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An integrable variable coeflicient nonlocal nonlinear Schrodinger equation (NNLS) is studied; by employing the Hirota’s bilinear
method, the bilinear form is obtained, and the N-soliton solutions are constructed. In addition, some singular solutions and period
solutions of the addressed equation with specific coefficients are shown. Finally, under certain conditions, the asymptotic behavior

of the two-soliton solution is analyzed to prove that the collision of the two-soliton is elastic.

1. Introduction

In 1998, Bender and coworker first proposed the T - (par-
ity-time-) symmetry for non-Hermitian quantum mechanics
[1]. Now, LT -symmetry has been extensively studied in
diverse areas such as lasers [2], acoustics [3], nonlinear optics
[4], Bose-Einstein condensation [5], and quantum mechanics
[6, 7]. The nonlinear Schrédinger equation has been regarded
as the basic model to describe the propagation of solitons in
optical fiber, and its spatial solitons have become the research
frontier of nonlinear science [8, 9]. In 2013, Ablowitz and
Musslimani incorporated the S -symmetry with nonlinear
integrable systems and proposed the nonlocal or AT -sym-
metry nonlinear Schrédinger equation (NLS) [10],

iq,(% 1) + 4 (%, 1) + 24° (%, )" (=, 1) =0, (1)

where * represents complex conjugation. Obviously, Equation
(1) is invariant under the parity-time (PT) transformation,
and its solution is evaluated at (x, ) and (—x, ). Since Equa-
tion (1) was proposed, many researchers have carried out a
lot of work on it. The integrability [10, 11], the Cauchy prob-
lem [12], the inverse scattering transform [13], and exact solu-
tions, such as breathers, periodic, and rational solutions [14],
general rogue waves [15], multiple bright soliton [16], higher
order rational solutions [17], and N-soliton solutions [18] of

(1) have been derived. Moreover, other nonlocal integrable
systems have also been investigated like nonlocal modified
Korteweg-de Vries equation [19, 20], nonlocal KP equation
[21], nonlocal vector nonlinear nonlinear Schrédinger equa-
tion [22, 23], nonlocal discrete nonlinear Schrédinger equa-
tion [24-26], nonlocal Davey-Stewartson I equation [27], etc.

Although much advance has been made in nonlocal sys-
tems, there are very few studies on nonlocal equations with
variable coefficients. From the realistic point of view, it is
more accurate to describe the physical phenomena by using
the variable coeflicient equations in many physics situations
[28]. So it is a meaningful work to study the exact solutions
for nonlocal equations with variable coefficients. In [29],
authors constructed the soliton solutions for the variable
coefficient nonlocal NLS equation by using Darboux trans-
formation. In [30], analytical matter wave solutions of a
(2 + 1)-dimensional nonlocal Gross-Pitaevskii equation are
investigated. In this paper, we consider the variable coeffi-
cient nonlocal NLS equation,

iq,(x, £) = 8(£)qy (%, 1) = 28()q(x, £)*q" (—x, 1) + &(1)q (%, 1) = 0,
(2)

where the dispersion coefficient §(¢) and the gain/loss coef-
ficient a(t) are arbitrary real continuous even functions of
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variable t. Obviously, Equation (2) keeps the parity-time
transformation x — —x, t— —f, q(x,t) — q*(-x,—t)
invariant, so it is PJ -symmetricc. When &(¢f) =-1 and
a(t) =0, Equation (2) reduces to the constant coefficient
self-focusing nonlocal NLS equation (1). When «(t) =0,
Equation (2) becomes variable coefficient nonlocal NLS
equation which has been solved by Darboux transforma-
tions in [29]. The novelty of this paper is that the vari-
able coefficient NLS equation is firstly solved by Hirota’s
bilinear method, the more general two-soliton solution
and N-soliton solution are reported, and the collision of
the two solitons is firstly discussed.

The paper is organized as follows: In Section 2, the bilin-
ear form and the one-soliton, two-soliton, and N-soliton
solutions of Equation (2) are obtained based on the Hirota’s
direct method. In Section 3, the asymptotic behavior is stud-
ied to prove that the two-soliton collision is elastic. Finally,
conclusions are given in Section 4.

2. The Bilinear Form and Soliton Solutions

We implement the following dependent variable transfor-
mation to Equation (2)

q:e' ? (3)

where g and f are complex functions and f3(t) is a real func-
tion; then, the following bilinear equations of Equation (2)
are obtained as follows:

(iD, - 8(t)D})g - f =0,
[T (=)D - f=2fgg" (-x.1),

J «(t)dt and D is the bilinear operator [24]:

(4)
where f(t) =

DIDf(51)-9(x.0) = (5 - 5)1@ - ) e (s' )

I=x,t=t

x

(5)

2.1. One-Soliton Solution. In order to construct the soliton
solutions for Equation (2), we expend f and g as follows:

f=1+&f, +&*f, + e ft+, ©)
g :Sgl + 83g3 +€5g5+"',

where ¢ is an arbitrary small parameter. Then, substituting
Equation (6) into the bilinear equations (4) and collecting
the same power coefficients in &, we get the following
equations:

e': (iD, - 8(t)D2)g, - 1=0, (7)

82:D92<(f2'1+1'f2) 29,9 (—x 1), (8)

& (iD= 8(t)D3) (g5 1+ g, f,) =0, )

Advances in Mathematical Physics

e DY fy+ fy 1+ fy - fy) 5 (= )DY(L-f, + f, - 1)
=2(9,95 (=% 1) + g{ (=%, 1)g5) + 2/,9,9; (=% 1),
(10)

e (iDt_8(t)D:2c)(g5‘1+93'f2+91'f4)=0’ (11)

& DL fot+fo- 14+ fy - fut fu-fo) + 3 (=0 )DL f,
+fi 1+ L) +fi(-5 ) xDi(1-fo + 1)
=2(g591 (=% 1) + 9,95 (=% 1) + 9,95 (-x 1))
+2£,(0195 (=% 1) + 991 (=% 1)) + 2/, 9,91 (=%, 1)
(12)
Now, we construct the one-soliton solution for
Equation (2). Assuming g, = ¢’ with n = kx + w(t), n* (=x, t)
=—k"x+w*(t), Equation (7) yields the dispersive relation
with w(t) = —ik* | 8(t)dt. Then, substituting the obtained g,

into Equation (8), we get f,=Ae™ (%) with A=1/
(k- k*)*. Hence, g, and f, can be expressed as
_ ik [ 8(t)dt
f = 1 Gk x-i(R k%) [8(t)d (13)
T k=K
Other left equations are satisfied if we set g; = g =--- =0

and f, = f, = --- = 0. Hence, we get the one-soliton solution for
Equation (2) as
iI ( ik J /1+s ll(k ) ) Ja-i(2-ke2 Iar)dt)

(14)

0, we get several special solu-

q=e

Now, settinge = 1 and a(t) =
tions for Equation (2):

(i) If k=-2A,i and —4A,i =y,, where A, is a real num-
ber, Equation (14) turns into the following period
solution which has been reported in [29],

. 4iA2 [ §(r)dt
__4dilyyse o i (15)
9 y%eZi)sz + e 2ihx

(if) If k=a+ib (a,beR, and ab+0), Equation (14)
becomes

ger2ab [ 8(1)dt z( wr [ (at)-(@-12)8(1))dt)

(16)
1- (1/4b2)e4ah f (1) gaiex

q:

Obviously, Equation (16) is the one-soliton solution
with the singular point (x,, t,) = (In/b, t,), where t, satisfies

[ 8(t)dt =—In 4b°/4ab, and I € Z.
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(a) Singular solution (8(t) =-1)

(b) Period solution (8(¢) =-1)

F1GURE 1: (a) Soliton solution with singularity with parameters a =0.12 and b =-0.35. (b) Spatial period soliton solution with parameters

a=0and b=0.2, period M = 57.

N WR TN 0\

(a) Singular solution (8(t) = %)

(b) Period solution (8(t) = t2)

FIGURE 2: (a) Soliton solution with singularity when a = 0.1 and b = -0.3. (b) Spatial period soliton solution with parameter a=0and b=0.2

, period M =57.

(iii) If k=1ib, beR, and b #0, we get the spatial period
solution

4p?

, (17)
V16b* — 8b* cos 2bx + 1

lq] =

where the period M = 7/b.

To show the characteristics of the one-soliton solution,
we illustrate the singular solution (16) and the period solu-
tion (17) in Figure 1 (when §(¢) =-1) and Figure 2 (when
8(t) =12).

2.2. Two-Soliton Solution. To get the two-soliton solution,

we let g, =eh + €™ with ;= kjx +w;(t), nj(—x.t) = -k x

+wj (t), j=1,2. From Equation (7), we have w;(t) = —ik?
| 8(t)dt, j=1,2. Plugging the obtained g, into Equation

(8) leads to

f,=a(l, 1*)em+'11‘(—x’f) +a(l, 2*)em+r1§(—x,t)

+ a(z, 1*)6’72+’7r(_"’t) + a(z’ 2*)erlz+r];‘(—x,t)’

(18)

where a(l, m*) =1/(k, - k,)*, Lm=1,2.

Then, plugging the known g, and f, into Equation (9)
and Equation (10), we derive g, and f, as

g;=4a(1,2, 1*)em+nz+rﬁ(—x,t) +a(1,2, 2*)e’71+'12+’7§(—x,t)’
£, = a(1,2, 1%, 2% )i (o0 (-6

(19)

where

—,Lm=1,2,

(20)
Other equations are satisfied if we let f, = f; = --- =0 and
gs =g, = --- = 0. Therefore, for £ = 1, we get the two-soliton

solution as
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(a) Two-soliton solution (8(¢) = ?)
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X

(b) Cross-sectional display diagrams (8(t) = )

FIGURE 3: (a) Double spatial-period soliton solution with parameters: k, = 0.4, k, = 0.6i. (b) Cross-sectional shots of solution (a) at =0

(red), t =5 (blue), and t =10 (green).

(ot < (ot
3 eij' a(t)dr el + el + yle’h"'ﬂz*’h( xt) +y23’h+’12+’72( xt)

1+ p,eh*h + p eh i + p el¥l + p, g™ 4 QTR+ '

(1)

where y, =a(1,2,1%), y,=a(1,2,2%), p,=a(1,1%), p,=
a(1,2%), py=a(2,1%), p,=a(2,2*), ps=a(1,2), and 0=
a(1,2,1%,2*). Specially, if k; =b,i and k, = b,i, the solu-
tion Equation (21) becomes a double spatial-period solu-
tion which is illustrated in Figure 3 (when &(t) = %).

2.3. N-Soliton Solution. The N-soliton solution for Equation
(2) can be shown as follows:

g=é a0 %, (22)

where

()

2N 2N
f=) exp (Z w+ Y m#mAzm)

u=0,1 =1 I<m

()

2N 2N
g= ) exp (Z e MlﬂmAlm>’ (23)

u=0,1 I=1 I<m

I=1 I<m

(9) 2N 2N
g (-xt)= ) exp (Z w+ Y #szAzm)
1

where

1, = kix + wy(t), wy(t) = ik’ J S(t)dt,

My =11 (% 1), Koy = kl*(lz 1,2,---N),

1
=In m(1: 1,2,-,N,m=N + 1,---2N),
-

m

A,

Ay, =In (k= k,)*(Lm=1,2,--N,orl, m=N +1,--2N),
(24)

and for y;=0or1(I=1,2,---N), Z;(;)O,l , ZLO:)O’I , and 24(420,1
satisfy the following conditions, respectively,

N N

N N N N
Z#lz ZHHN’ ZV1=1+ ZZ:P‘1+N’1+ IZ#F IZ Hien-
—1 =1 =1

[ =1 =
(25)

3. Asymptotic Analysis on Two-Soliton Solution

The asymptotic behavior of the two-soliton solution is

dependent on §(t). In this section, under certain assumption

that tlim [8(t)dt = +oo, we investigate the asymptotic
—>+00

behavior of the two-soliton solution. Since &(t) is an even

real function, we have t lim [ &(t)dt = —oo. For simplicity,
———00

we denote —ika. by w; j=1,2, then "= ij+wj f o(t)dt,

i=1,2.
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For fixed #,, we get
k, ( k, > J
==+ lw,-—w S(t)dt,
M k1 m 2 kl 1 ( )
*® k; * * k; *
(0= i )+ (wi - 2 ) o0
1 1
k
B

) J(S(t)dt.

(26)

k
My + 15 (~x.t) =2 Re (k—zfl) +2Re (w2 -
1

where w, — (ky/k,)w, = i(=k; + k,k,).

Suppose that Re (w, — (k,/k,)w,) >0, that is, Im (kj —
k,k,) <0. The two-soliton solution asymptotically tends to
be one-soliton solution as follows:

(n=n; (=x0)=In py/2)+i [ 8(t)dt sec b +1; (—9;’ t)+In p,

, F— =00,

1
q~ Ee
(27)

, t — +00.

(28)

_ P22P5 RURHEDRY (O1p.)2)+i [ 8(1)de sec hsl +& (-x, 1) +1n (0/p,)

K 2

For fixed #,, suppose that Re (w, — (k,/k;)w,) >0, in
a similar way, we get the asymptotic expressions of
Equation (21):

g~ %ewzm;(—x,r)—ln puisi [ o ot (B g,

(29)
q~ 932P5 L3 (eI @1p)2)+i [ S(vdr ( p o+ 1 (=% tz) +1n (0/p,) Lt — +oo.
(30)

We can see that the asymptotic solutions Equation (27)
and Equation (28), Equation (29) and Equation (30) have
the same form, which implies that the two-soliton collision is
elastic. But the two-soliton solution is not a travelling wave.
If we suppose that tinfoo | &(t)dt = —0o0, the same conclusion

can be drawn.

4. Conclusion and Remarks

In the current paper, we studied an integrable variable
coeflicient nonlocal nonlinear Schrédinger equation via the
Hirota’s bilinear method. We first constructed the bilinear
form and then the N-soliton solution. Furthermore, under
certain conditions, we analyzed the asymptotic behavior of
the two-soliton solution and proved that the collision of
the two soliton is elastic. Also, we demonstrated that by
choosing different special parameters, the obtained soliton
solutions can reduce to spatial period solution or singular
solution. We know that sometimes the higher-dimensional
nonlinear systems are more suitable to model the physical
phenomena such as ultrafast nonlinear optics, so we hope
to investigate the (2+ 1)-dimensional variable coefficient
nonlocal partial equations in the future.
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Using the bifurcation method of dynamical systems, we investigate the nonlinear waves and their limit properties for the
generalized KdV-mKdV-like equation. We obtain the following results: (i) three types of new explicit expressions of
nonlinear waves are obtained. (ii) Under different parameter conditions, we point out these expressions represent different
waves, such as the solitary waves, the 1-blow-up waves, and the 2-blow-up waves. (iii) We revealed a kind of new
interesting bifurcation phenomenon. The phenomenon is that the 1-blow-up waves can be bifurcated from 2-blow-up
waves. Also, we gain other interesting bifurcation phenomena. We also show that our expressions include existing results.

1. Introduction

Most relationships in nature and human society are intrinsi-
cally nonlinear rather than linear in nature, so many phe-
nomena in nature and human society can be described by
nonlinear equations, such as automatic control, meteorol-
ogy, engineering calculation, engineering budget, economy,
and finance [1, 2]. Nowadays, many scientists are very inter-
ested in nonlinear equations and their solutions and have
done a lot of related work [3-5].

In the paper, we consider the generalized KdV-mKdV-
like equation [6, 7].

ut+(¢x+ﬁup+yu2p)ux+uxxx:0, (1)

where p >0, a, 3, ¥ # 0 are real constants. By using appropri-
ate parameters, the generalized KdV-mKdV-like equation
becomes the classical KAV equation [8-11], the mKdV equa-
tion [12-16], the KdV-like equation [17-20], and the gener-
alized mKdV equation [21].

Up to now, many authors have been interested in the
study of the many forms of KdV-like equations [22-25],
and there are several explicit solutions results of the general-

ized KdV-mKdV-like equation based on the significant
physical background. For example, Li and Wang [6] gave
the following traveling wave solution:

2p+D)(p+2)2p+ B |

2p+ DB (PE* +(p+1)(p+2)°y

where $<0,y>0,E=x—at.

In recent years, the bifurcation method of dynamical sys-
tems has been widely used in investigating the nonlinear
partial differential equations, for instance [26-29].

In this paper, we study the nonlinear wave solutions and
the bifurcation phenomena for Eq. (1). First, we obtain three
types of explicit waves which represent the solitary waves,
the 1-blow-up waves, and the 2-blow-up waves. Second, we
reveal the new bifurcation phenomena which are introduced
in the abstract above. Furthermore, we obtain other interest-
ing bifurcation phenomena. The first phenomenon is that
the 1-blow-up waves can be bifurcated from the solitary
waves. The second phenomenon is that the trivial waves
can be bifurcated from the solitary waves.

This paper is organized as follows. In Section 2, we give
some notations and state our main results. Our main

Uy (§) = (2)
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FiGURrk 1: The phase portraits of the system (12).

derivations are listed in Section 3. A brief conclusion is given
in Section 4.

2. Our Main Results

In this paper, p is odd and the situation of even is similar to
study. In this section, we state our main results. In order to
state these results conveniently, we give some notations
which will be used in the latter statement and the
derivations.

The zones A; (j = 1,2, 3,4) are given in Figure 1, and « is
an arbitrary real constant. In this article, we only consider
the case & —c=0. For other cases, due to the complexity,
we will investigate them in our future works.

Proposition 1. If « — ¢ = 0, then, the explicit solutions are

uJ(E) = < _2(P+1)(p+2)(2p+1)ﬁ )1/1;) (3)
@+ DEGE (o 1o+ 2y

and

. 1p
4(8)= <p~/—y/(p+1)(p+2)£+zc> ’ )
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(a) y=10"

(b) y=10"

(cy=10"

FiGure 2: The varying figures of the example of u =u, (&) when k=0,p=5,a—¢c=0,=-3,and y — 0+0.

when k=0, u; becomes

uO(E): ( —2(P+1)(P+2)(2P+1)I; )UP, (5)
: (2p+ 1) (BpEY +(p+1)(p+2)y

After selecting the appropriate parameters, u! is equiva-
lent to u,,.
when y =0, u; becomes

1lp

2(p+1)(p+2)
BpE+x)’)

uy(§) =

() If (B,y) €A orA,, then, u; is symmetric solitary
wave (the example is given in Figure 2(a) or
Figure 3(a)). Specially, when y — 0+ 0, then, the
symmetric solitary wave u, becomes single-side 1-
blow-up wave ul (the example is given in

Figure 2(c)), and for the varying process of the exam-

ple, see Figure 2. When 3 — 0+ 0, then, the sym-

metric solitary wave u; becomes the trivial wave

(the example is given in Figure 3(c)), and for the

varying process of the example, see Figure 3

(i) If (B,y) € AjorA, then, u,; is 2-blow-up solitary
wave (the example is given in Figure 4(a)). Specially,
when y— 0-0, then, the 2-blow-up wave u,
becomes the single-side 1-blow-up wave ul (the
example is given in Figure 4(c)), and for the varying
process of the example, see Figure 4

(iii) If =0,y <0, then, u, is 1-blow-up solitary wave

3. The Derivation of Main Results

To derive our results, we give some preliminaries in this sec-
tion. For simplicity of the derived expression, we use the fol-
lowing notation

_ Y
A= 2p+1)(2p+1)’ (7)
o ®

c=22 (9)

then we derive our main results.

3.1. The Derivations to Proposition 1. For given constant ¢
and ¢—a=0, substituting u=¢(§) with E=x—ct into
Eq.(1), it follows that

Bofe' +ye?e' +9"" =0. (10)

Integrating (10) once and letting the integral constant be
zero, we get

ﬁ +1 4 2p+1 I
— =0.
p+1¢P +2p+1§0 e

(11)

Letting y = ¢', we obtain a planar system

de
@&=v
(12)
d_V/:_ V Z‘DH—L(PPH
¢ 2p+1 p+1" 7
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FIGURE 4: The varying figures of the example of u = u, (&) when x=0,p=9,0a—c=0,y=1,and f— 0-0.

with the first integral grating it, we get
¢ ds
_1 Y 2p+2 B 2 _ J — =§, (15)
Hev) =3V sommn? T ernern? " A

(13)

where [ is an arbitrary constant or +co.
When f8# 0 and completing the integral above and solv-
where h is the integral constant. According to the qualitative  ing the equation for ¢, it will follow that
theory, we obtain the bifurcation phase portraits of system
(12) as Figure 1. By means of the bifurcation phase portraits,
we can derive Proposition 1. = (
In the first integral (13), letting h = H(0, 0), we obtain

“2(p+1)(p+2)(2p+1)B )W 16)
2+ V)R (pE+x)+(p+1)(p+2)7y)

1 42 2 and letting « = 0, we can obtain (5) from (3). Similarly, when
y'=-2¢"(Ag” + Byf), (14) B=0 and completing the integral above and solving the
equation for ¢, we gain (4). Therefore, we have completed
Substituting (14) into the first equation of (12) and inte-  the derivations for Proposition 1.
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4. Conclusion

In this paper, we have investigated the explicit expressions of
the nonlinear waves and their bifurcations in Eq. (1).

First, we obtained three types of new expressions. And
they represent different waves, such as the solitary waves,
the 1-blow-up waves, and the 2-blow-up waves.

Second, we revealed three kinds of bifurcation phenom-
ena which include a new bifurcation phenomena. The first
phenomenon which is new bifurcation phenomenon is that
1-blow-up waves can be bifurcated from 2-blow-up waves.
The second phenomenon is that the trivial waves can be
bifurcated from the solitary waves. The third phenomenon
is that the 1-blow-up waves can be bifurcated from the soli-
tary waves.

Third, we showed that a previous result is our special
case, that is, u,, is included in u.

Furthermore, the bifurcation method of dynamical sys-
tems can be used to find the new traveling solutions and
bifurcations of many nonlinear equations such as the
extended quantum Zakharov-Kuznetsov equation [37], the
Fujimoto-Watanabe equation [38], and b-family-like equa-
tion [39]. We will continue to use the bifurcation method
of dynamical systems to study other important nonlinear
equations.
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In this work, computational analysis of generalized Burger’s-Fisher and generalized Burger’s-Huxley equation is carried out using
the sixth-order compact finite difference method. This technique deals with the nonstandard discretization of the spatial
derivatives and optimized time integration using the strong stability-preserving Runge-Kutta method. This scheme inculcates
four stages and third-order accuracy in the time domain. The stability analysis is discussed using eigenvalues of the coefficient
matrix. Several examples are discussed for their approximate solution, and comparisons are made to show the efficiency and
accuracy of CFDM6 with the results available in the literature. It is found that the present method is easy to implement with

less computational effort and is highly accurate also.

1. Introduction

The excerpt approximation of the Navier-Stokes equation is
represented by a prominent nonlinear mathematical model
known as Burger’s equation. It is the perfect combination
of advection and diffusion terms. This equation was intro-
duced by Bateman [1]. Later, Burger [2] extensively worked
on this problem, considering the turbulence effect and the
statistical aspects. Burger’s equation describes the process of
simulating shock wave phenomena, dispersion in a porous
medium, heat conduction, diffusion flow, modeling of gas
dynamics, traffic flow, propagation and reflection of the
nonlinear fluid, boundary layer flow, electrohydrodynamics,
sound waves, oil reservoir simulation, etc. The spreading of
any species due to the favorable environment of the invasive
species or predicting the pattern of spreading was an important
issue in the early twenties. The great researcher Fisher [3] pro-
posed a model for the temporal and spatial propagation, depict-
ing the wave of increase in gene frequency in an infinite medium
and termed it as Fisher’s equation. It represents the biological
processes, ecological systems, pattern formation, etc. Petrovskii
and Shigesada [4] combined both the models by assuming that

the distribution of species is symmetrical and the environment
is homogeneous. The following 1D equation was proposed:

9z 9%z

5 =5 in®=d, xd, (1)

+i(x, t, 2, 2,.)s

with the initial and boundary conditions:

z=2",

Bz=0,

in®, xt,,

_ (2)
on 0®, x d,,

where @, = (a,b), @, = (0, t), and B is the boundary operator.
A mathematical model for f(x, t, z, z,) = —f2°z, + yz(1 - 2°)
in (1) with the above conditions is known as the generalized
Burger’s-Fisher (gBF) equation and is expressed as follows:

az_azz
ot ox?

0
+ﬁz‘sa—z—)/z<1—zé):0> 0<x<1,t>0,

(3)

subject to the initial condition:
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2(x,0) = E + 3 tanh (Z(_ff’;)ﬂ "’ (4)

and the boundary conditions:

1/6
(11 B B +y(1+6)
(1o o (2 [ )])) o

(5)

(11 ) B+ y(1+0)? e
o= (3 o i - (s
(6)

where f3, y, and § are the constants. The choice of the value of
these constants reduces the model to different forms of PDEs.
For y=0, it reduces to the generalized Burger’s equation.
Taking =0, it becomes the generalized Fisher’s equation.
The exact solution of Equation (3) was given by Chen and
Zhang [5] as follows:

118
(11 -Bd B +y(1+6)
Z(x,t) = (E ) tanh (m {x— <Wt>}>> .
(7)

Over the past many years, work has been done for the
explicit solution of Equation (3). Numerical methods provide
a tool for the physical behaviour of the system, although theoret-
ical results are available in the literature. Sari et al. [6] applied the
compact finite difference method along with the third-order
total variation-diminishing Runge-Kutta scheme in the time
domain. Zhao et al. [7] implemented the pseudospectral
method using the time discretization by Crank-Nicolson as well
as the leapfrog scheme and space discretization by Legendre-
Galerkin and Chebyshev-Gauss-Lobatto for nodes. Moham-
madi [8] proposed the exponential spline and finite difference
approximations. Tatari et al. [9] analyzed the radial basis func-
tion collocation technique with the predictor-corrector method.
Malik et al. [10] discussed the hybridization of the Exp-function
method with the nature-inspired algorithm. Yadav and Jiwari
[11] analyzed the finite element analysis with the existence
and uniqueness of the weak solution using Galerkin’s finite ele-
ment method. Macias-Diaz and Gonzalez [12] implemented the
finite difference method. Soori [13] obtained the exact solution
of the Burger’s-Fisher equation using the variational iteration
method and homotopy perturbation method. An exponential
time differencing scheme using the method of lines was devel-
oped by Bratsos and Khaliq [14]. Gurbuz and Sezer [15]
discussed the modified Laguerre matrix-collocation method.

The significance and various applications motivated the
researchers to compute the analytical and numerical solu-
tions of the Burger’s-Fisher equation. Recently, the dynami-
cal behaviour and exact parametric representations of the
traveling wave solutions under different parametric condi-
tions have been discussed by Li [16]. In the findings, the
exact monotonic and nonmonotonic kink wave solutions,
two-peak solitary wave solutions, and periodic wave solu-
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tions, as well as unbounded traveling wave solutions have
been obtained. Onyejekwe et al. [17] applied a boundary
integral element-based numerical technique, in which the
boundary and domain values calculate the fundamental
integral inside the domain. The domain integrals due to non-
linearity are considered for computing the solution. Investi-
gation of the global existence and uniqueness of a periodic
wave solution has been conducted by Zhang et al. [18].
Another important nonlinear equation, describing the
interaction between reaction mechanism, convection effect,
and diftusion transport is the 1D generalized Burger’s-
Huxley (gBH) equation, for which f(x, t,z,z,) = 2%z, +y
z(1-2°)(2% — ). The equation is expressed as follows:

0z

E—%+[5’z‘5%=y2(1—26)(26—11), a<x<bt>0.

(8)

The parameters f3, y, and § are the constants and parameter
1 € (0, 1). The initial and boundary conditions are as follows:

2(x,0) = (g + g tanh (Alx))w, (©)

2(art) = g + g tanh (A, (a —Azt))} Y by o)
= [g + g tanh (Al(b—Azt))} "

The exact solution derived by Wang [19], using nonlinear
transformations, is reproduced hereunder:

2(x,t) = [g + g tanh (Al(x—Azt))} Yy
where
A 1o —B+ /B +4y(1+9)

4(8+1) e

(12)

B (1—11+5)(—,B+ /32+4y(8+1)>

T8+l 206+1)

For y =0, the above model conforms to the generalized
Burger’s equation, and considering 8 = 0 and § = 1, the Huxley
equation [20] is obtained. For §=0,y =1, and § = 1, it corre-
sponds to the Fitzhugh-Nagoma equation [21]. Yefimova and
Kudryashov [22] applied the Hopf-Cole transformation for
solving the gBH equation. The Adomian decomposition
method was implemented by Ismail et al. [23]. Gao and Zhao
[24] proposed the Exp-function method for a series of exact
solutions of the gBH equation. A high-order difference scheme
using Taylor’s series expansion was presented by Sari et al. [25].
Celik [26] introduced a numerical method based on the Haar
wavelet approach.
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Zhang et al. [27] reduced the Burger’s-Huxley and
Burger’s-Fisher equations into first-order systems and then
applied the discontinuous Galerkin method. A numerical
scheme based on the finite differences for time integration
and cubic B-spline for space integration was proposed by
Mohammadi [28]. A fourth-order finite difference method
was implemented by Bratsos [29] in a two-time level recur-
rence relation for the solution of the gBH equation. El-Kady
et al. [30] discussed the methods based on cardinal Chebyshev
and Legendre basis functions with the Galerkin method, Gauss
quadrature formula, and El-Gendi method to convert the
problem into ordinary differential equations. Technique based
on modified cubic B-spline as the basis function with differen-
tial quadrature method was discussed by Singh et al. [31]. The
nonstandard finite difference method was analyzed by Zibaei
et al. [32]. Bukhari [33] applied local radial basis function dif-
ferential collocation method. Macias-Diaz [34] used the
explicit exponential method. Gilani and Saeed [35] applied
the CAS wavelet in conjunction with the Picard technique.
Cardinal B-spline wavelet numerical method was used by
Shiralashetti and Kumbinarasaiah [36]. A technique based
on the hyperbolic-trigonometric tension B-spline method
was applied by Alinia and Zarebnia [37]. Loyinmi and Akinfe
[38] proposed an algorithm using the coupling of the Elzaki
transform with the homotopy perturbation method.

Recently, the exact solution has been computed by
Kushner and Matviichuk [39] using the theory of finite-
dimensional dynamics. Shukla and Kumar [40] applied the
numerical scheme based on the Crank-Nicolson finite differ-
ence method in collaboration with the Haar wavelet analysis,
to obtain the numerical solution. A feed-forward artificial
neural network technique is applied by Panghal and Kumar
[41] in which the constructed error function is minimized
using the quasi-Newton algorithm.

Based on the traditional finite difference approxima-
tions, Lele [42] proposed well-regulated compact schemes
to provide a better representation of shorter proportionate
lengths. Many researchers have extended the compact finite
difference scheme for linear/nonlinear differential equations,
partial differential equations having Dirichlet or Neumann
boundary conditions. Ansari et al. [43] implemented the
CFD6 scheme for free vibration phenomena of nanobeams
in an elastic medium. A similar scheme for incompressible
Navier-Stokes and scalar transport equation was analyzed
by Boersma [44], a reaction-diffusion equation with delay
was approximated by Li et al. [45] and the modified Burger’s
equation by Kaur et al. [46].

In this work, a numerical scheme based on the sixth-
order compact finite difference method (CFDM6) followed
by the strong stability-preserving Runge-Kutta method
(SSP-RK43) for time integration is used to solve gBF and
gBH equations. The advantage of CFDM6 with the SSP-
RK43 method is that it computes the results at more mesh
points, giving a better approximate solution. The proposed
method gives the sixth order of convergence in the spatial
domain and the third order in the temporal domain. The
proposed method is easy to implement and has less compu-
tational cost. The future scope of the method is to solve
various arduous linear and nonlinear PDEs.

The paper is organized as follows: in Section 2, first- and
second-order spatial derivatives of the CFDM6 are derived.
In Section 3, the proposed method is implemented followed
by SSP-RK43. In Section 4, convergence is discussed. In
Section 5, stability analysis for the proposed scheme is
presented. In Section 6, several test problems are discussed
to demonstrate and justify the applicability of the proposed
scheme. In Section 7, the conclusion explaining the effi-
ciency of CFDMB6 is given.

2. Compact Finite Difference Method

The spatial domain ¢, = (a, b) is divided into uniform mesh
with step iteration x;, =a+ih, i=0,1,2,---,N, h=(b-a)/N
and for time domain ¢, = (t,, t), with ¢, =0, a uniform step
of size At=t"1— ¢ such that t/ =, + jAt, j=0,1,2, -, is
followed. The method for calculating first-order and
second-order derivatives using the compact finite difference
scheme is given hereunder.

2.1. Spatial Derivatives of First Order. The first-order spatial
derivatives for CFDM6 at the inner nodes are calculated as
follows [42]:

’ ’ ! Ziyp T Zip Zit1 ~ %i-1
¢Zi—1+zi+(Pzi+1:X( - ah Z )+‘//( = oh 1

). (13)

For the optimality of the scheme with higher-order accu-
racy, consider ¢ = 1/3 representing the implicit form of the
first-order derivative. The unknown parameters on the other
side are calculated by the relation y = (1/3)(4¢ —1) and y
=(2/3)(2 + ¢). By simple calculation, Equation (13) reduces
to a sixth-order tridiagonal matrix as a linear system of

equations given below with truncation error (4/ 7!)h6zf7):

—Z;_,—28z; | +28z;,, +z

L
i1 = 2h m e i=2,3,--,N-2.

! ! !
z,,+t3z,+z

(14)

For the value of the derivative at x;, x;, xy_;, and xy,
one-sided forward and backward schemes have been imple-
mented, which produce following results:

1
— (1972, — 25z, + 300z, — 10025 + 25z, — 3z;),

! !
Z,+5z,=
0 L™ 60k

1
——(—80z; — 35z, + 1362, — 2825 + 82, — z5),

27 +11Z, +27, =
0 1 2 12h

1
27, + 112y + 22y = o7 (Bv-s ~ 82n4 + 282y,

- 136zy_, + 352z, +80zy),
52y +7y= L (3zy_s — 2524 + 100zy_4
60h
~300zy_, + 252y, +197zy).

(15)

The relations (14) and (15) can be represented in the
form of a matrix system as

Az' =Bz, (16)
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where v 10" 12 /115 1555 . 89
z Z N=—|=—2y—-—-2 —z
N-1 N hz 36 N 144 N-1 6 N-2 (20)
1 s 17 2, ] 773 151 1
, 72 N3 36 TNt 16N )
2 11 2 Z
!
131 Z2 The second-order derivative can be written in the matrix
, form as
Az = >
1
i Cz' = DZ,
1 1 Z N2
(10 1 17 27 T
11 2|2y, 0
1
s ) 1 10 1 .
L ZnN
n
1 10 1 )
r 197 25 300 100 25 3 1
60 60 60 60 60 60 "
80 35 136 28 8 1 o Cz'= I . J
2 12 12 12 12 12 %
1 28 28 1 z)
2 12 2 12 2 1 10 1 "
L R z 1 10 1|2
2 12 2 12 3 Z N-1
1 1
Bz= — L I 10 [ z 'y |
h . .
_11_2 _g 0 % % N3 F115 -1555 89 773 151 -1l 1T
Az a4 - 7 v L 2y
Lo a1 |[ae 316 1424 ? 72 36 16
2 1 2 12|, B a
18 28 136 35 80 ||, 1 2 1 2
12 2 12 12 12 |- 2
3 25 100 300 25 197 12
L 60 60 60 60 60 60 Dz=.7
(17) ZN-3
1 =2 1 Zyos
2.2. Spatial Derivatives of Second Order. Similarly, the 1 -2 1 ||z,
second-order derivative is calculated as Cio151 773 89 1555 15| o
L 16 3 72 6 144 364

1 1 1 Zip —22;+ 7 Z;1— 22+ 2,
Tz i71+z i+TZ W =0 i+2 ; i-2 +c i+1 21 i—1 .
4h h
(18)

For 7 =0, this equation represents the explicit method to
calculate the derivative, and for 7 = 1/10, it will represent the
implicit scheme of the second-order derivative. The
unknown constants on the RH.S. are calculated as ¢ = (4/3)
(1-7) and o = (1/3)(~1 + 107). This reduces Equation (18)
to a tridiagonal system as follows:

12
i+l = ﬁ

i 1 1
z ;. ,+10z ", +z

(19)

(zi1 =22+ 21).

For the boundary points, one-sided forward and back-
ward schemes have been implemented, which gives the
following results:

107", +z z + z
0 ! 36 144 6 2

12 /115 1555 89 773
== \(=—zy— 271+t —=2,- —=2
1 0 ! 72 7% 36 16

151 11 >
+—zy- —25 |,

3. Implementation of CFDM6

By substituting the values of first-order and second-order
derivatives in Equations (3) and (8), a linear system of equa-
tions are obtained for i=0,1, ---, N:

(i) Model-I: generalized Burger’s-Fisher equation:

% = C'Dz; - LA Bz, + yz (1 - Z?) =Z(z). (22)

(ii) Model-II: generalized Burger’s-Huxley equation:

% =C'Dz; - B2A Bz, + yz (1 - Zf) (Z? - ’7) = (z)-

(23)
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3.1. SSP-RK43 Scheme. Let

%:3(@), i=0,1,2 -, N, (24)
dt

where & represents the nonlinear differential operator as
defined above. In order to solve this system of ODE’s from
the ¢/ to #/*! time level, SSP-RK43 is applied using the
following operations:

AV S .
2V =7+ 75[(21),

(25)
-2k o, ﬁg(zm),
3973 6
g, A g(z@))
2

By using the initial condition, z(x, t) at every required
time level can be calculated.

4. Convergence Analysis

Convergence of the model is investigated below for the
desired Equations (22) and (23).

Theorem 1. It is an assumption that the given initial value
problem dz/dt = £ (z) has a unique solution if £(z) satisfies
the following conditions:

(1) &(z) is a real function
(2) Z(z) is well defined and continuous in the domain of
te®, and z € (—00, 00)

(3) There exists a constant called the Lipschitz constant «
such that |ZL(z, t, At) — L(z, t, At)| < x|z — z|, where
t € ®, and z and z be any two different points

It is clearly seen that #(z) for the generalized Burger’s-
Fisher equation and generalized Burger’s-Huxley equation
is real, well defined, and continuous. Hence, above theorem
is satisfied.

Lemma 2. A single-step method (25) is said to be regular, if
the incremental function ¢(z,t, At) satisfies the following
conditions:

(1) The function is well defined and is continuous in the
given time and space domain

(2) For every t € @, and z, z € (—00,00), there exit a con-
stant k such that

|p(z, t, At) — (2, t, At)| < K|z — Z|. (26)

Lemma 3. Any single-step method is consistent if ¢(z,t,0)
=Z(z,t).

Theorem 4. The consistency is the necessary and sufficient
condition for the convergence of a regular single-step method
with the order (say) p > 1.

Proof. This theorem ensures that the approximate solution
converges to the exact solution. For the proof, consider the
specific incremental function ¢(z,t, At). Assume that the
given differential equation z, = £z has a unique solution
z(t) on @, and also z(t) € C?**V®, for p>1. Using Tay-
lor’s series expansion about any point t/,

2(t) =2(t) + (- 0)2' (¢) + 5 (- 6)"" (¢)

1 i\ P j 1 i\ p+l i
+m+17! (t_t]) Zp(t]) + (p+1) (t_tJ) 2 (gj)a
(27)
where & € (), t). Taking t =t/*!, one gets
z(0*) —z(H) = At (¥). (28)

Thus, the incremental function is defined as

o | ; 1 j
¢(z(¥), ¥, At) = (An)Z' (V) + Z(At)zz”(t’)+~--+ﬁ(At)Pzp(t’).
(29)
It is computed using the approximate value of 2/
where the exact value z(#/) is required. Hence, z/*! = 2/ +

Atg(z(H), ¢/, At),j=0,1,2,--,m— 1. To compute the error
using Taylor’s series,

A =y At 4 —<At>2 27y —(At)3 2"
2! 3! (30)
AP (AP ;
+._.+< ) Zp1+ ( ) Z‘D+1(E)].
p! (p+1)!
The approximate value using the SSP-RK43 scheme is
: ; L (An? N(ar? ;
7=+ ML () + (A1) o2 () + G ()
2! 3! (31)

»
+---+—(At) L (7).
p!
The following relation is obtained:
2 3
ag(e(), 0, ar) = aez' () + S () + B o )

+---+(i—t!)pgp(zj).

(32)
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FIGURE 1: Plot of eigenvalues corresponding to gBF equation with At =0.0001 and § =8.

The value of At¢(z/, t/, At) is obtained from At¢(z(t/),
t/, At) by using the exact approximate value of z/ in place of
the exact value of z(#). According to the SSP-RK43, the
approximate value of z(#/*!) is obtained as follows:

2 3
(A;') ¢' (2, ¢, At) + _(A;l) " (2,0, At)+---.

(33)

Zl=4 +At¢(zj, tj,At) +

For the above relation, compute the values of z(#/), z' (t/),
2'(t) --- 2P (t]) as follows:

2 (F)=2Z(z(F). V),

") =L+ L,
| z'(¥) + . (34)
2 =Ly +2' L+ L+ L (L, + LL).

Thus, from these computed values taking ¢ = t/, the error
term is obtained as follows:

Atp+1

aa A (sf) <e. (35)
Hence, on simplification,
APz (sf) <e(p+1)l. (36)
In other words,
AP 2P (ff) <e(p+1). (37)

Thus, the given value of p will give the upper bound, and for
the computational purpose, the value of #?(&’) in Equation

(37) is replaced with the max | & (Ej ) | in the temporal domain
@,. The SSP-RK43 as discussed above is rewritten as
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. At S
Q =7+ 7c?(zf,tf),

Q=Q+ 5 Z(Q)
(38)
2 A
Q= gzj + 3 Qz Z(Qy)s
= Qs + —Z(Q;).
The iterated value of z/*! can be written as
7 =7 +¢,Q, +6,Q, + ¢;Q;. (39)

Using Taylor’s series expansion, the incremental function
becomes

¢(2, 1, At) = (A) ' (c,Q, + ,Q, + ;Q;).  (40)

From the Theorem 1, the proof for convergence is elabo-
rated as follows:

Q-Q =7+ %3(21) -7+ A2t3<zj*),

|Q - Q"< ‘zj—zj*‘ + %‘y(zj) —Sf(zj*)

At
< <1+ 7;c)‘zf 2,

Z(Q")

Q-Q —Q1+— Z(Q)-Q" -

At
Q- Q7 <|Q - Q[+ 5 |[Z(Q) - Z(Q7)]
=1Q -Q [+ %'3(%# %3(5)) —3<zf* + %3(%‘))‘
< <1+ gK>‘zj—zj*
2

o {g(zj) ‘;y(zf)gz (&) + <%t$(zj)>23n(zj)

—2(2’ )

< <1+ %:)zf A?[ g(zl*)]
N (%) ‘3(zj)3z(zj) 7;7(2:1‘*)32 (zj*)
i e

o, AN? )
s(1+At;c)‘zJ—zf ‘+ 5 KZ‘Z]—ZJ

A\l
= [1+At;<+ <7K> }‘zf—z’ ‘,

R




8 Advances in Mathematical Physics
TaBLE 1: Comparison of absolute error of Example 1 with $=0.001, y =0.001, h=0.1, and At =0.0001.
¢ X 6=1 d=4
CFDMé6 ADM [23] CFDM [6] ETDM [14] CFDM6 CFDM [6] ETDM [14]
0.1 2.2204E-16 1.94E-06 1.01E-07 1.15E-08 1.1102E-16 1.75E-08 7.71E-09
0.001 0.5 1.1102E-16 1.94E-06 1.04E-07 3.07E-13 1.1102E-16 1.75E-08 2.07E-13
0.9 4.4409E-17 1.94E-06 1.01E-07 1.15E-08 3.3307E-16 1.75E-08 7.71E-09
0.1 5.8818E-16 1.94E-05 7.53E-07 6.02E-08 4.4409E-15 1.27E-06 4.05E-08
0.010 0.5 1.6653E-16 1.94E-05 1.04E-06 8.96E-13 4.2188E-15 1.75E-06 5.56E-13
0.9 1.1102E-15 1.94E-05 7.53E-07 6.02E-08 4.8850E-15 1.27E-06 4.05E-08
0.1 2.2204E-16 — 7.53E-07 1.01E-07 5.5511E-16 — 5.73E-08
100 0.5 1.1102E-15 — 1.04E-06 1.50E-11 2.7756E-15 — 3.51E-12
0.9 1.1102E-16 — 7.53E-07 1.01E-07 1.3323E-15 — 5.73E-08
0.922
0.921 - . 0917
0.92 - =
g % 0.9174
= 0.919 + 2
% S 09172
S 0918 5
P E 0917
0.917 Z
0.9168
0.916 . . . . !
0 0.2 0.4 0.6 0.8 1 06
0.4 04 OO
S
pace (x) Time (t) 00 Space (x)
o t=0.1 num —— t=1exact
—— t=0.1 exact » t=10num
o t=1num t =10 exact

(a) Comparison of numerical and exact solution

(b) Surface plot of numerical solution

FIGURE 3: Graphical representation of solutions corresponding to Example 1 with N =10 and At =0.001.

2 A
Q3*Q3*:§Z]+%+;3(Qz)’

i A
o -2 L),

2
3 3

20 s 1 Y .
Q- Q"= 5[ -+ 51Q - Q1+ S 12(Q) - 2(Q)")]
g 1 A
+§|QZ*QZ ‘
A A A
3z(e+F7@)-2(a+F2a@)|
20 * 1
Sg’Z]*ZJ ‘+§|Q27Q2*‘
At ) " At . . "
o2 U (26)-2("))]+ Z|2@)2.() - 2.(2")
+%K(2+%K>‘zj—zj*
2
+<£K> ‘zj—zj*
2
{3At <At )2]
+ | —Kk+2|—xk
2 2

Sg’ijzj
3

+

|

o
< ‘ZJ -7

At |
+ —K)ZJ -2
2

L
< ‘zJ—z’

Zj_zj*’,
(41)

As discussed by [47], the free parameters are largely taken
according to the range of absolute stability. The other possibility
is minimizing the sum of the absolute value of the coefficients of

the truncation error. Thus &, < x and #,, < x*/M where M is
the upper bound of convergence. For the incremental function,

’(,b(zj, v, At) - ¢(zf*, t, At)‘
= (At)71|51Q1 +6Q+6Q Q" - 6Q" - Q57|
= (At)_l(51|Q1 “QM+6|Q - Q7+ 6]Q - Q57)

At \| e At \?]
cl<1+—x>‘z]—zf ‘+62<|:1+AtK+<K>

2 2

C oy |3ar At N e
+c3<‘zj—zf + [2 K+2<7K> }‘z’—z’ D}

K K 27 . ik
< {(At)'l(c1+cz+c3)+[c1+2c2+c3]E +[c2+2c3]At(§> ‘z’—z’ ‘

<(an)™! J-

(42)
The backward substitution of (38) and its comparison with

general Taylor’s series [47] gives ¢; =1/4,¢c,=1/2,¢c5=1/4.
Hence, these values generate the inequality as

o N 1 1 R
’(b(z’, t, At) —</><zf ,tJ,At)‘ s;c(l + Atk + g(At;c)2> ‘zf -2 ’

(43)
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TaBLE 2: Comparison of absolute error of Example 2 with =1, y=1, h=0.1, and At =0.0001.
; . 6=2 6=8
CEDM6 ADM [23] CEDM [6] ETDM [14] CEDM6 CEDM [6] ETDM [14]
0.1 2.2547E-11 1.40E-03 7.62E-05 5.67E-06 4.8073E-11 1.02E-04 2.44E-06
0.0005 0.5 8.4710E-14 1.35E-03 9.14E-05 5.75E-09 1.6162E-12 1.37E-04 1.82E-10
0.9 1.8019E-11 1.28E-03 1.02E-04 5.95E-06 6.3383E-13 1.69E-04 3.15E-06
0.1 4.3846E-11 2.80E-03 1.50E-04 1.08E-05 9.3434E-11 2.00E-04 4.65E-06
0.0010 0.5 1.8086E-13 2.69E-03 1.83E-04 1.15E-08 3.2596E-12 2.74E-04 4.02E-10
0.9 3.5862E-12 2.55E-03 2.00E-04 1.14E-05 1.6023E-12 3.31E-04 6.00E-06

Solution
Numerical solution

0 0.2 0.4 0.6 0.8 1
Space (x)
o t=0.1 num —— t=0.5exact
—— t=0.1 exact « t=1num
o t=0.5num t=1 exact

(a) Comparison of numerical and exact solution

0.6

Time (t) 0 o0 Space (x)

(b) Surface plot of numerical solution

FIGURE 4: Graphical representation of solutions corresponding to Example 2 with N =10 and At =0.001.

Itis observed that |¢ (2, #/, At)| satisfies the Lipschitz condi-
tion in 2/ and is a continuous function in At. Thus, it is con-
cluded that SSP-RK43 is convergent. O

5. Stability Analysis

The stability analysis of both the models is discussed below
by taking nonlinearity coefficient z=m (say), where m =
max z, in the entire process to handle the nonlinear term
in Equations (22) and (23). The eigenvalue-based technique
[45] is followed to establish the stability of the system.

(1) Model-I: generalized Burger’s-Fisher equation:

0
8_i =C'Dz, - fm’A'Bz; + y(l - m5> Zp

z, = ((C_IID - (ﬁm‘sA_l[EB + y(l - m‘s))l)zi

1]
Q
N

(2) Model-II: generalized Burger’s-Huxley equation:

0z;

T C'Dz; - BméA_l[EBzi + y(l - m‘s) (m‘S - 11) Zjs (45)

z,= (C’ID— (ﬁmﬁA’lei +y(1 - m‘s) (ma 7;1))1) . .

The matrix ¥ is constant for both the Model-I and
Model-II with the assumption that it has distinct or possibly
complex eigenvalues with a negative real part. Using the
given initial condition for the analytic solution, the relation
becomes

z(t) = exp (Tt)2", (47)

whereas on expanding the exponent as a matrix function
where I is the identity matrix,

exp (Tt)=I+Tt+ ( +eee (48)

For Model-I and Model-II, consider the transformation
matrix P such that P'SP=92 where 9 is the diagonal
matrix; thus, the relation becomes

P! exp (Tt)P=exp (D), (49)
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TaBLE 3: Comparison of absolute error of Example 3 with $=0.1, y =-0.0025, h=0.1, and At =0.0001.

8=2 6=4 0=8
CFDM6 CFDM [6] ETDM [14] CFDM6 CFDM [6] ETDM [14] CFDM6 CFDM [6] ETDM [14]
0.1 6.661E-16 1.21E-05 9.47E-06 2.220E-16 1.34E-05 6.76E-06 1.110E-15 1.47E-05 4.09E-06
0.1 05 6.661E-16 2.90E-05 2.74E-08 5.551E-16 3.49E-05 1.03E-08 6.661E-16 3.83E-05 1.84E-08
09 2.220E-16 1.54E-05 9.57E-06 7.772E-16 1.39E-05 6.92E-08 3.331E-16 1.53E-05 4.24E-06

0.1 1.341E-16 1.67E-05 9.58E-06 6.661E-16 2.00E-05 6.83E-06 4.441E-16 2.20E-05 4.14E-06
0.5 0.5 1.887E-15 4.69E-05 5.18E-08 2.331E-15 5.64E-05 1.93E-08 6.661E-16 6.22E-05 3.47E-08
09 4.441E-16 1.71E-05 9.66E-06 1.665E-15 2.07E-05 7.01E-06 1.332E-15 2.28E-05 4.30E-06

0.1 5.551E-16 — 9.59E-06 1.221E-15 — 6.86E-06 1.221E-15 — 4.20E-06
2.0 0.5 3.331E-15 — 5.26E-08 1.776E-15 — 1.89E-08 3.997E-15 — 3.45E-08
0.9 6.661E-16 — 9.67E-06 7.772E-16 — 7.04E-06 3.331E-16 — 4.35E-06
0.92
=
0.915 - S 0-918
E}
=} ) 0.916
2 =z
= _ <
= 091 2 0914
@ £
09054+ 2 0912
0.9 T T T T — 1 0.8 ST 1
0.2 0.4 0.6 0.8 1 © 06 Rt —~0s 08
Space (x) Time (t) 00 Space (x)
o t=0.1 num t=1 exact
—— t=0.1exact » t=10num
o t=1num t =10 exact
(a) Comparison of numerical and exact solution (b) Surface plot of numerical solution
FIGURE 5: Graphical representation of solutions corresponding to Example 3 with N =10 and At =0.001.
TaBLE 4: Comparison of absolute error of Example 4 with f=1, y=1,#=0.001, § =2, h=0.1, and At =0.0001.
t=0.1 t=1
Method x=0.1 x=0.5 x=0.9 x=0.1 x=0.5 x=0.9
CFDM6 (At=0.1) 6.4123E-08 6.4126E-08 6.4129E-08 6.4099E-07 6.4102E-07 6.4105E-07
EFD [49] 2.0510E-06 5.2339E-06 2.0511E-06 3.0562E-06 8.4901E-06 3.0564E-06
HSCM [50] 5.1820E-07 1.3220E-06 5.1820E-07 7.7340E-07 2.1480E-06 7.7340E-07
UAHT [37] 2.8510E-07 7.8223E-07 2.8507E-07 3.0616E-07 8.5042E-07 3.0614E-07
UAH [37] 5.2629E-07 1.3423E-06 5.2620E-07 7.8705E-07 2.1860E-06 7.8690E-07
UAT [37] 5.3131E-07 1.3585E-06 5.3121E-07 7.8706E-07 2.1861E-06 7.8691E-07
TaBLE 5: Comparison of L, error norm of Example 4 with =1, y=1, #=0.001, h=0.1, and At =0.001.
t=0.2 =1
Method 5=1 5=4 5=8 5=1 5=4 5=8
CFDMS6 (At=0.1) 7.4965E-08 1.3207E-07 1.3587E-07 3.7494E-07 6.6011E-07 6.7896E-07
MCSCM [51] 3.7487E-08 1.2271E-05 3.3191E-05 4.2940E-08 1.4046E-05 3.7949E-05
MGT [52] 4.0305E-08 1.3193E-05 3.5687E-05 4.6849E-08 1.5325E-05 4.1407E-05
UAHT [37] 1.8104E-08 5.9274E-06 1.6034E-05 1.8219E-08 5.9602E-06 1.6102E-05
UAH [37] 4.0069E-08 1.3118E-05 3.5485E-05 4.6833E-08 1.5321E-05 4.1400E-05

UAT [37] 4.0326E-08 1.3202E-05 3.5712E-05 4.6834E-08 1.5322E-05 4.1400E-05
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TaBLE 6: Comparison of error norms of Example 4 with =1, y=1,#=0.001,§ =2, h=0.1, and At =0.01.
Method Error (time) t=0.05 t=0.1 t=1 t=5
L, 3.2065E-08 6.4129E-08 6.4105E-07 3.1999E-06
CFDM6
L, 3.0418E-08 6.0835E-08 6.0812E-07 3.0355E-06
L, 6.0735E-07 7.8321E-07 8.5042E-07 8.4946E-07
UAHT [37]
L, 4.4929E-07 5.7352E-07 6.2103E-07 6.2033E-07
L, 8.0770E-07 1.3430E-06 2.1860E-06 2.1837E-06
UAH [37]
L, 6.2288E-07 1.0009E-06 1.5964E-06 1.5947E-06
L, 8.2028E-07 1.3587E-06 2.1861E-06 2.1837E-06
UAT [37]
L, 6.3230E-07 1.0124E-06 1.5964E-06 1.5947E-06
] _x 1077
; ‘ o 500254y
. R s Rt § 5.0020E-44 .-
I : s o T a s
s 0.6 - - . /,// ‘/,." . . 7\.\";\ . % 5.0015E-4 4. -
g s : : DY 2 5.0010E-4
= 7 N Y
g 04 /,f/f : N £ 5.0005E-4 -
< & N “ 5.0000E-4
0.2 4 '/_// : -\ 1
4 N
0 1 1 1 1 *¢ 04 "
0 0.2 0.4 0.6 0.8 1 Time (t) 070 Space (x)
Space (x)
—— t=0.1 —e-t=1
- 1t=02 « t=10
(a) Absolute error at different time levels (b) Surface plot of numerical solution
FIGURE 6: Error and solution profile of Example 4 with N =50 and At =0.01.
where Similarly, as discussed above, the solution of Equation
(52) is v =exp (Pt)v°, and the recursive relation is
[ M | j+1 j
VT = E(DAt)V. (52)
>
n In this diagonal matrix, E(P@At) is an approximate
matrix of exp (2At). The diagonal elements of the approxi-
mated matrix are E/(#/At). Implementing Equation (25) on
D= (50) the scalar Equation (44),

71n—2

rln—l

M J

Taking P~'z=v in Equation (46), the differential equa-

tion becomes

dv

Yo,
a

(51)

!

z =yz.

(53)

Thus, the method discussed in Equation (25) is abso-

lutely stable if

|E/(f At)] <1,

(54)

where Re () <0. The stability of the system exclusively
depends on the eigenvalues of the coefficient matrix T of
the form Y* _(TAt)"/m! which should satisfy Equation
(54). The necessary conditions that eigenvalues of ¥ should

satisty are given below [47]:
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TaBLE 7: Comparison of absolute error of Example 5 with $=0.1, y=0.001, #=0.0001, § =2, h=0.1, and At =0.0001.
=05 £=0.8

Method x=0.1 x=0.5 x=0.9 x=0.1 x=0.5 x=0.9

CFDMS6 (At=0.1) 2.7448E-12 2.7405E-12 2.7442E-12 4.3917E-12 4.3848E-12 4.3908E-12
EFD [49] 4.3493E-11 1.2069E-10 4.3494E-11 4.3758E-11 1.2154E-10 4.3759E-11
HSCM [50] 2.1847E-11 6.0620E-11 2.1840E-11 2.1980E-11 6.1050E-11 2.1980E-11
UAHT [37] 7.3920E-12 2.0534E-11 7.3920E-12 7.3920E-12 2.0534E-11 7.3920E-12
UAH [37] 1.8881E-11 5.2390E-11 1.8881E-11 1.8998E-11 5.2769E-11 1.8998E-11
UAT [37] 1.8892E-11 5.2427E-11 1.8892E-11 1.8999E-11 5.2772E-11 1.8999E-11

TaBLE 8: Comparison of L., error norm of Example 5 with $=0.1, y =0.001, #=0.0001, 4 =0.1, and At =0.001 for different values of .

t=0.2 t=1
Method o=1 8=4 5=38 o=1 8=4 5=8
CFDMS6 (At=0.1) 5.7337E-13 1.1345E-12 1.1825E-12 2.8669E-12 5.6727E-12 5.9123E-12
MCSCM [51] 3.0271E-13 5.6344E-10 2.0904E-09 3.4889E-13 6.4937E-10 2.4085E-09
MGT [52] 3.0804E-13 5.7325E-10 2.1267E-09 3.5806E-13 6.6634E-10 2.4720E-09
UAHT [37] 1.3929E-13 2.5756E-10 9.5551E-10 1.4017E-13 2.5918E-10 9.6154E-10
UAH [37] 3.0631E-13 5.7006E-10 2.1148E-09 3.5847E-13 6.6629E-10 2.4718E-09
UAT [37] 3.0790E-13 5.7372E-10 2.1284E-09 3.5746E-13 6.6630E-10 2.4719E-09
4 X 10-13
et 5 5.00003E-4
o 3 piee Z  5.00002E-4 t
o o 2 )
5 P N 3 5.00001E-4 |
2 5 e PN :é; 5.00001E-4 :
Z e 2 5.00000E-4
< ¥ N
14 n 5.00000E-4 :
/ \“» =1
. 06 3 oo 08
T I | I 0.2
0 0.2 0.4 0.6 0.8 Time (t) Space (x)
Space (x)
—— t=0.1
- 1t=0.2
e t=1
e t=10

(a) Absolute error at different time levels (b) Surface plot of numerical solution

FIGURE 7: Error and solution profile of Example 5 with N =50 and At =0.01.

(i) For real n/:—2.78 < Atrf <0 6. Numerical Experiments

(ii) For pure imaginary 1 : =2v/2 < Aty <2/2 The accuracy of compact finite difference scheme is mea-
sured using the L, and L_, error norms, which are defined

(iii) For complex 7/ : At/ should lie in the region as
as follows:

given by [48]

For different values of parameters, eigenvalues correspond-
ing to gBF and gBH equations are given in Figures 1 and 2,
respectively. It can be clearly observed that the eigenvalues of Ly, =max|z;-Z;|,L, =
all the considered problems satisfy the above defined conditions; Osi<N
therefore, the proposed technique is unconditionally stable.

(55)




Advances in Mathematical Physics 13
TaBLE 9: Comparison of absolute error of Example 6 with f=5, y =10, #=0.0001, § =2, h=0.1, and At =0.0001.
t X CFDMS6 (At=0.1) EFD [49] HSCM [50] UAHT [37]
0.1 1.2065E-08 6.58058E-07 1.971E-07 8.69755E-08
0.2 0.5 1.2065E-08 1.78564E-06 5.350E-07 2.41380E-07
0.9 1.2065E-08 6.58087E-07 1.971E-07 8.69729E-08
0.1 3.0158E-08 7.45354E-07 2.233E-07 8.74403E-08
0.5 0.5 3.0158E-08 2.06834E-06 6.198E-07 2.42887E-07
0.9 3.0159E-08 7.45392E-07 2.233E-07 8.74376E-08
0.1 4.8246E-08 7.49483E-07 2.247E-07 8.74351E-08
0.8 0.5 4.8247E-08 2.08190E-06 6.242E-07 2.42873E-07
0.9 4.8247E-08 7.49521E-07 2.247E-07 8.74324E-08
TaBLE 10: Comparison of absolute error of Example 6 with §=5, y =10, #=0.00001, § =2, h=0.1, and At =0.0001.
t x CFDM6 (At =0.1) EFD [49] HSCM [50] UAHT [37]
0.1 1.2066E-10 2.08154E-08 6.235E-09 2.75063E-09
0.2 0.5 1.2066E-10 5.64806E-08 1.692E-08 7.63381E-09
0.9 1.2066E-10 2.08155E-08 6.235E-09 2.75062E-09
0.1 3.0164E-10 2.35874E-08 7.065E-09 2.76548E-09
0.5 0.5 3.0164E-10 6.54514E-08 1.960E-08 7.68188E-09
0.9 3.0164E-10 2.35875E-08 7.065E-09 2.76547E-09
0.1 4.8262E-10 2.37299E-08 7.108E-09 2.76547E-09
0.8 0.5 4.8262E-10 6.59132E-08 1.974E-08 7.68186E-09
0.9 4.8262E-10 2.37300E-08 7.108E-09 2.76546E-09
g X 109
B R Ny o 5.0015E-05
. *— . _ oS 8
g 64 . /./.f./.,-?"’.'_.' ...... *o = i.\.\\. .......... E 5.0010E-05 W
o K7 X §  5.0005E-05
) S o\ ]
= 4 * LN =
= /‘ . g  5.0000E-05
2 ’7 AN =}
< » = 7 4.9995E-05
2 4 //I' N 1
/ \
y/ \\
0 T T T T H O
0 0.2 0.4 0.6 0.8 1 Time (0 0 Space (x)
Space (x)
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e t=02
—x-t=1
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(a) Absolute error at different time levels

(b) Surface plot of numerical solution

FiGURE 8: Error and solution profile of Example 6 with N =50 and At =0.01.

where z; and Z; represent the exact and numerical solutions,
respectively, at the node point x; for some fixed time.

Example 1. Consider gBF Equation (3) with the parameters
B=0.001 and y =0.001 for the initial condition as Equation
(4) and the boundary conditions as (5) and (6). The exact

solution is given by Equation (7). Table 1 gives a comparison
of the absolute error for fixed spatial step size h=0.1 and
temporal step size At =0.0001. Absolute error is calculated
at time levels £ =0.001, 0.010, 100 with § =1 and 6 =4. The
results are found to be more accurate in comparison to the
Adomian decomposition method [23], compact FDM [25],
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TaBLE 11: Comparison of absolute error of Example 7 with =0, y=1,#%=0.001, § =2, h=0.1, and At =0.0001.
t x CFDM6 ADM [23] FDS4 [29] GCG [30] MCQDQM [31]
0.1 3.7491E-08 5.5890E-07 1.1176E-06 4.8110E-07 4.4924E-07
0.05 0.5 3.7493E-08 5.5884E-07 1.1175E-06 3.9966E-07 1.0307E-06
0.9 3.7494E-08 5.5877E-07 1.1174E-06 3.9240E-07 4.4917E-07
0.1 7.4981E-08 1.1178E-06 2.2353E-06 1.0397E-06 6.6147E-07
0.10 0.5 7.4984E-08 1.1177E-06 2.2350E-06 9.5823E-07 1.7107E-06
0.9 7.4987E-08 1.1175E-06 2.2347E-06 9.5091E-07 6.6139E-07
0.1 7.4953E-07 1.1175E-05 2.2353E-05 1.1021E-05 9.9267E-07
1.00 0.5 7.4956E-07 1.0074E-05 2.2350E-05 1.1057E-05 2.7793E-06
09 7.4959E-07 1.1173E-05 2.2347E-05 1.0841E-05 9.9260E-07
TaBLE 12: Comparison of absolute error of Example 7 with =0, y=1,#%=0.001, § =3, h=0.1, and At =0.0001.
t x CFDM6 ADM [23] FDS4 [29] MCSDQM [31]
0.1 3.7499E-08 1.9841E-06 3.9673E-06 1.5946E-06
0.05 0.5 3.7499E-08 1.9837E-06 3.9665E-06 3.6584E-06
0.9 3.7499E-08 1.9833E-06 3.9657E-06 1.5942E-06
0.1 7.4996E-08 3.9681E-06 7.9346E-06 2.3479E-06
0.10 0.5 7.4996E-08 3.9673E-06 7.9330E-06 6.0721E-06
0.9 7.4996E-08 3.9665E-06 7.9314E-06 2.3475E-06
0.1 7.4962E-07 3.9663E-05 7.9346E-05 3.5221E-06
1.00 0.5 7.4962E-07 3.9655E-05 7.9330E-05 9.8610E-06
0.9 7.4962E-07 3.9647E-05 7.9314E-05 3.5217E-06
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(a) Absolute error at different time levels

(b) Surface plot of numerical solution

FI1GURE 9: Error and solution profile of Example 7 with N =50 and At =0.01.

and exponential time differencing method of lines [29].
Figure 3(a) compares numerical and exact solution at differ-
ent time levels, and Figure 3(b) presents the 3D behaviour of
the numerical solution with N =10, At =0.01, and § = 8.

Example 2. Consider Equation (3) for 3=y =1 with the ini-
tial condition (4) and boundary conditions (5) and (6). The
absolute error is compared in Table 2 with those of previous
investigators Ismail et al. [23], Sari et al. [25], and Bratsos
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[29] for h=0.1, At =0.0001, and § =2, 8 at t+=0.0005 and
t=0.0010. Figure 4(a) compares the numerical and exact
solution at different time levels, and Figure 4(b) represents
the 3D behaviour of numerical solution with N =10, At =
0.01, and § =8.

Example 3. Consider Equation (3) for the initial and
boundary conditions (4) and (6) with f=0.1 and y=-
0.0025. Table 3 depicts the accuracy of the results
obtained by CFDMS6, by comparing the absolute error
with literature data for h=0.1, At=0.0001, and §=2,4,
8. Figure 5(a) compares the numerical and exact solution
at different time levels, and Figure 5(b) represents the
3D behaviour of the numerical solution with N =10, At
=0.01, and §=8.

Example 4. Consider gBH Equation (8) with the initial and
boundary conditions (9) and (10) for parametric values f
=y =1 and #=0.001. The exact solution is given by (11).
The absolute error at node points x=0.1,0.5,0.9 is given
in Table 4 at t=0.1 and t=1 for h=0.1, At =0.0001, and
6 =2. Comparison shows that results are better than expo-
nential finite difference scheme [49], hybrid B-spline [50],
and tension B-spline collocation method [37]. Table 5 gives
a comparison of L error norm for § = 1,4, and 8. Table 6
gives a comparison of L, and L error norms with 6 =2, h
=0.1, #=0.001, Ar=0.01 at +=0.05,0.1, 1, 5. Figure 6(a)
represents the absolute error at different time levels with N
= 10, and Figure 6(b) gives the 3D profile of numerical solu-
tion with N =50, At =0.01, and § = 8.

Example 5. The gBH Equation (8) is considered for the ini-
tial and boundary conditions (9) and (10). The CFDM6
results are evaluated forf3=0.landy =0.001, andy =0.0001
,h=0.1,At =0.0001, andd =2at timet=0.5andf=0.8are
given in Table 7. The absolute error is compared with [37,
49, 50]. The L, error norm is compared for CFDM6 with
the collocation of cubic B-splines [51], multiscale Runge-
Kutta Galerkin method (MGT) [52], and a new kind of
tension B-spline function [37] and is presented in Table 8
at different values of § =1,4, 8. Figure 7(a) represents the
absolute error at different time levels with N =10, and
Figure 7(b) gives the 3D profile of numerical solution with
N =50, At =0.01, and § = 8.

Example 6. Consider gBH Equation (8) with initial and
boundary conditions (9) and (10). The absolute error is
compared with the schemes discussed by [37, 49, 50] for 8
=5, y=10, #=0.0001, At =0.0001, and § =2 at different
node points for time ¢=0.2,0.5, and 0.8. Tables 9 and 10
give a comparison of absolute error for #=0.0001 and # =
0.00001, respectively. Remarkable closeness of numerical
and exact solutions can be seen in the tables. Figure 8(a) rep-
resents the absolute error at different time levels with N = 10,
and Figure 8(b) gives the 3D profile of numerical solution
with N =50, At =0.01, and § =8.

15

Example 7. The gBH Equation (8) is subjected to initial
and boundary conditions (9) and (10) for f=0, y=1,
and #=0.001. Table 11 compares absolute error of
CFDM6 with the Adomian decomposition method
(ADM) [23], fourth-order numerical scheme (FDS4) [29],
Gauss Chebyshev Galerkin (GCG) [30], and modified
cubic B-spline differential quadrature method (MCSDQM)
[31] at =2, h=0.1, and At=0.0001. Table 12 gives the
comparison of absolute error for §=3. The efficiency of
the numerical solution to approach the exact solution
can be easily seen, and the results are better than those
of other methods. Figure 9(a) represents the absolute error
at different time levels with N =10, and Figure 9(b) gives
the 3D profile of the numerical solution with N =50, At
=0.01, and 6 =8.

7. Conclusion

Compact FDM along with the SSP-RK43 scheme has been
implemented to solve gBF and gBH equations. Several exam-
ples of both the equations are successfully solved with the
proposed technique. Absolute error and L, and L., error
norms are calculated and compared with the previous
results. The results with CFDM6 are found to be better than
those with many techniques like the Adomian decomposi-
tion method, exponential time differencing method of lines,
cubic B-spline collocation method, exponential finite differ-
ence scheme, hybrid B-spline collocation, tension B-spline
collocation, multiscale Runge-Kutta Galerkin method, and
modified cubic B-spline differential quadrature method.
Comparison shows that the technique is providing highly
accurate results with ease in implementation and less
computational effort.
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This paper is aimed at investigating the soliton solutions of the hyperbolic nonlinear Schrodinger equation. Exact analytical
solutions of the model are acquired through applying an integration method, namely, the Sine-Gordon method. It is observed
that the method is able to efficiently determine the exact solutions for this equation. Graphical simulations corresponding to
some of the results obtained in the paper are also drawn. These results can help us better understand the behavior and
performance of this model. The procedure implemented in this paper can be recommended in solving other equations in the

field. All calculations and graphing are performed using powerful symbolic computational packages in Mathematica software.

1. Introduction

Finding exact solutions for differential equations, including
ordinary or partial derivatives, is always an important chal-
lenge in mathematics, physics, and engineering. This process
is very difficult or even impossible for some of these equa-
tions. Therefore, any method that helps us determine these
solutions is of great importance and use. Exact solutions
can be used to illustrate many nonlinear phenomena
observed in mathematical physics. One of the most appro-
priate tools for describing many events in nature is to
employ differential equations. This importance has made
the traces to such equations tangible in many branches of
science, including mathematics, physics [1-3], electrical
engineering, astronomy, mechanics, economics, and many
other existing disciplines [4-6]. Based on these remarkable
effects, several analytical methods have been successfully
applied to obtain exact solutions of such equations. Some
of these methods are the homotopy analysis method [7],
the variational iteration method [8], the exp-function
method [9], the logistic function method [10], the
generalized G'/G-expansion [11], the elliptic finder method
[12-14], the exponential rational function idea [15], the

modified Kudryashov technique [16], and the subequation
method [17]. To see more methods, please refer to
[18-20], including, biology, nonlinear optics, economy, and
applied science [1, 20-34]. In this article, the authors study
the HNSE, which is given in the form [35]:

1
iDju+ 5 (D =D )u+[ufu=0, 0<a<l. (1)

It is notable that this equation encompasses a wide range
of well-known equations through some specific selection of
parameters. So far, a variety of techniques have been used
successfully to find the exact solutions to the HNS equation
(1). This article contains the following sections. A brief
mathematical description of the conformable derivative used
in this paper is provided in the second section of this paper.
Then, the method used is introduced in the third section.
The fourth section involved the exact solutions obtained by
employing the analytical method equation and graphical
behavior are discovered. Finally, conclusions are presented
in the last section of the article.
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2. The Conformable Derivative

Biswas proposed an interesting definition of derivative called
conformable derivative [1]. This derivative can be consid-
ered to be a natural extension of the classical derivative. Fur-
thermore, conformable derivative satisfies all the properties
of the standard calculus, for instance, the chain rule.

Definition 1. Let f : [0,00) — R, the conformable derivative
of a function f(¢) of order «, is defined as

Def(e) = tim L) (O,

e—>0 €

€(0,1,£>0. (2)

This new definition satisfies the following properties.

Definition 2. Suppose that ¢ >0 and ¢ > ¢, let h be a function
defined on ¢, t as well as « € R. Then, the a-fractional inte-
gral of h is given by

“h(x)

aen(n = [ 15 d G)

c

if the Riemann improper integral exists.

Theorem 3. Let a € (0, 1), f, g be a-differentiable at a point t,
then

Dj(af + bg) = aDj(f) + bD;(g),fora, b e R,
Dy () =
Df(fg) = fD{(g) + gD{ (f), (4)
«(9\ _ 9Pi(f) ~ fDi(9)
b (9) g '

utt™%, for y € R,

2

Theorem 4. Let h be a differentiable function and _ is the
order of the conformable derivative. Let g be a differentiable
function defined in the range of h, then

D (fog)(t) =t'*g(t)* "' g' (DD (F(1) gy (5)
where “prime” is the classical derivative with respect to t.
3. Structure of the Sine-Gordon Method
In order, we consider the Sine-Gordon equation as follows:
Y =asin(y); 6)
here, « is a nonzero constant. We exert the change
y(xy ) =U(E),

here, v is the traveling wave velocity. Replace Equation (8) in
Equation (7)

E=n(x+y+uvt); (7)

U = v%z sin (u(£)). (8)
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By simplifying Equation (8), we have

(-3 o

In Equation (9), C is the integration constant. We sup-
pose C=0,w(&) = U(£)/2, and f* = a/u?, so Equation (9)
detracts to

w'(§)” = f* sin*(w(§)).- (10)
In simple terms, we have
w'(§) = f sin (w(§)). (11)
Inserting f = 1, we have
w' (&) =sin (w(§)). (12)
We have solutions of Equation (12) as follows:

sin (w(&)) =sech (§) or cos (w()) =tanh (£),

(13)
sin (w(&)) =icsch(§) or  cos (w(&)) = coth (&).

For constructing the solutions of NLPDE as follows:
N (V0o Voo ¥y Wi ) =0, (14)

Using the following variation:

Z cos’™ 1

B sin (w) +Aj cos (w)] + Ay,

(15)

by using Equation (13), we have the solution of Equation
(15) as follows:

Ztanh’ !
Z coth/~ 1

[B; sech (&) + A, tanh ()] + A,,

X [B; csch (§) + A; coth (§)] + A,.
(16)

We obtain n by balancing in [10]. Then, by substituting
Equation (15) into ODE concluded from Equation (14), we
have a system of algebraic equations of sin’(£) and cos’(£).
Then, by equating of coefficients, we obtain the necessary
coefficients. By substituting these coefficients in (15), we
extract the solutions of Equation (14).
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4. Solution Procedure

To determine the solitary solution of Equation (1), we first
define the following new variables:

u(x, y, t) = h(&)e®,

6= (%)" (- (17)
d

Substituting Equation (2) in Equation (1) and comparing
real and imaginary parts, respectively, one can obtain

(a +2b—d*)h— 21 + (0 - 1)R" =0, (18)
p=—(a+do).

Taking balance principles between k" and A’ into
account in Equation (10) yields m = 1. Immediately, the gen-
eral structure for the solution to the problem, which is pre-
sented in (7), is determined as follows:

h(§) =B, sin (§) + A, cos (§) + A,. (19)

Following the steps mentioned for the method by
substituting Equation (15) along with Equation (8) into
Equation (10), we get a polynomial in sin (), cos (). Equat-
ing the coefficient of same power of sin(£), cos'(£)(i=0, 1,
2,-+), we obtain the system of algebraic equations, and by
solving this system, we obtained equations for A, A,, B;,a
,b,d, u, and 0. Now, by solving obtained systems, we get
the following values:

Set 1:

_ V2a2-2d* - 302 +4b+3

0 2 >
2
Alz\/2a2—2d +O'2+4b—1’ (20)
4
B - V2a2 -2d° + 02 +4b -1
L= :
4

So, we obtain the following dark optical soliton:

_ V2a2-2d + 02 +4b- 1
- 4
V2a2 - 2d* + o2 +4b - 1
+ t
4
. V2a2 - 2d* — 302 +4b + 3
5 .

hy(§) sech (&)

anh (&) (21)

—_
w
|
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Ficure 1: Dynamic behaviors of solution u,(x, y, t) given by (22)
for t=0..5,x=—-m..mm, for a =0.8.
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Ficure 2: Dynamic behaviors of solution u,(x, y, t) given by (22)
for t=0..5,x = —m.., for «=0.5.

So we have optical dark soliton solution of (1) as follows:

sech

ul('x’y’t): 4

(@009
V2a2 = 2d* + o2 +4b—-1
+ tanh
| ﬁ S (22)
| <<&> e+ (- G) t“)
V2a2 = 2d% — 302 + 4b + 3J
+ 5 exp

(CRERER)

{\/Zaz 2d¥ v o2 +4b-1




Ficure 3: Graphical representation of solution u,(x, y, t) given by
(22) for t=0..5,x = —m..7r, for a =0.2.
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Ficure 4: Graphical representation of solution u,(x, y, t) given by
(23) for t=0..5,x = —m..7r, for = 0.8.

And the dark singular soliton is

V2a2 —2d* + o2 +4b—1
Uy (%, p,t) = 1 csch

(G 0r-6)

V2a2 - 2d* + o2 +4b - 1
+ coth
4 (23)

(@)

V2a2 —2d% 307 + 4b + 3|
+ exp

2

[(CRORER0)
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Set 2:

Ay =0,

3
A= %\/6a2—6d2—60'2+ 12b +6, (24)

1
B, = g\/eaz—st—6a2+1zla+6.

The optical dark soliton solution is

Uy (%, yy 1) = E V6a2 - 64> — 602 + 12b + 6 sech
(O tr-0r)
+ g V6a2 - 6d% — 602 + 12b + 6 tanh (25)
()00
con ()¢ )+ (o0

And dark singular soliton is

uy(x,y,t) = [é V6a2 - 642 - 662 + 12b +6 csch
()00
+ g\/&lz — 6% — 602 + 12b + 6 coth (26)
(0 0-r)
X exp (i((g)x“ + (g)y"‘ + (g) t* + 90)> .

Set 3:

V2a2 - 2d%* + 4b
Ao= 2

V2a2 22 + o2 +4b—1 (27)
4

A= ,
B, =0.
The optical dark soliton solution is

V2a2 - 2d* + 0% +4b -1 1
us(x, y, t) = tanh 2

4

(04
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Ficure 5: Graphical representation of solution u,(x, y, t) given by

(23) for t =0..5,x = —m..7T, for «=0.5.
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FI1GURE 6: Graphical representation of solution u,(x, y, t) given by
(23) for t=0..5,x = —m..71, for « =0.2.

