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This work investigates the existence and uniqueness of solutions for a coupled system of fractional differential equations with
three-point generalized fractional integral boundary conditions within generalized proportional fractional derivatives of the
Riemann-Liouville type. By using the Schauder and Banach fixed point theorems, we study the existence and uniqueness of
solutions for the aforesaid system. Finally, we present an example to validate our theoretical outcomes.

1. Introduction

The theory of fractional calculus has become an attractive
area of research for mathematicians and physicians because
of its fertile aspects in many applications in natural science
[1, 2], engineering [3], and many other fields. Moreover,
the fractional differential equations have been employed suc-
cessfully in the modeling of many biological problems, for
example, human liver [4], hepatitis B [5-7], mumps virus
[8] and methanol detoxification in the human body [9],
and other differential models in thermodynamic and physics
such as thermostat [10], pantograph [11], diffusion-wave
system [12], and dynamical systems [13]. For additional spe-
cifics about the theory of fractional calculus and applica-
tions, we suggest the books of Kilbas et al. [14], Podlubny
[15], and Samko et al. [16]. During the last years, there have
exhibited several concepts about fractional derivatives. Here,
we point out the most famous kinds including Riemann-
Liouville, Liouville-Caputo, generalized Caputo [17], and
Hadamard derivatives [18]. This has lead researchers to
numerous research papers concerning several fractional
operators which were conducted that one can see, for exam-
ple, in complex plain [19, 20], extended Riemann-Liouville
[21], the Mittag-Leer type function [22], the g-derivative

[23], the local fractional derivative [24], and in stability
result [25-27].

More recently, Jarad et al. [28] constructed a new gener-
alized fractional derivative which is called the generalized
proportional fractional derivative. This new fractional oper-
ator has the advantage of being well-behaved as it is consid-
ered to be a generalization of many of the previously known
and widely used fractional operators such as Liouville-
Caputo and Riemann-Liouville fractional operators. In
detail, fractional differential equations with generalized pro-
portional derivatives have seen significant contributions
from an interested researcher. For instance, we refer to
works of Abbas and Ragusa and Hristova and Abbas [29,
30] and Khaminsou et al. [31, 32], and the references exist-
ing therein.

At the same time, coupled systems of differential equa-
tions of fractional order with different boundary conditions
have been the focus of many mathematicians. The literature
on the topic involves the existence, uniqueness, and stability
results. Ahmad and Luca [33] studied a system of nonlinear
Caputo fractional differential equations with coupled
boundary conditions involving Riemann-Liouville fractional
integrals. Baitiche et al. [34] discussed the existence and
uniqueness of solutions to some nonlinear fractional
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differential equations involving the y-Caputo fractional
derivative with multipoint boundary conditions. Mahmudov
et al. [35] investigated existence and uniqueness results for a
coupled system of Caputo fractional differential equations
with integral boundary conditions.

Some existing frameworks mentioned above encourage
us to study the following coupled system of fractional differ-
ential equations:

(52" u) (1) =y (1. (1), v(1)),

(A7) () =t u(e), (1)), v
te 7 =(ab)

equipped with the generalized fractional integral bound-
ary conditions:

{u(51)=0) u(b) = (oM u) (1), )
0, v(b) = (7" u) (),

where p € (0, 1], *2™ and SQZﬁ * denote the generalized
proportional fractional derivatives of Riemann-Liouville
type of order a, € (1,2], ,.#"* and ,.#7>f denote the gen-
eralized proportional fractional integrals of order y,,y, € (0
,1), and &8,,8,, 4, 4, € (a,b) and y,, v, : F XxRXR—
R are continuous functions. In the current work, we estab-
lish the existence and uniqueness of solutions of the coupled
system (1) and (2) by means of Schauder’s and Banach’s
fixed point theorems.

To the best of our knowledge, there are no contributions
considering a coupled system of generalized proportional
fractional differential equations with generalized fractional
integral boundary conditions.

The paper structure is designed as follows: in Section 2,
we collect some essential definitions and lemmas relevant
to the generalized proportional fractional derivatives and
integrals; in Section 3, we establish the Green function asso-
ciated with the linear issue of the coupled system (1) and (2),
while in Section 4, we prove the main existence and unique-
ness results in the current paper; in Section 5, an example is
given to validate our theoretical outcomes.

2. Preliminaries

Here, we review some definitions of the generalized propor-
tional fractional derivatives and integrals; see [28, 30, 36].

Definition 1 (see [37]). Take p € (0, 1], let the functions ¢,,
g : [0,1] x R —> [0,00) be continuous such that for all ¢ €
R we have lim, .&(p,t)=1 lim, &(p,t)=0,
lim, ;& (p,t)=0,lim, ;-&(p,t)=1, & (p,t)=0 for pe
[0,1), and &,(p, t)=0 for p € (0, 1]. Then, the amended con-
formable derivative of order p is defined by

(ZP0)(1) =& (p (1) +eopo 0 (1), (3)

Journal of Function Spaces

The above amended conformable derivative (3) is said to
be a proportional derivative (see [37]). When ¢,(p,t)=1-p
and g,(p, t) = p, (3) takes the form

(@P0)(t) = (1- p)u(t) + po' (). (4)

Note that, lim, ;. (2°v)(¢) = v(t) and lim,_,,-(2°v)(

t)=0'(¢).

Remark 2. By using (4) for the function v(t) = ¢ and any arbi-
trary order p, it can be easily concluded that (2°v)(¢) = ¢'.

Example 1. If v(t) =sin (t), then (2Fv)(t) = (1 - p) sin ()
+ p cos (). One can find the graphs of @* sin (¢) for differ-
ent value of p=0.1,0.5,0.9,1, in Figure 1. As can be seen
from Figure 1, in some points, the value of conformable
derivative in this case is independent of p, and this can be
one of the interesting properties of fractional calculus.

Definition 3 (see [28, 30]). Take p € (0,1], >0, we define

the left generalized proportional fractional integral of the
function v € L!( #) by (,7%Fv)(t) = v(t) and

(@7 *P0)(t) =

t
J P VIR (- )" Ty (s) ds, t € 7.
(5)

Definition 4 (see [28, 30]). Take p € (0, 1], a >0, we define
the left generalized Caputo-proportional fractional deriva-

tive of the function v € C ( #) by (g@o’pv)(t) =v(t) and

pI ()

(F2"0) (1) = 7" (@ ") (1
1
= i T(n—w) (6)

t
. J P 1P)(1=9) (¢ _ a1 () (s) dis,

a

where n—1<a<nneNN, (2"v)(t) = (2°v)(t) = (1 - p)v
(t) + pv' (t), and (D™Pv)(t) = (2P DP - DF )u(t).
N

n times

Definition 5 (see [28, 30]). Take p € (0,1], @ >0, we define
the left generalized proportional fractional derivative of
Riemann-Liouville type of the function v by (,2%v)(t) =v

(t) and
(59“’%) (t) = D" TPy (t)

o4
W) (7)

t
. J P DIP)() (¢ — ym=ety () s,

where n—1<a<n,neNN.
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Ficure 1: The graph of 9 sin (¢).

Lemma 6 (see [36]). If pe (0, 1], >0, and o> 0 with n— 1
<a<nandvel'(F), we have the following statements:

L'(p)

(e =) 0= e

e((P-I)/P)f(t _ a)vﬂﬁ*l’

(52", 700 (1) = (T P0)(0),0<n <a (1)

(52" 7 eev) (1) = v(t), (12)

n

T (2D 0) (1) = u(t) - ; el PPN (1 gyack,
7 (13)
where dy = (,.7%%Pv)(a)/p* ¥ (a -k + 1).
Theorem 7 (Schauder’s fixed point theorem) [38]. Let % be

a closed, convex, and nonempty subset of a Banach space C;
let & : U —> U be a continuous mapping such that I (%)

is a relatively compact subset of C. Then, Z has at least one
fixed point in %.

3. The Equivalent Integral Equations

Let € = C(#, R) be the Banach space of all continuous func-
tions from _# into R with the norm

= )|, 14
[l = max|u()] (14)

and C=% x & be the product Banach space with the
norm

10 V)l = [[ulle + V]l (15)

Definition 8. By a solution of the coupled system (1) and (2),
we mean a coupled ordered pair of continuous functions (
u,v) € C that satisfy (1) and (2).

Lemma 9. Let p€(0,1], AjJA=AA; and w: F — R
Then, the solution of

(f@"‘”’u) () =w(t),te 7 ae(l,2],
u(0;) =0, u(b) = (, I u)(4y), 61, 1y € (a4, b),y, € (0, 1),
(16)



is equivalent to the integral equation

u(t) = (,I*Pw)(t) + Ag(t — @) LellP-1/p)(=)

(Ao 7M@) (b) = Ay (o TP W) () = Ay(o TP @) (8)))
+ Ag(t - a)afze((P*I)/P)(f*a)
(Ao TP @)(b) = Ay (o TP w) () = As(oT @) (8)))s
(17)
where
A= (8, - a) TP A (5, — a)*2ellp- PO,
1 (o . I'(a) 1 (o -
= (b—a)* Lellp-Dip)(b-a) _ ary=1,((p-1)/p)(;-a)
As=(b-a)e T (My)(lh a) e ,
A= (b-ayelempt-a - __TOZD o a2y,

pril(a+y, - 1)

As=(MA5= A and Ag = (A A = AyA) 7

(18)
Proof. By applying the generalized fractional proportional

integral ,.#*?(-) to both sides of the first equation (16) and
using (13) in Lemma 6, one has

u(t) = (TP w) (1) +dy e PVP (1 - g)*!

19
+ dyelle-DIP) =) (4 _ )2, (19)

Using the boundary condition u(8;) =0 and (19), one

has
(8, - a)“*le((r)*l)/p)@ra)dl +(8, - a)tHe((pfl>/p)(5ra)d2
~(7 @) (8y)-
(20)
Using (18), the above equation becomes
Aydy + Aydy = (TP w) (). (21)

In the light of (8) and (10) in Lemma 6, the boundary
condition u(b) = (,.#"Fu)(u,) and (19) give

(oI “Pw)(b) + d, el PP (h — gyt
r
PR
prl(a+y,)
(4, — a)aﬂrze((/’*l)/f’)(#rﬂ).

+ dze((P-l)/P)<h-ﬂ> (b- a)fH

= (I Pw) (uy) + (4, —a)* " Lellp=ip)(ki=a)

I'(a—1)
Ppnl(a+y, -1)
(22)

Again, using (18), the above equation takes the form
Asdy + Aydy = = (T @) (b) + (TP @) (). (23)

Therefore, by merging equations (21) and (23), using
(18), we get

Journal of Function Spaces

dy = Ag(A, (. TP w0) (b) = Ay (T Pw) (1)) = Ay (TP w0)(8)),
dy = As (A (TP w) (D) = Ay (T 1P w) (1)) = Ay (TP w)(6))-
(24)

Thus, by inserting the values of d, and d, in (19), we
obtain (17). The proof is finished. O

By hint of Lemma 9, the solution (u, v) € C of the system
(1) and (2) is given by

u(t) = TPy, (b u(t), v(t)) + Ag(t — a)* el PmDIPIE)
(Agq TPy (b, u(b), v(b))

= D g TPy (s u(py)> v(py))
—A4aj“PW1(51>“( 1)-v(01)))

+ At = a)* 2l PR (A Ty, (b, u(b), v(D))
= Ao TPy (g u(py), v(py)

= A3 I Py (81, u(8)),v(6,))). t € 7,

V(1) = TPy (1, u(t), V(1)) + A (L - @)Ll 1)

- (A P2y (b (), (B)) = ALy TE TPy,
(s () V() = Ay IPPY (85, u(8,), v(82)))
+ A;(t - a)ﬁ—Ze((P—l)/P)(t—a) (Aiajﬁ’sz(b, u(b), v(b))
—_ Aiajﬁ*')’z’/’wz (ﬂZ’ u(Mz)) V(”Z))
— AL PPy, (8, u(S,), v(@z))), te 7,

(25)

where

A; =8, - a)ﬁfle«rl)/p)(ﬁra)) A= (8, - a)ﬁ’ze((P’l)/P)(az’“)’

Bt ((p-Vyp)b-a) _ __ Z\P) I'(B)
B o

rg-1)
Ty,

(4 - u)ﬁ*ryz-le((p*l)//ﬂ)(wﬂ),

AQ =(b- u)ﬂfle((pfl)/;))(b*a) - Brya=2 o((p-1)1p) (1y=a) |

-1 -1
Aéz(AéA;—A{AQ) ,andAé:(A;Ai—A;A;) JALAL=ALAL

(26)
4., Existence and Uniqueness Results
Define the operator # : C— C by
(%1 (w))(1)
I (u,v))(t) = , (27)
i ((%’z(% V))(O)

where
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a)a—le«rl)/p)(t*a)

(Z1(wv))(1) = o7 Py, (6 (1), v(1)) + Ag(t =

(AT Py, (b u(b), V(b)) = Agg TPy,

(b u(pn)> v(p)) = Aaa 7Py, (81, u(81), v(81)))
+ At = a)* 2PN (A TPy (b, u(b), v(b))
= ATy (o wlen) V()

= A3 TP (81, u(81), v(81))), (L€ ),

(28)

(T (1)) (8) = o TPPy (8, (), V(1)) + Ag(t = @) el
(W30 PPy, (0, u(b), v(B)) = A3y 7Py,
(i (1), V(1)) = Al TPy (85, 4(3,), ¥(85)))
+ A5(t = a)f 2R (AL PPy (b, u(b), v(b)
= AL T BTy (1, (), V(1))
= AL PPy (8, u(B,), v(éz))), te 7.
(29)

According to Lemma 9, the solution (u,v) € C of the
coupled system (1) and (2) conforms with the fixed point
operator 7.

For fulfillment the main results, the following assump-
tions will be imposed.

(A1) The functions
continuous

(A2) There exist nonnegative constants L; and L, such
that

Yy, IXRxR— R are

[ (t up, vi) = Wit ty, v)| S Ly(Juy — ] + vy = v,]), (30)

for each t€ 7 and u;,v; € R,i=1,2
Further, we set y; = max,. #|y;(£,0,0),i=1,2.
The following notations will be introduced:

[ (b-ay 1 ([Aal(b=a)* | Ay =@ A(8 - a)"
Al = [m+|A6|(b—a) (par(“+1) P(xﬂ/lr((x_'_yl_l_l) + Par(“+1) ) (31)
a2 (1] (b-a)* |A () — @)™ [45](8, - )
+|As](b—a) (p"‘F((x+ ) + P (ot y, +1) + poT (a+ 1) )},
B (b- a)ﬁ , - |A;|(b— a)ﬁ |A | H,—a Frr. |A4| ﬁ
- [W *fAal-e <pﬁr</3+ T e AT )

T

_aﬁ"')’z |A|
Iy, ) I )|

pPr(B+1)

Theorem 10. Assume that the assumptions (A1) and (A2) are
satisfied. Then, the coupled system (1) and (2) has at least one
solution on f.

Proof. Consider the operator # : C — C as defined in (27).
Let us introduce the ball

Go={(wv)eC: |(wv)|c <t} (33)

where £ is a positive real number such that

Ayt + 40,

> 1T 7372 AL+ AL <. 34
1- (AL +A,Ly)" 71722 (34)

It is obvious that {, is a closed, bounded, and convex
subset of the Banach space C. We shall show that 7
achieves the hypothesis of Schauder’s fixed point theorem
in four steps.

Step 1. # maps bounded sets into bounded sets in C.

By virtue of (A2) and since |el(P"V/P)(=9)| <1 vt > g,
then for each t € # and (u,v) € {,, one has

[(# 1 (1, v)) (1) (35)

Thus, by using (31), we get

11 (1 ¥)) g < Ay (Ly€ + 7). (36)
Similarly, we obtain that

1(Z2(u: )l < A2(L2€ + 93), (37)

where A, is defined in (32). Hence, we conclude that

1(Z1 (1 ¥)) llgg + [ (72 (14

))”% (38)
S(AL +AL)e+

(Ayyy +Ay;5) <

which implies that % : {, — (,
Step 2. # is continuous.
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In view of the assumption (A1), we conclude that %', and %, Set max,. #|w;(t u(t), v(t))| = M; < c0,i=1,2. For t,t,
are continuous on 7. Thus, the operator & is also continuous € 7, with t; <t, and (u,v) € {,, we have
Step 3. #({,) is equicontinuous.

1

|(Z 1 (. v)) (1) = (Z1 (w:v)) (11)] < “T(a)

+]Ag \‘( (p-1)/p)(t,— “)(t a)* _e((p—l)/p)(zra)(t1 —a)"“l)

t f
IR A O R ORI ACORTE)

Ja

B

L K e R IR A A CR s
-f(s 9y u(s), <smds) A (PP 1, = )2 IR 1 - )2
(A 0 vt [ =70y 59, 09
e 09 st (o))
< p;‘ﬁ(la) (J' 0969 |1y — ) — (1, _s)u—1|dS+J’: o= 9) _ o119 1, — )| s

ty
. [ o(P1)1p)(1=5)
tl

¥ ‘e«p—l)/p)(tz—a) _ elp-1)p)(t-a)

|(t1 —s)“lyds) +]Ag|M, (‘e((Pfl)/P)(tru) |(t2 _ a)oc—l —(t - a)a—1|

2|(b-a)* o (g — @)™ 4|(6, —a)*
- ) e (Ll Ll 0,

pr(a+1)  p¥nl(a+y, +1)  p*T(a+1)

+|As|M, (‘A PR (1, — a)* 2 — (1, — a)* 2| + [e(PU/PEma) _elle-DIP(0-)] | 1, _”)HD
% | A (b—a)" . Ay () — @)™ + 145](8, —a)"
pT(a+1)  p¥Nnl(a+y +1)  p*T(a+1)
M, g a-1 a-1 tlp-1 ((p-1)1p)(E,-5) a-1
< (@) [(ty=5)*" = (t; =) |ds + T(tz—tl)e |(t; =) |ds

P g~ )l Es

+ Jiz }(tl _S)OHdS) +[Ag|M, (((tz —a)" = (t, - a)ail) +

(t _’l)ml)
Ao (b-a)* | Asf(py — @)™ A4S — @) a2 w2
X (p”‘F((x+l) +p"‘*1’11"(oc+y1+1) " poT (a+1) ) +|A5|M1(((t2—a) ~(ti-a) )

Pl R E) | _ a2 A (b—a)® A (4 —a)™™" |45(8, —a)*
i (1= t)eF (b~ a) 8 poT(a+1) i PN (a+y, +1) i pT(a+1) )’
(39)
where the mean value theorem is used on the function In an identical way, we obtain that
elPDIPt with &, &, € (t),t,).
Thus, we get
(7 5 (us V))( 2) = (Za(us ))( )l
|1 (1 ) (12) = (%1 (1)) (1) < Pﬁr o (-0 - —a)f‘) ~a)f)
< e (=) = (4 =) + (6= 1) (6 - a)) . )
T pi(a+ 1) ! 2 U |A |M2(< —(ty~a) ) (t,=1;)(t, —a)
+ ‘A6|M1(((t2 —a)* = (t, - “)a_l) +(t—t)(t - “)a_l) y ’A ’ (b-a)f . ’A ’ , —a)fm ’A4‘ a)f
o |A,|(b - a)” . [As | (g — a)™™ N |A4](8, —a)” pPr(B+ 1) pbrr (ﬁ+yz + 1) pPI( ﬁ+ 1
pr(a+1)  p*N"I(a+y, +1) p*I(a+1)

AM, (6= a)P? = (t,—a)P2) + (6, - 1,)(t, - a‘”
1AM, (1~ @) (fy ~ @) ) + (b — 1) (1)~ @)) laafia (1= - 1 =) + (2= -)

A(b=a) A - @ A6, - a)f Ao Al -0 A8, - a)f
x Pl (a+1) +p“+V1F((x+y1+1)+ pr(a+l) ) PPL(B+1) pl3+711‘(ﬁ+y2+1) pﬁF/S+1
(40)
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As t, — t;, the R.H.S. of the last two inequalities —0
independently of (u, v) € {,. As a consequence of Steps 1 to 3
and in the light of the Arzeld-Ascoli theorem, we conclude
that the operator #({,) is relatively compact in C. Hence,
in accordance with Schauder’s fixed point theorem (Theo-
rem 7), the operator # has a fixed point and so the coupled
system (1) and (2) possesses at least one solution on 7. The
proof is completed. O

1

(1 (141, v1))(1) = (F 1 (1o v2)) (1) | <

‘D

|V’1 (s uy (), vi(s)) —

Theorem 11. Assume that the assumptions (A1) and (A2) are
satisfied. If A|L; + A,L, < 1, then the coupled system (1) and
(2) has a unique solution on f.

Proof. Consider the operator # as defined in (27). We have
to show that 7 is a contraction mapping.
For each t € 7 and (uy,v,), (4,,v,) € C, one has

[ (=9 [y (5 11(5), v1(5)) = ¥ (5 t5(5), va(5)) | ds + | A (£ = @)

[As

RO G )

Yals w(s),

. J Ny, (5,80, 1 (5)) = 1 (5 15, (5)) s+ ,Jl?EL)
0,
-9 s m@ @) s ”2(5)’V2(5))|d5) +[Ag](t- )
(A 51 (5), v1(5)) — W (S, uy(S), v, (s s¢
(d W 505 1 (9) =¥ 5 () V) s ot
J l ) Ty (5 1y (), v1(5)) = ¥y (5, U (8), v, (5) ) s + P{!‘?ZJ")

J (01 =)y (5 1 () Mi(9)) - ¥ (5 uz(S)’Vz(S))IdS)

[45|(b -~ a)*

A () — @)™

< [—pﬁﬁ(ﬁ 5 * Ad (b= (
[Ail(b-a)"

Pl (a+1)

+ A4 (8, - a)a>

pNl(a+y, +1)  pT(a+1)

+]As|(b—a)*? ( P;F(a )t

Thus, by (31), we get

1(71 (115 v1)) = (F1 (135 v2)) |l SA1L1(H”1 g+ llvi— V2||i€)‘
(43)

In a similar way, using (32), we get

1(7Z 5 (115 v1)) = (F 2 (125 v2)) I SA2L2(HMI — i)l + vy - V2||@>~

(44)

From (43) and (44), we get
| (41> vy) = 7 (1, v3) || < (A Ly + D Ly)|[ (15 1) = (425 v2) [l -
(45)

By virtue of the condition AL, + A,L, < 1, we conclude
that 7 is a contraction mapping.

Hence, with the aid of Banach’s fixed point theorem, we
deduce that 7 has a unique fixed point, and so the coupled

[A (g —a)™™ |A5](8, —a)* B B
PN (ot y, + 1) + P (ot 1) XLy (=1l + V1 = v ) -
(42)

system (1) and (2) possesses a solution on # uniquely. The
proof is finished. O

Example 2. Consider the following coupled system of frac-
tional differential equations

(02" u) (1) =y (8 (), v (1)),
(02 2v) (1) = v (6 u(8), v(1)),
€0, 1],

with the generalized fractional integral boundary condi-

tions:
u ! =0, u(1)=(,.7"""u) ! ,
3 a 5

v(é) =0, v(1)=(,7""u) (%)
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The grapgh of y, (t, u, v)

A T ATt P AT P AT

u -5

0

FiGure 2: The graph of v, (¢, u, v).

The grapgh of v, (£, u, v)

FiGURE 3: The graph of v, (t, u, v).

Here, a=3/2, f=5/4,p=1/2,y,=1/7,y,=1/9,8,=1/3
,0,=1/6,u, =1/5, 4, =1/8, and [a, b] = [0, 1]. Set v, (¢, u,v)
= (1/25(¢% + 2)) (sin?|u| + (|v|[/1 + |v|)) and y, (¢, u,v)=(1/
100) (> + |u| + cos |v|) that their graphs show in Figures 2 and 3.

For each t € [0, 1] and (u;,v,), (45, v,) € C, one has

1
1\ 2 V) = Vb ¥ Vo)l = = 1~ "2 1~ 21)
[ (611, 11) = 9 (8 1, ) | < o5 (= ]+ vy = 3]
(48)
1
[w, (8 ups vy) =9, (6 Uy, v,)| < mﬂ”l — |+ vy =),
(49)

which implies that the assumption (A2) holds true with
L,=1/50 and L, =1/100. We calculate functions in (18),
(26), (31), and (32) for p=1/4, p=1/2, and p = 3/4 and pres-
ent their numerical results in Table 1. We have in all three
cases:

LA + LA <1 (50)

By virtue of the above discussion, we infer that all the
assumptions of Theorems 10 and 11 are satisfied. Conse-
quently, we deduce that the coupled system (46) and (47)
has a solution on [0, 1] uniquely.
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TaBLE 1: Numerical results for some functions in Example 2.

P=1i p=3 P=3
A 0.2124 0.4137 0.5166
A, 0.6372 1.2411 1.5499
A, 0.0394 0.0512 0.0865
A, -1.2107 -1.6677 -1.2144
As 0.9680 1.3272 1.6257
Ag -0.9680 -1.3272 -1.6257
A 0.3215 0.5409 0.8321
A 2.7841 3.2451 3.9521
Al -0.0612 -0.0902 1.5934
A -4.1284 -4.9254 -5.6418
Al 0.2996 0.4217 0.7294
Al -0.2996 -0.4217 -0.7294
A 6.7451 8.0645 10.0121
A, 2.7423 3.1234 4.0096
LA, +LyA, 0.1623 0.2225 0.2403

5. Conclusion

As you know, there are many events in nature which we
know nothing about those. One of the best ways for better
understanding these types of phenomena is studying new
notions in the fractional calculus field. In this work, we
investigated the existence and uniqueness of solutions for a
coupled system of fractional differential equations with
three-point generalized fractional integral boundary condi-
tions in the frame of the generalized proportional fractional
derivatives of the Riemann-Liouville type which was intro-
duced in 2017 by Jarad et al. In this way, we provided some
results under some conditions. To better explain the notion,
we gave some figures of some functions. Finally, we provided
an illustrated example for our main result.
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This paper deals with Chebyshev wavelets. We analyze their properties computing their Fourier transform. Moreover, we discuss the
differential properties of Chebyshev wavelets due to the connection coefficients. Uniform convergence of Chebyshev wavelets and
their approximation error allow us to provide rigorous proofs. In particular, we expand the mother wavelet in Taylor series with an
application both in fractional calculus and fractal geometry. Finally, we give two examples concerning the main properties proved.

1. Introduction

In the last four decades, wavelet analysis rose to the role of
mathematical theory due to the introduction of multiresolu-
tion analysis [1]. In the current literature, 1909 is often recog-
nised as the birth of wavelet analysis, when Haar introduced a
complete orthonormal system for the space L*([0, 1]). Nowa-
days, wavelet analysis is a mathematical tool widely applied
in different fields. Image compression, electromagnetism,
and PDE image are just three examples where wavelet
methods currently play a meaningful role (see, e.g., [2-5]).
In particular, Mallat produced a fast wavelet decomposition
and reconstruction algorithm [6]. Over the course of time,
the Mallat algorithm became the base for many wavelet appli-
cations in pure and applied science. Quite recently, wavelet
analysis was also used for several techniques in image fusion,
where each algorithm leads to different image decompositions.
Fusing two types of information (temporal and spectral), the
discrete wavelet transform (DWT) enabled the development
of many DWT-based techniques. An application of the wave-
let analysis in image fusion is the discrete shapelet transform
(DST), which estimates the degree of similarity between the
signal under analysis and a prespecified shape. This discrete
transform consists of a fractal-based criterion to redefine the
original Daubechies’s DWTs, leading to a time-frequency-
shape joint analysis. Replacing the fractal-based criterion with

a correlation-based formulation, the DST can be improved
significantly. More specifically, the DST of the second genera-
tion simplifies both the study of filter coefficients and the
interpretation of the transformed signal [7].

