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In the article titled “Rate of Approximation for Modified
Lupas-Jain-Beta Operators” [1], a reference was omitted in
error. The reference is shown below:

“P. Patel and V. N. Mishra, “On new class of linear and
positive operators,” Bollettino dell'Unione Matematica Itali-
ana, vol. 8, no. 2, pp. 81-96, 2015”7 [2].

This reference should have been included as reference 4.
The following sentence should have been included at the
beginning of the fourth paragraph in the introduction:

“Motivated by the work of Jain in 2015, Patel and Mishra
[4] introduce a new generalization of Lupa\c{s} operators
and also gave Kantorovich and Durmeyer type modifications
of these operators”.
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In this study, we introduce new BK-spaces b” (p, q) and b’} (p, q) derived by the domain of (p, q)-analogue B"(p, q) of the binomial
matrix in the spaces ¢, and €, respectively. We study certain topological properties and inclusion relations of these spaces. We
obtain a basis for the space b(p, q) and obtain Kéthe-Toeplitz duals of the spaces b7 (p, q) and bZ'(p,q). We characterize
certain classes of matrix mappings from the spaces b (p,q) and b2 (p,q) to space p € {€q, ¢, ¢y, &y, bs, cs, csy}. Finally, we
investigate certain geometric properties of the space b7 (p, q).

1. Introduction and Preliminaries

The (p, q)-calculus has been a wide and interesting area of
research in recent times. Several researchers have worked in
the field of (p,q)-calculus due to its vast applications in
mathematics, physics, and engineering sciences. In the field
of mathematics, it is widely used by researchers in operator
theory, approximation theory, hypergeometric functions,
special functions, quantum algebras, combinatorics, etc. By
(p, g)-analogue of a known mathematical expression, we
mean the generalization of that expression using two inde-
pendent variables p and g rather than a single variable g as
in g-calculus. If we put p=1 in the (p,q)-analogue of a
known mathematical expression, we get g-analogue of that
expression. Furthermore, when g — 1, we receive the origi-
nal expression. Chakrabarti and Jagannathan [1] introduced
(p> q)-number to generalize several forms of g-oscillator alge-
bras. Since then, several researchers used (p,g)-theory in
different fields of mathematics to extend the theory of single
parameter g-calculus. We strictly refer to [1-8] for studies in
(p, q)-calculus and [9] in g-calculus.

L.1. Notations and Definitions on (p, q)-Calculus

Definition 1 (see [5]). Let 0 <g<p<1. Then, twin basic
number or (p, g)-number is defined by

Clearly, when p = 1,[i] ,, reduces to its g version [1],.

Definition 2 (see [4]). The (p, q)-analogue of binomial coeffi-
cient or (p, q)-binomial coefficient is defined by
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where (p, q)-factorial [i],,, of i is given by

(g = [{pq[i = Upg gLy (3)

Lemma 3. The (p, q) -binomial formula is defined by

L, = {x: (x) ew: sup|xi|<oo},€S = {x
i€N,

: lim x; exists}, ¢ = {x= (x;) ew: lim x; = 0}, (5)
1I—>00

i—00
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=ZH p\ 2 g\2) iy, (4)
720 L 1

1.2. Sequence Spaces. Let w denote the set of all real-valued
sequences. Any linear subspace of w is called sequence space.
The following are some sequence spaces which we shall be
frequently used throughout this paper:

=(x)ew: Z xi|5<oo}, (1 <s<00),

i=0

i i
cs=¢x=(x;) ew: lim Zx-exists ,e5p =14 x=(x;) €ew: lim Zx:O ,
i—00 =0 ] i—»oojzo ]

and bs denotes the space of all bounded series.

Here, N, denotes the set of all natural numbers including
zero. The sequence spaces €, and £, are Banach spaces
equipped with the norms

0o 1/s
I%lle, = (Z Ixi|3> and [x[|, = sup|x;], (6)
i=0 i€lN,
respectively.

Let A and y be two sequence spaces and @ = (¢,;) be
an infinite matrix of real entries. By @;, we denote the
i™ row of the matrix @. We say that @ defines a matrix
mapping from A to y if Ox € p for every x = (x;) € A, where
Ox = {(Dx),} = {Z;?f()(/)ijxj} is @-transform of the sequence
x. The notation (A : ) will denote the family of all matrices
that map from A to p.

The matrix domain Ay, of the matrix @ in the space A is
defined by

Ap={xcw: DPxel}, (7)

which itself is a sequence space. Using this notation, several
authors in the past have constructed sequence spaces using
some special matrices. For relevant literature, we refer to
the papers [10-15] and textbooks [16-18]. For some recent
publications dealing with the domain of triangles in classical
spaces, we refer [19-28].

1.3. Literature Review. We give a short survey of literature
concerning Euler sequence spaces. Altay and Basar [10]
introduced Euler sequence space e} =(c)) and el =
(€oo) gr> Obtained their a-, -, y-, and continuous duals, and
characterized certain class of matrix mappings on the space

(¢)p» where E" = (¢];) denotes the Euler matrix of order r
and is defined by

i 1-7n7d (0<ij<i),
= <j>( ) (0<j<i) ®)
0 (G>)

for all i, j € N, and 0 < r < 1. The Euler matrix E" is regular
for 0 < r < 1 and is invertible with (E")™" = E'".

Altay et al. [11] introduced the Euler space €] = (),
1 <5< 00, and obtained certain inclusion relations, Schauder
basis and Kothe-Toeplitz duals of the space ef. As a natural
continuation of [11], Mursaleen et al. [14] characterized var-
ious classes of matrix mappings from the space €] to other
spaces and examined certain geometric properties of the
space e!. Further, Altay and Polat [29] introduced Euler dif-
ference spaces e} (A®) = (¢))pr o and €/ (A®) = (c)p y», where
AP is backward difference operator defined by (A%v); =v; -
v, for all j€N,. Extending these spaces, Polat and Basar
[30] studied Euler difference spaces ej(A"™),el(AP™), and
el (AP™) of m™(meN) order defined as the set of all
sequences whose m™ order backward differences are in the
spaces eg,el, and el , respectively. Kadak and Baliarsingh
[31] further generalized these spaces by introducing Euler
difference spaces e (AP1),e(AP7),er(AP), and e (AP1) of
fractional order g, where A" is the backward fractional dif-
ference operator defined by (Aqu)j =Y ® (-1)'T(q+ 1)/l
(q—i+1)x; ;. Kara et al. [32] introduced paranormed Euler
space ¢’ (p) = (£(p) )z and studied its topological and geomet-
ric properties. Aftermore, Karakaya and Polat [33] studied
paranormed Euler difference sequence spaces ej(A”, p),
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e (AP, p), and € (AP, p). Extending these spaces, Karakaya
et al. [34] studied paranormed Euler backward difference
spaces e} (AP™, p).er(AP™, p), and e/ (AP™, p) of m™ order.
Besides, Demiriz and Cakan [35] introduced paranormed
Euler difference spaces ej(u, p) and e/(u, p). Furthermore,
Kirisci [36] introduced Euler almost null f,(E") and Euler
almost convergent f(E") sequence spaces. Later on, Kara
and Basar [37] introduced generalized difference Euler spaces

e (B")) = (co) g €L (B™) = () and e[, (B™) = (€ o
where B :(bl(]m)) is a generalized difference matrix
defined by

< ) " (max {0,i—m} <j<i),
J

0 (0<j<max {0,i—m})or(j>i),

©)

and characterized certain classes of compact operators on
the spaces ej(B™) and e/ (B"™). Meng and Mei [38]
gave a further generalization of [37] by introducing Euler
difference spaces e}(B{"™) and e/(B{"™), where the differ-

ence operator B = (b%m)”/) is defined by

1

M\ ivj i
m)v r N
b,(j )s — i—j J

0 (0<j<max {0,i—m})or(j>i),

(10)