And dark singular soliton is

2d* + 02 +4b-1 <(1> .
1 coth X

N « _ g o
(- @)+
N b
U@ @ C)ren))
In Figures 1-9, we see that the graphs of the answers are

very similar and the only difference is in the degree of oscil-
lation of the graph.

(%, 7, 1) = Vzaz -

2d2+4]

(=}
L]

|
w
(=}

L
4

NSE]

FiGure 7: Graphical representation of solution u4(x, y,t) given by
(29) for t=0..5,x = —m..7T, for = 0.8.

s
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Ficure 8: Graphical representation of solution u4(x, y, t) given by
(29) for t=0..5,x = —m..7, for a =0.5.

5. Concluding Remarks

In this study, some new solitary exact solutions of the hyper-
bolic Schrodinger equation are obtained with the aid of an
efficient analytic method. The structure considered for the
equation consists of a series of arbitrary parameters that lead
to many well-known models by considering certain options
for them. One of the main advantages of this method is
the determination of different categories of solutions for
the equation in a single framework; this means that the
method can determine different types of solutions for the
equation in a single process. Furthermore, one can easily
deduce that the methods used in this study are very simple
but very efficient methodologies for solving NPDEs. We
have performed all necessary calculations for obtaining and
plotting Figures 1-9 through the implementation of the
symbolic computations in Mathematica software.



Ficure 9: Graphical representation of solution u4(x, y, t) given by
(29) for t=0..5,x = —m..7T, for a =0.2.
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In this article, we discussed the Lie symmetry analysis of C,(m,a,b) fractional and integer order differential equations. The
symmetry algebra of both differential equations is obtained and utilized to find the similarity reductions, invariant solutions,
and conservation laws. In both cases, the symmetry algebra is of low dimensions.

1. Introduction

In the last century, fractional partial differential equations
(FPDEs) have played important rules in the fields of science
and engineering, for instance, physics, chemistry, biology,
andcontrol theory. Recently, those class of differential equa-
tions has also attracted much more interest of mathemati-
cians and physicists [1-6].

Finding the best methods of obtaining the exact solutions
of differential equations remains one of the unanswered ques-
tions in the field. Many approaches have been developed by
mathematicians to study the solutions of PFDEs, such as
Adomian decomposition method, the fractional subequation
method, numerical method, the first integral method, and
Lie symmetry method [7-14]. In this article, we consider one
of the powerful techniques of solving and analyzing differen-
tial equations, i.e., the Lie symmetry method. The Lie symme-
try method is widely used to transformed partial differential
equations (PDEs) into ordinary differential equations (ODEs),
and the ODE is later solve numerically or analytically using
similarity invariant [7, 9, 10, 12, 14-22]. Lie symmetry is also
utilized in obtaining the conservation laws (Cls) [23]. The
method developed by Noether theorem [24] and Ibraginov’s
[25] is one of the best and simplest methods of evaluating
Cls of differential equations.

Consider general forms of fractional differential equations:

S = Flul (1)

where u=u(x,t) denotes the unknown function, and F[u]
=F(x,u,u,,u,,-) is a known function. The fractional
order « is a real number and 0“u/0t* denotes Riemann-
Liouville(R-L) derivative defined in [1, 3, 26] as

0"u N
——a=n€eN,
o ot"
u:
t 1 0" (" u(r,x)
— | ——FA=drn-1<a<nneN,
I(n—a)ot" |, (t-1)

(2)

where I'(x) denotes the standard gamma function defined by

I'(x)= Jooe*'t“’ldt. (3)

0
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The Cy(m, a, b) partial differential equations

1
ut+(um)x+5[u“v2ub} =0,m>1,1<n=a+b, (4)

X

where N denotes the spatial dimension , have been introduced
in [27]. In particular, if N = 1, it becomes

u + (u™)x + % [u“ (ub) xx}x =0, (5)

which is equivalent to

u+mu" w4 (b—1)(a+b-2)u>y} ©)
+(a+3b-3) " Pu g, +u =0
Therefore, the fractional form of C,(m, a, b) differential
equation is define as
aa
atZ =—mu"u, — (b-1)(a+b-2)u*"3u}

Y

xXxx?

_ ,a+b-1

- (a+3b—3)u'”b’2u u u u

XXX

where 0%u/0t* is given by (2).
2. Lie Symmetries of Eq. (6)

In this section, we first consider the Lie symmetry analysis of
Eq.(6). To obtained the Lie symmetry analysis, we first
consider a one-parameter Lie group of transformations

u)+0(e?),
)+ O(sz), (8)

i=u+ep(x,t,u) + O(),

X=x+¢&(xt,

t=t+er(x, t,u

with a small parameter &€ < 1. The vector field associated
with the one-parameter group of transformation is

V=E(x, t,u)% +7(x, t,u)% +¢(x, t,u)%. 9)

Thus, expanding the infinitesimals generator to include
the transformation of the derivatives, we obtained the

following third prolongation pr(®V

0

- XXX . 1
XX auxx + ¢ au ( 0)

pr<3)V=V+¢"% +¢f% +¢
X t

XXX

In (10), ¢%, ¢', ¢**, and ¢ are all undetermined func-
tions, which are given by the following formulae

¢X=Dx(¢_fux_‘rut> +€uxx+Tuxt’ (11)
¢' =D, (¢ —&u, —Tu,) + Euy, + TUyY, (12)
¢xx = sz((rb - Eux - Tut) + E“xxx T Tl (13)
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¢ =D (¢ —Eu, —tu,) +Euy,, +TU (14)

xXxXxt>
where D, and D, represent the total derivatives with respect
to x and ¢, respectively. e refers the reader(s) to [28] for
details of how to evaluate the prolongation formulae.

If the vector field (9) forms a symmetry of Eq.(6), the
infinitesimal generator V must satisfy the following invari-
ance criterion for Eq.(6), given as

prPvV (A =0, (15)
where

A=u,+mu" u+ (b—1)(a+b-2)u""">u’

T (16)
+(a+3b-3)u"™" 2y u

a+b-1
XXX u u

+ XXX *

Substituting Eqs. (11)-(14) into Eq. (15) and equating
the coefficients of various powers of partial derivatives of u
to zero, an overdetermined system of equations known as
determining equations is obtained. Solving the determining
equations the following infinitesimals for C,(m,a,b) has
been derived

E(x,t, u) =peyx + ¢y,
T(x, 6, u) =gt + ¢, (17)

d(x, t,u) = c u,

where ¢;, ¢,, and ¢; are arbitrary constants, and throughout
this paper, we denote

_a+b-m a+b-3m+2
B 2 2 '

(18)
Therefore, we have the following conclusion.
Theorem 1. For the arbitrary parameters m,a, b, if m > 1,
a+b>1, the vector field admitted by the differential
equation (6) is
V,=0,, V,=0,, V;=px0, +qt0, + uo,. (19)
The sketch of the proof has been stated above. In
details, we should divide it into the following four cases.
Obviously, the vector fields of each case are the special

cases of (19)

(i) If a+ b=2, a+ 3b+ 3, the vector field is

V,=0,,V,=0, Vs = (1 - %)xax + (2— 37’”) £0, + ud,

(20)

(ii) If a+ b=2, a+ 3b=3, the vector field is the same
as (i)
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(iii) If a+ b+ 2, a + 3b =3, the vector field is

V,=0,V,=

=0,

0, V3 =px0, +qto, +uo, (21)
@iv) If a+ b+2, a+3b+3, b+ 1, the vector field is the
same as (iii).

The vector fields V,, V,, and V; form a Lie algebra
under the following Lie bracket

[fai’ 9aj] :fai(g)aj_gaj(f)ai’ (22)

where i and j stand for x, t, u.
That is to say
Vi Vo] =0, [V, Vil =pVs, [V, Vi]=qV; (23
By solving the following ordinary differential equations

with the initial conditions:

dx* * * * *

T S uT), x e =,

dt* * * * *

2 ST ), g =1, (24)
du* * * * *

%:‘/’(’C U ) U [ = 1

We therefore obtain the group transformation which is
generated by infinitesimal generators V', V,, V;, respectively

G :(xtu) (x+etu), (25)
G, : (xthu)e (X, t+&u), (26)
G; : (x, t, u) > (eFx, eT°t, eu). (27)

Remark 2. In (25)-(27), an arbitrary element in G,(i = 1,2, 3)
can transfer one solution of Eq. (6) to another one, so do the
products of the elements from G,, G,, and G;.

Remark 3. The Lie group G, x G, is a normal Lie subgroup
of G,G,G;. The Lie algebra generated by V, and V, is an
ideal of L.

Theorem 4. If u = f(x, t) is a solution of Eq. (1.3), then u'"),
u?, and u®) as follows are solutions of Eq. (6) as well.

ul) = f(x—e,1),
u? = f(x,t—e), (28)
ul) = e f (ePex, e *t).

3. Similarity Reductions to Eq. (6)

In the preceding section, we obtained the group symmetry
analysis of Eq. (6). In this section, the characteristic equa-

tions of vector fields are obtained by making use of (19)
and utilized to perform the symmetry reduction.

For V =V, the characteristic equation can be presented
as follows:

dx dt du
o7 (29)
1 0 0

Solving the characteristic equation (29), we have u=f
(&), where &=t which yields a trivial solution.

For V =V,, the characteristic equation can be expressed
as follows:

dx dt du
ax _a_dau (30)
0 1 0

from which we have u=f(&), where £=x which trans-
formed (6) to an ODE

m ™+ (b=1)(a+b—2) " -
+(a+3b- 3)fa+h_2f’f” +fa+b—1f”’ —o.

For V =V, the characteristic equation can be written as
follows:

=2 (32)

Solving the characteristic equation, we have the follow-
ing invariants &=xt?4, u=t"1f(), which transformed
(6) to an ODE

1.1, p -2\ 1 li 21 rm-1 g1
—ta - = ta)ta  — ta
e G L AR
+(b=1)(a+b-2) T 3" (33)
a+b-3p ’ o a+b-3p 1A
+(@a+3b=-3)t 7 ff +t 7 ff

a+b-3p n

+f 1 =0,

4. Nonlinear Self-Adjointness of Eq. (6)

In this section, we shall show that Eq. (6) is nonlinearly self-
adjoint. Let it start by presenting the definitions of nonlinear
self-adjointness of differential equations according to Ibragi-
mov’s [13, 25].

Definition 5. Given a differential function F and the new
dependent variable v =v(x) known as the adjoint variable
or local variable [13, 25], the formal Lagrangian for the dif-
ferential equation F =0 is the differential function given by

F* =vF. (34)



Definition 6. [25]. The differential equation (6) is said to be
nonlinearly selfadjoint if there exists a substitution

v=¢(xt,u) £0, (35)

such that

F* V=@ (x,t,u) = AF’ (36)

for some undermine function A.
Theorem 7. The differential equation (6) is self-adjoint.

Proof. The formal Lagrangian is

X

<= v(ut +mu™ 4 (b-1)(a+b-2)u"b3
(37)
+(a+3b-3) " Puu + u“+h_1uxxx).

Substituting into (36) =0, we have the adjoint equation
to Eq. (6)

a+b-3 a+b-2

m-1 2
v, — 2au v

—mu u

Vea(a+b-2)u o 3g)

X
a+b-2 a+b-1 _
-V, —2au Vel — U Vigx = 0.

Let v=¢(x,t,u) and the left hand of (38) be A- A, we
shall get A =—¢,, and

=qu+c,b=a+],
P=q 2 (39)
p=cu’ " L b#a+l.
Then, we prove that Eq. (6) is self-adjoint. O

Generally speaking, we are now to calculate the con-
served vectors. However, by using the method of Ibragimov
[25], so we here omit the process.

5. Lie Symmetry and Reductions of Eq. (7)

In this section, we deal with all of the point symmetries of Eq.
(7). We now assume that n — 1 < a < n in this section. Thus,
Eq. (1.4) is an FPDE with the infinitesimal generator given
by (2.2). If the vector field (9) generates a symmetry of Eq.
(7), then V must satisfy the following Lie symmetry condition:

P”(3) V(4,) =0, (40)
A]*O

where

0"u _ -
A= 5 +mu™ u + (b-1)(a+b-2)u""ud (a1)
a+b-1

a+b-2
+(a+3b=-3)u""  uu,, +ut Uy,
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Also, the invariant condition yields [29]

(X, t, u) 0, (42)

lio =
and the ath extended infinitesimal related to Riemann-
Liouville fractional time derivative with (42) is given by
[30, 31].

"¢ o'u 0%
0 _ _ _ u
¢, = F (¢u “Dt(T))—ata U—sa tH

n-1\n
[0y
(43)

o n omkl/a\ /n\ [k\ | e
M_r;rnzzkz;mo(n)(m)(r)Hm (44)

n-a a k—r aﬂ*m+k¢
P s [ s

The expression of y is complicated; however, it should
converges to zero when the infinitesimal ¢ is linear in u,
because of the existence of the derivatives 8" "™"*/9t"9
uF, k>2 in the above expression (44).

Thus, the Lie group classification method for the FPDE
leads to the following result.

Theorem 8. The infinitesimal symmetry group of the equa-
tion (7) is spanned by the two vector fields

1
V,=0, V,=px0,+ —qtd, +ud,,. (45)
o
Proof. Considering the invariance criterion (40), we have

@2+ m(m— D) u" 2pu, + mu" ' ¢* + (b-1)(a+b-2)
(a+b-3)uteud +3(b-1)(a+b-2)u"" ¢l
+(a+3b-3)(a+b-2)u"" puu, + (a+3b-3)¢"

+(a+3b-3)¢p"u, + (a+b-1)pu""2y

XX

b-1 (xxx
+utT G =0

(46)

XXX

solving the determining equation (46), and we obtained the
following infinitesimals

E(x,t, u) =peyx + ¢y,
1

T(x, t, u) = —qc,t, (47)
o

d(x, t,u) = cyu,
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which follows that the fractional differential equation (7)
admitted two dimensional symmetries and is spanned
by (45). O

Next, we utilized the admitted Lie symmetry and per-
form similarity reductions, present the reduced nonlinear
fractional ordinary differential equations (FODEs), and
classify the corresponding group-invariant solutions of the
fractional C,(m, a, b).

Case 9. For V| = 0/0x, the characteristic equation is

dx dt du
o dn (48)
1 0 0

and the following similarity variables are obtained by solving
the characteristic equation u = f({), { = t, which yields the
following reduced ODE

0 (1) =0. (49)

The fractional ODE has a polynomial general group-
invariant solution

u=at*?", (50)

where a, is an arbitrary constant of integration [6, 15, 16].

Case 10. For V,=px0, + 1/2qtd, + uo,, the characteristic
equation is

dx  adt _ @’ (51)

px gt u

and by solving the above equation, we get the group-
invariant solution

u=1tig({), ¢ =xt7s, (52)

where g is an arbitrary function of {. Using these invariants,
Eq. (7) transforms to a special nonlinear ODE of fractional
order. Thus, we have the following theorem corresponding
to this case.

Theorem 11. The transformation (52) reduces (7) to the fol-
lowing nonlinear ordinary differential equation of fractional
order with the Erd’elyi-Kober fractional differential operator
Pz’“ of order [5]

—

n—

(ita) = E (i 50 (k5ta) ©un= { e

J

I}
S

(53)

where

5
1 JOO a-1, —u(T+ 2
. o (u—]) uu(r a)g Cu/‘ du,oc>0,
(Kﬁ, g) Q)=1{ (@) ), ( )
9(8), a=0
(54)
is the Erd’elyi-Kober fractional integral operator.
Proof. Let n—-1<a<n, n=1,2,3,---, according to the

Riemann-Liouville fractional derivative, and one can obtain

o0“u 0" 1 t n—a—1 2 —px
35 =37 {mjo(t—s) sqg(xs q)ds} (55)

Let v =t/s, and then ds = —(t/v*)dv;so, (55) can be writ-
ten as

6"‘u 6” a 1 0 a b
-t _ 7 n—(x+ﬁ -1 n—a-1 —(n—a+§+l) T )
o o {t T(n—a) J DT g7 )av

(56)

In view of the Erd’elyi-Kober fractional integral operator
(54), one can get

(i () IS I T

pa

Therefore, the right hand side of (57) becomes

(< 0) )] - ;’t— {% (et (x5 ) <c>)}

B Folas! nearst @ . pa d L n-a
i B G a7 R )
(58)

Repeating the same procedure n—1 times, one can
obtain

n—
1+%,n—0¢

n 1
a_ {tn—aﬁ% (Kq
ot" pa L.
0 (59)

« ., pa,d 1+ n-a
~<1—a+5+1——5d—()(1<q g)(()-

pa

9)(@)] =

Using the definition of the Erd’elyi-Kober fractional
differential operator (53), we get

:_:n [tn—m% (KL+%vn—ag) (C):| _ tim% (P{]—Mg,ag) ({) (60)

b b

Substituting (60) into (57), we obtain an expression for
the time fractional derivative

a“u l—tx+%tx

S =P 9) Q). (61)

pa




Thus, the fractional C,(m,a,b) equation (7) can be
reduced into a fractional order.
ODE:

1-a+%a e atb—
(P g) @) =-mg" " g = (b= 1)(a+ b-2)g"" g}
—(a+3b- 3)g“+b_2g2

_ (a +3b— 3)ga+b—2gcu“ _ ga+b_1g((('
(62)

d

6. Conservation Law of Eq. (7)

In this section, we will construct the conservation laws of the
fractional C,(m, a, b) differential equation (7).

Let & be the formal Lagrangian of Eq. (7) written as
& =vA,, where v =v(x, t) is the new introduced dependent
variable; so, the adjoint equation of (1.4) is written as §& /
6u=0, where 6/6u is the Euler-Lagrange operator with
respect to u and defined by

6 0 N OZO: D 0
5u” o (D0 aD“ P "0
(63)
and (D%)" is the adjoint operator of D% For Riemann-

Liouville fractional differential operators, we have

(D§)* = (-1)"I*(D}) = Y £ DS, (64)

where

T

n-o ny _ 1 n—-a-1
B0 = s | 0 s

T)dr, n=[a] +1

(65)

is the right-sided fractional integral operators of order a.
In this case, the formal Lagrangian of Eq. (7) is written as

o

L =v(x,1) at: +mu™ u + (b

(a+b- 2)u”+b_3ui

a+b-2 a+b-1
+(a+3b-3) """ uu, +u" U, |

(66)

Every Lie point symmetry (45) admitted by the Eq. (7)
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leads to a conservation law D,(C') =0 where the compo-
nents C' constructed by the following formula [5, 32]:

= 0Z , 0Z
t_ _1\kpa-1-k k _
C_];)( 1) Dt (W)D aDa ]( taDa >
. 0Z 0L (0L
C"'=W|— -D,(—) +D?
ou, ou,, U, (67)
+D (W L _p ] p w 0
X( ) auxx * auxxx X( ) auxxx ’

where W =¢ —&u, —tu, and & are the formal Lagrangian
which are written in the symmetric form, and the mixed
derivatives ] are given by the integral:

w) (- &) dude,

(68)

1.9~ s | [Fes 01905

(n—a) Jo);

for 0 < a < 1. For other cases, the calculations of conserved
vector components are similar. In this case,

A 0
t=D¥(W -J(w,D,—_). 69
¢ i )BD‘;‘u ]< taD‘t"u> (69)

The conserved vector components C', C* are as follows:

C' =D (Wiv=J(Wyy),

C'=Ww; [mvum'l +3(b-1)(a+b-2)u"" vl

+(a+3b-3)u""vu,, — (a+3b-3)(a+b-2).u"" vl

—(a+3b-3)u*"2yu, ~ (a+3b-3)u""vu

XX

+(a+b-1)u"2pu +u™ Y 4+ (a+b-1)

“(a+b- 2)ua+b_3vui +2(a+b- 1)u“+b_2
+(a+b-1)ua Vie + D (W)

(
. [(a +3b-3)u ‘”b’zvux -(a+b- 1)u’”b’2vux - u‘”b’lvx]

+D2(W)) (u“”"lv) :

Villx

+b-2 a+b-1
VU, tU

(70)

where W, = -u,, W, =u— pxu, — (1/a)qtu,.
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In this study, a fuzzy Meir-Keeler’s contraction theorem for complete FMS based on George and Veeramani idea is established. Then,
we characterize fuzzy Meir-Keeler’s contractions as contractive types induced by functions called fuzzy L-function. Moreover, we show
that the converse of it is true. Finally, we bring some examples and corollaries certify our results and new improvement.

1. Introduction

Fixed point theory and related topics are an active research
field with a wide range of applications in mathematics,
engineering, chemistry, physics, economics, and computer
sciences. Many authors have been studied this theory in
hyperstructure spaces alongside the classical metric spaces
and normed spaces. Among them, it could be cited probabilis-
tic (and fuzzy) metric spaces. The phrase of fuzzy metric space
(FMS), introduced by Kramosil and Michalek [1], then George
and Veeramani [2], modified this idea which has applications
in quantum particle physics [3] and in the two-slit experiment
[4, 5]. Also, the theory of EMS is, in this framework, very dis-
parate from the usual theory of metric best approximation and
completion, e.g., see [6] and [7-9], respectively. Grabiec [10]
developed and extended fixed point theory to probabilistic
metric space. Later on, several authors have participated to
the growth of this theory (see [10-17]).

In 2006, Lim [18] introduced L-functions (LF) and char-
acterized Meir-Keeler’s contractive as a self-map T on M that
satisfies d(T(p), T(q)) < o(d(p,q)),p #+ q € X for some LF ¢
(see also [19]). This characterization prepares it easy to com-
pare such maps with those satisfying Boyd-Wong’s condition
(see [20]). Then, Meir-Keeler [21] developed Boyd-Wong’s
result as follows

Ve>0;36>0,e<d(p,q)<e+8=d(T(p), T(q)) <e. (1)

In 2005, Razani ([22], Theorem 2.2) introduced a con-
traction theorem in FMS. Our main result in this paper is
to extend this Theorem to fuzzy Meir-Keeler’s contraction.
We assert that if (X, M,*) is a FMS and T on X be a fuzzy
Meir-Keeler’s contractive self-mapping, then, T has a unique
fixed point in X. Our works are an extension of some recent
results that we notice them. Then, we characterize fuzzy
Meir-Keeler’s contractive map as a map so that

1 1
- -1« — -1 \|Vp,geX,p#+qg,t>0,
M(T(p), T(q).1) ¢<M<p,q,t> ) pacspea

(2)

where ¢ is a fuzzy LF and * is the minimum f-norm, i.e.,
r+s=min {r,s},r,seI:=10,1].

2. Preliminaries

In what follows, we mention some reported results,
definitions, and examples related to the theory of FMS
which are needed. More details and explanations can be
followed in [2, 6-9, 23, 24].

Definition 1 (see [24]). A t-norm is a function * : I X — I
such that * is continuous, commutative, associative, s * 1 =35
,s€l,andp x q<t#*s,wherep<tandq<s,and p,q,t,s€l.
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In the study of probabilistic and FM spaces, the presenta-
tion of t-norms was raised by the requirement to assign the
triangle inequality (condition (iv) below) in the setting of
metric spaces to that of fuzzy metric spaces. Numerous
examples of this concept have been cited by various
researchers, for instance, one may be found in [14, 15].

Definition 2 (George and Veeramani [2]). (X, M,*) is said
FMS where X # & is a set, * is a continuous ¢-norm, and M
on X2 x ]0,+00[ — I is a function with

(1) M(p,g,t) >0, forall >0

(2) M(p,q.t)=1,forallt>0iff p=g¢
(3) M(p,q.t) =M(q, p, 1)

(4) M(p,q.t) = M(q,7,s) <M(p,r, t+5),

(5) M(p,q,-): ]0,+00[ — I be a continuous fuzzy set-
where p,g,r€ X and t,5s> 0.

Now, we bring two theorems and definitions that play as
key roles in this paper, and we continue the next sections
based on these concepts to reach our aims.

Theorem 3 (see [2]). In a FMS (X, M,*), p, — p (i.e, p,
converges to p) iff ¥Vt > 0, M(p,,, p, t) — 1 as n — oo.

Definition 4 (see [2]). (p,),», is said a Cauchy sequence in (
X, M,) if for all t>0 and €€ (0,1), Iny=ny(e, t) €N so
that M(p,,, p,,» t) > 1 — € whenever n, m > n,. Also, we call it
complete if every Cauchy sequence is convergent.

Theorem 5 (see [9, 17, 23]). In a FMS (X, M,*), M : X X
X % (0,4+00) — I is a continuous function.

Definition 6 (see [22]). In a FMS (X, M,«), T on X is said a
fuzzy contractive self-mapping (FCM), if

1

1
—_ - 1< ————— —1Vp,qeX,p#qt>0.
M(T(p).T(q)-1)

M(p, g, t)
(3)

3. Main Results

In this section, we discuss concerning fuzzy Meir-Keeler’s
contractive self-mapping. We give a proof of Meir-Keeler’s
fixed point theorem in FMS. Here, we consider fuzzy Meir-
Keeler’s contraction (FMK) to state our main results.

Definition 7. In a EMS (X, M,*), T on X is a (FMK), if for all
€(0,1), 36 >0 such that forall p# g€ X, ¢t >0,

implies M(T(p), T(q),t) >

1
Mp, g, t _
P4 )>s+6+1

Remark 8. Each FMK is a FCM but the inverse is not neces-
sarily true. To prove this claim, we bring the flowing example.
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Example 1. It is precise that FMK implies fuzzy contraction
but note the inverse is not true because assume that

3 1,
T(p) - { ) I'f”o )

and M ; defined as Example 2.9 of [2] with * =min. If [p | >1
and q=0 then T(p)=3 and T(q)=4. Thus, |T(p)-
T(q)l =1<l|p| =|p—gql. Therefore, we get |T(p)—T(q
)I<lp—ql, forall p,g,p#gq,ie, T isa FCM. But if |p | >
1, g=0, and e€=1/2, then, there exists § >0 so that

M(P)‘N):W

1
>71
1+1/2+8

holds. Hence, if T be a FMK, we easily have that

t
T T(p) - T(q) |
b (7)

T irl
]

1+1/2°

M(T(p), T(q).t)

>

for all p#ge€X. It means that t>2, which is a contra-
diction. Thus, T does not satisfy FMK, and this proves
our claim.

Theorem 9. If (X, M,*) is a complete FMS, where t-norm is
defined as * = min. Suppose self-mapping T on X is a FMK.
Then, T has a unique fixed point.

Proof. For all p# g€ X and t >0, we get M(T(p), T(q),t) >
M(p, g, t). Since if there are p,,q,€X and f,>0 so that
M(T(py)> T(qy)> to) < M(py» qo» to)- For simplicity, we put
M, =M(T(p,), T(4y)- o) and M, =M(py, gy, t). Hence,
for each 6 >0

M2
22 T
1+6M,

1 (®)

(1/IMy—1)+6+1

M, >M

Then, by (4), M, > M,, which is a contradiction. Let
po€X. Setp,.,=T(p,),neN and suppose that p,,, #p,,
Vn € N, since otherwise T has a fixed point. Assume that
t>0 be arbitrary and fixed after choosing. Now, let ¢, =1
IM(p,.1>P,»t)—1. (c,) is a nonincreasing sequence. So,
(¢, )converges to #. Thus, N € N such that, |c, —# | <r, for
all n > N. We claim that # = 0. If 0 < #, there is d > 0 such that,
for all p,geX and t>0, where M(p,q,t)>1/1+n+d,
we have M(T(p),T(q),t)>1/1+n. Select r>0 such that
(di2—r,d/2+r) c[0,+00). We have

|d/2 = (c,-#n)—-dl2|<r, 9)
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thus
d d d
2—(cn—11)€<2—r,2+r>, (10)

so 1/M(p,,,>p,»t) —1—n<d. It means that M(p,,,,p,t)
>1/1+n+d. Hence by 2, M(p,,,>P,.1>t) > 1/1 +#, which
is a contradiction, since ¢;=1/M(p;,;,pjt) —12n, for all
j€N.

Now, we prove that (p,) is a Cauchy sequence. If (p,,) is
not, then there is 0<g, <1, so that, for any meNN,
there are i,,j, >m such that M(p, ,p; ,t) <1-¢. For
each 0<e<gy, there is d>0 such that for any p,geX
and t>0, if M(p,q,t)>1/1+e+d then M(T(p), T(q),?)
>1/1+e. There exists M >0 such that for all i>M
and t>0, M(p,p;,pt)=1—-e+d/l+e+d. Take j,, >iy
>M such that

M(ij,p,.M,t) <l-¢g. (11)

Then, we get

t t
M<piM—l’piM+1’ t) >M<piMl’piM’ E) * M<piM’piM+1’ E)

e+d e+d
>(1—- —— )% (1 - ——
l+e+d l+e+d
B 1
T l+e+d’

(12)

It presents that 1/M(p; .p; .t)—1<e+d. Thus, by
(4), UM(p; ,p; -t)—1<e. Also,

M<piM,l’piM+2’ t) > M<piM1’piM’ %) * M(PiM’PiMQ’ ;)

e+d 1
>(1- *
( 1+e+d> <1+e)
B 1
T l+e+d

(13)

In other words, M(p; .p; ,t)>1/1+e+d. Thus,
by (4), M(piM,piM+3, t) > 1/1 + e. By induction, M(piM,ij, t)
>1/1+¢,. By (11), 1 =gy > 1/1 + &, i.e, 1 —f > 1, which is
a contradiction. Thus, (p,,) is convergent to p* € X. We get

M(p,,,, Tp*, t) =M(Tp,, Tp*, t) > M(p,,p*t) — L.
(14)

Then, M(p,,,,» Tp*,t) — 1. So, Tp* =p*.

For proving the uniqueness of p*, suppose there is a
q* #+p* with T(q*) =q", it follows that

M(p*,q 1) =M(T(p"), T(q"), t) > M(p".q">t).  (15)

This is a contradiction, then, the uniqueness is proved.
Note that Theorem 9 is a generalization of ([22], Theo-
rem 2.2); when we consider t-norm * = min, this shows one
of the most reason of improvement of [22]. O

4. Characterization of Fuzzy Meir-
Keeler’s Contractions

In this part of the paper, we characterize FMK maps. In The-
orem 11, we provided a sufficient and necessary condition for
FMK maps by tools of fuzzy L-function. Also, this generalizes
Theorem 1 of [21]. More precisely, we show that if a self-
mapping T on X be a FMK then there is a fuzzy L-function
¢ from (0, +00) into itself such that, for all t>0,p#qeX,
1/M(T(p), T(q),t) — 1 < $(1/M(p, g, t) — 1). Also, we show
that the converse of it is true. In some sense, our work is very
close to Suzuki [19], and Lim [18].

Definition 10 (see [18]). Function ¢ from [0, +00) into itself is
said to be a fuzzy LF if ¢! (0) = 0 and Vs € (0,+00), 36 > 0 so
that (t) <s,Vt € [s, s + 9.

In the following, we bring a theorem to show the condi-
tion of reaching a self-map T on X in a FMS to FMK.

Theorem 11. Suppose (X, M,*) is a FMS, and the t-norm is
defined as = = min. Then, a self-map T on X is FMK iff there
exists a (nondecreasing) fuzzy LF @ as (2) is satisfied.

Proof. Assume that T is a FMK. By Definition 7, let a function
# from (0, 1) into (0, +00) is defined such that

-1<eg
(16)

for & € (0, 1). With such #, let present a nondecreasing func-
tion k from (0, 1) into [0, +00) by

-1 <&+ 2#n(e)implies

1
M(p, g, t) M(T(p), T(q)1)

k(t)=inf {e>0:t<n(e) + e}, (17)

forany t € (0,1),p,q € X, p# q. Since t <t +n(t), we get «(t)
<t for t € (0,400). Suppose that the function ¢ : [0,+00)
—> [0,400) is defined by

x(t) if min {&>0: t <#(e) + e}exists, wheret > 0,
P(t) = 0 ift =0,
;ﬂ otherwise.
(18)

It is obvious that §(0) = 0. 0 < p(s) < s for s € (0,+00). Let
s € (0,400) be fixed. If p(¢) < s, where t € (s, s + #(s)], one can



put & =«(s). Otherwise, Jo € (s, s +7(s)] with s< (o). But
o <s+1(s), then, we get x(0) <s, and if k(o) =s then

#(0) =x(0) =5, (19)

Thus, we get s=@(o). This is a contradiction. Thus, it is
concluded that

o +x(0)

: (20)

k(o) <s<@(o)=

Now, we shall select u € (k(0),s) with o <u+#(u), and
let §=s—u>0. Consider t € [s, s+ &]. Since

o+ «(0)

u+n(u)z2o=2 5

—k(0)>2s—u=8+s>t, (21)

we obtain x(t) < u. Therefore

Uu+s+0 . k(t)+t

Tz 29(1). (22)

Hence, ¢ is a fuzzy LF. If we consider p,q € X with p#¢
and fixed. The definition of ¢ implies that V¢ >0 there is
€€ (0,p(t)] in which t<n(e) + & Thus, Je e (0,p(1/M(p,q
,1)—1)) where 1/M(p, q,1) — 1 < e +#(¢). Therefore,

s =)
holds. Therefore, ¢ satisfies (2). We define function ¢ as
(1) = sup {g(s): s<t}, (24)
for any t € (0,1), we get
0<@(t)<p(t)<tVte(0,1). (25)

Hence, ¢ also satisfies (2). Easily can be verified that ¢ is
a nondecreasing fuzzy LF. This completes the proof. O

Considering the following example, we briefly explain the
Theorems 9 and 11.

Example 2. Let X =1U {3n,3n+ 1}, with usual distance
on R and T on X be defined as follows:

p
5 0<p<l,
o) =91- 1 pomnen, (26)
n+2
0 p=3n
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Let we set M as Example 2.9 of [2] and * = min then,

NS

2e 0<e<
3(e) = 1 (27)
1 —<e<l1.
2

Therefore, T satisfies the conditions of Theorem 9.
Hence, T has a (unique) fixed point in X. Also, if we consider

3
—t 0<t< —,
4
=921 3crcn, (28)
1 1 < t<oo.
Thus, ¢ is a fuzzy LF and
1 1 1T@) - T(9) |
M(T(p), T(q)-t) t

<o("51). (29)

t

“(sipan )

In this step, we can easily reach to the following
corollaries.

Corollary 12. Suppose (X, M, ) is a FMS, where * = min and
T are a self-mapping on X. If there exists a fuzzy L-function
¢ : (0,400) —> (0,+00) where (2) is satisfied, then, T has a
unique fixed point.

Proof. Let € > 0 has given. By Definition 10 there is § > 0 such
that for all ¢ € [¢, € + 8], () <e&. It means that if

1
e<—— —1<e+6, (30)
M(p, g, t)

then by (2)
1 1
AHT@%TML0_1<¢(MU%%ﬂ_1)<& B1)

It means that (4) holds. Thus, T has a (unique) fixed
point. d

Based on theorems in Section 3 and 4, we have the follow-
ing result:

Corollary 13. Suppose that (X, M,*) be a FMS where * = min
and T is a self-mapping on X. The followings statements are
equivalent:

(1) T is a FMK
(2) There is a fuzzy LF ¢ such that (2) satisfies
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Proof. By Theorem 11 and Corollary 12, we easily obtain the
desired results. O

5. Conclusion

In this paper motivated by the results of Razani [22], a new
class of FMK contractions in a complete FMS was introduced
by reducing the contractive condition of the so-called Meir-
Keeler’s contractive maps. In Theorems 9, we established a
fixed point theorem; and in Theorem 11, we provided a suf-
ficient and necessary condition for fuzzy FMK maps. Our
work generalizes Theorem 1.1 of [22] and Theorem 1 of [21].
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In this article, we are concerned with a problem for the p-Laplacian parabolic equation with logarithmic nonlinearity; the blow-up
result of the solution is proven. This work is completed Boulaaras’ work in Math. Methods Appl. Sci., (2020), where the author did

not study the blowup of the solution.

1. Introduction

In the current manuscript, we consider the following
initial-boundary value problem for a nonlinear p-Laplacian
equation:

u, = div (|VulP?Vu) + |uff?u = [ulf ?uln ju|,x € Q, >0,
u(x,0) = uy(x), x € 0,
u(x,t)=0,x€00,t>0,

(1)

where QQ C R" is a bounded domain with smooth boundary
0Q and u, is the initial data p satisfying

2 < p<oo, itn<p,

2
2<p<%, ifn>p. @)

The terminology of nonlinear polynomials is among the
work that researchers have focused on recently. For example,
it is found in edge detection and optical elasticity, materials
science, engineering, physics, and photonics. In addition,
many works and problems in applied sciences have been
designed and proposed by means of partial differential
equations, including the modeling of some dynamic systems
in physics and engineering ([1-13]).

The same is said for the evolutionary partial differential
equations associated with p(x)-Laplacian (see [8, 14, 15]).

We also note that logarithmic nonlinearity has been
concerned by many scientists and researchers, and it
has introduced many issues, including the wave equation
(see [3, 16-18]).

And for more information on some of the other
works to which this term was introduced, we refer the
reader to [13, 14, 16-24].

Later on, in [25], the authors by the multiplier method
gave the energy decay of the solution of the following problem:

uy = div (|VulP?Vu) = Au, + || = uff T u (3)

In addition, the authors in [14] proved the decay rate of
solutions (exponential and polynomial) by using the inequal-
ity of Nakao for the seminar problem (3).

On the other hand, for the Laplacian parabolic equation
with the logarithmic source term in [21], Chen et al. studied
the following problem:

u,—Au—Au,=ulnu. (4)

Then, in [23], the authors proved the global existence, the
decay, and the blowup of the solutions of the problem:

u, = div (|VulP?Vu) - Au, = |ufPuIn |ul, (5)

where p > 2.
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Also, in [14], the authors established the global bounded-
ness and the blowup of the solution of the problem (5) for
1<p<2.

Motivated by the last recent mentioned works, here, we
investigated problem (1) with the nonlinear diffusion A, =
div (|Vu[P*Vu) and logarithmic nonlinearity |u[fu In |u|
which extends problem in [14]. Our goal is to blow up solu-
tions for problem (1) in order to put some preliminaries.
More precisely, we give the blow-up result.

2. Preliminaries

As a starting point, we gave some essential definitions and
lemmas.

1p
ol = sl 1 = gy = (Il + 1930,)

(6)

for 1 < p < 00, and we symbolize the positive constants by C
and C; (i=1,2,---).

Lemma 1 [7] (logarithmic Sobolev inequality). Let u be all
function u e WY (R")\ {0}. Then, for p> 1, u> 0,

pJ w? In id deMJ |VulPdx
R 124l gy R

n pue J
——In | ulPdx,
p <n3p> Rn| |

(7)

where

%27 " rwteeren)

—
o)
~

Remark 2. Let ue Wy*(2)\ {0}, and by defining u(x) =0
for x € R" \ , we can write

pJ uf In id dxs;xj |VulPdx
o) H”HLP(Q) fo)

(9)
_n pue »
—In (—P>J |u| dx.
3. Bl()wup

In this third section, we gave the proof of blowup of solution
of our problem.
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Theorem 3. For any initial data u, € #, the problem (1) has a
unique weak solution:

ueC([0,T]; %), (10)

for some T > 0.

First, we introduce the energy functional in the following
lemma.

Lemma 4. Let u(t) be a solution of (1), then E(t) is nonin-
creasing; that is,

I I pt1
Etz—VuP——J In |u|vfdx + —— ||u|l? 11
(t) p” I AR || 7 Jullp (11)

satisfies
E'(t) == |u]|3- (12)

Proof. Multiplying (1) by u, and integrating on (, we have

—J div (|VulP>Vu)u,dx + J |uff*uu,dx + J u udx
o 0

0

= J uPu In |u|u,dx,

(0]
d /1 1 1 1
g (p19atg L= [ s )
=l

(13)
Thus,
E'(t)=~|ju,|*. (14)

d

To get to our goal of proving the main result, we define
the functional

H(t) = ~E(t) = —}) |Vullf + HQ In |ufu’dx - %1 lulf.
(15)

Theorem 5. Assume that E(0) < 0, then the solution of prob-
lem (1) blows up in finite time.

Proof. From (12), we have

E(t) <E(0) <0. (16)
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Hence,

H'(t)==E'(t) = |u,[|; 20,

1 (17)
0<H(0)<H(t)< —J In |u|ufdx.
Plo
We set

H(t)=H""+ EJ WPdx, (18)

2)q

where ¢ > 0 and
-2

O<a< ‘DT <1. (19)

Multiplying (1) by u and the derivative of (18) gives
%’-aH’(t)—s||w||§—e||w||g+sj luf In |u|dx. (20)
Q

Adding and subtracting e8H(t) into (20) (8 >0), we
obtain

o 6-p
K —aH (t)+s( » )||Vu||§

+£(8—p + lz) [Jullp _€<81—)p) JQ In |u|uPdx + eSH(t).

p P
(21)

Applying the logarithmic Sobolev inequality gives

H'—aH'(t) + eSH(t) + ¢ <51—)P> <1 - %) [Vullh +e (?)

5 n pue p
.[1 + W In Hu||p+ (F In (T%))] ||u||P

(22)

Setting y = p/2 and taking & > p give

5 n ple
[1+p(6—p) —In flu|, + (I? In (21131,))] >0, (23)

since

(1++) PZe n/p
([u]], > e\ TP | = . (24)

2nZ,
Consequently, for some f3 > 0, inequality (25) gives
(02 BLHO + [l + IVl ) 25)

H(t)>H(0)>0, t>0. (26)

3

Next, by (18), we have

K (t) = H"™ + %J wdx <H" + sCHuH;
” 2/ (27)
<H"+ sC(HuHﬁ) P.
Therefore,
2/p(1-a

FHI () <H 4 ec(||u||§) e, (28)

where 0 <2/p(1 - a) <1,

(1a2)™ ™ <c((hue) +H). 29)

Hence,

H (1)< C, [H(t) ¥ ||u||ﬂ <C, [H(t) +[[Vullh + ||u||ﬂ .

(30)
According to (25) and (30), we get
()2 AH (1), (31)
where A = C,/f3> 0, depending only on 8 and C,.
Finally, by integrating (31), we obtain
HN () 2 ——— ! . (32
FH0)(0) = Aa/(1 - a))t
Hence, # (t) blows up in time:
T<T" = Wﬁﬁ(o)' (33)
As a result, the proof is completed. d
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In this manuscript, a semianalytical solution of the time-fractional Navier-Stokes equation under Caputo fractional derivatives
using Optimal Homotopy Asymptotic Method (OHAM) is proposed. The above-mentioned technique produces an accurate
approximation of the desired solutions and hence is known as the semianalytical approach. The main advantage of OHAM is
that it does not require any small perturbations, linearization, or discretization and many reductions of the computations. Here,
the proposed approach’s reliability and efficiency are demonstrated by two applications of one-dimensional motion of a viscous
fluid in a tube governed by the flow field by converting them to time-fractional Navier-Stokes equations in cylindrical
coordinates using fractional derivatives in the sense of Caputo. For the first problem, OHAM provides the exact solution, and
for the second problem, it performs a highly accurate numerical approximation of the solution compare with the exact solution.
The presented simulation results of OHAM comparison with analytical and numerical approaches reveal that the method is an

efficient technique to simulate the solution of time-fractional types of Navier-Stokes equation.

1. Introduction

Partial differential equations (PDEs) are utilized to mathe-
matically formulate and thus help solve physical and other
problems involving functions of several variables, such as
the propagation of sound or heat, electrostatics, fluid flow,
elasticity, and electrodynamics. In fluid mechanics, the
Navier-Stokes equation is a PDE that illustrates incompress-
ible fluids’ flow. This equation is a generalization of the
equation developed to illustrate the flow of frictionless and
incompressible fluids by Euler in the eighteenth century. In
1821, Navier added the viscosity (friction) element to make
viscous fluids more realistic and complex. The British physi-
cist and mathematician Stokes improved it during the middle
of the nineteenth century, though complete solutions were
achieved only for simple two-dimensional flows [1]. That is
why the equation is called the Navier-Stokes equation. The

mathematical model of the above-mentioned equation is
given by:

0%(s, t)

1 2
5+ VU ) == T VU1, (1)

where % is the velocity, t is the time, p is the density, s is the
spatial variable, 9 is the kinematics viscosity, p is the pressure,
and V denotes the gradient differential operator.

Fractional differential equations have proven to be a
powerful tool for modeling real-world problems in the
literature. It was noticed that time-fractional derivatives
usually appear as infinitesimal generators of the time evolu-
tion when choosing a long-time scaling limit. Several essen-
tial phenomena in physics and polymer technology [2],
electrical circuits [3], electrochemistry [4], electrodynamics
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of complex medium [5], control theory [6], thermodynamics
[7], viscoelasticity [8], aerodynamics [9], capacitor theory
[10], biology [11], blood flow [12], and fitting of experimen-
tal data [13], are well described by the aforesaid equations.
Equation (1) can be converted to time-fractional derivative
of order « € (0, 1], as given by:

o
% +(U(s, 1) - VU (s, 1) = —%Vp + V2% (s, ). (2)

Here, 0%/0t" is the Caputo fractional derivative. As the
equation mentioned above is nonlinear, there is no known
general method for resolving it. There are very few cases
where it is possible to achieve the exact solution of Equation
(2), making some predictions about the fluid’s state and a
simple arrangement considered for the flow pattern; for
detail, see [14].

Analytical and numerical techniques are extensively uti-
lized to solve nonlinear differential equations modeling phys-
ical phenomena. This is because the exact solutions of the
above-mentioned equations are challenging to achieve. In
recent decades, a new variety of perturbation methods have
developed, which is loosely based on Poincare’s homotopy
applied in topology. Liao [15] introduced the Homotopy
Analysis Method (HAM) in 1992. In 1998, He [16] followed
Liao’s work and developed the Homotopy Perturbation
Method (HPM). Both methods have been successfully imple-
mented to the problems, which exist in engineering and
science fields. For example, Ganji and Rafei [17] solved non-
linear Hirota-Satsuma coupled Korteweg-De Vries equation
by HPM. Lu and Liu [18] solved the Korteweg-De Vries-
Burgers equation via the help of HAM. Siddiqui et al. [19]
utilized HPM and examined the irregular 2D flow of a vis-
cous magnetohydrodynamics fluid within two parallel plates.

In [20], Marinca and Herisanu proposed a technique
called OHAM. The benefit of the above-mentioned tech-
nique is in the built-in convergence criteria alike to HAM
but extraflexible. The researchers have successfully imple-
mented this approach to solving essential science problems
and have also explained its reliability and effectiveness, for
example, the dynamics of an electrical machine exhibiting
nonlinear vibration [21], the oscillations of a particle that
moves on a rotating parabola [22], the explicit solutions for
some oscillators with discontinuities and a fractional power
restoring force [23], and nonlinear equations arising in heat
transfer [20], in an application to the steady flow of a
fourth-grade fluid [24]. The above-mentioned technique is
the HAM’s modification, which is based on minimizing the
residual error. In OHAM, the adjustment and control of
the convergence region are provided conveniently.

In [14], Momani and Odibat considered unsteady one-
dimensional motion of a viscous fluid in a tube. The equa-
tions of motion which govern the flow field in the tube are
the Navier-Stokes equations in cylindrical coordinates. They
converted Equation (2) to the operator form as:

L Lo, t)>, 6)

ot*

0“U(s,t) *U (s, t)
=P 9( 0s? s 0Os
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where 0<a<1 is the fractional order derivative and
P=-0p/pdz. For a=1, we can get the standard Navier-
Stokes equation. For the analytical solution, they have
utilized the Adomian decomposition method. Lately, several
powerful analytical techniques have been utilized to achieve
the solution of Equation (3), such as the modified Laplace
decomposition method [25], the g-homotopy analysis trans-
form scheme [26], the new homotopy perturbation trans-
form method [27], the iterative Elzaki transform method
[28], the natural homotopy perturbation method [29], Elzaki
transform with homotopy perturbation technique [30], and
He’s homotopy perturbation and variational iteration
methods [31]. The aforementioned methods are called ana-
Iytical, and no one has used the semianalytical technique
for the solution of Equation (3) in the previous studies.
Therefore, the objective of this manuscript is to present the
semianalytical solution of Equation (3) by a semianalytical
approach called OHAM.

The rest of the manuscript is structured as follows: in
Section 2, we recall some definitions and properties of nonin-
teger order operators. Section 3 is devoted to the basic formu-
lation of OHAM. In Section 4, we apply the above-mentioned
technique to time-fractional Navier-Stokes type of equations
and discuss the method reliability through tables and plots.
Section 5 is devoted to the conclusion.

2. Definitions and Properties

This section deals with some definitions and properties that
are used in the manuscript.

Definition 1. A real function y(t), t > 0 is supposed to be in
the space C, (x > 0) if it can express as y/(t) = tPy, (t) for cer-
tain p > k where v, (t) € C[0,00), and it is supposed to be in
the space CI' @ y" € C,,m e N.

Definition 2 (see [32]). The a > 0 order integral operator for a

function y € C,, k>—1 in the Riemann-Liouville sense is
defined as:

Sy (f) = L)
Iy () = WLWCH (4)

LetyeC,, k>-1, &,y >0, and p > —1, then we have the
properties [32] given by:

Iy (1) = 17y (1),

I“T"y (t) = I'T*y (1),
v(t) v(t) (5)
%t = F(M + 1) ey
IF'(p+a+1)

Definition 3 (see [32]). The a >0 order Caputo derivative
operator for a function y € C", m € N is defined as:

L[ v
(Tl _ 06) JO (t _ 9)a7n+1 i

‘Dry(t) = T t>0, (6)
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where [a] is the integer part of « and n=[a] + 1. For v,
¢ € C,k>—-1, we have the properties [32] given by:

D (ay (1) + b(t)) = aDy(t) + BDG(1), a,be IR,
DIY(1) = y (1)
k-1 .
DTy () =y() - 2 vV 05
=0 ’
(7)

3. Basic Formulation of the OHAM

We formulate OHAM for PDEs with boundary condition, in
the steps given by [33]:

L(U(s, t)) + N (U (s, 1)) + h(s, 1) = 0, B (% aa—?:> =0, seT,
(8)

where Z and /" are the linear and nonlinear operators,
respectively. %(s, t) is an unknown function, the boundary
operator denoted by %, s and t denote spatial and time
variables, respectively, (s, t) is known function, and Y is
the domain of the problem.

By OHAM, we construct the homotopy w(s, t;0):
Y xJ— R, where J=10,1], which satisfies:

(I-p){Z(w(s t:p)) + h(s, t) } = Z () { L (w(s, 1:0))
+ N (w(s, t;p)) + h(s, 1)},

)

where ge] is an embedding parameter and # () is a nonzero

LUy (5 1)) = Coo (2, t>>,%(%,

L((s.)) = L0 (5.1)) = Co (s 1)+ (T 5.1)) -0, (ol ), (5] B (% 52 ) =0

q-1
L(Uy(5:1)) = L(Uy 1 (5:1)) = Col o (Uy(s: 1)) + ). C,
p=1

auxiliary function for p+ 0 and %(0) = 0. Equation (9) is to be
the optimal homotopy equation. Obviously,

=0=Z(w(s t)) +h(s, 1) =0,

(10)

p=1=Z(w(s, t;0)) + N (w(s, t;0)) + h(s, t).

For =0, we can obtain w(s,t;0)=%,(s,t), and for
=1, we can get w(s,t;1) =%(s, t). Therefore, as g extend
from 0 to 1, then w(s, t;) moves from % (s, t) to %(s, t),
where %, (s, t) is got from Equation (9) for p =0:

L(Uy(s, ts0)) +h(s, 1) =0, B (%0, a;zi0> =0.  (11)

Now, we take % (), which is called auxiliary function,
in the following form:

I () = pC) + " C, + @ Cs+---+"C,,,. (12)

For the numerical solution, we utilize Taylor’s series
about  and expand w(s, t;0,C,) in the following way:

o0

w (s t0,C,) = Up(s, t) + Z Uy (s,t5C,)p" p=1,2,3,-
q-1
(13)

Plugging Equation (13) in Equation (9) and equating the
coefficient of like powers of g, we get the problem of zerothor-
der; given in (11), the problems of the first and second order
are given by the Equations (14) and (15), respectively, and
the general governing equations for %(s,t) are given in
Equation (16):

) o ”

ot (15)

[Z(yp(s 1))

(16)

o,
+ N gp(Ug(5:1), Uy (5:1), Un(s,1), 1, Uy (5, 1)), B (%q’ 7) q=2,3""



where N (% (s, 1), U (s,t), -+, Uy, (s, 1)) is the coeffi-
cient of 7P in the expansion of A (w(s,t;0)) about the
embedding parameter g.

N (@ (s, 150.C,) ) = No (U5 1)) + Y N o (U Uy -+ U )
q>1
(17)

Here, %, for q > 0 is the set of linear equations with linear
boundary conditions, which can be solved very easily.

The series in Equation (13) depends on C;, C,, ---. If it is
convergent at g = 1, then:
U(s,t5C,) =Uy(s,t) + Y Uy (s:1,C,). (18)
gq=1

Putting Equation (18) in Equation (8), one can obtain the
residual expression in the form:

R(s.t5C,) = Z(U(s.t:C,) ) + 4 (%(s:£5C,) ) + (s, ).
(19)

IfR(s, t;C,) =0, then Us,ts C,) will be the exact solu-
tion. But generally, it is not possible in nonlinear problems.
For calculating the C,, p=1,2, :--, m, one can utilize the

least square technique as given by:

o(C,) = Jt JTRZ (s,t5 C,)dsd, (20)

0

where R is the residual given by Equation (19) and

o0 00 0D oD
== — = — T e T e T 0' (21)
ac, 8C2 0C, oC,,
The convergence based on C,, C,, C;, -+ can be identified

and minimized optimally by Equation (21).
4. Numerical Examples

In this section, the fractional OHAM is utilized to get the
solution of time-fractional Navier-Stokes equations.

Example 1. Suppose a time-fractional Navier-Stokes equation:

U(s,t)  0°U(s,t)  10%(st)
e Pt et o &

with the initial condition:
U(s,0)=1-5, (23)

where 0%/0t* is Caputo fractional derivative and 0 <« <1.
The exact solution of Equation (22) is given by [14]:

U(s,t)=1-5"+ (P-4)t. (24)
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According to Section 3, we can set up the homotopy in the
following way:

0“w(s, t;
(1) ZC ) 57 o c,)
0" w(s, t;p) o Bzw(s, L) B 1 0w(s, t;0)
ote 052 s o |
(25)
where
o0
w(s, ) =Uy(s, t) + Z Uy(st5C,)p", p=1,2,3-,
g=1
(26)
 (p.C,) =pC, + ©°Cy+0°Cy +p*Cyt-e. (27)

Plugging Equations (26) and (27) in (25) and equating the
coefficient of the same powers of g, one can get the simpler
problems, given as:

Zero-order problem:

% (1) =0, % (s0)=1-5" (28)
ote
First-order problem:
“U, (s, t;Cy) “Uy (s, t) Uy (s, t)
RS 5 NGl VA =Y _cp-c, 97
ot I+ C)—Fa— ~CP-C—%g
C,0%(s, 1) -
TT’ %1(5,0)—0.
(29)

Respective solutions of Equations (28) and (29) after
apply fractional integral and initial condition are given:

%O(S, t) =1- 52’
%1(S,t;C1)=_%_ (30)

One can get the following expression:

U(s,t)=Uy(s,t) + Uy (5,15 C) + Uy (s, 5 Cp, Cy) oo
g GE-ar
I'(l+a)

(31)

We used the least square method after finding the resid-
ual and then got the auxiliary constant value for a=1; we
have C, = —1. Putting the value of C, in Equation (31), we get

5, 2 (P_4)ta

Us,t)=1—s +m. (32)
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FiGure 1: Continued.
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Solution

(e) Solution for « =0.2

Solution

(f) Solution for a = 0.5

FIGURE 1: Exact solution and OHAM solution behavior of Example 1.

The result (32) is in complete agreement with [14, 25-31].
Figure 1 shows the evaluation results of the semianalytical
solution for Example 1 when P =1 and show the dynamics
of the obtained solution by OHAM for various noninteger
order Brownian motions and for standard motions, ie.,
for a=1. It can be seen that the solution acquired via the

above-mentioned technique is decreasing very swiftly with
the increase in t in Example 1, which is illustrated in
Figure 1(b). Figure 1(a) shows the efficiency of the above-
mentioned method. Figures 1(e) and 1(f) show the solution
behavior for « =0.2 and « =0.5. Besides, we have obtained
the exact solution by OHAM.



Example 2. Suppose a time-fractional Navier-Stokes equation:

"U(s,t)  °U(s,t)  10%(s,t)
TR R R (33)
with the initial condition
%(s,0) =5, (34)

where 0%/0t* is Caputo fractional derivative and 0 < a < 1. We
consider the first four terms of the exact solution of (33) from
[14] is given by:

2 9

—+ —. 35
253 655 (35)

t
%(s,t)=s+;+

According to Section 3, we can set up the homotopy in the
following way:

L 0w(s tp) “w(s, i) % w(s, tip) _ 10w(s, typ)
(0) @ =7 0G) |~ o s os |
(36)
where
(e8]
w(s, t) =Uy(s t +Z°Zl st C p=123--
q=1
(37)
I (9.C,) =pC, +°C, + @’ Cy + ' Cy 4. (38)

Plugging Equations (37) and (38) in (36) and equating the
coeficient of the same powers of g, one can get the simpler
problems, given as:

Zero-order problem:

0" U,y (s, t
o) o gr5,0) = (39)
e
First-order problem:
"%, (s, t;C) 0“Uy (s, t) U (s t)
=1 _
o R R r: (40)
C,0%,(s,t) B
S o 0 ko=

Second-order problem:

0%y (s,t;C, Cy) U, (s,t;Cy) U, (s, t5Cy)
oo (1+C) ote G 0s?
C,0%, (s, t5Cy) a“%o(s t)
-— +C
s Os ot
Uy (s, 1) Cy0Uy(s,t)
I %(50)=0.

(41)
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TasLE 1: C;, C,, C; for various values of a.

a c G, c,

0.7 -1.036692817879  -0.001240278601  —4.24687 x 107
0.8  -1.020447062606  -0.000376864638  —7.02931x 10
09  -1.010550021386  -0.000101578844  —9.88500 x 107
010  -0.999953117565  -0.000040256679  3.30467 x 10

TaBLE 2: Comparison of exact and OHAM solution.

s Exact OHAM Abs error

1.0 2.94735999 2.94736040 4.04145499 x 1077
1.2 3.05262208 3.05262204 3.73698401 x 107®
1.4 3.16486784 3.16486694 8.94947017 x 1077
1.6 3.28483456 3.28483228 2.27227761 x 107°
1.8 3.41325952 3.41325524 4.27305321 x 107°
2.0 3.55088000 3.55087299 7.00096540 x 107

Third-order problem:

0%y (s,t5Cy, Cpy C3) U, (s, t5Cy, Cy) %%, (s, t;Cy, Cy)

o =(1+G) a G 35

C,0%,(s,t;Cy, Cy) U, (s, t5Cy)
-— +C,

s 0s ate
c PU(st5C)  C0%(s15C)

2 0s? s ds
" Uy(s: t) 0%, (s,t)

M 3T o0

C; 0%, (s, t) ~

Sa s Us(5.0)=0.

(42)

Respective solutions of Equations (39)-(42) after apply
fractional integral and initial condition are given:

Uy(s,t) =5,
C,t*
%1(5’“(:1):_51“(1174_“)’
C,+Ci+Cy)t* C2 0
5,150y, Cy) =TT C L,
2(s rG) sI'(1 +a) $T(1+2a)

C,+2C*+C3+2C,C, +C, + C,) (1)
%3(s,t;C1,C2,C3)=—(1 114 16+ G+ G ()

sI'(1+a)
2G,(C +CI+ Gy 9CiPe
$I(1+2a) $SST(1+3a)
(43)

One can calculate the next order problem solutions by
above similar process. In the end, we can get the expression:
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(f) Solution for & =0.5

FIGURE 2: Exact solution and OHAM solution behavior of Example 2.

11



12

U(s,t)=Uy(s,t) + Uy (5,15 C) + Uy (s, 15 Cp, )
+U5(s, t5Cp, Cy, Cy) 4+

(3C, +3C1 + C +2C, +2C,C, + Gyt
=S —

sI'(1+a)
C,(3C, +2C] +2C,) 9C3 13
SI(1+2a) SI(1+3a)

(44)

We used the least square method after finding the resid-
ual and then got the auxiliary constant value for « (see
Table 1). The absolute error of both solutions can be seen
in Table 2.

Putting the values of C,, C,, and C, for o = 1 in Equation
(44), we get

- £ 1.00008t>  8.998731%
U(s,t) =5+ + + . (45)
sI'(1+a)  $T(1+2a) s°I(1+3a)

Figure 2 shows the solution behavior of the time-fractional
order Navier-Stokes equation by OHAM. In Figure 2(a), the
solution curves are decreasing rapidly for higher fractional
orders until we get the standard motion of fluid for a =1,
and Figure 2(b) shows the proposed method’s effectiveness
and reliability. Figures 2(e) and 2(f) show the OHAM solution
behavior for « =0.2 and «a=0.5, respectively. The obtained
results reveal that the method mentioned above is an efficient
tool to study such types of fractional order fluid mechanics
problems, which can be seen in Table 2.

5. Conclusion

In this study, fractional-order OHAM is successfully
implemented to obtain the optimal solutions of time-
fractional Navier-Stokes equation. From the acquired results,
it can be seen that OHAM is an eflicient and reliable semia-
nalytical technique to approximate the solution of different
fractional-order linear and nonlinear problems appearing in
engineering and science. The above-mentioned technique
provides a simple approach to control and adjust the conver-
gence of the series solution utilizing the constants Cp’s which

are determined optimally. Two examples have been studied
to illustrate the efficiency and versatility of this approach.
The OHAM solution of the first example is the same as the
exact solution, and for the OHAM solution of the second
example, the obtained numerical approximation of the solu-
tion has a strong agreement with the exact solution. Besides,
when the order of approximation increases, the error accu-
racy of the numerical solution decreases and becomes closer
to the exact solutions. The proposed technique’s fast accuracy
and convergence are valid reasons for the researcher to use it
for various problems in science and technology. It has been
noted that the semianalytical solutions by extended formula-
tion are in remarkable agreement with the exact solutions.
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This research paper focuses on the application of the tanh function method to find the soliton solutions of the (2+1)-dimensional
nonlinear electrical transmission line model. Materials used to form a transmitting line are very important to transmit electric
charge. In this sense, we find some new voltage behaviors such as dark, trigonometric, and complex function solutions.
Choosing some suitable values of parameters, we present some various surfaces of results obtained in this paper. These results

play an important role in telecommunications lines used to stand for wave propagations.

1. Introduction

Nonlinear partial differential equations (NPDEs) are recently
used to investigate the meanings of physical problems such as
fluid dynamics, mathematics, physics and quantum field the-
ory, and nonlinear fiber optics. Systems of NPDEs are also
considered as a main tool to investigate in chemical and bio-
logical experiments. Some methods such as index the
extended tanh method [1, 2], the sine cosine method [3],
the inverse scattering transform method [4], finite difference
method [5], tanh and extended tanh methods [6-8], Jacobi
elliptic function expansion method [9], modified expansion
method [10], generalized tanh method [11, 12], sine-
Gordon expansion method [13], extended mean value theo-
rem [14], and interval-valued fuzzy topsis method [15] to
obtain various solutions of such NPDEs have been presented

in the literatures. Cordero et al. have observed the stability
analysis of the fourth-order iterative method in [16]. The (3
+1) Dimensional Boiti-Leon-Manna-Pempinelli equation
has been deeply studied in [17]. Using time scale calculus,
discrete normal vector field approximation has been pre-
sented in [18]. A Handy Technique has been handled in
[19]. Classical Boussinesq equations have been immensely
studied in [20]. Traveling wave solutions of nonlinear Klein
Gordon equation were observed in [21] and so on [15, 17,
18, 22-43].

The contents of this paper are as follows. Section 2 pre-
sents the general properties of the tanh function method
(TFM) [44]. This TFM has been proposed as a strong and
creditable method for finding the solutions of the nonlinear
models. Section 3 introduces some new complex dark, trigo-
nometric, and hyperbolic soliton solutions to the nonlinear
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electrical transmission line. To express physical properties in
terms of mathematical dynamics, such as wave propagation
of electrical transmission lines, has been presented by equa-
tion defined as [9]

4 2
> 3 202 20 22 20y _
Vi —a(v )tt +B(v )” Wy vy, — Wy g Vs wy85v,, — @5 T3V = 0,

(1)

where v=v(x,y,t) is used to explain the tightness
throughout the electrical line and x and y are interpreted like
the promulgation distance. ¢ is the period, and « and f3 are
constants with nonzero. 8, is the space between two proxi-
mate sections in during longitudinally flank, while &, is the
space between two proximate sections in the transversal flank
[9]. With the help of some computational programs, we are
able to plot in terms of 2D, 3D, and contour surfaces of the
results theoretically found. Finally, the main conclusions
are given in the last section of the paper.

2. The Tanh Function Method

In this part of the paper, we present the general properties of
the tanh function method in a detailed manner [45-48].

P(thy thyy Uy, Uy, Uy, tthyyyyeo) =0, (2)

where P is a polynomial in the dependent variable u. Consid-
ering the traveling wave transformation as u = u(x, y,t) = U
(&), & =k(x + y — ct), we obtain the following nonlinear ordi-
nary differential equation

N(U, v,u',u’, U'”,---) =0, (3)

with N is a polynomial of U = U(). Now, finding the travel-
ing wave solutions to Eq. (2) is equivalent to obtain the solu-
tion to reduced ordinary differential Eq. (3), and it can be
introduced a new independent variable defined as

Y (&) =Tanh(¢). (4)
We can find the following for some derivations as
d d
70 ==Y 50,
d* d d*
dTEZ(') =(1-Y?) 2Y () + (1= %) 0| -

As the last step, we present the tanh series as being

UE)=5(1)= Yar, ©
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where m is a positive integers. The values of m, generally,
with the help of the balance principle can be determined.

3. Mathematical Analysis

In this part of the paper, we find some new complex dark,
trigonometric, and hyperbolic function solutions of Eq. (1)
by using TEM. First of all, we consider the traveling wave
transformation defined as

v=V(E),E=k(x+y—at) 7)

where k, ¢ are nonzero constants or complex-valued param-
eters. When considering Eq. (7) into Eq. (1), we find

2 2 2 2 3 2 Q2

Vg —ac’(V )55+ﬁc (V )&—wOSIV&

k2 26411V 282V k2 28§V =0 (8)
TR Wy, Vs T W02 Ve TR Wos Ve = V-

Integrating Eq. (8) twice with regard to &, setting the con-
stants of integrations to zero yields

12[¢ - wid] — wyd3] V + 12V = 12ac” V2 — I [wid] + wpdy | V' = 0.

)

According to the general properties of TFM, it can be
considered as

M
V=S8= ) a,¥" (10)

Substituting Egs. (5), (10) into Eq. (9) gives
[12(¢ - wgd] — w3d3)S + 12B°S — 12ac°S?
- K (wid] + wpdy) (1-Y?) <—2Yj—15/ +(1-Y?) %)] =0.
(11)
Using the balance rule, M can be found as
M=1, (12)
which result in

S=ay+a,Y. (13)

Substituting Eq. (13) into Eq. (11) by getting necessary
derivations presents
[12(S - wyd] — w383 (ag + @, Y) + 12 (ag + a, Y )’
—12ac*(ay + a, Y)? = K (wgd] + wgd3) (1 - Y?)(~2a,Y)] = 0.
(14)

After some calculations, it can be obtained as follows:
Y% 12(a, - widia, — widra,) + 12c%al — 12ac’a =0,
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FIGURE 1: 2D and 3D surfaces of imaginary part of Eq. (16).

Y' 12(Pa, - widia, - wisia,) + 36fc*aa, — 24actaya,
+ 2K wid5a, + 2K wista, =0,

Y 36ptayal — 12 aa? =0,

Y 128c%a3 - 2K widsa, — 2K wdia, = 0.

Solving this system yields the following cases:

Case 1. When

o o iv/6,/02 (w367 + 833 )
= — ;al = @ ;k:
/(202 - 9B) (8w2, - 83})
3iy/ B(w}d] + 85w3)
202-98

>

(15)

we get the following complex trigonometric function solu-
tion

« io
vy (%, t) = % + % tan

iV/6, /o2 (W3S} + 83w]) <x +y- (31’, | B(w3d} + 8503 //202 = 9[3) t)

V(202 - 9B) (w35} + Sk

>

(16)

in which «, 3, §;, §,, and w, are constant and nonzero.
Choosing suitable values of coefficients in Eq. (16), we can
observe some (Figures 1 and 2).

Case 2. Choosing as

. 3ik8 001 /(6% - 62)
541 = 555C=

b C >
3B \/ 602 + k(202 — 9p) 8}

ay = Wy

3p
(17)

i8,000/602 + K°83 (202 ~ 9P)

>

/6287 + K (202 - 9) 0

3
Im [u]
1.0 +
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F1Gure 2: Contour surface of imaginary part of Eq. (16).
we get another new complex dark function solution
3ik? 8w,/ B(8% - 82
vz(x,y,t)=%+%tanh kx4 ky - (Gi%)

/602 + K (202 - 9B)8°
(18)

with strain conditions are 2a? — 98>0, B(87 - 83) >0, and
also «, B,k,8,,w,,8, are real constants and nonzero or
complex-valued parameters. Considering some values of
parameters under the strain conditions, different wave pat-
terns can be observed from (Figures 3 and 4) for Eq. (18).

Case 3. Selecting

~3ik8,w/ B(67 - 62)

[24 [24

AR T:

ay= ;6= w,

\/ 602 + k(202 — 9p)83 ’
(19)

i1 /602 + K63(202 - 9B)

>

/60287 + (202 - 9p)5
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F1GURE 5: 3D graph of imaginary and real parts of Eq. (20).
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FIGURE 10: 3D figures of imaginary and real parts of Eq. (24).

we get conjugate new complex dark function solution as Case 4. Choosing as

3ik? 8wy / B(8% - 82
vi(x s t) = 2+ 2 tanh kx + ky + 200y B %) t 3K’ (1"35‘11 +8§“’%)

3 /602 +I2(202 - 9p) 8} O (Wi 3+ K0 + 23+ K2
(20)

- % Vit (3+ K82) + 8 (3+ K62),

with strain conditions are 2a% =98> 0, (87 - 83) > 0, and

also o, B,k,8,,w,, 8, are real constants and nonzero or 202
complex-valued parameters. 3D, 2D, and contour surfaces B= m(
of Eq. (20) can be also seen (Figures 5-7) with the strain R
conditions. (21)

wpdi (3 +K°87) + 8wy (3 +K°63)),
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FIGURE 13: 2D and 3D of simulations of imaginary and real parts of Eq. (26).
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FIGURE 15: 2D figures of imaginary and real parts of Eq. (26).

produces the following dark soliton solution

3K (i} + 83w3)

V(9 t) =
! 20(wid] (3 + K1) + 8 (3+K°83)) )
: (1 +tanh[kx+ky+ k ot
V3
in which @ = \/w%Sf(3 +k%87) + 83wk (3 + K*83) and strain

conditions are &, k, 8, w,, §, are real constants and nonzero.
3D, 2D, and contour surfaces of Eq. (22) can be also observed
(Figures 8 and 9).

Case 5. Taking as

-iV/6y /02 (w36} + 85})
\/(2042 - 9B) (8 w2y + 85w})
=3i\/B(wdo] + 83w3)
202 -9

[24 «

ag = ﬁ’alzﬁ,k

5 C

(23)

>

produces another complex dark traveling wave solution to
the governing model

_a ia

3B 3p
V6, /02 (w3} + 833 (x +y+ <3i, [ B(w}} + 833/ /202 = 9ﬁ> t)

/(262 - 9) (w}o? + 53wh)

vs(xp, ) tan

(24)
with strain conditions 3> 0, 2a? > 9 and «a, 3, w,, 8,9,

are real constants and nonzero. 3D, 2D, and contour surfaces
of Eq. (24) can be also observed in (Figures 10-12).

Case 6. Once we select other coefficients given as
-iV/6y /o2 (w8} + 85w})
\/(2¢x2 - 9B) (81w?y + 85w})

3iy / B(w§d] + 83w3)
202 -9

, €

(25)

>



Advances in Mathematical Physics

results in another complex dark traveling wave solution to
the Eq. (1)

« ior
Ve(X, 5 t) = % — — tan

3p
2 (w3s] + 53}) (x +y- <3i B(wid} + 85w}/ /202 = 9[3) t)

/(202 - 9) (w}o? + 83wh)

>

(26)

with strain conditions 8> 0,2a? > 9f and a, 8, w,, 8,, 5, are
real constants and nonzero. Various surfaces of Eq. (26) with
the considering suitable values of parameters can be also pre-
sented as (Figures 13-15).

4. Conclusions

In this manuscript, TFM being one of the powerful tech-
niques has been successfully used to Eq. (1). Many new trig-
onometric, complex, and hyperbolic function solutions have
been extracted, afterwards. The conditions which guarantee
the existence of the valid solutions to this model are also
given in a detailed manner. Considering the strain conditions
of coefficients of results, various simulations have been also
plotted by using some computational programs. These solu-
tions are of various physical properties of the electrical trans-
mission line. For example, the tanh function arises in
gravitational potential as a dark structure [49]. Hence, it is
estimated that the solution of v, is of such physical property.
From (Figures 1-15), it can be also seen that the results sim-
ulate estimated wave behaviors. TFM used in this paper can
be considered to solve other nonlinear problems arising in
the theory of solitons and other areas of nonlinear science
[50-56].

Data Availability

This work is not based on any data.

Conflicts of Interest

The authors declare that there is no conflict of interest.

Acknowledgments

This paper has been partially supported by Fundacion Séneca
(Spain), grant 20783/P1/18, and Ministerio de Ciencia, Inno-
vacién y Universidades (Spain), grant PGC2018-097198-B-
100. Secondly, the first author extends his special thanks to
Harran University because this projected work was partially
(not financial) supported by Harran University with the pro-
ject HUBAP ID: 20124.

References

[1] A. R. Adem, “Symbolic computation on exact solutions of a
coupled Kadomtsev-Petviashvili equation: lie symmetry analy-
sis and extended tanh method,” Computers and Mathematics
with Applications, vol. 74, no. 8, pp. 1897-1902, 2017.

[2] A. M. Wazwaz, “New travelling wave solutions to the Boussi-
nesq and the Klein Gordon equations,” Communications in
Nonlinear Science and Numerical Simulation, vol. 13, no. 5,
pp. 889-901, 2008.

[3] A. M. Wazwaz, “The tanh method and the sine cosine method
for solving the KP-MEW equation,” International Journal of
Computer Mathematics, vol. 82, no. 2, pp. 235-246, 2007.

[4] A.J. Morrison, E. J. Parkes, and V. O. Vakhnenko, “A Baack-
lund transformation and the inverse scattering transform
method for the generalised Vakhnenko equation,” Chaos, Sol-
itons and Fractals, vol. 17, pp. 683-692, 2003.

[5] A. Yokus and S. Gulbahar, “Numerical solutions with lineari-
zation techniques of the fractional Harry Dym equation,”
Applied Mathematics and Nonlinear Sciences, vol. 4, no. 1,
pp. 35-42, 2019.

[6] D. M. T. Syed and B. Sadaf, “New traveling wave solutions of
Drinefeld Sokolov Wilson Equation using Tanh and Extended
Tanh methods,” Journal of the Egyptian Mathematical Society,
vol. 22, no. 3, pp. 517-523, 2014.

[7] E. Fan, “Extended tanh-function method and its applications
to nonlinear equations,” Physics Letters A, vol. 277, no. 4-5,
pp. 212-218, 2000.

E. J. Parkes and B. R. Duffy, “An automated tanh-function
method for finding solitary wave solutions to nonlinear evolu-
tion equations,” Computer Physics Communications, vol. 98,
no. 3, pp. 288-300, 1998.

[9] E. M. E. Zayed and E. Tala-Tebue, “New Jacobi elliptic func-
tion solutions, solitons and other solutions for the (2+1)-
dimensional nonlinear electrical transmission line equation,”
European Physical Journal Plus, vol. 314, no. 133, 2018.

[10] H. M. Baskonus, C. Cattani, and A. Ciancio, “Periodic, com-
plex and kink-type solitons for the nonlinear model in micro-
tubules,” Journal Applied Sciences, vol. 21, pp. 34-45, 2019.

[11] G. Qingling, “A generalized tanh method and its application,”
Applied Mathematical Sciences, vol. 5, no. 76, pp. 3789-3800,
2011.

[12] H. Willy and W. Malfliet, “The tanh method: II. Perturbation
technique for conservative systems,” Physica Scripta, vol. 54,
no. 6, pp. 569-575, 1996.

[13] H. M. Baskonus, “New acoustic wave behaviors to the Davey-
Stewartson equation with power-law nonlinearity arising in
fluid dynamics,” Nonlinear Dynamics, vol. 86, no. 1, pp. 177-
183, 2016.

[14] E.Ilhan and I. O. Kiymaz, “A generalization of truncated M-
fractional derivative and applications to fractional differential
equations,” Applied Mathematics and Nonlinear Sciences,
vol. 5, no. 1, pp. 171-188, 2020.

[15] N. M. Lanbaran, E. Celik, and M. Yigider, “Evaluation of
investment opportunities with interval-valued fuzzy Topsis
method,” Applied Mathematics and Nonlinear Sciences,
vol. 5, no. 1, pp. 461-474, 2020.

[16] A. Cordero, J. P. Jaiswal, and J. R. Torregrosa, “Stability analy-
sis of fourth-order iterative method for finding multiple roots
of non-linear equations,” Applied Mathematics and Nonlinear
Sciences, vol. 4, no. 1, pp. 43-56, 2019.

[17] G. Yel and T. Akturk, “A new approach to (3+1) dimensional
Boiti-Leon-Manna-Pempinelli equation,” Applied Mathemat-
ics and Nonlinear Sciences, vol. 5, no. 1, pp. 309-316, 2020.

[18] O. Akganduller and S. P. Atmaca, “Discrete normal vector field
approximation via time scale calculus,” Applied Mathematics
and Nonlinear Sciences, vol. 5, no. 1, pp. 349-360, 2020.

[8

—_



10

(19]

(20]

(21]

(22]

(23]

[24]

(25]

(26]

(27]

(28]

(29]

(30]

(31]

(32]

(33]

(34]

O. Ozer, “A handy technique for fundamental unit in specific
type of real quadratic fields,” Applied Mathematics and Non-
linear Sciences, vol. 5, no. 1, pp. 495-498, 2020.

H. Roshid and M. A. Rahman, “The exp (®(7))-expansion
method with application in the (1+1)-dimensional classical
Boussinesq equations,” Results in Physics, vol. 4, pp. 150-155,
2014.

H. Roshid, N. Rahman, and M. Ali Akbar, “Traveling waves
solutions of nonlinear Klein Gordon equation by extended
(G'/G)-expansion method,” Annals of Pure and Applied Math-
ematics, vol. 3, no. 1, pp. 10-16, 2013.

E. L. Eskitascioglu, M. B. Aktas, and H. M. Baskonus, “New
complex and hyperbolic forms for Ablowitz-Kaup-Newell-
Segur wave equation with fourth order,” Applied Mathematics
and Nonlinear Sciences, vol. 4, no. 1, pp. 105-112, 2019.

M. S. Ullah, H. Roshid, M. Z. Ali et al., “Optical soliton polar-
ization with Lakshmanan-Porsezian-Daniel model by unified
approach,” Results in Physics, vol. 22, p. 103958, 2021.

H. Durur, O. Tasbozan, and A. K. de Griid, “New analytical
solutions of conformable time fractional bad and good modi-
fied Boussinesq equations,” Applied Mathematics and Nonlin-
ear Sciences, vol. 5, no. 1, pp. 447-454, 2020.

M. S. Ullah, M. Z. Ali, H. Roshid, A. R. Seadawy, and
D. Baleanu, “Collision phenomena among lump, periodic
and soliton solutions to a (2+1)-dimensional Bogoyavlenskii’s
breaking soliton model,” Physics Letters A, vol. 397, p. 127263,
2021.

N.Y. Aksoy, “The solvability of first type boundary value prob-
lem for a Schrodinger equation,” Applied Mathematics and
Nonlinear Sciences, vol. 5, no. 1, pp. 211-220, 2020.

W. Gao, G. Yel, H. M. Baskonus, and C. Cattani, “Complex
solitons in the conformable (2+1)-dimensional Ablowitz-
Kaup-Newell-Segur equation,” AIMS Mathematics, vol. 5,
no. 1, pp. 507-521, 2020.