The main advantage of wavelet analysis is their decompo-
sition of mathematical entities (e.g., images and time series)
into components at different scales. This property is a conse-
quence of the multiresolution analysis. Approximation in
Fourier basis can lead to unpleasant results, as in the case of
Gibbs phenomenon. These approximation problems can
occur in any other reconstruction, but wavelets. Likewise, frac-
tal geometry allows us to describe irregular sets by the con-
cepts of fractal dimension and lacunarity [8, 9]. As is well
known, irregular sets provide a better representation of differ-
ent natural phenomena than the classical Euclidean models.
Thus, fractal-like sets are currently used for many real-world
applications (e.g., antenna theory and dynamical systems).
Quite recently, considerable attention has been paid to the
application of hybrid methods based both on wavelet analysis
and fractal geometry in nonlinear modelling. For a fuller and
deeper treatment on fractal-wavelet analysis, we refer the
reader to the results of Jorgensen [10, 11].

Chebyshev wavelets are generally used for numerical
methods in integral equations and PDEs. In particular, Che-
byshev wavelets allowed the introduction of these methods
due to the operational matrices P and D defined in (12)
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and (13), respectively. In [12], Hyedari et al. introduced a
numerical method based on Chebyshev wavelets for solution
of PDEs with boundary conditions of the telegraph type.
Biazar and Ebraimi proposed a method based on Chebyshev
wavelets for solving nonlinear systems of Volterra integral
equations [13]. Similarly, Singh and Saha Ray [14] dealt with
the stochastic Ito-Volterra integral equations by Chebyshev
wavelets of the second kind. Following the recent trends in
nonlinear analysis, Chebyshev wavelets were also used for
the numerical solutions of fractional differential equations
(see, e.g., [15, 16]). Current literature showed that these
methods depends on the different operational matrices in
the sense of [17-19]. Moreover, Chebyshev wavelets pro-
vided sharp estimates of functions in Holder spaces of order
a [20].

In this paper, we give new results on Chebyshev wave-
lets. More precisely, we deal with the differentiability of
Chebyshev wavelets and the possibility to use their deriva-
tives to reconstruct a function. The differential properties
of Chebyshev wavelets, expressed by the connection coeffi-
cients (also called refinable integrals), are given by finite
series in terms of the Kronecker delta. Moreover, we treat
the p-order derivative of Chebyshev wavelets and compute
its Fourier transform. In the same spirit, we expand in
Taylor series a function by Chebyshev wavelets and con-
nection coefficients. Accordingly, Taylor expansion of the
mother wavelet allows us to define the local fractional
derivative of Chebyshev wavelets. More precisely, the
introduction of local fractional calculus in these wavelet
bases enables us to extend the local fractional derivative
to nonsmooth continuous functions (e.g., fractal sets or
random signals).

The rest of the paper is divided into three sections. In
Section 2 we give some remarks on wavelet analysis and,
particularly, on Chebyshev wavelets. Section 3 is devoted to
differential properties of Chebyshev wavelets by connection
coefficients. In Section 4, we deal with the Taylor expansion
of Chebyshev wavelets. Finally, Section 5 extends the sought
results on Chebyshev wavelets to fractal-like sets by local
fractional calculus.

2. Remarks on Wavelet Analysis

This section is to devoted to recall some basic definitions
and properties of wavelet analysis, which will be used
throughout the paper. From now on, we refer to the set of
natural numbers, denoted by N, as the set of strictly positive
integer numbers, that is N ={1,2,3,---}. Thus, Ny =N U {
0}. Moreover, we will use the notation x” to denote the n
th falling factorial of x [21].

Definition 1. The nth-order Chebyshev polynomials of the
first kind are defined by

T,(x) = cos (narccos x),x € [-1, 1], n € N, (1)
so that

T, (cos 8) = cos nb,0 € [0, 1], n € N.
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Thus, Ty(x)=1, T,(x)=x, T,(x)=2x*-1, and so on.
Definition 1 refers to the trigonometric representation of
these polynomials. In literature, Chebyshev polynomials
are usually defined as solutions of some Sturm-Liouville dif-
ferential equations (today called Chebyshev differential
equations). In particular, the definition in terms of Sturm-
Liouville form leads us to prove the orthogonality of the
Chebyshev polynomials with regards to the weight function:

1
w(x):m,xe[—l,l],
that is,
L ) 0,n#0
J ’”(x)T”(x)dxz 5 Omm m#0,n#0, 2)
-1 m 1T, m=n=0,

where §,, , is the Kronecker delta. Furthermore, for any
n, m € N, Chebyshev polynomials can be written by the fol-
lowing general recurrence relation:

Tn+m(x) =2 Tn('x) Tm('x) - T\nfm\(x)’
which for m =1 gives
T,a(3)=25T,() - T, (0n21. (3)

Chebyshev polynomials of the second, third, and fourth
kinds can be defined and handled in much the same way.
Moreover, all four Chebyshev polynomials admits a matrix
representation (see [13] for more details). For instance, (3)
can be written in matrix form as follows:

10 0 0 0\ [ To(x) 1
-2x 1 0 0 0 T, (x) —x

1 —2x 1 0 0 || T 0

0 1 -2x 1 o || 1) o |

0 0 1 -2x 1)\T,@ 0

or
At=c,

where A is the (n+ 1) X (n + 1) matrix of the coefficients in
(3) while t and ¢ are the left-hand side and the right-hand
side vectors in (4), respectively.

The properties of Chebyshev polynomials mentioned
above lay the foundation for introducing a corresponding
wavelet bases, termed Chebyshev wavelets. To this scope
and before going ahead, let us recall the definition of wavelet
orthonormal basis on R. Wavelets are a family of functions
generated by dilation and translation of one single function
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¥ (called mother wavelet). In literature, all other functions of
this family are usually called daughter wavelets. Thus, a fam-
ily of continuous wavelets is given by

V,p(X) = |a|1/p1//( )p>0 a,beR,a#0, (5)

where a and b correspond to the scale factor and time
shift, respectively. In what follows, therefore, we can assume
p =2 in (5) which is the most common value for p. Clearly,
(5) for dilation and translation parameters a* and nba*
gives the following family of discrete wavelets:

vk (x) = |a)? 1//(|a|kx— nb), a>1,b>0,k,neZ, (6)
which for a=2 and b =1 yields
koo _ ok, (Hk
Yy (x)=2 1//(2 x—n), k,neZ.
The family of functions (6) is a wavelet basis for L*(RR)

which becomes orthonormal for a=2 and b= 1.

2.1. Chebyshev Wavelets. Multiresolution analysis shows that
Chebyshev wavelets can be built as recursive wavelets for
piecewise polynomial spaces on [0, 1]. For this construction,
we refer the reader to [22, 23], in which the problem is
widely discussed.

Definition 2. Let n=1,2,---,25" and m=0,1,---,M -1
with (k, M) € IN?. Chebyshev wavelets are defined as follows:

- n—1
okl (ka—2n+1), — <Xx< —,
V=4 2T g
0, otherwise,
(7)
where

2

Tm(x)z ;(1_5m)Tm(x)'

Remark 3. In Definition 2, Chebyshev wavelets depends on
four parameters, that is, y%  (x) =y(k, n,m, x). Moreover,

m € N; thus,
! 0
> m= >
_ NG
m(%) =
2
;Tm(x), m>0

Remark 4. In view of (1), Definition 2 implies that Cheby-
shev wavelets are defined on the real interval [0, 1). Note that
the orthogonality of the Chebyshev polynomials on [-1, 1]
with regard to w implies the orthogonality of the Chebyshev
wavelets on [0, 1) with regard to the weight function wy (x)

=w(2*'x—n+1) with n and x as in Definition 2 (see
[24] for more details).

A function f € L>(R) can be expanded in terms of the
wavelet basis () knez 3 follows:

Y Y v, ®)

Nn=—00 k=—00

The coefficients y¥, usually termed wavelet coefficients,

are given by B! = (f(x), y*(x)) where (.,.) denotes the inner
product. The series representation in (8) is called a wavelet
series. In the case of Chebyshev wavelets, the previous inner
product is defined in L% ([0, 1]), that is,

(f(x),g(x)),, = J f(x)g(x)w(x)dx, f, g € Ly [0, 1].

0

Thus, any function f € L2([0,1]) can be expanded in
terms of Chebyshev wavelets as follows:

where the wavelet coefficients are given by

B = (f()¥h(x)) - (10)

Wi

2.2. Function Approximation and Operational Matrix. Con-
vergence of series (9) on L2[0,1] implies that f can be
approximated as follows:

)=B"¥(x), (11)

2k M-
= Z Z nmlpnm

n=1 m=0

where B and W are i1 = 25" M column vectors. For sim-
plicity of notation and without loss of generality, we rewrite
(11) as

(9= Y Avi(s) =B"¥()

where f3; = [3]:”” and v, = ‘//ﬁ,m- The index i is given by i
=M(n—1)+m+ 1, and thus,

{&:wp@wwﬁmﬂ
()= (V1 ¥ oo w)
Likewise, Chebyshev wavelets allow us to approximate

every function of two variables u = u(x, y) defined over [0,
1) x [0, 1) as follows:



=¥ () U¥(y),

M=
M=

u(x, y) = u; Y () y(v)

i

I
—
-

I
—

where U = [u;] being

;= <wi(x)7 <”<x’y)"”f(y)>wk<y>>

We may now integrate the vector ¥(x), precisely given
by

)iaj: 1>2;"':ﬁ1

w(x)

Jx‘l’(t) dt = P¥(x), (12)

0

where P is the m x m operational matrix of integration.
It is worth noticing that, due to introduction of Chebyshev
wavelets, the matrix P is sparse (see [17, 18] for more
details). Furthermore, P" allows the n-times integration of

¥ (x) given by

ijp
0 0
———

n—times

(t)dt, - dt, = P"¥(x).

Similarly, we can differentiate ¥(x) as follows:

d¥(x) _
Fra DY (x),
and so
d”;l:ch) = D"¥(x), (13)

where D is the m x m operational matrix of differentia-
tion [12, 25].

Finally, we point out that the product of two Chebyshev
wavelets can be approximated as [19] follows:

Y (x)PT (x)X = X¥(x),

where X is a i column vector and X is a 71 X 1 matrix.
In literature, X is called the operational matrix of product. In
particular, for X = B, we get

¥ (x)¥" (x)B = BY¥(x), (14)

where B is a diagonal /1 x /1 matrix. In recent years,
approximation (14) has been applied for solving integral
equations, PDEs, and boundary valued problems (see, e.g.,
(17, 18]).
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3. Fourier Transform, Differentiability, and
Connection Coefficients

In this section, we study the differentiability of Chebyshev
wavelets. More precisely, we prove our results in the
weighted function space L2 [0, 1] by the introduction of con-
nection coefficients.

3.1. Differentiability of L2, Functions in Chebyshev Wavelet
Bases

Theorem 5. (L? convergence) A function f € L2 [0, 1] with

bounded second derivative on [0, 1), i.e., |f" (x)| <A for any
x €0, I, can be expanded as an infinite sum of Chebyshev

wavelets and the series converges uniformly to the function
f> that is

Z ﬂnml//nm (15)

m=0

[\/J8

Il
—

n

where B = (f(x), ¥% . (x))

wy”

Proof. We only sketch the proof. For a fuller treatment, we
refer the reader to [24].
First,

2 f(x) T, (2K - 2n+ 1)

(n=1)/2%!

dx.

Bl = [ SO (= |

1- (2kx-2n+1)°
(16)

Now, if m > 1, the change of variable 2Fx — 21+ 1 = cos 6
in (16) gives

2 & 0+2n-1
ﬁ];,m = 23"/;{;\/5] f' (COS ;k " ) sin m#@ sin 6d9
0

1 T oyfcosO+2n—1
= h..(6)d6,
25k/2m 2T Jof < 2k ) m( )

(17)

where

h ) :Sin0<sin 15114:1)9 sin (m+ 1)9)

m+1

Since n < 2%, it follows that

X V2mA

(18)

Similarly, if m =1, (17) implies that

van ax|f'(x)|. (19)

(2n)3/2 oot

k
ﬁn,l <

Furthermore, for m =0, the series in (15) converges. In



Journal of Function Spaces

is an orthogonal system, which implies the

faCt’ (WI:I,O)ZZI
convergence of ) | ﬂﬁ,o vk, (x). It follows that

+

ﬁ V/nm nOwnO

nm

18
18
D18
18

I ‘<oo.

0 1 1

=
I
3
I

n

3
I

Accordingly, the series Y 2, > Oﬁnmt//nm(x) converges
to f(x) uniformly, as desired. O

Theorem 5 leads to computation of the approximation error
of the wavelet expansion (30), as stated in the following

proposition.

Proposition 6. (estimation) Under the same hypotheses as in

Theorem 5, we have
1 1/2
— M#1 ,
(m?-1) >>

where [[] is the Iverson bracket notation and
2 12

OkM = r( ) wy(x)dx

Proof. First, recall that the series in (30) can be approximated
with the truncated series in (11). Throughout the proof, we

write 3, instead of ﬁ’;m to avoid confusion. Accordingly,

\/E 00 1 5 AZ 0
w5 | X | meslf eliM=1+ 25 5

n=2k"141

21 M-
ZZ Bl W (x

n=1 m=0

1 2k M-1
Tin = J <f (x) = Brn Vion (x)> wy(x)dx

L
‘Mg
Mg =

dx.

i i g 2k J"/Z“ TZ (26— 2n+1)
= TR P \/1 - (2kx-2n+1)?

(20)

Now, the change of variable 25x — 21 + 1 = x' in (20) and
relabeling x' as x gives

5 (%)

i

= 3 Y Bz

n=2k"141 m=M

Moreover, (2) implies that

Jl Tl g™
71\/1—x2 2

m>1,

therefore
Oi,M = Z Z ﬁrzum' (21)

From Definition 2 we see that M € N, thus combining
(18), (19) with (21) it follows

Gi,M = Z (/33,1 M=1]+ Z ﬁi,mﬂM# Hl)

n=2k"141 m=M

T Q&1 A? & 1
<7 Z = (xgliflz}f ||IM:1]]+MMZM(mZ_l)Z[[M#I}])

n=2k"141

The proof is complete. O

Theorem 5 and Proposition 6 show uniform conver-
gence and accuracy estimation of Chebyshev wavelets, which
lay the foundation for their wide application to the theory of
integral equations (see, e.g., [12-15, 17, 18, 24]).

Our next goal is to rewrite Chebyshev wavelets as a
power series. We recall [26] that

|m/2] r(m—r
T, (x) = g y c ( )(2x)m2’, m>0.

=0 M—T r

The change of variable ' = m — 2r in the previous series
gives

m+r
mo_q (m-r)12 2
T, =my (2xy
- m+r m-—r
2
m+r
2'm (=1)¢ 2 -
=27m ) X, m+reE,w=—(m r),
= om+r m—r 2
2
(22)

where E denotes the set of even numbers. Clearly, m +
r € E implies that m —r € E, hence m + r € E. Moreover, the
previous change of variable entails that

0, mEeeE,

m—2|m/2] = {1

, meo,

thus, the lower index of summation in (22) is r = 0. For
simplicity of notation, we set

m+r
(x"’=—2rm( )" 2 m+r€Ew—(m_r)
r m+r m-r |’ ’ 2
2



6
thus,
T, (x)= z a'x’,  m>0. (24)
r=0

It is worth noticing that all contributions of the summa-
tion index r in (24) are subject to the condition m + r € E in
(23), i.e., m = r € E; thus, half of them vanish. More precisely,
we have that the lower index of summation is r =0 for m
€ E\{0} and r=1 for m € E.

We see from (24) that (7) can be rewritten as follows:

y 1 2 X r n-1 n
pLALY ) +\/:1—8 a"(2kx-2n+1) |, <x<——,
wﬁ,m<x>—{ v RARTER DI ) ) S

0, otherwise.

(25)

Since the parameters #n and k give, respectively, a dilation
and a translation of the wavelet basis (7), the wavelet mother
y is such that y =y(m,x). As a consequence, the wavelet
mother ¥ depends only on the its associated Chebyshev
polynomial T,,(x). According to the current symbology in
wavelet analysis, we define the wavelet mother y as follows:

therefore,

0<x<l1,

y(x) = wrteml

0, otherwise.

3.2. Connection Coefficients. The differential operators can
be represented in wavelet bases if we compute the wavelet
decomposition of the derivatives. Let f be a C? function with
p >0 such that f € L2 [0, 1] with bounded second derivative
on [0, 1]. The wavelet reconstruction (30) allows us to com-
pute the derivatives of f as follows:

= ZZﬁnm dxpl//nm )

n=1 m=0

—

Thus, according to (8), the derivatives of f up to order p
are uniquely determined by

dP

o Vhn(). (26)

On the other hand, the first derivative of Chebyshev
wavelets are given by

2 sk k n-1 n
m\/;Z Um,l(zx—znﬂ), T Sx <

0, otherwise.

L=

(27)
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We note that the first derivative in (27) depends on
U,,_;(x), ie., Chebyshev polynomials of the second kind.
More specifically, it can be written as a Chebyshev wavelet
of the second kind (see [20]). The computation of the deriv-
atives (26) is more complicated for p > 1. In particular, high-
order derivatives in (26) cannot be easily derived. Therefore,
according to (8), we next turn to the wavelet decomposition
of the derivatives (26), that is,

&k = Sk
@v@:,m(x) - ;q . nlmq 1l/lq( ) (28)
with
kh d
yr(ﬁr)nq <de l//nm( )’V/Zq(x)> ° (29)
Wy,

The coefficients (29) are called connection coefficients
with an obvious intuitive meaning. Their computation can
be obtained in the Fourier domain due to the Parseval-Plan-
cherel identity:

vo=[" swama= [ FO#OE=(73). rocrmnrm),

where f denotes the Fourier transform of f defined as
follows:

(&)= JOO flx)e 7™ dx, feL'(R).
Therefore,

A\
P
) = i, 0) (30)

Let us now compute the Fourier transform of T,,(x).

Lemma 7. The Fourier transform of Chebyshev polynomials
T, (x) is given by

m
=Y st
r=0
where
m+r
i m
g'=— 2 , m+reE. (31)
n'm+r | m—r
2

Proof. The proof falls naturally into two parts (m =0 and
m > 0). For m =0, it follows immediately that cg =land

Ty(x)=1 5 8(%).
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Let us now turn to the case m > 0. We begin by recalling
the differentiation property of Fourier transform

2w & (o) gl@neny ()

2

which holds in the space of tempered distributions on
the real line &' (R). Accordingly, from (32) for f(x) = &(x),
we get

n F l ! n
P (E) M (&), neN,,

where 6 is the Dirac delta distribution. Therefore,

24Zam9{x} Z(x (m)r (&), m>o0.

r=0

Furthermore, since

i r
m m
'l —) =¢
’(271) r’

the desired result plainly follows. O

m>0,

On the one hand, in the proof of Lemma 7, we used the
fact that T,y (£) = 8(&). On the other hand, the principal signif-
icance of Lemma 7 is that the Fourier transform of Chebyshev
polynomials T',,(x) is nothing but a sum of derivatives of the
Dirac delta. Condition (31) on coefficients ¢/ implies that if
m € E the Fourier transform of T,,(x) is the sum of all even
order derivatives of the Dirac delta. Likewise, if m € O, the
Fourier transform of T, (x) is the sum of all odd order deriv-
atives of the Dirac delta. We note that for m € E the Fourier
transform T, (£) always contains the Dirac delta §(&). More-
over, the presence of the power i in (31) implies that

_ R, me€E,
T,(8) G{

I, meO,

where [ denotes the set of imaginary numbers. These
results are shown in Table 1 for the m=1,2, ---, 10.

Now, we are in a position to compute the Fourier trans-
form in (30) and connection coefficients.

Theorem 8. Let n and k be defined as in (7). Moreover, let
m, p € N. The following statements hold:

Bon(6) =2 (% 8,08 +/20

with

) i icf?;”S“)(E)),

r=0 t=0

m—r/2

m+r/2 r 4
= (2t et ) (mfm + 1) (1-2n)"",m+rekE,
t

’ A
;ip (x) = f’Z(ans)P(Ta 8(%) fz S, ZZc 50 s)>

=010
P ) /o
Yaimg = 7\/7; m Z

& (ﬁsm +(1- 5‘,))&,,5‘1) -2 d Im—peE] | 1<n
Osrsm-p:
m—p-reE

where
m+p-—r
—1 - r
» _(m+p+r_1)P_ 5 1 )
m,r 2
p-1

(s+v+I)(s+v+2/2)!

Al—sq:)‘aq< i o (s+v+2)( s+v+1/2)!>’
with of as in (23), &b, = d', , and
As, = g}io:oaj< ) ( > 2(Mi (1 — 2p) (21 - 1)1'*%,565_
Proof. First, from (25), it follows that

ll’l:z,m(f)=2k (\/—E 6m5(f)+\/;(1—5m)J{;)ar (ka—2n+1) })

Combining the proof of Lemma 7 and binomial theorem
gives

r=0 r=0 t=0
m+r
. t m r k=1)t+r ;m—r+t r
(earggre e [
21 frar T m+r| m—r ¢
2

~(1=2n)""8" (&), m+reE.

With the same notation as in Lemma 7, we set

m+r
D (k=1)t4r jm=rtt 4, r
gt 2 (1-2n)", m+rek,
’ s m+r| m-r ¢
2

hence,

Y Y ansl(E).

=0 t=0

m r
P/T{Za:"(z"x—zm 1) } =
r=0

This proves (i). Furthermore, (ii) follows straightfor-
wardly from (i) and (30).
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TaBLE 1: Fourier transform of Chebyshev polynomials T,,(x) for m=1,2,---, 10.

m T (%) ?Ma

1 X ( )(27)

2 2% -1 -5(8)-8""(&)/(2m%)

3 4% - 3x (3712(‘)‘ (&) +6C (s)) 1(27%1)

4 8xt —8x2 + 1 3(E) + (47125"(5) +6 (E)) /(2

5 16x° - 202 + 5 i(5718' () + 576 (&) + 8°) ) ()

6 3220 — 48x* +18x2 — 1 ~8() - <9n46"(£) + 6726 )/(2716)

7 64x” — 112x° + 56x° — 7x (77166’(5) +147%60) (&) + 147260 1(2n”i)

8 128x® — 256x° + 160x* — 32x% + 1 8(&) + <167166"(€) +207*0™ (&) + 87261 (£) + 6 (g)) (2n*)

9 259x° — 576x7 +432x” — 120x> + 9x i<9n86' (&) +307°83) (&) + 2776©) (&) + 97287 (£) + 6©) (f))/(zn9)

10 512x'0 - 1280x® + 1120x° - 400x* +50x* -1 —8(&) - (257186’ "(&) +507°0™ (&) + 357*8(©) (&) + 10726®) (&) + 610 (E)) 1(27')

Finally, we can prove (iii). From (29), we have

(33)

nlmq

PR J ;;P (%m( ))wﬁq(x)wh(x)dx.

By (7),
R R CERE IR SN
=f”¢go—6m§§(Tm@%_2n+g), -
Moreover,

(Vi) )Wy =

2k \[( -5 )%%(Tm(?‘x%nﬂ))

ar
(h+k)/27 _ _
+2 ”(1 3,,)(1 8‘%)7de

: (Tm (ka— 2+ 1>>Tq <2hx— 20+ 1)

—a0n @7 (2 ane1))

- <\/7§8q+ %(I—Sq)Tq(th—2l+ 1))

which follows from the hypothesis that m>1. We

proved in Appendix that

ar

- Ky — =2F P Ky — — 20 N dl o —
deTm(zx 2n+1) 2’m Z dm),T,(Zx 2n+1) 2" mdl m-peE,
O0sr<m-p :
m—p-reE
with
m+p—r
p m+p+r p-1 P 1
( 1) 2 ,
m,r 2
p-1
_ P
and df =d, . Thus,

dr +(h+ \/2 2
i (a0 = (2,2 2 1)

Tq(th721+ 1))

ar
: D dfn),Tr(sz*zﬂ+l>*7m7H*p€E ,
Osr<m-—p:m—p-reE

Now, we can proceed to compute yfﬁzrlf;. Note that,
expanding the integrand in (33), we have

n-1 n k1
<x<—0\ n=12,--,2F1,
2k—1 2k—1
(34)
-1 TP
Sh SES g T hATA

The assumption [ < # implies that the integrand in (33)
holds for (34),. As a consequence,
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. 12"t dar
th - J 2p+hI2 4y > dh T, (2% -2n+1) - " m-peE
(I-1)/2%! 0<r<m-p:m-p-reE 2

. (ﬂa,ﬁ %(l—éq)Tq(th—ZlJrl)) v 4

T 1-(2"x-21+1)°

i 2 121 1
= 2PHR2) 4y > & £6“’J T,(2"x-2n+1) —————dx
’ s i1 2
Osr<m-pim—p-reE (-1 1-(2hx-21+1)
2 121 1
+7(1—5Q)J T,(2%-2n+1) T, (2"x =21+ 1) e dx
B (-1)2! 1- (2t -20+1)°
P 172!
72P+((h+k)h*k/2)m% m—-peE ﬁﬁqj ! dx + 3(176‘1)
2 R S

12!
[ T,(2"'x-21+1)
J-ny2it

For simplicity of notation, we indicate the last four inte-
grals with I,,I,, I, and I, respectively. Thus,

kh V2 2
Yfﬁznq = 2P ( > b, (75#1 + (1- 611)5)
O<r<m—p:m—p-reE

2

dh (V2 2
- (78q13+;(1—6q)14)m—peE>.

(35)

The change of variable x' =2"x—-2/+1 in I, and
relabeling x' as x, gives

1 (! 1
IL=—| T,2""x+21-1)-2n+1 dx
1 th_l r( ( ) ) /—l_x2
e 1 1§ ek fo1
= — o (2" (x+2l-1)-2n+1 dx
2 71,,20 S ) ) =
LS sa () ()20 -am l)f*jl < dx
=— o4 -2n - .
2ht:0j:05:0 ' j s 1V1-a2

(36)

We note that the last computation follows from the
binomial theorem. Moreover,

B (1) +1)I((s+1)/2)
dx=/n T(72) ,Re s>—1,

(37)

Since s >0 in (35), the result above holds in the compu-
tation of I;. Obviously, (36) vanishes for s odd. Therefore,

ooy B I((s+1)2) ((s+1)/2)!
Ll«/_l_xzdx_zﬁ ST(s12) ‘2‘/;(5“)(5/2)!’ sek,
and so

roto t i _ . . s !

Let us now pass to the second integral I,. We can pro-
ceed analogously to the computation of I,. In fact, (35)

implies that

rt Az
L= Z%ZZZa:( )( >2“”"/<1—2n>"f
=000 \j/ \s
- LT(x)dx@iiiiZoﬂoﬂ V(7 nict —2my - e[ g
J- B =7 1==2 j/ \s aVi-2

1V1-x2 120 j=0 5=0 v=0

Furthermore,

(-1 + 1) ((s+v+1)/2)

_
dx=vm 2T((s+v+2)/2)

1 xs+v
, Re (s+v)>-1.
~[—1\/1—362 ( )
(38)

As in computation of I}, the result above holds because
s++v >0. We note that (37) vanishes for s + v odd. Thus,

dee VAL ((s+v+1)/2) :ﬁ(s+v+2)((s+v+l)/2)!

I((s+v+2)/2) (s+v+)((s+v+2)2) s+vek,

1 xs+v

J—l\/l—xz
rot j 4 t i !

zz:gzzgga;ag( ) (f)z(k—wl_zﬂmﬂ_lyﬂ-ig:;g;;g;;;gg;l,

Similarly, we can compute the integral I; and I,. In fact,
the same change of variable as in I, gives

1 (! 1 s
L J dx
-1

_Z_h V1-x2 _?’

