determinant of matrix 𝑠𝐼𝑛 + (𝐿 + 𝐵). We can separate (11) into
two parts as follows:
𝑖

Y𝑖 (𝑠) =

+

= L [V (𝑡)] ⋅ Δ[𝑠𝐼𝑛 + (𝐿 +

𝑖
𝐵)]3 ,

Y𝑖 (𝑠) =

Δ[𝑠𝐼𝑛 + (𝐿 +
−
Δ [𝑠𝐼𝑛 + (𝐿 + 𝐵)]

𝑖

L [V (𝑡)] Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]3
Δ [𝑠𝐼𝑛 + (𝐿 + 𝐵)]

𝑃 (𝑠) L [V (𝑡)] 𝑃𝑖3 (𝑠)
= 𝑖1
−
.
𝑄 (𝑠)
𝑄 (𝑠)

𝜆1, 𝜆2, . . . , 𝜆𝑗,

(15)

with multiplicity as 𝑝, 𝑞, . . . , 𝑟. So we have
𝑞

𝑟

Δ (𝑠𝐼 + 𝐿 + 𝐵) = (𝑠 + 𝜆 1 ) (𝑠 + 𝜆 2 ) ⋅ ⋅ ⋅ (𝑠 + 𝜆 𝑗 ) .

𝑖
𝑐2(𝑞−1)
(𝑞−1)

(𝑠 + 𝜆 2 )
𝑟

𝑖
𝑐𝑗1

𝑝

(𝑠 + 𝜆 1 )

𝑖
𝑑2𝑞

(𝑟−1)

(𝑠 + 𝜆 𝑗 )

− L [V (𝑡)]

(𝑠 + 𝜆 𝑗 )
𝑖
𝑑1𝑝

𝑖
𝑐21
(𝑠 + 𝜆 2 )

𝑖
𝑐𝑗(𝑟−1)

+

(𝑠 + 𝜆 𝑗 )

+ ⋅⋅⋅ +

𝑖
𝑑1(𝑝−1)

+

+ ⋅⋅⋅ +

(𝑝−1)

(𝑠 + 𝜆 1 )
+

𝑞

(𝑠 + 𝜆 2 )

𝑖
𝑑2(𝑞−1)
(𝑞−1)

(𝑠 + 𝜆 2 )

𝑖
𝑑11
(𝑠 + 𝜆 1 )

+ ⋅⋅⋅

𝑖
𝑖
𝑑𝑗𝑟
𝑑21
+
+ ⋅⋅⋅ +
𝑟
(𝑠 + 𝜆 2 )
(𝑠 + 𝜆 𝑗 )

+

𝑖
𝑑𝑗(𝑟−1)
(𝑟−1)

(𝑠 + 𝜆 𝑗 )

+ ⋅⋅⋅ +

𝑖
𝑑𝑗1

(𝑠 + 𝜆 𝑗 )

),
(17)

where
𝑖
𝑐1𝑘
=


𝑑𝑝−𝑘
(𝑝−𝑘) 𝑃𝑖1 (𝑠) 
[(𝑠
+
𝜆
)
]
 ,
1
𝑄 (𝑠) 𝑠=𝜆 1
𝑑𝑠𝑝−𝑘

𝑘 = 1, 2, . . . , 𝑝,

𝑖
=
𝑐2𝑘


𝑑𝑞−𝑘
(𝑞−𝑘) 𝑃𝑖1 (𝑠) 
[(𝑠
+
𝜆
)
]
 ,
2
𝑄 (𝑠) 𝑠=𝜆 2
𝑑𝑠𝑞−𝑘

𝑘 = 1, 2, . . . , 𝑞,

..
.
𝑖
=
𝑐𝑗𝑘


(𝑟−𝑘) 𝑃𝑖1 (𝑠) 
𝑑𝑟−𝑘
 ,
]
[(𝑠
+
𝜆
)
𝑗
𝑄 (𝑠) 𝑠=𝜆 𝑗
𝑑𝑠𝑟−𝑘

𝑘 = 1, 2, . . . , 𝑟,

𝑖
𝑑1𝑘
=


𝑑𝑝−𝑘
(𝑝−𝑘) 𝑃𝑖3 (𝑠) 
]
[(𝑠
+
𝜆
)
 ,
1
𝑄 (𝑠) 𝑠=𝜆 1
𝑑𝑠𝑝−𝑘

𝑘 = 1, 2, . . . , 𝑝,

𝑖
=
𝑑2𝑘


𝑑𝑞−𝑘
(𝑞−𝑘) 𝑃𝑖3 (𝑠) 
[(𝑠
+
𝜆
)
]
 ,
2
𝑄 (𝑠) 𝑠=𝜆 2
𝑑𝑠𝑞−𝑘

𝑘 = 1, 2, . . . , 𝑞,

..
.

(16)

If the fractional expressions in (14) are reducible, we
should make reduction of the fraction expressions. In the following discussion, we assume that the fractional expressions

𝑞

(𝑝−1)

+

𝑖
𝑐11
(𝑠 + 𝜆 1 )

+ ⋅⋅⋅ +

(𝑠 + 𝜆 1 )

𝑖
𝑐𝑗𝑟

+

(14)

According to Lemma 3, the eigenvalues of 𝐿 + 𝐵 have positive
real parts, denoted as

𝑝

×(

(13)

where Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]𝑖3 is the determinant of matrix 𝑠𝐼𝑛 +
(𝐿 + 𝐵) in which the 𝑖th column has been replaced by 1.
Since Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]𝑖1 , Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]𝑖3 , and Δ[𝑠𝐼𝑛 +(𝐿+𝐵)]
are polynomials about 𝑠, for simplicity, we denote 𝑃𝑖1 (𝑠) =
Δ(𝑠𝐼 + 𝐿)𝑖1 , 𝑃𝑖3 (𝑠) = Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]𝑖3 , and 𝑄(𝑠) = Δ(𝑠𝐼 + 𝐿),
respectively. Then (12) can be rewritten as
𝑖
𝐵)]1

(𝑠 + 𝜆 2 )

+ ⋅⋅⋅ +

(12)

𝑖
𝑐1(𝑝−1)

+

𝑖
𝑐2𝑞

+ ⋅⋅⋅ +

where Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]𝑖1 is the determinant of matrix 𝑠𝐼𝑛 +
(𝐿 + 𝐵) in which the 𝑖th column has been replaced by 𝑌(0);
Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]𝑖2 is the determinant of matrix 𝑠𝐼𝑛 + (𝐿 + 𝐵)
in which the 𝑖th column has been replaced by V(𝑠). Because
V(𝑠) = L[V(𝑡)]1, determinant Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]𝑖2 can be
transformed as
Δ[𝑠𝐼𝑛 + (𝐿 +

𝑝

(𝑠 + 𝜆 1 )

𝑖

Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]1 Δ[𝑠𝐼𝑛 + (𝐿 + 𝐵)]2
−
,
Δ [𝑠𝐼𝑛 + (𝐿 + 𝐵)] Δ [𝑠𝐼𝑛 + (𝐿 + 𝐵)]

𝑖
𝐵)]2

𝑖
𝑐1𝑝

𝑖
=
𝑑𝑗𝑘


(𝑟−𝑘) 𝑃𝑖3 (𝑠) 
𝑑𝑟−𝑘
 ,
[(𝑠
+
𝜆
)
]
𝑗
𝑄 (𝑠) 𝑠=𝜆 𝑗
𝑑𝑠𝑟−𝑘

𝑘 = 1, 2, . . . , 𝑟.
(18)
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Applying Inverse Laplace transform to (17), we obtain
𝑖
𝑦𝑖 (𝑡) = (𝑐11
+

+

𝑖
(𝑐21

𝑖

𝑖
𝑐1𝑝
𝑐12
𝑡 + ⋅⋅⋅ +
𝑡(𝑝−1) ) 𝑒(−𝜆 1 𝑡)
1!
(𝑝 − 1)!

5

0

𝑖

𝑐2𝑞
𝑐𝑖
+ 22 𝑡 + ⋅ ⋅ ⋅ +
𝑡(𝑞−1) ) 𝑒(−𝜆 2 𝑡) + ⋅ ⋅ ⋅
1!
(𝑞 − 1)!

𝑖
+ (𝑐𝑗1
+

𝑖
𝑐𝑗2

1!

𝑡

𝑡 + ⋅⋅⋅ +

𝑖
+ ∫ [(𝑑11
+
0

𝑖
𝑐𝑗𝑟

(𝑟 − 1)!

𝑡(𝑟−1) ) 𝑒(−𝜆 𝑗 𝑡)

−5

−10

𝑖
𝑖
𝑑1𝑝
𝑑12
𝜉(𝑝−1) ) 𝑒(−𝜆 1 𝜉)
𝜉 + ⋅⋅⋅ +
1!
(𝑝 − 1)!

𝑖
+ (𝑑21
+

X

−15

5

0

10

T

𝑖

𝑖
𝑑2𝑞 (𝑞−1)
𝑑22
)
𝜉
𝜉 + ⋅⋅⋅ +
1!
(𝑞 − 1)!

Figure 1: Errors between leader and followers about system (1), in
which 0 is globally reachable in G and V(𝑡) = 1.3.

× 𝑒(−𝜆 2 𝜉) + ⋅ ⋅ ⋅
𝑖
+
+ (𝑑𝑗1

𝑖
𝑑𝑗2

1!

𝜉 + ⋅⋅⋅ +

𝑖
𝑑𝑗𝑟

(𝑟 − 1)!

Since as 𝑡 → +∞, we have 𝑒(−𝜆𝑡) → 0, then we can get the
following inequality:

𝜉(𝑟−1) )



𝑦𝑖 (𝑡)

× 𝑒(−𝜆 𝑗 𝜉) ] V (𝑡 − 𝜉) 𝑑𝜉.
(19)

𝑖 

𝑑𝑗𝑟
+⋅⋅⋅ + 𝑞 + ⋅⋅⋅ +
+ 2 + ⋅ ⋅ ⋅ + 𝑟 
𝜆𝑗
𝜆 𝑗 
𝜆𝑗
𝜆2


According to integral property, it is easy to have
𝑖
𝑦𝑖 (𝑡) ≤ (𝑐11
+

𝑖
𝑑2𝑞

𝑖

𝑖
𝑐1𝑝
𝑐12
𝑡(𝑝−1) ) 𝑒(−𝜆 1 𝑡)
𝑡 + ⋅⋅⋅ +
1!
(𝑝 − 1)!

𝑖
+ (𝑐21
+

𝑖
+ (𝑐𝑗1
+

𝑖

1!

𝑡 + ⋅⋅⋅ +

𝑖
𝑐𝑗𝑟

(𝑟 − 1)!

𝑡(𝑟−1) ) 𝑒(−𝜆 𝑗 𝑡) + |V (𝑡)|

 𝑡
𝑖
𝑖

𝑑1𝑝
𝑑12
𝑖


× ∫ [(𝑑11 +
𝜉(𝑝−1) ) 𝑒(−𝜆 1 𝜉)
𝜉 + ⋅⋅⋅ +
1!
(𝑝 − 1)!
 0

𝑖
+ (𝑑21
+

𝑖
𝑑2𝑞

𝑖
𝑑22
𝜉(𝑞−1) )
𝜉 + ⋅⋅⋅ +
1!
(𝑞 − 1)!

+

+

𝑖
𝑑𝑗2

1!

𝜉 + ⋅⋅⋅ +



×𝑒(−𝜆 𝑗 𝜉) ] 𝑑𝜉 .



𝑖
𝑑𝑗𝑟

(𝑟 − 1)!

𝑖
𝑑𝑗2

(21)

as 𝑡 → +∞ where 𝜀 is a function close to 0, 𝐻 is the
𝑖
𝑖
/𝜆 1 ) + (𝑑12
/𝜆21 ) + ⋅ ⋅ ⋅ +
upper bound of V(𝑡), and 𝑀𝑖 = |(𝑑11
𝑝
𝑞
𝑖
𝑖
𝑖
2
𝑖
𝑖
(𝑑1𝑝 /𝜆 1 )+(𝑑21 /𝜆 2 )+(𝑑22 /𝜆 2 )+⋅ ⋅ ⋅+(𝑑2𝑞 /𝜆 2 )+⋅ ⋅ ⋅+(𝑑𝑗1
/𝜆 𝑗 )+
𝑖
𝑖
/𝜆2𝑗 ) + ⋅ ⋅ ⋅ + (𝑑𝑗𝑟
/𝜆𝑟𝑗 )|. It shows that the upper bound of
(𝑑𝑗2
𝑦𝑖 (𝑡) is influenced by V(𝑡) and the coupling matrix 𝐴. Define
𝑀 = max𝑖=1,2,...,𝑛 {𝑀𝑖 } and choose 𝜀 = 0; we have
 


𝑥𝑖 (𝑡) − 𝑥0 (𝑡) = 𝑦𝑖 (𝑡) ≤ 𝐻𝑀,

(22)

as 𝑡 → +∞. Then, any agent of the system will enter into a
region with the leader as the center bounded by 𝐻𝑀 within
sufficient time.
This completes the proof.

× 𝑒(−𝜆 2 𝜉) + ⋅ ⋅ ⋅
𝑖
(𝑑𝑗1

𝑖
𝑑𝑗1

= 𝜀 + 𝐻𝑀𝑖 ,

𝑖
𝑐2𝑞
𝑐22
𝑡(𝑞−1) ) 𝑒(−𝜆 2 𝑡) + ⋅ ⋅ ⋅
𝑡 + ⋅⋅⋅ +
1!
(𝑞 − 1)!
𝑖
𝑐𝑗2

 𝑖
𝑖
𝑖
𝑖
 𝑑
𝑑1𝑝
𝑑𝑖
𝑑21
𝑑22
≤ 𝜀 + 𝐻  11 + 12
+
⋅
⋅
⋅
+
+
+
𝑝
𝜆2
𝜆21
𝜆22
 𝜆 1
𝜆1


𝜉(𝑟−1) )

(20)

Remark 1. In Theorem 4, the error between the leader 0 and
any agent is bounded. If the velocity of leader is zero, we can
get that the error will tend to zero, which implies that all
the agents will asymptotically approach the same states of the
leader. If the velocity of the leader is nonzero and bounded, it
is easy to see that the states and velocities of all the followers
will keep in a bounded region following the leader.
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Figure 2: Errors between leader and followers about system (1), in
which 0 is globally reachable in G and V(𝑡) = 1.5 + 2 sin(4𝑡).
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Figure 4: Trajectories of the agents about system (1), in which 0 is
globally reachable in G and V(𝑡) = 0.7 + sin(𝑡).
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4. Numerical Simulations
In order to verify the above theoretical analysis, we present
some numerical simulations to illustrate the systems. These
simulations are performed with ten followers and one leader,
and the initial positions of the agents are chosen randomly.
The coupling matrix 𝐴 is given based on certain conditions.
Figures 1, 2, and 3 show the errors between leader and
followers about system (1), under different coupling topology
and control. It is easy to see that the states of the error are
contained in a bounded region. Figures 4 and 5 depict the
trajectories of the agents in 2-dimensional Euclidian space. If
leader agent in the coupling topology is globally reachable,
then the followers in the system will reach synchronization
with the leader within sufficient time. Figures 6 and 7 show
the trajectories of the agents in 3-dimensional Euclidian
space, in which the states of the followers are influenced by

20

40

60

80

X

T

Figure 3: Errors between leader and followers about system (1), in
which 0 is globally reachable in G and V(𝑡) = 0.7.

0

Figure 5: Trajectories of the agents about system (1), in which 0 is
globally reachable in G and V(𝑡) = 0.7.

the state of leader, and all agents in the system can achieve
consensus eventually.

5. Conclusion
In this paper, we have investigated the coordinated control
of leader-following multiagent systems. It is proved that
the agents of the systems will aggregate and form a cluster
following the leader asymptotically. Meanwhile, we have
studied the coupling topology among the agents in the
general case. The systems considered in this paper can better
reflect the collective behavior in practice. It is clear that
the ideas and approaches about graph theory and linear
dynamical system theory will play an important role in the
analysis of the multiagent system. Finally, simulations give an
effective demonstration of the leader-following systems.
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In high stakes situations decision-makers are often risk-averse and decision-making processes often take place in group settings.
This paper studies multiagent decision-theoretic planning under Markov decision processes (MDPs) framework with considering
the change of agent’s risk attitude as his wealth level varies. Based on one-switch utility function that describes agent’s risk attitude
change with his wealth level, we give the additive and multiplicative aggregation models of group utility and adopt maximizing
expected group utility as planning objective. When the wealth level approaches infinity, the characteristics of optimal policy are
analyzed for the additive and multiplicative aggregation model, respectively. Then a backward-induction method is proposed to
divide the wealth level interval from negative infinity to initial wealth level into subintervals and determine the optimal policy
in states and subintervals. The proposed method is illustrated by numerical examples and the influences of agent’s risk aversion
parameters and weights on group decision-making are also analyzed.

1. Introduction
Decision-theoretic planning is to compute optimal policy
that is formed by courses of action to maximize expected
reward with considering actions that have uncertain outcomes [1]. In high stakes situations with the possibility of
high wins and losses, such as emergency and crisis response,
business and investment decision, military battle, and lottery,
decision-makers are often risk-averse. In the risk-sensitive
decisions, exponential utility function is one of the typical
utility functions to model decision-maker’s risk aversion and
maximizing expected utility is the most commonly used rule
instead of maximizing expected reward. However, the risk
attitude of a decision-maker modeled by exponential utility
function is independent of his wealth level and does not
change as his wealth level varies, while in reality personal
risk attitude often changes with his wealth level [2–4]. Bell
proposes a kind of utility function, named one-switch utility
function, to model an agent who is always risk-averse but
becomes risk neutral as his wealth increases [2]. Bell and
Fishburn take further studies on the characteristics of a form

of one-switch utility function that is a combination of linear
utility function and exponential utility function [5]. Liu
and Koenig give a form of one-switch utility function with
considering agent’s risk aversion parameter 𝛾 (0 < 𝛾 < 1);
that is, 𝑢(𝑤) = 𝑤 − 𝐷𝛾𝑤 , where 𝑤 denotes the wealth level
and 𝐷 is a parameter to adjust tradeoff between risk neutrality
and risk aversion. This form of one-switch utility function
not only describes the change of agent’s risk attitude, but also
presents the degree of agent’s risk aversion by the quantitative
risk aversion parameter 𝛾 [6–8].
For decision-theoretic planning problems, Markov decision processes (MDPs) framework is adopted broadly as an
underlying model. Howard and Matheson in their seminal
paper introduce risk-sensitive MDPs based on maximizing
the expected exponential utility [9]. In the follow-up related
studies structural properties of optimal solution and algorithms to compute optimal policy are investigated based
on exponential utility function [10–12]. If an agent is risksensitive, it is necessary to consider the possible change of
agent’s risk attitude when his wealth level varies and further
influence on the decisions in the next stage. Liu and Koenig
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study Markov decision processes with considering agent’s
risk-sensitive attitude modeled by one-switch utility function
and propose an exact backward-induction algorithm to
compute optimal policy [8].
In reality decision-making processes often take place
in group settings due to a single decision-maker’s limited
decision-making ability. For the group decision-making
problem, group utility is usually got by aggregating personal
utilities and then group decisions are made based on the
group utility. The aggregation methods include additive
value model and multiplicative value rule. Other methods
such as multiobjective linear programming [13], fuzzy sets
method [14, 15], and interactive approach [16, 17] are used to
aggregate individual decision information including attribute
weights and attribute values into group decisions. Besides,
some researches on group decision-making problem take
time into consideration. Xu investigates multistage multiattribute group decision-making problems in which the weight
information on a collection of attributes and the decision
information on a finite set of alternatives with respect to the
attributes are collected at different stages [18].
This paper focuses on decision-theoretic planning problem in which sequential decisions are made by a group
of risk-sensitive members. Considering agent’s risk-sensitive
attitude and wealth level, this paper studies the risk-sensitive
multiagent decision-theoretic planning problem based on
one-switch utility function and MDP framework. Two group
utility functions based, respectively, on additive value model
and multiplicative value model of one-switch utility functions
are given. Backward-induction algorithms for these two
kinds of group utility functions to compute optimal policy of
risk-sensitive group decision-making under MDP framework
are proposed.
The rest of this paper is organized as follows. One-switch
utility function and risk-sensitive MDP model augmented
with wealth level are introduced in Section 2. In Section 3,
additive and multiplicative aggregation model of one-switch
utility functions are given. We analyze the characteristics of
optimal policy when the wealth level approaches negative
infinity for additive and multiplicative aggregation model,
respectively, in Section 3. In Section 4, detailed backwardinduction algorithms are proposed to solve the multiagent
decision-theoretic planning problem based, respectively, on
additive and multiplicative aggregation model. Numerical
examples are used to illustrate the proposed method and
analyze the influences of agent’s risk aversion parameters
and weights on group decision-making in Section 5. Finally,
a conclusion of this paper and suggested topics for future
research are presented in Section 6.

2. Risk-Sensitive MDP Model
Augmented with Wealth Level
2.1. One-Switch Utility Function. One-switch utility function
is a kind of utility function to describe the change of agent’s
risk attitude as his wealth level varies. In detail, there exists a
wealth level 𝑤; when the agent’s wealth level is below 𝑤, the
agent is risk-averse, but when his wealth level increases and
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becomes higher than 𝑤, the agent becomes risk neutral. For
agent 𝑖, one-switch utility function given by Liu and Koenig
is shown as follows [6–8]:
𝑢𝑖 (𝑤) = 𝑤 − 𝐷𝑖 𝛾𝑖 𝑤 = 𝑢𝑙 + 𝐷 ⋅ 𝑢𝑖,𝑒 (𝑤) ,

(1)

where 𝑤 is wealth level, 𝛾𝑖 is agent 𝑖’s risk aversion parameter,
and 0 < 𝛾𝑖 < 1. 𝐷𝑖 is a constant that provides an
adjustable tradeoff between risk neutrality (linear term) and
risk aversion (exponential term). 𝑢𝑙 = 𝑤 is a linear utility
function. 𝑢𝑖,𝑒 (𝑤) = −𝛾𝑖 𝑤 is agent 𝑖’s exponential utility
function.
2.2. Risk-Sensitive MDP Model Augmented with Wealth
Level. In the paper goal directed Markov decision problem
(GDMDP) is adopted as underlying model of decisiontheoretic planning problem [8]. GDMDP is a kind of MDP
with a finite set of goal states. When an agent reaches a
goal state, he stops acting and receives no more rewards
thereafter. One-switch utility function is used to describe
the agent’s risk-sensitive attitude and maximizing expected
utility is adopted as planning objective instead of maximizing
expected reward. As wealth level is included in the one-switch
utility function, it is necessary to consider the wealth level as
a component of the system state of GDMDP.
Formally, a GDMDP consists of a finite set of states 𝑆 with
wealth levels 𝑊, so the augmented state set of GDMDP is
denoted by (𝑆, 𝑊). Goal state set is (𝐺, 𝑊), where 𝐺 ⊆ 𝑊.
Nongoal state set is (𝑆 , 𝑊), where 𝑆 = 𝑆 \ 𝐺.
The agent’s action set is 𝐴 𝑠 . The agent chooses an action
𝑎 ∈ 𝐴 𝑠 to execute in its current state 𝑠 ∈ 𝑆.
The agent’s execution of action 𝑎 in state 𝑠 results in a finite
reward 𝑟(𝑠, 𝑎, 𝑠 ) and a transition to successor state 𝑠 ∈ 𝑆 with
probability 𝑃(𝑠 | 𝑠, 𝑎). In the paper only cost is considered
and assumed reward is strictly negative, 𝑟(𝑠, 𝑎, 𝑠 ) < 0.
We also use 𝑠𝑡 and 𝑎𝑡 to denote the state and action at time
step 𝑡 (𝑡 = 0, 1, 2, . . .). 𝑟𝑡 = 𝑟(𝑠𝑡 , 𝑎𝑡 , 𝑠𝑡+1 ) is used to denote the
reward for executing action 𝑎𝑡 . After the agent reaches a goal
state, 𝑟𝑡 = 0.
𝑤𝑡 = 𝑤0 + ∑𝑖=𝑡−1
𝑖=0 𝑟𝑖 is the agent’s wealth level at time step
𝑡, where the initial wealth level is denoted by 𝑤0 .
For the MDP model augmented with wealth level, the
optimal policy maps every combination of a state 𝑠 ∈ 𝑆 and
wealth level 𝑤 to an action 𝑎 ∈ 𝐴 𝑠 that an agent in state 𝑠 with
wealth level 𝑤 should execute to maximize expected utility.
For agent 𝑖’s exponential utility function 𝑢𝑖,𝑒 (𝑤)
𝜋
(𝑠, 𝑤) =
and all policies 𝜋, we define the value V𝑖,𝑒
𝜋
lim𝑡 → ∞ 𝐸𝑠,𝑤 [𝑢𝑖,𝑒 (𝑤𝑡 )] as the expected exponential utility
of agent 𝑖 with initial state 𝑠 and initial wealth level 𝑤 that
follows policy 𝜋.
∗
𝜋
(𝑠, 𝑤) = max𝜋 V𝑖,𝑒
(𝑠, 𝑤) is defined
The optimal value V𝑖,𝑒
as the highest possible expected exponential utility of agent 𝑖
∗
(𝑠, 𝑤)
with initial state 𝑠 and initial wealth level 𝑤. Assume V𝑖,𝑒
is finite for all state 𝑠 ∈ 𝑆 and wealth levels 𝑤.
∗
(𝑠, 𝑤) is defined as a policy with
An optimal policy 𝜋𝑖,𝑒
𝜋∗

∗
(𝑠, 𝑤) for all state 𝑠 ∈ 𝑆 and wealth levels 𝑤.
V𝑖,𝑒𝑖,𝑒 (𝑠, 𝑤) = V𝑖,𝑒
Similarly, for linear utility function 𝑢𝑙 (𝑤), we use V𝑙𝜋 (𝑠, 𝑤),
V𝑙∗ (𝑠, 𝑤), and 𝜋𝑙∗ (𝑠, 𝑤) to denote expected utility, optimal
value, and optimal policy, respectively.
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It is worth noting that differently from Liu and Koenig [8],
the paper focuses on the decision-making in group setting.
So the value function in MDP will be replaced by group
utility function which is the aggregation of personal oneswitch utilities and the planning objective is to maximize the
expected group utility.

Next, we will derive the relationship between the expected
group utility and the expected personal linear and exponential utility for the additive aggregation model.
For all policies 𝜋, the expected group utility of the
additive aggregation model of one-switch utility functions is
presented as follows:
𝜋
[𝑢 (𝑤𝑡 )]
V𝜋 (𝑠, 𝑤) = lim 𝐸𝑠,𝑤

3. Utility Aggregation Model of
One-Switch Utility Functions

𝑡→∞

𝜋
[𝑢𝑙 (𝑤𝑡 ) + 𝑘1 𝐷1 𝑢1,𝑒 (𝑤𝑡 )
= lim 𝐸𝑠,𝑤
𝑡→∞

Group utility is the aggregation of personal utilities. The common methods include additive value model and multiplicative value model. In the following sections we will discuss
additive and multiplicative value model for the aggregation
of personal one-switch utility functions, respectively.

+ 𝑘2 𝐷2 𝑢2,𝑒 (𝑤𝑡 )
+ ⋅ ⋅ ⋅ + 𝑘𝑛 𝐷𝑛 𝑢𝑛,𝑒 (𝑤𝑡 )]
𝜋
[𝑢𝑙 (𝑤𝑡 )]
= lim 𝐸𝑠,𝑤
𝑡→∞

𝜋
[𝑘1 𝐷1 𝑢1,𝑒 (𝑤𝑡 )]
+ lim 𝐸𝑠,𝑤

3.1. Additive Aggregation Model of One-Switch Utility Functions. In general, additive aggregation model of group utility
is defined as follows:

𝑡→∞

𝜋
[𝑘𝑛 𝐷𝑛 𝑢𝑛,𝑒 (𝑤𝑡 )]
+ ⋅ ⋅ ⋅ + lim 𝐸𝑠,𝑤
𝑡→∞

𝑛

𝑢 (𝑤) = ∑𝑘𝑖 𝑢𝑖 (𝑤) ,

(2)

𝑡−1

𝑖=1

𝜋
[𝑤 + ∑𝑟𝑖 ]
= lim 𝐸𝑠,𝑤
𝑡→∞

where 𝑘𝑖 is the weight of agent 𝑖’s utility, 0 < 𝑘𝑖 < 1, and
∑𝑛𝑖=1 𝑘𝑖 = 1.
Thus the additive aggregation model of one-switch utility
functions is defined as follows:

+

[𝑘1 𝐷1 𝛾1

(6)
𝑤+∑𝑡−1
𝑖=0 𝑟𝑖

]

𝜋
+ ⋅ ⋅ ⋅ + lim 𝐸𝑠,𝑤
[𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤+∑𝑖=0 𝑟𝑖 ]

𝑢 (𝑤) = ∑𝑘𝑖 𝑢𝑖 (𝑤)

𝑡→∞

(3)

𝑖=1

𝑡−1

𝜋
[∑𝑟𝑖 ]
= 𝑤 + lim 𝐸𝑠,𝑤

= 𝑤 − 𝑘1 𝐷1 𝛾1 𝑤 − 𝑘2 𝐷2 𝛾2 𝑤 − ⋅ ⋅ ⋅ − 𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤 .

