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With the increasing number of Internet of Things (IoT), Industry 4.0 (I4.0), and mobile devices, it can be expected that base
stations will have to serve more and more clients with a limited number of antennas. For their broadcast channels,
nonorthogonal multiple access (NOMA) and blind interference alignment (BIA) are two efficient and commonly adopted
transmission schemes. This paper conducts a comparison study on these techniques on a 3-user 2 × 1 multiple-input single-
output (MISO) broadcast channel with a limited number of transmit antennas. Specifically, space-time block coding based
NOMA (STBC-NOMA) and NOMA-assisted beamforming (NOMA-BF) are compared with BIA. Both perfect and imperfect
successive interference cancellation (SIC) have been considered for NOMA-based schemes, and the theoretical achievable
rates of all schemes have been derived. Furthermore, with a given fairness constraint among end users, the power allocation
(PA) problems have been solved for cases when accurate channel state information is available at the transmitter (CSIT) as
well as when only path loss information is available. Numerical results show the following: (1) none of the schemes under
this study can always outperform the others under different SNR regions. (2) With imperfect SIC, NOMA-BF, and STBC-
NOMA both suffer from a significant performance loss under a high SNR condition. (3) Fairness PA with only path loss
information provides similar performance as that with perfect CSIT, thus partial CSIT is adequate for system or scheme
designs in practice.

1. Introduction

In modern wireless communications networks, the ever-
increasing demand for devicemobility and connectivitymakes
system design challenging [1–3]. Over the years, various
advanced communication solutions and technologies have
been emerged to address the issues [4–6]. Furthermore, con-
ventional wireless systems have been coupled with Artificial
Intelligence (AI) techniques in response to the desire for a
higher level of intelligence in future networks [7–10]. Among
these techniques, multiuser access becomes challenging when
the number of end users is much larger than the antennas of
the base station. Several technologies have been developed to
solve the problem, including beamforming (BF), interference
alignment (IA), and nonorthogonal multiple access (NOMA).

It is worth noting that channel state information (CSI) is a
critical input parameter for enhancing performance in most
wireless technologies [11, 12].

BF has been studied to improve MIMO systems’ capacity
and spectrum efficiency [13–15] for decades. For scenarios
with base station’s antenna number larger than its end user’s
number, BF-based methods like matched-filter-based BF,
zero-forcing-based BF (ZF-BF), regularized ZF-BF [16],
hybrid BF [17], and deep-learning-based BF algorithm [18]
work well. However, when the transmit antenna number is
less than the number of end users, the aforementioned BF-
based methods start to fail or drop their performances. To
tackle this problem, remedies like beamforming based on
the signal-to-leakage-noise ratio (SLNR) have been proposed
[19]. The common drawback is that the corresponding

Hindawi
Wireless Communications and Mobile Computing
Volume 2022, Article ID 8172300, 10 pages
https://doi.org/10.1155/2022/8172300

https://orcid.org/0000-0003-1143-9513
https://orcid.org/0000-0001-6346-5559
https://orcid.org/0000-0001-6863-9087
https://orcid.org/0000-0003-3306-6148
https://orcid.org/0000-0002-5015-7335
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/8172300


interference leakage causes significant performance reduc-
tions, especially when trying to achieve a fair transmission
power allocation (PA) among end users.

Unlike BF, which is mainly designed for serving a limited
number of end users simultaneously, interference alignment
(IA) is designed for scenarios where the end users’ number is
much larger than the base station’s antenna number [20].
The main idea of IA is to adopt symbol extension to yield
a big precoding space, then align interference signals into a
small-enough subspace and use the remaining space for
transmitting desired symbols. IA can be applied to manage
interference under different scenarios, such as an IA algo-
rithm for managing multitier interference in a two-tier
HetNet [21], and an IA application for Coordinated Multi-
Point (CoMP) systems [22]. Even with its remarkable poten-
tial, the practical implementation of IA is challenging. One
of its limitations comes from the requirement of having a
perfect CSIT. Fortunately, this requirement could be relaxed
for broadcast channels by a so-called blind interference
alignment (BIA) scheme which has been proposed in [23].
BIA is achieved by elaborately designing channel patterns
over several symbol extensions, often known as “supersym-
bols”. The channel pattern of BIA could be implemented
naturally or artificially. Over the years, different BIAs have
been proposed, such as a naturally implemented BIA in a
homogeneous block fading system [24], an artificial BIA
implementation with reconfigurable antennas in K-user
SISO interference channels [25], a hybrid BIA and NOMA
approach for inter-cluster interference canceling [26], a
reconfigurable-antenna-based BIA with minimized mode-
switching overhead [27], and a BIA implementation to
maintain mode-switching fairness among end users [28].

Rather than divisions of time, frequency, or code,
NOMA considers the power domain and uses the power
division to distinguish end users, also known as power-
domain NOMA (PD-NOMA). So, unlike orthogonal multi-
ple access (OMA), NOMA uses the same time, frequency,
and code resource to serve multiple end users and can
achieve higher spectrum efficiency, user fairness, and lower
system delay simultaneously. Since its appearance, it has
been considered as a promising technique for resolving the
multiple access issues mentioned before. Shortly, a general
framework combining MIMO and NOMA has been con-
structed [29]. As the power domain is unrelated to the
domains of time, frequency, and code, NOMA is compatible
with most conventional methods to deliver multiple benefits
simultaneously, like the NOMA-based power transfer and
backscatter communication in [30], the NOMA-based
mobile edge computing (MEC) in [31], and the NOMA-
assisted UAV system in [32]. In PD-NOMA, successive
interference cancellation (SIC) is the key component for
decoding. In SIC, sequential decoding is applied, where sig-
nals with higher power than the desired signal are decoded
first and then subtracted from received signals. Subse-
quently, the desired signal is decoded by regarding other
signals as noise. Due to this sequential property in SIC, the
decoding order influences performances in PD-NOMA and
different attempts have been made to resolve the issues. In
[33], it is shown that the decoding order has no effect on

the achievable sum-rate in uplink PD-NOMA but may lead
to unfairness among users. Considering users with a mini-
mum rate requirement, they studied a joint user grouping,
decoding order, and power control problem. In [34], a joint
position, decoding order, and power allocation problem is
investigated in an Unmanned Aerial Vehicle- (UAV-) based
downlink NOMA. Besides, imperfect SIC has also been stud-
ied intensively. Since the recovery of each symbol with SIC
depends on previous decodings, imperfect SIC causes severe
residual error propagation, which makes NOMA difficult to
adopt in practice. In [35], a power consumption problem in
a multicell NOMA system has been studied, which evaluated
the influence of imperfect SIC. In [36], the impact of imper-
fect SIC has been investigated in MIMO-NOMA systems
when user fairness is considered. Results show that employ-
ing NOMA is not always beneficial when SIC imperfection is
significant when compared with the MIMO-OMA scheme.

With the increasing popularity of IoT and I4.0 devices,
the ratio between the number of end users and the number
of antennas at the corresponding base station is expected
to be more and more extreme, which can hardly be handled
by conventional MIMO BF approaches. In contrast, IA and
NOMA approaches appear to be more promising. However,
to our best knowledge, their practicalities have not been
extensively studied. In this paper, we study and compare
three potential schemes, i.e., BIA, STBC-based NOMA, and
NOMA-assisted BF, when power allocation with fairness is
considered. Achievable sum-rates are derived for all schemes
with the consideration of both perfect and imperfect SIC. PA
problems for all schemes are solved by assuming accurate
CSIT is available. PA problems for BIA and STBC-NOMA
have been further studied by assuming only path loss infor-
mation is available. The numerical simulation results show
that the fair PA with partial channel information can achieve
similar performance than that with perfect CSIT, and it also
has a lower computation complexity. Among the three
candidate schemes under this study, considering both the
imperfect SIC and the overhead of perfect CSIT, BIA
appears to be a promising candidate in practical scenarios.

2. System Model

Consider a K-user M × 1 broadcast channel with K = 3 as
shown in Figure 1, where the base station (BS) is equipped
with M = 2 antennas, and the k-th user (Rx-k) is equipped
with Nk = 1 antenna. Let dk be the achievable degree-of-
freedom (DoF) of the k-th user, then dk ≤min ðM,NkÞ.
Moreover, the maximum achievable sum DoF is upper
bounded by min ðM,∑K

k=1NkÞ [20]. This model is a simple
example of a multiuser channel in which the end user’s
number is larger than the number of BS’s antennas, i.e.,
M < K . In this channel, we apply a composite link model
with both quasistatic Rayleigh fading and large-scale path
loss considered. Then the channel matrix from BS to Rx-
k is modeled as hk = gk/

ffiffiffiffiffiffiffiffiffiffi
LðlkÞ

p
, where hk, gk ∈ℂ

Nk×M

and gk being a Rayleigh fading channel matrix, and lk is
the distance between BS and Rx-k. The path loss function
LðlkÞ is given by
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L lkð Þ =
lk
α, if lk > r0

r0
α, otherwise

(
, ð1Þ

where α = 3 denotes the path loss exponent [37–39] and the
parameter r0 avoids the singularity problem when lk is very
small. Without loss of generality, we assume l1 < l2 < l3, so
user-1 has the least path loss. Moreover, we suppose all chan-
nels undergo additive white Gaussian noise (AWGN) with
zero-mean and variance σ2, where the effect of noise on the
communication systems can be found in [40, 41].

Denote sjk ∈ℂ as the j-th symbol transmitted to the k-th

user, we assume E½jsjkj
2� = ρkP where ρk is the corresponding

power allocation coefficient for user-k and P is the average
transmit energy per time slot from BS.

To sever this multiuser channel, simply apply orthogonal
multiaccess (OMA) schemes.However,OMAschemes, in gen-
eral, have lowerQoSflexibility thanNOMAand IA techniques.

3. Schemes with Full CSIT

3.1. Blind Interference Alignment. The key component of BIA
is the particular feasible channel patterns, also known as
supersymbols. Table 1 shows the feasible channel patterns
conducted by [23, 24], respectively. Without loss of generality,
in this paper, we consider the reconfigurable-antenna-based
BIA in [23]. In this scheme, each receiver node is assumed to
be equipped with a reconfigurable antenna, which can switch
its operating mode across time slots. Table 1(a) shows how
the receive antennas switch their modes over a 4-slots super-
symbol. In the table, we denote hkðmÞ as the channel vector
when the Rx-k’s antenna is on the m-th mode. Here, we use
three precoding matrices ½I I 0 0�T , ½I 0 I 0�T and ½I 0 0 I�T , for
user-1, user-2, and user-3, respectively.

Consider Rx-1, the received signal through 4 slots is

y1 =

h1 1ð Þ
h1 2ð Þ
0
0

2
666664

3
777775

s11

s21

" #
+

h1 1ð Þ
0

h1 1ð Þ
0

2
666664

3
777775

s12

s22

" #
+

h1 1ð Þ
0
0

h1 1ð Þ

2
666664

3
777775

s13

s23

" #
+ z1,

ð2Þ

where sjk is the j-th symbol for thek-thuser and z1 is theAWGN
vector with covariance matrix σ2I. Then, a normalized decod-

ing matrix U1 =
1/

ffiffiffi
3

p
0 −ð1/ ffiffiffi

3
p Þ −ð1/ ffiffiffi

3
p Þ

0 1 0 0

" #
is used

for user-1 and thus we have

U1y1 =
1/

ffiffiffi
3

p� �
h1 1ð Þ

h1 2ð Þ

2
4

3
5 s11

s21

" #
+ u1z1, ð3Þ

whereU1z1 denotes theAWGNafter the postprocessing and its
elements are iid noise with zero-mean and variance σ2.

Let Ĥk = ½ð1/ ffiffiffi
3

p ÞhTk ð1Þ hTk ð2Þ�
T
, then the achievable

rate for user−k is

RBIA
k = 1

4E log det I + γρkĤkĤ
†
k

� �h i
, ð4Þ

where ρk is the power allocation coefficient for user-k, γ =
P/σ2 is the transmit SNR from BS, and Ĥ

†
k is the conjugate

transpose of Ĥk. Here, the design of one supersymbol occu-
pying 4 time slots gives the coefficient 1/4.

Since each user’s symbols are transmitted twice in a BIA
supersymbol, and each supersymbol has four time slots, we

have the power constraint 2ð∑K
k=1∑

M
j=1jsjkj

2Þ = 2MPð∑K
k=1ρkÞ

≤ 4P, hence∑K
k=1ρk ≤ 1. Further, we consider a power alloca-

tion with max-min fairness

P1ð Þ max
ρk k∈ 1,K½ �ð Þ

  min RBIA
k

s:t: C1 : 〠
K

k=1ρk ≤ 1,
  C2 : ρk ≥ 0:

ð5Þ

Note that BIA usually does not consider the power
allocation problem since its implementation needs no CSIT
or any feedback. The power allocation problem for BIA pro-
vides an upper bound and is used in the following perfor-
mance comparison.

To deal with the complicated objective function in equa-
tion (5), we introduce an auxiliary variable r ≥ 0, and equa-
tion (5) can be transformed as

P2ð Þ max
ρk k∈ 1,K½ �ð Þ,r

 r

s:t: C1 : R
BIA
k ≥ r,∀k ∈ 1, K½ �:

  C2 : 〠
K

k=1ρk ≤ 1,
  C3 : ρk ≥ 0, r ≥ 0:

ð6Þ

Thus, problem (6) is a convex programming problem
and can be solved by convex optimization tools.

3.2. STBC-Based NOMA. In downlink power-domain
NOMA, signals for end users are superposed with different
power allocated, then each receiver deploys successive

Rx-1l1

l2

l3

Rx-2

Rx-3
BS

Figure 1: System model of 3-user 2 × 1 broadcast channel.
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interference cancellation (SIC) to decode its desired signal.
Unlike in BF, in NOMA, a BS can serve multiple end users
simultaneously through the power-domain scheme, even
though the number of transmit antennas is less than the
number of end users. Further, since two transmit antennas
are available, to achieve the full transmit diversity gain, we
utilize the space-time block code (STBC). Specifically, we
consider the Alamouti code.

The STBC-based and superposed signals at BS is
given by

x =
x1

x2

" #
=

〠
K

k=1
s1k

〠
K

k=1
s2k

2
666664

3
777775, ð7Þ

where sjk is the j-th symbol for the k-th user, with trans-
mit power allocated by ρkP.

On the receiver side, for instance, the received signal at
user-k is

yk 1ð Þ
y∗k 2ð Þ

" #
=

h1k h2k

h2∗k −h1∗k

" #
x1

x2

" #
+

zk 1ð Þ
z∗k 2ð Þ

" #
, ð8Þ

where ykðtÞ denotes the received signal of the k-th user at
the t-th time/symbol slot, y∗ denotes the conjugate of a
complex number y, and zkðtÞ denotes the corresponding
AWGN with zero-mean and the variance of σ2. Note that
hjk is the channel coefficient from the j-th transmit antenna
to the k-th user. Since l1 < l2 < l3 is assumed in our model
and the decoding order of SIC depends on the channel
quality, then the decoding order of three end users’ signals
is user-3, user-2, and user-1. For instance, user-1 needs to
decode the signals for user-3 and user-2 successively and
then subtract them from the superposed signal, before
decoding its desired symbol.

In this paper we consider imperfect SIC, thus we denote
a parameter μ as the level of residual interference because of

SIC imperfection. Particularly, μ = 0 implies perfect SIC, and
μ = 1 implies no SIC. The value of μ is influenced by the type
of receivers, channel characteristics, and hardware sensibil-
ity. In practice, μ can be easily calculated at the receivers [36].

Assume Ĥk =
h1k h2k

h2∗k −h1∗k

" #
, we have ĤkĤ

†
k = Ĥ

†
kĤk =

ðjh1kj
2 + jh2kj

2ÞI. Note that γ = P/σ2 is the transmit SNR,
thus the covariance matrix of the desired signal vector
can be derived as

Vk = E γρkĤkĤ
†
k

h i
: ð9Þ

Further, we can derive the covariance matrices of
interference from users with decoding order larger than
user-k and from residual interference due to SIC imperfec-
tion, which can be formulated, respectively, as

V kð Þ
SIC = E γ 〠

k−1

i=1
ρi

 !
ĤkĤ

†
k

" #
= E γρSICk ĤkĤ

†
k

h i
, ð10Þ

V kð Þ
imp = E γ μ 〠

K

i=k+1
ρi

 !
ĤkĤ

†
k

" #
= E γρimp

k ĤkĤ
†
k

h i
: ð11Þ

Note that ρSICk = 0when k = 1 and ρimp
k = 0when k = K .

Recall the Alamouti scheme requires 2 time slots, the
achievable rate per time slot of user-k is derived as

RS−NOMA
k = 1

2E logdet I + γρkĤkĤ
†
k

I + γρSICk ĤkĤ
†
k + γρimp

k ĤkĤ
†
k

 !" #

= 1
2E logdet

I + γ ρk + ρSICk + ρimp
k

� �
ĤkĤ

†
k

I + γ ρSICk + ρimp
k

� �
ĤkĤ

†
k

0
@

1
A

2
4

3
5

= 1
2E log

1 + γ ρk + ρSICk + ρimp
k

� �
h1k
�� ��2 + h2k

�� ��2� �
1 + γ ρSICk + ρimp

k

� �
h1k
�� ��2 + h2k

�� ��2� �
0
@

1
A

22
64

3
75

= E log 1 +
γρk h1k

�� ��2 + h2k
�� ��2� �

1 + γ ρSICk + ρimp
k

� �
h1k
�� ��2 + h2k

�� ��2� �
0
@

1
A

2
4

3
5

= E log 1 + Fk

Gk

� �� �
,

ð12Þ

By applying similar transformation in equation (6),
the power allocation problem for STBC-based NOMA is
formulated as

Table 1: Supersymbols of the 3-user 2 × 1 BIA

(a) 4-slots supersymbol in [23]

Slot 1 Slot 2 Slot 3 Slot 4

User-1 h1 (1) h1 (2) h1 (1) h1 (1)

User-2 h2 (1) h2 (1) h2 (2) h2 (1)

User-3 h3 (1) h3 (1) h3 (1) h3 (2)

(b) 4-slots supersymbol in [24]

Slot 1 Slot 2 Slot 3 Slot 4

User-1 h1 (1) h1 (1) h1 (2) h1 (2)

User-2 h2 (1) h2 (2) h2 (2) h2 (2)

User-3 h3 (1) h3 (1) h3 (1) h3 (2)
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P3ð Þ max
ρk k∈ 1,K½ �ð Þ,r

 r

s:t: C1 :
Fk

Gk
≥ r,∀k ∈ 1, K½ �,

  C2 : 〠
K

k=1ρk ≤ 1,
  C3 : ρk ≥ 0, r ≥ 0:

ð13Þ

Problem (13) is intractable due to the nonconvexity of
C1, but can be transformed into geometric programming
(GP) [42]. Here, we introduce a variable t = 1/r, thus
problem (13) can be transformed as

P4ð Þ min
ρk k∈ 1,K½ �ð Þ,t

 t

s:t: C1 :
Gk

Fk
≤ t,∀k ∈ 1, K½ �,

  C2 : 〠
K

k=1ρk ≤ 1,
  C3 : ρk ≥ 0, t ≥ 0:

ð14Þ

Since Gk is a posynomial and Fk is a monomial,
Gk/Fk should be a posynomial. Then problem (14) is
GP and can be solved by convex programming [42].

3.2.1. NOMA-Based Beamforming. In this scheme, we con-
sider full CSIT and employ the conventional BF method.
Note that the maximum achievable DoF in this system is 2,
which is smaller than the number of end users. In this model,
traditional zero-forcing-based beamforming (ZF-BF) cannot
be well applied, since the whole signal space cannot provide
interference-free transmission for all end users simulta-
neously. Other BF schemes, such as BF based on the signal-
to-leakage-noise ratio (SLNR) [19], are declared to be feasible
when M < K . However, in this model, an overloaded user
causes much interference leakage, hence significant perfor-
mance declines especially when considering a max-min fair
power allocation. So, inspired by [43], we use a singular value
decomposition- (SVD-) based BF scheme to serve some end
users and use power-domain NOMA simultaneously to serve
the remaining end users.

In this joint scheme, we suppose a simple NOMA pair-
ing scheme has been adopted for user clustering. Assume
that user-1 experiences the best channel and user-3 experi-
ences the worst, then we collect user-1 and user-3 to form
a NOMA pair. By the joint scheme, we use BF to cancel
the intercluster interference and suppress the intracluster
interference by using NOMA.

Let sk ∈ℂ be the scheduled symbol for the k-th user, the
the precoded signal at the BS is

x = v1 s1 + s3ð Þ + v2s2, ð15Þ

where vk ∈ℂM×1 denotes the transmit BF vector. By apply-
ing SVD for h2, we have h2 = S2Λ2D

H
2 , where Λ2 contains

the singular values of h2. Besides, the columns of S2 and
D2 are the left-singular vectors and right-singular vectors.

We then choose a right-singular vector v1 in D2 correspond-
ing to the zero singular value in Λ2. Thus h2v1 = 0 is
achieved to eliminate interuser interference. Similarly, we
can choose v2 by applying SVD of h1 and thus h1v2 = 0. Note
that in the NOMA-based BF scheme, the channel informa-
tion of user-1 is chosen for deriving v2, so there is no inter-
ference from user-2 to user-1, but the interference leakage
from user-2 to user-3 is unavoidable.

In this section, we assume E½jskj2� = ρkP. For user-2,
interference signals due to the NOMA pair are canceled by
BF, hence the SINR is

SINRNOMA−BF
2 = γρ2 h2v2j j2: ð16Þ

For user-1, BF is used to suppress the interference from
user-2. User-1 first decodes the symbols for user-3, then sub-
tracts them to get its desired signal s1. Considering imperfect
SIC, the SINR is

SINRNOMA−BF
1 = γρ1 h1v1j j2

1 + μγρ3 h1v1j j2 : ð17Þ

For user-3, after considering the intereference from both
v1 and v2, the SINR is given by

SINRNOMA−BF
3 = ρ3 h3v1j j2

ρ2 h3v2j j2 + ρ1 h3v1j j2 + 1/γð Þ : ð18Þ

Since no symbol extensions are required in NOMA-
based beamforming, the average achievable rate of user-k is
denoted as

RNOMA−BF
k = E log 1 + SINRkð Þ½ �: ð19Þ

Similarly in (6), an auxiliary variable t is introduced to
formulate a max-min fairness problem as

P5ð Þ min
ρk k∈ 1,K½ �ð Þ,t

 t

s:t: C1 :
1

SINRNOMA−BF
k

≤ t,∀k ∈ 1, K½ �,

  C2 : 〠
3

k=1
ρk ≤ 1,

  C3 : ρk, t ≥ 0,

ð20Þ

where C2 is provided to meet the transmit power constraint.
Since the precoders vk have been normalized, therefore E

½x� =∑kρkP ≤ P, and hence C2 is derived.
Note that 1/SINRNOMA−BF

k are posynomials, thus
equation (20) is a GP problem.

4. Schemes with Partial CSIT

As shown in Sect.(III-A) and Sect.(III-B), the formulated
power allocation problems require CSIT to solve. However,
in practice, perfect CSIT is hard to acquire. A more general
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situation is utilizing partial CSIT for power allocation, e.g.,
path loss information or statistical information of channels.
Here, assume an LoS path loss channel model in power
allocation. That is,

hk =
1Nk×Mffiffiffiffiffiffiffiffiffiffi
L lkð Þp , ð21Þ

where 1Nk×M is a Nk ×M matrix with each element be 1.
Although we neglect the small-scale fading, the corre-

sponding optimized power allocation is still useful for the
optimization problem under the Rayleigh fading channel.

4.1. Power Allocation for BIA. By substituting the LoS model
(21) into (4), we have the achievable rate of the k-th user in
BIA expressed by

_R
BIA
k = 1

4 log det I + ρkγl
−α
k

1ffiffiffi
3

p 11,2

11,2

2
64

3
75 1ffiffiffi

3
p 12,1 12,1
� �0

B@
1
CA

= 1
4 log 1 + 8

3 ρkγl
−α
k

� �
:

ð22Þ

Assume sinrBk = ð8/3Þρkγl−αk , the fairness power alloca-
tion problem is

P6ð Þ max
ρk k∈ 1,K½ �ð Þ,r

 r

s:t: C1 : sinrBk ≥ r,∀k ∈ 1, K½ �,
  C2 : 〠

K

k=1ρk ≤ 1,
  C3 : 0 ≤ ρk:

ð23Þ

Note that (23) is a linear programming problem and can
be easily solved by the Lagrange dual theory. By applying the
Karush-Kuhn-Tucker (KKT) condition, we can get the
optimal power allocation by

ρk =
lαk

∑K
i=1l

α
i

,∀k ∈ 1, K½ � ð24Þ

4.2. Power Allocation for STBC-NOMA. Assuming the LoS
model in (21), the covariance matrix of the desired signal
vector for the k-th user in STBC-NOMA is

Vk = 2l−αk ρkγI, ð25Þ

where

V kð Þ
SIC = 2l−αk 〠

k−1

i=1
ρi

 !
γI = a kð ÞI, ð26Þ

V kð Þ
imp = 2l−αk μ 〠

K

i=k+1
ρi

 !
γI = b kð ÞI: ð27Þ

Thus the achievable rate is

RS−NOMA
k = log 1 + 2l−αk ρkγ

1 + a kð Þ + b kð Þ

� �
= log 1 + sinrS−NOMA

k

À Á
ð28Þ

Similarly to the problem in (14), the power allocation
problem can be formulated as

P7ð Þ min
ρk k∈ 1,K½ �ð Þ,t

 t

s:t: C1 :
1

sinrBk
≤ t,∀k ∈ 1, K½ �,

  C2 : 〠
K

k=1ρk ≤
1
2 ,

  C3 : ρk ≥ 0, t ≥ 0,

ð29Þ

which is a GP problem.

5. Simulation Results and Discussion

In this section, all the schemes mentioned previously are
compared via numerical simulation. Suppose l1 = 4, l2 = 5,
and l3 = 6. Since in this paper, we consider end users with
different distances to the BS, and the channel quality is
related directly to the distance, we adopt the NOMA cluster-
ing scheme according to the distance. For example, since l1
< l2 < l3, the decoding order in SIC of STBC-NOMA will
be user-3, user-2, and then user-1, while in NOMA-BF,
user-3 will be paired with user-1.