(max {0,i—m} <j<i),

where v=(v;) is a fixed sequence of nonzero real num-
bers. Recently, Bisgin [39, 40] introduced more generalized
Euler space by defining binomial spaces b= (£)g.,
b = (cy) by = (O)ger and B! = (€,,)er and B = (br1)
is the binomial matrix defined by

;. i risT (0<j<i),
(rt1) <]> (0<i=i) (11)
0 (> ).

nt_
by =

Meng and Song [41] further generalized these spaces
by introducing binomial B -difference sequence spaces
by (B™) = (¢o) g bL* (B™) = (¢) pragm» and e (B™) =
(€oo) grepom - Meng and Mei [42] studied binomial backward
difference sequence spaces bj'(AP1) = (cy) g pm, b2 (APT) =
(€)grupsar and B (APD) = (€ ) g e Of fractional order g.
Besides, Yaying and Hazarika [27] also studied binomial
backward difference spaces b7 (AP7) = (£,) g 4 of fractional
order q.

For 0 < g < 1, the g-Cesaro matrix C(g) = (c?j) [43, 44] is
defined by

0 (> ).

Demiriz and Sahin [45] studied the domain of g-Cesaro
mean in the spaces ¢ and ¢,. Very recently, Yaying et al.
[28] studied Banach sequence spaces &7 and 2 defined
as the domain of g-Cesaro mean in the spaces £, and €,
respectively, and studied associated operator ideals.

Motivated by the above studies, we generalize Euler mean
E" and Binomial mean B™ in the sense of (p, q)-theory to
B"(p, q) and study its domain b’ (p, q) and b2 (p, q) in the
spaces £, and £, respectively. We investigate some topolog-
ical properties and inclusion relations of the spaces b (p, q)
and b” (p, q) and obtain a basis for the space b (p, q). In
Section 3, we obtain the Ko6the-Toeplitz duals (a-, 5-, and
y-duals) of the spaces b (p, q) and b2 (p, q). In Section 4,
we characterize some matrix mappings from b’ (p, q) and
bZ! (b, q) spaces to space p € {€, ¢, ¢y, £y, €5, €5, bs}. Section
5 is devoted to investigation of certain geometric properties
like Banach-Saks of type s and modulus of convexity of the
space b (p, q).

In the rest of the paper, 1<s<oo, unless stated
otherwise.

2. Generalized Euler Sequence Spaces b/ (p, q)
and b, (p. )

In this section, we introduce sequence spaces b’ (p, q) and
bZ (b, q), study their topological properties and some inclu-
sion relations, and obtain a basis for the space b*(p, q).

Let r,t be nonnegative real numbers and 0 <g<p<1
holds, then the generalized (p, q)-Euler matrix B"(p,q) =

7.t .
(bj;') of order (r,t) is defined by

Pq

ij (ret) |

0 (j>i).
(13)

One can clearly observe that the matrix B"(p,q)
reduces to the binomial matrix B” when p=q=1. Thus,
B (p,q) generalizes binomial matrix B*. We may call
the matrix B™(p, q) as the (p, q)-analogue of the binomial
matrix B”. We also realise that when p=1, the matrix
B™(p,q) reduces to its g-version B (q) with entries

J

i o -
L] q 2 rt/(ret), if 0<j<i and 0, otherwise. We
q



call B*(q) as the g-analogue of the binomial matrix B"'.

Moreover, when

t=1-r, then the matrix B"(p,q)

i
reduces to E'(p,q) with entries 1/(rea(1—r))’l.]
J Pq

00 1 i
b(p,q)={ x=(x))ew: 4
(P ) (J) ; (rGBt)’]ZO
bl (p,q) =4 x=(x;) €w : sup L ;
! ieN, |(r@t)' i

The above sequence spaces can be redefined in the nota-

tion of (7) by

vy (p. q)

(8 0B = (O (15)

The spaces bl (p, q) and b[2: (p, q) reduce to the following
classes of spaces in the special cases of (p, q) and (r, t):

(1) Whenp=1,

the spaces b7 (p, q) and b2} (p, q) reduce

to g-binomial sequence spaces b7’ (q) = (£,) pri(g and

be (@) = (8

) Bri(g) Tespectively, which further reduce

to binomial sequence spaces b/ and b*', respectively,
when g — 1, as studied by Bisgin [40]

(2) When p=1 and r+t=1, the spaces b*(p,q) and
b (p,q) reduce to g-Euler space e(q) = (&)p

and e/ _(q) =

(o) pr(q)> Tespectively, which further

reduce to well known Euler sequence spaces e/ and
el , respectively, when g — 1, as studied by Altay

et al. [11]

(3) When r+t=1, the spaces bl*(p,q) and b (p,q)
reduce to (p,q)-Euler sequence spaces el(p,q)=

(P's)E’(p,q) and ego @’ q) = (eoo)E’(p,q)

Let us define a sequence y = (y,) in terms of sequence

x=(x;) by
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j
2

=
2

p( )q( )rf(l—r)i_j if 0<j<i and 0, otherwise.

The generalized (p, q)-Euler sequence spaces b’ (p, q) and
b- (p, q) are defined by

(14)

for each i€ IN,. The sequence y is called B"'(p, q)-trans-
form of the sequence x. Further, on using (16), we write

) ti(rety

for each ieN,.

It is known that if A is a BK-space and @ is a triangle
then the domain A, of the matrix @ in the space A is also
a BK-space equipped with the norm [x||, =||®x||,. In the

i

(17)

Vs

light of this, we have the following result.

Theorem 4. The sequence spaces bl (p, q) and b7 (p, q) are
BK-spaces equipped with the norms defined by

”bef."(p,q) = HBm(p’ q)tzs
i-j
2

503

iz|(re t);,q 0 | j

Wzt (pg) = [B™ (p, Q)tzm
i~j
2

1 &
ieN, (reat)Pq; L

K

respectively.
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Proof. The proof is a routine exercise and hence omitted. O

Theorem 5. The sequence spaces bl (p, q) and b7 (p, q) are
linearly isomorphic to £, and €, respectively.

Proof. We provide the proof for the space bl (p, q). Define
the mapping T : b (p, q) — ¢, by Tx = B"(p, g)x for all x
€ b (p, q). It is easy to observe that T is linear and one to
one. Let y = (y;) € £, and x = (x;) is as defined in (17). Then,

we have
i_j ] s\ /s
00 1 i [i] ’ ) o
el oy = | - 2| g \2/ P,
i |(ret),, % Lid o
i\ (i
0 1 i [i] 5 5
S S e\ 2 N e
Gronn, L)l
j—k so s
q 2 t/’k(reat)k
i .
x LT
(-1 - Vi
k=0 (1>
rig 2

. 1/s
= (Z w) = ||yll,, < o-
i=0
(19)

Thus, x € b (p, q) and the mapping T : b (p, ) — &, is
onto and norm preserving. Hence, the space b7 (p, q) is line-
arly isomorphic to €,. This completes the proof. O

Theorem 6. The space b (p, q),1 <s < oo, is not a Hilbert
space, except for the case s = 2.

Proof. Define the sequences x = (x;) and y = (y;) by

(i>0),

Vi=

(i>0).

