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5G mobile communications technology will bring new experiences to industry and society, including higher data rates
or greater capacity, higher bandwidth, increased security, and
lower latency. These developments will create new opportunities for advancing society and businesses: 5G is going to make
a significant change in how we live in this world.
The key enabling 5G technologies under development
include novel multiple access strategies, massive MIMO, full
digital beamforming or hybrid beamforming, ultra-dense
networking, etc. The implementation of these high-level
technologies will bring about new challenges for the designers
of the physical infrastructure. These challenges undoubtedly
include the antenna, but also the associated microwave
systems and the characterisation of the radio propagation
environment. In spite of very active current research on 5G
antenna systems, including academic and industrial efforts,
many challenges still need to be addressed, or they need better
and more efficient solutions [1, 2].
5G will support significantly faster mobile broadband
speeds and extensive mobile data usage as well as enabling the
full potential of the Internet of Things [3]. From virtual reality
and autonomous cars to the industrial Internet and smart
cities, 5G will be at the heart of the future of communications.
As well as conventional bands, 5G applications will have
to utilize higher frequency bands in the millimetre wave
region to enable wider bandwidth and higher data rates.
The higher frequencies, wider bandwidths, and the need
for beamforming, beam steering, and multiple beams are
significant challenges to antenna designers [4]. Low-profile

efficient antennas and antenna arrays to ensure reliable and
interference-free communications are needed, but requirements for increased power, larger bandwidth, higher gain,
and insensitivity to the presence of the human user further
complicate the antenna and propagation aspects. This indicates the need for novel ideas and very innovative solutions
in antenna design [5–7].
This special issue collects eight papers concerning various aspects of 5G antennas and their system applications.
Two papers deal with modelling issues, while three papers
are concerned with multiple-input multiple-output (MIMO)
systems which are expected to be extensively used in the
future 5G systems. Another paper considers an important
issue of synthesizing appropriate radiation patterns of linear
and planar antenna arrays of arbitrary geometry to provide
the desired coverage reconfiguration. One of the papers deals
with a single-layer dual-band reflectarray cell that is proposed
for future 5G systems. Another paper discusses the direction
finding problem in a background of unknown nonuniform
noise using nested arrays, where a novel gridless direction
finding method is proposed via the low-rank covariance
matrix approximation. The following paragraphs give more
elaboration about these subjects.
There are two papers dealing with the issue of modelling
of the 5G systems. The paper by I. S. Batalha et al. provides
an investigation into large-scale modelling of the propagation
channel for frequencies above 6 GHz. The modeling concentrates on indoor environments, which will be a significant
part of the implemented 5G systems. The paper considers a
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measurement investigation at 10 GHz with directional horn
antennas in a computer room and a corridor within an academic office building. The paper presents experimental data
and channel modelling with various polarization scenarios
such as copolarizations H-H and V-V and cross-polarization
V-H. Cases of both line-of-sight (LOS) and non-line-of-sight
(NLOS) conditions were considered. The large-scale closein reference is sustained by comprehensive analysis, studying
propagation mechanisms such as reflection and diffraction.
The results demonstrated that the established model had
an inferior standard deviation in relation to measured data,
proving itself more significant to propagation in indoor
environments.
The other paper by G. Liu et al. also considers modelling
and deals with the interaction between the mobile user,
who is in dynamic movement, and the wave propagation
mechanism. The movements of a person holding a mobile
handset can be considered as a stochastic process since the
users can change the way they handle the mobile handset
very frequently in a short time. These random actions of the
hand-held mobile will change the antenna inclination angles
resulting in various multipath propagation pathways which
will lead to changes in the received signal intensity. Very few
studies or conventional channel models have been performed
to investigate these features. In this paper, the relationships
between the statistical characteristics of the electric field and
antenna inclination angles are investigated. They are modeled, based on a three-dimensional fast ray-tracing method
which considers both the reflections and diffraction events:
then the radiation patterns of an antenna with arbitrary
inclination angels are deducted and included in the method.
Two different conditions of the line-of-sight (LOS) and nonline-of-sight (NLOS) pathways in an indoor environment
are discussed. Furthermore, based on a statistical analysis,
a semiempirical probability density function of the antenna
inclination angles is presented. Finally, a novel statistical
channel model for stochastic antenna inclination angles is
proposed and the ergodic channel capacity is analyzed.
Three other papers deal with an important application
of 5G systems, deploying the transmitting and receiving
antennas in MIMO configurations. The paper by J. J. Ding
and J. Jiang investigates the application of hybrid precoding
in massive multiple-input multiple-output (MIMO) systems.
This technique can reduce the number of radio frequency
(RF) chains. However, the consumed power is still very
high owing to the use of a large-scale antenna array. In this
paper, the authors propose a precoding scheme based on
antenna selection technology: this precoding scheme greatly
increases the energy efficiency (EE) of the system. Firstly,
they derive an exact closed-form expression for energy
efficiency. They further study the relationship between the
number of transmit antennas and energy efficiency on the
basis of the exact closed-form expression of efficiency. An
optimal value was found. When the number of transmit
antennas equals this value, the EE of the system can reach a
maximum by using an appropriate hybrid precoding scheme.
An antenna selection algorithm to select from the transmit
antennas was then proposed, where the number of selected
antennas equals the optimal value. Subsequently, design of
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the analog precoder based on a codebook to maximize the
equivalent channel gain is presented, and then the EE can
be improved by baseband digital precoding. The proposed
precoding algorithm offers a compromise between spectral
efficiency (SE) and EE in millimetre wave massive MIMO
systems. Finally, simulation results are given to validate the
theoretical analysis and show that a substantial EE gain can be
obtained over the proposed precoding scheme without large
performance loss.
Another paper deals with beamforming for millimetre wave massive MIMO-NOMA systems. The authors of
the paper, J. Jiang et al., aim to provide a comprehensive
scheme with limited feedback for downlink millimetre wave
multiuser MIMO nonorthogonal multiple access (NOMA)
systems. Based on the feedback of the best beam and
the channel quality information (CQI) for this beam, the
users are grouped into a cluster which has the same or
coherent best beam and the maximal value of the CQIdifference. To further reduce the intercluster interference,
only the candidate cluster can join the cluster set whose
intercluster correlation with the existing clusters is lower
than the threshold value. Based on the results of clustering,
a hybrid beamforming strategy is designed. To improve the
user experience, each cluster selects the best beam of the
user with a higher guaranteed rate requirement as the analog
beamforming vector. For digital beamforming, the weak user
applies the block diagonalization algorithm based on the
strong user’s effective channel in order to reduce its intracluster interference. Finally, an intracluster power allocation
algorithm is developed to maximize the power-difference in
each cluster: this is beneficial to improve the successive interference cancellation (SIC) performance of the strong user.
Simulation results are provided to show that the proposed
MIMO-NOMA scheme offers a higher sum rate compared
to the traditional orthogonal multiple access (OMA) schemes
under practical conditions.
One of the papers considers the experimental evaluation
of a MIMO-OFDM system with rateless space-time block
code (STBC). A. H. Alqahtani et al. discuss the deployment
of MIMO wireless technology in combination with orthogonal frequency division multiplexing (MIMO-OFDM) as an
attractive technique for next-generation wireless systems.
However, the performance of the wireless links is severely
degraded because of the various channel impairments which
cause a decoding failure and lead to packet loss at the receiver.
One solution to such a problem is the rate-less space-time
block code (RSTBC). The paper presents experimental results
on the performance of a 2 × 2 MIMO-OFDM system with
RSTBC as measured in a testbed implemented with a field
programmable gate array (FPGA). The average bit error rate
(BER) performance of the proposed scheme is evaluated
experimentally, and the results agree closely with the simulation and analytical upper bound. The authors show that
RSTBC can be implemented in real-world scenarios and will
guarantee the reliability of loss-prone wireless channels.
The paper by G. Buttazzoni et al. considers the issue
of antenna array reconfiguration by changing phase-only
excitations to achieve Gaussian-shaped nulls. The proposed
technique is intended for 5G applications. The paper presents
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a fast iterative method for the synthesis of linear and planar
antenna arrays of arbitrary geometry that offer reconfigurable
patterns for 5G applications. The method enables the generation of wide null regions shaped according to a Gaussian
distribution: the results correlate with recent measurements
on millimetre-wave angular dispersion. An experimental
approach of phase-only control considers moving from the
pattern provided by a uniformly excited array and iteratively
modifying the phases of the excitations. This allows simplification in the feed network of the array as attenuators
are not needed to vary the excitation magnitudes, therefore
reducing the cost of realization of 5G base stations and
mobile terminals. The proposed algorithm is based on the
method of successive projections and relies on closed-form
expressions for both the projectors and the null positions. It
thus allows fast computation of the excitation phases at each
iteration. Numerical examples compliant with 5G millimetre
wave standards are presented to check the effectiveness of the
proposed solution through scenarios that involve linear and
concentric ring arrays.
In another paper, S. Costanzo et al. present a design for
a single-layer dual-band reflectarray cell intended for future
5G system applications. A reflectarray unit cell operating at
28/38 GHz is designed by adopting two pairs of miniaturized
fractal patches, offering low losses (<0.7 dB) and full phase
ranges (about 320∘ ) at both operating frequencies. Dual-band
operation achieved by utilizing fractal geometry is another
application of this principle, which has been used for increasing the phase range at lower phase slope [8]. The proposed
configuration offers very small interelement spacing and negligible mutual coupling effects between the two bands, thus
enabling an independent phase tuning mechanism for both of
the desired frequency bands. The compact cell demonstrated
the reflectarray’s abilities in achieving fixed scanned-beam
and/or multibeam patterns, under the dual-band operation
mode: such characteristics are beneficial and desirable in 5G
systems. Full-wave numerical validations, performed on the
synthesized reflectarray structures, confirmed the effectiveness of the designed dual-band configuration in achieving
independent radiation patterns and good bandwidths, at the
two designed frequencies.
Another paper considers yet another important issue in
5G systems: the reconstruction of the direction of the received
waves. W. Tan and X. Feng address the direction finding
problem in the background of unknown nonuniform noise
with the nested array. A novel gridless direction finding
method is proposed using the low-rank covariance matrix
approximation. This approach is based on reweighted nuclear
norm optimization. For the proposed method, the noise
variance variable is eliminated by a linear transform, and
then the covariance fitting criterion is utilized to determine
the regularization parameter for ensuring robustness. The
reconstructed low-rank covariance matrix is then obtained
by iteratively reweighted nuclear norm optimization that
imposes a nonconvex penalty. The search-free DOA estimation method is then utilized to perform the parameter
estimation. The results of numerical simulations are given to
verify the effectiveness of the proposed method. Moreover,
results indicate that the proposed method gives a more
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accurate DOA estimation of both the nonuniform noise and
off-grid cases compared to a state-of-the-art DOA estimation
algorithm.
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This paper aims to provide a comprehensive scheme with limited feedback for downlink millimeter wave (mmWave) multiuser
multiple-input multiple-output (MIMO) nonorthogonal multiple access (NOMA) system. Based on the feedback of the best beam
and the channel quality information (CQI) on this beam, the users are grouped into a cluster having the same or coherent best
beam and the maximal CQI-difference. To further reduce the intercluster interference, only the candidate cluster can join the
cluster set whose intercluster correlation with the existing clusters is lower than threshold. Based on the results of clustering,
mmWave hybrid beamforming is designed. To improve the user experience, each cluster selects the best beam of the user with
the higher guaranteed rate requirement as the analog beamforming vector. For digital beamforming, the weak user applies the
block diagonalization algorithm based on the strong user’s effective channel to reduce its intracluster interference. Finally, an
intracluster power allocation algorithm is developed to maximize the power difference in each cluster which is beneficial to improve
the successive interference cancelation (SIC) performance of the strong user. Finally, simulation results show that the proposed
MIMO-NOMA scheme offers a higher sum rate than the traditional orthogonal multiple access (OMA) scheme under practical
conditions.

1. Introduction
In contrast to the conventional orthogonal multiple access
(OMA), nonorthogonal multiple access (NOMA) allows
different users to efficiently share the same resources (i.e.,
time, frequency, space, and code) at different power levels.
Exploiting their respective channel gain differences, multiuser signals are separated at receivers by successive interference cancelation (SIC). Thus, it is an important technique for
5G systems which can significantly enhance system capacity
and overall spectral efficiency [1–3].
NOMA can flexibly combine other 5G technologies, e.g.,
MIMO, cognitive radio, cooperative communication, and
channel coding [3]. Because MIMO-NOMA systems can
significantly increase the number of supportable users and
in turn improve the system sum capacity, the research of
MIMO-NOMA has been carried out widely [4–7]. Multiple
users with distinct channel gains are grouped into MIMONOMA clusters. The users in the same cluster are scheduled

on NOMA basis. The intracluster interference is mitigated by
SIC based on the obvious channel gain difference. Multiple
clusters may utilize the multiuser MIMO principles to cancel
the intercluster interference. References [4–8] prove that
NOMA combined with MIMO techniques could achieve
great system performance gains over OMA.
Thanks to the abundant bandwidth resources, millimeter
wave (mmWave) frequency becomes a natural choice to
achieve Gigabit data rates [9, 10]. The number of supportable
users can be more than the number of radio frequency (RF)
chains at the same resources by exploiting MIMO-NOMA
in mmWave system. On the other hand, the channel of
mmWave is highly directional. For mmWave MIMO-NOMA
system, the users in a same cluster use the same beam and
the different clusters use the distinct different beams. For
the users in a same cluster, the obvious power difference
in a same beam could assure good SIC performance. For
different clusters, the distinct different beams are beneficial
to greatly reduce the intercluster inference [11, 12]. Therefore,
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mmWave MIMO-NOMA can effectively improve the spectral
efficiency and cope with the demands of massive connectivity.
Considering mmWave MIMO-NOMA system, [11] analyzes the achievable sum rate of the proposed beamspace
MIMO-NOMA in a typical mmWave channel mode, which
shows an obvious performance gain compared with the
existing beamspace MIMO. Zero-forcing beamforming (ZFBF) is designed to reduce the interbeam interference in the
beamspace. Furthermore, a dynamic power allocation is proposed to maximize the achievable sum rate which contains
the intrabeam and interbeam power optimization. Reference
[12] proposes a hybrid analog/digital beamforming scheme
with a power allocation algorithm aiming to maximize the
energy efficiency. Users having a high channel correlation
and large channel gain difference are grouped as a cluster.
Reference [13] investigates the maximization of the sum
rate of the system with clusters of 2-user or more-user.
It decomposes the original problem into power and beam
gain allocation problems. Reference [14] proposes a hybrid
analog/digital beamforming framework to maximize the sum
rate and analyzes the effect of beam misalignment on rate
performance.
Most of the existing works on mmWave MIMO-NOMA,
such as [11–14], have assumed perfect knowledge of channel
state information (CSI) at the transmitter, which is difficult to
realize in practice. Reference [15] proposes a hybrid precoding scheme based on one-stage feedback, which makes use
of all feedback overhead to enable precise beam information
and takes advantage of the second-order channel statistics to
mitigate multiuser interference. Reference [16] proposes the
random beamforming in which base station (BS) broadcasts
the random beams and the users with the enough signal
strength feed their channel quality information (CQI) back
to the BS.
MmWave MIMO-NOMA system with limited feedback
has been studied but with limited results. Reference [15]
has not yet considered user clustering and the intracluster
interference cancelation with limited feedback. Reference [16]
reduces the feedback overhead, but the channel measurement
is time-consuming and complicated. In this paper, we put
forward a comprehensive scheme with imperfect CSI for
mmWave MIMO-NOMA system. To reduce the hardware
complexity, we apply low RF chains structure at the BS,
where the hybrid analog/digital beamforming is considered.
The major contributions of this paper can be listed as
follows:
(1) The user clustering is designed based on the limited feedback scheme. References [16–21] put forward some
feedback designs for MIMO-NOMA, e.g., on bit feedback,
the path loss information, and other second-order statistics.
Considering mmWave user could acquire the big gain in the
specific beam, one-bit feedback or the path loss information
is not accurate enough. In this paper, the limited feedback
uses the best beam and CQI value based on this beam.
The users having the same or adjacent best beam are sorted
based on their CQI values, and the users with the maximal
CQI-difference are formed a cluster. To further reduce the
intercluster interference, the user clustering algorithm applies
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the intercluster correlation threshold to assure only the
cluster with the distinct different beam can join the cluster
set. Numerical results prove that it acquires obvious sum rate
improvement by adequately exploiting the high directional
feature of mmWave.
(2) We propose a novel hybrid analog/digital beamforming algorithm. In general, the users in a same cluster will
use the beam of the strong user as the beamforming vector
[11, 12]. The beamforming gains are assured to achieve first
for the strong users. However, the weak users would require
higher data rate. To improve the quality of user experience
and the user fairness, for each cluster, we select the beam
of the user with the higher rate requirement as the analog
beamforming vector. For digital beamforming, the prior
work [12] applies ZF-BF to cancel the intercluster interference. For mmWave communication, the distinct different
beams cause very little interference as to the sparsity of
mmWave channel. In this paper, the digital beamforming is
designed for the strong user and the weak user, respectively.
The strong user utilizes the singular value decomposition
(SVD) of its effective channel to acquire more gains from
digital beamforming. Especially, the weak user exploits
the block diagonalization (BD) algorithm to mitigate the
intracluster interference from the strong user in the same
cluster.
(3) As the power difference between the two users in a
same cluster increases, not only is the SIC performance of the
strong user improved, but also the intracluster interference of
the weak user is reduced. So we derive an intracluster power
allocation scheme that maximizes the power difference under
the users’ quality of service (QoS) requirements. We derive a
closed-form optimal power allocation for the two users in a
cluster by deriving the exact bounds for the power allocation
coefficient region.
(4) Finally, we evaluate the sum rate performance of
the downlink MIMO-NOMA system using the proposed
beamforming, user clustering and power allocation algorithms. The simulations are done with a wide range of
beam correlation thresholds, including the interuser and
intercluster thresholds in the user clustering algorithm. Both
of the perfect CSI and random selection cases are considered
in the simulations. Numerical results also compare the
sum rate performances of MIMO-OMA and the proposed
MIMO-NOMA and illustrate the significance of the proposed
MIMO-NOMA scheme.
The rest of this paper is organized as follows. Section 2
presents the system and channel model of mmWave MIMONOMA system. Sections 3, 4, and 5 describe the designs of
user clustering, hybrid beamforming and power allocation,
respectively. The simulation configuration and results are
presented and discussed in Section 6, and finally, Section 7
concludes this paper.
Notation. In the reminder of this paper, we use the following
notations: (⋅)𝑇 and (⋅)H denote the transpose and Hermitian
transpose, respectively, ‖ ⋅ ‖ denotes the Frobenius norm, and
CN(𝑎, 𝑏) denotes the distribution of circularly symmetric
complex Gaussian random variable with mean 𝑎 and covariance 𝑏.
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2. System and Channel Model
Consider a downlink mmWave beamforming NOMA transmission system, in which one BS communicates with 𝐿 clusters. Each cluster consists of multiple single-antenna users.
The BS is equipped with 𝑁TX antennas and 𝑁RF (𝑁TX ≥ 𝑁RF )
RF chains for reducing the hardware complexity. We consider
the fully connected architecture that each RF chain is linked
to all antennas by using multiple phase shifters. We assume
that the number of clusters served by the BS is equal to that of
RF chains (𝐿 = 𝑁RF ). Although each cluster can contain more
than two users, we suppose here that there are two users in
each cluster for simplicity. This is consistent with the standard
implementation of NOMA in long term evolution advanced
(LTE-A) as well [22].
On the downlink, the BS applies an 𝑁RF × 2𝐿 baseband
beamforming W = [w1,1 , w1,2 , . . . , w𝐿,1 , w𝐿,2 ] followed by an
RF
]. The
𝑁TX × 𝑁RF RF beamforming FRF = [f1RF , f2RF , . . . , f𝑁
RF
sampled transmitted signal is therefore
x = FRF Ws,

(1)

where s
=
[√𝑃1 𝛼1 𝑠1,1 , √𝑃1 (1 − 𝛼1 )𝑠1,2 , . . . , √𝑃𝐿 𝛼𝐿 𝑠𝐿,1 ,
√𝑃𝐿 (1 − 𝛼𝐿 )𝑠𝐿,2 ]𝑇 is the 2𝐿 × 1 vector of transmitted symbols
in which 𝑠𝑙,1 and 𝑠𝑙,2 denote the signals for the 1-th and 2-th in
the 𝑙-th cluster, respectively. Similarly, 0 < 𝛼𝑙 < 1 and 1 − 𝛼𝑙
stand for the power allocation coefficients for the two users
in the 𝑙-th cluster. 𝑃𝑙 is the power allocated to the 𝑙-th cluster.
The received signal of the 𝑖-th user in the 𝑙-th cluster can
be represented as follows:
𝑦𝑙,𝑖 = h𝑙,𝑖 x + 𝑛𝑙,𝑖
= h𝑙,𝑖 FRF (w𝑙,1 √𝑃𝑙 𝛼𝑙 𝑠𝑙,1 + w𝑙,2 √𝑃𝑙 (1 − 𝛼𝑙 )𝑠𝑙,2 )
(2)

𝐿

+ h𝑙,𝑖 FRF ∑ (w𝑗,1 √𝑃𝑗 𝛼𝑗 𝑠𝑗,1 + w𝑗,2 √𝑃𝑗 (1 − 𝛼𝑗 )𝑠𝑗,2 )
𝑗=𝑙̸

+ 𝑛𝑙,𝑖 ,
where h𝑙,𝑖 is the 1 × 𝑁TX vector that represents the mmWave
channel of the 𝑖-th user in the 𝑙-th cluster. 𝑛𝑙,𝑖 ∼ CN(0, 𝜎2 )
denotes additive white complex Gaussian noise. Moreover,
the second term is the intercluster interference from other
clusters. Without loss of generality, for each cluster, we
assume that ‖h𝑙,1 FRF w𝑙,1 ‖ ≥ ‖h𝑙,2 FRF w𝑙,2 ‖ where 1 ≤ 𝑙 ≤ 𝐿.
Following this, the 1-th and 2-th are defined as the strong user
and weak user in each cluster, respectively.
Due to the limited scattering in mmWave channel, we
adopt a well-established geometric channel model with Ρ
scatterers [23, 24]. We assume that each scatterer contributes
a single propagation path from the BS to user. Then, the
channel h𝑙,𝑖 (𝑖 ∈ {1, 2}, 𝑙 ∈ {1, . . . , 𝐿}) can be expressed as
h𝑙,𝑖 = √𝑁TX

0
0
𝛽𝑙,𝑖
a (𝜃𝑙,𝑖
)
𝜂

H

√1 + 𝑑𝑙,𝑖𝐿𝑂𝑆

𝑓

𝑓 H

𝑓=1 √1

+ 𝑑𝑙,𝑖𝑁𝐿𝑂𝑆

Ρ

+ √𝑁TX ∑

𝛽𝑙,𝑖 a (𝜃𝑙,𝑖 )
𝜂

,

(3)

where the first and second terms denote the line-of-sight
(LoS) component and non-line-of-sight (NLoS) components
of the 𝑖-th user in the 𝑙-th cluster, respectively. 𝑑𝑙,𝑖 denotes
the distance from the BS to the 𝑖-th user in the 𝑙-th cluster.
𝜂𝐿𝑂𝑆 and 𝜂𝑁𝐿𝑂𝑆 are the path loss exponents corresponding to
𝑓
the LoS and NLoS paths, respectively. 𝛽𝑙,𝑖 ∈ CN(0, 1) where
0 ≤ 𝑓 ≤ Ρ denotes the complex gain of the 𝑓-th path between
𝑓
the BS and the i-th user in the l-th cluster. 𝜃𝑙,𝑖 ∈ [−1, 1] is
𝑓

the 𝑓-th path’s normalized direction, whereas a(𝜃𝑙,𝑖 ) is the
𝑓

antenna array steering vector with respect to 𝜃𝑙,𝑖 . If we assume
𝑓

a uniform linear array (ULA) is used at the BS, a(𝜃𝑙,𝑖 ) can be
written as [25]
𝑓

a (𝜃𝑙,𝑖 ) =

𝑓
𝑓 𝑇
1
[1, 𝑒−𝑗𝜋𝜃𝑙,𝑖 , . . . , 𝑒−𝑗𝜋(𝑁TX −1)𝜃𝑙,𝑖 ] .
√𝑁TX

(4)

𝑓

where 𝜃𝑙,𝑖 ∈ [−1, 1] is related to the angle of departure
𝑓

𝜗 ∈ [−𝜋/2, 𝜋/2] as 𝜃𝑙,𝑖 = (2𝐷/𝜆) sin(𝜗) [26]. 𝐷 denotes the
distance between antenna elements and 𝜆 denotes the signal
wavelength satisfying 𝐷 = 2/𝜆 at mmWave frequencies.

3. User Clustering
Appropriately selecting two users which are served in a
cluster can help improve the performance of NOMA multiuser beamforming. On the one hand, the big difference
of the channel gains can improve SIC performance of the
users with high channel gains and reduce the intracluster
interference of the users with low channel gains. On the
other hand, the beamforming vector is shared by all users
in the same cluster. If the channels of those users in a
same cluster are highly correlated, the beamforming vectors
can acquire the definite array gains and properly cancel the
intercluster interference from other clusters. Reference [4]
proposed a clustering algorithm selecting user-pair having
a high channel correlation and large channel gain difference
as set in the same cluster, which requires full CSI. However,
the full CSI feedback to the BS is not feasible in practice
due to prohibitively high feedback overhead. So we propose a
user clustering algorithm with limited feedback information,
which only requires the indexes of the best beams and the
channel quality information (CQI) values.
The index of the best beam and the user’s CQI are
measured and sent back as follows. In the first stage, the BS
broadcasts pilot signals on the every vector in the beamforming codebook. In the second stage, each user chooses the best
beam and measures the CQI with this beamforming vector.
At last, the user sends the index of the best beam and CQI
to the BS. The best beam of the i-th user b̂𝑖 can be selected
according to the following criterion as [27]

2
b̂𝑖 = arg max h𝑖 b𝑖  ,
b𝑖 ∈Φ

(5)

where Φ represents the beamforming codebook with size
|Φ| = 2𝐵RF (i.e., 𝐵RF feedback bits) and consists of the steering
vectors a(−1 + 2𝑘𝑄/2𝐵RF ), 𝑘𝑄 = 0, 1, . . . , 2𝐵RF − 1. They have
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the same form of the array response vector in (4). b𝑖 is the
beamforming vector selected from Φ.
As discussed in [24, 28], the effect of LoS component is
dominant in mmWave channels, compared to those of NLoS
components. Therefore, the above mmWave channel model
in (3) can be simplified as
h𝑙,𝑖 = √𝑁TX

𝛽𝑙,𝑖 a (𝜃𝑙,𝑖 )
𝜂

=√

(𝑎)

𝐹𝑁TX (𝜋 [𝜃𝑖 − 𝜃𝑗 ])

≈ √

𝑁TX
𝐹𝑁TX (𝜋 [𝜑̂𝑖 − 𝜑̂𝑗 ])
𝑁TX

H

√1 + 𝑑𝑙,𝑖

,

(9)
(6)

where the subscript 0 of the LoS component is omitted for the
simplification of notation. Then, the effective channel gain of
the user 𝑖 on the beam b𝑖 in (5) can be expressed as
2
H
 2 


2 𝑁TX 𝛽𝑖  a (𝜃𝑖 ) a (𝜑𝑖 )
h𝑖 b𝑖  =
𝜂
1+𝑑

where Corrh(𝑖,𝑗) denotes the channel correlation between user
𝑖 and user 𝑗. (a) follows from that 𝜃𝑖 and 𝜃𝑗 are approximately
𝜑̂𝑖 and 𝜑̂𝑗 based on the above analysis, respectively. So the
correlation between the users’ channels Corrh(𝑖,𝑗) can be
replaced with the correlation between their selected beams
𝜌(𝑖,𝑗) .
CQI is an indicator carrying information about the
channel condition. In LTE, considering a single BS system,
the received SNR for each user 𝑖 can be written as [29]

𝑙,𝑖

 2  𝑁TX −1 −𝑗𝜋𝑙(𝜃𝑖 −𝜑𝑖 ) 2
𝛽𝑖  ∑𝑙=0 𝑒

=
𝜂
𝑁TX (1 + 𝑑𝑙,𝑖 )
=

 2 2
𝛽𝑖  sin (𝜋𝑁TX (𝜃𝑖 − 𝜑𝑖 ) /2)
𝜂
𝑁TX (1 + 𝑑𝑙,𝑖 ) sin2 (𝜋 (𝜃𝑖 − 𝜑𝑖 ) /2)

𝜅𝑖 =
(7)

 2
𝛽 
=  𝑖  𝜂 𝐹𝑁TX (𝜋 [𝜃𝑖 − 𝜑𝑖 ]) ,
1 + 𝑑𝑙,𝑖
where 𝜑𝑖 is the predefined normalized direction of b𝑖 .
𝐹𝑁TX (𝑥) is the Fejér kernel, which goes to zero quickly when
𝑥 increases. Therefore, based on the criterion in (5), the
normalized direction 𝜑̂𝑖 of the selected beam b̂𝑖 has the least
difference from 𝜃𝑖 in the codebook. This means that the
normalized direction of each user can be approximately the
normalized direction of its selected beam. The correlation of
the selected beam between user 𝑖 and user 𝑗 can be rewritten
as
𝜌(𝑖,𝑗)



̂H ̂ 
a (𝜑̂𝑖 )H a (𝜑̂𝑗 )
b𝑖 b𝑗 




=    = 
b̂  b
 a (𝜑̂ ) a (𝜑̂ )
̂
 𝑖   𝑗  
𝑖 
𝑗 


 𝑁TX −1 −𝑗𝜋𝑙(𝜑̂𝑖 −𝜑̂𝑗 ) 

∑𝑙=0 𝑒
 = √ 𝐹𝑁TX (𝜋 [𝜑̂𝑖 − 𝜑̂𝑗 ]) .
= 
𝑁TX
𝑁TX

(8)

Based on the above beam correlation expression in (8) and
channel expression in (6), the channel correlation between
users 𝑖 and user 𝑗 can be simplified as

Corrh(𝑖,𝑗)

̂ H ̂ 
b𝑖 b𝑗 
=       = 𝜌(𝑖,𝑗) ,
̂
b𝑖  b̂𝑗 
  


H
 H 

h𝑖 h𝑗 
a (𝜃𝑖 ) a (𝜃𝑗 )




=     =
h𝑖  h𝑗 
𝑁
TX
  
 𝑁TX −1 −𝑗𝜋𝑙(𝜃𝑖 −𝜃𝑗 ) 
∑𝑙=0 𝑒


= 
𝑁TX


2
𝑃t h𝑖 b̂𝑖 
𝜎2

,

(10)

where 𝑃t is the transmit power and 𝜎2 is the power of
received noise and interference. The measured SNR 𝜅𝑖 is then
mapped to a discrete CQI value 𝑔𝑖 using a chipset vendor
specific mapping table [30]. Because the positive correlation
between channel gain and CQI value, we will just calculate
the difference of CQI values between users instead of their
channel gain difference.
It is proved in [8] that the more users are admitted to a
cluster, the lower is the achieved sum rate, which illustrates
the tradeoff between the sum rate and maximum number of
admitted users. Considering the tradeoff, we assume that each
cluster admits 2 users. Based on the above analysis, a limited
feedback downlink MIMO-NOMA user clustering algorithm
is described in Algorithm 1, in which the number of clusters
𝐿 = 𝑁𝑅𝐹 and each cluster contains 2 users.
Algorithm 1 can be summarized as follows. In the first
step, the BS calculates the beam correlation of all possible
user-pairs and puts the user-pair having a beam correlation
higher than the threshold 𝜇 into set 𝑇. In the second step,
during each loop, the BS searches for a new user-pair (𝑖∗ , 𝑗∗ )
having the maximum CQI value difference from T. Then the
BS calculates the beam correlations between the user 𝑖∗ and
the selected strong users in set A. If all the correlations are
lower than the threshold 𝜁, then the user-pair (𝑖∗ , 𝑗∗ ) is added
to a new cluster and the user 𝑖∗ is put into A. Otherwise, no
users are added. The loop is repeated consecutively until L
user clusters are selected.