D. Arslan, “The comparison study of hybrid method with
RDTM for solving Rosenau-Hyman equation,” Applied Math-
ematics and Nonlinear Sciences, vol. 5, no. 1, pp. 267-274,
2020.

H. Roshid and W. X. Ma, “Dynamics of mixed lump-solitary
waves of an extended (2+1)-dimensional shallow water wave
model,” Physics Letters A, vol. 382, no. 45, pp. 3262-3268,
2018.

H. Ismael, H. Bulut, and H. M. Baskonus, “Optical soliton
solutions to the Fokas-Lenells equation via sine-Gordon
expansion method and (m+G'/G)-expansion method,” Pra-
mana-Journal of Physics, vol. 94, no. 35, pp. 1-9, 2020.

D. Arslan, “The numerical study of a hybrid method for solv-
ing telegraph equation,” Applied Mathematics and Nonlinear
Sciences, vol. 5, no. 1, pp. 293-302, 2020.

W. Gao, H. F. Ismael, A. M. Husien, H. Bulut, and H. M. Bas-
konus, “Optical soliton solutions of the nonlinear Schrodin-
ger and resonant nonlinear Schrodinger equation with
parabolic law,” Applied Science, vol. 10, no. 1, pp. 1-20,
2020.

K. K. Ali, R. Yilmazer, H. M. Baskonus, and H. Bulut, “Modu-
lation instability analysis and analytical solutions to the system
of equations for the ion sound and Langmuir waves,” Physica
Scripta, vol. 95, no. 65602, pp. 1-10, 2020.

F. Dusunceli, “New exact solutions for generalized (3+1) shal-
low water-like (SWL) equation,” Applied Mathematics and
Nonlinear Sciences, vol. 4, no. 2, pp. 365-370, 2019.

(35]

(36]

(37]

(38]

(39]

(40]

[41]

(42]

(43]

[44]

(45]

[46]

(47]

(48]

(49]

(50]

Advances in Mathematical Physics

G. Yel, C. Cattani, H. M. Baskonus, and W. Gao, “On the com-
plex simulations with dark-bright to the Hirota-Maccari sys-
tem,” Journal of Computational and Nonlinear Dynamics,
vol. 16, no. 6, 2021.

D. Ziane, M. H. Cherif, C. Cattani, and K. Belghaba, “Yang-
laplace decomposition method for nonlinear system of local
fractional partial differential equations,” Applied Mathematics
and Nonlinear Sciences, vol. 4, no. 2, pp. 489-502, 2019.

M. Zamir, F. Nadeem, T. Abdeljawad, and Z. Hammouch,
“Threshold condition and non pharmaceuticalinterventions's
control strategies for elimination of COVID-19,” Results in
Physics, vol. 20, p. 103698, 2021.

A. Ullah, Z. Ullah, T. Abdeljawad, Z. Hammouch, and K. Shah,
“A hybrid method for solving fuzzy Volterra integral equations
of separable type kernels,” Journal of King SaudUniversity-Sci-
ence, vol. 33, no. 1, p- 101246, 2021.

Y. M. Li, S. Rashid, Z. Hammouch, D. Baleanu, and Y. M. Chu,
“New Newton’s type estimates pertaining to local fractional
integral via generalized p-convexity with applications,” Frac-
tals, 2021.

P. Bigot and L. C. G. de Souza, “Design of non-linear controller
for a flexiblerotatory beam using state-dependent Riccati equa-
tion (SDRE) control,” International Journal of Electrical Engi-
neering and Computer Science (EEACS), vol. 1, pp. 56-63,
2019.

A. Errachdi and M. Benrejeb, “Adaptive internal model neural
networks control for nonlinear system,” International Journal
of Electrical Engineering and Computer Science (EEACS),
vol. 2, pp. 1-14, 2020.

W.-J. Chang, S. Che-Lun, and K. Cheung-Chieh, “Robust
fuzzy controller design with decay rate for nonlinear perturbed
singular systems,” Engineering World, vol. 1, pp. 4-8, 2019.
A. Errachdi and M. Benrejeb, “Model reference adaptive con-
trol based-on neural networks for nonlinear time-varying sys-
tem,” International Journal of Applied Mathematics,
Computational Science and Systems Engineering, vol. 1,
pp. 6-10, 2019.

J. D. Evans and R. K. Raslan, “The tanh function method for
solving some important non-linear partial differential equa-
tions,” International Journal of Computer Mathematics,
vol. 82, no. 7, pp. 897-905, 2005.

S. A. Muhannad, A. K. Khalid, and K. R. Raslana, “The modi-
fied extended tanh method with the Riccati equation for solv-
ing the space-time fractional EW and MEW equations,”
Chaos, Solitons and Fractals, vol. 103, pp. 404-409, 2017.

A. M. Wazwaz, “The tanh function method for solving some
important non-linear partial differential equations,” Interna-
tional Journal of Computer Mathematics, vol. 82, no. 7,
pp. 897-905, 2007.

A. M. Wazwaz, “The extended tanh method for new solitons
solutions for many forms of the fifth-order KdV equations,”
Applied Mathematics and Computation, vol. 184, no. 2,
pp. 1002-1014, 2007.

W. Malfliet, “The tanh method a tool for solving certain classes
of nonlinear evolution and wave equations,” Journal of Com-
putational and Applied Mathematics, vol. 164, no. 165,
pp. 529-541, 2004.

E. W. Weisstein, Concise Encyclopedia of Mathematics, CRC
Press, New York, 2nd edition, 2002.

A. Kumar, E. Ilhan, A. Ciancio, G. Yel, and H. M. Baskonus,
“Extractions of some new travelling wave solutions to the



Advances in Mathematical Physics

(51]

(52]

(53]

[54]

(55]

(56]

conformable Date-JimboKashiwara-Miwa equation,” Aims
Mathematics, vol. 6, no. 5, pp. 4238-4264, 2021.

A. Yokus and H. Bulut, “Numerical simulation of KdV equa-
tion by finite difference method,” Indian Journal of Physics,
vol. 92, no. 12, pp. 1571-1575, 2018.

H. F. Ismael, H. Bulut, and H. M. Baskonus, “W-shaped sur-
faces to the nematic liquid crystals with three nonlinearity
laws,” Soft Computing, vol. 25, no. 6, pp. 4513-4524, 2021.

G. Yel, “New wave patterns to the doubly dispersive equation
in nonlinear dynamic elasticity,” Pramana, vol. 94, no. 1,
p. 79, 2020.

M. Yavuz, “Dynamical behaviors of separated homotopy
method defined by conformable operator,” Konuralp Journal
of Mathematics, vol. 7, no. 1, pp. 1-6, 2019.

B. Gurbuz and M. Sezer, “Modified operational matrix method
for second-order nonlinear ordinary differential equations
with quadratic and cubic terms,” An International Journal of
Optimization and Control: Theories and Applications, vol. 10,
no. 2, pp. 218-225, 2020.

Z. Pinar, “Analytical studies on waves in nonlinear transmis-
sion line media,” An International Journal of Optimization
and Control: Theories and Applications, vol. 9, no. 2,
pp. 100-104, 2019.

11



Hindawi

Advances in Mathematical Physics
Volume 2021, Article ID 9967368, 8 pages
https://doi.org/10.1155/2021/9967368

Research Article

Hindawi

Dimension Reduction Big Data Using Recognition of Data
Features Based on Copula Function and Principal

Component Analysis

Fazel Badakhshan Farahabadi®,! Kianoush Fathi Vajargah ,> and Rahman Farnoosh >

IDepartment of Statistics, Islamic Azad University, Science and Research Branch, Tehran, Iran
Department of Statistics, Islamic Azad University, Tehran North Branch, Iran
?School of Mathematics, Iran University of Science and Technology, Tehran 16844, Iran

Correspondence should be addressed to Kianoush Fathi Vajargah; fathi_kial0@yahoo.com

Received 12 March 2021; Accepted 16 June 2021; Published 12 July 2021

Academic Editor: Sandro Wimberger

Copyright © 2021 Fazel Badakhshan Farahabadi et al. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work
is properly cited.

Nowadays, data are generated in the world with high speed; therefore, recognizing features and dimensions reduction of data
without losing useful information is of high importance. There are many ways to dimension reduction, including principal
component analysis (PCA) method, which is by identifying effective dimensions in an acceptable level, reducing dimension of
data. In the usual method of principal component analysis, data are usually normal, or we normalize data; then, the principal
component analysis method is used. Many studies have been done on the principal component analysis method as a step of data
preparation. In this paper, we propose a method that improves the principal component analysis method and makes data
analysis easier and more efficient. Also, we first identify the relationships between the data by fitting the multivariate copula
function to data and simulate new data using the estimated parameters; then, we reduce the dimensions of new data by
principal component analysis method; the aim is to improve the performance of the principal component analysis method to

find effective dimensions.

1. Introduction

In many real-world programs, reduction of high-volume
data is of high importance and necessity as a prestage of data
processing. For example, in data mining programs, dimen-
sionality reduction is considered one of the most important
stages to remove data redundancy, to increase precision of
measurement, and to improve decision making process.
Analyzing high-volume data is intrinsically difficult via
high-volume computations for many learning algorithms
as well as data processing. In dimensionality reduction
methods, extraction of data features is highly important. A
highly used method to reduce dimension reduction of data
in data mining and in the data preparing phase is the princi-
pal component analysis method. The PCA method can be
used if the original variables are correlated, homogeneous,

if each component is guaranteed to be independent and if
the dataset is normally distributed [1, 2]. The critical issues
for the majority of dimensionality reduction studies are
how to provide a convenient way to generate correlated mul-
tivariate random variables without imposing constrain to
specific types of marginal distributions. An appropriate
approach to this problem is to use Copula’s theory [3, 4].
In this paper, we first use the copula function to study the
correlation and relationships between data to determine
and eliminate irrelevant properties and simulate new data
using the estimated parameter; then, by using the PCA
method, we reduce the dimensions of data [4-6].

L.1. Principal Component Analysis (PCA). Principal compo-
nent analysis method has been first developed by Karl
Pearson in 1901. The analysis includes analyzing special
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values of the covariance matrix. Analyzing principal com-
ponents upon mathematics definition is an orthogonal
transformation taking data to a new system of coordinates
so that the largest data variance would be placed on the
first coordinate axis; the second largest variance would
be placed on the second coordinate axis and etc. Principal
component analysis is aimed at transferring dataset X with
m dimensions to data Y with [ dimensions. Therefore, it is
assumed that matrix X is formed of vectors X, X,, -+, X,
each of which placed in m column in matrix X. So, the
data matrix would be in form of m x n. Principal compo-
nents are just related to covariance matrix ¥ (correlation
matrix p) of random variables X;,X,, -, X,, [7].

1.2. Calculating Empirical Mean and Covariance Matrix and
Data Normalization. To calculate covariance matrix, data
have to be normalized first. To do so, the primarily vector
of empirical mean would be calculated as follows:

1 n
Um= EZX[m,i]' (1)
i=1

Clearly, the empirical mean would be applied on matrix
lines.

Then, the distance matrix to mean would be obtained as
follows:

B=X —uh, (2)

where h is a vector with size of 1 x n and value equal to 1 in
each of the entries.

Covariance matrix > with m x m dimensions would be
obtained as follows:

Z:E[B@B]:E[B-B*}:%B-B*, 3)

where E is arithmetic mean, (X) is an external coefficient, and
B* is the matrix B conjugate transpose.

Consider X' = [X,, X,, ---, X,,] random vector and assume
that this random vector has matrix covariance > with spe-
cial values A, >A,>---> A, >0. Consider following linear
compositions:

Y, =UX =1, X, + Ly Xyt X

Y, =LX =1,X, + Ly Xyt o+, X
Y, =X =1,X, +L,X,++,,X,.

Using relationship (4), we have

var (Y;) = Z:Zli, cov (Y, Y,)= Z;Zlk, L,k=1,2,---,n.

()

Its principal components are Y,,Y,,---, Y, unrelated
linear compositions; variances of which in relationship
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(5) would be large to the extent possible. The first principal
component of a linear composition has maximum variance.
Clearly, var (Y,) = I;>I, can be maximized through multiply-
ing each [, by a constant. That is, the first principal component
of linear composition is [;X which maximizes var (Y,) with
consideration of ;1] = 1. The second principal component of
linear composition is ,X which maximizes var (Y,) with con-
sideration of I3, = 1 and cov (I} X, I, X) = 0, continuously to
the n'™ principal component.
According to relationship (5), we have

n n
Zvar(Xi) =0y, + 0+ 40, =A + A+ +A, = Zvar(Yi),
i=1

(6)

and ratio of total variance to K™ component (k=1,2,---,n) is

<T0tal share of population variance related to principal K™ component)
— Ak
T R
(7)
If for large n, the highest maximum variance of total pop-
ulation (80 or 90%) could be attributed to the first several

components; these components can be replaced by 7 primary
variables, losing not much information [2, 8-10].

2. Copula Function

In general, the copula function is the link function of multi-
variate distributions and their marginal distributions. The
copula function is a multivariate distribution, marginal dis-
tribution which follows uniform distribution of [0,1] interval
[11-13].

2.1. Characteristics of Copula Function. Assume the following
characteristics for C : I — I:

(1) For every u, v € [0, 1], we will have
C(u,0)=C(0,v)=0,C(u, 1) =u,C(L,v)=v (8)
(2) Forevery0<v, <v,<1,0<u; <u, <1, we will have

C(Uyvy) + C(Upvy) = C(Uy, vy) = C(Up, ) 20
(©)

Such function like C implied in the two above conditions
is called the copula function [14].

2.2. Sklar’s Theorem. It is indicated by Sklar’s theorem that if
joint distribution function like H would be available with
marginal distributions F and G, then, there would be copula
function C available. That is, for every X;, X j € R, we have

H(X; X)) =C(F(X;),G(X;)), (10)
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and if F and G would be continuous, then, copula function C
would be unique. Otherwise, C would be defined as unique
on Rang(F) x Rang(G).

The most important application of the copula func-
tion is formulation of a proper method to produce distri-
bution of random related multivariate variables and to
provide a solution for the problem of density estimation
transformation [15].

For reversible transformation of n continuous random
variables X, X,, ---, X, based on their distribution function
to n independent variables with uniform distribution U, =
F, (X)), U,=F,(X,), -+, U, = F,(X,), the probability den-
sity function X, X,, --+, X,, would be equal to f(X;, -, X,,)
and joint probability density function U, U,, -+, U, would
be equal to C(U,,---,U,). Therefore, probability density
function f(X,, -, X,) can provide a nonparametric form
(unknown distribution). Here, probability density function
Cc(U,,---, U,) for U, U,, -+-, U, would be estimated instead
of X;,X,,--,X,, so that problem of density estimation
becomes simpler. Then, it would be simulated so that ran-
dom samples X;,X,,---,X, would be obtained through
reverse transformation X; = F~!(U,).

According to Sklar’s theorem, one copula function with n
unique dimensions C is available in [0, 1]" with uniform mar-
ginal distribution U,, U,, ---, U,.. That is, every function F
with margins F,, F,, ---, F, can be written as follows:

V(X X,) € R F(X,, -+

To evaluate a copula function selected via an estimated
parameter and to avoid defining any hypothesis on distribu-
tions, empirical distribution function can be used. An empir-
ical copula function is useful to study the dependence
structure of multivariate random vectors. In general, empiri-
cal copula function is as follows:

1 n
Cyj= Z;I(UUSUU)’ (12)

where I ) would be an indicator function [16].

2.3. Gaussian Copula Function. Difference between Gaussian
copula function and normal joint distribution function is
that the first one authorizes various distribution functions
to be used for joint distribution [14]. However, in proba-
bility theory and statistics, normal multivariate distribution
is considered the generalization of one-dimensional nor-
mal distribution [17].
Gaussian copula function is defined as

D(X,)) = ﬁ exp {;X‘ <_Zl —I)X},

where @(X;) is a standard Gaussian function and X; has stan-
dard normal distribution and X is a correlation matrix. As a
result, C(U,, ---U,,) copula function would be called a Gauss-
ian copula function.

3. Methodology

In the research, a two-stage method would be used for
dimensionality reduction. That is, primarily empirical cop-
ula function and fit of Gaussian copula function to data
would be used to estimate parameter p for variables X,
X,, -+, X,,. Important advantages of using the copula func-
tion in multivariate distributions is that correlation
between variables would be considered by these functions,
and in fact, there would be no need for independence of
variables; instead, the correlation structure between vari-
ables would be even considered by these functions [18].
For estimation purposes, generating function is available
with dependence unscaled value available in it. The corre-
lation coefficient value has to be specified. To do so, the
Pearson correlation coefficient will be used and defined
as follows for two X; and X; variables:

cov (X;, X
p= ), i

0x,0x,

where oy and oy are standard deviations of X; and X,
! J

respectively.

Then, those data with lower correlation compared to
others would be eliminated and using estimated function
and Gaussian copula function for X;,X,,---,X,,, where
m uniform variables U, =F,(X;), U,=F,(X,),- U, =
F,,(X,,) would be generated (m<n) and placed instead
of X;,X,,---,X,, in the principal component analysis
method. After dimensionality reduction, the results would
be compared through applying the method on raw data
[16, 19].

4. Numerical Results

During past 30 years, increasing prevalence of urinary stone
disease has been observed. About 80% of kidney stones are
from calcium oxalate type. Here, 79 urine samples would be
analyzed to see if some of physical features of urine are
related to formation of calcium oxalate or not. These data
include following columns (variables), which is available at
https://cran.r-project.org/web/packages/cond.

Using Gaussian copula function, correlation values of
variables would be obtained as follows:

Considering Table 1, it is observed that correlation of var-
iable X2 is lower than other variables; so, it would be elimi-
nated at the first stage. After estimation of parameters, new
data would be generated. Figure 1 shows the copula function
for main data and data generated by this method.

Now, data would be generated based on estimated
parameters. To specify whether data are generated correctly
or not, diagram QQPlot would be drawn.


https://cran.r-project.org/web/packages/cond
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TasBLE 1: Estimation of parameter p for variables of urine.

X1 X2 X3 X4 X5 X6
X1 1 -0.30856 0.83231 0.57256 0.81165 0.54872
X2 1 -0.25167 -0.09762 -0.27985 -0.12147
X3 1 0.77226 0.81012 0.58452
X4 1 0.45542 0.43444
X5 1 0.58813
X6 1

Xlis urine gravity, X2 is urine pH, X3 is urine osmolarity (it is corresponding to unit of solute concentration), X4 is urine conductivity (it is corresponding to
concentration of charged ions in solution), X5 is urea concentration (mM/liter), and X6 is calcium concentration (mM/liter).

Correct data generation is shown by Figure 2. In the sec-
ond stage, after elimination of the X2 variable on data gener-
ated, principal component analysis would be done. In
Figure 2, principal components for primary data and those
generated by copula function are shown after reduction of

Normal.copula (,2)
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FiGure 1: Diagram of copula function for generated data based on main and reduced data.

Generated data

I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Real data

F1Gure 2: QQ Plot diagram of real and generated data for data of example 1.

the X2 variable. Figure 3 shows principal components for
main data and the data generated.

Ratios of population variance related to principal compo-
nents are provided in following table. Its screen plot is as
follows.
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FIGURE 3: Diagram of principal components for raw and generated data through recommended method.
TAaBLE 2: Ratios of population variance related to principal components for main data.
PC1 PC2 PC3 PC4 PC5 PC6
0.61817360 0.15701415 0.11567297 0.07879801 0.02912841 0.00121285
TaBLE 3: Ratios of population variance related to principal components for data generated through the recommended method.
PC1 PC2 PC3 PC4 PC5
0.73414280 0.07840848 0.07583399 0.06866719 0.04294755
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FIGURE 4: Diagram of population variance ration related to principal components for main data and generated data through recommended

method.

Considering Tables 2 and 3 as well as Figure 4, it is
observed that in dimensionality reduction method presented
in the research, two first components include more than 80%
of population variances and first component includes more
than 70% of population.

Example 1. To recognize image resolution in a rectangular
monitor, its display would be divided into different boxes
and numbers of black and white dots in these boxes would

be measured. Images of these characters have been made
based on 20 different images, and each box from within
these 20 boxes has been randomly selected. A file includ-
ing 20000 unique simulators have been produced. Each
stimulator has been transformed and scaled to 7 following
numerical variables so that they would be placed within 0-
15 range, (which is available at https://cran.r-project.org/
web/packages/mlbench/index.html).

There are 2000 observations available from these variables.


https://cran.r-project.org/web/packages/mlbench/index.html
https://cran.r-project.org/web/packages/mlbench/index.html

TaBLE 4: Estimation of parameter p for variables of resolution in a rectangular monitor.
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X1 X2 X3 X4 X5 X6 X7

X1 1 0,7960 0,8788 0,7439 0,7282 -0,0263 0,0296
X2 1 0,7044 0,8203 0,6148 0,0784 -0,0754
X3 1 0,7089 0,8156 0,0648 0.0119
X4 1 0.0119 0,0618 -0,0190
X5 1 0,1196 -0,0278
X6 1 -0,4227
X7 1
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FIGURE 5: Diagram of copula function for main and reduced data.
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F1GUrEe 6: QQ Plot diagram of real and generated data for data of example 2.

Using Gaussian copula function, correlation values of
variables would be obtained as follows:

X is the box. X1 is the horizontal location of box, X2 is the
vertical location of box (y.box), X3is width of box (width), X4
is the height of box (height), X5 is the total numbers of dots in
the box (onpix), X6 is the mean value of x in dots of the box (x
.bar), and X7 is the mean value of y in dots of box (y.bar).

Considering Table 4, it is observed that correlation
between variables X6 and X7 is less compared to other vari-

ables. So, these two would be eliminated at first stage and
then Gaussian copula function would be fitted to reduced
data and new data would be generated through estimated
parameter, which is shown in Figure 5.

Now, data would be generated. QQPlot would be as
follows.

Now, principal component analysis would be done on
generated data. Diagrams of principal components are as fol-
lows (Figure 6).
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TaBLE 5: Ratio of population variance related to principal components for main data.

PC1 PC2 PC4 PC5 PCé6
0.55123270 0.20018487 0.09008126 0.07169468 0.05074973 0.02071375
TaBLE 6: Ratio of population variance related to principal components for data reduced through recommended method.

PC1 PC2 PC3 PC4 PC5
0.79028555 0.05470965 0.05363693 0.05154868 0.0498199
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FIGURE 7: Diagrams of population variance ratios related to principal components for main data and recommended method.
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FiGure 8: QQPlot diagram of real and generated data.

Screen plot of population variance ratio related to princi-
pal components for both methods are as follows.

According to Tables 5 and 6 as well as Figure 7, it is
observed that ratio of population variance for the first two
components in the recommended method includes almost
85% of population and the first component includes almost
80% of population, whereas, for main data, ratio of popula-
tion variance for the three first components includes almost
85% of population.

5. Conclusion

Considering the two aforementioned examples, it has been
observed that data generated according to the estimated
parameters of the Gaussian copula distribution are consistent
with the original data (see Figures 2 and 8) by using the rec-
ommended method in the research and copula function to
recognize dependencies and structural dependence between
variables in addition to elimination of redundant data will



increase efficiency of principal component analysis method
as well as speed of obtaining analysis results (see Figures 4
and 7, Tables 2, 3, 5, and 6). Considering the point that now-
adays data are generated with high-speed, appropriate, and
efficient methods for dimensionality reduction without los-
ing information are of high importance and necessity, and
recommended method in the research is a useful one to do
so. The recommended method in the research can be also
used for other dimensionality reduction techniques so that
data would be prepared for more analysis, for example in
data mining.
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In this work, we study a plate equation with time delay in the velocity, frictional damping, and logarithmic source term. Firstly, we
obtain the local and global existence of solutions by the logarithmic Sobolev inequality and the Faedo-Galerkin method. Moreover,
we prove the stability and nonexistence results by the perturbed energy and potential well methods.

1. Introduction

In this article, we consider a plate equation with frictional
damping, delay, and logarithmic terms as follows:

Uy + Au+oauy(t) + Buy(x,t— 1) =uln [u’  for (x,t) € 2 x (0,00),

u(x ) = aug;, H_g

u(x, 0) = g (x), 4y (%, 0) = 1y (x)

for (x,t) € 02 x (0,00),

forx € Q,
for (x,t) € Q2 x (-7,0),

(1)

(1) = o (5. )

where Qc RN, N>1, is a bounded domain with smooth
boundary Q. 7> 0 denotes time delay, and &, 3, and y are
real numbers that will be specified later. Generally, logarith-
mic nonlinearity seems to be in supersymmetric field theories
and in cosmological inflation. From quantum field theory,
that kind of (u|ul’ In |u|*) logarithmic source term seems
to be in nuclear physics, inflation cosmology, geophysics,
and optics (see [1, 2]). Time delays often appear in various
problems, such as thermal, economic, biological, chemical,

and physical phenomena. Recently, partial differential
equations have become an active area with time delay (see
[3, 4]). In 1986, Datko et al. [5] indicated that, in boundary
control, a small delay effect is a source of instability. Gener-
ally, a small delay can destabilize a system which is uniformly
stable [6]. To stabilize hyperbolic systems with time delay,
some control terms will be needed (see [7-9] and references
therein).

For the literature review, firstly, we begin with the studies
of Bialynicki-Birula and Mycielski [10, 11]. The authors
investigated the equation with the logarithmic term as
follows:

Uy — U+t —eu In Ju|* =0, (2)

where the authors proved that, in any number of dimensions,
wave equations including the logarithmic term have local-
ized, stable, soliton-like solutions.

In 1980, Cazenave and Haraux [12] studied the equation
as follows:

Uy — Au=u In |uff, (3)
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where the authors in [12] proved the existence and unique-
ness of the solutions for equation (3). Gorka [2] obtained
the global existence results of solutions for one-dimensional
equation (3). Bartkowski and Gorka [1] considered the weak
solutions and obtained the existence results.

In [13], Hiramatsu et al. studied the equation as follows:

Uy — M+ u+u + WP |u=uln u. (4)

In [14], Han established the global existence of solutions
for equation (4).

In [15], Al-Gharabli and Messaoudi were concerned with
the plate equation with the logarithmic term as follows:

Uy + Au+u+h(u,) =ku In|u. (5)

They established the existence results by the Galerkin
method and obtained the explicit and decay of solutions uti-
lizing the multiplier method for equation (5).

In [16], Liu introduced the plate equation with the loga-
rithmic term as follows:

Uy + Au+ |uy "2, = [uff?u log [ul*. (6)

The author proved the local existence by the contraction
mapping principle. Also, he studied the global existence and
decay results. Moreover, under suitable conditions, the
author proved the blow-up results with E(0) < 0.

In [17], Messaoudi studied the equation as follows:

Uy + At |u "y = [, (7)

and obtained the existence results and obtained that, if m > p,
the solution is global and blows up in finite time if m < p.
Later, Chen and Zhou [18] extended this result. In the pres-
ence of the strong damping term (—Au,), Piskin and Polat
[19] proved the global existence and decay of solutions for
equation (7). For more results about plate problems, see
[20-22].

In [7], Nicaise and Pignotti studied the equation as
follows:

Uy — Au+ agu, (x, t) + au,(x, t — 7) =0, (8)
where a,, a > 0. They proved that, under the condition 0 <a
<a,, the system is exponentially stable. The authors
obtained a sequence of delays that shows the solution is
unstable in the case a>a,. In the absence of delay, some
other authors [23, 24] looked into exponential stability for
equation (8). In [9], Xu et al., by using the spectral analysis
approach, established the same result similar to [7] for the
one space dimension.

In [25], Nicaise et al. studied the wave equation in one
space dimension in the presence of time-varying delay. In
this article, the authors showed the exponential stability
results with the condition

a<vV1-da, 9)
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where d is a constant and

t'(t)<d<1, Vt>0. (10)
In [26], Kafini and Messaoudi studied wave equations
with delay and logarithmic terms as follows:

Uy — A+ pyu, (%, 1) + pyu,(x, t = 7) = [uff *u log |u\k

(11)

The authors proved the local existence and blow-up
results for equation (11).

In [27], Park considered the equation with delay and
logarithmic terms as follows:

Uy — Au+ o, (1) + Buy(x, t —7) = u In |ul’. (12)

The author showed the local and global existence results
for equation (12). Also, the author investigated the decay
and nonexistence results for equation (12). In recent years,
some other authors investigate hyperbolic-type equations
with delay terms (see [28-33]).

In this work, we studied the local existence, global exis-
tence, nonexistence, and stability results of plate equation
(1) with delay and logarithmic terms, motivated by the above
works. There is no research, to our best knowledge, related to
plate equation (1) with the delay (Bu,(x,t—7)) term and
logarithmic (u In |u|") source term; hence, our work is the
generalization of the above studies.

This work consists of five sections in addition to the
introduction. Firstly, in Section 2, we recall some assump-
tions and lemmas. Then, in Section 3, we obtain the local
and global existence of solutions. Moreover, in Section 4,
we establish the nonexistence results. Finally, in Section 5,
we get the stability of solutions.

2. Preliminaries

In this part, we show the norm of X by ||-||y for a Banach
space X. We give the scalar product in L?(Q) by (-, -). We
show ||-||, by ||-||, for brevity. Let B, be the constant of the
embedding inequality

[|u]|> < By ||Au|]* foru e Hy(Q). (13)
We have the following assumptions related to problem (1):
(HI). The weights of delay and dissipation satisfy
0<|p|<a. (14)
(H2). The constant y in (1) satisfies
0 <y < mePNIN, (15)

To get the main result, we have the lemmas as follows.
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Lemma 1 (see [34, 35]) (Logarithmic Sobolev inequality). For
any u € H}(Q),

2 1 2 2 k2 2 N 2
u? In [uldx < = |Ju))? In fJul]® + — ||Vu|? = = (I +1n k)|l
o 2 2n 2

(16)
where k is a positive real number.

Corollary 2. For any u € Hj(Q2),

1 K N
J w? In Juldz <  flul* In [|u]” + | Aul5 = — (1+In K)[|u|,
o
(17)
where k is a positive real number.

Remark 3. Assume that inequality (17) holds for all k > 0, and
we choose the constant k that satisfies

p =max {e_(N“)/N,y”N\/g} <k< \/g, (18)

where p is any real number with
O<pu<l. (19)
Lemma 4 (see [12]) (Logarithmic Gronwall inequality). Sup-

pose that ¢>0 and 1€ L'(0, T;R"). If a function f : [0, T
—> [1,00) satisfies

f(t)gc(1+rl(s)f(s) 1nf(s)ds>, 0<t<T, (20)

0

then
f(t) <ce Jdod o<r<T, (21)
We define
J)= avP =3[ vinppaxs Lt @)
2 2)q 4"
I(v)= ||Av||2—J v2 In |v|"dx, (23)
(0]
for v e Hy(Q); then,
J(v)= 210+ L. (24)
2 4
Suppose that
d= inf supJ(Av). (25)

veHG(Q\{0} 220

3
Then, it satisfies (see, e.g., [36-38])
0<d:3£1/£](v), (26)
where N is the well-known Nehari manifold, denoted by
N ={veHy(Q)\ {0} |1(v)=0}. (27)
Lemma 5. I and ] are the functions that satisfy
>0,0< A< A,
I(/\v) _ /\a](AV) -0, A= A*, (28)
Av
<0, A> A%,
for any v € HA(Q) with ||v|| # 0, where
Av|)? = [V In |v]'d
3 = exp (n il Pl ) | 29)
YlIvl

Proof. We obtain, for A >0,

Ai](lv):/\ /\HAVHZ—/\ v? In [v|"dx + ﬂHv||2
oA o 2
—AJ v2 In [A[dx - ﬁj vzdx}
Q 2 Jo

=2 (vl - | i ey in | o)
Q Q
=I(Av),
(30)
and therefore, we obtain the desired result. 0

Remark 6. J(Av) has the absolute maximum value at A*, such
that

201Av|12 =2 v* In |v|'dx
sup] () = J(A"y) —exp (A= 2lor 0PI v
0 validl 4

(31)

for ve HA(Q).

Lemma 7. The potential depth d in (25) satisfies

N/2
dzgeN(%) -E,. (32)



Proof. By Corollary 2, (13), and (18), we have

sz 2 Ny 2 Yoz 2
I(v) = (1—M)||AV + = (L+In k) |[v]|" = Z{|v[* In [l

Ny 4
> 7(1 +Ink)||v||* - 5 V]I In |||,
(33)

Taking the limit k — /71/y, we obtain

I(v) > {I\;V (1 +In \/i) - g In ||v|2}||v||2. (34)

Taking into consideration this and (28), we get

N
0=I(A"v) > {_y (1 +In \/§> -V IIA*VIIZIIA*VIIZ}’
2 y) 2

(35)

and therefore,

2\ N2
||)L*v||22eN<> . (36)
4
Hence, we have by (24) and (31)

* 1 * * * ﬂ N/Z
sup/(Av) = J(A*v) = JI(A"v) + %HA v = %HA v > %N (;> :

A=0

(37)

From the definition of d given in (25), we obtain the
result. O

3. Existence

In this part, we have studied the local existence, global exis-
tence, nonexistence, and stability results of plate equation
(1) with delay and logarithmic terms, motivated by the above
works. There is no research, to our best knowledge, related to
plate equation (1) with the delay (Bu,(x,t— 7)) term and
logarithmic (u In |u|") source term; hence, our work is the
generalization of the above studies. Firstly, we introduce the
new function

for (x,7,t) € 2x[0,1] x (0,00).
(38)

Y1) = uy(x, t = 17)

Advances in Mathematical Physics

Hence, problem (1) takes the form

Uy + Au+ auy(x,t) + By(x, L, 1) =u In |u]’  for (x, t) € Q x (0,00),
9, (%1 1) +y, (61, 1) =0 for (x,7,t) € 2x (0,1) x (0,00),

u(x ) = a”é’;’ f)

(x,0) =t (3), 4,(5,0) = 1 (x)

=0 for (x, t) € 002 x (0,00),
forx e Q,
(%1, 0) = jo (%=17) = yo (% 1) for (x, 17) € 2% (0, 1).

(39)

Definition 8. Assume that T > 0. (u, y) is a local solution of
problem (39) if it satisfies

ue C([0, T]; Hy(€2)) n C'([0, T]; L*(Q)) n C*([0, T]; H*(Q)),

(t> V) + (At Av) + (w4 (2), v) + By (1, 1), v)
=(uln |u|",v) foranyve H%(Q),

1

o[ 0utn - man | (3,000 00)
=0 foranygpe LZ(Q x (0, 1)),

u(0)=u, inHE(Q),
u,(0)=u, inL*(Q),
(0)=y, inL*(Qx(0,1), (40)

3.1. Local Existence. In this part, we establish the local exis-
tence results similar to [8, 39].

Theorem 9. Suppose that (H1) and (H2) are satisfied. Then,
for the initial data u, € H3(Q), u; € L*(Q), and y, € L*(Q x
(0, 1)), there exists a local solution (u, y) for problem (39).

Proof. Let {v;},y be the orthogonal basis of HZ(Q) that is
orthonormal in L*(Q2). Define ¢,(x, 0) = v,(x), and we extend
¢,(x,0) by ¢,(x,n) over L*(Q2x (0,1)). We denote V, =
span{v, v,,---,v,} and W, =span{¢,¢,,---¢,} for n>1.
We consider the Faedo-Galerkin approximation solution
(u",y") € V,, x W, of the form

(41)
Ve t)=Y gl (e (xm), n=1,2
i=1
solving the approximate system
(s V) + (Au”, Av) + a(uf (1), v) + B (1, 1), v)
(42)

=J u'In |u"|"vdx forveV,,
Q
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o rn gt [ (i om)in=0 forpew,

(43)
u"(0) = ug,
u'(0) = ul, (44)
y"(0) =0,
where
uy — uy  inHp(Q),
W' —u, inl*(Q), (45)

yo—y, inL*(Qx(0,1)).

Since problem (42)-(44) is a normal system of ordinary
differential equations, there exists a solution (1", ") on the
interval [0, ¢,), t, € (0, T]. The extension of that solution to
the [0, T) is a consequence of the estimate below.

By replacing v by u/ () in (42) and by using the relation

1
J u" In |u"|uldx = i {J (u”)2 In |u"|"dx - Y ||u"||2},
a dt 2, 4
(46)

we have

R e P e R
=~ ()] ~ BO" (1) (1)
(@7)

By replacing ¢ by wy" (1, t) in (43), we see that
wt d 1”x Modndx - C 1L AR+ C v 0. 12
Sail | orenoraae=-Sranrs ool
(48)

Summing (47) and (48), we obtain

2 g1y = —alful |2 - BO" (1, 6, 2(0)) -

w 2
— 0, )|,
o Sl

(49)

w. o, 2
— 1,¢
L) +

where

By = S L V- L) m
2 2 4 0

2

wt )
t 17" 122 ox01))>
(50)

where

Bl <w<2a-|f| (51)

Utilizing Young’s inequality and the fact that y"(x, 0, ¢)
=ul'(x, t), we obtain

gE == (e LD - (5 - Liraop<o

(52)
t 2 ! 2
E"<t>+c1j 15| ds+c2j 1y (1,5)|ds < E*(0),
0 0
(53)
where
Ci=a- |7/3‘ - =>0,
(54)
C,= @ @ >0
2 2

Taking into consideration this and Corollary 2, we have

2
n2 _& nZX ny2
PH+G zﬂ)Mu|+zu+Nu+mwmu|

t ot
+zcljouuﬂsmzdw2ch0\|y"<1,s>u2ds+wr||y"uiz(m<o,1>>

<2E"(0)+ L In ).
(55)
By using (18), we obtain
k2
- 5o,

=

(1+N(1+1nk)) >0,

and therefore,

t t
2 2 2 2 2
Jaaf |7 + A"+ [Ju” +J [EACI dHJ [y (L, 5)[[°ds

& (L [l In ")),

+ [y HLZ(QX 1) S
(57)

where the sequel ; -+, shows a positive constant.

Also, we know that

»j=1,2,-

u'(x,t) =u"(x,0) + Jt up (x, s)ds. (58)

0

Utilizing Cauchy-Schwarz’s inequality and (57), we
obtain



t
(0 =2 ()" + 27| [ (o)
n 2 ! n 2 n 2
<20 (O) + 27| ¢ (1+ (9 n [ 5) s

<1+ [ 1@l I oo Fas).
(59)

From Lemma 4, we arrive at
[u" (1)) < ez (60)

f(s) =s1n sis the function which is continuous on (0, o)
,limg . f(s) =0, lim,__, . f(s) =+00, and f decreases on
(0,e™") and increases on (e7!,+00); hence, we get by (57)
and (60)

t t
2 2 2 2 2
[P+ P P+ [ s [ (0, 9) P
0 0

n2
+ly ||L2(Qx(o,1)) S G-

(61)

Hence, there exists a subsequence of { (", y") }, which we
still denote {(u", ")}, such that
u" — u  weaklystarin L°(0, T'; Hé(Q)),
u — u, weakly starin L (0, T; L*(Q2)),
y"—y weakly starin L (0, T'; L*(Q x (0, 1))),
y"(1) — y(1) weakly inL? (O, T; LZ(Q)).
(62)
Utilizing the Aubin-Lions compactness theorem, we con-
clude that
u" —u stronglyinL*(0, T; L*(02)),
a.e.inQx (0, T).

(63)

u"—u
The function s — s In |s|" is continuous on R; hence,
u In|u") —uln|u]’ aeinQx(0,T). (64)

Let

O, ={xeQ||u"| <1},
Q,={xeQ||u"|>1}.

Thus, we obtain
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J(u”ln |u“y)2dx:y2{J (u" In |u"\)2dx+J (u"ln|u"|)2dx}
0 Q

1 2

2 \?
<y {ez|.(21 +e? <E> JQ (u")qu} forany q > 2,
2

(66)
where we used
1
|sIns|<— forO<s<l,
. (67)
s¥Ins< — fors>1landx>0.
ex

By (57) and (66), we conclude that

2 \2
JQ(u” In [u"[")*dx < y2{62|91| +e? (q—2> Bg||Au”||q} < ¢

(68)
where B, is the Sobolev imbedding constant of
2 . 2N .
Hi(Q) cL1(Q) forq>2,if N=1,2,3,4;2<g< N_4,1fN25.
(69)

Therefore, we get from (68)
u" In ["|"  which s uniformly bounded in L* (0, T; L*(€2)).
(70)

From the Lebesgue bounded convergence theorem, (64),
and (70), we arrive at

u"In [u"]" — u In |u|’ stronglyin L* (0, T;LZ(Q)).

(71)

We pass the limit m — 00 in (42) and (43). The remain-
der of the proof is standard and similar to [39, 40]. O

3.2. Global Existence. In this part, we obtain the global exis-
tence results for problem (39). For this goal, we define the
energy functional of problem (39):

1 1 1
E(0)= 3 [+ 5 1P + Ful = 5| o in
9]

wT 5
t HyHLZ(Qx(O,l))’
(72)

where w is the positive constant given in (51). We see that

1 wT 1
E(t) = 5 1wl + T () + = [P oy = 5 ol

(73)

1 y , WT 5
+ 5 1) + 2wl + == Wl oxgon))-
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By the same arguments similar to (52), we infer that

ZEO=-Cillu |’ - Gy ] <o, (74)
where C, and C,, given in (54), are positive constants.

Lemma 10. Suppose that (H1) and (H2) are satisfied. If E(0
) < dandI(u,) > 0, then the solution u of problem (1) satisfies

I(u(t))>0 fortel0,T), (75)
where T is the maximal existence time of the solutions.

Proof. We know that I(u,) > 0 and u is continuous on [0, T);
hence, we have
I(u(t)) >0 forsomeinterval [0, t,) € [0, T). (76)

Let t, be the maximum of ¢, satisfying (76). Assume that
t, < T then, I(u(t,)) =0, that is,

u(ty) e . (77)
Therefore, we obtain by (26)

J(u(ty)) > inf J(v) = . (78)

We see that this is in contradiction to the relation as fol-
lows:

J(u(ty)) < E(ty) < E(0) < d. (79)

By (74) and Lemma 10, we see that E(¢) is a nonincreas-
ing function. O

Theorem 11. The solution u is global, under the conditions of
Lemma 10.

Proof. It suffices to show that ||u,||* + || Aul|* is bounded inde-
pendent of . By Lemma 10, (73), and (74), we get

[l ||* < [|me||” + I(u(t)) < 2E(t) < 2E(0) < 2d. (80)
In a similar way, we get

Jul? < ull? + %I(u(t)) = 2 J(u() < §E<t> < %E(O) <

4

Y
By Corollary 2 and (23), we conclude that

| Au|® = I(u(t)) +yJ u? In |u|dx <2E(t) + gHuHZ In [|u?

Ny
IIA PP = =~ (L In k.

(82)

By taking the limit k — p* in this inequality and from
(81), we obtain

(1= B2 jawy? <2600+ L o - N+ )

<2d+ Z( ( >) N(1+1n p)|[ul?
4d
2+ 2 fin (S5 ) L
(83)
By Lemma 7 and (18), we get
4d o\ N2
1 " ,N _-N 1 - -N
(om0
(84)

o () e

Therefore, we see by (81) and (83) that
2 4d
(1 - ﬂ) |Au|? <2d +2d In <_ eNpN>. (85)
2 Y

Hence, we conclude that

2 -1
| Aul|® < Zd(l - %) (1 +In (%eNpN>>. (86)

Therefore, we complete the proof by (80) and (86). O

4. Nonexistence

In this part, similar to [41-43], we get the nonexistence
results for problem (1). Firstly, we need the lemma as follows.

Lemma 12. Assume that (H1) and (H2) are satisfied. If E(0)
< E, and I(u,) < 0, then the solution u of problem (1) satisfies

I(u(t)) <0 forte|0,T), (87)

u(t)|]? > 47151 forte[0,T), (88)

where T is the maximal existence time of the solutions.

Proof. We know that I(u,) < 0 and u is continuous on [0, T);
hence, we have
I(u(t)) <0 forsomeinterval [0,¢,) C [0, T). (89)

Let £, be the maximal time satisfying (89) and assume
that £, < T; then, I(u,) =0, such that

u(ty) € N (90)



Therefore, we obtain

d<J(u(t)) =

N —

(o1)

This is in contradiction to Lemma 7. Thus, (87) is proved.
By Lemma 7, (31), and (87), we conclude that

2| Au|® -2 u* In |u|'d
Elsdsf(/\*u(t))=exp<” i L x)%””nz

il
Y
<
(92)
Therefore, the proof is completed. O
Theorem 13. Suppose that (H1) and (H2) are satisfied. Let
E(0) < E,, where 0<{ < 1, and I(u,) < 0. Then, the solution
of problem (1) blows up at infinity.
Proof. Firstly, we set
F(t)=(E, - E(t). (93)
By (74), we obtain

F'(t)==E'(t) 2 Cy|u,||* + C|ly(L, 1) 2 0. (94)

Utilizing (72), (88), and (94), we see that

1
0<F(0)<F(t)<(E, + EJ u? In |ulVdx < %Hu”z
1 o (95)
+ —J u* In |u|"dx.
2)a

We define
e
G(t) = F(t) +e(u, u;) + 7||“||2- (96)

By (39) and (72), we get
G'(t) = F'(t) + e]lu|* - el| Aul* = ef(u, y(1, 1))
+ sJ u? In [uVdx = F'(t) + 2e||u,||* - eB(u, y(1, 1))
Q

4
—2¢E(t) + ) [|ue]|* + wTHyHiZ(Qx(O,l))'
(97)
Utilizing Young’s inequality and (94), we obtain
Bl y(1, 1)) < |8 (Bl1ulP + X Iy o)) <olBlul + L2 k' o).
b)) = a5 VLI )= 16C,

(98)

(u(ty)) + L |[u(to) | < E(u(ty)) < E(0) < E,.
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By adapting this to (97) and from (88) and (93), we have

/()2 (1= ok ) F' () 2l + (5 - el

+2eF(t) - 2¢(E, + (’UTHJ/H%Z(QX(O,I))
€| )4
. (1 . %)F'(t) + 2efu | +e((1-0)L - |10 Jul?
+2¢eF(f) + “’T”)’”iz(gx(o,n)'
(99)

Firstly, fix § > 0 such that (1 - {)(y/2) — |B|6 > 0 and then
choose € > 0 small enough so that 1 — (¢]f]/46C,) > 0. Then,
by (94), we get

G'(t) 2 cg (F(t) + [|uy||* + ||u))) 2 0. (100)
Also, we conclude that
G(t) < ¢ (F(t) + ] + |u)- (101)
Taking € > 0 small enough again, we obtain
G(0) = F(0) + (g ) + = g2 > 0. (102)
By (100) and (102), we get
G(t) = G(0) > 0. (103)
Utilizing (100) and (101), we see that
G'(t) = ¢c;yG(t), (104)
and therefore,
G(t) > €' G(0) > 0. (105)

Therefore, G(¢) blows up at infinity. Consequently, the
proof is completed. O

5. Stability

In this part, we obtain the stability of global solutions. Firstly,
we define the perturbed energy by

W (t) = E(t) + eD(t) + e5(t), (106)

where ¢ >0, O(¢t) = (u,, u), and E(t) = jgjée‘myz (x,m, t)dn
dx.

Lemma 14. Under the conditions of Lemma 10, for C5, C, > 0,
we obtain

C3E(t) <W(t) < CLE(t). (107)
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Proof. Utilizing Lemma 10 and Young’s inequality, we have

_ 1 1
9(0) + Z(0)| < 3 14l + 5 10 + 192 oy
1 2 1
< sl (St 31w
1 2
+ ||)’||iz(9x(01) = §||”t|| + y]< (1))
+ ||)’||i2(ox(o,1)) < ¢E(t).
(108)
Taking € > 0 small enough, we complete the proof. O
Theorem 15. Assume that (H1) and (H2) are satisfied. Sup-

pose that E(0) < E; and I(u,) > 0. Hence, for C,, Cs >0, we
obtain

0<E(t)<Coe ™" fort=0. (109)

Proof. From (39) and Young’s inequality, we get

@' (£) = [ ||* = || Aul|” = oy (£), (1)) -

)

1

+J u In [ulVdx < ||u,|)* - =
Q 2

Bl (L, 1), u(t))
14u]]* + o By |, (1) |

+ BB,y (L) + J 2 In |uf'dx.
Q

(110)

By using the second equation of (39) and the integration
by parts, we obtain

~ 2( "
gw=-1[ | eytenoy
0Jo

e
TJalo on

*T

1
e AR e I U &2 (x, 7, 1)
0

(% 17, 1) dndx

*(x, 1, t)dndx

1
< sl - | 2 oanas
0Jo
(111)

Summing these and (74), we obtain

W (5)<=(C —e—ea’By - ) u,|* - 5 [ Au|’

- (Cz—sﬁzBl)Hy(l,t)H +€J u? In |ulVdx
Q

—ce "

||)’||i2(ox(o,1))'
(112)

Adding and subtracting £E(t) with 0 < & < 2¢, we get

¥ (0280 - (€ —e-ealB = & = 3w

- (5 -5 - ) b - (om0

3 . ot
+ (g_ 3 Jguz In |u)’dx - (ee" - > HJ’”LZ Qx(0,1))°

(113)

Utilizing the logarithmic Sobolev inequality, we have

(0 <88() - (€ —e-ea's = £ = S

{C—i)—i(l—};) il }IIA I’
+X< >{ln||u|| — N(1+1In k) }u?

Ew'r
> H)’HLZ Qx(0,1))"

(114)

(€= o)y - (667 -

Now, choose ¢ > 0 small enough, such that

€
C,—e—ex’B, — = >0,
T

(115)
C, —¢f*B, >0.

By taking & > 0 sufficiently small and noting that (1/2)
— (pk*/27) > 0 (see (18)), we infer that

(1) <-EE(t) + g (e— g) {In ||ju|* - N(1 +Ink)}|u|?

(116)

where 0 < E(0) < E; therefore, there exists 0 < y < 1, that is,
E(0) = uE,. Therefore, we obtain by (81)

In [Julf* <In (fE(t)) <In (fE(0)> ~In (4”E1>
Y Y 14
N (117)
=In (yeN () )
Y
Hence, by (18), we arrive at

N/2
In [Ju> -~ N(1+In k) <In (WN(%) ) ~N(1+Ink)

=NlIn <y1/N\/§kl) <NInl1=0.
Y

(118)
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Substituting this into (116), we arrive at

P (1) < -EE(1). (119)

As a result, from Lemma 14, we completed the proof. O

6. Conclusions

Recently, there have been many published works related to
wave equations with time delay. There were no local exis-
tence, global existence, nonexistence, and stability results of
the plate equation with delay and logarithmic source terms,
to the best of our knowledge. Firstly, we have obtained the
local and global existence results. Then, we have obtained
the nonexistence of solutions. Finally, we have proved stabil-
ity results under sufficient conditions.
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The (2 + 1)-dimensional elliptic Toda equation is a higher dimensional generalization of the Toda lattice and also a discrete version
of the Kadomtsev-Petviashvili-1 (KP1) equation. In this paper, we derive the M-breather solution in the determinant form for the
(2 + 1)-dimensional elliptic Toda equation via Bicklund transformation and nonlinear superposition formulae. The lump solutions
of the (2 + 1)-dimensional elliptic Toda equation are derived from the breather solutions through the degeneration process. Hybrid
solutions composed of two line solitons and one breather/lump are constructed. By introducing the velocity resonance to the N
-soliton solution, it is found that the (2 + 1)-dimensional elliptic Toda equation possesses line soliton molecules, breather-
soliton molecules, and breather molecules. Based on the N-soliton solution, we also demonstrate the interactions between a
soliton/breather-soliton molecule and a lump and the interaction between a soliton molecule and a breather. It is interesting to
find that the KP1 equation does not possess a line soliton molecule, but its discrete version—the (2 + 1)-dimensional elliptic

Toda equation—exhibits line soliton molecules.

1. Introduction

The Toda lattice is an integrable one-dimensional lattice
model which originally describes the motion of a chain of par-
ticles due to nearest neighbor interaction through an exponen-
tial potential function [1]. The Toda equation takes the form

v,,(n) — ev(n—l)—v(n) _ ev(n)—v(n+1)’ nez, (1)

which is the equation of motion for the nth particle. Here, we
denote v(n,t) as v(n) for simplicity. This equation also
describes nonlinear wave propagation in many areas of phys-
ics such as ladder circuits [2], biophysics [3], and elementary
particle physics [4]. The (2 + 1)-dimensional elliptic Toda lat-
tice which is a natural dimensional generalization of the Toda
lattice (1) reads

Av(n) — ev(n—l)—v(n) _ ev(n)—v(m—l)’ ne Z, (2)

where A =0, +0,, is a two-dimensional Laplacian operator.
It first appears in connection with Laplace-Darboux transfor-

mation for general second-order partial differential equations
in the work of Darboux in 1887 [5]. In 1979, the integrability
of the (2+1)-dimensional Toda lattice was established
through the inverse scattering method [6, 7] and Lie group
theory [8]. The (2 + 1)-dimensional Toda lattice and its rel-
atives have important applications in 2D gravity [9, 10],
string theory [11, 12], differential geometry [13], and ran-
dom matrices and orthogonal polynomials [14, 15]. The
Bessel-type solutions for the (2+ 1)-dimensional elliptic
Toda lattice (1) were derived in [16], and its various classes
of special solutions such as lump-type solutions, periodic
solutions, and line solitons were investigated via the inverse
scattering transform in [17]. In [18], the rational solution
and breather solution for (2) were studied applying the Hir-
ota bilinear method. Nakamura derived exact solutions for
the (2 + 1)-dimensional cylindrical Toda equation and the
(3 +1)-dimensional elliptic Toda equation in [19, 20]. In
[21], three classes of lump solutions for (2) were constructed
through symbolic computation.

The study of the nonlinear localized waves such as soli-
tons, breathers, lumps, and rough waves has attracted great
attention due to their important applications in nonlinear
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physical areas such as nonlinear optics, biophysics, oceanog-
raphy, Bose-Einstein condensates, and plasma [22-27]. A
breather is a special localized solitary wave that is periodic
in space or time. Breathers have important applications in
many physical areas such as optics, hydrodynamics, and
quantized superfluid [28-30]. A lump solution is a kind of
two-dimensional localized wave that decays algebraically in
all directions [31]. Backlund transformation, which owes its
origin to classical differential geometry in the 19th century,
is an important tool in studying nonlinear integrable equa-
tions [32, 33]. The Biacklund transformations and their asso-
ciated nonlinear superposition formulae allow the generation
of the various solutions of the nonlinear equations by purely
algebraic procedures. In Hirota bilinear formalism, the orig-
inal bilinear equation is bilinear in the dependent variables,
whereas its bilinear Backlund transformations are linear in
both the old and new dependent variables; therefore, one
only needs to solve a set of linear partial differential equations
to obtain new solutions from old ones [34]. Combining the
bilinear Bicklund transformation and associated nonlinear
superposition formulae, we may derive an infinite sequence
of solutions for nonlinear equations. In this paper, we derive
an M-breather solution in the determinant form for the
(2 +1)-dimensional elliptic Toda equation (2) by applying
the bilinear Bicklund transformation and associated non-
linear superposition formulae. We also obtain its lump
solutions by taking the infinite period of the breathers.
Some bound states of solitons such as soliton molecules,
breather molecules, and breather-soliton molecules have
been theoretically and experimentally found in optics [35,
36] and Bose-Einstein condensation [37]. They are of great
interest for applications in optical technologies because they
would provide a doubling of the data-carrying capacity of
the fiber [38, 39]. The velocity resonance mechanism has
been proposed in [40] to study the soliton molecule. Many
novel soliton molecules such as dark soliton molecules, dro-
mion molecules, breather molecules, and breather-soliton
molecules for continuous nonlinear wave equations have
been found by utilizing this method [41-43]. However, the
soliton molecules for the discrete nonlinear wave equations
have not been reported yet. In this paper, we discuss the res-
onant structures for the solitons such as line soliton mole-
cules, breather-soliton molecules, and breather molecules
for the (2 + 1)-dimensional elliptic Toda equation via the
velocity resonance.

The paper is organized as follows. In Section 2, theM
-breather solution and hybrid solution composed of line sol-
itons and breathers for the(2 + 1)-dimensional elliptic Toda
equation are derived via the Béacklund transformation and
nonlinear superposition formulae. In addition, we analyze
the dynamical properties of 1-breather and 2-breather. In
Section 3, we derive the lump solutions for the (2+1)
-dimensional elliptic Toda equation by taking the infinite
period of the breathers. Furthermore, we construct hybrid
solutions consisting of line solitons, breathers, and lumps.
In Section 4, line soliton molecules, breather-soliton mole-
cules, and breather molecules for the (2 + 1)-dimensional
elliptic Toda equation are investigated through the velocity
resonance mechanism, and interactions between soliton mol-

Advances in Mathematical Physics

ecules and breathers/lumps are illustrated. A summary and
discussion are given in Section 5.

2. M-Breather of the (2 + 1)-Dimensional
Elliptic Toda Equation

By introducing u(n) = """V the (2 + 1)-dimensional
elliptic Toda equation (2) can be written as

9* o
(ﬁ + a—y2> Inu(n)=u(n+1)-2u(n)+u(n-1), (3)

where we denote u(n, x,y) as u(n) for simplicity. Through
the dependent variable transformation u(n)=(f(n+1)f(n

—1))/f(n)% equation (3) can be transformed into the bilinear
form

(D2+D2)f(m)- £ () = (26" =2)f (m) £ ().~ (4)

The bilinear equation (4) admits the following Backlund
transformation:
(D, +iD, + A" e™Pr 4+ ) f(n) - g(n) =0,
(D, - iDy)e*mD” = Ae'?Pr 4 ye”P) f(n) - g(n) = 0.
(5)

Here, the bilinear operators DD/ and e”" are defined
by [44]

m n

9= 2 f(xtyt+s)g(x—y,t=s) ;
dy™ Os 6020

DIDif -

f(n) - gln)=f(n+1)-g(n=1),
() g(m) =f(n=1)- g(n+1).
(6)

If we take f(n) =1, u=-A"", and y = A in equation (5),
then we obtain g(n) =1+e", n=px+qy+rn+p° and A =
(p—iq)/(1—e") and the dispersion relation for the (2+1)
-dimensional elliptic Toda equation (3):

p* +q* = 4 sinh? % (7)

We apply the following nonlinear superposition formula
presented in [45] to derive the 1-breather solution for
equation (3).

Proposition 1. Let f,(n) be a nonzero solution of equation (5)
and suppose that f,(n) and f,(n) are solutions of (5) such that
f,(n) =% f,(n)(i = 1, 2); then, there exists the following non-
linear superposition formula:
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FIGURE 1: (a) 1-breather. (b) Density picture of 1-breather.
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FIGURE 2: Propagation of 2-breather for L, L, > 0 at different times: (a) n = -30, (b) n=-8, and (c) n = 35.
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(a) (b)

FIGURE 3: Propagation of hybrid solution composed of two line solitons and one breather at different times: (a) n = —40, (b) n =0, and (c)
n =40.

~1/2D, ) _ ~1/2D, _y ,1/2D, i A2
e fo(n) - fio(n) = c(Ase Aye 50y (m) fz(”)(’s) fn)=1- %e& cos I, + ;Z‘j 2R (11)
; . where
where f,,(n) is a new solution of (4) related to f,(n) and f,(n)
with parameters A, and A,, respectively. Here, ¢ is a nonzero S
constant. R, =2(a1x+b1y+oc1n) +0;,
By taking c=1/(A; - A,), fo(n)=1, and f,(n)=1+¢" R
(i=1,2) in nonlinear superposition formula (8), we derive I, = 2(’51x +dy+ ﬁln) +6,,
fro(n)=1+€0+ e+ A, (9) a;=(Pycosy, +Q;siny,),
here A= (p ( ) and g El=(P1 sin y; = Q; cos yy),
where A;=(p;—iq;)/(1-e"") and n,=px+qy+rn+p; S .
(i=1,2). According to dispersion relation (7), we may take ¢ = (§ cosy, = ¢;siny,), (12)
jgozfezi;z};z}cos I, q;=2sinh k; sin I, and r;=2k;(i=1,2). d;= (& siny, +{, cosy,),
' P, =sinh «; cosh §; cos 3,
A= cos (11 - lz) — cosh (k1 - kZ) ) (10) QI = cosh a, sinh 81 sin 51’
2 cos (I, = I,) — cosh (k; +k,) )
&, =cosh «; cosh §; sin 3,
Furthermore, if we take k, =k =o;+ i, [, =1, =y, + {, =sinh «a; sinh §, cos f3,,

8,i, PI=BY =In(a/2)+i6, and €% =-(1/b*)e”*® in
equation (9), we get and «;, B, y;, 6, 0, and 0, are arbitrary real-valued
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FIGURE 4: The degeneration of 1-breather (14) with y=0.1 and §=0.7: (a) a = f=1/4, (b) a = f=1/10, (c) a = f=1/60, and (d) 1-lump.

constants. Since k; =ki =, + ;i and I, =15 =y, +8,i, we
can get

_ cosh 25, - cos 2,
127

(13)

cosh 28, — cos 2a;

By substituting equation (11) into u(n) = (f(n+1)f(n -
1))/f (n)?, we derive the 1-breather solution for equation (3)
as follows:

Aj(cosh® (R, + &) + sinh’2a; ) + cos?]; — sin?2p, — 2,/A

u(n)lb _ . ,
(VA7 cosh (R, +¢) —cos I})

(14)

where = cos 2f3, cosh 2a; cos I; cosh (R; +¢&) + sin 23,

sinh 2a, sin I, sinh (R, + €) and & =In (a\/A,,/2b%).

To obtain the nonsingular solution, we impose the condi-
tion A, > 1. Figure 1 shows the 1-breather (14) with a; =0.5,
B,=059,=598=1,n=0,a=1,b=1,0=0, and 6=0.

Its top trace is a line I, on the (x, y)-plane for a given time
n (see Figure 1(b)), which is defined by I, : 2(@,x + b,y +
a;n) + 0y +e=0. The period of 1-breather (14) is T}, =
(Q, cos y, — Py sin y,)n/W along the x-direction and Ty,
= (P, cos y, + Q, siny,)/W for the y-direction, where W
= sinh 8, cosh &, (sinh®a; cos?B, + cosh®a, sinB,). Then,
the distance of two neighboring peaks in 1-breather (14) is

T= L‘M (15)

w

Note that T is the period of 1-breather u(n)".

Proposition 2. The elliptic Toda equation admits the general
nonlinear superposition formula [45]

efl/ZD”fN—z (1) - fner(n)
=N (ANe_UZD" - AN+131/2D" )fN(”) 'fN(”)’

(16)
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(d)

F1GURE 5: The degeneration of 2-breather (23) with 3, =3, =0,y, =y, =0,8, = 1.7/+/3,and §, = 1.6//3: (a) & = &, = 0.45, (b) a; =, = 0.1,

(¢) a; =a, =0.05, and (d) 2-lump.

where
f=exl1(n), - NG, (17)
Fuln) = [1n), - N =1, N+ 1w, (18)
jn) = (g2 g n-N+D) (1)

If we take cy = H1gi<jsN1/(Aj -A) (pj(n) =1+, A=
(p;—ig))/(1—-e€™), and n;=px+qy+rn+ ﬁf =2sinh k;
. . 0 /- .
cos lix + 2 sinh k; sin Ly + 2kjn + B; (j=1,2,:++.N) in non-
linear superposition formula (17), we derive N-soliton as

N N
f=2 exp (Z Mt Ay + Z#ml), (20)

u=0,1 i<j

where e 2 A;;=(cos (I; = I;) — cosh (k; — k;))/(cos (I; - ;)

—cosh (k; +k;)), X, o, implies the summation over all
possible combinations of y, =0.1, 4, = 0.1, -+, py, = 0.1, and

Z](Z)n indicates the summation over all possible pairs chosen
from N elements.

By taking N =2M, cy = Hlsi<jsN1/(/\j -A) @i(n) =1+

. * * 0 Ox / » .

e, ki =k Ly =1, and B\ =p;"(j=1,2:-M) in
equation (17), we derive the determinant form of M
-breather for the (2+ 1)-dimensional elliptic Toda equation
(3) under certain nonsingular conditions. When M =2, we
derive the following 2-breather for equation (3):

foi- el cc;sll ek C(Z)sI2 . K—14e2R1 . K—24e2R2
by b, 4b] 4b;,
KK, (Lf + Mf) (Lg + Mg) SRR,
16b1b;
eR1+R2
+ W(Ll cos (I, +1,) =M, sin (I, +1,))
192
eR1+R2
+ ——(Lycos (I; = 1,) =M, sin (I, - 1I,))
2,2 \72 1 2 2 1 2
2b7b;
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(0

FIGURE 6: Propagation of hybrid solution composed of two line solitons and one lump at different times: (a) n = -10, (b) n =0, and (c) n = 10.

K, e?RitR, = cosh a. cosh §; sin 3.,
-~ ((L,L, + M;M,) cos I, - (L,M; = L,;M,) sin I,)) & ' isin B,
4b}b;
{;=sinh a; sinh §; cos B; (i=1,2),
Ko L~ MM,) cos T, — (LM, + L,M,) sin I
e — - cosl, — + sinl,),
0 ((LiL; M) 1= (LM + LiM;) 1) L =Re (A,,),
(21)
L,=Re (A}y),
where
K;=A4;,
R;= Z(ﬁix + Eiy + ocin> +0;
Ky;=A4y,
I = Z(Eix +dy+ ,Bl.n) +0,,

N . M;=Im (A;),
a; = (P; cos y; + Q; sin y,),
Ei =(P;siny,; - Q; cos y,), M, =Im (A,,), (22)
¢; = (& cos y; = siny;), and o, B, v, 8, 0, and 0,(i = 1, 2) are arbitrary real-valued
d;= (& siny, +{; cos y,), constants.
P; =sinh a; cosh §; cos f5;, Now, we show that the interaction of two breathers is
Q; = cosh a; sinh &, sin 3, elastic and calculate their phase shift before and after the

interaction. We consider y-periodic 2-breather-soliton (i.e.,
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FIGURE 7: Propagation of hybrid solution composed of a breather and a lump at different times: (a) n =-20, (b) n =0, and (c) n = 20.

B.=y;=0(i=1,2) in equation (21)):

K K K,K,L*12
f=1+ L 2R | 22 2R, 1122152 2R +2R,

1 1 ia
4b; 4b; 16b,b,
Ry I, (L,L,K
_ € C‘Z)S 1( 1 24262R2+1>
by 4b,
et cos I, (L,L,K
_ 2 2(124162R1+1>
b; 4b;
efitR
+ —5— (L cos (I} +1,) + L, cos (I, - 1)),
2b7b;

where

( )
( )
—cosh (& — a,)
( )

B cosh 28, -1
' cosh 28, — cosh 2a,’

(23)

B cosh 28, — 1
27 cosh 28, — cosh 2a,’

1- (1/« /Kj) cosh Rj cos Ij
2
(, /Kj cosh Rj - cos Ij>

o2
uy; = 2bjK;

(j=1,2). (24)

Assuming that a; >0, @, >0, and «,/sinh «; cosh §, >
a,/sinh &, cosh §,, we show that the interaction of two
breathers is elastic and obtain the phase shift between two
breathers after the interaction:

(1) Before interaction (n — —00)

Breather 1 (R, is finite, and R, — —00):

K 1
fl(R1,11)=1+4—bl4e2Rl—?eR1 cos 1. (25)
1 1



Advances in Mathematical Physics

F1GURE 8: Propagation of hybrid solution composed of two breathers and a lump at different times: (a) n = —180, (b) n = -50, and (c) n = -10.

Breather 2 (R, — —00, and R, is finite):

272
f(Ry 1) = %eml (1 + KoLily e - Lily cosly eR2>.
1

4b; b
(26)

(2) After interaction (n — 00)

Breather 1 (R, is finite, and R, — 00):

K K,I%1? L,L I
fl(R2)11)=j€2R2<1+ Lt e e R S St 2 €08 leR1>.
2

4b; b
(27)
Breather 2 (R; — 00, and R, is finite):
K 1
fr(Ry, L) =1+ 4—bz4e2R2 - ?eRZ cos I,. (28)

2 2

Taking into account u;(n) = (f;(n+1)f;(n - 1))/fj(n)2
(j=1,2), we find that the two separated breathers before

and after the interaction are of the form

(1 (Ry, 1), uy(Ry + In | Ly Ly|.0,)]

— [y (Ry +In| Ly Ly LIy ), uy (Ry, 1)) L,L,>0,
—>[u (R, +In| L L,|.I, + m), uy(Ry, I, = m)], L,L,<0.
(29)

From the above expression, we conclude that whether
L,L,>0 or L,L, <0, the interaction of two breathers in 2-
breather (23) is elastic. The interaction of 2-breather solution
(23) for L,L, >0 is depicted in Figure 2 by taking «; = 0.2,
a,=0.15, B, =0, B,=0, y,=0, y,=0, 8, =0.75, §, = 1.5,
0,=0,0,=0,0, =0, and 6, =0. The sequence of snapshots
of Figure 2 shows the interaction between two y-periodic
breathers under the case 5, =y, =0 or 8, =y, =0, while
the two y-periodic breathers propagate in the negative direc-
tion of the x-coordinate. The humps of the second breather
pass through between the humps of the first breather as
shown in Figure 2(b). After that, they begin to separate and
recover the initial shapes and velocities in Figure 2(c).

Now, we construct a hybrid solution composed of two
line solitons and one breather. By taking N =4, k; =k}, I,

=1;, and B =" in N-soliton (20), we obtain the hybrid
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FIGURE 9: (a) Soliton molecule in 8 = 15 and B} = 0. (b) Asymmetric soliton in 3] = 0 and f3) = 0. (c) Soliton molecule in 8] = ~15 and 3 = 0.

solution of two line solitons and one breather which is shown
in Figure 3with k; =0.2,k, =0.3,k; =k; =0.2+0.24,1, =0.5
, L, =-05,l;=1; =4.5+0.4i, f=-5, f=15, f}=0, and
B =0. In addition, we find that two line solitons propagate
along the negative direction of the x-coordinate; then, the
1-breather propagates along the positive direction of the x
-coordinate. In Figure 3(a) at n = —40, two line solitons are
in front of the 1-breather. Then, the 1-breather overtakes
and collides with two line solitons in Figure 3(b) at n=0.
After that, they become farther and farther without changing
their shapes and directions of movement in Figure 3(c) at n
= 40.

3. Degeneration of Breathers

In this section, we derive lump solutions for the (2 +1)
-dimensional elliptic Toda equation (3) by taking the limit
of an infinitely large period of breathers derived in the previ-
ous section. We also construct the hybrid solution composed
of two line solitons and one lump and the hybrid solution
composed of one breather and one lump.

By taking the limits a; — 0 and 3, — 0 in the 1-
breather (14), the period (15) of 1-breather tends to infinity.

Under these limits, 1-breather (14) has degenerated into 1-
lump which is given by

qu_flne )l
1 1] 2
( ! (”)) (30)

((1/(cosh 28, — 1)) +4w? + v* + 4)2 - 64w’
((1/(cosh 28, = 1)) + 4aw? + v2)*

where fgl](n) = (1/(cosh 28, — 1)) + 4w? + 4v*, w=cosh §,
(cos y,x +sin p,y) + n, and v =sinh &, (sin y,x — cos y,y).

Figures 4(a)-4(c) show the degeneration process of 1-
breather (14) along the line [, : 2(@,x + b,y + ayn) + 0, + ¢
=0 at n = 0. Figure 4 shows the density pictures of the degen-
eration process of 1-breather (14) by taking the parameters
y=0.1,6=0.7,a=1,b=1,0=0=0, and n=0. The degen-
eration of the 1-breather given in Figure 4(c) is very similar
to that of the 1-lump (30) depicted in Figure 4(d) with the
parameter selection of y=0.1, §=0.7, and n =0, and thus,
the former is a good approximation of the latter.
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FIGURE 10: Propagation of hybrid solution composed of a soliton molecule and a breather at different times: (a) n = -30, (b) n=0, and (c)

n=230.

Similarly, if we let &}, 0y — 0 and f3,, 8, — 0 in 2-
breather (21), we obtain the following 2-lump solution for

(3):

2,2 2, .2
2, N[22 w; +v; wit+ vy
= + +v3) +
f= (@) (@ +n) 2cosh8, -2  2cosh$, -2
1+2H 1+2h 1
+ + + ,
2Q, 2Q,  (2coshd; —2)(2cosh§, -2)
(31)
where

w; = cosh §; (cos X +sin yjy> +n,

v;=sinh §; (sin ;X —cos yjy) (j=12),

Q, =cos 2(y, —y,) +cosh 2(6, - 5,)
—4 cos (y; —y,) cosh (8, = 6,) +2,

Q, =cos 2(y, —y,) +cosh 2(6, +8,)
—4 cos (y; —y,) cosh (8, +6,) +2,

h=2((x cos y, + y sin y,)(x cos y, + y sin y,) cosh &,

+ (x cos y, + y sin y,)n cosh &,

—sinh &, sinh &,y(x sin y, — y cos y,) cos y,

+sin y, sin y, sinh &, sinh &,x*

—sin p, cos y, sinh §, sinh &,xy + nz) cosh (8, +6,)

- cos (y, —y;) — 2 sinh (8, +6,)(—x sinh &, sin y,
—y cos y,)(x cos y, +ysin y,) cosh &,

+n(x sin y, sinh §, — y(sinh §, cos y, —sinh &, cos y,)
—sin y, sinh §,)) sin (y, —y,) —2(y sin y, + x cos y,)
- ((y sin y, + x cos y,) cosh §, + 1) cosh §,

—2n(x cos y, + y sin y,) cosh &,

+ 2y sinh §, sinh §,(x sin y, — y cos y,) cos y,

—2sin y, sin y, sinh §; sinh §,x*

+2 sin y, cos y, sinh §, sinh 8,xy — 2n%,
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FI1GURE 11: Propagation of hybrid solution composed of a soliton molecule and a lump at different times: (a) #n = =20, (b) n =0, and (c) n = 25.

H =2 cos (7, ~ ,)((x cos y, + sin 7,)((x cos 1,
+ysiny,) cosh &, + n) cosh §; + n(x cos y,

+ysiny,) cosh §, + y sinh §, sinh §,(x sin y,

+y cos ,) cos y,—sin y, sin y, sinh &, sinh 8,x>

+sin y, cos y, sinh &; sinh &,xy + n*) cosh (8, - 8,)
— 2(sinh §,(x cos y, — y sin y,)(x cos y, + y sin y,)

- cosh &, + sinh §, (x cos y, + y sin y,)(x sin y,

-y cos y,) cosh &, + n(x(sin y, sinh §,)

+ sin y, sinh §,—y(sinh &, cos y, + sinh §, cos y,)

y,) sinh (8, - 6,)

—2(x cos y; +y sin p;)(x cos y, cosh &, + y sin y, + n)

+sin y, sinh §,) sin (y, —

—2n(x cos y, + y sin y,) cosh &,
— 2y sinh §, sinh §,(x sin y, + y cos y,) cos y,
+2x% sin y, sin y, sinh &, sinh 8,
— 2xy sin y, cos y, sinh &, sinh &, — 2n*,
(32)

Here, we take the parameters 3, = 3, =0, y, =y, =0, §,
=1.7/v/3, §,=1.6//3, 6, =0, 6, =m, and n=0 in y-peri-

odic 2-breather (23) and show the degeneration process of
the 2-breather in Figures 5(a)-5(c). The degeneration of the
2-breather given in Figure 5(c) is very similar to that of the
2-lump (31) depicted in Figure 5(d) with the parameter selec-
tion of y, =0, y,=0, §, =1.7/v/3, §,=1.6/1/3, and n=0,
and thus, the former is a good approximation of the latter.
Therefore, we find that an M-lump can be degenerated from
an M-breather in the same way.

By taking a; — 0 and 3, — 0(i =1, 2) in the 4-soliton
solution (N = 4 for (20)), we derive the hybrid solution com-
posed of two line solitons and one lump:

f= % +0,0, | (1+eb + el + Ay ehth)
+ (M3 + Ny30, + N y30,)e (33)
+(Myy + Ny, + N0, )€
+(Gay + Nygy0) + N 340,) Asye™,
where B, =1/(cos (I, —1,) — 1), Bj; = 1/(cos (I, — ;) — cosh
(k3)), By = 1/(cos (I, — 1) = cosh (k,)), By = 1/(cos (I, -1
) —cosh (ky)), By, =1/(cos (I, -1,) - cosh(k)) 0,, =sin (
1,)x+ cos (I, )y n, M;;=sinh (k;) sinh (k;)B;;B,;, N,
sinh (k;)B,,;, N,,; (k )B,,,; + sinh (k;)B,,;, and Gy =
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FIGURE 12: (a) Breather-soliton molecule in 82 = ~10, 5 =10, and ) = 10. (b) Breather-soliton molecule in ) =0, f3 =0, and 8 = 10. (c)

Breather-soliton molecule in ) = 10, 8 = 10, and f3} = -10.

My + My + My + My, (i,j=3,4,m=1,2). As shown in
Figure 6, a 4-soliton solution exhibits the interaction between
two line solitons and one lump under the longwave limits
with the parameter selection of I, =15 =3.5+1, k;=0.5, k,
=0.8,13=0.5,1,=0.75,and 8, = B, = 0 in (33). At first, they
move toward each other at n=-10 in Figure 6(a); then, the
lump is collided and swallowed by two line solitons at n =0
in Figure 6(b). After that, they keep moving forward without
changing their shapes and directions of movement.

The hybrid solution of one breather and one lump was
constructed by equation (33) with the conjugation of two sol-
itons by taking k; =k}, I; =1}, and f3 = 8". Figure 7 depicts
the hybrid solution of one breather and one lump from equa-
tion (33) with the parameter selection of I, = I; = 1.5 + 0.85i,
L=I;=08+0.5i ky=k; =0.2+0.2i, and f=p"=0. In
Figure 7, we find that both the breather and the lump propa-
gate along the negative direction of the x-coordinate. They
start to interact and become in a line at n =0 in Figure 7(b).
Then, they form a separate state and keep initial directions
of movement and shapes at n = 20 in Figure 7(c).

In the same way of obtaining equation (33), we construct
the hybrid solution composed of three line solitons and one
lump:

B 5
f= (7” +9192) ( D exp ( Y At + Zm,-))
#=0,1 3<j<ms5 Jj=3
+ Z (ij+N2j91 +N1j92)e'71 + Z (Gij +Ny0, +N
3<j<5 3<i<j<5
+(Gigs + Npgys6) + Nysgs0) H Ay,

3<i<j<5

it
lijez)Aije !

(34)

and we also construct the hybrid solution of four line solitons
and one lump:

BIZ 3
f= (T +9162> ( D exp < Y Attty + ;“ﬂ))

1#=0,1 3<j<m<6

6
1l i+l
+ Z(ij + N0, + Ny 0,)el + Z (G + Ny + Ny0,) Aye™
= 3<i<j<6
4
+ Z (Gijt + NoyjiOy + N0, ) Ay Ay Ajye
3<i<j<l<6
+ (Gaase + NosaseOr + Nisasets) H AT,
32i<j<6
(35)
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where

0,, =sin (I,)x +cos (I,,)y + n,
M;; = sinh (k;) sinh (k;)By;B,,

ij
Gy=2, 2 M.

=i,j=ij
N,,; =sinh (k;)B
Nopij =Ny + Ny

Gy= ) > M.,

mi’

=ijl=ijl
N 3456 = Z Nopis
3<i<6
Nmijl =Nmi +ij+Nm1’

> M. (i,j,1=3,4,56m=1,2),
-=3,4,5,6-=3,4,5,6

1
B =
1T cos (ls — ln) — cosh (ks + kn)
(,n=1,2,3,4,5,6,k =k, =0).
(36)

Gi456 =

Figure 8 describes the interaction between two breathers
and one lump in (35) by taking the parameters k; =k, =
0.828+0.2i, ks =k:=0.134+5i, [, =} =0.1+0.7i, L, =1
=1+0.750i, I; = I} =8+ 0.275i, B3 =-15, f =-15, B2 =15
, and B2 =15. It can be observed in Figure 8 that the two
breathers move in opposite directions on the x-coordinate
and the lump propagates in the negative direction of the x
-coordinate; then, the direction of two breathers becomes
smaller. Figure 8(a) depicts the lump gradually approaching
the two breathers at n=-180; then, they collide at n=-50
in Figure 8(b), and Figure 8(c) shows their separation with
initial structures at n = -10.

4. Soliton Molecules and Breather Molecules

In this section, we investigate the soliton molecules, the
breather-soliton molecules, the breather molecules, the inter-
action between soliton/breather-soliton molecules and
lumps, and the interaction between soliton molecules and
breathers for the (2 + 1)-dimensional elliptic Toda equation
(3) via the velocity resonant method and degeneration of
breathers.