𝑡→∞

According to MDP, the expected group utility for all policies
𝜋 and state (𝑠, 𝑤) is presented as follows:

𝑖=0

𝑡−1

𝜋
+ 𝑘1 𝐷1 𝛾1 𝑤 lim 𝐸𝑠,𝑤
[𝛾1 ∑𝑖=0 𝑟𝑖 ]
𝑡→∞

V𝜋 (𝑠, 𝑤) = 𝑢 (𝑤)

𝑡−1

𝜋
+ ⋅ ⋅ ⋅ + 𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤 lim 𝐸𝑠,𝑤
[𝛾𝑛 ∑𝑖=0 𝑟𝑖 ]

𝑤

𝑡→∞

− 𝑘2 𝐷2 𝛾2 𝑤 − ⋅ ⋅ ⋅ − 𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤

=𝑤+

∀𝑠 ∈ 𝐺, ∀𝑤

𝑠 ∈𝑆

⋅ V𝜋 (𝑠 , 𝑤 + 𝑟 (𝑠, 𝜋 (𝑠, 𝑤) , 𝑠 ))

∀𝑠 ∈ 𝑆 , ∀𝑤.
(4)

𝜋
(𝑠) + 𝑘1 𝐷1 𝛾1 𝑤 V1,𝑒
(𝑠)

𝜋
(𝑠) satisfy the following policy-evaluation
where V𝑙𝜋 (𝑠) and V𝑖,𝑒
equations, respectively, [8, 19, 20]:

V𝑙𝜋 (𝑠) = 0

𝑠∈𝐺

V𝑙𝜋 (𝑠) = ∑ 𝑃 (𝑠 | 𝑠, 𝜋 (𝑠)) [𝑟 (𝑠, 𝜋 (𝑠) , 𝑠 ) + V𝑙𝜋 (𝑠 )]
𝜋
V𝑖,𝑒
(𝑠) = − 1 𝑠 ∈ 𝐺

V∗ (𝑠, 𝑤) = 𝑢 (𝑤)
= 𝑤 − 𝑘1 𝐷1 𝛾1 𝑤



𝜋
𝜋
V𝑖,𝑒
(𝑠 )]
(𝑠) = ∑ 𝑃 (𝑠 | 𝑠, 𝜋 (𝑠)) [𝛾𝑖 𝑟(𝑠,𝜋(𝑠),𝑠 ) ⋅ V𝑖,𝑒

− 𝑘2 𝐷2 𝛾2 𝑤 − ⋅ ⋅ ⋅ − 𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤

𝑠 ∈ 𝑆

𝑠 ∈𝑆

Then, the optimal value V∗ (𝑠, 𝑤) is presented as follows:

𝑠 ∈ 𝑆 .

𝑠 ∈𝑆

∀𝑠 ∈ 𝐺, ∀𝑤

(7)

V∗ (𝑠, 𝑤) = max ∑ 𝑃 (𝑠 | 𝑠, 𝑎)
𝑠 ∈𝑆

⋅ V∗ (𝑠 , 𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 ))

V𝑙𝜋

𝜋
+ ⋅ ⋅ ⋅ + 𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤 V𝑛,𝑒
(𝑠) ,

V𝜋 (𝑠, 𝑤) = ∑ 𝑃 (𝑠 | 𝑠, 𝜋 (𝑠, 𝑤))

𝑎∈𝐴 𝑠

lim 𝐸𝜋
𝑡 → ∞ 𝑠,𝑤

𝑡−1

𝑛

= 𝑤 − 𝑘1 𝐷1 𝛾1

𝑖=0

∀𝑠 ∈ 𝑆 , ∀𝑤.
(5)

From the above policy-evaluation equation (6), we obtain
the relationship between V𝜋 (𝑠, 𝑤) and expected linear utility
𝜋
(𝑠) for
V𝑙𝜋 (𝑠) and expected personal exponential utility V𝑖,𝑒
𝜋
𝜋
(𝑠) are
the additive aggregation model, where V𝑙 (𝑠) and V𝑖,𝑒
independent of the wealth level 𝑤.
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3.2. Multiplicative Aggregation Model of One-Switch Utility
Functions. In the paper we adopt the following multiplicative
aggregation model of group utility:
𝑛

𝑛

𝑖=1

𝑖=1,𝑗>𝑖

𝑢 (𝑤) = ∑𝑘𝑖 𝑢𝑖 (𝑤) + ∑ 𝑘𝑖𝑗 𝑢𝑖 (𝑤) 𝑢𝑗 (𝑤)

(8)

+ ⋅ ⋅ ⋅ + 𝑘123⋅⋅⋅𝑛 𝑢1 (𝑤) 𝑢2 (𝑤) ⋅ ⋅ ⋅ 𝑢𝑛 (𝑤) ,
where 𝑘1 , 𝑘2 , . . . , 𝑘𝑛 , 𝑘12 , 𝑘23 , . . . , 𝑘123⋅⋅⋅𝑛 are constants and 0 <
𝑘𝑖 < 1.
For simplicity, in the paper we only consider the case
𝑛 = 2. For 𝑛 > 2, the derivation of multiplicative aggregation
model is similar.
For 𝑛 = 2, multiplicative aggregation model of one-switch
utility functions is simplified as follows:
𝑢 (𝑤) = 𝑘1 𝑢1 (𝑤) + 𝑘2 𝑢2 (𝑤) + 𝑘12 𝑢1 (𝑤) 𝑢2 (𝑤)
= 𝑘12 𝑤2 − 𝑘12 𝐷1 𝑤𝛾1 𝑤 − 𝑘12 𝐷2 𝑤𝛾2 𝑤
𝑤

+ 𝑘12 𝐷1 𝐷2 (𝛾1 𝛾2 ) + 𝑘1 𝑤 + 𝑘2 𝑤

(9)

− 𝑘1 𝐷1 𝛾1 𝑤 − 𝑘2 𝐷2 𝛾2 𝑤 .
∗

According to MDP, the optimal value V (𝑠, 𝑤) is presented as
follows:
V∗ (𝑠, 𝑤) = 𝑢 (𝑤)

∀𝑠 ∈ 𝐺, ∀𝑤

∗

To solve the optimal policy of the additive and multiplicative
aggregation model of one-switch utility functions, backwardinduction method is adopted. In the paper the value range
of wealth level is a continuous interval (−∞, 𝑤0 ]; we first
compute the optimal policy when wealth level 𝑤 → −∞
∗
. Then increase the wealth level
that is represented by 𝜋−∞
∗
until 𝜋−∞ is no longer an optimal policy and get a wealth
level threshold. Increase further the wealth level and get
the next wealth level threshold similarly. The backwardinduction method ends when the wealth level is larger than
initial wealth level 𝑤0 . Thus the continuous wealth level
interval is divided into subintervals by the thresholds. We
use ((𝑠, (𝑤𝑖 , 𝑤𝑖+1 ]), 𝑎) to denote action 𝑎 executed in state 𝑠
and wealth level interval (𝑤𝑖 , 𝑤𝑖+1 ] (𝑤𝑖 denotes a wealth level
threshold and 𝑖 = 0, 1, 2, . . .). In this section we will analyze
the characteristics of optimal policy when the wealth level 𝑤
approaches negative infinity for additive and multiplicative
aggregation model, respectively.
Lemma 1. For additive aggregation model of one-switch utility
functions, if agent 𝑖 is the most risk-averse one, that is, 𝛾𝑖 < 𝛾𝑗 ,
for any 𝑗 ≠ 𝑖, 𝑖, 𝑗 = 1, 2, . . . , 𝑛, then
∗
lim V∗ (𝑠, 𝑤) 𝛾𝑖 −𝑤 = 𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠)

𝑤 → −∞



V (𝑠, 𝑤) = max ∑ 𝑃 (𝑠 | 𝑠, 𝑎)
𝑎∈𝐴 𝑠

4. Preparation for
Backward-Induction Method

(13)

(10)

𝑠 ∈𝑆

⋅ V∗ (𝑠 , 𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 ))

∀𝑠 ∈ 𝑆 , ∀𝑤.

Proof. For all optimal policies 𝜋∗ , we have

For the multiplicative aggregation model of one-switch utility
functions and all policies 𝜋, the expected group utility is

∗

lim V∗ (𝑠, 𝑤) 𝛾𝑖 −𝑤 = lim V𝜋 (𝑠, 𝑤) 𝛾𝑖 −𝑤

𝑤 → −∞

𝜋
[𝑢 (𝑤𝑡 )]
V𝜋 (𝑠, 𝑤) = lim 𝐸𝑠,𝑤

𝑤 → −∞

𝑡→∞

=

lim 𝐸𝜋
𝑡 → ∞ 𝑠,𝑤

∗

[𝑘1 𝑢1 (𝑤) + 𝑘2 𝑢2 (𝑤) + 𝑘12 𝑢1 (𝑤) 𝑢2 (𝑤)]

= lim [𝑤𝛾𝑖 −𝑤 + V𝑙𝜋 (𝑠) 𝛾𝑖 −𝑤 + 𝑘1 𝐷1 (
𝑤 → −∞

𝜋
𝜋
= 𝑘1 lim 𝐸𝑠,𝑤
[𝑢1 (𝑤)] + 𝑘2 lim 𝐸𝑠,𝑤
[𝑢2 (𝑤)]
𝑡→∞

+

for all states 𝑠 ∈ 𝑆.

∗

𝜋
+ ⋅ ⋅ ⋅ + 𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠) + ⋅ ⋅ ⋅ + 𝑘𝑛 𝐷𝑛 (

𝑡→∞

𝜋
𝑘12 lim 𝐸𝑠,𝑤
𝑡→∞

𝛾1 𝑤 𝜋∗
) V1,𝑒 (𝑠)
𝛾𝑖

𝜋
[𝑢1 (𝑤)] ⋅ lim 𝐸𝑠,𝑤
[𝑢2 (𝑤)] .
𝑡→∞

𝛾𝑛 𝑤 𝜋∗
) V𝑛,𝑒 (𝑠)] .
𝛾𝑖
(14)

(11)
𝜋
[𝑢𝑖 (𝑤)] = 𝑤 + V𝑙𝜋 (𝑠) +
According to the fact that lim𝑡 → ∞ 𝐸𝑠,𝑤
𝑤 𝜋
𝐷1 𝛾1 V𝑖,𝑒 (𝑠) [8], we have
𝜋
V𝜋 (𝑠, 𝑤) = 𝑘1 (𝑤 + V𝑙𝜋 (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒
(𝑠))
𝜋
+ 𝑘2 (𝑤 + V𝑙𝜋 (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒
(𝑠))
𝜋
+ 𝑘12 (𝑤 + V𝑙𝜋 (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒
(𝑠))

As 𝛾𝑗 /𝛾𝑖

𝜋∗
(𝑠)
𝛾𝑖 )𝑤 V𝑗,𝑒

>

1, 𝑗 ≠ 𝑖, we can derive lim𝑤 → −∞ 𝑘𝑗 𝐷𝑗 (𝛾𝑗 /

= 0.

∗

𝜋
∗
Thus lim𝑤 → −∞ V∗ (𝑠, 𝑤)𝛾𝑖 −𝑤 = 𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠) ≤ 𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠).
∗
On the other hand, for all optimal policies 𝜋𝑖,𝑒 , according
to the fact that V∗ (𝑠, 𝑤) ≥ V𝜋 (𝑠, 𝑤) for all policies 𝜋, we have

(12)

𝜋
× (𝑤 + V𝑙𝜋 (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒
(𝑠)) .

From the above policy-evaluation equation (12), we obtain
the relationship between expected group utility V𝜋 (𝑠, 𝑤) and
expected linear utility V𝑙𝜋 (𝑠) and expected personal exponen𝜋
(𝑠) for the multiplicative aggregation model.
tial utility V𝑖,𝑒

∗

lim V∗ (𝑠, 𝑤) 𝛾𝑖 −𝑤 ≥ lim V𝜋𝑖,𝑒 (𝑠, 𝑤) 𝛾𝑖 −𝑤

𝑤 → −∞

𝑤 → −∞
𝜋∗

= lim [𝑤𝛾𝑖 −𝑤 + V𝑙 𝑖,𝑒 (𝑠) 𝛾𝑖 −𝑤
𝑤 → −∞

+ 𝑘1 𝐷1 (

𝛾1 𝑤 𝜋𝑖,𝑒∗
) V1,𝑒 (𝑠)
𝛾𝑖
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𝜋∗

𝜋∗

𝜋∗

= lim 𝛾3 −𝑤 [𝑘1 (𝑤 + V𝑙 3,𝑒 (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒3,𝑒 (𝑠))

+ ⋅ ⋅ ⋅ + 𝑘𝑖 𝐷𝑖 V𝑖,𝑒𝑖,𝑒 (𝑠)

𝑤 → −∞

𝛾 𝑤 𝜋∗
+ ⋅ ⋅ ⋅ + 𝑘𝑛 𝐷𝑛 ( 𝑛 ) V𝑛,𝑒𝑖,𝑒 (𝑠)]
𝛾𝑖

𝜋∗

𝜋∗

+ 𝑘2 (𝑤 + V𝑙 3,𝑒 (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒3,𝑒 (𝑠))
𝜋∗

𝜋∗

+ 𝑘12 (𝑤 + V𝑙 3,𝑒 (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒3,𝑒 (𝑠))

∗
= 𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠) .

(15)
Therefore, the lemma holds.

𝜋∗

𝜋∗

Lemma 1 implies that the optimal policy for the additive
aggregation model of one-switch utility functions is the
same as the most risk-averse agent’s optimal policy for the
exponential utility function as the wealth level 𝑤 → −∞.
Lemma 2. For multiplicative aggregation model of one-switch
∗
(𝑠) for
utility functions, lim𝑤 → −∞ V∗ (𝑠, 𝑤)𝛾3 −𝑤 = 𝑘12 𝐷1 𝐷2 V3,𝑒
∗
all states 𝑠 ∈ 𝑆 and 𝛾3 = 𝛾1 𝛾2 , where V3,𝑒 (𝑠, 𝑤) is the highest
expected exponential utility with risk aversion parameter 𝛾3 .
Proof. For all optimal policies 𝜋∗ , we have

𝜋∗

× (𝑤 + V𝑙 3,𝑒 (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒3,𝑒 (𝑠))]
𝜋∗

∗
= 𝑘12 𝐷1 𝐷2 V1,𝑒3,𝑒 (𝑠) V2,𝑒3,𝑒 (𝑠) = 𝑘12 𝐷1 𝐷2 V3,𝑒
(𝑠) .

(18)
Therefore, the lemma holds.
Lemma 2 implies that the optimal policy for the multiplicative aggregation of one-switch utility functions is the
same as the optimal policy for a virtual agent’s exponential
utility function as the wealth level 𝑤 → −∞. The virtual
agent’s risk aversion parameter is the product of every agent’s
risk aversion parameter in the group.

∗

lim V∗ (𝑠, 𝑤) 𝛾3 −𝑤 = lim V𝜋 (𝑠, 𝑤) 𝛾3 −𝑤

𝑤 → −∞

5. Division of Wealth Level Interval and
Backward-Induction Method

𝑤 → −∞

∗

∗

𝜋
= lim 𝛾3 −𝑤 [𝑘1 (𝑤 + V𝑙𝜋 (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒
(𝑠))
𝑤 → −∞

+ 𝑘2 (𝑤 +

∗
V𝑙𝜋

(𝑠) +

𝜋∗
𝐷2 𝛾2 𝑤 V2,𝑒

∗

(𝑠))

∗

𝜋
+ 𝑘12 (𝑤 + V𝑙𝜋 (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒
(𝑠))
∗

∗

𝜋
× (𝑤 + V𝑙𝜋 (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒
(𝑠))] .
(16)

As 𝛾𝑖 /𝛾3 > 1, 𝑖 = 1, 2,
𝜋∗
(𝑠) = 0, lim𝑤 → −∞ 𝑘𝑖 𝐷𝑖 𝑤(𝛾𝑖 /
Then lim𝑤→−∞ 𝑘𝑖 𝐷𝑖 (𝛾𝑖 /𝛾3 )𝑤 V𝑖,𝑒
𝑤 𝜋∗
𝛾3 ) V𝑖,𝑒 (𝑠) = 0.
Therefore,
lim V∗ (𝑠, 𝑤) 𝛾3 −𝑤
∗

𝜋
𝜋
= 𝑘12 𝐷1 𝐷2 V1,𝑒
(𝑠) V2,𝑒
(𝑠)
∗

𝑡−1

𝑡−1

𝜋
𝜋
[𝛾1 ∑𝑖=0 𝑟𝑖 ] ⋅ lim 𝐸𝑠,𝑤
[𝛾2 ∑𝑖=0 𝑟𝑖 ]
= 𝑘12 𝐷1 𝐷2 lim 𝐸𝑠,𝑤
𝑤 → −∞

=

𝜋∗
𝑘12 𝐷1 𝐷2 lim 𝐸𝑠,𝑤
𝑤 → −∞

𝑤 → −∞

[(𝛾1 𝛾2 )

∑𝑡−1
𝑖=0 𝑟𝑖

]

∗

𝑤 → −∞

(19)

𝑖 = 1, 2, . . . 𝑛.

Please see Appendix A for the proof of Theorem 3.

∗
, according to
On the other hand, for all optimal policies 𝜋3,𝑒
∗
𝜋
the fact that V (𝑠, 𝑤) ≥ V (𝑠, 𝑤) for all policies 𝜋, we have

≥ lim V𝜋3,𝑒 (𝑠, 𝑤) 𝛾3 −𝑤

∗

∗
𝜋
V𝑖,𝑒
(𝑠, 𝑤) = V𝑖,𝑒
(𝑠) ,
∗

(17)

lim V∗ (𝑠, 𝑤) 𝛾3 −𝑤

∗

V𝑙∗ (𝑠, 𝑤) = V𝑙𝜋 (𝑠) ,

V∗ (𝑠, 𝑤) = V𝜋 (𝑠, 𝑤) ,

∗
≤ 𝑘12 𝐷1 𝐷2 V3,𝑒
(𝑠) .

𝑤 → −∞

5.1. The Case of Additive Aggregation Model. For the additive
aggregation model of one-switch utility functions, we first
give the following theorem to prove the existence of a wealth
level threshold 𝑤 and then give the backward-induction
algorithm.
Theorem 3. For all optimal policies 𝜋∗ , there exists a wealth
level threshold 𝑤 such that it holds for all states 𝑠 ∈ 𝑆 and all
wealth levels 𝑤 ≤ 𝑤 that

𝑤 → −∞

∗

The above section gives the optimal policy as the wealth level
approaches negative infinity for additive and multiplicative
aggregation model of one-switch utility functions, respectively. The next step is to divide the wealth level interval and
determine the wealth level thresholds and optimal policies in
the intervals by using backward-induction method. In this
section we will discuss the backward-induction method in
the cases of additive and multiplicative aggregation model.

Theorem 3 shows the existence of the wealth level threshold 𝑤. Next we will show how to determine the wealth level
threshold 𝑤.
∗
when wealth level 𝑤 → −∞,
After getting 𝜋−∞
∗
assume 𝜋−∞ is the optimal policy for the wealth level
interval (−∞, 𝑤]; then for wealth level 𝑤 in the interval
(𝑤, min𝑎∈𝐴 𝑠 (𝑤 − 𝑟(𝑠, 𝑎, 𝑠 ))], where 𝑟(𝑠, 𝑎, 𝑠 ) is the reward got
∗
is no longer the optimal
by executing one step action, 𝜋−∞
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policy, and assume 𝜋 is the optimal policy; according to (5);
for all nongoal states, we have
V∗ (𝑠, 𝑤) = max ∑ 𝑃 (𝑠 | 𝑠, 𝑎)
𝑎∈𝐴 𝑠

⋅V

𝑠 ∈𝑆

∗
𝜋−∞

(20)




(𝑠 , 𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 )) .

Step 1. By maximizing the expected exponential utility, get
∗
of the most risk-averse agent when
the optimal policy 𝜋𝑖,𝑒
𝑤 → −∞.

As 𝑤 + 𝑟(𝑠, 𝑎, 𝑠 ) < 𝑤,
V∗ (𝑠, 𝑤)

Step 2. According to (6), we have

∗

= max ∑ 𝑃 (𝑠 | 𝑠, 𝑎) ⋅ V𝜋−∞ (𝑠 , 𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 ))
𝑎∈𝐴 𝑠

𝑠 ∈𝑆

𝜋∗

∗
𝜋−∞

= max ∑ 𝑃 (𝑠 | 𝑠, 𝑎) ⋅ (𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 ) + V𝑙
𝑎∈𝐴 𝑠

After getting 𝑤, the next step is to divide further the wealth
level interval (𝑤, 𝑤0 ] into subintervals and solve the optimal
policy for each subinterval similarly to the above algorithm.
The main procedure of the backward-induction algorithm for
group decision-making in the case of additive aggregation
model is listed as follows.

𝑎∈𝐴 𝑖,𝑒 (𝑠)

(𝑠)

𝑠 ∈𝑆



+⋅⋅⋅ +

𝜋∗

+ 𝑘1 𝐷1 𝛾1 𝑤+𝑟(𝑠,𝑎,𝑠 ) V1,𝑒−∞ (𝑠)


∗

𝜋−∞
+ ⋅ ⋅ ⋅ + 𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤+𝑟(𝑠,𝑎,𝑠 ) V𝑛,𝑒
(𝑠))
𝜋∗

𝜋∗

= max [𝑤 + V𝑙 −∞ (𝑠, 𝑎) + 𝑘1 𝐷1 𝛾1 𝑤 V1,𝑒−∞ (𝑠, 𝑎)
𝑎∈𝐴 𝑠

∗

𝜋−∞
+ ⋅ ⋅ ⋅ + 𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤 V𝑛,𝑒
(𝑠, 𝑎)] ,

where
V𝑙∗ (𝑠, 𝑎) = ∑ 𝑃 (𝑠 | 𝑠, 𝑎) [𝑟 (𝑠, 𝑎, 𝑠 ) + V𝑙∗ (𝑠 )] ,
𝑠 ∈𝑆



∗
∗
V𝑖,𝑒
(𝑠 )] .
(𝑠, 𝑎) = ∑ 𝑃 (𝑠 | 𝑠, 𝑎) [𝛾𝑖 𝑟(𝑠,𝑎,𝑠 ) V𝑖,𝑒

(22)

∗
For 𝑠 ∈ 𝑆 \ 𝐺, 𝑎𝑗 ∈ 𝐴 𝑠 \ 𝜋−∞
(𝑠), because the optimal policy

∗
is 𝜋 , not 𝜋−∞ now under assumption, we have
∗

∗
∗
∑ 𝑃 (𝑠 | 𝑠, 𝜋−∞
(𝑠)) ⋅ V𝜋−∞ (𝑠 , 𝑤 + 𝑟 (𝑠, 𝜋−∞
(𝑠) , 𝑠 ))
∗

(23)

𝑠 ∈𝑆

or, equivalently,
𝜋∗

𝜋∗

∗
∗
𝑤 + V𝑙 −∞ (𝑠, 𝜋−∞
(𝑠)) + 𝑘1 𝐷1 𝛾1 𝑤 V1,𝑒−∞ (𝑠, 𝜋−∞
(𝑠))

≥𝑤+

𝜋∗
V𝑙 −∞

+ ⋅⋅⋅ +

(𝑠, 𝑎𝑗 ) +

𝜋∗
𝑘1 𝐷1 𝛾1 𝑤 V1,𝑒−∞

∗
𝜋−∞
𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤 V𝑛,𝑒

(24)

(𝑠, 𝑎𝑗 )

min

∗
(𝑠)
𝑠∈𝑠 𝑎𝑗 ∈𝐴 𝑠 \𝜋−∞

𝜋∗

𝜋∗

∗

𝜋−∞
(𝑠, 𝑎) by (7); then get 𝑤𝜋−∞
of V𝑙 −∞ (𝑠, 𝑎), V1,𝑒−∞ (𝑠, 𝑎), . . . , V𝑛,𝑒
∗ ,𝑠,𝑎
𝑗
by Expression (24).

Step 5. For the wealth level interval (𝑤, 𝑤0 ], increase further
the wealth level according to the reward got by executing
one step action, and determine the wealth level threshold and
optimal policy similarly to the above steps.
Step 6. If, for all 𝑠 ∈ 𝑠 , the wealth level 𝑤 is larger than 𝑤0 ,
then end the algorithm.
5.2. The Case of Multiplicative Aggregation Model. For the
multiplicative aggregation model of one-switch utility functions, we also have the following theorem that shows the
existence of a wealth level threshold 𝑤.

∗

V𝑙∗ (𝑠, 𝑤) = V𝑙𝜋 (𝑠) ,

∗

∗
𝜋
V𝑖,𝑒
(𝑠, 𝑤) = V𝑖,𝑒
(𝑠) ,
∗

(𝑠, 𝑎𝑗 ) .

min (𝑤0 , 𝑤𝜋−∞
∗ ,𝑠,𝑎 ) .
𝑗



where 𝐴∗𝑖,𝑒 (𝑠) = arg max𝑎∈𝐴 𝑠 ∑𝑠∈𝑆 𝑃(𝑠 | 𝑠, 𝑎)[𝛾𝑖 𝑟(𝑠,𝑎,𝑠 ) ⋅
∗ 
V𝑖,𝑒
(𝑠 )]; get the optimal value V∗ (𝑠, 𝑤) and the values of
∗
∗
∗
(𝑠), V2,𝑒
(𝑠), . . . , V𝑛,𝑒
(𝑠), V𝑙∗ (𝑠) for all states 𝑠 ∈ 𝑠 when 𝑤 →
V1,𝑒
−∞.

V∗ (𝑠, 𝑤) = V𝜋 (𝑠, 𝑤) ,

We can get a wealth level threshold 𝑤𝜋−∞
∗ ,𝑠,𝑎 in equality case
𝑗
of the above weak inequality.
From the algorithm above, we can get the wealth level
threshold 𝑤:
𝑤 = min

(𝑠, 𝑎)} ,

Theorem 4. For all optimal policies 𝜋∗ , there exists a wealth
threshold 𝑤. For any state 𝑠 ∈ 𝑆 , wealth level 𝑤 ≤ 𝑤,

∗

𝜋−∞
∗
(𝑠, 𝜋−∞
+ ⋅ ⋅ ⋅ + 𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤 V𝑛,𝑒
(𝑠))

(26)

Step 4. Calculate the wealth level threshold 𝑤 according to
(25).

𝑠 ∈𝑆

≥ ∑ 𝑃 (𝑠 | 𝑠, 𝑎𝑗 ) ⋅ V𝜋−∞ (𝑠 , 𝑤 + 𝑟 (𝑠, 𝑎𝑗 , 𝑠 ))

𝜋∗
𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤 V𝑛,𝑒𝑖,𝑒

∗
(𝑠), get the values
Step 3. For all states 𝑠 ∈ 𝑠 , 𝑎 ∈ 𝐴 𝑠 \ 𝜋−∞

(21)

𝑠 ∈𝑆

𝜋∗

{𝑤 + V𝑙 𝑖,𝑒 (𝑠, 𝑎) + 𝑘1 𝐷1 𝛾1 𝑤 V1,𝑒𝑖,𝑒 (𝑠, 𝑎)
V∗ (𝑠, 𝑤) = max
∗

(25)

(27)

𝑖 = 1, 2.

Please see Appendix B for the proof of Theorem 4.
Similarly to additive aggregation model, we determine the
wealth level threshold 𝑤 for the multiplicative aggregation
∗
is the optimal policy for the
model. Assume that 𝜋−∞
wealth level interval (−∞, 𝑤]; then for the wealth level 𝑤 in
∗
is no longer
the interval (𝑤, min𝑎∈𝐴 𝑠 (𝑤 − 𝑟(𝑠, 𝑎, 𝑠 ))], 𝜋−∞
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the optimal policy, and assuming 𝜋 is the optimal policy,
according to (10), for all nongoal states, we have

𝜋∗

𝜋∗

⋅V

𝑠 ∈𝑆

∗
𝜋−∞

𝜋∗

+ 𝑘2 (𝑤 + V𝑙 −∞ (𝑠, 𝑎𝑗 ) + 𝐷2 𝛾2 𝑤 V2,𝑒−∞ (𝑠, 𝑎𝑗 ))

V∗ (𝑠, 𝑤) = max ∑ 𝑃 (𝑠 | 𝑠, 𝑎)
𝑎∈𝐴 𝑠

𝜋∗

≤ 𝑘1 (𝑤 + V𝑙 −∞ (𝑠, 𝑎𝑗 ) + 𝐷1 𝛾1 𝑤 V1,𝑒−∞ (𝑠, 𝑎𝑗 ))

(28)


𝜋∗

𝜋∗

+ 𝑘12 (𝑤 + V𝑙 −∞ (𝑠, 𝑎𝑗 ) + 𝐷1 𝛾1 𝑤 V1,𝑒−∞ (𝑠, 𝑎𝑗 ))



(𝑠 , 𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 )) .