5.1. Schemes with Perfect CSIT. Figure 2 shows the ergodic
achievable sum-rate for the three schemes with perfect SIC
in linear scale and logarithmic scale, respectively. Note that
in this section, perfect CSIT is considered for power alloca-
tion. The figures show that, under the low and medium
SNR scenarios, the STBC-NOMA scheme outperforms other
schemes, while BIA is better than NOMA-BF. The reasons
are as follows: (1) the rate enhancement yielded by the diver-
sity gain of STBC-NOMA is larger than the contributions of
multiplexing gain that the other two schemes obtain, (2) BIA
sacrifices some DoF for its fairness among three end users,
(3) In NOMA-BF, because of the fairness-oriented max-
min rate objective, the user with the worst channel state is
allocated with much more power, which reduces the sum-
rate at the low-SNR scenario.

Under the high SNR scenario, STBC-NOMA performs
the worst because it offers no multiplexing gain. By contrast,
NOMA-BF outperforms the other two schemes. This can be
explained by the DoF/multiplexing-gain difference. In the
system model considered, the sum DoF achieved by
NOMA-BF is 2, the achievable sum DoF of BIA is 3/2, and
STBC-NOMA only has a sum DoF 1. Interestingly, applying
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PA with perfect CSIT, BIA can deliver decent performances
under both low and high SNR scenarios.

Figure 3 shows the ergodic achievable sum-rate con-
sider imperfect SIC in NOMA-based schemes. From the
figure we observe the following: (1) compared with sys-
tems with perfect SIC, there is performance loss on
NOMA-BF and STBC-NOMA with imperfect SIC under the
high SNR scenarios. The reason is that residual interference

on SIC is proportional to SNR, thus leading to a significant
performance loss on the sum-rate under high SNR. (2) The
imperfection of SIC causes much performance loss on
STBC-NOMA than on NOMA-BF. This can be explained by
the different levels of residual interference in the two schemes.
In NOMA-BF, only two users are clustered as a NOMA pair
and apply SIC for intercluster interference cancellation. While
in STBC-NOMA, all users are clustered and SIC is required for
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canceling interference among all users. (3) Under low SNR
scenarios, STBC-NOMA achieves the highest sum-rate as
indicated in Figure 2.

5.2. Schemes with Partial CSIT. In this section, PA considering
only path loss information is compared with PA considering
perfect CSIT in BIA and STBC-NOMA. Note that NOMA-
BF is not considered in this section, because with only path loss
information available, the precoder in NOMA-BF cannot be

fully functional. Since PA with perfect CSIT can yield fair rates
among users, for simplicity, we only chose user-1 considering
perfect CSIT for comparison in this section.

In Figure 4, PA with perfect CSIT and with only distance
information available are compared, with perfect SIC
considered in NOMA. From the figure, we observe that the
proposed PA with only distance information available has
unequal ergodic rates among users, especially in the high
SNR region. However, its performance is acceptable since
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the absence of accurate CSIT and low computation complex-
ity. The performance of BIA with perfect CSIT is very close
to that of BIA with path loss information only.

Figure 5 compares the PA with perfect CSIT and with
only distance information available in STBC-NOMA. In
the medium SNR region, PA with only distance available
achieves unequal rates among users. However, as SNR
increases, equal rates among users are achieved by consider-
ing only distance information, which is the same as perfor-
mance when considering accurate CSIT. The reason is that
imperfect SIC provides the same rate constraint in high
SNR region for each user, thus users achieve equal rates as
SNR increases. Results presented in Figure 5 show that in
the high SNR region, it is possible to achieve max-min fair-
ness optimization with only distance information available
when imperfect SIC is considered.

6. Conclusion

In this paper, we consider scenarios when the number of BS
transmit antennas is less than the number of end users.
Three feasible schemes have been investigated, i.e., BIA,
STBC-NOMA, and NOMA-BF. Under PA of a max-min
fairness objective, the sum-rates of the three schemes have
been derived with the consideration of both perfect and
imperfect SIC. Then, the formulated PA problems are solved
assuming perfect CSIT is available as well as assuming only
path loss information is available. Numerical simulations
show that partial channel information is adequate, which
can be used as a criterion in system or scheme designs. Out-
comes of this study serve as guidelines for system integrators
to pick the best approach for their systems. The formulations
also serve as benchmarks and an evaluation framework for
up-and-coming designs. For future research, different
constraints/objectives can be considered in the PA. Never-
theless, the benefits of integrating NOMA and BIA should
be further investigated.
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In this paper, we investigate an innovative physical layer security (PLS) scheme for an uncertain reconfigurable intelligent surface-
(RIS-) assisted communication system under eavesdropping attack. Specifically, in our proposed system, we consider that the
uncertain RIS is known to the legitimate user while not to the eavesdropper (Eve). In this manner, the reflective elements of
the uncertain RIS are adjusted to strengthen the keen signals for the legitimate user while suppressing the signals for Eve via
jamming. We analyze the system by assuming legitimate and wiretap channels, respectively, where the secrecy capacity
maximization problem is formulated and its exact closed-form expression is derived. Simulation results verifying the accuracy
of our analysis demonstrate the validity and superiority of the uncertain RIS-assisted communication system against its
counterparts.

1. Introduction

Due to the fast development of the mobile communication
network, the continuous emergence of new services, and the
fulminic growth of information interaction, the fifth-
generation (5G) wireless communications are anticipated to
provide massive data transmissions and wide-area coverage
as a new type of communication network [1]. For the upcom-
ing applications of 5G, future wireless communication systems
are anticipated to support more efficient, lower latency, more
reliable, and secure designs. With the rapid evolution of sci-
ence, lots of technologies have been implemented in 5G com-
munication network to satisfy its diverse application scenarios,
e.g., multiple access technology [2], deep learning (DL) [3],
and beamforming [4]. Meanwhile, due to the explosive growth
of information dissemination and massive information inter-
action, public communication networks and private commu-
nication networks are often mixed, which makes information
security issues more important [5].

Physical layer security (PLS) enhancement has aroused
extensive attentions in both industry and academia thanks
to its superb capability of light-weight authentication on
received signals against eavesdropping attacks [6]. Since

the PLS takes advantage of the natural peculiarities and
physical properties of propagation environment to promote
the security performance of 5G communication network and
secure the data transmission, it has attracted extensive atten-
tion in the academia and industry circles [7]. Several dimen-
sions of designing PLS schemes have been identified in the
literature, via nonorthogonal multiple access (NOMA) [8],
artificial noise (AN), and cooperative interference [9].
Although effective, they may consume extra power and/or
incur additional hardware cost, thus forming significant bar-
riers in the real implementations.

Fortunately, with the rapid evolution of metamaterial
technology, a low cost and energy efficient device named
reconfigurable intelligent surface (RIS) offers an available
way to strengthen the PLS [10]. The RIS is an artificial elec-
tromagnetic surface consisting a great many cheap passive
reflecting elements governed by a preprogrammed control-
ler, which can skillfully change the amplitude and/or phase
shift of arriving galvanomagnetic signals to make the direc-
tion and strength of the signal greatly controllable at the des-
tination. Thus, the RIS cannot only strengthen the required
signals and restrain the undesirable signals by befittingly
tuning the phase shifts of all reflecting components but also
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effectively improves the radio transmission environment
leading to the random channel state information (CSI) con-
trollable [11, 12]. Therefore, it can be anticipated that the
RIS will occupy an important position in the 5G wireless
communication network [13].

With such characteristics, RIS has recently been considered
to enable the PLS of wireless communication system to promote
the secrecy capacity [14–18]. In [14], the minimum secrecy rate
maximization problem of one downlink multiple-input single-
output (MISO) broadcasting communication model was for-
mulated and optimized via alternating optimization (AO) and
path tracing algorithm. The authors in [15] introduced an
RIS-based secure transmission framework aiming to obtain
the minimum value of its communication network energy con-
sumption within the scenarios of two different access point-
(AP-) RIS channel models. In [16], the joint optimization of
transmitter beamforming and RIS phase shifts by block coordi-
nate descending (BCD) and majorization-minimization (MM)
methods was studied to maximize the system security capacity
for the secure wireless communication assisted with RIS. Cui
et al. [17] considered a stronger eavesdropping channel than
the legal one, where the AO and semidefinite relaxation (SDR)
algorithms were explored to derive the maximum value of the
security capacity in the secure wireless communication system.
Wang et al. [18] investigated an RIS-aided MISO communica-
tion network with the unknown eavesdropping CSI, where the
oblique manifold (OM) and MM algorithms were designed to
promote the security of the communication network.

Note that the above mentioned studies [14–18] simply
focused their attention on one function of RIS, i.e., enhancing
or jamming, but the unknown situation of RIS was not consid-
ered. This paper investigates RIS-assisted secure wireless com-
munication with the main contributions listed as follows:

(i) We propose a novel PLS communication system
with an uncertain RIS aiming to enhance the secrecy
rate, where the components of RIS are separated
into two functional parts, one assisting the legiti-
mate user and the other suppressing the achievable
rate of eavesdropper as a jammer.

(ii) The optimal result of elements allocation for RIS is
analyzed, and its exact closed-form expression is
concluded to confirm the superiority of our pro-
posed scheme.

(iii) Numerical results verifying the correctness of the
derived expression show the advantage and validity
of the designed scheme compared with its counter-
parts, especially under a great many reflecting
elements.

2. System Model

An uncertain RIS-assisted secure communication system is
considered, which consists of a source (S), a legitimate user
(B), an eavesdropper (Eve), and an RIS, as depicted in
Figure 1. To improve the secure wireless communication,
the RIS with N reflecting elements is placed near by S, B,
and Eve which are equipped with a single antenna. For the

uncertain RIS, the size of each element is considered a lot
smaller than the wavelength of RF signals resulting in that
the reflecting element scatters the received signal in whole
directions with approximately constant gain [19], and the
phase shift of each passive units is controlled dynamically
by RIS via an intelligent controller. It is also supposed that
both S and B have the knowledge of the location information
of RIS, while Eve is unable to acquire the location informa-
tion of RIS, and that the CSI of the uncertain RIS is entirely
known to S and B, but not for the Eve.

The direct links of S⟶ B and S⟶ Eve are considered,
which are expressed by hSB ∈ℂ and hSE ∈ℂ, respectively.
Considering that the number of components is fixed to N ,
we divide the surface of RIS into two sectors, in which the
one with η elements is used to serve as a jammer to Eve and
the other with ðN − ηÞ elements is applied to promote the
information signals from S to B via high-quality virtual links.
The source transmits the signal to legitimate user via the RIS
to promote the information transmission for the legitimate
user, and the channel coefficients of the links S⟶ RIS and
RIS⟶ B are expressed by hSR1

∈ℂη×1 and hR1B
∈ℂη×1,

respectively. Since the eavesdropper attempts to wiretap the
signal from S, it is assumed that the eavesdropper does not
know the location of RIS, and hence, the reflected signals from
RIS will be treated as jamming signals for the Eve, with the
available links S⟶ RIS and RIS⟶ Eve denoted as hSR2

∈
ℂðN−ηÞ×1 and hR2E

∈ℂðN−ηÞ×1, respectively. Furthermore, it is
assumed that each channel of the system follows independent
Rayleigh fading distribution. Thus, the received signals at B
and Eve are separately expressed as

yB =
ffiffiffi
P

p
hSB + hHR1B

Θ1hSR1

� �
s + n1, ð1Þ

yE =
ffiffiffi
P

p
hSEs +

ffiffiffi
P

p
hHR2E

Θ2hSR2
s + n2, ð2Þ

where s and P mean the data symbol and the transmit power
for S and E½jsj2� = 1. Θ1 = α diag ðejψ1 ,⋯,ejψN−ηÞ and α ∈ ð0,
1� stand for the channel coefficient matrix of the RIS sector
serving B and the amplitude of the reflection coefficient, where
α = 1 represents the lossless reflection; ψi ∈ ½0, 2πÞ is the
phase-shift produced by the i-th element for i = 1,⋯,N − η.
Θ2 = α diag ðejϕ1 ,⋯,ejϕηÞ stands for the channel coefficients
matrix of the RIS sector allocated for Eve, ϕj ∈ ½0, 2πÞ is the
phase-shift produced by the j-th element for j = 1,⋯, η. In
addition, n1 and n2 ~CN ð0, σ2Þ are the additive white Gauss-
ian noise (AWGN).

Since the signal from RIS will be treated as interference by
the Eve because of the unknown CSI of RIS, the achievable
SNR at B and SINR at Eve can be, respectively, obtained from

γB =
P
σ2

hSB + hHR1B
Θ1hSR1

��� ���2, ð3Þ

γE =
P hSEj j2

P hHR2E
Θ2hSR2

��� ���2 + σ2
: ð4Þ
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For any given Θ1 and Θ2, the data rate expressions for B
and Eve can be achieved from the Shannon theory as RB =
log2ð1 + γBÞ and RE = log2ð1 + γEÞ.

From above observations, the secrecy capacity (SC) in
our proposed scheme can be expressed as

CS = RB − RE½ �+, ð5Þ

where ½x�+ = max ð0, xÞ. Considering that the deterministic
channels for B and Eve are fully known for S, with the opti-
mized phase shift variables, the SC optimization of the pro-
posed uncertain RIS-assisted communication system is
formulated as

P 1 : max
Θ1,Θ2f g

CS,

s:t: Θ1 = diag ejψ1 ,⋯, ejψN−η

� �
,

ð6aÞ

ejψi
�� �� = 1, ψi ∈ 0, 2π½ Þ, ∀i ∈ 1,N − ηð Þ,

Θ2 = diag ejϕ1 ,⋯,ejϕη
� �

, ð6bÞ

ejϕ j

��� ��� = 1, ϕj ∈ 0, 2π½ Þ, ∀j ∈ 1, ηð Þ: ð6cÞ

Clearly, it is quite challenging to solve this optimization
problem straightforwardly. Thus, we turn to analyze its secu-
rity performance with optimal elements allocation and
derive the corresponding optimal solutions.

3. Performance Analysis

In the section, the optimization problem of maximizing SC
for the proposed system is analyzed under the optimal ele-
ments allocation of RIS, and then we derive the optimal
solution for such problem. Since the maximum SC must be

nonnegative, the ½·�+ operation can be omitted without loss
of optimality. With the monotonic function logð·Þ, the objec-
tive function in P 1 is reexpressed as

R = max
Θ1,Θ2f g

1 + γB
1 + γE

: ð7Þ

For simplicity, the reflective passive beamforming with
perfect CSI of RIS is taken into account, and we also assume
entire elements of the RIS are with the same reflection
amplitude [20]. Thus, we have hHR1B

Θ1hSR1
= α∑N−η

i=1 ejψi

½hSR1
�
i
½hR1B

�
i
and hHR2E

Θ2hSR2
= α∑η

j=1e
jϕ j ½hSR2

�
j
½hR2E

�
j
. In the

case that S knows the CSI of all channels completely, the
optimal reflection phase shift can be obtained through chan-
nels. In addition, the optimal phase shift can be derived via
the proposition as follows.

Proposition 1. The optimal RIS phase shift of the communi-
cation network is expressed as

θn = arg hSUð Þ − arg hSR½ �n hRU½ �n
� �

, n = 1,⋯,N , ð8Þ

where ½hSR�n and ½hRU �n represent the n-th element of hSR and
hRU , respectively. hSU and hRU represent the links from BS
and RIS to user, respectively, and arg ð·Þ denotes the phase
operator.

Proof. Note that the function jhSU + hHRUΘhSRj2,U ∈ fB, Eg
can be rewritten as

hSU + hHRUΘhSR
�� ��2

= hSUj j2 + hHRUΘhSR
�� ��2 + 2 hHRUΘhSR

�� �� hSUj j cos
· arg hSUð Þ − arg hHRUΘhSR

� �� 	
, U ∈ B, Ef g:

ð9Þ

Figure 1: The uncertain RIS-assisted PLS system.
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From Equation (9), it can be easily verified that

jhSU + hHRUΘhSRj2 achieves its maximum value for cos ½arg ð
hSUÞ − arg ðhHRUΘhSRÞ� = 1, which means that the phase
shifts of both direct and cascaded links between the U and
S are identical, i.e. arg ðhSUÞ = arg ðhHRUΘhSRÞ. Therefore,
Equation (8) can be derived, which completes this proof.

As a result, the maximum achievable SNR can be obtained
if the phase shifts satisfy ψi = arg ðhSBÞ − arg ð½hSR1

�
i
½hR1B

�
i
Þ

and ϕj = arg ðhSEÞ − arg ð½hSR2
�
j
½hR2E

�
j
Þ, which means that

the cascaded links via RIS are with the same phase as the cor-
responding direct links [21]. Therefore, we have

γB =
P
σ2

hSB + α 〠
N−η

i=1
hSR1

� 	
i
hR1B

� 	
i

�����
�����
2

, ð10Þ

γE =
P hSEj j2

P α∑η
j=1 hSR2

� 	
j
hR2E

� 	
j

��� ���2 + σ2
: ð11Þ

From Equations (10) and (11), it is easy to see that the SNR
of B and SINR of Eve only rely on the amplitudes of the reflec-
tive elements, not on their phases. Therefore, we can reformu-
late the optimization problem as

P 2 : max
η

1 + γB
1 + γE

, ð12aÞ

s:t:  0 ≤ η ≤N: ð12bÞ
Clearly, P 2 is nonconvex and hard to obtain its optimal

result. Therefore, we turn to derive its closed form in an
approximate way. Assuming the equivalent size for each RIS
element, thus, it follows that all elements in hSR, hR1B

, and
hRE have the same magnitude, respectively. For brevity, we
have jhSBj =

ffiffiffiffiffiffiffi
βSB

p
, jhSEj =

ffiffiffiffiffiffiffi
βSE

p
, 1/ðN − ηÞ∑N−η

i=1 j½hSR1
�
i

½hR1B
�
i
j = ffiffiffiffiffiffiffi

βRB

p
, and 1/N∑η

j=1j½hSR2
�
j
½hR2E

�
j
j = ffiffiffiffiffiffiffi

βRE

p
. In addi-

tion, βRB = hSRhRB and βRE = hSRhRE, where hSR, hRB, and hRE
are the channel coefficients of S, B, and Eve related to a single
element of RIS, respectively [22]. It is known that, for a small
number of components, the channel gain provided by RIS
should be smaller than that of the direct channel. However,
as the amount of reflective components grows, the channel
gain provided by RIS significantly improves and becomes
much larger than that of direct channel. Then, we can refor-
mulate Equations (10) and (11) in the more compact forms as

γB =
P
σ2

ffiffiffiffiffiffiffi
βSB

q
+ N − ηð Þα

ffiffiffiffiffiffiffi
βRB

p
 �2
, ð13Þ

γE =
PβSE

Pα2βREη
2 + σ2

: ð14Þ

Since γB ≫ 1, letting 1 + γB ≈ γB and with Equations (13)
and (14), the secrecy capacity maximization problem can be

obtained from

γB
1 + γE

=
P/σ2� � ffiffiffiffiffiffiffi

βSB

p
+ N − ηð Þα ffiffiffiffiffiffiffi

βRB

p� �2

1 + PβSE/ PβREα
2η2 + σ2ð Þð Þ

= P
σ2 αSB + N − ηð ÞαRBð Þ2 1 − Pα2SE

Pα2SE + Pα2REη2 + σ2


 �
,

ð15Þ

where αSB =
ffiffiffiffiffiffiffi
βSB

p
, αRB = α

ffiffiffiffiffiffiffi
βRB

p
, αSE =

ffiffiffiffiffiffiffi
βSE

p
, and αRE = αffiffiffiffiffiffiffi

βRE

p
. Since the term P/σ2 has no influence on solving the

optimization problem in Equation (15) and the approxima-
tion Pα2SE + σ2

E ≈ Pα2SE holds due to Pα
2
SE ≫ σ2

E, the above max-
imization problem can be simplified as

R ηð Þ = αSB + αRB N − ηð Þð Þ2 1 − α2SE
α2SE + α2REη

2


 �
: ð16Þ

Since the function in Equation (16) is continuous, we can
derive the following expression by its first-derivations as

∂R ηð Þ
∂η

= 2α2SE αSB + αRB N − ηð Þð Þ
α2SE + α2REη

2� �2
� αRBα

2
SE + αSB +NαRBð Þα2REη

� �
− 2αRB αSB + αRB N − ηð Þð Þ:

ð17Þ

It is quite difficult to analyze its trend directly from the
above formula; then, the second-derivation is derived and sim-
plified as

∂2R ηð Þ
∂η2

= 2
α2SE + α2REη

2� �3 α2SEα
2
RE αSB + αRB N − 2ηð Þð Þ − αRBα

4
REη

3� ��
� αRBα

2
REη

2 2η − 3Nð Þ − 3αSBα2REη2 + αRBα
2
SE N − 2ηð Þ�

+ αSBα
2
SE

�
− αSB + αRB N − ηð Þð Þ α2SE + α2REη

2� �
� 2αRBα2SEα2REη + 3αRBα4REη3
� ��

:

ð18Þ

Through the positive and negative judgment in Equation
(18), we can acquire the monotonicity of the first-derivation
expression and further determine whether it has a zero point
in the value range. For simplicity let G1ðηÞ = α2SEα

2
REðαSB +

αRBðN − 2ηÞÞ − αRBα
4
REη

3, G2ðηÞ = αRBα
2
REη

2ð2η − 3NÞ − 3
αSBα

2
REη

2 + αRBα
2
SEðN − 2ηÞ + αSBα

2
SE, and G3ðηÞ = −ðαSB +

αRBðN − ηÞÞðα2SE + α2REη
2Þð2αRBα2SEα2REη + 3αRBα4REη3Þ. Due

to the positive characteristic of 2/ðα2SE + α2REη
2Þ3, Equation

(18) can be simplified as

∂2R ηð Þ
∂η2

=G1 ηð ÞG2 ηð Þ + G3 ηð Þ: ð19Þ

Clearly, G1ðηÞ, G2ðηÞ, and G3ðηÞ are monotonically
decreasing with η, where G1ð0Þ > 0, G1ðNÞ < 0, G2ð0Þ > 0, G2
ðNÞ < 0, andG3ðηÞ are always smaller than 0 with the increase
of η. Therefore, one can conclude that G1ðηÞ and G2ðηÞ have
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zero points in their effective domain, which are denoted by ξ1
and ξ2, respectively. For the sake of illustration, letting ξ1 < ξ2,
we have

G1 ηð ÞG2 ηð Þ
>0, for 0 ≤ η < ξ1,
<0, for ξ1 ≤ η < ξ2,
>0, for ξ2 ≤ η ≤N:

8>><
>>: ð20Þ

Since G3ðηÞ is always smaller than 0 with the increase of η,
it can be regarded as a constant and has no effect on the trend
of G1ðηÞG2ðηÞ, but it determines their zero points. According
to Equation (18), ∂2RðηÞ/∂η2jη=0 = 0. However, the positive or
negative of Equation (18) cannot be determined; thus we dis-
cuss each case separately. For the case ∂2RðηÞ/∂η2jη=N > 0, the
monotonicity of Equation (18) is similar to that ofG1ðηÞG2ðηÞ
. However, when ∂2RðηÞ/∂η2jη=N < 0, the zero point of Equa-
tion (18) denoted by ζ exists, and hence, we can conclude

∂2R ηð Þ
∂η2

>0, for 0 ≤ η < ζ,
<0, for ζ ≤ η <N:

(
ð21Þ

Through observing the positive and negative of ∂2RðηÞ/∂
η2, we know that the first-derivation of RðηÞ tends to increase
and then decreases and then maybe increase again with the
increase of η, where ∂RðηÞ/∂ηjη=0 = 0 and ∂RðηÞ/∂ηjη=N < 0.
Therefore, there exists a maximum value of the secrecy rate
for the formulated optimization problem, within the scope of
its first derivative in solving extreme result. Thus, we can
derive the optimal solution by calculating the equation of ∂R
ðηÞ/∂η = 0, and the maximum secrecy capacity is also deter-
mined. Letting ∂RðηÞ/∂η = 0, the objective function can be
simplified as

αRBα
2
REη

3 + 2αRBα2SEη − α2SE αSB +NαRBð Þ = 0: ð22Þ

Since αRBα
2
RE ≠ 0, we can eliminate the coefficient of the

first term in Equation (22) and obtain the following equation:

η3 + 2 α
2
SE

α2RE
η −

α2SE
αRBα

2
RE

αSB +NαRBð Þ = 0: ð23Þ

Clearly, Equation (23) is a special cubic equation, which
can be solved by the Cardano formulamethod. FromEquation
(23), we can find that α2SE/α2RE ≥ 0 and α2SE/αRBα2REðαSB +N
αRBÞ ≥ 0, it can be converted into the form of

η3 + pη + q = 0, ð24Þ

where p = 2α2SE/3α2RE and q = −α2SE/αRBα2REðαSB +NαRBÞ. In
addition, due to p ≠ 0 and q ≠ 0, letting η = u + v, we have

η3 = u + vð Þ3 = u3 + v3 + 3uv u + vð Þ = u3 + v3 + 3uvη: ð25Þ

Comparing the coefficients of Equations (24) and (25) and

after some mathematical manipulations, we can obtain

u3 + v3 = −q,

u3v3 = −p
3

� �3
:

8<
: ð26Þ

According to q2 + ð4p3/27Þ > 0, u3 and v3 are two roots of
the equation x2 + qx − ðp/3Þ3 = 0, which can be found by the
root formula; the corresponding closed-form expressions can
be obtained from

u∗ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−q
2 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q
2

� �2
+ p

3
� �3

r
3

s
,

v∗ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−q
2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q
2

� �2
+ p

3
� �3

r
3

s
:

8>>>>><
>>>>>:

ð27Þ

In this manner, the optimal solution of Equation (15) can
be finally expressed as

η∗ = u∗ + v∗d e, ð28Þ

where d·e is the ceiling function. Thus, from the closed-form
expression of η∗, N − η∗ can thus be obtained as the optimal
number of elements allocated for serving B.

