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Optimization plays an ever-increasing role in mathematics, economics, engineering, health sciences, management,
life sciences, and almost all other fields of study. Many
optimization problems exist in the real world including
space planning, networking, logistic management, financial
planning, and risk management. These problems are NPhard in nature; hence, finding an optimal solution is often
difficult, demanding highly efficient techniques. Many exact
and heuristic algorithms have been proposed out of these
challenging and practically relevant optimization problems
including those that draw inspiration from nature.
The aim of this special issue is to showcase how
heuristics, operations research, computational intelligence,
and other optimization techniques have been successfully
applied to solve real-world industrial optimization problems.
Researchers were invited to contribute original research
and review articles that explore, model, and solve real life
optimization problems in various fields. The special issue
attracted many high quality papers of which few were
selected based on set quality criteria after rigorous peerreview, revision, and editorial processes. The published high
quality papers cover various applications of optimization
to varying problems especially in the industries including
engineering, inventory, logistics, and marketing, scheduling,
resource, and transportation planning, computing and ICT,
water and gas resource management, and data mining. Most
papers dwell on modeling of real-world industrial problems,
innovative optimization technique for solving real-world
problems including heuristics, finite methods, operation

research techniques, intelligent algorithms, and agent-based
methods. Many of the papers propose innovative techniques
for solving specified problem while others present improved
methods compared with existing ones. Here, we present a
summary of the published papers categorized according to
the problem domain addressed.
Engineering. Papers in the engineering domain cover interests
in electrical, mechanical, and building engineering. L. Huo et
al. present an optimal design methodology for tuned liquid
column dampers (TLCDs) based on the 𝐻∞ control theory
using the Dalian Xinghai Financial Business Building as case
study in their paper titled “TLCD Parametric Optimization
for the Vibration Control of Building Structures Based on
Linear Matrix Inequality.”
Y.-C. Park et al. present a “Lightweight Design of an
Outer Tie Rod for an Electrical Vehicle” which was achieved
through efficient material selection using finite element
analysis and metamodel-based optimization technique in
order to minimize the weight while satisfying critical design
requirements. Furthermore, the paper “Hierarchical AgentBased Integrated Modelling Approach for Microgrids with
Adoption of EVs and HRES” by P. Han et al. addresses the
challenge to microgrid, brought about by the recent adoption
of electric vehicles and hybrid renewable energy systems, by
proposing a hierarchical agent-based method which is useful
for energy management, electricity consumption prediction,
the EV scheduling control, and HRES deployment optimization. Finally in electrical, “Predictive Models of Current,
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Voltage, and Power Losses on Electric Transmission Lines”
O. M. Bamigbola et al. formulated mathematical physics
expressions that depict the evolution of current and voltage
on a typical transmission line and derived models to predict
available current and voltage at any point on the transmission
line.
In the paper “Partitioned Quasi-Newton Approximation
for Direct Collocation Methods and Its Application to the
Fuel-Optimal Control of a Diesel Engine,” J. Asprion et al.
presented an efficient technique to resolve memory limitations, preserve the correct sparsity pattern, and generate more
accurate curvature information as it applies to engineering
problems with special focus on fuel-optimal and emissionconstrained control of a turbocharged diesel engine. “Finite
Queueing Modeling and Optimization: A Selected Review”
by F. R. B. Cruz and T. van Woensel is a comprehensive review
of queueing modeling issues and related performance evaluation and optimization approaches for joint manufacturing
and product engineering.
D. Xiao et al. in their paper “Quality Prediction and
Control of Reducing Pipe Based on EOS-ELM-RPLS Mathematics Modeling Method” present an algorithm to predict the
quality of reducing pipe during the inspection of inhomogeneous transverse and longitudinal wall thicknesses during the
production of seamless steel. In “Three-Dimensional Temperature Distribution Produced by a Moving Laser Beam” R.
Uyhan used a simplified theoretical model to study the threedimensional unsteady temperature field produced by moving
laser beam in an axisymmetric laser beam.
The Computing and ICT. The Computing and ICT groups
of papers dwell on computer graphics, multiprocessor computing, wireless communication, electronic fraud prevention,
and robotics. X. Wang and C. Hou in the paper “Improved
Crosstalk Reduction on Multiview 3D Display by Using BILS
Algorithm” present a system-introduced crosstalk measurement and derive an improved crosstalk reduction method to
address the problem of crosstalk that degrades the quality
of the 3D image. Their improved method seeks an optimal
solution to this box-constrained integer least squares (BILS)
problem that substantially decreases the Euclidean distance
between a solution and its target. The paper “An Efficient
Biobjective Heuristic for Scheduling Workflows on Heterogeneous DVS-Enabled Processors” by P. Zhou and W. Zheng
addressed the problem of energy consumption, expressed in
terms of execution time of application, in multiprocessing
computing. The authors proposed a heuristic that finds a
schedule for a workflow, on a bounded number of heterogeneous (dynamic voltage scaling) DVS-enabled processors, so
as to minimize both makespan (overall execution time of the
application) and energy consumption.
Furthermore, C. Han et al. in their paper, “Modeling
and Model Predictive Power and Rate Control of Wireless
Communication Networks,” present a novel power and rate
control system model for wireless communication networks
and proposed a delay-dependent model predictive power
and rate control method. The derived optimization model
is solved using linear matrix inequality (LMI) technique.
Finally, A. A. Akinyelu and A. O. Adewumi in “Classification
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of Phishing Email Using Random Forest Machine Learning
Technique” propose an efficient random forest technique for
phishing email detection.
The paper “Robot Calibration for Cooperative Process
under Typical Installation” by Y. Gan et al. introduces simple
but efficient operation procedure and calibration condition
to solve the base frame calibration problem for cooperative robots which was validated on two practical industrial
robots. In “Track-to-Track Association Based on Structural
Similarity in the Presence of Sensor Biases,” H. Zhu and S.
Han address the problem of track-to-track association in the
presence of sensor biases by introducing the structural feature
for each local track, which describes the spatial relationship
with its neighbouring targets.
Inventory, Logistics, and Marketing. There are five papers in
the inventory control, logistics, and marketing applications.
The paper titled “Intelligent Inventory Control via Ruminative Reinforcement Learning” by T. Katanyukul and E. K. P.
Chong proposed a new ruminative reinforcement learning
(RRL) method for inventory management with promising
results. Similarly, the challenge of trim loss and inventory in
paper industry was addressed by F.-K. Wang and F.-T. Liu in
their paper. In a bid to optimize order allocation and cutting
trim loss, the authors present a new decision model based
on the adjustment of scheduling and limitation of inventory
quantity to differentiate trim loss and inventory distribution
data. Furthermore, “An Inventory Model under Trapezoidal
Type Demand, Weibull-Distributed Deterioration, and Partial Backlogging” by L. Zhao proposed an inventory model
and policy for Weibull-distributed deterioration items with
trapezoidal type demand rate, in which shortages are allowed
and partial backlogging depends on the waiting time for the
next replenishment.
D. Kim in the paper “A Dynamic Model of the Tragedy
of the Commons in Marketing-Intensive Industries” provides
the analysis of the processes of a dynamic model introduced
to prevent business ecosystem from being plunged into
Tragedy of the Commons (ToC) thereby enhancing sustainable growth and competitiveness of the business ecosystem.
Finally, in “Metaheuristic Algorithm for Solving Biobjective Possibility Planning Model of Location-Allocation in
Disaster Relief Logistics” by F. Barzinpour et al., a multiobjective model for periodic location and allocation of distribution
centres to damaged areas during natural disaster in order to
distribute relief commodities is presented and solved using
GA.
Water and Gas Resource Management. There are also five
papers dealing with water, oil, and gas resource management.
Y. Wang et al. in their paper “An Analytical Solution by
HAM for Nonlinear Simulation of Deepwater SCR Installation” seek to optimize the time taken during installation
path calculation by numerical simulation software in steel
catenary riser (SCR) by establishing a mechanical model
that makes use of homotopy analysis method to simplify
its analytical solution while dimensional analysis was considered in making initial guess solution. X.-H. Tan et al.
establish a new mathematical model of gas-water two-phase

Journal of Applied Mathematics
flow to “Determine the Inflow Performance Relationship of
Water Producing Gas Well Using Multiobjective Optimization Method” thus overcoming the limitation of well testing
on site. Also, in “Numerical Investigation of Gas Mixture
Length of Nitrogen Replacement in Large-Diameter Natural
Gas Pipeline without Isolator” by H. Zhu and Q. Han, a
computational fluid dynamic model coupled to a speciestransportation model was used to investigate the gas mixture
length of nitrogen replacement in large-diameter pipeline
without isolator.
In “Modeling and Optimization of Beam Pumping System Based on Intelligent Computing for Energy Saving,” X.
Gu et al. present a novel intelligent technique for optimizing
beam pumping system for petroleum enterprises in China
in order to save energy. In “Mathematical Model of Pipeline
Abandonment and Recovery in Deepwater,” X.-G. Zeng et
al. deal with the challenge of pipeline abandonment and
recovery in offshore oil and gas engineering by introducing a
third-order differential equation which is solved using a novel
technique.
Scheduling, Resource, and Transportation Planning. A few
papers consider scheduling, resources, and transport planning within different domain area. The paper “A Scheduling
Problem in the Baking Industry” by F. A. M. da Silva et
al. presents greedy and genetic algorithm (GA) to handle a
real-world scheduling problem in the baking industry arising
from increasing production rates, growing demand, and
resource constraints. The main objective is to optimize both
delivery time and profit maximization. The paper “Multiobjective Fuzzy Mixed Assembly Line Sequencing Optimization
Model” by F. Tahriri et al. addresses the research gap in
the assembly line sequencing optimization model for mixedmodel production lines by presenting an integrated model
of job shop and assembly production lines for factories with
modular layouts that seeks to minimize the makespan, setup
time, and cost simultaneously in the mixed-model assembly
lines. GA was employed to solve the derived model.
S. M. Akandwanaho et al. in “Solving Dynamic Traveling
Salesman Problem Using Dynamic Gaussian Process Regression” present a hybridization of dynamic Gaussian process
regression with nearest neighbor and iterated local search to
the track dynamic optima for the dynamic traveling salesman
problem. In “Airline Overbooking Problem with Uncertain
No-Shows,” C. Zhang et al. present an idea that seeks to
minimize the effect of no-shows and any other uncertain
human behaviour or unexpected events in an airline overbooking problem of a new single-leg flight with discount
fare. “Centralized Resource Allocation for Connecting Radial
and Nonradial Models” by A. Mirsalehy et al. examines an
alternative approach to the centralized resource allocation
model that indicates that all units are under the control of an
entity of the centralized decision maker.
“Flow Merging and Hub Route Optimization in Collaborative Transportation” by K. Weng and Z. Xu studies the
optimal hub routing problem of merged tasks in collaborative
transportation being applicable in logistics, postal services,
airline, and other transportation systems and presents two
heuristics to solve the derived mixed integer programming
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model. S. Wen et al. in “Weighted Multimodel Predictive
Function Control for Automatic Train Operation System”
design a speed controller for train operation based on the
input and output data of the train in order to obtain a predictive model about the system based on weighted indicators.
In “New Product Development in an Emerging Economy:
Analysing the Role of Supplier Involvement Practices by
Using Bayesian Markov Chain Monte Carlo Technique,”
K. Kanapathy et al. use structural equation modelling and
Bayesian Markov Chain Monte Carlo algorithm in a case of
146 companies in China to determine whether the positive
relationship found between supplier involvement practices
and new product development performances in developed
economies also holds in emerging economies.
Data Mining. L. Si et al. present “A Novel Classification
Approach through Integration of Rough Sets and BackPropagation Neural Network” which essentially hybridizes
the underlying techniques for application in data mining.
P. Santos et al. in their paper “Modelling Laser Milling of
Microcavities for the Manufacturing of DES with Ensembles” study the laser-milling process of microcavities in the
manufacture of drug-eluting stents (DES). A set of designed
experiments using different regression methods (ensemble,
support vector, ANN, and linear and nearest neighbour) were
conducted with ensemble regression as the most efficient
technique.
In conclusion, this special issue has contributed to the
field of optimization and modelling of real-world problem as
well as development of innovative optimization techniques
for handling such problem. We hope that ideas generated
in this issue will provoke further research and thoughts
in the field of mathematical modelling, optimization, and
optimization techniques.
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In multiview three-dimensional (3D) displays, crosstalk is one of the most annoying artefacts degrading the quality of the 3D image.
In this paper, we present a system-introduced crosstalk measurement method and derive an improved crosstalk reduction method.
The proposed measurement method is applied to measure the exact crosstalk among subpixels corresponding to different view
images and the obtained results are very effective for crosstalk reduction method. Furthermore, an improved crosstalk reduction
method is proposed to alleviate crosstalk by searching for the optimal integral intensity values of subpixels on the synthetic
image. The derived algorithm based on modified Schnorr-Euchner strategy is implemented to seek the optimal solution to this
box-constrained integer least squares (BILS) problem, such that the Euclidean distance between solution and its target decreases
substantially. The method we develop is applicable to both multiview 3D parallax barrier displays and multiview 3D lenticular
displays. Both simulation and experimental results indicate that the derived method is capable of improving 3D image quality
more effectively than the existing method on multiview 3D displays.

1. Introduction
Crosstalk is a critical factor affecting the image quality in multiview three-dimensional (3D) displays [1], which is caused by
the incomplete isolation of different image channels. In order
to mitigate the Moiré fringe [2] and balance the horizontal
versus vertical resolution [3] of 3D displays, the slanted
parallax barrier or lenticular lens array is used [4]. However,
the shape of subpixels on the display screen is rectangular or
triangle and so on, and the shape of visible image observed
through a slanted slit cannot exactly coincide with boundary
of subpixels. This causes the viewers to observe not only
the intended view image but also the other unintended view
images and leads to the crosstalk observed at the optimal
viewing positions on multiview 3D displays.
As introduced in [5], the available mathematical definitions of crosstalk are diverse and sometimes contradictory.
In 2009, Huang et al. defined two terms [6]: system crosstalk
that is independent of the content (determined only by the
display) and viewer crosstalk that varies depending on the
content. Most of literatures concerning the methodology

[7, 8] for measuring system-introduced crosstalk on multiview 3D displays provided the methods based on the illumination measurement. However, it is often difficult to measure
the amount of crosstalk exactly, due to the complexity of the
system, lack of measurements, reluctance of manufacturers to
release data, and difficulty of making the measurement [5].
A number of methods [9, 10] for crosstalk reduction on
multiview 3D displays have been proposed in the literatures
to date. For instance, lowing aperture ratio and fixing a special
3D barriers are both effective for crosstalk cancellation. But
these methods are at the cost of the intensity or extra devices.
Recently, Li et al. [11] have suggested a method to eliminate
the crosstalk by correcting the subpixels values on synthetic
image. Despite the fact that this method to some extent
reduced the crosstalk, the crosstalk coefficients matrix was
obtained by the illumination measurement. The experiment
error of crosstalk measurement influenced the results of
crosstalk reduction. Moreover, how to obtain the solutions to
the equations of crosstalk elimination was not mentioned.
Few research efforts have been devoted to reducing
crosstalk effectively on multiview 3D displays by taking it

2
as a box-constrained integer least squares (BILS) problem.
Lattice reduction [12] is a powerful mathematical tool for
solving diverse problems involving point lattices. In [13],
the enumeration strategies by Schnorr-Euchner, Pohst, and
Kannan were introduced. It was found that the SchnorrEuchner strategy is substantially faster than the other two
[14]. An efficient search method based on the SchnorrEuchner enumeration strategy (see [15]) for solving integer
least squares (ILS) problem was implemented in [16]. The
method was then modified in [17] to solve the BILS problem
by taking the box constraint into account.
In this paper, we extend the definition of systemintroduced crosstalk to the multiview 3D displays and present
a mathematical method for exactly measuring the systemintroduced crosstalk observed at the optimal viewing position. Crosstalk between the neighboring view images is not
always equal to the exact crosstalk between subpixels corresponding to different view images. Our method is applied to
obtain the crosstalk coefficient matrix A, in which precise
crosstalk between the subpixels is presented. The obtained
results are more effective for crosstalk reduction method than
for the one via the typical experiment. Moreover, we adopt the
variable 𝑎 to simulate the slight movement of viewable image,
while the viewer is moving parallel to the display screen in the
viewing zone such that the more exact crosstalk at the optimal
viewing position is obtained. One of major contributions in
this paper is the proposal of reasonable measurement method
of system-introduced crosstalk between the neighbouring
subpixels above and below corresponding to the different
view images.
In actual display devices, the subpixel values are constrained to the integer set Z. Without regard to it, the
crosstalk elimination result still remains the biggist accumulated quantization error, which has the negative impact
on image quality. That means the crosstalk elimination [11]
on multiview 3D displays is not as complete as expected.
Hence, it is effective by taking reduction process as a
BILS problem. In this paper, we concentrate our efforts on
developing a crosstalk reduction method, which gives a few
modifications of Schnorr-Euchner strategy based algorithms
given in [17], to correct for the synthetic image with the
minimum quantization error. The experiments demonstrate
that the proposed method reduces crosstalk effectively and
greatly improves the 3D image quality. Moreover, based on
the fact that the proposed method is based on the geometrical
relationship of parallax barrier and subpixels, it is applied
to eliminate crosstalk between the neighbouring subpixels
above and below, rather than the neighbouring view images.
If the distribution mode of view images changes on the
synthetic images [18], that is, the neighbouring subpixels
above and below do not correspond to the neighbouring view
images, the method [11] becomes invalid. In contrast, the
improved method still remains effective.
The following notation is used in the paper. R𝑚×𝑛 and R𝑛
denote the set of all real 𝑚 × 𝑛 matrices and the set of all
real 𝑛-vectors, respectively. Z𝑚×𝑛 and Z𝑛 denote the set of all
integer 𝑚 × 𝑛 matrices and the set of all integer 𝑛-vectors,
respectively. I𝑚×𝑛 ∈ Z𝑚×𝑛 denotes 𝑚 × 𝑛 matrix with all
entries equal to 1. For a real scalar 𝑧, ⌊𝑧⌉ stands for its nearest
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integer, ⌊𝑧⌋ stands for the largest integer less than or equal to
𝑧, and ⌈𝑧⌉ stands for the smallest integer greater than or equal
to 𝑧. The operation sign(𝑧) returns −1 if 𝑧 ≤ 0 and 1 if 𝑧 > 0.
For a matrix A, a𝑗 denotes the 𝑗th column of A, 𝑎𝑘𝑗 denotes
the 𝑘th entry of vector a𝑗 , and A𝑇 denotes the transposed
matrix of A. Bold upper case letters and bold lower case letters
denote matrices and vectors, respectively.

2. Crosstalk Measurement and
Crosstalk Reduction Method
2.1. Crosstalk Measurement Method. Multiview 3D displays
provide 3D perception without requiring any form of special
glasses or other user-mounted devices. Among them, parallax
barrier displays and lenticular displays are prevalent in actual
devices, as indicated in Figure 1. The synthetic image prepared for the 8-view 3D display is synthesized by 8 different
view images, as can be seen in Figure 2. The rectangles
represent the subpixels, and the numbers marked in them
indicate view image numbers. The subpixels illuminated with
color in Figure 2(a) are prepared for the observer at the first
optimal viewing position. At the same time, the visible image
observed through the slits is illustrated in Figure 2(b). They
do not overlap perfectly; that is the main cause of crosstalk
observed at optimal viewing position.
We extend the definition of system-introduced crosstalk
[6] from stereoscopic display to the multiview 3D display and
precisely define the system-introduced crosstalk observed at
the 𝑛th optimal viewing position on the 𝑁-view 3D display
as follows:
𝜒𝑛 =

∑𝑁
𝑙=1, 𝑙=𝑛
̸ 𝑌𝑙 − 𝑌𝐵
𝑌𝑛 − 𝑌𝐵

,

(1)

where 𝑌𝑙 (𝑙 = 1 ⋅ ⋅ ⋅ 𝑁) denotes the luminance measured at
the 𝑛th optimal viewing position with white in the 𝑙th view
image and black in all of other view images on the synthetic
image and 𝑌𝐵 denotes the environmental light intensity. This
definition is black-white crosstalk, since it uses full-black
and full-white images in the testing scheme. Full-white and
full-black are used because maximum leakage usually occurs
when the pixels in the desired view image are full-black
and the pixels in the other view images are full-white. The
crosstalk between the neighboring view images on 𝑁-view
3D display was considered in formula (1), rather than the
crosstalk between the left eye image and the right eye image
given in [6].
For the 𝑁-view 3D display, ∑𝑁
𝑙=1, 𝑙=𝑛
̸ 𝑌𝑙 − 𝑌𝐵 in formula (1)
is replaced with 𝑠1 , which is the viewable area of unintended
view images observed at the 𝑛th optimum viewing position.
𝑌𝑛 − 𝑌𝐵 is replaced with 𝑠2 , which is the viewable area of
intended view image observed at the 𝑛th optimum viewing
position. Thus, we define the system-introduced crosstalk as
follows:
𝑠
𝜒𝑛 = 1
𝑠2
(2)
∑V ∑ℎ 𝑠 (𝑖 − 1, 𝑚) + ∑V𝑚=1 ∑ℎ−1
𝑖=1 𝑠5 (𝑖 + 1, 𝑚)
= 𝑚=1 𝑖=2 4
,
∑V𝑚=1 ∑ℎ𝑖=1 𝑠3 (𝑖, 𝑚)
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(a)

(b)

Figure 1: Structures of two kinds of multiview 3D displays. (a) A parallax barrier display. (b) A lenticular display.
R G B R G B R G B R G B R G B R

R G B R G B R G B R G B R G B R

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

8 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7

8 1 2 3 4 5 6 7 8 1 2 3 4 5 6 7

7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6

7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6

7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6

7 8 1 2 3 4 5 6 7 8 1 2 3 4 5 6

6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 5

6 7 8 1 2 3 4 5 6 7 8 1 2 3 4 5

5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4

5 6 7 8 1 2 3 4 5 6 7 8 1 2 3 4

(a)

(b)

Figure 2: Distribution mode of 8 different view images’ subpixels on the synthetic image. (a) View image prepared for the first viewing
position. (b) Visible image observed through the slits at the first viewing position.

where (𝑖, 𝑚) denotes the subpixel that is in the 𝑖th row
on synthetic image observed through the 𝑚th slit at the
𝑛th optimal viewing position, V denotes the number of
slits, and ℎ denotes the vertical resolution of the synthetic
image. 𝑠3 denotes the viewable area of subpixel belonging
to the intended view image and 𝑠4 and 𝑠5 denote the
viewable areas of neighboring unintended subpixel above
and below respectively. The distributions of 𝑠3 , 𝑠4 , and 𝑠5 are
illustrated in Figure 3. The dotted lines present the edges
of slits. The rectangles present the subpixels on the display
screen.
Based on the image composition theory, the subpixels
showing the intended view image are determined in all subpixels observed at the 𝑛th optimal viewing position. Calculate

𝑠3 , 𝑠4 , and 𝑠5 and substitute the results into expression (2) to
obtain the system-introduced crosstalk.
Let the visible area’s width observed through a slit on the
synthetic image be 𝑡 (this equals the width of one subpixel). As
a result, 𝑠3 , 𝑠4 , and 𝑠5 remain constant when 𝑚 varies over the
range of [1, V]. When we substitute 𝑠3 (𝑖) = 𝑠3 (𝑖, 1), 𝑠4 (𝑖 − 1) =
𝑠4 (𝑖 − 1, 1), 𝑠5 (𝑖 + 1) = 𝑠5 (𝑖 + 1, 1) for 𝑠3 (𝑖, 𝑚), 𝑠4 (𝑖 − 1, 𝑚), 𝑠5 (𝑖 +
1, 𝑚) respectively, formula (2) is still valid. 𝑚 = 1 means
that subpixels are observed through the first integral slit.
Therefore, the system-introduced crosstalk on the multiview
3D display at the 𝑛th viewing position is derived as
𝜒𝑛 =

ℎ
ℎ−1
𝑠1 ∑𝑖=2 𝑠4 (𝑖 − 1) + ∑𝑖=1 𝑠5 (𝑖 + 1)
=
.
𝑠2
∑ℎ𝑖=1 𝑠3 (𝑖)

(3)

4
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If Δ 0 < 𝑡 − Δ 0 − Δ 1 (𝑖),
𝜃

𝑠3 (𝑖) = 3𝑡2 −

s4 (i − 1, m)

2

Δ21 (𝑖) (𝑡 − 2Δ 0 − Δ 1 (𝑖))
−
2 tan 𝜃
2 tan 𝜃

𝑠4 (𝑖 − 1) = 0,

(6)
2

ith row

(𝑡 − Δ 1 (𝑖))
𝑠5 (𝑖 + 1) =
.
2 tan 𝜃

3t
s3 (i, m)

s5 (i + 1, m)

t

Figure 3: Illustration of system-introduced crosstalk measurement
method.

(2) Crosstalk measurement when 𝜃 > arctan(1/3): when
the subpixel is evenly divided by the left side of the slit,
the intercept length on the bottom edge of this subpixel is
Δ 0 = |(3𝑡 ⋅ tan 𝜃 − 𝑡)/2|. When the subpixel in the 𝑖th row
is intercepted by the left edge of the first integral slit, Δ 1 (𝑖) =
3𝑖𝑡 ⋅ tan 𝜃 − ⌊3𝑖𝑡 ⋅ tan 𝜃⌋.
When Δ 1 (𝑖) > Δ 0 , the subpixel in the 𝑖th row ⌊3𝑖 ⋅ tan 𝜃⌋ +
1th column on the synthetic image shows the color belonging
to intended view image.
If Δ 1 (𝑖) − Δ 0 ≤ Δ 0 ,
𝑠3 (𝑖) =

Depending on the slant angle of parallax barrier 𝜃, the
system-introduced crosstalk measurement is proposed as
follows.
(1) Crosstalk measurement when 𝜃 ≤ arctan(1/3): when
the subpixel is divided equally by the left side of the slit, the
intercept length on the bottom edge of the subpixel is 𝑡−Δ 0 =
𝑡 − |(3𝑡 ⋅ tan 𝜃 − 𝑡)/2| = (𝑡 + 3𝑡 tan 𝜃)/2. Let the intercept of
subpixel on the lower limb by the left edge of the first integral
slit be Δ 1 (𝑖) = 3𝑖𝑡 ⋅ tan 𝜃 − ⌊3𝑖𝑡 ⋅ tan 𝜃⌋.
When Δ 1 (𝑖) ≥ 𝑡 − Δ 0 , the subpixel in the 𝑖th row ⌊3𝑖 ⋅
tan 𝜃⌋ + 2th column on the synthetic image shows the color
belonging to intended view image. Consider

𝑠3 (𝑖) =

3 2 

𝑡 + Δ 1 (𝑖) + Δ 0 − 𝑡 × 3𝑡,
2
2

𝑠4 (𝑖 − 1) =

(2Δ 0 + Δ 1 (𝑖) − 𝑡)
,
2 tan 𝜃

(4)

(2Δ 1 (𝑖) + 𝑡) 𝑡 Δ21 (𝑖)
−
,
2 tan 𝜃
2 tan 𝜃

𝑠4 (𝑖 − 1) = 0,

(7)
2

(𝑡 − Δ 1 (𝑖))
𝑠5 (𝑖 + 1) =
.
2 tan 𝜃
If Δ 1 (𝑖) − Δ 0 > Δ 0 ,
𝑠3 (𝑖) = 3𝑡2 −

2

Δ21 (𝑖) (𝑡 + 2Δ 0 − Δ 1 (𝑖))
−
,
2 tan 𝜃
2 tan 𝜃
2

𝑠4 (𝑖 − 1) =

(Δ 1 (𝑖) − 2Δ 0 )
,
2 tan 𝜃

(8)

2

(𝑡 − Δ 1 (𝑖))
𝑠5 (𝑖 + 1) =
.
2 tan 𝜃
When Δ 1 (𝑖) ≤ Δ 0 , the subpixel in the 𝑖th row ⌊3𝑖⋅tan 𝜃⌋th
column on the synthetic image shows color belonging to
intended view image.
If Δ 0 − Δ 1 (𝑖) ≤ 𝑡 − Δ 0 ,
2

(2Δ 0 − Δ 1 (𝑖))
(2Δ 1 (𝑖) + 𝑡) 𝑡
𝑠3 (𝑖) = 3𝑡 −
−
,
2 tan 𝜃
2 tan 𝜃

𝑠5 (𝑖 + 1) = 0.

2

When Δ 1 (𝑖) < 𝑡 − Δ 0 , the subpixel in the 𝑖th row ⌊3𝑖 ⋅
tan 𝜃⌋ + 1th column on the synthetic image shows the color
belonging to intended view image.
If Δ 0 ≥ 𝑡 − Δ 0 − Δ 1 (𝑖),

2

𝑠4 (𝑖 − 1) =

(𝑡 + Δ 1 (𝑖) − 2Δ 0 )
,
2 tan 𝜃

(9)

𝑠5 (𝑖 + 1) = 0.
If Δ 0 − Δ 1 (𝑖) > 𝑡 − Δ 0 ,

𝑠3 (𝑖) =

3 2 

𝑡 + Δ 1 (𝑖) + Δ 0 − 𝑡 × 3𝑡,
2

𝑠4 (𝑖 − 1) = 0,

(5)
2

𝑠5 (𝑖 + 1) =

𝑠3 (𝑖) = 3𝑡2 −

(𝑡 − Δ 1 (𝑖))
.
2 tan 𝜃

[2 (2Δ 0 − Δ 1 (𝑖) − 𝑡) + 𝑡] 𝑡 (2Δ 1 (𝑖) + 𝑡) 𝑡
−
,
2 tan 𝜃
2 tan 𝜃
𝑠4 (𝑖 − 1) = 0,
𝑠5 (𝑖 + 1) = 0.
(10)
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Substituting these results into expression (3) obtains
the system-introduced crosstalk for arbitrary multiview 3D
display.
In the method given above, the top left corner of the
visible image observed through the first integral slit and the
top left corner of synthetic image coincide. Variable 𝑎 is used
to denote the distance from the top left corner of the visible
image observed through the first integral slit to the top left
corner of synthetic image. Let 𝑎 be within the range of [0, 𝑡].
Then, Δ 1 (𝑖) = 3𝑖𝑡 ⋅ tan 𝜃 + 𝑎 − ⌊3𝑖𝑡 ⋅ tan 𝜃 + 𝑎⌋. The following
calculation procedure is the same as that given above.
Varying 𝑎 from 0 to 𝑡 simulates the slight movement
of visible image on the synthetic image, while the viewing
position is moving parallel to the display screen in the viewing
zone. The crosstalk varies with the variable 𝑎. Thus, we define
the system-introduced crosstalk as 𝜒𝑛 = min𝑎∈[0,𝑡] 𝜒𝑛 (𝑎) that
is the system-introduced crosstalk observed at the optimal
viewing point.
2.2. Improved Crosstalk Reduction Method. For crosstalk
reduction, the neighboring subpixels in the same column
should be considered because the subpixels in same column
on synthetic image show the same color, which is the main
leakage among different view images. What we want to do
is to correct the subpixel value on the synthetic image from
𝑏(𝑖, 𝑗) to 𝑥(𝑖, 𝑗) such that the leakage from the neighboring
subpixels in same column will become useful for the image
quality of multiview 3D displays; that is,
𝑏 (𝑖, 𝑗)

(1) B1 = {X ∈ Z𝑤×ℎ : X < L or X > U};
(2) B2 = {X ∉ Z𝑤×ℎ : L ≤ X ≤ U}.
We propose an alternative method to obtain the optimum
solution to equations set (12). For the given B, X is the
solution to a BILS problem:
min ‖B − AX‖22

X∈B𝑋

B𝑋 = {X ∈ Z𝑤×ℎ : L ≤ X ≤ U} ,

(13)

where ‖ ⋅ ‖2 denotes the Euclidean norm.
Given a real ℎ-vector b𝑗 and a real ℎ×ℎ matrix A with full
column rank, lattice reduction is applied to solve the problem:

2
min b𝑗 − Ax𝑗 2 ,

𝑠3 (𝑖) 𝑥 (𝑖, 𝑗) + 𝑠5 (𝑖 + 1) 𝑥 (𝑖 + 1, 𝑗)
{
{
{
{
𝑠3 (𝑖) + 𝑠5 (𝑖 + 1)
{
{
{
{
𝑖=1
{
{
{
{
{
𝑥
(𝑖−1,
𝑗)+𝑠
𝑥
(𝑖,
𝑗)+𝑠5 (𝑖+1) 𝑥 (𝑖+1, 𝑗)
𝑠
(𝑖−1)
(𝑖)
3
{
{ 4
={
𝑠4 (𝑖 − 1) + 𝑠3 (𝑖) + 𝑠5 (𝑖 + 1)
{
{
{
2≤𝑖≤ℎ−1
{
{
{
{
−
1)
𝑥
(𝑖
−
1,
𝑗)
+
𝑠
𝑥
(𝑖,
𝑗)
𝑠
(𝑖
(𝑖)
{
4
3
{
{
{
{
𝑠4 (𝑖 − 1) + 𝑠3 (𝑖)
{
{
𝑖 = ℎ,
{

x𝑗 ∈B𝑥 

(14)

ℎ

B𝑥 = {x𝑗 ∈ Z : l𝑗 ≤ x𝑗 ≤ u𝑗 }

(11)
where 𝑏(𝑖, 𝑗) and 𝑥(𝑖, 𝑗) denote the subpixel values in the 𝑖th
row 𝑗 column on the synthetic image before and after correction, respectively. That means that the intensity obtained at
the 𝑛th optimal viewing position is equal to the intensity of
the 𝑛th intended view image, after correction. To solve this
problem, it can be written as follows:
AX = B,

crosstalk among the subpixels corresponding to different
view images on the synthetic image, rather than among the
whole neighboring view images.
In the actual display devices, 𝑥(𝑖, 𝑗) is set to be 0, if
𝑥(𝑖, 𝑗) < 0; 𝑥(𝑖, 𝑗) is set to be 255, if 𝑥(𝑖, 𝑗) > 255; and 𝑥(𝑖, 𝑗) is
set to be ⌊𝑥(𝑖, 𝑗)⌉, if 𝑥(𝑖, 𝑗) ∉ Z. This operation causes the fact
that the unique solution to problem (12), X = A−1 B, may not
be the optimal solution, which means crosstalk elimination
does not perform completely.
If the rank of A is ℎ, which means A is full rank, the
equation set has the unique solution X = A−1 B. However,
B is constrained to the box B𝐵 = {B ∈ Z𝑤×ℎ : L ≤ B ≤ U},
where L = 0 × I𝑤×ℎ and U = 255 × I𝑤×ℎ . Hence X may be in
following two boxes:

(12)

where B ∈ Z𝑤×ℎ and X ∈ Z𝑤×ℎ are the synthetic images
before and after correction, respectively. A ∈ Rℎ×ℎ is the
crosstalk coefficient matrix. The entry of A, 𝑎(𝑝, 𝑞) denotes
the leakage degree from the subpixel in the 𝑞th row 𝑗th
column to the one in the 𝑝th row 𝑗th column on the synthetic
image. 𝑝 and 𝑞 are both the numbers from 1 to ℎ. We obtain
𝑎(𝑝, 𝑞) by the proposed method, which exactly reflects the

for 𝑗 = 1, 2, . . . , 𝑤. The optimal solution to problem (14)
is also the solution to (13). In lattice theory, A is called the
generator matrix of the lattice L(𝐴) = {Ax𝑗 : x𝑗 ∈ Zℎ }, b𝑗
is called the input vector, and (14) is referred to as a closestpoint problem, since it is the problem to find a point in the
lattice which is closest to the given input point b𝑗 .
At first, we transform the matrix A to an upper triangular
matrix, which has good properties to make the search
algorithm more efficient. Here, this can be performed by the
QR decomposition of A:
AP = QR,

(15)

where P ∈ Zℎ×ℎ is a permutation matrix, Q ∈ Rℎ×ℎ is
orthogonal, and R ∈ Rℎ×ℎ is nonsingular upper triangular.
With the QR decomposition, we have
2 
2

b𝑗 − Ax𝑗  = Q𝑇 b𝑗 − RP𝑇 x𝑗  .
2 
2


(16)

Define
b𝑗 = Q𝑇 b𝑗 ,

z𝑗 = P𝑇 x𝑗 ,

l𝑗 = P𝑇 l𝑗 ,

u𝑗 = P𝑇 u𝑗 ,
(17)
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where l𝑗 is the lower bound of x𝑗 and u𝑗 is the upper bound
of x𝑗 . l𝑗 is the lower bound of z𝑗 ; u𝑗 is the upper bound of z𝑗 .
Here, 𝑙1𝑗 = 𝑙2𝑗 = ⋅ ⋅ ⋅ = 𝑙ℎ𝑗 = 0; 𝑢1𝑗 = 𝑢2𝑗 = ⋅ ⋅ ⋅ = 𝑢ℎ𝑗 = 255.
When P is an identity matrix, BILS problem (14) is
equivalent to the following one:

2
min b𝑗 − Rz𝑗 2

z𝑗 ∈B𝑧 

(18)

ℎ

B𝑧 = {z𝑗 ∈ Z : l𝑗 ≤ z𝑗 ≤ u𝑗 } ,
for 𝑗 = 1, 2, . . . , 𝑤.
Then the proposed algorithm tries to solve (18). Note that,
if ̂z𝑗 is the solution to (18), then x̂𝑗 = P̂z𝑗 = ̂z𝑗 is the solution
̂ is the solution to (13).
to (14) and X
We provide a search algorithm which avoids some drawbacks of algorithm BGBF (Algorithm 1) [17]. Our algorithm
is applied to obtain the correction result of synthetic image
one column by one column. When we input b = b𝑗 (𝑗 is
the number from 1 to 𝑤), the correction result of this column
̂z = ̂z𝑗 is obtained. After 𝑤 times operations, synthetic image
̂ Thus, we obtain the
is processed to the correction result Z.
̂
̂
final correction result X = Z.
In Step 1 or Step 3, the last value of 𝑧𝑘 may be the lower
bound 𝑙𝑘 or the upper bound 𝑢𝑘 . To avoid enumerating some
integers outside the interval [𝑙𝑘 , 𝑢𝑘 ] in Step 5, we set Δ 𝑘 =
− sign(𝜌𝑘 ). For instance, when ⌊𝑠𝑘 ⌉ > 𝑢𝑘 in Step 1 or Step
3, 𝑧𝑘 = ⌊𝑠𝑘 ⌉ > 𝑢𝑘 , 𝑧𝑘 = min(𝑧𝑘 , 𝑢𝑘 ) = 𝑢𝑘 , and the offset
variable Δ 𝑘 = −1 (since 𝜌𝑘 = (𝑠𝑘 − 𝑧𝑘 )𝑟𝑘𝑘 = (𝑠𝑘 − 𝑢𝑘 )𝑟𝑘𝑘 > 0),
which means the next value is 𝑧𝑘 := 𝑧𝑘 − 1 = 𝑢𝑘 − 1. This
process mostly avoids enumerating integer beyond the box
constraint. However, when 𝑢𝑘 − 0.5 ≤ 𝑠𝑘 < 𝑢𝑘 , ⌊𝑠𝑘 ⌉ = 𝑢𝑘 ,
𝜌𝑘 = (𝑠𝑘 − 𝑧𝑘 )𝑟𝑘𝑘 = (𝑠𝑘 − 𝑢𝑘 )𝑟𝑘𝑘 < 0, and Δ 𝑘 = − sign(𝜌𝑘 ) = 1,
𝑧𝑘 = 𝑧𝑘 + Δ 𝑘 will be outside the interval [𝑙𝑘 , 𝑢𝑘 ]. To avoid
this happening, we set Δ 𝑘 := −1 and compute 𝑧𝑘 := 𝑧𝑘 + Δ 𝑘
if 𝑧𝑘 + Δ 𝑘 > 𝑢𝑘 in Step 5; we set Δ 𝑘 := 1 and compute
𝑧𝑘 := 𝑧𝑘 + Δ 𝑘 if 𝑧𝑘 + Δ 𝑘 < 𝑙𝑘 ; otherwise, we compute 𝑧𝑘 :=
𝑧𝑘 + Δ 𝑘 and Δ 𝑘 := −Δ 𝑘 − sign(Δ 𝑘 ). Therefore, our algorithm
always enumerates the integers within the box constraint at
each level.
In algorithm BGBF, if 𝑇 > 𝛽 and 𝑘 ≠ℎ in Step 4, that
means no any other integer will satisfy inequality ∑ℎ𝑙=𝑘 𝑟𝑙𝑙2 (𝑠𝑙 −
𝑧𝑙 )2 < 𝛽 in level 𝑘. If 𝜌𝑙 = 0 (𝑙 = 𝑘 + 1, 𝑘 + 2 ⋅ ⋅ ⋅ ℎ) at that time,
there is still not any other integer satisfying the inequality and
we should exit loop directly and return the optimal solution
𝑧̂. Therefore, if 𝑇 > 𝛽, 𝑘 < ℎ, and 𝜌𝑙 = 0 (𝑙 = 𝑘 + 1, 𝑘 + 2 ⋅ ⋅ ⋅ ℎ),
our algorithm exits the loop and returns the optimal solution
̂z = ̂z𝑗 ; otherwise go back to level 𝑘 + 1.

3. Results and Discussion
In this section, we aim to validate the improved crosstalk
reduction method on multiview 3D displays, both qualitatively and quantitatively. We first give a specific example to demonstrate that the improved method alleviates
the crosstalk on multiview 3D lenticular display effectively.
Then computer simulation is carried out to compare the
crosstalk correction results with typical method on two test

sequences. Numerical results are presented to validate the
performance of the improved method in terms of the mean
square error (MSE) and peak signal-to-noise ratio (PSNR).
Finally, a photometer is used for measurement to compare
the crosstalk reduction results by the improved method and
typical method. The experiment results indicate that the
improved method eliminates the crosstalk more effectively
and improves the quality of the 3D images further.
At first, we compare the crosstalk values obtained via the
proposed method and measured through the experimental
method. To verify the effectiveness of the proposed crosstalk
measurement method, a photometer (FS-5500TLS) is used
to measure the crosstalk at the optimal viewing position. At
first, 8 black-and-white test images are obtained in which
each view image is white (that means that the subpixel values
corresponding to the certain view image are equal to 255)
and, in turn, presented on the display screen. In the blackand-white test image, only subpixel values corresponding
to the certain view image are equal to 255, and all of
the other subpixel values are equal to 0. We perform the
experiment, using a multiview 3D parallax barrier display
screen (42HD, provided by Tianjin 3-D Imaging Technique
Co. Ltd.) is used to display synthetic images. Then, measure
environmental light intensity and each test images intensity,
respectively, along the horizontal direction at the optimal
viewing distance. The photometer is used for luminance
measurements. The luminances 𝑌𝑙 and 𝑌𝐵 are obtained; then
crosstalk 𝜒𝑛 = 0.38 is got through formula (1). Through
the proposed crosstalk measurement method, we get the
crosstalk 𝜒𝑛 = 0.38 when 𝛼 = arctan(2/9) on the multiview
3D display. The result well matches the actual measured
crosstalk value. The close agreement between the proposed
method and measured crosstalk results demonstrates that
the proposed crosstalk measurement method can be used to
measure the crosstalk on the multiview 3D display.
In our implementation, 𝑎̂ = arg min𝑎 𝜒𝑛 (𝑎) and the
crosstalk coefficient matrices A ∈ Rℎ×ℎ are obtained
by the proposed system-introduced crosstalk measurement
method. The improved crosstalk reduction method is applied
to calculate the correction values of subpixels one column by
one column. However, when dimension ℎ is large, the search
time becomes significant. So 𝐴 is rewritten as
𝐴1 0 ⋅ ⋅ ⋅
0
0
0 𝐴2 ⋅ ⋅ ⋅
𝐴=( . .
.. ) ,
.. .. d
.
0 0 ⋅ ⋅ ⋅ 𝐴⌈ℎ/𝑟⌉

(19)

where 𝐴𝑙 ∈ R𝑟×𝑟 . To determine 𝑟, we analyze the relationship
of neighboring subpixels in the same column. For example,
when parallax barrier is slanted at the angle of arctan(2/9), we
get the distribution mode of different view images’ subpixels
on the synthetic image, illustrated in Figure 2. Taking the
first column on the left as an example, the third and fourth
subpixels belong to the seventh view image and are observed
at the seventh optimal viewing position. That means the third
and fourth subpixels do not interact and are not related to
each other. Consequently, we consider that every 3 subpixel
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Input: The upper triangular matrix R ∈ Rℎ×ℎ with positive diagonal entries, the vector
b = b 𝑗 ∈ Zℎ , the lower bound vector l = l 𝑗 ∈ Zℎ , the upper bound vector
u = uj ∈ Zℎ , the initial hyper-ellipsoid bound 𝛽.
Output: The solution ̂z ∈ Zℎ to the BILS Problem (18).
Step 1. (Initialization) Set 𝑘 := ℎ, 𝑇𝑘 := 0,
Compute 𝑠𝑘 := 𝑏𝑘 /𝑟𝑘𝑘 , 𝑧𝑘 := ⌊𝑠𝑘 ⌉,
𝑧𝑘 := max(𝑧𝑘 , 𝑙𝑘 ), 𝑧𝑘 := min(𝑧𝑘 , 𝑢𝑘 ),
𝜌𝑘 := (𝑠𝑘 − 𝑧𝑘 )𝑟𝑘𝑘 , Δ 𝑘 := − sign(𝜌𝑘 ).
Step 2. Compute 𝑇 := 𝑇𝑘 + 𝜌𝑘2 ,
if 𝑇 < 𝛽 and 𝑘 ≠1, then
Go to Step 3
else
Go to Step 4
end if
Step 3. Set 𝑇𝑘−1 := 𝑇, 𝑘 := 𝑘 − 1
ℎ
Compute 𝑠𝑘 := (𝑏𝑘 − ∑𝑚=𝑘+1 𝑟𝑘𝑚 𝑧𝑚 ) /𝑟𝑘𝑘 ,
𝑧𝑘 := ⌊𝑠𝑘 ⌉, 𝑧𝑘 := max(𝑧𝑘 , 𝑙𝑘 ), 𝑧𝑘 := min(𝑧𝑘 , 𝑢𝑘 ),
𝜌𝑘 := (𝑠𝑘 − 𝑧𝑘 )𝑟𝑘𝑘 , Δ 𝑘 := − sign(𝜌𝑘 ).
Go to Step 2
Step 4. If 𝑇 < 𝛽, then
Set 𝛽 := 𝑇, ̂z := z , 𝑘 := 𝑘 + 1,
else if 𝑘 = ℎ, then
Terminate
else
𝑘 := 𝑘 + 1
if 𝜌𝑘 = 0, then
𝐾 := 𝑘
repeat
if 𝑘 = ℎ, then
Terminate
end if
𝑘 := 𝑘 + 1
until 𝜌𝑘 ≠0
if 𝑘 ≠ℎ, then
𝑘 := 𝐾
end if
end if
end if
Step 5. If 𝑧𝑘 + Δ 𝑘 > 𝑢𝑘 , then
Set Δ 𝑘 := −1
Compute 𝑧𝑘 := 𝑧𝑘 + Δ 𝑘
else if 𝑧𝑘 + Δ 𝑘 < 𝑙𝑘 , then
Set Δ 𝑘 := 1
Compute 𝑧𝑘 := 𝑧𝑘 + Δ 𝑘
else
Compute 𝑧𝑘 := 𝑧𝑘 + Δ 𝑘 , Δ 𝑘 := −Δ 𝑘 − sign(Δ 𝑘 )
end if
Compute 𝜌𝑘 := (𝑠𝑘 − 𝑧𝑘 ) 𝑟𝑘𝑘
Go to Step 2.
Algorithm 1: Crosstalk reduction algorithm.

values are correlative in one column; that is, 𝑟 = 3 when
𝜃 = arctan(2/9). Obviously, when 𝜃 < arctan(1/3), 𝑟 can be
determined easily in the same way. When 𝜃 ≥ arctan(1/3),
we can determine 𝑟, according to the need.
We input the vector b = Q𝑇𝑙 b𝑙𝑗 and upper triangle
matrix R𝑙 ∈ R𝑟×𝑟 , where R𝑙 and Q𝑙 ∈ R𝑟×𝑟 are the results
of QR composition of A𝑙 , b𝑙𝑗 = (𝑏𝑙,𝑗 , 𝑏𝑙+1,𝑗 , . . . , 𝑏𝑙+𝑟−1,𝑗 )𝑇

(𝑙 is the number from 1 to ⌈ℎ/𝑟⌉; 𝑗 is the number from 1 to
𝑤). After one operation, output 𝑧̂ = (̂𝑧𝑙,𝑗 , 𝑧̂𝑙+1,𝑗 , . . . , 𝑧̂𝑙+𝑟−1,𝑗 )𝑇 .
̂ is
After ⌈ℎ/𝑟⌉ × 𝑤 times operations, the correction result X
obtained.
First, we give a specific example to demonstrate the
effectiveness of the proposed method for a group of images
of a scene “Euro.” A multiview 3D lenticular display screen
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(a)

(b)

(c)

Figure 4: Photos of a scene “Euro” taken at the fourth optimal viewing position. (a) Result before correction. (b) Result by method given in
[11]. (c) Result by our method.

(46HD, provided by SuperD Co. Ltd.) is used to display
synthetic images. The result before correction and the result
by the method in [11] and our method are presented on the
display screen, respectively. Figure 4 shows the photos taken
at the fourth optimal viewing position. As can be seen the
edges of “Euro” are blurring in the result before correction
and it is still not good enough in the result by the method
in [11]. Compared with Figures 4(a) and 4(b), the photo
in Figure 4(c) is the clearest, especially at the boundaries
of “golden bricks.” Furthermore, it can be observed from
Figure 4 that objects’ jagged edges (such as Euro’ edges and
the golden stick’ edges) are still obvious in the result by
the method in [11]. In contrast, our method well solves this
problem; the phenomenon of contour jaggies largely disappears in the result by our method. It can be discovered from
the experiment results that the proposed method reduces
the crosstalk more effectively on the multiview 3D lenticular
display.
Then, we compare the correction results obtained by
the proposed method and the method in [11] for two test
sequences in terms of MSE and PSNR. Two test sequences are
used in our implementation, namely, “Fireman” and “Lotus.”

They are obtained from Tianjin 3D Imaging Technique Co.
Ltd., Tianjin, China, which are 3D test sequences with proper
parallax between adjacent views. The resolution of “Fireman”
is 1024 × 600, while the resolution of “Lotus” is 1920 ×
1024. To be fair, the commonly used metric MSE is used to
evaluate the residual crosstalk, which is defined as MSE =
(1/(ℎ × 𝑤))‖AX − B‖22 . Note that the MSE is converted to
the PSNR based upon the relationship PSNR = 10 log10
(2552 /MSE). Figure 5 plots the PSNR values versus both the
frame and the view numbers in two sequences. For a closeup look, as an example, Figure 6 compares our correction
results with the results by the method in [11]. The PSNR
values versus the frame number for each view of “Fireman”
are shown in the figure. Furthermore, the MSE curves for
each view of “Lotus” are plotted in Figure 7, showing the
frame-level residual crosstalk (MSE) of each view versus the
frame number. It can be concluded that the improved method
performs better than the typical method for both sequences
in terms of MSE and PSNR.
The MSE per frame in results by the method in [11] and
our method for two test sequences is compared. Figure 8 plots
the MSE versus the frames for the sequences “Fireman” and
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Figure 5: PSNR versus both the frame and the view numbers in corrected sequences. (a) PSNR of corrected “Lotus” by our method. (b) PSNR
of corrected “Lotus” by the method in [11]. (c) PSNR of corrected “Fireman” by our method. (d) PSNR of corrected “Fireman” by the method
in [11].

“Lotus.” As can be seen, the intensity observed at the optimal
viewing position in the correction result by our method is
very near to the intensity of intended view image; that is,
the residual crosstalk reduces greatly in the results by our
method.
We then estimate the average PSNR per view for the
two test sequences. Table 1 lists the average residual crosstalk
(PSNR) of each view of the two test sequences in results
by the method in [11] and our method. These comparative
results clearly demonstrate that the crosstalk reduction is
better performed in our results.
To further verify the effectiveness of the proposed
method, a photometer is used to measure the luminance at
the optimal viewing position in our experiment. The screen
we use for the measurements is the same 8-view 3D lenticular
display as mentioned above. The screen is placed in a dark
room and test images (before and after correction) and
various reference images are displayed on it alternatively. The
typical experiment measures crosstalk based on maximum
pixel value. However, the pixel value is a random variable
from 0 to 255 in the practical application, which is rarely 0 or
255. Furthermore, while the intended view image is observed,
the other view images are all observed at the same time, rather
than being observed alternatively. In typical experiment,

Table 1: Crosstalk reduction results (PSNR) comparison in two
sequences.
Sequences
“Fireman”
View 1
View 2
View 3
View 4
View 5
View 6
View 7
View 8
“Lotus”
View 1
View 2
View 3
View 4
View 5
View 6
View 7
View 8

Before correction

PSNR (dB)
Method in [11]

Our method

26.0711
31.3607
31.5242
32.1086
32.0063
31.3716
31.3093
26.1231

29.0970
34.7981
34.9284
35.2510
35.5148
34.7109
34.5597
29.2921

32.5948
40.8481
41.7979
41.5759
43.1056
41.0957
40.3676
33.0626

30.1898
36.0433
36.0373
36.0175
36.0111
35.9936
35.9739
30.1766

34.1157
39.9944
40.0222
39.9877
39.9765
39.9391
39.8958
34.6226

39.7694
46.7904
47.4171
47.2790
47.2212
47.0899
46.5392
42.0747
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Figure 6: PSNR versus frames for each view in “Lotus.” (a) PSNR of view 1 in “Lotus.” (b) PSNR of view 2 in “Lotus.” (c) PSNR of view 3 in
“Lotus.” (d) PSNR of view 4 in “Lotus.” (e) PSNR of view 5 in “Lotus.” (f) PSNR of view 6 in “Lotus.” (g) PSNR of view 7 in “Lotus.” (h) PSNR
of view 8 in “Lotus.”
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Figure 7: MSE versus frames for each view in “Fireman.” (a) MSE of view 1 in “Fireman.” (b) MSE of view 2 in “Fireman.” (c) MSE of view 3 in
“Fireman.” (d) MSE of view 4 in “Fireman.” (e) MSE of view 5 in “Fireman.” (f) MSE of view 6 in “Fireman.” (g) MSE of view 7 in “Fireman.”
(h) MSE of view 8 in “Fireman.”
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Table 2: Crosstalk reduction results (absolute deviation) comparison.
View number
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Absolute deviation (Cd/m2 )
Method in [11]
Our method
6.609
5.968
8.532
7.919
18.503
2.000
16.945
0.855
3.040
2.584
11.063
10.624
21.049
2.042
21.173
1.741

which means the viewer crosstalk is eliminated largely by the
proposed method.

(a)

MSE

30
25

4. Conclusions

20

Despite the fact that many researchers have been devoted to
evaluating and eliminating the crosstalk in the stereoscopic
display, there is still a lack of work on crosstalk reduction
on multiview 3D displays. Typical methods for crosstalk
measurement are based on the experiments, which cannot
measure the precise crosstalk. In this paper, a systemintroduced crosstalk measurement method is proposed to
obtain crosstalk when slant angle of parallax barrier is an
independent variable. Through this method, the crosstalk
coefficient matrix A is obtained. Moreover, we improve the
lattice search algorithm to reduce the crosstalk on multiview
3D displays, which overcomes some shortcomings of algorithm BGBF. Both simulations and experimental results are
presented to demonstrate that proposed method is capable of
effectively reducing crosstalk on multiview 3D displays.
In practical applications, our system-introduced crosstalk
measurement method can be employed to study the performance of multiview 3D techniques and our crosstalk
reduction technology can improve the multiview 3D viewing
quality. We hope the reader can implement our algorithms
without difficulty.
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Figure 8: MSE versus frames in “Fireman” and “Lotus.”

when the luminance measured at the 𝑛th optimal viewing
position is near to the intended luminance in the 𝑛th test
image, the influence on the other viewing position is not
evaluated. To be fair, we decide to use only one test image
and 8 reference images for comparison. The test image is
composed of 8 view images, 𝑉1 = 𝑉2 = 20, 𝑉3 = 𝑉4 =
220, 𝑉5 = 𝑉6 = 40, and 𝑉7 = 𝑉8 = 200, where 𝑉𝑛
denotes pixel value of the 𝑛th view image. The luminance
𝐼𝑛 is measured at the 𝑛th optimal viewing position by the
photometer when the test image is presented on the screen.
The intended view image’s luminance 𝐼ref𝑛 for the 𝑛th viewing
position is obtained at the 𝑛th viewing position when the
𝑛th reference image is presented on the screen. 𝑉1 = 𝑉2 =
⋅ ⋅ ⋅ = 𝑉8 = 𝑉𝑛 in the 𝑛th reference image; that is, there is
no crosstalk for 𝑛th view image. Absolute deviation is used to
evaluate the performance, which is defined as |𝐼𝑛 − 𝐼ref𝑛 |. The
corrected test images by the method in [11] and our method
are presented on the display screen, respectively. Table 2 lists
the deviation values of the correction results for each view
by our method and the method in [11]. These comparative
results clearly demonstrate that luminance measured in our
result is very close to the intended view image’s luminance,
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Energy consumption has recently become a major concern to multiprocessor computing systems, of which the primary
performance goal has traditionally been reducing execution time of applications. In the context of scheduling, there have been
increasing research interests on algorithms using dynamic voltage scaling (DVS), which allows processors to operate at lower voltage
supply levels at the expense of sacrificing processing speed, to acquire a satisfactory trade-off between quality of schedule and energy
consumption. The problem considered in this paper is to find a schedule for a workflow, which is normally a precedence constrained
application, on a bounded number of heterogeneous DVS-enabled processors, so as to minimize both makespan (overall execution
time of the application) and energy consumption. A fast and efficient heuristic is proposed and evaluated using simulation with
two real-world applications as well as randomly generated ones.

1. Introduction
During the last few decades, explosions in the volume of computation and/or data have stimulated a variety of researches
on multiprocessor platforms (such as grids and clouds) to
host complicated applications such as workflows [1, 2], which
are widely used in the engineering, business, and science
fields. It is not difficult to imagine that these powerful platforms, with a large (and still increasing) group of computing, storage, and connection equipment, must consume an
enormous amount of energy. It has been estimated that the
annual data center energy consumption in 2011 in the United
States is over 100 billion kWh and at a cost of $7.4 billion [3].
According to [4], in the United States, energy consumed by
the information and communication technology equipment
is roughly 8% of the total and will increase 50% within
a decade. This, undoubtedly, will further deteriorate the
environment with increasing CO2 emission.
The increasingly challenging energy problem urges growing need in developing energy-efficient solutions for multiprocessor platforms. However, most of the current researches
on resource management of these platforms (e.g., Condor
[5], Pegasus [6], etc.) mainly focus on achieving performance

goals like high performance, high throughput, high reliability,
and/or high availability to cater to users’ requirements. As a
result, most existing multiprocessor platforms generally lack
capability on energy saving. This renders energy consumption problem an urgent and crucial issue to address.
Recent advancement in hardware technologies [7] (including dynamic voltage and frequency scaling, resource
hibernation, memory optimization, solid state drives, energyefficient computer monitors, etc.) have dealt with the energy
consumption issues to some extent. However, it still remains
a serious concern for software techniques such as scheduling algorithms (especially in a multiprocessor platform) to
achieve substantial energy saving.
In this paper we consider workflow scheduling based on
DVS, as it has demonstrated to be a promising technique in
an abundance of literatures [8–12]. DVS enables processors
to dynamically adjust voltage supply levels (VSLs) and CPU
frequencies aiming to reduce power consumption, while an
acceptable amount of performance sacrifice is paid as the
expense.
With the aim at simultaneously minimizing makespan
and energy consumption, the general form of the problem we
considered here boils down to biobjective DAG scheduling,

2
as we assume every workflow application is represented by a
directed acyclic graph (DAG). In particular, we focus on DAG
scheduling for admission control of service- and marketoriented computing environments such as clouds, where a
user and a service provider need to reach an agreement
before the execution of the user application, and users are
free to choose among different service providers. In such
a scenario, a service provider needs the DAG scheduling
return a competitive makespan (to attract customers) and
a low energy consumption (for energy saving). Moreover,
the scheduling should be performed in short time as users
normally require a real-time response. There have been a
few biobjective DAG scheduling heuristics in the literature.
Some of these heuristics may provide quick response, but
their performance leaves a considerable space to improve.
Other heuristics may exhibit satisfactory performance but
the scheduling cost is extremely high, and therefore not
particularly suitable for the scenario discussed above. The
need for fast and efficient DAG scheduling heuristics, suitable
for real admission control of clouds, motivates the work
presented in this paper.
This paper presents a new biobjective heuristic with
the objective to simultaneously provide effective DVS-based
DAG scheduling and fast scheduling time. Our heuristic is
an enhancement of energy conscious scheduling heuristic
(ECS) [11], which could make a quick scheduling decision,
whereas the scheduling performance is often limited due
to local optimum. With deliberation, we refine the core of
ECS, namely, propose a novel objective function used by
the RS (relative superiority) and a new criteria used by the
MCER (makespan-conservative energy reduction technique)
phases of ECS, to derive a new heuristic. The comparison
results obtained from our extensive evaluation show that
our approach can make significant improvement on both
makespan optimization and energy reduction while still
meeting real-time response requirement. This indicates that
our approach can be easily applied to admission control of
service- and market-oriented computing systems.
The remainder of the paper is organized as follows.
Section 2 describes the background and related work.
Section 3 describes the models used in our study and specifies
the problem to be addressed. The proposed scheduling
approach is presented in Section 4 with an illustrative example. The results of our comparative evaluation are shown in
Section 5. Finally, the paper is concluded in Section 6.

2. Related Work
Dozens of static DAG scheduling heuristics aiming at minimizing makespan for heterogeneous multiprocessor systems
have been presented in the literature. These heuristics are
designed following different design principles. We hereby
roughly classify these heuristics into list-scheduling algorithms [13–16], duplication-based algorithms [17–19], clustering algorithms [20, 21], and guided random search methods
[22, 23]. Apparently, all these heuristics are different with
our study in that their scheduling does not take energy
consumption into account.
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As DVS is a promising energy saving technique that
can be incorporated into scheduling, a large number of
scheduling algorithms based on DVS have been proposed for
diverse applications and computing platforms. The majority
of these DVS-based scheduling heuristics are conducted on
homogeneous computing systems [9, 10, 24, 25], or singleprocessor systems [3, 26, 27], or focused on independent
tasks [28–30]. These heuristics cannot address issues like
task dependency and processor heterogeneity, which are
addressed in our study.
There are also DVS-based scheduling heuristics focusing
on DAG applications as well as heterogeneous systems.
Huang et al. [12] proposed an enhanced energy-efficient
scheduling algorithm to reduce energy consumption while
meeting performance-based service level agreement (e.g.,
deadline constraint). This algorithm exploited the slack
room between initially scheduled tasks and reallocated them
in a global manner to achieve power saving. Unlike this
work, applications considered in our study are not deadlineconstrained, and the evaluation of the quality of schedules
should be measured on both makespan and energy consumption.
Evolutionary techniques (i.e., genetic algorithm) have
been widely applied to various problems (i.e., energy supply
[31], space allocation [32], and multiobjective scheduling
[33], etc.). Mezmaz et al. [34] proposed a hybrid genetic
algorithm using DVS to simultaneously minimize makespan
and energy consumption. Algorithms based on evolutionary
techniques normally perform well on optimization. However,
these algorithms usually require significantly high scheduling
costs, even though modification may be applied to improve
their efficiency [35]. As a result, these algorithms are naturally
too time-consuming for admission control of clouds where a
real-time response is required.
Energy-conscious scheduling heuristic (ECS) [11] is a listscheduling algorithm aiming at simultaneously minimizing
makespan and energy consumption with a low complexity.
The heuristic consists of two phases. In the first phase, the
heuristic applies bottom-level ranking to prioritize tasks, and
then, in turn, selects the processor and the VSL for the
current task so that the devised objective function, which
is defined as relative superiority (RS), can be maximized.
After the first phase, a temporary schedule is generated.
In the second phase, a new criterion is used, which is
defined as makespan-conservative energy reduction technique (MCER). That is, for each prioritized task in the current
schedule, all of other combinations of task, processor, and
VSL are checked to see whether any of these combinations reduces the energy consumption of the task without
increasing the current makespan. If so, such a combination
is applied to obtain a new schedule. After the second phase,
the newest schedule is returned as the scheduling result.
Evaluation results demonstrate that ECS significantly outperforms energy unconscious heuristics on energy consumption.
However, the RS and MCER used by ECS, which are the cores
of the algorithm, consider only local optimality. As a result,
the scheduling decisions made by ECS tend to be confined to
a local optimum. This motivates our work to propose novel
objective function and criteria and devise a new heuristic.
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where EC(𝑗, 𝑞) represents the execution time of task 𝑗 on
processor 𝑞; FT(𝑙∗ , 𝑞) denotes the finish time of task 𝑙∗ which
is the currently last task on processor 𝑞; Par𝑗 represents the
set of all parent tasks of task 𝑗; 𝑝𝑘 denotes the processor
which task 𝑘 is assigned to, and if there is no task assigned
to processor 𝑞, FT(𝑙∗ , 𝑞) is equal to zero. In the case of the
entry task, we hav
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ST (entrynode, 𝑝entrynode ) = 0.

13

21

(2)

After the scheduling is completed, the makespan of the
schedule, is defined as

7

makespan = maxFT (𝑘, 𝑝𝑘 ) .

Figure 1: A simple DAG 𝐺.

𝑘∈𝑁

The experimental results presented in Section 5 clearly show
that our approach obtains schedules which are better than
those found by ECS on both makespan optimization and
energy reduction.

3. Problem Description
In this section, we describe the application model, the system
model, and the energy model that used in our work and then
specify the problem we are going to address.
3.1. Application Model. We use a directed acyclic graph
(DAG) to represent an application to be scheduled (shown in
Figure 1 with its details in Table 3). In a DAG, nodes denote
tasks and edges that represent data transmission between
tasks. In our work, we use 𝐺 = (𝑁, 𝐸) to represent a DAG,
which consists of a set of nodes 𝑁 and a set of edges 𝐸. A
node 𝑖 ∈ 𝑁 represents the corresponded task and an edge
(𝑖, 𝑗) ∈ 𝐸 represents the intercommunication and precedence
constraint between node 𝑖 and 𝑗. For an edge (𝑖, 𝑗), 𝑖 is called a
parent node of 𝑗, and 𝑗 is called a child node of 𝑖. A child node
cannot start execution until all of its parents have finished
and all the required data transmission has arrived. Parentless
nodes are called source nodes; childless node are called sink
node. Apparently, an entry node of 𝐺 must be a source node
and an exit node a sink node. For standardization, we specify
in this paper that a DAG has only a single entry node and
a single exit node. One can easily see that all DAGs with
multiple entry or exit nodes can be equivalently transformed
to this standardization [36]. For illustration, a simple example
DAG is shown in Figure 1, where the weight attached to each
edge denotes the amount of data to be transmitted.
In order to meet precedence constraint, the start time and
the finish time of task 𝑗 on processor 𝑞 ∈ 𝑁 are computed by
ST (𝑗, 𝑞) = max {FT (𝑙∗ , 𝑞) , max {FT (𝑘, 𝑝𝑘 )
𝑘∈Par𝑗

(3)

3.2. System Model. We consider a set of DVS-enabled heterogeneous processors which are fully interconnected and
equally capable of running any applications. All the processors can run at different voltage and frequency levels.
While the processor is in idle, it stays at its lowest voltage
and lowest frequency level for the maximal energy saving
[37]. Hereby we assume a set of DVS-enabled processors
(denoted by 𝑃) that are fully connected. It is assumed that
the time needed to transmit per unit of data from one
processor to another, named transmission rate, is constant
and preknown (as illustrated in Table 2). Therefore, the time
needed to transmit data from one processor to another,
named transmission latency, is computed by
TC ((𝑖, 𝑝) , (𝑗, 𝑞)) = TD (𝑖, 𝑗) × TR (𝑝, 𝑞) ,

(4)

where TD(𝑖, 𝑗) denotes the amount of transmitted data from
task 𝑖 to 𝑗 and TR(𝑝, 𝑞) if task 𝑖 and 𝑗 are allocated to the same
processor, the transmission latency is zero. It is also assumed
that one processor can only run one task at a time and no
preemption is considered.
Each processor can operate in a set of voltage supply levels
(VSL, denoted by 𝑉), each of which is corresponded to a
specific relative speed (as illustrated in Table 1). For task 𝑛𝑖 , we
assume its execution time on a processor 𝑝, which operates
on VSL 0 (denoted by EC(𝑖, 𝑝, V𝑝,0 )), is preknown; thereby,
the execution time of 𝑛𝑖 on a different VSL 𝑗 (denoted by
EC(𝑖, 𝑝, V𝑝,𝑗 )) can be obtained by the ratio of EC(𝑖, 𝑝, V𝑝,0 ) and
the relative speed of VSL 𝑗.
3.3. Energy Consumption Model. We adopt the energy model
used in [11], which is derived from the power consumption model in complementary metal-oxide semiconductor
(CMOS) logic circuits. Since we assume the processors
consume a certain amount of energy while idling, the total
energy consumption of the execution for a DAG is comprised
of direct and indirect energy consumption. The direct energy
consumption is defined as
𝑛

+ TC ((𝑘, 𝑝𝑘 ) , (𝑗, 𝑞))} } ,
FT (𝑗, 𝑞) = ST (𝑗, 𝑞) + EC (𝑗, 𝑞) ,
(1)

𝐸𝑑 = ∑𝛼𝑉𝑖2 Δ𝑡𝑖 ,

(5)

𝑖=1

where 𝑛 is the number of tasks, 𝛼 is a device related
constant, 𝑉𝑖 is the voltage on which the processor operates
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Figure 2: Schedules of 𝐺 with EECS and ECS algorithms.
Table 1: Voltage relative speed pairs.
Level

Voltage (V𝑘 )
1.60
1.40
1.20
1.00
0.80

0
1
2
3
4
5

pc0

Speed (%)
100
85
70
55
40

Voltage (V𝑘 )
1.20
1.10
1.00
0.90
0.80
0.70

Table 2: Transmission rate between different processors.
Connected processors
pc0 and pc1
pc0 and pc2
pc1 and pc2

Transmission rate
1.27
1.53
1.10

pc1
Speed (%)
100
90
80
70
60
50

pc0
36
27
1
30

pc1
24
36
33
6

pc2
16
41
48
5

Task
4
5
6
7

pc0
8
25
21
34

𝐸total = 𝐸𝑑 + 𝐸𝑖 .
pc1
35
15
21
39

pc2
6
36
33
31

when executing task 𝑖, and Δ𝑡𝑖 is the amount of time taken
for 𝑛𝑖 ’s execution. On the other hand, the indirect energy
consumption is defined as
𝑝

2
Δ𝑤𝑗,𝑘 ,
𝐸𝑖 = ∑ ∑ 𝛼𝑉𝑗,low
𝑗=1 𝑑𝑗,𝑘 ∈𝐷𝑗

(6)

Speed (%)
100
80
60
40

where 𝑝 is the number of processors, 𝐷𝑗 is the set of
idling slots (between time 0 and the makespan) on processor
𝑝𝑗 , 𝑉𝑗,low is the lowest supply voltage on 𝑝𝑗 , and Δ𝑤𝑗,𝑘 is
the amount of idling time for 𝑑𝑗,𝑘 . Then, the total energy
consumption is defined as

Table 3: Computation cost with VSL 0.
Task
0
1
2
3

Voltage (V𝑘 )
2.00
1.70
1.40
1.10

pc2

(7)

3.4. Scheduling Problem. The scheduling problem in this
study is allocating 𝑛 tasks in a DAG to 𝑝 DVS-enabled heterogeneous processors, to simultaneously minimize makespan
and energy consumption while still meeting precedence constraints between tasks. We assume all DAGs start execution
at time 0 and the makespan is defined as the latest finish time
of 𝑛 tasks after the scheduling is completed.

4. Methodology
In this section, we present the proposed new heuristic
enhanced energy conscious scheduling heuristic (EECS), as
well as a simple example for illustration purpose.
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Figure 3: Laplace, 49 nodes (different heterogeneities of processors).
Table 4: Task priorities of 𝐺.
𝑛𝑖
b-level

0
178.50

1
138.87

2
127.63

Table 5: The schedule results of EECS and ECS for 𝐺.
Result of RS
of ECS
Makespan 264.42
Energy
25946.87

Result of
MCER of
ECS

Result of
PCS of
EECS

Result of
GES of
EECS

242.8
23915.8

243.32
23967.02

232.1
22861.85

4.1. Proposed Heuristic. As presented in Algorithm 1, our
heuristic first prioritizes tasks based on bottom-level ranking
(denoted by 𝑏-𝑙𝑒V𝑒𝑙), which is computed by adding the
average computation and communication costs along the

3
125.67

4
128.00

5
87.30

6
76.57

7
34.67

Table 6: Experimental parameters.
Parameter
The number of tasks
CCR
The number of processors
Processors heterogeneity

Value
𝑈(20, 200)
{0.1, 0.2, 1, 5, 10}
{3, 5, 8}
{low, high}

longest path of the exit node in the DAG. Next, Algorithm 2 is
applied to the prioritized tasks to generate an initial schedule.
However, scheduling decisions made in Algorithm 2 are

6
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inevitably limited by local greed. Therefore, the generated
schedule is adjusted by Algorithm 3 for further optimization.
Algorithm 2 explains how the scheduling decision is
made for each task in the initial schedule. We make scheduling decisions for tasks in turn. In each turn, one task is
assigned a specific processor with a specific VSL, which

is picked up from all possible combinations of processor
and VSL, for optimum. Note that our scheduling aims at
minimization on two objectives (i.e., makespan and energy
consumption), which normally conflict with each other. This
indicates the evaluation of a processor-VSL combination is
not straightforward. In order to make a comparison between
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Figure 5: LIGO, 77 nodes (different heterogeneities of processors).

Table 7: Comparative results of different sizes of processors.

3
Random
LIGO
Laplace
Average

Makespan
10.2%
10.54%
15.73%
12.16%

Energy
6.1%
7.25%
8.34%
7.23%

Improvement by EECS over ECS
5
Makespan
Energy
11.01%
7.52%
12.18%
8.01%
14.98%
7.49%
12.73%
7.67%

two combinations, we devise substitution score (SUBS). For
task 𝑛𝑖 , SUBS(𝑛𝑖 , 𝑝 , V , 𝑝, V) quantifies the score gained if
a processor-VSL combination (𝑝, V) is replaced by (𝑝 , V ).
SUBS deliberately takes into account the trade-off between
makespan minimization and energy reduction. As defined in
(8), SUBS is a sum of three factors. The first factor is local
energy factor, which is the difference of energy caused by

8
Makespan
15.12%
14.28%
16.26%
15.22%

Energy
11.81%
9.67%
9.88%
10.45%

the substitution with normalization by the energy consumption of current task. The second factor is local execution time
factor, which is the difference of task execution time caused
by the substitution with normalization by the execution time
of current task. The third factor is makespan factor, which is
the difference of task finish time caused by the substitution
with normalization by the execution time of current task.
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Input: A DAG 𝐺(𝑁, 𝐸) and a set 𝑃 of DVS-enabled processors.
Output: A schedule 𝑆 of 𝐺 onto 𝑃.
(1) Compute the weights of nodes and edges averaged over differen processors.
(2) Compute the bottom-level ranking for each node.
(3) Sort all tasks in the no-ascending order of bottom-level and put them into list 𝐿.
(4) Generate an initial schedule with consideration on makespan-energy tradeoff (by Algorithm 2).
(5) Adjust the schedule for global energy saving. (by Algorithm 3).
Algorithm 1: EECS heuristic outline.

(1) for each sorted task 𝑛𝑖 in 𝐿 do
(2)
let 𝑝opt be 𝑝0 .
(3)
let Vopt be V𝑝0 ,0 .
(4)
for each processor 𝑝𝑗 in 𝑃 do
(5)
for each voltage V𝑝𝑗 ,𝑘 in 𝑉 do
(6)
Compute 𝑆stay = SUBS(𝑛𝑖 , 𝑝opt , Vopt , 𝑝𝑗 , V𝑝𝑗 ,𝑘 ) as defined in (8).
(7)
Compute 𝑆change = SUBS(𝑛𝑖 , 𝑝𝑗 , V𝑝𝑗 ,𝑘 , 𝑝opt , Vopt ) as defined in (8).
(8)
if 𝑆stay is greater than 𝑆change then
(9)
Assign 𝑝𝑗 and V𝑝𝑗 ,𝑘 to 𝑝opt and Vopt , respectively.
(10)
end if
(11)
end for
(12) end for
(13) Allocate task 𝑛𝑖 on 𝑝opt with Vopt .
(14) end for
Algorithm 2: Pairwise comparison and selection.

As defined in (8), in the case of 𝑝 = 𝑝 , the makespan
factor is ignored, as the sign of makespan factor is always in
accordance with the sign of local execution time factor:


Table 8: Comparative results of different heterogeneities of processors.



SUBS (𝑛𝑖 , 𝑝 , V , 𝑝, V)
𝐸𝑑 (𝑛𝑖 , 𝑝 , V ) − 𝐸𝑑 (𝑛𝑖 , 𝑝, V)
{
{
{
{
{
𝐸𝑑 (𝑛𝑖 , 𝑝, V)
{
{
 
{
{
EC
(𝑛
{
𝑖 , 𝑝 , V ) − EC (𝑛𝑖 , 𝑝, V)
{
{
+
{
{
EC (𝑛𝑖 , 𝑝, V)
{
{
{
{
{
FT (𝑛𝑖 , 𝑝 , V ) − FT (𝑛𝑖 , 𝑝, V)
={ +
{
EC (𝑛𝑖 , 𝑝, V)
{
{
{
 
{
{
𝐸
(𝑛
,
𝑝
,
V
) − 𝐸𝑑 (𝑛𝑖 , 𝑝, V)
𝑑
𝑖
{
{
{
{
{
𝐸𝑑 (𝑛𝑖 , 𝑝, V)
{
{
{
 
{
EC
(𝑛
{
𝑖 , 𝑝 , V ) − EC (𝑛𝑖 , 𝑝, V)
{
{ +
EC (𝑛𝑖 , 𝑝, V)
{

Random
LIGO
Laplace
Average

if 𝑝!=𝑝

Improvement by EECS over ECS
Low
High
Makespan
Energy
Makespan
Energy
11.0%
7.25%
14.14%
9.49%
10.83%
7.66%
14.42%
10.1%
13.51%
7.52%
17.84%
9.75%
11.78%
7.48%
15.47%
9.78%

(8)

otherwise,

where, for task 𝑛𝑖 on processor 𝑝 with VSL V, 𝐸𝑑 (𝑛𝑖 , 𝑝, V)
denotes the directed energy consumption of 𝑛𝑖 , EC(𝑛𝑖 , 𝑝, V)
the execution time of 𝑛𝑖 , and FT(𝑛𝑖 , 𝑝, V) the finish time of 𝑛𝑖 .
In Algorithm 3, for each scheduled task, we check
whether there exists another processor-VSL combination,
which, by replacing the currently scheduled combination,
can reduce the total energy consumption (different with
the MCER technique used in ECS, which consider only the
energy consumption of the current task) without increasing
the makespan. If so, the replacement will be enforced.

Based on the above description, it is not difficult to
compute that the complexity of our heuristic is 𝑂(𝑛 log 𝑛 +
2((𝑒 + 𝑛)𝑝V)), where 𝑛 is the number of DAG nodes, 𝑒 the
number of DAG edges, 𝑝 the number of processors, and V the
number of VSLs.
4.2. An Example. A simple DAG with 8 nodes is used here
for illustration purpose. Figure 1 shows the DAG structure
and the size of data to transmit between two interdependent
tasks. Three processors (as depicted in Table 1) are assumed
to run the DAG, and the execution time of each task on
each processor is provided in Table 3. Additionally, Table 2
provides the data transmission rates among these processors.
Table 4 provides the 𝑏-𝑙𝑒V𝑒𝑙 results computed for each
node of the DAG example. According to these results, the
tasks are sorted as follows: {0, 1, 4, 2, 3, 5, 6, 7}.
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(1) for each task 𝑛𝑖 sorted in 𝐿 do
(2)
let 𝑝opt be the processor on which 𝑛𝑖 is currently scheduled.
(3)
let Vopt be the VSL to which 𝑛𝑖 is currently assigned.
(4)
for each processor 𝑝𝑗 in 𝑃 do
(5)
for each voltage V𝑝𝑗 ,𝑘 in 𝑉 do
(6)
Tentatively reallocate 𝑛𝑖 onto 𝑝𝑗 with V𝑝𝑗 .
(7)
Recompute the makespan.
(8)
Recompute the total energy consumption 𝐸total as defined in (7).
(9)
if no increase in makespan and the total energy consumption is reduced then
(10)
Assign 𝑝𝑗 , V𝑝𝑗 ,𝑘 to 𝑝opt ,Vopt , respectively.
(11)
Update the makespan and the total energy consumption.
(12)
end if
(13)
end for
(14) end for
(15) Allocate 𝑛𝑖 on 𝑝opt with Vopt .
(16) end for
Algorithm 3: Global energy saving.

Table 9: Comparative results of Figure 5: LIGO, 77 nodes (different heterogeneities of processors).
ECS

0.1
0.2
1
5
10

Low heterogeneity
MR (%)
ER (%)
4.47
0.37
4.42
0.38
4.0
0.39
3.53
0.43
3.28
0.49

EECS
High heterogeneity
MR (%)
ER (%)
4.53
0.41
4.44
0.41
3.81
0.40
3.43
0.44
3.52
0.54

Figure 2(a) depicts the schedule generated by the first
phase (i.e., RS) of ECS, and Figure 2(b) is the schedule finally
obtained by ECS after applying MCER. Figures 2(c) and 2(d)
show the schedules generated by the PCS phase and the GES
phases of EECS, respectively. The corresponding makespan
and energy consumption for each schedule is provided in
Table 5.
In this specific example, the PCS phase of EECS generates
a better schedule (with shorter makespan and less energy
consumption) than the one obtained by the RS phase of
ECS. By comparing Figures 2(c) and 2(d), we clearly see the
effectiveness of GES on energy reduction without increasing
the makespan. Although for ECS, MCER can also improve the
schedule quality obtained by RS. However, the final schedule
of ECS is still 4.41% down on makespan minimization
and 4.60% down on energy reduction, in comparison with
the result obtained by EECS. This implies that EECS can
outperform ECS on both minimizing makespan and reducing
energy. We verify this implication in the next section.

5. Performance Evaluation
In this section, we compare our algorithm (EECS) with
ECS. We consider DAGs derived from real-world workflow
applications and a simulated heterogeneous system, which
consists of processors with DVS parameter setting derived

Low heterogeneity
MR (%)
ER (%)
4.02
0.35
3.98
0.36
3.59
0.36
3.12
0.39
2.85
0.44

High heterogeneity
MR (%)
ER (%)
3.93
0.38
3.85
0.38
3.32
0.38
2.93
0.39
2.85
0.46

from real CPU models. Simulation results demonstrate
the significant improvement our algorithm makes both on
makespan optimization and energy saving.
5.1. Experimental Setting. In our evaluation, we considered
randomly generated DAGs and two real-world applications,
which are LIGO [38] with 77 nodes and Laplace equation
solver [39] with 49 nodes. When generating random DAGs,
we followed the method presented in [40]. Figure 1 illustrates
how a random DAG looks like. Note that the node number
of LIGO and Laplace is fixed, while the node number of a
random DAG randomly selected from the range of [20, 200].
We also considered different numbers of resources: 3, 5,
and 8. All processors are DVS-enabled and the VSL parameter
is randomly selected from Table 1. In order to model task
execution times, we adopted the method presented in [41].
In this method, in brief, two values are selected from a
uniform distribution in a certain interval. The product of
the two selected values is computed and adopted as a
generation of one task execution time. We classified the task
execution times generated from the interval [10, 50] into low
heterogeneity, those from [10, 1000] into high heterogeneity.
The computation and communication ratio (CCR) is a
measure that indicates whether the DAG is communication
intensive, computation intensive, or moderate. The definition
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Figure 6: LIGO, 77 nodes (different sizes of processors).

of CCR is the ratio between the average communication
cost and the average computation cost on the target system.
We considered five specific CCR values: 0.1, 0.2, 1.0, 5,
and 10. With a set of generated task execution times, the
communication costs of the tasks were randomly generated
to keep consistency with the given CCR.

For every competing heuristic (ECS and EECS), the
number of experiments conducted is 45000. Table 6 summarized the parameters used in our experiments. Specifically,
for each type of DAG, the base DAG set consists of 500
random samples. This figure is combined with 5 different
CCRs, 3 different numbers of processors, 2 different types

11

4.5

4.5

4

4

3.5

3.5

3

3
Average MR

Average MR

Journal of Applied Mathematics

2.5
2
1.5

2.5
2
1.5

1

1

0.5

0.5

0

0.1

0.2

1

5

0

10

0.1

0.2

1
CCR

CCR
(a) Low heterogeneity (MR)

0.7

0.5

0.6

5

10

0.5
Average ER

0.4
Average ER

10

(b) High heterogeneity (MR)

0.6

0.3
0.2

0.4
0.3
0.2

0.1
0

5

0.1
0.1

0.2

1
CCR

5

10

ECS
EECS

0

0.1

1
CCR

0.2

ECS
EECS
(c) Low heterogeneity (ER)

(d) High heterogeneity (ER)

Figure 7: Random DAGs (different heterogeneities of processors).

of heterogeneity, and 3 different DAG types, which leads to
the result of 45000. In each experiment, every algorithm
is used to generate a schedule with makespan and energy
consumption. Hence, the total number of experiments in our
evaluation is 90000 (two algorithms were evaluated).
Finally, all the experiments were implemented by Java and
run on a PC with AMD A6 CPU running at 2.20 GHz with
4 GB memory.
5.2. Comparison Metrics. In our evaluation, we consider
makespan and energy consumption are equally performance
metrics. For a given schedule, its makespan is normalized
to a lower bound, which is the sum of the execution and
communication costs of tasks along the critical path (denoted
by 𝑀𝑐𝑝 ), while its energy consumption is normalized to a
upper bound, which is the total energy consumption of the
schedule in which every task is scheduled so that the energy
consumption is maximized (denoted by 𝐸max ).

Specifically, for each experiment, the performance of each
heuristic (ECS and EECS) is normalized to MR (makespan
ratio) and ER (energy ratio) defined as follows:
MR =

𝑀
,
𝑀𝑐𝑝

ER =

𝐸
,
𝐸max

(9)

where 𝑀 is the makespan of the schedule and 𝐸 the energy
consumption of the schedule.
5.3. Experimental Results. The results for each of the two different scheduling heuristics on the three different types of
DAGs (note that for each DAG, results impacted by number
of processors and results impacted by heterogeneity are both
considered; this results in 6 pairs) are shown in Figures 3, 4,
5, 6, 7, and 8. Particularly, the actual comparative results of
Figures 5 and 6 are shown in Tables 9 and 10, respectively.
The results are normalized to MR and ER, respectively, as
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Figure 8: Random DAGs (different sizes of processors).

presented in Section 5.2. Recall that for each heuristic, all
results are averaged over 500 runs.
In all cases depicted in the result figures, it is clear
that EECS always obtained a MR and a ER less than their
counterpart that ECS achieved. This indicates that EECS
outperforms ECS in all cases on both makespan optimization
and energy reduction.

It is interesting to see that the makespan improvement
of EECS over ECS is somehow correlated with CCR. When
Laplace is used, for both low and high heterogeneities, the
MR difference between EECS and ECS is decreased, as CCR
increases from 0.1 to 5. Then, this difference significantly
increases, as CCR changes from 5 to 10. Such a variation of
MR difference can also be observed when LIGO and random
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Table 10: Comparative results of Figure 6: LIGO, 77 nodes (different sizes of processors).

3
0.1
0.2
1
5
10

MR (%)
6.48
6.47
6.30
5.27
5.20

ER (%)
0.36
0.36
0.37
0.38
0.41

ECS
5
MR (%)
ER (%)
4.38
0.40
4.33
0.41
3.86
0.41
3.42
0.44
3.32
0.53

8
MR (%)
2.40
2.32
1.82
1.75
1.70

3
ER (%)
0.41
0.42
0.41
0.46
0.62
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5
MR (%)
ER (%)
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0.38
3.43
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0.40
2.78
0.43

8
MR (%)
2.08
2.01
1.59
1.45
1.43

ER (%)
0.38
0.38
0.38
0.44
0.51

From Tables 7 and 8, we can see that ECS may obtain
a makespan up to 17.84% and energy consumption 10.1%
more than EECS. Averagely, EECS significantly outperforms
ECS by 12% on makespan minimization and 8% on energy
reduction.
Aside from the comparison of scheduling performance,
we assessed the running times of ECS and EECS for DAGs
with different sizes. The results are shown in Figure 9.
Although EECS and ECS are both based on list-scheduling,
EECS needs a bit more running time than ECS as the computation involved in EECS is more complicated. However,
as can be seen in the graph, when scheduling a DAG with
200 nodes, EECS only needs around 7 seconds on average.
This suggests that EECS can still cope well with the real-time
requirement of workflow scheduling for admission control of
market-oriented systems.

6. Conclusion

Figure 9: The actual execution time of compared heuristics.

is used with high heterogeneity. The ER difference between
EECS and ECS varies little when CCR is not more than
5.0. However, a significant increase of ER difference can be
seen when CCR changes from 5 to 10. These observations
imply EECS may perform particularly better than ECS in the
scenario where CCR is high.
Table 7 summarized the comparative results between ECS
and EECS in terms of the change of number of processors.
As the size of LIGO and Laplace is fixed, different settings
of processor number may correspond to a specific scenario.
Here, using 3 processors indicate a “resource-hungry” situation, 8 processors indicate a “resource-rich” situation, and
5 processors indicate a medium. When LIGO is used, the
improvement of EECS over ECS, on both makespan and
energy, increases as the number of processors grows. In the
case of Laplace, such an improvement hits the lowest when
5 processors are used, while reaching the highest when 8
processors are used. So, it seems that EECS may obtain a
greater improvement over ECS in a “resource-rich” scenario.
The comparative results between ECS and EECS in terms
of different processor heterogeneities are summarized in
Table 8. It is clearly suggested that the advantage of EECS over
ECS may be magnified as the heterogeneity of processor turns
from low to high.

This paper proposed EECS, a novel efficient biobjective
DAG scheduling heuristic based on the enhancement to the
energy conscious scheduling heuristic ECS. The proposed
heuristic aims at simultaneously minimizing makespan and
energy consumption with a low complexity. The experimental
results suggest that EECS can significantly outperform the
existing approach (i.e., ECS) on both makespan optimization
and energy reduction. It also appears that EECS has a low
execution time cost and thus is able to produce a schedule
as a real-time response to users in market-oriented systems.
Based on the work in this paper, further work could
try to examine the performance of EECS in an uncertain
environment. Further study could investigate how EECS can
cope with significant overestimation or underestimation of
task execution time and assess its robustness against such
uncertainties.
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Inventory management is a sequential decision problem that can be solved with reinforcement learning (RL). Although RL in
its conventional form does not require domain knowledge, exploiting such knowledge of problem structure, usually available in
inventory management, can be beneficial to improving the learning quality and speed of RL. Ruminative reinforcement learning
(RRL) has been introduced recently based on this approach. RRL is motivated by how humans contemplate the consequences of
their actions in trying to learn how to make a better decision. This study further investigates the issues of RRL and proposes new
RRL methods applied to inventory management. Our investigation provides insight into different RRL characteristics, and our
experimental results show the viability of the new methods.

1. Introduction
Inventory management is a crucial business activity and
can be modeled as a sequential decision problem. Bertsimas
and Thiele [1], among others, addressed the need for an
efficient and flexible inventory solution that is also simple to
implement in practice. This may be among the reasons for
extensive studies of reinforcement learning (RL) application
to inventory management.
RL [2, 3] is an approach to solve sequential decision
problems based on learning the underlying state value or
state-action value. Relying on learning mechanism, RL in its
typical form does not require knowledge of a structure of the
problem. Therefore, RL has been studied in wide range of
sequential decision problems, for example, virtual machine
configuration [4], robotics [5], helicopter control [6], ventilation, heating and air conditioning control [7], electricity trade
[8], financial management [9], water resource management
[10], and inventory management [11]. Acceptance of RL is
credited to RL’s effectiveness, potential possibilities [12], link

to mammal learning processes [13, 14], and its model-free
property [15].
Despite fascination with RL’s model-free property, most
inventory management problems can naturally be formulated
into a well-structured part interacting with another part that
is less understood. That is, replenishment cost, holding cost,
and penalty cost can be determined precisely in advance. On
the other hand, customer demand or, in some cases, delivery
time or availability of supplies is usually less predictable.
However, once a value of a less predictable variable is known,
the period cost can be determined precisely. Specifically, a
warehouse would know its period inventory cost after its
replenishment has arrived and all demand orders in the
period have been observed. Calculation of a period cost
is a well-defined formula, while another part, for example,
demand, is less predictable. Knowledge about the wellstructured part can be exploited, while a learning mechanism
can be used to handle the less understood part.
Utilizing this knowledge, Kim et al. [16] proposed asynchronous action-reward learning, which used simulation to
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evaluate consequences of actions not taken in order to accelerate the learning process in a stateless system. Extending the
idea to state-based system, Katanyukul [17] developed ruminative reinforcement learning (RRL) methods, that is, ruminative SARSA (RSarsa) and policy-weighted RSarsa (PRS).
The RRL approach is motivated by how humans contemplate
consequences of their actions to improve their learning
hoping to make a better decision. His study of RRL reveals
good potential of the approach. However, existing individual
methods show strengths in different scenarios: RSarsa is
shown to have fast learning but leads to inferior learning
quality in a long-term run. PRS is shown to lead to superior
learning quality in a long-term run, but with slower rate.
Our proposed method here is developed to exploit the
fast learning characteristic of RSarsa and good learning
quality in a long-term run of PRS. Our experimental results
show effectiveness of the proposed method and support our
assumption underlying development of RRL.

2. Background
An objective of a sequential inventory management is to
minimize a long-term cost, 𝐶0 (𝑠0 ) = min𝑎0 ,...,𝑎𝑇 ∑𝑇𝑡=0 𝛾𝑡 𝐸[𝑐𝑡 |
𝑠0 , 𝑎0 , . . . , 𝑎𝑇 ], subject to 𝑎𝑡 ∈ 𝐴 𝑠𝑡 for 𝑡 = 0, . . . , 𝑇, where 𝐸[𝑐𝑡 |
𝑠0 , 𝑎0 , . . . , 𝑎𝑇 ] is the expected period cost of period 𝑡 given
an initial state 𝑠0 and actions 𝑎0 , . . . , 𝑎𝑇 over periods 0 to 𝑇,
respectively; 𝛾 is a discount factor; and 𝐴 𝑠𝑡 is a feasible action
set at state 𝑠𝑡 . Under certain assumptions, the problem can
be posed as a Markov decision problem (MDP) (see [15] for
details). In this case, what we seek is an optimal policy, which
maps each state to an optimal action. Given an arbitrary
policy 𝜋, the long-term state cost for that policy can be written
as
𝐶𝜋 (𝑠) = 𝑟𝜋 (𝑠) + 𝛾∑𝑝𝜋 (𝑠 | 𝑠) 𝐶𝜋 (𝑠 ) ,
𝑠

(1)

where 𝑟𝜋 (𝑠) is an expected period state cost, 𝑝𝜋 (𝑠 | 𝑠)
is a transition probability—the probability of the next state
being 𝑠 when the current state is 𝑠. The superscript 𝜋 notation
indicates dependence on the policy 𝜋. In practice, exact
solution to (1) is difficult to find. Reinforcement learning (RL)
[2] provides a framework to find an approximate solution.
An approximate long-term cost of state 𝑠 is obtained by
summation of the period cost and a long-term cost of the next
state 𝑄(𝑠) = 𝑟(𝑠) + 𝛾𝑄(𝑠 ).
The RL approach is based on temporal difference (TD)
learning, which uses temporal difference error 𝜓 (2) to
estimate the long-term cost (3):
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Figure 1: SARSA agent and interacting variables (this figure is
adapted from Figure 6.15 of Sutton and Barto [2]).

actions to take based on Q-values. These methods include
SARSA [2], a widely used RL algorithm. We use SARSA as
a benchmark, representing a conventional RL method, to
compare with other methods under investigation. In each
period, given observed state 𝑠, action taken 𝑎, observed
period cost 𝑟, observed next state 𝑠 , and anticipating next
action taken 𝑎 , the SARSA algorithm updates the Q-value
based on TD learning (2) and (3).
Based on the Q-value, we can define a policy 𝜋 to
determine an action to take at each state. The policy is usually
stochastic, defined by a probability 𝑝(𝑎 | 𝑠) to take an
action 𝑎 given a state 𝑠. The policy has to balance between
taking the best action based on the currently learned Q-value
and trying another alternative. Trying another alternative
gives the learning agent a chance to explore thoroughly the
consequences of its state-action space. This helps to create
a constructive cycle of improving the quality of learned Qvalues, which in turn will help the agent to choose better
actions and reduce the chance to get stuck in a local optimum.
This is an issue of balancing between exploitation and exploration, as discussed in Sutton and Barto [2]. (Since the RL
algorithm is autonomous and interacts with its environment,
we sometimes use the term “learning agent.”).
An 𝜖-greedy policy is a general RL policy, which also is
easy to implement. With probability 𝜖, the policy chooses
an action randomly from 𝑎 ∈ 𝐴(𝑠), where 𝐴(𝑠) is a set
of allowable actions given state 𝑠. Otherwise, it takes an
action corresponding to the minimal current Q-value, 𝑎∗ =
arg min𝑎 𝑄(𝑠, 𝑎).

𝜓 = 𝑟 + 𝛾𝑄 (𝑠 , 𝑎 ) − 𝑄 (𝑠, 𝑎)

(2)

3. Ruminative Reinforcement Learning

𝑄(new) (𝑠, 𝑎) = 𝑄(old) (𝑠, 𝑎) + 𝛼 ⋅ 𝜓,

(3)

The conventional RL approach, SARSA, assumes that the
agent knows only the current state 𝑠, the action 𝑎 it takes,
the period cost 𝑟, the next state 𝑠 , and the action 𝑎 it will
take in the next state. Each period, the SARSA agent updates
the Q-value based on the TD error calculated with these
five variables. Figure 1 illustrates the SARSA agent, the five
variables it needs to update the Q-value, and its interaction
with its environment.

where 𝑟 is the period cost, which corresponds to taking action
𝑎 in state 𝑠, 𝛼 is a learning rate, and 𝑠 and 𝑎 are the state and
action taken in the next period, respectively.
Once the values of 𝑄(𝑠, 𝑎) are thoroughly learned, they
are good approximations of long-term costs. We often refer
to 𝑄(𝑠, 𝑎) as the “Q-value.” Most RL methods determine the
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â
Rumination

Figure 2: Environment, knowledge of its structure, and rumination.

However, in inventory management problems, we usually
have extra knowledge about the environment. That is, the
problem structure can naturally be formulated such that the
period cost 𝑟 and next state 𝑠 are determined by a function
𝑘 : 𝑠, 𝑎, 𝜉 
→ 𝑟, 𝑠 , where 𝜉 is an extra information variable.
This variable 𝜉 captures the stochastic aspect of the problem.
The process generating 𝜉 may be unknown, but the value of 𝜉
is fully observable after the period is over. Given a value of 𝜉,
along with 𝑠 and 𝑎, the deterministic function 𝑘 can precisely
determine 𝑟 and 𝑠 .
Without this extra knowledge, each period, the SARSA
agent updates only one value of 𝑄(𝑠, 𝑎) corresponding to
current state 𝑠 and action taken 𝑎. However, with the function
𝑘 and an observed value of 𝜉, we can do “rumination”:
evaluating the consequences of other actions 𝑎̂, even those
that were not taken. Figure 2 illustrates rumination and its
associated variables. Given the rumination mechanism, we
can provide information required by SARSA’s TD calculation
for any underlying action. Katanyukul [17] introduced this
rumination idea and incorporated it into the SARSA algorithm, resulting in the ruminative SARSA (RSarsa) algorithm.
Algorithm 1 shows the RSarsa algorithm. It should be noted
that RSarsa is similar to SARSA, but with inclusion of
rumination from line 8 to line 13.
The experiments in [17] showed that RSarsa had performed significantly better than SARSA in early periods
(indicating faster learning), but its performance was inferior
to SARSA in later periods (indicating poor convergence to the
appropriate long-term state cost approximation). Katanyukul
[17] attributed RSarsa’s poor long-term learning quality to its
lack of natural action visitation frequency.
TD learning (2) and (3) update the Q-value as an approximation of the long-term state cost. The transition probability
𝑝𝜋 (𝑠 | 𝑠) in (1) does not appear explicitly in the TD learning
calculation. Conventional RL relies on sampling trajectories
to reflect the natural frequency of visits to state-action pairs
corresponding to the transition probability. It updates only
the state-action pairs as they are actually visited; therefore, it
does not require explicit calculation of the transition probability and still eventually converges to a good approximation.
However, because RSarsa does rumination for all actions
ignoring their sampling frequency, this is equivalent to

(L00) Initialize 𝑄(𝑠, 𝑎).
(L01) Observe 𝑠.
(L02) Determine 𝑎 by policy 𝜋.
(L03) For each period,
(L04) observe 𝑟, 𝑠 , and 𝜉;
(L05) determine 𝑎 by policy 𝜋;
(L06) calculate 𝜓 = 𝑟 + 𝛾𝑄(𝑠 , 𝑎 ) − 𝑄(𝑠, 𝑎);
(L07) update 𝑄(𝑠, 𝑎) ← 𝑄(𝑠, 𝑎) + 𝛼 ⋅ 𝜓;
̂
(L08) for each 𝑎̂ ∈ 𝐴(𝑠),
(L09)
calculate 𝑟̂, 𝑠̂ with 𝑘(𝑠, 𝑎̂, 𝜉),
(L10)
determine 𝑎̂ ,
(L11)
calculate 𝜓 = 𝑟̂ + 𝛾𝑄(̂𝑠 , 𝑎̂ ) − 𝑄(𝑠, 𝑎̂),
(L12)
update 𝑄(𝑠, 𝑎̂) ← 𝑄(𝑠, 𝑎̂) + 𝛼 ⋅ 𝜓
̂
(L13) until ruminated all 𝑎̂ ∈ 𝐴;
(L14) set 𝑠 ← 𝑠 and 𝑎 ← 𝑎
(L15) until termination.
Algorithm 1: RSarsa algorithm.

disregarding the transition probability, which leads to
RSarsa’s poor long-term learning quality.
To address this issue, Katanyukul [17] proposed policyweighted RSarsa (PRS). PRS explicitly calculates probabilities
of actions to be ruminated and adjusts the weights of their
updates. PRS is similar to RSarsa, but the rumination update
(line 12 in Algorithm 1) is replaced by
𝑄 (𝑠, 𝑎̂) ← 𝑄 (𝑠, 𝑎̂) + 𝛽 ⋅ 𝜓,

(4)

where 𝛽 = 𝛼 ⋅ 𝑝(̂
𝑎) and 𝑝(̂
𝑎) is the probability of taking
action 𝑎̂ in state 𝑠 with policy 𝜋. Given an 𝜖-greedy policy,
̂
̂
𝑎) = 𝜖/|𝐴(𝑠)|
+
we have 𝑝(̂
𝑎) = 𝜖/|𝐴(𝑠)|
for 𝑎̂ ≠
𝑎∗ and 𝑝(̂
̂
(1 − 𝜖) otherwise, where |𝐴(𝑠)| is a number of allowable
actions. PRS has been shown to perform well in early and later
periods, compared to SARSA. However, RSarsa is reported to
significantly outperform PRS in early periods.

4. New Methods
According to the results of [17], although RSarsa may
converge to a wrong approximation, RSarsa was shown to
perform impressively in the very early periods. This suggests
that if we jump-start the learning agent with RSarsa and then
later switch to PRS, before the Q-values settle into bad spots,
we may be able to achieve both faster learning and good
approximation for a long-term run.
PRS.Beta. We first introduce a straightforward idea, called
PRS.Beta, where we will use a varying ruminative learning rate as a mechanism to shift from full rumination
(RSarsa) to policy-weighted rumination (PRS). Similar to
PRS, the rumination update is determined by (4). However,
the value of the rumination learning rate 𝛽 is determined by
𝛽 = 𝛼 ⋅ {1 − (1 − 𝑝 (̂
𝑎)) ⋅ 𝑓} ,

(5)

where 𝑓 is a function having a value between 0 and 1. When
𝑓 → 0, 𝛽 → 𝛼 and the algorithm will behave like RSarsa.
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However, Katanyukul [17] investigated this selective rumination only with the policy-weighted method and called it
PRS.TD. Although PRS.TD was able to improve the computational cost of the rumination approach, the inventory management performance of PRS.TD was reported to have mixed
results, implying that incorporation of selective rumination
may deteriorate performance of PRS.
This performance deterioration may be due to using
𝑝(rumination) with policy weighted correction. Both
schemes use |𝜓| to control their effect of rumination; therefore, they might have an effect equivalent to overcorrecting
the state-transition probability. Unlike PRS, RSarsa does
not correct the state-transition probability. Incorporating
selective rumination (7) will be the only scheme controlling
rumination with |𝜓|. Therefore, we expect that this approach
may allow the advantage of RSarsa’s fast learning, while
maintaining the long-term learning quality of SARSA.
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Figure 3: Function exp(−𝜏|𝜓|) and effects of different 𝜏 values.

When 𝑓 → 1, 𝛽 → 𝛼 ⋅ 𝑝(̂
𝑎) and the algorithm will behave
like PRS. We want 𝑓 to start out close to 0 and grow to 1
at a proper rate. By examining our preliminary experiments,
the TD error will get smaller as the learning converges. This
is actually a property of TD learning. Given this property,
we can use the magnitude of the TD error |𝜓| to control the
shifting, such that
 
𝑓 (𝜓) = exp (−𝜏 ⋅ 𝜓) ,

(6)

where 𝜏 is a scaling factor. Figure 3 illustrates the effects of
different values of 𝜏. Since the magnitude of 𝜏 should be
relative to |𝜓|, we set 𝜏 = |2/(𝑟 + 𝑄(𝑠, 𝑎))|, so that the
magnitude of 𝜏 will be in a proper scale relative to |𝜓| and
automatically adjusted.
RSarsa.TD. Building on the PRS.Beta method above, we next
propose another method, called RSarsa.TD. The underlying
idea is that since SARSA performs well in a long-term run
(see [2] for theoretical discussion of SARSA’s optimality
and convergence properties), then after we speed up the
early learning process with rumination, we can just switch
back to SARSA. This approach is to utilize the fast learning
characteristic of full rumination in early periods and to
avoid its poor long-term performance. In addition, as a
computational cost of rumination is proportional to the size
̂
of the ruminative action space |𝐴(𝑠)|,
this also helps to reduce
the computational cost incurred by rumination. It is also
intuitively appealing in the sense that we do rumination only
when we need it.
The intuition to selectively do rumination was introduced
in [17] in an attempt to reduce the extra computational cost
from rumination. There, the probability to do rumination was
a function of the magnitude of the TD error:


2𝜓


𝑝 (rumination) = 1 − exp (− 
) .
 𝑟 + 𝑄 (𝑠, 𝑎) 

(7)

5. Experiments and Results
Our study uses computer simulations to conduct numerical experiments on three inventory management problem
settings (P1, P2, and P3). All problems are periodic review
single-echelon with nonzero setup cost. P1 and P2 have oneperiod lead time. P3 has two-period lead time. The same
Markov model is used to govern all problem environments,
but with different settings. For P1 and P2, the problem state
space is I × {0, I+ }, for on-hand and in-transit inventories: 𝑥
and 𝑏(1) , respectively. P3’s state space is I × {0, I+ } × {0, I+ }, for
𝑥 and in-transit inventories 𝑏(1) and 𝑏(2) . The action space is
{0, I+ }, for replenishment order 𝑎.
The state transition is specified by
𝑥𝑡+1 = 𝑥𝑡 + 𝑏𝑡(1) − 𝑑𝑡 ,
(𝑖)
= 𝑏𝑡(𝑖+1) ,
𝑏𝑡+1

for 𝑖 = 1, . . . , 𝐿 − 1,

(8)

(𝐿)
= 𝑎𝑡 ,
𝑏𝑡+1

where 𝐿 is a number of lead time periods.
The inventory period cost is calculated from the equation
𝑟𝑡 = 𝐾 ⋅ 𝛿 (𝑎𝑡 ) + 𝐺 ⋅ 𝑎𝑡 + 𝐻 ⋅ 𝑥𝑡+1 ⋅ 𝛿 (𝑥𝑡+1 )
− 𝐵 ⋅ 𝑥𝑡+1 ⋅ 𝛿 (−𝑥𝑡+1 ) ,

(9)

where 𝐾, 𝐺, 𝐻, and 𝐵 are setup, unit, holding, and penalty
costs, respectively, and 𝛿(⋅) is a step function. Five RL agents
are studied: SARSA, RSarsa, PRS, RSarsa.TD, and PRS.Beta.
Each experiment is repeated 10 times. In each repetition, an agent is initialized with all zero Q-values. Then,
the experiment is run consecutively for 𝑁𝐸 episodes. Each
episode starts with initial state and action as follows: for all
problems, 𝑏1(1) and 𝑎1 are initialized with values randomly
drawn between 0 and 100. In P1, 𝑥1 is initialized to 50; in
P2, 𝑥1 is initialized from randomly drawn values between −50
and 400; in P3, 𝑥1 is initialized to 100 and randomly drawn
values of 𝑏(2) between 0 and 100. Each episode ends when
𝑁𝑃 periods are reached or an agent has visited a termination
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Table 1: Experimental results.

Line

SARSA

1
2
3

P1
P2
P3

1
1
1

4
5
6

P1
P2
P3

8,421
4,935
10,502

7
8
9

P1
P2
P3

7,214
4,308
8,613

Methods
RSarsa
PRS
Relative computation time/epoch
30
26
20
21
31
29
Average cost of early periods
7,619 (W)
8,379 (p0.43)
4,606 (W)
4,792 (p0.06)
8,694 (W)
9,958 (p0.20)
Average cost of later periods
7,355 (p0.68)
7,051 (W)
4,388 (p0.90)
4,248 (p0.14)
8,139 (p0.29)
8,312 (p0.37)

state, which is a state lying outside a valid range of Q-value
implementation. The maximum number of periods in each
episode, 𝑁𝑃 , defines the length of the problem horizon, while
the number of episodes 𝑁𝐸 specifies a variety of problem
scenarios, that is, different initial states and actions.
Three problem settings are used in our experiments.
Problem 1 (P1) has 𝑁𝐸 = 100, 𝑁𝑃 = 60, 𝐾 = 200, 𝐺 = 100,
𝐵 = 200, and 𝐻 = 20. Demand 𝑑𝑡 is normally distributed,
with mean 50 and standard deviation 10, denoted as 𝑑𝑡 ∼
N(50, 102 ). The environment state [𝑥, 𝑏(1) ] is set as the RL
agent state 𝑠 = [𝑥, 𝑏(1) ]. Problem 2 (P2) has 𝑁𝐸 = 500,
𝑁𝑃 = 60, 𝐾 = 200, 𝐺 = 50, 𝐵 = 200, and 𝐻 = 20, with
demand 𝑑𝑡 ∼ N(50, 102 ). The RL agent state is set as the
inventory level 𝑠 = 𝑥 + 𝑏(1) . Therefore, the RL agent state is
one-dimensional. Problem 3 (P3) has 𝑁𝐸 = 500, 𝑁𝑃 = 60,
𝐾 = 200, 𝐺 = 50, 𝐵 = 200, and 𝐻 = 20. The demand 𝑑𝑡 is
AR1/GARCH(1,1): 𝑑𝑡 = 𝑎0 + 𝑎1 ⋅ 𝑑𝑡−1 + 𝜖𝑡 ; 𝜖𝑡 = 𝑒𝑡 ⋅ 𝜎𝑡 and
2
2
𝜎𝑡2 = ]0 + ]1 ⋅ 𝜖𝑡−1
+ ]2 ⋅ 𝜎𝑡−1
, where 𝑎0 and 𝑎1 are AR1 model
parameters; ]0 , ]1 , and ]2 are GARCH(1,1) parameters; and 𝑒𝑡
is white noise distributed according to N(0, 1). The values of
AR1/GARCH(1,1) in our experiments are 𝑎0 = 2, 𝑎1 = 0.8,
]0 = 100, ]1 = 0.1, and ]2 = 0.8, with initial values 𝑑1 = 50,
𝜎12 = 100, and 𝜖1 = 2. The RL agent state in P3 is threedimensional 𝑠 = [𝑥, 𝑏(1) , 𝑏(2) ]. In all three problem settings,
the RL agent period cost and action are the inventory period
cost and replenishment order, respectively. For RSarsa, PRS,
RSarsa.TD, and PRS.Beta, the extra information required by
rumination is the inventory demand variable 𝜉 = 𝑑𝑡 .
The Q-value is implemented using grid tile coding [2]
without hashing. Tile coding is a function approximation
method based on a linear combination of weights of activated
features, called “tiles.” The approximation function with
argument z is given by
𝑓 (z) = 𝑤1 𝜙1 (z) + 𝑤2 𝜙2 (z) + ⋅ ⋅ ⋅ + 𝑤𝑀𝜙𝑀 (z) ,

(10)

where 𝑤1 , 𝑤2 , . . . , 𝑤𝑀 are tile weights and 𝜙1 (z), 𝜙2 (z), . . . ,
𝜙𝑀(z) are tile activation functions 𝜙𝑖 (z) = 1 only when z lies
inside the hypercube of the 𝑖th tile.

RSarsa.TD

PRS.Beta

5
3
6

30
19
31

7,597 (W)
4,685 (W)
9,390 (p0.07)

7,450 (W)
4,411 (W)
8,472 (W)

7,110 (p0.11)
4,375 (p0.84)
8,486 (p0.43)

7,010 (W)
4,194 (W)
7,664 (p0.18)

The tile configuration, that is, 𝜙1 (z), . . . , 𝜙𝑀(z), is predefined. Each Q-value is stored using tile coding through the
weights. Given a value 𝑄 to store at any entry of z, the weights
are updated according to
𝑤𝑖 = 𝑤𝑖(old) +

(𝑄 − 𝑄(old) )
𝑁

,

(11)

where 𝑤𝑖(old) and 𝑄(old) are the weight (of the 𝑖th tile) and
approximation before the new update. Variable 𝑁 is for a
number of tiling layers.
For P1, we use a tile coding with 10 tiling layers. Each layer
has 8 × 3 × 4 three-dimensional tiles, covering multidimensional state-action space of [−300, 500] × [0, 150] × [0, 150]
corresponding to 𝑠 = [𝑥, 𝑏(1) ] and 𝑎. This means that this tile
coding allows only a state lying in [−300, 500] × [0, 150] and a
value of action between 0 and 150. The dimensions, along 𝑥,
𝑏(1) , and 𝑎, are partitioned into 8, 3, and 4 partitions, creating
96 three-dimensional hypercubes for each tiling layer. All
layers are overlapping to constitute an entire tile coding set.
Layer overlapping is arranged randomly. For P2, we use a
tile coding with 5 tiling layers. Each tiling has 11 × 5 twodimensional tiles, covering the space of [−300, 650] × [0, 150]
corresponding to 𝑠 = (𝑥 + 𝑏(1) ) and 𝑎. For P3, we use a tile
coding with 10 tiling layers. Each tiling has 8 × 3 × 3 × 4
four-dimensional tiles, covering the space of [−400, 1200] ×
[0, 150] × [0, 150] × [0, 150] corresponding to 𝑠 = [𝑥, 𝑏(1) , 𝑏(2) ]
and 𝑎.
All RL agents use the 𝜖-greedy policy with 𝜖 = 0.2. The
learning update uses the learning rate 𝛼 = 0.7 and discount
factor 𝛾 = 0.8.
Figures 4, 5, and 6 show moving averages (of degree 1000)
of period costs, in P1, P2, and P3, obtained with different
learning agents, as indicated in the legends (“R.TD” is short
for RSarsa.TD). Figures 7 and 8 show box plots of average
costs obtained with the different methods in early and later
periods, respectively.
The results are summarized in Table 1. The computation
costs of the methods are measured by relative average
computation time per epoch, shown in lines 1–3. Average
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Figure 4: Moving average of period costs, P1.
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Figure 6: Moving average of period costs, P3.
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Figure 5: Moving average of period costs, P2.

costs are used as the inventory management performance
and they are shown in lines 4–6 for early periods (periods
1–2000 in P1 and P2 and periods 1–4000 in P3) and lines 7–9
for later periods (periods after early periods). The numbers
in each entry indicate average costs obtained from the
corresponding methods. Parentheses reveal results from oneside Wilcoxon’s rank sum tests: “W” indicates that the average
cost is significantly lower than an average cost obtained
from SARSA (𝑃 < 0.05); otherwise, the 𝑃 value is shown
instead.
The computation costs of RSarsa, PRS, and PRS.Beta (full
rumination) are about 20–30 times of SARSA (RL without

rumination). RSarsa.TD (selective rumination) dramatically
reduces the computation cost of rumination at scales of 5–7
times. An evaluation of the effectiveness of each method
(compared to SARSA) shows that RSarsa and PRS.Beta
significantly outperform SARSA in early periods for all 3
problems. Average costs obtained from RSarsa.TD are lower
than ones from SARSA, but significance tests can confirm
only results in P1 and P2. It should be noted that PRS
results do not show significant improvement over SARSA.
This agrees with results in a previous study [17]. With respect
to performance in later periods, average costs of PRS and
PRS.Beta are lower than SARSA’s in all 3 problems. However,
significance tests can confirm only few results (P1 for PRS and
P1 and P2 for PRS.Beta).
Table 2 shows a summary of results from significance tests
comparing the previous study’s RRL methods (RSarsa and
PRS) to our proposed methods (RSarsa.TD and PRS.Beta).
The entries with “W” indicate that our proposed method
on the corresponding column significantly outperforms a
previous method on the corresponding row (𝑃 < 0.05).
Otherwise, the 𝑃 value is indicated.

6. Conclusions and Discussion
Our results have shown that PRS.Beta achieves our goal,
which is to address the slow learning rate of PRS, as it significantly outperforms PRS in early periods in all 3 problems,
and to address the long-term learning quality of RSarsa, as it
significantly outperforms RSarsa in later periods in P1 and P2
and its average cost is lower than RSarsa’s in P3. It should be
noted that although the performance of RSarsa.TD may not
seem impressive when compared to PRS.Beta’s, RSarsa.TD
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Figure 8: Average costs in late periods.

Figure 7: Average costs in early periods.
Table 2: Experimental results.

requires less computational cost. Therefore, as RSarsa.TD
shows some improvement over SARSA, this reveals that
selective rumination is still worth further study.
It should be noted that PRS.Beta employs TD error to
control its behavior (6). The notion to extend TD error to
determine learning factors is not limited only to rumination.
It may be beneficial to use the TD error signal to determine
other learning factors, such as the learning rate, for an
adaptive-learning-rate agent. A high TD error indicates that
the agent has a lot to learn, that what it has learned is wrong,
or that things are changing. For each of these cases, the goal
is to make the agent learn more quickly. So, a high TD error
should be a clue to increase the learning rate, increase the
degree of rumination, or increase the chance to do more
exploration.
To address issues in RL worth investigation, more efficient
Q-value representations should be among the priorities.
Regardless of the action policy, every RL policy relies on Qvalues to determine the action to take. Function approximations suitable to represent Q-values should facilitate efficient

Line
1
2
3
4
5
6
7
8
9
10
11
12

P1
P2
P3

P1
P2
P3

RSarsa.TD
Early periods
RSarsa
0.49
PRS
W
RSarsa
0.95
PRS
0.10
RSarsa
0.80
PRS
0.26
Later periods
RSarsa
W
PRS
0.63
RSarsa
0.46
PRS
0.97
RSarsa
0.66
PRS
0.60

PRS.Beta
0.16
W
W
W
0.37
W
W
0.14
W
0.12
0.26
0.18

realization of an action policy. For example, 𝜖-greedy policy
has to search for an optimal action. A Q-value representation
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suitable for an 𝜖-greedy policy should allow efficient search
for an optimal action given a state. Another general RL action
policy is the softmax policy [2]. Given a state, the softmax
policy has to evaluate the probabilities of candidate actions
based on their associated Q-values. A representation that
facilitates efficient mapping from Q-values to the probabilities
would have great practical importance in this case. Due to
the interaction between the Q-value representation and the
action policy, there are considerable efforts to combine these
two concepts. This is an active research direction under the
rubric of policy gradient RL [18].
There are many issues in RL needed to be explored, theoretically and for application. Our findings reported in this
paper provide another step in understanding and applying RL
to practical inventory management problems. Even though
we only investigated inventory management problems here,
our methods can be applied beyond this specific domain. This
early step in the study of using TD error to control learning
factors, along with investigation of other issues in RL, would
yield a more robust learning agent that is useful in a wide
range of practical applications.
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Steel catenary riser (SCR) is a cost-effective riser system that is widely used in deepwater offshore oilfields development. During
SCR J-lay installation, the movement of pull-head must be carefully controlled to ensure riser safety. Since the SCR installation path
calculation through numerical simulation software is usually time-consuming, this paper has established a mechanical model for
SCR installation by making use of homotopy analysis method (HAM) to simplify its analytical solution, and dimensional analysis
was considered in making initial guess solution. Based on this analytical solution, a program within the framework of MATLAB
was developed to predict the two-dimensional riser behavior during installation, and a sensitivity analysis for different values of
the control variables was carried out. Engineers may efficiently optimize the installation path by the application of this technique.

1. Introduction
In response to increasing global demand of energy from fossil
fuels and the replacement of depleting oil and gas reserves in
most matured fields in the world, operating companies in the
oil industry are expanding their exploration and production
operations into deepwater. In deepwater exploration, SCRs
are widely used as a cost-effective riser system which is connecting offshore platforms and subsea production systems.
During SCR installation as shown in Figure 1, the pull-head is
transferred from installation vessel to platform by Abandon
& Recovery (A&R) wire from installation vessel and pullin wire from the platform. The transfer process is usually
carried out by J-lay vessel, since the S-lay vessel cannot install
SCR independently [1, 2]. The transfer process is divided into
prelay and postlay, depending on whether the offshore platform is on site [3].
The shape of SCR will be affected by the route of pull-head
during installation controlled by both the A&R and the pullin wire, and the maximum stresses to be encountered during
the transfer process must be obtained before installation [4].
A large number of papers have been published on this issue.
The catenary theory is a simple model for evaluating the

tension and curvature of SCR [5], but it cannot simulate
the rapid change of the inclination angle because it ignores
the bending stiffness [6]. The nonlinear large deformation
beam theory is more appropriate for simulating the riser
near touchdown point (TDP) considering the large-angle
deformation [7, 8]. Dixon and Rultledge [9] applied Plunkett’s expansions in analyzing J-lay method. Guarracino and
Mallardo [10] developed the expansions to analyze the S-lay
method. Dai et al. [11] used line integration technique to analyze the tensions of A&R wire while considering the movement of installation vessel. Xing et al. [12] established a nonlinear mechanical model to analyze the pipeline lifting process and applied a shooting method in solving the moving
boundary problem. Lenci and Callegari [13] investigated
some analytical models to analyze the J-lay method, but
the solution is not easy to obtain because the equations are
highly nonlinear. Garcı́a-Palacios et al. [14] used two-dimensional Navier-Bernoulli beam to analyze pipeline laying process, and an updated Lagrangian formulation for the nonlinear analysis was obtained. Nowadays, finite element software
such as OrcaFlex is commonly used to solve optimal installation path problem. But it might be time-consuming depending on the performance of computer. Therefore, a simple and
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Figure 2: Mechanical model for transfer process of SCR installation.

effective SCR installation model is still important for engineers to understand the nature and relevance of the complex
phenomena during installation. Thus, an analytical solution
for SCR installation can substantially reduce design time and
provide a quick evaluation of actual installation setting.
The structural model presented in this paper is a simple
and practical method to obtain the static configuration and
the mechanical load parameters for SCR transfer process. The
bending stiffness and large deformation of the part suspended
in water are taken into consideration. The governing equation
system is derived and the analytical approximate solution is
obtained by means of HAM. Compared with the available
commercial software such as OrcaFlex, the calculation of the
present model has the advantage of high stability and being
time-saving. A series of parameters such as initial installation
angle, maximum lower depth of pull-head, water depth, and
distance between installation vessel and offshore platform are
considered during the stress analysis of SCR installation.

2. Nonlinear Model of SCR Installation
The mechanical model used to simulate the behavior of
transfer process during SCR installation is composed of two
parts, as presented in Figure 2. In pull-head control part, the
catenary theory is used to simulate the A&R wire and pullin wire [15]. In SCR part, the nonlinear large deformation
beam theory is used to simulate the suspended segment [16].
The hypotheses considered in the model are summarized as
follows.

(4) The seabed is rigid. Two parts of the model are solved
in the local coordinate system X O Y , respectively
and transformed to the global coordinate system
XOY, finally. The TDP of SCR is the origin of local
coordinate system X O Y .
2.1. Pull-Head Control Part. The location of pull-head is
important for SCR shape control. It is controlled by the length
of A&R wire from installation vessel and pull-in wire from
platform. Based on catenary theory as shown in Figure 3, the
following equations can be obtained:
𝑆 = √ 𝑦2 + 2

𝑥=

𝑇𝑠
𝑦
𝑤

2
𝑇𝑆 [ 𝑤
𝑤
𝑦 + 1 + √ ( 𝑦 + 1) − 1] ,
ln
𝑤
𝑇𝑆
𝑇𝑆
]
[

(1)

(2)

where 𝑇 is axial tension at pull-head, 𝑇𝑠 is axial tension at
TDP, 𝑤 is the submerged weight per unit length of the riser,
and 𝑆 is the length of SCR.
The transfer process is typically carried out by two steps.
The first step is to lower the pull-head by increasing the length
of A&R wire from installation vessel, and the second step is to
pull-in the pull-head by decreasing the length of pull-in wire
from platform.
The geometrical relationship in lowering step is shown in
Figure 4. Assuming the initial position of pull-head before
transfer process is at (𝑥0 , 𝑦0 ), the increasing length of A&R
wire Δ𝐿 will change the pull-head position to (𝑥1 , 𝑦1 ), 𝑆0
is the suspended segment length of the SCR at the initial
position, 𝑆1 is the suspended segment length of the SCR after
lowering, Δ𝑥 is the horizontal position’s change of TDP, Δ𝑥1
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Figure 6: Forces on a large deformation beam segment 𝛿𝑠.

Y

(x , y )
L V1

Δ𝑥2 is horizontal position’s change of pull-head. Therefore,
the following equations can be obtained:

(xs , ys )

LS

L V0

LS

2

(x1 , y1 )

𝐿 𝑆 = √(𝑥𝑆 − 𝑥0 ) + (𝑦𝑆 − 𝑦0 )

(x0 , y0 )

2

(6)

2
2
= √(𝑥𝑆 − 𝑥1 ) + (𝑦𝑆 − 𝑦1 )

S0
Ts0

2
2
Δ𝐿 = √(𝑥V − 𝑥0 ) + (𝑦V − 𝑦0 )

S1
Δx Ts1

Δx1

Δx2

X

𝑥0 = Δ𝑥 + Δ𝑥1 + Δ𝑥2 .

Figure 5: Geometrical relationship for pull-in step.

is the horizontal length of 𝑆1 , Δ𝑥2 is the horizontal position
change of pull-head, and Δ𝑦 is the vertical position change of
pull-head. The following relations can be obtained:
𝑥0 = Δ𝑥 + Δ𝑥1 + Δ𝑥2

(3)

𝑠0 = Δ𝑥 + 𝑠1 .

(4)

Based on (1)–(4), the pull-head control model for the
lowering step can be obtained:
𝑥1 = 𝑦0 √1 + 2𝐴 − 𝑦1 √1 + 2𝐵
2
1
1
+ 𝑦1 𝐵 ln [ + 1 + √ ( + 1) − 1]
𝐵
𝐵
[
]

(7)

2
2
− √(𝑥V − 𝑥1 ) + (𝑦V − 𝑦1 )

(5)

+ Δ𝐿 cos 𝜃1 ,
where 𝐴 = cos 𝜃0 /(1 − cos 𝜃0 ), 𝐵 = (1 − cos 𝜃1 )/ cos 𝜃1 .
The geometrical relationship in pull-in step is shown in
Figure 5. Assuming the initial position of the installation
vessel is at (𝑥𝑠 , 𝑦𝑠 ), with the initial position of platform being
at (𝑥V , 𝑦V ), while the initial position of pull-head is at (𝑥0 , 𝑦0 ),
the increasing length of pull-in wire Δ𝐿 will change the pullhead position to (𝑥1 , 𝑦1 ). 𝑆0 is the suspended segment length
of the SCR at initial position, and 𝑆1 is the suspended segment
length of the SCR after pull-in, whereas Δ𝑥 is the horizontal
position’s change of TDP, Δ𝑥1 is horizontal length of 𝑆1 , and

(8)

By combining (1), (2), and (6) in (8), the pull-head control
model for the pull-in step can be obtained:
𝑥1 = 𝑦0 √1 + 2𝐴 − 𝑦1 √1 + 2𝐵
2
1
1
+ 𝑦1 𝐵 ln [ + 1 + √ ( + 1) − 1] .
𝐵
𝐵
[
]

(9)

2.2. SCR Part. An infinitesimal element with length 𝑑𝑠 based
on the nonlinear large deformation beam theory is presented
in Figure 6. The force equilibrium equation normal to the
segment’s axial direction is established by (10), and the
force equilibrium equation in the segment’s axial direction is
established by (11). Consider
𝛿𝐹 − 𝑇𝛿𝜃 + 𝑤𝛿𝑠 cos 𝜃 = 0

(10)

𝛿𝑇 = 𝑤𝛿𝑠 sin 𝜃,

(11)

where 𝐹 is shear force (𝐹 = 𝑑𝑀/𝑑𝑠), 𝑇 is axial tension, and
𝑀 is bending moment. Then, (10) can be written as follows:
𝑑𝜃
𝑑2 𝑀
(12)
−𝑇
+ 𝑤 cos 𝜃 = 0.
𝑑𝑠2
𝑑𝑠
According to large deformation beam theory, the curvature 1/𝑅 = 𝑀/EI = 𝑑𝜃/𝑑𝑠, where EI is the flexural rigidity.
Therefore, (12) can be written in the following form:
𝑑𝜃
𝑑𝜃
𝑑2
(EI ) − 𝑇
+ 𝑤 cos 𝜃 = 0.
𝑑𝑠2
𝑑𝑠
𝑑𝑠

(13)
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By simplifying (11) and (13), the mechanical model for
large deformation beam can be obtained as follows:
EI

𝑑𝜃
𝑑3 𝜃
−𝑇
+ 𝑤 cos 𝜃 = 0
𝑑𝑠3
𝑑𝑠

(14)

𝑑𝑇
(15)
= 𝑤 sin 𝜃.
𝑑𝑠
The boundary condition at top point of riser is 𝑑𝜃𝑇 /𝑑𝜀 =
0, and the boundary conditions at TDP are 𝜃𝐷 = 𝜃∗ , 𝑑𝜃𝐷/𝑑𝜀 =
sin 𝜃∗ , and 𝑇(𝜀) = 𝐹𝑇 cos 𝜔𝑇 cos 𝜃∗ , where 𝐹𝑇 is the lifting
load at the top of riser, 𝜔0 is the angel between lifting load
and the 𝑥-axis, 𝜃∗ is the angel between riser and the 𝑥-axis at
TDP.
Equation (14) is a third-order nonlinear differential equation with an unknown variable 𝜃. It can be solved using
numerical method such as the finite element method [17] or
the finite difference method [18]. However, we provide the
analytical solution by HAM in this paper.

3. HAM Solution for SCR Installation Model
3.1. Basic Idea of HAM. Perturbation technique has been
widely used for nonlinear problem [19] which is dependent
on small physical parameters. Liao [20] proposed a general
analytical method known as HAM for nonlinear problems
by using the basic ideas of the homotopy in topology. HAM
provides us with great freedom to select proper base functions
for approximate solutions of nonlinear problems and a simple
way to get enough accurate analytical approximations.
For the nonlinear differential equations with general
form:
𝐴 [𝑢 (𝑥)] = 0

𝑥 ∈ 𝑅𝑛 .

(16)

𝐴 is the nonlinear operator for all equations, 𝑢(𝑥) is an
unknown solution for all equations, and 𝑥 is the independent
variables. Based on the basic concept of HAM, the embedded
parameter 𝑝 ∈ [0, 1] and the initial guess of the exact solution 𝑢0 (𝑥) are introduced. The homotopy which is the socalled zero-order deformation equation can be constructed
as follows:
(1 − 𝑝) 𝐿 [𝜙 (𝑥; 𝑝) − 𝑢0 (𝑥)]
(17)
= 𝑝ℎ𝐻 (𝑥) 𝐴 [𝜙 (𝑥; 𝑝)] 𝑝 ∈ [0, 1] ,
where ℎ is a nonzero auxiliary parameter, 𝐻(𝑥) is a nonzero
auxiliary function, 𝐿 is an auxiliary linear operator that
satisfies the property 𝐿[0] = 0, and 𝜙(𝑥; 𝑝) is an unknown
function. It is obvious that, when 𝑝 = 0 and 𝑝 = 1, the
following relations hold, respectively:
𝜙 (𝑥; 0) = 𝑢0 (𝑥) ,

𝜙 (𝑥; 1) = 𝑢 (𝑥) .

(18)

Thus, as 𝑝 increases from 0 to 1, the solution 𝜙(𝑥; 𝑝) varies
from the initial guess 𝑢0 (𝑥) to the accurate solution 𝑢(𝑥).
Expand 𝜙(𝑥; 𝑝) by Taylor’s theorem in a power series of 𝑝:
+∞

𝜙 (𝑥; 𝑝) = 𝑢0 (𝑥) + ∑ 𝑢𝑘 (𝑥) 𝑝𝑘 ,
𝑘=1

𝑘

where 𝑢𝑘 (𝑥) = (1/𝑘!)(𝜕 𝜙(𝑥; 𝑝)/𝜕𝑝𝑘 )|𝑝=0 .

Assuming that 𝐿, 𝑢0 (𝑥), ℎ, and 𝐻(𝑥) are properly chosen;
the power series (19) converges at 𝑝 = 1, and the solution
series can be obtained as follows:

(19)

+∞

𝑢 (𝑥) = 𝑢0 (𝑥) + ∑ 𝑢𝑘 (𝑥) .

(20)

𝑘=1

Differentiating the zero-order deformation equation (17)
𝑚 times with respect to 𝑝, dividing by 𝑚!, and setting 𝑝 = 0,
𝑚th-order deformation equation can be obtained:
𝐿 [𝑢𝑘 (𝑥) − 𝜒𝑘 𝑢𝑘−1 (𝑥)] = ℎ𝐻 (𝑥) 𝑅𝑘 (𝑥) ,

(21)

where
𝜒𝑘 = {

0,
1,

𝑘⩽1
𝑘 > 1,


𝜕𝑘−1 𝐴 [𝜙 (𝑥; 𝑝)] 
1
𝑅𝑘 (𝑥) =
 .

(𝑘 − 1)!
𝜕𝑝𝑘−1
𝑝=0

(22)

3.2. Solution of the Mechanical Model for SCR Part by HAM.
A dimensionless parameter 𝜀 = 𝑠/𝑙 is introduced to (14) and
(15), and HAM is used to obtain the analytical approximation
of this mechanical model.
Assuming that 𝜑𝜃 (𝜀, 𝑞) is the homotopy which is connected to the original equation, solution 𝜃(𝜀), and the initial
guess solution 𝜃0 (𝜀), 𝜑𝑇 (𝜀, 𝑞) is the homotopy which is connected to the original equation solution 𝑇(𝜀) and the initial
guess solution 𝑇0 (𝜀). The embedded parameter 𝑞 ∈ [0, 1], the
nonzero auxiliary parameters ℎ𝜃 and ℎ𝑇 , the auxiliary linear
operators 𝐿 𝜃 and 𝐿 𝑇 , and the nonzero auxiliary functions
𝐻𝜃 (𝜀) and 𝐻𝑇 (𝜀) are introduced. The nonlinear operators for
(14) and (15) are
𝑁𝜃 [𝜑𝜃 (𝜀, 𝑞) , 𝜑𝑇 (𝜀, 𝑞)]
=

𝜕3 𝜑𝜃 (𝜀, 𝑞) 𝑙2 𝑇
𝜕𝜑𝜃 (𝜀, 𝑞)
−
(𝜀,
𝑞)
𝜑
𝜕𝜀3
EI
𝜕𝜀
+

𝑤𝑙3
cos [𝜑𝜃 (𝜀, 𝑞)]
EI

(23)

𝑁𝑇 [𝜑𝜃 (𝜀, 𝑞) , 𝜑𝑇 (𝜀, 𝑞)]
=

𝜕𝜑𝑇 (𝜀, 𝑞)
− 𝑙𝑤 sin [𝜑𝜃 (𝜀, 𝑞)] .
𝜕𝜀

Thus, zero-order deformation equations can be obtained
as follows:
(1 − 𝑞) 𝐿 𝜃 [𝜑𝜃 (𝜀, 𝑞) − 𝜃0 (𝜀)]
= ℎ𝜃 𝐻𝜃 (𝜀) 𝑞𝑁𝜃 [𝜑𝜃 (𝜀, 𝑞) , 𝜑𝑇 (𝜀, 𝑞)]
(1 − 𝑞) 𝐿 𝑇 [𝜑𝑇 (𝜀, 𝑞) − 𝑇0 (𝜀)]
= ℎ𝑇 𝐻𝑇 (𝜀) 𝑞𝑁𝑇 [𝜑𝜃 (𝜀, 𝑞) , 𝜑𝑇 (𝜀, 𝑞)]

(24)
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which satisfies the initial conditions 𝜑𝜃 (𝜀, 0) = 𝜃0 (𝜀) and
𝜑𝑇 (𝜀, 0) = 𝑇0 (𝜀).
Applying (20) to this case, we can write

EI𝑤0 1/3
𝑙
=(
) .
𝑙0
EI0 𝑤


1 𝜕𝑚 𝜃

𝜑
(𝜀,
𝑞)
𝜃 (𝜀) = 𝜑 (𝜀, 1) = 𝜑 (𝜀, 0) + ∑

𝑚
𝑞=0
𝑚!
𝜕𝑞
𝑚=1
𝜃

+∞

𝜃

= 𝜃0 (𝜀) + ∑ 𝜃𝑚 (𝜀)
𝑚=1


1 𝜕𝑚 𝑇

𝜑 (𝜀, 𝑞)
𝑇 (𝜀) = 𝜑 (𝜀, 1) = 𝜑 (𝜀, 0) + ∑
𝑚
𝑞=0
𝑚!
𝜕𝑞
𝑚=1
+∞

𝑇

(25)

+∞

= 𝑇0 (𝜀) + ∑ 𝑇𝑚 (𝜀) ,
𝑚=1

where 𝜃𝑚 (𝜀) = (1/𝑚!)(𝜕𝑚 /𝜕𝑞𝑚 )𝜑𝜃 (𝜀, 𝑞)|𝑞=0 and 𝑇𝑚 (𝜀) =
(1/𝑚!)(𝜕𝑚 /𝜕𝑞𝑚 )𝜑𝑇 (𝜀, 𝑞)|𝑞=0 .
The 𝑚th-order deformation equations (21) for this particular case are
𝐿 𝜃 [𝜃𝑚 (𝜀) − 𝜒𝑚 𝜃𝑚−1 (𝜀)]
𝜃
= ℎ𝜃 𝐻𝜃 (𝜀) 𝑅𝑚
[𝜃𝑚−1 (𝜀) , 𝑇𝑚−1 (𝜀)]

𝐿 𝑇 [𝑇𝑚 (𝜀) − 𝜒𝑚 𝑇𝑚−1 (𝜀)]

(26)

𝑇
[𝜃𝑚−1 (𝜀) , 𝑇𝑚−1 (𝜀)] ,
= ℎ𝑇 𝐻𝑇 (𝜀) 𝑅𝑚

𝑘⩽1
𝑘 > 1,

𝑙2 𝑚−1

∑ 𝑇 (𝜀) 𝜃𝑚−1−𝑘
(𝜀)
EI 𝑘=0 𝑘

+

𝜕
𝑙𝑤

sin [𝜑𝜃 (𝜀, 𝑞)]𝑞=0 .
(𝑚 − 1)! 𝜕𝑞𝑚−1

+

1
.
EI𝑇

(28)

Referring to the catenary equation, we select the initial
guess solution 𝜃0 (𝜀) and 𝑇0 (𝜀) as
𝜃0 (𝜀) = arctan (

𝑎𝑤𝑙𝜀𝑘
),
𝐺

𝑑𝜃 (𝜀)
= 0,
𝑑𝜀

𝑇 (𝜀) = 𝐹0 cos 𝜔0

𝑎𝑤𝑙0 𝜀𝑘
ℎ 𝜀2
)+ 𝜃
𝐺
EI0 𝑇

6𝑎2 𝑠3𝑘 𝑙02 𝑤02 𝐶 8𝑎4 𝑠5𝑘 𝑙04 𝑤04 𝐶
+
𝜀𝑘 𝑘𝐺2 𝐷2
𝜀𝑘 𝐺4 𝐷3
2

We select the nonzero auxiliary function as
𝐻𝑇 (𝜀) =

𝑙0 ≤ 2
𝑙0 ≤ 25
𝑙0 > 25.
(31)

{ 𝐶 3𝐶 8𝑎2 𝜀2𝑘 𝑙02 𝑤02 𝐶
2𝐶
+ 2
×{ −
−
2
2
𝐷 𝑘𝐷
𝐺𝐷
𝑘𝐷
{

𝑚−1

𝑠2
,
EI𝑇

≤6
≤ 10
≤ 14
≤ 23
≤ 26
≤ 40
> 40

Considering the boundary conditions at TDP (𝜀 = 0) and
top point of riser (𝜀 = 1) in mechanical model for part I, the
following boundary conditions can be obtained:

(27)

𝑇
𝑅𝑚
[𝜃𝑚−1 (𝜀) , 𝑇𝑚−1 (𝜀)]

𝐻𝜃 (𝜀) =

0.00541𝑒𝑙0 /0.48212 + 1.35738
{
{
𝑘 = {1.28217𝑒−𝑙0 /2.36014 − 0.00781𝑙0 + 1.19157
{
{1

𝜃 (𝜀) = arctan (

𝑤𝑙3
𝜕𝑚−1

+
cos [𝜑𝜃 (𝜀, 𝑞)]𝑞=0 ,
EI (𝑚 − 1)! 𝜕𝑞𝑚−1


= 𝑇𝑚−1
(𝜀) −

𝑙0
𝑙0
𝑙0
𝑙0
𝑙0
𝑙0
𝑙0

(32)
𝑑𝜃 (𝜀)
𝜀 = 1:
= 0.
𝑑𝜀
When the nonzero auxiliary parameters are selected as
ℎ𝜃 = 0.1 and ℎ𝑇 = 1, the analytical approximate solution of
𝜃(𝜀) and 𝑇(𝜀) can be written as

𝜃
𝑅𝑚
[𝜃𝑚−1 (𝜀) , 𝑇𝑚−1 (𝜀)]

= 𝜃𝑚−1
(𝜀) −

−𝑙0 /1.43616
{1.02755 − 1.84502𝑒
{
{
{
0.947 + 0.009𝑙0
{
{
{
{
{
1.035
{
{
𝑎 = {1.08931 − 0.00385𝑙0
{
{
{
0.98683 + 688.37803𝑒−𝑙0 /2.11687
{
{
{
{
{
{
{0.96059 + 0.00113𝑙0
{1

𝜀 = 0: 𝜃 (𝜀) = 0,

where
0,
𝜒𝑘 = {
1,

(30)

If we select the length of riser 𝑙0 under the condition EI0 =
50 and 𝑤0 = 350.59, the adjustment parameters 𝑎 and 𝑘 can
be expressed with respect to 𝑙0 :

+∞

𝑇

where 𝐺 = 𝐹0 cos 𝜔0 and 𝑎 and 𝑘 are adjustment parameters
which is related to the length of riser 𝑙. Through dimensional
analysis, the following relationship can be obtained:

𝑇0 (𝜀) = √(𝑙𝑤𝜀)2 + 𝐺2 ,
(29)

0.5

𝑙03 [(𝑙0 𝑤0 𝑠) + 𝐺2 ] 𝜀2 𝐶
EI0 𝑘2 𝑙0 𝐷

+

𝑙03 𝑤0 }
EI0 𝐷0.5 }
}

ℎ
𝑇 (𝜀) = √(𝑙𝑤𝜀)2 + 𝐺2 + 𝑇
EI𝑇
{
𝑙2 𝑤2 𝜀
𝑤𝑙𝜀 }
×{
− 𝑙𝑤 sin [arctan (
)]} ,
0.5
2
𝐺
2
{ [(𝑙𝑤𝜀) + 𝐺 ]
}
(33)
where 𝐶 = 𝑎𝜀𝑘 𝑘3 𝑙0 𝑤0 /𝜀3 𝐺, 𝐷 = 1 + (𝑎2 𝜀2𝑘 𝑙02 𝑤02 /𝐺2 ).
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Table 1: Parameters of SCR.
Value
0.3048
0.2743
3.1340𝐸07
350.59
7850

8.0 × 105
Axial tension (N)

Parameter
Outer diameter (m)
Inner diameter (m)
Flexural rigidity (N⋅m2 )
Weight submerged (N/m)
Density (kg/m3 )

1.0 × 106

D = 2000 m

6.0 × 105
4.0 × 105

D = 1000 m

2.0 × 105

2000
Elevation from seabed y (m)

D = 500 m

D = 2000 m
0

500

1000

1500

2000

2500

The length along SCR (m)

1500
HAM
OrcaFlex

D = 1000 m

1000

Figure 8: Axial tension results comparison between HAM and
OrcaFlex in different water depth.
D = 500 m

500

0

200

400
600
800
Horizontal distance x (m)

1000

1200

HAM
OrcaFlex

Figure 7: Configuration results comparison between HAM and
OrcaFlex in different water depth.

4. Results and Discussion
In order to implement the SCR installation model as
described above, a computer program has been developed
within the framework of MATLAB language program. The
efficiency and accuracy of this model is verified by comparison with the numerical results of OrcaFlex. The parameters of
SCR used for verification and analysis are detailed in Table 1.
The overall configuration and axial tension calculated by
the proposed method and OrcaFlex are compared as shown
in Figures 7 and 8, respectively. In different water depth
conditions, the results are well coincided, which prove that
the analytical method is accurate and can be used to analyze
SCR installation problem. Some critical parameters are summarized in Table 2, where 𝑋 is horizontal distance from TDP
to the top point of riser, 𝑌top is vertical distance from seabed,
and 𝑇max is maximum axial tension at the top point of riser.
Postlay method is selected for SCR installation parameters analysis. In this method, the offshore platform is on site.
When SCR is laid near to the offshore platform by installation
vessel, SCR pull-head is firstly connected to the A&R wire
and the cable from offshore platform, which is lifted only by
the A&R wire. Increase the length of A&R wire to lower pullhead to the maximum depth and then decrease the length of
cable from offshore platform until pull-head is finally lifted
to the hang-off position. Note that the dynamic positioning
(DP) system always maintains the installation vessel and

offshore platform position in the original place during SCR
installation.
The safety of SCR during installation is affected by many
factors. The most important one is that the variation of SCR
maximum stress caused by the change of installation shape
should be within the allowable stress. In order to investigate the influence of the initial installation angle, the maximum lower depth of pull-head, water depth, and the distance between installation vessel and offshore platform, the
parameters shown in Table 1 are used for SCR, with following
hypotheses.
(1) Assume that the initial installation angle is 𝜃𝐼 , the
maximum lower depth of pull-head is 𝐷𝐿 , water depth
is 𝐷, and the distance between installation vessel and
offshore platform is 𝐷𝑉.
(2) Assume that the horizontal position of pull-head is
𝑋ph , which has zero value at the position of the
installation vessel and has maximum value at the
position of the offshore platform.
(3) Assume that the vertical position of pull-head is 𝑌ph ,
which has zero value at sea level and has maximum
value at 𝐷𝐿 .
The maximum stress results under different conditions are
summarized in Table 3.
4.1. Influence of 𝜃𝐼 . Usually, deepwater SCR is installed by Jlay vessel, and the installation angle (the angle between the
J-lay tower and the vertical direction) will affect the SCR
installation shape. Under the conditions that 𝐷𝐿 is 30 m, 𝐷𝑉
is 35 m, 𝐷 is 1000 m, and 𝜃𝐼 is 8∘ , 10∘ and 12∘ , respectively,
the maximum stresses of SCR during installation are shown
in Figure 9. It clearly shows that, with the small rise of 𝜃𝐼 , the
maximum stresses on SCR increase rapidly. It can be observed
that the J-lay method is more suitable for deepwater SCR
installation than S-lay method, since it can control the 𝜃𝐼
nearly to zero.
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Table 2: Critical results.

Item
HAM
OrcaFlex
Difference

𝐷 = 500 m
𝑌top (m)
499.41
499.91
−0.1%

𝑋 (m)
297.97
299.89
0.64%

𝑇max (N)
217071
214430
−1.23%

𝑋 (m)
545.43
546.57
0.21%

𝐷 = 1000 m
𝑌top (m)
1004.09
1002.77
−0.13%

𝑇max (N)
429937
428228
−0.4%

𝑋 (m)
1050.67
1056.20
0.53%

𝐷 = 2000 m
𝑌top (m)
2006.54
2003.68
−0.14%

𝑇max (N)
859997
853240
−0.79%

Table 3: Maximum stress results.
𝜃𝐼 ( )
8
10
12
10
10
10
10
10
10
10

𝐷𝐿 (m)
30
30
30
33
36
35
35
35
35
35

𝐷 (m)
1000
1000
1000
1000
1000
1000
1500
2000
1000
1000

𝐷𝑉 (m)
35
35
35
35
35
35
35
35
30
40

𝜎max (MPa)
169.37
215.15
273.91
218.09
221.10
219.98
135.79
100.23
217.84
222.21

220
210
200
190
180
170
0

5

10

15
Yp 20
h(
m) 25 30

260

180

Stress (Mpa)

200

160
0

140
5

10
15
Yp
20
h
(m
25
)
30

35

30

25

20

10

15

5

35

35

10
15
20
)
25
h (m
30
Xp

5

0

DL = 36 m
DL = 33 m
DL = 30 m

240
220

Stress (Mpa)

∘

0

)

h (m
Xp

𝜃I = 8∘
𝜃I = 10∘
𝜃I = 12∘

Figure 9: Maximum stresses in different 𝜃𝐼 .

4.2. Influence of 𝐷𝐿 . Under the condition that 𝜃𝐼 is 10∘ , 𝐷𝑉 is
35 m, 𝐷 is 1000 m, and 𝐷𝐿 is 30 m, 33 m, and 36 m, respectively, the maximum stresses of SCR during installation are
shown in Figure 10. The calculated results show that, with the
rise of 𝐷𝐿 , the maximum stresses on SCR increase accordingly. It is necessary to control 𝐷𝐿 at its minimum value in
order to avoid the interference of auxiliary installation equipment to keep SCR under safe condition.

Figure 10: Maximum stresses in different 𝐷𝐿 .

4.3. Influence of 𝐷. Under the condition that 𝜃𝐼 is 10∘ , 𝐷𝑉
is 35 m, 𝐷𝐿 is 35 m, and 𝐷 is 1000 m, 1500 m, and 2000 m,
respectively, the maximum stresses on SCR during installation are shown in Figure 11. The calculated results show
that, with the decrease of 𝐷, the maximum stresses on SCR
increase rapidly. It is necessary to pay more attention to the
control of installation path in shallow water. This is because
the SCR length increases as water depth increases, and the
relative change in installation shape is greater in shallow water
than in deep water.
4.4. Influence of 𝐷𝑉. Under the condition that 𝜃𝐼 is 10∘ , 𝐷
is 1000 m, 𝐷𝐿 is 35 m, and 𝐷𝑉 is 30 m, 35 m, and 40 m,
respectively, the maximum stresses on SCR during installation are shown in Figure 12. The calculated results show that,
with the rise of 𝐷𝑉, the maximum stresses on SCR increase
accordingly. It can be inferred that, for the safety of installation vessel and offshore platform, smaller values of 𝐷𝑉 are
preferred for SCR installation.

5. Conclusion
A simple model for analyzing the static behavior of the deepwater SCR during installation is proposed, while the nonlinear large deformation beam theory is applied and HAM
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the offshore platform can cause a little increase in the
maximum stress during SCR installation. To avoid the
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Figure 11: Maximum stresses in different 𝐷.