𝜋∗

𝜋∗

× (𝑤 + V𝑙 −∞ (𝑠, 𝑎𝑗 ) + 𝐷2 𝛾2 𝑤 V2,𝑒−∞ (𝑠, 𝑎𝑗 )) .

As 𝑤 + 𝑟(𝑠, 𝑎, 𝑠 ) < 𝑤,

(31)

V∗ (𝑠, 𝑤) = max ∑ 𝑃 (𝑠 | 𝑠, 𝑎)
𝑎∈𝐴 𝑠

𝑠 ∈𝑆

We can get a wealth level point 𝑤𝜋−∞
∗ ,𝑠,𝑎 in equality case of the
𝑗
above weak inequality.
Then, we can get the wealth level threshold 𝑤 according
to (25).
After getting 𝑤, the next step is to divide further the
interval (𝑤, 𝑤0 ] into subintervals and compute the optimal
policy for each subinterval. The main procedure of the
backward-induction algorithm for group decision-making
in the case of multiplicative aggregation model is listed as
follows.

𝜋∗

⋅ [𝑘1 (𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 ) + V𝑙 −∞ (𝑠)
𝜋∗



+ 𝐷1 𝛾1 𝑤+𝑟(𝑠,𝑎,𝑠 ) V1,𝑒−∞ (𝑠))
𝜋∗

+ 𝑘2 (𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 ) + V𝑙 −∞ (𝑠)
𝜋∗



+ 𝐷2 𝛾2 𝑤+𝑟(𝑠,𝑎,𝑠 ) V2,𝑒−∞ (𝑠))
𝜋∗

+ 𝑘12 (𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 ) + V𝑙 −∞ (𝑠)


Step 1. By maximizing the expected exponential utility, get
∗
of the visual agent when 𝑤 → −∞.
the optimal policy 𝜋3,𝑒

𝜋∗

+ 𝐷1 𝛾1 𝑤+𝑟(𝑠,𝑎,𝑠 ) V1,𝑒−∞ (𝑠))
𝜋∗

× (𝑤 + 𝑟 (𝑠, 𝑎, 𝑠 ) + V𝑙 −∞ (𝑠)


Step 2. According to (12), we have

𝜋∗

+ 𝐷2 𝛾2 𝑤+𝑟(𝑠,𝑎,𝑠 ) V2,𝑒−∞ (𝑠))]
𝜋∗

𝜋∗

𝑎∈𝐴 3,𝑒 (𝑠)

𝜋∗

= max [𝑘1 (𝑤 + V𝑙 −∞ (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒−∞ (𝑠))

𝜋∗

𝑎∈𝐴 𝑠

𝜋∗

𝜋∗

𝜋∗

𝜋∗

𝜋∗

𝜋∗

𝜋∗

∗

𝑠 ∈𝑆



≤ ∑ 𝑃 (𝑠 | 𝑠, 𝑎𝑗 ) ⋅ V
𝑠 ∈𝑆

∗
𝜋−∞



(𝑠 , 𝑤 + 𝑟 (𝑠, 𝑎𝑗 , 𝑠 ))

𝜋∗

or, equivalently,
𝑘1 (𝑤 +

∗
(𝑠, 𝜋−∞
(𝑠)) +

𝜋∗
𝐷1 𝛾1 𝑤 V1,𝑒−∞

∗
(𝑠, 𝜋−∞
(𝑠)))

𝜋∗

𝜋∗

∗
∗
+ 𝑘2 (𝑤 + V𝑙 −∞ (𝑠, 𝜋−∞
(𝑠)) + 𝐷2 𝛾2 𝑤 V2,𝑒−∞ (𝑠, 𝜋−∞
(𝑠)))
𝜋∗

𝜋∗

∗
∗
+ 𝑘12 (𝑤 + V𝑙 −∞ (𝑠, 𝜋−∞
(𝑠)) + 𝐷1 𝛾1 𝑤 V1,𝑒−∞ (𝑠, 𝜋−∞
(𝑠)))
𝜋∗

𝜋∗

∗
∗
× (𝑤 + V𝑙 −∞ (𝑠, 𝜋−∞
(𝑠)) + 𝐷2 𝛾2 𝑤 V2,𝑒−∞ (𝑠, 𝜋−∞
(𝑠)))



where 𝐴∗3,𝑒 (𝑠) = arg max𝑎∈𝐴 𝑠 ∑𝑠∈𝑆 𝑃(𝑠 | 𝑠, 𝑎)[𝛾3 𝑟(𝑠,𝑎,𝑠 ) ⋅
∗
(𝑠 )]; get the optimal value V∗ (𝑠, 𝑤) and the values of
V3,𝑒
∗
∗
V1,𝑒 (𝑠), V2,𝑒
(𝑠), V𝑙∗ (𝑠) for all states 𝑠 ∈ 𝑠 when 𝑤 → −∞.
∗
Step 3. For all states 𝑠 ∈ 𝑠 , 𝑎 ∈ 𝐴 𝑠 \ 𝜋−∞
(𝑠), get the values



(30)
𝜋∗
V𝑙 −∞

𝜋∗

× (𝑤 + V𝑙 3,𝑒 (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒3,𝑒 (𝑠))} ,
(32)

× (𝑤 + V𝑙 −∞ (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒−∞ (𝑠))] .
(29)

∗
∗
∑ 𝑃 (𝑠 | 𝑠, 𝜋−∞
(𝑠)) ⋅ V𝜋−∞ (𝑠 , 𝑤 + 𝑟 (𝑠, 𝜋−∞
(𝑠) , 𝑠 ))

𝜋∗

+ 𝑘12 (𝑤 + V𝑙 3,𝑒 (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒3,𝑒 (𝑠))

+ 𝑘12 (𝑤 + V𝑙 −∞ (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒−∞ (𝑠))

∗
For 𝑤, because the optimal policy is 𝜋 , not 𝜋−∞
now under
assumption, we have

𝜋∗

+ 𝑘2 (𝑤 + V𝑙 3,𝑒 (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒3,𝑒 (𝑠))

+ 𝑘2 (𝑤 + V𝑙 −∞ (𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒−∞ (𝑠))

𝜋∗

𝜋∗

V∗ (𝑠, 𝑤) = max
{𝑘1 (𝑤 + V𝑙 3,𝑒 (𝑠) + 𝐷1 𝛾1 𝑤 V1,𝑒3,𝑒 (𝑠))
∗

𝜋∗

𝜋∗

of V𝑙 −∞ (𝑠, 𝑎), V1,𝑒−∞ (𝑠, 𝑎), V2,𝑒−∞ (𝑠, 𝑎) by (7); then get 𝑤𝜋−∞
∗ ,𝑠,𝑎 by
𝑗
Expression (31).
Step 4. Calculate the wealth level threshold 𝑤 according to
(25).
Step 5. For the wealth level interval (𝑤, 𝑤0 ], increase further
the wealth level according to the reward got by executing
one step action and determine the wealth level threshold and
optimal policy similarly to the above steps.
Step 6. If, for all 𝑠 ∈ 𝑠 , the wealth level 𝑤 is larger than 𝑤0 ,
then end the algorithm.
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Figure 1: System state transitions.

6. Numerical Examples
Consider a simple GDMDP model. There are two agents
named Agent1 and Agent2 with risk aversion parameters 𝛾1
and 𝛾2 , respectively. The state set of the GDMDP model
includes initial state 𝑠0 and goal state 𝑔. Agent’s action set
is {𝑎1 , 𝑎2 }. In state 𝑠0 executing action 𝑎𝑖 (𝑖 = 1, 2) results
in a finite reward 𝑟𝑖 and a transition to goal state 𝑔 with
possibility 𝑝𝑖 . When agent reaches the goal state 𝑔 it stops
acting and receives no more rewards thereafter. Figure 1
shows the transitions of system states. Agents need to make
an optimal policy together to reach the goal state.
Without loss of generality, the GDMDP model’s parameters are assumed as follows: 𝑝1 = 0.4, 𝑝2 = 0.005, 𝑟1 = −15,
and 𝑟2 = −40; the one-switch utility functions of two agents
are defined as 𝑢1 (𝑤) = 𝑤−0.952𝑤 and 𝑢2 (𝑤) = 𝑤−0.93𝑤 with
𝛾1 = 0.952 and 𝛾2 = 0.93, respectively. Initial wealth level of
each agent is set 0.
First, consider the situation that each agent makes decisions alone. The agent’s optimal policy and the wealth level
threshold are solved by utilizing the method proposed by Liu
and Koenig [8]. The results are shown as follows:
𝑎
Agent1 : 𝜋∗ (𝑠0 , 𝑤) = { 1
𝑎2

𝑤 ∈ (−106.5, 0]
𝑤 ∈ (−∞, −106.5]

𝑎
Agent2 : 𝜋∗ (𝑠0 , 𝑤) = { 1
𝑎2

𝑤 ∈ (−6.9, 0]
.
𝑤 ∈ (−∞, −6.9]

(33)

Next, we consider the group decision-making based on
additive and multiplicative aggregation model of one-switch
utility functions. In the case of additive aggregation model,
assume each agent has equal weight; that is, 𝑘1 = 𝑘2 = 0.5;
then the optimal policy and the wealth level threshold based
on the proposed method in the paper are solved as follows:
𝑎
𝜋∗ (𝑠0 , 𝑤) = { 1
𝑎2

𝑤 ∈ (−16.4, 0]
.
𝑤 ∈ (−∞, −16.4]

(34)

The above result shows that, in the wealth level interval
(−106.5, −16.4), if Agent1 makes decisions alone, the optimal
policy is taking action 𝑎1 in state 𝑠0 but 𝑎2 if Agent2 makes
decisions alone. If they make decisions together, then action
𝑎2 is taken.
Now we consider how the wealth level threshold 𝑤 of
group decision-making changes as the weights of agents vary.
In detail, 𝑘1 changes from 0.05 to 0.95; meanwhile 𝑘2 = 1 − 𝑘1

0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95

(ri , 1 − pi )

−10
−30
−50
−70
−90
−110
Agent 1
Agent 2
Group

Figure 2: The change of the wealth level threshold of group
decision-making with different risk aversion parameters of agents.

changes from 0.95 to 0.05. The change of the wealth level
threshold of group decision-making is shown in Figure 2.
Figure 2 shows that the values of the wealth level threshold 𝑤 of group decision-making are near to the wealth level
threshold of Agent2 who is more risk-averse even if 𝑘2 is small
and 𝑘1 = 𝑘2 − 1 is large. This means that the influence of
weights on group decision-making is not obvious if the risk
aversion parameters of agents are different, while the risk
aversion parameters play an important role in this situation.
Consider the situation that two agents have similar risk
attitude; that is, their risk aversion parameters are similar; for
example, their one-switch utility functions are 𝑢1 (𝑤) = 𝑤 −
0.952𝑤 and 𝑢2 (𝑤) = 𝑤 − 0.95𝑤 , respectively. When each agent
makes decisions alone their optimal policies and the wealth
level thresholds are solved as follows:
𝑎
Agent1 : 𝜋∗ (𝑠0 , 𝑤) = { 1
𝑎2

𝑤 ∈ (−106.5, 0]
𝑤 ∈ (−∞, −106.5]

𝑎
Agent2 : 𝜋 (𝑠0 , 𝑤) = { 1
𝑎2

𝑤 ∈ (−71.5, 0]
.
𝑤 ∈ (−∞, −71.5]

∗

(35)

Change the values of weights in the same way as Figure 2; the
result is shown in Figure 3. Difference from Figures 2 and
3 shows that the values of the wealth level threshold 𝑤 of
group decision-making are near to the wealth level threshold
of Agent1 when 𝑘2 is small and 𝑘1 = 𝑘2 − 1 is large. So if the
difference between the risk aversion parameters of agents is
not obvious, the weights of agents will play a critical role.
Finally, we consider group decision-making based on
the multiplicative aggregation model and especially focus
on the influence of product term of group utility, that is,
𝑘12 𝑢1 (𝑤)𝑢2 (𝑤), on the group decision-making. Given the
same one-switch utility functions of agents in Figure 3 and
assuming two sets of 𝑘1 and 𝑘2 value, in detail, 𝑘1 = 0.85,
𝑘2 = 0.1 and 𝑘1 = 0.1, 𝑘2 = 0.85. If the value of 𝑘12 is changed
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Figure 3: The change of the wealth level threshold of group
decision-making with similar risk aversion parameters of agents.

from −0.001 to −0.05, we get two curved lines of wealth level
threshold of group decision-making in Figure 4.
The two curved lines gradually approach each other to
a point when the absolute value of 𝑘12 increases from 0.001
to 0.05. If compared with the result of additive aggregation
model, we can find that the point is very close to the wealth
level threshold of additive aggregation model with 𝑘1 =
𝑘2 = 0.5. This is because when the absolute value of 𝑘12 is
small the absolute values of 𝑘1 𝑢1 (𝑤) and 𝑘2 𝑢2 (𝑤) in group
utility are larger than the absolute value of 𝑘12 𝑢1 (𝑤)𝑢2 (𝑤),
so 𝑘12 𝑢1 (𝑤)𝑢2 (𝑤) has little influence on group decisionmaking. When the absolute value of 𝑘12 increases enough
𝑘12 𝑢1 (𝑤)𝑢2 (𝑤) will mainly influence the group decisionmaking; furthermore, 𝑘12 𝑢1 (𝑤)𝑢2 (𝑤) has same influence on
Agent1 and Agent2 ; therefore the wealth level threshold of
multiplicative aggregation model will approach the threshold
of additive aggregation model with 𝑘1 = 𝑘2 = 0.5. This
implies that the multiplicative aggregation model avoids
group decision-making being dominated by the weights of
individuals completely.

7. Conclusion and Future Works
This paper has put an effort on how to extend a single agent’s
risk-sensitive decision-theoretic planning under the MDP
framework to the multiagent problem. Based on one-switch
utility function that is used to describe agent’s risk-sensitive
attitude, the additive and multiplicative aggregation models
of group utility have been proposed in this paper. According
to the characteristics of group utility, a backward-induction
method has been presented to divide the wealth level interval
and compute the optimal policy. The paper has also offered
numerical examples and discussed how the weights and risk
aversion parameters influence the group decision-making.

Figure 4: The change of the wealth level threshold of group
decision-making based on the multiplicative aggregation model.

From numerical examples we can observe that, for the
additive aggregation model, if the risk aversion parameters of
agents are different, the risk aversion parameters will have an
obvious influence on the group decision-making, while the
weights of agents will play a critical role if the risk aversion
parameters are similar. For the multiplicative aggregation
model, group decision-making will not be dominated by the
weights of individuals completely. The product term of group
utility will also influence the group decision-making.
In the future we intend to further study multiattribute
group decision-making under the MDP framework with oneswitch utility function. Based on the work of Tsetlin and
Winkler [21], we will further study how to extend our method
to the group decision-making problem.

Appendices
A. Proof of Theorem 3


Proof. Let 𝐴∗𝑖,𝑒 (𝑠) = arg max𝑎∈𝐴 𝑠 ∑𝑠∈𝑆 𝑃(𝑠 | 𝑠, 𝑎)[𝛾𝑖 𝑟(𝑠,𝑎,𝑠 ) ⋅
∗ 
(𝑠 )],
V𝑖,𝑒
∗
𝜀 = min (V𝑖,𝑒
(𝑠) −
𝑠∈𝑆

max ∑𝑃 (𝑠 | 𝑠, 𝑎)

𝑎∈𝐴 𝑠 \𝐴∗𝑖,𝑒 (𝑠)

× [𝛾𝑖

𝑟(𝑠,𝑎,𝑠 )

⋅

𝑠∈𝑆

∗
V𝑖,𝑒

(A.1)


(𝑠 )] ) .


∗
∗ 
(𝑠) = max𝑎∈𝐴 𝑠 ∑𝑠∈𝑆 𝑃(𝑠 | 𝑠, 𝑎)[𝛾𝑖 𝑟(𝑠,𝑎,𝑠 ) ⋅ V𝑖,𝑒
(𝑠 )], and
As V𝑖,𝑒
∗
lim V∗ (𝑠, 𝑤) 𝛾𝑖 −𝑤 = 𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠) ,

𝑤 → −∞

(A.2)
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thus there exists a wealth level 𝑤0 , for wealth level 𝑤 ≤ 𝑤0 ,
𝑠 ∈ 𝑆,
𝑘𝑖 𝐷𝑖
𝜀.
2

∗
𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠) − V∗ (𝑠, 𝑤) 𝛾𝑖 −𝑤 ≤

(A.3)

On the other hand, for all wealth levels 𝑤 ≤ 𝑤0 , 𝑠 ∈ 𝑆,
𝜋
(𝑠) + ⋅ ⋅ ⋅ +
let 𝑓𝜋 (𝑠, 𝑤) = 𝑤 + V𝑙𝜋 (𝑠) + 𝑘1 𝐷1 𝛾1 𝑤 V1,𝑒
𝑤 𝜋
𝑤 𝜋
𝑘𝑖−1 𝐷𝑖−1 𝛾𝑖−1 V𝑖−1,𝑒 (𝑠) + 𝑘𝑖+1 𝐷𝑖+1 𝛾𝑖+1 V𝑖+1,𝑒 (𝑠) + ⋅ ⋅ ⋅ +
∗
∗
𝜋
∗
𝑘𝑛 𝐷𝑛 𝛾𝑛 𝑤 V𝑛,𝑒
(𝑠); then V𝜋𝑖,𝑒 (𝑠, 𝑤) = 𝑓𝜋𝑖,𝑒 (𝑠, 𝑤) + 𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠).



Assume that there exists a state 𝑠 ∈ 𝑆 ; 𝜋 (𝑠) does not
belong to 𝐴∗𝑖,𝑒 (𝑠); then


V𝜋𝑖,𝑒 (𝑠 ) = ∑ 𝑃 (𝑠 | 𝑠 , 𝜋 (𝑠 ))

B. Proof of Theorem 4


Proof. Let 𝐴∗3,𝑒 (𝑠) = arg max𝑎∈𝐴 𝑠 ∑𝑠∈𝑆 𝑃(𝑠 | 𝑠, 𝑎)[𝛾3 𝑟(𝑠,𝑎,𝑠 ) ⋅
∗
V3,𝑒
(𝑠 )],
∗
𝜀 = min (V3,𝑒
(𝑠) −

× [𝛾3

× [𝛾𝑖

𝜋
V𝑖,𝑒

⋅

⋅

𝜋

V (𝑠 , 𝑤) = 𝑓 (𝑠, 𝑤) +

𝜋
𝑘𝑖 𝐷𝑖 V𝑖,𝑒

(𝑠 )]

∗
V𝑖,𝑒

(𝑠) ≤

(A.4)

there exists a wealth level 𝑤0 , for all 𝑤 ≤ 𝑤0 , 𝑠 ∈ 𝑆,
∗
𝑘12 𝐷1 𝐷2 V3,𝑒
(𝑠) − V∗ (𝑠, 𝑤) 𝛾3 −𝑤 ≤



(𝑠 )] .

𝜋
𝑘𝑖 𝐷𝑖 V𝑖,𝑒



=

(B.3)

𝜋
𝑓𝜋 (𝑠, 𝑤) = (𝑤 + V𝑙𝜋 (𝑠)) + 𝑘1 𝐷1 𝛾1 𝑤 V1,𝑒
(𝑠)
𝜋
+ 𝑘2 𝐷2 𝛾2 𝑤 V2,𝑒
(𝑠)

(𝑠)

(B.4)

2

+ 𝑘12 (𝑤 + V𝑙𝜋 (𝑠)) + 𝑘12 (𝑤 + V𝑙𝜋 (𝑠))
(A.5)

𝑠 ∈𝑆

∗

𝑘12 𝐷1 𝐷2
𝜀.
2

On the other hand, for all 𝑤 ≤ 𝑤0 , 𝑠 ∈ 𝑆, let



∗
≤ ∑ 𝑃 (𝑠 | 𝑠 , 𝜋𝑖,𝑒
(𝑠 ))


(B.2)



𝜋
(𝑠 ) (𝑗
According to the fact that 𝑤, V𝑙𝜋 (𝑠 ), and V𝑗,𝑒
1, 2, . . . , 𝑛) are all less than 0, we have


(𝑠 )] ) .

∗
lim V∗ (𝑠, 𝑤) 𝛾3 −𝑤 = 𝑘12 𝐷1 𝐷2 V3,𝑒
(𝑠) ,



𝜋

(B.1)





𝑠 ∈𝑆

× [𝛾𝑖

⋅

∗
V3,𝑒

𝑠∈𝑆

𝑤 → −∞

∗
≤ ∑ 𝑃 (𝑠 | 𝑠 , 𝜋𝑖,𝑒
(𝑠 ))
∗  
𝑟(𝑠 ,𝜋𝑖,𝑒
(𝑠 ),𝑠 )

𝑟(𝑠,𝑎,𝑠 )

∑𝑃 (𝑠 | 𝑠, 𝑎)

∗
∗
(𝑠) = max𝑎∈𝐴 𝑠 ∑𝑠∈𝑆 𝑃(𝑠 | 𝑠, 𝑎)[𝛾3 𝑟(𝑠,𝑎,𝑠 ) ⋅ V3,𝑒
(𝑠 )], and
As V3,𝑒

𝑠 ∈𝑆

𝑟(𝑠 ,𝜋 (𝑠 ),𝑠 )

max

𝑎∈𝐴 𝑠 \𝐴∗3,𝑒 (𝑠)

𝑠∈𝑆

𝜋
𝜋
× (𝐷1 𝛾1 𝑤 V1,𝑒
(𝑠) + 𝐷2 𝛾2 𝑤 V2,𝑒
(𝑠)) ;



∗
× [𝛾𝑖 𝑟(𝑠 ,𝜋𝑖,𝑒 (𝑠 ),𝑠 ) ⋅ V𝑖,𝑒
(𝑠 )] .

∗

∗

∗
then V𝜋3,𝑒 (𝑠, 𝑤) = 𝑓𝜋3,𝑒 (𝑠, 𝑤) + 𝑘12 𝐷1 𝐷2 V3,𝑒
(𝑠).

Assume that there exists some state 𝑠 ∈ 𝑆 ; 𝜋 (𝑠) does not
belong to 𝐴∗3,𝑒 (𝑠); then

Therefore,


𝜋
𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠 ) − V∗ (𝑠 , 𝑤) 𝛾𝑖 −𝑤 ≥ 𝑘𝑖 𝐷𝑖













𝜋
V𝜋3,𝑒 (𝑠 ) = ∑ 𝑃 (𝑠 | 𝑠 , 𝜋 (𝑠 )) [𝛾3 𝑟(𝑠 ,𝜋 (𝑠 ),𝑠 ) ⋅ V3,𝑒
(𝑠 )]
𝑠 ∈𝑆



𝜋
∗
× (V𝑖,𝑒
(𝑠 ) − ∑ 𝑃 (𝑠 | 𝑠 , 𝜋𝑖,𝑒
(𝑠 ))

∗
≤ ∑ 𝑃 (𝑠 | 𝑠 , 𝜋3,𝑒
(𝑠 ))

𝑠 ∈𝑆

𝑠 ∈𝑆



× [𝛾3 𝑟(𝑠

∗  
,𝜋𝑖,𝑒
(𝑠 ),𝑠 )

∗
⋅ V𝑖,𝑒
(𝑠 )] ) ≥ 𝑘𝑖 𝐷𝑖 𝜀.



∗





∗
× [𝛾3 𝑟(𝑠 ,𝜋3,𝑒 (𝑠 ),𝑠 ) ⋅ V3,𝑒
(𝑠 )] .

(A.6)

(B.5)

This is contradictory to (A.3). Thus for 𝑤 ≤ 𝑤0 , 𝑠 ∈ 𝑆, optimal
action 𝜋∗ (𝑠, 𝑤) ∈ 𝐴∗𝑖.𝑒 (𝑠).

𝜋 
According to the fact that 𝑤, V𝑙𝜋 (𝑠 ), and V𝑖,𝑒
(𝑠 ) are all less
than 0, we have

𝜋∗

Additionally, as V𝑖,𝑒𝑖,𝑒 (𝑠)
𝜋∗
𝑓 (𝑠, 𝑤), then
∗

∗

=

∗

∗
V𝑖,𝑒
(𝑠), and 𝑓𝜋𝑖,𝑒 (𝑠, 𝑤)

≤











𝜋
V𝜋 (𝑠 , 𝑤) = 𝑓𝜋 (𝑠, 𝑤) + 𝑘12 𝐷1 𝐷2 V3,𝑒
(𝑠)


𝜋
≤ 𝑘12 𝐷1 𝐷2 V3,𝑒
(𝑠)

𝜋∗

V𝜋𝑖,𝑒 (𝑠, 𝑤) = 𝑓𝜋𝑖,𝑒 (𝑠, 𝑤) + 𝑘𝑖 𝐷𝑖 V𝑖,𝑒𝑖,𝑒 (𝑠)
∗

∗

∗
≤ 𝑓𝜋 (𝑠, 𝑤) + 𝑘𝑖 𝐷𝑖 V𝑖,𝑒
(𝑠) = V𝜋 (𝑠, 𝑤) .
∗

Therefore, for 𝑤 ≤ 𝑤0 , 𝑠 ∈ 𝑆, V∗ (𝑠, 𝑤) = V𝜋 (𝑠, 𝑤).

(A.7)

∗
(𝑠 ))
≤ ∑ 𝑃 (𝑠 | 𝑠 , 𝜋3,𝑒
𝑠 ∈𝑆



∗





∗
× [𝛾3 𝑟(𝑠 ,𝜋3,𝑒 (𝑠 ),𝑠 ) ⋅ V3,𝑒
(𝑠 )] .

(B.6)
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Therefore,
∗
(𝑠 ) − V∗ (𝑠 , 𝑤) 𝛾3 −𝑤
𝑘12 𝐷1 𝐷2 V3,𝑒
∗
∗
≥ 𝑘12 𝐷1 𝐷2 (V3,𝑒
(𝑠 ) − ∑ 𝑃 (𝑠 | 𝑠 , 𝜋3,𝑒
(𝑠 ))
𝑠 ∈𝑆



∗





∗
(𝑠 )] )
× [𝛾3 𝑟(𝑠 ,𝜋3,𝑒 (𝑠 ),𝑠 ) ⋅ V3,𝑒

≥ 𝑘12 𝐷1 𝐷2 𝜀.
(B.7)
This is contradictory to (B.3). So for all 𝑤 ≤ 𝑤0 , 𝑠 ∈ 𝑆, optimal
policy 𝜋∗ (𝑠, 𝑤) ∈ 𝐴∗3.𝑒 (𝑠).
𝜋∗

∗

∗
(𝑠), and 𝑓𝜋3,𝑒 (𝑠, 𝑤) ≤
Additionally, as V3,𝑒3,𝑒 (𝑠) = V3,𝑒
∗
𝑓𝜋 (𝑠, 𝑤), so
∗

∗

𝜋∗

V𝜋3,𝑒 (𝑠, 𝑤) = 𝑓𝜋3,𝑒 (𝑠, 𝑤) + 𝑘12 𝐷1 𝐷2 V3,𝑒3,𝑒 (𝑠)
∗

∗

∗
≤ 𝑓𝜋 (𝑠, 𝑤) + 𝑘12 𝐷1 𝐷2 V3,𝑒
(𝑠) = V𝜋 (𝑠, 𝑤) .

(B.8)

∗

Therefore, for all 𝑤 ≤ 𝑤0 , 𝑠 ∈ 𝑆, V∗ (𝑠, 𝑤) = V𝜋 (𝑠, 𝑤).
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Dynamic selection and dynamic binding and rebinding at runtime are new characters of composite services. The traditional static
reliability prediction models are unsuitable to dynamic composite services. A new reliability predicting algorithm for composite
services is proposed in this paper. Firstly, a composite service is decomposed into composition unites (executing path, composite
module and atomic service) according to their constituents. Consequently, a hierarchical graph of all composite units is constructed.
Lastly, a new dynamic reliability prediction algorithm is presented. Comparing with the traditional reliability model, the new
dynamic reliability approach is more flexible, which does not recompute reliability for all composite units and only computes the
reliability of the effected composite units. In addition, an example to show how to measure the reliability based on our algorithm is
designed. The experimental results show our proposed methods can give an accurate estimation of reliability. Furthermore, a more
flexible sensitivity analysis is performed to determine which service component has the most significant impact on the improvement
of composite service reliability.