1! 1 @ m
I,=—1| T, (x dx="—96
4 hJ_l q() -2 oh 4

Thus, (1-6,)I, =0 in (34). This completes the proof. []

Remark 9. In the proof of Theorem 8, the hypothesis [ <n
played a fundamental role in the computation of connection

coefficients y,(ﬁZZ' Indeed, for n < [, the integrand in (33) holds

for (34),. Thus, we get a similar computation as in the proof of
Theorem 8 but the integral I, and I, will be defined on [(n
—1)/21, n/2K1]. The details are left to the reader.

Remark 10. Theorem 8 allows us to define the connection
coefficients of Chebyshev wavelets. Moreover, we note that

the proof of Theorem 5 gives an upper bound on connection
(p)kh

nimg® ie.,

coeflicients y

1+p+(k=h)/2
)k _ 2 p
Valmg < Tmo Z . <\/§84A5q +(1 —Sq)/\l,(;), I<n.
<r<m-—p:
m—p—r€E

(39)

Theorems 5 and 8 allow us the reconstruction for L2
([0,1]) functions together with their derivative. Moreover,
Theorem 8 gives the Fourier transform for any order deriva-
tive of Chebyshev wavelets, as the next example shows.
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Example 1. Let us consider Chebyshev wavelets for k=2 re
and m=1:

) 2\/2(49(—1), 0$x<£, 5 2\/2(4x—3), lSx<1,
yii(x) = s 27y (x)= m 2

0, otherwise, 0, otherwise.

For the sake of simplicity and without loss of generality,
2
we consider only 1//>1)1. Thus, we leave it to the reader to deal

L A2
with v, .

From Theorem 8, we have

where we used that cgy =i, cy=-1, and ¢y} =2i/m.
Finally, we conclude that the sixth-order derivative of y7 |
has the following Fourier transform:

j—wA< 9 = e 2 (1050 + 20 ®))

T

—6471\/7E (1-0)8(E) - 216(5))

Figures 1 and 2 show the graph of y? | and ¥/ ,. We note
that the Fourier transform of vy}, exbibits an impulsive

behaviour. In particular, the imaginary part of @fl depends
also on the distributional derivative of the Dirac delta, i.e.,

~2 ~2
Re yi,=Re y,(9),

Im 17/?1 =Im 1//7%1 (8,8’).

We may approximate the Dirac delta as [27] follows:

1
S(x) =1/ —e ™, exl,
ETT
thus,
2
3 (x)= - e el (40)
EN/ETT

2
Approximation (39) allows us to draw 1//>1)1. In Figure 1,

we show the imaginary part of 1//>?1 with € =0.01. Precisely,
it is worth noticing that the Dirac delta (&) in Figure 1
was multiplied by a factor of 51 which takes into account
the approximation error introduced by (39).

Journal of Function Spaces
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FiGURE 1: Chebyshev wavelets y7. | with n* =1,2.

4. Taylor Series and Chebyshev Wavelets

In Section 3, we introduced the connection coefficients (29)
that allows us to prove the following statement.

Theorem 11. Let f be a C? function such that f € L2 ([0, 1])
with bounded second derivative on [0, 1. Then, the Taylor
series of f in x = x, is given by

F(x)=£(x) Z(Z > ﬁnmynl,fZW?q( )) (x—t!xo)_,

n,l=1 m,q=0
(41)
with ﬁﬁm as in (10).

Proof. The wavelet expansion (30) entails that the pth-order
derivative of f (with p < g) can be expanded as follows:

o 00 (28) [SOReS) o 0 o)kl
= h

ZZﬁnm dxanm - Zﬁ mzzynlqulq
n=1 m=0 n=1 m=0 I=1 q=0
0 00 o)k

— k h

- ﬁannlmq 1l’lq( )
n,l=1 m,q=0

as desired.

It is worthy noticing that a suitable choice of the initial
point x, allows us to simplify the Taylor expansion (40). In
particular, for x, = 0, we have that

PRy z(; Sy o >)’“
n,l=1 m,q=0

Moreover, Definition 2 gives that xy=0=I=h=1;
thus,

Y, (0) = ¥, (0) = 2T, (-1) = V2 (j,_fq 2 %))»

)kh t)k1
Yilmq Ezl)mq
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—— Real part
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FIGURE 2: The Fourier transform of y7,. We drew the imaginary
part of 17/?1 by (101) with €=0.01.

Therefore,

\Fz‘”@ $ 4,0 (6,0 VEC1y <1—6q>)>’§—{~

n=1m,q=0

(42)

Explicitly, this means that any function f € L2 ([0, 1]) can
be expressed as a power series when the wavelet coefficients
ﬁﬁ,m are finite. Accordingly, the Taylor series for the wavelet
mother y(x) =y}, (x) is given by

\/75 +7 (1-8,)(-1)"

f;(m;OﬁLmY11;z<6 +\/_( 1)1 ( )>>):—:,

(43)

since ¥(0) =/2/76,, + (2/y/7)(1-6,,)(-1)". We note
that in the last computation the sum on the index n reduces
to one term because for the wavelet mother n = 1.

Now, we are in a position to estimate the approximation
error in (28) for a fixed scale of approximation. It is worth
pointing out that the approximation depends on the upper
bound in the sums. O

Theorem 12 (Approximation error of wavelet derivatives).
Let p € N and q € N, be such that p < q+ 1. Under the same
hypotheses as in Definition 2, the approximation error in (28)

e ([ (o

1/2

) wk(x)dx> )

22—
Z z lnq:fwl:lm
n=1 m=0

11

is bounded by

2l+p+(h-k)/2

o 12
sk,MSTq(q—p+1)< Z deqp,> , n<l,

n=2141 m=M

where is the Iverson bracket notation, dq,p
defined as in Theorem 8 and

P
stands for d,

d .=  max dp
e O<r<g-p:
q—p-r€E

(V28,05 + (1-8,)115, ),

with dZ’r as in Theorem 8.

Proof. The proof can be handled in a similar way as in the
proof of Proposition 6. In order to avoid confusion, we
rewrite (28) as follows:

d [oe) [oe)
TSV = DD Vit Vi),

n=1 m=0

—

with

w ) d
tn = (g V() Vi)
Wy

Moreover, throughout the proof, we denote yln o brleﬂy

by Vjgm- Therefore,

), (25 x-2n+1)

o) okl n/2k!
X.

z Z Yanm T

=2k 141 m=M (n-1)2¢0 1 =

(2kx-2n+1)?

Now, the proof of Proposition 6 gives

[ee]

0
2 2
sk,M - Z Z Yanm .

n=2k-141 m=M

We note that the coefficients df , defined as in Theorem
8 are nonnegative. Thus, (38) implies that

21+p+(h—k)/2
ylnqm = Tq dg,r <\/56m/18m + (1 - 8m)/1176m)
0<r<q-p:q—p-r€E
2 L+p+(h-k)/2
< 7 qq-p+1)dygpp> n<l
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Accordingly,

5 22+2p+h-k
ylnquT (q P+1) mqpr’ n<l.
We conclude that
o0 o0
si,M 22P+hk q’(q- p+1 Z Z qupr, <1,
n=2k-141 m=M

which gives the desired estimate. O

Remark 13. We note that the term d2, 4

n by the definition of d), in Theorem 8. Moreover, the

depends on m and
hypothesis p < g+ 1 assures us that the derivative

d?
@ W?q (x>’

does not identically vanish on its domain, i.e., we exclude
trivial cases in the thesis of Theorem 12.

5. Fractional Calculus of Chebyshev Wavelets

This section is devoted to the local fractional calculus over
Chebyshev wavelets. Our approach follows new trends in
fractional calculus. Indeed, many problems in fractional cal-
culus are nowadays dealt with hybrid methods (e.g., [28]). In
particular, we show how the local fractional calculus extends
the fractional derivative to nonsmooth continuous functions
(e.g., fractal functions). In fact, the introduction of a local
fractional derivative on Chebyshev wavelets by connection
coeflicients allows us to compute the local fractional deriva-
tive of non-smooth functions.

5.1. Chebyshev Wavelets on Fractal Sets of Dimension v.
According to the recent results on fractional calculus of
wavelet bases (see, e.g., [29]), we can define the Chebyshev
wavelets on a fractal set of dimension v (with 0<v<1) as
follows:

0 o, e Za-s

x"P
Vrg<g%mmnmxa+¢w (- q»)nw+n.
(44)
Thus, if we set
\ﬁa +% (1-8,)(-1)™, p=0

\fzfslm (84 V2(-1)1(1 -

m,q=0

x*P
%) Fp

Journal of Function Spaces

we have that

o N Y
v, (%) = ;}mxﬂ (45)

We note that power series expansion (44) for v=1
reduces to Chebyshev wavelets on a regular domain:

O NP
Yi(x) =y = Y L
p=0 P

In addition to this, series expansion (44) for v <1 gives
Chebyshev wavelets in a continuous nonregular domain,
which are functions of the variable x¥. We point out that
the variable x¥ can be defined in nonregular domains, such
as the Cantor set shown (Figure 3). For more details, we
refer the reader to [29].

In the same spirit as (42), any function f € L2 [0, 1] can
be expanded in Taylor series on a fractal set of dimension
v as follows:

vp

B Vg (8 + V2 (1) (1 - J))ﬁ.
(46)

£ i(ﬁ ©

Obviously, Taylor expansion (45) generalizes (41) on a
fractal set of dimension v. In order to clarify the generaliza-
tion of power series (44) for nonregular domain, we consider
one of the simplest case of nonregular set: the Cantor set. For
further considerations on the Cantor set, we refer the reader
to [30, 31]. It suffices for our purposes to recall that the
Cantor function (or Devil’s staircase) f is defined as follows:

f) 2 1im f,(x)

n—=a~oo

where =* denotes uniform convergence, f,[0,1] — R

such that f(x) =x and
1
fn(3x) 0<x< g,
1 1 2
fn+1(x)=5 L, gﬁxﬁ?
2
1+f,(3x-2), gSxSl.

Of course, the Cantor function maps the Cantor set C
onto [0, 1]. The family of functions (f,,), . is a set of polyg-
onal approximations of the Cantor function f. We note that
the previous definition of (f,) ., is equivalent to the follow-
ing condition:

nelN

fan () = fu(0)[ <277, neN.

Moreover, Chalice [32] proved that the Cantor function
f is the unique monotonic, real-valued function on [0, 1]

€0, 1],
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FiGURe 3: The middle third Cantor set.

1o
&85
&65
0.4 E

0.2

T T T T T X
0.2 0.4 0.6 0.8 1.0

FiGure 4: The Cantor function.

such that [label = ()]

f(0)=0,
-1

fO=x) =1 f(x).

This characterization gives us an easier way to draw the
Cantor function f (Figure 4). For more details on the Cantor
function, we refer the reader to [33]. We note that the
method of Chalice can be used to draw the graphics of the
functions . (x") both on the compact interval [0,1] and
on the Cantor set.

5.2. Local fractional Calculus. We recall that if the real func-
tion f(x) is such that

(%) = f(xo) <& (47)

with |x — x| < & being & 8 >0, then f(x) is called frac-
tional continuous at x=x,. As in the classical case, we

13

denote this property by
lim f(x) = f(%o)-

X——X,

In the same spirit, the function f(x) is called local frac-
tional continuous on the interval |a, b and denoted by f €
C,(a, b), if it satisfies the condition (46) for x € ]a, b]. Now,
if f € C,(a, b), the local fractional derivative of the real func-
tion f(x) of order v at x = x, is given [34] by

f(V)(xo): d(i:"f(x) =TI'(1+v) lim JM)

O<v<l1.
xX=x, % (x_xo)v

(48)

The function f is called v-differentiable (or differentiable
of order v) at x = x; if the limit in (47) exists and is finite. It
is worth noticing that the local fractional derivative (47)
does not satisty the generalized Leibniz rule [21]. Neverthe-
less, if f and g are both v-differentiable in the interval ]a, b|
in the sense of (47), we have that

(fg)" =fMg+fg™. (49)

In fact, (47) implies that

% (f(%) g(x))=T(1 + v)}‘linﬂf<x +hgx J;lf) ~f(x¥)g(x)
=I(1+v) lim (w g(x) + f(x+ ) IEF =9 ’2; W))

=V ®)g(x) +f(x)g" ().

Thus, the v-derivative of the product of two functions is
the fractional equivalent of the product rule for integer
derivatives.

We note that the definition (47) works for almost all the
rules of fractional calculus (except, of course, the generalized
Leibniz rule). For instance, we have [35] that

Y . v v d’ vy _ . v
I sin, (x") = cos, (x"), I cos,, (x") = — sin, (x").
Moreover,
d" I'(1+kv) (k-1)v
=—~ 7 , 50
I T T (k=1)v) (50)
and thus, for k = 1, it follows that
d'x"=I(1+v)dx" = (dx)"=T(1+v)dx". (51)

In recent years, the differential operator (50) was used to
define integral transformations on Cantor sets (see, e.g., [36,
37]). The results of Section 4 allow us to obtain a series
expansion of the local fractional derivative (47) as stated in
the following theorem.

Theorem 14. Let f € L2[0, 1] such that the wavelet coeffi-
cients (10) exist and are finite. Then, the local fractional



14 Journal of Function Spaces

FIGURE 5: Comparison between the function g(x) = 3x?¢** sin (-27x) and its approximation (dashed line) by Chebyshev wavelets with
k* =6 AM* =21 (top) and k* =9 A M* =31 (bottom).

40
30
20

10

-10

FIGURE 6: Comparison between the local fractional derivative of g(x) = 3x*¢** sin (—27x) for v = 1/2 and its approximation (dashed line) by
Chebyshev wavelets with k* =9 A M* =31.
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derivative of f in the neighborhood of x = 0 is given by

[e9)

S
dx" Zr 1+(p v

p=1

where

B)=25 5 g (6,0 vE(1(1-0,)

n=1m,q=0

Proof. The proof follows directly by (45) and (49). In fact, we
have

ey fz(z Y. Bh vy (8,4 V2 (-1y1(1 - )))

p=1 \n=1 mq=0
1 a’

'F(vp l)dex

1
v e

T(1+(p-1yw)

vp

O

Example 2. Let us consider the function g: x € R — 3x?
e** sin (—27x) € R. This example shows the efficiency of
the results proved in this paper. First, we note that g€ L2
0,1]. In fact,

3 2 2x -2
J e sin (Z27%) 4 s 0075,
0

V1-x2

Moreover, g" is bounded on [0, 1]. Accordingly, we can
expand the function g in Chebyshev wavelets. Now, (11)
implies that g can be approximated in terms of Chebyshev
wavelets as follows:

K1 e
3x*e* sin (—271x) = Z Z B 1;/” ml (52)
g

where increasing the values of both k* and M* provides
a better approximation in (51). Obviously, wavelet coeffi-
cients ﬁﬁm are computed by (10). The approximation error
of g by Chebyshev wavelets is clearly shown in Figure 5.
On the one hand, Theorem 14 implies that

v 00 AT
%&czez" sin (—27x) = P; W@l)v)x@l)”, (53)
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where the coeflicients A; (B) is the truncated version of

A,(p) e,

2"‘M1

vy Zﬁnmmﬁg(a +V2(1)1(1-8,)).

nlmO q=0

On the other hand, (48) gives

aic" g(x) = : (x*e™ sin 271x)

_ v,2 2x F(3) 1
=-3@n)'xe ((r(a V) @nx)

1 /4
+ — | sin 27rx + sin (27Tx + —v> s
i 2

(54)
where we used the fact [35] that

d”e d’
dxv
&, I(n+1)
X'=——~ 2 X"V, n>0.
dx¥ I'(n+1-v)

. . T
sin ax =a" sin (ax+ 5v), aclR,

Comparison between (52) and (53) shows the efficiency
of this method even with rough wavelet approximations
(Figure 6).

Appendix

Proposition A.1. Let p € N and m € N,,. Let E be the set of
even numbers. Then,

4

ﬁTm(x):me Z dfnr r
0<sr<m—p :
m—p-r€E

(x)=2""mdt, [m—-peE],

where

: —_ qP
with &, =d, .

Proof. We begin by recalling the following expansion:

m+p

& _ +j-1 p- — -1
T n@=2 ¥ m(m—1_j)IL<P] )TmpZj(x)—[[m—peE]]zP-‘m(”’Z”"—1)( 2 1 )

p-1

0<j<(m-pl2)

p-
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which is due to Prodinger [38]. By the change of variable
r=m— p—2j in the previous sum, we get

& m+p+r p-1 (MEPTT
el —or 2T y— -
T =2m Y ( : 1) 2
0<r<m—p : p-1
m—p-reE
which completes the proof. |
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In this work, an algorithm for finding numerical solutions of linear fractional delay-integro-differential equations (LFDIDEs) of
variable-order (VO) is introduced. The operational matrices are used as discretization technique based on shifted Chebyshev
polynomials (SCPs) of the first kind with the spectral collocation method. The proposed VO-LFDIDEs have multiterms of
integer, fractional-order derivatives for delayed or nondelayed and mixed Volterra-Fredholm integral terms. The introduced
model is a more general form of linear fractional VO pantograph, neutral, and mixed Fredholm-Volterra integro-differential
equations with delay arguments. Caputo’s VO fractional derivative operator is used to generate the matrices of the derivative.
Operational matrices are presented for all terms. The reliability and efficiency of the proposed scheme are demonstrated by
some numerical experiments. Also, some examples are included to improve the validity and applicability of the techniques.

Finally, comparisons between the proposed method and other methods were used to solve this kind of equation.

1. Introduction

In recent few decades, fractional calculus has shown to be a
useful implement to formulate many problems in science
and engineering where the fractional derivatives and inte-
grals can be used for the description of the properties of var-
ious real materials in different branches of science [1-7]. In
1993, Samko and Ross [8] have introduced the variable
order derivative (VOD) operator just as a generalization of
the fractional-order derivative, and they provided some of
its main properties. In this introduced operator, the order
of the derivative is a function of the independent variables
such as time and space variables. With this generalization,
many applications have been established in mechanics,
physics, signal processing, and control [9-12]. One of the
most important tools in studying the prime numbers is the
Riemann zeta-function which embodies both additive and

multiplicative structures in a single function, the fractional
generalization of it is also found in [13-17].

Consequently, a generalized kind of differential equation
appears named VO fractional differential equations
(VOFDEs) [18-24]. In VOFDEs, the differential operator is
VO, and the derivative changes in general concerning the
independent variable or concerning an external functional
behavior [8, 25]. Analytical solutions for the VOFDEs are
difficult to obtain because the kernel of the VO’s operator
has a variable exponent, hence, there will be increasingly
rapid developments in numerical approaches to VOFDEs
[26-29]. The delay, neutral delay FDEs, and fractional
integro-differential equations (FIDEs) are considered as a
generalization and development of FDEs, and dealing with
them analytically in most of the cases is difficult [30-34].
The VO fractional delay differential equations (VOFDDEs)
are a kind of generalization for the fractional delay
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differential equations (FDDEs) [35-38]. VOFDDEs did not
receive the attention that the FDDEs accomplished; how-
ever, the potential to describe complicated behavior by the
VO of differentiation or integration is clear, all this was a
motivation to start studying this type of equation. Soon after,
a variety of definitions have been offered for variable order
integral and derivative operators such as Riemann-Liouville
(RL) [39], Griinwald-Letnikov [40], Caputo, and Fabrizio
[41] derivatives.

In this work, we use operational matrices discretization
technique based on shifted Chebyshev polynomials (SCPs)
of the first kind with the spectral collocation method to solve
the following type of linear fractional delay-integro-
differential equations of variable-order (LFDIDEs):

)

3 Q) D"Wy(x) + 3 P (x) D y(x - 1) + 3 R (x) Y (x - )
i=0 s=0

Jj=0
b

=g(x)+ J K(x, t) y(t) dt + JxV(x, t)y(t)dt,x € [a, b],

a

(1)

under the conditions
)’(i)(Pi)=14i’i=0’1’2""m_1’ (2)

where 0 <a;(x) <1, 0 <v;(x) <1, and 7}, & are positive real

delay arguments, and the known functions Q;(x), P;(x), R;

(x), K(x,1), V(x,t), and g(x) are well defined, additionally,
¥(x) is an unknown function to be determined. The symbole
D denotes the variable-order derivative (VOD) operator in
the Caputo sense.

Corollary 1. The independent variable x of (1) belongs to [a
,b), which is the intersection of the intervals of the different
delayed arguments and [0,h], i, x €la,b]=[t;,h+7 ]|
e, h+e] N[0, h], and 7, e, <h.

The introduced model (1) is a more general form of lin-
ear fractional VO pantograph, neutral, and mixed Fred-
holm-Volterra integro-differential equations with delay
arguments. Several methods have been presented for solving
VO differential equations [42-46]. For example, Ganji et al.
applied the first-kind CPs to obtain the solution of variable
order differential equations [47]. Doha et al. solved
variable-order fractional Volterra integro-differential equa-
tions by shifted Legendre—Gauss-Lobatto collocation
method [39]. A numerical method based on the Jacobi poly-
nomials for solving variable-order differential equations has
been proposed in [48]. Furthermore, Ganji et al. have intro-
duced a numerical scheme based on the Bernstein polyno-
mials to solve variable order diffusion-wave equations [49].
As a notation, the proposed model (1) is a generalization
of our previous reports [50-54] and other work [55-57] as
well.
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2. Basic Definitions

In this preliminary section, the definitions and properties of
Caputo’s VO fractional derivative and the required mathe-
matical tools will be introduced. Also, briefly, the SCPs of
the first kind, we will present what we need from their
properties.

2.1. Caputo Variable-Order’s Operator

Definition 2. The Caputo’s VO fractional derivative operator
of order n—1 < a(x) < n operates a function g(x) € C"[0, h]
in [42, 43] as

1 X g(s)(”> S
Iln - a(x)] JO (x— 5)"‘(x)*n+1 ds,

9" (x),

forn—1<a(x)<n,
D" g(x) =

for a(x) = n,
(3)

and n e R.

Remark 3. In this work, we write the Variable-Order Capu-
to’s fractional symbol D*®) instead of {D*® for short.

Remark 4. The following useful property according to Defi-
nition 2:

I'(m+1)

T ) form>n,
D) xm =) T'(m+1-ax)) (4)
0, otherwise.
where
n—1<a(x)<n,meR;and Xy =NU{0}. (5)

Definition 5. The Caputo’s VO fractional derivative operator
of order a(x),0 < a(x) <1; operates g(x), where g(x) € C"
[0, h] can be defined as [42, 58]

g'(x)

1 " g(0+) - g(07> xfot(x)
(1-a(x)) Jo (x = £)°) " '

I'(l-a(x))

Dg(x) =
(6)

and 0 <a(x) < 1. Definition 5 can be reformulated if we
assume that; the starting time in a perfect situation, then:

D g(x) =

L G| i
T = o) Jo(x—t)“(x)dt’0< (x)<1. (7)

Remark 6. By (7), we can get the following formulas:

(i) The Caputo’s VO operator is linear

D™ (uf(x) + A g(x)) = D" f(x) + AD"™ g(x), (8)

where y and A are any two constants.
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(ii) As the ordinary differentiation operator the Caputo’s
VO operator as well, such that D*® K =0, and K is
constant.

2.2. Shifted First Kind of Chebyshev Polynomials. Next, let us
introduce some properties of the SCPs [59]. It is well known
that the classical CPs are defined on [-1, 1] by the three-term
recurrence relation:

Ty () = 20T, (6) = Ty (0, To(6) = 1, Ty () = t,n = 1,2,
(9)

Let the SCPs T, (2t/h—1) be denoted by T"(x), which

are defined on [0, h]. Then, T"(x) can be generated by using
the following recurrence relation:

T =25 1) T - T (hn=1.2. (0)
where
h h 2x
To(x):l,Tl(x):W—l. (11)

The analytic form of the SCPs T? of degree i is given by:

i+ j-1)2%

TH= Y (-1

L2k )
=0 (i—)(2))'h
The orthogonality condition of the SCPs is
g h
| T ax=s, (13)
where
0, fori# j,
wy, =1/Vhx-x%,6; =
¢,/2m, fori=j¢,=2, ¢;=1j=1.
(14)

A function y(x), square integrable in [0, %], may be
expressed in terms of shifted Chebyshev polynomials as

)= Y T (15)

where the coefficients a; are given by

1 h
a; = EJ y(x)T?(x)whdx,iZ 0,1,2,---. (16)
0

i

In practice, only the first (1 + N)-terms shifted Cheby-

shev polynomials are considered. The special values

Iyl . 2 i
T?A:(_l)i’jw,jgj’ (17)
’ (i= 1)) ¥
will be of important use later.
In the approximation theory, the series in (15) can be
approximated by taking the first (N + 1) terms as follows:

N
y(x)=yn(x) = ) T} (x) = ATT" (x), (18)
i=0
where  A=l[ag,a,, - ay]” is a vector, T"(x)=
[T8(x) TH(x) - T?\,(x)]T and if we assume that X(x)=
(2 x o %N

From (12) and (17), T"(x) can be written as the follow-
ing form:

T"(x) = X (x)M", (19)

where M is square lower triangle matrix with size (N + 1)
x (N +1) given by:

Mg 0 0 0
my, mp, 0 0
My, My My, 0
M=
Myi10 Ml MN+2 MN+1,N+1

(20)
and its entries elements are given by:
1, ifi=j=0,
o Iy ; 1 !22]
(_1)"]%) ifjgi,
m, = (i~ 7)1 (i) (1)
0, if > .

For example, if N =4, then the square matrix M is given

1 0 0 0 0
-1 2 0 0 0
M=|1 -8 8 0 0 (22)
-1 18 -48 32 0
1 -32 160 -256 128

Now, from (19), we can obtain the k™ derivative of the



TaBLE 1: The comparisons between the absolute errors of different
N for Example 1.

Absolute errors
Our method N =3 Our method N=4 Our method N =5

0.2 1.66 x 10716 2.77 %1071 1.94x 1071°
0.4 1.66 x 1071¢ 3.33x1071° 2.77 x 10716
0.6 1.94 x 10710 2.77 x 1071 2.22%x1071°
0.8 1.11x 107 3.88x107'° 2.77 x 10716
1 1.38x 10716 3.40x 107'° 1.75%x 1071°
matrix T(x) as
T®(x) = X® ()M, k=0,1,2, . (23)

3. Operational Matrices

In this section, we introduce the generalized operational
matrices for T"® (x), T")(x —1,), D" T"(x), and D%
T"(x - ;) according to fractional calculus.

Lemma 7. The (k)" order derivative of the row vector T"(x)
can be in the following relation form [50, 60]:

"0 (x) = X (x)B*M”, (24)

where B is the (N + 1) x (N + 1) operational matrix of deriv-
ative for X(x) and can be obtained from

for otherwise,

0)
B=(e)) = ,j=0,1,---,N. (25)
() {j+1, fori=j+1,

Proof (see [50, 60]). The row vector T(x — T) represents in
terms of the vector X(x) in the following form [50, 60]:

T(x-1)=X(x)B_,M", (26)

where B_, is square upper triangle matrix with size (N + 1)
x (N +1) given by:

B.=(8)) = ( i) (o)™ forjzi

0, for otherwise,

,i,j=0,1,---, N.

(27)
O

Corollary 8. The (s)th order derivative of the delay row vector
Th(x - 1) can be represented as [50, 60]

") (x 1) =X (x — 7 )M" = X(x)BSB_TsMT- (28)

According to the previous lemmas with the fractional
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calculus by using the Caputo’s variable-order fractional
derivative, we introduce the following theorem.