Case 1. Soliton molecule. The soliton molecule is constructed
by imposing the velocity resonance condition on a 2-soliton
solution (N =2 in (20)). The velocity resonance condition
for 2-soliton is

rn_ T
PPy
ro_n (37)
q, ‘12,
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where p,=2sinh k; cos [, g;=2sinh k; sin[;, and r;=2k;
(i=1,2).

The 2-soliton solution (N = 2 in (20)) exhibits one soliton
molecule shape under the velocity resonance (37) in Figure 9
with the parameter selection of k; =0.1, k, =0.2, [, =arcsin
(k, sinh (k,)) — /4, 1, = arcsin (k, sinh (k;)) —7/4, and n
=0. It can be observed in Figures 9(a)-9(c) that the sizes of
the soliton molecule depend on the parameters 3] and f3).
In addition, the two line solitons in the soliton molecule are
different because of k; # k, and [, # 1, although the velocities
of the two solitons are the same. Comparing Figures 9(a)-
9(c), we can find that an asymmetric soliton can be obtained
by changing the size decided by parameters 8 and f3) in the
molecule. The height of the asymmetric soliton (see in
Figure 9(b)) is between the heights of the two solitons, and
the wave width of the asymmetric soliton is widened.

Now, we describe the interaction between a soliton mol-
ecule and a breather under the velocity resonance condition
(37) and the conjugation of two solitons (k; =k}, I; =1,
and ,8(3) = 2*) in 4-soliton (N =4 in (20)). Figure 10 depicts
the hybrid solution composed of a soliton molecule and a
breather with k; =0.5, k, =04, k;=k; =0.1+0.2i, I, =
arcsin (k; sinh (k,)) —n/4, 1, =arcsin (k, sinh (k,)) - /4,
L=1;=45+04i, f=-15, f)=15, and ) =" =0 in 4-
soliton. As the breather is approaching the soliton molecule
in Figure 10(a), we can see that the four humps of the
breather collide with the soliton molecule in Figure 10(b);
then, the breather and the soliton molecule still propagate
in their original directions and keep their original shapes
after they separated in Figure 10(c).

If two solitons satisfy the velocity resonance condition
(37) in equation (33), we can get a hybrid solution composed
of a soliton molecule and a lump in Figure 11 with k; =0.8,
k,=0.51, =1 =2.5+1i, Iy =arcsin (k; sinh (k,)) —7/4, I, =
arcsin (k, sinh (k;)) — 71/4, B3 = 15, and f) = 15. At first, they
move toward each other at n = —20 in Figure 11(a), and then,
the lump collided with the soliton molecule at n=0 in
Figure 11(b). After that, they have not changed the directions
of movement and shapes at n =25 in Figure 11(c).

Case 2. Breather-soliton molecule. The breather-soliton mol-
ecule is constructed by imposing the velocity resonance con-
dition on a 3-soliton solution (N =3 in (20)). The velocity
resonance condition for 3-soliton is

Re (r) 13
Re (p;) _P_3’

38
Re (1) 3 (38)
Re(q,) g5

where p,=2sinh k; cos [, g;=2sinh k;sin;, and r;=2k;
(i=1,2,3). To derive the breather-soliton molecule in
Figure 12, we need to take N =3 in (20) and choose the
parameters k; =k; =0.1+0.25i, I, =1, = 1.1+, ky =2.117,
I, = Re(sinh (k,) sin (1,)/Re (sinh k;) cos (1;), and n=0.
Similarly, it can be observed that the size of the breather-
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F1GURE 13: Propagation of hybrid solution composed of a breather-soliton molecule and a lump at different times: (a) n=-60, (b) n=0, and

(c) n=665.

soliton molecule is controlled by the parameters 82, 83, and
ﬁg Figures 12(a) and 12(c) are breather-soliton molecules
of different sizes, and Figure 12(b) can be regarded as a colli-
sion between a soliton and a breather.

The hybrid solution of a breather-soliton molecule and a
lump can be constructed by the condition of velocity reso-
nance (38) in equation (34). The interaction between a
breather-soliton molecule and a lump can be obtained, which
is depicted in Figure 13 with k; =kj =0.2+ 0.4, ks =0.2, [
=1,=15+0.7i, l;=1; =0.5+0.35i, I; =Re(sinh (k;) sin (
1;)/Re (sinh k;) cos (15), B3 =-10, B3 =-10, and B =10.
As time n goes on, the breather-soliton molecule and the
lump move closer both along the negative direction of the x
-coordinate; then, they interact with each other at n=0 in
Figure 13(b). Finally, they move apart, keeping their shapes
and directions of movement, but the size of the breather-
soliton molecule becomes larger.

Case 3. Breather-breather molecule. The breather-breather
molecule is constructed by imposing the velocity resonance

condition on a 4-soliton solution (N =4 in (20)). The velocity
resonance condition for 4-soliton is

Re (k) B Re (k;)
Re (sinh k; cos/;)  Re (sinh k; cos I;)’ (39)
Re (k) Re (k;)

Re (sinh k, sinl;) Re (sinh ky sin I;)”

where p,=2sinh k; cos [, g;=2sinhk; sin;, and r;=2k;
(i=1,2,3,4). Figure 14 illustrates a breather-breather
molecule with the parameter selection of k =k =—
0.0326551718 +0.2i, ky =k; =0.1340192245+5i, I, =1; =
1.8 +0.848416875i, I3 =1, =8+ 0.2746749837i, and n=0
in a 4-soliton solution. Similarly, Figures 14(a)-14(c), respec-
tively, show the breather-breather molecules with different
sizes depending on 8}, 3, B3, and f3}. In Figure 14(b), two
breathers of the breather-breather molecule become in line
and also can be regarded as a collision between a breather
and a breather.
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FIGURE 14: (a) Breather-breather molecule in 82 = ~15, fJ =15, B3 =0, and 3} = 0. (b) Breather-breather molecule in 3% =0, 85 =0, 83 =0,
and 8] = 0. (c) Breather-breather molecule in f8° = 15, f3 =15, ) =0, and f3} =0.

5. Conclusion and Discussion

In this paper, we have considered a variety of solutions for
the (2 + 1)-dimensional elliptic Toda equation. This equa-
tion is investigated to search for M-breather, lumps, possible
molecules constructed by solitons and breathers, and hybrid
solutions of them. It is interesting to find that the (2+1)
-dimensional elliptic Toda equation possesses the line soliton
molecules, but its continuous version KP1 does not exhibit
soliton molecule structures. This shows that the discrete non-
linear wave equations have more diverse molecule structures
than their continuous counterparts. We expect that the
method of bilinear Biacklund transformation and nonlinear
superposition formulae can be applied to more continuous
and discrete nonlinear wave equations to investigate various
nonlinear wave phenomena.
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The exact traveling wave solution of the fractional Sharma-Tasso-Olever equation can be obtained by using the function expansion
method, but the general traveling wave solution cannot be obtained. After transforming it into the Sharma-Tasso-Olever equation of
the integer order by the fractional complex transformation, the general solution of its traveling wave is obtained by a specific function
transformation. Through parameter setting, the solution of the kinked solitary wave is found from the general solution of the traveling
wave, and it is found that when the two fractional derivatives become smaller synchronically, the waveform becomes more smooth,
but the position is basically unchanged. The reason for this phenomenon is that the kink solitary wave reaches equilibrium in the
counterclockwise and clockwise rotation, and the stretching phenomenon is accompanied in the process of reaching equilibrium. This
is a further development of our previous work, and this kind of detailed causative analysis is rare in previous papers.

1. Introduction In equation (1), if a = f3, we get [5]
Because of many phenomena, integer-order differential equa- 9* o® a 12 2a 3a
. . . . . u ,0%u o 0u 0™"u
tions cannot be well described, which makes fractional nonlin- 5 3pu o 3p S| TUaeam | | TP am -
ear differential equations have research significance. As an t * x *
effective mathematical modeling tool, it is widely used in the (2)
mathematical modeling of nonlinear phenomena in biology,
physics, signal processing, control theory, system recognition, In equation (1), if B =1, we get the time-fractional STO
and other scientific fields. The widely studied fractional equation [6, 7]
Sharma-Tasso-Olever (STO) equation in space and time [1-4]
ru . oku ({aﬁu} ? a%)) Dffu+3puu, +3puy + 3putt, + pid, =0,0<a<1. (3)
—+3pu"— +3p| |=—=| tu=—>z
ot* oxP 0xP 0x2B
x x x (1) In equations (1)-(3), u=u(x,t) is the function to be
o u solved, p is an arbitrary real parameter, and «, 3 are conform-

+p——7:=0,0<a<1,0<fB<1. . ..
P ok p able fractional derivatives.
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Recently, we have looked at some papers that obtain the
exact solutions of the traveling wave of fractional-order equa-
tions and have illustrated some solitary wave solutions con-
tained in the exact traveling wave solutions. These articles
used different methods to obtain a large number of accurate
traveling wave solutions in various forms. In order to better
understand our work, we present the definitions and proper-
ties of the conformable fractional derivative as follows.

Given a function f : [0,00] — R. Then, the conformable
fractional derivative of f of order 0 < a < 1 is defined as [8]

7,07 (t) =i ) 210,

e—0 &

(4)

The conformable derivative is a fractal derivative [9].
According to the fractal derivative theory, the influence of
environmental abnormal fluctuation on physical behavior is
equivalent to the influence of fractal space-time transforma-
tion [10, 11]. Several properties of conformable fractional
derivative definition are as follows:

T.(af +bg)=aT,(f)+bT,(g),foralla,beR,
T,(C)=0,
Ta(t”) = bt" forall b€ R, (5)
To(fg)=9To(f) +fTa(9),

d
if f is differentiable, T, (f)(t) =t'"* d_{ (t).

These properties have been proved in literature [8], and
there is no need to repeat them here. The physical interpreta-
tion of the conformable fractional derivative can be found in
the literature [12].

According to Theorem 2.11 (chain Rule) in literature
[13], we show the following properties of consistent frac-
tional derivatives.

Tof(9(t)) = fo(9(t))g' (1)t (6)

For more detailed knowledge, refer to literature [13]. For-
mula (6) is briefly proved as follows.

Proof. Set u =t + &t'~* in the definition, and you get

T (g(1) = lim T I =1 (0(0)

u—t u-—t

i L 9®) —f(9(t) . 9() () i
u=t g(u) —g(t) u—t u—t

_ pm L) f(9(®) o 9() ~9(t) 1w
g(u)—g(t) g(u) - g(l’) u—t u-—t

=fy(g()g’ (1)
(7)

Now, let us look at some of the work with the STO equation
of fractional order to find the exact traveling wave solution.
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In literature [1], the author used fractional complex
transformation for equation (1) and then used the exp-
function method to obtain its precise traveling wave solution.

In literature [2], the author used fractional complex
transformation on equation (1) and then used (G'/G?)
-expansion method to obtain the precise traveling wave solu-
tion of equation (1).

In literature [3], the author used fractional complex
transformation on equation (1) and then used the novel
(G'/G)-expansion method to obtain the exact traveling
wave solution of equation (1); the generalized Kudryashov
method was also used to obtain the precise traveling wave
solution of equation (1).

In literature [4], the author used the improved (G'/G)
-expansion method to get the exact traveling wave solution
of equation (1) after using the complex fractional
transformation.

In literature [5], the author used fractional complex
transformation for equation (2), and then extended tanh-
coth method was used to obtain the precise traveling wave
solution of equation (2).

In literature [6], the author used fractional complex
transformation for equation (3) and then used the Riccadi
function expansion method to obtain the exact traveling
wave solution of fractional-order equation (3).

In literature [7], the author used fractional complex
transformation in equation (3) and then used a new general-
ized (G'/G)-expansion method to obtain the precise travel-
ing wave solution of the fractal equation (3).

Here, we have just listed some of the articles on the accu-
rate line-wave solution to the STO equation of fractional
order. It can be seen from literature [1-7] that the first step
of these authors was to reduce the STO equation of the frac-
tional order to a nonlinear ordinary differential equation by
using fractional complex transformation and then to solve
the reduced equation by various methods to obtain the solu-
tion of the original fractional-order equation. In addition to
the methods provided in literature [1-7], there are other
techniques that can be used to obtain wave solutions of dif-
ferent structures [14-19]. It can be seen from equations
(1)-(3) that the most general equation is equation (1), so
we only discuss the accurate general traveling wave solution
of equation (1).

For equation (1), a, 8 are conformable fractional deriva-
tives and the fractional complex transformation used is [20]

ct®  kxP
> t = U > =— T h 8
s )= U@ €= + 0
where ¢, k are parameters to be determined. Through equa-
tion (8), equation (1) can be transformed into

2 m
cU' + 3k2p(U’) +3K2pUU" + 3kpU?U" + K2 pU" = 0.
(9)

In literature [1-7], some articles integrate equation (13)
once and then assume that the integral constant is zero,
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which will lead to the exact solution obtained being less gen-
eral than its original one [21, 22]. Equation (9) is a third-
order differential equation, and in general, its general solu-
tion should contain three arbitrary constants. From this per-
spective, the exact line-wave solutions obtained in the article
[1-7] we mentioned are not general solutions, but only par-
tial solutions. In this paper, we consider the integrability of
equation (9) and combine with the fractional complex trans-
formation to obtain the general traveling wave solution of the
fractional STO equation, which is different from the exact
solution obtained by using the function expansion method
in known literature. As we all know, from the exact solutions
of traveling waves, various forms of solutions can be obtained
by choosing appropriate parameters, such as soliton solu-
tions and periodic wave solutions. This conclusion can be
obtained by bifurcation analysis of the first integral equation
of equation (9) [23]. If the reader wants to know how the
exact linear wave solutions of equation (9) are bifurcated
and how the exact traveling wave solutions correspond to dif-
ferent forms of solutions, please refer to [23]. We selected
from the general solution of traveling wave a kink solitary
wave to fractional-order parameter change on the influence
of the waveform, found that when two fractional-order
parameters decrease at the same time, the kink soliton will
become more smooth, but the location remains the same
basic phenomenon, through the analysis found that the cause
of this phenomenon is a kink soliton in the clockwise and
counterclockwise to balance. Papers with such detailed anal-
ysis are rare.

2. The General Solution of the Fractional STO
Equation in Space and Time in the
Traveling Wave

Substituting equation (8) into equation (1) for transforma-
tion, we get

2 m
U’ + 3k2p(U’) +3K2pUU" +3kpUU’ +KpU" =00.
(10)

Integrate equation (10) once, and we get
cU + 3K pUU" + kpU® + KPpU" + C, =0,  (11)

where "U'" = dU/dE, C, is the integral constant.
Considering the specific function transformation,

u="1, (12)

where "F'" = dF/d&,F = F(£), we can easily get the following
equation.

2
’ F”F—(F/)
U=k——r 72

F? ’
3 (13)
, F'F'F- (P’)
UU =k F3 >
m 2
(F F+F'F - 2F'F")F - (F"F— (F’) >2F’
UII :k

F3
(14)

Substituting equations (13) and (14) into equation (11),
we get

: F'F'F (F'>3 (F’)3
v _
k— +3Kk* + pk*
KE TP P PR
2
(F F+F'F —2F'F">F— (F”F— (F') )21:’
4
+ pk 7
+Cy=0.

(15)

Arrange equation (15) to get

F ! FW m Cc C
k— +pk*— +C,=0=>F + —F + -2F=0 (16
F P F 0 Pk3 pk4 ( )
Equation (16) is a familiar three-differential equation,
and its general solution can be easily obtained, denoted
as p=c/pk’#0, q=Cy/pk®; then, equation (16) has a
characteristic equation

r4pr+q=0 (17)

The three roots of equation (17) can be obtained by
Cardin formula in the following order:

(18)
(19)
(20)

where w = (-1 +/3i)/2.




(1) When discriminant A= (g/2)* + (p/3)’ =0, that is,
(Cy)* =4c%/27pk, the three roots of equation (17)
are reduced to

71:2’3/_%72:%:\3/%‘ (21)

equation (16) has the following general solution:
F(§)=C, @V 028 1 (C, + CE)eV 2%, (22)

where C,, C,, and C; are arbitrary constants

Without loss of generality, we can assume C, is not equal
to zero. By substituting equation (22) into equation (12) and
combining with complex transformation equation (8), the
general traveling wave solution of the original equation (1)
is expressed as

C23/~(q)eV s & (czs/m +Cy 3/ [@R)E + c3)e\3/<72>f
¢ C, eV E L (C, + O E)eV a2k
i kze/f(ﬁz“)ez\}/mE + (CIC/aTE + CIC, i/ (al2)E + (Co/Cy) ) eV P
VR 4 ((C,1C,) + (C4ICy )E)eV @k '

(23)

In equation (23), there are only two arbitrary constants,
which is caused by the fixed arbitrary constant C,. Without
loss of generality, we could writeC, = C,/C;, C5 = C5/C;.

(2) When discriminant A = (q/2)* + (p/3)’ # 0, equation
(19) has the following general solution:

F(&)=Ce"® + Cye + Cye'™t, (24)

where C,, C,, and C; are arbitrary constants

Without loss of generality, we can assume C, is not equal
to zero. By substituting equation (24) into equation (12) and
combining with complex transformation equation (8), the
general traveling wave solution of the original equation (1)
is expressed as

Cyriet + Cyrye’s + Cyryel®

C,ent + Cyent + Cyest
_k rl(z’Is + (CZ/CI)rzeTZ’E + (Ce/Cl)r3e’3E
end + (C,/C et + (C5/Cy et

U=k

(25)

Without loss of generality, we could write C, = C,/C,,
C; = C,/C,, and we have an arbitrary constant C; hidden in
the parameter q.

3. The Discussion and Explanation

We observed some articles about the STO equation of frac-
tional order and found that they more or less ignored the
properties of the equation itself in the solution process, and

Advances in Mathematical Physics

Solution (27) red: « = 3 =1, blue: « = B = 0.7, yellow: « = $ = 0.4

Figure 1: 3D plot of solution (27) for various values of « = 3, and
k=1,p=2,c=-12,C,=C;=1.

the exact solution of the traveling wave obtained by various
function expansion methods was not the general solution.
Because in general, it makes sense that the precise general
solution to equation (10) should contain three arbitrary con-
stants. In the following part, we will find the kinked solitary
wave solution from the general solution obtained in this
paper and analyze the influence of the synchronous change
of two fractional derivatives on the kinked solitary wave solu-
tion waveform and the reasons for this phenomenon.

Let & in equation (25) be the expression in equation (8),
namely,

_ct® . kx (26)
T a B

We take the integral constant C, in equation (11) as
zero; then, r|,r,, and r; in equation (25) are valued as

1 =0,1,=\/p=/—clpk’, 15 =—\/=p = —/—clpk’; then,

equation (25) is rewritten as

_ krle”E + (CZ/CI)rzerzf + (C3/C1)r3e’3£
ené + (C,/C))ent + (C5/C, et
_ C,rye" + Cyryest
1+ Cyef + Cgeré
_ kC4 Wza J=apk ((et*1a)+(ke/B)) C; 7C/Pk3ef\/fu/pk’((ct”/oc)ﬁ»(kxﬂ/ﬁ))
1+ C4e\/7c/pk5((ct"/o()+(kxﬂ/ﬁ)) n C567\/—c/pk'((ct“/zx)+(kxﬁ/[3))

U

(27)

In equation (27), take k=1,p=2,c=-1.2,C,=C5 =1;
then, the diagram of solution (27) of equation (1) chang-
ing with o= f8 is shown in Figure 1. This is the kink sol-
itary wave solution, which is a particular solution of the
general solution (25) of equation (1). When a=f=1,
the fractional-order STO equation degenerates into an
equation of integer order. At this point, the diagram of
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Fi1GUrE 2: 3D plot of solution (27) for values of a=f=1, and
k=1,p=2,c=-12,C,=C5=1.

« = 1; solution (27) red: 8 = 1, blue: f=0.7, yellow: 8= 0.4

F1GURE 3: 3D plot of solution (27) for various values of f3, and
k=1,p=2,c=-12,C,=C5=1.

equation (27) is taken from Figure 1, as shown in
Figure 2. After setting values for other parameters,
Figure 1 explains the perspective view of the solution
(27), when the values of o= are 1, 0.7, and 0.4 in turn.

As can be seen from Figure 1, as the fractional derivative
o and f3 become smaller synchronically, the twist of the kink
solitary wave becomes smoothed, but the position of the twist
of the kink solitary wave basically remains at the straight line
x =t on the t-x plane. In order to further explain this phe-
nomenon and promote our previous work [24], this paper
conducts a more detailed study of the influence of fractional
derivative on the shape of kink solitary wave in two steps.
First, the value of the time fractional derivative « is fixed,
and only the change of the spatial fractional derivative S is
observed. The result is shown in Figure 3. It can be seen from
Figure 3 that the spatial fractional derivative 8 values 1, 0.7,
and 0.4 in turn, and the kinked solitary wave rotates at the

B = 1; solution (27) red: & = 1, blue: a = 0.7, yellow: & = 0.4

FIGURE 4: 3D plot of solution (27) for various values of &, and
k=1,p=2,c=-12,C,=C5=1.

kinked position in the ¢-x plane, and the direction of rotation
is close to the line t =0 inside the t-x plane. Secondly, the
value of the spatial fractional derivative f3 is fixed, and only
the change of the time fractional derivative « is observed.
The result is shown in Figure 4. It can be seen from
Figure 4 that the time fractional derivative « is 1, 0.7, and
0.4 in turn, and the kinking position of the kink solitary wave
in the t-x plane also rotates, with the direction approaching
the line x = 0 in the x-t plane.

By comparing Figures 3 and 4, it is found that the spatial
fractional derivative 8 becomes smaller, making the kink of
the kink isolated wave as shown in the figure rotate clockwise
in the t-x plane, while the time fractional derivative «
becomes smaller, making the kink of the kink isolated wave
as shown in the figure rotate counterclockwise in the t-x
plane. When the fractional derivatives change synchroni-
cally, the kinks of the isolated wave in Figure 1 reach a bal-
ance in the clockwise rotation and counterclockwise
rotation, and the position of the kinks almost stays the same.
Meanwhile, the kinks of the isolated wave stretch together in
the clockwise and counterclockwise rotation, which makes
the kinks of the isolated wave smoothen.

4. Conclusion

The exact traveling wave solutions obtained by the function
expansion method are usually not the general traveling wave
solutions of fractional-order nonlinear partial differential
equations. In this paper, the fractional-order STO equation
is transformed into an integer-order STO equation through
the complex fractional-order transformation, and then, the
general traveling wave solution of the fractional-order STO
equation is obtained through the transformation of a specific
function, which will make our understanding of the traveling
wave solution of the fractional-order STO equation more
comprehensive. By setting parameters, a kinked solitary wave
solution is extracted from the general traveling wave solution,



and the influence of the fractional derivative on the kinked
solitary wave is analyzed in detail. It is found that the kinked
solitary wave becomes more smooth when the fractional-
order parameters are synchronized, but the position of the
kinked solitary wave is basically unchanged. The position of
the kinked solitary wave is basically unchanged because we
have two fractional-order parameters, one of which becomes
smaller so that the kinked waveform rotates clockwise, and
the other fractional-order parameter becomes smaller so that
the kinked waveform rotates counterclockwise. Such clock-
wise rotation and counterclockwise rotation achieve a bal-
ance. The kink solitary wave becomes smoother because of
the tugging phenomenon that accompanies the process of
reaching equilibrium.
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This article intends to review quasirandom sequences, especially the Faure sequence to introduce a new version of scrambled of this
sequence based on irrational numbers, as follows to prove the success of this version of the random number sequence generator and
use it in future calculations. We introduce this scramble of the Faure sequence and show the performance of this sequence in
employed numerical codes to obtain successful test integrals. Here, we define a scrambling matrix so that its elements are
irrational numbers. In addition, a new form of radical inverse function has been defined, which by combining it with our new
matrix, we will have a sequence that not only has a better close uniform distribution than the previous sequences but also is a
more accurate and efficient tool in estimating test integrals.

1. Introduction

It is well known that Monte Carlo calculations are based on
the generation of random numbers on interval (0,1). There-
fore, the generation of random numbers that have more
uniformity on (0,1) guarantees better approximations in
these calculations. In recent years, some researchers have
employed quasirandom sequences instead of random num-
bers to aim producing extra uniformity of the randomly gen-
erated numbers on (0,1). Due to the breadth and complexity
of some problems that are mostly unsolvable by classical
mathematical methods or solving them with classical
methods is associated with more time and computational
cost, the stochastic solving of such cases with numerical
methods and using the Monte Carlo method plays a key role.
The quasirandom sequences are common in Monte Carlo
calculations such as Faure, Halton, Niederreiter, and Sobol
sequences, but due to the lack of complete success of these
sequences in Monte Carlo computation, we use scrambled
versions of them, all of which are designed to increase the
uniformity of randomly (quasirandom) generated numbers

on (0,1), so that we can estimate the obtained solution to
the desired unknown solution of the problem.

To resolve this problem, researchers are competing on
the use of scrambled quasirandom generators based on their
version of random number generation to provide more accu-
rate results in Monte Carlo calculations.

Today, Monte Carlo and quasi-Monte Carlo methods are
widely used to solve the computations of physical and math-
ematical problems. Quasi-Monte Carlo (QMC) methods play
an alternative role for Monte Carlo methods. The advantage
of these methods is that they use numbers to provide extera
uniformity on unit hypercube. This feature has led to the
use of these methods to estimate high-dimensional integrals
(Niederreiter, 1992; Spanier and Maize, 1994) [1].

So far, several quasirandom sequences (or low discrep-
ancy sequences) have been introduced for the QMC method.
Such as the Faure sequence, the Halton sequence, and the
Sobol sequence. Despite the fact that among these three
sequences, the Faure sequence has better features in terms
of discrepancy bound, but in practice, it is less used. Because,
the convergence rate of this class of sequences is not so good
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FIGURE 1: 512 points from the original Faure sequence in several bases.

compared with the other sequences [2]. In addition, due to

the correlation between the different dimensions of the Faure

sequence, the distribution of the sequence points is not very
favorable, and we see poor two-dimensional projections
(Figure 1). To overcome this problem, many scrambling
methods have been proposed for the Faure sequence (see
[3]). In almost all of these scrambles, there are attempts to
define a new matrix by shifting numbers in the generating
matrix or the placement of the elements, and there has been
less talk about the properties of irrational numbers. The
matrix that we introduce in this paper has been selected from

several proposed matrices. Because it has good two-
dimensional projections and it is also at a very high level in
terms of integral estimation.

In the next section, the structure of the original Faure
sequence is given. We then briefly list the scramblers that
have already been introduced in Section 3. In Section 4,
we have brought our proposed matrix. Sections 5 and 6
give the evaluation criteria for the quality of the sequence
generated by our proposed matrix and compare it with
previous sequences, and in Section 7, the conclusion is

stated.
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FIGURE 2: 1000 points from the original Faure sequence.

2. The Faure Sequence

Suppose p > 2 is a prime number, and suppose N is the num-

ber of points we want to generate, and n = (ay, a,, - a,, ;)"
is a vector of integers whose components are from the expan-
sion of the number # on the base p, where 0<a;<p and m

= [log, N1. We define the radical inverse function, ¢,(n), as
B W

¢>P(n)— — 4+ e

1
p P P M

For the Faure sequence, we define a different generator
matrix for each dimension. If P be the Pascal matrix, then
for a s-dimensional Faure sequence the generator matrix of
the jth dimension is C¥) = P/"!, 1 < j <5, where the member
on the row ¢ and the column r is defined as follows:

pil— (C_1>(j—1)c"(mod prc=1r>1. (2)

r—1

Thus, let xg,j )be represents the number 7 in the dimension
j in the Faure sequence, then

xJ) = ¢,(P"'n), (3)

and so the s-dimensional Faure sequence is ((/)p(POn),(pp
(PUn), -+, ¢, (P 1).
3. Scrambling the Faure Sequence

Since the introduction of the Faure sequence, several
methods were proposed to scramble it. In this section, we
give an overview of some of such scrambles.

3.1. The Generalized Faure Sequence. Tezuka [2] proposed
the generalized Faure sequence, GFaure, with the jth dimen-
sion generator matrix C¥) = AU P/™! and the AY) for j=1,2
,--+,s are arbitrary nonsingular lower triangular matrices
over [,. A special case for AU is that all members are one
for all dimensions [4].

3.2. Random Linear (Digit) Scrambling. After reviewing dif-
ferent versions of the Owen’s method, Matousek introduced

a scramble matrix and a transfer vector for various dimen-
sions [5]. The sequences obtained by Matousek have the

following general form:

X, = <¢p<A(1)POn+g1>,¢p(A(2)Pln+gz)>""¢p<A(s)P571n+gs)>.

(4)

For the random linear scrambling, the matrices AY) and
the vectors 9 for j=1,--+,s are of the form

hl)l 0 0 0 9,
hyy, hy, 0 0 )
AV = hyy hs, hy; O »9i=1 93 |» (5)

where the g’s and the h; ; with i > j are chosen randomly and
independently from {0, 1,---, b, }, the h;;’s are chosen ran-
domly and independently from {1,2,---,p—1}.
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FIGURE 3: 1000 points from our scrambled Faure sequence.
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Random linear digit method is the basis of other scram-
bles that will follow. Even the GFaure method is a subset of
this method in which the members of the shift vectors are

all zero.

3.3. I-Binomial Scrambling. A subset of the family of random
linear scrambling methods is called left I-binomial scram-

bling [6]. Here, the AU is defined as

hy, 0 0 0 0
h, hy, 0 0 0
hy hy, hy 0 0

, (6)
h, hy h, h 0
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where A, is chosen randomly and independently from {1, 2
,--,p—1} and also hs (i>1) are chosen randomly and
independently from {0,1,---,p—1}.

3.4. Striped Matrix Scrambling. The scrambling matrix AV
for Striped Matrix Scrambling method, has the following

form:

hk 0 0 0 0

hy b, 0 0 0
| 00 ,

hy hy hy hy 0
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where the h;’s are chosen randomly and independently from
{1,2,---,p—1}. The different types of this scramble are
examined in [7], only for problems in the first dimension.
Of course, it does not say what changes should be made to
the matrix for higher dimensions.

3.5. Chi’s Optimal Scramble. When we use the I-binomial
method to scramble the Faure sequence, the value of (num-
ber) h; causes all the expansion digits of each number to be

replaced (permuted). Now, if we leave out the first digit, the
value of (number) h, causes all the remaining digits to be
replaced (permuted).

So by cleverly selecting these two members, we can
achieve better Faure sequences.

In [8], Chi has shown that the best choice for these
two values can be obtained based on the primitive roots
of the p. Finally, the Chi’s optimal scramble matrix is as
follows:
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3.6. Inverse Scrambling. Fathi and Eskandari [9] adapted
Chi’s optimal matrix and introduced two kind of matrix
AY) as follows:

a0 0 0 &t o o0 o

o &t o0 o0 o & 0 o0
A= o o @t ol AV=| 0o o & o[
)

where d is chosen from {1,2,---,p—1} for j=1,---,s.

Based on nonlinear congruential method, they proposed
another scrambling method for the Faure sequence for which
the jth coordinate of the nth point has the general form

940 W )

where @(x) and ¥ (x) are bijections that map a digit vector x
to another digit vector.

4. Scrambling Matrix with Irrational Members

In this section, corresponding to the method of random lin-
ear digits, we introduce a scrambling matrix that its members
are a function of square root of base p (that is, they are
irrational numbers).

After testing many functions, we found the following
function that has the most performance:

vP-1 0 0 0
JP-1 Jp-1 0 0

AV=1 p-1 p-1 p-1 0 [. (11
VP-1 Vp-1 p-1 Jp-1

In (1), we introduced the common form of radical inverse
function ¢ for base p. Now, we define a new form of this func-
tion as follows:

ool (12)

9
TasLE 1: Estimates of I; (f) by using Faure sequences.

Generator N s=5 s=10 s=20 s=30 s=40
Faure 500 1.2175 2.2301 13.402 2.6464 0.0001
1B 500  0.0017 0.0016 0.0014 0.0006 0.0002
RLD 500 0.0013 0.0013 0.0011 0.0006 0.0001
Aj-4lrev 500 1.0392 1.0439 1.5286 0.8095 1.1542
Faure 5000 0.9803 1.0128 3.1585 0.7848 0.0314
1B 5000 0.0340 0.0397 0.0443 0.0402 0.0306
RLD 5000 0.0469 0.0475 0.0548 0.0737 0.0341
Aj-41rev 5000 1.0015 1.0154 1.0219 1.1401 0.6935
Faure 10000 0.9584 0.9445 1.9919 0.6583 0.0464
1B 10000  0.0569 0.0564 0.0593 0.0774 0.0496
RLD 10000 0.0539 0.0541 0.0566 0.0758 0.0418
Aj-41rev 10000 0.9992 0.9959 1.0182 0.8780 0.5630
Faure 20000 0.9943 1.0522 1.4909 0.5440 0.0575
1B 20000 0.0610 0.0607 0.0628 0.0791 0.0561
RLD 20000 0.0583 0.0585 0.0592 0.0670 0.0637
Aj-4lrev 20000 0.9999 1.0021 1.0614 0.9301 0.7249
Faure 50000 0.9965 1.0127 0.9972 0.5159 0.0674
1B 50000 0.0617 0.0618 0.0621 0.0683 0.0628
RLD 50000 0.0604 0.0605 0.0582 0.0657 0.0587
Aj-41rev 50000 0.9984 0.9983 1.0241 0.9901 0.9173
Faure 70000 0.9964 1.0058 0.9680 0.5029 0.0669
1B 70000 0.0809 0.0806 0.0877 0.2000 2.3467
RLD 70000 0.0711 0.0713 0.0671 0.0702 0.0583
Aj-41rev 70000 0.9985 0.9954 1.0260 1.0841 0.9623
Faure 100000 1.0008 1.0248 1.0459 0.5466 0.1665
1B 100000 0.4610 0.4616 0.4667 0.4694 1.7654
RLD 100000 0.2742 0.2746 0.2772 0.2529 0.1366
Aj-41rev. 100000 0.9979 1.0007 1.0215 1.1251 1.3969

We call this as reverse radical inverse function, and we
denote the sequences that are made in this way, with the
suffix “rev.” Therefore, by combining the matrix AU and
function ¢', the general form of number # in dimension j will
be as follows:

xY) = </>'p (A(j)Pj_ln) . (13)
So, for example, we denote the 40-dimensional Faure
sequence generated on the base 41 by the scrambled matrix
AY) and the function ¢’ with AU 41rev.
In the following sections, we have examined (studied) the
quality of this sequence along with its performance compared
to other sequences.

5. Investigation of the Uniformity of
Generated Sequences

5.1. Two-Dimensional Projections. The first step in evaluating
the performance of a sequence is to see how the points in the
2D projections are distributed. From Figure 2, in these
designs, the Faure sequence points are located within parallel



10

TaBLE 2: Estimates of I, (f) with a; = 1 by using Faure sequences.
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TaBLE 3: Estimates of I, (f) with a; = i by using Faure sequences.

Generator N s=5 s=10 s=20 s=30 s=40 Generator N s=5 s=10 s=20 s=30 s=40
Faure 500 1.0759 1.2370 1.7994 0.6913 0.1727 Faure 500 1.0243 1.0200 1.0077 0.9945 0.9817
1B 500 1.5015 1.5000 1.5572 1.3445 1.1510 1B 500 1.5010 1.5022 1.5031 1.5030 1.5023
RLD 500 1.5123 1.4820 1.5456 1.4661 1.2191 RLD 500 1.5055 1.5029 1.5043 1.5051 1.5045
Aj-41rev 500 0.9879 0.9014 0.9347 0.8930 0.9629 Aj-41rev 500 0.9951 0.9746 0.9768 0.9761 0.9770
Faure 5000 0.9963 0.9908 1.0342 0.7406 0.4475 Faure 5000 09972 0.9944 0.9908 0.9877 0.9851
IB 5000 1.4836 1.4785 1.4787 1.4212 1.2841 1B 5000 1.4837 1.4835 1.4833 1.4833 1.4832
RLD 5000 1.4807 1.4770 1.4840 1.4455 1.2824 RLD 5000 1.4810 1.4809 1.4807 1.4806 1.4804
Aj-41rev 5000 0.9976 0.9840 0.9964 0.9898 1.0902 Aj-41rev 5000 0.9990 0.9957 0.9963 0.9968 0.9974
Faure 10000 0.9935 0.9864 1.0062 0.7860 0.5359 Faure 10000 0.9977 0.9964 0.9946 0.9929 0.9915
1B 10000 1.4769 1.4750 1.4697 1.4370 1.3296 1B 10000 1.4770 1.4769 1.4768 1.4768 1.4766
RLD 10000 1.4779 14759 1.4784 1.4438 1.3261 RLD 10000 1.4781 1.4780 1.4779 1.4778 14777
Aj-41rev 10000  0.9990 0.9865 0.9925 0.9968 1.0920 Aj-41rev 10000  0.9998 0.9971 0.9973 0.9977 0.9984
Faure 20000 0.9945 0.9954 0.9861 0.8140 0.5897 Faure 20000 0.9979 0.9977 0.9965 0.9956 0.9949
1B 20000 1.4753 14755 14706 1.4244 1.3306 1B 20000 1.4752 1.4753 1.4753 14752 1.4752
RLD 20000 1.4763 1.4752 1.4640 1.4288 1.3271 RLD 20000 1.4764 1.4763 1.4763 1.4762 1.4762
Aj-41rev 20000 1.0000 1.0002 1.0151 1.0336 1.0965 Aj-41rev 20000 1.0002 1.0002 1.0007 1.0012 1.0017
Faure 50000 0.9992 0.9969 0.9609 0.8397 0.6360 Faure 50000 0.9999 0.9996 0.9991 0.9987 0.9983
IB 50000 1.4750 1.4744 1.4697 1.4397 1.3342 1B 50000 1.4750 1.4750 1.4750 1.4750 1.4749
RLD 50000 1.4755 1.4751 1.4725 14398 1.3372 RLD 50000 1.4755 1.4755 14755 1.4755 1.4755
Aj-41rev 50000 1.0015 1.0039 1.0192 1.0222 1.0509 Aj-41rev 50000 1.0009 1.0012 1.0019 1.0024 1.0027
Faure 70000 0.9983 0.9935 0.9613 0.8428 0.6458 Faure 70000 0.9993 0.9989 0.9986 0.9983 0.9980
1B 70000 1.4654 1.4650 1.4582 1.4249 1.3238 1B 70000 1.4654 1.4654 1.4654 1.4654 1.4653
RLD 70000 1.4710 1.4705 1.4653 1.4362 1.3491 RLD 70000 1.4710 1.4710 1.4709 1.4709 1.4709
Aj-41rev 70000 1.0020 1.0040 1.0237 1.0418 1.1168 Aj-41rev 70000 1.0011 1.0013 1.0021 1.0026 1.0029
Faure 100000 0.9997 1.0003 0.9798 0.8856 0.7312 Faure 100000 0.9997 0.9996 0.9993 0.9990 0.9989
1B 100000 1.2785 1.2783 1.2727 1.2476 1.1649 1B 100000 1.2785 1.2785 1.2785 1.2785 1.2784
RLD 100000 1.3848 1.3844 1.3821 1.3508 1.2698 RLD 100000 1.3848 1.3848 1.3848 1.3848 1.3848
Aj-41rev 100000 1.0027 1.0050 1.0233 1.0371 1.1048 Aj-41rev. 100000 1.0013 1.0016 1.0024 1.0028 1.0032

lines, which shows that there is a linear correlation between
points in successive dimensions. Also in these designs, we
see a lot of empty spaces. Therefore, the distribution of good
points has not been done. In Figure 3, we draw the same
designs using the by AU) 41rev.

These figures show that two-dimensional projections of
AY) 41rev sequence are better than two-dimensional projec-
tions of the original Faure sequence.

5.2. Discrepancy. One way to measure the quality of a
sequence is to calculate its discrepancy [10]. Warnock
shows that

where x,@ is the ith component of the point x;.
Figure 4 compares T, between the original Faure
sequence and the some scrambled Faure sequences that

introduced in Section 3. From Figure 4, we see that the dis-

crepancy p diagram for our new sequence is at all points
below the other sequences. This is a good indication of the
high quality of our sequence points.

6. Numerical Integration

Another way to compare the quality of sequences is to use
them to solve high-dimensional integration problems with
numerical methods. Consider the following test integrals:

Il(f)zjl---rf[g sin (rrx;)dxy - dx, =1, (15)

0 =1

L |4x - 2] + a;
Iz(f)zj J H%dxl...dxszl, (16)

where the a; are parameters. There are four choices of param-
eters as follows:

(1) a;=0for1<i<s

(2) g;=1for1<i<s
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Generator N s=5  s=10 s=20 s=30 s=40
Faure 500 1.0125 1.0115 1.0110 1.0108 1.0106
1B 500 1.5003 1.5005 1.5006 1.5006 1.5006
RLD 500 1.5017 1.5015 1.5015 1.5015 1.5015
Aj-41rev 500 0.9966 0.9936 0.9936 0.9936 0.9936
Faure 5000 0.9988 0.9986 0.9985 0.9984 0.9984
1B 5000 1.4838 1.4838 1.4838 1.4838 1.4838
RLD 5000 14810 1.4810 1.4810 1.4810 1.4810
Aj-4lrev 5000 0.9993 0.9989 0.9989 0.9989 0.9989
Faure 10000 0.9991 0.9990 0.9989 0.9989 0.9988
1B 10000 1.4770 1.4770 1.4770 1.4770 1.4770
RLD 10000 1.4781 1.4781 1.4781 1.4781 1.4781
Aj-41rev 10000 1.0000 0.9996 0.9996 0.9996 0.9996
Faure 20000 0.9992 0.9991 0.9991 0.9991 0.9991
1B 20000 1.4753 1.4753 14753 1.4753 14753
RLD 20000 1.4764 14764 1.4764 14764 1.4764
Aj-41rev 20000 1.0003 1.0002 1.0003 1.0003 1.0003
Faure 50000 1.0000 1.0000 1.0000 1.0000 1.0000
1B 50000 1.4750 1.4750 1.4750 1.4750 1.4750
RLD 50000 1.4755 1.4755 14755 1.4755 14755
Aj-4lrev 50000 1.0006 1.0006 1.0007 1.0007 1.0007
Faure 70000 0.9998 0.9997 0.9997 0.9997 0.9997
1B 70000 1.4655 1.4655 1.4655 1.4655 1.4655
RLD 70000 1.4710 1.4710 1.4710 1.4710 1.4710
Aj-41rev 70000 1.0006 1.0006 1.0007 1.0007 1.0007
Faure 100000 0.9998 0.9998 0.9998 0.9998 0.9998
1B 100000 1.2785 1.2785 1.2785 1.2785 1.2785
RLD 100000 1.3848 1.3848 1.3848 1.3848 1.3848
Aj-41rev 100000 1.0007 1.0007 1.0007 1.0008 1.0008

(3) a;=ifor1<i<s
(4) a,=i*for1<i<s

Note that the most difficult case is when a = 0. Because in
this case, the importance of all variables is the same and the
superposition dimension is approximately the same as the
truncation dimension. It is important to know that the larger
a;, the less important the variables are, and therefore, the
effective dimension becomes smaller. The last three choices
of the parameters will be considered here [11].

In numerical solution of problems with qMC methods,
an accepted procedure is to omit the starting points of the
sequence. For example, Fox [12] has suggested that we con-
sider the starting point of the sequence as n=QS*- 1.
Although, this may lead to better results, note that with this
selection, a large amount of points must be omitted. For
example, for s = 40, we have to skip the initial 2825760 points
with this formula, which is practically impossible. We found
in our research that if we select the p as the starting point, it
will significantly improve the results. We will probably get
the best result when we start from the (p* + 1)th point.

11

Therefore, we skip the first 41 points and start # =42 in
our calculations. For comparison purposes, we present
numerical results for original Faure (Faure), our sequence
(Aj-41rev), and two types of scrambled Faure sequences, I-
binomial (IB) and random linear digits (RLD).

Now, we compare the numerical results of different
scrambled Faure sequences presented in this paper. The
estimated values for the test functions are given in
Figures 5-8. These figures show that our proposed scramble
has a very acceptable convergence compared to other
scrambles.

An observation is that estimated values by the matrix Aj-
41rev very close to the actual value. This can be seen in
Tables 1-4. The estimation error obtained with this scramble
in dimension 40, for the function (16) with parameters a; = 1,
a;=1i, and a;=i* are at most 11.68%, 0.32%, and 0.64%,
respectively. However, there are some exceptions. For exam-
ple, in the first function, when the number of dimensions
increases, the accuracy of the estimation decreases. So that,
for the dimension 40, the maximum estimated relative error
value is 43.7%.

7. Conclusion

We studied the original Faure sequence and some of its
recent years introduced scrambles. Then, we introduced a
new scrambling matrix based on irrational numbers that its
elements are function of square root of base p. In
Figures 5-8, we have shown that this modified scrambled
Faure sequence provides better results than the previous ver-
sions of its scrambles. Also, we presented that this modified
scrambled Faure sequence has greatly improved the distribu-
tion of points. The 2D designs confirm this claim, good two-
dimensional projections in successive dimensions. As
mentioned in the previous section, using this scramble leads
to very small estimated relative errors that can often be
ignored. In our next research, we will use deterministic
scrambling matrices based on another irrational numbers
and primitive roots. The results proved the improvements
of accuracy using our new scramble.
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In this paper, the Kudryashov method to construct the new exact solitary wave solutions for the newly developed (2 +1
)-dimensional Benjamin-Ono equation is successfully employed. In the same vein, also the new (2 + 1)-dimensional Benjamin-
Ono equation to (3 + 1)-dimensional spaces is extended and then analyzed and investigated. Different forms of exact solitary
wave solutions to this new equation were also determined. Graphical illustrations for certain solutions in both equations are
provided. We alternatively offer that the determining method is general, impressive, outspoken, and powerful and can be
exerted to create exact solutions of various kinds of nonlinear models originated in mathematical physics and engineering.

1. Introduction Additionally, the (2+1)-dimensional version of

Nonlinear evolution equations have been known for their
vital roles in many fields of engineering and nonlinear sci-
ences for long. A lot of these equations are famous in fluid
flow problems and shallow water waves applications. A very
good example for such equations is the Benjamin-Ono equa-
tion [1] that describes inner waves of deep-stratified fluids
that reads

utt+a(u2)xx+/5uxxxx=0’ (1)

where « and f§ are nonzero constants for monitoring the
nonlinear term and depth of the fluid, respectively. Fur-
ther, different studies have been carried out on this impor-
tant model ranging from analytical solution, numerical
solution, stability, and well-posedness among others. For
instance, the multisoliton solution and time-periodic solu-
tions of the Benjamin-Ono equation were presented by
Matsuno [2] and Ambrose and Wilkening [3], respectively
(see also Angulo et al. [4] for the stability, Tutiya and
Shiraishi [5] for discrete solutions, and [6-11] for other
related studies).

Benjamin-Ono equation Eq. (1) was recently introduced by
Wazwaz [12]. The new equations has the form

u, + oc(uz)xx + Bthy + Vihyy, =0, (2)

where «, 3, and y are nonzero constants. Note that y should
not be zero; otherwise, we recover Eq. (1). In [12], the Hirota
bilinear method and certain ansatzs methods have been used
to construct a variety of multiple and complex soliton solu-
tions and also checked the Painlevé integrality condition.

However, in this paper, we further extend the new
(2 + 1)-dimensional Benjamin-Ono equation [12] given in
Eq. (2) to (3+1)-dimensional spaces and call it the
(3 + 1)-dimensional Benjamin-Ono equation given by

Uy + Oé(uz)xx + ﬁuxxxx + Yuyyyy + (suzzzz = 0’ (3)

where «, ,y, and & are nonzero constants. Furthermore,
to present more new solitary wave solutions for the
(2 + 1)-dimensional Benjamin-Ono equation in Eq. (2)
and also to study the (3 + 1)-dimensional Benjamin-Ono
equation, we developed Eq. (3), to employ the Kudryashov
method [13, 14] as a powerful integration method for
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treating various nonlinear evolution equations (see also
[15-23] for other methods). The Kudryashov method
and its modified versions have been investigated by capa-
ble authors in the plenty of nonlinear models such as
the nonlinear differential equations [24], higher-order local
and nonlocal nonlinear equations in optical fibers [25], some
(2 + 1)-dimensional nonlinear evolution equations [26],
exact traveling wave solutions of the PHI-four equation,
and the Fisher equation [27]. As we all know, some novel
and important developments for searching the analytical sol-
itary wave solutions for PDE were investigated. Hence, there
are fascinating results on some models in which are pre-
sented in research works containing the new iterative projec-
tion method for approximating fixed point problems and
variational inequality problems [28], weighted inequalities
for the Dunkl fractional maximal function and Dunkl frac-
tional integrals [29], the Painlevé analysis, soliton molecule,
and lump solution of the higher-order Boussinesq equation
[30], and the Darboux solutions of the classical Painlevé sec-
ond equation [31]. The structure of this paper is as follows:
the analysis of the method has been summed up in “Analysis
of the Method.” In “Applications,” the applications of “Anal-
ysis of the Method” for considered equation are investigated.
Also, in “Some Graphical Illustrations,” the graphical illus-
trations for nonlinear equations will be used. In “Conclu-
sion,” the conclusions have been given.

2. Analysis of the Method

To illustrate the idea of the Kudryashov method [13, 14], we
consider the following system of nonlinear differential
equations:

F(u’ Txu’ Txxu’ Tttu’ Txxxxu’ ) = 0 (4)
Applying the transformation
u(x, t)=f(&),&=ax—ct - x,, (5)

where a and ¢ are nonzero constants and x,, is arbitrary con-
stant, converts Eq. (4) to a nonlinear ordinary differential
equations as follows

H(f,,f",f”,, ) =0, (6)

where the derivatives are with respect to &. It is assumed that
the solutions of Eq. (6) are presented as a finite series, say

f&)=ay+ ) a@'(), (7)

where a;, i=1,2,---,N (ay #0), are constants to be com-
puted, and @ (&) is given by the following function:

B 1
1+ wet’

o(8) (8)

which satisfies the ordinary differential equation
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@' (§) = D(§)(@(E) - 1). )

Also, the value of N is determined by homogenous balan-
cing method (see [13, 14]). Substituting Eq. (7) and its neces-
sary derivatives like

(10)

P(®(£)) =0, (11)

where P(®(£)) is a polynomial in @(&). Equating the coeffi-
cient of each power of @(£) in Eq. (11) to zero, a system of
algebraic equations will be obtained whose solution yields
the exact solutions of Eq. (4).

3. Applications

In this section, some new solitary wave solutions of the
(2 + 1)-dimensional and (3 + 1)-dimensional Benjamin-Ono
equations are constructed using the Kudryashov method
presented above.

3.1. The (2 + 1)-Dimensional Benjamin-Ono Equation. In this
section, we will study the (2 + 1)-dimensional Benjamin-Ono
equation given by Eq. (2)

2

Uy + o (u )xx + Bthy + Vihyy, =0, (12)
where u(x, y, t) is a sufficiently often a differentiable function
and «, 3, and y are nonzero parameters.

To determine certain solitary wave solutions, we first
substitute

u(x, y,t) =f(&), & =ax + by — ct — x,, (13)

into Eq. (12) where

Tyu=2f'(8), Tau=af' (), T u=a*f" (),

4 00N 4 NN (14)
Txxxxu =a f (E)’ Tyyyyu =b f (E)’

and convert Eq. (12) to a nonlinear ordinary differential
equation given below:

A" +ad (f2)" + patf"" + ybtf"" =0. (15)
Integrating Eq. (15) twice with respect to &, yields
Ef +aa®(f) + patf" +yb'f" =0, (16)

where the integrating constant is considered zero. Balancing
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f*and " in Eq. (12) gives 2N = N + 2,50 N = 2. We integrate
Eq. (15) with

f(&) =ay+a,@(&) + a,®(Z). (17)
Substituting Eq. (17) into Eq. (16) and equating the

coefficient of each power of ®(&) to zero, we get a system of
algebraic equations given below:

2 2,2 _
c“ay +a aa; =0,
4 4 2
ca, +a*Pa, + b'ya, + 2a*aaa, =0,

~3a*Ba, - 3b*ya, + a*ad’ + Pa,

+4a*Ba, + 4b*ya, + 2a’aaya, =0,
2a*Ba, + 2b*ya, — 10a*Ba, - 10b*ya, + 2a°aa,a, = 0,

6a*Ba, + 6b*ya, + a*aal = 0.
(18)

Solving the above nonlinear algebraic system, the follow-
ing results will be concluded as follows.

Case 1.

6¢2 6¢2

ay=0,a,=———,a, =
0 a’a

2 4 o\ 1/4
6 _ (C-ap)
aza’ V1/4 :

(19)

Hence, the solution is formed as

( f 6c%/a’a . 6c%/a’a £ e by—ct
Uy, (%9, ) =— , E=ax —ct—Xx,.
12\% ) L+ e (1+we5)2 y 0
(20)
Case 2.
c 6c2 62 _(¢-a'p) i
aoz_%yalzﬁaazz_%ybz'k y1/4 . (21)
Hence, the solution is formed as
( f c? . 6c%/a’a 6c%/a’a
u R x)y; =—— - >
>4 a*a 1+ wes (1+we’5)2 (22)
=ax+ by —ct —x,.
Case 3.
6% 662 _ i(—c2 - a4/3)1/4
aO:O,alz—%,QZ:%,b: T (23)

3
Hence, the solution is formed as
6c%/a’a 6c%la’a
Us (%, 9, 1) =— ,E=ax+by—ct—x,.
56(6 ) 1) L+ wek (1+we5)2 4 Y 0
(24)
Case 4.
c? 6¢2 6¢2 i(—-atB)"*
ao— — >4 5 > Oy T’b:+ ( 1/45) (25)
ala a y
Hence, the solution is formed as:
( ) c . 6c%/a’a 6c%/a*a
u X, y) =T - >
78 a2a 1+ wet (1+ wei)z (26)

=ax+by—ct—x,.

The corresponding dynamic characteristics of the peri-
odic wave solution are plotted in Figures 1 and 2 and arise
at spaces y=-1, y=0, and y =1, in Figure 3, they arise at
spaces y =—10, y=-7, and y =1, and also in Figure 4, they
arise at spaces y=—-10, y =0, and y =1 with the following
special parameters:

a=2,a=2,=-3,c=2,y=2,r=1L,w=0.3,t=20, (27)

with considering time t = 20.

3.2. The (3 + 1)-Dimensional Benjamin-Ono Equation. In this
section, we will study the (3 + 1)-dimensional Benjamin-Ono
equation which we give as

U, + a(uz)xx + Blhygx + Vb + 01, =0, (28)

where u(x, y,z,t) is a sufficiently often differentiable func-
tion and a, 3,y and & are nonzero parameters. Also to deter-
mine some soliton solutions, we first substitute the
transformation

u(x, 5,2, t) = f(§),& =ax + by + dz — ct — x,, (29)

into Eq. (28) where

Tyu=2f'(), Tau=af'(§), T u=a’f" (),
Txxxxu = a4f”” (6)’ Tyyyyu = b4f”” (E)’ Tzzzzu = d4f”” (E)’
(30)

which converts Eq. (28) into a nonlinear ordinary differential
equation as follows:

sz,, + ad (fz)// n ﬁa4f//// n )/b4f”” n 6d4f/m -0. (31)
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F1GURE 1: Graph of Eq. (20) for the (2 + 1)-dimensional Benjamin-Ono equation ata=2,a=2,=-3,c=2,y=2,r=1,w=0.3,t =20 and
for 2 plot spaces y =-1,0, L.
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FIGURE 2: Graph of Eq. (22) for the (2 + 1)-dimensional Benjamin-Ono equation ata=2,a=2,=-3,c¢=2,y=2,r=1,w=0.3,t =20 and
for 2 plot spaces y=-1,0, 1.

Integrating (31) once with respect to & and setting the Fay+a*aal =0,
integrating constant zero yield

Fa, +a*Ba, + bya, + d*da, + 2a°aaya, =0,
Ef +aa (f7) + Batf" +yb*f" +6d'f" =0. (32)
~3a*Ba, - 3b*ya, - 3d*0a, + a’aa’ + *a, + 4a*Pa,
Balancing f2 and f" in Eq. (32) results to 2N =N + 2, so + 4b4ya2 + 4d4502 + 2a2aa0a2 =0,
N = 2. This offers a truncated series as the following form:
2a*Ba, +2b*ya, +2d*8a, — 10a*Ba, — 10b*ya,

- 2
F8) =0 + 3, P(5) + a,°(3). (33) —10d*8a, +2a*aa,a, = 0,
Substituting Eq. (33) into Eq. (32) and equating the coef- 6a*Ba, + 6b*ya, + 6d*8a, + a’aa’ = 0. (34)
ficient of each power of ®@(&) to zero, we get the following
system of algebraic equations: Solving the above system, yields the following.
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(f1) (f2)

F1GURE 3: Graph of the absolute value of Eq. (24) for the (2 + 1)-dimensional Benjamin-Ono equation at a=2,a=2,=-3,c=2,y=2,r
=1,w=0.3,¢=20 and for 2 plot spaces y =-10, -7, 1.
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FIGURE 4: Graph of the absolute value of Eq. (42) for the (2 + 1)-dimensional Benjamin-Ono equation at a=2,a=2,=-3,c=2,y=2,r
=1,w=0.3, =20 and for 2 plot spaces y = -10,0, L.

Case 1. Case 2.
2 2 _ 4 4.6\ 14 5 4 4 o 174
~ 6 6 b__(—c —a'f-d's) & 6 6¢2 b__(ﬁ—aﬁ—d&)
== T T Y I T
(35) (37)
Hence, the solution is formed as Hence, the solution is formed as
(32 8) 6c%la*a . 6c%/a*a (501 e . 6c%/a’a 6c%/a*a
u) x)y) > = > u) x,}/, == - >

v Ltwet  (1+wef)’ (36) > 2o 1twed (1 +we)’ (38)

=ax+by+dz—ct-x,. =ax+by+dz—ct-x,.
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F1GURE 5: Graph of Eq. (36) for the (2 + 1)-dimensional Benjamin-Ono equation at a=2,a=2,=-3,c=2,y=2,r=1,w=0.3,d=2,68

=-2,z=1,t=20 and for 2 plot spaces y =—1,0, 1.
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FIGURE 6: Graph of Eq. (38) for the (2 + 1)-dimensional Benjamin-Ono equation at a=2,a=2,3=-3,c=2,y=2,r=1,w=0.3,d=2,68

=-2,z=1,t=20 and for 2 plot spaces y =—1,0, 1.

Case 3.
) . 4 4o 174
B 6 6 _i(-c¢-a'f-do)
ao—O,al——%,az—%, = o .
(39)
Hence, the solution is formed as
(53 6c%/a*a 6c%/a’a
u X x)y) = >

e Ltwe (1 +we)’ (40)

=ax+by+dz—ct-x,.

Case 4.
@ 6¢2 6 _i(*-a'p-dis)"
e T g T T T (4
Hence, the solution is formed as
(57 ) & . 6c*/a*a 6c*/a’a
u X, ya == - >
78 o 1+we(8) (1 + we‘f)2 (42)

=ax+by+dz—ct—x,.

The corresponding dynamic characteristics of the peri-
odic wave solution are plotted in Figures 5 and 6 and arise
at spaces y=—1, y=0, and y =1, in Figure 7, they arise at
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(f1)

40 40
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FIGURE 7: Graph of the absolute value of Eq. (40) for the (2 + 1)-dimensional Benjamin-Ono equation at a=2,a=2,=-3,c=2,y=2,
r=1,w=0.3,d=2,0=-2,z=1,t=20 and for 2 plot spaces y =-10,-7, L.
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FIGURE 8: Graph of the absolute value of Eq. (42) for the (2 + 1)-dimensional Benjamin-Ono equation at a=2,a¢=2,=-3,c=2,y=2,
r=1,w=0.3,d=2,0=-2,z=1,t=20 and for 2 plot spaces y =-10, -3, .

spaces y =—10, y =—7, and y =1, and also in Figure 4, they
arise at spaces y =-10, y =0, and y =1 with the following
special parameters:

a=2,a=2,=-3,c=2,y=2,r=1L,w=0.3,d=2,0=-2,
(43)

considering space and time z =1, t = 20.

4. Some Graphical Illustrations

We depict in this section some graphical illustrations of the
obtained solutions for the (2 +1)- and (3 + 1)-dimensional
extensions of the Benjamin-Ono equations, both the two

and three dimensional plots for the solutions are plotted.
Figures 1 and 4 show the graph of the solutions (20)-(26)
for the (2 + 1)-dimensional Benjamin-Ono equation, respec-
tively. Figures 5 and 8 show the behavior of the solutions
(36)-(42) for the (3 + 1)-dimensional Benjamin-Ono equa-
tion, respectively.

5. Conclusion

In conclusion, we have presented new solitary wave solu-
tions for the (2 + 1)-dimensional Benjamin-Ono equation
introduced recently by Wazwaz and also extended it to
(3 + 1)-dimensional spaces called the (3 + 1)-dimensional
Benjamin-Ono equation. While constructing the solitary
wave solutions, we make use of the Kudryashov method



being one of the powerful integration methods for treating
various nonlinear evolution equations and construct various
exponential solutions to both equations. The development of
offered method may allow the extensions of the Benjamin-
Ono equations to be used in more general configurations.
The solutions are all verified by putting them back into the
original equations with the aid of the Maple symbolic com-
putation package 18.
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The soliton molecules, as bound states of solitons, have attracted considerable attention in several areas. In this paper, the (2 + 1)
-dimensional higher-order Boussinesq equation is constructed by introducing two high-order Hirota operators in the usual (2 + 1)
-dimensional Boussinesq equation. By the velocity resonance mechanism, the soliton molecule and the asymmetric soliton of the
higher-order Boussinesq equation are constructed. The soliton molecule does not exist for the usual (2 + 1)-dimensional
Boussinesq equation. As a special kind of rational solution, the lump wave is localized in all directions and decays algebraically.
The lump solution of the higher-order Boussinesq equation is obtained by using a quadratic function. This lump wave is just the
bright form by some detail analysis. The graphics in this study are carried out by selecting appropriate parameters. The results

in this work may enrich the variety of the dynamics of the high-dimensional nonlinear wave field.

1. Introduction

The (2 + 1)-dimensional Boussinesq equation can describe
the propagation of small-amplitude long waves in shallow
water. The physical and dynamical structures of the (2+1)
-dimensional Boussinesq equation are investigated by using
various methods [1-4]. The (2 + 1)-dimensional Boussinesq
equation reads

Uy + YUy, + 3Y(u2)xx T QU t ‘uuyy =0, (1)

where «, y, and p are arbitrary constants. It can be trans-
formed into the Hirota form:

(D2 + D% - oD} + w3 )f - f =0, @)

with the dependent variable transformation:

u=2(n ), 3)

The (2 + 1)-dimensional Boussinesq equation reduces
the (1+1)-dimensional Boussinesq form with g =0. The
(1+1)-dimensional Boussinesq equation includes the
“good” Boussinesq form and “bad” Boussinesq form with
a<0 and a > 0, respectively [5]. Investigating deeper into
properties of this model (1), the extended (2 + 1)-dimen-
sional Boussinesq equations are introduced based on the
usual Boussinesq equation (1) [6, 7]. The topological
kink-type soliton solutions of the extended (2+1)
-dimensional Boussinesq equation are obtained by the
sine-Gordon expansion method [6]. The modified expo-
nential expansion method is applied to the coupled Bous-
sinesq equation [7]. The multisoliton solutions, breather
solutions, and rogue waves of the generalized Boussinesq
equation are obtained via the symbolic computation
method [8] and the polynomial functions in the bilinear
form [9]. Generally, seeking exact solutions to nonlinear
evolution equations is a vital task in soliton theory. Many
methods have been proved effective in finding the exact
solutions of the soliton equation [10-12]. By using the
extended auxiliary equation method and the extended
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direct algebraic method, the solitary traveling wave solu-
tions and the stability of these solutions are analyzed
[10-12]. In this work, we shall study the soliton molecule
and lump wave of the higher-order Boussinesq equation
by solving the bilinear form of the higher-order Boussi-
nesq equation.

The soliton molecule which is formed by the balance of
repulsive and attractive forces between solitons is treated as
a boundary state [13]. It was first predicted within the frame-
work of the nonlinear Schrédinger-Ginzburg-Landau equa-
tion [14]. Many effects including nonlinear and dispersive
effects are a key role in the soliton molecule. The soliton
molecule has become a focus of intense research in both
experiment and simulation [13-17]. The theoretical frame-
works to address the soliton molecule have been intro-
duced [18, 19]. Recently, Lou proposed the velocity
resonance mechanism to construct the soliton molecules
of the (1+1)-dimensional nonlinear systems [20]. The
velocity resonance mechanism is one of the useful
methods to form the soliton molecule [20]. To balance
the nonlinear effects, the high-order dispersive terms may
play a key role in the velocity resonance mechanism
[21]. The soliton molecule of a variety of integrable sys-
tems has been verified with the velocity resonance mecha-
nism: the fifth-order Korteweg-de Vries (KdV) equation
[22, 23], the modified KdV equation [24, 25], the (3+1)
-dimensional Boiti-Leon-Manna-Pempinelli equation [26],
and so on [27]. The dynamics between soliton molecules
and breather solutions and between soliton molecules
and dromions are presented by the velocity resonance
mechanism, the Darboux transformation, and the variable
separation approach [25-28].

In this paper, we try to construct the (2 + 1)-dimensional
higher-order Boussinesq equation which possesses the soli-
ton molecule. The soliton molecule is absent in the usual (2
+ 1)-dimensional Boussinesq equation. This paper is orga-
nized as follows. In Section 2, the soliton molecule and the
asymmetric soliton of the (2 + 1)-dimensional higher-order
Boussinesq equation are constructed by the velocity reso-

Advances in Mathematical Physics

nance condition. In Section 3, the lump solution of the
higher-order Boussinesq equation is obtained by solving the
corresponding Hirota bilinear form. Finally, the conclusions
of this paper follow in the last section.

2. Soliton Molecule for the (2 + 1)-Dimensional
Higher-Order Boussinesq Equation

Based on the bilinear form of the (2+ 1)-dimensional
Boussinesq equation, we can construct the higher-order
form by introducing the high-order Hirota operators (DS
and D;):

(Df +yD? D} — BDS + Dy’ +vD;*)f-f=0, (4)

where D is the bilinear derivative operator [29]:

ooyoris-a - (5~ ) (5 - o)
(5~ o) e 9

a(er)

Two-soliton solution of the higher-order Boussinesq
equation can be calculated as

I=xy=ylil=t

f=1+exp (n,) +exp (1,) +ap exp (n, +1,),  (6)

where 1, =kx+ 1y +w;it+c;(i=1,2). By substituting (6)
into (4), the phase shift a;, and the dispersion relation
are written as

_2ykyky + 2uly L + 2v] 1 (2L - 3L, 1) — 2k, ky (2K - 3k ky) - k;ky (6K = 15k, kK + 8K1K3 ) + 2w, w,

a - >
2 2ykiky + 2uly 1, + 211 (2L + 31, 1,) — 2ak, ky (2K + 3k k,) — kik, (6K + 15k, k,K + 8K2K3) + 20, w,
K=k +k, (7)
L=E+1,

wf +ykf —ock? —ﬁkf +‘ulf +vl;1 =0.
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Fiure 1: (a) Soliton molecule of the (2 + 1)-dimensional higher-order Boussinesq equation. (b) Density plot of the corresponding soliton

molecule.
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FIGURE 2: (a) Asymmetric soliton of the (2 + 1)-dimensional higher-order Boussinesq equation. (b) The wave propagation pattern along the x
-axis by selecting different times ¢ = 60, t = 0, and ¢ = —60 (from left to right).

The soliton molecule can be constructed with the velocity
resonance condition [30]. The velocity resonance condition
(k; # k;) reads

kL w okt RS~k — B ! )
L At . 8
O ek Bk — i -l i

By solving condition (8), the velocity resonant condition
becomes

B vl?—ock?—ﬁkf
Rt )

ki=+

7 k2 >
9)
1 \/ B (vl;* — ak! - ﬁkf)
l] =+ P .

1

Above velocity resonant condition (9) cannot be obtained
while equation (4) is absent in the high-order Hirota opera-
tors DS and D‘y‘. A soliton molecule and an asymmetric soli-

ton can be constructed by selecting appropriate parameters

in (8) or (9). These phenomena are shown in Figures 1 and
2. We select the same parameters and different phases for
Figures 1 and 2. The parameters are

1
kl—i,
2
k2:£,
8
1
ll—Z,
V2
L=—,
16 (10)
1
a=——,
4
B=1
y=-1
p=1,
1
v=—.
2

The phases of Figures 1 and 2 are ¢; =0, ¢, =10 and ¢,



=0, ¢, = 1, respectively. The soliton molecule and the asym-
metric soliton are described in Figures 1 and 2. The soliton
molecule and the asymmetric soliton can be transformed
with each other by selecting different parameters. Two soli-
tons in the molecule have different amplitudes, while two sol-
itons in the molecule possess the same velocity.

3. Lump Solution of the (2 + 1)-Dimensional
Higher-Order Boussinesq Equation

Lump solutions, which can be considered a kind of rational
function solutions, decay polynomially in all directions of
space [31-36]. One can construct lump solutions by the Hir-
ota bilinear method and the Darboux transformation [37-
45]. Lump waves of the high-dimensional nonlinear systems
are constructed by solving the Hirota bilinear method [46-
49]. A symbolic computation approach is one of the useful
methods to search the lump wave [31]. The interaction
between the lump waves and other complicated waves is pre-
sented by the symbolic computation approach [38-43]. In
this section, we shall study the dynamics of lump waves by
using the symbolic computation approach.

To obtain the lump solution of the (2 + 1)-dimensional
higher-order Boussinesq equation, a quadratic function of f
is shown as

f=(a1x+a2y+a3t)2+(a4x+a5y+a6t)2+a7, (11)

where a; (i=1,2,:--,7) are arbitrary constants. By substitut-
ing (11) into the Hirota bilinear form (4) and balancing the
different powers of x, y, and ¢, the parameters are constrained
as the following three cases.

Case 1.

paz + a2
a, = [——2,
14

_ G345
a,=—"2,
e

(12)
0 = a; |pa: + ag
! s Y ’

~ 3vai (a3 +ag)

ag (paZ + ag) y*ag

30c(a§ + aé) (ptaé + aé)

a; =

The solution of u can be localized in the (x, y)-plane with
the parameters satisfying

v >0,
¢ (13)

a; >0.
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Case 2.
L = THa3+ag
1 S |
Y
4y = —as,
. —pat + al (14)
4 - b
Y
2
o 6a(pa; —ag)”  6vaj
T pa
Case 3.
- —pat + a;
1 - b
Y
as = —ag,
2, 2
o, = —uaz + a (15)
Y
2
Y 6a(pa; —ag)”  6va;
7 2

22
Y-as g

In order to localize the solution of u in the (x, y)-plane for
Cases 2 and 3, the parameters should be satisfied:

o(paz - aé)z —vy*as > 0. (16)

Take Case 1 as an example to describe the dynamics of
lump waves. By substituting (11) into (3), the lump wave of
the (2 + 1)-dimensional higher-order Boussinesq equation
in Case 1 is generated:

4(a3 + ag) (uas + ag) - 8(a3 + aé)z(;mé + aé)zxz

yaef Yaif?

u=

(17)

To describe the lump wave of the (2 + 1)-dimensional
higher-order Boussinesq equation, the parameters are
selected as

a=1,
y=1
as=1,
as =3, (18)
ag=2,
p=1
1
v=—.
2

The spatiotemporal structure and the density of a lump
wave are described in Figures 3(a) and 3(b), respectively.
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FIGURE 3: (a) The three-dimensional plot of a lump wave of the (2 + 1)-dimensional higher-order Boussinesq equation with the parameters in

(18). (b) The corresponding density plot.

The critical points of the lump wave are solved:

ou(x, y, t) o

ox (19)
ou(x, y, t) o
oy

By solving above condition (19), we find that the function
u reaches the maximum value at the point (0,—(a¢/a5)t) and

the  minimum  values at two points  (+(3

JJaluat + @) —vy2ad)/(fi(pad + i) ~(aglas)t). By
substituting above three points values into (17), the maxi-

mum and minimum values of the function u are (4y

(na? +a2)")/(3(a(pal + a2)” —vy*a?)) and —(y(pa} + af)*)/
(6(a(ua? +a2)’ — vy*a2)), respectively. The value of the
maximum point is bigger than zero due to a, > 0. The ratio
between the maximum and minimum amplitudes is 8. The
lump wave of the higher-order Boussinesq equation is just
the bright form by the above detail analysis.

4. Conclusion

In summary, the soliton molecule and lump solution of the
(2 +1)-dimensional higher-order Boussinesq equation are
studied by solving the Hirota bilinear form (4). The soliton
molecule and the asymmetric soliton are obtained by the
velocity resonance mechanism. The lump solution can be
derived by using a positive quadratic function. The lump
wave of the higher-order Boussinesq equation is just the
bright form after some detail analysis. Figures 1-3 show the
dynamics of the soliton molecule and lump wave by putting
suitable parameters. The soliton molecule and the asymmet-
ric soliton can be transformed with each other by selecting
different phases. The soliton molecule and the asymmetric
soliton cannot be derived in the (2 + 1)-dimensional Boussi-
nesq equation (1).

In this paper, the (2+1)-dimensional higher-order
Boussinesq equation is constructed by introducing the

high-order Hirota bilinear operators D} and D} based on
the usual (2 + 1)-dimensional Boussinesq equation. Similar
to introducing the high-order Hirota bilinear operator proce-
dure, we propose one equation

(D% 2 Y (D) + i(ﬁ,-D;f)>f-f= 0, (20)

i=1 j=1

with «; and f3; being arbitrary constants. The soliton mole-

cule and lump wave of (20) are worthy of study by the veloc-
ity resonance mechanism and the symbolic computation
approach. Rogue waves are unexpectedly high-amplitude
single waves that have been reported by using the Hirota
bilinear method [50, 51]. These nonlinear excitations of
(20) are valuable to increase understanding of the phenom-
ena between different nonlinear waves.
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In this manuscript, we consider the fourth order of the Moore-Gibson-Thompson equation by using Galerkin’s method to prove

the solvability of the given nonlocal problem.

1. Introduction

Research on the nonlinear propagation of sound in a situa-
tion of high amplitude waves has shown literature on physi-
cally well-founded partial differential models (see, e.g., [1-
23]). This still very active field of research is carried by a wide
range of applications such as the medical and industrial use
of high-intensity ultrasound in lithotripsy, thermotherapy,
ultrasound cleaning, and sonochemistry. The classical
models of nonlinear acoustics are Kuznetsov’s equation, the
Westervelt equation, and the KZK (Kokhlov-Zabolotskaya-
Kuznetsov) equation. For a mathematical existence and
uniqueness analysis of several types of initial boundary value
problems for these nonlinear second order in time PDEs, we
refer to [24-44]. Focusing on the study of the propagation of
acoustic waves, it should be noted that the MGT equation is
one of the equations of nonlinear acoustics describing acous-
tic wave propagation in gases and liquids. The behavior of
acoustic waves depends strongly on the medium property
related to dispersion, dissipation, and nonlinear effects. It
arises from modeling high-frequency ultrasound (HFU)
waves (see [10, 12, 34]). The derivation of the equation, based
on continuum and fluid mechanics, takes into account vis-

cosity and heat conductivity as well as effect of the radiation
of heat on the propagation of sound. The original derivation
dates back to [44]. This model is realized through the third-
order hyperbolic equation:

T, + U, — Au—bAu, = 0. (1)

The unknown function u=u(x,t) denotes the scalar
acoustic velocity, ¢ denotes the speed of sound, and 7 denotes
the thermal relaxation. Besides, the coefficient b= fc* is
related to the diffusively of the sound with 3 € (0, 7]. In [44],
Chen and Palmieri studied the blow-up result for the semi-
linear Moore-Gibson-Thompson equation with nonlinearity
of derivative type in the conservative case defined as follows:

Bty + 1y — Au— BAu, = |u, P, x € R, £ > 0. (2)

This paper is related to the following works (see [16, 39]).
Now, when we talk about the (MGT) equation with memory
term, we have Lasieka and Wang in [17] who studied the
exponential decay of the energy of the temporally third-
order (Moore-Gibson-Thompson) equation with a memory
term as follows:
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t
Ty + QU — CAu-— bAu, - J g(t- S)Aw(s)ds =0, (3)
0

where 7, a, b, ¢ are physical parameters and A is a positive
self-adjoint operator on a Hilbert space H. The convolution
term Lt) g(t — s)Aw(s)ds reflects the memory effects of mate-
rials due to viscoelasticity. In [18], Lasieka and Wang studied
the general decay of solution of same problem above. The
Moore-Gibson-Thompson equation with a nonlocal condi-
tion is a new posed problem. Existence and uniqueness of
the generalized solution are established by using the Galerkin
method. These problems can be encountered in many scien-
tific domains and many engineering models (see previous
works [5, 25-32, 35, 36, 40, 41]). Mesloub and Mesloub in
[33] have applied the Galerkin method to a higher dimension
mixed with nonlocal problem for a Boussinesq equation, while
Boulaaras et al. investigated the Moore-Gibson-Thompson
equation with the integral condition in [4]. Motivated by these
outcomes, we improve the existence and uniqueness by the
Galerkin method of the fourth-order equation of the Moore-
Gibson-Thompson type with integral condition; this problem
was cited by the work of Dell'Oro and Pata in [9].
We define the problem as follows:

Uggy + Qlhyyy + Py, — pAu — 5Au,
(%, 0) = 1y (%), 14,(%, 0) = 14 (), tyy (%, 0) = 1y (%), 14y, (%, 0) = 145 (x)

ou [
— = u(&, 7)dédt, x € 0Q.
on JOJQ )

- yAu, =0,

(4)

The aim of this manuscript is to consider the following
nonlocal mixed boundary value problem for the Moore-Gib-
son-Thompson (MGT) equation for all (x;¢) € Q.= (0, T),
where O c R" is a bounded domain with sufficiently smooth
boundary 00. solution of the posed problem.

We divide this paper into the following: In “Preliminar-
ies,” some definitions and appropriate spaces have been
given. Then in “Solvability of the Problem,” we use Galerkin’s
method to prove the existence, and in “Uniqueness of Solu-
tion,” we demonstrate the uniqueness.

2. Preliminaries
Let V(Qy) and W(Qy) be the set spaces defined, respectively, by
V(Qr) = {u e Wy(Qr): u, € Wy(Qr): ty € W5(Qp) )

W(Qr)={ueV(Qr): u(x,T)=0}.
(5)

Consider the equation

(s V)LZ(QT> + oy V)LZ(QT) + Pty V)LZ(QT) - Q(Au, V)Lz(QT)
- 8(Au,, V)LZ(QT)V(A”m V)LZ<QT) =0,

(6)

where (.,.);2(q,) depend on the inner product in L*(Qyp), uis
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supposed to be a solution of (1), and v € W(Qy.). Upon using
(6) and (1), we find

= (thyyes Vt)LZ(QT) - a(uty, Vt)LZ(QT> - By Vt)LZ(QT) + Q(VVNV)LZ(QT)

+ S(Vut,Vv)Lz(QT> - y(Vut,Vvt)Lz(QT)

B QJ:Lf2V<J;JQu(E’ T>d£dT> ds,dt + GJ:J JQ (&, t)dEds, dt

76‘[7‘13949%(5)%%% y < u (&) dfdr) ds dt
( ( ) (x )) +0€(u2(x)’ ( > ))LZ(Q) +ﬁ(u1(x)’v(x, O))LZ(Q)
_y(AUI (x ))
(7)

Now, we give two useful inequalities:

(i) Gronwall inequality: if for any ¢ € I, we have

t

y(s)ds, (8)

0

y(t) <h(t) + CJ

where h(t) and y(t) are two nonnegative integrable functions
on the interval I with h(t) nondecreasing and ¢ is constant,
then

y(t) <h(t) exp (ct) )

(ii) Trace inequality: when w € W3(£2), we have

2 2
[wli2a0) < &llVwliz ) +

l(e)\|w||iz(9), (10)

where Q is a bounded domain in R” with smooth boundary
00, and (¢) is a positive constant.

Definition 1. If a function u € V(Qy) satisfies Equation (3),
each v € W(Qy) is called a generalized solution of problem (1).

3. Solvability of the Problem

Here, by using Galerkin’s method, we give the existence of
problem (1).