1. Introduction
With the rapid development and widespread use of web services, more and more businesses are achieved by composite
services which can be created by aggregating a number of
atomic or composite services (called service components) by
following certain composition pattern and rules. Thus, how
to ensure the reliability of composite services has become an
important problem. In addition, a large amount of functionequivalent services has been in the Internet, which make
more services be selected. Users can translate their requirements for services to the constraints of some QoS properties
[1]. Then, different users may select different service to
realize the same function based on different QoS constraints.
There are two methods for web service composition: static
composition and dynamic composition. In static web service
composition, composition is performed manually; that is,
each web service is selected and bound before execution.
Static composition is sufficient for constructing applications
with well-defined specific requirements that are not likely
to change frequently. But, it is not flexible and agile enough

when the requirements are changed frequently. Dynamic web
service composition can achieve this goal as, in dynamic composition, services components are selected at runtime from
a set of service components and when the selected service
components failed, the new selected service components will
replace them while keeping the running services constantly
available to users [2]. Dynamic service composition provides
an ability to rapidly adapt to changes that were not envisioned
during design time.
Dynamic binding and rebinding are the basis for the
dynamic composition. There are three kinds of binding: early
binding, local binding at runtime, and rebinding at runtime
[3–6]. In early binding, the service is selected and bound
before execution, which is also called static binding. In local
binding, when a composite service is running, one of its
service components is bound to a selected service according
to some QoS properties before it is invoked. Local binding can
help service components to avoid binding to failed services
and reduce the failure probability of composite services.
During the execution of a composite service, when the QoS

2
of some service components do not satisfy the requirements
of the user or the bound services fail, the composite service
will pause, and after new services are bound to the service
components, the composite service continues to run; the
binding in this process is called rebinding at runtime.
To address the above problems of dynamic composition,
traditional static reliability model to predict the reliability
is not applicable to services with dynamic composition. A
new dynamic reliability model is presented for the dynamic
service composition in this paper. The new model makes
the computation simple when the reliability of some service
components is changed frequently.
The remaining sections of the paper are organized as
follows. Section 2 describes the related works. Section 3
discusses some concepts about composite units. Section 4
describes the reliability of the composite units. Section 5
presents the dynamic reliability prediction approaches based
on the hierarchical graph. Section 6 conducts some experiments to verify our reliability algorithm. Section 7 presents
the conclusion and our future works.

2. Related Works
The existing reliability predicting models can be divided into
two categories: black-box and white-box [7, 8]. The blackbox models, such as the Bayesian models, the SRGM (software reliability growth models), and the statistical models,
only consider the functionality of software while ignoring
its internal structure. The white-box models estimate the
reliability of a software system based on its internal structure.
The structures are often described by Markov chain [9–19]
or Petri net [20, 21]. These white-box models can be further
divided into three categories: state-based models, path-based
models, and additive models. As these models are often
developed for component-based software systems, they are
also called component-based reliability models (CBRM). The
state-based models which are the common models usually
model the system as a discrete-time Markov chain (DTMC),
a continuous-time Markov chain (CTMC), or a semi-Markov
process Markov chain (SMP). Wang et al. presented a typical
state-based model which described four common architecture styles, including batch-sequential, parallel/pipe-filter,
call-and-return, and fault-tolerance styles, and proposed
a transformation from architecture view to state view to
perform reliability analysis [10]. S. Gokhale et al. classified
the state-based models from three aspects: the architecture of
the application, the failure behavior of components, and the
analysis methods. The architectures were CTMC or DTMC
and the Markov chain was irreducible or absorbing. The
failure behavior was represented by reliability, constant failure
rate, or time-dependent failure intensity. The analysis method
was composite or hierarchical. In sum, they gave seven kinds
of DTMC-based models and CTMC-based models.
The emergency of web services makes the software
system be dynamic discovery and binding, which make the
development and the execution be more complex. Then, web
services are more prone to failure than traditional distributed
software. It is necessary to develop new methods to predict
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the reliability of services [17–19]. Tsai et al. extended the
components based reliability models to services reliability
analysis [20, 21]. The structure of services is also described as
Markov chain. Wang et al. proposed a hierarchical reliability
model which divided the reliability of services into data
reliability, service components reliability, service pool reliability and composite services reliability [22, 23]. Zheng and
Lyu proposed a collaborative reliability prediction approach,
which employs the past failure data of other similar users
to predict the web service reliability for the current user
[24, 25]. This method needs large amount of user data; when
the number of user is small, it is difficult to classify a user to
its similar group. The composition process of web services is
actually a workflow process; then a workflow-based model is
also a usual method to predict the reliability [26]. Moreover,
there are also other approaches to estimate the reliability
of composite services from the ports, message delivery, or
network transition [27–31]. Web services are different from
general software system, as they are dynamic composition.
Most of the existing reliability models are based on the
service components in the design phase, without considering
the dynamic selection and binding. In this paper, we would
propose a new dynamic approach to predict the reliability of
services.

3. Composite Units
Composite services are divided into atomic service, composite
unit, execution path, and composite service according to their
different constituents. We will discuss the four composite
units in detail.
3.1. Atomic Service (AS). An atomic service is the smallest
organization unit of web service. In other words, it would
be impractical to decompose an atomic service. An atomic
service has a fine-grained structure which can be designed,
implemented, and tested independently. A composite service
is a composite process; in dynamical composition, the service
component in composite process is called abstract service.
When the service is invoked, the abstract service is bound
to the concrete service. There are several concrete services
offering the same piece of functionality, which means that
several concrete services may match an abstract service in
service specification. So, the reliability of atomic service is
changed in the execution process.
3.2. Basic Composite Module (BCM). Service composite
module is composed of a set of services according to some
operations. The constituted services may be atomic services,
composite modules, or composite services. The operations
are sequence, choice, loop, and concurrent. According to the
operations, the service composite modules can be divided
into four categories, that is, sequence module (SM), choice
module (CM), loop module (LP), and concurrent module
(CoM). If all services in a composite module are atomic
services, the composite module is called a basic composite
module (𝐵𝐶𝑀). Let 𝐵𝐶𝑀 = {𝐴𝑠𝑠, 𝑂𝑃}, 𝐴𝑠𝑠 is the set of
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Figure 1: Execution path graph.

atomic services, and 𝑂𝑃 is the operator of atomic services,
𝑂𝑃 ∈ {𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒, 𝑐ℎ𝑜𝑖𝑐𝑒, 𝑙𝑜𝑜𝑝, 𝑐𝑜𝑛𝑐𝑢𝑟𝑟𝑒𝑛𝑡}.
3.3. Execution Path (Path). All services invoked sequentially
are defined as an execution path when completing a task. Let
𝑃𝑎𝑡ℎ = {𝑆1 , 𝑆2 , . . . , 𝑆𝑛 }, 𝑆𝑖 ∈ 𝐵𝐶𝑀, 𝑖 = 1, 2, . . . , 𝑛, and the 𝑆𝑖
in 𝑃𝑎𝑡ℎ is sequential.
3.4. Composite Service (CS). The execution of a composite service is combined by several paths. Let 𝐶𝑆 =
{⟨𝑃𝑎𝑡ℎ1 , 𝑃1 ⟩, ⟨𝑃𝑎𝑡ℎ2 , 𝑃2 ⟩, . . . , ⟨𝑃𝑎𝑡ℎ𝑛 , 𝑃𝑛 ⟩}, where 𝑃𝑎𝑡ℎ𝑖 is the
𝑖th execution path, 𝑖 = 1, 2, 3, . . . , 𝑛, and 𝑃𝑖 is the execution
probability of 𝑃𝑎𝑡ℎ𝑖 . An example of a composite service is
shown in Figure 1; the composite service has two execution
paths, 𝑃𝑎𝑡ℎ1 , 𝑃𝑎𝑡ℎ2 , 𝐶𝑆 = {⟨𝑃𝑎𝑡ℎ1 , 𝑃1 ⟩, ⟨𝑃𝑎𝑡ℎ2 , 𝑃2 ⟩}. Services
in an execution path of composite services may be atomic
services, service module, or composite services; then they
have 𝐴𝑆 ∈ 𝐵𝐶𝑀 ∈ 𝑃𝑎𝑡ℎ ∈ 𝐶𝑆. A composite service includes
several paths and the composite modules in a path may be
𝐵𝐶𝑀 or other composite modules which have some 𝐵𝐶𝑀𝑠.
Any composite service can be finally divided into several
execution paths consisting of several 𝐵𝐶𝑀𝑠. We will prove
the theorem.
Proposition 1. Any composite service can be finally divided
into some execution paths which consist of several 𝐵𝐶𝑀𝑠.
Proof. As a composite service constitutes several execution
paths by the probability, suppose that a 𝑃𝑎𝑡ℎ𝑖 includes
another composite module 𝐴 which consists of several atomic
services and a 𝐵𝐶𝑀, 𝐴 = {𝐴𝑠𝑎1 , 𝐴𝑠𝑎2 , . . . , 𝐴𝑠𝑎𝑛 , 𝐵, 𝑂𝑃𝐴 }
and 𝐵 = {𝐴𝑠𝑏1 , 𝐴𝑠𝑏2 , . . . , 𝐴𝑠𝑏𝑛 , 𝑂𝑃𝐵 }, where 𝑂𝑃𝐴 ∈
{𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒, 𝑙𝑜𝑜𝑝, 𝑐ℎ𝑜𝑖𝑐𝑒, 𝑐𝑜𝑛𝑐𝑢𝑟𝑟𝑒𝑛𝑡} and 𝑂𝑃𝐵 ∈ {𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒,
𝑙𝑜𝑜𝑝, 𝑐ℎ𝑜𝑖𝑐𝑒, 𝑐𝑜𝑛𝑐𝑢𝑟𝑟𝑒𝑛𝑡}. We use 𝑂𝑃𝐴 = 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 and
𝑂𝑃𝐵 = 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 as an example to illustrate the problem. If
we introduce composite module 𝐵 into 𝐴, we will get 𝐴 =
{𝐴𝑠𝑎1 , 𝐴𝑠𝑎2 , . . . , 𝐴𝑠𝑎𝑛 , 𝐴𝑠𝑏1 , 𝐴𝑠𝑏2 , . . . , 𝐴𝑠𝑏𝑛 , 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒}. Then, a

composite module 𝐴 can be deeply divided into 𝑎𝑛 + 𝑏𝑛
atomic services and the decomposition does not affect its
execution path. If one of the operations is 𝑐ℎ𝑜𝑖𝑐𝑒, the execution path 𝑃𝑎𝑡ℎ𝑖 can be replaced by more execution paths.
As 𝑂𝑃𝐴 , 𝑂𝑃𝐵 are one of the four operations, the execution
path is not affected except when one of the operations is
𝑐ℎ𝑜𝑖𝑐𝑒. One composite module can be decomposed into one
or more 𝐵𝐶𝑀𝑠, and the corresponding execution path can
be extended into more execution paths. So, a composite
service can be finally divided into some execution paths
which consist of several 𝐵𝐶𝑀𝑠.
3.5. Hierarchical Graph of Composite Units. In this section,
we will describe a hierarchical graph to represent the composite unit: composite service, path, basic composite module,
and atomic service, while the following section describes how
to calculate the graph attributes.
Definition 2 (hierarchical graph). A hierarchical graph is
defined by a 2-tuple ⟨𝑉, 𝐸⟩, where ⟨𝑉, 𝐸⟩ is a DAG (directed
acyclic graph). 𝑉 is a set of nodes in the graph, 𝑉 = {V𝑖 }, 𝑖 =
1 ⋅ ⋅ ⋅ |𝑉|, and 𝐸 is a set of directed edges in the graph, 𝐸 = {𝑒𝑖 },
𝑖 = 1 ⋅ ⋅ ⋅ |𝐸|.
Definition 3 (node). A node V ∈ 𝑉 models a composite unit 𝑖
and is defined by a 2-tuple ⟨𝑁𝑖 , 𝑅𝑖 ⟩, where 𝑁𝑖 is the name of
composite unit 𝑖 and 𝑅𝑖 is the reliability of composite unit 𝑖.
Definition 4 (edge). A directed edge 𝑒 ∈ 𝐸 models the
constitution of composite units V𝑖 and is defined by the tuple
⟨V𝑖 , V𝑗 , 𝑤𝑖,𝑗 ⟩, where V𝑖 , V𝑗 are nodes, the node V𝑗 is one of
the components of node V𝑖 , and 𝑤𝑖,𝑗 is the weight of edge
from node V𝑖 to V𝑗 which describes the constitution of V𝑖 and
V𝑗 . If 𝑤𝑖,𝑗 < 1, the edge represents the node V𝑖 consisting
of V𝑗 according to 𝑐ℎ𝑜𝑖𝑐𝑒 structure, if 𝑤𝑖,𝑗 = 1, the edge
represents the node V𝑖 consisting of V𝑗 according to 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒
or 𝑐𝑜𝑛𝑐𝑢𝑟𝑟𝑒𝑛𝑡 structure, and if 𝑤𝑖,𝑗 > 1, the edge represents
the node V𝑖 consisting of V𝑗 according to 𝑙𝑜𝑜𝑝 structure.
As shown in Figure 2, the node ⟨𝐶𝑆, 𝑅1 ⟩ is the composite
service, the nodes ⟨𝑃𝑎𝑡ℎ1 , 𝑅𝑝𝑎𝑡ℎ1 ⟩ and ⟨𝑃𝑎𝑡ℎ2 , 𝑅𝑝𝑎𝑡ℎ2 ⟩ in level
2 are the execution paths of composite service 𝐶𝑆, the nodes
⟨𝐵𝐶𝑀1 , 𝑅𝐵𝐶𝑀1 ⟩, ⟨𝐵𝐶𝑀2 , 𝑅𝐵𝐶𝑀2 ⟩, and ⟨𝐵𝐶𝑀3 , 𝑅𝐵𝐶𝑀3 ⟩ in
level 3 are the 𝐵𝐶𝑀𝑠 of 𝐶𝑆, the nodes ⟨𝐴𝑆1 , 𝑅𝐴𝑆1 ⟩,
⟨𝐴𝑆2 , 𝑅𝐴𝑆2 ⟩, ⟨𝐴𝑆3 , 𝑅𝐴𝑆3 ⟩, ⟨𝐴𝑆4 , 𝑅𝐴𝑆4 ⟩, and ⟨𝐴𝑆5 , 𝑅𝐴𝑆5 ⟩ in
level 4 are atomic services, and the nodes in the last level are
the matched concrete services of atomic service 𝐴𝑆1 .

4. Reliability of Composite Units
4.1. Reliability of Atomic Services. An abstract service may
have several concrete services to be matched; then, different
user may select different concrete service to be bound for the
same abstract service as they have different QoS requirement
[24]. For example, there are an abstract service 𝐴𝑆 and three
matched concrete services 𝐴𝑆1 , 𝐴𝑆2 , and 𝐴𝑆3 . The reliability
of the three concrete services is {0.98, 0.9, 0.75}, and one
of the QoS {ℎ𝑖𝑔ℎ, 𝑔𝑒𝑛𝑒𝑟𝑎𝑙, 𝑙𝑜𝑤}. The reliability and price of
𝐴𝑆1 are the highest, and 𝐴𝑆3 is the lowest. If a user only
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Figure 2: Hierarchical graph of composite service.

cares about the reliability and has no claim for price, he may
select 𝐴𝑆1 to be invoked. Other users may have different
choice considering the price. The binding information can be
recorded by monitor mechanism, and the binding probability
can be computed from this information [27]. Here, we assume
that the binding probability is known. As shown in Figure 3,
the reliability of atomic service V𝑖 can be computed by the
following:

i

i
wi,1 < 1

wi,n = 1

wi,1 = 1

2

···

1

n

2

(a) Sequence/concurrent

𝑛

𝑅𝐴𝑆 = 𝑅𝑖 = ∑𝑅𝑗 ∗ 𝑤𝑖,𝑗 ,
𝑗=1

(1)

where 𝑅𝑖 is the reliability of an abstract atomic service node
𝑉𝑖 , 𝑅𝑗 is the reliability of V𝑗 , 𝑗 = 1, . . . , 𝑛, which is a concrete
atomic service to be bound to V𝑖 , and 𝑤𝑖,𝑗 is the binding
probability of node V𝑖 to node V𝑗 . After the binding changed,
the reliability of atomic service 𝐴𝑆 must be recomputed
according to the above formula.
4.2. Reliability of Basic Composite Module. Sequence module (𝑆𝑀), choice module (𝐶𝑜𝑀), loop module (𝐿𝑀), and
concurrent module (𝐶𝑜𝑀) are four kinds of composite
modules. Next, we will discuss their reliability in a dynamic
environment.
4.2.1. Sequence Module/Concurrent Module. As shown in
Figure 3(a), node V𝑖 is SM or CM, nodes V1 , . . . , V𝑛 are the
atomic services which compose the 𝑆𝑀 or 𝐶𝑜𝑀, and the
weight of edge from node V𝑖 to V𝑗 , 𝑗 = 1, . . . , 𝑛, is 1. The
reliability of 𝑆𝑀 or 𝐶𝑜𝑀 is
𝑛

𝑅𝑆𝑀 = 𝑅𝐶𝑜𝑀 = 𝑅𝑖 = ∏𝑅𝑗 .
𝑗=1

(2)

In the equation, if the binding probability of an atomic service
V𝑘 is changed, then the reliability of V𝑖 will be changed, and
the reliability of 𝑆𝑀 will be changed. Let Δ𝑅𝑘 be the changed

wi,n < 1

wi,2 < 1

wi,2 = 1
1

i

···

(b) Choice

wi,j > 1

j

n

(c)
Loop

Figure 3: Hierarchical graph of composite module.

value of V𝑘 ; then the new value of node V𝑖 can be represented
by
𝑛

𝑅𝑖 = ∏ 𝑅𝑗 (𝑅𝑘 + Δ𝑅𝑘 )
𝑗=1,𝑗 ≠ 𝑘

𝑛

= 𝑅𝑖 + Δ𝑅𝑘 ∏ 𝑅𝑗

(3)

𝑗=1,𝑗 ≠ 𝑘

= (1 +

Δ𝑅𝑘
) 𝑅𝑖 .
𝑅𝑘

From the equation, we can see that when the binding of a
service has been changed, it does not need to recalculate the
reliability of the entire services. As long as the changed value
is calculated, the whole reliability can be known.
4.2.2. Choice Module. As shown in Figure 3(b), the weight
of edge from node V𝑖 to node V𝑗 is less than 1; the composite
module is 𝐶𝑀. The reliability of 𝐶𝑀 can be computed by the
following expression:
𝑛

𝑅𝐶𝑀 = 𝑅𝑖 = ∑𝑅𝑗 𝑤𝑖,𝑗 .
𝑗=1

(4)
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If a binding probability of an atomic service (e.g., V𝑘 )
is changed, the reliability of the atomic service must be
recomputed, 𝑅𝑘 = 𝑅𝑘 + Δ𝑅𝑘 , where Δ𝑅𝑘 is the changed value
of node V𝑘 . Thus, the new reliability of 𝐶𝑀 can be expressed
by the following:

= 𝑅𝑖 =
𝑅𝐶𝑀

𝑛

∑ (𝑅𝑗 𝑤𝑖,𝑗 ) + Δ𝑅𝑘 𝑤𝑖,𝑘

𝑗=1,𝑗 ≠ 𝑘

(5)

= 𝑅𝑖 + Δ𝑅𝑘 𝑤𝑖,𝑘
and Δ𝑅𝑘 = Δ𝑅𝑘 𝑤𝑖,𝑘 .
4.2.3. Loop Module. As shown in Figure 3(c), the weight of
edge from node V𝑖 to node V𝑗 is larger than 1, the composite
module is 𝐿𝑀, and the weight of edge is the number of
times. The reliability of 𝐿𝑀 can be computed by the following
expression:
𝑤

𝑅𝐿𝑀 = 𝑅𝑖 = 𝑅𝑗 𝑖,𝑗 .

(6)

If the binding probability of V𝑗 is changed, Δ𝑅𝑗 is the changed
value of node V𝑗 . The new reliability of 𝐿𝑀 can be expressed
by the following:
𝑤𝑖,𝑗

𝑅𝑖 = (𝑅𝑖 + Δ𝑅𝑗 )
= 𝑅𝑖 (1 +

Δ𝑅𝑗
𝑅𝑖

Algorithm 1: Double 𝐶𝑎𝑙𝑅𝑒𝑙 (graph 𝐺, vertex V𝑖 ).

each path is executed according to a probability. Assume
that node V0 is a composite service 𝐶𝑜𝑆 in Figure 2 that
has several execution paths, 𝑃𝑎𝑡ℎ1 , . . . , 𝑃𝑎𝑡ℎ𝑛 ; their execution
probabilities are 𝑃1 , . . . , 𝑃𝑛 and their nodes are V1 , V2 , . . . , V𝑛 .
Then, the reliability of composite service 𝐶𝑆 can be calculated
by
𝑛

𝑤𝑖,𝑗

)

(7)
.

From (7), we also can see that when the reliability of an
abstract service in 𝐿𝑀 is changed there is no need to recalculate all reliabilities of services in 𝐿𝑀 to get the reliability of
the entire service. It is easy to get the reliability of the entire
service as long as the changed value has been got. In a word,
the incremental reliability of 𝐵𝐶𝑀 is
Δ𝑅𝑘
{
𝑅𝑖
{
{
{
{ 𝑅𝑘
Δ𝑅𝑖 = {Δ𝑅𝑘 𝑤𝑖,𝑘
{
𝑤𝑖,𝑘
{
{
{[(1 + Δ𝑅𝑘 ) − 1] 𝑅
𝑖
𝑅𝑘
{

(1) {
(2) double 𝑅 = 𝑅𝑖 ;
(3) for (V𝑗 = V𝑖 .𝑓𝑖𝑟𝑠𝑡𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟();
(4) V𝑗 != NULL; V𝑗 = V𝑖 .𝑛𝑒𝑥𝑡𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟())
(5) if (V𝑖𝑠𝑖𝑡𝑒𝑑[V𝑗 ] == 𝑓𝑎𝑙𝑠𝑒);
(6) {
(7) if (𝑤𝑖,𝑗 < 1)
(8) 𝑅 = 𝑅 + 𝐶𝑎𝑙𝑅𝑒𝑙(𝐺, V𝑗 ) ∗ 𝑤𝑖,𝑗 ;
(9) else if (𝑤𝑖,𝑗 = 1)
(10) 𝑅 = 𝑅 ∗ 𝐶𝑎𝑙𝑅𝑒𝑙(𝐺, V𝑗 ) ∗ 𝑤𝑖,𝑗 ;
(11) else 𝑅 = 𝑅 ∗ (𝐶𝑎𝑙𝑅𝑒𝑙(𝐺, V𝑗 ))𝑤𝑖,𝑗 ;;
(12) }
(13) return 𝑅;
(14) }

𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒/𝑐𝑜𝑛𝑐𝑢𝑟𝑟𝑒𝑛𝑡
𝑐ℎ𝑜𝑖𝑐𝑒
𝑙𝑜𝑜𝑝.
(8)

4.3. Reliability of Path. As shown in Figure 2, an execution
path is a sequence structure of all its 𝐵𝐶𝑀𝑠 in the path. The
weight of edge from execution paths to its 𝐵𝐶𝑀𝑠 is 1. So, the
reliability of execution path is the same as 𝑆𝑀:
𝑛

𝑅𝑃𝑎𝑡ℎ = 𝑅𝑖 = ∏𝑅𝑗 ,
𝑗=1

(9)


= 𝑅𝑖 + Δ𝑅𝑖 ,
𝑅𝑃𝑎𝑡ℎ

where Δ𝑅𝑃𝑎𝑡ℎ = Δ𝑅𝑖 = (Δ𝑅𝑘 /𝑅𝑘 )𝑅𝑖 .
4.4. Reliability of Composite Service. The execution of a
composite service can be divided into several paths, and

𝑅𝐶𝑆 = 𝑅0 = ∑𝑅𝑖 𝑤0,𝑖 .

(10)

𝑖=1

If the reliability of 𝑃𝑎𝑡ℎ𝑘 has been changed, and Δ𝑅𝑘 is the
changed value of 𝑃𝑎𝑡ℎ𝑘 , the new reliability of composite
service can be recalculated similar to the 𝐶𝑀:

𝑅𝐶𝑆
= 𝑅0 = 𝑅0 + Δ𝑅0 ,

(11)

where Δ𝑅𝐶𝑆 = Δ𝑅0 = Δ𝑅𝑘 𝑤0,𝑘 and 𝐷𝑒𝑙𝑡𝑎 𝑅0 is the changed
value of composite service.

5. Reliability Prediction of Composite Service
Composite services can be decomposed into three layers,
that is, path layer, BCM layer, and atomic service layer. Thus,
the reliability of composite services can be calculated by the
reliability of path, BCM, and atomic service. In this section,
we will discuss how to compute the reliability of composite
services.
5.1. Reliability Algorithm for Composite Service. The nodes
in different layer in Figure 2 represent different composite
units. We assume that the reliability of atomic services is
known, and the reliability of other nodes can be derived
from the reliability of their next layer nodes. We can get all
the reliabilities of nodes from bottom to up. The algorithm
𝐶𝑎𝑙𝑅𝑒𝑙(𝐺, V) calculates the reliability of all nodes in the
hierarchical graph of the composite service 𝐶𝑆 (Algorithm 1).
The parameter 𝐺 is the hierarchical graph and V𝑖 is a node,
⟨V𝑖 , V𝑗 ⟩ ∈ 𝐸, whose initial value is
0 𝑤𝑖,𝑗 < 1
𝑅𝑖 = {
1 𝑤𝑖,𝑗 ≥ 1.

(12)
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(1) {
(2) double Δ𝑅 = 0;
(3) for (V𝑗 = V𝑖 .𝑓𝑖𝑟𝑠𝑡𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟();
(4) V𝑗 != 𝑁𝑈𝐿𝐿; V𝑗 = V𝑖 .𝑛𝑒𝑥𝑡𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟())
(5) if (!V𝑖𝑠𝑖𝑡𝑒𝑑[V𝑗 ]);
(6) {Δ𝑅𝑗 = 𝐶𝑎𝑙𝐷𝑒𝑙𝑡𝑎𝑅𝑒𝑙(𝐺 , V𝑗 )
(7) if (𝑤𝑖,𝑗 < 1)
(8) Δ𝑅 = ΔV𝑗 𝑤𝑖,𝑗 ;
(9) else if (𝑤𝑖,𝑗 = 1)
(10) Δ𝑅 = ΔV𝑗 /𝑅𝑗 𝑅𝑖 ;
(11) else
(12) Δ𝑅 = [(1 + ΔV𝑗 /𝑅𝑗 )𝑤𝑖,𝑗 − 1]𝑅𝑖 ;
(13) }
(14) return Δ𝑅;
(15) }

CS
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As1

Algorithm 2: Double 𝐶𝑎𝑙𝐷𝑒𝑙𝑡𝑎𝑅𝑒𝑙 (graph 𝐺 , vertex V𝑖 ).
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Figure 4: Hierarchical graph of composite service.

When the algorithm is invoked, parameter V𝑖 is the
composite service node V0 . The calculation process is the
traverse process and all reliabilities of nodes are calculated in
traverse of graph. Then the time complexity is the same as the
traverse process, which is 𝑂(𝑛 + 𝑒), 𝑛 is the number of nodes,
and 𝑒 is the number of edges.
5.2. Dynamic Reliability Algorithm for Composite Services. If
the reliability of an atomic service is changed, the composite
service will be affected. In this section, we will discuss how
to perform our dynamic reliability model to evaluate the
reliability of composite services. Not all composite units
are affected by the atomic service; we only recalculate the
reliability of the influenced nodes. For example, in Figure 4,
the nodes with bold line are the affected nodes. The first
step is to find all affected nodes, for example, 𝐶𝑆, 𝑃𝑎𝑡ℎ1 ,
𝑃𝑎𝑡ℎ2 , 𝑃𝑎𝑡ℎ3 , 𝑃𝑎𝑡ℎ4 , 𝐵𝐶𝑀1 , and 𝐴𝑆1 in Figure 4. Then, all the
affected nodes are extracted to a subgraph 𝐺 in Figure 5. We
present an algorithm 𝐶𝑎𝑙𝐷𝑒𝑙𝑡𝑎𝑅𝑒𝑙 to calculate the reliability
of the affected nodes (Algorithm 2). The parameter 𝐺 is the
subgraph and V𝑖 is a node in subgraph 𝐺 . Variable 𝑅𝑖 is
the reliability of node V𝑖 . The returned result (Δ𝑅𝐶𝑆 ) is the

=
incremental reliability of a composite service and 𝑅𝐶𝑆
Δ𝑅𝐶𝑆 + 𝑅𝐶𝑆 .

6. Case Study
6.1. Experimental Setup. We demonstrate the reliability prediction model with a typical example of a service for travel.
In this example, the composite consists of 11 atomic services,
and we assume that their reliability is known. As shown in
Figure 6 the composite service can be divided into 4 execution paths and 7 basic composite modules. Its hierarchical
graph is Figure 7.
6.2. Comparison of Prediction Accuracy. The prediction reliability of the composite units in travel service according to
formula (2) to (10) is shown in Table 1.
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Figure 5: Subgraph of composite service.

To study our method performance, we compare our
prediction approach with the user-object reliability model
(UORM). As shown in Figure 8, success and failure states are
added to the state diagram of UORM, the transition matrix is
𝑃, and the reliability is
𝑅UORM = 𝑅END (𝐼 − 𝑄)−1
1,𝑛 = 0.422.

(13)

From Table 1, we can see that the result of our approach is the
same as that of UORM.
6.3. Dynamic Reliability Prediction. If the reliability of atomic
service 𝐴𝑆3 is changed, the affected composite units are
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If Δ𝑅𝐴𝑆3 = 0.02, the new reliability of composite service V0

is 𝑅𝐶𝑆
= 𝑅𝐶𝑆 + Δ𝑅𝐶𝑆 = 0.41298. The computing process
is very simple, but, according to UORM, the transition

=
matrix 𝑃 must be rebuilt. The new reliability 𝑅UORM
 −1
𝑅END (𝐼 − 𝑄) 1,𝑛 = 0.41298. From the results of two methods,
we can see that our dynamic approach is simpler than UORM,
especially when the atomic services are not fixed; then our
approach is more applicable to dynamic web services.