210

Conflict of Interests

190

Stress (Mpa)

220
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(2) The maximum stress during SCR installation increases with the lower depth of pull-head. The pullhead should be controlled at the minimum lower
depth to keep the safety of SCR during installation.
(3) As water becomes deeper, the maximum stress during
SCR installation becomes smaller, which is beneficial to the safety of SCR. However, the increasing
axial tension induced by its self-weight brings higher
requirements on the capacity of the installation vessel.
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(1) Larger initial installation angle causes higher maximum stress during SCR installation, and the J-lay
tower is preferred to be placed in an almost vertical
position during SCR installation in order to reduce
the initial installation angle.
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Figure 12: Maximum stresses in different 𝐷𝑉 .

is used to obtain an analytical approximate solution for this
model. This model has the main advantage of time-saving
and its practicality. In comparison with the results calculated
using the software OrcaFlex, a positive agreement is obtained,
which demonstrates that the analytical approximate solution
is reliable.
The presented model is applied to analyze the influence
of different parameters. Some valuable conclusions can be
drawn as follows.
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This paper addresses a scheduling problem in an actual industrial environment of a baking industry where production rates
have been growing every year and the need for optimized planning becomes increasingly important in order to address all the
features presented by the problem. This problem contains relevant aspects of production, such as parallel production, setup time,
batch production, and delivery date. We will also consider several aspects pertaining to transportation, such as the transportation
capacity with different vehicles and sales production with several customers. This approach studies an atypical problem compared
to those that have already been studied in literature. In order to solve the problem, we suggest two approaches: using the greedy
heuristic and the genetic algorithm, which will be compared to small problems with the optimal solution solved as an integer linear
programming problem, and we will present results for a real example compared with its upper bounds. The work provides us with
a new mathematical formulation of scheduling problem that is not based on traveling salesman problem. It considers delivery date
and the profit maximization and not the makespan minimization. And it also provides an analysis of the algorithms runtime.

1. Introduction
Production planning problems have been studied extensively
since the early twentieth century, and they can be found
throughout literature. One of the pioneers in the work on
these problems was Henry Gantt in his book “Work, Wages
and Profit” [1] in which he demonstrates the need for a job
schedule in order to increase production efficiency.
Currently many industries are seeking solutions for the
job sequencing problem in order to increase productivity,
reduce costs and, consequently, increase profit. Due to the
burgeoning consumption of foodstuffs worldwide, optimized
planning is necessary. For decades in the industry, planning
rules were used in order to prioritize products by taking into
account only a few production stages, but, given the increase
of complexity and modernization of production, planning as
a whole has to be optimized; that is, the entire production
chain, from production and stock to shipping and sales, must
be taken into account.

The purpose of this paper is to study planning problems
applied to baking industry, where, in the current scenario,
companies have high product turnover; that is, the goods
are highly perishable and companies cannot meet all the
demands for their products made by customers; and these
decisions are highly correlated to production planning and
transportation.
The difficulty of the problem in question is to define
a production sequence in each line considering setup and
production times, together with jobs that have set dates to
be executed, in such a way as to maximize company profit.
Thus, the problem has particular production characteristics,
such as batch production and a scenario with several parallel
production lines. Another relevant point to be considered in
this study is that the solution should be found in a timely
computational manner for planning purposes, as it is to be
executed for the next 24 hours and cannot run for longer than
minutes, allowing the implementation of planning in hours
following the decision.

2
There are many variations of scheduling problems, many
of them widely studied in literature, but the problem studied
here is not found in literature with all of the features proposed
herein; we can only find methods to solve part of the problem.
Because of the diversity of production planning problems,
the problems can be divided into classes. The ratings found
for the more general problem of sequencing are flow-shop
and job-shop. For flow-shop each process is identified in
one job and job-shop is the problem where the order of
each process may not be the same in one job. This problem
presented here is a flow-shop problem.
In studies of flow-shop problems, the first theoretical
results were presented to minimize the makespan, that is,
total production time, with Johnson [2] and Bellman [3]
determining the optimal sequence for the cases with two
machines and special cases with three machines. More
general cases for sequencing with three machines came from
Lomnicki [4] and Ignall, and Schrage [5] by applying branch
and bound methods introduced by Little [6]. For the problem
of flow-shop with more than two machines Garey et al.
[7] proved that it is NP-hard; thus we can only solve small
problems accurately with algorithms such as branch-bound.
Therefore, heuristic methods are proposed for the problem.
In order to study the flow-shop problem with a family
setup, Sridhar and Rajendran [8] propose a heuristic to
minimize the total time with an algorithm based on simulated
annealing. Ziegler [9] proposes a method to minimize the
total time weighted by weights in the process. Schaller
[10] presents a new approach to the problem of flow-shop
setup with families to minimize the makespan. Schaller [11]
proposes a new lower bound for the problem and implements
a two-stage heuristic algorithm based on branch and bound.
França et al. [12] works on the same problem, but with
the Schaller genetic algorithm with local search, “memetic
algorithms” (MA), and [13] achieves superior results by using
hybrid methods with tabu search and the genetic algorithm.
The problems with delivery dates were studied by Croce
et al. [14], who showed a genetic algorithm in which each
chromosome consists of m subchromosomes, one for each
machine, which identifies each transaction made by the
machine. According to the authors, the results were better
than those found by Adams et al. [15], but at greater computational cost. Sittisathanchai and Dagli [16] also present
a genetic algorithm where the chromosome represents the
operational sequence.
Flexible scheduling involves problems where we have the
option of executing operations on different machines. This
kind of problem is more comprehensive than the problem
of traditional scheduling and production in parallel, which
ensures that a transaction is made only by a single machine.
Arthanari and Ramaswamy [17] were pioneers with exact
two-stage methods, using two identical parallel machines in
the first stage and one machine in the second stage. Later,
Brah and Hunsucker [18] worked on the development of more
general branch and bound algorithms, but for problems with
more than 8 jobs, 5 stages and 2 or 3 machines, processing
time becomes impractical.
For multistage jobs, Sawik [19] proposed a constructive
heuristic in which the route of a job is determined at
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each iteration. Kittichartphayak and Ding [20] developed a
heuristic similar to Sawik [19], but for larger orders of tasks
and stages, which was extended by Guinet and Solomon [21].
Smutnicki and Nowicki [22] propose the use of tabu search
in the work with satisfactory results.
The studied problem is a flow-shop problem with parallel
production, setup times, batch production, due date, and
transportation capacity, which in large scale justify the use of
metaheuristic to solve it.

2. Materials and Methods
2.1. Mathematical Modeling. The scheduling problem can be
modeled as a mixed integer linear programming problem.
The problem requires a short-term study in great detail;
that is, the study will be forecast to take place over two to
seven days from the current day. Given the high level of time
detail, it is necessary to deal with accuracies in minutes, as the
setup time and production time may occur within minutes.
Therefore, a discretization of time can result in inaccuracies
because a large number of periods can cause a problem with a
large number of variables, thus making it unenforceable, and
a small number of time periods may not address the problem
with the required accuracy.
Traditional approaches of the scheduling problem are
based on the traveling salesman problem, where a variable
represents the precedence order of task. But in this case it is
necessary to know what time each product will be ready for
shipment. Accordingly, a new model is proposed to represent
the job sequencing where each variable represents which jobs
are executed in each time period (Figure 1).
This problem is defined in a set of period 𝐸, where 𝐸 =
{0, . . . , 𝑒 max} and 𝑒 max is the last period. Production is
defined in two stages: in the first one, a preproduct known
as mass is produced, and, in the second stage, a mass is
transformed into a final product. The set of mass will be
represented by 𝑀 and the set of products determined by the
set 𝑃. Each product 𝑝 ∈ 𝑃 will be produced by a single
mass that can produce more than one product defined by
Prod(𝑚) ⊂ 𝑃. Each mass has its production cost defined by
cost1 (𝑚), which defines the cost of producing each product.
The production time of each mass is represented by 𝑡(𝑚), and
the setup time to prepare the mass of two products 1 and 2 is
𝑠(𝑚1 , 𝑚2 ).
Production occurs through two processes. The first process works in a mixer, which mixes all the ingredients of a
mass, and the cost of ingredients will determine the profits
from the products made with this mass. After the mixer,
there is a second process, where the mass will be roasted,
sliced, and packaged. In this second case the mass will be
transformed into the final product. Products can be grouped
into classes due to of the production characteristics, such as
cooking time, types of cuts, and packaging. Therefore, within
a production line different products with those that have the
same production characteristics can be produced.
The production lines will be represented according to the
set 𝐿, and mass produced on each line will be determined
by set Lin where for each 𝑙 we have Lin(𝑙) ⊂ 𝑀, where
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Figure 1: Job sequencing representation.

an input can be present in more than one production line.
We emphasize that the production of masses will occur in
production batches, and each mass has a certain number of
units produced per batch represented by batch(𝑚).
One of the objectives of the problem is to fulfill the
demand. Demand is divided by markets such that each
market requests a daily mix of products. These requests can
be fully addressed, or partially addressed, or not addressed at
all. If the market is not attained there is no penalty, only the
profit made by that market will not be obtained.
The amount of products to be manufactured is a function
of demand for each market. The customers will be represented by the set 𝐶, the demand in each customer for a
product in a period will be 𝑑(𝑐, 𝑝, 𝑒), and the profit for each
sale will be profit(𝑝, 𝑐).
In order to transport products to markets, there are
options of trucks with different capacities that can be used;
all types of trucks will be represented by 𝑇, with the cost of
each truck given by cost2 (𝑐, 𝑡) and capacity by cap(𝑡). The
service to the customer should take place at a specific time
because the trucks have schedules for loading in factories and
unloading at customers’ premises; accordingly, the demands
of each market should be seen at a predefined period.
A summary of model features and variables is given in
Figure 2.
To describe the model, consider the following model
parameters.
2.1.1. Sets

𝐶: set of customer.
𝑇: set of trucks.
2.1.2. Data
cost1 (𝑚): production cost of mass 𝑚.
𝑡(𝑚): production time of mass 𝑚.
𝑠(𝑚1 , 𝑚2 ): setup time from mass 𝑚1 to mass 𝑚2 .
batch(𝑚): production batch of mass 𝑚.
𝑑(𝑐, 𝑝, 𝑒): demand of customer 𝑐, product 𝑝 in period
𝑒.
profit(𝑐, 𝑝): sales profit of product 𝑝 in customer 𝑐.
cost2 (𝑐, 𝑡): transportation cost by truck 𝑡 to customer
𝑐.
cap(𝑡): transportation capacity of truck 𝑡.
Define the following set of variables.
2.1.3. Variables
𝑧(𝑙, 𝑚, 𝑒) = {1, if mass 𝑚 is produced by production
line 𝑙 in period 𝑒; 0, otherwise}.

𝐸: set of periods.

𝑦(𝑐, 𝑡, 𝑒): integer amount of truck 𝑡 sender off to
customer 𝑐 in period 𝑒.

𝑀: set of mass.

stk(𝑝, 𝑒): stock quantity of product 𝑝 in period 𝑒.

𝑃: set of products.
Prod(𝑚): set of products produced by mass 𝑚.
𝐿: set of production line.
Lin(𝑙): set of mass produced in production line 𝑙.

𝑥(𝑙, 𝑝, 𝑒): quantity of product 𝑝 produced in production line 𝑙 and period 𝑒.
V(𝑐, 𝑝, 𝑒): quantity of product 𝑝 sold at customer 𝑐 and
period 𝑒.

Journal of Applied Mathematics

Scheduling of production line
Cost of production: cost1 (m)

Product sales (c, p, e)

Shipment
y(c, t, e)

Shipment
y(c, t, e)

Product: x(l, p, e)

Product: x(l, p, e)

Mass production:
z(l, m, e)

Batch (m)

Products stocked:
stk (p, e)
Product: x(l, p, e)

Product: x(l, p, e)

Setup time:
s(m1 , m2 )

Batch (m)

Products stocked:
stk (p, e)
Product: x(l, p, e)

Production time: t(m)

Product sales (c, p, e)

Product: x(l, p, e)

Products stocked:
stk (p, e)

Demand: d(c, p, e)

Shipment
y(c, t, e)

Shipment
y(c, t, e)

Product sales (c, p, e)

Shipment
y(c, t, e)

Demand: d(c, p, e)

Product: x(l, p, e)

Product: x(l, p, e)
Batch (m)

Batch production

Product: x(l, p, e)

Products
stoked: stk (p, e)

Line (l)

Demand: d(c, p, e)

Shipment
y(c, t, e)

Shipment
Cost of shipment:
cost2 (c, t)

Sales
Profit: profit (c, p)

4

Production mass m

Line 1
Line 2
Line 3
..
.

e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12 e13 e14 e15 e16 e17 e18 e19 e20 e21 e22 e23 e24

24 hours

Period (e)

Figure 2: Map of production, shipment, and sales.

2.1.4. Constraints
(1) Unique constraint on the use of the line at each
period: in each line, only one product can be produced per period because it is not possible for a
machine to run two products simultaneously

∀𝑒, 𝑙

∑ 𝑧 (𝑙, 𝑚, 𝑒) ≤ 1,
𝑚∈𝑀

(1)

where 𝑧(𝑙, 𝑚, 𝑒) is a binary variable that represents the
production of mass 𝑚 in period 𝑒 and line 𝑙.
(2) Constraints of stock training: at each period, the stock
is formed by the stock from the previous period plus
the sum of what was produced, minus the sale for a
given product

∀𝑒, 𝑝 stk (𝑝, 𝑒) = stk (𝑝, 𝑒 − 1)
+ ∑𝑥 (𝑙, 𝑝, 𝑒 − 𝑡 (𝑚)) − ∑ V (c, 𝑝, 𝑒) ,
𝑙∈𝐿

𝑐∈𝐶

(2)
where stk(𝑝, 𝑒) is the stock of product 𝑝 in the period 𝑒, 𝑡(𝑚)
is time of production for mass 𝑚 that produces 𝑝, 𝑥(𝑙, 𝑝, 𝑒) is
the amount of production of product 𝑝 in the period 𝑒 and
line 𝑙, and V(𝑐, 𝑝, 𝑒) is the sales of product 𝑝 in the customer 𝑐
and the period 𝑒.
(3) Demand constraints: at each customer, the sale of a
product cannot exceed the requested demand
∀𝑐, 𝑝, 𝑒 V (𝑐, 𝑝, 𝑒) ≤ 𝑑 (𝑐, 𝑝, 𝑒) .

(3)
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(4) Constraints of setup time (cleaning and change of
mass in the production line): at each exchange of
mass the machine should be stopped by a number of
periods defined by 𝑠(𝑚, 𝑚1 ). Therefore, if the machine
is used for a mass 𝑚, the other mass 𝑚1 cannot use the
machine for the next 𝑠(𝑚, 𝑚1 ) periods

∀𝑒, 𝑙, 𝑚 𝑃 ∗ (1 − 𝑧 (𝑙, 𝑚, 𝑒)) ≥

∑

𝑠(𝑚,𝑚1 )

∑ 𝑧 (𝑙, 𝑚1 , 𝑒 + 𝑖) ,

𝑚1 ∈Lin(𝑙) 𝑖=1

produced, the amount of batch(𝑚) units of products
is produced
∀𝑙, 𝑚, 𝑒

∑

𝑥 (𝑙, 𝑖, 𝑒) = batch (𝑚) ∗ 𝑧 (𝑙, 𝑚, 𝑒) .

𝑖∈Prod(𝑚)

(5)

(6) Constraints of transport capacity: there is a limit to
the amount of goods that each truck can transport;
therefore, if a truck is used, a maximum of cap(𝑡) units
of products will be sent by truck 𝑡, where the truck is
filled with baskets of the equal dimensions

(4)
where 𝑃 is a large enough number compared to the variables
and problem constants.
(5) Production batch constraints: each mass production
creates several units of products; then if a mass is

∀𝑐, 𝑒

∑ V (𝑐, 𝑝, 𝑒) ≤ ∑ cap (𝑡) ∗ 𝑦 (𝑐, 𝑡, 𝑒) ,
𝑝∈𝑃

𝑡∈𝑇

(6)

where 𝑦(𝑐, 𝑡, 𝑒) is the amount of trucks used for customer 𝑐
over period 𝑒 and type of trucks 𝑡.
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Figure 5: Production scheduling.

8

2

3

8

2

1

5

8

7

9

4

2

2

3

7

4

and Margot [24]. In the context of scheduling delivery date
problems, the problem is solved exactly for one machine in
([25], page 207).
The greedy heuristic can be divided into two phases:
(1) start-up and creation of the priority list ordered,
(2) production sequencing.

Figure 6: Matrix representation of solution to the genetic algorithm.

A list of priorities should be created to be used in the
algorithm; accordingly, the following criteria will be used:
Priority (𝑐, 𝑝)

2.1.5. Objective Function. The objective of the problem is to
maximize profit, that is, maximize the difference between the
sale price of each product in each market and production
costs of each product combined with transportation costs.
The problem presented is characterized as a mixed integer
linear programming problem
𝑓 (V, 𝑦) = ∑ ∑ ∑ profit (𝑐, 𝑝) ∗ V (𝑐, 𝑝, 𝑒)
− ∑ ∑ ∑ cost2 (𝑐, 𝑡) ∗ 𝑦 (𝑐, 𝑡, 𝑒)

=

− ∑ ∑ ∑ cost1 (𝑚) ∗ 𝑧 (𝑙, 𝑚, 𝑒) .
𝑙∈𝐿 𝑚∈𝑀 𝑒∈𝐸

(7)
The mixed integer linear programming problem consists
of
𝑓 (V, 𝑦)
(1) , (2) , (3) , (4) , (5) , (6)
where 𝑥, V, stk ∈ 𝑅+ ,

−1

× ((Production Time (𝑚) − Average Setup (𝑚))) ,
(9)

Average Cost of Shipping (𝑝)

𝑐∈𝐶 𝑡∈𝑇 𝑒∈𝐸

s.t.

− Average Cost of Shipping (𝑝)))

where each product is 𝑝, 𝑚 is mass that produces the product
𝑝, 𝑐 is a customer, and

𝑐∈𝐶 𝑝∈𝑃 𝑒∈𝐸

Max

= ((Sales Price (𝑐, 𝑝) − Production Cost (𝑚)

(8)

𝑧, 𝑦 ∈ 𝑍+ .
2.2. Solution Methods and Implementation Details. Several
methods are proposed to solve the problem. This problem
can be solved by an exact method for solving integer linear
programming problems, such as branch-bound. The solution
will be presented through the Xpress solver using the interior
point method and branch-bound in the default solver configuration. Other solution methods presented will be a method
based on a greedy heuristic (Figure 4) and also metaheuristics
of the genetic algorithm type to solve the problem.
2.2.1. Greedy Heuristic. The greedy algorithm can be found in
Introduction to Algorithms by Cormen et al. [23] or Bendall

∑𝑐∈𝐶|𝑑(𝑐,𝑒,𝑝) ≠
0 ∑𝑡∈𝑇 cost2 (𝑐, 𝑡)
∑𝑡∈𝑇 cap (𝑡)

Average Setup (𝑚)

,
(10)

∑𝑚 ∈𝑀|𝑠(𝑚,𝑚1 ) ≠
0 𝑠 (𝑚, 𝑚1 )
=  1
.
0}
{𝑚1 ∈ 𝑀 | 𝑠 (𝑚, 𝑚1 ) ≠
For each product in each market we can prioritize the one
with the biggest impact in the objective function and it will
have the highest execution priority.
In the production sequencing for each element of the
list Priority, we checked whether it would be possible to
run it on a production line so that the solution does not
become infeasible; that is, for each element determined by a
product, market, and delivery time, we have to run it before
the delivery time. Thus, if space is available (idle line space
before the delivery time longer than production and setup
time of the product in question) in a line that produces this
element, this product will run within this space. If space is
not available, the element is discarded. We note that the task
should be executed as late as possible, in order to ensure that
products with earlier delivery times and lower priorities can
occupy earlier positions in the sequence.
At the production adjustment stage, the algorithm will
only place idle time between the execution of two tasks at
the end of the stage, because idle time between two tasks is
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Figure 7: Creation of initial population to genetic algorithm.
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Figure 9: Mutation to genetic algorithm.

impractical; therefore it can be adjusted without any loss in
objective function.
We can represent the heuristic by means of Figure 3.
𝐸𝑙 is one element of priority list that represents a sale of
product 𝑝 in customer 𝑐.
2.2.2. Genetic Algorithm. The application of methods for
using genetic algorithm in scheduling problems can be found
at Allahverdi et al. [26], which shows several authors working
with genetic algorithms in different scheduling problems.
The genetic algorithm is based on building an initial
population where each individual represents a possible solution, and, through this population, building new populations
through an evolutionary process to find better solutions.
We can divide the algorithm into a few steps: initial
population, crossover, mutation, and selection.
To represent an element of the population on the genetic
algorithm will be used one matrix; this representation is
unusual to the genetic algorithm in implementations already
known. Each row represents a production line and each
column a product that has been produced. This matrix has
dimension Z𝑛×𝑚 , with 𝑛 being quantity of lines and 𝑚
maximum quantity of products produced.
For each production line we will have a set of genes where
each gene represents the product to be produced. Therefore,
the solution is represented by a set of schedules of lines, which

are sets of chromosomes, where each chromosome is a set
of genes as shown in Figure 5, which represents in each line
what will be produced by the genetic algorithm represented
in Figure 6.
(1) Creation of Initial Population. The initial population is
created randomly by respecting the feasibility of the solution.
For each element of the population vectors are created, and
each vector represents a production line and each matrix element represents the product that will be produced according
to Figure 7, in order that the sum of production time and
setup of a line does not exceed the maximum time that the
line can operate. Thus, we can create all the elements of the
population.
(2) Crossover. The crossover phase will start the process of
building the next population. At this stage, two elements are
chosen at a time, and these two elements exchange components from their solutions with each other. This exchange of
components is known as crossover; it is executed by choosing
two random points of each parent chromosome, and these
components are inherited to the new solution that will be
created. After a certain number of children are formed, the
crossover phase is over (Figure 8).
(3) Mutation. In this phase, each child element created in
the crossover phase is mutated, in numbers determined by
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begin
/∗ Upper Bound/;
𝑎𝑡 = 0;
V = 0;
foreach 𝑝 ∈ 𝑃 do
foreach 𝑖 ∈ {𝑛, . . . , 1}|𝑒𝑖 ∈ 𝐸 do
𝑄𝑡𝑝𝑟𝑜V(𝑝, 𝑒𝑗 ) = 𝑄𝑡(𝑝, 𝑒𝑗 );
foreach 𝑗 ∈ 𝐷𝑝,𝑖 do
V(𝑝, 𝑐𝑗 ) = min(𝑑(𝑝, 𝑐𝑗 ) − 𝑎𝑡(𝑝, 𝑐)𝑗, 𝑄𝑡𝑝𝑟𝑜V(𝑝, 𝑒𝑗 ));
𝑄𝑡𝑝𝑟𝑜V(𝑝, 𝑒𝑗 ) = 𝑄𝑡𝑝𝑟𝑜V(𝑝, 𝑒𝑗 ) − V(𝑝, 𝑐𝑗 );
𝐿 = 𝐿 + V(𝑝, 𝑐𝑗 ) ∗ 𝑙(𝑝, 𝑐𝑗 );
𝑎𝑡(𝑝, 𝑐𝑗 ) = 𝑎𝑡(𝑝, 𝑐𝑗 ) + V(𝑝, 𝑐𝑗 );
end
end
end
end
Algorithm 1: Upper bound to genetic algorithm.

the mutation rate of their genes. This is done by randomly
choosing a gene and replacing it with another element so that
the solution remains feasible. This new element is also chosen
randomly (Figure 9).
(4) Selection. Selection can be executed in various manners.
Here, this will be done in two different ways: tournament
and selection of the best individual. After creating the child
elements of the population in the previous steps, a new population will be formed to run a new iteration. With the
option of choice of both parent and child components for
the next generation, the tournament will randomly select
a predetermined number of elements and among them the
ones with the best objective function; this process is repeated
until a new generation is built. Through the method of
selecting the best individual, the best individuals comprise
the new population.
Algorithm 1 is proposed to calculate the upper bound
of the elements of genetic algorithm. In this algorithm we
introduce 𝐿 as the desired upper bound; 𝑄𝑡(𝑝, 𝑒𝑗 ) is the
amount of product 𝑝 produced between the steps 𝑒𝑗−1 and
𝑒𝑗 , 𝑎𝑡(𝑝, 𝑐𝑗 ) is the amount of the product 𝑝 met in customer
𝑐𝑗 , and 𝐷(𝑝,𝑖) is the vector of customer indices, sorted by the
profit of product 𝑝 from the period 𝑒𝑖 to period 𝑒𝑛 .
We can represent the metaheuristics with Figure 10.

The index 𝑃, 𝐸, 𝐶, and 𝑇 and the parameters 𝑑(𝑐, 𝑝),
𝑙(𝑝, 𝑐), cost2 (𝑐, 𝑡), and cap(𝑡) were defined in Section 2 and
given 𝑄𝑡(𝑝, 𝑒) as the amount of product 𝑝 available for
shipment during period 𝑒 calculated by scheduling informed
as a parameter. And we obtain the real variable V(𝑐, 𝑝) being
the amount of product 𝑝 sold at the customer 𝑐 and the integer
variables 𝑒𝑛V(𝑐, 𝑡, 𝑝, 𝑒) are the quantity of product 𝑝 shipped
to customer 𝑐 by truck 𝑡 over period 𝑒 and 𝑧(𝑐, 𝑡, 𝑒) is the truck
release 𝑡 to customer 𝑡 in the period 𝑒.
Constraints
(1) Demand: inequality defined in (3).
(2) Total sales of each product to the market
∀𝑝, 𝑐 V (𝑐, 𝑝) = ∑ ∑ 𝑒𝑛 (𝑐, 𝑡, 𝑝, 𝑒) .
𝑡∈𝑇 𝑒∈𝐸

(3) Shipment of products according to the period
∀𝑝, 𝑒

∑ ∑ 𝑒𝑛 (𝑐, 𝑡, 𝑝, 𝑒 ) ≤ 𝑄𝑡 (𝑝, 𝑒) .

∑

(𝑒 ∈𝐸𝑒 ≤𝑒) 𝑡∈𝑇 𝑐∈𝐶

(12)

(4) Truck capacity
∀𝑐, 𝑡, 𝑒

∑ 𝑒𝑛 (𝑐, 𝑡, 𝑝, 𝑒) ≤ Cap (𝑡) ∗ 𝑧 (𝑐, 𝑡, 𝑒) .
𝑝∈𝑃

2.2.3. Efficiency. To evaluate the efficiency of greedy and
genetic algorithm, a new ILP model is presented. It is necessary because greedy algorithm is calculated through priority
list defined in (9) and genetic algorithm through of upper
bound calculation defined in Algorithm 1. This model is easy
to resolve due to little quantity of integer variables. To all tests
the runtime was less than 10 seconds.
For the model to follow, each method will supply a
resulting scheduling to the model that evaluates the efficiency,
which will obtain the value of a function of an ILP problem
as efficiency of the method.

(11)

(13)

The objective function is defined by (7).
Thus, we have the integer linear programming problem
that will give us the result of each method for the presented
problem
Max
s.t.

(7)
(3) , (11) , (12) , (13)
where V ∈ 𝑅+ ,
𝑒𝑛, 𝑧 ∈ 𝑍+ .

(14)
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Figure 10: Representation of the genetic algorithm.

3.1. Algorithm Performance. In order to analyze the performance of the greedy heuristic, we will calculate the processing
time of the algorithm due to the growth of its dimensions.
First we will examine the additional time as a function of the
growing number of products and markets. Accordingly, we
fix the number of production lines at 40 and the number of
vehicles at 5.
Greedy Heuristic. The analysis will be executed with randomly
generated data, calculating the average run time of the greedy
heuristic as shown in Figure 11.
The plotted points suggest the adjustment of a linear
curve, where we can calculate the parameters of the curve by
the method of least squares and get the value of 𝑅2 = 0.9966,
where 𝑅2 = ∑ (error𝑖 )2 /(𝑛 − 1) and error is the difference
between the value of the curve and points and 𝑛 the total
points used, which shows a linear correlation between the
data; therefore the complexity depending on the products and
markets is approximately (no. product) ∗ (no. markets) that
is, 𝑂(𝑝 ∗ 𝑐).
Now if we fix the number of products and markets we
can analyze the variation in the runtime depending on the
number of lines and production options for each product. We
will set this for 80 products, 20 destinations, and 5 vehicles.
Figure 12 presents the result of complexity in terms of
lines and options for each product line.
We can see by Figure 12 that the curve is a 2-degree
polynomial and, by applying least squares, we get 𝑅2 = 0.9746
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Figure 11: Complexity analysis of the greedy heuristic to quantity of
product × market.
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0.030
Runtime (s)

The following are the results of a presentation by a real example of baking industry and the analysis of the complexity
of each method. The tests were carried out on a computer
equipped with Intel Core i7, 2.93 GHz, 6 GB of memory, and
the 64-bit Windows 7 operating system. The resolution of
integer linear programming models was calculated by the
solver XPress 7.1. The greedy heuristic and genetic algorithm
methods were implemented in C-language.

Runtime (s)

3. Results and Discussion
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Figure 12: Complexity analysis of the greedy heuristic to number of
lines × products option in lines.

showing a correlation between the variables, and it can be said
that complexity in terms of production lines is 𝑂(𝑙2 ).
Genetic Algorithm. We can repeat the analysis for the genetic
algorithm.
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Figure 13: Complexity analysis of the genetic algorithm to quantity
product × market.
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Figure 14: Complexity analysis of the genetic algorithm to number
of lines × products option in lines.

The set of points (product ∗ destination, time) in
Figure 13 suggests a logarithmic function as a setting curve.
By finding the parameters by the method of least squares, we
obtain the function shown in Figure 13 and we find 𝑅2 with
the value of 0.9851; then we can say that the complexity of the
algorithm regarding products and destinations is 𝑂(log(𝑝 ∗
𝑚)).
The set of points (line option ∗ product-line, time) in
Figure 14 suggests a setting curve logarithmic function. After
finding the parameters by least squares we can say that the
complexity is 𝑂(log(𝑙)).
3.2. Convergence of Genetic Algorithm. The parameters used
to genetic algorithm are in Table 1, and the best settings
towards accuracy (approximation of optimal solution) and
runtime were AG6, AG16, and AG17, which presented the
convergence in 15.
Several parameters were used for genetic algorithm as
shown in Table 1; the choice of the best parameters was done
by results of run time and accuracy. The genetic algorithm
proved little sensitiveness in relation to the variation of

8
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Iterations
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AG17

Figure 15: Convergence of genetic algorithm to the best parameters.

mutation rate, but high sensitiveness in relation to the
selection mode and population size.
Regarding selection mode, the best selection mode found
quicker and better solutions if compared to the tournament
mode. The convergence of best selection is quicker than the
tournament one because it prioritizes the best solutions to
continue the methods while tournament tries to select the
best participants in a random subset of a given population.
This is done in an attempt to find better solutions in other
feasible regions.
Therefore, we conclude that the best solutions can be
found around a best solution elected by the mode; this is
noticed when greedy heuristic and genetic algorithm (when
using best select mode with high mutation rate (0.10) and
large population size (100 elements)) get good solutions; that
is, genetic algorithm gets the best solutions in finding good
points and exploring this region around the elected location,
and this is why we use the AG17 set.
Analyzing the set of parameters that use the best selection
mode, in Figure 15 we can observe the convergence of the
sets. AG17 presented the greatest benefit in general: runtime,
accuracy, and convergence, while AG16 set had a faster
convergence but it converged to a worse solution than AG17
and AG6. The AG6 set got the solution next to AG17, but its
convergence was slower if compared to AG17 because it did
not explore other feasible regions due to its small population
size, taking a bigger runtime.
3.3. Result of Solutions. In Table 3 the efficiency of algorithms
that represent the quality of solutions obtained and the
instances tested in Table 2 is presented. The data from the tests
executed can be found in [27].
In comparing greedy heuristic with genetic algorithm
results the first one had a quicker runtime but a worse
accuracy. The runtime difference can be explained due to
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Figure 16: Best production planning (genetic algorithm), Gantt Chart.

Table 1: Genetic algorithm—settings.
Settings
AG1
AG2
AG3
AG4
AG5
AG6
AG7
AG8
AG9
AG10
AG11
AG12
AG13
AG14
AG15
AG16
AG17
AG18

Mutation
0.01
0.05
0.10
0.01
0.05
0.10
0.01
0.05
0.10
0.01
0.05
0.10
0.01
0.05
0.10
0.01
0.05
0.10

Select
Tournament
Tournament
Tournament
Best select
Best select
Best select
Tournament
Tournament
Tournament
Best select
Best select
Best select
Tournament
Tournament
Tournament
Best select
Best select
Best select

Population size
25
25
25
25
25
25
50
50
50
50
50
50
100
100
100
100
100
100

greedy heuristic which executed less and simpler iterations
than genetic algorithm. In the other hand it explores a smaller
space to find good solutions.
Genetic algorithm got better accuracy than greedy heuristic which can be seen in Table 3, which is expected because
metaheuristics does a search for best solution in a bigger

Table 2: Instances to evaluate efficiency.
Problem
AE1
AE2
AE3
AE4
AE5
AE6
AE7
AE8

Product
11
25
50
60
70
80
90
115

Market
11
10
10
13
14
16
18
21

Line
1
5
10
10
10
17
17
17

Trucks
5
5
5
5
5
5
5
5

region inside feasible region than greedy heuristic. Although
genetic algorithm had worse runtime, it is acceptable because
it is within expectation in practical (for the biggest instance
was 1.5 minutes) and the accuracy was very satisfactory (for
small instances less than 10% of upper bound obtained for
ILP).
The objective of the problem is to maximize the profit
through the best operation including production sequencing
and shipments. Figure 16 and Table 4 demonstrate the best
solution according to genetic algorithm to real data (AE8),
with the sequencing of each production line over a period of
24 hours.
We can ascertain that the genetic algorithm in its AG17
parameterization had the best performance; for instance AE1
approached the upper bound of the ILP and obtained most of
the best solutions. The greedy heuristic presented satisfactory
solutions for some instances, but for others it was well below
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Table 3: Comparison of results.

Problem
AE1
AE2
AE3
AE4
AE5
AE6
AE7
AE8

Greedy heuristic
FO
Time (s)
12,733
<0.001
56,077
<0.001
120,162
0.004
234,464
0.005
417,773
0.005
1,044,610
0.006
1,141,410
0.006
1,174,730
0.007

AG06
FO
Time (s)
19,259
1.22
54,127
9.49
115,224
9.59
379,281
10.93
494,619
11.32
1,042,940
14.85
1,237,610
18.45
1,247,800
18.74

AG16
FO
Time (s)
19,227
2.76
54,778
20.59
108,431
46.94
376,080
51.07
491,676
51.31
1,151,700
55.98
1,177,440
58.86
1,180,000
67.64

AG17
FO
Time (s)
20,354
10.25
59,823
20.57
117,770
41.50
394,101
55.73
22,750
57.56
1,151,920
59.75
1,235,990
62.41
1,250,010
92.64

FO
6,904
54,324
—
—
—
—
—
—

ILP
Best bound
22,750
60,567
—
—
—
—
—
—

Time (s)
723.8
1134.5
—
—
—
—
—
—

Table 4: Best production planning (genetic algorithm)—real data.
Line00
Line01
Line02
Line03
Line04
Line05
Line06
Line07

Line08
Line09
Line10
Line11
Line12
Line13
Line14
Line15
Line16

Product2\22
Product2\2
Product70\1
Product10\2
Product32\1
Product32\1
Product7\49
Product7\8
Product42\1
Product111\14
Product88\1
Product45\20
Product56\1
Product29\1
Product92\1
Product13\2
Product46\2
Product69\14
Product66\6
Product50\77
Product85\1
Product83\1
Product26\9
Product34\34
Product31\2
Product35\19
Product114\1
Product63\7

Product47\2
Product45\1
Product11\4

Product45\6

Product113\4

Product47\4

Product113\41

Product47\2

Product113\10

Product37\34

Product71\1

Product48\3

Product59\29

Product15\1

Product48\1

Product109\9
Product109\3
Product44\2
Product3\44
Product51\1
Product110\1
Product75\1
Product2\2
Product29\19
Product41\1
Product40\1
Product92\1
Product3\47
Product66\9

Product58\12
Product58\1
Product7\6
Product4\1
Product52\1
Product24\39
Product89\1
Product45\7
Product36\8
Product12\1
Product93\8
Product36\8
Product109\1
Product69\10

Product109\19
Product14\3
Product44\1
Product32\2
Product87\2
Product111\1
Product72\1
Product2\33
Product98\1
Product101\1
Product24\40
Product56\4
Product46\2
Product68\1

Product14\1
Product109\9
Product7\1
Product3\1
Product90\2
Product91\2
Product87\1
Product47\1
Product24\4
Product55\1
Product38\1

Product32\4

Product109\1

Product14\11

Product44\1
Product3\10
Product12\3
Product104\1
Product54\2

Product4\2
Product88\1
Product24\12
Product111\8

Product24\1
Product111\2
Product74\1

Product27\1
Product13\1
Product56\1

Product13\1
Product36\3
Product30\4

Product92\1
Product24\4
Product40\1

Product58\1
Product4\7

Product4\1
Product32\1

Product46\1
Product69\15

Product67\1

Product112\2
Product81\1
Product26\1
Product21\1

Product85\1
Product79\1
Product25\1
Product23\4

Product82\1
Product86\1

Product78\1

Product85\2

Product86\2

Product60\28

Product114\2
Product48\1
Product63\3

Product35\26
Product35\1

Product114\2
Product39\1

Product39\1
Product10\1

Product80\2
Product114\3

Product59\10
Product80\1

Product20\2
Product86\2
Product84\1
Product25\65
Product60\28
Product76\1
Product11\2
Product80\1
Product62\2

Legend: product XX \N batches.

the best solution; however, the run time was low, unlike
the genetic algorithm, which has a greater runtime and ILP,
which has a nonviable runtime for executing a plan that needs
to be put in place within hours.
Among the parameterizations of the genetic algorithm,
AG17 was efficient and stable; although in two instances
AG6 was more efficient, in others it was well below the
objective function value of AG17, showing some instability
with changes in the dimensions of the problem. AG16 failed
the best objective function values compared to the others.

The genetic algorithm was efficient for solutions with
data from actual dimensions with an acceptable runtime
and better objective function value compared to the greedy
heuristic, showing whether it is applicable to the problem and
stable on the variation of the dimensions of the problem.
In the evaluation of all methods with all the parameterizations presented, the one that performed best was the AG17
parameterization of the genetic algorithm, as it had the best
approach for small problems and the best objective function
value compared to other possibilities presented. AG17 also

Journal of Applied Mathematics
had low run-time, losing to the instances of the greedy
heuristic and for some tests below AG16 parameterization,
but the quality of the solution of the greedy heuristic is well
below the genetic algorithm and the AG16 instance in terms
of execution time was very close to the AG17 instance.

4. Conclusions
The aim of this study was to represent a widely regarded scheduling problem in the baking industry, which has conflicting
variables, and to propose a mathematical solution to solve
it through methods such as genetic algorithm and greedy
heuristic.
In this study it was possible to formalize the problem with
a mathematical representation so that it can be solved as an
ILP problem, because in literature we cannot find a representation of the problem as a whole, only part of the problem.
One of the contributions of this paper is a new model to
scheduling problem that is not based in traveling salesman
problem (TSP). Due to complexity of due date and the
maximization of profit and not minimization of makespan
this problem cannot be modeled as TSP.
It was demonstrated that the real scheduling problem is
able to be modeling as mixed integer linear program problem
different the classical models. And it is possible to resolve this
problem utilizing metaheuristics to find good solutions.
The solutions from greedy heuristic presented a very low
runtime and the value of objective functions was the next
best solution obtained. And the algorithm was shown to have
polynomial order of complexity in practical, which shows
that even if the problem grows over time it is still acceptable.
However, the genetic algorithm showed strong adaptation
to the problem, so the solution was easily represented to be
used by the genetic algorithm, making the algorithm easy
to implement. The results showed themselves to be very
efficient, obtaining good quality solutions for some instances
which came close to the upper bound obtained in solving
the ILP. The algorithm also proved to be efficient for larger
instances, obtaining good solutions in an acceptable runtime,
that is, within the limits to enable a viable plan. In the
complexity analysis, the algorithm proved itself to be efficient
in having logarithmic complexity, which shows that even with
the growth of the problem the running time should not vary
greatly, thus enabling the execution of the algorithm for larger
problems.
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Passive liquid dampers have been used to effectively reduce the dynamic response of civil infrastructures subjected to earthquakes
or strong winds. The design of liquid dampers for structural vibration control involves the determination of the optimal parameters.
This paper presents an optimal design methodology for tuned liquid column dampers (TLCDs) based on the H ∞ control theory.
A practical structure, Dalian Xinghai Financial Business Building, is used to illustrate the feasibility of the optimal procedure. The
model of structure is built by the finite element method and simplified to the lumped mass model. To facilitate the design of TLCDs,
the TLCD parametric optimization problem is transferred to the feedback controller design problem. Through the bounded real
lemma, an optimization problem with bilinear matrix inequality (BMI) constraints is constructed to design a static output feedback
H ∞ controller. Iterative linear matrix inequality method is employed and it added some value range constraints to solve the BMI
problem. After the TLCD parameters are optimized, the responses of displacement and acceleration in frequency domain and time
domain are compared for the structure with and without TLCD. It is validated that the TLCD with the optimized parameters can
make the structure satisfy the need for safety and comfort.

1. Introduction
Civil structural buildings can be damaged under heavy
excitation, such as earthquake. The obvious vibration induced
by some slight excitations, such as slight earthquakes and
strong winds, can make the people in the building feel
uncomfortable. Passive control is an effective strategy to
suppress the vibration [1–4]. However, a lot of passive control
devices are needed to be instrumented additionally. If there
is already some device as a part of the building, it will not
cost so much to deal with the vibration control. Tuned liquid
column damper (TLCD) is first proposed by Sakai et al. [5],
which can change its dynamics by tuning the mass, stiffness,
and damping. So TLCD can be designed to make its dynamics
be suitable for the vibration control of a building. In the tall
building, the liquid tank filled with fresh water has to be
instrumented for the fire protection or daily supply. TLCD
can be set in the building as a liquid tank and also used for
vibration control.
Considering Building 1 in Dalian Xinghai Financial
Business Building, this paper presents a building vibration

control example with TLCD. The finite element model is
built and compared with the lumped mass model. It is found
that these two models are pretty close. The TLCD dynamics
is introduced, and the building dynamics with TLCD is
discussed. Motivated by the method proposed by Moreno
and Thomson [6], the formulation is derived to transfer
the parametric optimization problem of TLCD to design a
feedback controller problem.
For the feedback controller problem, this paper focuses
on how to design a static output feedback 𝐻∞ controller.
According to the bounded real lemma [7], designing the
static 𝐻∞ controller is an optimization problem with bilinear
matrix inequality (BMI) constraints. However, BMI is not a
convex problem and cannot be solved with the general offthe-shelf packages as linear matrix inequality (LMI). To solve
the static output feedback 𝐻∞ controller, Rubió-Massegú et
al. [8] produced a simple expression of the controller, in
which the corresponding symmetric variable matrix in the
bounded real lemma is congruent with a block diagonal
matrix. However, this variable matrix cannot represent all
its possible results because there may exist some matrix
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Table 1: Comparison with difference of the period between two
models.

Finite element model
Lumped mass model
Difference

Figure 1: The buildings in Dalian Xinghai Bay Financial Business
District.

that is not congruent with the block diagonal matrix. So
the controller is conservative, and the desired controller
may not be obtained. Zečević and Šiljak [9] present another
method to design the static output feedback controller by
making some transformations between the output matrix and
controller matrix. Unfortunately, this method also supposed
some relationship between output matrix and controller. So,
the controller is also conservative. This paper employs the
iterative linear matrix inequality (ILMI) method proposed
by Cao et al. [10] and adds some value range restrictions
into ILMI method. ILMI is solving a generalized eigenvalue
minimization problem and does the iteration till satisfying
the predetermined tolerance.
After the desired controller is obtained, the optimal
parameters of TLCD are determined. The responses of the
displacement and acceleration in frequency domain and time
domain are compared to illustrate the performance of the
optimized TLCD.

2. Practical Model
This paper considers the vibration control of a building
subjected to the earthquake excitation, which has 46 stories
and is 149.95 meters high, as shown in Figure 1.
The building has a frame-shear-wall structure and can
be modeled by the finite element software ETABS. The finite
element model contains 5472 joints, 13691 frame elements,
and 4472 cell elements as shown in Figure 2.
Figure 2 displays the structural three-dimensional diagram as Figure 2(a) and structural top floor plan diagram as
Figure 2(b). The first two vibration periods of the finite element model are 3.346829 s and 2.69537 s. The corresponding
vibration modes are shown in Figures 3(a) and 3(b).
However, the computation for the responses of the finite
element model will cost a lot of time. Therefore, the lumped
mass can be used to simplify the finite element model, which
has 46 degrees of freedom (DOF) as shown in Figure 3(c).
The structural masses are concentrated on each floor, and
the interstory damping and stiffness between two lumped
masses can be calculated from the finite element model.

First vibration
period

Second vibration
period

3.3468
3.1312
6.44%

2.6954
2.6123
3.08%

To describe the difference between the finite element model
and the lumped mass model, the vibration periods have been
compared in Table 1.
The difference in the 3rd row of Table 1 shows how
different the two types of models are and can be calculated
as the following expression:
𝑇 − 𝑇 
 𝑓
𝑙 
(1)
× 100%,
𝑇𝑓
where 𝑇𝑓 and 𝑇𝑙 are the vibration periods of the finite
element model and lumped mass model, respectively. The
above comparison illustrates that there is little difference
between the finite element model and lumped mass model.
So, the lumped mass model can be used to approximate the
practical structure building. In Table 1, the first and second
vibration periods are the first mode along 𝑌 direction and
the first mode along 𝑋 direction, respectively. It means that
the structural stiffness along 𝑋 direction is larger than the
one along 𝑌 direction; that is to say, the structure along
𝑌 direction is weaker than that along 𝑋 direction. So, the
lumped mass model can be built only considering the stiffness
and damping along 𝑌 direction. The structure is subjected to
an earthquake, whose dynamics can be formulated as follows:
Mẍ+ Cẋ+ Kx = −M𝑥𝑔̈ ,

(2)

where
𝑚1 0 0
M = [ 0 d 0 ],
[ 0 0 𝑚𝑛 ]
𝑐1 + 𝑐2 −𝑐2 0
C = [ −𝑐2 d −𝑐𝑛 ] ,
−𝑐𝑛 𝑐𝑛 ]
[ 0

(3)

𝑘1 + 𝑘2 −𝑘2 0
d −𝑘𝑛 ] ,
K = [ −𝑘2
0
−𝑘
𝑛 𝑘𝑛 ]
[
where the elements 𝑚𝑖 , 𝑐𝑖 , and 𝑘𝑖 in matrices M, C, and K
are the mass, damping, and stiffness of the 𝑖th floor (𝑖 =
1, . . . , 𝑛, 𝑛 = 46). It should be noted that matrices C and
K are calculated along 𝑌 direction. 𝑥𝑔̈ is the unidirectional
earthquake acceleration. The relative displacement vector x ∈
R𝑛×1 is defined as
T

x = [𝑥1 𝑥2 ⋅ ⋅ ⋅ 𝑥𝑛 ] .

(4)

For the tall building, the structural design proposed does
not only make the building satisfy safety requirement during
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Figure 2: Structural diagram: (a) structural three-dimensional diagram; (b) structural top floor plan diagram.
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Figure 3: Structural diagram: (a) the first vibration mode; (b) the second vibration mode; (c) the lumped mass model.

the earthquake excitation but also make the people in the
building feel comfortable during the slight external excitation, such as wind excitation. The safe requirements mean
that the interstory drifts of the vibrating building should be
smaller. The comfortable requirement needs the acceleration
of the building to be smaller.
A liquid tank with fresh water has to be set in a tall
building, which would be used for the fire protection or
daily supply. So, the structural vibration can be suppressed by

the liquid tank with appropriate dynamics. The dynamics of
the liquid tank can be designed by the tank shapes. This paper
employs the tank with the shape of two columns that is called
the tuned liquid column damper (TLCD).

3. TLCD Design
3.1. The Dynamics of the Structure with TLCD. The structure
of the tuned liquid column damper (TLCD) is shown as
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Figure 4: Tuned liquid column damper system: (a) tuned liquid column damper; (b) the building with tuned liquid column damper.

where
𝑚1
[0
M𝑠 = [
[0
[0

Y

X

𝑐1 + 𝑐2 −𝑐2 0 0
[ −𝑐2 d −𝑐𝑛 0 ]
],
C𝑠 = [
[ 0
−𝑐𝑛 𝑐𝑛 0 ]
0 0 𝑐𝑇 ]
[ 0

TLCD

Figure 5: Deployment of three TLCDs on the top floor.

Figure 4(a). When it is located on the top floor of the
building as shown in Figure 4(b), the TLCD dynamics can
be described as the following equation, which is derived by
Lagrange’s method:
1
 
̈ + 𝑥𝑔̈ ) ,
𝜌𝐴 (2𝐻 + 𝐵) ℎ̈+ 𝜌𝐴𝜉 ℎ̇ ℎ̇+ 2𝜌𝐴𝑔ℎ = −𝜌𝐴𝐵 (𝑥46
2
(5)
where 𝜌 is the liquid density, ℎ is the displacement of the
liquid in the damper, 𝐻 is the vertical length of the liquid
column when the liquid is quiescent, 𝐴 is the cross-sectional
area of the tube, 𝐵 is the horizontal length of the column,
and 𝜉 is the head-loss coefficient. 𝑥𝑔̈ is the unidirectional
̈ is the relative acceleration (with
earthquake acceleration. 𝑥46
respect to the ground) for the top floor of the building.
Equation (5) can be simplified as
̈ + 𝑥𝑔̈ ) ,
𝑚𝑇 ℎ̈+ 𝑐𝑇 ℎ̇+ 𝑘𝑇 ℎ = −𝛼𝑚𝑇 (𝑥46

(6)

𝑘1 + 𝑘2 −𝑘2 0
[ −𝑘2
d −𝑘𝑛
K𝑠 = [
[ 0
−𝑘𝑛 𝑘𝑛
0
0
[ 0

(7)

0
0]
],
0]
𝑘𝑇 ]

(8)

0
0
0
d
0
0 ]
],
0 𝑚𝑛 + 𝑚𝑇 0 ]
0
0
𝛼𝑚𝑇 ]

𝑚1
[0
T𝑤 = − [
[0
[0

q = [𝑞1 ⋅ ⋅ ⋅ 𝑞𝑛 𝑞𝑛+1 ] = [𝑥1 ⋅ ⋅ ⋅ 𝑥𝑛 ℎ] ∈ R(𝑛+1)×1 .
T

T

From (7), it is found that the dynamics of the structure
instrumented with TLCD can be influenced by the TLCD
parameters, such as 𝑚𝑇 , 𝑐𝑇 , and 𝑘𝑇 . When a TLCD is needed
to be designed for a building structure, the value ranges for
the mass ratio, frequency tuning ratio, and damping ratio
are always given first, which can be determined uniquely by
𝑚𝑇 , 𝑐𝑇 , and 𝑘𝑇 . In practical engineering, mass ratio is usually predetermined to satisfy the architectural requirements.
Therefore, only frequency tuning ratio and damping ratio
should be optimized during the TLCD designing. There are
the following relationships with 𝑚𝑇 , 𝑐𝑇 , and 𝑘𝑇 :
𝜏=

where 𝑚𝑇 = 𝜌𝐴𝐿 means the mass of liquid in the tube, 𝑐𝑇 =
2𝑚𝑇 𝜔𝑇 𝜁𝑇 is the equivalent damping of the liquid damper, 𝜔𝑇
is the first resonant frequency of TLCD, 𝜁𝑇 is the damping
ratio of the liquid damper, 𝑘𝑇 = 2𝜌𝐴𝑔 expresses the stiffness
of the liquid column, 𝑔 is the gravitational constant, and 𝛼 =
𝐵/𝐿 denotes the length ratio. According to (4) and (6), the
dynamics of the structure instrumented with TLCD on the
top floor can be formulated as
M𝑠 q̈+ C𝑠 q̇+ K𝑠 q = T𝑤 𝑥𝑔̈ ,

0
0
0
d
0
0 ]
],
0 𝑚𝑛 + 𝑚𝑇 𝛼𝑚𝑇 ]
0
𝛼𝑚𝑇
𝑚𝑇 ]

√𝑘𝑇
𝜔𝑇
=
,
𝜔𝑠
𝜔𝑠 √𝑚𝑇

𝑐𝑇
𝑐𝑇
=
,
𝜁𝑇 =
2𝑚𝑇 𝜔𝑇 2√𝑚𝑇 𝑘𝑇

(9)

where 𝜏 is the frequency tuning ratio, 𝜔𝑠 is the first resonant
frequency of the building, and 𝜁𝑇 is the TLCD damping
ratio as defined above. The TLCD designing objective is to
optimize the parameters 𝜏 and 𝜁𝑇 such that the structural
vibration is reduced and satisfies the need for safety and
comfort. From (9), 𝑐𝑇 and 𝑘𝑇 can replace the parameters 𝜏
and 𝜁𝑇 to be optimized.
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3.2. Transfer Parametric Optimization to Controller Design.
In order to optimize the parameters 𝑐𝑇 and 𝑘𝑇 in (8), they are
separated from the matrices C𝑠 and K𝑠 . Equation (7) is equal
to the following expression:
M𝑠 q̈+ Cq̇+ Kq = T𝑤 𝑥𝑔̈ + T𝑢 𝑝 (𝑡) ,

(10)

where

[

A B1 B2
]
C2 D21 D22
0
0
0(𝑛+1)×(𝑛+1) I(𝑛+1)×(𝑛+1)
[
−1
−1
[
−M−1
M−1
= [ −M𝑠 K
𝑠 C
𝑠 T 𝑤 M𝑠 T 𝑢
[ 0
01×𝑛 0
0
0
1×𝑛 1
01×𝑛 1
0
0
[ 01×𝑛 0

]
]
].
]
]

ℎ
𝑝 (𝑡) = Gy𝑚 = [𝑘𝑇 𝑐𝑇 ] [ ̇] .
ℎ

0
0]
],
0]
0]

(11)

T𝑢 = [01×𝑛 −1] ,
ℎ
𝑝 (𝑡) = [𝑘𝑇 𝑐𝑇 ] [ ̇] .
ℎ

So, the TLCD parametric optimization problem is transferred
to the controller design problem, that is, to design a controller
G to suppress the structural vibration efficiently.

ż= ACL z + BCL 𝑥𝑔̈ ,

(12)

(17)

y𝑧 = CCL z + DCL 𝑥𝑔̈ ,
Equation (10) can be recognized as the structure with the
mass matrix M𝑠 , damping matrix C, and stiffness matrix K
subjected to the earthquake excitation 𝑥𝑔̈ and the control
force 𝑝(𝑡). An appropriate control force 𝑝(𝑡) can suppress the
structural vibration. From (12), the value of the control force
can be decided by the matrix [𝑘𝑇 𝑐𝑇 ] and would vary with
the TLCD state [ℎ ℎ]̇T . Equation (10) can be represented by
the augmented system in state-space as
ż= Az + B1 𝑥𝑔̈ + B2 𝑝 (𝑡) ,
y𝑧 = C1 z + D11 𝑥𝑔̈ + D12 𝑝 (𝑡) ,

(13)

y𝑚 = C2 z + D21 𝑥𝑔̈ + D22 𝑝 (𝑡) ,
where
T

T
y𝑚 = [ℎ ℎ]̇ .

where
ΑCL = A + B2 GC2
BCL = B1 + B2 GD21
DCL = D11 + D12 GD21 .
This paper focuses on how to design a static output feedback
𝐻∞ controller G in (16). Some concepts about 𝐻∞ can refer
to [11]. According to the bounded real lemma [7], an 𝐻∞
controller can be designed to stabilize the closed-loop system
in (17) and make the transfer function norm of the closedloop system smaller than a given scalar 𝛾, if and only if there
exists a symmetric positive definite matrix XCL > 0 to satisfy
the following matrix inequality:
[
[
[
[

ATCL XCL + XCL ACL XCL BCL CTCL

[

T

[

BTCL XCL

−𝛾I

CCL

DCL

]
DTCL ]
] < 0.
]
−𝛾I
]

(19)

Substitute (18) into (19):

(A + B2 GC2 ) XCL + XCL (A + B2 GC2 ) XCL (B1 + B2 GD21 )
T

(18)

CCL = C1 + D12 GC2

(14)

Matrices C1 , D11 , and D12 can be determined according to
objective output y𝑧 , which is always the combination of the

[
[
[
[
[

(16)

3.3. H∞ Static Output Feedback Controller Design. Taking
(16) into (13) to complete the feedback loop, the closed-loop
system can be represented as

T

z = [q q]̇ ;

(15)

The control force 𝑝(𝑡) in (12) can be rewritten as

𝑐1 + 𝑐2 −𝑐2 0 0
[ −𝑐2 d −𝑐𝑛 0]
],
C=[
[ 0
−𝑐𝑛 𝑐𝑛 0]
0 0 0]
[ 0
𝑘1 + 𝑘2 −𝑘2 0
[ −𝑘2
d −𝑘𝑛
[
K=[
0
−𝑘𝑛 𝑘𝑛
0
0
[ 0

structural interstory drifts and the weighted control force.
Other matrices in (13) are denoted as

(B1 + B2 GD21 ) XCL

−𝛾I

C1 + D12 GC2

D11 + D12 GD21

T

(C1 + D12 GC2 )

]
T]
(D11 + D12 GD21 ) ] < 0.
]
]
−𝛾I
]

(20)
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In practical engineering, there are always some value ranges
for the frequency tuning ratio 𝜏 and damping ratio 𝜁𝑇 . So, the
value ranges for 𝑘𝑇 and 𝑐𝑇 in G can be calculated from (9) and
formulated as
𝑐𝑇 = L𝑐 GR𝑐 ,
𝑘𝑇 = L𝑘 GR𝑘 ,

𝑐𝑇𝑙

≤ L𝑐 GR𝑐 ≤

𝑐𝑇𝑢 ,

where

(21)

𝑘𝑇𝑙 ≤ L𝑘 GR𝑘 ≤ 𝑘𝑇𝑢 ,

B2
B = ( 0 ),
D12

where
T

L𝑐 = [1] ,

R𝑐 = [0 1] ,

L𝑘 = [1] ,

R𝑘 = [1 0] .

T

(A + BGC) P + P (A + BGC) < 0,

s.t.

C = (C2 D21 0) .

(23)

Equation (23) is a Lyapunov inequality, which means that
there is a static output feedback to stabilize the system
(A, B, C). So, the ILMI method can be used for the system
(A, B, C) and summarized as follows.
Step 1. According to the value range of the parameters 𝜏 and
𝜁𝑇 , set the lower boundaries 𝑐𝑇𝑙 and 𝑘𝑇𝑙 and upper boundaries
𝑐𝑇𝑢 and 𝑘𝑇𝑢 for 𝑐𝑇 and 𝑘𝑇 , respectively. Select Q > 0 and solve
P from the following algebraic Riccati equation:

T

T

A P + PA − PBB P + Q = 0.

T

Step 2. Solve the following convex problem for P𝑖 , G, and 𝛼𝑖 :

T

T

T

T

Α P𝑖 + P𝑖 A − X𝑖 BB P𝑖 − P𝑖 BB X𝑖 + X𝑖 BB X𝑖 − 𝛼𝑖 P𝑖 (B P𝑖 + GC)
)<0
(
T
B P𝑖 + GC
−I
P𝑖 = PT𝑖 > 0
𝑐𝑇𝑙 ≤ L𝑐 GR𝑐 ≤ 𝑐𝑇𝑢 ,

(25)

Set 𝑖 = 1 and X1 = P.

𝛼𝑖
T

(24)

(22)

T

In (21), 𝑐𝑇𝑢 and 𝑐𝑇𝑙 are denoted as the upper and lower
boundary for 𝑐𝑇 and 𝑘𝑇𝑢 and 𝑘𝑇𝑙 are the upper and lower
boundary for 𝑘𝑇 , respectively. So, the controller G should
be searched with the constraints (20) and (21). However, it
is a bilinear matrix inequality problem, which is nonconvex.
Rubió-Massegú et al. [8] and Zečević and Šiljak [9] proposed
new approaches to deal with the static output feedback
problem, respectively. But the controllers obtained by these
two methods are both conservative due to the predefined
restrictions. This paper employs the iterative linear matrix
inequality (ILMI) method proposed by Cao et al. [10] and
adds the constraints (21) into this method to numerically
calculate the static output feedback controller G. In order to
use ILMI method, (20) should be rewritten into another form:

Minimize

A B1
0
0 ),
A = ( 0 −𝛾I/2
C1 D11 −𝛾I/2

XCL 0 0
P = ( 0 I 0) ,
0 0 I

(26)

𝑘𝑇𝑙 ≤ L𝑘 GR𝑘 ≤ 𝑘𝑇𝑢 .

Set 𝛼𝑖∗ = the minimized 𝛼𝑖 .
Step 3. If 𝛼𝑖∗ ≤ 0, G is the desired static output feedback gain
in (16). Iteration can be stopped.
Step 4. Solve the variable matrices P𝑖 and G by minimizing
trace (P𝑖 ) with the constraints in (26), where 𝛼𝑖 = 𝛼𝑖∗ . Set P∗𝑖
= the solution P𝑖 .
Step 5. Compare X𝑖 and P∗𝑖 . If ‖X𝑖 −P∗𝑖 ‖ is smaller than a given
tolerance, go to Step 6; else set 𝑖 = 𝑖 + 1 and X𝑖 = P∗𝑖 , and then
go to Step 2.
Step 6. The system may not be stabilized through the output
feedback gain in (20) with the constraints (21). Stop the
iteration.

It should be noted that the matrix Q in (25) of Step 1 can
influence the convergence of the ILMI method. If the iteration
cannot be converged, another Q should be chosen. Q is always
set to the identity matrix such that the iteration may obtain a
good convergence. Another notice is that the convex problem
in Step 2 is a generalized eigenvalue minimization problem. It
can be solved through the PEMBMI solver in Yalmip [12].

4. Calculation Results
For the building modeled in the first section, the TLCDs can
be instrumented on the top floor and used for fire protection
or daily supply, whose deployment is shown in Figure 5.
For the three TLCDs, they are first assumed to be one
TLCD for the purpose of simplicity during optimization.
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Figure 6: Frequency response curve comparisons: (a) frequency response for displacement; (b) frequency response for acceleration.

After the assumed TLCD is optimized, it would be divided
into three same TLCDs, whose total mass ratio, frequency
tuning ratio, and damping ratio are, respectively, equal to the
optimized parameters. To design the TLCD, its mass ratio
is pregiven to be 0.015, which means that 𝑚𝑇 is 1.5% of the
structural total mass. And the value ranges for its frequency
tuning ratio 𝜏 and damping ratio 𝜁𝑇 are set to be 0∼2.0 and
0∼0.1. So, the ranges for 𝑘𝑇 and 𝑐𝑇 can be derived as 0 = 𝑐𝑇𝑙 <
𝑐𝑇 < 𝑐𝑇𝑢 = 1.3373 × 106 and 0 = 𝑘𝑇𝑙 < 𝑘𝑇 < 𝑘𝑇𝑢 = 4.1923 × 107
according to (9). The length ratio 𝛼 in (6) is set to be 0.8. The
parametric optimizing process described in the last section is
used. After the iteration of the ILMI method, the static output
feedback controller G in (16) is obtained:
G = [𝑘𝑇 𝑐𝑇 ] = [7.83 × 106 5.78 × 105 ] .

(27)

Then, the parameters 𝜏 and 𝜁𝑇 are determined as
𝜏 = 0.86452;

𝜁𝑇 = 0.09988.

(28)

To study the TLCD performance, the frequency response
comparisons between the lumped model without TLCD and
that with the optimized TLCD are shown in Figure 6.
Figure 6(a) is the frequency response for the top floor
displacement. The dashed line named Bare denotes the
frequency response of the structural top floor displacement
without TLCD, while the solid line named TLCD is for
the response with TLCD. It is found that the frequency
response peak is reduced by TLCD, which can reduce the
vibration response in time domain indirectly. It means that
the building instrumented with TLCD may satisfy the safety
need more easily than that without TLCD. Figure 6(b) is
the frequency response for the top floor acceleration. The
dashed line and solid line have similar definition with that
in Figure 6(a). It illustrates that the TLCD can reduce the
vibration acceleration and make the building satisfy the

comfortable requirement. The comparison in the frequency
domain can reflect the inherent property of the structure with
TLCD.
In practical engineering analysis, it is necessary to make
some comparisons in the time domain. Some earthquake
waves should be chosen to verify that the structural vibration
can be reduced, subjected to any earthquake excitation. There
are four earthquake waves to be chosen, which are Kobe
wave, El Centro wave, North wave, and Hach wave. Their
peak accelerations are scaled to 0.8337 m/s2 , 0.3495 m/s2 ,
0.8428 m/s2 , and 0.2294 m/s2 , respectively. Due to the space
limitation, only the top floor responses are compared as
shown in Figures 7 and 8.
In Figure 7, the dashed line named Bare means the
structure without TLCD and the solid line named TLCD is
the one with TLCD control. From this figure, all the solid line
can reduce the corresponding dashed line a lot. In order to
describe the reduction precisely, the reduction ratios for the
top floor displacement under the different earthquake waves
are calculated according to the following equation:
reduction ratio
=

(Bare structural response) − (TLCD structural response)
Bare structural response
× 100%.
(29)

The reduction ratios are 3.13%, 31.31%, 16.13, and 28.55%
under the Kobe wave, El Centro wave, North wave, and Hach
wave, respectively. It means that the TLCD can suppress
the structural displacement vibration efficiently, which can
decrease the component damage and make the structure safe.
The acceleration comparisons are also made as shown in
Figure 8.
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Figure 7: Time history comparison for the top floor displacement: (a) under Kobe wave; (b) under El Centro wave; (c) under North wave;
(d) under Hach wave.

In Figure 8, the dashed line and solid line have the same
definition as that in Figure 7. In the four figures, all the solid
line can reduce the peak value of the corresponding dashed
line. The reduction ratios for the top floor acceleration under
the four earthquake waves are also calculated as (29), which
are 3.54%, 4.05%, 5.09%, and 8.84%, respectively. It means
that TLCD can make the structure satisfy the requirement for
comfort.

5. Conclusion
This paper optimizes the parameters of TLCD for Building 1 in Dalian Xinghai Financial Business Building with

the consideration of the earthquake excitation. The building
is built to the finite element model and the lumped mass
model, respectively. After the comparison of these two models, they are pretty close. The lumped model is adopted due to
the simple calculation process for optimization.
TLCD is used to suppress the structural vibration subjected to the earthquake excitation. The TLCD parameters are
considered to be optimized. Through the equation derivation,
the parametric optimization problem is transferred to the
feedback controller design problem. The controller is the
static output feedback controller with some value range constraints. This paper designs a static 𝐻∞ controller. According
to bounded real lemma, a bilinear matrix inequality (BMI) is
constructed. To solve the BMI problem, the iterative linear
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Figure 8: Time history comparison for the top floor acceleration: (a) under Kobe wave; (b) under El Centro wave; (c) under North wave; (d)
under Hach wave.

matrix inequality (ILMI) is employed and added by the
value range constraints. After the iteration, the feedback
controller is calculated. Then the frequency tuning ratio
and damping ratio of TLCD are determined. To illustrate
the TLCD performance, the frequency responses of the top
floor displacement and acceleration for the building without
and with TLCD in frequency domain are compared. In
time domain, the displacement and acceleration responses
are compared, subjected to the four earthquake waves. It is
found that TLCD can reduce both the displacements and
accelerations of the building. It means that the TLCD can
make the structure satisfy the need for safety and comfort.
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A novel power and rate control system model for wireless communication networks is presented, which includes uncertainties,
input constraints, and time-varying delays in both state and control input. A robust delay-dependent model predictive power and
rate control method is proposed, and the state feedback control law is obtained by solving an optimization problem that is derived by
using linear matrix inequality (LMI) techniques. Simulation results are given to illustrate the effectiveness of the proposed method.

1. Introduction
Power and rate control for wireless communication networks
has attracted a great deal of interest during recent decades.
The objective of power and rate control is to guarantee the
quality of service (QoS) with the lowest transmit power and
the maximum transmission data rate in order to maximize
the capacity and throughput of the network. However, low
power may lead to the degradation of communication quality
or even unreliable connection, while high data rates may
cause data bursts in the network. Therefore, transmit power
and transmission rate must be effectively controlled for
wireless communication networks.
There have been a lot of effective power and rate control
methods reported in the literature. Generally speaking, the
methods can be broadly classified into three categories: (i)
resource allocation under perfect power control [1–4]; that
is, the received power is well controlled at the target level,
and then the transmission rate and power are optimised
by maximizing the throughput, (ii) a snap-shot evaluation
of the power and rate allocations pertaining to a given
realisation of channel gains for each of the users [5, 6], and
(iii) power control based on resource allocation [7–14]; that
is, the optimal transmission rate can be obtained according
to the resource allocation, and the optimal target signal-toinference ratio (SIR) can be relatively determined, and then

the power control is used to determine an optimal transmit
power for each user to drive its actual SIR towards the optimal
target SIR. The third method will be used in this paper.
System modeling is an important requirement for power
and rate control of wireless communication networks. A
simplified linear system model was presented in [7], which
considered round-trip delay and treated the effects of channel fading and interference as an additive disturbance. A
frame/slot structure was presented in [8], which was used
to implement practically a power and rate control system.
A high order model as a cascade system was presented in
[9, 10], which was used to cancel the effect of time delay.
However, parameter uncertainties were not considered in
these models. State space models with and without uncertain
dynamics were presented in [11], but the time delay was not
considered. An extended version of state space model in [11]
with state delay was presented in [12], but it only considered
the time delay in state and in rate control, while the time
delay in input and in power control was not considered. In
addition, all the models did not consider the time-varying
delays and input constraints. Therefore, a new system model
is needed for power and rate control to increase the QoS,
which should include uncertainties, input constraints, and
time-varying state and input delays in both rate control and
power control. This motivates the work of this paper.

2
A challenge issue in power and rate control is to maintain
robustness to time delay [9, 10, 12]. To compensate for the
effect of time delay, power and rate control algorithms have
been presented by using a multiple-mode Smith prediction
filter in [7] and by using a high order model in [9, 10].
From a system-theoretic perspective, a power and rate control algorithm for wireless networks with state delay was
presented in [12], which minimized the bound on the error
variance between the desired and actual SIR. However, almost
all existing power and rate control methods are limited to
consider known and constant time delay. Unfortunately, the
time delay is often unknown and even time-varying in real
network environments.
In the previous work, we presented power and rate control
algorithms for wireless networks with time-varying state
delay via adaptive control technique [13] and via robust 𝐻∞
control approach [14]. However, as in [12], the time delay only
in rate control was considered, while the time delay in power
control was not considered. In fact, the power control is more
sensitive to time delay than the rate control. Additionally,
only the state time delay was considered in [12–14], but the
input delay was not considered. To the best knowledge of
the authors, research on power and rate control for wireless
communication networks with time-varying delays in both
state and control input has not been investigated, which is
another motivation of this paper.
Another challenge issue in power and rate control is to
maintain robustness to uncertainties and input constraints.
It is well known that robust control with linear matrix
inequality (LMI) is a powerful technique to cope with
uncertainties, and model predictive control (MPC) has strong
ability to handle input constraints [15, 16]. Therefore, a robust
MPC with LMI can be extended to power and rate control
for wireless communication networks with uncertainties and
input constraints, which is the third motivation of this paper.
The main contributions of this paper are as follows. (1) In
the control theoretic framework, a novel power and rate control system model is presented, which includes uncertainties,
input constraints, and time-varying state and input delays
in both rate control and power control. (2) A robust model
predictive power and rate control method is presented for
wireless communication networks with uncertainties, input
constraints, and time-varying state and input delays. The state
feedback control law is obtained by solving an optimization
problem that is derived by using LMI.
The rest of this paper is organized as follows. The power
and rate control system model and problem formulation are
presented in Section 2. A robust model predictive power and
rate control algorithm is presented in Section 3. Simulation
results are given in Section 4. And Section 5 concludes the
paper.
Notation. In this paper, A𝑇 and A−1 denote the transpose
and the inverse of a matrix A, respectively; 𝑅𝑛×𝑚 denotes
the set of all 𝑛 × 𝑚 real matrices; A > 0 (A < 0) means
that A is symmetric positive definite (negative definite); I
is an appropriately dimensioned identity matrix; diag{⋅ ⋅ ⋅ }
denotes a block-diagonal matrix; ‖x‖2 = x𝑇 x, ‖x‖2P = x𝑇Px;
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the symmetric terms in a symmetric matrix are denoted by ∗;
for example,
[

X ∗
X Y𝑇
]=[
].
Y Z
Y Z

(1)

2. System Model and Problem Formulation
In this section, we briefly describe the time delay effects,
power control, and rate control in Sections 2.1, 2.2, and 2.3,
respectively, and then, in the control theoretic framework,
derive the power and rate control system model for uncertain
wireless communication networks with input constraints
and time-varying delays in both state and control input
in Section 2.4 and finally give the problem formulation in
Section 2.5.
2.1. Effects of Time Delays. In wireless communication networks, time delays are mainly due to the signal processing
and signal transmission [9, 15]. For convenience of analysis,
as depicted in Figure 1 for the power control loop, let 𝜏1
denote the time delay in uplink channel (including the
signal processing delay at base station (BS) and the signal
transmission delay from mobile station (MS) to BS), and let
𝜏2 denote the time delay in downlink channel (including the
signal processing delay at MS and the signal transmission
delay from BS to MS). The total round-trip delay in the
network is 𝜏 = 𝜏1 + 𝜏2 . Practical value of the round-trip delay
is between 2 and 4 at the sampling rate of 800 Hz [10, 17]. To
illustrate the effects of time delays in power control design,
let us examine how a power control command 𝑢𝑝 (𝑘 + 1) is
produced. The effect of time delay in rate control design can
be straightforward.
In the uplink power controller, with respect to the
operation at MS, there are three main components related to
the power control [18]: a quantization reconstructor, a power
multiplier (PM), and a power limiter. At time instant 𝑘, the
quantization reconstructor is employed to recover the power
control update command 𝑢𝑝 (𝑘) sent from BS, which is then
fed into the power multiplier, resulting in the transmit power
𝑝(𝑘), which will be limited to the interval [𝑃min , 𝑃max ] due
to the physical limitation of power amplifier. Because of the
downlink time delay 𝜏2 , the transmit power at MS should be
𝑝(𝑘 − 𝜏2 ). It is then transmitted to BS through the uplink
channel with the uplink time delay 𝜏1 . That is, the transmitted
power at MS is 𝑝(𝑘 − 𝜏2 ), and the received power at BS is
𝑝(𝑘 − 𝜏2 − 𝜏1 ) = 𝑝(𝑘 − 𝜏).
At BS, there are four major components related to the
power control [17, 18]: an SIR measurement circuit, an SIR
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comparator, a power control circuit (PC), and a quantizer. The
received SIR 𝛾(𝑘), which is related to 𝑝(𝑘 − 𝜏), is measured
by the SIR measurement circuit. The tracking error can be
obtained by comparison between the received SIR 𝛾(𝑘) and
the target SIR 𝛾∗ (𝑘) (which can be obtained by the rate
controller as shown later). The error is fed into the power
controller. The power controller generates a power control
update command 𝑢𝑝 (𝑘+1) according to an appropriate power
control algorithm to make the received SIR 𝛾(𝑘) track the
target SIR 𝛾∗ (𝑘) efficiently. The quantizer transfers the update
signal from analog 𝑢𝑝 (𝑘 + 1) to digital bits 𝑢𝑝 (𝑘 + 1) based
on a quantization scalar. 𝑢𝑝 (𝑘 + 1) is then transmitted to MS
through the downlink channel.
2.2. Power Control. According to the analysis in Section 2.1,
the received SIR at BS for MS 𝑖 at time 𝑘 can be expressed as
𝛾𝑖 (𝑘) =

𝑔𝑖𝑖 (𝑘) 𝑝𝑖 (𝑘 − 𝜏𝑖 )

∑𝑛𝑗=1,𝑗 ≠𝑖

𝑔𝑖𝑗 (𝑘) 𝑝𝑗 (𝑘 − 𝜏𝑗 ) + 𝜎𝑖2

,

(2)

where 𝛾𝑖 (𝑘) is a measurement of the actual SIR, 𝑔𝑖𝑗 (𝑘)
represents the channel gain from the jth MS to the intended
BS of the ith cell, 𝑝𝑗 (𝑘) is the transmit power from the jth
MS, n is the number of MSs using the same channel including
the intracell and intercell users, 𝜎𝑖2 is the power of the white
Gaussian noise at the receiver of BS, and 𝜏𝑗 is the round-trip
delay. Now let

In order to make the actual SIR 𝛾𝑖 (𝑘) track the desired SIR
𝛾𝑖∗ (𝑘), as in [12], we employ a power control sequence 𝑢𝑖𝑝 (𝑘)
in (7) as follows:
𝑝𝑖 (𝑘 + 1) = 𝑝𝑖 (𝑘) + 𝛼𝑖 [𝛾∗𝑖 (𝑘) − 𝛾𝑖 (𝑘)] + 𝑏𝑖𝑝 𝑢𝑖𝑝 (𝑘) ,

(8)

for a given factor 𝑏𝑖𝑝 and control sequence 𝑢𝑖𝑝 (𝑘) to be
determined.
Then from (5), (6), and (8), we find that the achieved 𝛾𝑖 (𝑘)
varies according to the following rule:
𝛾𝑖 (𝑘 + 1)
= 𝛽𝑖 (𝑘 + 1) + 𝑝𝑖 (𝑘 + 1 − 𝜏𝑖 )
= [𝛽𝑖 (𝑘) + 𝑛𝑖 (𝑘)]
+ {𝑝𝑖 (𝑘 − 𝜏𝑖 ) + 𝛼𝑖 [𝛾∗𝑖 (𝑘 − 𝜏𝑖 ) − 𝛾𝑖 (𝑘 − 𝜏𝑖 )]
+ 𝑏𝑖𝑝 𝑢 (𝑘 − 𝜏𝑖 )}

(9)

= [𝛽𝑖 (𝑘) + 𝑛𝑖 (𝑘)] + [𝛾𝑖 (𝑘) − 𝛽𝑖 (𝑘)] + 𝛼𝑖 𝛾∗𝑖 (𝑘 − 𝜏𝑖 )
− 𝛼𝑖 𝛾𝑖 (𝑘 − 𝜏𝑖 ) + 𝑏𝑖𝑝 𝑢 (𝑘 − 𝜏𝑖 )
= 𝛾𝑖 (𝑘) − 𝛼𝑖 𝛾𝑖 (𝑘 − 𝜏𝑖 ) + 𝛼𝑖 𝛾∗𝑖 (𝑘 − 𝜏𝑖 )
+ 𝑏𝑖𝑝 𝑢 (𝑘 − 𝜏𝑖 ) + 𝑛𝑖 (𝑘) .

(4)

Remark 1. Almost all existing power and rate control methods did not consider the time delay from the transmitted
power to the received SIR, that is, assuming 𝜏𝑖 = 0 in
(2). From the analysis of the dynamics as mentioned in
Section 2.1, the effect of this time delay must be considered.
This paper considers such a time delay which is mainly
different from the existing power and rate control methods.

By introducing logarithmic variables, with 𝛾𝑖 (𝑘) =
ln[𝛾𝑖 (𝑘)], 𝛽𝑖 (𝑘) = ln 𝛽𝑖 (𝑘), and 𝑝𝑖 (𝑘) = ln 𝑝𝑖 (𝑘), we can
rewrite (4) as, in dB scale,

2.3. Rate Control. Let 𝑓𝑖 (𝑘) denote the flow rate at MS 𝑖 at time
𝑘; for any MS in the network, the following flow-rate control
algorithm is given by [12]

𝛽𝑖 (𝑘) =

∑𝑛𝑗=1,𝑗 ≠𝑖

𝑔𝑖𝑖 (𝑘)
𝑔𝑖𝑗 (𝑘) 𝑝𝑗 (𝑘 − 𝜏𝑗 ) + 𝜎𝑖2

(3)

denote the scaling factor that determines how 𝑝𝑖 (𝑘−𝜏𝑖 ) affects
the achieved 𝛾𝑖 (𝑘) in (2); that is,
𝛾𝑖 (𝑘) = 𝛽𝑖 (𝑘) 𝑝𝑖 (𝑘 − 𝜏𝑖 ) .

𝛾𝑖 (𝑘) = 𝛽𝑖 (𝑘) + 𝑝𝑖 (𝑘 − 𝜏𝑖 ) ,

(5)

where 𝛽𝑖 (𝑘) is referred to as the effective channel gain.
Introduce random walk model for 𝛽𝑖 (𝑘) defined by [10]
𝛽𝑖 (𝑘 + 1) = 𝛽𝑖 (𝑘) + 𝑛𝑖 (𝑘) ,

(6)

where 𝑛𝑖 (𝑘) is a zero mean disturbance of variance 𝜎𝑛2
and is independent of 𝑝𝑖 (𝑘). This model is based on the
assumption that MSs in the network do not jointly optimize
their power levels in any centralized manner and only do so
independently in a distributed sense.
The distributed power control (DPC) algorithm (in dB
scale) for each MS is given by
𝑝𝑖 (𝑘 + 1) = 𝑝𝑖 (𝑘) + 𝛼𝑖 [𝛾∗𝑖 (𝑘) − 𝛾𝑖 (𝑘)] ,

(7)

where 𝛼𝑖 is a step-size parameter that is allowed to vary from
one MS to another, 𝛾𝑖∗ (𝑘) is a desired value of SIR, and 𝛾∗𝑖 (𝑘) =
ln 𝛾𝑖∗ (𝑘).

𝑓𝑖 (𝑘 + 1)
= 𝑓𝑖 (𝑘) + 𝜇 [𝑑 (𝑘) − 𝑐1 (𝑘) 𝑓𝑖 (𝑘) − 𝑐2 (𝑘) 𝑓𝑖 (𝑘 − 𝜏𝑖 )] ,
(10)
where 𝜇 > 0 is a step-size parameter and 𝑐1 (𝑘) and 𝑐2 (𝑘)
are measures of the amount of congestion in the network at
time 𝑘. 𝑑(𝑘) controls the amount of rate increase per iteration,
which is a zero mean random variable with variance 𝜎𝑑2 . 𝜏𝑖
is nonzero for any controller that incorporates round-trip
delay time. Equation (10) is a typical rate control strategy
incorporated in wireless communication networks and in
computer networks.
According to Shannon’s capacity formula, there is a
plausible choice for SIR level in order to achieve a rate value
𝑓𝑖 (𝑘); namely, the SIR level should be at least at a value 𝛾𝑖∗ (𝑘),
that is, related to 𝑓𝑖 (𝑘) given by
1
𝑓𝑖 (𝑘) = log2 [1 + 𝛾𝑖∗ (𝑘)] .
2

(11)
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Usually, during normal network operation, 𝛾𝑖∗ (𝑘) ≫ 1.
Thus, 𝑓𝑖 (𝑘) is proportional to log2 𝛾𝑖∗ (𝑘). Using the fact and
(10), the desired SIR varies, in dB scale, according to the
following rule:
𝛾∗𝑖 (𝑘 + 1) = [1 − 𝜇𝑐1 (𝑘)] 𝛾∗𝑖 (𝑘)
− 𝜇𝑐2 (𝑘) 𝛾∗𝑖 (𝑘 − 𝜏𝑖 ) + 𝜇𝑑 (𝑘) ,

(12)

where 𝜇 = 20 𝜇/log2 (10).
Like that mentioned in Section 2.2, as in [12], and considering the round trip time delay, we add a rate control sequence
𝑢𝑖𝑓 (𝑘) in (12) as follows:
𝛾∗𝑖 (𝑘 + 1) = [1 − 𝜇𝑐1 (𝑘)] 𝛾∗𝑖 (𝑘) − 𝜇𝑐2 (𝑘) 𝛾∗𝑖 (𝑘 − 𝜏𝑖 )
+ 𝑏𝑖𝑓 𝑢𝑖𝑓 (𝑘 − 𝜏𝑖 ) + 𝜇𝑑 (𝑘) .

where 𝜏 is a nonzero integer that incorporates round-trip
time delay and 𝜔(𝑘) is a zero mean random vector with
covariance matrix:
𝐸 {𝜔 (𝑘) 𝜔𝑇 (𝑘)} = [

(13)

2.4. Joint Power and Rate Control. For simplicity of notation,
in the following, the MS index 𝑖 is dropped. And we introduce
the two-dimensional state vector:

Then from (9) and (13), we can obtain

𝑐1,𝑙 ≤ 𝑐1 ≤ 𝑐1,𝑢

A=[

(16)

where
0 0
E𝑎 = [
].
0 −𝜇𝑑

Likewise, let 𝑐2 be bounded as 𝑐2,𝑙 ≤ 𝑐2 ≤ 𝑐2,𝑢 . In this way,
the matrix A𝑑 (𝑘) in (16) is also not known exactly but can be
now modelled as A𝑑 (𝑘) = A𝑑 + ΔA𝑑 (𝑘), where
−𝛼 𝛼
A𝑑 = [
],
0 −𝜇𝑐2

B=[

𝑏𝑝 0
],
0 𝑏𝑓

(23)

ΔA𝑑 (𝑘) = 𝐷F (𝑘) E𝑑 ,

E𝑑 = [

0 0
].
0 −𝜇𝑑𝑑

(24)

Then the power and rate control system with timevarying state and input delays and uncertainties can be
written as

+ Bu (𝑘 − 𝜏𝑘 ) + 𝜔 (𝑘) ,
1
0
],
0 1 − 𝜇𝑐1 (𝑘)

(22)

x (𝑘 + 1) = A (𝑘) x (𝑘) + A𝑑 (𝑘) x (𝑘 − 𝜏𝑘 )

where
A (𝑘) = [

(21)

ΔA (𝑘) = 𝐷F (𝑘) E𝑎 ,

or, more compactly,

+ Bu (𝑘 − 𝜏) + 𝜔 (𝑘) ,

1
0
],
0 1 − 𝜇𝑐1

where
(15)

x (𝑘 + 1) = A (𝑘) x (𝑘) + A𝑑 (𝑘) x (𝑘 − 𝜏)

(20)

for some known positive scalars {𝑐1,𝑙 , 𝑐1,𝑢 }. In other words, we
allow for both deterministic and stochastic uncertainties in
𝑐1 (𝑘). In this way, the matrix A(𝑘) in (16) is not known exactly,
but it can be modelled as A(𝑘) = A + ΔA(𝑘), where

−𝛼
𝛼
1
0
] x (𝑘) + [
] x (𝑘 − 𝜏)
x (𝑘 + 1) = [
0 −𝜇𝑐2 (𝑘)
0 1 − 𝜇𝑐1 (𝑘)
𝑏 0
𝑛 (𝑘)
] u (𝑘 − 𝜏) + [
+[ 𝑝
],
0 𝑏𝑓
𝜇𝑑 (𝑘)

(19)

where F(𝑘) is a zero mean random noise with variance 𝜎𝐹2 , 𝐷
and 𝑑 are known scalars, and 𝑐1 is unknown but bounded as

𝛾 (𝑘)

(14)

(18)

We now consider uncertainties that arise due to the lack of
perfect knowledge about the network dynamics. For example,
the congestion control parameters 𝑐1 (𝑘) and 𝑐2 (𝑘) are usually
not known exactly and have to be estimated; the estimation
process introduces errors in the assumed state-space model.
The uncertainty in 𝑐1 (𝑘) can be modelled as [12]
𝑐1 (𝑘) = 𝑐1 + 𝐷F (𝑘) 𝑑,

Remark 2. The power and rate control algorithms, presented
in [10–12], just considered the time delay in rate control, while
the time delay in power control was not considered, that is,
in the case 𝜏𝑖 = 0 in (2). In fact, the power control is more
sensitive to time delay than the rate control. So the time delay
in power control must be considered. Furthermore, the time
delay in control input was not considered in those algorithms,
that is, in the case 𝜏𝑖 = 0 in 𝑢𝑖𝑝 (𝑘 − 𝜏𝑖 ) in (9) and in 𝑢𝑖𝑓 (𝑘 − 𝜏𝑖 )
in (13).

x (𝑘) = [ ∗ ] .
𝛾 (𝑘)
]
[

𝜎𝑛2 0
].
0 𝜇2 𝜎𝑑2

−𝛼
𝛼
A𝑑 (𝑘) = [
],
0 −𝜇𝑐2 (𝑘)
𝑛 (𝑘)
𝜔 (𝑘) = [
],
𝜇𝑑 (𝑘)
(17)

x (𝑘) = 0,

(25)

𝑘 ∈ [−𝜏𝑀, 0] ,

where ΔA(𝑘) and ΔA𝑑 (𝑘) are time-varying uncertain matrices of the form
[ΔA (𝑘) , ΔA𝑑 (𝑘)] = 𝐷F (𝑘) [E𝑎 , E𝑑 ] ,

(26)
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with F(𝑘)𝑇 F(𝑘) ≤ I. Such parameter uncertainties ΔA(𝑘) and
ΔA𝑑 (𝑘) are said to be admissible. And it is assumed that, for
the set of uncertainties Ω, [A(𝑘) | A𝑑 (𝑘)] ∈ Ω. 𝜏𝑘 is a roundtrip time-varying delay and satisfies
0 ≤ 𝜏𝑚 ≤ 𝜏𝑘 ≤ 𝜏𝑀,

(27)

where 𝜏𝑚 and 𝜏𝑀 are known lower and upper delay bounds.
The control input is constrained by
−u ≤ u (𝑘 + 𝑖) ≤ u,

𝑖 ≥ 0.

(28)

is not tractable. To obtain a practical optimization problem,
following a similar approach as in [15], we will relax the
min-max problem into another optimization problem which
minimizes an upper bound on the worst value of the original
cost function 𝐽(𝑘).
Consider a Lyapunov-Krasovskii functional at time 𝑘
𝑉 (x (𝑘)) = 𝑉1 (x (𝑘)) + 𝑉2 (x (𝑘)) + 𝑉3 (x (𝑘)) ,
where
𝑉1 (x (𝑘)) = x𝑇 (𝑘) Px (𝑘) ,

2.5. Problem Formulation. Define the following robust performance index at each time 𝑘:
min
max
𝐽 (𝑘) ,
u(𝑘+𝑗|𝑘),𝑗≥0 [A(𝑘+𝑗)|A𝑑 (𝑘+𝑗)]∈Ω
subject to

−𝜏𝑚

x (𝑘 + 𝑗 + 1 | 𝑘)
(30)

𝑘−1

∑ x𝑇 (𝑖) Pd x (𝑖) ,

(35)

𝑗=−𝜏𝑀 +1 𝑖=𝑘+𝑗

𝑗 ∈ [0, ∞) ,

where 𝐽(𝑘) is the performance index function with respect to
x(𝑘), Q1 > 0 and R > 0 are weighting matrices, 𝜙(x, u, 𝑗) =
‖x(𝑘 + 𝑗 | 𝑘)‖2𝑄1 + ‖u(𝑘 + 𝑗 | 𝑘)‖2𝑅 is the stage cost, x(𝑘 + 𝑗 | 𝑘)
is the value of vector x at future time 𝑘 + 𝑗 (𝑗 > 0) predicted
at time 𝑘, 𝑥(𝑘 | 𝑘) = 𝑥(𝑘), and x(𝑘 − 𝑖 | 𝑘) = x(𝑘 − 𝑖) for 𝑖 > 1.
Equations (29)-(30) are a constrained min-max optimization problem corresponding to a worst-case infinite-horizon
MPC with a quadratic objective.
The goal of this paper is to find a state feedback control
law u(𝑘) = Kx(𝑘) for system (25) via the MPC strategy by
solving the optimization problem (29)-(30).
Before ending this section, we introduce the following
lemma, which is useful to prove our results.
Lemma 3 (see [19]). Let D, E, and F be real matrices of
appropriate dimensions, with FT F ≤ I, and then there exists
a scalar 𝜀 ≥ 0, such that the following inequality holds:
DFE + ET FT D𝑇 ≤ 𝜀DD𝑇 + 𝜀−1 ET E.

𝑉 (x (𝑘 + 𝑗 + 1 | 𝑘)) − 𝑉 (x (𝑘 + 𝑗 | 𝑘)) ≤ −𝜙 (x, u, 𝑘) . (36)
For 𝐽(𝑘) to be finite, we must have x(∞ | 𝑘) = 0, and
hence 𝑉(x(∞ | 𝑘)) = 0. Hence summing both sides of (36)
from 𝑗 = 0 to 𝑗 = ∞ yields −𝑉(x(𝑘 | 𝑘)) ≤ −𝐽(𝑘), and it
follows that

× x (𝑘 + 𝑗 − 𝜏𝑘 | 𝑘) + Bu (𝑘 + 𝑗 | 𝑘) + 𝜔 (𝑘 + 𝑗) ,
− u ≤ 𝑢 (𝑘 + 𝑗) (= Kx (𝑘 + 𝑗 | 𝑘)) ≤ u,

∑

where P = P𝑇 > 0, P𝑑 = P𝑇𝑑 > 0.
An upper bound on the worst value of the cost function
𝐽(𝑘) is obtained whenever the following inequality is satisfied
for any [A(𝑘 + 𝑗 | 𝑘) | A𝑑 (𝑘 + 𝑗 | 𝑘)] ∈ Ω, 𝑗 ≥ 0:

𝑗=0

= A (𝑘 + 𝑗) x (𝑘 + 𝑗 | 𝑘) + A𝑑 (𝑘 + 𝑗)

(34)

𝑖=𝑘−𝜏𝑘

𝑉3 (x (𝑘)) =
∞

(33)

𝑘−1

𝑉2 (x (𝑘)) = ∑ x𝑇 (𝑖) Pd x (𝑖) ,

(29)

2
2


𝐽 (𝑘) = ∑ {x(𝑘 + 𝑗 | 𝑘)Q1 + u (𝑘 + 𝑗 | 𝑘)R } ,

(32)

(31)

3. Model Predictive Power and Rate Control
In this section, we will design the robust state feedback
controller for system (25) via the MPC strategy by solving the
optimization problem (29)-(30). However, the exact solution
to the min-max optimization problem (29)-(30) in general

𝐽 (𝑘) ≤ 𝑉 (x (𝑘 | 𝑘)) ≤ 𝜐 (𝑘) ,

(37)

where 𝜐(𝑘) > 0 is defined to be the upper bound of the cost
function 𝐽(𝑘). This implies
𝐽 (𝑘) ≤ 𝜐 (𝑘) .
max
[A(𝑘+𝑗)|A𝑑 (𝑘+𝑗)]∈Ω,𝑗≥0

(38)

Then, from (38), the original min-max optimization
problem (29)-(30) is turned into the following optimization
problem that minimizes this upper bound 𝜐(𝑘):
min 𝜐 (𝑘) ,

𝜐(𝑘),𝐾,𝑃,𝑃𝑑

(39)

subject to (30) and (38).
Theorem 4. Consider the power and rate control system (25)
subject to (26)–(28). If there exist matrices Q = Q𝑇 > 0,
Q𝑑 = Q𝑇𝑑 > 0, and Y, Z > 0 with appropriate dimension, and
scalars 𝜀 > 0 and 𝜐(𝑘) > 0, such that the following optimization
problem is solvable:
min

𝜐 (𝑘) ,

𝜐(𝑘),𝑄,𝑄𝑑 ,𝑌,𝑍,𝜀

subject to

(40)
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−Q
∗
∗
∗
∗
∗
∗
[
[(𝜏 + 1)1/2 Q −Q
∗
∗
∗
∗
∗
[ 𝑠
𝑑
[
[
[ Q1/2 Q
0 −𝜐 (𝑘) I
∗
∗
∗
∗
[
1
[
[
[
R1/2
0
0
−𝜐 (𝑘) I
∗
∗
∗
[
[
[
[
0
0
0
0
−Q𝑑
∗
∗
[
[
[
0
0
0
0
0
−𝜐 (𝑘) I
∗
[
[
[
[
AQ
0
0
0
A𝑑 Q𝑑 + BY
I
𝜀D𝑇 D − Q
[
[
[
0
0
0
E𝑑 Q𝑑
0
0
E𝑎 Q
[
[
[

Z ∗
] ≥ 0,
Y𝑇 Q

Q𝑑 = 𝜐P−1
𝑑 ,

Z𝑗𝑗 ≤ u2𝑗 ,

𝜉3 (𝑘) = [x𝑇 (𝑘) , x𝑇 (𝑘 − 1) , . . . , x𝑇 (𝑘 − 𝜏𝑚 ) ,
𝑇

(42)
𝑗 = 1, . . . , 𝑚,

(43)

(44)
x∗𝑇 (𝑘 + 1 | 𝑘 + 1) P∗ (𝑘 + 1) x∗ (𝑘 + 1 | 𝑘 + 1)

Q𝑑
Q𝑑 Q𝑑
Λ = diag (Q,
, . . . , Q𝑑 ) ,
,...,
,
𝜏𝑠 + 1
𝜏𝑠 + 1 𝜏𝑠

≤ x∗𝑇 (𝑘 + 1 | 𝑘 + 1) P∗ (𝑘) x∗ (𝑘 + 1 | 𝑘 + 1) ,

then the state feedback controller u(𝑘) = Kx(𝑘) minimizes the
upper bound of the cost function, where the feedback matrix K
is obtained from the solution of (40)–(43) given by
K = YQ−1
𝑑 .

(41)

and P∗ (𝑘 + 1), P∗𝑑 (𝑘 + 1) denote the optimal values of problem
(40)–(43) at times 𝑘 and 𝑘 + 1, respectively, and x∗ (𝑘 | 𝑘) and
x∗ (𝑘 + 1 | 𝑘 + 1) are optimal state correspondingly.
Since P∗ (𝑘 + 1) and P∗𝑑 (𝑘 + 1) are optimal, whereas P∗ (𝑘),
∗
P𝑑 (𝑘) are feasible at time 𝑘 + 1, we have

Y = KQ𝑑 ,

x𝑇 (𝑘 − 𝜏𝑚 − 1), . . . , x𝑇 (𝑘 − 𝜏𝑀)] ,

]
∗ ]
]
]
]
∗ ]
]
]
]
∗ ]
]
]
] ≤ 0,
∗ ]
]
]
]
∗ ]
]
]
∗ ]
]
]
]
−𝜀I
]

1 ∗
] ≥ 0,
𝜉3 (𝑘) Λ

where 𝜏𝑠 = 𝜏𝑀 − 𝜏𝑚 , and
Q = 𝜐P−1 ,

∗

(45)

The proof of Theorem 4 is presented in the Appendix.
Theorem 4 has given a sufficient condition for the existence of the robust MPC controller at time 𝑘. In order to prove
the stability of the closed loop, a lemma is given as follows.
Lemma 5 (see [15]). If the optimization problem in Theorem 4
is feasible at time 𝑘, then it is feasible for all times 𝑘 + 𝑗, 𝑗 > 0.

≤ x𝑇 (𝑘 + 1 − 𝑖 | 𝑘 + 1) P∗𝑑 (𝑘) x (𝑘 + 1 − 𝑖 | 𝑘 + 1) .
From Theorem 4, we have an invariant set Γ for the
predicted states of system (25),
Γ = {x (𝑘 + 𝑖 | 𝑘) ∈ 𝑅𝑛 | 𝜉𝑇3 (𝑘 + 𝑖 | 𝑘) Λ3 𝜉3 (𝑘 + 𝑖 | 𝑘) ≤ 𝜐}
= {x (𝑘 + 𝑖 | 𝑘) ∈ 𝑅𝑛 | 𝜉𝑇3 (𝑘 + 𝑖 | 𝑘) Λ𝜉3 (𝑘 + 𝑖 | 𝑘) ≤ 1} ,
𝑖≥0
(47)

Next, we can give the following theorem to stabilize the
closed-loop system.
Theorem 6. If the optimization problem (40)–(43) is feasible
at time 𝑘, then the state feedback controller u(𝑘) = Kx(𝑘)
from Theorem 4 robustly asymptotically stabilizes the closedloop system.
Proof. It is known that the optimization problem (40)–(43)
is feasible from Lemma 5. So we assume that P∗ (𝑘), P∗𝑑 (𝑘)

(46)

x𝑇 (𝑘 + 1 − 𝑖 | 𝑘 + 1) P∗𝑑 (𝑘 + 1) x (𝑘 + 1 − 𝑖 | 𝑘 + 1)

and u(𝑘 + 𝑗 | 𝑘) = Kx(𝑘 + 𝑗 | 𝑘), 𝑗 ≥ 0. Then for any [A(𝑘) |
A𝑑 (𝑘)] ∈ Ω, we have
x𝑇 (𝑘 + 1 | 𝑘) P (𝑘) x (𝑘 + 1 | 𝑘)
< x𝑇 (𝑘 | 𝑘) P (𝑘) x (𝑘 | 𝑘) ,

x (𝑘 | 𝑘) ≠
0.

(48)
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Noting x(𝑘 + 1 − 𝑖 | 𝑘 + 1) < x(𝑘 + 1 − 𝑖 | 𝑘), 𝑖 = 1, 2, . . . , 𝜏𝑘 ,
that implies
x𝑇 (𝑘 + 1 − 𝑖 | 𝑘 + 1) P∗𝑑 x (𝑘 + 1 − 𝑖 | 𝑘 + 1)
≤ x𝑇 (𝑘 + 1 − 𝑖 | 𝑘) P∗𝑑 x (𝑘 + 1 − 𝑖 | 𝑘) ,

(49)

𝑖 = 1, 2, . . . , 𝜏𝑘 .
Since the measured state
x (𝑘 + 1 | 𝑘 + 1) = x (𝑘 + 1)
= A (𝑘) x (𝑘 | 𝑘) + (A𝑑 (𝑘) + BK)

(50)

× x (𝑘 − 𝜏𝑘 | 𝑘) + 𝜔 (𝑘)
for some [A(𝑘) | A𝑑 (𝑘)] ∈ Ω, it must also satisfy the
inequality (48). Combining this with (46) and (49) and
according to (32)–(35), we can obtain that
𝑉 (x∗ (𝑘 + 1 | 𝑘 + 1)) ≤ 𝑉 (x∗ (𝑘 | 𝑘)) .

(51)

Therefore, 𝑉(x(𝑘)) is a monotonically nonincreasing
and bounded Lyapunov function. Hence, the closed-loop
system is robustly asymptotically stable. This completes the
proof.

4. Simulation Results
To illustrate the performance of the proposed algorithm, we
simulate a network using the model proposed in [12] for the
channel gain from the ith MS to its BS. In this model, the
channel gain is given by
−𝛿

𝐺𝑖𝑖 (𝑘) = 𝑆0 𝑑𝑖𝑖 𝑖 (𝑘) ⋅ 100.1𝜁𝑖 (𝑘) ,

(52)
−𝛿

where 𝑆0 is a function of the carrier frequency and 𝑑𝑖𝑖 𝑖 (𝑘)
is the exponential path loss, which depends on the distance
𝑑𝑖𝑖 (𝑘) from the MS 𝑖 to its BS and the path-loss exponent, 𝛿𝑖 ∈
𝑅, which typically takes values between 2 and 6 (we take 4 in
the simulation). The term 100.1𝜁𝑖 (𝑘) corresponds to the effect of
shadowing (from building, terrain, or foliage), where 𝜁𝑖 (𝑘) ∈
𝑅 is a zero mean Gaussian random variable with variance 𝜎𝜁2𝑖 ,
which usually ranges between 6 and 12. The values 𝑐1 (𝑘) and
𝑐2 (𝑘) are chosen as random variables between 0 and 0.5. 𝑛(𝑘)
and 𝑑(𝑘) are zero mean with variance 0.01. Moreover, take
𝜇 = 0.8, 𝛼 = 0.2.
As indicated in [9, 17], the practical value of the roundtrip delay is between 2 and 4 at the sampling rate of 800 Hz
and is indicated in [18], and the typical value of the round-trip
time delay (sum of the downlink and uplink delay) is between
0 and 4 for IS-95 wireless networks and is 2 for wideband
code-division multiple access (WCDMA) wireless networks.
In the simulations, we assume the time delay to be changed
from 0 to 4, that is, 0 = 𝜏𝑚 ≤ 𝜏𝑘 ≤ 𝜏𝑀 = 4.
The target SIR is set to be 10 dB, and the input constraints
are 0 < u(𝑘 + 𝑖) ≤ 1, 𝑖 ≥ 0. The parameters of MPC controller
are set as follows: the prediction horizon is 𝑁 = 5 and the
control horizon is 𝑁𝑢 = 2.

Figure 2 shows the tracking error between the actual SIR
and the target SIR by using the proposed model predictive
power and rate control method. It is confirmed that the
proposed method has good tracking performance for the
wireless communication network with time-varying delays,
uncertainties, and input constraints. As comparison, the
traditional robust power and rate control method presented
in [12] is also used for the network with the same parameters;
however, only the time delay in state and in rate control is
considered, that is, in the case 𝜏𝑖 = 0 in (9) and in 𝑢𝑖𝑓 (𝑘 − 𝜏𝑖 )
of (13), and the constant time delay 𝜏 = 3 is used in the design
procedure. The tracking error is also shown in Figure 2. It is
shown that the proposed method has less tracking error than
the traditional robust power and rate control method.

5. Conclusion
Most existing power and rate control methods are limited
to consider known and constant time delay, especially some
methods only considering the time delay in state and in
power control. This paper has presented a novel power and
rate control system model, which includes uncertainties,
input constraints, and time-varying delays in both state and
input, not only in the rate control but also in the power
control. A robust model predictive power and rate control
method is proposed, and the state feedback control law is
obtained by solving an optimization problem that is derived
by using linear matrix inequality (LMI). Simulation result
shows that the proposed method has better performance than
the traditional power and rate control methods.

Appendix
Proof of Theorem 4. Under the state feedback control u(𝑘) =
Kx(𝑘), the closed-loop system can be written as
x (𝑘 + 1) = A (𝑘) x (𝑘) + A𝑑 x (𝑘 − 𝜏𝑘 ) + 𝜔 (𝑘) ,

(A.1)

where
A (𝑘) = A + 𝐷F (𝑘) E𝑎 ,
A𝑑 (𝑘) = A𝑑 + BK + 𝐷F (𝑘) E𝑑 .

(A.2)

Define Δ𝑉(x(𝑘)) = 𝑉(x(𝑘 + 1 | 𝑘)) − 𝑉(x(𝑘 | 𝑘)); then
along the solution of (25), we have
Δ𝑉 (x (𝑘)) = Δ𝑉1 (x (𝑘)) + Δ𝑉2 (x (𝑘)) + Δ𝑉3 (x (𝑘)) , (A.3)
Δ𝑉1 (x (𝑘)) = x𝑇 (𝑘 + 1 | 𝑘) Px (𝑘 + 1 | 𝑘) − x𝑇 (𝑘) Px (𝑘)
= 𝜉𝑇 (𝑘) Π𝑇1 PΠ1 𝜉 (𝑘) − x𝑇 (𝑘) Px (𝑘) ,

(A.4)
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where
𝑇

𝜉 (𝑘) = [x𝑇 (𝑘) , x𝑇 (𝑘 − 𝜏𝑘 ) , 𝜔(𝑘)𝑇 ] ,
𝑘−1

𝑇

∑
𝑖=𝑘+1−𝜏𝑘+1

𝑇

x (𝑖) P𝑑 x (𝑖) − ∑ x (𝑖) P𝑑 x (𝑖)
𝑖=𝑘−𝜏𝑘

= x𝑇 (𝑘) P𝑑 x (𝑘) − x𝑇 (𝑘 − 𝜏𝑘 ) P𝑑 x (𝑘 − 𝜏𝑘 )
𝑘−1

+

∑

𝑖=𝑘+1−𝜏𝑘+1

x𝑇 (𝑖) P𝑑 x (𝑖) −

𝑘−1

∑

𝑖=𝑘+1−𝜏𝑀

x𝑇 (𝑖) P𝑑 x (𝑖) −

∑ x𝑇 (𝑖) P𝑑 x (𝑖)

𝑖=𝑘−𝜏𝑘 +1

𝑘−𝜏𝑚

∑

𝑖=𝑘+1−𝜏𝑀

1
0
−1
−2

∑ x𝑇 (𝑖) P𝑑 x (𝑖)

=

−𝜏𝑚

x𝑇 (𝑖) P𝑑 x (𝑖) ,

𝑘

−𝜏𝑚

∑

𝑗=−𝜏𝑀 +1

15
Step k

20

25

30

where
Φ11
∗
∗
[
∗ ] ≤ 0,
0
Φ
Ξ=
22
A
A
+
BK
Q
𝑑
[
]

𝑘−1

𝑇

10

Figure 2: Tracking error between the actual SIR and the target SIR.

[ ∑ x𝑇 (𝑖) P𝑑 x (𝑖) − ∑ x𝑇 (𝑖) P𝑑 x (𝑖)]
𝑗=−𝜏𝑀 +1 𝑖=𝑘+𝑗+1
𝑖=𝑘+𝑗
]
[
∑

5

The proposed method
The traditional method

𝑖=𝑘−𝜏𝑚 +1

Δ𝑉3 (x (𝑘))
=

0

𝑘−1

= x𝑇 (𝑘) P𝑑 x (𝑘) − x𝑇 (𝑘 − 𝜏𝑘 ) P𝑑 x (𝑘 − 𝜏𝑘 )
+

2

𝑘−1

≤ x𝑇 (𝑘) P𝑑 x (𝑘) − x𝑇 (𝑘 − 𝜏𝑘 ) P𝑑 x (𝑘 − 𝜏𝑘 )
+

3
Tracking error (dB)

Δ𝑉2 (x (𝑘)) =

𝑘

Π1 = [A, A𝑑 , I] ,
(A.5)

−1
−1
T
Φ11 = (𝜏𝑠 + 1) Q−1
𝑑 − Q + 𝜐 (𝑘) (Q1 + K RK) , (A.11)

Φ22 = −Q𝑑 −1 ,

𝑇

[x (𝑘) P𝑑 x (𝑘) − x (𝑘 + 𝑗) P𝑑 x (𝑘 + 𝑗)]

𝑇

Ψ𝐷 = [0 0 D𝑇 ] ,
𝑇

Ψ𝐸 = [E𝑎 E𝑑 D𝑇 ] .

= 𝜏𝑠 x𝑇 (𝑘) P𝑑 x (𝑘) −

𝑘−𝜏𝑚

∑

𝑖=𝑘+1−𝜏𝑀

According to Lemma 3, there exists a scalar 𝜀 > 0, such
that the following inequality holds:

x𝑇 (𝑖) P𝑑 x (𝑖) .
(A.6)

Combining (A.4) and (A.6), we have
Δ𝑉 (x (𝑘)) ≤ 𝜉𝑇 (𝑘) (Θ1 + Π𝑇1 PΠ1 ) 𝜉 (𝑘) ,

Ψ𝐷FΨ𝐸 + Ψ𝑇𝐸 FT Ψ𝑇𝐷 ≤ 𝜀ΨD Ψ𝑇𝐷 + 𝜀−1 Ψ𝑇𝐸 Ψ𝐸 .
Using Schur complement, it follows that

(A.7)

Φ11
∗
∗
−1
[ 0
∗
−Q
𝑑
[
[ A A + BK 𝜀DT D − Q
𝑑
E𝑑
0
[ E𝑎

where Θ1 = diag((𝜏𝑠 + 1)P𝑑 − P, −P𝑑 , 0).
Considering (36) with u(𝑘) = Kx(𝑘), we obtain
Δ𝑉 (x (𝑘)) + 𝜙 (x, u, 𝑘) = 𝜉𝑇 (𝑘) (Θ2 + Π𝑇1 PΠ1 ) 𝜉 (𝑘) ≤ 0,
(A.8)
where Θ2 = diag((𝜏𝑠 + 1)P𝑑 − P + Q1 + KT RK, −P𝑑 , 0). Then
Θ2 + Π𝑇1 PΠ1 ≤ 0.

(A.9)

In the following, we will prove that (A.9) is equivalent to
(41).
Substituting Q = 𝜐(𝑘)P−1 and Q𝑑 = 𝜐(𝑘)P−1
𝑑 into (A.9),
noting A and A𝑑 in (A.1), and using Schur complement yield
Ξ + Ψ𝐷FΨ𝐸 + Ψ𝑇𝐸 F𝑇 Ψ𝑇𝐷 ≤ 0,

(A.12)

(A.10)

∗
∗ ]
] ≤ 0.
∗ ]
−𝜀I]

(A.13)

In order to design the controller and obtain the
state feedback gain K, pre- and postmultiplying (A.13)
by diag(Q, Q𝑑 , I, I), and considering Y = KQ𝑑 , we have
Φ11
∗
∗
[ 0
∗
−Q
𝑑
[
[ AQ A Q + BY 𝜀D𝑇 D − Q
𝑑 𝑑
E𝑑 Q𝑑
0
[E𝑎 Q

∗
∗ ]
] ≤ 0,
∗ ]
−𝜀I]

(A.14)

where
Φ11 = (𝜏𝑠 + 1) QQ𝑇𝑑 Q − Q + 𝜐−1 (𝑘) QQ1 Q + 𝜐−1 (𝑘) Y𝑇 RY.
(A.15)
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Then using Schur complement again, (41) is obtained.
Furthermore, the feedback matrix K is given by K = YQ−1
𝑑 .
The next step of the proof involves the LMI (42). Equations (34) and (35) can be rewritten as
𝑘−1

𝑉2 (x (𝑘)) = ∑ x𝑇 (𝑖) P𝑑 x (𝑖)
𝑖=𝑘−𝜏𝑘
𝑘−1

(A.16)

≤ ∑ x𝑇 (𝑖) P𝑑 x (𝑖)
𝑖=𝑘−𝜏𝑀

= 𝜉𝑇1 (𝑘 − 1) Λ1 𝜉1 (𝑘 − 1) ,
where
𝑇

𝜉1 (𝑘 − 1) = [x𝑇 (𝑘 − 1) , . . . , x𝑇 (𝑘 − 𝜏𝑀)] ,

(A.17)

Λ1 = diag (P𝑑 , . . . , P𝑑 ) ,
𝑉3 (x (𝑘)) =

−𝜏𝑚

∑

𝑘−1

∑ x𝑇 (𝑖) P𝑑 x (𝑖)

𝑗=−𝜏𝑀 +1 𝑖=𝑘+𝑗

(A.18)

= 𝜉𝑇2 (𝑘 − 1) Λ2 𝜉2 (𝑘 − 1) ,
where
𝜉2 (𝑘 − 1) = [x𝑇 (𝑘 − 1) , x𝑇 (𝑘 − 2) , . . . , x𝑇 (𝑘 − 𝜏𝑚 ) ,
𝑇

x𝑇 (𝑘 − 𝜏𝑚 − 1), . . . , x𝑇 (𝑘 − 𝜏𝑀 + 1)] ,
Λ2 = diag (𝜏𝑠 P𝑑 , . . . , 𝜏𝑠 P𝑑 , (𝜏𝑠 − 1) P𝑑 , . . . , P𝑑 ) .
(A.19)
Summing (33), (A.16), and (A.18), we can conclude that
𝑉 (x (𝑘)) = 𝜉𝑇3 (𝑘) Λ3 𝜉3 (𝑘) ,

(A.20)

where
𝜉3 (𝑘) = [x𝑇 (𝑘) , x𝑇 (𝑘 − 1) , . . . , x𝑇 (𝑘 − 𝜏𝑚 ) ,
𝑇

x𝑇 (𝑘 − 𝜏𝑚 − 1), . . . , x𝑇 (𝑘 − 𝜏𝑀)] ,
Λ3 = diag (P, (𝜏𝑠 + 1) P𝑑 , . . . , (𝜏𝑠 + 1) P𝑑 , 𝜏𝑠 P𝑑 , . . . , P𝑑 ) .
(A.21)
Combining (36) with (A.20), noting Q = 𝜐(𝑘)P−1 and
Q𝑑 = 𝜐(𝑘)P−1
𝑑 , and then using Schur complement, the LMIs
(42) can be obtained.
Following [15], the input constraint (28) is equivalent to
(43). This completes the proof.
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[9] A. Möller, U. T. Jönsson, M. Blomgren, and F. Gunnarsson,
“Congestion-based rate and power control in wireless cellular
networks,” in Proceedings of the IEEE Global Communications
Conference (Globecom ’11), Houston, Tex, USA, December 2011.
[10] A. Moller, U. T. Jönsson, M. Blomgren, and F. Gunnarsson, “Stability of rate and power control algorithms in wireless cellular
networks,” in Proceedings of the Joint 50th IEEE Conference on
Decision and Control and European Control Conference (CDCECC ’11), pp. 4535–4541, Orlando, Fla, USA, December 2011.
[11] A. Subramanian and A. H. Sayed, “Joint rate and power control
algorithms for wireless networks,” IEEE Transactions on Signal
Processing, vol. 53, no. 11, pp. 4204–4214, 2005.
[12] A. Subramanian and A. H. Sayed, “A robust power and rate control method for state-delayed wireless networks,” Automatica,
vol. 41, no. 11, pp. 1917–1924, 2005.
[13] C. Han, D. Sun, Y. Shi, and S. Bi, “Adaptive power and rate
control for wireless networks with time-varying delay,” in
Proceedings of the IASTED International Conference on Control
and Applications (CA ’13), pp. 60–66, Honolulu, Hawaii, USA,
August 2013.

10
[14] C. Han, D. Sun, and L. Liu, “Performance analysis of power and
rate control for wireless networks with time-varying delay,” in
Proceedings of the IEEE International Conference on Computer
Science and Automation Engineering (CSAE ’13), pp. 1309–1313,
Guangzhou, China, November 2013.
[15] M. V. Kothare, V. Balakrishnan, and M. Morari, “Robust constrained model predictive control using linear matrix inequalities,” Automatica, vol. 32, no. 10, pp. 1361–1379, 1996.
[16] D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. M. Scokaert,
“Constrained model predictive control: stability and optimality,” Automatica, vol. 36, no. 6, pp. 789–814, 2000.
[17] H. Zhang and P. N. Pathirana, “Uplink power control via adaptive hidden-markov-model-based pathloss estimation,” IEEE
Transactions on Mobile Computing, vol. 12, no. 4, pp. 657–665,
2013.
[18] C.-Y. Yang and B.-S. Chen, “Robust power control of CDMA
cellular radio systems with time-varying delays,” Signal Processing, vol. 90, no. 1, pp. 363–372, 2010.
[19] L. Xie, “Output feedback H∞ control of systems with parameter
uncertainty,” International Journal of Control, vol. 63, no. 4, pp.
741–750, 1996.

Journal of Applied Mathematics

Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2014, Article ID 105636, 7 pages
http://dx.doi.org/10.1155/2014/105636

Research Article
Determine the Inflow Performance Relationship of Water
Producing Gas Well Using Multiobjective Optimization Method
Xiao-Hua Tan,1 Jian-Yi Liu,1 Jia-Hui Zhao,1 Xiao-Ping Li,1 Guang-Dong Zhang,1
Chuan Tang,2 and Li Li3
1

State Key Laboratory of Oil and Gas Reservoir Geology and Exploitation, Southwest Petroleum University, Xindu Road 8,
Chengdu 610500, China
2
Shell China Exploration & Production Co. Ltd., 8F Yanlord Landmark Office Building, No. 1, Section 2, Renmin South Road,
Chengdu 610500, China
3
Oil & Gas Technology Research Institute, PetroChina Changqing Oilfield Company, Xi’an 710018, China
Correspondence should be addressed to Xiao-Hua Tan; xiaohua-tan@163.com
Received 12 December 2013; Accepted 26 May 2014; Published 16 June 2014
Academic Editor: Nachamada Blamah
Copyright © 2014 Xiao-Hua Tan et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
During the development of water drive gas reservoirs, the phenomena of gas escaping from water and water separating out from
gas will change the seepage characteristics of formation fluid. Therefore, the traditional gas-water two-phase inflow performance
relationship (IPR) models are not suitable for calculating the water producing gas well inflow performance relationship in water
drive gas reservoirs. Based on the basic theory of fluid mechanics in porous medium, using the principle of mass conservation,
and considering the process of dissolution and volatilization of gas and water formation, this paper establishes a new mathematical
model of gas-water two-phase flow. Multiobjective optimization method is used to automatically match the sample well production
data in water drive gas reservoirs and then we can achieve the sample well’s productivity equation, relative permeability curve, water
influx intensity, and single well controlled reserves. In addition, the influence of different production gas water ratios (GWR) and
gas-soluble water coefficients on absolute open flow rate (𝑞AOF ) is discussed. This method remedied the limitation of well testing
on site and was considered to be a new way to analyze the production behaviors in water producing gas well.

1. Introduction
Well productivity is one of primary concerns in field development and provides the basis for field development strategy
[1]. Xiaoping and Birong [2] put forward a method to deduce
the binomial productivity equation which could calculate
the inflow performance relationship (IPR) curve of water
producing gas well and presented the application of the
IPR curve in determining gas and water production rate
from water producing gas well. Zhu et al. [3] proposed
three new formation evaluation parameters for low permeability gas reservoir, On the basis of the rate controlled
mercury injection, nuclear magnetic resonance and physical
simulation technologies. Wang et al. [4] analyzed gas and
water phase relative permeability through cores with three
different permeability leaves by the establishment of physical

simulation experiment system and experimental process of
water-gas mutual flooding.
Park et al. [5] proposed a fuzzy nonlinear programming
approach to design production systems of gas fields. The
synthetic optimization method could find a globally compromise solution and offer a new alternative with significant
improvement over the existing conventional techniques.
Cardoso [6] found that reduced-order model is well suited
for reservoir simulation. Han et al. [7] presented a multiobjective evolutionary algorithm applied to history matching
of water flooding projects, that is to search a feasible set
of geological properties showing the reliable future performance. Cancelliere et al. [8] discussed benefits, limitations
and drawbacks of assisted history matching, based on multi
objective optimization and heuristic strategies. Attention was
focused on the possibility offered by these methodologies of
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obtaining a number of calibrated reservoir models. Shelkov et
al. [9] described a comparison of single and multi-objective
history matching of a medium-sized field in Western Siberia
with nearly 100 wells and over 10 years of history. And they
compared the performance of both single and multi objective
versions of particle swarm optimization. Tan et al. studied
the transient flow and two-phase flow behaviors in porous
media [10–12]. Some of their research results can be used
to solute the problem of inflow performance relationship of
water producing gas well.

2. Gas-Water Two Phase IPR Equation
We assume the reservoir is homogeneous with uniform
thickness, total compressibility of rock and fluid is low and
constant. The water phase flow is isothermal and Darcy flow,
and the gas phase flow is isothermal and non-Darcy flow at
high velocity, ignoring the impact of gravity and capillary
forces. No chemical reaction exists between gas and water
phase. Fundamental filtration equations for the gas and water
phase are defined as [13]
𝜇𝑔
𝑑𝑝
V + 𝛽𝑔 𝜌𝑔 V𝑔2 ,
=
𝑑𝑟 𝑘𝑘𝑟𝑔 𝑔

(1)

where, 𝑝 is pressure, 𝑟 is radial distance, 𝜇𝑔 , 𝜇𝑤 is gas and
water viscosity, respectively, 𝑘 is absolute permeability, 𝑘𝑟𝑔 ,
𝑘𝑟𝑤 is gas and water phase relative permeability respectively,
V𝑔 , V𝑤 is gas and water phase flow velocity, 𝛽𝑔 is turbulence
velocity coefficient, 𝜌𝑔 is gas density.
Under the boundary condition of steady radial state flow,
the integral of (1) can be written as follows [14]
𝑝𝑅

𝑝𝑤𝑓

𝑘𝑘𝑟𝑔
𝐵𝑔 𝜇𝑔

𝑞𝑔

𝑟𝑒

𝑑𝑝 = ∫

𝑟𝑤

∫

𝑝𝑅

𝑝𝑤𝑓

2𝜋𝑟ℎ

𝑑𝑟 +

𝑞𝑔2
4𝜋2 ℎ2

𝑟𝑒

𝛽𝑔 𝜌𝑔 𝑘𝑘𝑟𝑔 𝐵𝑔

𝑟𝑤

𝜇𝑔 𝑟2

∫

𝑑𝑟,

𝑟𝑒 𝑞
𝑘𝑘𝑟𝑤
𝑤
𝑑𝑝 = ∫
𝑑𝑟,
𝐵𝑤 𝜇𝑤
𝑟𝑤 2𝜋𝑟ℎ

(2)
where 𝑝𝑅 is reservoir pressure, 𝑝𝑤𝑓 is bottom hole flowing
pressure, 𝑟𝑒 , 𝑟𝑤 is external boundary and wellbore radius
respectively, 𝐵𝑔 𝐵𝑤 is gas and water volume factor, respectively, 𝑞𝑔 𝑞𝑤 is gas and water production rate, respectively, ℎ
is reservoir thickness.
Fevang and Whitson [15] defined the gas and water phase
pseudo pressure in two phase filtration. The equations are as
follows
𝑘𝑟𝑔
𝑘
) 𝑑𝑝,
Δ𝑚(𝑝)𝑔 = ∫ ( 𝑟𝑤 𝑅𝑠𝑔𝑤 +
𝐵𝑤 𝜇𝑤
𝐵𝑔 𝜇𝑔
𝑝𝑤𝑓
𝑝𝑅

𝑝𝑅

Δ𝑚(𝑝)𝑤 = ∫

𝑝𝑤𝑓

(

Δ𝑚(𝑝)𝑔 = 𝑞𝑔 (
+

1
𝑅𝑝𝑔𝑤
𝑞𝑔2

𝑅𝑠𝑔𝑤

𝑟𝑤

2𝜋𝑟ℎ𝑘

𝑘𝑟𝑔
𝑘𝑟𝑤
+
𝑅 ) 𝑑𝑝,
𝐵𝑤 𝜇𝑤 𝐵𝑔 𝜇𝑔 𝑠𝑤𝑔

(3)

where, 𝑅𝑠𝑔𝑤 is solution gas water ratio and 𝑅𝑠𝑤𝑔 is solution
water gas ratio.

𝑑𝑟 + ∫

𝑟𝑒

𝑟𝑤

𝑟𝑒

𝛽𝑔 𝜌𝑔 𝑘𝑘𝑟𝑔 𝐵𝑔

𝑟𝑤

𝜇𝑔 𝑟2

∫

4𝜋2 ℎ2

𝑟𝑒

∫

1
𝑑𝑟)
2𝜋𝑟ℎ𝑘

𝑑𝑟,

𝑟𝑒 𝑅
1
𝑠𝑔𝑤
Δ𝑚(𝑝)𝑤 = 𝑞𝑤 (∫
𝑑𝑟 + 𝑅𝑝𝑔𝑤 ∫
𝑑𝑟)
2𝜋𝑟ℎ𝑘
2𝜋𝑟ℎ𝑘
𝑟𝑤
𝑟𝑤
𝑟𝑒

+

2 2
𝑅𝑝𝑔𝑤
𝑞𝑤

4𝜋2 ℎ2

𝑟𝑒

𝛽𝑔 𝜌𝑔 𝑘𝑘𝑟𝑔 𝐵𝑔

𝑟𝑤

𝜇𝑔 𝑟2

∫

(4)

𝑑𝑟,

where 𝑅𝑝𝑔𝑤 is production gas water ratio.
In order to simplify the expressions of gas and water phase
pseudo pressure, we define four parameters
𝐴=∫

𝑟𝑒

𝑟𝑤

𝑑𝑝
𝜇
= 𝑤 V ,
𝑑𝑟 𝑘𝑘𝑟𝑤 𝑤

∫

By combing (2) and (3), the gas and water phase pseudo
pressure can be expressed

𝐵=

1
𝑑𝑟,
2𝜋𝑟ℎ𝑘

𝑟𝑒 𝛽 𝜌 𝑘 𝐵
1
𝑔 𝑔 𝑟𝑔 𝑔
𝑑𝑟,
∫
4𝜋2 ℎ2 𝑟𝑤
𝜇𝑔 𝑟2
𝑟𝑒

𝑅𝑠𝑔𝑤

𝑟𝑤

2𝜋𝑟ℎ𝑘

𝑟𝑒

𝑅𝑠𝑤𝑔

𝑟𝑤

2𝜋𝑟ℎ𝑘

𝐶𝑔 = ∫

𝐶𝑤 = ∫

(5)

𝑑𝑟,
𝑑𝑟.

By combing (4), we obtain the gas-water two phase IPR
equation (6).

𝑞𝑔 = ( − (𝐴 + (

1
) 𝐶𝑔 )
𝑅𝑝𝑔𝑤

+√ (𝐴 + (

2

1
𝑅𝑝𝑔𝑤

) 𝐶𝑔 ) + 4𝐵 ⋅ Δ𝑚(𝑝)𝑔 ) (2𝐵)−1 ,

𝑞𝑤 = ( − (𝐴 + 𝑅𝑝𝑔𝑤 𝐶𝑤 )
2

2
⋅ Δ𝑚(𝑝)𝑤 )
+√ (𝐴 + 𝑅𝑝𝑔𝑤 𝐶𝑤 ) + 4𝐵𝑅𝑝𝑔𝑤
−1

2
) ,
× (2𝐵𝑅𝑝𝑔𝑤
𝑝𝑟

Δ𝑚(𝑝)𝑔 = ∫

𝑝𝑤𝑓

Δ𝑚(𝑝)𝑤 = ∫

𝑝𝑟

𝑝𝑤𝑓

(

𝑘𝑟𝑔
𝑘𝑟𝑤
𝑅𝑠𝑔𝑤 +
) 𝑑𝑝,
𝐵𝑤 𝜇𝑤
𝐵𝑔 𝜇𝑔

(

𝑘𝑟𝑔
𝑘𝑟𝑤
+
𝑅 ) 𝑑𝑝.
𝐵𝑤 𝜇𝑤 𝐵𝑔 𝜇𝑔 𝑠𝑤𝑔
(6)
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This equation is determined by the four parameters
𝐴, 𝐵, 𝐶𝑔 , 𝐶𝑤 , where 𝐴 is laminar coefficient, 𝐵 is turbulence
coefficient, 𝐶𝑔 is gas soluble coefficient, representing dissolved gas within gas well control range, 𝐶𝑤 is water soluble
coefficient, representing dissolved formation water in gas
within the well control range.

3. Gas-Water Two Phase Comprehensive
Model and the Solution

2

(5−𝐷)/(3−𝐷)

(11−3𝐷)/(3−𝐷)

𝑘𝑟𝑤 = (𝑆𝑤 − 𝑆𝑤𝑖 )

Input known parameters (initial
reservoir pressure, initial water
saturation, tubing head pressure, casing
head pressure, etc.)
Input the initial value
of unknown parameters

3.1. Gas and Water Relative Permeability. Gas and water phase
relative permeability 𝑘𝑟𝑔 , 𝑘𝑟𝑤 are needed in order to calculate
the gas-water two phase IPR equation. 𝑘𝑟𝑔 , 𝑘𝑟𝑤 is a function of
water saturation 𝑆𝑤 , the empirical equations are represented
as follows [15]

𝑘𝑟𝑔 = (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )) (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )

Begin

),
(7)

,

i=1
Calculate water saturation
by reservoir pressure
Calculate gas and water phase
saturation relative permeability
Calculate gas and water
production rate
Calculate error Ei

𝑘𝑟𝑤

2

=

(1 − (𝑆𝑤 − 𝑆𝑤𝑖 )) (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )

(5−𝐷)/(3−𝐷)

(11−3𝐷)/(3−𝐷)

(𝑆𝑤 − 𝑆𝑤𝑖 )

)

Adjust
parameters

E+ = Ei

where, 𝑆𝑤 is water saturation in reservoir, 𝑆𝑤𝑖 is initial water
saturation, 𝐷 is relative permeability index.
From (7), we obtain

𝑘𝑟𝑔

i++

No
n = i?
Ye s

.

No

(8)
Minimum
error?
Yes

Using the ratio of gas and water production, a method
aimed to obtain the ration of gas and water phase relative
permeability is proposed by Jokhio and Tiab [16].

Output results

End

𝑘𝑟𝑔
𝑘𝑟𝑤

=(

𝐵𝑔 𝜇𝑔
𝐵𝑤 𝜇𝑤

)

(𝑅𝑝𝑔𝑤 − 𝑅𝑠𝑔𝑤 )
(1 − 𝑅𝑝𝑔𝑤 𝑅𝑠𝑤𝑔 )

.

(9)

The parameters 𝜇𝑔 , 𝜇𝑤 , 𝐵𝑔 , 𝐵𝑤 , 𝑅𝑠𝑤𝑔 , 𝑅𝑠𝑔𝑤 in (9) are functions of pressure 𝑝. Therefore, the ratio of gas and water phase
relative permeability 𝑘𝑟𝑔 /𝑘𝑟𝑤 can be obtained by means of 𝑝
and 𝑅𝑝𝑔𝑤 . Then 𝑆𝑤 can be calculated. At last, 𝑘𝑟𝑔 , 𝑘𝑟𝑤 can be
obtained.
By Combining (8) and (9), we obtain:

Figure 1

From (7) and (10), the equations for calculating 𝑘𝑟𝑔 , 𝑘𝑟𝑤
are defined as follows
2

(5−𝐷)/(3−𝐷)

𝑘𝑟𝑔 = (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )) (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )
𝑘𝑟𝑤 = (𝑆𝑤 − 𝑆𝑤𝑖 )

(11−3𝐷)/(3−𝐷)

2

,

(5−𝐷)/(3−𝐷)

(1 − (𝑆𝑤 − 𝑆𝑤𝑖 )) (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )

),

)

(11)

(11−3𝐷)/(3−𝐷)

2

(5−𝐷)/(3−𝐷)

(1 − (𝑆𝑤 − 𝑆𝑤𝑖 )) (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )

(𝑆𝑤 − 𝑆𝑤𝑖 )

)

(11−3𝐷)/(3−𝐷)

(𝑆𝑤 − 𝑆𝑤𝑖 )
=(

𝐵𝑔 𝜇𝑔
𝐵𝑤 𝜇𝑤

)

(𝑅𝑝𝑔𝑤 − 𝑅𝑠𝑔𝑤 )
(1 − 𝑅𝑝𝑔𝑤 𝑅𝑠𝑤𝑔 )

(10)
.

=(

𝐵𝑔 𝜇𝑔
𝐵𝑤 𝜇𝑤

)

(𝑅𝑝𝑔𝑤 − 𝑅𝑠𝑔𝑤 )
(1 − 𝑅𝑝𝑔𝑤 𝑅𝑠𝑤𝑔 )

.

Based on the material balance equation in the water drive
gas reservoir, the relationships between average formation
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pressure and geologic reserve, cumulative gas production and
water invasion intensity can be obtained in (12) [17]
1 − (𝐺𝑝 /𝐺)
𝑝 𝑝𝑖
= (
),
𝑧 𝑧𝑖 1 − (𝐺 /𝐺)𝑅
𝑝

(12)

where, 𝑝, 𝑝𝑖 is current and initial reservoir pressure, respectively, 𝑧, 𝑧𝑖 is gas deviation factor under current and initial
reservoir pressure, respectively, 𝐺𝑝 , 𝐺 is cumulative gas
production and dynamic reserves, respectively, 𝑅 is water
invasion coefficient.
3.2. Gas-Water Two Phase Comprehensive Model. By Combining (6), (10) and (12), the gas-water two phase comprehensive model can be expressed
𝑞𝑔 = ( − (𝐴 +

1
𝐶 )
𝑅𝑝𝑔𝑤 𝑔

+√ (𝐴 +

2

1
𝑅𝑝𝑔𝑤

𝐶𝑔 ) + 4𝐵 ⋅ Δ𝑚(𝑝)𝑔 ) (2𝐵)−1 ,

Table 1: The basic parameters of an actual well.
Well
depth
(m)
2994

The
The
Initial
Formation Formation
relative relative
water
pressure temperature
density density
saturation
(MPa)
(∘ C)
of gas of water
0.78

1.02

30.08

78

0.35

Table 2: The target parameter in an actual well.
𝐴
𝐵
𝐶𝑔
𝐶𝑤
𝐷
𝑅 𝐺 (108 m3 )
−5
−10
−6
1.41 × 10 5.23 × 10
0.12 4.21 × 10
−1.97 5.37
3.59

coefficient 𝐶𝑤 , relative permeability index 𝐷, water invasion
coefficient 𝑅 and single well controlled reserves 𝐺 are needed
to solve. An automatic fitting multi-objective optimization
method is given in this paper to solve the problem in
the complicated percolation model mentioned above. The
essence of this method is seeking the best fitting between
theoretical value and measured value. The solution is defined
as follows
𝑛

𝐸 = ∑(𝑞𝑔 (𝐴, 𝐵, 𝐶𝑔 , 𝐶𝑤 , 𝐷, 𝑅, 𝐺) − 𝑞𝑔 )

2

𝑖=1

𝑞𝑤 = ( − (𝐴 + 𝑅𝑝𝑔𝑤 𝐶𝑤 )

𝑛

+ ∑(𝑞𝑤 (𝐴, 𝐵, 𝐶𝑔 , 𝐶𝑤 , 𝐷, 𝑅, 𝐺) − 𝑞𝑤 ) ,
𝑖=1

2

2
⋅ Δ𝑚(𝑝)𝑤 )
+√ (𝐴 + 𝑅𝑝𝑔𝑤 𝐶𝑤 ) + 4𝐵𝑅𝑝𝑔𝑤

where, 𝑞𝑔 (𝐴, 𝐵, 𝐶𝑔 , 𝐶𝑤 , 𝐷, 𝑅, 𝐺) and 𝑞𝑤 (𝐴, 𝐵, 𝐶𝑔 , 𝐶𝑤 , 𝐷,
𝑅, 𝐺) is theoretical gas and water production rate, respectively, 𝑞𝑔 and 𝑞𝑤 are actual gas and water production rate,
respectively, 𝐸 is expressed as the target function to be fitted.
The proper parameters can be obtained to minimum the
target function by means of the automatic fitting method.
The flow chart for plotting type curves is shown in Figure 1.

−1

2
) ,
× (2𝐵𝑅𝑝𝑔𝑤

Δ𝑚(𝑝)𝑔 = ∫

𝑝𝑟

𝑝𝑤𝑓
𝑝𝑟

Δ𝑚(𝑝)𝑤 = ∫

𝑝𝑤𝑓

(

𝑘𝑟𝑔
𝑘𝑟𝑤
𝑅𝑠𝑔𝑤 +
) 𝑑𝑝,
𝐵𝑤 𝜇𝑤
𝐵𝑔 𝜇𝑔

(

𝑘𝑟𝑔
𝑘𝑟𝑤
+
𝑅 ) 𝑑𝑝,
𝐵𝑤 𝜇𝑤 𝐵𝑔 𝜇𝑔 𝑠𝑤𝑔

2

(5−𝐷)/(3−𝐷)

𝑘𝑟𝑔 = (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )) (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )
𝑘𝑟𝑤 = (𝑆𝑤 − 𝑆𝑤𝑖 )

(11−3𝐷)/(3−𝐷)

2

4. Case Analysis
),

,

(5−𝐷)/(3−𝐷)

(1 − (𝑆𝑤 − 𝑆𝑤𝑖 )) (1 − (𝑆𝑤 − 𝑆𝑤𝑖 )

)

(11−3𝐷)/(3−𝐷)

(𝑆𝑤 − 𝑆𝑤𝑖 )
=(

𝐵𝑔 𝜇𝑔
𝐵𝑤 𝜇𝑤

)

(14)
2

(𝑅𝑝𝑔𝑤 − 𝑅𝑠𝑔𝑤 )
(1 − 𝑅𝑝𝑔𝑤 𝑅𝑠𝑤𝑔 )

,

1 − (𝐺𝑝 /𝐺)
𝑃
𝑃
).
= 𝑖 (
𝑍 𝑍𝑖 1 − (𝐺 /𝐺)𝑅
𝑝
(13)
3.3. The Solution of Gas-Water Two Phase Comprehensive
Model. As (13) shows above, Laminar coefficient 𝐴, turbulence coefficient 𝐵, gas soluble coefficient 𝐶𝑔 , water soluble

4.1. Calculating of the Target Parameter. During the process of acquiring the parameters like laminar coefficient 𝐴,
turbulence coefficient 𝐵, gas soluble coefficient 𝐶𝑔 , water
soluble coefficient 𝐶𝑤 , relative permeability index 𝐷, water
invasion intensity 𝑅 and single well controlled reserve 𝐺, the
theoretical gas and water production can be obtained based
on (13). By fitting the practical gas and water production
on the basis of the automatically fitting method in (14), the
result shown in Figure 2 can be acquired. It is clearly that
the theoretical results verified with the practical ones which
indicates the reliability of the results. The basic parameters of
an actual well are shown in Table 1.
The parameters like laminar coefficient 𝐴, turbulence
coefficient 𝐵, gas soluble coefficient 𝐶𝑔 , water soluble coefficient 𝐶𝑤 , relative permeability index 𝐷, water invasion
intensity 𝑅 and single well controlled reserve 𝐺 are shown in
Table 2.
The value of water soluble coefficient in this table is very
small which suggests that the content of the formation water
dissolving into the natural gas is little. And the energy of the
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Table 3: The absolute open flow rates in different production gas
water ratios.
GWR (104 m3 /m3 )
1
0.5
0.2
0.1

𝑞AOF (104 m3 /d)
32.76
31.71
28.79
24.61

formation water in the well controlled range is weak when
the water invasion intensity is greater than 4. The gas and
water phase relative permeability curve in different water
saturations is obtained. The results are shown in Figure 3.
4.2. The IPR Curves of Water Producing Gas Well. The
IPR curves in different production gas water ratios (GWR)
are expressed in Figure 4. It is noted that the IPR curves
expressed with a left offset when production gas water ratio
decreases. Because when the GWR decreases, the water
saturation in formation increases, and the flow resistance
increases too. It becomes harder to flow in formation when
the GWR decreases. The absolute open flow rates (𝑞AOF ) of

water producing gas well in different production gas water
ratios can be shown in Table 3. From the curves, when the
production gas water ratios is 1, 0.5, 0.2 and 0.1, respectively,
the absolute open flow rates reduced 32.76, 31.71, 28.79, and
24.61 × 104 m3 /d accordingly. The absolute open flow rates is
reducing by 3.21%, 12.12% and 24.88% when compared to the
one whose production gas water ratio is 0.1. It is shown that
water invasion will greatly reduce the gas production capacity
of water producing gas well.
The IPR curves in different gas soluble coefficient are
shown in Figure 5. It can be concluded that the IPR curves
expressed with a left offset when the gas soluble coefficient
increases. Gas soluble coefficient represents the solubility of
gas in water, which lead to a bigger flow resistance. The
absolute open flow rates (𝑞AOF ) of water producing gas well in
different gas soluble coefficient can be shown in Table 4. From
the curves, it is clearly that when gas soluble coefficient is 0.1,
0.5, 1 and 2, respectively, absolute open flow rates is 32.94,
29.57, 25.91 and 20.22 × 104 m3 /d, respectively. The absolute
open flow rates are reduced by 10.23%, 21.34% and 38.62%
when compared to the one whose gas soluble coefficient is 0.1.
It is shown that the more gas dissolved in the formation water,
the more liquid phase will exist in the formation fluid. It will
increase the gas flowing resistance and result in the greater
productivity impairment.
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Table 4: The absolute open flow rate in different gas-soluble
coefficients.
𝐶𝑔
0.1
0.5
2
5

𝑞AOF (104 m3 /d)
32.94
29.57
25.91
20.22

5. Conclusions
Based on the basic theory of fluid mechanics in porous
medium, taking the solution and volatilization of gas and
water into consideration, a gas-water two phase IPR equation
was established. Combining with gas-water two phase IPR
equation, relative permeability equation and material balance
equation in the water drive gas reservoir, we deduced the gaswater two phase comprehensive model, which is influenced
by laminar coefficient, turbulence coefficient, gas soluble
coefficient, water soluble coefficient, relative permeability
index, water invasion intensity and single well controlled
reserve. The influences of different production gas water
ratios and gas soluble coefficients on the absolute open flow
rate were discussed. The method proposed in this paper
provided a new theoretical method for single well analysis
of productivity and inflow performance, and got rid of the
limitation that the well productivity can be only determined
according to field well test.
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It can be deduced from previous studies that there exists a research gap in assembly line sequencing optimization model for mixedmodel production lines. In particular, there is a lack of studies which focus on the integration between job shop and assembly lines
using fuzzy techniques. Hence, this paper is aimed at addressing the multiobjective mixed-model assembly line sequencing problem
by integrating job shop and assembly production lines for factories with modular layouts. The primary goal is to minimize the makespan, setup time, and cost simultaneously in mixed-model assembly lines. Such conflicting goals arise when switching between
different products. A genetic algorithm (GA) approach is used to solve this problem, in which trapezoidal fuzzy numbers are
implemented for variables such as operation and travelling time in order to generate results with higher accuracy and representative
of real-case data.

1. Introduction
It is known that an efficient and effective production line
sequencing and scheduling are required for manufacturing industries due to the fluctuations in market demand
and increasing competition on the global scale. Hence,
manufacturers are gearing towards optimizing the design
of manufacturing systems in the shortest time possible in
order to enhance competitiveness. The production lines of
a multistage process can be generally classified as job-shop
(JS) and flow-shop (FS) line processing, in which each type
complies with a set of sequential operations. Production
sequential operation is established in the factories in which
the materials undergo a refining process in order to produce
a product that is suitable for onward consumption and the
components are assembled to make finished articles. Raw
materials require a sequence of treatments to render them
useful. Development of optimization methods for solving
JS and FS problems effectively is of utmost importance to
the apparel industry and other manufacturing industries
which require similar assembly operations at large. JS and
FS involve the assignment of a set of tasks to workstations

(machines) in a predefined sequence while optimizing one or
more objectives without violating the restrictions imposed by
the production line [1]. Most of the problems involving line
balancing and sequencing problem in JS and FS fall within
the NP-hard class of combinatorial optimization problems,
which results in a critical need to develop efficient algorithms
to attain optimum solutions [1–6]. It can be extremely
time-consuming for optimum-seeking methods to obtain
optimum solutions within a vast search space [2].
Efficient and effective JS and FS sequencing and scheduling is required for recent manufacturing processes in order to
achieve higher customer satisfaction and shorter production
lead times and enhance competitiveness in the escalating
volatile market demand. This emphasizes the significance of
just-in-time (JIT) and agile manufacturing in the modern
era. To cope with such circumstances, JS and FS assembly
lines are shifting towards mixed-model assembly lines, in
which multiple models are produced on a constant basis.
Therefore, sequencing with multiobjective goals is a critical
operation scheduling that directly affects the efficiency of
mixed-model production assembly lines for factories with
modular layouts. It will be noted that modular layouts are
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layouts which integrate JS and FS. Owing to the importance of
this issue, this study is aimed at developing a multiobjective
mixed-production line sequencing model by implementing
genetic algorithms (GAs) and fuzzy logic.