4. Two-Stage Hybrid Beamforming
4.1. The Optimization of Analog Beamforming. For analog
beamforming, one analog beamforming vector is designed
for one user in traditional design [31], while two users in a
same cluster should share one analog beamforming vector
in MIMO-NOMA. Furthermore, considering the fairness of
QoS, the rate requirement of the weak user may be greater
than that of the strong user in a cluster. So we select the
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Input and Initialization:
Input: the number of clusters 𝐿, feedback beam b̂𝑖 and CQI value 𝑔𝑖 , for ∀𝑖.
Initialize: 𝑇 = ⌀, A = ⌀, 𝑙 = 0, 𝑆𝐶𝑙 = ⌀, 𝑍 = ⌀.
where 𝑇 is the candidate set of user-pair that can be selected as a cluster. 𝑙 is the number of
selected clusters. A is the set of the strong users of the selected clusters. 𝑆𝐶𝑙 is the set of the
selected users in the l-cluster. 𝑍 is the set of weak users that have been selected.
Output:the user set selected for each cluster 𝑆𝐶𝑙 , for 𝑙 = 1, 2, . . . , 𝐿.
Step (1) Select all user-pairs having a beam correlation higher than the threshold:
The BS sorts users according to the ascending CQI value: 𝑔1 ≥ 𝑔2 ≥ ⋅ ⋅ ⋅ ≥ 𝑔𝐾 .
for 𝑖 = 1 : K-1
for j = K : -1: i + 1
if (𝜌(𝑖,𝑗) ≥ 𝜇) AND (𝑗 ∉ 𝑍)
𝑇 = 𝑇 ∪ (𝑖, 𝑗)
𝑍 = 𝑍 ∪ {𝑗}
break
end if
end for
end for
where 𝜇 is the predefined beam correlation threshold (0 ≤ 𝜇 ≤ 1).
Step (2) Pair selection for clustering:
while l < L
(a) Select the user-pair that has the maximum CQI value difference in 𝑇:
(𝑖∗ , 𝑗∗ ) = argmax 𝑑(𝑖,𝑗) = argmax 𝑔𝑖 − 𝑔𝑗
(𝑖,𝑗)∈𝑇

(𝑖,𝑗)∈𝑇

(b) Put the selected user-pair having correlations with the users in A below the threshold into a new cluster:
if (𝜌(𝑖∗ ,𝑘) ≤ 𝜁, ∀𝑘 ∈ A)
𝑆𝐶𝑙 = 𝑆𝐶𝑙 ∪ {(𝑖∗ , 𝑗∗ )}
remove the pairs in 𝑇 that include user 𝑖∗ or 𝑗∗
A = A ∪ {𝑖∗ }
𝑙 ← 𝑙 + 1
else
𝑇 = 𝑇 \ {(𝑖∗ , 𝑗∗ )}
end if
end while
where 𝜁 is the predefined inter-cluster beam correlation threshold (0 ≤ 𝜁 ≤ 1).
Algorithm 1: User clustering with beam and CQI.

feedback beam of the user with the maximum guaranteed
rate requirement as the analog beamforming vector in each
̃ 𝑙,𝑖 is the guaranteed
̃ 𝑙,𝑖 , where 𝑅
cluster, i.e., ̂𝑖𝑙 = arg max𝑖∈𝑆𝐶𝑙 𝑅
rate requirement of the i-user in the l-cluster.
Based on the above analysis, we can design the analog
beamforming vector for the 𝑙-th cluster according to the
following criterion:
f𝑙RF = b̂̂𝑖𝑙 .

(11)

Then, the analog beamforming matrix can be obtained as
RF
FRF = [f1RF , f2RF , . . . , f𝑁
].
RF
4.2. The Design of Digital Beamforming. In this subsection we
design the digital beamforming. After the analog beamforming, the BS trains the effective channels with users as
̃ =h F ,
h
𝑙,𝑖
𝑙,𝑖 RF

for 𝑙 = 1, . . . , 𝐿 and 𝑖 = 1, 2.

(12)

̃ is 1 × 𝑁
The dimension of the effective channel h
𝑙,𝑖
RF
which is much less than that of its original channel h𝑙,𝑖 .

This is different from the algorithms proposed in [32, 33] in
which the effective channel has a larger 1 × 𝑁𝑇𝑋 dimension.
Then, each user quantizes its effective channel utilizing a
random vector quantization (RVQ) codebook 𝜂 of size2𝐵𝐸𝐶
̂ back to the BS with
and feeds the index of the vector h
𝑙,𝑖
̂ = argmax ̂ ‖h
̃ ̂H
𝐵𝐸𝐶 bits, where h
𝑙,𝑖
h𝑙,𝑖 ∈𝜂 𝑙,𝑖 h𝑙,𝑖 ‖ [34]. Finally, the
BS designs its digital beamforming based on the quantized
channels.
The user clustering and analog beamforming mitigate
the intercluster interference. Then we can design the digital beamforming vector for the weak user to reduce its
intracluster interference. We take the design of the digital
beamforming vector w𝑙,2 for the weak user in the 𝑙-th cluster
as an example. First, we construct a complementary matrix
H𝑙,2 that contains the other user in the same cluster, i.e., H𝑙,2 =
̂ . Note that H ∈ C1×𝑁RF and 𝑁 ≥ 2. It is obviously
h
𝑙,1
𝑙,2
RF
rank(H𝑙,𝑖 ) = 1. Then, we define the SVD of H𝑙,2 as
(1)

(0) H

H𝑙,2 = U𝑙,2 Σ𝑙,2 [V𝑙,2 V𝑙,2 ] ,

(13)
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(0)

where V𝑙,2 holds the last (𝑁RF − 1) right singular vectors
and forms an orthogonal basis for the null space of H𝑙,2 . We
̂ V(0) as
perform SVD on h
𝑙,2

𝑙,2

̂ V(0) = U
̃ 𝑙,2 Σ
̃𝑙,2 .
̃ 𝑙,2 V
h
𝑙,2 𝑙,2

(14)

Finally, we can design the digital beamforming vector w𝑙,2 as
(0)

̃(1)
V𝑙,2 V
𝑙,2

,
w𝑙,2 = 
(0) (1) 

̃ 
F𝑅𝐹V𝑙,2 V
𝑙,2 



for 𝑙 = 1, . . . , 𝐿,

(16)

Then we can design the digital beamforming vector w𝑙,1 for
the strong user as
V(1)
𝑙,1
,
w𝑙,1 = 
F V(1) 
 𝑅𝐹 𝑙,1 

for l = 1, . . . , 𝐿.

(17)

5. Power Allocation
In the proposed system, all the clusters contain two users
(same cluster size), then the total transmit powers are equally
allocated to the clusters, i.e., 𝑃1 = ⋅ ⋅ ⋅ = 𝑃𝐿 = 𝑃𝑡 /𝐿. This
approach can be said as nearly optimal since each cluster
contains users with nearly similar channel gain distinctness
[6].
With the increasing of the power difference between two
users in a same cluster, the SIC performance of the strong
can be better, and the intracluster interference of the weak
user can be also reduced because the power allocated to
the signal of the strong user is decreased. So we propose
a power allocation scheme for intracluster power allocation
which maximizes the power difference to help perform SIC
and decrease the intracluster interference for the weak user,
while keeping the data rates of the two users are greater
than or equal to their own minimum rate requirements. The
formulation is as follows:
𝛼𝑙∗ = arg max
Pdif = arg max
[(1 − 𝛼𝑙 ) − 𝛼𝑙 ]
𝛼
𝛼

(18)


2
h𝑙,1 FRF w𝑙,1  𝑃𝑙 𝛼𝑙
̃ 𝑙,1 ,
)≥𝑅
subject to log2 (1 + 
𝜎2

(19)


2
h𝑙,2 FRF w𝑙,2  𝑃𝑙 (1 − 𝛼𝑙 )
̃ 𝑙,2 ,
log2 (1 + 
)≥𝑅
h𝑙,2 FRF w𝑙,1 2 𝑃𝑙 𝛼𝑙 + 𝜎2



(20)

𝑙

𝑙

𝑅𝑙,𝑖,𝑇𝐷𝑀𝐴−𝐵𝐹


2
h𝑙,𝑖 B𝑖 f𝑙,𝑖BB  𝑃𝑙

 ).
= log2 (1 +
𝜎2

(21)

(15)

̃𝑙,2 . For the strong
̃(1) denotes the first column of V
where V
𝑙,2
user, we can design a digital beamforming vector to increase
its capacity and in turn reduce its interuser interference. More
̂ as
exactly, we define the SVD of h
𝑙,1
̂ = U Σ VH .
h
𝑙,1
𝑙,1 𝑙,1 𝑙,1

be supported by conventional TDMA hybrid beamforming
̃ 𝑙,𝑖 = 1/2𝑅𝑙,𝑖,𝑇𝐷𝑀𝐴−𝐵𝐹. In convensystem, respectively, i.e., 𝑅
tional hybrid beamforming system with L RF chains, 2𝐿 users
need two time slots to be supported, while it only takes one
time slot to support 2𝐿 users in MIMO-NOMA system. So
𝑅𝑙,𝑖,𝑇𝐷𝑀𝐴−𝐵𝐹 is multiplied by 1/2. 𝑅𝑙,𝑖,𝑇𝐷𝑀𝐴−𝐵𝐹 is defined as

where P𝑑𝑖𝑓 is the power coefficient difference between the
̃ 𝑙,1 and 𝑅
̃ 𝑙,2 are defined as the strong and
two users. Here, 𝑅
the weak users’ rates in the l-cluster if the two users would

where B𝑖 is the analog beamforming matrix containing all the
feedback beams of the i-user in each cluster. f𝑙,𝑖BB is designed
for the i-user in the l-th cluster by using ZF-BF based on the
effective channels of the i-user in each cluster presented in
[34].
For the strong user, the power allocation coefficient 𝛼𝑙 that
ensures its rate is found by solving (19). Solving (19) for 𝛼𝑙
gives
⇒ 𝛼𝑙 ≥

√𝛾𝑙,1 + 1 − 1
= 𝛼inf ,
𝜀𝑙,1

(22)

where 𝛾𝑙,𝑖 = ‖h𝑙,𝑖 B𝑖 f𝑙,𝑖BB ‖2 𝑃𝑙 /𝜎2 and 𝜀𝑙,1 = ‖h𝑙,1 FRF w𝑙,1 ‖2 𝑃𝑙 /𝜎2 .
The least value of power allocation coefficient 𝛼𝑙 to ensure that
NOMA is fair to the strong user is given by the right side of
(22), and any 𝛼𝑙 satisfying (22) will lead to (19).
Similarly, if the rate of the weak user is to be at least as
good as conventional hybrid BF, then (20) leads to
𝛼𝑙 ≤

1 + 𝜀𝑙,2 − √1 + 𝛾𝑙,2
𝜀𝑙,2 + 𝛽𝑙,2 (√1 + 𝛾𝑙,2 − 1)

= 𝛼sub ,

(23)

where 𝛽𝑙,2 = ‖h𝑙,2 FRF w𝑙,1 ‖2 𝑃𝑙 /𝜎2 and 𝜀𝑙,2 = ‖h𝑙,2 FRF w𝑙,2 ‖2 𝑃𝑙 /
𝜎2 . Therefore, the greatest value of the power allocation
coefficient 𝛼𝑙 to ensure that NOMA is fair to the weak user
is given by the right side of (23), and any 𝛼𝑙 satisfying (23)
will lead to (20).
If 𝛼inf ≤ 𝛼sub is satisfied, the NOMA power allocation
region is therefore defined as Λ FN = [𝛼inf , 𝛼sub ]. Since the
objective function is monotonically decreasing function of 𝛼𝑙 ,
the optimal power allocation coefficient for the strong user in
the l-cluster, 𝛼𝑙∗ , can be given as
𝛼𝑙∗ = arg max (1 − 2𝛼𝑙 ) = 𝛼inf .
𝛼𝑙 ∈Λ FN

(24)

In the case where 𝛼inf > 𝛼sub , (19) and (20) cannot be satisfied
simultaneously. We will set 𝛼𝑙∗ = 𝛼sub to allocate more power
to the strong user to increase the system sum rate while
keeping the rate of the weak user is equal to its minimum rate
requirement, because the strong user has a larger channel gain
and receives no intracluster interference by SIC.

6. Simulation Results
This section will present the computer simulation results to
evaluate the performance of the proposed MIMO-NOMA
scheme. We consider a multiuser downlink mmWave MIMO
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Figure 1: Sum rate performances of the proposed MIMO-NOMA
and conventional hybrid ZF-BF systems against SNR (𝜇=0.7, 0.3, and
0.05; 𝜁=0.2).
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Figure 2: Sum rate performances of the proposed MIMO-NOMA
system against SNR (𝜇=0.3; 𝜁=0.05, 0.2, and 0.45).
20
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system with a BS employing a ULA of 𝑁TX = 100
transmitting antennas and 𝑁RF = 3 RF chains, i.e., 3 clusters
in the MIMO-NOMA system. The mmWave bandwidth of
the system is assumed to be 2 GHz, and its carrier frequency
is assumed to be 60 GHz. The number of users 𝐾 = 50. And
the all 𝐾 users are randomly distributed in a cell with a radius
of 20m. We assume that there is a LoS path and 2 NLoS paths
(Ρ = 2) for all users’ channels. We set the channel parameters
of each user as follows: (1) 𝜂𝐿𝑂𝑆 = 2, 𝜂𝑁𝐿𝑂𝑆 = 3; (2) the
𝑓
normalized direction 𝜃𝑙,𝑖 for 𝑓 = 0, 1, 2 follows the uniform
distribution over [−1, 1]. The beamforming codebook and
RVQ codebook are quantized with 𝐵RF = 5 bits and 𝐵𝐸𝐶 = 13
bits, respectively.
Figure 1 shows the sum rate performances of the proposed MIMO-NOMA system and the conventional TDMA
hybrid beamforming system mentioned in the Section 5.
The key observation from Figure 1 is that the proposed
MIMO-NOMA system outperforms conventional MIMOOMA system when the beam correlation and intercluster
correlation thresholds are set as 𝜇 = 0.7 and 𝜁 = 0.2,
respectively. Moreover, by comparing the three cases, i.e., 𝜇=
0.7, 0.3, and 0.05, Figure 1 shows an improvement of sum
rate of the MIMO-NOMA system as 𝜇 increases. This is
because, with the increase of the beam correlation threshold
𝜇, more highly correlated users are clustered through the
proposed clustering algorithm. The MIMO-NOMA system
with a higher channel correlation between the users can
help reduce the intercluster interference for the users by user
clustering and analog beamforming.
Figure 2 shows the sum rate performances of the proposed MIMO-NOMA system, where 𝜇 = 0.3. Observe all
the curves; we can see that the sum rate of the proposed
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Figure 3: Comparison of sum rate performance between different
schemes for MIMO-NOMA system against SNR (𝜇=0.7; 𝜁=0.2).

system increases as the intercluster correlation threshold
𝜁 decreases. These results are expected because when 𝜁 is
reduced, clusters having lower intercluster correlations can
be selected per the proposed clustering algorithm. A lower
correlation between the selected clusters can help reduce the
intercluster interference for the users.
Figure 3 shows the sum rate performances in three cases:
randomly selecting, perfect CSI, and the proposed scheme.
Randomly selecting means selecting two users from all the 𝐾
users as a cluster randomly. Perfect CSI means that perfect
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Figure 4: Sum rate performances of the proposed hybrid beamforming and conventional NOMA-ZF against SNR (𝜇=0.7; 𝜁=0.2).

CSI is assumed to be available at BS to generate beamforming
matrices and cluster users with their channel correlation and
channel gains instead of beam correlation and CQI values
by Algorithm 1. Randomly selecting is the simplest of the
three cases, but results in a degraded sum rate performance
because this scheme randomly clusters users ignoring their
intercluster interferences. On the other hand, the results show
that the sum rate of the proposed scheme is lower than that
of perfect CSI but requires less feedback overhead.
Next, we examine the advantage of the proposed hybrid
beamforming for the MIMO-NOMA system with the conventional NOMA-ZF, which is performed by utilizing ZFBF based on the effective channel information of the strong
user of each cluster [12], cf. Figure 4. At very low SNR,
the two beamforming schemes asymptotically approach the
same sum rate. As SNR increases, the proposed beamforming
scheme achieves a larger performance gain. This is because
the proposed beamforming scheme reduces the interference
of the weak users and the conventional NOMA-ZF does
not.
Finally, we compare the proposed mmWave massive
MIMO-NOMA scheme with limited feedback with the random beamforming scheme with one-bit feedback in [16]. The
central angle of the sector is set as 2Δ = 0.2, and the power
allocation coefficients of the two users in each cluster are set
as 1/4 and 3/4. The number of the sectors in the random
beamforming scheme is set as 3, which is the same as the
number of RF chains in the proposed scheme. As can be
observed from Figure 5, the performance of the proposed
scheme degrades with decreasing the number of quantization
bit 𝐵𝐸𝐶. The figure also shows that the feedback overhead
of the proposed scheme is larger than that of the random
beamforming scheme with one-bit feedback, but it achieves
better performance.
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Figure 5: Sum rate performances of the proposed schemes with
different quantization bits (𝜇=0.7; 𝜁=0.2) and the random beamforming scheme with one-bit feedback (Δ = 0.1) against SNR.

7. Conclusions
In this paper, we propose a novel mmWave MIMO-NOMA
system with limited feedback. A low-complexity user clustering algorithm and hybrid beamforming scheme have been
designed with the limited feedback CSI. On this basis, we
propose a power allocation solution to maximize the power
difference between the two users in each cluster under the rate
constraints of the two users. Simulation results show that the
proposed MIMO-NOMA scheme achieves a better sum rate
performance than conventional MIMO-OMA, and the interand intracluster interferences and feedback overhead are
reduced by applying the proposed clustering, beamforming,
and effective power allocation algorithms. Therefore, the
proposed scheme represents a feasible option to ensure that
the mmWave MIMO-NOMA system provides an improved
sum rate performance with limited feedback.
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Hybrid precoding is a promising technology for massive multiple-input multiple-output (MIMO) systems. It can reduce the
number of radio frequency (RF) chains. However, the power consumption is still very high owing to the large-scale antenna
array. In this paper, we propose an energy-eﬃcient precoding scheme based on antenna selection technology. The precoding
scheme greatly increases the energy eﬃciency (EE) of the system. In the ﬁrst step, we derive an exact closed-form expression of
EE. Meanwhile, we further study the relationship between the number of transmit antennas and EE on the basis of the exact
closed-form expression of EE. We prove that there exists an optimal value. When the number of transmit antennas equals to the
value, the EE of the system can reach the maximum by a proper hybrid precoding scheme. Then, we propose an antenna
selection algorithm to select antennas from the transmit antennas. And the number of selected antennas equals to the optimal
value. Subsequently, we design the analog precoder based on a codebook to maximize the equivalent channel gain. At last, we
further improve the EE by baseband digital precoding. The precoding algorithm we proposed oﬀers a compromise between
spectral eﬃciency (SE) and EE in millimeter wave (mmWave) massive MIMO systems. Finally, simulation results validate our
theoretical analysis and show that a substantial EE gain can be obtained over the precoding scheme we proposed without large
performance loss.

1. Introduction
Millimeter wave band communication recently acquires
more and more attention owing to its great advantages
[1–4]. A beneﬁcial feature of mmWave is that many
antenna arrays can be packed into a small dimension owing
to the small wavelength [5–11]. However, the problem is
that the availability of multiantennas causes high interference between diﬀerent users and high hardware complexity.
Fortunately, precoding can eliminate interference between
diﬀerent users and reduce hardware complexity. Precoding
is therefore more favored over mmWave MIMO communication systems. Simple linear precoding schemes, for example, zero forcing (ZF) and minimum mean square error
precoding (MMSE), are virtually optimal. However, the digital processing in the MIMO system requires a dedicated

base-band and radio frequency (RF) chain for every
antenna element. Owing to the large amount of antennas
deployed in mmWave massive MIMO systems, the costs
are very huge and it is impossible to popularize in practice
[12]. Researchers have widely studied on the reduction of
the hardware cost. A hybrid precoding scheme comprising
both digital and analog processing is capable of reducing
the number of RF chains greatly. Therefore, the hybrid precoding scheme is widely used in mmWave MIMO systems.
In consideration of a single-user scenario, a fully connected
architecture-based hybrid precoding scheme is proposed in
[13, 14], where each RF chain is connected to all antennas
by analog phase shifters (APSs) and RF adders. The number of RF chains is greatly reduced in the fully connected
architecture. However, in the fully connected architecture,
the number of APSs is equal to the product of the number
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of RF chains and the number of antennas. The cost of
hardware is still excessive owing to the large amount of
antenna elements. Diﬀerent from the fully connected architecture, a partially connected architecture-based hybrid precoding scheme is proposed in [15–19], where each RF
chain only connected to an antenna subarray and the number of APSs equals to the number of antennas. Compared
with the fully connected architecture, the number of phase
converters and energy consumption is greatly reduced. In
the partially connected precoding scheme, the mapping
relationship between the antennas and RF chains is predetermined, but the channel condition is time-varying. Thus,
the partially connected architecture cannot guarantee that
the mapping relationship is optimal under diﬀerent channel
conditions. A dynamic subarray architecture-based hybrid
precoding scheme is proposed in [20], where an adaptive
antenna selection network is added between RF chains
and antenna elements to enhance spectral eﬃciency (SE).
All the previous work is aimed at improving the SE of the
system. In the fully connected architecture-based and partially connected architecture-based architecture hybrid precoding schemes, all the transmitted antennas are activated.
In this paper, we propose an energy-eﬃcient precoding
scheme with considerably reduced energy consumption
and assume that not all transmitting antennas are activated. We jointly optimize the number of activated antennas, analog precoding matrix, and digital precoding matrix
to maximize the EE of the system. Firstly, instead of
designing the digital and analog precoder directly, we perform an antenna selection procedure before digital and
analog precoding. Then, we further optimize the performance in terms of EE by digital and analog precoding.
The contributions existing in this paper are summarized
as follows:
(1) An exact closed-form expression of EE was derived in
this paper, and we derived an optimum number of
antennas for maximizing the EE according to the
exact closed-form expression of EE
(2) In previous precoding schemes, all the antennas are
activated. In this paper, not all the transmit antennas
are activated (an antenna is activated, which means
the antenna is used to transmit message). Based on
channel state information and the exact closed-form
expression of EE, we select antennas from the transmitting antennas to activate and the remaining
antennas will be temporarily closed
(3) In the prior hybrid precoding scheme, we design the
analog precoder and the digital precoder according to
the channel state information H which was obtained
by channel estimation to improve the sum rate and
reduce the interference between diﬀerent users. The
hybrid precoding scheme we proposed diﬀers from
the prior hybrid precoding scheme. The transmitter
ﬁrst performs an antenna selection process according
to the channel state information and then optimizes
system performance in terms of EE by analog and
digital precoding. Through the scheme, the number

of antennas and power consumption is reduced,
and the EE is improved
(4) An energy-eﬃcient hybrid precoding scheme for a
single user in mmWave systems is developed in this
paper. First, we calculate the optimal number of
transmit antennas and then the antenna selection
algorithm is used to select the subset of transmit
antennas. Then, we use the analog precoding scheme
to maximize the gain of the equivalent channel
between BS and objective users. Furthermore, we
use the digital precoding scheme to maximize the E
E of the system
The rest of this paper is organized as follows: Section 2,
Section 3, and Section 4 introduce the system model, channel
model, and power consumption model of the system, respectively. In Section 5, we introduce the EE optimization problem and propose an antenna selection algorithm. In Section
6, we proposed a hybrid beamforming algorithm. Computer
simulation results are shown in Section 7. Finally, conclusions are drawn in Section 8.
Notations: we use the following notation throughout the
paper. A denotes a matrix; a is a vector; α denotes a scalar; AT
denotes the transpose of A. AH denotes the conjugate of A.
A−1 denotes the inversion of A. A i, j denotes the i, j -th
element of A. We express A 2F as Tr AAH . I is an identity
matrix. The acronym s t denotes “subject to,” and i i d
denotes “independent and identically distributed.” E A
denotes the mathematical expectation of A, and CN denotes
complex Gaussian distribution.

2. System Model
In this paper, we consider a downlink SU-MIMO mmWave
system where a base station (BS) is equipped with N t antennas and N tRF RF chains to serve a single user which has N rRF
RF chains and N r antennas. The number of RF chains satisﬁes N s ≤ N tRF ≤ N t to guarantee multistream transmission.
First, N s transmit data streams at the BS are processed by
a digital precoder FBB in the baseband and then processed by
an analog precoder FRF (RF precoder using analog circuitry).
FRF of size N t × N tRF denotes the transmitting analog beam
former. FBB denotes the base band digital precoder satisfying
FRFFBB 2F = ρ, and ρ denotes the total transmit power. Notably, the RF precoder can realize only phase changes because
of phase-only control. For hybrid precoding systems as
shown in Figure 1, the received signal vector of the objective
user can be expressed by
y = HFRFFBB s + n,

1

where y ∈ C N r ×1 denotes the received signal vector. H =
h1 , h2 , ⋯, hN r T denotes the N r × N t channel matrix with
hk denoting the channel vector between the BS and the k
-th receiving antenna. s denotes the transmitted signal vector, satisfying E ssH = IN r . And N s represents the number
of data streams. n is the vector of additive complex
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Figure 1: A mmWave single-user MIMO system.

Gaussian noise with zero mean and variance σ2 . σ2
denotes the power of noise.

3. Channel Model
Since mmWave channels have high free-space path loss, the
mmWave propagation can be perfectly characterized by a
clustered channel model [21] in this paper. The SalehValenzuela model was used in this paper.
N N

H=

N r N t cl ray
〠 〠 a a ϕr , θr α ϕt , θt
N cl N ray i=1 l=1 il r il il t il il

α φil , θil =

1
M

H

,

2

1, ⋯e j 2π/λ d p sin φil θil +q cos θil , ⋯

d denotes the distance between antennas, and λ denotes the
wavelength of the signal. p satisﬁes 0 ≤ p ≤ M, the same
with q. p and q are the antenna indices in the 2D plane.

4. Power Consumption Model
This section discusses the power consumption model of
the downlink single-user MIMO mmWave system. The
power consumption model of the system [22–24] can be
denoted by
P = ρPt + Pc ,

N

σ2α,i satisﬁes ∑ j=1cl σ2α,i = β, and β is a normalization factor,
where α ϕril , θril and α ϕtil , θtil denotes the receive and transmit array response vectors, respectively. ϕril ϕtil and θril θtil
denote the azimuth and elevation angles of arrival and departure, respectively.
In this paper, we adopt a uniform square planar array
with M × M antenna elements.

⋯ , e j 2π/λ

M −1

d sin φil sin θil +

M −1

cos θil

1/2

3

denotes the energy consumption of APS and PRF denotes
the power consumption of the RF chain.