AS5 0.85
0.7
0.9 AS7

AS6 0.9

0.5

0.4

0.5

AS10 0.85 AS11
AS8 0.85 AS9
0.9
0.95
End 1

6.4. Sensitivity Analysis. Sensitivity analysis helps to understand the impact of the reliability of service components with
respect to the system or composite service reliability [28].
The sensitivity of composite service reliability based on our
approach with respect to a given atomic service 𝐴𝑆𝑖 can be
defined as

Figure 6: Travel service.

Table 1: Reliability of composite units.
𝑅
0.9
0.9
0.9
0.85
0.85
0.9
0.9
0.85
0.9
0.85
0.95
0.5267
0.9
0.9
0.85
0.9
0.85
0.95
0.4029
0.4266
0.4029
0.4503
0.422

Composite unit
𝐴𝑆1
𝐴𝑆2
𝐴𝑆3
𝐴𝑆4
𝐴𝑆5
𝐴𝑆6
𝐴𝑆7
𝐴𝑆8
𝐴𝑆9
𝐴𝑆10
𝐴𝑆11
𝐵𝐶𝑀1
𝐵𝐶𝑀2
𝐵𝐶𝑀3
𝐵𝐶𝑀4
𝐵𝐶𝑀5
𝐵𝐶𝑀6
𝐵𝐶𝑀7
𝑝𝑎𝑡ℎ1
𝑝𝑎𝑡ℎ2
𝑝𝑎𝑡ℎ3
𝑝𝑎𝑡ℎ4
𝐶𝑆

𝐵𝐶𝑀1 , 𝑃𝑎𝑡ℎ1 , 𝑃𝑎𝑡ℎ2 , 𝑃𝑎𝑡ℎ3 , and 𝑃𝑎𝑡ℎ4 . According to (11), we
have
4

Δ𝑅𝐶𝑆 = ∑ (Δ𝑅𝑃𝑎𝑡ℎ𝑖 𝑤0,𝑖 ) ,
𝑖=1

(14)

𝐶𝑖 =

Δ𝑅𝐶𝑆
,
Δ𝑅𝐴𝑆𝑖

𝑃
𝑄 𝐷
=[
]
0 𝐼
0 0.158 0.369 0
0
0
0
0 0 0.474
0 0.54 0.36 0
0
0 0 0.1 ]
[0 0
[
]
0
0
0 0.45 0.45 0 0 0.1 ]
[0 0
[
]
0
0
0
0
0 0.85 0 0.15 ]
[0 0
[
]
0
0
0
0
0 0.9 0 0.1 ]
[0 0
=[
,
0
0
0
0
0 0.85 0 0.15 ]
[0 0
]
[0 0
0
0
0
0
0 0.95 0 0.05 ]
[
]
[0 0
0
0
0
0
0
0 1 0 ]
[
]
[0 0
0
0
0
0
0
0 1 0 ]
0
0
0
0
0
0 0 1 ]
[0 0
𝑃
𝑄 𝐷
]
=[
0 𝐼
0 0.154 0.360 0
0
0
0
0 0 0.474
0 0.54 0.36 0
0
0 0 0.1 ]
[0 0
[
]
0
0
0 0.45 0.45 0 0 0.1 ]
[0 0
[
]
0
0
0
0
0 0.85 0 0.15 ]
[0 0
[
]
0
0
0
0
0 0.9 0 0.1 ]
[0 0
=[
.
0
0
0
0
0 0.85 0 0.15 ]
[0 0
]
[0 0
]
0
0
0
0
0 0.95 0 0.05 ]
[
[0 0
0
0
0
0
0
0 1 0 ]
[
]
[0 0
0
0
0
0
0
0 1 0 ]
0
0
0
0
0
0 0 1 ]
[0 0
(15)
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Figure 7: Hierarchical graph of travel service.

0.644

Table 2: Sensitivity results.

1
0.7RSCM,1

0.3RSCM,1

1 − RSCM,1

6

0.6Ra,6

1 − Ra,6

F

0.4Ra,6
1 − Ra,8

8

9
Ra,8

1 − Ra,9

Ra,9

7

1−Ra,7

0.5Ra,7
0.5Ra,7
1 − Ra,11
1 − Ra,10

Ra,10

10

11

Ra,11

End

𝐴𝑆
𝐴𝑆1
𝐴𝑆2
𝐴𝑆3
𝐴𝑆4
𝐴𝑆5
𝐴𝑆6
𝐴𝑆7
𝐴𝑆8
𝐴𝑆9
𝐴𝑆10
𝐴𝑆11

𝐶𝑖
0.7351
0.7351
0.7351
0.7351
0.7351
0.2205
0.5146
0.1323
0.0882
0.2537
0.2537

C

Figure 8: State diagram of composite service.

The higher sensitivity indicates the greater impact on the
reliability of composite service. The results of sensitivity
analysis are shown in Table 2. From Table 2, we can see that
sensitivity of atomic services 𝐴𝑆1 , 𝐴𝑆2 , 𝐴𝑆3 , 𝐴𝑆4 , and 𝐴𝑆5 is
the same. The atomic service 𝐴𝑆9 has the lowest sensitivity
among all abstract services, because the atomic service 𝐴𝑆9
in the execution path 𝑃𝑎𝑡ℎ2 and the execution probability of
𝑃𝑎𝑡ℎ2 is the smallest. We will try to improve the reliability of
some critical atomic services to improve the reliability of the
composite service.

7. Conclusion and Future Works
In this paper, a new approach has been proposed to evaluate
the reliability of composite services based on the hierarchical
graph of composite units. The composite services can be
decomposed into four different kinds of composite units, and

they are 𝐴𝑆, 𝐵𝐶𝑀, 𝑃𝑎𝑡ℎ, and 𝐶𝑆 nodes in the hierarchical
graph from bottom to top layer. We proposed a recursive
algorithm to compute the reliability for the four kinds of
nodes from down to up, which simplifies the whole computational process. We also proposed an algorithm to compute
the reliability of some affected nodes when some atomic
service nodes are changed. The approach firstly searches the
affected path in the hierarchical graph from the changed
atomic service node to the root node and all nodes in the
path are affected by the atomic service. The reliability of
nodes in the affected path is recalculated, and the reliability
of composite service is recalculated based on the reliability of
paths, instead of recalculating the reliability of all nodes. A
case study illustrates how to apply the proposed methods to
estimate the composite service reliability. The results of case
study show the effectiveness and usefulness of our approach.
The proposed approach has some limitations. Currently, a
composite service may have more than one decomposition.
Which decomposition is the best way and how to select the
best decomposition are our new future works.
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This paper investigates the consensus problem of multiagent systems with directed topologies. Different from the literatures, a new
method, the Laplace transform, to study the consensus of multiagent systems with directed topology and communication time
delay is proposed. The accurate state of the consensus center and the upper bound of the communication delay to make the agents
reach consensus are given. It is proved that all the agents could aggregate and eventually form a cohesive cluster in finite time under
certain conditions, and the consensus center is only determined by the initial states and the communication configuration among
the agents. Finally, simulations are given to illustrate the theoretical results.

1. Introduction
In recent years, there has been an increasing interest in
the study of consensus and rendezvous problems in the
multiagent systems [1–16]. This is partly due to the wide
applications in cooperative control of unmanned air vehicles, formation control of mobile robots, design of sensor
networks, flocking of ants and birds, distributed decision
making, and so on [5–10]. Vicsek et al. [1] proposed a discrete
model of autonomous agents. Each agent of such model was
moving at a constant identical velocity, and the direction was
updated via a local rule based on the average of the directions
of its neighbors. At the same time, they gave some numerical
simulations to describe the dynamic behavior of the model.
Jadbabaie et al. [3] gave a theoretical explanation for the
numerical results of Vicsek’s model. In [5], Olfati-Saber
and Murray analyzed the consensus problem of multiagent
systems with time delay and obtained the accurate bound
of the time delay with undirected topology. In [7, 9], the
authors discussed the consensus of second-order multiagent
systems with time delay by Lyapunov approach. However, due
to certain limitations, the bound of delay in those papers is
not specific.
The analysis of the coupling topology plays an important
part in discussing the consensus problems. Jadbabaie et al. [3]

discussed the communication information by applying an
undirected graph to model the coupling topology among
the agents. Olfati-Saber and Murray [5] investigated the
average consensus problem with directed topology, where
the coupling topology is undirected and needs to satisfy
the balance condition, which is a strong condition for the
consensus. Ren and Beard [11] introduced the definition
of spanning tree to depict the coupling topology. It was
shown that consensus can be achieved asymptotically if the
directed interaction graph contains a spanning tree as the
system evolves. A useful Lemma about the Laplacian matrix
was given in [11], and Laplacian matrix has a simple zero
eigenvalue if and only if the directed graph has a spanning
tree. Lin et al. [12] introduced the definition of globally
reachable node to describe the coupling topology and gave a
similar lemma about the Laplacian matrix; that is, the digraph
has a globally reachable node if and only if 0 is a simple
eigenvalue of Laplacian matrix.
In this paper, we discuss the consensus problem of the
multiagent system mentioned in [5] with directed topology
and time delay. Compared with the previous references, the
main contribution of this paper is to study the coupling
topology in a more general case. According to the Laplace
transform, we can not only have the specific consensus center
of the model but also obtain the accurate upper bound of
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the communication delay value to achieve consensus. By the
Laplace transform, we can eliminate some assumptions used
in the Lyapunov approach and give further simplification of
the assumptions.
This paper is organized as follows. Section 2 presents
some preliminaries of graph theory. Section 3 proposes the
model and gives the analysis for the consensus of the model.
In Section 3, some extensions of the studies are discussed.
Section 4 gives simulations to verify the theoretical results.
Finally, we summarize our main contribution in Section 5.

2. Some Preliminaries
To discuss the coupling topology of the communication
configuration of the agents, graph theory is a very effective
tool. If each agent is regarded as a node, then the coupling
topology is conveniently described by a directed graph. In
particular, in the definition of the directed graph, self-loops
are excluded. Let G = (V, E, 𝐴) be a weighted digraph of
order 𝑛 with the set of nodes V = {1, 2, 3, . . . , 𝑛} and set of
arcs E ⊆ V × V, and 𝐴 = [𝑎𝑖𝑗 ] is the adjacency matrix of
graph G. An arc of G is denoted by (𝑖, 𝑗), which is from 𝑖 to 𝑗.
The set of neighbors of node 𝑖 is denoted by N𝑖 = {𝑗 ∈ V :
(𝑖, 𝑗) ∈ E}. A digraph G is strongly connected if there exists
a path between any two distinct nodes. For a node 𝑗, if there
exists at least a path from every other node 𝑖 in G to node 𝑗,
we say that node 𝑗 is globally reachable.
A diagonal matrix 𝐷 = diag{𝑑1 , 𝑑2 , . . . , 𝑑𝑛 } ∈ 𝑅𝑛×𝑛 is a
degree matrix of G, and its diagonal elements 𝑑𝑖 = ∑𝑗∈N𝑖 𝑎𝑖𝑗
for 𝑖 = 1, 2, . . . , 𝑛. The Laplacian of the weighted digraph G
(or matrix 𝐴) is denoted as
𝐿 = 𝐷 − 𝐴 ∈ 𝑅𝑛×𝑛 .

(1)

It is obvious that the digraph G, the adjacency matrix 𝐴,
and the Laplacian matrix 𝐿 are peer-to-peer. Some basic
properties of the Laplacian matrix need to be introduced in
the following.
Lemma 1 (see [12]). The digraph G has a globally reachable
node if and only if the Laplacian matrix 𝐿 has a simple zero
eigenvalue (with eigenvector 1 = (1, 1, . . . , 1)𝑇 ∈ R𝑛 ).
Lemma 2 (see [5]). The nonzero eigenvalues of 𝐿 are of positive
real part.
Lemma 3. For arbitrary row of the Laplacian matrix 𝐿, the
cofactor of any elements is equal.
Proof. For Laplacian 𝐿
𝑙11 𝑙12
𝑙21 𝑙22
( .. ..
. .
𝑙𝑛1 𝑙𝑛2

⋅ ⋅ ⋅ 𝑙1𝑛
⋅ ⋅ ⋅ 𝑙2𝑛
. ),
d ..
⋅ ⋅ ⋅ 𝑙𝑛𝑛

(2)

without loss of generality, the first row of 𝐿 is chosen
to discuss. The cofactors of element 𝑙1𝑗 and 𝑙1(𝑗+1) , 𝑗 ∈
{1, 2, . . . , 𝑛 − 1}, are, respectively, denoted by
𝑙 𝑙 ⋅ ⋅ ⋅
 21 22
𝑙 𝑙 ⋅ ⋅ ⋅

1+𝑗  31 32
𝑀1𝑗 = (−1)  . .
 .. .. ⋅ ⋅ ⋅

𝑙𝑛1 𝑙𝑛2 ⋅ ⋅ ⋅

l 𝑙
 21 22
𝑙 𝑙

1+𝑗+1  31 32
 . .
𝑀1(𝑗+1) = (−1)
 .. ..


𝑙𝑛1 𝑙𝑛2

⋅ ⋅ ⋅ 𝑙2𝑛 
⋅ ⋅ ⋅ 𝑙3𝑛 

.  ,
d .. 

⋅ ⋅ ⋅ 𝑙𝑛𝑛 
⋅ ⋅ ⋅ 𝑙2𝑗 𝑙2(𝑗+2) ⋅ ⋅ ⋅ 𝑙2𝑛 
⋅ ⋅ ⋅ 𝑙3𝑗 𝑙3(𝑗+2) ⋅ ⋅ ⋅ 𝑙3𝑛 

.
..
.  .
⋅ ⋅ ⋅ ..
.
d .. 

⋅ ⋅ ⋅ 𝑙𝑛𝑗 𝑙𝑛(𝑗+2) ⋅ ⋅ ⋅ 𝑙𝑛𝑛 

𝑙2(𝑗−1) 𝑙2(𝑗+1)
𝑙3(𝑗−1) 𝑙3(𝑗+1)
..
..
.
.
𝑙𝑛(𝑗−1) 𝑙𝑛(𝑗+1)

(3)

For 𝑀1(𝑗+1) , adding all the other columns to the 𝑗th column,
we can have
𝑀1(𝑗+1)
𝑙 𝑙 ⋅ ⋅ ⋅ −𝑙
 21 22
𝑙 𝑙 ⋅ ⋅ ⋅ −𝑙2(𝑗+1)
 31 32
3(𝑗+1)
= (−1)1+𝑗+1  . .
..
 .. .. ⋅ ⋅ ⋅
.

𝑙𝑛1 𝑙𝑛2 ⋅ ⋅ ⋅ −𝑙𝑛(𝑗+1)

𝑙 𝑙 ⋅ ⋅ ⋅ 𝑙
 21 22
𝑙 𝑙 ⋅ ⋅ ⋅ 𝑙2(𝑗+1)
 31 32
3(𝑗+1)
= (−1)1+𝑗+1+1  . .
..
 .. .. ⋅ ⋅ ⋅
.

𝑙𝑛1 𝑙𝑛2 ⋅ ⋅ ⋅ 𝑙𝑛(𝑗+1)


𝑙2(𝑗+2)
𝑙3(𝑗+2)
..
.
𝑙𝑛(𝑗+2)
𝑙2(𝑗+2)
𝑙3(𝑗+2)
..
.
𝑙𝑛(𝑗+2)

⋅ ⋅ ⋅ 𝑙2𝑛 
⋅ ⋅ ⋅ 𝑙3𝑛 

.. 
d . 

⋅ ⋅ ⋅ 𝑙𝑛𝑛 
⋅ ⋅ ⋅ 𝑙2𝑛 
⋅ ⋅ ⋅ 𝑙3𝑛 

.. 
d . 

⋅ ⋅ ⋅ 𝑙𝑛𝑛 

(4)

= 𝑀1𝑗 .
Since 𝑗 is arbitrary, we can obtain 𝑀11 = 𝑀12 = ⋅ ⋅ ⋅ = 𝑀1𝑛 .
Similarly, we can have 𝑀21 = 𝑀22 = ⋅ ⋅ ⋅ = 𝑀2𝑛 , ⋅ ⋅ ⋅ , 𝑀𝑛1 =
𝑀𝑛2 = ⋅ ⋅ ⋅ = 𝑀𝑛𝑛 .
This completes the proof.

3. Model Formulation and Analysis
Consider a multiagent system consisting of 𝑛 agents in 𝑚dimensional Euclidian space whose motion is governed by
the following delay differential equations:
𝑥𝑖̇ (𝑡) = − ∑ 𝑎𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏) − 𝑥𝑗 (𝑡 − 𝜏)) ,

𝑖 = 1, 2, . . . , 𝑛,

𝑗∈N𝑖

(5)
where 𝑥𝑖 ∈ R𝑚 represents the state of agent 𝑖, N𝑖 is the
neighbor set of agent 𝑖, 𝐴 = (𝑎𝑖𝑗 ) is the coupling weight
matrix, and 𝑎𝑖𝑗 is weight parameter with 𝑎𝑖𝑗 > 0, if agent 𝑖 has
information with agent 𝑗; otherwise, 𝑎𝑖𝑖 = 0; the time delay
𝜏 > 0 is a constant.
For simplicity of discussion, we take 𝑚 = 1 in model (5).
Then, model (5) can be rewritten into a matrix form:
𝑋̇ (𝑡) = −𝐿𝑋 (𝑡 − 𝜏) ,

(6)

where 𝑋(𝑡) = (𝑥1 (𝑡), 𝑥2 (𝑡), . . . , 𝑥𝑛 (𝑡))𝑇 ∈ 𝑅𝑛 and 𝐿 is the
Laplacian matrix.
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For system (6), we can have the following main results by
Laplace transform.

According to Lemma 1, the zero eigenvalue of 𝐿 is simple
and the eigenvalues of 𝐿 are denoted as

Theorem 4. For system (6), if there exists at least one globally
reachable node in G and the time delay parameter 𝜏 satisfies


𝜋/2 − arg (𝜆 𝑖 )
,
𝜏 < min
 
𝑖=2,3,...,𝑛
𝜆 𝑖 

0, 𝜆 2 , 𝜆 3 , . . . , 𝜆 ℎ , 𝜆 𝑗 , . . . , 𝜆 𝑙 ,

(13)

(7)

then the states of all agents of the system will asymptotically
converge to a constant value; that is,
 𝑥1 (0) 𝑙12 ⋅⋅⋅ 𝑙1𝑛 
 𝑥 (0) 𝑙 ⋅⋅⋅ 𝑙 
 2 22 2𝑛 
 . .
. 
 . .
 . . d .. 
 𝑥 (0) 𝑙 ⋅⋅⋅ 𝑙 
𝑐 =  𝑛 𝑛2 𝑛𝑛  ,
𝜆1𝜆2 . . . 𝜆𝑛

(8)

where 𝜆 𝑗 , . . . , 𝜆 𝑙 are the multiple eigenvalues corresponding
with the multiplicity as 𝑞, . . . , 𝑝, respectively. Then, it follows
that

Δ (𝑠𝑒𝑠𝜏 𝐼 + 𝐿)
𝑝

where 𝜆 1 𝜆 2 . . . 𝜆 𝑛 are the nonzero eigenvalues of 𝐿 and arg(𝜆 𝑖 )
and ‖𝜆 𝑖 ‖ are the argument and modulus of 𝜆 𝑖 , respectively.
Proof. Applying Laplace transform on (6), succinctly denoted
as L(⋅), we can obtain

𝑞

= 𝑠𝑒𝑠𝜏 (𝑠𝑒𝑠𝜏 + 𝜆 2 ) ⋅ ⋅ ⋅ (𝑠𝑒𝑠𝜏 + 𝜆 ℎ ) (𝑠𝑒𝑠𝜏 + 𝜆 𝑗 ) ⋅ ⋅ ⋅ (𝑠 + 𝜆 𝑙 ) .
(14)

By Heaviside’s method, (12) can be expanded into

∞

𝑠L (𝑋 (𝑡)) − 𝑋 (0) = −𝐿 ∫ 𝑒−𝑠𝑡 𝑋 (𝑡 − 𝜏) 𝑑𝑡
0

X𝑖 (𝑠) = 𝑒𝑠𝜏 (

∞

= −𝐿 ∫ 𝑒−𝑠𝑡 𝑋 (𝑡 − 𝜏) 𝑑𝑡
𝜏

∞

−𝑠(𝜉+𝜏)

= −𝐿 ∫ 𝑒
0

(9)

𝑐ℎ𝑖
𝑐1𝑖
𝑐2𝑖
+
+
⋅
⋅
⋅
+
𝑠𝑒𝑠𝜏 𝑠𝑒𝑠𝜏 + 𝜆 2
𝑠𝑒𝑠𝜏 + 𝜆 ℎ
+

𝑋 (𝑡) 𝑑𝜉

= −𝑒−𝑠𝜏 𝐿L (𝑋 (𝑡)) ;

𝑖
𝑐𝑗𝑝

(𝑠𝑒𝑠𝜏 + 𝜆 𝑗 )

(𝑠𝐼 + 𝑒−𝑠𝜏 𝐿) L (𝑋 (𝑡)) = 𝑋 (0) ,

+

𝑐𝑙𝑞𝑖

Δ(𝑠𝐼 + 𝑒−𝑠𝜏 𝐿)
,
Δ (𝑠𝐼 + 𝑒−𝑠𝜏 𝐿)

𝑖 = 1, 2, . . . , 𝑛,

(11)

where Δ(𝑠𝐼 + 𝑒−𝑠𝜏 𝐿)𝑖 is the determinant of 𝑠𝐼 + 𝑒−𝑠𝜏 𝐿 in which
the 𝑖th column has been replaced by 𝑋(0); Δ(𝑠𝐼 + 𝑒−𝑠𝜏 𝐿) is the
determinant of matrix (𝑠𝐼 + 𝑒−𝑠𝜏 𝐿).
By calculating, we can obtain
𝑖

𝑖

𝑒𝑠𝜏 Δ(𝑠𝑒𝑠𝜏 𝐼 + 𝐿)
𝑒−(𝑛−1)𝑠𝜏 Δ(𝑠𝑒𝑠𝜏 𝐼 + 𝐿)
=
.
X𝑖 (𝑠) =
𝑒−𝑛𝑠𝜏 Δ (𝑠𝑒𝑠𝜏 𝐼 + 𝐿)
Δ (𝑠𝑒𝑠𝜏 𝐼 + 𝐿)

(12)

That is fractional expression about variable 𝑠𝑒𝑠𝜏 . If there are
common factors between Δ(𝑠𝑒𝑠𝜏 𝐼 + 𝐿)𝑖 and Δ(𝑠𝑒𝑠𝜏 𝐼 + 𝐿), we
can reduce them and make them irreducible. In the following,
assume that Δ(𝑠𝑒𝑠𝜏 𝐼 + 𝐿)𝑖 and Δ(𝑠𝑒𝑠𝜏 𝐼 + 𝐿) are irreducible.
For simplicity, we denote 𝑃𝑖 (𝑠) = Δ(𝑠𝑒𝑠𝜏 𝐼 + 𝐿)𝑖 and 𝑄(𝑠) =
Δ(𝑠𝑒𝑠𝜏 𝐼 + 𝐿).

𝑞

(𝑠𝑒𝑠𝜏 + 𝜆 𝑙 )

+

𝑐𝑙𝑖(𝑞−1)
(𝑠𝑒𝑠𝜏 + 𝜆 𝑙 )

(𝑞−1)

𝑐ℎ𝑖
𝑐𝑖
𝑐2𝑖
+
⋅
⋅
⋅
+
≜ 1+
𝑠 𝑠 + 𝜆 2 𝑒−𝑠𝜏
𝑠 + 𝜆 ℎ 𝑒−𝑠𝜏
+

𝑖
𝑐𝑗𝑝

+ ⋅⋅⋅ +

+

𝑝

(𝑠 + 𝜆 𝑗 𝑒−𝑠𝜏 )

𝑐𝑗𝑖(𝑝−1)
(𝑠 + 𝜆 𝑗 𝑒−𝑠𝜏 )

𝑖
𝑐𝑗1

(𝑠 + 𝜆 𝑗 𝑒−𝑠𝜏 )
𝑐𝑙𝑞𝑖

(𝑠 + 𝜆 𝑙 𝑒−𝑠𝜏 )

+ ⋅⋅⋅ +

+

𝑞

+

(𝑝−1)

+ ⋅⋅⋅
𝑐𝑙𝑖(𝑞−1)
(𝑞−1)

(𝑠 + 𝜆 𝑙 𝑒−𝑠𝜏 )

𝑐𝑙1𝑖
,
(𝑠 + 𝜆 𝑙 𝑒−𝑠𝜏 )

(𝑝−1)

+ ⋅⋅⋅

𝑐𝑙1𝑖
)
(𝑠𝑒𝑠𝜏 + 𝜆 𝑙 )

+⋅⋅⋅ +

𝑖

X𝑖 (𝑠) =

(𝑠𝑒𝑠𝜏 + 𝜆 𝑗 )

(𝑠𝑒𝑠𝜏 + 𝜆 𝑗 )

(10)

where 𝑠 is the Laplace variable. For simplicity, L𝑋(𝑡) is
denoted as X(𝑠).
According to Cramer rule, we can get the solutions of (10):

+

𝑖
𝑐𝑗1

+ ⋅⋅⋅ +

that is,

𝑝

𝑐𝑗𝑖(𝑝−1)

(15)

4
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where

Substituting those into the first equation of (22), we have

𝑃 (𝑠) 
𝑐1𝑖 = 𝑠 𝑖  ,
𝑄(𝑠) 𝑠=0
𝑖
𝑐𝑗𝑓

𝑃 (𝑠) 
𝑐𝑒𝑖 = (𝑠 + 𝜆 𝑒 ) 𝑖  ,
𝑄(𝑠) 𝑠=𝜆 𝑒


(𝑝−𝑓) 𝑃𝑖 (𝑠) 
𝑑𝑝−𝑓
= 𝑝−𝑓 [(𝑠 + 𝜆 𝑗 )
] ,
𝑄 (𝑠) 𝑠=𝜆 𝑗
𝑑𝑠

𝑒 = 2, . . . , ℎ,

(24)
𝑓 = 1, 2, . . . , 𝑝,


𝑑𝑞−𝑔
(𝑞−𝑔) 𝑃𝑖 (𝑠) 
] ,
= 𝑞−𝑔 [(𝑠 + 𝜆 𝑙 )
𝑑𝑠
𝑄 (𝑠) 𝑠=𝜆 𝑙

that is,
𝑥 + √𝑢2 + V2 𝑒−𝑥𝜏 cos (𝜏√(𝑢2 + V2 ) 𝑒−2𝑥𝜏 − 𝑥2 ± 𝜑) = 0.

..
.
𝑐𝑙𝑔𝑖

𝑥 + √𝑢2 + V2 𝑒−𝑥𝜏 cos (∓𝜏√(𝑢2 + V2 ) 𝑒−2𝑥𝜏 − 𝑥2 + 𝜑) = 0;

(25)
𝑔 = 1, 2, . . . , 𝑞.
(16)

Equation (15) is the transfer function of 𝑥𝑖 (𝑡); the Laplace
reverse transform of the first term is a constant value 𝑐1𝑖 . In
order to make 𝑥𝑖 (𝑡) asymptotically stable, the real part of the
denominators’ roots must be negative, which implies that the
roots of transcendental equation 𝑠 + 𝜆 𝑘 𝑒−𝑠𝜏 = 0 must have
negative real part. Then, the roots of
𝑠 + 𝜆 𝑘 𝑒−𝑠𝜏 = 0

(18)

which can be expanded as
𝑥 + 𝑖𝑦 + 𝑢𝑒−𝑥𝜏 (cos (−𝑦𝜏) + 𝑖 sin (−𝑦𝜏))
+ 𝑖V𝑒−𝑥𝜏 (cos (−𝑦𝜏) + 𝑖 sin (−𝑦𝜏)) = 0;

+ 𝑖 (𝑦 + 𝑢𝑒−𝑥𝜏 sin (−𝑦𝜏) + V𝑒−𝑥𝜏 cos (−𝑦𝜏)) = 0.

(19)

𝑦 + 𝑢𝑒−𝑥𝜏 sin (−𝑦𝜏) + V𝑒−𝑥𝜏 cos (−𝑦𝜏) = 0.

(20)

(21)

𝑦 + √𝑢2 + V2 𝑒−𝑥𝜏 sin (−𝑦𝜏 + 𝜑) = 0,

(22)

where 𝜑 = arg(𝜆 𝑘 ) = arctan(V/𝑢) is the argument of 𝜆 and
𝜑 ∈ (−𝜋/2, 𝜋/2).
According to (22), we can know that
𝑥2 + 𝑦2 = (𝑢2 + V2 ) 𝑒−2𝑥𝜏 ,
𝑦𝜏 = ±𝜏√(𝑢2 + V2 ) 𝑒−2𝑥𝜏 − 𝑥2 .