(20)

We realise that (B (p, q)x), = (1,1,0,0,---) and (B"(p,

q)y);=(1,-1,0,0,--+). Then

2 2 _ 242/
||x+)’||b;»‘(p,q) + Hx_yHb;”(P,q) =8 # 27

=2<||x

2
g Y

2
v (pg) )
(21)

Thus, b*(p, q) norm violates the parallelogram identity.
Hence, b (p, q) is not a Hilbert space, except for the case

s=2.

d

Now we give certain inclusion relations related to the

spaces b (p, q) and b (p, q).

Theorem 7. The inclusion € C bZ’t(p, q),1<s< oo, strictly

holds.

Proof. We provide proof of the inclusion ¢ c b (p,q),
1<s<oo. Let x=(x;) € £ for 1 <s< co. Applying Holder’s

inequality, we have

(D0
2N pa), s 3 | =
(2,0
2 e I




=0 (reat)i
(2),0)
[1] P 2 q 2 ) yigi-i
~ 00 i ] p . s
_; ;) ! (r®t)i ’ j‘
(7),0)
[1] p 2 q 2 ) vig-i
= y x|’ 5 U il .
]Z(:)‘ J| ; (T@t)l

i
Thus, [|x[[j (g < Kllx]ly, < 00, where K = sup (3.7, l ]
Pq

Jj€Ny

(7))
p 2 q 2/ yiti (ret)"), provided K exists. This yields
the fact that x € b (p, q). Thus, ¢ c b (p, q). Similarly, we
can show that ¢, b (p, q).

Now consider the sequence x, = (=1)’, then it is easy to
see that x; € b (p, q) \ ¢,. Hence, the inclusion ¢, ¢ b’ (p, q)
is strict. This completes the proof. O

Theorem 8. The inclusion b7' (p, q) by (p, q),1 <s <k < co,
strictly holds.

Proof. It is known that inclusion £ € €, holds for 1 <s<k <
0o and the mapping B"(p, q): b7 (p, ) — ¢, is isomorphic,
therefore, the inclusion b (p, q) € b}*(p, q) holds. To prove
the strictness part, we recall that the inclusion £, €, strictly
holds for 1 <s < k < 0co. We choose y € £, \ £, and x as defined
in (17). Then, B (p,q)x =y € & \ £,. This implies that x €
by (p,q) \ b2 (p, q). Hence, the inclusion b (p, q) < b}'(p, q)
is strict. O

Theorem 9. The inclusion b (p, q) bl (p, q) strictly holds.

Proof. The proof is similar to the proof of Theorem 8. To
show the strictness part, we consider the sequence x; = (1, 1,
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1,--+). Then, it is clear that x € b2 (p, q) \ b (p, q). Hence,
the inclusion b™' (p, q) < b7 (p, q) strictly holds. O

We recall that domain A, of a triangle @ in space A has a
basis if and only if A has a basis. This statement together with
Theorem 5 gives us the following result.

Theorem 10. Let §; = (B"(p, q)x); for each j € N,. Define the

sequence bV (p, q) = (bgj) (p,q)) of elements of the space bl
(p, q) for every fixed je N, by

1.07)
H 2\ 2/ oy
P4

J

b/ (p.q) =4 (=D

0 (> ).
(23)

Then, the sequence {bY)(p,q)} forms a basis for the
space b (p,q) and every xeb(p,q) can be uniquely
expressed in the form x = Z;fofjb@ (p>q) for each jeN,.

3. Kothe-Toeplitz Duals

In this section, we obtain Kéthe-Toeplitz duals («-, 8-, and
y-duals) of the spaces b*(p, q) and b7 (p, q). We omit the
proofs for cases s=1 and s=o00 as these can be obtained
by analogy and provide proofs for only the case 1 <s<co
in the current section. First, we recall the definitions of
Kothe-Toeplitz duals.

Definition 11. The Koéthe-Toeplitz duals or «—,B—, and
y-duals of subset A Cw are defined by
A ={a=(a;) ew:ax=(ax;) € forallx e},
AP = {a=(a;) €w:ax=(ax;) €csforallx € A} and,
N ={a=(a;) ew:ax=(ayx;)€bsforallx e},
(24)

respectively.

Quite recently, Talebi [25] obtained K6the-Toeplitz duals
of the domain of an arbitrary invertible summability matrix
in €, space. We follow his approach to find the Kothe-
Toeplitz duals of the spaces b7 (p, q) and b (p, q). In the rest
of the paper, // will denote the family of all finite subsets of
N, and k =s/1 — s is the complement of s.
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Theorem 12. Define the sets dw (p,q) and d(p, q) by

d(p.q)={ a=(a)ecw: sup y
Ned j=0 |ieN
do(p>q) =< a=(a;) ew : sup Z (—l)i’j
j€Ny =0

Then, [bY'(p,9)]" = doy (P> ), 162" (p, 9)]”

(25 (. @) = d" (p, q)-

<00

<0

d®(p,q) and

Proof. Let 1 <s < 0o. Let (a;) € wand y = (y;) be the B*(p, q)
-transform of sequence x = (x;). Then, from the equality (17),

we have

i-j

) ti(rety

[ (0, 9)]*

This completes the proof.

ay;=(G"(p.q)y),

(26)

a:(a,»)ew:supz

Nes =0 |i

and,

(25)

for all i€IN,, where the matrix G™(p,q) = (gfj’-t(p, q)) is

defined by

g (. q) =

i-j
2

).

) ti(rety

(1)

(j>1).
(27)

Applying Theorem 2.1 of [25], we immediately obtained

that

<0




Theorem 13. Define the sets d,(p, q).d,(p,q).d;(p,q), and

d(p, q) by
(7)
) , )
o H g\ /ety
dp.q)=<a=(aq)cw: Z (—l)l’j b l a;existsforeachj e IN; 5,
rlg 2

()
]q 2 tHirety
Pq

dy(p,q) =< a=(a) €w: sup Z (-1 a;|<00
i,jeNy | 155 ( ) >
rlg
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2
(7) ()
1 H a\ /ety | H a\ 2/ ety
. i i » j ! ! _ J
d;(p, q) = a:(al)ew:iljgoj;;j(_l)” pq (Z) alzj:zoili%o;(_l)l] pq (l) a

rlq 2 rlq
I-j ¢

i ).

i q tI(ret)
I dpq (29)

d¥(p,q)={ a=(a)ew: sup Z Z (-1 a;| <00
i€eN, =0 | I=j ( l >
rlq

Then, [ (p.q))f = d,(p.q) N dy(p. q).[b)')F =, (p.g)
d¥(p, q) and [0 (p, )]’ = d,(p. ) N ds(p. q)-

Proof. Let (a;) € w and y = (y,) be the B"(p, q)-transform of

I
M-
|

(7)
] g\ >/ ti(rety
P4

a; Py
sequence x = (x;). Then, from the equality (17), we get =l ( ! ) ee
j-1 rig \?
J g\ 2/ dlrer) rt
; el = (H"(pq)),»

Y- 313 (1) " )

=0 =0 | =0 ( >
rig \ 2 for each i€ N, where the matrix H"(p,q) = (h;’-t(p, q)) is

defined by
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ni(pa)=q D7 l a (0<j<i)
=j
rlq<2)
0 (j>1i),
(31)
dy(p,q) = a=(a)ew: sup Y.
€Ny j=0| =j

Then, [b7'(p,q)]" =d,(p 0,67 (p, )] =d¥(p, q) and
B2 (p, )] = dy(p, q).

Proof. The proof is similar to the previous theorem except
that Theorem 2.3 of [25] is employed instead of Theorem
2.2 of [25]. O

4. Matrix Mappings

In this section, we characterize a certain class of matrix
mappings from the spaces b’ (p, q) and b7 (p,q) to space
Y€ {Lsy» 6 € &5 bs, s, ¢sy }. The following theorem is fun-
damental in our investigation.