Theorem 2. Ifu, €, u; € and u, €, u; €, then there is at least
one generalized solution in V(Qy) to problem (1).

Proof. Let {Z,(x )}k>1 be a fundamental system in W}(Q),
such that (Z;, Z)) ;> ) = 8. Now, we will find an approxi-

mate solution of the problem (1) in the form

= Y Cu(H)Zy(x), (11)
k=1

where the constants C,(t) are defined by the conditions
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Ci(t) = (uN(x, t),Zk(x))Lz(Q),k=1,~-,N, (12)
and can be determined from the relations

(Ui 1)) 2+ %Wt Z1(%) 1 ) + B8t Z21(0)) 12
+Q(VutVZy(%) 12 +8(Vut VZi(%)) 1200y + YV (VOVZ1(5)) 12

,QJ Z x)([ L)uN & dﬁdr) ds, +6L“Z,(x) (l[;'[nui\’(f, T)dfd‘r) ds,
J Z)(x) ([t[ ud 26T d&dr)ds
oo

(13)
Invoking to (11) in (6) gives for [=1,---, N.

L; ;{C‘k(t)zk(x)zi (%) + aCy(1)Zy (%) Zy(x) + BCYt) 24, (%) Zy(x)

+QC () VZ(x).VZ (%) + SCY(t)VZ, (x).VZ)(x) + yc;(t)vzk.vz,}dx

= @g J;Ck(ﬂ (LQZ,(x)L)Zk (E)dEdsx> dr+ 62 J;c;(r)

x <szl | 2 (E)dfdsx> dr + yki j (%)Lﬂzz | 2 (f)dfdsx> dr
(14)

From (7), it follows that

N
2 GO 213+ S GO (i3 26

+ BCUE) (Zi(x), Zy(x)) 2 ) + @Cl(1) (VZiV Z)
+ OC()(VZ(x),VZy(x)) 2

Q)
ot YCut Y(VZ(x):VZ1(%)) )

3
- Q}i [lci ([, 219, ziazas,)
+ 62 JA;CL(T) (LQZl(x)JOZk(E)dEdsX) dv (15)
r3 et o] s
Let
1, k=1
(VZk’VZl)LZ(Q) =VYw (16)

j Zz(x)J Zu(E)dEds =y
00 (0]

Then (8) can be written as

N
Y. Cit)8y +aCi(1)5y + Cilt) (B + yyy) +SCi()yyy
k=1

t
+QC(t)yn — JO (Qck(T)sz +8CL(T) Xjg + YCUT) Xy = 0

N
Z C1)8 + aC(1)8y + CYE) (B + yYr) + Cu1) (Ovia = YXua) + Crl) (@¥is = OXi) Vs — QCi(£) xig = 05

k=1

M=

~
Il

C(0) = (Zp uO)Lz(Q)’ Cl0) = (Zp» ”1(x))L2

Thus, for every n, there exists a function 1™ (x) satisfying (6).
Now, we will demonstrate that the sequence " is bounded. To
do this, we multiply each equation of (6) by the appropriate C;,

'(t) summing over k from 1 to N then integrating the resultant
equality with respect to ¢ from 0 to 7, with 7 < T, which yields

(”}m )

T
+ B(Vu vul )IZ(Q (Vu” Vil )2 @ QJOLOus(x, t)

( NEn dfd'l) ds dt+5J Jmu‘f(x, ) (J;Jnu;v(s’”)dfdﬂ) ds.dt
o[ [ (] ] e ndean s

tx(um ul ) y )+,8(uN,u‘:’)LZ(QT) +Q(VuN,Vu‘tV)L2(Qr)

X

(19)

[C(0)84 + aCi(0)8 + CL(0)(BSu + yyia) + 6CO) 7y + QCi(O)y] =

(17)
A differentiation with respect to ¢ yields
(18)
( )= (Zp ”2(x))L2 ©y it )= (Z uz(x)) 2 Q)
After simplification of the LHS of (19), we observe that
(s 45) 20, = _J (e i) 2 oy
+ (U (1), ul (x, T))L2<Q) (20)
(4 (5. 0), 1 (5,0)) g

oc(ufft, ui\])LZ(QT) = oc(uf,(x, 7), ul (x, r))LZ(Q) - (uft’(x, 0), ul (x, 0))Lz(0)
T
)yt
0

(21)



_B 2 B
Bt ) g, = 3 14 (oDl z() = F 114 (6 O)l[ 2 g
(22)
Q 2 Q 2
Q(V”N’V”?])LZ(QT) =3 [Va (. T)HLZ(.Q) 3 [V, O)HLZ(Q)’
(23)
S(Vuiv,Vuiv) —SJ | Vaiy' (x, ¢ HLZ dt, (24)
V(Vuﬁ\t]’V”lt\])Lz(Q ) %HVu’;’(x, T)H;(Q) - % [Vt (x, O)Hiz(o)

(25)

of [ (J;L)u”@, n)dzdn> dsi=e| e | (e ndeaas

(26)
o [ ([ ] e et .
=8| [ o] v ndes, @)
- 6LQJ:u§V (x, t)JQuN(E, 0)dédtds,,

o e[ ] s
f e[ com)ua

] (| s eomfo

Taking into account the equalities (20) and (21) in (12), we
obtain

+a () (x,7),

(MT”(X T) u; (X’ T))LZ(Q)

—HMN @D )

(um(x 0), ul (x, O)) @ )+tx(u2](x, O),L{f\](x,o))y(ﬂ>
2
+ 2 Huf’(x 0)||L2(Q) + 2 HVuN(x, O)Hv(n HLZ(Q
+ [O(Mft’t, uft’)Lz(ﬂ)dt+0¢[0Hu”(x,t)Hiz<Q [ HVu[ x, 1) ||L2.Q t

+ QJaQuN(x, T)J;JQuN(E, t)dédtds, — QJ J;u (% t)JQu (&, t)d&dtds,

ul (x, T))LZ(Q)

Q 2 Y 2
IV D)) + S Ve T

XHVuN x,0) 2

(29)

Now, multiplying each equation of (6) by the appropriate
Ci(t), we add them up from 1 to N and then integrate with
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respect to t from 0 to 7, with 7 < T, and we obtain

(ui\t]tt’ ui\t’)Lz@ ) + “(”fr]r’ uft])LZ( + [3(”2{’ u{\{)LZ(QT)

+6(Vuy ,Vuy ) 2@, +Y(V”5’V”5)L2(QT>

_ [ N (x, 1) (” W (E, n)dEdn) ds. dt
JoJon 0JQ
ul (&, n)dEdn) ds, dt

|
+yJ0 aoug(x’ t) (JOJ ul (&, n)d{dn)dsxdt.

Q

(30)

With the same reasoning in (12), we find

T
(uft’”, ug)LZ(QT) = —JO ||uft’t(x, t) H;(Q)dt + (ufﬁ(x, ), u (x, T))LZ(Q)
- (“i\t]t(x’ 0)’ u{\t](x’ 0))LZ(Q)’

(31)

N

N _ N
‘x(”m’ Uy

a a 2
_EHuTT(x’T)HLZ(Q) EHug(x’O)HLZ(Q)’

(32)

)LZ(QT)

Bt ) g = B Il e (39

Q(VuN,Vuft])ﬁ(QT) = Q(VuN (x, T),Vui’ (x, T
—(Vu(x,

o [V (5 )

))LZ(QT)

0),Vui\’(x, 0))L2(Q) (34)

8 0
S(Vus,Vuft’)Lz(QT> =3 |Vl (x, T)H;(Q) -3 | Vi’ (x, 0)

HLZ(Q)

(35)
Y(Vuﬁ,vuft])Lz(Q ) = J HVutt x, HLZ t (36)
T N ¢ .
QJOLQ“” (LJQ” (& U)dqu) ds dt
= QJang (x, T)J;JQMN(f’ t)dEdtdsx (37)
— T N N
QLQJOut (% t)JQu (&, t)dédtds,,

of | wite([ | e man) s

= SJ ul (x, T)J uN (&, 7)dEds, — 8[ ul(x, T)J uM (€, 0)dEds,
20 o 0 o

) 8J aQJ ;”y(x’ f)JQuiV (&, t)dEdtds,
(38)



Advances in Mathematical Physics

] o[ oo
= yJaQuf(x, ) Joui\’(f, 7)d&ds, - yLQuf(x, ) Jgui\’(f, 0)d&ds,
- yLQEuf’(x, t)JQufZ(E, t)d&dtds,
(39)

Upon using (31) and (32) into (23), we have

8
(u (1), Ul (%, ‘r))LZ(Q) + EHVuf(x, T)H;(Q)

+o(VuN (x, 7).Vl (x, T))LZ(;

o 2
*t3 [E=1E3 T)HLZ(Q)
T N 2
)~ L””m(x’ t) ||Lz(Q)dt

N (x,0 N w0 - B[ )|, de
+ (1, (%, 0), u 2H”lt(x’ )HLZ(Q) B OHuit(x’ )HLZ(Q)

N (x, 0))L2(Q) +

+0(VuN (x,0),Vuy (x, 0)),. 20 +QJAT||Vut(x, t)”iz(ﬂ)dt
d

T R W LT A

+ QJ.muf (x, T)J:J:_Qu (& t)d&dtds,

ul (x, T)JQuN(E, 0)déds, — SLQJTuf’ (%, t)J )ufv(f, t)dédtds,
0 <
ul (x, T)J ul (&, 7)dEds, - yL ul (x, T)J ul¥ (£,0)dEds,
Q 0 Q

(40)

Now, multiplying each equation of (6) by the appropriate
Ci(t), we add them up from 1 to N and then integrate with
respect to t from 0 to 7, with 7 < T, and we obtain

(”i\rlrr’ Uit ) 120, + “(”?flr “i\t]t)y( + ﬁ(uft] ”fr]r)Lz(QT) + Q(VMN’V”%)

) 12(Q,)
+ 8(V Vum) + y(Vutt Vum)

Q)

f 7) dfdﬂ) ds, dt
un & n dfdn) ds,dt.
(41)

With the same reasoning in (12), we find

1
(ui\t]tt’ uﬁf)Lz(Qr) = 5 H”i\]ﬂ HL2 E Hui\t]t(x’ O) ||L2(Q)’
(42)
T
“(ul{\l{t’ ult\t]t)]](QT) = “JO H ugt(x’ t) ’|i2(g)’ (43)
B ) g = B 10 1) [y~ S O

(44)

5
Q(qu’Vuﬁt)LZ(Qr):Q(VuN( )Vu (%, ))LZ(Q)
— (Vi (x,0).Vu (%,0)) ) (45)
T N N
B QJ (Vi) s g
8(Vu' V) 2 o, :_6[ 1926 (6 £) [t + 8 (Vi (7). (3))
- 8(Vul (x,0),Vup (x, ))LZ(Q)’
(46)
Y Y ;
PV 1 g = 5 19050 D) [ ) = 3 1935 5. 0) [
(47)
T t
(1] o
oJan 0Ja
:QJ i (x, T)JJ uN (€, t)dEdtds, (48)
o0 0102
_QJ u (x, t)J ul (&, t)dEdtds,,
aaJo 0

f o [ )

= (SLQuIT\’T(x, T)JQuN(E, 7)d&ds, - 6Jmu§r(x, T)J
- 8L .ruft](x, t)J utN(E, t)dédtds,
QJo Q

uN(f, 0)d&ds,

0

(49)
of[] it ([ | wintsanasa
) YJ o ’)JQ”IJ(E» )déds, - VLQM’JT (%, T)Jﬂui” (£ 0)déds,

—yJ. ’ up (x, t)J up (&, t)dEdtds,
a0Jo 0

(50)
A substitution of equalities (42) and (43) in (34) gives

L )y + B eI g 0 (9 (e T 5 )
14
+8(Vulf( ),V (x, ))Lz( )+E||Vu¢;(x,‘r)||Lz(Q>

Py
2

1
=5 o 0 (50730

T 2
@ “J()H”ﬁt(x’ t)HLZ(Q)
+Q(Vu (x, 0),Vuty) (%, 0)) 15 ot QL (Vi Vi) 2 ot

+aj 93 ) g+ 8 (T (3 09 (50)) s = [V 0) [

+QLQ J J N(& t)dEdtds, —QLQJ;uiY 63 t)v[QuN(E, t)dédtds,

+<SJ uﬁ(x,T)J uN(f,T)dfdsx—(?J uTNT(x,T)J uM (£, 0)dEds,
20 o 20 o



_6LQJ:”1[\[] (% 1) Jﬂufl (& t)dédtdsy + Jmuﬁ(x, T)L)uf(& 7)d&ds,

T

—yLQuZTVT (x,7) L}uf’(«f, 0)d&ds, — yLQJOuft’ (%, 1) Jﬂuft’(f, t)dédtds.

(51)
Multiplying (22) by A,, (33) by A,, and (44) by A, we get

My (e (3,7, 17 (%, T))LZ(Q)
+ M ||u¢’(x
2

+ Ay (ul(x, 7), ul (x, T))LZ(Q)

T HLZ(Q)

A0 2 /\y A 2
A R e T

+A2( TTT('x T)’uz\;(x T))LZ(Q)

(5 B0 s ) g+ Ao 5 )9 5 )
e R

+A50(Vu (x, 7), Vil (x, T))LZ(Q) + A0 (Vul (x,7),Vuly (x, 7))

Q)

B v )

= A, (g (%, 0), u (x, 0))L2<Q) +Aya(uy (x,0), 17 (x,0)) 12
# 22

@)

||L2(Q)

A A A
IV w0l + (54 ) 9 w0l

+AJ (1 )
0

+<A1a—Azﬁ>L||un<x» 7o)t + (ae =, 6J 9 e )yt

+(A, - Asoc)JTHugt(x, t) HLZ dt+ A (um(x, 0), ug(x, 0))LZ(Q)

(35S e,

+1,0(VuM (x,0),Vuy (x, 0))L2(Q) + (130 - A,p) J (| Vuagy (x, t dt

Mz

A
+ 3 s )l

+)L3Q(VuN(x,0),Vuf,’(x,0)) +A3QJ (V' Vuy), (Q)dt,

A
A (Vi (x,0).Vu (%,0)) 1 - %V 1V (%, 0)|[7

T

+AIQLQuN (x, T)JOJQuN(E, t)dédtds, — AIQLQJ;uN(x, t)
. JQuN(f;, t)d€dtds,
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T

+(A,0 - AZQ)LQJ;us(x, t)JQuN(E, t)dédtds, — A@L J ul (x, t)

0J0

. J ul (€, 0)dEdtds,
Q

+(Ay - AZ(S)J‘;J.aQuf’(x, f) (J'Quf’(f, t)df) ds,dt — AlyJ;LQuf’(x, t)
. (JQu?’(E,O)dE) ds,dt.

+/\2Q.[ uf(x,r)[;[o (& t)dédtds, + A SJ ul(x,T )[ N (&, 7)dEds,

o0

—A26J.muf(x, ‘r)JQ N (&, 0)dEds, +)L2YJ uly

o o] e[

+A3QJ.aQu¢’T(x,T)J;JOu (&, t)dEdtds, - 3QJ J ull

J u (&, 1)d&ds,

Q

J “: (& t)dEdtds,
Q

J uN (&, 1) dEdtds,
Q

+A36LQuIT\’T(x, )JQuN(f 7)d&ds, — 130 J u JQuN (&,0)d&ds,

—A36Ja .rult\t’(x, t)JQuﬁV(E, t)dEdtds + )Lﬂ/LQufT(x, T)J ul (&, 7)dEds,

Q2J0 O

_ASy[ u]TVT(x, T) [ uf’(f, 0)d&ds, — /\3)/J Jtuft](x, 1) [ uf{(f, t)dédtds.
Joo Jo 20Jo Jo
(52)

We can estimate all the terms in the right-hand side of (45) as
follows:

T

M QJBQ uN (x,7) JOJQL{N (&, t)d&dtds,

AQ 2
Sngl (sHVuN(x, T)HLZ(Q) +

I(e) [ T)H;(Q))

48,100 )

0

-MQJ JuN (% t)J uM (&, t)dEdtds,
0QJo Q

Ae (F N 2
STSLHW (6. 1) [yt
i anan | 1 2 4
+—((€)+| |]0€2]) OH” (x’t)HLz(Q) t,
(AIS—AZQ)J J uﬁv(x, t)J uN(E, t)dédtds,
00Jo (0]

< (A6 +X,0)

Z(SJSHVqu(x,t)HLz dt+1(e f0||ut X, )”Lz dt)
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Lo+ AZQ) it

0] [0

_}\ISJ JTuf](x, t)J uN (&, 0)dEdtds,

00Q Q

A

A ([ ol g0 0l )

+% 911227 [ (%, 0)| |1,

T

/\ZQJBQ ul (x,7) JOJQuN (&, t)dédtds,
A0 2 l 2
e GRS <l L

A T
+%Qsz|Q||BQ|TJ [ ()5,
0

2
HL2 Q)

AZSJ ul(x, T)J ul (&, 7)dEds,
20 Q

SM (sHVuf(x,

2 2
2, T)HLZ(Q) +1(e)[Jur (v, T)HLZ(Q))

1,0
+%83|Q||69|HuN(x, 7)

2
||L2(Q)

—A25J ul(x, T)J ul(&,0)dEds,
20 Q

A8 2 2
<7 ( Vi (2,7 HLZ(Q) +1e)[Jur (x, T)HLZ(Q)>
+%s4|ﬂ\|aQ|HuN(x,0)

2
HLZ(Q)’

Ay - /XZS)LQJOqu(x, t)JQufl (&, t)dédtds,

Ay +1,0)
<o) J 1938 (5, £) [

Ay + A0 T
+%(l(8) + |Q||aQ|)JOHu§V(x, t)”iz(o)dt, (53)

—Alyﬂjaguﬁv(x, f) (Jﬂuf’(ﬁ, O)dE) ds, dt

A
< ;Y(ant 0| gt + (e JHut %t H;(Q)dt>

A
+21010)100 T ) (5, 0) |,

)LzyJ uf(x, T)J uIT\](E, 7)d&ds,
F1o) Q

A

4 2 )
Szigs (SHV"’IT\](’C’ T)HLZ(Q) +1 S)Hui\](x, T)HLz(Q))

Ay v Z—AJN JNOdd
+ 28| Q1[0 Y (3,7 [ Y [ e (0T | (G 0)dSds,

1) [ (5,7 [ )

Ay 2
< (el V2 (e ) 2+

A
22 oo 0) |

—/\ZyLQ ruf’(x, t)Jng(f, t)dédtds,

JO

SMSJ [958 5, ) 2 gt + 222 e JHut (602 gt

+ T|Q||aQ|J | ety (x, t)||L2<Q>dt,
0

A’?’QJ uﬁ,(x, T)JTJ MN(Ei t)dEdtde
o0 00
A Q & 2 l(S) 2
< % (;HV”IT\]T( ’T)HLZ(Q) + 8—7Hulfvf(x, T)HL2(9)>

A, T
e ne i NECE A
0

—)L3QLQJTuﬁ(x, t)JQ ul (&, t)dEdtds,

A
< ;Q< J [Vl (x, 1) ”Lz<a dt +1(e J |ty (x, £) ||LZ(Q>dt>

2
+ 200 [ (s ), e

)\38J ul (x, T)J u (&, T)dEds,
00 0
A0 2 2
< 30 (T DIl o +1@ (5 D )
1,8
+ 2= 6121100 " (2, 7)| 2
(54)

—/136J ul (x, T)J ul (£, 0)dEds,
20 o

2 2
T)HLZ(Q) +1(e)ure (x, T)HLZ(Q))

1;8
+ 789\Q||E)Q\||uN(x,0)

< 2 (e vuitx

2
||L2 Q)
(55)

A 8J J i (% )J u?](f, t)d&dtds,
(0}
N
< 7( J 1938 ()7, gt + Ko J Yo )| O)dt>

- 1000 5 )} g e



Aﬂj uJTVT (x, T)J ulf (& T)dEds,
20 Q

_y (sHVuIT\]T(x 7)|°

)HLZ Q)

A
+—810|Q|‘aQ|Hu (67|12

—/\3)/LQ ufT (x,7) JQ ufl (&,0)déds,

< M (sHVuITVT(x T 2
11

HLZ(Q) +

A
" %ysulﬂl\aﬁll}”?(x’ O)Hiz@

—)»ﬂLQJTuﬁ (%, 1) L} ul (&, t)dEdtds,

Ay
s _ej [zt HL2 dt

l£)||u1;’r(x

le)HuIT\’T(x

2
T)HLZ(_Q))

(56)

2
T)HLZ(Q))

A
+ 20 + |o||ao|>jo|\uii (5

=

<,\(

pre( T)HLZ(Q) )

-r-r-r(x T)’ ulr\j(x’ T))LZ(Q)’

N 2 A

A
SJ[ZAER T)HLZ(Q)

‘7“”

<A ( TTT('x T)’uﬁ’(x’ T))

— MHMN

)
<A oc( (% 7), uN(x,T))LZ(Q),

/\ Qs 2 A0
= HV ||L2(_Q) .

S)ng(Vu (x, 7).,V (x, T))LZ(Q),

A,0¢ 2
_% [vu T)HLZ(Q)

< A0V (x, 7), Vil (x, T))LZ(Q),

As8ey,
2

< A38(Vud (x,

[Vl (x, T)Hiz( A 8814

T),Vul;; (x,

[Veire
))LZ(Q)’

Ay (e (3, 0), (6, O))LZ(Q)

jHum X O)HLZ(Q)

%Hulfr(x T

LZ(Q))

_ M0 ||Vu¢’T(x T
2¢5

)HLZ(Q)

2
7) HLZ(.Q)

2
- EHV“IT\I(’C’ T)HLZ(Q)

2
HLZ(Q)

2
% 1) HLZ(Q)

+ ?1 [EAes O)HEZ(Q)

" H”N(x’ 7) Hiz(g

mzHurN(x’ T)”;(Q) < mzHuf’(x, t)Hiz(Qr)

m3||ulrvr(x’ 7) HEZ(Q
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Ala(uﬁ(x, 0), ul (x, 0))L2(Q)
Aoy n

2
< 5 e Oz + = 14 G0 )

A2 (u{\t]t(x’ O)’ u{\t]('x’ 0))L2(Q>

}L
= H”ttt HL2 0 : Huft'(;c, O)Hiz (o)
(®)] 2 Q)

A,0(Vul (x, 0),Vuy (x, 0)),. 2@ )

g79|‘VuN x, 0 HLZ +—QHV“ x,0 HL2

A3Q(VuN(x> 0)’Vu1t\g(x’ 0)) X(Q )
A,
< 7QHVu (x,0) HLZ( + —QHV”n (%, 0) HL2
A8 (Vay' (x,0), Vg (x, 0))L2(Q)

) A (8)
< 735HV“?](’C’ O)HIZ,Z(Q) + jgéHvulf\fl(x’ O)Hiz(ﬂ)

T A (7
b ) 3 | e

0 (59)

A
+7hmﬁth dr,

A3QJ (Vuy Vutt) dt< Ase J (| Ve (x, 1) HL2 dt

/\
222t )

(60)
Combining inequalities (46)-(79) and equality (45) and

making use of the following inequality:

< [ (x, t)HiZ(Q,) +my || (x, t)||i2(Qr)

+my | (x, O)Hiz(o)

| (e )1

+ my ||y’ (x, O)Hiz(o)

) < ng”uﬁ(x, t)Hiz(Q,) + m3H”ﬁt(x’ t)”iZ(Qr)

s | (x O)Hiz(o)

2
9652 g < 9 )

+mexﬂb)+qu&0m®

mﬂ%ﬂxﬁ”é <mmW1xtHP

(61)

+m5HVutt X, t HLZ +m5HVut X, 0 HLZ
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where
A A A
1,0 ;0 +{%Q F m‘*}HWN(x’ O]
my = == &| Q|00 + =~ £5|2/|00], A 8 A 1.8
2 2 +{%Q+%+%+L+m5}||Vuf7(x,0)Hiz<Q)
B0 A1 I 0 (06), oy o
e P ‘o P +{ ;Q+ 2 3))}HV tt ||Lz
2Y Asy A
7% + —-elQlo0)+ 5 T 5
6 +(y, +my) Hu (x,t)HLz(Q)dt
0
_helle), A316) | 310 | Aylle) | Asye)
T2 2 ¢ 2 ¢ 2 ¢ 2 e ’ 2 r
R 7 N 3 9 10 11 +(y2+ml+m2)J Hu?’(x, t)HLz(Q)dt+(y3+m2+m3)J
2 Mo 0 0
> 2
22 [l t)HLZ(Q)dt
A A A
my = 1Q 1Y - 29813’ A . .
281 2 2 +{21 +A2—/\3(x+m3}J Hui\tf[(x, t)HLZ(Q)dt
_Mee /\26 e Mde Mye Mye Ao Adey, A
5—75 T€+75+TQ+T§+E+ 3 +{;Qg+m4}J HVM X, t HLZ dt
(62)
we have +(yy +my+ms) J HV”t (x HL2 dt
(63)
AQ 2 ﬁ N
A 5 s+ 2 i e[ 9
Lo AB )
= +2t Hufr(’@ T)HLZ Q where
\2 772 (@
A A AIQ £, T|Q||902 IQ Q|0
__1 2L )| £||VuN(x i Y= |Q2[]00] + —=(I(e) + |2[]002])
2 fm e g e LS+ A
¥ (%) 10]jo0] + —52T|Q||aQ|
Ay A6 N 2
S SRR 4 ALl P A a0+ 20000,
¢ 2
Aee A /\88_/\3ys_/\3ys_)tzg A Ay
+{ 28 28 2& 2e, 26, 26 26, 2}

[V T HLZ(Q)

S{A;_‘S 1Q)[0QT + ?monam + ?sgmnam + ml}

[l O)HiZ(Q)

Ay A A
{ \Q\|6()|T+— G\QHBQH—e“\QHa.Q|+—1+—a+—ﬁ+m2}

2

[l O)HLZ(Q)

fre (e

2 [
2
+ {— + 72 f}”um x,0

i@

2
) +m3}||u" x,0 HL2(Q)

M8+, AS My +2A,68
n= (A1) o 2000 (120 )+ o)

A A 1,8
+ 06+ 2V 1) + 220100,
2 2 2

0 A8 A
vy= 2 1000+ 2206 + 221(e) + Y 1(e) + 02
— +()L1(x—)t2/3),
. (A16+AZQ)€+ LI ()Lly+/\28)€+ My, Ay,
2 2 2 2 2
A50
Tt (A p = A,0),
I 150
= e e 22 (o- by (64)
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Choosing ¢, €5, €9, €19 €11> €113 and &, sufficiently large

hee Ade Ade dye dye Ad de

>
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<D {1066 ) g+ 198 0+ 14

2 e, 2 28 2&, 28, 28, 2513 2 ,
(65) +||V”t (%t HLZ + Huft](x, t)HLZ + Hvutt (x t HLZ
the relation (80) reduces to * Hut” *1) HLZ(Q) }dt
2 2
{1 o) [y + 198 ) [ + 182 G #D{ [ (5, 0y [ 5 ) [y
+ Vu (%7
| HL2 | (x, O)Hiv;(o) + [ (3 O>H22(Q)}’ (66)
2 2 2
+||uzr\/'r(x T)HLZ(Q) + HVMZ;IT()C, T)HLZ + ”urrr T)HLZ(Q)} where
max {(A,6/2)|Q|[0Q|T + (1,8/2)&,]Q|[00] + (A36/2)ey|Q2]|0Q| + my, (A,/2)|Q||0Q|T + (A,/2)e4|Q| |00
+(A312)e1|Q)[0Q] + (A,/2) + (Aya/2) + (A, B12) + my, (A,12) + (A a/2) + (A,a/2) = (A3 8/2) + m3, (A1/12) + (A,/2) + (A5/2)

(Me/2) +

(A,0/2) + (A30/2) + my, (A,0/2) + (A36/2) +

(AL p12) + (A,6/2) + ms, (A30/2) + (A38/2) = Azy12,

Py ML Y, + My, Yy + My + s, (A2) + A, — Aya+ m,

(M0/2)e + my, y, + my + ms, ys + ms}

min {(A,0/2¢))l(¢), (A, B/2), (A,&/2) +
A3l2 = A 12 = A,12, M012, (A y/2) +
(430/2)(eleg) = (A3¥12)(elesg) =

~(As/2)(efe) ~ (As312) (eley) -

Applying the Gronwall inequality to (60) and then inte-
grating from 0 to 7, it appears that
16 Oy #1046 Dy + i 1
> IwQ) A AIwQ) A W@
£DeDT{H“o(x)||%v;(o) + H”l(x)”%/vg(o) + ||”2(x)|‘iz(o) + ||”3(x)|‘iz(9)}-
(68)

We deduce from (84) that

+ e [y 0, SA-

(69)

+ | 0|7,

2
[ 6)][ wl(Q,)

w2<QT)

Therefore, the sequence {u"} ., is bounded in V(Qy),
and we can extract from it a subsequence for which we use
the same notation which converges weakly in V(Q) to a
limit function u(x, t); we have to show that u(x, t) is a gener-
alized solution of (4). Since u™ (x, t) — u(x, t) in L*(Qy) and
uN (x,0) — {(x) in L*(Q), then u(x,0) = {(x).

Now to prove that (3) holds, we multiply each relation in
(15) by a function p,(t) € W}(0, T), p,(t) =0, then add up the
obtained equalities ranging from /=1 to / = N, and integrate

(L,B12),
(L,072),

(A3pl2)(eleyy) — A,0128,5 — 13812814 — A3y/2}

(67)

over t on (0, T). If we let ¥ = Y3 p,(£)Z
_a(uf{,ny)Lz(Q

(V) o + (V) o =Y (VR g

] e[ )

r]N X, t

" 5LQJOT;1N (x t)JQuN(E, ) dEdtds,

o] [,
T

- N NE dE \ds.d
%WJ(Lu@oQ%r

T
(oo
=y (A (x,0),7(0)) 12

(%), then we have

_(ult\it’ UiV)LZ(QT) ) ﬁ( M )L2 (Qr)

)
uN(E, 0)dédtds,
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+(u£\t]t(x’ 0)’ nN(O))L2<Q) + a(uft](x’ 0)’ WN(O))Lz(Q)

S (70)
+ ﬁ(utt (%, 0), 17 (O))LZ(Q)’

for all 7 of the form Y}, p;(£)Z;(x).
Since

||| (0@ - uie m)dee <TI0 - ],
Q

0

u (§1) -
T 5 172

< IQl(J (7" (x,1)) dt) H”ﬁ””t”ﬂ(%)’

T
[ 7] &0 - (e 0))de
<[ 0 0)) 0

u, (&, t))dédt

||uN—u||L2<QT) — 0, asN — o0, (71)

therefore, we have

QLQJ:nN(x, t)Jt JQuN(E, T)dédrdtds,,

0

- QJaQJZq(x, t)Jt Jou(ﬁ, T)dédrdtds,,

0

SLQJ:qN (x, t)JQuN(f, t)d&dtds,,

R aLQ J Zn(x, t)JQu(s, ) dEdtds,,
(x. 1) 5

5 J - J oT"N t J uN (&, 0)dEdtds, "

T
—— J n(x, t)J u(&,0)d&dtds,
20Jo Q

—YJT nﬁ“ (J ul (&, t)df) ds,dt,
0J aTQ (0]

] f o] o

] (] o)

- ymmm (Lu(ﬁ, O)d£> ds,dt.

Thus, the limit function u satisfies (3) for every " =
Y pi(£)Zi(x). We denote by Qy the totality of all functions

11

of the form #N = Y1, p,(£)Z;(x), with p,(£) € Wi(0,
)=0.

But UY,Qy is dense in W(Qy), and then relation (3)
holds for all ue W(Qy ). Thus, we have shown that the limit
function u(x, t) is a generalized solution of problem (4) in

V(Qyp).

4. Uniqueness of Solution

T), py(t

Theorem 3. The problem (4) cannot have more than one gen-
eralized solution in V(Qy).

Proof. Suppose that there exist two different generalized solu-
tions u; € V(Qy) and u, € V(Qy) for the problem (1). Then,
the difference U = u; — u, solves

U,y +aU, + BU,, —0AU - SAU, - yAU,, =0,

U(x,0)=U,(x,0) = Uy(x,0) = Uy, (x,0) = 0

ou_ Jt Lu(s, 7)dEdz, x € 30,

0

and (3) gives

~(Uupv )LZ(QT) a(Uys Vt)L2(Q ) - B, Vt)LZ(QT)
+Q(VU V), +8(VU V) 2@y -y(VU,Vv,)

(J u(€, 1) dEdT) ds,dt
a0 \Jo
5J J " Jau (& t)déds, dt - JTJant <JQuT(E, t)dfdt) ds,dt.

L }(Qy)

+
(74)
Consider the function
J U(x,s)ds, 0<t<T,
v(x,t)=q J¢ (75)
0, 7<t<T.

It is obvious that v € W(Qy) and v,(x, t) = —U(x, t) for all
t € [0, 7]. Integration by parts in the left hand side of (75)
gives

1
o V) 2(q,) = (Une(67), U 7)) 12 ) = 2 U (% T)”iz(o)

(76)

(Ui ) = U, U )~ ] 1050l

(77)

~BUbv)pq,) %) 720 (78)
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Q
VU)o, = 5 [Vv(x, O)Hiz(o)’ (79)

O(VU )0, =0 1700 st (80)

Y
_V(VUt’VVt)LZ = 2 HVU(x, T)HIZJ(_Q)’ (81)

(Qr)
Plugging (76)-(95) into (88), we obtain
(Ure(%,7), U(%,T)) 2 ) + (U (%, 7), U (X 7)) 2

g
+ U

Q
)T 3 Vv (x, O)Hiz(o)
Y
+ EHVU("’ T)HiZ(Q)
T T
=ajo||vt<x, t>||iz(mdt—8jo||\7vt<x, )2t
T t
+Q v(JJ U(s, T)dfdr) ds,dt
0JoQ 0JQ

+6 VJ U(E, t)dEds,dt
00 JQ

-y v, (J U(¢, t)df) dsdt.
JoJao Q

Now, since

1 2
- EHUT('X’ T)”LZ(Q)

(82)

V(% ) = <JTU(x, s)ds)z STJ;UZ (x,5)ds,  (83)

t

then
IVI220,) < 71022 q,) < T2 N UlI22(q,)- (84)

Using the trace inequality, the right-hand side of (96) can
be estimated as follows:

oo

< ST20e) + 10020} 1V Ol gy + S 19

J J v[ U(&, t)dEds,dt < —{T2 + \Q||6Q|}J [|U(z, )Hiz(_o)dt

0
6
e[ 190t 0o e

J J <J U(, t)df)dsdt:YJTLQV(JQUt(g, t)df) dsdt

s
+ ESHVV”Lz Q)

I 2 2
zl(s)T 1Ull22(q,)
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Combining the relations (98)-(101) and (96), we get

(Ure(6:7), U 7)) ) + (U (% 7), U, 7))

() 20

B 2
+ EHU(’C’ @)

+§||Vv(x, 0)|12

Y 1
20 * 5 IVU(x, T)Hiz(o) - E”Ur(x’ 7)|;

HLZ(Q)
Lm0 + 10100 + S (Te) + 10100 + i) T
< ST(U(e) + (21100 + 5 (T1(e) +(21[002)) + L1(e)
: LHU(x, )t
QlloQ 1
+<a+Y|"> qu( £)[12 0t + jnUn(x, £)|[2 ot

Q+6+ T
+< : y)gj | Vv(x, t)Hiz(Q)dt. (86)
0

Next, multiplying the differential equation in (73) by U,,,
and integrating over Q, = Q x (0, ), we obtain

(Utttt’ Uttt)Lz(QI) + ‘X(Utw Uttt)LZ(

Q) + /3(Utt’ Uttt)LZ( Q,)

— Q(AU, Ufff)Lz(Q,) - 8(AUt Uttt)LZ< ) Y(AUp Ut[f) ( ) =0.
(87)
An integration by parts in (102) yields
1
(Uito Unt)(q) = 5 | Uere (5 D120 (88)

T
a(Uyys Uttt)LZ( _“J U e (%, )”iz(o)dt’ (89)

o)

BUi Uiz g = 5 1Uec (6 D0 (90)

(AU, Uyyy)12(q,) = QVU(%, T),VU . (,

@)= Do)

- AU (60 g - Qj Uy (0 7)
00

( U, ) dEdn) ds,
wf o]

O(VU, (%, 7). VU (% ))LZ(Q)
- (SLHVU,,(x,) oyt = 8Lo U, (x,7)
J U(£,T)d§dsx+6JTJ U(x,t)
o 0Jaa
J U,(& t)dEds,dt,
o

(&, t)dédtds,,
(91)

~8(AU, U) (g, =

(92)
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V(AU U, = LIV >Mm»—yLQUﬁuno

J U. (& T)dfdsx+yJTJ U (1)
Q 0J 00
J Uy, (&, t)déds,dt.
Q
(93)

Substituting (88)-(108) into (102), we get the equality

1
3 [ Uree (%, T)Hi?(_o) *t3 [Ure(x T)Hiz(o) +Q(VU(x 7). VU (%, 7)) 12 q)

Y Q
(VUL (6 1) VU (6 7)) ) + 5 VU (6 D)) = 5 VU013

=—a[7|\Um(x, O+ 8] V0,05 o
[ U, <J [ U n)dqu) ds, —QJ JO Uy (x, t)'[OU(E, £)dédeds,
J U (ot j (€, 7)dEds, - J;Lﬂ U, (x, t)JQUt(E, f)dEds, dt

J Upe (% TJ (& 1)dEds, - J;LQU“(X’ t)JﬂUt,(E, t)déds dt.
(94)

The right-hand side of (109) can be bounded as follows:
of vntn)([ ] v maan)as
20 oJa
Q
< ? (8||VUTT(x’ T) Hiz(o) + l(S)H U‘r‘r(x’ T) Hiz(ﬂ))

1
Qmaqal[ U 1% dt
& T[0Q| |o” (%, )HLZ(Q) >

o et

| {el7Uas 01 0, + 1OV 5 s

Q T
+ E|Q||aQ|J |U(x, t)||§2(9>dt,
0

U(E, t)dEdtds,

<

NS Ye)

SJ U"(x,‘r)J U(&, 1)dds,
oQ o)

8
< 2 (EIVU ) +

2

Clmel

)
+ 5 &TI0/02[|U (% 7)1q

T ) T
< —SJOHVUH(X, t) Hiz@))dt + EI(S)JO|| Utt(x’ t)”iz(!))dt

8 T
+ §T|Q\|8Q|J 1U (5 £) 2 gyt
0

—8J;LQ Uy, t)JQ U, (&, t)dEds, dt
0
2

13

yJaQ U‘r‘r (x’ T) JQ U‘r (E’ T) dédsx

4
< L (el VUL (D)l g +

3

(Ve (5, 7) )

Y
+ 5 8TI0)0QY||U- (% 7) |72

Uy (x, t J U, (& t)déds, dt

V
5<4waom e e[ VU, o )l o
Y
« L0 [ 10, (5. .
0

(95)

So, combining inequalities (110)-(115) and equality
(109), we obtain

1 2 B e g 4 2
3 10 Pl + {5 - a7l 310~ 306 [V x Pl

8
*fsTIQIIaQHIU (6 D)1z = 5 ST U 7) 72

y e 9o 2 Q 2
YoRe 2 Y elivu, - QU (x,
{3 e shem eIl - IV Dl

+(VU(x, 7),VU . (, T))L2<O) +8(VU,(x,7),VU,, (X,T))Lz(o)

! 2 e q y Y
<] [V )t + 5106) + 510) + SHe) + TTI00)
j 1Uua ()]

Q Q '
+{JelTiacya)+ 5 \Q||BQ\}JOHU(x, D720t

6 T
+ 51100 U, )

Jo
+{ 6+ gs+ §s+ Xs I‘T||VU (x,)||2Z dt.
272 2 ), T

Adding side to side (101) and (116), we obtain

B 6 1
{5 - Seimaparh i g +{-5 -

%ﬁmwm}
U )

B @ s vy } 2
+_ T - = (&) =I(e)— — I(e U_(x,1)||52
{53t He) s = L1 {1V
1
+ E”UTTT( )HL2

HUpg(60), U 1)) o) + (U (57, U ) g

Q 2
5 [Vv(x: 0)[|72(q)
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+(VU(x, 7),VU . (
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Now, to deal with the last term on the right-hand side of
(117), we define the function 0(x, t) by the relation

(97)

O(x,t) = Ji U(x, s)ds. (98)

0
Hence, using (89), it follows that

v(x,t) =0(x, 7) = 0(x, t), Vv(x,0) =VO(x, 1),

||VV||22(QT) =[|[VO(x, 7)-VO(x, t)”iz(o)

< 2719805 1)) * V06 D2 g, )-
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And we make use of the following inequality:

o a
S U@ D)l1E20) = 5 1UCo D0y < (U6 7), U T)) 2

1 1
51U DIz = 51U DT < (U (67, U 1) 20

Q
ST HVUTT(x’ T :
&4

Mz )~ 84HVU(x T)HL2 Q)

Q(VU(X T) VUTr(x T))L2 Q)

8
_?HVUTT(’C’T)H%Z(Q €5HVU (% T)HLZ 0) SO(VU (%, 7),VU (%, T))LZ(Q)’
5
m | U(x7)720) < i [U (6 8|7, +mull U5 )2,
)

my || U+ (% 7)1 2y S M| Ui (% t)”[
5| U e (4 7) |72y < 13| U (3 1) [ 2

my|[VU(x 7)||12 0

+m2HUtt (% t)”[
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(100)
Let

1 6
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2 2e
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choosing €, ¢&,, &, &,, and &, sufficiently large:
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Since 7 is arbitrary, we get that ¢/2—7e(@+8+y) >0
thus, inequality (117) takes the form
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T

S{yi + ml}JOHU(x, t)||iz(9)dt + (y;+ m, + mz)J
U (% t)”i%n)dt

0 +s<g+a+y>j0|w9<x, 1) 3 0t

T T
+m4j0uvv<x, )2 oyt + <m4+m5>jonvvt<x, 1) oyt

T

+{Y; tmy+ m3}J [ U (. t)”iz(g)dt + (ms — “)J
0

U (%, t)HiZ(Q)dt

0 2

+{§s+ %£+£§ +8+m5}J IVU,,(x, t)Hizm)dt, (103)
0

where

i= SelT(00)|0) + 21000 + ST (I(e) +[0]j202)) + g(Tzl(s) +[01]00) + i(e) 17

QloQ| & 104
AP s T BRSPS o) (104)
2 2
= 2102+ Qie) + Lie) + Li)00.
2 22 2 2
We obtain
U T)Hi?(n) +[[Ue(x T)Hi?(n) + U (% T)HEZ(Q) + U (% T)”il(o)
+[VU(x T)Hiz(o) +[VU(x T)”iz(n) + VU (% T)Hiz(o)
+[[VO(x, T)HEZ(Q) SDL{HU(X’ t)”ii(ﬂ) +[|Ui(x t)HiZ(Q) +[[Un(x t)HiZ(Q)
+ (| Usae (%, t)“iz(m +|VU(x, t)HiZ(_Q) +[VU(x, t)||iz(_o>+||VU”(x, t)HiZ(Q)
+ 605 1)]: )}t
(105)
where
max {(yi+m1), (y;+ my + mz) LYyt My + My, My — a, my
4
D » My + s, (8/2)e+ (p/2)e +€(Q/2) + 8 + ms, (@ + 0+ 9)} (106)
min {(ﬁ/z), 12, ,(y12), {y/Z - (Q/zsi)s ~ 8/2e, - (y/zs;)e — Ql2el - 6/25;},
,{0/2-1e(@+8+y)}}
Further, applying Gronwall’s lemma to (133), we deduce We proceed in the same way for the intervals 7 € [((m
that —1)0/2e(@+ 8 + 7)), (mo/2e(@ + 8 +y))] to cover the whole

interval [0, T, and thus proving that U(x, 7) =0, for all 7 in
, , , , [0, T]. Thus, the uniqueness is proved.
UG D)2 0) + 1U206 D2 i0) + 1V (6 )20y + 1 Ve (% D)l 1200

VU D)) + VU6 1) [F2(0) + VU (6 7) 72 + VO D32 5+ Conclusion
<0Vre [O #} . In the study of the propagation of acoustic waves, it should be

"2 5 : ..
elpro+y) noted that the Moore-Gibson-Thompson equation is one of
(107)  the equations of nonlinear acoustics describing acoustic wave
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propagation in gases and liquids. The behavior of acoustic
waves depends strongly on the medium property related to
dispersion, dissipation, and nonlinear effects. It arises from
modeling high-frequency ultrasound (HFU) waves (see [10,
12, 34]). In this work, we have studied the solvability of the
nonlocal mixed boundary value problem for the fourth order
of the Moore-Gibson-Thompson equation. Galerkin’s
method was the main used tool for proving the solvability
of the given nonlocal problem. In the next work, we will try
to use the same method with the Hall-MHD equations which
are nonlinear partial differential equation that arises in
hydrodynamics and some physical applications. It was subse-
quently applied to problems in the percolation of water in
porous subsurface strata (see for example [45-48]) by using
some famous algorithms (see [49-51])
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In this paper, we study the different types of new soliton solutions to the Landau-Lifshitz equation with the aid of the auxiliary
equation method. Then, we get some special soliton solutions for this equation. Without the Gilbert damping term, we present a
travelling wave solution with a finite energy in the initial time. The parameters of the soliton envelope are obtained as a function

of the dependent model coefficients.

1. Introduction

Nonlinear partial differential equations have different types
of equations; one of them is the Landau-Lifshitz equation
that is relevant to the classical and quantum mechanics. Non-
linear evolution equations (NEEs) which describe many
physical phenomena are often illustrated by nonlinear partial
differential equations. So, the exact solutions of NLPDE are
explored in detail in order to understand the physical
structure of natural phenomena that are described by such
equations. A variety of powerful methods have been used to
study the nonlinear evolution equations, for the analytic
and numerical solutions. Some of these methods, the
Riccati Equation method [1], Hirota’s bilinear operators
[2], exponential rational function method [3], the Jacobi
elliptic function expansion [4], the homogeneous balance
method [5], the tanh-function expansion [6], first integral
method [7, 8], the subequation method [9], the exp-
function method [10], the Backlund transformation, and
similarity reduction [11-29], are used to obtain the exact
solutions of NLPDE.

In physics, the Landau-Lifshitz-Gilbert equation, named
for Lev Landau, Evgeny Lifshitz, and T. L. Gilbert, is a name
used for a differential equation describing the processional
motion of magnetization M in a solid. It is a modification

by Gilbert of the original equation of LLG equation (see
[30]) can be written down as

%s = aSAAS - BSA(SAAS), (1)

here, S=(S,(t, ), S,(t, x), S5(t, x)) € SP>R*, a >0, % + 5

=1, A denotes the cross product. The term multiplying with
o represents the exchange interaction, while the f term
denotes the Gilbert damping term. Especially, two extreme
cases of (1) (f=0 and a =0, respectively) include as special
cases the well-known Schrédinger map equation and har-
monic map heat flow, respectively. The well-posedness prob-
lem of the LL(G) equation are intensively studied in
mathematics, to list a few, in 1986, of the weak solution of
the LL(G) equation. Under the small initial value, the global
existence of the solution in different spaces [31-33] was
proved. The first progress on the existence of partially regular
solutions to the LLG equation was found [30, 33-36]. Even
for the small initial data, the exact form of the solution is still
unknown. On the other hand, whether the LLG equation
admits a global solution will develop a finite time singularity
from the large initial data is an open equation.
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2. Auxiliary Equation Method

Let us consider a typical nonlinear PDE for q=q(x,t),
given by

U(4y>qp+++-) =0. (2)

Under the wave transformations of g(x, ) = Q(&) and
&=o0x—It, Equation (2) becomes an ordinary differential
equation given by

U(Q, 0Q'-1Q, ) 0. (3)

We assume that the solution ¢(&) of the nonlinear Equation
(18) can be presented as

Q) = ZA,- Yi(E), (4)

in which A;(i=0,---,n) are all real constants to be deter-
mined, the balancing number M is a positive integer which
can be determined by balancing the highest order derivative
terms with the highest power nonlinear terms in Equation
(2) and Y (&) expresses the solutions of the following auxiliary
ordinary differential equation:

ary 2 2 3 4
<d5) SO+ E) 451 E, ()

where s,, s,, and s, are real parameters. Equations (6), (7), (8),
(9), (10), (11), (12), (13), (14), (15), (16), (17), (18), and (19)

with A =s3 — 4s; s, give the following solutions:

Case 1. For s; >0,

5,5, sech’ (\/(517)f>

& - 5,55 (1 +& tanh (\/Ms)) ' ©)
Case 2. For s, >0,
55, csch? (\/mg) | o)
- 555 (1 +£ tanh (m@)
Case 3. For s, > 0, A >0,
25y sech (V58) ®)
eV/A-s, sech (/5€)
Case 4. For s, <0, A >0,
25, sec (y/55) ©)

eV/A-s, sec (\/=5.€) .
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Case 5. For s; >0,A <0,

25, csch (/5,8) . (10)
ev/~A—s, csch (\/s_l’g’)

Case 6. For s; <0,A>0,

25 csc (/=5,€) . (1)
eVA-s, csc (/75,€)

Case 7. For s; > 0,83 >0

-5, sechz((\/s_l/z)f) (12)
5+ 28 /57 tanh ((V52)E)

Case 8. For s, <0, s; >0,

=5, sec’((y/=5,/2)¢) . (13)
s, +28,/75;5; tan ((/=5,/2)¢)

Case 9. Fors; > 0,55 >0

sy esch’ ((/57/2)€) . (14)
sy +2€,/5,5;5 coth ((/5,/2)8)

Case 10. For s, <0, s; >0,

=5, o5 ((v/=51/2)¢) . (15)
s, +28,/=55; cot ((,/=5,/2)&)

Case 11. For s; >0,A=0,

—z—;<l+ftanh (VTS_%)) (16)

Case 12. For s; >0,A=0,

—2<1+Ecoth <V25_1§>> (17)

Case 13. For s5; > 0,

et (18)
(esvit — 52)2 —ds;s,
Case 14. For s; > 0,s, =0,
+4s, 86V (19)

1 — 455,258

Stage 2: substituting Equations (4) and (5) into Equation
(3) and collecting all terms with the same order of Y7
together, we convert the left-hand side of Equation (3) into
a polynomial in 7. Setting each coefficient of each polyno-
mial to zero, we derive a set of algebraic equations for A,
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A,,and A,. By solving these algebraic equations, we obtain
several cases of variables solutions [15, 37]

Stage 3: by substituting the obtained solutions in stage 2
into Equation (4) along with general solutions of Equations

(6), (7), (8), (9), (10), (11), (12), (13), (14), (15), (16), (17),
(18), and (19), it finally generates new exact solutions for

the nonlinear PDE (1)

3. Travelling Wave Solutions of the LL Equation
via Aem

In this section, we construct a travelling wave solution with-
out the Gilbert term [30]. Under the condition of the auxil-
iary equation method, we consider the following wave
transformations:

W, (6, 7) =€ ™ (F—ct)eV ), (20)

where ¢ and w are constants undetermined.
Here, we assume —c® + 4w > 0. Substitute (5) into (1)
[30], the separate real and the virtual parts, respectively, as

8(&) (w27 +y' (&) ~v'®)?)
+9E (wr ey’ (& +v' (&) + 69" ©) =0,
1)

¢'(©)(-c+29'(©) - 9&)7¢' &) (c+ 20 ©))

(22)
+ @)y (§) + &)’y (&) =0,

where £ =7 —ct. (21) and (22) are the nonlinear constant
coeflicients of ordinary differential equation system with
the variable &. According to (22), we can obtain a relationship
between y and ¢:

©- (1+98) (-e+2¢,+2¢,8)7)

s 23
2¢(£)° >

y

4, :—?s3<351 -12s, ))

240s; — 4w
351 - 125,
07 2405, — 4w’
s, =0,

where C, is the arbitrary constant. If we set C,;=0, we have

(1)
v (§) ——W- (24)

Substituting (24) into (21), we get

G433 G(E) + (- 4w)g(§)° +¢(€)° (3c2 — 4w + 8¢’ (5)2)

49’ (1+9(°)¢"(®) =0.
(25)

4. Results

By the auxiliary equation method, the solution of (25) is
assumed as

$(8) = A, 1 (&) + A, (26)

From (5), we have

()
Y”

T2+ 5,17 () +5 1),
(27)

(s, Y (&) +3s, Y2 (&) + 4s, Y’3(E)),

NS

where A, and A, are constants. Substituting (26) into (25)
along with (27) and comparing the coefficients of alike
powers of Y'(&) provides an algebraic system of equations,
and solving this set of algebraic equations by used of the
Maple, we obtain several case solutions. For example is
as follows.

Set 1:

<\/ 10\/ 255,(35,) + (~3120w — 10800s3 )s5(3s, ) + 144(w + 90s;)? + (150s, — 10800)s, + 480w) : (28)



—_
v
(=}

—_
(=3
(=}

w
(=]

|
v
(=]

|
—_
(=1
(=}

-150

(=}
b b by b b b Ly

-7

FiGURE 1: Graphical behavior for ¢, (7, ), for 7,t = -m..m,s; = -1,
s3=lLandw=1.

From set 1 and Eq. (26), we have

20 3s; 3s;
PE) =75 <24053 - 4w> O 205, a0 @

So, solutions of Equation (5) are obtained in (6), (7), (8),
(9), (10), (11), (12), (13), (14), (15), (16), (17), (18), and (19),
we have final solutions of Equation (1) and Equation (25) as
follows:

_ 20 3s,
> t = —_—— —_—
hun 1) =55 <240$3 - 4w)

N csc?((y/=51/2) (7 = ct)) 35, — 125,
2e\/=5;5; cot ((/=51/2)(F—ct))  240s; — 4w’
(30)

In Figure 1, the graphical behavior of solutions ¢, for
s;=—1,s;=1,andw=1 in different values of 7 and ¢ is
illustrated.

25, sec (/=s;(T —ct))

&\/—4s,53

_ 20 35,
)=-"" x
$alP 1) =75 <24Os3 - 4w>

N 3s; — 12s,
240s, — 4w’
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FiGURE 2: Graphical behavior for ¢, (7, t), for 7,t = -m..m, s; = -1,
s;=lLandw=1.

3n ™
4

n s
1 2

r

FIGURE 3: Graphical behavior for ¢,(7,¢), for 7,t=-m..m,5, =1,
s;=lLandw=1.

In Figure 2, the graphical behavior of solutions ¢, for
s;=—-1,s;=1,andw=1 in different values of 7 and ¢ is
illustrated.

20 3
NEDE 3% <2405:%4w>
L8 esch® ((y/51/2) (F—ct)) .\ 3
2¢,/5,5; coth ((\/5;/2)(F—ct))  240s; — 4w
(32)
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FIGURE 4: Graphical behavior for ¢>6(?, t), for 7, t=—-m.m,5 =1,
ands, = L.

In Figure 3, the graphical behavior of solutions ¢, for s; =
1,53 =1,and w = 1 in different values of 7 and ¢ is illustrated.
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FIGURE 5: Graphical behavior for ¢,(7,t), for 7,t=-m..m,5, =1,
ands, =1

(es\/s',(?—d))z * 240s; — 4w’

¢s(7, 1) = —@% il x — + , (33)
> 3 77\240s; — 4w/ 1 -4s;s;e250t) 24055 — 4w
W, (t7)=e ™ ¢(r- ct)e =),
- c(l + ¢(€)2) @ c(l + gb(f)z) i
2¢(8) 2¢(8)
1
=35 <\/ 10\/2553(351)2 + (~3120w — 10800s5)s5(3s,) + 144 (w + 90s5)* + (150s; — 10800)s; + 480w> . (34)
Set 2: From set 2 and Eq. (26), we have
_ =57 (5,7 +2255,%) (=905, +5,) o ,
1T T2w(2s," - 755,35, + 1181255,1) bE) = (51 +2255,%) (=905, +5,) j- L s
1 s 12w(2s,* = 75s,3s, + 118125s,%) 155,
Ag=——"21,
15 Sy (35)
s3=0,

So, solutions of Equation (5) are obtained in (6), (7), (8),
(9), (10), (11), (12), (13), (14), (15), (16), (17), (18), and (19),
we have final solutions of Equation (1) and Equation (25) as
follows:



st 2590 )
P6(7 1) = 12w(2s,* — 755,75, + 1181255,%)

-s;5, sech’ (5, 72(F—ct)) 1
X - =

s 155,

(37)

In Figure 4, the graphical behavior of solutions ¢, for
s;=1,5,=1 in different values of 7 and ¢ is illustrated.

. =57 (5,7 +2255,%) (=905, +5,)
7, t)=
¢ (7. 1) 12w(2s,* — 755,35, + 118125s,%)
—s;5, esch? (Vs 72(F—ct)) 15,
X _——

s 15s,

(38)

In Figure 5, the graphical behavior of solutions ¢, for
s;=1,s; =1 in different values of 7 and ¢ is illustrated.

=57 (5,7 +2255,%) (=905, +5,)

)=
P57 1) = 1325, =755, + 1181255,
25, sech (\/5;(7 = ct)) 1s,
X ]
es, — s, sech ((/5,(F—ct)) 155,
- —5,7(5,% +2255,%) (=90s, + ;)
o (7, 1) 1 )

" T2w(2s,* — 75s,%s, + 1181255,")
45168\/5(7760 1 51 (39)

X - 5 -—=,
(ee\/ﬁ(r—ct) _ 52) _ 45152 15 S

4 s, 1s;
c= —— t4|w/|{6- ——).
15s, 155,

For more convenience and understanding, the graphical
behavior of the answers is considered (see Figures 1-5).

(40)

5. Conclusions

This paper derived new optical soliton solutions of the
Landau-Lifshitz equation, which describe the propagation
of ultrashort pulses in nonlinear optical fibers by using
the auxiliary equation method. We boldly say that the
work here is valuable and may be beneficial for studying
in other nonlinear science. The exact solutions obtained
from the model equations provide important insight into
the dynamics of solitary waves. The solutions obtained in
this paper have not been reported in the old research.
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In this paper, the Crank-Nicolson (CN) and rotated four-point fractional explicit decoupled group (EDG) methods are introduced
to solve the two-dimensional time-fractional Burgers’ equation. The EDG method is derived by the Taylor expansion and 45°
rotation of the Crank-Nicolson method around the x and y axes. The local truncation error of CN and EDG is presented. Also,
the stability and convergence of the proposed methods are proved. Some numerical experiments are performed to show the

efficiency of the presented methods in terms of accuracy and CPU time.

1. Introduction

Fractional calculus is a generalization of the integration and
derivation of integer order operators to fractional order that
allows us to describe a real system more accurately than inte-
gers. Although the fractional order of a real system may be
low, it is yet considered as a fractional system. An important
feature of fractional calculus is its nonlocality. The fractional
derivative (and integrals) of a function is given by a definite
integral, thus, it depends on the value of the function over
the entire interval [1]. Researchers confirm the existence of
interesting phenomena in nature, which cannot be modeled
by classical differential equations. To cope with this problem,
the nonlocality property of fractional derivative could be a
beneficial tool to study our considered system. Fractional cal-
culus has recently been used in various scientific and engi-
neering fields [2-4]. Some fractional calculus applications
in modeling and design of control systems are introduced
in [5]. The most recent developments and trends in the use

of fractional calculus in biomedicine and biology are pre-
sented by Ionescu et al. [6]. Based on the fractional calculate,
Tang et al. [7] proposed a new four-element creep model; this
model accords well with the experimental data of Changshan
rock salt. Fractional calculus has an extraordinary potential
in signal denoising [8]. Gong et al. discussed the generation
conditions of chaotic behavior and proposed the adaptive
synchronization control method for a class of fractional-
order financial system [9]. Numerous definitions of frac-
tional derivative have been introduced in the literature,
amongst are Riemann-Liouville, Caputo, and Caputo-Fabri-
zio [10]. The Caputo-Fabrizio fractional derivative on the
contrary of other derivatives has a nonsingular kernel.
Hence, it has been considered by many researchers [11-15].
Since to obtain the exact solution of fractional differential
equations is very difficult and sometimes impossible, it is
usually approximated by a numerical method such as finite
difference method [16-18], finite volume methods [19], and
spectral method [20].
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Burgers’ equation as a nonlinear partial differential equa-
tion is widely used in various areas such as fluid mechanics,
gas dynamics, and traffic flow which combine nonlinear
propagation effects with diffusive one.

In this paper, we consider the following two dimensional
time-fractional Burgers’ equation:

8“u+u 8u+8u _, 82u+62u oyt
o e T ay) e T D

(x,y)€Q,0<t<T,
with the initial condition
Uy, 0) =g (%, ), (% y) € 2, (2)
and the boundary condition
u(x,y,1)=0,(x,y) €0Q2,0<t<T, (3)
where v =1/Re, Re is Reynolds number characterizing
the strength of viscosity, Q=(0,1)x%(0,1), 0<a <1, and

the term 0"u/0t* denotes the «a order Caputo-Fabrizio frac-
tional derivative of the function u(x, y, t) defined as:

o t
o'u(x, y, t) _ M(oc)J ou(x, y,s) TS0 g, (@)
ot® l-a), Os

where M(a) is a normalization function such that M(0)
=M(1)=1.

We apply the finite difference method to solve Equations
(1)-(3). In finite difference, to find the value corresponding
to each grid point, it is used natural ordering (indexing the
grid of point from left to right and bottom to top by point
to point) or group to group. There are several different
methods to order the interior mesh point such as natural
ordering, diagonal ordering, and alternating diagonal order-
ing [21]. Different linear systems would be produced by dif-
ferent arrangements of the grid points.

We propose two finite difference schemes. The first
scheme is given by the Crank-Nicolson difference method
(by natural ordering). In this scheme, to obtain a more accu-
rate numerical solution, we should use a smaller mesh size,
which requires more storage space and computing time. In
order to fix this problem and accelerate the convergence,
we use the explicit decoupled group (EDG) method intro-
duced by Abdullah in 1990 [22]. Many studies have been
done in reference to the EDG method for examples [23-
26]. The EDG method is based on rotating the Crank-Nicol-
son difference scheme and group ordering of grid points.
Applying the EDG method to the Crank-Nicolson difference
scheme result in a new scheme in which the dimension of the
system is half of the dimension of the system generated by the
Crank-Nicolson difference scheme. On this account, half of
the grid points are obtained and the rest can be calculated
directly. Consequently, the EDG method can be favourably
used to reduce the computational cost. In addition, it is worth
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to notice that we can take advantage of parallel computers to
run it.

The rest of the paper is organized as follows. In Section 2,
the Crank-Nicolson difference scheme will be applied to
Equations (1)-(3), and also, we give the truncation error. In
Section 3, we describe the formulation of the EDG method.
The stability of these schemes is discussed in Section 4. In
Section 5, we analyze the convergence of these schemes.
Numerical examples are carried out to verify the high effi-
ciency of our method in Section 6. Finally, the paper ends
with a brief conclusion in Section 7.

2. UThe Crank—Nicolson Difference Scheme

For the numerical solution of Equations (1)-(3), we intro-
duce a uniform grid of mesh points (x;,y;, t,,) with x; = iAx,
i=0,1-1, y;=jAy, j=0,1,--+,], and t, =nAt, n=0, 1,
.., N.

Using the Crank-Nicolson approximation to Equations
(1)-(3), we have

n+1 n
@ n+1/2 N (uux)l";rl + (uux)?J . (uu),)l_’j + (uuy)i‘j
o), 2

(t)if + (u (”yy):;l + (”yy):j
+

+f2}-1/2 .

(5)

We use the following linearization technique for nonlin-
ear term (uu,)"™"" and (uuy)”+1 [27]

n+l _  n+l n n,n+tl _ _n, n

(uu, )™ =u" u +u'ul u"uy, ©
ntl __  n+l n non+l _ n_n

(uuy) ="+ My - uu

Substituting the above approximation into Equation (5),
we yield

n n+l
u el . ”znfl(”x)?] + ”7](”;:)?71 Ui (u}’)i,j + U (u}’)i,j
ot 2 2

1
) ((uxx)z; '
=v

2

+fz;rl/2'

i,j

n
(”xx)i,j +

A discrete approximation to the {¥D%u(x, y, t) at (x;, y i
t,.12) can be obtained by the following approximation
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where ¢, € (t;_;, ;). Then,

0%u (xf,}’j, tn+1/2) 1 - uk‘l L (tﬁl—s)
5 = ZJ — > e 2 /Jds
t T%a )y
1o *ﬁ(%ﬁ)
ST e
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and

Therefore, we have

1 &[T 7ﬁ(tn+li‘g)
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e ds
Z Jfkl

2(1-a) &

max |u, (xl-,yj, ck) ’At

1<ks<n d ( - (nked) at
= Z e 1-a 2

2a

max |u, (xi,yj, ck) ’At
_ 1sksn rs(d)ar _ e—ﬁ(m%)m)
20

max |u, (xl-,yj, ck) ’At
1<k<n o 1 1
~ n+ - — = |At
20 l-a 2 2

max |u, (x,-,yj, Ck) ’At
_ l<ksn At
- 2(1-a) "
max |u, (xl-,yj, Ck) ’Tﬂt
1<k<n
- S = O(At).
(12)
By setting
wy = e TRk DA _ gra(ke)an (13)
finally, we obtain
aa”(xi,)/j’ tn+1/2> 1 0 "i k
= — | ~wt ) (W gy ~ W, )Yy
ot« aAt e e
wyufy+ (w7 =) (17l )At)]

+ O(At).
(14)

Besides, utilizing the Taylor expansion, we have

azu(xi,yj, tn+l/2> 1 ;= 2uit . = 2ul Ul
0x? 2 (Ax)? (Ax)?
+0(AF + Ax),
(15)
2
d ”(xb)’j, tn+1/2) 1 upth = 2uf ol - 2ul vl
o 2 (4y)° @y
+0(AF + Ay?),

(16)



ou (x-,y», te )
i Vp L1
(2 ) 5

1 1 1 1
= iAx [”Zj (”?:1,1' - ”73;) + ”zn; (u?ﬂ,j - ”?71,;')}
+O(AF + Ax?),
(17)
ou (xi’yj’ tn+1/2)
) dy
1 1 1 1
R CEREA) RE A CARTY)

+O(AF + /).

(i

(18)

Using the Equations (14)-(18), we derive the following
difference scheme which is accurate of the order O(At + Ax?
+4y%),

k
~w,UY, + z Wy gy~ W, ) UL+ w0, U, + (U;fj“ - U;fj)DO

0(
_ U:":llj - 2Un+1 U:”llj U1n+1] 2U” + Uln 1,j
2 (A’f)2 (AX)2
v Ul —2unt + U;*]“1 Ul —2U8 + UL
2 (4y)* (4y)*

1
- m [Ut <Uzn++llj U:l+11]> Un+l <U1n+lj Uzn 1])}
- 15 [V (Vi - Ut + U (U - 03
+f<xi’yj’ tn+%>)
(19)

where D, = (1 - e (@/1=9)(112)41) and U}, represents the

approximate solution of Equation (1).
After simplification, we obtain

adt n adt " aldtv  aAtv
(Do A% (Ux+1] Ui 1]) a4y <U1]+1 U[,jfl) + W + W ij

aAtv alt aAtv aAt
_ _yr 2=y - + U Ul
(2( A )2 i,j 4Ax> i+1,j Z(AX) ”4Ax i-1,j

_ aAtvz_U?.aiAt U?tll_ aAtv2+U?‘a7At U?tll
2y sy )T N2yt Mady) Y

_( _ adtv alty >U” altv altv
=1%o 1

n

"+ — U+ —UY
ij Z(Ax)z i+1,j Z(AX)Z i-1,j

Ay ()

altv altv =
+——— U+ —— Ul +w,UY - Z(wn,kﬂ -

w, )UK + (aAt fl%.
2<A}/)2 ij+1 Z(Ay)z ij—1 ni, & nk) ij ( )fl,]

(20)

3. Fractional Explicit Decoupled Group Method

Another approximate formula for Equation (1) is obtained
by Taylor’s expansion and rotating Equation (20), 45°
degrees clockwise around the x — y axis. The Crank-Nicolson
rotation formula for Equation (1) is as follows
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~w,U%, + z Wy g =W, s) Ul + wy U+ (U = U3 ) Dy

alt
1 1
_v U; 1,j+1 _ZUH Uﬁjl] L U?—l,jﬂ 2Un + Uznﬂ] 1
4 h2 W
1 1, 1
v |U% 1T ZU:? U:Hl] 1 U?+1J+1 22U+ UL 4
4 W W

1 Un n+1 n+1 n+1 n+1
4h ((U1+1]+1+U1+11 1) (Ul 1,j- 1+U1 1]+1))

n+1

U
T — <(Uz”+1]+1 + Ul 1) (U?—u  + UL 1]+1))

2
1 [Uf
4h |: ((Un+1]+l + Utn:l11+1> (U’Hl] 1t U:Tll] 1)

—

n+1

U’
+ T((Un1;+1+Uz+1]+1) (U1 o1+ Ul 1))

st

(21)

where h=Ax=Ay. Similarly, the above-rotated differ-
ence scheme is accurate of order O(At + Ax? + Ay?). On sim-
plification with r, = aAt/4h and r,, = aAtv/2h?, the following
equation is obtained

n n n+l xx n+l
(Do + "x(Ui+1j+1 - Ui—l,j—l) + erx) Ui; - U1+1] 1
r
xx n+1 XX n n+l n n+l
5 Uitijs (7 -r.Uj )U1+1J+1 (7 +r,Uj ) Uitij
_ n o Tax pm Tex 1yn Txx pyn
- (DO =27~ wl) Ui,j Ul+1] 1 Ul 1]+1 UH—l J+1
n—1
xx n 0 k n+1/2
Uz L tw, Uy = Z(wn—kﬂ —w, )Uj; + (adt)f i
k=1
(22)

Utilizing Equation (22) to any group of four points on the
solution domain gives a (4 x 4) system as follows

Un+1

a;; B Y 0 b rhs;,
n+l1
~dis1j1 i O 0 Uirjn rhsz+1]+1
= bl
- — n+l1
0 0 az+1,} b U1+1] rhSHl]
0 0 -ba, n+l rhs, .
o Uz]+1 b+l
(23)
where
— n n n
a;; =D, + rx(UMj+1 - UHJ;I) + 27 5 Cj= 2 -7 Ul], d;;
r n
=5 enUipb= 5
(24)
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] . . 4 I .
. -, . 1 Ci+2,j Si-1, . i+14 .
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i-1,j-1 -l o ij-1 &t
(a) (®)
FiGure 1: Grid point on x — y plane. Computational molecule of Equation (27) (a) and computational molecule of Equation (28) (b).
with
n+l n+1 n+1 n T
(b<U1+1]1+U1 1]+1>+d Uzl] 1>+(D0_2rxx )U +b( 1+1]1+U11]+1+U1+1]+1+U1 1,j- 1>+Ti,j
ths. .
Sij n+l n+l n+l n
hsiy iy (b(UHZ] Uz]+2) 1+1]+1 U1+2]+2) + (DO - erx wl)Ui+1,j+1 + b( i+2,] + Uz]+2 + U1+2]+2 + U ) + Ti+1,j+1
i+1,j+ _
rhsi, n+1 n+1 n+1 n ’
hs ’ (bU1+2] 1+Cz+1]U +2,j+1 +d1+1]U1] 1) (D0_2rxx w ) 1+1]+b( i+2,j-1 +Uz]+1 +U1+2]+1+Uz] 1) i+1,j
ij+1
n+l n+1 n
(bUz 1,j+2 + Cz]+1 Uz+1 2 + dz]+ i— 1,j> + (DO - zrxx -w ) i+1,j + b( i+1,j Ui—l 2 + Uz+1]+2 + Uz 1]) i,j+1 |
(25)
and and
r n—-1 T a: 1 —b []nJr1 T’hS- :
k + +1, i+1 +1,
wy, U?j - Z(wnfkﬂ - wnfk)Ui,j + (“At) Z] " J = " . (28)
=t =baga | | UG rhs; .1
Ti,j n-1 k 41
. w, U?+1,j+1 - Z(wn—kﬂ - wn—k) U1+1]+1 + (“At)fl+1]+1
i+1,j+1 k=1
B = . The computational molecule of Equations (27) and (28)
i+1,j k . . .
w Ux+1] - Z( n—k+1 wnfk) Ui+1] (aAt)le] 18 Shown ln. Flgure 1 . . .
Tijl k=1 From Figure 1(a), it can be seen that Equation (27) is exe-
, = . " cuted only by considering the green dots. On the contrary,
WUijr = (@i = W) U + (@805 Equation (28) only runs with red dots. Therefore, the imple-
L k=1

(26)

Equation (23) leads to a decoupled system of 2 x 2 equa-
tions in explicit form

n+1
a;; —Cij U; ; rhsi,j
X = , (27)
—_ n+
divije1 Fivrjer Uik rhsis1,jn

mentation of these two equations is independent of each
other, which makes the solution of Equation (1) consume less
time.

In the EDG method, the grid points are divided into sev-
eral groups. Each group consists of only two points of the
grid (shown in Figure 2). We apply one of the Equation
(27) or Equation (28) for each group in Figure 2. Therefore,
half of the grid points (green dots) are calculated by the
rotated finite-difference Equation (22). Before going to the
next time level, we obtain other points of the grid (red dots)
directly once by taking the Equation (20).
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F1GURE 2: Group ordering for EDG method for N = 5.
4. Stability Analysis

In this section, the stability of the finite difference method is
investigated with the Von-Neumann analysis. We first give a
lemma about w;, which will be used in the stability analysis.

Lemma 1 (see [28]). The coefficients wj in Equation (13) sat-
isfy the following properties.

0<w; < CAt, (29)

and

0<w; - wj,; < CAtw;. (30)

To investigate the stability of the difference scheme, the
nonlinear term u(u, + u,) in Equations (1)~(3) has been line-

arized by making the quantity u to a local constant. Thus, the
nonlinear term in Equation (1) converts into tl(u, + u,,), and

Equation (1) becomes:

a“u+ au+au 82u+82u i f , (31)
o T \ax Tay) TV e T a2 ) TS

i} = . . .
LetU;; and Uzj be the approximate solutions of Equations
(20) and (22), respectively, and define

n

pii=Ui—Uip (32)

¢r,=U, - U, 1<i<L1<j<],1<n<N. (33)

Then, by substituting Equation (32) into Equation (20),
we have
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vaAt vocAt ot 1 altu  vaAt \ L
T Sz | Pl
(axy " 4 2(ax)? )T

. aAti P aAtu vadt |\
4Ax Z(Ax 1 I] 4Ay (Ay)z i,j+1
. alti  vadt o] _valt  vaAt +D. | o
— = - —w A
4A}/ Z(Ay 1] 1~ 2 (A)/)Z 1 0 px,]
. ocAtﬁ vaAt ocAtu vaAt |\
AAx Z(Ax pl+1] 2(Ax)2 i-1,j
ocAtﬁ wat ocAtu vaAt N
_ w,
4Ay pt]+1 Z(Ay) pz} 1 pz]
n-1
k
- ( n—k+1 wn—k)Pi,j'
k=1

(34)

Also by putting Equation (33) in Equation (22), we get

1T 1 1 r P 1
(DO "'ZT’xx)gsz'+ - % (gb?:l,j—l - ¢?—+1,j+1) - (? - urx) ¢1"1:1,j+1

Ty
—(7+ur )¢1111 (Do_w1+2rxx)¢:,lj

r r
XX n n XX -~ n
5 (¢i+1,j—1 * ¢i—1,j+1) * (7 - Wx) Bt jer

n-1
rxx - n
+ (7 + W’x) biigjr wn¢gj - I;(wn—ku - wn—k)ﬁbij-
(35)
The Fourier series for p"(x,y) and ¢"(x, y) is
[ee) o0
YD Eulmpmyerimen,
m,=—00 M, =—00
(36)

) 00
Z Z T’In(ml, m )e’zn{mlxﬂ’nzy},

mM,=—00 m;=—00

where 1 = /=1 and the amplication factors &, and n, are
defined by

1 rl
§n(my, m;) =J J e Zmlmimimas} ot (7 e)drde, (37)
0Jo
11
1, (1, my) =J J e ImimmaEl gt (7 e)drde. (38)
0J0

Introducing the following norm

J-11-1 A 101 B 112
HPnHZ = < AXA)/ pzj > = (J J pZ] de8> 5
]:1 i=1 0J0
J1I-] A\ 11 5 12
"1, = Axty|gl, ) - (J J o ) |
j=1i=1I 0Jo
(39)
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By applying the Parseval’s equality

ml,mz 5

”m(n arde= Y Yk

mMy=—00 m;=—00

(40)
[[Jorcoraae= 5 5 memr
we obtain
"5 = Z Y (mymy)[
m,=—00 m;=—00 (41)
I9"15="Y D [n.(mpmy)

mM,=—00 m;=—00

According to the above analysis, we can suppose that the
solution of Equations (34) and (35) has the following form

p”' =£ et(a iAx+o ]Ay)
ij n

(42)
¢1n — nneL(axiAx+ayjAy))

where 0, =2m 1,0, = 2m,m.

Lemma 2. If w; < D, in Equation (20) and « € (0, 1), then we
have

8al <[8olsn=1,2,--- N, (43)
where &, is defined in Equation (37).

Proof. Substituting pl"] = Ene'(gxiAerijAy) into Equation (34),
we have

vocAl; N vocAZ +D, En+1el(GXiAx+ayjAy)
(Ax) (Ay)
aAtu  vaAt (0, (i+1)Ax+a,jAy )
x Y.
" ( 4Ax 2Ax2> Sune
aAtu  vaAt i i
(o, (i-1)Ax+o,jAy
+ ( Ax W) En+le< g )
N aA vaAt En+1e[<gxiAx+o},(j+l)A}’)
4Ay 24y
N ocAta vaAt En+1el(gxiAx+0‘),(]'_l)A,V)
4y 242
vaAt

S - w, + Do) Enez(axiA)HoyjAy)

N _(XAta+ VOCAtZ fnel( (z+1)Ax+aJAJ’)
4Ax  2(Ax)

+ aAtt + vaAt 3 et(ox(i—l)AeroyjAy)
48x  2(Ax)*) "
. _ocAtﬁ+ vaAt £ e(onidva,+1)ay)
4Ay 2(Ay)2 !
s aAti L vedt £ ¢oitero,(i-1)ay)
4Ay 2(Ay)2 !
+ wngo ez(a,iAxﬂryjAy)
n-1 . .
- Z (wnfkﬂ - wn—k)gkel(aXle+ayjAy)’
k=1
(44)

after simplifications, we can get

& 1 |:—V06At (— ! — 1 + €os (O’xAx) N Ccos ((TyAy))
n+ (Ax)z (A)/)z (Ax)z (Ay)z
+ Dy + locAtﬁ (sin (0,Ax) . sin (ayAy)>
Ax Ay

1 cos (0,Ax)

A
=&, |vadt| - ! o S+ — + cos (Gyzy)
(40" (&) (4x) (4)
Dy —w, - locAtﬁ sin (0,Ax) . sin (0,4y)
2 Ax Ay

n-1
+ wnEO - Z(wn—kﬂ - wn—k)gk‘
k=1
(45)
First, letting n = 0 in Equation (45), we obtain

1811 = 1v[1Eol; (46)
where

_ vaAtA + Dy — 1(aAtu/2)B
"~ —vaAtA + D, + i(aAt/2)B

R cos (0,Ax)
(M) (4" (M)

_ sin (0,Ax) . sin (0,4y)

- Ax Ay

cos (0,4y)
(4y)°

(47)

In the above expression, it is clear that the real part of the
numerator is smaller than the real part of the denominator.
Thus, the magnitude of the numerator is smaller than the
denominator. So we have

£l <&l (48)

Now, suppose that we have proved that |€,| < |§,|,n=1,

2, cee M.



We should prove this for n = m + 1. Using Equation (45),

we get

vaAtA + D, - 1(aAtu/2)
—vaAtA + Dy + t(ocAtu/Z

Wy, — Zl_l(wm k+1 — )

—vaAtA + D, + t((xAtu/Z)

|§m+1| <

e
(49)

1Sl

Using Lemma 1, we have

[vaAtA + Dy — w, — i(aAti/2)B| + w,

<
& mat| < |-vaAtA + Dy + 1(aAtii/2)B]

1Sol-

Consider the following two cases:

Case 3. If vaAtA + Dy — w, > 0, then, we have

vaAtA + D
Emat] < (WAJFD:) 180l < 18ol- (51)

Case 4. If vaAtA + D, — w, <0, then, we have

2w
£l < ( g

Therefore,

- vaAtA - D, £
vaAtA + D, [Sol-

2w, —vaAtA - D,
-vaAtA + D,

That is, w, <Dy, or €., [ <&, .
By mathematical induction, we finish the proof.