4. Numerical Result Comparison

In the section, we validate the expression of the analysis and
evaluate the performance of our considered system with the
assistance of the uncertain RIS via simulation results. All
links in the system are assumed to follow independent Ray-
leigh fading with the path loss exponent of 2.2, and the noise
variance is -94 dBm. For simplicity, the following node loca-
tions are considered: ðxS, ySÞ = ð0, 0Þ, ðxR, yRÞ = ð40, 10Þ, ð
xB, yBÞ = ð50, 0Þ, and ðxE , yEÞ = ð45,−5Þ.

Figure 2 illustrates the variation of achieved rate as the
number of elements for Eve with the fixed transmit power
P = 1W varies, and the total number of elements is set to
1,000. The achievable rates of B and Eve are decreasing when
the number of the elements for Eve increases, as shown in
the figure. However, the achievable rate at Eve decreases sig-
nificantly than that of the one at B. It also illustrates that the
achievable secrecy rate is first increasing and then decreasing
with an increasing number of elements for Eve. Thus, there
exits an optimal value of elements for B and Eve as the result
of 10.0392 bps/Hz. Through observation, it is known that
450 is the optimal value in the simulation results which are
equal to the optimal value obtained from our analysis in
Equation (28).

In Figure 3, we compare different schemes of elements
allocation versus the transmit power with the power from
1W to 30W. By means of the simulation, we compare sev-
eral models including the proposed scheme, all elements of
RIS to enhance secure communication at B, all elements of
RIS to interfere Eve, and the model without RIS. For the sys-
tem without RIS, its achievable secrecy rate is 0 since the
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achievable rate at Eve is higher than that at B. And when all
the components of RIS are used to improve the legitimate
communication, the secrecy rate is determined by the CSI
instead of the transmission power of base station; thus, the
secrecy rate keeps constant under varying transmit power.
The achievable secrecy capacity for our considered scheme
and the one that all elements to interfere Eve monotonically
increase with the increasing transmit power, and our pro-
posed scheme achieves better results. Moreover, it also ver-
ifies that our proposed scheme has a higher secrecy
capacity than other schemes, which makes it superior com-
pared with than other schemes.

Figure 4 demonstrates the variation of achievable secrecy
rate with total number of elements for RIS, in which N is set
to be 500, 1,000, and 1,500. According to the figure, the
achievable secrecy capacity is increasing as the transmit
power increases. In addition, it reveals that the secrecy rate
in the uncertain RIS-assisted communication network
increases with an increasing number of components.

5. Conclusions

This paper investigated uncertain RIS-assisted PLS, with the
presence of an eavesdropper. The uncertain RIS can enhance
the signal for the legitimate user while jamming the eaves-
dropper by separating the components of RIS into two
functional sections. The optimal element allocation and
achievable secrecy rate can be obtained in their closed forms
by solving the formulated problem. Numerical results verify-
ing the accuracy of the derived expression show the advantage
of our considered scheme compared with its counterparts.
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This paper considers the application of reconfigurable intelligent surface (RIS) to non-terrestrial non-orthogonal multiple access
(NOMA) networks. More specifically, the performance of a pair of non-orthogonal users for RIS assisted non-terrestrial NOMA
networks is investigated over large-scale fading and Nakagami-m fading cascaded channel. The exact and asymptotic expressions
of outage probability are derived for the nearby user and distant user with the imperfect successive interference cancellation (SIC)
and perfect SIC schemes. Based on the approximated results, the diversity orders of these two users are obtained in the high signal-
to-noise ratios. The simulation results are used to verify the theoretical derivations and find that: 1) The outage behaviors of RIS
assisted non-terrestrial NOMA networks outperforms than that of orthogonal multiple access; 2) By increasing the number of
reflecting elements of RIS and Nagakami-m fading factors m′ and Ω, RIS-assisted non-terrestrial NOMA networks are able to
achieve the enhanced outage performance.

1. Introduction

With the development of the fifth-generation (5G) commu-
nication technologies, mobile communication has gradually
entered the era of high-speed interconnections [1], and
research on the sixth-generation (6G) communication tech-
nologies has gradually been carried out to aim at the
achievement of global coverage, enhanced spectrum effi-
ciency, better security and higher intelligence level [2]. As
one of the key technologies of 6G, non-orthogonal multiple
access (NOMA) has ability to support multiple users’ infor-
mation which is linearly superposed at the same physical
resource over different power levels. The authors of [3] well
explained the development status and working principle of
NOMA. And in existing researches, NOMA technologies
have been applied in the Internet of Things industry for
improving the spectral efficiency to make up for the shortage

of spectrum resources [4]. Also NOMA can not only meet
the requirements of communication transmission, but also
have more prominent advantages in energy consumption [5].

Recent years have witnessed a spurt of progress in
NOMA technologies and studies about terrestrial scenarios
have provided new insights into NOMA application. The
specific concept of NOMA is that multiple users’ signals
are overlaid at the transmitting end by employing the super-
position coding scheme. At receiving end, the successive
interference cancellation (SIC) is carried out to peel off the
desired signal [6]. In the SIC process, the strong users firstly
decode all weak users’signals and remove them for the prep-
aration to decode their own signals. The weak users directly
decode their own signals by treating the signals of all strong
users as interference. It has shown that NOMA is capable of
providing the enhanced system efficiency and user fairness
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with respect to orthogonal multiple access (OMA), and the
authors of [7] provided a systematic treatment of NOMA
from its combination with multiple-input multiple-output
technologies to cooperative NOMA. The performance of
unified NOMA framework was surveyed in terms of outage
probability by taking into account both perfect SIC (pSIC)
and imperfect SIC (ipSIC) [8]. Furthermore, the ideology
of NOMA was extended to cooperative communications
[9], where the nearby user with better channel conditions
was reviewed as the relaying to forward information for dis-
tant user. In [10], the authors analyzed the ergodic rate of
decode-and-forward (DF) relaying based cooperative
NOMA systems. With the emphasis on physical layer com-
munications, the authors of [11] investigated the secrecy
outage behaviors of NOMA networks with the aid of sto-
chastic geometry. Additionally, the authors in [12] proposed
a backscatter assisted NOMA network and confirmed that
the transmission reliability and effectiveness can be
enhanced without impairing the spectrum efficiency. Apply-
ing NOMA to random access, the NOMA assisted semi-
grand free transmission was proposed in [13], which solves
the problems of no upper limit on the number of admitted
users. A channel differences exploiting scheme for NOMA
was discussed in [14], where a dual-hop cooperative relaying
network was proposed and a best relay was picked up as an
active node for transmission. For better reliability of NOMA
based networks, the authors of [15] suggested a multi-band
scheduling policy which accommodates the near and far
users through sub-band exploring.

Non-terrestrial communication network is one of the
important application scenarios for 6G networks and a lot
of attention have been received on it [16]. The NOMA tech-
nology can also be incorporated into the space-air-ground
networks and play a pivotal role in the non-terrestrial com-
munication scenarios [17]. Cooperative NOMA communi-
cation protocol was applied to a satellite-terrestrial
networks in [18], in which outage performance was notably
improved because of the application of NOMA scheme. An
unmanned aerial vehicle (UAV) was used as a relay in
[19], where NOMA scheme was utilized to transmit signals
to solve the detection-vector optimization problem about
UAV signal collection. Additionally for NOMA-UAV net-
works in [20], a path following algorithm was proposed to
formulate the max-min rate optimization under NOMA
scheme with a UAV serving a large number of ground users.
Multi-layer NOMA satellite network was studied in [21],
joint user pairing and power allocation scheme were intro-
duced to deal the frequency interference coordination
between different orbits. Different from studying on geosta-
tionary orbit scenarios, the authors of [22] studied a low
earth orbit satellite NOMA system, huge time delay and
Doppler shift were taken into consideration carefully. In
terms of performance analysis, the authors in [23] analyzed
the outage behaviors of satellite NOMA networks based on
Shadowed-Rician fading channels, the diversity order of
the users have achieved with ipSIC and pSIC scheme,
respectively. With the perspective on decoding and trans-
mitting mode in [24], the outage performance for amplify-
and-forward (AF) relaying transmission protocols under

the hybrid satellite-terrestrial overlay NOMA network was
analyzed in detail. Meanwhile in [25], a two-user NOMA-
based hybrid satellite-terrestrial relay network was investi-
gated, where the secondary user acquire its desired signal
through a DF relay.

Reconfigurable intelligent surface (RIS), as a new type of
transmission relay, has ability to correct the wireless channel
through a highly controllable software, which paves the way
for an intelligent and programmable wireless environment
[26–28]. Because of its novelty and greater gain, the RIS-
assisted NOMA networks have attracted a large part of
research effort [29–31]. In [29], the performance of theoretical
framework for the RIS and AF relaying were compared and
results showed that RIS-assisted wireless systems outperform
the corresponding AF-relaying ones. Further considered in
[30], a RIS-aided NOMA network with stochastic geometry
model was discussed and the SIC order is proofed to be altered
since RISs were able to change the channel quality of users.
Multiple RISs assisted NOMA networks was investigated in
[31], two scenarios were taken into consideration on whether
or not there was a direct link between base station and each
user. Additionally discussed in [32], outage performance of
RIS-assisted NOMA systems was analyzed with the help of
1-bit coding, in which the performance analysis of cascaded
channel condition has been taken into consideration. More-
over in [33], a RIS-assisted NOMA scheme was proposed to
demonstrate that more users can be served on each orthogonal
spatial direction with the help of RIS. Eventually, as the latest
research direction, the authors of [34] have proposed a simul-
taneously transmitting and reflecting RIS aided NOMA sys-
tems, which shared new ideas for RIS deployment in
multiple scenarios. For the perspective of grant-free massive
access, the authors of [35] have proposed a design to leverage
the RIS to for grant-free massive access at millimeter-wave fre-
quency to boost the reliability of communication systems. To
solve the°multiplicative fading effect introduced by passive
RIS, active RIS [36] has been proposed to compensate for it
by reflecting and amplifying the signals, more research on
active RIS is also underway. In non-terrestrial networks, the
use of RIS technology canmake signal transmissionmore flex-
ible to make up for the problem of satellite communication
encountering blind spots. At the same time, the use of RIS
technology also provides an idea for the modeling and calcula-
tion of cascaded channels, which is worth more in the future
research.

1.1. Motivations and Related Works. Based on the above-
mentioned papers, it lays a solid foundation for NOMA
and RIS technologies, the research for integrating the two
promising technologies in non-terrestrial networks still gets
a lot of upside. RIS can effectively change the transmission
mode of electromagnetic waves, including direction, phase
and polarization mode, etc. Therefore, introducing RIS into
the non-terrestrial communication system to change the
phase shifts of the satellite signal and propagate it to the
ground users has attracted our attention. It should be
noticed that compared with the RIS-assisted terrestrial net-
works, the RIS-assisted non-terrestrial network has a longer
transmission distance and the channel fading needs
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reconsideration to fit the scenario. Path Loss gets compli-
cated and channel model needs to be considered for long-
distance transmission. Simulation analysis of the transmis-
sion power also requires differential modeling. Recently,
investigators have examined the effects of RIS communica-
tions. To broaden the application of channel mathematical
calculation, the probability distribution expression for Ray-
leigh/Nakagami-m composite fading were deduced in [37],
which provides a mathematical method for the computation
of cascaded channel models. Simultaneously, the authors of
[38] proposed a coherent phase shifting method to deal with
the phase shift matrix of RIS, which paves way for the RIS
simulation calculation. Using the mathematical models built
on the basis of these researches, we aspire to establish a RIS-
assisted non-terrestrial NOMA networks with channel
model of large-scale fading and Nakagami-m fading cas-
caded channels, which has not been studied before to the
best of our knowledge. More specifically, a pair of users,
the nearby user n and distant user m, are set to be investi-
gated according to outage probability. The non-terrestrial
network communication model based on the transmission
of RIS and the channel calculation method under the
large-scale fading and Nakagami-m fading cascaded channel
model have become the innovations of this paper. Addition-
ally, OMA condition are set to be benchmark and also eval-
uated seriously. In terms of the above details, the main
related work in the paper is described as follows:

(1) We investigate the performance of RIS-assisted non-
terrestrial NOMA networks over large-scale fading
and Nakagami-m fading cascaded channels. Specifi-
cally, cascaded channels are applied in the networks,
large-scale fading and Nakagami-m fading distribu-
tion for the channel molding are taken into account.
The approximated scheme of a Laguerre expansion
is applied for the cascaded channel modeling and
approximate expression of the cascaded channel is
analyzed in detail

(2) We derive the approximate and asymptotic expres-
sions of outage probability for the nearby user n with
ipSIC/pSIC and distant user m. To get more insights,
the diversity orders of the nearby user n with ipSIC/
pSIC and distant user m are obtained on the basis of
the approximated outage probability expressions.
We observe that the diversity orders of user n with
ipSIC and user m are related to the configure ele-
ments, user order, Rayleigh and Nakagami-m factors

(3) We analyze the outage behaviors of the two users for
OMA. It can be further confirmed that outage
behaviors of NOMA with pSIC outperforms than
that of OMA. Detailed comparisons about the
impact of changes in individual variables on outage
performance are analyzed as well. The simulation
results illustrate that when the configure elements
K , Nakagami-m shaping parameter m′ and scale
parameter Ω increase, the outage performance of
the networks turns to be enhanced

1.2. Organizations and Notations. The remainder of this
paper is structured as follows. System model of the RIS-
assisted non-terrestrial NOMA networks is depicted in Sec-
tion II. In Section III, outage behaviors of the networks is
analyzed and expressions of outage probability for the two
non-orthogonal users are derived meticulously. In Section
IV, simulation results and detailed analysis are presented
to consolidate the conclusions obtained in the above sec-
tions, while summarized records in Section V.

Notations in this paper describes mainly as follows: f Xð·Þ
and FXð·Þ are denote the the probability density function
(PDF) and the cumulative distribution function (CDF) of a
random variable X; E½·� denotes the expectation operator;
∝ denotes “be proportional to”.

2. System Model

In this paper, we consider a RIS-assisted non-terrestrial
NOMA network with a pair of non-orthogonal users among
multiple users as shown in Figure 1 and two user equip-
ments (UEs), nearby user n and distant user m, are denoted
by Dn and Dm, respectively. Moreover, taking into account
the large transmission distance in the non-terrestrial com-
munication model, the signal of direct connection between
each UE and the satellite is strongly attenuated, so we
assume that the UEs only communicate with the satellite
through the RIS. In order to get the succinct analysis, we
only consider that each user is equipped with a single
antenna. As a novel type of relay for transmitting signals,
the RIS has K discrete reconfigurable elements, each element
is controlled by the software systems to affect the phase
shifting of signal reflecting, and the reflection-coefficient
matrix can be denoted as Θ = diag ðβejθ1 , βejθ2 ,⋯, βejθK Þ,
where β ∈ ½0, 1� and θK ∈ ½0, 2πÞ are the amplitude-
reflection coefficient and the phase shift variable of k-th ele-
ment of RIS, respectively. Same as above, the reflection-
coefficient matrix can be intelligently adjusted for a better
way on transmission. The complex channel coefficient
between the satellite and RIS is denoted by h ∈ C1×K , and
the complex channel coefficients between the RIS and p-th
UE are denoted by gp ∈ℂ1×K , where p ∈ fm, ng. Specifically,
h = ½h1, h2,⋯, hK �, gp = ½gp1, gp2,⋯, gp

K �, and the channels
between each element and the satellite can be denoted by

[39] hk = ρ
ffiffiffiffiffi
Gt

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ/ð4πdÞ2

q ffiffiffiffiffi
Gi

p
, where ρ ~ CNð0, 1Þ repre-

sents the small-scale fading, Gt and Gi are lobe gains of
antennas at satellite end and users end, respectively.ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λ/ð4πdÞ2
q

is the free space path loss, λ and d are the wave

length and the distance between the satellite and RIS, respec-
tively. In order to facilitate subsequent calculations, we

denote �λ =
ffiffiffiffiffi
Gi

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ/ð4πdÞ2

q ffiffiffiffiffi
Gt

p
. Without loss of precision,

in order to visually represent the performance of users’
channel under different transmission distances, the ordered
cascaded channel gains has been taken into account, so we

consider jhΘgTmj2 ≤ jhΘgTn j2. It is worth noting that the
ordering of channels also determines the order of nearby
and distant users.
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2.1. Signal Model. The superposed signals are broadcast to
the two UEs by reflection of the RIS, and the received signal
yp at the p-th UE reflected by RIS is given by

yp = hΘgTp
ffiffiffiffiffiffiffiffi
anP

p
xn +

ffiffiffiffiffiffiffiffi
amP

p
xm

� �
+ np, ð1Þ

where P is the transmit power, xn and xm are the trans-
mitted normalized power signal at Dn and Dm. For elabora-
tion, Efx2ng = Efx2mg = 1. an and am are power allocation
coefficients, an ≤ am with an + am = 1,which is for the user’s
fairness of the NOMA transmission. Meanwhile, np is the
additive white Gaussian noise (AWGN) at Dp

In NOMA communication protocols, the transmitting
end use the non-orthogonal transmission scheme to allocate
users’ transmission power. At the receiving end, the SIC
receiver decode the signal for each of the users’ part, and
the process of SIC is the user signal with weaker power allo-
cation regards the user signal with stronger power as inter-
ference and decodes its own signal, while the user signal
with stronger power allocation needs to decode and subtract
the user signal with weaker power allocation first, and then
decode its own signal. Based on the basic principles of
NOMA, the received signal-to-interference-plus-noise ratio
(SINR) at Dn to detected Dm’s information xm is given by

γDn⟶Dm
= ρ hΘgTn

�� ��2am
ρ hΘgTnj j2an + 1

, ð2Þ

where ρ = P/N0 denotes the transmit signal-to-noise
ratio (SNR).

After SIC process, the received signal at Dn to detect its
own information xn is given by

γDn
= ρ hΘgTn
�� ��2an
ϖρ hIj j2 + 1

, ð3Þ

where ϖ ∈ f0, 1g, ϖ = 0 and ϖ = 1 denotes the pSIC and
ipSIC operation, respectively. Without loss of generality, hI
~ CNð0,ΩIÞ is the corresponding complex channel coeffi-
cient of the residual interference form ipSIC [40, 41], which
is modeled as the Rayleigh fading.

When the receiver at Dm get the superposed signal, the
decoding process is to treat the signal of Dn part as interfer-
ence, and treat the signal of Dm part as desired signal. There-
fore, the received SINR at Dm to detected its own
information xm by treating the signal xn as interference is
given by

γDm
= ρ hΘgTm

�� ��2am
ρ hΘgTmj j2an + 1

: ð4Þ

For the baseline of OMA scheme, which is chosen for the
purpose of comparing to the NOMA scheme, the SNR of the
p-th user under the OMA scheme can be given by

γOMA
p = ρ hΘgTp

��� ���2: ð5Þ

2.2. Channel Model. In non-terrestrial communication sys-
tems, there is an extreme long distance from the satellite to
the RIS and the signals are mainly attenuated by free-space
path loss. Therefore, a free space transmission model is often
used to predict the received signals in a line-of-sight envi-
ronment [42], and the signals should mainly experience
large-scale fading [39], so we consider the channels between
satellite and RIS are modeled as large-scale fading channels.
The channels between RIS and the UEs are mainly None
Line of Sight, then we consider the RIS-UEs channels to be
modeled as Nakagami-m fading channels. Noted that
large-scale fading is a kind of Rayleigh fading, our analysis
of large-scale fading is based on the analysis of Rayleigh fad-
ing. So we denote that ½h1, h2,⋯, hK � are independent iden-
tically distributed (i.i.d.) Rayleigh random variables (RVs),
and ½g1, g2,⋯, gK � are i.i.d. Nakagami-m RVs with shape
parameter m′ and spread parameter Ω, and all of the hn
and gn are independent, either.

From the perspective of enhancing the network perfor-
mance, coherent phase shifting design are selected to opti-
mize the phase shifting process for RIS-assisted non-
terrestrial NOMA networks. In coherent phase shifting
scheme, the phase shift of each reflecting and transmitting
element is matched with the phases of its incoming and out-
going fading channels, and coherent phase shifting scheme
has better analytical performance than that of the random
phase shifting scheme. it can simulate a more idealized and
better channel state, and can reflect the system characteris-
tics more intuitively and conveniently. For the coherent

h

RIS

gn gm

Dm

Dn

Figure 1: System model of RIS-assisted non-terrestrial NOMA
networks.
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phase shifting scheme [38], we can define hΘgTp =∑K
n=1e

−jθn

hngn, where hn and gn denote the n-th element of h and gp
, θn denotes the phase shift of the n-th reflecting element
of the RIS. Match the phase shifts of the RIS and the phases
of the RIS fading gains, we can obtain hΘgTp =∑K

n=1jhngnj
To take explicit insights for understanding, we first consider

one single cascaded channel from the satellite to the RIS to the
UE, then analyze the multiple parallel cascaded channels on the
basis of single cascaded channel. The PDF of a single Rayleigh
cascade Nakagami-m fading channel can be given by [37].

f RN xð Þ = 4xm′

Γ m′
� � m′

r̂21r̂
2
2

 ! 1+m′ð Þ/2
K1−m′ 2x

ffiffiffiffiffiffiffiffi
m′
r̂21r̂

2
2

s0
@

1
A, ð6Þ

wherem′ is the shaping parameter of the Nakagami-m RV,
r̂i is the root-mean square value of the received signal envelope
Ri, from [43],

r̂iΔ
ffiffiffiffiffiffiffiffiffiffiffiffi
E R2

i

� �q
= �riΓ μið Þ 1 + κið Þμi½ �1/2
Γ μi + 1/2ð Þe−κiμi1F1 μi + 1/2 ; μi ; κiμið Þ , ð7Þ

where i ∈ f1, 2g, E½R2
i � represents the secondmoment of Ri,

and Ri is the received signal envelope. �ri = E½Ri�. Γð·Þ is the
gamma function ([44], Eq. (8.310.1)), 1F1ða ; b ; zÞ denotes
the confluent hypergeometric function ([44], Eq. (9.210.1)).
Kϕð·Þ is the ¦Õth-order modified Bessel function of the second
kind ([44], Eq. (8.432)).

To simplify expression, we denote φn = jhngnj. It can be
derived that the mean and variance of φn are, respectively

E φnð Þ = �λσ

ffiffiffi
π

2

r Γ m′ + 1/2
� �
Γ m′
� � Ω

m′

� 	1/2
, ð8Þ

Var φnð Þ = �λ
2 2Ωσ2 −

πΩσ2

2m′
Γ2 m′ + 1/2
� �
Γ2 m′
� �

2
4

3
5: ð9Þ

However, the signal is transmitted by the reflecting of K
elements of RIS from each reflecting element to each user.
Therefore, there is K parallel separate cascaded channels that
should be taken into consideration for the
signals’transmission.

Let φ =∑K
n=1φn to denote the K parallel cascaded chan-

nels. According to ([45], Sec. 2.2.2), the first term of the
Laguerre polynomials can be used to approximate the PDF
of φ and φ2, which are, respectively, given by

f φ xð Þ = xa

ba+1Γ a + 1ð Þ
exp −

x
b

� �
, ð10Þ

f φ2 xð Þ = 1
2 ffiffiffi

x
p

ffiffiffi
x

p
 �a
ba+1Γ a + 1ð Þ

exp −
ffiffiffi
x

p
b

� 	
, ð11Þ

, respectively. Where a = K½EðφnÞ�2/VarðφnÞ − 1, b =Va
rðφnÞ/EðφnÞ. Calculated on the basis of (11), and with the
definition of the lower incomplete gamma function γðα, xÞ
=
Ð x
0e

−t tα−1dt ([44], Eq. (8.350.1)), the cumulative distribu-
tion function (PDF) of φ2 can be given by

Fφ2 yð Þ = γ a + 1, ffiffiffi
y

p /b

 �
 �

Γ a + 1ð Þ : ð12Þ

3. Outage Probability

Outage probability is an important performance evaluation
metric for wireless communication systems. In communica-
tions, if the signals’ transmission rate is higher than the chan-
nel capacity, then the transmitted signal cannot be received
completely and correctly. In another word, when the signals’
transmission rate is lower than the service reliability transmis-
sion rate, the outage occurs. In this section, the outage perfor-
mance of the RIS-assisted non-terrestrial NOMA networks is
analyzed, the outage probability for the nearby user n with
ipSIC/pSIC and distant user m are discussed in detail.

3.1. The Outage Probability of Nearby User n. According to
NOMA protocol, for the nearby user n, during the SIC pro-
cess, the SIC receiver should first detect and decode the sig-
nal of the distant user m, and then decode its own signal.
Therefore, outage occurs when 1) user n cannot detect the
signal xm; 2) user n can detect the signal xm but cannot
detect the signal xn. The outage probability of the nearby
user n can be written as

PipSIC
Dn

= Pr γDn⟶Dm
< γthm

� �
+ Pr γDn⟶Dm

> γthm , γDn
< γthn

� �
,

ð13Þ

where γthn = 2Rn − 1 and γthm = 2Rm − 1 represent the tar-
get SNRs of user n and user m for detecting and decoding
the signals xn and xm, with Rn and Rm being the target rate
for Dn to detect xn and xm, respectively. For further explana-
tion, the following theorem illustrates the outage probability
of nearby user n

Theorem 1. Under large-scale fading and Nakagami-m fad-
ing cascaded channels, the approximate expression for outage
probability of the nearby user n with ipSIC for RIS-assisted
non-terrestrial NOMA networks is given by

PipSIC
Dn

≈ Sn 〠
M−n

l=0
〠
U

u=0
M − nl ×

−1ð ÞlAu

n + lð Þ Γ a + 1ð Þ½ �n+l
γ a + 1, Gu

�λb

� 	� n+l
,

ð14Þ

where ϖ = 1, Gu =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðΩIϖρxu + 1Þθp

, Sn =M!/ðM − nÞ!ðn
− 1Þ!, θ = γthn /anρ. With the help of Gauss-Laguerre quadra-
ture, xu is the abscissas and the u-th zero point of Laguerre
polynomial LuðxuÞ, Au is the u-th weight, and can be

denoted by Au = ½ðU + 1Þ!�2/xu½L′U+1ðxuÞ�
2, u = 0, 1,⋯,U .
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Specifically, M is the total number of users, n is the order of
the current user.

Proof. By using the definition expression of the outage event
of the nearby user n and substituting (2) and (3) into (13),
the outage probability of user n with ipSIC can be given by
(15) at the top of the next page.

PipSIC
Dn

= Pr ρ hΘgTn
�� ��2am

ρ hΘgTnj j2an + 1
< γthm

 !