Theorem 15. Let 1 <s < 0o and A be an arbitrary subset of w.
Then, ®=(¢;) € (b (p,q): V) if and only if WO = (y}})) €
(& : ¢) for each i€ Ny, and ¥ = (y;;) € (¢ : A), where

0 (> m),

(l_j>

I A A
(i) l ] q 2 ti(ret)
! rq

i (_I)H I ¢il
I=j
rlq <2>

for all 4, j € N,.
Thus, by applying Theorem 2.2 of [25], we straightly get

60 (p2 q))” = dy (p. 9) n d¥ (p. g). (32)

This completes the proof. O

Theorem 14. Define the set d,(p, q) by

a;|<00 3. (33)

(o8]

()
H g\ 2/t (rety
JPq

Vi = Z (-1 ] -
rlq

(34)
2

for all i,j € N,.

Proof. The proof is similar to the proof of Theorem 4.1 of
[13]. Hence, we omit details. O

Now, using the results presented in Stielglitz and Tietz
[46] together with Theorem 15, we obtain the following

results:

Corollary 16. The following statements hold:

(1) @€ (b (p, q): L) if and only if

lim 1;/,(1?] exists for alli,j € N,, (35)
()
Sup |/, | < 00, (36)
i,jeN,
Sup |y < 00, (37)

i,jeN,
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(2) @€ (b (p, q): ¢) ifand only if (35) and (36) hold, and
(37) and
lim v, exists for all j € Ny, (38)

also hold

(3) @€ (b (p, q): c,) if and only if (35) and (36) hold,
and (37) and

lim y;; = 0forallje N, (39)

also hold
(4) @€ (b (p, q): £,) ifand only if (35) and (36) hold, and

sup OZO:

j€Ny =0

< 00, (40)

Vi

also holds

(5) @€ (b (p, q): bs) if and only if (35) and (36) hold,
and (37) also holds with ¥ (i, j) instead of y,;, where
V(i j) = YoV

(6) @€ (b (p, q): cs) if and only if (35) and (36) hold,
and (37) and (38) al;o hold with (i, j) instead of
;> where W (i, j) = Yoy,

(7) @€ (b (p, q): cs,) if and only if (35) and (36) hold,
and (37) and (39) also hold with ¥(i, j) instead of
vy where W (i, j) = X1y,

Corollary 17. The following statements hold:

(1) @€ (b (p, q): ) if and only if (35) holds, and

sup Z ‘wfn)j‘ < 00, (41)
melN, j=0
i k
sup Z “/’ij‘ < 00, (42)
i€N, j=0
also hold
(2) © € (b (p, q): c) if and only if (35) and (41) hold, and
(38) and (42) also hold
(3) @€ (b (p, q): ) if and only if (35) and (41) hold,
(39) and (42) also hold

(4) © € (b0 (p, q): ;) ifand only if (35) and (41) hold, and

sup ). 1) Vi

Net j=0 |ieN

k
<00, (43)

also holds
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(5) @€ (bl (p, q): bs) if and only if (35) and (41) hold,
and (42) also holds with P (i, j) instead of y;, where

¥ (i j) = ZLOV’U

(6) @€ (b (p, q): cs) if and only if (35) and (41) hold,
and (38) and (42) also hold

(7) @ € (b7 (p, q): csy) if and only if (35) and (41) hold,
and (39) and (42) also hold with (i, ) instead of

v, where ¥ (i, ) = ¥1o¥y,

Corollary 18. The following statements hold:

(1) ® € (b (p, q): L) if and only if (35) and

IR SIICTIER T IT) .
mh_r)noo;)‘wmj) = ;’mh_n%owmj‘for eachieN,,

(44)

hold, and (42) also holds with k=1
(2) @€ (b (p, q): ¢) ifand only if (35) and (44) hold, and

(38) and
lim Z Yij| = Z lim w1, (45)
1—>00 ]:0 ]:0 1—>00
also hold
(3) @€ (b2 (p,q): c,) if and only if (35) and (44) hold,
and
lim Yy, =0, (46)
1—>00 ]=0
also holds

(4) @€ (b (p,q): £,) if and only if (35) and (44) hold,
and (43) also holds with k=1

(5) @€ (b2 (p, q): bs) if and only if (35) and (44) hold,
and (42) also hold with k=1, and ¥ (i, j) instead of
vy where W (i, j) = Yo ¥

(6) @€ (b (p,q): cs) if and only if (35) and (44) hold,
and (45) also holds with ¥ (i, j) instead of y,;, where
V(i j) = Z;:O Vi

(7) @€ (b7 (p, q): cs,) if and only if (35) and (44) hold,
and (46) al'so holds with ‘¥ (i, j) instead of y,;, where
P(ij) = Yo ¥y

We recall a basic lemma due to Basar and Altay [47]
that will help in characterizing certain classes of matrix
mappings from the spaces b*'(p,q) and b7 (p,q) to any
arbitrary space .
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Lemma 19 (see [47]). Let A and p be any two sequence spaces,
D be an infinite matrix and Q be a triangular matrix. Then,
De(A:pg)ifand only if QD € (A : p).

Now, by combining Lemma 19 with Corollaries 16, 17,
and 18, we derive the following classes of matrix mappings:

Corollary 20. Let @ = (¢;;) be an infinite matrix and define
the matrix C* = (cf;) by

<a+z—l—

o i i—1

G = z; (clx+i>¢lj’ (a>1), (47)
i

for all i, j € N,. Then, the necessary and sufficient conditions
that @ belongs to any one of the classes (b} (p,q): C%),
(b7 (P @): CE):(BY" (pr q): CL),(b35 (> q): CF), and (b3, (p,
q): C%)) can be obtained from the respective ones in Corollar-
ies 16, 17, and 18, by replacing the entries of the matrix @ by
those of matrix C%, where C; and Cg are generalized Cesdro
sequence spaces of order a defined by Roopaei et al. [48].

Corollary 21. Let & =
the matrix C=(C;;) by

((/)l.j) be an infinite matrix and define

GG
Cij 1~i-]

C — > (1] € Ny), (48)

i+1

1
MN

I=0

where (C,) is the sequence of Catalan numbers. Then, the nec-
essary and sufficient conditions that @ belongs to any one of the

classes (b7 (p, q): Co( (b7 (P> 9): c(C)),(b7 (P, 9):€(C)),
(b (p, q): <(C))(bgs (P> ): €9(C)), and (b7 (p, q): ¢(C)) can

be obtained from the respective ones in Corollaries 16, 17, and
18, by replacing the entries of the matrix @ by those of matrix

C, where ¢(C) and c,(C) are Catalan sequence spaces defined
by Ilkhan [49].

Corollary 22. Let @ = (¢;;) be an infinite matrix and define
the matrix C\9 = (ngg)) by

W=y [.f” By (1) € Ny), (49)

where [i}q is the g-analogue of i € N,. Then, the necessary and
sufficient conditions that @ belongs to any one of the classes
(b7 (p @) X),(bY' (s q): XL, ) (b (P> 9): X9,

(bes (P, @): ZL,),(b%5 (P @): A7), and (b5 (p, q): L) can be
obtained from the respective ones in Corollaries 16, 17, and
18, by replacing the entries of the matrix © by those of matrix
C9), where X1 and L, are q-Cesaro sequence spaces defined
by Yaying et al. [28].

11

5. Geometric Properties

In this section, we examine some geometric properties of the
space b (p, q). Before proceeding, we recall some notions in
Banach spaces which are necessary for this investigation. We
use the notation B(A) for unit ball in A.