2. Mixed-Model Assembly Line Sequencing
Mixed-model assembly lines (MMAL) have been widely used
by manufacturers and they play a key role in producing
a variety of products. Products with similar characteristics are assembled with different processing times on the
same assembly line at very low cost [7–9]. This, in turn,
requires the implementation of cost-efficient and flexible
production systems. MMAL reduce setup operations to an
extent that various models from a common base product
can be manufactured in intermixed sequences. However,
the observed diversity of MMAL makes thorough sequence
planning essential in order to exploit the benefits of assembly
line production. These benefits include diversified small
lot production and prompt response to sudden changes in
demand for models without large inventories [10]. Mixedmodel sequencing (MMS) aims at avoiding or minimizing sequence-dependent work overload based on detailed
scheduling which explicitly accounts for operation time,
worker movement, station borders, and other operational
characteristics of the line [10].
Solving the MMS problem involves determining a production sequence for multiple products along a modular
layout. In order to reach this goal, manufacturers aim to
achieve optimum scheduling times with minimum cost.
Furthermore, it is impractical for manufacturers to constantly
alter their machine layouts when producing a new product.
For companies with fixed factory machine layouts, optimization of production lines is solely based on altering the
sequence of production lines. However, this approach poses
the following challenges that need to be addressed:
(1) production of various products using existing facilities such as the number and location of machines,
travelling time between the machines, and limited
number of workers for different products;
(2) assignment of parts from different products to the
machines, in which the optimum sequence needs to
be considered in order to minimize scheduling time.
Problems also arise when changing the setup number
of the machines;
(3) assignment of parts to other parts during product
assembly, in which the parts that are ready for assembly need to be considered in order to minimize the
scheduling time required to assemble the product;
(4) identification of the best minimum setup number and
setup cost sequencing, in which the above mentioned
issues need to be considered simultaneously.
It can be seen that identifying the best scheduling and
sequencing production line is a challenging task, particularly
for the production of a mixed-model from a large number
of providers with multiple objectives. MMS is a NP-hard

problem which requires an effective model. A unique and
stable model is needed to facilitate MMS in the production
of mixed products in a manufacturing environment with
multiple parts, machines, products, and assemblies in order
to minimize scheduling time, idle time of the machines, setup
number, and setup cost as well as to maximize the number
of products and assembly of various products. An effective
model provides companies with a means to reschedule their
production lines based on the changing demands of a flexible
market. The effective utilization of MMAL requires solving
two problems in a sequential manner, as follows.
(1) Levelling workloads for stations on the line: this is
known as line design and balancing.
(2) Maintaining a constant rate of usage for each part
used on the production line: this involves determining the production sequence for various models.
The first goal involves sequencing the mixed-models in
order to achieve a balanced workload at each assembly station, whereas the second goal involves sequencing the mixedmodels in order to minimize variations in the usage of various
parts and components over time [8, 9, 11]. A number of
MMS studies attempted at solving mixed-model sequencing
problems using sequencing procedures that will optimize
various system measures such as throughput, scheduling
time, number of stations, idle time, flow time, line length,
work-in-process, and raw material demand deviations [12–
16].
Zhu et al. [17] studied the complexity of product variety
of MMAL defined by the operators such as selection of
parts, tools, and fixtures as well as assembly procedures in
sequence planning. The aim was to reduce manufacturing
complexity in a multiproduct, multistage, manual assembly
line environment. The methodology was developed to determine optimum assembly sequences which will minimize
system complexity. Rekiek et al. [18] and De Lit et al.
[19] developed an approach which integrates product family
design (including assembly sequences) with the assembly
system so that multiple products can be assembled on the
same line. A new alternative for mixed-model assembly
for low-volume manufacturing environments was investigated by Heike et al. [7]. The efficient utilization of labour
and/or machinery presents significant challenges. The models
developed focus on evaluating and understanding different
alternatives for mixed-model assembly in the aerospace
industry. These models include one linear and two nonlinear
programs which are formulated to evaluate constant and variable scheduling time policies. The models were successfully
implemented on an airplane assembly process characterized
by low-volume manufacturing. Bukchin et al. [20] proposed
a mathematical formulation for MMAL designs based on
the make-to-order production policy. Hence, the arrival
sequence is randomly distributed according to demand proportions, rendering the balancing procedure an important
aspect of the design process. An integrated machine tool
selection and sequencing model was proposed by Moona et
al. [21]. The model determines machine visiting sequences
for all part types, such that the total production time for

Journal of Applied Mathematics
the production order is minimized and the workloads
between machine tools are balanced. Numerical experiments
were carried out using problems of various sizes in order
to demonstrate the efficiency of the proposed GA on the
integrated machine tool selection and sequencing problem.
Khan and Day [22] introduced a knowledge-based design
methodology (KBDM) for automated and manual assembly
lines, which can be applied equally well to single, multi-,
and mixed-product assembly lines with either deterministic
or stochastic operation times. Mendes et al. [23] developed
simulation models for varying the levels of demand and
line configurations and utilized a mixed-model PC camera assembly line. The simulation models were used to
compare flow time and resource utilization, which provide
operational support and help fine-tune line configurations.
Joly and Frein [24] investigated a set of vehicles within an
industrial environment in order to minimize manufacturing
costs by considering assembly and paint shop objectives.
The approach was implemented to solve a problem with
a monoobjective function. One heuristic (a progressive,
construction-sequence algorithm) and three metaheuristics
(simulated annealing, variable neighbourhood search, and an
evolutionary algorithm) were described and compared.
The use of GA for mixed-model sequencing line problems
is discussed as follows. Ghosh and Gagnon [25] introduced
a mathematical programming model and an iterative GAbased procedure for MALBP with parallel work stations,
in which the goal was to maximize the production rate
of the line for a predetermined number of operators. An
intelligence-based GA was developed by Norozi et al. [26]
in order to tackle the complexity of sequencing in parallel
MMAL. A spreading and cutting sequencing (SCS) model
using GA was implemented by Wong et al. [27] to solve
the sequencing problem of a computerized fabric cutting
system used in the garment industry. The job sequence
of spreading and cutting operation can be optimized by
reducing the completion time for daily operation of fabric
spreading and cutting as well as improving the utilization of
machines. Ponnambalam et al. [28] studied the performance
of GAs for a multilevel MMAL sequencing problem. Both
single objective and multiple objectives were considered. The
main objective of the multiobjective GA was to minimize
the total utility work levelling, parts usage, and total setup
cost. Development of optimization methods for solving JS
and FS that are involving assembly line balancing/sequencing
in mixed-model problems falls under the NP-hard class
problem. Optimization involves exploiting the capabilities
of mathematical programming in order to minimize the
overall make-span and setup objectives for sets of single
lines [26]. Evolutionary computing is a research area within
computer science for solving combinatorial optimization
and complex problems based on the principles of generic
population-based heuristic techniques. In the advent of
metaheuristic algorithms in recent years, numerous complex
scheduling problems have been studied and solved using
metaheuristic search techniques such as ant colony optimization (ACO), tabu search (TS), genetic algorithm (GA), and
simulated annealing (SA). Metaheuristic algorithms are used
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to overcome the complexity of sequencing in assembly lines
[26].
GA was introduced by David Goldberg based on the
procedure of natural mechanism and natural genetics. The
population is composed of a collection of chromosomes in
which each string is encoded and the problem is solved as a
finite length of genes [26]. Good gene characteristics produce
new generations. After several evolutions, the genes become
highly adaptive to a given environment [29]. GAs have been
proven to be highly effective for achieving optimum or
near-optimum solutions in complex real-world optimization
problems. However, GAs are limited by the fact that their
performance is very sensitive to parameter settings [29]. GA
design consists of two key steps, namely, genetic operations
and parameter settings [29]. The genetic operations involve
choosing a suitable selection method. The typical methods
for selection are roulette, tournament, stochastic uniform,
remainder, and uniform selection. Selection is the only
operation of evolution and thus choosing a suitable selection
method is important. Parameter settings involve setting the
required parameters and variables for controlling the algorithms such as population size, number of generations, the
number of selected candidates, crossover rate, and mutation
rate [30].
2.1. Multiobjective Mixed-Production Line Optimization.
Multiobjective formulations are realistic models of numerous
complex engineering optimization problems. In most reallife problems, the objectives often contradict one another
and optimizing a particular solution with respect to a
single objective may give undesirable results for other
objectives. Being a population-based approach, GA is
well suited to solve multiobjective optimization problems
[31]. A generic single-objective GA can be modified to
search for a set of multiple nondominated solutions in a
single run. The ability of GAs to simultaneously search
different regions of a solution space makes it possible to
search a diverse set of solutions for difficult problems with
nonconvex, discontinuous, and multimodal solution spaces.
Multiobjective optimization problems can be found in
various fields, such as product and process design, finance,
aircraft design, oil and gas industry, automobile design, or
wherever optimum decisions are needed, by considering the
trade-offs between multiple conflicting objectives. If more
than one criterion is to be treated simultaneously, then it
is a multiobjective optimization problem. Maximizing the
profit and minimizing the cost of a product, maximizing the
performance and minimizing fuel consumption of a vehicle,
and minimizing the weight while maximizing the strength
of a particular component are all examples of multiobjective
optimization problems. If the multiobjective problem is well
formed, there will not be a single solution that simultaneously
minimizes each objective to its fullest. In each case, the aim
is to search for a solution in which each objective has been
optimized to an extent that if the objectives are optimized
further, other objectives will suffer as a result. The search for
an optimum solution and quantifying the extent to which
this solution is superior compared to other such solutions
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(note that there will generally be many solutions) are the goal
when setting up and solving a multiobjective optimization
problem. Most of the real-world decision problems involve
multiple conflicting objectives that need to be tackled
while adhering to the various constraints. In multiobjective
problems, there may not exist a solution which is the best
with respect to all objectives. It will be highlighted that there
will be a set of solutions which are superior to other solutions
in the search space when all objectives are considered but are
inferior to the solutions for one or more objectives. These
solutions are called nondominated solutions [32].
The job-shop scheduling problem with sequencedependent setup times (SDST-JSP) is a generalization
of the classical JSS, in which the setup operation of a
machine is required when the machine switches between
two jobs. The common goal of SDST-JSP is to minimize
the completion time of the last job (make-span). SDSTJSP has been investigated by a number of researchers.
A new multiobjective GA (MOGA) was introduced by
Zacharia and Nearchou [33] for solving fuzzy assembly line
balancing of SALBP-2 comprising multiple objectives, that
is, minimizing the fuzzy scheduling time, balancing the
fuzzy delay time, and smoothing the fuzzy index of the line.
McMullen [34] proposed a technique to generate production
sequences, whereby the number of setups and scheduling
flexibility are considered. These objectives are inversely
correlated, which poses a challenge for optimizing both
objectives simultaneously. An efficient frontier approach was
exploited for problems where simultaneous maximization of
flexibility and minimization of setups are desired. McMullen
[35] presented a relatively new approach using ACO to
address a two-objective production-sequencing problem by
stimulating the artificial intelligence agents of virtual ants
to obtain desirable solutions for manufacturing logistics.
The first objective involves minimizing the number of
setups, while the second objective involves optimizing the
stability of material usage rates. McMullen [36] developed
a technique which addresses a JIT production-scheduling
problem consisting of two objectives, namely, minimization
of setups between product variants and optimization of
schedule flexibility. These objectives are inversely correlated,
which poses a challenge in attaining desirable results
for both objectives. An efficient frontier approach was
employed to address the problem, which yields desirable
sequences for both objectives. The artificial neural network
approach using Kohonen self-organizing map (SOM) was
implemented to determine sequences which are desirable
in terms of the number of setups and flexibility. McMullen
and Tarasewich [37] introduced an efficient frontier
approach to support sequencing decisions. A beam-search
heuristic approach was used to effectively generate efficient
frontiers. Rahimi-Vahed et al. [8] addressed a multiobjective
sequencing problem using a mathematical formulation
which considers three objectives simultaneously. These
objectives are minimizing the total utility work, minimizing
variations in the total production rate, and minimizing
the total setup cost. The scatter search methodology was
used to generate a set of solutions that approximates the
nondominated frontiers where simultaneous minimization
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of the above mentioned objectives is desired. Javadi et al.
[9] proposed a fuzzy goal programming approach to solve
a multiobjective mixed-model assembly line sequencing
problem for a JIT production system. Three objectives are
solved simultaneously as mentioned in [8]. These objectives
comprise minimization of the total utility work and variations
in the total production rate and total setup cost. The fuzzy
goal programming based approach was proposed to solve the
problem because of the conflicting objectives. Bard et al. [38]
investigated the sequencing of MMAL, which was perceived
as a multiobjective problem. They developed a method to
minimize the overall line length and maintain a constant rate
for part usage. The problem was solved using the weighted
sum and tabu search methods. McMullen [39] focused
on minimizing the number of setups and maintaining a
constant rate for part usage, in which the multiobjective
problem was solved using the TS method. McMullen and
Frazier [40] developed an SA method for the model used
by McMullen [39] as well as TS method. Ponnambalam et
al. [28] compared the performance of selection mechanisms
(i.e., Pareto stratum-niche cubicle and selection based on
scalar fitness function values). The objectives of their study
were to minimize variations in part usage, total utility
work, and setup cost. The results indicated that the GA
which incorporates Pareto stratum-niche cubicle exhibits
superior performance compared to GAs with other selection
mechanisms. Giard and Jeunet [41] presented an integer
programming formulation for sequencing in mixed-model
assembly lines, whereby the number of temporarily hired
utility workers and the numbers of sequence-dependent
setups are optimized simultaneously via a cost function. The
objective function is a cost function involving two elements,
namely, the cost associated with additional utility workers
and setup cost.
2.2. Application of Fuzzy Numbers in Assembly Line Models.
Fuzzy set theory accounts for the ambiguities involved when
assigning processing and scheduling times as well as the
uncertainty contained within such time variables [42]. The
data of real-world problems are imprecise, vague, or uncertain, in which the input data can only be estimated within this
uncertainty. The uncertainty may be represented by a fuzzy
number. The membership function of fuzzy data represents
the grade of satisfaction of the decision-maker. The concept
of fuzzy numbers was introduced to treat imprecise data such
as the processing and travelling time of each job [43, 44]. The
time variables were represented by triangular fuzzy numbers,
which allow practitioners to account for ambiguities when
assigning processing and scheduling times, while maintaining the variability of the stochastic environment [42].
Gen et al. [43] and Tsujimura et al. [44] proposed a
new method for treating the data of real-world problems by
introducing a fuzzy assembly line balancing based on GA.
Fuzzy variables were implemented by Fonseca et al. [42]
in order to solve assembly line balancing. Fuzzy set theory
is a viable alternative method for modelling and solving
stochastic assembly line balancing problems. The variability
and uncertainty in assembly line balancing problems have
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been traditionally modelled by statistical distribution. A
novel fuzzy extension of the simple assembly line balancing
problem (SALBP) was proposed by Zacharia and Nearchou
[33]. The fuzzy job processing times reflect the uncertainty,
variability, and imprecision with which real-world production systems are afflicted. The job processing times are
formulated by triangular fuzzy membership functions. A new
MOGA was introduced for solving the fuzzy SALBP in order
to minimize the fuzzy scheduling time, fuzzy balance delay
time, and fuzzy smoothness index of the line.
2.3. Summary of Previous Studies and Findings. It can be
observed from the literature review that the majority of
works are focused on an assembly line balancing and only a
few papers address mixed-assembly line sequencing. Hence,
mixed-assembly line sequencing needs to be investigated in
detail. Most papers focused on the number and order of
mixed-models, neglecting the assignment of a product’s subparts to their respective machines (job sequence). In addition,
most papers overlook the designation and adaptation of parts
with other parts as well as their final assembly. It is found that
the production of mixed-models is influenced by a number of
criteria, which limits the applicability of the research results
in real production line conditions. It will be highlighted that
only one criterion was considered in previous works such
as operation line, and therefore other factors such as the
travelling time of the conveyor were neglected. Deterministic
time has also been of interest in most studies. It will be
highlighted that only assembly line balancing was carried out
in previous works in order to minimize the prediction time
for input data, which include the travelling and processing
times for each available job. Although the results from
mixed-assembly line sequencing studies are applicable in real
manufacturing environments, little is known about fuzzy
mixed-model assembly line sequencing. Hence, it is evident
that there is a lack of studies which implements the concept of
fuzzy time in order to minimize the prediction time of input
data.
In general, the research papers can be classified into two
groups, whereby the first group focuses solely on objective
criteria, while the second group focuses on multiobjective
investigations. A critical evaluation of previous works clarifies
that addressing these objectives involves the development
of various methods, in which MMAL sequencing is the
ideal method for a single objective. Comparison of various
GA methods reveals that multiobjective studies have not
been investigated extensively, unlike single-objective studies.
Much effort has been made to intensify and accelerate
the running of GA methods to achieve optimum results.
Although mixed-model assembly line sequencing is of prime
importance, there is a lack of studies which focus on this
topic. In this paper, a hybrid method is proposed, in which
mixed-model assembly line sequencing is integrated with
the operating and travelling time in the form of fuzzy numbers of a multiobjective optimization problem. The hybrid
method will provide manufacturers with an ideal and feasible
alternative since mixed-model assembly line sequencing is
integrated into a software application. This has been ignored
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in previous works and much effort is needed to address the
above issue.

3. Problem Definition and Assumptions
In a highly competitive market, companies try to produce
various kinds of products to meet market demand. One
manufacturing problem that is often associated with scheduling practices is mixed-model production line sequencing as
shown in Figure 1. Solving this problem involves determining
the optimal sequence for jobs (𝐽𝑞 ) which includes the assigned
part (𝑃𝑖 ) to machine (𝑀𝑗 ), considering each of the jobs with
the availability of the machines (𝑀𝑗 ) in job-shop. Moreover,
with the need to solve the problem of determining the
jobs (𝐽𝑞 ) which includes assembly of the parts (𝑃𝑖 ) in the
assembly line for multiple products along a modular layout.
The main solid arrows in Figure 1(a) represent the sequence to
produce the parts, followed by a discrete part manufacturing
assembly, leading to the final product. Likewise, the elapsed
traveling time between machines for manufacturing a part
̃
is given by (𝑇
⋅ 𝑡𝑖,𝑗 ). To satisfy the no-wait restriction, the
̃
completion time of the operation (𝑂𝑃
𝑖,𝑗 ) must be equal to
the earliest time to start the operation. There must not be any
waiting time in the processing of any consecutive operations
of each of the jobs. Figure 1(b) represented by gray lines
provides insight into problems involving the determining of
the optimal number of setup tool changes sequencing (𝑆𝑢 ) of
jobs (𝐽𝑞 ) assigned to “𝑚” machines, throughout the job-shop
and assembly production line.
The following assumptions are taken in the multiobjective
evaluation: (i) all jobs are available at zero time; (ii) the conveyor (operator movement) moves at a constant speed. If job
overlapping occurs, the remaining work will be accomplished
by temporary operators; (iii) the job operation begins when
the part enters the machine. Once the job is completed, the
operator will move the part to the next machine; (iv) at a
given time, only one job can be processed on one machine; (v)
the operator is assigned to each selected part that is assigned
to each machine; (vi) the position of the machines on the
assembly line varies from one another depending on the
user input, which is based on the travelling time; (vii) once
operation has started on a machine, it cannot be interrupted
before completion, either on or between the machines; (viii)
the assembly line can process jobs for a product family, which
is described by a joint priority matrix; (ix) the processing
time varies for different jobs and these jobs are allocated to
the same machine, no matter what the optimum processing
time for each job might be; (x) the demand for all products
as well as the sequence of the products entering the assembly
line is predetermined; (xi) the completion time for all jobs is
represented by a fuzzy number.
The goal is to minimize the make-span or total completion time and minimize the number of change tools setups for
each machine in mixed-model production line sequencing of
all the jobs without waiting between successive operations of
a job by using the fuzzy operation and travelling time which
makes the solution more realistic.
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Figure 1: The precedence of a multiobjective mixed-model production line sequencing problem.
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4. Model Derivation
The objectives of the function value, for multiobjective
mixed-production assembly line sequencing, are categorized
into two main objectives: (1) minimizing the total make-span
and (2) minimizing the total setup number as discussed in the
following.
4.1. Minimizing the Total Make-Span. The step involves
evaluating each chromosome based on the make-span by
considering the product number and assembly sequence for
⋅ 𝑡 (𝑋𝑞 ) are computed
a gene code (𝑋𝑞 ). The 𝑌1 , 𝑌2 , 𝑌3 , and 𝑆̃
in which (𝑋𝑞 ) are calculated as follows. 𝑌1 is determined
by checking the start time (𝑆̃
⋅ 𝑡) of the parts (𝑃𝑖 ) entering
the machines (𝑀𝑗 ), based on the sequence assigned to the
machines. This is expressed by
0,
𝑌1 = {̃
̃
̃ (𝑋𝑞 )+ 𝑇
𝑆.𝑡 (𝑋𝑞 )+ OP
⋅ 𝑡 (𝑋𝑞 ) ,

̸ (𝑋𝑞 )
𝑃 (𝑋𝑞 ) =𝑃
𝑃 (𝑋𝑞 ) = 𝑃 (𝑋𝑞 )

𝑞 = 𝑞 − 1, 𝑞 − 2, . . . , 𝑞 − (𝑞 − 1) ,

𝑞 = 1, . . . , 𝑒.
(1)

𝑌2 is determined by checking the start time (𝑆̃
⋅ 𝑡) machine’s
availability (𝑀𝑗 ) assigned to produce the parts (𝑃𝑖 ), as given
by
0,
𝑀 (𝑋𝑞 ) ≠𝑀 (𝑋𝑞 )
𝑌2 = { ̃
̃
𝑆 ⋅ 𝑡 (𝑋𝑞 ) + OP (𝑋𝑞 ) , 𝑀 (𝑋𝑞 ) = 𝑀 (𝑋𝑞 )


𝑞 = 𝑞 − 1, 𝑞 − 2, . . . , 𝑞 − (𝑞 − 1) ,

(2)

𝑞 = 1, . . . , 𝑒.

̃
⋅ 𝑡) of the
𝑌3 is then determined by checking the start time (𝑆
parts (𝑃𝑖 ) entering the machines (𝑀𝑗 ) based on the sequence
of the part’s assembly (A.S.𝑝 ) for each product (P.No.ℎ ) as
given by (5) and (6). For each 𝑋𝑞 , where 𝑞 = 1, 2, . . . , 𝑒, note
that the product number (P.No(𝑋𝑞 )) and assembly sequence
(A.S(𝑋𝑞 )) are important. Equations (3) through (6) are given
below.
(i) Consider
If A.S (𝑋𝑞 ) = 0 ⇒ 𝑌3 = 0,

𝑞 = 1, 2, . . . , 𝑒

If A.S (𝑋𝑞 ) ≠0 ⇒ compares = P.No (𝑋𝑞 ) ,
P.No (𝑋𝑞−1 ) .

(3)

A.S (𝑋𝑞 ) = A.S (𝑋𝑞 )
𝑆̃
⋅ 𝑡 (𝑋𝑞 )
{
{
̃ (𝑋𝑞 )
𝑌3 = {𝑆̃
⋅ 𝑡 (𝑋𝑞 ) + 𝑂𝑃
{
̃
A.S (𝑋𝑞 ) ≠A.S (𝑋𝑞 ) (6)
{ +𝑇 ⋅ 𝑡 (𝑋𝑞 ) ,
𝑞 = 𝑞 − 1, 𝑞 − 2, . . . , 𝑞 − (𝑞 − 1) ,

𝑞 = 1, 2, 3, . . . , 𝑒.

The start time is obtained using (7), in which 𝑌1 , 𝑌2 , 𝑌3 are
determined from the previous steps. Consider
S̃
⋅ t (𝑋𝑞 ) = Max (𝑌1 , 𝑌2 , 𝑌3 ) ;

𝑋𝑞 , 𝑞 = 1, 2, . . . , 𝑒.

(7)

⋅𝑡 =
Note. In the first run, if 𝑌1 = 𝑌2 = 𝑌3 = 0, then 𝑆̃
̃
⋅ 𝑡.
Max(𝑌1 , 𝑌2 , 𝑌3 ) + 𝑇
The make-span fitness function is then calculated for all
chromosomes using
̃ (𝑋𝑞 ) ;
T.C.T = Max 𝑆̃
⋅ 𝑡 (𝑋𝑞 ) + OP

𝑞 = 1, 2, . . . , 𝑒.
(8)

4.2. Minimizing the Setup Number. In many industries,
sequence-dependent setups are considered as an important item in assembly operations. The model considering
sequence-dependent setups is considered in this paper. The
machine number 𝑀(𝑋𝑞 ) and the setup number 𝑆(𝑋𝑞 ) are
defined for the element (𝑋𝑞 ) in the chromosome, where 𝑞 =
1, 2, . . . , 𝑒; the total setup number at the beginning is T.S.N =
0. All the genes 𝑋𝑞 , where 𝑞 = 1, 2, . . . , 𝑒, in the chromosomes
one by one will be checked and total setup number (T.S.N)
based on the 𝑀(𝑋𝑞 ) and 𝑆(𝑋𝑞 ) has been determined for all
𝑋𝑞 as shown in
(i)
If 𝑀 (𝑋𝑞 ) ≠𝑀 (𝑋𝑞 ) ,

where 𝑞 = 1, 2, 3, . . . , 𝑒,

and 𝑞 = 𝑞 − 1, 𝑞 − 2, . . . , 𝑞 − (𝑞 − 1)

(9)

then T.S.N = T.S.N + 1;
(ii)
If 𝑀 (𝑋𝑞 ) = 𝑀 (𝑋𝑞 ) ,

where 𝑞 = 1, 2, 3, . . . , 𝑒,

and 𝑞 = 𝑞 − 1, 𝑞 − 2, . . . , 𝑞 − (𝑞 − 1) then
(4)
T.S.N = {

(ii) If P.No(𝑋𝑞 ) = P.No(𝑋𝑞−1 ), then
𝑆̃
⋅ 𝑡 (𝑋𝑞−1 )
{
{
̃ (𝑋𝑞−1 )
̃
𝑌3 = {𝑆 ⋅ 𝑡 (𝑋𝑞−1 ) + OP
{
̃
{ +𝑇 ⋅ 𝑡 (𝑋𝑞−1 ) ,

(iii) If P.No(𝑋𝑞 ) ≠P.No(𝑋𝑞−1 ) when searching gene code
𝑋𝑞 , where 𝑞 = 𝑞 − 1, 𝑞 − 2, . . . , 𝑞 − (𝑞 − 1), go backwards one
by one until P.No(𝑋𝑞 ) = P.No(𝑋𝑞 ) is met as follows:

T.S.N + 1
T.S.N + 0

𝑞 = 1, 2, 3, . . . , 𝑒,

A.S (𝑋𝑞 ) = A.S (𝑋𝑞−1 )
A.S (𝑋𝑞 ) ≠A.S (𝑋𝑞−1 )
𝑞 = 1, 2, 3, . . . , 𝑒.
(5)

𝑆 (𝑀 (𝑋𝑞 )) = 𝑆 (𝑀 (𝑋𝑞 ))
𝑆 (𝑀 (𝑋𝑞 )) ≠𝑆 (𝑀 (𝑋𝑞 ))

(10)

𝑞 = 𝑞 − 1, 𝑞 − 2, . . . , 𝑞 − (𝑞 − 1) .

5. Fuzzification of the Mixed-Model
Line Sequencing
In order to develop a fuzzy version of the mixed-model
line sequencing, operation and travelling time had to represent a fuzzy number, which is applied for the processing
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and scheduling time of each robot and machine. The fuzzy
sets that are most appropriate to represent these values are
triangular fuzzy numbers (TFN) due to the nature of the processing and scheduling times. Rather than assigning a specific
value for each time variable as in the case of deterministic
time methods, TFN establish extreme points to represent the
most and least likely values of the individual variables. The
use of TFN in-time modelling enables users to account for
variability and ambiguity, similar to statistical distributions.
However, TFN differ from statistical distributions such that
they do not require prior knowledge or historical data when
establishing their values. This is a major advantage of using
TFN compared to statistics. TFN are achieved by defining the
existing deterministic time as the most likely values for the
new TFN. This implies that the deterministic value represents
the fuzzy element in the set, with a membership value of 1. A
value of 1 is added or subtracted from the most likely values
in order to get the least likely values for the new TFN, with
a membership value of 0. This same procedure is applied to
adapt the deterministic scheduling times in the fuzzy domain
[42]. No major changes are required when adapting these
heuristics to handle fuzzy processing and scheduling times.

6. Solution Algorithm
In this study, a multiobjective optimization model is developed for a mixed-model process, comprising the manufacture of parts, assignment of parts to their respective
machines, and assembly of parts to form the final products.
The multi objective mixed model involves minimizing the
make-span and setup cost. The operation time and travelling
time are represented by fuzzy numbers. It will be highlighted
that the steps for GA modelling include model, constraints,
fitness function, and satisfying multiple objectives within
the domain of model restrictions, fitness function, and
multiobjective cases. These steps are carried out for various
types of applications and include input data, fuzzy variables,
and initialization of parameters, evaluation, crossover rate,
mutation rate, and termination. The input data are coded by
considering the sequence of part production stages, sequence
of product assembly, and sequence of part allocation to
each machine during the initialization of parameters. The
proposed model consists of input data and fuzzy variables.
Care is taken to ensure that the setup and operation time
for each machine as well as the travelling time of the parts
between various machines are accounted for. The evaluation
stage involves developing the multiobjective fitness functions.
Nine rules are used to control the crossover rate during the
crossover stage, whereas eight rules were used to control
the mutation rate during the mutation stage. Two rules
are designed for the termination stage in order to control
termination and gain optimum results. Sorting, selection
of tournament candidates, elitism, and new population size
were performed based on the existing conditions.
The model is developed based on the works of [1, 5, 8, 28,
34, 45, 46]. A contribution of this paper is the development
of a multiobjective fuzzy mixed production line sequencing
optimization model using the genetic algorithm approach
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by integrating job-shop and assembly production lines for
factories with modular layouts. The significance of this model
is for those factories who want to produce the various
kinds of products with fixed machine just by changing the
sequencing of the products. The model helps the manager
to sequence and schedule the production line easily and
accurately by taking the market demand into consideration.
The line sequencing is optimized based on the make-span
and also the setup number of the production line. The flow
chart of the proposed multiobjective fuzzy mixed-production
assembly line sequencing model is shown in Figure 2.

7. Development of Multiobjective
Genetic Algorithm
The procedure used in the development of the model is
described in detail as follows.
Step 1 (input data). The first step involves identifying the
machine number (𝑀𝑗 ) such as CNC, NC, and robot, as well
as assigning the parts (𝑃𝑖 ) to their respective machines and
robots based on the production and assembly line sequence.
Also, it needs to identify the fuzzy completion time of
̃)) and fuzzy traveling time between
the operation ((𝑂𝑃)
𝑖,𝑗
machines in order to manufacture a part by ((𝑇̃
⋅ 𝑡) ).
𝑖,𝑗

Step 2 (initialization of parameters). Initialization involves
setting the parameters of the GA, creating the scores for the
simulation, and creating the first generation of chromosomes
based on the Notations section. The results of the model will
depend on the difficulties encountered during production
planning and sequencing. The general schematic for reading
data in mixed-production assembly line problems is presented in Figure 3. Figure 3 shows the number of finished
products, the number of tasks involved in the total production line (𝐽𝑞 ), the order of parts in the assembly (𝐴.𝑆.𝑝 ),
and the setup of each machine (𝑆𝑢 ). Figure 3 also shows the
number of parts (𝑃𝑖 ) and the order for manufacturing each
part. For example, the user proceeds to the next item (part)
once the order of the manufacturing process is completed
for each part. 𝑀𝑗 represents the number of machines used
for manufacturing parts and various products. The dashed
arrows illustrate the coherence between these machines (𝑀𝑗 )
during various phases of the production line. The fuzzy
̃
̃
operation time (OP
𝑖,𝑗 ) and fuzzy traveling time (𝑇 ⋅ 𝑡𝑖,𝑗 ) are
presented in Figure 3. The first column of Figure 3 (i.e., gene
code (𝑋𝑞 )) shows the coding of each row, which will be
discussed later.
From the data shown in Figure 3, the number of existing
gene codes in the first column represents empty chromosomes (𝑋𝑖 ), which are formed based on the job numbers.
Once the chromosomes have been formed, the chromosomes
will be filled with numbers via stochastic repeating. The
numbers vary between 0 and the maximum number of
genes in the chromosomes. The gene codes are filled up
by random numbers, neglecting the encoding sequence of
the produced chromosomes. Once the chromosomes have

Journal of Applied Mathematics

9

Input data

Evaluation (multiobjective)

Identifying the machine number (CNC, NC, . . . )
and robot number (R1, R2, . . . )

Mutation
Min-make-span

Assign the part to each machine and robot based
on the production and assembly sequencing
Fuzzy variable
Fuzzy operation time
Fuzzy traveling time
Production and assembly sequencing
(machine and robot)

Min-setup
number

New population size

Tournament candidate
Crossover

Yes
Output data
Fuzzy optimal scheduling time
Optimal setup number

Elitism

Initialize

No

Terminate
condition

Sorting based on the fitness

Figure 2: Flow chart of the proposed multiobjective fuzzy mixed-production assembly line sequencing model.
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Figure 3: General schematic of reading data for the mixed-model assembly line problem.
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been filled with random numbers, the classified gene code
numbers are ranked as a possible sequence which can be used
by the GA. The steps are described briefly as follows.
Identification of the First of Each Part Type’s Gene Code. The
first of each part type’s gene code is identified using (11),
whereby each part has a sequence of gene codes with 𝑓elements, where 𝑊𝑧 , 𝑧 = 1, 2, . . . , 𝑓, have the same part
number. Consider
𝑋𝑞 − 𝑊1 ≤ (𝑓 − 1) .

(11)

Classification Based on the Product’s Part Sequence. Each gene
code number in the chromosome line is compared to the
previous one. Three conditions are used when comparing the
gene code numbers and are described below.
(1) The first or existing gene code number fills up the new
chromosome without any changes in the gene code
number.
(2) If the gene code number is the same as other gene
code numbers in the chromosome, the chromosome
is filled up with the addition of one number out of the
existing gene code numbers.
(3) If the gene code number is different from other gene
code numbers within the chromosome, the existing
gene code number fills up the chromosome without
any changes in the gene code number.
Classification Based on the Assembly Sequence. Once the
product’s part sequence has been classified, the chromosome
is filled up using the assembly sequence number relating to a
gene code (𝑋𝑞 ) of the specific chromosome. Finally, the final
gene code numbers are ranked by two sequence filters, which
accounts for the assembly sequence code and product’s part
sequence.
Step 3 (multiobjective evaluation). After initializing the population size, each chromosome must be evaluated during
each generation of the selection process. The fitness function
value involves evaluating each chromosome by minimizing
the make-span and considering the product number and
assembly sequence for a gene code (𝑋𝑞 ) which are defined
as (1) through (8). Moreover, the evaluation of each chromosome for the second objective function to minimize the
setup number in mixed-model line sequencing is defined as
(9) through (10). Finally the total fitness values of the efficient
frontiers are calculated based on these two objectives [35].
This is accomplished by looking up the score of each gene
in the chromosome, by means of adding and averaging the
scores for the chromosome. This step is repeated for each
possible chromosome (𝑋𝑞 ) in the population size. The elite
chromosome of the generation is determined as part of the
evaluation process.
Step 4 (sorting). The total fitness value is calculated for the
population size based on Step 3. Calculations are carried out

in ascending order from “Min” to “Max” for the total fitness
values of all chromosomes.
Step 5 (tournament candidate selection). The chromosomes
are selected for the next generation using the tournament
selection scheme, which is a proportionate random selection
method. Two parent chromosomes are selected from a
population according to their fitness function values.
The main characteristics of tournament selection are
summarized as follows.
(i) Tournament selection is quite useful in certain situations, such as multiobjective optimization.
(ii) Tournament selection uses only local information.
(iii) Tournament selection is easily implemented with low
time complexity.
(iv) Tournament selection can be easily implemented in a
parallel environment.
However, tournament selection also suffers from selection
bias, which means that the best one will not be selected if it is
very unlucky.
Step 6 (crossover selection). Crossover probability crosses
over parents to form new offspring (children). In the
crossover phase, all chromosomes (except for the elite chromosome) are paired up and crossed over with a probability
crossover rate. Crossover is accomplished by choosing a
site randomly along the length of the chromosome and
exchanging the genes of two chromosomes (parents) for each
gene past this crossover site. The steps for crossover are as
follows.
(1) Identify the number of different requirements for
manufactured products (P.No.ℎ ).
(2) Create the one random number between product type
numbers (P.No.ℎ ) as follows:
for (int ℎ = 1; 𝑖 < P.No.ℎ ; ℎ + +)
{
Product Random = rand () % Product;

(12)

}.
(3) Identify the gene code number (𝑋𝑞 ) for the selected
product obtained from the previous step.
(4) Search and identify the gene code from parent A
based on random product selection and transfer these
gene codes to child B, which is exactly at the same
gene location.
(5) Search and identify the gene code from parent B based
on random product selection and transfer the gene
code to child A, which is exactly at the same gene
location.
(6) Transfer the remaining gene code from parent A to
the gene blank of child A.
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(7) Transfer the remaining gene code from parent B to the
gene blank of child B.
(8) Calculate the number of crossovers based on the
crossover rate (CR(𝑡)) from Step 9 and population size
(PS) using
Number of crossovers =

CR (𝑡) × PS
.
2

A<B

B

Figure 4: General overview of the first group of gene mutation.

(13)
A

(9) Once new offspring have been created, the new offspring will have previous chromosomes in the current
generation.
Step 7 (elitism). In crossover operation, the worst or weakest
chromosomes will fade away, whereas the characteristics of
the chromosomes will change continuously during mutation
operation. The elite chromosome will not be subjected to
mutation in the next generation. Consequently, GA does not
lead to annihilation since several chromosomes (one, two, or
three) from each generation are transferred directly to the
next generation. Mutation is not applied on chromosomes
which are immune. It is possible to maintain a fixed fitness
value in some generations, but they will never deteriorate. The
first three best chromosomes are selected in the elitism step.
Step 8 (mutation). Following the crossover operation, the
genes will mutate to any of the codes with a mutation rate for
each gene in the chromosomes, with the exception of the elite
chromosome. When the crossover and mutation operations
are complete, the chromosomes will be evaluated for another
round of selection and reproduction. Considering elitism and
after identifying the parts in which mutation will be applied,
the number of mutations in each generation is calculated
using (14) based on the mutation rate (Pm(𝑡)), population size
(PS), and maximum gene code (Max .𝑋𝑞 ) as follows:
Number of mutations ≅ [(PS × Max .𝑋𝑖 ) × Pm] .

A

(14)

After identifying the number of gene mutations, a set of
rules needs to be devised for the mutation of genes from point
A to point B and vice versa, while focusing on the stability of
the chromosome sequence. It is important that the sequence
of the chromosomes is not displaced. There are eight sets
of rules for this step which are classified into two groups as
follows.
(1) Four rules are used to check the mutation based on the
part sequence (Rules 1 and 2) and product assembly
(Rules 3 and 4) of genes from A to B.
(2) Four rules are used to check the mutation based on the
part sequence (Rules 5 and 6) and product assembly
(Rules 7 and 8) of genes from B to A.
The first group of gene mutation from A to B is illustrated
in Figure 4. Likewise, the second group of gene mutation from
B to A is illustrated in Figure 5.
Note.
(i) Care should be taken to ensure that the position of A
is before B.

A<B

B

Figure 5: General overview of the second group of gene mutation.

(ii) The above eight mutation rules should be checked
thoroughly to ensure their ideal applications. In the
adverse case, the above eight rules ought to be done
over.
Step 9 (new population size). Having performed crossover,
elitism, and mutation operations, the most ideal chromosomes of the current generation are compared and evaluated
to identify its total value, after checking its termination in the
following step.
Step 10 (termination). The loop of chromosome generations
is terminated when certain conditions are met. The elite chromosome is returned as the best solution once the termination
criteria are met. The termination criteria are listed below.
(1) If the number of generations reaches its maximum,
the loop of chromosome generations is terminated.
(2) If there are no changes in the elite solution (i.e.,
no changes in fitness function value), the loop of
chromosome generations is terminated using
Fitness Value (𝑋𝑞 ) − Fitness Value (𝑋𝑞+1 ) ≤ 0.0001.
(15)

8. Computational Results
The results of the multiobjective fuzzy mixed-model assembly
line model are presented in this section. Each metaheuristic
model is verified, validated, and tested using a test-bed. It
seems natural that one of the crucial elements for comparing
heuristics is the test-bed onto which the heuristics are
tested. Hence, test-beds are essential when comparing two
metaheuristics. Silberholz and Golden [47] studied how to
create and classify instances in a new test-bed and how to
ensure that other researchers have access to the problems
for future metaheuristic comparisons. Silberholz and Golden
[47] proposed that two types of test-beds may be used for
comparing metaheuristics, namely, (1) existing test-beds and
(2) new test-beds. Existing test-beds are used when comparing a new metaheuristic to an existing one. It is advantageous
to test problem instances that have been tested in previous
studies. The results will be compared on a by-instance basis,
allowing relative gap calculations between the two heuristics.
New test-beds are developed when an existing test-bed is
insufficient. For instance, there are no test-beds available for
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Table 1: Input data for numerical example.

Number of jobs (𝐽𝑞 )
50

Number of products
(P.No.ℎ )

Number of parts (𝑃𝑖 )

Number of lathe machines,
CNC, and robots (𝑀𝑗 )

Number of machine setup
tools (𝑆𝑢 )

4

20

5

5

cases where metaheuristics are written specifically for a new
problem and thus a new test-bed needs to be developed for
this purpose. A new test-bed also needs to be developed if
the existing test-beds are insufficient, which are often due to
the fact that the test-beds are too small to effectively test a
heuristic. There are two points which need to be addressed
when developing new test-beds, that is, the purpose of
developing the test-beds and the accessibility of new test
instances [47]. The purpose of a problem suite is to emulate
real-world problem instances with a variety of test cases and
difficulty levels. When creating a new test-bed, the focus is to
provide others with accessibility to problem instances. This
enables other researchers to make comparisons easily, while
ensuring that the problem instances are widely used. One
way to ensure this is to create a simple generating function
for the problem instances. Capturing the real aspects of a
problem is particularly significant when developing a new
test-bed. In this section, the results are presented based on the
development of new test-beds due to the fact that the existing
test-beds are inadequate. This is followed by a discussion on
the identification of the optimum scheduling time for a fuzzy
mixed-model assembly line sequencing problem.
8.1. Input Data. A hypothetical numerical example is
designed to test the fuzzy mixed-model assembly line
sequencing problem. The input data of the hypothetical
numerical example is given in Table 1, consisting of 50 jobs
and 20 parts in order to produce four products. There are five
machine tools (one lathe, two CNC, and two robots) assigned
to assemble four products.
8.2. Initialization of Parameters and Fuzzy Variables. The
initialization of parameters for the mixed-model assembly
line sequencing example is shown in Table 3. It can be seen
that 50 jobs (𝐽𝑞 ; 𝑞 = 1, 2, . . . , 50) are required to produce
20 parts (𝑃𝑖 ; 𝑖 = 0, 1, ..., 19) and these parts are assembled
to produce four types of product (P.No.ℎ ; ℎ = 1, 2, 3, 4).
The number of tool changes is 5 (𝑆𝑢 ; u = A, B, C, D, and E)
and these tools are assigned to five machines (𝑀(𝑋𝑞 ); q =
0, 1, 2, 3, 4). The job sequence is dependent upon the part
and product assembly and is described as follows. First, the
job number is assigned to produce the first product, ranging
from 1 to 10 (P.No.1 , ℎ = 1; 𝐽𝑞 , 𝑞 = 1, 2, . . . , 10). It will be
highlighted that there are 10 jobs in this case and they are
sequenced to produce three parts according to the following
order. Job numbers 1, 2, and 3 are assigned to produce Part
(0) ((𝑃𝑖 ), 𝑖 = 0 → 𝐽1 , 𝐽2 , 𝐽3 ), while job numbers 4 and 5
are assigned to produce Part (1) ((𝑃𝑖 ), 𝑖 = 1 → 𝐽4 , 𝐽5 ). Job
numbers 6 and 7 are assigned to produce Part (2) ((𝑃𝑖 ),
𝑖 = 2 → 𝐽6 , 𝐽7 ), whereas job numbers 8, 9, and 10
are assigned to produce Part (3), which is a subpart of the

product assembly ((𝑃𝑖 ), 𝑖 = 3 → 𝐽8 , 𝐽9 , 𝐽10 ). Production of
the second, third, and fourth products is based on the
sequence described for Product (1), as shown in Table 2. The
fuzzy processing time of each job (𝐽𝑞 , 𝑞 = 1, 2, . . . , 10) is
defined as a triplet (𝑎1 , 𝑎2 , 𝑎3 ). The total operating time is
based on the fuzzy triangular time and is required to complete
the jobs sequentially when producing each part, in which
each part is assigned to a machine (𝑀𝑗 , 𝑗 = 0, 1, 2, 3, 4).
̃
The total operating time is defined as (OP
𝑖,𝑗 = (𝑎1 , 𝑎2 , 𝑎3 ); 𝑖 =
0, 1, 2, . . . , 19; 𝑗 = 0, 1, . . . , 5; a = time). The total travelling
̃
time based on the above information is defined as (𝑇
⋅ 𝑡𝑖,𝑗 =
(𝑎1 , 𝑎2 , 𝑎3 ); 𝑖 = 0, 1, 2, . . . , 19; 𝑗 = 0, 1, . . . , 5; a = time). The
operation and travelling time are fuzzy numbers, which are
indicated by “𝑎1 ,” “𝑎2 ,” and “𝑎3 .” The parameters “𝑎1 ,” “𝑎2 ,”
and “𝑎3 ” represent the optimistic time, normal time, and
pessimistic time, respectively.
8.3. Model Development. A numerical example for mixedmodel assembly line sequencing is presented in Figure 6,
based on the parameters listed in Table 2. The solid arrows
represent the order of the product line (sequence of part production), discrete part manufacturing, and assembly, leading
to the finished products, as indicated by the job numbers.
Suppose that the production process involves manufacturing
four products using the same assembly line. In other words,
four different products are manufactured simultaneously on
the assembly line, and hence the problem is a mixed-model
assembly line problem. In this example, 20 parts need to
be manufactured using five machines. From Figure 6, the
order of the production of parts is represented by the dashed
rectangles and is termed as the process line. The assembly
lines are represented by the dotted rectangles. The assignment
of parts to their respective machines based on job number is
illustrated in Figure 7.
8.4. Multiobjective Evaluation. The optimized optimistic,
medium, and pessimistic starting times (𝑆̃
⋅ 𝑡) are shown in
the sixth column of Table 3, based on the GA encoding
chromosome sequence (𝑋𝑞 ) and job sequence (𝐽𝑞 ). The
final optimized optimistic start time is 59.5, whereas the
final medium and pessimistic start times are 69 and 85.5,
respectively.
The scheduling of existing optimistic time for mixedmodel assembly line sequencing (machine versus optimistic
time) is shown in Figure 8(a), whereas the scheduling for
optimized optimistic scheduling time is shown in Figure 8(b).
This chart is created to demonstrate the allocated time and
setup number based on the part assembly sequence for each
mixed-model. The existing optimistic total scheduling time
is obtained to be 166 min, whereas the optimized optimistic
total scheduled time is 62.5 min, which indicates significant
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Figure 6: Example of mixed-model assembly line sequencing (50 jobs, 20 parts, 4 products).

time-savings. Moreover, the total fuzzy setup numbers for
the existing and optimized optimistic data are 44 and 36,
respectively.
The percentage of the existing and optimized fuzzy
numbers which represent the efficiency and idle time of the
machines is presented in Table 4. The efficiency and idle
time are categorized as optimistic, medium, and pessimistic.
The lowest efficiency is obtained for Machine (4), in which
the optimistic, medium, and pessimistic times which are
3.3%, 6.4%, and 3.9% increase to 8.7%, 21.9%, and 11.7%. The
highest idle time is also obtained for Machine (4), whereby
the optimistic, medium, and pessimistic times which are
96.7%, 93.6%, and 96.1% decrease to 91.35%, 78.1%, and
88.3%.
The final results based on the existing and optimized
data are shown in Table 5. The overall results show that the
existing fuzzy data is improved by optimization. The total
fuzzy existing scheduling time is optimized from 166, 250,
and 266 to 62.5, 73, and 88.5. The total fuzzy setup numbers
for the existing and optimized data are 44, 44, and 44 and
36, 36, and 39, respectively. The total fuzzy existing efficient
frontier is 105, 147, and 155, while the optimized ones are
49.25, 54.5, and 63.75. The total fuzzy existing cycle and

setup time are optimized from 254, 338, and 354 to 135,
145, and 168. The total fuzzy operation setup times for the
existing and optimized data are 88, 88, and 88 and 72, 72,
and 78, respectively. The total fuzzy existing changing setup
cost is optimized from $ 3520, $ 3520, and $ 3520 to $
2880, $ 2880, and $ 3120. The total fuzzy units produced per
day for the existing and optimized data are approximately
1.80, 1.92, and 2.89 and 5.33, 6.58, and 7.62, respectively.
The total existing fuzzy percentage efficiency is optimized
from 10.32%, 10.90%, and 11.45% to 30.16%, 32.22%, and
35.34%.

9. Conclusion
It is known that mixed-model assembly line sequencing is
a problem which involves job-shop and assembly line with
multiple conflicting objectives, namely, minimizing the setup
time and make-span. These objectives have been achieved
successfully and tested using a hypothetical numerical example. An optimization model is developed using GA for the
mixed-model assembly line sequencing problem in order
to address conflicting objectives which involve minimizing
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Figure 8: Optimistic time scheduling for mixed-model assembly line sequencing.
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Table 2: Fuzzy variables and initialization of parameters.
𝑋𝑞
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

𝐽𝑞
𝐽1
𝐽2
𝐽3
𝐽4
𝐽5
𝐽6
𝐽7
𝐽8
𝐽9
𝐽10
𝐽11
𝐽12
𝐽13
𝐽14
𝐽15
𝐽16
𝐽17
𝐽18
𝐽19
𝐽20
𝐽21
𝐽22
𝐽23
𝐽24
𝐽25
𝐽26
𝐽27
𝐽28
𝐽29
𝐽30
𝐽31
𝐽32
𝐽33
𝐽34
𝐽35
𝐽36
𝐽37
𝐽38
𝐽39
𝐽40
𝐽41
𝐽42
𝐽43
𝐽44
𝐽45
𝐽46
𝐽47
𝐽48
𝐽49
𝐽50

P.No.ℎ
P.No.1
P.No.1
P.No.1
P.No.1
P.No.1
P.No.1
P.No.1
P.No.1
P.No.1
P.No.1
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.2
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.3
P.No.4
P.No.4
P.No.4
P.No.4
P.No.4
P.No.4
P.No.4
P.No.4
P.No.4
P.No.4

A.S.𝑝
A.S.0
A.S.0
A.S.0
A.S.1
A.S.1
A.S.1
A.S.1
A.S.2
A.S.2
A.S.2
A.S.0
A.S.0
A.S.0
A.S.0
A.S.0
A.S.0
A.S.0
A.S.0
A.S.1
A.S.1
A.S.2
A.S.2
A.S.3
A.S.3
A.S.3
A.S.0
A.S.0
A.S.0
A.S.1
A.S.1
A.S.1
A.S.1
A.S.1
A.S.2
A.S.2
A.S.2
A.S.3
A.S.3
A.S.4
A.S.4
A.S.0
A.S.0
A.S.0
A.S.0
A.S.0
A.S.1
A.S.1
A.S.2
A.S.2
A.S.2

𝑆𝑢
𝑆𝐴
𝑆𝐴
𝑆𝐴
𝑆𝐵
𝑆𝐵
𝑆𝐴
𝑆𝐴
𝑆𝐶
𝑆𝐴
𝑆𝐴
𝑆𝐸
𝑆𝐶
𝑆𝐸
𝑆𝐸
𝑆𝐵
𝑆𝐵
𝑆𝐵
𝑆𝐵
𝑆𝐶
𝑆𝐶
𝑆𝐴
𝑆𝐴
𝑆𝐷
𝑆𝐵
𝑆𝐷
𝑆𝐵
𝑆𝐴
𝑆𝐶
𝑆𝐴
𝑆𝐴
𝑆𝐶
𝑆𝐶
𝑆𝐶
𝑆𝐵
𝑆𝐸
𝑆𝐸
𝑆𝐸
𝑆𝐵
𝑆𝐵
𝑆𝐵
𝑆𝐴
𝑆𝐷
𝑆𝐴
𝑆𝐵
𝑆𝐵
𝑆𝐴
𝑆𝐵
𝑆𝐵
𝑆𝐴
𝑆𝐵

𝑃𝑖
𝑃0
𝑃0
𝑃0
𝑃1
𝑃1
𝑃2
𝑃2
𝑃3
𝑃3
𝑃3
𝑃4
𝑃4
𝑃4
𝑃5
𝑃5
𝑃6
𝑃6
𝑃6
𝑃7
𝑃7
𝑃8
𝑃8
𝑃9
𝑃9
𝑃9
𝑃10
𝑃10
𝑃10
𝑃11
𝑃11
𝑃12
𝑃12
𝑃12
𝑃13
𝑃13
𝑃13
𝑃14
𝑃14
𝑃15
𝑃15
𝑃16
𝑃16
𝑃16
𝑃17
𝑃17
𝑃18
𝑃18
𝑃19
𝑃19
𝑃19

𝑀𝑗
𝑀0
𝑀1
𝑀2
𝑀0
𝑀2
𝑀0
𝑀2
𝑀3
𝑀1
𝑀4
𝑀2
𝑀1
𝑀0
𝑀1
𝑀2
𝑀0
𝑀3
𝑀1
𝑀0
𝑀1
𝑀3
𝑀2
𝑀3
𝑀2
𝑀4
𝑀1
𝑀0
𝑀2
𝑀4
𝑀1
𝑀0
𝑀1
𝑀2
𝑀0
𝑀2
𝑀1
𝑀3
𝑀4
𝑀1
𝑀3
𝑀2
𝑀0
𝑀1
𝑀0
𝑀3
𝑀2
𝑀1
𝑀0
𝑀4
𝑀3

1.50
2.50
0.50
0.50
1.50
1.50
0.50
1.50
2.50
1.50
3.50
2.50
1.50
0.50
0.50
1.50
1.50
2.50
2.50
0.50
0.50
4.50
2.50
1.50
0.50
3.50
2.50
1.50
0.50
1.50
0.50
1.50
2.50
3.50
4.50
1.50
0.50
2.50
4.50
3.50
3.50
2.50
1.50
0.50
0.50
3.50
2.50
1.50
0.50
3.50

̃ 𝑖,𝑗
𝑂𝑃
2
3
1
1
2
2
1
2
3
2
4
3
2
1
1
2
2
3
3
1
1
5
3
2
1
4
3
2
1
2
1
2
3
4
5
2
1
3
5
4
4
3
2
1
1
4
3
2
1
4

2.50
3.50
1.50
1.50
2.50
2.50
1.50
2.50
3.50
2.50
4.50
3.50
2.50
1.50
1.50
2.50
2.50
3.50
3.50
1.50
1.50
5.50
3.50
2.50
1.50
4.50
3.50
2.50
1.50
2.50
1.50
2.50
3.50
4.50
5.50
2.50
1.50
3.50
5.50
4.50
4.50
3.50
2.50
1.50
1.50
4.50
3.50
2.50
1.50
4.50

0.50
4.50
0.50
1.50
2.50
2.50
2.50
3.50
4.50
0.50
1.50
0.50
2.50
1.50
0.50
3.50
0.50
1.50
2.50
1.50
0.50
1.50
2.50
1.50
4.50
0.50
0.50
2.50
1.50
1.50
1.50
0.50
2.50
3.50
4.50
0.50
4.50
2.50
1.50
0.50
0.50
2.50
1.50
3.50
0.50
1.50
1.50
2.50
1.50
2.50

̃
𝑇
⋅ 𝑡𝑖,𝑗
1
5
1
2
3
3
3
4
5
1
2
1
3
2
1
4
1
2
3
2
1
2
3
2
5
1
1
3
2
2
2
1
3
4
5
1
5
3
2
1
1
3
2
4
1
2
2
3
2
3

1.5
5.5
1.5
2.5
3.5
3.5
3.5
4.5
5.5
1.5
2.5
1.5
3.5
2.5
1.5
4.5
1.5
2.5
3.5
2.5
1.5
2.5
3.5
2.5
5.5
1.5
1.5
3.5
2.5
2.5
2.5
1.5
3.5
4.5
5.5
1.5
5.5
3.5
2.5
1.5
1.5
3.5
2.5
4.5
1.5
2.5
2.5
3.5
2.5
3.5
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Table 3: Optimized scheduling time based on optimistic, medium, and pessimistic data.

𝑋𝑞
41
1
26
44
16
14
11
45
2
17
12
27
15
42
13
18
28
43
29
31
30
32
33
19
3
6
4
20
46
5
21
7
47
22
34
48
49
8
35
9
10
23
36
37
50
24
38
25
39
40

𝐽𝑞
𝐽41
𝐽1
𝐽26
𝐽44
𝐽16
𝐽14
𝐽11
𝐽45
𝐽2
𝐽17
𝐽12
𝐽27
𝐽15
𝐽42
𝐽13
𝐽18
𝐽28
𝐽43
𝐽29
𝐽31
𝐽30
𝐽32
𝐽33
𝐽19
𝐽3
𝐽6
𝐽4
𝐽20
𝐽46
𝐽5
𝐽21
𝐽7
𝐽47
𝐽22
𝐽34
𝐽48
𝐽49
𝐽8
𝐽35
𝐽9
𝐽10
𝐽23
𝐽36
𝐽37
𝐽50
𝐽24
𝐽38
𝐽25
𝐽39
𝐽40

Optimize optimistic results
P.No.ℎ 𝑆𝑢
𝑃𝑖
𝑀𝑗
P.No.4 𝑆𝐴 𝑃16 𝑀2
P.No.1 𝑆𝐴
𝑃0
𝑀0
P.No.3 𝑆𝐵 𝑃10 𝑀1
P.No.4 𝑆𝐵 𝑃17 𝑀0
P.No.2 𝑆𝐵
𝑃6
𝑀0
P.No.2 𝑆𝐵
𝑃5
𝑀1
P.No.2 𝑆𝐸
𝑃4
𝑀2
P.No.4 𝑆𝐵 𝑃17 𝑀3
P.No.1 𝑆𝐴
𝑃0
𝑀1
P.No.2 𝑆𝐵
𝑃6
𝑀3
P.No.2 𝑆𝐶
𝑃4
𝑀1
P.No.3 𝑆𝐴 𝑃10 𝑀0
P.No.2 𝑆𝐵
𝑃5
𝑀2
P.No.4 𝑆𝐷 𝑃16 𝑀0
P.No.2 𝑆𝐸
𝑃4
𝑀0
P.No.2 𝑆𝐵
𝑃6
𝑀1
P.No.3 𝑆𝐶 𝑃10 𝑀2
P.No.4 𝑆𝐴 𝑃16 𝑀1
P.No.3 𝑆𝐴 𝑃11 𝑀4
P.No.3 𝑆𝐶 𝑃12 𝑀0
P.No.3 𝑆𝐴 𝑃11 𝑀1
P.No.3
𝑆𝐶 𝑃12 𝑀1
P.No.3 𝑆𝐶 𝑃12 𝑀2
P.No.2 𝑆𝐶
𝑃7
𝑀0
P.No.1 𝑆𝐴
𝑃0
𝑀2
P.No.1 𝑆𝐴
𝑃2
𝑀0
P.No.1
𝑆𝐵
𝑃1
𝑀0
P.No.2 𝑆𝐶
𝑃7
𝑀1
P.No.4 𝑆𝐴 𝑃18 𝑀2
P.No.1
𝑆𝐵
𝑃1
𝑀2
P.No.2 𝑆𝐴
𝑃8
𝑀3
P.No.1 𝑆𝐴
𝑃2
𝑀2
P.No.4 𝑆𝐵 𝑃18 𝑀1
P.No.2 𝑆𝐴
𝑃8
𝑀2
P.No.3 𝑆𝐵 𝑃13 𝑀0
P.No.4 𝑆𝐵 𝑃19 𝑀0
P.No.4 𝑆𝐴 𝑃19 𝑀4
P.No.1 𝑆𝐶
𝑃3
𝑀3
P.No.3 𝑆𝐸 𝑃13 𝑀2
P.No.1 𝑆𝐴
𝑃3
𝑀1
P.No.1 𝑆𝐴
𝑃3
𝑀4
P.No.2 𝑆𝐷 𝑃9
𝑀3
P.No.3 𝑆𝐸 𝑃13 𝑀1
P.No.3
𝑆𝐸 𝑃14 𝑀3
P.No.4 𝑆𝐵 𝑃19 𝑀3
P.No.2
𝑆𝐵
𝑃9
𝑀2
P.No.3
𝑆𝐵 𝑃14 𝑀4
P.No.2 𝑆𝐷 𝑃9
𝑀4
P.No.3 𝑆𝐵 𝑃15 𝑀1
P.No.3 𝑆𝐵 𝑃15 𝑀3

S.T
0.5
0.5
0.5
2
2.5
4
4
6
4.5
7.5
9
4.5
7.5
7
12
11.5
8
14
12
13.5
15.5
17
19
16
21.5
22.5
24
22.5
22.5
26
24.5
27.5
27.5
28
24.5
31.5
35.5
31.5
32.5
36.5
43.5
34
41.5
43.5
44
43.5
48.5
51
53.5
59.5

𝑋𝑞
41
1
16
26
44
2
11
42
45
17
14
27
12
15
46
43
13
3
18
31
32
28
19
29
6
20
33
4
5
34
47
21
7
30
22
48
35
8
49
9
23
36
10
37
50
24
25
38
39
40

𝐽𝑞
𝐽41
𝐽1
𝐽16
𝐽26
𝐽44
𝐽2
𝐽11
𝐽42
𝐽45
𝐽17
𝐽14
𝐽27
𝐽12
𝐽15
𝐽46
𝐽43
𝐽13
𝐽3
𝐽18
𝐽31
𝐽32
𝐽28
𝐽19
𝐽29
𝐽6
𝐽20
𝐽33
𝐽4
𝐽5
𝐽34
𝐽47
𝐽21
𝐽7
𝐽30
𝐽22
𝐽48
𝐽35
𝐽8
𝐽49
𝐽9
𝐽23
𝐽36
𝐽10
𝐽37
𝐽50
𝐽24
𝐽25
𝐽38
𝐽39
𝐽40

Optimize medium results
P.No.ℎ 𝑆𝑢
𝑃𝑖
𝑀𝑗
P.No.4 𝑆𝐴 𝑃16 𝑀2
P.No.1 𝑆𝐴
𝑃0
𝑀0
P.No.2 𝑆𝐵
𝑃6
𝑀0
P.No.3 𝑆𝐵 𝑃10 𝑀1
P.No.4 𝑆𝐵 𝑃17 𝑀0
P.No.1 𝑆𝐴
𝑃0
𝑀1
P.No.2 𝑆𝐸
𝑃4
𝑀2
P.No.4 𝑆𝐷 𝑃16 𝑀0
P.No.4
𝑆𝐵 𝑃17 𝑀3
P.No.2 𝑆𝐵
𝑃6
𝑀3
P.No.2 𝑆𝐸
𝑃5
𝑀1
P.No.3 𝑆𝐴 𝑃10 𝑀0
P.No.2 𝑆𝐶
𝑃4
𝑀1
P.No.2 𝑆𝐵
𝑃5
𝑀2
P.No.4 𝑆𝐴 𝑃18 𝑀2
P.No.4 𝑆𝐴 𝑃16 𝑀1
P.No.2
𝑆𝐸
𝑃4
𝑀0
P.No.1 𝑆𝐴
𝑃0
𝑀2
P.No.2 𝑆𝐵
𝑃6
𝑀1
P.No.3 𝑆𝐶 𝑃12 𝑀0
P.No.3 𝑆𝐶 𝑃12 𝑀1
P.No.3 𝑆𝐶 𝑃10 𝑀2
P.No.2
𝑆𝐶
𝑃7
𝑀0
P.No.3 𝑆𝐴 𝑃11 𝑀4
P.No.1 𝑆𝐴
𝑃2
𝑀0
P.No.2 𝑆𝐶
𝑃7
𝑀1
P.No.3 𝑆𝐶 𝑃12 𝑀2
P.No.1
𝑆𝐵
𝑃1
𝑀0
P.No.1
𝑆𝐵
𝑃1
𝑀2
P.No.3 𝑆𝐵 𝑃13 𝑀0
P.No.4 𝑆𝐵 𝑃18 𝑀1
P.No.2 𝑆𝐴
𝑃8
𝑀3
P.No.1 𝑆𝐴
𝑃2
𝑀2
P.No.3 𝑆𝐴 𝑃11 𝑀1
P.No.2 𝑆𝐴
𝑃8
𝑀2
P.No.4 𝑆𝐵 𝑃19 𝑀0
P.No.3 𝑆𝐸 𝑃13 𝑀2
P.No.1
𝑆𝐶
𝑃3
𝑀3
P.No.4 𝑆𝐴 𝑃19 𝑀4
P.No.1 𝑆𝐴
𝑃3
𝑀1
P.No.2 𝑆𝐷 𝑃9
𝑀3
P.No.3 𝑆𝐸 𝑃13 𝑀1
P.No.1 𝑆𝐴
𝑃3
𝑀4
P.No.3 𝑆𝐸 𝑃14 𝑀3
P.No.4 𝑆𝐵 𝑃19 𝑀3
P.No.2
𝑆𝐵
𝑃9
𝑀2
P.No.2 𝑆𝐷 𝑃9
𝑀4
P.No.3 𝑆𝐵 𝑃14 𝑀4
P.No.3 𝑆𝐵 𝑃15 𝑀1
P.No.3 𝑆𝐵 𝑃15 𝑀3

S.T
1
1
3
1
5
5
5
6
10
12
8
9
11
11
13
14
15
17
16
17
20
18
21
23
24
27
23
26
29
29
29
30
31
32
32
34
37
36
39
42
39
47
50
50
51
50
54
56
62
69

𝑋𝑞
26
11
1
12
41
14
27
2
16
28
42
15
44
43
17
13
18
29
45
3
31
32
46
30
19
6
33
7
47
4
5
20
34
21
35
48
49
8
9
22
36
10
23
37
50
24
38
39
25
40

Optimize pessimistic results
𝐽𝑞
P.No.ℎ 𝑆𝑢
𝑃𝑖
𝑀𝑗
𝐽26 P.No.3 𝑆𝐵 𝑃10 𝑀1
𝐽11 P.No.2 𝑆𝐸
𝑃4
𝑀2
𝐽1
P.No.1 𝑆𝐴
𝑃0
𝑀0
𝐽12 P.No.2 𝑆𝐶
𝑃4
𝑀1
𝐽41 P.No.4 𝑆𝐴 𝑃16 𝑀2
𝐽14 P.No.2 𝑆𝐸
𝑃5
𝑀1
𝐽27 P.No.3 𝑆𝐴 𝑃10 𝑀0
𝐽2
P.No.1 𝑆𝐴
𝑃0
𝑀1
𝐽16 P.No.2 𝑆𝐵
𝑃6
𝑀0
𝐽28 P.No.3 𝑆𝐶 𝑃10 𝑀2
𝐽42 P.No.4 𝑆𝐷 𝑃16 𝑀0
𝐽15 P.No.2 𝑆𝐵
𝑃5
𝑀2
𝐽44 P.No.4 𝑆𝐵 𝑃17 𝑀0
𝐽43 P.No.4 𝑆𝐴 𝑃16 𝑀1
𝐽17 P.No.2 𝑆𝐵
𝑃6
𝑀3
𝐽13 P.No.2 𝑆𝐸
𝑃4
𝑀0
𝐽18 P.No.2 𝑆𝐵
𝑃6
𝑀1
𝐽29 P.No.3 𝑆𝐴 𝑃11 𝑀4
𝐽45 P.No.4 𝑆𝐵 𝑃17 𝑀3
𝐽3
P.No.1 𝑆𝐴
𝑃0
𝑀2
𝐽31 P.No.3 𝑆𝐶 𝑃12 𝑀0
𝐽32 P.No.3 𝑆𝐶 𝑃12 𝑀1
𝐽46 P.No.4 𝑆𝐴 𝑃18 𝑀2
𝐽30 P.No.3 𝑆𝐴 𝑃11 𝑀1
𝐽19 P.No.2 𝑆𝐶
𝑃7
𝑀0
𝐽6
P.No.1 𝑆𝐴
𝑃2
𝑀0
𝐽33 P.No.3 𝑆𝐶 𝑃12 𝑀2
𝐽7
P.No.1 𝑆𝐴
𝑃2
𝑀2
𝐽47 P.No.4 𝑆𝐵 𝑃18 𝑀1
𝐽4
P.No.1 𝑆𝐵
𝑃1
𝑀0
𝐽5
P.No.1 𝑆𝐵
𝑃1
𝑀2
𝐽20 P.No.2 𝑆𝐶
𝑃7
𝑀1
𝐽34 P.No.3 𝑆𝐵 𝑃13 𝑀0
𝐽21 P.No.2 𝑆𝐴
𝑃8
𝑀3
𝐽35 P.No.3 𝑆𝐸 𝑃13 𝑀2
𝐽38 P.No.4 𝑆𝐵 𝑃19 𝑀0
𝐽49 P.No.4 𝑆𝐴 𝑃19 𝑀4
𝐽8
P.No.1 𝑆𝐶
𝑃3
𝑀3
𝐽9
P.No.1 𝑆𝐴
𝑃3
𝑀1
𝐽22 P.No.2 𝑆𝐴
𝑃8
𝑀2
𝐽36 P.No.3 𝑆𝐸 𝑃13 𝑀1
𝐽10 P.No.1 𝑆𝐴
𝑃3
𝑀4
𝐽23 P.No.2 𝑆𝐷 𝑃9
𝑀3
𝐽37 P.No.3 𝑆𝐸 𝑃14 𝑀3
𝐽50 P.No.4 𝑆𝐵 𝑃19 𝑀3
𝐽24 P.No.2 𝑆𝐵
𝑃9
𝑀2
𝐽38 P.No.3 𝑆𝐵 𝑃14 𝑀4
𝐽39 P.No.3 𝑆𝐵 𝑃15 𝑀1
𝐽25 P.No.2 𝑆𝐷 𝑃9
𝑀4
𝐽40 P.No.3 𝑆𝐵 𝑃15 𝑀3

S.T
1.5
2.5
1.5
9.5
7
13
7.5
14.5
11
12.5
13.5
17
17
20.5
18
18.5
23
18.5
23
23.5
21
26.5
26
29
29
32.5
30.5
38.5
33
35
40
36.5
37.5
40.5
46.5
42
48
46
53
52
57.5
62
60
63.5
65
67
70.5
77.5
77.5
85.5
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Table 4: Percentage of existing and optimized fuzzy numbers representing the efficiency and idle time of machines.
Existing data

Optimized data

Efficiency

Idle time

Efficiency

Idle time

(Opt, Med, Pes)

(Opt, Med, Pes)

(Opt, Med, Pes)

(Opt, Med, Pes)

Machine (0)

(12%, 10.4%, 12%)

(88%, 89.6%, 88%)

(31.7%, 35.6%, 35.6%)

(68.3%, 64.4%, 64.4%)

Machine (1)

(16.6%, 13.6%, 15.2%)

(83.4%, 86.4%, 84.8%)

(43.7%, 46.6%, 45%)

(56.3%, 53.4%, 55%)

Machine (2)

(16.9%, 13.6%, 15%)

(83.1%, 86.4%, 85%)

(44.4%, 46.6%, 44.4%)

(55.6%, 53.4%, 55.6%)

Machine (3)

(8.4%, 7.6%, 8.3%)

(91.6%, 92.4%, 91.7%)

(22.2%, 26.0%, 24.4%)

(77.8%, 74%, 75.6%)

Machine (4)

(3.3%, 6.4%, 3.9%)

(96.7%, 93.6%, 96.1%)

(8.7%, 21.9%, 11.7%)

(91.35, 78.1%, 88.3%)

Table 5: Summary of the final results based on existing and optimized data.
Existing data

Optimized data

(Opt, Med, Pes)

(Opt, Med, Pes)

(166, 250, 266)

(62.5, 73, 88.5)

(44, 44, 44)

(36, 36, 39)

Total efficient frontier

(105, 147, 155)

(49.25, 54.5, 63.75)

Total scheduling time with setup time

(254, 338, 354)

(135, 145, 168)

Total scheduling time
Total setup number (No.)

Total operation setup time
Total changing setup cost ($)

(88, 88, 88)

(72, 72, 78)

(3520, 3520, 3520)

(2880, 2880, 3120)

Total units produced per day

(2.89, 1.92, 1.80)

(7.62, 6.58, 5.33)

Total efficiency (%)

(11.45%, 10.32%, 10.90%)

(30.16%, 35.34%, 32.22%)

Total idle time (%)

(88.55%, 89.68%, 89.10%)

(69.84%, 64.66%, 67.78%)

the make-span (i.e., minimizing scheduling time, travelling
time, and machine idle time and maximizing production)
and minimizing the setup time (i.e., minimizing the number of machine setup tool changes and minimizing the
machine setup cost) simultaneously that occur when switching between different products. The triangular fuzzy numbers
are applied for variables such as operation and travelling
time. The hypothetical numerical example comprises 50
jobs to produce 20 parts using five machines in order to
assemble four products. The fuzzy numbers are categorized
as optimistic, medium, and pessimistic fuzzy total scheduling
time. The results show that the fuzzy total scheduling time
which is 166, 250, and 266 decreases to 62.5, 73, and 88.5 after
optimization. Comparison is made between the existing and
optimized results representing the efficiency and idle time of
each machine. The existing and optimized results of the total
scheduling time, total setup number, total efficient frontier,
total scheduling time with setup time, total operation setup
time, total changing setup cost ($), and total units produced
per day are also compared.

Notations
𝑖: An index used for parts; 𝑖 = 1, 2, . . . , 𝑛
𝑗: An index used for machines;
𝑗 = 1, 2, . . . , 𝑚
𝑛: Number of total parts
𝑚: Number of total machines

𝑢:
𝑝:
V:
ℎ:
𝑘:
𝑞:
𝑒:
𝑧:
𝑓:
𝑎:
𝑏:
𝑐:
𝑋𝑞 :
𝑋𝑞 :
𝐽𝑞 :
𝑃𝑖 :
𝑀𝑗 :
𝑆𝑢 :

An index used for a setup change for the
machine; 𝑢 = 𝐴, 𝐵, . . . , 𝑍
An index used for an assembly sequence;
𝑝 = 1, 2, . . . , V
Maximum number of assembly sequence
orders in each product
An index used for a product number;
ℎ = 1, 2, . . . , 𝑘
Total product
An index used for gene code number in each
chromosome; 𝑞 = 1, 2, . . . , 𝑒
Total gene on each chromosome
An index used for a same part’s gene code
Number of same part’s gene code
An index used for showing an optimistic
time
An index used for showing an average time
An index used for showing a pessimistic time
The gene code number in the chromosome;
𝑞 = 1, 2, . . . , 𝑒
The alleviated gene code number in the
chromosome; 𝑞 = 𝑞 − 1, 𝑞 − 2, . . . , 𝑞 − (𝑞 − 1)
The number of tasks involved in the total
production line; 𝑞 = 1, 2, . . . , 𝑒
Number of parts; 𝑖 = 1, 2, . . . , 𝑛
Machine use for manufacturing parts and
various products; 𝑗 = 1, 2, . . . , 𝑚
Setup number based on the jobs, assigned to
each machine; 𝑢 = 𝐴, 𝐵, . . . , 𝑍
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Product number; ℎ = 1, 2, . . . , 𝑘
The order of parts in the assembly;
𝑝 = 1, 2, . . . , V
̃
Fuzzy operation time of parts 𝑃𝑖 ,
OP𝑖,𝑗 :
𝑖 = 1, 2, . . . , 𝑛, in machine 𝑀𝑗 , 𝑖 = 1, 2, . . . , 𝑚,
defined as a triplet (𝑎, 𝑏, 𝑐)
̃
𝑇 ⋅ 𝑡𝑖,𝑗 : Fuzzy traveling time of parts 𝑃𝑖 ,
𝑖 = 1, 2, . . . , 𝑛, travel between each machine
𝑀𝑗 , 𝑗 = 1, 2, . . . , 𝑚, defined as a triplet
(𝑎, 𝑏, 𝑐)
A sequence of the same part’s gene code with
𝑊𝑧 :
𝑓-elements, 𝑊𝑧 , 𝑧 = 1, 2, . . . , 𝑓
𝑆̃
⋅ 𝑡:
Fuzzy start time
𝑌1 :
Checking the start time (𝑆̃
⋅ 𝑡), based on the
part’s sequencing (𝑃𝑖 ) assigned to the
machine (𝑀𝑗 )
Checking the start time (𝑆̃
⋅ 𝑡) of machine’s
𝑌2 :
availability (𝑀𝑗 ) assigned to produce the
parts (𝑃𝑖 )
Checking the start time (𝑆̃
⋅ 𝑡) of the parts
𝑌3 :
entering the machines based on the sequence
of the part’s assembly (𝐴.𝑆.𝑝 ) for each
product (𝑃.𝑁𝑜.ℎ )
T.S.N: Total setup number
T.C.T: Total completion time
PS:
Population size
CR(𝑡): Crossover rate
Pm(𝑡): Mutation rate
Max .𝑋𝑞 : Maximum gene code.
P.No.ℎ :
A.S.𝑝 :
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This study provides a dynamic model and analyzes its process that may plunge the business ecosystem into ToC (the Tragedy of
the Commons). When developing the model, we have in mind some industries where the marketing competition to secure a large
installed base is intense. The social commerce industry is a representative example of this type of industries, but the scope of this
study is not limited to the industry. We first introduce a previous study focusing on the static Nash equilibrium, and then present
an extended version of the basic model in a dynamic perspective. According to our analyses on the dynamic equilibria together
with their stability, there may be a unique interior equilibrium, but it is highly likely unstable. In addition, possible (near) boundary
equilibria are also unstable for a wide range of parameter values. We also conduct some numerical experiments and discover cycles
as solutions to some particular instances. Since those cycles contain the ToC traps, a policy measure or regulation may need to be
employed. Our approach and results will help to figure out a clue to escape from the ToC trap, thereby shedding new light on the
sustainable growth of the business ecosystem, which is prone to excessive marketing competition.

1. Introduction
As the mobile services and SNS (social network service) are
becoming the most common and popular media to access
and use the Internet, they are rapidly replacing PCs and other
types of information devices dedicated to serve a specific purpose. Information flows through social media keep increasing
and will change the way of organizing and leading businesses
and industries. For example, marketing practice has entered
a new horizon, where mobile social media plays a central
role in firms’ marketing campaign and reduces the entry
barrier by expanding the spheres of activities and lowering
the access costs. One can find representative cases in the
social commerce industry which utilizes social media as a
commercial platform. It is not surprising to discover a strong
incentive to construct a business model with Facebook and
Twitter, each of which retains more than 1 billion and 5,000
million users over the globe, respectively.
Despite their tremendous success in creating new service
markets and expanding the business areas, SNS platforms and
other e-commerce providers based on social media face many
challenges in practice. In particular, the social commerce

providers have experienced rise and fall over a short period of
time right after their beginning (MacMillan [1–3], Reibstein
[4], Webster [5], and Wheeler [6]). Indeed, the number of
providers is decreasing in many countries. Groupon, the first
global social commerce company, went through hardship in
its IPO (initial public offering) and suffered sharp drops of its
stock price right after the IPO.
These problems and challenges are not found only in
the social commerce area. In effect, when innovators and
pioneers plan to monetize eyeballs, they are likely to be
exposed to the risk that arises from those problems. In
that sense, the issue may be generally embedded or innate
property of many business areas, which directly or indirectly
depend on the installed base (Kumar and Rajan [7] and Patel
[8]). Even for Facebook and Twitter, for example, the dream
of advertising revenue has yet to be substantially realized, and
many potential investors are still stuck at the thinking that
if these providers could secure a large number of users, they
would be able to sell new products and services to their users
in the future (Cusumano [9], Kruschwitz [10], and Leber
[11]).
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If this is the case, the entire industry is highly likely
to plunge into a marketing competition, where each player
competes to expand its prospective installed base by reinforcing marketing activities in a broad sense. SNS, social
commerce, online/mobile games, telecom services, and many
ICT business areas experience and suffer from marketing
wars fighting for customers and users.
One of the major backgrounds of the marketing competition comes from the cost structure of the corresponding
industry. For example, a low entry barrier as in the case of
social commerce (Anderson et al. [12], Reibstein [4], Wheeler
[6], and Urstadt [13]) makes it possible for a great number
of potential players to enter the industry once they observe
a positive gain above the normal profits. Seeking the first
mover’s advantage may be another driver of the marketing
war. In such a case, relatively few competing providers spend
lots of cash on advertising activities. Telecom operators and
pharmaceutical companies are the best example of this case.
We will call this type of industries the “marketing-intensive
industry.”
However, it is not easy to find analytical studies about
the marketing competition of this kind. One major reason
for the meager literature on this inherent weakness of the
marketing-intensive industries can be found in a tradition
of economic studies. That is, firms and providers are typically assumed to seek for the profit, not for the market
share. But, recent changes occurring across the broad range
of industries defy this tradition. One of them is fusion
or convergence across multiple industries, which conceals
the exact financial gain of a company participating in a
business ecosystem built upon multiple industries. Another
big change is referred to as “servicification,” which emphasizes the trend that services are increasingly essential as
both inputs and outputs in many industries including even
traditional manufacturing areas such as automobile and
consumer electronics (Lodefalk [14], Schmitt and Hatfield
[15], and Stephen and Toubia [16]). The ICT industries,
particularly social media services, experience both trends,
thereby exposing themselves to fierce competition for market
share.
This study suggests a modeling framework for and conducts analysis of the marketing-intensive industries vulnerable to the risk of collapse due to excessive competition to
expand the installed base. Such industries are prone to getting
mired in marketing wars due to inherent properties in the
business model itself (Though we started this section with
mentioning the social media industry as one of representative
instances that fit our model assumptions, the application
scope of our approach will not be confined to social media
and other ICT industries). We first develop a stylized business
model that captures the essential features of the competition
process. Our approach focuses on the relationship between
key decision issues such as marketing inputs and market
value. As more providers join the industry thanks to the low
entry barrier, they are inevitably faced with fierce competition. This may lead to sharp increase in the expenditure
related to marketing and advertising activities in a broad
sense. This type of competition may lead the industry away
from its optimal development path and, at worst, toward a
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collapse of the entire business ecosystem as described in some
ICT business cases above.
Having such a case, the situation that we will deal with in
this study resembles ToC (the tragedy of the commons; Alroy
[17], Hardin [18], Greco and Floridi [19], and Knowledge at
Wharton [20]), where the user market (the commons in our
metaphor) is vulnerable to exploitation by providers’ aggressive marketing to enhance their installed base. Thus, another
goal of this study should be to examine the possibilities and
conditions that ToC may occur in such a business ecosystem.
In fact, oscillations and/or emergence of ToC are not a
special case but rather common in dynamic formulations.
They have been observed in many different circumstances, in
particular, with a structured population (Perc and Szolnoki
[21], Perc et al. [22], Santos et al. [23], Szolnoki and Perc
[24], Szolnoki and Perc [25], and Szolnoki and Perc [26]).
However, such a dynamic nature not unusual in natural
phenomenon may also prevail over stable equilibria, particularly in the business areas characterized by severe marketing
competition on the basis of a perfectly mixed population. If
it is true, we should examine the possibility of unintended
consequences of an excessive competition as it is likely to
impinge upon market maturity. For that purpose, we will
analyze the process that plunges the business ecosystem into
ToC and conduct some experiments in order to investigate
the effects of the parameters in our model. Our approach and
expected results will help to discover some clues to escape
from this kind of traps, thereby shedding new light on the
sustainable growth of the marketing-intensive industries such
as the social media businesses. We will also present some
policy implications that could be attained in the course of
implementation of our suggestions to alleviate the risk of
ToC.
In one of the previous researches on this subject, Kim
[27] presents static game models that deal with homogeneous
as well as heterogeneous providers in the social commerce
industry. In this study, we will also build game models with
heterogeneous providers and derive explicit equilibria in a
dynamic setting. This study primarily takes the social media
industries into account but is not confined within a specific
industry as in Kim’s study [27]. In particular, the dynamics
adopted in our model will show sharp contrasts between
static and dynamic approaches in terms of the equilibria,
stability, and their resulting insights.
This paper is organized as follows. The next section
introduces the basic model and static analysis. Section 3
provides our dynamic model and analysis and compares the
results with ones from the static case. In the next section,
we present some experiment outcomes together with their
lessons and policy implications. Our final section concludes
this study and suggests some future works.

2. Basic Model and Analysis
2.1. Basic Model. Let us suppose a player set composed of
𝑁 potential SC providers, where 𝑗 is employed as the index
for an individual (sometimes representative) SC provider. N
denotes the set of SC providers; that is, N = {1, . . . , 𝑁}.
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Among 𝑁 providers, some providers may not join the
market. The strategic decision variable of SC provider 𝑗 is
its marketing efforts 𝑒𝑗 . Those who do not join the market
exercise 0 marketing efforts.
In our model, SC providers are assumed to be horizontally differentiated according to their marketing capabilities,
which is the major factor characterizing the providers. We
employ 𝑞𝑗 to represent the overall marketing costs of provider
𝑗 and assume that 𝑞𝑗 ’s are inversely proportional to the characteristic of marketing efficiency. Furthermore, the potential
providers in N are given their index in an ascending order
based on this attribute. Accordingly, the lower the index is, the
more efficient it is in marketing; for example, the first provider
in N (i.e., 𝑗 = 1) bears the lowest marketing cost 𝑞1 .
In each time period, the entire value of the SC market, 𝐺,
is determined by two factors. First, when all the providers in
a subset 𝑃 of N (i.e., 𝑃 ⊆ N) are active in the market, the
total marketing efforts 𝐸 (= ∑𝑗∈𝑃 𝑒𝑗 ) contribute to the market
value 𝐺 by stimulating consumers and boosting the market.
However, 𝐸 also exhibits a negative effect on 𝐺 since too
much or too little marketing efforts over- or underexploit the
market. Thus, a deviation from the optimal level of marketing
efforts in a certain situation may harm the market conditions
in the following period (refer to (1) below).
Second, the entire value of the SC market is also
affected by environmental factors such as consumer preference change and technological development. We abbreviate
these environmental factors into 𝑀 as in (1), which will
be called “the market maturity factor.” However, 𝑀 will
not be assumed to be given exogenously as in Kim’s study
[27]. Instead, we will develop a dynamic model where 𝑀 is
endogenously determined based on the providers’ decisions
(refer to Section 3).
As 𝑀 and 𝐸 change from one period to another, 𝐺 also
experiences a series of changes. We incorporate the following
relationship between the market value and two major factors
explained above:
𝐺 = 𝐺 (𝐸 | 𝑀) = 𝑀 ⋅ 𝐸 ⋅ (2𝐾 − 𝐸) ,

2.2. Static Analysis. This section introduces Nash equilibria
of the static model based on the previous study of Kim [27].
Before presenting some key results in Kim’s study [27], let us
define some notions and terms for ease of explanation and
enhanced readability:

Θ𝑛

(2)

Those who decide not to join the market (i.e., 𝑒𝑗 = 0) get 0
payoff. Others who participate in the market try to predict
the total marketing efforts 𝐸 and determine their marketing

1 1
⋅⋅⋅
2 2
1
1
⋅⋅⋅
2

1
2]
]
1]
]
,
2]
.. ]
]
d
.]
]
1 1
⋅⋅⋅ 1
]
2 2

1
[
[
[1
[
=[
[ 2.
[.
[.
[
1
[2
𝑛

𝑞
𝐾− 1
[
2𝑀 ]
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[
[
𝑞 ]
[𝐾 − 2 ]
𝜇𝑛 = [
2𝑀 ]
],
[
..
]
[
]
[
.
[
𝑞 ]
𝐾− 𝑛
2𝑀 ]
[

(3)

𝑛

𝑄 (𝑛) = ∑𝑞𝑗 ,

𝐸 (𝑛) = ∑𝑒𝑗 ,

𝑗=1

𝑗=1

where Θ𝑛 is (𝑛 × 𝑛) square matrix and 𝜇𝑛 is 𝑛-dimensional
column vector whose elements start with 𝑗 = 1 in the
increasing order. By the property of the symmetric matrix,
the inverse matrix of Θ𝑛 , Θ−1
𝑛 , is also symmetric and derived
as follows:

(1)

where 𝐾 in (1) represents the optimal level of the total
marketing efforts 𝐸∗ embedded (but probably hidden) in the
SC industry. Accordingly, (1) implies that a total marketing
effort lower than 𝐾 leaves a room for further expansion of the
market, while a total marketing efforts higher than 𝐾 incurs
an overheating and entails a contraction of the market in the
following periods.
The market value 𝐺 realized in the current period is
distributed over the active SC providers in the corresponding
period. We assume that the allocation of 𝐺 is proportional to
the marketing efforts 𝑒𝑗 ’s. Therefore, the share of the active
provider 𝑗, 𝑔𝑗 , is determined by 𝐺(𝑒𝑗 /𝐸) = 𝑀 ⋅ (2𝐾 − 𝐸) ⋅ 𝑒𝑗 .
Then, the net benefit of the provider 𝑗, 𝑟𝑗 , is as follows:
𝑟𝑗 = 𝑔𝑗 − 𝑞𝑗 ⋅ 𝑒𝑗 = {𝑀 (2𝐾 − 𝐸) − 𝑞𝑗 } ⋅ 𝑒𝑗 .

efforts 𝑒𝑗 ’s, each of which maximizes the corresponding 𝑟𝑗 .
Unfortunately, however, possible miss predictions result in
losses for some providers, that is, resulting 𝑟𝑗 < 0 for some
providers. In the next period, the providers who experienced
losses in the former period will leave the market or try to
minimize its loss. In our model, once a provider decides to
join the market at 𝑡, it cannot retreat at 𝑡. Therefore, when a
provider experiences a negative payoff, the provider chooses
the marketing level which actually minimizes its loss. Once
the number of active providers 𝑃(𝑡) = 𝑝 is determined,
one can show that providers’ optimal marketing efforts are
explicitly determined as in the following section.
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⋅⋅⋅
.
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.. ]
]
d
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2𝑛
⋅⋅⋅
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⋅⋅⋅

(4)

Proposition 1 (see Kim’s study [27]). For readability, one
omits 𝑡 in 𝑀(𝑡) and 𝑃(𝑡). Suppose that there are 𝑃(𝑡) = 𝑝
providers as in the increasing order of 𝑞𝑗 ’s. That is, 𝑝 providers
whose indices spread from 1 to 𝑝 in N now enter the market
at 𝑡. Let 𝑦(≤ 𝑝) denote the index of the provider with 𝑞𝑦 ≤
(2𝐾𝑀 + 𝑄(𝑝))/(𝑝 + 1) and 𝑞𝑦+1 > (2𝐾𝑀 + 𝑄(𝑝))/(𝑝 + 1).
Then, the marketing effort profile (𝑒1 , . . . , 𝑒𝑦 , 0, . . . , 0), where
𝑒𝑗 ’s are determined as follows, constitute a Nash equilibrium:
𝑒𝑗 = {Θ−1
𝑦 ⋅ 𝜇𝑦 } = 2 (𝐾 −
𝑗

𝑞𝑗
2𝑀

)−

𝑄 (𝑝)
2𝑝𝐾
, (5)
+
𝑝 + 1 𝑀 (𝑝 + 1)

where {x}𝑗 represents the 𝑗th element of the vector x.
Proof. Omitted (for proof,see Kim’s study [27]).
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Proposition 1 presents a Nash equilibrium of the basic
static model. Note that there is marginal provider represented
by 𝑦. Then, those who have lower index than 𝑦 earn positive
profits (i.e., 𝑟𝑗 > 0, for all 𝑗 ≤ 𝑦), while providers whose
indices are larger than 𝑦 do not join the industry, thereby
earning nothing (i.e., 𝑟𝑗 = 0, for all 𝑗 > 𝑦). The size of active
providers is a function of 𝑀(𝑡) and 𝑄(𝑝). Let us call 𝑦 in
Proposition 1 “the efficiency threshold” since 𝑦 sets the upper
bound on the number of active providers, each of which
maintains a positive payoff. From Proposition 1 above, we also
𝑝
know that 𝐸 = ∑𝑗=1 𝑒𝑗 is described by the following equation:
𝐸 (𝑡) =

2𝑦𝐾𝑀 (𝑡) − 𝑄 (𝑦)
𝑄 (𝑦)
2𝑦𝐾
=
.
−
𝑦 + 1 (𝑦 + 1) 𝑀 (𝑡)
(𝑦 + 1) 𝑀 (𝑡)

(6)

When all the potential providers are homogeneous (i.e., 𝑞𝑗 =
𝑞, for all 𝑗), their strategies will be symmetric and result in a
symmetric Nash equilibrium as follows.
Corollary 2 (symmetric equilibrium with homogeneous
players). Let one considers the situation where all the providers
are homogeneous in the sense of 𝑞𝑗 = 𝑞, for all j ∈ N. Suppose
that the following inequality holds; that is, 2𝑀(𝑡)𝐾(𝑡) > 𝑞.
Then, at a symmetric equilibrium, all the potential providers
join the market and exercise the same marketing effort 𝑒
determined as follows:
𝑒𝑗 = 𝑒 =

𝑞
2
)
(𝐾 −
𝑁+1
2𝑀 (𝑡)

∀𝑗 ∈ N.

(7)

Proof. Omitted (for proof, see Kim’s study [27]).
In the case of homogeneous players, we have much
simpler expressions for the equilibrium strategies as above.
First note that all the homogeneous players join the market or
leave the market at the same time. Thus, 𝑦(𝑡) in Proposition 1
will be either 0 or 𝑁, which establishes a key difference from
the case of heterogeneous players. With the same 𝐾 and 𝑀(𝑡),
the marketing effort of a heterogeneous active player (𝑒𝑗 ) will
be higher than that of a homogeneous player (𝑒) in general
(Of course, the marketing effort of a heterogeneous player
close to the marginal provider may be lower than 𝑒). The
total marketing efforts in the homogeneous case amount to
𝑁𝑒. Subsequently, if 𝑁𝑞 < 𝑄(𝑦), then the total marketing
efforts in the homogeneous case are larger than those in
the heterogeneous case. If they are not, however, one cannot
uniformly determine the size comparison; it depends on the
distribution of 𝑞𝑗 ’s.

3. Dynamic Model and Analysis
3.1. Dynamic Model. Now, we will extend the basic model
together with its context from a new dynamic perspective.
The analytical results above have been derived under the
assumption that a certain number of providers (𝑝 providers)
already exist in the industry and the market maturity factor
𝑀 is given and fixed. However, these two parameters (𝑝
and 𝑀) should also change in their turn after the agent
behaviors (here, e.g., the best efforts 𝑒𝑗 ’s in the Nash equilibrium) are determined. Our dynamic model will reflect these

interactions between parameters and endogenous variables in
the basic model. In particular, we incorporate the dynamics
described below.
First note that it is natural as well as practical to set up
the circumstances where the (potential) providers know only
the parameter values in the last period. If this is the case, then
the active providers try to predict the total marketing efforts 𝐸
and adjust their marketing efforts 𝑒𝑗 ’s, which optimizes their
net benefits and results in nonnegative payoffs. However,
their expectations and decisions do not always succeed, and
some providers may receive negative payoffs at the end of
the corresponding period. Those who experience a negative
payoff in the current period will leave the industry in the
next period. On the other hand, all the active providers enjoy
positive payoffs at 𝑡 and some potential providers inactive at
𝑡 will try to join the market at 𝑡 + 1.
According to Proposition 1 with given 𝐾 and 𝑀(𝑡) at
𝑡, 𝑦 sets the maximum number of the active providers, each
of which earns nonnegative payoff from positive marketing
efforts. Though the relationship between 𝑦 and other parameters is implicitly determined, for a particular 𝑞𝑗 distribution
such as 𝑞𝑗 = ℎ⋅𝑗 (i.e., marketing effort costs linearly increasing
with a positive constant ℎ), we can explicitly determine 𝑦 as a
function of 𝑀(𝑡) and 𝑃(𝑡); for example, with the 𝑞𝑗 specified
above, 𝑄(𝑝) = (𝑝(𝑝 + 1)/2)ℎ and 𝑦 = ⌊(2𝐾𝑀/ℎ(𝑝 + 1)) +
(𝑝/2)⌋ = ⌊(4𝐾𝑀 + ℎ𝑝(𝑝 + 1))/2ℎ(𝑝 + 1)⌋, where ⌊𝑥⌋ rounds 𝑥
down to the nearest integer. Furthermore, by pretending that
𝑦 is continuous rather than discrete, one can approximate 𝑦(𝑡)
and, by plugging 𝑄(𝑝) into (6), one can approximate 𝐸(𝑡) as
follows:
2𝐾𝑀 (𝑡) 𝑃 (𝑡)
+
𝑦 (𝑡) ≅
,
(8a)
ℎ𝑃 (𝑡)
2
𝐸 (𝑡) ≅ 2𝐾 −

ℎ2 𝑃 (𝑡) 2
}.
{
4𝐾 𝑀 (𝑡)

(8b)

We establish a set of dynamics driven by both the market
maturity factor 𝑀(𝑡) and the number of active providers 𝑃(𝑡).
That is, as a result of individual decisions of whether to join
the market or not, both 𝑀(𝑡) and 𝑃(𝑡) are endogenously
determined by the following systems of difference equations.
We employ a set of adaptive dynamics where 𝛼 and 𝛽
represent the weights associated with the current states of the
active players and the market maturity, respectively. Consider
𝑃 (𝑡 + 1) = {𝛼𝑃 (𝑡) + (1 − 𝛼) (𝑦 (𝑡) − 𝑃 (𝑡)) ∧ 𝑁} ∨ 0, (9a)
𝑀 (𝑡 + 1) = {𝛽𝑀 (𝑡) + (1 − 𝛽) (𝐾 − 𝐸 (𝑡)) ∧ 𝑀max } ∨ 0,
(9b)
where 𝑥 ∧ 𝑦 = min{𝑥, 𝑦}, 𝑥 ∨ 𝑦 = max{𝑥, 𝑦}, and 𝑀max
represents the maximum level of 𝑀(𝑡).
Plugging ((8a) and (8b)) into ((9a) and (9b)) and rearranging the terms, we establish the systems of the following
dynamic equations:
𝑃 (𝑡 + 1) = {𝛼𝑃 (𝑡) + (1 − 𝛼) [
∧𝑁} ∨ 0,

2𝐾𝑀 (𝑡) 𝑃 (𝑡)
−
]
ℎ𝑃 (𝑡)
2

(10a)
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𝑀 (𝑡 + 1) = {𝛽𝑀 (𝑡) + (1 − 𝛽) 𝐾 [(

ℎ𝑃 (𝑡) 2
) − 1]
2𝐾𝑀 (𝑡)

By rearranging the two equations in terms of 𝑃 and 𝑀, we get
3 2 2𝐾
𝑃 −
𝑀 = 0,
2
ℎ

∧ 𝑀max } ∨ 0.

𝑀3 + 𝐾𝑀2 −

ℎ2 2
𝑃 = 0.
4𝐾

(13)

(10b)
Equation (10a) explains the changes in the number of active
providers. The size of active providers in the next period
𝑃(𝑡+1) will increase if the current 𝑃(𝑡) is smaller than 𝑦(𝑡), the
efficiency threshold (i.e., the maximum number of efficient
providers). On the other hand, 𝑃(𝑡 + 1) will decrease if the
current number of providers exceeds this threshold since
some providers (most likely the ones with low marketing
capabilities or high marketing costs) will experience a loss,
thereby leaving the industry next time. Lastly, the adaptive
dynamics are completed with 𝛼 as the associated weight.
Equation (10b) also follows the similar reasoning as in (10a).
It represents the adaptive adjustment process of 𝑀(𝑡) (with
𝛽 as its associated weight) when the current total marketing
level 𝐸(𝑡) fails to hit the optimal level of marketing efforts 𝐾.
If the total marketing efforts from the current active providers
exceed (in the case of excessive marketing), the market is
overexploited and 𝑀(𝑡 + 1) decreases.
According to the system dynamics described in ((10a) and
(10b)), a change in 𝑀(𝑡) affects the market value 𝐺(𝑡) (refer
to (1)), which in turn influences the gains of the providers.
As a result, some incumbent players exit or some new players
enter the industry in the next period, and eventually the total
marketing efforts are highly likely to vary. Thus, the possible
difference in the speeds of the adjustments may result in a
fluctuation in the number of providers, which may hinder the
system from settling down to a steady state in the long-run.
We will investigate this possibility together with the system
performance such as the deviation of the total marketing
efforts from the socially optimal level of the marketing.
3.2. Dynamic Analysis. Let us first define a positive constant
Φ ≡ √𝐾2 + (4/3)ℎ − 𝐾 to simplify the expressions hereafter.
Proposition 3 shows an interior fixed point from the system
dynamics. Proposition 4 provides the conditions that the
interior fixed point (if exists) is stable or unstable.
Proposition 3. Suppose that both 𝛼 and 𝛽 belong to (0, 1). The
following state (𝑃, 𝑀) gives an interior fixed point of the system
dynamics in ((10a) and (10b)):
𝑀=

Φ
,
2

𝑃=√

2𝐾Φ
.
3ℎ

(11)

Proof. The interior equilibrium comes from the solution of
the following simultaneous equation system:
𝑃 = 𝛼𝑃 + (1 − 𝛼) [

2𝐾𝑀 𝑃
− ],
ℎ𝑃
2

𝑀 = 𝛽𝑀 + (1 − 𝛽) 𝐾 [(

ℎ𝑃 2
) − 1] .
2𝐾𝑀

(12)

Plugging the first equation into the second and rearranging
the terms, we get
ℎ
𝑀 (𝑀2 + 𝐾𝑀 − ) = 0.
3

(14)

Thus, either 𝑀 = 0 or 𝑀 = Φ/2 provides the solution
to the equation above. However, the first solution does not
constitute an interior point (refer to Proposition 5). On the
other hand, the second solution is indeed positive (∵ Φ > 0)
and constitutes the interior equilibrium above. 𝑃 in (11) comes
from the relationship (3/2)𝑃2 = (2𝐾/ℎ)𝑀 above.
Proposition 4. Suppose that 9Φ4 − 6Φ2 − 64ℎ2 > 0 and
(16/15)ℎ < 𝐾2 . If 𝛼 < (5/3) − ((1 + 𝛽)Φ2 /4ℎ(1 − 𝛽))
and 𝛽 < (20ℎ − 3Φ2 )/(20ℎ + 3Φ2 ), then the fixed point in
Proposition 3 is unstable.
Proof. In this proof, we suppress the time index 𝑡 for
enhanced readability. We first consider linear approximation
of the dynamics around the interior equilibrium. Applying
the Taylor approximation to ((10a) and (10b)), we get the
following matrix that governs the dynamics around an
arbitrary point in the state space:
2𝐾 (1 − 𝛼) 1
3𝛼 − 1 2𝐾 (1 − 𝛼) 𝑀
−
⋅ 2
⋅
2 2
ℎ
𝑃
ℎ
𝑃 ] . (15)
2
ℎ (1 − 𝛽) 𝑃2 ]
ℎ (1 − 𝛽) 𝑃
𝛽−
⋅ 2
⋅ 3
[
2𝐾
𝑀
2𝐾
𝑀 ]
[
[

In particular, the matrix reduces to the following one around
the interior fixed point (𝑃, 𝑀):
6𝐾
1
(1 − 𝛼) √
]
[
ℎΦ
]
[
].
[
3
4ℎ (1 − 𝛽) ]
[
1
2ℎ
(1 − 𝛽) √
⋅( ) 𝛽+
3𝐾
Φ
3𝐾Φ − 2ℎ ]
[

(16)

Note that (3/2)Φ2 = 2ℎ − 3𝐾Φ. Then, the characteristic
equation of the matrix above comes as follows:
𝜆2 + (

8ℎ (1 − 𝛽)
− 1 − 𝛽) 𝜆 + 𝛽
3Φ2

+

4ℎ (1 − 𝛽) (3𝛼 − 5)
3Φ2

= 𝜆2 + Θ𝜆 + Ω = 0,

(17)
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where Θ ≡ (8ℎ(1 − 𝛽)/3Φ2 ) − 1 − 𝛽 and Ω ≡ 𝛽 + (4ℎ(1 −
𝛽)(3𝛼 − 5)/3Φ2 ) denote two constants for simplification of
the following expressions. The condition that the equation
has two distinctive real roots 𝜆 1 and 𝜆 2 is Θ2 > 4Ω, which
is summarized as below by a chain of arithmetic operations:

𝜆2

2

2

4

X
1

2

64ℎ (1 − 𝛽) + 9Φ (1 + 𝛽)

> 12Φ2 {4ℎ (1 − 𝛽) (1 + 𝛽) + 𝛽}

(18)
X

+ 16ℎ (1 − 𝛽) (3𝛼 − 5) .

−1

Since the second term (the last term) in the right-hand side
is negative, it suffices that 64ℎ2 (1 − 𝛽)2 + 9Φ4 (1 + 𝛽)2 >
12Φ2 {4ℎ(1−𝛽)(1+𝛽)+𝛽} holds. Applying another arithmetic
operation and collecting terms reorganize this relation as
follows:
2

(3Φ2 + 8ℎ) 𝛽2 − 2 (64ℎ2 − 9Φ4 + 6Φ2 ) 𝛽 + (3Φ2 − 8ℎ)

2

> 0.
(19)
Therefore, if 9Φ4 − 6Φ2 − 64ℎ2 > 0, then the inequality above
holds and the characteristic equation has two distinctive real
solutions.
Now, using the facts that 𝜆 1 + 𝜆 2 = −Θ and 𝜆 1 𝜆 2 = Ω,
we can find sufficient conditions which establish stability or
instability of the interior equilibrium. Indeed, if 𝜆 1 𝜆 2 < −1,
then at least one eigenvalue is larger than 1 or less than −1,
thereby making the system around the interior fixed point
unstable. Since 𝜆 1 𝜆 2 = Ω = 𝛽 + 4ℎ(1 − 𝛽)(3𝛼 − 5)/3Φ2 , the
condition 𝜆 1 𝜆 2 < −1 reduces into the following inequalities:
3𝛽Φ2 + 4ℎ (1 − 𝛽) (3𝛼 − 5) < −3Φ2
or 𝛼 <

2
5 (1 + 𝛽) Φ
.
−
3 4ℎ (1 − 𝛽)

(20)

The right-hand side of the inequality for 𝛼 is positive if
𝛽 < (20ℎ − 3Φ2 )/(20ℎ + 3Φ2 ). The right-hand side of
the inequality for 𝛽 is also positive under the condition of
(16/15)ℎ < 𝐾2 . Thus, two conditions pertaining to 𝛼 and 𝛽
are well established as a sufficient condition for the interior
equilibrium to be unstable, which completes the proof.
The proof needs to be complemented since Proposition 4
provides only a sufficient condition. We know that if |𝜆 1 +
𝜆 2 | < 1 and 𝜆 1 𝜆 2 > 0 then all the eigenvalues are less than
1, thereby making the system around the interior fixed point
stable. However, one can show in a similar way that there is
no 𝜆 𝑖 that satisfies those conditions. Indeed, since 𝜆 1 + 𝜆 2 =
−Θ = 1 + 𝛽 − (8ℎ(1 − 𝛽)/3Φ2 ), the condition |𝜆 1 + 𝜆 2 | < 1
reduces to (6𝐾Φ/(6ℎ − 3𝐾Φ)) < 𝛽 < (4ℎ/(6ℎ − 3𝐾Φ)).
On the other hand, the condition 𝜆 1 𝜆 2 = Ω > 0 reduces
to 𝛼 > (5/3) − (𝛽Φ2 /4ℎ(1 − 𝛽)) and 𝛽 > (4ℎ/(6ℎ − 3𝐾Φ)),
which cannot be compatible with the previous condition. A
similar type of incompatibility occurs in the case of 𝜆 1 𝜆 2 >
1. This possibility of instability is also frustrated since the

1

𝜆1

X

−1

X

Figure 1: Regions of the 𝜆 1 -𝜆 2 space: explored and unexplored.

condition 𝜆 1 𝜆 2 > 1 requires either 𝛼 > 1 or 𝛽 > 1, which
is not acceptable. As a result, we have explored the following
regions of the 𝜆 1 -𝜆 2 space in Figure 1. The shaded regions
with “𝑋” mark are the subsets whose (𝜆 1 , 𝜆 2 )-tuples cannot
be realized in our model. The two hatched regions depict the
sufficient conditions in this proposition. Thus, Proposition 4
leaves some regions unexplored.
Proposition 3 reveals that there is a unique interior
equilibrium if any one exists. Proposition 4, however, implies
that the interior equilibrium is highly likely unstable. Though
there remain some regions that should be explored in the
𝜆 1 -𝜆 2 space (see Figure 1), it may not be a good strategy to
investigate the stability regions first, with a vague hope to
discover such a case. In fact, it seems hard to find an instance
in which the interior equilibrium is stable (refer to some
experimental results in Section 5). And if this is true, one
needs to analyze another possibility and different aspects of
the dynamics.
Since the 𝑃(𝑡)-𝑀(𝑡) state space is bounded, the system
dynamics may have a boundary equilibrium that needs to
be investigated. Obviously, for example, (0, 0) cannot be a
boundary fixed point which represents a complete collapse
of both market and industry (Also note that the dynamic
equations ((10a) and (10b)) are not defined at (0, 0)). However,
the system state may approach the origin very closely (refer
to the proposition below and the discussions in the next
section). Furthermore, neither (𝑧, 0) with any positive 𝑧 ∈
(0, 𝑁] nor (0, 𝑧) with 𝑧 ∈ (0, 𝑀max ] can be a Nash equilibrium
since, at least for a (potential) player, a deviation from the
corresponding state improves its gain. For example, an active
player at (𝑁, 0) will be better off if it leaves the market and
avoids a negative payoff. The following proposition deals with
the other types of possible boundary equilibria.
Proposition 5. The following two states are (near) boundary
fixed point equilibria (compatible with the static model as in
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Proposition 1). However, both are unstable under the certain
conditions (if any) specified below.
(i) For an arbitrary small 𝜀, (𝜀, 𝜀) is a near boundary Nash
equilibrium. However, (𝜀, 𝜀) is unstable if ℎ > 2𝐾.
(ii) (𝑁, 𝑀max ) is a boundary Nash equilibrium if 𝑞𝑁 ≤
(2𝐾𝑀max /(𝑁 + 1)) + (𝑁/2). However, (𝑁, 𝑀max )
is unstable if 4𝐾𝑀max < 3ℎ𝑁2 and ℎ2 𝑁2 <
2
4𝐾𝑀max
(𝐾 + 𝑀max ).
Proof. It is easy to show that the two states asserted
above become Nash equilibria in the sense compatible with
Proposition 1. For 𝜀 is very close to 0, for example, (𝜀, 𝜀) ≈
(0, 0) implies that any potential provider (even the most
efficient provider) outside of the industry cannot expect
any positive gain from joining the industry. Thus, the best
response of all the providers is to stay out of the industry.
Similarly, in the other extreme cases of (𝑁, 𝑀max ), where
all the providers join the industry, even the least efficient
provider enjoys a positive gain from performing as much
marketing effort as determined by Proposition 1 if 𝑞𝑁 ≤
(2𝐾𝑀max /(𝑁 + 1)) + (𝑁/2). Therefore, no provider will leave
the industry and 𝑀max is sustained.
In order to show the instability of (𝜀, 𝜀), we first apply the
Taylor expansion to 𝑃(𝑡 + 1) − 𝑃(𝑡) and 𝑀(𝑡 + 1) − 𝑀(𝑡) at
(𝜀, 𝜀) and get
𝑃 (𝑡 + 1) − 𝑃 (𝑡)
= (1 − 𝛼) {(

𝑀 (𝑡 + 1) − 𝑀 (𝑡)
= (1 − 𝛽) {

ℎ2 𝜀1 − 𝜀2 1
(
+ ) − 𝐾} + 𝛽 (𝜀 + 𝜀2 ) − 𝜀2 .
2𝐾
𝜀
2
(22b)

The first term in the right-hand side of (22a) is always positive
and the other two terms are arbitrary small enough for the
overall magnitude of 𝑃(𝑡 + 1) − 𝑃(𝑡) to be positive. If 𝜀1 > 𝜀2
and the condition in (i) holds, then the first two terms in the
right-hand side of (22b) are positive. Thus, there are many
directions in the north-east area of (𝜀, 𝜀) along which both
𝑃(𝑡 + 1) − 𝑃(𝑡) and 𝑀(𝑡 + 1) − 𝑀(𝑡) become positive (One can
also prove that both (21a) and (21b) lead to a divergence from
(𝜀, 𝜀) in the other areas, e.g., a south-east direction of (𝜀, 𝜀)).
One can apply a similar procedure to the case of the
boundary equilibrium (𝑁, 𝑀max ). First, the dynamics around
(𝑁, 𝑀max ) can be written as follows:
𝑃 (𝑡 + 1) − 𝑃 (𝑡)
3 2𝐾𝑀max
= (𝛼 − 1) {( +
) 𝑃 (𝑡)
2
ℎ𝑁2
−

2𝐾𝑀max
2𝐾
𝑀 (𝑡) −
}
ℎ𝑁
ℎ𝑁

𝑀 (𝑡 + 1) − 𝑀 (𝑡)
= (1 − 𝛽) {

2𝐾 3
2𝐾
2𝐾
𝛼𝜀
− ) 𝑃 (𝑡) +
𝑀 (𝑡) +
}−
ℎ𝜀 2
ℎ𝜀
ℎ
2

ℎ2 𝑁2
ℎ2 𝑁
𝑃 (𝑡) − (1 +
) 𝑀 (𝑡)
2
3
2𝐾𝑀max
2𝐾𝑀max

+

(21a)
𝑀 (𝑡 + 1) − 𝑀 (𝑡)
= (1 − 𝛽)
×{

ℎ2
ℎ2
ℎ2
𝑃 (𝑡) − (1 +
) 𝑀 (𝑡) +
− 𝐾} + 𝜀.
2𝐾𝜀
2𝐾𝜀
4𝐾
(21b)

Now, we incorporate a small perturbation around (𝜀, 𝜀) into
((21a) and (21b)). We will show that, for at least one type of
perturbation, both 𝑃(𝑡+1)−𝑃(𝑡) and 𝑀(𝑡+1)−𝑀(𝑡) become
positive, which means that the system state grows apart from
the near boundary equilibrium (𝜀, 𝜀). For example, we take
into account a small perturbation in a north-east direction
such as (𝜀 + 𝜀1 , 𝜀 + 𝜀2 ) where both 𝜀1 and 𝜀2 are positive
and sufficiently small. Then, after a series of arranging and
collecting terms, ((21a) and (21b)) reduce as follows:
𝑃 (𝑡 + 1) − 𝑃 (𝑡)
=

𝜀 +𝜀
3
3
2𝐾 (1 − 𝛼)
(3 + 1 2 ) + (𝛼 − ) 𝜀 + (𝛼 − 1) 𝜀1
ℎ
𝜀
2
2
(22a)

(23a)

ℎ2 𝑁2
− 𝐾} .
2
4𝐾𝑀max

(23b)

To determine its stability, we again evaluate a small perturbation around (𝑁, 𝑀max ). In this case, however, one needs
to examine only one direction of perturbation, that is, (𝑁 −
𝜀, 𝑀max − 𝜀), where 𝜀 is positive and sufficiently small. After a
series of operations, ((23a) and (23b)) reduce as follows:
𝑃 (𝑡 + 1) − 𝑃 (𝑡)
= (1 − 𝛼) {

4𝐾𝑀max − 3ℎ𝑁2
2ℎ𝑁
+(

(24a)

2𝐾 (𝑀max − 𝑁) 3
+ ) 𝜀}
ℎ𝑁2
2

𝑀 (𝑡 + 1) − 𝑀 (𝑡)
= (1 − 𝛽) {

ℎ2 𝑁2
− 𝑀max − 𝐾
2
4𝐾𝑀max
+(

(24b)

ℎ2 𝑁 (𝑁 − 𝑀max )
+ 1) 𝜀} .
3
2𝐾𝑀max

Note that the last terms in the respective right-hand side of
((24a) and (24b)) are to be arbitrary small. Thus, the signs of
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𝑃(𝑡+1)−𝑃(𝑡) and 𝑀(𝑡+1)−𝑀(𝑡) are determined by their first
terms, each of which is negative if the conditions in (ii) hold.
As a result, both 𝑃(𝑡 + 1) − 𝑃(𝑡) and 𝑀(𝑡 + 1) − 𝑀(𝑡) become
negative, which establishes the instability of (𝑁, 𝑀max ).

120

First note that the near boundary equilibrium (𝜀, 𝜀) represents a virtual collapse of the market as well as the industry.
On the other hand, the boundary equilibrium (𝑁, 𝑀max )
represents a perfect prosperity of the business ecosystem.
Thus, the stability analysis about those two boundary states
suggests not only good news but also bad news. The good
news is that as both the market force and the number of
providers approach nil, at least a tiny fraction of providers still
seize the opportunity to earn positive gains, which would in
turn boost the market demand. This mechanism of escaping
from almost complete destruction comes from the structural
property of the dynamics that would not allow nil to be as a
fixed point.
On the other hand, the instability of the complete
prosperity presents a bad news. As shown in the proof, a
small perturbation occurring around the boundary state may
lead the system away from the ideal situation. This system
behavior probably comes from the mechanism around the
saturation state (𝑁, 𝑀max ). That is, with a shock making the
system deviate from the saturation, some marginal providers
on the limit of positive gain at the saturation now would
experience a loss and leave the industry. This reduction of the
number of providers is highly likely to cut back the market
value, which would in turn disturb more providers on the
verge of leaving the industry.
These results suggest that 𝑃(𝑡) and 𝑀(𝑡) which are
sufficiently small [or close to their respect upper bounds]
may approach the origin [or the saturation] over time but
suddenly explodes near the origin [or shrink back near
the saturation]. Thus, the stability analysis so far hints a
possible cyclic solution to our dynamics. We will check out
this possibility through numerical experiments in the next
section.
Even though it is true that our system behavior has the
property of natural resilience from deterioration, it may stay
at the states near a collapse over a long period of time. Thus,
we need to develop a policy measure that protects the system
from moving toward the collapse and establishes a locally
stable positive equilibrium that attracts system trajectories
generated around it. If it is successful, the market and the
industry will not only be sustained but also stabilized over
time at some desirable states. We will also deal with this issue
in the next section.

80

4. Experiments and Discussions
We conduct some numerical simulations in order to examine
more thoroughly the system behaviors in various scenarios.
In our simulations, both 𝑃(𝑡) and 𝑀(𝑡) are endogenously
determined according to the system dynamics presented in
the previous section. Subsequently, the total marketing efforts
are also changing as the system states vary, which provides a
sharp contrast with the theoretical results in the static model

M(t)
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20

0
0

20

40

60

80

100

120

P(t)

Figure 2: Experimental example. Here, 𝛼 = 0.7, 𝛽 = 0.9, 𝐾 = 10,
and ℎ = 1. The initial point is 𝑃0 = 70 and 𝑀0 = 50 with 𝑁 = 100
and 𝑀 = 100. Arrows show the directions of the migration of the
system state. The system state moves toward the origin after leaving
the initial point. Interestingly, however, there is a loop starting from
near the origin. The presence of the loops implies a cycle in the
system behavior.

such as Kim’s study [27] (This finding (and the followings) can
be captured only in a dynamic setting).
As Propositions 3 to 5 reveal, the outcomes of the dynamic
model are quite different from the ones of the static model
described in Proposition 1. First of all, note that (𝜀, 𝜀), close
to a complete collapse of the market and the industry, is not a
stable equilibrium, but the system is highly likely to approach
the origin. Thus, ToC (the tragedy of the commons) seems to
be inevitable in some situations, particularly when the market
is not mature (i.e., small 𝑀0 ) with many providers (i.e., large
𝑃0 ). Figure 2 depicts this possibility.
As raised in the previous section, a cycle or a sequence of
periodic points seems to constitute a solution to our dynamic
equations. In fact, the emergence of the ToC trap and the
oscillation dynamics are neither a new phenomenon nor an
unusual feature in dynamic models, particularly on the basis
of structured interactions among agents (e.g., Perc and Szolnoki [21], Perc et al. [22], and Santos et al. [23]) (In particular,
the emergence of cycles (or oscillations) has been observed in
the context of adaptive networks (Szolnoki and Perc [24, 25])
and with three competing strategies (Szolnoki et al. [28]), as
well as under a presence of punishment (Szolnoki et al. [29])
or a reward (Szolnoki and Perc [26]). However, our model
does not assume a structured population; it is one of our
future research topics to incorporate organized interactions
among providers (see also our comment in the future works)).
It is also well known that finding such a cycle is usually a very
difficult task, and our model is no exception. However, our
numerical experiments including the one above confirm (or
at least indicate) that the cyclic solution commonly occurs
for many initial states. For example, the experiment outcome
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Figure 3: A cycle example. Here, all the parameters remain the same as the ones in Figure 2 except the initial states. As starting points, 𝑃0 = 40
and 𝑀0 = 70 are applied to this example.
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(a) 𝑃0 = 70 and 𝑀0 = 50
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(b) 𝑃0 = 40 and 𝑀0 = 70

Figure 4: Behaviors of key attributes of system. Here, all the parameters and the initial states remain the same as the ones in Figure 2 for (a)
and Figure 3 for (b). The time series graphs of 𝑃(𝑡) and 𝑀(𝑡) also clearly point out the cyclic pattern of the system behavior even though they
look a little different in the first period due to different starting points. In both instances, the total marketing efforts 𝐸(𝑡) are higher than their
optimal level 𝐾 most of the time.

depicted in Figure 3 shows a clear cycle of the particular
dynamics specified in Figure 2 (except the initial point). In
this instance, the initial state is deliberately set to (𝑃0 , 𝑀0 ) =
(40, 70), which closely lies on the cycle observed in Figure 2.
Moreover, Figure 4 represents the system behavior along
the timeline. They show clear cycles repeating over time. In
most of time, the total marketing efforts remain higher than
the optimal level 𝐾. Thus, the market maturity eventually
drops down to almost zero, which in turn results in deterioration of providers’ gain, that is, the ToC trap. Whenever the
market maturity approaches nil, most efficient few providers
survive and are able to sweep all the gains from the market.
Thanks to the monopolized benefits, they can boost the

market and the maturity rapidly increases. This explosion of
the market opportunity attracts more providers, and the new
cycle starts thereafter.
If this is the most common case then the remaining issue
should be related to the ToC trap which seems inevitable
in the cycle. In particular, we need to develop a remedy
(a policy measure) to cope with ToC. One possible way to
pursue is to introduce a regulation that makes providers
keep the marketing efforts at their reasonable levels (probably
coupled with their cost efficiencies). We may also implement
a policy that puts some barriers to preserve a minimum level
of the market maturity. Figure 5 shows the effect of the latter
approach. One may consider a similar barrier set up for 𝑃(𝑡)
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Figure 5: Experimental example, with a barrier to sustain the
market. Here, all the parameters and the initial states remain
the same as the ones in Figure 2 (but the axes have been scaled
differently). In addition, however, there is a barrier set up for the
market maturity. This barrier keeps the market maturity factor 𝑀(𝑡)
above 10. Arrows show the directions of the migration of the system
state, which settles down to a fixed state, of which 𝑀(𝑡) corresponds
to the barrier. In this instance, there is no cycle.

particular, our assumption of perfectly mixed (or randomized) interactions among the players is not a fully realistic
one. This remains as one of the limitations of our model and
approach. Thus, it will be an obviously interesting direction
of our next research step to extend the proposed game model
with a structured population of providers (for benchmarking
studies, refer to Szolnoki et al. [28], Szolnoki et al. [29], and
Wang et al. [30]).
In our future works, we will also refine policy measures that were derived in the course of implementing our
suggestions to alleviate the risk of the ToC trap. We will
incorporate various regulatory schemes and other policy
ideas (e.g., Greely [31]) and evaluate their effects on the longrun equilibrium. Lastly, we will compare the policy outcomes
with one generated from a hypothetical social planner who
determines the total marketing level that optimizes the entire
market value. Case studies together with statistical analysis
will be conducted in order to test these possibilities in practice
and to investigate the effects of the parameters on expected
results.
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[29] A. Szolnoki, G. Szabó, and M. Perc, “Phase diagrams for the
spatial public goods game with pool punishment,” Physical
Review E. Statistical, Nonlinear, and Soft Matter Physics, vol. 83,
no. 3, Article ID 036101, 2011.
[30] Z. Wang, A. Szolnoki, and M. Perc, “Interdependent network
reciprocity in evolutionary games,” Scientific Reports, vol. 3,
2013.
[31] B. Greeley, “Should Google and the ad industry regulate themselves?” Business Week, 2012, http://www.businessweek.com.

11

Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2014, Article ID 797432, 11 pages
http://dx.doi.org/10.1155/2014/797432

Research Article
A Novel Classification Approach through Integration of Rough
Sets and Back-Propagation Neural Network
Lei Si,1 Xin-hua Liu,1,2 Chao Tan,1 and Zhong-bin Wang1
1
2

School of Mechatronic Engineering, China University of Mining & Technology, Xuzhou 221116, China
Xuyi Mine Equipment and Materials R&D Center, China University of Mining & Technology, Huai’an 211700, China

Correspondence should be addressed to Zhong-bin Wang; wangzbpaper@126.com
Received 13 September 2013; Revised 12 March 2014; Accepted 6 April 2014; Published 24 April 2014
Academic Editor: Olabisi Falowo
Copyright © 2014 Lei Si et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Classification is an important theme in data mining. Rough sets and neural networks are the most common techniques applied
in data mining problems. In order to extract useful knowledge and classify ambiguous patterns effectively, this paper presented
a hybrid algorithm based on the integration of rough sets and BP neural network to construct a novel classification system. The
attribution values were discretized through PSO algorithm firstly to establish a decision table. The attribution reduction algorithm
and rules extraction method based on rough sets were proposed, and the flowchart of proposed approach was designed. Finally, a
prototype system was developed and some simulation examples were carried out. Simulation results indicated that the proposed
approach was feasible and accurate and was outperforming others.

1. Introduction
Across a wide variety of fields, data are being accumulated
at a dramatic pace, especially in the age of internet [1, 2].
There is much useful information hidden in the accumulated
voluminous data, but it is very hard for us to obtain it. Thus,
a new generation of computational tool is needed to assist
humans in extracting knowledge and classifying the rapidly
growing digital data; otherwise, these data are useless for us.
Neural networks are applied in several engineering fields
such as classification problems and pattern recognition.
Artificial neural network in its most general form attempts
to produce systems that work in a similar way to biological
nervous systems. It has the ability to simulate human thinking
and owns powerful function and incomparable superiority in
terms of establishing nonlinear and experiential knowledge
simulation models [3–6]. Back-propagation neural network
(BP neural network for short) is the core of feed-forward networks and embodies the essence of artificial neural network.
However, conventional BP algorithm has slow convergence
rate, weak fault tolerance, and nonunique results. Although
many improved strategies have been proposed, such as
additional momentum method, adaptive learning method,

elastic BP method, and conjugate gradient method [7–9],
the problems above have still not been solved completely,
especially when BP neural networks are applied in multidimensional and uncertain fields. Therefore, newer techniques
must be coupled with neural networks to create more efficient
and complex intelligent systems [10].
In an effort to model vagueness, rough sets theory was
proposed by Pawlak in 1982 [11, 12]. Its outstanding feature
is not to need the specific relation description about some
characteristics or attributes, but to determine the approximate region of existing problems and find out the inherent
rules through the indiscernibility relations and indiscernibility classes. This theory has been successfully applied in
many fields such as machine learning, data mining, data
analysis, and expert systems [13, 14]. In the paper, rough sets
theory and BP neural network are presented as an integrated
method because they can discover patterns in ambiguous
and imperfect data and provide tools for data analysis. The
decision table is established reasonably through discretizing
attribution values. The features of decision table are analyzed
using rough sets and subsequently a classification model
based on these features is built through integration of rough
sets and BP neural network. Actually, this model uses the
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decision rules which are extracted by the algorithm based on
value reduction for classification problems.
The paper is structured as follows. Some related works
are outlined based on literature in Section 2. The basics of
rough sets theory and BP neural network are presented in
Section 3. The framework and key algorithms are proposed
and the flowchart of the proposed approach is designed in
Section 4. A simulation example and some comparisons are
put forward to validate the proposed approach in Section 5.
Our conclusions are summarized in Section 6.

2. Literature Review
In recent years, most of classifier architectures are mainly
constructed based on artificial intelligence (AI) algorithms
with the unceasing development and improvement of AI
theory. In this section, we try to summarize some recent
literatures which are relevant to the construction methods
of classification system. Hassan et al. constructed a classifier
based on neural networks and applied rough sets theory
in attributes reduction to preprocess the training set of
neural networks [15]. Berardi et al. proposed a principled
approach to build and evaluate neural network classification
models for the implementation of decision support system
(DSS) and verified the optimization speed and classified
samples accuracy [16]. In [17, 18], the architecture of neural
network with fuzzy input was proposed to effectively improve
the classification performance of neural network. Hu et al.
presented a self-organized feature mapping neural network
to reasonably determine the input parameters in pavement
structure design [19]. In [20, 21], wavelet neural networks
were applied in the construction of classification system and
better prediction results were obtained. In [22, 23], a classifier
in which improved particle warm algorithm was used to
optimize the parameters of wavelet neural network was
established and the application in nonlinear identification
problems demonstrated its strong generalization capability.
Sengur et al. described the usage of wavelet packet neural
networks for texture classification problem and provided a
wavelet packet feature extractor and a multilayer perceptron
classifier [24]. Hassan presented a novel classifier architecture
based on rough sets and dynamic scaling in connection with
wavelet neural networks and the effectiveness was verified by
the experiments [25].
Although many approaches for the establishment of
classification systems have been presented in above literatures, they have some common disadvantages summarized
as follows. On one hand, the classification effect of signal
neural network cannot be guaranteed when the networks
are applied in multidimensional and uncertain fields. On the
other hand, the combination method of rough sets and neural
networks can only deal with classification and recognition
problems that possess discretized dataset and cannot process
the problems that contain continuous dataset.
In this paper, a novel classification system based on
the integration of rough sets and BP neural network is
proposed. The attribution values are discretized through PSO
and the decision table is constructed. The proposed model
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takes account of attributes reduction by discarding redundant
attributes and a rule set is generated from the decision table.
A simulation example and comparisons with other methods
are carried out and the proposed approach is proved feasible
and outperforming others.

3. Basic Theory
3.1. Rough Sets Theory. Fundamental to rough sets theory
is the idea of an information system IS = (𝑈, 𝐶), which is
essentially a finite data table consisting of different columns
labeled by attributes and rows labeled by objects of interest,
and entries of the table are attribute’s values. 𝑈 is nonempty
finite set of objects called a universe and C is a nonempty
finite, where each 𝑐 ∈ 𝐶 is called condition attribute. In
IS = (𝑈, 𝐶), every 𝐵 ⊆ 𝐶 generates an indiscernibility relation
Ind(𝐵) on 𝑈 which can be defined as follows:
Ind (𝐵) = {(𝑥, 𝑦) ∈ 𝑈 × 𝑈 : 𝑏 (𝑥) = 𝑏 (𝑦) , ∀𝑏 ∈ 𝐵} .

(1)

𝑈/Ind(𝐵) is a partition of 𝑈 by 𝐵. For all 𝑥 ∈ 𝑈, the
equivalence class of 𝑥 in relation 𝑈/Ind(𝐵) can be defined as
follows:
[𝑥]Ind(𝐵) = {𝑥 ∈ 𝑈 : 𝑏 (𝑦) = 𝑏 (𝑥) , ∀𝑏 ∈ 𝐵} .

(2)

According to 𝐼, two crisp sets 𝐵𝑋 and 𝐵𝑋 called the lower
and the upper approximation of the set of objects 𝑋 can be
defined as follows:
𝐵𝑋 = {𝑥 ∈ 𝑈 : [𝑥]Ind(𝐵) ⊆ 𝑈} ,
𝐵𝑋 = {𝑥 ∈ 𝑈 : [𝑥]Ind(𝐵) ∩ 𝑋 ≠Φ} ,

(3)

where [𝑥]Ind(𝐵) denotes the set of all equivalence classes of
Ind(𝐵). 𝐵𝑋 is the set of all objects from 𝑈 which can be
certainly classified as elements of 𝑋 employing the set of
attributes 𝐵. 𝐵𝑋 is the set of objects of 𝑈 which can be
possibly classified as elements of 𝑋 using the set of attributes
𝐵 [25].
Decision table 𝐷𝑇 = (𝑈, 𝐶 ∪ 𝐷) is a special form of an
information system and the major feature is the distinguished
attribute set 𝐷, where 𝐶 ∩ 𝐷 = Φ is called the decision attribute. Generally speaking, there is a certain degree
of dependency between condition attribute and decision
attribute, which can be defined as follows:


POS𝐶 (𝐷) ⋃𝑋∈𝑈/𝐷 CX
(4)
=
,
𝛾𝐶 (𝐷) =
|𝑈|
|𝑈|
where POS𝐶(𝐷) is referred to the 𝐶-positive region of 𝐷.
Due to the relevance between condition attribute and
decision attribute, not all condition attributes are necessary
for decision attribute so as to introduce the attribute reduction which is a smaller set of attributes that can classify objects
with the same discriminating capability as that of the original
set. As well known, the reduct is not the only one [26, 27].
When we want to determine the reduct of decision table,
the significance degree of attributes is commonly used and
can be defined as follows:
sig (𝛼, 𝐵; 𝐷) = 𝛾{𝛼∪𝐵} (𝐷) − 𝛾𝐵 (𝐷) ,

(5)
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where sig (𝛼, 𝐵; 𝐷) denotes the significance degree of attribute
𝛼 to attribute 𝐵, relative to decision attribute 𝐷.
For all 𝑅 ∈ 𝐶, if POS{𝐶−𝑅} (𝐷) = POS𝐶(𝐷), then 𝑅 in 𝐶
is superfluous for 𝐷. Otherwise, 𝑅 in 𝐶 is indispensable for
𝐷. The set composed of all attributes that are indispensable
for 𝐷is called the core of 𝐶 relative to 𝐷, namely, relative core
CORE𝐷(𝐶). This relative core cannot be removed from the
system without a loss in the knowledge that can be derived
from it.
When determined, the relative core of decision table must
be firstly judged whether it is the reduct of 𝐶 relative to 𝐷,
namely, relative reduct. The judgment rules are shown as
follows.
If the nonempty subset 𝑃 of attribute set 𝐶 satisfies
the conditions: (1) POS𝑃 (𝐷) = POS𝐶(𝐷); (2) ∀𝑅 ⊆ 𝑃,
POS𝑅 (𝐷) ≠POS𝐶(𝐷), then 𝑃 is called a reduct of 𝐶 relative
to 𝐷, denoted as RED𝐷(𝐶).
In addition, decision rules can be perceived as data patterns which represent the relationship between the attributes
values of a classification system [11, 12]. The form of the
decision rules can be shown as IF 𝜂 THEN 𝛿, where 𝜂 is
the conditional part of a rule set and it is a conjunction of
selectors; 𝛿 is the decision part of attribute 𝑑 : (𝑑 ∈ 𝐷) and it
usually describes the class of decision attribution.
3.2. BP Neural Network. BP neural network (BP-NN) which
is surely a back-propagating neural network belongs to the
class of networks whose learning is supervised and the
learning rules are provided by the training set to describe the
network behavior. The topology structure of BP-NN can be
shown in Figure 1.
In Figure 1, input vector 𝑋 = {𝑥1 , 𝑥2 , . . . , 𝑥𝑠 } is furnished
by the condition attribution values of reduced decision table
and output vector 𝑂 = {𝑜1 , 𝑜2 , . . . , 𝑜𝑚 } is the prediction class
of decision attribution. The output of hidden layer can be
calculated as follows:
𝐻𝑗 = 𝑓 (∑𝜔𝑖𝑗 𝑥𝑖 − 𝑎𝑗 ) ,

𝑗 = 1, 2, . . . , 𝑙,

(7)

where 𝜔𝑗𝑘 is the connection weight between hidden and
output layers; 𝑚 is the number of output layer nodes; 𝑏𝑘 is
the threshold of output layer node 𝑘.
The training of network parameters 𝜔𝑖𝑗 , 𝜔𝑗𝑘 , 𝑎𝑗 , and 𝑏𝑘
would depend on the error value which can be calculated by
the following equation:

om

Figure 1: The topology structure of BP-NN.
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of hidden layer and can be chosen as linear function or
sigmoid function 𝑓(𝑥) = 1/(1 + 𝑒−𝑥 ).
The output of output layer can be calculated as follows:

(6)

𝑖=1

where 𝜔𝑖𝑗 is the connection weight between input and hidden
layers; 𝑙 is the number of hidden layer nodes; 𝑎𝑗 is the
threshold of hidden layer node 𝑗; 𝑓 is the activation function

𝑒𝑘 = 𝑌𝑘 − 𝑜𝑘 ,

𝑘 = 1, 2, . . . , 𝑚,

(8)

where 𝑜𝑘 and 𝑌𝑘 are current and desired output values of the
network, respectively. The weight values and thresholds of the
network can be updated as follows:
𝑙

𝜔𝑖𝑗 (𝑡 + 1) = 𝜔𝑖𝑗 (𝑡) + 𝜁 (𝑡) 𝐻𝑗 (1 − 𝐻𝑗 ) 𝑥𝑖 ∑𝑒𝑘 𝜔𝑗𝑘 ,
𝑗=1

𝜔𝑗𝑘 (𝑡 + 1) = 𝜔𝑗𝑘 (𝑡) + 𝜁 (𝑡) 𝐻𝑗 𝑒𝑘 ,
𝑙

(9)

𝑎𝑗 (𝑡 + 1) = 𝑎𝑗 (𝑡) + 𝜁 (𝑡) 𝐻𝑗 (1 − 𝐻𝑗 ) 𝑥𝑖 ∑ 𝑒𝑘 𝜔𝑗𝑘 ,
𝑗=1

𝑏𝑘 (𝑡 + 1) = 𝑏𝑘 (𝑡) + 𝑒𝑘 ,
where 𝑡 is the current iteration times; 𝜁(𝑡) is the learning rate
and the range is the interval of [0, 1].
The learning rate has great influence on the generalization
effect of neural network. Larger learning rate would significantly modify the parameters of weight values and thresholds
and increase the learning speed. But overlarge learning rate
would produce larger fluctuations in the learning process, and
excessively small learning rate would generate slower network
convergence and stabilize the weight values and thresholds
difficultly. Therefore, this paper presents the variable learning
rate algorithm to solve the above problems, which can be
described as follows:
𝜁 (𝑡) = 𝜁max −

𝑡 (𝜁max − 𝜁min )
,
𝑡max

(10)

where 𝜁max and 𝜁min are the maximum and minimum of
learning rate; 𝑡max is the number of maximum iterations.

4. The Proposed Approach
This section tries to present a new approach aiming at
connecting rough sets with BP neural network to establish a
classification system. The section has five main parts and can
be elaborated through the following subsections.
4.1. The System Construction Process. The construction process of classification system can be shown as follows.

4
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(1) Preprocessing historical dataset to obtain the sample
data is the application precondition of rough sets and
BP neural network. In the process of preprocessing,
the historical dataset would be discretized through
PSO algorithm to construct the decision table.
(2) Simplify the input of neural network including input
dimension and training set number through the
attribute reduction based on significance degree algorithm. Deleting the same row in the decision table
can simplify the training samples and eliminating the
superfluous column (condition attribute) can simplify
the network input dimension number. Thus, reduce
the decision table using some reduct or sum of several
calculated reducts; that is, remove from the table
attributes not belonging to the chosen reducts.
(3) BP neural network integrated with rough sets is used
to build the network over the reduced set of data.
Decision rules are extracted from the reduced decision table as the basis of network structure through a
value reduction algorithm of rough sets.
(4) Perform network learning for parameters 𝜔𝑖𝑗 , 𝜔𝑗𝑘 , 𝑎𝑗
and 𝑏𝑘 . Do this step until there is no significant change
in the output of network and the system construction
process can be shown as Figure 2.

4.2. The Discretization Algorithm for Decision Table. Due
to the fact that rough sets theory cannot directly process
continuous values of attributes, the decision table composed
of continuous values must be discretized firstly. Thus, the
positions of breakpoints must be selected appropriately to
discretize the attributes values, so as to obtain fewer breakpoints, larger dependency degree between attributes, and less
redundant information.
In this paper, the basic particle swarm optimization
algorithm (PSO) described in [28] is presented to optimize
the positions of breakpoints. In PSO, a swarm of particles are
initialized randomly in the solution space and each particle
can be updated in a certain rule to explore the optimal
solution 𝑃best after several iterations. Particles are updated
through tracking two “extremums” in each iteration. One
is the optimal solution 𝑃best found by the particle itself and
another is the optimal solution 𝐺best found by the particle
swarm. The specific iteration formulas can be expressed as
follows:
V𝑖𝑛+1 = 𝜔𝑛 V𝑖𝑛 + 𝑐1 𝑟 (𝑃best − 𝑥𝑖𝑛 ) + 𝑐2 𝑟 (𝐺best − 𝑥𝑖𝑛 ) ,
𝑥𝑖𝑛+1 = 𝑥𝑖𝑛 + V𝑖𝑛+1 ,

(11)

where 𝑖 = 1, 2, . . . , 𝑀; 𝑀 is the number of particles; 𝑛 is the
current iteration times; 𝑐1 and 𝑐2 are the acceleration factors;
𝑟 is the random number between 0 and 1; 𝑥𝑖𝑛 is the current
position of particle 𝑖; V𝑖𝑛 is the current update speed of particle
𝑖; 𝜔𝑛 is the current inertia weight and can be updated by the
following equation:
(𝜔 − 𝜔min ) (𝑁max − 𝑛)
+ 𝜔min ,
𝜔𝑛 = max
𝑁max

where 𝜔max and 𝜔min are the maximum and minimum of
inertia weight; 𝑁max is the number of maximum iterations.
The main discretization steps for decision table through
the PSO can be described as follows.
(1) Normalize the attribute values and initialize the
breakpoints number ℎ, the maximum iterations 𝑁max ,
the minimum dependency degree between condition
attribute and decision attribute 𝛾min , the particles
number 𝑀, the initial position 𝑥𝑖0 , and initial velocity
V𝑖0 which are ℎ × 𝜇 matrixes (𝜇 is the number of
attributes).
(2) Discretize the attribute values with the position of
particle 𝑖 and calculate the dependency degree 𝛾𝑖 as
the fitness value of each particle to initialize 𝑃best and
𝐺best .
(3) Update 𝑥𝑖 , V𝑖 (V𝑖 ≤ Vmax ), and 𝜔𝑛 . Discretize the
attribute values and calculate the fitness value of each
particle so as to update 𝑃best and 𝐺best .
(4) If 𝑛 > 𝑁max or 𝛾𝑖 ≥ 𝛾min , then the iteration is ended
and 𝐺best or 𝑥𝑖 is output. Otherwise, go to step (3).
(5) According to the needs, set different ℎ and return
to step (1) to search the optimal particles. Then,
compare the optimal particles and select the better
one as the basis of discretization for decision table.
The more detailed discretization process is elaborated
in Section 4.5.
4.3. Rough Sets for the Attribution Reduction. One of the
fundamental steps in proposed method is reduction of
pattern dimensionality through feature extraction and feature
selection [10]. Rough sets theory provides tools for expressing
inexact dependencies within data [29]. Features may be irrelevant (having no effect on the processing performance) and
attribution reduction can neglect the redundant information
to enable the classification of more objects with a high
accuracy [30].
In this paper, the algorithm based on attribution significance degree is applied in the attribution reduction of
decision table. The specific reduction steps can be described
as follows.
(1) Construct the decision table DT = (𝑈, 𝐶 ∪ 𝐷)
and calculate the relative core CORE𝐷(𝐶) of original
decision table. Initialize reduct = CORE𝐷(𝐶) and
the redundant attribute set redundant = 𝐶 −
CORE𝐷(𝐶) = {𝛼1 , 𝛼2 , . . . , 𝛼𝜏 } (𝜏 is the number of
attributes in redundant).
(2) If POSreduct (𝐷) = POS𝐶(𝐷) and, for all 𝑅 ⊆ reduct,
POS𝑅 (𝐷) ≠POS𝐶(𝐷), then the set reduct is a relative
reduct of decision table.
(3) Otherwise, calculate the significance degree of each
attribute in redundant, respectively, through the following equation:
sig (𝛼𝑗 , reduct; 𝐷) = 𝛾{𝛼𝑗 ∪ reduct} (𝐷) − 𝛾reduct (𝐷) ,

(12)

𝑗 = 1, 2, . . . , 𝜏.

(13)
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Figure 2: The system construction process.

The attribute in redundant with the maximum significance degree is marked as 𝛼max . Update the reduct
and redundant through the following equations:
reduct = reduct ∪ {𝛼max } ,
redundant = redundant − {𝛼max } .

(14)

(4) Go to step (2) until POSreduct (𝐷) satisfies the conditions; then output RED𝐷(𝐶) = reduct.
Therefore, the irrelevant features are neglected and the
DT is reduced. Thus, a reduced decision table will be constructed and can be regarded as the training set to optimize
the structure of RS-BPNN classifier.
4.4. Rough Sets for the Rules Extraction. The knowledge in
the trained network is encoded in its connection weights and
it is distributed numerically throughout the whole structure
of neural network. For the knowledge to be useful in the
context of a classification system, it has to be articulated in
a symbolic form usually in the form of IF-THEN rules. Since
neural network is a “black box” for users, the rules which are
implicit in the connection weights are difficult to understand,
so extracting rules from neural network is extremely tough
because of the nonlinear and complicated nature of data
transformation conducted in the multiple hidden layers [31].
In this paper, the decision rules are indirectly extracted
from the reduced decision table using the value reduction
algorithm of rough sets [32]. This algorithm can be elaborated
in the following steps.
Step 1. Checking the condition attributes of reduced decision
table column by column. If bringing conflicting objects after
deleting one column, then preserving the original attribute
value of these conflicting objects; If not bringing conflicts,
but containing duplicate objects, then marking this attribute
value of duplicate objects as “∗”; marking this attribute value
as “?” for the other objects.
Step 2. Deleting the possible duplicate objects and checking
every object that contains the mark “?”. If the decisions can
be determined only by the unmarked attribute values, then
“?” should be modified as “∗”, or else as the original attribute
value. If all condition attributes of a particular object are
marked, then the attribute values marked with “?” should be
modified as the original attribute value.

Step 3. Deleting the objects whose condition attributes are
marked as “∗” and the possible duplicate objects.
Step 4. If only one condition attribute value is different
between any two objects and this attribute value of one object
is marked as “∗”, and for this object if the decision can be
determined by the unmarked attribute values, then deleting
another object, or else deleting this object.
Each object represents a classification rule in the decision
table which is value-reduced through the above steps and the
number of attributes which are not marked as “∗” of every
object makes up the condition number of this rule. Moreover,
this rule set can provide the rational basis for the structure of
BP neural network.
4.5. The Flowchart of the Proposed Approach. According to
the above description about the classifier based on integration
algorithm of rough sets and BP neural network, the proposed
approach is an iterative algorithm and can be coded easily on
a computer, and the flowchart can be summarized as shown
in Figure 3.

5. Simulation Example
A classifier named RS-BPNN (short for rough sets with BP
neural network) has been set up and implemented by VC
6.0. In this section, an engineering application of shearer
running status classification in a coal mine was put forward as
a simulation example to verify the feasibility and effectiveness
of the proposed approach. The classification capabilities of
different types of neural network models were compared and
the proposed approach was proved outperforming others.
5.1. The Construction of Decision Table. Due to the poor
working conditions of coal mining, there are many parameters relating to the running status of shearer, mainly including
cutting motor current, cutting motor temperature, traction
motor current, traction motor temperature, traction speed,
tilt angle of shearer body, tilt angle of rocker, and vibration frequency of rocker transmission gearbox, marked as
𝐶1 , 𝐶2 , 𝐶3 , 𝐶4 , 𝐶5 , 𝐶6 , 𝐶7 , and 𝐶8 , respectively. According to
the information database acquired from the 11070 coal face in
the number 13 Mine of Pingdingshan Coal Industry Group
Co., 200 groups datasets of shearer running status were
rearranged as shown in Table 1. This “running status” referred
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Figure 3: The flowchart of the proposed approach.

to the cutting status of shearer rocker and could be expressed
by the ratio of actual cutting load to rated load.
Therefore, in decision table DT, the condition attribute
set and decision attribute set could be expressed as 𝐶 =
{𝐶1 , 𝐶2 , 𝐶3 , 𝐶4 , 𝐶5 , 𝐶6 , 𝐶7 , 𝐶8 } and 𝐷 = {𝑑} (𝑑 denoted the
shearer running status). The values of decision attribution
were discretized based on the following assumptions: for the
ratio of actual cutting load to rated load of shearer being
greater than 1.6, 𝑑 = 4; for the range of this ratio being in
interval of (1.2, 1.6], 𝑑 = 3; for the range of this ratio being in
interval of (0.8, 1.2], 𝑑 = 2; for this ratio being less than 0.8,
𝑑 = 1. The discretized values of condition attributes could be
determined through the algorithm described in Section 4.2.

The condition attributes to be discretized were 𝐶1 ∼ 𝐶8 ,
so 𝜇 = 8. Other parameters of PSO were initialized as follows:
𝑀 = 100, 𝑁max = 200, 𝛾min = 0.9, Vmax = 0.6, 𝑐1 =
𝑐2 = 1.6, 𝑟 is a random number from [0, 1], 𝜔max = 0.9,
and 𝜔min = 0.4. As the breakpoints number ℎ had greater
influence on the dependency degree 𝛾𝐶(𝐷) of discretized
decision table, the comparison of two important parameters:
dependency degree and simulation time, was analyzed when
ℎ was assigned various values. The comparison results were
shown in Figure 4.
From Figure 4, it was observed that the dependency
degree and simulation time both showed ascending tendency
with the increase of breakpoints number ℎ. The dependency
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Figure 7: The structure of RS-BPNN classifier.

Figure 5: Attribution reduction.

degree was not significantly increased and the simulation
time was obviously increased when ℎ ≥ 2. So, ℎ was considered being equal to 2 and 𝛾𝐶(𝐷) = 0.98. The breakpoints of
each attribute value were shown in Table 2. The breakpoints
were applied to discretizing the parameter values in Table 1. If
the value was in interval of (0, Br1 ], the discretized attribution
value was labeled as 1; if the value was in interval of (Br1 , Br2 ),
the discretized attribution value was labeled as 2; otherwise,
it was labeled as 3. The discretized decision table was shown
in Table 3.
5.2. Relative Reduct and Rules Extraction. Through the attribution reduction algorithm presented in Section 4.3, the
function “CORE(𝐶, 𝐷)” was invoked to obtain the relative
core of decision table and CORE𝐷(𝐶) = {𝐶1 , 𝐶8 }, shown in
Figure 5. As the minimum relative reduct of decision table,
RED𝐷(𝐶) = {𝐶1 , 𝐶3 , 𝐶5 , 𝐶6 , 𝐶8 } was determined by invoking
function “Reduct.”
In the module of “Rough Set for Attribution Reduction,”
a new decision table of 200 × 6 was established by the
attributions {𝐶1 , 𝐶3 , 𝐶5 , 𝐶6 , 𝐶8 } and decision attribution {𝑑}.
The function “Refresh (DT)” was called to reject the repeated
objects in this new decision table and a reduced decision
table was provided finally, containing 79 objects, as shown
in Figure 6. Subsequently, the decision rules were extracted

through function “Extract rules” which was based on the
value reduction algorithm and 25 rules were obtained, as
shown in Figure 6. The extracted rules could reveal the potential rules (knowledge) in dataset; for example, the first rule
“123 ∗ 11” in Figure 6 illustrated that if cutting motor current
𝐶1 ∈ (0, 48.56], traction motor current 𝐶3 ∈ (82.37, 95.42),
traction speed 𝐶5 ∈ [3.24, +∞), tilt angle of shearer body
𝐶6 was arbitrary value, and vibration frequency of rocker
transmission gearbox 𝐶8 ∈ (0, 651.28], then the running
status class was 1, which was in accordance with engineering
practice situation. Moreover, RS-BPNN classifier, in fact, was
to diagnose the status of objects according to these potential
rules (knowledge) and the structure of network could be
constructed reasonably based on the number of rules so as
to enhance the classification accuracy.
5.3. The Structure and Testing of RS-BPNN Classifier. Because
the dataset obtained 25 rules (knowledge), the RS-BPNN
should be constructed with double hidden layers and the
number of neurons was 5 × 5, which must completely contain
these rules (knowledge). The number of input layer notes
𝑠 = 5; the number of output layer notes 𝑚 = 1. Other
parameters of network were determined as follows: 𝜁max =
0.9; 𝜁min = 0.4; 𝑡max = 500; the initial connection weights
were assigned somewhat random values. The structure of RSBPNN classifier was shown in Figure 7.
The reduced decision table, as the training set, was
presented to the network several times. The testing set,
composed of 40 samples extracted from the information
database randomly, was not seen by the network during
the training phase and it was only used for testing the
generalization of neural network after it was trained, as shown
in Table 4.
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Table 1: The running status of shearer and its corresponding parameters.

Samples
1
2
3
4
5
6
7
8
9
10
..
.
198
199
200

∘

𝐶1 (A)
45.12
48.19
50.25
45.26
64.28
46.22
72.56
62.33
44.23
89.23
..
.
49.22
68.65
50.22

𝐶2 ( C)
78.74
75.22
80.19
82.43
77.16
85.24
85.12
74.24
89.19
81.24
..
.
75.24
87.16
78.15

𝐶4 (∘ C)
88.16
84.28
91.25
84.15
91.41
80.46
102.36
84.46
85.78
86.14
..
.
80.25
90.46
95.44

𝐶3 (A)
65.46
70.78
85.14
62.45
90.45
68.55
102.42
92.46
63.15
120.36
..
.
71.22
118.64
90.46

𝐶5 (m/min)
3.51
3.42
2.88
3.12
2.56
3.26
2.76
3.56
3.82
2.01
..
.
3.46
4.66
3.22

𝐶6 (∘ )
2.52
3.62
5.36
2.85
2.26
2.86
10.26
8.26
3.22
1.05
..
.
4.26
4.36
7.22

𝐶7 (∘ )
45.12
53.22
40.22
49.36
58.55
58.46
38.41
60.27
46.25
50.36
..
.
45.26
49.35
44.21

𝐶8 (Hz)
628.85
683.46
705.76
642.14
823.29
711.24
881.25
821.46
578.26
1035.48
..
.
542.16
845.29
682.64

Running status
0.78
0.79
0.82
0.76
1.22
0.83
1.17
1.12
0.75
1.63
..
.
0.72
1.36
1.11

Table 2: The corresponding breakpoints of each attribute value at ℎ = 2.
𝐶2 (∘ C)
81.49
85.78

𝐶1 (A)
48.56
65.25

Breakpoints
Br1
Br2

𝐶3 (A)
82.37
95.42

𝐶4 (∘ C)
84.79
90.25

𝐶5 (m/min)
2.41
3.24

𝐶6 (∘ )
4.16
7.38

𝐶7 (∘ )
47.35
54.25

𝐶8 (Hz)
651.28
847.46

Table 3: The discretized decision table.
𝑈
1
2
3
4
5
6
7
8
9
10
..
.
198
199
200

𝐶
𝐶1
1
1
2
1
3
1
3
2
1
3
..
.
2
3
2

𝐶2
1
1
1
2
1
2
2
1
3
1
..
.
1
3
1

𝐶3
1
1
2
1
2
1
3
2
1
3
..
.
1
3
2

𝐶4
2
1
3
1
3
1
3
1
2
2
..
.
1
3
3

𝐶5
3
3
2
2
2
3
2
3
3
1
..
.
3
3
2

𝐶6
1
1
2
1
1
1
3
3
1
1
..
.
2
2
2

𝐶7
1
2
1
2
3
3
1
3
1
2
..
.
1
2
1

𝐶8
1
2
2
1
2
2
3
2
1
3
..
.
1
2
2

𝐷
𝑑
1
1
2
1
3
2
2
2
2
4
..
.
1
2
2

After the training phase, the RS-BPNN classifier was
obtained. In order to test the performance of this classifier
expediently, a testing interface was designed as shown in
Figure 8. The testing set was imported with the “Import
samples” button and was processed with the functions of
“Discretize” and “Reduce attribution.” The prediction results
of RS-BPNN classifier were output through the function of
“Classify” in Figure 8. The contrast of prediction class and
actual class was shown brightly in Figure 9.
When the classification accuracy of RS-BPNN was computed in Figure 8, the output of classifier was impossibly equal

Figure 8: The testing interface of RS-BPNN classifier.

to desired output. Therefore, it allowed the output to differ
from the desired value. If the difference between classifier
output and required value of decision was less than some
present value, it was regarded as a correct one. This tolerance
margin was decided during simulation evaluation and finally
it was 5% of the desired value. Seen from Figures 8 and
9, the classification accuracy was 90.00% and the average
classification error was 2.02%. The present model showed
higher accuracy and lower error for the classification of
shearer running status. The testing results showed that the
proposed classifier was proved to be satisfactory and could
be used in engineering application in the future.
5.4. Discussion. To evaluate the classification capabilities
of different types of neural network models (WNN short
for wavelet neural network, RS-WNN short for rough sets
coupling with wavelet neural network, BP-NN short for backpropagation neural network, and RS-BPNN short for rough

Journal of Applied Mathematics

9
Table 4: The testing samples for the classifier.

Samples
1
2
3
4
5
6
7
8
9
10
..
.
38
39
40

∘

𝐶1 (A)
75.24
89.46
55.46
75.26
56.28
49.25
60.56
70.33
74.23
89.23
..
.
58.46
65.02
50.22

𝐶2 ( C)
71.38
78.25
80.19
82.43
78.16
86.24
80.12
70.24
85.19
76.24
..
.
74.24
87.16
85.15

𝐶3 (A)
128.45
110.46
81.14
62.45
100.45
68.55
112.42
96.46
113.15
120.36
..
.
90.22
118.64
81.25

𝐶4 (∘ C)
85.46
80.57
90.25
84.15
90.41
80.46
92.36
80.46
79.78
85.14
..
.
80.25
90.46
89.44

𝐶5 (m/min)
2.00
2.86
2.89
3.12
2.56
3.26
2.76
3.76
2.32
3.31
..
.
2.46
5.06
3.34

𝐶6 (∘ )
1.02
2.15
3.36
3.55
8.26
3.06
7.48
3.26
2.25
4.25
..
.
3.26
9.24
3.46

𝐶7 (∘ )
52.45
49.21
56.22
52.46
58.55
60.46
48.41
60.27
56.25
55.46
..
.
55.26
48.26
44.25

𝐶8 (Hz)
1038.44
992.46
810.76
900.47
523.29
711.24
871.25
921.46
1000.46
1035.48
..
.
849.16
1025.29
672.64

𝑑
1.65
1.78
1.08
1.39
0.68
0.72
0.92
1.22
1.66
1.63
..
.
1.35
1.75
0.72

Table 5: Classification performance of the four models of neural networks.
The models
WNN
RS-WNN
BP-NN
RS-BPNN

Training accuracy (%)
90.00
92.50
90.00
95.00

Testing accuracy (%)
82.50
87.50
85.00
90.00

Table 6: Classification results of the four methods.
The methods
WNN
RS-WNN
BP-NN
RS-BPNN

Class I
93.33
100
93.33
100

Classification accuracy (%)
Class II
Class III
86.67
80.00
93.33
86.67
80.00
86.67
93.33
100

sets coupling with back-propagation neural network), their
best architecture and effective training parameters should be
found. In order to obtain the best model, both inputs and outputs should be normalized. The number of nodes in the hidden layer of WNN and RS-WNN was equal to that of wavelet
base. If the number was too small, WNN/RS-WNN may not
reflect the complex function relationship between input data
and output value. On the contrary, a large number may create
such a complex network that might lead to a very large output
error caused by overfitting of the training sample set.
Therefore, a search mechanism was needed to find the
optimal number of nodes in the hidden layer for WNN and
RS-WNN models. In this study, various numbers of nodes in
the hidden layer had been checked to find the best one. WNN
and RS-WNN yielded the best results when the number of
hidden nodes was 8.
In this subsection, WNN, RS-WNN, BP-NN, and RSBPNN were provided to solve the problem of above simulation example. The configurations of simulation environment
for four algorithms were uniform and in common with

Classification error (%)
3.56
2.66
2.86
2.02

Classification time (s)
23.22
18.48
22.26
18.33

above simulation example. Initially, for each network, the
connection weights were assigned somewhat random values.
In order to avoid the random error, the training set of
input was presented to the networks 100 times and the
average values were calculated. The training accuracy, testing
accuracy, classification error, and classification time of four
algorithms were shown in Table 5.
From the table, it was observed that the proposed model
had a better classification capability and better performance
than other models of neural networks in predicting the
nonlinear, dynamic, and chaotic behaviors in the dataset,
and the proposed model was proved outperforming others.
Furthermore, the comparison results were suggesting that
the proposed model represents a new good method for
classification and decision making, and the new method can
be treated as a promising tool for extracting rules from the
dataset in industrial fields.
In order to illustrate the superiority of proposed method,
Iris data set [23], as a benchmark data set from UCI database,
was used to verify the classifiers based on above four types
of neural networks and the compared results were shown in
Table 6. The sample data had been reduced firstly based on
attribution reduction algorithm, and then they were used to
train neural networks so the networks coupling with rough
sets (RS-WNN and RS-RBNN) could acquire better classification accuracy than signal networks (WNN and BPNN). The
rules were extracted through value reduction algorithm to
construct RS-BPNN structure, so the classification accuracy
of classifier based on RS-BPNN was higher than that of RSWNN classifier.
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Figure 9: The contrast of prediction class and actual class.