(26)

In order to get the smallest positive value of 𝜏, we have 𝑚 = 0,
and 𝜏√(𝑢2 + V2 ) + |𝜑| = 𝜋/2, since 𝜏√(𝑢2 + V2 ) ≥ 0 and the
sign of 𝜑 is decided by 𝑢 and V. So, we can get the critical value
of the time delay, denoted as 𝜏0 , and
𝜏0 =

 
𝜋/2 − 𝜑
.
√𝑢2 + V2

(27)

In the following, we will show that the roots of (17) have
negative real part when 𝜏 < 𝜏0 .
Since the complex eigenvalues of 𝐿 are conjugated, their
imaginary signs arguments are opposite. According to (25),
we define the function as

 
= 𝑥 + √𝑢2 + V2 𝑒−𝑥𝜏 cos (𝜏√(𝑢2 + V2 ) 𝑒−2𝑥𝜏 − 𝑥2 + 𝜑) .
For arbitrary 𝜏1 > (𝜋/2 − |𝜑|)/(√𝑢2 + V2 ), let 𝑥 = 0, and if
𝜏 = 𝜏1 , then
 
𝑓 (0) = √𝑢2 + V2 cos (𝜏1 √𝑢2 + V2 + 𝜑) < 0.

(23)

(29)

For function √(𝑢2 + v2 )𝑒−2𝑥𝜏1 − 𝑥2 , there exists a positive root
𝑏 > 0, and it decreases monotonically in the interval [0, 𝑏].
Taking
  𝜋
𝜏1 √(𝑢2 + V2 ) 𝑒−2𝑥𝜏1 − 𝑥2 + 𝜑 = ,
2

Solving the above equations, we can get
𝑥 + √𝑢2 + V2 𝑒−𝑥𝜏 cos (−𝑦𝜏 + 𝜑) = 0,

𝑚 = 0, ±1, ±2, . . . .

(28)

Separating the real and imaginary parts, then we can have
𝑥 + 𝑢𝑒−𝑥𝜏 cos (−𝑦𝜏) − V𝑒−𝑥𝜏 sin (−𝑦𝜏) = 0,

𝜋
+ 𝑚𝜋,
2

𝑓 (𝑥)

that is,
𝑥 + 𝑢𝑒−𝑥𝜏 cos (−𝑦𝜏) − V𝑒−𝑥𝜏 sin (−𝑦𝜏)

𝜏√(𝑢2 + V2 ) ± 𝜑 =

(17)

will be analyzed in the following. To solve (17), we let 𝑠 = 𝑥 +
𝑖𝑦, and 𝜆 𝑘 = 𝑢 + 𝑖V, where 𝑢 > 0, and 𝑖 = √−1 is the plural
unit. Then,
𝑥 + 𝑖𝑦 + 𝑢𝑒−(𝑥+𝑖𝑦)𝜏 + 𝑖V𝑒−(𝑥+𝑖𝑦)𝜏 = 0,

Let 𝑥 be equal to the critical value; that is, 𝑥 = 0; then

(30)

there exists only one solution in the interval (0, 𝑏), denoted as
𝑥1 .
Then
𝑓 (𝑥1 ) = 𝑥1 > 0.

(31)

From (29) and (31), there exists a root of 𝑓(𝑥) between 0 and
𝑥1 . Moreover, if 𝜏 = 𝜏1 , the same result holds.
For arbitrary 𝜏2 < 𝜏0 , then
 
𝑓 (0) = √𝑢2 + V2 cos (𝜏2 √𝑢2 + V2 + 𝜑) > 0.

(32)
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Because √(𝑢2 + V2 )𝑒−2𝑥𝜏2 − 𝑥2 is a monotonically decreasing
function in the interval (0, 𝑏), 0 < 𝜏2 √(𝑢2 + V2 )𝑒−2𝑥𝜏2 − 𝑥2 +
|𝜑| < 𝜋/2 and 𝑓(𝑥) > 0, (𝑥 ∈ (0, 𝑏)), which implies that they
have no positive roots of (28) but have infinite negative roots
of (28).
Define


𝜋/2 − arg (𝜆 𝑘 )
(33)
,
ℎ = min
 
𝑘={2,3,...,𝑛}
𝜆 𝑘 
for arbitrary 𝜏 < ℎ; the roots of the denominator of each term
of (15) must have negative real part.
Take arbitrary term of (15), simply denoted as
𝐺 (𝑠) =

𝑐
,
(𝑠 + 𝜆𝑒−𝑠𝜏 )𝑟

(34)

where 𝑐 is the coefficient, 𝑟 is the degree, and 𝜏 < ℎ. It
has infinite singular points which have negative real part.
The Laplace inverse transform of the function asymptotically
tends to 0; that is, for the function,
𝑔 (𝑡) = L−1 (𝐺 (𝑠)) ,

(35)

when 𝑡 → +∞ and 𝑔(𝑡) → 0. So, we can obtain
𝑥𝑖 (𝑡) = L−1 (X𝑖 (𝑠)) → 𝑐1𝑖 ,

(36)

when 𝑡 → +∞; that is, 𝑋(𝑡) → (𝑐11 , 𝑐21 , . . . , 𝑐𝑛1 )𝑇 as 𝑡 → +∞.
According to Lemma 1, we can get
𝑐 = 𝑐11 = 𝑐12 = ⋅ ⋅ ⋅ = 𝑐1𝑛

𝑃 (𝑠) 
= 𝑠 1 
𝑄(𝑠) 𝑠=0

 𝑥1 (0) 𝑙12 ⋅⋅⋅ 𝑙1𝑛 
 𝑥 (0) 𝑙 ⋅⋅⋅ 𝑙 
 2 22 2𝑛 
 . .
. 
 . .
 . . d .. 
 𝑥 (0) 𝑙 ⋅⋅⋅ 𝑙 
=  𝑛 𝑛2 𝑛𝑛  .
𝜆1𝜆2 . . . 𝜆𝑛

𝑥𝑖̇ (𝑡) = −𝑎 ∑ 𝑎𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏) − 𝑥𝑗 (𝑡 − 𝜏)) ,

𝑖 = 1, 2, . . . , 𝑛,

𝑗∈N𝑖

(40)
which can be rewritten as the matrix form
𝑋̇ (𝑡) = −𝑎𝐿𝑋 (𝑡 − 𝜏) .

(41)

It can be easy to get that the consensus center is not changed;
then, we have the following theorem.
Theorem 7. For model (40), if there exists at least one reserve
tree in the digraph G associated with matrix 𝐴 and the time
delay parameter 𝜏 satisfies


𝜋/2 − arg (𝜆 𝑖 )
(42)
,
𝜏 < min


𝑖=2,3,...,𝑛
𝑎 𝜆 𝑖 
then all the agents of the system will asymptotically converge
upon a fixed point 𝑐, where
 𝑥1 (0) 𝑙12 ⋅⋅⋅ 𝑙1𝑛 
 𝑥 (0) 𝑙 ⋅⋅⋅ 𝑙 
 2 22 2𝑛 
 . .
. 
 . .
(43)
 . . d .. 
 𝑥𝑛 (0) 𝑙𝑛2 ⋅⋅⋅ 𝑙𝑛𝑛 
𝑐=
.
𝜆1𝜆2 . . . 𝜆𝑛
Remark 8. The feedback gain 𝑎 can be used to adjust the
consensus velocity of the agents and the critical value of delay.

4. Numerical Simulations
(37)

This completes the proof.
Remark 5. If matrix 𝐴 is symmetrical, then the imaginary
parts of the eigenvalues are equal to zero; that is, 𝜑𝑘 = 0. The
critical value of the time delay is ℎ = 𝜋/2𝜆 max .
Furthermore, the multiagent system is described by
𝑥𝑖̇ (𝑡) = − ∑ 𝑎𝑖𝑗 (𝑥𝑖 (𝑡 − 𝜏𝑗𝑖 (𝑡)) − 𝑥𝑗 (𝑡 − 𝜏𝑖𝑗 (𝑡)))
𝑗∈N𝑖

In model (5), we regarded the feedback gain value as 1. If
the feedback gain value is 𝑎, then the model can be described
as

(38)
𝑖 = 1, 2, . . . , 𝑛.

We can also have the same result as follows.
Theorem 6. For model (38), if there exists at least one globally
reachable node in digraph G and the time delay parameter 𝜏
satisfies


𝜋/2 − arg (𝜆 𝑖 )
(39)
,
𝜏 (𝑡) < min
𝜆 𝑖 
𝑖=2,3,...,𝑛
 
then all the agents of the system can achieve asymptotically
consensus.

In this section, we will give some numerical simulations to
illustrate the theoretical results.
Consider a multiagent system with ten agents, where the
initial states of agents are chosen randomly. The coupling
matrices are given as follows, respectively:
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0
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0
0
0
0
0

0
0
0
)
0)
)
0)
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0
0
0)

0
1
0
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(0
(
(0
𝐴2 = (
(0
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0
0
(0

0
0
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0
0
0
0
0
0
0

0
0
0
1
0
0
0
0
0
0

0
0
0
0
1
0
0
0
0
0

0
0
0
0
0
1
0
0
0
0

0
0
0
0
0
0
1
0
0
0

0
0
0
0
0
0
0
1
0
0

0
0
0
0
0
0
0
0
1
0

0
0
0
0
0
0
0
0
0
1

1
0
0
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0
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0)

(44)
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Figure 1: States of the agents about model (5) with the coupling matrix 𝐴 1 , when 𝜏 = 0 and 0.6, respectively.
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Figure 2: States of the agents about model (5) with the coupling matrix 𝐴 1 , when 𝜏 = 𝜋/2 and 1.8, respectively.
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Figure 3: States of the agents about model (38) with the coupling matrix 𝐴 2 and the feedback gain 𝑎 = 0.5, when 𝜏 = 0.3 and 0.5089,
respectively.
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Matrix 𝐴 1 is the associated Laplacian matrix with only
one zero eigenvalue, and the other eigenvalues are all equal
to 1. And the critical value of delay is ℎ1 = 𝜋/2.
For matrix 𝐴 2 , the associated digraph G is strongly
connected, and the eigenvalues of 𝐿 are
0.0000, 2.0000, 1.8090 + 0.5878𝑖, 1.8090 − 0.5878𝑖;
1.3090 + 0.9511𝑖, 1.3090 − 0.9511𝑖, 0.6910 + 0.9511𝑖;
0.6910 − 0.9511𝑖, 0.1910 + 0.5878𝑖, 0.1910 − 0.5878𝑖.
The critical value of delay ℎ3 = min𝑖=2,3,...,𝑛 ((𝜋/2 −
| arg(𝜆 𝑖 )|)/𝑎‖𝜆 𝑖 ‖) = 0.5089.
Figures 1 and 2 show the simulation results, where the
coupling matrix is 𝐴 1 . We can find that, from Figure 1, the
states of all agents of model (5) will asymptotically converge
to a constant value when 𝜏 = 0, 0.6 (𝜏 < 𝜋/2), respectively;
however, from Figure 2, the states of all agents of the system
will diverge when 𝜏 = 𝜋/2, 1.8 (𝜏 ≥ 𝜋/2), respectively.
Figure 3 shows, for model (38), the states of all agents of
the system with the coupling matrix 𝐴 2 , and the feedback
gain will asymptotically converge to a constant value when
𝜏 = 0.3, 0.5089 (𝜏 < 𝜋/2), respectively.

5. Conclusion
In this paper, we have considered the consensus of multiagent
systems with directed topology and communication time
delay. We have proved that the system aggregates and forms
a cluster in finite time if the time delays are smaller than
the critical value. The methods and results of this paper
can be extended to discuss the leader-follower second-order
multiagent system with time delay.
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The optimal solution of fuzzy bilevel linear programming with multiple followers (MFFBLP) model is shown to be equivalent to the
optimal solution of the bilevel linear programming with multiple followers by using fuzzy structured element theory. The optimal
solution to this model is found out by adopting the Kuhn-Tucker approach. Finally, an illustrative numerical example for this model
is also provided to demonstrate the feasibility and efficiency of the proposed method.

1. Introduction
Bilevel programming introduced by Stackelberg in 1952 [1]
has been developed to solve the decentralized planning
problem in which decision makers are often arranged within a
hierarchical administrative structure. A bilevel programming
problem occurs when two decision makers are located at
different hierarchical levels. In general, a decision maker at
the upper level is termed as the leader and the lower level
is termed as the follower [2, 3]. In the context of bilevel
programming, the leader first specifies a strategy; the follower
then specifies a strategy so as to optimize the objective with
full knowledge of the action of the leader.
Many researches on bilevel programming so far have
centered on the linear version of the problem [2–7]. Also
two fundamental issues in theory and practice of both bilevel
programming problems are mostly concerned: one is how
to model a real world bilevel programming and the other is
how to find properties and an optimal solution to the bilevel
programming problem. There are many such hierarchical
optimization problems in the fields of industry, agriculture,
finance transportation, and so on [8–11]. But in many practical hierarchical decision making systems, the coefficients
of objective functions and constraints sometimes cannot be
described by precise values. Hence, it is necessary for us to
formulate the decentralized decision making problem with
uncertainty as fuzzy models.

At present, the linear bilevel programming in which the
coefficients are characterized by fuzzy numbers is called fuzzy
linear bilevel programming [12, 13]. Sakawa et al. [4, 5, 14–17]
formulated cooperative fuzzy bilevel programming problems
and proposed an interactive fuzzy programming approach
to solve the problems. From this approach, the concept of a
bilevel programming was introduced based on fuzzy number
𝜆-level sets. At the same time, some researches applied fuzzy
set technique to deal with bilevel programming problems.
Shih and Stanely Lee [18] applied fuzzy set theory to overcome
the computational difficulties in solving bilevel problems.
Sinha [19] started from the fuzzy mathematical programming approach to obtain the solution of multilevel linear
programming problems. Recently, Zhang et al. [13, 20–22]
studied fuzzy bilevel programming problem, which focuses
on the situation where the leader or the follower has multiple
objectives with fuzzy parameters and all followers share their
decision variables, and provided related algorithms based on
the y function in fuzzy set theory. Moreover, they have first
solved the fuzzy linear bilevel programming problems with a
specialized form of membership functions, triangular form,
in the fuzzy parameters [6, 12]. Nevertheless so far the fuzzy
linear bilevel programming problem remains the focus of
fuzzy multilevel programming problem.
This paper discusses the fuzzy bilevel linear programming
with multiple followers (MFFBLP) model. Based on the
homeomorphism properties between the bounded real fuzzy
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number and the monotone functions on [−1, 1], the comparison of a fuzzy number is changed into a new comparison
of monotone function by the definition of fuzzy numbers
structured element weighted order. Then the optimal solutions of new derived model is proved equivalent to the
optimal solution of the MFFBLP model. The feasibility of the
proposed approach is proved by giving a numerical example.
The following of this paper is arranged as follows. In
Section 2, some concepts and properties of the fuzzy numbers structured element weighted order are introduced. In
Section 3, we study the optimal solution of the MFFBLP
model. In Section 4, one numerical example is shown for
illustrating the proposed models and approach. Finally, we
give some conclusions in Section 5.

2. Preliminaries
In this section, some necessary backgrounds and notions of
fuzzy structured element theory are presented.
Definition 1 (see [23]). Let 𝐸 be a fuzzy set on 𝑅 and 𝐸(𝑥)
the membership function of 𝐸. Then, 𝐸 is called a fuzzy
structured element, if (i) 𝐸(0) = 1; (ii) 𝐸(𝑥) is a function
of monotonous increasing and right continuous on [−1, 0]
and monotone decreasing and left continuous on (0,1]; (iii)
𝐸(𝑥) = 0 (−∞ < 𝑥 < −1 or 1 < 𝑥 < +∞).
Definition 2 (see [23]). 𝐸 is called a canonical fuzzy structured element, if (i) ∀𝑥 ∈ (−1, 1), 𝐸(𝑥) > 0; (ii) 𝐸(𝑥) is
continuous and strictly monotone increasing on [−1, 0] and
strictly monotone decreasing and continuous on (0, 1].
Definition 3 (see [23]). 𝐸 is called a symmetrical fuzzy
structured element, if 𝐸(−𝑥) = 𝐸(𝑥).
Lemma 4 (see [23]). Let 𝐸 be a fuzzy structured element
and 𝐸(𝑥) is its membership function; the function 𝑓(𝑥) is
continuous and monotone on [−1, 1]; then 𝑓(𝐸) is a fuzzy
number, and the membership function of 𝑓(𝐸) is 𝐸(𝑓−1 (𝑥)),
where 𝑓−1 (𝑥) is rotational symmetry function for variables 𝑥
and 𝑦, if 𝑓 is a strictly monotone function, then 𝑓−1 (𝑥) is the
inverse function of 𝑓(𝑥).
Lemma 5 (see [24]). For a given canonical fuzzy structured
̃ there always exists
element 𝐸 and any finite fuzzy number 𝐴,
a monotone bounded function 𝑓 on [−1, 1], having the form
̃ = 𝑓(𝐸).
𝐴

Then arbitrary bounded triangular fuzzy number can be
generated by 𝐸 and the monotone bounded function is

(𝑏 − 𝑎) 𝑥 + 𝑏,
{
{
𝑓 (𝑥) = {(𝑐 − 𝑏) 𝑥 + 𝑏,
{
{0,

−1 ≤ 𝑥 ≤ 0,
0 ≤ 𝑥 ≤ 1,
𝑜𝑡ℎ𝑒𝑟𝑠.

(2)

̃ = 𝑓(𝐸).
Therefore, we easily get the conclusion 𝐴
Remark 7. The class of all bounded fuzzy numbers is denoted
̃𝐶(𝑅), and let 𝐸 be a canonical fuzzy structured element.
by 𝑁
̃2 ∈ 𝑁
̃𝐶(𝑅). Its
̃1 , 𝐴
Definition 8 (see [23]). Suppose 𝐴
̃
structured element representation is 𝐴 𝑖 = 𝑓𝑖 (𝐸), 𝑖 = 1, 2,
respectively, where 𝐸 is given a canonical fuzzy structured
element and its membership function is 𝐸(𝑥), 𝑓1 (𝑥) and
𝑓2 (𝑥) are the same sequence monotonic functions on [−1, 1],
respectively. By the following formula

̃1 ≤ 𝐴
̃2 ⇐⇒ 𝐹 (𝐴
̃1 , 𝐴
̃2 )
𝐴
1

= ∫ 𝐸 (𝑥) (𝑓1 (𝑥) − 𝑓2 (𝑥)) 𝑑𝑥
−1
1

1

−1

−1

(3)

= ∫ 𝐸 (𝑥) 𝑓1 (𝑥) 𝑑𝑥 − ∫ 𝐸 (𝑥) 𝑓2 (𝑥) 𝑑𝑥 ≤ 0

̃𝐶(𝑅)
to determine the binary relation “≤” is a total order on 𝑁
and then called fuzzy numbers structured element weighted
order.
Lemma 9 (see [23]). Let 𝐸 be a symmetrical fuzzy structured
element, 𝑓1 (𝑥) and 𝑓2 (𝑥) are the same sequence monotonic
̃1 = 𝑓1 (𝐸), and 𝐴
̃2 =
functions on [−1, 1], the fuzzy number 𝐴
𝑓2 (𝐸), then

̃1 + 𝐴
̃2 = 𝑓1 (𝐸) + 𝑓2 (𝐸) ,
𝐴
̃1 − 𝐴
̃2 = 𝑓1 (𝐸) + 𝑓𝜏 (𝐸) ,
𝐴
2

(4)

̃ =
Lemma 6 (see [25]). Let the triangular fuzzy number 𝐴
(𝑎, 𝑏, 𝑐), 𝐸 is a fuzzy structured element, and its membership
function is

̃2 = |𝑘| 𝑓𝜏 (𝐸) ,
𝑘𝐴
2

1 + 𝑥, −1 ≤ 𝑥 ≤ 0,
{
{
𝐸 (𝑥) = {1 − 𝑥, 0 ≤ 𝑥 ≤ 1,
{
𝑜𝑡ℎ𝑒𝑟𝑠.
{0,

when 𝑘 ≥ 0, 𝑓1𝜏 (𝐸) = 𝑓1 (𝐸), and 𝑓2𝜏 (𝐸) = 𝑓2 (𝐸); when 𝑘 < 0,
𝑓1𝜏 (𝐸) = −𝑓1 (−𝐸), and 𝑓2𝜏 (𝐸) = −𝑓2 (−𝐸).
The proof of above Lemmas can be found in reference [23–
25].

(1)

̃1 = |𝑘| 𝑓𝜏 (𝐸) ,
𝑘𝐴
1
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̃1
Z
1

3
increasing functions, then the model (5) is equivalent to the
following model:

Leader

𝑁

1

𝑆 𝑀

1

𝑖=1

−1

𝑠=1𝑗=1

−1

𝑀1 = ∑𝑥𝑖 ∫ 𝐸 (𝑡) 𝑓𝑖1 (𝑡) 𝑑𝑡+ ∑ ∑𝑦𝑠𝑗 ∫ 𝐸 (𝑡) 𝐹𝑠𝑗1 (𝑡) 𝑑𝑡;
min
𝑥
𝑖

̃2
Z
1

̃2
Z
2

The first
follower

The second
follower

̃2
Z
i

···

The ith
follower

𝑠.𝑡. 𝑤ℎ𝑒𝑟𝑒 𝑦𝑠𝑗 (𝑠 = 1, 2, . . . , 𝑆; 𝑗 = 1, 2, . . . , 𝑀) 𝑖𝑠 𝑡ℎ𝑒

̃2
Z
S

···

𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑙𝑜𝑤𝑒𝑟 𝑙𝑒V𝑒𝑙 𝑝𝑟𝑜𝑏𝑙𝑒𝑚:

The sth
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Figure 1: Fuzzy bilevel linear programming with multiple followers.

𝑁

1

𝑀

1

𝑖=1

−1

𝑗=1

−1

min
𝑀𝑠2 = ∑𝑥𝑖 ∫ 𝐸 (𝑡) 𝑓𝑠𝑖2 (𝑡) 𝑑𝑡 + ∑𝑦𝑠𝑗 ∫ 𝐸 (𝑡) 𝐹𝑠𝑗2 (𝑡) 𝑑𝑡
𝑦
𝑠𝑗

𝑠.𝑡

𝑁

1

𝑀

1

𝑖=1

−1

𝑗=1

−1

∑𝑥𝑖 ∫ 𝐸 (𝑡) 𝜑𝑡𝑖𝑠 (𝑡) 𝑑𝑡 + ∑𝑦𝑠𝑗 ∫ 𝐸 (𝑡) 𝑔𝑡𝑗𝑠 (𝑡) 𝑑𝑡
1

3. Fuzzy Bilevel Linear Programming with
Multiple Followers

≤ ∫ 𝐸 (𝑡) 𝜓𝑡𝑠 (𝑡) 𝑑𝑡;
−1

Figure 1 shows the fuzzy bilevel linear programming with
multiple followers model (MFFBLP), and this mathematical
model is defined as follows:

𝑥𝑖 ≥ 0; 𝑦𝑠𝑗 ≥ 0;
𝑖 = 1, 2, . . . , 𝑁;

𝑗 = 1, 2, . . . , 𝑀;

𝑠 = 1, 2, . . . , 𝑆;
𝑡 = 1, 2, . . . , 𝑇.
(6)

𝑁

𝑆 𝑀

𝑖=1

𝑠=1𝑗=1

Proof. By Definition 8, we know that comparing the size of
̃1 by 𝑀1 = ∫−1 𝐸(𝑡)𝐺1 (𝑡) 𝑑𝑡 in model (5), then
fuzzy number 𝑍
1
1
1
−1

̃1 = ∑𝑐̃1 𝑥𝑖 + ∑ ∑𝑑̃1 𝑦𝑠𝑗 ;
𝑍
min
1
𝑖
𝑠𝑗
𝑥
𝑖

where 𝑦𝑠𝑗 (𝑠 = 1, 2, . . . , 𝑆; 𝑗 = 1, 2, . . . , 𝑀)

s.t.

is the solution of the lower level problem:
𝑁

2
𝑦𝑠𝑗
∑𝑑̃𝑠𝑗
𝑗=1

min
𝑦
s.t

∑𝑎̃𝑡𝑖𝑠 𝑥𝑖 + ∑̃𝑏𝑡𝑗𝑠 𝑦𝑠𝑗 ≤ 𝑒̃𝑡𝑠 ;

𝑠𝑗

=

∑𝑐̃𝑠𝑖2 𝑥𝑖
𝑖=1

𝑁

+

=

𝑀

̃2
𝑍
𝑠

(5)

𝑀

𝑖=1

∑𝑓𝑖1
𝑖=1

(𝐸) 𝑥𝑖 +

(7)

𝑆 𝑀

∑ ∑𝐹𝑠𝑗1
𝑠=1𝑗=1

(𝐸) 𝑦𝑠𝑗 ;

because 𝑓𝑖1 (𝑡) and 𝐹𝑠𝑗1 (𝑡) are monotonous increasing functions; then

𝑁

1

𝑗 = 1, 2, . . . , 𝑀;

𝑠 = 1, 2, . . . , 𝑆;

1

−1
𝐺11 (𝑡),

1
𝐺𝑠2 (𝑡),

𝑆 𝑀

1

𝑁

1

𝑆 𝑀

−1

𝑖=1

−1

𝑠=1𝑗=1

= ∫ 𝐸 (𝑡) ∑𝑓𝑖1 (𝑡) 𝑥𝑖 𝑑𝑡 + ∫ 𝐸 (𝑡) ∑ ∑𝐹𝑠𝑗1 (𝑡) 𝑦𝑠𝑗 𝑑𝑡

̃2 = 𝐺2 (𝐸), 𝑐̃1 =
̃1 = 𝐺1 (𝐸), 𝑍
Theorem 10. Suppose that 𝑍
1
1
𝑠
𝑠
𝑖
1
2
2
1
1
2
𝑓𝑖 (𝐸), 𝑐̃𝑠𝑖 = 𝑓𝑠𝑖 (𝐸), 𝑑̃𝑠𝑗 = 𝐹𝑠𝑗 (𝐸), 𝑑̃𝑠𝑗 = 𝐹𝑠𝑗2 (𝐸), 𝑎̃𝑡𝑖𝑠 = 𝜑𝑡𝑖𝑠 (𝐸),
̃𝑏𝑠 = 𝑔𝑠 (𝐸), 𝑒̃𝑠 = 𝜓𝑠 (𝐸), and 𝑀1 = ∫1 𝐸(𝑡)𝐺1 (𝑡)𝑑𝑡, if 𝐸
𝑡

𝑁

= ∫ 𝐸 (𝑡) [∑𝑓𝑖1 (𝑡) 𝑥𝑖 + ∑ ∑𝐹𝑠𝑗1 (𝑡) 𝑦𝑠𝑗 ] 𝑑𝑡
−1
𝑠=1𝑗=1
]
[𝑖=1

̃1 is the leader’s objective function and 𝑍
̃2
where 𝑍
1
𝑠
is the 𝑠th follower’s objective function; 𝑥𝑖 , 𝑦𝑠𝑗
∈
1 ̃2
̃𝐶(𝑅).
𝑅; 𝑐̃𝑖1 , 𝑐̃𝑠𝑖2 , 𝑑̃𝑠𝑗
, 𝑑𝑠𝑗 , 𝑎̃𝑡𝑖𝑠 , ̃𝑏𝑡𝑗𝑠 , 𝑒̃𝑡𝑠 ∈ 𝑁

𝑡

𝑠=1𝑗=1

−1

𝑡 = 1, 2, . . . , 𝑇,

𝑡𝑗

𝑖=1

1

𝑥𝑖 ≥ 0; 𝑦𝑠𝑗 ≥ 0;

𝑡𝑗

𝑆 𝑀

𝑀11 = ∫ 𝐸 (𝑡) 𝐺11 (𝑡) 𝑑𝑡

𝑗=1

𝑖 = 1, 2, . . . , 𝑁;

𝑁

̃1 = 𝐺1 (𝐸) = ∑𝑐̃1 𝑥𝑖 + ∑ ∑ 𝑑̃1 𝑦𝑠𝑗
𝑍
1
1
𝑖
𝑠𝑗

𝑓𝑖1 (𝑡),

is a canonical fuzzy structured element,
𝑓𝑠𝑖2 (𝑡), 𝐹𝑠𝑗1 (𝑡), 𝐹𝑠𝑗2 (𝑡), 𝜑𝑡𝑖𝑠 (𝑡), 𝑔𝑡𝑗𝑠 (𝑡), and 𝜓𝑡𝑠 (𝑡) are monotonous

𝑁

1

𝑆 𝑀

1

𝑖=1

−1

𝑠=1𝑗=1

−1

= ∑𝑥𝑖 ∫ 𝐸 (𝑡) 𝑓𝑖1 (𝑡) 𝑑𝑡 + ∑ ∑𝑦𝑠𝑗 ∫ 𝐸 (𝑡) 𝐹𝑠𝑗1 (𝑡) 𝑑𝑡.
(8)
In the same way, we get
1

𝑀𝑠2 = ∫ 𝐸 (𝑡) 𝐺𝑠2 (𝑡) 𝑑𝑡
−1

𝑁

1

𝑖=1

−1

= ∑𝑥𝑖 ∫

𝐸 (𝑡) 𝑓𝑠𝑖2

𝑀

1

𝑗=1

−1

(𝑡) 𝑑𝑡 + ∑ 𝑦𝑠𝑗 ∫

(9)
𝐸 (𝑡) 𝐹𝑠𝑗2

(𝑡) 𝑑𝑡.