5. Problem Formulation and Antenna
Selection Algorithm
5.1. Problem Formulation. First, we consider the relationship between system capacity and signal-to-noise ratio.
According to Shannon’s theorem, the relationship between
system capacity and SNR can be expressed by the following formula:

4

where ρ denotes the ineﬃciency factor of the power
ampliﬁer (PA). Pt denotes the power consumption of the
transmitter, and Pt = FRFFBB 2F . Pc consists of the
dynamic power consumption Pdyn and static power consumption Pstac . Pdyn can be denoted by
Pdyn = N tRF PRF + N tRF N t Ps ,

where the number of cluster and the number of rays can be
expressed by N cl and N ray , and the gain of the i-th ray in
the j-th cluster can be expressed as αij . We assumed that αij
satisﬁes the complex Gaussian distribution CN 0, σ2α,i and

5

where N tRF PRF denotes the power consumption of all RF
chains. The number of APSs is N tRF N t ; thus, the power
consumption of phase shifters is N tRF N t Ps , where Ps

C = log2 det I + SNR
= log2 det I +

HFRFFBB

∗

σ2

HFRFFBB

6

Once the antenna set is determined, the corresponding
channel matrix is determined. We can deﬁne the channel
matrix as Htsel . Equation (6) can be denoted as

C Stsel = log2 det I +

Htsel FRFFBB

∗

σ2

Htsel FRFFBB

7

4
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The objective of this paper is to select the transmit
antenna subset according to channel state information
and design the hybrid precoders to maximize the EE of
the system. The problem can be formulated as
FRF, FBB , Stsel

= arg max

log I + 1/σ2n

Pc + FRFFBB

FRF,FBB ,Stsel

st

H Stsel FRFFBB

FRFFBB

2
F

2
F

2
F

≤ Ptot ,

8
where Stsel denotes the selected antenna subset. The elements of Stsel are the index of selected antennas (e.g., Stsel
= 1, 3, 4 denotes that the selected antennas are the ﬁrst,
second, and fourth antennas of the BS). It is worth pointing out that the constraint in equation (8) is nonconvex,
because of the coupling between the analog precoding
matrix and digital precoding matrix. This makes equation
(8) to be a diﬃcult problem to solve. Fortunately, we can
decouple the optimization problem into two convex optimization problems. First, we focus on the antenna selection process. We select the optimal subset of the
antennas from the transmit antennas according to channel
matrix H. Then, with the channel matrix between the
selected antenna and objective user, the hybrid precoding
scheme can be adopted to improve the EE of the system.
Specially, we adopt the analog precoding to maximize the
gain of the equivalent channel and digital precoding to
maximize the EE.
At ﬁrst, we would brieﬂy introduce the EE of the system
without consideration of hybrid precoding. The EE is deﬁned
as the throughput divided by the total energy consumed,
which can be denoted by
EE =

EI
EI
=
,
Ptot
Pc + Pt

9

where E A denotes the mathematical expectation of A, and
I denotes the mutual information. If the power consumption
of the receiver is taken into account, the circuit power consumption model can be expressed:
Pc ≈ N t Pdac + Pmixer + Pfilt + 2Psyn
+ N r Pln a + Pmixer + Pifa + Padc ,

10

where N t and N r denote the number of transmitters and
receivers, respectively, and Pdac , Pmixer , Pfilt , Psyn , Plna , Pifa ,
and Padc are the power consumption of the digital analog

∂ η N sel
∂N sel

converter, the mixer, the ﬁlter at the transmit side, the
synthesizer, the low-noise ampliﬁer, the intermediatefrequency ampliﬁer, the ﬁlters at the receiver side, and the
analog digital converter, respectively. We set
P1 = 2Psyn + N r Plna + Pmixer + Pifa + Padc + Pt ,

11

P2 = Pln a + Pmixer + Pifa + Padc ,

12

EE =

EI
,
P1 + N t P2

13

where P2 is a very small value much less than one.
Lemma 1. Suppose there exists a communication system. N t
transmit antennas were equipped by the BS, and N sd
antennas are selected from these transmitter antennas; the
distribution of mutual information is approximately [25]
given by
I sel ∼ ℱ N log2 1 + 1 + ln

Nt
ρN sel ,
N sel

log2 e 2 ρ2 N sel 2 − N sel /N t
1 + 1 + ln N t /N sel ρN sel

14

Thus, E I sel = log2 1 + 1 + ln N t /N sel ρN . So, the
closed-form expression of the EE becomes
EE =

E Isel
log2 1 + 1 + ln N t /N sel ρN sel
≈
Ptot
ρ + P1 + N sel P2

15

Next, we will analyze the eﬀects of the number of
transmitted antennas on the EE.
Lemma 2. If the power consumption of the mmWave
MIMO system can be modeled as the addition of the transmit power Pt and the circuit power consumption Pc , EE
increases at ﬁrst and then decreases as the number of
selected transmit antennas N tsel increases.
Proof 1. EE can be expressed as a function of N sel :

η N sel =

log2 1 + 1 + ln N t /N sel ρN sel
ρ + P1 + N sel P2

16

We can take the ﬁrst derivative of η N sel

log2 1 + 1 + ln N t /N sel ρN sel ′ ρ + P1 + N sel P2
log2 1 + 1 + ln N t /N sel ρN sel ′ P2
+
2
ρ + P1 + N sel P2
ρ + P1 + N sel P2 2
ρ + P1 + N sel P2 ρ ln N t /N sel
P 1 + 1 + ln N t /N sel ρN sel ln 1 + 1 + ln N t /N sel ρN sel
− 2
,
=
q N sel
q N sel
=

17
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setting q N sel = ρ + P1 + N sel P2 2 . Because the denominator of (17) is positive, the denominator of (17) has no eﬀect
on the monotonicity of function (17). Setting the numerator
of (17) as p N sel ,
p N sel = ρ + P1 + N sel P2 ρ ln

Nt
N sel

Nt
ρN sel
N sel
N
∗ ln 1 + 1 + ln tl ρN sel
N sel
− P2 1 + 1 + ln

18

ρ + P1 + N sel P2
N sel

− P2 ρ ln 1 + ln

Nt
+ 1 ρN sel
N sel

19

It is obvious that p ′ N sel is a negative value. So, p N sel is
a decreasing function of N sel ; thus, p N t ≤ p N sel ≤ p 1 :
p N t = −P2 1 + N t ρ < 0,

(1) if N sel ∈ 1, N 0 , the EE of the system increases with
the increase in N sel
(2) if N sel ∈ N 0 ,+∞ , the EE of the system decreases
with the increase in N sel
That is to say, there exists an optimal number of antenna
opt
N sel that can maximize the EE of the system.

Then, we take the ﬁrst derivative of p N sel again:
p ′ N sel = −

so P 1 = f ρ > 0. So, η increases ﬁrst and then decreases
with the increase in N sel . Assume that N 0 satisﬁes p N 0 = 0.
With mathematical knowledge, we can conclude that

20

5.1.1. Discussion. Based on the system model and power consumption model that we proposed, EE increases at ﬁrst and
then decreases with the increase in the number of antennas.
This is because with the increase in the number of selected
antennas, the power consumption increases linearly. However, this is not true for the sum rate of the system. When
the number of antennas increases to a certain value, the
increase in the sum rate is not enough to compensate for
the increase in the energy consumption of the system, so
the EE of the system will reduce.
Denote the selected transmit antenna subset as Stsel , the
number of active transmits Lt is Stsel where A denotes the
cardinality of A. EE could also be also expressed as

and
p 1 = ρ + P1 + P2 ρ ln N t −⋯−−P2 1 + 1 + ln N t ρ
ln 1 + 1 + ln N t ρ

EE =

log2 det I +

H Stsel FRFFBB

2 2
/σ
F n

Pc + ρPt

bit/Hz/joule ,
25

21
We do not know whether p 1 is a positive or negative
value. However, equation (21) can also be viewed as a function of ρ. We set P 1 = f ρ . Then, we take the ﬁrst derivative of ρ.
f ′ ρ = 2ρ + P1 + P2 ln N t −⋯−−P2

1 + ln N t
1 + ln N t
22
We take the ﬁrst derivative of (22) again in respective
of ρ, we can conclude that
23

As mentioned earlier in this paper, P2 is a very small
number much less than one, so f ″ ρ > 0. Then, f ′ ρ >
f ′ 0 > 0, so f ρ is an increasing function of ρ. Besides,
lim f ρ = 0,

st

SNR > γ,
26

ln 1 + ln N t ρ −⋯−− P2 1 + ln N t ρ

ρ→0

Stsel , FRF, FBB = arg max EE Stsel , FRF, FBB
Stsel ,FRF,FBB

1 + ln N t

f ″ ρ ≥ 2 ln N t − P2 1 + ln N t

where H Stsel is the channel matrix of size N r × N sel between
the Lt transmit antenna and the N r receive antennas. The
objective of antenna selection can be expressed as

24

where (26) is a nonconvex optimization problem [26–29]. It
is often intractable to directly solve, because it is a joint optimization problem over three variables. We propose a suboptimal algorithm to decouple the nonconvex optimization
problem into a convex optimization problem that can be
solved directly. First, just as it is proved above, there exists
an optimal value N opt . When the number of transmitter
antennas equals to the value, the EE of the system can achieve
an optimal value. Thus, the proposed algorithm will be
divided into three parts.
At ﬁrst, as we know, there exists an optimal value N opt
that maximizes the EE. Thus, we can select N opt antennas
from N t transmit antennas to optimize the EE of the system
before hybrid precoding.
Then, an analog precoder is designed to maximize the
gains of the equivalent channel, where the equivalent channel
Heff is deﬁned as Hsel FRF . At this step, it is assumed that the
digital precoding matrix Fbb is ﬁxed.

6
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The design of digital precoder will become an easily
solved optimization problem with a single variable after the
analog precoding. The digital precoding matrix will be
designed based on the maximized EE criterion.
The proposed antenna select algorithm and hybrid precoding scheme will be discussed in the next section.
5.2. Antenna Selection Algorithm. In this section, a lowcomplexity antenna select algorithm is proposed which
enables the BS to reduce the number of transmit antennas
and without large performance loss. The antenna selection
algorithm is described as below.
As discussed above, EE increases ﬁrst and then decreases
with the increase in transmit antenna in mmWave massive
MIMO systems. So, we can select N opt antennas from N t
transmit antennas to optimize the EE of the system before
hybrid precoding at ﬁrst.
The pseudocode of the proposed antenna selection algorithm is summarized in Algorithm 1, which can be explained
as follows. At the beginning, we formulate the EE of the system as the sum rate R divided by energy consumption Pc and
set the EE denoted in (13). During the antenna selection, in
step 1, step 2, and step 3, we calculate the EE of the mmWave
MIMO system with diﬀerent numbers of antennas. In step 4,
we ﬁnd the optimal number of antennas N opt by comparing
EE under diﬀerent conditions. Then, in step 6, step 7, and
step 8, we choose N opt optimal antennas from N t transmitted
antennas by comparing the Frobenius norm of the channel
vector of each antenna. Finally, the N opt antennas are used
to transmit information. Note that the antenna selection
algorithm enables the system to adaptively choose the transmit antenna under diﬀerent channel conditions to maximize
the EE of the system.

In this section, we will discuss the design of the hybrid
precoder for the mmWave massive MIMO system under
the condition that the transmit antenna subset Stsel has
been obtained.
As the antenna selection process eﬀectively reduces the
number of transmit antennas, the power consumption of
the system is reduced. After the antenna subset has been
obtained, analog precoding and base band digital precoding
will be utilized to improve the EE of the system. The optimization problem (26) can be written as

FRF,FBB

R FRFFBB
P FRFFBB

st

FRFFBB

P FRF, FBB = Pc + FRFFBB

H

,

2
F

28
At ﬁrst, an analog precoding algorithm is proposed to
maximize the power of the received signal for the objective
user [30–32]. Further, a digital precoder will be designed to
maximize the EE of the system. However, it is diﬃcult to
solve problem (27) because of the coupling between two
matrix variables: FRF and FBB . We solve this problem by
decoupling the joint optimization problem into two convex
optimization problems.
Firstly, an analog precoder is designed that is aimed at
maximizing the equivalent channel gain and assuming that
the base-band precoding matrix FBB is ﬁxed at this stage.
After the analog precoding matrix is obtained, the original optimization problem (27) becomes an easily solved convex optimization problem with one matrix variable FBB ,
which can be expressed as
FBB = arg max EE FBB

FRFFBB

st

FBB

2
F

≤ Ptot

29

Then, the optimal baseband precoding matrix FBB can be
obtained by solving (29).
6.1. The Design of the Analog Precoder. In this section, we
will discuss the optimal analog precoding matrix FRF,
where FRF = f 1 , f 2 , ⋯f N rf ; the equivalent channel Heff is
deﬁned as HFRF. We rewrite the receive signal of the
objective user
y = Heff FBB s + n

30

The gain of the equivalent channel can be expressed as

6. The Design of the Hybrid Precoder

FRF, FBB = arg max

H
t
R FRF, FBB = log INr + Htsel FRFFBB FH
BB FRF Hsel

2
F

≤ Ptot ,
27

where R FRF, FBB denotes the sum rate of the proposed system and P FRF, FBB denotes the energy consumption of the
whole system.

G Heff = HFRF

2
F

31

We aim to ﬁnd an analog precoding matrix FRF to
maximize the equivalent channel gain based on codebook
ℱ . ℱ is a predeﬁned RF beamforming codebook. ℱ can
be speciﬁed as a quantized matrix αT 2πiφ /M φ , 2πjθ /M θ .
For iφ , it takes the value 0,1,2,3,…,M φ − 1, and for jθ , it
takes the value 0,1,2,3,…,M θ − 1. M φ and M θ denote the
quantized precision of azimuth and elevation angles,
respectively. The most optimal precoding matrix FRF is
designed based on the following metric.
fi = arg max Hfi
fi ∈F

2
F,

i = 1, 2, 3, ⋯, N rf

32

The pseudocode of the proposed analog precoding
algorithm is summarized in Algorithm 2.
At the beginning, we set i = 1, and we search in the codebook ℱ to ﬁnd out an optimal vector f i ∈ ℱ which has the
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Input: the number of transmit antenna N t , the power consumption of digital analog, converter, ﬁlter, synthesizer, low-noise ampliﬁer,
the intermediate-frequency ampliﬁer, and the analog digital ampliﬁer: Pdac , P f ilt , Psyn , Pln a , Pif a , Pdac , the transmit power p, channel
matrix H.
Initialization: Stsel = ϕ, EE = ϕ
1: for 1 ≤ l ≤ N t do
2: Calculate: f l = log2 1 + 1 + ln N t /l ρl /ρ + P1 + lP2
3: Update EE l = f l ;
4: l = l + 1;
5: end for
N
6: Sort EE i i=1t in a descend order as:
EE i1 ≥ EE i2 ≥⋯EE iN t
7: Setting N opt = i1
8: Setting H = h1 , h2 , h3 ,⋯,hN t
9: Sort

hi
hi1

2 Nt
F i=1 in a descend order as
2
≥ hi2 2F ≥⋯≥ hil 2 ≥⋯
F
opt F

hiN

2
t

10: Stsel = i1 , i2 , i3 ,⋯,ilopt

F

11: Output: Stsel
Algorithm 1: The proposed antenna selection scheme.

Input: Channel matrix H, analog beamforming codebook ℱ , the number of RF chains N tRF
Initialization: FRF = ϕ
1: for 1 ≤ i ≤ N tRF do
2: while ri = arg max Hℱ ri 2F do
r i ∈ 1,2⋯

3:
User feed back the index of codebook vector ri to BS. BS ﬁnds corresponding vector ℱ ri from codebook ℱ and setting ℱ ̂ri
as the ith column of FRF, that is f i = ℱ ri
4:
ℱ = ℱ /ℱ ri
5: end while
6: i = i + 1
7: end for
Algorithm 2: Analog precoding scheme.

largest inner product with channel matrix H and make it as
the ﬁrst column of the analog precoding matrix FRF.
Then, i is updated by i + 1, and the procedure above is
repeated to ﬁnd optimal vector f i+1 and f i+1 is set as the
(i + 1)-th column of analog precoding matrix FRF.
The procedure is repeated until i = N tRF . Finally, FRF could
be obtained, i.e., FRF = f 1 , f 2 , f 3 , ⋯, f N t .
RF

6.2. Digital Precoding Design to Improve EE. In this section,
we discuss the design of digital beamformer to further
improve the EE of the system. After the analog precoding
matrix is obtained, the original nonconvex problem is conveyed to a univariate optimization [33] problem which is
given by
FBB = arg max EE FBB
FBB

EE FBB =

FRFFBB

st

log2 IN t + Htsel FRFFBB F∗BB F∗RF Htsel
Pc + FRFFBB

2
F

2
F

≤ Ptot ,

33

∗

34

There exist many approaches to solve this classical
fractional programming problem [34]. At ﬁrst, we transform it into an equivalent parametric programming problem, E α = 0, where E α can be expressed as
E α = max R FBB − αP FBB ,
FBB

35

D = FBB FRFFBB 2F ≤ Ptot , where α satisﬁes 0 ≤ α ≤
2
Rmax /Pc and Rmax = log 1 + Ptot /σ2n Htsel F denotes the
max sum rate of the system. The optimal digital precoding
opt
matrix FBB which is the solution of (35) is also the optimal solution of (33). The general method to solve (35) is
the half-interval search method. It is summarized as in
Algorithm 3.
In Algorithm 3, the key step is solving (35). In this section, we will discuss how to solve (35). Problem (35) can be
expressed as

8
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NH

i=1
NH

= − 〠 log 1 +
i=1

F

st

F

2
F

≤ Ptot ,

opt

pj

1/2

1

= log

1/2

H
H
INH + σ−2
n 〠 U1 FF U1 〠 − αξ F
1

= log
= log

2

1

1/2

2

1

1/2

1/2

1

1

H
INH + σ−2
n 〠 U1 PU1 〠 − αξ F
1/2

1/2

1

1

INH + σ−2
n 〠P〠

2

− αξ F 2 ,
37

where P = FFH and P = U1 PUH
1 ; it is obvious that for any
matrix B which is nonnegative, B ≤ Bi,i . Thus, only if P
is a diagonal matrix will (37) achieve its maximum value.
Then, (38) will further expressed as
NH

max

log

NH

1 + p j v j σ−2
− ηξ 〠 P j
n
j=1

j=1
NH

= max 〠 log
j=1

1 + p j v j σ−2
n

− ηξP j

NH

st

1
σ2
− n
αξ + λ vi

+

40

opt

2
F

According to the knowledge of the determinant, it
is obvious that I + MN = I + NM ; (35) could be conveyed into
1/2

λ =

2
F

36

H H
IN H + σ−2
n 〠 U1 FF U1 〠 − αξ F

vi
p − η + λ pi − λPtot
σ2n i

By solving the KKT conditions of (39), the optimal diagonal entries of Popt are obtained for a given λ via the waterﬁlling algorithm [37, 38].

1
L F = log det IN rx + 2 HFFH HH − ηξ F
σn
1
= log det IN tx + 2 FFH HH H − ηξ F
σn

T F = log

H
pi vi
− ηξqi + λ 〠 pi − Ptot
2
σn
i=1

39

Algorithm 3: Half-interval search method.

max L F ,

N

P P, λ = − 〠 log 1 +

Initialization: αmin = 0, αmax = Smax /Pc and ξ ≥ 0
1: while αmax − αmin ≤ ξ do
2:
α = αmax + αmin /2
3:
Solve the problem (35) for a given α,
4:
update E α and Fopt
α .
5:
If G α ≤ 0 let αmax = α. Otherwise, αmin = α.
6: end while
opt
7: FBB = Fopt
α

38

〠 p j ≤ Ptot
j=1

The problem in (38) was a convex optimization problem,
and its general solution method is to convert it into an
unconstrained optimization problem with the Lagrange multiplier method [35, 36]. Equation (38) could be converted
into (39) by the Lagrange multiplier method:

p j is a decreasing function of λ; thus, λopt could be
found by a one-dimensional search algorithm. We proposed
a binary water-ﬁlling algorithm in this paper. The binary
water-ﬁlling algorithm is summarized in Algorithm 4.

7. Simulation Results
In this section, we present simulation results to evaluate the
performance of the proposed algorithm in terms of EE and
the sum rate. Specially, the simulation parameters are summarized in Table 1. In this section, we ﬁrst compare the performance of diﬀerent algorithms in terms of EE with
diﬀerent antenna array sizes. Then, we compare the performance of the proposed algorithm with a conventional algorithm under diﬀerent power constraints in terms of EE. At
last, we compare the performance of diﬀerent precoding
schemes in terms of the sum rate.
Figure 2 compares the performance between the energyeﬃcient algorithm and spectral eﬃcient algorithm under different SNRs in terms of SE. As Figure 2 shows, with the
increase in SNR, the system performance of diﬀerent algorithms increases, but the performance of the pure digital precoding system is optimal. The performance of the spectral
eﬃcient hybrid precoding scheme is close to that of the digital precoding scheme, and the performance of the energyeﬃcient algorithm is lower than that of the spectral eﬃcient
algorithm in terms of SE. This is because the energyeﬃcient algorithm sacriﬁces part of the spectrum eﬃciency
to improve the energy eﬃciency of the system. And, for the
same algorithm (energy-eﬃcient algorithm/spectral eﬃcient
algorithm), using a diﬀerent number of RFs will lead to a different performance in terms of spectral eﬃciency. As can be
seen from the ﬁgure, under the same SNR condition, the
higher the number of radio frequency chains, the better the
system performance.
Figure 3 compares the EE performance between the
energy-eﬃcient algorithm and spectral eﬃcient algorithm
under diﬀerent transmit power constraints. As Figure 3
shows, at low power constraint, the energy-eﬃcient performance of the proposed algorithm is exactly close to that of
the spectral eﬃcient algorithm. As the transmit power
increases, the EE of the proposed algorithm remains a constant but shows a decline in the spectral eﬃcient algorithm.
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H
11: F opt
α = U1

Popt

Parameters

0~180
IEEE 802.11ad living room
1
60
2.56
26
16PSK, 1/2 turbo codes
20000
2~20

35
30
Spectral efficiency (bps/Hz)

3.5
3
2.5
2
1.5
1

5

Value

Number of antennas
Channel model
Number of users
Carrier frequency (GHz)
Bandwidth
Power ampliﬁer eﬃciency ρ (%)
Modulation coding scheme
Simulation frames
Number of RF chains

25
20
15
10
5

0

4

0

Table 1: Simulation parameters.

−5

4.5

0.5

Algorithm 4: Binary iterative water-ﬁlling algorithm.

0
−10

5

Energy efficiency (bit/Hz/joule)

Initialization: ρmin = 0, ρmax = max vi /σ2n − αε i = 1 ⋯ N H
1: for ρmax − ρmin < ε do
2: ρ = ρmax + ρmin /2
3: calculate P ρ based on (39), (40)
4: update ρmax and ρmin
5: if P ρ < Ptot , ρmax = ρ
6: otherwise
7: ρmin = ρ
8: end for
9: ρopt = ρ
10: Calculate Popt according to (40)

5

10
15
SNR (dB)

20

25

30

Digital precoding
Spectral hybrid precoding/16 RF
Energy-efficient hybrid precoding/16 RF
Spectral-efficient precoding/4 RF
Energy efficient hybrid precoding/4 RF

Figure 2: SE comparison of diﬀerent precoding algorithms under
diﬀerent SNRs.

The reason is that in the spectral eﬃcient algorithm, the
increase in the sum rate cannot keep path with the increase
in power consumption.

10

15
20
25
30
Transmit power constraint (dbm)

35

40

Spectral efficient hybrid precoding/4 RF
Energy-efficient hybrid prdecoding/4 RF
Spectral efficient hybrid precoding/6 RF
Energy-efficient hybrid prdecoding/6 RF

Figure 3: EE comparison of diﬀerent precoding algorithms under
diﬀerent power constraints.

Figure 4 compares the performance between the energyeﬃcient algorithm and spectral eﬃcient algorithm under different antenna array sizes in terms of EE. As Figure 4 shows,
there exists an optimal antenna array size to maximize the EE
of the system.
The EE increases at ﬁrst and then decreases as the number of transmit antennas increases. The more power constraint there is, the larger the antenna array size is. It is
reasonable, because once the number of transmit antennas
N t increases over a certain value, the increase in EE cannot
compensate for the negative inﬂuence of power consumption
increase Pc .
Figure 5 compares the energy eﬃciency achieved under a
given optimal number of antennas N opt and transmits power
but a diﬀerent number of RF chains. As Figure 5 shows,
under the condition that the optimal number of transmitting
antennas N opt is 80, with the increase in the number of RF
chains, the EE of the system increases ﬁrst and then
decreases. It can be seen from the ﬁgure that the optimum
RF number is 8. Meanwhile, it can be seen from Figure 5 that
when the number of transmitting antennas is the same, the
optimal number of the RF chain is the same. At this time,
the larger the transmitting power of the system, the higher
the EE that the system can achieve.
Figure 6 compares the SE achieved under a given optimal number of antennas N opt and transmit power but a different number of RF chains. As Figure 5 shows, when the
optimal number of transmitting antennas is 80, the EE of
the system increases at ﬁrst and then is kept constant with
the increase in the number of radio frequency chains. As
can be seen from the ﬁgure, when the number of RF chains
increases from 1 to 10 under the condition that N t = 80 and
p = 30 dbm, the RF of the system increases. When the

10
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6

25

5

Spectral efficiency (bps/Hz)

Energy eﬃciency (bps/Hz)

5.5
4.5
4
3.5
3
2.5
2
1.5

20
15
10
5

1
20

40

60
80
100
120
140
The number of transmit antennas (Nt)

160

Energy-eﬃcient algorithm, p = 30 dbm
Spectral eﬃcient algorithm, p = 30 dbm
Energy-eﬃcient algorithm, p = 20 dbm
Spectral eﬃcient algorithm, p = 20 dbm

0
2

4

6

8

10
Nrf

Nt = 120, p = 30 dbm
Nt = 80, p = 30 dbm

Figure 4: EE comparison of diﬀerent precoding algorithms under
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In this paper, an energy-eﬃcient hybrid precoding scheme
for single-user mmWave massive MIMO systems was considered. First, we calculate the optimal number of transmit
antennas according to the channel state information and
then design an antenna selection algorithm to select the
antenna to maximize the channel gain. Finally, the EE of
the system is optimized by digital precoding. Numerical
results show that the near-optimal hybrid precoding algorithm achieved a near-optimal EE performance. Simulation
results show that the algorithm we proposed can achieve
higher EE than the traditional precoding scheme can. In
future work, we will study on the joint optimization of transmit antennas, receive antennas, and precoder to improve the
EE of the system.
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Figure 5: EE comparison of the energy-eﬃcient precoding scheme
under diﬀerent RF chains.
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The actions of a person holding a mobile device are not a static state but can be considered as a stochastic process since users can
change the way they hold the device very frequently in a short time. The change in antenna inclination angles with the random
actions will result in varied received signal intensity. However, very few studies and conventional channel models have been
performed to capture the features. In this paper, the relationships between the statistical characteristics of the electric ﬁeld and
the antenna inclination angles are investigated and modeled based on a three-dimensional (3D) fast ray-tracing method
considering both the diﬀraction and reﬂections, and the radiation patterns of an antenna with arbitrary inclination angles are
deducted and included in the method. Two diﬀerent conditions of the line-of-sight (LOS) and non-line-of-sight (NLOS) in the
indoor environment are discussed. Furthermore, based on the statistical analysis, a semiempirical probability density function of
antenna inclination angles is presented. Finally, a novel statistical channel model for stochastic antenna inclination angles is
proposed, and the ergodic channel capacity is analyzed.

1. Introduction
Wireless communication technology has been widely used
in communication systems for its mobility, convenience,
ﬂexibility, and lower cost compared with wired transmission. However, the signals are signiﬁcantly aﬀected by the
surrounding environment and undergo fading and time
variation before arriving at the receiver. In order to achieve
a higher rate and more reliable communication, the acquisition of accurate channel state information (CSI) and
channel modelling is fundamental and crucial in designing
a wireless communication system and has been attracting
researchers’ attention.
A basic framework of the geometry-based stochastic
channel modelling approach (GSCMA) is developed in [1]
for three diﬀerent scenarios with the corresponding channel
parameters such as delay spread, angle spread, shadow
fading, angle of departure, angle of arrival, and delay power
spectrum extracted from a large number of measurements.
Additionally, a polarized channel model is also proposed
based on crosspolarization discrimination (XPD) when

considering the depolarization eﬀect of channels on electromagnetic waves. The WINNER II channel model [2] extends
the number of scenarios to more than a dozen but follows
the same channel modelling approach. Furthermore, the
WINNER II channel model allows propagation between
line-of-sight (LOS) and non-line-of-sight (NLOS) conditions for a same scenario. Analogously, a number of channel
models are established using GSCMA but assuming that
the scatterers are distributed on regular geometries in
two or three dimensions such as the one-ring model [3],
twin-cluster model [4], and elliptical model [5] considering
only the azimuth angle and the double-cylinder model [6],
two-sphere model [7], and multiconfocal ellipsoid model
[8] considering the inﬂuence of the elevation angle. However,
these conventional channel models are assumed to be generally stationary, but this is not suﬃciently applicable for the
channels of the massive multiple-input multiple-output
(MIMO) recognized as one of the most important candidate
technologies for the ﬁfth-generation (5G) mobile communication systems due to the potential and additional advantages
compared with conventional MIMO technologies [9–11].
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Figure 1: The three-dimensional layout of the T-shaped corridor.

Consequently, several novel models [12–14] are developed to
capture the new features observed from the measurements
such as the spherical wave front, nonstationary eﬀect on the
antenna array axis and the time axis.
The above channel models are independent of the
antenna conﬁgurations and element radiation patterns.
Instead, the correlative channel models such as the Kronecker model [15] and the Weichselberger model [16] use
the correlation matrices at the mobile station (MS) and base
station (BS) without knowing the distribution of scatterers or
clusters resulting in a lower complexity. However, few studies
of the channel modelling for stochastic antenna inclination
angles have been done. It is known that mobile devices are
not ﬁxed on walls or people’s desks as routers or computers.
Instead, people communicate using a mobile device whenever and wherever possible; for instance, they are lying down,
standing, and walking. The way people hold a mobile device
is not a static state but a stochastic process since users can
change the way they hold the mobile device very frequently
even in a few seconds. Consequently, the antenna inclination angles will change with the rotation of the mobile
devices leading to the variation of received signals due to
the polarization mismatch between the signals and antennas. In this paper, a statistical channel model for stochastic
antenna inclination angles in the indoor environment is
developed based on a modiﬁed three-dimensional (3D) fast
ray-tracing method. Two diﬀerent conditions of LOS and
NLOS for a common scenario of the T-shaped corridor for
an indoor environment are investigated. Furthermore, in
order to capture the stochastic characteristics of people holding a mobile device, a semiempirical probability density function (PDF) of antenna inclination angles is proposed, and
closed expressions for the radiation patterns of a half-wave
antenna for arbitrary inclination angles are deducted based
on the principle of coordinate transformation. Finally, the

ergodic capacities under two diﬀerent conditions are analyzed based on the proposed channel model.
This paper is organized as follows. A modiﬁed 3D fast
ray-tracing method is introduced, and the validity and accuracy of the method in predicting the electromagnetic ﬁelds
are veriﬁed in Section II. In Section III, the statistical channel
model for stochastic antenna inclination angles is presented
in detail. The numerical results are analyzed in Section IV,
and conclusions are drawn in Section V.