Definition 23 (see [50]). A Banach space A has the weak
Banach-Saks property if every weakly null sequence (x;) in
A has a subsequence (xij) whose Cesaro means sequence is

norm convergent to zero, that is,

i

lim —Z x;

i—o0|[1+ 1 4 (50)
j=0

Further, A has the Banach-Saks property if every bounded
sequence in A has a subsequence whose Cesaro means
sequence is norm convergent.

Definition 24 (see [51]). A Banach space A has the Banach-
Saks type s, if every weakly null sequence (x;) has a subse-
quence (xij) such that, for some K > 0,

i

2%

K(i+1)", (51)

for all i € IN,,.

Theorem 25. The sequence space b (p, q) is of Banach-Saks
type s.

Proof. Let (¢;) be a sequence of positive numbers satisfying
¥, 6 < 172 Let (x;) be a weakly null sequence in B(b!* (p,
q)). We set z,=x,=0 and z; =x; =x,. Then, there exists
u; € N, such that

00

> e

Jj=u+1

<6y (52)
b (pa)

Since (x;) is a weakly null sequence, we realise that x,
— 0 coordinatewise. Thus, there exists an 7, € N, such that

<G> (53)
b (pa)

when i >i,. We again set z, = x; . Then, there exists u, > u,
such that
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We again use the fact that x; — 0 coordinatewise, which
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implies that there exists i, > i, such that

Thus, we conclude that bl*(p, q) is of the Banach-Saks
type s. d
hy Definition 26. The Gurarii’s modulus of convexity of a
Z X; (j)e(]) <6y (55) normed linear space A is defined by
=0 b (pa)
when i > is.

Continuing this process will lead us to two increasing
sequences (i;) and (u;) such that

Pa(e) =inf {1 inf [loc+ (1= 1)y]|: %,y

(61)
€B(A), ||x—y| = ¢}, where 0 < ¢ <2.

Y

Y (e

Theorem 27. The Gurarii’s modulus of convexity of the
<Gp (56)  normed space b (p,q) is
= o (p)
. . C s\ 1/s
foralli>i;, and Byt(pgy <1 (1 - (5) ) ,where0<¢ < 2. (62)
Y. z()et <. (57)
Jj=u+l b?t(Pﬂ)

Proof. Let x € bl (p, q). Then
where z; = x; . Thus

I

0 1/s
b o) = || B (s q)x||es - (Z (B (p, q)x)i’5> - (63)
i=0

Let 0 < <2 and consider the following two sequences:

. G\* 1/s S
=u t = Cr’t s 1- (— N Cr,t 5 _> 5 0) 0> R Y
, B o 2= (0 a(1- ) (s
i uy 1
z,(j)ew +2) g . S\, —
22, 2 r=((Cea(i-())) ¢ wa(z)00 )
(58) (64)
Now, since x; € B(b[*(p,q)) and ||x b (pg) = im0 |Z;ZO
b;’.t (p> q)x;|, we realise that [[x|(, ;) < 1. Therefore, we have

IN

where the matrix C"(p, q) = (cgt(p, q)) is the inverse of the

matrix B™(p, q). Then, we observe that
i u P

(5 0

1=0

J=up+1

B - a G\ 1s|® G|s
el o) = |1 (P’q)x”ef’(l_ G)) |k
b (pq) s
Pow | g =1_(;)+(;)$=1’
= IZ Zb b]r‘};i(P’ q)zi(m) (59) S\ s =
=0 j=u_,+1 |m= — 7, =
i ]ool j P Wl g = 1B P q)y”&_ ’(1 - (i) ) Hry
<Y YN Bhpqaim)| si+1. 1= )+ (§) =
=0 j=0 |m=0 2 2 .
X~y
Now using the fact that 1< (i +1)"” for all i e N, and 1
< s < 00, we obtain

v (pq) HBN(P’ q)x - Bm(p’ Q)yHgs
(- 0-6)"
_ B 1/s

S

i
Z 2l
1=0

<(i+1)"F+1<2(i+ 1)
by' (p.a)
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Finally, for 0 </ < 1, we have

ot 1+ (=0 g
= inf [[B" (p, q)x + (1= 1)B" (p. q)y ||,

:01<1,1<fl{ l(l - (%)5) 1/s+ 1 —L)(l 3 (%)s> s

N

{ERNGI "
- gat 1= G) - ()}
s\ /s
0-©)"
Consequently, By, (¢) <1-(1- (¢/2)*)"*. This com-
pletes the proof. d

Corollary 28. The following results hold:

(1) If ¢ =2, then By, () < 1. Hence, b (p, q) is strictly
convex

(2) If0<c <2, then 0< By, , () < 1. Hence, b (p,q) is
uniformly convex

6. Conclusion

The (p, q)-Euler matrix B™* of order (r, t) generalizes some of
the well-known matrices presented in the literature, for
instance, Binomial matrix B™" of order (r, t) [39, 40], Euler
matrix of order r [10, 11], etc. Thus, the results presented
in this paper strengthen the results of [11, 14, 40, 52-55].
As for future scope, we shall study the domain of the matrix
B (p,q) in the spaces ¢ and ¢, of convergent and null
sequences, respectively.
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In this article, we introduce a new Durrmeyer-type generalization of (p, q)-Szdsz-Mirakjan operators using the (p, q)-gamma
function of the second kind. The moments and central moments are obtained. Then, the Voronovskaja-type asymptotic formula
is investigated and point-wise estimates of these operators are studied. Also, some local approximation properties of these
operators are investigated by means of modulus of continuity and Peetre % -functional. Finally, the rate of convergence and
weighted approximation of these operators are presented.

1. Introduction

In recent years, (p,q)-analogues of well-known positive
operators have been widely constructed and researched since
Mursaleen et al. first introduced (p, q)-Berstein operators [1]
and (p, q)-Bernstein-Stancu operators [2]. In [3], Acar first
introduced (p, q)-Szdsz-Mirakjan operators and gave a recur-
rence relation for the moments of these operators. In [4],
Mursaleen et al. proposed a Kantorovich variant of the (p, q
)-analogue of Szdsz-Mirakjan operators under the nonde-
creasing condition. In [5], Sharma and Gupta introduced (p
, q)-Szasz-Mirakjan-Kantorovich operators and studied their
approximation properties. In [6], Acar et al. constructed
King’s type (p,q)-Szdsz-Mirakjan operators preserving x*
and discussed the order of approximation and weighted
approximation properties of these operators. In [7], Aral
and Gupta constructed (p, q)-Szasz-Mirakjan-Durrmeyer
operators using (p, q)-gamma function of the first kind and
estimated moments and established some direct results of
these operators. In [8], Mursaleen et al. introduced a new
modification of Szdsz-Mirakjan operators based on the (p, q)
-calculus and investigated their approximation properties
including weighted approximation and Voronovskaya-type

theorem. In [9], Mursaleen et al. proposed two different
Kantorovich-type (p, q)-Szdsz-Mirakjan operators and dis-
cussed their error estimated. In [10], Kara and Mahmudov
constructed a new (p, q)-Szész-Mirakjan operators as

Definition 1. Let 0<q<p<1 and meN. For g: [0,00)
— R, (p, q) -Szdsz-Mirakjan operators can be defined as

where $4(1) = (pH4) 1gHi-D02) (s 141K e (-
[m]p,qpk_m+l q_kt).