Theorem 9. The v,(x)th variable-order fractional derivative
of the vector T(x) can be written as

DO (x) = X,, (4 (x)B,, () ()M, (29)

i(x
where

X, (%) = [0, X1V 2 xN’”l(")} ,0<vi(x) <1,
(30)

where B, (x) diagonal matrix with size (N + 1) x (N + 1),
its elements A;; given by:

r(i+1) Jori=j#0
-, fori= .
A= I(i+1-vi(x)) J ,i=0,1,---,N.
0, for otherwise.
(31)
Proof.
DT (x) = DX (x)M" = D" [1,x, 5%, -+, N MT, 0 < vy(x) < 1,
_ rQe) 1=v,(x) I(3) 2vi(x) .. I'(N+1) N—v,(x) | AfT
| e e e
=X, 0 (0)B,, ()M,
(32)

O

Corollary 10. Relation (29) satisfies for n—1<v,(x)<n
according to Definition 2 by induction with

X, (%) = [O, 0,0, -+, X"V e NV |y~ T < vy (x) <,
(33)
and
I'(i+1) o
B, (%)= (X)) ={ T(i+1-vi(x))’ forizjzn ,i=0,1,-,N,n<N.
0, for otherwise.
(34)

Corollary 11. The a,(x)th variable-order fractional deriva-
tive of the delay vector T(x —1;) can be written in the follow-
ing form:

DAOT (x —7,) = X, ) (%) By ) (X)B_ M. (35)
Form (18), we get

yul) =T ()4, (36)

Y8 (x) = TH9) ()4, (37)
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F1GURE 1: The behavior of the absolute errors for the proposed method with N =3, 4,5 for Example 1.

] x1077
. 1.5 1
] -
. e 4
] 5 1.0
. 8 1
1 =
] 2
] = 054
L L R S B B L — L — T E
0.0 0.2 0.4 0.6 0.8 1.0 ote—— ~ @
. 0.0 0.2 0.4 0.6 0.8 1.0
X
-&— y(x) exact
&/ a(x)=x

-@— y(x) approx
—e— a(x) = 1-cos?[x]

(a) (b)

F1GURE 2: Exact solution and numerical solutions (a), absolute error at two different cases of a(x) (b) for Example2of N=7,7=0,and h=1

and

Consequently, by substituting the matrix form (24) into

v;(x) = Th(vi(x))
D" yn(x) =T ()4, (38) (37), we have the matrix relation

y ¥ (x) = X®) (x)B M A. (41)

D%y (x—1,)=T@ D (x~1)A,i=0,1,--,N. (39)

By putting x — x — &, in the relation (37), we obtain the

matrix form

By substituting the matrix forms (29) into (38), we have
the matrix relation

yg\;) (X - 85) = Th(S) (X - SS)A. (40) DVl(x)yN(x) = th(x) ('x)Bvi(x) (x)MTA (42)
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TaBLE 2: The comparisons between the absolute errors of the method given in [44] the presented method with different values of a(x), 7, =0

and N =7 for Example 2.

Absolute errors

x Our method Method [44] Our method Method [44]
a(x)=x a(x)=x a(x) =1 - cos?(x) a(x) =1 - cos?(x)
0.1 3.97x107° 5.04x 107° 5.08 x107° 7.34%10°°
0.3 5.43%x107° 1.37x107° 6.27 x107° 2.86x107°
0.5 5.53x107° 1.63x107° 5.64x107° 3.55x107°
0.7 6.32x107° 9.62x1077 5.94x107° 3.17x 1077
0.9 2.01x107® 8.21x1077 2.09%1078 6.10x 1077

TaBLE 3: The comparisons between the absolute errors of the
presented method for Example 2 with different values of 7 and N
=7 in case a(x) = 1 - cos?(x).

Absolute errors

b Our method Our method Our method
7=0.02 7=0.002 7=0.0002
0.1 5.73x107° 5.14x107° 5.09%107°
0.3 6.86x 107° 6.33%x107° 6.28 x 1079
0.5 6.47 x107° 6.54x107° 6.70x 10~°
0.7 6.76 x 10~° 5.98x 107 5.94x107°
0.9 2.22x10°8 2.13x1078 2.09x 107
By using (35) and (39), we get
. T
D4y, (x-1))= X () (%) By () (X) B M7 A. (43)
Similar form (28) and (40), we obtain
(s) _ _ g T
yN (x—&)=X(x)B'B_ M A. (44)

3.1. Matrix Representation for Fredholm Integral Terms.
Now, we try to find the matrix form corresponding to the
integral term. Assume that K(x, t) can be expanded to uni-
variate Chebyshev series concerning t, as follows

K(xt)= Y u,(x)T,(1). (45)

Then the matrix representation of the kernel function
K(x,t) is given by

K(x,t)=Ux)T"(t), (46)
where
U(x)=

[t (2)241 () -+t ()] (47)

Substituting the relations (29) and (46) in the present

integral part, we obtained

[ s L

()T (01( Adt_r ()MXT (1) X(t) M" Adt

M - N[0 N MT Adt

Il
P
S

b
U(x)M (J th ¢ dt) M"A=U(x)M (J 1P+ dt) M'A
=U(x) MZM"A,p,q=0,1,---,N,

(48)
where
b
Z:J tp+th,p)q:0) 1)"'>N) (49)
a
or
~ ~ (b)p+q+1 _ (a)p+q+1 ~
Z_[qu]_ pt+q+1 P q=0 1 N 50)

So, the present integral term can be written as

JbK(x, Hy(t)dt=U(x)MZM"A=U(x) MZM" A. (51)

a

3.2. Matrix Representation for Volterra Integral Terms. Now,
we try to find the matrix form corresponding to the integral
term. By the same way, V_(x, t) can be expanded as (45)

Vint)= ) f(x)T,(0). (52)

Then, the matrix representation of the kernel function
V.(x,t) is given by
V(xt)=F(x)T"(t), (53)
where

E(x) = [fo(x)fi (%) - fn(%)]- (54)

Substituting the relations (29) and (53) in the present
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] »
2.5 ] S
o ]
I ]
g 2.0 -
B 4
E 4
8 - ,,,
2 ] o
< 1.5 o
] o
] o
B -}
1.0 4o
T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
x

—m— Exact sol

—m— App solat 7=10.02

—+— App sol at 7 = 0.002
App sol at T = 0.0002

(a)

%1077

1.0 -

Absolute error

0.5 1

-m 7=0.02
—o— 7=0.002
7=0.0002

e

()

FiGURrk 3: Exact solution and numerical solutions (a), absolute error (b) for Example 2 with three different values of 7 and N =7 in case

a(x)=1-cos?(x) and h=1.

TaBLE 4: Comparison of the maximum absolute error of the
method given in [45] and the presented method for Example 3
with different values of N and h =1 in a(x) =x/2 for Example 3.

Absolute errors

x Our method at [45] at Our method at [45] at
N=7 N=7. N=5 N=5
0.1 9.05x107' 210x10° 1.56x107*  2.88x107°
03 1.80x107"° 545x10° 558x107*  4.72x107*
05 3.49x107°  350x10° 6.27x107* 1.12x 107
07 3.49x107®° 525x10*  6.94x107*  2.01x107°
09 954x107"°  4.03x107%  4.18x107°  4.39x 1072

integral part, we obtained

rV(x, tyy(t)dt = J.xF(x)TT(t) T(t) Adt = JXF(x)MXT(t)X(t)MT Adt

Ja a a

X

= [ Py M [ - ) [0 - N MT Adt
= F(x)M <th1’ t dt) MTA=F(x)M (thl’*'f dt) M"A
= F(x) ME(x)M"A,p,q=0,1,---,N,
(55)
where
X
E(x):J #*dt,p,q=0,1,---,N, (56)

or

(x>p+q+1 _ (a)p+q+1

E(¥) = o)) = s p g =01,
(57)

So, the present integral term can be written as:
J V(x, t)y(t) dt = F(x) ME(x) M" A. (58)

3.3. Conditions’ Matrix Relation. Finally, we can obtain the
matrix form for condition (2) by using (36) on the form:

X(b)BM A=y, i=0,1,2-+,m~-1, (59)

Via, Equations (41), (42), (43), (44), (51), and (58), then,
Equation (1) converted to

ny

2 Qulx) X, ) (%)By oy ()M + ZOP]-<X> X ) (%) Ba ) (x) B M"

- (60)
+ Y R(x) X(x)B'B_ M" = U(x) MZM" - F(x) ME(x) M"] A = g(x).
5=0
We can write (60) in the form:
OA =G, or[O; G, (61)

where

0= ZO Qi(x) Xv‘(x)(x)Bv,(x) (x)MT + Zopj(x) Xa,(x) (x)Baj(x)(x)Bf-rjMT
i= J=
L)
+ Y R(x)X(x)B'B_ M" - U(x) MZM" - F(x) ME(x) M",
s=0 ’

(62)
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FIGURE 4: The absolute error when /i =1 for three different values of N for Example 3.

The collocation points are defined in this form:

h(2l+1
xl:w,lzo,l,Z,---,N. (63)
2N +2

By substituting (63) in (60), then (60) can be turned into
the following system:

% Qi(xl)Xv,(x,)(xl)Bv,(x,)(xl)MT + 2}Pj(xl)sz](x,)(xl)Ba](x,)(xl)BfrjMT
i=A J=
+ ) R (x)X(x)BB M" - Ux)MZM" ~-FMEM"]A=G,
=0

(64)

where Xvi(xl)(xl)’ Bvi(xl)(xl)’ Xaj(x,)(xl)’ and th}-(x,)(xl)
are block matrices, also F and E are block matrices defined
in this form:

fer) 00 0 e(x) 0 0 0
0 S 0 0 0 e(x) O 0
[ 0 fE) ? E=| 0 0 ex) 0
o0 Few) 0o 0 0 e(xy)
9(x1)
oo g(fz)
9(xy)
(65)

Here, the system in (64) in addition to the supplemen-
tary conditions can be solved numerically (the inverse
matrix method is preferred when O be invertible) to deter-

mine the unknown vector A. Hence, the approximate analyt-
ical solution defined in series (18) can be calculated.

3.4. Convergence Analysis

Theorem 12. Assume that a function y(x) € [0, h] be nth
times continuously differentiable and y, (x) be the best square
approximation of y(x) defined in (15). Then, we have

MHWND /1

(N+I)! (66)

y(x) = yn ()] <
where

h
1
M= m[g.ﬁ]y("”)(x), H=max {h—xy,x,}and = J —dt.
x€[0,

Proof. Using Taylor expansion for y(x) as follows:

(X _ XO)NH

(x=x)"
N+

y(x)=y(x0)+(x—x0)y'(x0)+~-~+ NI y(”)(x0)+

where x,, € [0, h] and S8 € ]x,, x[. Assume

In(¥) =y(x0) + (x = xo))”(’“o)*"*%}’w)( 0)
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TaBLE 5: Comparison of the absolute error of the method given in
[45] and the presented method for Example 4 with different values
of N, h=1, and 7, =0.

Absolute errors

x Our method at [45] at Our method at [45] at

N=7 N=7 N=5 N=5
0.1 295x10° 824x10* 895x10°  1.31x107°
03 231x10° 9.11x107° 1.89%x107° 1.28x107*
05 3.76x107° 1.25x10° 2.39x10°  3.72x107°
0.7 5.88x10° 525x10* 9.57x107°  2.64x1072
09 2.64x10°  957x107°  8.65x 1072 1.81x 107}
then

(x_xO)N+1

1y(¥) = yn(x)]| = |Wy(m”(ﬁ)|~ (70)

According to, y,(x) that given in (18), we obtain
h
ly() = yx)1* < [y () = 7)1 = Jow(x) (%) =y (0)])dx
- [fot {("’“‘)’Nﬂy(”*”(ﬁ)} P (71)
(N+1)!

Jo

M2 g N+172
< m'[ow(x) [(x = x0)""] "d.

Now, let H = max {h — x,, X, }, thus (71) rewritten as

w(x)dx. (72)

2 pyN+172 oh
() - () < 2L }j

(N+1))? Jo

Since, w = 1/4/x(h - x),

Then
M2 [HNH]Z h 1
x) = yy ()| < J dx. 73
1y(x) =yn ()l NI O Jo Vathe) (73)
Hence, the proof is completed. O

4. Numerical Examples and Results Analysis

In this section, we introduce some numerical examples for
VO fractional delay-differential equation to illustrate the
above results. All results are coded and obtained by using
Mathematica package programming. Moreover, the absolute
maximum error E_ . will be used in our computational
results for the comparison between the exact and approxi-

mate solutions, where E,_ . is defined as the below formula:

h(2l+1
() = yn ()]s % Gt D) 1=01,2,N,

M 0,12,-.N T ON+2
(74)

where x, y(x), and yy(x) are the space vectors, exact, and
numerical solutions, respectively.

Example 1. Consider the following linear variable-order frac-
tional delay integro-differential equation:

D*®y(x) + D*®y(x - 0.001) + "' (x - 0.002) — y(x)

h X 75
=g(x)+ Jo(x +t)y(t)dt + J0(3t —2x)y(t)dt,x €0, h]. 7%)

The initial conditions are y(0) =0, y'(0) = —1, and the
exact solution is y(x) =x? — x where h =1, v(x) = 1 - Sin[x]
19, a(x) =2 — Cos[x]/7, Qy(x) =1, Ry(x) =—1,R,(x) =1, Py(
x)=1, and g(x) = 25/12 + 7x/6 — x* — x*/12 + x'~*¥ (1.002/
—1.+afx] + 2.x/2 = 3afx] + afx]*)/Gammal[1 — a[x]] + x' B
-2+ 2x + v[x])/Gamma[l — v[x]] (-2 + v[x]) (-1 + v[x]). The
fundamental matrix equation of the problem (75) at N =3
is defined by

QOXV(XI)BV()CI)MT + POX(X(XI)B(X(XI)B»[MT + RZXBZBEMT
~RXM"-UMZM"-FMEM"]A=G,
(76)

where

01 00 1 0 0 0
00 2 0 -1 2 0 0
Q) =R, = P, = idintity, B= M= ,
00 0 3 1 -8 8 0
00 0O -1 18 -48 32
1 0.125 0.015625 0.00195313 1.9211
X 1 0.375 0.140625 0.0527344 1.85111
1 0.625 0.390625 0.244141 1.94491
1 0.875 0.765625  0.669922 2.15722
o 0 0 0
0 0 0 0
0 1.03874 0 0
0 105546 0 0
0 0 L0918 0
0 0 11373 0
o 0 0 112841
0o 0 0 1.19466
o 0 0 0
0o 0 0 0
0 1.0285 0 0
0 1.05846 0 0
0 0 106608 0
0 0 L4601 0
_ 0 0 0o 10917 | _
By, = Buy=|0 0 0 12075
0o 0 0 0
o 0 0 0
0 101898 0 0
0 106414 0 0
0 0 104302 0
0 0 11629 0
o 0 0 10593
0 0 0 12327
0 0 0 0
0 107187 0 0
0 101076 0 0
0 0 11871 0
0 0 L0239 0
0 0 0 1.26924
00 0 1.03288
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(b)

FiGuRre 5: Exact solution and numerical solutions (a), absolute error (b) for Example 4 with different values of N and # =1 in case of h=1.

TaBLE 6: The comparisons between the absolute errors of the

presented method for Example 5 with value of N = 4.

Absolute errors

Our method Method [46] Method [39]
0.1 1.11x 10716 3.52x 10713 4.99 x 1071
0.3 1.11x 1071 2.33%x 1071 1.22x1071
0.5 0 1.35x 1071 1.05x 1071
0.7 0 4.86x 1071 6.66 x 1071
0.9 0 2.99 x 10714 5.55x 1071
0 0 0 0 T
0.153018 0 0 0
0.0191273 0 0 0
0.00239091 0 0 0
0 0 0 0
0 0.401814 0 0
0 0.15068 0 0
va _ 0 0.0565052 0 0 ’
0 0 0 0
0 0 0.878023 0
0 0 0.399181 0
0 0 0.29992 0
0 0 0 0
0 0 0 0.931899
0 0 0 0.76827
0 0 0 0.672236

0 0 0 0
0.288108 0 0 0
0.0360135 0 0 0
0.00450169 0 0 0

0 0 0 0
0 0.562781 0 0
0 0.211043 0 0
_ 0 0.079141 0 0
on(x): >
0 0 0 0
0 0 0.767795 0
0 0 0.479872 0
0 0 0.29992 0
0 0 0 0
0 0 0 0.931899
0 0 0 0.815411
0 0 0 0.713485
111
1 - - -
2 3 4 B B
1 -0.001 1.1x10°% -1.0x10
11 1 1
2 3 4 5 0 1 -0.002 3.0x107°
Z= > Booor =
i 0 0 1 ~0.003
3 4 5 6
0 0 0 1
1 1 1 1
4 5 6 7
(77)

In Table 1, we list the absolute errors between the exact
solutions and the approximate solutions using the proposed
method with v(x)=1-Sin[x]/9, a(x)=2-Cos[x]/7 and
three choices of N. In Figure 1 is the behavior of the absolute
errors for the proposed method of different N.
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FIGURE 6: Exact solution and numerical solutions of Example 4-case 1 for different values of N, h.
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FIGURE 7: Comparison between the approximate solutions and the exact solutions of Example 5 for N = 4.

Example 2. Consider the following linear variable-order frac-
tional delay integro-differential equation [44]:

h X
DMy (x—14) = g(x) + Jo(x —t)y(t)dt + L(r +x)y(t)dt, x € 0, h].

(78)

with the initial condition y(0) =1, y'(0) = 1. Problem (78)
found in [44] with the exact solution given as y(x) =e* at
7, = 0. Now, by applying the suggested technique introduced
in the previous section with finite terms (N +1) to (78),

then, we have
[POXa(x)Ba(x)BfTuMT - U(x) MzZM" - F(x) ME(x) MT}A =g(x),
(79)
Hence, using the collocation method with the collection

points x; that is given in the previous section. Then, the pre-
vious equation can be rewritten as follows:

PX, B, B M —-UMZM"'-FEMEM"|A=G,
0% a(x) Pan) -1,
(80)
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The numerical solutions obtained by different values of
a(x) together with the exact solution are displayed in
Figure 2. From this figure, we see that the numerical solution
converges to the exact one by increasing the number of basis
functions. In Table 2, the comparisons between the absolute
errors of the method are given in [44] and the presented
method for different values of &« and N =7 and choices of
T,=0and h=1.

In Table 3 shows the absolute errors between the exact
and approximate solutions for v =1 with N = 6 and various
choices of 7. In Figure 3 is the exact solution and numerical
solutions (a), absolute error (b) at N=6, 7,=0.001, 7, =
0.0001, and h=1.

Example 3. Consider the following linear variable-order frac-
tional delay integro-differential equation [45]:

(X 1 g
D) =g() + 5|
0

rX

(x+ t)y(t) dt + %Jo(tx)y(t) dt, x € [0, h).
(81)

where a(x) = x/2, g(x) =-17/216 — 5x/56 — 1/720x° (9 + 8x)
+720x°7%M (7 + 7x — afx])/Gammal[8 — a[x]] and the initial
condition is equal to y(0) =0. The exact solution as given
in [45] is given by y(x) = x” + x°. Now, by applying the sug-
gested technique that introduced in the previous section
with finite terms (N + 1) to (53) then we have

[POXa(x)Ba(x)B_TMT —U(x) MZM" - F(x) M E(x) MT}A = g(x),

(82)

hence, using the collocation method with the collection
points x; that given in the previous section. Then, the previ-
ous equation can be rewritten as follows:

a(x)

[POX BB M ~UMZM" - PMEMT} A=G.

(83)

In Table 4, the comparison is the maximum absolute
error of the method given in [45] and the presented method
for different values of N and 4 =1 in a(x) = x/2. The abso-
lute error when h =1 for different values of N is shown in
Figure 4.

Example 4. Consider the following linear variable-order frac-
tional delay integro-differential equation [45]:

1 X

D*Wy(x—15) = g(x) + J'O sin (x)ty(t) dt + J (t—x)y(t)dt, x € [0, h],

0

(84)

where P, =1, g(x)=-16x7"/621 — 25x*1/5/1476 + x'*/4~*}
(Gamma|23/4]/Gamma|[23/4 — a[x]] + x***°Gamma|[36/5]/

Gamma[36/5 — «[x]]) — 299Sin[x]/1107, a(x) = x and the ini-
tial condition is equal to y(0) = 0. The exact solution of this
equation is given by y(x) =x""* + x> at 7, =0 (see [45]).

Journal of Function Spaces

Now, by applying the suggested technique that introduced
in the previous section with finite terms (N + 1) to (8), then,
we have

PyX o Bags) B M~ U(x) MZ M" — F(x) ME(x) MT}A = g(%),

(85)

Hence, using the collocation method with the collection
points x; that given in the previous section. Then, the previ-
ous equation can be rewritten as follows:

[POXa(xl)Ba(xl>B_TOMT —UMzZM" - FMEMT} A=G.
(86)

By solving the algebraic system (86), we can obtain the
vector A =lay,a,,-- a,]" . Subsequently, numerical solu-
tion according to (18) is obtained. Table 5 gives the compar-
ison of the absolute error at some points obtained by the
present method and method of [45] with different values
of N, and it is seen that our method gives more accurate
results than the method of [45] at 7, =0. In Figure 5, the
exact solution and numerical solutions given (a), where the
absolute error shown (b), are all with different values of N
and h=1.

Example 5. Consider the following linear variable-order frac-
tional integro-differential equation [39, 46]:

D"(">y(x) + sin (x)y'(x) +(x-1)y(x)=g(x) - J:e"y(t) dt,x €0, 1],

(87)

where Q, =1, Ry(x) = (x—1), R;(x) = (sin (x)), and g(x) =
(-1+x)(1+ (-1 +x)x) + 1/6€*x(6 + x(=3 + 2x)) + (-1 + 2x
)Sin[x] + 7 (=2 + 2x + v[x])/Gamma[3 - v[x]] and the
initial conditions is equal to y(0) =0,y’(0) = —1. The exact
solution of (87) according to [39, 46] is given by y(x) = x?
—x+ 1 at v(x) = x/3. Now, by applying the suggested tech-
nique that introduced in the previous section with finite
terms (N + 1) to (8), then, we have

[QOXVABV(,C)MT +Ry X(x)M” + R, X(x)BM + F(x) M E(x) MT]A = g(x),

(88)

Hence, using the present collocation method with the

collection points x; that given in the previous section. Then,
the previous equation can be rewritten as follows:

[Qo)‘(v B, M"+ R, X(x)M" + R, X(x;)BM" + FMEMT]A =G.

Ve
(89)

By solving the algebraic system (89), we can obtain the

T .
vector A =[ay,a,,+,a,] . Subsequently, numerical solu-
tion (18) is obtained. In Table 6, a comparison between the
AEs is obtained in [39, 46], and the results are obtained in
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this work for N =4 of for example (12). In Figure 6, we see
the matching of the AEs values in this figure and that in
Table 6. While Figure 7 displays the curves of exact and
approximate solutions for example (12) with values of
parameters listed in their caption.

5. Conclusion

In this work, the general form of mixed Fredholm-Volterra
integro-differential equations with delay arguments of
variable-order based on the operational matrix method with
the Shifted Chebyshev polynomials (CPs) of the first kind is
presented. The spectral collocation technique with the aid of
CPs is used as an operational matrix method for solving the
proposed model, which is reduced by the operational matri-
ces to the matrix form. Caputo’s VO fractional derivative
operator is used to generate the matrices of the derivative.
The accuracy of the proposed technique is obtained by many
numerical examples. Finally, we used codes written with the
Mathematica package to calculate our numerical results and
graphs.
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The historical analysis demonstrates that plasma scientists produced a variety of numerical methods for solving “kinetic” models,
i.e., the Vlasov-Maxwell (VM) system. Still, on the other hand, a significant fact or drawback of most algorithms is that they do not
preserve conservation philosophies. This is a crucial fact that cannot be disregarded since the Vlasov Maxwell system is associated
with conservation rules and is capable of assessing after the accomplishment of certain helpful mathematical actions. To examine
the fractional-order routine of charged particles, we constructed a fractional-order plasma model and proposed a higher-order
conservative numerical approach based on operational matrices theory and Shifted Gegenbauer estimations. Numerical con-
vergence is investigated to confirm its competence and compatibility. This concept may be used in problems involving variable

order and multidimensionality, such as those involving Vlasov and Boltzmann systems.

1. Introduction

The VM system is an important instrument due to its vast
variety of applications [1-3]. Modern numerical plasma
research is separated into two independent disciplines based
on kinetic theory, notably the “particle” in cell technique
(PICT) and the Vlasov equation (VE). The primary portion
couple’s plasma “particle” motion equations to Maxwell
equations and numerically cracks them using the particle in
approach [1, 4], and [5]. The second approach employs FEM
[6] and FDM [3] to discretize the VE. These are grid-con-
structed procedures. The main downside of debated nu-
merical techniques is that they violate conservation
commitments. Noteworthy key concerns with PICT are that
in some conditions, complete energies rise dramatically in

the lack of any valid source of energy. In 2010, a significant
numerical study on this subject was conducted based on
conservation rules. The terms “Crank” Nicolson and tem-
poral integration are used to characterize the “conservative”
arrangements of PICT [7-10].

G. Lapenta [11] published research in 2017, in which he
analyzed motion equations (ME) and “Maxwell” equations
(ME) using “Crank” Nicolson and leap-frog discretization
methods. The technique maintains “energy” conservation,
but on the other hand, it contradicts Gauss’s rule. As a result,
we can conclude that formulating the PIC method, which
adheres to all conservation rules, is difficult because two
distinct types of the scheme are utilized, namely PICT and
FDM. The forms of the “particles” are strongly retained by
the integration approach used in PIC techniques, and they
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are also dispersion in the numerical sense, although one
cannot state that FDM is dispersion-free. As a result of these
mathematical conflicts, we may accomplish that it is dreadful
to eloquent the PIC approach, which perfectly follows the
conservation rules.

Spectral algorithms are a powerful and groundbreaking
tool for tackling several kinds of mathematical models.
Different modules of “polynomials” in the orthogonal form
are available in the prevailing literature for spectral estimates
[12-14]. Two types of structures, i.e., VM [15] and Vlasov-
Poisson (VP) [15, 16], are handled (numerically) using
spectral methods which further linked Crank-Nicolson.
These approaches assist us in overcoming difficulties, mainly
numerical dispersion [17], that the PIC method
encountered.

The TFVMS is built and explored in this study utilizing a
specific geometry and an improved structure of numerical
scheme based on FD and SGPs approximations. Caputo
sense’s conservative time-fractional order finite difference
approximations [18-24] has been utilized. Assuming that
the “function” is constructed on multiple variables, we
appropriately estimate stated “polynomials” and continue
with the construction of the operational “matrices”. Recent
advancement in this subject is detailed in ref [19, 20]. The
project tightly enforces conservation laws, which will be
discussed in further detail in the next segment. The nu-
merical framework exhibits virtuous convergence, which is
also discussed in the paper. Finally, we conclude our
research.

cpepsd (Lp)ed E+
0t or \ym op 1
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TaBLE 1: Important symbols used in the theory.

P

()

Symbols Name of symbols

F Distribution function

t Time

X, ¥, 2 Velocity components
P> Pys P2 Momentum components
y Relativistic parameter
Gﬁ-‘ Gegenbauer polynomials
G’;- Shifted gegenbauer
©y(F) Vector norms of F,
wr (E,) Vector norms of E,,
E Electric field

B Magnetic field

D Caputo time fractional
] Current density

p Charge density

h Normalizing factor
¥ Weight function

w5, (B.) Vector norms of B,
Wk, (E,) Vector norms of E,

2. Mathematical Modelling and Conservative
Numerical Scheme

2.1. Generalized Form. The most recent and generalized
form of VMS with important laws [19-24] are explained as:

1 4
—CDYE -V x B+ 2] =0,V-E = 4np, (1
[ Cc

1¢c c
—ZOD‘t"B—VszO,V-BzO,ODﬁ‘p+V-J=0.

Table 1 contains an explanation of all the symbols used in
the preceding system.