+ Pr ρ hΘgTn
�� ��2am

ρ hΘgTnj j2an + 1
> γthm ,

ρ hΘgTn
�� ��2an
ϖρ hIj j2 + 1

< γthn

 !
:

ð15Þ

And do further calculations, it can be derived as follows:

PipSIC
Dn

= Pr 0 < hΘgTn
�� ��2 < ϖ hIj j2ρ + 1


 �
θ

h i
=
ð∞
0

ð xϖρ+1ð Þθ

0
f hLIj j2 xð Þ f̂ φ2 yð Þdxdy

=
ð∞
0
F̂φ2 xϖρ + 1ð Þθ½ � 1

ΩI
e− x/ΩIð Þdx,

ð16Þ

where F̂φ2ð·Þ means the CDF of the sorted channel.
According to [46], the relationship between the PDFs of
the post-sorted and pre-sorted channels can be expressed
as follows

F̂φ2 xð Þ = M!

M − pð Þ! p − 1ð Þ! 〠
M−p

l=0
M − pl ×

−1ð Þl
p + l

Fφ2 xð Þ� �p+l
:

ð17Þ

In this formula, M represents the total number of users,
p is the order of the current user. Finally, substituting (12)
into (17) and recombining (16), (14) can be derived. The
proof is completed.

Corollary 2. When it comes to the special condition of ϖ = 0,
the approximate expression for outage probability of the
nearby user n with pSIC scheme for RIS-assisted non-
terrestrial NOMA networks can be expressed by

PpSIC
Dn

≈ Sn 〠
M−n

l=0
M − nl

−1ð Þl
n + l

γ a + 1,
ffiffiffi
θ

p
/�λb

� �� �
Γ a + 1ð Þ

2
4

3
5
n+l

: ð18Þ

3.2. The Outage Probability of Distant User m. For the dis-
tant user m, it only needs to detect and decode its own signal
and treat the signal from the nearby user n as interference.
So, when the distant user m cannot detect and decode its
own signal, the outage occurs. Therefore, the outage proba-
bility of the distant user m can be expressed as

PDm
= Pr γDm

< γthm

� �
: ð19Þ

Theorem 3. Under large-scale fading and Nakagami-m fad-
ing cascaded channels, the approximate expression for outage
probability of the distant user m for RIS-assisted non-
terrestrial NOMA networks is given by

PDm
≈ Sm 〠

M−m

l=0
M −ml

−1ð Þl
n + lð Þ Γ a + 1ð Þ½ �m+l × γ a + 1,

ffiffiffiffiffi
γ∗

p
�λb

� 	� m+l
,

ð20Þ

where Sm =M!/ðM −mÞ!ðm − 1Þ!, γ∗ = γthm /ρðam − γthm
anÞ

Proof. By substituting (4) into (19), the outage probability of
Dn can be calculated as

PDm
= Pr ρ hΘgTm

�� ��2am
ρ hΘgTmj j2an + 1

< γthm

 !

= Pr hΘgTm
�� ��2 < γthm

ρ am − γthman
� �

2
4

3
5 =

ðγ∗
0
f̂ φ2 yð Þdy,

ð21Þ

where f̂ φ2ðyÞ is the PDF of the sorted channel gain,
according to [46], it can be defined as

f̂ φ2 xð Þ = M!

M − pð Þ! p − 1ð Þ! f φ2 xð Þ × Fφ2 xð Þ� �p−1 1 − Fφ2 xð Þ� �M−p
:

ð22Þ

Specifically,
Ð x
0 f̂ φ2ðtÞdt = F̂φ2ðxÞ. Then, combining (12),

(17) and (21), (20) can be derived.

3.3. The Outage Probability of the OMA Benchmark. For
RIS-assisted non-terrestrial OMA networks, there is one
time slot in the transmission of communications. Specifi-
cally, with the assistance of the RIS, the entire transmission
process consists of the satellite sending the signals to two
users in the same time slot. Hence the outage probability
of the p-th user is defined to occur as the instantaneous
SNR of the network, represented by γOMA

p , is less than a cer-
tain threshold in the slot while communicating. The outage
probability of the RIS-assisted non-terrestrial NOMA net-
works via OMA benchmark can be expressed as

POMA
Dp

= Pr γOMA
p < γOMA

th

� �
, ð23Þ

where γOMA
th = 2Rp − 1 is the target SNR of the p-th user to

detect and decode the signals.

Theorem 4. Under large-scale fading and Nakagami-m fad-
ing cascaded channels, the approximate expression for outage
probability of the p-th user for RIS-assisted non-terrestrial
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OMA networks is given by

POMA
Dp

≈ Sp 〠
M−p

l=0
M − pl

−1ð Þl
p + lð Þ Γ a + 1ð Þ½ �p+l

× γ a + 1,
ffiffiffiffiffiffiffiffiffiffi
Θoma

p
�λb

 !" #p+l
,

ð24Þ

where Sp =M!/ðM − pÞ!ðp − 1Þ!, Θoma = γOMA
th /ρ

3.4. Diversity Analysis. For further evaluation of system per-
formance, the diversity order is taken to be analysed. The
diversity order is the limit value when the SNR tends to be
infinity, and is particularly important to evaluate system per-
formance under high SNR, because it is approximately the
slope of the outage probability curve at high SNR regime.
Thus, it can be used to assess the decreasing rate of the out-
age probability for communication systems. The diversity
order can be expressed as

d = − lim
ρ⟶∞

log P∞ ρð Þ½ �
log ρ , ð25Þ

where P∞ðρÞ denotes the asymptotic outage probability.

Corollary 5. The asymptotic outage probability expression of
the nearby user n with ipSIC for RIS-assisted non-terrestrial
NOMA networks when ρ⟶∞ can be given by

P∞,ipSIC
Dn

= Sn 〠
M−n

l=0
〠
U

u=0
M − nl

−1ð ÞlAu

n + lð Þ Γ a + 1ð Þ½ �n+l

× γ a + 1,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϖΩIθ

ρ
nxu

p
�λb

 !" #n+l
,

ð26Þ

where ϖ = 1, θρn = γthn /an

Remark 6. Upon substituting (26) into (25), a zero diversity
order for the nearby user n with ipSIC can be derived, this
signifies that the outage probability curve eventually con-
verges to a certain value in the high SNR regime. This phe-
nomenon is due to the influence of the residual
interference from ipSIC during the detecting and decoding
process.

Corollary 7. The asymptotic outage probability expression of
the nearby user n with pSIC for RIS-assisted non-terrestrial
NOMA networks when ρ⟶∞ can be given by

P∞,pSIC
Dn

= S∞n θn a+1ð Þ/2

�λb

 �n a+1ð Þ a + 1ð ÞΓ a + 1ð Þ½ �n

∝
1

ρn a+1ð Þ/2 , ð27Þ

where S∞n =M!/ðM − nÞ!n!

Proof. According to the series representation of the lower
incomplete gamma function ([44], Eq. (8.354.1)), the
gamma function part of PpSIC

Dn
can be further rewritten as

γ a + 1,
ffiffiffi
θ

p
�λb

 !
= 〠

∞

n=0

−1ð Þn
ffiffiffi
θ

p
/�λb

� �a+1+n
n! a + 1 + nð Þ : ð28Þ

When ρ⟶∞, θ⟶ 0. Then, by substituting (28) into
(18), and further taking the first term of each series repre-
sentation, i.e., n = 0 and l = 0, we can obtain (27). The proof
is completed.

Remark 8. Upon substituting (27) into (25), the diversity
order of the nearby user n with pSIC is equal to nK
½EðφnÞ�2/2VarðφnÞ, which is related to the order of the
nearby user, and Nakagami-m parameter m′ and Ω

Corollary 9. The asymptotic outage probability expression of
the distant userm for RIS-assisted non-terrestrial NOMA net-
work when ρ⟶∞ can be given by

P∞
Dm

= S∞m γ∗m a+1ð Þ/2

�λb

 �m a+1ð Þ a + 1ð ÞΓ a + 1ð Þ½ �m

∝
1

ρm a+1ð Þ/2 , ð29Þ

where S∞m =M!/ðM −mÞ!m!

Remark 10. By substituting (29) into (25), it can be derived
that the diversity order of the distant user m is equal to m
K½EðφnÞ�2/2VarðφnÞ, which is also related to the order of
the distant user, and Nakagami-m parameter m′ and Ω

Table 1: The fixed numerical values of the parameters.

Monte Carlo simulation repeated 106 iterations

Two users’power allocations
an = 0:4
am = 0:6

Two users’target rates
Rn = 0:05BPCU
Rm = 0:04BPCU

The lobe gains of Users’antennas Gi = 12dB
The lobe gains of satellite’s antennas Gt = 80dB
Carrier frequency f c = 3 × 108Hz

7Wireless Communications and Mobile Computing



4. Simulation and Numerical Results

In this section, simulation analysis of the outage probability for
RIS-assisted non-terrestrial NOMA networks is provided to
adequately confirm the previous conclusions form the above
subsections. Listing statistics for convenience, Table 1 shows
the fixed numerical values of the parameters used in this paper
[9, 39, 43] and BPCU is the abbreviation of bit per channel use.
Without loss of generality, themethod of controlling variables is
adopted, we just change only a certain parameter to analyze the
probability of outage in this scenario for a more intuitive
expression. To make the scenario more specific to evaluate per-
formance, in the simulations, the total number of usersM is set
as three, the n-th user is set as the first user and them-th user is
set as the second user (It is set that M = 3,m = 2, n = 1). In
addition, RIS-assisted non-terrestrial OMA is also select to be
included in the analysis as a benchmark for comparison. It is
worth pointing that the detecting target rate for OMA bench-
mark of the entire networks is set to be Rm + Rn

Figure 2 illustrates the outage probability of the RIS-
assisted non-terrestrial NOMA networks versus the transmit
SNR with settings of K = 5, m′ = 0:5, d = 300 km, Ω = 1, Rn
= 0:05 and Rm = 0:04 BPCU, and compares the condition
of different value of residual interference for ipSIC scheme
at the same time. As shown in the figure, according to (14)
and (18), the expression of the outage probability for user
n with ipSIC/pSIC can be plotted as the right triangle and
diamond solid curves, respectively. According to (20), the
exact expression of the outage probability for user m can
be plotted as the square solid curve, and the cross curve

for outage probability of the RIS-assisted non-terrestrial
OMA is plotted based on (24). The outage probability curve
obtained from the numerical simulation results fits perfectly
with the curve drawn by the formula derived from the above
subsections. It can be observed that for the nearby user n, the
outage performance is better in the pSIC scheme than ipSIC
scheme because of the existence of residual interference, and
when the residual interference gradually decreases, under a
certain range of SNR, the curves gradually fit. For the com-
parison between RIS-assisted non-terrestrial NOMA and
OMA, it can be proofed that NOMA scheme performs better
than OMA scheme, it is because that in NOMA scheme,
multiple users receive the spectrum resource with power
allocation to bring about better fairness relative to OMA
[7], and SIC process at the receive-end can also help to
increase the received SINR. According to (26), (27) and
(29), the exact expression of the asymptotic outage probabil-
ity for user n with pSIC and userm can be plotted as the blue
dotted curve and that of the user n with ipSIC can be plotted
as the red dotted curve, respectively. The asymptotic curves
can well represent the performance of the networks under
high SNR, so that the results can be displayed more intui-
tively. It can be observed that through the comparison
between the asymptotic outage probability of uesr n with
pSIC and uesr m, the former performs better than the latter.
Confirmed by Remark 6, the outage probability of uesr n
with ipSIC eventually gets a zero diversity order and con-
verges to an error floor because of the impact of the residual
interference. Hence, the outage performance of the nearby
user n with ipSIC is worse than that of other
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users’conditions, and it is kind crucial to take the residual
interference into consideration when it comes to a practical
communication scenario.

Under actual channel environment conditions, it is not
easy to estimate channel state information (CSI) between the
satellite and terrestrial nodes, so we also consider the imperfect
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CSI scenario. The receiver uses the minimum mean square
error to estimate the channel coefficients, which can be mod-

eled as �hΘgTp = hΘgTp + ek, where ek denote the estimated

channel error with ek ~ CNð0, σ2ekÞ. L represents the lengths
of training symbols for CSI estimation and the variance of esti-

mated channel error can be denoted by σ2ek = 1/ρL. Figure 3
illustrates the outage probability of the RIS-assisted non-
terrestrial NOMA networks versus the transmit SNR with set-
tings of K = 5, m′ = 0:5, d = 300 km, Ω = 1, EfjhI j2g = −30
dB, Rn = 0:05 and Rm = 0:04 BPCU, and compares the
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condition of different value of training times at the same time.
The situation becomes ideal CSI as L approaches infinity.
Under high SNR, the outage probability of nearby user with
ipSIC scheme tends to be consistent with different training
amounts due to the impact of the residual interference. It
can be observed from the simulation that with the increase
of L, the improvement of outage performance tends to be slow.
Therefore in practical applications, we can also increase the
lengths of the training symbols to approach better
performance.

The impact of the number of reflecting elements on RIS
K for the performance of the networks is significant, and it is
shown in Figure 4, which plots the outage probability of the
RIS-assisted non-terrestrial NOMA networks versus the
transmit SNR with settings of m′ = 0:5, d = 300 km, Ω = 1,
EfjhI j2g = −20 dB, Rn = 0:05 and Rm = 0:04 BPCU, and
compares the condition of different number of reflecting ele-
ments on RIS, K , at the same time. It can be seen intuitively
from the figure, the outage performance is significantly
affected by the number of reflecting elements on RIS for a
specification of more reflecting elements, smaller outage
probability of user n and user m in the RIS-assisted non-
terrestrial NOMA networks. Meanwhile, in line with
Remark 8 and Remark 10, it can be observed that diversity
orders of non-orthogonal users are affected by the reflecting
elements on RIS, K . When K grows, the slope of the diversity
orders for both user n and user m increase. It is worth men-
tioning that when it comes to the sorted channel, the diver-
sity order will be related to the ordinal number of the
current user. Therefore, in practical applications, we can
change the value of K according to the change of the actual

channel environment in order to achieve a better communi-
cation effect. Figure 5 illustrates the outage probability of the
RIS-assisted non-terrestrial NOMA networks versus the
transmit SNR with settings of K = 5, d = 300 km, Ω = 1, Ef
jhI j2g = −20 dB, Rn = 0:05 and Rm = 0:04 BPCU, and com-
pares the condition of different value of Nakagami-m shap-
ing parameter m′ at the same time. As we can see form
the figure, outage performance gradually gets better as Naka-
gami-m shaping parameter m′ increases. For Nakagami-m
distribution, Nakagami-m shaping parameter m′ represents
the fading environment, whenm′ grows, the fading environ-
ment gets better, when m approaches infinity, it means no
fading. Hence it is needed to carefully consider the shaping
parameter m′ of the environmental channel when we apply
it to the actual scene.

Figure 6 illustrates the outage probability of the RIS-
assisted non-terrestrial NOMA networks versus the transmit
SNR with settings of K = 5, m′ = 0:5, Ω = 1, EfjhI j2g = −20
dB, Rn = 0:05 and Rm = 0:04 BPCU, and compares the con-
dition of different value of distance from satellite to ground
at the same time. The distance from satellite to ground
determines the path loss factor in large-scale fading scenar-
ios, when the distance increases, the path loss factor
increases. Therefore, it can be clearly seen from the figure
that when the distance decreases, the outage performance
of the non-orthogonal users gradually improves. However,
because the distance to the ground of the satellite is stan-
dardized, it should be considered according to practical sce-
narios. Taking consideration of another factor for
Nakagami-m fading, Figure 7 illustrates the outage
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probability of the RIS-assisted non-terrestrial NOMA net-
works versus the transmit SNR with settings of K = 5, d =
300 km, m′ = 0:5, EfjhI j2g = −20 dB, Rn = 0:05 and Rm =
0:04 BPCU, and compares the condition of different value
of scale parameter of Nakagami-m fading Ω at the same
time. The actual meaning of Ω is the fading power of Naka-
gami-m fading, its physical meaning is the mean of the
square of the signal envelope, when the value of Ω increases,
the channel condition will become better, and the outage
performance of the users become better.

5. Conclusion

In this paper, a RIS-assisted non-terrestrial NOMA net-
works with large-scale fading and Nakagami-m fading cas-
caded channels has been discussed in detail. More
specifically, the approximate expression for outage probabil-
ity of nearby user n with ipSIC/pSIC and distant user m, and
asymptotic expression for outage probability of user n with
pSIC and user m under the sorted user channel schemes
have been derived carefully. Based on the analysis of the out-
age performance, the diversity order is also obtained to eval-
uate the outage performance. Meanwhile, the influence of
each variable to the system performance is analysed. Eventu-
ally, through detailed study of this paper, we can find that
the performance of RIS-assisted non-terrestrial NOMA is
better than that of OMA, and the cascaded channel scenario
can obtain a more ideal transmission effect through the
propagation of RIS and the optimization of parameters in
the future studying.
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In distributed computing/storage/machine learning system, the method of encoding and decoding combing shift-and-addition
(SA) and zigzag decoding (ZD) is proposed to solve the problem of high computational complexity. However, in each encoded
packet, one element takes part in the encoding only once, so the obtained overhead is extremely high. In this work, based on
the idea of multidimensional encoding/modulation, we propose to employ one element of the encoding process multiple times
when constructing one encoded packet based on the Cauchy matrix, thereby leveraging the favourable properties of the code
based on Cauchy matrix. The overhead is reduced from square to logarithmic in certain parameters. Compared with the
overhead of the existing square computational complexity, it is greatly reduced.

1. Introduction

In the era of big data [1], the amount of data is growing at a
doubling rate annually. The way of data processing has been
shifted from the centralized data processing to the distrib-
uted data processing. However, in distributed applications,
not all devices are reliable. Some devices may fail to work,
or the performance of the devices is not consistent. In any
task of data processing, there will be some unreliable devices
whose computing speed is slower than the average speed,
which are called stragglers [2, 3]. For example, in a data cen-
ter of Facebook, more than 100 nodes may fail per day [4, 5].
The completion time of data processing is constrained by the
slowest working node. Therefore, how to deal with stragglers
becomes a challenge for data processing. To solve this
problem, network coding techniques have been developed,
and the code with combination property (CP) is proposed:
k original packets are encoded into n packets, where n > k,
and any k out of these n packets are able to recover the
original data. The code with CP has been widely used in
distributed systems, including distributed storage (DS)

[6–10], distributed computing (DC) [11–16], and distrib-
uted machine learning [17].

In distributed systems, linear code is adopted in most of
the coding technologies, but linear code involves a lot of
multiplication and division operations, which greatly
increase the complexity of coding and decoding. For the sake
of low computation complexity, a kind of CP-ZD code
[18–20] with CP is proposed, which combines shift-and-
addition (SA) and zigzag decoding (ZD) [21]. However, for
the case where one element takes part in the encoding only
once when constructing an encoded packet, the overhead is
as high as square of the parameters’ number (nor k).

Multidimensional encoding/modulation promises high
data rate [18, 19], which has been used as promising
technique in communication [20] and distributed systems
[22, 23]. As a result, to further reduce the overhead, based
on the idea of multidimensional encoding/modulation, we
propose the idea of one element taking part in the encoding
process multiple times when constructing one encoded
packet. Using the properties of the code based on Cauchy
matrix in finite field, we design a framework of one element
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taking part in the encoding process multiple times for con-
structing an encoded packet. The overhead of this coding
framework reduces from square to logarithmic with respect
to the parameter. Specifically, the idea that one element takes
part in the encoding only once in each encoded packet can
be interpreted as each source packet being treated as an ele-
ment and occurring at most once in a coded packet. Simi-
larly, the idea that one element takes part in the encoding
process multiple times when constructing one encoded
packet is that each source packet occurs multiple times in
an encoded packet, which is added to its own multiple
distinct shifts.

2. Preliminary

2.1. Definition of Cauchy Matrix. Given x1, x2,⋯xn, y1,
y2,⋯yn, let cði,jÞ = 1/ðxi + yjÞð1 ≤ i, j ≤ nÞ, then the matrix
C = ðci,jÞ is called the Cauchy matrix [24], and its determi-
nant is as follows:

det Cð Þ =
Q

1≤i<j≤n xj − xi
� �

yj − yi
� �

Qn
i=1
Qn

j=1 xi + yj
� � : ð1Þ

Similarly, a Cauchy matrix over a finite field is defined as
follows: let X and Y be two sets of elements in a finite field.
Among them, X = fx1, x2,⋯,xpg and Y = fy1, y2,⋯,yqg. If
for ∀i ∈ f1, 2,⋯, pg, ∀j ∈ f1, 2,⋯, qg, the following is
satisfied:

(1) xi + yj ≠ 0

(2) ∀i, j ∈ f1, 2,⋯, pg, i ≠ j, xi ≠ xj

(3) ∀i, j ∈ f1, 2,⋯, qg, i ≠ j, yi ≠ yj

Then, the following matrix is called a Cauchy matrix over a
finite field:

G =

1
x1 + y1

1
x1 + y2

⋯
1

x1 + yq

1
x2 + y1

1
x2 + y2

⋯
1

x2 + yq

⋮ ⋮ ⋱ ⋮
1

xp + y1

1
xp + y2

⋯
1

xp + yq

2
666666666664

3
777777777775
: ð2Þ

It is straightforward to obtain the following theorem
from the construction rules of the Cauchy matrix:

Theorem 1. When G is a Cauchy matrix, any square subma-
trix Gl of G is nonsingular, where l indicates the number of
rows and columns of the submatrix Gl (1 ≤ l ≤min ðp, qÞ);
then,

det Glð Þ =
Q

1≤i<j≤l x j − xi
� �

yj − yi
� �

Ql
i=1
Ql

j=1 xi + yj
� � ≠ 0: ð3Þ

In other words, every submatrix of the Cauchy matrix is
invertible.

2.2. The Arithmetic Operation in Finite Fields. Finite field is a
field with a finite number of elements, for example, GFð2ωÞ
represents a finite field containing 2ω elements. Before
describing the arithmetic operation in finite fields, we briefly
introduce the concept of the primitive polynomial.

The primitive polynomial is essentially a polynomial that
cannot be factored. When a finite field determines its prim-
itive polynomials, the arithmetic operations in that field are
also determined. In general, the primitive polynomial of a
field can be obtained by looking up the table, and the prim-
itive polynomial of a field is not unique. Take the finite field
GFð23Þ as an example, there is more than one primitive
polynomial over GFð23Þ, and the most common primitive
polynomial is qðzÞ = z3 + z + 1. Table 1 shows some of the
primitive polynomials [25] present in GFð2ωÞ.

The addition and subtraction operation [22] of finite
fields are the XOR operation in polynomial calculation.
The rule for adding and subtracting is to XOR coefficients
of the same order in two polynomials, and there is no differ-
ence between the two operations, such as ðz2 + zÞ + ðz + 1Þ
= z2 + 1, ðz2 + zÞ − ðz + 1Þ = z2 + 1. At present, the multipli-
cation and division operations [23] of finite fields usually
count on the look-up tables. Each field has positive and neg-
ative tables, which are denoted as gf log and gf i log, respec-
tively, on the GFð2ωÞ field. Taking GFð23Þ as an example, its
table gf log and gf i log are generated as shown in Table 2
[16]:

If the multiplication and division operations are per-
formed on the GFð23Þ field, as shown in Table 2, the multi-
plication operation is as follows:

2 × 3 = gf i log gf log 2½ � + gf log 3½ �½ �
= gf i log 1 + 3½ � = gf i log 4½ � = 6,

ð4Þ

and the division operation is as follows:

1 ÷ 5 = gf i log gf log 1½ � − gf log 5½ �½ �
= gf i log 0 − 6½ � = gf i log 1½ � = 2:

ð5Þ

2.3. Transformation from Field GFð2ωÞ to Field GFð2Þ½z�/
qðzÞ. Field GFð2ωÞ is constructed by finding a primitive
polynomial of ω degrees on GFð2Þ and then enumerating
elements (in polynomial form) by using the generating
element z. The addition in this field is performed using
polynomial addition, and multiplication is performed
using polynomial multiplication and modulo the result
with respect to qðzÞ, such field GFð2ωÞ can be written as
GFð2ωÞ =GFð2Þ½z�/qðzÞ [25], which can also be said that
field GFð2ωÞ and field GFð2ωÞ =GFð2Þ½z�/qðzÞ are isomor-
phic [26].
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The conversion rule for field GFð2ωÞ to field GFð2Þ½z�/
qðzÞ [25] is the conversion of numerical form to polynomial
form. Taking GFð2ωÞ as an example, the implementation
steps are as follows:

Step 1. Initialize the set as f0, 1, zg.

Step 2. Multiply the last element of the set by z, such as z,
and modulo the result with respect to qðzÞ if the resulting
degree is greater than or equal to ω.

Step 3. Continue Step 2 until there are 2ω elements in the set,
at which point the last element is multiplied by z and mod-
ulo qðzÞ, resulting in a value of 1.

To better understand the above steps, let us elaborate on
a simple example:

Example 1. Suppose ω = 2; then, the original polynomial is
qðzÞ = z2 + z + 1; to construct GFð22Þ =GFð4Þ, we initialize
the set as f0, 1, zg, so the next element is z2; since the degree
of the element is 2, modulo it with respect to qðzÞ = z2 +
z + 1, which resulting in z + 1. Therefore, four elements are
generated: f0, 1, z, z + 1g, and the corresponding numerical
forms are f0, 1, 2, 3g, which are shown in Table 3. If we
continue, we can get the following:

z + 1ð Þz mod q zð Þ = z2 + z
� �

mod z2 + z + 1
� �

= 1: ð6Þ

According to Step 3, we can end the enumeration.

2.4. Mathematical Model. We want to construct ðn, kÞ code
that possesses the ðn, kÞ CP. This section adopts the method
in reference [27]. We represent each packet as a polynomial

of GFð2ωÞ, where a number is denoted by several bits within
this packet. Source packet si is represented with the polyno-
mial form, as shown in Formula (7), i ∈ K ≜ f1, 2,⋯, kg,

si zð Þ ≜ si,1 + si,2z + si,3z
2+⋯+si,LzL−1, ð7Þ

where L indicates the length of the source packet and z indi-
cates the right shift by one bit.