6. Conclusions
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A method with easy operation procedure and simple calibration condition is presented in this paper to solve the base frame
calibration problem for cooperative robots. It is carried out through constructing a series of handclasp configurations and recording
coordinates of the contact points, respectively, in base frame of each robot. Then the rotation matrix and translation matrix between
base frame of cooperative robots can be calculated which is just the calibration result for cooperative robots. Based on typical
installation mode for industrial robot, the floor mounted, wall mounted and ceiling mounted, constraints between base frames of
these robots are further explored. These constraints are used to improve the calibration results for base frame calibration problem.
In order to validate the correctness and effectiveness of our method, experiments on two industrial robots (Motoman VA1400 and
HP20) are carried out at the end of the paper. The calibration errors are less than 8 mm in most cases, which satisfies the requirement
of positioning accuracy for most industrial process, such as arc welding, transporting, and cutting. These experiment results assert
the correctness of our method which can be used effectively to solve the base frame calibration problem for cooperative robots in
manufacturing process.

1. Introduction
Cooperative robot system is a hot topic in robotics and
much literature has been reported in this field. A multiple
robot system surpasses a single robot system greatly in terms
of flexibility and versatility in task execution. Particularly,
multiple robot cooperation is required if we are to assemble
and manipulate parts without the aid of fixtures or jigs or if we
to smoothly transfer heavy and voluminous objects from one
place to another. In the case of cooperation control between
two robots, one robot must be informed of the position and
orientation of the other robots. Therefore, robot base frame
between one and another must be calibrated out before the
cooperation starts. This paper aims at presenting an effective
solution to such a problem of base frame calibration between
two cooperative robots.
“Base frame calibration, which is to determine
the relative translation and rotation between

base frames of two cooperative robots, is a
challenging and basic problem for multiple robot
system. A direct measurement is unaccessible
because origins of the robot base frames are out
of reach. Calibrations for an individual robot
have already been investigated extensively and
many effective methods have been developed [1–
3]. Nevertheless, few researches have been made
on calibration problem between two robots.
Reference [4] proposed a passive base frame
calibration method for two cooperative industrial robots by using a series of “peg-into-hole”
manipulations to set up the calibration equation
as 𝐴𝑋 = 𝑋𝐵. The calibration accuracy depends
on how precisely the peg aligned with the
hole, which is monitored and adjusted manually
by human operator. Through a hand-mounted
vision sensor, a more human-independent calibrating approach for dual robots system is
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presented in [5]. It takes advantage of relative
motion between the robot end-effectors which
can be recorded by the vision sensor to calculate
the transformation relation between the base
frames of dual robots. However, vision sensor parameters and their mounted postures are
required for calculation of the transformation.
Therefore, calibration result would be poor if
these prerequisites were unprecise. Reference [6]
introduced another calibration method based
on Direct Linear Transformation using two
CCD (Charge Coupled Device) cameras for
cooperative industrial robots. Without knowing the mounting information of the cameras,
it just uses a set of motions commanded to
each manipulator. By detecting the motion with
the cameras, relative rotation and translation
between base frames of the two robots can be
obtained. A simpler but more effective calibration method is presented in [7]. It uses only
two calibration plates which are inexpensive to
manufacture and requires no other measuring
instrument. Only by forming the cooperative
manipulators into a closed chain, commanding
them to move through a set of postures and
recording the joint information, the calibration
problem can be formulated as a nonlinear optimization problem.” (This paragraph is cited from
our previously published paper in [8]. It has been
included in this paper just for integrity reason.)

In one of our previous works [8], a new calibration
method based on handclasp manipulation is proposed. This
method uses only a series of handclasp manipulations and
their corresponding joint information to calculate the transformation relation between base frames of the cooperative robots. No external calibration apparatus or elaborate
setups are needed. Great advantages of this method are the
easy operational procedure and simple calibrating condition,
which makes it quite feasible for use in manufacturing field,
whereas the calibration problem considered in [8] is a generic
form. For industrial process, robot base installation has
strong characteristics. These characteristics can be described
by a concept of robot installation angle. Definite constraints
exist between robot installation angle for typical installed
robots. Considering these constraints, the calibration results
in [8] can be greatly improved for typical installed robots.
Therefore, further research has been conducted to improve
the calibration accuracy of our previously proposed calibration method. Focus of the innovation in this paper lies in
that constraints between robot installation angles for typical
installed robots have been involved in the calibration process,
which improves the calibration accuracy a lot. Remainder
of this paper is organized as follows. Section 2 introduces
theoretical analysis of the improved method for robot base
calibration. Section 3 presents the calibration procedure of
this method. In addition to the method introduction, calibration experiments for two cooperative industrial robots

Z

X

Y

+

𝜃

−
Installation angle

Figure 1: Robot base installation angle.

are presented in Section 4. Concluding remarks follow in
Section 5.

2. Method of the Calibration
2.1. Robot Installation Angle. In applications with a single
robot, the world system is usually chosen in the base of the
robot. Yet, when several robots work together in a task, it is
beneficial to use a world system independent of the individual
robots. To enable this, the path controller has to manage
the position of the individual robots in the world system by
defining a separate robot base frame.
For most industrial applications, only three installation
types exist for the robot base mounting, which is called
floor mounted, wall mounted, and ceiling mounted. For
quantitative descriptions of the aforementioned robot base
installation types, concept of robot installation angle is
defined as follows.
Definition 1. As shown in Figure 1, the installation angle is
defined as the joint 𝜃 between axis-𝑋 of robot base frame and
the ground level line.
Since the definition of robot base frame has a unique
form in industry standard [9], the above definition of the
robot installation angle is invariant with respect to the robot’s
front and rear. For further illustration, examples of typical
installation angle are shown in Figure 2.
By the definition of robot installation angle, a floor
mounted robot has an installation angle of 0∘ , a wall mounted
robot has an installation angle of −90∘ or 90∘ , and a ceiling
mounted robot has an installation angle of 180∘ . Introducing these values to base frame calibration between typical
installed robots, the calibration results will be improved
greatly compared with the calibration results presented in [8].
2.2. Calibration of Generally Installed Cooperative Robots. In
[8], we proposed a base frame calibration method for generally installed cooperative robots. Principle of the calibration
method in [8] is used as the development basis for this paper.
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Robot HP20
Robot VA1400

0∘

Z
Z

b2

Y
b1

−90∘

180∘

X

X

F

Y

F

Figure 4: Handclasp manipulation between a floor mounted robot
and a floor mounted robot.
Figure 2: Examples of typical installation angle.

Robot VA1400
Measuring tips

Robot HP20

b1

F

b1

H b2

b2

F

Figure 3: Handclasp manipulation for two cooperative industrial
robots Motoman VA1400 and HP20.

For two cooperative robots as shown in Figure 3, b1 F is
the base frame system for robot Motoman VA1400 and b2 F
is the base frame system for robot Motoman HP20. These
two robots form a handclasp configuration in Figure 3 with
measuring tips mounted at the end of each robot. Let the
homogenous matrix b1 Hb2 ∈ R4×4 be the relative position
and orientation between these two robots. b1 Hb2 can be
calibrated by 4 handclasp manipulations as shown in Figure 3.
Reference [8] presents basic forms of the base frame
calibration equations for two cooperative robots. Those equations are generic forms. For typical installed robots, those
equations can be refined to improve the calibration results as
discussed in the next part of the paper.
2.3. Calibration Equations for Typical Installed Robot. In this
paper, only three types of the robot base installation are
considered, which are floor mounted, wall mounted, and
ceiling mounted. Thereafter, only three types of the robot

base calibration problems are considered here, which are
calibration of a floor mounted robot to a floor mounted robot,
calibration of a floor mounted robot to a wall mounted robot,
and calibration of a floor mounted robot to a ceiling mounted
robot. Although the resulting classification is not exhaustive,
it covers most cases of the industrial applications.
2.3.1. Calibration of a Floor Mounted Robot Relative to a
Floor Mounted Robot. As shown in Figure 4, a floor mounted
robot is carrying out the handclasp manipulation with a floor
mounted robot. By the above introduced method, relative
position and orientation between base frames of the two
robots can be calibrated. Theoretically speaking, the rotation
matrix for orientation between the two base frames must
be orthogonal and normalized, whereas the solution cannot
ensure this characteristic, because resolution of transducer
for robot joint positions is limited and error exists in system
modeling. Therefore, an orthonormalization procedure is
necessary to refine the calibrated result for frame rotation.
The criterion for rotation matrix orthonormalization is
that modification made on frame rotation b1 Rb2 must be the
least. The Frobenius norm of matrix A is adopted to evaluate
the difference between two matrices, which is
𝑚 𝑛

 2
‖A‖F = (∑∑ 𝑎𝑖𝑗  )

1/2

,

(1)

𝑖=1 𝑗=1

where A is an 𝑚×𝑛 matrix, A𝑚×𝑛 = (𝑎𝑖𝑗 )𝑚×𝑛 . By the Frobenius
norm, a cost function for the orthonormalization can be
defined as
2

𝐽 = R−b1 Rb2 F
T

s.t. R ⋅ R = I3×3 ,

(2)
R∈R

3×3

.
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The Frobenius distance between R and b1 Rb2 is adopted
as the cost function because each element difference will
contribute to the increase of matrix distance. The Frobenius
norm is much more sensitive to the element variation than
other matrix norms. When 𝐽 is minimized, it means that
each element variation between R and b1 Rb2 is averagely
b1 ∗
minimized. Let Rb2
be the orthonormalized result; we have
𝐽(

b1

∗
Rb2
)

 b1 2
R− Rb2  .
= min
F
T
R⋅R =I3 

(3)

2

𝐽 = Rot (𝛼, 𝛽) −b1 Rb2 F + 𝜆 (𝛼2 + 𝛽2 − 1)
2

b1

(4)

(8)
+ (𝛼 − 𝑜𝑦 ) +

𝑎𝑦2

+

𝑛𝑧2

+

𝑜𝑧2

2

+ (1 − 𝑎𝑧 )

+ 𝜆 (𝛼2 + 𝛽2 − 1) .
Minimizing the function 𝐽 (8) with respect to 𝛼, 𝛽, and 𝜆,
we obtain

𝜕𝐽
= 2 (𝛼 − 𝑛𝑥 ) + 2 (𝛼 − 𝑜𝑦 ) + 2𝜆𝛼 = 0,
𝜕𝛼
𝜕𝐽
= 2 (𝛽 + 𝑜𝑥 ) + 2 (𝛽 − 𝑛𝑦 ) + 2𝜆𝛽 = 0,
𝜕𝛽

(9)

𝜕𝐽
= 𝛼2 + 𝛽2 − 1 = 0.
𝜕𝜆

where 𝜃 is an arbitrary angle.
Let 𝛼 = cos 𝜃, 𝛽 = sin 𝜃; then 𝛼2 + 𝛽2 = 1. Substituting
𝛼, 𝛽 into (2) yields
2

𝐽 = Rot (𝑍, 𝜃 (𝛼, 𝛽)) −b1 Rb2 F

2

2

= (𝛼 − 𝑛𝑥 ) + (−𝛽 − 𝑜𝑥 ) + 𝑎𝑥2 + (𝛽 − 𝑛𝑦 )
2

∗
is the optimal
Equation (3) means orthonormal matrix Rb2
Frobenius norm approximation for preliminary solution
b1
Rb2 .
For the calibration case in Figure 4, relative orientation
between the two cooperative robots exists in the form of
a rotation around axis-𝑍 of the robot base frame. Since
the two robots have the same installation angle of 0∘ ,
rotation matrix between their base frames b1 F and b2 F will
be

cos 𝜃 − sin 𝜃 0
Rot (𝑍, 𝜃) = [ sin 𝜃 cos 𝜃 0] ,
0
1]
[ 0

Substituting (7) into (6) and expanding the function 𝐽
yields

Unique solution exists for (9); that is,
(5)

s.t. 𝛼2 + 𝛽2 = 1.
Equation (5) can be viewed as a mathematical optimization
problem, which is to find the minimum of a multivariable
function 𝐽 subject to constraint 𝛼2 + 𝛽2 = 1. The method
of Lagrange multipliers [10] provides an effective strategy
for solving these problems. Define the Lagrangian function
as
2

𝐽 = Rot (𝛼, 𝛽) −b1 Rb2 F + 𝜆 (𝛼2 + 𝛽2 − 1) .
Let the preliminary calibration result
b1

b1

∗
Rb2

2

𝑛𝑥 + 𝑜𝑦

𝛼=

2

2

(7)

𝑛𝑦 − 𝑜𝑥

𝛽=

2

0

2

(10)
.

After 𝛼, 𝛽, 𝜆 are obtained, we have the refined calibration
result for rotation as

𝑛𝑦 − 𝑜𝑥
𝑛𝑥 + 𝑜𝑦
−
0
]
[
[ √ (𝑛 + 𝑜 )2 + (𝑛 − 𝑜 )2 √ (𝑛 + 𝑜 )2 + (𝑛 − 𝑜 )2 ]
]
[
𝑥
𝑦
𝑦
𝑥
𝑥
𝑦
𝑦
𝑥
]
[
𝑛
−
𝑜
𝑛
+
𝑜
]
[
𝑦
𝑥
𝑥
𝑦
= Rot (𝛼, 𝛽) = [
]
0
]
[
2
2
2
2
]
[√
√ (𝑛𝑥 + 𝑜𝑦 ) + (𝑛𝑦 − 𝑜𝑥 )
]
[ (𝑛𝑥 + 𝑜𝑦 ) + (𝑛𝑦 − 𝑜𝑥 )
[

,

√ (𝑛𝑥 + 𝑜𝑦 ) + (𝑛𝑦 − 𝑜𝑥 )

√ (𝑛𝑥 + 𝑜𝑦 ) + (𝑛𝑦 − 𝑜𝑥 )

Rb2 be

𝑛𝑥 𝑜𝑥 𝑎𝑥
Rb2 = [𝑛𝑦 𝑜𝑦 𝑎𝑦 ] .
[𝑛𝑧 𝑜𝑧 𝑎𝑧 ]

b1

(6)

2

𝜆 = √ (𝑛𝑥 + 𝑜𝑦 ) + (𝑛𝑦 − 𝑜𝑥 ) − 2,

0

1]

(11)
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Robot HP20

Y
b2

X

(II) A rotation of −90∘ for Robot HP20 around axis-𝑌 of
the robot base frame b2 F to make axis-𝑍 of b2 F vertical to the
ground, which is
cos (−90∘ ) 0 sin (−90∘ )
[
]
0
1
0
Rot (𝑌, −90 ) =
∘
∘
[− sin (−90 ) 0 cos (−90 )]

Z

F

∘

0 0 −1
= [0 1 0 ] .
[1 0 0 ]

(III) A rotation of angle 𝛽 for Robot HP20 around axis𝑍 of the robot base frame b2 F to make axis-𝑋 of b2 F stretch
along the same direction as axis-𝑋 of b1 F, which is

Z
Y

Robot VA1400

b1

X

F

Figure 5: Handclasp manipulation between a floor mounted robot
and a wall mounted robot.

b1

∗
Rb2
is the orthonormalized and refined calibration

in which
result for rotation matrix. Thereafter, the translation vector
also needs to be recalculated, which is

b1 ∗
Tb2

1
∗
= [( b1 𝑃1 −b1 Rb2
⋅
4

𝑏𝑗

∗
+ ( b1 𝑃3 −b1 Rb2
⋅

b1

𝑃1 ) + ( 𝑃2 −
b2

(14)

b1

∗
Rb2

⋅

b2

∗
𝑃3 ) + ( b1 𝑃4 −b1 Rb2
⋅

𝑃4 )] .
(12)

Equations (11) and (12) are developed form of the calibration equations in [8], which will lead to more accurate
calibration results compared with other methods as presented
in [8].
2.3.2. Calibration of a Floor Mounted Robot Relative to a
Wall Mounted Robot. As shown in Figure 5, a floor mounted
robot is carrying out the handclasp manipulation with a wall
mounted robot. For the calibration case in Figure 5, relative
orientation between the two cooperative robots exists in the
form of 3 successive rotations.
(I) A rotation of angle 𝛼 for Robot HP20 around axis-𝑍
of the robot base frame b2 F to make axis-𝑌 of b2 F horizontal,
which is
cos 𝛼 − sin 𝛼 0
Rot (𝑍, 𝛼) = [ sin 𝛼 cos 𝛼 0] .
0
1]
[ 0

(13)

(15)

By (13), (14), and (15), we have the rotation matrix
between robot base frame b1 F and b2 F as
R (𝛼, 𝛽) = Rot (𝑍, 𝛽) ⋅ Rot (𝑌, −90∘ ) ⋅ Rot (𝑍, 𝛼)
cos 𝛽 − sin 𝛽 0
0 0 −1
= [ sin 𝛽 cos 𝛽 0] ⋅ [0 1 0 ]
0
1] [1 0 0 ]
[ 0
cos 𝛼 − sin 𝛼 0
⋅ [ sin 𝛼 cos 𝛼 0]
0
1]
[ 0

𝑃2 )
b2

cos 𝛽 − sin 𝛽 0
Rot (𝑍, 𝛽) = [ sin 𝛽 cos 𝛽 0] .
0
1]
[ 0

(16)

0 − sin 𝛽 − cos 𝛽
cos 𝛼 − sin 𝛼 0
= [0 cos 𝛽 − sin 𝛽 ] [ sin 𝛼 cos 𝛼 0]
0
0 ][ 0
0
1]
[1
− sin 𝛽 sin 𝛼 − sin 𝛽 cos 𝛼 − cos 𝛽
= [ cos 𝛽 sin 𝛼 cos 𝛽 cos 𝛼 − sin 𝛽 ] .
− sin 𝛼
0 ]
[ cos 𝛼
For simplicity, let 𝜇 = cos 𝛼, ] = sin 𝛼, 𝜌 = cos 𝛽, 𝜎 =
sin 𝛽; then 𝜇2 + ]2 = 1, 𝜌2 + 𝜎2 = 1,
−𝜎] −𝜎𝜇 −𝜌
R (𝛼, 𝛽) = [ 𝜌] 𝜌𝜇 −𝜎] = R (𝜇, ], 𝜌, 𝜎) .
[ 𝜇 −] 0 ]

(17)

Substituting (17) into (2) yields
2

𝐽 = R (𝜇, ], 𝜌, 𝜎) −b1 Rb2 F
s.t. 𝜇2 + ]2 = 1,

𝜌2 + 𝜎2 = 1.

(18)

Equation (18) also is a multivariable function optimization problem. By Lagrange multipliers method, define the
Lagrangian function as
2

𝐽 = Rot (𝜇, ], 𝜌, 𝜎) −b1 Rb2 F
+ 𝜆 1 (𝜇2 + ]2 − 1) + 𝜆 2 (𝜌2 + 𝜎2 − 1) .

(19)
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2.3.3. Calibration of a Floor Mounted Robot Relative to
a Ceiling Mounted Robot. As shown in Figure 6, a floor
mounted robot is carrying out the handclasp manipulation
with a ceiling mounted robot. For the calibration case in
Figure 6, relative orientation between the two cooperative
robots exists in the form of 2 successive rotations.
(I) A rotation of 180∘ for Robot HP20 around axis-𝑋 of
the robot base frame b2 F to make axis-𝑍 of b2 F vertical to
ground, which is

Y

Robot HP20

X
b2

Z

F

Z

1
0
0
Rot (𝑋, 180∘ ) = [0 cos (180∘ ) − sin (180∘ )]
∘
∘
[0 sin (180 ) cos (180 ) ]

Y
b1

X

F

Robot VA1400

Figure 6: Handclasp manipulation between a floor mounted robot
and a ceiling mounted robot.

Substituting (7) into (19) and expanding the function 𝐽 yields
2

2

2

2

2

+ (𝜌] − 𝑛𝑦 ) + (𝜌𝜇 − 𝑜𝑦 ) + (−𝜎 − 𝑎𝑦 )
2

2

+ (𝜇 − 𝑛𝑧 ) + (−] − 𝑜𝑧 ) + (−𝑎𝑧 )

2

(20)

+ 𝜆 1 (𝜇2 + ]2 − 1) + 𝜆 2 (𝜌2 + 𝜎2 − 1) .

𝜕𝐽
= 2𝜇 + 𝑜𝑥 𝜎 − 𝑜𝑦 𝜌 + 𝜇𝜆 1 − 𝑛𝑧 = 0
𝜕𝜇

By (22) and (23), we have the rotation matrix between
robot base frame b1 F and b2 F as

cos 𝜃 − sin 𝜃 0
1 0 0
= [ sin 𝜃 cos 𝜃 0] [0 −1 0 ]
0
1] [0 0 −1]
[ 0

(24)

cos 𝜃 sin 𝜃 0
= [ sin 𝜃 − cos 𝜃 0 ] .
0
−1]
[ 0

𝜕𝐽
= 2] + 𝑛𝑥 𝜎 − 𝑛𝑦 𝜌 + ]𝜆 1 + 𝑜𝑧 = 0
𝜕]

𝜕𝐽
= 2𝜎 + 𝑛𝑥 ] + 𝑜𝑥 𝜇 + 𝜎𝜆 2 + 𝑎𝑦 = 0
𝜕𝜎

(23)

R (𝜃) = Rot (𝑍, 𝜃) Rot (𝑋, 180∘ )

Minimizing the function 𝐽 (20) with respect to 𝜇, ], 𝜌, and
𝜎, we obtain

𝜕𝐽
= 2𝜌 − 𝑛𝑦 ] − 𝑜𝑦 𝜇 + 𝜌𝜆 2 + 𝑎𝑥 = 0
𝜕𝜌

(22)

(II) A rotation of angle 𝜃 for Robot HP20 around axis-𝑍 of
the robot base frame b2 F to make axis-𝑋 of b2 F stretch along
the same direction as axis-𝑋 of frame b1 F, which is
cos 𝜃 − sin 𝜃 0
Rot (𝑍, 𝜃) = [ sin 𝜃 cos 𝜃 0] .
0
1]
[ 0

𝐽 = (−𝜎] − 𝑛𝑥 ) + (−𝜎𝜇 − 𝑜𝑥 ) + (−𝜌 − 𝑎𝑥 )
2

1 0 0
= [0 −1 0 ] .
[0 0 −1]

Let 𝛼 = cos 𝜃, 𝛽 = sin 𝜃; then 𝛼2 + 𝛽2 = 1,
(21)

𝜕𝐽
= 𝜇2 + ]2 − 1 = 0
𝜕𝜆 1
𝜕𝐽
= 𝜌2 + 𝜎2 − 1 = 0.
𝜕𝜆 2
Collectively, there are 6 unique equations in (21) totaling the
number of elements in function 𝐽 (20). Therefore, unique
solution exists for (21), which can be reached by LevenbergMarquardt method with a numeric iterative procedure.
After 𝜇, ], 𝜌, and 𝜎 are obtained, an orthonormalized and
b1 ∗
for rotation matrix can be
refined calibration result Rb2
b1
obtained by (17). Thereafter, the translation vector T∗b2 also
needs to be recalculated as (12).

𝛼 𝛽 0
R (𝜃) = [𝛽 −𝛼 0 ] = R (𝛼, 𝛽) .
[ 0 0 −1]

(25)

Substituting (25) into (2) yields
2

𝐽 = R (𝛼, 𝛽) −b1 Rb2 F

(26)

s.t. 𝛼2 + 𝛽2 = 1.

Equation (26) also is a multivariable function optimization problem. By Lagrange multipliers method, define the
Lagrangian function as
2

𝐽 = R (𝛼, 𝛽) −b1 Rb2 F + 𝜆 (𝛼2 + 𝛽2 − 1)
2

2

2

= (−𝛼 − 𝑛𝑥 ) + (−𝛽 − 𝑜𝑥 ) + (−𝑎𝑥 )
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2

2

+ (𝛽 − 𝑛𝑦 ) + (𝛼 − 𝑜𝑦 ) + (−𝑎𝑦 ) + (−𝑛𝑧 )
2

Unique solution exists for (28); that is,

2

+ (−𝑜𝑧 ) + (−1 − 𝑎𝑧 ) + 𝜆 (𝛼2 + 𝛽2 − 1) .

2

(27)
Minimizing the function 𝐽 (27) with respect to 𝛼, 𝛽, and
𝜆 yields
𝜕𝐽
= 2 (𝛼 + 𝑛𝑥 ) + 2 (𝛼 − 𝑜𝑦 ) + 2𝜆𝛼 = 0,
𝜕𝛼
𝜕𝐽
= 2 (𝛽 + 𝑜𝑥 ) + 2 (𝛽 − 𝑛𝑦 ) + 2𝜆𝛽 = 0,
𝜕𝛽
𝜕𝐽
= 𝛼2 + 𝛽2 − 1 = 0.
𝜕𝜆

b1

∗
Rb2

𝑛𝑥 − 𝑜𝑦

𝛼=

2

𝑛𝑦 + 𝑜𝑥
2

√ (𝑛𝑥 − 𝑜𝑦 ) + (𝑛𝑦 + 𝑜𝑥 )

,

2

(29)
.

After 𝛼, 𝛽, 𝜆 are obtained, we have the refined calibration
result for rotation as

𝑛𝑦 + 𝑜𝑥
𝑛𝑥 − 𝑜𝑦
[
[ √ (𝑛 − 𝑜 )2 + (𝑛 + 𝑜 )2 √ (𝑛 − 𝑜 )2 + (𝑛 + 𝑜 )2
[
𝑥
𝑦
𝑦
𝑥
𝑥
𝑦
𝑦
𝑥
[
𝑛
𝑛
+
𝑜
−
𝑜
[
𝑦
𝑥
𝑥
𝑦
= R (𝛼, 𝛽) = [
−
[
2
2
2
2
[√
√ (𝑛𝑥 − 𝑜𝑦 ) + (𝑛𝑦 + 𝑜𝑥 )
[ (𝑛𝑥 − 𝑜𝑦 ) + (𝑛𝑦 + 𝑜𝑥 )
[

2

√ (𝑛𝑥 − 𝑜𝑦 ) + (𝑛𝑦 + 𝑜𝑥 )
𝛽=

(28)

2

𝜆 = √ (𝑛𝑥 − 𝑜𝑦 ) + (𝑛𝑦 + 𝑜𝑥 ) − 2,

0

∗
in which Rb2
is the orthonormalized and refined calibration
result for rotation matrix. Thereafter, the translation vector
b1 ∗
Tb2 also needs to be recalculated as (12).
Equations (30) and (12) are developed form of the
calibration equations in [8], which will lead to more accurate
calibration results compared with other methods as presented
in [8].
b1

3. Calibration Procedure
Base frame calibration between two cooperative robots is to
identify elements of a rotation matrix b1 Rb2 and translation
vector b1 Tb2 . Information that we need for our calibration
method includes robot joint positions, robot link parameters, and measuring tip dimensions. Preparatory conditions for this calibration method are quite simple, which
include only the installation of the measuring tips on both
robots and dimensions input of the measuring tip for each
robot.
After commencing of the calibration command, move
one robot to an arbitrary position. Align the tool center
point of the other robot to tool center point of the first
robot by independent robot motion. The two robots form
a handclasp configuration and the first measurement commences. Register the position as 𝑃1 . Repeat this handclasp
manipulation process three more times and register 𝑃2 ,
𝑃3 , and 𝑃4 in the same manner as 𝑃1 . Both robots are
to be moved independently during the calibration procedure. After 𝑃1 , 𝑃2 , 𝑃3 , and 𝑃4 are registered, substitute

0

0

]
]
]
]
]
0]
]
]
]

(30)

−1]

these points information into corresponding calibration
equations. For calibration of floor mounted robot relative
to floor mounted robot, the calibration equations are (11)
and (12). For calibration of floor mounted robot relative to
wall mounted robot, the calibration equations are (17) and
(12). For calibration of floor mounted robot relative to ceiling
mounted robot, the calibration equations are (30) and (12).
Figure 7 shows the calibration procedure of our proposed
method.
In order to optimize the calibration results, the handclasp
points selected should be as far apart as possible. The standard
distance between 𝑃1 and 𝑃2 , 𝑃2 and 𝑃3 , and 𝑃3 and 𝑃4
should be 1 m or more. Typical selection of these 4 points
is shown in Figure 8. As shown in Figure 8, teach 𝑃1 , 𝑃2 ,
and 𝑃3 so that a triangle, not a straight line, is formed.
Teach 𝑃4 far apart from planar 𝑃1 𝑃2 𝑃3 so that a triangular
pyramid is formed. Otherwise, inaccurate calibration will
result.
After the calibration procedure, a check should be made
to see if the two robot base frames are correctly calibrated.
Jog the two robots in a coupled synchronous motion [11] and
move one of them to see if the other can follow the motion
of the first robot. If yes, base frames of the two robots are
correctly calibrated.

4. Experiment Result
In order to validate the above-proposed calibration method
for typical installed robot, representative experiments have
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Execute robot calibration

Select number of robot calibration

Select robot combination of calibration

k=1

k≤4

N

Y
Select a position to be taught

Move the robot to handclasp
configuration by axis motion

Register TCP (tool center point)
coordinate for each robot

k= k+1

Calibration result calculation

End

Figure 7: Calibration procedure of this method.

been carried out in our lab. The testbed is composed of
two industrial robots, Motoman VA1400 and HP20, which
are produced by YASKAWA Electronic Corporation, Japan.
An external PC, DELL Optiplex 780, is used as a top layer
controller to implement all the control logic and calculations.
This external PC is connected to the robot controller DX100
by Ethernet cable. The communication software MotoCom
SDK, which is also provided by YASKAWA Electronic Corporation, is installed on the PC to help transfer robot data
and job files between the PC and DX100 robot controller.
Figure 9 shows the experimental testbed we used here in our
lab.
By the communication software MotoCom SDK, user
applications can be developed and executed on a PC platform. MotoCom SDK provides users with the function to
obtain coordinate of robot tool center point in its base
frame, which forms the source data of calibration in the
following analysis. Coordinate of robot tool center point
in its base frame can be directly read out from the robot
controller DX100 by function BscIsRobotPos( ), which is
one of the member functions provided by MotoCom SDK,
whereas MotoCom SDK only provides a 6-dimensional
vector (𝑥, 𝑦, 𝑧, 𝜙, 𝜃, 𝜓) ∈ R6 to represent position and orientation of the robot end-effector, 3-dimension (𝑥, 𝑦, 𝑧)
for tool center point position and 3-dimensional Euler
angles (𝜙, 𝜃, 𝜓) for tool orientation. The variables 𝑥, 𝑦, and
𝑧 have a unit of millimetre (mm) while variables 𝜙, 𝜃,
and 𝜓 have a unit of degree (∘ ). These coordinate values
can also be found on the teaching pendant of the robot
controller.
For consistency and coherence, transformations between
Euler angle representation and a rotation matrix are presented here. In [12], successive rotations with angle 𝜙, 𝜃, 𝜓
relative to axis 𝑍, 𝑌, 𝑍 will lead to a rotation matrix R
represented in (31) as follows:

Euler (𝜙, 𝜃, 𝜓)
= Rot (𝑍, 𝜙) Rot (𝑌, 𝜃) Rot (𝑍, 𝜓)
cos 𝜙 cos 𝜃 cos 𝜓 − sin 𝜙 sin 𝜓 − cos 𝜙 cos 𝜃 sin 𝜓 − sin 𝜙 cos 𝜓 cos 𝜙 sin 𝜃
= [sin 𝜙 cos 𝜃 cos 𝜓 + cos 𝜙 sin 𝜓 − sin 𝜙 cos 𝜃 sin 𝜓 + cos 𝜙 cos 𝜓 sin 𝜙 sin 𝜃 ] = R.
− sin 𝜃 cos 𝜓
sin 𝜃 sin 𝜓
cos 𝜃 ]
[

(31)

𝜃 = atan2 (sin 𝜙𝑎𝑦 + cos 𝜙𝑎𝑥 , 𝑎𝑧 ) ,

Conversely, a rotation matrix R can be decomposed into three
successive rotations with 𝜙, 𝜃, 𝜓 relative to axes 𝑍, 𝑌, 𝑍,

𝜓 = atan2 (− sin 𝜙𝑛𝑥 + cos 𝜙𝑛𝑦 , − sin 𝜙𝑜𝑥 + cos 𝜙𝑜𝑦 ) .
𝑛𝑥 𝑜𝑥 𝑎𝑥
Rot (𝑍, 𝜙) Rot (𝑌, 𝜃) Rot (𝑍, 𝜓) = [𝑛𝑦 𝑜𝑦 𝑎𝑦 ] ,
[𝑛𝑧 𝑜𝑧 𝑎𝑧 ]
𝜙 = atan2 (𝑎𝑦 , 𝑎𝑥 ) ,

(32)
Equation (32) will encounter degeneracy when 𝜙 = 0∘ or
180 . However, when 𝜙 = 0∘ or 180∘ , it means 𝑎𝑥 = 0 and
𝑎𝑦 = 0. In such a case, we arbitrarily assume 𝜙 = 0∘ . When
∘
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Figure 8: Example of 4 handclasp manipulations for two cooperative robots.

b1

Robot 2

Robot 1

Measuring
Tip

3D CMM
Actiris350
DX100 robot
controller
b1

F

VA1400

b2

F

HP20

tru
) is true values of the Euler form
in which Euler( Rb2
rotation between the two robots and 𝑒rot is the error. The
error 𝑒rot with a unit of degree (∘ ) has a definite meaning that
represents the maximum error between Euler angle forms
of the calibrated rotation matrix and its true value. The
calibration error for the translation vector can be defined as

 b1
(34)
−b1 T∗b2 
𝑒tran =  Ttru
b2
∞

b1

Figure 9: Testbed of calibration experiments in our lab.

in which Ttru
b2 is true values of translation vector between
the two robots and 𝑒tran is the error. The error 𝑒tran has a unit of
millimeter (mm), whose meaning represents the maximum
error between calibrated translation vector and its true value.
b1 tru
) and transTrue values for relative rotation Euler( Rb2

𝜃 = 0∘ or 180∘ , we assume 𝜃 = 0∘ . Under this assumption, (32)
is qualified for the rotation error assessment.
The 6-dimensional vector formation (𝑥, 𝑦, 𝑧, 𝜙, 𝜃, 𝜓) ∈
R6 is also adopted to represent the relative translation and
rotation between based frames of the two robots. The aforementioned 3-dimension vector (𝑥, 𝑦, 𝑧) indicates relative
translation and 3-dimensional vector Euler angles (𝜙, 𝜃, 𝜓)
indicate relative rotation. The variables 𝑥, 𝑦, and 𝑧 also have
a unit of millimeter (mm) while variables 𝜙, 𝜃, and 𝜓 have a
unit of degree (∘ ).
For accuracy assessment, the calibration error for relative
rotation between the two robots can be defined as

b1 tru
b1 ∗ 

) − Euler ( Rb2
)
𝑒rot = Euler ( Rb2
(33)

∞

lation Ttru
b2 between base frames of the two robots are
calibrated by an external sensor Actiris350. The Actiris350
system is a 3D coordinate measuring machine manufactured
by ActCM Corporation, France. Actiris350 system has a
precision of ±15 𝜇m for single point according to ISO 10360-2;
repeatability is ±25 𝜇m, acquisition speed is 15 measurements
per second max, and measuring volume is 3.5 m3 . Figure 10
shows the 3D coordinate measuring machine Actiris350 we
used.
Table 1 presents the robot base calibration results and
comparisons with other methods. Data in column Htru
are the true values of the relative rotation and translation
between base frames of Motoman VA1400 and HP20, which
b1
b1 tru
are acquired by Actiris350, Htru = [ Ttru
b2 , Euler( Rb2 )].
Data in column Hcalib2 are the calibrated results by
b1
b1 ∗
our proposed method, Hcalib2 = [ T∗b2 , Euler( Rb2
)].

External PC

b1

Hcalib1

(37.9, 1476.5, 54.5, −0.001, 0.001, −44.500)
(43.6, 1475.4, 58.8, 0, −0.167, −44.593)
(37.9, 1476.5, 54.5, −0.001, 0.001, −44.500)
(33.5, 1477.8, 51.4, 0, −0.352, −44.632)
(37.9, 1476.5, 54.5, −0.001, 0.001, −44.500)
(42.2, 1475.1, 55.5, 0, 0.070, −44.532)
(37.9, 1476.5, 54.5, −0.001, 0.001, −44.500)
(34.9, 1477.9, 47.5, 0, −0.178, −44.601)
(37.9, 1476.5, 54.5, −0.001, 0.001, −44.500)
(29.1, 1477.6, 47.8, 0, 0.144, −44.385)
(1500.1, 500.0, 1499.9, 0, 180.001, 0.001)
(1501.4, 508.6, 1496.2, 0, −179.941, −0.312)
(1500.1, 500.0, 1499.9, 0, 180.001, 0.001)
(1499.1, 505.0, 1498.6, 0, 179.979, −0.163)
(1500.1, 500.0, 1499.9, 0, 180.001, 0.001)
(1501.9, 492.0, 1501.8, 0, −179.946, 0.273)
(1500.1, 500.0, 1499.9, 0, 180.001, 0.001)
(1498.5, 503.9, 1499.9, 0, 179.947, −0.157)
(1500.1, 500.0, 1499.9, 0, 180.001, 0.001)
(1498.7, 511.9, 1496.1, 0, 179.982, −0.372)
(1303.3, −102.3, 1386.3, 180, 89.874, −179.997) (1307.8, −97.8, 1380.1, −179.695, 89.726, 179.686)
(1303.3, −102.3, 1386.3, 180, 89.874, −179.997) (1305.2, −101.2, 1384.0, −179.952, 89.753, 179.890)
(1303.3, −102.3, 1386.3, 180, 89.874, −179.997) (1308.6, −99.7, 1380.0, −179.650, 89.629, 179.547)
(1303.3, −102.3, 1386.3, 180, 89.874, −179.997) (1307.9, −100.4, 1381.8, −179.804, 89.694, 179.794)
(1303.3, −102.3, 1386.3, 180, 89.874, −179.997) (1307.6, −101.2, 1382.5, −179.782, 89.749, 179.604)

Htru

𝑒tran1
(mm)
5.7
4.5
4.3
7.2
8.8
8.6
5.0
8.0
3.9
11.9
6.2
2.3
6.3
4.6
4.3

𝑒rot1
(∘ )
0.167
0.352
0.070
0.178
0.147
0.312
0.163
0.273
0.157
0.372
0.312
0.121
0.450
0.203
0.393

Table 1: Robot calibration results and comparisons.

(43.8, 1475.6, 58.2, 0, 0, −44.593)
(42.7, 1476.8, 57.7, 0, 0, −44.631)
(33.5, 1477.6, 52.8, 0, 0, −44.536)
(43.8, 1474.9, 56.3, 0, 0, −44.600)
(30.1, 1479.4, 51.8, 0, 0, −44.384)
(1500.4, 506.3, 1498.4, 0, 180, −0.312)
(1499.5, 503.3, 1499.2, 0, 180, −0.163)
(1501.0, 494.6, 1501.2, 0, 180, 0.273)
(1499.4, 503.0, 1499.5, 0, 180, −0.157)
(1499.0, 507.4, 1498.2, 0, 180, −0.372)
(1303.6, −97.8, 1383.3, −179.695, 90, 179.686)
(1301.5, −101.2, 1387.0, −179.952, 90, 179.890)
(1306.1, −99.7, 1386.7, −179.650, 90, 179.547)
(1305.8, −100.4, 1387.4, −179.804, 90, 179.794)
(1305.7, −101.2, 1387.1, −179.782, 90, 179.604)

Hcalib2

𝑒tran2
(mm)
5.9
4.8
4.4
5.9
7.8
6.3
3.3
5.4
3.0
7.4
4.5
1.8
2.8
2.5
2.4

𝑒rot 2
(∘ )
0.093
0.131
0.036
0.100
0.116
0.312
0.163
0.273
0.157
0.372
0.311
0.126
0.449
0.202
0.393
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Figure 12: Rotation error of calibration result.

Figure 10: 3D coordinate measuring machine Actiris350.

which indicates that calibration errors are relatively small.
This precision level is quite satisfactory that can meet the
requirement for most rough robot tasks, such as spraying,
arc welding, or material transportation. So far, it can be
concluded that the calibration method proposed in this paper
is quite effective to solve the problem of base frame calibration
for two cooperative robots.

12

etran (mm)

8

5. Conclusion
4

0

0

4

8

12

16

Experiment number
etran1
etran2

Figure 11: Translation error of calibration result.

The columns 𝑒tran 2 obtained by (34) and 𝑒rot 2 obtained by
(33) are the calibration errors of robot base frame translation
and rotation, respectively, for this method. Data in column
Hcalib1 are calibration results by the method proposed in
[8]. The columns 𝑒tran 1 obtained as 𝑒tran 2 and 𝑒rot 1 obtained
as 𝑒rot 2 are their calibration errors for robot base frame
translation and rotation, respectively. Figure 11 shows the
calibration error 𝑒tran 1 and 𝑒tran 2 for relative translation
between the two robots. Figure 12 shows the calibration
errors 𝑒rot 1 and 𝑒rot 2 for relative rotation between the two
robots.
As shown in Figures 11 and 12, it is clear that the calibration accuracy by our proposed method is no more than
8 mm for relative translation and 1∘ for relative rotation,

A simple but effective method for calibrating the relative
rotation and translation between base frames of two cooperative robots is presented in this paper. Greatest advantage of
this method lies in its simple calibration setup and no other
measuring apparatus required, which makes it quite feasible
for applications in manufacturing works. The calibration
procedure is based on a series of handclasp manipulations.
Robot base installation angles are adopted to refine the
preliminary calibration result.
Experimental testbed of base frame calibration with two
cooperative industrial robots Motoman VA1400 and HP20
is presented here. Calibration results are quite satisfactory
which asserts the validity and effectiveness of this method.
The only defect of this calibration method may lie in that
the handclasp manipulation for cooperative robots is driven
by human operator. If the tool center point of each robot
cannot be exactly driven to one same point, error will expand
in the calibration result, whereas as long as the human
operator drive the robot carefully and make the handclasp
manipulation as accurate as possible, the calibration error can
be reduced to relatively small.
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A set of designed experiments, involving the use of a pulsed Nd:YAG laser system milling 316L Stainless Steel, serve to study the
laser-milling process of microcavities in the manufacture of drug-eluting stents (DES). Diameter, depth, and volume error are
considered to be optimized as functions of the process parameters, which include laser intensity, pulse frequency, and scanning
speed. Two different DES shapes are studied that combine semispheres and cylinders. Process inputs and outputs are defined
by considering the process parameters that can be changed under industrial conditions and the industrial requirements of this
manufacturing process. In total, 162 different conditions are tested in a process that is modeled with the following state-of-theart data-mining regression techniques: Support Vector Regression, Ensembles, Artificial Neural Networks, Linear Regression, and
Nearest Neighbor Regression. Ensemble regression emerged as the most suitable technique for studying this industrial problem.
Specifically, Iterated Bagging ensembles with unpruned model trees outperformed the other methods in the tests. This method can
predict the geometrical dimensions of the machined microcavities with relative errors related to the main average value in the range
of 3 to 23%, which are considered very accurate predictions, in view of the characteristics of this innovative industrial task.

1. Introduction
Laser-milling technology has become a viable alternative to
conventional methods for producing complex microfeatures
on difficult-to-process materials. It is increasingly employed
in the industry, because of its established advantages [1].
As a noncontact material-removal process, laser machining
removes smaller and more precise amounts of material,
applies highly localized heat inputs to the workpiece, minimizes distortion, involves no tool wear, and is not subject
to certain constraints such as maximum tool force, buildup
edge formation, and tool chatter. Micromanufacturing processes in the field of electronics and medical and biological
applications are a growing area of research. High-resolution
components, high precision, and small feature size are needed
in this field, as well as real 3D fabrication. Thus, the use
of laser machining to produce medical applications has
become a growing area of research, one example of which

is the fabrication of coronary stents. This research looks
at the fabrication and performance of the DES. Some of
these DES are metallic stents that include reservoirs that
contain the polymer and the drug [2], such as the Janus
TES stent [3] which incorporates microreservoirs cut into its
abluminal side that are loaded with the drug. The selection
of the laser system and the process parameters significantly
affects the quality of the microfeature that is milled and
the productivity of the process. Although there are several
studies which deal with the effect of the process parameters
on the quality of the final laser-milled parts, few of them
study this effect on a microscale. The literature contains many
examples of experimental research looking at the influence
of scanning speed, pulse intensity, and pulse frequency on
the quality and productivity of laser milling in different
materials on a macroscale [4–7]. There are many works on
microscale machining that have investigated laser-machining
processes in laser microdrilling [8–10], laser microcutting

2
[11–13], and laser micromilling in 2D [14, 15]. However, there
is little research on laser 3D micromilling. Pfeiffer et al.
[16] studied the effects of laser-process parameters on the
ablation behaviour of tungsten carbide hard metal and steel
using a femtosecond laser for the generation of complex 3D
microstructures. Karnakis et al. [17] demonstrated the lasermilling capacity of a picoseconds laser in different materials
(stainless steel, alumina, and fused silica). Surface topology
information was correlated with incident power density, in
order to identify optimum processing. Qi and Lai [18] used a
fiber laser to machine complex shapes. They developed a thermal ablation model to determine the ablated material volume
and the dimensions and optimized the parameters to achieve
maximum efficiency and minimum thermal effects. Finally,
Teixidor et al. [19] studied the effects of scanning speed, pulse
intensity, and pulse frequency on target width and depth
dimensions and surface roughness for the laser milling of
microchannels on tool steel. They presented a second-order
model and a multiobjective process optimization to predict
the responses and to find the optimum combinations of
process parameters.
Although the manufacturing industry is interested in
laser micromilling and some research has been done to
understand the main physical and industrial parameters that
define the performance of this process, the conclusions show
that analytical approaches are necessary for all real cases
due to their complexity. Data-mining approaches represent a
suitable alternative to such tasks due to their capacity to deal
with multivariate processes and experimental uncertainties.
Data-mining is defined in [20] as “the process of discovering
patterns in data” and “‘extracting’ or ‘mining’ knowledge from
large amounts of data” [21]. “Useful patterns allow us to make
nontrivial predictions on new data” [20] (e.g., predictions on
laser-milling results based on experimental data). Many artificial intelligence techniques have been applied to macroscale
milling [22–24], but there are few examples of the application
of such techniques to laser micromilling [25]. Artificial neural
networks (ANNs) have been proposed to predict the pulse
energy for a desired depth and diameter in micromilling [26]
and the material removal rate (MRR) for a fixed ablation
depth depending on scanning velocity, pulse frequency [27],
and cut kerf quality, in terms of dross adherence during
nonvertical laser cutting of 1 mm thick mild-steel sheets
[28]. Finally, regression trees have been proposed to optimize geometrical dimensions in the micromanufacturing of
microchannels [29]. Neither of these studies used ensembles
for process modeling, a learning paradigm in which multiple
learners (or regressors) are combined to solve a problem.
A regressor ensemble can significantly improve the generalization ability of a single regressor and can provide better
results than an individual regressor in many applications
[30–32]. Ensembles have demonstrated their suitability for
modeling macroscale milling and drilling [33–36], especially
because they can achieve highly accurate prediction with
lower tuning time of the model parameters [35]. In view of
the lack of published research on modeling the laser milling
of 3D microgeometries with ensembles, the objective of this
work is to study the modeling capability of these data-mining
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Table 1: Sphere geometry dimensions.
Geometry
Sphere 1 (e1)
Sphere 2 (e2)
Sphere 3 (e3)

Depth (𝜇m)
50
70
90

𝜙 (𝜇m)
166
140
124

Volume (𝜇m3 )
721414
718377
724576

Table 2: Cylinder geometry dimensions.
Geometry
Depth (𝜇m) 𝜙 (𝜇m) Length (𝜇m) Volume (𝜇m3 )
Cylinder 1 (c1)
50
130
55
723220
Cylinder 2 (c2)
70
110
46
721676
Cylinder 3 (c3)
90
100
36
725707
Table 3: Factors and factor levels.
Factors
Scanning speed (SS) (mm/s)
Pulse intensity (PI) (%)
Pulse frequency (PF) (kHz)

200
60
30

Factor levels
400
78
45

600
100
60

techniques through the different inputs and outputs that may
be considered priorities from an industrial point of view.

2. Experimental Procedure and
Data Collection
The experimental apparatus described in this study gathered
the data needed to create the models. The experimentation
consisted of milling microcavities in a 316L Stainless Steel
workpiece using a laser system. A Deckel Maho Nd:YAG
Lasertec 40 machine with a 1,064 nm wavelength was used
to perform the experiments. The system is a lamp-pumped
solid-state laser that provides an ideal maximum (theoretically estimated) pulse intensity of 1.4 W/cm2 [14], due to
the 100 W average power and 30 𝜇m beam spot diameter.
The SS316L workpiece material was selected because it is a
biocompatible material commonly used in biomedical applications and specifically for the fabrication of coronary stents.
Two different geometries were used for the experiments. The
first geometry consisted of a half-spherical shape defined
by depth and diameter dimensions. The second geometry
was a half-cylindrical shape with a quarter sphere on both
sides, defined by depth, diameter, and length dimensions.
Both geometries and an example of a laser-milled cavity are
presented in Figure 1. The geometries were fabricated with
different combinations of dimensions, while maintaining the
same volume. Tables 1 and 2 present the three combinations of
dimensions for the spherical and the cylindrical geometries,
respectively. These geometries and dimensions were selected,
because they provide sufficient space to machine the cavities
of these cardiovascular drug-eluting stent struts, which is an
important part of their manufacturing process.
A full factorial design of experiments was developed, in
order to analyze the effects of pulse frequency (PF), scanning
speed (SS), and pulse intensity levels (PI, percentage of the
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Figure 1: Cavity geometries used in the experiments.

ideal maximum pulse intensity) on the responses. Some
screening experiments were performed to determine the
proper parametric levels. Three different levels were selected
from the results of each input factor, which are presented
in Table 3. This design of experiments resulted in a total of
162 experiments: 27 combinations for each geometry under
study. All the experiments were machined from the same
316L SS blank under the same ambient conditions. The
response variables were the cavity dimensions (depth and
radius) and the volume of removed material. A confocal
Axio CSM 700 Carl Zeiss microscope was used for the
dimensional measurements and for characterization of the
cavities. Moreover, negatives of some of the samples were
obtained with surface replicant silicone, in order to obtain 3D
SEM images.
Having performed the experimental tests, the inputs and
outputs for the datasets had to be defined, to generate the
data sets for the data-mining modeling. On the whole, the
selection of the inputs is easy, because they are set by the
specifications of the equipment: the inputs are the parameters
that the process engineer can change in the machine. They are
the same as those considered to define the experimental tests
explained above. Table 4 summarizes all the selected inputs,
their units, ranges, and the relationship that they have with
other inputs.
The definition of the data set outputs takes different interests into account that relate to the industrial manufacturing of
DES. In some cases, a productivity orientation will encourage
the process engineer to optimize productivity (in terms of the
MRR) keeping geometrical accuracy under certain acceptable
thresholds (by fixing a maximum relative error in geometrical
parameters). In other cases, the geometrical accuracy will be
the main requirement and productivity will be a secondary

objective. In yet other cases, only one geometrical parameter,
for example, the depth of the DES, will be critical and the
other geometrical parameters should be kept under certain
thresholds, once again by fixing a maximum relative error for
these geometrical parameters. Therefore, this work considers
the geometrical dimensions and the MRR that is actually
obtained as its output, their deviance from the programmed
values, and the relative errors between the programmed and
the real values. Table 5 summarizes all the calculated outputs,
their units, ranges, and the relationship they have with other
input or output variables. In summary, the 162 different
laser conditions that were tested provided 14 data sets of 162
instances each with 9 attributes and one output variable to be
predicted.

3. Data-Mining Techniques
In our study we consider the analysis of each output variable
separately, by defining a one-dimensional regression problem
for each case. A regressor is a data-mining model in which
an output variable, 𝑦, is modelled as a function, 𝑓, of a set of
independent variables, 𝑥, called attributes in the conventional
notation of data-mining, where 𝑚 is the number of attributes.
The function is expressed as follows:
𝑦estimated = 𝑓 (𝑥) ,

𝑥 ∈ 𝑅𝑚 , 𝑦 ∈ 𝑅.

(1)

The aim of this work is to determine the most suitable
regressor for this industrial problem. The selection is performed by comparing the root mean squared error (RMSE) of
several regressors over the data set. Having a data collection
of 𝑛 pairs of real values {𝑥𝑖 , 𝑦𝑖 }𝑖=𝑛
𝑖=1 , the RMSE is an estimation
of the expected difference between the real and the forecasted
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Table 4: Input variables.

x1
x2
x3
x4
x5
x6
x7
x8
x9

Variable
Programmed depth
Programmed radio
Programmed length
Programmed volume
Intensity
Frequency
Speed
Time
Programmed MRR

Units
𝜇m
𝜇m
𝜇m
103 × 𝜇m3
%
KHz
mm/s
s
103 × 𝜇m3 /s

Range
50–90
50–83
0–55
718–726
60–100
30–60
200–600
9–24
30–81

Relationship
Independent
Independent
Independent
4/3𝜋𝑥23 + 1/2𝑥22 𝑥3
Independent
Independent
Independent
Independent
𝑥4 /𝑥8

Table 5: Output variables.
y1
y2
y3
y4
y5
y6
y7
y8
y9
y10
y11
y12
y13
y14

Variable
Measured volume
Measured depth
Measured diameter
Measured length
Measured MRR
Volume error
Depth error
Width error
Length error
MRR error
Volume relative error
Depth relative error
Width relative error
Length relative error

Units
10 × 𝜇m3
𝜇m
𝜇m
𝜇m
103 × 𝜇m3 /s
103 × 𝜇m3
𝜇m
𝜇m
𝜇m
3
10 × 𝜇m3 /s
Dimensionless
Dimensionless
Dimensionless
Dimensionless
3

output by a regressor. It is expressed as the square root of
the mean of the squares of the deviations, as shown in the
following equation:
𝑛

2

∑ (𝑦 − 𝑓 (𝑥𝑡 ))
.
RMSE = √ 𝑡=1 𝑡
𝑛

(2)

We tested a wide range of the main families of state-ofthe-art regression techniques as follows.
(i) Function-based regressors: we used two of the
most popular algorithms, Support Vector Regression (SVR) [37] and ANNs [38], and also Linear
Regression [39], which has an easier formulation that
allows direct physical interpretation of the models.
We should note the widespread use of SVR [40], while
ANNs have been successfully applied to a great variety
of industrial modeling problems [41–43].
(ii) Instance-based methods, specifically their most representative regressor, k-nearest neighbors regressor
[44]: in this type of algorithm, it is not necessary
to express an analytic relationship between the input
variables and the output that is modeled, an aspect
that makes this approach totally different from the
other. Instead of using an explicit formulation to

Range
130–1701
25–230.60
118.50–208.80
0–70.20
12–121
−980–596
−180.60–56.90
−62.80–−16.63
−25.50–208.80
−61–66
−1.36–0.82
−3.61–0.63
−0.55–0.10
−0.71–0.15

Relationship
Independent
Independent
Independent
Independent
𝑦1 /𝑥8
𝑥4 − 𝑦1
𝑥1 − 𝑥2
2𝑥2 − 𝑦3
𝑥3 − 𝑦4
𝑥9 − 𝑦5
𝑦6 /𝑥4
𝑦7 /𝑥1
𝑦8 /(2𝑥2 )
𝑦9 /𝑥3

obtain a prediction, it is calculated from set values
stored in the training phase.
(iii) Decision-tree-based regressors: we have included
these kinds of methods because they are used in the
ensembles as regressors, as explained in Section 3.2.
(iv) Ensemble techniques [45] are among the most popular in the literature. These methods have been
successfully applied to a wide variety of industrial
problems [34, 46–49].
3.1. Linear Regression. One of the most natural and simplest
ways of expressing relations between a set of inputs and an
output is by using a linear function. In this type of regressor
the variable to forecast is given by a linear combination of the
attributes, with predetermined weights [39], as detailed in the
following equation:
𝑘

(𝑖)
= ∑ (𝑤𝑗 × 𝑥𝑗(𝑖) ) ,
𝑦estimated

(3)

𝑗=0

(𝑖)
where 𝑦estimated
denotes the output of the 𝑖th training instance
(𝑖)
and 𝑥𝑗 the jth attribute of the 𝑖th instance. The sum of the
squares of the differences between real and forecasted output
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Figure 2: Model of the measured volume with a regression tree.

is minimized to calculate the most adequate weights, 𝑤𝑗 ,
following the expression given in the following equation:
𝑛

𝑘

∑ [𝑦(𝑖) − ∑ (𝑤𝑗 × 𝑥𝑗(𝑖) )] .
𝑖=0
𝑗=0
]
[

(4)

We used an improvement to this original formulation, by
selecting the attributes with the Akaike information criterion
(AIC) [50]. In (5), we can see how the AIC is defined, where
k is the number of free parameters of the model (i.e., the
number of input variables considered) and 𝑃 is the probability
of the estimation fitting the training data. The aim is to obtain
models that fit the training data but with as few parameters as
possible:
AIC = −2 ln (𝑃) + 2𝑘.

(5)

3.2. Decision-Tree-Based Regressors. The decision tree is a
data-mining technique that builds hierarchical models that
are easily interpretable, because they may be represented
in graphical form, as shown in Figures 2 and 3, with an
example of the output measured length as a function of the
input attributes. In this type of model, all the decisions are
organised around a single variable, resulting in the final hierarchical structure. This representation has three elements:
the nodes, attributes taken for the decision (ellipses in the
representation), the leaves, final forecasted values (squares),

and these two elements being connected by arcs, with the
splitting values for each attribute.
As base regressors, we have two types of regressors, the
structure of which is based on decision trees: regression trees
and model trees. Both families of algorithms are hierarchical
models represented by an abstract tree, but they differ with
regard to what their leaves store [51]. In the case of regression
trees, a value is stored that represents the average value of
the instances enclosed by the leaf, while the model trees have
a linear regression model that predicts the output value for
these instances. The intrasubset variation in the class values
down each branch is minimized to build the initial tree [52].
In our experimentation, we used one representative
implementation of the two families, reduced-error pruning
tree (REPTree) [20], a regression tree, and M5P [51], a model
tree. In both cases we tested two configurations, pruned
and unpruned trees. In the case of having one single tree
as a regressor for some typologies of ensembles, it is more
appropriate to prune the trees to avoid overfitting the training
data, while some ensembles can take advantage of having
unpruned trees [53].
3.3. Ensemble Regressors. An ensemble regressor combines
the predictions of a set of so-called base regressors using a
voting system [54], as we can see in Figure 4. Probably the
three most popular ensemble techniques are Bagging [55],
Boosting [56], and Random Subspaces [53]. For Bagging and
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base regressors with low correlations between them. In total,
we have used five ensemble regression techniques of the state
of the art for regression, two variants of Bagging, one variant
of Boosting, and Random Subspaces. The list of ensemble
methods used in the experimentation is enumerated below.

×1

≤60

>60

×5

LM 1

y1 =

−2079.6469∗x1
+7097.6312∗x2
−265.8774∗x3
+598.9864∗x5
−570.5179∗x7
+501166.2636

LM 2

y1 =

−1164.9482∗x1
+3087.0216∗x2
+254.6212∗x3
+962.7808∗x5
−287.9248∗x7
−0.5008∗x9
+330669.5834

≤69

>69

LM 3

y1 =
−1164.9482∗x1
+1652.8734∗x3
+703.4302∗x5
−53.9148∗x7
−1.497∗x9
+523165.0737

Figure 3: Model of the measured volume with a model tree.

Boosting, the ensemble regressor is formed from a set of
weak base regressors, trained by applying the same learning
algorithm to different sets obtained from the training set.
In Bagging, each base regressor is trained with a dataset
obtained from random sampling with replacement [55] (i.e.,
a particular instance may appear repeated several times or
may not be considered in any base regressor). As a result,
the base regressors are independent. However, Boosting uses
all the instances and a set of weights to train each base
regressor. Each instance has a weight pointing out how
important it is to predict that instance correctly. Some base
regressors can take weights into account (e.g., decision trees).
Boosting trains base regressors sequentially, because errors
for training instances in the previous base regressor are
used for reweighting. The new base regressors are focused
on instances that previous base regressors have wrongly
predicted. The voting system for Boosting is also weighted by
the accuracy of each base regressor [57].
Random Subspaces follow a different approach: each
base regressor is trained in a subset of fewer dimensions
than the original space. This subset of features is randomly
chosen for all regressors. This procedure is followed with the
intention of avoiding the well-known problem of the curse of
dimensionality that occurs with many regressors when there
are many features as well as improving accuracy by choosing

(i) Bagging is in its initial formulation for regression.
(ii) Iterated Bagging combines several Bagging ensembles, the first one keeping to a typical construction and
the others using residuals (differences between the
real and the predicted values) for training purposes
[58].
(iii) Random Subspaces are in their formulation for
regression.
(iv) AdaBoost.R2 [59] is a boosting implementation for
regression. Calculated from the absolute errors of
each training example, 𝑙(𝑖) = |𝑓𝑅 (𝑥𝑖 ) − 𝑦𝑖 |, the socalled loss function, 𝐿(𝑖), was used to estimate the
error of each base regressor and to assign a suitable
weight to each one. Let Den be the maximum value
of 𝑙(𝑖) in the training set; then three different loss
functions are used: linear, 𝐿 𝑙 (𝑖) = 𝑙(𝑖)/Den, square,
𝐿 𝑆 (𝑖) = [𝑙(𝑖)/Den]2 , and exponential, 𝐿 𝐸 (𝑖) = 1 −
exp(−𝑙(𝑖)/Den).
(v) Additive regression is this regressor that has a learning algorithm called Stochastic Gradient Boosting
[60], which is a modification of Adaptive Bagging, a
hybrid Bagging Boosting procedure intended for least
squares fitting on additive expansions [60].
3.4. k-Nearest Neighbor Regressor. This regressor is the most
representative algorithm among the instance-based learning.
These kinds of methods forecast the output value using stored
values of the most similar instances of the training data [61].
The estimation is the mean of the k most similar training
instances. Two configuration decisions have to be taken:
(i) how many nearest neighbors to use to forecast the
value of a new instance?
(ii) which distance function to use to measure the similarity between the instances?
In our experimentation we have used the most common
definition of the distance function, the Euclidean distance,
while the number of neighbors is optimized using crossvalidation.
3.5. Support Vector Regressor. This kind of regressor is based
on a parametric function, the parameters of which are
optimized during the training process, in order to minimize
the RMSE [62]. Mathematically, the goal is to find a function,
𝑓(𝑥), that has the most deviation, 𝜖, from the targets that
are actually obtained, 𝑦𝑖 , for all the training data, and at the
same time is as flat as possible. The following equation is an
example of SVR with the particular case of a linear function,
called linear SVR, where ⟨⋅, ⋅⟩ denotes the inner product in
the input space, 𝑋:
𝑓 (𝑥) = ⟨𝑤, 𝑥⟩ + 𝑏 with 𝑤 ∈ 𝑋, 𝑏 ∈ 𝑅.

(6)

Journal of Applied Mathematics

7

Level 2:
output

Final prediction

Voting system

Base regressor 1

Base regressor 2

Base regressor n

y = f(x)

X
···

Y
···

X
X1
···
Xm

Y
Y1
···
Ym

Y
···

X
···

Y
···
Level 0:
original data

X
···

Level 1:
base regressors

∑

Figure 4: Ensemble regressor architecture.

The norms of 𝑤 have to be minimized to find a flat function, but in real data solving this optimization problem can be
unfeasible. In consequence, Boser et al. [37] introduced three
terms into the formulation: the slack variables 𝜉, 𝜉∗ and C, a
trade-off parameter between the flatness and the deviations
of the errors larger than 𝜖. In the following equation, the
optimization problem is shown that is associated with a linear
SVR:
minimize

𝑙
1
‖𝑤‖2 + 𝐶∑ (𝜉𝑖 + 𝜉𝑖∗ )
2
𝑖=1

s.t.

𝑦𝑖 − ⟨𝑤, 𝑥𝑖 ⟩ − 𝑏 ≤ 𝜖 + 𝜉𝑖

(7)

⟨𝑤, 𝑥𝑖 ⟩ + 𝑏 − 𝑦𝑖 ≤ 𝜖 + 𝜉𝑖∗
𝜉𝑖 , 𝜉𝑖∗ ≥ 0.
We have an optimization problem of the convex type
that is solved in practice using the Lagrange method. The
equations are rewritten using the primal objective function
and the corresponding constraints, a process in which the socalled dual problem (see (8)) is obtained as follows:
maximize

−

1 𝑙
∑ (𝛼 − 𝛼𝑖∗ ) (𝛼𝑗 − 𝛼𝑗∗ ) ⟨𝑥𝑖 , 𝑥𝑗 ⟩
2 𝑖,𝑗=1 𝑖
𝑙

𝑙

𝑖=1

𝑖=1

− 𝜖∑ (𝛼𝑖 + 𝛼𝑖∗ ) + ∑𝑦𝑖 (𝛼𝑖 − 𝛼𝑖∗ )

3.6. Artificial Neural Networks. We used the multilayer perceptron (MLP), the most popular ANN variant [64], in our
experimental work. It has been demonstrated to be a universal approximator of functions [65]. ANNs are a particular case
of neural networks, the mathematical formulation of which
is inspired by biological functions, as they aim to emulate
the behavior of a set of neurons [64]. This network has three
layers [66], one with the network inputs (features of the data
set), a hidden layer, and an output layer where the prediction
is assigned to each input instance. Firstly the output of the
hidden layer, 𝑦hide , is calculated from the inputs, and then the
output, 𝑦hide , is obtained according to the expressions shown
in the following equation [66]:

𝑦hide = 𝑓net (𝑊1 𝑥 + 𝐵1 )
𝑦output = 𝑓output (𝑊2 𝑦hide + 𝐵2 ) ,
(8)

𝑙

s.t

Instead of calculating the inner products in the original
feature space, a kernel function, 𝑘(𝑥, 𝑥 ), that computes the
inner product in a transformed space was defined. This kernel
function has to satisfy the so-called Mercer’s conditions [63].
In our experimentation, we have used the two most popular
kernels in the literature [40]: linear and radial basis.

∑ (𝛼𝑖 − 𝛼𝑖∗ ) = 0
𝑖=1

𝛼𝑖 , 𝛼𝑖∗ ∈ [0, 𝐶] .
From the expression in (8), it is possible to generalize
the formulation of the SVR in terms of a nonlinear function.

(9)

where 𝑊1 is the weight matrix of the hidden layer, 𝐵1 is the
bias of the hidden layer, 𝑊2 is the weight matrix of the output
layer (e.g., the identity matrix in the configurations tested), 𝐵2
is the bias of the output layer, 𝑓net is the activation function
of the hidden layer, and 𝑓output is the activation function of
the output layer. These two functions depend on the chosen
structure but are typically the identity for the hidden layer and
𝑡𝑎𝑛𝑠𝑖𝑔 for the output layer [66].
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Table 6: Methods notation.

Bagging
Iterated Bagging
Random Subspaces
Adaboost.R2
Additive Regression
REPTree
M5P Model Tree
Support Vector Regressor
Multilayer Perceptron
𝑘-Nearest Neighbor Regressor
Linear Regression

BG
IB
RS
R2
AR
RP
M5P
SVR
MLP
𝑘NN
LR

4. Results and Discussion
We compared the RMSE obtained for the regressors in
a 10 × 10 cross-validation, in order to choose the method that
is most suited to model this industrial problem. The experiments were completed using the WEKA [20] implementation
of the methods described above.
All the ensembles under consideration have 100 base
regressors. The methods that depend on a set of parameters
are optimized as follows:
(i) SVR with linear kernel: the trade-off parameter, 𝐶, in
the range 2–8;
(ii) SVR with radial basis kernel: 𝐶 from 1 to 16 and the
parameter of the radial basis function, gamma, from
10−5 to 10−2 ;
(iii) multilayer perceptron: the training parameters
momentum, learning rate, and number of neurons are
optimized in the ranges 0.1–0.4, 0.1–0.6, and 5–15;
(iv) kNN: the number of neighbours is optimized from 1
to 10.
The notation used to describe the methods is detailed in
Table 6.
Regarding the notation, two abbreviations have been used
besides those that are indicated in Table 6. On the one hand,
we used the suffixes “L,” “S,” and “E” for the linear, square, and
exponential loss functions of Adaboost.R2, and, on the other
hand, the trees that are either pruned (𝑃) or unpruned (𝑈)
appear between brackets. Tables 7, 8, and 9 set out the RMSE
of each of the 14 outputs for each method.
Finally, a summary table with the best methods per output
is shown. The indexes of the 39 methods that were tested are
explained in Tables 10 and 11, and in Table 12 the method
with minimal RMSE is indicated, according to the notation
for these indexes. In the third column, we also indicate
those methods that have larger RMSE, but, using a corrected
resampled t-test [67], the differences are not statistically significative at a confidence level of 95%. Analyzing the second
column of Table 12, among the 39 configurations tested,
only 4 methods obtained the best RMSE for one of the 14
outputs: Adaboost.R2 with exponential loss and pruned M5P
as base regressors—index 26—(5 times), SVR with radial

basis function kernel—index 6—(4 times), Iterated Bagging
with unpruned M5P as base regressors—index 15—(4 times),
and Bagging with unpruned RP as the base regressor - index
9—(1 time).
The performance of each method may be ranked. Table 13
presents the number of significative weaker performances of
each method, considering the 14 outputs modeled. The most
robust method is Iterated Bagging with unpruned M5P as
base regressors - index 15 -, as in none of the 14 outputs was
it outperformed by other methods. Besides selecting the best
method, it is possible to obtain some additional conclusions
from this ranking table.
(i) Linear models like SVR linear—index 5— and LR—
index 3—do not fit the datasets in the study very well.
Both methods are ranked together at the middle of the
table. The predicted variables therefore need methods
that can operate with nonlinearities.
(ii) SVR with Radial Basis Function Kernel—index 6—
is the only nonensemble method with competitive
results, but it needs to tune 2 parameters. MLP—index
7—is not a good choice. It needs to tune 3 parameters
and is not a well-ranked method.
(iii) For some ensemble configurations, there are differences in the number of statistically significative
performances between the results from pruned and
unpruned trees, while in other cases these differences do not exist; in general, though, the results
of unpruned trees are more accurate, specially with
the top-ranked methods. In fact, the only regressor
which is not outperformed by other methods in
any output has unpruned trees. Unpruned trees are
more sensitive to changes in the training set. So,
the predictions of unpruned trees, when their base
regressors are trained in an ensemble, are more likely
to output diverse predictions. If the predictions of all
base regressors agreed there would be little benefit in
using ensembles. Diversity balances faulty predictions
by some base regressors with correct predictions by
others.
(iv) The top-ranked ensembles use the most accurate base
regressor (i.e., M5P). All M5P configurations have
fewer weaker performances than the corresponding
RP configuration. In particular, the lowest rank was
assigned to the AR - RP configurations, while AR M5P
U came second best.
(v) Ensembles that lose a lot of information, such as RS,
are ranked at the bottom of the table. The table shows
that the lower the percentage of features RS use, the
worse they perform. In comparison to other ensemble
methods, RS is a method that is very insensitive to
noise, so it can point to data that are not noisy.
(vi) In R2 M5P ensembles, the loss function does not
appear to be an important configuration parameter.
(vii) IB M5P U is the only configuration that never had
significant losses when compared with the other
methods.
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Table 7: Root mean squared error 1/3.

RP
M5P
LR
𝑘NN
SVR linear
SVR radial basis
MLP
BG RP P
BG RP U
BG M5P P
BG M5P U
IB RP P
IB RP U
IB M5P P
IB M5P U
R2-L RP P
R2-L RP U
R2-L M5P P
R2-L M5P U
R2-S RP P
R2-S RP U
R2-S M5P P
R2-S M5P U
R2-E RP P
R2-E RP U
R2-E M5P P
R2-E M5P U
AR RP P
AR RP U
AR M5P P
AR M5P U
RS 50% RP P
RS 50% RP U
RS 50% M5P P
RS 50% M5P U
RS 75% RP P
RS 75% RP U
RS 75% M5P P
RS 75% M5P U

Volume
216482.27
210773.29
197521.89
193756.62
197894.5
200774.24
207646.99
200212.92
205290.8
200636.57
197546.75
202767.85
219388.93
197833.83
195154.16
191765.23
206369.82
186843.92
181587.4
193908.39
200453.21
173117.72
173914.36
192529.31
205920.86
171056.22
172948.95
215750.39
274467.43
208805.84
194572.79
200526.36
201946.24
201013.27
199166.84
199270.03
207845.67
199648.96
197420.35

Depth
26.89
23.01
23.84
23.57
24.19
18.85
22.98
21.49
19.98
20.61
19.5
22.05
21.7
20.8
19.65
22.27
21.71
20.81
20.51
23.03
21.21
20.83
20.87
22.59
21.44
21.25
21.32
25.51
24.71
22.27
19.58
26.58
25.33
26.6
25.65
23.33
21.61
23.55
22.11

Once the best data-mining technique for this industrial
task is identified, the industrial implementation of these
results can follow the procedure outlined below.
(1) The best model is run to predict one output, by
changing two input variables of the process in small
steps and maintaining a fixed value for the other
inputs.
(2) 3D plots of the output related to the two varied inputs
should be generated. The process engineer can extract
information from these 3D plots on the best milling
conditions.

Width
5.81
4.51
7.04
5.42
7.07
4.38
4.7
4.97
4.66
4.43
4.31
4.87
5.01
4.42
4.3
4.94
5.25
4.37
4.34
5.1
5.11
4.49
4.52
5.02
5.22
4.53
4.55
5.42
5.83
4.44
4.51
5.68
5.35
5.38
5.39
5.27
5.04
4.65
4.6

Length
5.79
5.53
14.73
6.84
16.23
5.35
5.39
5.08
4.9
5.27
5.38
5.14
5.11
4.88
4.78
5.07
5.29
4.84
4.84
5.18
5.31
4.71
4.72
5.07
5.21
4.66
4.67
5.56
6.15
5.08
4.94
7.74
7.54
15.42
15.45
5.98
6.25
8.29
8.39

MRR
17166.73
16076.33
15015.93
15842.42
14800.32
14603.37
16292.43
15526.79
15603.89
15293.92
15022.1
15677.57
15911.96
15318.01
14830.83
15788.47
17004.31
15031.37
15209.01
16007.43
16401.24
15070.05
15245.81
15854.03
17318.45
15078.01
15090.23
17249.82
18628.28
16076.5
15538.29
15854.27
15669.28
15402.77
15349.84
15861.58
16251.64
15227.87
15295.71

As an example of this methodology, the following case
was built. Two Iterated Bagging ensembles with unpruned
M5P as their base regressors are built for two outputs, the
width and the depth errors, respectively. Then, the models
were run by varying two inputs in small steps across the
test range: pulse intensity (PI) and scanning speed (SS). This
combination of inputs and outputs presents an immediate
interest from the industrial point of view because, in a
workshop, the DES geometry is fixed by the customer and
the process engineer can only change three parameters of the
laser milling process (pulse frequency (PF), scanning speed,
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Table 8: Root mean squared error 2/3.
Volume error

Depth error

Width error

Length error

MRR error

RP

216875.74

30.66

5.91

5.62

16355.57

M5P

214500.91

19.8

6.19

5.09

16009.84

LR

197521.93

23.92

6.76

14.67

14963.09

𝑘NN

193696.36

23.69

4.98

6.6

14636.51

SVR linear

197817.88

24.17

7.1

16.23

14784.77

SVR radial basis

200785.96

18.98

4.42

5.37

14504.61

MLP

206753.61

21.96

4.93

5.37

17382.69

BG RP P

201037.57

23.18

4.62

4.98

15122.57

BG RP U

205341.53

21.6

4.4

4.87

15327.2

BG M5P P

200594.31

19.66

5.32

5.08

15162.5

BG M5P U

197575.49

19.19

5.22

5.15

14860.54

IB RP P

207848

23.05

4.78

5.18

15525.56

IB RP U

216631.14

23.79

4.79

5.2

16532.31

IB M5P P

201450.65

19.73

4.44

4.71

15177.67

IB M5P U

198261.22

19.44

4.33

4.58

14933.58

R2-L RP P

201365.5

24.08

4.64

5.03

15442.66

R2-L RP U

208500.97

23.95

4.87

5.38

16778.3

R2-L M5P P

184799.5

20.61

4.68

4.77

14732.4

R2-L M5P U

183740.85

20.71

4.7

4.81

14817.65

R2-S RP P

195592.43

24.75

4.65

5.24

16107.62

R2-S RP U

201017.69

22.87

4.71

5.39

15871.67

R2-S M5P P

172775.15

21.09

4.53

4.72

14459.98

R2-S M5P U

173892.35

20.88

4.52

4.74

14497.38

R2-E RP P

195657.69

24.26

4.62

5.12

15645.02

R2-E RP U

206275.71

24.38

4.82

5.35

16721.26

R2-E M5P P

172196.89

21.61

4.57

4.75

14324.48

R2-E M5P U

173356.89

21.61

4.58

4.79

14371.36

AR RP P

214978.3

27.77

5.49

5.43

16208.07

AR RP U

271926.55

27.43

5.29

6.1

20571.27

AR M5P P

211329.63

19.8

4.55

4.66

15995.84

AR M5P U

195497.5

19.55

4.78

4.82

15448.38

RS 50% RP P

200775.17

28.54

5.41

6.93

15217.65

RS 50% RP U

202354.2

26.84

5.24

6.94

15074.78

RS 50% M5P P

201054.45

25.91

5.98

11.81

15387.34

RS 50% M5P U

199246.1

25.61

5.79

11.75

14940.89

RS 75% RP P

199501.89

25.86

4.9

5.73

15165.01

RS 75% RP U

206467.56

24.5

4.75

6.06

15743.5

RS 75% M5P P

200160.47

22.05

5.76

6.66

15185.2

RS 75% M5P U

197431.78

21.79

5.53

6.75

14729.75

and pulse intensity). In view of these restrictions, the engineer
will wish to know the expected errors for the DES geometry
depending on the laser parameters that can be changed.
The rest of the inputs for the models (DES geometry) are
fixed at 70 𝜇m depth, 65 𝜇m width, and 0 𝜇m length, and

PF is fixed at 45 KHz. Figure 5 shows the 3D plots obtained
from these calculations, allowing the process engineer to
choose the following milling conditions: SS in the range of
325–470 mm/s and PI in the range of 74–91% for minimum
errors in DES depth and width.
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Table 9: Root mean squared error 3/3.

Volume relative error
0.3
0.3
0.27
0.27
0.27
0.28
0.29
0.28
0.29
0.28
0.27
0.29
0.3
0.28
0.28
0.27
0.29
0.25
0.26
0.27
0.28
0.24
0.24
0.27
0.29
0.24
0.24
0.3
0.38
0.29
0.27
0.28
0.28
0.28
0.28
0.28
0.29
0.28
0.27

RP
M5P
LR
𝑘NN
SVR linear
SVR radial basis
MLP
BG RP P
BG RP U
BG M5P P
BG M5P U
IB RP P
IB RP U
IB M5P P
IB M5P U
R2-L RP P
R2-L RP U
R2-L M5P P
R2-L M5P U
R2-S RP P
R2-S RP U
R2-S M5P P
R2-S M5P U
R2-E RP P
R2-E RP U
R2-E M5P P
R2-E M5P U
AR RP P
AR RP U
AR M5P P
AR M5P U
RS 50% RP P
RS 50% RP U
RS 50% M5P P
RS 50% M5P U
RS 75% RP P
RS 75% RP U
RS 75% M5P P
RS 75% M5P U

Depth relative error
0.54
0.33
0.43
0.38
0.44
0.29
0.34
0.4
0.36
0.32
0.31
0.38
0.38
0.32
0.3
0.39
0.38
0.32
0.32
0.39
0.38
0.32
0.33
0.4
0.38
0.33
0.33
0.47
0.44
0.33
0.29
0.48
0.44
0.43
0.42
0.45
0.41
0.36
0.35

Table 10: Index notation for the nonensemble methods.
1
2
RP M5P

3
LR

4
𝑘NN

5
SVR linear

6
SVR radial basis

7
MLP

5. Conclusions
In this study, extensive modeling has been presented with
different data-mining techniques for the prediction of geometrical dimensions and productivity in the laser milling

Width relative error
0.04
0.04
0.05
0.04
0.05
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.05
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04
0.04

Length relative error
0.09
0.09
0.13
0.1
0.15
0.1
0.1
0.08
0.08
0.09
0.09
0.09
0.09
0.09
0.09
0.08
0.1
0.09
0.09
0.09
0.1
0.1
0.1
0.09
0.11
0.1
0.1
0.09
0.11
0.09
0.09
0.09
0.09
0.09
0.09
0.08
0.08
0.09
0.09

of microcavities for the manufacture of drug-eluting stents.
Experiments on 316L Stainless Steel have been performed to
provide data for the models. The experiments vary most of
the process parameters that can be changed under industrial
conditions: scanning speed, laser pulse intensity, and laser
pulse frequency; moreover 2 different geometries and 3 different sizes were manufactured within the experimental test to
obtain informative data sets for this industrial task. Besides,
a very extensive analysis and characterization of the results
of the experimental test were performed to cover all the
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Table 11: Index notation for the ensemble methods.

RP P
RP U
M5P P
M5P U

BG
8
9
10
11

IB
12
13
14
15

R2-L
16
17
18
19

R2-S
20
21
22
23

R2-E
24
25
26
27

Table 12: Summary table.
Best
method
Volume

26

Depth

6

Width

15

Length

26

MRR

6

Statistically equivalent
3, 4, 5, 6, 7, 11, 14, 15, 16, 18, 19
20, 22, 23, 27, 31, 35, 38, 39
9, 10, 11, 13, 14, 15, 17, 18, 19, 21, 22
23, 25, 31
2, 6, 7, 9, 10, 11, 12, 14, 18, 19, 22
23, 26, 27, 30, 31, 39
4, 6, 9, 12, 13, 14, 15, 16, 17, 18, 19
22, 23, 24, 25, 27, 30, 31, 37
2, 3, 4, 5, 7, 8, 9, 10, 11, 12, 13
14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24
25, 26, 27, 30, 31, 32, 33, 34, 35, 36, 38, 39

Volume
error

26

Depth error

6

Width error

15

Length

15

3, 4, 5, 6, 10, 11, 15, 18, 19, 22, 23
27, 31, 34, 35, 36, 38, 39
2, 10, 11, 14, 15, 18, 19, 22, 23, 26, 27
30, 31
6, 8, 9, 12, 13, 14, 16, 17, 18, 19, 20
21, 22, 23, 24, 25, 26, 27, 30, 37

26

30, 31
13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23
24, 25, 27, 28, 30, 31, 32, 33, 34, 35, 36
37, 38, 39

Volume
relative error

26

Depth
relative error

6

Width
relative error

15

Length
relative error

9

RS 50%
32
33
34
35

RS 75%
36
37
38
39

Table 13: Methods ranking.
Indexes
15
31
6, 14, 18, 19,
22, 23

Methods

IB M5P U
AR M5P U
SVR radial basis, IB M5P P, R2-L M5P P,
R2-L M5P U, R2-S M5P P, and R2-S M5P
U
11, 26, 27
BG M5P U, R2-E M5P P, and R2-E M5P U
10, 30
BG M5P P and AR M5P P
9
BG RP U
39
RS 75% M5P U
2, 4, 16, 38
M5P, 𝑘NN, R2-L RP P, and RS 75% M5P P
12, 13, 35
IB RP P, IB RP U, and RS 50% M5P U
LR, SVR linear, BG RP P, R2-L RP U,
3, 5, 8, 17, 20,
24, 25, 34, 36 R2-S RP P, R2-E RP P, R2-E RP U,
RS 50% M5P P, and RS 75 % RP P
7, 21, 37
MLP, R2-S RP U, and RS 75% RP U
32, 33
RS 50% RP P and RS 50% RP U
1, 28
RP and AR RP P
29
AR RP U

Number
of
defeats
0
1
2
3
4
5
6
7
8
9
10
11
12
14

4, 8, 9, 14, 16, 18, 19, 22, 23, 26, 27
1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12

MRR error

AR
28
29
30
31

3, 4, 5, 6, 10, 11, 15, 18, 19, 22, 23
27, 31, 34, 35, 36, 38, 39
2, 10, 11, 14, 15, 18, 19, 22, 23, 26, 27
30, 31
2, 6, 7, 9, 10, 11, 14, 24, 30, 31, 38, 39
1, 2, 8, 10, 11, 12, 13, 14, 15, 16, 20
28, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39

possible optimization strategies that industry might require
for DES manufacturing: from high-productivity objectives to
high geometrical accuracy in just one geometrical axis. By
doing so, 14 data sets were generated, each of 162 instances.

The experimental test clearly outlined that the geometry
of the feature to be machined will affect the performance
of the milling process. The test also shows that it is not
easy to find the proper combination of process parameters
to achieve the final part, which makes it clear that the
laser micromilling of such geometries is a complex process
to control. Therefore the use of data-mining techniques is
proposed for the prediction and optimization of this process.
Each variable to predict was modelled by regression methods
to forecast a continuous variable.
The paper shows an exhaustive test covering 39 regression
method configurations for the 14 output variables. A 10 × 10
cross-validation was used in the test to identify the methods
with a relatively better RMSE. A corrected resampled t-test
was used to estimate significative differences. The test showed
that ensemble regression techniques using M5P unpruned
trees gave a better performance than other well-established
soft computing techniques such as ANNs and Linear Regression techniques. SVR with Radial Basis Function Kernel
was also a very competitive method but required parameter
tuning. We propose the use of an Iterated Bagging technique
with an M5P unpruned tree as a base regressor, because its
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Figure 5: 3D plots of the predicted depth and width’s errors from
the Iterated Bagging ensembles.

RMSE was never significantly worse than the RMSE of any of
the other methods for any of the 14 variables.
Future work will consider applying the experimental
procedure to different polymers, magnesium, and other
biodegradable and biocompatible elements, as well as to
different geometries of industrial interest other than DES,
such as microchannels. Moreover, as micromachining is a
complex process where many variables play an important role
in the geometrical dimensions of the machined workpiece,
the application of visualization techniques, such as scatter
plot matrices and start plots, to evaluate the relationships
between inputs and outputs will help us towards a clearer
understanding of this promising machining process at an
industrial level.
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The lightweight design of the outer tie rod installed on an electrical vehicle was achieved through material selection and optimization
technique. The aluminum alloy Al6082M was selected as a steel-substitute, and its structural shape was optimized by applying
metamodel-based optimization. In this process, finite element analysis was performed to predict the structural responses, such as
buckling resistance and fatigue life. First, for an arbitrary base design made of steel, the structural responses were calculated. Then,
the design variables were defined to find a lightweight design made of Al6082M. Secondly, metamodel-based optimization based
on the kriging interpolation method was applied, leading to determination of an optimum design. The suggested optimum design
has the minimum weight satisfying the critical design requirement. Finally, the numerical results of the buckling resistance and
fatigue life were validated, through bucking and fatigue tests.

1. Introduction
The current trend of the structural design of automobile
parts is towards lightweight design. Lightweight automobile
parts can be developed by selecting steel substitutes, such as
aluminum, magnesium, plastic, or composite material, applying manufacturing technology and/or adopting optimization
techniques [1–3]. Lower weight requires lower energy consumption. In particular, the realization of lightweight design
in electrical vehicles gives rise to an ecofriendly vehicle with
high efficiency. The importance of lightweight design in the
automotive industry has increased, due to the consistently
tightening regulations for protecting the environment [3, 4].
There have been many cases of lightweight structural
design in body and chassis parts during the past 20∼30 years.
Among the parts of suspension and steering systems, there
have been many cases of lightweight design application for
the control arm or knuckle, but there are very few cases for
the outer tie rod [5]. This is because the OTR is relatively
much lighter than the other parts. However, along with recent
trends, car makers and parts manufacturers are interested
in lightweight design of the OTR. That is why some parts
are developed with their target weight predetermined in

units of gram-force during the proto-design stage [3, 5].
Furthermore, consistent lightweight design is an essential
means of extending the driving range of electric vehicles [4].
In this study, a lightweight design of the OTR for an
electrical vehicle is suggested, by substituting SM45C with
Al6082M and applying optimization techniques, considering
the buckling and durability performance. The structural
responses of buckling and durability are considered in the
structural design process of the outer tie rod. Usually, since
the buckling is the critical performance, only the buckling is
included in the optimization process. Then, after an optimum
design is determined, the durability analysis is performed, to
investigate whether the suggested design satisfies its criterion.
The most exact method to determine the optimum
design is to utilize the sensitivity information of responses
and a gradient-based algorithm, since it can provide one
design satisfying the K-T necessary condition. In contrast,
a metamodel-based optimization method is suitable for
problems of structural design requiring much computation time, difficult computational sensitivity problems, or
problems having a wavy response function, even though it
cannot give the K-T point [3, 5]. The optimization problem
of the OTR belongs to this category. Thus, this research
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(a) CAD model

(b) FE model

Figure 1: The base model of steel OTR.

OTR

ITR
𝛿

A

B

z

y

x

C
All fixed dofs

Figure 2: Loading condition for buckling analysis.

Step: 0

adopts metamodel-based optimization, to find an optimum
design of the OTR. It is known that the kriging metamodel
provides accurate predictions of highly nonlinear responses.
The design process using the kriging metamodel is as follows
[6, 7]. First, the DOE using Latin hypercube design is carried
out, to define the design samples. Second, buckling analysis is
performed for as many as the number of sample points. Third,
surrogate models of the related responses are built. Thus, the
responses of weight and buckling resistance force are replaced
by kriging metamodels. It is easy to solve the approximated
formulation, since all the responses are replaced by simple
mathematical equations. Thus, it is not important to select an
algorithm to solve the formulation in this step. As a final step,
an optimum design is calculated, by considering formulation.
Then, the fatigue life of the suggested optimum design is
calculated.
For the validation of the suggested optimum design, buckling and fatigue tests were performed. The design of the
OTR was done using CATIA [8], MSC. Nastran [9], and MSC.
Fatigue [10] for the durability analysis and Abaqus [11] for the
buckling analysis.

2. Base Design of the Steel OTR
The OTR is a part that belongs to the steering system changing directions, according to the motion of the steering wheel.
Going from steering wheel to steering gear, pitman arm,
relay rod, and ITR (inner tie rod), steering power is finally
delivered to the wheel through the knuckle after passing
through the OTR [5]. The ITR is attached to the OTR and is
served as pivot point for the steering gear. The base design of
the OTR and its structural analysis were executed for SM45C
early on during this car program. However, its material was
changed to Al6082M to reduce the weight more. Thus, the
structural analysis of the steel OTR was investigated in the
early proto-design stage.

Step: 10

Step: 50

Step: 100

Figure 3: Buckling analysis result of steel OTR.

The CAD model and FE model of the initial design are
shown in Figure 1. The weight of the steel OTR without bolt
and nut was about 378 g. Usually, buckling is the most critical
performance in the structural design of an OTR. That is, if
the constraint related to buckling is satisfied, the rest of the
structural constraints lie in their allowable values. Thus, in
this study, only the buckling is included in the optimization
process.
The loading condition for buckling analysis is shown as
Figure 2. The steel OTR is connected with the ITR at point B.
Thus, the buckling analysis was performed in the combined
state. The ITR was considered as a predetermined product,
since the part manufacturer involved is just responsible for
the design of the OTR. A load 𝛿 is applied sequentially on
point A in the 𝑦 direction, by fixing all degree of freedoms
of point C. At that time, the buckling resistance force can
be determined. The buckling resistance force is the reaction
force of point C, at the moment when the buckling is
generated. The result of the buckling analysis is represented
in Figure 3. The buckling resistance force of the steel OTR
was obtained as 32.6 kN, which satisfies the design criterion
specified by car maker A.

3. Structural Optimization of
the Aluminum OTR
3.1. Definition of Design Variable and Optimization Formulation. In general, aluminum has been selected as a
steel-substitute material to reduce the weight, since aluminum has almost one-third of the density of steel. In this
research, aluminum called Al6082M [3, 5] developed by the
part manufacturer was used to replace the steel. However,
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Figure 5: Flow chart for the structural design of Al6082M OTR.

Table 1: Material properties of SM45C and Al6082M.
Property
Yield strength (MPa)
Tensile strength (MPa)
Young’s modulus (GPa)
Density (×10−6 kg/mm3 )

SM45C
343
569
210
7.85

Al6082M
340
380
72
2.71

the strength and stiffness of aluminum have lower values than
those of steel for the same structure. Thus, it is necessary to
find an optimized shape of the OTR made of Al6082M. The
material properties of SM45C and Al6082M are summarized
in Table 1.
Based on the modified design of the steel OTR, the design
variables defining its shape are represented in Figure 4. The
design variables, 𝑥1 and 𝑥2 , are related to the shape of its neck,
defining the radius curvatures, while the design variables, 𝑥3
and 𝑥4 , are related to the length and sectional size of the
straight part. In Figure 4, the values of [𝑥10 𝑥20 𝑥30 𝑥40 ]𝑇 are
[23∘ 23∘ 58 mm 18.5 mm]𝑇 .
The optimization problem determining its optimum
shape can be formulated as
Minimize

𝑊 (x)

(1)

subject to

𝐹𝑅 (x) ≥ 𝐹0

(2)

x𝐿 ≤ x ≤ x 𝑈 ,

(3)

where x = [𝑥1 𝑥2 𝑥3 𝑥4 ]𝑇 , x𝐿 = [0∘ 0∘ 0 mm 0 mm]𝑇 , x𝑈 =
[9.0∘ 3.0∘ 15.0 mm 2.0 mm]𝑇 , 𝑊 is the weight of the aluminum
OTR, 𝐹𝑅 is its buckling load, and 𝐹0 is the allowable value.
Shape optimization based on the sensitivity information
makes the setting of a shape variable difficult and distorts
the finite elements in the optimization process [2, 3, 5, 6]. In
addition, a number of nonlinear analyses are performed in
an optimization process to solve (1)∼(3), and the iterations

may not be terminated. Accordingly, it is more realistic that
optimization is carried out by replacing the buckling load, 𝐹𝑅
appearing in (2), with the metamodel. There are methods that
generate a surrogate model, such as a response surface model,
kriging, a neural network, and others. The present research
utilizes the kriging metamodel, suitable for prediction of
a highly nonlinear function [5, 6]. When an approximate
model is used, the objective and constraint functions in (1)∼
(2) can be replaced as follows:
Minimize

̂ (x)
𝑤

(4)

subject to

̂𝑅 ≥ 𝐹0 ,
𝐹

(5)

where ∧ means the metamodel of a response.
The buckling load should be larger than the limit, 25.0 kN.
However, the allowable value of 𝐹0 in (5) was set to 27.0 kN
to compensate the discrepancy between numerical result and
true response.
3.2. Application of Kriging Method to the Aluminum OTR.
The flow chart for the structural design of the aluminum
OTR is shown as in Figure 5 [7]. First, the DOE (design of
experiments) is carried out to define the design samples. As
a sampling method, the Latin hypercube design built into
Matlab was utilized. In this step, the number of sample points
was 50, which was determined by experience [2, 3, 5, 6].
Second, FE analysis using the Abaqus [6] was performed,
with a number of sample points. The FE analysis on each
row was carried out. The sample points and their responses
are summarized in Table 2. Third, the kriging models of the
weight and the buckling load were built. Thus, (4) and (5)
could be solved by applying the GRG (generalized reduced
gradient) algorithm.
In the kriging model, the global approximation model
̂ for a response 𝑓(x) is represented as
𝑓(x)
̂ ,
𝑓̂ (x) = 𝛽̂ + r𝑇 (x) R−1 (f − 𝛽i)

(6)
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Table 2: Design of experiments using LHD.
∘

Exp. number
1
2
3
4
..
.
49
50

𝑥1 ( )
0.2
5.4
7.1

𝑥2 (∘ )
1.8
2.0
1.0

𝑥3 (mm)
11.1
1.9
5.8

..
.
3.5
1.4

..
.
2.3
1.8

..
.
14.0
5.3

𝑥4 (mm)
1.5
0.1
0.2
0.8
..
.
0.2
0.9

𝐹𝑅 (N)
26,083
26,821
28,825
26,380
..
.
26,429
26,961

25000

Reaction force (N)

20000
1760

15000

1.76+

cycles

10000
5000
Z

Y

0
X

0

50

100
Step

150

200

𝑊 (g)
135.1
143.5
143.1
139.0
..
.
136.2
140.0
1.00 + 020
9.33 + 019
8.67 + 019
8.00 + 019
7.33 + 019
6.67 + 019
6.00 + 019
5.33 + 019
4.67 + 019
4.00 + 019
3.33 + 019
2.67 + 019
2.00 + 019
1.33 + 019
6.67 + 018
1.76 + 003

(b) Durability analysis result

(a) Buckling analysis result

Figure 6: Buckling and durability analysis result of optimum Al6082M OTR.

where R−1 is the inverse of the correlation matrix R, r is the
correlation vector, f is the 𝑛𝑠 observed data vector, and i is the
unit vector. The correlation matrix and correlation vector are
defined as
𝑛
 𝑗
2
𝑅 (x𝑗 , x𝑘 ) = Exp [− ∑ 𝜃𝑖 𝑥𝑖 − 𝑥𝑖𝑘  ] ,
𝑖=1

(7)

(𝑗 = 1, . . . , 𝑛𝑠 , 𝑘 = 1, . . . , 𝑛𝑠 ) ,
𝑇

r (x) = [R (x, x(1) ) , R (x, x(2) ) , . . . , R (x, x(𝑛𝑠 ) )] ,
where the number of observed data is 50, and the number of
design variables is 4 in this study.
The unknown parameters 𝜃1 , 𝜃2 , . . . , 𝜃𝑛 are obtained from
the following equation:
maximize −

𝜎2 ) + ln |R|]
[𝑛𝑠 ln (̂
2

,

(8)

where 𝜃𝑖 (𝑖 = 1, 2, . . . , 𝑛) > 0. To solve (8), the GRG algorithm
built into EXCEL was utilized. The Kriging interpolation
method is well explained in [2, 3, 12–14].
3.3. Optimum Design Result and Durability Analysis. This
research utilized an in-house program [3] to solve the

optimization problem defined in (3)∼(5). The optimizer of
the in-house program is the GRG method, which is an optimization algorithm built into the EXCEL program. The
optimum parameters were investigated by changing more
than 10 initial values. Then, the metamodels were built, by
setting the weight and reaction force as response values.
For the kriging models of weight and buckling load,
their optimum parameters are summarized in Table 3. These
optimal parameters were used to find the optimum design
of (3)∼(5), and as a result, [𝑥1∗ 𝑥2∗ 𝑥3∗ 𝑥4∗ ]𝑇 = [4.24∘ 2.39∘
11.29 mm 1.86 mm]𝑇 was found, and the approximate weight
and the approximate buckling load at the optimal solution
were, respectively, 130.7 g and 27,205 N. The true weight
of the optimum design was 131.0 g. The buckling analysis
result represented as a force-displacement curve is shown in
Figure 6(a). The true buckling load of the optimum design
was calculated as 28,024 N.
For the suggested optimum design, durability analysis for
the unit of OTR was performed, to investigate the design
requirement imposed on the OTR. The loading condition
applying an equivalent load is represented as a sine curve.
The loading condition and design criterion were supplied by
car maker A. The fatigue life calculated from MSC Fatigue
is shown in Figure 6(b). The fatigue life of the suggested
optimum design was determined as 1,760 cycles, which
satisfies the design requirement specified by car maker A.
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(a) Six specimens before test

(b) Test equipment

(c) One specimen after test

Figure 7: Buckling test result.

(a) Six specimens before test

(b) Test equipment

(c) Six specimens after test

Figure 8: Fatigue test result.
Table 3: Optimal parameters of kriging models.
Response
𝑊
𝐹𝑅

𝛽
138.6 kgf
27,690 N

𝜃1
0.004
0.001

𝜃2
20.54
5.07

𝜃3
4.74
18.90

𝜃4
10.33
50.00

3.4. Buckling and Fatigue Tests. Based on the suggested optimum design, twelve specimens were made to validate the
bucking and durability performance. For the buckling test,
six specimens of the OTR connected with the ITR are shown
in Figure 7(a). The test equipment is shown in Figure 7(b),
in which the loading and boundary conditions are the same
as those of the buckling analysis. As a result, the buckling
loads were between 25,900∼27,550 N, and all of them satisfy
the criterion. Comparing the average value obtained from six
buckling loads, the simulation result has a relatively small
error, of about 5%. One specimen after the buckling test is
shown in Figure 7(c).
For the durability test, six other specimens were prepared,
as shown in Figure 8(a). The test equipment for the durability
was set up as shown in Figure 8(b). Through the test, their
fatigue lives were between 249,049 cycles and 312,659 cycles.
Those results satisfy the requirement set by car maker A. It is
found that the test results of the buckling and durability are
consistent with those of the simulations.

system of an electrical vehicle. The following conclusions can
be made from this study.
(1) The present research has succeeded in the development of a lightweight OTR, by replacing the current
OTR, whose initial model was made of steel, with an
Al6082M OTR, and applying the optimization technique. The metamodel-based optimization technique
provides a realistic optimum, even though it cannot
be considered as an exact solution. The weight of the
suggested optimum design is 131.0 g, which is 65.3%
lighter weight than the initial steel model.
(2) It is proven that the design requirements related to
the bucking and durability performance were satisfied
through the tests. For the buckling test, six specimens
were used, and their buckling loads were between
25,900∼27,550 N. In the case of the durability test, all
the fatigue lives of the six specimens exceeded the
allowable cycle.
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Thousands of victims and millions of affected people are hurt by natural disasters every year. Therefore, it is essential to prepare
proper response programs that consider early activities of disaster management. In this paper, a multiobjective model for
distribution centers which are located and allocated periodically to the damaged areas in order to distribute relief commodities
is offered. The main objectives of this model are minimizing the total costs and maximizing the least rate of the satisfaction in the
sense of being fair while distributing the items. The model simultaneously determines the location of relief distribution centers and
the allocation of affected areas to relief distribution centers. Furthermore, an efficient solution approach based on genetic algorithm
has been developed in order to solve the proposed mathematical model. The results of genetic algorithm are compared with the
results provided by simulated annealing algorithm and LINGO software. The computational results show that the proposed genetic
algorithm provides relatively good solutions in a reasonable time.

1. Introduction
It is inevitable to have an integrated scientific system for crisis’
logistics management with clearly defined functions and
duties. Optimizing logistics and relief chain can affect issues
such as relief logistics management [1]. Logistics can create
greater coordination for delivering relief commodities while
accelerating the delivery speed and reducing the response
time [2, 3]. One of the logistics subproblems with strategic
roles in a critical situation is to locate the depots and their
supply savings [2]. In the depot locating, factors such as
cost, response time, and justice in distribution have to be
considered in preparedness phase [4]. Although researches
in facilities location problems have been widely done both
theoretically and practically, the problems have not been used
in humanitarian logistics [2].
The application of operation research in disaster management programs has been one of the main issues in recent
decades. Supply chain and logistics management are recently
being used as analytical tools and techniques to provide

efficient and effective relief to people who need help in
devastated areas with optimized functions and activities.
Thus, emergency logistics management has been emerged
as a worldwide noticeable theme as disasters may occur
anytime around the world with enormous consequences. The
aim of response to disasters in humanitarian relief chains
is to provide a quick relief to the affected areas in order
to minimize the death and pain of people. Proper design
and operation of a relief chain are an essential element to
achieve an effective and efficient response, but, only in recent
years, humanitarian organizations have paid attention to its
importance [5].
In urban areas, earthquakes can cause serious damage to
inhabitance and force people to leave their homes. Therefore,
at the preparation planning phase of disaster management,
municipal authorities should consider emergency shelters,
proper equipment, and supplies for the affected people
in order to reduce the number of casualties and people’s
sufferings and bring relief to survivors [5].
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The number and location of the facilities and distribution
centers decrease the response time and the operation costs in
relief chain. Therefore, Location-Allocation is an important
issue in this process. Some of the applications of these
locations in the relief logistics problem are listed as follows:
(i) the location of critical management centers in the
city or province and the allocation of emergency
commodities such as water, food packages, and tents
from these centers to damaged areas,
(ii) Red Crescent depots’ locating and these depots allocation to damaged cities and provinces in the situation
of facing natural crisis or even war,
(iii) locating ambulance centers inside and between the
cities and provinces.
Actually in crisis management, we deal with locating process
already in preparedness and response phase. Locating process
and facility capacity determination are the two main topics
in the disaster management, and a few researches have been
focusing on this subject [6].
Barbarosoǧlu and Arda [7] modeled the transportation
planning in earthquake response by a scenario-based two
stage stochastic programming over a multicommodity and
multimodal network flow with uncertainty in demand, supply, and route capacities. The inclusion of uncertainties is
an important advance in the analysis, but the focus is still
postdisaster response. They did not consider the location of
facilities or the inventory decisions in their model. Akkihal
[8] has proposed a model for crisis management-center
location in order to manage relief items. Tzeng et al. [9]
have presented a certain multicriteria model in order to
distribute relief commodities to damaged areas considering
costs, response time, and damaged people satisfaction and
solved it by fuzzy multiobjective programming. Jia et al. [10]
presented an incapacitated facility location model to locate
emergency service facilities in the event of a large-scale
emergency.
Balcik and Beamon [2] considered the facility location
problem for humanitarian relief chains in order to respond to
quick onset disasters. Their proposed model aimed to locate
and determine the situation and the number of distribution
centers in relief network and the number of stored commodities in order to meet the demand of affected people.
Beraldi and Bruni [11] also offered a probable model to
have a relief facility to optimize locating in an uncertain
environment. Mete and Zabinsky [12] introduced a stochastic
optimization model for disaster preparedness and response
under demand/cost uncertainty in order to assist deciding
on the location and allocation of medical supplies which
are used during emergencies. They also offered a mixedinteger programming transportation model that is potentially
useful in routing decisions during the response phase. Rawls
and Turnquist [13] developed a two-stage, stochastic, mixedinteger program that determined the locations and quantities
of various types of emergency commodities; their model also

contained the transportation network availability following a
disaster under demand/cost uncertainty.
Moreover, Jabal-Ameli et al. [14] presented a location and
distribution model and solved it by fuzzy methods. Duran et
al. [15] studied inventory and location model and offered a
mathematical model which investigates the effect of location
on the average response time. Zeng and Wu [16] considered
location and routing in relief situation in two steps. It means
that they first solved the location problem and directly solved
the routing problem in a way to minimize total costs and then
they utilized a two-step heuristic algorithm to solve it.
Bozorgi-Amiri et al. [17] considered an uncertain model
for relief logistics. They suggested that some prepositioned
relief items might be destroyed after disasters based on this
idea; they developed a robust multiobjective approach to their
uncertain location problem and solved it for a real case study
in Iran. Bozorgi-Amiri et al. [18] investigated uncertainty in
many parameters of a relief operation like demand, supply,
and operational costs associated with it. Location of relief
centers and allocation of affected areas to these centers can
be determined in situation described in their model. Yazdian
and Shahanaghi [19] presented a multiobjective possibility
programming approach for locating distribution centers and
allocating customers’ demands in supply chains.
In 2011, Barzinpour and Esmaeili [5] developed a multiobjective MILP model for a two-echelon relief chain in order to
maximize coverage of urban populations and minimize logistics costs. Tancrez et al. [20] considered inventory-location
problem for three-level supply chain in which distribution
decisions of distribution centers, allocation, and number of
the transported commodities were made altogether.
In 2012, Schmid [21] offered a probability model for
relocation problem and dynamic distribution and solved it
by dynamic programming. Chrétienne et al. [22] suggested
location and dispatching problem which included minimizing setup and availability costs and then solved it through
branch and cut algorithm. Toro-Diaz et al. [23] offered a
mathematical model for location and distribution problem
and solved it through genetic algorithm. In 2012, Guillermo
Cabrera et al. [24] presented a hybrid approach using an artificial bee algorithm with mixed-integer programming applied
to a large-scale capacitated facility location problem. Murali
et al. [25] considered a facility location problem to determine
the points in a city where medicine should be handed out to
the population. They consider locating capacitated facilities
in order to maximize the coverage, considering a distancedependent coverage function.
In 2013, Xi et al. [26] developed a modified 𝑝-median
problem model that accounts for rescue time limitations. A
variable neighborhood search- (VNS-) based algorithm is
developed for the model considered. Gharegozloo Hamedani
et al. [27] studied a multiobjective location problem in a
three-level supply chain network under uncertain environment, considering inventory decisions. The proposed model
presents a robust optimization model, which specifies locations of distribution centers to be opened, inventory control
parameters, and allocation of supply chain components,
concurrently.
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Abounacer et al. [28] proposed a three-objective locationtransportation problem for disaster response. The location
problem aims at determining the number, the position,
and the mission of required humanitarian aid distribution
centers (HADC) within the disaster region. Three conflicting
objectives are considered. The first objective minimizes the
total transportation duration of needed products from the
distribution centers to the demand points. The second objective minimizes the number of agents (first-aiders) required to
open and operate the selected distribution centers. The third
objective minimizes the noncovered demand for all demand
points within the affected area. They proposed an epsilonconstraint method for this problem. Esmaeili and Barzinpour
[29] based on a real world case study for a municipal district
in Tehran developed a multiobjective mathematical model for
the location-distribution problem.
Most of the researches in location and distribution of
relief logistics are dependent on preparedness phase on the
basis of predicting programming conditions. Now, the question is whether the same criterion in preparedness phase can
be operation criterion or, based on the new conditions and
available information, new programs should be suggested.
Usually after any casualty, in the first 72 hours, based on the
available commodities in the distribution centers, services
are offered. Therefore, it would be possible to program
for damaged areas during that time based on the received
information. In this paper, the goal is to present a model to
locate distribution centers periodically and to consider good
distribution manner toward damaged areas.
This paper focuses on the logistics aspect of the response
phase and more precisely on two important related problems: location and allocation. The location problem aims at
designing a network for distributing humanitarian aids (e.g.,
water, food, medical commodities, and survival equipment).
It mainly consists of determining the position and the mission
of required humanitarian aid distribution centers (HADC)
within the disaster region. The allocation problem deals with
the distribution of humanitarian aid from HADCs to demand
points. When both problems are solved simultaneously, we
discuss a location-allocation problem. Based on this particular context, this paper has provided a biobjective locationallocation problem. The first objective is to minimize the
total costs. The second objective is to maximize the covered
demand for all demand points.
We propose a genetic algorithm and a simulated annealing algorithm to biobjective location–allocation problem
addressed.

2. Problem Definition and Model Assumptions
A two-level system including distributers and damaged areas
is considered. There are regions as candidate regions to
establish distribution centers in this system. And also the
number of commodities in distribution centers and demands
of damaged areas in different periods are available. Our goal is
to determine active distribution centers and their distribution
manner in different periods. Location and allocation have to
be done so that total costs become minimized and commodities have to be distributed in a fair manner.

3
2.1. Model Assumptions
(i) The inventories of distribution centers in different
periods are available in the form of triangular fuzzy
numbers.
(ii) The damaged area requests in different periods are
available in the form of triangular fuzzy numbers.
(iii) The maximum number of distribution centers that
can be active in each period is determined.
(iv) Some types of relief commodities are available.
(v) It is possible to transfer inventories from one period
to the next one.
(vi) Unsatisfied request does not transfer from one period
to the next one.
2.2. Model Indexes
𝐼𝑡 : set of distribution centers in period 𝑡,
𝐽𝑡 : set of damaged areas in period 𝑡,
𝐶: set of relief commodities,
𝑖: indexes related to distribution centers,
𝑗: indexes related to damaged area,
𝑐: indexes related to relief commodities.
2.3. Model Parameters
𝑞̃𝑖𝑡 : setup cost of distribution center 𝑖 in period 𝑡 that
is a triangular fuzzy number,
𝑝𝑡 : the maximum number of distribution centers that
can be active in period 𝑡,
𝑐̃𝑐𝑐𝑖𝑗𝑡 : transporting cost of 𝑐 commodity unit between
distribution center 𝑖 and damaged area 𝑗 in period 𝑡
that is a triangular fuzzy number,
𝑐̃
𝑐1𝑐𝑖𝑗𝑡 : transporting cost of 𝑐 commodity unit between
distribution center 𝑖 and distribution center 𝑗 in
period 𝑡 that is a triangular fuzzy number,
ĩ
nv𝑐𝑖𝑡 : the number of commodities 𝑐 in distribution
center 𝑖 in period 𝑡 that is a triangular fuzzy number,
𝑑̃𝑐𝑗𝑡 : the number demand commodities 𝑐 in damaged
area 𝑗 in period 𝑡 that is a triangular fuzzy number,
𝛽𝑐 : penalty costs for the shortage of good 𝑐,
𝑀big: a big number.
2.4. Decision Variables
𝑥𝑐𝑖𝑗𝑡 : number of commodities 𝑐 that can be delivered
in period 𝑡 from distribution center 𝑖 to damaged area
𝑗,
𝑥1𝑐𝑖𝑗𝑡 : binary variable, it is 1 if commodity 𝑐 transfers
from distribution center 𝑖 to distribution center 𝑗 in
period 𝑡; otherwise, it is 0,
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𝑦𝑖𝑡 : binary variable, it is 1 if distribution center 𝑖
becomes active in period 𝑡; otherwise, it is 0,
inv1𝑐𝑖𝑡 : amount of transferred supply of commodity 𝑐
in period 𝑡 to period 𝑡 + 1 in distribution center 𝑖.

2.5. The Proposed Mathematical Model. Consider
min 𝑓1 = ∑ ∑ ∑ ∑ 𝑐̃𝑐𝑐𝑖𝑗𝑡 𝑥𝑐𝑖𝑗𝑡
𝑐∈𝐶 𝑡∈𝑇 𝑖∈𝐼𝑡 𝑗∈𝐽𝑡

𝑡−1

+ ∑ ∑ max (0, 𝑦𝑖𝑡 − ∑ 𝑦𝑖𝑘 ) 𝑞̃𝑖𝑡
𝑡∈𝑇 𝑖∈𝐼𝑡

𝑘=1

(1)

+ ∑ ∑ ∑ 𝛽𝑐 (𝑑̃𝑐𝑗𝑡 − ∑ 𝑥𝑐𝑖𝑗𝑡 )
𝑡∈𝑇 𝑐∈𝐶 𝑗∈𝐽𝑡

𝑖∈𝐼𝑡

possible to send goods from one distribution center to a
damaged area if that center becomes active in that period.
Constraint (5) shows the way in which it will be possible
to calculate transported inventories from one period to the
next period. Constraint (6) indicates that the number of
received commodities to one damaged area should not be
more than its demand. Constraint (7) shows that it will
be possible to send goods from one distribution center to
another distribution center if that destination center becomes
active in that period. Constraints (8)–(11) express the nature
of decision variables used in the model.
2.6. Linearization of the Proposed Model. The second objective function is nonlinear term. To make it linear, we act as
follows:
max 𝑓2 = ∑ ∑ 𝑘𝑡𝑐 ,

𝑐1𝑐𝑖𝑗𝑡 ĩ
nv𝑐𝑖𝑡 𝑥1𝑐𝑖𝑗𝑡 ,
+ ∑ ∑ ∑ ∑ 𝑐̃

𝑡∈𝑇 𝑐∈𝐶

𝑐∈𝐶 𝑡∈𝑇 𝑖∈𝐼𝑡 𝑗∈𝐼𝑡

max 𝑓2 = ∑ ∑ min
𝑡∈𝑇 𝑐∈𝐶

𝑗∈𝐽𝑡

∑ 𝑦𝑖𝑡 ≤ 𝑝𝑡 ,

∑𝑖∈𝐼𝑡 𝑥𝑐𝑖𝑗𝑡
,
𝑑̃
𝑐𝑗𝑡

∀𝑡 ∈ 𝑇,

(3)

𝑖∈𝐼𝑡

∑ ∑ 𝑥𝑐𝑖𝑗𝑡 + ∑ ∑ 𝑥1𝑐𝑗𝑖𝑡 ≤ 𝑀big 𝑦𝑖𝑡 ,

𝑐∈𝐶 𝑗∈𝐽𝑡

𝑐∈𝐶 𝑗∈𝐼𝑡

(2)

∀𝑡 ∈ 𝑇, 𝑖 ∈ 𝐼𝑡 , (4)

nv𝑐𝑗𝑡 𝑥1𝑐𝑗𝑖𝑡 − ∑ 𝑥𝑐𝑖𝑗𝑡 ,
+ ∑ ĩ
𝑗∈𝐽𝑡

∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑖 ∈ 𝐼𝑡 ,
(5)

∑ 𝑥𝑐𝑖𝑗𝑡 ≤ 𝑑̃𝑐𝑗𝑡 ,

𝑖∈𝐼𝑡

∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑗 ∈ 𝐽𝑡 ,

∑ ∑ 𝑥1𝑐𝑖𝑗𝑡 = 1,

𝑐∈𝐶 𝑗∈𝐼𝑡

∀𝑡 ∈ 𝑇, 𝑖 ∈ 𝐼𝑡

(6)
(7)

𝑥𝑐𝑖𝑗𝑡 ∈ Integer,

∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑖 ∈ 𝐼𝑡 , 𝑗 ∈ 𝐽𝑡 ,

(8)

𝑥1𝑐𝑖𝑗𝑡 ∈ {0, 1} ,

∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑖 ∈ 𝐼𝑡 , 𝑗 ∈ 𝐼𝑡 ,

(9)

𝑦𝑖𝑡 ∈ {0, 1} ,
inv1𝑐𝑖𝑡 ∈ Integer,

𝑐𝑗𝑡

(12)
∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑗 ∈ 𝐽𝑡 .

In constraint (5), inv1𝑐𝑖(𝑡−1) 𝑦𝑖(𝑡−1) is nonlinear. So, for
linearization, it can be replaced with inv𝑦𝑐𝑖(𝑡−1) and three
constraints are added to models as follows:
inv𝑦𝑐𝑖(𝑡−1) ≤ inv1𝑐𝑖(𝑡−1) ,

∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑖 ∈ 𝐼𝑡 ,

inv𝑦𝑐𝑖(𝑡−1) ≤ 𝑀big𝑦𝑖(𝑡−1) ,

inv1𝑐𝑖𝑡 = ĩ
nv𝑐𝑖𝑡 + inv1𝑐𝑖(𝑡−1) 𝑦𝑖(𝑡−1)
𝑗∈𝐼𝑡

∑𝑖∈𝐼 𝑥𝑐𝑖𝑗𝑡
𝑘𝑡𝑐 ≤
,
𝑑̃

∀𝑡 ∈ 𝑇, 𝑖 ∈ 𝐼𝑡 ,
∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑖 ∈ 𝐼𝑡 .

(10)

∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑖 ∈ 𝐼𝑡 ,

inv𝑦𝑐𝑖(𝑡−1) ≥ inv1𝑐𝑖(𝑡−1) − 𝑀big (1 − 𝑦𝑖(𝑡−1) ) ,
∀𝑡 ∈ 𝑇,
inv𝑦𝑐𝑖𝑡 ∈ Integer,

(13)

𝑖 ∈ 𝐼𝑡 ,

𝑐 ∈ 𝐶,

∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑖 ∈ 𝐼𝑡 .

2.7. Multipurpose Linear Programming Approach. Considering the following multiobjective model, using Zimmerman
method, this problem can be changed into a single objective
linear programming model using max-min operator [14, 30]:
𝑇

max

𝑍 = [𝑐1 𝑥, 𝑐2 𝑥, . . . , 𝑐𝑙 𝑥] ,

min

𝑊 = [𝑑1 𝑥, 𝑑2 𝑥, . . . , 𝑑𝑟 𝑥] ,

s.t.

𝐴𝑥 ≤ 𝐵;

𝑇

(14)

𝑥 ≥ 0.

(11)

There are two objective functions in the above model.
Objective 1. It aims at minimizing total transportation costs
between distribution centers and damaged areas and also
minimizing setup costs and penalty costs for the shortage of
goods.
Objective 2. It aims at maximizing damaged area satisfaction
through maximizing satisfied requests of damaged areas.
Constraint (3) indicates the number of distribution centers that can be active. Constraint (4) shows that it will be

Membership functions for objective functions are defined
as follows:
𝜇𝑘 (𝑧𝑘 ) =
𝜇𝑠 (𝑤𝑠 ) =

𝑧𝑘 (𝑥) − 𝑧𝑘nis
pis

𝑧𝑘 − 𝑧𝑘nis

𝑤𝑠nis − 𝑤𝑠 (𝑥)
pis

𝑤𝑠nis − 𝑤𝑠

,

𝑘 = {1, 2, . . . , 𝑙} ,
(15)

,

𝑠 = {1, 2, . . . , 𝑟} .
pis

In the above equations, 𝑤𝑠pis , 𝑧𝑘 are positive ideal solutions and 𝑤𝑠nis , 𝑧𝑘nis are negative ideal solutions. Now, by maxmin operator and satisfied degree, the multiobjective linear
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programming problem has been written as a single-objective
programming problem
max
s.t.

𝜆
𝜆≤
𝜆≤

𝑧𝑘 (𝑥) − 𝑧𝑘nis
pis
𝑧𝑘

−

𝑧𝑘nis

,

𝑤𝑠nis − 𝑤𝑠 (𝑥)
pis

𝑤𝑠nis − 𝑤𝑠

𝐴𝑥 ≤ 𝐵;

There are three fuzzy constraints in the presented model.
Therefore, we can change it to 3 certain constraints as follows
[10]:
𝑘𝑡𝑐 ≤

𝑘 = 1⋅⋅⋅𝑙

𝑢
𝑙
𝑚
𝑙
𝑙
((𝑑𝑐𝑗𝑡
− 𝑑𝑐𝑗𝑡
) + (𝑑𝑐𝑗𝑡
− 𝑑𝑐𝑗𝑡
)) /3 + 𝑑𝑐𝑗𝑡

(16)
,

𝑠 = 1⋅⋅⋅𝑟

∀𝑡 ∈ 𝑇,

=

2.8. Solving Proposed Model. The first objective function of
the proposed model is a function with triangular fuzzy coefficient. Therefore, we can change it to 3 objective functions as
follows:

𝑗 ∈ 𝐽𝑡 ,

𝑙
(inv𝑢𝑐𝑖𝑡 − inv𝑙𝑐𝑖𝑡 ) + (inv𝑚
𝑐𝑖𝑡 − inv𝑐𝑖𝑡 )

3
+ inv𝑙𝑐𝑖𝑡 + inv1𝑐𝑖(𝑡−1) 𝑦𝑖(𝑡−1)
𝑙
(inv𝑢𝑐𝑗𝑡 −inv𝑙𝑐𝑗𝑡 )+(inv𝑚
𝑐𝑗𝑡 −inv𝑐𝑗𝑡 )
[
+∑
+ inv𝑙𝑐𝑗𝑡] 𝑥1𝑐𝑗𝑖𝑡
3
𝑗∈𝐼𝑡
[
]

𝑚
) 𝑥𝑐𝑖𝑗𝑡
min 𝑓11 = ∑ ∑ ∑ ∑ (𝑐𝑐𝑢𝑐𝑖𝑗𝑡 − 𝑐𝑐𝑐𝑖𝑗𝑡
𝑐∈𝐶 𝑡∈𝑇 𝑖∈𝐼𝑡 𝑗∈𝐽𝑡

− ∑𝑥𝑐𝑖𝑗𝑡 ,
𝑗∈𝐽

𝑡−1

+ ∑ ∑ max (0, 𝑦𝑖𝑡 − ∑ 𝑦𝑖𝑘 ) (𝑞𝑖𝑡𝑢 − 𝑞𝑖𝑡𝑚 )
𝑘=1

∑ 𝑥𝑐𝑖𝑗𝑡 ≤

∀𝑡 ∈ 𝑇, 𝑐 ∈ 𝐶, 𝑖 ∈ 𝐼𝑡 ,

𝑢
𝑙
𝑚
𝑙
(𝑑𝑐𝑗𝑡
− 𝑑𝑐𝑗𝑡
) + (𝑑𝑐𝑗𝑡
− 𝑑𝑐𝑗𝑡
)

𝑙
,
+ 𝑑𝑐𝑗𝑡

3

𝑖∈𝐼𝑡

𝑢
𝑚
− 𝑑𝑐𝑗𝑡
) − ∑ 𝑥𝑐𝑖𝑗𝑡 ]
+ ∑ ∑ ∑ 𝛽𝑐 [(𝑑𝑐𝑗𝑡
𝑡∈𝑇 𝑐∈𝐶 𝑗∈𝐽𝑡

𝑐 ∈ 𝐶,

,

inv1𝑐𝑖𝑡

𝑥 ≥ 0.

𝑡∈𝑇 𝑖∈𝐼𝑡

∑𝑖∈𝐼𝑡 𝑥𝑐𝑖𝑗𝑡

∀𝑡 ∈ 𝑇,

𝑖∈𝐼𝑡

𝑗 ∈ 𝐽𝑡 .

𝑐 ∈ 𝐶,

(18)

+ ∑ ∑ ∑ ∑ (𝑐𝑐1𝑢𝑐𝑖𝑗𝑡 − 𝑐𝑐1𝑚
𝑐𝑖𝑗𝑡 )
𝑐∈𝐶 𝑡∈𝑇 𝑖∈𝐼𝑡 𝑗∈𝐼𝑡

×
min 𝑓12 = ∑ ∑ ∑ ∑ 𝑐𝑐𝑚
𝑐𝑖𝑗𝑡 𝑥
𝑐∈𝐶 𝑡∈𝑇 𝑖∈𝐼𝑡 𝑗∈𝐽𝑡

(inv𝑢𝑐𝑖𝑡

Now, a certain linear multiobjective model can be
achieved as follows:

inv𝑚
𝑐𝑖𝑡 ) 𝑥1𝑐𝑖𝑗𝑡 ,

−

MOLP:
𝑐𝑖𝑗𝑡
𝑡−1

+ ∑ ∑ max (0, 𝑦𝑖𝑡 − ∑ 𝑦𝑖𝑘 ) 𝑞𝑖𝑡𝑚
𝑡∈𝑇 𝑖∈𝐼𝑡

𝑘=1

(17)

Min

𝑍 = [𝑓11 , 𝑓12 ]

Max

𝑊 = [𝑓13 , 𝑓2 ]

S.t.

(3) , (4) , (7) , (8) , (9) , (10) ,
(11) , (13) , (18) .

𝑚
+ ∑ ∑ ∑ 𝛽𝑐 (𝑑𝑐𝑗𝑡
− ∑ 𝑥𝑐𝑖𝑗𝑡 )
𝑡∈𝑇 𝑐∈𝐶 𝑗∈𝐽𝑡

𝑖∈𝐼𝑡

𝑚
+ ∑ ∑ ∑ ∑ 𝑐𝑐1𝑚
𝑐𝑖𝑗𝑡 inv𝑐𝑖𝑡 𝑥1

𝑐𝑖𝑗𝑡

𝑐∈𝐶 𝑡∈𝑇 𝑖∈𝐼𝑡 𝑗∈𝐼𝑡

,

To solve this linear multiobjective model through Zimmermann fuzzy sets (15), membership functions are defined
as follows for the objective functions of the problem [30]:

𝑙
max 𝑓13 = ∑ ∑ ∑ ∑ (𝑐𝑐𝑚
𝑐𝑖𝑗𝑡 − 𝑐𝑐𝑐𝑖𝑗𝑡 ) 𝑥𝑐𝑖𝑗𝑡
𝑐∈𝐶 𝑡∈𝑇 𝑖∈𝐼𝑡 𝑗∈𝐽𝑡

𝑡−1

+ ∑ ∑ max (0, 𝑦𝑖𝑡 − ∑ 𝑦𝑖𝑘 ) (𝑞𝑖𝑡𝑚 − 𝑞𝑖𝑡𝑙 )
𝑡∈𝑇 𝑖∈𝐼𝑡

𝑘=1

𝑚
𝑙
− 𝑑𝑐𝑗𝑡
) −∑ 𝑥𝑐𝑖𝑗𝑡 ]
+ ∑ ∑ ∑ 𝛽𝑐 [ (𝑑𝑐𝑗𝑡
𝑡∈𝑇 𝑐∈𝐶 𝑗∈𝐽𝑡

(19)

𝑖∈𝐼𝑡

𝑙
+ ∑ ∑ ∑ ∑ (𝑐𝑐1𝑚
𝑐𝑖𝑗𝑡 − 𝑐𝑐1𝑐𝑖𝑗𝑡 )
𝑐∈𝐶 𝑡∈𝑇 𝑖∈𝐼𝑡 𝑗∈𝐼𝑡

𝑙
× (inv𝑚
𝑐𝑖𝑡 − inv𝑐𝑖𝑡 ) 𝑥1𝑐𝑖𝑗𝑡 .

𝜇𝑓11

1
{
{
nis
{
{ 𝑓11
− 𝑓11
= { nis
pis
{
{ 𝑓11 − 𝑓11
{
{0

1
{
{
{
{ 𝑓2 − 𝑓2nis
𝜇𝑓2 = { pis
{
{ 𝑓2 − 𝑓2nis
{
{0

pis

𝑓11 ≤ 𝑓11
pis

nis
𝑓11 ≤ 𝑓11 ≤ 𝑓11
nis
𝑓11 ≥ 𝑓11
,

(20)

pis

𝑓2 ≥ 𝑓2

pis

𝑓2nis ≤ 𝑓2 ≤ 𝑓2
𝑓2 ≥ 𝑓2nis .

To calculate 𝜇𝑓12 and 𝜇𝑓13 , a procedure the same as that
of 𝜇𝑓11 and 𝜇𝑓2 would be followed respectively. Now, we use
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the following equations to obtain an ideal positive value (pis)
and a negative value (nis):
pis

nis
𝑓11
= max 𝑓11 ,

pis

nis
𝑓12
= max 𝑓12 ,

pis

𝑓nis
13 = min 𝑓13 ,

𝑓11 = min 𝑓11 ,
𝑓12 = min 𝑓12 ,
𝑓13 = max 𝑓13 ,
pis

(21)

𝑓2nis = min 𝑓2 .

𝑓2 = max 𝑓2 ,

Now, we change the multiobjective problem (19) to the
single-objective problem (22) via (16). The model is defined
as follows:
max

𝜆

S.t.

𝜆≤
𝜆≤

nis
𝑓11
− 𝑓11
pis

nis
𝑓11
− 𝑓11
nis
𝑓12
− 𝑓12

pis

nis
𝑓12
− 𝑓12
pis

𝜆≤

𝑓13 − 𝑓13
pis
𝑓13

−

(22)

nis
𝑓13

pis

𝜆≤

𝑓2 − 𝑓2
pis

𝑓2 − 𝑓2nis

(3) , (4) , (7) , (8) , (9) ,
(10) , (11) , (13) , (18) .

3. Genetic Algorithm
In the last decade, we have seen a growing interest in biologically motivated approaches such as evolutionary strategies and genetic algorithms (GAs) being applied to many
complex optimization problems. The processes occurring in
the natural systems have inspired the development of these
algorithms. Evolutionary strategies and genetic algorithms
are constructed based on the observation of evolutionary
processes in biological systems. Evolutionary processes such
as adaptation, selection, reproduction, mutation, and competition are closely studied and translated into the form
of computer simulations. Although these algorithms are a
crude simplification of the natural processes, they have been
successfully applied to many complex problems that were
once intractable [31, 32].
GA is a stochastic search technique that explores the
problem domain by maintaining a population of individuals,
which represents a set of potential solutions in the search
space. GA attempts to combine the good features found in
each individual using a structured yet randomized information exchange in order to construct individuals who are
better suited to their environment than the individuals that
were created through the evolution of better individuals; it
is anticipated that the desired solution will be found. The
following steps are defined to design this algorithm.

3.1. Solution Representation. To show the chromosome, we
used three matrices; the first matrix amount is zero or one
and the rest of them are positive integer numbers.
The first matrix is called location matrix that is related to
distribution centers. Its lines are related to a time period and
its columns are related to distribution centers. Its dimension
is |𝑇| × max𝑡∈𝑇 |𝐼𝑡 | in which lines are periods and columns are
distribution centers. This matrix’s elements are zero and one
in a way that zero and one correspond to inactiveness and
activeness of the distribution center, respectively,
𝐿 11 𝐿 12 ⋅ ⋅ ⋅ 𝐿 1|𝐼1 |
[ 𝐿 21 𝐿 22 ⋅ ⋅ ⋅ 𝐿 1|𝐼2 | ]
]
[
Location = [
].
..
]
[
.
𝐿
⋅
⋅
⋅
𝐿
𝐿
|𝑇||𝐼|𝑇| | ]
[ |𝑇|1 |𝑇|2

(23)

The second matrix is called Commodity Allocated
matrix. To each commodity, there is a combined matrix
including |𝑇| submatrix with |𝐼𝑡 | × |𝐽𝑡 | dimension. Each
element in these submatrices indicates the number of
commodities which are sent to corresponding damaged
areas from the distribution center
Commodity Allocated 1
𝑖11 𝑖12 ⋅ ⋅ ⋅ 𝑖1|𝐽 |
[[ 𝑖 𝑖 ⋅ ⋅ ⋅ 𝑖 1 ]
[[ 21 22
2|𝐽1 | ]
=[
]
..
[[
]
.
[[
𝑖
⋅
⋅
⋅
𝑖
𝑖
|𝐼1 ||𝐽1 | ]
[[ |𝐼1 |1 |𝐼1 |2

1

𝑖11 𝑖12 ⋅ ⋅ ⋅ 𝑖1|𝐽|𝑇| |
]
[ 𝑖 𝑖 ⋅⋅⋅𝑖
]
[
21 22
2|𝐽|𝑇| |
]
⋅⋅⋅[
..
]
[
]
[
.
𝑖|𝐼|𝑇| |1 𝑖|𝐼|𝑇| |2 ⋅ ⋅ ⋅ 𝑖|𝐼|𝑇| ||𝐽|𝑇| |
]
[

|𝑇|

]
]
],...,
]
]
]

Commodity Allocated |𝑐|
1
𝑖11 𝑖12 ⋅ ⋅ ⋅ 𝑖1|𝐽|𝑇| |
𝑖11 𝑖12 ⋅ ⋅ ⋅ 𝑖1|𝐽1 |
]
[[ 𝑖 𝑖 ⋅ ⋅ ⋅ 𝑖
[ 𝑖 𝑖 ⋅⋅⋅𝑖
]
]
[[ 21 22
[
21 22
2|𝐽|𝑇| |
2|𝐽1 | ]
]
[
=[
⋅
⋅
⋅
]
[
..
.
]
[[
[
..
]
]
[
[
.
𝑖|𝐼1 |1 𝑖|𝐼1 |2 ⋅ ⋅ ⋅ 𝑖|𝐼1 ||𝐽1 | ]
𝑖|𝐼|𝑇| |1 𝑖|𝐼|𝑇| |2 ⋅ ⋅ ⋅ 𝑖|𝐼|𝑇| ||𝐽|𝑇| |
[
]
[
[

|𝑇|

]
]
].
]
]
]
(24)

The third matrix is called inventory matrix that indicates
the amount of transported inventory from one period to the
next one in each distribution center
inv11 inv12 ⋅ ⋅ ⋅ inv1|𝑇|
[ inv21 inv22 ⋅ ⋅ ⋅ inv2|𝑇| ]
]
[
,...,
Inventory 1 = [
..
]
]
[
.
[inv|𝐼1 |1 inv|𝐼2 |2 ⋅ ⋅ ⋅ inv|𝐼|𝑇| ||𝑇| ]max𝑡∈𝑇 |𝐼𝑡 |×|𝑇|
[
[
Inventory |𝑐| = [
[

inv11 inv12 . . . inv1|𝑇|
inv21 inv22 . . . inv2|𝑇|
..
.

]
]
]
]

.

[ inv|𝐼1 |1 inv|𝐼2 |2 . . . inv|𝐼|𝑇| ||𝑇| ]max𝑡∈𝑇 |𝐼𝑡 |×|𝑇|
(25)
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Figure 1: Crossover operator.
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Figure 2: Mutation operator.

Begin

Generate a random primary population equals with population size
Calculate chromosomes fitness function
Do sampling through tournament strategy from primary population and put them in mating pool
Do crossover operator with RC rate
Do mutation operator with RM rate
Do elitism with 1-RC-RM rate
Stop criterion

End

Figure 3: Genetic algorithm flowchart.
Table 1: Simulated annealing algorithm parameters and their levels.
Problem
size

Levels

𝐴
𝐵
𝐶
𝐷
Cooling rate (𝛼) Number of repetitions in each temperature (𝑁) Final temperature (𝑇𝑓 ) Initial temperature (𝑇0 )

Small

1
2
3

0.9
0.925
0.95

20
40
60

0.0000001
0.00001
0.001

100
10000
1000000

Large

1
2
3

0.94
0.96
0.98

50
75
100

0.0000001
0.00001
0.001

100
10000
1000000
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Begin
X0

E(X0 )

k = 0, n = 0
X

Y=

1)

 < e−ΔE/T𝑘

No
Metropolis
decision
making loop

E(Xn ) − E(X

E(X

)

)<0

Yes
n=n+1

Xn = X

Yes

No

No

n>N

Yes
k= k+1
update temperature
No

k > K or Tk < Tf
Yes
End

Figure 4: Simulated annealing flowchart.

A(Ps )

−3.4

Level 1

Level 2

Level 3

−3.6

Level 1

B(Ng )
Level 2

Level 3

−
−3.0

−3.8
−4.0

−4.0

−5.0

−4.2

(a)

Level 1

C(Cr )
Level 2

−3.60

(b)

Level 3
−3.0

Level 1

D(Mr )
Level 2

−3.5
−3
−4.0
−4

−4.5

(c)

(d)

Figure 5: Diagram of mean effect of the 𝑆/𝑁 ratio for small problem in genetic algorithm.
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Table 2: Genetic algorithm parameters and their levels.

Problem size

Small

Large

𝐴
Population size (𝑃𝑠 )
100
120
150
180
200
220

Levels
1
2
3
1
2
3

𝐵
Number of generations (𝑁𝑔 )
400
500
600
600
800
1000

𝐶
Crossover rate (𝐶𝑟 )
0.7
0.75
0.8
0.8
0.9
0.95

𝐷
Mutation rate (𝑀𝑟 )
0.01
0.02
0.05
0.01
0.02
0.05

Table 3: Orthogonal array 𝐿9.
𝐴
𝐴(1)
𝐴(1)
𝐴(1)
𝐴(2)
𝐴(2)
𝐴(2)
𝐴(3)
𝐴(3)
𝐴(3)

Experiments
1
2
3
4
5
6
7
8
9

𝐵
𝐵(1)
𝐵(2)
𝐵(3)
𝐵(1)
𝐵(2)
𝐵(3)
𝐵(1)
𝐵(2)
𝐵(3)

𝐶
𝐶(1)
𝐶(2)
𝐶(3)
𝐶(2)
𝐶(3)
𝐶(1)
𝐶(3)
𝐶(1)
𝐶(2)

𝐷
𝐷(1)
𝐷(2)
𝐷(3)
𝐷(3)
𝐷(1)
𝐷(2)
𝐷(2)
𝐷(3)
𝐷(1)

Table 4: Characteristics of instances.
Problem size

Small

Large

Instance
name

Number of
periods

Number of
damaged areas

Number of areas for
distribution center

Maximum number of
distribution centers in
periods

I1
I2
I3
I4
I5
I6
I7
I8

5
5
5
3
3
3
3
3

(5, 5, 5, 6, 6)
(6, 6, 6, 6, 6)
(6, 6, 8, 8, 8)
(10, 10, 10)
(10, 12, 12)
(12, 12, 14)
(14, 14, 14)
(14, 14, 16)

(4, 4, 5, 5, 5)
(4, 4, 5, 5, 5)
(5, 5, 5, 6, 6)
(5, 6, 6)
(6, 6, 8)
(6, 8, 8)
(8, 10, 10)
(12, 14, 14)

(2, 2, 2, 2, 2)
(2, 2, 3, 3, 3)
(2, 2, 3, 3, 3)
(3, 4, 4)
(3, 4, 4)
(3, 5, 5)
(4, 5, 5)
(4, 5, 5)

I9
I10
I11
I12
I13
I14
I15
I16
I17
I18
I19
I20
I21
I22
I23
I24
I25

5
5
5
5
5
5
5
5
3
3
3
3
3
3
3
3
3

(30, 30, 30, 35, 35)
(30, 30, 35, 35, 35)
(35, 35, 35, 40, 40)
(40, 40, 40, 45, 45)
(45, 45, 45, 48, 50)
(45, 48, 48, 48, 50)
(50, 55, 55, 50, 50)
(50, 55, 55, 55, 55)
(80, 100, 100)
(100, 100, 120)
(120, 120, 140)
(140, 140, 160)
(150, 160, 150)
(160, 160, 170)
(180, 180, 200)
(200, 220, 220)
(220, 250, 250)

(12, 12, 14, 14, 14)
(14, 14, 14, 15, 15)
(15, 15, 18, 18, 18)
(16, 16, 18, 20, 20)
(20, 20, 22, 22, 22)
(22, 24, 24, 25, 25)
(25, 28, 28, 28, 28)
(28, 30, 30, 30, 30)
(30, 30, 32)
(32, 35, 35)
(35, 35, 38)
(38, 40, 42)
(42, 45, 45)
(45, 50, 50)
(50, 50, 60)
(60, 60, 62)
(60, 65, 65)

(4, 4, 5, 5, 5)
(5, 5, 5, 5, 5)
(5, 5, 5, 5, 5)
(5, 5, 6, 6, 6)
(6, 6, 6, 6, 6)
(6, 6, 7, 7, 7)
(6, 6, 7, 7, 7)
(7, 7, 7, 7, 7)
(8, 8, 8)
(8, 10, 10)
(10, 10, 10)
(10, 10, 12)
(10, 12, 12)
(12, 12, 12)
(12, 12, 12)
(12, 14, 14)
(12, 14, 14)
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Table 5: Characteristics of sample problems that have been used for Taguchi method.
Problem size
Small
Large

Number of
periods

Number of
damaged areas

Number of areas for
distribution center

Maximum number of
distribution centers in
periods

3
5

(10, 10, 10)
(35, 35, 35, 40, 40)

(5, 6, 6)
(15, 15, 18, 18, 18)

(3, 4, 4)
(5, 5, 5, 5, 5)

Table 6: The optimum factor for genetic algorithm and simulated annealing.
Problem size

Factors
𝐴
𝐵
𝐶
𝐷

Level 1
−4.0524
−4.5873
−3.9725
−4.0079

Level 2
−3.9078
−3.7776
−3.9144
−3.7381

Level 3
−3.6780
−3.2731
−3.7512
−3.8921

Optimum factor
𝐴(3)
𝐵(3)
𝐶(3)
𝐷(2)

Large

𝐴
𝐵
𝐶
𝐷

−5.5750
−6.0750
−5.6615
−5.5713

−5.4837
−5.4906
−5.4169
−5.3525

−5.4807
−4.9739
−5.4610
−5.6156

𝐴(3)
𝐵(3)
𝐶(2)
𝐷(2)

Small

𝐴
𝐵
𝐶
𝐷

0.6301
0.5914
0.6360
0.6334

0.6395
0.6479
0.6391
0.6514

0.6558
0.6861
0.6502
0.6405

𝐴(3)
𝐵(3)
𝐶(3)
𝐷(2)

𝐴
𝐵
𝐶
𝐷
𝐴
𝐵
𝐶
𝐷

0.5286
0.4995
0.5235
0.5290
−4.1877
−4.1164
−4.1038
−4.4123

0.5339
0.5323
0.5380
0.5412
−4.0033
−3.9694
−3.7080
−4.0730

0.5345
0.5641
0.5345
0.5258
−3.7003
−3.8055
−4.0795
−3.4060

𝐴(2), 𝐴(3)
𝐵(3)
𝐶(2)
𝐷(2)
𝐴(3)
𝐵(3)
𝐶(2)
𝐷(3)

Large

𝐴
𝐵
𝐶
𝐷

−6.4144
−6.2095
−5.9112
−6.3202

−6.0149
−6.0824
−5.8779
−5.8310

−5.4369
−5.5743
−6.0771
−5.7150

𝐴(3)
𝐵(3)
𝐶(2)
𝐷(3)

Small

𝐴
𝐵
𝐶
𝐷

0.6209
0.6262
0.6272
0.6048

0.6327
0.6353
0.6537
0.6272

0.6544
0.6464
0.6270
0.6760

𝐴(3)
𝐵(3)
𝐶(2)
𝐷(3)

Large

𝐴
𝐵
𝐶
𝐷

0.4817
0.4925
0.5100
0.4880

0.5032
0.5006
0.5108
0.5131

0.5351
0.5269
0.4993
0.5189

𝐴(3)
𝐵(3)
𝐶(1), 𝐶(2)
𝐷(3)

Small
Mean 𝑆/𝑁 ratio

Genetic algorithm

Mean objective function
Large

Small
Mean 𝑆/𝑁 ratio

Simulated annealing

Mean objective function

Table 7: Tuned values of the simulated annealing parameters.
Problem size
Small
Large

𝛼
0.95
0.98

𝑁
60
100

𝑇𝑓
0.00001
0.00001

𝑇0
1000000
1000000
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Figure 6: Diagram of mean effect of parameters based on the objective function for small problem in genetic algorithm.

Boshruyeh Ferdows

Qaen

Sarayan
Birjand

Zirkoh
Darmiyan
Sarbisheh
Nehbandan

Figure 7: Iran: South Khorasan.

3.2. Generating Initial Population. After determining a technique to assign a chromosome to each solution, one can create
an initial population. In this process, the location matrix is
generated randomly.
To initialize the Commodity Allocated matrices, we use
a heuristic method so that first, for each commodity type, the
total damaged area requests and total supply of active distribution centers have been evaluated, and, then, considering
justice in distribution, commodities are distributed among
damaged areas equally. Now, to allocate active centers to
damaged areas, an area has been chosen randomly and it
would be allocated to an active distribution center obtained
by the roulette wheel, which is generated based on the
allocation costs. If this distribution center cannot satisfy all
predicted demands, the next center obtained by the roulette
wheel will meet the remaining demands of this damaged area.
Then, one area is chosen randomly from the other damaged
areas. All the above-mentioned activities are executed until
allocation manner of centers to damaged areas is determined
for all the areas.

3.3. Sampling Mechanisms. This mechanism is related to
selection chromosomes’ method. Tournament selection has
been used in this research. Based on this method, first, the
value of each chromosome’s fitness functions in a population
has been calculated, and a tournament size is chosen (here,
tournament size is 3). Then, chromosome from one population has been chosen randomly equal with tournament size
and, at the end, the best chromosome based on suitability
will be transferred to mating pool. This has been repeated up
to the number of population. It is possible to create several
copies from a chromosome with higher fitness function. This
shows that better chromosomes have greater chance to be
chosen.
3.4. Genetic Operators. To generate a new generation of the
present chromosome, the following genetic operators could
be used.
3.4.1. Crossover Operator. In this crossover operator, a row of
location matrix of one chromosome is exchanged with the
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Table 8: Tuned values of the genetic algorithm parameters.

Problem size
Small
Large

𝑃𝑠
150
220

same row of location matrix of another one and also corresponding elements are exchanged in Commodity Allocated
matrices and inventory matrices. In other words, we choose
a random number from {1, . . . , 𝑇} (𝑇 is the number of time
periods), and we exchange corresponding row of location
matrix of parent 1 with the same row of location matrix of
parent 2 and also corresponding elements are exchanged in
Commodity Allocated matrices and inventory matrices in
two chromosomes. Figure 1 shows the crossover operator.
3.4.2. Mutation Operators. Mutation operator operates on
location matrix in the developed algorithm. In the first
mutation operator, elements corresponding to two distribution centers exchange in a row of location matrix. As
distribution center locating conditions change, Commodity Allocated matrices are valued by the stated heuristic
method in Section 3.2.
Figure 2 shows the mutation operator.
In the second mutation operator, one element corresponding to the distribution center in location matrix has
been considered. It will be zero if it is one and it will be one
if it is zero (provided that the number of active centers does
not violate the number of authorized ones).
Now, as the location conditions of distribution center change, Commodity Allocated matrices are updated by
explained heuristic method in Section 3.2.
3.5. Elitism Selection. When genetic operators (mutation and
crossover) are used, it would be possible to lose the best
chromosomes. Elitism is a method to keep a copy from the
best chromosomes in the new generations. The above mechanism makes genetic algorithm keep some of the best solutions
in each generation. Previous experiences have proved that
this mechanism optimizes genetic algorithm operation and
shortens coverage time.
3.6. Algorithm Stop Criterion. Since metaheuristic algorithms do not have any criteria for the global optima, a maximum number of iterations have been considered in order
to stop the algorithm. Figure 3 shows the genetic algorithm
flowchart.

4. Simulated Annealing Algorithm
Simulated annealing is a probabilistic metaheuristic algorithm which is a local search method. The simulated annealing begins its search from a random initial solution. The iteration loop that characterizes the main procedure randomly
generates in each iteration only one neighbor 𝑠 of the current
solution 𝑠. The variation Δ for the value of the objective
function 𝑓(𝑥) is tested for each neighbor generation. To

𝑁𝑔
600
1000

𝐶𝑟
0.8
0.9

𝑀𝑟
0.02
0.02

test this variation, Δ = 𝑓(𝑠) − 𝑓(𝑠 ) is computed. If the
value of Δ is less than 0 (zero), then the new solution 𝑠 is
automatically accepted to replace 𝑠. Otherwise, accepting the
new solution 𝑠 will depend on the probability established by
the Metropolis criteria, which is given by 𝑒Δ/𝑇 , where 𝑇 is a
temperature parameter, a key variable for the method.
Figure 4 shows the simulated annealing flowchart. In
Figure 4, n is the number of internal circles, 𝑘 is the number
of external circles, and 𝐸() is the objective function.
In the following, we discuss the proposed SA heuristic in
detail, including the solution representation, the generation
of the initial solution, and various types of neighborhood.
Solution representation: solution representation is similar
to Section 3.1.
Generation of the initial solution: this is similar to
Section 3.2.
Neighborhood generation mechanism: we produce
neighborhood by mutation operators that is exhibited in
Section 3.4.2.

5. Numerical Results
In this section, the developed algorithms have been used on
the sample problems that have been generated randomly and
the presented genetic algorithm efficacy has been studied. The
characteristics of instances are shown in Table 3.
To solve the model used of LINGO 11 on a computer with the following characteristics: intel(R) core(Tm)
i3 cpuM330@2.13 Ghz, 4 G RAM. Considering the intense
effect of parameter configuration on the performance of
algorithms, the Taguchi method is used for the configuration
of parameters. Before calibration of the employed algorithms,
we run some preliminary tests to find appropriate parameter
levels. To obtain more accurate, as well as better sustained,
results for the offered algorithm, the following four parameters were configured: 𝑇0 , 𝑇𝑓 , 𝑁, and 𝛼 for simulated annealing
and 𝐶𝑟 , 𝑀𝑟 , 𝑁𝑔 , and 𝑃𝑠 for the genetic algorithm. These
parameters and their levels are given in Tables 1 and 2. The
square matrix with 4 parameters in 3 levels used in the
Taguchi method is L9, which is given in Table 3. In Taguchi
method, the variation of the output results is measured by
means of signal-to-noise (𝑆/𝑁) ratio. Here, the larger value
of 𝑆/𝑁 ratio leads to the smaller variation of the response
variable. Factor levels that maximize the appropriate 𝑆/𝑁
ratio are optimal [33]. The value of 𝑆/𝑁 ratio is computed by
1 𝑛 1
𝑆
= −10 log10 [ ∑ 2 ] ,
𝑁
𝑛 𝑖=1 𝑦𝑖

(26)

where 𝑛 is the number of repetitions under the same experimental conditions and 𝑦𝑖 denotes the experimental result at
each repetition.