2.2. Mathematical Assumptions and Conversion. The sig-
nificant assumptions for the problems are:

r=xi+yjp=pd+p, ) F=F(t%5p0p,)
E=E, (x,y)i+ E, (x, NG T = j+ jyj, B=B,(x, y)k.
(2)
Therefore, we get the VMS as:
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CD"‘F+L E)—F+ oF + Ea—F+Ea—F
0t ym pxax pyay q xapx yapy

, .4 (PyB: OF p.B, OF
mc

lc... 4n. OB, 1c.,. 47n. OB

EODtEx+T]x=a—yZ,ZODt y+7]y=—a—xz, (3)
le. OE, E)E OE, aE

—Cp*g = =4 F)dQ,

c0tTE ay ax ax a PP = q,[ e(_oo,oo)( )

C o a . a . . QJ' P qJ- py
Do+ 2+ 2 =0,j. =1 *F)dQ, 2 F)da.
P oxx ayjy I = Qe(~00,00)\ ¥ Iy = Qe(~00,00) \ ¥

2.3. Scheme Discretization. According to the defined process
[19, 20], we presented our system into discretized such
matrix form as follow:

¢ FrG  Promiplg &c’}“D;G +4qCIG'Cl"'D), G
ym ym
+4ClG'CI™' D), G + 4 Prargerip! G- - p"CZG Cl'D} G=0,
mc y cy
4n
- ocE11+1/2Gr 4= 1+l C11+11) G
c tx c (] ) 4

‘BI"G = CI"D,G - CI' DG,

E tPz
4
Jt Er/+1/2G + T(]T—l) _ —CZHD}CG,,

CI"'D\G' +CI" DG = amp™",

1
oo (77}
Qe (—00,00)

1 J <&c’}“D;G>dQ 44 J (ﬁc’{“D;G>dQ =0,
m J Qe(-co,00)\ Y m J Qe(-co,00) \ Y
p77+1 - qJ (CT—IG)CIQ,
Qe (—00,00)
= ij (&c’{“G>dQ,
m J Qe(-co,00) \ Y

= ij (&c;’“G>dQ.
m J Qe(-co,00) \ Y

(4)
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The definition of operator is [18].

o oy + $ +1/2-s At * + At +1-s s\,
- 2 <c"1’2+;(c” " )>:m_a) {(C’“—C’?) o Z(C“ - )b} ®

We also have bY=(s+ DY —slte We  use discretization form and also €7 is the operator and is
Gumomom, =G> and Gy =G for simplicity in  specified by

’tF11+1/2 — < {Cq+1/2} + { i St(Cqul/Z—s) }) =(C11+1 _ Cq) + Zn: (Crﬁl—s _ Cq—s). (6)
s=1 s=1

2.4. Conservativeness of the Scheme

2.4.1. Charge Conservation. Taking q f dQ of VE (5)
and once obtained: Qe(~00,00)

J gl 772G + P plg 4 &CTIDIG dQ =0,
Qe (-00,00) ym ym Y

g‘:{qj F’7+”2GdQ} +{1J (&cT‘D;G)dQ} +{ij (&(J?*lD;G)dQ} =
Qe (-00,00) m J Qe(-co,00) \ Y m J Qe(-co,00) \ Y

Hence proved that charge conservation accordingly. 2.4.2. Gauss Law and Solenoidal Constrains. (1) Differential
Arrangement. Using the concepts of divergence and equa-
tion (2), we obtained:

(7)

1div(OCDf‘E) ~div(V x B) + 2 div(]) = o:>1§D;” (div(E) — 4np) = 0. (8)
Cc Cc Cc

Hence, we can say that the above relation will satisfy if we div(E) = 4np. (9)
have
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(2) Discretization Arrangement. Apply the divergence based
on the assumptions, and we contract:

Lo 1 g2 4m(q DPx i+l 1 F1 1 ]
—¢'D ET™"*G + = —J ZXC DG ldQ )| =C!I"'D.D. G,
Cgt xx c M J Qe (—o000) Y 1 X 4 Xy

1 4
—§'D,EI""G' + o (i j (&CTID;G)dQ> - -Cc"'p!D\G,
C Qe (-00,00)

c \m y
(10)
1 4
~g*(DLEI2G! + DLEIRG!) + 2 ij PxciplG \da + ij Preripiglaa) = o,
c ryy ¢ \m Jae(-co00)\ ¥ m J ae(-co00)\ ¥ Y
1 a 1 on+1/2 ~1 1 on+1/2 A1 n+ly\ _
i (DLEI'G' + Dy EI"G' - 4mp™) = 0.
As aresult, we may claim that the Gauss ruleis trueifand ~ 2.4.3. Momentum Conservation
only if the following conditions are met:
(1) Differential Arrangement.
DLESG' + DLEVG' = ~4mp". (11) i &
It is not necessary to establish solenoidal limitations.
0 0 B
ij (pF)dQ+—-J- p L F sz—J p2 gl E+ 222V R L aa,
Qe (-00,00) or Qe (-00,00) ym Qe (-00,00) aP ymc
(12)
B
ij (pP)d0 + 2. J (pip>d9 - j («](qEF + qFPL)})dQ.
Qe (—00,00) or Jac(-co0)\" ymM Qe (—00,00) ymc

For the case of x-component, we obtained

D“j (Fp,)dQ +E J (qF)dQ + E.J p. L Flda =

t Qe (—00,00) x x Qe (—00,00) or Qe (-00,00) x)/m

q J 1

— —(FiB daqQ, 13

e ) oeceonnyy (FBPA) (13)

0 p 1
D! F)dQ +—- —F |dQ =pE, +—(B,j,).
tj(le(—oo,oo) (px ) +ar Jﬂe(oo,oo)(Px'}/m ) P x+c( ZJ}/)

Additionally, we shall express the “Maxwell” equation in
its momentum form as:



6 Journal of Function Spaces

Bz<l «.. OB, an) Ey(l «, OE, aEx> B, 47
—=| -D < _ =

E 2 (-D*B, + =2 - =
am\c ' T ox 0z ) Tam\c T ox dy an ¢
(14)
B, (1 0B, OB E, (1 OE, OE B, 47
) (o X Yy z a x z Yy :
2 -D°E -—2)-==(Zp°B - =2Z
47‘[<C ! Z+8y ax) 47r<c 2y "o ax> an ¢ *
Simplified form is
B, (1 0B, OB E, (1 OE, OE B, 4m
Z(-DfE, + —= -2 )+ 2(-D!B, + =2 - =) =-—"Z2 " . 15
471(6 Y ox az) ar\c "7 ox oy an ¢ (15)
Additionally, we get
LD”‘{B E,} L i(E2 +B) 1 (div(EE + B,B)) +i{B div(B) + E,div(E)} = IyB: (16)
dpc TUETY g\ ox 47 x x 4t x c
From (2), we get
Lo L(0 o o\ 1 .. 1yB:
et {B.E,} + o (a (E*+B*) | - 1 (div(B.E + B.B)) = —Ep ==, (17)
Further from equations (14) and (17), we get
2 2
P« E.+B p
px_F - x pyin
ym 4 ym
3 J aQ + 3 J dQ
ox Q€ (~00,00) 5 5 5 5 a}/ Q€ (-00,00)
+Ex+Ey+Bx+By _EyEx+ExEy
B.E 87T 4
D;‘J (pxF+ﬂ)dQ+< - = 0.
Q€ (-00,00) 4rc E2 B2 »
Px +
px_F - = py—yF
ym 4 5 ym
i J dQ+— J aQ
ox Q€ (—00,00) a}/ Q€ (—00,00)
BB, BB BE,
' 87T 41

(18)
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(2) Discretization Arrangement:

1

J p.0°F" 26 Lda + j {%c{’“D;G}dQ+ J {PxpyC’fHDlyG}sz{qCZGIC’f”G}d(H

ym
Qe (—00,00) Qe (—00,00) Qe (—00,00)

J 1%(32”61(:;’“6}019,
ymc

Q€ (-00,00)
| 1
=
J p;rin?”DiG}dochGm””+;CZ”G'J'Z“~ pSE 26 O
Qe (-00,00)

) 1
" j {p"p"CTIDiG}dQ+ J {p pyc’f“D;G}dQ:ch/p’“‘+—cZ“Grjg“.
ym ym c

Qe (-00,00) Qe (-00,00)

Moreover; we have

1 1
ECZ“G'(gf‘EZ“/ZG’ +CI'"'D\G') + ECZG'((SQ"BZ“/ZG' -CI"D,G' +CI"'DG')
R P! 1{4” .r,+1}
- 47-[C4 G c (J}’ ) >
L C;1+1Gr aEnJrl/ZGr+LC11G/6aB;1+1/2Gr +i
A7 4 St y A7 3 t-z A7
1 +1 +1 1 +1 +1 1 +1 +1 1 1 +1 .+l
+E(c’; G'cI"'plG +Cl'G'c'plG - G/l DyG’)=—ZCZ G'(j1m),
1
E(CZHGICT-ID}CGI + C2+1GIC2+1D)ICG/ + CT-IGICZHD}CG,)

1 n+l ~r n+l~1 ~/ ;1+11/_111+1/.11+1
- ..C G'(CI" DG +C] DyG)——EC4 G'(i1).

From (15), we can write as:

1 1 12 1 12
E(CZ G'§E]"G +CIG §B! G')

1
+ 4_ (CZ+1G/C;1+1D)ICG/ + C;’HG’C’;HD;G, + CZHG’CZHDLGI)
T

ZCZHG,CTID;GI + CZHGICZHD;G/
y

4
+Cg+1GrCtz7+l D;G/

1
(CZHG’S?EZH/ZGI + EC?G,S?BZH/ZG,)

1 1 1
- — _ZC2+1G1(J-;1+1) _ EC’21+1G,(4ﬂPﬂ+1)~

(19)

(21)



As a result of (20) and (21), we may conclude that the
scheme follows the momentum conservation rule.
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2.4.4. Energy Conservation. (1) Differential Arrangement.
We shall use J (ymc*)dQ) and obtained further:

Qe (-00,00)

d P pxB
D" 2FdQ+—-J 2FdQ:J = gl E+ F! |dQ,
! JQE(—m,w)(ymc ) or Qe (—oo,oo)(c P ) Qe (—o0,00) \ YM 1 ymc

0
DO‘J mc’F dQ+—-J
! Qe(—oo,oo)(y ) or J ae(-co,00)

0
D“J mc’F dQ+—-j
g Qe(—oo,oo)(y ) or J ae(-co,00)

In the next we have;

g ipep 9Bl cp
ar | Y oy | 4m 7 |c

4

8n 4n Yoy Vox

Following a series of specific stages, we get to

| 2 c .. .
gDt(E +B )+Ed1v(ExB)=—]-E. (24)

B4 B
ij (ymczF +
Qe (-00,00)

1 _, OB
-D,E  +

c 1
—B, {—D B
c

1 0B, OB
—D;‘(Ei+E§+B§)+i<—E N i

(czpF)dQ = J L (q(p - EF) + % (p N da BF))dQ (22)

Qe (—00,00)YM

14

(¢’pF)dQ =7 -E,

z ——4—”iE i _4_7TLE
YT [T T am T am vy

OE, OE
Ty ZExl
+ F ay} 0, (23)

oE, OE

za‘Bzay):‘J'E’

We have obtained from equations (23) and (24) as
follow:

B div(E x B
)dQ + div(jae(mm)(czpf + c%)dﬂ) =0. (25)
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(2) Discretization Arrangement:
D‘;‘J (ymc* g, F™'2G)dQ + J (¢ piCI' DGO + J (¢*p,xCI"' D,G)dCr
Qe (—00,00) Qe (—00,00) Qe (—00,00)
~(=ciaey”c Jaa+ | Py c16er' G )aopy,
my Qe (—00,00) \ MY
J (ymc* g, F™'?G)dQ + J (?p i CI DGO + j (¢’p,4CI"' D,G)dQ = CIGj, +CIGj,,
Qe (—00,00) Qe (—00,00) Qe (—00,00)
D! J (ymc*q;F™"'2G)dQ + J (¢’ peiCl ' DLG)dQ + J (¢’p,xCI"' D,G)dQ = CIGj, +CIGj,.
Qe (—00,00) Qe (—00,00) Qe (—00,00)
(26)
The discretization procedure is elucidated as:
4m ¢ 4 ¢
_’7 n+1/2 1 £ apn+l/2 plgl = {22 " cligit - _ClGgi"
< G{ G-CID G} +C G{ S E! G+C4DxG} = { L CIG L+ 4ﬂcSG]y,,.,]),
icZG{ “¢*B1"V2 4 CID'G - CID! G}
4m
(CWG{!tE;ﬁl/Z } C"G{JtE”H/Z } C”G{JtB”“/Z}) (27)

+ ﬁCZG{CZDLG} + iCZG{CZDiG} - :—nch{cZD;G}

- -CIG[CID,G} = {CIG]l,; + CIGHL,)

Hence proved.

3. Results and Discussion

Using MAPLE and Python, we generated generic code for
assessing the numerical solution of the “model” using the
specified numerical technique. We will explore the attitude
of plasma particles for fractional concepts using the fol-
lowing initial perturbation.

| p)
F(t,x, 9, Py Px) = \/ﬁe 2 (1 + & cos (kxx)cos(kyx)),

(28)

3.1. Numerical Convergence. To demonstrate the numerical
convergence, we use concepts of norm. Therefore, we have
the following relation as:
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FIGURE 1: Convergence plots at x = y = p, = py =5,10,15, N =50, M} = M, = M3 = M, = 5.

Fi,, = max(g, (F).F = F" = F'.B,, = max(py, (B.)). B, = B1" ~ B,

E,, =max(pp, (EJ)) E. = EI" - ELE, = maX<KJEy(Ey))’Ey =E)" - E}

Even under the most difficult conditions imposed by the
challenge, the implemented system demonstrates efficient
convergence and precision. In both cases, i.e., integer and
fractional values of the fractional parameter, convergence
rises steadily as the computing domain extends as shown in
Figure 1(a)-1(d). Consequently, we can easily show that our
technique is well-matched, competent, and appropriate for
the models discussed before.

(29)

3.2. Behaviour of Charged Particles at o € (0,1]. We have
revealed one critical sort of graphical diagrams, namely
“density”. We picked two distinct time periods,
t = 1.33,3.66, and varied 0 < &« < 1. While we were executing
initial data, “plasma” particles were unexpectedly displaced
from their initial positions. “Particles” also acquire energy as
a result of this perturbation. As a result, plasma particles
began moving abruptly in order to stabilize themselves.
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FIGURE 2: . Plots for Density of particles at N = 50, M; =5, M, = M5 = M,,. (a) t=1.33, 0 =0.2. (b) t=1.33, =0.6. (c) t=1.33, a=1.0. (d)

t=3.66, a=0.2. () t=3.66, a=0.6. (f) t=3.66, a=1.0.

Noticed that excited “plasma” particles are accessible in
cluster form in the range 400 < x, y <800. Formulation of
clusters is due to its high rate of plasma particle. As we vary
t=133,0=0.2 to t = 1.33,a = 0.6, the particles undergo
modification, and the bunch magnitude and outline are
repaired appropriately (see Figure 2(b)).

A thin layer is seen in Figure 2(b) around clusters of low
“momentum” plasma particles. Additionally, the assortment
of particles deviate position. These clusters are translated
into the final location and “momentum” by selecting
t=133,a=1.0.

As a result, we can examine the particles’ locus as the
fractional parameter is varied. We clearly noticed significant
fluctuations in the location and velocity of plasma particles
during the second time period, as seen in Figures 2(d)-2(f).
Some of the particles are clustered, while others are un-
controlled, covering the computing area. This procedure will
continue indefinitely until the equilibrium state is reached.

When the fractional parameter is modified, we may see
statistically significant variations. Therefore, fractional
concepts are utilized to indicate the density of plasma
particles and the path taken as a consequence of this. It dives
into the complex picture of plasma particle behaviour that
has remained concealed.

4. Conclusion

The current work accomplished two critical objectives: it
developed a multi-order (integer and fractional) “fully rel-
ativistic” model based on several concepts, and it proposed a

conservative “hybrid” numerical technique for solving the
anticipated “plasma” model. To deal with the time-“frac-
tional” derivative, the Caputo sense definition is used. The
reported findings unequivocally illustrate that plasma par-
ticles exhibit significant variances over a range of fractional
parameter values. By assigning specific positions, momen-
tum, and energy to plasma particles, we may now determine
their eventual state. As a consequence, the proposed model
has the potential to considerably advance our understanding
of plasma particles in the field of computing. The technique
is adequate, well-matched, and effectual for the suggested
model based on numerical convergence. It has a high rate of
“convergence” for both derivatives, which grows gradually as
the computing domain is enlarged.
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Fractional integral inequalities have a wide range of applications in pure and applied mathematics. In the present research, we
establish generalized fractional integral inequalities for MT-non-convex functions and pq-convex functions. Our results extended

many inequalities already existing in the literature.

1. Introduction

The study of convex analysis is not modern part of math-
ematics, but some ancient mathematicians also used the
interesting geometry of convex functions and convex sets.
However, the subject of convex analysis was started in the
mid of 20th century. Many remarkable facts and general-
ization of convex analysis have been obtained quite recently.

Convex analysis is one of the appealing subjects for the
researchers of geometry and analysis. The interesting geo-
metric, differentiability, and other facilitating properties of
convex functions make it distinct from other subjects.
Moreover, the convex function and convex set have diverse
applications in mathematical physics, technology, eco-
nomics, and optimization theory.

In the last decades, the connection of convexity got
stronger due to rapid development in fractional calculus.
Therefore, nowadays, it is appreciable to seek new fractional
integral inequalities. Simply, we can say that convexity plays
a concrete role in fractional integral inequalities and sym-
metry theory because of its interesting geometric features.

There are many well-known integral inequalities related
to convex functions, like Jensen’s inequality [1, 2], Opial-
type inequality [3], Simpson inequality [4], Ostrowski in-
equality [5-7], Hermite-Hadamard inequality [8, 9], Olsen

integral inequality [10], Fejér-type inequality [1, 11], Hardy
inequality [12], and so on. One of the remarkable inequalities
for convex function is the Hermite-Hadamard-type
inequality.

u+v 1 v
o(*3) 5 ] pmans

u

<P(u);<p(v)) (1)

where ¢: I CR — R is a convex function on the interval I
of real numbers and u,v € I with u <v. Note that several
integral inequalities can be obtained from equation (1).
There are several versions of inequality equation (1) in the
literature, for example, inequalities of Hermite-Hadamard
type for functions whose derivatives’ absolute values are
quasi-convex are presented in [8]. In [13], the authors
established Hermite-Hadamard-type inequalities for
p-convex functions via fractional integrals. In [14], the
generalized Hermite-Hadamard inequalities are presented.
A new version of the Hermite-Hadamard inequality for
Riemann-Liouville fractional integrals is presented in [9].
The MT-convex functions via classical and Rie-
mann-Liouville fractional integrals are studied in [15] by
Park. He also established Hermite-Hadamard inequality for
MT-convex functions. Mohammad in [16] established
Hermite-Hadamard-type inequalities on differentiable co-
ordinates for the same class of functions as studied by Park
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in [15], and Liua et al. [17] developed this inequality for the

same class of functions for classical integrals and fractional

integrals. For more details, we refer the readers to [18-20].
First of all, we recall few definitions.

Definition 1 (p-convex set) [21]. I is said to be p-convex set,
if [qut + (1 - nvP]VP eI for all u,v € I and 75 €[0, 1].

Definition 2 (p-convex) [13, 22]. A function ¢: I — R is
said to be p-convex function, if

p)(l/P)

¢(HMP +(1 -y <new)+(1-me(v), (2)

for all u, v, eI and 5 €[0, 1].

Definition 3 (MT-convex) [5, 15-17]. A function
¢:I ¢ R — R is said to be MT-convex on I, if

e(nu+(1-nv)< \/\/_—cp(u) 27

Tow) @3

holds for all u, v, eeI and # € [0, 1].
Now we are ready to extend the form of convexities.

Definition 4  (MT-non-convex). A  function  ¢:
I c R — R is said to be MT-non-convex. Let I be
p-convex set, if

J—

(1/)
) P

(nu? + (1 = nvf p(v) (4

< F‘q’(”) .
holds for all u, v, eeI and n € [0, 1].
Remark 1. In the above definition, for p=1, we get MT-

convex function, and for p=-1, we get harmonically MT-
convex function.

Definition 5 ((p-q) convex). A function ¢:I ¢ R — R is
said to be pg-convex. Let I be p-convex set if

@ (nu? + (1 —n)vP) e < (o) +(1- q)(p(v)q)(l/p) (5)
holds for all u,v € I and y €[0, 1].

Definition 6 (Riemann-Liouville fractional integral) [9]. Let
¢ € L'[u,v] and y > 0. The right side and left side Rie-
mann-Liouville fractional integrals are initiated by

1
To®=pps | G- gtmdn s>
©)
T () = —— j (- pmydn, s<v,
v F(Y) s
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respectively. For details, we refer the readers to [6, 23].
Now, we define some special functions:

(1) Gamma function:

I'(z) = J efr’qul dy, z>0. (7)
0

(2) Beta function:

CT@rv) (' 1
Bl = T Jon (1= )" dn (1, v>0)
(8)
(see [24-27]).
(3) The hypergeometric function [18]:
1 ! v—1 w—-v-1
F,(u,v,w,x J (1-
2F ( ) = /3(‘}) ~) 1)
~(1=dn) “dy, w>v>0, |x|<1.
9)
In [28], Raina introduced a function initiated by
FS FC (0),6(1),. _ L k
o (1) = " (u) = ZOF ok (10)

where p,1 € R*; [u| <R and the coefficients ¢(k) € R*. By
using equation (10), Raina and Agarwal [28, 29] initiated the
following left and right-side fractional integral operators:

Vo) @ = | = E [0 - nllptidn (2> u)

(I;,A,v,w)(z):jz (n-2""F (- 2pmdn,  (z<v),
(11)

where w € R and A, p € R™

This paper is organized as follows. In Section 2, we will
derive generalized fractional integral inequalities for MT-
non-convex function. However, the last section is dedicated
to establish generalized fractional integral inequalities for
(p-q) convex function.

2. Fractional Integral Inequalities for MT-Non-
Convex Function

The following lemma is useful to derive our main results.

Lemma 1 (see [22]). Let A, €ceR"¢p: ICR" — R" be a

differentiable mapping on I°u, v, €€l such that u < v. If
¢ € L'[u,v], p > 0, then we obtain
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pw) +ov) 1
2 2R [w(v )] (0 -

p)/\ [(]Z,A,upﬂwQDO(p) (Vp) +(]§,A,VP—;w(PO¢) (up)]

-n)'F P _ P\ (1= pn) P
oy O Faale0 -0

Q
“2pFa [T e )P (o + (=) )y

1
(1/p)-1 (1/p)
‘ JO 1 F [0 (v = )] (g + (1= p)v?) P <P’((71u"’+(1 —v?) P )dn,

where ¢ (c) = cVP), Theorem 1. Let A, €, R ¢: I CR" — R be a differentiable
mapping on I°u,v € I° such that u<, v. If |¢'| is MT-non-
convex on [u,v], p > 0, then we obtain

W) +o() 1 . e ,
2 ng,m [w(vp - up)g] (VP — u“’))L [(]Q’A’””:"”(Pogb)(v )+(]@’A’VP""’(PO¢) (u )]
< (P [0 = )]+ i 1l (0 = )] ' o) (13)

(Pl =) F 110 =) g 0

where

_ pek+A=(112) (13 21_{
kv a2\ Ty kA2l )

_ 1 pok + A+ (1/2) 11 _uf
C, =¢(k)v TokA+l SFi[1 p,z,gk+)t+2,1 7 )

(14)
(5/4)

_ 1-p
G = sk (ok+ A+ (G2 gk + A+ D2

1 p
(1——,gk+)\+i;gk+/1+2,1—u—p),
p 2 4

Cy= C(k)Vl_P

1 1 1 u?
Fy(1-= 0k+A+2; 0k 2,1-— ).
4ok + A+ (1/2) (ok + A+ 1)2 1( pokrAriekrds VP)

Proof. Employing Lemma 1 and definition of MT-non-
convexity of |¢'|, we obtain
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p(u) +9(v) _ 1 3 P ¢ P
2 ZFE)’MI [w(vp _ up)g] (Vp _ up))L [(JQ,)L,uP+;w(PO¢) (V ) +(JQ’A’VP_;w(pO¢) (u )]

[NCEA T iy
B (VP_MP)

2pFy [0 (v - )]

(nu” + (1 —n)vp)%— 1g' (nu” + (1 —n)vp)%)dn

1
+jo 7' Fypr [0 (v = )] x (qu + (1 —ﬂ)vp)(“p)*%'((ﬂu“(l —ri)vp)(”p)>dfﬂl

v —u? ® ¢ (k)|wlk (v - up)gk

2PF /\+1[|w|(V - uP)® ]l o Tek+A+1)

1
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So,
o) + (v | < o P
- Tonur+:0®09 ) (V) (Jor—0®0®) (u”) ||
| 2 2F;,)\+1 [w(vp_uP)P] (Vp_up))t[ oA uP+; ¢ ¢)( )( oA vP—; () ¢)( )
Vp_up §C(k)|w|k(vp—up)gk
2PF9;1+1[|w|(VP— uPYP| & Tlek+A+1)
l-p~ 13 P
1Y ﬁ( okt A+ ) 1——§,Qk+/1+21 |‘P (”)l
’ (16)
1-p~ - B 11
+v 2ﬁ<2,9k+)t+2)2F1(1 p 27Qk+l+2 1- >|q) (V)|
1 31 P
1-p~ 21 B R
+v 2ﬁ<ek+l+2,2>2F1( p,@k+)t+ jok+A+2,1 )|(p (w)]
1 13 1 1 up
l—p_ 1> 1 1 R ,
From here,
|(P(M)+(P(V) 1 ) , C )
] w0 PO )+ ] o PO u |
| 2 ZFZm[ (VP_uP)P](Vp_up)/\[ odurtiw® ¢)( ) ( ra® ¢)( )
v - $ ()l (vF — uf)®
ZPFMH['“"( ] & Tlek+i+1)
X[V 3(k+A+1) 2Fi[ 1 P’ ,Qk+/\+21 |‘P (ul »

k+A+(1/2) 1 ub
+ v IPQQk{—ﬁ 2F1<1—p, ,Qk+A+21 ):||90V|

1-p (5/4) )
T (ok +A+(3/2)) (k + A + 1) 2y p9k+/\+ sek+1+2,1 9" (w)]

1-p 1 1
+v 4(9k+)t+(1/2))(9k+)t+1)[zFl( p9k+A+ jok+A+2,1- >]|¢(V)|]

Simple calculations yield equation (13). O  Remark 2. In Theorem 1, we see the following:
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(1) For p =1, we have the inequality for MT-convex
function:

¢ (u) + ¢(V) 1 . C
2 ZFg 41 [|a)| (v— u)Q] (v— l/l))t [V(IQ,A,u+;w(P0¢) + u(]g,l,v—;wq)o(/))]
< (PG 10l =08 + F3 el (= 0°] ' 0] (18)

#(Fghor el & =] + FG3 [lol (=10 )lo' )

(2) For p = —1, we have the inequality of harmonically
MT-convex function:

pw)+o() 1
2 ZFQAH[IwI(u—v/uv)@] (u - viuv)!