2. Simulation Environment, Method,
and Validation
In this section, a modiﬁed 3D fast ray-tracing method based
on space subdivision is introduced and used to predict the
electromagnetic ﬁelds in a T-shaped corridor. The layout
and corresponding sizes of the corridor are shown in
Figure 1. It is composed of brick walls, concrete ﬂoor, and
ceiling with the corresponding parameters: the relative permittivity and conductivity are εr = 4 0 and σ2 = 0 343 s/m
for the walls and εr = 6 14 and σ2 = 1 005 s/m for the ﬂoor
and ceiling [17]. If all the angles in the corridor are assumed
to be right angles, the whole space of the corridor can be
divided into many hexahedrons and each hexahedron can
be further split into ﬁve tetrahedrons. Each hexahedron and
tetrahedron must be seamless and nonoverlapping. It is
worth noting that there are two diﬀerent types of faces or
lines in the model. One is called real face (RF) or real line
(RL) since the face or line exists in the realistic scene such
as the surface or edge of a wall. The other one is invisible in
fact and only introduced for subsequent analyses and computations so that it is called the virtual face (VF) or virtual
line (VL). The space meshing should make each face of a
tetrahedron have only one property, the real or the virtual.
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where εr is the relative permittivity and θi is the incident angle.
Furthermore, if an obstacle with the size much larger
than the wavelength of the incident wave is present in the
propagation path, the diﬀraction should be taken into consideration. In order to determine the diﬀraction ﬁeld, Holm’s
heuristic diﬀraction coeﬃcients are selected to calculate the
diﬀraction ﬁeld due to the simple expressions and the good
consistency with the rigorous solution for ﬁnite conductivity
as shown in [19]. The diﬀraction coeﬃcients for perpendicular polarization and parallel polarization are expressed in a
more compact form as

E

B

Case 1

P

Case 2
O

F

n
C

A

Figure 2: The demonstration of determining the next tetrahedron.

D⊥// L, n, φ, φ′ =
Since the size of an antenna is relatively small compared
with the realistic propagation environment, a single antenna
can be approximated as a transmitting point. If the coordinates of the transmitting point are given, the initial tetrahedron where the transmitting point is located in can be
determined. The rays depart from the transmitting point
and arrive at a receiving point through a number of tetrahedrons, and the path of each ray can be traced using the
method proposed in [18]. However, the calculation is so
cumbersome that we modify the expression and give a more
compact form as

αi =

OB , ni

,

r , ni

i = 1, 2, 3, 4,

Γ⊥ =

Γ// =

cos θi −

εr − sin2 θi

cos θi +

εr − sin2 θi

2

,
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εr − sin2 θi

,

3

2n 2πk

⋅

cot

⋅ F 2kLn2 sin2
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2n
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2n
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2n
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2n

⋅ F 2kLn2 sin2
F x = 2j xe jx

π − φ − φ′

π + φ − φ′

⋅ F 2kLn2 sin2

1

where OB denotes the vector from the transmitting point
O to an arbitrary vertex of the i-th face of the initial tetrahedron as shown in Figure 2 and ni and ai represent the
normal vector and extension coeﬃcient of the i-th face,
respectively. r is the unit vector of propagation, and ⋅, ⋅ represents the inner product of two vectors. Consequently, the
face hit by the ray corresponds to the minimum and positive
extension coeﬃcient.
Note that there are two cases of propagation for diﬀerent
type of faces. If the face is a VF, the incident rays will pass
through the face and reach the adjacent tetrahedron as in
the case 1 shown in Figure 2. Otherwise, the face is a RF,
and the incident rays will be reﬂected in the current tetrahedron as in the case 2. If the roughness of all surfaces in the
environment is assumed to be neglected, the reﬂected ﬁeld
can be determined according to Fresnel’s laws of reﬂection.
The reﬂection coeﬃcients for perpendicular polarization
and parallel polarization are given as

−e−j π/4

∞

π + φ + φ′
2n

,

e−jτ dτ,
2

x

L=

ss′
s + s′

,
4

where R0⊥// and Rn⊥// are the reﬂection coeﬃcients for the perpendicular polarization and parallel polarization referred to
in the formulas expressed in (2) and (3) for the 0-face and
n-face [19]. ϕ′ and ϕ represent the incident angle and diﬀraction angle, respectively. k is the wave number, 2 − n π is the
inner angle of the wedge and here n = 1 5 due to the previous
assumption of right angles in the corridor, s is the distance
between the diﬀraction point and the diﬀraction observation
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Figure 3: Flow chart of the 3D fast ray-tracing method.

point, and s′ is the distance between the source point of the
incident ray and the diﬀraction point.
The process of the 3D fast ray-tracing is shown in
Figure 3, where N and M denote the number of reﬂections
and the number of reﬂections after diﬀraction, respectively.
In the process of ray-tracing, it is assumed that each ray is
independent of each other and the ﬁeld around a ray should
be represented only by the ray. In addition, it is necessary to
determine whether a ray contributes to the ﬁeld at a receiving
point. One of the eﬀective methods is using the reception
sphere [20]. The radius of the reception sphere for each ray
is expressed as
r=

αd
3

,

5

where α is the angle between two adjacent rays and d is the
path length from the transmitting point to the receiving point.

Note that if the receiving point locates in the overlapping
area of the rays, the double counting error [21] will be generated. A method of reducing the double count error is presented as follows.
Firstly, in order to determine whether a ray is received, all
its adjacent rays need to be tested simultaneously. Secondly,
if an adjacent ray is received, it must be determined whether
the number of reﬂections and the surfaces in the whole paths
of the two rays are equal. If it is true, we compare the distances from the receiving point to the two rays and discard
the further one as a repeated ray. Otherwise, the two rays will
be retained.
It is known that when people are communicating with
mobile devices, the rapidly changing actions of holding their
mobile devices result in the antenna inclination angles varying randomly. Assuming that half-wave dipole antennas are
used on both the transmitting and receiving sides, and if
the coordinate system of the antenna is taken as the local
coordinate system and the coordinate system of the corridor
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environment is considered as the global coordinate system as
shown in Figures 1 and 4, the radiation patterns of the
antenna also change with the antenna inclination angles in
the global coordinate system. According to the coordinate
transformation, radiation patterns of a half-wave dipole
antenna with arbitrary inclination angles are expressed as
F θ α, β, θ, φ = cos α sin θ − sin α cos β cos θ cos φ
cos π/2 χ
− sin α sin β ⋅ cos θ sin φ ⋅
,
1 − χ2

16
24
32
40
48
Distance form transmitter to receiver (m)
Measurement
Simulation

Figure 5: The relative received power from A to B in the LOS
corridor (N = 10, M = 8, GT = 1 dBi, and GR = 1 dBi).

antenna act on the received signals. Consequently, after all
the eﬀective rays are determined, the total complex E-ﬁeld
can be obtained as
⋅

K

Etotal =

⋅

⋅

〠 Ei θi , φi ⋅ eθ ⋅ F θ α, β, θi , φi + Ei θi , φi
i=1

⋅ eφ ⋅ F φ α, β, θi , φi

, SAnt α, β

⋅ SAnt α, β ,

F φ α, β, θ, φ = sin α sin β cos φ − sin α cos β sin φ
⋅

cos

8

π/2 χ
,
1 − χ2

where K is the total number of the eﬀective rays. i denotes the
i-th eﬀective subpath. eθ and eφ are the unit direction vectors

χ = cos α cos θ + sin α cos β sin θ cos φ
+ sin α sin β sin θ sin φ,
6
where F θ and F φ represent the radiation pattern of the θ
direction and φ direction in the global coordinate system,
respectively. As shown in Figure 4, α and β represent the
zenith angle and azimuth angle of the tilted antenna in
the global coordinate system, respectively. θ and φ are the
zenith angle and azimuth angle in the global coordinate
system, respectively. For α = 0∘ , the electric ﬁeld patterns
are simpliﬁed to
Fθ =

cos

π/2 cos θ
,
sin θ

56

7

Fφ = 0
These are the electric ﬁeld patterns of a vertical polarized half-wave dipole antenna.
Assuming that the transmitting antenna is ﬁxed in the
vertical polarization whereas the angle of the receiving
antenna varies randomly, the intensity of the electric ﬁeld
received by the antenna will be diﬀerent at the same receiving
point since only the electric ﬁeld components parallel to the

in the θ and φ directions, respectively. SAnt is the antenna
axial directional vector. ⋅ , ⋅ represents the inner product
of two vectors. Consequently, the relative received power
(RRP) (relative to transmitting power) can be obtained
as [17]
⋅

RRP dB = GT + GR + 20 log10 Etotal − PL0 ,

9

where GT and GR represent the transmitting antenna gain
and receiving antenna gain, respectively. PL0 is the free
space path loss from the transmitter to receiver.
In order to verify the accuracy and eﬀectiveness of the
modiﬁed 3D fast ray-tracing method used for predicting
the propagation characteristics of the electromagnetic waves
in the T-shaped corridor, the simulation results of RRP
obtained from the method are compared with the measurement results in [17] as shown in Figures 5 and 6.
The simulation using the ray-tracing method is performed
at 5.3 GHz according to the conﬁguration and parameter setting of the measurement system in [17], but the antennas
are assumed to be half-wave dipole antennas at the transmitting and receiving sides. Both transmitting and receiving

6
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antennas are vertically polarized, i.e., α = 0∘ . The transmitting
antenna is ﬁxed at one end of the corridor, and the receiving
antenna moves along the path from points A to B in the LOS
corridor and points C to D in the NLOS corridor as shown in
Figure 1. The heights of the transmitting antenna and the
receiving antenna are set to 1.8 m and 1.6 m, respectively.
Furthermore, the transmitting power is set to be 29 dBm
in the simulation, and omnidirectional vertically polarized
antennas with diﬀerent gains but with the same transmitting power are assumed at the transmitting side for diﬀerent conditions of the LOS and NLOS corridors. As shown
in Figure 5, the transmitting antenna gain and receiving
antenna gain are equal to 1 dBi, i.e., GT = GR = 1 dBi, the relative received power (relative to the transmitting power)
ranges from -85 dB to -45 dB and decreases along the path
from points A to B in the LOS corridor as shown in
Figure 1. It is known that the direct path plays a dominant
role in the receiving power, and signal attenuation is mainly
due to the energy diﬀusion and reﬂections on the walls,
ﬂoors, and ceilings when scattering and transmission are
assumed to be neglected. In another case, i.e., GT = 13 dBi
and GR = 1 dBi, the relative received power ranges from
-100 dB to -60 dB along the path from points C to D in the
NLOS corridor as shown in Figure 6, and it is less than the
LOS condition even for the larger transmitting antenna gain.
This is because there is no direct path in the NLOS corridor,
and multiple reﬂections and diﬀraction result in the heavy
attenuation. The simulation results show good consistency
with the measurements for both LOS and NLOS conditions
even though there are some diﬀerences due to the complicated realistic corridor environment. Consequently, the
method is veriﬁed to be accurate and eﬀective in the prediction of electric ﬁeld for the T-shaped corridor environment.
The intensity of the electric ﬁeld received by an antenna
can change with diﬀerent inclination angles at a receiving
point due to the polarization mismatch and the changing
electric ﬁeld patterns and can be analyzed using the modiﬁed
3D fast ray-tracing method. For instance, assuming the azimuth angle is equal to zero degrees, the relationships between
the relative received power and the zenith angles along the
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Figure 7: The relative received power for diﬀerent inclination
angles for the LOS corridor (β = 0∘ , N = 10, M = 8, GT = 1 dBi, and
GR = 1 dBi).
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Figure 6: The relative received power from C to D in the NLOS
corridor (N = 10, M = 8, GT = 13 dBi, and GR = 1 dBi).
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Figure 8: The relative received power for diﬀerent inclination
angles for the NLOS corridor (β = 0∘ , N = 10, M = 8, GT = 13 dBi,
and GR = 1 dBi).

paths from point A to point B in the LOS corridor and from
point C to point D in the NLOS corridor are shown in
Figures 7 and 8, respectively. In the LOS corridor, the relative
receiving power decreases with the increase of the zenith
angle, and the oﬀsets relative to the vertically polarized
antenna, i.e., α = 0∘ , increase but retain almost the same trend
from 0 to 75 degrees. However, for the horizontally polarized
antenna, i.e., α = 90∘ , the relative received power is far less
than the vertical polarization and shows a diﬀerent trend
compared with others. This is because the transmitting
antenna is vertically polarized and the main propagation
mechanisms are the direction and reﬂections. The direct path
plays a dominant role in the LOS corridor resulting in the relatively weaker depolarization eﬀect.
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Figure 9: The probability density function (PDF) of the amplitude of the electric ﬁeld in the LOS corridor.
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Figure 10: The probability density function (PDF) of the amplitude of the electric ﬁeld in the NLOS corridor.

In the NLOS corridor, the relative received power for the
vertically polarized antenna is still the largest whereas the oﬀsets relative to the vertically polarized antenna for other
angles are less than those in the LOS corridor especially for
the horizontally polarized receiving antenna. This is because
there is no direct path in the NLOS corridor and the main
propagation mechanisms are the diﬀraction and reﬂections
leading to the serious channel depolarization eﬀect.

3. A Statistical Chanel Model for Stochastic
Antenna Inclination Angles
In order to obtain the statistical CSI of the T-shaped corridor,
169 diﬀerent user positions from A to B for the LOS corridor
and 101 diﬀerent user positions from C to D for the NLOS
corridor are selected for simulation and investigation. The
half-wave dipole antennas are assumed to be used at both
ends of the transceiver with the transmitting power of
30 dBm, and the transmitting antenna is ﬁxed in the vertical

polarization whereas the inclination angles of the receiving
antenna are variable.
The simulation results of the electric ﬁeld at diﬀerent
receiving points can be obtained according to (8) using
the ray-tracing method. According to the statistical analyses, the statistical characteristics of the amplitude and the
phase of the electric ﬁeld can also be obtained. The results
show that the amplitude of the electric ﬁeld when expressed
in decibels is subject to Gauss distribution for both LOS
and NLOS corridors. For instance, the statistical distribution
of the amplitude of the received electric ﬁeld for the vertical
polarization or z-polarization, i.e., α = 0∘ , and two horizontal polarizations or x-polarization and y-polarization, i.e.,
α = 90∘ , β = 0∘ , and β = 90∘ , are shown in Figures 9 and
10. For the LOS condition, the mean value is -3.7 dB for
the z-polarization and much larger than -19.2 dB for the
x-polarization and -25.9 dB for the y-polarization as shown
in Figure 9 since the vertical polarization and horizontal
polarization are copolarized and crosspolarized relative to
the transmitting antenna, respectively, and the existence
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Figure 11: The mean value of the amplitude of the electric ﬁeld for
diﬀerent inclination angles in the LOS corridor (scatter diagram).
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Figure 12: The variance of the amplitude of the electric ﬁeld for
diﬀerent inclination angles in the LOS corridor (scatter diagram).

of the direct path leads to relatively weaker depolarization as mentioned above. Furthermore, the value of the xpolarization is larger than that of the y-polarization since
the reﬂection surfaces in the LOS corridor are in the y direction resulting in the heavier depolarization for the component of the y-polarization than that of the x-polarization
and z-polarization. For the NLOS corridor, as shown in
Figure 10, the mean value is -19.5 dB for the z-polarization
and approximately equal to -25 dB for the x-polarization
and -24.2 dB for the y-polarization due to the strong depolarization after the diﬀraction and multiple reﬂections. Furthermore, the reﬂection surfaces in the NLOS corridor are in the
x direction leading to nearly equal mean values of the two
horizontal polarizations.
In order to obtain the statistical characteristics of received
signals, the mean value and variance of the amplitude of
the electric ﬁeld expressed in decibels for diﬀerent zenith
angles and azimuth angles in the LOS corridor are depicted
in Figures 11 and 12, respectively. The results show that the
mean values range from -26 dB to -2 dB and decrease with
the increase of the zenith angle due to the increased polarization mismatch. However, the eﬀect of the azimuth angle
is not obvious for the lower zenith angles but becomes
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diﬀerent inclination angles in the NLOS corridor.
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diﬀerent inclination angles in the NLOS corridor.

signiﬁcant for the larger zenith angles, especially when
the zenith angle is equal to zero degrees; it is known that
the mean value is independent of azimuth angles. This is
because there are three basic polarizations as mentioned
above, and the polarization mismatch also exists between
two horizontal polarizations. Furthermore, the main reﬂection surfaces in the LOS corridor are in the y direction, which
results in the heavier depolarization for the y-polarization
than that of the x-polarization. However, the variance
approximates to a constant of 4.25 dB for the lower zenith
angles, but ﬂuctuations occur for the larger angles as shown
in Figure 12.
In the NLOS corridor, the mean values and variances of
the amplitude of the electric ﬁeld changing with antenna
inclination angles are shown in Figures 13 and 14, respectively. The mean values range from -30 dB to -19 dB and
are smaller than those of the LOS condition due to the heavy
attenuation after the diﬀraction and multiple reﬂections. The
depolarization transforms more power from the copolarization components into the crosspolarization ones. In addition,
since the main reﬂection surfaces in the NLOS corridor
are in the x direction, the gaps among three polarizations
are reduced. Similar to the LOS condition, the variance also
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Figure 17: The statistical distribution of the phase of the electric
ﬁeld for the LOS and NLOS corridors.
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tends to be a constant for the lower zenith angles with the
value of 3.5 dB but shows approximately uniform distribution between 2.5 dB and 5 dB for the larger zenith angles.
According to the ﬁtting results, the mean value of the
amplitude of the electric ﬁeld shows sinusoidal variation with
the zenith angle or azimuth angle for both LOS and NLOS
corridors as shown in Figures 15 and 16, and the ﬁtting function can be expressed as
y = y0 + A sin

π x − xc
w

,

10

where y0 , A, xc , and w are the coeﬃcients of the ﬁtting function. Consequently, the functional relationship between the
mean value of the amplitude of the electric ﬁeld and antenna
inclination angles can be deducted and expressed in decibels
as follows.

+ yNLOS ,

π α − xc,NLOS
wNLOS

0∘ ≤ α ≤ 90∘ , 0∘ ≤ β ≤ 360∘ ,

ANLOS = 0 0003 sin 0 0702β − 1 589 + 0 0052,
xc,NLOS = −42 5295 + 2 6605 sin 0 0384β + 0 7388 ,
wNLOS = 81 103 + 3 7265 sin 0 037β − 1 85 ,
yNLOS = 0 0072 + 0 0004 sin 0 0696β − 4 7047

12
where α and β represent the zenith angle and azimuth angle
of the tilted antenna as shown in Figure 4.
According to the statistical analysis, as shown in
Figure 17, the phase of the electric ﬁeld is subject to uniform
distribution between -90° and 90° for both LOS and NLOS
corridors.
A statistical channel model for stochastic antenna inclination angles can be established as
H MR ×N T = A α, β exp jΦ α, β ,
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Figure 19: The pie chart of the survey results for people holding
their mobile devices.
Table 1: The relationship between the way of holding the mobile
devices and the antenna inclination angles.
The ways of holding the
mobile devices
Talk
One-handed use, two-handed use
(vertically), cradling
Two-handed use (horizontally), passive

The antenna inclination
angles (zenith angle)
0°-30°
30°-60°
60°-90°

where H MR ×N T is the M R × N T channel matrix, M R and N T
are the number of antennas at the transmitting and receiving
sides, respectively. A and Φ represent the amplitude and
phase of the channel impulse response, respectively. α and
β represent the zenith angle and azimuth angle as shown in
Figure 4, respectively. j is the square root of -1.
The process for generating channel coeﬃcients is
described as follows. Firstly, select the simulation scenario
including the LOS or NLOS conditions and randomly generate the inclination angle of the antenna. Based on the
obtained antenna inclination angles, the mean value of the
amplitude of the channel coeﬃcient for these angles can be
obtained from (11) and (12). For simplicity, the variance is

considered to be a constant 4.25 dB for the LOS condition
or 3.5 dB for the NLOS condition as shown in Figures 12
and 14. Consequently, the amplitude of the channel coeﬃcient is randomly generated according to the statistical distribution. Furthermore, the phase factor can also be generated
in a similar way. Finally, the channel coeﬃcient can be
obtained, and the ﬂow chart of the process for generating
channel coeﬃcients is shown in Figure 18.

4. Numerical Analysis
As mentioned above, the changing actions for people holding
their mobile devices result in random variation for the
antenna inclination angles. In fact, it is not a static state but
can be considered as a stochastic process since it may change
frequently even in a very short time. However, very few studies have been performed on the statistical characteristics of
the way people hold their mobile devices. Additionally, the
eﬀect of the stochastic antenna inclination angles on received
signals has not been taken into account in conventional
channel models.
In [22], an interesting study of the way that people naturally hold and interact with their mobile devices is performed
and 1333 observations of people using mobile devices in
diﬀerent situations at diﬀerent places in seven cities are
made. The pie chart of the survey result is shown in
Figure 19. It shows that talking in the way of voice calls
occupies 22.28% of the users, while 18.98% is passive activities such as listening to audio or watching a video. Furthermore, the most common way of holding the mobile devices
is the one-handed use accounting for 28.96% including 67%
of right-handed use and 33% of left-handed use. The
21.01% of users is engaged in cradling their mobile devices
in the left hands or right hands with 79% and 21%, respectively. However, only 8.78% is two-handed use with two
diﬀerent situations. The ﬁrst one accounting for 90% is to
hold the mobile devices vertically, i.e., in the portrait mode,
and the other one is to hold the mobile devices horizontally, i.e., in the landscape mode.
Although the data in [22] were used to evaluate how
people actually use their mobile phones, we can empirically
associate these data with the antenna inclination angles as
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Figure 20: The ergodic channel capacity for the LOS condition.

shown in Table 1. Consequently, a semiempirical PDF is
proposed based on the survey results. According to the statistical results, the antenna inclination angle obeys Gauss
distribution with the corresponding mean and standard
deviation of 45.5° and 9.44°, respectively.
After obtaining the statistical distribution of antenna
inclination angles, the channel coeﬃcients can be generated
according to the method introduced in Section III. In order
to evaluate the channel model, taking the MIMO system of
M T = M R = 4 as an example, the ergodic capacity for MIMO
channels can be obtained according to the formula [23]
ρ
HHH
MT
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C = E log2 det I MR +

16

bps/Hz,

14

where I MR is the M R × M R identity matrix; ρ is the system
signal-to-noise ratio (SNR); ⋅ H is the Hermitian transpose;
M R and M T denote the number of receivers and transmitters,
respectively; and H is a matrix whose entries are the M R ×
M T channel gains.
The ergodic channel capacity of two diﬀerent conditions
of LOS and NLOS is depicted in Figures 20 and 21. The
results show that the ergodic capacity increases with the
increase of average SNR and it is larger in the LOS condition
compared with the NLOS channel under the same SNR. Furthermore, the ergodic channel capacity increases with the
increase of the number of antennas at the transmitting and
the receiving sides, and for the same number of antennas,
the channel capacity of the channel model with stochastic
antenna inclination angles is considered to be smaller than
that of the antenna ﬁxed as a vertical polarization due to
the eﬀect of the polarization mismatch.

Figure 21: The ergodic channel capacity for the NLOS condition.

5. Conclusion
A 3D statistical channel model for stochastic antenna
inclination angles in a T-shaped corridor environment
based on a modiﬁed 3D fast ray-tracing method has been
proposed in this paper. The radiation patterns for arbitrary inclination angles of a half-wave antenna have been
deducted and considered in the method. Based on the statistical analyses, the relationships between the statistical
characteristics of the electric ﬁeld and antenna inclination
angles are analyzed for both of the LOS and NLOS corridors. Furthermore, a semiempirical probability density
function of antenna inclination angles has been proposed
and used to depict the stochastic process of people holding
their mobile devices. For future work, the channel model
can serve as a preliminary attempt; the parameters used
in the channel model can be veriﬁed and extracted from
the channel measurements and extended to more scenarios. Combined with the existing channel models, a more
general, accurate, and low-complexity channel model may
be developed and applied to the next-generation wireless
communication systems.
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In this paper, we address the direction ﬁnding problem in the background of unknown nonuniform noise with nested array. A
novel gridless direction ﬁnding method is proposed via the low-rank covariance matrix approximation, which is based on a
reweighted nuclear norm optimization. In the proposed method, we ﬁrst eliminate the noise variance variable by linear
transform and utilize the covariance ﬁtting criteria to determine the regularization parameter for insuring robustness. And then
we reconstruct the low-rank covariance matrix by iteratively reweighted nuclear norm optimization that imposes the nonconvex
penalty. Finally, we exploit the search-free DoA estimation method to perform the parameter estimation. Numerical simulations
are carried out to verify the eﬀectiveness of the proposed method. Moreover, results indicate that the proposed method has
more accurate DoA estimation in the nonuniform noise and oﬀ-grid cases compared with the state-of-the-art DoA estimation
algorithm.

1. Introduction
Source localization is always a signiﬁcant research direction
in the past decades and today which is widely used in various
ﬁelds including radar, sonar, wireless communication, and
acoustics [1–4]. However, achieving superresolution is a
great challenge for more sources with the least elements.
Compared with the uniform linear arrays (ULAs), the sparse
linear arrays (SLAs) can provide much more degree of freedoms (DOFs) and resolve more sources with the same number of physical elements. Meanwhile, the SLAs can eﬃciently
reduce the cost and power consumption. Therefore, the study
of SLAs has attracted more and more researchers’ great
attention [5, 6].
So far, there are some works about SLA conﬁgurations.
The minimum redundancy arrays (MRAs) are class optimum lag SLAs [5], which provide a complete set of spatial
lags between pairs of elements with minimum redundancies.
However, it is not easy to attain the optimum design of

MRAs, especially for a large array; it is time-consuming to
search the optimum structure. In the past decades, two
potential array conﬁgurations, i.e., coprime arrays (CPA)
and nested arrays (NA), have drawn the researchers’ attentions since they have exactly closed-form expressions for
sensor locations and it is easy to predict the attainable DOFs
[7, 8]. Coprime arrays can resolve up to o MN sources with
only M + N − 1 elements; however, the CPAs do not generate
a ﬁlled coarray since CPA has holes in the diﬀerence coarray
[7]. So it cannot directly apply the augmentation techniques.
By contrast, nested arrays can generate a ﬁlled diﬀerence
coarray except the mentioned advantages [8]. Although the
NAs and CPAs are not optimum lag arrays like MRAs, they
are the most attractive array conﬁguration because they are
easy to build in the last decade.
The processing of SLA mainly has array interpolation
(AI) [9–11] and the Toeplitz completion method [12–14].
The classical AI technique [10] can eﬀectively obtain the
element data of virtual ULAs, which imposes a linear

2
interpolation process on the element data of a real SLA and
selects interpolator coeﬃcients by minimizing the interpolation error for a source coming from a certain angular sector.
The drawback is that this technique needs to know the angular sector. In AI techniques, Wiener array interpolation
(WAI) [15] is a practically attractive method, which exploits
a maximum likelihood method to estimate the power of signal and noise and use the calibration angles to recover the
array steering matrix; hence, it can approximate the MSE
optimum solution. However, WAI requires the initial DoA
estimation. In the classical Toeplitz completion method, the
direct augmentation approach (DAA) is a widely used
method for improving the covariance matrix of the SLA
[12]. DAA constructs a Toeplitz matrix using the sample
covariance matrix; since there is one-to-one correspondence
between covariance lags and spatial lags, the diagonal
elements could be obtained by redundant averaging. Unfortunately, Toeplitz completion method does not guarantee
positive semideﬁnite augmented covariance matrix. In order
to construct a positive deﬁnite augmented matrix, the
authors in [13, 14] proposed an iterative DAA algorithm;
however, the complicated iteration procedure cannot guarantee the global convergence. Besides, the coarray MUSIC
algorithm is used to estimated angle parameters [16] which
utilizes the Toeplitz properties of matrices.
Sparse signal representation (SSR) framework has
attracted a great interest in direction ﬁnding [17–23], which
exploits the spatial sparsity of the signal arriving angles.
Despite these aforementioned SSR-based methods have some
attractive features, there are still two problems need to be
considered. The ﬁrst problem is nonuniform noise [23, 24];
many of SSR-based methods assume that the element noises
are spatially uniform, and the reason for this is the uniform
noise assumption beneﬁts to choose an appropriate regularization parameter in a sparse representation model. However,
in some practical applications, due to the nonidealistic of the
practical arrays, such as the nonideality of the receiving channel, the nonuniformity of the element response, and the
mutual coupling between elements, the uniform white noise
assumption among all elements may not be satisﬁed. Therefore, the diagonal elements in noise covariance matrix should
be considered as arbitrary values which represent the noise
levels. Once the assumption misﬁts the true noise levels, the
performance of conventional SSR-based DoA estimation
approaches may thereby degrade severely. The second
problem is the oﬀ-grid problem (also called basis mismatch)
[17, 25]; in fact, a great deal of SSR-based DoA estimation
methods assume that the true target directions exactly lie on
the prespeciﬁed angular grid. In practical application, the
angle parameters are continuous variables, the on-grid
assumption rarely holds, and the basis mismatch always exists,
which leads to the accuracy degradation of DoA estimation.
In this paper, we propose a gridless direction ﬁnding
method under the unknown nonuniform noise over with
nested array, which is based on low-rank covariance matrix
approximation by an iteratively reweighted nuclear norm
minimization. The advantages of the proposed method
are in three aspects: Firstly, we mitigate the noise variance
variable by linear transform to reduce the eﬀect of
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unknown nonuniform noise. Secondly, we utilize the covariance ﬁtting criteria to determine the regularization parameter
for the accuracy error ﬁtting. Last but not least, we develop
a novel reweighted nonconvex penalty objective function
for exactly approximating the low-rank covariance matrix.
After attaining the covariance matrix, we exploit the
search-free DoA method to estimate parameters. Numerical
simulation is carried out to verify the eﬀectiveness of the
proposed method.
The rest of this paper is organized as follows: In Section 2,
we present the signal model with nested array. In Section 3,
the DoA estimation with iteratively covariance matrix reconstruction (ICMR) is introduced to the nested array, which is
based on an iteratively reweighted nuclear norm minimization algorithm. Section 4 validates the proposed method by
numerical simulations and comparing the algorithm with
state-of-the-art DoA estimation methods based on nested
array. Section 5 concludes this paper.
Notation. We deﬁne a vector x with a boldface lowercase and
a matrix X with a boldface uppercase. The symbol · ∗
denotes the complex conjugate of vector x or matrix X, and
the transpose and the Hermitian transpose of vector or
matirx are expressed by · T and · H , respectively. E ·
denote the statistical expectation, vec · denotes stacking
element-wise in a column, rank · and · ∗ denote the rank
and nuclear norm of the matrix, respectively, ⊗ denotes
the Kronecker product, ⊙ denotes the element-wise multiplication between two matrices with the same dimensional,
diag · denotes the diagonal operator that takes a vector to
a matrix with vector on the diagonal, sign is signum function,
σ X denote the eigenvalue of matrix X, σi X denote the
i-th largest eigenvalue value, Ik denotes a K × K dimensional
identity matrix, · 2 denotes the l2 norm, and Pr · denotes
probability density function.