I1
I2
I3
I4
I5
I6
I7
I8
Average
I9
I10
I11
I12
I13
I14
I15
I16
I17
I18
I19
I20
I21
I22
I23
I24
I25
Average

Instance
name

—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

0.5647
0.77818
0.6429
0.6938
0.78345
0.5973
0.6832
0.8843

Exact
solution

15657
38956
74378
57478
104563
195468
246378
310234
130389
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

Time

LINGO

0.74823
0.63553
0.51612
0.71373
0.73424
0.62172
0.55941
0.66088
0.51391
0.6941
0.59042
0.73554
0.47935
0.57803
0.62408
0.570474
0.71449

0.56385
0.77551
0.63241
0.67563
0.75765
0.57159
0.65593
0.84158

Average
solution
132.1
157.2
158.1
142.7
167.0
203.0
241.2
257.4
182.34
1521
1560
1625
1758
1821
1972
2084
2218
1732
1829
1997
2132
2217
2349
2494
2683
2793
2046.18

Average
time (s)
0.00056
0.00151
0.00367
0.00764
0.01028
0.00605
0.01078
0.02066
0.00764
0.01755
0.01813
0.02334
0.02807
0.04430
0.01734
0.04037
0.04091
0.03563
0.05634
0.05718
0.05335
0.05890
0.05441
0.06076
0.05570
0.06001
0.04249

Standard
deviation

0.7761
0.6598
0.5465
0.7651
0.7924
0.6538
0.6089
0.7191
0.5606
0.7723
0.6773
0.8231
0.5469
0.6642
0.6838
0.6419
0.7892

0.5647
0.7774
0.6362
0.6837
0.7687
0.5798
0.6684
0.8685

Best
solution

SA in 10 iterations
The best
solution’s
error %
0.000
0.100
1.042
1.456
1.883
2.930
2.166
1.787
1.421
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
0.7779
0.6633
0.5534
0.7353
0.8055
0.6587
0.6099
0.6860
0.5535
0.7729
0.6880
0.8227
0.5448
0.6463
0.6871
0.6260
0.7690

0.5645
0.7757
0.6304
0.6798
0.7554
0.5761
0.6594
0.8452

Average
solution
125.0
140.7
156.0
135.0
150.6
192.0
215.1
222.3
167.09
1431
1492
1553
1661
1749
1881
2007
2132
1652
1784
1903
2012
2158
2263
2321
2532
2671
1953.06

Average
time (s)
0.00028
0.00081
0.00703
0.00493
0.00838
0.00722
0.00861
0.01939
0.00708
0.00596
0.00632
0.00858
0.02576
0.02185
0.03170
0.03593
0.03373
0.03755
0.04592
0.03741
0.03815
0.03160
0.04003
0.04458
0.05311
0.054704
0.03252

Standard
deviation

0.7834
0.6715
0.5698
0.7601
0.8325
0.6947
0.6548
0.7165
0.5963
0.8435
0.7326
0.8901
0.6035
0.7108
0.7593
0.6980
0.8326

0.5647
0.7765
0.6362
0.6874
0.7691
0.5831
0.6701
0.8691

Best
solution

GA in 10 iterations

Table 9: A summary of the computational results of the small and large instances.
The best
solution’s
error %
0.000
0.220
1.058
0.922
1.835
2.377
1.917
1.719
1.256
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—

0.115
0.024
−0.319
0.613
−0.298
0.783
0.526
0.428
0.234
3.81782
4.18664
6.73990
2.92821
8.84441
5.60835
8.27840
3.66461
7.14931
10.1895
14.1843
10.5943
12.0103
10.5659
9.16923
8.87142
7.08601
7.786

PRAS%

0.000
−0.116
0.000
0.538
0.052
0.566
0.254
0.069
0.168
0.93183
1.74236
4.08915
−0.6578
4.81681
5.88743
7.00977
−0.3628
5.98691
8.44102
7.54845
7.52724
9.37862
6.55599
9.94336
8.03724
5.21258
5.417

PRBS%
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Table 10: The amount of inventory has been estimated in the candidate areas for the establishment of distribution centers (∗1000).

Commodity 1
Commodity 2
Commodity 1
Commodity 2
Commodity 1
Commodity 2

Period 1
Period 2
Period 3

Sarayan
(19, 23, 30)
(96, 99, 107)
(47, 53, 55)
(102, 113, 124)
(41, 43, 48)
(89, 96, 109)

Characteristics of sample problems that have been used
for Taguchi method are shown in Table 5. Calculating all test
results using the Taguchi method, the mean rate of 𝑆/𝑁 for
small-scale problem is presented in Figure 5 and the mean
of the objective function for small-scale problem is shown in
Figure 6.
Optimum factors for genetic algorithm and simulated
annealing are given in Table 6. The final configurations of
parameters for all algorithms are summarized in Tables 7 and
8.
Table 9 shows that the proposed genetic algorithm and
simulated annealing algorithm operate faster than LINGO
with little errors and the standard deviation is not considerable in ten iterations indicating that the solutions do not have
deviation. Now, we generate a number of sample problems
with small and large size that are exhibited in Table 4 and
then operate the proposed genetic algorithm and simulated
annealing algorithm on these problems. Table 9 shows more
details on computational results for all test problems. The
CPU times corresponding to the exact solution, as seen in
Table 9, show that computational time grows exponentially
by size of the problem. Unfortunately, for the large-scale
calculations, LINGO cannot even find the feasible solution
in the limited run time.
In Table 9, we present the following: average value, standard deviation, best solution, computational time, PRAS%,
and PRBS% for each problem. As observed in Table 9, there
are only 2 cases out of 25 for which the SA algorithm performs
better than the GA. Also, in 2 cases out of 25, the SA algorithm
and GA behave identically. Moreover, in the other cases than
those mentioned, GA performs better than the SA. Finally,
in an average sense, the genetic algorithm gives less standard
deviation than the simulated annealing. These observations
show that the GA gives more stable results than the SA.
Solution average in genetic algorithm meets more suitable
conditions especially in the case of large size problems. As
can be seen, the percent reduction best solution (%PRBS)
and the percent reduction average solution (%PRAS) are both
positive values, so the GA performs better than the SA.
The percent reduction best solution (%PRBS) and the
percent reduction average solution (%PRAS) are calculated
using
%PRBS =

BestGA − BestSA
× 100%,
BestGA

AverageGA − AverageSA
× 100%.
%PRAS =
AverageGA

(27)

Qaen
(54, 57, 59)
(144, 149, 162)
(67, 72, 79)
(192, 209, 223)
(69, 78, 85)
(117, 127, 139)

Birjand
(128, 130, 134)
(274, 280, 291)
(175, 180, 182)
(389, 400, 419)
(192, 200, 212)
(270, 280, 296)

For the proposed algorithms, the average results of the
ten simulations are also presented. The efficiency of the two
algorithms is measured by the quality of the produced solutions. The quality is given in terms of the relative deviation
from the optimum solution that the best solution’s error
= (LINGO solution − the best solution)/LINGO solution,
where LINGO solution denotes the solution of the LINGO
software and the best solution is considered to be the solution
of the metaheuristic algorithms. As it can be seen from
Table 9, the algorithms lead to very good and stable results
for most cases. Also, the genetic algorithm performs better
than the simulated annealing, in each and every instance.
The comparison of LINGO with the proposed genetic
algorithm shows that the GA can find approximately an
optimal solution in a shorter time compared to the LINGO
as presented in Table 9. In Table 9, it is also shown that the
average gap between the optimal and the GA solutions is
1.421%. The maximum gap is related to the test problem 𝐼6 .
As observed in Table 9, the standard deviation has
increased as the problem’s dimension increases. To obtain
better solution in large dimensions, population size and the
number of generations should both increase.
A small size example is considered to test the reliability of the model. Figure 7 shows the map of southkhorasan province of Iran that has been used at this example.
Three cities (Birjand, Qaen, and Sarayan) are selected to
set up relief commodities distribution centers for different
periods. Furthermore, nine cities including Birjand, Qaen,
Darmiyan, Nehbandan, Ferdows, Zirkoh, Sarayan, Sarbisheh,
and Boshruyeh are considered as damaged areas. The fixed
cost to open distribution centers for all the areas is $25000,
$26000, and $27500. The shortage penalty for each commodity is $1.5 for commodity 1 and $2.5 for commodity
2. These values are confirmed with experts’ estimations. In
this example, two types of relief commodities have been
considered. In addition, there are two active centers for each
period. The model has been solved for a situation that the
number of planning periods is 3. The demand of damaged
areas is available as triangular fuzzy numbers in Table 11. The
amount of inventory in distribution centers is presented in
Table 10. The proposed model tries to minimize the cost of
commodities relocation and maximize the demand coverage
ratio of damaged area for fair distribution. This is done by a
multiobjective possibility linear programming model.
As shown in Tables 12 and 13, considering the inventories
of distribution centers and damaged area demands in periods

Period 3

Period 2

Period 1

Commodity 1
Commodity 2
Commodity 1
Commodity 2
Commodity 1
Commodity 2

Ferdows
(38, 40, 42)
(68, 70, 72)
(44, 45, 47)
(76, 80, 86)
(48, 50, 52)
(91, 95, 99)

Boshruyeh
(44, 50, 57)
(65, 69, 73)
(54, 55, 58)
(75, 79, 83)
(47, 49, 51)
(85, 87, 94)

Darmiyan
(45, 50, 53)
(91, 95, 99)
(42, 45, 48)
(102, 110, 119)
(56, 60, 63)
(76, 80, 84)

Sarayan
(33, 36, 39)
(86, 89, 98)
(42, 46, 47)
76, 80, 88)
(36, 40, 42)
(77, 78, 83)

Sarbisheh
(34, 38, 39)
(55, 60, 66)
(35, 39, 41)
(72, 75, 79)
(27, 30, 32)
(62, 65, 69)

Table 11: Demand of damaged areas (∗1000).
Nehbandan
(49, 50, 54)
(53, 55, 59)
(56, 60, 61)
(66, 70, 78)
(43, 45, 47)
(71, 75, 79)

Zirkoh
(36, 40, 42)
(66, 70, 76)
(32, 35, 38)
(71, 75, 79)
(41, 45, 49)
(80, 83, 88)

Qaen
(42, 45, 46)
(76, 80, 89)
(35, 38, 41)
(74, 78, 84)
(54, 60, 64)
(87, 89, 99)

Birjand
(56, 60, 63)
(92, 100, 104)
(61, 65, 67)
(101, 110, 112)
(64, 70, 74)
(119, 125, 129)
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Table 12: Allocated commodity (type 1) (∗1000).

Period 1
Period 2
Period 3

Birjand
Qaen
Birjand
Qaen
Birjand
Qaen

Ferdows

Boshruyeh

21

26

Darmiyan
25
32

32

40

38

38

46

Sarayan
8
11
32
23
7

Sarbisheh
20

Nehbandan
27

27

42

Zirkoh
20

Qaen

Birjand
31

23

23

34

46
25
22
13

27
53
45

Table 13: Allocated commodity (type 2) (∗1000).

Period 1
Period 2
Period 3

Birjand
Qaen
Birjand
Qaen
Birjand
Qaen

Ferdows

Boshruyeh

54

53

77

Darmiyan
57
17
105

76
52

61

58

Sarayan
47
23
55
22
29
22

Sarbisheh
46

Nehbandan
43

72

68

42

49

Zirkoh
13
42

Qaen

71
30
24

75

Birjand
76

63
103
80
59

Table 14: The amount of inventory in established distribution centers (∗1000).

Period 1
Period 2
Period 3

Commodity 1
Commodity 2
Commodity 1
Commodity 2
Commodity 1
Commodity 2

1, 2, and 3, Birjand and Qaen are considered as active distribution centers. The amount of inventory in active distribution
centers is presented in Table 14. Tables 12 and 13 show how to
allocate goods from distribution centers to the affected areas.
As demonstrated, it has been tried as much as possible to
use one distribution center as a closest center to damaged
area. However, if the inventory of a distribution center is not
sufficient, several distribution centers will be used to fulfill all
demands. Reviewing the tables shows that almost all damaged
areas receive commodities equally to have fair distribution of
commodities. For instance, almost 52% of the 1st commodity
demands and 77% of the 2nd commodity demands are met in
period 1. Therefore, accuracy and reliability of the model are
both acceptable.

6. Conclusions
It is clear that logistic activities are very important in response
phase of the disaster management. Also, precise programming can improve the efficacy of the system. According to the
crucial role of location-allocation in reducing cost and time,
a multiobjective possibility programming model has been
developed for relief logistics. This model follows two main
objectives. The first one is minimizing good distribution cost
and the second one is justice in good distribution process,

Birjand
(128, 130, 134)
(274, 280, 291)
(175, 180, 182)
(389, 400, 419)
(192, 200, 212)
(270, 280, 296)

Qaen
(73, 80, 89)
(240, 248, 269)
(114, 125, 134)
(294, 322, 347)
(110, 121, 133)
(206, 223, 248)

while the efforts are to maximize the minimum number of
satisfied requests. Considering estimated information from
problem conditions, some of the model parameters such as
the number of damaged area requests and distribution center
supply in different periods and transportation cost have been
seeded as triangular fuzzy numbers. As observed earlier, the
quality of the genetic algorithm is relatively higher, especially
in large-scale problems.
Finally, for future research, the relief chain can be reconfigured with three echelons: central disaster facilities of the
city as main suppliers, local emergency facilities as distributors, and urban areas as customer. Also, location and routing
can be considered simultaneously.
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Beam pumping system which is widely used in petroleum enterprises of China is one of the most energy-consuming equipment. It
is difficult to be modeled and optimized due to its complication and nonlinearity. To address this issue, a novel intelligent computing
based method is proposed in this paper. It firstly employs the general regression neural network (GRNN) algorithm to obtain the
best model of the beam pumping system, and secondly searches the optimal operation parameters with improved strength Pareto
evolutionary algorithm (SPEA2). The inputs of GRNN include the number of punching, the maximum load, the minimum load,
the effective stroke, and the computational pump efficiency, while the outputs are the electric power consumption and the oil yield.
Experimental results show that there is good overlap between model estimations and unseen data. Then sixty-one sets of optimum
parameters are found based on the obtained model. Also, the results show that, under the optimum parameters, more than 5.34%
oil yield is obtained and more than 3.75% of electric power consumption is saved.

1. Introduction
Beam pumping system is one of the most important oil recovery equipment in China, the occupancy of which reaches to
70% [1]. However, its system efficiency is very low, due to the
negative torque, long gear train, poor working conditions,
and other reasons. Researching the energy saving of beam
pumping system is very important and necessary [2].
Improving the structure of the beam pumping unit is a
kind of effective methods for energy saving [3, 4]. Through
optimizing of the four-bar linkage design and improving
the balance system, the fluctuation of the net torque curve
becomes flat and the loading coefficient of beam pumping
unit is reduced, which leads to the increasing of motor’s
efficiency. Nonsynchronous crank balance beam pumping
unit and secondary balanced beam pumping unit are the
typical cases. It is reported that the nonsynchronous crank
balance beam pumping unit can save 3∼4% energy in some
conditions and the secondary balanced beam pumping unit

can save 14% energy. However, they are not always energysaving and their energy-saving levels are related to the
working conditions. For instance, if the balance parameters
are not adjusted properly, the efficiency of the secondary
balanced beam pumping unit should not be increasing.
Changing the working characteristic of the motor is
another solution of this issue [5–8]. This way is represented
by high-slip motor and ultrahigh-slip motor. Under the same
working condition of the well, the average of the powercurrent curve of ultrahigh-slip motor is much less than
that of conventional-slip motor. The curve is flatter, and
consequently the cyclic loading coefficient is greatly reduced
and the efficiency of the beam pumping unit is increased.
However, since the efficiency of the high-slip motor is lower
than that of the conventional-slip motor, there is a small
amount of space to cut down the energy consumption and
the energy-saving effect is remarkable only in the light-load
conditions.
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Beam-pumping unit

Table 1: Parameters used for modeling.
Inputs
Decision parameter

Ground surface
Pump

Outputs parameters

NP (time/min)
MAXL (kN)
MINL (kN)
Environment parameters
ES (m)
CPE (%)

EPC (kw/h)
OY (t/d)

Liquid face level
Oil

Figure 1: The schematic diagram of beam pumping system.

The aforementioned two ways, which try to improve the
mechanical or electrical structures of the beam pumping
system, need large investment and long time. It will be more
economical to reduce the energy consumption based on the
existing system by optimizing the operation parameters.
Only if we can build accurate and reliable process optimization model, the optimization of operation parameter
is meaningful. Artificial neural network (ANN) modeling,
because of its strong nonlinear approximation ability, is
suitable for large-scale, parallel processing, and complex
or unknown mechanism problems [9]. Since the beam
pumping system is very complicated in nature, mainly due
to unknown dynamic behaviors, nonlinear relations and
numerous involved variables. In this paper, we proposed to
build beam pumping system model by general regression
neural network (GRNN). Then to identify the optimum
operating parameters, multi-object optimization problem of
minimizing the electric power consumption and maximizing
the oil yield is solved by strength Pareto evolutionary algorithm (SPEA2).
The rest of this paper is organized as follows. Section 2
briefly introduces the beam pumping system. Section 3
presents the proposed modeling and optimization method
for beam pumping system’s energy saving. Experimental
results and discussions are given in Section 4. The conclusions are finally drawn in Section 5.

2. A Sketch of Beam Pumping System
Beam pumping unit is the widely used traditional pumping
equipment. A simple beam pumping system is sketched
in Figure 1. The unit and motor at the surface supply the
oscillating motion to the sucker and so to the pump. And
the downhole oil is carried to the ground by the pump. In
a rush time, the motor works in electrical state or generates
electricity state, respectively, when the sucker is up or down.
The reservoirs are extremely complex, including rich oil,
lean oil, thin oil, and thickened oil. The unit is impossible to
work in constant speed. Additionally, there are many facts
influencing the capacity and energy consumption of the oil
pump, such as the leakage between the worn piston and the
bush, and the polytropic stratum elements. It is hard or even
impossible to develop an accurate mathematical model. This

paper tries to find the potential law of the beam pumping
system by the history production data and then utilize the law
to improve the yield and save the energy consumption.

3. Modeling and Optimization of
Beam Pumping System
Different from the mechanical structure or electrical structure, modification method needs to replace the original
equipment; the solution in this paper is to make the system
work under the optimal operation parameters which are
obtained by intelligent computing method based on the
history production data of the original equipment.
As the analysis in Section 2, the beam pumping system
is complicated and nonlinear. Its energy consumption is
influenced by many factors. We first select the decision
parameter and environment parameters, and then a GRNN
model is built up to simulate the beam pumping system, and
finally the optimization problem according to saving energy
is constructed and solved by SPEA2 algorithm.
3.1. Parameters Selection. The monitored parameters of beam
pumping system usually contain three-phase voltage, threephase current, maximum load, the minimum load, theoretical pumpage, computational pump efficiency, effective
stroke, number of punching, power factor, average power
factor, average active power, average reactive power, electric
power consumption, and oil yield, for the example of DaGang
oilfield of China. Obviously, the first eight parameters are
related to the system status, while the rest are related to the
system efficiency.
In these parameters, the number of punching (NP) is
adjustable and directly related to the status of the beam
pumping unit. It is quite important to the energy consumption and the oil yield. Consequently, we selected it as the
decision parameter. Moreover, it is not hard to find that
some of these parameters show close relationship. In other
word, there is redundancy in the parameters. Using all the
parameters to model will increase the complexity of algorithm as well as reduce the reliability of the model. By analysis
of their interrelation, we finally choose the maximum load
(MAXL), the minimum load (MINL), the effective stroke
(ES), and the computational pump efficiency (CPE) as the
environment parameters and the electric power consumption
(EPC) and the oil yield (OY) as the evaluation criterions. All
the parameters used in modeling are shown in Table 1.
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And the weighted summation of the output value of all
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.
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.
.
.
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.
.
.
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.
.
.
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.
.
.

CPE

..
.

Input layer

(3)

where 𝑦𝑖𝑗 is the weight between the 𝑖th neuron of pattern layer
and the 𝑗th neuron of summation layer; it is equal to the 𝑗th
component of the output vector y𝑖 of the 𝑖th training sample.
The number of output layer neuron 𝑠 equals the dimension of output vector of training sample, and every neuron
divides the output values of summation layer; namely,

Output layer

𝑦̂𝑗 =

Summation layer

𝑠𝑁𝑗
𝑠𝐷

,

𝑗 = 1, 2, . . . , 𝑝,

(4)

where 𝑦̂𝑗 is the estimation value of 𝑗th component of output
vector of forecasting sample.

Pattern layer

Figure 2: GRNN model of the beam pumping system.

3.2. Modeling of Beam Pumping System. GRNN [10], which
evolved from probabilistic neural network (PNN) [11],
belongs to the forward neural networks. It has many advantages: (1) strong nonlinear mapping ability and high errortolerance, (2) strong approaching ability and high learning
speed, (3) good performance for the small sample size
problem, and (4) strong ability to deal with unstable data. So
GRNN is quite suitable to model the complex nonlinear beam
pumping system.
As Figure 2 shows, the GRNN model of beam pumping
system comprises of four layers, namely, input layer, pattern
layer, summation layer, and output layer. The input neurons
in the first layer are distribution neurons which assigned all
the measured values of X, where X = {x1 , x2 , . . . , x𝑛 }, x𝑖 =
𝑝 𝑇
(𝑥𝑖1 , 𝑥𝑖2 , . . . , 𝑥𝑖 ) , 𝑛 is the number of samples, and 𝑝 is the
dimension of samples.
Most processing is done in the pattern layer and the
summation layer. The number of neurons of pattern layer is
equal to the number of training samples, 𝑛, and the transform
function is shown as the following formula:
𝑇

𝑡𝑖 = exp [−

𝑗 = 1, 2, . . . , 𝑝,

𝑖=1

(X − 𝜙𝑖𝑥 ) (X − 𝜙𝑖𝑥 )
],
2𝜎2

𝑖 = 1, 2, . . . , 𝑛,

(1)

𝜙𝑖𝑥

where X is the input vector of training sample,
is the
input portion of the 𝑖th training vector represented by the 𝑖th
neuron in the pattern layer, and 𝜎 is the smoothing parameter,
which can be adjusted to provide different levels of function
smoothing. Larger values for 𝜎 cause smoother estimated
function.
In summation layer, arithmetic summations and
weighted summations are performed in the neurons. The
arithmetic summation of the output value of all pattern layer
units is
𝑛

𝑠𝐷 = ∑𝑡𝑖 .
𝑖=1

(2)

3.3. SPEA2 Optimization of Parameters. Once the GRNN
model of the beam pumping unit production system model
is developed, it can be used to obtain the optimal values of
the input variables. SPEA2 [12] is an improved version of the
strength Pareto evolutionary algorithm (SPEA) also proposed
by Zitzler and Thiele [13] in 1999. It is a multiobjective evolutionary algorithm characterized by the concepts of strength
and density. Compared to SPEA, SPEA2 has an improved
fitness assignment strategy and hence can search the global
optimum of all objective functions. Consequently, SPEA2
becomes one of the most popular optimization techniques in
nonlinear multiobjective combinatorial optimization problems. In this paper, the optimization problem for energy
saving is solved using SPEA2 algorithm.
The objective functions are
𝑦EPC = min 𝐽EPC = 𝑓 (𝑥NP , 𝑥MAXL , 𝑥MINL , 𝑥ES , 𝑥CPE ) ,
𝑦OY = max 𝐽OY = 𝑓 (𝑥NP , 𝑥MAXL , 𝑥MINL , 𝑥ES , 𝑥CPE ) .

(5)

Considering that SPEA2 always searches the minimum
fitness, the maximum objective is converted to minimum one
by taking its negative. Finally, the multiobjective problem
of the beam pumping system energy saving is described as
follows:
̂ , −𝐽2 (𝑥))
̂ .
̂ = min (𝐽1 (𝑥)
𝑦̂ = min 𝐽 (𝑥)

(6)

In the above expression, it has
𝑥̂ = (𝑥NP , 𝑥MAXL , 𝑥MINL , 𝑥ES , 𝑥CPE ) ∈ 𝑋
𝑦̂ = (𝑦EPC , −𝑦OY ) ∈ 𝑌
𝑋 = {(𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) | 𝑙𝑖 ≤ 𝑥𝑖 ≤ 𝑢𝑖 , 𝑖 = 1, 2, . . . , 5}

(7)

𝐿 = (𝑙1 , 𝑙2 , . . . , 𝑙5 )
𝑈 = (𝑢1 , 𝑢2 , . . . , 𝑢5 ) ,
where 𝐿 and 𝑈 are the lower and the upper boundaries of
optimal parameters, respectively.
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Table 2: Instances of experiment data from a certain oilfield.

Number
1
2
3
..
.

NP
3.01
2.99
2.97
..
.

MAXL
97.2
97.3
103.2
..
.

MINL
44.7
44.9
42.6
..
.

ES
3.0746
3.2502
3.0683
..
.

CPE
69.2602
73.1920
70.7739
..
.

EPC
11.97
12.00
13.37
..
.

OY
31.05
32.87
30.65
..
.

Optimal design
Real problem

Samples

Approximate model
Evolutionary search
Approximate performance
SPEA2 optimization

GRNN modeling
Designs

Figure 3: Framework of GRNN-SPEA2 strategy.

The main loop of the SPEA2 algorithm is as follows.
Step 1. 𝑖 = 0: initialize population 𝑃0 and set archive
population 𝑃0 = 0.
Step 2. Function evaluation: calculate fitness values of all
individuals in 𝑃𝑖 ∪ 𝑃𝑖 .
Step 3. Environmental selection: copy all nondominated


. If size of 𝑃𝑖+1
exceeds 𝑁
individuals in 𝑃𝑖 and 𝑃𝑖 to 𝑃𝑖+1

(archive size), then reduce 𝑃𝑖+1 by means of the truncation


is less than 𝑁, then fill 𝑃𝑖+1
operator; otherwise if size of 𝑃𝑖+1

with dominated individuals in 𝑃𝑖 and 𝑃𝑖+1 .
Step 4. Termination: if stopping criterion (maximum generations) is satisfied, set 𝑃final = 𝑃𝑖+1 and terminate.
Step 5. Perform tournament selection with replacement on

to fill the mating pool. Apply recombination and muta𝑃𝑖+1

to the resulting
tion operators to the mating pool and set 𝑃𝑖+1
population.
Step 6. 𝑖 = 𝑖 + 1: go to Step 2.
3.4. GRNN-SPEA2 Strategy. To obtain the optimal parameters, the modeling and the optimization procedure should
be combined. The framework of GRNN-SPEA2 strategy is
briefly illustrated in Figure 3.
The procedure can be briefly described as follows: as
approximating the model of the real problem, GRNN is developed with certain calculated algorithm based on experiment
data. The SPEA2 is applied to explore good solutions among
solution spaces. Once the SPEA2 generates a new solution,
the GRNN will be used to determine its fitness value for the
SPEA2 to continue its searching process. Until the SPEA2
satisfies certain termination criterion, the strategy will export

Table 3: MSE and RE of GRNN model.
Performance index
𝐸MS
𝐸𝑅

EPC
0.0336
0.0148

OY
0.0951
0.0071

the best solution and its performance determined by detail
evaluation based on real problem.

4. Experimental Results and Analysis
4.1. Experimental Data. The proposed method is evaluated
by real production data from a certain oilfield. Experiments
employ 3234 samples which recorded the production status
of 8 beam pumping wells from 6/1/2011 to 10/18/2011. Several
instances of the dataset are listed in Table 2.
To void the influence caused by the difference between
the absolute values of different parameters, the data were
normalized to the range of [−1, 1] before used to model.
4.2. GRNN Modeling. In the GRNN modeling process, the
data is divided randomly into two subsets, one is used to
train the model called training set and the other one is used
evaluate the model called test set. The training set and test set
contain 3150 samples and 84 samples, respectively. Figure 4
shows the comparison of the predicted objectives and the real
objectives.
It can be seen from Figure 4 that the predicted values and
the real ones are very close. To show the diversity more clearly,
the percentage errors of EPC and OY by GRNN model are
shown in Figure 5. From Figure 5, we find that the absolute
percentage error of EPC is less than 0.05%, while that of OY
is less than 0.04%, which indicates that the obtained GRNN
model gets nice description of the real model.
Also, the commonly used mean square error (MSE) and
relative error (RE), whose formula is given in (8), are used to
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Figure 4: Comparison of the predicted and real objectives of GRNN model. (a) EPC and (b) OY.
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Figure 5: The percentage error of GRNN model.

further verify the performance of the model. The result is as
shown in Table 3. Consider
2

∑ (𝑦 − 𝑥)
𝑛−1


y − x
𝐸𝑅 = ∑ ( 
),
x

𝐸MS = √

(8)

where x is the observed value and y is the prediction value; 𝑛
is the dimensionality of x and y.
From the simulation results, it can be found that the
simulated values match well with the measured values. This
proves that the GRNN model of beam pumping system is
stable and reliable and could be regarded as a knowledge
source for follow-up parameters optimization.
4.3. Optimal Parameters Searching by SPEA2. As discussed in
Section 3.3, the searching boundaries should be set at first. It
is not difficult to understand that the parameters should not
fluctuate too drastically, and then using the statistical range
of each parameter as the boundary will be reasonable. The
boundaries of the five inputs are shown in Table 4.

In experiments, the initial population is set to 50. Then the
maximum generations are set to 20, 50, 100, and 200, respectively, to find the optimum generation. Figure 6 illustrates the
result of Pareto frontiers when the maximum generation is
20, 50, 100 and 200, respectively. From Figure 6, it can be
seen that when the maximum generation is 100, the Pareto
front is basically stable. And hence, we set the generation to
100. In this case, there are 61 sets of optimum solutions. Some
instances of the optimum solutions are shown in Table 5.
From Table 5, we find that the optimal number of punching is bigger than the original setting, which confirms with
the fact that big number of punching will achieve high system
efficiency. Comparing the optimized results and the original
data, there are above 3.75% decreasing of the electric power
consumption and above 5.34% increasing of the oil yield.
It verifies the correctness of obtaining optimum decision
parameters.

5. Conclusions
This paper presents a novel way to saving the energy consumption of beam pumping system by general regression
neural network modeling and improved strength Pareto
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Figure 6: SPEA2 Pareto frontier when the maximum generations are 20, 50, 100, and 200. (a) Maximum generation is 20, (b) maximum
generation is 50, (c) maximum generation is 100, and (d) maximum generation is 200.
Table 4: Searching boundaries of the parameters.
Boundary
Upper
Lower

NP
2.5
3.5

MAXL
93.3
93.5

MINL
42.3
42.5

ES
3.1
3.2

EPC
71
72

Table 5: Instances of solutions of Pareto optimal set.
Number
1
2
3
4
..
.
61

NP (time/min)
3.29
3.29
3.29
3.31
..
.
3.28

MAXL (kN)
93.3
93.4
93.5
93.5
..
.
93.3

MINL (kN)
42.3
42.3
42.3
42.5
..
.
42.3

evolutionary optimization. This method need not modify the
original equipment but just tries to make the equipment work
in energy-saving status. Experimental results on 3234 real
samples from a certain oilfield show that the performance
of the beam pumping system is significantly improved after
using the optimum parameters. Specifically, the electric
power consumption decreases more than 3.75% and the oil
yield increases more than 5.34%. It verified that the proposed
method is an alternative effective solution for energy saving
of oilfield.

ES (m)
3.1034
3.1029
3.1030
3.1999
..
.
3.1000

CPE (%)
71.2198
71.0810
71.3858
71.9633
..
.
71.3138

EPC (kw)
11.1938
11.5908
11.3190
11.3349
..
.
11.0982

OY (t/d)
35.89
37.51
36.37
36.48
..
.
35.54

This paper puts forward a feasible solution for the intensive production of oilfiled; however, the achieved result is not
a determinate solution but a set of Parato fronts. How to find
the robust optimal solution to guide the production will be
our future research direction.
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The large adoption of electric vehicles (EVs), hybrid renewable energy systems (HRESs), and the increasing of the loads shall
bring significant challenges to the microgrid. The methodology to model microgrid with high EVs and HRESs penetrations
is the key to EVs adoption assessment and optimized HRESs deployment. However, considering the complex interactions of
the microgrid containing massive EVs and HRESs, any previous single modelling approaches are insufficient. Therefore in
this paper, the methodology named Hierarchical Agent-based Integrated Modelling Approach (HAIMA) is proposed. With the
effective integration of the agent-based modelling with other advanced modelling approaches, the proposed approach theoretically
contributes to a new microgrid model hierarchically constituted by microgrid management layer, component layer, and event
layer. Then the HAIMA further links the key parameters and interconnects them to achieve the interactions of the whole model.
Furthermore, HAIMA practically contributes to a comprehensive microgrid operation system, through which the assessment of
the proposed model and the impact of the EVs adoption are achieved. Simulations show that the proposed HAIMA methodology
will be beneficial for the microgrid study and EV’s operation assessment and shall be further utilized for the energy management,
electricity consumption prediction, the EV scheduling control, and HRES deployment optimization.

1. Introduction
The worldwide constructions of the smart grid technology
bring significant development to microgrids, HRES, and EV
technology. The microgrid is an integrated energy system
consisting of interconnected loads, energy resources, and
storages that can operate in parallel with the grid or in
the island mode. Due to the needs of distributed generation, such microgrids have been popular over the years of
development of the smart grid. And with the integration of
HRESs including photovoltaic, wind, and biomass generators, the microgrids can deliver many advantages including
reduced cost, increased reliability and security, renewable
power generation, and power system optimization, bringing
significant benefits to the grid enterprises and the public [1, 2].
However, the variety of renewable energy does not precisely
match the time distribution of the electricity demand of the
microgrid load, and the considerable oversized deployment
of the HRESs for power generation reliability in turn makes

the design costly. Moreover, the EVs’ increasing adoption also
brings potential challenges to the operations of the microgrid,
and, considering the large adoption of EVs in residential
areas in the near future, the massive and random recharging
activities shall cause severe voltage fluctuations to the microgrid [3, 4]. Besides, the additional power generation for EVs
might be idle for most of the time, which further degrades the
microgrid efficiency and infrastructure utilization [5, 6].
Therefore, considering the complex operations and interactions of EVs and HRESs in the microgrid, the proper
HRESs deployment assessment and EV-recharging prediction are the keys for minimizing the microgrid operation
cost and maximizing the utilization of the HRES power
volatility. And the modelling methodology for the microgrid
with high penetrations of HRES and EVs is fundamental
and critical to enable those abilities [7]. In recent years,
various mathematical modelling techniques have been developed by many researchers, and the performance of the
microgrid component is either modelled by deterministic or

2
probabilistic approaches. Bazan and German [8] proposed a
hybrid simulation approach for the analysis of the domestic
homes equipped with different microgenerations and storage
devices, but the study lacks the analysis on the microgrid
operations. Petermann et al. [9] and Weniun et al. [10]
proposed a multiagent control model for microgrid and a
two-layer control system of microgrid is built; however, the
EVs’ impact is not considered.
Considering the model of microgrid power system with
HRES and loads from EVs and from original consumers, this
paper develops the methodology named Hierarchical Agentbased Integrated Modelling Approach (HAIMA). HAIMA
also constitutes a flexible simulation system to further investigate the operation and interactions of the microgrid and EVs.

2. Microgrid Analysis with EVs and HRES
The analysis of the microgrid architecture is critical for the
development of its model. The microgrid consists of multiple
components of HRESs and power load. The HRESs of the
microgrid include photovoltaic, wind energy, biomass, and
battery storage systems. Meanwhile the multiple load of the
microgrid includes the original load, that is, the operation
of industrial, commercial electric equipment and residents’
home appliances, and the load of EV-recharging consumptions. All the components are connected together through
a grid network and under the monitor of the microgrid
management center.
Without loss of generality, the schematic figure of the
proposed system under study is shown in Figure 1. Besides
the mentioned HRES devices and load, the system consists
of many power converters operating over a wide range of
areas and interconnected with feeders and bus. The microgrid
connects the distribution network through a single point
of common coupling (PCC) and operates as a single unit.
Two main types of EV energy supplement measures, that
is, recharging and battery changing, are included in the
system. Idle EVs can be recharged by the recharging electric
vehicle supply equipment (EVSE) in the parking area or EVrecharging stations, and EVs with commute tasks and with
depleted batteries can get a fast refuel service through batterychanging services, while the replaced depleted batteries
shall be uniformly charged by the battery-recharging station
through the logistics transportation by battery transport
vehicles.
The structure in HAIMA is hierarchically divided into
three layers: management layer, component layer, and event
layer. The management layer consists of the control center
and the sensors in the microgrid. It is responsible for communication with the smart grid control center and monitors
and controls the flows on the microgrid bus with multiple
energy inflows and outflows from the component layer. The
component layer is formed by major power generation and
consumption components of the microgrid including HRES
devices, original electricity consumers, EVs, and service
stations. And the event layer mainly focuses on equipment
operation and processes in the EV service stations, that is,
recharging and battery-changing stations.
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3. Modelling Methodologies and Rationales
The proposed modelling methodologies of HAIMA are based
on the ABM. As a computational approach to study multiagent systems (MASs), ABM has been a rapidly growing
area for analyzing the electricity market in the past decade.
The theoretical foundation of ABM mainly lies in complex
system modelling (CSM), artificial life (AL), and swarm
intelligence (SI). The fundamental approach of ABM is to
simulate real-world systems with a group of interacting
autonomous agents modelled as computer programs, and
the agents shall interact with each other in the MAS [11].
As the objects with intelligence, the agents shall form the
MAS with unique activity and interactions. And HAIMA
adopts this character in modelling microgrid components
including HRES devices, EV-recharging stations, and batterychanging stations. The other advantage of ABM is that it could
efficiently model the complex behavior of massive system
participants [12], which is particularly suitable for modelling
massive consumption units such as EVs, enterprises, and residents with distinct characters and behaviors. Those electricity
consumption units of the microgrid form up the electricity
consumption in the microgrid and constitute an MAS which
is well suited for agent-based modelling.
To further enhance the effectiveness of the proposed
agents, in the modelling approach the statechart is adopted
to specify their states and behaviors. The statechart is a state
machine that consists of states containing corresponding
actions and transitions that can be triggered by events.
Statecharts in HAIMA usually graphically capture the operations and conditions of certain agents and enable fast and
convenient structuring of the microgrid model.
The DEM and SDM are also adopted in HAIMA. As
a modelling approach based on entities, resources, and
block charts, DEM is capable of describing the entity flow
and resource sharing. Such process-centric modelling is a
medium-low abstraction level modelling approach and is
well suited for exactly describing the EV refuel activities in
both EV-recharging stations and battery-changing stations
because refuel services in those stations can naturally be
described as a sequence of operations. SDM is a rigorous
modelling method that enables the building of complex
systems simulations and the design of more effective policies
and organizations [13]. SDM is typically used in long-term,
strategic models and has been widely used in energy industries for demand forecasting [14] and energy flow modelling
[8]. General system dynamics models consist of stocks and
flows connected through auxiliaries depicting a system. And
in HAIMA, the SDM is adopted for the management layer
to generate energy consumptions and generations in the
microgrid.

4. Hierarchical Agent-Based
Model of Microgrid
4.1. System Dynamic Modelling for the Management Layer.
In the management layer, SDM is adopted in the study of
the energy supply in the microgrid. In this model, the stock
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of the microgrid energy comprises inflows and outflows
indicating energy generation and consumptions, and those
flows are generated by the corresponding components in
the component layer while being under the control of the
microgrid management center. Figure 2 shows the logical
setup of the proposed HAIMA management layer model,
where the 𝐸WD , 𝐸PV , and 𝐸BM denote the energy generated
by wind, photovoltaic, biomass generators in the HRES;
𝐸C&D is the energy flow in or out of the battery storage
system depending on its charging or discharging operation;
𝐸RES , 𝐸IND , 𝐸COM , and 𝐸EV denote the residential, industrial,
commercial, and EV energy consumptions; and 𝐸DSCD is
the discarded energy of the HRES. To guarantee the energy
balance of the microgrid, the energy demand from the main
grid can be calculated from the following equation:

output at a specific site mainly depends on wind speed turbine
characteristics. Typical hourly power output from a wind
turbine can be calculated as

𝐸GRID = 𝐸WD + 𝐸PV + 𝐸BM + 𝐸C&D − 𝐸RES

𝑉
𝐵 = 3 min 3 .
𝑉𝑟 − 𝑉min

− 𝐸IND − 𝐸COM − 𝐸EV − 𝐸DSCD ,

(1)

and 𝐸GRID is zero when the microgrid is working on islanding
mode.
4.2. Agent-Based Modelling for the Component Layer. The
agent modelling in HAIMA can be divided into two types,
where HRES components are modelled as single, complete,
static agents operating under the control of the management layer, and the load from residential, commercial, and
industrial consumers as well as EVs is modelled as separated
autonomous dynamic agents with unique statechart, electricity usage distribution, and so forth in order to utilize the
advantages of ABM to generate a bottom-to-top electricity
consumption phenomenon.

0,
{
{
{
{𝐴𝑉(𝑡)3 − 𝐵𝑃𝑟 ,
𝑃WD (𝑡) = {
{
𝑃,
{
{ 𝑟
{0,

𝑉 (𝑡) ≤ 𝑉min
𝑉min < 𝑉 (𝑡) ≤ 𝑉𝑟
𝑉𝑟 < 𝑉 (𝑡) ≤ 𝑉max
𝑉 (𝑡) > 𝑉max ,

(2)

where 𝑃𝑟 is the rated power, while 𝑉min , 𝑉max , and 𝑉𝑟 are,
respectively, the cut-in, cut-out, and rate speed of the wind
turbine, 𝑉𝑡 is the hourly average wind speed, and the factors
𝐴 and 𝐵 can be calculated as
𝐴=

𝑉𝑟3

𝑃𝑟
,
3
− 𝑉max

(3)

Therefore the actual total power output from a wind energy
system can be calculated by
𝑃WE (𝑡) = 𝑃WD (𝑡) 𝐴 WD 𝜂WD ,

(4)

where 𝐴 WD is the total turbine swept area of the wind energy
system and the 𝜂WD is the efficiency of the wind turbine
generators and converters.
Photovoltaic System. The hourly power output from the
photovoltaic system with an area 𝐴 PV can be calculated by
𝑃PV (𝑡) = 𝐼𝑟 (𝑡) 𝜂PV 𝐴 PV ,

𝑃PV (𝑡) ≤ 𝑃PV max ,

(5)

4.2.1. Modelling of HRES Generation Components

where 𝐼𝑟 (𝑡) is the total input solar radiation on unit area of the
PV surface within an hour, and 𝜂PV is the photovoltaic system
efficiency.

Wind Power System. Wind power is one of the most popular
renewable energy sources in the microgrid whose power

Biomass Power System. Biopower or biomass power utilizes
biomass to generate electricity. With the development of

4

Journal of Applied Mathematics
PC & D
PWD

EWD

PPV

EPV

PBM

EBM
PGRID

EC & D

Energy of the
microgrid

EGRID

EDSCD

ERES

PRES

EIND

PIND

ECOM

PCOM

EEV

PEV

Figure 2: Logical setup of the management layer.

Power generating

Power discarding
Operational

HRES. The state of charge (SOC) of the battery storage system
can be calculated by

Shut down

SOCBS (𝑡) =

Failed

𝐸BS (𝑡)
× 100%,
𝐸BS𝑟
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𝐸BS (𝑡) = 𝐸BS (𝑡 − Δ𝑡) (1 − 𝜎BS ) + 𝐸C&D (Δ𝑡) ,
biomass power technologies including direct-firing, cofiring,
and gasification, biomass has provided a new option of
renewable system for the microgrid. The power generated
from direct-firing biomass power station can be calculated
using
𝑃BM (𝑡) = 𝜂BM 𝑃BM𝑟 (𝑡) ,

𝑃BM (𝑡) ≤ 𝑃BM max ,

(7)

(6)

where 𝑃BM𝑟 (𝑡) is the rate power at time 𝑡 and 𝜂BM the biomass
power generation efficiency.
HRES Generation Statechart. The statechart of the proposed
HRES generation devices can be illustrated in Figure 3. It
contains four states that describes the main conditions of a
renewable generator:

(8)

where 𝜎BS is the hourly self-discharge rate and 𝐸C&D (Δ𝑡) is
the charged or discharged energy in time period Δ𝑡 and can
be calculated by
𝐸C&D (Δ𝑡)
(𝐸GE (Δ𝑡) − 𝐸𝐿 (Δ𝑡)) 𝜂Bc ,
{
{
{
{
{
{
{
{ (𝐸 (Δ𝑡) − 𝐸𝐿 (Δ𝑡))
= { GE
,
{
𝜂Bd
{
{
{
{
{
{
{0,

𝐸GE (Δ𝑡) > 𝐸𝐿 (Δ𝑡) ,
𝐸BS (Δ𝑡) ≤ 𝐸BS𝑟 × 𝑢BS max
𝐸GE (Δ𝑡) ≤ 𝐸𝐿 (Δ𝑡) ,
𝐸BS (Δ𝑡) ≥ 𝐸BS𝑟 × 𝑢BS min
else,
(9)

(2) power discarding: the generated power is discarded;

where 𝐸GE (Δ𝑡) and 𝐸𝐿 (Δ𝑡) are the total generation and load
of the microgrid system, while 𝜂Bc and 𝜂Bd are the recharging
and discharging efficiency of the battery. 𝐸C&D (Δ𝑡) is subject
to the battery maximum recharging and discharging constraints:

(3) shut down: the generator is stopped for regular
maintenance;

𝐸C&D min ≤ 𝐸C&D (Δ𝑡) ≤ 𝐸C&D max .

(4) failed: the generator is temporarily out of work and
needs repairs.

The six states of the energy storage system are as follows,
while the corresponding statecharts are illustrated in Figures
4 and 5:

(1) power generating: the generator is generating power
to the microgrid;

4.2.2. Modelling of HRES Storage Components
Battery Storage System. In the HRES, battery storage is
fundamental to alleviate the fluctuation of the renewable
generations. And it is therefore sized to meet the load demand
during the nonavailability period of the renewable energy
source while absorbing the exceeded power generations in

(10)

(1) recharging: the battery storage system is being
recharged by the microgrid;
(2) discharging: the battery storage system is discharging
energy to the microgrid;
(3) fully recharged: the maximum SOC of the battery
storage system has been reached;
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where the recharged energy 𝐸Charge (Δ𝑡) within time period
Δ𝑡 can be, respectively, calculated by the recharging power
𝑃Charge (𝑡) in the following equation:

Recharging
Shut down
Depleted

Fully recharged

Δ𝑡

Failed
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𝐸Charge (Δ𝑡) = ∫ 𝜅𝑃Charge (𝑡) 𝜂Charge 𝑑𝑡,

Nonoperational

Operational

0

𝑃Charge min ≤ 𝑃Charge (𝑡) ≤ 𝑃Charge max ,
where variable 𝜅 is zero when EV is not plugged for recharging and is 1 when being recharged. And the total recharging
load is
𝑁

𝑃EV (𝑡) = ∑𝜅𝑃Charge 𝑖 (𝑡) ,
𝑖=1

Time (hh:mm)

When EVs are driving on the trips, the discharged energy
from the battery within time period Δ𝑡 𝐸Discharge (Δ𝑡) can be
calculated with
Δ𝑡

Figure 5: Distribution of the trip length.

𝐸Discharge (Δ𝑡) = ∫ 𝜀𝑃Discharge (V (𝑡)) 𝑑𝑡,
0

(4) depleted: the minimum SOC of the battery storage
system has been reached;
(5) shut down: the battery storage system is stopped for
regular maintenance;
(6) failed: the battery storage system is temporarily out of
work and needs repairs.
4.2.3. Modelling of EVs in the Microgrid. As an active agent,
the EV modelling in the microgrid should consider both
the temporal and spatial aspects and the EVs’ behaviors.
The main parameters impacting the EV energy requirement
can be classified into three aspects: environment characters,
driver characters, and EV characters. Environment characters include time, weather, climate, distribution of the EVrecharging and battery-changing station, and transportation
conditions; driver characters include distributions of driving
time and trip length; and EV characters include EV types,
rated battery storage, recharging/discharging power, and
efficiency. Given those characters, the SOC of the EV agent
can be derived in the following equation:
SOCEV (𝑡)
=
=

(13)

𝑃Charge 𝑖 min ≤ 𝑃Charge 𝑖 (𝑡) ≤ 𝑃Charge 𝑖 max .
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Figure 4: Statechart of the HRES energy storage system.
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(12)

𝐸EV (𝑡)
× 100%
𝐸EV𝑟

(14)

0 ≤ V (𝑡) ≤ Vmax ,
where V(𝑡) is the EV velocity and variable 𝜀 is zero when
EV is parked and is 1 when being driven for a trip. Besides,
assuming the transition from ordinary internal-combustion
engine vehicle to the electric vehicle will not apparently
change the resident driving behaviors, the distribution of the
trip length 𝑙 in this model is derived from the latest National
Household Travel Survey report (NHTS 2009) in the United
States, as is shown in Figure 5.
With the proposed key agent parameters, the EV agents’
behavior can be derived through a series of functions.
And the main behavior influencing the microgrid is the
EV refuelling decision between EV recharging and battery
changing. And with plenty of EVSEs available at parking
lots of office buildings as well as a residential area, an ideal
decision process for EV drivers is shown in Figure 6. The EVs
finished tripping shall find whether there are available EVSEs
to get a temporary refuelling, and when there are no available
EVSEs while the EV battery is close to depleted, EVs shall go
for the nearest ERS to get recharged and then wait for the next
trip. Trip-unfinished EVs with nearly depleted batteries shall
go to the nearest BCS and go on trips after the batteries have
been changed.
Based on the proposed agent’s behavior, the EV agents’
states in the model can be described in the statechart as shown
in Figure 7:
(1) go tripping: the EV starts one trip of a day;

𝐸EV (𝑡 − Δ𝑡) (1 − 𝜎EV ) + 𝐸Charge (Δ𝑡) − 𝐸Discharge (Δ𝑡)

(2) trip ending: the EV ends one trip of a day;
(3) heading for BCS: the EV goes to the battery-changing
station for refuelling;

𝐸EV𝑟
× 100%,
(11)

(4) heading for RS: the EV goes to the EV-recharging
station for refuelling;
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(5) battery changing: the EV is under the service of
battery changing;
(6) recharging: the EV is under the recharging service;
(7) standby: the EV ends all series of trips of a day;
(8) failed: the EV encounters a breakdown and needs
repairs.
4.2.4. Modelling of the Original Microgrid Load. The original
load of the microgrid is mainly formed by residential,
commercial, and industrial load and is mainly influenced by
characters including population, electrical appliance types,
and energy consumption per capita. In HAIMA, with the
preset population and proportion of the microgrid, static
agents have been adopted to represent the residential houses,
commercial and industrial buildings, and other electrical
appliances. Apart from the recharging load from EVs, the
massive introduction of HRES and EVs does not apparently
impact the load distribution and power consumption of a
certain area, and the original load curves from residential,

commercial, and industrial load can be adopted to generate
the original load agent.
4.3. Discrete-Event Modelling for the Event Layer. DEM is
proposed to model the inner operation in EV-recharging
stations as well as battery-changing stations to capture the
detailed refuel event of EVs. The service ability, congestion
situation, can therefore be observed and further improved to
raise EV customer service satisfaction. In HAIMA, EVs and
their batteries are all passive entities that travel in the stations
through a series of blocks representing processes of the
recharging/battery-changing service sequence, as illustrated
in Figure 8, where the basic processes of the two sequences
are waiting for service, applying for resources, being serviced,
and departures. The service during time can be calculated,
respectively, in
𝑇ERS = 𝑇Wait + 𝑇Charge + 𝑇ExERS ,

(15)

𝑇BCS = 𝑇Wait + 𝑇Change + 𝑇ExBCS ,

(16)

where the waiting time 𝑇Wait is affected by the congestion
conditions in the stations; the service time 𝑇Charge is, respectively, affected by the EV SOC and recharging power; 𝑇Change
is due to battery-changing efficiency; and 𝑇ExERS , 𝑇ExBCS are
the extra auxiliary services provided by the stations.
4.4. Interactions between Layers. The interconnections and
interactions are critical to the integrated operation of
HAIMA. The communications between management layer
and component layers are established in the model to transmit the data and control messages; therefore in component
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layer the component agents’ behaviors can be controlled
and their key parameters can then feedback to update the
flow variables in the SDM of the management layers, which
enables HAIMA to simulate the monitoring of the grid bus
and the real-time control of the HRES. The EV agent in the
component layer also serves as triggers to the event layers.
With the EV agent states changing, relative blocks of the
DEM will trigger the corresponding process in response,
and the entities process of the DEM shall in turn trigger
the transitions of the relevant EV agent statechart. The
synchronization is also important for the model and should
be guaranteed through time triggers.

5. Comprehensive Simulation
System for the Microgrid
In order to support systematically in-depth exploration of
the microgrid operation and energy consumers’ behavior,
the comprehensive simulation system is built which enables
microgrid components to operate and interact with arbitrary
virtual environments, enabling broader experimentation for
the study of the HRESs and EVs in the microgrid.
The main interface of the simulation system in HAIMA
is implemented by the AnyLogic software. As the only
simulation tools that support DEM, ABM, and SDM, AnyLogic’s object-oriented model design paradigm provides for
modular, hierarchical, and incremental construction of large
models [15]. In the simulation system of HAIMA, management layer is modelled with the SDM approach in AnyLogic,
while agents of the component layer are implemented as JAVA
objects, and the proposed agent behaviors, parameters, and
statecharts can also be well constructed with AnyLogic provided functions, parameter widget, and the statechart pallet.
Moreover, EVs agents in the simulation system are modelled
dynamically on the microgrid traffic environment, which can
help visualizing EV-caused emerging phenomenon such as
traffic congestions in EV-recharging stations and batterychanging stations. To ensure the flexibility of the model, each
component agent of the microgrid model is encapsulated to
be independent active class object, and message ports as well
as communication rules are also embedded on those objects
to enable their interactions and communications among
different agents and between different layers. The event layer

is implemented by the AnyLogic Enterprise Library. The
main process of the battery-changing station is shown in
Figure 9, where upper blocks marked in italic notes denote
the sequence of the translation vehicle for the depleted
batteries and recharged new batteries, while the roman notes
marked blocks below are the sequence of the EVs with
depleted batteries.
To make the system visual and interactive, many charts
and graphics are adopted in the model. Animations including
elementary graphical shapes as well as various types of indicators and graphs are developed to enable real-time illustration
of the operation data in HAIMA. The user interaction is also
considered in the simulation system. Interactive elements
such as sliders, buttons, and text inputs are used to control
the model’s execution at run time, while the control panel
and user interfaces of them are well designed. Moreover,
the simulation system also prepares the open architecture
and sockets for the database connection. This enables the
real-time data exchange to the other software, databases,
and microgrid utilities. With the advantages of AnyLogic
to incorporate spatial data, GIS maps are used in HAIMA
simulation system to generate the location of recharging
stations and battery-changing stations.
With the reusable active objects, visual interactive elements, and function to import database and GIS data,
the constructed simulation system is visual, flexible, and
extensible, and besides HAIMA model, the component-based
design of the system allows it for the efficient creation of
new case studies including centralized/decentralized control
design, microgrid islanding mode, and dynamic power flow
computing.

6. Computer Simulation and Analysis
The Monte Carlo simulation is carried out to verify the effectiveness of the proposed microgrid model and simulation
system. The electricity grid load consults are from the real
load of the Electric Reliability Council of Texas (ERCOT)
[16]. ERCOT is an isolated electrical system that manages the
flow of electric power to 23 million customers in Texas [17],
while the latest residential electricity consumption is 37.6%
[18]. Considering the large-scale EV data is not presently
available, the paper reasonably assumes a microgrid with onethirty-thousandth Texas population, that is, 2300 residents in
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Figure 9: Main process of the battery-changing station.

Austin and TX, and with several industrial and commercial
loads. The main information of HRES component and EV
parameters used in the simulation is given in Table 1. The
environment characters of Austin are acquired from the
system advisor model (SAM) provided by the National
Renewable Energy Laboratory (NREL), and the EV users’
behavior is derived from the NHTS 2009.
Considering the reduction of the carbon emission, wind
turbines and photovoltaic panels are firstly enabled to feed the
energy consumptions, and extra generations can be absorbed
by the unfulfilled battery storage system. The biomass generator is enabled only when the energy requirement of the load
exceeds the outflow of the wind, photovoltaic, and battery
storage systems. And the main grid shall supply insufficient
energy when the total required energy goes beyond all the
HRES generations in the microgrid.
Firstly, assume the EVSEs have been fully adopted in the
proposed microgrid, and EVs shall immediately be recharged
once parked. Therefore the simulation of microgrid energy
supply and consumption is shown in Figures 10 and 11 based
on the proposed parameters. Figure 10 indicates that wind
and photovoltaic systems provide the most of the energy, the
battery storage system, after recharged by the photovoltaic
system at noon, and can supply the evening and night load
with biomass systems, and the main grid only provides the
exceeding energy at night peak. The energy consumption
constitution in Figure 11 indicates that the recharging load
conducts a severe grid fluctuation to the original load due to
the convenient recharging facilities. The energy requirement
caused by mass uncoordinated recharging activity significantly reshapes the original grid load power profile and
enlarges the peak time as well as the peak value. And due
to the battery storage system volume and power limitation,
some generated energy by photovoltaic is discarded.
Then reduced the EVSE penetration ratio to be 60% and
the corresponding simulation results are shown in Figures
12 and 13. It can be comparably concluded that electricity
grid with fewer EVSEs enjoys a relatively stable recharging

load in peak hours, and fewer main grid energy supply is
required. However the photovoltaic generated energy at noon
is largely discarded, which indicates that the HRES battery
storage system is insufficient and the photovoltaic generated
energy exceeds the peak need of the microgrid. Further
configuration optimization is in need with the simulation
result of HAIMA.
Besides, the recharging and battery-changing times in
continuous 48 hours are shown in Table 2. The large penetration of the EVSE shall reduce the need for battery-changing
service but in turn significantly improves the recharging
times and the energy consumption from the microgrid,
causing enlarged PARs and reducing the independence of
the microgrid. However, fewer EVSE penetration shall lead
to the need of more battery-changing station, and a proper
configuration of HRES is also in need.

7. Conclusion
Multiple modelling approaches have been developed in the
research of the microgrid with EVs and HRESs, and by
integrating them this paper proposes the hybrid agentbased integrated modelling methodology while developing a
comprehensive simulation system. A hierarchical microgrid
structure is proposed and with the integration of ABM,
DEM, and SDM, the modelling methodology for each layer
is proposed. Furthermore, based on the integrated modelling
methodology, a visual, flexible, and extensible microgrid
simulation system is designed to verify its effectiveness.
The simulation examples indicate that the proposed model
can well reflect the energy generation and consumptions in
the microgrid, and HRES configuration defects, EV facility
utilization, and the impact of EVs recharging load in a different time and penetrations can be reflected in detail. With
the establishment of the proposed HAIMA and combining
with the actual grid data and latest travel information, the
impact of various parameters imported by the energy policy,
scheduling management, weather and climate, population,
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Table 1: HRES components and EV parameters in the microgrid.

HRES component
Wind turbine
Photovoltaic panel
Battery storage
Biomass generator
Electric vehicle

Type
Endurance E3120
Sharp ND-62RU1
Hoppeche 600
Grate stoker furnace
Nissan LEAF

Total number
10
1000
1000
1
500

Rate power
50 kW
1.1 kW
0.2 kW
700 kW
3.3 kW

Table 2: Statistics of PEV traveling in the microgrid.
Total EVs
1700
1700

Simulation time
48 h
48 h

Recharging times
4820
1950

3500

3000

3000

2500

2500

Energy (kWh)

3500

2000
1500
1000

1500
1000
500

0

0

0:00
0:50
1:40
2:30
3:20
4:10
5:00
5:50
6:40
7:30
8:20
9:10
10:00
10:50
11:40
12:30
13:20
14:10
15:00
15:50
16:40
17:30
18:20
19:10
20:00
20:50
21:40
22:30
23:20

Time (hh:mm)
Wind
Photovoltaic
Battery

Time (hh:mm)
Biomass
Main grid

Figure 10: HRES energy supply with 100% EVSE penetration.

Wind
Photovoltaic
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Figure 12: HRES energy supply with 60% EVSE penetration.
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11:40
12:30
13:20
14:10
15:00
15:50
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Energy (kWh)
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100%
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Original load
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Figure 11: HRES energy consumption with 100% EVSE penetration.

and personal behaviors can be tested in risk-free space at
a very low cost, which will help to strategize the microgrid
management, HRES optimized configuration, and EVs optimized scheduling as well as refuel facility construction.

Time (hh:mm)
Original load
EV rechar. load

Battery rechar. load
Discarded load

Figure 13: HRES energy supply with 60% EVSE penetration.
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This paper solves the dynamic traveling salesman problem (DTSP) using dynamic Gaussian Process Regression (DGPR) method.
The problem of varying correlation tour is alleviated by the nonstationary covariance function interleaved with DGPR to generate
a predictive distribution for DTSP tour. This approach is conjoined with Nearest Neighbor (NN) method and the iterated local
search to track dynamic optima. Experimental results were obtained on DTSP instances. The comparisons were performed with
Genetic Algorithm and Simulated Annealing. The proposed approach demonstrates superiority in finding good traveling salesman
problem (TSP) tour and less computational time in nonstationary conditions.

1. Introduction
A bulk of research in optimization has carved a niche in
solving stationary optimization problems. As a corollary, a
flagrant gap has hitherto been created in finding solutions
to problems whose landscape is dynamic, to the core. In
many real-world optimization problems a wide range of
uncertainties have to be taken into account [1]. These uncertainties have engendered a recent avalanche of research in
dynamic optimization. Optimization in stochastic dynamic
environments continues to crave for trailblazing solutions
to problems whose nature is intrinsically mutable. Several
concepts and techniques have been proposed for addressing dynamic optimization problems in literature. Branke
et al. [2] delineate them through different stratifications,
for example, those that ensure heterogeneity, sustenance of
heterogeneity in the course of iterations, techniques that
store solutions for later retrieval and those that use different
multiple populations. The ramp up in significance of DTSP
in stochastic dynamic landscapes has, up to the hilt, in the
past two decades attracted a raft of computational methods,
congenial to address the floating optima (Figure 1). An indepth exposition is available in [3, 4]. The traveling salesman

problem (TSP) [5], one of the most thoroughly studied NPhard theory in combinatorial optimization, arguably remains
a main research experiment that has hitherto been cast as
an academic guinea pig, most notably in computer science.
It is also a research factotum that intersects with a wide
expanse of research areas; for example, it is widely studied
and applied by mathematicians and operation researchers on
a grand scale. TSP’s prominence ascribe to its flexibility and
amenability to a copious range of problems. Gaussian process
regression is touted as a sterling model on account of its stellar
capacity to interpolate the observations, its probabilistic
nature, versatility, practical and theoretical simplicity. This
research lays bare a dynamic Gaussian process regression
(DGPR) with a nonstationary covariance function to give
foreknowledge of the best tour in a landscape that is subject
to change. The research is in concert with the argumentation
that optima are innately fluid, cognizant that size, nature, and
position are potentially volatile in the lifespan of the optima.
This skittish landscape, most notably in optimization, is a cue
for fine-grained research to track the moving and evolving
optima and provide a framework for solving a cartload of
pent-up problems that are intrinsically dynamic. We colligate
DGPR with nearest neighbor (NN) algorithm and the iterated
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Euclidean distance expression [11], we present the matrix 𝐶
between separate distances as
2

2

𝑐𝑖𝑗 = √ (𝑥𝑖 − 𝑥𝑗 ) + (𝑦𝑖 − 𝑦𝑗 ) .

(3)

Affixed to TSP are important aspects that we bring to the fore
in this paper. We adumbrate a brief overview of symmetric
traveling salesman problem (STSP) and asymmetric traveling
salesman problem (ATSP) as follows.
STSP, akin to its name, ensures symmetry in length.
The distances between points are equal for all directions
while ATSP typifies different distance sizes of points in both
directions. Dissecting ATSP gives us a handle to hash out
solutions.
Let ATSP be expressed, subject to the distance matrix.
In combinatorial optimization, an optimal value is sought,
whereby in this case, we minimize using the following
expression:

Figure 1: Nonstationary optima [6].

𝑛−1

𝑤𝜋(𝑛),𝜋(1) + ∑ 𝑤𝜋(𝑖),𝜋(𝑖+1) .
local search, a medley whose purpose is to refine the solution.
We have arranged the paper in four sections. Section 1 is
limited to introduction, Section 2’s ambit includes review of
all methods that form the mainspring of this work, which
include Gaussian process, TSP, and DTSP. We elucidate
DGPR for solving the TSP in Section 3. Section 4 discusses
results obtained and draws conclusion.

(4)

𝑖=1

Reference [12] formulates ATSP in integer programming 𝑛2 −
𝑛 zero-one variables 𝑥𝑖𝑗 or else it is defined as
𝑛 𝑛

𝑦 = ∑∑ 𝑤𝑖𝑗 𝑥𝑖𝑗

(5)

𝑖=1 𝑗=1

such that
𝑛

2. The Traveling Salesman Problem (TSP)

∑𝑥𝑖𝑗 = 1,

Basic Definitions and Notations. It is imperative to note that
in the gamut of TSP, both symmetric and asymmetric aspects
are important threads in its fabric. We factor them into this
work through the following expressions.
Basically, a salesman traverses across an expanse of cities
culminating into a tour. The distance in terms of cost between
cities is computed by minimizing the path length:
𝑛−1

𝑓 (𝜋) = ∑ 𝑑𝜋(𝑖),𝜋(𝑖+1) + 𝑑𝜋(𝑛),𝜋(1) .

𝑛

∑ 𝑥𝑖𝑗 = 1,

𝑖 [𝑛] ,

𝑗=1

(6)

∑∑𝑥𝑖𝑗 ≤ |𝑆| − 1,

∀ |𝑆| < 𝑛,

𝑖∈𝑆 𝑗∈𝑆

𝑥𝑖𝑗 = 0 or 1, 𝑖 ≠𝑗 ∈ [𝑛] .
There are different rules affixed to ATSP, inter alia, to ensure
a tour does not overstay its one-off visit to each vertex. The
rules also ensure that standards are defined for subtours.
In the symmetry paradigm, the problem is postulated. For
brevity, we present subsequent work with tautness:

(1)

𝑦=

𝑖=1

We provide a momentary storage, 𝐷 for cost distance. The distances between 𝑛 cities are stored in a distance matrix 𝐷. For
brevity, the problem can also be situated as an optimization
problem. We minimize the tour length (Figure 5):

𝑗 [𝑛] ,

𝑖=1

The first researcher, in 1932, considered the traveling salesman
problem [7]. Menger gives interesting ways of solving TSP. He
lays bare the first approaches which were considered during
the evolution of TSP solutions. An exposition on TSP history
is available in [8–10].

∑ 𝑤𝑖𝑗 𝑥𝑖𝑗

such that
𝑛

∑𝑥𝑖𝑗 = 2,

𝑗 ∈ [𝑛] ,

𝑖=1

𝑛

∑𝑑𝑖,𝜋(𝑖) .

(2)

𝑖=𝑛

The distance matrix of TSP has got certain features which
come in handy in defining a set of classes for TSP [11]. If the
city point, (𝑥𝑖 , 𝑦𝑖 ) in a tour is accentuated; then drawing from

(7)

1≤𝑖≤𝑗≤𝑛

∑ ∑ 𝑥𝑖𝑗 ≥ 2,
𝑖∈𝑆 𝑗 ≠𝑆

0 ≤ 𝑥𝑖𝑗 ≤ 1,

∀3 ≤ |𝑆| ≥

𝑛
,
2

𝑖 ≠𝑗 ∈ [𝑛] ,

𝑥𝑖𝑗 ∀𝑖 ≠𝑗 ∈ [𝑛] .

(8)
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TSP is equally amenable to the Hamiltonian cycle [11] and so
we use graphs to ram home a different solution approach to
the problem of traveling salesman. In this approach, we define
𝐺 = (𝑉, 𝐸) and (𝑒𝑖 ∈ 𝐸)𝑤𝑖 . This is indicative of the graph
theory. The problem can be seen in the prism of a graph cycle
challenge. Vertices and edges represent 𝑉 and 𝐸, respectively.
It is also plausible to optimize TSP by adopting both an
integer programming and linear programming approaches,
pieced together in [13]:
𝑛 𝑛

∑∑ 𝑑𝑖𝑗 𝑥𝑖𝑗 ,
𝑖=1 𝑗=1
𝑛

∑𝑥𝑖𝑗 = 1,

(9)

𝑖=1
𝑛

∑𝑥𝑖𝑗 = 1.

𝑗=1

We can also view it with linear programming, for example,
𝑚

realm. Nature remains the fount of artificial intelligence.
Optimization mimics the whole enchilada including the
intrinsic floating nature of alleles, which provides fascinating
insights into solving dynamic problems. Dynamic encoding
problems were proposed by [16].
DTSP was initially introduced in 1988 by [17, 18]. In
the DTSP, a salesman starts his trip from a city and after a
complete trip, he comes back to his own city again and passes
each city for once. The salesman is behooved to reach every
city in the itinerary. In DTSP, cities can be deleted or added
[19] on account of varied conditions. The main purpose for
this trip is traveling the smallest distance. Our goal is finding
the shortest route for the round trip problem.
Consider a city population, 𝑛 and 𝑒, as the problem at
hand where in this case we want to find the shortest path for 𝑛
with a single visit on each. The problem has been modeled in
a raft of prisms. A graph (𝑁, 𝐸) with graph nodes and edges
denoting routes between cities. For purpose of elucidation,
the Euclidean distance between cities is 𝑖 and 𝑗 is calculated
as follows [19]:
2

∑𝑤𝑖 𝑥𝑖 = 𝑤𝑇 𝑥.

(10)

2

𝐷𝑖,𝑗 = √ (𝑥𝑖 − 𝑥𝑗 ) + (𝑦𝑖 − 𝑦𝑗 ) .

(13)

𝑖=1

Astounding ideas have sprouted, providing profound
approaches in solving TSP. In this case, few parallel edges are
interchanged. We use the Hamilton graph cycle [11] equality
matrix
∀𝑖, 𝑗 𝑑𝑖𝑗 = 𝑑𝑖𝑗 ,
(11)

∑ 𝑑𝑖𝑗 = 𝛼 ∑ 𝑑𝑖𝑗 + 𝛽

𝑖,𝑗∈𝐻

𝑖,𝑗∈𝐻

subject to 𝛼 > 0, 𝛽 ∈ R. The common denominator of
these methods is to solve city instances in a shortest time
possible. A slew of approaches have been cobbled together
extensively in optimization and other areas of scientific study.
The last approach in this paper is to transpose asymmetric
to symmetric. The early work of [14] explicates the concept.
There is always a dummy city affixed to each city. The
distances are the same between dummies and bona fide cities
which makes distances symmetrical. The problem is then
solved symmetrically thereby assuaging the complexities of
NP-hard problems:

0 𝑑12
[𝑑21 0
[𝑑31 𝑑32

0
[∞
[
𝑑13
[∞
]
𝑑23 ←→ [
[−∞
[
0 ]
[ 𝑑21
[ 𝑑31

∞
0
∞
𝑑12
−∞
𝑑32

∞
∞
0
𝑑13
𝑑23
−∞

−∞
𝑑12
𝑑13
0
∞
∞

𝑑21
−∞
𝑑23
∞
0
∞

𝑑31
𝑑31 ]
]
−∞]
].
∞]
]
∞]
0 ]
(12)

2.1. Dynamic TSP. Different classifications of dynamic problems have been conscientiously expatiated in [15]. A wide
array of dynamic stochastic optimization ontology ranges
from a moving morphology to drifting landscapes. The
dynamic optima exist owing to moving alleles in the natural

2.1.1. Objective Function. The predictive function for solving
the dynamic TSP is defined as follows.
Given a set of different costs (𝑃1 , 𝑃2 , . . . , 𝑃𝑛(𝑡) ), the distance matrix is contingent upon time. Due to the changing
routes in the dynamic setting, time is pivotal. So, it is
expressed as a function of distance cost. The distance matrix
has also been lucidly defined in the antecedent sections. Let us
use the supposition that 𝐷 = 𝑑𝑖𝑗 (𝑡), and 𝑖, 𝑗 = 1, 2, . . . , 𝑛(𝑡).
Our interest is bounded on finding the least distance from
𝑃𝑗 and 𝑑𝑖𝑗 (𝑡) = 𝑑𝑗𝑖 (𝑡). In this example, as aforementioned,
time, 𝑡 and of course, cost, 𝑑, play significant roles in the
quality of the solution. DTSP is therefore minimized using
the following expression:
𝑛(𝑡)

𝑑 (𝑇 (𝑡)) = ∑ 𝑑𝑇𝑖 ,𝑇𝑖+1 (𝑡) .

(14)

𝑖=1

From Figures 2, 3, and 4, DTSP initial route is constructed upon visiting requests carried by the traveling
salesman {A, B, 𝐶, 𝐷, 𝐸} [20]. As the traveling salesman sets
forth, different requests (𝑋, 𝑌) come about which compels the
traveling salesman to change the itinerary to factor in the new
trip layover demands, {𝐴, 𝐵, 𝐶, 𝐷, 𝑋, 𝐸, 𝑌}.
2.2. Gaussian Process Regression. In machine learning, the
primacy of Gaussian process regression cannot be overstated.
The methods of linear and locally weighted regression have
been outmoded by Gaussian process regression in solving
regression problems. Gold mining was the major motivation
for this method where Krige, whom Kriging is his brainchild
[21], postulated that using posteriori, the cooccurrence of
gold is encapsulated as a function of space. With Krige’s
interpolation mineral concentrations at different points can
be predicted.
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Figure 4: Previous route changed to meet new requests given to the
traveling salesman.

Figure 2: Initial request, A, B, C, D, E.
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Figure 3: New requests for consideration.

20

In Gaussian process, we find a set of random variables.
The specifications include covariance function 𝑛(𝑥, 𝑥 ) and
mean function 𝑝(𝑥) that parameterize the Gaussian process.
The covariance function determines the similarity of different
variables. In this paper, we expand the ambit of study to
nonstationary covariance:
𝑝 (𝑓 (𝑥) ⋅ 𝑓 (𝑥 )) = 𝑁 (𝜇, Σ) .
𝜇(𝑥)



yi = h (xi ) + 𝜀i

(16)

subject i = 1 to 𝑚.
The probability density describes the likelihood for a
certain value to be assumed by a variable. Given a set of
observations bound by a number of parameters:
𝑛

𝑝 (𝑦 | 𝑋, 𝑤) = ∏𝑝 (𝑦𝑖 | 𝑥𝑖 , 𝑤) ∼ 𝑁 (𝑋𝑇 𝑤, 𝜎𝑛2 𝐼) ,
In this case, bias is denoted by 𝑤.

0
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Figure 5: Minimum path generated by DGPR.

(15)

𝐾(𝑥⋅𝑥) 𝐾(𝑥⋅𝑥 )
).
In the equation, 𝜇 = ( 𝜇(𝑥 ) ) and Σ = ( 𝐾(𝑥

⋅𝑥) 𝐾(𝑥 ⋅𝑥 )
The matrices 𝑛 × 1 for 𝜇 and 𝑛 × 𝑛 for Σ are presented in
(15).
GPR (Figure 6) has been extensively studied across the
expanse of prediction. This has resulted into different expressions to corroborate the method preference. In this study we
m
have a constellation of training set P = (xi , yi )i=1 . The GPR
model [22] then becomes

𝑖=1

60

(17)

Gaussian process is analogous to Bayesian with a fractional difference [23]. In one of the computations by the
Bayes’ rule [23], is the Bayesian linear model parameterized
by covariance matrix and mean denoted by 𝐴−1 and 𝑤,
respectively:
𝑝 (𝑤 | 𝑋, 𝑦) ∼ 𝑁 (𝑤 = 𝜎𝑛−2 𝐴−1 𝑋𝑦, 𝐴−1 ) ,

(18)

where
−1

𝐴 = 𝜎𝑛−2 𝑋𝑋𝑇 + ∑ .
𝑝

(19)

Using posterior probability, the Gaussian posterior is presented as
−2 𝑇 −1
𝑝 (𝑓𝑠 | 𝑥𝑠 , 𝑋, 𝑦) ∼ 𝑁 (𝜎𝑚
𝑥𝑠 𝐴 𝑋𝑦, 𝑥𝑠𝑇𝐴−1 𝑥𝑠 ) .

(20)

Also the predictive distribution, given the observed dataset,
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With quadratic form,

100
90

𝑇

Q𝑖𝑗 = (𝑥𝑖 − 𝑥𝑗 ) (

80

Deviation

70

2

−1

) (𝑥𝑖 − 𝑥𝑗 ) ,

(25)

Σ𝑖 denotes the matrix of the covariance function.
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3. Materials and Methods
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Figure 6: DGPR maintains superiority when juxtaposed with GPR
and local search.

Gaussian process regression method was chosen in this
work, owing to its capacity to interpolate observations, its
probabilistic nature, and versatility [26]. Gaussian process
regression has considerably been applied in machine learning
and other fields [27–29]. It has pushed back the frontiers of
prediction and provided solutions to a mound of problems,
for instance, making it possible to forecast in arbitrary
paths and providing astounding results in a wide range of
prediction problems. GPR has also provided a foundation for
state of the art in advancing research in multivariate Gaussian
distributions.
A host of different notations for different concepts are
used throughout this paper:
(i) 𝑇 typically denotes the vector transpose,

helps to model a probability distribution of an interval not
estimating just a point:
−2 𝑇 −1
𝜙𝑠 𝐴 Φ𝑦, 𝜙𝑠𝑇 𝐴−1 𝜙𝑠 ) ,
𝑝 (𝑓𝑠 | 𝑥𝑠 , 𝑋, 𝑦) ∼ 𝑁 (𝜎𝑚

(21)

where by Φ = Φ(𝑋), 𝜙𝑠 = 𝜙(𝑥𝑠 ), and 𝐴 = 𝜎𝑛−2 ΦΦ𝑇 + ∑−1
𝑝 . If
−1
𝐴 of size 𝑛 × 𝑛 is needed when 𝑛 is large. We rewrite as
−1

𝑁𝜙𝑠𝑇 ∑Φ(𝐾 + 𝜎𝑛2 𝐼) 𝑦,
(22)

−1

𝜙𝑠𝑇 ∑𝜙𝑠 − 𝜙𝑠𝑇 ∑Φ(𝐾 + 𝜎𝑛2 𝐼) Φ𝑇∑𝜙𝑠 .
𝑃

𝑃

The covariance matrix 𝐾 is Φ ∑𝑝 Φ.
2.2.1. Covariance Function. In simple terms, the covariance
defines the correlation of function variables at a given time. A
host of covariance functions for GPR have been studied [24].
In this example,
𝐾 (𝑥𝑖 𝑥𝑗 ) = V0 exp −(

𝑟

Our extrapolation is dependent on the training and testing
datasets from the TSPLIB [30]. We adumbrate our approach
as follows:

𝜎

) + V1 + V2 𝛿𝑖𝑗 ,

(b) invoke Nearest Neighbor method for tour construction,
(c) tour encoding as binary for program interpretation,

𝑇

𝑥𝑖 − 𝑥𝑗

(iii) the roman letters typically denote what constitutes a
matrix.

(a) input distance matrix between cities,

𝑃

𝑃

(ii) 𝑦̂ denotes the estimation,

(23)

the parameters are V0 (signal variance), V1 (variance of bias),
V2 (noise variance), 𝑟 (length scale), and 𝛿 (roughness).
However in finding solutions to dynamic problems, there is a
mounting need for nonstationary covariance functions. The
problem landscapes have increasingly become protean. The
lodestar for this research is to use nonstationary covariance
to provide an approach to dynamic problems.
A raft of functions have been studied. A simple form is
described in [25]:

−1/2
 1/4  1/4  Σ𝑖 + Σ𝑗 
exp (−Q𝑖𝑗 ) ,
𝐶N𝑆 (𝑥𝑖 , 𝑥𝑗 ) = 𝜎2 Σ𝑖  Σ𝑗  

 2 
(24)

(d) as a drifting landscape, we set a threshold value 𝜃 ∈ T,
where T is the tour, and the error rate 𝜀 ∈ T for the
predicatability is
∀1≤𝑗≤𝑛 0 < severity 𝐷𝑇 (𝐹𝑖𝑗 ) ≤ 𝜃,
∀1≤𝑗≤𝑛 0 < predict 𝐷𝑇,𝜀 (𝐹𝑖𝑗 ) ≤ 𝜃,

(26)

(e) get a cost sum,
(f) determine the cost minimum and change to binary
form,
(g) present calculated total cost,
(h) unitialize the hyperparameters (ℓ, 𝜎𝑓2 , 𝜎𝑛2 )
(i) we use the nonstationary covariance function 𝐾(𝑋 −
𝑋 ) = 𝜎𝑜2 + 𝑥𝑥 . Constraints 𝑦𝑖 = 𝑓(𝑥𝑖 + 𝜀𝑖 ) realized in
the TSP dataset, 𝐷 = (𝑥𝑖 , 𝑦𝑖 )𝑛𝑖=1 , 𝑦𝑖 ∈ R distances for
different cities, 𝑥𝑖 ∈ R𝑑 ,
(j) calculate integrated likelihood in a dynamic regression,
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kernels in literature as discussed in previous chapters, for
example in [32],

TSP tour
180
170

𝐶NS (𝑥𝑖 , 𝑥𝑗 ) = ∫ 𝐾𝑥𝑖 (𝑢) 𝐾𝑥𝑗 (𝑢) 𝑑𝑢.

160

R2

150

(28)

For (𝑥𝑖 , 𝑥𝑗 , 𝑢) ∈ R2 ,

140
130

𝑓 (𝑥) = ∫ 𝐾𝑥 (𝑢) 𝜓 (𝑢) 𝑑𝑢,
R2

120

(29)

For R𝑝 , 𝑝 = 1, 2, . . ., we ensure a positive definite function
between cities for dynamic landscapes:

110
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∑ ∑ 𝑎𝑖 , 𝑎𝑗 𝐶NS (𝑥𝑖 , 𝑥𝑗 )

Figure 7: Generated tour in a drifting landscape for the best optimal
route.

𝑖=1 𝑗=1

𝑛

R𝑝

𝑖=1 𝑗=1

∗

(k) output the predicted optimal path 𝑥̂ and its length
𝑦̂∗ ,

=∫

(m) estimate optimal tour 𝑥̂∗ ,

=∫

R𝑝

(n) let the calculated route set the stage for iterations until
no further need for refinement,
(o) let the optimal value be stored and define the start for
subsequent computations,
(p) output optimal 𝑥̂ and cost (𝑦̂∗ ).
3.1. DTSP as a Nonlinear Regression Problem. DTSP is formulated as a nonlinear regression problem. The nonlinear
regression is part of the nonstationary covariance functions
for floating landscapes [18]:
(27)

and 𝐷 = {(𝑥𝑖 , 𝑦𝑖 )}𝑛𝑖=1 where 𝑦𝑖 ∈ R, 𝑥𝑖 ∈ R𝑑 Our purpose is to
define 𝑝(𝑦∗ | 𝑥∗ , 𝐷).
3.1.1. Gaussian Approximation. The Gaussian approximation
is premised on the kernel, an important element of GPR.
The supposition for this research is that once 𝑥 is known,
𝑦 can be determined. By rule of thumb, the aspects of a priori
(when the truth is patent, without need for ascertainment)
and posteriori (when there is empirical justification for
the truth or the fact is buttressed by certain experiences)
play a critical role in shaping an accurate estimation. The
kernel determines the proximate between estimated and
nonestimated.
Nonstationarity, on the other hand, means that the mean
value of a dataset is not necessarily constant and/or the
covariance is anisotropicvaries with direction and spatially
variant, as seen in [31]. We have seen a host of nonstationary

𝐾𝑥𝑖 (𝑢) 𝐾𝑥𝑗 (𝑢) 𝑑𝑢

𝑛

𝑛

∑𝑎𝑖 𝐾𝑥𝑖 (𝑢) ∑𝑎𝑗 𝐾𝑥𝑗 (𝑢) 𝑑𝑢

R𝑝 𝑖=1

(l) implement the local search method 𝑥∗ ,

𝑦𝑖 = 𝑓 (𝑥𝑖 + 𝜀𝑖 )

𝑛

= ∑ ∑ 𝑎𝑖 , 𝑎𝑗 ∫

𝑗=1

(30)

2

𝑛

(∑𝑎𝑖 𝐾𝑥𝑖 (𝑢)) 𝑑𝑢 ≥ 0.
𝑖=1

In mathematics, convolution knits two functions to form
another one. This cross relation approach has been successfully applied myriadly in probability, differential equations,
and statistics. In floating landscapes, we see convolution at
play which produces [31]
NS

𝐶


−1/2
1/4  1/4  Σ𝑖 + Σ𝑗 
(𝑥𝑖 , 𝑥𝑗 ) = 𝜎 𝜎 Σ𝑖  Σ𝑗  
exp (−Q𝑖𝑗 ) .

 2 
(31)
2 2 

In mathematics, a quadratic form reflects the homogeneous
polynomial expressed in
𝑇

Q𝑖𝑗 = (𝑥𝑖 − 𝑥𝑗 ) (

Σ𝑖 + Σ𝑗
2

−1

) (𝑥𝑖 − 𝑥𝑗 ) .

(32)

A predictive distribution is then defined:
𝑝 (𝑦∗ | 𝑋∗ , 𝐷, 𝜃) = ∫ ∫ 𝑝 (𝑦∗ | 𝑋∗ , 𝐷, exp (ℓ∗ ) , exp (ℓ) , 𝜃𝑦 )
× 𝑝 (ℓ∗ , ℓ | 𝑋∗ , 𝑋, ℓ, 𝑋, 𝜃ℓ ) 𝑑ℓ 𝑑ℓ∗ .
(33)
From the dataset, the most probable estimates are used, with
the following equation:
𝑝 (𝑦∗ | 𝑋∗ , 𝐷, 𝜃) ≈ 𝑝 (𝑦∗ | 𝑋∗ , exp (ℓ∗ ) , exp (ℓ) , 𝐷, 𝜃𝑦 ) .
(34)
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3.2. Hyperparameters in DGPR. Hyperparameters define the
parameters for the prior probability distribution [6]. We use
𝜃 to denote the hyperparameters. From 𝑦, we get 𝜃 that
optimizes the probability to the highest point:

(35)
From the hyperparameters 𝑝(𝑦 | 𝑋, 𝜃), we optimally define
the marginal likelihood and introduce an objective function
for floating matrix:
log 𝑝 (𝑦 | 𝑋, exp (ℓ) , 𝜃𝑦 )

𝐿 (𝜃) = log 𝑝 (ℓ | 𝑦, 𝑋, 𝜃) = 𝑐1 + 𝑐2
−1

⋅ [𝑦 𝐴 𝑦 + log |𝐴| + log |𝐵|]

(37)

and 𝐴 is 𝐾𝑥,𝑥 + 𝜎𝑛2 𝐼, 𝐵 is 𝐾𝑥,𝑥 + 𝜎𝑛−2 𝐼.
The nonstationary covariance 𝐾𝑥,𝑥 is defined as follows. ℓ
represents the cost of 𝑋 point:
1 −1/2
𝐾𝑥,𝑥 = 𝜎𝑓2 ⋅ 𝑃𝑟1/4 ⋅ 𝑃𝑐1/4 ⋅ ( ) 𝑃𝑠−1/2 ⋅ 𝐸
2

(38)

with
𝑃𝑟 = 𝑝 ⋅ 1𝑇𝑛 ,
𝑃𝑐 = 1𝑇𝑛 ⋅ 𝑝𝑇 ,

20

0

5

10

𝑃 = ℓ ℓ,
(39)

𝑃𝑠 = 𝑃𝑟 + 𝑃𝑐 ,
[−𝑠 (𝑋)]
,
𝑃𝑠
−1

ℓ = exp [𝐾𝑥,𝑥 [𝐾𝑥,𝑥 + 𝜎𝑛−2 𝐼] ℓ] .
After calculating the nonstationary covariance, we then make
predictions [33]:
1
𝐾𝑥,𝑥 = 𝜎𝑓2 ⋅ exp [− 𝑠 (𝜎, ℓ−2 𝑋, 𝜎, ℓ−2 𝑋)] .
2

(40)

4. Experimental Results
We use the Gaussian Processes for Machine Learning Matlab
Toolbox. Its copious set of applicability dovetails with the
purpose for this experiment. It was titivated to encompass
all the functionalities associated with our study. We used

15

20

25

Cities
SA
GA

Figure 8: DGPR is juxtaposed with all other comparing methods in
an instance of 22 cities for 200 iterations.

Matlab due to its robust platform for scientific experiments
and sterling environment for prediction [26]. 22-city data
instance were gleaned from the TSP library [34].
From the Dell computer, we set initial parameters: ℓ =
2, 𝜎𝑓2 = 1, 𝜎𝑛2 . The dynamic regression is lumped with the
local search method to banish the early global and local
convergence issues.
For global method (GA), the following parameters are
defined. Sample = 22, (𝑝𝑐 ) = 1, (𝑝𝑚 ) = 1.2, and 100 computations while SA parameters include 𝑇int = 100, 𝑇end = 0.025,
and 200 computations.
The efficacy level is always observed by collating the
estimated tour with the nonestimated [35–37]:
deviation (%) =

𝑇

𝑇

40

GPR
DGPR

and |𝑀| is the factor of 𝑀.
In this equation the objective function is expressed as

𝐸 = exp

60

(36)

1
𝑛
log {𝐾𝑥,𝑥 + 𝜎𝑛2 𝐼} − log (2𝜋) ,
2
2

𝑇

80

0

−1
1
= − 𝑦𝑇 (𝐾𝑥,𝑥 + 𝜎𝑛2 𝐼) 𝑦
2

−

100

Deviation

𝑝 (𝑦 | 𝑋, 𝜃) = ∫ 𝑝 (𝑦 | 𝑋, ℓ, 𝜃𝑦 ) ⋅ 𝑝 (ℓ | 𝑋, ℓ, 𝑋, 𝜃ℓ ) 𝑑ℓ.

120

𝑦̂∗ − 𝑦∗
× 100.
𝑦∗

(41)

The percentage of difference between estimated solution
and optimal solution = 16.64%, which is indicative of a
comparable reduction with the existing methods (Table 1).
The computational time by GPR is 4.6402 and distance
summation of 253.000. The varied landscape dramatically
changes the length of travel for the traveling salesman. The
length drops a notch suggestive of a better method and an
open sesame for the traveling salesman to perform his duties.
The proposed DGPR (Figure 8) was fed with the sample
TSP tours. The local search method constructs the initial
route and 2-opt method used for interchanging edges. The
local method defines starting point and all ports of call to
painstakingly ensure that the loop goes to every vertex once
and returns to the starting point. The 2-opt vertex interchange
creates a new path through exchange of different vertices
[38]. Our study is corroborated by less computation time
and slumped distance when we subject TSP to predicting the
optimal path. The Gaussian process runs on the shifting sands
of landscape through dynamic instances. The nonstationary
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Figure 9: An example of best solution in stationarity. A sample of 22 cities generates a best route. As seen in the figure, there is a difference
in optimality and time with nonstationarity.

Table 1: The extracted data is collated to show forth variations in
different methods.
Method#
GPR
DGPR
GA
SA
2-opt

Nodes#
22
22
22
22
22

DTSP and DGPR collated data
Optimal#
T#
253.00
4.64
231.00
3.82
288.817
5.20
244.00
5.50
240.00
4.20

D#
0.42
0.24
0.40
2.30
0.30

functions described before brings to bare the residual, the
similitude, between actual and estimate. In the computations,
path is interpreted as [log2 𝑛] and an ultimate route as
𝑛[log2 𝑛].
There are myriad methods over and above Simulated
(Figure 10) Annealing and tabu search, set forth by the fecundity of researchers in optimization. The cost information
determines the replacement of path in a floating turf. The
lowest cost finds primacy over the highest cost. This process
continues in pursuit of the best route (Figure 9) that reflects
the lowest cost. In the dynamic setting, as the ports of call
change, there is a new update on the cost of the path. The cost
is always subject to change. The traveling salesman is desirous
to travel the shortest distance which is the crux of this study
(Figure 11). In the weave of this work, the dynamic facet of
regression remains at the heartbeat of our contribution. The
local methods are meshed together to ensure quality of the
outcome. As a corollary our study has been improved with
the integration of the Nearest Neighbor algorithm and the
iterated 2-opt search method. We use the same number of
cities; each tour is improved by 2-opt heuristics and the best
result is selected.
In dynamic optimization, a complete solution of the
problem at each time step is usually infeasible due to the
floating optima. As a consequence, the search for exact global

70
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Figure 10: Optimal path is generated for Simulated Annealing in 22
cities.

optima must be replaced again by the search for acceptable
approximations. We generate a tour for the nonstationary
fitness landscape in Figure 7.

5. Conclusion
In this study, we use a nonstationary covariance function
in GPR for the dynamic traveling salesman problem. We
predict the optimal tour of 22 city dataset. In the dynamic
traveling salesman problem where the optima shift due
to environmental changes, a dynamic approach is implemented to alleviate the intrinsic maladies of perturbation.
Dynamic traveling salesman problem (DTSP), as a case of
dynamic combinatorial optimization problem, extends the
classical traveling salesman problem and finds many practical
importance in real-world applications, inter alia, traffic jams,
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Figure 11: High amount of time and distance cost are needed to
complete the tour vis-a-vis when prediction is factored.

network load-balance routing, transportation, telecommunications, and network designing. Our study produces a
good optimal solution with less computational time in a
dynamic environment. A slump in distance corroborates the
argumentation that prediction brings forth a leap in efficacy
in terms of overhead reduction, a robust solution born out of
comparisons, that strengthen the quality of the outcome. This
research foreshadows and gives interesting direction to solving problems whose optima are mutable. DTSP is calculated
by the dynamic Gaussian process regression, cost predicted,
local methods invoked, and comparisons made to refine and
fossilize the optimal solution. MATLAB was chosen as the
platform for the implementation, because development is
straightforward with this language and MATLAB has many
comfortable tools for data analysis. MATLAB also has an
extensive cross-linking architecture and can interface directly
with Java classes. The future of this research should be
directed to design new nonstationary covariance functions to
increase the ability to track dynamic optima. Also changes in
size and evolution of optima should be factored in, over, and
above changes in location.

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments
The authors would like to acknowledge W. Kongkaew and J.
Pichitlamken for making their code accessible which became
a springboard for this work. Special thanks also go to the
Government of Uganda for bankrolling this research through
the PhD grant from Statehouse of the Republic of Uganda.
The authors also express their appreciation to the incognito
reviewers whose efforts were telling in reinforcing the quality
of this work.

[1] A. Simões and E. Costa, “Prediction in evolutionary algorithms
for dynamic environments,” Soft Computing, pp. 306–315, 2013.
[2] J. Branke, T. Kaussler, H. Schmeck, and C. Smidt, A MultiPopulation Approach to Dynamic Optimization Problems,
Department of Computer Engineering, Yeditepe University,
Istanbul, Turkey, 2000.
[3] K. S. Leung, H. D. Jin, and Z. B. Xu, “An expanding selforganizing neural network for the traveling salesman problem,”
Neurocomputing, vol. 62, no. 1–4, pp. 267–292, 2004.
[4] M. Dorigo and L. M. Gambardella, “Ant colony system: a cooperative learning approach to the traveling salesman problem,”
IEEE Transactions on Evolutionary Computation, vol. 1, no. 1, pp.
53–66, 1997.
[5] C. Jarumas and J. Pichitlamken, “Solving the traveling salesman
problem with gaussian process regression,” in Proceedings of
the International Conference on Computing and Information
Technology, 2011.
[6] K. Weicker, Evolutionary Algorithms and Dynamic Optimization
Problems, University of Stuttgart, Stuttgart, Germany, 2003.
[7] K. Menger, Das botenproblem. Ergebnisse Eines Mathematischen Kolloquiums, 1932.
[8] G. Gutin, A. Yeo, and A. Zverovich, “Traveling salesman should
not be greedy: domination analysis of greedy-type heuristics for
the TSP,” Discrete Applied Mathematics, vol. 117, no. 1–3, pp. 81–
86, 2002.
[9] A. Hoffman and P. Wolfe, The Traveling Salesman Problem: A
Guided Tour of Combinatorial Optimization, Wiley, Chichester,
UK, 1985.
[10] A. Punnen, “The traveling salesman problem: aplications, formulations and variations,” in The Traveling Salesman Problem
and Its Variations, Combinatorial Optimization, 2002.
[11] E. Ozcan and M. Erenturk, A Brief Review of Memetic Algorithms for Solving Euclidean 2d Traveling Salesrep Problem,
Department of Computer Engineering, Yeditepe University,
Istanbul, Turkey.
[12] G. Clarke and J. Wright, “Scheduling of vehicles from a central
depot to a number of delivery points,” Operations Research, vol.
12, no. 4, pp. 568–581, 1964.
[13] P. Miliotis, Integer Programming Approaches To the Traveling
Salesman Problem, University of London, London, UK, 2012.
[14] R. Jonker and T. Volgenant, “Transforming asymmetric into
symmetric traveling salesman problems,” Operations Research
Letters, vol. 2, no. 4, pp. 161–163, 1983.
[15] S. Gharan and A. Saberi, The Asymmetric Traveling Salesman
Problem on Graphs with Bounded Genus, Springer, Berlin,
Germany, 2012.
[16] P. Collard, C. Escazut, and A. Gaspar, “Evolutionary approach
for time dependent optimization,” in Proceedings of the IEEE 8th
International Conference on Tools with Artificial Intelligence, pp.
2–9, November 1996.
[17] H. Psaraftis, “Dynamic vehicle routing problems,” Vehicle Routing: Methods and Studies, 1988.
[18] M. Yang, C. Li, and L. Kang, “A new approach to solving
dynamic traveling salesman problems,” in Simulated Evolution
and Learning, vol. 4247 of Lecture Notes in Computer Science,
pp. 236–243, Springer, Berlin, Germany, 2006.
[19] S. S. Ray, S. Bandyopadhyay, and S. K. Pal, “Genetic operators
for combinatorial optimization in TSP and microarray gene
ordering,” Applied Intelligence, vol. 26, no. 3, pp. 183–195, 2007.

10
[20] E. Osaba, R. Carballedo, F. Diaz, and A. Perallos, “Simulation
tool based on a memetic algorithm to solve a real instance
of a dynamic tsp,” in Proceedings of the IASTED International
Conference Applied Simulation and Modelling, 2012.
[21] R. Battiti and M. Brunato, The Lion Way, Machine Learning
Plus Intelligent Optimization. Applied Simulation and Modelling,
Lionsolver, 2013.
[22] D. Chuong, Gaussian Processess, Stanford University, Palo Alto,
Calif, USA, 2007.
[23] W. Kongkaew and J. Pichitlamken, A Gaussian Process Regression Model For the Traveling Salesman Problem, Faculty of
Engineering, Kasetsart University, Bangkok, Thailand, 2012.
[24] C. Rasmussen and C. Williams MIT Press, Cambridge, UK,
2006.
[25] C. J. Paciorek and M. J. Schervish, “Spatial modelling using
a new class of nonstationary covariance functions,” Environmetrics, vol. 17, no. 5, pp. 483–506, 2006.
[26] C. E. Rasmussen and H. Nickisch, “Gaussian processes for
machine learning (GPML) toolbox,” Journal of Machine Learning Research, vol. 11, pp. 3011–3015, 2010.
[27] F. Sinz, J. Candela, G. Bakir, C. Rasmussen, and K. Franz,
“Learning depth from stereo,” in Pattern Recognition, vol. 3175
of Lecture Notes in Computer Science, pp. 245–252, Springer,
Berlin, Germany, 2004.
[28] J. Ko, D. J. Klein, D. Fox, and D. Haehnel, “Gaussian processes
and reinforcement learning for identification and control of an
autonomous blimp,” in Proceedings of the IEEE International
Conference on Robotics and Automation (ICRA ’07), pp. 742–
747, Roma , Italy, April 2007.
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Phishing is one of the major challenges faced by the world of e-commerce today. Thanks to phishing attacks, billions of dollars have
been lost by many companies and individuals. In 2012, an online report put the loss due to phishing attack at about $1.5 billion. This
global impact of phishing attacks will continue to be on the increase and thus requires more efficient phishing detection techniques
to curb the menace. This paper investigates and reports the use of random forest machine learning algorithm in classification of
phishing attacks, with the major objective of developing an improved phishing email classifier with better prediction accuracy and
fewer numbers of features. From a dataset consisting of 2000 phishing and ham emails, a set of prominent phishing email features
(identified from the literature) were extracted and used by the machine learning algorithm with a resulting classification accuracy
of 99.7% and low false negative (FN) and false positive (FP) rates.

1. Introduction
Phishing is one of the different (and lucrative) types of
fraud committed today. In criminal law, fraud is defined as
a deliberate deception made for the sole aim of personal
gains or for smearing an individual’s image. In general
terms, fraud can be defined as an act of deceiving people
into revealing their personal information, basically for the
purpose of financial or personal gains.
Phishing is an act that attempts to electronically obtain
delicate or confidential information from users (usually for
the purpose of theft) by creating a replica website of a
legitimate organization. Phishing is usually perpetrated with
the aid of an electronic device (such as ipads and computer)
and a computer network; they target the weaknesses existing
in various detection systems caused by end-users (who are
considered to be the weakest element in the security chain)
[1, 2]. Phishing attackers usually perpetrate their evil by
communicating well composed messages (known as social
engineered messages) to users in order to persuade them to
reveal their personal information which will be used by the
fraudster to gain unauthorized access to the user’s account.

For example, a fraudulent email sent to a user might contain
a malware (called man in the browser (MITB)), this malware
could be in form of web browser ActiveX components, plugins, or email attachments; if this user ignorantly download
this attachment to his pc, the malware will install itself on the
user’s pc and would in turn transfer money to the fraudster’s
bank account whenever the user (i.e., the legitimate owner of
the bank account) tries to perform an online transaction [1].
Fraudulent activities is on the increase daily; individuals
and companies who have been victims in the past now seek
for ways to secure themselves from been attacked again. To
achieve this, their defense mechanism has to be more secured
to prevent them from falling prey again, which implies that
the existing defense system (its designs and technology)
needs to be greatly improved [3]. Behdad et al. [3] pointed
out that improving the defense system is not enough to
stop fraudsters as some of them could still penetrate; the
system should also be able to identify fraudulent activities and
prevent them from occurring.
Several traditional approaches used by various email
filters today are static in nature; they are not robust enough to
handle new and emerging phishing patterns; they only have
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Table 1: Data used for testing.

Total Samples
Total Phishing Emails
Total legitimate email

2000
200
1800

the ability to handle existing phishing patterns, thus leaving
email users prone to new phishing attacks. This is a loop
hole because fraudsters are not static in their activities; they
change their mode of operation as often as possible to stay
undetected. This motivated many researchers into seeking
for other effective techniques that can handle both known
and emerging fraud, and this led to the discovery of machine
learning algorithms.
Machine learning (ML) is a branch of artificial intelligence (AI) that employs the method of data mining to
discover new or existing patterns (or features) from a dataset
which is then used for the purpose of classification. In this
work, we extracted a set of 15 prominent phishing features
(identified from the literature) from a dataset consisting of
2000 emails; and after extraction, for each email, a vector
representation of these features is formed, which is then used
to train our classifier (see Table 1).
We present a detailed description of our machine learning
method in this paper. In Section 2 we gave an overview
of existing phishing detection techniques and also gave a
brief description of our 15 features; in Section 3 we gave the
details on our machine learning algorithm and also explained
the result we obtained; finally we concluded the paper in
Section 4.

2. Related Work
Prakash et al. [4] used a combination of blacklists and
heuristics and they achieved a FP and FN rates of 5% and
3%, respectively. Cranor et al. [5] conducted an evaluation
on some antiphishing toolbar and reported SpoofGuard
(developed by Chou et al. [6]) to have a FP rate of 38% and
a FN rate of 9%. Also, Yu et al. [7] developed a heuristicsbased phishing detection system which achieved a FP and FN
rates of 1% and 20%, respectively. Zhang et al. [8] also used
heuristics and their method achieved a FP rate of 3% and
FN rate of 11%. Fette et al. [9] used ML-based method and
they achieved a FP rate of 0.0013% and a FN rate of 0.0036%.
Bergholz et al. [10] combined the use of heuristics and MLtechnique and their method achieved a FP rate of 0% and a
FN rate of 1%.
All these proposed methods have relatively high FP rate
and FN rate except for Fette et al. [9] and Bergholz et al.
[10] whose methods achieved excellent results with very low
FP and FN rates. However, Bergholz et al. [10] made use
of model-based features involving the processing of images
which in turn could lead to an increase in the run time and
space. Fette et al. [9] also made use of a feature (the age of
linked to domain names) that has to be obtained by sending of
queries over the network, which could also lead to an increase
in run time. In our method, all the features are extracted
directly from each email itself; we do not need to send queries

over the network or store large data, thereby reducing the run
time and space complexities.

3. Problem Description
3.1. Email Filtering. Phishing attacks are prominently perpetrated via sending of emails. These emails usually contain
social engineering messages (with specific phrases) that
demand users to perform specific actions (such as clicking
a URL). Therefore, the content of these emails are useful
features for phishing detection.
Very few phishing email filters have been developed
as opposed to many existing email filters that have been
developed for spam emails. Many of them used several
phishing detection techniques ranging from blacklists [4],
visual similarity [11], heuristic [12], and machine learning
[10]. Of all these techniques, ML-based technique (such as
our own) achieved the best result.
Many approaches have been proposed to build email
filters but many of them are only suitable for handling
spam emails. For example, a popular method (known as
“bag-of-words”) extracts all the words present in an email,
identifies the highest occurring words, and uses each of these
words as the features for classification. This method (a.k.a.
text classification method) works very well for filtering of
spam emails but not for phishing emails, because phishing
email contains some unique features that are only specific
to phishing attacks, features such as presence of IP-based
URLs and presence of nonmatching URLs. This indicates that
spam filtering approaches cannot effectively handle phishing
emails; therefore, a list of phishing-attack-specific features
has to be defined and used to build an effective email filtering
system. It is worth noting that some existing spam filtering
approaches (such as SpamAssasin [13] and Spamato [14])
went beyond just “bag-of-word” methods; they designed a set
of spam emails heuristics that could also successfully detect
some existing phishing emails features (such as presence of
IP-based URLs). These methods can be combined with our
method to build a hybrid (phishing and spam) email filtering
system with very low FPs and FNs.
3.2. Features Used in the Email Classification. The features we
used for our email classification are described in this section.
These features were identified from different literature; combination of these features together forms a feature set that
effectively classified emails into phishing and nonphishing.
A group of 15 features frequently used by phishing
attackers was identified from different literature and used in
this paper. Although the features set are few (compared to
some filters that used hundreds of features for detection), a
high accuracy was still achieved. These features are described
in the remaining part of this section.
3.2.1. URLs Containing IP Address. The URL for many legitimate websites usually contains the name of the website
(e.g., http://www.yahoo.com/, which tells us that this URL
can be used to connect to the website of yahoo). For the
purpose of identity hiding, phishers usually mask their
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website name by using URLs that contain IP address (e.g.,
“http://167.88.12.1/signin.ebay.com”); therefore the presence
of IP-based URLs in an email is an indication that the email
is a potential phishing email. This feature was used in [9].

3.2.7. Number of Links. The total number of links embedded
in an email is recorded and used as a feature for classification.
Zhang and Yuan [16] explained that phishing emails usually
contain multiple numbers of links to illegitimate websites.

3.2.2. Disparities between “href ” Attribute and LINK Text.
The HTML <a> tag defines an anchor that may be used
to establish a link to another website. Linking to another
website can be accomplished by defining a “href ” attribute;
this attribute describes the location of the website that
is to be linked to. The links are usually rendered to the
browser after the “Link text” has been clicked (e.g., <a
href=“URL Address”>Link Text</a>). The link text could
be a plain text (e.g., Click Here), a URL (yahoo.com), an
image, or any other HTML element. If the link text is a
URL (and it is a legitimate link), it should tally with the
website location pointed to by the “href ” attribute (e.g., <a
href=“http://www.yahoo.com”> yahoo.com </a>); if there is
a disparity between the href attribute and the link text (e.g., <a
href=http://www.yahoo.com> boguus.com </a>), then the
link is likely pointing to a phishing website. All the links
(containing a URL-based link text) in an email are checked
and if there is a disparity between the link text and the href
attribute, then a positive Boolean feature is recorded. This
feature was used in [9].

3.2.8. Number of Linked To Domain. This feature (used in [9])
refers to all the URLs present in an email that are extracted,
and a count is recorded for the number of distinct domain
names present in each of the extracted URLs. The recorded
value is used as a feature.
Take note that each domain name in an email is only
counted once; subsequent occurrence (of an already counted
domain name) is discarded not counted.

3.2.3. Presence of “Link,” “Click,” and “Here” in Link Text
of a Link. The text of the links present in most phishing
emails usually contain words like “Click,” “Here,” “Login,”
and “Update.” For this feature, all the text of each link in an
email is checked and a Boolean value is recorded based on the
presence or absence of the words Click, Here, Login, Update,
and Link in the Link text. Similar feature was used in [9, 10].
3.2.4. Number of Dots in Domain Name. The number of dots
that should be contained in the domain name of a legitimate
organization should not be more than three as proposed by
Emigh [15]. A binary value of 1 is recorded if an email contains
a URL whose number of dots is above three.
3.2.5. HTML Email. The email format for each email is
defined by MIME standards. The MIME standard defines the
type of content contained in each email. The content type
(defined by the content-type attribute) could be plain text
(indicated by “text/plain”), HTML (indicated by “text/html”).
Fette et al. [9] proposed that an email is a potential phishing
email if it contains a content-type with attribute “text/html”;
they based their argument on the fact that it is almost
impossible for phishing attacks to be launched without the
use of HTML links.
3.2.6. Presence of Javascript. Javascript can either be embedded in the body of an email (using the script (<script>) tag)
or in a link (using the anchor (<a>) tag). Some phishers
use Javascript to hide information from users. Fette et al. [9]
suggested that an email is a potential phishing email if the
“javascript” string is contained in either the body of the email
or in a link.

3.2.9. From Body MatchDomain Check. To extract this feature, all the domain names in an email are extracted and
each of these domain names is matched with the sender’s
domain (i.e., the domain name referred to by the “From”
field of the same email); If there is disparity between any of
the comparisons, then ALmomani et al. [17] suggest that the
email is likely a phishing email.
3.2.10. Word List Features. Some group of words that frequently appear in phishing emails were used as features. We
grouped these words into six different groups and each of
these groups is used as a single feature (making a total of
six different features). For each group, presence of each word
is counted and normalized. The groups of words include the
following.
(1) Update; Confirm;
(2) User; Customer; Client;
(3) Suspend; Restrict; Hold;
(4) Verify; Account; Notif;
(5) Login; Username; Password; Click; Log;
(6) SSN; Social Security; Secur; Inconvinien.
This feature is similar to the one proposed by Basnet et al.
[18]. Take note that some stemmed words (like secur and
inconvinien were used).

4. Simulation Experiment
4.1. Data Used. For the implementation and testing of our
machine learning algorithm, we used two publicly available
datasets. We got our ham mails from the ham corpora provided by spam assassin project [13], and our phishing emails
were gotten from the publicly available phishing corpus [19]
provided by Nazario. We programmatically extracted the
features described in Section 3.2 above using C#. All the
emails coming from the ham corpora were labeled as ham
emails and the emails coming from the phishing corpora was
labeled as phishing email.
4.2. Machine Learning Implementation. When constructing
our classifier, we first transformed each email into a format
that will be suitable for our machine learning algorithm. Each
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Begin RF Algorithm
Input: 𝑁: number of nodes
𝑀: number of features
𝐷: number of trees to be constructed
Output: 𝑉: the class with the highest vote
While stopping criteria is false do
Randomly draw a bootstrap sample A from the training data 𝐷
Use the steps below to construct tree 𝑇𝑖 from the drawn bootstrapped sample A:
(I) Randomly select 𝑚 features from 𝑀; where 𝑚 ≪ 𝑀
(II) For node d, calculate the best split point among the 𝑚 features
(III) Split the node into two daughter nodes using the best split
(IV) Repeat I, II and III until 𝑛 number of nodes has been reached
Build your forest by repeating steps I–IV for 𝐷 number of times
End While
𝐷
Output all the constructed trees {𝑇𝑖 }1
Apply a new sample to each of the constructed trees starting from the root node
Assign the sample to the class corresponding to the leaf node.
Combine the decisions (or votes) of all the trees
Output 𝑉, that is, the class with the highest vote.
End RF Algorithm
Algorithm 1

of the emails is represented by a vector that contains a value
(binary or continuous) for all the extracted features. For the
purpose of testing our algorithm, we used random forest (RF)
classifier [20]. More details on RF algorithm are provided
below.
4.3. Random Forest: Overview. Random forest (RF) is an
ensemble learning classification and regression method suitable for handling problems involving grouping of data into
classes. The algorithm was developed by Breiman and Cutler
[21]. In RF, prediction is achieved using decision trees. During
the training phase, a number of decision trees are constructed
(as defined by the programmer) which are then used for the
class prediction; this is achieved by considering the voted
classes of all the individual trees and the class with the highest
vote is considered to be the output.
RF method has also been used to solve similar problem
in the literature, such as in [9, 22, 23]. A summary of how a
forest (i.e., collection of trees) is constructed is explained in
Algorithm 1.
For more details about random forest, kindly refer to [20,
24].
In this work, we trained and tested our classifier using 10fold cross validation. In 10-fold cross validation, the dataset
is divided into 10 different parts; 9 of the 10 parts are used
to train the classifier and the information gained from the
training phase would be used to validate (or test) the 10th
part; this is done 10 times, such that, at the end of the training
and testing phase, each of the parts would have been used
as both training and testing data. This method (i.e., cross
validation method) ensures that the training data is different
from the test data. In machine learning, this method is known
to provide a very good estimate of the generalization error of
a classifier.

4.4. Result and Discussion. Machine learning involves two
major phases: the training phase and the testing phase.
The predictive accuracy of the classifier solely depends on
the information gained during the training process; if the
information gained (IG) is low, the predictive accuracy is
going to be low, but if the IG is high, then the classifier’s
accuracy will also be high.
As stated above, we used 10-fold cross validation. In our
random forest classification, before the decision trees are
constructed, the information gained for all the 15 features is
calculated (using the IG method explained by Mitchell [24])
and the features with the best eight IG are selected and used
for constructing the decision trees; the mode vote (from all
the trees) is then calculated and used for the email prediction.
Information gain is one of the feature ranking metric highly
used in many text classification problems today. More details
about our algorithm are described in the next section below.
We tested our method using varied dataset sizes (as
shown in Table 2); this was done to know the performance of
the algorithm on both small and large datasets. The full result
is reported in Table 2. As shown in the table, the algorithm
performed best when tested on the dataset that has the largest
size (having an overall accuracy of 99.7%, FN rate of 2.50%,
and FP rate of 0.06%); this implies that our method will work
effectively if applied to real world dataset, which is usually
large in size. Our method also achieved a higher prediction
accuracy (99.7%) compared to an accuracy of 97% achieved
by Fette et al. [9].
The computer used in running this test is a 32-bit desktop,
having a processor speed of 2.20 GHz and a RAM size of
2.00 GB.
Table 3 and Figure 1, respectively, show a comparison
between our method and another similar work in literature
that also had a good result.
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Table 2: 10-Fold cross validation Result.

S/N
1
2
3
4
5

Dataset Information
Email Per Folder Total Email P : H Ratio (%)
15
150
48 : 52
30
300
33 : 67
50
500
20 : 80
100
1000
10 : 90
200
2000
10 : 90

PA (%)
98.00
98.33
99.20
99.60
99.70

SR
0.98
0.99
0.99
0.99
0.99

FP (%)
0.00
0.00
0.00
0.00
0.06

Performance Evaluation
FN (%) 𝑅 (%) Pr (%)
4.11
95.80
100
4.00
96.00
100
4.00
96.00
100
4.00
96.00
100
2.50
97.50
99.47

𝐹-M (%)
97.79
97.75
97.78
97.78
98.45

𝑇 (s)
11.82
21.03
33.47
65.46
141.25

Key: PA: Prediction Accuracy, SR: Success Rate, FP: False Positive, FN: False Negative, 𝑅: Recall, Pr: Precision, 𝑇: Time, 𝐹-M: 𝐹-Measure, P : H: Phish : Ham.

Table 3: Classification Result for Random Forest ML on the best eight features.
Technique
Fette et al. [9]
RF Result

FP-Rate
0.13%
0.06%

FN-Rate
3.62%
2.50%

250.00
200.00

(%)

150.00
100.00
50.00
0.00
FP-rate

FN-rate

Precision

Recall

F-measure

RF result
Fette et al. [9]

Figure 1: ROC curve showing the comparison between our work
and Fette et al.’s [9].

Precision
98.92%
99.47%

Recall
96.38%
97.50%

𝐹-Measure
97.64%
98.45%

Due to the rapid change in phishing attack patterns,
current phishing detection techniques need to be greatly
enhanced to effectively combat emerging phishing attacks.
An online report noted that, in the future, phishers will shift
their attention from syntactic attacks (i.e., attacks exploiting
technical vulnerabilities) to semantic attacks (i.e., attacks
exploiting social vulnerabilities). To handle some of these
emerging phishing attacks, an online report recommended
that companies should move from session-based security
(based on a secure log-in), to message-based security (based
on explicit authentication of individual transactions). Also,
Fette et al. [9] suggested that using knowledge-based models
built on federated identities and semantic based technologies
will also help to combat carefully planned phishing attacks in
the future.
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5. Conclusion
Phishing has become a serious threat to global security
and economy. The fast rate of emergence of new phishing
websites and distributed phishing attacks has made it difficult
to keep blacklists up to date. Therefore, in this paper, we
have presented a content-based phishing detection approach
which has bridged the current gap identified in the literature.
This approach yielded high classification accuracy of 99.7%
with negligible false positive rate of about 0.06%.
In the future, we plan on improving this work by combining this approach with a nature inspired (NI) technique.
NI techniques (such as PSO or ACO) can be used to
automatically and dynamically identify the best phishing
features (from a feature space) that can be used to build
a robust phishing email filter with very high classification
accuracy. Using this technique will with no doubt enhance the
predictive accuracy of a classifier since effective classification
of emails depends on the phishing features identified during
the learning stage of the classification.
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Nitrogen replacement is a key process for natural gas pipeline before it is put into operation. A computational fluid dynamic model
coupled to a species-transportation model has been used to investigate the gas mixture length of nitrogen replacement in largediameter pipeline without isolator. A series of numerical simulations are performed over a range of conditions, including pipe length
and diameter, inlet rate, and inclination angle of pipe. These affecting factors are analyzed in detail in terms of volume fraction of
nitrogen, the maximum gas mixture length, and gas mixture length varied with time. Gas mixture length increases over time, and
the maximum gas mixture length is present at outlet of pipe. Long and large-diameter pipe and fast speed of nitrogen lead to long
length of mixed gas, while large inclination angle of pipe brings about short length. Several fitting formulas have been obtained,
which can predict the maximum gas mixture length in gas pipelines. The used method of fitting formula is shown in the paper by
examples. The results provide effective guidance for practical operation of nitrogen replacement.

1. Introduction
Facing the increasing gas consumption, natural gas pipeline
is progressing towards large diameter and long distance,
resulting in high investment. It is very important to ensure the
safety of gas pipeline operation. However, explosion is easily
caused when the content of natural gas in air reaches 5∼15%
[1, 2]. Therefore, before the natural gas pipeline is put into
operation, the air in pipe must be replaced by an inert gas.
In practice, nitrogen, as the most readily available and least
expensive inert gas, is usually used to replace air in pipe. And
qualified replacement is performed when the content of air in
pipe is less than 2% [3].
To ensure safety, isolator is commonly employed to
separate the nitrogen and air. As shown in Figure 1(a), before
pumping the nitrogen into pipe, isolator is firstly placed
at the entrance of pipe. Then nitrogen flow pushes the

isolator moving forward together [4]. However, a number
of natural gas pipelines are laid in mountains and plateaus.
The undulating terrain makes the passing through of isolator
more difficult. And in larger diameter, the cost of isolator
is doubled up. In addition, the isolator seal failure usually
occurs due to wear. Therefore, nitrogen replacement without
isolator is popular in today’s natural gas pipeline engineering
as shown in Figure 1(b). After all, the receiving and transmitting cost of isolator can be saved. In this process, the
gas mixture length becomes a key parameter to determine
the displacement effect. According to the gas mixture length,
appropriate operating parameters such as pumping volume
and forward speed of nitrogen can be defined. However,
in China, the amount of nitrogen is mainly determined by
experience with great blindness [5–7]. And the mixture rule
of nitrogen and air and affecting factors on mixture length are
still unclear.
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Figure 1: Schematic diagram of nitrogen replacement: (a) with isolator; (b) without isolator.

Several works in the literature focus on nitrogen injection
to develop gas and gas condensate fields [8–10]. However,
the mixture rule in formation pore is different with it in
large-diameter pipeline, due to the great difference in scales.
Therefore, an in-depth research for gas mixture length of
nitrogen replacement in large-diameter pipeline without
isolator is urgently needed in natural gas pipeline engineering.
Since numerical simulation can provide detailed information of flow field which is not easily obtained by physical
experiments and has advantages of low cost and short
research time, in present work, CFD model coupling with a
species-transportation model has been employed to investigate the gas mixture length of nitrogen replacement in largediameter pipeline without isolator. The gas mixture length
has been examined in terms of volume fraction of nitrogen.
By conducting a series of numerical simulations, effects of
pipe length, pipe diameter, inlet rate, and inclination angle of
pipe are examined. Then, the maximum gas mixture length
is analyzed and the fitting formulas are obtained. Using these
formulas, we can predict the maximum gas mixture length in
gas pipelines. The used method of fitting formula is shown in
the paper by examples. The results provide useful guidance
for practical operation of nitrogen replacement.
The remaining part of this paper is organized as follows. In Section 2, the description of simulation problem
is provided; Section 3 presents the governing equations and
numerical method; Section 4 presents the numerical results
and discussion; Section 5 is the concluding remarks.

2. Problem Description
Straight pipe and undulating pipe with an inclined upward
section are adopted in this study. Figure 2 shows a sketch of
the geometry and numerical grid for computational domain.
The straight pipe is placed horizontally. And the length of
it (𝐿 1 ) ranges from 50 m to 1000 m in comparing cases, in
order to examine the effect of pipe length on gas mixture
length, while the diameter of straight pipe is set to 346.0 mm,
647.2 mm, 851.2 mm, and 1000.2 mm to explore the effect of
pipe diameter.
The undulating pipe consists of three sections: straight
pipe section, bend section, and inclined upward section. The
bend curvature (R/D) is defined as 3, the common one used
in practice. The length of inclined upward section is fixed at
600 m, while the inclination angle changes from 10∘ to 40∘

in comparing cases conducted to observe the effect of pipe
inclination.
Gas flow in pipeline is a symmetric problem, so twodimensional flow simulation is accurate enough to capture
the gas mixture length. In addition, three-dimensional simulation needs a higher CPU cost. Due to time limitations, 2D
simulation is applied in this work. All geometry generation
and meshing are performed using GAMBIT 2.3 meshgenerator. As shown in Figure 2, quadrilateral grids are used
in the whole computational domain of both straight pipe
and undulating pipe. And progressive mesh is used near the
pipe wall. The computational domain of undulating pipe is
divided into three blocks. Denser mesh is employed in the
bend section. A suitable grid density is reached by repeating
computations until a satisfactory independent grid is found.
For example, the number of quadrilateral cells for straight
pipe with diameter of 647.2 mm and length of 600 m is
480000 at last.
The velocity of gas flow is slow in pipe (2∼5 m/s), so
both nitrogen and air can be seen as incompressible fluids.
In simulations, density and viscosity of nitrogen are defined
as 1.138 kg/m3 and 1.663 × 10−5 Pa⋅s, respectively. And the
density and viscosity of air are set to 1.225 kg/m3 and 1.8 ×
10−5 Pa⋅s, respectively.

3. Governing Equations and
Numerical Method
3.1. Governing Equations. The gas flows of nitrogen and
air are governed by the Reynolds-Averaged-Navier-Stokes
(RANS) equations, including continuity and momentum
equations written as follows [11]:
𝜕𝑢𝑖
= 0,
𝜕𝑥𝑖
𝜕𝑢𝑖 𝑢𝑗

𝜕𝑢𝑖 𝑢𝑗

(1)

𝜕𝑢𝑖
1 𝜕𝑝
=−
+ 𝜐∇2 𝑢𝑖 −
+ 𝑔𝑖 ,
+
𝜕𝑡
𝜕𝑥𝑗
𝜌 𝜕𝑥𝑖
𝜕𝑥𝑗
where
𝜌 = 𝛼𝜌𝑛 + (1 − 𝛼) 𝜌𝑎 ,
𝜐 = 𝛼𝜐𝑛 + (1 − 𝛼) 𝜐𝑎 ,

(2)

where 𝑢𝑖 represents instantaneous velocity component in
𝑖 direction, for example, 𝑢 and V are velocity in 𝑥 and
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Figure 2: Sketch of the geometry and numerical grid for computational domain: (a) straight pipe; (b) undulating pipe with an inclined upward
section.

𝑦 direction, respectively, while 𝑢𝑖 is fluctuation velocity
component in 𝑖 direction, 𝑥𝑖 is space coordinate in 𝑖 direction,
𝑔𝑖 is gravitational acceleration in 𝑖 direction, 𝑡 is time, 𝑝 is
pressure, 𝜌 is density of mixed gas, 𝜌𝑛 and 𝜌𝑎 are density
of nitrogen and air, respectively, 𝜐 is kinematic viscosity of
mixed gas, and 𝜐𝑛 and 𝜐𝑎 are viscosity of nitrogen and air,
respectively.
Reynolds number ranges from 7.06 × 104 to 2.21 × 105
in calculations. Thus, a realizable 𝑘-𝜀 turbulence model [12–
14] is employed to close the flow governing equations and
describe the turbulent properties:
𝜕 (𝜌𝑘) 𝜕 (𝜌𝑘𝑢𝑖 )
𝜇
𝜕
𝜕𝑘
=
[(𝜇 + 𝑡 )
] + 𝐺𝑘 + 𝐺𝑏 − 𝜌𝜀,
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜎𝑘 𝜕𝑥𝑗
𝜕 (𝜌𝜀) 𝜕 (𝜌𝜀𝑢𝑖 )
𝜇
𝜕
𝜕𝜀
=
[(𝜇 + 𝑡 )
] + 𝜌𝐶1 𝑆𝜀
+
𝜕𝑡
𝜕𝑥𝑖
𝜕𝑥𝑗
𝜎𝜀 𝜕𝑥𝑗
− 𝜌𝐶2

𝜀2
𝜀
+ 𝐶1𝜀 (1 − 𝐶3𝜀 ) 𝐺𝑏 ,
𝑘
𝑘 + √𝜐𝜀
(3)

where
𝐶1 = max (0.43,

𝜂
),
𝜂+5

𝑘
𝜂=𝑆 ,
𝜀
1/2

𝑆 = (2𝑆𝑖𝑗 ⋅ 𝑆𝑖𝑗 )
𝑆𝑖𝑗 =

,

1 𝜕𝑢𝑖 𝜕𝑢𝑗
+
),
(
2 𝜕𝑥𝑗 𝜕𝑥𝑖

𝐺𝑘 = −𝜌𝑢𝑖 𝑢𝑗
𝐺𝑏 = −𝑔𝑖

𝜕𝑢𝑗
𝜕𝑥𝑖

,

𝜇𝑡 𝜕𝜌
,
Pr𝑡 𝜌𝜕𝑥𝑖

𝜇𝑡 = 𝜌𝐶𝜇

𝑘2
,
𝜀

(4)
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Figure 3: Gas mixture length at different times.

where 𝑘 and 𝜀 represent turbulent kinetic energy and turbulent kinetic energy dissipation rate per unit mass, respectively,
𝜂 is the relative strain parameter, 𝑆 is the strain rate, 𝐺𝑘 and
𝐺𝑏 represent production term of turbulent kinetic energy
due to the average velocity gradient and production term
of turbulent kinetic energy due to lift, respectively, 𝜇𝑡 is
turbulent viscosity, pr𝑡 is Prandtl number taken as 0.85, 𝐶𝜇 ,
𝐶1𝜀 , 𝐶2 , and 𝐶3𝜀 are empirical model constants taken as 0.09,
1.44, 1.9, and 0.9, respectively, and 𝜎𝑡 and 𝜎𝜀 are turbulent
Prandtl numbers taken as 1.0 and 1.2, respectively.
There is no reaction between nitrogen and air in the
replacement process, so a simplified species-transportation
model is employed to capture the mixture of nitrogen and air
written as [15] follows:
𝜕 (𝛼𝜌𝑛 ) 𝜕 (𝛼𝜌𝑛 𝑢) 𝜕 (𝛼𝜌𝑛 V)
+
+
𝜕𝑡
𝜕𝑥
𝜕𝑦
𝜕 (𝛼𝜌𝑛 )
𝜕 (𝛼𝜌𝑛 )
𝜕
𝜕
=
[𝐷𝑛
]+
[𝐷𝑛
],
𝜕𝑥
𝜕𝑥
𝜕𝑦
𝜕𝑦

(5)

where 𝛼 is nitrogen volume fraction and 𝐷𝑛 and 𝐷𝑎 are
diffusion coefficient of nitrogen and air, respectively.
3.2. Numerical Method. Finite volume method (FVM) is
employed to discretize above equations. All the calculations
are performed using a commercial software package FLUENT 14.5. Patankar’s well-known SIMPLE algorithm [16] is
adopted to solve the pressure-velocity coupling. In order
to ensure the accuracy of calculation, second-order upwind
scheme and second-order central-differencing scheme are
used for convective terms and diffusion terms, respectively.
The convergent criteria for all calculations are set as that the
residual in the control volume for each equation is smaller
than 10−5 .
3.3. Boundary and Initial Conditions. Velocity inlet boundary
condition is used for the inlet, and the inlet rates of nitrogen

are taken as 2 m/s, 3 m/s, 4 m/s, and 5 m/s in comparing
cases. In the outlet of computational domain, pressure outlet
boundary condition is employed, and the value is defined
as 0 Pa in order to facilitate comparative analysis. No slip
boundary condition is imposed on the pipe wall.
Since it is an unsteady problem, the whole computational
domain of pipe is defined as being filled with air at the initial
time. And the time step in simulations is set to 0.001 s. The
information of simulation cases is listed in Table 1, in which
pipe length, pipe diameter, and inlet rate and inclination angle
are the four variables.

4. Numerical Results and Discussion
4.1. Standard Case Analysis. Case 6 is adopted as the standard
case. Figure 3 shows the gas mixture length at different times,
which is reflected by the volume fraction of nitrogen. The
volume fraction of nitrogen more than 98% can be considered
to meet the safe replacement requirement. And the content of
nitrogen in air is 79%. Therefore, volume fraction of nitrogen
ranging from 0.79 to 0.98 corresponds to the mixed gas. And
the length of this mixed gas is called gas mixture length.
It is seen that the head of the mixed gas shows a bulletshaped distribution. Frictional resistance at pipe wall is the
major cause for this phenomenon. It is well known that there
is a viscous sublayer near pipe wall. The closer the gas is to the
wall, the greater the viscosity resistance gas gets. So the gas
in the axis of pipe moves ahead. It is worth noting that the
gas mixture length increases over time. At the time of 50 s,
the gas mixture length is 9.5 m, while it increases to 18.5 m
at the time of 200 s. In the mixed gas, the volume fraction
of nitrogen gradually decreases along the pipe axis direction.
And the decreasing rate is gradually reduced with time. This is
because nitrogen is mixed with air more fully as time passes.
However, the growth rate of mixture length is reducing over
time. In the period from 50 s to 100 s, the mixture length is
increased by 4 m, while it is increased by 3.5 m in the same
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Table 1: Simulation cases.

Case
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20

The length of straight
pipe, 𝐿 1 (m)

Pipe diameter, 𝐷 (mm)

Inlet rate, V (m/s)

Inclination angle, 𝜃 (∘ )

The length of inclined
pipe, 𝐿 2 (m)

50
150
300
400
500
600
700
800
900
1000
600
600
600
600
600
600
600
600
600
600

647.2
647.2
647.2
647.2
647.2
647.2
647.2
647.2
647.2
647.2
346.0
851.2
1000.2
647.2
647.2
647.2
647.2
647.2
647.2
647.2

3
3
3
3
3
3
3
3
3
3
3
3
3
2
4
5
3
3
3
3

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
10
20
30
40

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
600
600
600
600

interval of time (from 100 s to 150 s). And the increment is
just 1.8 m for time increased from 150 s to 200 s. It can be
explained that kinetic energy of nitrogen flow is consumed
continuously as time goes. Therefore, the driving force and
forward speed decrease gradually.
4.2. Effect of Pipe Length. Since gas mixture length increases
over time, the maximum mixture length will appear at the
outlet of pipe. Figure 4 illustrates the maximum gas mixture
length for different pipe lengths. It is observed that the
maximum gas mixture length increases with the increase in
pipe length. The maximum gas mixture length reaches 24 m
in 1000 m long pipe, which is about six times longer than that
in 50 m long pipe. The main reason is that the longer the pipe
is, the more the time is required for gas flow passing through,
resulting in more gas mixed. However, the increment of the
maximum gas mixture length reduces for pipe with length
ranging from 400 m to 1000 m. And the increment is not
decreased linearly.
The gas mixture length curves, as shown in Figure 5, also
show nonlinear relationship. Gas mixture length increases
rapidly at the beginning, while the growth rate decreases after
a period of time. This main reason is that, at the beginning
of replacement, the volume fraction gradient and velocity
gradient in pipe are both large, but the two gradients decrease
gradually over time.
The longest pipeline used in simulation is just 1000 m.
However, actual piping often has hundreds or thousands of
kilometers. In order to predict the maximum gas mixture
length in longer pipelines, the maximum gas mixture length

(𝑙𝑚 ) versus the pipe length (𝐿) is analyzed, and we have
obtained the fitting formula, as shown in Figure 6. The
adjusted 𝑅-squares reach 0.98722. Namely, the error in
mixing length prediction is of the order of 1∼2%. The fitting
formula is written as
𝑙𝑚 = 2.03004 + 0.03149𝐿 − 8.67344 × 10−6 𝐿2 .

(6)

If the actual parameters are the same as that used in
this paper such as 𝐷 = 647.2 mm and V = 3 m/s, we can
calculate the maximum gas mixture length in an arbitrary
long pipe using this formula. For example, if the length of
pipe is 1 × 105 m, 𝑙𝑚 would be calculated as 1998.13 m. In
order to detect the accuracy of this prediction equation, 1D
simulation for pipe length 1×105 m has been conducted. One
order central difference method is employed to discrete onedimensional governing equations. For 1 × 105 m long pipe
with diameter 647.2 mm and inlet rate 3 m/s, the calculated
maximum mixing length by 1D simulation is 1959.62 m. So
the error in mixing length prediction is less than 2%.
Therefore, the actual replacement time is not simply equal
to pipe length divided by the flow speed. Qualified replacement is achieved until the mixed gas flows out thoroughly. So
the replacement time should be more than the sum of pipe
length divided by flow velocity and the maximum gas mixture
length divided by flow rate.
4.3. Effect of Pipe Diameter. Figure 7 presents the maximum
gas mixture length for different pipe diameters. It can be
seen that the maximum gas mixture length increases with
the increase in pipe diameter. The main cause of this result is
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Figure 4: The maximum gas mixture length for different pipe lengths.

that the total kinetic energy of nitrogen flow is more in largediameter pipe as the same inlet rate. Affected by the impact
of friction, the smaller the pipe diameter is, the sharper the
bullet-shaped head is.
The gas mixture length varied with time in pipes of
different diameters is shown in Figure 8. The growth trend
of mixture length is similar for different diameters. However,
in small-diameter pipe, the growth rate of mixture length is
relatively small. It is attributed to the joint action of kinetic
energy and frictional resistance.

The actual pipe diameter is not only the four we have
studied. So we also get the fitting formula of 𝑙𝑚 versus
𝐷, as shown in Figure 9. The fitting line meets the linear
distribution well, and the adjusted 𝑅-squares are 0.99295. The
fitting formula is written as
𝑙𝑚 = 16.30719 + 0.00561𝐷.

(7)

If the pipe diameter is 800.2 mm, 𝑙𝑚 would be calculated as
20.8 m.
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4.4. Effect of Inlet Rate. Figure 10 depicts the maximum gas
mixture length at different inlet rates. The faster the nitrogen
forward, the longer the maximum gas mixture length. It is
attributed to that high speed of nitrogen flow has more kinetic
energy. Gas mixed more fuller at large inlet rate, resulting in
the longer mixture length. As inlet rate increases 1 m/s, the
increments of the maximum gas mixture length are basically
the same, about 1.9 m.
The gas mixture length varied with time at different inlet
rates is shown in Figure 11. The growth rate of mixture length
presents the maximum value (0.2 m/s) at V = 5 m/s, which is
about 3.33 times than that at V = 2 m/s. Less time required for
high-speed flow to pass through the pipe is the main cause.

Though faster replacement is reached by high inlet rate, the
rate cannot be set to too large. Residue particles will be carried
by high-speed flow and strike pipe wall, leading to electric
spark. Therefore, inlet rate should be controlled in a certain
range. In practice, 4 m/s is an appropriate choice.
As shown in Figure 12, the fitting formula of 𝑙𝑚 versus V is
obtained. This fitting line also meets the linear distribution,
and the adjusted 𝑅-squares are 0.99483. The fitting formula is
as follow:

𝑙𝑚 = 13.86 + 2.04V.

(8)
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Figure 7: The maximum gas mixture length for different pipe diameters.
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Figure 9: The maximum gas mixture length (𝑙𝑚 ) versus the pipe diameter (𝐷).
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4.5. Effect of Inclination Angle of Pipe. Taking the terrain
into account, four undulating pipes with different inclination
angles are analyzed. Figure 13 provides the maximum gas
mixture length at different inclination angles. We find an
obvious reduction in mixture length as inclination angle
increases. For 𝜃 = 10∘ , the maximum gas mixture length is
26 m, while it decreases to 24.7 m for 𝜃 = 40∘ . The main cause
is that partial energy of gas flow is used to overcome gravity
acting, and more energy is consumed for steep pipe.
Figure 14 shows the gas mixture length varied with time at
different inclination angles. There is no difference in straight
pipe section. The significant difference appears in inclined
upward section. The larger the inclination angle, the smaller
the growth rate of mixture length.
The fitting formula of 𝑙𝑚 versus 𝜃 is shown in Figure 15.
This fitting line is a negative slope straight line, and the
adjusted 𝑅-squares reach 0.99691. The fitting formula is
𝑙𝑚 = 26.45 − 0.044𝜃.
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Figure 14: The gas mixture length varied with time at different
inclination angles.
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If the inclination angle is 50 , 𝑙𝑚 would be calculated by the
formula as 24.25 m.
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Figure 13: The maximum gas mixture length at different inclination
angles.

Using this formula, 𝑙𝑚 would be calculated as 21 m if the inlet
rate is 3.5 m/s.

A computational fluid dynamic model coupled to a speciestransportation model has been used to investigate the gas
mixture length of nitrogen replacement in large-diameter
pipeline without isolator. Effects of pipe length and diameter,
inlet rate, and inclination angle of pipe are examined by
conducting a series of simulations. Based on the numerical
results, the following conclusions can be drawn.
(1) Gas mixture length increases over time, and the
maximum gas mixture length is present at outlet of
pipe. Long and large-diameter pipe and fast speed of
nitrogen lead to long length of mixed gas, while large
inclination angle of pipe brings about short length.
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Figure 15: The maximum gas mixture length (𝑙𝑚 ) versus the
inclination angle (𝜃).

(2) Four fitting formulas have been obtained, which can
predict the maximum gas mixture length in gas
pipelines. Besides that the formula for pipe length
is a quadratic polynomial, the other formulas meet
linear relationship. The calculation results provide
effective guidance for practical operation of nitrogen
replacement.

[8]

[9]

[10]

[11]

[12]

[13]

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

[14]

Acknowledgments

[15]

Research work was supported by Open Fund (no. PLN1210)
of State Key Laboratory of Oil and Gas Reservoir Geology
and Exploitation (Southwest Petroleum University) and Key
Project of Sichuan Provincial Education Department (No.
12ZA189). Without the support, this work would not have
been possible.

References
[1] G. Liu and G. W. Wang, “Method to control gas displacement
velocity in gas pipeline commissioning,” Oil & Gas Storage and
Transportation, vol. 26, no. 22, pp. 53–56, 2007.
[2] W. Duan, J. Zhang, S. Zhang, and H. P. Liu, “Study on length of
gas mixture segment for commissioning replacement of longdistance gas pipeline,” Oil & Gas Storage and Transportation,
vol. 30, no. 3, pp. 5–7, 2012.
[3] L. W. Tan, J. Q. Jing, Z. X. Dai, Z. Lv, and H. M. Shao, “Study of
natural gas pipeline replacement technology by nitrogen gas,”
Pipeline Technique and Equipment, vol. 15, no. 3, pp. 25–28, 2007.
[4] K. F. Fan, W. Q. Wang, Y. Ma, H. Jiang, and Z. X. Pang, “The
numerical simulation on mixture gas of nitrogen replacement in

[16]

natural gas pipeline,” Journal of Petrochemical Universities, vol.
26, no. 1, pp. 63–67, 2013.
L. W. Tan, J. Q. Jing, Z. X. Dai, Z. Lv, and H. Zhang,
“Determination of process parameters of nitrogen replacement
in gas pipeline,” Petroleum Planning & Engineering, vol. 18, no.
5, pp. 43–45, 2007.
Y. M. Guo and J. J. Xue, “Numerical simulation on gas mixing
rule in course of nitrogen isolation gas displacement technology
for commissioning of gas transmission pipeline,” Oil Field
Equipment, vol. 35, no. 5, pp. 31–34, 2006.
J. Z. Huang and L. Fang, “Analysis of nitrogen replacement in
gas pipeline,” Petroleum and Chemical Construction, vol. 32, no.
3, pp. 73–75, 2010.
J. E. Hanssen, “Nitrogen as a low-cost replacement of natural gas
reinjection offshore,” in Proceedings of the SPE Gas Technology
Symposium, SPE 17709, Dallas, Tex, USA, June 1988.
L. C. Berger and J. P. Arnoult, “Production of inert gas for partial
replacement of natural gas trapped in an underground aquifer
storage reservoir,” in Proceedings of the SPE Gas Technology
Symposium, SPE 19089, Dallas, Tex, USA, June 1989.
X. R. Wu, K. G. Liang, and D. X. Liu, “Nitrogen injection
experience to development gas and gas condensate fields in
rocky mountains,” in Proceedings of the International Petroleum
Technology Conference, IPTC 16830, Beijing, China, March 2013.
G. Alfonsi, “Reynolds-averaged Navier-Stokes equations for
turbulence modeling,” Applied Mechanics Reviews, vol. 62, no.
4, Article ID 040802, pp. 1–20, 2009.
K. van Maele and B. Merci, “Application of two buoyancymodified k-𝜀 turbulence models to different types of buoyant
plumes,” Fire Safety Journal, vol. 41, no. 2, pp. 122–138, 2006.
P. Rohdin and B. Moshfegh, “Numerical predictions of indoor
climate in large industrial premises. A comparison between
different k-𝜀 models supported by field measurements,” Building
and Environment, vol. 42, no. 11, pp. 3872–3882, 2007.
M. Ji, T. Utomo, J. Woo, Y. Lee, H. Jeong, and H. Chung,
“CFD investigation on the flow structure inside thermo vapor
compressor,” Energy, vol. 35, no. 6, pp. 2694–2702, 2010.
Y. Sun, J. N. Petersen, and T. P. Clement, “Analytical solutions
for multiple species reactive transport in multiple dimensions,”
Journal of Contaminant Hydrology, vol. 35, no. 4, pp. 429–440,
1999.
S. V. Patankar, Numerical Heat Transfer and Fluid Flow,
McGraw-Hill Press, New York, NY, USA, 1980.

Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2014, Article ID 294657, 8 pages
http://dx.doi.org/10.1155/2014/294657

Research Article
Track-to-Track Association Based on Structural Similarity in
the Presence of Sensor Biases
Hongyan Zhu and Suying Han
School of Electronic and Information Engineering, Xi’an Jiaotong University, Xi’an 710049, China
Correspondence should be addressed to Hongyan Zhu; hyzhu2011@gmail.com
Received 23 October 2013; Accepted 26 February 2014; Published 25 March 2014
Academic Editor: Nachamada Blamah
Copyright © 2014 H. Zhu and S. Han. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
The paper addresses the problem of track-to-track association in the presence of sensor biases. In some challenging scenarios, it may
be infeasible to implement bias estimation and compensation in time due to the computational intractability or weak observability
about sensor biases. In this paper, we introduce the structural feature for each local track, which describes the spatial relationship
with its neighboring targets. Although the absolute coordinates of local tracks from the same target are severely different in the
presence of sensor biases, their structural features may be similar. As a result, instead of using the absolute kinematic states only,
we employee the structural similarity to define the association cost. When there are missed detections, the structural similarity
between local tracks is evaluated by solving another 2D assignment subproblem. Simulation results demonstrated the power of the
proposed approach.

1. Introduction
The potential advantages of fusing information from disparate sensor systems to achieve better surveillance have been
recognized. Track-to-track association [1, 2] is a crucial step
in the distributed estimation fusion system, which seeks to
determine the correspondence between local tracks from
different sensors. Unfortunately, sensor reports may be influenced by systematic errors (sensor biases) besides random
errors. In this case, sensor registration [3, 4] is required to
remove the sensor biases from the biased reports. When track
association and sensor registration meet each other, there
are more challenges. On the one hand, sensor registration is
based on the common sensor reports from the same target.
On the other hand, the removal of the sensor biases contributes greatly to making correct association assignments. In
this sense, sensor registration and track association are tightly
coupled together.
An alternative way to tackle this problem is to implement
bias estimates and track-to-track association jointly. Several
heuristic algorithms, including centroid matching and singleton matching algorithms, for estimating the relative sensor
biases in track-to-track association were explored in [5]. Considering the effects of biases, Stone et al. estimated the relative

biases based on the fast Fourier transform (FFT) and multiple
dimensional spatial cross-correlation function in [6]. In [7],
Levedahl modeled this problem as a global nearest pattern
(GNP) problem. It produced the bias estimates for each
association hypothesis firstly, and the association probability
was computed based on the given bias estimates. The final
association hypothesis was determined with the maximum
probability. In [8], Papageorgiou and Sergi optimized the
computation complexity of the GNP algorithm to get the
trading-off between the optimality and computation time. In
[9, 10], Papageorgiou et al. computed the pure association
probability by assuming a prior distribution of sensor biases.
However, it is hard to get the prior distribution of sensor
biases. A joint track association and relative bias estimation
problem was formulated and a solution based on the Dijkstra
search was developed in [11]. A solution based on the branchand-bound framework for the same problem was described
in [12]. In [13], the performance comparisons of several
algorithms for estimating relative sensor bias were given.
In [14], a feature called “reference topology” based on the
relative coordinates is presented. However, its association
performance depends on the granularity of cell partitions
greatly. Moreover, no systematic method is given to handle
the case of missed detections. In [15, 16], the joint approaches
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to data association, sensor registration, and track fusion
were given by means of the expectation-maximization (EM)
algorithm.
In some challenging scenarios, it is impossible in practice
to implement bias estimation and compensation in time
due to the computational intractability or weak observability
about sensor biases. In this paper, we turned to implement
track-to-track association without bias estimation. As we
know, it is extremely essential to establish a reasonable
metric to measure the similarity of local tracks in trackto-track association problem. In general, the similarity of
local tracks is based on the absolute kinematic parameters.
However, the absolute kinematic parameters are corrupted
greatly in the presence of sensor biases. For example, when
given the azimuth bias of 3 degrees, the position deviation
could reach up to 10 kilometers for a target located 200 km
from the sensor. In this case, the similarity measure based
on absolute coordinates is unbelievable anymore. In this
paper, we introduce the structural feature for each local
track describing the spatial relationship with its neighboring
targets. Although the absolute coordinates of local tracks
from the same target are severely different in the presence
of sensor biases, their structural features may be similar. So,
instead of using the absolute kinematic states only, we employ
the structural similarity to measure the distance of two local
tracks from different sensors.
In this paper, we develop a structural similarity-based
approach to deal with the problem of track association in the
presence of sensor biases. Main contributions are given as
follows. Firstly, under appropriate assumptions, the distance
invariance between two targets detected by different sensors
is verified in the presence of sensor biases. Secondly, the
structural feature is introduced for each local track, which is
represented by the distance set from the track to all the other
tracks from the same sensor. Thirdly, a two-dimensional (2D)
assignment model is established to implement track-to-track
association in the presence of sensor biases. Instead of using
the absolute kinematic states only, the structural similarity
between local tracks is adopted to measure the association
cost and is evaluated by solving another 2D assignment subproblem. Moreover, the dummy track is introduced for each
sensor to cope with possibly missed detections. Simulation
results demonstrated the power of the proposed approaches.
The rest of the paper is organized as follows. In Section 2
we describe the measurement model and formulate the
problem of track-to-track association. Section 3 shows how
to implement the track association based on structural
similarity. Simulation results are given in Section 4 to demonstrate the effectiveness of the proposed approaches. Finally,
concluding remarks and further research directions are in
Section 5.

2. Problem Formulation
Consider a multitarget tracking scenario with two sensors
and 𝑁𝑡 targets in the surveillance region. In this paper, false
alarms are not considered since they can also be viewed as the
targets. In references with the radar sensor which measures
the range and azimuth to the target, the measurement process
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is implemented in the local polar coordinate system (LPCS).
Let 𝑧𝑚,𝑖 ≜ {𝑟𝑚,𝑖 , 𝜃𝑚,𝑖 } be the ith measurement (𝑖 = 1, 2, . . . , 𝑛𝑚 )
from sensor 𝑚 (𝑚 = 1, 2) at the time instant 𝑘, in which 𝑟𝑚,𝑖
and 𝜃𝑚,𝑖 mean the range and angle measurement, respectively.
Two kinds of sensor biases are considered in general:
range bias and azimuth bias. Since there are systematic biases
and random errors, the original measurement {𝑟𝑚,𝑖 , 𝜃𝑚,𝑖 }
from sensor m can be modeled as
𝑟𝑚,𝑖 = 𝑟𝑚,𝑖 + Δ𝑟𝑚 + V𝑟𝑚 ,
𝑚,𝑖

𝜃

𝑚,𝑖

=𝜃

𝑚

+ Δ𝜃 +

V𝜃𝑚 ,

(1)

𝑚,𝑖

where 𝑟𝑚,𝑖 and 𝜃 denote the real range and azimuth of target
𝑖 form sensor 𝑚, respectively. Δ𝑟𝑚 and Δ𝜃𝑚 are systematic
biases and V𝑟𝑚 and V𝜃𝑚 are random noises. The random noises
̃𝑚 = [V𝑟𝑚 V𝜃𝑚 ]𝑇 are white Gaussian with zero mean and
𝑉
2
2
variances of (𝜎𝑟𝑚 ) and (𝜎𝜃𝑚 ) , respectively.
Figure 1 depicts a scenario with two sensors and two
targets. T𝑎 (𝑥𝑎 , 𝑦𝑎 ) and T𝑏 (𝑥𝑏 , 𝑦𝑏 ) are the real positions of
targets. T𝑚,𝑎 (𝑥𝑚,𝑎 , 𝑦𝑚,𝑎 ) and T𝑚,𝑏 (𝑥𝑚,𝑏 , 𝑦𝑚,𝑏 ) are the position
measurements given by sensor 𝑚 (𝑚 = 1, 2).
Based on the biased measurements {𝑟𝑚,𝑖 , 𝜃𝑚,𝑖 }, each sensor 𝑚 produces its own local tracks represented by two
tuples {̂x𝑚,𝑖 , P𝑚,𝑖 } (𝑚 = 1, 2; 𝑖 = 1, 2, . . . , 𝑛𝑚 ). x̂𝑚,𝑖 and P𝑚,𝑖
mean the state estimate and error covariance, respectively.
For simplicity, we omit the time index here. Track-to-track
association seeks to determine the correspondence between
local tracks from different sensors. The key point is to measure the similarity of local tracks. Traditionally, it is defined
by the weighted statistical distance under the independence
assumption:
𝑇

−1

𝛼𝑖1 𝑖2 = (̂x1,𝑖1 − x̂2,𝑖2 ) (P1,𝑖1 + P2,𝑖2 ) (̂x1,𝑖1 − x̂2,𝑖2 )

(2)

(𝑖1 = 1, 2, . . . , 𝑛1 , 𝑖2 = 1, 2, . . . , 𝑛2 ) .
However, local tracks are biased estimates in the presence
of sensor biases. The direct association of biased estimates will
not produce a satisfactory result.

3. Track Association Based on
Structural Similarity
In traditional approaches to track-to-track association, only
the absolute kinematic states of targets are considered. In the
presence of sensor biases, it does not work well especially for
the large azimuth bias, since it may result in severe deviations
of absolute coordinates. In this section, the basic principle
of the structural similarity is firstly verified, and then the
structural similarity is used to measure the distance of local
tracks instead of using the absolute kinematic states only. A
complete 2D assignment model to deal with possible missed
detections is also addressed.
3.1. Basic Principle of Structural Similarity. In what follows,
by assuming small range biases, the distance invariance
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bias Δ𝜃𝑚 produces the rotation and also contributes to
the translation of targets when the range bias is nonzero.
Moreover, the azimuth bias is the critical factor compared
with the range bias, which produces more severe influence
on the target’s abstract coordinate and will be enlarged as the
distance from the sensor to the target increases.
The real squared distance between two targets T𝑎 and T𝑏
is

T1,b
T1,a

Tb
Ta

r1,a

r1,a

T2,b
T2,a

r1,b
r1,b

r

r2,b
r2,b

r2,a

2,a

2

𝜃
𝜃

1,a

𝜃1,a

2,a

S2

2
(T𝑎 , T𝑏 ) ≜ 𝑑2 (T𝑚,𝑎 , T𝑚,𝑏 )
𝑑𝑚

Real target position
Measurement from S1
Measurement from S2

2

𝑚,𝑖

+ Δ𝜃𝑚 .