(QM[I I( )] M+1[|w|(7)9]>|<p’(u)| (19)
(G [l(“2) ]+ Fopa [l ()l ol

Theorem 2. Let A, ¢, R*, 9: I ¢ R — R, be a MT-non-
convex function on u, v, €€ I such that u < v. If ¢ €L[u, v],
p > 0, then we get

1 1
[ (]g/l(l/u +w(p0¢) (]Q)\ v (PO(/))]

1 » 1 » (1/p) 1 odul+iw » c »
o0 457" <o TG0 () + T 906 (1)
oA+1 [w(vl’—u?’)9 (vP—uP)A]
(20)
R ——r
‘P 7‘%’ V)
4\F \/ Vi1 =1
where ¢ (c) = cVP), and substituting c= (&uP + (1 - nve) VP and
= ((1-nuf + ;11/1’)( P, equation (21) yields
Proof. Since ¢ is MT-non-convex on [u, v], for all ¢, de[u, v],
(1/p)
(P<1Cp + ldp> 2+ p(d) (21)
2 2 2
1 1 (1/p)
"’(E”P i EVP) <o (nu + (1 =)+ o (1=’ +?) P, (22)

Multiply inequality equation (22) by
n IFC 1w (VP —uP)®ne], and after that, integrating it over
n E[O 1] then we get
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1 1 (1/p) T 1/p)
2y [w (Vp‘up)gﬂe]‘P(gupJngP) < Joﬂh o [0 (v = uf) e (nuf + (1= nv?) P dy

1
! Jo 7 [0 (0 = uf)on®]p (1 -y + )P dy
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0 k=0

Jl o1 ()t (v —uf
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gk k
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T (1= nulf + gt vP— P a
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= J ? c(kw* (v =) (P —c) (v - up)ok(p(c(up))i
w {7 T (ok + ) (v* up)ok (v - up)/\q Ny (23)
P 00 k ok A-1
Y et (c-uf)" (c-u) b ok ¢ (upy  dc
+J (v - ") (M) s

rig TRk +A) (vP — o )Qk(v -u

p)/l 1

w0

I'(pk +1)

W 0 ke p ek
_ 1 P))\J- s(k)w" (v = c) (VP_C)A—1¢(C<1/p))dC

1 yP 00
N
(VP _MP) uf (o

1

c(k)o" (c - up)gk

_ M1 (Up)
Tk ) (c—uP) go(c )dc

- 717))L (IZ,/\,uH;wq’o‘/}) (Vp)

(V' —u

1

+ 41,);{ (7 Z,A,vP—;w(PO(/)) (uf)

(VP -u

G p 1
2Fg ), [w(vp -uP) ](p(iu 5 )

which is left side of inequality equation (23). Now we have to
prove right-hand side of inequality equation (22); applying
definition of MT-non-convexity of ¢,

\/_

o (v),

¢ (quf + (1 - nv?) P <

\/——fP( u) +

(24)

1 (1/p) 1
4 + _Vp> < o o [(]z),l,ul’ﬂw(/)ogb) (VP) +(]Z,/LVP—;(U(PO¢) (up)] >

and

wp _ V1 \/

2\/—

@ (1= mul +nqvF) @ (u) +

and by adding equations (24) and (25), we get
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P (1 — PP 1= P py (1/p) Multiply inequality equation (26) by
¢ (e + (L =mv?) " g (L= mul+ 7 n 'F ) [w(v? —uP)®y®], and after that, integrating it over

(26) 4 €0, 1] then we get

1 1
SWWUHWWV)

1
W [(] S 0908) (V) +(J 10 909) (“p)]
(27)
1
<2F°, |w(v o (u) + ).
g,)l+1[ ( ) ]4\/—\/— \/TVI
Combining equations (23) and (27) completes equation (1) For p=1, we have inequality for MT-convex
(20). O function:
Remark 3. In Theorem 2, we see the following:
(34+37)
TR
! &% 9+ (W) 9)
v 0 u 09) |,
ZFQM,] [w(v_u)@(v_u))t] oAU+, (P oA v, (P (28)
P+ ()
T
(2) For p = -1, we have the inequality of harmonically
MT-convex function:
(u + V)
4 2uv )’
1 G (909) + (1 )T 110 (99

- 2Fg ), [w(u - viuv)® (u - v/uv)l] y) eh e (P o (1) (P (29)

1
4\/_\/—‘/’( u) + ﬁ‘l’(vl



Journal of Function Spaces

3. Fractional Integral Inequalities for (p-q)
Convex Functions

In this section, we will develop fractional integral inequality
for (p-q) convex function.

Theorem 3. Let A, €, RY, ¢: I, C R" — R, be a differ-
entiable mapping on I°u,v € I° such that x < y. If |¢'| is
(p-q) convex on [u,v], p > 0, then we obtain

p(u)+o(v) 1 [( ¢ P < P
- Tonrea908) () + (T -909) ()],
) AP+ AP =@
2 R, e )] -ty B :
< (Fgha 11 =)+ Fg o [l (0 = )] o o, (0
#(Fga [l (7 = )]+ Fghy [lal (7 = )] )lo! (0]
where
k+A 11 uf
C, = ¢k P ¢ 1-——+1,0k+A+1,1-—
1= SV ) T Dok + A+ (g + 1), 1< pg AT vP>
1 1 1 1 P
C, = clo kAT W (L ke ae e
ok +A+(1/g) + 1, p q q VP
(31)
1 1 uf
= e F(1--, S+ LL1-—
Cs =<kl ok+A+(1/g) +1, 1( p9k+“q+ P
_ (1/q) 1 uf
C, = (kW' P Fl1-=1,--1,1-=).
= R A Dok + A+ (1) + 1, 1( g VP
Proof. By making use of Lemma 1 and (p-g)-convexity of
|¢|, we obtain
lp(w) + 9(v) 1 0 o (16 ’
- Tonare909) () + (Tonn-u909) ()|
) A ul+;w AP0
S T L 9
| e ! (1= Fp [0 —uf)* (1= n)¢]
= c P _ . p\e
‘ZPFQ’“Iw(y W0 o + (L= ) PN (4 (1= )P g
1 WAFZ),AH [“)(Vp —up)gﬂg] (32)

+

D x(u? +1 - ?) P! (et + (1 - ?) VP dn)

P

—u’ 2 sl (v - u?)*™

= N P p\e
2PF9,A+1[|“’|(V - u’) ]| k=0

F(pk+A+1)

1
X JO [ = ] g + (= ?) P (g @]+ (1= g 7)) dn.
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Moreover, we observe that

VP~ uP i sl (v - u?)**
2pF a1l (¥ = u)]l & Tlek+A+1)

1
X“ (1= s + (1= ") P (! )] + (1= )l 7)) (33)
1
+jo A (o + (1= ?) P g ) + (1= g’ )7]) M n],

so that

(u) +9v) 1 c c
I 2 ) 2(vF - ) F ) [ (VF - Y] [(]Q’A’”P“‘”(Pw) () + osr-a909) (up)]
0A+1
v —uP ic(k)lmk(vl’ —up)gk

<
ZPFZ,M['“”(VP - up)g]l & Tlek+A+1)

1
- “0 Y (1 - g @) P (gt + (1 - p?) P dy (34)

1

+ = Do () YD (it + (1= )P dy

1

+ ngk+/1+(1/q |¢ (u)q| (1/q) (1’]14 +(1 11)V )(llp) 1d17

J 0

J
1

+J 2 (1 ’1)(1/q)|¢,(v)q|(1/q) (i + (1 _n)vp)(l/p)—ldrl

0

Now
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W +e) 1 ) C
|¢ } 2 = Z(V - M‘D) F; [ (Vp _ up)/?] [(IQ’A’WJf;“’q)Ogb) (Vp) +(]g,/\,v1’—:w¢0¢) (up)]
oA+l
v —u” 2 c(k)lwl (v - uh)*

2pF /\+1[|w|(v - uf Q]lk:() I'(pk+A+1)

X[vl“”ﬁ(h 1ok +1+ 1) F,
q

2

p
(l—l,1+l,gk+)n+l+2,1_”_)|¢f(u)|
P q q VP (35)
p
+V1pﬂ<1’9k+’1+é+1>2F1(1—%,1,Qk+/\+é+2,1—t—p)|<p'(v)|
+v1Pﬁ<Qk+)L+l+l l) F (l—l @k+A+l+1 Qk+/\+l+2 1_l>|q),(u)|
q 21 P q q p

1 1 1 p
+v1—Pﬁ<gk+/\+l,—+ 1) Fl(l——,gk+/\+ l,Qk+)L+—+2,1_u_p)l¢r(V)|:|'
q 2 p q P

From here,

I(p . -2|— " ) 1 [(];’A’”Pﬂwgoogb) (VP) +(]Z>/\)VP—§LU¢O¢) (up)]

Z(Vp p) oA+1 [“’(V _”p)p]

vP—uf S (ol (v - uP)®
2PFM+1 [|w| (v - up)9]| & Tlk+i+1)

1-p Qk+A F l_ll Lokl l 21_£ ,
X[V (((l/q)+1)(9k+)t+(1/q)+1)>2 1 p’q+ s QK+ +q+ =5 o’ (w)]

(36)

_ek+A+(1/g) 1 1 uP\,
Fl1-51, L
ok+A+(l/g)+1)/, p19k+)‘+q+21 P l¢" (v)]

1 1 1 ub
1-p F,|1-— 0ok ~+1, S42l-— /
v <9k+/\+(1/q)+1) 1( pQ +A+q+ 9k+)‘+q+ P lo" (u)|

—l k+A+1 k+/\+l+21_£ | f(v)l]
p’Q )Q q 5 Vp (P S

P

(1/9)
(ok+A+1)(ok+A+(1/g)+ 1)/,

+v' P




12 Journal of Function Spaces

and
o) +9(v) 1 @ (e ,
- Totarsa909) () + (Tonn-u909) (")
E NW—WVQM$MW—Mﬂ(@LHw ) Uss-atod)
(37)
v —uf ¢ (k)|wlk (v - up)gk ,
< Cilo ()| +C (p'(v)+C q)'(u)+C (p'(v) ,
ZPF;,)L+1[|(U|(VP _ up)9]| = T(ok+A+1) ( 1| | 2| | 3| | 4l |)
which is the required solution. O (2) Similarly, for g = 1 and p = 1 in equation (30), we get
classical fractional integral of Hermite-Hadamard
Remark 4 inequality.

(1) If one puts g = 1 in equation (30), one has Theorem 5  Theorem 4. Let AccR", p: I € R — R, be a (p-q) convex

in [22]. function on u, v, e I with u < v; iffe L[u, v], p > 0, then we
obtain
Lo, Lp\"? 1 ¢ Py 4 T »
(p<§u + EV ) < ZFC ]g,)l,uP+;w(P0¢ (V ) + ]g,/\,vP—;w(pO(p (u )
A
oA+1 [w(vP—uP)"(vP—uP) ]
(38)
3 (q,(u)q)(l/q) + ((P(V)q)(l/q)
_ 2 bl
where g(c) = c(VP), and substituting c= (quP + (1 —n)ve) VP and
d = ((1-n)uP +nv?) VP then equation (39) yields
Proof. Since ¢ is (p-q) convex on [u, v], for all ¢, d € [u, v],
(1/p)
(p(lcp + ldp) sl[(p(c)q +¢(d)7] ), (39)
2 2 2
1 1 (17p) q7(1/q) q7(1/9)
2(p<zup+§vp> Sgo[((nup+(1 —n)vp)(l/p)) ] +[(p< ((l—n)up+11vp)(llp)> ] . (40)

Multiply inequality equation (40) by
r]A‘IFg’A [w(vP —uP)®yP], and after that, integrating over
n €[0, 1], we get



Journal of Function Spaces 13
1 1 .\ Wp)
2F5 ) [w(vp - up)9q9]<p<5up + 51/")
1 q1(1/q)
< [, Ealet? -t [o (n + =) )] ay
0 X
1 (1/g)
+J 7 E [0 = u)on ][ (=t +y) Py
0 X
L Qo (v - uf angk (1/p\47 VD
-Jy F((Qk+)\)) [+ a=p) ] e
k=0
L Qe (v - uf ok ok (/)47
+JO”AIZ F((Qk+/\)) 1 [(p<((1—f1)up+f1vp)1p>] dy
k=0
1 oo k q1(1/g)
_ Z ¢(Kw qgkwl—l P (1114‘0 +(1- l’])VP)(I/P) (V‘D _ up)Qk dy
0/ T(ek + 1)
1 o k 1/q)
s(k)w gk+/1—1[ ( b p <1/p>>‘1]( Db vk
+ —_ 1- + - d
Jok_or(ng)" | (1 =mu? + ") (V" —uP) " dy (1)
00 k A-1
- jvp s (V=0T (V-0 (v - uP)Qk[(P(C(I/p))q] e dc
wr (T (ek +4) (P — yP)e* (v — P )+ VP —uf
00 k A-1
.[VP s (k) (c=uf)* (c-uP) (vF - up)gk[(P(c(l/P))q] =
w (S T(ek +A) (P — 1 P)¥ (yP — yPY! vP—uf
1 w2 c(k)wk(vp—c)gk -1 apna] Vo
T J Feken 79 "’[(C P)] e
(V' —uP) Jurim Y
R o o P e
(vF - up))t wiz  T(ek+2) 4
e ipare09) ()
(VP— p))t oAub+w
v Uia-epot) W)
(VP _ P)A g,/LvP—;w(PO(/) u).
So, we have left-hand side of inequality equation (38).
< P P\P 1 p 1 P (e 1 S P S P
25 [0 =) (G ) e (T 909) () H T u908) () | (42)
2 2 (VP _ up)
Now we have to prove other side of equation (40) from  and
pq-convexity of ¢.
9 (1= + ") " < [(1 = o @)+ np ()17,
o (nu? + (1 - n)vp)(llp) < [ (W) + (1 - e (v)1] "2, (44)

(43)

and by adding inequality equations (43) and (44), we get
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o (nuf +(1=mv")P 4 o (1= +v?) P < 1o ) + (1 - Mo W]V +[(1 - e )T + np (1]

(45)
o (m” + (1= ")+ o (1= + ") < [p @)1 7+ [p (1)1 7.
Multiply inequality equation (45) by
n IFZ’/1 [w(¥? —uP)®y], and after that, integrating in-
equality over 7 €[0, 1], we get
1 @ (u)? Wa) o (1)1 (1/q)
W I:(];,A,ul’+;w(/)o¢) (Vp) +(];,/LVP—;w¢O¢) (up)] < 2F;,A+l [w(vp - up)e:l [ ] 2 [ ] . (46)
v—u

Combining equations (42) and (45) completes equation

(38). O
Remark 5
(1) If one puts g =1 in equation (39), one has [22,
Theorem 5].

(2) Similarly, for g = 1 and p = 1in equation (39), we get
classical fractional integral of H-H inequality.

4. Conclusion

Fractional integral inequalities are derived for MT-non-
convex functions and (p —¢) convex functions. With the
help of several lemmas, the integral inequalities are derived
in generalized fractional integral operator. The remarks at
the end are also given to verify the extension of results.
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In this article, we prove some new uniqueness and Ulam-Hyers stability results of a nonlinear generalized fractional integro-
differential equation in the frame of Caputo derivative involving a new kernel in terms of another function y. Our approach is
based on Babenko’s technique, Banach’s fixed point theorem, and Banach’s space of absolutely continuous functions. The
obtained results are demonstrated by constructing numerical examples.

1. Introduction

It is notable that fractional calculus was and still is a new tool
that uses fractional differential and integral equations to
construct more modern mathematical models that can pre-
cisely describe complex frameworks. There are many defini-
tions of fractional integrals (FIs) and fractional derivatives
(FDs) accessible in the literature, for instance, the
Riemann-Liouville and Caputo definitions that assumed a
significant part in the advancement of the theory of frac-
tional analysis. Referring to all books and papers in this field
will be extremely many. In this regard, here, we refer to the
most important of main references, e.g., Samko et al. [1]
gave a broad comprehensive mathematical handling of frac-
tional derivatives and integrals. Podlubny [2] and Kilbas
et al. [3] have been introduced many useful results related
to fractional differential equations (FDEs). Several applica-
tions have been implemented recently by a wide range of
works on this subject, see [4-8].

However, the currently common operator is the general-
ized FD regarding another function, see [1, 3]. Agrawal [7]
studied further various properties for generalized fractional
derivatives and integrals. More recently, Almeida [9]
inspired an idea of that generalization by projecting this gen-
eralization onto the definition of the Caputo fractional deriv-
ative with respect to another function, so-called y-Caputo,
and introduced many interesting properties, which are more
general than the classical Caputo FD. Jarad and Abdeljawad
[10] provided interesting properties for generalized FDs and
Laplace transform. Specifically, y-Caputo type FDEs with
initial, boundary, and nonlocal conditions have been investi-
gated by many researchers using fixed-point theories, see
Almeida et al. [11, 12], Abdo et al. [13], and Wahash et al.
[14]. A recent survey on y-Caputo type FDEs can be found
in [15-18]. For more results in this direction, we refer to
interesting works provided by Zhang et al. [19], Zhao et al.
[20], Baitiche et al. [21], Benchohra et al. [22], Ravichandran
et al. [23], Trujillo et al. [24], and Furati et al. [25].


https://orcid.org/0000-0001-9859-7391
https://orcid.org/0000-0001-7492-4933
https://orcid.org/0000-0003-1567-9039
https://orcid.org/0000-0001-9085-324X
https://orcid.org/0000-0002-0368-2188
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/8103046

Liin [17, 18] investigated some interesting results of the
integral equations and the integro-differential equations
involving Hadamard-type. In this work, our goal is to intend
to address a general extension of these studies. Precisely, we
consider the following y-Caputo type fractional integro-
differential equation (FIDE)

DY) +a, DY) + 0y 1) = [ 6(C' ()l

a

(1)
where

(i) 0<@<0<1,0,>0,and a;,a,€C

(ii) The symbol C|D>:f"I denotes the generalized Caputo
FD of order o € {g, 0, }

(iii) The notation I¥'* means the generalized Riemann-
Liouville FI of order o,

(iv) G: [a,b] x R— R is a continuous function, and
0<a<b<oo

(v) ¢ € AC,[a, b] such that I}"® and DY exist and are
both continuous in [a, ]

Observe that the considered system (1) covers the previous
standard cases of nonlinear FIDEs by defining the kernel, i.e.,
if y(x) =x, w(x) =log (x), and y(x) = x*, then, the problem
(1) reduces to the Caputo type FIDE, Caputo-Hadamard type
FIDE, and Caputo-Katugampola type FIDE, respectively.

The aim of this work is to develop the nonlinear FIDEs. In
particular, we investigate the uniqueness and Ulam-Hyers sta-
bility of solution for the problem (1) by Banach’s fixed point
theorem and Babenko’s technique [26]. Note that the presenta-
tion and structuring of the arguments for our problem are new,
and our results generalize and cover some of the known results
in the literature. In addition, the obtained results here are valid
when the left hand side of the considered problem (1) involves
many FDs and FIs. For more details, see Remark 22.

The remainder of this paper is organized as follows: in
Section 2, we present some important tools related the frac-
tional calculus and the functional spaces, in which we aim to
determine our analysis strategies. Section 3 gives the main
results and their illustrative examples. Finally, our brief con-
clusion is included in Section 4.

2. Preliminaries

In this section, we present some properties, lemmas, defini-
tions, and important estimations needed in the proof of
our result.

Defining the Banach space as

b
ACyla, b] = {(p : ¢ € AC[a, b with ¢(a) = 0and ||¢||, = ‘ }(p'(()|d(<oo}.

(2)
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Next, we present some important definitions and prop-
erties of advanced fractional calculus.

Definition 1 [3, 9]. The y-Riemann-Liouville FI and y-
Caputo FD are defined by

"X

1t = s [ ) - v(O) Y Qe 00

DY w(x) = 14" (W’;(x) d%) w(x)
1 * n—g-1_1
eI R I
L@y ()dg >0,

respectively, where

n=-{ah o)) = (lytﬂj) o@. @

Definition 2 [27]. The incomplete gamma function is repre-
sented by

00 Ci
uledy = CQF(Q)e’C Z —,0>0,{>0.

e
V(Q’C)ZJ I(g+i+1)
(5)

0 i=0

Property 3 [3, 9]. Let 0 >0, and x> 0. Then

I'(x+1)

W) ~¥(@)' = gy V) ¥ (@) x>

(6)

B () - yla) = e )

= Txoorn) YR W@ hx>a

(7)

Property 4 [3, 9]. Let @,k > 0, and w € AC,[a, b]. Then

DY) = w(().{ > a, (8)
I8y w() = I w((), > a, (9)
DI IYw(@) =11 w(@) 0> K¢ >a,  (10)
IZ”Qw(a) =0. (11)

In the following, some very significant lemmas will be
given.

Lemma 5. Let @,k € [0, 1].If w € AC,[a, b], then
139Dy w(() = (). > a, (12)

D) w(() = 11 w(() 0> 6 >a (13)
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Proof. Let w € ACy[a, b]. Then by Definition 1 and Property
4, we get

14CDY () = II <y () = 1wy () = 0(¢) - w(a)
= w(c), C > a,
(14)

1D () = 1T ey () = I 1wy €)
=T @) (@) =1 e) 0> m > a
(15)

O

Lemma 7. Let Q> 0. Then, I} is bounded from AC,la, b]
into itself, and

(16)

113wl <

Figrn YO ~v@) el

Proof. Let w € ACy|a, b]. Then
( ! C !
w({) = J w (s)ds= J 3(s)ds, where 3({) =w () and w(a) = 0.
(17)

By virtue of Definition 1, we get

{ 1 X
IV (x) = IV (Ls(s)ds) (x) = F(Q)me

1./ ¢
—v() Ty (()J 3(s)dsdC.

a

Taking advantage of the Dirichlet’s formula, we have

1) = s | 30 e @)y e
_ 1 [ (@) -v©)"
- g o0 [
L [ )]
I'(e) az'( ) L Q } (19)
l X

< e V)~ w(@)* s
= e WO v o' o]as
= Fragy YO V@)l

Now, we will provide and prove the next lemma: O

Lemma 9. If ¢ > 0, then
I‘;”Qe"’(") — el”(”)(l;/(x) —y(a))® i (l/;“(x> - W(“))i . (20)

(@+i+1)

i=0

Proof. Using Definition 1, we have

e = [ ) —w @) Y 0O (2
Performing the substitution s = y(x) — y({), we get
[¥ee¥®) = LJW(}CW(u)sqle‘/’(")sds
V() (v(x)-y(a)
= J s e ds.
I'(Q) Jo
From Definition 2, we obtain
eV
I8 =y (@ y(x) ~ ¥(a) oo =" (V)
I'(e)
2 (y(x) - y(a)) .
_ eV WYWX) —yia
v(a) ZO To+it1)

3. Main Results

Theorem 11. Let a; € C(i=1,2),0<Q,<Q< 1, and @, > 0. If
h e AC,|a, b], then, the following linear problem

{ D) + 0, DIV + g 190 <)

¢(a) =0,

has a solution in the space ACyla, b], that is

o £
p)= Y (-1)" ) <
£,+8,=¢

x aslagZ IZ/»EI(Q*Q:)*Q(Q*Qz)*Qh(x).
=0 81, 22

(25)

Proof. Applying the operator I}* to both sides of Eq. (24),
we obtain

I‘{f’QCIDZ’QgD(x) + aIIZ”QCDZ/’Q‘go(x) +a, [ " g (x) = I¥h(x).
(26)
According to Lemma 5, we find that
P(x) +a I p(x) +ay I p(x) = IFh(x).  (27)

Observe that p(a) =0 and 0 < @, <@ < 1. It follows that

(1+a 000 4 a,[80)g(x) = [F¥h(x).  (28)
In view of Babenko approach, we have
p(x) = (1+ a8 ¢ g 1ree) pen(y).  (29)

By using the multinomial theorem and Property 4, we



obtain
(&)
P(x)= Y (~1)}(a T4 + a, 190 [%2h x)
£=0
00 L . .
¢ R 1 o 2\ "2 >
=) (-1 (@ P07 (a, 107 ) 2 I7%h (x)
=0 g+0=t \ €, ¢,
) e
=Y (-1 ) abt gl [ (@)t (ere) rep ().
=0 £,+8, 2,8

(30)

As x —> a, we get ¢(a) = 0. Now, we need to prove the
series is absolutely continuous on [a, b] and converges in
the space AC,[a, b]. Indeed, by Lemma 7, we have

|t eh || <nfbl, (1)

where

£ (e-01)+8 (e+ey)+e
- _(w(h)-y() )
It (e-e)+t(@+e)+e+1)
It follows that
ol 6 (w(h)_v,(@)fl(re*m)ﬂz(ewz)w N
el < ezée;z< 22> e F(el(Q_Ql)*'ez(Q"'Qz)"'Q*'l)H lo

) 4
=1y > < )
e=0e,+6,=¢ \ €}, ¢,

(9 (B) ~ y(@) )" (Jal (y() ~y(@)"*)
e (e-e)+&(e+e)+e+1)
=NE g-gyeranert) (11| (W(B) = ¥(a)) ¥, |ay| (w(b)
=v())*"®)|lhlo»

I[hlo

where

E(Q—QI,Q+QZ,Q+1) (|6l1 |(‘l’(b) - W(a))Q*Q1) |a2‘(W(h) - W(a))Q+QZ) <00,
(34)

which is the value at v, =la;|(y(b) —yw(a))¥®, v, =|a,|
(w(b) —y(a))¥® of the multivariate Mittag-Leffler func-
tion E(, o ora,er) (V1o ¥2) given in [3]. So, we conclude
that the series to the right of Eq. (25) is convergent. Obvi-
ously, ¢(x) € AC[a, b] due to h€ AC[a,b]. To affirm that
the obtained series could be a solution, we must see that
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it fulfills Eq. (24), ie,

o ¢
oYty ab aB IV () h(ere) e ()
=0 6=t \ £, ¢,
& ¢
+a1C[DZ/’Q‘ Z (-1)* z ailangg’ll<Q_Ql)+€Z(Q+Qz)+9h(x)
=0 4= \ €, ¢,
® ¢
+a,V Z(—l)z Z ala? [rhiee)here) ey y)
=0 =t \ €, ¢,
® ¢
CI]ID‘VQ I¥Ph(x) + Z Z
=1 z+22:e 2,8

xat agzlz/)ﬁl(pfpl)+@z(p+Pz)+ph(x)>

Mg

[4
" (_1)2 z ( >a‘i1+1a§zlzl»(eﬁ1)(ﬁQl)*ez(Q‘er)h(x)
g +6=t \ €}, ¢,

~
Il
o

+

18

4
(—1)2 z ailagﬁllzafl(e—el)+(‘iz+1)(e+ez>h(x)
g +6=t \ €}, ¢,
0 . 4 o 0
+ Z (-1) Z allazllzﬁel(P‘P1)+22(P+Pz)h(x)
=1 g+t=t \ €, ¢,

4
z ailﬂagz[z/,(ﬁ'*l)(ﬂ‘@l)*‘ez(Q*'Qz)h(x)
E1’ E2

e~
I

0

=0 0+8,=0
® ¢

+ z (-1)* z aﬁlagﬁl[f/@l(Q-Q1)+(’Zz+1)(e+ez>h(x) =h(x),
=0 =t \ £, ¢,

(35)

by the cancellation. Notice that each series is absolutely
convergent and also the term arrangements are possibly
cancellated. In fact,

14
- z a; a“zpl/f (-0 *e(ete: ) (x)
6+6,=1 \ £, ¢

¢
+ Z a§1+1 2,,11,,(( +1)(e- Q1)+€Z(Q+Q2)h(x)
€, +L, 4

1’22

4
" Z a‘i] agﬁllr,el(Q‘Ql)‘*‘(ez“)(Q*'Qz)h(x) =0.
6 +6,=0 \ £, ¢,

(36)

The remainder terms cancel each other similarly.
Plainly, the uniqueness follows promptly from the fact that
the FIDE

DY %p(x) +a,°DY p(x) + a, 1V %(x) =0, (37)

only has solution zero due to the Babenko approach. [

Remark 13. Notice that the solution of Eq. (24) in AC,|[a, b]
is stable, if for all € >0, there exists § > 0 such that ||g||, <&
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with ||A]|, < 8. Taking advantage of the following inequality

1910 < ME (-, qrarer) (81| (¥(B) = w(a))*%, |as | (w(b)

= (@)™ )bl
(38)

we conclude that ¢ is stable.