2. Array Model for Nested Array
We consider a two-level nested array consisting of two ULA
subarrays, where the ﬁrst ULA subarray has N 1 elements
with the interelement spacing d 1 = d, while the second ULA
subarray has N 2 elements with the interelement spacing
N 1 + 1 d 1 ; the total number of element is M = N 1 + N 2 ,
as shown in Figure 1.
Let the ﬁrst element of the array as the phase reference
point, the position set of element in ascending is denoted as
P = p1 , ⋯, pM

1

Assume that K uncorrelated narrow-band far-ﬁeld
sources from θ = θ1 , ⋯, θK T impinge on the nested array.
The array output at time t can be represented as
x t =A θ s t +n t ,

2

where x t ∈ ℂM×1 is the output of nested array. s t =
s1 t , s2 t , ⋯, sk t T is the K × 1 receive signal source vector, and n t ∈ ℂM×1 denotes the additive white Gaussian
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Sabarray 1

Sabarray 2

Figure 1: The nested array structure.

noise vector. The M × K array manifold matrix in array
model (2) is deﬁned by

6

A = a θ1 , a θ2 , ⋯, a θK ,

5

where a θk = e jπp1 sin θk , e jπp2 /sin θk , ⋯, e jπpM /sin θk is the
array steering vector and the element position is deﬁned in
(1). We note that each position pi is measured with half
wavelength of indent signal source. Let the M denote the
maximum interelement distance (i.e., the array aperture).
Then M is an integral multiple of the half signal wavelength.
Nested array possesses the same set of interelement distances
as the ULA which composed of M elements separated by half
signal wavelength.
From the above discussion, we can derive that nested
array can be regarded as spatial sparse sampling on the
ULA, i.e., we can take the position set P of nested array from
the position subset P = 0, 1,⋯,M − 1 of the elements of the
ULA, as shown in Figure 1. Thus, nested array can be represented by its element index set P ⊂ P . For the k-th signal
source, the steering vector aP θk of the ULA can be given
as aP θk = e j2πP 1 d/λ sin θk , ⋯, e j2πP M d/λ sin θk .
According to the index set P of the NA, we design a
selection matrix Γ ∈ 0, 1 M×M such that the i-th row element
contains 0s except a single 1 at the P i -th location. From the
spatial sparse sampling viewpoint, we have a θk = ΓaP θk .
Then, the nested array model can be expressed as
x t = A θk s t + n t = ΓAP s t + ΓnP t

4

Under ideal condition, the array covariance matrix of the
output x t of nested array can be calculated as

4

3

2

1

0

−10

−8
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−4

−2

0
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4
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determined by M complex numbers.

ToepP u =

u1

u2

⋯

u∗2

u1

⋯ uM−1

⋮

⋮

⋱

⋮

u∗M

u∗M−1

⋯

u1

uM

where N is the number of collected snapshot, Rs = diag
for some
σ2s,1 , ⋯, σ2s,K , and ToepP u = AP Rs AH
P

uP ∈ ℂM×1 . Furthermore, the noise-free covariance matrix
ToepP u is a Hermitian Toeplitz matrix, which is

6

It is evident that rank ToepP u = K ≤ M − 1, and
ToepP u is positive deﬁnite, i.e., ToepP u ⪰ 0. For
nested array, Toep u holds that
Toep u

K

m ,n

= 〠 σ2s,k am θk a∗n θk
=

= ΓToepP u ΓT + Γdiag σ2n,P ΓT ,

10

Figure 2: Weight coeﬃcient of NA coarray with six elements.

K

5

8

Lags of coarray with NA

k=1

1 N
R = lim
〠 x t n xH t l = ARs AH + diag σ2n
N⟶∞ N
n=1
ΓT + Γdiag σ2n,P ΓT
= ΓAP Rs AH
P

Weight coeficient

3

7

〠 σ2s,k e j2πd/λ m−n sin θk
k=1

Let D = m − n m, n ∈ P , m ≥ n ⊂ P . For the NA, D
is a redundancy array which can be regarded as a coarray
deﬁnes on the NA. The matrix Toep u contains all elements uP of explicitly by (6). It implies that the relation
ToepP u ⟶ Toep u is one-to-one.
A coarray of nested array with six elements is shown in
Figure 2. When the positions of nested array are P = 0, 1, 2,
3, 6, 10 , the coarray of nested array composes of M + 1 = 11

4
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elements with the position P = 0, 1,⋯,10 . From Figure 2,
we can observed that the coarray is a redundancy array, which
guaranteed the reconstruction of the covariance matrix [17].
One of the aims of this paper is to recover the noise-free
covariance matrix ToepP u of the nested array output
under nonuniform noise environment. In the next section,
we introduce the reweighed nuclear norm minimization
to approximate the low-rank noise-free covariance matrix
ToepP u .

3. Iterative Covariance Matrix
Reconstruction for Direction Finding
3.1. Nuclear Norm Minimization Optimization. As mentioned above, the key problem is recovery of the noise-free
covariance matrix ToepP u . On one hand, we note that
the covariance matrix ToepP u has three key features:
Toeplitz-structured, low rank, and positive deﬁnite (PSD);
on the other hand, in application, the sample covariance
̂ = ∑Nn=1 x t n xH t n /N. Due
matrix of NA is calculated by R
to the ﬁnite samples, there exists the perturbation error term
̂ and R, whose distribution beneﬁts to choose
between the R
the regularized parameter [17]. Making full use of the two
constraints, we formulate the recovery problem of the covariance matrix as the following optimization problem:
min
u,σ

rank ToepP u
̂
C

st

−1/2

vec ΔR

2

≤η

̂ = 1/N R ⊗ R represents the prewhitening
where C
̂ − R is the perturbation error term,
weighted matrix, ΔR = R
2
̂ −1/2 vec ΔR 2 , which deterand η is an upper bound of C
mines the quality of ﬁtting term. According to the covariance
ﬁtting criteria [17, 18, 26], the vectorization form of the perturbation error term ΔR satisﬁes the asymptotic normal
(AsN) distribution as follows:
1 T
R ⊗R
N

9

After prewhitening processing, we obtain
̂ −1/2 vec ΔR ~ AsN 0, IM2
C

10

We can further derive the following formulation:
2
2

u,σ

ToepP u

st

̂ −1/2 vec ΔR
C

min

∗
2
2

12

≤η

Toep u ⪰ 0
Combining (5) and (12), the optimization problem is
rewritten as
min
u ,σ

st

ToepP u

∗

̂ −1/2 vec R
̂ − Γ ToepP u + diag σ2n ΓT
C

2
2

≤η

~ Asχ2 M 2 ,

13

8

T

̂ −1/2 vec ΔR
C

2

ToepP u ⪰ 0
2

Toep u ⪰ 0,

vec ΔR ~ AsN 0M2 ,1 ,

−1/2

̂ vec ΔR 2 ≤ η = 1 − p , which is cale.g., 0.999, Pr C
culated by the matlab function chi2inv 1 − p, M 2 , so we
have Pr χ2M2 ≤ η = p and η = χ2p M 2 .
Unfortunately, this problem in (8) is nonconvex optimization problem and it is also a NP-hard problem. To
sidestep the nonconvexity, we exploit convex relaxation
technique, i.e., we relax the rank norm of ToepP u to
the nuclear norm of ToepP u for approximating the
low-rank matrix. Therefore, the convex relaxation form
for (8) can be represented as

11

where Asχ2 M 2 represents the asymptotic chi-square distribution with M 2 degrees of freedom. According to (11), it is
quite obvious how to choose the parameter η. We choose
the parameter η large enough such that the inequality
2
̂ −1/2 vec ΔR 2 ≤ η is satisﬁed with a high probability 1 − p,
C

Remark 1. It is worth noting that there is noise variance
variable that needs to be optimized in model (13). In fact,
we can eliminate this variable by estimating the noise variance in advance, but the estimation of the nonuniform
noise variance is not easy to attain directly, especially in
the underdetermined DoA estimation circumstances while
the sample covariance matrix no longer contains a low-rank
component spanning the noise subspace. We can use two
methods to handle this case, the ﬁrst method is that we
treat noise variance as a variable to be optimized in the
optimal problem such as (13). The second method, we get
rid of noise variables by linear transform ﬁrstly and then
solve the optimization problem; in this paper, we focused
on the latter.
It is interesting to observe that the noise term has M
nonzero elements which contain in the diagonal element
of the covariance matrix and correspond to the unknown
noise variance σ2n . Based on this observation, we carry
out the linear transform to remove the element of the
noise variance terms. Mathematically, this operation can be
formulated as
̂ − ΓToepP u ΓH + Γdiag σ2n ΓH
Jvec ΔR = Jvec R
̂ − Jvec ΓToepP u ΓH ,
= Jvec R
14
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where J is an M M − 1 × M 2 linear transform selecting
matrix and can be represented as
J = J1 , J2 ,⋯,JM−1 T ,

15

where
Jm = e m−1

M−1 +2 , e m−1 M−1 +3 , ⋯, em M−1

,

16

m = 1, 2, … , M − 1,
with ei i = m − 1 M − 1 + 2, ⋯, m M − 1 being an M 2 ×
1 column vector with one at the ith position and zeros else2
where. Jm ∈ ℝM ×M . By applying the above operation, the
unknown noise variance is eliminated eﬀectively and easily.
This elimination operation avoids the estimation of noise
variance, therefore facilitating a noise-free low-rank covariance matrix reconstruction.
Through the above derivation, (13) can further reformatted as
u

ToepP u

st

C

min

−1/2

∗

̂ − Jvec ΓToepP u ΓH
Jvec R

2

≤η

2

ToepP u ⪰ 0
17
From (17), we observe that there is only one vector u that
needs to be optimized by the above processing. At the same
time, the prewhitening matrix and regularization parameter
should be changed. Combining the distribution of the perturbation error term with (14) yields
Jvec ΔR ~ AsN 0M

M−1 ,1 ,

1
J RT ⊗ R J T
N

18

C

Jvec ΔR ~ AsN 0M

M−1 ,1 , IM M−1

,

min
u

st

hϵ ToepP u
C

−1/2

̂ − Jvec ΓToepP u ΓH
Jvec R

2
2

≤η

ToepP u ⪰ 0,
20
where hϵ σ ToepP u = ∑i f σi ToepP u
denotes the
rank approximating function. We expect that the proposed
nonconvex optimization model can bridge the gap between
the rank norm model (8) and nuclear norm (12).
Since the model in (20) is nonconvex optimization
problem, how to guarantee for convergence to a global
minimum is a key problem. Now, we propose an iteratively reweighted nuclear norm minimization to obtain a
suboptimal solution, which is based on the framework of the
majorization-maximization (MM) method. The MM method
is an iterative approach, it iteratively solves a sequence of
weighted convex surrogate optimization problems whose
weights are attained by the previous optimal value. Thus, by
calculating the sequence of convex problems given in (22),
we can minimize the optimization function in (20). For
the k-th iteration, the weights u are calculated by the
previous optimal variable uk−1 . Since hϵ ToepP u = ∑i
f σi ToepP u
is concave when f x = g1 x , we have
hϵ ToepP u ≤ hϵ ToepP uk

Applying the prewhitening processing [19], we have
−1/2

essential to ﬁnd a surrogate function of rank function which
not only have the better approximation but also needs a low
computational complexity. Some methods utilize a class of
nonconvex surrogate functions to approximate the rank
function, such as the works in [27, 28].
Among the nonconvex approximation functions, we ﬁnd
f x = 1 − e−x/ϵ closely matches g0 x , so we use this function
hϵ x = f x = 1 − e−x/ϵ as the approximation function of g0
x , i.e., rank norm. Combine the model (17), the following
general nonconvex optimization model is proposed:

+ ∇hϵ ToepP u ToepP u − uk

19

−1/2

is Hermitian square
where the prewhitening matrix C
−1
T
T
root of C , C = J R ⊗ R J /N, and IM M−1 is an M M − 1
× M M − 1 identity matrix. Like the choosing parameter η,
the parameter η can be determined by η = χ2p M M − 1 .
3.2. Iteratively Reweighted Nuclear Norm Minimization. We
utilize the nuclear norm ToepP u ∗ = ∑i σi ToepP u =
in (12) instead of the rank norm
∑i g1 σi ToepP u
rank ToepP u = σ ToepP u 0 = ∑i g0 σi ToepP u
in (8), where g0 x = sign x , x ≥ 0, g1 x = x, and x ≥ 0.
The advantage is eﬀective computable and the best convex
approximation, but the drawback is the worst ﬁtting for
rank approximation. We can observe that there is a large
gap between the rank and nuclear norm for robust and exact
reconstruction of low-rank covariance matrix. Therefore, it is

∗

21
Therefore, the optimization problem for the k-th
iteration becomes
u

Wϵk ToepP u

st

C

min

−1/2

∗

̂ − Jvec ΓToepP u ΓH
Jvec R

2
2

≤η

ToepP u ⪰ 0,
22
where Wϵk ≜ ∇hϵ ToepP uk . In order to calculate Wϵk ,
we start by introducing a key useful proposition as follows.
Proposition 1. Suppose that hϵ σ Z
is expressed as
hϵ σ Z = ∑i f σi Z , where Z is positive semideﬁnite

6
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1: Input: X ∈ ℂM×K .
2: Initialize: k = 0, u0 = 0M×1 , ϵ, γ, ε = 10−4 , Itermax
̂ S of NA using
3: Calculate the sample covariance matrix R
the observe snapshots xΩ t ;
4: while k ≤ Itermax do
5: Update the weight matrix Wϵk by the equation
6: Update uk+1 by the optimization problem (22), (24);
7: if the convergence condition uk+1 − uk ≤ ε is satisﬁed
then
8:
break
9: else
10:
ϵ = ϵ/γ, k = k + 1;
11: end if
12: end while
̂ = Toep u
13: Calculate the covariance matrix R
̂ ;
14: Using search-free DoA estimation method to estimate the
angle parameters.
Algorithm 1: Gridless DoA estimation using iteratively reweighted covariance matrix reconstruction.
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Figure 3: Normalized spatial spectra in nonuniform noise case for M = 6, K = 5, N = 500, and SNR = 0 dB.
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Figure 4: Normalized spatial power in nonuniform noise case for M = 6, K = 7, N = 500, and SNR = 0 dB.

matrices with the eigenvalue decomposition (EVD) Z = U
diag σ Z UH , Z ⪰ 0, and hϵ and f are concave and diﬀerentiable, then the gradient of f Z at Z is calculated as
∇hϵ Z = Udiag η Z UH ,
where η Z = ∇hϵ σ Z

23

denotes the gradient of hϵ at σ Z .

In (22), Z = ToepP uk , for the sake of simplicity, we
denote σ ToepP uk as σk and apply the result in [27];
we obtain
Wϵk = Uk diag ∇hϵ σk

UH
k,

24

where Uk diag σk UH
k is the EVD of ToepP uk .
We observe that ϵ is a key parameter, which controls
the closeness between f σ and g0 σ or g1 σ . In particular, f σ is close to g0 σ when ϵ is small, but it is subjected
to many local minima. On the other hand, a large value of ϵ
causes f σ toward the convex g1 σ , whereas with poor
approximation quality to g0 σ . In order to avoid getting

local minima, the algorithm starts with a large value of
ϵ, and then the value ϵ decreases gradually during the
iteration.
It is worth mentioning that this strategy is adopted in
model (22). We deﬁne the weight matrix Wϵk in each iteration, which uses the solution of the previous iteration for
avoiding local minima. The convergence analysis of the proposed method for (20) is given as the following theorem,
which is proven in the appendix.
Theorem 1. Denote uk as the k-th iteration solution in (22),
after that, the optimal variable uk satisﬁes the following
properties:
(i) hϵ ToepP uk
is monotonically decreasing and
bounded as k tends to ∞
(ii) The optimal variable uk converges to a local minimum
of (20)
3.3. Steps of the Proposed Method. To sum up, the steps of the
proposed method are presented as follows. Once the solution
u of model (20) is obtained, we can determine the number of
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Figure 5: RMSEs of DoA estimation versus angle separation for
M = 6, N = 500, and SNR = 0 dB.

4. Simulation Results
In this section, we evaluate the DoA estimation performance of the proposed method and compare the proposed
method with the others: the state-of-the-art method, spatial smoothing root MUSIC (SS-root-MUSIC) [7], covariance matrix reconstruction approach with root MUSIC
(CMR-root-MUSIC) [22], He et al.’s method [23],
OGSBL-NA [25], and OGVSBL-PVA [24]. To provide a
benchmark for evaluating the eﬀectiveness of these methods,
the Cramer-Rao lower bound (CRLB) for nonuniform noise
given in [23] is also included though it is a lower bound for
unbiased estimators.
In the following simulations, we consider a two-level
nested array with optimal conﬁguration [8], whose total
element number is six. The ﬁrst ULA subarray contains three
elements with interelement spacing d1 = d; the second ULA
subarray contains three elements with spacing d 2 = 4d 1 , where
d is equal to half wavelength. We assume that all the signals
are far-ﬁeld equal power uncorrelated signals; the additive
noise is spatially nonuniform which is modeled as an independent complex Gaussian random vector with zero mean,
and its covariance matrix is Rn = diag σ2n , since the input
signal-to-noise ratio (SNR) can be deﬁned as

SNR = 10log10

102

RMSE (degree)

̂ by the rank of ToepP u . Given ToepP u
sources K
̂ , the
remaining task is to estimate the directions of the signal θ.
According to classical Vandermonde decomposition lemma
[28], we can estimate the DoAs using positive semideﬁnite
Toeplitz matrices ToepP u . So we can apply the grid-free
DoA estimation method, such as Prony’s method to eﬃciently
2
estimate θ and σ s . Firstly, by solving a linear system involving
2
only u
̂ , we can obtain θ from zeros of a polynomial. Then, σ s
is solved by a polynomial rooting-based estimation method.
In the proposed method, ﬁrstly, it recovers the complete
noiseless matrix ToepP u in advance under the nonuniform
noise background, which is attained by solving an iteratively
weighted nuclear norm minimization optimization. Compare with the ULAs which have the same number of physical elements, the proposed method forms a larger aperture
ULA and gets more degree of freedoms, so it has the potential ability to estimate the DoA in the underdetermined
case. Moreover, exploiting the grid-free DoA estimation
method to estimate the DoAs, which do not need to discretize
the angle grid, avoids the grid mismatch in the grid-based
sparse method.

1 M σ2s
〠
,
M m=1 σ2n,m

25

where M = N 1 + N 2 is the number of NA elements, σ2s
denotes the signal source power, and σ2n,m denotes the noise
power in diﬀerence elements. For the performance metric
of DoA estimation, the root-mean-square error (RMSE) is

selected for evaluating the estimation accuracy of the DoAs,
which is deﬁned as

RMSE =

1 K L
〠 〠 θ r − θ k ,l
LK k=1 r=1 k

2

1/2

,

26

where θ k,l denote the estimated θrk of the k-th signal source
from the l-th Monte Carlo trial.
In the ﬁrst experiment, we investigate the resolution ability under the overdetermined case with the nested array
geometries, respectively. We consider K = 5 spatial uncorrelated sources which are uniformly distributed within −45°
to 45°. The SNR is set to 0 dB, and 500 snapshots are collected. The nonuniform noise is σ2n = 10,5 6,8 5,4 2,9 5,0 5 .
In He et al.’s method, we set the grid size is 0.5°. Figure 3
shows the normalized power of the ﬁve targets for the nested
array, respectively. We use the dashed lines to represent the
true DoAs. It is observed that the proposed method can
exactly resolve all targets among all methods, and it has the
most superior estimation performance since the DoA estimations are closest to the true target directions. The reason is
that the proposed method makes the best of the features of
covariance matrix, i.e., low rank, Toeplitz structure, and
PSD, and approach the true rank by the iterative weighted
idea. The OGVSBL-PVA and the CMR-root-MUSIC are a little worse than the proposed method, so we conﬁrmed that the
proposed method achieved higher DoA estimation accuracy.
In the second experiment, we investigate the detectable
capability of all methods for the underdetermined case. We
consider K = 7 narrowband uncorrelated sources whose
number is greater than the number of physical elements,
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the signal source directions are uniformly distributed within
the range from −π/4 to −π/7, and the nonuniform noise
power is assumed that σ2n = 10,5 6,8 5,4 2,9 5,0 5 ; the SNR
is set to 0 dB, and the number of snapshots is 500. Figure 4
displays the normalized power of all methods, respectively.
It is observed that the OGVSBL-PVA method and the proposed method can detect all the signal sources exactly. He
et al.’s method has a certain deviation; this method uses the
denoising operation and covariance matrix ﬁtting to estimate
the DoAs, which is based on the on-grid model. From
Figure 4, it is easy to observe that the DoA estimation of
the proposed method is closest to the true DoAs among
all the methods; the reason is that the NA array provides
more DOFs than the number of physical elements, and
the low-rank covariance matrix approximation is more
exact than the covariance matrix reconstruction method
by exploiting the iteratively reweighted nuclear norm minimization; moreover, the proposed method is not limited by
the grid size like the traditional grid-based sparsity method.
Thus, the proposed methods have the superior estimation
performance in all methods.
In the third experiment, in order to further illustrate the
superior performance of the proposed method, the RMSE
of DoA estimation performance versus the angular separation between the source is examined for all methods. In the
experiment, the DoA of the ﬁrst source is ﬁxed and equal
to −5.3°, whereas the DoA of the second source is varied
and the varied step size is equal to 0.1 times beam width.
When the angle separation is larger than 0.2 times beam
width, the performance of the proposed method and

CMR-root-MUSIC is achieving the CRLB; since the
covariance matrix reconstruction method is based on the
low-rank property, it circumvents the traditional grid
search, which is the gridless method. The OGSBL-NA
method and OGVSBL-PVA method also have the better
DoA performance due to the linear approximation manifold
vector. As shown in Figure 5, compared with other methods,
the performance of the proposed method demonstrates the
better performance even when the target is very close.
In the following experiments, unless otherwise speciﬁed,
the element number in nested array is set to six; seven
uncorrelated equal power signals are considered which
are uniformly distributed between −π/4 and −π/7. In
this case, when grid size is set to 0.5°, for He et al.’s
method, the DoAs do not fall into the predeﬁned angular
grid, i.e., grid mismatch. The nonuniform noise power is
assumed that σ2n = 10,5 6,8 5,4 2,9 5,0 5 . All simulation
results were obtained by averaging over 500 independent
Monte Carlo trials.
In the fourth experiment, we examine the RMSE of DoA
estimation performance with regard to the SNR for diﬀerent
methods. Figure 6 shows the RMSE of DoA estimation performance as a function of SNR when the number of snapshots is
500. Figure 7 shows that the RMSE versus the number of snapshots with the SNR is ﬁxed to 0 dB. As we can see in Figures 6
and 7, the DoA estimation performance of the proposed
method is improved with the SNR and increasing snapshot
number, since the covariance matrix approximation is more
accurate with larger SNR and more snapshots. The proposed
method and the CMR-root-MUSIC outperform OGSBL-NA,
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OGVSBL-PVA, and the other methods. CMR-root-MUSIC
method and the proposed method provide almost similar estimation performance, while the proposed method is slightly
better than CMR-root-MUSIC. Since the proposed method
not only exploits the full noiseless covariance matrix but also

utilizes the iteratively reweighted strategy to enhance the sparsity of matrix rank resulting in better covariance matrix
approximation, we can see that in most of the cases He
et al.’s method showcases the worst performance with the
largest error; the reason is that He et al.’s method only utilizes
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the part of the noiseless covariance matrix due to the denoising operation and when the DoAs do not fall into the predeﬁned angular grid, the performance will degrade. OGSBL-NA
method and OGVSBL-PVA method both improve the DoA
performance by linear approximation manifold vector, but
the precise depends on the order of the Taylor expansion. It
needs to point that the proposed method considerably
enhances the sparsity of the covariance matrix due to the iteratively weighted nuclear norm strategy; moreover, the
search-free method is free of grid restriction. Thus, we can
see that the proposed method has the best performance of
DoA estimation accuracy in all tested methods.
In the last experiment, we measure the DoA estimation
performance in the nonuniform noise environment. We
deﬁne the worst noise power ratio (WNPR) WNPR =
σ2nmax /σ2nmin [29], where σ2nmax and σ2nmin denote the maximum and the minimum noise power, respectively. The
RMSE of DoA estimation performance for all methods is
shown in Figure 8 as a function of the WNPR. The SNR
is ﬁxed to 0 dB. We vary the WNPR from 20 to 120 by
changing the noise power of the ﬁrst element from 10 to
60. It is observed that the proposed method performs better
than the other methods at all WNPR levels; this can be
explained by the fact that using denoising operation mitigates
the inﬂuence of the nonuniform noise and enhances the
robustness of the proposed method; furthermore, by iteratively reweighed idea, the proposed method can exactly
approximate the rank of covariance matrix, and search-free
DoA method is not subject to the grid constraint.

hϵ ToepP u − hϵ ToepP v
≤ ToepP u − v , ∇f ϵ ToepP v

−

λ
ToepP u − v
2

2
F

A1
We ﬁrst show that hϵ ToepP uk is convergent. In
terms of the concavity of hϵ ToepP uk and classical Vandermonde decomposition lemma [28], we have
hϵ ToepP uk+1 − hϵ ToepP uk
≤ ∇hϵ ToepP uk ToepP uk+1 − uk
λ
ToepP uk+1 − uk 2F ,
−
2

∗

A2

hϵ ToepP uk − hϵ ToepP uk+1
≥ ∇hϵ ToepP uk ∗ ToepP uk − uk+1

A3

which directly results in

According to the model (22), we update uk+1 and deduce
that
∇hϵ ToepP uk ToepP uk+1

∗

≤ ∇hϵ ToepP uk ToepP uk

∗,

A4

which together with (A.3) conﬁrms that
hϵ ToepP uk

− hϵ ToepP uk+1

≥0

A5

With the aid of the result on the hϵ ToepP u =
∑i h σi ToepP u ≥ 0, we can draw the ﬁrst property.
In order to derive the second property, we prove that
the optimal variable uk is convergent. By applying
classical Vandermonde decomposition lemma [28] on
hϵ Toep u , we have
ϵ

5. Conclusion
In this paper, we addressed the direction ﬁnding problem in
the presence of unknown nonuniform noise over nested array.
We proposed a gridless DoA estimation method based on the
low-rank covariance matrix approximation. In order to
migitate the eﬀect of nonuniform noise, we eliminated the
nonuniform noise variables on the diagonal of the covariance
matrix by linear transform. In order to recover the noise-free
covariance matrix, we proposed an iterative reweighted nonconvex optimization method, whose regularization parameter
is determined by the covariance ﬁtting criteria. Finally, we
exploited the search-free DoA estimation method to estimate
the exact DoA parameters. Numerical simulations were carried out to verify the eﬀectiveness of the proposed method,
compared with the state-of-the-art methods, which achieves
more accurate DoA estimation performance for the nonuniform noise environment in the presence of grid bias.

Appendix
Proof. Assume hϵ ToepP u = ∑i f σi ToepP
function f is twice diﬀerentiable, strictly
for any bounded k and 0 ≤ x ≤ k, f ′′ ≤ −mk′ < 0,
hϵ ToepP u is strictly concave. For any
u, v u ≠ v , there exists some λ > 0 such that

11

u . If
concave,
and then
bounded

hϵ ToepP uk
ϵ

− hϵ ToepP uk+1

≥ ∇h ToepP uk ToepP uk − uk+1 ∗
λ
λ
ToepP uk+1 − uk 2F ≥
ToepP uk+1 − uk
+
2
2

2
F

A6
For all k ≥ 0 summing the inequality above, we can
attain
λ +∞
〠 ToepP uk+1 − uk
2 k=0

2
F

≤ hϵ ToepP u0 ,

A7

which implies that limk⟶∞ ToepP uk+1 − uk = 0. Thus,
uk is convergent. In order to prove that uk converges
to a local minimum, it is noted that the models (20) and
(22) have the same Karush-Kuhn-Tucker (KKT) conditions
when the optimal variable uk converges, i.e., uk ⟶ u∗ as
k ⟶ ∞. The reason is that the gradients of the objective
functions and the constraints in the rank norm are the
same as in nuclear norm models when the MM method

12
converges. We conclude that u∗ tend to be a local minimum
of (20) since the objective function in (20) monotonically
decreases. This completes the proof.
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A single-layer dual-band reﬂectarray cell is proposed in this work for future 5G systems. A reﬂectarray unit cell operating at
28/38 GHz is designed by adopting two pairs of miniaturized fractal patches, oﬀering low losses (<0.7 dB) and almost full-phase
ranges (≅320°) at both operating frequencies. The proposed conﬁguration allows to achieve very small interelement spacings
and negligible mutual coupling eﬀects between the two bands, thus assuring an independent phase-tuning mechanism at both
desired frequency bands. The designed compact cell is successfully adopted to demonstrate reﬂectarrays’ abilities in achieving
ﬁxed scanned-beam and/or multibeam patterns, under the dual-band operation mode. Full-wave numerical validations,
performed on the synthesized reﬂectarray structures, conﬁrm the eﬀectiveness of the designed dual-band conﬁguration in
achieving independent radiation patterns and quite good bandwidths, at the two designed frequencies. Thanks to its
compactness and versatility in achieving both frequency diversity and multibeam/scanned-beam radiation patterns, the
proposed unit cell is appealing for future 5G applications.