For i ∈ K , the i-th encoded packet can be expressed as
ciðzÞ = siðzÞ. Let m ≜ n − k denote the number of parity
packets. For i ∈M ≜ f1, 2,⋯,mg, the polynomial form of
the i-th parity packet is as follows:

ck+i zð Þ ≜ αi,1 zð Þs1 zð Þ + αi,2 zð Þs2 zð Þ+⋯+αi,k zð Þsk zð Þ, ð8Þ

where αi,jðzÞ ≜ zTij , i ∈M, j ∈ K .
Combined with the systematic packets and parity

packets, the final coding expression is shown in the follow-
ing formula:

c zð Þ = A zð Þs zð Þ, ð9Þ

where cðzÞ ≜ ðc1ðzÞ, c2ðzÞ,⋯,cnðzÞÞ, sðzÞ ≜ ðs1ðzÞ, s2ðzÞ,⋯,
skðzÞÞ, and

A zð Þ ≜
IK zð Þ
T zð Þ

" #
, ð10Þ

which is a matrix with dimension of n × k, IkðzÞ is a k × k
identity matrix, and TðzÞ is a m × k shift matrix,

T zð Þ ≜

zT11 zT12 zT13 ⋯ zT1k

zT21 zT22 zT23 ⋯ zT2k

zT31 zT32 zT33⋯zT3k

⋮⋮⋮⋮⋮

zTm1 zTm2 zTm3 ⋯ zTmk

2
666666664

3
777777775
: ð11Þ

The exponent of the element in ðzÞ is indicated by T ,
whose actual meaning is the shifted bits of packets.

3. Encoding Design

The encoding framework that one element takes part in the
encoding process multiple times when constructing one
encoded packet based on Cauchy matrix is mainly con-
structed in three steps, and the detailed rules are as follows:

Table 1: Table of common primitive polynomials.

Finite field Primitive polynomial

GF 22
� �

z2 + z + 1
GF 23

� �
z3 + z + 1

GF 24
� �

z4 + z + 1
GF 28

� �
z8 + z4 + z3 + z2 + 1

GF 216
� �

z16 + z12 + z3 + z + 1

Table 2: gf log and gf i log for GFð23Þ.

i gf log i½ � gf i log i½ �
0 - 1

1 0 2

2 1 4

3 3 3

4 2 6

5 6 7

6 4 5

7 5 -

Table 3: Transformation of GFð4Þ from field GFð2ωÞ to field GF
ð2ωÞ =GFð2Þ½z�/qðzÞ:
Generating element Polynomial form Numerical form

0 0 0

z0 1 1

z1 z 2

z2 z + 1 3
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Step 1. Determine the size of the finite field and the dimen-
sion of the Cauchy matrix according to the relation of cod-
ing parameters ðn, kÞ.

According to the relation of ðn, kÞ, when k < n ≤ 2ω and
ω is a positive integer, we can determine the size of the finite
field to be GFð2ωÞ, where ω = dlog2ne and the sign d e indi-
cates an integer ceiling function. In finite field GFð2ωÞ, the
dimension of Cauchy matrix over GFð2ωÞ is determined as
m × k according to the size of m and k. The specific con-
struction process of the corresponding Cauchy matrix (i.e.,
the coding matrix) is to determine the element set of X
and Y first. The elements of X could be any m elements
in GFð2ωÞ, X = fx1, x2,⋯,xmg, which correspond tom parity
packets. The elements of Y are any k elements in the 2ω −m
elements in GFð2ωÞ finite field, Y = fy1, y2,⋯,ykg, which
correspond to k parity packets. According to the construc-
tion rules of Cauchy matrix in the finite field, the following
relationships should be met between the element sets of X
and Y :

If for ∀i ∈ f1, 2,⋯,mg, ∀j ∈ f1, 2,⋯, kg, the following is
satisfied:

(1) xi + yj ≠ 0

(2) ∀i, j ∈ f1, 2,⋯,mg, i ≠ j, xi ≠ xj

(3) ∀i, j ∈ f1, 2,⋯, kg, i ≠ j, yi ≠ yj

Then, the elements in X and Y are different, and a cod-
ing matrix G with dimension m × k can be constructed as
follows:

G =

1
x1 + y1

1
x1 + y2

⋯
1

x1 + yk
1

x2 + y1

1
x2 + y2

⋯
1

x2 + yk
⋮ ⋮ ⋱ ⋮
1

xm + y1

1
xm + y2

⋯
1

xm + yk

2
66666666664

3
77777777775
: ð12Þ

Step 2. Convert the numeric form of elements in the coding
matrix to polynomial form.

Through the arithmetic operation in finite fields and the
transformation from field GFð2ωÞ to field GFð2Þ½z�/qðzÞ in
Section 2.3, the matrix G is transformed into the polynomial
form. Each element of G can be uniquely represented by a
polynomial, that is, G⇒GðzÞ.

In particular, the exponent of z of each polynomial rep-
resents the size of the bit-shifting. For example, z2 + z repre-
sents that a systematic package is shifted to the right by 2

and 1 bits, respectively, and then added over. For example,
the shift value of the source packet s1 of length L = 12 is z2

+ z, as shown in Figure 1.

Step 3. Determine the shift matrix combined with the sys-
tematic code.

Combined with the systematic code, a coding matrix

A zð Þ ≜
Ik zð Þ
G zð Þ

" #
ð13Þ

with dimension n × k is obtained through vertical
connection.

In order to better understand the design rules that one
element takes part in the encoding process multiple times,
we will walk through the coding steps with a concrete
example.

Example 2. If ðn, kÞ = ð8, 5Þ, then the system has k systematic
packages and m parity packages, where k = 5 and m = n − k
= 3.

Step 1. We have k < n ≤ 2ω ⇒ 5 < 8 ≤ 23, ω = dlog28e = 3, so
we can determine that the size of the finite field is GFð23Þ.
For the finite field GFð23Þ, the commonly used polynomial
qðzÞ = z3 + z + 1 is chosen as the primitive polynomial. In
this case, X and Y take 3 and 5 elements, respectively, and
the elements of X and Y are different. Taking X = f5, 6, 7g
and Y = f0, 1, 2, 3, 4g as an example, the coding matrix is
as follows:

G =

1
5 + 0

1
5 + 1

1
5 + 2

1
5 + 3

1
5 + 4

1
6 + 0

1
6 + 1

1
6 + 2

1
6 + 3

1
6 + 4

1
7 + 0

1
7 + 1

1
7 + 2

1
7 + 3

1
7 + 4

2
6666664

3
7777775
: ð14Þ

Step 2. Through the arithmetic operations in the finite field,
the addition operation is converted to the XOR operation,
for example, 5 ⊕ 1⇒ 101 ⊕ 1 = 100 = 4. Multiplication and
division can be calculated by looking up tables. For example,
Table 2 lists the positive and negative tables of GFð23Þ.
Based on the above, we can convert the matrix G into the
following form:

G =
2 7 4 3 1
3 4 7 2 5
4 3 2 7 6

2
664

3
775: ð15Þ

s1, 1 s1, 2 s1, 3 s1, 4 s1, 5 s1, 6 s1, 7 s1, 8 s1, 9 s1, 10 s1, 11 s1, 12

s1, 1 s1, 2 s1, 3 s1, 4 s1, 5 s1, 6 s1, 7 s1, 8 s1, 9 s1, 10 s1, 11 s1, 12

Figure 1: The form of elements taking part in encoding process multiple times
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Through the transformation from field GFð2ωÞ to field
GFð2Þ½z�/qðzÞ in Section 2.3, the elements of coding matrix
G are expressed by polynomials one by one to obtain the
coding matrix GðzÞ:

G zð Þ =
z z2 + z + 1 z2 z + 1 1

z + 1 z2 z2 + z + 1 z z2 + 1
z2 z + 1 z z2 + z + 1 z2 + z

2
664

3
775:

ð16Þ

Step 3. By vertically concatenating 5 systematic codes, we
can obtain the coding matrixAðzÞ:

A zð Þ =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
z z2 + z + 1 z2 z + 1 1

z + 1 z2 z2 + z + 1 z z2 + 1
z2 z + 1 z z2 + z + 1 z2 + z

2
666666666666666664

3
777777777777777775

:

ð17Þ

4. Properties of the Code Based on
Cauchy Matrix

4.1. CP Property. Before we prove the CP property of the
code, we will introduce the properties and lemmas men-
tioned in the proof.

Isomorphism property: the mathematical idea of iso-
morphism is to establish a one-to-one mapping of two sets
that have the same properties associated with operations.
For example, assuming that the sets B and �B of algebraic
operations are isomorphic, if one set B has a property that
is only relevant to the algebraic operations of this set, then
the other set �B has exactly similar properties [28].

Lemma 2. Any square submatrix of GðzÞ is invertible.

Proof. According to Section 3, matrix G is a Cauchy matrix,
and the transformation from G to its polynomial form GðzÞ
is equivalent to the transformation from field GFð2ωÞ to field
GFð2Þ½z�/qðzÞ, as shown in Section 2.3. In addition, since
field GFð2ωÞ and field GFð2Þ½z�/qðzÞ are isomorphic [17]
and the isomorphism property indicates that reversibility
in a field will remain reversibility in the isomorphism field,
the reversibility of G in field GFð2ωÞ will be mapped to that
of GðzÞ in field GFð2Þ½z�/qðzÞ. Theorem 1 says that any sub-
matrix of G is invertible, so any submatrix of GðzÞ is also
invertible.

CP property: Any k out of n encoded packets are able to
recover the information of the original k packets.

Proof. First, we use a mathematical model to solve the above
coding and decoding problems. The Cauchy matrix G and
the coding matrix A are constructed from the previous cod-
ing design in Section 3, where

A ≜
Ik

G

" #
, ð18Þ

and Ik represents the matrix

Ik =

0 −∞ ⋯ −∞

−∞ 0 ⋯ −∞

⋮ ⋮ ⋱ ⋮

−∞ −∞ ⋯ 0

2
666664

3
777775 ð19Þ

with the dimension of k × k. For example,

I3 =
0 −∞ −∞

−∞ 0 −∞

−∞ −∞ 0

2
664

3
775, ð20Þ

where element 0 means that the source packet involved in
encoding shifts 0 bit, which means nonshift, and element
−∞ means that the source packet does not participate in
encoding.

According to the mathematical model of Section 2.4, in
the finite field GFð2ωÞ, the matrix above is represented by
polynomial form of z, where z is the radix (assuming that
the modulus of z is greater than 1), and every element of
matrix A is raised to a proper power and then mod the orig-
inal polynomial of the finite field. This process is actually a
transformation from field GFð2ωÞ to field GFð2Þ½z�/qðzÞ.
For example, the identity matrix Ik to IkðzÞ applies the
above transformation to

Ik =

0 −∞ ⋯ −∞

−∞ 0 ⋯ −∞

⋮ ⋮ ⋱ ⋮

−∞ −∞ ⋯ 0

2
6666664

3
7777775
⇒ Ik zð Þ

=

1 0 ⋯ 0

0 1 ⋯ 0

⋮ ⋮ ⋱ ⋮

0 0 ⋯ 1

2
6666664

3
7777775
,

ð21Þ

where element 1 indicates that the source packet participat-
ing in the encoding is not shifted, and element 0 indicates
that the source packet is not participating in the encoding.
The transformation process of matrix G to GðzÞ is shown
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in Section 2.3. At this point, the polynomial form of the cod-
ing matrix A is

A zð Þ ≜
Ik zð Þ
G zð Þ

" #
, ð22Þ

which is a matrix with a size of n × k.
Based on the polynomial form of z above and the

mathematical model in Section 2.4, the polynomial cðzÞ
represents the encoded packet and the polynomial sðzÞ
represents the systematic packet. The coding relationship
can be expressed as cðzÞ = AðzÞsðzÞ. Take any k packets from
n coded packets, that is, extract k lines at the same position
from encoded packet cðzÞ and form ckðzÞ, corresponding
to take k lines at the same position from AðzÞ and form
k × k matrix AkðzÞ.The encoding relationship can be
expressed by the expression ckðzÞ = AkðzÞsðzÞ.

Based on the above model, satisfying CP property is
equivalent to the invertibility of AkðzÞ. We claim that AkðzÞ
is invertible due to the following reasons:

In

A zð Þ ≜
Ik zð Þ
G zð Þ

" #
, ð23Þ

take any k rows from AðzÞ and form k × k matrix AkðzÞ. In
this case, AkðzÞ to be decoded can be formed in two ways:
First, AkðzÞ does not contain any rows of IkðzÞ; from Lemma
2 above, we know that every square submatrix of GðzÞ is
invertible, so AkðzÞ is invertible. Second, AkðzÞ is composed
of α rows in IkðzÞ and β rows in GðzÞ, where IαðzÞ repre-
sents α rows in IkðzÞ and GβðzÞ represents β rows in GðzÞ,
and α + β = k. Since the matrix IαðzÞ is a known systematic
packet, substituting it into GβðzÞ is equivalent to deleting α

columns from it. The deleted GβðzÞ is equivalent to extract-
ing the β × β submatrix from GðzÞ, where k − α = β, as
shown in the following Example 3. Similarly, Lemma 2
shows that any square submatrix of GðzÞ is invertible, so
AkðzÞ is also invertible.

To sum up, AðzÞ is invertible, so this coding framework
can meet the CP property.

Example 3. Following Example 2, if ðn, kÞ = ð8, 5Þ, the system
has 5 systematic packets, m parity packets, where m = n − k
= 3. The matrix GðzÞ has been constructed as

G zð Þ =
z z2 + z + 1 z2 z + 1 1

z + 1 z2 z2 + z + 1 z z2 + 1
z2 z + 1 z z2 + z + 1 z2 + z

2
664

3
775:

ð24Þ

Combining the identity matrix I5ðzÞ,

A zð Þ =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
z z2 + z + 1 z2 z + 1 1

z + 1 z2 z2 + z + 1 z z2 + 1
z2 z + 1 z z2 + z + 1 z2 + z

2
666666666666666664

3
777777777777777775

:

ð25Þ

ðzÞ is composed of some parts of I5ðzÞ and GðzÞ, let

A5 zð Þ =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
z z2 + z + 1 z2 z + 1 1

z + 1 z2 z2 + z + 1 z z2 + 1

2
666666664

3
777777775
,

ð26Þ
and then, it can be seen from the matrix A5ðzÞ that the
known systematic packets are s1, s2, s3, so A5ðzÞ can be
simplified as

A5 zð Þ′ =
z + 1 1
z z2 + 1

" #
, ð27Þ

which is equivalent to the 2 × 2 submatrix of GðzÞ. Accord-
ing to Lemma 2, any submatrix of GðzÞ is invertible, so A5
ðzÞ′ is invertible.
4.2. Zigzag Decodability (ZD) Property. The ZD property of
one element which takes part in the encoding process multi-
ple times when constructing one encoded packet can be
proved by experiment that it cannot be fully zigzag decod-
able. Starting from the experiment, we set several groups of
parameters to obtain the probability of zigzag decodability
of one element which takes part in the encoding process

Table 4: Success/failure for different ðn, kÞ parameters.

n, kð Þ Success Failure Total

5, 3ð Þ 8 2 10

8, 5ð Þ 46 9 56

12, 8ð Þ 405 90 495

15, 10ð Þ 2408 595 3003
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multiple times. Through experimental simulation, we set
several sets of parameters ðn, kÞ as ð5, 3Þ, ð8, 5Þ, ð12, 8Þ,
and ð15, 10Þ, respectively, and the conditions of zigzag
decodable and not are shown in Table 4.

It can be seen from Figure 2 that the encoding frame-
work that one element takes part in the encoding process
multiple times when constructing one encoded packet based
on the Cauchy matrix has about 80% probability of ZD
decoding, which means that there is about 20% probability
that zigzag decoding will not be possible. The following

two examples illustrate the case that the encoding frame-
work is able or unable to perform zigzag decoding.

Example 4. Following Example 2 where ðn, kÞ = ð8, 5Þ, we
assume that there are encoded packets c1, c2, c6, c7, c8, where
c1 = s1 and c2 = s2. Based on the above, the remaining prob-
lem is to use the encoded packets c6, c7, c8 to decode the
three source packets s3, s4, s5. The corresponding coding
matrix is as follows:

0.2

0.4

0.6

0.8

1.0

(5, 3) (8, 5) (12, 8) (15, 10)

D
ec

od
in

g 
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(n, k)

Figure 2: Decoding probability for different ðn, kÞ parameters.

s4, 1 s4, 2 s4, 3 s4, 4 s4, 5 s4, 6 s4, 7 s4, 8 s4, 9 s4, 10 s4, 11 s4, 12

c7

c6

c8

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s5, 1 s5, 2 s5, 3 s5, 4 s5, 5 s5, 6 s5, 7 s5, 8 s5, 9 s5, 10 s5, 11 s5, 12

s4, 1 s4, 2 s4, 3 s4, 4 s4, 5 s4, 6 s4, 7 s4, 8 s4, 9 s4, 10 s4, 11 s4, 12

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s4, 1 s4, 2 s4, 3 s4, 4 s4, 5 s4, 6 s4, 7 s4, 8 s4, 9 s4, 10 s4, 11 s4, 12

s5, 1 s5, 2 s5, 3 s5, 4 s5, 5 s5, 6 s5, 7 s5, 8 s5, 9 s5, 10 s5, 11 s5, 12

s5, 1 s5, 2 s5, 3 s5, 4 s5, 5 s5, 6 s5, 7 s5, 8 s5, 9 s5, 10 s5, 11 s5, 12

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s4, 1 s4, 2 s4, 3 s4, 4 s4, 5 s4, 6 s4, 7 s4, 8 s4, 9 s4, 10 s4, 11 s4, 12

s4, 1 s4, 2 s4, 3 s4, 4 s4, 5 s4, 6 s4, 7 s4, 8 s4, 9 s4, 10 s4, 11 s4, 12

s4, 1 s4, 2 s4, 3 s4, 4 s4, 5 s4, 6 s4, 7 s4, 8 s4, 9 s4, 10 s4, 11 s4, 12

s5, 1 s5, 2 s5, 3 s5, 4 s5, 5 s5, 6 s5, 7 s5, 8 s5, 9 s5, 10 s5, 11 s5, 12

s5, 1 s5, 2 s5, 3 s5, 4 s5, 5 s5, 6 s5, 7 s5, 8 s5, 9 s5, 10 s5, 11 s5, 12

Figure 3: An example of able to perform ZD.
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G =
z2 z + 1 1

z2 + z + 1 z z2 + 1
z z2 + z + 1 z2 + z

2
664

3
775: ð28Þ

Assuming that the length of the encoded packets is L = 12,
we can obtain the decoding diagram of Figure 3 through
shift-and-addition encoding by row. In this condition, the
coding framework can be zigzagged: s4,1 can be obtained
directly from the first exposed bit of c8. Substitute s4,1 into
the first bit of c6 to obtain s5,1 through shift-and-addition,
and then, substitute s5,1 into c7 to obtain s3,1. In this manner,
the first bit of each source packet has been obtained. The
decoding of the second bit of each source packet is similar
to the decoding of the first bit. Substitute s3,1, s4,1, s5,1 into
c6, c7, c8, respectively, so that s4,2 can be obtained. Substitute
s4,2 into the second bit of c6, and s5,2 can be obtained by XOR
operation. Finally, substitute s5,2 into c7, and then, s3,2 can be
obtained.

Example 5. Following Example 2 where ðn, kÞ = ð8, 5Þ, we
assume that there are encoded packets c4, c5, c6, c7, c8, where
c4 = s4 and c5 = s5.Therefore, the remaining problem is to use
the encoded packets c6, c7, c8 to decode the three source
packets s1, s2, s3 to form the encoding matrix,

G =
z z2 + z + 1 z2

z + 1 z2 z2 + z + 1
z2 z + 1 z

2
664

3
775: ð29Þ

Assuming the length of the encoded packets is L = 12,
through shift-and-addition encoding by row, we cannot per-

form zigzag decoding in this case. From the first bit of each
coded packet, only s2,1 is exposed bit. When it is substituted
into the second bit of c6, c8, respectively, no new exposed bit
can be obtained. The whole decoding process is locked, so
the zigzag decoding cannot proceed, as shown in Figure 4.

5. Performance Analysis

In the case of one element takes part in the encoding only
once in shift-and-addition encoding, the overhead of several
existing CP-ZD codes is the square of k or n. As can be seen
from Section 3, the overhead of the encoding framework that
one element taking part in the encoding process multiple
times when constructing one encoded packet is related to
the size of the finite field; if the size of the finite field is GF
ð2ωÞ, then ω = dlog2ne. Therefore, the maximum overhead
of this encoding framework is determined by the number n
of encoded packets, and the overhead is OHcauchy = dlog2ne
− 1. Therefore, the overhead OH has a logarithmic relation-
ship with the number n of encoded packets, which has a
huge advantage over the existing zigzag codes. However,
due to the existence of multiple encodings, a source packet
may be encoded once or more, which is more complex than
the case of single encodings, leading to the possibility of
decoding failure during zigzag decoding, as shown in Exam-
ple 5. As can be seen from Figure 2, the ZD decoding rate of
the encoding framework that one element takes part in the
encoding process multiple times when constructing one
encoded packet based on Cauchy matrix in shift-and-
addition is about 80%.

In general, compared with the encoding framework of
one element taking part in the encoding only once in shift-
and-addition, the encoding framework of elements’ multi-
participation based on the Cauchy matrix has a good

c7

c6

c8

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s1, 1 s1, 2 s1, 3 s1, 4 s1, 5 s1, 6 s1, 7 s1, 8 s1, 9 s1, 10 s1, 11 s1, 12

s1, 1 s1, 2 s1, 3 s1, 4 s1, 5 s1, 6 s1, 7 s1, 8 s1, 9 s1, 10 s1, 11 s1, 12

s1, 1 s1, 2 s1, 3 s1, 4 s1, 5 s1, 6 s1, 7 s1, 8 s1, 9 s1, 10 s1, 11 s1, 12

s1, 1 s1, 2 s1, 3 s1, 4 s1, 5 s1, 6 s1, 7 s1, 8 s1, 9 s1, 10 s1, 11 s1, 12

s2, 1 s2, 2 s2, 3 s2, 4 s2, 5 s2, 6 s2, 7 s2, 8 s2, 9 s2, 10 s2, 11 s2, 12

s2, 1 s2, 2 s2, 3 s2, 4 s2, 5 s2, 6 s2, 7 s2, 8 s2, 9 s2, 10 s2, 11 s2, 12

s2, 1 s2, 2 s2, 3 s2, 4 s2, 5 s2, 6 s2, 7 s2, 8 s2, 9 s2, 10 s2, 11 s2, 12

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s3, 1 s3, 2 s3, 3 s3, 4 s3, 5 s3, 6 s3, 7 s3, 8 s3, 9 s3, 10 s3, 11 s3, 12

s2, 1 s2, 2 s2, 3 s2, 4 s2, 5 s2, 6 s2, 7 s2, 8 s2, 9 s2, 10 s2, 11 s2, 12

s2, 1 s2, 2 s2, 3 s2, 4 s2, 5 s2, 6 s2, 7 s2, 8 s2, 9 s2, 10 s2, 11 s2, 12

s2, 1 s2, 2 s2, 3 s2, 4 s2, 5 s2, 6 s2, 7 s2, 8 s2, 9 s2, 10 s2, 11 s2, 12

Figure 4: An example of failure in ZD.
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constraint on the overhead and can reduce the overhead
from the existing square level to the logarithmic level. How-
ever, it has some losses in ZD properties and cannot guaran-
tee ZD decoding.

6. Conclusions

Aiming at the problem of high overhead in CP-ZD codes,
in this paper, we design a coding framework based on the
idea of elements taking part in encoding multiple times in
constructing an encoded packet based on Cauchy matrix
and shift-and-addition. It is proved here that the frame-
work has CP properties, but not completely with ZD prop-
erties. Experimental results show that the ZD decoding
rate of this code is about 80%. However, the overhead is
OHcauchy = dlog2ne − 1, which is reduced from the existing
square level to the logarithmic level. The coding frame-
work confirms the advantage of the element participating
in the encoding for multiple times and lays a foundation
for future research.

7. Future Works

The new coding framework proposed in this paper satisfies
the CP property, but not the ZD property. At present, there
is no mature encoding framework with one element taking
part in encoding process multiple times. Aiming at the idea
of elements taking part in encoding multiple times, it is
obviously of prospective academic and application value to
design a feasible ZD decoding framework. What is more, it
is also necessary to study the closed form expression of
CP-ZD code, which can be used to describe the necessary
and sufficient conditions of CP-ZD code that elements
taking part in encoding process multiple times.
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A wavelength division multiplexing radio-over-fiber (WDM-RoF) system that can support multiband radio signals based on an
additional subcentral station (SCS) is proposed and demonstrated in this paper. The dispersion characteristics of the multiband
radio signals over fiber transmission are explored, and we exploit an improved transmission structure consisting of the central
station (CS), the SCS, and base stations (BSs) to optimize the antidispersion performance of the proposed RoF system. At the
SCS, a dual-drive Mach-Zehnder modulator (MZM) is employed to realize a cost-effective multiband radio signal generation of
WDM signals with great spectral flatness, and an optical cross-connect unit is utilized to achieve a flexible distribution of
different band radio signals for remote BSs. Based on the additional SCS, we establish a verification WDM-RoF system, which
can support reliable transmission of multiband radio signals including 13GHz, 26GHz, 39GHz, and 52GHz. The WDM
signals with each data rate at 2.5Gbps are successfully transmitted over a 40 km standard single-mode fiber.

1. Introduction

Affected by the COVID-19, network office and online
education have become the main solutions for people’s daily
work and learning. The demand of mobile users for high-
speed, large-capacity, and reliable communication networks
has suddenly increased, and it is in line with the enhanced
mobile broadband (eMBB) application scenario in the fifth-
generation mobile communication technology (5G) commu-
nication systems, which means to provide users with the ulti-
mate high-speed communication experience [1, 2]. Under the
current limited spectrum resources, the 3GPP organization for
the first time enabled a high-band frequency ranging from
24.25GHz to 52.6GHz to achieve a higher data rate transmis-
sion in the 5G system [3]. Various countries have carried out a
series of studies on the high-band communication systems
according to the distribution of their own spectrum resources,
as shown in Table 1 specifically [4, 5]. The high-band commu-
nication systems are mainly concentrated in several radiofre-

quency (RF) bands such as 26GHz, 28GHz, and 39GHz.
With the increasing demand for data rate, more and more
high-band carriers will be developed and utilized in 5G and
even future sixth-generation mobile communication technol-
ogy (6G) communication systems [6, 7]. Therefore, the collab-
orative communication technology between multiband radio
signals is of great significance for large-capacity communica-
tion and effective signal coverage, which means that the
research on reliable transmission and efficient generation of
multiband radio signals is very essential for future mobile
communication systems.