Theorem 5. For a € (0, 1), the finite difference scheme Equa-
tion (20) is stable if w; <D

Proof. Let w; < Dy, using Lemma 2 and Parseval’s equality,
we get

J-11-1 5 J-11-1
9", = 3.3 ayax|ph| = ayax Y 3 [e, et
j=1i=1 j=11i=1
J-11-1 J-11-1
=dyax Y Y16 S <ayaxy Y 6
j=li=1 j=1i=1
J-11-1
=AyAx ‘E et(a iAx+0, jAy ‘ _ HP ||2

(54)

So the difference scheme Equation (20) is conditionally
stable.
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Lemma 6. Ifw, < D, in Equation (22) and « € (0, 1), then, we
have

|I’]n‘S|110‘,n=1,2,'-',N, (55)

where 1, is defined in Equation (38).

Proof. Substituting ¢, = o (0,idx+a,jAy)

we have

into Equation (35),

(DO + zrxx)r]nﬂez(axiAx-v-uyjAy) _ %’hﬂ t(cxx(i+1)Ax+ay(j—1)Ay)

 Txx (au(=1)axro, (j+1)4)
7 n+1

_ (% _ ﬁ”x) },Inﬂet(ox(i+1)Ax+ay(j+1)Ay)
_ (% + ﬁrx) ’/IHHel(ax(i—l)Ax#—ay(j—l)Ay)

_ (Do _ t(oXiAx+ayjAy) rﬁ

wl_zrxx)nne + 7 n

+ rﬁﬂ et(ax(i—l)Ax+ay(j+l)Ay) + (rx_x —ar )’7 ez(ax(i+1)Ax+ay(j+l)Ay)
2" 2 "
T | = L(ox(i—l)Aeray(j—l)Ay) t(inAxﬂTyjAy)
+ > +ur, |n,e +w,n,e
n—1

(0, (i+1) Axto, (j-1)4y)

(wn—kﬂ - wn—k)nke’(UXiAXHTyjAy) >

1

o~
Il

(56)

by simple computation and noticing that e + ¢f =2
cos (B) and e — e = 2usin(B), we can get

o1 (DO + rxx(2 - A) + Zlﬁpr) = ’7n(Do —w; - rxx(z _A) - zmpr)
n-1
+w,t, + Z(w - wn—k+1)’7k’
k=1
(57)
where
A= cos (0,Ax —0,Ay) +cos (0,Ax +0,4y), 58)

B=sin (0,Ax +0,4y).
First, setting n = 0 in Equation (57), we obtain

Dy-r(2-A)-2mr B
Dy +r (2~ A)+2mrB|°|

(59)
_ \/(Do — (2= A))* + (2unr,B)?

(Dy + 1 (2— A)) + (2u/\rx3)2|'7°| ol-

|171|=‘

Now, assume that we have proved that |y, | < |y,|,n=1,
2, cee M.
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We should prove this for n=m + 1. Utilizing Equation
(57), we obtain

Dy-w,-r,(2-A)-2ar.B
| < |05

Dy + 1. (2-A) +2iur, B
2

DO + rxx(

(Wt = Wypg1)
A) +2ur B

["o]-

According to Lemma 1, we have

|Dy —w, —r

XX(

|D0 + rxx(z

2-A) - 2iur, B| + w,
—A) + 2ir B| ol-

s | < (61)

Consider the following two cases:

Case 7. 1f Dy —w; —1,,(2 = A) > 0, then, we have

N et LIE T

Case 8. If Dy — w, — r,,.(2 - A) <0, then, we have

2w, =Dy + 1, (2-A)
< . 63
|7Im+1| ( DO + rxx(z —A) |7IO| ( )

So that,

2w, =Dy +r,(2-A)
Dy+r.,(2-A)

<1, (64)

This means w; <Dy, or |, | <|#, 1.
By mathematical induction, the proof is complete.

Theorem 9. For a € (0, 1), the finite difference scheme Equa-
tion (22) is stable if w; < D,,.

Proof. Suppose w, < Dy, from Lemma 6 and Parseval’s equal-
ity, we get

J-11-1

1971, = ). X AyAx|¢;

ij
j=1i=1

J-11-1
- AyAx nne’ 0 iAx+o,, ]Ay)‘
22
J-11-1
> I <y Y. Y i’
j=1li=

1

\4
,_‘
~
._.

= AyAx

— -

—_ =
IR

—_

ZA}/AX "70 L(a iAx+o ]Ay ‘ _ H¢ H2
j=1i=

~

—

(65)

So the difference scheme Equation (22) is conditionally
stable.

5. Convergence Analysis

We first introduce some notations and lemmas which will be
used in the convergence analysis.

n Y
62 no_ vi+1] 2V + Vz 1,j 82 no_ i,j+1 2V + Vz] 1
x z] ij =
(Ax) (Ay)
n ph n
A0 — Vierj ~ l L,j AO no_ Vil T Vi

>

Vi T T ) Ax i T T ony

J-11-1 J-11-1 , 12
AxAyz viiwg, [|[V] = leAyZ (vi) ] ,
j=11i=1 j=11i=1
Cy = max u(x,y,t)|, X, 9, t X5V, .
: W)e[O)L]X[O)W{| (o o 0[S s}
(66)
It is straightforward to show

|A2v,v’ = v|=0. (67)

Notice that in this section we suppose C stands for a pos-
itive constant independent of At, Ax, Ay, i, j, and n, which
may take different values at different places.

Lemma 10. (Discrete Gronwall’s inequality [29]).

Suppose d be a nonnegetive constant, {z,} and {f,} are
nonnegative sequences. Let

z,<d+ Y fiz,n20, (68)

0<k<n

then

Sdexp(Zf]),nZO. (69)

0<j<n
Theorem 11. The Crank-Nicolson scheme Equation (20) is
convergent and the order of convergence is O(At + Ax* + Ay?).

Proof. Let ¢, be the error at (x;,;,1,,) as defined below

no_ _rm
ei’j—u(xi,yj,tn> Uij (70)

:u;jj—U;jj,lsjs],lsisl,lsnsN.

Substituting Equation (70) in Equation (19), we get the
following error equations
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TaBLE 1: Absolute errors of Example 13 at T =1 for Re =10, At =0.01, =0.1, and & = 0.3.

N a=0.1 a=0.3
CN Time EDG Time CN Time EDG Time
9 4.2593e - 03 0.75 6.1387¢ - 03 0.74 3.9001e - 03 0.22 6.0143e - 03 0.11
19 9.8379% — 04 0.93 1.6263e - 03 0.69 9.0356e — 04 1.01 1.6124e - 03 0.51
49 1.9672e — 04 9.82 2.6073e — 04 4.69 1.8465¢ — 04 10.61 2.6040e — 04 473
99 9.1297e - 05 123.15 9.7575e — 05 39.87 8.8260e — 05 118.02 9.3869¢ — 05 42.01
TaBLE 2: Absolute errors of Example 13 at T =1 for Re =10, At =0.01, «=0.7, and & = 0.9.
N a=0.7 a=0.9
CN Time EDG Time CN Time EDG Time
9 2.7474e - 03 0.16 5.6163e - 03 0.12 1.8409¢ - 03 0.17 5.2940e - 03 0.12
19 6.6801e — 04 0.84 1.5736e - 03 0.60 4.8985e — 04 0.86 1.5707e - 03 0.59
49 1.5163e — 04 10.26 2.5934e - 04 5.68 1.4882¢ — 04 10.38 2.5869¢ — 04 5.35
99 8.2965e — 05 119.25 8.6473e — 05 41.44 1.0295e — 04 121.48 1.0451e - 04 42.37
B N Z - (e oD It is clear that |[8%(e"! +e"),e™! +¢"| <0 and \8)2,(6”“
w,ej Wyt =~ W)yt Wie + (€5 — € ) Do +e"), e +e" <0, so we have
vocAt
8% (e ( nl oy ) + 62 (e’»“»'l + e“)) 2
2 ( i PANLY bj DoHe””H <(Dy —wy)|le" || +w He"+1 e”||
ocAt
0, +0:)+aAtR’ 7, nl
( 4 5) i,j + Z(wn—k _ wn—k+1>ek’ ML ot
. . = (74
I1<j<]J-1L1<i<I-1,1<n<N, alt +1
+ THa4+05,e" +e"||
ef.=el.=0,1<n<N,0<j<],
0,j Lj ] J 4 OCAt‘RW'%, en+1 +e"
ep=e;=0,1<n<N,0<i<],
e?- —0,0<j<J 1<i<I, (71) . Now, we.estlmate the? third, fourth, aI.ld fifth terms of the
] right-hand side of Equation (74), respectively
where
n—1
k n+l n
n+ Z(wn—k wn—k+1)e > € +e
R;;? —O(At+Ax + 4%, =
=" A0t 4yt A0t n+1AO n+l A0 1 , n-1 n-1
0y = ez] x 1] z; X 1; X 1J+u x ’J = (wn—k n—k+1)‘ek 6”“ + (wn—k n7k+1)‘e € ’
0 n+1 0 n+1 n+l A0 n n+l 0 n k=1 k=1
05 = elJA)’ + “uAy ij T Ay ij T Ui Ay i

(72)

Multiplying Equation (71) by AxAy (e} g el ) and sum-
ming up for i from 1 to I -1 and j from 1 to J- 1 we obtain

woki1 — Wy )€ +wie’ + (" =)Dy, " + €
V(XAf 2 ( n+l 7 n+1 7 2/ n+l n n+1 n
== (’6x(e +e),e +e |+‘8y(e +e ),e +e )
At
_Z —— |0y + 05" + €|+ ant|R™, &

(75)

Using Young inequality ab < ea® + (1/4¢)b*, a, b € R, and
Lemma 1, we have

k n+l
Z wn—k+1)e > €

k=1

+ CAt<||e"||2 + e ).

For the fourth term, utilizing Young inequality and Equa-
tion (67), we obtain
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(b)

F1GURE 3: The exact, Crank-Nicolson, and EDG solutions in different values of t and y = 0.5 (a) and the absolute error of Crank-Nicolson
method at T =1 (b) of Example 13 for At =0.01, Re=100, N =49, and a = 0.5.
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FIGURE 4: The exact, Crank-Nicolson and EDG solutions in different values of t and y = 0.5 (a) and the absolute error of Crank-Nicolson
method at T =1 (b) of Example 14 for At =0.01, Re=50, N =49, and «=0.5.
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TaBLE 3: Absolute errors of Example 14 at T =1 for Re =100, At =0.01, =0.1, and & = 0.3.
N a=0.1 a=0.3
CN Time EDG Time CN Time EDG Time
9 4.1318¢ - 03 0.40 1.0556e — 02 0.26 3.7717e¢ - 03 0.53 9.8104e - 03 0.28
19 8.8813e - 04 1.04 2.6531e-03 0.73 8.1156e — 04 1.17 2.5458e - 03 0.73
49 1.3364e — 04 12.14 4.1507¢ — 04 4.81 1.2247e — 04 15.24 4.0109¢ — 04 4.86
929 3.4588e — 05 122.31 1.0389¢ - 04 40.55 3.1779e¢ - 05 130.36 1.0045e — 04 40.71
TaBLE 4: Absolute errors of Example 14 at T =1 for Re =100, At =0.01, =0.7, and &= 0.9.
N a=0.7 a=0.9
CN Time EDG Time CN Time EDG Time
9 2.9459¢ - 03 0.57 8.2550e — 03 0.34 2.4730e - 03 0.96 7.5148e — 03 0.26
19 6.3611e— 04 1.39 2.3322e-03 0.84 5.4346e — 04 1.56 2.2536e - 03 0.84
49 9.7981e — 05 15.19 3.7198e — 04 5.69 8.6200e — 05 17.26 3.5924¢ - 04 5.32
99 2.5774e - 05 126.65 9.3273e - 05 44.77 2.4146e - 05 136.80 9.1092e - 05 43.01
TaBLE 5: Absolute errors of Example 15 at T =1 for Re=5, At =0.01, «=0.1, and & = 0.3.
N a=0.1 a=0.3
CN Time EDG Time CN Time EDG Time
9 2.1509 - 03 0.51 7.1351e - 03 0.24 2.0937¢ - 03 0.19 6.9914¢ - 03 0.12
19 4.8726e — 04 1.09 1.7356e — 03 0.59 4.7437e — 04 091 1.7078e — 03 0.56
49 7.3239¢ - 05 11.88 2.6457¢ — 04 4.86 7.1213e - 05 11.80 2.6032e — 04 5.04
99 1.7989%¢ — 05 121.06 6.4817e — 05 40.01 1.7399¢ - 05 120.95 6.3688e — 05 40.27
TaBLE 6: Absolute errors of Example 15 at T =1 for Re=5, At =0.01, «=0.7, and o = 0.9.
N a=0.7 a=0.9
CN Time EDG Time CN Time EDG Time
9 1.9317e-03 0.21 6.5894¢ - 03 0.12 1.8282¢ - 03 0.23 6.3412¢ - 03 0.13
19 4.3742e — 04 0.97 1.6292¢ - 03 0.60 4.1260e — 04 1.01 1.5796e — 03 0.61
49 6.4857¢ — 05 12.21 2.4776e — 04 5.29 5.9238e - 05 12.58 2.3834e - 04 5.35
99 1.5095e — 05 123.57 5.9878e — 05 41.38 1.2086e — 05 124.23 5.5847e - 05 41.61
2
|<04’ My e”>f <co(l+e +6+65+6,+ es)Henﬂ H Also for the fifth term, we have
o1+ ! + ! + ! + ! + ! lle"[1? 1 1
C —_— —_— o o o e . n+; n+l n+ n+1
i "1 e e R et o] (e g ) [ el e
(77) (79)
Similarly, we get For the second term on the right-hand side of Equation
(74), we get

(05, ¢""

1 1 1 1
+e(l+—+—+—+— Ile ||
4e,  4e,  deg 4 480

+e")| <c 1+86+87+€8+89+810 ||e”“||2

(78) using Lemma 1, we obtain

2 1
w||e", e[| <w, (813”6"“” e |en||2>.

(80)

Combining Equations (76)-(80) in Equation (74) and
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x107*
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()

FiGurek 5: The exact, Crank-Nicolson and EDG solutions in different values of t and y = 0.5 (a) and the absolute error of Crank-Nicolson
method at T =1 (b) of Example 15 for At =0.01, Re=20, N =49, and a =0.5.
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TaBLE 7: Absolute errors of Example 16 at T =1 for Re=2, At=0.01, #=0.2, and o = 0.4.
N a=0.2 a=0.4

CN Time EDG Time CN Time EDG Time

9 2.5900e - 03 0.21 2.1227e - 02 0.19 2.5752e - 03 0.20 2.1177e - 02 0.18
19 5.9920e — 04 0.83 5.3687e¢ - 03 0.44 5.9600e — 04 0.84 5.3597e - 03 0.59
49 9.3436e - 05 9.41 8.2492¢ — 04 5.19 9.2993e - 05 9.70 8.2383e — 04 5.12
99 2.5225e - 05 117.52 2.0397e - 04 39.94 2.5145e - 05 119.21 2.0376e — 04 39.86

TaBLE 8: Absolute errors of Example 16 at T =1 for Re=2, At =0.01, =0.6, and o = 0.8.
N a=0.6 a=0.8

CN Time EDG Time CN Time EDG Time
9 2.5546e - 03 0.22 2.1112e-02 0.20 2.5253e - 03 0.24 2.1039¢ - 02 0.22
19 5.9150e - 04 0.84 5.3476e - 03 0.60 5.8469¢ — 04 0.88 5.3318¢ - 03 0.62
49 9.2340e - 05 9.88 8.2234e - 04 5.05 9.0870e — 05 10.19 8.2010e — 04 5.51
99 2.5001e - 05 119.14 2.0348e — 04 41.28 2.4238e — 05 123.96 2.0280e — 04 41.67
n-l 2 ) 5 Using Lemma 10 and nAt = T, we get
Dylle"*! P < Car Y ||et]|"+ at (4, ]|+ sl ?)
= 1 [e™!||* < C||R™2||* < O(At + Ax* + A%), 1< n <N,
2
+aAt| &, + — | |[|R™V?]|", 1<n <N,
R =
(81) and this completes the proof.

where

ac
/\1=7(2+81+82+83+84+85+86+87+88+89+810)
+ag, +Cepz + G,
ac 1 1 1 1 1 1 1
A=— 24—+ —+ —+ —+ —+ — + —
2 4e,  4de, ey 4e,  4de;  4deg  4gy
1 1 1 C o
+—+—+— |+ —+—+2C.
4eg  dey 4 4e,;  4ey

(82)

Therefore, we get
n-1 2
(C-A)|le P <cary HekH + A"
k=1
+0c(sll + L) [R*2|P,1<n<N.
4ey,

(83)

In the definition of A, we choose epsilons which C - A,
be positive, so we have

n-1
e < car S [+ cleri? v acRr 2 1 <
k=1

(84)

Theorem 12. The EDG method Equation (22) is convergent
and the order of convergence is O(At + Ax? + Ay?).

Proof. The proof is similar to Theorem 11.

6. Numerical Results

In this section, some numerical examples are considered to
demonstrate the efliciency and accuracy of the proposed
methods.

In numerical examples, we suppose that u(x, t), Uqy(%,
t), and Ugpg(x,t) denote the exact, Crank-Nicolson, and
the EDG solution, respectively. Also in all Tables, the CN is
an abbreviation for Crank-Nicolson Method.

The results obtained in this study show that the suggested
methods have excellent stability, and they have verified the
validity and effectiveness of the presented methods. Notably,
we perform all of the computations by MATLAB R2019a
software on a 64-bit PC with 2.30 GHz processor and 8 GB
memory.

Example 13. Consider Equation (1) with the exact solution
u(ey )= (1-22)°(1-2)%0<xp.t<1. (86)

In Tables 1 and 2, the maximum of absolute errors and
CPU Times for Crank-Nicolson and EDG methods for a =
0.1, 0.3, and «=0.7, 0.9 with T =1, At=0.01, Re=10, and
different values of N are tabulated, respectively. These results
confirm the convergent results. In Figure 3(a), the exact,
Crank-Nicolson, and EDG solutions for y =0.5, Re =100,
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F1GURE 6: The exact, Crank-Nicolson, and EDG solutions in different values of ¢ (a) and the absolute error of Crank-Nicolson method at
T =1 (b) of Example 16 for At =0.01, Re =10, N =49, and a = 0.5.
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F1GURE 7: The exact, Crank—Nicolson and EDG solutions in different values of t (a) and the absolute error of Crank—Nicolson method at T =1
(b) of Example 16 for At =0.01, Re =60, N =49, and « =0.5.



18 Advances in Mathematical Physics
TaBLE 9: Absolute errors of Example 17 at T =1 for Re =100, At =0.01, =0.2, and o = 0.4.
N a=0.2 a=0.4
CN Time EDG Time CN Time EDG Time
9 2.3544e - 05 0.37 1.2078e — 04 0.15 2.0308e — 05 0.32 1.1028e — 04 0.14
19 5.308%¢ — 06 0.89 3.7501e - 05 0.55 4.5547e — 06 0.90 3.5462e - 05 0.73
49 7.8572e — 07 9.70 6.1862¢ — 06 4.84 6.5077¢ — 07 9.72 5.9056¢e — 06 5.23
99 1.9520e - 07 117.73 1.5238e - 06 39.65 1.9513e - 07 118.38 1.4377e - 06 40.22
TaBLE 10: Absolute errors of Example 17 at T =1 for Re = 100, At =0.01, « =0.6, and « = 0.8.
N a=0.6 a=0.8
CN Time EDG Time CN Time EDG Time
9 1.6919¢ - 05 0.32 9.8582¢ — 05 0.26 1.3331e-05 0.37 8.5506e — 05 0.27
19 3.7515e - 06 0.89 3.3183e - 05 0.82 2.8606e — 06 0.94 3.0637e - 05 0.79
49 4.9131e - 07 991 5.5845e - 06 5.41 2.7513e - 07 10.06 5.1849¢ — 06 5.50
99 1.9501e - 07 118.22 1.3268¢e — 06 41.16 1.9462¢ — 07 119 1.1529¢ - 06 4191

N =49, and At =0.01 in different values of ¢ are illustrated.
Furthermore in Figure 3(b), the absolute error at T'=1 for
Re =100, N =49, At =0.01, and a = 0.5 is portrayed. Accord-
ing to the Figures, we can see that our numerical solutions
correspond to the exact solutions.

Example 14. In this example, we assume that the exact solu-
tion of Equation (1) is

u(x, y, t) :xzyz sin (7x) sin (my) sin (£),0<x, p,t < 1.
(87)

The values of initial and boundary conditions and f can
be achieved using the exact solution. The exact, Crank-Nic-
olson, and EDG solutions for y =0.5, Re =50, N =49, and
At =0.01 in different values of ¢ are shown in Figure 4(a)
and in Figure 4(b), the absolute error of Crank-Nicolson
method at T =1 for Re =50, N=49, At=0.01, and «=0.5
is depicted. Based on the Figures, we can see that the numer-
ical solutions are a good approximation of the exact solu-
tions. In Tables 3 and 4, the maximum of absolute errors
and CPU Times for Crank-Nicolson and EDG methods for
a=0.1,0.3,and «=0.7, 0.9 with T =1, At =0.01, Re = 100,
and different values of N are tabulated, respectively. The
EDG method generates the numerical solution with almost
the same accuracy as the Crank-Nicolson method, but uses
less time-consuming in comparison to the Crank-Nicolson
method.

Example 15. Assume that the exact solution of Equation (1) is
as follows:

u(x,y, t) = £x*(1 —x)3 sin (my) exp (x+»),0<x,p,t < 1.
(88)
The maximum of absolute errors and CPU Times for

Crank-Nicolson and EDG methods for « =0.1, 0.3, 0.7, 0.9
with T =1, At =0.01, Re =5, and different values of N are

shown in Tables 5 and 6, respectively. In Figure 5(a), the
exact, Crank-Nicolson, and EDG solutions for y =0.5, Re
=20, N =49, and At =0.01 in different values of ¢ are illus-
trated. Also, the absolute error of Crank-Nicolson method
at T=1 for Re=20, N=49, At=0.01, and a=0.5 is por-
trayed in Figure 5(b). The numerical experiments verified
our theoretical results once again.

Example 16. Consider Equation (1) with the exact solution
u(x,y,t) =t* cos (mx) cos (my),0<x,y,t < 1. (89)

This example does not apply to the initial and boundary
conditions of the article, but the results of this example are
as good as other examples.

In Tables 7 and 8, the maximum of absolute errors and
the CPU time consumed by our proposed methods for o =
0.2,04, and 0.6, 0.8 at T =1, At = 0.01, Re = 2 with different
mesh sizes are presented, respectively. Similar to other exam-
ples, the EDG method is faster than the Crank-Nicolson
method. The exact, Crank-Nicolson, and EDG solutions for
y=0.5, Re=10, N=49, a=0.5, and Ar=0.01 in different
values of t are displayed in Figure 6(a). In addition, the abso-
lute error of the Crank-Nicolson method at T'=1, « =0.5,
Re =10, N =49, and At =0.01 is displayed in Figure 6(b).

Example 17. In this example, we assume that the exact solu-
tion of Equation (1) is

u(x, y, t)=tz(x—xz)z(y—yz)z,ogx,y,ts1. (90)

In Figure 7(a), the exact, Crank-Nicolson, and EDG solu-
tions for y =0.5, Re =60, N =49, and At =0.01 in different
values of t are shown. Besides, the absolute error of Crank-
Nicolson is demonstrated in Figure 7(b). Obviously, our
schemes are very accurate and quickly converge to the exact
solution. The maximum of absolute errors and CPU Times
for Crank-Nicolson and EDG methods for « =0.2, 0.4, and



Advances in Mathematical Physics

0.6, 0.8 at T=1, At =0.01, and Re = 100 with various mesh
sizes are expressed in Tables 9 and 10, respectively.

7. Conclusion

In this paper, we introduced the Crank-Nicolson method
and the EDG method which derived from 45° rotation of
the Crank-Nicolson approximation point and Taylor expan-
sion to solve the 2D time-fractional Burgers’ equation with
Caputo-Fabrizio derivative. The error analysis and local
truncation error of these methods gave in detail. The stability
of the proposed numerical methods is analyzed by the
Von-Neumann method. The convergence analysis of the
CN and EDG methods proved. Some test problems chose
to investigate the applicability and practical efficiency. From
Tables 1-10, the results showed a good agreement with the
exact solution, and the EDG method was faster than the
CN method. Numerical experiments showed the efficiency
of the proposed methods in terms of CPU time and accuracy.
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In this paper, the boundary value inverse problem related to the generalized Burgers-Fisher and generalized Burgers—-Huxley
equations is solved numerically based on a spline approximation tool. B-splines with quasilinearization and Tikhonov
regularization methods are used to obtain new numerical solutions to this problem. First, a quasilinearization method is used to
linearize the equation in a specific time step. Then, a linear combination of B-splines is used to approximate the largest order of
derivatives in the equation. By integrating from this linear combination, some approximations have been obtained for each of
the functions and derivatives with respect to time and space. The boundary and additional conditions of the problem are also
applied in these approximations. The Tikhonov regularization method is used to solve the system of linear equations using

noisy data. Several numerical examples are provided to illustrate the accuracy and efliciency of the method.

1. Introduction

Most of the physical problems arising in various fields of
physical science and engineering are modeled by nonlinear
partial differential equations (NLPDEs) [1]. Two of the most
famous NLPDEs are the generalized Burgers-Huxley and
generalized Burgers-Fisher equations [2]. These equations
describe the interaction between diffusion, convection, and
reaction [3].

The generalized Burgers-Huxley and generalized Bur-
gers—Fisher equations are of the form

a<x<bt>0,

(1)

u, = eu,, —oalu, + ﬁu(l - u5> (qu6 - y),

with the initial condition

a<x<b, (2)

u(x,0) = £ (x),

and Dirichlet boundary conditions

u(a,t)=q(t), t=0, (3)

u(b,t)=g(t), t=0. (4)

Also, in order to determine g, we consider an additional
condition given at the interior point, x = I of the region
u(ll,t)y=p(t), a<l<bt=0, (5)
where ¢, a, f3, 9, 6, and # are constants such that 0<e< 1, 8
>0,6>0,y€(0,1),and =0, 1, and g and f are considered
known functions, while g and u are unknown functions.

If y=1, (1) describes the generalized Burgers-Huxley
equation, and in the case that =y = 0, (1) describes the gen-
eralized Burgers-Fisher equation.

In some cases, the exact solitary wave solutions of equa-
tion (1) are obtained using the relevant nonlinear transfor-
mations [4]. In the case that #=1 and e=1, the exact
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solution of the generalized Burgers—Huxley equation (1) is
taken from [2], given by

u(x, t) = (g + g tanh (w, (x—wzt)))w, (6)

where

vy
YT gy

_ oy _v(1+6-y)
148 2(1+6)

and v=—a+ /a2 +45(1 +9).

Note that, in here, to get the exact solution, we first
assume that u = w!”®, Then, by assuming w(x, t) = w(x — ct)
=w({), the equation transforms into an ordinary differential
equation as the form d’w/d{* = a*(2w - y)w(w - y), which
can be easily solvable.

If #=0,e=1, and y = —1, the exact solution of the gener-
alized Burgers-Fisher equation (1) is taken from [2], given by

(7)

w,

1/8
u(x, t) = <% + % tanh (01(x—02t))> , (8)
where
—ad
91 = m:
o= 2 PLYO) (9)

The boundary conditions are taken from the exact solution.

Burgers’ equation was first introduced by Bateman [5] when he
mentioned it as worthy of study and gave its steady solutions. Later
on, Burgers [6] treated it as a mathematical model for turbulence
and after whom such an equation is widely referred to as Burgers’
equation. The study of Burgers’ equation is important since it arises
in the approximate theory of flow through a shock wave propagating
in a viscous fluid and in the modeling of turbulence [7]. The general-
ized Burgers-Huxley equation describes a wide class of physical non-
linear phenomena, for instance, a prototype model for describing the
interaction between reaction mechanisms, convection effects, and dif-
tusion transports [8]. It has found its applications in many fields such
as biology, metallurgy, chemistry, combustion, mathematics, and
engineering [8, 9]. The generalized Burgers-Fisher equation has been
found in many applications in fields such as gas dynamics, number
theory, heat conduction, and elasticity [10]. The following are some
works on these equations. Yadav and Jiwari [11] developed a finite
element analysis and approximation of the Burgers—Fisher equation.
Jiwrai and Mittal [12] presented a high-order numerical scheme for
the singularly perturbed Burgers-Huxley equation. Also, they have
a numerical study of the Burgers-Huxley equation by the differential
quadrature method [13]. The Lie symmetry analysis and explicit solu-
tions for the time fractional generalized Burgers-Huxley equation
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were studied by Inc et al. [14]. Korpinar et al. [15] studied the exact
special solutions for the stochastic regularized long wave-Burgers
equation. Dhawan et al. have a contemporary review of techniques
for the solution of the nonlinear Burgers equation [16] (also, see
(17, 18]).

In this article, for the first time, a boundary value inverse
problem for the generalized Burgers—Huxley and generalized
Burgers-Fisher equations will be studied. For this purpose,
first, a quasilinearization method is used to linearize the equa-
tion in a specific time step. Then, a linear combination of B-
splines is used to approximate the largest order of derivatives
in the equation. By integrating from this linear combination,
some new approximations have been obtained for each of the
functions and derivatives with respect to time and space. In this
new method, the boundary and additional conditions of the
problem are also applied in these approximations. Then, the
Tikhonov regularization method is used to solve the system
of linear equations using noisy data. In the end, several numer-
ical examples are provided and 2D and 3D graphical illustra-
tions are reported to show the accuracy and efficiency of the
method.

The rest of the article is organized as follows. In the first
subsection of Section 2, the B-spline functions and their first-
and second-order integrals are introduced. In the continua-
tion of this section, the quasilinearization method is pre-
sented. The solution method is presented to solve the
inverse problem (1), (2), (4), and (5) in Section 3. Some
numerical experiments are given with graphical and tabular
illustrations in Section 4. The conclusion of the presented
method is given at the end of the paper in Section 5.

2. Preliminaries

In this section, first, the spline approximation, used in this
article, is introduced and then the quasilinearization approx-
imation will be obtained.

2.1. Cubic B-Spline. In this approach, the space derivatives are
approximated using the cubic B-spline method. A mesh (2, which
is equally divided by knots x; into M subintervals [x;, x;,,], i =
0,1,--,M -1, such that Q : a=x, <x; <---<x); = b, is used.
Also, let S,(0) be the space of cubic splines on Q. The corre-
sponding set of cubic B-splines {B_;, By, -+, By, }> which is a
basis for S,(Q2), is defined using the recursive relation [19]:

X —X; X; -x
b, (x)= Lp o (x)+ L T p o (x), (10)
® xj+p_xj et xj+p+1 _xj+1 srbect

starting from

1, x;<x<x.q
bjo(x) = o (11)
0, otherwise,

where j=-3,-2,--,M -1, X 3=X_,=X_, =4, X1 = Xp42
=Xpu3=b p=1,2,---, and By(x) = b;_,5(x), k=-1,0,--,
M + 1, under the convention that fractions with zero denomi-
nators have the value zero. With the above definition, all the
B-splines take the value zero at the endpoint b. Therefore, in
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order to avoid asymmetry over the interval [a, b], it is common
to assume the B-splines to be left continuous at b. We will follow
suit.

Using induction on recurrence relation (10), we deduce
immediately the following basic properties of a B-spline [20]:

(i) A B-spline is right continuous; i.e., the value at a
point x is obtained by taking the limit from the right

(ii) A B-spline is locally supported on the interval given by
the extreme knots used in its definition. More precisely,

Bi(x)=0, x¢[x;x) (12)

(iii) A B-spline is nonnegative everywhere and positive
inside its support, i.e.,

Bj(x) >0,

Bj(x) >0,

x€eR,
(13)

X € (X X4)-

(iv) From recurrence relation (10), one can find that the
following formula for cubic B-splines:

(x- xj)3
(1 = 25) (552 = %) (503 - ;)
(x- "j)z (X512 =%)
(X2 = %)) (%502 = %1) (%03 = %))
(x =) (3503 = %) (¥ = x;01)
(X3 = %) (X3 = Xja1) (%502 = %j01)
(Xjaa = %) (x = "jﬂ)z
(xj+2 - Xj+l) (Xj+3 - xﬁ-l) (xj+4 - xj+l)
(x =) (%3 = x)z
(%3 = %) (%03 = %01) (%43~ Xj02)
(¥ = %j1) (%jo3 =) (¥ju4 = %)

(%743 = %ju1) (a3 = %e2) (%0 = X501 )

x € [xpx5),

+

X € [xj+1’xj+2)’

+

(0 ~ x)z G
G =75) Goea =502 (s 1
T T T T T T
(¥js4 = %) ’
,
(%jea = %jo1) (Kjoa = %2) (%504 = Xji3)

0, o.w,

) » XE€ [xj+2’xj+3)’

X€ [Xj+3’xj+4)’

(14)

for j=-3,-2,---,M - 1.
Many other properties can be found in [19, 20] and refer-
ences therein.

2.2. Spline Approximation. Now, let f € Cla, b]; we consider a
linear combination of B-splines S,,(f)(x), as an approxima-
tion of f(x), as follows:

3
M+1
SulH)= Y, aBi(x) = Cylly(x), (15)
k=—1
where Crr=(C_1sCor > Cppar) and IT,(x) =

(B_y(x), By(x), -+, By +1(x))T. Furthermore, in order to
achieve a square system in numerical computations, the set

of the nodes Q* = (£;)™*! is used, where

§1=x0,8 =%y + 3

§1=x1,8 =% &0 = X (16)
h
Enimt = X Sy =Xy — 3’ Enl =X

where h = (b-q)/M.

Definition 1. Assume that B, I, B, and I,B are (M + 3)-square
matrices defined by

3
(IIB)i,j:J Bi(y)dy,

Ej Z
(IZB)i,j:J J Bi(y)dydz, (17)

a

wherei,j=-1,0, -, M + 1. According to the definition of B,
, we have

L
8
19 1
32 4
25 7 1
% 12 6
1 1 2 1
48 6 3 6
1 2 1
6 3 6
.
1 2 1
6 3 6
1 2 1 1
6 3 6 48
1 7 25
6 12 96
1 19
4 3R
1
§1

(18)

The matrices I, B and I,B are listed in the appendix.



Thus, we can write

% .
j Sulf))dy =TI, (19)

a

JEJ J Su(f)(y)dydz = CL 1, (20)

ya Ja
where I is the jth column of matrix I,B, v=1,2.

2.3. The Quasilinearization Method. In equation (1), we have
three nonlinear terms such as u¢ 7 10u, and u?®u. In this sec-
tion, a quasilinearization method is presented to linearize
these terms. The quasilinearization technique is an applica-
tion of the Newton-Raphson-Kantorovich approximation
in function space [21-24].

Let 0<t<T and t,=nAt, n=0,1,---,N, are the equal
parts of [0, T], where At=T/N. Also, assume that ¢ € [t,,
t,)s uveCla,b] x C[0, T], and h(u,v) = uv. Using two-
variable Taylor series for h in some open neighborhood
around (u, v) = (u",v"), there is ¢ = (¢, ¢, ), where ¢;, ¢, € C|
a, b] x C[0, T1, so that

h(x)=h(a) + (x—a)-Vh(a) + (x—a)-H(c)- (x—a), (21)

where x = (u,v), a= (u",v"), u" = u(x, t,), v =v(x, t,), and
H is the Hessian matrix:

hclcl (C) hclcz (C)
H(c)= . 22
() ( heo(o) b, (C)> (22)

Upon ignoring two-order terms, equation (21) becomes
h(x) = h(a) + (x —a) - Vh(a). (23)

Therefore,
h(u,v) = (”C)n"n +(u—u",v-v")- (C(uz’lyv"

= C(uc_l)nv”u - C(u() Ry (u() ",

By placing (C,v) = (8, u,), (§,v) = (8, u), and ((,v) = (2
8, u) in (24), we obtain linear approximations for u®u_, uu,

and u*u, respectively, as follows:

~
<
~
~—~"
=
~—

ulu, ~ 8(146_1) n(ux)”u - S(u‘s) n(ux)” + (u‘s) nux, (25)

u8u26<u6)nu—8<u8+l)n + (u‘s)nu, (26)

uPu =28 (uza) "u-26 (uz‘m) g (uza) "u. (27)
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3. Solution Method for the Burgers—Huxley and
Burgers—Fisher Equations

In this section, the inverse problem (1)-(5) is solved using S;,
as an approximation tool. Assume that in (16), I=£,, v € {
~1,0,-, M +1}.

To discretize (1), the method of [25, 26] is used. We
assume that u, ., (x,t) can be expanded in terms of linear
combination of cubic B-splines (15) as follows:

M+1

U (1) = ). (%) = ClylT (%), (28)
k=-1

where t € [t,, t,,,], and the row vector C}; is assumed con-
stant in the subinterval [¢,,¢,,;]. By integrating (28) with
respect to ¢ from ¢, to t, we obtain

uxx(x’ t) = uxx(x’ tn) + (t - tn)CIY\“/IHM(x) (29)

Also, by integrating (28) with respect to x from [ to x, we
have

M+1 X
up (v =un(bt)+ Y czjl B(ydy.  (30)
k=-1

Integrating (30) with respect to x from / to x gives

ux(x’ t) = ux(x’ tn) + ux(l’ t) - ux(l’ tn)

M+1 X 31
F(t=t) Y kj Bty OV
k=—1 I

Again, by integrating (31) with respect to x from I to x, we
gain

u(x, 1) = u( 1) + p(t) ~ plt,) + (= Dluy(b 1) (1 1,)]

+(t=1,) MZH Cz’fr r By(y)dydz.

k=-1 rJi
(32)

Putting x = b in (32), we get

(1) =, (1) = 51900~ g(t,) ~ (1) + (1)
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Substituting equation (33) into (31) and (32) and using
(4) and (5) held

(5 0) =, (58,) + 5 [9(0) = 9(4,) = (1) + (1)
+(t-t,) Ail c
k=—1
X 1 bz
([ Bias- 5| [ mioasez)

u(x, t) = u(x, tn) +P(t) _P(tn) + z—:;
]

“[9(t) = g(t,) = p(1) + p(t,)
M+1 (35)

+(t-t,) Z o
k=-1

- (jl [} Bz - jf J Bk<y>dydz)-

By integrating (28) twice with respect to x from [/ to x and
using (5), we obtain

(1) = p(t) + (2= D (b 1) + Y, kj Jl B (y)dydz,

k=—1 l
(36)

where ~ denotes the differentiation with respect to f. By
substituting x = b in equation (36) and using (4), we get

b

| Jl Bk(y)dydz] .

(37)

1 ] ) M+1 .
U (L 1) = b= [g(t) -p(t) - kgl CkJ

Substituting equation (37) into (36) held

M+1

Since

)

Jx J Bk(y)dydzzr J Bk(y)dydz—(x—l)J Bi(y)dy

1 Ji aJa a

- Jl || By,
(39)

from (34), (35), and (38), we obtain

1
u (xt)=u(xt,)+ —

b1
“[9(t) = g(t,) —p(t) + p(t,)] (40)
+(t-t,) Ail s

k=—1

() = (e £,) + 1) ~plt) + e’
“lg(t) = g(t,) —p(t) +p(t,)] (41)

M+1

+(t—t,) Z s
k=1

M+1

wlt)=p(0)+ 5 [9()-pO)+ Y &F  (42)

—1
where

7=| Bay- 4 (r || Bparaz- Jl | Bk<y>dydz>,

a a

7= J j By(y)dydz + bil’j J By (y)dydz -

x—1(b (7
—mj J By (y)dydz.

Further, by discretizing (29), (40), (41), and (42), assum-
ing x —§; and t > t,,,, and using (19) and (20), we get

(uxx)?ﬂ = (uxx)? + Atc]]\ﬂ/IHM(Ei)’ (44)
1 .
()7 = ()} + g9, +ACL, (45)
()" = p(tya) + dil@(tpr) = p(tyn)] + CySs  (46)
i = ul 4 p(ty,) ~ p(ty) + dig, + AICYS, (47)

where

S=1 + v, — d, I,

i i 1 + v
L =Il—m(1§’ '-n),

_&i-b
e

§-1

d =2,

bbb
Pn :g(tnﬂ) g(tn) _p(tn+1> +p(tn)’
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FIGURE 1: The exact solution (left) and the absolute error (right) of Example 1 with At =0.001 and k = 0.01, without noise.

(”t)?ﬂ = Uy (Xp yyr)s

()™ = Ui tyan)- (48)

By substituting quasilinearization formulas (25)-(27) in
(1), we get

U, = e, — oc((?(u”)‘s_1 (uy)"u+ (u”)‘sux)
+B[(n+)(0+ 1)) = (26 + 1)(u")* = y]u
+ad (") ()" + B[ 203" = (n+ )3

(49)

Finally, substituting the
(44)-(47) into (49) yields

approximation formulas

chzi=dl, (50)

where

z; = ot (a(u)) L' - el1y(5)
+(1 - Atw))S,

(I? = r? + s(uxx):l _p(tnﬂ)

= (b)) = Plty))
o))+ 5540 )
W (14 Pty
-p(t,) +dip,)s

ri = ad(uf)” ()] +
om0 = (4 y)o ()™,

w)'= B[+ )6 + 1)(u)’
- (264 1) () - |
—ad(uf)’ ()]

(51)

By organizing (50) with respect toi=-1,0,---, M + 1, we
obtain

Z"Cy, =R, (52)

where

Z"= (Zﬁl’Zg’ ""ZX/I+1)T>
(53)
R"= (0"}, 00, ""‘7?4+1)T-

Note that for n =0, we use equation (2) as u,(x;,t,) =
S0y uy(xito) = f (%), and u(x;, tg) = f(x;); otherwise,
u, (x,t,), u.(x,t,), and u(x;,t,), are updated using (44),

(45), and (47), respectively.

4. Numerical Examples

All examples in this section are solved once with the exact
values of the right-hand metallurgy side vector R® and again
by adding noise to it. We add the noise to the vector R” in the
form R!=R"+9xrandn(M +3), where 9 is an absolute
noise level and randn(M + 3) is a normal distribution vector
with zero mean and unit standard deviation, and it is realized
using the MATLAB function randn. In this article, we con-
sider four noise levels ¥ = 0.0001, 0.001, 0.01, and 0.1.

In the case that noise is added to the system (52), we will
use the Tikhonov regularization method [27] to solve the sys-
tem. By this technique, we have a minimization problem as
follows:

. 2 2
mip [127Cyy RS2+ A Cul

(54)

where A > 0 is the regularization parameter, which controls
the trade-off between fidelity to the data and smoothness of
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35 %1077 Exact method, 9 =0 6 «102  Regularization method, ¥ =0
3 5 |
2.5 —
= =T 4
E 2 <
? | 31
=15 =
S =
g = 2 1
= 14 -
0.5 - 1
O T T T T 0 T T T T
0 1 2 3 4 5 0 1 2 3 4 5
t t
35 x1074 Exact method, 9 = 0.001 ; %10~ Regularization method, 9 = 0.001
64
= = 51
3 N 41
I I
= EES
S =
= =
A —_— 24
1
0 T T T T
0 1 2 3 4 5
t
0.035 Exact method, ¥ = 0.1 0.03 Regularization method, ¥ = 0.1
0.03 4 0.025
__ 0.025 4 —
= = 002
S S
< 0.02 4 <
| 1 0.015 4
= 0.015 4 =
= =
0.01 +
= 001 =
0.005 0.005
0 0

FiGuRre 2: The absolute errors |i(a, t) — u(a, t)|, with the exact and regularization
At =0.001 and h = 0.05.

methods and different values of noises for Example 1 using
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TaBLE 1: L, errors of Example 1 for different values of At and 9 with /= 0.05.

Method

— 1
At = 55

— 1
At = 15

1
At = =5

-1
At = w56

0.0001
0.0001
0.001
0.001
0.01
0.01
0.1
0.1

Exact
Exact
Regularization
Exact
Regularization
Exact
Regularization
Exact

Regularization

2.814715e - 05
3.621854e - 05
4.802055e - 05
1.049879e — 04
1.198265e — 04
7.991674e - 04
6.676744e — 04
1.134644e — 02
8.608509¢ — 03

2.583762e - 06
1.145132e - 05
1.106724e - 05
1.147022e - 04
1.262147e - 04
1.013317e - 03
1.020415e - 03
1.124839e - 02
8.209530e — 03

6.155098e — 07
1.462985e — 05
4.894096¢ - 03
1.588327e — 04
4.903954¢ - 03
1.543202e¢ - 03
5.201666¢e - 03
1.672706e — 02
1.927866e — 02

3.141230e - 07
3.314704e - 05
5.889474e - 03
3.328792e - 04
6.321994¢ - 03
3.522300e - 03
6.770758e — 03
3.645521e - 02
2.575360e — 02

|& (x, 8) = u (x, 1)]

TABLE 2: L, errors of Example 2 for different values of At and 9 with h = 0.05.

FIGURE 3: The exact solution (left) and the absolute error (right) of Example 2 with At =0.001 and k = 0.01, without noise.

Method

_ 1
At= g5

_ 1
At = 15

_ 1
At = o5

_ 1
At = 5

0.0001
0.0001
0.001
0.001
0.01
0.01
0.1
0.1

Exact
Exact
Regularization
Exact
Regularization
Exact
Regularization
Exact

Regularization

3.612476e - 05
4.699528¢e - 05
2.624024e - 05
1.183073e - 04
1.363059¢ - 04
1.525685e — 03
7.281806e — 04
7.399248e - 03
9.402128e - 03

2.959095¢ - 06
1.248949¢ - 05
1.202468e - 05
1.362642¢ - 04
8.611165e — 05
1.297835e - 03
6.885447¢ — 04
1.083570e — 02
9.843907¢ - 03

6.619158e - 07
2.062944¢ - 05
2.387568e — 04
1.925736e — 04
2.450763e - 04
1.956289¢ - 03
7.839071e — 04
2.062804e — 02
1.193822¢ - 02

3.353989¢ - 07
3.238930e - 05
2.749732e - 04
4.107127e - 04
3.206762e — 04
3.485143e-03
2.761185e - 03
3.805156e — 02
2.510321e - 02
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%1077 Exact method, 9 =0 6 103  Regularization method, ¥ =0

3.5

|& (a,t) - u(a,t)]

[t (a, t) - u (a,1)|

x1074 Exact method, § = 0.001 «1073 Regularization method, 9 = 0.001
7

| (a,t) - u (a,t)|

|z (a,t) - u(a,t)]

(=}

Exact method, 9 = 0.1 Regularization method, ¥ = 0.1

0.025 -

0.02 -

0.015 -

|t (a, t) - u (a, t)]

0.01 |

0.005

F1GuURE 4: The absolute errors |ii(a, t) — u(a, t)|, with the exact and regularization methods and different values of noises for Example 2 using
At=0.001 and h =0.05.
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TaBLE 3: L, errors of Example 3 for different values of At and 9 with /= 0.05.

— 1
At = 15

_ 1
At = =5

-1
At = w56

10

9 Method At= 4

0 Exact 4.816528e — 06
0.0001 Exact 2.351403e - 05
0.0001 Regularization 2.801648e — 05
0.001 Exact 1.306283e — 04
0.001 Regularization 7.512398e - 05
0.01 Exact 2.557327¢ - 03
0.01 Regularization 1.193753e - 03
0.1 Exact 1.812669e — 02
0.1 Regularization 7.477861e — 03

4.792704e - 07
2.514832e - 05
5.715366¢ — 05
2.291344e - 04
1.175376e — 04
2.312663e - 03
4.763686e — 04
2.584793e - 02
1.372036e - 02

9.580090e — 08
4.071947e - 05
1.121469e - 04
3.901340e - 04
1.169995¢ — 04
3.491372¢ - 03
4.462170e — 04
3.202167e - 02
4.073468e - 03

4.789637e — 08
7.494035e - 05
1.220928e - 04
7.325559¢ - 04
2.451920e - 04
6.974782e — 03
2.318261e—-03
7.193698¢ — 02
2.030713e - 02

i (x,t)

x107¢
N
0.8
0.64 .

0.44.
0.24.

i (x, ) = u (x, 1)

0.
1

FIGURE 5: The exact solution (left) and the absolute error (right) of Example 3 with At =0.001 and & = 0.01, without noise.

the solution. In this word, the generalized cross-validation
(GCV) method [28] is used to determine the regularization
parameter A. In our computations, we will use the MATLAB
codes developed by Hansen [29] for solving the ill-
conditioned systems.

In numerical examples, we suppose that #i(x, ) denotes
the exact solution and u(x, t) denotes the estimated solution.

The versatility and accuracy of the methods are measured
using the maximum absolute error norm L, defined by [30]:

Lo, = max |u(a, t,) —u(a,t,)|. (55)

 0<nN

In all examples and for all different values of n and h, the
conditional numbers of the coefficient matrices Z" are less
than 1000 but their smallest singular values are about 10~
and relatively small. For this reason, we expect the ill-
posedness of the systems to increase with increasing 9.

In all examples, solving the system by the decomposition
method (Cholesky et al.) is called the “exact method” and
solving the system using the Tikhonov regularization method
is called the “regularization method.”

It is notable that we perform all of the computations by
MATLAB® R2019a software (V9.6.0.1072779, 64-bit
(win64), License Number: 968398, MathWorks Inc., Natick,
MA) running on a Sony VAIO Laptop (Intel® Core™ i5-

2410M Processor 2.30 GHz with Turbo Boost up to
2.90 GHz, 8 GB of RAM, 64-bit) PC.

Example 1. We consider the problem (1)-(5) in the domain
[0,1] with e=1,1=0.1, T=5,y=1, =1, f=1, =2, and
8 = 1. The exact solution will be obtained using equation (6).

The exact solution and the absolute error using At =
0.001 and & = 0.01 are depicted in Figure 1. Also, the absolute
errors |ii(a, t) — u(a, t)], by applying the exact and regulariza-
tion methods and different values of 9 with At=0.001 and
h=0.05, are shown in Figure 2. In Table 1, the maximum
absolute errors L. are tabulated using h = 0.05 and different
values of 9 and At.

Example 2. In this example, we consider the problem (1)-(5)
withe=1,/=-09,T=1,1=0,a=1,=1,y=-1,andd =1
in the domain [-1,1]. The exact solution will be obtained
using equation (8).

In Figure 3, the exact solution and the absolute error
using At=0.001 and h=0.01 are presented. In addition,
the absolute errors |ii(a,t) —u(a, t)|, using the exact and
regularization methods and different values of 9 with At
=0.001 and h=0.05, are displayed in Figure 4. The L
are shown using different values of 9 and At and h=
0.05 in Table 2.
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x1078 Exact method, 9 =0 «10*  Regularization method, ¥ =0
5 1.2
4 1
S 3” 0.8 1
= 31 g
| 3
-~ 1 0.6
S 2 5
= i 0.4
] 021
0 T T T T O T T T T
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t t
x1074 Exact method, & = 0.001 5 «10~* Regularization method, 9 = 0.001
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14
= = 0.8
5 5
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= 0.6
5 5
= = 0.4
0.2 1
0 T T T T
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0.07 Exact method, 9 = 0.1 9 %10 Regularization method, 9 = 0.1
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= T 6-
S S
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< 0.03 = 44
= S
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= 0.02 =
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F1Gure 6: The absolute errors |ii(a, t) — u(a, t)|, with the exact and regularization methods and different values of noises for Example 3 using
At =0.001 and h =0.05.
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x1076 Exact method, 9 =0 103  Regularization method, ¥ =0
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FiGuRrE 7: The absolute errors |i(a, t) — u(a, t)|, with the exact and regularization methods and different values of noises for Example 4 using
At=0.001 and h =0.05.
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FIGURE 8:

|t (x,8) = u (x,1)|

13

The exact solution (left) and the absolute error (right) of Example 4 with At =0.001 and / = 0.01, without noise.

TABLE 4: L, errors of Example 4 for different values of At and 9 with h = 0.05.

— 1
At = 15

1
At = =5

-1
At = 1556

9 Method At= s

0 Exact 5.686819¢ — 03
0.0001 Exact 5.685089¢ - 03
0.0001 Regularization 5.332308e — 03
0.001 Exact 5.701673e - 03
0.001 Regularization 5.308533¢ — 03
0.01 Exact 6.142029e - 03
0.01 Regularization 5.132815e - 03
0.1 Exact 1.584424e - 02
0.1 Regularization 7.376052¢ — 03

1.263590e - 04
1.327687e - 04
1.069778e — 04
1.770599e - 04
1.018102e - 04
9.728911e - 04
1.078324e - 03
1.078511e - 02
7.101563e - 03

1.769301e - 05
3.060667¢ — 05
5.492670e - 03
1.672482e - 04
5.505681e - 03
1.744781e - 03
4.795718e - 03
1.603969¢ — 02
1.218363e - 02

8.381687e — 06
3.335971e - 05
6.108492¢ - 03
2.856058¢e — 04
6.212021e - 03
2.566482¢ - 03
6.132190e - 03
3.379878e - 02
3.157183e - 02

Example3.Leta=-1,b=5,e=1,1=-09,T=1,1=1,a=0,
B=1,and § =1, in the problem (1)-(5). The exact solution of
this example is given as [31]

yble(l/z)(ﬁyx+y2t) n bze(llz)(\/ixﬂf)
u(xt) = b eM(V2rxey’t) 4 p p(U2)(VaxHt) 4 eyt” (56)

where b,, b,, and b; are arbitrary constants. For the compu-
tation, we take y=1/2, b, =1, b, =1, and by = 1.

The error norms L, are tabulated using different values
of 9 and At and h=0.05 in Table 3. The exact solution and
the absolute error using At=0.001 and 4 =0.01 are pre-
sented in Figure 5. Moreover, the absolute errors |ii(a, t) —
u(a, t)|, using the exact and regularization methods and dif-
ferent values of 9 with At=0.001 and h =0.05, are shown
in Figure 6.

Example 4. We consider the problem (1)-(5) withe=1, 1=

0.1, T=3,%=0, =0, y=-1,8=1, a=0, and b=1. The
exact solution is given by [32] as follows:

-2
u(x, t) = (1 + e\/ﬁ’g"_(sﬁmﬁ) , (57)

and we assume that §=6.

In Figure 7, the absolute errors |i(a, t) — u(a, t)|, using
the exact and regularization methods and different values of
9 with At=0.001 and h=0.05, are depicted. In Figure 8,
the exact solution and the absolute error using At =0.001
and h=0.01 are presented. The maximum absolute errors
L, are tabulated using & =0.05 and different values of 9

(o)

and At in Table 4.

5. Conclusions

The boundary value inverse problem related to the general-
ized Burgers-Fisher and generalized Burgers-Huxley equa-
tions was solved numerically. We considered the equation
in a small time interval and then applied quasilinearization
in time. We approximated the largest order of derivatives in
the equation using a linear combination of B-splines. By inte-
grating several times with respect to the time and space var-
iables, we obtain approximations for the function and its
partial derivatives. By substituting quasilinearization and
the obtained approximations in the equation, a desired
numerical scheme was obtained. In numerical examples, we
saw that the obtained linear system from the numerical
scheme has a relatively small condition number. The numer-
ical results show that the solutions are very accurate. By add-
ing large noise levels to the system, it was observed that the
solutions were still appropriate.
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Appendix

The matrices I, B and I,B are listed below.

o 51111 1 1 1
64 4 4 4 4 4 4 4 4
0 57 111 1 1 1
2% 16 2 2 2 2 2 2 2
o ¥ 1173 33 33 3
768 48 24 4 4 4 4 4 4
1 1 1 23
0 — — - =2 1 1 1 1 1
384 24 2 24
1 1 23
— == 1 1 1
24 2 24
I,B=h D 1,
1 1 23
— - == 1 1 1
24 2 24
11 23 383
24 2 24 384
1 23 539 3
24 48 768 4
1 73 1
16 256 2
11
64 4
(A1)
o 4 9 14 1A 4+502n—2) 20n—7 4+52n—1)
640 20 20 20 20 20 20 40 20
o 17 177 12 17 2 7+5(2n—3) 20n—11 7+5(2n—2)
2560 80 10 10 10 10 10 20 10
R O T VA - I 27+15(2n—4) 60n —51 27+15(2n — 3)
7680 240 120 20 20 20 20 40 20
1 1 7 121 4n—5
0o — — — = 2 3 .. 2n—3 2m—2
3840 120 30 120 2
1 7 121 4n —7
- —_— 2 2n—4 2n—3
120 30 120 2
LB=h : U
1 7 121 5
- L = 2 s 3
120 30 120 2
17 121 5761 5
120 30 120 3840
1 11 4081
120 48 7680 10
1 47
80 512 10
1 1
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This paper deals with the existence of solutions for a new class of nonlinear fractional boundary value systems involving the
left and right Riemann-Liouville fractional derivatives. More precisely, we establish the existence of at least three weak
solutions for the problem using variational methods combined with the critical point theorem due to Bonano and Marano.

In addition, some examples in R* and R* are given to illustrate the theoritical results.

1. Introduction

Fractional differential equations (FDEs) are a generaliza-
tion of ordinary differential equations (ODEs), as they
contain fractional derivatives whose degree is not necessar-
ily an integer. This is what makes it receive great attention
from researchers due to its ability to model some difficult
and complex phenomena in many fields, including engi-
neering, science, biology, economics, and physics (for
more information, see [1-22]). One of the most investi-
gated issues is the existence of solutions for the fractional
initial and boundary value problems by using some fixed
point theorems, coincidence degree theory, and monotone
interactive method. Among the most important of these
are the works mentioned in Oldham and Spanier and
Podlubny’s books (see [13, 23]) and the work of Metzler

and Klafter (see [24]). Furthermore, the first to use the
critical point theorem was Jiao and Zhou in [6] to study
the following problem:

a.ete€[0,T],

{zD?(on‘“(f)) =VE(t, u(t)), 0

u(0) =u(t) =0,

where (Df and ,Df are the left and right Riemann-Liouville
fractional derivatives with 0 < « < 1, respectively, and F : [0,
T] x R — R" is a suitable function satisfying some hypothe-
sis and F(t, x) is the gradient of F with respect to x.

In [22], the authors have used variational methods to
investigate the existence of weak solutions for the following
system:
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(DS (a(t)oDfu(t)) = AF, (8, u(t), v(1)),

tDl;(b(t)Ova(t)) = AF,(tu(t), (1)), aete0,T),

a.etel0,T),

u(0)=u(T)=0,v(0)=v(T) =0,
(2)

for (D and ,Df are the left and right Riemann-Liouville
fractional derivatives with 0 < @ <1 and F, denotes the par-

{ (D (a;(t)oD u;(t)) = AF, (tuy(£), uy(8), o uy (1)) + hi(u;(1)),  a.et€0,T],

u(0) = w(T) =0,

for 1 <i<n, where a; € (0; 1], (D7 and D} are the left and
right Riemann-Liouville fractional derivatives of order a;,
respectively, a; € L®([0, T]) with

a,y= ess[inTﬁai >0, forl<i<n, (4)
0,

A>0, F: [0, T] x R" — R is a measurable function for
all (x;,++,x,) € R" and is C' with respect to (x,, -, x,) €
R" for a.e. t € [0, T], F, denotes the partial derivative of F
with respect to u;, respectively, and h;: R— R are
Lipschitz continuous functions with the Lipschitz constants
L;>0,for1<i<mn,ie,

|hi(x1) = hi(x;)| < Lilx; = x5, (5)

for all x;,x, € R and h,;(0) =0, for 1 <i < n. In order to state
the main results, we introduce the following conditions:
(FO) Forall C>0andany 1<i<n

swp  [Fy(bx x| €L(O.T).  (6)
[(x157+%, ) |<C

(F1) F(t;0,:--,0) =0, for a.e. t € [0; T].

In the present study, motivated by the results introduced
in [12, 13, 25], using the three critical point theorems due to
Ricceri ([26], see Theorem 2.6 in the next section), we ensure
the existence of at least three solutions for system (3). For
other applications of Ricceri’s result for perturbed boundary
value problems, the interested readers are referred to the
papers [11-13, 23-25, 27].

We divided the paper as follows: in the second section, we
put some preliminary facts, while in the third section we pre-
sented the main result and its proof. Finally, we proposed two
practical examples of our theorem.

2. Preliminaries

In this section, introducing some necessary definitions and
preliminary facts.
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tial derivative of F with respect to s. In [?], Zhao et al
obtained the existence of infinitely many solutions for system
(2) with perturbed functions h;,i=1, 2.

Yet, there are a few findings for fractional boundary value
problems which were established exploiting this approach
due to its difficulty in establishing a suitable space and varia-
tional functional for fractional problems.

In this work, we shall study the existence of three weak
solutions for the following system:

Definition 1 [28]. Let u be a function defined on [0, T] and
a; > 0 for 1 < i< n. The left and right Riemann-Liouville frac-
tional integrals of order «; for the function u are defined by

t

oD “u(t) = F(tx-) J (t=s5)%u(s)ds, tel0,T],
i)Jo (7)
T
oD u(t) = ﬁjt (s=t)%u(s)ds, te[0,T],

for 1 <i<n, provided the RHS are pointwise given on [0, T},
where I'(«;) is the standard gamma function defined by

I'(z)= J;mzo‘flezdz. (8)

Definition 2 [25]. Let 0 <a; <1 for 1 <i<n. The fractional
derivative space H,' is given by the closure C°([0, T], R), that is

H = C([0, T}, R), (9)

with the norm

1/2

T T
; 2
il = ([ aloDi o are [ uopar) . o)
0 0
for every u; € Hy' and for 1 <i<n.
We point out that Hy' (0 < &, < 1) is a reflexive and sepa-

rable Banach space (see [22], Proposition 3.1) for details.
For every u; € Hy', set

v (Jjw"(t)rdt) o (11)

440 = max (6]

[|u;

Definition 3 [27]. We mean by a weak solution of system
(3), any u= (uy, u,, -, u,) € X such that for all v=(v;,v,
R Vn) eX,
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T n

J > a,(t) D uy(t) D vy () dt
0 =1

T n
—Aj S F, (b g (£), wy(6), - () (e (12)

0 =1

-J ihi(u)v(t)dtz

0 i=1

Lemma 4 [27]. Let 0<a; <1, for 1<i<n. Yu; € Hy, we
have

T% o
||”i||(L2) < T(o+ 1) oD w2 (13)
Moreover,

T o
T —| 5 7 |
oo < ey Pl

From Lemma 4, we easily observe that

T% T . 5 1/2
[Juil 2 < T, + 1)y (Joai(t)’th’”i(tﬂ dt) . (15)

for 0 <a; <1, and

Ta~(112) T . 5 1/z
il ([ stolotnorar)
(@)/ai (205 = 1) \Jo

(16)

By using (15), the norm of (10) is equivalent to
T 12
; 2 .
14|, <J a;(t)[oDf uy(t)| dt) ., Yu;eHy'. (17)
0

Throughout this paper, let X be the Cartesian product
of the n spaces Hy' for 1<i<n, ie, X=H,' x Hy’ X ---x
H,"; we equip X with the norm defined by

n
ful| = Y fillyer =yt sm,),  (18)
- 0

where ||u;]| pe is given in (17). We have X compactly
embedded in C([0, T], R)".

Theorem 5 [25]. Let X be a reflexive real Banach space and
@ : X — R be a coercive, continuously Gateaux differentia-
ble sequentially weakly lower semicontinuous functional

whose Gdteaux derivative admits a continuous inverse on
X*, bounded on bounded subsets of X, : X — R a continu-
ously Gdteaux differentiable functional whose Gateaux deriv-
ative is compact such that

®(0) =¥(0) = 0. (19)

Suppose that 3r > 0 and X € X, with r < O(X), satisfying

(a,) sup (¥ (u)/r) < (P(x)/1¥(x))-
D(u)<r
(a,) For each A€ Ay; = (O(x)/¥(X),r/ sup ¥(u)), the

D(u)<r
functional ® — AV is coercive.
Hence, VA € A, the functional @ — AY¥ has at least three
critical points in the space X.

3. Main Results

In this section, by applying Theorem 5, we examine the exis-
tence of multiple solutions for system (3). For any o > 0, let
us define

n<a>={<x1«~, JeR": Z|x,| <a} (20)

This set will be used in some of our hypotheses with
appropriate choices of 0. For u=(u;,u,, -, u,) €X, we
define

= 3 Vi) 1)

i=1

where Y;(x Io

Vtel0; T] andxe]R
Furthermore, let

Tz‘xfl
k == max 2 ’
Lsisn | (I'(e;)) a0 (20; — 1)

_ LT
M:=min< 1 - ——
Lsisn (I(; +1))"aj

_ 20
k:=max{ 1+ Lz . (22)
Lisn (I(e; +1))"ay

Theorem 6. Let 1/2<a; <1, for 1<i<n, and suppose that
M > 0 and the conditions (F0) and (F1) are satisfied. Further-
more, assume that 3r > 0 and a function w = (w;, w,, -+, w,,)
€ X satisfying

))ds and H,(x) = [(hi(z)dz1<i<n,

i i1,

i=1
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T
F(t,w;, w,, - w,)dt sup F(t,x;, -+, x,)
(ii) 2r — Jo (2 P2 ) (i) lim sup t€[0,T]
2 fleilly, = 2Y (@p @z 0y) (e[, ) —(00s1+00) X 12
T
—J max , F(t,x,--x,)dt>0, (23)
0 (X )Err(’")
Then, setting
il /2) V(@@ 0,) . »
= » =
Ji Fbo (0@t 0, (0)dt [T max (b,
VA € A system (3) admits at least 3 weak solutions in X. T
lim sup¥(u,,) < J lim sup F(2, u,,, 1 (£), Uy 5(£)s -+ thy, (1))t
Proof. For each u=(uy,u,, -, u,) €X, we introduce the e gmﬁm
functionals ®,¥ : X — R as = J F(t,uy (1), uy(t), -+ u, (£))dt = ¥ (u),
0
2 (28)

T
¥ (u) =J F(t, uy (£), uy (), -+ u,(t))dt. (26)

It is clear that @ and ¥ are continuously Géteaux differ-
entiable functionals whose Géteaux derivatives at the point
u € X are defined by

JZ £),Dv,(t)dt

i=1

T n
X OIe

0 j=1

¥ (u)(v) = J Z Ey (6 (£), uy (1), -5 w, (1)) vi(1)dt, (27)

0 j=1

for every v= (v}, v,, -+, v,) € X.

We have @' (1), ¥' (1) € X*, where X* is the dual space
of X. And the functional @ is sequentially weakly lower semi-
continuous and its Gateaux derivative admits a continuous

inverse on X*; also lim @(u)=+c0 it is coercive.
llully—>+o0

Now, we show that the functional ¥ is sequentially weakly
upper semicontinuous and its derivative ¥' : X — X* is a
compact operator. Let u,, — u in X, where u,, (t) = (u,,,(t),
Uy 5(t)s -5 u,,(t)); then certainly u,, converges uniformly
to u on the interval [0, T]. Then,

which gets that ¥ is sequentially weakly upper
semicontinuous.
Moreover, we have

mli{l}ooF(t, um,l (t)’ um,2(t)’ T um,n(t)) (29)

=F(t,u,(t), uy(t), -, u,(t)), forallte]|0,T].

Note that F(t,-, -+, - ) € C'(R"). The Lebesgue control
convergence theorem implies that ¥/ (u) — ¥'(u)
strongly, hence yielding that ¥' is strongly continuous on
X. Then, ¥' : X — X* is a compact operator.

We show that required hypothesis @(x) > r follows from
(7) and the definition of @ by taking ¥ = w. Indeed, as (5) holds
for all x; ;x, € R and h,(0) =--- = h,(0) = 0; one has |h;(x)|
<L,|x|,1<i<n, for any x € R. It follows from (15) that

(D(w) > i= 1”“‘)1”

| e

0

1 wl nL T
_zln I Z—’le s

1
:120

(30)

[

1 L. T
5= | llwill2
2 (I(a;+1))7ay '

2
a;’

[\
M=
Y

I
—_

=

M=

M
5 [|os |

—
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From (16), for every u; € Hy', we have

I 1
ma (0 <Kl (1)

for 1 <i < n. Hence,

Z\u
teOT

Assume that u,(t) =(0,---,0) and the supposition (i)
deduces that 0 < r < @(w) and they hold @(u,(t)) =¥ (u,(¢)
)=0 from definitions (25) and (26), which are required
assumptions in Theorem 5. Applying relations (16), (17),
and (22) gives the following relation:

<k |l (32)
i=1

@‘1((—oo;r]) ={u=(upuy-u,) €X : Pu)<r}

uille, _ v
= u=(upuy, - u,)€X: i< —
{ gex Bl o
n
Q{uz(ul,uz,---,un)eX:Z

i=1

. (I'(e)) ay (205 = 1) |2, < L}
illoo = Jr

2T206i71

MM
T
=

8]
IA
35
——

1
c {u:(ul,uz,n-,un) €eX: 3

(33)
which implies that
T
sup  Y(u)=  sup J F(t,u (), uy(t), -+ u,(t))dt
ued™!((~o0sr]) ued™! ((—o05r])J 0
T
SJ max  F(t,x;, -, x,)dt.
0 (kv e (§)
(34)

Hence, under the condition (ii), we get the following
inequality

sup lI/(u) T
1 ((_
ng max F(tx), o x,)dt
r 0 (o) ()
T
J‘O F(t,wl)wz)...’wn)dt
Z?:l”wiui —2Y(wy, w5 w,,)
T
IO F(t’wl’wz’...’wn)dt

=r
= Y(wp, wp, oy w,)

(T

(w

= o)

=

S

(35)

Thus, the hypothesis (a;) of Theorem 5 holds.

On the other hand, fix 0 < & < (1/2TkA). From (iii) into
account, there exist constants 7, € R such that

F(t,xl’ (N

n
xn) S‘;"Z|xi|2+Té:> (36)
i=1

foranyt € [0, T] and (x,, ---, x,,) € R", by using (36) and (15)
yields, it follows that, for each u € X,

1 T
O) =9 () = 53"}, ~A| (a0 (0) - 1)

i=1

l n n

23 3l = TAke ), A

i= i=1
1 n

(E - T)tks> 2 lluills, - Az

i=1

(37)
And from him,
l lim  @(u) - A¥(u) = +oo. (38)

Moreover, analogous to the case of 7, > 0, we imply that
D(u) — AV (u) — +00 as ||ul|y—>+oco with 7, <0. Then,
the hypotheses of Theorem 5 hold, which means that system
(3) admits at least 3 weak solutions in X, which completes the
proof.

Now, we present some notations, before the corollary of
Theorem 6.

Put

T 2(170(1)
_ 1 Jai(t)tz(l"“f)dt+J ai(t)(t—z;) dt
0

T/4

T 37\ 20-) T
+J a;(t) (t— —) dt—ZJ a;(t)
3T/4 4 T/4
T 1—01[ T 3T l—oc,
: (t2 - —t) dt - ZJ a;(t) <t2 - —t> dt
4 3T/4 4

T 3T2 17‘Xi
+2J a;(t) <t2—Tt+ —t) dt 3,
3T/4 16

A, = min{A(«;): forl <i<n},

1<i<n

A, = max{A;(«;): forl <i<n}. (39)

1<i<n

Corollary 7. Let 1/2 < a; < 1, 1 < i < n and supposition (iii) in
Theorem 6 holds. Suppose that 3t > 0 and d such that (t/A,
kMn) < d°, and also

(i') F(t,xp, -+ %,) 20, for(t,x;, -+, x,)

(][]

X [0,400) X -++ X [0,+00)),



jo _max F(t,x, -, x,)dt
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sup F(t,xp, -+ x,)

(zz ) ) H(7) (iii’) lim sup <ol - 5 <0.
M (51575 2, ) = (+00,++7+00) Yy |xil°12
3774
T F(tT(2-a,))d, T(2-ay)d, -+, [(2 - ,)d)dt (40)
nkkA,d*
Then, setting
kA, d?
AeA'= 3774 s (T - (41)
g FET(2—a)d, I(2-0y)d, -, d)dt k[, R ._?;%)EH(T)F(t,xl, ey X, )dt
Thus, system (3) admits at least three weak solutions in X By (25), for 1 <i<n, imply that
Proof. Choose D(w) = D(w, Wy, > w,,)
re-o)d T n |w’” - Y(w)
> t 0) — |> i=
p o]
T > || 46
w(t)={ T'(2-w))d, te [—, —}, (42) 2 ;H I 46)
n
re2-o)d 3T =Md* ) A(a;)
hT (T-1), te| T i=1
>nMA,d’.
We derive
ad Similar to (30) and (46), we have ®(w) < nkA,d>.
Tt te {0’ Z{ Let r = tM/k. From (1/A,kMn) < d*, we have
3 ad (e (T 1o e [T 3T
oDrwi(t) =9 T _< - Z) e {Z’ T}’ n |w 2 ) . ,
5 % > @(w) 2 nMA,d* > nMA, x =_.
ad (. ' 3T\ 3T o AkMn M
“( '—<t—z> —(t—T> , teh,T].
(47)
(43)
M Thus, the assumption (ii) of Theorem 6 holds.
oreover, TN
(i ") implies that
T Qa, 2
J “i(t)‘th’wi(t)’ dt T
0 :J (t, wy, wy, -+, @, )dt
T/4 3T/4 T o » (44)
:J +J +J “i(t)|th’“’i(t)| dt T/4
0 T4 )3T/ :J F(t, 0y, wy, -+, w,)dt
= 24, (a;)d% 0
3T/4
+J F(t,w, wy, - w,)dt (48)
T/4

Then, w;(0) =w;(T) =0, w;(t), D} w;(t) € L?[0, T], i=
2, -+, n; hence, w = (w,, w,, -, w,) € X, and we have

T 2
oy 2 =L a,(t) |oDfw,(t) Pdt = 24, (a)d>. (45)

T
+ J F(t,w), 0y, -+, w,)dt
3T/4

vV

3T/4
J F(t,w, wy, -+ w,,)dt.
T/4
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.. !
Moreover, by condition (ii '), we have

fg max  F(t,x,, -, x,)dt

(2150, ) €m(kr/M)
r

kfg max  F(t,x;,--,x,)dt

x,, ) €n(kr/M)
™

3T/4

T/ F(t,T2-a))d, T(2-,)d, -,
nkA,d*

3T/4

s FGT2=0)d, [(2-ay)d, -,
D(w)

ngF(t, w1, Wy, -5 W, )dt

2 ||“’z||i —2Y(w, @, w,)

r(2-a,)d)dt

r(2-a,)d)dt

(49)

Hence, the supposition (ii) of Theorem 6 is verified.

Moreover, the supposition (iii) of Theorem 6 holds
under (iii ') from A’ < A. Theorem 6 is successfully
employed to ensure the existence of at least 3 weak solu-
tions for system (3). This completes of the proof.

4. Examples

In this section, we propose two practical examples of Theorem 6.

Example L Let a; =0.7, 0, = 0.65, a3 = 0.6,
a,(t)=1+1t%a,(t)=0.5+t,a5(t)=1+t,T=1. Then, sys-

1 1

tem (3) gets the following form:

DY ((1+82)6D) 7y (1)) = AF,, (1 uy (1), up(£), (1)) + By (), £€[0,1],

DY ((0.5+1) DMS”z(t)) AF, (6 uy (1), uy (), uz (1)) + hy(uy),  t€[0,1],
DY ((L+1)oDfCus(1)) = AF, (t, uy (£), uy(t), u5(£)) + hs(u3),  te[0,1],
uy(0) = u; (1) =0, u,(0) = uy(1) = 0, u3(0) = u3(1) =0,
(50)

where h,(u;) =1/4 sin uy,hy(uy) = uy/2, and hy(u;) = 1/20
arctan u;.

Furthermore, V(£ x;, x,, x3) € [05 1] x R*; put

(1+ tz)G(xl,xz,x3), (51)

E(t, x, (1), %5(t), x3(t)) =
where
G(xp> %5, X3)
(xf+x§+x3) X xS,
10(x] +x3 +x§)% -9(xi+x3 +x§)1/3,xf +x3+x5> 1.
(52)

Obviously h,, hy, h; — R are three Lipschitz continu-
ous functions with Lipschitz constants L, =1/4,L, =1/2,L,
=1/20 and h,(0) = h,(0) = h3(0) = 0. Clearly, F(¢,0,0,0) =
0,Vt €0, 1], by the direct calculation, we have a,, =1, a,,
=1,and a5, =0.5

1

= max {(r(0.7))2(2 x0.7 1) (I(0.65))*(2x0.65—1) (I'(0.6))*x0.5(2x 0.6 - 1)

L,

} =~ 4.509191,

L
M=min{1- ! 51—
((0.7)+1)

Taking
w,(£) =I'(1.3)t(1 - 1), w,(t)
=T(1.35)t(1— 1), ws (1)
=T (1.4)¢(1 1)
OD?le(t) — t0.3 _ 21{1((2133)) 1.3,
OD(t).GSwz(t) — t0.35 _ 21{((213355)) t1'35,
OD?‘6w3(t) — t0'4 _ 2F(1'4) t1'4. (54)

r(2.4)

065+

L
S } ~0.912084 (53)

(I'(0.6) +1)*x 0.5

By a simple calculation, we obtain

2 2
[w1(t)[[5.7 = 0130566, [|w, (t) g 65

% 0.078559, ||es (£)]2 ¢ (55)
~(0.102638.
Select =1 x 1073, we find
2 2 2
o1 () [[o7 + [|02(D) [g.65 + l|03(D) o6
(56)

2r
~0.311763 > — =0.002192.
M



We deduce that the supposition (i) holds, and

1
ma F(t, x,x,,x,)dt
0 (xl,xz,XS)ei((kr/M) ( 12 3)
-
_16k°r
= ~(0.130355
3M?

ZJ"O F(t, 0y, w,, wy)dt

(lor () 157 + o2 (8) .65 + llos (1)l 6)

- Y(w;, 0y, w3)
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sup F(t, x, X5, X3)

te[0,T] _
(\x1|2/2) + (|x3\2/2)
(57)

P (|xo?12) +

1m
(1 bz o [) = (+00,t00,+00)

Then, suppositions (ii) and (iii) are verified. Hence, in view
of Theorem 6 for every A € ]2.7359,7.6714], system (50) has at
least 3 weak solutions in the space X = H)” x H)% x H{®.