(3)

(4)

In the presence of sensor biases, it becomes
𝑚,𝑖

(𝑟𝑚,𝑖 + Δ𝑟𝑚 ) cos (𝜃 + Δ𝜃𝑚 )
𝑥𝑚,𝑖
].
[ 𝑚,𝑖 ] = [ 𝑚,𝑖
𝑚,𝑖
𝑦
(𝑟 + Δ𝑟𝑚 ) sin (𝜃 + Δ𝜃𝑚 )
[
]

(5)

Manipulating the items in the above equations, we have
cos Δ𝜃𝑚 − sin Δ𝜃𝑚 𝑥𝑚,𝑖
𝑥𝑚,𝑖
𝑚,𝑖 ] = ( sin Δ𝜃𝑚 cos Δ𝜃𝑚 ) [ 𝑚,𝑖 ]
𝑦
𝑦
Δ𝑟𝑚 cos (𝜃𝑚,𝑖 + Δ𝜃𝑚 )
).
+( 𝑚
Δ𝑟 sin (𝜃𝑚,𝑖 + Δ𝜃𝑚 )

× cos (𝜃𝑚,𝑎 − 𝜃𝑚,𝑏 ) .
2
(T𝑎 , T𝑏 ) and
In this way, the difference between 𝑑𝑚
𝑑 (T𝑎 , T𝑏 ) can be expressed by
2

2
𝐷 ≜ 𝑑𝑚
(T𝑎 , T𝑏 ) − 𝑑2 (T𝑎 , T𝑏 )
2

= 2(Δ𝑟𝑚 ) + 2Δ𝑟𝑚 𝑟𝑚,𝑎 + 2Δ𝑟𝑚 𝑟𝑚,𝑏

𝑚,𝑎

× cos (𝜃

𝑚,𝑏

−𝜃

(9)

)

2

= 2 ((Δ𝑟𝑚 ) + Δ𝑟𝑚 𝑟𝑚,𝑎 + Δ𝑟𝑚 𝑟𝑚,𝑏 )
𝑚,𝑎

× [1 − cos (𝜃

𝑚,𝑖

𝑟 cos (𝜃 )
𝑥
].
[ 𝑚,𝑖 ] = [ 𝑚,𝑖
𝑚,𝑖
𝑦
𝑟 sin (𝜃 )
[
]

− 2 (𝑟𝑚,𝑎 + Δ𝑟𝑚 ) (𝑟𝑚,𝑏 + Δ𝑟𝑚 )

2

In the absence of sensor biases, the real position measurement of the target state is
𝑚,𝑖

(8)

− 2 ((Δ𝑟𝑚 ) + Δ𝑟𝑚 𝑟𝑚,𝑎 + Δ𝑟𝑚 𝑟𝑚,𝑏 )

𝑟𝑚,𝑖 = 𝑟𝑚,𝑖 + Δ𝑟𝑚 ,
𝜃𝑚,𝑖 = 𝜃

2

2

= (𝑟𝑚,𝑎 + Δ𝑟𝑚 ) + (𝑟𝑚,𝑏 + Δ𝑟𝑚 )

between two targets detected by different sensors is verified
in the presence of sensor biases. We introduce a structural
feature for each local track, which describes the spatial
relationship with its neighboring targets. According to the
distance invariance, the structural feature of local tracks from
the same target is similar. As a result, the structural similarity
is employed to define the association cost between local
tracks.
̃𝑚 (𝑚 = 1, 2) is ignored in the
The random error 𝑉
following derivation for the simplicity; thus we have

[

2

= (𝑥𝑚,𝑎 − 𝑥𝑚,𝑏 ) + (𝑦𝑚,𝑎 − 𝑦𝑚,𝑏 )

Figure 1: Sensor configuration geometry.

𝑚,𝑖

(7)

2
(T𝑎 , T𝑏 )
For sensor 𝑚 (𝑚 = 1, 2), the squared distance 𝑑𝑚
between two position measurements T𝑚,𝑎 and T𝑚,𝑏 is

𝜃2,a

S1

2

𝑑2 (T𝑎 , T𝑏 ) = (𝑥𝑎 − 𝑥𝑏 ) + (𝑦𝑎 − 𝑦𝑏 ) .

𝑚,𝑏

−𝜃

)] .

From (9), it is seen that the difference 𝐷 is only influenced
by the range bias Δ𝑟𝑚 and the real position of the target but is
independent of azimuth bias Δ𝜃𝑚 . This reveals that although
the azimuth bias may cause a severe impact on the absolute
coordinate, it causes less impact on the relative coordinate.
When the range bias is too large, the difference 𝐷 may be
severe. Fortunately, the range bias in practical applications is
generally at a low level. That means that the distance between
two targets detected by different sensors differs slightly, which
is less sensitive to sensor biases. In what follows, we employ
the structural similarity to measure the distance between two
local tracks from different sensors.

(6)

From (6), it can be observed that the range bias Δ𝑟𝑚
brings about the translation for targets, and the azimuth

3.2. 2D Assignment Model for Track Association. As we know,
it is very important to establish a reasonable metric to
measure the similarity of local tracks from different sensors.
This problem becomes extremely complicated in the presence
of sensor bias, random errors, and missed tracks. Figure 2
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In the following, a 2D assignment model with given
constraints is established by minimizing the sum of all
pairwise costs:
𝑛1

min

𝑛2

∑ ∑ 𝑐𝑖1 𝑖2 𝜌𝑖1 𝑖2

𝑖1 =0 𝑖2 =0
𝑛2

s.t

∑ 𝜌𝑖1 𝑖2 = 1,

𝑖2 =0
𝑛1

∑ 𝜌𝑖1 𝑖2 = 1,

𝑖1 =0

𝜌𝑖1 𝑖2 ∈ {0, 1} ,

Measurement from sensor 1

∀𝑖1 = 1, 2, . . . , 𝑛1
∀𝑖2 = 1, 2, . . . , 𝑛2

∀𝑖1 = 0, 1, 2, . . . , 𝑛1 ,
∀𝑖2 = 0, 1, 2, . . . , 𝑛2 .

Measurement from sensor 2

(10)

In which measurements
from the same target

Figure 2: Distribution of measurements from different sensors.

Sensor A

Sensor B

0

0

1

1

2

2

3

3

4

4

5

Dummy node
Local tracks
Connecting cost

Figure 3: Graphical representation of track association problem.

illustrates a scenario with two sensors and six targets. Here,
sensor 1 detects 4 targets, and sensor 2 detects 5 targets. That
means that 𝑛1 = 4, 𝑛2 = 5, and there are 3 common targets.
For the scenario in Figure 2, a graphical representation of
track association is shown in Figure 3. We introduce a node
for each local track. To deal with possible missed detections,
a dummy node is introduced for each local sensor which
provides the access to link an isolated track with the dummy
track. The edges mean possible links between different local
tracks.

3.3. Association Cost of Local Nodes Based on the Structural
Similarity. The model (10) can be solved efficiently and
optimally by the general 2D assignment algorithms, such
as auction algorithm and Hungarian algorithm. Now, the
remaining problem in solving (10) is how to define the
connecting cost 𝑐𝑖1 𝑖2 . Instead of using the absolute kinematic
states only, the structural similarity of local tracks is employed
here. Three kinds of costs need to be specified: between local
tracks, between dummy tracks, and between local track and
the dummy track.
Firstly, we define a structural feature for each node 𝑁𝑖𝑚
(𝑚 = 1, 2; 𝑖𝑚 = 1, . . . , 𝑛𝑚 ), which is represented by the set
𝐼𝑖𝑚 including all the distances from local track 𝑖𝑚 to 𝑗 (𝑗 =
1, 2, . . . , 𝑛𝑚 , 𝑗 ≠𝑖𝑚 ); that is,
𝐼𝑖𝑚 = {𝑑(𝑗, 𝑖𝑚 )}𝑗=1,2,...,𝑛𝑚 ,𝑗 ≠𝑖𝑚 .

(11)

We discuss the definition of 𝑐𝑖1 𝑖2 in terms of the following
three cases.
(1) With Unity Detection Probability 𝑃𝐷𝑚 (𝑃𝐷𝑚 = 1, 𝑚 = 1, 2).
If 𝑃𝐷𝑚 = 1 (𝑚 = 1, 2), then 𝑛1 = 𝑛2 = 𝑛. We order the
elements of set 𝐼𝑖𝑚 from the smallest to largest: 𝑑̃𝑖𝑚 ,1 ≤ 𝑑̃𝑖𝑚 ,2 ≤
⋅ ⋅ ⋅ ≤ 𝑑̃𝑖𝑚 ,𝑛−1 . In this way, the cost 𝑐𝑖1 𝑖2 (for all 𝑖1 = 1, 2, . . . , 𝑛1 ,
for all 𝑖2 = 1, 2, . . . , 𝑛2 ) can be defined by
𝑛−1


𝑐𝑖1 𝑖2 = 𝐷 (𝐼𝑖1 , 𝐼𝑖2 ) = ∑ 𝑑̃𝑖1 ,𝑗 − 𝑑̃𝑖2 ,𝑗  .

(12)

𝑗=1

(2) Without Unity Detection Probability 𝑃𝐷𝑚 (𝑃𝐷1 ⋅ 𝑃𝐷2 ≠1).
If 𝑃𝐷𝑚 < 1 (𝑚 = 1, 2), the computation of 𝑐𝑖1 𝑖2 (for all 𝑖1 =
1, 2, . . . , 𝑛1 , for all 𝑖2 = 1, 2, . . . , 𝑛2 ) becomes complicated due
to possible missed detections. To define the connection cost
𝑐𝑖1 𝑖2 , a 2D assignment subproblem (13) is constructed. As
shown in Figure 4, a graphical representation is established
to compute the cost 𝑐23 . As done in the optimization model
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Sensor A

we set 𝑐̃𝑗1 𝑗2 = Γ, where Γ is a large positive integer. In addition,
we set 𝑐̃0𝑗2 = 𝑐̃𝑗1 0 = 10−2 Γ to encourage the isolated node to
link with the dummy node. In addition, we set 𝑐̃00 = Γ.
As far, a complete 2D assignment subproblem (13) is well
defined. By solving it, the optimal fitness 𝐽𝑖∗1 𝑖2 can be obtained.
It is noted that 𝑐𝑖1 𝑖2 cannot be defined directly by 𝐽𝑖∗1 𝑖2 ; further
processing is required considering possible isolated tracks.
We denote the number of valid associations by 𝛽, which is
defined as the number of association assignments between
local tracks (not with dummy nodes). If 𝛽 is close enough
to the expected number 𝛼 of common targets (|𝛽 − 𝛼| ≤ 𝜀,
𝜀 is a small positive integer), then 𝑐𝑖1 𝑖2 = 𝐽𝑖∗1 𝑖2 . Otherwise, set
𝑐𝑖1 𝑖2 = Γ, where the expected number 𝛼 of common targets is
computed by

Sensor B

0

0

1, 2

1, 3

2, 3

3, 2

4, 3

4, 2

5, 3

𝛼=

Figure 4: Graphical representation of 2D assignment subproblem
to compute the cost 𝑐23 .

(10), two dummy nodes are introduced to cope with the case
of missed detections:
𝐽𝑖1 𝑖2 = min

𝑛2

∑

∑

𝑗1 =0,𝑗1 ≠𝑖1 𝑗2 =0,𝑗2 ≠𝑖2
𝑛2

s.t

∑
𝑗2 =0,𝑗2 ≠𝑖2

𝑐̃𝑗1 𝑗2 𝜌̃𝑗1 𝑗2

𝜌̃𝑗1 𝑗2 = 1,

∀𝑗1 = 1, 2, . . . , 𝑛1 , 𝑗1 ≠𝑖1

𝜌̃𝑗1 𝑗2 = 1,

∀𝑗2 = 1, 2, . . . , 𝑛2 , 𝑗2 ≠𝑖2

𝑛1

∑
𝑗1 =0,𝑗1 ≠𝑖1

𝜌̃𝑗1 𝑗2 ∈ {0, 1} ,

(1 + 𝑃𝐷1 𝑃𝐷2 )

.

(15)

It is proportional to the detection probability 𝑃𝐷𝑚 (𝑚 = 1, 2)
of sensors. If 𝑃𝐷𝑚 = 1 (𝑚 = 1, 2), then 𝛼 = 𝑛1 = 𝑛2 .

Dummy node
Distance difference from local tracks
Connecting cost

𝑛1

𝑃𝐷1 𝑃𝐷2 (𝑛1 + 𝑛2 )

∀𝑗1 = 0, 1, 2, . . . , 𝑛1 ,

∀𝑗2 = 0, 1, 2, . . . , 𝑛2 ,

𝑗1 ≠𝑖1 ,

𝑗2 ≠𝑖2 .
(13)

In this optimization model (13), the critical part is to
define the cost 𝑐̃𝑗1 𝑗2 . For all 𝑗1 = 1, 2, . . . , 𝑛1 , 𝑗1 ≠𝑖1 , and
for all 𝑗2 = 1, 2, . . . , 𝑛2 , 𝑗2 ≠𝑖2 , the cost 𝑐̃𝑗1 𝑗2 is defined by the
absolute value of distance difference:


𝑐̃𝑗1 𝑗2 = 𝑑 (𝑗1 , 𝑖1 ) − 𝑑 (𝑗2 , 𝑖2 ) .

(14)

If track-pair {𝑖1 , 𝑗1 } from sensor 1 and {𝑖2 , 𝑗2 } from sensor
2 share the same two targets, then 𝑐̃𝑗1 𝑗2 would be a small
quantity due to the structural similarity. When given a
threshold 𝜆, we compare 𝑐̃𝑗1 𝑗2 and the gate value 𝜆. If 𝑐̃𝑗1 𝑗2 > 𝜆,
then it means that track-pair {𝑖1 , 𝑗1 } from sensor 1 and {𝑖2 , 𝑗2 }
from sensor 2 do not share the same targets. To prevent them
from associating, we set 𝑐̃𝑗1 𝑗2 = +∞. In practical operations,

(3) Connection Cost with Dummy Node. When a local node
(𝑖1 or 𝑖2 ) is declared isolated, we set 𝑐0𝑖2 = 𝑐𝑖1 0 = 10−2 Γ to
encourage it to link with the dummy node. In addition, we set
𝑐00 = Γ to discourage the association between dummy tracks.
3.4. Discussions
(1) Approximation Solution Based on the Nearest Neighborhood Method. A new approach to track-to-track association in
the presence of sensor biases is given in Sections 3.2 and 3.3,
which requires solving two 2D optimal assignment models.
One serves to compute the connecting cost between two local
tracks, and the other one is to determine the final association
assignment between two sets of local tracks. To simplify, we
call this method “structural similarity-based 2D assignment”
(SS-based 2D assignment). Considering the complexity of
the proposed model, an approximation solution can be
obtained by using the nearest neighborhood (NN) method
when determining the final association assignment, instead
of using the optimal assignment. Such a scheme is denoted by
structural similarity-based nearest neighborhood (SS-based
NN). Simulation results provided before indicate that such
an approximate method can also provide a better association
result, because the structural property is considered when
constructing the connection cost between local tracks.
(2) Possible Extensions. In practical fusion applications,
heterogeneous sensors are commonly found. The proposed
approach can also work well in this case, since what we handle
here are local tracks after local processing. Although the
measuring process is implemented in the local measurement
coordinate system, local tracks from heterogeneous sensors
may be in the common Cartesian coordinate system.
In addition, in short-range applications or for maritime
surveillance, different scattering centres of the objects under
consideration may give rise to several distinct detections.
At this time, what one is concerned with includes the state
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×104
5

for both the target kinematics and the target extension. The
proposed approach fails to deal with the case that the targets
have more than one scattering centers. Readers may refer to
literatures concerning extended target tracking [17, 18]. It is
still a problem which few people get into to implement trackto-track association between extended targets.

4

y (m)

3.5

4.1. Scenario Setup and Results. In this section, we provide
some simulation results to illustrate the efficiencies of the
proposed approaches (“SS-based 2D assignment” and “SSbased NN”). Here, we consider a multiple target tracking
scenario with two sensors. At the beginning of the tracking
process, 30 targets are distributed uniformly in the region
[20 km, 40 km]×[20 km, 40 km]. The motion of all the targets
follows the constant acceleration (CA) model with acceleration 1 m/s2 . The process noise is assumed white Gaussian with
zero mean and covariance matrix 𝑄 = (0.1 m/s3 )I2 , where I2
is an 2 × 2 identity matrix. The initial direction of velocity
occurs randomly in [0, 2𝜋] with the amplitude 100 m/s. The
sample interval 𝑇 is set to 1 s, and the tracking time is 30 s.
Two sensors are located at (40000 m, 5000 m) and (15000 m,
10000 m) in the global Cartesian coordinate system (GCCS),
respectively. Each sensor measures the range and angle to the
target. The random range error for both sensors is modelled
as white Gaussian noises with the standard deviations 𝜎𝑟1 =
30 m and 𝜎𝑟2 = 40 m, respectively. The random angle error is
also modelled as white Gaussian noises with standard deviations 𝜎𝜃1 = 0.2∘ and 𝜎𝜃2 = 0.1∘ . Both of the sensors employ EKF
to obtain the local tracks based on their own measurement
information. The measurements are supported by 50 MonteCarlo runs performed on the same target trajectories but with
independently generated measurements for each trial. Except
for the special declaration in the following simulations, the
detection probabilities of the two sensors are 𝑃𝑑1 = 0.8 and
𝑃𝑑2 = 0.7; the systematic biases are set to Δ𝑟1 = 400 m,
Δ𝑟2 = 500 m, Δ𝜃1 = 6∘ , Δ𝜃2 = −5∘ .
Performance comparisons are made between the proposed approaches and the competing algorithms. In competing algorithms, the square Mahalanobis distance is chosen as
the similarity measure of two local tracks. The final association assignment is determined based on the 2D assignment
algorithm and the nearest neighborhood (NN) algorithm,
respectively. To simplify, they are called “bias-ignorant 2D
assignment” and “bias-ignorant NN.”
We adopt the probability of correct association 𝑃𝑐 (𝑡) at the
time 𝑡 to evaluate the association performance:
∑𝐿𝑖=1 𝐶𝑖 (𝑡)
,
𝐿×𝑁

(16)

where 𝐶𝑖 (𝑡) denotes the number of tracks with correct
association at time 𝑡 at the 𝑖th Monte-Carlo run, 𝐿 is the total
number of Monte-Carlo runs, and 𝑁 is the number of targets.
The average probability of correct association 𝐴𝑃𝑐 is
computed by

3
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2
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1
0.5
1

2

3
x (m)
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5
×104
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Target trajectories

Figure 5: Sensors and target trajectories.
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4. Simulation Results
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Figure 6: Probability of correct association via the whole tracking
time.

𝐴𝑃𝑐 =

∑𝐾
𝑖=1 𝑃𝑐 (𝑡)
,
𝐾

(17)

where 𝐾 is the overall tracking time.
Figure 5 shows sensor locations and target trajectories
during the whole tracking time in one run. The probability
comparison of the correct association via the tracking time is
shown in Figure 6.
Figures 7–10 illustrate the average probabilities of correct
association via different detection probability, angle bias,
range bias, and the total number of targets, respectively. In
Figure 7, the detection probability 𝑃𝐷1 of sensor 1 is set to 0.8,
and the detection probability 𝑃𝐷2 of sensor 2 varies from 0.5
to 1. In Figure 8, the angle bias Δ𝜃1 of sensor 1 is 1∘ , and the
angle bias Δ𝜃2 of sensor 2 varies from 0∘ to 7∘ . In Figure 9,
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Figure 8: Average probability of correct association via different
angle biases.

the range bias of sensor 1 Δ𝑟1 varies from 0 m to 1000 m, and
the one of sensor 2 Δ𝑟2 is 500 m. In Figure 10, the total number
of targets varies from 10 to 70.
4.2. Result Analysis. From Figures 6–10, it is shown that
the proposed “SS-based 2D assignment” and “SS-based NN”
outperform the competing algorithms. Moreover, “SS-based
NN” is inferior to “SS-based 2D assignment” just a little bit
due to the fact that the structural property is considered when
constructing the association cost. From Figure 8, it is seen
that, as the angle bias increases, the association performances
of the “bias-ignorant 2D assignment” and “bias-ignorant
NN” experience severe degradations. However, the proposed
approaches still perform well, which are insensitive to the
angle bias. In addition, it is observed from Figure 10 that
the probabilities of correct association given by all methods
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Figure 9: Average probability of correct association via different
range biases.
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Figure 7: Average probability of correct association via different
detection probabilities.
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Figure 10: Average probability of correct association via the total
number of targets.

decrease to some extent as the total number of targets
becomes large.
Although the proposed approach performs well in the
simulation experiments, it has some flaws. Firstly, the range
bias is assumed to be a small one when using the proposed
approach; otherwise, the distance invariance between two
targets detected by different sensors cannot hold. Secondly, it
is required to solve a 2D assignment model when computing
the association cost. Doing so may result in a high computational burden, especially for a large number of targets.

5. Conclusions
The sensor reports are disturbed by not only random errors,
but also sensor biases. When track-to-track association and
sensor registration meet each other, some challenging problems arise since they are tightly coupled together. In this

8
paper, instead of using the absolute kinematic states only, the
structural features of local tracks are employed for track-totrack association in the presence of sensor biases. A complete
2D assignment model for track-to-track association is given
to deal with possibly missed detections. Lots of simulation
results demonstrated the power of the proposed approaches.
Further work includes the utilization of multiscan information and the extension of the proposed approach to the
multisensor case.
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The numerical solution of optimal control problems by direct collocation is a widely used approach. Quasi-Newton approximations
of the Hessian of the Lagrangian of the resulting nonlinear program are also common practice. We illustrate that the transcribed
problem is separable with respect to the primal variables and propose the application of dense quasi-Newton updates to the small
diagonal blocks of the Hessian. This approach resolves memory limitations, preserves the correct sparsity pattern, and generates
more accurate curvature information. The effectiveness of this improvement when applied to engineering problems is demonstrated.
As an example, the fuel-optimal and emission-constrained control of a turbocharged diesel engine is considered. First results
indicate a significantly faster convergence of the nonlinear program solver when the method proposed is used instead of the standard
quasi-Newton approximation.

1. Introduction
Quasi-Newton (QN) methods have become very popular in
the context of nonlinear optimisation. Above all, in nonlinear
programs (NLPs) arising from direct transcription of optimal
control problems (OCPs), the Hessian of the Lagrangian
often cannot be derived analytically in a convenient way.
Algorithmic differentiation may fail due to unsupported
operations or black-box parts in the model functions. Furthermore, both approaches are computationally expensive if
the model functions are complex and yield long expressions
for the second derivatives. On the other hand, numerical
approximation by finite differences is inaccurate and hardly
improves the computational performance.
A common approach in these cases is to approximate the
Hessian by QN updates using gradient information collected
during the NLP iterations. However, if applied to realworld OCPs, several limitations arise. These problems often
exhibit large dimensions; thus limited-memory versions of
the approximations are applicable only. Since many updates

may be necessary until a good approximation of the full
Hessian is obtained, the approximation remains poor when
using the most recent steps only. Furthermore, the favourable
sparsity structure of the underlying discretisation scheme is
generally not preserved. This fill-in drastically reduces the
performance of solvers for the linear system of equations
defining the step direction during each NLP iteration.
Partial separability, a concept introduced by [1], describes
a structural property of a nonlinear optimisation problem.
When present, this property allows for partitioned QN
updates of the Hessian of the Lagrangian (or of the objective,
in the unconstrained case). For unconstrained optimisation,
this approach was proposed and its convergence properties
were analysed in [2]. Although only superlinear local convergence can be proven, a performance close to that obtained
with exact Newton methods, which exhibit quadratic local
convergence, was observed in practical experiments [3, 4].
This brief paper presents how partitioned QN updates
can be applied to the NLPs resulting from direct collocation
of OCPs. The concept of direct collocation to solve OCPs
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has been widely used and analysed [5–9]. We will show
that the Lagrangian of the resulting NLPs is separable in
the primal variables at each discretisation point. Due to this
separability, its Hessian can be approximated by full-memory
QN updates of the small diagonal blocks. This procedure
increases the accuracy of the approximation, preserves the
sparsity structure, and resolves memory limitations. The
results are first derived for Radau collocation schemes, which
include the right interval boundary as a collocation point.
The adaptations to Gauss schemes, which have internal collocation points only, and to Lobatto schemes, which include
both boundaries, are provided thereafter in condensed form.
A consistent description of all three families of collocation is
provided in [10].
The partitioned update is applied to a real-world engineering problem. The fuel consumption of a turbocharged
diesel engine is minimised while the limits on the cumulative
pollutant emissions need to be satisfied. This problem is
cast in the form of an OCP and is transcribed by Radau
collocation. The resulting NLP is solved by an exact and a
quasi-Newton method. For the latter, the partitioned update
achieves an increased convergence rate and a higher robustness with respect to a poor initialisation of the approximation
as compared to the full QN update. Therefore, the findings for
the unconstrained case seem to transfer to the NLPs resulting
from direct collocation of OCPs.

2. Material and Methods
Consider the system of nonautonomous ordinary differential
equations (ODEs) ẋ= f(x, u) on the interval [𝑡0 , 𝑡𝑓 ], with
x, f ∈ R1×𝑛𝑥 , u ∈ R1×𝑛𝑢 . Radau collocation represents each
element of the state vector x(𝑡) as a polynomial, say of degree
𝑁. The time derivative of this polynomial is then equated to
the values of f at 𝑁 collocation points 𝑡0 < 𝜏1 < 𝜏2 < ⋅ ⋅ ⋅ <
𝜏𝑁 = 𝑡𝑓 ,
x0
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2.1. Direct Collocation of Optimal Control Problems. We
consider an OCP of the form
𝑇

min

x(⋅),u(⋅)

∫ 𝐿 (x (𝑡) , u (𝑡)) 𝑑𝑡

(3a)

0

ẋ(𝑡) − f (x (𝑡) , u (𝑡)) = 0,

s.t.

∀𝑡 ∈ [0, 𝑇] ,

𝑇

(3b)

∫ g (x (𝑡) , u (𝑡)) 𝑑𝑡 ≤ 0,

(3c)

c (x (𝑡) , u (𝑡) , 𝑡) ≤ 0,

(3d)

0

∀𝑡 ∈ [0, 𝑇] ,

where 𝐿 ∈ R, g ∈ R𝑛𝑔 , and c ∈ R𝑛𝑐 . Simple bounds on x
and u, equality constraints, and a fixed initial or end state can
be included in the path constraints (3d). An objective term in
Lagrange form is used, which is preferable over an equivalent
Mayer term [12, Section 4.9].
Direct transcription discretises all functions and integrals
by consistently applying an integration scheme. Here, 𝑘 =
1, . . . , 𝑚 integration intervals [𝑡𝑘−1 , 𝑡𝑘 ] are used with 0 = 𝑡0 <
𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑚 = 𝑇. The number of collocation points 𝑁𝑘
can be different for each interval. Summing up the collocation
points throughout all integration intervals results in a total
of 𝑀 = 𝑙(𝑚, 𝑁𝑚 ) discretisation points. The “linear index” 𝑙
thereby corresponds to collocation node 𝑖 in interval 𝑘,
𝑘−1

𝑙 := 𝑙 (𝑘, 𝑖) = 𝑖 + ∑ 𝑁𝛼 .

(4)

𝛼=1

The transcribed OCP reads
𝑀

∑𝑊𝑙 ⋅ 𝐿 (x𝑙 , u𝑙 )
min
x ,u
∙

(1)
s.t.

The notation x𝑗 := x(𝜏𝑗 ) is adopted. The left boundary 𝜏0 =
𝑡0 is a noncollocated point in Radau collocation schemes. By
introducing the appropriate matrices, this matrix equation in
R𝑁×𝑛𝑥 can be written in short as
x
D [ 0 ] = F (X, U) .
X

interpolation by barycentric weights is used to calculate D
along with the vector of the quadrature weights w [11]. The
latter may be used to approximate the definite integral of a
𝑡
function 𝑔(𝑡) as ∫𝑡 𝑓 𝑔(𝑡) 𝑑𝑡 ≈ ∑𝑁
𝑗=1 𝑤𝑗 𝑔(𝜏𝑗 ).

(2)

The rows of X and F correspond to one collocation point
each. In turn, the columns of X and F represent one state
variable and its corresponding ODE right-hand side at all
collocation points. In the following, consider the notation in
(2) as shorthand for stacking the transpose of the rows in one
large column vector.
The step length ℎ = 𝑡𝑓 − 𝑡0 of the interval is assumed
to be accounted for in the differentiation matrix D. Lagrange

∙

(5a)

𝑙=1

(𝑘−1)
X𝑁
(𝑘)
𝑘−1 ,∙ ] − F (X
, U(𝑘) ) = 0,
X(𝑘)

D(𝑘) [

𝑘 = 1, . . . , 𝑚,
(5b)

𝑀

∑𝑊l ⋅ g (x𝑙 , u𝑙 ) ≤ 0,

(5c)

c𝑙 (x𝑙 , u𝑙 ) ≤ 0,

(5d)

𝑙=1

𝑙 = 1, . . . , 𝑀.

The notation 𝑥∙ denotes all instances of variable 𝑥𝑙 at any
applicable index 𝑙. The vector of the “global” quadrature
weights W results from stacking the vectors of the quadrature
weights w(𝑘) of each interval 𝑘 after removing the first
(𝑘−1)
element, which is zero. For the first interval, X𝑁
is the
𝑘−1 ,∙
initial state x(0).
The Lagrangian of the NLP (5a)–(5d) is the sum of the
objective (5a) and all constraints (5b), (5c), and (5d), which
are weighted by the Lagrange multipliers 𝜆. To clarify the
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notation, the Lagrange multipliers are grouped according
to the problem structure. The 𝑛𝑥 ⋅ 𝑁𝑘 multipliers for the
discretised dynamic constraints on each integration interval
𝑘 are denoted by 𝜆(𝑘)
𝑑 , the 𝑛𝑔 multipliers for the integral
inequalities are stacked in 𝜆𝑔 , and the 𝑛𝑐 multipliers for the
path constraints at each discretisation point 𝑙 are gathered in
the vector 𝜆𝑐,𝑙 .
2.2. Separability in the Primal Variables. The objective (5a),
the integral inequalities (5c), and the path constraints (5d)
are inherently separated with respect to time; that is, the
individual terms are pairwise disjoint in x𝑙 and u𝑙 . We thus
focus on the separability of the dynamic constraints (5b). For
the derivation, we assume that 𝑓, 𝑥, and 𝑢 are scalar. The
extension to the vector-valued case is straightforward and will
be provided subsequently.
Consider the term of the Lagrangian representing the
discretised dynamic constraints (5b) for interval 𝑘,
̃ (𝑘)
L
𝑑

:=

𝑁𝑘

∑𝜆(𝑘)
𝑑,𝑖
𝑖=1

(𝑘) (𝑘−1)
(𝑑0,𝑖
𝑥𝑁𝑘−1

+

𝑁𝑘

̃(𝑘) 𝑥(𝑘)
∑𝐷
𝑖𝑗 𝑗
𝑗=1

−

𝑓 (𝑥𝑖(𝑘) , 𝑢𝑖(𝑘) )) .
(6)

This formulation constitutes a separation in the dual variables
(the Lagrange multipliers). By collecting terms at each collocation point and accounting for the 𝑑0 terms in the previous
interval, we obtain a separation in the primal variables,
𝑁𝑘

𝑁𝑘+1

𝑁𝑘

(𝑘)
(𝑘+1) (𝑘+1) ] (𝑘)
[ ̃(𝑘) (𝑘)
L(𝑘)
𝑥𝑖
𝑑 = ∑ ( ∑ 𝐷𝑗𝑖 𝜆 𝑑,𝑗 + 𝛿𝑖 ∑ 𝑑0,𝑗 𝜆 𝑑,𝑗
𝑖=1
𝑗=1
𝑗=1
[
]

(7)

(𝑘) (𝑘)
− 𝜆(𝑘)
𝑑,𝑖 𝑓 (𝑥𝑖 , 𝑢𝑖 )) ,

1, if 𝑖 = 𝑁𝑘 , 𝑘 ≠𝑚,
={
0, otherwise.

(8)

Each term inside the round brackets in (7) is a
collocation-point separated part of the Lagrangian which
stems from the dynamic constraints. We denote these terms
by L(𝑘)
𝑑,𝑖 and introduce the notation
𝜔 := (𝑥, 𝑢) ,

𝜔𝑖(𝑘)

:=

(𝑥𝑖(𝑘) , 𝑢𝑖(𝑘) ) .

(9)

The gradient with respect to the primal variables is
(𝑘)𝑇 ̃(𝑘)
(𝑘) (𝑘+1),𝑇 (𝑘+1)
d0 , 0) − 𝜆(𝑘)
∇𝜔 L(𝑘)
𝑑,𝑖 = (𝜆𝑑 𝐷∙𝑖 + 𝛿𝑖 𝜆𝑑
𝑑,𝑖

𝜕𝑓 (𝜔𝑖(𝑘) )
𝜕𝜔

.

(10)

The Hessian is simply
(𝑘)
∇𝜔2 L(𝑘)
𝑑,𝑖 = −𝜆 𝑑,𝑖

𝜕2 𝑓 (𝜔𝑖(𝑘) )
𝜕𝜔2

L(𝑘)
𝑖 = 𝑊𝑙 ⋅ 𝐿 (𝜔𝑙 )
𝑁𝑘

𝑁𝑘+1

𝑗=1

𝑗=1

̃(𝑘) 𝜆(𝑘) + 𝛿(𝑘) ∑ 𝑑(𝑘+1) 𝜆(𝑘+1) )
+ x𝑖(𝑘) ⋅ ( ∑𝐷
𝑗𝑖 𝑑,𝑗
𝑖
0,𝑗
𝑑,𝑗

.

(11)

(12)

(𝑘)
𝑇
𝑇
− f (𝜔(𝑘)
𝑖 ) 𝜆𝑑,𝑖 + 𝑊𝑙 ⋅ 𝜆𝑔 g (𝜔𝑙 ) + 𝜆𝑐,𝑙 c𝑙 (𝜔𝑙 ) .

The Lagrangian of the full NLP is obtained by summing
these element Lagrangians, which are separated in the primal
variables. Its Hessian thus is a perfect block-diagonal matrix
with uniformly sized square blocks of size (𝑛𝑢 + 𝑛𝑥 ).
2.2.2. Extension to Gauss and Lobatto Collocation. Gauss
collocation does not include the right interval boundary.
Thus, the terms involving d0 can be included locally in
each interval, which simplifies the separation in the primal
variables. However, the continuity constraint
x0(𝑘+1) = x0(𝑘) + w(𝑘)𝑇 F (X(𝑘) , U(𝑘) )

with
𝛿𝑖(𝑘)

2.2.1. Vector-Valued Case and Complete Element Lagrangian.
For multiple control inputs and state variables, the primal
variables 𝜔𝑙 at each collocation point become a vector in
R1×(𝑛𝑢 +𝑛𝑥 ) . Consistently, we define the gradient of a scalar
function with respect to 𝜔 as a row vector. Thus, the model
Jacobian 𝜕f/𝜕𝜔 is a matrix in R𝑛𝑥 ×(𝑛𝑢 +𝑛𝑥 ) , and the Hessian of
each model-function element 𝑠, 𝜕2 𝑓𝑠 /𝜕𝜔2 , is a square matrix
of size (𝑛𝑢 + 𝑛𝑥 ). The multiplier 𝜆(𝑘)
𝑑,𝑖 itself also becomes a
vector in R𝑛𝑥 . All terms involving f, its Jacobian, or its Hessian
therefore turn into sums.
consists of the terms
The full element Lagrangian L(𝑘)
𝑖
of the dynamic constraints L(𝑘)
as
derived
above, plus the
𝑑,𝑖
contributions of the objective, the integral inequalities, and
the path constraints,

(13)

has to be introduced for each interval. Similarly to the procedure above, this constraint can be separated. The quadrature
weights w(𝑘) are stacked in W without any modification.
Lobatto collocation includes both boundaries as collocation points. Thus, the matrix D in (1) and (2) has an additional
“zeroth” row, and the argument of F becomes [x0𝑇 , X𝑇 ]𝑇 in (2).
The additional term
(𝑘)
−𝛿𝑖(𝑘) 𝜆(𝑘+1)
𝑑,0 𝑓 (𝜔𝑖 )

(14)

arises in L(𝑘)
𝑑,𝑖 . Each element of W corresponding to the
interval boundary between any two neighbouring intervals
(𝑘)
and 𝑤0(𝑘+1) .
𝑘 and 𝑘 + 1 is a sum of the two weights 𝑤𝑁
𝑘
2.3. Block-Diagonal Approximation of the Hessian. The separability of the problem with respect to the primal variables
allows a perfect exploitation of the problem sparsity. In fact,
the Jacobian of the objective and the constraints, as well as
the Hessian of the Lagrangian, can be constructed from the
first and second partial derivatives of the nonlinear model
functions 𝐿, f, g, and c at each discretisation point [13].
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We propose to also exploit the separability when calculating QN approximations of the Hessian. These iterative updates collect information about the curvature of the
Lagrangian by observing the change of its gradient along the
NLP iterations. Although they perform well in practice, they
exhibit several drawbacks for large problems.

The hat indicates the values at the current iteration, that is,
the new data. In the following formulas, B denotes the QN
approximation. Here, the damped BFGS update is used [14,
Section 18.3], which reads

(I) Loss of sparsity. QN approximations generally do not
preserve the sparsity pattern of the exact Hessian,
which leads to low computational performance [12,
Section 4.13]. Enforcing the correct sparsity pattern
results in QN schemes with poor performance [14,
Section 7.3].
(II) Storage versus accuracy. Due to the loss of sparsity, the approximated Hessian needs to be stored
in dense format. To resolve possible memory limitations, “limited-memory” updates can be applied,
which rely on a few recent gradient samples only.
However, these methods provide less accuracy than
their full-memory equivalents [14, Section 7.2].
(III) Dimensionality versus sampling. When sampling the
gradient of a function that lives in a high-dimensional
space, many samples are required to construct an
accurate approximation. In fact, to obtain an approximation that is valid along any direction, an entire
spanning set needs to be sampled. Although QN
methods require accurate second-order information
only along the direction of the steps [15], the step
direction may change fast in highly nonlinear problems such as the one considered here. In these cases,
an exhaustive set of gradient samples would ensure a
fast convergence, which conflicts with (II).

if s𝑇 y ≥ 0.2s𝑇 Bs
{
{1,
𝑇
𝜃 = { 0.8s Bs
{ 𝑇
, otherwise,
𝑇
{ s Bs − s y

(17a)

r = 𝜃y + (1 − 𝜃) Bs,

(17b)

𝑇
𝑇
̂ = B − Bss B + rr .
B
s𝑇 Bs
s𝑇 r

(17c)

Using approximations of the small diagonal blocks,
that is, exploiting the separability illustrated in Section 2.2,
resolves these problems.
(I) The exact sparsity pattern of the Hessian is preserved.
2

(II) Only 𝑀(𝑛𝑥 + 𝑛𝑢 ) numbers have to be stored, compared to 𝑀2 (𝑛𝑥 + 𝑛𝑢 )2 for the full Hessian.
(III) Since the dimension of each diagonal block is small,
a good approximation is already obtained after few
iterations of the Hessian update [3, 4].
The partitioned QN update can be combined with the
exploitation of the problem sparsity to reduce the number of
the model evaluations required. In fact, when these two concepts are combined, the gradients of the model functions at
each collocation point are sufficient to construct an accurate
and sparsity-preserving approximation of the Hessian of the
Lagrangian.
2.4. Implementation. Any QN approximation operates with
the differences between two consecutive iterates and the
corresponding gradients of the Lagrangian. For constrained
problems,
̂ − 𝜔,
s𝑇 := 𝜔

(15)

̂ − ∇ L (𝜔, 𝜆)
̂ .
y𝑇 := ∇𝜔 L (̂
𝜔, 𝜆)
𝜔

(16)

This update scheme preserves positive definiteness, which is
mandatory if a line-search globalisation is used. In a trustregion framework, indefinite approaches such as the safeguarded SR1 update [14, Section 6.2] could be advantageous
since they can approximate the generally indefinite Hessian
of the full or element Lagrangian more accurately.
The Hessian block B𝑙 corresponding to the element
Lagrangian (12) at collocation point 𝑙 is approximated as
follows. In the difference of the gradients, all linear terms
cancel. Thus, (16) becomes
̂ − ∇ L (𝜔, 𝜆)
̂
𝜔, 𝜆)
y𝑙𝑇 = ∇𝜔 L𝑙 (̂
𝜔 𝑙
= 𝑊𝑙 ⋅ (

𝜕𝐿 (̂
𝜔𝑙 ) 𝜕𝐿 (𝜔𝑙 )
−
)
𝜕𝜔
𝜕𝜔

+ 𝜆𝑇𝑑,𝑙 ⋅ (

𝜕f (𝜔𝑙 ) 𝜕f (̂
𝜔𝑙 )
−
)
𝜕𝜔
𝜕𝜔

+ 𝑊𝑙 ⋅ 𝜆𝑇𝑔 ⋅ (
+ 𝜆𝑇𝑐,𝑙 ⋅ (

(18)

𝜕g (̂
𝜔𝑙 ) 𝜕g (𝜔𝑙 )
−
)
𝜕𝜔
𝜕𝜔

𝜔𝑙 ) 𝜕c𝑙 (𝜔𝑙 )
𝜕c𝑙 (̂
−
).
𝜕𝜔
𝜕𝜔

Recall that the linear index 𝑙 is defined such that 𝜆𝑑,𝑙 = 𝜆(𝑘)
𝑑,𝑖 .
The QN update (17a)–(17c) is applied to each diagonal block
̂𝑙 − 𝜔𝑙 and y𝑙 given by (18). As
B𝑙 individually, with s𝑇𝑙 = 𝜔
initialisation, one of the approaches described in [14, Chapter
6] can be used.
2.5. Engineering Test Problem. As a real-world engineering
problem, we consider the minimisation of the fuel consumption of a turbocharged diesel engine. The statutory limits for
the cumulative NO𝑥 and soot emissions are imposed as 𝑛𝑔 =
2 integral inequality constraints. The 𝑛𝑢 = 4 control inputs
are the position of the variable-geometry turbine, the start of
the main injection, the common-rail pressure, and the fuel
mass injected per cylinder and combustion cycle. The model
is described and its experimental validation is provided in
[16]. It features a dynamic mean-value model for the air path
with 𝑛𝑥 = 5 state variables, and physics-based models for
the combustion and for the pollutant emissions. The resulting
OCP is stated in [17, 18]. The desired load torque, the bounds
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Figure 1: Convergence behaviour of IPOPT on the two test cases.

on the actuator ranges, and mechanical and thermal limits are
imposed as nonlinear and linear path constraints (3d).
The model evaluations are expensive. Therefore, QN
updates are preferable over exact Newton methods to achieve
a fast solution process. The main drawback is the slow local
convergence rate of QN methods when applied to the large
NLPs resulting from the consideration of long time horizons
in the OCP [18].

3. Results and Discussion
The results presented here are generated using the NLP solver
IPOPT [19, 20] with the linear solver MUMPS [21] and the
fill-reducing preordering implemented in METIS [22]. Either
the exact Hessian, calculated using central finite differences
on the model functions, or a full or the partitioned QN
update just described is supplied to the solver as user-defined
Hessian. In all cases, the first derivatives are calculated by
forward finite differences.
Radau collocation at flipped Legendre nodes is applied.
These collocation points are the roots of the orthogonal Legendre polynomials and have to be computed numerically [23,
Section 2.3]. The resulting scheme, sometimes termed Radau
IIA, exhibits a combination of advantageous properties [24],
[25, Section 3.5].
Two test cases for the engineering problem outlined in
Section 2.5 are considered. Case (a) is a mild driving pattern
of 6 s duration which is discretised by first-order collocation
with a uniform step length of 0.5 s. This discretisation results
in 𝑀 = 13 total collocation points and 117 NLP variables.
Test case (b) considers a more demanding driving pattern of
58 s duration and uses third-order collocation with a step size
of 0.8 s, resulting in 𝑀 = 217 collocation points and 1,953
NLP variables.

The performance is assessed in terms of the number
of iterations required to achieve the requested tolerance.
Figure 1 shows the convergence behaviour of the exactNewton method and of the two QN methods. Starting with
iteration 5, the full Newton step is always accepted. Thus,
the difference between the local quadratic convergence of the
exact Newton method and the local superlinear convergence
of the full BFGS update becomes obvious. The partitioned
update performs substantially better than the full update.
Moreover, the advantage becomes more pronounced when
the size (longer time horizon) and the complexity (more
transient driving profile, higher-order collocation) of the
problem are increased from the simple test case (a) to the
more meaningful case (b).
The Hessian approximation is initialised by a multiple of
the identity matrix; B0 = 𝛽I. A factor of 𝛽 = 0.05 is found to
be a good choice for the problem at hand. Table 1 shows the
number of iterations required as 𝛽 is changed. The partitioned
update is robust against a poor initialisation, whereas the full
update requires a significant number of iterations to recover.
This finding confirms that an accurate approximation is
obtained in fewer iterations when the partitioned QN update
is applied.

4. Conclusion
We illustrated the separability of the nonlinear program
resulting from the application of direct collocation to an
optimal control problem. Subsequently, we presented how
this structure can be exploited to apply a partitioned quasiNewton update to the Hessian of the Lagrangian. This
sparsity-preserving update yields a more accurate approximation of the Hessian in fewer iterations and thus increases
the convergence rate of the NLP solver.
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Table 1: Effect of the initialisation of the Hessian approximation on
the number of NLP iterations until convergence, test case (a).
Method
Full BFGS
Partitioned BFGS

𝛽 = 0.01
36
22

𝛽 = 0.05
28
20

𝛽 = 0.1
38
21

A more accurate approximation of the second derivatives
from first order information is especially beneficial for highly
nonlinear problems for which the exact second derivatives are
expensive to evaluate. In fact, for the real-world engineering
problem used as a test case here, symbolic or algorithmic differentiation is not an expedient option due to the complexity
and the structure of the model. In this situation, using a quasiNewton approximation based on first derivatives calculated
by finite differences is a valuable alternative. The numerical
tests presented in this paper indicate that a convergence rate
close to that of an exact Newton method can be reclaimed by
the application of a partitioned BFGS update.
A self-contained implementation of the partitioned
update in the framework of an NLP solver itself could fully
exploit the advantages of the method proposed. Furthermore,
it should be assessed whether a trust-region globalisation is
able to take advantage of an indefinite but possibly more
accurate quasi-Newton approximation of the diagonal blocks
of the Hessian of the Lagrangian.

Conflict of Interests
The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment
This work was partially funded by the Swiss Innovation
Promotion Agency CTI under Grant no. 10808.1 PFIW-IW.

References
[1] A. Griewank and A. Toint, “On the unconstrained optimization
of partially separable functions,” in Nonlinear Optimization, M.
Powell, Ed., Academic Press, New York, NY, USA, 1981.
[2] A. Griewank and P. L. Toint, “Local convergence analysis for
partitioned quasi-Newton updates,” Numerische Mathematik,
vol. 39, no. 3, pp. 429–448, 1982.
[3] D. C. Liu and J. Nocedal, “On the limited memory BFGS method
for large scale optimization,” Mathematical Programming, vol.
45, no. 1–3, pp. 503–528, 1989.
[4] J. Nocedal, “Large scale unconstrained optimization,” in The
State of the Art in Numerical Analysis, pp. 311–338, Oxford
University Press, New York, NY, USA, 1996.
[5] L. T. Biegler, “Solution of dynamic optimization problems by
successive quadratic programming and orthogonal collocation,”
Computers and Chemical Engineering, vol. 8, no. 3-4, pp. 243–
247, 1984.
[6] D. Tieu, W. R. Cluett, and A. Penlidis, “A comparison of collocation methods for solving dynamic optimization problems,”
Computers and Chemical Engineering, vol. 19, no. 4, pp. 375–381,
1995.

[7] A. L. Herman and B. A. Conway, “Direct optimization using
collocation based on high-order Gauss-Lobatto quadrature
rules,” Journal of Guidance, Control, and Dynamics, vol. 19, no.
3, pp. 592–599, 1996.
[8] D. A. Benson, G. T. Huntington, T. P. Thorvaldsen, and A.
V. Rao, “Direct trajectory optimization and costate estimation
via an orthogonal collocation method,” Journal of Guidance,
Control, and Dynamics, vol. 29, no. 6, pp. 1435–1440, 2006.
[9] S. Kameswaran and L. T. Biegler, “Convergence rates for direct
transcription of optimal control problems using collocation at
Radau points,” Computational Optimization and Applications,
vol. 41, no. 1, pp. 81–126, 2008.
[10] D. Garg, M. Patterson, W. W. Hager, A. V. Rao, D. A. Benson,
and G. T. Huntington, “A unified framework for the numerical
solution of optimal control problems using pseudospectral
methods,” Automatica, vol. 46, no. 11, pp. 1843–1851, 2010.
[11] J.-P. Berrut and L. N. Trefethen, “Barycentric Lagrange interpolation,” SIAM Review, vol. 46, no. 3, pp. 501–517, 2004.
[12] J. T. Betts, Practical Methods for Optimal Control and Estimation Using Nonlinear Programming, Advances in Design
and Control, Society for Industrial and Applied Mathematics,
Philadelphia, Pa, USA, 2nd edition, 2010.
[13] M. A. Patterson and A. V. Rao, “Exploiting sparsity in direct
collocation pseudospectral methods for solving optimal control
problems,” Journal of Spacecraft and Rockets, vol. 49, no. 2, pp.
364–337, 2012.
[14] J. Nocedal and S. J. Wright, Numerical Optimization, Springer
Series in Operations Research and Financial Engineering,
Springer, New York, NY, USA, 2nd edition, 2006.
[15] P. E. Gill and E. Wong, “Sequential quadratic programming
methods,” in Mixed Integer Nonlinear Programming, J. Lee and
S. Leyffer, Eds., vol. 154 of The IMA Volumes in Mathematics and
its Applications, pp. 301–312, Springer, New York, NY, USA, 2012.
[16] J. Asprion, O. Chinellato, and L. Guzzella, “Optimisationoriented modelling of the NOx emissions of a diesel engine,”
Energy Conversion and Management, vol. 75, pp. 61–73, 2013.
[17] J. Asprion, C. H. Onder, and L. Guzzella, “Including drag phases
in numerical optimal control of diesel engines,” in Proceedings
of the 7th IFAC Symposium on Advances in Automotive Control,
pp. 489–494, Tokyo, Japan, 2013.
[18] J. Asprion, O. Chinellato, and L. Guzzella, “Optimal control of
diesel engines: numerical methods, applications, and experimental validation,” Mathematical Problems in Engineering, vol.
2014, Article ID 286538, 21 pages, 2014.
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This review provides an overview of the queueing modeling issues and the related performance evaluation and optimization
approaches framed in a joined manufacturing and product engineering. Such networks are represented as queueing networks.
The performance of the queueing networks is evaluated using an advanced queueing network analyzer: the generalized expansion
method. Secondly, different model approaches are described and optimized with regard to the key parameters in the network (e.g.,
buffer and server sizes, service rates, and so on).

1. Introduction
Queueing theory is the mathematical study of waiting lines
and it enables the mathematical analysis of several related
processes, including arrivals at the queue, waiting in the
queue, and being served by the server. The theory enables the
derivation and calculation of several performance measures
which can be used to evaluate the performance of the queueing system under study. More specifically, the focus in this
paper is on finite buffer queueing networks which are characterized by the blocking effect, which eventually degrades
the performance, commonly measured via, for example, the
throughput of the network.
Queueing modeling and optimization of large scale manufacturing systems and complex production lines have been
and continue to be the focus of numerous studies for decades
(e.g., see Smith [1–3]). Queueing networks are commonly
used to model such complex systems (see Suri [4]). The
main reason to use queueing modeling is because of their
ability to accurately model the resource allocation problems
we are interested in (i.e., the buffer, server, and bufferserver combination problems), under approximate Poisson
arrivals and general service rates. Of course, there are other
methodologies tailored for different settings as, for instance,
simulation methods (see Law and Kelton [5]) and advanced
methods that explore the spectral characteristics of the

associated matrices in Markovian models (e.g., see the works
of Yeralan and Tan [6] and Fadiloglu and Yeralan [7], among
others).
This review aims at providing an overview of modeling,
performance evaluation, and optimization approaches from
a queueing theory point of view. Additionally, the algorithms
selected were implemented and tested in some basic queueing
network topologies, namely, series, merges, and splits. The
numerical results provide new insight into this important
class of manufacturing network design problems.
The paper is structured as follows. In Section 2, we present
the performance evaluation method considered for the
queueing networks analyzed. Also in Section 2, we elaborate
on the different optimization models that exist and discuss
some of the optimization tools that are used to optimize
these models. Section 3 gives computational results for some
selected optimization models for a complex network. Finally,
Section 4 concludes the paper and gives some pointers for
future research in the area.

2. Material and Methods
2.1. Finite Queueing Networks. Queueing networks are
defined as either open, closed, or mixed. In open queueing
networks, customers enter the system from outside, receive
some service at one or more nodes, and then leave the system.

2
In closed queueing networks, customers never leave or enter
the system but a fixed number of customers circulate within
the network (see Whitt [9] and Smith [10]). Mixed queueing
networks are systems that are open with respect to some
customers and are closed with respect to other customers (see
Balsamo et al. [11]). Research in the area of queueing networks
is very active as we shall see and resulted in a vast amount
of journal papers, books, and reports. For a more general
discussion on queueing networks, the reader is referred to
Walrand [12] among others. In this paper, we will focus on
finite queueing networks.
The assumption is that the capacity of the buffer space
between two consecutive connected service stations is finite.
As a consequence, each node in the network might be affected
by events at other nodes, leading to the phenomena of
blocking or starvation. In the literature, two general blocking
mechanisms are presented: blocking after service (BAS) and
blocking before service (BBS). BAS occurs when after service
a customer sees that the buffer in front of her/him is full and
as a consequence s/he cannot continue her/his way in the
network. BBS implied that a server can start processing a next
customer only if there is a space available in the downstream
buffer. If not, the customer has to wait until a space becomes
available. Most production lines operate under BAS system.
Moreover, in the literature it is the most commonly made
assumption regarding the buffer behavior (see Dallery and
Gershwin [13]).
2.2. Network Performance Evaluation. Performance evaluation tools for queues include product form methods, numerical
methods, approximate methods, and simulation. Let us discuss
each of them a bit more in detail. More in-depth information
can be found in the references mentioned as follows.
Initially, the product form methods decompose the system
into single pairs or triplets of nodes instead of analyzing
the entire system at once. Details may be found in Perros
[14]. Each decomposed node can then be treated as an independent service provider, for which all results and insights
of the single node queueing models can be used (see, e.g.,
Gross et al. [15]). Jackson [16, 17] firstly showed that the joint
distribution of the entire network is made up of the product
of the marginal distributions at each of the nodes under
some strict conditions (e.g., exponential arrivals and services,
under no blocking). A decomposition technique yields exact
results for queueing networks with product form solutions.
For networks without a product form solution, the technique
gives a good approximation (see Balsamo et al. [11]).
The numerical methods are also useful, as in theory these
methods can be used to solve every Markovian model. The
problem, however, with numerical solutions is that the state
space of queueing networks grows exponentially with the
number of nodes, the number of customers, and the number
of buffers. As a consequence, numerical methods consume
extensive computer time to get to the solution. Numerical
methods are applied to smaller networks though (e.g., see
Balsamo et al. [11]).
Among the approximate methods, the decomposition
methods are very popular. These methods are approximate
because the subnetworks are only a part of the whole line
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and, as such, do not have exactly the same behavior (see
Dallery and Gershwin [13]). However, if obtaining an exact
solution is too expensive in terms of computational effort,
approximate methods are justified. The main challenge with
approximate methods is to be as close as possible to the exact
values. The accuracy of an approximate method can be tested
with numerical solutions (for smaller networks) or by using
simulation. The main idea of the decomposition methods is to
try to generalize the ideas of independence and product form
solutions from the Jackson networks to more general systems.
Reiser and Kobayashi [18] and Kuehn [19] were the first to
develop this approach. After them, several researchers came
up with a similar approach (e.g., Buzacott and Shanthikumar
[20] and Alves et al. [21]).
Finally, simulation is another way to obtain all relevant
performance measures for a queueing network (see Law and
Kelton [5]). Successful results on simulation based methods
were reported by Cruz et al. [22, 23], Pereira et al. [24], Dorda
and Teichmann [25], and Cardoso et al. [26], among many
others.
2.3. The Generalized Expansion Method. In this paper, the
Generalized Expansion Method (GEM) is used as the prime
performance evaluation tool. Consequently, this paper provides a selected review based on the GEM and does not
explicitly consider other methodologies to obtain the performance measures. Note that the models described fit any
performance evaluation tool.
In general, we evaluate the performance of the network
via its throughput 𝜃. This throughput (and all other measures,
e.g., blocking probability, sojourn time, work-in-process, etc.)
can be obtained via a queueing network representation. This
queueing network representation then needs to be “solved”
to obtain the performance of the given network. Notice that
we will focus here on 𝑀/𝐺/𝑐/𝐾 queueing models, which in
Kendall notation means a queueing system with Markovian
arrival rates, generally distributed service times, 𝑐 servers in
parallel in the queue, and a total capacity of 𝐾 users in the
queue (including those under service).
As it will be detailed soon, the GEM transforms the
queueing network into an equivalent Jackson network, which
can be decomposed so that each node can be solved independently of each other (similar to a product form solution
approach). The GEM is an effective and robust approximation
technique to measure the performance of open finite queueing networks. The effectiveness of GEM as a performance
evaluation tool has been presented in many papers, including
Kerbache and Smith [27–29], Jain and Smith [30], Smith [31],
and Andriansyah et al. [32].
The GEM uses BAS, which is prevalent in most systems
including production and manufacturing (see Dallery and
Gershwin [13]), transportation (see van Woensel and Vandaele [33, 34]), and other similar systems. Developed by
Kerbache and Smith [27], the GEM has become an appealing approximation technique for performance evaluation of
queueing networks due to its accuracy and relative simplicity.
Moreover, exact solutions to performance measurement are
restricted only to very simple networks and simulation
requires a considerable amount of computational effort.
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The GEM is basically a combination of two approximation methods, namely, the repeated trials and the node-bynode decomposition. In order to evaluate the performance
of a queueing network, the method first divides the network
into single nodes with revised service and arrival parameters.
Blocked customers are registered into an artificial “holding
node” and are repeatedly sent to this node until they are
serviced. The addition of the holding node expands the network and transforms the network into an equivalent Jackson
network in which each node can be solved independently.
In the remaining part of this section, we will present
a high-level overview of the method. For more detailed
information and applications of the GEM, the reader is
referred to, for example, Kerbache and Smith [28]. The GEM
described below assumes that one wants to solve 𝑀/𝐺/𝑐/𝐾
queueing networks. Note that the methodology is generic
such that 𝑀/𝑀/1/𝐾, 𝑀/𝑀/𝑐/𝐾, 𝑀/𝐺/1/𝐾, 𝐺𝐼/𝐺/1/𝐾, and
𝐺𝐼/𝐺/𝑐/𝐾 queueing networks could also be analyzed. Only
the relevant equations (e.g., the blocking probabilities) need
to be adapted for these other cases.
There are three main steps in the GEM, namely, network
reconfiguration, parameter estimation, and feedback elimination. The notation for the GEM, presented in Basic Network
Notation section will be used throughout the paper. The steps
are described as follows.
Stage I: Network Reconfiguration. For each finite node in the
queueing network, an artificial node is created to register the
blocked jobs. By introducing such artificial nodes, we also
create new routing probabilities in the network. The result of
network reconfiguration can be seen from Figure 1.
There are two possible states of the finite node, namely, the
saturated and the unsaturated states. Arriving jobs will try to
access the finite node 𝑗. With a probability of (1 − 𝑝𝐾𝑗 ), the
job will find the the finite node unsaturated, when it will enter
the queue and eventually be serviced. However, if the finite
node 𝑗 is saturated (with a probability of 𝑝𝐾𝑗 ), then the job
will be directed to the artificial holding node ℎ𝑗 , where it will
be delayed. The delay at the artificial node is modeled using a
𝑀/𝐺/∞ queue, representing a delay time without queueing.
Afterward, the blocked job will try to reenter the finite queue

). There is a probability
with a success probability of (1 − 𝑝𝐾
𝑗

that the blocked job still finds the finite node saturated
of 𝑝𝐾
𝑗
and thus it will be directed again to the artificial holding node
ℎ𝑗 . This process repeats until the blocked job is able to enter
the finite node.

Stage II: Parameter Estimation. At this stage, the values for

, and 𝜇ℎ are determined. Notice that the
parameters 𝑝𝐾 , 𝑝𝐾
node index 𝑗 is omitted for the sake of simplicity.
𝑝𝐾 : In order to determine 𝑝𝐾 , exact analytical formulas
should be used whenever possible (see Kerbache and Smith
[29]). For cases where exact 𝑝𝐾 formula is unavailable,
approximations for 𝑝𝐾 in 𝑀/𝐺/𝑐/𝐾 setting provided by
Smith [31] can be used. These approximations are based on
a closed-form expression derivable from the finite capacity exponential queue (𝑀/𝑀/𝑐/𝐾) using Kimura’s [35]

3
M/G/cj /Kj

M/G/ci /Kj

j

i

M/G/ci /Ki

M/G/

pK𝑗

i

(1 −

hj

M/G/cj/Kj
)
j

(1 − pK𝑗 )

Figure 1: The generalized expansion method.

two-moment approximation. The following 𝑝𝐾 formula for
𝑀/𝐺/2/𝐾 is presented as an example (see Smith [31]):
𝑝𝐾 =

2

2

2

2

2𝜌2((√𝜌/𝑒𝑠 −√𝜌/𝑒+𝐾)/(2+√𝜌/𝑒𝑠 −√𝜌/𝑒)) (2𝜇 − 𝜆)
−2𝜌2((√𝜌/𝑒𝑠 −√𝜌/𝑒+𝐾)/(2+√𝜌/𝑒𝑠 −√𝜌/𝑒)) 𝜆 + 2𝜇 + 𝜆

.

(1)

The 𝑝𝐾 for the 𝑀/𝐺/𝑐/𝐾, for 𝑐 = 3, 4, . . ., will not be
shown for brevity but are available in Smith [31].


, since no exact method is available to calculate 𝑝𝐾
,
𝑝𝐾
an approximation from Labetoulle and Pujolle [36], based on
diffusion techniques, is used:

𝑝𝐾

=[

𝜇𝑗 + 𝜇ℎ
𝜇ℎ

−

𝜆 [(𝑟2𝐾 − 𝑟1𝐾 ) − (𝑟2𝐾−1 − 𝑟1𝐾−1 )]
𝜇ℎ [(𝑟2𝐾+1 − 𝑟1𝐾+1 ) − (𝑟2𝐾 − 𝑟1𝐾 )]

−1

] , (2)

in which 𝑟1 and 𝑟2 are the roots of the polynomial.
Consider
𝜆 − (𝜆 + 𝜇ℎ + 𝜇𝑗 ) 𝑥 + 𝜇ℎ 𝑥2 = 0,

(3)


in which 𝜆 = 𝜆 𝑗 − 𝜆 ℎ (1 − 𝑝𝐾
), and 𝜆 𝑗 and 𝜆 ℎ are the actual
arrival rates to the finite and artificial holding notes, respectively. Furthermore, it can be argued that

̃ (1 − 𝑝 ) = 𝜆
̃ −𝜆 .
𝜆𝑗 = 𝜆
𝑖
𝐾
𝑖
ℎ

(4)

𝜇ℎ , the delay distribution at the holding node ℎ, is actually
nothing but the remaining service time of the finite node
𝑗. Based on the renewal theory, one can formulate the
remaining service time distribution as the following rate 𝜇ℎ :
𝜇ℎ =

2𝜇𝑗
1 + 𝜎𝑗2 𝜇𝑗2

,

(5)

in which 𝜎𝑗2 is the service time variance of the finite node 𝑗.
At this point, one should notice that if the service time of the
finite node is exponentially distributed with rate 𝜇𝑗 , then the
memoryless property of exponential distribution will hold,
such that
𝜇ℎ = 𝜇𝑗 .

(6)

Stage III: Feedback Elimination. As a result of the feedback
loop at the holding node, a strong dependency on the arrival

4
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process is created. In order to eliminate such dependency, the
service rate at the holding node must be adjusted as follows:

) 𝜇ℎ .
𝜇ℎ = (1 − 𝑝𝐾

(7)

As a consequence, the service rate at node 𝑖 preceding
the finite node 𝑗 is affected as well. One can see that the
mean service time at node 𝑖 is 𝜇𝑖−1 when the finite node is
−1
unsaturated, and 𝜇𝑖−1 + 𝜇ℎ when the finite node is saturated.
Thus, on average, the mean service time of node 𝑖 preceding
the finite node 𝑗 is
−1

𝜇𝑖−1 = 𝜇𝑖−1 + 𝑝𝐾 𝜇ℎ .

(8)

The above equations apply to all finite nodes in the
queueing network.
Summary. To sum up, all performance measures of the
network can be obtained by solving the following equations
simultaneously:

),
𝜆 = 𝜆 𝑗 − 𝜆 ℎ (1 − 𝑝𝐾

̃ (1 − 𝑝 ) ,
𝜆𝑗 = 𝜆
𝑖
𝐾
̃ −𝜆 ,
𝜆𝑗 = 𝜆
𝑖
ℎ
̃ −𝜆 ,
𝜆𝑗 = 𝜆
𝑖
ℎ

𝑝𝐾

=[

𝜇𝑗 + 𝜇ℎ
𝜇ℎ

−

𝜆 [(𝑟2𝐾 − 𝑟1𝐾 ) − (𝑟2𝐾−1 − 𝑟1𝐾−1 )]
𝜇ℎ [(𝑟2𝐾+1 − 𝑟1𝐾+1 ) − (𝑟2𝐾 − 𝑟1𝐾 )]

−1

] , (9)

2

𝑧 = (𝜆 + 2𝜇ℎ ) − 4𝜆𝜇ℎ ,
𝑟1 =
𝑟2 =

[(𝜆 + 2𝜇ℎ ) − 𝑧1/2 ]
2𝜇ℎ
[(𝜆 + 2𝜇ℎ ) + 𝑧1/2 ]
2𝜇ℎ

𝑝𝐾 ≡ Equation (1) .

,
,
(10)

Note that (1), for 𝑝𝐾 , only applies to an 𝑀/𝐺/2/𝐾 setting.
Other expressions for 𝑝𝐾 for 𝑀/𝐺/𝑐/𝐾 queues, with 𝑐 = 3 to
𝑐 = 10, have been developed by Smith [31] and can be used in
the set of (9) and (1).
2.4. Optimization Models. In this section, we review some
of the optimization models found in the literature. Given a
directed graph 𝐺(𝑉, 𝐴) to represent the queueing network,
characterized by Poisson arrivals, in which 𝑉 is the set of node
(queues), with nonnegative buffers, multiple servers, and a
general service time distribution, and in which 𝐴 is the set of
directed arcs (pairs of queues) interconnecting the nodes, we
can optimize (i) on the number of buffers, (ii) on the number
of servers used in each vertex 𝑉𝑖 , (iii) on the characteristics
of the service distribution (e.g., the service rates and/or the
service variability), (iv) on the routing probabilities related

to the arcs 𝐴, or (v) on any combination of these possible
decision variables.
In general, we can write the generic optimization model
as follows:
𝑍 = min 𝑓 (x) ,

(11)

subject to
Θ (x) ≥ Θ𝜏 ,
x ≥ 0,

(12)

which minimizes the total allocation 𝑓(x) = ∑𝑖∈𝑉 𝑥𝑖 (i.e.,
over all vertices 𝑖 ∈ 𝑉), constrained to provide a minimum
throughput of Θ𝜏 .
A number of specific models can be specified based on
the above generic model.
(i) When we set x ≡ B, the buffer allocation problem
(BAP) appears. One extra constraint needs to be
added to reflect the integrality condition, 𝐵𝑖 ∈ N,
for all 𝑖 ∈ 𝑉. The objective function is then 𝑍BAP =
min ∑𝑖∈𝑉 𝐵𝑖 . This is a model formulation presented
and discussed in detail in Smith [37], Smith and Cruz
[8], and Smith et al. [38] in which series, merge, and
split topologies were examined using the GEM to
estimate the performance of these queueing networks
and an iterative search methodology based on Powell’s
[39] algorithm to find the optimal buffer allocation
within the network. The papers of Gershwin and
Schor [40] and Shi and Gershwin [41] also deal with
buffer allocation.
(ii) The server allocation problem (CAP) appears if we
have x ≡ c. Again, an extra integrality constraint is
needed, 𝑐𝑖 ∈ N, for all 𝑖 ∈ 𝑉. The objective function is
then 𝑍CAP = min ∑𝑖∈𝑉 𝑐𝑖 . The CAP was considered
by Smith et al. [42] in which a methodology was
developed built upon two-moment approximations
to the service time distribution embedded in the
GEM for computing the performance measures in
complex finite queueing networks and Powell’s [39]
algorithm for optimally allocating servers to the
network topology.
(iii) Combining the server and buffer allocation problems
by setting x ≡ (B, c) results in the joint buffer
and server allocation problem (BCAP). In this case,
the integrality constraints are 𝐵𝑖 , 𝑐𝑖 ∈ N, for all
𝑖 ∈ 𝑉. Next to this integrality constraint, one more
constraint is needed. It is necessary to ensure that the
traffic intensity is such thar 𝜌𝑖 ≡ 𝜆 𝑖 /(𝑐𝑖 𝜇𝑖 ) < 1 to
ensure a finite optimal solution. Note that buffers can
be equal to zero, hence, having a zero-buffer system
(more on bufferless systems in Andriansyah et al. [32]
in which such networks were evaluate in terms of the
throughput using the GEM that was compared to simulations and a multiobjective optimization approach
was adopted to derive the Pareto efficient curves
showing the trade-off between the total number of
servers used and the throughput). Secondly, note that
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the objective function needs to be adapted slightly to
take into account the two objectives (i.e., buffers and
servers).
We consider two options to rewrite the objective function depending on how to deal with the multiobjective
issue.
(a) First, the objective function can be written as a
weighted sum of the two objectives; that is,
𝑍BCAP1 = min {𝜔∑ 𝑐𝑖 + (1 − 𝜔) ∑ 𝐵𝑖 } .
𝑖∈𝑉

(13)

𝑖∈𝑉

We assign a cost of 𝜔 to servers and (1 − 𝜔)
to buffers. We can then modify the value of 𝜔,
such that 0 < 𝜔 < 1, to reflect the relative cost
of servers versus buffers. As 𝜔 is decreased, the
cost of servers will become relatively lower than
that of buffers. That is, buffers are then more
expensive than servers. Alternatively, when the
value of 𝜔 is increased, the servers become
more costly relative to the buffers. In this way,
we evaluate whether different pricing of servers
and buffers results in a significantly different
buffer and server allocation. It is worthwhile
to mention that if 𝜔 = 0, the above problem
reduces to the pure BAP and if 𝜔 = 1, the
pure CAP is obtained. The BCAP1 problem
was treated in details by Woensel et al. [43],
when the joint optimization of the number of
buffers and servers was firstly solved by means
of Powell’s [39] method, a classical nonlinear
derivative-free optimization algorithm, while
a two-moment approximation and the GEM
compute the performance measure of interest
(the throughput). The proposed methodology
was capable of handling the trade-off between
the number of servers and buffers, yielding
better throughput than previously published
studies. Also, the importance of the squared
coefficient of variation of the service time was
stressed, since it strongly influenced the approximate optimal allocation.
(b) Secondly, the objective function can be formulated in a multicriteria way; that is,
𝑍BCAP2 = min {𝑓1 (c) , 𝑓2 (B)} ,

(14)

in which each one of the two objectives are
considered explicitly, with 𝑓1 (c) ≡ ∑𝑖∈𝑉 𝑐𝑖 , and
𝑓2 (B) ≡ ∑𝑖∈𝑉 𝐵𝑖 .
Consequently, one obtains an approximation of
the Pareto set of solutions for the two objectives. As such, this perspective is more general
than the BCAP1 formulation. For further details
on multiobjective optimization in general, see
Chankong and Haimes [44]. The BCAP2 formulation was treated by Cruz et al. [45, 46] which

developed a multiobjective genetic algorithm
to satisfy these conflicting objectives and to
produce an approximation of the complete set of
all best solutions, known as the Pareto optimal
or noninferior set.
(iv) A slightly different formulation is the optimal routing
problem (OROP). Here, the routing probabilities 𝛼𝑖,𝑗
are determined such that the throughput is maximized. Of course, the sum of all routing probabilities
𝛼𝑖,𝑗 in the arcs leaving each vertex 𝑖 ∈ 𝑉 and reaching
its successors 𝑗, such that (𝑖, 𝑗) ∈ 𝐴 should sum up to
one
𝑍ORAP = max Θ (𝛼) ,

(15)

subject to
0 ≤ 𝛼𝑖,𝑗 ≤ 1,

∀ (𝑖, 𝑗) ∈ 𝐴,

∑ 𝛼𝑖,𝑗 = 1,

∀𝑖 ∈ 𝑉,

(16)

∀𝑗∈𝛿(𝑖)

in which Θ(𝛼) is the throughput, which is the objective that must be maximized, 𝛼 the optimal routing
probability matrix, 𝛼 ≡ [𝛼𝑖,𝑗 ], that is, the matrix that
maximizes the objective function of this predefined
network, and 𝛿(𝑖) is the set of succeeding vertexes of
vertex 𝑖; that is, 𝛿(𝑖) ≡ {𝑗 | (𝑖, 𝑗) ∈ 𝐴}.
The throughput will thus be affected by the effective
routing of jobs through the network, the variability of
the service distribution, the number of servers, and
the number of buffers. Among the papers that dealt
with the ORAP, we could mention Gosavi and Smith
[47] and Daskalaki and Smith [48]. Additionally,
Cruz and van Woensel [49] solved the ORAP by using
the GEM as the performance evaluation tool of the
finite queueing network and optimizing by means of
a heuristics based on Powell’s [39] algorithm.
(v) A last variation considered is the profit maximization
model. The models are thus expanded with financial
indicators in order to maximize the profit generated.
This profit will be a function of the quantity one can
set in the market (i.e., the throughput) and the costs
to realize this throughput, which could be the buffer
and/or server allocation. The decision variable is thus
the investment in buffers or servers ((B, c)). Assume
the cost of the buffers or servers is 𝛾 and the gain
of a unit of throughput is equal to 𝜙. Then we can
formulate the objective function as follows:
𝑍PROFIT = max {𝜙Θ (B, c) − 𝛾∑ (𝐵𝑖 + 𝑐𝑖 )
𝑖∈𝑉

𝜏

−𝛽 [Θ − Θ (B, c)] } ,

(17)
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Considering the BCAP model, it can be shown that for a
network with 𝑁 nodes, the complexity involved is
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Clearly, the solution space grows exponentially in the
number of nodes, but not (exponentially) in the capacity of
each node. The complexity of the BCAP model can thus be
written as 𝑂(𝐾𝑁).

2

0
0

𝐾 (𝐾 + 1) 𝑁
] .
2

0.6

(b) contour plot

Figure 2: Achieved profit at the optimal buffer allocation for Θ𝜏 = 5.

in which [Θ𝜏 − Θ(B, c)] is either positive or zero
(i.e., Θ(B, c) ≤ Θ𝜏 ). Penalty costs of size 𝛽 are
charged when the system throughput does not meet
the market demand (i.e., Θ(B, c) < Θ𝜏 ). Penalty
costs can include the cost of outsourcing production
to another factory. Figure 2 displays the behavior
of this optimization function for a network of three
𝑀/𝐺/𝑐/𝐾 queues in tandem, with 𝜇𝑖 = 10, 𝑠𝑖2 =
1.5, for all 𝑖, an external arrival rate Λ 1 = 5 and
Θ𝜏 = 5. It shows the achieved profit, 𝑍PROFIT ,
at the optimal buffer allocation, for 𝜙 = 1 and
different cost settings 𝛾 and 𝛽. When the operational
expense increases (𝑋 ≡ 𝛾/𝜙), it is more attractive
to underachieve market demand (i.e., Θ(B, c) ≪
Θ𝜏 ); optimal throughput decreases. When the penalty
costs increase (𝑌 ≡ 𝛽/𝜙), it becomes less attractive
to underachieve market demand; optimal throughput
increases.
It is worthwhile to state that the models described
above are difficult nonlinear integer programming problems.

2.5. Optimization Methodologies. While the GEM computes
the performance measures for the queueing network, many
of the above discussed models need to be optimized on
the decision variables defined in x. Note that there, of
course, exist many optimization methods. An exhaustive
discussion is left out of this paper, but the interested reader
is referred to Aarts and Lenstra [50] and the references
therein. We describe two methodologies which have proven
to be successful for the above described models, namely, the
Powell’s [39] algorithm and a genetic algorithm approach. Of
course, small problems can always be enumerated.
Powell’s [39] algorithm can be described as an unconstrained optimization procedure that does not require the
calculation of first derivatives of the function. Numerical
examples from Himmelblau [51] have shown that the method
is capable of minimizing a function with up to twenty
variables Powell’s method locates the minimum of 𝑓(x) of
a nonlinear function by successive unidimensional searches
from an initial starting point x(0) along a set of conjugate
directions. These conjugate directions are generated within
the procedure itself. Powell’s method is based on the idea
that if a minimum of a nonlinear function 𝑓(x) is found
along 𝑝 conjugate directions in a stage of the search, and an
appropriate step is made in each direction, the overall step
from the beginning to the 𝑝-th step is conjugate to all of the
𝑝 subdirections of the search.
Genetic algorithms (GA) are optimization algorithms
to perform an approximate global search relaying on the
information obtained from the evaluation of several points
in the search space and obtaining a population of these
points that converges to the optimum through the application
of the genetic operators mutation, crossover, selection, and
elitism. Each of these operators may be implemented in
several different ways, each one of them characterizing a
specific instance of GA. Additionally, convergence of GA is
guaranteed by assigning fitness to each population member
and preserving diversity at the same front. For instance,
recent successful applications of GA were reported by Lin [52]
and Calvete et al. [53], for single-objective applications, and
by Carrano et al. [54] and Cruz et al. [45, 46], for multipleobjective applications. A wealth of references is given by
these authors. For an application of GA to manufacturing
problems, see Andriansyah et al. [32].

3. Results and Insights
In this section, we will focus on one example network and
describe the results for some of the different optimization
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Table 1: Results for the buffer allocation problem (see Smith and Cruz [8]).
2

𝑠
0.5
1.0
1.5

c
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)

2
𝜇 = 10
Λ

B
(8 4 4 4 4 4 4 4 4 4 4 4 4 4 4 5)
(10 5 5 5 5 4 4 4 4 4 4 4 4 5 5 5)
(11 5 5 5 5 5 5 5 5 5 5 5 5 5 5 6)

4
𝜇 = 10

#1

1

𝜇=5

7
𝜇=5

11
𝜇=5

8

12

𝜇=5

𝜇=5

9
𝜇=5

13
𝜇=5

#2
3
𝜇 = 10

5
𝜇 = 10

#1

∑𝑖 𝐵𝑖
69
77
87

𝜃(c, B)
4.9899
4.9879
4.9877

10

6
𝜇=5

#2

#1
𝜇 = 10

∑𝑖 𝑐𝑖
16
16
16

#2

14
𝜇 = 10
16

Θ

𝜇 = 20
15
𝜇 = 10

Figure 3: Combined topology.

models discussed above. We consider a combination of the
three basic topologies (series, split, and merge), as shown
in Figure 3. This network consists of 16 nodes with the
processing rate of servers in each node given in the figure. The
network is adopted from Smith and Cruz [8]. We use exactly
the same values for Λ, 𝜇, 𝑠2 , and the routing probabilities
for the splitting node (#1 and #2). Note that the routing
probability #1 refers to the up tier of the node, while #2 refers
to the low tier. Refer to Figure 3 for the position of each node
in the network.
3.1. The Buffer Allocation Problem (BAP). We reproduce in
Table 1 the results from Smith and Cruz [8] for this network
structure with Λ = 5 and the routing probabilities equal to
0.5 (Table 29 in their paper). The optimization method used
was Powell with multiple restarts to avoid local optima. Note
that Smith and Cruz [8] considered an 𝑀/𝐺/1/𝐾 setting and
therefore the number of servers in all nodes is set to 1 while
optimizing on the buffer allocation. Based on Table 1, we see
that the first node (most congested) is receiving more buffers
to cope with the relatively high arrival rate.
3.2. The Server Allocation Problem (CAP). Let us now fix the
number of buffers beforehand and then optimize on the number of servers used. More specifically, we set all buffers equal
to 1 and look at the resulting server allocation. The results
are given in Table 2, also obtained from Powell algorithm
with multiple restarts to avoid local optima. Interestingly, we
observe the same behavior as for the buffer allocation; that is,
the first node is receiving more resources than the remaining
nodes. On the other hand, the number of servers added is
relatively low compared to the buffers added (e.g., 5 versus
8, for 𝑠2 = 0.5). This is because a server is also acting as a
buffer, but a server adds more value, measured in throughput,
as servers actually provide service.

3.3. The Joint Buffer-Server Allocation Problem (BCAP).
Before going to the results for the example network, we
analyze the difference between buffers and servers. We saw
that the BAP and CAP give different results in terms of
number of servers versus number of buffers used. Let us
assume that we have a single zero-buffer node with one server
(i.e., 𝐾 = 1, 𝐵 = 0, and 𝑐 = 1), submitted to an external
arrival rate Λ = 5.0, service rate 𝜇 = 10 and a squared
coefficient of variation of the service time distribution 𝑠2 =
{0.5, 1.0, 1.5}. Figure 4 gives the percentage increase of adding
either a server (adding one to nine servers compared to the
base case) or a buffer (adding one to eleven buffers compared
to the base case) to the zero buffer base situation.
It is clear that in this case, the first added buffer or first
added server gives the largest contribution to the throughput
value, which is limited by the external arrival rate Λ. Note
that the addition of the first extra server gives an increase
in throughput of about 58% to 78%, depending upon the
squared coefficient of variation of the service time distribution 𝑠2 , while the first added buffer only gives a 36% to 39%
increase. Important to mention is that, in order to achieve the
same increase in throughput by only using buffers, we need
four to six extra buffer spaces, depending on the 𝑠2 , rather
than only one server space.
The results for the joint buffer-server allocation problem
are presented in Table 3, in which the 𝑐/𝐵 price ratio gives an
indication of the relative costs of servers compared to buffers,
obtained from Powell. A price ratio of 8 : 1, for example,
means that servers are 8 times more expensive than buffers.
The results from Table 3 show a higher throughput than
for the pure BAP, Table 1, for every setting. As expected,
we found that the optimal server allocation in the BCAP
is different from the server settings in the pure BAP. This,
however, depends strongly upon the price ratio of buffers
versus servers. We found that 𝑀/𝐺/1/𝐾 is not an optimal
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Table 2: Results for the server allocation problem.
2

𝑠
0.5
1.0
1.5

c
(5 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2)
(5 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2)
(5 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2)

B
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)

∑𝑖 𝑐𝑖
34
36
34

∑𝑖 𝐵𝑖
16
16
16

𝜃(c, B)
4.9997
4.9996
4.9996

𝑍𝛼
35.29
35.33
35.37

Table 3: Results for the joint buffer-server allocation problem.
Λ
5.0

2

𝑠
0.5

𝑐/𝐵
1:8
1:4
1:2
1:1
2:1
4:1
8:1

c
(3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3)
(3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3)
(3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2)
(3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3)
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)

K
(3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3)
(3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3)
(3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(3 5 5 5 5 3 3 3 3 3 3 3 3 5 5 3)
(11 6 6 6 6 4 4 4 4 4 4 4 4 6 6 11)

∑𝑖 𝑐𝑖
48
48
48
44
32
20
16

∑𝑖 𝐾𝑖
48
48
48
44
44
60
90

∑𝑖 𝐵𝑖
0
0
0
0
12
40
74

𝜃(c, B)
4.9996
4.9996
4.9996
4.9998
4.9989
4.9974
4.9994

𝑍𝛼
5.76
10.0
16.4
22.2
26.5
26.6
23.0

1.0

1:8
1:4
1:2
1:1
2:1
4:1
8:1
1:8
1:4
1:2
1:1
2:1
4:1
8:1

(3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(3 2 2 2 2 2 2 2 2 2 2 2 2 2 2 3)
(2 2 2 2 2 1 1 1 1 1 1 1 1 2 2 3)
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(3 2 2 2 2 2 2 2 2 2 2 2 2 2 2 3)
(2 2 2 2 2 1 1 1 1 1 1 1 1 2 2 3)
(1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1)

(3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(3 3 3 3 3 2 2 2 2 2 2 2 2 3 3 3)
(6 3 3 3 3 4 4 4 4 4 4 4 4 3 3 4)
(13 6 6 6 6 4 4 4 4 4 4 4 4 6 6 13)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(5 3 3 3 3 2 2 2 2 2 2 2 2 3 3 5)
(3 3 3 3 3 2 2 2 2 2 2 2 2 3 3 3)
(6 3 3 3 3 4 4 4 4 4 4 4 4 3 3 4)
(15 7 7 7 7 4 4 4 4 4 4 4 4 7 7 15)

48
44
44
44
34
25
16
44
44
44
44
34
25
16

48
44
44
44
40
60
94
44
44
44
44
40
60
104

0
0
0
0
6
35
78
0
0
0
0
6
35
88

4.9994
4.9997
4.9997
4.9997
4.9984
4.9989
4.9987
4.9996
4.9996
4.9996
4.9996
4.9979
4.9983
4.9986

5.94
9.09
15.0
22.3
26.2
28.1
24.1
5.24
9.15
15.0
22.4
26.8
28.7
25.4

1.5

configuration for this particular queueing network structure,
except when buffers are becoming relatively too expensive.
For these cases, we found that single-servers are optimal
indeed (see rows where 𝑐/𝐵 ratio is 8 : 1).
We observe that (near) zero-buffer configurations are
identified where appropriate; that is, where the servers are
relatively cheaper compared to buffers. Varying the squared
coefficient of variation of the service time distribution 𝑠2 does
result in some changes in the optimal server and buffer allocation, which shows the importance of models dealing with
general service times. The results show that the number of
buffers seems to be large under high variability, which could
be expected since the increase in 𝑠2 means an increase in
the variability. The extra buffers are there to handle this high
variability.
3.4. Final Remarks and Insights. The above numerical results
for the buffer allocation problem, the server allocation problem, and the joint buffer-server allocation problem show that
significant gains can be achieved in manufacturing systems.
Specifically, setting the buffers and servers in an appropriate
way greatly affects the throughput for these manufacturing
systems. This is important as these systems need to be as

highly utilized as possible, given the high investments. Our
models and optimizations show that the optimal configurations are not always straightforward and thus advanced
models and solution methods are needed. We have followed
a queueing network approach with finite buffers, as this
resembles reality the closest. This modeling approach is of
course much harder than, for example, infinite queueing
networks. We see based on the various experiments that
our solution methodology is powerful and suitable for the
different types of models handled in this paper. This offers
managers and manufacturing systems designers a powerful
tool to work with.
We saw that the BAP and CAP obviously give different
results. We also note that while the addition of the first extra
server gives a certain amount of increase in the throughput,
the addition of the first buffer space generally will give a
lower increase. In other words, in order to achieve the same
increase in throughput by only using buffers, we need more
extra buffer spaces rather than only a few server space.

4. Conclusions
This review provided an overview of the different modeling issues, the performance evaluation, and optimization
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behavior of the models based on cycle time, work-in-process
(WIP), or other performance measures.
In a number of industrial improvement projects carried
out, we observed that the critical issue to be able to use the
above models is related to data availability. More specifically,
processing rates, arrival rates, uncertainty in the service
process, and so on need to be extracted from the available
databases. An interesting approach to obtaining the relevant
data is the effective process time (EPT) point of view (see
Hopp and Spearman [55]). The advantage of the effective process time (EPT) approach is that various types of disturbances
on the shop-floor are aggregated into EPT distributions,
this enables effective modeling. However, it is important to
note that, disturbances which are aggregated into the EPT
distribution cannot be analyzed afterwards. Hence, shopfloor realities or disturbances which are modeled explicitly
and excluded from aggregation in the EPT are defined
beforehand.
Topics for future research on the queueing part include
the analysis and optimization of networks with cycles, for
example, to model many important industrial systems that
have loops, such as systems with captive pallets and fixtures
or reverse streams of products due to rework, or even the
extension to GI/G/c/K queueing networks with generally
distributed and independent arrivals.

Basic Network Notation

0.2
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(b) percentual increase in 𝜃 versus Δ𝐵

Figure 4: Throughput increase versus added number of servers (Δ𝑐)
and buffers (Δ𝐵).

approaches of the manufacturing systems assuming a queueing theory approach. We discussed the merits of the Generalized Expansion Method as a performance evaluation tool of
the finite queueing networks. This methodology has proved
in the literature to be a valuable approach. Secondly, different optimization models are discussed, namely the buffer
allocation problem, the server allocation problem, the joint
buffer, server allocation problem, and some other models.
The different optimization models are shown to be hard
nonlinear integer programming problems which are able to
be approximately solved with a Powell heuristic. The paper
ended with an overview of some results for the different
models considered on a complex queueing network.
4.1. Future Research Suggestions. In this paper, we considered
the throughput as the main performance measure. Instead
of the throughput, it would be interesting to evaluate the

Λ:
𝜆𝑗:
̃ :
𝜆
𝑗
𝜇𝑗 :

External Poisson arrival rate to the network
Poisson arrival rate to node 𝑗
Effective arrival rate to node 𝑗
Exponential mean service rate at finite
node 𝑗
Effective service rate at finite node 𝑗 due to
𝜇̃𝑗 :
blocking
Blocking probability of finite queue 𝑗 of
𝑝𝐾𝑗 :
size 𝐾𝑗

𝑝𝐾
:
Feedback blocking probability in the
𝑗
expansion method
The artificial holding node (queue)
ℎ𝑗 :
preceding node 𝑗 created in the GEM
Number of servers at node 𝑗
𝑐𝑗 :
Total capacity at node 𝑗 including the items
𝐾𝑗 :
in service
𝐵𝑗 ≡ 𝐾𝑗 − 𝑐𝑗 : Buffer capacity at node 𝑗 excluding the
items in service
𝑁:
Set of nodes (queues) in the queueing
network
𝑉:
Set of arcs (pairs of nodes) in the queueing
network
𝜌𝑗 ≡ 𝜆 𝑗 /(𝑐𝑗 𝜇𝑗 ): Traffic intensity at node 𝑗
Mean throughput rate at node 𝑗
𝜃𝑗 :
Squared coefficient of variation of the
𝑠𝑗2 :
service time distribution at node 𝑗.
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The inspection of inhomogeneous transverse and longitudinal wall thicknesses, which determines the quality of reducing pipe
during the production of seamless steel reducing pipe, is lags and difficult to establish its mechanism model. Aiming at the problems,
we proposed the quality prediction model of reducing pipe based on EOS-ELM-RPLS algorithm, which taking into account the
production characteristics of its time-varying, nonlinearity, rapid intermission, and data echelon distribution. Key contents such
as analysis of data time interval, solving of mean value, establishment of regression model, and model online prediction were
introduced and the established prediction model was used in the quality prediction and iteration control of reducing pipe. It is
shown through experiment and simulation that the prediction and iteration control method based on EOS-ELM-RPLS model can
effectively improve the quality of steel reducing pipe, and, moreover, its maintenance cost was low and it has good characteristics
of real time, reliability, and high accuracy.

1. Introduction
As seamless tubes are widely used in various fields such as
automobile, aviation, petroleum, chemical industry, architecture, boiler, and military industry and are playing a very
important role in national economy, the seamless tubes are
called industrial blood vessels. With the rapid development of
economy, the service fields of seamless tube expand ceaselessly and the requirements for product quality also become
more and more urgent and higher. The working procedure of
seamless steel pipe consists of piercing, tube rolling, and tube
reducing. Due to the restriction of mandril rigidity during
piercing and tube rolling, it is difficult to obtain the seamless
steel pipe whose diameter is below 70 mm on tube rolling
train. Also, even a small-sized seamless steel pipe hot rolled
whose diameter is greater than 70 mm is not expected to be
produced by rolling a small tubular billet because this will
decrease the train productivity by leaps and bounds. Therefore, it is reasonable to produce steel pipe with a small diameter using reducing mode. Owing to the use of reducing process, people can use tubular billet with a large diameter for
piercing and rolling, larger reducing can be achieved in

reducing mill train, and hence long pipe with a small diameter
is obtained, which is an effective technical measure in increasing the output, expanding product variety, and reducing
consumption. Various countries throughout the world tend
to adopt continuous rolling process with high efficiency in
steel pipe extending working procedure to produce shell with
single specification and alter technical process in reducing
working procedure to obtain finished pipes in different
specifications.
Since tension reducing mill is the last forming equipment
in steel pipe hot rolling production and has big influence on
the steel pipe quality, the deviation of wall thickness is an
important index in deciding the steel pipe quality. However,
as the mechanism model for pipe reducing process is limited
and the quality monitoring of the pipe is accomplished by the
periodical spot-check of technical personnel, the inspection
results lag severely. Thus, it is significant in theory and
economy to establish the wall thickness prediction model of
steel pipe reducing with a sufficient accuracy. Macrea and
Cepisca [1], Bayoumi [2], and Zhang et al. [3] established a
mechanism model of reducing mill and analyzed the indexes
such as tension, velocity, and wall thickness during reducing

2

2. Time Interval Division of Reducing
Production Process and Analysis of
Quality Influential Factors of Reducing Pipe
2.1. Time Interval Division of Reducing Production Process. In
order to establish accurately the quality prediction model of
reducing pipe, one should firstly analyze the factors influencing the quality of reducing pipe to prevent incomplete
information and existed redundancy during modeling from
decreasing the precision of model. It is known through the
analysis of process characteristic that the effect of various
independent variables on the quality of reducing pipe during
different time intervals is different. Part of variables only
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process but there are too many restraints in his model, and
his model is appropriate for individual production train and
is bad in versatility. Yu et al. [4, 5], Yi et al. [6], Xu and Du [7],
Du et al. [8], Yuan et al. [9], and Shi et al. [10] utilized finite
element software to simulate the reducing process of seamless
steel pipe, performed prediction for the key indexes such as
dimensions and wall thickness of reduced steel pipe. Their
works were used for setting the technical parameters in
reducing production and achieved a certain practical effect.
However, due to the restriction of finite element software, its
precision of prediction is not high and is more appropriate for
the development of products with new specifications instead
of the online real time control of steel pipe. Shuang et al. [11]
analyzed different processes of incoming material and the
pipe thicknesses and lengths during tension-reduction process in an iron and steel company using neural network BP
algorithm but they only considered the influence of incoming
shell dimension and entrance temperature, and did not considered the effect of reducing production process on product
quality.
It takes dozen of seconds to produce a piece of steel pipe
using reduction. Thus it can be seen that the seamless steel
pipe reducing production process is a typical rapid intermittent one. Plentiful production data on site provide convenience for our use of soft measurement method during intermittent production process. Data from reducing production
process take on echelon distribution. In the meantime, as the
product specifications often change, it is very difficult to guarantee the same adjustment of stand this time as that of last
time for products with the same specification. This will lead
to the occurrence of a certain time-varying in model. These
problems result in low precision of modeling established by
traditional intermittent process modeling method such as
multiway PLS. The modeling is difficult to be used in prediction and control of field products. Aiming at the production process characteristics such as time-varying, nonlinearity, rapid intermission, and data echelon distribution, we
proposed to use EOS-ELM-RPLS (ensemble of online
sequential-extreme learning machine-recursive partial least
square) algorithm to establish the quality prediction model
for reducing production. Under the circumstance of ensuring
high precision, the model has high flexibility and adaptability
and can be well used in the prediction and control of product
quality on production site.
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Reducing pipe

Figure 1: The relation between time and displacement of reducing
tube.

exist in some time intervals and can be treated as factors
observing quality of reducing pipe, whereas another part of
variables run through entire production process and has large
influence on the quality of reducing pipe.
Steel pipe reducing process is substantially a hollow body
sinking continuous rolling process. As shown in Figure 1,
three stages can be divided from the head of steel pipe to
entrance of the first stand until away from the last stand in
the tail.
(1) Bite stage: bite stage means the stage from pipe head to
enter the first stand till the pipe head to enter the
last stand. As shown in Figure 1, begin when the steel
pipe head enters the first rolling mill and end when
the steel pipe head encounters the 12th rolling mill.
Steel pipe head moves from point a to point b , and
steel pipe tail moves from point A to point B when
the pipe head gradually passes various stands and its
speed increases with increasing coefficient of extension. At this stage, the influence variables of various
rolling mills increase according to advance stepping
of steel pipe.
(2) Stable rolling stage: from pipe head to enter the last
stand till the pipe tail still not to be away from the first
stand, when whole mill train rolls the same piece of
steel pipe, and rolling load and speed are all stable,
called stable rolling stage. As shown in Figure 1, begin
when the steel pipe head meets the 12th rolling mill,
and end when the steel pipe tail encounters the 1st
rolling mill. Steel pipe head moves from point b to
point c , and steel pipe tail moves from point B to
point C . At this stage, the variables of various rolling
mills have influence on steel pipe.
(3) Steel leaving stage: from pipe tail away from the 1st
stand till away from the last stand. As shown in
Figure 1, begin when the steel pipe tail meets the
1sh rolling mill, and end when the steel pipe tail
encounters the 12th rolling mill. Steel pipe head moves
from point c to point d , and steel pipe tail moves
from point C to point D . At this stage, the number of
stands taking part in rolling this piece of steel pipe at
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the same time decreases gradually until single stand
rolling in the last stand, and whole piece of steel pipe
finishes rolling. Then the steel pipe is expelled out
of the stand. At this stage, the influence variables of
various rolling mills decrease according to advance
stepping of steel pipe.
2.2. Analysis of Quality Influential Factors of Reducing Pipe
2.2.1. Influence of Shell Heating Temperature. The heating
temperature of shell will bring about the variation of metallic
resistance to deformation and result in the variation in rolling
force and average tension coefficient. The higher the heating
temperature of shell is, the lower the metallic resistance to
deformation is, the smaller the rolling force is, and the smaller
the external diameter undulation of steel pipe is. In addition,
the heating temperature of shell is a function of steel pipe
diameter and obvious positive correlation exists between the
heating temperature and the diameter. The higher the heating
temperature of shell is, the bigger the thermal external diameter of steel pipe is after metal is subjected to thermal
expansion.

3
wall thickness deviation to nominal wall thickness. Its calculation formula is shown as follows:
Δ𝑆 % =

𝛿max − 𝛿min
× 100,
𝛿HOM

(1)

where Δ𝑆%: relative in-homogeneity of transverse wall thickness; 𝛿max : maximum wall thickness of steel pipe; 𝛿min :
minimum wall thickness of steel pipe; 𝛿HOM : nominal wall
thickness of steel pipe.
The size of in-homogeneity of longitudinal wall thickness
in steel pipe is determined by the difference between the mean
value of rough pipe front-end wall thickness and the mean
value of rear-end wall thickness. Its calculation formula is
shown as follows:
Δ𝑆np =

∑𝑛𝑖=1 𝛿nep
𝑛

−

∑𝑛𝑖=1 𝛿3an
,
𝑛

(2)

where ∑𝑛𝑖=1 𝛿nep and ∑𝑛𝑖=1 𝛿3an are the sum of measured frontend wall thickness and rear-end wall thickness of steel pipe,
respectively; 𝑛 is the number of measured points at each end
[12].

3. EOS-ELM-RPLS Algorithm
2.2.2. Influence of Rolling Speed. It is generally recognized
that friction factor plays a role concerning the effect of rolling
speed on metallic transverse inhomogeneous deformation
during reduction of shell. The lower the rolling speed is, the
larger the friction force is, and hence the more favorable it
reduces the in-homogeneity of steel pipe wall thickness.
2.2.3. Influence of Shell Quality. When the shell reduces, it is
difficult to control its wall thickness because its inner surface
is not supported by mandril and the pipe wall of the shell will
be in a free varying state with changing rolling process condition. Moreover, the in-homogeneity wall thickness of the
shell will be inherited to the finished steel pipe after reduction.
Therefore, it is an important condition to improve the wall
thickness homogeneity of shell in order to guarantee the wall
thickness precision of finished steel pipe.
2.2.4. Influence of Tension. When tension reducing mill is
used for the reducing of shell, due to the existence of tension,
the diameter of shell decreases while the wall thickness thins.
Under stable tension condition, metallic transverse deformation is small, which is favorable for the improvement of the
precision of steel pipe wall thickness. However, tension cannot be established or tension undulation occurs among stands
when the head of pierced pipe enters in turn various reducing
roll stands and the tail end of shell leaves in turn various
reducing roll stands. Thus the in-homogeneity of longitudinal
wall thickness in the steel pipe certainly will occur.
2.3. Determination of Input and Output Variables. The output
of quality prediction model is the quality of reducing pipe.
The quantification index of judging the quality of reducing
pipe is the transverse and longitudinal wall thickness. Transverse wall thickness in-homogeneity is the ratio of maximum

3.1. Nonlinear PLS. Since linear PLS model cannot describe
correctly the nonlinear relation between independent variable 𝑋 and dependent variable 𝑌, nonlinear PLS method is
required to solve this issue. Wold et al. extended at the PLS
method to nonlinear field [13, 14]. There are two feasible
methods in nonlinear PLS methods: one is to perform array
extension for input matrix, introduce some nonlinear terms
of original variable, for example, the square term, and then
regress the extended input and output matrix using PLS
method. If prior knowledge on the relation of original input
variable does not exist, this method cannot guide the selection of combined mode and may lead to oversized dimension
of input matrix and the difficulties of processing; the other is
to reserve the linear external model of PLS method. Internal
model is nonlinear.
(1) External relation model:
𝐴

𝑋 = 𝑇𝑃𝑇 + 𝐸 = ∑ 𝑡𝑎 𝑝𝑎𝑇 + 𝐸,
𝑎=1

𝑇

𝑌 = 𝑈𝑄 + 𝐹 =

𝐴

∑ 𝑢𝑎 𝑞𝑎𝑇
𝑎=1

(3)
+ 𝐹,

where 𝐴 is the number of reserved eigenvector, 𝑡𝑎 (𝑛 ×
1) and 𝑢𝑎 (𝑛 × 1) are the score vector of 𝑋 and 𝑌,
respectively, 𝑝𝑎 (𝑚 × 1) and 𝑞𝑎 (𝑝 × 1) are the load vector of 𝑋 and 𝑌, respectively, 𝑇(𝑛 × 𝐴) and 𝑈(𝑛 × 𝐴) are
the score matrix of 𝑋 and 𝑌, respectively, 𝑃(𝑚×𝐴) and
𝑄(𝑝 × 𝐴) are the load matrix of 𝑋 and 𝑌, respectively,
and 𝐸 and 𝐹 are the fit residual matrix of 𝑋 and 𝑌,
respectively.
(2) Internal relation model:
𝑢̂𝑎 = 𝑓 (𝑡𝑎 ) + 𝜀,

(4)
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where 𝑓(⋅) is the nonlinear function and 𝜀 is the
residual.

Since neural network has the capability of fitting nonlinearity, during the modeling of batch process, nonlinear multiway PLS method that internal model adopts neural network
gains extensive application. As traditional feedforward neural
network adopts gradient learning algorithm during training,
parameters in network needs iteration and update. Not only
does the training time last long but also it easily results in the
issues of local minimum and excessive training [15].
3.2. ELM Algorithm. In supervised batch learning, the learning algorithms use a finite number of input-output samples
for training [16, 17]. For 𝑁 arbitrary distinct samples (𝑥𝑖 , 𝑡𝑖 ) ∈
𝑅𝑛 ×𝑅𝑚 , where 𝑥𝑖 is a 𝑛 × 1 input vector and 𝑡𝑖 is a 𝑚×1 target
vector, if an SLFN (single-hidden layer feedforward neural
̃ hidden nodes can approximate these
network [18, 19]) with 𝑁
𝑁 samples with zero error, it then implies that there exists 𝛽𝑖 ,
𝑎𝑖 , and 𝑏𝑖 such that

where 𝐻+ is the Moore-Penrose generalized inverse of the
hidden layer output matrix 𝐻 [20].
3.3. OS-ELM Algorithm. In real applications, the training
data may arrive chunk-by-chunk or one-by-one; hence, the
batch ELM algorithm has to be modified for this case so as to
make it online sequential [21, 22].
̂ 𝛽̂ = 𝐻+ 𝑇) given in (9) is a
The output weight matrix 𝛽(
least-squares solution of (7). Here we consider the case where
̃ is the number of hidden nodes. Under this
rank(𝐻) = 𝑁
condition, 𝐻+ of (9) is given by
−1

𝐻+ = (𝐻𝑇 𝐻) 𝐻𝑇 .

If 𝐻𝑇 𝐻 tend to become singular, one can make it nonsiñ or increasing data
gular by choosing smaller network size 𝑁
number 𝑁 in the initialization phase of OS-ELM. Substituting
(10) to (9), 𝛽̂ becomes

̃
𝑁

𝑓𝑁
̃ (𝑥𝑗 ) = ∑𝛽𝑖 𝐺 (𝑎𝑖 , 𝑏𝑖 , 𝑥𝑗 ) + 𝜀𝑗 = 𝑡𝑗 ,

(10)

−1
𝛽̂ = (𝐻𝑇 𝐻) 𝐻𝑇 𝑇.

(5)

(11)

𝑖=1

where 𝑗 = 1, . . . , 𝑁, 𝑎𝑖 and 𝑏𝑖 are the learning parameters of
hidden nodes (weight vector connecting the input node to the
hidden node and threshold of the hidden node) which are
randomly selected according to the proof given by Huang
et al. and 𝛽𝑖 is the weight connecting the 𝑖th hidden node to
the output node. To avoid overfitting the noise in the data, an
error term 𝜀𝑗 is added. 𝐺(𝑎𝑖 , 𝑏𝑖 , 𝑥) is the output of the 𝑖th hid̃ is the number of
den node with respect to the input 𝑥 and 𝑁
hidden nodes which can be determined by trial and error or
prior expertise. Then, the equation can be written compactly
as
𝐻𝛽 = 𝑇,

Equation (11) is called the least-squares solution to 𝐻𝛽 =
𝑇. Sequential implementation of least-squares solution of (11)
results in the OS-ELM.
𝑁
Given a chunk of initial training set ℵ0 = {(𝑥𝑖 , 𝑡𝑖 )}𝑖=10 and
̃ if one considers using the batch ELM algorithm, one
𝑁0 ≥ 𝑁,
need to consider the solution of minimizing ‖𝐻0 𝛽−𝑇‖, which
is given by 𝛽0 = 𝐾0−1 𝐻0𝑇 𝑇0 , where 𝐾0 = 𝐻0𝑇 𝐻0 .
Suppose that we have another chunk of data ℵ1 =
𝑁0 +𝑁1
{(𝑥𝑖 , 𝑡𝑖 )}𝑖=𝑁
, where 𝑁1 is the number of samples in this
0 +1
chunk. The problem becomes minimizing
 𝐻
𝑇 
 0
[ ] 𝛽 − [ 0 ] .
𝑇1 
 𝐻1

(6)

where
𝐻 (𝑎1 , . . . , 𝑎𝑁
̃ , 𝑏1 , . . . , 𝑏𝑁
̃ , 𝑥1 , . . . , 𝑥𝑁 )
𝐺 (𝑎1 , 𝑏1 , 𝑥1 ) ⋅ ⋅ ⋅ 𝐺 (𝑎𝑁
̃ , 𝑏𝑁
̃ , 𝑥1 )
]
..
..
,
]
.
⋅⋅⋅
.
̃ , 𝑏𝑁
̃ , 𝑥𝑁 )]𝑁×𝑁
̃
[𝐺 (𝑎1 , 𝑏1 , 𝑥𝑁) ⋅ ⋅ ⋅ 𝐺 (𝑎𝑁

[
=[

𝛽1𝑇
[ . ]
𝛽 = [ .. ]

𝑇
[𝛽𝑁
̃ ]𝑁×𝑚
̃

,

𝑡1𝑇
[ ]
𝑇 = [ ... ]

,

Considering both ℵ0 and ℵ1 , the output weight 𝛽
becomes
(7)
𝛽1 = 𝐾1−1 [

(8)

𝑇
[𝑡𝑁]𝑁×𝑚

where 𝐻 is called the hidden layer output matrix of the network; the 𝑖th column of 𝐻 is the 𝑖th hidden node’s output
vector with respect to inputs 𝑥1 , 𝑥2 , . . . , 𝑥𝑁 and the 𝑗th row of
𝐻 is the output vector of the hidden layer with respect to input
𝑥𝑗 . The hidden node parameters 𝑎𝑖 and 𝑏𝑖 need not be tuned
during training and may simply be assigned with random
values. Equation (6) then becomes a linear system and the
output weights 𝛽 are estimated as
𝛽̃ = 𝐻+ 𝑇,

(12)

(9)

𝑇

𝐻0
𝑇
] [ 0] ,
𝐻1
𝑇1

where 𝐾1 = [

𝑇

𝐻0
𝐻
] [ 0 ] . (13)
𝐻1
𝐻1

For sequential learning, we have to express 𝛽1 as a function of 𝛽0 , 𝐾1 , 𝐻1 , and 𝑇1 and not a function of the data set
ℵ0 . Now 𝐾1 can be written as
𝐻
𝐾1 = [𝐻0𝑇 𝐻1𝑇 ] [ 0 ] = 𝐾0 + 𝐻1𝑇 𝐻1 ,
𝐻1
[

(14)

𝑇

𝐻0
𝑇
] [ 0 ] = 𝐻0𝑇𝑇0 + 𝐻1𝑇 𝐻1 = 𝐾0 𝐾0−1 𝐻0𝑇 𝑇0 + 𝐻1𝑇 𝑇1
𝐻1
𝑇1
= 𝐾0 𝛽0 + 𝐻1𝑇 𝑇1 = (𝐾1 − 𝐻1𝑇 𝐻1 ) 𝛽0 + 𝐻1𝑇 𝑇1
= 𝐾1 𝛽0 − 𝐻1𝑇 𝐻1 𝛽0 + 𝐻1𝑇 𝑇1 .

(15)
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Combining (13) and (15), 𝛽1 is given by
𝛽1 = 𝐾1−1 [

𝑇

𝐻0
𝑇
] [ 0 ] = 𝐾1−1 (𝐾1 𝛽0 − 𝐻1𝑇 𝐻1 𝛽0 + 𝐻1𝑇 𝑇1 )
𝐻1
𝑇1

= 𝛽0 + 𝐾1−1 𝐻1𝑇 (𝑇1 − 𝐻1 𝛽0 ) ,
(16)
where 𝐾1 = 𝐾0 + 𝐻1𝑇 𝐻1 .
When (𝑘 + 1)th chunk of data set
ℵ𝑘+1 = {(𝑥𝑖 , 𝑡𝑖 )}

∑𝑘+1
𝑗=0 𝑁𝑗

(17)

𝑖=(∑𝑘𝑗=0 𝑁𝑗 )+1

is received, where 𝑘 ≥ 0 and 𝑁𝑘+1 denotes the number of samples in (𝑘 + 1)th chunk, we have
𝑇
𝐻𝑘+1 ,
𝐾𝑘+1 = 𝐾𝑘 + 𝐻𝑘+1
−1
𝑇
𝐻𝑘+1
(𝑇𝑘+1 − 𝐻𝑘+1 𝛽𝑘 ) .
𝛽𝑘+1 = 𝛽𝑘 + 𝐾𝑘+1

(18)

=

𝐾𝑘−1

−

−1

𝑇
𝐾𝑘−1 𝐻𝑘+1
(𝐼

+

−1
𝑇
𝐻𝑘+1 𝐾𝑘−1 𝐻𝑘+1
)

×

(1) Assign two standardized data matrices, 𝑋 ∈ 𝑅𝑛×𝑚
and 𝑌 ∈ 𝑅𝑛×𝑝 ; dynamic nonlinear PLS regression
model can be expressed as follows:
X = [x1 , x2 , . . . , x𝑝 ] .

−1
𝐾𝑘+1
rather than 𝐾𝑘+1 is used to compute 𝛽𝑘+1 from 𝛽𝑘 in
−1
(18). The update formula for 𝐾𝑘+1
is derived using the
Woodbury formula:
−1
𝑇
𝐾𝑘+1
= (𝐾𝑘 + 𝐻𝑘+1
𝐻𝑘+1 )

3.5. EOS-ELM-RPLS Modeling Steps. The difference of nonlinear RPLS modeling method based on OS-ELM from linear
PLS method is that it uses ELM to establish internal nonlinear
model and in the meantime and achieve the update of internal
and external models. This method reserves linear external
model, extracts through PLS the attributive information of
process, eliminates the colinearity of data, reduces the dimension of input variable, then adopts ELM to establish nonlinear
internal model between input score vector matrix and output
score vector, and raises the nonlinear processing capability of
internal model. Thus, EOS-ELM-RPLS method has the
advantages of PLS and ELM, that is, the characteristics of
robustness and feature extraction of PLS method and quick
nonlinear processing capability of ELM as well as the precision accuracy through model real-time update.
The modeling and testing steps of nonlinear RPLS
method based on EOS-ELM are as follows.

𝐻𝑘+1 𝐾𝑘−1 .

(2) Deploy the batch data of batch process, use crossvalidation method to determine the number of latent
variable, adopt linear PLS method to calculate the
score vector matrices 𝑇 and 𝑈, and load vector matrices 𝑃 and 𝑄 for modeling sample 𝑋 and 𝑌:
𝐴

𝑋 = 𝑇𝑃𝑇 + 𝐸 = ∑ 𝑡𝑎 𝑝𝑎𝑇 + 𝐸,
𝑎=1

(19)
−1
, then the equation for updating 𝛽𝑘+1 can
Let 𝑃𝑘+1 = 𝐾𝑘+1
be written as
−1

𝑇
𝑇
(𝐼 + 𝐻𝑘+1 𝑃𝑘 𝐻𝑘+1
) 𝐻𝑘+1 𝑃𝑘 ,
𝑃𝑘+1 = 𝑃𝑘 − 𝑃𝑘 𝐻𝑘+1
𝑇
(𝑇𝑘+1 − 𝐻𝑘+1 𝛽𝑘 ) .
𝛽𝑘+1 = 𝛽𝑘 + 𝑃𝑘+1 𝐻𝑘+1

(20)

Equation (20) gives the recursive formula for 𝛽𝑘+1 .
3.4. Ensemble of OS-ELM Algorithm. EOS-ELM consists of
many OS-ELM networks with the same number of hidden
nodes and the same activation function for each hidden node
[23]. It has constructed 𝑃 OS-ELM networks to form our
EOS-ELM. All 𝑃 OS-ELMs are trained with new data in each
incremental step. The input parameters for each OS-ELM
network are randomly generated and the output weights are
obtained analytically based on the sequential arrived input
data. Then we compute the average of the outputs of each OSELM network, which is the final output of the EOS-ELM.
Assume the output of each OS-ELM network is 𝑔𝑗 (𝑥𝑖 ), 𝑗 =
1, 2, . . . 𝑃. Hence, we have
1 𝑃
𝑔 (𝑥𝑖 ) = ∑𝑔𝑗 (𝑥𝑖 ) .
𝑃 𝑖=1

𝑇

𝑌 = 𝑈𝑄 + 𝐹 =

𝐴

∑ 𝑢𝑎 𝑞𝑎𝑇
𝑎=1

(23)
+ 𝐹.

(3) Assign the node number of ELM hidden layer and
activation function (e.g., sigmoid function), use ELM
to establish nonlinear model between internal model
𝑇 and 𝑈, and gain 𝑈 = 𝑓ELM (𝑇), where 𝑓ELM (⋅) is the
nonlinear function indicated by EOS-ELM.
(4) When new batch data 𝑋1 , 𝑌1 are obtained, we perform
PLS decompose firstly, and obtain score vector and
load vector 𝑇1 , 𝑈1 , 𝑃1 , 𝑄1 :
𝑋1 = 𝑇1 𝑃1𝑇 + 𝐸,
𝑌1 = 𝑈1 𝑄1𝑇 + 𝐹.

(24)

According to formula (19), EOS-ELM algorithm is
adopted to update output layer weight value and achieve the
update of internal model; in the meantime, conduct weighted
mean on load matrix of external model and achieve external
RPLS update, where 𝑤 is the weight value factor. Repeat above
steps; conduct model update on every batch:
𝑃𝑇 = 𝑤𝑃𝑇 + (1 − 𝑤) 𝑃1𝑇 ,

(21)

(22)

𝑄𝑇 = 𝑤𝑄𝑇 + (1 − 𝑤) 𝑄1𝑇 .

(25)
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Table 1: Size table of reducing tube.

Ser. number External diameter
of shell
1
152.5
2
152.5
3
152.5
4
152.5
5
152.5
6
152.5
7
152.5

Wall thickness of
shell

External diameter
of finished pipe

Wall thickness of
finished pipe

Number of variable
stands

Number of total
stands

4.25
10.25
7.75
6
9.75
25
6

42.2
70
139.7
73.03
114.3
121
139.7

3.56
10.25
7.72
5.51
10
25
6.2

18
12
12
12
10
10
10

24
18
16
12
16
12
10

Table 2: Variable table for modeling of reducing tube quality.
Ser. number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15

Variable name

Variable meaning

𝑥1 , 𝑥2 , 𝑥3
𝑥4 , 𝑥5 , 𝑥6
𝑥7 , 𝑥8 , 𝑥9
𝑥10 , 𝑥11 , 𝑥12
𝑥13 , 𝑥14 , 𝑥15
𝑥16 , 𝑥17 , 𝑥18
𝑥19 , 𝑥20 , 𝑥21
𝑥22 , 𝑥23 , 𝑥24
𝑥25 , 𝑥26 , 𝑥27
𝑥28 , 𝑥29 , 𝑥30
𝑥31 , 𝑥32 , 𝑥33
𝑥34 , 𝑥35 , 𝑥36
𝑥37
𝑥38
𝑥39

Motor speed, current, and torque of Number 1 reducing mill
Motor speed, current, and torque of Number 2 reducing mill
Motor speed, current, and torque of Number 3 reducing mill
Motor speed, current, and torque of Number 4 reducing mill
Motor speed, current, and torque of Number 5 reducing mill
Motor speed, current, and torque of Number 6 reducing mill
Motor speed, current, and torque of Number 7 reducing mill
Motor speed, current, and torque of Number 8 reducing mill
Motor speed, current, and torque of Number 9 reducing mill
Motor speed, current, and torque of Number 10 reducing mill
Motor speed, current, and torque of Number 11 reducing mill
Motor speed, current, and torque of Number 12 reducing mill
The temperature of shell
The transverse wall thickness of shell
The longitudinal wall thickness of shell

(5) Use testing data to check model precision. Conduct
PLS decomposition on the testing data 𝑋2 , gain score
vector 𝑇2 ,
𝑋2 = 𝑇2 𝑃𝑇 + 𝐸.

(26)

Introduce 𝑇2 into EOS-ELM model, gain 𝑈2
=
̂ =
𝑓EOS−ELM (𝑇2 ), find out model prediction value through 𝑌
𝑈𝑄𝑇 .

4. Modeling and Control of
Reducing Pipe Quality
4.1. Establishment of Quality Prediction Model of Reducing
Pipe. As there are many specifications of reducing pipe products, one cannot predict accurately the quality of steel pipe
using single model. One must classify data in accordance with
the specifications of products. As shown in Table 1, production data were classified into seven categories and seven
quality prediction models of reducing pipe were established.

Taking the specification of steel pipe in series Number 4 with
the maximum output as an example, detailed information
of various input variables using this model is shown in
Table 2.
Prior to establishing quality prediction model of reducing
pipe, one must preprocess modeling data and conduct batch
treatment, time interval division, mean value treatment, and
two-dimensional spread on the modeling data. On the basis
of obtaining three-dimensional data, one must process the
process data into subsections according to different time
intervals of production operation. In this work, according to
the variation of roll current, one firstly classified the production process of reducing pipe into bite subtime interval, stable
rolling subtime interval, and steel leaving subtime interval.
Then according to the sequence of roll addition, bite and
steel leaving stages were divided in detail. Bite stage was
divided into eleven subtime intervals and in the same way,
steel leaving stage was divided into eleven subtime intervals.
After process variables in various time intervals required by
modeling were determined, one took the mean value of each
process variable in this time interval. Practical data treatment
is shown in Figure 2.
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Bite stage

Stable rolling stage

Number 1 roll X1,1 X1,2 X1,3 X1,4 X1,5 X1,6 X1,7 X1,8 X1,9 X1,10 X1,11
Number 2 roll

X2,1 X2,2 X2,3 X2,4 X2,5 X2,6 X2,7 X2,8

X2,9 X2,10

Steel leaving stage

X1,12
X2,11

X2,12

Number 3 roll

X3,1 X3,2 X3,3 X3,4 X3,5 X3,6 X3,7 X3,8

X3,9

X3,10

X3,11 X3,12

Number 4 roll

X4,1 X4,2 X4,3 X4,4 X4,5 X4,6 X4,7

X4,8

X4,9

X4,10 X4,11 X4,12

Number 5 roll

X5,1 X5,2 X5,3 X5,4 X5,5 X5,6

X5,7

X5,8

X5,9

X5,10 X5,11 X5,12

Number 6 roll

X6,1 X6,2 X6,3 X6,4 X6,5

X6,6

X6,7

X6,8

X6,9

X6,10 X6,11 X6,12

Number 7 roll

X7,1 X7,2 X7,3 X7,4

X7,5

X7,6

X7,7

X7,8

X7,9 X7,10 X7,11 X7,12

Number 8 roll

X8,1 X8,2 X8,3

X8,4

X8,5

X8,6

X8,7

X8,8 X8,9 X8,10 X8,11 X8,12

X9,1 X9,2

X9,3

X9,4

X9,5

X9,6

X9,7

X10,1 X10,2

X10,3

X10,4 X10,5 X10,6 X10,7 X10,8 X10,9 X10,10 X10,11 X10,12

X11,1

X11,2

X11,3 X11,4 X11,5 X11,6 X11,7 X11,8 X11,9 X11,10 X11,11 X11,12

X12,1

X12,2 X12,3 X12,4 X12,5 X12,6 X12,7 X12,8 X12,9 X12,10 X12,11 X12,12

Number 9 roll
Number 10 roll
Number 11 roll
Number 12 roll

X9,8

X9,9 X9,10 X9,11 X9,12

Figure 2: The relation between time and variables of reducing tube.

Adding shell heating temperature 𝑋𝑇 , quality precision
variable 𝑋transverse and 𝑋longitudinal , one got final input matrix

𝑋10,11 , 𝑋11,10 , 𝑋12,9 , 𝑋10,12 , 𝑋11,11 , 𝑋12,10 , 𝑋11,12 ,
𝑋12,11 , 𝑋12,12 ] .
(27)

𝑋 = [𝑋𝑇 , 𝑋transverse , 𝑋longitudinal , 𝑋1,1 , 𝑋1,2 , 𝑋2,1 , 𝑋1,3 ,
𝑋2,2 , 𝑋3,1 , 𝑋1,4 , 𝑋2,3 , 𝑋3,2 , 𝑋4,1 , 𝑋1,5 , 𝑋2,4 ,
𝑋3,3 , 𝑋4,2 , 𝑋5,1 , 𝑋1,6 , 𝑋2,5 , 𝑋3,4 , 𝑋4,3 , 𝑋5,2 ,
𝑋6,1 , 𝑋1,7 , 𝑋2,6 , 𝑋3,5 , 𝑋4,4 , 𝑋5,3 , 𝑋6,2 , 𝑋7,1 ,
𝑋1,8 , 𝑋2,7 , 𝑋3,6 , 𝑋4,5 , 𝑋5,4 , 𝑋6,3 , 𝑋7,2 , 𝑋8,1 ,
𝑋1,9 , 𝑋2,8 , 𝑋3,7 , 𝑋4,6 , 𝑋5,5 , 𝑋6,4 , 𝑋7,3 , 𝑋8,2 ,
𝑋9,1 , 𝑋1,10 , 𝑋2,9 , 𝑋3,8 , 𝑋4,7 , 𝑋5,6 , 𝑋6,5 , 𝑋7,4 ,
𝑋8,3 , 𝑋9,2 , 𝑋10,1 , 𝑋1,11 , 𝑋2,10 , 𝑋3,9 , 𝑋4,8 , 𝑋5,7 ,
𝑋6,6 , 𝑋7,5 , 𝑋8,4 , 𝑋9,3 , 𝑋10,2 , 𝑋11,1 , 𝑋2,12 , 𝑋3,11 ,
𝑋4,10 , 𝑋5,9 , 𝑋6,8 , 𝑋7,7 , 𝑋8,6 , 𝑋9,5 , 𝑋10,4 , 𝑋11,3 ,
𝑋12,2 , 𝑋3,12 , 𝑋4,11 , 𝑋5,10 , 𝑋6,9 , 𝑋7,8 , 𝑋8,7 , 𝑋9,6 ,
𝑋10,5 , 𝑋11,4 , 𝑋12,3 , 𝑋4,12 , 𝑋5,11 , 𝑋6,10 , 𝑋7,9 , 𝑋8,8 ,
𝑋9,7 , 𝑋10,6 , 𝑋11,5 , 𝑋12,4 , 𝑋5,12 , 𝑋6,11 , 𝑋7,10 , 𝑋8,9 ,
𝑋9,8 , 𝑋10,7 , 𝑋11,6 , 𝑋12,5 , 𝑋6,12 , 𝑋7,11 , 𝑋8,10 , 𝑋9,9 ,
𝑋10,8 , 𝑋11,7 , 𝑋12,6 , 𝑋7,12 , 𝑋8,11 , 𝑋9,10 , 𝑋10,9 , 𝑋11,8 ,
𝑋12,7 , 𝑋8,12 , 𝑋9,11 , 𝑋10,10 , 𝑋11,9 , 𝑋12,8 , 𝑋9,12 ,

Mean values of aforementioned three stage data were
arranged from left to right and a data vector X(𝐼 × 147)
consisting of 147 mean values was obtained. The production
data of 70 pieces of reducing pipes produced by reducing mill
train in Baogang Iron and Steel Group in October 2012 were
obtained. Shell diameter was 152.5 mm and its wall thickness
was 6 mm. The reduced diameter was 73.03 mm and the wall
thickness was 5.51 mm. There are total 12 stands. The data
were classified into two groups: former 45 pieces were used
for establishing quality prediction model, and latter 25 pieces
were used for testing the model and checking the estimation
precision of reducing pipe quality. The production data of 45
pieces of reducing pipes were spread and a two-dimensional
data matrix 𝑋(45, 30062) was obtained where data gathering
cycle was 20 ms, gathering time at bite stage was 2.5 s, gathering time at stable rolling stage was 13 s, and gathering time at
steel leaving stage was 1.2 s. Aiming at above data and treating
them as shown in Figure 2, one got data matrix 𝑋(45, 147).
Quality prediction model was established using EOS-ELMRPLS algorithm as Figure 3. In the same way, the production
data 𝑋new(25, 147) of 25 pieces of reducing pipes were
gathered and quality prediction inspection was performed. In
order to compare with the quality prediction model during
conventional intermittent process, for the production data of
45 pieces of reducing pipes modeled previously, 39 variables
such as motor rotary speeds, currents and torques, heating
temperature of shell, and quality precision error of shell for 1st
to 12th reducing mills were chosen to act as input variables.
Data gathering cycle was 20 ms and gathering time was 16.7 s.
The quality prediction model was established for data matrix
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𝑋(45, 30062) using conventional multiway PLS algorithm
during simulation modeling.
Similarly, one reorganized the production data of
25 pieces of reducing pipes to form test data matrix
𝑋𝑛(25, 30062) and perform quality prediction inspection.
Figures 4 and 5 show the results of test data prediction for
two prediction models.
It is seen in Figures 4 and 5 that within the prediction
results of transverse and longitudinal wall thickness in various stages, the prediction precisions of transverse and longitudinal wall thickness based on EOS-ELM-RPLS algorithm
were 94.2% and 93.7%, and the prediction precisions based on
conventional multiway PLS algorithm were 90.8% and 90.3%.
This shows that EOS-ELM-RPLS algorithm model possesses
higher prediction precision than multiway PLS algorithm
model. Based on the quality model using EOS-ELM-RPLS
algorithm, using iteration learning control method to modify
continuously the variable traces, counteract the influence of
model error and unknown undulation; one make the quality
of reducing pipe continuously tend to attain ideal indexes.
4.2. Quality Iteration Control of Reducing Pipe Based on
Model. After quality model was obtained by calculation,
iteration learning control method based on mathematical
model was applied to improve the product quality of reducing
pipe. Due to the model-plant mismatch and unknown disturbances from batch to batch, the final quality does not always
meet the desired product quality in real industry. Batch-tobatch iterative learning control can be used to solve this
problem by using the information of previous batch and
currant batch to revise the next batch input trajectory. The
following model is used to express the input-output relationship:
𝑌 = 𝑓 (𝑅) ,

(28)

where 𝑌 represents the product quality variables and 𝑅 =
[𝑟1 , 𝑟2 , . . . , 𝑟𝑁]𝑇 is a vector of input variables. The nonlinear
function 𝑓(⋅) is expressed by the online sequential EOS-ELMRPLS. The first order Taylor series expansion of (28) can be
given by
𝜕𝑓
𝜕𝑓
𝜕𝑓
Δ𝑟 +
Δ𝑟 + ⋅ ⋅ ⋅ +
Δ𝑟 .
𝑦̂ = 𝑓0 +
𝜕𝑟1 1 𝜕𝑟2 2
𝜕𝑟𝑛 𝑛

(29)

For the 𝑘th batch, the actual product quality can be written as
the sum of the model prediction and its error
𝑦𝑘 = 𝑦̂𝑘 + 𝜀𝑘 .

(30)

The prediction of the (𝑘 + 1)th batch can be approximated
and expressed as follows:
𝑦̂𝑘+1 = 𝑦̂𝑘 +

𝜕𝑓 𝑘+1
𝜕𝑓 𝑘+1
𝑘
(𝑟1 − 𝑟1𝑘 ) + ⋅ ⋅ ⋅ +
(𝑟 − 𝑟𝑁
)
𝜕𝑟1
𝜕𝑟𝑁 𝑁

= 𝑦̂𝑘 + [

𝜕𝑓 𝜕𝑓
𝜕𝑓
,
,...,
]
𝜕𝑟1 𝜕𝑟2
𝜕𝑟𝑁

𝑇

𝑘+1
𝑘
− 𝑟𝑁
)]
× [(𝑟1𝑘+1 − 𝑟1𝑘 ) , (𝑟2𝑘+1 − 𝑟2𝑘 ) , . . . , (𝑟𝑁

= 𝑦̂𝑘 + 𝐺Δ𝑅𝑘+1 ,
(31)
𝑇

𝑘+1
𝑘
Δ𝑅𝑘+1 = [(𝑟1𝑘+1 − 𝑟1𝑘 ) , (𝑟2𝑘+1 − 𝑟2𝑘 ) , . . . , (𝑟𝑁
− 𝑟𝑁
)]
𝑇

𝑘+1
= [Δ𝑟1𝑘+1 Δ𝑟2𝑘+1 , . . . , Δ𝑟𝑁
] 𝐺
̃

=

𝑁
𝜕𝑦𝑖
𝜕𝑓 𝜕𝑓
𝜕𝑓
𝜕𝑦 𝜕𝐻𝑙 𝑇
=[
,
,...,
] = 𝑄∑ 𝑖
𝑃
𝜕𝑟𝑗
𝜕𝑟1 𝜕𝑟2
𝜕𝑟𝑁
𝜕𝐻𝑙 𝜕𝑟𝑗
𝑙=1
̃
𝑁

= 𝑄 ∑ 𝛽𝑘𝑙,𝑖 𝐻𝑘 (1 − 𝐻𝑘 ) 𝛼𝑗,𝑙 𝑃𝑇 ,
𝑘=1

(32)
where 𝐺 is the gradient of model output with respect to the
𝑗,𝑘
input of the EOS-ELM-RPLS. 𝛼𝑘 is input layer weight from
the 𝑗th input to the 𝑙th hidden node, 𝛽𝑘,𝑖 is the output layer
weight from the 𝑙th hidden node to the 𝑖th output layer node,
̃ is the number of
𝐻𝑘 is output of the 𝑙th hidden node, and 𝑁
the hidden nodes. The subscript 𝑘 represents the 𝑘th batch.
Let 𝑒 and 𝑒̂, respectively, express the actual error and the
predicting error corresponding to the desired target. Thus, for
the 𝑘th batch, the following can be obtained:
𝑒̂𝑘 = 𝑦𝑑 − 𝑦̂𝑘 ,
𝑒𝑘 = 𝑦𝑑 − 𝑦𝑘 = 𝑦𝑑 − 𝑦̂𝑘 − 𝜀𝑘 .

(33)

The same as above, the errors for the (𝑘 + 1)th batch are
given by
𝑒̂𝑘+1 = 𝑦𝑑 − 𝑦̂𝑘+1 ,
𝑒𝑘+1 = 𝑦𝑑 − 𝑦𝑘+1 = 𝑦𝑑 − 𝑦̂𝑘+1 − 𝜀𝑘+1 .

(34)

Assume that the model prediction errors for the 𝑘th batch
and the (𝑘+1)th batch are the same. Combining (33) and (34),
it gives
𝑒𝑘+1 = 𝑒𝑘 − 𝐺𝑇 Δ𝑅𝑘+1 .

(35)

The objective of the ILC is to control the input trajectory
in order to make the final product quality achieve the desired
target. By solving the following optimal quadratic objective
function (36), one can get the revised input trajectory for the
(𝑘 + 1)th batch:
2
2


min 𝐽 = 𝑒𝑘+1 𝑍1 + Δ𝑅𝑘+1 𝑍2
Δ𝑈𝑘+1
(36)
𝑇
𝑇
= 𝑒 𝑘+1 𝑍1 𝑒𝑘+1 + Δ𝑅𝑘+1 𝑍2 Δ𝑅𝑘+1 ,
where 𝑍1 and 𝑍2 are positive definitive weight matrices. Set
(𝜕𝐽/𝜕Δ𝑅𝑘+1 ) = 0; the partial derivative of the quadratic
objective function with respect to the input change Δ𝑅𝑘+1 can
be obtained:
−1

Δ𝑅𝑘+1 = (𝐺𝑍1 𝐺𝑇 + 𝑍2 ) 𝐺𝑍1 𝑒𝑘 ,
𝑅𝑘+1 = 𝑅𝑘 + Δ𝑅𝑘+1 .

(37)
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Figure 3: Frame chart of reducing tube quality prediction model.
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Figure 4: Prediction result of transverse wall thickness.

It is to be noted that the change of control trajectory Δ𝑅𝑘+1
is directly updated by the actual tracking error of the process.
In many chemical batch processes, however, the actual final
quality is impossible to obtain immediately. Thus, the model
prediction value could be an alternative. Thus, the tracking
performance will depend on the accuracy of the model. The

15
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Batch
Measure values
EOS-ELM-RPLS predicted values
MPLS predicted values

Figure 5: Prediction result of longitudinal wall thickness.

convergence of the ILC can directly be derived from the
convergence theorems in the literature [24]. It is shown that
𝑒𝑘 will converge as 𝑘 → ∞ if
‖𝐼 − 𝐺𝐾‖ < 1,
−1

where 𝐾 = (𝐺𝑍1 𝐺𝑇 + 𝑍2 ) 𝐺𝑍1 .

(38)
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The batch-to-batch iterative learning control scheme of
the EOS-ELM-RPLS based method is illustrated in Figure 6.
𝑄 and 𝑃 are the load matrix of PLS decomposition.
Table 3 shows the calculation results of quality iteration
learning of reducing pipe. Figures 7 and 8 show the effect of
iteration control. The results showed that the quality error of
reducing pipe decreased by about 12% compared with initial
error after rolling proceeded to 5 pieces of reducing pipes.

5. Conclusions
The production process of reducing pipe continuous rolling
has the characteristics of typical multi-time-intervals and
dynamic multi-variables. In the meantime, there are many
specifications of products, and minor variation of model will
occur due to the adjustment of stand for same specification
of product; in the meantime, the production of wall reduction and diameter reduction possesses the characteristics
of typical multi-time-intervals and dynamic multivariables.
The production process was classified into three big time
intervals such as bite stage, stable rolling stage, and steel
leaving stage influenced by different variables, and according
to the sequence that roll touches steel, the production process
was further classified into 23 sub-time-intervals; we proposed
the reducing production process model based on EOS-ELMRPLS algorithm. This algorithm overcame the shortcomings

that quality modeling algorithm has complex structure, big
calculation load, and bad capability in processing nonlinear
problem during conventional intermittent process. Based on
the quality prediction model of reducing pipe, we applied
iteration learning control technique to the control system of
wall thickness deviation and improved the production quality
of reducing pipe. Field data simulation and the test results of
reducing production in Baogang Iron and Steel Group Steel
Pipe Subcompany revealed the validity of this method.
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Table 3: Iterative learning calculating result of wall thickness of reducing tube.
Ser.
number
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

Variable name
Rotary speed of
Number 1 reducing mill
Rotary speed of
Number 2 reducing mill
Rotary speed of
Number 3 reducing mill
Rotary speed of
Number 4 reducing mill
Rotary speed of
Number 5 reducing mill
Rotary speed of
Number 6 reducing mill
Rotary speed of
Number 7 reducing mill
Rotary speed of
Number 8 reducing mill
Rotary speed of
Number 9 reducing mill
Rotary speed of
Number 10 reducing mill
Rotary speed of
Number 11 reducing mill
Rotary speed of
Number 12 reducing mill
Current of Number 1
reducing mill
Current of Number 2
reducing mill
Current of Number 3
reducing mill
Current of Number 4
reducing mill
Current of Number 5
reducing mill
Current of Number 6
reducing mill
Current of Number 7
reducing mill
Current of Number 8
reducing mill
Current of Number 9
reducing mill
Current of Number 10
reducing mill
Current of Number 11
reducing mill
Current of Number 12
reducing mill
Torque of Number 1
reducing mill
Torque of Number 2
reducing mill
Torque of Number 3
reducing mill

Initial value

First
learning value

Second
learning value

Third
learning value

Fourth
learning value

1137.52

1136.51

1134.25

1133.15

1132.53

1133.82

1132.65

1131.58

1130.52

1130.22

1288.24

1288.93

1289.36

1290.05

1290.22

1409.32

1408.31

1407.15

1406.53

1406.17

1485.26

1483.84

1482.37

1480.98

1480.68

1458.81

1459.84

1460.37

1460.64

1460.87

1179.95

1178.68

1177.55

1177.09

1176.95

1110.95

1109.72

1108.66

1107.85

1107.62

1290.43

1291.42

1292.37

1293.21

1293.38

1220.67

1219.55

1218.76

1217.84

1217.52

1143.38

1141.75

1140.53

1139.61

1138.92

1103.21

1102.33

1101.36

1100.52

1100.22

35.46

34.75

34.24

33.97

33.91

52.48

51.62

51.28

51.07

50.98

41.54

42.37

42.97

43.31

43.42

134.52

133.75

133.24

133.94

133.87

218.21

217.47

216.84

216.37

216.28

332.46

333.23

333.86

334.32

334.44

324.46

323.71

323.14

322.71

322.62

302.35

301.43

300.85

300.18

300.02

326.87

327.95

328.56

328.83

328.92

324.37

323.65

323.15

322.97

322.88

325.84

324.77

324.24

323.95

323.86

274.94

274.04

273.65

273.13

273.04

251.64

252.31

252.88

253.23

253.32

320.48

321.25

321.93

322.35

322.52

62.44

63.12

63.34

63.52

63.57
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Table 3: Continued.

Ser.
number
28
29
30
31
32
33
34
35
36
37

Variable name
Torque of Number 4
reducing mill
Torque of Number 5
reducing mill
Torque of Number 6
reducing mill
Torque of Number 7
reducing mill
Torque of Number 8
reducing mill
Torque of Number 9
reducing mill
Torque of Number 10
reducing mill
Torque of Number 11
reducing mill
Torque of Number 12
reducing mill
The temperature
of shell

Initial value

First
learning value

Second
learning value

Third
learning value

Fourth
learning value

445.85

446.87

447.66

448.02

448.21

652.48

650.36

648.82

647.74

647.48

1042.68

1040.24

1039.07

1038.21

1037.98

1204.15

1203.26

1202.77

1202.35

1202.12

1251.42

1250.15

1249.14

1248.48

1248.22

1175.25

1176.37

1177.06

1177.84

1178.12

1214.85

1213.45

1212.84

1212.25

1212.07

1316.47

1317.57

1318.16

1318.54

1318.75

1224.46

1223.24

1222.63

1222.22

1221.97

886

892

896

898

901
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This paper considers an airline overbooking problem of a new single-leg flight with discount fare. Due to the absence of historical
data of no-shows for a new flight, and various uncertain human behaviors or unexpected events which causes that a few passengers
cannot board their aircraft on time, we fail to obtain the probability distribution of no-shows. In this case, the airlines have to invite
some domain experts to provide belief degree of no-shows to estimate its distribution. However, human beings often overestimate
unlikely events, which makes the variance of belief degree much greater than that of the frequency. If we still regard the belief degree
as a subjective probability, the derived results will exceed our expectations. In order to deal with this uncertainty, the number of
no-shows of new flight is assumed to be an uncertain variable in this paper. Given the chance constraint of social reputation, an
overbooking model with discount fares is developed to maximize the profit rate based on uncertain programming theory. Finally,
the analytic expression of the optimal booking limit is obtained through a numerical example, and the results of sensitivity analysis
indicate that the optimal booking limit is affected by flight capacity, discount, confidence level, and parameters of the uncertainty
distribution significantly.

1. Introduction
Overbooking is a strategy that airlines accept the booking
reservations of customers more than flight capacity in order
to make up for the vacancy loss caused by no-shows who do
not show up for check-in without canceling their booking
requests before the flight takes off or are late for their scheduled flights. A lot of examples can reflect that overbooking
strategy contributes to huge profits for airlines. Smith et al. [1]
estimated that 15 percent of seats on sold-out flights would be
lost if overbooking were not practiced and that the benefit
of overbooking at America in 1990 exceeded $225 million.
Overbooking can reduce the waste of seats and maximize
airlines’ profits, but it also brings potential risk. When
the number of arrival passengers exceeds flight capacity, it
might cause that some arrival passengers cannot board flight
(denied boarding); thus, airlines need to compensate this part
of passengers (denied-boarding compensation), which lead
to losses on both social reputation and profits of airlines.

Overbooking is one of the oldest problems and most
effective revenue management practices and was officially
sanctioned and published by the American Civil Aeronautics
Board in 1965 [2]. In 1958, Beckmann [3] established a single
period static model on overbooking, and a booking-limit
policy, which instructed the manager to set a certain limit to
accept reservations up to the limit, was proved to be optimal.
Rothstein [4] formulated the problem as a nonhomogenous
Markovian decision process and solved it by a dynamic
programming method in 1971. Alstrup et al. [5] in 1986 as well
proposed a dynamic programming formulation of a problem
with two cabins, in which the terminal conditions allowed for
upgrading and downgrading. Chatwin [6] in 1993 considered
a multiperiod overbooking problem relating to a single-leg
flight and a single fare class, gave conditions that ensure
a booking-limit policy to be optimal, and described the
continuous model with stationary fares and refunds as a birth
and death process. Robert [7] in 2005, on the assumption
that passengers’ arriving obeyed the binomial distribution,

2
established a single-fare-class overbooking model and then
extended to the conditions of multiple-fare classes and
dynamic.
In the previous researches on overbooking problem, the
arrival rate of customers is an important element and is
usually assumed to be a random variable, and probability
theory plays a great important character in the optimization
of the overbooking strategy. We will consider an airline
overbooking problem of a new single-leg flight with discount
fare in this paper. Due to the absence of demand data for
a new flight and various uncertain human behaviors or
unexpected events which causes that a few passengers cannot
board their aircraft on time, we have to invite some domain
experts to provide belief degree to estimate the distribution
of no-shows. However, human beings often overestimate
unlikely events, which makes the variance of belief degree
much greater than that of the frequency (Kahneman and
Tversky [8]). In this case, if we regard the belief degree
as a subjective probability, the derived results will exceed
our expectations. In order to deal with the involved human
uncertainty, uncertainty theory was founded by Liu [9] in
2007 and was refined by Liu [10] in 2010 based on normality,
duality, subadditivity, and product axioms.
Nowadays, uncertainty theory has become a branch of
axiomatic mathematics for modelling human uncertainty,
and a lot of applications can be found in various fields
such as uncertain programming [11], uncertain statistics [10],
uncertain risk analysis [12], uncertain reliability analysis
[12], uncertain logic [13], uncertain inference [14], uncertain
process [15], uncertain calculus [15], and uncertain finance
[16]. Based on the theory of uncertain renewal process, Yao
and Ralescu [17] investigated the uncertain age replacement
policy and obtained the long-run average replacement cost.
Zhang and Guo [18] applied the uncertain renewal process to the ordering problem of spare parts for aircrafts
assuming the interarrival times to be uncertainty variables.
With uncertainty theory, Liu and Yao [19] presented an
uncertain expected value model for multilevel programming
with equivalent crisp form.
In this paper, we consider the airline overbooking problem of new flight in uncertain environment and assume the
number of no-shows as an uncertain variable. The rest of
this paper is organized as follows. Section 2 recalls some
basic concepts and properties about uncertainty theory which
will be used throughout the paper. In Section 3, we build
the model of airline overbooking in uncertain environment
and get some theorems. We apply our model to practical
overbooking system, and sensitivity analysis is given in
Section 4. Finally, conclusions are drawn in Section 5.

2. Preliminaries
Let Γ be a nonempty set. A collection L of Γ is called a 𝜎algebra if (𝑎) Γ ∈ L; (𝑏) if Λ ∈ L, then Λ 𝑐 ∈ L; and
(𝑐) if Λ 1 , Λ 2 , . . . , ∈ L, then Λ 1 ∪ Λ 2 ∪ ⋅ ⋅ ⋅ ∈ L. Each
element Λ in the 𝜎-algebra L is called an event. Uncertain
measure is a function from L to [0, 1]. In order to present an
axiomatic definition of uncertain measure, it is necessary to
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assign to each event Λ a number M{Λ} which indicates the
belief degree that the event Λ will occur. In order to ensure
that the number M{Λ} has certain mathematical properties,
Liu [9] proposed the following axioms.
Axiom 1 (normality axiom). M{Γ} = 1 for the universal set
Γ.
Axiom 2 (duality axiom). M{Λ} + M{Λ𝑐 } = 1 for any event
Λ.
Axiom 3 (subadditivity axiom). For every countable sequence of events Λ 1 , Λ 2 , . . ., we have
∞

∞

𝑖=1

𝑖=1

M {⋃Λ 𝑖 } ≤ ∑M {Λ 𝑖 } .

(1)

Definition 1 (Liu [9]). The set function M is called an
uncertain measure if it satisfies the normality, duality, and
subadditivity axioms.
The triplet (Γ, L, M) is called 𝑎𝑛 uncertainty space.
Besides, in order to provide the operational law, Liu [20]
defined the product uncertain measure on the product 𝜎algebre L as follows.
Axiom 4 (product axiom). Let (Γ𝑘 , L𝑘 , M𝑘 ) be uncertainty
spaces for 𝑘 = 1, 2, . . .. Then the product uncertain measure
M is an uncertain measure satisfying
∞

∞

𝑖=1

𝑘=1

M {∏Λ 𝑘 } = ⋀ M𝑘 {Λ 𝑘 } ,

(2)

where Λ 𝑘 are arbitrarily chosen events from L𝑘 for 𝑘 =
1, 2, . . ., respectively.
Definition 2 (Liu [9]). An uncertain variable is a measurable
function 𝜉 from an uncertainty space (Γ, L, M) to the set of
real numbers; that is, for any Borel set 𝐵 of real numbers, the
set
{𝜉 ∈ 𝐵} = {𝛾 ∈ Γ𝜉 (𝛾) ∈ 𝐵}

(3)

is an event.
Definition 3 (Liu [9]). The uncertainty distribution Φ of an
uncertain variable 𝜉 is defined by
Φ (𝑥) = M {𝜉 ≤ 𝑥} ,

(4)

for any real number 𝑥.
Definition 4 (Liu [10]). Let 𝜉 be an uncertain variable with
regular uncertainty distribution Φ(𝑥). Then the inverse function Φ−1 (𝛼) is called the inverse uncertainty distribution of
𝜉.
Theorem 5 (Liu [9]). Let 𝜉 be an uncertain variable with
uncertainty distribution Φ. If the expected value exists, then
𝐸 [𝜉] = ∫

+∞

0

(1 − Φ (𝑥)) d𝑥 − ∫

0

−∞

Φ (𝑥) d𝑥.

(5)
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Uncertain programming is a type of mathematical programming involving uncertain variables [9]. Assume that 𝑥
is a decision vector, 𝜉 is an uncertain vector, and 𝑓(𝑥, 𝜉) is an
uncertain objective function. Liu [11] proposed the following
uncertain programming model:
𝐸 [𝑓 (𝑥, 𝜉)]
min
𝑥
subject to :

M {𝑔𝑗 (𝑥, 𝜉) ≤ 0} ≥ 𝛼𝑗 ,

𝑗 = 1, 2, . . . , 𝑝,

(6)

where M{𝑔𝑗 (𝑥, 𝜉) ≤ 0} ≥ 𝛼𝑗 (𝑗 = 1, 2, . . . , 𝑝) are a set of
chance constraints. It is naturally desired that the uncertain
constraints 𝑔𝑖 (𝑥, 𝜉) ≤ 0 (𝑗 = 1, 2, . . . , 𝑝) hold with confidence
levels 𝛼1 , 𝛼2 , . . . , 𝛼𝑝 .
Theorem 6 (Liu [11]). Assume that the constraint function
𝑔(𝑥, 𝜉1 , 𝜉2 , . . . , 𝜉𝑛 ) is strictly increasing with respect
to 𝜉1 , 𝜉2 , . . . , 𝜉𝑘 and strictly decreasing with respect to
𝜉𝑘+1 , 𝜉𝑘+2 , . . . , 𝜉𝑛 . If 𝜉1 , 𝜉2 , . . . , 𝜉𝑛 are independent uncertain
variables with uncertainty distributions Φ1 , Φ2 , . . . , Φ𝑛 ,
respectively, then the chance constraint
M {𝑔 (𝑥, 𝜉1 , 𝜉2 , . . . , 𝜉𝑛 ) ≤ 0} ≥ 𝛼

(7)

holds if and only if
−1
−1
−1
𝑔 (𝑥, Φ−1
1 (𝛼) , . . . , Φ𝑘 (𝛼) , Φ𝑘+1 (1 − 𝛼) , . . . , Φ𝑛 (1 − 𝛼))

≤ 0.

and its uncertainty distribution Φ can be obtained by the
belief degree of the invited experts. We suppose that the airline provides no refunds for the no-shows, and compensates
those crowed-out customers. Our objective function is the
profit rate that is the profit divided by the total cost of a new
flight; then it is expressed as
𝑚𝑔𝛽
{
− 1,
{
𝑟
𝑠 (𝑚, 𝜉) = { 𝑚𝑔𝛽
(𝑚 − 𝜉 − 𝑛) 𝑝
{
−
− 1,
{ 𝑟
𝑟

First of all, some notations are made as follows for the
mathematical formulation:
𝑚: Booking limit of a new flight
𝑛: Capacity of an aircraft
𝜉: The number of no-shows with uncertainty distribution Φ
𝑔: Price of a new flight ticket
𝑟: Total cost of a flight
𝑝: Penalty cost which is paid to each crowed-out
customer who is denied boarding because the number
of arrival passengers exceeds flight capacity
𝛽: A discount of fare, 0 ≤ 𝛽 ≤ 1
𝑠(𝑚, 𝜉): Profit rate function of the new flight when
booking limit is 𝑚 and the number of no-shows is 𝜉
𝑗: The maximum permissible number of crowed-out
customers.
We suppose that an airline is planning to open up a
new single-leg flight with discount fares and a booking limit
should be decided to match the new flight. Due to the absence
of historical data, the airline cannot obtain the probability
distribution of no-shows. In this case, the number 𝜉 of
no-shows is assumed to be a positive uncertain variable,

(9)

if 𝑚 − 𝜉 ≥ 𝑛.

Since the number 𝜉 of no-shows is an uncertain variable,
the profit rate function 𝑠(𝑚, 𝜉) is an uncertain variable as well.
As 𝑠(𝑚, 𝜉) cannot be directly maximized, we may maximize
its expected value; that is,
𝐸 [𝑠 (𝑚, 𝜉)] .
max
𝑚

(10)

The purpose of decision-maker of airline is to find the
optimal booking limit that maximizes the profit. However, if
the number of arrival passengers exceeds flight capacity when
the flight takes off, it will cause that some arrival passengers
could not board flight, which lead to not only profit losses
but also bad social reputation. For reducing the negative
impact on the airline, a chance constraint is given that the
uncertain measure of the event that the number of crowdedout customers is less than 𝑗 is greater than a given confidence
level of 𝛼; that is,

(8)

3. Mathematical Formulation

if 𝑚 − 𝜉 ≤ 𝑛

M {𝑚 − 𝑛 − 𝜉 ≤ 𝑗} ≥ 𝛼.

(11)

In order to find the optimal booking limit 𝑚∗ , we present
the following theorems.
Theorem 7. Let 𝜉 be a positive uncertain variable with an
uncertainty distribution Φ. Given that
𝑚𝑔𝛽
{
− 1,
{
𝑟
𝑠 (𝑚, 𝜉) = { 𝑚𝑔𝛽
(𝑚 − 𝜉 − 𝑛) 𝑝
{
−
− 1,
{ 𝑟
𝑟

𝑖𝑓 𝑚 − 𝜉 ≤ 𝑛
𝑖𝑓 𝑚 − 𝜉 ≥ 𝑛,
(12)

the uncertain variable 𝑠(𝑚, 𝜉) has an uncertainty distribution
Ψ (𝑥)
𝑚𝑔𝛽 (𝑚 − 𝑛) 𝑝
{
−
−1
0, if 𝑥 <
{
{
{
𝑟
𝑟
{
{
𝑟𝑥 + 𝑟 − 𝑚𝑔𝛽
{
{
{
+ 𝑚 − 𝑛) ,
{Φ (
𝑝
={
𝑚𝑔𝛽 (𝑚 − 𝑛) 𝑝
𝑚𝑔𝛽
{
{
{
if
−
−1≤𝑥<
−1
{
{
𝑟
𝑟
𝑟
{
{
{
{1, if 𝑥 ≥ 𝑚𝑔𝛽 − 1.
{
𝑟

(13)

Proof. It is easy to know that 𝑠(𝑚, 𝜉) ≥ 𝑚𝑔𝛽/𝑟−(𝑚−𝑛)𝑝/𝑟−1;
therefore,
Ψ (𝑥) = M {𝑠 (𝑚, 𝜉) ≤ 𝑥} = 0,

(14)
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for any 𝑥 ∈ (−∞, 𝑚𝑔𝛽/𝑟 − (𝑚 − 𝑛)𝑝)/𝑟 − 1. If 𝑥 ∈ [𝑚𝑔𝛽/𝑟 −
(𝑚 − 𝑛)𝑝/𝑟 − 1, 𝑚𝑔𝛽/𝑟 − 1), then
Ψ (𝑥) = M {𝑠 (𝑚, 𝜉) ≤ 𝑥}
= M{

𝑚 ≤ 𝑛 + 𝑗 + Φ−1 (1 − 𝛼) .