The transmission distance of high-band radio carriers is
mainly limited by air attenuation, and radio-over-fiber (RoF)
technology has become a preferred solution for long-distance
and reliable transmission in 5G high-band communication
systems [8]. In RoF systems, the generation of high-band radio
carriers can be realized in the optical domain, which can effec-
tively simplify the system structure and save implementation
costs. The current implementation schemes are mainly based
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on optical heterodyne, optical nonlinearity, and external
modulation methods [9–13]. Among them, the external mod-
ulation technology based on the Mach-Zehnder modulator
(MZM) has been widely investigated with its great flexibility,
high bandwidth, and linearity [14]. Traditional optical carrier
suppression modulation can be used to achieve a frequency-
doubled electrical signal generation [15]. In reference [16], a
W-band millimeter-wave (MMW) signal is generated by a
frequency quadrupling technology with one single MZM and
a wavelength selective switch (WSS). A 24GHz microwave
signal is obtained by a frequency octupling method based on
a dual-polarization quadrature phase shift keying modulator
[17]. Moreover, based on a 16-tupling frequency MMW
generation scheme without filters, a 160GHz electrical signal
is obtained with two MZMs [18]. Other architectures with
moreMZMs are proposed to realize a high-bandMMW signal
generation [19–21]. However, with the increasing number of
modulators, the system structure becomes more complex.
However, the abovementioned structures mostly carried out
the generation of a single RF carrier through a low-
frequency local oscillator (LO). As far as we know, few studies
focus on how to generate multiple RF carriers at different
bands efficiently. In addition, compared with the traditional
RoF systems, it becomes more difficult to overcome the fiber
dispersion for a high-reliability transmission as the number
of high-band signals increases. Therefore, the efficient genera-
tion, flexible allocation, and reliable transmission ofmultiband
radio signals in the RoF system is essential for its application in
future high-band communication systems.

In this paper, a flexible RoF system based on an additional
subcentral station (SCS) that can support multiband radio sig-
nals for cooperative communication with great dispersion tol-
erance is proposed and demonstrated. The different numbers
of high-quality optical sidebands is generated by setting
appropriate parameters of a dual-arm MZM modulator. We
build a verification system with one light source and analyze
the influence of the fiber dispersion on the reliability of data
transmission at different RF carriers. To achieve the genera-
tion and reliable transmission of a large number of multiband
radio signals, we establish a wavelength division multiplexing
(WDM) RoF system based on the SCS structure, which can
transmit several RF signals including 13GHz, 26GHz,
39GHz, and 52GHz. A centralized multiband RF signal gen-
eration structure and an optical cross-connect (OXC) unit
are utilized to realize cost-effective generation and flexible
allocation of different RF signals. A reliable transmission of
3-channel WDM signals with each data rate at 2.5Gbps over
40km optical fiber has been demonstrated by the measured
eye diagrams and bit error rate (BER) curves.

2. Principle

The principle of optical multiband MMWs generation based
on the external MZM is to create new optical harmonics by
setting a couple of appropriate parameters of the modulator.
Generally, new order sidebands are generated at the central
station (CS) with a low frequency LO. At the base stations
(BSs), the modulated optical signal can be converted to elec-
trical RF signals at different frequencies after the beat func-
tion of the photodetector (PD). The structure diagram of a
dual-arm LiNbO3-MZM is shown in Figure 1.

The input optical carrier can be expressed as

Ein tð Þ = Ece
jωct , ð1Þ

where Ec is the amplitude and ωc is the angular frequency of
the input optical signal. The input signal is equally divided
into the upper and lower channels through a Y-shaped
waveguide. The phase of optical signals is controlled by the
input RF signals and the DC bias voltages in each arm.
The recombined signal at the output port can be expressed
as

Eout tð Þ =
1
2 Ein ej π/Vπð Þ V1 tð Þ+Vbias1½ � + ej π/Vπð Þ V2 tð Þ+Vbias2½ �

h i
, ð2Þ

where Vπ is the half-wave voltage of the MZM. V1ðtÞ and
V2ðtÞ are the RF signals loaded on the upper and lower
arms, respectively. Vbias1 and Vbias2 are the DC bias voltages
severally. Normally, the MZM is set to work in push-pull
mode, which means V1ðtÞ = −V2ðtÞ, and they can be
described as

V1 tð Þ =VRF cos ωRFtð Þ,
V2 tð Þ =VRF cos ωRFt + Δθð Þ,

ð3Þ

where VRF and ωRF are the amplitude and angular frequency
term of the RF signal, respectively. Where Δθ = ð2 k + 1Þπ, it
is the phase difference between the two modulated RF sig-
nals. Then, equation (2) can be simplified by the Bessel func-
tion expansion as

Eout tð Þ ==
1
2 Eine

j Va/2ð Þ 〠
+∞

n=−∞
Jn mð Þejn ωRFt+ Δθ+πð Þ/2ð Þð Þ cos Δφ

2 + n
Δθ

2

� �( )
,

ð4Þ

where m = πVRF/Vπ is the modulation index, Va = πðVbias1
+Vbias2Þ/Vπ, Δφ = πðVbias1 − Vbias2Þ/Vπ, and Jnð∙Þ is the
first kind Bessel function of nth order. It can be seen that
the intensity of different order optical sidebands can be con-
trolled by the modulation depth m, the phase difference of
the modulation signal, and the magnitude of the bias voltage.
For example, when m = 1:84, Δφ = 1:76Vπ, and Δθ = π, the
amplitudes of different order sidebands jE0j ≈ jE±1j ≈ jE±2j,
which means a five-line comb with a great flatness can be
acquired. By detecting the generated optical comb lines,
the electrical RF signals at different bands can be obtained.

Table 1: Deployments of 5G high bands.

Country Frequency (GHz)

China 24.25~27.5; 37~43.5
USA 27.5 ~ 28.35; 37~40
Europe 24.25~27.5
Korea 26.5~ 29.5
Japan 27.5~ 28.28
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Therefore, with the above structure, only one LO has been
utilized to achieve a centralized generation of multiple RF
signals, which can effectively reduce the cost of multiband
radio signal generation.

3. Simulation Results and Discussion

3.1. Multiband RoF System Based on CS-BS Structure.
According to the principle of multiband radio signal gener-
ation with the MZM modulator mentioned in the previous
section, we build a multiband RoF verification system based
on the traditional CS-BS structure to analyze its transmis-
sion characteristics. The system architecture is shown in
Figure 2.

At the CS, the laser diode (LD) with a wavelength of
1550 nm is injected to a dual-arm MZM after the polariza-
tion controller (PC). The optical carrier is modulated by a
RF signal that consists of a 13GHz LO and a 2.5Gbps base-
band data signal. The half-wave voltage Vπ of the modulator
is 4V. Under the push-pull operation mode, to acquire a five
optical comb-line, the bias voltage of MZM is set to Vbias
=Vπ = 4V and the amplitude of the mixed RF signal is set
to 2.34V to set the modulation index m to 1.84. The optical
spectrum of the MZM output optical is shown in
Figure 2(a). The frequency of the central optical carrier is
193.1THz, and the comb line spacing is 13GHz, which has
a great flatness of 0.35 dB, and an unwanted-mode suppres-
sion ratio of 15 dB. The modulated signal is amplified by an
erbium-doped fiber amplifier (EDFA) with a gain of 20 dB
and then transmitted to the receiver over a standard
single-mode fiber (SSMF).

At the BS, a PD is used to convert the optical signal to
multiband radio signals. The spectrum of the detected elec-
trical signal is shown in Figure 2(b). It can be seen that mul-
tiple signals at different frequencies including 13GHz,
26GHz, 39GHz, and 52GHz are achieved. And they can
be selected and transmitted to mobile users by the RF
antenna. In order to analyze the transmission characteristics
of these RF signals over the fiber system, a tunable band-pass
filter (BPF) and different LOs (including 13GHz, 26GHz,
39GHz, and 52GHz) are employed to downconvert each
received RF signal. The original baseband data signal can
be recovered from different frequency carriers after a low-
pass filter (LPF), and the eye diagrams can be measured by
an oscilloscope. By changing the fiber length, the bit error

rate curves for different RF signals are measured and as
shown in Figure 3. Due to the influence of the fiber disper-
sion, the reliability of data signals with lower-frequency car-
riers is better than the data with higher-frequency carriers.
Moreover, the original baseband data signal is modulated
to each new generated optical carrier, the periodic fading
effect has a much more serious impact on the multiband
RoF system.

The power of the received RF signals at 13GHz, 26GHz,
and 39GHz is influenced by the transmission length. As the
frequencies of RF signals increase, the power fading points
appear more frequently. For example, when the transmis-
sion distance is 12.5 km, the data transmission performance
on the 13GHz carrier frequency decreases significantly,
while the data transmission quality on other frequency car-
riers is better. Particularly, the 52GHz RF carrier signal
can be immune to the power fading effect because it comes
from the ±2nd-order sidebands. With the increasing
number of different frequency carries, it becomes more diffi-
cult to select a suitable optical fiber transmission distance to
avoid the power fading points and achieve reliable signals
transmission. In order to suppress the influence of
chromatic dispersion on system reliability, the amount of
frequency spectrum entering the beat frequency of the
photodetector should be decreased.

3.2. Multiband WDM-RoF System Based on Additional SCS.
A multiband WDM-RoF system based on the CS-SCS-BS
structure is proposed to improve the transmission perfor-
mance of different RF carriers. The proposed system struc-
ture is shown in Figure 4.

Baseband data signals are utilized between the CS and
SCS to alleviate the serious impact of fiber dispersion on link
reliability. Multichannel downstream signals are transmitted
to the remote SCS through a single optical fiber by wave-
length division multiplexing and then centrally modulated
by the MZM-based multiband RF signals generation struc-
ture mentioned above. The modulated optical signals consist
of multiorder spectral components. An additional OXC unit
is employed to realize a flexible separation of the down-
stream signals at different frequencies for their respective
BSs. Since the SCS is close to the BS sides, the dispersion
effect can be ignored. Thus, the additional SCS can greatly
improve the dispersion resistance and flexibility of the pro-
posed multiband WDM-RoF system.

A verification structure of the multiband WDM-RoF
system is shown in Figure 5. At the CS, 3 × 2:5Gbps
baseband data are modulated to the optical TXs (transmit-
ters) with different central frequencies of f1 = 1552:52nm,
f2 = 1551:72nm, and f3 = 1550:92nm, respectively. The
modulated optical signals are multiplexed by a WDM multi-
plexer and then amplified by an EDFA. The fiber length
between the CS and SCS is set to 40 km. The downstream
signals are centrally modulated by a 13GHz LO to realize
5 optical lines generation for each optical carrier. The output
optical spectra are shown in Figure 5(a). The flatness of the
new generated optical lines is less than 0.5 dB, and the
unwanted-mode suppression ratio is more than 15dB for
each optical carrier.

Vbias1

Vbias2V2(t)

V1(t)

Ein Eout

GND

Figure 1: Typical structure of LiNbO3-MZM.
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An OXC unit consisting of a WSS with a minimum slice
of 12.5GHz and two optical couplers (OCs) is employed to
implement an allocation for different RF signals. For exam-
ple, if a 26GHz RF signal needs to be transmitted to the
BS1 through the optical carrier at f1, the WSS slice number
of output port 1 should be set to 141~142 as a band pass

filter which central frequency is 193.0875THz and the band-
width is from 193.075THz to 193.1THz and the slice num-
ber of output port 2 is set to 143~144 which central
frequency is 193.0875THz and the bandwidth is from
193.1 THz to 193.125THz. The new generated ±1st-order
sidebands will be filtered out and then recombined by an
OC. The output spectra after WSS is shown in Figure 5(b).
At the BS1, a PD is used to convert the optical signal to
the 26GHz RF signal. In order to analyze the reliability of
system transmission, a LO is employed to recovered the
original baseband data and measured by a BERT (bit error
rate tester).

By changing the parameters of the WSS at the SCS,
several specified RF signals can be sent to BS1. The measured
BER curves for different RF signals are shown in Figure 6. It
can be found that the BER of 13GHz, 26GHz, 39GHz, and
52GHz signals can reach 3:8 × 10−3 when the received signal
power is about −25 dBm. In particular, the BER of 52GHz
signal can be as low as 10-6 due to the width of the WSS slice
and the data rate of the baseband signal. The RF signals over
different optical carriers can also be distributed to each
remote BS. The BER curves of 26GHz RF signal over differ-
ent wavelengths are shown in Figure 7. It can be seen that
the optical receiver sensitivity is approximately −25 dBm
with the BER < 3:8 × 10−3. On the basis of the proposed
multiband RF signals generator and the optical wavelength
switch unit at the SCS, more RF signals at different frequen-
cies can be obtained and delivered to the required BSs. Fur-
thermore, the multiband radio signal generation structure
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can be further expanded if the phase noise of the adjacent
optical carriers be controlled effectively.

4. Conclusions

In this paper, a WDM-RoF system with multiband radio sig-
nals based on the CS-SCS-BS structure is proposed with a

great dispersion tolerance and flexibility. On the basis of
the external MZM, a centralized multiband RF signals gen-
eration structure with great flatness for the WDM signal is
realized at the SCS, which can not only improve the capacity
of the RoF system but also effectively eliminate the disper-
sion influence on the reliability of the multiband communi-
cation system. Moreover, with the use of the WSS and OCs
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unit, the system can achieve a flexible allocation of different
RF signals to different BSs. Finally, an experimental verifica-
tion RoF system with three channels WDM signal at
2.5Gbps which can support multiband radio signals includ-
ing 13GHz, 26GHz, 39GHz, and 52GHz over a 40 km
SSMF is demonstrated and its communication reliability is
achieved. The proposed multiband WDM-RoF system is of
great significance in future cooperative and high-band com-
munication systems.
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Index modulation (IM) is a novel digital modulation technique, which inactivates some subcarriers in orthogonal frequency division
multiplexing (OFDM) to exploit the indices of the subcarriers to transmit bits implicitly, and has potential to further improve the
energy efficiency and error performance. For the multiple-input multiple-output- (MIMO-) aided IoT devices, a highly efficient
and low-complexity IM-aided scheme is needed to reduce the computational complexity at the receiver sides. In this paper, we
propose a novel highly efficient MIMO-OFDM with IM scheme by performing IM on each transmit antenna subgroup, which
contains two transmit antennas, to achieve two transmit diversity order and significant reduction in computational complexity at
the cost of a minor spectral efficiency. To reduce the demodulation complexity, a low-complexity sequential Monte Carlo (SMC)
theory-based detector is proposed, which exploits the null space submatrix of the preprocessed channel response matrix by using
QR decomposition, to calculate the most likely transmitted IM patterns before the detection of the modulated symbols. Computer
simulation results and complexity analysis show that the proposed IM-aided scheme achieves better error performance with
extremely low computational complexity under the same constellation and the proposed SMC detector has potential to achieve
near optimal bit error rate performance with considerably low demodulation complexity.

1. Introduction

The next-generation wireless communication networks
will enable various types of devices with different require-
ments in enhanced mobile broadband (eMBB), massive
machine type of communication (mMTC), and ultrareli-
able and low-latency communication (uRLLC) scenarios
[1, 2]. In beyond fifth-generation (B5G) wireless commu-
nication networks and the sixth-generation (6G) wireless
communication networks, the ubiquitous infrastructure
devices and various Internet of Things (IoT) in industry,
home, hospital, smart agriculture, and other scenarios will
dominate the terminal side in the next decade [3–5]. As a

typical smart devices in mMTC scenario, IoT in most
applications are known for its low cost, battery depen-
dent, low power consumption, and limited computing
capability equipment, which put forward higher require-
ments in data transmission and computational complex-
ity. To support machine type of communication (MTC),
narrow band IoT (NB-IoT) is specified as the long-term
evolution for machine-type (LTE-M) communication by
the third-generation partnership project (3GPP) in the
fourth-generation (4G) LTE. For the energy and comput-
ing capability sensitive devices, low power consumption
wireless communication techniques and low-complexity
transceiver algorithms are crucial for prolonging the
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lifetime and enhancing the robustness of the mMTC net-
works [6–8].

Index modulation (IM) is a novel emerged promising
technique which exploits the index domain of some building
blocks of a communication system, such as antennas, time
slots, frequency subcarriers, multiple symbol mode or constel-
lation, and signal processing matrices, to convey information
bits to meet the demands of low energy consumption and high
data transmission [9–12]. To alleviate the interantenna syn-
chronization (IAS) problem at the transmitter and reduce
the signal processing complexity at the receiver, spatial modu-
lation (SM), which exploits the index domain of the transmit
antennas in a multiple-input multiple-output (MIMO) sys-
tem, has been proposed to activate one antenna according to
the input information bits to transmit the modulated symbol
[12–14]. It is clearly that there are two ways to transmit the
information bits in SM, which are known as the conventional
modulated symbols and the index patterns of the transmit
antennas. For the clarity of presentation, we define the infor-
mation bits transmitted by the modulated symbols and the
index patterns are modulation bits and index bits, respectively.
To further increase the spectral efficiency (SE), a subgroup of
transmit antennas are activated to transmit modulated sym-
bols in generalized SM (GSM) [15, 16]. Then, a novel dual-
hop SM-aided relay network is proposed to transmit its own
information while forwarding the SM signal to the destination
with both decode-and-forward and amplify-and-forward pro-
tocols [17]. To reduce the computational complexity in soft
decision, the deterministic sequential Monte Carlo- (SMC-)
based detectors are proposed for single-carrier (SC) GSM
[18]. In [19], the K-best sphere decoding (SD) soft detection
algorithm is proposed to effectively detect the active antennas
and the modulated symbols by exploiting the null space of the
GSM channel based on the QL decomposition.

In 4G, 5G, and wireless local area network (WLAN)
communication standards, orthogonal frequency division
multiplexing (OFDM) has become one of the most domi-
nant multicarrier techniques due to its merits in combating
with the frequency selective Rayleigh fading channel
[20–23]. Owing to the superior of bit error rate (BER) per-
formance and flexible design introduced by the IM tech-
nique, IM-aided schemes have attracted considerable
attention over the past few years. By applying IM in the fre-
quency subcarrier domain, OFDM with index modulation
(OFDM-IM), which appears as a competitive candidate
alternative to conventional OFDM, exhibits better bit error
rate performance and higher energy efficiency than those
of conventional OFDM [24–27]. In this paper, let us define
the subcarrier activation patterns (SAPs) to denote the IM
patterns of the active statues of the subcarriers within one
subblock after the signal processing of the IM. The achiev-
able rate and mutual information of OFDM-IM are ana-
lyzed, which shows that OFDM-IM has potential to
outperform conventional OFDM [28, 29]. An intercarrier
interference (ICI) self-cancellation scheme is proposed to
alleviate the effect in the presence of ICI in the underwater
acoustic communication scenario [30]. Then, a novel
enhanced coordinate interleaving OFDM-IM is proposed
to improve the BER performance of the index bits [31]. By

introducing IM in the spread spectrum, a novel index-
modulated OFDM spread spectrum is proposed to exploit
the index domain of spreading codes [32]. Then, an IM-
aided subcarrier mapping scheme is proposed for dual-hop
OFDM-based relay networks with different relay protocols
[33] and an OFDM-IM-based distributed cooperative sys-
tem is analyzed in [34]. To further improve the SE, a dual
mode scheme is proposed in which another distinguishable
constellation is transmitted at the inactive subcarriers [35].
Moreover, by dividing the constellation into several distin-
guishable subconstellations, multiple mode- (MM-) aided
OFDM-IM scheme is proposed to further improve the sys-
tem SE and the BER performance [36–38]. By utilizing silent
subcarriers and MM, a transmit diversity scheme for
OFDM-IM is proposed to further improve the system error
performance [39]. In [40], a novel cascade IM scheme is pro-
posed by performing MM IM onto the activated subcarriers
in OFDM-IM, which combines the advantages of both MM
IM and conventional OFDM-IM and can further enhance
the system error performance.

In OFDM-IM, the available subcarriers in each block are
divided into several subblocks to reduce the modulation and
demodulation complexity. The dependence of the active sta-
tuses of the subcarriers in each subblock make the demodula-
tion of the optimal maximum likelihood (ML) detector
should be performed in subblock-wise, which leads to
extremely high computational complexity at the receiver side.
By taking the advantage of the orthogonality of the subcarriers
in OFDM, a subcarrier-wise ML detector, which calculates the
most likely transmitted symbols in subcarrier-wise using the
ML criterion and makes the decision of the estimate of the
transmitted symbol vector in subblock-wise, is proposed to
reduce computational complexity at the receiver [41]. To fur-
ther reduce the demodulation complexity, a series of low-
complexity detection algorithms, which have potential to
achieve near-optimal BER performance, are proposed for
OFDM-IM, such as minimum mean square error (MMSE)
detector [24], subcarrier-wise-based tree search detectors [41],
and log-likelihood ratio- (LLR-) based detectors [42]. With
the aid of the low-complexity detection algorithms, OFMD-
IM has potential to achieve the same order of the detection
complexity as that of conventional OFDM.

MIMO is another key technique for the next-generation
wireless networks, which can improve the BER performance
and the data rate of the systems [43]. To harvest the advan-
tages of both IM and MIMO techniques, MIMO-OFDM with
index modulation (MIMO-OFDM-IM) is proposed to meet
the requests of high date rate and reliable data transmission
in B5G and 6G [44, 45]. Owing to the advantage of IM in
BER performance, MIMO-OFDM-IM exhibits ability to sur-
pass conventional MIMO-OFDM. Specifically, MIMO-
OFDM-IM achieves superior BER performance due to the
robustness of the index bits, which is theoretically analyzed
in [46]. Compared with conventional MIMO-OFDM,
MIMO-OFDM-IM can provide an interesting trade-off
between SE, error performance, and performing complexity,
which provides a more flexible transceiver design.

In MIMO-OFDM-IM, each antenna transmit indepen-
dent OFDM-IM block, which means that independent
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OFDM-IM process is implemented in each branch. Inheriting
from OFDM-IM, the dependence of the active statuses of the
subcarriers within each subblock makes the detection process
becomes an intricate problem. For convenience of expression,
we define antenna activation patterns (AAPs) to denote the
active statuses of the transmit antennas of each subcarrier level
after IM in each transmit antenna. By exploiting the orthogo-
nality of the subcarriers within each subblock, the most likely
transmitted symbol vectors under the condition of different
AAPs are analyzed in [47], which shows that the optimal error
performance can be obtained by performing subcarrier-wise
ML detection in the first step and full search of SAPs under
the constrain of the IM lookup table of OFDM-IM in each
transmit antenna level in the second step. Clearly, each AAP
corresponds to a most likely transmitted symbol vector in
the subcarrier-wise detection at the receiver. To further allevi-
ate the computational burden at the receiver, LLR-based
detectors [44], ordered successive interference cancellation-
(OSIC-) based MMSE detector [46], and SMC theory-based
detectors [47, 48] are proposed for the detection of MIMO-
OFDM-IM. Although subcarrier-wise detection algorithms
have reduced the demodulation complexity tremendously,
the number of the AAPs increases exponentially with the
number of the transmit antenna, which limits the applications
of MIMO-OFDM-IM in the mMTC scenarios. Therefore,
higher efficient IM-aided schemes and low-complexity detec-
tion algorithms are critical to the mMTC scenario.

To this end, we propose a novel highly efficient (HE-)
MIMO-OFDM-IM scheme for the mMTC scenario, which
has a fixed number of the activated transmit antennas at each
subcarrier level, to improve the error performance and reduce
the computational complexity of signal processing at both
transceiver sides. In the proposed HE-MIMO-OFDM-IM
scheme, the transmit antennas are divided into several sub-
groups, and IM is performed within each transmit antenna
subgroup to achieve higher transmit diversity. With the fixed
number of the activated transmit antennas for all the subcar-
riers at the antenna dimension, the AAPs, which are similar
to those of the SM scheme, are obtained in HE-MIMO-
OFDM-IM. Unlike the number of the activated transmit
antennas ranges from zero to the number of the transmit
antennas NT in classical MIMO-OFDM-IM scheme, HE-
MIMO-OFDM-IM can use the low-complexity detection
algorithms for the SM schemes to further reduce the detection
complexity of each subcarrier level, which means that the pro-
posed scheme can achieve near same computational complex-
ity level as SM and harvests the benefits of OFDM-IM. The
main contributions of this paper are summarized as follows:

(i) A novel HE-MIMO-OFDM-IM scheme is proposed
to reduce the computational complexity at both the
transmitter and receiver sides. By dividing the trans-
mit antennas into several subgroups, higher order of
transmit diversity of index patterns and lower demod-
ulation complexity at the receiver can be realized with
the aid of the novel IM structure at the transmitter

(ii) A subcarrier-wise detection architecture, which
exploits the AAPs in transmit antenna dimension

to detect the most likely transmitted symbol vectors
subcarrier by a subcarrier, is proposed for HE-
MIMO-OFDM-IM to easily lift the demodulation
burden at the receiver. Then, the computational
complexity in terms of the floating-point operations
(FLOPs) is analyzed for different detectors, which
shows that the proposed HE-MIMO-OFDM-IM
can provide a significant reduction in demodulation
complexity compared with conventional MIMI-
OFDM-IM under the same MIMO configuration

(iii) A low-complexity two-step SMC detector is pro-
posed for HE-MIMO-OFDM-IM, which exploits
the null space submatrix based on the QR decompo-
sition of the preprocessed channel response matrix
to calculate the most likely transmitted IM patterns
in the first step and employs SMC theory to detect
the most likely transmitted symbol vectors of each
subcarrier based of the IM patterns obtained in the
first step. The simulation results in term of the
BER performance of HE-MIMO-OFDM-IM show
that the proposed SMC detector has potential to
achieve near-optimal BER performance with con-
siderably low computational complexity

The remainder of this paper is organized as follows. The
system model of HE-MIMO-OFDM-IM and the optimal ML
detector are given in Section 2. Then, a low-complexity detec-
tors is proposed in Section 3. Computer simulation results are
given in Section 4. Finally, Section 5 concludes the paper.