Meantime, quantitative estimates for the convergence in
the polynomial weighted spaces and Voronovskaya theorem
for new (p, q)-Szasz-Mirakjan operators (1) were given. All
these achievement motivates us to construct the Durrmeyer
analogue of the (p,q)-Szdsz-Mirakjan operators defined
by (1).
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Definition 2. Let 0<gq<p<1 and meN. For g:[0,00)
—> R, we construct the (p, q)-Szdsz-Mirakjan-Durrmeyer
operators as

(o)

Dhi(gst) = [m],, Z %,qk(t)L ‘Ifkpkfmsffk(wg(”)dp,q”'
k=0
2)
Let us recall the basic notations of (p, q)-calculus which

can be found in [11]. For any fixed real number p >0 and ¢
>0, the (p, q)-integers [m],, . are defined as

[Wl]p’q :pm—l +pm—2q +pm—3q2+...+qu—2 + qm_l
P -q"
» p#Eq#],
pP—q
“mp"h p=a#l, (3)
[m]q’ p: 1,
m, p = q - 1,

where [m], denotes the g-integers and m=0,1,2, .
Also (p, q)-factorial [m], ! is defined as follows:

[yt = { [11]"’4 Pl (Mg :; (4)

Now, we introduce two types of (p, q)-analogues of expo-
nential function e, ,(¢) and E,, ,(t) (see [7]):

Pq
~ [o3) p(m(m—l))/Ztm
e,q(t) = W;W,renz, lp| <1land|g| <1,
5
00 q(m(m—l))/Ztm ( )
E, (1) = mZ:OW,tGIR, Ip|<1and|q|<1.
P9

Let g be an arbitrary function. The improper (p,q)
-integral of g(¢) on [0, c0) was defined as (see [12])

00 00 qi qi q
[Ta0d=t0-a 3 Lo )0l @

The (p,q)-gamma function of the second kind was
defined in [12] as follows:

yp)q(z)zj q(z(z'1>)/2tz"lep’q(—pt)dp’qt,ER(z)>O‘ (7)
0

Meantime, the (p, q)-gamma function fulfills the follow-
ing relation:

Va2 +1) = (2] 17p4(2)s (®)
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moreover, for any nonnegative integer m > 0, the following
relation holds:

YP,q(m + 1) = [m]p,q!' (9>

2. Auxiliary Results

In order to discuss the approximation properties of the
operators D*1(g; t), we need the following lemmas.

Lemma 3 (see ([10], Lemma 4)). For 0<gq<p<1, meN,
and t € [0,00), we have

m—1
ShA(15t) =1, 80 (us t) =1, S0 (w5 1) =17 + Py
[,
m—2 2m—2
Pa( )= BT P
[m]P’q [m]p,q
S;:y,lq(uél ; t) _ t4 + (3172 +2qp + qZ)PM% t3
(], (10)
2 2\ o 2m—4 3m-3
RS AL AR
[M]5 [m],,

Lemmad4. For0<gq<p<1,r=plg meN,andt € [0,00), we
have

DPI(150)= 1, D2 (us ) =t 4 L9

(M),

m 2 -1.- o
p ([2]p,qp 'q 2) . P,
[m]P>q [m]p,q
qu(u3 : t) —P4 (q_lgz(r) +2p~! +P_2‘1)Pm 2
[m],
(P72 +g,(nNg?+g,(np'q )p™

[,

+

t

L P (r)
3 bl
[m],,
(3" + 207 + q'p + g 'hy(r))p"
()5
N ((3+ (2r+ Dhy(r)p~? +3p~q + p~'q’ + q *hy(r)) p™" 2
2
[ml,,
(P72 +p72q ' hy(r) + p g 2 hy(r) + q 2 hy(r)) pP

()5

DhA(utst) =t* +

m

+ t

, 4"

(g
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where g,(r) = Zf:z [i],» g,(r) = 21si<jg3 [i],[i],» g5(r) = [2],[3],,
hy(r) = Z?:z [i],, hy(r) = Z]gi<jg4[i]er’ hy(r) = lei<j<kg4 [i],
[il, k], and h,(r) = (2],[3],[4],.

Proof. Using the (p, q)-gamma function of the second kind,
we can obtain

[
0

k=0 K
N 2y [ k)2 (ko) (k1)
=Im 4 (4 q + D —m) (k+
M 250,

k-m+1 _—k
W ep)q(—[m]P’qp q u)dp,qu

— [m]p)q z Sifk(t)JO qf(k(k+l))/2p(k7m)(k+l)

K,y M

and next using [k + 1], =pF+ qlk],,,» we have

o 00
Df;ﬂ(u i) = [m}p,q z anqk(t)J qfk(k+1)/2p(k—m)(k+1)
k=0

0

B (7

0 k(k+1)/2+k(k+2
Jq—<+>/+<+>
0

(1t ") (2 (1))
xdy g ([, 0" " u)

4
oosp,q t m—k ,—1 pco
_ ZMJ ghDkgee (pod s
0

L (4 qlk,

Using the equality [k + 1], [k +2],, = ¢’ [k];)q +q(29+p)
P¥[Kl,, + [2],,0° and Lemma 3, we have

D (s 51) = [, 3. ()| 00 S )
k=0
— [m}p i SPv‘Ik(t)qu—(k(k+1))/2p(k—m)(k+1)
.q m,
k=0 0

k
(i)
i k-m+1 -k 2
. 7[](} ! ep,q<—[m}1,)qp g u)u dp,qu
pa
-\ G ro ~(k(k+1)) 2k (k+3)
= [ml K],

(it ) ey (-0 (I )
X dp,q ( [m]P,qpk’m q’ku>

RS0 i (k2 (ke3))2 k42, (_p g
- z 2 Ko S eP)q( pS) P’qs
k=0 [m]p,q[ ]pﬂ' 0
q

_ i " (t)pZm—qu—S
k=0 m];,q [k]p,q !

0

yM(k+ 3)

k=0 [mLz;,q

=) ) pm—k[k} , 2 pmq—Z(p+2q)
_ q g

J m*“)( o ) T

0 pm—k[k] pqu—3[ ] o

. P P4 P4 P

];) mk(t) [m]pq [ E’q ];) m,k()
QP (2 P"q*(p+2q)
=S (u? ;1) + o SPA(ust)

+p2mq_32[ bagarsn =+ (b7 +2q7 +pq7?)

(M,

[m]p q [mhz)q [m]P q
P2,
(m;,,

(14)

Using [m], , = " [m],, we have

kot 1],k + 2], [k +3),, = (alkl,, + ) (€18, + 2],,00)
(4K + 3],0") = 41K,
(0Bl + 'R+ 4 ) I 2
+ (120,31 + 4Bl + 412 ) K ™ + 2,3,
=gk, + (3], + 2], + 1) k],
+q(3],2], + B3], + [2),) |0 + 4'13], 21,0
=gk}, + 4°9, (N [k} 0 + 4" 9, (1) K], 0™ + T 95 (r)p™.

(15)



Thus,
Dgr,ﬂ (u3 ; t) = [M}M Z an,qk(t)J fk k- m5fnqk(u)u d u
k=0
= [m}pq X s{y}qk(t)qu—k(k+1)/2p(k—m)(k+l)
= 0
k
[m], v
( [kiq ') P <_[m]p,qpkimﬂqfku> wd, u
q

_ i (D Jw (ke 1)/2+k (k+4)

[, 0" "))
an?k(t)Pam 3kq
= () K,

0o
3 J q<<k+3)(k+4))/25k+3ep,q(_Ps)d s

/N

_ 00 qk(t)P3m 3k —6 k
27 [k],,q Trall %)

S (OP g k1], [k +2], [k+ 3],

k=0 [m] pq

R0 (" HWW) .