Example 1. The following y-Caputo type FIDE

DY p(x) +2°DY p(x) — IV (x) = (y(x) - y(a))",
(39)

has the solution in AC]a, b], that is

o ¢
EDNCD) <
=0 €, +¢,=¢
I'(k+1)
T+ 028, 1136 + 1.9) V) V(@

)(2)“ (1"

e,8,

))K+OA2€1+1A3€2+0A9.

(40)

So, according to Theorem 11, we have

_ - _ L 8 61 _ €2
S (e,

x IZ,O.Z€1+1.3€2+0.9(1//(X) _ I/I(Ll))K

From Property 3, we get

00 £
)=y (-1t ) ( )(zf‘ (-1)%
=0 6+6=t \ £,,¢,

I'(k+1) B 14028, +1.38,0.9
e+ 02, + 135+ 1.9) V) ~¥(@) '
(42)

Example 2. The following y-Caputo type FIDE
D9 + D g(x) -3 () =, (43)

has the solution in AC,[a, b] described as

00 £
9et 3o 3 (e e )<—3>fz<w<x>

012 +6,40.8 (a))i
2408
~v() Z1“01€1+€2+18+1)

(44)

So, as stated by Theorem 11, we obtain

& 19
q)(x) — Z (_l)e Z ( ) (l)e] (—3)2212/’0'1€1+€2+0'86W(x>.
€, +8,

£=0 el) ez
(45)
By virtue of Lemma 9, we obtain
© 14
DRGNS (=3)%e" D (y(x)
£=0 e+0=¢ \ £, €,
0164408 \ )-y(a)
~v() XIZF01€1+€2+18+1)
(46)

The uniqueness result of Eq. (1) will be proved through
the following theorem.

Theorem 14. Let G : [a, b] x R — R be a continuous func-
tion, and assume that there exists a constant C such that

IG(x ¢;) = G(x,9,)| < Clop, — ¢,|, x € [a, b], ¢, p, € R.
(47)
If
CHE o apvanr) (1011 (9(B) = ¥(@) 2, o] (w(b) ~ (@) @) < 1,
(48)

then, the problem (1) has a unique solution in AC,|a, b].

Proof. Consider the operator § on AC,[a, b] defined by

oo 14
S@)=> (-1)" Y ( )afla?
=0 e +6=t \ £, ¢, (49)

x [¥h(@e) b (erey) +PJ (( ¢ (C))dC

a

For ¢ € AC,[a, b], we have [*G((,¢'({))d( € AC|a, b],
b

since ¢’ (¢) € L(a, b) and G({, ¢'(¢)) € L(a, b).
Hence,

J(Up

) b
—G(x,O)|dx+J |G(x,0)|dstj {(p (x)}dx+J |G(x,0)]dx < 0.

G(x,(p’(x))

x(p )‘dx<r

a

(50)
Using the inequality (38), we obtain
18(9)llo < 00and I(¢)(a) =0. (51)

Besides, J(¢) is absolutely continuous on [a, b] via The-
orem 11. So, § : AC,[a, b] — ACa, b]. Now, we just have



to show that §
,b]. Then

is a contraction mapping. Let ¢, p* € AC,[a

13(9) = SB(@")llg <ME (g-0,.0+0r041)

(Il (v (B) = (@) ), Jay] (w(b) - y(a) )

<] e(ee @)~ o(co )|
(52)
Since
['e(c ) J(cwo)dco
[loer) e o
sC px Cllo ="y

we obtain

19(9) = S(9")
< ONE g vcsen) (101 (9() = 9(@)) 0, | () - (@) )
A
(54)

Inequality (48) leads us to that J is contraction map-
ping. O

3.1. Ulam-Hyers Stability (UHS). The first results about this
type of stability emerged in 1940 by Ulam [28, 29]. From
that point forward, the UHS is studied via several
researchers. With the vast development of fractional calcu-
lus, the studying of stability for FDEs also attracted the
numerous authors, see [30-32].

In this regard, we investigate some recent results on the
UHS and generalized UHS of (1). For &> 0,x € [g, b], and
¢, € AC,la, b], the following inequality

X

D91 (1) + 4, D} 9y (x) + 1, (x) - j 6(¢0'©)d

<g,
a

(55)
is satisfied.

Remark 16. Let € >0. Then, ¢, € ACy[a, b] satisfies (55) iff
there exists &(x) € AC,[a, b] with &(0) =0 such that

@) (1€l = 318" (¢
(i) forx € [a, b]

)|d¢ <&, for x € [a, b]
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DL 91 (x) + Dy (x) + 4,11 %, (x) = jXG(c, 91(0))dt
+ Jx|s’(c)\dc.
(56)

Lemma 17. The solution of the problem (56) with ¢,(0) =0
satisfies the following inequality

191 = Zgllo < 1E(g-q,.0+010+1)
(a9 5) ~ @), e (1) ~ (@) @)
(57

Zo)= Y (-1° ¥ ( ‘ )
=0 e+t,=t \ £, €, (58)

x [P li(ee) s (ere:) +pj (( %(5)) dc,

a

and n is defined by (32).

Proof. By virtue of Lemma 8, the solution of Eq. (56) is

described as
= ¢ (AR
@, (x) = Z z ai'a,
=0 z o=t \ €, ¢,

< Jphlee e e H S(col)dc+ [ 1€ ldc} |
(59)
It follows from Eq. (59), Remark 16, and Eq. (38) that

lley = Zsllo <ME(g—q, 0rare+1)
(I (w(B) = p(@) ), gl (v () ~ (@) ")
[ G¢1)ﬂ+[K@W€[ (L
I ( v(b) (@) ) g,
)(laal(0) = 9 (@) . a9 (B) - p(@) " )
(60)

a|(w ), oy

Q Q1,0+Q0+1)

O

Theorem 19 (UHS). Suppose that the hypotheses of Theorem
14 with Eq. (55) are satisfied. Then, Eq. (1) is UH stable.

Proof. Assume that £ >0 and ¢, € AC,[a, b| satisfy Eq. (55),
and let ¢ € AC,a, b] be a unique solution of

X

DY, (x) + 4, DY, (x) + 4,1V, (x) = j

p(a)=¢,(a) =

G(L9'(0))d,

a

(61)
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that is

o) 14
p(x)=g(a)+ Y (-1 ). ( )
6=t \ £}, ¢,

X

X a; alew (@-ei)+6(e+er)tp U

5(t.9'(0)dt]

a

Since ¢(a) = ¢, (a) = 0, we obtain

o ¢
¢m=ZfW§I< )
£=0 e+t=t \ €y, €, (63)

X a, aezpﬂ (@—Q1)+ (e+e)+e UXG (C,QDI(Q)dC}

a

According to Lemma 17 and (38), we get

”(pl - (P”O < ”(Pl _ZG“O + HZG - (PHO < qE(Q—Ql,Q+Q2,Q+1)
(I | (w(8) = 9(@) ), s () (@) e
(g aranern) (1911 (V() = ¥(@) T, ) ((B) - y(a) )

| [[e(coi@)ac- [ e(ce @)

(64)
Using the assumption of Theorem 14, we have
[ s(eoi@)dc- | e(co'@)at] =clo, ol
(65)

So,

ller = @llo ME(gq, 0r0r0t1)
- (I (w(8) = y(@) ), || (y(B) -~ y(@) ) )e
+1E (g guarenery (101 (¥(8) = ¥(@) ), [a|(w(B) - y(a) )
xCllgy = 9lly-
(66)
From the inequality (48), we find that

1p1 = 9llo < Cee, (67)

where Cg; :==R/1 -RC and

m = rIE(Q—Ql,Q-FQZ,Q#-l) <|t11 ‘ (W(b) - v/(a))<Q7Ql)’ |a2|(‘//(b) - W(a))(QJrQZ)) .
(68)
O

Corollary 21. Under assumptions of Theorem 19, if we put
D(e) = Cge along with O(0) = 0, then Eq. (1) is a generalized
UH stable.

Example 3. Let a=1 and b=y (1 +y(1)). Then, there
exists a unique solution for the following nonlinear y-
Caputo-type FIDE

DY p(x) + 11 %)
X e(z )
:J ———— sin (p'(() e ¢ +1n ( \/Z) ac,
a\C (3 +éf )
(69)
where the constant C is to be determined. It is clear that

2

G(x,z) = sinz+e**+1In (1++x), (70)

is continuous from [1,y (1 +y(1))] x R to R and satisfies

G(x.21) = 6(x. 2,)|
SICGEre) T Gl A
3 2 ) . § eXZ
<————|sinz; —sinz| | ——— |7, -2
C(3+€x2)| 1 1| C(3+ex2)| 1 1|
1
< E'Zl -z
(71)
Obviously, w(b) —y(a) =1 and
) 1
Z > 1 ®) -y@)") =g
I'(1.5¢,+1.9
€=0¢,=¢ ( ) ( 2 ) (72)
s 1
- ;)F(l.5€+ 1.9)°
For € > 1, we have
€+1<1.58+1.9, (73)
1 1 1
< =—. (74)

r(15e+1.9) T

Therefore,

0 L 1
;)ez_:‘g(g) I'(1.5¢,+1.9) " I'(1.9) Zk'
o 75)

o0
-1 —1+Zi<004+e
r(1.9) Sk '




Let us choose a positive C such that

1

C< .
0.04 +e

(76)

X e( 2

,0.9
DY (x) + T (x) j LA
a C<3 + €8 )

there exists a unique solution ¢(x) € AC,[a, b] of Eq. (69)
such that

ller —olly < Cge (78)

where Cg=R/1-RC>0, R=#4/0.04+e and n=1/I(¢,
0.9 +1.5¢, + 1.9). Consequently, Eq. (69) is UH stable.

{ C[DZ”“(p(x) + alc[DZ”"‘l(p(x) + ...
¢(a) =0,

has a solution

4
e
SO
£=0 et =t \ €5, €5, 00, 8, (80)

¢ -
X al . bl [P am )t wra )

where cID‘::’6 is the w-Caputo FD of order §(>0) € {a, ;51 =
1,---,n} and I}’ is generalized FI of order o(>0) € {x;5j=
n+1,--,mh.

4. Conclusions

y-Caputo FD, a general fractional operator, is of great use
because of its wide freedom to cover many classical frac-
tional operators. In this work, we have studied the
uniqueness of solution for the nonlinear y-Caputo type
FIDE (1) by using the Banach space AC,[a, b], Banach’s
fixed point theorem, and Babenko’s method. Moreover,
the UH stability results to the proposed problem have
been discussed. Also, some pertinent examples have been
provided to justify the main results. The obtained results
in this study extended and developed the current results
introduced by [17, 18]. We have already concluded that
our results are valid when the left-hand side of the con-
sidered problem (1) involves many FDs and IDs as

+a, DY p(x) + by I 9(x) + by IV 2 (x) + .+ b, I (x) = h(x),
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It follows from Theorem 14 that Eq. (69) has a unique
solution.

Moreover, by Theorem 19, and for any solution ¢, (x)
€ ACy|a, b] of the inequality

sin @} (¢) + e ¢ +1n (1 + \/Z) d{| < e, forxe[a, b, (77)

Remark 22. All previous results can be generalized in
which the left-hand side of (1) may contain several FDs
and FIs. For example, Theorem 11 can be generalized as
follows:

Theorem  23.  Suppose a,€C(i=1,---,n)b;,,€C
(i=1,---,m—n) with 0<a;<--<a,<a<l and 0<x,,,
<Ky < <K, € R Ifhe AC,a, b], then the following lin-
ear problem

(79)

shown in Remark 22. Furthermore, problem (1) covers
previous standard cases of nonlinear FDEs and FIDEs
by selecting the suitable standard kernel in the studied
problem. More specifically, our results generalize some
known results in literature like those that include Hada-
mard and Katugampola FDs.

For future research, we will consider a class of nonlinear
FIDEs with the fuzzy initial conditions in a fractional case. It
would also be interesting to study the same results for our
current problem under the w-Hilfer operator [33] or
Atangana-Baleanu operator [8].
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In this research, by using a weighted fractional integral, we establish a midpoint version of Hermite-Hadamrad Fejér type
inequality for #-convex function on a specific interval. To confirm the validity, we considered some special cases of our
results and relate them with already existing results. It can be observed that several existing results are special cases of our

presented results.

1. Introduction

In the last few decades, the classical convexity has a rapid
development in fractional calculus [1]. We can say that
convexity plays a vital role in fractional integral inequalities
because of its geometric features [2-4].

Take a function f:I — R be a continuous function.
Then, this function is called convex if

fltm+(1=t)n) <tf(m) + (1=1)f (n), (1)

Vm,nel, and t €0, 1].

There are many integral inequalities in the literature and
one of the most common inequality is Hermite-Hadamarad
or, shortly, the HH integral inequality, which is introduced
by [5]:

n

f(m+n/2) < 1/n—mJ fx)dx<f(m)+f(n)/2,m<nel.
(2)

In the literature, we can notice that Hermite-Hadamarad
inequality (2) has been applied to distinct convexities like
exponential convexity [6, 7], s-convexity [8], quasiconvexity
[9, 10], GA-convexity [11], (a,m)-convexity [12], MT-
convexity [13], and also, other types of convexity (see
[14, 15]). Different forms of fractional integrals like
Riemann-Liouville (RL), Caputo Fabrizio, Hadamrad, Riesz,
Prabhakar, ¥-RL, and weighted integrals [16-20] have been
established. A lot of integer-order integral inequalities like
Simpson [21], Ostrowski [22], Rozanova [23], Gagliardo-
Nirenberg [24], Olsen [25], Hardy [26], Opial [27, 28], and
Akdemir et al. [29, 30] have been developed and generalized
from fractional point of view.

Definition 1. Let I CR be an interval and f : ] — R be a

continuous function. Then, the function f is called #-con-
vex if

fltm+(1=t)n) < f(n) +tn(f(m), f(n)). (3)

Definition 2. [18] Let f is positive convex function, continu-
ous on closed interval [m, n] and x € [m, n] when f(x) € L!
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[m, n] with m < n, where left- and right-side RL fractional
integrals are defined by

R f(x) = F(lj (x— 1) (o),

ML f(x)

I
H’
—
—
3
=
|
Na)
<
—~
—
=
QU
o

where I' is famous Gamma function and for any positive
integer n,I'(n) = (n—1)!.

Definition 3 (see [19]). Let [m,n]C R, f : [m,n] — R and
¢ : (m, n] — R be monotonically increasing positive func-
tion with a continuous derivative ¢'(x) on (m,n). Then,
the left-sided and the right-sided weighted fractional inte-
grals of f according to ¢ on [m, n] are defined by:

()
In this research, we denote [g(x)]”' =1/g(x) and the
inverse of function ¢(x) by ¢~*(x).

Remark 4. From Definition 3, we can see some special cases:

(i) If ¢(x)=x and g(x) =1, then weighted fractional
integrals [14] deduce to the classical RL fractional
integrals [9].

(ii) If g(x)=1, we get fractional integrals of function f
with respect to function ¢(x), which is defined by
[16, 17]:

Lemma 5. [31] Assume that g : [m, n] — (0,00) is integra-
ble function and symmetric with respect to (m +n)/2, m < n.
Then,

(i) For each t € [0, 1], we have
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(ii) For v > 0, we have

(¢*1(m+n)/z+1w¢(go¢)) (‘/’_1 (”))

= (Iv:fe((mm)/z) (ga¢)> (9‘571(7”)) .
; [(4; L mem)/24d (90¢)) (¢ (n ))

= (152 - coom ) (47 ()]

2. Main Results

Theorem 6. Let 0<m<n and f : [m,n] — R be an L'y
-convex function and g : [m,n] — R be an integrable, posi-
tive and weighted symmetric function with respect to (m +n
)/2. If, in addition, ¢ is an increasing and positive function
from [m, n] onto itself such that its derivative ¢ (x) is con-
tinues on (m,n), then for v> 0, the following inequalities
are valid:

(97 (m))]-
< |90 (im0 ) (7)) + g

(e 50 n)os (5 e ) ) o |

Proof. The n-convexity of f on [m,n|, for all x,y € [m,n]
gives

(L) LOWEION
setting x=(t/2)m+ ((2—-t)/12)n and y=(2-t)12)m+
(t12)n
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Multiplying both sides of inequality (11) by "' g((#/
2)m+ ((2-1)/2)n) and integrating over [0, 1], we get

zf(m;")ﬂt”‘lg(;m+ %n)dt
Jrdom s et
e
.<f(§m+%n>,f<?m+én)>.

From the left side of inequality (12), we use

1)/ [((p“ (m+n/2)+lv:¢ (g0¢)) (¢71 (”))

(157, (909)) (67 )]

2T (v) .
~ )V (‘b‘*”l((m-m/z I ¢(go<p)) (¢7(n))

( n—(x))"" (gog)(x)¢' (x)dx

2dx

n—-m

) (908)(1)9'(x)

(13)

where t=2(n-

Zf(m+n)J:) g( m+27n)dt
= o (5 % v
i (I;’ﬁlammwa— (g0¢)) (¢—1 (m))} .

$(x))/(n—m). It follows that

I"*(gog) ) (47" (m))

(14)

By evaluating the weighted fractional operators, we
see that

900 (5 75 F09)) (87 )

gl (MI%W (o)) (4 (m)

_ o (909 (¢ (m)
9n) I'(v) 71 (men)12)
- (fo9)()(908) (x)¢ (x)dx

(gog) " (97" (m)) (¢ (Lmemr2)
+g(m) I'(v) J¢1(m)

(n=¢(x)""

- (9(x) = m)"" (fog) (x)(909) (x)¢' (x)dx

570 et )

¢ ((

(o) () (g9 )8 () 2
)

, nom)” r‘«":*" ? (2(¢>(x) - m))

2"T(v) )yt (m n—m

where

-1 -1 1 _ 1
[(go) (¢~ )] (909)(¢7' () 90’ (16)

for y=m,n.
Setting u, =2(n—¢(x))/(n—m) and u, =
(n—m), one can deduce that

2(¢(x) = m)/

9(")( Y(m+n/2)+ g¢f0¢)( )
+9(m) (qualy 2 ey F09)) (97
2-

1 2-u u 2-u u
+ | wt ( Zm+ Zn) < Zm+ Zn)du}
JO > f 2 R A 2 2
—-m) i 2 - 2 -
= (= m) Jtv_lf Em+ —tn g Em+ —tn dt
2T() |, 2 2 2 2
t

2—t 2 -
+J0 Ve f(Tm+ %n>g<§m+ Ttn)dt}

(17)
[ 5
s
(a5t s (e )
- (ZV—FS;; [g(”) ¢ (mn/2)+ IV'¢¢(f0¢))(</>‘1(n)))
+ng(m) <f(5m+ ?n)f(?m_,, %n))
(67 (m)]



f(m;n) % [("’4’ 1(m)2)+

By using (14) and (18) in (12), we get

1"¥(gog) ) (47 (n))

(157 (999) (67 0)

s[g(n>(¢ minf2e 123, (F04)) (97 ()
2t

(25 )

(97 (m) .

(19)

The left side of Theorem 6 is completed.

Now, we will prove right side of inequality (9) by using

n-convexity.

2-t

_ +t +t t+
—mrgn) e f{gmt =

Multiply Equation (20) by £ 'g((t/2)m+ ((2-1t)/2)n)

and integrate over [0, 1] leads us to

! 2- 2-
Jtv_lf Em+—tn g Em+—tn dt
. 2 2 2 2
! 2-t t t 2-t
+Jtv’1f ~——m+-n|g(=m+—ndt|.
. 2 2 2 2
2 —

N—
—_
©
L
—~
=
~—
~—
~——

90) (g ey 125, (fo)
+ntg(m) (f(§m+ ?n ,
(g7 (m))

o (5 )
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< [90) (g2 mngar 128, (F09) ) (97! ()

+Agom) (£ (5 250 r (e 5n) )

This completes our proof. O

Remark 7. From Theorem 6, we can get following special
case:

If ¢(x)

(m+n

=x, then inequality (9) becomes

RLI

((m+n)/2)—g(m)}

(m)g (ELI:mw)m f ) (m)

) |:m+n/2 )+ I g(n) +
”)((m+n/z )+ r )

<90) ([ 1) )+ 903 (5T ) 09

(23)

Lemma 8. [31] Let 0<m<n and f : [m,n] — R be a con-
tinuous with a derivative f' €L'[m, n] such that f(x) = f(m)
+ Imf t)dt and let g : [m,n] — R be an integrable, posi-
tive, and wezghted symmetric function with respect to (m +
n)/12. If ¢ is a continuous increasing mapping form the inter-
val [m, n] onto itself with a derivative ¢' (x) which is contin-
uous on (m, n), then for v > 0, the following equality is valid:

o ey 17 (g09)) (67! (n))
* (10 - (909)) (47! (m) |

= 900 (s mn2is T8 F08) ) (87 ()
4 90m) (gog 5 ey (F09)) (97 (m))]

1 J¢ ((mH’l)/Z)
I(v) )

<m+n

(
I
(

(24)
m)"" (gog) (x)d ]

’ 1 (¢t
( 0¢) )t - I'(v) J¢1((m+n)/2)
l >>“<go¢><x>dx]
)( )9 (1)d.

Remark 9. From Lemma 8, we obtain the following special
case:
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If ¢(x) = x, then equality (24) becomes Proof. By using Lemma 8 and properties of modulus, we get
+n
( 2 [ern /2+I g m+n )/2—- g m :| |01 +02| Lj‘ﬁl((m*”)/z)
v F -1
{g(n ( (m-+n) /2+Igf> ( I(m+n /2~ ) } (Vt) e
_ L J e [ )l } < £(0) - U ¢ (0)($(x) - m)V"<go¢><x>dx]
L)/, ¢! (m)
J [ d]f' o8 (6" ()dt + — e
X . P
F(V) (m+n)/2 ( 0¢)( )¢ ( ) F(V) J¢1((m+n)/2)
(25) O
|- g 9000
Theorem 10. Let 0<m<n and f : [m,n] € [0,00) — R be !

a dzﬂferentzablefunctzon on the interval [m, n] such that f(x) / /

fmf t)dt and let g : [m, n] — R be an integrable, i (f 0¢) (t)¢"(1)dt
posztzve and wezghted symmetric function with respect to
(m+mn)/2. If, in addition, |f'| is convex on [m,n), and ¢

is an increasing and positive function from [m, n) onto itself L) ) (m)
such that its derivative ¢'(x) is continuous on (m, n), then ;
for v> 0, the following inequalities hold: . J . o' (x)($(x) - m)v_l(gogb)(x)dx‘
| 67 ((mn)12) o (m) .
lo,+0,0= WJ i “A(f og (1) ¢’(t)dt+ —
_ e r'(v) ¢ ((mn)i2)
. t "(x)(d(x) = m)" " (gog) (x)dx O 1
_Lﬁl(mf B)0) =m)™ (god) (=) ] |70 o= 60 (g0 )
, , 1 (¢ . .
(o) war- | | (o8 wls 0t
[t ) (27)
] e @m-oe <go¢><x>dx] ,
R Since |f'| is #-convex on [m, n] for t € [¢7* (m), ¢~ (n)],
(f109) ()¢ ()t e
— \(fosb)(t)\:f’(n_m e 2 n> »
_F( )2v+1(1/+1) ! ?’l—(/)l‘ ’ ’
| <1+ 200 (5 m. )
19 mmenzion” ) + 1l imnyzoa ()]
(n- m)v+1 gl So, using (28), we obtain
Y 2y - o 2,00
I'(v )2V+2(V+2) lg [m,(m+n)2)s00" oo s ||g|| (msmyaleo J¢l((m+n)/2)
(I el 11 o)) A (R O
(n— m)wl ' ! -1
+ v+2 |g L(m+n)/2] ~ ) X x)—m)" dx
F(‘V)Z (V+ 1)(V+2)| || )/2], J¢“(m)¢ ( )(¢( ) )
(1l ) |17 )+ =2 (1 ol 1)
(=" NG oo 1

¢~ (n)
F(V)2V+1(V+ 1) f (Vl) . ¢’(t)dt+ ||g|[(m+n)/2,n],ooJ’

T s
(n- m)VJrIHgH[m,n],oo . (n - ) (v) ¢ (men)12)
w22 (v+1)(v+2) I (v)2*(v+2)

RO y
- j o' (x)(n - $(x))" " dx

t

o) <171+ 2215 | )|

Nl oot (1 )] | ()]




¢/ (t)dt
(n—m)
T I(v+1)2vt!

(19 emyzon” 1) 18] ey ()]

v+l

(n-m
WHQHW mn)/2)00

(I (m)], 1 ()]

v+1

)v+1

(n-m)
[(v+2)22(v+1) 191l

(17 om), | ()
(1’1 - m)VH ||g||[m,n],oo

I(v+1)2"! f'(m)
l(n =)™ 19l 0

+
I(v+2)2"2(v+1)

,(m+n)/2],00

(I’l _ m)v+l

1191
I(v+3)2"+2

(17 ) |7 (m)]), (29)
where
f ¢'(x)(@(x) —m)"dx
¢~ (m)
_(9(t)-m)’
AONS »
|70 oo ax
_(n-9(1))’
¢ ((m+n)/2) ,
L%) ($(t) — m)" (n - 9(£))¢" (1)t
_(n- m)"2 (v +3)
22w l)(v+2)’ (30)
97 (n) ,
| =g - a4 ()
¢ ((m+n)/2)
(n _ m)v+2
2" (v +2)

¢~ (n)
[
((m+n)/2)

qS m+n/2
=J7 (9(t) - m)"9 (t)dt
¢! (m)

_ (n-m)
2 (v+ 1)

v+1

This completes our proof. O
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Remark 11. From Theorem 10, we can get following
inequalities:

(1) If ¢(x) = x, then inequality (26) becomes

[ (B55) [ 9T, g(om)]

- [ﬂ”)(ﬁﬁw)/zﬂf) n
+g(m) (511, f) )]

(1’[ _ m)v+l

T I(v)2"ti(v+1)

19l mmamyzcat” ) + 190 oy ()]

(n m)v+l
F( )2v+2(v+2) ”gH[m (m+n)/2],00

MURGIRIEC]

(1’1 _ m)V+1

" I(v)2"™2(v+1)(v+2) ”gH[m’(er")/ZLoo

(1f(m), |7 (m)])

(=) |9l oo s
T2 (v +1) fi(m)
(1’[ - m)v+1 ||gH[m,n],oo
T(v)2"*2(v+1)(v+2)

v+1

(n—m)

190, )
e )}
(31)

(2) If ¢(x)=x and g(x)=1, then inequality (26)

becomes

27 Ir(v+1)
o)
' [iﬁm ered f( )+ +401, men2f (1 )} f<m;n>|
(n—m)"!

T T(v)2"(v+1)

19 mimemytoof () + 19l mmanyonf ()]

(f’l m)v+1

anﬂ[m m+n)/2],00

(1m0

(l’l _ m)v+1

+
F(V)2V+2(V + 1)(V+ 2) ”gH[m,(an)/Z],oo

([ em)] 1 ()]
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(1= )| g0

I(v)2"'(v+1)

f'(n)

Proof. Since |f'|" is #-convex on [m,n] for t e[~ (m),

¢~ (n)], so

(I’l— m)v+1||g||[m,n],oo (n_m)v+1||g||[m,n],oo n-— ¢(f (P(t) -m 1
’ [F(v)2V+2(v+ Dw+2) | T)22(v+2) [('08) |f ( —m "t h—m ”)
' t) '
(1f ]| )] (32) <|f'(m"+ n,, 7 (1f )% 11 (m)][").
(35)
(3) If ¢(x) =x, g(x) =1 and v =1, then inequality (26)
becomes By using power mean integral, Lemma 8, and #-con-
vexity of |f'|%, we have
(" m+n
| e (") R
< (}’l 4m)2f’( ) ‘01+02‘SWJ.¢"(M)

+ [(n—m) ZSZ(n—m) ﬂ(]f’(m)},\f’(n)D].