Example 2. Let o) = 0.65, oy =0.75, a3 = 0.85, oy = 0.95, a, (¢

~0.365517, YJ=1+8,a,(t) =1+t a,(t) =05+t a,(t)=1+t, T=1.
Hence, system (3) gives
tD?ﬁS((l + t3)0D?'65”1(t)) = AFul (6 uy (1), uy(£), uz (1), ug(t)) + hy (y), €[0,1],
DY (14 8)oDy Puy () = AE,, (& 1y (£), 1y (£), us(£), uy (1)) + By (), £€[0,1],
D ((05+1)oDi P us(t)) = AF,, (£ uy (), uy(£), us(£), uy(t)) + ha(us), €0, 1], (58)
tD(f'QS((l + t)oD?'%”zx(t)) =AF, (6 uy (1), up(t), uz (1), ug(t)) + hy(uy), te€[0,1],
uy(0) = uy (1) = 0,1(0) = u5(1) = 0, u3(0) = u3 (1) = 0, 1y (0) = u, (1) = 0.
Taking Moreover, for all (t;x;,x,, X3, x,) € [0;1] x R, put
i(t) = L(L33)H(1 = 1), @ (1) F(t, %, (1), %3 (£), %3 (£), %, (1)) = (14 £2) Gy, 3, 3, %),
= I'(1.25)t(1 - £), (1) (59) (60)
= I(1.15)¢(1 - £), w, ()
=I(1.05)t(1 - 1). where
xf+x§+x§+xi 2,xf+x§+x§+xi£ 1,
Gy X, X35 %) = ( ) | (61)

22,2, 2\
10 (7 + x5 + x5 +x3)” —

Obviously h,, hy, hs, hy — R are three Lipschitz contin-
uous functions, hy (1) = 1/4 sin u,,h,(u4,) = u,/20 and h;(u,
) =1/100 arctan uy, hy(uy) =1/10 In (u, + 1) for all uy,u,,
uy, uy € R with Lipschitz constants L, =1/4,L, =1/20, L, =
1/100,L,=1/10  and
Clearly, F(t,0,0,0,0) =
as=1,and a,, =1

The direct calculation, gives

1 1
((0.65))*(2x0.65— 1) (I'(0.75))* x 0.5(2 x 0.75 — 1)

k = max
1 1

" (r(0.85))*(2%0.85—-1) (I'(0.95))*(2x 0.95 - 1)
~2.663742,

h1(0) = h,(0) = h3(0) = by (0) = 0.
0 for any t € [0, 1], a;y =1, a,, = 0.5,

1
9(xt +X5 + x5 +x3)H X+ 5 + x5+ x5 > 1

1 L 1 L
(I(0.65)+1)*" (I'(0.75) +1)*x 0.5
M = min
J1- L3 J1- L4
(I'(0.85) +1)* (I'(0.95) +1)*
~ 0.956042,

2F(135) 1.35

D0.65 £ = t0435 _
0+t wl() 1"(235)

>

2I(1.25) 5
(2.25)

>

oDV 7w, (1) = 1975 —

2I'(1.15) ;s

DY850 (£) = 015 _
0+t w3() 1“(215)

>



Advances in Mathematical Physics

Select =1 x 1073; we find

2I'(1.05
oD (1) = 109 — 1"((2 05)) £1.05 (62)
2 2
w1 (])Ilo.65 + 102 (£) I 75
2 2
So that + s ()13s5 + s (D) 1505 (64)
2r
2 2 ~0.831213 > — =0.002092.
[l (£) .65 = 0-104555, [, (£)]fo 75 M
2
= 0158153’ Hw3(t)H0.85 (63)
~0.170894, ||, (1) |2 o We deduce that the supposition (i) holds, and
~0.397611.
1
F t: 5 B > dt
0 (xl,xz,x3r,2,a).z(n(kr/M) ( X% x4) _ 16](27'

r

1
2, F(t wy, wy, w3, wy)dt

~0.041403

< S . S . ~0.135277,
(”“"1(0”0.65 + [y (t)[[g75 + [lws ()55 + ||w4(t)||o.95) = Y(w;, 0y, 3, wy)
sup F(t, x;, X, X3, X4)
su teloT] 0. (65)

m
(Perls 2 bles s[4 ) — (+00,+00,+00,+00)

Then, suppositions (ii) and (iii) are verified. Hence, in
view of Theorem 6 for every A €]7.3922,24.1528], system
(58) has at least 3 weak solutions in the space X = Hg'65 X
HO75 x HO35 x HO5.

5. Conclusion

In this work, at least 3 weak solutions were obtained for a
new class of nonlinear fractional BVPs using a critical
three-point theorem due to Bonano and Marano. Some
appropriate function spaces and variational frameworks
were successfully created for system (3). Finally, we sug-
gested two practical examples of Theorem 6 with a special
case discussion R*. As for case R*, it was discussed. This
makes our results prominent and distinct than previous
ones. In the next work, we extend our recent work to
the coupled system for this important problem. Also some
numerical examples will be given in order to ensure the
theory study by using some famous algorithms which are
presented in ([28, 29]).
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This paper is devoted to the initial and boundary value problems for a class of nonlinear metaparabolic equations u, — Bu,, — k
Ups + Vlhyerr = f(14,) At low initial energy level (J(u,) < d), we not only prove the existence of global weak solutions for these
problems by the combination of the Galerkin approximation and potential well methods but also obtain the finite time blow-up
result by adopting the potential well and improved concavity skills. Finally, we also discussed the finite time blow-up

phenomenon for certain solutions of these problems with high initial energy.

1. Introduction

In this paper, we study the initial and boundary value prob-
lems for the following nonlinear metaparabolic equations

U, = [;uxx - kuxxt + YUyyix :f(ux)x’ x€, t>0, (1)

u(x,0) =uy(x), xeQ, (2)

u(0,t) =u(1,t) =0, 1, (0,t) =1, (1,£)=0, >0, (3)

in a bounded domain Q= (0, 1), where u,(x) is the initial
value function defined on (2, k > 0 is the viscosity coefficient,
y >0 is the interfacial energy parameter, and the nonlinear
smooth function f(s) satisfies the following assumptions:

OIf ()] < als[*,

a>0,1<qg<+00,Vs€R,

(ii)(p + 1)F(s) = sf(s) forsomep >1, VseR, F(s)= J f(r)dr.

Equation (1) is a typical higher-order metaparabolic
equation [1, 2], which has extensive physical background
and rich theoretical connotation. This type of equation can

be regarded as the regularization of Sobolev-Galpern equa-
tion by adding a fourth-order term u,,.. The Sobolev-
Galpern equation appear in the study of various problems
of fluid mechanics, solid mechanics, and heat conduction
theory [3-5]. There have been many outstanding results
about the qualitative theory for Sobolev-Galpern which
include the existence, nonexistence, asymptotic behavior,
regularities, and other some special properties of solutions.
We also refer the reader to see [6, 7] and the papers cited
therein. In (1), u is the concentration of one of the two
phases, the fourth-order term yu,,,, denotes the capillarity-
driven surface diffusion, and the nonlinear term f(u,), is
an intrinsic chemical potential. For example, differentiating
(1) with respect to x and taking v =u,, $=0, then Equa-
tion (1) reduces to the well-known viscous Cahn-Hilliard
equation
Vi Vit Vo =P(V) . X €D, £>0. (5)
Equation (5) appears in the dynamics of viscous first-
order phase transitions in cooling binary solutions such
as glasses, alloys, and polymer mixtures [8-10]. On the
other hand, Equation (5) appears in the study of the reg-
ularization of nonclassical diffusion equations by adding a
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fourth-order term v,.,,. There have been many outstand-
ing results about the qualitative theory for this type of
equations [11-15]. For example, Liu and Yin [13] studied
Equation (5) for ¢(v) =—v+y,v* + 9,V in R%; they proved
the existence and nonexistence of global classical solutions
and pointed out that the sign of y, is crucial to the global
existence of solutions. In [14], Grinfeld and Novick-Cohen
studied a Morse decomposition of the stationary solutions
of the one-dimensional viscous Cahn-Hilliard equation by
explicit energy calculations. They also proved a partial pic-
ture of the variation in the structure of the attractor (n=1
) for the viscous Cahn-Hilliard equation as the mass con-
straint and homotopy parameter are varied. Zhao and Liu
[15] considered the initial boundary problem for the vis-
cous Cahn-Hilliard Equation (5). In their paper, the opti-
mal control under boundary condition was given, and
the existence of optimal solution was proved.

Let us mention that there is an abounding literature
about the initial and boundary value problems or Cauchy
problem to nonlinear parabolic and hyperbolic equations.
We refer the reader to the monographs [16, 17] which
devoted to the second-order parabolic and pseudoparabolic
problems. For the fourth-order nonlinear parabolic and
hyperbolic equations, there are also some results about the ini-
tial boundary value and Cauchy problems, especially on global
existence/nonexistence, uniqueness/nonuniqueness, and
asymptotic behavior [18-25]. Bakiyevich and Shadrin [21]
studied the Cauchy problem of the metaparabolic equation

{ ut_‘Xuxx_yuxxt+ﬁuxxxx:f(t’x)’ xeR, t>0,

u(x,0)=¢p(x), x€R,
(6)

where a >0, 3> 0, and y > 0 are constants. They proved that
the solutions are expressed through the sum of convolutions
of functions ¢(x) and f (¢, x) with corresponding fundamental
solutions.

In [22], Liu considered the metaparabolic equation

Uy — kuxxt + A(”) _f(x’ t)’

xxxx

0<x<1,0<t<T<+00,

(7)

where A(u) = [(a(s)ds, a, + a)s|® < a(s), and |a" (s)| < a,|s|"
(ay, a,, a,, and b are positive constants). He proved the exis-
tence of weak solutions by using the method of continuity.

Khudaverdiyev and Farhadova [23] discussed the follow-
ing fourth-order semilinear pseudoparabolic equation

u[ - auxxt + uxxxx :f(t’ x’ u’ ux’ uxx’ uxxx)’ (8)
0<x<1,0<t<T<+o0o,

where « > 0 is a fixed number. They proved the existence in

large theorem (i.e., true for sufficiently large values of T) for

generalized solution by means of Schauder stronger fixed-

point principle.
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In [24], Zhao and Xuan studied the generalized BBM-
Burgers equation

Uy = Oy — YUy + ﬁuxxxx +f(u)x =0, xeR, t>0. (9)

They obtained the existence and convergence behavior of
the global smooth solutions for Equation (9).

Philippin [25] studied the following fourth-order para-
bolic equation

u, — k() Au+ ky () A u=ky(Hujuff™!, xeQ,t>0, (10)
where ki, i=1,2,3 are positive constants or in general posi-
tive derivable functions of time ¢. Under appropriate assump-
tions on the data, he proved that the solutions u cannot exist
for all time, and an upper bound is derived.

Equation (1) is also closely connected with many equa-
tions [26-29]. For example, Yang [26] considered the initial
and boundary value problems of the following equation

Uy +Au, + o, =f(u,), x€(0,1),t>0. (11)

He studied the asymptotic property of the solution and
gave some sufficient conditions of the blow-up. When the
weak damping term u, of Equation (11) is replaced by the

strong damping term —u,.,, we have the following fourth-
order wave equation

Uy — 2buxxt T XUy :f(ux)x’ xX€ (0’ 1)’ t>0. (12)

Chen and Lu [27] studied the initial and boundary value
problems of Equation (12). They proved the existence and
uniqueness of the global generalized solution and global
classical solution by the Galerkin method. Furthermore, Xu
et al. [28] considered the initial and boundary value prob-
lems and proved the global existence and nonexistence of
solutions by adopting and modifying the so called concavity
method under some conditions with low initial energy. Ali
Khelghati and Khadijeh Baghaei [29] proved that the blow
up for Equation (12) occurs in finite time for arbitrary pos-
itive initial energy.

Motivated by the above researches, in the present work,
we mainly study the initial and boundary value problems
(1)-(3) of metaparabolic equations. Hereafter, for simplicity,
we set a = =y = 1. Especially, the appearance of the disper-
sion term u,,, and nonlinearity f(u,), for these problems
cause some difficulties such that we cannot apply the normal
Galerkin approximation, concavity, and potential methods
directly; we have to invent some new skills and methods to
overcome these difficulties.

Our paper is organized as follows. In Section 2, we intro-
duce some functionals and potential wells and discuss the
invariance of some sets which are needed for our work. In
Sections 3 and 4, the existence and nonexistence of global
weak solutions for problems (1)-(3) are proved by the Galer-
kin approximation and potential well and improved concav-
ity methods at low initial energy (J(u,) < d). Especially, the
threshold result between global existence and nonexistence
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is obtained under certain conditions. In the last section, we
investigate the finite time blow-up for certain solutions of
problems (1)-(3) with high initial energy.

2. Preliminaries

In this section, we introduce some functionals, potential
wells, and important lemmas that will be needed in this
paper. Throughout this paper, the following abbreviations
are used for precise statement:

LKI(Q) =11, Wm’q(Q) = W™,
H"(Q) = W"(Q) = H", Hy (@) = H,
D= {u € HZ(Q)|u(0, t)=u(1,t)
1
=0’ uxx(o’ t) =uxx(l’t)=0}’ ( 3)
[t4ll gy = [1tll o N1l yma )
= [l ull ymas ||“||H5"(Q) = H”HH(;

And the notation (-, - ) for the L*-inner product will also
be used for the notation of duality paring between dual
spaces.

First of all, let us consider the functionals as follows. The

“total energy” and “potential energy” associated with the
problems (1)-(3) are defined by

t

E(0) = E(u(t) = | Iu@lfndr s 5l | Flugds
I =3 Il + | P

() = g + jofwx)uxdx.

(14)
Then, by simple calculation, it follows that
' d 2
I (1) = 2 T) = () [ <0, (1)
t
E(f)=](“)+J l4:(7) |7 d = J (ug) = E(0). (16)
0

The corresponding “Nehari manifold” and “potential
well depth” are given by

N={ueDnW"(Q)|I(u) =0,u+0},

- (17)
= Inf (J(u)).
In addition, we define
N*={ueDn W' (Q)|I(u) >0} U {0}, 18)
18

N~ ={ueDn W' (Q)|I(u) < 0}.

To obtain the results of this paper, we also introduce so
called stable and unstable sets:

W={ueDnW""(Q)|I(x) >0,](u) <d} u {0},
V={ueDn W' (Q)[I(x) <0,](u) <d}.
(19)

Next, we shall give the following some essential lemmas
which are important to obtain the main results of this paper.

Lemma 1. Let f (s) satisfy (4), u € DN W1 (Q), then the fol-
lowing hold:

(1) If 0 < |[uy||g: <y then ue N*(u#0);
(2) Ifue N~ then |[u|| ;1 >y,
(3) Ifu e N, then ||u| >y, where

7\ @D
)

[l g (20)
]|
(ue DN WH(Q),u+0).

C:

*

Proof.

(1) If 0 < ||uy || s < ¥,» then

_J f(ux)uxdxsJQ|f(ux)ux|dxsaJQ|ux|q+ldx

Q

(21)

<aCl™||u

<||u

1 -1
Al = aCl el
x||12111’
which gives I(u) >0 or u € N*(u#0).

(2) fueN~, then u# 0 and
-1
ot |7 < —Lf(ux)uxdxé“CZ”Huxll?.p iz (22)

which gives [u, [l > y,.

(3) If u € N, then from

-1
Iqullfil :—J f(ux)uxdxgocC‘}fllluxll?{1 ||ux||12ql, (23)
19

we have [u |l = y,.

Lemma 2. Let f(s) satisfy (4) and u € N, then

_ 2/(q-1)
Pl o ) . (24)

B B p—1 1
T2+ 1) 2(p+ 1) \aCT!

d>d



Proof. For any u € N, we have by Lemma 1 (3) that [Ju,[l;p
>v,. Hence, from

1
I =3 Il + | P

E%Lﬂ%M“

1
> 2l +
(25)
p-1 2 1
= + —1
2(p+ 1) Hu?CHHl p+1 (u)

p- 2 p-1
= T
2(p+1)HuX||H 2(p+1))/0
and the definition of potential depth d, we get d > d,,.

For simplicity, we define the weak solution of (1)-(3)
over the interval QO x [0, T), but it is to be understood that
T is either infinity or the limit of the existence interval.

Definition 3. We say that u(x,t) is called a weak solution
of the problems (1)-(3) on the interval Q x [0, T). If u € L™
([0, T]; DN WH(Q)), with u, € L*([0, T]; Hy(Q)) satisfy
the following conditions

(i) For any v € DN Wh*1(Q), such that

(ut’ V) + (uxt’ Vx) + (ux’ Vx) + (uxx’ vxx) = _(f(ux)’ Vx)' (26)
(ii) u(x,0) =u, in DN WH(Q).
(iii) The following energy inequality holds
J(u) < J (1), (27)

forany0<t<T.

Lemma 4. Let f(s) satisfy (4) and u(x,t) be a solution of
(1)-(3) over the interval [0, T). If there exists a time t, € [0,
T) such that u(t,) € W, then u(t)e W for any t€t,, T),
where T is either infinity or the limit of the existence interval.

Proof. Arguing by contradiction and considering the time
continuity of I(u) and J(u), we suppose that there exists
a time t; € [ty, T) such that u(x,t) € W for any ¢ € [t,, t;),
but u(t )EaW which means that (1) J(u(t,)) =d or (2)

I(u(t;)) =0, ||u(t) |2 # 0. By (15) and u(t,) € W, we have

J(u(ty)) < J(u(ty)) < d. It follows that case (1) is impossible.
If I(u(ty)) =0, || (t)|l2 # 0, then by the definition of d, we
have J(u(t;)) > d which contradicts J(u(t;)) < J(u(t,)) < d.
The case (2) is also impossible.

Lemma 5. Let f(s) satisfy (4) and u(x,t) be a solution of
(1)-(3) over the interval [0, T). If there exists a time t, € [0, T)
such that u(t,) € V, then u(t) € V for any t € [t,, T), where T
is either infinity or the limit of the existence interval.

Proof. The proof of Lemma 5 is similar to Lemma 4.
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Lemma 6 (see [29, 30]). Assume that the function ¢(t) € C?,
¢(t) > 0 satisfies

12

p(1)¢" (1) - (1+0)¢" (1) 20, (28)
for certain real number & > 0, $(0) > 0, and ¢'(0) > 0. Then,

there exists a real number T with 0< T < (¢(0))/(ag’(0))
such that

¢(t)— o0, ast— T . (29)

We construct an approximate weak solution of the prob-
lems (1)-(3) by the Galerkin;"s method. Let {wj};fl be the

eigenfunction system of problem

Wiy =Aw), inQw;(0) =w;(1)=0,j=1,2, - (30)

Obviously, there exist some basis such that {wj};fl cD

N Wit (Q), and it is dense in D N W41 (Q2). Now, suppose
that the approximate weak solution of the problems (1)-(3)
can be written

= 3 d (wy(x)

J=1

(31)

According to Galerkin’s method, these coefficients &/, (t)
need to satisfy the following initial value problem of the non-
linear differential equations

m wj mxt> % jx mx> % jx mxx> % jxx == mx)> “jx)>
{(u,, )+ (s W) + (thys W) + (U Wiy ) = = (f (W) 05
um‘t:O = uOm(x)’

(32)

where u,,, (x) =
Wl,q+1 ( ,Q)

The initial value problem (32) possesses a local solution
n [0,¢,), 0<t, <T for an arbitrary T >0. Under some
appropriate assumptions on the nonlinear terms and the ini-
tial data, we prove that the system (32) has global weak solu-
tions in the interval [0, T]. Furthermore, we show that the
solutions of the problems (1)-(3) can be approximated by
the functions u,,(x, f).

F1),(0)

wj(x), gy, (x) — Up(x), in DN

3. Existence of Global Weak Solutions

In this section, we shall prove the existence of global weak
solution by the combination of the Galerkin approximation
and potential well methods.

Theorem 7. Assume that f satisfy (4), and u, € W, then the
problems (1)-(3) admits a global weak solution u € L*(]0,
00) ; DN WHH(Q)), with u, € L*([0,00) ; HY(Q)) and u €
W for all 0 <t < oo.
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Proof. Multiplying (32) by & (t)' and summing for j=1,
.-+, m, then we have

(umt’ umt) + (umx’ umxt) + (umxt’ umxt) + (umxx’ umxxt) (

= _(f(umx)’ umxt)'

By a direct calculation, it follows that

33)

.[Onum(r)néldr 4T (1) = I (s (34)
where
T = 5l + | Pl (39)

Utilizing the strong convergence of u,, in DN W11 (Q),
we note that J(u,,,) — J(u,) < d. Hence, we get J(u,,,) <d
for sufficiently large m. On the other hand, from u, € W and
U (x) — tp(x) in DN WHH(Q), it follows that u,,, € W
for sufficiently large m. Similar to the proof of Lemma 4, we
have that the solution u,, constructed by (31) remains in W
for 0 <t < 0o and sufficiently large m.

Thus, from (4) and

1
4> )= 5 sl + || Pl

1 , 1
2 Sl + g | St (36)
p-1

> il Bt + ——I(1,) 20
T2+ 1)l T p M =

we obtain

t
J |th (7)||7pdT <d,  0<t< 00,
0

2(P+1)d,
p-1

|ty < 0<t<oo,

|| 0<t<oo,

2(p+1)
2 2 2
S C || tpllzp < Ci ool d,

2
mx||q+1

L ) 17 < & 141722

2 1 (r+1)/2
<oc’C;+l<(If+l)d) , 0<t<oo,

(37)
where r=(q+1)/q, 1/(q+1)+ (1/r) =1. Therefore, there
exist a subsequence of {u,,} which from now on will be also
denoted by {u,,} such that as m — oo

U,, — uin L*([0,00) ;DN whatt (Q)) weakly star, (38)
u,, — ua.e.Q=0x]0,00), (39)

Uy, — t in L2 ([0, 00) ; Hy () ) weakly, (40)

Uy — th, in L™ ([0,00) ; LT () ) weakly star,  (41)

fu,,) — x =f(u,)in L*([0,00) ; L (Q))weakly star.
(42)

Convergences (38)-(42) permit us to pass to the limit in
(32). Taking m — 00, we obtain

(1t w)) + (thep W) + (U W) + (s W) = = (f (8)s )
(43)

for j=1,2---. Considering that the basis {wj};fl are
dense in DN W1 (Q), we choose a function v e L([o,
c0); DN W (Q)) having the form v(t) =Y d (t)w),
where {d’ (t)}j:l are given functions. Multiplying (43) by d’
(t) and summing j=1,2, --+, then we have

_(f(ux)’ Vx)' (44)

(ut’ V) + (uxt’ Vx) + (ux’ Vx) + (uxx’ Vxx) =

Moreover, (32) gives u(x,0) =u,(x) in DN W (Q).
Next, we will prove that u satisfies (27). Taking into account
the nonlinear term of the functional J(u), we deduce

JQF(umx)dx— JQF(ux)dx

|| f1+0,1000) 1

[0)
= "f(ux + emumx)”qﬂlq”umx - u"q+1

< Clltye = gy — 0,

- U, )dx (45)

as m — 00, where 0 < 0,, < 1. Hence, we have

lim L)F(umx)dx = JQF(ux)dx. (46)

m—00

Then, making use of Fatou’s Lemma and (34), (46), we
deduce

lIIuXIIiF < liminfl IIuWIIi,I = liminf [](um) —J F(umx)dx}
2 m—o0 2 m—s00 Q
< lim [](u()m) —J F(umx)dx}
m—>00 Ie)
=]J(uy) = J F(u,)dx,
Q
(47)

which yields (27). Thus, we obtain that u is a global weak
solution of problems (1)-(3). Finally, making use of Lemma
4 again, we get u(t) € W for 0 <t < co.



4. Finite Time Blow-up of
Solutions with J(u,) < d,

In this section, we consider the finite time blow up of solu-
tions with E(0) = J(u,) < d, for the problems (1)-(3).

Theorem 8. Let f satisfy (4), and u, € DN WH1(Q). Assume
that I(u,) < 0 and E(0) = J(u,) < d,, where d, is defined in
Lemma 2, then the weak solution u(t) of problems (1)-(3)
blow-up in finite time.

Proof. Let u(t) be any weak solution of the problems (1)-(3)
with I(u,) < 0 and E(0) = J(u,) < dy, T be the maximal exis-
tence time of u(t). Next, we will prove T < +00. Arguing by

contradiction, we suppose T =+00. We define the function
¥ :[0,T,] — R" by

t

w(t)= J ()2t + (T,

0

= )lluglzn +b(t+ To)?,  (48)

where b, T\, and T, are positive constants to be chosen
later. By simple calculation, we have

W () = lu(t) I =gl + 2b(t + Ty)
J |+
7

(49)
J u, T)dxdt +2b(t + T,),
oJa

T)dxdr

()= 2J u(t)u,(t)dx + 2J U () uy, (t)dx + 2.

0

By (1), we obtain

v (t) = 2[ Uty = Uy + f(11,) ] dx + 2
“ (50)

= —2||ux||?il - ZJ u,f(u,)dx +2b.
Q

Therefore, we can get

p+3

W) () - (1)

=Y(t) :—2||ux||H1 - Zjouxf(ux)dx + Zb}

-(p+3) Ut Jgu(‘r)u,(r)dxd‘r

0

+ J;J 1y () th g ()l + b(t + To)} 2 (51)

Q

—2||ux||§{1 - ZJ u.f(u,)dx + Zb}
L 0

o+ 3>{n<r> () - (T - OlluglBy ]

. U;”ut(‘r) 12, dr+ b] }
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where

n(t) = U;Hu(r) 2, dT + b(t + TO)Z} U;uut(r)n;,l dr + b}
- Ut Jou(r)ut(r)dxd‘r + Jt Joux(‘r)uxt(r)dxd‘r

+b(t+ TO)} 2.
(52)

Using the Schwarz and Young inequalities, we have

<Jt(u(r),ut(r))d7>2sJ;uu( )||2dTJ (1) 2dr,  (53)

0

<jt (u(7), uxt(T))dT> 2 < Jt "”x(T)”%dTJ;”uxt(T)II%dr, (54)

t

[[ @t o] (o))

0

1 t 1
< 3 oy st 3 [ e 1vutiar
(55)
Inserting (53)-(55) into (52), we have
n(1) =0, te[o,T,]. (56)
Thus,
v (1) (1) ‘1%3‘?’(1‘)2 ¥(1E(1), (57)
where

E(t) =2l I - ZJQuJ(ux)dx +2b
-(p+3) [J;llu[(T)"iIldT + b}

t

—(p+ 3)J Nl (7) I3 A —

0

Cap+ 1)J F(u,)dx - 2l
Q

(p+1)b

(58)

~—

i 1 t
=-2(p+ 1) | E(t) = 5 Il - Lnut(r)nHl dr}

t

~(p+3)| lu,(v) 2 dr -
0

> =2(p+1)E(0) + (p = 1)llullz
+(p-1)| lu,(0)l2pdr — (p+1)b.

(p+1)b = 2llu

~—

R

Jo

From I(u,) <0, E(0) = J(u,) < dy and Lemma 5, we have
I(u) <0 for all £ € [0,00). Hence, by Lemma 1, it follows that



Advances in Mathematical Physics

g2 > ¥2 = ((2(p+ 1))/ (p — 1))dy = (1/(ac2))* ™. Thus,
we have from (58) that

§(1)>2(p +1)(do = J (1)) = (P + 1)b. (59)

We choose b small enough such that b<2(d, - J(u)),
then we have

P ()P(t) - 1%3‘1”’0)2 >P(tE(E)>0,  (60)
forallt € [0, T,]. From I(u) < 0 forall € [0, T, ) and (50),
we get V" (t) > 0. Hence, we have ¥'(t) >¥'(0) =2bT, >0
forall t € (0, T,).
From what has been discussed above, using Lemma 6 and
letting 6 = (p — 1)/4, we can obtain that there exists a finite
time T > 0 such that

lim Y(t) = +oo, (61)

t—T

or

t—T 0

t
11m7 (J ”U(T)”?_I] dr + (Tl — 1,‘)"1,[0”%_11 + b(t + T0)2> = +00,

(62)
where

o () 2[Tlluylly + bTY]
0T et (63)

which contradicts T =+0co. Hence, the desired assertion
immediately follows.

From the discussed above in Sections 3 and 4, a threshold
result of global existence and nonexistence of solutions for
problems (1)-(3) has been obtained as follows.

Corollary 9. Let f satisfy (4), and u,€ DN W (Q).
Assume that E(0) = J(u,) < d,. Then, problems (1)-(3) admits
a global weak solution provided 1(u,) >0 (includes uy=0);
Problems (1)-(3) dose not admit any global solution provided
I(u,) <0.

5. Finite Time Blow-up of Solutions with High
Initial Energy

In this section, we shall state and prove the finite time blow-
up result with high initial energy for the problems (1)-(3).

Theorem 10. Let f satisfy (4), and u,€ DN WhH(Q).
Assume that

(p— DAy

< m "u()”i]’ > (64)

0= (up)

where A, is the optimal constant satisfying the Poincdre
inequality ||ux||§ >, ||u||§, then the weak solution u(t) of prob-
lems (1)-(3) blow-up in finite time.

Proof. Arguing by contradiction, we suppose that u(f) is a
global weak solution of the problems (1)-(3). Considering
that

Jtut(r)dr =u(t) —u, Vte[0,00), (65)

so we have

t t
J lu (T)llgpdr = IIJ u (T)dtll g = lu(t) = upllp
0

0 (66)
> () g —Ntgl.
From (16), (66) and Holder’s inequality, we obtain
t
() < Nl +J lu, (7))l pdr
0
(67)

t 1/2
<Nglyy + 117 (j (0 dr)

0

< Nl + £ (T (g) = J (u(t))) .

Since assume that u(¢) is a global weak solution of the
problems (1)-(3), we get J(u(t)) > 0 for all ¢ € [0, 0c0). Other-
wise, there exists a time ¢, € [0,00) such that J(u(t,)) <O0.
Hence, from

0> J(u(te)) = () + | (1)

2 Sty + g [ St
,-

1 ) 1 "
> W||”x<t0>”Hl + P—I( (tO))’

+1
(68)

we have I(u(t,)) <0 and J(u(t,)) <0 which implies that
u(t,) € V. Therefore, by the results of Theorem 8, we obtain
that u(x, t;u(ty)) = u(x, t —ty;u,) blows up in finite time,
which is a contradiction. Thus, we have

J(ug) = J(u(t)) =0, forallt e [0,00). (69)
Next, combining (67) and (69), we get

()l < Nl + £ (J (ug) = J (u(t))) "

(70)
< Nl + £ (](”0))1/2’

for all t € [0, 00).



On the other hand, multiplying u on two sides of Equa-
tion (1) and integrating by parts, we have

(”t’ u) + (”xt’ ux) + (ux’ ux) + (uxx’ uxx) = _(f(”x)’ ux)'
(71)

The Poinca’re inequality gives ||ux||§ >\, ||u||§, where A, is

the first eigenvalue of the problem

w,, +Aw=0, inQ,
(72)
w =0, ondN.
Thus, we have
1+A 1+A
lullF = llull3+ll 3 < Yy li5 < A—IH”)C”%-]% (73)
1

By the combination of (4), (73), and Sobolev’s inequality,
we can get that

i (31 ) =h iy (7). 1)

> |l - (p+ 1)J F(u,)dx

i Q (74)
=2 el = (p+ 1) (1))
> %nuuip ~(p+ DI (u(t)).

Since (d/dt)](u(t)) <0, for Vk > 0, we have

% G ks - kl(u(t))>

> 4 (30 ) = Pl = G 0y,

_ (-4 P+ 1)(1+A)
—T[ [l ”Hl—W](U(t)) .

(75)
Taking k= ((p+1)(1+A,))/((p—1)A;) in (75) and G()
=120ull}y = (((p + 1)1+ A))/((p = 1)A,)) T (u(t)), then we

have

L] (76)

Integrating the inequality (76) from 0 to ¢, we see

G(t) = = DMWAGO),  tefo,00),  (77)
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which means that

2(p+ 1A,
m](”(t» (78)
+ 26(((P-UM>/(1+M))tG(o), € [0,00).

2
lullp >

From the assumption condition (64), we have G(0) > 0.
Hence, we get from (69) and (78) that ||u||f{1 >2
(=DM)W G(0), fe.,

lull = [2G(0)]) 2l (=DM ¢ e [0,00).  (79)

From the combination of (70) and (79), we have

[ZG(O)]1/26(((p—1)ll)/(2(1+Al)))t < "u0"H1 + tl/Z(](uO)>l/2. (80)
Clearly, the above inequality cannot hold for ¢ large
enough, this means that the solution u of problems (1)-(3)
cannot exist all time.
Furthermore, by (80) and e!((P~DA)/R1+A))E > (((p—1)
A)/(2(1+ A))))t, we can obtain the inequality

2G(0)(p - DA, 12,172
Wt (J(ug)) "t ~llutgllgn <0, (81)
which implies that there exists a finite time T > 0 such that

lim ||u||§{1 = +00, (82)
T

t—

and T2 is the largest root of the following equation
2G(0)(p- 1A, , 12 B
Taeny) L U) Tl =0 (83)

This completes the proof.

6. Conclusion and Future Work

In our work, we mainly study the qualitative properties of the
solutions for the initial and boundary value problems (1)-(3).
It is well known that Equation (1) is a typical higher-order
metaparabolic equation, which has extensive practical back-
ground and rich theoretical connotation. For example, the
solutions u of (1) can be used to denote the concentration
of one of the two phases, the fourth-order term yu,, . pre-
sents the capillarity-driven surface diffusion, and the nonlin-
ear term f(u,), is an intrinsic chemical potential. Especially,
the interaction between the dispersion term u,,, and nonlin-
earity f(u,), of these problems cause some difficulties such
that we cannot apply the normal Galerkin approximation,
concavity, and potential methods directly. Considering the
above situation, at low initial energy level, we first prove the
existence of global weak solutions for these problems by the
Galerkin approximation and potential well methods and
obtain the finite time blow-up result by the potential well
and improved concavity skills. In addition, we establish the
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finite time blow-up result for certain solutions with high ini-
tial energy. However, as far as we know, there is little infor-
mation on the long-time behavior of global solutions for
above problems. Whether the global solutions will exhibit a
long-time dynamic behavior at low initial energy? Do both
problems (1)-(3) have the global solutions and asymptotic
property at high initial energy level? These questions are all
opening, and we are now working on these problems. On
the other hand, we note that the fractional partial differential
equations have been applied in various areas of science, and
their related theoretical results and applications have been
investigated by some authors (see [31-33] and the references
therein). The study of their qualitative properties is one of the
hot topics. Do the conclusions of present paper also hold for
the initial and boundary value problems of the fractional
nonlinear metaparabolic equations? This question is very
interesting and opening.
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The interaction of the solitary wave with an oil platform composed of four vertical circular cylinders is investigated for two attack
angle of the solitary wave 3 = 0° (square arrangement) and 8 = 45° (diamond arrangement). The solitary wave is generated using an
internal source line as proposed by Hafsia et al. (2009). This generation method is extended to three-dimensional wave flow and is
integrated into the PHOENICS code. The volume of fluid approach is used to capture the free surface evolution. The present model
is validated in the case of a solitary wave propagating on a flat bottom for H/h = 0.25 where H is the wave height and / is the water
depth. Compared to the analytical solution, the pseudowavelength and the wave crest are well reproduced. For a solitary wave
interacting with square and diamond cylinders, the simulated results show that the maximum run-ups are well reproduced. For
the diamond arrangements, the diffraction process seems to not affect the maximum run-ups, which approached the isolated
cylinder. For the square arrangement, the shielding effect leads to a maximum wave force more pronounced for the upstream

cylinder array.

1. Introduction

In the last decades, many researchers have focused on search-
ing different wave structures of nonlinear partial differential
equations. The interested readers can see [1-4]. The offshore
oil platforms and the coastal bridges are composed of multi-
ple cylinders disposed in different arrangements. When the
wave run-up and the following wave forces exceed the
expected values, the safety of these structures is compro-
mised. The available analytical solutions in the literature are
only valuable under some limiting assumptions. For this rea-
son, experimental and numerical methods are adopted to
solve this wave-platform interaction problem.

The interaction of a solitary wave (representing a real tsu-
nami wave) with a single circular cylinder was studied exper-
imentally by Yates and Wang (1994) in [5]. The effect of a
single row of circular cylinders on the transmission and
reflected coefficients is studied experimentally by Huang
(2010) in [6]. The consequent results are that the wave force
acting on a coastal structure protected by these cylinders can
be reduced to about 60% for S = 1.2 D, where S is the distance
between the centers of adjacent cylinders, and D is the cylin-
der diameter. An experimental study was conducted by
Huang (2007) in [7] to measure the reflection and transmis-
sion coefficients in the case of single and twin rows of rectan-
gular cylinders, and simplified analytical expressions of these
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coeflicients are proposed. Wang et al. (2021) in [8] investi-
gate experimentally, the back and front run-up and wave
forces induced by solitary wave for different truncated verti-
cal cylinders. Secondary peak for both the front run-up and
wave forces are observed due to the return flow.

An alternative method to the experimental measure-
ments of the free surface evolution is the use of a two-
dimensional (2-D) or three-dimensional (3-D) numerical
method. The first one is based on the depth averaged Boussi-
nesq equations and can be used for a long-term simulation.
Lin and Man (2007) in [9] validate the Boussinesq model
for one-dimensional and two-dimensional wave transforma-
tions. Mohapatra et al. (2020) in [10] studied the regular
wave diffraction by a floating fixed vertical cylinder by two
methods: using a CFD code and analytically based on a Bous-
sinesq model. Among the various Boussinesq models existing
in the literature, the nonlinear effects cannot well be repro-
duced (Zhao et al, 2007 in [11], Wang and Ren, 1999 in
[12], and Liu et al., 2012 in [13]). Hence, a full three-
dimensional (3-D) Navier-Stokes model is required. In order
to study the regular wave run-ups for a single and a group of
vertical cylinders, numerical virtual wave probes were used
by Cao and Wan (2017) in [14]. Frantzis et al. (2020) in
[15] adopted a (3-D) numerical wave tank (NWT) to study
the wave breaking induced by a single row of vertical cylin-
ders for different ranges of cylinder diameter to depth ratios.
The large eddy simulation (LES) model was used to repro-
duce the small scales of turbulence. Numerical results show
that the effect of the cylinder diameter is more significant
for larger values of solitary wave heights. Wang et al. (2018)
in [16] conducted a series of laboratory experiments on the
internal solitary wave (ISW) loads upon semisubmersible
platforms in a density stratified fluid tank, and investigated
the load components induced by different factors. The wave
loads on a platform composed of 2 x 2 circular cylinders in
side-by-side and tandem arrangements are numerically stud-
ied using the Reynolds-Averaged Navier-Stokes equations by
Yang et al. (2015) in [17]. The desired monochromatic wave
was generated by the prescribed velocity components at the
inlet of the computational domain. Using a CFD code,
Kamath et al. (2015) in [18] investigate the diffraction of
sinusoidal wave by 3 x 3 square array cylinders placed in
proximity and show that the wave force is highest when the
distance between the cylinder center is less than half of the
incident sinusoidal wave. The numerical results show that if
S>4D, there is no interaction between the platform cylin-
ders. Xie et al. in [19] used a cut-cell method in a fully (3-
D) code to simulate solitary wave interaction with a vertical
circular cylinder and a thin horizontal plate. Several compu-
tational fluid dynamics (CFD) implemented a cut-cell algo-
rithm permitting to identify the contribution of a portion of
a rectangular grid to the convective and diftusive fluxes.

The main task of the present study is to investigate the
interaction of the solitary wave with one or four circular cyl-
inders in a square or diamond arrangement using a (3-D)
numerical wave tank (NWT). The proposed wave generation
method is based on an internal mass source. The cut-cell
implemented in the PHOENICS code is used to reproduce
the circular cylinder shape.
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2. Mathematical Formulation

2.1. Computational Domain. The position of the still water
level h and the location of the mass source line for solitary
wave generation are shown in Figure 1(a). The direction of
propagation of the solitary wave is the positive x-direction.
In all simulated cases, the depth to cylinder radius ratio is
taken: h/a =1, and the distance from the center of cylinders
is S=3a. For the square platform, there is one cylinder in
each corner of the square as indicated in Figure 1(b). The
two upstream cylinders are denoted 3 and 4, and the two
downstream cylinders are 1 and 2. The square arrangement
corresponding to the attack angle of solitary wave 3 = 0. This
angle is measured between the propagating direction and the
symmetric line of the platform (the line parallel to the line
joining 1 and 3). The diamond configuration of the platform
is shown in Figure 1(c) and corresponds to 3 = 45°. The effec-
tive computational domain has a length of L = 55 a. Two dis-
sipative zones are added in each open boundary to avoid
wave reflection having a length of (25a). The considered
width is (10 a), (13 a), and (12.25 a), respectively, for a single
cylinder, square platform, and diamond platform.

The overall grid and the grid around the oil platform are
shown in Figure 2 for the diamond arrangement. Fine grids
are adopted around the four cylinders, and coarse grids are
imposed in the two dissipation regions. The cut-cell method
is used to mesh the circular cylinders in the Cartesian coordi-
nates system. Figure 2(b) shows the details of the cut-cell
grids around the four cylinders. The number of grid in x, y,
and z directions is, respectively NX x NY x NZ =220 x 110
x 102 for the diamond arrangement and 220 x 100 x 102
for the square arrangement. For these two arrangements,
the time step is At =0.01s.

2.2. Governing Transport Equations. The proposed (NWT)
was based on the full three-dimensional (3-D) Navier-Stokes
transport equations coupled to the volume of liquid (VOF)
convective transport equation to reproduce the water wave
interface. For unsteady flow and incompressible fluid, the
mass and momentum conservation equations are written as:

(i) The mass conservation equation:

op  Ou;

5t ox, 0. (1)

(ii) The momentum transport equation:

aui+u8ui__lap+ 0 N au,-+auj s
3t ja_xj = Ea_x, a_x] a_x] a_xl 9it S
(2)

where x; is the Cartesian coordinates, u; is the velocity
components, p is the density of the mixture, p is the pressure,
v is the kinematic viscosity of the mixture, g is the
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FiGURe 1: The computational domain and wave source line location; (a) side view; (b) top view.

acceleration due to gravity, and s;, is a momentum source
term added to the momentum equation along z-direction to
avoid wave reflection at the open boundaries given by:

Sdz =V (x> w, (3)

where y(x) is a linear damping function and w is the velocity
component along the z-vertical direction.

2.3. Free Surface Capture. The air-water interface is modeled
using the mixture model flow. If a, denoted the volume frac-

tion of the g™ fluid in a cell, then,

(i) The density of the mixture is given by:

2
P=) Py (4)
g=1
where p_ is the density of the water when (g=1) and air
when (g =2).

(ii) And dynamic viscosity of the mixture is

2
b=ty (5)
gq=1

where i, is the dynamic viscosity of the water if (q=1)
and air when (g=2).

The volume fraction of fluid is determined by the follow-
ing mass conservation equation for each phase:

- 0. (6)

When a, =0, the cell is occupied by air, a, = 1, the cell is
occupied by water, and 0 < a, < 1, the cell contains the inter-
face (Hirt and Nichols, 1981 in [20]).

2.4. Wave Generation. The desired solitary wave was gener-
ated by an internal source inlet across a source line as pro-
posed by Hafsia et al. (2009) in [21]. The inlet vertical
velocity is prescribed as a time-dependent inlet boundary
condition:

I _ 2 Crl(xs’ t) (7)

w >
L

S

where L is the length of the internal source line.
The wave celerity is given by (Dominguez et al., 2019 in
[22]):

c=+/g(H+h). (8)

The solitary wave surface elevation #(x,, t) is given by the
following equation:

n=H sech’[k (x, - ct)], (9)

where H is the incident wave height and ¢ is the time. The
distance x, permitting to have a negligible source at t =05 is
determined by the following equation:

£y= (10)

S VHIh

The equivalent wave number k is

k= |— (11)
\ar Eh)
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F1GURE 2: The grid of computational domain for the diamond arrangement of the four circular cylinders; (a) side view; (b) top view of the grid

details around the cylinders by cut-cell method.

Following this equivalent wave number, the pseudowave-
length can be determined by:

2

L= (12)

The length L; and the position of the source line are
determined by the calibration procedure as indicated by Haf-
sia et al. (2009) in [21].

2.5. Wave Force. The wave force F acting on the cylinder is
computed by integrating the water pressure p and the normal
component of the viscous stress tensor 7 on the wetted sur-
face of the cylinder S:

—

F=J (—ﬁ’p+ﬁ’.r) ds, (13)

where 7 is the normal unit vector pointing into the water.
From the component of this wave force along the x
-direction, the force coefficient can be calculated as:

FX
Cf =

. 14
R r (14)

2.6. Initial and Boundary Conditions. The following initial
and boundary conditions are adopted for the governing
transport equations. The imposed initial condition is still
water with a depth h. For the top boundary, the pressure P
is set equal to the atmospheric pressure. Two dissipation
zones are adopted at the open boundaries (Figure 1). At all
the other boundaries of the computational domain, symmet-
ric boundary conditions are imposed.

2.7. Numerical Schemes. To solve this proposed model, we
adopt the PHOENICS code (Parabolic Hyperbolic or Elliptic
Numerical Integration Code Series). In this code, the SIM-
PLEST iterative algorithm is used to solve the pressure and
velocity coupling in the Navier-Stokes equations (Artemov
etal., 2009 in [23]). The upwind scheme is used for nonlinear
convection terms and an implicit formulation for the tran-
sient term. The (VOF) method is used to predict the interface
between the water wave and air. For all the presented simula-
tion results, the cut-cell within the PARSOL (PARtial SOLid)
treatment detects the solid-fluid interface, which is not
aligned with the Cartesian grid. The proposed three-
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FIGURE 3: Comparison between the numerical and analytical free
surface profiles at the centerline of the computational domain for
H/h=0.25.
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FIGURE 4: Time evolution of the in-line force on a single cylinder.

dimensional wave generation method is implemented in the
PHOENICS code.

3. Numerical Results

3.1. Solitary Wave on a Single Cylinder. The proposed wave
generation method based on an internal source line is vali-
dated for the nondimensional height H/h=0.25. The
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FIGURE 5: A three-dimensional free-surface elevation at the maximum run-up of the cylinder 1 for H/h = 0.25: (a) square arrangement; (b)

diamond arrangement.
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FIGURE 6: The maximum solitary wave run-ups at each cylinder for the square arrangement; (a) cylinder 1; (b) cylinder 2; (c) cylinder 3; (d)

cylinder 4.

simulated results show that before reaching the vertical cylin-
der, the wave profile is invariant in the transverse direction
and can be represented by two-dimensional profiles.
Figure 3 represents the simulated wave profiles at the center
of the computational domain before impacting the cylinder.
The wave is not affected by the cylinder, and the free surface
profiles agree very well with the analytical one. The wave
crest and the pseudowavelength are in accordance with the
analytical one.

When a solitary wave passes around the cylinder, run-up
occurs at the front of the cylinder and the maximum run-up
depended on the incident wave energy. Then, the water level
drops at the front producing the rise of the water level at the

TaBLE 1: Comparison of the simulated maximum run-up to the
wave height ratio with Zhao et al. (2007) in [11] for a diamond
arrangement.

Cylinder 1 Cylinder 2 Cylinder 3 Cylinder 4
1.36 1.38 1.38 1.36

Present study

Zhao et al. (2007)

in [11] 1.33

1.37 1.38 1.37

rear of the cylinder by wave diffraction. In order to validate
the cut-cell method, the maximum run-up is compared to
the available literature. The maximum wave run-up is
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FiGURrE 7: The maximum solitary wave run-ups at each cylinder for the diamond arrangement; (a) cylinder 1; (b) cylinder 2; (c) cylinder 3; (d)

cylinder 4.

determined from the evolution of the solitary wave profiles
along the centerline and is equal to R, =0.068 m corre-
sponding to the ratio R ,,,/H = 1.36. Following the numerical
study of Zhao et al. (2007) in [11] for the same H/h =0.25
and h/a = 1, this ratio is found equal to 1.37. There is no sig-
nificant difference between this nondimensional run-up. The
maximum wave force occurs at the same time as the maxi-
mum run-up that is equal to t = 2.9 s. Figure 4 shows the time
histories of the computed wave force on the x-direction act-
ing on an isolated cylinder. The maximum wave force at this
instant is equal to F,,, = 37.5 N corresponding to the follow-
ing force coefficient Cy, =0.479. The isolated cylinder is
taken as a reference case for the computed force coeflicient
acting on each cylinder of the platform in the two studied
configurations.

3.2. Solitary Wave Diffraction by an Oil Platform. The flow
field due to the solitary wave diffraction by square and dia-
mond platform is analyzed at the instant of the maximum
run-up in terms of the free surface elevation, the maximum
run-up R, at each cylinder, and the maximum wave force
Fmax'

The perspective view of the free surface elevation is
shown in Figure 5 at the instant of the maximum run-up at
cylinder 1. The solitary wave crest has been altered by the dif-
fraction process. Impacting the cylinder obstacle, the wave
run-up is observed due to the transformation of the incident
wave to potential energy. The R ., depends on the incoming

TaBLE 2: Comparison of the simulated maximum run-up to the
wave height ratio with Zhao et al. (2007) for a square arrangement.

Cylinder 1 Cylinder 2 Cylinder 3 Cylinder 4
1.29 1.28 1.42 1.42

Present study

Zhao et al. (2007)

in [11] 137

1.37 1.40 1.40

Fx (N)

50

2 3 4 5
t(s)

— Gyl 1 —.- Cyl3

-—- CylL.2 .. Cyl. 4

FiGure 8: Time evolution of the in-line force on the square
arrangement for H/h = 0.25.
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FiGURE 9: Time evolution of the in-line force on the diamond
arrangement for H/h =0.25.

wave and the nature of the obstacle. This interaction leads to
a complicated flow field as shown in Figure 5.

For square arrangement, the R, for the first array (cylin-
ders 3 and 4) occurs at the instant ¢ = 2.90s and the for second
array (cylinders 1 and 2) at t = 3.45s. For diamond arrange-
ment, the first R, is observed for the most upstream cylinder
(cylinder 4) at t = 2.88s. The maximum run-ups for cylinders
2 and 3 occur at the same instant (¢ = 3.16s) and due to non-
linear effect, the R, for cylinder 1 is observed at ¢ = 3.48s.

Figure 6 represents the free surface elevation at the
instant of the maximum run-up R_,, for each cylinder in
the square arrangement (zero solitary wave incidence). The
R, on the downstream cylinders (1 and 2) is smaller than
those on the upstream cylinders (3 and 4). The R, on cyl-
inders 1 and 2 is smaller than on the corresponding isolated
cylinder. This can be explained by the fact that some of the
incident wave energy has been reflected back by other cylin-
ders before the solitary wave impacting the downstream cyl-
inders array. The numerical results of Zhao et al. (2007) in
[11] confirm these conclusions, and the calculated R, /H
is closely the same as shown by Table 1.

The free surface elevation at the instant of the maximum
run-up R, for each cylinder in the diamond arrangement is
shown in Figure 7. The R, /H for cylinders 4 and 1 is
located at the centerline approach to that on the isolated cyl-
inder. The R ,./H for cylinders 2 and 3 is slightly greater
than on the isolated cylinder. Table 2 shows good agreement
between the present simulations and Zhao et al. in [11]
results for the diamond arrangement.

The time evolution of the wave force in the positive x-
direction for each cylinder is presented in Figure 8 for the
square arrangement. The maximum wave force F,, on
the most downstream array of the cylinders (1 and 2) is
slightly greater than on the isolated cylinder. The increase
of the F, relative to the isolated cylinder is more pro-
nounced for the first cylinder array (cylinders 3 and 4).
The platform and wave interactions lead to F, . for the
first cylinders (3 and 4) array greater than on the second
array (cylinders 1 and 2). This can be attributed to the

shielding effect of the upstream cylinder array. These con-
clusions are in concordance with the computed run-ups
previously discussed.

For the diamond arrangement, Figure 9 presents the time
evolution of the wave force for each cylinder. The aligned cyl-
inders 4 and 1 have the same F, .. Compared to the isolated
cylinder, this F, is significantly smaller. The two symmet-
ric cylinders about the centerline of the computational
domain are having the same F,_,, as the isolated cylinder.
The approaching solitary wave for these cylinders seems to
be not disturbed by the diffraction process.

4. Conclusions

A full three-dimensional numerical wave tank (NWT) was
integrated on the PHOENICS code in order to study the sol-
itary wave diffraction with diamond or square cylinders
arrangements. The solitary wave was generated by an inter-
nal line source, and the cylinder structures are discretized
using the cut-cell method. For the diamond platform
arrangement, the maximum wave run-ups approach to that
on the isolated cylinder indicating that the diffraction process
does not affect the four cylinders. However, for a square
arrangement, the shielding effect of the upstream cylinders
leads to a maximum wave force for the first cylinders array
greater than the most downstream array.

The cut-cell method can be generalized for more complex
geometric coastal structures in the Cartesian coordinates sys-
tem. The proposed model based on an internal line source for
wave generation can be used to study the combined effects of
wave and current on the forces acting on multiple cylinders.
Different incident waves can be tested (monochromatic,
Stokes, and cnoidal waves). The present model can be used
to test the effect of the turbulence model, the effect of the
wave height, and the distance between the cylinders on the
wave forces and wave run-ups. Further wave-structure inter-
action cases can be studied such as the wave diffraction with
floating structures.
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By energy estimate approach and the method of upper and lower solutions, we give the conditions on the occurrence of the
extinction and nonextinction behaviors of the solutions for a quasilinear parabolic equation with nonlinear source. Moreover,

the decay estimates of the solutions are studied.

1. Introduction

The main goal of this article is to investigate the extinction
behavior and decay estimate of the following parabolic initial
boundary value problem

u, = div (u¥|Vu|"'Vu) + AuPJ wldx, (x,t) € Q% (0,+00),
Q

u(x,t) =0, (%, t) € 02 x (0,+00),
xeQ.
(1)

Here, Q RN, N>m + 1, is an open bounded domain with
smooth boundary 00, m, p, q, and A that are positive param-
eters, 0<m+a<1, and u*"m e [°(Q) N W™ (Q) is a
nonzero nonnegative function.

It is well known that this type of equation describes lots of
phenomena in nature, such as heat transfer, chemical reac-
tions, and population dynamics (one can see [1-4] for more
detailed physical background). In particular, problem (1) can
be used to describe the nonstationary flows in a porous
medium of fluids with a power dependence of the tangential
stress on the velocity of displacement under polytropic con-
ditions. In this physical context, u(x, t) is the density of the
fluid, u%/Vu|"'Vu denotes the momentum velocity, and

A [ uldx stands for the nonlinear nonlocal source. The
parameter m acts as a characteristic of the medium, to be
exact, the medium with m =1 is called Newtonian fluid, the
medium with m > 1 is called dilatant fluid, and that with 0
<m <1 is called pseudoplastic.

Extinction phenomenon, as one of the most remarkable
properties that distinguish nonlinear parabolic problems
from the linear ones, attracted extensive attentions of
mathematicians in the past few decades (see [5-16] and the
references therein). Especially, many authors devoted to con-
cern with the extinction behavior of the following parabolic
problem

u, —div (a(x, t, u,Vo(u))) = f (x, t, u),

(x, t) e x (0,+00),
u(x, t) =0, (x,t
x

€00 x (0,4+00),

[ [

u(x,0) = uy(x), €

(2)

Gu [17] discussed (2) with a(x,t,u,Ve(u)) =Vu and
f(x,t,u) =—uP, and concluded that the extinction phenome-
non occurs if and only if p € (0, 1). Tian and Mu [18] dealt
with problem (2) with a(x, t, u,Ve(u)) = |[Vulf *Vu and f(x
,t,u) = AuP, and derived that g =p — 1 is the critical extinc-
tion exponent of problem (2). The authors of [19, 20] gener-
alized the results in [18] to a(x, t, u,Ve(u)) = |[Vu™ P>V,
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The authors of [5, 21] concerned with the extinction behavior
of problem (2) with a(x, t, u,Ve(u)) = |V [P >Vu™ and f(x
,t,u) = A[,uldx, and they pointed out that the effect of the
nonlocal source term A [ uldx on the extinction behavior is
very different from that of the local source Au?. Recently,
Zhou and Yang [22] dealt with the extinction singularity of
problem (2) in the case a(x, t, u,Ve(u)) = Vu™ and f(x, t, u)
= Auf [ uldx. For some relevant works on other types of
nonlinear evolution equations, the readers can refer to the
references [23-28].

However, to our best knowledge, there is no literature on
the study of the extinction and decay estimate of the solutions
for problem (1). Motivated by those works above, we con-
sider the extinction property of problem (1). More precisely,
our purpose is to understand how the nonlinear nonlocal
source affects the extinction behavior of problem (1). In other
words, the aim of this article is to evaluate the competition
between the diffusion term which may produce extinction
phenomenon and the nonlinear nonlocal source which may
prevent the occurrence of the extinction phenomenon. We
want to find a critical extinction exponent and give a com-
plete classification on the extinction and nonextinction cases
of the solutions to problem (1). Meanwhile, we will deal with
the decay estimates of the extinction solutions.

Since equation (1) is degenerate (or singular) at the
points where =0 or Vu =0, there is no classical solution
in general, and hence we consider the nonnegative solution
of (1) in some weak sense.

Definition 1. Let £, = Q x (0, T), and

©-= {u €L (Z,)NLM(S,) NI (Sy);ueC "

([0, T]; L' (€2));Vus

e L’”“(ZT)}.

We say that a function u(x, t) € & is a weak lower solu-
tion of problem (1) if

J u(x, TY (x, T)dx + ”z [u"‘|Vu|m’1Vu -V — ug, | dxdt
0 T

< J u(x,0)¢(x, 0)dx + ”z ()LMPJ uqu> {dxdt
Q ! 0
(4)
holds for any T > 0 and any nonnegative test function

(e {u eLX(Zy)sue C([0, T|5 L(Q)) s, € L(Sp):Vu e L™ () sl = 0}.
(5)
Moreover,

u(x, 0) < uy(x) for x € Q, and u(x, t) < 0 for (x, t) € 02 x (0, T).

(6)

Replacing "< by "> in the inequalities (4) and (6)
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leads to the definition of the weak upper solution of problem
(1). We say that u is a weak solution of problem (1) in X if it
is both a weak lower solution and a weak upper solution of
problem (1) in 2.

Proposition 2. Assume that u,(x) is a nonzero nonnegative
function  satisfying ul*¥™ € L°(Q)n W™ (Q).  Then,
problem (1) has at least one local weak solution u(x, t) € @.

Remark 3. The proof of Proposition 2 is based on an approx-
imation procedure and the Leray-Schauder fixed-point theo-
rem, and it is standard and lengthy; so, we omit it here, while
one can refer to the proof of Proposition 2.1 in [5] (or Prop-
osition 2.3 in [19]) for more details. On the other hand, it is
necessary to point out that the weak solution of problem
(1) is unique for p > 1 and g > 1. In the non-Lipschitz case 0
<p<1l or 0<g<1, the uniqueness of the weak solution
seems to be unknown (See Remark 44.1 of §44.1 in [29]).

The main results of this article are stated as follows.

Theorem 4. Assume that 0 < m + a < p + q. Then, the nonneg-
ative weak solution of problem (1) vanishes in finite time pro-
vided that the nonnegative initial datum u,(x) is sufficiently
small. Moreover,

1] e < ] (1 —d)P, te0,T)),

(7)

|z = 0, [T +o0),

for m(N-m—-1/Nm+m+1-1)<a<l, and {|u
1/1-
||N(1—m—zx)/m+1 < ||u0HN(1—m—a)/m+1(1 - d8t) (mﬂx)’t € [0’ TZ)’
[4l| N 1=y 1 = Ot € [T55+00),
for -m<a<m(N-m—1/Nm+m+1-1), where T; =

d,', T,=dy', d,, and dg are positive constants, given in Sec-
tion 2.

Theorem 5. Assume that 0<p+q<m+a <1 and A are suf-
ficiently large. Then, for any nonnegative initial datum u,(x),
problem (1) admits at least one nonextinction weak solution.

Theorem 6. Assume that 0< m+a=p+q< L

(1) The nonnegative weak solution of problem (1) van-
ishes in finite time provided that A is sufficiently small.
Moreover,

L
[[t4]| e < [| gl 2ea(1 = ygt)=5, £ €[0, T5), (8)

s = 0, te [Ty+00),

for m(N-m—-1/INm+m+1-1)<a<l, and {|u
1/1-m-

||N(17mftx)/m+1 < ||u0HN(1—m—¢x)/m+1(1 —d;st) e [0, Ty),

”u”N(]—m—tx)/erI =0te [T4’+OO)’
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for -m<a<m(N-m—1/Nm+m+1-1), where T; =
d, T,= d;;, d,, and d,5 are positive constants, given in
Section 2.

(2) Problem (1) admits at least one non-extinction weak
solution for any nonnegative initial datum u,(x) pro-
vided that ) is sufficiently large

2. Proofs of the Main Results

In this section, based on energy estimates approach and the
method of upper and lower solutions, we will give the proofs
of our main results.

Proof of Theorem 4. Multiplying equation (1) by «* and
integrating over (2, one has

1 d m+1 \™! pirass | M+
— | vdx+s|——— Vi dx
s+1dt ), m+a+s a

)

:)LJ uP“de uldx,

1) Io)
where
m+a (N—m 1 )
R if m -1)<a<l,
m Nm+m+1
N Nl-m-a)-m-1 N-m-1
, if-m<a<m -
m+1 Nm+m+1

We now divide the proof into two cases according to the
different values of p + g.

Case . m+a<p+q<l.Form(N-m—-1/Nm+m+1-1)
< a < 1. It follows from Holder inequality and (9) that

e i uzmwfadx+( e )m \Y
2m+ o dt m+a) )q

m(p+q)+m+a 1 1

_m(ptq)+mia (Pﬂz )+mta 2mta 2m+a
</\|Q|2 mia (J um dx)
0]

Using Holder inequality and Sobolev embedding theo-
rem, one has

m+1

dx

mta

um

2m+a N-m—-1

1_@mta)(N-m-1) ra N(m+1) mra N(m+l)
N(m+1)(m+a) um 'N_m_ldx
Q
2m+a
(2m+a)(N-m-1) mia |MF1 (m+1)(m+a)
N(m+1)(m+a) Vum dx R
Q

(12)

J U dx < 1O
Q

<k |Q|

which is equivalent to

(m+1)(m+a)
m+1
dx,

_(mt1)(mta) (m+1 . 2mia
K] Zmta |Q|1_mTtl_ *2'31&72*“1) (J u“%dx) < J ‘Vu%
0] 0
(13)

where k; = «, (a, m, N) is the embedding constant. Insert-
ing (13) into (11) yields

EJ Wiidx +d (J uznxadx)
dt ) a

(m+1)(m+a) m(ptq)rma

Tnta _— ~omra
<d, (J u dx> ,
Q

(14)

where

(m+1)(m+a) 1— m+1 _(mH1)(m+a)

2m+a ‘Q| Tmta

m

dy=(2m+a)ym™ " (m+a) "k,

m(p+q)+m+a

dy = A(2m + a)m ™| QP

Now, if u,(x) is sufficiently small satisfying

m(p+q-m-a)

dy=d, - d, (J ugyddx> s 0, (16)
o

then (14) leads to

d (m+21)(m+a)
| e dy( | udx <0. (17)
dt ) Q

By integration, one can deduce that

J
4]z < [t 2me (1 = dyt) 5 (18)

which tells us that u(x, t) vanishes in finite time T, =d,",
where

dy=md;(1-m—a)2m+a) " ||lup| e ™. (19)

For-m<a<m(N—-m—1/Nm+m+1-1). By Sobolev
embedding theorem, one obtains

miats N-m-1
(m+1)(s+1) N ) N(m+1)
(J u”ldx) = <J u »sﬁ::f dx) <K, <[ ‘Vu“mf
0 0 JO

Here, x, = k,(a, m, N) is the embedding constant. Com-
bining (9) and (20), and in view of Holder inequality, one
arrives at

1

m+1 m+1
dx | .

(20)

mtats PHqts

dJ W dx + ds (J u”ldx) " <d, (J u”ldx)
dt Q Q Q

(1)



where

ds=s(s+1)[(m+1)(x,(m + oc+s))_1]m+1,

. (22)
dg=A(s+1)| Q5T
Next, choosing u,(x) sufficiently small such that
B
d-d.—d, (J ug“dx) >0, (23)
o

then from (21), one has

EJ utdx +d, (J u5+1dx) " <o (24)
dt | o

Integrating (24) from 0 to ¢ gives us that

ey < [t - (1 = )5, (25)
which means that u(x, t) vanishes in finite time T, = ",
where

m+a—1
N(1-m-a)«
m+1

(26)

dy = dy(m+1)(1 = m = @) [N (1= m - )] g

Case 2. m+a<l<p+q.If p<1org<s+1,then the proof
is the same as that in Case 1. We only need to focus our atten-

tion on the subcase p>1 and g >s+ 1. Let Q be a bounded
domain in R satisfying Q ¢ (2. Denote A, be the first eigen-
value and ¥ (x) be the corresponding eigenfunction of prob-
lem (One can see Lemma 2.3 of [18] for more details on the
properties of the first eigenvalue and the corresponding
eigenfunction of (27).)

x €0Q.
(27)

{ —div (%°|\VU"INU) =AU U, xe
U(x) =0,

We assume that max'¥(x) = 1. Put
x€Q

S up(x) [ AT )\
U, (x,t) = u¥(x) with g € | max 277, min ———~ .
1(%, 1) = ¥ (x) with (KQ ¥ (x) (XEQ AlQ|
(28)
Then, it is not difficult to show that U, (x, t) is an upper

solution of problem (1). Therefore, one has u(x, t) < ¥ (x)
<uand

AJ uP”de uqusA|Q|yP*q’1J uldx.  (29)
0 o 0
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It follows from (9) and (29) that

1 d m+1 \"™! b
— | x| —— ’Vuw1
s+1dt g, m+a+s a

< A|Q|yp+q_lj utdx.
o

m+1

dx

(30)

For m(N-m—-1/Nm+m+1-1)<a<1l. It follows
from (13) and (30) that

(m+1)(m+a)

ij uznfnwdx+d1 (J uzwdx) o Sd9J uzm%dx,
dat ) o Q Q

(31)

where
dy = AQ|(2m + a)ym™ P47t (32)

Now, selecting u,(x) sufficiently small satisfying

m(1-m-a)

dyy=d, - dy (J uf?“dx) s, (33)
Q

then (31) tells us that

(m+1)(m+a)

dJ undx +d,, (J uzfnmdx) <o (34)
dt ) o a

A simple integration of (34) over (0, t) gives

L
]|z < [[thp 2 (1 = dyt) T, (35)

which means that u(x, t) vanishes in finite time, where
dy=md(1-m—a)2m+a) |u|me".  (36)

For -m<a<m(N-m—-1/Nm+m+1-1).
(20) and (30), one obtains

Recalling

mats

dJ udx +ds (J u”ldx) " Sdnj utldx,  (37)
dt ) o o o

where
dyy = A(s+1)[Qubt. (38)

Next, if u,(x) is sufficiently small such that

I-m-a

d,=ds —d,, (J ug“dx> T s, (39)
Q
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then from (37), one arrives at

mtadts

dj utdx+d,, (J u”ldx) " <o (40)

Integrating (40), one can claim that

1
illsonn S g sonn(1 - dgf)F, (1)
which tells us that u(x, ) vanishes in finite time, where

dg=dy(m+ I)N_l [l 4o

N (42)
m+1
The proof of Theorem 4 is complete.

Proof of Theorem 5. Let A be the first eigenvalue and ¥ (x) be
the corresponding eigenfunction of the following problem

—div (%"‘\V%V’HV%) =)t%"‘“|%|m"l, x €,
U(x) =0, x € 0Q.
(43)

In what follows, we assume that ¥(x) >0 and me};(‘f’(x)
XE.

= 1. Define f(t)=(1-¢e)""7, where ce (0,(1-p—-q)
(M¥1—A,)). Then, it is easy to check that

f(0)=0,andf(t) € (0,1)fort > 0. (44)

In addition, one has
I8+ A f™ () = MNP (8) <. (45)
Define U,(x,t) = f(¢t)¥(x). Then, one can verify that

Uy, — div(U3|VU,|""'VU,) — AU‘ZJ Uldx
o
= f1 (O () + A f™ " (P (x) = AP ()7 (x)
< (£ + Af™ (1) = AP (0) )P () <0,
(46)
which implies that U, (x, t) is a strict weak lower solution

of problem (1) if A > /\1||'P||;q.
Now, consider the following problem

u, = div (u*|Vu|""'Vu) + Au, + I)P[ (u, +1)7dx, (x,t) € Q% (0,00),
JO
0,

u(x, t)= (x, t) € 02 x (0,00),
xeQ.
(47)

Using Leray-Schauder fixed-point theorem, we can prove
that problem (47) admits at least one weak solution U, (x, £),
and we know that Us (x, t) > 0 by the weak maximum princi-

ple. In addition, the weak solution U,(x, t) is also a weak
upper solution of problem (1).

Up to now, we have constructed a pair of weak upper and
lower solutions U;(x, t), U,(x, t). If U, (x, t) < Us(x, t), then
problem (1) admits a weak solution # satisfying U, <u <
Uj. By the definitions of U, and U, one has

JQ(U2 (2, 1) = Us(x, 1)) (x, t)dx — JQ
(Uy(x,0) = Us (x,0))¢(x, 0)dx
+ .”zt (Ug|VUz‘m4VU2 - Ug|VU3|m71VU3) -V{dxdr
~[f 5, (Uy = Uy){ dxd

< P Ty — N .
- A-Uzt (UZJQUZd (Us, + I)PJQ(U3+ +1)%d )Cd dr
= Aﬂzt [Ugj (Ul - (Us, + )T)dx + (U] — (U, + 1))

J (Us, + l)qu] {dxdr.
o

(48)

Take {(x,t)=H, (Uy+e/m —gm+eim) where H,(r) is a
monotone increasing smooth approximation of the following
function

1, r>0,

H(r) = { (49)

0, otherwise.

It is easy to check that H.(r) — 8(r) as & — 0. Letting &
— 0, it follows from (48) that

J (U, - Usy),dx<Aff [U@J (Ug—(U3++1)")dx}H
Q ! Q
-(U?”—U:T?)dxdrmﬂz

(- )

(U, + l)qu} H
0

: (U:TM - U:Tta) dxdr
<dys[[; (Uy = Uy), dxdr,

(50)

where d,; is a positive constant. Using Gronwall’s inequality,
one can conclude that U, (x, t) < U, (x, t), a.e., in Q x (0,00).
Furthermore, since U, does not vanish, neither does #. The
proof of Theorem 5 is complete.

Proof of Theorem 6.

(1) Form(N-m—-1/Nm+m+1-1)<a< 1.1t follows
from (14) that



(m+1)(m+a)

d 2mta 2ma 2mia
_J u'n dxs(dz—dl)q u'n dx) : (51)
dt | o 0

If A is sufficiently small such that d, — d, > 0, then above
inequality tells us that

1
4]l < ([ [lomen(1 = d1gt) T (52)

which means that u(x, t) vanishes in finite time T5 = d;,
where

dyy=m(d, —dy)(1-m—a)(2m+ “)71””0”@_1- (53)

For -m<a<m(N-m—-1/Nm+m+1-1). It follows
from (21) that

N-m-1

dJ uN(:Tf’X)dx < (dg—ds) (J uN(lminla)dx) ’ . (54)
dt | o o

If A is sufficiently small such that ds — dg > 0, then (54)
leads to

flsmar < gl o (1 = dyst)s,  (55)
m+ m+

which implies that u(x, t) vanishes in finite time T, = d,
where

dys = (m+1)(ds = dg)N"" || 2" (56)

(2) Let

Uy = [(1-p- ) (-1} T, (57)

One can easily prove that U,(x, t) is a weak nonextinc-
tion lower solution of problem (1) if A > Alll‘f’II;q. On the

other hand, let Us(x, t) be a weak solution of problem (47)
with p+q=m+ a; then, Us(x, t) is a weak upper solution
of problem (1). Similar to the process of proof of Theorem
5, one can claim that problem (1) has at least one nonextinc-
tion weak solution #z. The proof of Theorem 6 is complete.

3. Conclusion

In the present article, we mainly focus on the extinction phe-
nomenon and the decay estimates of the solution to a quasi-
linear parabolic equation with a coupled nonlinear source. By
analyzing the competition between the coupled nonlinear
source term and the fast diffusion term, along with energy
estimates approach and the method of upper and lower solu-
tions, we show that p+¢g=m+«a is the critical extinction
exponent of the solutions. That is, if m + a < p + g, then for
sufficiently small initial datum, the solution possesses extinc-
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tion property, while if p + g < m + &, then for any nonnega-
tive initial datum, problem (1) admits at least one
nonextinction solution provided that A is sufficiently large.
In the critical case p+q=m+a, whether the solution
vanishes or not depends on the size of the parameter A.

Our next work is to study the numerical extinction phe-
nomenon of the parabolic problems like (1). We hope to give
some numerical examples for our theoretical researches in
the near future.
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This paper is concerned with a problem of a logarithmic nonuniform flexible structure with time delay, where the heat flux is given
by Cattaneo’s law. We show that the energy of any weak solution blows up infinite time if the initial energy is negative.

1. Introduction

In this work, we consider the vibrations of an inhomoge-
neous flexible structure system with a constant internal delay
and logarithmic nonlinear source term:

m(x)uy, — (p(x)h, + 20(xX)uy,)  + 40, + pus, (%, £ = 1) =uful’ In [ul?, x€(0,L),t>0,

Or + kg, +1u =0 x€(0,L),t>0,

1q,+PBq+k0,=0 x€(0,L),t>0,

(1)
with boundary conditions
u(0,t) =u(L, t)=0;0(0,t)=0(L, t)=0,t>0, (2)
and initial conditions

u(%, 0) = (%), (%, 0) =, (x) 5 0(x, 0) = 6y (x) 5 4(x, 0) = g (x), x € [0, L],
(3)
where u(x, t) is the displacement of a particle at position x

€ [0, L], and the time ¢>0. # >0 is the coupling constant
depending on the heating effect,p > 2,y, 3, and k are positive

constants, and g is a real number. T > 0 is the relaxation time
describing the time lag in the response for the temperature,
and 7, > 0 represents the time delay in particular if 7= 0(
1.1) reduces to the viscothermoelastic system with delay, in
which the heat flux is given by Fourier’s law instead of Catta-
neo’s law, where g = q(x, t) is the heat flux, and m(x), 8(x),
and p(x) are responsible for the inhomogeneous structure
of the beam and, respectively, denote mass per unit length
of structure, coefficient of internal material damping (visco-
elastic property), and a positive function related to the stress
acting on the body at a point x. The model of heat condition,
originally due to Cattaneo, is of hyperbolic type. We recall the
assumptions of m(x), 8(x), and p(x) in [1, 2] such that

m,8,p € W1’°°(0, L), m(x),5(x)and p(x) > 0,Vx € [0, L].
(4)

In these kinds of problems, Gorain [3] in 2013 has estab-
lished uniform exponential stability of the problem

()i~ (p(x)it, + 20(x)1k,), = £ (x), 0n (0,1) x R”, (5)

which describes the vibrations of an inhomogeneous flexible
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structure with an exterior disturbing force. More recently,
Misra et al. [4] showed the exponential stability of the vibra-
tions of a inhomogeneous flexible structure with thermal
effect governed by the Fourier law.

m(x)u, — (p(x)u, +28(x)u,,), — k0, = f(x),
(0 = (P + 280, K=
0, -0, —ku,=0.

In addition, we can cite other works in the same form like
the system in [5]; Racke studied the exponential stability in
linear and nonlinear 1d of thermoelasticity system with sec-
ond sound given by

m(x)uy, — (p(x)u, +28(x)u,,), — kO, =0,0n(0,L) x R*
0, + kq, +nu,, =0,0n(0, L) x R*
79, + Bq+ kb, =0,0n(0,L) x R",

(7)

Now for the multidimensional system, Messaoudi in [6]
established a local existence and a blow-up result for a multi-
dimensional nonlinear system of thermoelasticity with sec-
ond sound (see in this regard Refs. [7-10]); for the same
problem above, Alves et al. proved that system (7) is polyno-
mial decay (see [1]), with boundary and initial conditions:

(0, t) = u(L, t) = 0;6(0, £) = O(L, £) = 0, £ > 0,
u(x,0) = 1y (x), 14y (x, 0) =y (x) 5 (8)
6(x, 0) =6, (x) 5 4(x 0) = gy(x), x € [0, L].

We know that the dynamic systems with delay terms
have become a significant examination subject in differential
condition since the 1970s of the only remaining century. The
delay effect that is similar to memory processes is important
in the research of applied mathematics such as physics, non-
instant transmission phenomena, and biological motivation;
model (7) is related to the following problem with delay
terms:

m(xX)uy, — (p(X)t, +28(x)uy, ) + 10, +pu, (X, t—75) =0 x€(0,L),t>0,
6, +kq +nu, =0 x€(0,L),t>0,
79, +PBq+k6,=0

u(0,t) =u(L,t)=0;6(0,t)=0(L, t)=0,t >0,
U(x, 0) = g (x), 1y (%, 0) = 1y (x) 5

0(x,0) =0,(x) ; q(x,0) = gy(x), x € [0, L].

x€(0,L),t>0,

©)

The authors prove that the system (9) is well posed and
exponential decay under a small condition on time delay
(see [2]). Now in the presence of source term, the system
(9) becomes the system studied in this work with a logarith-
mic source term; this type of problems is encountered in
many branches of physics such as nuclear physics, optics,
and geophysics. It is well known, from the quantum field the-
ory, that such kind of logarithmic nonlinearity appears natu-
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rally in inflation cosmology and in supersymmetric field
theories (see [11-13]).

This work is organized as follows: In “Statement of Prob-
lem,” we talk briefly about the local existence of the systems
(1), (2), and (3), and we define some space and theorem used.
In “Blow-up of Solution,” the blow-up result is proved.

2. Statement of Problem

Let us introduce the function
z(x, pst) = u,(x, t — p1y), x € (0, L), p€ (0,1),£>0. (10)
Thus, we have

Tz (X% s £) +2,(%, ps ) =0, x € (0,L), p€ (0,1),£>0.

(11)
Then, problems (1)-(3) are equivalent to

m(x)uy = (p(X)uy +20(xX) ), + 1Oy

+uz(x, 1, ) = uufP In ul?, x€(0,L),t>0,
Toz (% ps t) +2,(%, p, 1) =0 x€(0,L),p€(0,1),t>0,
0, +kq, +nu, =0 x€(0,L),t>0,
19, +PBq+k0,=0 x€(0,L),t>0,

(12)
u(0,t) =u(L,t)=0;0(0,t) =0(L,t) =0,t >0,
u(x,0) = uy(x), u,(x,0) = 1y (x) ;0(x,0) =0, (x), x € [0, L]

z(x, p, 0) = fo(x,—p7y), x € (0, L), p€ (0, 1).
(13)

We first state a local existence theorem that can be estab-
lished by combining the arguments of related works '*°.
Let v = u, and denote by

D= (1,,0,q2)", D(0) = Dy = (uy, uy, 0, 4o f,) - (14)
The state space of @ is the Hilbert space
=Hy(0,L) x L*(0, L) x L(0, L) x L*((0, 1) x (0, L)). (15)

Theorem 1. Assume that

2<p<

2n
,if n>3. 16
= if (16)

Then, for every @, €, there exists a unique local solution
in the class ® € C([0, T},).
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3. Blow-up of Solution

In this section, we prove that the solutions for the problems
(12)-(13) blow up in a finite time when the initial energy is
negative. We use the improved method of Salim and Mes-
saoudi [6]. We define the energy associated with problems
(12)-(13) by

E(t) = 5 (Im®) | llu®13) + %(Ilp(x)HoolluxH?)

T 1
] et p0lPde (17)
0

N —

T, ., 1.5
R
L
+ e - EJ |uff In |u)Vdx.
p Plo

Lemma 2. Suppose that

2n
2<p<

,n>3. 18
S (18)

Then, there exists a positive constant C > 0 depending on
[0.L] only, such that

I I
U |ulf In |u|7dx} < CU |ulf In |u|"dx + ||ux||§ , (19)
0 0

for any ueH}(0,L) and 2<s<p, provided that [;|ul’ In
|u|"dx > 0.

Proof. 1f fg|u|P In |u|"dx > 1, then

L 5oL
U |ulf In |u”dx] SJ |ulf In |u|?dx. (20)
0 0

If fg|u|p In |u|"dx < 1, then we set
I ={x€[0,L]||u| >1}, (21)

and, for anyf3 <2, we have

L 3 L £ 5
U |uff In |u|”dx} < U |ulf In |u|”dx} < J |uff In |u|’dx
0 0 r,
P ; s
< || wrras] < | ] =
T, Jo
(22)

We choose 3=2p/(p+1) <2 to get

: ;
[ e ] < g, <ol @)

Combining (20) and (23), the result was obtained.

Lemma 3. There exists a positive constant C > 0 depending on
[0, L] only, such that

L
g | o e ], )
0

for any u € H}(0, L), provided that fs|u|p In |u|"dx > 0.
Proof. We set
I ={xe[0,L]||u] >e}andI'_={x€[0,L]||u|<e}, (25)

thus

P
Huugz |u|de+J \u\deSJ |ulf ln|u|ydx+J eP’E’ dx
I r, r. e

2
<| |up ln|u|ydx+ePJ ‘ﬁ‘ dx
I, r.'e
L L
< | juf In |u|”dx+ep’2J |ul*dx
0 0

L
< C{J |uf? In |u|’dx + Hux||§}.
0

(26)

24p
bl

By using the inequalities||u||5 < CHuH; < C(||u||§) we

have the following corollary.

Corollary 4. There exists a positive constant C > 0 depending
on [0, L] only, such that

L H 4
|u|§scm up 1n|u|?dx) +|ux||z]. @7)
0

provided that [ |ul In [u"dx > 0.