]

pmq71g1 (T’) i Squk(t)

(Ml

G >§ 2107 W

[m]pq
_p, a2 4 p7)p"
(M),
L PP r(a g (e P g ()
[m],, [m],,,
(16)
Similarly, using [, [k + i],0= q"° [k];’ .t h(r)q® [k];)qpk

+ Iy () g K 0% + (1) (K, + hy(r)gp™,  we  can
obtain

Dy (u'st) = [m], > nfk(t)Jo q P (wyutd, u
—im Pq tro g Kk 2o k)
Mg 2. 0|

([m]P’qu>k k-m+1 -k 4
. —epq(_[m]p Wy q u)u dp,qu
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_ i k(P 4kJ PRCEDRREER)
0

a2 (0" 0))

-P
i (Ot
[

_ 0 m?k(t)pzlm 4kq 10
2 [1]pq Kl
? (H)p*™m- 4kq_10[k+ 1} [k+2]p’q[k+ 3}p,q[k+4]p,q

ypq(k+ 5)

=0 ) (Ml

B ()
R R
o) P“sﬂi,f:

0 mk 3Im -4 o)
Z n;q(t) (K,q ! hy( Z

k=0 * [m]pq [m } k=0
s RO
+p2’"q_22hz(’) 9A(51) + P hy (r)qu( 0
(m], (m],,,
+ psmq_4jl4(r) Slr),)lq(l ; t)
(M),
A (37 +2qp7> + @p + q 'y (1)) 4
(M,
. (B+@r+Dhy(n)p™ +3p7°q +p™'q" + q *hy(r) ) p" 2
(my,
L7 () +p7 () + 47 hs ()P
[m],,,
+ q hy(r)p™" '
]
(17)

Lemma 5. Using Lemma 4, we immediately have the following
explicit formulas for the central moments:

A%’q(t) = Dl;r;q(u —t; t) _ ‘[I;jf)m ,
Pq
B = D (=50 = C P TP
pq .
(18)

Lemma 6. The sequences (p,,), (q,,) satisfy 0<q,, <p,, <1
such that p,, — 1, q,, — 1 and pj; — B€0,1], [m], .
— 00 as m—> 09, r,, =p,/q,, then
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Jim ], ADn(8) =, (19)
dim ], Byin(t) = 2Pt (20)
lim [, Dfte (- fH*st) =0. (21)

Proof. Applying Lemma 5, we can easily obtain (19) and (20).
While m — o0, we can rewrite

Dfnm,qm(l;t)zl%n>qm(u;t)t+ B H
"

;t)~t2+ 4P t,

DEpn (12

9
Dbt (5 8) ~ £ + P £
™lp,.a,
16
ny;”’qm(u4;t)~t4+7/3 £,
m]pm’qm

Using D™ ((u—t)*5 ) = Doy (ut 5 t) — 4Dy (u? 5 1)
t+6Dh T (1?5 )12 — 4Dh T (w5 £)2 + Dy (15 £)t* and 16
-9%x4+4x6-4x1=0, we can get (21).

3. Voronovskaja-Type Theorem

Theorem 7. Let (p,,), (q,,) be the sequences defined in Lemma
6 and g € Cy[0,00). Supposing that g''(t) exists at a point t
€ [0,00), then, we can obtain

lim [m

m—00

o, (Di(951) = 9(1) = B(9(1) + tg' (1)),
(23)

where Cg|0, 00) denotes the set of all real-valued bounded
and continuous functions defined on [0, 00), endowed with the

norm ||g|| = sup |g(t)].

te[0,00)

Proof. By the Taylor’s expansion theorem of function g€
Cg[0,00), we can obtain

9(6) = g(1) = ' (1)~ 1) + 3 6" () (= 2)* + O(us ) (e~ 1)

(24)
where u, t € [0,00), O(u, t) is bounded and lith)(u, f)
Uu—
= 0. Applying the operator D" to the equality above, we
can obtain
=g (DAL (t) + 2 9" (B (1)
+ Dbyt (O(u, t) (u— 1) 5 1)

Dlwin(g;t) - g(t)

(25)

Since limt®(u, t) =0, then for all £ > 0, there exists § >0
such that |u — | < § and it will imply |®(u, t)| < € for all fixed
t € [0,00) as m sufficiently large. While if |u — ¢| > §, then |®
(u,t)| < C18*(u—1t)*, where C>0 is a constant. Using
Lemma 6

[m), . |Dhrt (O(u, t)(u- 1)?5t)]
<€ Pm q,,,|me q"‘( —t>2;t)| (26)
C

DEpn ((u — 1)

ts (m), , Dh ;1) — 0 (m——00).

The proof is completed.

4. Point-Wise Estimate

In this section, we establish two point-wise estimate of the

operators D*1(g;t). First, a function g € C[0,00) is said to

satisty the Llpschltz condition Lip, on D (named g € Lip,
9y

(yE)), y € (0,1], D c [0,00) if
lg(u)—g(t)|<Cyylu—t|",ue0,00)andteD,  (27)

where C, is an absolute positive constant depending

only on g and y.

Theorem 8. Let 0 < g < p <1, y € (0, 1] and E be any bounded
subset on [0,00) . If g € Cy[0,00) N Lip. (y, E), then, for all
9y

t € [0,00), we have

[D}(g31) = 9(t)] < Cyp (BRI(E) + 24" (¢5 E)), (28)

where d(t;E) denotes the distance between t and E
defined by

d(t; E) =inf {Ju—t|: u€E}. (29)

Proof. Let E be the closure of E. Using the properties of
infimum, there is at least a point u, € E such that d(¢;E) =
|t — u, | . By the triangle inequality

—g(ue)| +19(t) = g(uo),  (30)

we can obtain

DL (g5 1) = 9()] < DR (1g(w) = g(u)] 1) + D (|g(1) -

2 - gl 51)
< Cop ADR (= ug|" 5 ) +1 = g |}

(

(

< Cop ADBH([u =t + [t —up|" 5 1)+t — 1|}
= Co DL (Ju—t"st) + 2]t —uy|}.

(31)

Choosing p, =2/y and p, =2/(2 — y) and using the well-
known Holder inequality, we have



D5 3) = £ (0] = Cy { (D111 = x7752)) P (D112 5)) 2 4 2 (3 )}
< Cyp{ (D ((t - )75)) ™ 4200 (3 B) |
<c, <(qu(t))y/2+2dy(x E))

(32)

Next, we obtain the local direct estimate of the operators
D4, using the Lipcshitz-type maximal function of the order
y introduced by Lenze [13] as

. lg(u) —g(t) |
w )= su _—
Y(g ) t,uE(O,og),t#u IM - t|y

;7 €(0,1]. (33)

Theorem 9. Let g € Cy[0,00) and y € (0,1]. Then, for all t
€ [0,00), we have

ID2I(g5t) - g(t)| <@, (g5 ) (BRI, (34)

Proof. From equation (33), we have
IDL(g5t) -

gD <o, (g: )DL (Ju—t]"50).  (35)

Applying the well-known Holder inequality, we can get

—1)731))" <@, (g3 1) (BRI(1)".
(36)

ID5I(g31) = g(t)| <@,(gs£) (DR ((u
5. Local Approximation

In this section, we establish local approximation theorem for
(p, q)-Szdsz-Mirakjan-Durrmeyer operators. Let us consider
the following J -functional:

I

SR R N

where 8 € [0,00) and $? = {h € C[0,00): h', h" € C5[0,00)}.
The usual modulus of continuity and the second-order mod-
ulus of smoothness of g can be defined by

w(g;6)= sup sup |g(t+u)-g(t)],

0<|u|<dt€[0,00)

w,(g;8)= sup sup |g(t+2u)-

0<|u|<dte[0,00)

2g(t+u) +g(t)|.
(38)