Notation: X denotes a matrix and x denotes a column-
vector. ð⋅ÞT and ð⋅ÞH denote transposition and Hermitian
transposition of a matrix or a vector, respectively. diag fxg
returns a diagonal matrix whose diagonal elements are
included in x. x ~CN ð0, σ2xÞ represents the distribution of
a zero mean circularly symmetric complex Gaussian random
variable x with variance σ2x . b⋅c is the integer floor operation,
and∅ denotes the empty set. k⋅k stands for Frobenius norm.
j⋅j denotes the absolute value of a complex number. Cð⋅ , ⋅Þ
denotes the binomial coefficient. pð⋅Þ denotes the probability
of an event. S denotes the complex symbol constellation of
size M. Oð⋅Þ denotes the order of detection complexity with
respect to the constellation size. FFTf⋅g denotes the fast Fou-
rier transform (FFT) operator, and IFFTf⋅g denotes the
inverse FFT operator.

2. System Model

In this section, we present the transceiver structure and the
signal model of HE-MIMO-OFDM-IM.

2.1. Transmitter. In this paper, we consider a wireless com-
munication scenario in which the devices are equipped with
NT transmit antennas and NR receive antennas. A basic
block diagram of the MIMO communication model for the
proposed HE-MIMO-OFDM-IM is shown in Figure 1. In
HE-MIMO-OFDM-IM, the transmit antennas are divided
into NTA subgroups, each of which contains two antennas,
where NTA =NT /2. In each subgroup, we can choose two
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adjacent transmit antennas or interleaved transmit antennas
to form a subgroup, which are termed as localized grouping
and interleaved grouping, respectively. Since modulation
and demodulation for the localized grouping and interleaved
grouping methods follow the identical procedures, we there-
after take two adjacent transmit antennas to form a sub-
group to illustrate the signal processes of the proposed HE-
MIMO-OFDM-IM.

In HE-MIMO-OFDM-IM, independent OFDM-IM pro-
cess is performed within each transmit antenna subgroup.
For each transmit antenna subgroup, the available N subcar-
riers are equally partitioned into G subblocks to perform inde-
pendent IM to reduce the modulation complexity, each of
which containsNS =N/G subcarriers. The basic block diagram
of OFDM-IM for each transmit antenna subgroup is given in
Figure 2. At each transmission block, a total number of
mNTA input information bits are equally separated into NTA
subgroups to fed into each transmit antenna subgroup, each
of which containsm information bits. Then, the corresponding
m input information bits are further divided into G subgroups
for each subblock, each of which contains p =m/G informa-
tion bits. The IM processes in all the subblocks are the same
and independent of each other, so let us take the gth subblock
of the ntath transmit antenna subgroup as an illustrative case to
show the procedures, where g ∈ f1, 2,⋯,Gg, nta ∈ f1, 2,⋯,
NTAg. According to the principle of IM, K out of NS subcar-
riers within the subblock are selected as the active subcarriers
to transmit the modulated symbols, which indicates that there
are total CðNS, KÞ available SAPs for the IM of each subblock.
In this paper, we define CNS, K to denote that there are NS
subcarriers in the subblock and K subcarriers are activated to
transmit modulated symbols. For each subblock, the input p
information bits are transmitted by two ways, the first way is
p1 = log2bCðNS, KÞc index bits transmitted implicitly by the
SAPs, while the second way is p2 =NS log2M modulation bits
transmitted byNS modulated symbols, whereM is the order of
the modulated symbol constellation.

In IM process, the index selector chooses one SAP
according to the p1 information bits based on the SAPs
lookup table or the combinatorial method. Since NSAP =

2p1 ≤ CðNS, KÞ, there are always some unused SAPs in
IM, which are treated as illegal SAPs and should be
avoided in the subcarrier-wise detectors. For the gth sub-
block of the ntath transmit antenna subgroup, the output
of the SAPs selector for the first antenna in the subgroup
is given by

I
nta ,gð Þ
i = n1, n2,⋯, nKf g, ð1Þ

where i ∈ f1, 2,⋯,NSAPg is the index of SAPs, nk ∈ f1, 2,
⋯,NSg, nj ≠ nk if j ≠ k, and the elements in I ðnta ,gÞ are
sorted in ascending order. The SAP of the second antenna
in the ntath transmit antenna subgroup is defined as the
complementary set of the I ðnta ,gÞ, which can be expressed
as

�I
nta ,gð Þ
i = �n1, �n2,⋯, �nNS−K

� �
, ð2Þ

where the elements in �I
ðnta ,gÞ
i are sorted in ascending

order, �nk ∈ f1, 2,⋯,NSg, �nj ≠ �nk if j ≠ k, I ðnta ,gÞ
i ∪ �I

ðnta ,gÞ
i

= f1, 2,⋯,NSg, I
ðnta ,gÞ
i ∩ �I

ðnta ,gÞ
i =∅. Then, the NS × 1

modulated symbol vector is generated according to the
rest p2 information bits, where the output of the M-ary
symbol modulator is given by

s nta ,gð Þ = s1, s2,⋯, sK , sK+1,⋯sNS

� �T , ð3Þ

where sk ∈ S is an element of M-ary quadrature amplitude
modulation (QAM) or phase-shift keying (PSK) constella-
tion, k = 1, 2,⋯,NS. In sðnta ,gÞ, the first K modulated sym-
bols are used to generate the transmitted symbol vector of
the first transmit antenna, and the rest are for the second
transmit antenna. We assume that the modulated symbols
are normalized to unit average power, i.e. EfssHg =NS.
Then, the OFDM-IM subblock creator maps the modu-
lated symbols to the activated subcarriers according to
the obtained SAPs. The final NS × 1 transmitted symbol

m bits

m bits

m bits

m bits

m bits

m bits
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Figure 1: Transceiver structure of the HE-MIMO-OFDM-IM system.
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vector of the first transmit antenna, whose index is given
by 2nta − 1, can be expressed as

xg2nta−1 = xg1 , x
g
2 ,⋯, xgNS

h iT
, ð4Þ

where xgk ∈ fS , 0g, k = 1, 2,⋯,NS. Similarly, the NS × 1
transmitted symbol vector of the second transmit antenna
with index 2nta is given by

xg2nta = xg1 , x
g
2 ,⋯, xgNS

h iT
: ð5Þ

After G subblocks corresponding to each transmit
antenna are obtained, the transmitted symbol vector can
be generated by concatenating these modulated symbol
vectors in order. The transmitted symbol vectors of the
ntath transmit antenna subgroup are given by

xFt = x1t
� �T , x2t

� �T ,⋯, xGt
� �Th iT

, ð6Þ

where the index of transmit antenna is given by t = 2nta
− 1, 2nta, nta = 1, 2,⋯,NTA. After this point, independent
inverse fast Fourier transform (IFFT) for each transmit
antenna is performed to generate the time domain trans-
mitted symbol vector, which is given by

xTt = IFFT xFt
� �

= xT1 , x
T
2 ,⋯xTN

� �T , ð7Þ

where t = 2nta − 1, 2nta and nta = 1, 2,⋯,NTA. A cyclic
prefix (CP) of NCP samples, which is longer than the
number of the channel taps, is appended to the beginning
of the time domain transmitted symbol vector in each
transmit antenna. Then, identical procedures as conven-
tional OFDM such as parallel to serial and digital-to-
analog are performed to get the high-frequency broadband
signals, which are sent simultaneously from all the trans-

mit antennas to the destination. We assume that the fre-
quency selective Rayleigh fading channel remains
constant during one block and changes blast to blast. For
the clarity of presentation, an example of IM process is
given as follows.

Example 1. In HE-MIMO-OFDM-IM, two transmit anten-
nas form a subgroup as a unit for IM to maintain fixed num-
ber of the activated transmit antennas for each subcarrier.
We assume the parameters in HE-MIMO-OFDM-IM are
given by NT =NR = 4, NTA = 2, NS = 4, K = 2, and M = 16.
Table 1 gives an example of SAP lookup table and the corre-
sponding complementary set. Without loss of generality, we
take the modulation process of the gth subblock as an illus-
trative case. In this case, a total of p1 = 2 index bits and p2
= 16 modulation bits can be transmitted per subblock. For

convenience of expression, let us define pðntaÞ1 to denote the
index bits of the ntath transmit antenna subgroup, nta = 1,
2,⋯,NTA. Assuming the input index bits for two transmit

antenna subgroups of the gth subblock are given by pð1Þ1 = ½
1, 0� and pð2Þ1 = ½0, 0�. The SAP and the complementary set
of the first transmit antenna subgroup can be easily obtained
according to lookup table, which are given by f2, 3g and f
1, 4g, respectively. Similarly, the SAP and the complemen-
tary set of the second transmit antenna subgroup are given
by f1, 3g and f2, 4g, respectively. Finally, the transmit sym-
bol matrix of the gth subblock is given by

Xg =

0 s s 0

s 0 0 s

s 0 s 0

0 s 0 s

2
666664

3
777775 =

xg1
xg2
xg3
xg4

2
666664

3
777775, ð8Þ

Xg = �xg1 �x
g
2 �x

g
3 �x

g
4

� �
, ð9Þ
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Figure 2: Block diagram of the OFMD-IM transmitter in each transmit antenna subgroup.
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where xgt with t = 1, 2,⋯, 4 in (8) denote the obtained trans-
mitted symbol vectors in (4) and (5), and �xgn denotes the
transmitted symbol vector corresponding to the nth subcar-
riers in the gth subblock, which is the data vector contains
the simultaneously transmitted symbols from all the trans-
mit antennas, and is the nth column vector in Xg, n = 1, 2,
⋯, 4. According to IM method, the transmitted symbol vec-
tors in (8) with odd indices of transmit antennas have K
activated subcarriers, while the remaining with even indices
have NS − K activated subcarriers. Furthermore, the trans-
mitted symbol vectors xgt in (8) are the final output of IM
in each transmit antenna level at the transmitter, while �xgn
in (9) forms the basic signal demodulation model in
subcarrier-wise detectors.

Similar to the SM systems, the AAPs are defined to denote
the active statuses of �xgn in (9). To illustrate the AAPs more
clarity, an example of AAPs with parameters NT = 4 and
NTA = 2 is given in Table 2, and the number of the AAPs is
given by NAAP = 2NTA . Let us define space-frequency activa-
tion patterns (SFAPs) set X to denote the active statuses of
the transmitted symbol matrix Xg, which is the combinations
of the SAPs of each transmit antenna subgroups. Since the
independent IM of each transmit antenna subgroups, there
are a total ofNSFAP = ðNSAPÞNTA SFAPs in the setX. The SFAP
of the transmitted symbol matrix in (8) is given by

Xg =

0 1 1 0

1 0 0 1

1 0 1 0

0 1 0 1

2
666664

3
777775, ð10Þ

where 1 denotes the corresponding subcarrier is activated to
transmit modulated symbol, while 0 denotes the inactive
subcarrier.

2.2. Receiver. At the receiver, the time domain received sig-
nals are transformed to frequency signals by FFT operation
in each branch after removing the CP samples. According
to the signal model of MIMO, the received signals of the
receiver antenna rð1 ⩽ r ⩽NRÞ corresponding to the gth ð1
⩽ g ⩽GÞ subblock are given by

ygr = 〠
NT

t=1
γ diag hgr,t

� �
xgt +wg

r , ð11Þ

where ygr = ½ygr,1, ygr,2,⋯, ygr,NS
�T denotes the NS × 1 received

signal vector, γ =
ffiffiffiffiffiffiffiffiffiffiffi
NS/K

p
is the power reallocation factor at

the transmitter, hgr = ½hgr,t,1, hgr,t,2,⋯, hgr,t,NS
�T denotes the NS

× 1 channel frequency response between receive antenna r

and transmit antenna t, and wg
r = ½wg

r,1,w
g
r,2,⋯,wg

r,NS
�T

denotes the NS × 1 frequency additive white Gaussian noise
(AWGN) vector with zero mean and N0 variance. We define
the signal to noise ratios (SNR) of the system as rSNR = Eb/
N0, where Eb is the average transmitted energy per bit.
Owing to the orthogonality between different subcarriers in
OFDM system, the calculation can be performed in
subcarrier-wise within each subblock. According to the
transmitted symbol vector model given in (9) and received
signal model in (11), the received signal vector for the nth
ð1 ⩽ n ⩽NSÞ subcarrier within the gth subblock can be
expressed as

yg1,n

yg2,n

⋮

ygNR,n

2
666664

3
777775 = γ

hg1,1,n hg1,2,n ⋯ hg1,NT ,n

hg2,1,n hg2,2,n ⋯ hg2,NT ,n

⋮ ⋮ ⋱ ⋮

hgNR ,1,n hgNR,2,n ⋯ hgNR,NT ,n

2
666664

3
777775 ×

xg1,n

xg2,n

⋮

xgNT ,n

2
666664

3
777775 +

wg
1,n

wg
2,n

⋮

wg
NT ,n

2
666664

3
777775,

�ygn = γ�Hg
n�xgn + �wg

n

ð12Þ

where �ygn is the NR × 1 received signal vector from all the
receive antennas at the nth subcarrier, �Hg

n denotes the corre-
sponding NR ×NT channel matrix between the all the
receive antennas and transmit antennas at the nth subcar-
rier, and �wg

n denotes the NR × 1 AWGN vector. Due to the
IM, only NTA transmit antennas are activated to transmit
nonzero modulated symbols, which can not be determined
only based on the observation of current subcarrier. There-
fore, the subcarrier-wise detection algorithms need to calcu-
late the most likely transmitted symbol vectors
corresponding to all the AAPs for each subcarrier within
the subblock. Then, a joint decision is made based on the
obtained most likely transmitted symbol vectors of NS sub-
carriers. For the nth subcarrier, the subcarrier-wise ML
detector calculates the most likely transmitted symbol vec-
tors under the condition of each AAP

b�xg
n,A að Þ = arg min

�x∈A að Þ
�ygn − γ�Hg

n�x
		 		2, ð13Þ

where a = 1, 2,⋯,NAAP, �x ∈AðaÞ denote all the possible
transmitted symbol vectors whose AAP is AðaÞ, andb�xg

n,AðaÞ denotes the obtained most likely transmitted symbol

Table 1: Reference SAPs lookup table with parameters C 4, 2.

Bits SAPs Complementary set

[0, 0] {1, 3} {2, 4}

[0, 1] {1, 4} {2, 3}

[1, 0] {2, 3} {1, 4}

[1] {2, 4} {1, 3}

Table 2: Reference AAPs for HE-MIMO-OFDM-IM with
parameters NT = 4 and NTA = 2.

AAPs A 1ð Þ A 2ð Þ A 3ð Þ A 4ð Þ

Active state

0

1

0

1

2
666664

3
777775

0

1

1

0

2
666664

3
777775

1

0

0

1

2
666664

3
777775

1

0

1

0

2
666664

3
777775
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vector corresponding to the AAP AðaÞ. The metrics of the
obtained most likely transmitted symbol vectors of the nth
subcarrier can be expressed as

p b�xg
n,A að Þ


 �
= �ygn − γ�Hg

n
b�xg
n,A að Þ

			 			2: ð14Þ

After all the most likely transmitted symbol vectors of
each subcarrier in the gth subblock are obtained, an exhaus-
tive search of all the SFAPs is performed to obtained the
final estimate of the transmitted symbol matrix, which can
be calculated as

X̂g = arg min
An∈X

〠
NS

n=1
p b�xg

n ∈An


 �
, ð15Þ

whereAn denotes the AAP of the nth subcarrier which is the
nth column of a given X , and An ∈ fAð1Þ,Að2Þ,⋯,Að
NAAPÞg. Although the subcarrier-wise ML detector can
achieve the optimal error performance, both the detection
complexity in the first step and the second step increase
exponentially with the order of constellation and SAPs,
which are given by OðMNTAÞ and OððNSAPÞNTAÞ, respectively.
The demodulation complexity in terms of the FLOPs to get
the estimate of the transmitted symbol matrix per subcarrier
is given by

3NRNT + 2NR − 1ð ÞMNTANAAP + NS − 1ð Þ NSAPð ÞNTA : ð16Þ

3. Low-Complexity Detector

The computational complexity of the optimal ML detector
increases exponentially with the order of the constellation
and the number of the transmit antenna subgroups, which
give rise to prohibitive computational complexity in the
practical applications in the mMTC scenario. In this section,
a novel two-step SMC detector is proposed to reduce detec-
tion complexity. In the first step, a null space algorithm is
proposed to calculate the metrics of the AAPs of each sub-
carrier, which can be used to calculate the most likely trans-
mitted SFAPs of the subblock. Then, the most likely
transmitted symbol vectors of each subcarrier can be calcu-
lated according to the obtained SFAPs. Before the detection,
we first calculate the noise whitening matrix of the nth ð1
⩽ n ⩽NSÞ subcarrier, which is given by

Ωg
n = �Hg

n

� �H �Hg
n


 �1/2
: ð17Þ

The output after the signal processing of noise whitening
is given by

�ygn,NW = Ωg
nð Þ−1 �Hg

n

� �H
�ygn

= γ �Hg
n

� �H �Hg
n


 �−1/2
�Hg
n

� �H �Hg
n�xgn + Ωg

nð Þ−1 �Hg
n

� �H
�wg
n

= γ �Hg
n

� �
�Hg
n

� �1/2
�xgn + Ωg

nð Þ−1 �Hg
n

� �H
�wg
n = γΩg

n�xgn + �wg
n,NW ,

ð18Þ

where �ygn,NW denotes the NT × 1 received signal vector after
the signal processing and �wg

n,NW denotes the processed NT

× 1 AWGN sample vector. Since IM is performed in each
branch, there are some inactive antennas in each subcarrier,
which indicates that there are some 0 symbols in �xgn . Assume
the AAP of the nth subcarrier is An, the formula in (18) can
be rewritten as

�ygn,NW = γΩg
n,An

�xgn,An
+ �wg

n,NW , ð19Þ

where Ωg
n,An

denotes the submatrix with dimension NT ×
NTA that deletes the columns corresponding to the inactive
subcarriers in An and �xgn,An

denotes the NTA × 1 modulated

symbol vector by deleting the zero symbols in �xgn according
to its AAP An. By performing the QR decomposition of
the matrix Ωg

n,An
, the result can be expressed as

Ωg
n,An

= Qg
α,n,An

,Qg
β,n,An

h i Rg
α,n,An


 �
NTA×NTA

0 NT−NTAð Þ×NTA

2
4

3
5 =Qg

α,n,An
Rg
α,n,An

,

ð20Þ

where Qg
α,n,An

is an NT ×NTA unitary matrix, Qg
β,n,An

is the
null space matrix with dimension NT × ðNT −NTAÞ, and
Rg
α,n,An

is an NTA ×NTA upper triangular matrix. From
(20), we have

Qg
β,n,An


 �H
Ωg

n,An
= 0, ð21Þ

which implies that ðQg
β,n,An

ÞH is orthogonal to the matrix

Ωg
n,An

. By left multiply ðQg
β,n,An

ÞH to the received signal vic-

tor �ygn,NW given in (18), the output can be expressed as

�ygn,C = Qg
β,n,An


 �H
�ygn,NW = γ Qg

β,n,An


 �H
Ωg

n,An
�xgn,An

+ Qg
β,n,An


 �H
�wg
n,NW :

ð22Þ

If Qg
β,n,An

is the correct null space matrix, the result of

(22) can be expressed as �ygn,C = ðQg
β,n,An

ÞH �wg
n,NW , which fol-

lows zero mean Gaussian distribution; otherwise, the trans-
mitted symbol vectors are nonorthogonal to the null space
and the output will be nonzero mean variables. Therefore,

k�ygn,Ck2 can be used as the metrics for the detection of the
possible AAPs of each subcarrier and the SFAPs of each sub-
block. Let us define φg

nðAðaÞÞ to denotes the metric of the n
th subcarrier corresponding to the AAP AðaÞ, which is
given by

φg
n A að Þð Þ = Qg

β,n,A αð Þ

 �H

�ygn,NW

				
				2, ð23Þ

where Qg
β,n,AðαÞ denotes the null space of the nth subcarrier

obtained from the submatrix Ωg
n,AðaÞ which is generated by
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deleting the columns corresponding to the inactive subcar-
riers according to AðaÞ, a = 1, 2,⋯,NAAP.

After the calculation of NS subcarriers within the gth
subblock, the estimate of SFAP can be obtained by using a
SD-like algorithm to find the most likely transmitted SFAPs
of the subblock in the subcarrier to subcarrier manner based
on the metrics obtained in (23). Considering there are some
illegal SAPs in IM in each branch, which will lead to cata-
strophic errors both in the demodulation of IM bits and
the location of the modulated symbols as well as their order.
Therefore, we need to check the validity of the SAP of each
transmit antenna subgroup during the searching process.
The SD-like algorithm can be performed in several steps as
follows.

Step 1: let us define X̂
g
n,k to denote the survival partial

SFAPs reach the nth ð1 ⩽ n ⩽NS − 1Þ subcarrier level, where
the kth survival partial SFAPs can be expressed as

X̂
g
n,k = A

g
1,k,A

g
2,k,⋯,Ag

n,k
� �

, ð24Þ

where Ag
n,k denotes the AAP at the nth subcarrier in the kth

survival partial SFAPs X̂
g
n,k, k = 1, 2,⋯, θA denotes the index

of the survival partial SFAPs and θA is the maximum num-
ber of the reserved survival partial SFAPs at each subcarrier
level. The corresponding cumulative metrics of the partial
SFAPs can be calculated as

φ X̂
g
n,k


 �
= 〠

n

i=1
φ
g
i A

g
i,k

� �
, ð25Þ

where φ
g
i ðAg

i,kÞ denotes the metric at ith subcarrier corre-

sponding to the AAP in the kth survival partial SFAP X̂
g
n,k.

Then, the partial SFAPs of the ðn + 1Þth subcarrier can be
directly calculated based on the obtained calculation results
in (24) and (25).

Step 2: the entire partial SFAPs at the ðn + 1Þth subcar-
rier level based on the obtained results in (24) and (25)
can be expressed as

X̂
g
n+1,l = X̂

g
n,k,A að Þ

h i
= A

g
1,k,A

g
2,k,⋯,Ag

n,k,A að Þ� �
, ð26Þ

where l = 1, 2,⋯, θANAAP is the index of entire partial
SFAPs at the ðn + 1Þth subcarrier level, k = 1, 2,⋯, θ, a = 1,
2,⋯,NAAP. The cumulative metrics of the partial SFAPs in
(26) can be obtained by updating the metrics in (25), which
can be calculated as

φ X̂
g
n+1,l


 �
= φ X̂

g
n,k


 �
+ φ

g
n+1 A að Þð Þ: ð27Þ

After this point, θA partial SFAPs with better metrics are
kept as the survival partial SFAPs at the ðn + 1Þth subcarrier
level for the calculation of the next subcarrier level. In this
process, we need to check the validity of the SFAPs of each
transmit antenna subgroup, which can be actualized with
the aid of an illegal SAP table at each subcarrier level. An
example of the illegal SAPs table of each subcarrier level cor-

responding to the SAPs given in Table 1 is given in Table 3.
The obtained survival SFAPs and the corresponding metrics
are given by

X̂
g
n+1,k = A

g
1,k,A

g
2,k,⋯,Ag

n,k,A
g
n+1,k

� �
, ð28Þ

φ X̂
g
n+1,k


 �
= 〠

n+1

i=1
φ
g
i A

g
i,k

� �
, ð29Þ

respectively, where the index k is given by k = 1, 2,⋯, θA.
Note that although the formulae expresses in (28) and (29)
have the same form as that in (24) and (25), the elements
in them may different even with same index k because some
partial SFAPs may be eliminated due to the metrics in (27).
Finally, let us set ncurrent = n + 1 and check whether the
search process reach the last subcarrier level. If ncurrent =NS
, go to Step 3 for the following demodulation procedures;
otherwise set n = ncurrent and repeat Step 2.

Step 3: when it arrives the last subcarrier level, θF SFAPs
with better metrics are selected as the most likely transmit-
ted SFAPs for the calculation of the modulated symbols,
which are given by

X̂
g
NS ,c = A

g
1,c,A

g
2,c,⋯,Ag

NS ,c

h i
, ð30Þ

where c = 1, 2,⋯, θF . For convenience of expression, let us
define Xg

n = fAg
n,1,A

g
n,2,⋯A

g
n,θF

g to denote the set of the

AAPs of thenth subcarrier in X̂
g
NS ,c, n = 1, 2,⋯,NS.