Lemma 5. There exists a positive constant C > 0 depending on
[0, L] only, such that

ol < C [l + i3] (28)
for any ue H)(0,L) and 2<s<p.
Proof. If ||ul|, > 1, then
s P
[ull, < [ullp- (29)

If [ul|,, < 1, then HuH; < HuH; Using the Sobolev embed-
ding theorems, we have

2 2
[ull <l < Cllully- (30)

Now we are ready to state and prove our main result. For



this purpose, we define

() = =E() == 3 (173) oo 1. ()12) = 5 (1000 o )

T Tolu
- = 51012 - 2 [ats ool

1
= ||u||§ + 1—)Jo|u|1’ In |u|"dx.
(31)

Corollary 6. Assume that (18) holds. Then

iy <c{ (- p||p e 1~ () 0
<||||Z )' O~ gyt

0|I4‘ ! Al1Pd
||P 16115 - ) Hz(x’P, )I7dp

L
J luf? In |u|de}
pHp oo 0

(32)
for any ue (HL(0,L))" and 2<s<p.
Theorem 7. Assume that (18) holds. Assume further that

(I ol vol2)
Tol# ‘j j \fo(mpro) Pdpdx

5(0) = 5 (Im ()| (0]2) +

T 2
+ a3+ 51000+

b4 1
+ ol - EL'”O‘P In (11" dx < 0.

(33)
Then, the solution of (12) blows up in finite time.

Proof. we have
E(t) <E(0) <0, (34)
and
H'(t) = =E" () = 2(||8(x)l|oo |4 (1) 13) + Bllall3 + IM\JZIZ(% L t)["dx.
(35)
Hence

H (1) 2 co{ (1360 ol (1) + | 2651 r)dx} > 0t € [0, T).
(36)

Advances in Mathematical Physics

Consequently, we get
L
0<H(0)<H(t) SJ |u|P In |u|’dx;Vt € [0, T), (37)
0
by virtue of (17) and (31). We then introduce

L(t)=H"(t)+ eJ.O {m(x)ut(t)u(t) + 48(x)|ux|2]dx + sJ‘ n ugdx,

o k
(38)
where € > 0 to be specified later and
2(p-2 -2
(P2 ><oc<p <1. (39)
p 2p

A direct differentiation of L(t) gives

L'(t) m(x)|u|*dx

I
—~
—
|
S
=
T
33
—
~
~—
m\
—~
~
~—
+
]
—

e (¢ L L
+STJ qut(t)dx—sj p(x)\ux|2dx+2£11j Ou,dx
0 0

L L ’7[;
—sJ pz(x, 1, t)udx+sj [uff In [u]’ — e~ J qudx,
0

0

(40)
using the inequality of young
' 2
2en Oudz o6 -enu 3, (41
0
L
_£J D) |t doe 2 =el|p (%) oo 142135 (42)
0
L
SJ m(x) o | dx = ]| m(x) | |43 (43)
0
L
i nr nr
R A L T

and

L L
—sJ uz(x, 1, t)udx > —s|,u|{EZ—IJ l2(x, 1, t)|*dx + % ||u||§},\7’f1 >0,

0 0 1
(45)

_snfj qudx>s’7/3 {62 ||q||2 25 ||u||§},V€2>O.

(46)

Substituting (41), (42), (43), (44), (45), and (46) in (40),
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we get

L'(t) = (1= a)H(OH' (1) + & |m()l| o = 2 HIl

— e {[Ip() o + 1} 1113 = 2062
N+ Br& e A5 e
- TR g e 1
L
el S 2 — ellu2d L 4 1P
el [ et 1. Pas— el { K+ L
(47)
We obtain from (35) and (47) the following:
L'(t)> {(1 — ) H™() —s<k§%k’7£2> }H'(t)
11T
+e{lm()l, = 3 Pl = {1 oy + 1}l
—enneuz—e—uqnmj uf In [ufd
zflk 28k >
(48)

We also set £, =&, = H™*(¢) ; hence, (48) gives

!

L (t)z{(l—a)—eC}H-“u)H’(t)+e{||m<x>\|oo Tl

—e{lIp() oo+ 1} ll2ecll3 = HIIIGIIZ—'g HtZIIZ

L
+£J |uf? In [u|"dx — & kH“()HuH;,

0
(49)
where C and M are strictly positive constants depending only

on k, 1, B, |ul.
For 0 <a < 1, we have

L'(tH)={(1-a)-eCYH*(H)H'(t)

re{lm@ll (1+ 5 0-0) - Tl
+8{||P(x)||oo(§(1 —a) - 1) +f1}||ux||§
+8{ PS( . )}”0”2 +saJ |ul? In |u|"dx

+e{ o L e T
P01 Pl

—%H“( 0)Jul + pe(1 - a) H(1)

Using (27), (37) and Young’s inequality, we find

(1)l < (
<C

juf In Ju Wx) Julf

atl L « B
{(J uf? In \uwdx) " <J uf? In \u\ydx> |ux|”2}
0
L 2 =
< C{(I |u[? In \uP’dx) + w3+ <J |uff In |u|ydx> }
Jo

(51)

Exploiting (39), we have

2
P S <p. (52)

2<ap+2<pand2<
Thus, lemma 1 yields
2 t 2
H“(f)lluleC{J |uf” In |u|7dx+||ux||2}. (53)
0

Combining (50) and (53), we obtain

L'(t)2{(1-a)-eCYH*()H'(t)

Po-
+ef Il (1+ £1-a)) - THju|}
I
{1 (G -a) 1) #n-cop
e(l-a
eedon e EEZD oy
L
+s{a—CM}J |ulf In |u|"dx
%S,
_m  pr(l-a) 2, ve(l-a) o
red g P bl 2
op(l-a)
+s%|y|J J |2(x, p, t)[*dpdx + pe(1 — a)H(t).
oJo
(54)
At this point, we choose a > 0 so small that
e+ ps(lz— 9 o,
Py -
(5(1 a) 1)>0, (55)
‘rop(l—a)>0’
2

and k so large that



Il (1-0)-1) +n-c >0

M
a—Cﬁ >0,
p nr
Im)llg (1+5(1-0)) = 2 >0,

S0 prii=a) > 0.
2k 2

(56)

Once C and a are fixed, we pick € so small so that
(1-a)—eC>0. (57)
Hence, (54) becomes

L'(t)2 {(1 - a) = eCYH “()H (t) + eA, |[u |3 + eAs |3

M) (*
+5A3H0||§ +sA4||q||§ +£{a—C—}J |ulf In |u|"dx
0

2k
T.p(l —a Ll
e PP [ | et ) i
0J0
e(l—a
# 028 g+ per - apri(e,

(58)

where A; — A, are strictly positive constants depending only
on p, 7,4, k, a.
Thus, for some A, > 0, estimate (58) becomes

/ 2 2 2 2
L'(t) 2Ao{H(f) ey + lusllz + lliZlall; + 16112

L L ¢l (59)
+J |uff In |uP’dx+J J |z(x, p, t)zdpdx},
0 oo

and
L(t) > L(0) > 0.Vt > 0. (60)

Next, using Hoélder’s inequality and the embedding
[Jull, < C”MHP, we have

< [m ()l 2l [l < Cllull, |l (61)

JLm(x)uutdx

0

and exploiting Young’s inequality, we obtain

L =
J m(x)uu,dx

0

r . 1 1
< C{||u||},“ + ||ut||‘2“},For; + 7 =1.

(62)

To be able to use Lemma 5, we take r' = 2(1 — &) which
gives r/l —a=2/1-2a<p.
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Therefore, for s =2/1 - 2a, estimate (62) yields

L =
J m(x)uu,dx| < C(||u||; + ||u[||§) (63)

0

Hence, Lemma 5 gives

L =
| oy "<y (il + ]+ 3) vE > 0

0

(64)
and with the same way, we get

L
1-a

L
sJ %uqu sCz(l\u|\§+||q||§),vc2>o, (65)
0

L
T-a

L
gJ 48(x)|ug|*dx| < Cs)juy|2VCs > 0. (66)
0

From (64), (65), and (66) we obtain

1
L (8) < CLH(E) + lull + a3 + ] + | v = 0vC >0.

(67)
Combining (67) and (59), we arrive at
L' () 2 agL™s(t),¥t > 0, (68)

where g, is a positive constant depending only on A and C.
A simple integration of (68) over (0, t) yields

« 1
L=<(t) > . 69
®) L™%(0) — aagt/(1 - a) (69)
Therefore, L(t) blows up in time
1-
e % (70)

- aaOLa/l—a (0)
The proof is completed.

4. Conclusion

In this work, we are interested with a problem of a logarith-
mic nonuniform flexible structure with time delay, where
the heat flux is given by Cattaneo’s law. We show that the
energy of any weak solution blows up infinite time if the ini-
tial energy is negative. The delay effect that is similar to mem-
ory processes is important in the research of applied
mathematics such as physics, noninstant transmission phe-
nomena, and biological motivation. In the future work, we
will try to study the local existence for this problem with
respect to some proposal conditions.
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Evaluating efficiency according to the different states of returns to scale (RTS) is crucial to resource allocation and scientific decision
for decision-making units (DMUs), but this kind of evaluation will become very difficult when the DMUs are in an uncertain
random environment. In this paper, we attempt to explore the uncertain random data envelopment analysis approach so as to
solve the problem that the inputs and outputs of DMUs are uncertain random variables. Chance theory is applied to handling
the uncertain random variables, and hence, two evaluating models, one for increasing returns to scale (IRS) and the other for
decreasing returns to scale (DRS), are proposed, respectively. Along with converting the two uncertain random models into
corresponding equivalent forms, we also provide a numerical example to illustrate the evaluation results of these models.

1. Introduction

Data envelopment analysis (DEA) initiated by Charnes et al.
[1], known as the CCR (Charnes, Cooper, and Rhodes)
model, is one of the effective tools to evaluate efficiencies of
DMUs with multiple inputs and multiple outputs. However,
Banker [2] demonstrated that the CCR model only regarded
that DMUs with constant returns to scale (CRS) were effi-
cient. CRS is one of the states of returns to scale (RTS). Based
on the RTS theory, RTS can be divided into three states as
CRS, IRS (increasing returns to scale), and DRS (decreasing
returns to scale) in accordance with the difference of output
increment caused by input increment [3]. Subsequently,
Banker et al. [4] proposed the BCC (Banker, Charnes, and
Cooper) model to identify the efficient DMUs in the three
states of RTS. The results revealed that the different states
of RTS would affect the results of efficiency evaluation
indeed. Afterwards, Fare and Grosskopf [5] refined the
approach on measuring efficiencies of DMUs which exhibits
DRS, and Seiford and Thrall [6] further estimated DMU’s
efficiency under IRS.

Along with the states of RTS affecting the results of effi-
ciency evaluation, the inputs and outputs of DMUs that are

not always observed accurately may affect the efficiency
results as well. For example, early studies in DEA considered
that such inputs and outputs as capital and labor are regarded
as precise data. With more factors like carbon emission and
social benefit taken into account in inputs and outputs now-
adays, the traditional models are not suitable for dealing with
these imprecise data. Then, some scholars regard these vari-
ables as random variables and treat them with probability
theory. Therefore, many stochastic DEA models have been
put forward including Li [7], Khodabakhshi et al. [8], and
Cooper et al. [9].

However, some other scholars claim that these variables
should be considered as uncertain variables because the
uncertainty theory demonstrated that if the distribution
function of a variable is not close enough to its real frequency,
then it is better to treat it as an uncertain variable rather than
a random variable [10]. Therefore, some uncertain DEA
models are proposed via the application of uncertainty the-
ory (Wen et al. [11], Lio and Liu [12], Jiang et al. [13], and
Alireza and Lio [14]).

When the external environment becomes more complex,
the imprecise inputs and outputs of DMUs may be not only a
single random variable or uncertain variable but also both of
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them. In this case, some scholars attempt to take the uncer-
tain random variables into account and propose uncertain
random DEA models to estimate DMU’s overall efficiency
(Jiang et al. [15]) and technical efficiency (Jiang et al. [16]).
However, a specific uncertain random model of examining
the influence of RTS on efficiency evaluation does not exist
currently. Motivated by this, this paper proposes two uncer-
tain random models by applying chance theory [17] to deal-
ing with uncertain random variables. One model is for
estimating the DMUSs’ efficiency under IRS, and the other
one is for DRS.

The remainder of this article is organized as follows. The
second section will present a number of basic knowledge of
uncertainty theory and chance theory. The third section will
introduce the new uncertain random DEA model for IRS,
and the equivalent form will be verified. The fourth section
will introduce the new uncertain random DEA model for
DRS, and the equivalent form will be verified as well. A
numerical example to test two new uncertain random DEA
models will be provided in the fifth section. The final section
will make concluding remarks.

2. Preliminaries

In this part, we will briefly introduce the primary concepts
and theorems of uncertainty theory and chance theory for
the preparation to structure the new uncertain random
DEA models in the next two sections.

2.1. Uncertainty Theory. As a powerful mathematical tool for
dealing with uncertain variables and analyzing the belief
degree, uncertainty theory was founded by Liu [10] in 2007.
The uncertain measure M was defined as a set function on
a o-algebra Z over a nonempty set I' by the following
axioms:

Axiom 1 (normality axiom). M{I'} = 1 for the universal set I".

Axiom 2 (duality axiom). M{A} + M{A} =1 for any event
A.

Axiom 3 (subadditivity axiom). For every countable sequence
of events A, A,, -+, we have

m{B 4} < zM{A,}. (1)

Then, Liu [18] proposed a product axiom in 2009.
Axiom 4 (product axiom). Let (I'y, &, M,) be uncertainty

spaces for k=1, 2, ---. The product uncertain measure M is
an uncertain measure satisfying

M {ﬁAk} = kz\ol Mi{ A} )
k1

where A, are arbitrarily chosen events from &} for k=1, 2,
.-+, respectively.
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Definition 5 (Liu [10]). An uncertain variable is a function &
from an uncertainty space (I', &, M) to the set of real num-
bers such that {& € B} is an event for any Borel set B of real
numbers.

Definition 6 (Liu [19]). An uncertain variable & is called linear
if it has a linear uncertainty distribution

0, ifx<a,
D(x)={ T ifa<xsh, (3)
L, ifx>b,

denoted by Z(a, b) where a and b are real numbers with
a<b.

Definition 7 (Liu [19]). Let & be an uncertain variable with
regular uncertainty distribution ®(x) . Then, the inverse func-
tion @' (a) is called the inverse uncertainty distribution of &.

Theorem 8 (Liu [19]). Let &, &,, ---, &, be independent uncer-
tain variables with regular uncertainty distributions @, ®@,,
-+, @, respectively. If f(x;,x,,++,X,) is continuous, strictly
increasing with respect to x;, x, -+, X,,, and strictly decreasing

with respect t0 X, 1> X400 > X,y then

E:f(EI’EZ"”>En) (4)

has an inverse uncertainty distribution

Theorem 9 (Liu and Ha [20]). Assume &,,&,, .-+, &, are inde-
pendent uncertain variables with regular uncertainty distribu-
tions @, D,, ---, D,, respectively. If f(&,,&,,---,E,) is strictly
increasing with respect to &, &, ---, &, and strictly decreasing
with respect to &, 1, &, 5, -+, &, then

£=f<§1)52)'“’£n> (6)

has an expected value

Uncertainty theory was subsequently studied by many
researchers over the past decades, and many scholars have
used uncertainty theory to model dynamic systems with
uncertainty.

2.2. Chance Theory. Chance theory was put forward by Liu
[17] in 2013 for modeling a complex system with the coexis-
tence of uncertainty and randomness. Some elementary
features and properties on uncertain random variables are
defined as follows.
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Definition 10 (Liu [21]). An uncertain random variable is a
function & from a chance space (I', Z, M) x (Q, o, Pr) to
the set of real numbers such that {& € B} is an event in & x
gl for any Borel set B of real numbers.

Definition 11 (Liu [21]). Let & be an uncertain random
variable. Then, its chance distribution is defined by

@(x) =Ch{&<x} (8)
for any x € R.

Theorem 12 (Liu [17]). Let 4, #,, --+, 11, be independent ran-
dom variables with probability distributions ¥, ¥, -+, ¥, ,
and let T,,7,, .-+, T, be independent uncertain variables with
regular uncertainty distributions Y, Y,,---, Y, , respectively.
Assume f(1,, Ny My Ty Tor e 5T,) IS continuous, strictly
increasing with respect to T, T, --+, T, and strictly decreasing
with respect t0 T, 1, Ty, =**> T,, . Then, the uncertain random
variable

E=f(Np My My T To 55T,) ©)

has a chance distribution

O(x) = J CEQypyp ) dY i (y)d¥ () o d¥ (0,),

(10)

R

where F(x3¥,, )5 +),,) is the root « of the equation

FOpye ey Vil (@)Y (@), Vi (1= @)Y, (1 - @) = x.

(11)
Theorem 13 (Liu [17]). Let 4, ,, --+, 11, be independent ran-
dom variables with probability distributions ¥, ¥, -+, ¥, ,
and let T,,7,, -+, T, be independent uncertain variables with

regular uncertainty distributions Y, Y,,---, Y, , respectively.
If f is a measurable function, then

E=f(Mp My My T T 55T,) (12)

has an expected value

EE)= [ GOyt A1 0)505) - 42, 3,
(13)
where
GOp Y2 Ym) =ES (Y Y T T T,)] (14)
is the expected value of the uncertain variable f(y;, ¥y,

Ty, Ty oo5T,) for any real numbers y,,y,, -+, y,, and is deter-
mined by Y,, Y, -+, Y.

Theorem 14 (Liu [17]). Let #,,#, -1, be independent
random variables with probability distributions ¥, ¥, -+,
¥, and let T,,7,, -+, T, be independent uncertain variables
with regular uncertainty distributions Y, Y,,---, Y, , respec-
tively. If f(1,»*M,» Tps+5T,) i a continuous and strictly
increasing function (or strictly decreasing function) with
respect to T, -+, T, , then the expected function

E[f (N M TporTp)] (15)

is equal to

[, £ O Vi@, ) ) - )
(16)

Based on the knowledge above, the two new uncertain
random DEA models will be created in the following section.

3. Uncertain Random DEA Model for IRS

When the inputs and outputs of DMUs cannot be observed
precisely, some of them were regarded as random variables
and treated by probability theory, while some others were
regarded as uncertain variables and treated by uncertainty
theory. But in a more complex environment, the coexistence
of random variables and uncertain variables in DMUs may
occur. Therefore, a new approach to deal with uncertain ran-
dom variables in estimating efficiency is necessary.

Suppose the number of DMUs is r. For each k with 1 <
k<r, the kth DMU consumes a random input vector x;
and an uncertain input vector x; to produce a random output
vector y, and an uncertain output vector y,. For each DMU ,
we artificially set the expected ratio of weighted outputs to
weighted inputs which is always less than or equal to unity,
ie.,

E [VTj’k + VT)’k

<1, k=121, 17
Ile.’?VCk+uTxk:| ( )

where #, u, v, and v are nonnegative weight vectors. Sub-
ject to constraint (17), only a DMU which has CRS can find
out a set of favorable weights (%", u*, ¥*, v*) such that the
expected ratio of this DMU reaches up to 1, by which a
DMU can be regarded as efficiency. The reason is that the
increment of inputs of the DMU which exhibits CRS is equal
to that of outputs.

According to the RTS theory, if the proportionate
increases in outputs are larger than the proportionate
increases in inputs, then the state of increasing returns to
scale (IRS) arises [3]. In order to clarify the influence of IRS
on efficiency values, we artificially set a factor, denoted as w
, to adjust the proportion difference among input increment
and output increment caused by IRS, and then, the constraint
(17) is modified to



£ {vTj/k + vak -w

<1, k=1,2,--,1, 18
i{T&'k'FuTxk :| ( )

where w is less than or equal to 0, i.e., w<0. The new con-
straint (18) allows a DMU which exhibits IRS to also find out
a set of favorable weights (#, u*, ¥*, v*) such that the
expected ratio of this DMU reaches up to 1. In this way, the
DMUs under IRS can be considered efficient as well. In order
to verify if the target DMU, distinguished by subscript “o0,” is
efficient under IRS, we may solve the following uncertain
random DEA model:

{VT}NJO + vao - w}

max s =E uTx, + ulx
() o

u U, va
subject to :

E [vTj/k + vak -w

(19)
T~ T Sl) k=112)"')r)
u xk+u Xk

u, u, v,v =0,

w<0,

where X, y,, x;, and y, are uncertain input vectors,
uncertain output vectors, random input vectors, and random
output vectors of DMU, k=1,2, ---, r, respectively; u, v, 1,
and v are nonnegative weight vectors; and w < 0.

Definition 15 (IRS efficiency). DMU |, is regarded IRS efficient
if the optimal value 9z of ((19)) reaches up to 1.

Theorem 16. Let uncertain variables X, -++, 5ckj,~)7k1, ---,j/kn
be independent with uncertainty distributions Y, -+, Yy,
My, -+ Iy, , and let random variables Xy, -+, X Vip **>
Yim be independent with probability distributions @y, ---,
Dy Virr > Wi k=1,2, -+, 1, respectively. Then, the new
uncertain random DEA model for IRS ((19)) can be indicated
as follows:

dvcdd) o(hy)d¥(z,)

max 9=
uuvvw

U
[ ‘.lz;nlpop"'Ztnlvn ()_
Oqu q oq+Zs IuSYOS(I

subject to :

P
J Jl ZZZ pzkp+2?lvtnkt( )-w
R0

dad®y (hy)d¥, (z,) <
qu qhkq+z Iqus( )

i
k=1,2,--,1

= (i1, By i) 20,
u=(up, tystt;) 2 0,
V= (V) VprsVy) 20,
V=V VarVyy) 20,
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where
d(Do (ho> = d(pol (h ) d(DDZ( ) d(Doz(haz)
d‘Po(zo) = dlpol( ) leoZ( 02) leom (Zam) (21)
dq)k(hk) d(Dkl (hkl) d®k2(hk2) dq)kz(hkz)’
d¥y () = AV (21,), A¥ 2(22) -+ A o (P -

The uncertainty distributions of X,;, -
are ?01: * i’/o] and ﬁol’
butions Of Xo1> " Xoip Yop **
Y, respectively.

s "ioj’ 5}01"“’5/%
,I1,,, and the probability distri-
Yo a1 Dy, Dy W)

o1

Proof. Since the function (vI'y, + 7"y, — w)/(u"x, + " %;) is
a measurable function for each k with 1 <k<r, it follows
from Theorem 13 and we can obtain

T, o ~Tx
viy +vy —w
g= NI (22)
u xk+u Xk

has an expected value

hiis Zis > Zi ) APy (hy ) AWy (24

£E)=| Gl

Rt

m+i

(23)

fork=1,2,---, r, where

T ~T~
VgtV Y —w
G(hkl) ) hkia Z1s 0 ka) =E l—‘| ,

uThk + ilT.Sek
(24)
dq)k(hk) = dq)m(hm)d‘pkz(hkz) d(pki(hki)’
¥y (z) = d¥1 (211)dY 12 (2k2) *** AY ko (Zm)»
k=1,2,---,r

For each k with 1 <k<r, since the function (v'z, +¥"
7, —w)/(uThy +@"%,) is strictly increasing with respect to
¥, and strictly decreasing with respect to X, by using Theo-
rem 8, we can get the inverse uncertainty distribution is

S|
Z;”wpzkp+27lv Hkt( )—w

. (25)
Zq 1 qhkq"'z 7N Yk (1-a)

R ()=

Moreover, from Theorem 14, we can obtain

da,

E szk + T/T)?k -w
uThk + ilsz'k

~ =1

] _ Jl Ype1VpZhp + Lic Vil (@) —w
= . ——

0 Z;:luqhkq + 21:1 usYks (1 - (X)

(26)
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k=1,2,---,r. Then, the equivalent form of equation (23) is

1ym Y T ) -
E[E] _ J J Z[;szkp + Zt;lvj ~k_t1(“) w doc(Dk(hk)d‘I’k(zk),
R, J0 Zq=luqhkq + 25=lus Yks (1 - 06)
(27)
where
d®y (hy) = dDy (hy ) dDs, (hyy) -+ APy ()5 (28)

d¥(zy) = ¥4 (211)d¥ 10 (212) *+* AY o (Zkm)>

k=1,2,---,r. The proof is completed.

4. Uncertain Random DEA Model for DRS

In this part, we propose the uncertain random DEA model
for DRS. According to RTS theory, if the proportionate
increases in outputs are smaller than the proportionate
increases in inputs, then the state of decreasing returns to
scale (DRS) prevails [3]. Then, the constraint (17) is modified
to

T T

v +v -—w

E{i}l—yk}ﬁl, k=121, (29)
u' X+ ulx,

where w is greater than or equal to 0, i.e., w > 0. The new
constraint (29) allows a DMU which exhibits DRS to also
find out a set of favorable weights (#*, u*, ¥*, v*) such that
the expected ratio of this DMU reaches up to 1. In this way,
the DMUs under DRS can be considered efficient as well.
We still distinguish target DMU by subscript “o,” then verify
if it is efficient under DRS, and may solve the following
uncertain random DEA model:

max 9ppg=E

UV, v,w

Vi, + vy, —w
ulx, +u’x,

subject to :

T T, _ 30
E{M}SL k=12, (30)
u xk+u Xk

u, u, v,v=0,

w=0,

where X, ¥, X, and y, are uncertain input vectors,
uncertain output vectors, random input vectors, and random
output vectors of DMU,, k=1,2, ---, 1, respectively; u, v, 1,
and v are nonnegative weight vectors; and w > 0.

Definition 17 (DRS efficiency). DMU , is regarded DRS
efficient if the optimal value 954 of ((30)) reaches up to 1.

Theorem 18. Let uncertain variables X, ~-,5ckj,~)7k1, ---,j/kn
be independent with uncertainty distributions Y, -+, Yy,

II,,, -+~ Iy, , and let random variables x;,, -+, x;,, Vi
Yim be independent with probability distributions @y, -+,

Dii» Yipr s Vi k=1,2, -+, 1, respectively. Then, the new
uncertain random DEA model for DRS ((30)) can be indicated
as follows:

-1

J Jl z;n:lvpzop + z:’:latﬁot ((X) B wdﬂtdq) (h )d‘y (Z )
% oMo o\%o

max Ippe = - ———
0 Z:I:I uqhoq + Zi:]usyos (1 - OC)

TRTRRTAT]

subject to :

m n ol
J jl Yo Vi + thzvtnkt (a)-—w dad®, (hy )d¥, (z,) < 1
R

: = ol
e 0 Z;:I”qhkq + zizlusyks (1 - 0()

k=1,2,--,r
= (i iy nil;) 2 0
u=(up gy osthy) 2 0,
V=V Vpree¥,) 20,
V= (Vs VareVy) 20,
w > 0.
(31)
where
dq)o (h(!) = d®01 (hol)’ d®02(h02) e d®oi(hai)’
d‘yo(zo) = dlpal (Zol)’ d‘POZ(ZOZ) leam (Zam>’ (32)

dq)k(hk) = d(Dkl(hkl)’ dCDkz(hkz) dq)ki(hki)’
d¥y(zy) = d¥;(211)> A¥ 12(2k2) =+ AY o (B -

The uncertainty distributions of X,;, s Xop Yorr > Yon
are Y, , -, i’oj and I1,,, ---,I1,,, and the probability distri-
butions of X,p, > Xp» Vor» Vo
W, respectively.

Yo Are Dy, -+, D

oi’
om’
Proof. Since the function (vI'y, + "y, — w)/(u"x, + ' %;) is

a measurable function for each k with 1 <k<r, it follows
from Theorem 13 and we can obtain

~T~
=vak+v Ve—w (33)
ulx, + "%,

has an expected value
E[¢] = Jm* Glhyys s s Zgys =+ Zpy ) ADQy (hy ) d Wy (74)

(34)

for k=1,2,---, r, where
T ~T ~
Vige+ vy —w
G(hkl’“.’ hki’Zkl"'.’zkm):E[—T T ]
ulh, +u x

(35)
Ad®, (hy) = dDyy (M )dDsy (yy) -+ Dy (i)

¥y (7)) = d¥ 1 (240 )A¥ 12 (212) +++ A o (Zim )

k=1,2,--,1.
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TasLE 1: Fifteen DMUs with three inputs and three outputs.
DMU, ) Ol}tput variables ) II}put variables
¥, (uncertain) ¥, (uncertain) y5 (random) X, (uncertain) X, (uncertain) x5 (random)

1 Z(51,65) 2(45,55) U(60,78) £(8,13) £(10,15) U(9, 14)

2 Z(64,71) £(60,69) U(76, 88) £(17,20) £(12,19) U(10, 16)
3 Z(55,60) £(80,96) U(77,89) £(10,19) £(11,20) U(10,21)
4 Z(47,55) £(79,95) U(62, 80) Z(15,24) Z£(12,21) U(12,23)
5 Z(49,62) Z(54,67) U(60,75) Z(10,16) Z(13,19) U(14,17)
6 £(46,52) £(55,68) U(65,76) Z(11,19) £(16,22) U(13,19)
7 £(52,60) £(67,80) U(70, 83) Z(13,21) £(10,17) U(12,18)
8 Z(54,67) Z(65,75) U(55,69) (11, 16) Z(14,20) U(8,16)

9 (45, 55) Z(62,76) U(63,78) £(10,15) Z(8,12) U(14,21)
10 Z(48,57) Z(54,63) U(60,73) Z(11,17) £(9,18) U(8,17)
11 Z(56,69) £(64,76) U(66, 83) Z(8,12) £(10,20) U(11,18)
12 Z(60,78) Z(63,70) U(74, 83) Z(6,13) Z(7,15) U(15, 20)
13 Z(58,66) Z(80,97) U(78,90) Z(5,11) Z(12,25) U(10,17)
14 £(47,58) £(68,78) U(70, 88) Z(12,19) £(14,22) U(14,25)
15 (44,53) Z(53,69) U(63,72) (14, 20) Z(9,15) U(13,21)

For each k with 1<k<r, since the function (v7z,+v' 5. A Numerical Example

7 —w)/(uThy +@"%,) is strictly increasing with respect to
¥, and strictly decreasing with respect to x;, by using Theo-
rem 8, we can get the inverse uncertainty distribution is

=1
Z;nzlvpzkp + X Vel Ty (@) —w

A T~ 1 .
z;zluqhkq + Zizl usYks (1 - 0()

R () = (36)

Moreover, from Theorem 14, we can obtain

da,

o S|

E vz +915, —w 3 Jl Zgllvpzkp + Y Vel Ly (o) —w
~T~ - ; i o~ o1

ulhy + i x; 0 Y omitghiy + Yl Y (1-a)

(37)

k=1,2,---,r. Then, the equivalent form of equation (34) is

m n o~ =1

= [ B T g g
= ; —— k() ¥y (zy )

Ry 0 Zq:luqhkq + Zi:lusyks (1 - “)

(38)
where

dq)k(hk) = d‘Dm(hm)d‘Dkz(hkz) d®ki(hki)’
Ay (z) = d¥ 1 (210 )AY 12 (212) *** AY 1 (Zm)»

k=1,2,---,r. The proof is completed.

In order to examine the two new uncertain random DEA
models, this section presents fifteen DMUs with three inputs
and three outputs to demonstrate an illustrative example.
Among these inputs and outputs, two inputs and two outputs
are uncertain variables subject to linear uncertainty distribu-
tions represented as Z(a, b), and one input and one output
are random variables subject to uniform distributions repre-
sented as U(a, b). The original data of these DMUs are pro-
vided in Table 1.

According to the data in Table 1, we can obtain each
DMU’s IRS efficiency by calculating the optimal value ;g
of model (19) and DRS efliciency by calculating the optimal
value 9fzs of model (30). In addition, to further clarify the
influence of RTS on efficiency values, we have also examined
two other cases, one for overall efficiency and the other for
technical efficiency. If w =0, overall efficiencies of DMUs
can be calculated, represented as #*, and technical efficiencies
of DMUs, represented as ¢*, can be gained under the condi-
tion that w is unconstrained in sign. The results of the four
kinds of efficiencies of each DMU are shown in Table 2.

As shown in Table 2, the second column represents
DMUs’ IRS efficiencies. It is obvious that the five DMUs
are IRS efficient because the optimal values 9z of them reach
up to 1, and the other ten are IRS inefficient. Similarly, four
DMUs are DRS efficient shown in the third column. Among
these efficient DMUs, some like DMU 5, DMU 4, and DMU
are IRS efficient but DRS inefficient, while some like DMU ,
and DMU , are DRS efficient but IRS inefficient. However,
there are also two DMUs (DMU ;, and DMU ;) that are
both IRS efficient and DRS efficient. Does it mean that these
two DMUs are overall efficient as well?
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TaBLE 2: The efficiency evaluation results of different uncertain
random DEA models.

Optimal values

=
=
S

Irs Ibgs n 9"
1 0.9702 1.0000 0.4366 1.0000
2 0.9745 1.0000 0.5699 1.0000
3 1.0000 0.8829 0.5678 1.0000
4 0.8784 0.8803 0.2686 0.9185
5 0.6766 0.4042 0.3251 0.8219
6 0.6584 0.3746 0.3433 0.6062
7 0.9542 0.4382 0.3451 0.9583
8 1.0000 0.5223 0.3661 1.0000
9 1.0000 0.8316 0.3600 1.0000
10 0.7588 0.4123 0.3535 0.9047
11 0.9569 0.7897 0.4859 0.9405
12 1.0000 1.0000 1.0000 1.0000
13 1.0000 1.0000 1.0000 1.0000
14 0.7667 0.7667 0.3275 0.7362
15 0.7525 0.3414 0.4764 0.6200

Overall efficiencies of DMUs are exhibited in the fourth
column of Table 2, represented as #*. It is clear that only
two DMUs, DMU ;, and DMU 5, can be regarded as overall
efficient among fifteen DMUs. Therefore, it can be inferred
that if a DMU prevails IRS efficiency and DRS efficiency
simultaneously, it prevails overall efficiency as well. The
result is in accordance with the assumption that the efficiency
value is affected by the RTS state.

The last column shows DMUS’ technical efficiencies, rep-
resented as ¢@*. There are a total of seven DMUs that can be
considered technical efficient. The number is just the aggre-
gation of DMUs which are both IRS efficient and DRS effi-
cient. This phenomenon demonstrates that the technical
efficiency compounds three kinds of different efficiencies
caused by RTS, although it cannot differ IRS efficiency and
DRS efficiency.

6. Conclusions

In this paper, we introduced two new models, uncertain ran-
dom DEA model for IRS and uncertain random DEA model
for DRS, so as to focus on efficiency evaluation of DMUs
under the uncertain random environment. Meanwhile, we
presented the equivalent forms of the two new models and
provided detailed proof processes. Finally, a numerical exam-
ple was given to demonstrate the evaluation results of these
two models. Considering the situation that uncertain vari-
ables and random variables coexist in the inputs and outputs
of DMUs simultaneously, our work broadens the application
of chance theory in efficiency evaluation in practice. In addi-
tion, this paper is also expected to be applied in the field of
logistics in the future.
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In this article, Box-Cox and Yeo-Johnson transformation models are applied to two time series datasets of monthly temperature
averages to improve the forecast ability. An application algorithm was proposed to transform the positive original responses
using the first model and the stationary responses using the second model to improve the nonparametric estimation of the
functional time series. The Box-Cox model contributed to improving the results of the nonparametric estimation of the original
data, but the results become somewhat confusing after attempting to make the transformed response variable stationary in the
mean, while the functional time series predictions were more accurate using the transformed stationary datasets using the Yeo-

Johnson model.

1. Introduction

Forecasting the future is the main function of time series
analysis. Proceeding from this idea, researchers have devel-
oped several techniques that are concerned with the
improvement of accuracy of forecasts by treating the time
series as a stochastic process. A functional data analytic
approach or so-called a stochastic forecast [1] allows dealing
with the observations as a function [2] freely outside of the
conditions of parametric and fully nonparametric modeling.
This handling of observations in time series data makes it
sequential and can be separated into successive time periods
[3]. Thus, the dimensions of the time series are reduced with
a limited loss of information [4] and represent the data in a
linear combination of a few functions (carefully selected)
instead of treating the data in its original form as a single vec-
tor of values [2], that is, processing and transforming the
structure of time series data in line with the structure of
regression models. Shang in 2019 showed that with the time
dependence of observations in some datasets, the principal

component method may lead to erroneous estimates. There-
fore, the two authors believe that this problem may be exac-
erbated in some time series data, especially those that are
characterized by the presence of seasonal changes. However,
it has become known in practical applications of time series
that they are rarely stationary and that seasonal changes,
trend, and dependence on external factors have become the
rules, not the exception [5]. For this reason, it can be said that
the data transformation has become a part of the traditional
parametric and nonparametric analysis of complex time
series.

In this article, the two authors have used the Yeo-Johnson
transformations to improve the nonparametric estimation of
the functional time series. The use of both approaches, trans-
formation, and functional analysis without considering the
modeling conditions is an attempt to focus the analyzing goal
and the efficiency criterion in the context of forecast ability.

The rest of the article is organized as follows. The Box-
Cox and Yeo-Johnson transformations are presented in the
next section. The third section contains the formulation of
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the problem and the proposed application methodology. The
practical examples are included in the fourth section, while
the fifth section contained some conclusions.

2. Box-Cox and Yeo-Johnson Transformations

Box and Cox [6] suggested the Box-Cox transformation
(BCT) methodology in regression models to reduce anoma-
lies in data, reduce nonlinearity, and achieve normality ran-
dom errors. The methodology assumes, for any response
variable Z >0 and A € R, the transformed variable ¥ (Z) =
(Z" =1)/A when 1#0 and ¥(Z)=LnZ when A=0. And
when A is equal to 1, the data is analyzed in its original
scale, whereas the case A = 0 corresponds to the natural loga-
rithmic transformation of the data. BCT is based on the
assumption of the transformed response normality and then
defining the probability density function of the original
response as a “backward transformed” of change of variables
technique.

Yeo and Johnson [7] generalized the BCT to include neg-
ative and positive values in datasets [7]. They used a smooth-
ness condition to combine the transformations for positive
and negative observations, thus obtaining a one-parameter
transformation family [8]. For Z € R, the YJT is given by

%, A#0andZ >0,
Ln(Z +1), A=0andZ >0,
o _<(_Z+1)2%_1), A+#2andZ <0, !
2-A
Ln(-Z +1), A=2andZ<0.

This transformation is appropriate for correcting both
left and right skew when A > 1 and A < 1, respectively, while
the linear relationship is achieved when A=1 [9]. Also,
Yeo-Johnson transformations (YJT) can hold the properties
of the log-mean standardization after the inverse transforma-
tion since ¥(Z) is invertible [10].

In 1970, Box and Jenkins recommended for the first time
the use of power transformation in ARIMA models [11].
After that date, many authors took up this topic and made
numerous proposals in many mathematical and applied
aspects of the time series. Also, some of them indicated some
failures in practical cases, for example, the success limitation
of the normality assumption of the transformed data, and
that it could lead to noticeable improvements in the simplic-
ity of the data models and the accuracy of the estimate [12]
especially in the models with skewness for variables [10].
Cook and Olive, [13] and Atkinson [8] also point out that
the estimation of the transformation parameter can be partic-
ularly sensitive to outliers. And in some practical cases of
time series, the BCT may not lead to an improvement in fore-
casting performance [11], or as Chen and Lee [14] say, it does
not consistently produce superior forecasts.

Some problems in practical applications occur for two
reasons: the first is the difficulty in obtaining an optimum
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value of the transformation parameter, so that at the same
time, the conditions of the fitting of assumed distribution of
the transformed data are met, and the model errors are min-
imal, while the second is that the transformations lead to a
change in the nature of the relationships between the vari-
ables of the model, which may lead to a lack of balance
between the efficiency of statistical inference and the ability
to interpret the sizes of the variables’ influence [15].

3. Formulation of the Problem

Let us consider a univariate time series {Z,, t € R}, by redivid-
ing the time series sample into (p — 1) statistical samples of
size (n=N —s—p+1). This division allows the time series
to be redefined as functional data {(X;,Y;)},., , in such
the variation trends between times of the series are diagnosed
through the functional analysis tools [1]. Thus, the relation-
ship can be described as a standard regression model.

Y=m(X)+e, (2)

where m(X) is the smooth functional data, ¢ is a sequence of
independent identically distributed function white noise
sequence in such E(e/X)=0. X, X,, -, X, are identically
distributed as the functional random variable X; = (Z_,.;,
- Z)and Y;=Z,,,i=p,---,N —s as a scalar response. In
order to characterize the relationship, the response Y, given
the functional variable X, assumes that N = nt for some n €
N and some 7> 0. And then, we get a statistical sample of
curves X; ={Z(t), (i—-1)t<t<ir} of size (n—1) and the
response Y, =Z(it+s),i=1,--,n—1 [16, 17]. The usual
nonparametric estimation of the functional relation has sev-
eral advantages and can be very well adapted to local features
of time series data [18] and robustness to functional form
misspecification [19]. The kernel regression estimator is eval-
uated at a given function m(X) by

_XLYK(h A (X, X))

STK(KTd(X,X,)) ®)

m(X)

where K is a kernel function, /4 (depending on n) is a positive
real bandwidth, and d (X, X;) denotes any semimetric (index
of proximity) between the observed curves. The authors
suggest several ways to find equation (3) including kernel
regression estimator, functional conditional quantiles, and
conditional mode.

A number of useful explanatory methods can be used
to measure the closeness (proximities) between the curves
of the functional variables in a reduced dimensional
space. Ferraty and Vieu [16] refer to at least three fami-
lies of semimetrics to measure d (X, X;), for example, the
functional principal component analysis (FPCA) in which
the proximity is measured by the square root of the

quantity | (X;(t) —Xj(t))zdt. Also, there is another mea-

sure which is based on the second derivative, where the
proximity is measured by the square root of the quantity

f(X(Z)(t) —X](-z)(t))zdt (Dauxois et al. (1982), Castre et al.

1
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(1986), Ferraty and Vieu [16], and Febrero-Bande and
Oviedo de la Fuente (2012)).

Regarding the kernel estimator (3), Wand et al. [20] indi-
cated that it is not working well when the data are asymmet-
ric, as for the standard PCA which may not be the suitable
technique to apply when the data distribution is skewed or
there are outliers [21]. Therefore, power transformation is
considered one of the important alternatives to improve the
efficiency of nonparametric estimation of functional data
(for more details, see [12, 22, 23]).

Most transformation approaches have a common analyt-
ical path, which is the choice of the power transformation
model, and propose an algorithm for estimating the power
parameters in parallel with the mechanisms of estimating
the traditional parameters of the model. Also, there are two
common directions of the power parameter’s estimation;
the first is the parametric direction in which the power
parameters are estimated under the statistical modeling
assumptions. The most important methodology of this direc-
tion is the Box-Cox transformation (BCT) to improve the
efficiency of the multiple linear regression model under the
normality assumption of transformed response [6]. Also,
Wand et al. [20] used the same methodology of Box-Cox to
improve the efficiency of density estimation under the
assumption of some distributions of the transformed variable
[20] (see also [24, 25, 26]).

The second direction is the nonparametric estimation of
power parameters without any assumptions about the
response and error distributions or what might be called
the model-independent approach [27] (see also [28, 29]). In
this direction, the power parameters can estimate according
to some decision rules such as minimizing or maximizing
some indicators of model efficiency.

4. Application Methodology

It is known that the power transformations are important for
making the time series stationary in the variance, while the
differencing is useful for making the time series stationary
in the mean. Generally, none of these approaches can be a
substitute for the other. However, sometimes power transfor-
mations can make the time series stationary. And because the
BCT is used to transform the positive responses, it becomes
important to use it to transform the original data as a first
stage and then calculate the differences to achieve the station-
ary of the time series. And as a result, the variance stabilizing
obtained from the power transformation will be affected by
the differencing process. In this regard, Dittmann and
Granger [30] indicate that for every nonstationary process,
the polynomial transformations are also nonstationary and
have a stochastic trend in mean and invariance. To overcome
these problems, the authors believe that the use of YJT will be
appropriate to improve forecastability, because it can be used
to stabilize the variance in stationary time series. Also, the
estimation of the power parameter according to a certain
decision rule that we have referred to would be appropriate
as long as the issue is related to the nonparametric functional
analysis.

The application methodology includes estimating the
smooth functional data m(X) in the regression equation (2)
according to the kernel estimator equation (3) after trans-
forming the time series dataset. The BCT was applied to the
original time series dataset, while the YJT was applied to
the stationary time series dataset. So, the statistical sample
of curves was redefined by the expression

VIX) = {9 (Z(0), (- Vr<t<ity,  (4)
and the response by the expression
P5(Y) =¥ (Z(iT +9)), (5)

where i=1,---,n—1 and ¥, represents a data transfor-
mation function by the power parameter A.

For each transformation model, the decision rule adopted
for selecting the optimal estimate of power parameter A is
that which corresponds to the lowest estimates of the mean
squares of the forecasting errors of the last curve of functional

variable according to the equation MSE(X,)=(1/5)Y},

(z7 -2 j)z, where Z? and Z; are the j-th estimated and real
values in the last curve. As for Zf values, they are computed
from the inversions of BCT and Y]T, or what we might call
the retransformation from the transformed data metric to
the original metric.

So, the application algorithm of BCT and YJT models
and nonparametric estimation of the transformed functional
time series were as follows:

(1) Fix T to define expressions (4) and (5)

(2) Remove the seasonality patterns by taking the differ-
ences to make the time series stationary

(3) Fix A € A, where A ={-3,3}

(4) For each A € A, BCT is used to transform the original
time series Z(t) and YJT is used to transform the
stationary time series of k differences A*Z(t) to get
the two explanatory functional matrices ¥, (X) =
[#1(2)], and ¥, (X) = [¥,(A"Z)],,, (for more
details about the matrices fille organizing in R pro-
gram, see [16, 31]).

(5) Evaluate the explanatory function estimation of the
relationship ¥, (Y;) =m(¥,(X)) +& according to
the following kernel estimator:

_ Y A(Y)K(H d (PA(X), ¥i (X)) _
YL K(Hd (PA(X), Pa(X)

m(¥,(X)) (6)

The optimal value A* of the power parameter A is the one
that minimizes the MSE(X,,) of the last functional variable.
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F1GURE 1: Plots of the monthly temperature averages series: (a) Nineveh City in Iraq for the period 1976 to 2000; (b) Tunisia (TSN) for the
period 1991 to 2015.
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FiGgure 2: The ACF plots of the two time series: (a) TSN; (b) TST.

TaBLE 1: Optimal parameters of the BCT model and MSE estimates of the last curve of functional variable for the two time series datasets.

Time series TSN TST

Power parameters A=1 Ar=21 A=1 A =17
MSE(X,,) of the original and transferred time series 2.0365 1.5620 0.5214 0.3402
MSE(X,,) after making the original and transferred time series stationary 1.7616 1.7494 0.4303 0.5118

TaBLE 2: Optimal parameters of the two transformation models and MSE estimates of the last curve of functional variable X,, for the two time
series datasets.

Time series TSN TST
Transformation models BCT YT BCT YT
A A" A A* A A* A A*
Power parameters
2.1 1 -1.9 1 1.7 1 0.3
MSE(X,,) 1.7616 1.7494 1.7616 0.8955 0.4303 0.5118 0.4303 0.1706
TSN (YJT).A* = -1.9: MSE = 0.8955 TST (YJT).\* = 0.3: MSE = 0.1706
30 1
25
20
15
2 4 6 8 10 12
T T T T T T T T
1 2 3 4 5 6 7 8 25th year
25th year
(a) (b)

F1GURE 3: The plots of the original (blue) and predicted values (red) for the latest curve (25th year) of the inverse of the data transformed by
the YJT model for the two time series: (a) TSN; (b) TST.
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5. Applications

The two transformation models, BCT and YJT, were applied
to two time series examples of monthly temperature aver-
ages, and an R program was used to analyze the data. The
first time series has a size of 200 observations of Nineveh
City in Iraq (TSN) for the eight rainy months in every year.
We take the monthly average of the meteorological station
of Nineveh for the period 1976 to 2000 (Figure 1(a)). The
second has a size of 300 observations of Tunisia (TST)
for all months of the period 1991 to 2015. The data can
be found at https://climateknowledgeportal.worldbank.org
(Figure 1(b)).

It was found that the two time series are not stationary,
and this is clearly demonstrated by the values of the autocor-
relation functions (ACF) outside the confidence levels in
Figure 2.

By applying BCT model to the two time series according
to the five-step algorithm suggested in Section 4, we obtained
the results shown in Table 1.

As expected, it is evident from the results shown in
Table 1 that the estimate of MSE has decreased when using
BCT compared to its value resulting from the analysis of
the original data when A = 1. These confusing results were
overcome when the YJT model was used according to the
same five-step algorithm.

As for the attempt to make the original and trans-
formed time series stationary by the first-order differences,
the MSE estimation increased in the two transformed
series and decreased in the original series. By applying
the YJT model according to the same five-step algorithm,
more accurate predictions of fewer errors were obtained
compared to the error estimates obtained by using the
BCT model (Table 2). Figure 3 shows the plots of the
original and predicted values for the latest curve (25th
year) after smoothing the data using the YJT model for
the two time series.

6. Conclusions

It is important to note that the optimum power parameters
A" for both transformation models are significantly different
even though YJT represents the extended version of the BCT
model. The authors believe that this difference and the
amount of displacement in the original data generated by
both models were due to the use of a nonparametric estima-
tion method to choose the optimal power parameter as an
alternative to the parametric method for the hypothesis of
normality of transformed response, in addition to the differ-
ences in the level of homogeneity between stationary and
nonstationary time series datasets.

The application methodology in this article demonstrates
that YGT could be a successful alternative to BCT to improve
the nonparametric estimation of the functional time series.
Also, the nonparametric estimation of the power parameters
not restricted by the conditions of the probability distribu-
tion provides the researcher with wide options to ensure
the accuracy of the prediction.
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In this article, the exact wave structures are discussed to the Caudrey-Dodd-Gibbon equation with the assistance of Maple based on
the Hirota bilinear form. It is investigated that the equation exhibits the trigonometric, hyperbolic, and exponential function
solutions. We first construct a combination of the general exponential function, periodic function, and hyperbolic function in
order to derive the general periodic-kink solution for this equation. Then, the more periodic wave solutions are presented with
more arbitrary autocephalous parameters, in which the periodic-kink solution localized in all directions in space. Furthermore,
the modulation instability is employed to discuss the stability of the available solutions, and the special theorem is also
introduced. Moreover, the constraint conditions are also reported which validate the existence of solutions. Furthermore, 2-
dimensional graphs are presented for the physical movement of the earned solutions under the appropriate selection of the
parameters for stability analysis. The concluded results are helpful for the understanding of the investigation of nonlinear waves

and are also vital for numerical and experimental verification in engineering sciences and nonlinear physics.

1. Introduction

It is known that these exact solutions of nonlinear evolution
equations (NLEEs), especially the soliton solutions [1-3], can
be given by using a variety of different methods [4, 5], such as
Jacobi elliptic function expansion method [6], inverse scat-
tering transformation (IST) [7, 8], Darboux transformation
(DT) [9], extended generalized DT [10], Lax pair (LP) [11],
Lie symmetry analysis [12], Hirota bilinear method [13],
and others [14, 15]. The Hirota bilinear method is an efficient
tool to construct exact solutions of NLEEs, and there exists
plenty of completely integrable equations which are studied
in this way. For instance, generalized bilinear equations
[16], the lump-type solutions in a homogenous-dispersive
medium [17], the (2 + 1)-dimensional KdV equation [18],
the (3 + 1)-D potential-YTSF equation [19], the generalized

BKP equation [20], the (3+ 1)-dimensional BKP-
Boussinesq equation [21], the (3 + 1) dimensional general-
ized KP-Boussinesq equation [22], the (2 + 1)-dimensional
integrable Boussinesq model [23], and the (2 + 1)-dimen-
sional Breaking Soliton equation [24, 25]. More recently,
lump waves and rogue waves have attracted a growing
amount of attention, and many theoretical and experimental
studies of lump waves are mentioned [26-33]. A novel
method for finding the special rogue waves with predictabil-
ity of NLEEs is proposed by using the Hirota bilinear method
by powerful researchers in Refs. [34, 35], in which some
results are very helpful for us to study some physical phe-
nomena in engineering.

The Caudrey-Dodd-Gibbon equation introduced by
Aiyer et al. [36] who describes the inelastic interactions
between the solitary waves under strong physical contexts
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in certain integrable or nonintegrable systems and has been
investigated the related dynamic behavior [37], which reads

O+ D, +300D, +30D,D, +1800°D, =0. (1)

XXXXX

In 2006, the tanh solutions of the equation [38] and, in
2008, the multiple-soliton solutions utilizing the Hirota bilin-
ear method combined with the simplified Hereman method
[39] for the above equation are derived by Wazwaz. Also,
the physical comprehension of Equation (1) was demon-
strated by plenty of scholars who investigated its solitary type
solutions and given in Refs. [40] and [41]. The homotopy
perturbation method has been utilized to find solutions for
the aforementioned equation [42-44]. Based on the obtained
transformation of integrating Equation (1), we get to the fol-
lowing nonlinear PDE [45]:

A, +60A2 +30A,A,, + A

X7 TXXX

0. )

XXXXX T

According to [46], the Hirota bilinear from of the CDG
equation reads

A=2(InT), (@=A,) 3)

and, also by applying the dependent variable transformation,
turns into the Hirota bilinear form

(D, + DY) I.I =0, (4)

where D is a bilinear operator. By deeming the D-operator
defined with the aid of the functions I'; and I',, we get to
the following relation:

77, VT2 0 o\ /0o 0\"™
DUD(I,.T,) = (a? - ﬁ) (E - §> I, (% t).I"Z(x',t')

I=x,t!=t

()

With the help of the transformation Equation (3), the
general periodic-kink solutions of Equation (1) can be given.
We get to the bilinear form the of I as

X

+15I, I'. . —10I% =0.

xx* xxxx xxx

Moreover, the stability analysis and the more general
periodic-wave solutions and special rogue waves with pre-
dictability are investigated in our paper, which have never
been studied. Various types of studies were investigated by
capable authors in which some of them can be mentioned,
for example, the Caudrey-Dodd-Gibbon equation [47], the
pZK equation using Lie point symmetries [48], group-
invariant solutions of the (3 + 1)-dimensional generalized
KP equation [49], optimal system and dynamics of solitons
for a higher-dimensional Fokas equation [50], dynamics of
solitons for (2 + 1)-dimensional NNV equations [51], the
combined MCBS-nMCBS equation [52], Lie symmetry
reductions for (2 + 1)-dimensional Pavlov equation [53],
Schrodinger-Hirota equation with variable coefficients [54],

or.r

X7 XXXXX

IT,-I T, +IT

XXXXXX
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the (2 + 1)-dimension paraxial wave equation [55], the
fractional Drinfeld-Sokolov-Wilson equation [56], the
(3 +1)-dimensional extended Jimbo-Miwa equations [57],
and a high-order partial differential equation with fractional
derivatives [58]. In the valuable work, the capable authors
studied the periodic wave solutions and stability analysis for
the KP-BBM equation [59] and breather and periodic wave
solution for generalized Bogoyavlensky-Konopelchenko
equation [60] with the aid of Hirota operator.

To make this paper more self-contained, a combination
of general exponential function, periodic function, and
hyperbolic function of the (3 + 1)-dimensional CDG equa-
tion is constructed with the help of a bilinear operator, which
is crucial to obtain the periodic-wave solution of Equation
(1). Based on the Hirota bilinear form Equation (6), the gen-
eral periodic-wave solution is derived in Section 2 and the
novel periodic solutions which can be arisen with twenty
one classes. In Section 4, we shall investigate the stability
analysis to obtain the modulation stability spectrum of this
equation. The final section will be reserved for the conclu-
sions and the discussions.

2. Multiple Exp-Function Method

In this section, according to [61-63] so that it can be further
employed to the nonlinear partial differential equation
(NLPDE) in order to furnish its exact solutions, it can be pre-
sented as:

Step 1. The following is the NLPDE:

g’(x,y, LYY, ¥,, ‘I’y, Y, ¥ ¥ oo Vs ) =0. (7)
We commence a sequence of new variables &, =&,(x, t),
1 <i < n, by solvable PDEs, for example, the linear ones,
Sin=088, =068, 1<i<n, (8)
where «;, 1 <i<n, is the angular wave number and §;, 1 <i
< n, is the wave frequency. It should be pointed that this is
frequently the initiating step for constructing the exact solu-
tions to NLPDEs, and moreover, solving such linear equa-
tions redounds to the exponential function solutions:

E=m,%,0,=ax—0;t, 1<i<n, 9)

in which @;, 1 <i<n, are undetermined constants.

Step 2. Determine the solution of Equation (7) as the follow-
ing form in terms of the new variables &, 1 <i<n:

A(Epﬁz"‘”@) OIS irj O igj

P(xt)= Lo 2onl A= A el Q= QB8
&) 081,85, +8,) y,szzli,JZO J{;E r,szzli,jzzo JEE
(10)

in which A ;; and Q, ;; are the amounts to be settled.
Appending Equation (10) into Equation (7) and ordering

the numerator of the rational function to zero, we can achieve

rs,ij
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a series of nonlinear algebraic equations about the variables
a;, 0; A, and Q, ;. Solving the solutions for these nonlin-
ear algebraic equations and putting these solutions into
Equation (10), the multiple soliton solutions to Equation
(7) can be obtained in the below form as

Ald ecxlx—ﬁlt, ) eanx—tsnt
¥(x, t) = (@, i ), (11)
Q((Dlealx—ﬁlt, . a)neanx—(?nt)

in which Q # 0, and also, we have

n n n n
At = Z Afxzi,t’ Qt = Z Qfxfi,t’ Ax = Z AE}E:‘,X’ Qx = Z Q&Ei,x’
i=1 i=1 i=1 i=1

_ QZLA{,EM _AZ?=1Q£,Ei,t v - QZ?:lAEﬁi,x _Azltlgf,fixx
[ Qz > x T QZ :

b4

(12)

3. Multiple Soliton Solutions for the
CDG Equation

3.1. Set I: One-Wave Solution. We start up with one-wave
function based on the explanation in Step 2 in the previous
section, we deem that Equation (1) has the below form of
one-wave solution as

a, x—0,t o, x—0,t
b b

Ny =0, +05€ My=1+p, +p,e

(13)

in which p,, p,, 0}, and o, are the unfound constants. Plug-
ging (13) into Equation (1), we get to the following cases:

Case 1.
P21 — 0
a =, B =Bpp =P =Py
1505 P =P Py ) 2= P2 (14)
0,=0,,0,=0,0,=a.
Case 2.
ay=ap, B =Pnp=-1py=py (15)
0,=0,,0,=0,08,=a].
Case 3.
o,(1+p))
X, =K 5 = 5 = N = —
1=, B =BLp=pP1Ps o, (16)

0,=0,,0,=0,06 =6,.

For example, the resulting one-wave solution for Cases 1
to 3 will be read, respectively, as

3
v ( t) o +O.ze—tot15+xoc1
X, = 5 >
: L+ ((py0) = 0,)/0,) + pye7torxa
o.+0 e—talsﬂaxl
¥y(xt) = 1P e—ztvt15+xtx1 ’ (17)
2
o +0 e—t51+"0‘1
¥i(x 1) —

T+ 1+ ((02(1+ py)e@txar)jo))

3.2. Set II: Two-Wave Solutions. We start up with two-wave
functions based on the explanations in Step 2 in the previous
section; we deem that Equation (1) has the bellow form of
two-wave solutions as

W(x,t)= 1, (18)
M
= Po +plea1x—6lt +pzea2x—62t +plpzplze(al+a2)x—(6l+52)t’
(19)
", = 1+ o.lealx—Slt + O.zeoczx—(szt + o.lo.zo.lze(ocl+oc2)x—(61+82)t.

(20)

Plugging (18) along with (19) into Equation (1), we gain
the following cases:

Case 1.

aI:O,azz(xz,él:61,61:51,/30:%, 1)
2

P1=0,0,=P P13 = P12 01 =01,0, =050, =1
Case 2.

1
@ =0,0,=0,8,=0,,0, =85, py= —
P12

o
_ _ 2 _ _ _ _
P1=PvPr= _p P12 = P12 01 =0,0,=0,,0,=0);,.
12

(22)
Case 3.
5 1
a;=0,a,=0,,8,=0,,0, =03, py= —,
P12
PL=P1P2=Pr P12 = P12 01=01,0,=0,01, =07,
(23)
Case 4.
=0,0,=0,,8,=0,,8, =8, py = 2
A =00 =00, =010, =02, P0 = >
’ (24)

o
— _ _ 2 _ — _
PL=PrPr=PrP12= P_>01—01s02—02)‘712—1~
2



Case 5.

- _ _ 58 5
o=, =00, =a;,8,=a3,

4 3 2,2 3 4
o =3aa, t4a " -3 a,° +a,

Po=
Pro(0? +aq0 + ay?) (o) + “2)2

P1=P1> P2 =P P12 = P12y 01=0,0,=0,01, =012

(25)
Case 6.
5 1
(xl:cxl,az:(xz,(sl=oc1,62:82,p0:P—,
12
0y (26)
Pi=PrPr= —Pu2=Pi»
P12
0,=0,0,=0,,0,=012.
Case 7.
=0, 0y = 0,8, =8, 8, =8, py = 2
M =0 A =00, =010 =02 00 = =
2
P20 0,012
PL=" Py =Py P =~ 01 =0,0, =050, =0y,
93 P2
(27)

For example, the resulting two-wave solution for Cases
1-7 will be read, respectively, as

(py1ay) + pye 't

V. (x,t)= )
1) 1+0,e + 0,0 03 + g, g,e 10110130
. ) P1271 + ple—tsl + ((O-Zef[é‘zﬂwtz)/PlZ) + plaze—zsﬁraﬁmz
X, = )
2( ’ 1+ Uze’t‘sz“‘“z
-1 —t3 —ta, +xa —ta,” 18, +xa,
W (x t)—Plz tpe T P TR A pIpPpE T T
e 1 ~t0 >
+0,e7"1
(pyl0y) + e + pye %% 4 p g, g1t
Y, (x,t)=

1 +ale”‘\ + aze*fﬁz”“z + olo-zeftélfféﬁxocz

at=3a’a, t4a0,? -3a0,° oyt

Ws(x,t) > 2 3
pr(a® + oy + a2 (o + o)
. 5 _ 5 _ 5_ 5
+pye fa " +xay py€ toy7 +xey D1P2P1€ tay*~tay> o+
-1 —to, > +xa —18,+x0 —ta, °— 18, +x0t, +Xt
W (x, 1) = P p €T (0,670 [p ) ) + pojen O G
ov 1+ O'Ze’taf"”‘z >
10,) + o efrélﬂwc, /o,) + eftézwcaz +0.0.0 eft817t62+xvc,+xtx2
_ (p2103) ((Pz 1 ) 2) P2 201012
¥r(xt) =

1+ O-le—t61+xal + o-zeftaﬁxaz + 0'1020'128"51”52”“1*"“2

(28)

3.3. Set III: Three-Wave Solutions. We start up with three-
wave functions according to the given explanations in Step
2 in the previous section, we deem that Equation (1) has
the below form of three-wave solutions as

Y (x, 1) = df("h)/dx)

U 29

Advances in Mathematical Physics

m=1+pet +pet+pel
A +A
tP1P2P1RE T T
A +A
T P1IP3P13E T T PaP3P2sE

A+ A+ A
* P1P2P3P12P13P23E TS

(30)

Ay + Ay

in which A;=a;x-6;t,i=1,2,3. Appending (29) along
with (30) into Equation (1), we obtain the following
case:

5 .
a=a,0;=a;, i=1,2,3,

(31)

Pij = Pij» Lj=1,2,3,i#].

Therefore, three-wave solution will be as

5 5
—tay —ta, —tay” +xay

Yi(xt)=pae
+P1PaP1 (0 + a4y )e
+p1psprs(on +az)e
+ P3P (% + “3)‘3_[“25_[“35”“2”“3
T P1P2P3 P12 P3P (% + 0 +

. —ttx15+xa1 —tzx25+xocz —ta35+xoc3
(1+p1e + p,e + pse

+x04 S+xa,
+p,xe + p3ase
—toy 5—ttx25+xtx1 +xa,

5 5
o =ty +xag +xog

5 5 5
)e—toc1 oy =ty X+ X0

5 5 5 5
a”—tay” +xo oy’ —tos” X0 +x0ry

—t +xo —t
* P1P2P12€ 2t p1P3P13e

—ta,—tas +xo, +xa
tPapapre T T

+ PlP2P3P12913P236_ml

5—ta25—ta35+xal+xa2+xa3 )

(32)

3.4. Cross-Kink Solutions. Here, we will consider the
cross-kink wave solution with selecting the below func-
tion which for Equation (1) has been taken as

f=exp (1)) + 0,y exp (-7,) +sinh (1,)
+sin (13) +0,,, 7, =0,x + 0,
+0,,1,=0,x+05t

+ 0, 73 = 0,5 + 04t + 0,

¥(x,t)=In(f), . (34)

where 0,,i=1,---,11, are undetermined amounts which
should be detected. Appending (34) into Equation (1)
and afterwards collecting the coefficients, we obtain the
following consequences:

Case 1.

0, =0,=i9,,0, =0, =-16i0;,
0 =-1603,0,, = 0,i* = -1.



Advances in Mathematical Physics 5

Substituting (35) into (33) and (34), we achieve a cross-
kink wave solution of Equation (1) as follows:

f=e 100 00y g GO0 00 _sinh (1616, — i0,x — 0) — sin (16,7t — 0,x ~ 0,),
v _ 0,2 1607 40,340, _ 9 9. 2e1610,t-0:-0: ¢ sinh (16 i6,°t — i0,x — )0, +sin (1660,°t - 6,x — 65)0.>
1~ e—16i975t+i97x+93 + 910616,'97%497):—63 —sinh (16 i975t _ 1-97x _ 96) —sin (16975t _ 97x _ 09) (36)
. . . . 2
(i67e’16 0, 041075405 _ i) . o161, t-0x5 1 j cosh (160, — i0,x — 04)6, + cos (160, - 6,x - 99)97)
- 2
(e‘16i975‘+i97x+93 +0,e'6 ;" 1-i0:x-0: — sinh (16i6,°t - i0,x — 0g) — sin (166,°t — 0,x — 09))

Case 2. Substituting (37) into (33) and (34), we achieve a cross-

6, = /30, =i\/30,,0, = —/30, = 16\/3i6;,

5 ) (37)
0, =-1603,0,)=0,6,, =0, = 1.

kink wave solution of Equation (1) which can be written as
follows:

f =6 VROSINE00s _inh (1610,% — x0, — 05) — sin (166,71t — if,x—6,),

3120,%¢!6 VIO V30,540, _ginh (1616, — x0, — 05)0,% +sin (160,°it — i0,x — 0,120,

1=

€16 Va0, it+\30,x40, — sinh (1610, — x6, — 6,) — sin (166,”it — if,x — 6,) (38)

5. . 2
(V3,10 V91 0500505 1 cosh (16 10, - x0, = 0)6, + cos (160, it - i,x ~ 05), )

P
((316 V0,%itV/3i0,x40; — sinh (1610, — x6, — ) —sin (166,it — if,x — 09))

3.5. Periodic-Kink Wave Solutions. Here, we will consider the
periodic-kink wave solution with selecting the below func-
tion which for Equation (1) has been taken as

f=exp (t,) + 0,y exp (-7,) + cosh (7,) + cos (73)

+0,,7,=0,x+0,t +05,7,=0,x+05t (39)
+ 04, 73 = 0,x + Ot + 0,
¥(x1)=In (f),,. (40)

where 0,,i=1,---,11, are undetermined amounts which
should be detected. Appending (40) into Equation (1) and

afterwards collecting the coeflicients, we obtain the following
consequences:

Case 1.
0,=0,=1i0,,0,=0,=-16i03,0, =-1603,0,, = 0,i* = 1.
(41)
Substituting (41) into (39) and (40), we achieve a

periodic-kink wave solution of Equation (1) which can be
written as follows:

o s
f=e 0000y g 100700 oy cosh (<160, +i0,x + 6,) + cos (~166;°t + 0,x + ),

Y, =

20,2 10107 +i0xi0s 1 g, 22161011030 4 cosh (16 i0,°t — i0,x — 0,)260,% — cos (16 16,° — x0, — 6,6,

eT1610;"4i0,x+0y 4 ), o1610;t-i050, 4 cosh (166,t — i6,x — O) + cos (160, — x8, — 6, (42)

- B . 2
<i97e‘16’97 iBrx10s ) if, 16 10,65 _sinh (16i6,°t - i6,x — 05)i6, + sin (16 16," - x6, - 99)97)

. . ) . 2
(e*m’@?s’“g?x*@s + 0,107 -i0:x-0: 4 cosh (16i0,°t — i6,x — 65 ) + cos (1616,° — x0, — 69))



Case 2.

0, =30, = iv/30,, 0, = —/30, = 16V/3i0,

: X (43)
0 =-1665,0,, = 0,0, =0, =—1.
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Substituting (43) into (39) and (40), we achieve a
periodic-kink wave solution of Equation (1) as follows:

= el VRSIVI0X0 4 Ginh (~16 16, + X8, + ) +sin (~166,7it +i0,x + 6,),

3120,7¢!6 VIO ItHV30.540, 1 cosh (1610, — x0, — 05)0,” — cos (166,%it — i0 x - 0,) 20,

2=

€16 Va0, 7 it+V30,x40, 1 cosh (166,° — xB, — 65) + cos (166,°it — i6,x — 0,) (44)

5, . 2
(\/§i64e16 VIOIE3i0:540;  inh (166, — x0, — 05)0, + sin (166, it — i0,x — 0,) i64)

— )
(e16 V30 it+V3i0x40: 4 cosh (1610, — x0, — 05) + cos (166, it — i6,x — 99))

3.6. Periodic Type Wave Solutions-I. Here, we will consider
the periodic type wave solution with selecting the below func-
tion which for Equation (1) has been taken as

f =010 exp (1,) + 0y, exp (-T,) + 6, cos (73), 7y =0, x
+0,t+0;,7,=0,x+0:t+ 0, 73 =0,x + 04t + 0,
(45)

F(x 1) =1In (f),0 (46)

where 0,,i=1,---,11, are undetermined amounts which
should be detected. Appending (46) into Equation (1) and
afterwards collecting the coefficients, we obtain the following
consequences:

Case 1.

6, =/30,,0, = 161363, 0, = -1603,0,, = 0. (47)

Substituting (47) into (45) and (46), a periodic type wave
solution of Equation (1) can be obtained as follows:

£ =008 V3V 40 cos (1610,° — x0, - 6,),

3 910972616975\/3t+\/§97"+93 -0, cos (16 t0,° — x0, - 99)972

b4 -
! 0,160 V313040, 1§, cos (1610, - x0, — 0,)
s 2
(910\/397e1697‘ VarVB0xis 16, sin (1619, - x6, - 99)07)
- ; i
(91091697' VaiV30x4: 4 6, cos (16 10, — x6, - 69))
(48)
Case 2.

0, =0, =—30,,0, =0, =-16V30,0, = ~160. (49)

Substituting (49) into (45) and (46), a periodic type wave
solution of Equation (1) can be obtained as follows:

f — 0106_16 675 \/gt—\/g57x+93 + 6116—16675\/§t—\/§97x—06 + 012 cos (16 t975 _ x97 _ 99)’

| 30,00,2¢7100,VAVI0x10, 4 3,0, 160° VIG5 g cos (1610,° — x0, — 0,) 0,

2

5 5
0,e71607"V31-V30x40s 4 9, e7160-°V31V30x-05 1 0, cos (160, — x0, — 6

5 5 2
(—910\/397e-1697 V30, g (/39,7160 V330500 1 g in (1616, - x6, - 99)97)

2
(9106*16975\/§t*ﬁ97"+‘93 +0,,e7160,"V31-V30x-0, 4 9., cos (1616, — xB, - 99)>

3.7. Periodic Type Wave Solutions-II. Here, we will consider
the periodic wave solution with selecting the below function
which for Equation (1) has been taken as

J =01 exp (1)) + 0, exp (—7,) + 0y, sin (73), 7, =0, x
+0,t+0,,7,=0,x+0t+0,, 75 =0,x+ 04t +0,,

(51)
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F(x 1) =1In (f),0 (52)

where 0,,i=1,---,11, are undetermined amounts which
should be detected. Appending (52) into Equation (1) and
afterwards collecting the coefficients, we obtain the following
consequences:

Case 1.

0, =/30,,0, = 161363, 0, = -1603,0,, = 0. (53)

Substituting (53) into (51) and (52), a periodic type wave
solution of Equation (1) can be obtained as follows:

£ =6,,e! 007 V3004 g in (-16 16, + x6, +6,),

36,,0,%16%7V330x10, 4§ sin (1610,° - x6, - 0,)6,

'
! 0,160, V330,40, g sin (1619, — x6, - 6,)

5 2
(9“ V/36,¢160 V330510 1§ cos (1616, - x6, — 99)97)

(911616975‘/5“"/597"*63 -0, sin (16 t0,° — x0, — 99))2
(54)
Case 2.
0, =-0,=-30,,0,=-0;=-16V363,0, =-1603. (55)

Substituting (55) into (51) and (52), a periodic type wave
solution of Equation (1) can be obtained as follows:

=0, 100 VI3, 4 g (1607300 g sin (1619, ~ x8, — 6,),

¥

| 36,00,%7 160 VIO, 4 30,10, 2671607VIV00: 19, sin (1610, — X0, - 05)0,

0,,e71607"V3t-V30,x40, 4 9, e-166,°V3t-V30,x-0, _ @ sin (16 10,° — x0, — 99)

5 5 2
(—610\/§67e‘1697 V330,40, 0, 1\/30,e7 1607 VIVI00: 1 9 cos (1610,° — x0, - 69)67>

R . 2
(eme—1697“ﬁf—ﬁ07x+ﬂs +6,,e7160°V31-V30x0; _ 6, sin (1616, - x0, - 99))

3.8. Solitary Wave Solutions. Here, we will consider the soli-
tary wave solution with selecting the below function which
for Equation (1) has been taken as

f=0,+05 exp (1)) + 0, exp (-1,), 7, =0,x (57)
+0,t+05,7,=0,x+0t + 06,

(5 0)=In (f), (58)

where 0,,i=1,---,9, are undetermined amounts which
should be detected. Appending (58) into Equation (1) and
afterwards collecting the coefficients, we obtain the below
consequences:

Case 1.

0,=-0,"-50,"9,-100,°0,> -100,%6,’

59
~50,0,*-0,° - 0.,0,=0. 59)

Substituting (59) into (57) and (58), a solitary wave solu-
tion of Equation (1) can be written as follows:
f= 086(79157501494710913042710 0,%6,°~50,6,'-6,°~05 ) 1+6, x+6,

16,30, -6,
+ Oy s,

(60)

886128(49,5759,*efm9\39427106,2943759\a,teffag)pra\x+r9K i 69642(‘95’*‘94’96
Y=
1

682<’e‘5’5 6,"0,-106,°6,°-100,°0,°~50,0,"~0,°~65 ) 1+6, x+6; + O, t05=0-0;

-6,°-50,"0,-100,°0,-100,%0,°-56,0,"-0,° -0, ) t+6, x+6 0. -x0,-0,\ >
(08616( 1 1 Yy 1Yy 1Yy 194 ~Uy ) 1 3—99646 5 —x0,-0¢

5 2 3
(986(4%_5(91‘94—109‘3942_1091 0,°-560,0,"-0,° 0, ) 146, x+6; +093,,g;,x94,96>

By using suitable values of parameters, the analytical
treatment of periodic wave solution is presented in Figure 1
including 3D plot and 2D plot with three points of time
including t =0, t =0.02, and t = 0.04.

Case 2.
0,=-0,,0,= 92, 0; = —92. (62)

Substituting (62) into (57) and (58), a solitary wave solu-
tion of Equation (1) can be obtained as follows:

f — 07 + 686t945—x94+93 + 096t945—x94—95,

. 942 (98 o107 —x0,40; 0, et945—x94—96)e7 (63)
2 =

2
(97 + Ogetd’~0:+0s 4 0 et045—x94—96>
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FIGURE 2: The solitary wave (63) at0,=2,0,=2,0,=3,0,=1.3,0,=2,0,=2.4.

By using suitable values of parameters, the analytical
treatment of periodic wave solution is presented in Figure 2
including 3D plot and 2D plot with three points of time
including t =0, t =0.02, and ¢t = 0.04.

Case 3.

0, =3 (~1+V/31)6,,0, =

: (1 + \@i) 03,0, =—0. (64)

N =

Substituting (64) into (57) and (58), we achieve a solitary
wave solution of Equation (1) as follows:

=0+ 682(1/2) 10, (iv/3+1)~(1/2) %0, (iv/3-1)+6; + Bgetef-ﬂ’rﬂe)

2 s .
v (1/4) 93942 (i\/§— 1) (172) 16 (iV3+1)~(1/2) x6, (iV/3-1) +6, . 999426“945,3‘947%
3=

0, +68e(”2) 1057 (V3+1)=(172) 50, (iV3-1)+0; Gge'@s*ﬁﬁ"a
(_(1/2) 0,0, (1\/5— 1)6(1/2)lef(i\/§+1)7(1/2)x64(i\/§71)+93 _ 9964&9457@796)2

<97 N 986(112) 16, (iv/3+1)~(1/2) 26, (iv/3-1)+65 + 99e‘945-x9r9s)2

(65)

4. Stability Analysis of CDG Equation

According to [59], in order to analyze the propagation char-
acteristics of the rogue wave in detail, we choose the linear
stability analysis for the CDG equation via the following



Advances in Mathematical Physics

function along with appropriate parameters:
D(x, 1) =0+ 6Q(x, t), (66)

where the relation constant 0 is a steady state solution of
Equation (66). Appending (66) into Equation (1), one can
obtain

5

8—80 t +6—a Q(x,t) + 308 _83 Q(x,t) |0
ot (%) x> (1) 0x3 (%)
+ 30682 _63 Qx, 1) | Q(x, t) + 3082 _8 Q(x, t
0x3 (%1) | O(x1) 0x (1)
2

d d . )

- 00(x, t) + 1808° (a—ax Q(x, t)) (Q(x,t))*=0.
(67)
By linearization of Equation (67), we get

68(2 t+885() t) + 306 839 t) |6
3t (%) P (% 1) 33 (x 1) )

0 2
+1808 (aQ(x, t)) 6 =0.

Theorem 1. Presume that the solution of Equation (68) has
the following form:

Ox, 1) = p =), (69)

where a, 3 are the normalized wave numbers, by putting (69)
into Equation (68), then by solving for 5, we can achieve the
following form

B(«) = - +300°0 — 180a6°. (70)

Proof. By appending the equality (69) in the linear PDE (68),
we obtain

5

SaQ t+889 t) + 300 839 t) |6
=-Q(x, 1) 35 (% 1) 32 (x 1)

ot
) : (71)
1 —Q(x, 2 _ cai(axtpl)
+ 808<ax (x t))@ ie
-8 p, (o —30a’0 + 180 6” + ) = 0.

By solving and simplifying, we can find the value of («)
as follows:

B(a) = -’ + 300’60 — 180a6”. (72)

After that, we get to the needed solution. Hence, the proof
of the theorem is complete.
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Ficure 3: The behavior of stability analysis () and wave number
o with the disparate amounts =1,0=2,0 =3.
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FiGuRre 4: The behavior of stability analysis () and wave number
o with the disparate amounts 0 =-5,0=-3,0=-1.

In Figures 3-5, it can be seen that when the sign of §(«) is
positive for all amounts of &, then any superposition of solu-
tions of the form ¢/“**A") will come to ascent, while the sign
of B(«) is negative for all amounts of a, then any superposi-
tion of solutions of the form e/“**A") will come to decay and
the steady condition is stable. After that, in Figures 3 and 4,
it can be observed that if the 3(«) is positive or negative for
some amounts of &, then with increasing time some compo-
nents of a superposition will become descent, and the steady
condition is stable. Finally, in Figure 5, it can be perceived
that when the sign of S(«) is positive for all amounts of «,
then any superposition of solutions of the form e/(**£) will
come to ascent, while the sign of S(«) is negative for all
amounts of a, then any superposition of solutions of the form
el@*Bt) will come to decay and the steady condition is stable.
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5. Conclusion

In this work, the multiple exp-function, cross-kink, periodic-
kink, and solitary wave methods with predictability of the
(1+1)-dimensional CDG equation are investigated with
more arbitrary autocephalous parameters. It is not hard to
see that the general periodic-kink solution is an algebraically
wave solution, and we noticed that some obtained solutions
are singular periodic solitary wave solution which is periodic
wave or periodic-kink, or solitary wave solutions in x —t
direction. Also, the other presented solution is a breather
type of two-solitary wave solution which contains a periodic
wave and two solitary waves, whose amplitude periodically
oscillates with the evolution of time. Moreover, the kink
and periodic solutions were analyzed and investigated. In
addition, the periodic-kink waves appeared when the peri-
odic solution cut by a stripe soliton before or after a special
time. Meanwhile, the modulation instability was applied to
discuss the stability of earned solutions. Finally, we show
some graphs to explain these solutions.
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