By ([14], p.177, Theorem 2.4), there exists an absolute
constant C > 0 such

H(g:6%) < Cw,(g;96),8>0. (39)
Theorem 10. Let (p,,), (q,,) be the sequences defined in

Lemma 6 and g € Cg[0,00). Then, for all m € N, there exists
an absolute positive C; = 4C such that
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(Dl (g 51) = g(1)] < Crav, (g J (4t )’ +B€ﬂm<t>>

w(gs AR ()])-
(40)

Proof. For a given function g € Cg[0,00), let us define the
following new operators:

DPwin(g s t) = Dipn (g5 t) — g(Afrn (t) + 1) + g (1), g € [0,00).
(41)

By Lemma 4 and Lemma 5, we obtain
DPwin (15 t) =1and DEwin (15 t) = ¢. (42)

Let t,u € [0,00) and h € S?. By Taylor’s expansion for-
mula, we get

u

h(u) = h(t) +h’(t)(u—t)+J B (v)(u—v)dv. (43)

t

Applying D5 to the above equality, we can write

Db (b5 t) — h(t) = Db (Eh"(v)(u ~v)dv; t)

SDﬁ;ﬂ’qm( r|u—v|h”(v)dv ;t)
A"W(tt) t
+ Jt B (u) (APt (£) + £ — v)dv
<Dl (= )5 )| || + (Afp = (1)) |1
= (A (6) + By (1))
(44)

On the other hand, since |D5 (g;1t)1<3lgll. Hence,

[DEp(g31) = 9(8) = Dl (951) + g (Al (6) + 1) ~291()
(

<|Dqum(g h t) g- h)( )|
+ |DPm 4 (3 x) — h(x)
+|g(Abmin (x) + x) — g(x)]
<4|lg-h|+ ((A{,;w‘im(t) + Blyin

+w(gs [AR A (1)]).

7 ) I
(45)

Taking infinum on the right hand side over all & € $* and
using (39), we obtain the desired assertion.

Corollary 11. Let (p,,), (g,,) be the sequences defined in
Lemma 6 and g € Cg[0,00). Then, for any finite interval I C
[0,00), the sequence { Dy (g;st)} converges to g uniformly
onl.
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6. Rate of Convergence

Let

B,[0,00) = {g: [g(t)| <M, (1+£)},

C, [0,00) ={g:9¢€B, [0,00) n C[O’OO)}’ (46)

CY[0,00) = {g g € C,[0,00)and lim l9( 2' <oo}

t—oo | +

where M, is an absolute constant depending only on g.
C9[0, 00) is equipped with the norm ||g||, = sup [g(¢)]/(1

te[0,00)
+1%). As is known, if f € C[0,00) is not uniform, we cannot
obtain 8lin(1)+w(g ;0) =0. In [15], Ispir defined the following

weighted modulus of continuity

|g(u+1)—g(1)|
Q(g;8)=  sup  —m—on, (47
(g:0)= Sw awdaes) W)

and proved the properties of monotone increasing about
0O(g;8)asd>0, alin}r()(g ;0) =0 and the inequality

Q(g;518) <2(1+1)(1+6%)0Q(g;96), (48)

while A>0 and ge Cg [0,00). Meantime, we recall the
modulus of continuity of g on the interval [0, k] C [0,00) by

-g(t)],6>0. (49)

w(g;0)=  sup  |g(u)

ute(0,k,|u—t|<d

Theorem 12. Let g€ C,[0,00), 0<q<p<1, and k>0, we
have

1D5(g5) = Gl cron < (3+2K2)Bféq('€)+2wx+z<f; B’y’,;"(K))

(50)

Proof. For any t€[0,x] and u>x+1, we easily have 1<

(u-x)* < (u—t)*, thus

|9(u) = g(D)| <1g(w)| +|g(1)] < My (2 + 1% + £)
:Mg(2+t +( —t+t))
sMg(2+2t +( ))<M (3+2t2)(u—t)2
Mg(3+21<) t)?,

(51)

and for any t € [0, x|, u € [0, k + 1] and & > 0, we have

9(0)=9(0)] S (=t = (145 a1 (950)

(52)

7

For (51) and (52), we can get
9t = g(0)] 5,3+ 2) ="+ (1 5 LY (930,
(53)

By Schwarz’s inequality, for any ¢ € [0, ], we can get

[D5(gst) - g(t)| < DRA(1g(u) - g(t)] 5t)

M, (3+2) D0 ((u—1t)*5 1)

(1225 oo

<M, (3+27) DR ((u—1)*5t)
+we,(9;5 6)<1+S Dha((u—t)? t))

1
M, (3 +2i7)B0(t) +wmf6< 8,/BI;n )
1
M, (3 +267) BI(K) + @ey1 (g5 ) <1+5,/ )
(54

By taking & = /Bl (k) and supremum over all ¢ € [0, «],
we accomplish the proof of Theorem 12.

7. Weighted Approximation

In this section, we will discuss the following three theorems
about weighted approximation for the operators Dby"™" (gt

).

Theorem 13. Let f € C9[0,00) and the sequences (p,,), (q,,) be
the sequences defined in Lemma 6; then, for any t € [0,00),
there exists N € N, such that for all m > N, the inequality

[Dlyin(g:8) - g(t)) 1
5 <10Q| f3 —— (55)
(1+12) [m]

Pm’qm
holds.
Proof. Using (47) and (48), we can write

lg(u) = g(O)] < (1+ (u- ))(1”) (fslu=t])

§< ) #8)O(F30) (1+ (u— ) (1+£)
1+62)2(1+t) Q(f 9), lu—t] <8,
i 4(1+52)(1+t2)o(f;5)%, 1 >0,

(56)
For any 8 € (0,1/2) and ¢, u € [0,00), (56) can be rewritten

l9(t) - g(x)] <5(1+£)Q(f ;) (i + l_tlfs'_t')
(57)



Using (20) and (21), there exists N € IN, such that for any
m>N,

, 2, 2 . 4. &
Dbin ((u—1t)*5t) < ] t, Db (u—1t)*5t) < 5
Pinsm
(58)
By Schwarz’s inequality, we can obtain
2t
Db (|u—t] 1) < \/Dfn”"q’" (u—t)*s5t) < L,
g,
(59)

Dby (lu—t[* 1) < \/D‘,’,;"’q'" (u—1)%51) \/Di’,;"’qm (u=1)*;1)
t2
<

™p,.a,

(60)

Since D29 is linear and positive, using (58)-(60), we can
obtain

moAm _ 3.
Db (g5 t) = g(t)| <5(1+£)2(g 3 6) (§+D51 (I~ th+ju 1] t)>
4 S
2
sse)[2+ 2 o)
S\/[m, g,
(61)
Choosing 8 =1/, /[m] b g0 We have
1

[Dfrin(g31) - g(t)| <5(1+1) G +\/Z+f2)9 fs

vV ™s,a,

<wa+e)ye|f;
5,4,

(62)
the conclusion holds.

Theorem 14. Let (p,,), (q,) be the sequences defined in
Lemma 6. Then, for any g € C5[0,00), we have

1 mm . _ —
i [[Dipe(g51) - g1l 0. (63

Proof. By weighted Korovkin theorem in [16], we see that it is
sufficient to verify the following three conditions:

lim ‘Dfnm’q"' (uk ; t) —t

m—00

=0,k=0,1,2.  (64)
2

Since Dy (1;x) = 1, then (64) holds true for k = 0. By
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Lemma 4, we can obtain

Dlr’nm’qm(u ; t) —t

Dl (y5t) — t||, = sup
g s ) el = sup
< Pt

[m]

sup