1. Introduction
Nowadays, the development of new technologies for future
ﬁfth generation (5G) wireless communication networks is
the main challenge in the telecommunications industry. 5G
communication systems are expected to meet the growing
demand for higher data rates (i.e., 1-10 theoretically gigabit
per second (Gbps) [1]), as required by multimedia applications and the Internet of Things (IoT). To address this
demand, 5G systems will use millimeter wave (mmw) frequencies, which represent one of the key enabling technologies in the development and implementation of 5G
communication networks [1, 2]. However, the mmw frequencies are characterized by propagation limitations, such
as higher path loss and shorter communication distances,
mainly due to the atmospheric absorption of electromagnetic
waves at higher frequencies [3]. For this reason, there is a
need for designing high-gain antennas able to compensate
for path losses. To this end, microstrip array antennas may
represent a good candidate, providing also a narrow beamwidth and very thin proﬁles that are essential for 5G

operations. Some interesting 5G array antennas have been
recently proposed in [2, 4, 5].
A very attractive alternative solution for designing 5G
antennas is oﬀered by microstrip reﬂectarrays [6, 7]. They
consist of an array of microstrip elements illuminated by a
feed antenna. Each element is designed to compensate for
the phase delay in the path coming from the feed and to
introduce a phase contribution giving a prescribed main
beam direction in the antenna radiation pattern. Thanks to
their higher eﬃciencies, due to the adopted spatial feeding
approach [6], reﬂectarrays represent a promising solution
for designing high-gain/directivity 5G antennas. Furthermore, reﬂectarrays can be properly designed to oﬀer several
reconﬁguration capabilities, which are very appealing for
5G systems [2], such as beam-steering functions and/or
frequency agility [6, 8–11], multibeam radiation patterns
[6, 9], and multiband operation modes [6].
In order to demonstrate reﬂectarray versatility in satisfying most of the 5G requirements, a single-layer dual-band
reﬂectarray cell is investigated in this paper to operate within
the Ka band (at 28/38 GHz), which is currently under
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consideration for 5G technologies [2]. The proposed cell is
adopted to demonstrate reﬂectarrays’ abilities in achieving
ﬁxed scanned-beam and/or multibeam patterns, under the
dual-band operation mode.
The fractal concept has yet to be applied in the literature
to reﬂectarray antennas, as reported in [12–16]. In this paper,
a modiﬁed layout of the fractal element, originally proposed
by the authors in [12, 13], is investigated to design a compact
single-layer dual-band cell with single linear polarization,
oﬀering low losses (<0.7 dB) and almost full-phase ranges
(≅320°), at both operating frequencies. The miniaturization
capabilities of the adopted fractal geometry are exploited
to achieve a dual-band behavior, simply by embedding
two pairs of miniaturized resonators within the same
unit cell. Negligible mutual eﬀects between the two
bands are demonstrated, thus achieving an independent
phase-tuning mechanism for each frequency band, by
properly changing the fractal shapes. Unlike other multiband reﬂectarray cells presented in the literature [17–21],
the proposed dual-band fractal cell allows to achieve the
following: a simpler and thinner structure with respect
to the multilayer stacked conﬁgurations [17, 18]; smaller
unit cell size at both operating frequencies (≅0.4λ at
28 GHz, ≅0.54λ at 38 GHz) with respect to other
single-layer conﬁgurations [19, 20], thus preserving the
capability to point the main beam at large scan angles,

without occurring in grating lobe phenomena; and smaller
electrical interferences between the elements operating at
the diﬀerent bands [21], despite the adopted small interelement spacing.
As a ﬁrst proof of the concept, the proposed cell is
adopted to design reﬂectarrays able to independently scan
the main beam at the two operating frequencies. A 1 dB
gain-bandwidth of about 1 GHz is simulated at both operating frequencies, potentially oﬀering several Gbps of data rates
at 28 or 38 GHz [1]. Moreover, a dual-band multibeam
reﬂectarray design is numerically demonstrated. Finally, the
dual-band behavior of the proposed unit cell conﬁguration
is experimentally validated.

2. Dual-Band Reflectarray Unit Cell
The proposed dual-band unit cell is composed of two alternately arranged pairs of fractal patches (Figure 1), each
designed to operate around a speciﬁc resonant frequency.
The layout of the single patch is essentially derived from
the 1st iteration ﬁxed-length Minkowski patch originally
proposed by the authors in [12]. The patch geometry,
reported in Figure 1(a), is characterized by a beginning of
dimensions Ln × Ln (n = 1, 2). A smaller square of the side
Sn Ln is removed from the center of the two lateral sides
(i.e., the resonant sides), thus obtaining a linearly polarized
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Figure 6: Simulated reﬂection phase vs. S1 and S2 (at 38 GHz).

element, along the y-axis (Figure 1(b)). The scaling factor
Sn varies from 0 up to 0.45. The reﬂection phase tuning
is realized by independently varying the fractal scaling factor Sn of each element, leaving unchanged the patch size
Ln × Ln . The above fractal shape allows to ﬁt a longer electrical resonator into a smaller unit cell [12], thus oﬀering
very appealing miniaturization skills. Furthermore, the
ﬁxed length of the radiating sides (i.e., the upper and
lower sides of the patch in Figure 1(a)) guarantees a
higher independence to mutual coupling eﬀects. As a

matter of fact, in [22], it is demonstrated how the stronger
contribution to the mutual coupling between microstrip
patches is that occurring along the E-plane (yz-plane in
Figure 1(b)).
2.1. Unit Cell Design. The layout depicted in Figure 1 is
adopted to design a dual-band unit cell operating at the
following 5G frequencies: f 1 = 28 GHz and f 2 = 38 GHz. A
benzocyclobutene (BCB) polymer is adopted as a substrate
material. The excellent material features in terms of low loss
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(tan δ ≤ 0 008), low dielectric constant (≅2.65), and strong
dielectric stability against frequency and temperature make
the BCB polymer a good choice for designing mmw microstrip antennas [23, 24]. A substrate thickness equal to
0.26 mm is ﬁxed [24]. A commercial full-wave code [25],
based on the inﬁnite array approach, is adopted for unit cell
analysis. A normal incident plane wave is considered
(θinc = 0° ). A periodicity of 4.3 mm is ﬁxed in both directions
(i.e., Δx = Δy = 4 3 mm) corresponding to 0.4λ at 28 GHz
and 0.54λ at 38 GHz. Following the design rules outlined in
[12], the unit cell is designed to achieve the desired
dual-resonant behavior. In particular, remembering that the
use of smaller patch lengths Ln gives higher resonant frequencies and, conversely, the use of greater Sn values allows
to move down the resonant frequencies, the size of the
fractal patches is ﬁxed to the values depicted in Figure 2.
The minimum distance between two adjacent elements
(i.e., Δx − L1 − L2 /2 = Δy − L1 − L2 /2, see Figure 1) is
equal to 0.22 mm. Both the phase (Figure 2(a)) and the
amplitude (Figure 2(b)) of the unit cell reﬂection coeﬃcient are illustrated in Figure 2. Similar phase curve behavior vs. frequency can be observed at both resonances
(Figure 2(a)). Furthermore, low losses smaller than 0.7 dB
can be appreciated in Figure 2(b).

2.2. Parametric Analysis of the Unit Cell. The reﬂection phase
tuning is independently realized at each resonant frequency
f n , by varying the corresponding fractal scaling factor Sn ,
leaving unchanged the patch size Ln × Ln . Both factors, S1
and S2, are properly tuned to achieve a full-phase tuning
range, at the corresponding operating frequency. Figure 3
shows the eﬀectiveness of the adopted phase-tuning mechanism that allows to independently vary the reﬂection phase
at each desired frequency. In particular, it can be observed
that, by changing the scaling factor S1 associated to the
28 GHz resonant element and leaving unchanged the other
fractal sizes, the phase response of the unit cell varies only
corresponding to a neighborhood of f 1 = 28 GHz, whilst a
negligible phase variation is obtained at f 2 = 38 GHz
(Figure 3(a)). A similar behavior can be observed in
Figure 3(b). In fact, by varying the scaling factor S2 , a variable phase shift is introduced only corresponding to a
neighborhood of f 2 = 38 GHz, leaving unchanged the phase
response at f 1 = 28 GHz. The phase curves computed vs.
the scaling factors Sn (Figure 4) show the admissible scaling factor variation range for both S1 (Figure 4(a)) and S2
(Figure 4(b)). In other words, the results depicted in
Figure 4 aﬃrm that, in order to achieve a quite
full-phase tuning range (≅320°) at 28 GHz, the scaling
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Figure 8: Synthesized dual-band scanned reﬂectarray: (a) reﬂectarray layout and (b) simulated radiation patterns at the designed frequencies.

factor S1 must be varied from 0.31 up to 0.45, assuring
also small phase excursions, corresponding to the frequency f 2 = 38 GHz, that are comprised between the phase
error margins given by ±Δϕerr = ±22 5° (Figure 4(a)). Conversely, the scaling factor S2 must be varied within the
value range starting from 0 up to 0.29, in order to assure a
quite full-phase range at 38 GHz and a conﬁned phase excursion error corresponding to the frequency f 1 = 28 GHz
(Figure 4(b)).
In order to give a more exhaustive description of the
reﬂection phase response computed for the designed
dual-band unit cell, a contour plot is reported under
Figures 5 and 6, showing, respectively, the phase variations
computed at frequency f 1 = 28 GHz vs. S1 , for diﬀerent
S2 values (Figure 5), and the phase computed at frequency
f 2 = 38 GHz vs. S2 , for diﬀerent S1 values (Figure 6). Both
ﬁgures conﬁrm how the proposed dual-band unit cell can
oﬀer an independent phase-tuning mechanism at each
designed frequency band. As a matter of fact, a quite constant
reﬂection phase can be observed at 28 GHz (Figure 5), by

changing the scaling factor S2 for a ﬁxed S1 value. Similar
considerations can be extrapolated from Figure 6.
The unit cell is further analyzed to investigate the behavior of its phase response, for diﬀerent incidence angles of the
impinging wave. Figure 7 shows acceptable phase variations
under 30° and 40° oblique incidence angles, with respect to
the normal case. Furthermore, as depicted in Figures 7(b)
and 7(c), the independency of the phase-tuning mechanism
is preserved at both frequencies also in the case of oblique
incidence angles. In particular, it can be observed that, by
changing the scaling factor S1 associated to the 28 GHz resonant element, negligible phase variations are obtained at
the frequency f 2 = 38 GHz (Figure 7(a)). A similar behavior
can be observed in Figure 7(b), in the case of the 38 GHz
resonant patch.

3. Dual-Band Reflectarray Designs
In order to prove the eﬀectiveness of the proposed
dual-band unit cell, two small 3 × 11 reﬂectarray designs
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are reported in the following. The high independence
between the two designed frequency bands (28/38 GHz),
demonstrated in Section 2.2, allows to separately synthesize the two sets of resonant fractal patches (identiﬁed by
L1 and L2 in Figure 1), without aﬀecting the accuracy of
the adopted design procedure. Both reﬂectarrays are
designed by adopting a synthesis algorithm [9] that
receives as input the desired radiation pattern, in terms
of the main beam direction and maximum side lobe level,
and automatically returns the required excitation phase on
each reﬂectarray cell. The algorithm uses the phase design
curves depicted in Figures 4(a) and 4(b) that assume ﬁxed
fractal patch sizes, except the adopted phase-tuning
parameter (i.e., S1 for f 1 = 28 GHz and S2 for f 2 = 38GHz).
A normal incident plane wave is considered.
The ﬁrst design consists of a reﬂectarray able to independently scan the main beam at the two diﬀerent operating frequencies, whilst the second design is characterized by a
multibeam pattern.
The fractal patches embedded in each cell of the ﬁrst
reﬂectarray are chosen as follows: the elements resonating
within the 28 GHz band, identiﬁed by the couple (L1 , S1 ),
are computed giving the main lobe steered towards the direction θMB = 30° , in the H-plane (xz-plane in Figure 8); whilst
the elements resonating within the 38 GHz band, identiﬁed
by (L2 , S2 ), are chosen by imposing a main beam direction
equal to -20°, in the H-plane. Figure 8 shows the synthesized

reﬂectarray layout (Figure 8(a)) and the full-wave simulations of the overall structure. In particular, two independent
radiation patterns are achieved at the two designed frequencies. Both patterns fully satisfy the constraints imposed during the synthesis stage, conﬁrming the eﬀectiveness of the
proposed dual-band unit cell.
Furthermore, a dual-band 3 × 11 reﬂectarray is
designed to achieve a multibeam radiation pattern corresponding to the ﬁrst resonance (i.e., 28 GHz). In particular, a pattern having three beams, respectively, directed
along -30°, 0°, and 30° in the H-plane, is synthesized at
28 GHz, whilst a broadside radiation pattern is imposed
at 38 GHz. The full-wave simulation of the overall reﬂectarray structure is depicted in Figure 9. The simulated patterns match quite well the constraints imposed during the
synthesis stage.
Finally, a 15 × 15 reﬂectarray is designed to independently direct the main lobes at the two diﬀerent operating frequencies in the H-plane (i.e., θMB = 20° at 28 GHz and
θMB = 0° at 38 GHz). The reﬂecting surface is illuminated by
a Ka-band horn (characterized by a 15 dB gain and a
16 6 mm × 20 2 mm aperture), which is placed in the Eplane (i.e., the yz-plane in Figure 10), at a distance of
16.5 cm from the reﬂecting surface, with an oﬀset angle
of about 15°. The two couples of elements are properly synthesized to compensate the phase delay in the paths from
the feed and to introduce a proper phase contribution able
to meet the synthesis constraints. Figures 11 and 12 show
the contour plot of the synthesized patterns in u-v coordinates, where u = sin θ cos ϕ and v = sin θ sin ϕ .
Figure 13 illustrates the gain patterns vs. frequency, computed, respectively, along the main beam direction θMB ,
ϕMB = 20° , 0° , in the case of the 28 GHz radiation pattern,
and along the direction θMB , ϕMB = 0° , 0° , in the case of
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the 38 GHz radiation pattern. A greater gain peak value can
be observed in the case of the 38 GHz pattern (i.e., the gain
diﬀerence is about 4.2 dB), mainly due to the greater electrical
size and the lower spillover characterizing the antenna aperture at the higher operating frequency (38 GHz) and secondly
due to lower scan losses [26]. Although the structures have
not been properly optimized in terms of bandwidth, the simulated gain patterns show an acceptable 1 dB gain-bandwidth, approximately equal to 950 MHz at 28 GHz (≅3.4%)
and to 1.5 GHz at 38 GHz (≅3.9%), that, at the considered
mmw frequencies, can potentially oﬀer high data rates [1],
as required by 5G applications.
The above reﬂectarray designs conﬁrm the eﬀectiveness
of the proposed dual-band unit cell in achieving an independent control of the reﬂectarray radiation features at each
operating frequency. As future developments, the proposed
conﬁguration will be further optimized in terms of bandwidth. Furthermore, experimental validations of the conﬁguration will be scheduled in order to deal with the problems
associated with the manufacturing process, such as fabrication tolerances and illumination feed displacement, not yet
considered in this work.

4. Experimental Validation of the Unit Cell
In order to give a preliminary validation of the proposed
dual-band unit cell, a small array prototype, composed of
11 × 11 identical cells, is realized and tested in the Microwave
Laboratory of the University of Calabria (Figure 14). The
array is printed on a DiClad 880 substrate, having εr = 2 24
and h = 0 254 mm [27]. A periodicity equal to 5 mm is ﬁxed
in both directions. The patches embedded in each unit cell
are characterized by the following dimensions: L1 = 2 24
mm, S1 = 0 33 and L2 = 2 1 mm, S2 = 0 2, giving a minimum
distance between two adjacent patches equal to about
0.33 mm. The cell operates in a dual-band mode corresponding to about 29 GHz and 39 GHz.

Measurement setup

Horn antennas
Array prototype
Top view

Bottom view

Figure 14: Reﬂection phase measurement setup and the dual-band
array prototype.

A far-ﬁeld measurement system is adopted (Figure 14),
consisting of two identical transmitting and receiving horn
antennas (operating within the (26 5 ÷ 40) GHz frequency
band), both connected to a vector network analyzer. The
instrumentation detects the ﬁeld reﬂected by the array along
the broadside direction in the far-ﬁeld region [9]. The reﬂection phase curve of the cell is measured within the frequency
range 26 5 ÷ 40 GHz (Figure 15). It can be observed a phase
variation of about 300° around both operating frequencies.
Furthermore, a good agreement between simulations and
measurements can be observed in Figure 15, showing a small
but appreciable frequency shift, mainly due to the fabrication
error tolerance related to the adopted printed circuit board
(PCB) milling process [28]. Anyway, the eﬀects due to the
above errors can be reduced through a proper reiteration of
the unit cell synthesis procedure (see Section 2) or, alternatively, by adopting a more precise fabrication process, as that
described in [23, 24]. In conclusion, it can be stated that the
experimental results conﬁrm the dual-band behavior of the
proposed conﬁguration.
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5. Conclusion
A single-layer dual-band reﬂectarray with a single linear
polarization cell has been investigated in this work for future
5G wireless communication networks. A reﬂectarray unit cell
operating within the Ka band (at 28/38 GHz) has been
designed. Two pairs of miniaturized ﬁxed-length fractal
patches have been synthesized, achieving low losses
(<0.7 dB) and almost full-phase ranges (≅320°), at both operating frequencies. A thorough parametric analysis of the unit
cell has been performed, demonstrating negligible mutual
coupling eﬀects between the two pairs of resonant elements,
so assuring the independence between the two designed frequency bands. The designed compact cell has been successfully adopted to demonstrate reﬂectarrays’ abilities in
achieving ﬁxed scanned-beam and/or multibeam patterns,
under the dual-band operation mode.
Full-wave simulations of the synthesized reﬂectarray
structures have been performed, conﬁrming the eﬀectiveness of the designed dual-band conﬁguration in achieving
independent radiation patterns at the two designed frequencies. In conclusion, the designed dual-band conﬁguration oﬀers, at the same time, compactness, low losses,
frequency diversity, high versatility in achieving ﬁxed
scanned-beam and/or multibeam radiation patterns, and
quite good gain-bandwidths. The above features make
the proposed dual-band reﬂectarray conﬁguration appealing for the implementation of 5G antennas. A preliminary
experimental validation of the dual-band behavior of the
proposed unit cell has been performed.
As future developments, the proposed conﬁguration
will be further optimized in terms of bandwidth and fabrication tolerances. Further experimental validations on
dual-band reﬂectarray prototypes will be scheduled for
the future, in order to give a comprehensive proof of the
proposed concept.
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Multiple-input multiple-output (MIMO) wireless technology in combination with orthogonal frequency-division multiplexing
(MIMO-OFDM) is an attractive technique for next-generation wireless systems. However, the performance of wireless links is
severely degraded due to various channel impairments which cause a decoding failure and lead to packet loss at the receiver.
One technique to cope with this problem is the rateless space-time block code (RSTBC). This paper presents experimental
results on the performance of a 2 × 2 MIMO-OFDM system with RSTBC as measured in a testbed implemented with
ﬁeld-programmable gate array (FPGA). The average bit error rate (BER) performance of the proposed scheme is evaluated
experimentally, and the results agree closely with simulation and analytical upper bound. It has been shown that RSTBC can be
implemented in real-world scenarios and guarantee the reliability of loss-prone wireless channels.

1. Introduction
OFDM techniques have been applied in various wireless
communication standards, such as IEEE 802.11a [1] and
IEEE 802.16a [2], since they have high spectral eﬃciency
and robustness to multipath fading. MIMO communication
systems are considered as an eﬀective solution for
high-performance wireless systems. Moreover, MIMO combined with OFDM technique, which helps to avoid the frequency selective fading and to take away the need for
complex equalizers, is a good solution for reliable high
spectral-eﬃcient wireless communication systems. However,
in practice, loss-prone channels lead to signiﬁcant performance degradation compared to loss-free environments.
Many possible error (or erasure) control schemes are
available and can be used in MIMO-OFDM systems.
The classical space-time codes (STCs) have spatial diversity in a ﬂat-fading MIMO channel, but, in general,
they are not eﬃcient in the frequency-selective fading
channels [3, 4].

One approach to guarantee the reliability of lossy communication systems is the rateless coding. In contrast to the
common ﬁxed-rate channel codes, rateless code does not
have a ﬁxed code rate before transmission as it can generate
a ﬂexible number of encoded packets. In this way, rateless codes are able to work universally over various classes
of channels and change their code rate in accordance with the
speciﬁc channel state. Conceptually, rateless codes are similar
to the hybrid automatic repeat request (HARQ) schemes [5],
but they mainly diﬀer in the code design and overhead
redundancy, where rateless codes can be interpreted as a
continuous version of the HARQ.
To our best knowledge, in the literature of rateless coding, most of the existent works is an extension of the fountain codes over the erasure channels [6], in which the
receiver simply drops the erroneous packets. Such rateless
erasure codes were ﬁrst invented for computer networks.
Luby transform (LT) code [7] is the ﬁrst practical pattern
of rateless codes. LT code was subsequently developed to
the well-known Raptor code [8].
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Figure 1: A general MIMO-OFDM system with RSTBC.

For additive white Gaussian noise (AWGN) channels,
perfect rateless codes were constructed in [9]. Moreover,
rateless coding was used for single-input single-output
(SISO) fading channel in [10] and for MIMO fading channel
in [11]. Initial work of rateless space-time coding was introduced in [12]. Nevertheless, the rateless space-time codes still
require more research work, especially for massive MIMO
systems. In [13], we proposed the use of RSTBC in massive
MIMO systems having lossy characteristic, where we considered only simulation to test the performance of the system.
Furthermore, we have applied RSTBC for antenna failure,
loss-tolerant data transmission, and pilot contamination,
over a massive MIMO system, in [14–16], respectively.
In this paper, however, we examine experimentally the
performance of RSTBC in a MIMO-OFDM system and
hence demonstrate the realization of this code to protect
the system performance in a practical setup. Although we
have included some sample experimental results in [16], this
paper strictly provides the details of the test-bed used to get
the results. Our outcomes prove that RSTBC is able to
resolve high-rate losses (such as 25%) and achieve a reliable
robust transmission. We consider such high-rate losses since
some real traﬃc measurements revealed that some receivers
experience very high loss rate of above 25% [17, 18].
The rest of the paper is organized as follows. System
model is introduced in Section 2, then Section 3 characterizes the mechanism of RSTBC. The performance of the system is addressed in Section 4. In Section 5, the experimental
setup, architecture, and operation are detailed. The results
are presented and discussed in Section 6. Finally, Section 7
concludes the paper.

2. System Model
Consider a MIMO-OFDM system equipped with N t transmit and N r receive antennas. Figure 1 depicts the block diagram of a general MIMO-OFDM system in which RSTBC is
implemented. The received matrix Y ∈ ℂN r ×L is given by
Y=

Es
HS + W,
N tN 0

1

where S ∈ ℂN t ×L is the transmitted RSTBC matrix, L is the
number of RSTBC blocks, H ∈ ℂN r ×N t is the channel transfer
matrix, W ∈ ℂN r ×L is the zero-mean Gaussian noise matrix

with unit-variance elements, Es is the symbol energy, N 0 is
the noise power spectral density at the receiver, and Es /N 0
is the average signal-to-noise ratio (SNR) per receive
antenna. The random generating matrix G is used to construct the RSTBC matrix S = s1 s2 ⋯ sl ⋯ sL such that
the column vectors of S are generated as follows:
sl = x ⊙ gl ,

2

where x = x1 x2 ⋯ xN t is the original vector to be
transmitted by the system, gl = g1 g2 ⋯ gN t is
the lth N t × 1 vector of random single-bit binary numbers
gn ∈ 0, 1 representing the instantaneous losses which
occurred during transmission (namely, zeros represent
losses and ones represent no losses), and ⊙ denotes the
element-by-element multiplication (Hadamard product)
[13]. In other words, the positions of zeros in gl represent
dropped symbols in which g1 ≠ g2 ≠ ⋯ ≠ gL , and consequently, s1 ≠ s2 ≠ ⋯ ≠ sL .

3. Rateless Coding Mechanism
In this section, we simply exhibit the mechanism of a rateless
code over a MIMO-OFDM system. Figure 2 depicts the
RSTBC encoder and decoder, where a part of the encoded
packets (or blocks) cannot be received due to losses [16].
In this case, the receiver keeps receiving until the minimum
possible number of transmitted encoded packets are already
received and enough to recover the original packets. The
required number of blocks for recovery depends on the
channel condition. During the transmission, for each block
sl , the mutual information between the transmitter and the
receiver is compared to a threshold [14]. Namely, it is
desired to decode a message of total mutual information C.
Assume that the required packets to deliver the message
correctly are s1 s2 ⋯ sl ⋯ sL . Let cl denote the
measured mutual information after receiving the codeword
block sl . If cl < C, then the receiver keeps receiving further
blocks, else if cl ≥ C, then receiver decodes the received
codeword y1 y2 ⋯ yl to get s1 s2 ⋯ sl and a
simple acknowledgement is sent to the transmitter to stop
transmitting the residual encoded packets and remove
them from the buﬀer.
It is worth noted that RSTBC is ﬂexible, that is, the process continues until the receiver accumulates a suﬃcient
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number of blocks (L) to recover the message or the assigned
time is over (it is limited by the channel coherence time). The
decoding process is conducted sequentially; ﬁrst using s1 ,
then s1 s2 , if s1 is not suﬃcient, and so forth [13]. Once
the checksum criterion is satisﬁed, the received blocks are
linearly combined to decode the entire underling message.
We have to emphasize that the code is characterized as
“rateless” because the number of required blocks (L) to
recover the message is not predeﬁned before transmission,
rather it depends on the channel state. Furthermore, the
code is extended ratelessly over time and space, and it
belongs to the block codes. The code rate is ﬂexible and
can be calculated as the overall number of diﬀerent transmitted symbols over the number of channel uses. Hence, this
coding scheme is named as rateless space-time block code
(RSTBC) [16].

The received signal at the jth receive antenna can be
expressed as
N

Es L t
〠 〠 h g x + wj,
LN t N 0 l=1 n=1 jnl nl n

sl

Es L
〠 Hs
LN t N o l=1 l

2

Nt

5

l=1 j=1 n=1

The PWEP can be expressed, in terms of Q-function, as

Es
d 2 S, S
2LN t N o E

Using the Chernoﬀ bound, Q x ≤ 1/2 e− x
PWEP in (6) is upper-bounded as

6

2

/2

, the

3
P S→S H ≤

where j = 1, 2, … , N r , l = 1, 2, … , L, n = 1, 2, … , N t , xn is the
transmitted symbol by the nth antenna, h jnl is the channel
gain from the nth transmit antenna to the jth receive antenna
for the lth block of RSTBC, and w j is the noise at the jth
receive antenna. Also, the loss is introduced by gnl ∈ 0, 1 ,
where gnl = 0 for loss and gnl = 1 when there is no loss.
The maximum likelihood (ML) estimate sl of the
transmitted codeword sl is expressed as
sl = arg min yl −

L Nr

d 2E S, S = 〠 〠 〠 h jn gnl xn − xn

P S→S H ≤Q

4. System Performance Analysis

uj =

probability of deciding erroneously in favor of S at the
receiver while the codeword S was transmitted is the pairwise
error probability (PWEP). Let d E S, S denotes the Euclidean
distance between S and S, which can be calculated by

1
Es
d 2 S, S
exp −
4LN t N o E
2

7

H

Now, deﬁne D = S − S S − S as the codeword distance matrix which is a nonnegative deﬁnite Hermitian
[19]. Hence, the singular value decomposition (SVD) of
D is calculated as
D = BH Λ B,

8

2

,

4

F

where ⋅ 2F denotes the squared Frobenius norm and
yl ∈ ℂK×1 is the lth received vector. The conditional

where B is a unitary matrix with orthogonal eigenvector
columns b1 , b2 , … , bNt and Λ is a diagonal matrix of
nonnegative eigenvalues b1 , b2 , … , bNt . Consequently,
this results in an N t ‐dimensional vector space with orthonormal basis [14].
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The squared modiﬁed Euclidean distance d 2E S, S can be
rewritten as
d2E S, S = H S − S

2
F

L Nr Nt

2

= 〠 〠 〠 gnl bn Ω jn ,

9

l=1 j=1 n=1

where Ω jn is the j, n th element of HB.
It is obvious from (9) that, compared to the free-loss case,
and without rateless coding (i.e., L = 1), d2E S, S becomes
smaller when losses occur since gnl = 0 when there is loss
and gnl = 1 when there is no loss. Hence, as the loss rate
increases, the upper bound of the PWEP, given in (7),
becomes large.
This performance degradation (due to losses) is compensated by applying the RSTBC, since (9) becomes larger as L
increases. Thus, the upper bound in (7) decreases, and consequently, the error performance is improved. The required
number of redundant blocks of RSTBC depends on the loss
rate [14].
Based on the well-known union bounding technique
[20], the average bit error rate (BER) is analytically calculated and upper-bounded as
BER ≤

1
dH S, S P S → S H ,
N t Lk2k

10

where k is the number of bits per symbol and d H S, S is the
Hamming distance between the transmitted matrix S and
the estimated matrix S.