𝑚𝑔𝛽 (𝑚 − 𝜉 − 𝑛) 𝑝
−
− 1 ≤ 𝑥}
𝑟
𝑟
(15)

𝑟𝑥 + 𝑟 − 𝑚𝑔𝛽
+ 𝑚 − 𝑛}
= M {𝜉 ≤
𝑝
= Φ(

𝑟𝑥 + 𝑟 − 𝑚𝑔𝛽
+ 𝑚 − 𝑛) .
𝑝

Ψ (𝑥) = M {𝑠 (𝑚, 𝜉) ≤ 𝑥} = 1,

𝑚

𝑚𝑔𝛽 𝑝
− ∫
𝑟
𝑟 0

(17)

0

=∫

0

−∞

𝑚𝑔𝛽/𝑟−(𝑚−𝑛)𝑝/𝑟−1

0

+∫

Φ (𝑥) d𝑥 − 1.

(18)

𝑚𝑔𝛽/𝑟−(𝑚−𝑛)𝑝/𝑟−1

+∫

+∞

𝑚𝑔𝛽/𝑟−1

−∫

Ψ (𝑥) 𝑑𝑥

0 𝑑𝑥 − ∫

𝑚𝑔𝛽/𝑟−1

𝑚𝑔𝛽/𝑟−(𝑚−𝑛)𝑝/𝑟−1

0

−∞

𝑟𝑥 + 𝑟 − 𝑚𝑔𝛽
+ 𝑚 − 𝑛)] 𝑑𝑥
𝑝

0 𝑑𝑥 = ∫

Φ(

𝑚𝑔𝛽/𝑟−1

0

1 𝑑𝑥

𝑟𝑥 + 𝑟 − 𝑚𝑔𝛽
+ 𝑚 − 𝑛) 𝑑𝑥
𝑝

𝑚𝑔𝛽 𝑝 𝑚−𝑛
Φ (𝑥) 𝑑𝑥 − 1.
− ∫
=
𝑟
𝑟 0
The theorem is verified.

(22)

if 𝑥 ≥ 𝑏.

Φ−1 (𝛼) = (1 − 𝛼) 𝑎 − 𝛼𝑏.

(23)

From the uncertain programming model (21), we can obtain
that the optimal booking limit with discount fare is

𝑔𝛽 (𝑏 − 𝑎)
{
+ 𝑎 + 𝑛) ∧ (𝑛 + 𝑗 + 𝛼𝑎 + (1 − 𝛼) 𝑏) ,
(
{
{
{
𝑝
={
if 𝑔𝛽 ≤ 𝑝
{
{
{
𝑛
+
𝑗
+
𝛼𝑎
+
−
𝛼)
𝑏,
if 𝑔𝛽 > 𝑝.
(1
{
(24)

[1 − Φ
×(

if 𝑎 ≤ 𝑥 ≤ 𝑏

𝑚∗

1 𝑑𝑥

𝑚𝑔𝛽/𝑟−1

if 𝑥 ≤ 𝑎

Then, the inverse uncertainty distribution of linear uncertain
variable L(𝑎, 𝑏) (Liu [21]) is

𝐸 [𝑠 (𝑚, 𝜉)]
[1 − Ψ (𝑥)] 𝑑𝑥 − ∫

𝑚 ≤ 𝑛 + 𝑗 + Φ (1 − 𝛼) .

0,
{
{
{ (𝑥 − 𝑎)
,
Φ (𝑥) = {
{
{ (𝑏 − 𝑎)
{1,

𝑖𝑓 𝑚 − 𝜉 ≥ 𝑛,

Proof. The expected value of the uncertain variable 𝑠(𝑚, 𝜉) is

+∞

(21)

−1

In this section, we will present a numerical case to illustrate
the aforementioned model. Suppose that the overbooking
problem is considered for a new single-leg flight of an airline.
Assume that the number 𝜉 of no-shows is a positive uncertain
variable with linear uncertainty distribution L(𝑎, 𝑏) (𝑎 ≥ 0)
(Liu [21]); that is,

𝑖𝑓 𝑚 − 𝜉 ≤ 𝑛

then
𝐸 [𝑠 (𝑚, 𝜉)] =

𝑚𝑔𝛽 𝑝 𝑚−𝑛
Φ (𝑥) 𝑑𝑥 − 1]
− ∫
𝑟
𝑟 0

4. Application
(16)

Theorem 8. Let 𝜉 be a positive uncertain variable with an
uncertainty distribution Φ. Given that

𝑚−𝑛

[

subject to :

for any 𝑥 ∈ [𝑚𝑔𝛽/𝑟 − 1, +∞). The theorem is verified.

𝑚𝑔𝛽
{
− 1,
{
𝑟
𝑠 (𝑚, 𝜉) = { 𝑚𝑔𝛽
(𝑚 − 𝜉 − 𝑛) 𝑝
{
−
− 1,
{ 𝑟
𝑟

(20)

Therefore, the uncertain programming model is developed as follows:
max

Since 𝑠(𝑚, 𝜉) ≤ 𝑚𝑔𝛽/𝑟 − 1, we have

=∫

Since the constraint function (𝑚 − 𝑛 − 𝜉 ≤ 𝑗) is strictly
decreasing with respect to the uncertain variable 𝜉, the chance
constraint (11) can be converted to crisp formula according to
Theorem 6; then

We consider two familiar types of aircraft A320-200 and
B747-300 with capacity of 150 and 416, respectively. We give
that 𝑎 = 0 and the price of the flight ticket 𝑔 = RMB 960
yuan. According to the general provision set by the airline,
we suppose that the penalty cost 𝑝 is 30% of the face value of
the ticket and 𝑝 will be counted by RMB 200 yuan if it is less
than RMB 200 yuan; that is,
𝑝 = max {1.3𝑔𝛽, 𝑔𝛽 + 200} .

(19)

(25)

For instance, if the upper limit of no-shows 𝑏 = 8, the
permissible maximum of crowed-out passages 𝑗 = 5, aircraft
capacity 𝑛 = 150, the chance constraint 𝛼 = 0.95, the discount
𝛽 = 0.4, then the optimal booking limit 𝑚∗ is 155.
Figure 1 shows the optimal booking limit 𝑚∗ changing
with discount 𝛽 for 𝑏 = 8, 𝑗 = 5. On the whole,
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Figure 1: Optimal booking limit 𝑚∗ under the changes of 𝛼 and 𝛽 when 𝑏 = 8, 𝑗 = 5.
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Figure 2: Optimal booking limit 𝑚∗ under the changes of 𝛼 and 𝛽 when 𝑏 = 8, 𝑗 = 8.

with a gradually reduced slope, the optimal booking limit
𝑚∗ increases in discount 𝛽 till 𝛽 reaches a certain value. The
optimal booking limit 𝑚∗ does not increase in the confidence
level 𝛼, and, when 𝛽 ≤ 0.4, 𝛼 has no effect on 𝑚∗ . By the
comparison of Figures 1(a) and 1(b), we can see that the
increase of 𝑚∗ caused by the increase of flight capacity 𝑛 is
distinct.

Figure 2 shows the optimal booking limit 𝑚∗ changing
with discount 𝛽 for 𝑏 = 8, 𝑗 = 8. Compared with Figure 1,
due to a little increase of 𝑗, 𝑚∗ increases still in 𝛽 and 𝑛, while
the variation trend of 𝑚∗ with 𝛽 has nearly nothing to do with
𝛼. As can be seen from the comparison between Figures 1 and
2, the turning point of the slope of the optimal booking limit
curve increases in 𝑗.

6

Journal of Applied Mathematics

160

426

159

425

158

424
423

157
m

m

156

422

155

421

154

420

153

4

6

8

10

12

14

16

18

419

4

6

8

10

b
𝛼 = 1.0
𝛼 = 0.95
𝛼 = 0.9

12

14

16

18

16

18

b
𝛼 = 1.0
𝛼 = 0.95
𝛼 = 0.9

𝛼 = 0.85
𝛼 = 0.8
𝛼 = 0.75

𝛼 = 0.85
𝛼 = 0.8
𝛼 = 0.75

(a) 𝑛 = 150

(b) 𝑛 = 416

Figure 3: Optimal booking limit 𝑚∗ under the changes of 𝛼 and 𝑏 when 𝛽 = 0.8, 𝑗 = 5.
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Figure 4: Optimal booking limit 𝑚∗ under the changes of 𝛼 and 𝑏 when 𝛽 = 0.8, 𝑗 = 8.

Figures 3 and 4 show the optimal booking limit 𝑚∗
changing with the parameter 𝑏 for 𝑗 = 5 and 𝑗 = 8,
respectively. The optimal booking limit 𝑚∗ increases in 𝑏,
and, when 𝑏 reaches a certain value, the slope becomes
smaller. In the case of 𝛼 = 1.0, when 𝑏 is bigger than a certain
value, 𝑚∗ remains the same. We also observe that 𝑚∗ still does

not increase in the confidence level 𝛼, and the closer 𝛼 gets to
1, the less sensitive 𝑚∗ is to 𝑏. The flight capacity 𝑛 still has a
great influence on 𝑚∗ .
As can be seen from the comparison between Figures 3
and 4, the turning point of the slope of the optimal booking
limit curve increases in 𝑗.
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5. Conclusions
Overbooking problem is an important strategy for airline
revenue management. For a new flight, there is no historical
date to obtain the probability distribution of the number
of no-shows; therefore, stochastic method is not suitable.
This paper introduced an uncertain variable to describe
the number of no-shows. An airline overbooking model
with discount fare was developed with chance constraint,
and it was converted to a crisp programming based on
uncertain programming theory. Through a numerical case,
we obtained the analytic expression of the optimal booking
limit to maximize the profit rate function of the new flight.
The results of sensitivity analysis indicated that flight capacity,
discount, confidence level, and parameters of the uncertainty
distribution significantly affected the optimal booking limit.
However, there is still a lot of work to be done in
the future research. The dynamic nature of the booking
process can be taken into account. Furthermore, randomness
and uncertainty may coexist in practical situation; thus an
uncertain random overbooking model might be our future
research.
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This paper studies an inventory model for Weibull-distributed deterioration items with trapezoidal type demand rate, in which
shortages are allowed and partially backlogging depends on the waiting time for the next replenishment. The inventory models
starting with no shortage is are to be discussed, and an optimal inventory replenishment policy of the model is proposed. Finally,
numerical examples are provided to illustrate the theoretical results, and a sensitivity analysis of the major parameters with respect
to the optimal solution is also carried out.

1. Introduction
The effect of deteriorating for items cannot be disregarded in
many inventory systems and it is a general phenomenon in
real life. Deterioration is defined as any process that decreases
the usefulness or the value of the original item, such as
decay or physical depletion. For example, fruits, vegetables,
or foodstuffs are subject to spoilage directly while being
kept in store, and electronic products, radioactive substances,
and photographic film deteriorate through a gradual loss of
potential or utility with the passage of time.
Due to the variability in economic circumstances, the
basic assumptions of the EOQ model should be constantly
modified according to the studied inventory model. In recent
years, many researchers have studied kinds of EOQ models
for deteriorating items. Ghare and Schrader [1] established
the classical no-shortage inventory model with a constant rate
of decay. Wu et al. [2] studied an inventory model with a
Weibull-distributed deteriorating rate for items and assumed
the demand rate with a continuous function of time. Wee
[3] developed an inventory model with quantity discount,
pricing, and partial backordering when the product in stock
deteriorates with time. Related literature also includes Skouri
and Papachristos [4], Wee [5], and Dye et al. [6].
practically, the demand rate of deterioration items is
impossible to increase continuously all the time. Hill [7]

proposed an inventory model with ramp type demand rate.
Mandal and Pal [8] extended the inventory model with
ramp type demand for deterioration items and allowed
shortage. Wu [9] considered an inventory model with Weibull
distribution deterioration and ramp type demand rate in
which shortages are allowed and the backlogging rate is
dependent on waiting time. Giri et al. [10] extended the
ramp type demand inventory model with a more generalized
Weibull deterioration distribution. Manna and Chaudhuri
[11] developed an inventory model for time-dependent deteriorating items with ramp type demand rate. Skouri et al.
[12] considered an inventory model with general ramp type
demand rate, partial backlogging, and Weibull deterioration
rate. Hung [13] extended their inventory model from ramp
type demand rate and Weibull deterioration rate to arbitrary
demand rate and arbitrary deterioration rate. Kumar et al.
[14] studied fuzzy EOQ models with ramp type demand
rate, partial backlogging, and time-dependent deterioration
rat. Cheng et al. [15] considered an inventory model for
time-dependent deteriorating items with trapezoidal type
demand rate and partial backlogging. Uthayakumar and
Rameswari [16] studied an inventory model for defective
items with trapezoidal type demand rate to determine the
optimal product reliability. Tan and Weng [17] considered a
discrete-in-time inventory model for deteriorating items with
partially backlogged. Ahmed et al. [18] proposed a method for
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finding the economic order quantity for an inventory model
with ramp type demand rate, partial backlogging, and general
deterioration rate. Lin [19] explored the inventory model with
a general demand rate in which both the Weibull-distributed
deterioration and partial backlogging are considered.
In the above mentioned research, one of assumptions
was considered: the ramp type demand rate, partial backlogging, and Weibull-distributed deterioration rate. However,
for fashionable commodities, high-tech products, and other
short life cycle products, the demand rate should increase
with the time up to certain point at first stage then reach
a stabilized period and finally the demand rate decrease
to zero and the products retreat from market in their
product life cycle, that is, the demand rate with continuous
trapezoidal function of time. On the other hand, in many real
situations, customers encountering shortages will respond
differently. Some customers are willing to wait until the
next replenishment, while others may be impatient and go
elsewhere as waiting time increases; that is, the willingness
for a customer to wait for backlogging is diminishing with
the length of the waiting time. In this paper, we consider
an inventory model with Weibull-distributed deterioration
items, trapezoidal type demand rate, and time-dependent
partial backlogging. By analyzing the inventory model, a
useful inventory replenishment policy is proposed. Finally,
numerical examples are provided to illustrate the theoretical
results, and a sensitivity analysis of the optimal solution with
respect to major parameters is also carried out.
The rest of the paper is organized as follows. Section 2
describes the notation and assumptions used throughout this
paper. Section 3 analyzes the inventory model, and some
numerical examples to illustrate the solution procedure are
provided. Sensitivity analysis of the major parameters is also
carried out in Section 4, and the final Section concludes this
paper.

2. Notations and Assumptions
The fundamental notations and assumptions used in inventory model and considered in this paper are given as below.
(i) 𝐼(𝑡) the level of inventory at time 𝑡, 0 ≤ 𝑡 ≤ 𝑇.
(ii) 𝑇 the fixed length of each ordering cycle.
(iii) 𝑡1 the time when the inventory level reaches zero for
the inventory model.
(iv) 𝑡1∗ the optimal point.
(v) 𝑆 the maximum inventory level for each ordering
cycle.
(vi) 𝑄∗ the optimal ordering quantity.
(vii) 𝐴 0 the fixed cost per order.
(viii) 𝑐1 the cost of each deteriorated item.
(ix) 𝑐2 the inventory holding cost per unit per unit of time.
(x) 𝑐3 the shortage cost per unit per unit of time.
(xi) 𝑐4 the lost sales cost per unit.
(xii) 𝐶𝑖 (𝑡1 ) 𝑖 = 1, 2, 3, the average total cost per unit time
under different conditions, respectively.

(xiii) 𝑇𝐶(𝑡1 ) the average total cost per unit time.
(xiv) The demand rate, 𝐷(𝑡), which is positive and consecutive, is assumed to be a trapezoidal type function of
time; that is,
𝑓 (𝑡) , 𝑡 ≤ 𝜇1 ;
{
{
(1)
𝐷 (𝑡) = {𝐷0 ,
𝜇1 < 𝑡 < 𝜇2 ;
{
𝑔
,
𝜇
≤
𝑡
<
𝑇,
(𝑡)
2
{
where 𝜇1 is time point changing from the increasing
demand function 𝑓(𝑡) to constant demand 𝐷0 , and 𝜇2
is time point changing from the constant demand 𝐷0
to the decreasing demand function 𝑔(𝑡).
(xv) The replenishment rate is infinite; that is, replenishment is instantaneous.
(xvi) The deterioration rate of the item is defined as
Weibull (𝛼, 𝛽); that is the deterioration rate is 𝜃(𝑡) =
𝛼𝛽𝑡𝛽−1 (𝛼 > 0, 𝛽 > 0, 𝑡 > 0).
(xvii) Shortages are allowed and they adopt the notation
used in Abad [20], where the unsatisfied demand
is backlogged and the fraction of shortages backordered is 𝑒−𝛿𝑡 , where 𝑡 is the waiting time up to the
next replenishment. We also assume that 𝑡𝑒−𝛿𝑡 is an
increasing function, which had appeared in Skouri et
al. [12].
(xviii) The time horizon of the inventory model is finite.

3. Model Formulation
In this section, we consider an inventory model starting
with no shortage. The behavior of the model during a given
cycle is depicted in Figure 1. Replenishment occurs at time
𝑡 = 0 and the inventory level attains its maximum. From
𝑡 = 0 to 𝑡1 , the inventory level reduces due to demand
and deterioration. At 𝑡1 , the inventory level achieves zero,
then shortage is allowed to occur during the time interval
(𝑡1 , 𝑇), and all of the demand during the shortage period
(𝑡1 , 𝑇) is partially backlogged. According to the notations and
assumptions mentioned above, the behavior of the model
at any time can be described by the following differential
equations:
−𝜃 (𝑡) 𝐼 (𝑡) − 𝐷 (𝑡) ,
𝑑𝐼 (𝑡)
= { −𝛿(𝑇−𝑡)
−𝑒
𝐷 (𝑡) ,
𝑑𝑡

0 < 𝑡 < 𝑡1 ;
𝑡1 < 𝑡 < 𝑇,

(2)

with boundary conditions 𝐼(0) = 𝑆, 𝐼(𝑡1 ) = 0.
In the following, we consider three possible cases based
on the values of 𝑡1 , 𝜇1 , and 𝜇2 . These three cases are shown.
Case 1 (0 < 𝑡1 ≤ 𝜇1 ). Due to the deteriorating and trapezoidal
type demand rate, the inventory level gradually diminishes
during the time interval [0, 𝑡1 ] and ultimately falls to zero at
time 𝑡1 . Thus, from (2), we have
−𝛼𝛽𝑡𝛽−1 𝐼 (𝑡) − 𝑓 (𝑡) ,
{
{
{−𝑒−𝛿(𝑇−𝑡) 𝑓 (𝑡) ,
𝑑𝐼 (𝑡) {
= { −𝛿(𝑇−𝑡)
{
𝐷0 ,
𝑑𝑡
{−𝑒
{
−𝛿(𝑇−𝑡)
𝑔 (𝑡) ,
{−𝑒

0 < 𝑡 < 𝑡1 ;
𝑡1 < 𝑡 < 𝜇1 ;
𝜇1 < 𝑡 < 𝜇2 ;
𝜇2 < 𝑡 < 𝑇.

(3)
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Figure 1: Graphical representation of inventory level over the cycle.

By using the boundary condition 𝐼(𝑡1 ) = 0, the solutions of
(3) are given by

The total shortage quantity 𝐵𝑇 during the interval [𝑡1 , 𝑇] is

𝑇

𝑡1

𝛽

𝛽

{
0 < 𝑡 < 𝑡1 ;
∫ 𝑓 (𝑥) 𝑒𝛼(𝑥 −𝑡 ) 𝑑𝑥,
{
{
{
𝑡
{
𝑡
{
{
{
{
𝑡1 < 𝑡 < 𝜇1 ;
−∫ 𝑒𝛿(𝑥−𝑇) 𝑓 (𝑥) 𝑑𝑥,
{
{
{
𝑡1
{
{
{
{ 𝐷0 (𝑒𝛿(𝜇1 −𝑇) − 𝑒𝛿(𝑡−𝑇) )
{
{
{
𝛿 𝜇1
{
{
{
𝛿(𝑥−𝑇)
𝑓 (𝑥) 𝑑𝑥,
𝜇1 < 𝑡 < 𝜇2 ;
𝐼 (𝑡) = { −∫ 𝑒
{
𝑡1
{
{
𝑡
{
{
{
−∫ 𝑔 (𝑥) 𝑒𝛿(𝑥−𝑇) 𝑑𝑥
{
{
{
𝜇2
{
{
{
𝐷
{
{
+ 0 (𝑒𝛿(𝜇1 −𝑇) − 𝑒𝛿(𝜇2 −𝑇) )
{
{
{
𝛿𝜇1
{
{
{
{
𝜇2 < 𝑡 < 𝑇.
−∫ 𝑒𝛿(𝑥−𝑇) 𝑓 (𝑥) 𝑑𝑥,
𝑡1
{
(4)

𝐵𝑇 = − ∫ 𝐼 (𝑡) 𝑑𝑡
𝑡1

𝜇1

𝑡

𝑡1

𝑡1

= ∫ [∫ 𝑒𝛿(𝑥−𝑇) 𝑓 (𝑥) 𝑑𝑥] 𝑑𝑡
𝜇2

−∫ [
𝜇1

𝐷0 𝛿(𝜇1 −𝑇) 𝛿(𝑡−𝑇)
−𝑒
)
(𝑒
𝛿
𝜇1

− ∫ 𝑒𝛿(𝑥−𝑇) 𝑓 (𝑥) 𝑑𝑥] 𝑑𝑡
𝑡1

𝑇

𝑡

𝜇2

𝜇2

+ ∫ [∫ 𝑒𝛿(𝑥−𝑇) 𝑔 (𝑥) 𝑑𝑥
𝐷0 𝛿(𝜇1 −𝑇) 𝛿(𝜇2 −𝑇)
−𝑒
)
(𝑒
𝛿

−

(8)

𝜇1

+ ∫ 𝑒𝛿(𝑥−𝑇) 𝑓 (𝑥) 𝑑𝑥] 𝑑𝑡

The maximum inventory level per cycle is

𝑡1

𝜇1

= ∫ (𝑇 − 𝑡) 𝑒𝛿(𝑡−𝑇) 𝑓 (𝑡) 𝑑𝑡

𝑡1

𝑡1

𝛽

𝑆 = 𝐼 (0) = ∫ 𝑓 (𝑥) 𝑒𝛼𝑥 𝑑𝑥.

(5)

0

𝑇

+ ∫ (𝑇 − 𝑡) 𝑒𝛿(𝑡−𝑇) 𝑔 (𝑡) 𝑑𝑡
𝜇2

Then, the total number of deteriorated items 𝐷𝑇 in the
interval [0, 𝑡1 ] is
𝑡1

𝑡1

0

0

𝛽

𝐷𝑇 = 𝑆 − ∫ 𝐷 (𝑡) 𝑑𝑡 = ∫ 𝑓 (𝑥) (𝑒𝛼𝑥 − 1) 𝑑𝑥.

𝑡1

𝑡1

0

0

𝑡

𝐷0 𝛿(𝜇2 −𝑇) 𝛿(𝜇1 −𝑇)
(𝑒
−𝑒
)
𝛿2

+

𝐷0
[(𝑇 − 𝜇2 ) 𝑒𝛿(𝜇2 −𝑇) − (𝑇 − 𝜇1 ) 𝑒𝛿(𝜇1 −𝑇) ] .
𝛿

(6)
The total of lost sales 𝐿 𝑇 during the interval [𝑡1 , 𝑇] is

The total number of inventory 𝐻𝑇 carried during the interval
[0, 𝑡1 ] is
𝑡1

+

𝛼(𝑥𝛽 −𝑡𝛽 )

𝐻𝑇 = ∫ 𝐼 (𝑡) 𝑑𝑡 = ∫ ∫ 𝑓 (𝑥) 𝑒

𝜇1

𝜇2

𝑡1

𝜇1

𝐿 𝑇 = ∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝑓 (𝑡) 𝑑𝑡 + ∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝐷0 𝑑𝑡
𝑇

𝑑𝑥 𝑑𝑡.

(7)

𝛿(𝑡−𝑇)

+ ∫ (1 − 𝑒
𝜇2

) 𝑔 (𝑡) 𝑑𝑡.

(9)
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Therefore, the average total cost per unit time under the
condition 𝑡1 ≤ 𝜇1 can be given by

𝜇1

1
𝐶1 (𝑡1 ) = [𝐴 0 + 𝑐1 𝐷𝑇 + 𝑐2 𝐻𝑇 + 𝑐3 𝐵𝑇 + 𝑐4 𝐿 𝑇 ]
𝑇
=

𝑡1

𝑡1

0

𝑡

𝛽

−𝑡𝛽 )

𝑡1

𝛽

𝛽

𝑆 = 𝐼 (0) = ∫ 𝑓 (𝑥) 𝑒𝛼𝑥 𝑑𝑥 + 𝐷0 ∫ 𝑒𝛼𝑥 𝑑𝑥.
0

𝑡1
𝛽
1
{𝐴 0 + 𝑐1 ∫ 𝑓 (𝑥) (𝑒𝛼𝑥 − 1) 𝑑𝑥
𝑇
0

+ 𝑐2 ∫ ∫ 𝑓 (𝑥) 𝑒𝛼(𝑥

The beginning inventory level can be computed as

(13)

𝜇1

The total number of items which perish in the interval [0, 𝑡1 ]
is

𝑑𝑥 𝑑𝑡

𝜇1

𝑡1

𝛽

𝛽

𝐷𝑇 = ∫ 𝑓 (𝑥) (𝑒𝛼𝑥 − 1) 𝑑𝑥 + 𝐷0 ∫ (𝑒𝛼𝑥 − 1) 𝑑𝑥. (14)

𝜇1

0

+ 𝑐4 [ ∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝑓 (𝑡) 𝑑𝑡

𝜇1

𝑡1

The total number of inventory carried during the interval
[0, 𝑡1 ] is

𝜇2

+ ∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝐷0 𝑑𝑡
𝜇1

𝑇

+ ∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝑔 (𝑡) 𝑑𝑡]
𝜇2

(10)

𝜇1

𝜇1

0

𝑡

𝐻𝑇 = ∫ ∫ 𝑒𝛼(𝑥

𝛽

−𝑡𝛽 )

𝑡1

𝑡1

𝜇1

𝑡

𝑓 (𝑥) 𝑑𝑥 𝑑𝑡 + 𝐷0 ∫ ∫ 𝑒𝛼(𝑥

𝛽

−𝑡𝛽 )

𝑑𝑥 𝑑𝑡.
(15)

𝜇1

+ 𝑐3 [∫ 𝑒𝛿(𝑡−𝑇) (𝑇 − 𝑡) 𝑓 (𝑡) 𝑑𝑡
𝑡1

The total shortage quantity during the interval [𝑡1 , 𝑇] is

𝑇

+ ∫ 𝑒𝛿(𝑡−𝑇) (𝑇 − 𝑡) 𝑔 (𝑡) 𝑑𝑡
𝜇2

𝑇

𝐵𝑇 = ∫ (𝑇 − 𝑡) 𝑒𝛿(𝑡−𝑇) 𝑔 (𝑡) 𝑑𝑡

𝐷
+ 20 (𝑒𝛿(𝜇2 −𝑇) − 𝑒𝛿(𝜇1 −𝑇) )
𝛿
+

𝜇2

𝐷0
((𝑇 − 𝜇2 ) 𝑒𝛿(𝜇2 −𝑇)
𝛿

+

Case 2 (𝜇1 ≤ 𝑡1 ≤ 𝜇2 ). The differential equations governing
the inventory model can be expressed as follows:
0 < 𝑡 < 𝜇1 ;
𝜇1 < 𝑡 < 𝑡1 ;
𝑡1 < 𝑡 < 𝜇2 ;
𝜇2 < 𝑡 < 𝑇.

𝜇1

𝛽

The total of lost sales during the interval [𝑡1 , 𝑇] is
𝜇2

𝑇

𝑡1

𝜇2

𝐿 𝑇 = 𝐷0 ∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝑑𝑡 + ∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝑔 (𝑡) 𝑑𝑡.
(17)

(11)

Solving the differential equation (11) with 𝐼(𝑡1 ) = 0, we have
𝛽

{
∫ 𝑓 (𝑥) 𝑒𝛼(𝑥 −𝑡 ) 𝑑𝑥
{
{
{
𝑡
{
𝑡1
{
𝛽 𝛽
{
{
{
𝑒𝛼(𝑥 −𝑡 ) 𝑑𝑥,
+𝐷
∫
{
0
{
{
𝜇1
{
{
𝑡1
{
𝛽 𝛽
{
𝛼(𝑥
−𝑡
)
{𝐷0 ∫ 𝑒
𝑑𝑥,
{
𝑡
𝐼 (𝑡) = {
{
{ 𝐷0 (𝑒𝛿(𝑡1 −𝑇) − 𝑒𝛿(𝑡−𝑇) ) ,
{
{
{
𝛿𝑡
{
{
{
{
{−∫ 𝑒𝛿(𝑥−𝑇) 𝑔 (𝑥) 𝑑𝑥
{
{
{
𝜇2
{
{
{
𝐷
{
+ 0 (𝑒𝛿(𝑡1 −𝑇) − 𝑒𝛿(𝜇2 −𝑇) ) ,
{
𝛿

(16)

1
−𝑒−𝛿(𝜇2 −𝑇) (𝑇 − 𝜇2 + )] .
𝛿

− (𝑇 − 𝜇1 ) 𝑒𝛿(𝜇1 −𝑇) ) ] } .

−𝛼𝛽𝑡𝛽−1 𝐼 (𝑡) − 𝑓 (𝑡) ,
{
{
{−𝛼𝛽𝑡𝛽−1 𝐼 (𝑡) − 𝐷0 ,
𝑑𝐼 (𝑡) {
= { −𝛿(𝑇−𝑡)
{
−𝑒
𝐷,
𝑑𝑡
{
{ −𝛿(𝑇−𝑡) 0
𝑔 (𝑡) ,
{−𝑒

𝐷0 𝛿(𝑡1 −𝑇)
1
(𝑇 − 𝑡1 + )
[𝑒
𝛿
𝛿

0 < 𝑡 < 𝜇1 ;
𝜇1 < 𝑡 < 𝑡1 ;

Therefore, the average total cost per unit time under the
condition 𝜇1 ≤ 𝑡1 ≤ 𝜇2 can be given by
𝐶2 (𝑡1 ) =

1
[𝐴 + 𝑐 𝐷 + 𝑐 𝐻 + 𝑐 𝐵 + 𝑐 𝐿 ]
𝑇 0 1 𝑇 2 𝑇 3 𝑇 4 𝑇

=

𝜇1
𝛽
1
{𝐴 0 + 𝑐1 [ ∫ 𝑓 (𝑥) (𝑒𝛼𝑥 − 1) 𝑑𝑥
𝑇
0
𝑡1

𝑡1 < 𝑡 < 𝜇2 ;

𝜇1

𝜇1

𝜇1

0

𝑡

+ 𝑐2 [ ∫ ∫ 𝑒𝛼(𝑥
𝜇2 < 𝑡 < 𝑇.
(12)

𝛽

+𝐷0 ∫ (𝑒𝛼𝑥 − 1) 𝑑𝑥]

𝑡1

𝑡1

0

𝑡

𝛽

−𝑡𝛽 )

+𝐷0 ∫ ∫ 𝑒𝛼(𝑥

𝛽

𝑓 (𝑥) 𝑑𝑥 𝑑𝑡
−𝑡𝛽 )

𝑑𝑥 𝑑𝑡]
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𝑇

Case 3 (𝜇2 ≤ 𝑡1 < 𝑇). The differential equations governing
the inventory model can be expressed as follows:

+ 𝑐3 [∫ (𝑇 − 𝑡) 𝑒𝛿(𝑡−𝑇) 𝑔 (𝑡) 𝑑𝑡
𝜇2

𝐷0 𝛿(𝑡1 −𝑇)
1
(𝑇 − 𝑡1 + )
(𝑒
𝛿
𝛿

+

1
−𝑒𝛿(𝜇2 −𝑇) (𝑇 − 𝜇2 + )) ]
𝛿
𝜇2

𝛿(𝑡−𝑇)

+ 𝑐4 [𝐷0 ∫ (1 − 𝑒
𝑡1

−𝛼𝛽𝑡𝛽−1 𝐼 (𝑡) − 𝑓 (𝑡) ,
{
{
{−𝛼𝛽𝑡𝛽−1 𝐼 (𝑡) − 𝐷0 ,
𝑑𝐼 (𝑡) {
={
{
−𝛼𝛽𝑡𝛽−1 𝐼 − 𝑔 (𝑡) ,
𝑑𝑡
{
{ −𝛿(𝑇−𝑡) (𝑡)
𝑔 (𝑡) ,
{−𝑒

) 𝑑𝑡

0 < 𝑡 < 𝜇1 ;
𝜇1 < 𝑡 < 𝜇2 ;
𝜇2 < 𝑡 < 𝑡1 ;
𝑡1 < 𝑡 < 𝑇.

(19)

𝑇

+ ∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝑔 (𝑡) 𝑑𝑡]} .
𝜇2

(18)
𝜇1

𝛽

𝜇2

𝛽

Solving the differential equation (19) with 𝐼(𝑡1 ) = 0, we have
𝛽

𝛽

𝑡1

{
∫ 𝑒𝛼(𝑥 −𝑡 ) 𝑓 (𝑥) 𝑑𝑥 + 𝐷0 ∫ 𝑒𝛼(𝑥 −𝑡 ) 𝑑𝑥 + ∫ 𝑒𝛼(𝑥
{
{
{
𝑡
𝜇1
𝜇2
{
{
𝜇2
𝑡1
{
{
𝛼(𝑥𝛽 −𝑡𝛽 )
𝛼(𝑥𝛽 −𝑡𝛽 )
{
𝑑𝑥 + ∫ 𝑒
𝑔 (𝑥) 𝑑𝑥,
{
{𝐷0 ∫ 𝑒
𝜇2
𝐼 (𝑡) = { 𝑡1 𝑡
𝛽 𝛽
{
{
{
∫ 𝑒𝛼(𝑥 −𝑡 ) 𝑔 (𝑥) 𝑑𝑥,
{
{
{
𝑡
{
𝑡
{
{
{−∫ 𝑒𝛿(𝑥−𝑇) 𝑔 (𝑥) 𝑑𝑥,
{ 𝑡1

𝛽

−𝑡𝛽 )

The beginning inventory level can be computed as

𝛼𝑥𝛽

=∫ 𝑒
0

𝑓 (𝑥) 𝑑𝑥

𝜇2

𝑡1

𝛽

𝛽

0

𝑡1

𝑡1 < 𝑡 < 𝑇.

𝜇2

𝑡1

0

𝜇2

𝑡1

𝑡1

𝜇2

𝑡

𝛼𝑥𝛽

− 1) 𝑓 (𝑥) 𝑑𝑥 + 𝐷0 ∫ (𝑒
𝜇1

𝑡1

The total of lost sales during the interval [𝑡1 , 𝑇] is
𝐿 𝑇 = ∫ (1 − 𝑒−𝛿(𝑇−𝑡) ) 𝑔 (𝑡) 𝑑𝑡.

(22)

𝑡1

0

𝑡

𝜇1

𝜇2

0

𝜇1

𝜇2

𝜇2

𝜇1

𝑡

(25)

Therefore, the average total cost per unit time under the
condition 𝜇2 ≤ 𝑡1 ≤ 𝑇 can be given by

The total number of inventory carried during the interval
[0, 𝑡1 ] is
−𝑡𝛽 )

(24)

𝑇

𝜇2

𝛽

𝑔 (𝑥) 𝑑𝑥 𝑑𝑡.

𝐵𝑇 = ∫ (𝑇 − 𝑡) 𝑒−𝛿(𝑇−𝑡) 𝑔 (𝑡) 𝑑𝑡.

𝛽

𝜇1

−𝑡𝛽 )

𝑔 (𝑥) 𝑑𝑥 𝑑𝑡

(23)

− 1) 𝑑𝑥

+ ∫ (𝑒𝛼𝑥 − 1) 𝑔 (𝑥) 𝑑𝑥.

𝜇1

𝛽

−𝑡𝛽 )

𝑇

𝜇2

𝐻𝑇 = ∫ ∫ 𝑒𝛼(𝑥

𝛽

The total shortage quantity during the interval [𝑡1 , 𝑇] is

𝜇2

The total number of items which perish in the interval [0, 𝑡1 ]
is
𝐷𝑇 = ∫ (𝑒

(20)

𝜇2 < 𝑡 < 𝑡1 ;

(21)

𝜇1

𝛼𝑥𝛽

𝜇1 < 𝑡 < 𝜇2 ;

+ ∫ ∫ 𝑒𝛼(𝑥

+ 𝐷0 ∫ 𝑒𝛼𝑥 𝑑𝑥 + ∫ 𝑒𝛼𝑥 𝑔 (𝑥) 𝑑𝑥.

𝜇1

0 < 𝑡 < 𝜇1 ;

+ ∫ ∫ 𝑒𝛼(𝑥

𝑆 = 𝐼 (0)
𝜇1

𝑔 (𝑥) 𝑑𝑥,

𝑓 (𝑥) 𝑑𝑥 𝑑𝑡

+ 𝐷0 ∫ ∫ 𝑒𝛼(𝑥
+ 𝐷0 ∫ ∫ 𝑒𝛼(𝑥

𝛽

𝛽

−𝑡𝛽 )

−𝑡𝛽 )

𝐶3 (𝑡1 ) =

1
[𝐴 + 𝑐 𝐷 + 𝑐 𝐻 + 𝑐 𝐵 + 𝑐 𝐿 ]
𝑇 0 1 𝑇 2 𝑇 3 𝑇 4 𝑇

=

𝜇1
𝛽
1
{𝐴 0 + 𝑐1 [ ∫ (𝑒𝛼𝑥 − 1) 𝑓 (𝑥) 𝑑𝑥
𝑇
0
𝜇2

𝛽

𝑑𝑥 𝑑𝑡

+ 𝐷0 ∫ (𝑒𝛼𝑥 − 1) 𝑑𝑥

𝑑𝑥 𝑑𝑡

+ ∫ (𝑒𝛼𝑥 − 1) 𝑔 (𝑥) 𝑑𝑥]

𝜇1

𝑡1

𝜇2

𝛽
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𝜇1

𝜇1

0

𝑡

+ 𝑐2 [ ∫ ∫ 𝑒𝛼(𝑥

𝛽

−𝑡𝛽 )

𝜇1

𝜇2

0

𝜇1

𝜇2

𝜇2

𝜇1

𝑡

+ 𝐷0 ∫ ∫ 𝑒𝛼(𝑥
+ 𝐷0 ∫ ∫ 𝑒𝛼(𝑥
𝜇2

𝑡1

0

𝜇2

𝑡1

𝑡1

𝜇2

𝑡

𝛽

𝛽

𝛼(𝑥𝛽 −𝑡𝛽 )

+∫ ∫ 𝑒

+ ∫ ∫ 𝑒𝛼(𝑥

𝛽

which implies that ℎ(𝑡1 ) is a strictly monotone increasing
function. Therefore, the equation

𝑓 (𝑥) 𝑑𝑥 𝑑𝑡

−𝑡𝛽 )

−𝑡𝛽 )

−𝑡𝛽 )

𝑡1

𝛽

𝛽

𝛽

ℎ (𝑡1 ) = 𝑐1 (𝑒𝛼𝑡1 − 1) + 𝑐2 ∫ 𝑒𝛼(𝑡1 −𝑡 ) 𝑑𝑡

𝑑𝑥 𝑑𝑡

0

+ 𝑐3 (𝑡1 − 𝑇) 𝑒𝛿(𝑡1 −𝑇) + 𝑐4 (𝑒𝛿(𝑡1 −𝑇) − 1)

𝑑𝑥 𝑑𝑡

(31)

=0
𝑔 (𝑥) 𝑑𝑥 𝑑𝑡

has a unique root 𝑡1∗ ∈ (0, 𝑇) obtained by using Mathematica
9.0. Further, 𝑡1∗ is the only zero-point of 𝑑𝐶1 (𝑡1 )/𝑑𝑡1 = 0 since
𝑓(𝑡1 ) > 0.
If 0 < 𝑡1∗ ≤ 𝜇1 , for this 𝑡1∗ , we have

𝑔 (𝑥) 𝑑𝑥 𝑑𝑡]

∗
𝑑2 𝐶1 (𝑡1 ) 
∗ 𝑑ℎ (𝑡1 )

=
𝑓
(𝑡
)
> 0,

1
𝑇𝑑𝑡1∗
𝑑𝑡12 𝑡1 =𝑡∗

𝑇

+ 𝑐3 [∫ (𝑇 − 𝑡) 𝑒𝛿(𝑡−𝑇) 𝑔 (𝑡) 𝑑𝑡]
𝑡1

(32)

1

𝑇

+ 𝑐4 [∫ (1 − 𝑒𝛿(𝑡−𝑇) ) 𝑔 (𝑡) 𝑑𝑡]} .
𝑡1

(26)

which means that the total average cost 𝐶1 (𝑡1 ) can obtain its
minimum value at 𝑡1∗ .
The optimal value of the order level, 𝑆 = 𝐼(0), is
𝑡1∗

From the above analysis, we obtain that the total average cost
of the model over the time interval [0, 𝑇] is
𝐶 (𝑡 ) ,
{
{ 1 1
𝑇𝐶 (𝑡1 ) = {𝐶2 (𝑡1 ) ,
{
{𝐶3 (𝑡1 ) ,

0 < 𝑡1 ≤ 𝜇1 ;
𝜇1 < 𝑡1 ≤ 𝜇2 ;
𝜇2 < 𝑡1 < 𝑇,

𝛽

𝑆∗ = ∫ 𝑓 (𝑥) 𝑒𝛼𝑥 𝑑𝑥,

(33)

0

and the optimal order quantity 𝑄∗ is
(27)

𝜇1

𝑄∗ = 𝑆∗ + ∫ 𝑒𝛿(𝑡−𝑇) 𝑓 (𝑡) 𝑑𝑡
𝑡1∗

(34)

where 𝐶1 (𝑡1 ), 𝐶2 (𝑡1 ), and 𝐶3 (𝑡1 ) are obtained from (10), (18),
and (26), respectively.
In the following, we will provide the results which ensure
the existence of a unique 𝑡1 , say 𝑡1∗ , so as to minimize the total
average cost for the model system starting with no shortages.
If 0 < 𝑡1 ≤ 𝜇1 , taking the first-order derivative of 𝐶1 (𝑡1 )
with respect to 𝑡1 , we obtain

If 𝑡1∗ ≥ 𝜇1 , then the optimal value of 𝐶1 (𝑡1 ) is obtained at
𝑡1 = 𝜇1 .
If 𝜇1 < 𝑡1 ≤ 𝜇2 , taking the first-order and second-order
derivative of 𝐶2 (𝑡1 ) with respect to 𝑡1 , respectively, we obtain

𝑑𝐶1 (𝑡1 ) 𝑓 (𝑡1 )
=
ℎ (𝑡1 ) ,
𝑑𝑡1
𝑇

𝑑𝐶2 (𝑡1 ) 𝐷0
=
ℎ (𝑡1 ) .
𝑑𝑡1
𝑇

𝜇2

𝛿(𝑡−𝑇)

+ 𝐷0 ∫ 𝑒

𝛿(𝑡−𝑇)

𝑑𝑡 + ∫ 𝑒
𝜇2

𝜇1

(28)

𝑇

𝑔 (𝑡) 𝑑𝑡.

(35)

If 𝜇1 < 𝑡1∗ ≤ 𝜇2 , for this 𝑡1∗ , we have

where
𝛽

ℎ (𝑡1 ) = 𝑐1 (𝑒𝛼𝑡1 − 1)
𝑡1

𝛽

𝛽

+ 𝑐2 ∫ 𝑒𝛼(𝑡1 −𝑡 ) 𝑑𝑡 + 𝑐3 (𝑡1 − 𝑇) 𝑒𝛿(𝑡1 −𝑇)

(29)

0

+ 𝑐4 (𝑒𝛿(𝑡1 −𝑇) − 1) ,
then we can obtain ℎ(0) < 0 and ℎ(𝑇) > 0. By using the
assumption (𝑡𝑒−𝛿𝑡 is an increasing function, where 𝑡 is the
waiting time up to the next replenishment), we have
𝑡1

𝛽
𝛽 𝛽
𝑑ℎ (𝑡1 )
𝛽−1
= 𝛼𝛽𝑡1 (𝑐1 𝑒𝛼𝑡1 + 𝑐2 ∫ 𝑒𝛼(𝑡1 −𝑡 ) 𝑑𝑡)
𝑑𝑡1
0

+ [𝑐3 (𝛿 (𝑡1 − 𝑇) + 1) + 𝑐4 𝛿] 𝑒𝛿(𝑡1 −𝑇) + 𝑐2 > 0,
(30)


𝑑ℎ (𝑡1∗ )
𝑑2 𝐶2 (𝑡1 ) 

=
𝐷
> 0,

0
𝑇𝑑𝑡1∗
𝑑𝑡12 𝑡1 =𝑡∗

(36)

1

where the function ℎ(𝑡1 ) is given by (31), and (36) implies
that 𝐶2 (𝑡1 ) is a strictly convex function in 𝑡1 and obtained its
minimum value at 𝑡1∗ . Therefore, the equation ℎ(𝑡1 ) = 0 has a
unique root 𝑡1∗ in (0, 𝑇).
The optimal value of the order level, 𝑆 = 𝐼(0), is
𝜇1

𝑡1∗

𝛽

𝛽

𝑆∗ = ∫ 𝑓 (𝑥) 𝑒𝛼𝑥 𝑑𝑥 + 𝐷0 ∫ 𝑒𝛼𝑥 𝑑𝑥,
0

𝜇1

(37)

and the optimal order quantity 𝑄∗ is
𝜇2

𝑇

𝑡1∗

𝜇2

𝑄∗ = 𝑆∗ + ∫ 𝑒𝛿(𝑡−𝑇) 𝐷0 𝑑𝑡 + ∫ 𝑒𝛿(𝑡−𝑇) 𝑔 (𝑡) 𝑑𝑡.

(38)
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If 𝑡1∗ ≤ 𝜇1 , then the optimal value of 𝐶2 (𝑡1 ) is obtained at
= 𝜇1 , and if 𝑡1∗ ≥ 𝜇2 , then the optimal value of 𝐶2 (𝑡1 ) is
obtained at 𝑡1∗ = 𝜇2 .
If 𝜇2 < 𝑡1 ≤ 𝑇, taking the first-order and second-order
derivative of 𝐶3 (𝑡1 ) with respect to 𝑡1 , respectively, we obtain

𝑡1∗

𝑑𝐶3 (𝑡1 ) 𝑔 (𝑡1 )
=
ℎ (𝑡1 ) .
𝑑𝑡1
𝑇

(39)

If 𝜇2 < 𝑡1∗ ≤ 𝑇, for this 𝑡1∗ , we have

∗
𝑑2 𝐶3 (𝑡1 ) 
∗ 𝑑ℎ (𝑡1 )

=
𝑔
(𝑡
)
> 0.

1
𝑇𝑑𝑡1∗
𝑑𝑡12 𝑡1 =𝑡∗

(40)

1

The function ℎ(𝑡1 ) is given by (31), and (40) implies that
𝐶3 (𝑡1 ) can obtain its minimum value at 𝑡1∗ .
The optimal value of the order level, 𝑆 = 𝐼(0), is
𝜇1

𝜇2

𝛽

𝛽

𝑡1∗

𝛽

𝑆∗ = ∫ 𝑒𝛼𝑥 𝑓 (𝑥) 𝑑𝑥 + 𝐷0 ∫ 𝑒𝛼𝑥 𝑑𝑥 + ∫ 𝑒𝛼𝑥 𝑔 (𝑥) 𝑑𝑥,
0

𝜇1

𝜇2

(41)
and the optimal order quantity 𝑄∗ is
𝑇

𝑄∗ = 𝑆∗ + ∫ 𝑒𝛿(𝑡−𝑇) 𝑔 (𝑡) 𝑑𝑡.
𝑡1∗

(42)

If 𝑡1∗ ≤ 𝜇2 , then the optimal value of 𝐶3 (𝑡1 ) is obtained at
𝑡1∗ = 𝜇2 .
The above analysis shows that the three average cost functions 𝐶1 (𝑡1 ), 𝐶2 (𝑡2 ), and 𝐶3 (𝑡1 ) can obtain their minimum
value at 𝑡1∗ ∈ (0, 𝑇) which is determined by (31). Therefore,
based on the results analyzed above, this paper derives a
procedure to locate the optimal replenishment policy starting
with no shortage for the three cases. The procedure is as
follows.
Step 1. Solve 𝑡1∗ from (31).
Step 2. Compare 𝑡1∗ to 𝜇1 and 𝜇2 , respectively.
Step 2.1. If 𝑡1∗ ∈ (0, 𝜇1 ], then the optimal total average cost and
the optimal order quantity can be obtained by (10) and (34),
respectively.
Step 2.2. If 𝑡1∗ ∈ (𝜇1 , 𝜇2 ], then the optimal total average cost
and the optimal order quantity can be obtained by (18) and
(38), respectively.
Step 2.3. If 𝑡1∗ ∈ (𝜇2 , 𝑇], then the optimal total average cost
and the optimal order quantity can be obtained by (26) and
(42), respectively.
Remark 1. In such considered inventory model starting with
no shortage, if 𝑡1 satisfies 𝜇1 < 𝑡1 ≤ 𝑇 < 𝜇2 , the considered
inventory model reduces to that of Skouri et al. [12].

4. Numerical Example
In order to demonstrate the above procedure which can be
applied to obtain the optimal solution of the model, this

paper presents several examples for the model, respectively.
Examples are based on piecewise demand rate, such as 𝑓(𝑡) =
𝑎1 + 𝑏1 𝑡 and 𝑔(𝑡) = 𝑎2 𝑒−𝑏2 𝑡 .
Example 1. The parameter values are given as follows: 𝑇 = 12
weeks, 𝜇1 = 4 weeks, 𝜇2 = 8 weeks, 𝛼 = 0.005, 𝛽 = 2, 𝛿 = 0.04,
𝑎1 = 30 unit, 𝑏1 = 5 unit, 𝑎2 = 100 unit, 𝐴 0 = $500, 𝑐1 = $2,
𝑐2 = $3, 𝑐3 = $12, and 𝑐4 = $8.
The model starting with no shortage; by solving the
equation ℎ(𝑡1 ) = 0, we have 𝑡1∗ = 8.7622. From (42) and
(26), we obtain 𝑄∗ = 582.5217 and 𝑇𝐶(𝑡1∗ ) = 793.9986,
respectively.
Example 2. The parameter values are given as follows: 𝑇 = 12
weeks, 𝜇1 = 4 weeks, 𝜇2 = 8 weeks, 𝛼 = 0.005, 𝛽 = 2, 𝛿 = 0.02,
𝑎1 = 30 unit, 𝑏1 = 5 unit, 𝑎2 = 100 unit, 𝐴 0 = $500, 𝑐1 = $5,
𝑐2 = $10, 𝑐3 = $12, and 𝑐4 = $8.
The model starting with no shortage, by solving the
equation ℎ(𝑡1 ) = 0, we have 𝑡1∗ = 5.8330. From (38) and
(18), we obtain 𝑄∗ = 528.4725 and 𝑇𝐶(𝑡1∗ ) = 1601.4013,
respectively.
Example 3. The parameter values are given as follows: 𝑇 = 12
weeks, 𝜇1 = 4 weeks, 𝜇2 = 6 weeks, 𝛼 = 0.005, 𝛽 = 1.6,
𝛿 = 0.2, 𝑎1 = 30 unit, 𝑏1 = 5 unit, 𝑎2 = 100 unit, 𝐴 0 = $500,
𝑐1 = $5, 𝑐2 = $10, 𝑐3 = $12, and 𝑐4 = $8.
The model starting with no shortage, solving the equation
ℎ(𝑡1 ) = 0, the optimal value of 𝑡1 is 𝑡1∗ = 2.3235. The optimal
ordering quantity is 𝑄∗ = 272.6678, and the minimum cost
𝑇𝐶(𝑡1∗ ) = 1258.82.
In order to clearly indicate the effects of parameters such
as 𝛿, 𝛼, 𝛽, 𝑐1 , 𝑐2 , 𝑐3 , and 𝑐4 on the optimal on-hand inventory
𝑆∗ , the optimal ordering quantity 𝑄∗ , and the optimal total
cost 𝑇𝐶(𝑡1∗ ), respectively, the paper will study the sensitivity
of the optimal solution to changes in the value of different
parameter associated with the studied inventory model. The
sensitivity analysis is performed on the base of Example 1, and
the results are shown in Table 1–7.
By studying the results of Table 1, it is found that the
shortage time 𝑡1∗ , inventory level 𝑆∗ , order quantity 𝑄∗ ,
and the total average cost 𝑇𝐶(𝑡1∗ ) gradually decrease as the
shortage parameter 𝛿 increases for the model, respectively.
We also find that the percentage increase of 𝛿 from 14.3%
to 100% causes 𝑇𝐶(𝑡1∗ ) to decrease from 0.45% to 0.34%,
𝑄∗ decrease from 0.75% to 0.52%, 𝑡1∗ decrease from 0.78%
to 0.53%, and 𝑆∗ decrease from 1.02% to 0.69%. It is also
observed that the value of 𝑡1∗ , 𝑆∗ , 𝑄∗ , and 𝑇𝐶(𝑡1∗ ) all are lowly
sensitive to the changes of 𝛿 for the considered inventory
model.
By studying the results of Table 2, it is found that 𝑆∗ , 𝑄∗ ,
and 𝑇𝐶(𝑡1∗ ) coordinates to the deterioration parameter 𝛼; the
shortage time 𝑡1∗ decreases as 𝛼 increases for the model. It is
also found that the percentage increase of 𝛼 from 16.7% to
100% causes 𝑇𝐶(𝑡1∗ ) to decrease by 2.066%–2.595%, 𝑄∗ to
increase by 1.597%–2.44%, the shortage time 𝑡1∗ to decrease
by 1.513%–1.455%, and 𝑆∗ to increase by 0.917%–1.651%. It
also observes that the value of 𝑡1∗ , 𝑆∗ , 𝑄∗ , and 𝑇𝐶(𝑡1∗ ) all are
moderately sensitive to the changes of 𝛼 for the considered
inventory model.
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Table 1: The sensitivity of 𝛿 for the models in Example 1.

𝛿
𝑡1∗
𝑆∗
𝑄∗
TC(𝑡1∗ )

0
8.9664
472.9889
595.6569
805.6323

0.01
8.9187
469.7083
592.5872
802.8699

0.02
8.8689
466.2823
589.3822
800.0139

0.03
8.8167
462.7001
586.0308
797.0588

0.04
8.7622
458.9498
582.5217
793.9986

0.05
8.7049
455.0167
578.8412
790.8268

0.06
8.6449
450.8910
574.9771
787.5365

0.07
8.5817
446.5519
570.9112
784.1200

0.08
8.5152
441.9829
566.6265
780.5690

Table 2: The sensitivity of 𝛼 for the models in Example 1.
𝛼
𝑡1∗
𝑆∗
𝑄∗
TC(𝑡1∗ )

0
9.4545
428.3286
523.8866
704.6045

0.001
9.3115
435.4002
536.6685
722.8867

0.002
9.1702
442.0048
548.9558
741.0107

0.003
9.0312
448.1317
560.7091
758.9297

0.004
8.8950
453.7785
571.9025
776.6035

0.005
8.7622
458.9498
582.5217
793.9986

0.006
8.6328
463.6555
592.5618
811.0872

0.007
8.5072
467.9088
602.0259
827.8474

2.6
7.4073
453.4686
766.4364
473.1282

2.8
6.8496
438.8904
751.8582
391.1266

Table 3: The sensitivity of 𝛽 for the models in Example 1.
𝛽
𝑡1∗
𝑆∗
𝑄∗
TC(𝑡1∗ )

1.4
9.2876
442.9058
545.1340
745.7703

1.6
9.1810
447.5894
554.1055
764.3043

1.8
9.0142
453.1802
566.4485
791.7624

2.0
8.7622
458.9076
582.4772
790.7114

2.2
8.4047
462.8345
601.2274
829.3653

2.4
7.9422
461.6422
774.6099
588.7417

Table 4: The sensitivity of 𝑐1 for the models in Example 1.
𝑐1
𝑡1∗
𝑆∗
𝑄∗
TC(𝑡1∗ )

0
8.8225
463.0980
584.1909
783.5429

0.4
8.8103
462.2595
583.8529
785.6518

1
8.7921
461.0101
583.3499
788.7984

1.6
8.7741
459.7707
582.8514
791.9251

2
8.7622
458.9498
582.5217
793.9986

2.4
8.7503
458.1333
582.1940
796.0633

2.6
8.7443
457.7266
582.5217
797.0925

3
8.7326
456.9164
581.7061
799.1443

3.6
8.7150
455.7090
581.2226
802.2061

3
8.7622
458.9498
582.5217
793.9986

3.4
8.4819
439.6922
574.8648
862.3253

3.8
8.2196
421.6606
567.8284
925.9516

12
8.7622
458.9498
582.5217
793.9986

12.4
8.8329
463.8114
584.4787
800.6779

12.8
8.9005
468.4587
586.3587
807.0579

12
8.7928
461.0527
583.367
796.8276

14
8.8078
462.0877
583.7837
798.2207

16
8.82272
463.1120
584.1966
799.5999

Table 5: The sensitivity of 𝑐2 for the model in Example 1.
𝑐2
𝑡1∗
𝑆∗
𝑄∗
TC(𝑡1∗ )

0
11.8343
673.7217
679.6039
67.2679

0.4
11.267
633.0852
659.4483
193.9216

0.8
10.7698
597.9589
642.7261
308.8975

1.2
10.326
566.9228
628.4787
413.9636

1.8
9.7377
526.1187
610.4744
555.8150

2.4
9.2216
490.5382
595.4175
681.6692

Table 6: The sensitivity of 𝑐3 for the models in Example 1.
𝑐3
𝑡1∗
𝑆∗
𝑄∗
TC(𝑡1∗ )

10.4
8.4424
436.9771
573.7973
763.8057

10.6
8.4859
439.9713
574.9747
767.9203

10.8
8.5284
442.889
576.1255
771.9299

11
8.5698
445.7332
577.2506
775.8387

11.2
8.6102
448.5071
578.3509
779.6505

11.6
8.6879
453.854
580.4809
786.9976

Table 7: The sensitivity of 𝑐4 for the models in Example 1.
𝑐4
𝑡1∗
𝑆∗
𝑄∗
TC(𝑡1∗ )

0
8.6989
454.6069
580.7818
788.1626

2
8.7150
455.7103
581.2231
789.6445

4
8.7309
456.8017
581.6601
791.1109

6
8.7466
457.8815
582.0929
792.5621

8
8.7622
458.9498
582.5217
793.9986

10
8.7775
460.0048
582.9455
795.4203
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By studying the results of Table 3, it is found that 𝑆∗ ,
𝑄 , and 𝑇𝐶(𝑡1∗ ) coordinate to the deterioration parameter 𝛽,
while the shortage time 𝑡1∗ decreases as 𝛽 increases for the
model. It is also found that the increase of 𝛽 from 1.4 to 2.2
causes 𝑆∗ to increase, while the increase of 𝛽 from 2.4 to
2.8 causes 𝑆∗ to decrease, 𝑄∗ to increase by 2.44%–1.597%,
𝑇𝐶(𝑡1∗ ) to increase by 2.595%–2.066%, and the shortage time
𝑡1∗ to decrease by 1.513%–1.455%. It is also observed that the
value of 𝑡1∗ , 𝑆∗ , 𝑄∗ , and 𝑇𝐶(𝑡1∗ ) all are moderately sensitive to
the changes of 𝛽 for the considered inventory model.
By studying the results of Table 4, it is found that 𝑇𝐶(𝑡1∗ )
coordinate to 𝑐1 , while the shortage time 𝑡1∗ , 𝑆∗ , and 𝑄∗
decrease as 𝑐1 increases for the model. It is also found that 𝑐1
increases from 8.3% to 150%, 𝑇𝐶(𝑡1∗ ) decreases by 0.269%–
0.383%, 𝑄∗ decreases by 0.083%–0.058%, 𝑡1∗ decreases by
0.264%–0.181%, and 𝑆∗ decreases by 0.203%–0.138%, respectively. It is also observed that the values of 𝑡1∗ , 𝑆∗ , 𝑄∗ , and
𝑇𝐶(𝑡1∗ ) all are lowly sensitive to the changes of 𝑐1 for the
considered inventory model.
By studying the results of Table 5, it is found that
𝑇𝐶(𝑡1∗ ) coordinates to 𝑐2 , while 𝑆∗ , 𝑄∗ ,and 𝑡1∗ decrease as
𝑐1 increases for the model. It is also found that 𝑐2 increases
by 100%, 𝑇𝐶(𝑡1∗ ) decreases by 0.269%–0.383%, 𝑄∗ decreases
by 0.083%–0.058%, 𝑡1∗ decreases by 0.264%–0.181%, and 𝑆∗
decreases by 0.203%–0.138%.
By studying the results of Table 6, it is found that 𝑡1∗ , 𝑆∗ ,
∗
𝑄 , and 𝑇𝐶(𝑡1∗ ) coordinate to 𝑐3 . It is also observed that the
value of 𝑡1∗ , 𝑆∗ , 𝑄∗ , and 𝑇𝐶(𝑡1∗ ) all are lowly sensitive to the
changes of 𝑐3 for the inventory models; that is, 𝑐3 increases
from 1.9% to 3.2%, the change of all the parameters is no more
than 1%.
By studying the results of Table 7, it is found that 𝑡1∗ , 𝑆∗ ,
∗
𝑄 , and 𝑇𝐶(𝑡1∗ ) coordinate to 𝑐4 . It is also observed that the
value of 𝑡1∗ , 𝑆∗ , 𝑄∗ , and 𝑇𝐶(𝑡1∗ ) all are lowly sensitive to the
changes of 𝑐4 for the inventory models; that is, 𝑐4 increases
from 14.3% to 100%, the change of all the parameters is no
more than 1%.
∗

5. Conclusion
An inventory model starting without shortage for Weibulldistributed deterioration with trapezoidal type demand rate
and partial backlogging is considered in this paper. The
optimal replenishment policy for the inventory model is
proposed, and numerical examples are provided to illustrate
the theoretical results. A sensitivity analysis of the optimal
solution with respect to major parameters is also carried out.
From Table 1–7, it can be found that the shortage time point
𝑡1∗ , order quantity 𝑄∗ , and the total average cost 𝑇𝐶(𝑡1∗ ) are
moderately sensitive to the changes of 𝛼 and 𝛽 and lowly
sensitive to the changes of 𝛿, 𝑐𝑖 (𝑖 = 1, 2, 3, 4), respectively.
The paper provides an interesting topic for further study,
such that the joint influence from some of these parameters
may be investigated to show the effects; the model starting
with shortage will be studied and other types of models for
deteriorating items in supply chain situation are also to be
studied in the future.

9

Conflict of Interests
The author declares that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments
The author is grateful to the anonymous referees who provided valuable comments and suggestions to significantly
improve the quality of the paper. This work was supported
partly by Humanities and Social Science Fund of the Ministry
of Education of China (no. 11YJCZH019).

References
[1] P. M. Ghare and G. F. Schrader, “A model for exponentially
decaying inventories,” Journal of Industrial Engineering, vol. 14,
pp. 238–243, 1963.
[2] J.-W. Wu, C. Lin, B. Tan, and W.-C. Lee, “An EOQ inventory
model with time-varying demand and Weibull deterioration
with shortages,” International Journal of Systems Science, vol. 31,
no. 6, pp. 677–683, 2000.
[3] H.-M. Wee, “Deteriorating inventory model with quantity discount, pricing and partial backordering,” International Journal
of Production Economics, vol. 59, no. 1, pp. 511–518, 1999.
[4] K. Skouri and S. Papachristos, “A continuous review inventory model, with deteriorating items, time-varying demand,
linear replenishment cost, partially time-varying backlogging,”
Applied Mathematical Modelling, vol. 26, no. 5, pp. 603–617,
2002.
[5] H.-M. Wee, J. C. P. Yu, and S. T. Law, “Two-warehouse inventory
model with partial backordering and Weibull distribution
deterioration under inflation,” Journal of the Chinese Institute of
Industrial Engineers, vol. 22, no. 6, pp. 451–462, 2005.
[6] C.-Y. Dye, T.-P. Hsieh, and L.-Y. Ouyang, “Determining optimal
selling price and lot size with a varying rate of deterioration
and exponential partial backlogging,” European Journal of
Operational Research, vol. 181, no. 2, pp. 668–678, 2007.
[7] R. M. Hill, “Inventory models for increasing demand followed
by level demand,” Journal of the Operational Research Society,
vol. 46, no. 10, pp. 1250–1259, 1995.
[8] B. Mandal and A. K. Pal, “Order level inventory system with
ramp type demand rate for deteriorating items,” Journal of
Interdisciplinary Mathematics, vol. 1, no. 1, pp. 49–66, 1998.
[9] K.-S. Wu, “An EOQ inventory model for items with Weibull
distribution deterioration, ramp type demand rate and partial
backlogging,” Production Planning & Control, vol. 12, no. 8, pp.
787–793, 2001.
[10] B. C. Giri, A. K. Jalan, and K. S. Chaudhuri, “Economic order
quantity model with Weibull deterioration distribution, shortage and ramp-type demand,” International Journal of Systems
Science, vol. 34, no. 4, pp. 237–243, 2003.
[11] S. K. Manna and K. S. Chaudhuri, “An EOQ model with
ramp type demand rate, time dependent deterioration rate, unit
production cost and shortages,” European Journal of Operational
Research, vol. 171, no. 2, pp. 557–566, 2006.
[12] K. Skouri, I. Konstantaras, S. Papachristos, and I. Ganas, “Inventory models with ramp type demand rate, partial backlogging
and Weibull deterioration rate,” European Journal of Operational
Research, vol. 192, no. 1, pp. 79–92, 2009.

10
[13] K.-C. Hung, “An inventory model with generalized type
demand, deterioration and backorder rates,” European Journal
of Operational Research, vol. 208, no. 3, pp. 239–242, 2011.
[14] R. S. Kumar, S. K. De, and A. Goswami, “Fuzzy EOQ models
with ramp type demand rate, partial backlogging and time
dependent deterioration rate,” International Journal of Mathematics in Operational Research, vol. 4, no. 5, pp. 473–502, 2012.
[15] M. B. Cheng, B. X. Zhang, and G. Q. Wang, “Optimal policy for
deteriorating items with trapezoidal type demand and partial
backlogging,” Applied Mathematical Modelling, vol. 35, no. 7, pp.
3552–3560, 2011.
[16] R. Uthayakumar and M. Rameswari, “An economic production quantity model for defective items with trapezoidal type
demand rate,” Journal of Optimization Theory and Applications,
vol. 154, no. 3, pp. 1055–1079, 2012.
[17] Y. Tan and M. X. Weng, “A discrete-in-time deteriorating
inventory model with time-varying demand, variable deterioration rate and waiting-time-dependent partial backlogging,”
International Journal of Systems Science, vol. 44, no. 8, pp. 1483–
1493, 2013.
[18] M. A. Ahmed, T. A. Al-Khamis, and L. Benkherouf, “Inventory
models with ramp type demand rate, partial backlogging and
general deterioration rate,” Applied Mathematics and Computation, vol. 219, no. 9, pp. 4288–4307, 2013.
[19] K.-P. Lin, “An extended inventory models with trapezoidal type
demands,” Applied Mathematics and Computation, vol. 219, no.
24, pp. 11414–11419, 2013.
[20] P. L. Abad, “Optimal pricing and lot-sizing under conditions
of perishability and partial backordering,” Management Science,
vol. 42, no. 8, pp. 1093–1104, 1996.

Journal of Applied Mathematics

Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2014, Article ID 146937, 5 pages
http://dx.doi.org/10.1155/2014/146937

Research Article
Predictive Models of Current, Voltage, and Power Losses on
Electric Transmission Lines
O. M. Bamigbola,1 M. M. Ali,2 and K. O. Awodele3
1

Department of Mathematics, University of Ilorin, Ilorin 240003, Nigeria
School of Computational and Applied Mathematics, Faculty of Science, and TCSE, Faculty of Engineering and the Built Environment,
University of the Witwatersrand (Wits), Private Bag 3, Johannesburg 2050, South Africa
3
Department of Electrical Engineering, University of Cape Town, Private Bag X3, Rondebosch, Cape Town 7701, South Africa
2

Correspondence should be addressed to M. M. Ali; montaz.ali@wits.ac.za
Received 2 January 2014; Accepted 1 February 2014; Published 5 March 2014
Academic Editor: Aderemi Oluyinka Adewumi
Copyright © 2014 O. M. Bamigbola et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.
A modern and civilized society is so much dependent on the use of electrical energy because it has been the most powerful vehicle
for facilitating economic, industrial, and social developments. Electrical energy produced at power stations is transmitted to load
centres from where it is distributed to its consumers through the use of transmission lines run from one place to another. As a
result of the physical properties of the transmission medium, some of the transmitted power is lost to the surroundings. The overall
effect of power losses on the system is a reduction in the quantity of power available to the consumers. An accurate knowledge of
transmission losses is hinged on the ability to correctly predict the available current and voltage along transmission lines. Therefore,
mathematical physics expressions depicting the evolution of current and voltage on a typical transmission line were formulated,
and derived therefrom were models to predict available current and voltage, respectively, at any point on the transmission line.
The predictive models evolved as explicit expressions of the space variable and they are in close agreement with empirical data and
reality.

1. Introduction
The importance of electric power in today’s world cannot be
overemphasized for it is the key energy source for industrial,
commercial, and domestic activities [1]. Its availability in the
right quantity is essential to the advancement of civilization.
Electrical energy is generated at power stations which
are usually situated far away from load centers. As such,
an extensive network of conductors between the power
stations and the consumers is required. This network of
conductors may be divided into two main components, called
the transmission system and the distribution system. The
transmission system is to deliver bulk power from power
stations to load centers and large industrial consumers while
the distribution system is to deliver power from substations
to various consumers.
The efficiency of the transmission component of the
electric power system is known to be hampered by a number

of problems, especially in third-world countries. The major
problems identified in [2] include application of inappropriate technology, inadequacy of materials, equipment, and man
power.
From the physics of electric power transmission, when
a conductor is subjected to electric power (or voltage),
electric current flows in the medium. Resistance to the flow
produces heat (thermal energy) which is dissipated to the
surroundings. This power loss is referred to as ohmic loss
[3]. Furthermore, if the applied voltage exceeds a critical
level, another type of power loss, called the corona effect [4],
occurs. The power losses accumulate as the induced current
flows and the corona effect propagate along the transmission
lines. The power losses could take off a sizeable portion of
the transmitted power since transmission lines usually span a
long distance, sometimes several hundred kilometers [5]. The
overall effect of power losses on the system is a reduction in
the quantity of power available to the consumers. Therefore,
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Figure 1: Equivalent circuit of a transmission line.

an accurate knowledge of power losses on transmission lines
will be useful in planning for the supply of sufficient quantity
of power needed in an electrical network.
One way of mitigating losses in the process of transmitting electric power is to apply some strategies to reduce the
losses. Ramesh et al. [6] looked at minimization of power
loss in distribution networks by using feeder restructuring,
implementation of distributed generation, and capacitor
placement method. Rugthaicharoencheep and Sirisumrannukul [7] employed the use of feeder reconfiguration for
loss reduction in distribution system with distributed generators by Tabu Search. Sinsuphun et al. [8] worked on loss
minimization using optimal power flow based on swarm
intelligences. Recently, the classical optimization technique
was applied to formulate the optimal strategy that reduces
the transmission power losses to the barest minimum [9]. The
strategy is to transmit electric power at very low current with
high operating voltage close to the critical disruptive voltage
and the spacing between the transmission lines not less than
the value of 𝑟 ⋅ 𝑒𝑈𝑝 /18𝑟 where 𝑟 and 𝑈𝑝 are radiuses of the
transmission medium and the phase voltage, respectively.
In this paper, we propose mathematical models for
predicting available current and voltage as well as the power
losses along a typical transmission line so as to be able
to reckon the net electric power available to be used to
meet customers’ demands. In the process, the evolution of
current and voltage on the transmission line is studied and
models to predict both current and voltage were constructed.
In the end, the desired model for predicting power losses
along transmission lines were formulated by reframing the
power loss function as a mathematical physics problem.
This strategy led to the exclusion of all the transmission
parameters from the model.
In the next section, we derive the equations that characterise the evolution of electric current and voltage on a
typical transmission line. In Section 3, a predictive model
of the power losses incurred at different locations on the
transmission line is obtained. An analysis of the models is
conducted and discussed in Section 4, while the paper is
concluded in Section 5.

2. Power Flow on Transmission Lines
In this section, we derive the expressions which voltage
and current must satisfy on uniform transmission lines.
A real transmission line will have some series resistance
associated with power losses in the conductor [10]. There may
also be some shunt conductance if the insulating material
holding two conductors has some leakage current. Therefore,
resistance and conductance are responsible for power losses
on transmission lines [11]. To this end, we formulate a model
for a lossy transmission line where the effect of the series
resistance (𝑅) and shunt conductance (𝐺) is taken care of on
the transmission lines.
2.1. Model Formulation. Herein, we are interested in determining the extent to which voltage and current outputs differ
from their input values over an elemental portion of the
transmission line. As such, we consider an equivalent circuit
of a transmission line of length Δ𝑥 containing resistance
𝑅Δ𝑥 and conductance 𝐺Δ𝑥 as shown in Figure 1. The circuit
illustrates how power (both voltage and current) flow through
the transmission medium is considered positioned along the
space variable 𝑥 ([12], pp. 255–260). Applying the Kirchoff
voltage law [13] on the equivalent circuit of the transmission
line, we have
1
1
(1)
𝑉 = 𝑅𝐼Δ𝑥 + 𝑅 [𝐼 + Δ𝐼] Δ𝑥 + 𝑉 + Δ𝑉,
2
2
which on simplification, dividing through by Δ𝑥 and taking
limits as Δ𝑥 tends to zero, is simplified to
𝑑𝑉
= −𝑅𝐼,
𝑑𝑥

(2)

and from which we have
𝑑2 𝑉
𝑑𝐼
= −𝑅 .
2
𝑑𝑥
𝑑𝑥
Using the Kirchoff current law [13],
1
Δ𝑉
𝑑
Δ𝑉
𝐼 = 𝐺 (𝑉 +
) Δ𝑥 + 𝐶 (𝑉 +
) Δ𝑥 + 𝐼 + Δ𝐼,
2
2
𝑑𝑡
2

(3)

(4)
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which also on simplification, dividing through by Δ𝑥 and
taking limits as Δ𝑥 tends to zero, is simplified to
𝑑𝐼
𝑑𝑉
= − [𝐺𝑉 + 𝐶
],
𝑑𝑥
𝑑𝑡

(5)

which is further simplified to
𝑑𝐼
= −𝐺𝑉,
𝑑𝑥

(6)

since 𝑉 is independent of 𝑡. Differentiating (6) with respect
to 𝑥 again results in
2

𝑑𝑉
𝑑𝐼
= −𝐺
.
2
𝑑𝑥
𝑑𝑥

2

𝑑𝑉
= 𝑅𝐺𝑉,
𝑑𝑥2

(8)

𝑑2 𝐼
= 𝑅𝐺𝐼.
𝑑𝑥2

(9)

Equations (8) and (9) are mathematical physics expressions
that characterise the power flow along the transmission lines.
Solving power (voltage) flow equation (8) which is subject
to the boundary conditions,
𝑉 (0) = 𝑉0
𝑙 → ∞,

(10)

where 𝑉0 is the initial voltage, results in
𝑉 (𝑥) = 𝑉0 𝑒−𝑥

Length of line (km)
10
20
50
100
200
300

√𝑅𝐺

.

(11)

√𝑅𝐺

Voltage (kV)
329.5
329.1
327.6
325.3
320.7
316.1

𝐿 𝑂 = 𝐼2 𝑅, (kW) ,

(13)

where 𝐼 denotes current along the conductor and 𝑅 represents
resistance of the conductor.
The formation of corona on transmission lines is associated with loss of power too, which will have some effect on
the efficiency of the transmission line [16]. Corona discharge
has to do with emission of ions from the surface of the
transmission medium [17]. The corona power loss for a fair
weather condition [18, 19] has the value
𝐿 𝐶 = 242

(𝑓 + 25) 4 𝑟
2
⋅ √ (𝑉 − 𝑉𝑐 ) ⋅ (10)−5 kW,
𝛿
𝑑

(14)

where 𝑓 represents the frequency of transmission, 𝛿 denotes
the air density factor, 𝑟 is radius of the conductor, 𝑑 represents
the space between the transmission lines, 𝑉 is the operating
voltage, and 𝑉𝑐 denotes the disruptive voltage. High voltage
gradients of above 18 kV/cm surrounding conductors is
known to cause corona discharge ([20], pg. 645).
The total losses on a transmission line is then given as
𝑇𝐿 = 𝐿 𝑂 + 𝐿 𝐶.

The equivalent solution to (9) for current flow along the
transmission line is
𝐼 (𝑥) = 𝐼0 𝑒−𝑥

Current (A)
19.14
19.09
19.00
18.87
18.60
18.33

and this consequently increases the power losses. The value
of the ohmic power loss [15] is given as

(7)

Substituting (6) into (3) and (2) into (7) yields

𝑉 (𝑙) = 0,

Table 1: Current and voltage along a 330 kV single circuit of a typical
transmission network with 𝑅𝐺 = 7.15 × 10−5 .

(15)

That is,
,

(12)

where 𝐼0 denotes the initial current in the circuit.
With the aid of the last two equations, the quantity of
current and voltage at any point on the transmission line
can be discerned. Table 1 presents the predicted current and
voltage at some points on a typical 330 kV single circuit of
the Nigerian transmission network. Presently, the maximum
length of the transmission network is about 300 km.
In the next section, we seek to predict the total power
losses over a typical transmission line.

3. Power Losses on Transmission Lines
The main reason for losses on transmission lines is the
resistance of the conductor against the flow of current [14]. As
a result, heat is produced in the conductor and this increases
the temperature of the conductor. The rise in the conductor’s
temperature further increases the resistance of the conductor

𝑇𝐿 = 𝐼2 𝑅 + 242

(𝑓 + 25) 4 𝑟
2
⋅ √ (𝑉 − 𝑉𝑐 ) ⋅ (10)−5 .
𝛿
𝑑

(16)

The power losses are therefore given by
𝑇𝐿 = 𝑅𝐼2 + 242

(𝑓 + 25) 4 𝑟
2
⋅ √ (𝑉 − 𝑉𝑐 ) ⋅ (10)−5 kW. (17)
𝛿
𝑑

3.1. Predictive Model. It would have sufficed to substitute 𝑉
and 𝐼 from (11) and (12) into (17) so as to obtain an expression
for the transmission losses but the transmission parameters
𝑓, 𝛿, 𝑟, and 𝑑 would have remained as undetermined factors.
As such, it is more desirable to rewrite (17) implicitly in terms
of the space variable 𝑥. Thus from (17),
(𝑓 + 25) 4 𝑟 𝑑2
𝑑2 𝑇𝐿
𝑑2
2
(𝑉 − 𝑉𝑐 ) ⋅ (10)−5 .
= 𝑅 2 𝐼2 + 242
⋅√
2
𝑑𝑥
𝑑𝑥
𝛿
𝑑 𝑑𝑥2
(18)
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Table 2: Predicted power losses for a 330 kV single circuit of the
typical transmission network.

Length of
line in km
10
20
50
100
200
300

Power losses
(in MW) for
a load of
100 MW
𝛼 = 0.00005

Power losses
(in MW) for
a load of
200 MW
𝛼 = 0.00009

Power losses
(in MW) for
a load of
300 MW
𝛼 = 0.00014

0.0500
0.1000
0.2500
0.5000
0.9953
1.4892

0.1800
0.3598
0.8983
1.7927
3.5694
5.3301

0.4300
0.8594
2.1438
4.2724
8.4839
12.6354

Table 3: Simulated results of power losses on 330 kV single circuit
of the Nigerian transmission network.
Length of
line in km
10
20
40
60
100
200
300

Power losses
(in MW) for
a load of
100 MW

Power losses
(in MW) for
a load of
200 MW

Power losses
(in MW) for
a load of
300 MW

0.05
0.09
0.18
0.26
0.41
0.76
1.10

0.18
0.37
0.73
1.10
1.85
3.77
5.85

0.43
0.87
1.75
2.84
4.66
10.86
24.40

On integrating and utilising (2)–(9), (18) is simplified to
𝑑2 𝑇𝐿
− 2𝑅𝐺 (1 + 𝑅𝐺) 𝑇𝐿 = 0.
𝑑𝑥2

(19)

Solving (19) together with the requisite boundary conditions
𝑇𝐿 (0) = 0,
𝑇𝐿 (𝑙) = 𝑃0 ,

𝑙 → ∞,

5. Conclusion
The equations describing the evolution of current and voltage
along transmission lines have been utilised to fashion tools to
predict requisite electrical measures such as current, voltage,
and power losses.
The evolution of current and voltage on transmission lines
is a process that can aid the determination of current and
voltage as a function of the space variable 𝑥 on transmission
lines. Fashioning the power loss function as a mathematical
physics expression led to the formulation of a predictive
model for power losses explicitly in terms of the space
variable only.
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This paper examines an alternative approach to the centralized resource allocation model that indicates that all the units are under
the control of an entity of the centralized decision maker. The proposed approach is a technique for connecting the two basic
Radial CRA-BCC and Nonradial CRA-SBM models in an integrated structure called connected CRA-SBM. In the proposed model,
exchanging the two parameter amounts can change the location of the analysis between the CRA-BCC and the CRA-SBM models
and deal with the weaknesses inherent in such models. By remedying all the weaknesses in one model, the entire units are simply
projected on the frontier line and one can obtain suitable benchmarks for each of them. In the offered model, all of the inputs and
outputs, respectively, decrease and increase simultaneously. Lastly, numerical examples emphasize the significance of the offered
method.

1. Introduction
The Data Envelopment Analysis (DEA) was first presented by
Charnes et al. [1] and further developed by Banker et al. [2].
The DEA is a nonparametric LP-based method for evaluating
the efficiency score of a number of homogeneous decisionmaking units (DMUs). There has been literature over the
years concerned with the new corrections and developments
in both the DEA notion and procedure (see Liu et al. [3],
Emrouznejad et al. [4], and Gattoufi et al. [5]).
As a matter of fact, the DEA models are commonly
categorized into two types with distinguishing qualities,
namely, the radial and nonradial models. In effect, the
preliminary works on the radial models were undertaken
by Debreu [6] and Farrell [7]. By now, numerous desirable
features have been identified in radial measures; for instance,
they can generally obtain the relative development in inputs
and outputs; moreover, they are potential of estimating the
efficiency based on the attainable data or they can provide
an obvious economic explanation without considering the

prices. Notwithstanding their strengths, these models suffer
from the subsequent drawbacks.
(a) They assess the efficiency based on the existing data
without considering the decision maker’s (DM’s)
precedence knowledge.
(b) Due to the proportional improvement in these models, they cannot be employed for the cases with inputs
such as labors, materials, and capital.
(c) The DM does not have the flexibility to select a
reference unit for an inefficient unit.
(d) Finally, they are unable to essentially achieve an
efficient goal in the DEA.
At first, analyzing the nonradial models was carried out by
Koopmans [8] and Robert Russell [9]. Yet, numerous studies
have attempted to explain the nonradial measures for the
technical efficiency based on the performance estimation (see
Cooper et al. [10], Charnes et al. [11], Cooper et al. [12],
Pastor et al. [13], and Cooper et al. [14]). In one major study,
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Tone [15] employed a new and suitable synthetic procedure
to obtain a nonradial measure which was termed the slacksbased measure (SBM) in which both the input and output
slacks could be maximized. A number of methods have been
also used to describe the nonradial measure, each of which
has its own advantages and disadvantages. These models have
a number of attractive features; for example, they put aside
the supposition of proportional reduction in the inputs and
target at earning maximum amounts of contraction in inputs
which might abandon the changing rates of the original input
resources. Nevertheless, the nonradial models suffer from
several major downsides listed below in spite of their safety
and efficacy.
(a) When we evaluate changes in the efficiency during
the time, the nonzero pattern of the slacks at time
period 𝑡 can meaningfully differ from that of the time
period 𝑡 + 1. Therefore, we cannot ascertain whether
the pattern is rational or not.
(b) When we miss the primary proportionality, it would
be then unsuitable for the investigation.
(c) At last, in models like the SBM model, the optimum
slacks would exhibit an acute conflict in catching the
positive and zero amounts.
Avkiran et al. [16] proposed the “connected-SBM” model
using two scalar parameters which could deal with the abovementioned weaknesses of the radial and nonradial models. In
their approach, they relocated the analysis anywhere between
the radial and nonradial models by exchanging the parameter
amounts and making an appropriate selection.
In a large longitudinal study by Lozano and Villa [17],
there were various conditions in which all the DMUs could
be in the possession of the central entity (public or private)
so that it prepared the DMUs with the resources essential
for earning their inputs. In particular, various applications
related to the DEA (e.g., public transportation, police stations, university departments, bank branches, and hospitals)
have been taken into account as centralized decision makers
that manage and supervise such DMUs. Prior to this, Lozano
and Villa [17], attempted to handle the DMUs in a common
manner (see Thanassoulis and Dyson [18], Golany [19],
Färe et al. [20], Kumar and Sinha [21], Beasley [22], and
Athanassopoulos [23, 24]). To this end, it can be said that
numerous studies have attempted so far to explain the allocating resources as well as the evaluating goals. Lozano and Villa
[17] and Lozano et al. [25] presented the CRA-BCC models
wherein the resolving one model in two phases causes the
entire DMUs to be reflected on the frontier line. Their study
can be majorly mentioned as an unusual item based on the
radial model. The assertion behind this model is to consider
a situation in which the centralized decision maker decides to
minimize the total input consumption or maximize the total
output production, simultaneously. Lozano and Villa [26]
also proposed the models which deliberated the CRA models
when some of the inputs reductions and the outputs remained
unchanged. Moreover, a DEA approximation for the emission
permits along with a discussion on the desired and undesired
levels has been proposed by Lozano et al. [27]. Several studies

have produced estimates of the CRA models as well (see
Pachkova [28], Liu and Tsai [29], and Fang and Zhang [30]).
In another main study, Asmild et al. [31] reported a CRA
model for the BCC model in which all the inefficient DMUs
had been only reflected on the frontier line. In a randomized
controlled study on the CRA, Hosseinzadeh Lotfi et al. [32]
described a centralized model for the enhanced Russell model
(CRA-ERM) and the SBM model (CRA-SBM) so that all the
DMUs could be easily projected onto the frontier line by
solving only one model.
Although there have been many suppositions about the
idea of the centralized resource allocation, it has not been
recognized as a perfect viewpoint yet. When bearing in mind
the organizations which function under a multilevel supervision hierarchy, definite resources utilized or the outputs
created which cannot be controlled must be recognized using
the local DMUs. Consequently, it is pertinent to mention the
potential of improving these centrally allocated resources in
a central manner for manufacturing purposes.
This study seeks to alleviate these problems by introducing alternative new CRA-DEA models while consequently
creating new tools ready for use in central management. In
fact, the purpose of this paper is to minimize the total input
consumption and maximize the total output production of
the DMUs at the same time. Moreover, we will demonstrate
that the CRA-BCCI and CRA-SBMI models can be joined
by retouching the two parameters and selecting them. The
objectives of this research are to determine whether we can
oversee the appropriateness of slacks (inefficiencies) with the
resources essential for the user, and whether we can solve the
issue of the mixed slacks amounts in conditions existing at
the same time for the DEA with parametric methods.
The remainder of this paper has been divided into five
parts. In Section 2, the CRA-BCCI, the CRA-SBMI and
the connected-SBM models are presented while Section 3
presents our proposed model and explains it with numerical
examples. In Section 4, by considering our procedure in
organizations, we extend it into a weighted nonoriented
model and following that, the results are also checked out
using the numerical examples as well as comparing them with
the previous models (Lozano and Villa [17] and Hosseinzadeh
Lotfi et al. [32]). In Section 5, we apply our model on gas
companies during 2008 [33] for better exploring the models
and representing their capabilities. Finally, the discussion and
conclusion are provided in Section 6.

2. Preparations
In this section, we discuss two of the renowned CRA-DEA
models, namely, the CRA-BCCI and CRA-SBMI proposed
by Lozano and Villa [17] and Hosseinzadeh Lotfi et al.
[32], respectively. Afterward, we elaborate on some of their
attributes for obtaining our targets. Lastly, the connectedSBM model is also deliberated briefly.
Having considered no existing production function for
determining the operational performances, a production
possibility set (PPS) is mentioned and its frontier is designated for approximating the production function.The PPS is
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𝑛

defined as follows:
𝑛

𝑛

𝑛

𝑟=1 𝑗=1

𝑛

{
𝑇V = {(𝑋, 𝑌) : 𝑋 ≥ ∑ ∑ 𝜆 𝑗𝑟 𝑋𝑗 , 𝑌 ≤ ∑ ∑ 𝜆 𝑗𝑟 𝑌𝑗 ,
𝑟=1 𝑗=1
𝑟=1 𝑗=1
{

𝑛

The following symbolizations are also utilized in this part:
𝑛: the number of DMUs;
𝑚: the number of inputs;
𝑠: the number of outputs;
𝑗, 𝑟: the indices for DMUs;
𝑖: the index for inputs;

𝜆 𝑗𝑟 ≥ 0,

𝑠𝑖− : the nonnegative radial slack along the input
dimension 𝑖 of DMUr;
𝑧𝑖− , 𝑡𝑖− :

the nonnegative nonradial slack along the
input dimension 𝑖 of DMUr;
∗

𝑠𝑖− : the optimal radial slack to recognize an excess use
of input 𝑖 of DMUr;
∗

𝑧𝑖− , 𝑡𝑖− : the optimal nonradial slack to recognize an
excess use of input 𝑖 of DMUr;
𝜃∗ : the optimal group efficiency by the CRA-BCCI
model;
𝛿∗ : the optimal group efficiency by the CRA-SBMI
model;
𝜆∗𝑟 : the optimal vector for projecting DMUr;

𝑥𝑖𝑟∗ : the operating point target with the CRA models
for input 𝑖 of DMUr;
∗
: the operating point target with the CRA models
𝑦𝑘𝑟
for output 𝑘 of DMUr.

2.1. The CRA-BCCI and CRA-SBMI Models. What follows
is a succinct description of the CRA-BCCI and CRA-SBMI
models in addition to mentioning their properties.

∗

𝜃 =

(2)

𝑟=1 𝑗=1

𝑗=1

𝑖 = 1, . . . , 𝑚,

(8)

(3)

∑𝑛𝑗=1 𝑥𝑖𝑗 − 𝑠𝑖−

𝑖 = 1, . . . , 𝑚.

(9)

∗

,

∑𝑛𝑗=1 𝑥𝑖𝑗

𝑛
−
Then, we will maximize ∑𝑚
𝑖=1 (𝑡𝑖 / ∑𝑗=1 𝑥𝑖𝑗 ) according to 𝜆 𝑟
−
and 𝑡𝑖 , subject to (3) to (7) and 𝜃 = 𝜃∗ in the second phase.
∗
Now, if (𝜆∗𝑟 , 𝑡𝑖− ) is an optimal solution of the second phase,
∗
then 𝑡𝑖− remains as the nonradial slacks after elimination of
∗
∗
the radial slacks 𝑠𝑖− . Hence, the total slacks 𝑢𝑖− of the CRA∗
−∗
−∗
BCCI model will be determined as 𝑢𝑖 = 𝑡𝑖 + 𝑠𝑖− . Despite
the fact that ever nonradial projections can be presented in
association with radial projections, nonradial slacks cannot
be projected in the scalar 𝜃∗ .

2.1.2. The Input-Oriented CRA-SBMI Model. At this time,
we demonstrate the input-oriented CRA-SBMI model with
the variable returning to the scale supposition of technology
proposed by Hosseinzadeh Lotfi et al. [32] which assesses the
group efficiency 𝛿∗ by solving the following linear program:
𝑧−
1 𝑚
∑ 𝑛 𝑖 )
𝑚 𝑖=1 ∑𝑗=1 𝑥𝑖𝑗

𝛿∗ = Min (1 −
𝑛

s.t.

𝑛

𝑛

∑ ∑ 𝜆 𝑗𝑟 𝑥𝑖𝑗 + 𝑧𝑖− = ∑𝑥𝑖𝑗 ,

𝑟=1 𝑗=1
𝑛

2.1.1. The Input-Oriented CRA-BCCI Model. The inputoriented CRA-BCCI model reported by Lozano and Villa [17]
estimates the group efficiency 𝜃∗ of DMUs by solving the
following linear program:

𝑛

𝑖 = 1, . . . , 𝑚.

Thus, we have

𝜃: the radial constriction of the aggregate input vector;

𝑛

𝑛

𝑗=1

𝜆 𝑟 : the vector for projecting DMUr;

𝑛

(7)

Note that 𝜆 𝑟 = (𝜆 1𝑟 , 𝜆 2𝑟 , . . . , 𝜆 𝑛𝑟 ) is the vector for projecting DMUr and denotes the intensity vector, while 𝑡𝑖−
also designates the nonradial slacks. Generally, to solve
CRA-BCCI, there are two phases. In the first phase, we
seek an equiproportional reduction along the entire input
measurements and find 𝜃∗ . Subsequently, we determine the
∗
radial input slacks 𝑠𝑖− as follows:
∗

∑ ∑ 𝜆 𝑗𝑟 𝑥𝑖𝑗 + 𝑡𝑖− = 𝜃 ∑𝑥𝑖𝑗 ,

(6)

𝑖 = 1, . . . , 𝑚.

𝑠𝑖− = (1 − 𝜃∗ ) ∑ 𝑥𝑖𝑗 ,

𝑦𝑘𝑗 : the observed value of output 𝑘 of DMUr;

(4)

(5)

𝑟, 𝑗 = 1, . . . , 𝑛,

𝑡𝑖− ≥ 0,

𝑥𝑖𝑗 : the observed value of input 𝑖 of DMUr;

s.t.

𝑟 = 1, . . . , 𝑛,

𝑗=1

𝑘: the index for outputs;

𝜃∗ = Min 𝜃

𝑘 = 1, . . . , 𝑠,

𝑗=1

∑ 𝜆 𝑗𝑟 = 1,

𝑛
}
∑ 𝜆 𝑗𝑟 = 1, 𝜆 𝑗𝑟 ≥ 0, 𝑟 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑛} .
𝑗=1
}
(1)

∗

𝑛

𝑛

∑ ∑ 𝜆 𝑗𝑟 𝑦𝑘𝑗 ≥ ∑ 𝑦𝑘𝑗 ,

𝑛

𝑛

∑ ∑ 𝜆 𝑗𝑟 𝑦𝑘𝑗 ≥ ∑ 𝑦𝑘𝑗 ,

𝑟=1 𝑗=1
𝑛

𝑖 = 1, . . . , 𝑚,

𝑗=1

𝑘 = 1, . . . , 𝑠,

𝑗=1

∑ 𝜆 𝑗𝑟 = 1,

𝑟 = 1, . . . , 𝑛,

𝑗=1

𝜆 𝑗𝑟 ≥ 0,

𝑟, 𝑗 = 1, . . . , 𝑛,

𝑧𝑖− ≥ 0,

𝑖 = 1, . . . , 𝑚,

(10)
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where 𝜆 𝑟 = (𝜆 1𝑟 , 𝜆 2𝑟 , . . . , 𝜆 𝑛𝑟 ) is the vector for projecting
DMU𝑟 and denotes the intensity vector, and 𝑧𝑖− also defines
the nonradial slacks. At this point, if we consider the case of
input-orientated model in accordance with our explanation
of the CRA-BCCI model in the previous section and if also
∗
(𝜆∗𝑟 , 𝑧𝑖− ) is one of its optimal solutions, then the CRA-SBMI
score 𝛿∗ can be rewritten as follows:
𝑚 ∑𝑛
𝑗=1

1
𝛿 = ∑
𝑚 𝑖=1
∗

𝑥𝑖𝑗 −

∗
𝑧𝑖−

∑𝑛𝑗=1 𝑥𝑖𝑗

the scale supposition of the technology [2] estimates the
efficiency 𝜌∗ of DMUo (𝑜 = 1, 2, . . . , 𝑛) as follows:
𝜌∗ = Min (1 − 𝑓)
s.t. 𝑓 =
𝐿𝑓 ≤

.

(11)

(13)

−
1 𝑚 𝑧𝑖
∑
𝑚 𝑖=1 𝑥𝑖𝑜

𝑧𝑖−
≤ 𝑈𝑓,
𝑥𝑖𝑜

(14)
𝑖 = 1, . . . , 𝑚,

𝑛

∑ 𝜆 𝑗 𝑥𝑖𝑗 + 𝑧𝑖− + V𝑖− = 𝑥𝑖𝑜 ,

𝑖 = 1, . . . , 𝑚,

𝑗=1

The CRA-SBMI model is nonradial model and 𝛿∗ identifies
the mean of the decreased rates.

𝑛

∑ 𝜆 𝑗 𝑦𝑘𝑗 ≥ 𝑦𝑘𝑜 ,

𝑘 = 1, . . . , 𝑠,

𝑗=1

2.1.3. Properties of the Radial and Nonradial Models. The
above two models have some properties as follows.
(a) All of the inefficient DMUs are reflected on the
efficient frontier to solve only one model rather than
solving a model for each DMU independently.
(b) The existent technically efficient DMUs can be
reflected onto a certain point on the efficient frontier
but they must be reflected onto themselves in the
original DEA models.
(c) The CRA-BCCI evaluates just the radial inefficiency
in the scalar 𝜃∗ while the CRA-SBM model measures
just the nonradial inefficiency.
(d) When the CRA-SBMI and the CRA-BCCI models
are resolved, by bearing in mind vector 𝜆∗𝑟 =
(𝜆∗1𝑟 , 𝜆∗2𝑟 , . . . , 𝜆∗𝑛𝑟 ), for each DMUr as the value of
optimal, we can obtain the operating point so that the
CRA-SBMI and the CRA-BCCI targets for the inputs
and outputs of any such point can be as follows:
𝑛

𝑥𝑖𝑟∗ = ∑ 𝜆∗𝑗𝑟 𝑥𝑖𝑗 ,

𝑟 = 1, . . . , 𝑛, 𝑖 = 1, . . . , 𝑚,

𝑗=1

∗
𝑦𝑘𝑟

=

𝑛

∑ 𝜆∗𝑗𝑟 𝑦𝑘𝑗 ,
𝑗=1

(12)
𝑟 = 1, . . . , 𝑛, 𝑘 = 1, . . . , 𝑠.

2.2. The Connected-SBM Model. In a large longitudinal study
to deal with the weaknesses associated with the radial
and nonradial models in the first one, Avkiran et al. [16]
presented the connected-SBM model in which there were two
nonnegative scalar parameters as 𝐿 (0 ≤ 𝐿 ≤ 1) and 𝑈 (≥1).
By taking into consideration the DMUs, the connected-SBM
model with the introduced PPS for the variable returns to

(15)

(16)

(17)

𝑛

∑ 𝜆 𝑗 = 1,

(18)

𝜆 𝑗 ≥ 0,

𝑗 = 1, . . . , 𝑛,

(19)

𝑧𝑖− ≥ 0,

𝑖 = 1, . . . , 𝑚,

(20)

V𝑖− ≥ 0,

𝑖 = 1, . . . , 𝑚.

(21)

𝑗=1

In this model, V𝑖− designates the nonradial input slacks
persuaded to keep with the constraint (15). In addition, 𝑓
is the mean of the normalized slacks {𝑧𝑖− /𝑥𝑖𝑜 } and each
normalized slack 𝑧𝑖− /𝑥𝑖𝑜 to the range [𝐿𝑓, 𝑈𝑓] is restricted
by the constraint (15). Reciprocally, the average nonradial
input inefficiency for the existing DMU explains 𝑓. Therefore,
the perversion from the mean value 𝑓 can be restricted
according to the lower bound 𝐿 and upper bound 𝑈. The
above- considered model has attributes as follows.
(a) If 𝐿 = 1 or 𝑈 = 1, then SBM-I-C (𝐿, 𝑈) converts BCCI.
(b) If 𝐿 = 0 and 𝑈 ≥ 𝑚, then SBM-I-C (0, 𝑈) transforms
SBM-I.
(c) Give some freedom to the perversion of the normalized slacks which contain the assumed range around
the average.
(d) 𝐿𝑓∗ and 𝑈𝑓∗ for all the inputs restrict the relative
perversion of the reflected input from the original
amount.
(e) The parameters 𝐿 and 𝑈 can be detracted to a single
parameter as 𝑈 = 𝑚 − (𝑚 − 1)𝐿.

3. Centralized Resource Allocation
Connected Models
In this section, we propose a new model for the abovementioned weaknesses and change the connected-SBM model
to deal with computing one instead of 𝑛 mathematical
programming problems and decreasing the aggregate input
at the same time. In fact, we intend to present that the DEA
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model can handle the target setting process by presenting the
data envelopment scenario analysis. We call our models as the
centralized resource allocation connected models. By bearing
in mind the DMUs in the above models, their conforming
input and output vectors, and the defined PPS for CRA
models, the centralized resource allocation connected-SBMI
model (CRA-CSBMI) can be described as follows:
𝛾∗ = Min (1 − ℎ)

Model (1) :
s.t.

ℎ=

𝑧−
1 𝑚
∑ 𝑛 𝑖
𝑚 𝑖=1 ∑𝑗=1 𝑥𝑖𝑗

𝐿ℎ ≤
𝑛

𝑧𝑖−
𝑛
∑𝑗=1 𝑥𝑖𝑗

≤ 𝑈ℎ,

𝑖 = 1, . . . , 𝑚,
𝑛

𝑛

∑ ∑ 𝜆 𝑗𝑟 𝑥𝑖𝑗 + 𝑧𝑖− + V𝑖− = ∑𝑥𝑖𝑗 ,

𝑟=1 𝑗=1
𝑛

𝑗=1

𝑛

𝑛

∑ ∑ 𝜆 𝑗𝑟 𝑦𝑘𝑗 ≥ ∑𝑦𝑘𝑗 ,

𝑟=1 𝑗=1
𝑛

∑ 𝜆 𝑗𝑟 = 1,

(22)

Proposition 2. If 𝐿 = 0 and 𝑈 ≥ 𝑚, then 𝜌∗ = 𝛾∗ .

(23)

Proof. By taking into account 𝑈 ≥ 𝑚, since ℎ is the
mean of 𝑧𝑖− / ∑𝑛𝑗=1 𝑥𝑖𝑗 the right constraint (24) is contented
and by considering 𝐿 = 0, the left constraint (24) is also
spontaneously contented. Moreover, because the objective
function is to reduce in 𝑧𝑖− , the term V𝑖− disappears in the
constraint (25). Obviously, we can obtain CRA-SBMI and we
will have then 𝜌∗ = 𝛾∗ .

(24)

𝑖 = 1, . . . , 𝑚, (25)

𝑘 = 1, . . . , 𝑠,

𝑗=1

𝑟 = 1, . . . , 𝑛,

𝑗=1

(26)

(27)

𝜆 𝑗𝑟 ≥ 0,

𝑟, 𝑗 = 1, . . . , 𝑛,

(28)

𝑧𝑖− ≥ 0,

𝑖 = 1, . . . , 𝑚,

(29)

V𝑖− ≥ 0,

𝑖 = 1, . . . , 𝑚.

(30)

In this case study, V𝑖− designates the nonradial input slacks
inferred with regard to the constraint (24). Additionally, ℎ is
termed as the average nonradial input inefficiency. Indeed, ℎ
can be defined as the mean of the return to normal slacks
{𝑧𝑖− / ∑𝑛𝑗=1 𝑥𝑖𝑗 } and each normalized slack 𝑧𝑖− / ∑𝑛𝑗=1 𝑥𝑖𝑗 to the
range [𝐿ℎ, 𝑈ℎ] is delimited by the constraint (24). Mutually,
the average nonradial input inefficiency for the existing DMU
gives details ℎ. Hence, perversion from the mean value ℎ can
be limited to be consistent with the lower bound 𝐿 and upper
bound 𝑈, accordingly.
Once this model is solved, the conforming vector 𝜆∗𝑟 =
∗
(𝜆 1𝑟 , 𝜆∗2𝑟 , . . . , 𝜆∗𝑛𝑟 ) can be determined for each DMUr to
achieve the projected point which should be gained. The
targets of the inputs and outputs of each of the mentioned
points can be computed in a similar manner as follows:
𝑛

𝑥𝑖𝑟∗ = ∑ 𝜆∗𝑗𝑟 𝑥𝑖𝑗 ,

𝑟 = 1, . . . , 𝑛, 𝑖 = 1, . . . , 𝑚,

𝑗=1

∗
𝑦𝑘𝑟

=

𝑛

∑ 𝜆∗𝑗𝑟 𝑦𝑘𝑗 ,
𝑗=1

(31)
𝑟 = 1, . . . , 𝑛, 𝑘 = 1, . . . , 𝑠.

According to Avkiran et al. [16], it is motivating to discuss the
following propositions.
Proposition 1. If 𝐿 = 1 or 𝑈 = 1, then 𝜃∗ = 𝛾∗ .

Proof. By considering 𝐿 = 1, we will have 𝑧𝑖− / ∑𝑛𝑗=1 𝑥𝑖𝑗 ≥
𝑛
𝑛
−
−
ℎ = (1/𝑚) ∑𝑚
𝑖=1 (𝑧𝑖 / ∑𝑗=1 𝑥𝑖𝑗 ) (∀𝑖) and then 𝑧𝑖 = ℎ ∑𝑗=1 𝑥𝑖𝑗
𝑛
because ℎ is the mean of 𝑧𝑖− / ∑𝑗=1 𝑥𝑖𝑗 . Now, we can remove
the constraint (24) since the right constraint (24) is spontaneously contented.Thus, we can obtain CRA-BCCI by
substituting 1 − ℎ to 𝜃 and we have 𝜃∗ = 𝛾∗ . By the same
token, if 𝑈 = 1, then 𝜃∗ = 𝛾∗ .

It can be realized by the above two propositions that the
CRA-CSBMI model consists of CRA-BCCI and CRA-SBMI
as particular states in terms of the values intended for 𝐿 and
𝑈 and as if the logical sort of 𝐿 is [0, 1] and 𝑈 is [1, 𝑚], too.
It is worth mentioning that with these methods not
only all of the inefficient DMUs will be projected onto the
frontier line but also the efficient DMUs are projected onto a
certain point on the frontier line. This model differs from the
previous model in a number of noteworthy ways.
(a) The decrease in the 𝑟th input is wasted while there is
a rise in the 𝑘th output generated with no restrictions
to select the preference quantities.
(b) This model gives some freedom to the perversion of
the normalized slacks but it contains the assumed
range around the average. While all of the inputs
decrease equally in the radial models, they supply
the highest value of reduction in all the inputs and
also input ingredients are not all reduced in an equal
manner for nonradial models.
(c) This model does not require solving the phase-II
model in CRA-BCCI because all of the input constraints are binding in every optimal solution.
(d) The feasible region will be narrowed down, if 𝐿
increases (𝑈 decreases) and hence the 𝛾∗ will increase.
The aggregate input or output can be minimized or
maximized in the CRA models. With regard to the proposed
model in this paper, which follows the idea of the CRA
models, the benchmark for each DMU can be obtained so that
the benchmark can have a lesser value of the total inputs but a
bigger value of the total outputs compared to the DMU itself.
Therefore, this study can yield results in order to supply an
explanation for the suggested model. By this illustration, we
demonstrate that the CRA-CSBM is a particular state which
differs from the previous work in this field.
As exhibited in Table 1, we assume three DMUs, namely
A, B, and C, containing two inputs along with one single
constant output wherein DMUs A and B remain efficient
while being placed on the frontier line, whereas DMU C
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Table 1: The data related to the three DMUs.
Existing
𝑥2
10
1
25
36

𝑦
1
1
1
3

remains inefficient in the entire conventional DEA model. It
should be asserted that although we extracted the original
data from Avkiran et al. [16], the idea slightly modified
in this study to become more suitable for our method.
Hereby, our assumption was that there existed a centralized
decision maker (DM) that was potential of overseeing the
entire DMUs while it is simultaneously interested to reduce
the global input consumption. Besides, we made use of the
formula 𝑈 = 𝑚−(𝑚−1)𝐿 which could be suitably determined
in this case as 𝑈 = 2 − 𝐿. Subsequently, by dialing a quantity
among 0-1, we modified the appropriateness parameter 𝐿
from the nonradial to the radial model.
For illustrating the mentioned projected points, we were
able to distinguish them after solving the CRA-CSBMI
model for 𝐿 = 0, 0.2, 0.588, 0.8 and 1, while utilizing the
variable 𝜆∗𝑗𝑟 ’s (solved by GAMS which is known as a potent
software package). Table 2 demonstrates the results which
were acquired by analyzing the proposed model in line with
the lower 𝐿 and the upper 𝑈 amounts.
The feasible region (which is shaped by the dashed lines)
is demarcated by 𝐿 and 𝑈 values as illustrated in Figure 1.
Provided that 0 ≤ 𝐿 ≤ 1 and 𝑈 ≥ 𝑚 hold, the CRA-BCCI
and CRA-SBMI solutions have been contained within the
feasible region in any choice of 𝐿 and 𝑈. Moreover, Figure 2
shows the difference existing in projection onto the efficient
frontier by the radial CRA-BCCI and the nonradial CRASBMI models while setting the proportionality parameter
𝐿 = 0 and 𝐿 = 1 corresponding to [CRA-SBMI] and [CRABCCI], in that order. Consistent with the magnitude of 𝐿,
the normalized slacks 𝑧𝑖− / ∑𝑛𝑗=1 𝑥𝑖𝑗 revealed a tendency to be
uniform. To be precise, a slight 𝐿 allows fairly great variations
of the normalized slacks; contrariwise, a huge 𝐿 limits them
to a restricted range.
At 𝐿 = 0, both DMU A and DMU C were, respectively, reflected onto DMU B and DMU A while DMU B
was reflected onto itself which were CRA-SBMI solution’s
points. Figure 2 exhibits the results relevant to this case. The
∗
∗
normalized deviations 𝑧1− / ∑𝑛𝑗=1 𝑥1𝑗 and 𝑧2− / ∑𝑛𝑗=1 𝑥2𝑗 are
considered as the quantities 0 and 0.66. It is maintained that
the proposed model at 𝐿 = 0.2 would indicate that DMU
A could be reflected onto itself while DMU B is done so
onto a portion of the frontier line; in addition, DMU C could
∗
be reflected onto DMU B. Then, 𝑧1− / ∑𝑛𝑗=1 𝑥1𝑗 is augmented
∗
to 0.05, whereas 𝑧2− / ∑𝑛𝑗=1 𝑥2𝑗 is reduced to 0.51. Moreover,
DMU C was reflected onto DMU A at 𝐿 = 0.588, whereas
DMU A was projected onto itself and DMU B was done so
onto a nonextreme point related to the frontier line. Similarly,
DMU B and DMU C were projected at 𝐿 = 0.8 onto DMU A,

C

25
20

x2

A
B
C
Total

𝑥1
3
4
4
11

15
A

10
5

B

0
0

1

2

3

x1

4

5

Figure 1: Feasible region bounded by 𝐿 and 𝑈.
30
C

25
20
x2

DMU

15
A

10
5

B
0

0

1

2

x1

3

4

5

CRA-SBMI
CRA-BCCI

Figure 2: CRA-BCCI and CRA-SBMI projections onto the frontier
line.

whereas DMU A was done so onto a nonextreme point related
to the frontier line. Lastly, DMUs B and C were reflected
onto the DMU A at 𝐿 = 1, whereas DMU A was reflected
onto 𝑥1∗ = 3.04 and 𝑥2∗ = 9.60; as shown in Figure 2, these
latter are considered as the points related to the CRA-BCCI
∗
solution. Because the normalized deviations 𝑧1− / ∑𝑛𝑗=1 𝑥1𝑗
∗
and 𝑧2− / ∑𝑛𝑗=1 𝑥2𝑗 are the equal value of 0.17, the two DMUs
are correspondingly decreased by 17%. The point of interest is
that the group efficiency score (𝛾∗ ) upsurges from 0.66 (CRASBMI) to 0.82 (CRA-BCCI); in other words, the quantity 𝛾∗
upsurges in 𝐿 while it diminishes in 𝑈.
We need to notice that by assuming the model proposed
by Avkiran et al. [16], for this example, only DMU C projects
onto the frontier line while it is potential of acquiring diverse
projections for DMU C. Conversely, in our proposed model,
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Table 2: The results related to the three DMUs.

𝐿
𝛾∗
∗
ℎ∗ (1 − 𝛾 )
∗
𝑧1
𝑧2 ∗
∗
𝑛
𝑧1− / ∑𝑗=1 𝑥1𝑗
∗

0
0.66
0.34
0
24
0

𝑛

𝑧2− / ∑𝑗=1 𝑥2𝑗

0.2
0.71
0.29
0.62
18.36
0.05

0.66
𝑥1∗
4
4
3
11

Projections
A
DMU
B
C
Total

0.588
0.77
0.23
1.42
11.18
0.12

0.51

𝑥2∗
1
1
10
12

𝑦∗
1
1
1
3

𝑥1∗
3
3.3
4
10.3

𝑥2∗
10
6.6
1
17.6

0.31
𝑦∗
1
1
1
3

the inefficient DMUs were able to project onto the frontier
line; in addition, the efficient DMUs could project onto the
other part of the frontier line.

𝜑∗ = Min

1−ℎ
1+𝑔

(32)

ℎ=

−
1 𝑚 𝑤𝑖 𝑧𝑖
∑ 𝑛
𝑚 𝑖=1 ∑𝑗=1 𝑥𝑖𝑗

(33)

𝑔=

+
1 𝑠 𝑤𝑘 𝑧𝑘
∑ 𝑛
𝑠 𝑘=1 ∑𝑗=1 𝑦𝑘𝑗

(34)

𝐿− ℎ ≤

𝑤𝑖 𝑧𝑖−
≤ 𝑈− ℎ,
∑𝑛𝑗=1 𝑥𝑖𝑗

𝑖 = 1, . . . , 𝑚,

(35)

𝐿+ 𝑔 ≤

𝑤𝑘 𝑧𝑘+
≤ 𝑈+ 𝑔,
∑𝑛𝑗=1 𝑦𝑘𝑗

𝑘 = 1, . . . , 𝑠,

(36)

𝑛

𝑛

𝑛

∑ ∑ 𝜆 𝑗𝑟 𝑥𝑖𝑗 + 𝑧𝑖− + V𝑖− = ∑𝑥𝑖𝑗 ,

𝑟=1 𝑗=1
𝑛

𝑗=1
𝑛

𝑛

∑ ∑ 𝜆 𝑗𝑟 𝑦𝑘𝑗 − 𝑧𝑘+ − V𝑘+ = ∑ 𝑦𝑘𝑗 ,

𝑟=1 𝑗=1
𝑛

∑ 𝜆 𝑗𝑟 = 1,

𝑗=1

0.23

𝑥2∗
10
10
4.8
24.8

𝑦∗
1
1
1
3

𝑥1∗
3.2
3
3
9.2

𝑥2∗
7.5
10
10
27.5

0.17
𝑦∗
1
1
1
3

𝑥1∗
3.04
3
3
9.04

𝑥2∗
9.60
10
10
29.6

𝑦∗
1
1
1
3

𝑚

∑ 𝑤𝑖 = 𝑚,

(40)

𝑖=1
𝑠

(41)

𝑘=1

The proposed approach can be developed into numerous
statuses such as being output-oriented, having different settings of the lower bounds or the upper bounds, and being
nonoriented. The next step is to improve our procedure to a
weighted nonoriented model.
Having considered the DMUs and their matching input
and output vectors, the extended centralized resource allocation connected-SBM model (ECRA-CSBM) is reported as
follows:

s.t.

𝑥1∗
3
3
3.5
9.5

1
0.82
0.18
1.95
6.40
0.17

∑ 𝑤𝑘 = 𝑘,

4. Extension

Model (2) :

0.8
0.80
0.20
1.72
8.47
0.15

𝑗=1

𝑗 = 1, . . . , 𝑛,

𝑖 = 1, . . . , 𝑚, (37)
𝑘 = 1, . . . , 𝑠, (38)

(39)

𝑧𝑖− ≥ 0,

V𝑖− ≥ 0,

𝑤𝑖− ≥ 0,

𝑖 = 1, . . . , 𝑚,

(42)

𝑧𝑘+ ≥ 0,

V𝑘+ ≥ 0,

𝑤𝑘+ ≥ 0,

𝑘 = 1, . . . , 𝑠,

(43)

𝜆 𝑗𝑟 ≥ 0,

𝑟, 𝑗 = 1, . . . , 𝑛,

(44)

where V𝑘+ denotes the nonradial output slacks concluded
in connection with the constraint (36). The constraint (36)
has the same properties as the constraint (24), which was
observed in the input-oriented model. Moreover, the input
and output take different amounts of 𝐿 and 𝑈; the perversion
from the mean value ℎ can be restricted according to the
lower bound 𝐿− and the upper bound 𝑈− . Moreover, the
perversion from the mean value 𝑔 can be restricted according
to the lower bound 𝐿+ and upper bound 𝑈+ . Additionally, the
weights (𝑤𝑖− and 𝑤𝑘+ ) are provided in an exogenous manner
and the average, the lower, and the upper bounds will be
affected by an input or an output item with a great weight.
In fact, 𝑤𝑖− and 𝑤𝑘+ are the preference coefficients for the
decreases and increases of the total consumption and the
production of input 𝑖 and output 𝑘, respectively.
It is significant to mention the following properties of the
above model.
(a) Unlike the previous model, this model is not a linear
programming problem but can be simply converted
into a linear programming problem by using Charnes
and Cooper [34] conversions (see Hosseinzadeh Lotfi
et al. [32] for particularity) in the first step and then
choosing two appropriate independent 𝑤𝑖− and 𝑤𝑘+
as the preference coefficients for the decreases and
increases of the total consumption and the production
of input 𝑖 and output 𝑘, respectively.
(b) All input and output constraints are binding in each
optimal solution.
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(c) For any DMUr, the points 𝑥𝑖𝑟∗ = ∑𝑛𝑗=1 𝜆∗𝑗𝑟 𝑥𝑖𝑗 , ∀𝑖 =
∗
1, . . . , 𝑚 and 𝑦𝑘𝑟
= ∑𝑛𝑗=1 𝜆∗𝑗𝑟 𝑦𝑘𝑗 , ∀𝑘 = 1, . . . , 𝑠 are the
Pareto efficient.

12
10

∗

(d) The 𝜑 obtained from the objective function is 0 <
𝜑∗ ≤ 1.
y

5. An Application
We need to assume an empirical example on gas companies
during 2008 [33] for better investigating the models and
demonstrating their competences. The National Gas Company (NGC) of Iran encompasses 14 large branches which
are situated in 13 provinces of Iran. While every branch
functions independently in its province, the companies are
entirely categorized under the NGC. Distributing the gas
to domestic and industrial customers is reported as the
branches’ foremost task that is these 14 companies are responsible for distributing the service to end users (domestic and
industrial). These companies have utilized seven variables

E

B

8

F

6
G
4

A

2
0
0

5
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10

Figure 3: The CRA-BCCI projections onto the frontier line.

12

D
C

10

E

B

8
y

A numerical model of this has been provided by Lozano
and Villa’s study [17] wherein seven DMUs with an input
could engender an output. We need to bear in mind the
proposed model as in the cases of 𝐿− = 0, 𝑈− = 2,
𝐿+ = 0, and 𝑈+ = 1. Further, we were able to acquire the
projecting point, in order to illustrate it afterward solving
our developed model as well as utilizing the variable 𝜆∗𝑗𝑟 ’s
(which was solved using the GAMS known as a potent
software package). Figures 3, 4, and 5 present the graphical
interpretation related to the CRA-BCCI, CRA-SBMI, and our
proposed model while Table 3 exhibits the original DMUs
along with the ones to which they are reflected by making use
of the CRA-BCCI, CRA-SBMI, and the proposed model. As
it can be discerned, our developed method finds alternative
projection points in comparison with developed procedure
which finds alternative projection points compared with
previous procedures.
As it is apparent in Lozano and Villa’s model [17], the
entire DMUs are reflected onto DMU 2; the exception
goes with the inefficient DMU 3. Moreover, DMU 3 is
reflected onto a nonextreme point related to the frontier line.
However, DMUs 1, 4, 5, 6, and 7 in the approach proposed
by Hosseinzadeh Lotfi et al. [32] are projected onto the
identical projections point (4.13, 8.26) of the frontier line.
Likewise, DMUs 4, 5, and 6 are reflected onto the equivalent
nonextreme point (5.16, 10.32) of the frontier line.
Stimulatingly, the findings obtained from the proposed
model reveal that the entire DMUs were reflected onto
the DMU 3; in other words, they were reflected onto the
identical hyperplan of the frontier line. When establishing
a comparison between these results, it is observed that the
quantity of the global output production to the global input
decrease of illustration DMUs are respectively, 1.95 and 2 for
the Lozano and Villa’s approach [17] and the Hosseinzadeh
Lotfi et al.’s approach [32]. Yet, this proportion equals 2 in the
proposed approach which resembles that of the Hosseinzadeh
Lotfi et al.’s approach [32]. By this, we can conclude that the
propounded method is precisely suitable.
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Figure 4: The CRA-SBMI projections onto the frontier line.

from the dataset with three inputs (budget, number of staff,
comprehensive cost (operational cost and labour cost)), and
four outputs (number of customers, length of gas network
(km), delivered volumes (m3 ), and sold-out gas (Rials)),
which are labeled as 𝑥1 , 𝑥2 and 𝑥3 for inputs and 𝑦1 , 𝑦2 , 𝑦3
and 𝑦4 for outputs in Table 4.
It is distinguished in DEA that those DMUs are more
efficient which consume less input to yield more output;
therefore, they are typically taken into account as benchmarks
[19, 35]. Traditional DEA models can be employed for
acquiring an appropriate benchmark for each DMU. The
point to highlight is that the DMU benchmark consumes
a lesser sum of inputs while yielding a bigger quantity of
outputs in comparison with the DMU itself. Indeed the
mentioned models separately decline (elevate) the inputs
(outputs) of each DMU. Nevertheless, the results differ if
centralized models are used. The reason is that such models
are unable to decline (elevate) the inputs (outputs) of the
individual DMUs.
It should be highlighted that the centralized models
reduce (elevate) the aggregate inputs (outputs). Then the
benchmark gained by our proposed method for each DMU
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Table 3: Data and results of the seven DMUs with one-input and one-output.
Lozano and Villa’s
approach
𝑥∗
𝑦∗

Existing

DMU

Hosseinzadeh Lotfi et al.’s
approach
𝑥∗
𝑦∗

𝑥

𝑦

1
2
3
4
5
6
7

3
4
5
5
6
7
8

3
8
5
10
8
11
9

4
4
3.6
4
4
4
4

8
8
6
8
8
8
8

4.13
4.13
4.13
5.16
5.16
5.16
4.13

Total

38

54

27.6

54

32

Proposed approach
𝑥∗

𝑦∗

8.26
8.26
8.26
10.32
10.32
10.32
8.26

5
5
5
5
5
5
5

10
10
10
10
10
10
10

64

35

70

Table 4: Data related to 14 gas companies.
𝑥1
177,430
221,338
267,806
160,912
177,214
146,325
195,138
108,146
165,663
195,728
87,050
124,313
67,545
47,208
2,141,816

DMU
1
2
3
4
5
6
7
8
9
10
11
12
13
14
Total

𝑥2
401
1,094
1,079
444
801
686
687
152
494
503
343
129
117
165
7,095

𝑥3
528,325
1,186,905
1,323,325
648,685
909,539
545,115
790,348
236,722
523,899
428,566
298,696
198,598
131,649
228,730
7,979,102
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Figure 5: The CRA-CSBM projections onto the frontier line.

reveals a slighter amount of aggregate inputs and a corresponding larger amount of aggregate outputs than the DMU
itself because of the fact that the proposed approach lends
its basis to the centralized models. We need to take into

𝑦1
801
803
251
816
654
177
695
606
652
959
221
565
152
211
7,563

𝑦2
41,675
34,960
24,461
23,744
36,409
18,000
31,221
23,889
25,163
43,440
9,689
21,032
10,398
9,391
353,472

𝑦3
77,564
44,136
27,690
45,882
72,676
19,839
40,154
37,770
28,402
63,701
17,334
30,242
14,139
13,505
533,034

𝑦4
201,529
840,446
832,616
251,770
443,507
341,585
233,822
118,943
179,315
195,303
106,037
61,836
46,233
42,094
3,895,036

consideration each of the mentioned branches as a DMU with
the purpose of attaining proper benchmarks for the branches
and then solve the proposed model (1) for the DMUs in the
case of 𝐿 = 0.588. In details, the relevant results are provided
in Table 5.
If we take into account branch 5 as an example, the
first, second, and third inputs related to this branch are a
smaller amount than the relevant inputs of the benchmark
shown for this DMU, according to Table 5. Considering the
related outputs, it should be also mentioned that only the
benchmark’s first output is a smaller amount than the output
of the DMU itself; this is not in effect a desirable quantity from
the DEA viewpoint. At this point, let us consider branch 14
while its relevant results are unlike: the entire outputs related
to the mentioned branch are smaller than the outputs of
the benchmark given for the branch, with the approximation
used, which is theoretically more desired. Still, the branch’s
first and third inputs are smaller than the inputs related to the
benchmark; in fact, since the objective in DEA is to detect a
benchmark for a DMU having a slighter input and a larger
output than the DMU itself, this amount is not desired from
the DEA perspective. As for branch 9, it is observed that its
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Table 5: Benchmarks for each branch by using the proposed model.
𝑥1∗

𝑥2∗

𝑥3∗

𝑦1∗

𝑦2∗

𝑦3∗

𝑦4∗

1
2

108,146.06
108,146.06

152.00
152.00

236,722.47
236,722.47

606.00
606.00

23,889.00
23,889.00

37,770.00
37,770.00

118,943.22
118,943.22

3
4
5

177,213.97
84,935.82
108,146.06

801.00
245.52
152.00

909,538.52
322,248.05
236,722.47

654.00
402.22
606.00

36,408.98
17,844.93
23,889.00

72,675.95
29,515.80
37,770.00

443,506.77
121,358.87
118,943.22

6
7

69,319.49
108,146.06

160.28
152.00

231,630.37
236,722.47

354.33
606.00

14,651.62
23,889.00

22,309.59
37,770.00

69,978.98
118,943.22

8
9
10

187,249.86
187,249.86
182,913.27

810.31
810.31
787.18

900,754.21
900,754.21
876,891.51

743.67
743.67
728.93

31,625.93
31,625.93
30,989.15

42,218.86
42,218.86
41,456.01

623,162.83
623,162.83
603,280.41

11
12

108,146.06
108,146.06

152.00
152.00

236,722.47
236,722.47

606.00
606.00

23,889.00
23,889.00

37,770.00
37,770.00

118,943.22
118,943.22

13
14

187,249.86
72,320.18

810.31
159.64

900,754.21
232,023.91

743.67
373.78

31,625.93
15,365.53

42,218.86
23,504.44

623,162.83
73,763.150

1,797,328.68

5,496.57

6,694,929.80

8,380.27

353,473

542,738.35

3,895,037

DMU

Total

entire inputs are smaller than the benchmark’s inputs which
are given for the branch and again this is not desired from the
DEA perspective; however, the entire outputs related to this
branch are smaller than the ones for the benchmark presented
for the branch, with the approximation utilized, which is
theoretically desired.
It can be discerned that our proposed approach lends
its basis to the centralized models wherein not all the
inputs (outputs) are probably reduced (elevated). Indeed, it
is possible to reduce/elevate a DMU’s inputs/outputs only in
case the traditional DEA models are exploited.
In practice, the centralized models aim at reducing the
aggregate inputs while elevating the aggregate outputs. It
is observed that the benchmarks’ aggregate inputs/outputs
are reduced/elevated in comparison with the corresponding
branches and this in turn is said to be desirable. The quantities
of the reduction in the provided benchmarks’ aggregate
inputs, compared to the respective branches, are 1,797,328.68,
5,496.57 and 6,694,929.80 for the first, second, and third
inputs, respectively. As for the aggregate outputs, the ones
related to the benchmarks show a rise of 8,380.27, 353,473,
542,738.35, and 3,895,037 for the first, second, third, and
fourth outputs, respectively; in effect, this can be desirable
while taking into account the properties associated with the
centralized models.
It should be noticed that branches 8, 9, and 13 entail identical projection points on the efficient frontier; therefore, they
entail the similar benchmark, too. Moreover, the projection
points related to branches 1, 2, 5, 7, 11, and 12 coincide with the
ones related to branch 8, implying the fact that they entail the
similar benchmark. Besides, the remainder of the branches is
reflected onto the other part of the frontier line.
At this instant, with the purpose of comparing the
approach introduced in this paper with the ones presented
in the previous models, we would be able to attain the benchmarks consistent with the branches by the approach utilized

by the CRA-BCCI model [17] and CRA-SBMI model [32]
which stand as two extreme cases of the CRA-CSBM model.
Furthermore, in case of employing the connected-SBM
[16] for attaining the benchmark for every branch, the
acquired results will indicate that the benchmark presented
for every branch contains a slighter quantity of inputs as
well as a larger quantity of outputs than the branch itself.
Nonetheless, neither the CRA-BCCI and CRA-SBMI nor the
model proposed in this paper has such characteristic; it is
impossible to declare that the entire input/output components corresponding to each branch are slighter/larger than
the ones for each single branch. We can merely affirm that
the aggregate input/output related to the benchmark for every
branch is slighter/larger than that of the branch itself.

6. Discussions and Conclusions
There is a need for a different approach which can project the
entire units simultaneously because of the fact that by now
the conventional DEA models set the targets independently
for each DMU. In brief, an intraorganizational scenario was
addressed in this paper wherein the entire units could be
categorized under the supervision of a centralized decision
maker. This decision maker required them to be efficient
and considered the total input consumption and total output
production. A new DEA model is introduced in this paper for
centralized resource allocation.
The foremost finding here is illustrating a scheme for
integrating the radial and nonradial CRA-DEA models with
the intention of controlling the proportionality of slacks. Such
a control will supply the decision maker with a superior
chance of taking the appropriate benchmarks which stand as
superior reflections of the expected patterns of the potential
improvements. Two parameters are used by the CRA-CSBM
model to limit the variations related to the normalized
slacks in a certain range. The renowned CRA-BCC and
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CAR-SBM models are considered as the two extreme cases
of the mentioned model. Likewise, the sensitivity analysis
by altering the CRA-CSBM model’s parameters can allow
incapacitating the latent problem of the mixed value slacks
that would then confuse other analyses which rely on slacks.
We are able to project the entire DMUs in our method
onto the efficient frontier. This can be achieved through
solving only one model. Furthermore, in comparison with
the preceding methods we can attain unalike benchmarks
for all the DMUs by exploiting the given approximation. We
also indicated by presenting an applied example that more
appropriate benchmarks can be commonly acquired by the
suggested approximation than by the preceding ones. Besides,
the appropriate benchmarks can be suitably presented for
the entire DMUs through solving one model for the case
wherein the amount of DMUs is big. Moreover, for obtaining
an insight into the way this approach functions, a graphical
interpretation of two-dimensional cases are also provided.
To put it briefly, researchers and practitioners in the DEA
field can currently match the estimated contraction of the
resources and expansion of the outputs in a certain production system for establishing more realistic benchmarks. The
proposed approach here is fairly simple which is also able
to be simply extended in different directions. In effect, we
are able to project only the inefficient DMUs by splitting the
efficient and inefficient DMUs. The proposed models can also
be employed for discretionary and nondiscretionary data.
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This paper studies the optimal hub routing problem of merged tasks in collaborative transportation. This problem allows all carriers’
transportation tasks to reach the destinations optionally passing through 0, 1, or 2 hubs within limited distance, while a cost discount
on arcs in the hub route could be acquired after paying fixed charges. The problem arises in the application of logistics, postal
services, airline transportation, and so forth. We formulate the problem as a mixed-integer programming model, and provide two
heuristic approaches, respectively, based on Lagrangian relaxation and Benders decomposition. Computational experiments show
that the algorithms work well.

1. Introduction
With the rapid growth of manufacturing industry and Ecommerce in recent years, logistics industry is constantly
expanding. However, many carriers still show small scale and
low load ratio in developing countries such as China. At the
same time, a number of consignors choose multibatch lessthan-truck-loads instead of single-batch full-truck-loads in
order to adapt to flexible production plans, which increases
logistics costs. One promising way of improvement is a
new transportation model called collaborative transportation (CT), which integrates all transportation demands and
transportation resources to achieve economies of scale. For
example, if transport tasks shown in Figure 1 dealt with a CT
program as shown in Figure 2, then routing costs could be
reduced by combing several transportation flows on a few
arcs. A transportation task from node 𝑖 to 𝑗 is called O-D
flow 𝑖 → 𝑗. The route passing through no more than 2 hubs,
such as 𝑖 → 𝑘 → 𝑚 → 𝑗, is called hub route. An arc
(𝑘, 𝑚) is called hub arc if it carries enough O-D flows and
produces a freight cost discount on the arc due to economies
of scale, which is the most favourable feature of CT. However,
two unfavourable characteristics exist in CT. First, O-D flows
may increase touring distance. For instance, the distance of
route A–B–E–D is obviously longer than the direct distance

of route A–D. Second, to achieve discount, we have to pay a
fixed charge to build hub arc, such as building railroad instead
of highroad or buying heavy trucks to replace light-vans.
Therefore, hub route with merging flows obtains discount on
hub arc at the expense of additional transportation range and
fixed charge. This encourages us to seek the optimal hub route
of merging flows to maximize the profit of CT.
Flow merging and hub routing problem of collaborative
transportation exists in many practices. For example, flight
courses between small cities can be integrated into hub arcs
of big cities, such as hub route small city—big city—big city—
small city. In road line between two Chinese cities Guangzhou
and Hong Kong, a logistics company may quote 2700 yuan,
3000 yuan, 3400 yuan, and 3600 yuan for full-truck-loads
of 3 tons, 5 tons, 10 tons, and 12 tons, respectively, and
the expenses per ton are 900 yuan, 600 yuan, 340 yuan, and
300 yuan. Petroleum exploitation companies in north China
considered whether and where to build a railway to convey
merging materials and reduce costs. The above applications
indicate that larger vehicles loading larger flows generate
cheaper transport costs. In other applications of CT where
high response speed is required, we need to consider the distance constraints. For example, in express delivery business,
customers require that the total transportation time of O-D
flow is less than the promised hour such as 24-hour delivery
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or 48-hour delivery. But in order to save transportation
costs, most O-D flows have to give up the direct paths
and select longer hub routes. How to generate the savingand-fast transportation plan with distance constraints? To
reach this, we research flow merging and hub route problem
in collaborative transportation (FMRICT) which finds the
optimal hub route of merged flows within limited detouring
distance, while hub arc can cut cost from discount if paid a
fixed charge.
At present study of CT, the optimized route can be categorized into fleet’s route and flow’s hub route. Literatures about
multidepot arc routing problem (MDARP) and multidepot
pickup and delivery problem (MDPDP) are researches on
fleet’s route. A fleet finished a task 𝑖 → 𝑗 in MDARP
if its tour starting and ending a depot directly passed arc
(𝑖, 𝑗). But to finish a task 𝑖 → 𝑗 in MDPDP, fleet needs
to find a minimal cost tour while node 𝑖 is before but not
necessary last to node 𝑗, which means picking up freight at 𝑖
and delivering it at 𝑗. Obviously, MDPDP can achieve a lower
cost than MDARP as shown in Figures 3, 4, and 5. However,
MDPDP is more complex and extremely harder to solve large
scale instances than MDARP. Most researches on MDPDP are
tested on instances with single depot. Reference [1] tries to
solve MDARP with 200 tasks by particle swarm optimization
but does not provide the benchmark of computational time
and solution quality. To the best of our knowledge there
are no other efficient approaches with benchmark to large
scale MDPDP, while MDARP with more than 1000 tasks
can be solved with good benchmark in [2–4]. As shown
in Figure 6, a promising innovation is the two-stage CT
program which takes full advantage of scale effect and
decreases the complexity. The first stage merges the flows,
and the second stage obtains the fleet’s tour by solving a

B

Flow
A
Flow →B
A→C

C

A

Depot

Figure 5: MDPDP.

MDARP which already has good heuristics. Accordingly, it
is an important step to find the optimal hub route of merging
flow.
Current studies on O-D flow’s hub route of CT focus
on the hub-and-spoke network design problem (HASNDP).
Assuming that all arcs between hubs have transportation
discount and requiring that all the O-D flows have to pass
one or two hubs, HASNDP seeks the best selecting of hub and
arranges the right hub routes of O-D flows to minimize the
total cost. HASNDP was initially proposed by O’Kelly (1988)
who built a quadratic programming model and provided two
types of heuristic algorithms. In recent years, many studies
are devoted to improve the model and the solution [5–8],
while some scholars concentrate on the extension problem of
HASNDP [9–16]. HASNDP and hub location problem have
gained much attention. However, there still exist two defects.
Firstly, requiring all the O-D flows passing hubs may cause
lots of detouring. For instance, in the conclusion of Weng [7],
Xi’an was chosen as hub in Chinese airline Lhasa → Xi’ning
according to the result of HASNDP, which is obviously not
right due to over detouring. Secondly, current researches of
HASNDP emphasize on nodes’ cost while neglect arcs’ cost
and the demand of incremental flows. HASNDP assumes that
all arcs between hubs can automatically obtain economies of
scale as long as hub costs are paid and O-D flows pass one or
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two hubs, which conflicts some practice. For example, tasks
shown in Figure 7 will be designed as hub-and-spoke network
shown in Figure 8. Nodes 𝐻, 𝐼, and 𝐽 are chosen as hubs
and all arcs between them enjoy discount of transportation
costs. However, as we can see from Figure 8, no incremental
flows pass through arc (𝐻, 𝐼) and it should not be given the
transportation discount. In fact, the economies of scale for
hub arcs need other two conditions including the incremental
flows and the fixed charge to build more economic transport
facilities. Researches [17–20] also find that some hub arcs do
not have quantity strength after paying the hub costs while
they still require tasks passing hubs and neglect the detouring
distance limitation, which are distinguished from our work.
This paper is organized as follows. In Section 2, we formulate the mixed-integer programming model for FMRICT.
Sections 3 and 4 provide two heuristic approaches, respectively, based on Lagrangian relaxation and Benders decomposition. Section 5 shows test performance of the algorithms.
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2. Formulation
Consider a connected network 𝐺(𝑁, 𝐴), where 𝐴 is the set
of edges and 𝑁 = {1, 2, . . . , 𝑛} is the set of nodes. For all
𝑖 ≠
𝑗, let ℎ𝑖𝑗 denote the O-D flow from 𝑖 to 𝑗. 𝐷𝑖𝑗 is the limited
detouring distance of flow 𝑖 → 𝑗. 𝑐𝑘𝑚 is the unit flow cost of
arc (𝑘, 𝑚), and 𝑓𝑘𝑚 is the fixed cost when arc (𝑘, 𝑚) is selected
as a hub arc. 𝑎 (0 < 𝑎 < 1) denotes the transportation cost
discount of hub arcs. Binary decision variable 𝑌𝑘𝑚 = 1 if arc
(𝑘, 𝑚) is selected as a hub arc and 0 otherwise. 𝑋𝑖𝑗𝑘𝑚 is the
quantity of flow 𝑖 → 𝑗 on non-hub-arc (𝑘, 𝑚). 𝑊𝑖𝑗𝑘𝑚 is the
quantity of flow 𝑖 → 𝑗 on hub arc (𝑘, 𝑚). Binary variable
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𝑍𝑖𝑗𝑘𝑚 = 1 if flow 𝑖 → 𝑗 chooses route 𝑖 → 𝑘 → 𝑚 → 𝑗 and
0 otherwise. FMRICT model could be formulated as (P1),
(P1) min ∑ ∑ ∑ ∑ (𝑋𝑖𝑗𝑘𝑚 𝑐𝑘𝑚 + 𝑎𝑊𝑖𝑗𝑘𝑚 𝑐𝑘𝑚 )
𝑖

𝑗

𝑚

𝑘

(1)

+ ∑ ∑ 𝑓𝑘𝑚 𝑌𝑘𝑚 ,
𝑘

S.T.

𝑚

𝑖𝑗

𝑖𝑗

∑ ∑ (𝑋𝑖𝑗𝑘𝑚 + 𝑊𝑖𝑗𝑘𝑚 ) + 𝑋𝑖𝑗 + 𝑊𝑖𝑗 = ℎ𝑖𝑗

𝑘∉𝑖,𝑗 𝑚∉𝑖,𝑗

(2)
∀𝑖, 𝑗 ∈ 𝑁;

𝑖 ≠
𝑗,

∑ (𝑋𝑖𝑗𝑘𝑚 + 𝑊𝑖𝑗𝑘𝑚 ) = 𝑋𝑖𝑗𝑖𝑘 + 𝑊𝑖𝑗𝑖𝑘

𝑚∉𝑖,𝑗

(3)

∀𝑖, 𝑗, 𝑘 ∈ 𝑁;

𝑖 ≠
𝑗;

𝑘 ∉ 𝑖, 𝑗,
𝑚𝑗

𝑚𝑗

∑ (𝑋𝑖𝑗𝑘𝑚 + 𝑊𝑖𝑗𝑘𝑚 = 𝑋𝑖𝑗 + 𝑊𝑖𝑗 )

𝑚∉𝑖,𝑗

(4)

∀𝑖, 𝑗, 𝑚 ∈ 𝑁;

𝑖 ≠
𝑗;

𝑚 ∉ 𝑖, 𝑗,

𝑤𝑖𝑗𝑘𝑚 ≤ 𝑌𝑘𝑚 ℎ𝑖𝑗
∀𝑖, 𝑗, 𝑘, 𝑚 ∈ 𝑁;

𝑖 ≠
𝑗;

𝑘 ≠
𝑗;

𝑚 ≠
𝑖,

(5)

𝑚𝑗

𝑍𝑖𝑗𝑖𝑘 𝑐𝑖𝑘 + 𝑍𝑖𝑗𝑘𝑚 𝑐𝑘𝑚 + 𝑍𝑖𝑗 𝑐𝑚𝑗 − 𝐷𝑖𝑗 ≤ 0
∀𝑖 ≠
𝑗;

𝑘 ≠
𝑗;

𝑚 ≠
𝑖,

𝑋𝑖𝑗𝑘𝑚 + 𝑊𝑖𝑗𝑘𝑚 = 𝑍𝑖𝑗𝑘𝑚 ℎ𝑖𝑗
∀𝑖, 𝑗, 𝑘, 𝑚 ∈ 𝑁;

𝑖 ≤ 𝑗;

𝑘 ≤ 𝑗;

𝑊𝑖𝑗𝑘𝑚 , 𝑋𝑖𝑗𝑘𝑚 ≥ 0;

𝑍𝑖𝑗𝑘𝑚 , 𝑌𝑖𝑗 = 0, 1

∀𝑖, 𝑗, 𝑘, 𝑚 ∈ 𝑁,

𝑘 ≤ 𝑗;

𝑚 ≤ 𝑖.

𝑚 ≤ 𝑖,

(6)

(7)

(8)

Proof. When 𝑌𝑘𝑚 = 1, we can decrease the transportation
costs of (1 − 𝑎)𝑍𝑘𝑚 𝑐𝑘𝑚 but increase fixed charge of 𝑓𝑘𝑚 .
For every selected hub arc (𝑘, 𝑚), it is optimal only if (1 −
𝑎)𝑍𝑘𝑚 𝑐𝑘𝑚 ≥ 𝑓𝑘𝑚 ; otherwise we can decrease costs by set
𝑌𝑘𝑚 = 0 and it is a contradiction to optimal solution.
Therefore, the optimal flow on hub arc must satisfy 𝑍𝑘𝑚 ≥
𝑓𝑘𝑚 /(1 − 𝑎)𝑐𝑘𝑚 .

3. Heuristic Algorithm Based on
Lagrange Relaxation
(P1) is a complicated mixed-integer programming model
that possesses about 3𝑛4 + 𝑛2 variables and 5𝑛4 + 2𝑛3 + 𝑛2
constraints. The decision variables and constraints would
be more than 50 thousands only if 10 nodes are included.
FMRICT can be proven NP hard since it is an extension
of fixed charge multicommodity network flow problem.
Therefore, heuristic is needed for large scaled FMRICT. This
section proposes a heuristic procedure based on Lagrange
relaxation. The procedure uses the idea of relaxing parts of
constraints by bringing them into the objective function with
associated vector 𝜆 called the Lagrange multiplier and builds
relaxed problem called Lagrangian dual problem which is
relatively easily solved. A lower bound can be obtained from
the solution of the Lagrangian dual problem, and an upper
bound was found by refining the solution to a feasible solution
of the original problem. The heuristic iteratively reduces the
gap between upper bound and lower bound by updating the
Lagrange multiplier. The main algorithm elements include
the way of building relaxed problem called Lagrange dual
problem, the way of constructing feasible solution, and the
way of updating Lagrangian multipliers.
If we relax constraint (5) in (P1) and define 𝜆𝑘𝑚
𝑖𝑗 as the
Lagrangian multiplier of corresponding constraint, then the
Lagrange dual problem (P2) can be obtained as follows:
(P2) min ∑ ∑ ∑ ∑ 𝑋𝑖𝑗𝑘𝑚 𝑐𝑘𝑚
𝑖

In (P1), objective function (1) accounts for the minimization of total routing costs plus fixed costs. Constraint (2)
requires all tasks be finished. Constraint (3) and constraint
(4) ensure the flow balance. If flow 𝑖 → 𝑗 goes through the
hub 𝑘 (𝑘 ∉ {𝑖, 𝑗}), then the flow going in 𝑘 must equal the flow
going out of 𝑘. Constraint (5) restricts 𝑊𝑖𝑗𝑘𝑚 to be 0 if arc (𝑘, 𝑚)
is not selected as hub arc. 𝑘 ≠
𝑗 and 𝑚 ≠
𝑖 in constraints (5)
and (6) are to avoid roundabout transportation. For instance,
route 𝑖 → 𝑗 → 𝑖 → 𝑗 and route 𝑖 → 𝑗 → 𝑘 → 𝑗
are not acceptable. Constraint (6) controls the route distance,
and constraint (7) is to define 𝑍𝑖𝑗𝑘𝑚 .
Compared to HASNDP which neglects detouring distance, (P1) makes tasks choose detour routes instead of direct
routes if only they are more saving and control the distance
by constraint (6). (P1) also helps the incremental flows of hub
arcs by importing fixed charge as shown in Lemma 1. Define
𝑍𝑘𝑚 = ∑𝑖 ∑𝑗 (𝑋𝑖𝑗𝑘𝑚 + 𝑊𝑖𝑗𝑘𝑚 ) as the total flow on arc (𝑘, 𝑚).
Lemma 1. In optimal solution of FMRICT, if (𝑘, 𝑚) is selected
as a hub arc, then 𝑍𝑘𝑚 ≥ 𝑓𝑘𝑚 /(1 − 𝑎)𝑐𝑘𝑚 .

𝑗

𝑘

𝑚

+∑ ∑ ∑ ∑ 𝑊𝑖𝑗𝑘𝑚 (𝛼𝑐𝑘𝑚 + 𝜆𝑘𝑚
𝑖𝑗 )
𝑖

𝑗

𝑘

𝑚

+∑ ∑ 𝑌𝑘𝑚 (𝑓𝑘𝑚 − ∑ ∑ 𝜆𝑘𝑚
𝑖𝑗 ℎ𝑖𝑗 )
𝑘

S.T.

𝑚

𝑖

𝑗

Constraints (2) – (4) , (6) – (8) .
(9)

Given 𝜆𝑘𝑚
𝑖𝑗 , we can easily minimize the objective of (P2).

For fixed costs, if 𝑓𝑘𝑚 − ∑𝑖 ∑𝑗 𝜆𝑘𝑚
𝑖𝑗 ℎ𝑖𝑗 < 0, then 𝑌𝑘𝑚 = 1, and 0
otherwise. For transportation costs, O-D flow will select the
= 1 if flow 𝑖 → 𝑗 going
shortest hub route. Let isarc𝑘𝑚
𝑖𝑗

through hub arc (𝑘, 𝑚), and isarc𝑘𝑚
= 0 otherwise. Let 𝑙𝑘
𝑖𝑗
be the objective of (P2). The approaching procedure can be
constructed as Algorithm 2.
The first step is to calculate the cost of arc (𝑘, 𝑚) for flow
𝑖 → 𝑗. The second step is to find the optimal hub route
𝑖 → 𝑘∗ → 𝑚∗ → 𝑗 that satisfies distance constraints
𝑖𝑗
and to determine 𝑊𝑘𝑚 . The last step is to find hub arcs. 𝑙𝑘
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is the optimal solution of (P2) and also becomes the lower
bound of (P1). In this heuristic, we will augment lower bound
to approach optimal value by subgradient optimization.
Algorithm 2 (solving the relaxed problem). (1) For ∀𝑖, 𝑗, 𝑘, 𝑚
that satisfy 𝑖 ≠
𝑗, 𝑘 ≠
𝑗 and 𝑚 ≠
𝑖, let 𝐶𝑖𝑗𝑘𝑚 = min(𝑐𝑘𝑚 , 𝛼𝑐𝑘𝑚 +
𝜆𝑘𝑚
𝑖𝑗 ),

and
1 if 𝐶𝑖𝑗𝑘𝑚 = 𝛼𝑐𝑘𝑚 + 𝜆𝑘𝑚
𝑖𝑗
isarc𝑘𝑚
=
{
𝑖𝑗
0 else;

𝑙𝑘 = 0, 𝑊𝑖𝑗𝑘𝑚 = 0.

(10)

𝑚𝑗
(2) For ∀𝑖 ≠
𝑗: find (𝑘 , 𝑚 ) = arg
+ 𝐶𝑖𝑗𝑘𝑚 + 𝐶𝑖𝑗 |
∗
∗ ∗
𝑐𝑖𝑘 + 𝑐𝑘𝑚 + 𝑐𝑚𝑗 ≤ 𝐷𝑖𝑗 , 𝑘 ≠
𝑗, 𝑚 ≠
𝑖}; let 𝑙𝑘 = 𝑙𝑘 + 𝐶𝑖𝑗𝑖𝑘 + 𝐶𝑖𝑗𝑘 𝑚 +
∗
∗
𝑚 𝑗
𝑖𝑘∗
𝑘∗ 𝑚∗
= 1, then
𝐶𝑖𝑗 ; if isarc𝑖𝑘
𝑖𝑗 = 1, then 𝑊𝑖𝑗 = ℎ𝑖𝑗 ; if isarc𝑖𝑗
∗
∗
∗ ∗
𝑚
𝑗
𝑚
𝑗
𝑊𝑖𝑗𝑘 𝑚 = ℎ𝑖𝑗 ; if isarc𝑖𝑗 = 1, then 𝑊𝑖𝑗 = ℎ𝑖𝑗 .
(3) For ∀𝑘 ≠
𝑚, if 𝑓𝑘𝑚 − ∑𝑖 ∑𝑗 𝜆𝑘𝑚
𝑖𝑗 ℎ𝑖𝑗 < 0, then 𝑌𝑘𝑚 = 1,
𝑘𝑚
𝑙𝑘 = 𝑙𝑘 + 𝑓𝑘𝑚 − ∑𝑖 ∑𝑗 𝜆 𝑖𝑗 ℎ𝑖𝑗 , else 𝑌𝑘𝑚 = 0.
∗

∗

min{𝐶𝑖𝑗𝑖𝑘

̂𝑘𝑚 =
Algorithm 3 (construct feasible solution). (1) 𝑢𝑘 = 0, 𝑊
𝑖𝑗
̂𝑘𝑚 = 0, 𝐹̂𝑘𝑚 = 0.
0, 𝑋
𝑖𝑗
𝑖𝑗
̂𝑘𝑚 = 𝑌𝑘𝑚 while 𝑌𝑘𝑚 is the result of
(2) For ∀𝑘 ≠
𝑚, let 𝑌
̂𝑘𝑚 = 1, then 𝑢𝑘 = 𝑢𝑘 + 𝑓𝑘𝑚 .
step (3) of Algorithm 2. If 𝑌
(3) For ∀𝑖, 𝑗, 𝑘, 𝑚 having 𝑘 ≠
𝑗, 𝑚 ≠
𝑖, let
𝐶𝑖𝑗𝑘𝑚 = {

𝑎𝑐𝑘𝑚
𝑐𝑘𝑚

̂𝑘𝑚 = 1
if 𝑌
else.