4
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̃2 (𝑥1 , 𝑥2 , 𝑦21 ) = 1̃5𝑥1 − 1̃𝑥2 + 8̃0𝑦21 ;
𝑍
min
2
𝑦

By Lemmas 6 and 9, we obtain that

21

s.t.
𝑁

1

𝑀

1

𝑖=1

−1

𝑗=1

−1

̃ 2 − 6.9𝑦
̃ 21 ≤ 10,
̃
̃ 1 + 1𝑥
1𝑥
̃ 1 + 1𝑦
̃ 21 ≤ 5̃;
40𝑥

∑𝑥𝑖 ∫ 𝐸 (𝑡) 𝜑𝑡𝑖𝑠 (𝑡) 𝑑𝑡 + ∑ 𝑦𝑠𝑗 ∫ 𝐸 (𝑡) 𝑔𝑡𝑗𝑠 (𝑡) 𝑑𝑡

𝑥1 ≥ 0, 𝑥2 ≥ 0, 𝑦11 ≥ 0, 𝑦21 ≥ 0,

(10)

1

(11)

≤ ∫ 𝐸 (𝑡) 𝜓𝑡𝑠 (𝑡) 𝑑𝑡.
−1

where the triangular fuzzy numbers 1̃ = (0, 1, 2), 2̃ =
(1.5, 2, 2.5), 3̃
.1 = (2, 3.1, 3.6), 4̃ = (2, 4, 6), 5̃ = (4.7, 5, 5.3),
6̃ = (5, 6, 7), 6̃
.9 = (6.5, 6.9, 7.9), 8̃ = (7.5, 8, 8.5), 1̃0 =
̃
(8, 10, 12), 11 = (10.7, 11, 11.3), 1̃3 = (12, 13, 14), 1̃5 =
(14.5, 15, 15.5), 2̃5 = (23, 25, 27), 4̃0 = (39, 40, 41), and 8̃0 =
(77, 80, 83).

The proof is completed.

4. Algorithm and Numerical Example
4.1. Algorithm. By using Theorem 10, we give all steps of the
approach for the proposed MFFBLP model.

Step 1. By Lemma 6, we have

Step 1. If the fuzzy number is triangular fuzzy number,
according to Lemma 6 and 𝐸 expression, we have 𝜇𝐴̃(𝑡) =
𝐸(𝑓−1 (𝑡)) and then get 𝑓𝑖1 (𝑡), 𝑓𝑠𝑖2 (𝑡), 𝐹𝑠𝑗1 (𝑡), 𝐹𝑠𝑗2 (𝑡), 𝜑𝑡𝑖𝑠 (𝑡), 𝑔𝑡𝑗𝑠 (𝑡),
and 𝜓𝑡𝑠 (𝑡).

1.1𝑡 + 3.1,
{
{
𝑓11 (𝑡) = 𝜓31 (𝑡) = {0.5𝑡 + 3.1,
{
{0,

1

Step 2. Computation formula is as follows: ∫−1 𝐸(𝑡)𝑓𝑖1 (𝑡)𝑑𝑡,
1

1

1

𝑓21

1

∫−1 𝐸(𝑡)𝑓𝑠𝑖2 (𝑡)𝑑𝑡, ∫−1 𝐸(𝑡)𝐹𝑠𝑗1 (𝑡)𝑑𝑡, ∫−1 𝐸(𝑡)𝐹𝑠𝑗2 (𝑡)𝑑𝑡, ∫−1 𝐸(𝑡)
1

1

𝜑𝑡𝑖𝑠 (𝑡)𝑑𝑡, ∫−1 𝐸(𝑡)𝑔𝑡𝑗𝑠 (𝑡)𝑑𝑡, and ∫−1 𝐸(𝑡)𝜓𝑡𝑠 (𝑡)𝑑𝑡, and plug in
model (5).

1

2

s.t.

where given 𝑥1 , 𝑥2 , and 𝑦11 , 𝑦21 solve
the following problem.

̃2 (𝑥1 , 𝑥2 , 𝑦11 ) = 2̃𝑥1 + 1̃𝑥2 − 1̃𝑦11 ;
𝑍
min
1
𝑦
11

s.t.

̃ 2 + 13𝑦
̃ 11 ≤ 15,
̃
̃ 1 − 1𝑥
6𝑥
̃ 11 ≤ 15,
̃
5̃𝑥1 + 6.9𝑦
.1;
− 4̃𝑥2 + 2̃5𝑦11 ≤ 3̃

0.3𝑡 + 11,
{
{
(𝑡) = {0.3𝑡 + 11,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

0.5𝑡 + 2,
{
{
2
𝑓11
(𝑡) = {0.5𝑡 + 2,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

1
𝐹21

Step 4. After the optimal solution of model (6) is plugged into
model (5), we get the optimal solution of the MFFBLP model.

̃1 (𝑥1 , 𝑥2 , 𝑦11 , 𝑦21 ) = 3̃
𝑍
.1𝑥1 + 8̃𝑥2 + 6̃
.9𝑦11 + 1̃1𝑦21 ;
min
1
𝑥 ,𝑥

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

0.4𝑡 + 6.9, −1 ≤ 𝑡 ≤ 0
{
{
1
1
𝐹11
(𝑡) = 𝑔21
(𝑡) = {𝑡 + 6.9,
0≤𝑡≤1
{
others,
{0,

Step 3. According to Theorem 10, the MFFBLP model is
transformed into the classical bilevel linear programming
with multiple followers model whose optimal solution of
model (6) can be derived from Kuhn-Tucker’s approach [7].

4.2. Numerical Example. Consider the following MFFBLP
problem with 𝑥1 ∈ 𝑅1 , 𝑥2 ∈ 𝑅1 , 𝑦11 ∈ 𝑅1 , and 𝑦21 ∈ 𝑅1 .
Consider

0.5𝑡 + 8,
{
{
(𝑡) = {0.5𝑡 + 8,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

2
𝑓12

(𝑡) =

2
𝜑11

(𝑡) =

2
𝜑12

(𝑡) =

2
𝑔21

𝑡 + 1, −1 ≤ 𝑡 ≤ 0
{
{
(𝑡) = {𝑡 + 1, 0 ≤ 𝑡 ≤ 1
{
others,
{0,

𝑡 − 1,
{
{
2
1
2
𝐹11
(𝑡) = 𝜑12
(𝑡) = 𝑓22
(𝑡) = {𝑡 − 1,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

𝑡 + 6,
{
{
(𝑡) = {𝑡 + 6,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

𝑡 + 13,
{
{
1
𝑔11
(𝑡) = {𝑡 + 13,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

1
𝜑11
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𝜓11

(𝑡) =

1
𝜑21

𝜓21

(𝑡) =

(𝑡) =

𝜓12

2
𝑓21

5

0.5𝑡 + 15,
{
{
(𝑡) = {0.5𝑡 + 15,
{
{0,

0.3𝑡 + 5,
{
{
=
(𝑡) {0.3𝑡 + 5,
{
{0,

11

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

2𝑡 + 25,
{
{
1
𝑔31
(𝑡) = {2𝑡 + 25,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

3𝑡 + 80,
{
{
2
𝐹21
(𝑡) = {3𝑡 + 80,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

5𝑥1 + 7𝑦11 ≤ 15,
− 4𝑥2 + 25𝑦11 ≤ 3;
min
𝑀22 (𝑥1 , 𝑥2 , 𝑦21 ) = 15𝑥1 − 𝑥2 + 80𝑦21 ;
𝑦
21

s.t.

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

𝑡 + 40,
{
{
2
𝜑11
(𝑡) = {𝑡 + 40,
{
{0,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others.

𝑥1 + 𝑥2 − 7𝑦21 ≤ 10,
40𝑥1 + 𝑦21 ≤ 5;
𝑥1 ≥ 0,

𝑥2 ≥ 0,

𝑦11 ≥ 0,

𝑦21 ≥ 0.
(13)

Step 4. We use the Kuhn-Tucker approach to get an optimal
solution; the solution of the problem is as follows:
(𝑥1 , 𝑥2 , 𝑦11 , 𝑦21 ) = (0.1182, 11.7878, 2.0061, 0.2723) ,
𝑀11 = 111.6946,

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

2𝑡 + 10,
{
{
2
𝜓1 (𝑡) = {2𝑡 + 10,
{
{0,

6𝑥1 − 𝑥2 + 13𝑦11 ≤ 15,

s.t.

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

2𝑡 − 4,
{
{
1
𝜑32
(𝑡) = {2𝑡 − 4,
{
{0,

𝑡 − 6.9,
{
{
2
𝑔11
(𝑡) = {0.4𝑡 − 6.9,
{
{0,

𝑀12 (𝑥1 , 𝑥2 , 𝑦11 ) = 2𝑥1 + 𝑥2 − 𝑦11 ;
min
𝑦

−1 ≤ 𝑡 ≤ 0
0≤𝑡≤1
others,

𝑀12 = 10.0181,

𝑀22 = 11.7692

̃1 = (𝑍1 , 𝑍1 , 𝑍1 ) = (104.5982, 111.5062, 119.5470) ,
𝑍
1
1
1
1
̃2 = (𝑍2 , 𝑍2 , 𝑍2 ) = (−3.8349, 10.0181, 23.8711) ,
𝑍
1
1
1
1
̃2 = (𝑍2 , 𝑍2 , 𝑍2 ) = (−0.8946, 11.7692, 24.4330) .
𝑍
2
2
2
2
(14)
The example illustrates how to solve a MFFBLP problem
and obtains an optimal solution by using the proposed
approach.
(12)

5. Conclusions
1

1

Step 2. Compute ∫−1 𝑓11 (𝑡)𝐸(𝑡)𝑑𝑡 = 3, ∫−1 𝑓21 (𝑡)𝐸(𝑡)𝑑𝑡 = 8,
1

1

1

1
1
2
∫−1 𝐹11
(𝑡)𝐸(𝑡)𝑑𝑡 = 7, ∫−1 𝐹21
(𝑡)𝐸(𝑡)𝑑𝑡 = 11, ∫−1 𝑓11
(𝑡)𝐸(𝑡)𝑑𝑡 =
1

1

1

1
2
1
2, ∫−1 𝑓12
(𝑡)𝐸(𝑡)𝑑𝑡 = 1, ∫−1 𝐹11
(𝑡)𝐸(𝑡)𝑑𝑡 = −1, ∫−1 𝜑11
1

1

1
(𝑡)𝐸(𝑡)𝑑𝑡 = 6, ∫−1 𝑔11
(𝑡)𝐸(𝑡)𝑑𝑡 = 13, ∫−1 𝜓11 (𝑡)𝐸(𝑡)𝑑𝑡 =
1

1

1

1
1
1
15, ∫−1 𝜑21
(𝑡)𝐸(𝑡)𝑑𝑡 = 5, ∫−1 𝜑32
(𝑡)𝐸(𝑡)𝑑𝑡 = −4, ∫−1 𝑔31
(𝑡)
1

1

2
2
𝐸(𝑡)𝑑𝑡 = 25, ∫−1 𝐹21
(𝑡)𝐸(𝑡)𝑑𝑡 = 80, ∫−1 𝑔11
(𝑡)𝐸(𝑡)𝑑𝑡 = −7,
1

1

2
∫−1 𝜓12 (𝑡)𝐸(𝑡)𝑑𝑡 = 10, and ∫−1 𝜑11
(𝑡)𝐸(𝑡)𝑑𝑡 = 40.

Step 3. By Theorem 10, the original problem is equivalent
to the following bilevel linear programming with multiple
followers’ problem:

min
𝑥 ,𝑥

𝑀11

s.t.

where given 𝑥1 , 𝑥2 , and 𝑦11 , 𝑦21 solve

1

2

A real world bilevel decision problem may be modeled to
have fuzzy coefficients. In this paper, we investigated the
MFFBLP model and solved this complex problem by using
the fuzzy structured element method. Further study includes
the development of models and methods for fuzzy multilevel
programming. We will also explore effective applications of
the proposed techniques.

(𝑥1 , 𝑥2 , 𝑦11 , 𝑦21 ) = 3𝑥1 + 8𝑥2 + 7𝑦11 + 11𝑦21 ;

the following problem.
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We discuss the effect of the punishment in the prisoner’s dilemma game. We propose a new evolution strategy rule which can reflect
the external factor for both players in the evolution game. In general, if the punishment exists, the D (defection-defection) structure
(i.e., both of the two players choose D-D strategy) which is the Nash equilibrium for the game can keep stable and never let the
cooperation emerge. However, if a new evolution strategy rule is adopted, we can find that the D-D structure can not keep stable
and it will decrease during the game from the simulations. In fact, the punishment mainly affects the C-D (cooperation-defection)
structure in the network. After the fraction of the C-D structure achieved some levels, the punishment can keep the C-D structure
stable and prevent it from transforming into C-C (cooperation-cooperation) structure. Moreover, in light of the stability of structure
and the payoff of the individual gains, it can be found that the probability which is related to the payoff can affect the result of the
evolution game.

1. Introduction
Game theory is ubiquitous in the real world [1–23] in nature
and society, such as the invasion of alien species and the
conflict of trade between two countries. However, how to
settle up with the contradiction between the selfish individual
and the social wellbeing and make maximum benefit for
the whole society have confused scientists for some decades.
There are two classic models in game theory: the public goods
game (PGG) and the prisoner’s dilemma game (PDG). PGG
can be used to study the problem about the cooperation in
game [3]. Wang et al. [5] studied the evolutionary dynamics of
PGG in finite populations. Under the evolutionary dynamics,
players who contributed more could successfully defend the
invasion and invade others. It could help us understand
cooperative behaviors about the contributions in the real
world. Furthermore, Wang et al. [6] considered the effect
of wealth distribution about PGG under collective risk to
analyze the cooperation among rich and poor individuals. On
the other hand, PDG has been used to study how to eliminate
the dilemma between the person and the society [8]. Nowak
and May [9] found that the spatial structure could benefit the

cooperators against defectors’ invasion, which inaugurated
a new field-complex network, to study the game theory.
The vertex nodes represent the individuals and the edges
represent the interactions among the players. Tomassini et
al. [11] used two kinds of models of complex network-regular
lattices and random graphs to research the Hawk-Dove game
and found that the fraction of cooperators in the network
was related to the gain-to-cost ratio. Heterogeneity, one of the
most important properties in complex network, plays a very
important role in the evolution game. Fu et al. [12] found that
in small world network the underlying network topological
organization could help in enhancing and sustaining the
cooperative behaviors. Furthermore, Fu et al. [13] presented
a punished strategy having the high heterogeneity property
which could make the cooperators survive and wipe out the
defectors. Perc and Szolnoki [15] found that the distribution
of the wealth and social status could promote the cooperation in the evolution game. Ishibuchi and Namikawa [16]
researched the evolution strategies about iterated PDG. The
players in the game were located in a cell of grid world. They
found that the structure could benefit from promoting the
cooperation with random pairing. Roca et al. [18] discussed
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the effect of spatial structure about the evolution cooperation.
Despite the results, they offered some new insights like the
relation between the intensities of selection.
In this paper, we pay our attention to the effect of
the defection’s payoff for the evolution game. In order to
simplify the process of the game of PDG, most of the
literature usually adopts the limit PDG model, in which the
punishment is zero. Here, we consider the factor about the
punishment for the evolution game. The reminder of this
paper is organized as follows. Section 2 gives the model and
the strategy rule. Section 3 presents the simulation results and
the explanations. And the conclusion is made in Section 4.

G

E

I

F

H

2. The Model and the Strategy Rule of
the Evolution Game

Figure 1: The imitating strategy rule.

𝑅 𝑆
(
).
𝑇 𝑃

(1)

1 < 𝑏 < 2, 0 < 𝑝 < 1.

(2)

Now, we give the strategy rule on lattice network for the
evolution game; that is, if one individual’s payoff is larger
than its neighbor’s, it will keep its strategy; otherwise, it will
randomly imitate the other individuals’ strategy in which one
of its neighbors interacts with itself. Note that this evolution
rule can reflect the external effect for the individuals in the
game as in Figure 1. If the individual E’s payoff is larger than
F’s, E will keep its strategy unchanged. Otherwise, E will
imitate H’s, I’s, or G’s strategy randomly. At the same time, we
can regard H, I, or G as the environment for E who does not
interact with them. In the evolution game, the probability of
the strategy changed between individuals 𝑥 and 𝑦 depended
on the payoff difference [13]:
𝑊 [𝑠𝑥 ← 𝑠𝑦 ] =

0.6
0.5
0.4
0.3
0.2
0.1
0

50

100

150

200

250

300

350

400

T

In order to study the processing of the game theory concisely,
researches usually take the limited payoff matrix; that is, let
element 𝑃 be zero, which is introduced by Nowak and May
[19]. Here, we use the normal payoff matrix as follows:
1 0
𝐴=(
),
𝑏 𝑝

0.7
Fraction of cooperators

There are only two strategies, C (cooperation) and D (defection), in the PDG. According to the strategy selected, the two
players will get the benefits, respectively. If one player chooses
the C and the other chooses the D, the individual choosing
the strategy C will get the lowest payoff 𝑆. Meanwhile, the
individual choosing the strategy D will gain the highest payoff
𝑇. If both of the two players choose the strategy C or strategy
D, they will gain the payoff 𝑅 or 𝑃, with 𝑇 > 𝑅 > 𝑃 > 𝑆
and 2𝑅 > 𝑇 + 𝑆. We use a 2 × 2 matrix denoting the possible
strategies and payoff as follows:

1
1 + exp (𝑈𝑥 − 𝑈𝑦 ) /𝛽

,

(3)

where 𝛽 characterizes the noise for permitting irrational
choices. In iterated PDG, both of the two players will choose
the strategy D gradually, so the strategy (D, D) is the
only Nash equilibrium for the PGD. Usually, the researches

Figure 2: The solid line represents the fraction of cooperators in the
network with 𝑏 = 1.35 for 𝑝 = 0 and the dashed line represents that
for 𝑝 = 0.3.

can let the punishment benefit be zero for simplifying the
processing of the evolution game. However, in real world,
the punishment benefit is not always zero. When the external
effect becomes a very important factor in the evolution game,
the effect of punishment can never be ignored. Moreover,
sometimes the effect of punishment may not affect the
evolution game in negative degree.

3. Main Result and Simulations
In this section, we will illustrate some simulations on the
lattice network with the size 𝑁 = 50 × 50; let the final time
step 𝑇 = 400; and all individuals’ strategies selected are D
in the initial network. We run 100 simulations independently
and take the average data of the 100 simulations for Figures
2–12. It is easy to see that 𝑏 in the payoff matrix can affect
the result of the evolution game from the model. Therefore,
we will discuss the two different cases for 1 < 𝑏 < 1.5 and
1.5 < 𝑏 < 2, respectively. First, we take 𝑏 = 1.35, 𝑝 = 0.3, and
𝛽 = 0.1. For 𝑏 = 1.35, the result of the game will evolute to
the equilibrium state which is the cooperators and defectors
located on the lattice alternatively for the evolution strategy
rule. With the punishment element 𝑝 existing, one individual

3

0.7

0.7

0.6

0.6

0.5

Fraction of C-D structure

Fraction of cooperators

Mathematical Problems in Engineering

0.08

0.4

0.06

0.3

0.04

0.2

0.02

0.1
0

0

50

100

10

150

20

30

200

40

250

0.4
0.3
0.2
0.1
0

50

300

0.5

350

400

50

100

150

Fraction of D-D structure

Fraction of cooperators

400

0.6
0.4
0.2

0.8
0.6
0.4
0.2
0

50

100

150

200

250

300

350

400

50

100

150

Figure 4: The solid line represents the fraction of cooperators in the
network with 𝑏 = 1.55 and 𝛽 = 0.1 for 𝑝1 = 0.3 and the dashed line
represents that for 𝑝2 = 0.5.
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Figure 7: The solid line represents the fraction of D-D structure in
the network with 𝑏 = 1.55 and 𝛽 = 0.1 for 𝑝1 = 0.3 and the dashed
line represents that for 𝑝2 = 0.5.
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Figure 6: The solid line represents the fraction of C-D structure in
the network with 𝑏 = 1.55 and 𝛽 = 0.1 for 𝑝1 = 0.3 and the dashed
line represents that for 𝑝2 = 0.5.
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Figure 3: The solid line represents the fraction of cooperators in the
network with 𝑏 = 1.35 and 𝛽 = 0.1 for 𝑝1 = 0.3 and the dashed line
represents that for 𝑝2 = 0.5.
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Figure 5: The solid line represents the fraction of C-C structure in
the network with 𝑏 = 1.55 and 𝛽 = 0.1 for 𝑝1 = 0.3 and the dashed
line represents that for 𝑝2 = 0.5.
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Figure 8: The solid line represents the fraction of cooperators in the
network with 𝑏 = 1.55 and 𝛽 = 0.0015 for 𝑝1 = 0.3 and the dashed
line represents that for 𝑝2 = 0.5.
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Figure 9: The solid line represents the fraction of C-C structure in
the network with 𝑏 = 1.55 and 𝛽 = 0.0015 for 𝑝1 = 0.3 and the
dashed line represents that for 𝑝2 = 0.5.

Figure 11: The solid line represents the fraction of D-D structure in
the network with 𝑏 = 1.55 and 𝛽 = 0.0015 for 𝑝1 = 0.3 and the
dashed line represents that for 𝑝2 = 0.5.
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Figure 10: The solid line represents the fraction of C-D structure in
the network with 𝑏 = 1.55 and 𝛽 = 0.0015 for 𝑝1 = 0.3 and the
dashed line represents that for 𝑝2 = 0.5.

will not choose the strategy C. Because others choose the
strategy D, it means that the one selecting strategy C will gain
no payoff; moreover, both of the two players selecting strategy
D will also get payoffs. And, in PDG, both of the two players
choose the strategy D which is the dilemma of the game.
Generally, the punishment can help the D-D structure keep
stability. From Figure 3, comparing to 𝑝 = 0, the appearance
of cooperators in the network will increase slowly in the initial
network. As the game goes, we can see that the faction of
the cooperators for 𝑝 = 0.3 will be larger than that of 𝑝 =
0. But, from the common sense, the result of the game for
𝑝 = 0 should be better than 𝑝 = 0.3. Why can this unusual
situation happen? If one individual on lattice selects strategy
C, its neighbors can get the maximum payoff. However, the
ones connected with the neighbors whose payoffs are less
than the neighbors’, according to the evolution rule, may
select the strategy C. In addition, the strategy of changing
probability depends on the individual’s payoff. For the effect
of the punishment element 𝑝, the probability of the strategy
D transforming to strategy C will be large for formula (3). At
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Figure 12: The triangle line represents the fraction of cooperators
in the network with 𝑏 = 1.55 for 𝛽 = 0.1, the square line represents
the fraction of cooperators in the network for 𝛽 = 0.03, and the
circle line represents the fraction of cooperators in the network for
𝛽 = 0.0015.

the same time, the probability of the strategy C changing to
strategy D will be less contrarily. So, the C-D structure formed
for 𝑝 = 0.3 is more stable than for 𝑝 = 0, which is the
reason why the percentage of the cooperators for 𝑝 = 0.3
is more than that for 𝑝 = 0 at the end of the game. And
then we find that the strategy D-D structure cannot stop the
cooperation in the network for the evolution strategy rule.
For a fixed 𝑏, we will see that the different 𝑝 can affect the
evolution game. Here, let 𝑏 = 1.35, 𝛽 = 0.1, 𝑝1 = 0.3, and
𝑝2 = 0.5. From Figure 3, being similar to the above analysis,
for 𝑝2 = 0.5, we can see that the fraction of cooperators
will increase more slowly and achieve more profit than 𝑝1 =
0.3. Therefore, the punishment does not always take negative
effect. In some particular evolution rules, the punishment can
help in promoting the cooperation.
Next, for 1.5 < 𝑏 < 2, the result of the evolution
game is different from the situation for 1 < 𝑏 < 1.5.
The cooperators can form triangle clusters to fight against
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the defectors’ invasion efficiently and can expand more in
the network [21, 22]. So, the cooperators can break up the
equilibrium state who can take advantage obviously at the
end of the game. Let 𝑏 = 1.55, 𝛽 = 0.1, 𝑝1 = 0.3, and
𝑝2 = 0.5. From Figure 4, for 𝑝2 = 0.5, the fraction of the
cooperators will increase firstly and then when the percentage
of the cooperators achieves some levels, the growth of the
cooperators will slow down. Furthermore, at the end of the
evolution game, the percentage of the cooperators will be less
than 𝑝1 = 0.3.
We will illustrate it together in Figures 5–7. Because of
the evolution rule, if someone chooses the strategy C, others
who are the neighbors of the C individual’s neighbors may
select the strategy C. Therefore, the D-D structure cannot
keep stable and then the D-D structure will transform to
the C-D structure and drop obviously as the game goes. We
can also see that, for higher 𝑝, the fraction of D-D structure
decreases faster and more in Figure 8. With the cooperators
increased in the network, the C-D structure will increase and,
accordingly, the C-C structure will also increase. Because the
cooperators can form the triangle structure to defend the
defectors’ invasion and the cluster of the cooperators can
be larger, so the fraction of the C-C structure can increase.
From velocity of increasing for cooperators in Figures 6 and
7, the C-D structure will increase fast. After achieving the
summit, the C-D structure will transform to C-C structure
fast and then decrease as the evolution game goes. The effect
of the C-C cluster will enhance. That is the reason why the
fraction of C-C structure will increase as the game goes. With
the effect of the punishment, the C-D structure will decrease
more slowly for 𝑝2 = 0.5 than for 𝑝1 = 0.3. For higher
𝑝, the C-D structure can better keep stable. This situation
means that the punishment 𝑝 can defend the cluster of the
cooperators and keep the C-D structure stable. Therefore, the
fraction of the cooperators for 𝑝1 = 0.3 will be larger than
𝑝2 = 0.5’s at the end of the evolution game. In conclusion, for
the particular evolution rule, the effect of the punishment can
affect certain strategy structure. Here, we give the data about
the the changing of the fraction of C-D structure on lattice
network as in Table 1.
From the above analysis, we can find that the changing
of the payoff which the individual gains can affect the
probability. And then we will focus on the effect of the
probability. So, we can use the parameter 𝛽 in formula (3).
Here, for 𝑏 = 1.55 and 𝛽 = 0.0015, let 𝑝1 = 0.3 and 𝑝2 = 0.5.
When the parameter 𝛽 turns to be small, the probability of the
strategy changing will also be small. In Figure 8, for 𝑝1 = 0.3,
the fraction of the cooperators will increase firstly and will be
larger than 𝑝2 = 0.5 at the end of the game. From Figures
9–11, we can see that the C-D and C-C structure for 𝑝1 =
0.3 will increase firstly and the D-D structure will decrease
firstly. And, then, the C-D structure for 𝑝2 = 0.5 achieves
the summit more; after that, the fraction of the C-D structure
decreases less than 𝑝1 = 0.3 and the fraction of C-C structure
for 𝑝 = 0.3 in the network will almost be more than 𝑝2 = 0.5.
Comparing with Figures 4–7, we can see the difference. In
Figure 8, the faction of cooperators will increase slowly for
higher 𝑝, but the situation is in contrast to that in Figure 4.
Why can this difference happen? For the smaller probability,
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Table 1: The data about changing of the fraction of C-D structure in
network.
C-D
𝑝 = 0.3
𝑝 = 0.5
C-D
𝑝 = 0.3
𝑝 = 0.5
C-D
𝑝 = 0.3
𝑝 = 0.5
C-D
𝑝 = 0.3
𝑝 = 0.5
C-D
𝑝 = 0.3
𝑝 = 0.5

𝑇 = 20
0.035862
0.035819
𝑇 = 100
0.611341
0.602177
𝑇 = 180
0.443957
0.473424
𝑇 = 260
0.381033
0.415273
𝑇 = 340
0.348811
0.397233

𝑇 = 40
0.246115
0.245783
𝑇 = 120
0.567636
0.557766
𝑇 = 200
0.418154
0.446014
𝑇 = 280
0.368123
0.406363
𝑇 = 360
0.336239
0.393287

𝑇 = 60
0.554025
0.557239
𝑇 = 140
0.515405
0.519670
𝑇 = 220
0.400718
0.423388
𝑇 = 300
0.353101
0.400152
𝑇 = 380
0.334177
0.389619

𝑇 = 80
0.643101
0.636969
𝑇 = 160
0.470873
0.485273
𝑇 = 240
0.394343
0.420653
𝑇 = 320
0.351371
0.390591
𝑇 = 400
0.33415
0.37703

the changing of strategy is not often. It will help the strategy
D-D structure in keeping stable. However, for the evolution
strategy rule, the D-D structure cannot keep stable and it
will transform to C-D structure. In another way, the smaller
probability can reduce the effect of evolution rule in some
degree. From Figures 9–11, we also can see that the effect of the
punishment mainly affects the fraction of the C-D structure.
For higher 𝑝, the C-D strategy can gain more and keep more
stable. In Figure 12, we can find that the more the 𝛽 is, the
more the fraction of the cooperators is. Moreover, with the 𝛽
increased, the fraction of the cooperators in the network will
increase fast, which implies that the probability can affect the
result of the evolution game.