5. Experimental Setup
The block diagram of the main components of the test-bed
setup is depicted in Figure 3 which is implemented using 2
WARP v3 (Wireless Open-Access Research Project version
3) kits, 4 antennas (2 for each node) operating at 2.4 GHz,
and connected through a 1 GB Ethernet switch to a personal
computer (PC). Figure 4 shows the physical layout of the
experimental test-bed.
WARP v3 kit, shown in Figure 5, is a software-deﬁned
radio (SDR) platform developed by Rice University and
Mango Communications [21]. It is built on a Xilinx
Virtex-6 LX240T FPGA with four programmable radio

frequency (RF) interfaces operating at 2.4 and 5 GHz with
a 40 MHz bandwidth. Because of its accessibility and simple interface with MATLAB by which transmitted and
received data are processed, the WARP v3 kit is used in
many works such as [22] in which OFDM parameters
are similar to what we have considered.
MATLAB is used to perform synchronization, modulation, RSTBC, channel estimation, and equalization. The
power of the transmitted signal is controlled by the identiﬁers of both the baseband gain (BB-Gain) and RF gain
(RF-Gain). In MATLAB, we can change the values of
these identiﬁers to get a particular gain. We calibrated
the transmitted power from the RF interfaces of the
WARP v3 node by connecting these interfaces to a spectrum analyzer (SA) using a coaxial cable of 0.13 dB loss
and transmitting a signal from the WARP v3 board to
the SA. We found that a good transmission performance
is obtained at transmit power values of −13.5 dBm and
−15.9 dBm from the two transmit antennas, respectively.
It is obvious that the channel between the transmitter
and the receiver is Rician distributed with diﬀerent means
and K-factors for each path. In this experiment, the Rician
K-factors for all paths are estimated separately, where the
values range between 27 dB and 30 dB.
The structure of the OFDM packet is based on IEEE
802.11g [23], in which each packet contains 30 OFDM symbols (each with 64 subcarriers) [22]. Twelve subcarriers are
set to null, and four subcarriers are devoted for pilot signals
which are utilized for frequency oﬀset correction (FOC). The
encoded data are inserted in the remaining 48 subcarriers.
Each packet consists of three blocks: preamble, training symbols, and payload data. The preamble block is employed for
timing synchronization and packet detection by means of
two long OFDM training symbols [22, 23]. The training
symbols block has 4 OFDM symbols used for channel estimation. This OFDM symbols are BPSK streams with two
symbols for each transmit antenna while the remaining
two OFDM symbols are null in each antenna for the purpose
of beamforming.
The incoming binary data are applied to constellation
mapper (QPSK or 16-QAM modulation). The modulated
symbols are encoded by RSTBC encoder using a generating
random matrix as in (2) to generate a number of blocks.
Then, these blocks are transmitted sequentially until a feedback from the receiver terminates the transmission of the
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Figure 4: The physical layout of the experimental test-bed.

Table 1: MIMO-OFDM parameters.

Figure 5: Top view of WARP v3 kit.

remaining blocks or all the blocks have been transmitted.
For each transmission cycle, each block is reshaped into
two streams each with 48 OFDM data subcarriers. The pilot
samples are inserted and interleaved across subcarriers and
OFDM symbols. At the beginning of the data OFDM words,
the preamble and training symbols are embedded. The
OFDM waveforms are generated using a 64-point inverse
fast Fourier transform (IFFT). To avoid intersymbol interference (ISI) between OFDM symbols, a cyclic preﬁx (CP)
is added to each OFDM symbol as a guard interval. The
OFDM waveforms are converted from parallel to series.
Upsampling with a factor of two is conducted to reduce
the bandwidth to 20 MHz. In order to avoid attenuation near
the DC, the packet is upconverted to 5 MHz (an intermediate frequency (IF)). Finally, the packet is extended to the
dynamic range of the WARP digital-to-analog (D/A) and

Parameter
Number of Tx antennas, N t

Value

Number of Rx antennas, N r
Number of OFDM symbols
Nominal channel bandwidth
Number of data subcarriers, N data

2
1000
20 MHz
48

Number of pilot subcarriers, N pilot

4

Number of guard subcarriers, N guard

12

Ratio of guard time to useful symbol time, G

2

0.25

Number of used subcarriers, N used = N data + N pilot

52

Number of FFT points, N FFT

64

Sampling frequency, f s
f
Subcarrier spacing, Δf = s
N FFT
Used bandwidth, BW used = N used Δf
1
Used symbol time, T b =
Δf
CP time, T g = G T b

20 MHz
312.5 kHz
16.25 MHz
3.2 μs
0.8 μs

OFDM symbol time, T sym = T b + T g

4 μs

1
Sampling time, T s =
fs

50 ns

FFT oﬀset
LTS correlation threshold

4
0.85
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Figure 6: BER versus the number of blocks of RSTBC for experimental, simulation, and analytical upper bounds, in a 2 × 2 MIMO-OFDM
system, with QPSK and loss rates of 10% and 25%. The left three curves are for 10% and the right three curves are for 25%.

analog-to-digital (A/D) converters, to enhance the quantization resolution and avoid clipping [22].
For each reception instant, the two sample streams of
received data, with an additional of 300 samples for each
stream, are extracted from the RF buﬀers of the WARP
node. The added 300 samples are used for synchronization.
The processes of synchronization and packet detection are
obtained via cross-correlating the received data with the predetermined preamble sequence. Then, the received signal is
downconverted from the RF band to baseband and downsampled by two to match the hardware bandwidth. All the
received OFDM symbols are reshaped into parallel subcarriers, and the CP guard interval is removed. The OFDM
symbols are then extracted from the received OFDM waveforms by applying a 64-point FFT. The MIMO channel
matrix elements are estimated via the predetermined training symbols. The carrier phase oﬀset (CFO), for each OFDM
symbol, is estimated using the pilot signals and corrected by
performing an inverse phase shift [22, 24]. The data payload
is demodulated to extract the transmitted complex symbols.
As described in Section 3, the receiver keeps receiving the
transmitted blocks until the checksum criterion is achieved,
then the available RSTBC blocks are linearly aggregated to
recover the uncoded symbols.

6. Experimental Results and Discussion
In this section, we present the experimental results of the
MIMO-OFDM setup having the parameters tabulated in
Table 1. The experimental and simulation results of BER
performance versus the number of RSTBC blocks in a
MIMO-OFDM system, for QPSK and 16-QAM, are shown
in Figures 6 and 7, respectively. For each ﬁgure, two loss
rates, 10% and 25%, are considered. In Figure 6, we include
also the BER upper bound calculated using (10).
It is worth noted that error performance is improved
as the number of RSTBC blocks increases. That is
because of the ability of RSTBC to compensate for the
losses that may arise in the system. As the loss rate is
high, more RSTBC redundancy is required to reach the
target performance.
Speciﬁcally, for more illustration, from Figure 6, we summarized Table 2 for the 10% loss rate. It is noted that, without
RSTBC, which corresponds to L = 1, BER is close to 0.5, while
experimental BER is improved by approximately 83-fold
when L = 4 which is, in turn, improved by 30-fold when
L = 8. Similar discussion can be conducted for the 25%
loss case but it requires more redundant RSTBC blocks
to overcome the high loss rate.
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Table 2: BER numerical results for 10% loss rate when RSTBC is
applied with L = 1, 2, 4, 6, 8.
L

Experimental BER

Simulation BER

1

0.5

0.5

2

5 × 10−2

5 × 10−2

4

6 × 10−3

5 × 10−3

6

8 × 10−4

5 × 10−4

8

2 × 10−4

0 625 × 10−4

Comparing experimental and simulation values, it is
inferred, in general, that for low number of blocks (L ≤ 4),
the experimental BER results agree approximately with that
of the simulation. However, as L increases, the gap between
the experimental and simulation BER increases. This diﬀerence, for high number of RSTBC blocks, results from practical errors in channel estimation or calibration. That is
because of the diﬃculty of achieving exact channel estimation due to the noise, losses, and interference [16]. Similar
discussion can be presented for Figure 7, which is for

16-QAM modulation format, taking into consideration the
number of constellation symbols. Based on the previous
results and discussion, this study has demonstrated the eﬀectiveness of RSTBC for deployment in lossy wireless communication systems.

7. Conclusion
In this paper, we examined practically a rateless space-time
block code (RSTBC) in a MIMO-OFDM setup and analyzed
the BER performance of the scheme. The experimental
results demonstrated that RSTBC can be employed to reserve
the reliability of the system in a lossy environment. In a 2 × 2
MIMO-OFDM test-bed, with QPSK and 16-QAM, we have
shown that, from a certain amount of encoded data, RSTBC
is able to recover the original data even when the loss rate
is 10% or 25%. The experimental results agree closely with
the simulation and analytical upper bounds. The proposed
model, the developed analysis, and the experimental results
along with the simulation are considered as a good reference
for designing, performance analyzing, and prototyping of
RSTBC in a loss-prone massive MIMO systems.
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This paper presents a fast iterative method for the synthesis of linear and planar antenna arrays of arbitrary geometry that provides
pattern reconﬁgurability for 5G applications. The method enables to generate wide null regions shaped according to a Gaussian
distribution, which complies with recent measurements on millimeter-wave (mmWave) angular dispersion. A phase-only
control approach is adopted by moving from the pattern provided by a uniformly excited array and iteratively modifying the
sole phases of the excitations. This allows the simpliﬁcation of the array feeding network, hence reducing the cost of realization
of 5G base stations and mobile terminals. The proposed algorithm, which is based on the method of successive projections,
relies on closed-form expressions for both the projectors and the null positions, thus allowing a fast computation of the
excitation phases at each iteration. The eﬀectiveness of the proposed solution is checked through numerical examples compliant
with 5G mmWave scenarios and involving linear and concentric ring arrays.

1. Introduction
By now, the expected outbreak of the 5G technology represents one of the main challenging opportunities for antenna
designers, whose eﬀorts will have to deal with several significant designs, realizations, and prototyping issues. One of
the distinctive features of next-generation cellular systems
will in fact consist in the adoption of the millimeter-wave
(mmWave) spectrum, between 30 and 300 GHz, to satisfy
the huge capacity demand that will require the implementation of the Internet of Things (IoT) and Internet of Everything (IoE) paradigms [1]. The main reasons that have
driven the attention of the 5G developers towards the
extremely high-frequency (EHF) band are the considerable
amount of unused bandwidth and the possibility of packaging many radiating elements in a single mobile terminal
(MT) or base station (BS), with the aim of providing a high
gain, so as to compensate the signiﬁcant attenuation of the
mmWave channel. For the ﬁrst time, from the deployment
of the previous 1-4G systems, the 5G network will indeed
have to necessarily rely on beamforming both in transmission and reception, to make the communications feasible in

a propagation environment much more sensitive to blockages due to obstacles [2–4].
In this context, a basic approach to ﬁnd the most suitable
beamforming techniques for mmWave links may be that of
considering the signiﬁcant amount of algorithms that have
been developed along the years and that gave outstanding
solutions for a wide variety of synthesis problems. To make
a preliminary eﬀective selection, it may be also useful to
properly identify the main antenna requirements that are
expected to characterize the forthcoming 5G transceivers.
Firstly, since mmWave systems will be designed to manage
a dense environment, the spatial ﬁltering capabilities of the
antenna array will represent the main topic, to the point that
many studies have assumed a signiﬁcant change of perspective for the analytical characterization of the 5G performance, consisting in the translation from the so far
assumed 1-4G interference-limited regime to a 5G noiselimited one [5]. In this scenario, the shape of the pattern
and, precisely, its beamwidth and side-lobe level (SLL), as
well as the depth and width of its possible nulls, will play a
key role for the sustainability of the 5G links. A second relevant antenna requirement concerns the feeding network.

2
Since the signiﬁcant mmWave attenuations will force the
developers to adopt small cells, a huge number of BSs is
expected to be deployed. This leads to the need of containing
the fabrication costs not only of the MTs but also of the BSs
and, in turn, of the corresponding antenna systems, thus
orienting the choice of the beamforming algorithm towards
a phase-only control approach, which leads to a simpliﬁed
feeding network.
In light of these considerations, this paper proposes a
fast synthesis algorithm for linear and planar antenna arrays
of arbitrary geometry that allows the reconﬁgurability of the
pattern and the shaping of the null regions according to a
Gaussian power azimuth spectrum. The algorithm takes, as
starting point, a uniformly excited array, which provides a
narrow beamwidth, and then iteratively modiﬁes the sole
phases of the excitations to impose wide Gaussian nulls in
speciﬁed directions. Furthermore, the algorithm, which
relies on the method of successive projections, is developed
to obtain closed-form expressions for the projectors and
analytical formulas for the positions of the nulls. This
approach has the advantage of leading to a fast computation
of the excitation phases, since no numerical estimations are
required at each iteration. Numerical examples considering
linear and concentric ring arrays are presented to assess
the eﬀectiveness of the proposed solution in a 5G interfered
context, discussing, beside the performance in terms of
obtained patterns, also the computational time necessary
for their synthesis.
The paper is organized as follows. Section 2 presents the
related work. Section 3 formulates the problem. Section 4
describes the development of the algorithm. Section 5 discusses the numerical results. Section 6 summarizes the most
relevant conclusions.

2. Related Work
Many phase-only null synthesis techniques for antenna
arrays proposed in the recent years [6–18] may be nowadays
reconsidered for addressing the expected 5G requirements.
In particular, a deterministic method for linear arrays is presented in [6], where the phase-only approach and the possibility to generate multiple close nulls are outlined. Two
iterative solutions for arbitrary arrays are derived [7], with
the aim of exploiting a root mean square approximation to
enable null synthesis by phase-only control. In [8], the
problem of assigning prescribed nulls in the pattern of a
linear array by phase-only control is solved through the
development of a genetic algorithm. A phase-only null synthesis method for linear arrays is also discussed in [9], where
the authors adopt a sequential quadratic programming
approach. Scenarios speciﬁcally considering the phase-only
synthesis of wide nulls for arrays of arbitrary geometry are
addressed in [10], by taking into account the power azimuth
spectrum of the interferers. In [11], a beamforming architecture based on neural networks is designed to introduce
phase-only adaptive nulling in phased arrays. The synthesis
of cylindrical arc antenna arrays controlled by the excitation
phases is analyzed in [12], where the null steering capabilities
are experimentally proved through a prototype consisting of
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microstrip patches. In [13], the authors propose a diﬀerential
search optimization algorithm for linear arrays, which
includes the phase-only control and wide null synthesis
options. The same options are enabled in [14], which alternatively applies a metaheuristic backtracking search optimization approach based on an iterative process controlled by a
single parameter. The method of alternate projections is
adopted in [15], to develop an iterative algorithm for null
synthesis problems in arrays of arbitrary geometry, which
includes the possibility of imposing the phase-only constraint. In [16], a phase-only beamformer based on the adaptive bat algorithm is designed to impose nulls in a certain
number of undesired directions when a uniformly spaced linear array of half-wave dipoles is employed. In [17], a powerful method for the reconﬁgurability and beam scanning with
phase-only control for arbitrary antenna arrays is presented,
which also allows to form wide deep nulls. The method is
based on a smart application of the alternate projection
approach. A versatile solution is presented in [18], where a
weighted cost function is used to impose multiple synthesis
requirements, including phase-only control and null steering
for conformal antenna arrays.
With reference to this overview, some common aspects
may be highlighted. First, the phase-only requirement during
the null synthesis process implies the maintenance of a unity
dynamic range ratio (DRR), representing the ratio between
the maximum and the minimum excitation amplitudes of
the array. The problem of forming nulls while imposing an
upper bound on the DRR has been discussed in detail in
[19], where a theorem providing a necessary and suﬃcient
condition for the joint application of null and DRR constraints
on any array geometry is mathematically proved. In particular,
it has been statistically shown that, if the number of required
nulls is small compared to the number of array elements, such
condition is typically satisﬁed also for unity DRR, thus allowing to form exact nulls (and a fortiori deep nulls) by phaseonly control, which is here the case of main interest.
Second, many of the proposed solutions are applicable just
to speciﬁc conﬁgurations [6, 8, 9, 11–14, 16], usually having a
linear geometry. However, planar structures are expected to be
used for 5G MTs and BSs [2], thus an algorithm capable to
operate on conformal structures may be highly preferable.
Third, the recent channel measurements carried out at
the mmWave frequencies have revealed that the angular dispersion may be often described by a Gaussian distribution
[20, 21], thus better identifying the shape of the wide nulls
that may be necessary to suppress the undesired sources.
Currently, none of the existing methods combines wide nulling and Gaussian shaping together with a low computation
time, which represents a not negligible requirement for 5G
cellular systems, whose operations will have to necessarily
adopt fast beamforming solutions. The speciﬁc case of
Gaussian null shaping is considered in [10], but passing
through a numerical estimation of the position of the nulls,
which does not rely on closed-form expressions, and hence
may become computationally cumbersome.
For these reasons, in this paper, we present a phase-only
control algorithm for arbitrary linear and planar arrays capable of managing Gaussian-distributed nulls. Moving from the
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formulation of the problem developed in the next section, the
algorithm is mathematically derived in Section 4.

3. Problem Formulation
With reference to a Cartesian system O x, y, z , consider an
antenna array of N elements lying on the yz-plane, where
the position of the n-th element is speciﬁed by the vector
dn = xn x̂ + yn ŷ + z n ̂z (denoting by x̂, ŷ, and ̂z the unit vectors
of the Cartesian coordinate axes x, y, and z, respectively). In
the generic space direction ̂r, the radiation pattern of this
array is given by
N

P i ; ̂r = 〠 in pn ̂r exp jβdn · ̂r ,

1

and ϕl , ϕu identiﬁes the angular region of interest. Note that
the constraint in (5) means that only the excitation phases of
i0 are modiﬁed.

4. The Solving Procedure
The adopted synthesis strategy starts by substituting the
wide null constraint in (6) with the following M single
null constraints:

that is, imposing that the pattern vanishes at the directions
ϕ1 , … , ϕM . In matrix form, (7) can be expressed as follows:
Ei = 0,

n=1

where i = i1 , … , iN T is the column vector of the complex
excitations, pn ̂r is the n-th array element pattern, β = 2π/λ
is the wave number, with λ denoting the wavelength, j is the
imaginary unit, and ̂r = sin θ cos ϕ̂x + sin θ sin ϕ̂y + cos θ̂z,
with ϕ ∈ −π, π and θ ∈ 0, π denoting the azimuth and
zenith angles, respectively. In the sequel, for more simplicity, we will assume that the direction of observation belongs
to the xy-plane, so that (1) can be expressed as a function
of the azimuth angle as follows:
N

P i ; ϕ = 〠 in pn ϕ exp jβyn sin ϕ

2

n=1

Consider now a reference pattern P0 = P i0 ; ϕ , with
the main beam pointing at a desired direction ϕ0 , and an
interferer whose angle of arrival (AoA) is statistically
described by a truncated Gaussian distribution having probability density function (pdf):
ϕ−ϕ
fg ϕ =
exp −
2σ2
σ 2π
QL

2

1 −π,π ϕ ,

3

where QL is a constant that imposes the normalization condition π−π f g ϕ dϕ = 1, σ is the standard deviation, which
can be inferred from experimental measurements in the
mmWave channel [20, 21], ϕ is the mean AoA, and 1X x
denotes the indicator function (that is, 1X x = 1 if x ∈
X and 1X x = 0 if x ∉ X).
According to this scenario, the objective of this study is to
ﬁnd a pattern P = P i ; ϕ that solves the following minimization problem:
min
i

P − P0

subject to

2

4

in = i0n , n = 1, … , N

P i ; ϕ ≤ Qf g ϕ ,

ϕ ∈ ϕl , ϕu ,

7

P i ; ϕm = 0, m = 1, … , M,

5
6

where i0 = i01 , … , i0N T , · is a suitable norm, Q is a constant taking into account the amplitude of the interferer,

8

where E = Emn , with Emn = pn ϕm exp jβyn sin ϕm for
m = 1, … , M and n = 1, … , N. As shown in [10], a proper
choice of the null positions allows one to satisfy the initial
constraint in (6) by reformulating the original problem to
an equivalent one solvable in a simple and very fast way.
The derived solution is illustrated in the sequel of this
section. More precisely, the strategy to suitably select the
M null directions is described in the following subsection,
while the procedure of phase-only M null synthesis is presented in Section 4.2.
4.1. Null Positioning. The localization of the nulls is performed here by a density tapering technique, which consists
in ﬁnding the M null directions by imposing an equiareal
requirement as follows:
ϕ1
−π

Since

f g ϕ dϕ =
π
f
−π g

ϕ2
ϕ1

f g ϕ dϕ = ⋯ =

π
ϕM

f g ϕ dϕ

9

ϕ dϕ = 1, each integral in (9) must be equal

to 1/ M + 1 . Hence, imposing ϕ−πm f g ϕ dϕ = m/ M + 1 for
m = 1, … , M, after some manipulations, one obtains [22]
ϕm =

2σ erf −1

2m
+ erf
QL M + 1

−

π+ϕ
2σ

+ ϕ,

10

where erf x denotes the error function and erf −1 x represents its inverse. In this way, the nulls, whose position is
available in analytical form, are more dense near the mean
value ϕ, where the pdf is higher, and less dense far from ϕ,
where the pdf is lower. Once the null directions are evaluated by (10), the reformulated problem is then solved by
the alternating projection approach, as described in detail
in the next subsection.
4.2. Phase-Only Null Synthesis by Alternating Projections. In
order to model the synthesis problem as an intersection ﬁnding problem, ﬁrst denote P as the set of all the patterns that
can be generated by the considered array. Then, in P , introduce a set H , composed by all the patterns that are produced
by an excitation vector that satisﬁes constraint (5), and a set

4
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Z, composed by all the patterns that satisfy constraint (7). It
is evident that a radiation pattern belonging to both sets H
and Z (if any), and having the minimum distance from P0 ,
is a solution to our (reformulated) problem, since it satisﬁes
(4), (5), and (7). Thus, a point very close to P0 and belonging
to the intersection of the two sets is sought. If H ∩ Z is
empty, such a point does not exist, and we search for a point
of H having the minimum distance from Z, so as to obtain
deep nulls by phase-only control. To this aim, adopting the
alternating projection approach [17, 23], an iterative procedure is performed by starting from the reference pattern P0
∈ H and then following the scheme:
Pn = T H T Z Pn−1 ,

n = 1, 2, 3, … ,

d n < ε1

H

N

N

m=1

n=1

G i − ix = 〠 i∗m − i∗xm 〠 Gmn in − ixn ,
14

where the superscript H denotes the transposed conjugate
and G = Gmn is an N × N matrix whose generic element
is given by
Gmn = pn ϕ exp jβyn sin ϕ , pm ϕ exp jβym sin ϕ ,
15
for m, n = 1, … , N. Since the unknown pattern has to belong
to the set H, it must satisfy constraint (5). Thus, we set
in = ρ0n exp jαn ,

16

where ρ0n = i0n for n = 1, … , N. Substituting (16) into (14)
and putting the generic p-th term into evidence, yields
2

δ2 i = Gpp ρ0p exp jαp − ixp + H p ρ0p exp −jαp − i∗xp
+ H ∗p ρ0p exp jαp − ixp + K p ,

12

17

where dn is the distance between the pattern Pn and the set Z,
while ε1 and ε2 are proper positive thresholds.
It is worth noting that the iteration is stopped at a point
of H ; thus, the constraint in (5) is rigorously satisﬁed, and
hence phase-only control is achieved. In general, Pn ∉ Z;
thus, the null constraints in (7) are not exactly satisﬁed,
but suﬃciently deep nulls are achieved after a suitable
number of iterations. Hence, the constraints in (7) and,
in turn, the original one in (6), are approximated very
well. Since the starting point is P0 , the alternating projection approach provides a point close to P0 , approximately
satisfying (4) and simultaneously satisfying (5) (exactly)
and (7) (approximately). This objective is achieved by
properly deﬁning the projectors T H and T Z in (11),
whose mathematical derivation is described in detail in
the next paragraphs.
4.2.1. The Projector T H . The algorithm for this projector is
described here following the procedure in Section V of
[19]. Projecting an array pattern P ix ; ϕ onto the set H
requires to ﬁnd an array pattern P i ; ϕ ∈ H minimizing
the distance:
δ i = P i ; ϕ − P ix ; ϕ

δ2 i = i − ix

11

where PH and PZ denote the projection operators onto
the sets H and Z, respectively. Each pattern of the
sequence Pn belongs to the set H ; thus, it satisﬁes the
phase-only requirement, and is closer and closer to the
set Z, due to a well-known property of the alternating
projection method, Pn − T Z Pn ≥ Pn+1 − T Z Pn+1 for
each n ≥ 1. The iterations are stopped at a point Pn ∈ H
such that

d − dn
or n−1
< ε2 ,
dn

conjugate. Substituting (2) into (13), after some manipulations, one obtains

13

The distance in (13) is deﬁned by means of the norm
f ϕ = <f , f > , involving the scalar product f , g =
π
f ϕ g∗ ϕ dϕ, where the asterisk denotes the complex
−π

where
H p = 〠 Gpn ρ0n exp jαn − ixn ,
n≠p

K p = 〠 ρ0m exp −jαm − i∗xm × 〠 Gmn ρ0n exp jαn − ixn
m≠p

n≠p

18
The unknown phases are found following the single coordinate method (SCM) [7], beginning from the phases of the
excitations of the reference pattern. Accordingly, at each step
the N − 1 variables α1 , … , αp−1 , αp+1 , … , αN are considered
as known, and the value of the unknown αp that minimizes
(17) is obtained by imposing the vanishing of the derivative
of δ2 i with respect to αp . This yields
αp = arg Sp + kπ,

k = 0,±1,±2, … ,

19

where
Sp = ρ0p Gpp ixp − H p

20

Calculating (19) for p = 1, … , N and repeating the iteration for a suﬃcient number of times yield the unknown
phases, which, once substituted in (16), give the required excitation vector. Substituting the latter into (2) gives the radiation
pattern P i ; ϕ , projection of P ix ; ϕ onto H.
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G = UH ΛU,

21

where Λ is a diagonal matrix whose diagonal elements are the
eigenvalues of G, while U is a unitary matrix whose rows are
the (orthonormal) eigenvectors corresponding to the eigenvalues. Substituting (21) into (14) and setting w = Λ1/2 Ui
and w x = Λ1/2 Uix yield
δ2 i = w − w x

H

w − wx

22

1/2

On the other hand, being w = Λ Ui we can write i =
Kw, where K = UH Λ−1/2 . Thus, the constraints in (7) and
(8) can be written as Sw = 0, where S = EK. Therefore, the
problem of projecting P ix ; ϕ onto Z reduces to that of
determining the column vector w that minimizes (22) subject to condition Sw = 0. As it is well known, this problem
has the solution w = IN − S† S w x , where IN is the N × N
identity matrix and S† is the pseudoinverse of S. Being
w x = Λ1/2 Uix , it results
i = PZ ix ,

23

where
PZ = K IN − S† S Λ1/2 U

24

The column vector i in (23) provides the complex
excitations, which, once inserted in (2) give the projected
array pattern P i ; ϕ = T Z P ix ; ϕ .
Now that the projectors have been derived, the iterative
procedure in (11) with starting point P0 can be carried out
to solve the original phase-only synthesis problem with
Gaussian-shaped null in (4)–(6). The performances achievable by this method are investigated in the next section.

5. Numerical Results
In this section, two numerical examples are proposed to
assess the validity of the proposed procedure. The two examples are also solved with the ﬁrst method developed in [7],
which can perform phase-only null synthesis for arbitrary
arrays and is hence suitable for comparison with that proposed in this paper. Both the synthesis methods are implemented in MATLAB R2015b, and all results are obtained
using a laptop equipped with an Intel® Core™ i5-5300U
CPU @ 2.30 GHz with 8 GB RAM.

d
1

d
2

d
3

...

...

N−1 N

y

Figure 1: First example: geometry of the linear array with N = 40
elements and interelement distance d = λ/2.
0
−10
Normalized pattern (dB)

4.2.2. The Projector T Z . The algorithm for this projector has
been illustrated in [24] for the case of nulls in the near-ﬁeld
region. It is described here in detail for the case of nulls in
the far-ﬁeld region, which is of interest for the presently
addressed scenario. Given any pattern P ix ; ϕ , the pattern
P i ; ϕ = T Z P ix ; ϕ , projection of P ix ; ϕ onto Z, is the
pattern that minimizes the squared distance (14) subject to
the constraints (7). Here, we note that the matrix G in (14)
is Hermitian. Therefore, it can be written as follows:
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Figure 2: First example: linear array in Figure 1. Thin gray line:
reference pattern. Thick solid blue line: pattern synthesized using
the proposed algorithm. Thick dotted blue line: pattern synthesized
using the algorithm proposed in [7]. Dashed red line: local upper
bound of constraint (6).