(11)
𝑚𝑗

(4) For ∀𝑖 ≠
𝑗, find (𝑘∗ , 𝑚∗ ) = arg min{𝐶𝑖𝑗𝑖𝑘 + 𝐶𝑖𝑗𝑘𝑚 + 𝐶𝑖𝑗 |
∗

∗

𝑐𝑖𝑘 + 𝑐𝑘𝑚 + 𝑐𝑚𝑗 ≤ 𝐷𝑖𝑗 , 𝑘 ≠
𝑗, 𝑚 ≠
𝑖}; let 𝐹𝑖𝑗𝑖𝑘 = ℎ𝑖𝑗 , 𝐹𝑖𝑗𝑘
∗

𝑚 𝑗
𝐹𝑖𝑗

= ℎ𝑖𝑗 , 𝑢𝑘 = 𝑢𝑘 +

𝐶𝑖𝑗𝑖𝑘

+

𝐶𝑖𝑗𝑘𝑚

+

𝑚𝑗
𝐶𝑖𝑗 .

𝑚

∗

= ℎ𝑖𝑗 ,

However, the optimal solution of (P2) may not be feasible
to FMRICT by violating constraint (5) such as 𝑊𝑖𝑗𝑘𝑚 > 𝑌𝑘𝑚 ℎ𝑖𝑗 .
Consequently, solution of (P2) will be adapted to feasible
̂𝑘𝑚 , 𝑊
̂𝑘𝑚 , and 𝑌
̂𝑘𝑚 be
solution of the original problem. Let 𝑋
𝑖𝑗
𝑖𝑗
the feasible solution of 𝑋𝑖𝑗𝑘𝑚 , 𝑊𝑖𝑗𝑘𝑚 , and 𝑌𝑘𝑚 , respectively. Let

𝐹𝑖𝑗𝑘𝑚 denote the quantity of flow 𝑖 → 𝑗 going through arc
̂𝑘𝑚 = 𝐹𝑘𝑚 and 𝑋
̂𝑘𝑚 = 0
(𝑘, 𝑚). The definition means that 𝑊
𝑖𝑗
𝑖𝑗
𝑖𝑗
𝑘𝑚
𝑘𝑚
𝑘𝑚
̂ = 0 and 𝑋
̂ = 𝐹 . Let 𝑢𝑘
if (𝑘, 𝑚) is hub arc; else 𝑊
𝑖𝑗

𝑖𝑗

𝑖𝑗

be the objective value of feasible solution. Algorithm 3 is the
procedure of obtaining feasible solution. After initialization
in the first step, the second step is to determine the hub arc
and to count fixed costs. The third step is to calculate the
transportation costs of tasks in all arcs, and the last step is
to make O-D flow select the shortest hub route.
For given Lagrangian multiplier 𝜆𝑘𝑚
𝑖𝑗 , both upper bound
𝑢𝑘 and lower bound 𝑙𝑘 could be obtained from Algorithms 2
and 3. Updating Lagrangian multiplier is to adjust the value
of 𝜆𝑘𝑚
𝑖𝑗 so that the upper bound and the lower bound would
be more and more closer to the optimal value. Subgradient
algorithm is such a method to update 𝜆𝑘𝑚
𝑖𝑗 .

Let 𝑙𝑡 be the step length of iteration 𝑡 and be computed as
𝑙𝑡 =

𝛼𝑡 (UB − 𝑙𝑘)
∑𝑖 ∑𝑗 ∑𝑘 ∑𝑚 (𝑌𝑘𝑚 ℎ𝑖𝑗 − 𝑊𝑖𝑗𝑘𝑚 )

2

.

(12)

In (12), 𝛼𝑡 is the step length parameter at iteration 𝑡,
and 𝛼1 is usually initialized by 2. Let UB be the current
best upper bound and let 𝑌𝑘𝑚 and 𝑊𝑖𝑗𝑘𝑚 be solutions of the
relaxed problem at current iteration. Lagrangian multiplier is
updated as formula (13) to heighten the lower bound,
𝑘𝑚
𝑡
𝑘𝑚
𝜆𝑘𝑚
𝑖𝑗 = max {0, 𝜆 𝑖𝑗 − 𝑙 (𝑌𝑘𝑚 ℎ𝑖𝑗 − 𝑊𝑖𝑗 )} .

(13)

The main program of Lagrangian relaxation algorithm for
solving FMRICT is as follows.
Algorithm 4 (Lagrangian relaxation algorithm for solving
FMRICT). (1) Initialize the parameters. Let 𝑡 = 1, 𝜆𝑘𝑚
𝑖𝑗 = 𝑐𝑘𝑚 ,
𝑡
𝛼 = 2, and UB = ∞. Set the current optimal lower bound
LB = −∞.
(2) Solve Lagrangian relaxation problem with
Algorithm 2 to get 𝑊𝑖𝑗𝑘𝑚 , 𝑌𝑖𝑗𝑘 , and 𝑙𝑘. Update LB =
max(LB, 𝑙𝑘).
(3) According to Algorithm 3, acquire the feasible solû 𝑘 and 𝐹𝑘𝑚 and compute objective function (1) to get
tion 𝑌
𝑖𝑗
𝑖𝑗
𝑢𝑘. Update UB = max(UB, 𝑢𝑘).
(4) Update step length parameter 𝛼𝑘 . If LB is not improved
within 65 steps, then let 𝛼𝑘+1 = 𝛼𝑘 /2.
(5) Update Lagrangian multiplier according to (12) and
(13).
(6) Determine if it has reached the termination criterion.
End algorithm if any one of the following three criterions is
established to be true: (1) UB − LB ≤ 0.1, (2) 𝑙𝑡 ≤ 0.0001, and
(3) 𝑡 = 1000.
(7) Update iteration numbers 𝑡 = 𝑡 + 1 and return to step
(2).

4. Heuristic Algorithm Based on
Benders Decomposition
This section approaches FMRICT with another method based
on Benders decomposition to compare performance with
Algorithm 4. By fixing some variables of the original problem, Benders decomposition partitions the original problem
into master problem and subproblem which are easy to
solve. Solve the subproblem to produce the upper bound and
increase Benders’ cut to the master problem based on the
solution of dual variable of the subproblem, and then solve the
master problem to acquire the lower bound. The algorithm
will iteratively reduce the gap between upper bound and
lower bound.
For model (P1), fix all 𝑌𝑘𝑚 to 𝑌𝑘𝑚 at the iteration 𝑡; then
the subproblem is shown as in (P3),
(P3)

min

∑ 𝑋𝑖𝑗𝑘𝑚 𝑐𝑘𝑚 + ∑ 𝑎𝑊𝑖𝑗𝑘𝑚 𝑐𝑘𝑚 + ∑ 𝑓𝑘𝑚 𝑌𝑘𝑚 ,

𝑖,𝑗,𝑘,𝑚

𝑖,𝑗,𝑘,𝑚

𝑘,𝑚

(14)
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S.T.

∀𝑖 ≠
𝑗; 𝑘 ≠
𝑗; 𝑚 ≠
𝑖,

(15)

Constraints (2) – (4) , (6) – (8)
𝑊𝑖𝑗𝑘𝑚 , 𝑋𝑖𝑗𝑘𝑚 , 𝑍𝑖𝑗𝑘𝑚 ⩾ 0

∀𝑘 ≠
𝑗; 𝑚 ≠
𝑖.

(16)

(P3) is easy to solve, and we only need to make all O-D
flows select the minimum cost hub route within distance lim𝑡
and V𝑖𝑗𝑡 be the dual variables of constraints
itations. Let 𝑈𝑖𝑗𝑘𝑚
(15) and (2) of (P3) at the iteration 𝑡.
𝑡
and V𝑖𝑗𝑡 could be obtained
Feasible solution of 𝑈𝑖𝑗𝑘𝑚
according to duality theory, as shown in (17),
𝑉𝑖𝑗𝑡 =

min

∀𝑘 ≠𝑗,𝑚 ≠𝑖

(𝑅𝑖𝑘 + 𝑅𝑘𝑚 + 𝑅𝑚𝑗 𝑑𝑖𝑗𝑘𝑚 ≤ 𝐷𝑖𝑗 ) ,

𝑡
𝑈𝑖𝑗𝑘𝑚

(𝑎𝑑𝑖𝑘 + 𝑅𝑘𝑚 + 𝑅𝑚𝑗 | 𝑑𝑖𝑗𝑘𝑚 ≤ 𝐷𝑖𝑗 )]
max [0, 𝑉𝑖𝑗 − min
{
{
𝑚
{
{
{
if 𝑘 = 𝑖
{
{
{
{
{
{
(𝑅𝑖𝑘 + 𝑅𝑘𝑚 + 𝑎𝑑𝑚𝑗 | 𝑑𝑖𝑗𝑘𝑚 ≤ 𝐷𝑖𝑗 )]
{
{max [0, 𝑉𝑖𝑗 − min
𝑘
={
if 𝑚 = 𝑗
{
{
{
{
{
max
[0,
𝑉𝑖𝑗 − 𝑅𝑖𝑘 − 𝑅𝑚𝑗 − 𝑎𝑑𝑚𝑘 | 𝑑𝑖𝑗𝑘𝑚 ≤ 𝐷𝑖𝑗 ]
{
{
{
{
{
if 𝑘 ≠
𝑖, 𝑚 ≠
𝑗
{
{
0
otherwise.
{
(17)
In (17),
𝑎𝑑
𝑅𝑘𝑚 = { 𝑘𝑚
𝑑𝑘𝑚

̂𝑘𝑚 = 1
if 𝑌
̂𝑘𝑚 = 0,
if 𝑌

(18)

𝑑𝑖𝑗𝑘𝑚 = 𝑑𝑖𝑘 + 𝑑𝑘𝑚 + 𝑑𝑚𝑗 . The economic meaning of 𝑉𝑖𝑗𝑡 is the
𝑡
incremental costs for adding one unit flow 𝑖 → 𝑗. And 𝑈𝑖𝑗𝑘𝑚
denotes the cutting route costs for unit flow 𝑖 → 𝑗 when
(𝑘, 𝑚) is selected as hub arc.
Benders’ cut at iteration 𝑡 is 𝛽𝑡 (𝑌) = ∑𝑖,𝑗 𝑉𝑖𝑗𝑡 +∑𝑖,𝑗,𝑘,𝑚 (𝑓𝑘𝑚 −
𝑡
𝑈𝑖𝑗𝑘𝑚 )𝑌𝑘𝑚 . And the master problem at iteration 𝑘 can be
designed as model (P4),
(P4)

min

𝑧
(19)

s.t.

𝑡
) 𝑌𝑘𝑚
𝑧 ≥ ∑𝑉𝑖𝑗𝑡 + ∑ (𝑓𝑘𝑚 − 𝑈𝑖𝑗𝑘𝑚
𝑖,𝑗

𝑖,𝑗,𝑘,𝑚

(20)
∀𝑡 ∈ 1, 2, . . . , 𝑇,

𝑌𝑘𝑚 = 0, 1;

𝑧 > 0.

at iteration 𝑡. And let LB, UB be the current best lower
bound and upper bound. The procedure is designed as in
Algorithm 5.

(21)

In the iterative process, Benders decomposition gradually
increases Benders’ cut by constraints (20), rather than considering all constraints at once, so that the algorithm efficiency
is improved. Solving the master problem (P4) gives us the
updated variables {𝑌𝑘𝑚 } to try out for the next iteration,
while solving the subproblem of (P3) provides us new trying
schemes. Let 𝑙𝑘, 𝑢𝑘 be the objective value of (P4) and (P3)

Algorithm 5 (Benders decomposition method for solving
FMRICT). (1) Initialize parameters, UB = ∞, LB = −∞,
and 𝑡 = 1. Initialize hub arcs, and let 𝑌𝑘𝑚 = 0 for ∀(𝑘, 𝑚),
which means that no hub arcs are selected at iteration 1.
Initialize constraints in model (P4) by setting constraint (20)
to be empty at first.
(2) Calculate the dual variables of model (P3) according
to (17). Compute 𝑢𝑘 = ∑𝑖𝑗 𝑉𝑖𝑗𝑡 + ∑𝑘 ∑𝑚 ∑𝑖 ∑𝑗 (𝑓 − 𝑘𝑚 −
𝑡
𝑈𝑖𝑗𝑘𝑚
)𝑌𝑘𝑚 . If 𝑢𝑘 < UB, then UB = 𝑢𝑘.
(3) Add Benders cut constraint 𝑧 ≥ ∑𝑖𝑗 𝑉𝑖𝑗𝑡 +
𝑡
∑𝑘 ∑𝑚 ∑𝑖 ∑𝑗 (𝑓−𝑘𝑚−𝑈𝑖𝑗𝑘𝑚
)𝑌𝑘𝑚 to model (P4) and solve (P4)
to get the lower bound 𝑙𝑘. If 𝑙𝑘 > LB, then LB = 𝑙𝑘. If there is
no solution to (P4), then the original problem is unsolvable
and the algorithm is terminated.
(4) Determine if it has reached the termination criterions.
End algorithm if any one of the following two criterions is
true: (1) UB − 𝑙𝑏 ≤ 0.01, (2) 𝑡 = 20.
(5) Update {𝑌𝑘𝑚 } according to the solution of model (P4).
Update 𝑡 = 𝑡 + 1 and return to step two.

5. Computational Experiments
We code the algorithms in c♯ based on the VS2008 and
run them on ThinkPad x60 notebook computer which is
equipped with 2.1 GHZ Core2 CPU. In the procedure of
Algorithm 5, we call Gurobi to solve model (P3). The test
instances are from AP data package that can be downloaded
from http://people.brunel.ac.uk/mastjjb and includes postal
flow data and distances data of 200 cities in Australia. With
data about ℎ𝑖𝑗 , 𝑐𝑖𝑗 , and so forth, AP data package has become
a very famous algorithm testing platform for hub-and-spoke
network design, while still lacking data about 𝑓𝑘𝑚 and 𝐷𝑖𝑗 .
In our experiments, we let 𝑓𝑘𝑚 = 2ℎ𝑘𝑚 𝑐𝑘𝑚 (1 − 𝑎) so that
flow quantity of hub arcs is at least twice as much as directed
flow quantity according to Lemma 1. Let 𝐷𝑖𝑗 = 1.2𝑑𝑖𝑗 , which
means that the length of hub route is no more than 20 percent
of the directed route. Moreover, the first 10, 15, 20, 25, and 30
nodes were taken as instances in the AP data package, and the
discount number 𝑎 is set by 0.6, 0.7, or 0.8. At first, we apply
Gurobi’s 𝐵𝑟𝑎𝑛𝑐ℎ & 𝐶𝑢𝑡 algorithm to obtain the exact solution
of test cases, as shown in Table 1. We find that decision
variables and constraints in the mixed-integer programming
model (P1) would exceed 1510 thousands when 𝑛 ≥ 25,
which is too large to solve by 𝐵𝑟𝑎𝑛𝑐ℎ & 𝐶𝑢𝑡 algorithm on
Gurobi. Then all the cases are tested with Algorithms 4 and
5. The result is shown in Table 2, in which the gap between
upper bound and lower bound is defined by gap = 100(UB −
LB)/LB.
The experiment indicates that Algorithms 4 and 5, compared to 𝐵𝑟𝑎𝑛𝑐ℎ & 𝐶𝑢𝑡 algorithm on Gurobi, are much more
time-saving and capable of solving large scaled instances
with more than 25 nodes. Upper bounds obtained from
Algorithm 5 have already reached the optimal solution in
most instances. For all tested instances, maximum gaps
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Table 1: Problem parameters of AP data package and computational result of Branch & Cut algorithm.
Problem parameters

Branch & Cut algorithm

Problem

𝑎

𝑛

Number of
transportation tasks

AP10-6
AP15-6
AP20-6
AP25-6
AP30-6
AP10-7
AP15-7
AP20-7
AP25-7
AP30-7
AP10-8
AP15-8
AP20-8
AP25-8
AP30-8

0.6
0.6
0.6
0.6
0.6
0.7
0.7
0.7
0.7
0.7
0.8
0.8
0.8
0.8
0.8

10
15
20
25
30
10
15
20
25
30
10
15
20
25
30

90
210
380
600
870
90
210
380
600
870
90
210
380
600
870

Optimal solution

Time (s)

251524
337655
1214739
—
—
281348
379664
1384638
—
—
311134
421537
1553251
—
—

2.55
62.59
255.85
—
—
2.43
24.82
86.78
—
—
1.05
5.27
21.62
—
—

Table 2: Computational result of Algorithms 4 and 5 for AP data package.
Instance
AP10-6
AP15-6
AP20-6
AP25-6
AP30-6
AP10-7
AP15-7
AP20-7
AP25-7
AP30-7
AP10-8
AP15-8
AP20-8
AP25-8
AP30-8

UB
254741
343625
1243835
1588608
2607031
281812
384132
1412754
1795345
2950418
311723
425198
1574894
1998599
3274275

Algorithm 4
LB
Gap
251370
1.34
334800
2.63
1197288
3.88
1487350
6.80
2457319
6.09
278790
1.08
377457
1.76
1370593
3.07
1720306
4.36
2830074
4.25
311068
0.21
420009
1.23
1548196
1.72
1959522
1.99
3219604
1.69

Time (s)
2.45
12.50
51.21
40.17
15.49
2.18
15.21
50.01
20.91
15.1
2.30
13.4
17.08
7.3
14.01

obtained from Algorithms 4 and 5 are 6.8% and 4.05%,
averagely 2.86% and 1.24%, respectively. It is clear that both
Benders decomposition method and Lagrangian relaxation
algorithm possess pretty good performances on solving
FMRICT problems.
As shown in Table 2, for small scaled instances with less
than 15 nodes, Benders decomposition method could give the
gap between upper bound and lower bound that is no more
than 2.7% within 16 seconds, while Lagrangian relaxation
algorithm no more than 1.03% within 63 seconds. For larger
scaled problems with more than 20 nodes, Benders decomposition method gives the gap that is no more than 6.9% within
52 seconds, while Lagrangian relaxation algorithm no more

UB
251524
338031
1221368
1557496
2581828
281348
380079
1390699
1767833
2926752
311128
422749
1556208
1980503
3267612

Algorithm 5
LB
Gap
250711
0.32
334540
1.03
1204513
1.38
1522760
2.23
2477115
4.05
280792
0.20
377841
0.58
1375812
1.07
1745691
1.25
2847984
2.69
310799
0.11
420408
0.55
1545625
0.68
1965095
0.77
3213814
1.64

Time (s)
3.26
16.19
53.80
185.26
283.75
3.51
15.78
53.28
128.3
292.95
3.32
17.28
52.4
132.11
283.20

than 4.05% within 293 seconds. It implies that Algorithm 4
solves FMRICT problem faster, while Algorithm 5 gives
better solutions.

6. Conclusion
The current collaborative transportation researches mainly
consider the nodes cost of hubs, while ignore detouring cost,
hub arcs cost, or incremental flows. FMRICT seeks a way of
cutting down detouring route and building infrastructure or
conveyances for hub arc and at the same time satisfies the
demand of incremental flows by charge costs of building hub
arc according to Lemma 1. All of them are very important

8
in practice and are foundations of achieving economies of
scale in collaborative transportation. We build a mixedinteger programming model of FMRICT and then construct
Lagrangian relaxation algorithm and Benders decomposition
method to solve FMRICT. The experiments indicate that both
algorithms have pretty good computational performance.
However, FMRICT considers only one discount rate. In many
cases, flow quantity and transportation cost show a piecewise
linear relationship, so that different scales of flow quantity
and transportation tools produce different discount rates.
Therefore, collaborative transportation routing problem with
piecewise linear relationship between flow quantity and
transportation costs is prospective for the next research.
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Train operation is a complex nonlinear process; it is difficult to establish accurate mathematical model. In this paper, we design ATO
speed controller based on the input and output data of the train operation. The method combines multimodeling with predictive
functional control according to complicated nonlinear characteristics of the train operation. Firstly, we cluster the data sample by
using fuzzy-c means algorithm. Secondly, we identify parameter of cluster model by using recursive least square algorithm with
forgetting factor and then establish the local set of models of the process of train operation. Then at each sample time, we can obtain
the global predictive model about the system based on the weighted indicators by designing a kind of weighting algorithm with
error compensation. Thus, the predictive functional controller is designed to control the speed of the train. Finally, the simulation
results demonstrate the effectiveness of the proposed algorithm.

1. Introduction
With rapid expansion of the nationwide metropolitan population, people put forward higher requirement for the speed
and quality of the urban railway traffic train. The Automatic
Train Control (ATC) system, as an important subsystem of
the automatic train control system, can replace the drivers to
realize automatic train operation. On the basis of ensuring
safety and punctuality, it can furthest implement the demand
of energy conservation and improve passengers comfort. It is
the prospective development direction of the railway train.
Train operation is a complex nonlinear process; it is
difficult to establish accurate mathematical model because
of nonlinearities and complex operating environments such
as ramps, curves, and tunnels. So it increases difficulties to
realize the ATO system. Based on the input and output data,
people will apply some normal nonlinear system identification methods, like Hammerstein model structure [1], Wiener
model structure [2], and so forth. But the model structure
cannot reveal global performance of the complicated system.

Multimodel method based on decomposition combination
rule can provide an effective way for the modeling and control
problem of complicated nonlinear system. Multiple linear
local models are used to replace the complicated controlled
object to simplify the nonlinear system structure. And the
control algorithm based on linear model can be applied
conveniently to nonlinear control system.
For multimodel control system, firstly we should build
local linear model set of the nonlinear system. The common
method is to linearize the nonlinear system near the equilibrium point to get local model set [3]. However, it is difficult
to confirm the equilibrium point and model because of the
complication of train operation. Based on the input and output data of nonlinear systems, cluster analysis divides the data
according to some kind of similarity criterion. The method
that combines cluster analysis with traditional identification
provides an effective way to establish the local model set of
nonlinear system.
Predictive functional control is the third generation of
model-predictive control algorithm. It not only has the main
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features of model-predictive control, but also owns its unique
advantages. The introduction of base function can make the
control input structure more clear, and obviously reduces
online computation. This paper proposes a method based
on the actual train operation. It combines cluster multimodel weighted modeling with predictive functional control
algorithm to design ATO speed controller. Firstly, we use
fuzzy c-means (FCM) clustering algorithm with recursive
least square algorithm of forgetting factor to establish the
local model set of nonlinear operation process. In order to
improve the performance of control system, we design a kind
of weighted algorithm with error compensation. The global
model will be achieved through weighted combination of
local models, and then we can design predictive functional
controller.

min

𝑛 𝑐

2
𝐽𝑚 (𝑅, 𝑜) = ∑ ∑𝑟𝑖𝑗𝑚 𝑥𝑗 − 𝑜𝑖 
𝑗=1 𝑖=1

𝑐

s.t.

∑𝑟𝑖𝑗 = 1,

1≤𝑗≤𝑛

𝑖=1

𝑟𝑖𝑗 ∈ [0, 1] ,

2. Problem Information

(2)
1 ≤ 𝑗 ≤ 𝑛, 1 ≤ 𝑖 ≤ 𝑐

𝑛

According to the train dynamics, the dynamic equations can
be described as follows [4]:
𝑑𝑠 (𝑡)
= V (𝑡) ,
𝑑𝑡
𝑑V (𝑡)
= 𝑢 (𝑡) − 𝑤 (V (𝑡)) − 𝑔 (𝑠 (𝑡)) ,
𝑑𝑡

Let 𝑋 = {𝑥1 , . . . , 𝑥𝑛 } be a set of given data, where each data
point 𝑥𝑘 (𝑘 = 1, . . . , 𝑛) is a vector in R𝑝 and 𝑛 is the number
of sample data. Its aim is to find the membership matrix
𝑅 = [𝑟𝑖𝑗 ]𝑐×𝑛 and the cluster centers of sample data set 𝑂 =
[𝑜1 , 𝑜2 , . . . , 𝑜𝑐 ] that minimize a dissimilarity function. When
the clustering number is given, FCM can be described as a
mathematical programming problem [5]:

(1)

𝑤 (V (𝑡)) = 𝑎V(𝑡)2 + 𝑏V (𝑡) + 𝑐,
𝑔 (𝑠 (𝑡)) = 𝑙 sin (𝛼 (𝑠)) ,
where 𝑠 is the train position coordinate, V is the velocity of
train, 𝑢 is the traction force or breaking force, 𝑤(V) is motion
resistance related to velocity, 𝑔(𝑠) is external resistance caused
by the slope, curve, and wind, 𝑙 is a constant, and 𝛼(𝑠) is slope
degree of 𝑠 point.
In (1), we can see that train operation is a nonlinear process. As the speed increases, the nonlinearity will get stronger,
and the operation speed will be easily affected by external
resistance. The purpose of this paper is to design reasonable
ATO speed control algorithm to make train operation as
objective speed curve and distance curve. The objective
speed curve and distance curve are obtained by computing
optimal operation figure.

3. The Establishment of Multimodels Set
Cluster analysis is a kind of data mining technology, which
is widely researched and applied. It can divide physical or
abstract data into groups in accordance to similarity degree.
This feature provides an effective way to divide models into
the groups of multimodel modeling. In the field of process
modeling, cluster multimodel modeling adequately excavates
relationships between the data based on the input and output
data. It divides the data into different features groups reasonably. In recent years, multimodel modeling method based
on clustering is widely used and a large number of cluster
algorithms emerge. The fuzzy c-means clustering algorithm
is a simple and effective clustering method.
The FCM is an unsupervised clustering algorithm. A clustering problem can be expressed as follows.

0 < ∑𝑟𝑖𝑗 < 𝑛,
𝑗=1

where 𝑟𝑖𝑗 represents the membership of 𝑥𝑗 in the cluster 𝑖,
𝑥𝑗 ∈ R𝑝 is the 𝑗th measured data, 𝑜𝑖 ∈ R𝑝 is the 𝑖th center of
the cluster, ‖ ∗ ‖ denotes the distance of the measured data
from the cluster center which can be measured by means
of Euclidean norm, 𝑚 is any real number larger than 1, and
𝑚 = 2 is used in this contribution. 𝑟𝑖𝑗 and 𝑜𝑖 can be obtained
from the paper [5].
In multimodel control, it is important to establish the
multiple models set. Xie and Beni introduced a valid measure.
The separation measure 𝑉𝑥𝑏 is defined as in [6].
The optical cluster number is
𝑐opt = arg min
(𝑉𝑥𝑏 ) .
𝑐

(3)

In summary, the procedure for the fuzzy c-means algorithm
is as follows.
Step 1. Collect the input and output data of training operation, and assume the maximum cluster number is 10. We
apply Xie-Beni cluster validity index to assure the optical
cluster number 𝑐. Initialize 𝑅 = 𝑅0 , preset the index weight
𝑚, and 𝜀 > 0.
Step 2. At 𝑘th iteration, compute the cluster centers 𝑜𝑖𝑘 where
𝑟𝑖𝑗 ∈ 𝑅𝑘 (𝑜𝑖𝑘 and 𝑅𝑘 , are resp., the cluster centers of sample data
set and the membership matrix of the 𝑘th iteration).
Step 3. Update 𝑅𝑘+1 using 𝑟𝑖𝑗 (𝑅𝑘+1 is the membership matrix
of the (𝑘 + 1)th iteration).
Step 4. If ‖𝑅𝑘+1 − 𝑅𝑘 ‖ > 𝜀, then 𝑘 = 𝑘 + 1; go to Step 2,
otherwise stop.
For each cluster set, the parameters of sublinear model are
identified by using the forgetting factor recursive least squares
(RLS) algorithm. To design GPC controller conveniently, we
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Figure 1: The structure of multimodel weighted predictive function control for train.

choose SISO (single-input single-output) Controlled AutoRegressive Integrated Moving Average (CARIMA) model. So
the sublinear model is described as follows [7]:
𝜁 (𝑡)
,
Δ

𝐴 (𝑧−1 ) 𝑦 (𝑡) = 𝐵 (𝑧−1 ) 𝑢 (𝑡 − 1) +
−1

−1

𝐴 (𝑧 ) = 1 + 𝑎1 𝑧

−𝑛𝑎

+ ⋅ ⋅ ⋅ + 𝑎𝑛𝑎 𝑧

(4)

,

deg 𝐴 (𝑧−1 ) = 𝑛𝑎 ,
𝐵 (𝑧−1 ) = 𝑏0 + 𝑏1 𝑧−1 + ⋅ ⋅ ⋅ + 𝑏𝑛𝑏 𝑧−𝑛𝑏 ,

of submodel 𝑖. According to the matching degree, the corresponding weights are assigned to each submodel by weighted
function. The bigger weight value represents the smaller
mismatch of submodel.

(5)

deg 𝐵 (𝑧−1 ) = 𝑛𝑏 ,
where 𝑢(𝑡) is the control input and 𝑦(𝑡) is the measured
variable or output; in this paper 𝑦(𝑡) = V(𝑡), and 𝜁(𝑡) is the
white noise in which the mean value is zero; 𝑛𝑎 and 𝑛𝑏 are
the orders of output and input, respectively. Δ = 1 − 𝑧−1
is the differencing operator; 𝐴(𝑧−1 ), 𝐵(𝑧−1 ), and 𝐶(𝑧−1 ) are
polynomials with the backward shift operator 𝑧−1 . Among
them, the first several elements of the polynomial 𝐵(𝑧−1 )
can be zero to express the corresponding delay numbers.
The sublinear model can be identified by using the form of
regression equation.

4. Multimodel Predictive Function Controller
4.1. The Structure of Multimodel Weighted Predictive Function.
The structure of multimodel weighted predictive function is
shown in Figure 1. In Figure 1, the submodels are obtained
by clustering and identification algorithm. At each control
time, we compare the error of real output and the output

4.2. Multimodel Weighted Strategy. Multimodel control algorithm based on weighted method can make full advantage
of system information of each local model and describe the
dynamics of nonlinear system more accurately at the overlap
of multiple subspace. The key question is to find the appropriate weighted strategy to enable local model to approach
nonlinear dynamics effectively. Based on the multimodel
integration strategy proposed in the literature [8], this paper
proposes an improved multimodel weighted strategy with
error compensation.
Define 𝑒𝑖 (𝑡) = 𝑦(𝑡) − 𝑦̂𝑖 (𝑡). The expression denotes the
error between real output and the output of the submodel 𝑖 at
time 𝑡. The average matching error between submodel 𝑖 and
system at time 𝑡 is shown as follows:
𝑚𝑒𝑖 (𝑡) =

𝑒𝑖 (𝑡) + ∑𝐿𝑗=1 𝜂𝐿 𝑒 (𝑡 − 𝑗)
𝐿+1

,

(6)

where 𝐿 denotes the error length in the past time at the
average error computation and 𝜂 denotes the forgetting
degree of the past error.
The performance index based on model matching degree
is defined as follows:



𝐿
𝐿 
𝑒𝑖 (𝑡) − 𝑚𝑒𝑖 (𝑡) + ∑𝑗=1 𝜂 𝑒𝑖 (𝑡 − 𝑗) − 𝑚𝑒𝑖 (𝑡)
̃
.
𝐽𝑖 (𝑡) =
𝐿+1

(7)
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As (7) shows, the weight of submodel 𝑖 is
𝛼𝑖 (𝑡) =

Equation (12) can be rewritten as

𝐽̃𝑖 (𝑡)−1
,
𝑐 ̃
∑ 𝐽𝑖 (𝑡)−1

(8)

𝑖=1

where 𝑐 is the number of local models.
After adding weighted value, the global predictive model
is
𝑐

𝑐

𝑖=1

𝑖=1

1
0
[1
1 ]
[
]
,
𝐶1 = [ ..
.. ]
[.
. ]
[1 𝑁𝑢 − 1]𝑁𝑢 ×2

𝑐

𝑖=1

𝑐

𝑐

𝑖=1

𝑖=1

(9)

+ ∑𝛼𝑖 𝑏0𝑖 𝑢 (𝑡 − 1) + ∑𝛼𝑖 𝑏1𝑖 𝑢 (𝑡 − 2)

𝜇
𝜇 = [ 1] .
𝜇2

(14)

In PFC, the output 𝑦(𝑡) of predictive model is composed
of free response 𝑦𝑓 (𝑡) and forced response 𝑦𝑝 (𝑡); the form is
shown as follows [9]:
𝑦 (𝑡) = 𝑦𝑝 (𝑡) + 𝑦𝑓 (𝑡) .

𝑐

(13)

where

𝑦̂ (𝑡) = ∑𝛼𝑖 𝑎1𝑖 𝑦 (𝑡 − 1) + ∑𝛼𝑖 𝑎2𝑖 𝑦 (𝑡 − 2)
+ ⋅ ⋅ ⋅ + ∑𝛼𝑖 𝑎𝑛𝑖 𝑎 𝑦 (𝑡 − 𝑛𝑎 )

𝑢 (𝑡)
𝑢 (𝑡 + 1)
..
.

1
0
] [1
1 ]
] [
] 𝜇
] = [ ..
.. ] [𝜇1 ] = 𝐶1 𝜇,
] [.
. ] 2
1
𝑁
−
1)
𝑢
(𝑡
+
𝑁
𝑢 − 1]
𝑢
] [
[

[
[
𝑈=[
[

(15)

So the predictive output of PFC is

+ ⋅ ⋅ ⋅ + ∑𝛼𝑖 𝑏𝑛𝑖 𝑏 𝑢 (𝑡 − 𝑛𝑏 − 1) .

𝑦 (𝑡 + 𝑖) = 𝑦𝑝 (𝑡 + 𝑖) + 𝑦𝑓 (𝑡 + 𝑖) ,

𝑖=1

(𝑖 = 1, 2, . . . , 𝑁1 ) .
(16)

4.3. Predictive Function Controller Design. Because of its convenient derivation and strong robustness, predictive function
control absorbs many scholars. At the present stage, the
research of PFC mostly aims at first-order system or firstorder plus pure delay system. Because the first-order system,
first-order plus pure delay system, and second-order system
can be described by CARIMA model, it is more general to
study the PFC algorithm based on CARIMA model. In this
paper, we study the predictive function control based on
CARIMA model; the structure of predictive model is shown
as (4).
Designing ATO system needs to guarantee the travelling
comfort, and it is closely related to operation velocity. So the
control input should decrease large fluctuation in designing
ATO system. For this purpose, we add summation form
of control increment to optimized performance indicator;
optimized performance is shown as follows [9]:
𝑇

min 𝐽 = min [(𝑌𝑏 − 𝑌𝑟 ) (𝑌𝑏 − 𝑌𝑟 ) + 𝜌Δ𝑈𝑇Δ𝑈] ,

𝑗=1

𝑛𝑏

+ ∑ 𝑏𝑗 𝑢 (𝑡 + 𝑖 − 𝑗) ,

𝑖 = 1, 2, . . . , 𝑁1 ,

𝑗=1

(17)
where
𝑦 (𝑡 + 𝑖 − 𝑗) = {

𝑦 (𝑡 + 𝑖 − 𝑗) ,

𝑖 < 𝑗 + 1,

𝑦𝑓 (𝑡 + 𝑖 − 𝑗 | 𝑡) , 𝑖 ≥ 𝑗 + 1,

𝑢 (𝑡 + 𝑖 − 𝑗) , 𝑖 < 𝑗,
𝑢 (𝑡 + 𝑖 − 𝑗) = {
0,
𝑖 ≥ 𝑗.

𝑇

𝑖

(11)

𝑦𝑝 (𝑡 + 𝑖 | 𝑡) = ∑ 𝑟𝑗 𝑢 (𝑡 + 𝑖 − 𝑗) ,
𝑗=1

(𝑖 = 1, 2, . . . , 𝑁1 ) ,
(19)

𝑇

Δ𝑈 = [Δ𝑢 (𝑡) , Δ𝑢 (𝑡 + 1) , . . . , Δ𝑢 (𝑡 + 𝑁𝑢 − 1)] .

where

In predictive function control, control input is regarded as
a linear combination of base function which is given advance
[9]; generally ramp function and step functions can satisfy
most of the control requirements. So in this paper, control
input is regarded as weight combination of two base function
proposed before; the form is shown as follows:
𝑢 (𝑡 + 𝑖) = 𝜇1 + 𝜇2 𝑖,

(𝑖 = 0, 1, . . . , 𝑁𝑢 − 1) .

(18)

As for the model forced response output 𝑌𝑝 = [𝑦𝑝 (𝑡 + 1),
𝑦𝑝 (𝑡 + 2), . . . , 𝑦𝑝 (𝑡 + 𝑁1 )]𝑇 can be derived as follows:

𝑌𝑏 = [𝑦𝑏 (𝑡 + 1) , 𝑦𝑏 (𝑡 + 2) , . . . , 𝑦𝑏 (𝑡 + 𝑁1 )] ;
𝑌𝑟 = [𝑦𝑟 (𝑡 + 1) , 𝑦𝑟 (𝑡 + 2) , . . . , 𝑦𝑟 (𝑡 + 𝑁1 )] ;

𝑛𝑎

𝑦𝑓 (𝑡 + 1 | 𝑡) = ∑ (−𝑎𝑗 ) 𝑦 (𝑡 + 𝑖 − 𝑗)

(10)

where

𝑇

As for the model free response output 𝑌𝑓 = [𝑦𝑓 (𝑡 + 1),
𝑦𝑓 (𝑡 + 2), . . . , 𝑦𝑓 (𝑡 + 𝑁1 )]𝑇 , Zhang and Wangquanling, and so
forth proposed a kind of recursive deprivation [10]:

(12)

𝑟1 = 𝑏1 ,
𝑟𝑗 =

min(𝑗−1,𝑛𝑎 )

𝑟𝑗 =

∑

𝑘=1

(−𝑎𝑘 ) 𝑟𝑗−𝑘 + 𝑏𝑗 ,

min(𝑗−1,𝑛𝑎 )

∑

𝑘=1

(−𝑎𝑘 ) 𝑟𝑗−𝑘 ,

2 ≤ 𝑗 ≤ 𝑛𝑏 ,

𝑛𝑏 < 𝑗 ≤ 𝑁1 .

(20)
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From (13) and (19), it can derived that

where

𝑦𝑝 (𝑡 + 1)
[ 𝑦 (𝑡 + 2) ]
[ 𝑝
]
]
𝑌𝑝 = [
..
[
]
[
]
.
(𝑡
+
𝑁
)
𝑦
1 ]
[ 𝑝
0
𝑟1
[ 𝑟2
𝑟
1
[
= [ ..
..
[ .
.
[𝑟𝑁1 𝑟𝑁1 −1

1
[−1
[
𝐶5 = [ ..
[ .
[0

⋅⋅⋅ 0
1
0
[1
⋅⋅⋅ 0]
1 ]
][
] 𝜇
.. ] [ ..
.. ] [𝜇1 ]
]
[
d .
.
. ] 2
⋅ ⋅ ⋅ 𝑟1 ] [1 𝑁1 − 1]

𝑢 (𝑡 − 1)
0 ]
]
]
..
]
.

[

𝑢

𝑇

𝑇

𝜇 = [(𝐶2 𝐶3 ) (𝐶2 𝐶3 ) + 𝜌(𝐶5 𝐶1 ) (𝐶5 𝐶1 )]

0

.

]𝑁𝑢 ×1
(27)

−1

𝑇

𝑇

× [(𝐶2 𝐶3 ) (𝑌𝑟 − 𝑌𝑓 − 𝐶4 𝑒 (𝑡)) + 𝜌(𝐶5 𝐶1 ) 𝑈0 ] .
⋅⋅⋅ 0
⋅⋅⋅ 0]
]
. ];
d .. ]
⋅ ⋅ ⋅ 𝑟1 ]

1
0
[1
1 ]
[
]
𝐶3 = [ ..
.. ] .
[.
. ]
[1 𝑁1 − 1]

(28)
Let 𝐶2 𝐶3 = 𝐶6 , 𝐶5 𝐶1 = 𝐶7 ; we can get that
−1

(22)

To reduce the effect caused by model mismatch, error
correction is used to compensate the predictive output.
Consider
𝑦𝑏 (𝑡 + 𝑖) = 𝑦 (𝑡 + 𝑖) + 𝑒 (𝑡 + 𝑖) .

(23)

Predictive error is described as the following form:
𝑒 (𝑡 + 𝑖) = 𝑦 (𝑡) − 𝑦𝑚 (𝑡) ,

𝑖 = 0, 1, . . . , 𝑁1 ,

(24)

where 𝑦(𝑡) is the output of the predictive model and 𝑦𝑚 (𝑡) is
the actual output of the system.
So
𝑌𝑏 = 𝑌𝑝 + 𝑌𝑓 + 𝐶4 𝑒 (𝑡) = 𝐶2 𝐶3 𝜇 + 𝑌𝑓 + 𝐶4 𝑒 (𝑡) ,

(25)

where 𝐶4 = [1; 1; . . . ; 1]𝑁1 ×1 .
Because Δ𝑢(𝑡) = 𝑢(𝑡) − 𝑢(𝑡 − 1), from (13), we can get that
Δ𝑢 (𝑡)
Δ𝑢 (𝑡 + 1) ]
]
]
..
]
]
.
−
1)
Δ𝑢
(𝑡
+
𝑁
𝑢
]
[

[
[
Δ𝑈 = [
[
[

𝜇 = (𝐶6𝑇 𝐶6 + 𝜌𝐶7𝑇 𝐶7 ) [𝐶6𝑇 (𝑌𝑟 − 𝑌𝑓 − 𝐶4 𝑒 (𝑡)) + 𝜌𝐶7𝑇 𝑈0 ] .
(29)
From (12) and (29), we can get control subsequence of
the future time. Predictive function control retains the rolling
optimization strategy and just applies the current control
input to system. So the current control input of predictive
function control is
𝑢 (𝑡) = 𝜇1 + 𝜇2 × 0 = 𝜇1 = [1, 0] 𝜇.

𝑢 (𝑡)
0
𝑢 (𝑡 − 1)
[ 𝑢 (𝑡 + 1) ] [ 0 ]
0]
] [
][
]
]−[
][
]
..
..
]
[
]
0] [
.
.
1] [𝑢 (𝑡 + 𝑁𝑢 − 1)] [ 0 ]

= 𝐶5 𝑈 − 𝑈0 = 𝐶5 𝐶1 𝜇 − 𝑈0 ,
(26)

(30)

5. Simulation Results and Discussions
A concrete train operation system [11] is used to test the performance of the proposed algorithm. We consider a 17285.5
meters long trail line. Because curves and tunnel external
force will convert to ramp force under a certain condition, we
just consider a length of ramp force in simulation. It is defined
as follows:
0.2
{
) × 𝑠 (𝑡) − 1.0,
(
{
{
1000
{
{
𝑔 (𝑠 (𝑡)) = {0.2,
{
{
{
0.2
{
−(
) × 𝑠 (𝑡) + 1.95,
{ 800

𝑢 (𝑡) − 𝑢 (𝑡 − 1)
]
[
𝑢 (𝑡 + 1) − 𝑢 (𝑡)
]
[
]
=[
..
]
[
]
[
.
[𝑢 (𝑡 + 𝑁𝑢 − 1) − 𝑢 (𝑡 + 𝑁𝑢 − 2)]
0 ⋅⋅⋅
1 ⋅⋅⋅
..
. ⋅⋅⋅
0 ⋅⋅⋅

𝑢

[
[
𝑈0 = [
[

Substituting (23) and (26) into (10) and letting 𝜕𝐽/𝜕𝜇 = 0,
we can get that

where

1
[−1
[
= [ ..
[ .
[0

0
0]
]
,
]
0]
1]𝑁 ×𝑁

(21)

= 𝐶2 𝐶3 𝜇,
0
𝑟1
[ 𝑟2
𝑟
1
[
𝐶2 = [ ..
..
[ .
.
𝑟
𝑟
[ 𝑁1 𝑁1 −1

0 ⋅⋅⋅
1 ⋅⋅⋅
..
. ⋅⋅⋅
0 ⋅⋅⋅

5000 < 𝑠 (𝑡) ≤ 6000,
6000 < 𝑠 (𝑡) ≤ 7000,
7000 < 𝑠 (𝑡) ≤ 7800.
(31)

The unit basic resistance model is determined empirically
from empirical formula which is derived by experiments. In
this paper we choose unit basic resistance model of Shenzhen
metro line 3. It is defined as follows:
𝑤0 (V (𝑡)) = 0.00675V2 (𝑡) + 0.394V (𝑡) + 20.89.

(32)

In the operation process of the train, one of energysaving control scheme is to keep a constant speed in the
cruise stage, reducing unnecessary braking and acceleration.
This simulation imitates the constant-speed cruise motion of
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Table 1: The result of cluster.
𝑉𝑥𝑏
0.1344
0.0798
0.0451
0.0221
0.0816

𝐶
7
8
9
10
—

𝑉𝑥𝑏
0.0431
0.0410
0.1505
0.1602
—

the rail train. We can obtain the ATO speed by composite
computation:
0.75𝑡,
{
{
{
{
{
{30,
{
{
{
V𝑑 (𝑡) = {−0.35𝑡 + 226,
{
{
{
{
−0.7𝑡 + 436,
{
{
{
{
{−𝑡 + 619,

35
30
Train velocity (m/s)

𝐶
2
3
4
5
6

40

20
15
10
5

0 ≤ 𝑡 ≤ 40,

0

40 < 𝑡 ≤ 560,
560 < 𝑡 ≤ 600,

25

0

100

200

300

400

500

600

Time (s)

(33)

600 < 𝑡 ≤ 610,

Tracking trajectory
Guidance trajectory

610 < 𝑡 ≤ 619.

Figure 2: Train velocity tracking curve (this paper).

The distance profile in the simulation is as follows:
0 ≤ 𝑡 ≤ 40,

40

40 < 𝑡 ≤ 560,

35

560 < 𝑡 ≤ 600, (34)

30

600 < 𝑡 ≤ 610,
610 < 𝑡 ≤ 619.

First of all, we obtain the input and output data of train
operation based on dynamic model. According to the fuzzy cmeans cluster algorithm and Xie-Beni cluster valid measure,
we can obtain the optimal number of submodels. The result
of clustering is shown in Table 1.
In Table 1, 𝐶 denotes the number of cluster; 𝑉𝑥𝑏 denotes
the value of cluster valid measure. When the cluster number
is 5, the value of 𝑉𝑥𝑏 is the minimum. So the optimal number
of cluster is 5. According to the clustering set and forgetting
factor recursive least squares identification algorithm, the
submodels set can be defined as follows.

(36)

Submodel 3:
𝑦 (𝑡) − 0.9891𝑦 (𝑡 − 1) = 0.0020𝑢 (𝑡 − 1) + 𝜁 (𝑡) ;

(37)

Submodel 4:
𝑦 (𝑡) − 0.9748𝑦 (𝑡 − 1) = 0.0161𝑢 (𝑡 − 1) + 𝜁 (𝑡) ;

(38)

Submodel 5:
𝑦 (𝑡) − 0.9902𝑦 (𝑡 − 1) = 0.0051𝑢 (𝑡 − 1) + 𝜁 (𝑡) .

20
15
10
5
0

0

100

200

300
Time (s)

400

500

600

Tracking trajectory
Guidance trajectory

(35)

Submodel 2:
𝑦 (𝑡) − 0.9790𝑦 (𝑡 − 1) = 0.0150𝑢 (𝑡 − 1) + 𝜁 (𝑡) ;

25

Figure 3: Train velocity tracking curve (single model PFC).

Submodel 1:
𝑦 (𝑡) − 0.9515𝑦 (𝑡 − 1) = 0.0375𝑢 (𝑡 − 1) + 𝜁 (𝑡) ;

Velocity (m/s)

0.375𝑡2 ,
{
{
{
{
{
{
600 + 30 (𝑡 − 40) ,
{
{
{
𝑠𝑑 (𝑡) = {−0.175𝑡2 + 226𝑡 − 55480,
{
{
{
{
−0.35𝑡2 + 436𝑡 − 118480,
{
{
{
{
2
{−0.5𝑡 + 619𝑡 − 174295,

(39)

In controller designing, we define 𝐿 = 2, 𝜂 = 0.9 according to the weighted scheme; the parameters of predictive
function controller are 𝑁1 = 5 and 𝑁𝑢 = 2. The algorithm
proposed in this paper is compared with single-model PFC
algorithm and the result is shown in Figures 2 and 3.
From Figures 2 and 3, we can see that the proposed
scheme can track the ATO speed profile precisely and achieve
the tracking task. But at some local working points, the singlemodel predictive function control algorithm cannot track the
objective curve precisely. The reason is that single-model predictive function control algorithm cannot describe the global
performance of nonlinear train operation. The multimodel
control algorithm has better control performance, and can
describe global state of nonlinear system.
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Figure 6: Train acceleration tracking curve (this paper).
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Figure 4: Train distance tracking curve (this paper).
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Figure 5: Train distance tracking curve (single model PFC).

In Figures 4 and 5, we can see that the algorithm of the
ATO speed controller proposed in this paper can make the
curve almost match together. And the results meet the accurate requirement of the stopping. Because at some local working points the single-model PFC algorithm cannot describe
the operation character precisely, the distance trajectory
cannot track the given trajectory.
Figure 6 shows the tracking situation of train acceleration
and the given acceleration under the control of multimodel
predictive function control. Figure 7 shows the part weighted
changing curves of local model in multimodel control. The
results show that more placidly the stable weights changing

Submodel 1
Submodel 2
Submodel 3

Submodel 4
Submodel 5

Figure 7: The figure of weight change of local model.

can assure the transformation of global model. Then the
acceleration will not vibrate largely when the models transform.

6. Conclusions
In this paper, we studied the speed controller of ATO system
by combining clustering multimodel weighted modeling
method with predictive function control algorithm. The proposed algorithm solved the modeling and control problem of
nonlinear train operation system. Firstly, we used clustering
and identification algorithm to build local model set of train
operation process. At each sample time, weighted scheme
with error compensation is combined with every local model
according to the respective weight to obtain global model.

8
After meeting linear requirement, we can design predictive
function controller. Finally, the simulation results are provided to show the effectiveness of the proposed algorithm.
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In offshore oil and gas engineering the pipeline abandonment and recovery is unavoidable and its mechanical analysis is necessary
and important. For this problem a third-order differential equation is used as the governing equation in this paper, rather than the
traditional second-order one. The mathematical model of pipeline abandonment and recovery is a moving boundary value problem,
which means that it is hard to determine the length of the suspended pipeline segment. A novel technique for the handling of the
moving boundary condition is proposed, which can tackle the moving boundary condition without contact analysis. Based on a
traditional numerical method, the problem is solved directly by the proposed technique. The results of the presented method are
in good agreement with the results of the traditional finite element method coupled with contact analysis. Finally, an approximate
formula for quick calculation of the suspended pipeline length is proposed based on Buckingham’s Pi-theorem and mathematical
fitting.

1. Introduction
Bad weather is frequent during laying offshore pipelines,
so the pipeline abandonment and recovery operation is
unavoidable. In offshore oil and gas engineering the pipeline
laying engineers need to do detailed mechanical analysis to
determine the operation parameters and then make sure that
the pipeline will not overstress during the operation. To do
the mechanical analysis the mathematical model is a very
important problem. In the abandonment operation the A&R
cable lowers a pipeline down to the seabed by a pull head and
in the recovery operation lifts it up to the sea level. During
the process the pipeline’s axial forces, bending moments must
be controlled in a reasonable scope to prevent its strength
damage. The calculation of these quantities is very useful to
guide the operation. So the mathematical model of pipeline
abandonment and recovery should be established.
The sketch of the pipeline abandonment and recovery
operation is shown in Figure 1. In the processes a pipeline is
lifted up from the seabed to the sea surface or put down to
the seabed from the sea surface by joint A. The two physical

processes are generally called one point lifting and lowering.
The processes are mutually inversed and can be described by
the same mathematical model. A lot of papers have reported
the pipeline installation of mathematical models which are
closely related to this operation. Palmer et al. [1] investigated
the stresses and configurations of the pipelines being laid
from a lay barge over a stinger. They derived equations
governing the configuration and solved them by different
techniques. Meanwhile they suggested a nondimensionalized
governing equation. Mattheij and Rienstra [2] studied the
pipeline S-laying model based on a second-order nonlinear differential equation. In the work they explained some
difficulties in approximating the numerical solutions. Zhu
and Cheung [3] presented an analytical method for finding
the elastic deflection of submerged pipelines laid with an
adjustable stinger. They claimed that the method costs less
computational time than the finite element method (FEM).
Guarracino and Mallardo [4] showed a refined analytical
analysis of the pipeline S-lay problem. They used a singular
perturbation technique and found out a useful analytical
solution which took into account the overall effects of
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the pipe cross-section ovalization. Timoshenko et al. [5]
provided some analytical and numerical solutions for the
pipeline deepwater S-lay which quantified the loading history
effects. The analytical solution was fully developed for an
arbitrary pipe material model and it was agreed well with
the numerical results. Lenci and Callegari [6] developed
three simple analytical models for the J-lay problem. By
the models the boundary layer phenomenon was correctly
detected and the influence of the soil stiffness was studied. By
the means of extensive numerical studies, Kashani and Young
[7] found that in ultradeepwater pipeline laying problem the
installation parameters were sensitive to pipe wall thickness.
Gong et al. [8, 9] made a parameter sensitivity analysis of Slay technique for deepwater pipelines. The stiffened catenary
theory was applied to establish the governing differential
equations. They also presented a numerical iteration method
for solving the pipeline configurations, and its validity was
further verified by means of a comparison with results
obtained from OFFPIPE. Wang et al. [10–12] did some
analyses on both S-lay and J-lay problems. They proposed
a novel numerical model which could take into account
the influence of ocean currents and seabed stiffness. In
the model the pipeline was divided into two parts and the
continuity of the two parts was guaranteed at the touch
down point (TDP). They also presented an analytical model
for the pipeline J-lay behavior with plastic seabed. Duan et
al. [13] proposed an installation system for deepwater riser
S-laying and carried some laboratory scale pipeline lifting
experiments by this system. Szczotka [14] studied the pipeline
J-lay problem by a modified rigid finite element method
(RFEM). A modification of the stiffness coefficients and
the corresponding model was proposed. They claimed the
model could take into account wave and sea current loads,
hydrodynamic forces and material nonlinearity. Yuan et al.
[15] presented a novel numerical model for the pipeline Slay problem. They claimed that the model could be used
to investigate the overall configuration, internal forces, and
strain of the pipelines. On the pipeline abandonment and
recovery problem which is very similar to the pipeline
laying problem, Andreuzzi and Maier [16] and Datta [17]
did the pioneering works. They presented an analytical and
a graphical approach for the problem and adopted the finite
difference method to analyze the pipeline configurations.
Dai et al. [18] studied the configuration of pipelines by
the spline collocation method and presented a graphical
approach showing the relationship between the configuration
and axial forces of the pipeline. Xing et al. [19] continued
the research. They built a nonlinear equation system and
modeled the pipeline lifting process as a moving boundary
problem. By numerical methods the limit moments of some
pipelines were obtained. In the researches of pipeline abandonment and recovery, most previous researchers seemed to
investigate the problem by a second-order beam equation.
However, in our previous research [20] we found that the
boundary value problems with the second-order equation
cannot tackle the beginning stage of pipeline lifting and the
ending stage of pipeline lowing accurately. They produced
very different configurations, bending moments at the two
stages than the third-order equation boundary value problem
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Figure 1: Pipeline abandonment and recovery operation.

or Orcaflex. The pipeline in abandonment and recovery
operation undergoes a process from a large-angle deflection
to a small-angle deflection or from a small-angle deflection
to a large-angle deflection. In the problem the boundary
condition is moving, which means that it is hard to determine
the length of the suspended pipeline segment. The finite
element method coupled with contact elements can be used
to analyze this problem. However, sometimes it is hard
to converge and costs time. Obviously the simple catenary
model [21] or stiffened catenary model [22] can never be used
to simulate the whole process, so a new mathematical model
should be established.
In this paper a mathematical model and a new strategy
to tackle the moving boundary without contact analysis are
presented. On the other hand the length of the suspended
pipeline segment is very important because it can quicken the
calculation. So finally a length approximate formula is presented based on Buckingham’s Pi-theorem and mathematical
fitting.

2. Mathematical Model
On the problem the following simplifications are made based
on offshore engineering experience [4, 6, 17, 19]: the marine
environment is stable, the seabed can be regarded as rigid
plane, the lifting and lowering processes are slow, and the
material of pipelines is isotropic and always in the elastic state.
As shown in Figure 2, the touch down point (TDP, the point
where the suspended pipeline contacts with the seabed) is
located at the origin 𝑂 of the Cartesian coordinate system,
where 𝑇0 is the resultant force at joint A, 𝐻0 and 𝑉0 are the
horizontal force and the vertical force at the origin, 𝑤 is the
pipeline submerged weight per unit length, 𝜃 is the angle
between the pipeline axis and the horizon, and 𝜃0 is the angle
between the direction of 𝑇0 and the horizon. The natural
coordinate system is established along the pipeline. It is clear
that the physical quantities of the pipeline are the functions
of the arc length 𝑠.
2.1. Governing Differential Equations. The pipeline is
regarded as a tensioned beam. There are usually two kinds
of differential equations which are used to analyze this
problem, a second-order one and a third-order one, and the
third-order one is more suitable for the beginning stage of

Journal of Applied Mathematics

3
In the pipeline abandonment and recovery problem, 𝑓(𝑠) is
assumed to be zero, so the governing differential equations
for the pipeline lifting and lowering by one point are shown
as follows:

y

T0

𝐸𝐼

𝜃0

𝑑𝑇
− 𝑤 sin 𝜃 = 0.
𝑑𝑠

s
L

𝜃

O

w

H0

𝑑𝜃
𝑑3 𝜃
−𝑇
+ 𝑤 cos 𝜃 = 0,
3
𝑑𝑠
𝑑𝑠

(6)

2.2. Boundary Conditions. According to the similar problems
[10, 24], the following boundary conditions are chosen for this
problem:

x

V0

Figure 2: Mechanical parameters of the pipeline single point lifting
and lowering model.

at the origin: 𝜃(0) = 0, 𝑇(0) = 𝐻0 = 𝑇0 cos 𝜃0 , 𝑀(0) =
0,
at the joint: 𝑀(𝐿) = 0, 𝑇(𝐿) = 𝑇0 ,

y

where 𝑀 is the bending moment of the suspended pipeline
segment and 𝐿 is its length. According to (3), 𝑀(0) = 0 and
𝑀(𝐿) = 0 are equivalent to (𝑑𝜃/𝑑𝑠)(0) = 0 and (𝑑𝜃/𝑑𝑠)(𝐿) =
0.
To sum up, the whole mathematical model for the
pipeline abandonment and recovery is the following boundary value problem:

T + dT
f(s)ds

𝜃 + d𝜃
F + dF

ds
F
𝜃

wds

T

𝐸𝐼

𝑑𝜃
𝑑3 𝜃
−𝑇
+ 𝑤 cos 𝜃 = 0,
𝑑𝑠3
𝑑𝑠
𝑑𝑇
− 𝑤 sin 𝜃 = 0,
𝑑𝑠

x

Figure 3: Force analysis of a short pipeline segment.

𝜃 (0) = 0,
pipeline lifting and the ending stage of pipeline lowing [20].
So in this paper the third-order one has been used. Taking a
short segment of the pipeline, as shown in Figure 3, it is easy
to deduce the basic governing differential equations [23].
Resolving forces normal to the segment axis leads to
𝑑𝐹 − 𝑇𝑑𝜃 + 𝑤𝑑𝑠 cos 𝜃 + 𝑓 (𝑠) 𝑑𝑠 = 0.

(1)

According to 𝐹 = 𝑑𝑀/𝑑𝑠, (1) leads to
𝑑𝜃
𝑑2 𝑀
−𝑇
+ 𝑤 cos 𝜃 + 𝑓 (𝑠) = 0.
2
𝑑𝑠
𝑑𝑠

(2)

According to beam theory, there is the following equation,
where 𝐸 is elastic modulus and 𝐼 is second moment of area of
the pipe cross section:
𝑀 𝑑𝜃
=
.
𝐸𝐼 𝑑𝑠

(3)

Substituting (3) into (2), then (2) becomes
𝐸𝐼

𝑑𝜃
𝑑3 𝜃
−𝑇
+ 𝑤 cos 𝜃 + 𝑓 (𝑠) = 0.
𝑑𝑠3
𝑑𝑠

(4)

𝑇 (0) = 𝐻0 = 𝑇0 cos 𝜃0 ,

(5)

(7)

𝑑𝜃
(𝐿) = 0.
𝑑𝑠

3. Numerical Solutions
3.1. Numerical Solution Method. It is hard to get the analytical
solutions of the mathematical model presented above. So in
this research the traditional numerical method, fourth-order
accurate finite difference has been used to get the numerical
solutions.
3.2. Tackling the Moving Boundary. Notice that the boundary
conditions of the model are moving; in another word, the
parameter 𝐿 is usually an unknown before numerical solving.
Solving this problem with moving boundary is challenging.
The parameter 𝐿 must be given first then the problem can
be solved in numerical methods. The method of variable
substitution, 𝑠 = 𝜀𝐿, has been taken, so the boundary
becomes 0 and 1, and (7) becomes
𝐸𝐼 𝑑3 𝜃 𝑇 𝑑𝜃
−
+ 𝑤 cos 𝜃 = 0,
𝐿3 𝑑𝜀3 𝐿 𝑑𝜀

Resolving forces in the segment axis leads to
𝑑𝑇
= 𝑤 sin 𝜃.
𝑑𝑠

𝑑𝜃
(0) = 0,
𝑑𝑠

𝑑𝑇
− 𝑤𝐿 sin 𝜃 = 0,
𝑑𝜀
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𝜃 (0) = 0,

𝑑𝜃
(0) = 0,
𝑑𝜀

𝑇 (0) = 𝐻0 = 𝑇0 cos 𝜃0 ,

Table 1: Basic values of the pipeline in the example.
𝐸𝐼 (Pa⋅m2 )
31399320

Size (inch)
12

𝑑𝜃
(1) = 0.
𝑑𝜀

𝑤 (N/m)
350

(8)
However, the unknown parameter 𝐿 just goes into the differential equations and still cannot be determined. According
to the balance of axial forces at the lifting joint, the equation
𝑇(𝐿) = 𝑇0 cos(𝜃0 − 𝜃(𝐿)) has been added as a supplementary
boundary condition herein. Using this condition 𝐿 can be
calculated in the following steps:

Table 2: Different loads on the pipeline in the first case.
𝑇0 (KN) 100

300

500

700

900

1100

1300

1500

Table 3: Different angles of the loads in the second case.
𝜃0 (∘ ) 70

72

74

76

78

80

82

84

86

88

90

(1) suppose 𝐿 = 𝑇0 (sin 𝜃0 /𝑤);
(2) solve the boundary value problem (8) by the fourthorder accurate finite difference method or other
numerical methods;
(3) get axial force 𝑇𝑛 at the joint of the pipeline from the
results (provided the pipeline divided into 𝑛 pieces);
then compare the value 𝑇𝑛 and 𝑇0 cos(𝜃0 − 𝜃𝑛 ). If the
absolute value of their difference is very small, the
𝐿 decided in the last step is approximately equal to
the length of suspended pipelines and the work is
finished. Otherwise, take the following step;
(4) decrease the value of 𝐿 with a suitable increment if
𝑇𝑛 > 𝑇0 cos(𝜃0 −𝜃𝑛 ) and repeat from the second step to
the third step until 𝑇𝑛 < 𝑇0 cos(𝜃0 −𝜃𝑛 ), or increase the
value of 𝐿 with a suitable increment if 𝑇𝑛 < 𝑇0 cos(𝜃0 −
𝜃𝑛 ) and repeat from the second step to the third step
until 𝑇𝑛 > 𝑇0 cos(𝜃0 − 𝜃𝑛 ).
Note. the value of the increment controls the precision of the
calculation of 𝐿. To improve the precision, one can repeat the
fourth step with a smaller increment. Finally if the increment
is smaller than the allowable error, the length parameter 𝐿 is
determined.

4. Engineering Application
4.1. Calculation of Pipeline’s Physical Quantities. For engineering application, the pipeline’s physical quantities during
abandonment or recovery, such as pipeline’s configuration,
bending moments, must be calculated. After numerical calculation of (8), the angle 𝜃𝑖 , the tension force 𝑇𝑖 , and the
suspended pipeline length 𝐿 are all known, and then the
coordinates of the suspended pipeline can be calculated by
the following formulas:
𝑥𝑖 = 𝑥𝑖−1 + 𝐿 (𝜀𝑖 − 𝜀𝑖−1 ) cos 𝜃𝑖−1 ,
𝑦𝑖 = 𝑦𝑖−1 + 𝐿 (𝜀𝑖 − 𝜀𝑖−1 ) sin 𝜃𝑖−1 .

(9)

And the bending moment of the pipeline can be calculated by
the following formula:
𝑀𝑖 =

𝐸𝐼 𝜃𝑖 − 𝜃𝑖−1
.
𝐿 𝜀𝑖 − 𝜀𝑖−1

(10)

4.2. A Numerical Calculation Example. Using MATLAB, (8)
with the basic values shown in Table 1 is calculated as an
example. More details for the numerical solving method of
this problem can refer to solving ODEs with MATLAB [25].
Consider the first case. Suppose that the angle 𝜃0 keeps as
a constant of 80∘ , and the loads are varying in the pipeline
abandonment or recovery operation, as shown in Table 2.
The results corresponding to these loads are obtained. The
configurations of the pipeline and the corresponding bending
moments are shown in Figures 4 and 5, respectively. From
Figure 4 we know that the mathematical model proposed
above can be used in a large scope of water depth (deeper
than 3500 m) and can simulate the whole lowering and
lifting process. And from Figure 5 we know that the bending
moment becomes bigger and bigger when the pipeline is
lifting. So the most dangerous situation usually happens at
the beginning of abandonment or at the end of recovery.
Consider the second case. Keeping the tension 𝑇0 as
a constant of 800 KN, varying the angle 𝜃0 , as shown in
Table 3, the pipeline configurations and bending moments
are also obtained by calculations, as shown in Figures 6 and 7
separately.
From Figures 6 and 7 we know that the angle has a great
effect on the pipeline configuration and bending moments. It
can be seen that while the angle 𝜃0 increases from 70 degree
to 90 degree the bending moment of the pipeline increases
greatly, especially when 𝜃0 > 84. And it is clear that the
bending moment is more sensitive to the parameter angle 𝜃0
than to the parameter load 𝑇0 .
4.3. Results Comparison. It is necessary to compare the
results calculated by the presented model and method with
the traditional finite element analysis results. The software
called DRICAS is developed by the model and method
presented above. Meanwhile Orcaflex is also used, which is
a world’s leading package for pipeline finite element analysis
and it tackles the moving boundary condition by the contact
analysis formula [26]. The comparisons of one of their
configuration results and bending moments are shown in
Figures 8 and 9, respectively. It can be seen that these results
are in good agreement. That indicates that the model and
the method established for tackling the moving boundary
condition in this paper are correct and effective.
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Figure 4: Configurations of the suspended pipeline in the first case.

Figure 6: Configurations of the suspended pipeline in the second
case.
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Figure 5: Bending moments of the suspended pipeline in the first
case.

5. Simple Calculation Methods
5.1. Similarity Criterions of Model Experiment. Sometimes
it is necessary to simulate the pipeline recovery and abandonment by model experiments. According to dimensional
analysis theory [27], by equation (𝑑𝑇/𝑑𝜀) − 𝑤𝐿 sin 𝜃 = 0 and
equation (𝐸𝐼/𝐿3 )(𝑑3 𝜃/𝑑𝜀3 ) − (𝑇/𝐿)(𝑑𝜃/𝑑𝜀) + 𝑤 cos 𝜃 = 0,
the similarity criterions of such kind of model experiments
are obtained; that is, 𝐸𝐼/𝑤𝐿3 and 𝑇/𝑤𝐿, respectively. That
means if we want to simulate the pipeline abandonment and
recovery processes in the laboratory, we should make sure
that the values of 𝐸𝐼/𝑤𝐿3 and 𝑇/𝑤𝐿 of the model are equal
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Figure 7: Bending moments of the suspended pipelines in the
second case.

to the corresponding values of the actual offshore pipeline
operation project.
5.2. Approximate Formula of Suspended Pipeline Length.
From the numerical calculation procedures it is known that
the length of the suspended pipeline is a key parameter of this
problem. A simple approximate formula will be very useful
to quicken the solving of this boundary value problem. It is
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suspended pipeline length 𝐿 can be calculated by equation
𝐿 = 𝜋𝐿 𝑇0 /𝑤. And if the suspended pipeline length 𝐿 is
known, the steps presented in Section 3.2 can be reduced and
hence the computational time for solving the problem:

0
−500

𝜋𝐿 = −0.4085𝜋1 0.4 + 5.162𝜋1 0.5 − 3.895𝜋1 0.6

Y (m)

−1000
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Figure 8: Configuration result comparison between DRICAS and
Orcaflex.
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In offshore engineering the pipeline S-laying, J-laying, abandonment and recovery operations can be all governed by (6)
which is suitable for the deepwater situation. The differences
between these processes are mainly in the boundary conditions.
Reasonable boundary conditions for the problem of
pipeline abandonment and recovery are that at the TDP
the angle and the bending moment are equal to zero and
the tension loading is equal to the loading force horizontal
component, and at the joint the bending moment is equal to
zero. The whole mathematical model for this problem is (7)
or (8), a moving boundary value problem.
The new direct tackling method for the moving boundary
of this problem is effective and can get as accurate results as
the traditional finite element method coupled with contact
analysis.
The similarity criterions for model experiments of
pipeline abandonment and recovery are 𝐸𝐼/𝑤𝐿3 and 𝑇/𝑤𝐿.
The suspended pipeline length can be calculated first by
approximate formula (12) which can quicken the solving of
the pipeline abandonment and recovery problem.
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Figure 9: Bending moment result comparison between DRICAS
and Orcaflex.

known that the length of suspended pipeline is related to 𝑇0 ,
𝐸𝐼, 𝑤, and 𝜃0 . According to Buckingham’s Pi-Theorem [27], a
dimensionless function is derived as shown in (11)
𝐸𝐼𝑤2
𝑤𝐿
= 𝑓 ( 3 , 𝜃0 ) .
𝑇0
𝑇0

(11)

To determine (11) completely, the boundary value problem
(8) has been solved extensively within the range 0 < 𝜋1 ≤
500, (76/180𝜋) < 𝜋2 ≤ (90/180𝜋), where supposing 𝜋1 =
𝐸𝐼𝑤2 /𝑇0 3 , 𝜋2 = 𝜃0 , and 𝜋𝐿 = 𝑇/𝑤𝐿. Using these results
the approximate formula for 𝜋𝐿 has been obtained by mathematical fitting as shown in (12). Once 𝜋𝐿 is known, the
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In the paper industry, numerous studies have explored means of optimizing order allocation and cutting trim loss. However,
enterprises may not adopt the resulting solutions because some widths of the inventory exceed or are less than those required
for acceptable scheduling. To ensure that the results better suit the actual requirements, we present a new decision model based
on the adjustment of scheduling and limitation of inventory quantity to differentiate trim loss and inventory distribution data.
Differential analysis is used to reduce data filtering and the information is valuable for decision making. A numerical example
is presented to illustrate the applicability of the proposed method. The results show that our proposed method outperforms the
manual method regarding scheduling quantity and trim loss.

1. Introduction
Numerous industries with bulk production modes, such as
the industrial-use paper industry, have gradually changed
their production environments to high-mix low-volume production. Customer requirements for high-mix low-volume
production and instant supply also increase the difficulty of
optimizing production scheduling. An issue with even greater
significance is how to properly employ production scheduling
flexibility and coordinated supplementary measures. In this
paper, we consider two main issues in relation to the production planning of industrial paper. (1) If production scheduling
is fixed, how may the trim loss ratio and production inventory
be reduced, whether evenly distributed in different widths
of inventory or not. (2) Does increasing or decreasing the
production of scheduling produce better results for inventory
distribution and trim loss ratio better than the original
scheduling? Since the 1960s [1], numerous studies have examined how to configure orders most effectively to optimize
production scheduling. However, these optimized results
have not been able to satisfy the requirements of numerous
managers because, in situations of raw order production,
if the structure remains poor after the permutation and
combination of orders, significant trim loss can occur. Thus,

managers must abandon optimized scheduling and use their
experience to identify the best solution.
Most cutting stock problems (CSPs) are classified as
NP-complete, meaning that it is difficult to obtain optimal
solutions. Gilmore and Gomory [1] presented a delayed
pattern generation technique for solving a one-dimensional
cutting problem using linear programing. Other methods can
also be found in the literature [2–13]. Morabito and Arenales
[14] considered different objectives (e.g., cutting time and
trim loss) in the preparation of the cutting plan. Menon
and Schrage [15] proposed a bound-based approach to solve
the problem of allocating orders to machines in the paper
industry. Wäscher et al. [16] provided a good review of several
efficient heuristic methods utilizing either pattern-oriented
or item-oriented approaches. Matsumoto et al. [17] proposed
a generalization of the cutting pattern called the cutting group
in a paper tube factory. Mobasher and Ekici [18] developed
two local search algorithms and a column generation based
heuristic algorithm to solve the cutting stock problem with
setup cost.
In the overall order optimization process, not every
cutting configuration meets the needs of the manager because
some cutting configurations produce greater trim losses.
Generally, managers assign the inventory quantity according
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to the size of the trim loss and then search for another
optimized solution. Therefore, appropriate replanning of
inventory and orders is undertaken to ensure that it is
closer to the producer’s requirements. Gramani and França
[19] proposed a mathematical model for coupling lot sizing
and two-dimensional cutting stock problems. Ritvirool [20]
presented an integer linear programming (ILP) model to
minimize trim loss in a produce-handling vehicle production
plant. Chauhan et al. [21] presented a model to decide the
parent roll assortment and assignments to finished products
based on these products demand processes, desired service
levels, trim loss, and inventory holding costs in a paper
mill. Poltroniere et al. [22] presented a mixed linear integer
optimization model to couple the production planning and
the cutting process in the paper industry.
To prevent the trim loss generated after optimization, Kos
and Duhovnik [23] included reusable inventory, which is an
extension of the usable leftover solution. The usable leftover
material is used in the next cutting plan. Related studies [24–
28] all propose similar optimal solutions. Erjavec et al. [29]
considered trim loss, inventory costs, and shortage costs and
developed a model for the solution of the inventory level with
the lowest overall cost. Regarding the delivery period, some
industries add 1 to 3 days after the paper type is produced as
the product delivery period. These additional days are used
to increase production flexibility and prevent late deliveries
because of transportation factors. This supply chain mode is
similar to the process improvements proposed by Erjavec et
al. [30].
This study proposes a model based on the adjustment
of scheduling and the limitation of inventory quantity to
differentiate trim loss ratio and inventory distribution data.
We also use the integer programing method to determine
the optimal adjustment of order allocation, inventory filtering, and production scheduling. Finally, we use differential
analysis to reduce data filtering. This valuable information
should enable companies to solve the problems of inventory
distribution and the depletion ratio more effectively. The
remainder of this paper is organized as follows. In Section 2,
the definition of the problem in the paper industry is
presented. A decision model is developed in Section 3. In
Section 4, an empirical case is employed to calculate and
illustrate the proposed model. Finally, conclusions are drawn
in Section 5.
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each reel. Thus, the problem encountered is the optimization
of 𝑁 number of reels for 𝑠𝑡 number of rolls to fulfill customers’
orders (see Figure 1).
Regarding production planning, actual supply and
demand figures are obtained for scheduling. In order to
meet the overall order specifications and reduce trim loss
during the production process, the decision-making model
proposed by Keskinocak et al. [31] is used to optimize overall
production scheduling. However, actual production cannot
achieve the optimal result of zero depletion. Indeed, the
overall production capacity is typically greater than the order
to ensure that the customer’s and production requirements
are met (see Figure 2). Therefore, decision makers often
encounter difficulties in determining the scheduling quantity
and production inventory so that they are evenly distributed
in different widths. To solve these two issues, decision
makers use their experience to adjust the scheduling quantity
to meet production requirements. Unfortunately, these
solutions are not optimized or efficient. In order to improve
the overall production efficiency and reduce the time
required for manual calculation, a new decision model is
needed to react more flexibly to the market and increase the
comprehensiveness of the production structure.

3. Decision Model for Scheduling
In order to formulate a decision-making model or a mathematical model, we consider the following notation:
OW𝑖 = an order width, with 𝑖 = 1, . . . , 𝑚, and 𝑚 is the
number of order width;
𝐷𝑖 = demand for OW𝑖 , with 𝑖 = 1, . . . , 𝑚, and 𝑚 is the
number of order width;
IW𝑗 = an inventory width, with 𝑗 = 1, . . . , 𝑛, and 𝑛 is
the number of inventory width;
PW𝑘 = a production width, with 𝑘 = 1, . . . , 𝑜, and 𝑜 is
the number of production width;
DPW𝑘 = demand for PW𝑘 , with 𝑘 = 1, . . . , 𝑜, and 𝑜 is
the number of production width;
PPW𝑘𝑠 = the pattern for PW𝑘 , with 𝑠 = 1, . . . , 𝑐, and 𝑐
is the number of pattern;
QIL𝑘𝑠 = the quantity of inventory limit for PW𝑘 , with
𝑠 = 1, . . . , 𝑐, and 𝑐 is the number of pattern;

2. Problem Definition

PSQ = production scheduling quantity;

The production of industrial-use paper begins from raw
material to reels and then from reels to rolls as finished goods.
The entire operation mode is cyclical production, which is the
only method for achieving efficient production. Therefore,
the leftover material is not used in a follow-up production
cycle. For this scheduling, the customer’s paper requirements
are obtained and the market demand is predicted. In the
combined production-marketing meeting, the number of
production days and the production quantity of paper types
are determined. 𝑁 number of reels is considered as the production quantity and 𝑠𝑡 number of rolls can be produced from

𝑇 = flexible adjustment multiple;
PSR = PSQ ∗ 𝑇 = reels set in production scheduling;
UB = upper bound for trim loss;
PSQ𝑓 = a production scheduling quantity, with 𝑓 =
1, . . . , V, and V is the number of production scheduling
quantity;
TL𝑓𝑠 = postoptimization trim loss ratio;
NPW𝑓𝑠𝑘 = the number of PW𝑘 ; for nonfulfilled order,
with 𝑓 = 1, . . . , V, and 𝑠 = 1, . . . , 𝑐;
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SI𝑓𝑠 = TL(𝑓+1)𝑠 − TL𝑓𝑠 = difference of trim loss ratio
of the scheduled quantities for each item of inventory
limit, with 𝑓 = 1, . . . , V, and 𝑠 = 1, . . . , 𝑐;
IS𝑓𝑠 = TL𝑓(𝑠−1) − TLP𝑓𝑠 = difference of trim loss
ratio of inventory limit for each item of scheduled
quantities, with 𝑓 = 1, . . . , V, and 𝑠 = 1, . . . , 𝑐.
3.1. Decision Model. To meet customer needs and optimize
scheduling quantity, when decision makers analyze production planning, they must consider the trim loss, production
volume, and the inventory required to satisfy the practical
production requirements. Controlling trim loss, production
volume, and inventory is the only strategy to improve
production decision making. The decision-making model
consists primarily of configuring the production inventory
paper width according to the paper width and volume in
the order. The minimum production capacity and overall
trim loss can be obtained after aggregating the paper width
and minimum requirements. If the production capacity, trim
loss, and inventory are within a tolerable range for the
decision maker, the production scheduling is completed. If
the trim loss is excessive or the inventory must be retained,
the production capacity must be adjusted and the maximum
production capacity must be obtained using the minimum
depletion level. The maximum production capacity is used
to confirm the quantity of production capacity required to
meet the ideal scheduling quantity. This enables the decision
makers to obtain the optimized production capacity, trim
loss, and inventory configuration between the minimum
production volume and the maximum production volume.

In addition, this enables the overall trim loss to be controlled
within the decision maker’s ideal range, without limitations
from a preset allowable trim loss value that would prevent an
optimized solution from being identified.
The steps in the overall decision-making model in Figure 3 are as follows.
Step 1. Define the order and inventory paper width and
volume. The inventory paper width is the high turnover of
inventory paper.
Step 2. Define the limits of inventory paper width and volume
for each item. Aggregate the order and inventory paper width
and volume to the production paper width and volume and
limit the inventory paper quantity to ensure that it correlates
with the actual production paper width and volume.
Step 3. Define the maximum tolerable scheduling quantity as
a multiple of the production scheduling quantity to maintain
a flexible future scheduling quantity and optimize trim loss.
Step 4. Limit the trim loss quantity and obtain the minimum
trim loss using the integer programing method. The production quantity for each paper width must be equal to or greater
than the quantity required by the customer.
Step 5. Store the optimized scheduling quantity, trim loss
ratio, and nonorder (inventory) paper width and volume.
Step 6. Determine whether an optimal solution exists. If so,
go to Step 8. If not, go to Step 7.
Step 7. Adjust the scheduling quantity. To reduce this, return
to Step 4.
Step 8. Determine whether the number of items in the
inventory limit derived from the solution is greater than the
total number of items. If yes, go to Step 10. If not, go to
Step 9.
Step 9. Aggregate the production paper width and quantity and adjust the inventory paper width and quantity to
the actual production paper width and quantity. Return to
Step 3.
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Optimization for
capacity and trim loss
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Step 10

Figure 3: Decision model.

Step 10. Obtain the differential analysis of the trim loss
ratio and then optimize the storage-scheduling quantity and
trim loss information. Following optimization, the decision
makers finally confirm the production scheduling quantity.
In production planning for industrial paper, each reel
produces 𝑠𝑡 number of sets, and an 𝑠𝑡 multiple of products is
produced by cutting the reels. To allow the production trim
loss to be controlled within a certain range and to provide
a flexible scheduling quantity, the overall production paper
width is aggregated as IW𝑗 and OW𝑖 , and the producible
paper width PW𝑘 is obtained. Regarding the control of paper
width and volume, the produced paper width and volume
must meet 𝐷𝑖 . The level of inventory controls the quantity of
QIL𝑘𝑠 . Here, 𝐷𝑖 and QIL𝑘𝑠 are aggregated and the producible
paper width and quantity DPW𝑘𝑠 are obtained.
The scheduling quantity is adjusted according to how the
production decision makers view the trim loss level and the
urgency of the order. Therefore, although the PSQ can be
optimized, they do not represent the production capacity that
is acceptable to the decision makers. Instead, the trim loss
and production capacity data are provided to the decision
makers who make the final decision. After obtaining the
DPW𝑘𝑠 and PSR, the integer programing method is used to

optimize trim loss. The postoptimization scheduling quantity
and trim loss are then stored in the data table. After the
related data are stored, the scheduling quantity is reduced
to obtain the next scheduling quantity. Next, optimization
is again conducted, and the PSR and trim loss data are
again stored. Thus, the scheduling quantity is reduced and
optimized repeatedly until optimal or lower than the PSQ.
Subsequently, the inventory quantities QIL𝑘𝑠 and PPW𝑘𝑠
are changed and optimization is conducted again until 𝑠 is
greater than 𝑐, which completes the entire operation. The
optimization process is shown in Algorithm 1, where 𝑎𝑘𝑗 =
the number of width 𝑘 in pattern𝑗 and is integer; 𝑥𝑗 = the
number of pattern 𝑗 and is integer; 𝐿 = the width of reel; 𝑠𝑡
= the number of set in reel; Solve = whether optimization
is possible; TTL = postoptimization trim loss; 𝑓= optimized
solution number.

3.2. Decision Making for Scheduling Quantity and Trim Loss.
Typically, a larger scheduling quantity produces greater trim
loss. Therefore, the scheduling quantity is multiplied to prevent situations in which the scheduling quantity and trim loss
cannot be optimized because of a limited scheduling quantity.
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𝑠=1
While (𝑠 ≤ 𝑐)
Begin
PSR = PSQ ∗ 𝑇
𝑓=1
While (Solve or PSR ≥ PSQ)
Begin
𝑛

𝑜

𝑗=1
𝑜

𝑘=1

TTL = min ∑ (𝐿 − ∑ 𝑎𝑘𝑗 𝑤𝑘 ) × 𝑥𝑗
Subject to

∑ 𝑎𝑘𝑗 𝑤𝑘 ≤ 𝐿

𝑘=1

(minimize trim loss)

(width of reel constraint)

𝑜

UB ≤ 𝐿 − ∑ 𝑎𝑘𝑗 𝑤𝑘
PSR =

𝑘=1
𝑛
(∑𝑗=1 𝑥𝑗 )

st

𝑛

𝐷𝑘 ≤ ∑𝑎𝑘𝑗 𝑥𝑗

(trim loss constraint)
(reel set constraint)

(order constraint)

𝑗=1

𝑛

∑𝑎𝑘𝑗 𝑥𝑗 ≤ PPW𝑘𝑠

(capacity constraint)

𝑗=1

If (Solve) then
TL𝑓𝑠 = (

TTL
) ∗ 100
𝐿 × 𝑥𝑗

𝑛
∑𝑗=1

End
PSQ𝑓 = PSR
PSR = PSR − 1
𝑓=𝑓+1
End
𝑠=𝑠+1
End
Algorithm 1

Therefore, PSQ𝑓 and TL𝑓𝑠 are entered during the optimization process to increase decision makers’ understanding
of the influence that increases or decreases in production
capacity have on the trim loss level. In this study, a differential
analysis of the trim loss was conducted to ensure that the
scheduling quantity and trim loss met the decision makers’
requirements.
In the PSQ𝑓 and TL𝑓𝑠 table,𝑠 was selected as the set value
and 𝑓 was the variable value employed to conduct differential
analysis of the trim loss. First, the difference between TL𝑓𝑠
and TL(𝑓+1)𝑠 is entered into SI𝑓𝑠 , and the result of SI𝑓𝑠 is used
to obtain the mean. When SI𝑓𝑠 is greater than the mean,
the maximum value of 𝑓 is reduced. If SI(𝑓+1)𝑠 cannot be
optimized and SI𝑓𝑠 is greater than the mean, plan A of the
decision suggestion can be obtained.
Similarly, the difference between TL𝑓𝑠 and TL(𝑓+1)𝑠 is
entered into IS𝑓(𝑠+1) , and the result of IS𝑓𝑠 is used to obtain
the mean. When IS𝑓𝑠 is greater than the mean, the minimum
value of 𝑠 is summed. If IS𝑓𝑠 cannot be optimized and IS𝑓(𝑠+1)
exceeds the mean, plan B of the decision suggestion can be
obtained.
Intersection analysis is conducted on plans A and B
to obtain the scheduling solution C. The values of C are
organized in sequence from large to small, and the smaller

number is subtracted from the larger number. The result of
this subtraction is used to obtain the mean, and the items
that exceed the mean are filtered out to obtain the optimal
decision suggestion. The decision makers can select the
desired inventory results according to their requirements and
perform a final confirmation of the scheduling and inventory
quantity.

4. Illustrative Example
In an actual case of industrial paper production, we set
the current scheduling quantity as PSQ reels, and each reel
can produce 𝑠𝑡number of roll sets. The cutting machine’s
maximum width limit is 𝐿 and the maximum trim loss is
UB. These parameters are defined as 𝑠𝑡 = 3, 𝐿 = 4600 mm,
PSQ = 46, and UB = 999.
The application program was implemented to provide
the described optimization functionality. As optimization is
numerically intensive, the application program was divided
into the engine and the user interface. The engine interface
was written in Lingo Software [32]. The user interface in
Visual Basic 5 enables the navigation of data flow from
various input sources from/to a common company database.
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Table 1: Product order information and adjusted data for PW𝑘 , QIL𝑘𝑠 , and PPW𝑘𝑠 .

𝑘
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16

OW𝑘 (mm)
X
X
1200
1300
X
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

IW𝑘 (mm)
1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

PW𝑘 (mm)
1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

D𝑘
0
0
7
22
0
28
58
47
43
7
20
9
30
7
12
20

QIL𝑘𝑠
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100
5/10/15/20/100

PPW𝑘𝑠
5/10/15/20/100
5/10/15/20/100
12/17/22/27/107
27/32/37/42/122
5/10/15/20/100
33/38/43/48/128
63/68/73/78/158
52/57/62/67/147
48/53/58/63/143
12/17/22/27/107
25/30/35/40/120
14/19/24/29/109
35/40/45/50/130
12/17/22/27/107
17/22/27/32/112
25/30/35/40/120

Note: X = not available.

Table 2: The results of TL𝑓𝑠 under different optimized solution
numbers.
𝑓

PSQ𝑓

1
2
3
4
5
6
7
8
9

52
51
50
49
48
47
46
45
44

1
X
X
X
X
X
X
3.0
3.3
X

𝑠
3
0.08
0.10
0.13
0.16
0.21
0.31
0.41
0.61
X

2
X
X
0.43
0.50
0.60
0.74
0.95
1.20
X

4
0
0
0.04
0.09
0.15
0.23
0.33
0.43
X

5
0
0
0
0.03
0.12
0.22
0.32
0.42
X

According to the decision model and the optimization
process described in Section 3, the details are as follows.
Step 1. Collect OW𝑖 , IW𝑗 , and 𝐷𝑖, where 𝑖 = 1, 2, . . . , 12 and
𝑗 = 1, 2, . . . , 15.
Step 2. Aggregate OW𝑖 and IW𝑗 to PW𝑘 , define the limitation
quantity QIL𝑘𝑠 , and aggregate 𝐷𝑖 and QIL𝑘𝑠 to PPW𝑘𝑠 , where
𝑘 = 1, 2, . . . , 16 and 𝑠 = 1, 2, . . . , 5 (see Table 1).
Step 3. Define the parameter 𝑇 = 1.15 and PSR = PSQ ∗ 𝑇 to
obtain PSR = 52.
Step 4. Obtain the minimum trim loss using the integer
programing method.

Note: X = not available.

Table 3: The results of differential analysis between TL𝑓𝑠 and
TL(𝑓+1)𝑠 .
𝑓
1
2
3
4
5
6
7
8
9

PSQ𝑓
52
51
50
49
48
47
46
45
44
Average value

1

2

0.3

0.07
0.10
0.14
0.21
0.25

𝑠
3
0.02
0.03
0.03
0.05
0.10
0.10
0.20

0.3

0.15

0.08

4
0
0.04
0.05
0.06
0.08
0.10
0.10

5
0
0
0.03
0.09
0.10
0.10
0.10

0.06

0.06

Step 5. Store the optimized scheduling quantity PSQ𝑓 , depletion ratio TL𝑓𝑠 , and nonorder (inventory) paper width and
quantity NPW𝑓𝑠𝑘 .
Step 6. Determine whether an optimal solution exists or not.
If yes, go to Step 8. If no, go to Step 7.
Step 7. Adjust the scheduling quantity PSR.
Step 8. Determine whether the number of items in the
inventory limit derived from the solution is greater than the
total number of items. If yes, go to Step 10. If not, go to Step
9.
Step 9. Obtain the next QIL𝑘𝑠 and aggregate 𝐷𝑖 to PPW𝑘𝑠 ;
then go to Step 3.
Step 10. Obtain PSQ𝑓 and TL𝑓𝑠 (see Table 2).
Conducting differential analysis of the trim loss, the
difference between TL𝑠 and TL(𝑓+1)𝑠 is entered into SI𝑓𝑠 , and
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Table 4: The results of differential analysis between TL𝑓𝑠 and
TL𝑓(𝑠+1) .
𝑓

PSQ𝑓

1
2
3
4
5
6
7
8
9

52
51
50
49
48
47
46
45
44

𝑠
1

2

2.05
2.10

3

4
0.08
0.10
0.09
0.07
0.06
0.08
0.08
0.18

0.30
0.34
0.39
0.43
0.54
0.59

5
0
0
0.04
0.06
0.03
0.01
0.01
0.01

Average value
0.04
0.05
0.14
0.16
0.16
0.17
0.67
0.72

Table 5: The comparison results of TL𝑓𝑠 (%) for different scenarios.
𝑠
PSQ

1
45

1
46

2
45

2
46

2
47

3
47

3
48

Trim loss (%) 3.3 3.0 1.2 0.95 0.74 0.31 0.21
Deviation
0.3 1.8 0.25 0.21 0.43 0.10

Differential
mean
0.52

the mean is obtained from the result of SI𝑓𝑠 . When SI𝑓𝑠 is
greater than the mean, {SI44 , SI45 , SI53 , SI54 , SI55 , SI62 , SI63 ,
SI64 , SI65 , Sdec71 , SI72 , SI73 , SI74 , SI75 } is obtained. If SI(𝑓+1)𝑠
cannot be optimized and SI𝑓𝑠 is greater than the mean, the
decision suggestion plan can be obtained (see Table 3). That
is, we have {SI81 , SI82 , SI83 , SI84 , SI85 }.
With 𝑠 = 2 as the paradigm, SI82 = TL92 − TL82 and is
consistently calculated as SI12 = TL22 − TL12 . If TL𝑓𝑠 cannot
be optimized, such as in TL22 , the calculation is ignored. In
this case, the differential mean of 0.15 is obtained and SI72
and SI62 are greater than the mean. However, SI82 cannot be
optimized and SI72 , is greater than the mean; thus, SI82 must
be included for consideration.
Similarly, the difference between TL𝑓𝑠 and TL𝑓(𝑠+1)
is entered into IS𝑓(𝑠+1) , and the mean is obtained from
the result of IS𝑓𝑠 . When IS𝑓𝑠 is greater than the mean,
{IS33 , IS43 , IS53 , IS63 , IS72 , IS82 } is obtained. If IS𝑓𝑠 cannot be
optimized and IS𝑓(𝑠+1) exceeds the mean, the decision suggestion plan can be obtained in Table 4. That is, we have
{IS32 , IS42 , IS52 , IS62 , IS71 , IS81 }.
With 𝑓 = 2 as the paradigm, IS62 = TL61 − TL62 and is
consistently calculated as IS65 = TL64 − TL65 . If TL𝑓𝑠 cannot
be optimized, such as in TL61 , the calculation is ignored. In
this case, a differential mean of 0.17 was obtained and IS63 was
greater than the mean. However, IS62 cannot be optimized
and IS63 is greater than the mean; thus, IS62 must also be
considered.
We conduct intersection analysis from Tables 3 and
4 to obtain the scheduling solution. That is, we have
{TL17 , TL18 , TL26 , TL27 , TL28 , TL35 , TL36 }, where the values
are organized from large to small, and the smaller number
is subtracted from the larger number. The result of the
subtraction is used to obtain the mean of 0.52. The items
larger than the mean are filtered out to obtain the results

shown in Table 5, and the optimal decision suggestion is
obtained as {TL18 , TL28 }.
The optimal solution displayed in Table 6 shows that,
when the scheduling quantity is 45 reels, the trim loss ratio
could be 3.3% or 1.2%. Although the quantity of increased
inventory differs, decision makers can select the desired
inventory results according to their actual needs. The original
scheduling quantity was 46 reels, and an optimal solution
was not obtained. This means that, for 𝑠 = 1 or 2 cases
with 45 or 46 reels, trim loss rate differences do not change
significantly, and these two reels may be randomly selected.
Thus, the scheduling quantity can be reduced to meet the
actual requirements.
Concerning the unrestricted inventory quantity, such as
𝑠 = 5, this is a commonly obtained CSP result. Although the
trim loss rate is 0.42%, this optimal solution is occasionally
unacceptable to the decision makers because it concentrates
on the inventory production of 32 rolls of a specific paper
width, such as 1000 mm (see Table 6). This poses significant
challenges when considering how to reduce the paper width
and quantity; this issue has consistently frustrated decision
makers.
In the method ordinarily used in the paper industry,
the first solution is typically aimed at implementing the
order. The {1000, 1100, 1400} inventory paper widths are not
included. After optimization, the added paper widths with an
inventory quantity of {1200, 1900} with {17, 1} are obtained.
The total number of rolls is 134, and the trim loss ratio is 5.2%
(see Table 7). The postoptimization problems that occurred
were as follows: (1) the rolls were not in multiples of 3; (2) the
trim loss of 5.2% was excessive.
Therefore, manually disassembling the trim loss and the
rolls with excessively varying patterns can be considered the
optimal solution. The total numbers of rolls are confirmed as
135, 138, 141, and so forth. In this case, the entire trim loss
can only be reduced using 138 rolls or more. The rolls are
adjusted manually to combine patterns {1, 4} with patterns
{1, 4}. To reduce the trim loss, the pattern {10} configuration
can be included in the inventory paper width, providing
combinations of {1300, 1400, 1900} or {1200, 1500, 1900} or
{1900, 2500} to obtain the combination {1000, 1700, 1900}.
Finally, the order paper width {1800} with pattern {1} that
cannot be allocated is combined with pattern {9}. A manual
fine-tuning procedure is conducted to produce the scheduling quantity of 138 rolls and a trim loss ratio of 4.6% (see
Table 8).
In Tables 6–8, we found that two solutions using the
proposed method are obtained as follows: (1) the scheduling
quantity is 45 reels with a trim loss ratio of 3.3%; (2)
the scheduling quantity is 45 reels with a trim loss ratio
of 1.2%. The solution using a traditional CSP is obtained
as the scheduling quantity is 45 reels with a trim loss
ratio of 0.42%. The paper width with an inventory quantity
of {1000, 1100, 1400} with {32, 4, 3} is obtained. However,
this solution is unacceptable because these paper widths
are not met for customers’ requirements. We delete the
{1000, 1100, 1400} inventory paper width. After optimization, we obtain the added paper widths with an inventory
quantity of {1200, 1900} with {17, 1}, and the total number
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Table 6: Optimal solutions using our proposed method and the traditional method.
𝑆
1

∗

∗

1

2

2

46

45

46

PW𝑘 (mm)

2

3

3

5#

47

47

48

45

PSQ
45

NPW𝑓𝑠𝑘
1000
1100
1200
1300
1400
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500
Trim loss (%)
Trim loss (mm)

5
5
5
5
5
4
0
0
0
0
0
0
0
0
0
1

5
5
5
5
5
4
0
0
0
0
0
0
0
0
2
5

10
10
10
10
4
0
0
0
0
0
0
0
0
0
0
0

10
10
10
10
9
2
0
0
0
0
0
0
0
0
0
2

10
10
10
10
9
2
0
0
0
0
0
0
0
0
0
8

15
15
15
9
0
0
1
0
0
0
0
0
0
0
9
0

15
15
15
11
1
0
0
0
0
0
0
0
0
0
14
0

32
4
13
0
3
0
0
0
0
0
0
0
0
0
0
0

3.3

3.0

1.2

0.95

0.74

0.31

0.21

0.42

20300

19300

7200

6000

4800

2000

1400

2600

Note:# a traditional CSP solution; ∗ optimal CSP solution.

Table 7: The results of a traditional CSP method.
PW𝑘 (mm) Order
1000∗
1100∗
1200
1300
1400∗
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

0
0
7
22
0
28
58
47
43
7
20
9
30
7
12
20

Optimal solution

Inventory

0
0
24
22
0
28
58
47
43
8
20
9
30
7
12
20

0
0
17
0
0
0
0
0
0
1
0
0
0
0
0
0

Usage
Pattern trim loss

1

2

1

1

1

3

4

1

1

2

1
1

2

5

6

Pattern
7
8

9

1

1

1

10

11

12

13

2
1

1

1

2
2
1
2
1

2
1

1
0

Note: total rolls used = 134; percent waste = 5.2%; ∗ nonorder product.

23
0

21
100

1
0

14
0

9
700

1
500

12
400

1
20
300

4
800

10
600

15
200

3
0
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Table 8: The results of a manual fine-tuning procedure.

PW𝑘 (mm)
∗

1000
1100∗
1200
1300
1400∗
1500
1600
1700
1800
1900
2000
2100
2200
2300
2400
2500

Order

Adjusted quantity

Inventory

0
0
7
22
0
28
58
47
43
7
20
9
30
7
12
20

7
0
23
23
0
28
58
55
43
7
20
9
30
7
12
21

7
0
16
1
0
0
0
8
0
0
0
0
0
0
0
1

Usage
Pattern trim loss

1

2

1

1

1

3

4

1

1

2

1
1

2

5

6

Pattern
7
8

9

10
1

11

12

13

2
1
1

1

1

1

1

1
1
2

1
2
1

2
1

0
0

23
0

21
100

2
0

14
0

9
700

1
500

12
400

1
21
300

7
0

10
600

15
200

3
0

Note: total rolls used = 138; percent waste = 4.6%; ∗ nonorder product.

of rolls is 134 with a trim loss ratio of 5.2%. Unfortunately,
the number of rolls (=134) is not in multiples of 3. Thus, this
solution is still unacceptable. The solution of the scheduling
quantity using the manual method is obtained as 46 reels
with a trim loss ratio of 4.6%. We found that the scheduling
quantity of our method is 45 reels that it is less than 46 reels
obtained using the manual method. In addition, the trim loss
using our method is lower than that of the manual method.
Thus, we conclude that our method outperforms the other
two methods.

to determine the production scheduling quantity in the paper
industry.
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5. Conclusions
In this study, we propose a new decision model for the CSP
to improve the overall production efficiency in the paper
industry. Not only using the mutual collocation of scheduling
volume adjustment, orders, and inventory reduces the ratio
of depletion to total production amount, but also the model
for adjusting the scheduling amount proposed in this study
obtains the data differentiation of the depletion ratio. This
information can enable decision makers to solve the inventory and depletion problems related to CSP issues efficiently.
In illustrative example, we found that the scheduling quantity
of our method is 45 reels that it is less than 46 reels obtained
using the manual method. That is, the cost effect of the
number of reels can be reduced by 1. Furthermore, it allows
decision makers to determine the optimal configurations and
controls for scheduling, orders, inventory, and trim loss.
In this study, we do not include the due date for the order.
Future research should address this issue. In addition, we will
conduct the flexible inventory allocation and trim loss control
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The research question is whether the positive relationship found between supplier involvement practices and new product
development performances in developed economies also holds in emerging economies. The role of supplier involvement practices
in new product development performance is yet to be substantially investigated in the emerging economies (other than China). This
premise was examined by distributing a survey instrument (Jayaram’s (2008) published survey instrument that has been utilised
in developed economies) to Malaysian manufacturing companies. To gauge the relationship between the supplier involvement
practices and new product development (NPD) project performance of 146 companies, structural equation modelling was adopted.
Our findings prove that supplier involvement practices have a significant positive impact on NPD project performance in an
emerging economy with respect to quality objectives, design objectives, cost objectives, and “time-to-market” objectives. Further
analysis using the Bayesian Markov Chain Monte Carlo algorithm, yielding a more credible and feasible differentiation, confirmed
these results (even in the case of an emerging economy) and indicated that these practices have a 28% impact on variance of NPD
project performance. This considerable effect implies that supplier involvement is a must have, although further research is needed
to identify the contingencies for its practices.

1. Introduction
The drive to improve product development efficiency and
effectiveness, as well as to utilise suppliers’ technological
capabilities, is the main motive for early supplier involvement [1]. The importance of early supplier involvement, or
supplier integration into new product development (NPD),
has been emphasised in various research works [1–13]. Previous studies have revealed that supplier integration leads
to significant improvements in NPD processes in terms of
development time, cost, and quality [2, 6–8, 14–16]. For
example, Cousineau et al. [17] reported that implementation
of supplier integration in product development led to positive
results such as enabling the supplier to meet the required

timeline, providing the supplier better knowledge of the
customer’s needs, and enhancing customer-supplier relationships. Hence, there is little doubt that supplier involvement
during NPD is beneficial for time-to-market, quality, and
cost.
Although the empirical evidence found by previous studies indicates that supplier involvement leads to positive outcomes in terms of new product development performance,
that finding is not necessarily valid for firms in emerging
economies. It is presumed that these economies lack manufacturing and innovative capabilities [18, 19]. Looking back
at the studies mentioned so far, those have often taken place
in mature economies or developed nations, such as the USA
[2, 3, 12], the UK [10], Denmark [1], and Germany [20].

2
An exception would be the case of China, which has drawn
attention from academics looking into innovation practices
[21–25]. However, this might mean that China is a specific
case from which findings might have restricted generalisation towards other emerging economies. Nevertheless, this
implies that the role of supplier involvement practices in new
product development is yet to be substantially investigated in
the emerging economies other than China, which is the aim
of our study.
The aim of the study fits with the growing trend amongst
researchers to explore the relevance of existing theoretical
perspectives in emerging economies [26–30]. With that same
intention, we seek to explore the impact of supplier involvement practices on new product development performance
in a developing economy, Malaysia. As a country that is
moving “towards becoming more innovation driven” [31],
its firms need to improve their new product development
performance. Thus, there is a need to ascertain the level of
supplier integration into new product development amongst
Malaysian manufacturers and its impact on new product
development performance, particularly because the manufacturing sector is still growing, while already contributing
27.5% to GDP in 2011 [32]. The objective of this research
is to determine whether the positive relationship found
between supplier involvement practices and new product
development performance in developed economies is also
valid in an emerging economy, using Malaysia as a case in
point. To that purpose, this empirical study presents data
and findings from a survey conducted in the manufacturing
sector in Malaysia.
While studies of supplier involvement in new product
development (NPD) have already taken place in generic
terms related to innovation processes, fewer have taken the
individual project as a starting point. Taking individual NPD
projects as a starting point [2, 33, 34] could lead to more
meaningful answers on performance than can be found
by discussing this in more generic terms of relationships
with suppliers, as is more commonly done [3, 6, 8, 35, 36];
ultimately, that should lead to less bias in the responses,
allowing us to draw more definite conclusions. An instrument
utilised in the developed economies (developed by Jayaram)
[2] was used here to ascertain the validity of the findings in
an emerging economy. In addition, a more robust research
method has been used to analyse the data; the Bayesian
approach allowed a more credible and feasible differentiation
during the analysis. Hence, this paper not only investigates
the specific practices of supplier involvement in Malaysian
firms but also introduces a research method for this and
future research on this topic.
The paper is organised as follows. Section 2 presents a
review of the literature providing current insights into supplier involvement in the form of a narrative literature review,
conforming to the guidelines of Green et al. [37]. Section 3
discusses the rationale for the methodology used, including
the specific data analysis techniques, structural equation
modelling in combination with a Bayesian Markov Chain
Monte Carlo algorithm. This is followed by a discussion of
results and a conclusion in the final section.
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2. Literature Review
The beneficiary role of suppliers and purchasing as the
linchpin for new product development has been recognised,
as stated above, and links to theoretical perspectives. For
example, the resource-based view focuses on the strategic
importance of a firm’s resources and capabilities [3, 38, 39],
although its propositions have been questioned [40, 41].
Referring to this theoretical perspective, Hart [42] turned
to Porter’s model of competitive advantage and proposed
a framework that placed the purchasing function as an
essential capability of an organisation. In his framework, Hart
linked the activities of purchasing to the organisation’s unique
capabilities that are imperative in sustaining a competitive
advantage. In other words, an effective purchasing function
can help a firm to sustain its competitive advantage by
selecting and appropriately working together with suppliers.
As clearly highlighted by Ansari and Modarress [35], “an
important area for purchasing and suppliers to be integrated
is in the firm’s product development process.” Hence, the
literature review focuses on the practices related to involving
suppliers in new product development.
Collaboration between customer and supplier during
new product development (NPD), better known as supplier
integration or early supplier involvement (ESI), has been
in existence for more than half a century [43]. However,
it is only over the past twenty years that early supplier
integration in NPD has gained much interest in academic
literature [44], particularly, because supplier integration is
highly influential in determining NPD performance in terms
of productivity, quality, and cost [45]. As a case in point,
Zirpoli and Caputo [46] studied an Italian car maker (Fiat) to
explore codesign practices between Fiat and its suppliers and
confirmed that supplier integration in the NPD process had
benefited Fiat in achieving its NPD objectives. Furthermore,
Fliess and Becker [47] studied twelve companies based in
Germany and concluded that proficient coordination leads
to successful supplier involvement in new product development. In addition, some other studies have confirmed
the benefits of supplier involvement. Liker et al. [33] found
that early supplier involvement in automobile suppliers led
to cost saving and improved product quality and design.
Carr and Pearson’s study [3] showed that early supplier
involvement had a positive influence on firms’ financial
performance. Handfield and Lawson [6] conducted a survey
of 134 companies that revealed that supplier involvement
practices improved the financial performance of the firm and
product design. Therefore, the advantages of (early) supplier
involvement during new product development have been
broadly identified.
Recognising the need to identify the critical supplier
involvement practices that lead to successful new product
development (NPD), recent studies on supplier integration
have focused on timing (at what stage of NPD suppliers
are involved) and level of supplier integration (the depth
of supplier involvement) [2]. In that regard, Mikkola and
Skjoett-Larsen [1] conducted case studies in three Danish
firms and pointed out that supplier integration can take
place in different stages of new product development, based
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on the technical complexity of the product. Prencipe [48]
also links the involvement of suppliers with the complexity
of the product and the relevance of components for the
total product performance. Hence, the complexity of the
product, the role of supplied components in the product
configuration, and stages of development have a potential
impact on modes of supplier integration. In that sense,
Jayaram [2] found during a survey of 338 companies in
high-tech industries in the USA that communication and
information sharing, design participation, and infrastructure
development through supplier integration could lead to
positive NPD performance in the areas of product cost,
conformance quality, design quality, and time-to-market.
Parker et al. [44] also found these factors to have significant
impact on NPD performance. Likewise, Wasti and Liker
[43, 49] found that there was a positive relationship between
product design improvement and frequency of design-related
communication with supplier. In addition, Handfield and
Lawson [6] and Peterson et al. [34] found that careful selection of suppliers prior to NPD commencement and involving
suppliers in setting technical goals will determine NPD
performance. McGinnis and Vallopora [36] also identified
similar factors for new product success. Later, van Echtelt
et al. [50] conducted an in-depth four-year case study of a
Dutch company and pointed out that the success of supplier
integration depends on a firm’s ability to manage supplier
involvement effectively, to capture both short- and longterm benefits. Therefore, the complexity of the product, the
role of supplied components in the product configuration,
and the stages of development are ubiquitously related to
the interaction with suppliers, even though they have been
separately treated in academic literature so far, despite all
being related to beneficial outcomes for the NPD.
Even though a wide range of studies support the notion
that supplier integration brings improvements in new product development (NPD), some have raised doubts about the
effectiveness of supplier involvement. For example, an early
study by Ittner and Larcker [51] highlighted that supplier
integration had a negative impact on NPD by increasing
product development lead times. However, the researchers
did acknowledge that the result could be due to insufficiencies
in their measures and suggested that research on the impact
of supplier on involvement practices on new product performance should be conducted in different settings, noting
that this would make a substantial contribution to the study
of best practices in new product development. McIvor and
Humphreys’ [10] study of an electronic firm and its suppliers
in the UK found the presence of barriers in supplier integration in the NPD process and concluded that, for early supplier
involvement to be successful, there is a need for supplier and
buyer firms to increase joint problem-solving and decisionmaking, which actually points to communication and information sharing and strategic infrastructure, as proposed by
Jayaram [2] and Parker et al. [44]. The word of caution is
then that supplier involvement does not necessarily lead to
beneficial outcomes for NPD, even though the majority of
studies point in the other direction; the contingencies and
conditions under which supplier integration and involvement
are successful will need separate studies.
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Another significant observation from the literature reviewed is that all studies on supplier involvement practices
were conducted in countries from mature economies. None
were conducted in countries from the emerging economies
(excluding China). This validates the starting point of our
study. Henceforth, there is a need for studies looking into
supplier involvement in the setting of an emerging economy
to ascertain whether supplier involvement practices lead to
improved new product performance, just as has been proven
in previous studies conducted in the mature economies.
In summary, the literature reviewed leads us to conclude that previous research focused on identifying interfirm
collaborative practices (between suppliers and customers)
that can positively influence NPD performance, mostly in
matured economies. Few studies identified barriers and
problems in supplier integration in NPD [10, 51], but these
studies stressed the need to improve joint problem-solving
and decision-making and suggested more studies in different settings to ascertain best practices in NPD. Amongst
the supplier involvement practices identified as influencing
NPD performance, the main emphasis has been on two
interfirm collaborative practices, that is, communication and
information sharing and strategic infrastructure [2, 16, 44].
Hence, to address this gap in the literature, this research
attempts to determine whether these supplier involvement
practices (communication and information sharing and
strategic infrastructure) affect new product development
project performance in terms of conformance with performance objectives in the setting of a developing economy. The
following depicts the proposed conceptual framework of this
study. The parameters derived in the framework are discussed
in the following section.

3. Research Method
This is a confirmatory study regarding beneficial supplier
involvement practices during new product development conducted in an emerging economy, specifically in the Malaysian
manufacturing sector. The Malaysian manufacturing sector
contributed 27.5% to GDP in 2011 [32]. Small, emerging
economies such as Malaysia need to increase their competitive advantage through advances in innovation, technology, and value addition. This can transform a “low value
assembly line to one that is driven by innovation” [52].
Innovation relates to new product development performance.
As previous studies in developed countries have shown that
supplier involvement leads to positive outcomes in terms of
new product development performance, this study intends to
ascertain the impact of supplier involvement practices on new
product development performance in a developing economy:
Malaysia.
Jayaram [2] provides a survey instrument for this objective. The constructs used in our study were taken from his
study to measure supplier involvement practices: communication and information sharing and strategic infrastructure
(Table 1). In addition, the constructs used to measure individual NPD project performances (Table 2) are quality, design,
cost, and time-to-market objectives; these are commensurate
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Table 1: The variables manifesting supplier involvement practices.
Variable label Variable description
𝐶1
𝐶2
𝐶3

Participation of key suppliers in NPD team
Direct communication with key suppliers
Shared design knowledge with key suppliers
Common linked information systems (EDI,
CAD/CAM)
Shared education and training programs with key
suppliers
Colocation of project personnel and key suppliers

𝐶4
𝐶5
𝐶6

Table 2: The variables manifesting project performance.
Variable label
𝐸1
𝐸2
𝐸3
𝐸4

Variable description
Conformance to quality objectives set
Conformance to design objectives set
Conformance to cost objectives set
Conformance to “time-to-market” targets set

with other studies like those of Ragatz et al. [53] and Johnsen
[54]. These constructs in the survey instrument replicate the
ones used by Jayaram [2] in his study of 338 companies
in high-tech industries in the USA; this will allow a direct
comparison of findings.
3.1. Survey Instrument. Relevant sections of Jayaram’s published survey form [2] were slightly modified for use in
this survey. A pilot study was conducted to fine-tune the
survey form before distributing it to manufacturing firms
throughout Malaysia. In the first section of the survey, the
respondents were asked to denote the extent of supplier
involvement practices used in new product development
(where 0 means not used and 10 means used to a great
extent). The supplier involvement practices are listed in
Table 1. The first three items represented communication and
information sharing while the next three items represented
strategic infrastructure. In the second section of the survey,
the respondents were requested to rate the level of NPD
project performance in four different aspects (where 0 means
significantly worse than expectations and 10 means significantly better than expectations). These measures of NPD
project performance are listed in Table 2.
Since the unit of analysis was a new product development
project, the questionnaire specified the desired respondent as
a person (at executive level and above) from design/ engineering/quality/production/purchasing, who had been engaged
in all stages of the project. The respondents were requested
to answer the survey based on a new product development
project concluded in the past three years for which they were
either project leaders or project members.
3.2. Data Collection. The survey instrument was distributed
using two channels. Questionnaires were distributed to managers from the manufacturing sector who attended training sessions at the Federation of Malaysian Manufacturers
(FMM) Institute. This was augmented by questionnaires

that were distributed to the researchers’ contacts in the
manufacturing sector. The administering of questionnaires
was carefully done in order to ensure that only relevant
respondents filled in the survey forms. After 12 weeks, the
researchers had obtained a total of 168 responses. Of these
168, 22 were discarded due to noncompletion or 50% or above
missing values. As a result, 146 responses were available for
further analysis. Based on the sample size of 146, further
analysis is viable.
3.3. Data Analysis. Because this is a confirmatory study
conducted in an emerging economy, there is a need to apply
a strong, robust methodology. The path diagram in Figure 1
depicts the conceptual framework developed to address the
research objective of this paper. The path diagram indicates
a causal relationship between supplier involvement practices
and NPD project performance. To empirically gauge the
extent of the relationship between supplier involvement
practices and project performance, a series of techniques
was introduced. These techniques are the reliability test,
exploratory factor analysis (EFA), confirmatory factor analysis (CFA) and structural equation modelling (SEM). The
reliability test is a measure of internal consistency of a
summated scale of the variables manifesting the hypothetical
concepts, the supplier involvement practices, and the NPD
project performance (see Tables 1 and 2). These techniques
have been supplemented by a Bayesian Markov Chain Monte
Carlo algorithm to ensure that a robust method is utilised in
the statistical analysis. It is noteworthy that, for reasons of
robustness with respect to analysis, this approach has gained
popularity in evolutionary biology [55–57] and to a lesser
extent in econometrics [58, 59] and engineering [60]. Commensurate with the research objectives, the solid approach
of combining a Bayesian method with more traditional SEM
will allow us to draw more definite conclusions about the
relationship between supplier involvement practices and new
product development project performance.
This deviates from the research designs used for investigating supplier involvement practices so far, which include
qualitative analysis [35, 46, 47], variance and means analysis
[8, 36, 61], regression analysis [2, 6, 14, 33, 34], and sole
SEM [3, 12, 44]. Hence, this confirms the unique and robust
approach taken in our study as new to the domain.

4. Analysis of Results
The first step in the analysis is determining the reliability
and consistency of the collected data. For that purpose, a
recommended threshold of 0.7 for the reliability test depicts
a meaningful manifestation of variables on their respective
concepts [62, 63]. The reliability test was carried out using
SPSS, a statistical software package by IBM. Results show,
in Table 3, that “supplier involvement practices” have a
Cronbach’s alpha of 0.882 while “NPD project performance”
has 0.928. Both concepts are well above the 0.7 threshold and
therefore have internal consistency amongst the variables in a
summated scale. In short, it can be seen that the questionnaire
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Participation of key suppliers in NPD team

Direct communication with key suppliers
Conformance to quality
objectives set
Shared design knowledge with key suppliers
Supplier
involvement
practices

Conformance to design
objectives set

Performance

Conformance to cost
objectives set

Common linked information systems
(EDI, CAD/CAM)

Conformance to
“time-to-market” targets set

Shared education and training programs
with key suppliers

Colocation of project personnel and
key suppliers

Figure 1: Shows the conceptual framework of supplier involvement practices.

is measuring the antecedents of the concept in a consistent
and reliable way.
A next step in the analysis is the extraction of relevant
factors. In that respect, exploratory factor analysis (EFA) is
conducted to examine “possible relationships in only the
most general form and then allows the multivariate technique to estimate relationships” [66, page 580]. Ultimately,
the objective of EFA is to reduce the number of variables
manifesting the hypothetical concepts into a manageable set
of factors (see Table 4). It is recommended that factors are
extracted using the principal component matrix (PCM) and
rotated via Varimax. Two factors were extracted as they were
clear factor structures, in the form of factor 1 (manifested
by variables E1, E2, E3, and E4) and factor 2 (manifested
by variables C1, C2,. . ., C6). Results from the Kaiser-MeyerOlkin measure (0.842) and Bartlett’s Test (𝑃 value < 0.01)
show that the factors extracted have high correlation amongst
manifesting variables. These highly correlated manifesting
variables will enable clear factor structure detection.
4.1. Factor Analysis. This brings the analysis to the step of
excavation of constructs. When conducting confirmatory
factor analysis (CFA), also known as the measurement model,
variables are assigned to manifest a specific factor, now called
a construct. Variables with high factor loadings are chosen to
manifest the construct. Factor loadings above 0.6 within the
complex factor structures are the recommended threshold
[64]. Based on Table 4, the confirmed variables manifesting
the respective constructs are as follows: participation of key
suppliers (C1), direct communication with key suppliers (C2),
shared design knowledge with key suppliers (C3), common
linked information systems (C4), shared education and training programmes with key suppliers (C5) and co-location of
project personnel and key suppliers (C6) manifest supplier
involvement practices, while conforming to quality objectives

(E1), design objectives (E2), cost objectives (E3), and “timeto-market” targets (E4) manifest project performance.
From the results of CFA, a series of equations can be
notated on the two constructs. In order to do so, let the
measurement models of supplier involvement practices and
project performance be defined by the vectors of observed
variables, where 𝐶 = (𝑥1 , 𝑥2 , . . . , 𝑥6 ) and 𝐸 = (𝑦1 , 𝑦2 , 𝑦3 , 𝑦4 ).
Then let the general equation of the measurement models be
given as
𝐶 = Λ𝑥 𝜉 + 𝛿,

(1)

𝐸 = Λ𝑦 𝜂 + 𝜀,

(2)

where 𝑋 and 𝑌 are the vectors of observed variables of the
constructs 𝐶 and 𝐸, respectively. 𝜉 is the exogenous construct
and 𝛿 is the measurement error for the constructs (note
𝐸(𝛿) = 0) [65]. Λ represents the regression weights between
the observed variables and constructs. Equations (1) and (2)
are general equations of the measurement model in SEM
[66, 67]. Further corresponding equations for (1) could be
written as follows:
Exogenous constructs
𝜆𝑥1
𝜆𝑥2

( )
𝑥1
𝛿1
( 𝑥)
(𝜆 )
𝑥2
𝛿2
( 3)
( )
𝑥
)
(
( 3 ) = ( 𝑥 ) 𝜉 + (𝛿3 ) .
𝑥4
𝛿4
(𝜆 4 )
( )
𝑥5
𝛿5
( )
(𝜆𝑥 )
𝑥
)
(
6
5
( )
(𝛿6 )
(

𝜆𝑥6

)

(3)
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Table 3: The reliability of supplier involvement practices and NPD project performance.
Variables

Concepts

Supplier involvement
practices

𝐶1
𝐶2
𝐶3

0.638
0.769
0.826

0.882

𝐶6

0.666

𝐸1
𝐸2
𝐸3
𝐸4

Conformance to quality objectives set
Conformance to design objectives set
Conformance to cost objectives set
Conformance to “time-to-market” targets set

0.874
0.849
0.807
0.807

𝐶4

Table 4: The factors extracted via principal component analysis and
rotated via Varimax.
Component
1
𝐶1
𝐶2
𝐶3
𝐶4
𝐶5
𝐶6
𝐸1
𝐸2
𝐸3
𝐸4

Cronbach’s
alpha

Participation of key suppliers
Direct communication with key suppliers
Shared design knowledge with key suppliers
Common linked information systems (EDI,
CAD/CAM)
Shared education and training programs with key
suppliers
Co-location of project personnel and key suppliers

𝐶5

NPD project
performance

Corrected item-total
correlation

2
0.642
0.745
0.851
0.766
0.714
0.831

0.918
0.877
0.856
0.868

0.585
0.679

to mathematically correspond to the structural model, let the
general equation of the structural model be given as
𝜂 = 𝛾𝜉 + 𝜁,

(5)

where 𝛾 is the associations between the exogenous constructs
(𝜉) and endogenous construct (𝜂). 𝜁 is the measurement error
for the concept (𝜂) as shown in Figure 2 (note 𝐸(𝜁) = 0, 𝛽𝜂 =
0) [65]. The figure shows the causal relationships between
the structural and measurement models given in (1) and (5).
Based on the equations, the structural model is therefore
notated as
𝜂 = 𝜆 1,1 𝜉 + 𝜁.

(6)

Based on the results in Figure 2, (6) can be simplified to:
𝜂 = 0.53𝜉.

Endogenous construct
𝑦

𝜆1

𝑦

𝜆2
𝑦1
𝜀1
( )
𝑦2
𝜀
( 𝑦)
( ) = (𝜆 ) 𝜂 + ( 2 ) .
𝑦3
𝜀3
( 3)
𝑦4
𝜀4
𝑦
𝜆4
( )

0.928

(4)

Structural equation modelling (SEM) is a technique encompassing structure analysis, latent variable analysis, confirmatory factor analysis, path analysis, and linear structural
relation analysis [66, page 584]. SEM consists of the structural model and measurement model (CFA). The former is
made up of a “set of one or more dependence relationships
linking the hypothesized model’s constructs” [66, page 583].
Subsequent to CFA, SEM is conducted to analyse a series
of interdependent regression equations simultaneously. Its
ability in simultaneous estimation of regression equations
makes it the most suitable analysis for this research. In order

(7)

Referring to Figure 2, the results show that the model is estimated with a chi-square of 38.024 and degrees of freedom of
34. These results represent an overidentified model. The chisquare 𝑃-value of the model is reported at 0.291, indicating
that the model has a good fit. The absolute fit measure is
good, as RMSEA is 0.067 (below the 0.08 threshold). The
results imply that the model fits the variance-covariance
matrix. Incremental fit measures are also good, with both
Incremental Fit Index (IFI) and Tucker-Lewis Index (TLI)
reported at 0.977 and 0.968 (above the 0.90 threshold).
These results indicate that the model is robust and met
the requirements of a good model. There is good model
parsimony, since the chi-square/degrees of freedom (𝜒2 /𝑑𝑓 =
1.118) is between 1 and 2. This result suggests that the model
is estimated without overfitting it with too many parameters.
The model also depicts that supplier involvement practices
explain 28% of total variance of NPD project performance;
this constitutes a major finding of the analysis.
4.2. Bayesian Estimation. While in general the model has
achieved overall goodness of fit measures, to further substantiate the results of fit indices a Bayesian estimation is
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𝜒2 = 38.024
Degrees of freedom = 34
P value = 0.291
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Figure 2: Shows the results of SEM. Note: results are depicted in standardized estimates.

conducted to investigate the robustness of the findings (both
the association and the 28% of total variance of NPD project
performance). The Bayesian estimation approach is useful
when applied to models estimated using maximum likelihood estimation (MLE) in SEM, where the measurement
models in the structural model are latent in nature. Furthermore, this approach is very useful when the sample size is
small, which is the case for the 146 responses to the survey.
In this paper the Bayesian estimation approach is used to
substantiate the SEM model validation of substantive theory
(via hypotheses shown earlier) that uses stringent MLE and
𝜒2 estimation procedures [68]. The Bayesian approach, unlike
MLE, looks at the parameter estimates as variables that
then diffuse the posterior distribution from mean, median,
and mode. For that purpose, the Bayesian approach on the
SEM model is computed via the Markov Chain Monte Carlo
(MCMC) algorithm. It is hoped that the Bayesian SEM
(BSEM) can estimate results that are more reflective of the
substantive theories.
The computational efforts in this paper are done using
SPSS AMOS, a statistical software package from IBM. The
BSEM MCMC algorithm computed by AMOS diffuses the
posterior distribution through the drawing of random values
of parameters that are viewed as variables [59]. The posterior
mean values are estimated based on the averages of drawn
analysis samples generated by MCMC. Based on the SEM
model, AMOS drew 74,500 analysis samples from the dataset
and discarded 500 burn-in samples from the 74,500 analysis
samples to allow a clearer estimation of the posterior distribution of the supplier involvement practices → NPD project
performance. The MCMC BSEM estimation via AMOS uses
a random number seed where the model is simulated on a
range of random numbers invoked by the respective seed.
From the analysis samples drawn, the posterior distribution is present in Figure 3; this figure depicts the similarity
between the first and last thirds of the analysis samples in
the posterior distribution. This invariably suggests that the
features of the posterior distribution of supplier involvement
practices → NPD project performance are clearly identified.
The posterior mean of supplier involvement practices → NPD
project performance appears to be approximately 0.38, which

is rather similar to the nonstandardised regression weights
(0.37) of the path diagram. In short, the generated posterior
mean could be generated into (5), where we contrast both
models as follows:
𝜂 = 0.37𝜉 + 𝜁,

(8)

𝜂 = 0.38𝜉 + 𝜁,

(9)

where (8) is the structural model based on unstandardised
𝛾 while (9) is the BSEM MCMC model based on posterior
mean.
The min–max threshold of the posterior distribution
is between 0.150 and 0.689. This suggests that the supplier
involvement practices → NPD project performance association is always positive, also implying evidential support that
the true value of the parameter is larger than zero and hence
supporting the literature; this is also consistent with the SEM
results.
The trace plot shown in Figure 4 suggests that the resonating patterns of supplier involvement practices → NPD project
performance converged between the threshold of 0.150 and
0.689. The plot also depicts the consistency of the resonating
pattern. There are some spikes, approximately at iterations
15,000 and 57,000. However these spikes were not regular and
did not affect the convergence of the distribution.
The autocorrelation plot in Figure 5 depicts the convergence that took place when the MCMC method was deployed.
The correlation between the drawn samples started to decay
to 0.50 at around lag-17 and the autocorrelation coefficient
is close to 0 in lag-90 henceforth. At this point, convergence
to the posterior distribution is achieved, indicating that the
500-burn-in drawn samples previously mentioned were more
than adequate [59]. More specifically, the convergence of
posterior distribution for the BSEM is 1.005 and the posterior
predictive 𝑃-value is 0.001. In short, when convergence happened at lag-90, the posterior summaries of the distribution
stabilised, implying that the initial samples drawn no longer
correlate with the samples drawn last. Based on these results
the posterior mean converged, which is approximately similar
to the nonstandardised regression weights, portraying an
excellent predictive value to the association between supplier
involvement practices and NPD project performance.
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Figure 3: The posterior distribution of the first and last thirds of the
drawn analysis samples of supplier involvement practices → NPD
project performance. Note: Blue depicts post-convergence posterior
distribution and red pre-convergence posterior distribution.
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Figure 4: Shows the trace plot of supplier involvement practices →
NPD project performance.

We define the total variance (𝑅2 ) of NPD project performance as the square of the association between supplier
involvement practices and NPD project performance (𝜆). Since
the nonstandardised 𝜆 of the SEM model is similar to the
posterior mean of supplier involvement practices → NPD
project performance, we can deduce that the BSEM results
confirm the extent of the impact of supplier involvement
practices on NPD project performance. Furthermore, the
BSEM simulation results also showed that there were no
multicollinearity problems as the correlation between the
two constructs was between 0.4 and 0.5 [69]. This finding
was substantiated by the discriminant validity proposed by
Fornell and Larcker [70], where both constructs were distinct.
Based on this measure, the average variance extracted (AVE)
of supplier involvement practices (0.5328) and NPD project performance (0.7674) were greater than the square of correlation
between the two constructs (0.2767). Additionally, the AVE
of these constructs showed convergent validity as they met
the threshold of 0.5 and above [71].

5. Discussion of Findings
This study investigated the association between supplier
integration practices and new NPD project performance
within a sample of 146 companies in an emerging economy,
Malaysia. We examined the association between key factors

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95100
Lag

Figure 5: Shows the autocorrelation plot of supplier involvement
practices → NPD project performance.

of supplier involvement practices (communication and information sharing, and development of strategic infrastructure)
and NPD project performance. The project performance
measures include conformance to quality objectives, design
objectives, cost objectives, and “time-to-market” objectives
set. We proposed that there is a positive association between
supplier involvement practices and NPD project performance. Our results using SEM show that there is a positive association between supplier involvement practices and
NPD project performance. Further analysis using a Bayesian
MCMC algorithm confirmed that the supplier involvement
practices → NPD project performance association is always
positive, also implying evidential support that the true value
of the parameter is larger than zero and hence supporting the
literature.
The findings of this study are comparable with the
study conducted by Jayaram [2] in the USA, a mature,
developed economy. Jayaram’s large-scale study focused on
338 firms manufacturing high-tech products and was the first
study to use NPD project performance measures, instead
of firm performance or manufacturing performance measures, to assess the impact of supplier involvement practices.
Jayaram found that communication and information sharing
and developing strategic infrastructure were the two main
supplier integration factors that positively influenced NPD
project performance, measured in terms of product cost,
conformance quality, design quality, and “time-to-market.”
Our study confirmed the importance of communication and
information sharing and developing strategic infrastructure
in NPD project performance. In addition, our study did not
specifically focus on firms producing high-tech products,
as Jayaram’s study did, but considered all subsectors of the
Malaysian manufacturing sector. Thus, the findings of this
study can be generalised to the entire manufacturing sector
in Malaysia and potentially to all emerging economies.
Despite our strong findings, research on supplier involvement is marred by contradictions. This study provides support for initial findings by Swink et al. [13] that supplier
involvement reduced development time (in our study, this
is part of time-to-market) in new product development
projects. However, this contradicts findings by Trygg [72] and
Ittner and Larcker [51] that showed that supplier involvement
in NPD did not have substantial positive impact on development time. In our study, supplier involvement practices
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had the least impact on time-to-market (E4) but still had a
significant positive impact.
More interestingly, our study has provided a figure for the
impact of supplier involvement practices on the performance
of new product development projects. Because of the reliability of the structural equation modelling (SEM) outcomes,
the analysis shows that 28% of total variance of NPD project
performance can be related to supplier involvement practices.
The use of the Bayesian MCMC algorithm confirmed that
the relationship between the two constructs is constantly
positive. This indicates a relatively high impact of supplier
involvement practices despite its controversies.

6. Concluding Remarks
Our findings proved that supplier involvement practices have
a significant positive impact on NPD project performance
in an emerging economy in the areas of quality objectives, design objectives, cost objectives, and “time-to-market”
objectives; consistency with Jayaram’s study [2] confirms that
supplier involvement practices have a positive impact on
NPD performance in an emerging economy just as they do in
mature, developed economies. Our research findings are also
comparable and consistent with the findings of Clark [14],
Gadde and Snehota [73], and Rubenstein and Ettlie [74].
6.1. Practical Implications. Stiff competition throughout the
world has pushed firms to strive harder to produce highquality, innovative products. This has been quite a challenge
for firms in developing economies. Competition is no longer
between firms—it is often suggested that competition is
now between supply chains [75]. This study provides strong
encouragement for firms in emerging economies to start
early collaboration with suppliers in terms of communication
and information sharing and strategic infrastructure development, to realise worthy improvements in terms of new
product quality, design, cost, and “time-to-market.”
Indirectly, this research has also highlighted the potential
role of the purchasing function in firms’ competitive position.
During the analysis using structural equation modelling it
emerged that supplier involvement practices account for
28% of total variance of NPD project performance; this is
a significant number, even though it might depend on the
complexity of products, the role of supplied components in
the product configuration, and the stages of NPD. It is the
purchasing function—not to be confused with a department
per se—that needs to facilitate communication, information
sharing, and development of a strategic infrastructure. Conversely, in reality, the indirect contributions of purchasing,
in terms of product quality, innovation, and lead time, can
be significant compared to direct contributions in terms of
cost savings [45]. In that sense, the purchasing function has
a noteworthy influence on manufacturing quality and new
product development in addition to delivery and cost [76].
Our study confirms that the purchasing function has evolved
to be a major contributor to organisational competitiveness,
as Cavinato [77] notes.
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6.2. Further Research. The model also indicates that supplier involvement practices explain 28% of total variance
of NPD project performance. It was possible to extract
this figure using the performance of individual projects as
a differentiator for determining the impact of individual
supplier involvement practices. Not only does this mean that
manufacturing might benefit from this insight, but we also
suggest that this research should be extended to the services
sector, to investigate the impact of early supplier involvement
on new service development. However, it also means that
further research is needed to confirm this figure for both
developed and emerging economies and for the services
sector.
Furthermore, the literature review identified that separate
studies are required to look into the contingencies and conditions under which supplier integration and involvement are
successful. This should be positioned within Tidd’s [78] call
for more integrated approaches to innovation management
and Damanpour’s [79] plea for considering contingencies.
Specifically, in the literature review, we have identified the
complexity of the product, the role of supplied components
in the product configuration, and stages of development as
contingencies. Exploration of the factors influencing supplier integration into NPD will provide useful insights for
practitioners in order to focus on the factors that have
positive influence on supplier involvement practices. Hence,
this study needs augmentation by research that explores the
specific contingencies for supplier involvement practices to
be most effective.
In any case, the survey instrument used in this research
has proven to be a reliable tool for gauging the impact of
supplier involvement practices on NPD project performance.
The SEM algorithm proposed is also a feasible and practical
approach to empirical measurement of the association of both
constructs mentioned above. We believe that SEM MCMC
provides a credible approach with which to substantiate associations in the structural model of SEM, especially as SEM
incorporates stringent model testing and is very sensitive
to large sample sizes. This study could be further improved
should the sample size increase, as possible multigroup SEM
analyses could then be conducted.
The limitation of this research is that the data relied on a
single NPD’s project performance per firm. The respondents’
selection of NPD projects could have caused bias in the
results, especially in terms of NPD project performance.
Assessing NPD performance in general terms, as is commonly done [3, 6, 36, 61], leads to less specific outcomes. A
possible extension of the research approach to cover more
NPD projects per firm could overcome this but might be
more challenging; again, multigroup SEM analyses might be
useful in this matter.
6.3. Conclusion. Despite the need to search for contingencies
and the limitations noted above, our study leaves little
doubt regarding the positive impact of supplier involvement
practices on NPD project performance. The role of facilitating
communication, information sharing, and development of a
strategic infrastructure as constituent components of supplier
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involvement practices has also been confirmed. Hence, both
researchers and practitioners could take this as a starting
point for successful new product development projects.
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An axisymmetric laser beam, moving with constant speed, heats a thin infrared absorbing layer sandwiched between two plastic
sheets. We use a simplified theoretical model to study the three-dimensional unsteady temperature field produced by the moving
laser beam.

1. Introduction
High quality hard copy of electronically stored images can
be produced by thermal dye diffusion printing [1]. Such
copies are of near photographic quality and have been used
in such diverse areas as medical imaging and credit card
personalisation. A theoretical model of the laser induced
thermal dye-diffusion process for a stationary axisymmetric
laser was given by [2], based upon the ICI Imagedata L2T2
system as described by [3].
In the L2T2 system a thin 2 𝜇m dye layer is sandwiched
between a 6 𝜇m layer of PET (polyethylene-tetrathalate) and
a relatively thick receiver sheet of thickness 40 𝜇m. Heat is
supplied directly to the dye-coat layer by a laser (see Figure 1).
A suitable infrared absorbing material such as substituted
copper phthalocyanine is incorporated into the dye coat layer
which absorbs radiation strongly at about 800 nm [3]. The dye
therefore diffuses rapidly into the receiver sheet producing a
small dye dot. The total amount of dye transferred depends
on the temperature because the diffusion coefficient is known
experimentally to be a sensitive function of temperature [4].
In the L2T2 system there is a thin barrier layer at the PET/dye
layer interface which prevents dye diffusing into the PET
film.
The required image is formed by a large number of small
dye dots produced in the receiver sheet as the pulsed laser
beam moves relative to the layered system. In [2] a simplified
model of the thermal dye diffusion process was studied in

which the laser beam was fixed relative to the receiver sheet
over the heating period typically 100 𝜇s. The laser beam was
then moved to the next pixel and the process was repeated
and so on, producing a series of dots. It was assumed that
there was no thermal interaction between adjacent pixels,
so that we could consider the thermal dye diffusion process
for a single typical pixel. In this case the time-dependent
temperature and dye diffusion fields produced by the laser
beam are axi-symmetric. A review of previous theoretical
studies is given in [2, 5].
In practice the axisymmetric laser beam is moved continuously relative to the receiver sheet and is switched on and
off in a periodic fashion, so that a series of dots is produced.
In this situation both the temperature and the dye diffusion
fields will depend on three space coordinates and time, so the
task of finding the temperature and dye fields is more difficult.
In this paper we will use a simple mathematical model to
study the temperature field.
The temperature field produced by a Gaussian laser beam
is of interest in other practical applications. Thus, for example,
[6] studied the temperature field when the beam moves over
the surface of a metal sheet of finite thickness, a study relevant
to metal forming, while [7] studied the temperature field
in a thin metal sheet, so that it could be assumed that the
temperature was constant across it. In both these studies
the beam had constant wattage and moved with constant
speed, so that the temperature distribution took the form of
a travelling wave.
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beam

where 𝐼0 depends on 𝜏, 𝑟0 is a characteristic radius for the
moving beam, and 𝑟2 = (𝑥 − V𝜏)2 + 𝑦2 . The wattage of the
beam 𝑊(𝜏) is found by integrating 2𝜋𝑟𝐼(𝑟, 𝑧, 𝜏) radially over
the beam at 𝑧 = ℎ1 , and we find that 𝑊 = 𝜋𝑟02 𝐼0 . It follows
that the laser energy absorbed per unit volume per unit time
in the dye layer is
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𝜆 (𝑧 − ℎ1 ) 𝑟2
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This is of course the largest at the top of the dye layer, 𝑧 = ℎ1 .
We note that the total energy absorbed per unit area per unit
time is
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(
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𝜋𝑟02
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Figure 1: Illustration of the geometrical situation (not to scale).

In the present case the polymer layers have relatively
low conductivity. As a consequence the receiver sheet of
thickness 40 𝜇m can be regarded as infinitely thick for all
practical purposes over the time scales of interest, but the
finite thickness of the top 6 𝜇m PET layer, above the dye layer,
has to be taken into account.

2. The Mathematical Model
Consider the layered system illustrated in Figure 1. The 𝑧coordinate is measured into the layered system from the air
interface which is situated at 𝑧 = 0. The top (PET) carrier
layer has thickness ℎ1 and the dye-coat layer has thickness ℎ2 .
The receiver sheet is relatively thick (about 40 𝜇m) and can
be regarded as infinitely thick in practice. We take a frame
of reference in which the polymer sheet is stationary and the
laser beam is moved with constant speed V in the positive 𝑥direction over the surface 𝑧 = 0. We will assume that the axis
of the laser is at 𝑥 = 0, 𝑦 = 0 at time 𝑡 = 0, so that at time 𝜏, its
axis will be at 𝑥 = V𝜏, 𝑦 = 0. It is assumed in this paper that
the thermal properties of the three layers shown in Figure 1
have the same constant values.
Consider first the absorption of laser radiation by the
infrared absorber in the dye-coat layer. Assuming that the distribution of the absorber is uniform, then the laser radiation
flux per unit area, 𝐼(𝑟, 𝑧, 𝜏) at time 𝜏, satisfies the differential
equation:
𝜆
𝜕𝐼
= − 𝐼,
𝜕𝑧
ℎ2

(1)

for ℎ1 ≤ 𝑧 ≤ ℎ1 + ℎ2 where 𝜆 is a constant. The quantity
which is measured experimentally is the optical density
which equals 𝜆/ ln 10. Assuming that the radial dependence
of the radiation flux on 𝑧 = ℎ1 is Gaussian, it follows that, at
time 𝜏,
𝐼 (𝑟, 𝑧, 𝜏) = 𝐼0 exp (−

𝜆 (𝑧 − ℎ1 ) 𝑟2
− 2),
ℎ2
𝑟0

(3)

(2)

(4)

This is the largest when 𝜆 = ∞, in which case all the heat is
generated in an infinitely thin layer at 𝑧 = ℎ1 .
Since, by assumption, the thermal properties have the
same constant values in the three layers, we can construct the
temperature field produced by the moving laser by combining
instantaneous source solutions.
At time 𝜏 and at 𝑧 = 𝑧 , the laser beam generates a heat
source distribution in the dye layer 𝑞(𝜏, 𝑧 ) exp(−𝑟2 /𝑟02 )𝑑𝑧 𝑑𝜏
over a short time 𝑑𝜏 in a thin layer of thickness 𝑑𝑧 .
Then from (3),
𝑞 (𝜏, 𝑧 ) =

𝜆 (𝑧 − ℎ1 )
𝑊 (𝜏) 𝜆
exp
[−
].
ℎ2
𝜋𝑟02 ℎ2

(5)

If the medium is infinite, has uniform properties, and has zero
initial temperature, the temperature field for 𝑡 > 𝜏 is given by
𝐺 (𝑥, 𝑦, 𝑧, 𝑡, 𝑧 , 𝜏)
=

𝑞 (𝜏, 𝑧 ) 𝛾 (𝑢)
2𝜌𝑐𝑝 √𝜋𝛼𝑢

2

exp [−

(𝑧 − 𝑧 )

[

4𝛼𝑢

−

𝛾 (𝑢) 𝑟2 ]
,
𝑟02
]

(6)

where 𝑢 = 𝑡−𝜏, 𝛾 = 𝑟02 /(𝑟02 +4𝛼𝑢), 𝛼 is the thermal diffusivity,
𝜌 is the density, and 𝑐𝑝 is the specific heat.
The solution (6) satisfies the heat conduction equation
𝜕𝐺
𝜕2 𝐺 1 𝜕
𝜕𝐺
= 𝛼{ 2 +
(𝑟 )} .
𝜕𝑡
𝜕𝑧
𝑟 𝜕𝑟
𝜕𝑟

(7)

As 𝑡 → 𝜏, we can see that 𝐺 → 0, except near 𝑧 = 𝑧 , where
it is large, and then (6) takes the approximate form
𝐺≃

𝑞 (𝜏, 𝑧 )

2

exp [−
2𝜌𝑐𝑝 √𝜋𝛼𝑢
[

(𝑧 − 𝑧 )
4𝛼𝑢

−

𝑟2 ]
,
𝑟02
]

(8)

which is the corresponding “one-dimensional” heat source
solution of
𝜕𝐺
𝜕2 𝐺
=𝛼 2
𝜕𝑡
𝜕𝑧

(9)
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(see, e.g., [8, 9]). If instead heat is produced throughout the
dye-coat layer ℎ1 < 𝑧 < ℎ1 + ℎ2 , the corresponding temperature field 𝑇 can be found by integrating the instantaneous
heat source solution 𝐺 with respect to 𝑧 from ℎ1 to ℎ1 + ℎ2
and with respect to 𝜏 from −∞ to the current time 𝑡.
Thus we find that

For the L2T2 system, typical values of physical parameters
are V = 0.15 m/s, 𝜏𝑝 = 150 𝜇s, 𝜏on = 100 𝜇s, 𝜌 = 1.3 ×
103 kg/m3 , 𝑐𝑝 = 1.9 × 103 J/kg⋅K, 𝛼 = 3.2 × 10−8 m2 s−1 , ℎ1 =
6 𝜇m, ℎ2 = 2 𝜇m, 𝑊0 = 75 mW, 𝑟0 = 15 𝜇m, 𝜇 = 0.7, 𝜆 = 1,
and 𝑇𝐴 = 20∘ C.

𝑇 (𝑥, 𝑦, 𝑧, 𝑡)
=∫

𝑡

∫

𝑞 (𝜏, 𝑧 ) 𝛾 (𝑢)

ℎ1 +ℎ2

3. Results and Discussion

2𝜌𝑐𝑝 √𝜋𝛼𝑢

−∞ ℎ1

× exp [−
[

(10)

 2

(𝑧 − 𝑧 )
4𝛼𝑢

−

2

𝛾 (𝑢) 𝑟 ] 
𝑑𝑧 𝑑𝜏,
𝑟02
]

where 𝑞(𝜏, 𝑧 ) is defined in (5). This is the temperature field
produced by a moving laser in an infinite medium initially at
zero temperature.
In the real problem, the initial temperature is 𝑇𝐴 and
there is no heat flux at 𝑧 = 0, the air-polymer interface.
To incorporate this boundary condition into the model, we
introduce an appropriate image heat source distribution in
𝑧 < 0. Then by symmetry, there will be no heat flux across
𝑧 = 0. The effect of this is to give, after some manipulation,
𝑇 − 𝑇𝐴 = ∫

𝑡

∫

ℎ1 +ℎ2

𝑞 (𝜏, 𝑧 ) 𝛾 (𝑢)
2𝜌𝑐𝑝 √𝜋𝛼𝑢

−∞ ℎ1

𝛾 (𝑢) 𝑟2 
× 𝑓 (𝑧, 𝑧 , 𝑢) exp −
𝑑𝑧 𝑑𝜏,
𝑟02

(11)



where
2



𝑓 (𝑧, 𝑧 , 𝑢) = exp (

−(𝑧 − 𝑧 )
4𝛼𝑢

) + exp (

−(𝑧 + 𝑧 )
4𝛼𝑢

2

).
(12)

In normal operation the laser beam is switched on and off in a
periodic fashion. Assuming that the period is 𝜏𝑝 and the laser
is switched on for a time 𝜏on and that when it is operating
𝑊 = 𝑊0 , a constant, then we can take
𝑊,
𝑊 (𝜏) = { 0
0,

𝑎 (𝑛) ≤ 𝜏 < 𝑏 (𝑛) ,
otherwise,

(13)

where 𝑎(𝑛) = 𝑛𝜏𝑝 , 𝑏(𝑛) = min(𝑎(𝑛) + 𝜏on , 𝑡), and 𝑛 takes all
integer values from −∞ to 𝑛 = 𝑛∗ , where 𝑎(𝑛∗ ) ≤ 𝜏 < 𝑎(𝑛∗ +
1). Thus
𝑇 − 𝑇𝐴
𝑛∗

= 𝑄0 ∑ ∫

𝑏(𝑛)

𝑛=−∞ 𝑎(𝑛)

∫

ℎ1 +ℎ2

ℎ1

𝛾 (𝑢)
𝑓 (𝑧, 𝑧 , 𝑢)
√𝜋𝛼𝜏

× exp [−

𝜆 (𝑧 − ℎ1 )
ℎ2

−

𝛾 (𝑢) 𝑟2
] 𝑑𝑧 𝑑𝜏,
𝑟02
(14)

where 𝑢 = 𝑡−𝜏, 𝑟2 = (𝑥−V𝜏)2 +𝑦2 , and 𝑄0 = 𝑊0 𝜆/2𝜋𝑟02 ℎ2 𝜌𝑐𝑝 .

The double integral (14) was evaluated using a standard NAG
library routine. For the values of the parameters chosen, we
found that the number of terms in the infinite series is small.
This is because the axis of the beam passes over any given
point in a time of order 2𝑟0 /V = 200 𝜇s, which is comparable
to the heating time 𝜏on = 100 𝜇s. Thus only a few laser pulses
can affect the temperature at a given point.
Consider the temperature field at 𝑦 = 0 near 𝑥 = 0. The
axis of the laser passes over 𝑥 = 0 at time 𝜏 = 0. However, the
temperature field near 𝑥 = 0 will depend on the precise times
when the laser was switched on and off. In our calculations
we have assumed that the laser is switched on at 𝜏 = 0, ±𝜏𝑝 ,
2 ± 𝜏𝑝 . . .. In particular this means that the laser was turned
off for −50 𝜇s < 𝜏 < 0 if 𝜏on = 100 𝜇s, and consequently
the maximum temperature in the dye coat layer cannot be
at 𝑥 = 0. Numerical calculation shows that the maximum
temperature in the dye coat layer is near 𝑥 = 2.5 𝜇m, and
hence our numerical results are shown for this value of 𝑥.
The position of maximum temperature will depend on the
parameter values chosen.
The 𝑧-temperature profile at various times for 𝑥 = 2.5 𝜇m,
𝑦 = 0 is shown in Figure 2. It can be seen that the temperature
rises between −100 𝜇s and −50 𝜇s but then falls until 𝑡 = 0
because the laser is turned off. The temperature then rises
rapidly to about 900∘ C over the next 100 𝜇s because the laser
is switched on at 𝜏 = 0, and its axis is close to 𝑥 = 2.5 𝜇m.
The laser is then turned off again and the temperature falls
slowly to 700∘ C at 𝑡 = 200 𝜇s, as heat conducts upwards and
downwards from the dye coat layer, with negligible heat input
from the laser. This is shown in Figure 3.
The 𝑧-temperature profiles shown in Figures 2 and 3 are
complicated mainly because they show that at least two laser
pulses contribute significantly. These profiles are much more
complicated than these for a stationary laser (see Figures 4
and 5) reproduced from our paper [2] for the same heating
time. Note that the maximum temperature is about 1000∘ C
in this case. This suggests that for these standard values, the
process of dye diffusion is not well described by our stationary
laser model. In general the maximum temperatures will be
reduced as V increases from zero and so will be dye diffusion,
which is a sensitive function of temperature.
The effect of an increase in the speed of the laser to
0.5 m/s is illustrated in Figures 6 and 7. As before, the laser
is turned off at 𝜏 = −50 𝜇s, but now the laser beam axis is
at V𝜏 = −25 𝜇m. The heating before this time is therefore
unimportant since 𝑥 = 2.5 𝜇m is well outside the laser beam.
Note that we have chosen to show the 𝑧-temperature profiles
at 𝑥 = 2.5 𝜇m, as in the standard case. The maximum
temperatures will be at a slightly larger value of 𝑥.
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Figure 2: Temperature profiles on 𝑥 = 2.5 𝜇m, 𝑦 = 0 as a function
of 𝑧 at times −100, −50, 0, 50, 100, and 200 𝜇s.
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Figure 4: Temperature profiles on 𝑟 = 0 at times 𝑡 = 25, 50, 75, and
100 𝜇s for an uniformly distributed absorber in the dye layer (heating
phase). The laser is stationary.

700
1400

250
600

1200

500

350
400

Temperature (centigrade)

Temperature (centigrade)

300

500
550
600

400

300

200

100

1000

800

600
200
400

300
400

100
200
0

0

2

4

6

8 10 12
z-position

14

16

18

20

Figure 3: Temperature profiles on 𝑥 = 2.5 𝜇m, 𝑦 = 0 as a function
of 𝑧 at times 250, 300, 350, 400, 500, 550, and 600 𝜇s.

The laser is turned on at 𝜏 = 0 for 100 𝜇s, but for much
of that time, little heating occurs at 𝑥 = 2.5 𝜇m since the
laser beam has moved further to the right. Thus much lower
temperatures of order 400∘ C are achieved at 𝑡 = 50 𝜇s.
Figure 5 shows the typical cooling curves as heat conducts
upwards and downwards from the dye coat layer. In Figure 8
the temperature profiles on 𝑦 = 0, 𝑧 = 7 micro meter and
V = 0.1 m/s as a function of 𝑥 for the different of time.
The diffusion coefficient will be much smaller at these
lower temperatures, but there will be negligible interaction
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Figure 5: Temperature profiles on 𝑟 = 0 at times 𝑡 = 100, 200, 300,
and 400 𝜇s for an uniformly distributed absorber in the dye layer
(cooling phase). The laser is stationary.

with other pulses. Higher temperatures could of course be
achieved by increasing the laser wattage.

4. Conclusions
We have developed a simple theoretical model which allows
us to calculate the 𝑧-temperature field in the dye coat layer
produced by a moving laser beam. Our main conclusion is
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Figure 8: Temperature profiles on 𝑧 = 7, 𝑦 = 0, and V = 0.1 as a
function of 𝑥 at times 0, 50, 100, 150, 200, and 250 𝜇s.
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