According to the obtained AAP set of the nth subcarrier,
the most likely transmitted symbol vectors can be calculated
based on the SMC theory. Note that the AAPs of each sub-
carrier may identical in different SFAP estimates, the most
likely transmitted symbol vectors corresponding to these
AAPs are only needed to be calculated once. For a given
AAP Ag

n,c, the noising submatrix Ωg
n,Ag

n,c
which only keeps

the columns corresponding to the activated transmit anten-
nas according to the AAP Ag

n,c. Then, QR decomposition
given in (20) is perform to get the demodulation signal
model for SMC calculation. Consequently, we have

�ygn,c = Qg
α,n,Ag

n,c


 �H
�ygn,NW = γRg

α,n,Ag
n,c
�xgn,c + Qg

α,n,Ag
n,c


 �H
�wg
n,NW ; ;

ð31Þ

where �xgn,c denotes the nonzero modulated symbol vector of
the transmitted symbol vector �xgn corresponding to the AAP
Ag

n,c. Formula (31) can be rewritten in matrix wise

y1,n

y2,n

⋮

yK ,n

2
666664

3
777775 = γ

r1,1 r1,2 ⋯ r,1K

0 r2,2 ⋯ r2,K

0 ⋮ ⋱ ⋮

0 0 ⋯ rK ,K

2
666664

3
777775

s1

s2

⋮

sK

2
666664

3
777775 +

�w1

�w2

⋮

�wK

2
666664

3
777775:

ð32Þ
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According to the SMC theory, the detection process of
the most likely transmitted symbol vectors associated with
Ag

n,c can be performed in antenna to antenna manner from
the Kth activated transmit antenna to the first activated
transmit antenna. Based on the sequential distribution and
the sequential structure derived in [48], the a posteriori
probability at the kth activated transmit antenna level can
be calculated as

p �sgn,c
� �

k
�ygn,c

� �
k

��� �
∝ p �ygn,c

� �
k

�sgn,c
� �

k

��� �
∝

Yk
t=K

p ygt,n �sgn,c
� �

t

��� �
∝ p �ygn,c

� �
k+1

�� �sgn,c
� �

k+1

� �
p ygk,n �sgn,c

� �
k

��� �
,

ð33Þ

where f�sgn,cgk ≜ ½sk, sk+1,⋯, sK �T is the partial symbol vector
when the calculation reaches the kth activated transmit
antenna level and f�ygn,cgk ≜ ½yk, yk+1,⋯, yK �T denotes the
partial receive signal vector reaches the kth activated trans-
mit antenna level. For the calculation of each activated trans-
mit antenna level, we define the ðK − k + 1Þ × 1 nonzero
vector rk = ½rk,k, rk,k+1,⋯rk,K � to denote the vector which is
constructed by K − k + 1 nonzero elements in the kth row
of the matrix Rg

α,n,Ag
n,c
. Therefore, the SMC algorithm draws

particles from each activated transmit antenna level and
keeps θS particles according to the probabilities in (33) for
the calculation of the next antenna level. After the calcula-
tion of the kth activated transmit antenna level, θS reserved

particles can be expressed as f�sgn,cgðθÞk with their important

weights pðf�ygn,cgkjf�sgn,cgðθÞk Þ, where θ = 1, 2,⋯, θS. In the
SMC algorithm, the particles at the ðk − 1Þth activated trans-
mit antenna level can be expressed as

�sgn,c
� � lð Þ

k−1 = sk−1, �sgn,c
� � θð Þ

k


 �T
 �T

, ð34Þ

where l = 1, 2,⋯MθS. Note that all the particles at the ðk −
1Þth activated transmit antenna level are updated from θS
particles at the kth activated transmit antenna level, which
indicates that the important weights can be updated from
that of the kth activated transmit antenna level. The updat-
ing of the important weights at the next antenna level, which
is performed based of the important weights of the obtained
θS particles, can be calculated as

p �ygn,c
� �

k−1 �sgn,c
� � lð Þ

k−1

���
 �
∝ p �ygn,c

� �
k

�sgn,c
� � θð Þ

k

���
 �
p ygk−1,n �sgn,c

� � lð Þ
k−1

���
 �
:

ð35Þ

When it reaches the first activated transmit antenna level,

the final θS particles can be expressed as f�sgn,cgðθÞ1 with θ = 1,
2,⋯, θS. The complete θS symbol vectors can be generated

directly by mapping the obtained particles f�sgn,cgðθÞ1 to the non-
zero indices according to the AAP Ag

n,c, which are given by

f�xgn,cgðθÞ. Then, the most likely transmitted symbol vector of
the nth subcarrier corresponding to the AAP Ag

n,c can be cal-
culated based on the signal model given in (18)

b�xg
n,Ag

n,c
= arg min

�x∈ �xgn,cf g θð Þ
�ygn,NW − γΩg

n�x
		 		2, ð36Þ

and the corresponding decision metric is given by

p b�xg
n,Ag

n,c


 �
= �ygn,NW − γΩg

n
b�xg
n,Ag

n,c

			 			2: ð37Þ

The final SFAP estimate of the gth subblock can be calcu-
lated based on the metrics of most likely transmitted symbol
vectors of the AAPs in X̂

g
NS ,c

X̂
g = arg min

X̂
g
NS ,c

〠
NS

n=1
p b�xg

n,Ag
n,c


 �
, ð38Þ

where c = 1, 2,⋯, θF . After this point, the obtained final SFAP
can be expressed as

X̂
g = A

g
1 ,A

g
2 ,⋯,Ag

NS

h i
: ð39Þ

Finally, the estimate of the transmitted symbol matrix can
be obtained by concatenating the most likely symbol vectors of
each subcarrier in (36) according to the final SFAP estimate
X̂

g
, which is given by

X̂g = b�xg
1,Ag

1
, b�xg

2,Ag
2
,⋯, b�xg

NS ,A
g
NS

h i
: ð40Þ

The computational complexity in terms of the FLOPs of
the SMC detector can be obtained according to the above for-
mulae. Since the repetitions of AAPs in the different obtained
SFAPs are difficult to count, we omit it in the following com-
putational complexity analysis. The computational complexity
in terms of the FLOPs to get the final estimate of the transmit-
ted symbol matrix per subcarrier is less than

NAAP 2NTANT −NTA + θA + 1ð Þ
+NT 2NTNR +NR − 1ð Þ + θF 2θSNT NT + 1ð Þð Þ
+ θF 2NT NTA − 1ð Þ + θSM NTAð Þ2 + 3NTA

� �� �
:

ð41Þ

From the above analysis, the computational complexity of
a given system is affected by the parametersθF and θS, which

Table 3: Illegal paths table for OFDM-IM with parameters C 4, 2.

Subcarrier level Illegal paths

Subcarrier 1 ∅

Subcarrier 2 [0 0], [1 1]

Subcarrier 3 ∅

Subcarrier 4
[0 1 0 0], [0 1 1 1]
[1 0 0 0], [1 0 1 1]

9Wireless Communications and Mobile Computing



indicates that an interesting trade-off between the system error
performance and demodulation complexity can be realized by
adjusting these parameters.

4. Simulation Results

In this section, we perform Monte Carlo simulations to verify
the error performance of HE-MIMO-OFDM-IM with differ-
ent parameters. The MIMO configuration in simulations is
given by NT = 4 and NR = 4. The length of the OFDM bloc
is given by N = 128, and the length of CP is NCP = 16. In
HE-MIMO-OFDM-IM, the parameters of IM in each sub-
block are given by C4, 2. In the computer simulations,
uncoded transmission is considered over frequency-selective
Rayleigh fading MIMO channels, whose maximum delay
spread is less than 12 sampling periods. It is assumed that
the receiver estimates the perfect channel state information,
which is unknown at the transmitter. Here, we use MMSE-
LLR to denote the proposed low-complexity MMSE-LLR
detector for MIMO-OFDM-IM in [44] and HSMC detector
to denote the SMC detector proposed in [47], which can also
be employed in the proposed HE-MIMO-OFDM-IM scheme.

Figure 3 compares the BER performance between con-
ventional MIMO-OFDM-IM and HE-MIMO-OFDM-IM
with constellations 4QAM, 8QAM, and 16QAM by employ-
ing the optical ML detector. Since the computation complex-
ity of the ML detector of MIMO-OFDM-IM with

constellation 16QAM is too high, the corresponding curve
is not provided in Figure 3. It is observed in Figure 3 that
HE-MIMO-OFDM-IM outperforms conventional MIMO-
OFDM-IM with same constellation and IM parameters due
to the transmit diversity achieved by the HE-MIMO-
OFDM-IM scheme. According to the principle of IM, p1
index bits occupies only a small percentage in the p total bits
because small size of subblock is needed to maintain low
complexity in both modulation and demodulation. In partic-
ularly, there are total p = 10 bits per subblock in MIMO-
OFDM-IM when 16QAM employed and the proposed
scheme suffers only one bits loss per subblock, the percent-
age of loss decreases as the order of constellation increases
because the loss of index bits do not change with the order
of the constellation. By reducing the number of the activated
subcarriers in the subblock, i.e., K = 1, the proposed HE-
MIMO-OFDM-IM outperforms conventional MIMO-
OFDM-IM with the same SE. Note that, the computation
complexity in the calculation of the most likely transmitted
symbol vectors for each subcarrier does not change with
the number of the activated subcarriers K in conventional
MIMO-OFDM-IM. Combining with the demodulation
complexity comparison in Figure 4, the proposed HE-
MIMO-OFDM-IM achieves extremely low detection com-
plexity when higher-order constellations are employed.
Therefore, low detection complexity and gradually dimin-
ished SE loss in higher-order constellations applications

SNR (dB)

BE
R

HE-MIMO-OFDM-IM 16QAM 2.25 bps (Hz)
MIMO-OFDM-IM C4, 2 8QAM 2 bps (Hz)
HE-MIMO-OFDM-IM 8QAM 1.75 bps (Hz)
MIMO-OFDM-IM C4, 1 8QAM 1.25 bps (Hz)
MIMO-OFDM-IM C4, 2 4QAM 1.5 bps (Hz)
HE-MIMO-OFDM-IM 4QAM 1.25 bps (Hz)
MIMO-OFDM-IM C4, 1 4QAM 1 bps (Hz)

100

10–1

10–2

10–3

10–4

10–5

0 5 10 15 20 25

Figure 3: Error performance comparison of conventional MIMO-OFDM-IM and HE-MIMO-OFDM-IM with optimal ML detectors.
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make the proposed HE-MIMO-OFDM-IM becomes a com-
petitive alternative to conventional MIMO-OFDM-OFDM.

Figure 4 compares the computational complexity in
terms of the flops for the optimal ML detectors for both
MIMO-OFDM-IM and HE-MIMO-OFDM-IM, the SMC
detector with parameter θA = θF = 4 and θS = 5 for HE-
MIMO-OFDM-IM. In comparisons, 4 × 4MIMO configura-
tion is considered. The OFDM-IM parameters in compari-
son are given by NS = 4 and K = 2. Due to there are some
identical AAPs in θF final SFAPs at the same subcarrier
level, the computational complexity of the SMC detector is
obtained by the computer simulations. As shown in
Figure 4, the computational complexity of the optimal ML
detector for HE-MIMO-OFDM-IM is less than that of
MIMO-OFDM-IM, which validates that the proposed
scheme has potential to meet the request of low-
complexity implementation scenarios. This can be explained
that the proposed HE-MIMO-OFDM-IM has only 2NTA

AAPs which have NTA nonzero symbols, while MIMO-
OFDM-IM has 2NT AAPs in which the nonzero symbols
range from 0 to NT . The SMC detector can further reduce
the demodulation complexity by exploiting the null space
to calculate the most likely transmitted SFAPs and calculates
the most likely transmitted symbol vectors by using the SMC
algorithm in the second step. Furthermore, other low-
complexity detection algorithms can be used to substitute
the SMC algorithm after the null space calculations in the
second step, which can further reduce the demodulation
complexity for high-order MIMO configurations.

Figure 5 compares the BER performance of different
detectors for HE-MIMO-OFDM-IM with 4QAM and
16QAM constellations. The number of the survival partial
SFAPs of each subcarrier level in the proposed SMC detector
is given by θA = θF = 4 and the number of the particles in the
SCM algorithm is given by θS = 5. The number of the parti-
cles in the HSMC detector for 4QAM and 16QAM constel-
lations are given by θS = 6 and θS = 13, respectively, and
the survival paths in the SD-like algorithm to get the esti-
mate of the submatrix is given by θpath = 8. Because there
are some illegal AAPs, a validity check of the AAPs in the
calculation of the most likely transmitted symbol vectors is
needed in the HSMC detector. The MMSE-LLR detector suf-
fers from a significant error performance degradation com-
pared with the optimal ML detector and the proposed
SMC detector due to only one receive diversity order
achieved. As shown in Figure 5, all the SMC detectors
achieve near-optimal BER performance with the reduced
computational complexity, which indicates that the SMC
detectors achieve the diversity order NR as that of the opti-
mal ML detector. In particularly, the proposed SMC detector
has potential to achieve almost the same BER performance
as that of the optimal ML detector in the medium to high
SNRs, which demonstrate that the null space method can
effectively acquire almost the same SFAP estimate as that
of the optimal ML detector if enough partial SFAPs are kept
at each subcarrier level in the calculations. This phenome-
non indicates that two-step detection algorithm, in which
the first step uses the null space method to get the most
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Figure 4: Flops comparison of different detectors for conventional MIMO-OFDM-IM and HE-MIMO-OFDM-IM.
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likely transmitted SFAPs and the second step detects the
modulated symbol vectors based the results in the first step,
can be a valuable method for the IM-aided MIMO systems.
Furthermore, the SMC detector can achieve a trade-off
between error performance, system SE, and demodulation
complexity by adjusting the corresponding parameters to
meet the requests of different scenarios.

5. Conclusion

In this paper, we have proposed a novel HE-MIMO-OFDM-
IM scheme which performs IM in each transmit antenna
subgroup to achieve two transmit diversity order of IM pat-
terns and achieves extremely low computational complexity
at the receiver side. Then, the subcarrier-wise ML detector,
which is performed in two steps, is proposed for HE-
MIMO-OFDM-IM. Due to the fixed number of the activated
transmit antennas at each subcarrier level, the null space
submatrix of the QR decomposition of the noise whitening
preprocessed channel response matrix can be used to calcu-
late the most likely transmitted IM patterns of each sub-
block. Then, a novel SMC detector is proposed to exploit
the null space submatrix to calculate the most likely trans-
mitted SFAPs first and then calculates the most likely trans-
mitted symbol vectors of each subcarrier based on the SMC
theory according to the obtained most likely transmitted
SFAPs. The computer simulation results have shown that
the proposed HE-MIMO-OFDM-IM achieves better BER
performance under same constellation at cost of a minor

SE and achieves extremely low demodulation complexity
compared with that of conventional MIMO-OFDM-IM.
Consequently, the advantages in error performance and
computational complexity makes the proposed HE-MIMO-
OFDM-IM more favorable to the mMTC scenarios.
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Recently, mobile edge computing (MEC) has been widely applied into Internet of Things (IoT) networks, which has attracted a lot
of attention from researchers. A critical challenge in the MEC-aided IoT networks is that the performance analysis is often
complicated, where it is quite difficult for us to obtain some analytical or closed-form solution to the performance analysis,
such as outage probability and bit error rate. This has been the bottleneck of the development of MEC-aided IoT networks. To
address this challenge, we deeply investigate the Chebyshev-Gauss approximation method and derive the analytical solution to
implement this powerful and useful approximation. We then give several examples to show the effectiveness of the Chebyshev-
Gauss approximation in the performance analysis for the MEC-aided IoT systems. The results in this work can serve as an
important reference and reveal some important inherent mechanisms for the MEC-aided IoT networks.

1. Introduction

Recently, a lot of wireless nodes cooperate together, to
communicate and compute collaboratively, which form
the Internet of Things (IoT) networks [1, 2]. In such a
system, a lot of wireless nodes access the system spectrum,
by using orthogonal or nonorthogonal multiple access
schemes [3, 4]. These nodes can communicate and com-
pute in a collaborative way, when facing some intensive
calculating tasks. Besides the communication and calcula-
tion, the privacy protection also becomes a key research
topic in the study of IoT networks [5, 6], where some pri-
vacy protection methods from the physical layer to the
application layer should be incorporated into the system,
in order to enhance the data communication privacy and

data calculation privacy, especially for some sensitive data
such as medical data and financial data.

Some novel techniques have been proposed by
researchers to promote the development of IoT networks,
among which mobile edge computing (MEC) is a key tech-
nology [7, 8]. In the MEC-aided IoT networks, some edge
nodes have some powerful ability to help calculate the inten-
sive tasks from other nodes, which will be helpful in leading
to a smaller delay and power consumption (PoCo). In this
area, a lot of studies have been performed to utilize the com-
munication resources as well as calculating resources in the
MEC-aided IoT networks, through some conventional opti-
mization methods such as convex optimization or some
intelligent algorithms such as deep reinforcement leaning
(DRL) algorithms, in order to reduce the system delay and
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PoCo [9]. This can help make the MEC-aided IoT networks
fit the various applications [10–12].

Because of restricted regularity sources, cochannel inter-
ference has actually been unavoidable in the wireless com-
munication systems. Cochannel interference has restricted
the system efficiency seriously, as well as being the traffic
jam of the wireless systems. The effect of cochannel interfer-
ence on the system efficiency of wireless communications
was thoroughly examined in the literary works. Some
authors examined the dual-hop communicating systems in
the existence of cochannel interference, as well as the system
data rate and outage possibility. For the secure communicate
systems in cochannel interference, the system efficiency
might be examined through obtaining the capacity as well
as asymptotic privacy outage possibility, whereby the impact
of interfering energy on the system efficiency might be
exposed.

A critical challenge in the MEC-aided IoT networks is
that the performance analysis is often complicated, where
it is quite difficult to obtain some analytical or closed-form
solution to the performance analysis, such as outage proba-
bility and bit error rate. This has been the bottleneck of the
development of MEC-aided IoT networks. To address this
challenge, we deeply investigate the Chebyshev-Gauss
approximation method and derive the analytical solution
to implement this powerful and useful approximation. We
then give several examples to show the effectiveness of the
Chebyshev-Gauss approximation in the performance analy-
sis for the MEC-aided IoT systems. The results in this work
can serve as an important reference and reveal some impor-
tant inherent mechanisms for the MEC-aided IoT networks.

2. Chebyshev-Gauss Quadrature

In numerical analysis, numerical integration is the method
and theory of calculating the value of definite integration.
We can use the Leibniz integral rule to calculate the definite
integral through the original function. However, it is regu-
larly difficult to calculate the original value of the function.
There are few functions that can be expressed by elementary
functions, and the integration of most integrable functions
cannot be expressed by elementary functions or even analyt-
ical expressions. Therefore, in many cases, we can only use
numerical integration to calculate the approximate value of
the function.

At present, there are many algorithms for calculating
definite integral. For instance, these algorithms mainly
include the following:

(i) Rectangle rule

(ii) Trapezoidal rule

(iii) Romberg’s method

(iv) Gauss quadrature

Among the above algorithms, the Gaussian quadrature
rule with n-point is a quadrature rule constructed to yield
an exact result for polynomials of degree 2n − 1 or less by

a suitable choice of the nodes xi and weights wi for i = 1,
⋯, n. Specifically, the Gauss quadrature includes three dif-
ferent forms:

(1) Chebyshev-Gauss quadrature

(2) Gauss-Hermite quadrature

(3) Gauss-Jacobi quadrature

Now, we mainly discuss the Chebyshev-Gauss quadra-
ture. Chebyshev-Gauss quadrature is an extension of Gauss-
ian quadrature method, which is used to approximate the
following two types of integral value. For the first kind, we
can have

ð+1
−1

f xð Þffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p dx ≈ 〠
n

i=1
wif xið Þ, ð1Þ

where xi = cos ðð2i + 1Þπ/2nÞ, the weight wi = π/n, and the
approximation error decreases with a larger number of item
n.

On the contrary, for the second kind, we have

ð+1
−1

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
g xð Þdx ≈ 〠

n

i=1
wig xið Þ, ð2Þ

where xi = cos ðiπ/ðn + 1ÞÞ, the weight wi = ðπ/ðn + 1ÞÞ sin2
ðiπ/ðn + 1ÞÞ, and the approximation error decreases with a
larger number of item n.

For a random function f ðxÞ, its integral Ð ba f ðxÞdx can be
approximated as

ðb
a
f xð Þdx ≈ 〠

n

i=1
wif xið Þ, ð3Þ

where wi is the weight coefficient, and the approximation
error decreases with a larger number of item n. Note that
the accuracy can be improved by increasing the number of
xi or finding the right xi. We can rewrite f ðxÞ as

f xð Þ = ρ xð Þg xð Þ: ð4Þ

Therefore, (3) can be approximated as

ðb
a
ρ xð Þg xð Þdx ≈ 〠

n

i=1
wig xið Þ, ð5Þ

where ρðxÞ is the weight function and the approximation
error decreases with a larger number of item n. We can
use the Chebyshev-Gauss quadrature to approximate (5).
The Chebyshev polynomials of the first kind are obtained
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from the following recurrence relation:

cos 2θ = 2 cos2θ − 1,
cos 3θ = 4 cos2θ − 3 cos θ,

cos nθ = Tn cos θð Þ,
Tn xð Þ = cos n ⋅ arccos xð Þ:

ð6Þ

Let TnðxÞ = 0, and the root of the equation can be
obtained as

Tn xð Þ = cos n ⋅ arccos xð Þ = 0,

n ⋅ arccos x = π

2 + kπ = 2k + 1ð Þπ
2 ,

arccos x = 2k + 1ð Þπ
2n ,

xk = cos 2k + 1ð Þπ
2n

� �
,

ð7Þ

where k = 0, 1,⋯, n − 1, and xk is the Chebyshev node,
namely, the root of the Chebyshev polynomials of the first
kind.

As shown in Figure 1, the Chebyshev node is equivalent
to the x-axis coordinates of N equally spaced points on the
unit semicircle. The Chebyshev-Gauss quadrature can
obtain a relatively approximate solution only when the func-
tion f ðxÞ can be approximated by polynomials in the inter-
val ½−1, 1�. We use an affine transformation for nodes over
an arbitrary interval ½a, b� as

xk =
1
2 a + bð Þ + 1

2 b − að Þ cos 2k − 1
2n π

� �
, k = 1, 2,⋯, n:

ð8Þ

For (3), let

x = 1
2 a + bð Þ + 1

2 b − að Þy, ð9Þ

and thus, we have

ðb
a
f xð Þdx =

ð1
−1

1
2 b − að Þ ⋅ f 1

2 a + bð Þ + 1
2 b − að Þy

� �
dy:

ð10Þ

Let y = cos θ, where θ = ðð2k + 1Þπ/2nÞ, k = 0, 1,⋯, n − 1
, and then, we have

ð1
−1

1
2 b − að Þ ⋅ f 1

2 a + bð Þ + 1
2 b − að Þy

� �
dy

= −
ð0
π

1
2 b − að Þ sin θ ⋅ f

1
2 a + bð Þ + 1

2 b − að Þ cos θ
� �

dθ:

ð11Þ

We can further write

ðb
a
f xð Þdx =

ðπ
0

1
2 b − að Þ sin θ ⋅ f

1
2 a + bð Þ + 1

2 b − að Þ cos θ
� �

dθ:

ð12Þ

According to the definition of definite integral, we can
write

Ð b
a f ðxÞdx as

ðb
a
f xð Þdx = 〠

n−1

k=0

1
2 b − að Þ sin 2k + 1ð Þπ

2n

� �
π

n

⋅ f
1
2 a + bð Þ + 1

2 b − að Þ cos 2k + 1ð Þπ
2n

� �� �
:

ð13Þ

By comparing with (5), we can obtain

xi =
1
2 a + bð Þ + 1

2 b − að Þ cos 2k + 1ð Þπ
2n

� �
, ð14Þ
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Figure 1: Chebyshev node on the unit semicircle.
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where k = 1, 2,⋯, n − 1, and

wi =
1
2 b − að Þ sin 2k + 1ð Þπ

2n

� �
π

n
, ð15Þ

3. Numerical and Simulation Results

In this part, we present some numerical and simulation
results to verify the convergence effect of the conventional
rectangle rule and the Chebyshev-Gauss quadrature. We
compare the convergence effect of the following three
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2.6

2.62

2.64

2.66

2.68

2.7

2.72

2.74

2.76

2.78

2.8

0 200 400 600 800 1000 1200 1400 1600

Iteration 

V
al

ue

Benchmark
Chebyshev-Gauss quadrature

Figure 3: Comparison of the convergence effect of I2.

4 Wireless Communications and Mobile Computing



functions, in Figures 2–4 and Tables 1–3.

I1 =
ð3
1
ex

2−x1/2dx,

I2 =
ð3
1
log ex − x2

� �
dx,

I3 =
ð3
1

xe
x−x

x3
dx:

ð16Þ

Figure 2 shows the convergence effect of I1. We can find
that the Chebyshev-Gauss quadrature and the benchmark
method (namely the rectangle rule) both reach the conver-
gent state after 1600 iterations, and the ultimate convergent
values are 271.2296 and 272.1258, respectively. Similarly, as
shown in Table 1, the Chebyshev-Gauss quadrature method
approaches convergence with the convergent value of
271.2469, after about 200 iterations, which is much faster
than the benchmark method which approaches the conver-
gent state, after about 1200 iterations.

In Figure 3, the Chebyshev-Gauss quadrature approxi-
mation is performed on I2 to demonstrate the advantage of
faster convergence than the benchmark method. From
Table 2, we can also find that the Chebyshev-Gauss quadra-
ture method approaches the convergent state with the con-
vergent value of 2.6207, after about 200 iterations, while
the benchmark method approaches the convergent state,
after about 1200 iterations. The associated ultimate conver-
gent values are 2.6207 and 2.6218 after 1600 iterations,
respectively.

Figure 4 illustrates the convergence of the function I3. It
can be seen that the Chebyshev-Gauss quadrature method
approaches the convergent state with the convergent value
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Figure 4: Comparison of the convergence effects of I3.

Table 1: Approximation of I1 versus the number of iterations.

Iteration Benchmark method Chebyshev-Gauss

1 441.1021 277.4677

200 278.1464 271.2469

400 247.7484 271.2329

600 273.5892 271.2310

800 273.0044 271.2303

1000 272.6519 271.2300

1200 272.4162 271.2298

1400 272.2475 271.2297

1600 272.1258 271.2296

Table 2: Approximation of I2 versus the number of iterations.

Iteration Benchmark method Chebyshev-Gauss

1 2.8100 2.6329

200 2.6296 2.6207

400 2.6252 2.6207

600 2.6237 2.6207

800 2.6230 2.6207

1000 2.6225 2.6207

1200 2.6222 2.6207

1400 2.6220 2.6207

1600 2.6218 2.6207
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of 5.3354 after about 200 iterations, while the benchmark
method approaches the convergent state with the conver-
gence value of 5.3428 after about 1400 iterations, as shown
in Table 3. This also shows the advantage that the
Chebyshev-Gauss quadrature method converges much faster
than the benchmark method. The associated final conver-
gent values are 5.3353 and 2.6218 after 1000 iterations,
respectively.

4. Conclusions

In the MEC-aided IoT networks, a critical challenge was that
the performance analysis was often complicated, where it
was quite difficult to obtain some analytical or closed-form
solution to the performance analysis, such as outage proba-
bility and bit error rate. To address this challenge, we deeply
investigated the Chebyshev-Gauss approximation method
and derived the analytical solution to implement this power-
ful and useful approximation. We then gave several exam-
ples to show the effectiveness of the Chebyshev-Gauss
approximation in the performance analysis for the MEC-
aided IoT systems. The results in this work could serve as
an important reference and reveal some important inherent
mechanisms for the MEC-aided IoT networks.
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