5.1. First Example: Linear Array of Omnidirectional Elements.
The ﬁrst numerical example refers to a phase-only synthesis
problem for a linear array consisting of N = 40 elements
equally spaced along the y-axis (Figure 1). The interelement
distance is d = λ/2. The element patterns pn ϕ are assumed
to be equal and omnidirectional on the xy-plane (this can
be the case of an array consisting of half-wavelength dipoles
parallel to the z-axis), that is, pn ϕ = 1 for n = 1, … , N and
ϕ ∈ −π, π. The reference pattern, which is represented by
the gray line in Figure 2, is produced by this array with uniform excitations, that is, by setting, in (2), in = 1 and yn = n
d for n = 1, … , N. An interferer is assumed to act very close
to the pointing direction ϕ0 = 0° and is characterized by
the truncated Gaussian pdf in (3) with ϕ = 11° and σ = 9° .
The solving procedure described in the previous section is
applied adopting M = 7 null directions evaluated by (10).
The obtained pattern is represented in Figure 2 by the
blue thick line, while the dotted blue line represents the pattern synthesized by the algorithm in [7], and the dashed red
line identiﬁes the upper bound corresponding to the pdf of
the Gaussian interferer. An enlargement of the synthesized
patterns in the null region is reported in Figure 3. This ﬁrst
example shows that, with respect to the starting reference
pattern, approximately a 10 dB reduction in the region of
interest is achieved by the proposed method. Besides, this
reduction is obtained by properly shaping the wide null
region according to the desired Gaussian pdf, thus
conﬁrming the suitability of the replacement of the original
constraint in (6) with the M null one in (7). Of course,
this reduction (as any imposed constraint) may cause
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Figure 3: Magniﬁcation of the pattern synthesized in Figure 2 in the
interference region with the evaluated null positions. To be noted
that the constraint (6) is satisﬁed rigorously with the presented
procedure and approximately with the method proposed in [7].
Also, it is to be noted that the pattern amplitude on the M = 7 null
directions evaluated according to (10) is extremely low.
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Figure 5: Second example: circular array in Figure 4. Thin gray line:
reference pattern. Thick solid blue line: pattern synthesized using
the proposed algorithm. Thick dotted blue line: pattern
synthesized using the algorithm proposed in [7]. Dashed red line:
local upper bound of constraint (6).
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Figure 4: Second example: geometry of the circular array with ﬁve
rings of N = 75cos ϕ elements, represented by the blue dots on the
yz-plane.

modiﬁcations in other angular regions of the reference pattern. In particular, in this ﬁrst example, the most signiﬁcant
changes for the proposed method with respect to the reference pattern are a slight increase of the side lobe between
the main beam and the imposed Gaussian null (which is
not surprising) and an increase of the side lobes in the intervals 60° , 80° , both balanced by a decrease of the side lobes in
the opposite directions. However, we may notice that the pattern modiﬁcation obtained with the method in [7] is much
more relevant on the entire angular domain. It is also worth
to observe that the synthesis of the ﬁnal pattern has required
slightly less than half second of computational time, corresponding to just 22 iterations with the proposed algorithm
here, and 992 s, corresponding to 1000 iterations, with the
method in [7].

15.2

18.6

21.4

24.8

𝜙 (degrees)

Figure 6: Magniﬁcation of the synthesized pattern in Figure 5 in the
interference region with the evaluated null positions. Also, in this
case, the original constraint (6) is satisﬁed rigorously by the
pattern synthesized with the presented method and the pattern
amplitude on the M = 4 null directions evaluated according to (10)
is extremely low.

5.2. Second Example: Planar Circular Array with Multiple
Rings and cos Φ Element Patterns. The second numerical
example deals with the phase-only synthesis of a Gaussian
null region using a planar array involving N r = 5 concentric
rings lying on the yz-plane. The radius of the outermost ring
is R0 = 4 5λ. The other radii are Ri = R0 − iλ for i = 1, 2, 3, 4.
On the i-th ring, N i elements are equally spaced so as to give
an interelement distance not lower than λ. Precisely, the rings
consist of N 0 = 28, N 1 = 21, N 2 = 15, N 3 = 9, and N 4 = 2
elements, resulting in a total number N = 75 elements. The
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Table 1: Comparison of the results.

Example 1
Example 2

Proposed algorithm
Algorithm in [7]
Proposed algorithm
Algorithm in [7]

Iteration number

CPU time (s)

Constraint (6) satisﬁed

22
1000
75
1000

0.5
992
0.7
2236

Rigorously
Approximately
Rigorously
No

geometry of this planar array is shown in Figure 4. The
element patterns are assumed to be equal to pn ϕ = cos ϕ
for n = 1, … , N and ϕ ∈ −π, π, which models the case of
microstrip patches lying on the yz-plane. The reference pattern, corresponding to equal excitations, is still reported in
gray in Figure 5, while the Gaussian interferer is characterized
by a pdf with ϕ = 20° and σ = 7° . The results are derived by
adopting M = 4 null directions in (10).
The synthesized pattern is denoted in Figure 5 by the blue
thick line, while the dotted blue line represents the pattern
synthesized by the algorithm in [7], and the dashed red line
represents the truncated Gaussian pdf. The magniﬁcation of
the null region is shown in Figure 6. This second example
conﬁrms the satisfactory results provided by the proposed
algorithm, also in comparison with the method in [7]. In particular, in this case, with respect to the starting pattern, a
20 dB reduction is achieved, while properly shaping the
region of interest. Moreover, similarly to the previous example, also for this planar geometry, the computational time
remained lower than one second (precisely 0.7 s) with the
proposed algorithm, whereas 2236 s (1000 iterations) were
necessary with the method in [7]. Table 1 ﬁnally summarizes
the computational times and the satisﬁed constraints for the
two compared methods.

6. Conclusions
An eﬃcient technique has been proposed for the phase-only
synthesis of antenna arrays with wide null regions characterized by a Gaussian shape. The synthesis algorithm has been
derived by exploiting the alternating projection approach,
in which all the operations are carried out in closed form.
Thus, despite the iterative nature of the alternating projections, the overall synthesis procedure results extremely fast,
so that the proposed algorithm can be suitable for 5G beamforming applications, where fast synthesis algorithms are recommended. Furthermore, the degrees of freedom of the
problem seem to be exploited quite satisfactorily. In fact,
the phase-only synthesis has been realized by moving from
a uniform amplitude distribution of the array excitations,
thus modifying just the phases of the element excitations.
This results in a very simple feeding network, requiring only
phase shifters, which are cheap and fast components. The
eﬀectiveness of the developed synthesis strategy has been veriﬁed by numerical examples involving linear and planar
arrays, which have proved the low computational time
required by the developed algorithm and its signiﬁcant performance in terms of null region shaping and deepening.

Data Availability
All the data necessary to obtain the results presented in
Section 5 (Numerical Results) can be found by the reader in
the manuscript.
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With the advent of 5G mobile communication and researches into the propagation of large-scale channel modeling for frequencies
above 6 GHz, measurement investigation was performed at 10 GHz with horn-type directional antennas in a corridor and a
computer room within the Electrical and Computer Engineering Laboratories’ ﬁrst ﬂoor, at Federal University of Pará (UFPA),
Brazil. This paper presents data obtained through experimental work, channel modeling with co-polarization V-V and H-H and
cross-polarization V-H in line-of-sight (LOS) or non-line-of-sight (NLOS) conditions. The large-scale close-in reference is
sustained by a comprehensive analysis, considering propagation mechanisms such as reﬂection and diﬀraction. Results
demonstrate that the established model had inferior standard deviation in relation to measured data, proving itself more
signiﬁcant to propagation in indoor environments.

1. Introduction
The considerable quantity of bandwidth available in
frequency bands above 6 GHz is an attractive resource to
provide multi-Gigabit per second (Gbps) data rates. Such
resource would alleviate the traﬃc ﬂow of mobile data in
lower frequency bands, such as those below 6 GHz [1, 2].
With the advent of the new generation of mobile communication (5G), there is a great deal of research taking place
into the development to provide recommendations. One of
its branches of study lies within the millimetric waves,
resulting in works above 6 GHz [3–6]. Frequencies within
3 to 30 GHz (SHF: Super High Frequency) and 30 to
300 (EHF: Extremely High Frequency) bands present
similar propagation characteristics, classifying them as
millimetric wave (mmWave) bands [4, 5]. Therefore, it is
fundamental to know the mmWave channel’s propagation
characteristics for the development of ﬁfth generation
mobile and wireless communication systems—5G [7].
These channel propagation characteristics can be deﬁned
through path loss models, in large scale, that predict the
propagation signal’s attenuation according to distance. They

are important for developing more eﬃcient communication
systems, to optimize the positioning of transmitting antennas
and assist on future telecommunication system projects [8].
For indoor environments, there are several structural
questions that inﬂuence signal behavior, such as construction materials utilized in the building, size of building/rooms/corridors, number of people circulating inside the
room, furniture types and placement, and interference with
other systems. They conﬁne the waves within the environment, leading to more reﬂective components and multiple
paths for the signal to propagate, as well as crossing of walls
(diﬀraction) and other types of obstacles [9].
A wireless system requires extensive research and comprehension of its propagation channels. Even though a large
number of investigations have been undertaken into channels below 6 GHz, there are campaigns aiming at measuring
and modeling of 5G channels at 10 to 28 GHz and 30 to
72 GHz bands [5, 10–15], presented by institutes such as
New York University (NYU) and the Mobile and Wireless
Community Enablers for the Twenty-Twenty Information
Society (METIS)—the former created with the sole purpose
to standardize 5G systems [16, 17]. The METIS report
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identiﬁes probable bands for 5G application; 10 GHz is listed
as a promising frequency band.
As an example of a study based in measuring frequencies above 6 GHz, Deng et al. developed models for
diﬀraction and signal strength measurements around
sharp-edged objects such as corners, pillars, and irregular
surfaces, for the 10, 20, and 26 GHz spectrum. The diﬀraction measurements were made in closed and exterior environments, using a continuous wave (CW) probe with
three pairs of identical horn-type directional antennas at
the transmitter and receptor [18].
In 2014, Kim et al. studied large-scale parameters based on
various indoor environments at 11 GHz, comprising path-loss
polarization characteristics, shadowing, cross-polarization
power ratio, delay spread, and coherence bandwidth [19].
Reference [20] presents radio channel characteristics on
carrier frequencies 11.2 and 14.6 GHz, with a 1 GHz bandwidth in environments simulated as a corridor, a laboratory,
oﬃces, and a conference room inside a building in Beijing,
China. There, investigations regarding large- and
small-scale fading properties were conducted, based on realistic measurements. Propagation and delay correlations were
also discussed.
Ling et al. produced a measurement campaign of channels implementing directional sweeping to capture temporal
and spatial propagation characteristics for upper frequencies,
from 13 to 17 GHz, in classroom environments [21].
In [13], there are large-scale models and measuring of
frequencies 14 and 22 GHz within line-of-sight (LOS) and
non-line-of-sight (NLOS) conditions. A dual-slope model
is suggested to distinguish the channel—its validity is proven
through the close-in free space reference model, and its
parameters deﬁned by MMSE (Minimum Mean Square
Error). Another approach is a model inspired in waveguide
measurements.
Properties of a channel at the 20 GHz band for an
oﬃce environment are shown in [22]. Measurements
were made using a channel probe at the 20 GHz spectrum, with an orthogonal frequency division multiplexing
signal and a bandwidth of 50 MHz. Characteristics of
omnidirectional antennas were obtained by turning
directional antennas through the azimuthal axis and elevated to the receptor’s side.
Reference [23] exposes several large-scale measurements
utilizing high-gain directional antennas at 28 and 73 GHz. A
model that simulates an omnidirectional antenna in which
high-gain antennas were rotated a whole 360 degrees in both
Tx and Rx is also described in this paper. This took place in
oﬃces with line-of-sight (LOS) and non-line-of-sight
(NLOS), with copolarization (V-V) and cross-polarization
(V-H). For large-scale models, templates were utilized, such
as CI, CIX, CIF, CIFX, FI, ABG, and ABGX, in which the
path loss exponent (n) is deﬁned through MMSE (Minimum
Mean Square Error). The model’s random variable has an
average value of zero, and standard deviation of measured
data is given in decibels. Results show that the models have
great accuracy when compared to measured data.
Lei et al. have proposed a measurement system at
28 GHz in 3 diﬀerent scenarios, including an oﬃce, a
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corridor, and a generic hall, using 26 dBi directional antennas and a VNA to analyze the channel at a maximum distance of 30 meters. The three properties which were
analyzed are path loss, RMS delay spread, and the power
angular proﬁles (PAPs). Results illustrate that indoor environments can enhance the received signal power in the case
of LOS. However, in case of NLOS, the penetration loss
caused by walls and doors can bring considerable attenuation, which implies that minor cells will have an important
role increasing the probability of LOS links for future communication systems. Multipath components (MPCs) can
be detected from many directions, albeit needing to use
high-directivity antennas [24].
MacCartney et al. compiled a comprehensive study on
path loss models of simple or multifrequency mmWave,
based on layouts for polarization of separate antennas, and
combined in LOS and NLOS environments for three common oﬃce layouts. The frequency channels used are
28 GHz and 73 GHz [23].
In [25], Geng et al. made propagation measurements at
60 GHz in several indoor environments, with continuous
route (CR) and direction-of-arrival (DOA) measurement
campaigns. The propagation mechanisms were studied
based on DOA data, indicating that direct waves and the
ﬁrst-order reﬂected waves on smooth surfaces were suﬃcient in a LOS environment. Whereas in NLOS cases, diffraction was highly signiﬁcant, and the propagation loss
through walls was very high.
The objective of our study is to present a statistical
large-scale analysis of measured data in indoor environments
at the 10 GHz spectrum. Signal behavior for LOS and NLOS
is speciﬁed in two diﬀerent rooms, with antenna copolarization (V-V and H-H) and cross-polarization (V-H).
The paper is organized as follows. Section 2 presents all
measurement equipment utilized during the campaigns,
the mounted scenarios, and all measurement procedures;
Section 3 elucidates the modeling analysis, the proposed
large-scale model for path loss and the obtained results in
comparison to other models found in the literature; Section
4 provides discussions and conclusions on the obtained data.

2. Measurement Investigations
This section describes the transmitting and receiving equipment, the scenarios considered for the measurement campaigns, and line-of-sight (LOS)/non-line-of-sight (NLOS)
measurements. It also contains information about copolarization (V-V) and (H-H) and cross-polarization for both
studied environments.
2.1. Equipment and Setup. Two identical horn-type directional antennas were utilized, fabricated by MCS Industries,
with gain of 15 dBi, apertures of 29 degrees on the horizontal
plain and 29.3 degrees on the vertical plain, and 1.7 meters
above the ﬂoor. For the transmitting equipment (Tx), a
continuous wave (CW) signal generator (Hewlett Packard©
Synthesized Sweeper 83752A) was chosen, sweeping frequencies from 1 to 20 GHz. The Tx was ﬁxed, the environment,
remaining immobile, and conﬁgured with transmission
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powers of 0 dBm for V-V and H–H and 15 dBm for V-H. The
selected receptor (Rx), however, was an Anritsu© Signal
Analyzer MS2692A.
For the ﬁrst iteration, Tx and Rx were positioned with a
distance of 1 meter from each other. And for the subsequent
iterations, the distance between Tx and Rx is increased by
another 1 meter. It is important to note that these experiments occurred with no objects or persons obstructing the
transmitted beam. Table 1 provides speciﬁcations of equipment and parameter conﬁgurations for the campaigns.
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extracted reaches 1,200,120. In contrast to the corridor, all
12 points distributed along the room were measured for all
polarization conﬁgurations (V-V, H-H, and V-H).
For the measurement campaign utilizing copolarized
antennas (V-V and H-H), horn-type directional antennas
were also used, with 15 dBi gain on both Tx/Rx and a transmission power of 0 dBm. For cross-polarization, the gain is
also 15 dBi on Tx/Rx; however, the transmission power is
15 dBm.

3. Large-Scale Path Loss Models
2.2. Corridor. The corridor, depicted in Figure 1, has dimensions of 15.22 m × 1.37 m. It is built out of brick walls and
smooth concrete on the ﬂoor, also containing wooden doors,
metallic grilles, and containers with power supplies and circuit breakers. The transmitter Tx was ﬁxed at a distance of
1.3 meters from the windowed wall, whereas Rx was progressively moved 1 meter away from Tx for every iteration
of the experiment.
For the corridor, approximately 10 power values were
measured for each of the 14 measuring points. For each
one, 10,001 power data were collected for each meter variation. The procedure was repeated 10 times for each point,
resulting in 100.010 power data for each iteration
(10 × 10,001). Therefore, 1,400,140 power data were collected at the corridor environment (100,010 × 14 points).
The quantity of measured points by polarization type is
distinct for each one. For vertical polarization (V-V) all 14
points were measured. For horizontal polarization (H-H) only
10 measured points were used, and with cross-polarization
(V-H) only 8 points were measured. The amount of measured
points for H-H and V-V was recorded for each distance until
the signal strength reached noise level.
2.3. Computer Room. The computer room’s dimensions are
14.97 m × 7.67 m. As conﬁgured in the corridor, Tx was
placed in a ﬁxed position 1.3 meters away from the wall, also
moving Rx away from Tx by 1 meter every iteration. This
room is constituted of brick/concrete walls and drywalls,
containing glass windows, wood tables, metallic chairs, and
evenly disposed desktops, as shown in Figure 2.
The laboratory was chosen because it presents diﬀerent
characteristics comparing with the corridor; the corridor
presents a length much larger than the wavelength of the frequencies used, providing greater reﬂection in this environment; on the other hand the lab presents a smaller length
and walls with diﬀerent compositions; it is formed for
masonry walls and wood, for the walls of masonry the reﬂections are close to that seen in the corridor, and the wooden
ones there have less reﬂection compared to the masonry
wall. Therefore, the laboratory is an interesting environment
to determine the loss behavior because it is formed by diﬀerent types of materials and that directly inﬂuence the behavior of the signal received in the Rx.
In this environment, a radial component was deﬁned at
3.8 meters away from the lateral walls. In each radial, 10
power values for each of the 12 traced points were measured.
Given that 100,010 power data are obtained in every iteration, as previously noted, the total amount of power data

Large-scale path loss models predict loss according to the
distance between the transmitter and the receptor. These
models are important for wireless telecommunication projects [8], aiding the analysis of wave propagation through
indoor environments, as there are multiple wave deviation
events like multipath, reﬂection, diﬀraction, penetration,
and shadowing—that is, attenuators of received power at
Rx [26]. They also provide realistic propagation characteristics for a wireless channel [5, 10–28]. Most models assume
loss in a logarithmic scale. Parameters for the models utilized in this study were deﬁned through MMSE, and the
close-in free space model (with its extensions) was utilized
for approximation.
The close-in (CI) free space path loss model as seen in
(1) and given in dB is uniquely parametrized by a sole variable known as the path loss exponent (PLE), or n. This CI
model has a physical distance reference represented by d 0 .
The loss model parameters are determined by MMSE, minimizing error between measured and simulated data. In this
work, the distance reference is set to 1 meter, and the model
can be applied to estimate path loss in both cross- and copolarization conditions.
PLCI f , d dB = FSPL f , d 0 + 10nV‐V log10

d
+ X CI
σ ,
d0
1

FSPL f , d 0 = 10 log10

4πd0
λ

2

2

,

where X CI
σ is a random variable of the Gaussian type with an
average value of zero and standard deviation in dB, nV‐V is
the path loss exponent for copolarization and FSPL is the
initial loss found in the model deﬁned by (2). λ is the wavelength and d 0 is the previously explained reference distance,
set to 1 m.
The CI model possesses an extension for the case of
cross-polarization (3), adding a factor called crosspolarization discrimination (XPD). This parameter is deﬁned
via MMSE [28–30]. The equation then becomes
PLCIX f , d dB = FSPL f , d 0 + 10nV‐H log10
+ X CIX
σ + XPD dB ,

d
d0
3

4
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Table 1: Channel sounding system speciﬁcations for the 10 GHz indoor measurement campaign.

Parameters
Central frequency
Signal transmission
Antennas
Transmitted copolarization power
Transmitted cross-polarization power
Antenna height for Tx/Rx
Antenna gain for Tx/Rx
Azimuthal HPBW for Tx/RX
HPBW elevation for Tx/Rx

Rx14

Metal panel
Iron door

Conﬁgurations

Units

10
Continuous wave
Horn-type, directional
0
15
1.7
15
29
29.3

GHz
—
—
dBm
dBm
m
dBi
Degrees
Degrees

Rx10

Rx1

Tx

Timber door
Window glass

Figure 1: Distance for Tx as done.
14.97m (length)

Rx12

Rx5

Rx1

Tx
1.3m

1.67m

Windows and doors glass
MDF walls
Concrete walls

Figure 2: The computer room’s blueprint.
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in which XPD is represented in dB, and X CIX
is a Gaussian
σ
random variable with average value of zero and standard
deviation in dB. n used in this calculation has to be deﬁned
in the measured data in the cross-polarization conﬁguration.
Maccartney et al. [23] utilize nV‐V for the model that considers cross-polarized antennas (CIX), in this paper, n V‐H
is used to adjust to a slope of the curve.
Another independent extension for the CI model is the
case of copolarized H-H conﬁguration, adding a path loss
parameter for H-H copolarization (4). This parameter is similar to XPD and also deﬁned through MMSE.
PLCIHH f , d dB = FSPL f , d 0 + 10nH‐H log10

d
+ X CI
σ
d0
4

In (4), nH‐H represents the copolarized H-H path loss
is a Gaussian random variable
exponent (PLE), and X CIHH
σ
with average value of zero and standard deviation in dB.
The last proposed extension illustrated for the CI model
is the obstacle path loss exponent (OPLE), in which an
attenuation parameter signifying obstruction by same or
distinct obstacles found in the propagation’s path.
PLCI f , d dB = FSPL f , d0 + 10nv v log10
i

+ X CI
σ + 〠 OPLEi npi ,

d
d0

i=1

5
in which OPLEi is the obstacle path loss exponent, and i corresponds to the quantity of same-type obstacles. This
parameter is based on the COST-231 Motley-Keenan model.

4. Modeling and Result Analysis
In this section, there is an analysis of signal attenuation
behavior in relation to the measured path loss for both studied scenarios. The complexity of indoor environments generates multiple paths—reﬂections, diﬀractions, penetration
eﬀects, and shadowing—that have signiﬁcant impact on
received power [31]. Radio signal attenuation in waveguides
(or for instance, tunnels and corridors) is generally much
lower than in free space and is inversely proportional to
frequency due to the wave orientation eﬀect.
About the measured data, PLE, standard deviation, and
XPD values were deﬁned through MMSE. Table 2 presents
the said values. Table 3 presents values for OPLE for diﬀerent types of walls.
4.1. Corridor Analysis. Figure 3 presents data modeled
through the CI model for V-V and H-H polarizations and
CIX for V-H, in which the PLE is the gradient of the straight
line that shows how the signal degrades with distance, also
directly inﬂuencing the standard deviation values of
measured data in the corridor. Figure 4 illustrates the shadowing eﬀect deﬁned by the random variable for directional
antennas, where it is observed that the model has a good

Table 2: PLE values for each polarization in the corridor and in the
laboratory.
Scenario
Laboratory

Corridor

Polarization

PLE

σ (dB)

V-V
H-H
V-H
V-V
H-H
V-H

1.55
1.64
0.08
1.96
1.81
0.65

6.56
6.12
4.23
5.6
5.48
2.39

XPD (dB)
22.30

21.30

Table 3: Loss per wall for 10 GHz indoor measurement campaign.
Frequency

Masonry

Wood

Glass

10 GHz

10 (dB)

2 (dB)

0 (dB)

approximation compared to measured data and checking
the simulated signal’s variability between Tx and Rx.
Figure 5 shows point-to-point standard deviation data, verifying signal variation for each travelled meter in the environment for all 3 polarizations.
Figure 3 presents measured data for the 3 polarization
types (V-V, H-H, and V-H), and for the close-in model with
extensions for the 10 GHz band, data in blue and red represent the values for copolarized antennas, in which PLE
values are very close to 1.96 dB and 1.81 dB for V-V and
H-H conﬁgurations, respectively (the major diﬀerence
between them is the initial loss). In Figure 3 the data
depicted in green are the cross-polarized measured results,
where initial loss is substantially higher and lower PLE is
observed compared to copolarization.
The channel’s variability is represented by a Gaussian random variable, inﬂuenced by the shadowing eﬀect and deﬁned
for the close-in free space reference path loss model (1).
Figure 4 shows the shadowing eﬀect deﬁned by the random
variable for directional copolarized antennas (V-V) in the corridor at 10 GHz. It is possible to denote that the loss model (1)
has a very good approximation in relation to measured data,
checking the simulated signal’s variation between Tx and Rx.
An important approach to measured data is the statistical
survey with standard deviation. For this purpose, a
point-to-point standard deviation was calculated to verify signal variation for each travelled meter between Tx and Rx for
both environments utilizing copolarized and cross-polarized
conﬁgurations. Figure 5 illustrates point-to-point standard
deviation simultaneously for all polarizations.
For the data in red in Figure 5, it is possible to observe a low
variability in standard deviation values (on the y-axis) with
values between 0 and 0.7 dB. This indicates that there is low
variability of received power values for a same point utilizing
horn-type V-V copolarized antennas in the corridor. In black,
standard deviation values for H-H copolarization are shown,
presenting a variability equivalent to V-V conﬁguration and
conﬁrming that signal variation is also low in this case. The
same approach has been applied for cross-polarization data
in the corridor (blue-colored triangles), however yielding
higher signal variability ranging from 0 to 3.5 dB.
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Figure 3: 10 GHz directional LOS large-scale CI path loss model with copolarization V-V, H-H, and V-H in the corridor.
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Figure 4: Path loss model CI with shadowing eﬀect at measured data for 10 GHz band in corridor scenario.

It is important to acknowledge that the whole behavior’s
standard deviation presented higher values for copolarization
(V-V and H-H) and lower ones for cross-polarization (V-H).
This is directly linked to PLE, in which V-H antennas had
PLE values below 1, whilst copolarized V-V and H-H presented values above 1. Consequently, point-to-point standard

deviation analysis is important, as it reveals how much the
received power varies through measured points.
4.2. Computer Room Analysis. Using the same approach as
for the corridor of analysis of the corridor, the computer
room measurements have modeled data with CI and CIX
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Figure 5: Standard deviation point-to-point data measured in the corridor to V-V, H-H, and V-H.
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Figure 6: 10 GHz directional LOS large-scale CI path loss model with copolarization V-V, H-H, and V-H in the computer room.

models in logarithmic scale with all polarizations. The
PLE also represents the slope’s inclination and demonstrates how the signal attenuates with distance and directly
inﬂuences standard deviation values measured in the
computer room.

Figure 6 depicts measured data for all three polarizations and the close-in model with its extensions for
10 GHz propagation. Data in blue and red present data
for copolarized antennas in which PLE values are close
to 1.55 dB and 1.64 dB for V-V and H-H, respectively. In
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Figure 7: Path loss model CI with shadowing eﬀect at measured data for 10 GHz band in laboratory scenario.
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Figure 8: Standard deviation for point-to-point data measured in the computer room to polarizations V-V, H-H, and V-H.

Figure 6 again, the diﬀerence is mostly noted on initial
losses, for the cross-polarized antenna data set, shown in
green, PLE values are lower and the initial losses higher
in relation to the copolarized counterparts.

The shadowing eﬀect deﬁned by the random variable for
directional antennas and signal variability between Tx and
Rx is presented in Figure 7; Figure 8 shows point-to-point
measured standard deviation data for signal variation
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checking in each meter travelled in the environment for all
three polarizations, respectively.
The analysis of the data measured by the standard deviation point-to-point is made with the objective of verifying the
variation of the signal for each point measured in all the
polarizations. Figure 8 depicts standard variation simultaneously for V-V, H-H, and V-H conﬁgurations. The red set
of data presents the point-to-point approach at 10 GHz with
V-V polarization, and the minimum/maximum observed
values in the Y axis range from 0.04 to 0.26 dB. This indicates
that there is low variability on received power values for
the same point whilst using horn-type V-V copolarized
antennas in the computer room. For the black points in
the graph, it is the standard deviation for H-H conﬁguration, presenting variability equivalent to V-V, elucidating
that measured data vary very little on a point-to-point
basis with minimum/maximum values of approximately
0.04–1.05 dB. For the cross-polarization data in the computer room (in green), the standard deviation varies from
0.5 and 5.5 dB, which is evidently greater than the values
for copolarized antennas.

5. Conclusions
This paper had the objective to demonstrate channel modeling with path loss model close-in and its extensions, to characterize future wireless network channels. The close-in model
presents good approximations in LOS and NLOS conditions
with directional horn antennas in cross- and copolarization
for the corridor and the computer room at 10 GHz, one of
METIS-determined frequencies. PLE values in both environments utilizing directional V-V antennas are close to the ones
seen in the literature [14, 27]; however, the values for
cross-polarized (V-H) conﬁgurations are less than the
copolarized values. Another important remark is the analysis
of the standard deviation, both in average value or
point-to-point. For the average standard deviation, the values
favor copolarization (V-V and H-H) in comparison to
cross-polarization (V-H) due to low PLE value, as shown in
Table 2. When the analysis is point-to-point, the copolarizations have less variation in relation to cross-polarization.
On the point-to-point standard deviation for the corridor
environment, it was veriﬁed that copolarized antennas V-V
and H-H provide low variation, between 0.04 and 1.05 dB,
as depicted in Figure 5. For cross-polarization there is more
variability, in values ranging from 0 to 3.5 dB, also shown
in Figure 5. For the measurements made in the computer
room, it is valid to pinpoint that the H-H polarization’s
standard deviation yields more variability than its V-V
counterpart. In a point-to-point analysis, the V-V conﬁguration varies between 0.04 and 0.26 dB, and H-H gives a
standard deviation ranging from 0.04 to 1.05 dB, as evident
in Figure 8.
The walls also had diﬀerent inﬂuences in each obstacle—its attenuation changes according to the used frequency,
being directly proportional to the suﬀered loss. This is an
important point, and future access technologies must work
around this problem, given that the new generations of
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telecommunication systems are bound to evolve to mmWave
bands.
Another signiﬁcant point is the diﬀerence in wave propagation within distinct indoor environments. Inside the corridor, wave reﬂections are heightened due to the proximity of
the walls, the material used inside the walls, ﬂoor, and ceiling,
in addition to grilles and metallic panels. The computer room
is a larger environment, with a diﬀerent composition. It contains drywall and masonry walls as well as chairs, tables, and
desktops. These characteristics aﬀect the path loss of electromagnetic waves inside these environments, as this paper displayed its distinctions through the close-in free space loss
models and its extensions beyond the standard deviation.
Future works will be carried out in this area, such as
large-scale modeling for adjacent frequencies to 10 GHz,
such as 8 GHz, 9 GHz, 11 GHz, and 12 GHz, for the same
environments cited in this work using diﬀerent measurement, with the transmitter (Tx) with diﬀerent heights, with
360° Rx rotation to collect multipath signals using co- and
cross-polarization antennas. Moreover, we will carry out
small-scale modeling for the 8 to 12 GHz frequency band.
Finally, a large-scale and small-scale modeling will be executed for millimeter wave bands in the 28 GHz to 93 GHz
band indoors.
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