4. Conclusion
In this paper, we have discussed the problem of the effect
of the punishment for the evolution game on lattice. We
proposed an evolution strategy rule which can reflect the
external factors. Under the evolution rule, we can find that the
punishment can affect the evolution game. The punishment
can help the cooperators to increase firstly which is contrary
to the common sense that the D-D structure will keep stable.
Actually, the D-D structure cannot be stable for the evolution
rule. Moreover, the punishment through the C-D structure
affects the result of the evolution game. For higher 𝑝, when
the C-D structure achieves the summit, it will keep more
stable and decrease less. Despite the payoff the players gain,
we also find that the probability is related to the evolution
game. The more the probability is, the more and faster the
fraction of cooperators increases.

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

6

Acknowledgment
This work was supported by the National Natural Science
Foundation of China under Grant no. 61174116.

References
[1] A. M. Colman, Game Theory and Its Applications in the Social
and Biological Sciences, Butterworth-Heinemann, Oxford, UK,
1995.
[2] E. Pennisi, “How did cooperative behavior evolve,” Science, vol.
309, no. 5731, p. 93, 2005.
[3] M. Olson, The Logic of Collective Action: Public Goods and the
Theory of Groups, Harvard University Press, Cambrigdge, Mass,
USA, 1965.
[4] H. Su, X. Wang, and Z. Lin, “Flocking of multi-agents with a
virtual leader,” IEEE Transactions on Automatic Control, vol. 54,
no. 2, pp. 293–307, 2009.
[5] J. Wang, B. Wu, X. Chen, and L. Wang, “Evolutionary dynamics
of public goods games with diverse contributions in finite
populations,” Physical Review E, vol. 81, no. 5, Article ID 056103,
8 pages, 2010.
[6] J. Wang, F. Fu, and L. Wang, “Effects of heterogeneous wealth
distribution on public cooperation with collective risk,” Physical
Review E, vol. 82, no. 1, Article ID 016102, 13 pages, 2010.
[7] H. Su, N. Zhang, M. Z. Q. Chen, H. Wang, and X. Wang,
“Adaptive flocking with a virtual leader of multiple agents
governed by locally Lipschitz nonlinearity,” Nonlinear Analysis:
Real World Applications, vol. 14, no. 1, pp. 798–806, 2013.
[8] W. Poundstone, The Prisoner’s Dliemma, Doubleday, New York,
NY, USA, 1992.
[9] M. A. Nowak and R. M. May, “Evolutionary games and spatial
chaos,” Nature, vol. 359, no. 6398, pp. 826–829, 1992.
[10] H. Su, M. Chen, X. Wang, and J. Lam, “Semiglobal observerbased leaderfollowing consensus with input saturation,” IEEE
Transactions on Industrial Electronics, vol. 61, no. 6, pp. 2842–
2850, 2014.
[11] M. Tomassini, L. Luthi, and M. Giacobini, “Hawks and Doves on
small-world networks,” Physical Review E, vol. 73, no. 1, Article
ID 016132, 10 pages, 2006.
[12] F. Fu, X. Chen, L. Liu, and L. Wang, “Social dilemmas in an
online social network: the structure and evolution of cooperation,” Physics Letters A, vol. 371, no. 1-2, pp. 58–64, 2007.
[13] F. Fu, X. Chen, L. Liu, and L. Wang, “Promotion of cooperation
induced by the interplay between structure and game dynamics,” Physica A, vol. 383, no. 2, pp. 651–659, 2007.
[14] H. Su, Z. Rong, M. Chen, X. Wang, G. Chen, and H. Wang,
“Decentralized adaptive pinning control for cluster synchronization of complex dynamical networks,” IEEE Transactions on
Cybernetics, vol. 43, no. 1, pp. 394–399, 2013.
[15] M. Perc and A. Szolnoki, “Social diversity and promotion of
cooperation in the spatial prisoner’s dilemma game,” Physical
Review E, vol. 77, no. 1, Article ID 011904, 5 pages, 2008.
[16] H. Ishibuchi and N. Namikawa, “Evolution of iterated prisoner’s
dilemma game strategies in structured demes under random
pairing in game playing,” IEEE Transactions on Evolutionary
Computation, vol. 9, no. 6, pp. 552–561, 2005.
[17] H. Su, M. Z. Q. Chen, J. Lam, and Z. Lin, “Semi-global leaderfollowing consensus of linear multi-agent systems with input
saturation via low gain feedback,” IEEE Transactions on Circuits
and Systems. I. Regular Papers, vol. 60, no. 7, pp. 1881–1889, 2013.

Mathematical Problems in Engineering
[18] C. P. Roca, J. A. Cuesta, and A. Sanchez, “Effect of spatial
structure on the evolution of cooperation,” Physical Review E,
vol. 80, no. 4, Article ID 046106, 16 pages, 2009.
[19] M. A. Nowak and R. M. May, “The spatial dilemmas of
evolution,” International Journal of Bifurcation and Chaos in
Applied Sciences and Engineering, vol. 3, no. 1, pp. 35–78, 1993.
[20] B. Liu, X. L. Kou, and J. Zhang, “The imitating strategy rule
about prisoner’s dillema game on lattice,” in Proceedings of
the 5th International Conference on Intelligent Computation
Technology and Automation (ICICTA ’12), pp. 719–722, Hunan,
China, January 2012.
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This paper mainly investigates the average consensus of multiagent systems with the problem of packet losses when both the firstorder neighbors’ information and the second-order neighbors’ information are used. The problem is formulated under the sampleddata framework by discretizing the first-order agent dynamics with a zero-order hold. The communication graph is undirected and
the loss of data across each communication link occurs at certain probability, which is governed by a Bernoulli process. It is found
that the distributed average consensus speeds up by using the second-order neighbors’ information when packets are lost. Numerical
examples are given to demonstrate the effectiveness of the proposed methods.

1. Introduction
In recent years, there has been an increasing research in
coordination control of multiagent systems. Information
consensus has attracted more and more attentions from many
engineering application fields, such as formation control,
flocking, artificial intelligence, and automatic control [1–
4]. A critical problem in distributed control is to develop
distributed protocols under which agents can reach an agreement on a common decision.
An excellent protocol can reduce cost, increase efficiency,
and can optimize performance. Convergence rate is an
important index to evaluate the performance of consensus.
There has been much research interest in dealing with this
issue. In [5], the authors pointed out that the second smallest
eigenvalue of its Laplacian matrix was a measure of speed of
solving consensus problems. From [6], we know that the convergence speeds up by finding the optimal weight associated
with each communication link, where the global structure
of the network must be known beforehand. Reference [7]

accelerated the convergence rate by using the polynomial
filtering algorithms. In [8], the authors presented randomized
gossip algorithm on an arbitrary connected network and
showed its performance precisely in the terms of the second
largest eigenvalue of an appropriate stochastic matrix. The
above literatures all tried to seek a suitable topology communication to achieve a fast convergence. However, in practice,
it is more useful to design a protocol to obtain a better
convergence performance under a given topology. In order to
get a better convergence speed without changing the topology
and edge weights, the authors in [9] proposed a protocol
in an unchanged topology network that each node got its
state value updated by using the information of multihop
communication and showed that the protocol increased the
convergence speed effectively for the first time. Then, in [10],
the authors discussed that the node in the network topology
updated its current state value not only from its immediate
neighbors but also from its second-order neighbors for both
the discrete-time case and the continuous-time case. Further,
the authors in [11] extended the systems to second-order

2
case and made comparisons between the convergence rate
of second-order neighbor protocol and the general protocol.
What is more, the delay margins of general protocol and
second-order neighbor protocol were derived.
It is noted that the literatures mentioned above mainly
focus on consensus problem for agents under first-order
dynamics with time delay. In reality, the agents exchange data
over fading communication channels instead of ideal ones.
In fact, in many practical applications, this data exchange
between sensors is done by wireless communication, which
has a possibility of packets lost. Thereby, the packet losses
should be taken into consideration. Many related works
have been reported. Reference [12] dealt with consensus
with random delay and data losses. Reference [13] compared
the memory and memoryless consensus protocols in the
presence of uniform packet losses. In [14, 15], the authors
discussed the average consensus in first-order agents and
analyzed the convergence speed under data losses. Furthermore, [16] showed that packet dropouts can be treated as
an absence of a communication link over time. In addition,
[17–19] studied stochastic consensus subject to a random
process.
Inspired by the above references, we consider multiagent
systems with the problem of packet losses based on the
second-order neighbors’ information. We construct a group
of agents, which can communicate with their second-order
neighbors and each communication link has a probability
of failure. We assume that all channels are independent and
subject to a distributed random process. Thereby, they have
the same probability of data loss. Each agent is equipped with
a sampler and a zero-order hold, which are synchronized
in time. Then, by converting the system to the equivalent
error dynamics, stochastic stability of the error dynamic
system is studied. Here, a Lyapunov function is constructed
and a sufficient condition is established to guarantee the
average consensus in the form of linear matrix inequality
(LMI). We are curious about whether the protocol based on
the second-order neighbors’ information can accelerate the
convergence speed with the problem of packet losses. Then, a
simulation comparison of the convergence rate between the
protocol based on the second-order neighbors and the one
in general linear is shown. Comparison of the convergence
speed between different probabilities of packet losses is also
simulated.
The rest of this paper is organized as follows. Section 2
provides some preliminaries on graph theory and gives the
designed protocol. Section 3 analyses the average consensus
and gives a sufficient condition. Section 4 includes some
numerical examples, which demonstrate the effectiveness
of the proposed approach. Finally, Section 5 offers the
concluding remarks.
Notations. The set of real numbers is denoted by R. For any
matrix 𝑄 ∈ R𝑛×𝑛 , sym(𝑄) = 𝑄 + 𝑄𝑇 . The index set Λ 𝑛 =
{1, 2, . . . , 𝑛} is a group of consecutive integers from 1 to 𝑛. The
vector 1𝑛 = [1, 1, . . . , 1]𝑇 ∈ R𝑛 has all of its elements equal to
1. The mathematical expectation is denoted by 𝐸{⋅} and 𝑃{⋅} is
the probability operator.
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2. Problem Formation
2.1. Preliminaries on Graph Theory. In this paper, the interaction among 𝑛 agents is modeled by an undirected graph 𝐺 =
{], 𝜀, 𝐴}, where ] = {]1 , ]2 , . . . , ]𝑛 } is the node set. The edge
set 𝜀 ⊆ ] × ] contains ordered pairs of nodes. The neighbor
set of agent 𝑖 is denoted by 𝑁𝑖 , which includes agents from
which agent 𝑖 receives information. The adjacency matrix
𝐴 = [𝑤𝑖𝑗 ] ∈ R𝑛×𝑛 is a nonnegative matrix, where 𝑤𝑖𝑗 > 0
if and only if (V𝑗 , V𝑖 ) ∈ 𝜀; otherwise, 𝑤𝑖𝑗 = 0. We assume
that there is no self-loop, so 𝑤𝑖𝑖 = 0. The Laplacian matrix
𝐿 = [𝑙𝑖𝑗 ] ∈ R𝑛×𝑛 is defined as
𝑙𝑖𝑗 = − 𝑤𝑖𝑗 ,

if 𝑖 ≠ 𝑗;
(1)

𝑙𝑖𝑗 = ∑ 𝑤𝑖𝑘 .
𝑘∈𝑁𝑖

From the above definitions, we know some facts: 𝐴 and
𝐿 determine each other uniquely, and 𝐿 has nonnegative
eigenvalues. Moreover, 𝐿 has at least one zero eigenvalue
with the associated eigenvector 1𝑇𝑛 (𝐿1𝑇𝑛 = 0); that is,
span{1𝑇𝑛 } ⊆ null{𝐿}, where null{𝐿} is the null space of 𝐿. For
the undirected graph, we further have 𝐿 = 𝐿𝑇 , 1𝑇𝑛 𝐿 = 0. From
[20], it is known that span{1𝑇𝑛 } = null{𝐿} if and only if the
undirected graph 𝐺 is connected.
2.2. Protocols Based on Second-Order Neighbor with Packet
Losses. Consider the following first-order dynamics:
𝑥𝑖̇ = 𝑢𝑖 ,

𝑖 ∈ Λ 𝑛,

(2)

where 𝑥𝑖 , 𝑢𝑖 ∈ R are the state and the input of agent 𝑖,
respectively. With sampling period 𝑇 and a zero-order hold,
the agent dynamics is discretized as
𝑥𝑖 (𝑘 + 1) = 𝑥𝑖 (𝑘) + 𝑇𝑢𝑖 (𝑘) ,

𝑖 ∈ Λ 𝑛.

(3)

Considering the protocol based on second-order neighbors’ information, if there is no communication constraint
taken into account, the following control protocol can be
used:

𝑢𝑖 (𝑘) = −𝑟𝑐 ∑ 𝑤𝑖𝑗 [ (𝑥𝑖 (𝑘) − 𝑥𝑗 (𝑘))
𝑗∈𝑁𝑖
[
+ ∑ 𝑤𝑗ℎ (𝑥𝑖 (𝑘) − 𝑥ℎ (𝑘)) ] ,
ℎ∈𝑁𝑗
]
where the control gain 𝑟𝑐 is to be designed.

(4)

Mathematical Problems in Engineering

3

Next, we consider the packet losses among agents. The
following control protocol is designed:

𝑥 (𝑘 + 1) = 𝑥 (𝑘) − 𝑟𝑐 𝑇𝐿 (𝑘) 𝑥 (𝑘) = [𝐼 − 𝑟𝑐 𝑇𝐿 (𝑘)] 𝑥 (𝑘) .
(10)

{
𝑢𝑖 (𝑘) = −𝑟𝑐 { ∑ 𝛾𝑖𝑗 (𝑘) 𝑤𝑖𝑗 [ (𝑥𝑖 (𝑘) − 𝑥𝑗 (𝑘))
[
{𝑗∈𝑁𝑖
+ ∑ 𝛾𝑗ℎ (𝑘) 𝑤𝑗ℎ
ℎ∈𝑁𝑗

}
× (𝑥𝑖 (𝑘) − 𝑥ℎ (𝑘)) ] } ,
]}
(5)
where 𝛾𝑖𝑗 (𝑘) = 1, if there is no packet loss between agents 𝑖
and 𝑗; 𝛾𝑖𝑗 (𝑘) = 0, otherwise.
Furthermore, we assume that the occurrence of packet
loss is governed by a Bernoulli process with uniform probability 𝑝 satisfying 0 < 𝑝 < 1; that is,
𝑃 {𝛾𝑖𝑗 (𝑘) = 1} = 𝑝,

𝑃 {𝛾𝑖𝑗 (𝑘) = 0} = 1 − 𝑝,
∀𝑖 ≠ 𝑗.

(6)

Assumption 1. The undirected topology is coupled; that is,
for any pair of agents 𝑖 and 𝑗, the communication channels
between them exist or vanish simultaneously.
Assumption 1 ensures that the communication topology
is always symmetric, so the average of agents’ states can be
retained during dynamic evolution.
We define two sets of matrices 𝐿 1 (𝑘) = [𝑙1𝑖𝑗 (𝑘)] ∈ R𝑛×𝑛
and 𝐿 2 (𝑘) = [𝑙2𝑖𝑗 (𝑘)] ∈ R𝑛×𝑛 as follows:

Assumption 2. The nominal communication topologies 𝐺(1)
associated with 𝐿(1) and 𝐺(2) associated with 𝐿(2) are all
connected.
The above assumption is necessary for consensus because
if the undirected graph is not connected, then it does not have
a spanning tree. From [21, Lemma 1] and [22, Theorem 5], we
know that there exist two nonempty, disjoint groups of agents
that have no communication with each other at any time. In
this case, consensus cannot be reached.

The average states of the agents
𝛼 = Ave (𝑥 (𝑘)) =

𝑙2𝑖𝑗 (𝑘) = − ∑ 𝛾𝑖ℎ (𝑘) 𝑤𝑖ℎ 𝛾ℎ𝑗 (𝑘) 𝑤ℎ𝑗 ,

1 𝑛
1
∑𝑥𝑖 (𝑘) = 1𝑇𝑛 𝑥 (𝑘)
𝑛 𝑖=1
𝑛

(11)

are invariant. We say the average consensus problem is solved,
if
lim 𝑥𝑖 (𝑘) = 𝛼,

𝑘 → +∞

𝑙1𝑖𝑗 (𝑘) = − 𝛾𝑖𝑗 (𝑘) 𝑤𝑖𝑗 ,

𝑖 = 1, . . . , 𝑛.

(12)

Each agent state can be presented by the form

𝑖 ≠ 𝑗,

ℎ∈𝑁𝑖
𝑗∈𝑁ℎ

𝑥 (𝑘) = 𝛼1𝑛 + 𝛿 (𝑘) ,

(13)

(7)

𝑙1𝑖𝑖 (𝑘) = ∑ 𝛾𝑖𝑗 (𝑘) 𝑤𝑖𝑗 ,

where the variable 𝛿(𝑘) = [𝛿1 (𝑘), 𝛿2 (𝑘), . . . , 𝛿𝑛 (𝑘)]𝑇 satisfies

𝑗∈𝑁𝑖

1𝑇𝑛 𝛿 = 0.

𝑙2𝑖𝑖 (𝑘) = ∑ 𝛾𝑖ℎ (𝑘) 𝑤𝑖ℎ ∑ 𝛾ℎ𝑙 (𝑘) 𝑤ℎ𝑙 .
𝑙∈𝑁ℎ

𝑇

𝑥 (𝑘) = [𝑥1 (𝑘) , 𝑥2 (𝑘) , . . . , 𝑥𝑛 (𝑘)] ,
𝑇

(8)

𝑢 (𝑘) = [𝑢1 (𝑘) , 𝑢2 (𝑘) , . . . , 𝑢𝑛 (𝑘)] .

𝛿 (𝑘 + 1) = 𝛿 (𝑘) − 𝑟𝑐 𝑇𝐿 (𝑘) 𝛿 (𝑘) = [𝐼 − 𝑟𝑐 𝑇𝐿 (𝑘)] 𝛿 (𝑘) .
(15)
Obviously, the stability of (15) is equivalent to the consensus
in (2). Then, we introduce the following lemma, which plays
an important role in the stability analysis of (15).

Then, the control protocol can be rewritten as
𝑢 (𝑘) = −𝑟𝑐 𝐿 (𝑘) 𝑥 (𝑘) ,

(14)

The following error dynamics are obtained:

Denote the vectors 𝑥(𝑘) and 𝑢(𝑘) by

where 𝐿(𝑘) = 𝐿 1 (𝑘) + 𝐿 2 (𝑘).

By taking the mathematical expectation of 𝐿 1 (𝑘) and 𝐿 2 (𝑘),
we have 𝐸{𝐿 1 (𝑘)} = 𝑝 × L(1) , 𝐸{𝐿 2 (𝑘)} = 𝑝2 × 𝐿(2) , where 𝐿(1)
is the nominal Laplacian matrix of full weights where there is
no packet loss and 𝐿(2) is the nominal Laplacian matrix of the
system which is only based on the second-order neighbors’
information with full weights and without packet loss.

3. Consensus Analysis

As a result, we have 𝐸{𝛾𝑖𝑗 (𝑘)} = 𝑝.

ℎ∈𝑁𝑖

So, the system dynamics can be written as

(9)

Lemma 3 (see [16]). For an undirected graph, given the
Laplacian matrix 𝐿 1 (𝑘), 𝐿 2 (𝑘), and a symmetric matrix
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𝑄 = 𝑄𝑇 , 𝐸 {(𝐿 1 (𝑘) + 𝐿 2 (𝑘)) 𝑄(𝐿 1 (𝑘) + 𝐿 2 (𝑘))} can be
calculated as follows:

× Γ[

𝑎12(𝑚,𝑞)
0
×[
].
2
0
𝑎2(𝑚,𝑞)

𝐸 {(𝐿 1 (𝑘) + 𝐿 2 (𝑘)) 𝑄 (𝐿 1 (𝑘) + 𝐿 2 (𝑘))}
= 𝐸 {Ι [

(17)

𝐿 (𝑘)
0
0
𝐿 1 (𝑘)
] Ι𝑇 𝑄Ι [ 1
] Ι𝑇 }
0
𝐿 2 (𝑘)
0
𝐿 2 (𝑘)

𝐿 (𝑘)
𝐿 (𝑘)
0
0
]Γ[ 1
]} Ι𝑇
= Ι𝐸 {[ 1
0
𝐿 2 (𝑘)
0
𝐿 2 (𝑘)
∧

The following theorem gives a sufficient condition on the
average consensus of the system (2).
(16)

∧

= Ι { 𝑝 (𝐿(0) ) 𝑝 (𝐿(0) ) 𝐿(0) Γ𝐿(0)
∧

0
𝐸1(𝑚,𝑚)
])
0
𝐸2(𝑚,𝑚)

Theorem 4. Given the scalar 𝑟𝑐 , the average consensus of the
system (2) is achieved if there exists a matrix 𝑄 > 0, such that
the following LMI holds:
− [𝐿(1) 𝑄 + 𝑄𝐿(1) + 𝑝 (𝐿(2) 𝑄 + 𝑄𝐿(2) )]

∧

∧

+ 𝑝 (𝐿(0) ) (𝐼− 𝑝 (𝐿(0) )) Ξ (Γ)} Ι𝑇 ,

∧

+ 𝑟𝑐 𝑇Ι {𝑝 (𝐿(0) ) 𝑝 (𝐿(0) ) 𝐿(0) Γ𝐿(0)
∧

(18)

∧

+ 𝑝 (𝐿(0) ) (𝐼− 𝑝 (𝐿(0) )) Ξ (Γ)} ΙT < 0.
(1)

where 𝐿(0) = [ 𝐿0

0
𝐿(2)

∧

𝑝 0
𝑝2

], Ι𝑇 = [ 𝐼𝐼 ]2𝑛∗𝑛 , 𝑝 (L(0) ) = [ 0

𝑄
[𝑄
𝑄 𝑄 ], and Ξ(Γ) is a function of 𝑄, defined as

], Γ =

Proof. Construct the candidate Lyapunov function as 𝑉(𝑘) =
𝛿𝑇 (𝑘)𝑄𝛿(𝑘). We have
𝐸 {Δ𝑉 (𝑘)}
= 𝐸 {𝑉 (𝑘 + 1) − 𝑉 (𝑘)}
= 𝐸 {𝛿𝑇 (𝑘 + 1) 𝑄𝛿 (𝑘 + 1) − 𝛿𝑇 (𝑘) 𝑄𝛿 (𝑘)}

Ξ (Γ)
𝑛

𝑛

= ∑∑[

𝐸1𝑇(𝑚,𝑞)
0

𝑚=1 𝑞=1

0

𝐸1 𝑚,𝑞
0
]
]Γ[ ( )
𝑇
0
𝐸
𝐸2(𝑚,𝑞)
2(𝑚,𝑞)

0
𝑎12 𝑚,𝑞
×[ ( ) 2
]
0
𝑎2(𝑚,𝑞)
𝑛

𝑛

×[
𝑛

𝑇
𝐸1(𝑚,𝑚)
0
𝐸
0
] Γ [ 1(𝑚,𝑚)
]
𝑇
0
𝐸2(𝑚,𝑚)
0
𝐸2(𝑚,𝑚)

𝑇
𝐸1(𝑚,𝑞)
0
𝐸
0
] Γ [ 1(𝑚,𝑚)
])
𝑇
0
𝐸
0
𝐸2(𝑚,𝑞)
2(𝑚,𝑚)

2
0
𝑎1(𝑚,𝑞)
×[
]
0
𝑎22(𝑚,𝑞)
𝑛

𝑛

+ ∑ ∑ sym (2 [
𝑗=1 𝑚=𝑗+1

−[

0

(19)

0

]Γ[
𝑇
𝐸2(𝑗,𝑗)

0
𝐸1𝑇 𝑗,𝑚
−[ ( ) 𝑇
]
0
𝐸2(𝑗,𝑚)

= −𝑟𝑐 𝑇𝑝𝛿𝑇 (𝑘) [𝐿(1) 𝑄 + 𝑄𝐿(1)
+𝑝 (𝐿(2) 𝑄 + 𝑄𝐿(2) )] 𝛿 (𝑘)
∧

∧

+ 𝑟𝑐2 𝑇2 𝛿𝑇 (𝑘) Ι {𝑝 (𝐿(0) ) 𝑝 (𝐿(0) ) 𝐿(0) Γ𝐿(0)

𝑇
0
𝐸1(𝑗,𝑗)
𝐸
0
] Γ [ 1(𝑚,𝑚)
]
𝑇
0
𝐸2(𝑚,𝑚)
0 𝐸2(𝑗,𝑗)

𝑇
𝐸1(𝑗,𝑗)

= −𝑟𝑐 𝑇𝛿𝑇 (𝑘) (𝑝𝐿(1) + 𝑝2 𝐿(2) ) 𝑄𝛿 (𝑘)

+ 𝑟𝑐2 𝑇2 𝛿𝑇 (𝑘) 𝐸 {𝐿 (𝑘) 𝑄𝐿 (𝑘)} 𝛿 (𝑘)

− ∑ ∑ sym ([
𝑚=1 𝑞=1

+𝑟𝑐2 𝑇𝐿 (𝑘) 𝑄𝐿 (𝑘)] 𝛿 (𝑘)}

− 𝑟𝑐 𝑇𝛿𝑇 (𝑘) 𝑄 (𝑝𝐿(1) + 𝑝2 𝐿(2) ) 𝛿 (𝑘)

2
𝑎1(𝑚,𝑞)
0
]
2
0
𝑎2(𝑚,𝑞)

𝑛

−𝛿𝑇 (𝑘) 𝑄𝛿 (𝑘)}
= 𝐸 {𝛿𝑇 (𝑘) [ − 𝑟𝑐 𝑇𝐿 (𝑘) 𝑄 − 𝑟𝑐 𝑇𝑄𝐿 (𝑘)

+ ∑∑[
𝑚=1 𝑞=1

= 𝐸 {𝛿𝑇 (𝑘) [𝐼 − 𝑟𝑐 𝑇𝐿 (𝑘)] 𝑄 [𝐼 − 𝑟𝑐 𝑇𝐿 (𝑘)] 𝛿 (𝑘)

0
𝐸1(𝑚,𝑗)
]
0
𝐸2(𝑚,𝑗)

∧

∧

+ 𝑝 (𝐿(0) ) (𝐼− 𝑝 (𝐿(0) )) Ξ (Γ)}
× Ι𝑇 𝛿 (𝑘) .
Thus, from the Lyapunov stability theory, we know that
if 𝐸{Δ𝑉(𝑘)} is negative, then (15) is asymptotically stable.
Thereby, the states of all agents will converge to their average
state; that is, the average consensus of the system (2) is
achieved.
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Figure 3: Nominal communication and the topology based on
second-order neighbors’ information with 𝑃 = 0.9.
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We choose the sampling period as 𝑇 = 0.05 sec, control
gain as 𝑟𝑐 = 0.5, and the probability of successfully receiving
information as 𝑃 = 0.9. The initial condition is set to be
𝑥(0) = [1, 2, 3, 4, 5]𝑇 , and it will be shown that the agents’
states finally converge to the average value 𝛼 = Ave(𝑥(0)) =
(1+2+3+4+5)/5 = 3. Then, by solving the LMI in Theorem 4,
the result shows that it is feasible. Thus, consensus will be
achieved. The time history of the Bernoulli variable 𝛾𝑎𝑏 (𝑘) is
shown in Figure 2. Figure 3 compares the convergence speed
of the nominal communication and the topology based on
second-order neighbors’ information with 𝑃 = 0.9, from
which we can see that the protocol we designed is more
effective. Figure 4 compares the convergence speed based
on second-order neighbors’ information with 𝑃 = 0.9 and
𝑃 = 0.5, from which we can see the influence of packet losses.
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To illustrate the average consensus of the system (2) under
the condition of packet losses and fast convergence rate of
the protocol based on second-order neighbors’ information,
a numerical example is provided. The nominal interaction
topology 𝐺(1) and topology only based on second-order
neighbors’ information 𝐺(2) among five agents are shown in
Figure 1.
The weights are set to unity for simplicity here. We set the
corresponding Laplacian matrices 𝐿(1) and 𝐿(2) as follows:
−1
2
−1
0
0

5

Figure 2: Time history of the Bernoulli variable 𝛾𝑎𝑏 (𝑘).

Figure 1: Nominal communication topology and topology based on
the second-order neighbors’ information.
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Figure 4: Comparison of the convergence speed based on secondorder neighbors’ information with different package loss probability.

5. Conclusions
In this paper, we have investigated the average consensus
in multiagent systems with the problem of packet losses
when second-order neighbors’ information was used. The
convergence rates of general protocol and second-order
neighbor protocol with packet losses have been compared
and it is concluded that second-order neighbor protocol
speeds up the consensus rate. What is more, we can see

6
the influence of packet losses. Future work will extend the
agent dynamics to second-order or higher-order dynamics
with data loss and time-varying delay.
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