Theorem 12. Let 0<m <n and f : [m, n] € [0,00) — R be
a continuously dzﬁerenttable function on the interval [m, n]
such that f(x) fmf t)dt, and let g : [m, m] — R
be integrable, posztzve and wezghted symmetric function with
respect to (m + n)/2. If, in addition, |f'|" is convex on [m, n],
q<1, and ¢ is increasing and positive function from [m, n]
onto itself such that its derivative ¢'(x) is continuous on
[m, m], then for v >0, we have:

(n_m)v+1 , q 1iq
m”gﬂ[m(mm/z],m(v (")| )

19l ez (1 )

o, +0,| <

(n m)v+1

WHQH (m+n)/2],00
[n(1r om 1 o))
(n—m

v+l
V+2+ 13 1/ ”gH ,(m+n)/2],00
I(v+2)27+2 ) (y 4 1)1
1/
[o( et o)
(=) 19l 0 [y o1\ Ve
s F(V+ 1)2v+1+ (119) (|f (n)’ )

|: (n_m)VH”gH[m,n],oo
+

I(v+2)2"+2 W) (y 4 1)1

(” - m)V+1 Hg”[mn

e (ol )
(34)

'(gog)(x)dx

| e8e9-m
¢ ()

(f'o¢)(t)¢ (dt+ 17 )L .

j 6(x))" (gog) (x)dx

t

m+n/2)

( '0¢> )’ (t)dt
1 ¢! (m+n/2)
- I(v) (J ¢t (m)
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J 9" (x)($(x) —m)"dx f'osb)(t)\q
¢ (m)




8 Journal of Function Spaces

RPN I Sy (n—m)"'||g] (n-m)" g
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’ U?ﬁl("ﬂ J¢I(M)¢ @0 Fr2)
! n- ¢ WL (n)]f O
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Remark 13. From Theorem 12, we can get following special

cases:

Ml
'¢I(t)dt] " [m,m+n/2],00

I

¢

([0
m+n/2

&1
: J

¢~ (m+n/2)
(I

[ (n

(1) If ¢(x) = x, then inequality (34) becomes

(55 [Menasd gl + ¥ - g(om)]

- [0 (32110 ) ) 000 (5, £) )

(I’l _ m)v+1

1/q
m Hg”[m,m+n/2],oo({f n ‘ )

19y (1 00]")

v+l

é(t)
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(n- m)

n(|f’ YA \) %fr]q

+ WH!JH [m,m+n/2],00
(n- m)erl 1/q
o N CACLY (1 e 1 )]
1/q (7’1 m)v+1
+ HgH m,m+nl2],oo(|f n | ) .F(V+2)2V+2+(1/fi)(v+ 1) Ta) ||g||mm+n/2]
(}’l m>v+1 . q
+ W”g‘hmwwnlz] [ﬂ(}f | |f | )]
SZ(I’l m) HgHmn] (|f | )l/q
(17 e 1 o )] ™ T DT
(n—m)"* _ [ (1= )" 19l )0
* F(V+2)2v+2+(1/q)(v+ 1)(1/q) ||g||[m,m+n/2],oo F(v+2)2”2+(1/‘1)(u+ 1)<1/q)
1 + (”_m)leg” m,n,
' [”(}f,(m [ 1 () |q>} ' I(v+3)22 19
1/q
R ] (17 (1 e 1 e]))
S F(V+ 1)2v+1+ llq (38)
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(2) If ¢(x)=x and g(x)=1, then inequality (34)
becomes
27T (v+1)
(n—m)"
M )+ fm)| - £ (P50)
(1= )" gl o

1/q
F(V+ 1)21/+1+ 1/q) (’f | )
[ (n_m)v+1‘|g||[m,n],oo
+

I(v+2)2w2 V) (y 4 1)1

(=)0l 00 1
] (1 el o))
(39)
(3) If ¢(x) =x, g(x) =1 and v =1, then inequality (34)
becomes
n_lmjmf( yax - f (1)

2L (1)

40
(n—m)*+2"4(n-m)* (40)
+ 21/933+(1/q)
1/q
(17 L1 o))
Theorem 14. Let 0<m <n and f : [m, n] € [0,00) — R be

a continuously diﬁerentiable function on the interval [m, n]
such that f(x) fmf t)dt, and let g : [m, m] — R
be integrable, posztzve and wezghted symmetric function with
respect to (m + n)/2. If, in addition, |f'|" is convex on [m, n],
q<1, and ¢ is increasing and positive function from [m, n|
onto itself such that its derivative ¢'(x) is continuous on
[m, m], then for v >0, we have

(I’I _ m)v+1
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By using Holder’s inequality, Lemma 8, #-convexity of
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where

¢ (men)12) 1
[° L we=m -
¢~ (m) ¢~ (m)

_ (n=-m)P" P (pv + 3)

- 2" 2(pv+ 1) (pv+2)’

Jﬁbl(”)

¢’1((m+n)/2)
_ (n-m)
S22 (py+2)

pv+2

This completes the proof. O

Remark 15. From Theorem 14, we can obtain following spe-
cial cases:

(1) If ¢(x)

= x, then inequality (41) becomes

’f(me) |:Rr€l+n pered “g(n) + RLI](/mm)/zfg(m)}
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(2) If ¢(x)=x and g(x)=1, then inequality (41)
becomes

2 I (v+1)
(n—m)’

[ T F ) T £ )] =1 (P57

(n- m)V+1||g||[m,n],oo (’f’ n)|q) 19
F(V + 1)2v+1+(2/q) (

+ (n_m)v+l||g||[m,n],oo
I(v+2)2"2 @) (py + 1)
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>

(1" om)
(46)

(3) If ¢(x) =x, g(x) =1 and v=1, then inequality (41)
becomes

m+n>

| s
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(n—m)* 1q

<2 s (1 0)")

sty ] )
L(nmm) e (pr ) w—m{

(p+ 1)1/p23+(2/q)

o))"

>

~(n(1f"om)

3. Conclusion

In this paper, we established Hermite-Hadamarad Fejér type
inequalities for 7-convex function by using weighted frac-
tional integrals. Our results are extensions and generaliza-
tions of many existing results in the literature.
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This paper is concerned with the existence and uniqueness of solutions for a new class of boundary value problems, consisting by
Hilfer-Hadamard fractional differential equations, supplemented with nonlocal integro-multipoint boundary conditions. The
existence of a unique solution is obtained via Banach contraction mapping principle, while the existence results are established
by applying Schaefer and Krasnoselskii fixed point theorems as well as Leray-Schauder nonlinear alternative. Examples

illustrating the main results are also constructed.

1. Introduction

The fractional calculus has always been an interesting
research topic for many years. This is because fractional
differential equations describe many real-world process
related to memory and hereditary properties of various
materials more accurately as compared to classical-order
differential equations. Fractional differential equations arise
in lots of engineering and clinical disciplines which
include biology, physics, chemistry, economics, signal and
image processing, and control theory (see the monographs
and papers in [1-8]).

Various types of fractional derivatives were introduced
among which the following Riemann-Liouville and Caputo
derivatives are the most widely used ones.

(1) Riemann-Liouville derivative. For n—1 < a < n, the
derivative of u is

RLDau(t) = D" u(t) = ﬁ (%)njt (t=s)"""u(s)ds

(2) Caputo derivative. For n — 1 < a < n, the derivative of
u is

“Diu(t)=I7"D'u(t) = ———

where D" = (d/dt)". Both Riemann-Liouville and Caputo
derivatives are defined via fractional integral, the
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Riemann-Liouville fractional integral, which is defined by

t

1 a-1
m L(t —5)* u(s)ds,

Lgu(t) =

n-l<a<n (3)

A generalization of derivatives of both Riemann-
Liouville and Caputo was given by R. Hilfer in [9], known
as the Hilfer fractional derivative of order « and a type f8
€[0,1], which interpolates between the Riemann-
Liouville and Caputo derivatives, since it is reduced to
the Riemann-Liouville and Caputo fractional derivatives
when =0 and =1, respectively. The Hilfer fractional
derivative of order & and parameter 3 of a function u is
defined by

Db u(t) = IO DIy ), )

where n—1<a<n,0<B<1,t>a,D=d/dt. Some proper-
ties and applications of the Hilfer derivative are given in
[10, 11] and references cited therein. Initial value problems
involving Hilfer fractional derivatives were studied by sev-
eral authors (see, for example, [12-15] and references
therein). Nonlocal boundary value problems for Hilfer
fractional derivative were studied in [16, 17].

The Hadamard fractional calculus contains fractional
derivative and integral with respect to the logarithmic
function while someone say that it is generalized of the
derivative (#(d/dt))", where a is an arbitrary order. The
Hadamard calculus can be obtained by replacing as d/dt
—> td/dt, (t- s)<') — (log,t - loges)('>, and ds — (1/s)d
s in (1)-(3). In the same way, the concept of Hilfer-
Hadamard derivative is arrived by the modified definition
in (4). Existence and uniqueness of solutions for system of
Hilfer-Hadamard sequential fractional differential equa-
tions with two point boundary conditions were studied
in [18].

In this paper, we study existence and uniqueness of solu-
tions for boundary value problems for Hilfer-Hadamard
fractional differential equations with nonlocal integro-
multipoint boundary conditions,

HHDSP (1) = f(t, x(t)), te[1,T],

u (5)
x(1) =0, 2 0x(8) =A"1}x(),
i=1
where HHD™ is the Hilfer-Hadamard fractional derivative

of order a€(1,2] and type B€0,1], 0, AR, i=1,2,--,
m, are given constants, and f : [1, T]x R— R is a given
continuous function, 71 is the Hadamard fractional inte-
gral of order § >0,and n,§;€ (1, T),i=1,2,---, m, are given
points.

Existence and uniqueness results are established by using
classical fixed point theorems. We make use of Banach’s
fixed point theorem to obtain the uniqueness result, while
Schaefer and Krasnoselskii’s fixed point theorem [19] as well
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as nonlinear alternative of Leray-Schauder type [20] is
applied to obtain the existence results for the problem (5).

The paper is constructed as follows: in Section 2, we
recall some basic facts needed in our study. The main results
are proved in Section 3. Examples illustrating the main
results are presented in Section 4.

2. Preliminaries

In this section, some basic definitions, lemmas, and theo-
rems are mentioned.

Definition 1 (Hadamard fractional integral [2]). The Hada-
mard fractional integral of order a >0 for a function f : [a,
00) — R is defined as

HIEf (1) = th <log 5) H@dr, t>a,  (6)

K@) o\~ 7
provided the integral exists, where log (.) =log,(.).

Definition 2 (Hadamard fractional derivative [2]). The
Hadamard fractional derivative of order a >0, applied to
the fuction f : [4,00) — R, is defined as follows:

uDef (1) =8" (I f) (), m = [o] + 1, (7)

where 8" = (t(d/dt))" and [a] denotes the integer part of the
real number a.

Definition 3 (Hilfer-Hadamard fractional derivative [11]).
Let n—1<a<n and 0<B<1, felL'(a b). The Hilfer-
Hadamard fractional derivative of order « and tybe f of f
is defined as

(o)1= (o)

_ (H Ig(n—oc) smH Ign-w f) (t)

_ (Hlf("_“)HDZf) (t), y=a+np-ap,
(8)

where "Il and ;D) is the Hadamard fractional integral
and derivative defined by (6) and (7), respectively.

The Hilfer-Hadamard fractional derivative may be
viewed as interpolating between Hadamard and Caputo-
Hadamard fractional derivatives. Indeed, for =0, this
derivative reduces to the Hadamard fractional derivative
while for f=1, it leads the Caputo-Hadamard derivative
defined by

aDaf (1) = ("I°8"f) (1), n=[a]+1. ©)

We recall the following known theorem by Kilbas et al.
[2] which will be used in the following.
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Theorem 4 ([2]). Let >0, 0< <1, y=a+nf-af, n=|
aj+1, and 0<a<b<oo. If feL'(a,b) and (U1, 7f)(t) €
AC3la, b], then

713 (MDEEF ) (1)="13("' DY) (1)

(30 (1)) ) (e )

_ (10
A e i G

j
Since y € [, n), then the I'(y —j) exists for all j=1,2, ---
,n—1.

Finally, we will use the following well-known fixed point
theorems on Banach space for proving the existence and
uniqueness of the solutions to Hilfer-Hadamard fractional
boundary value problem (5).

Theorem 5 (Banach’s contraction principle [21]). Let X be a
Banach space, D ¢ X be closed, and T : D — D be a contrac-
tion (i.e., there exists a constant L € (0, 1) such that for any
%ye€X,|Tx—Ty|<L|x-yl|). Then, T has a unique fixed
point on X.

Theorem 6 (Krasnoselskii’s fixed point theorem)[19]. Let Y
be a bounded, closed, convex, and nonempty subset of a Banach
space X. Let F; and F, be the operators satisfying the following
conditions: (i) F,y, + F,y, €Y whenever y,,y,€Y; (ii) F, is
compact and continuous; and (iii) F, is a contraction mapping.
Then, there exists y € Y such that y = F,y + F,y.

Theorem 7 (Schaefer fixed point theorem [22]). Let T : E
— E be a completely continuous operator (i.e., a continuous
map T restricted to any bounded set in E is compact). Let €
(T)={x€E:x=AT(x),0< A< 1}. Then, either the set ¢(T
) is unbounded or T has at least one fixed point.

x(t) ="I°h(t) +

log £)""! a+d-1 h(T
! g/? {Ar(al+6)f(log ) 6 ¥

Proof. By taking the Hadamard fractional integral of order «
from 1 to t on both sides of (12) and using Theorem 4, it fol-
lows that

(809 (2

! (1) ,
x(r)—j:zo =) )) (log )Y =H1%n(t).

(14)

(log/?y—l {)L(Hllfﬂsh) (1) - iei(HI?h) (El)} _ ﬁjt (log ;) a-1 @d‘[

Theorem 8 (Nonlinear alternative for single-valued maps)
([20]). Let E be a Banach space, C a closed, convex subset of
E, U an open subset of C, and 0¢€ U. Suppose that o : U

—> C is continuous and compact (that is, o/(U) is a rela-
tively compact subset of C) map. Then, either

(i) o has a fixed point in U, or

(ii) there is ax € OU (the boundary of U in C) and A € (
0,1) with x = A9/ (x)

3. Main Results

In this section, we prove existence and uniqueness of solu-
tions for nonlinear Hilfer-Hadamard fractional boundary
value problem (5). Firstly, we start by proving a basic lemma
concerning a linear variant of the boundary value problem
(5), which will be used to transform the boundary value
problem (5) into an equivalent integral equation. In this
case, n = [a] + 1 = 2; then, we have y=a + (2 - «)f5.

Lemma 9. Let h € C([1, T], R) and A # 0, where

)y+6—1 )

(11)

A= ieiaog ) A s og

1

Then, x is a solution of the following linear Hilfer-
Hadamard fractional differential equation:

HHDSBx(t) = h(t), 1<a<2, te[l,T],

(12)

supplemented with the boundary conditions in (5), if and only if

dr - ielﬁ - (log %)a_l@dr}, te[l,T].
Then, we have
Sl x) (1)
x(t) - %(log !
15
(i) (1) ) "
- W(log t)'2=HI%h(t).



Equation (15) can be rewritten by

Z+ﬁjl ()<log )_lds,

(16)

x(t) = co(log )" + ¢, (log t)?~

where ¢, ¢, are arbitrary constants. Now, the first boundary
condition x(1) =0 together with (16) yields ¢; =0, since y
€ [a, 2]. Putting ¢; =0 in (16), we get

Next, the second boundary condition ¥ 0,x(§;) = A"
I2x(1) together with (17) yields

x(t) = gy(log )"

o= {rnon - Sorme) b o

Substituting the value of ¢, in (17), we get equation (13)
as desired.

The converse follows by direct computation. The proof is
completed.(J O

Let us introduce the Banach space X =C([1,T],R)
endowed with the norm defined by ||x||'—maxt€[1 ().

In view of Lemma 9, we define an operator # : X — X,
where

T

. <logAr>V* {F(at 5 J | (1og 1) w1 f <n:(r>> dr
J log E’)alf(r’x(f))dr}, te[1,T).

(19)

In the following, for convenience, we put

_ (log T)"  (log )" [|A|(log n)***
S T(a+]1) |4 T(a+8+1)

)u
Z' ’|F(¢x+l)}

(20)
We need the following hypotheses in the sequel:

(H,). There exists a constant [ > 0 such that for all ¢ € [1, T)
and ;€ R,i=1,2,

If (6 uy) = f (6 up)| <Ly = uy]. (21)
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(H,). There exists a continuous nonnegative function ¢ € C
([1, T], R*) such that

[f(t,u)] <§(t), foreach(t,u)ell, T]xR. (22)

(H;). There exists a real constant M >0 such that for all ¢
€[, T, ueR,

If(t, u)] <M. (23)

(H,). There exist p € C([1, T}, R*) and a continuous nonde-
creasing function y : R* — R* such that

(6w <p()w(||ull)

foreach (t,u) € [1, T| xR. (24)

(H). There exists a constant K > 0 such that

K

v " 2)

3.1. Existence and Uniqueness Result via Banach’s Fixed
Point Theorem. We prove an existence and uniqueness result
based on Banach’s contraction mapping principle.

Theorem 10. Assume that (H,) holds. Then, boundary value
problem (5) has a unique solution on [1, T), provided that |
Q< 1, where Q is defined by (20).

Proof We will use Banach’s fixed point theorem to prove
that &%, defined by (19), has a unique fixed point. Fixing N

=max, 7y | f(£,0) | <co and using hypothesis (H;), we
obtain

(& x(0) < [f(6x(8)) = £(10) + |f (2 0)] (26)
<lx(®)] +f (1 0)| <Ijx[| + N.

Choose

NQO
rz 9 (27)

We divide the proof into two steps.
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Step I. We show that F(B,) C
x|| <r}. Let x € B,. Then, we have

B,, where B, ={xeX : |

(Fx)(1)| < LJ't (log f) GLG)IPR

I'(a) |, T T

log £)"™* A a+d-1 ,X
sl
+§|e,-|r%)f(1 T)“l'f(f’ (”'df}

<08 T)" s ny o (08D {|A|<logn)“+5
|A| (a+6+1)

_F( 1)
}ll I +N)

) <log T)" <log T)" {|A|<log )™
(oc+1) |A| I'(a+6+1)

Z| |< } (U] +N)

[(log T)*  (log )"~ {waog 7)™
(oc+1) |A| F(zx+8+1)

Zi |<

IA

} JIr+N)=Q(Ir+N)<r.
(28)

Thus,

()] = max () (0)] <. (29)

which means that (¥B,) C B,
Step II. To show that the operator & is a contraction, let
Xy, %, € X. Then, for any ¢t € [1, T|, we have

e N fEn) - fen@)
() ()~ (F)(0)] < ()J( ) - d
Gog oy [ | | ) om0
T4 { oc+5[ T dr

3ol (k) 'f(f’xz(f” (T”‘I“MT}

T

T

(ogT)° | (log 7" fA[ogn)™ & (log&)
<l = xll[(a+l)+ A { (@+o+1) ZH a+1)H
(30)
Thus,
[[(F2,) = (Fx,)|| = max |(Fx,) (1) = (Fx1) ()] < 1Q}xe, = x|,

te[1,T)
(31)

which, in view of IQ < 1, shows that the operator & is a con-
traction. By Theorem 5, we get that the operator & has a

unique fixed point. Therefore, the problem (5) has a unique
solution on [1, T]. The proof is completed.(] O

3.2. Existence Result via Krasnoselskii’s Fixed Point Theorem.
In this subsection, we prove an existence result based on
Krasnoselskii’s fixed point theorem.

Theorem 11. Assume that (H,) - (H,) hold. Then, the prob-

lem (5) has at least one solution on [1, T|, provided that

} <1. (32)

Proof. By assumption (H,), we can fix p > Q||¢||, where ||¢
|| =sup,e;,ry|¢(t)| and consider B, ={x € C([L, T], R): ||x||
<p}. We split the operator & : C([1, T], R) — C([1, T),
R) defined by (19) as F = F, + F,, where #, and &, are
given by

|A] a+0+1)

(log T)""! {Mmogn )0 ZI

(F,2)(t) = ﬁjt <log f) (de‘r,

For any x, y € B,, we have

N R N C R

)
AN \f(T)J’(T))|
I'(a+9) 1< g;) dr

Z|e|

| F(a+1) |A| a+8+1)
=Qfl¢f <7

< {aog T)*  (log T)"! {Maogn )

H ¢l

(34)

Hence, ||(F,x)+
)+ (Foy) €B,,.
) and (32),
mapping.

Next, the operator &, is continuous by the continuity of
f- Also, #, is uniformly bounded on B, since

(F,)|l < p, which shows that (Fx
It is easy to prove, using conditions (H,
that the operator &%, is a contraction

(log T)"
I'(a+1)

1F1x]] <

#]l- (35)



Finally, we prove the compactness of the operator &#,.
For t,,t, € [1, T], t; < t,, we have

[(F1x)(82) = (F1%) (11)]

“rigl () ()
N % J (1og %) GG

; T
191l
I'(a+1)

<

2(log t, (log t;)%|]

(36)

—log t))" +|(log t,)" -

which tends to zero, independently of x € B,, as f; — t,.
Thus, &, is equicontinuous. From the Arzeld-Ascoli theo-
rem, we conclude that the operator #, is compact on B,
Thus, the hypotheses of Krasnoselskii fixed point theorem
are satisfied, and therefore, there exists at least one solution
on [1, T]. The proof is finished.(J O

3.3. Existence Result via Schaefer’s Fixed Point Theorem. Our
second existence result is based on Schaefer’s fixed point
theorem.

Theorem 12. Assume that (H,) holds. Then, the boundary
value problem (5) has at least one solution on [1, T).

Proof. We will prove that the operator &%, defined by (19),
has a fixed point, by using Schaefer’s fixed point theorem.
We divide the proof into two steps.

Step I. We show that the operator
completely continuous.

We show first that & is continuous. Let {x,} be a
sequence such that x, — x in X. Then, for each ¢t € [1, T],
we have

F:X—X is

|

e [ 1ee D (@ x,(0) ~ f(1.x(1)]
_mjl log ;) . dr

(g )" f I ["(1,, M S (12,(0) — f (1 x(7))|

A {F((x+6) (1og 7) T dr

1 (@) ~ (1, x(7)|
S o) ettt}
(37)

Since f is continuous, we get

f(5%,(9) = f(5x(s)| — 0 asx,—x. (38
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Then

|(Fx,) ~ (F2) —0 asx,—x.  (39)

Hence, & is continuous.

Secondly, we show that the operator &% maps bounded
sets into bounded sets in X. For a positive number R, let
Br={x€X :||x|| <R} be a bounded ball in X. Then, for ¢
€ [1, T], we have

T

(Fx)(1)] < ﬁﬁ <log t)“ IMdT

LTINS W R (LS G
[A] a+6 T
¢ s“vH )]
+ Z|9 |— (log ?) dr
- (log T)* log )" [ |A|(log 7)**°
_F(oc+1 |A| oc+6+1

+ 1)}M’

(40)

and

| <

log T)* . (log T)""" [|A|logn)™*® | Z (log &)"
T'(a+1) |A] Fla+d+1) o ‘ I'(a+1)

(41)

Thirdly, we show that # maps bounded sets into equi-
continuous sets. Let t,,t, € [1, T] with t; <t, and u € By,
Then, we have

_ <10g ﬁ) “} x|,

il ) 2

|(log t,)"" —(log t,)""| [ [A| ("¢, n\ardl |f(z,x(7))]
: A] {F(cx+6) L (1og 7) e

+ i\e,-l ﬁ r' <10g %) . 7|f(T’f(T))| dr}

M o o o
< m[z(log ty —log ;)" + |(log £,)" — (log £;)“[]

, [og 1) = (log )| [|2|(log )™+
[A] Fla+d+1)

Ry

(42)

which tends to zero, independently of x € By, as t; — t,.
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Thus, the Arzeld-Ascoli theorem applies and hence, # : X
— X is completely continuous.

Step II. We show that the set &={x e X |x=v(Fx),0
<v <1} is bounded. Let x € &, then x =v(%x). For any t
€[1,T), we have x(t)=v(%Fx)(t). Then, in view of the
hypothesis (H;), as in Step I, we obtain

(log T)*  (log T)"" [[A|(log 7)**°
OIS Trp™* ] { (@+o+1) }
(43)
Thus,
< 10810, (o) {w (logn)™ & }
I'(a+1) |A| a+d+ 1)
(44)

which shows that the set & is bounded. By Theorem 7, we
get that the operator F has at least one fixed point. There-
fore, the boundary value problem (5) has at least one solu-
tion on [1, T]. This completes the proof.(] O

3.4. Existence Result via Leray-Schauder Nonlinear
Alternative. Our final existence result is proved via Leray-
Schauder nonlinear alternative.

Theorem 13. Assume that (H,) and (Hs) hold. Then, the
boundary value problem (5) has at least one solution on [1, T).

Proof. As in Theorem 12, we can prove that the operator &
is completely continuous. We will prove that there exists an
open set U € C([1, T], R) with x # u(Fx) for e (0,1) and
xeoU.

HHD3212x(£) = £ (t, x(t))

Set constants a=3/2, $=1/2, T=9/2, m=5, 6, =1/11, 0,
=2/13, 0, =3/17, 0, = 4/19, 0, =5/23, &, =3/2, &, =2, & =
3,8,=712,& =4, 1=6/29, § =5/2, and 1 =5/2. Then, from
these data, we compute that y =7/4, |A| = 1.152315230, and
2 =2.250815481,

(i) Let a nonlinear unbounded function f : [1,4.5] x R
— R be defined by

-

m
e

=
S

Let x € C([1, T], R) be such that x = u(F.
< u<1. Then, for each t € [1, T], we have

x) for some 0

Ix(t)) < ﬁfl <10g ;) ) 7“((7’:(7))'0#
(log )" f AL ("1, M* (5 x(0))]
RV {F(oc+8)J (og7)
o L[ (X))
+ ;wmjl (1 T) . dr}
_ [(og )" (log T)"! {|A|<log n)™?
(oc+1) |A] IFa+d8+1)
} 211y Cll[D)-
(45)
Consequently,
U={xeC([1, T}, R): ||x| <K}. (46)
In view of (Hj), there is no solution x such that ||x|| # K.
Let us set
U={xeC([L, T, R): ||x]| < K}. (47)

The operator & : U —> C([1, T, R) is continuous and
completely continuous. From the choice of U, there is no u
€ 0U such that x = y(Fx) for some p € (0, 1). Consequently,
by the nonlinear alternative of Leray-Schauder type (Theo-
rem 8), we deduce that & has a fixed point x € U which is
a solution of the boundary value problem (5). The proof is
completed.] ]

4. Examples

Example 1. Consider the Hilfer-Hadamard nonlocal integro-
multipoint fractional boundary value problem of the form

(48)
+—=x(2) + %x(?)) + %x(%) + %x(él).

et [x*+2|x|
tLx)= —— + -t +1 49
ACL) t+4<1+|x|> 2t T (49)
Now, we can verify that function f(t, x) satisfies the Lip-
chitz condition (H,) with 1=2/5, that is, |f(t,x) — f(¢,y)]

<(2/5)|x-y|, for all t€[1,4.5] and x,y € R. Then, we
obtain /0 = 0.9003261924 < 1. The conclusion can be gotten



from Theorem 10 that the problem (47), with f given by
(48), has a unique solution on [1,4.5].

(ii) If the term x? in (48) is replaced by |x |, that is,

3el™ /|« 1
UEURRE (50)
t+4 \1+|x|

then the nonlinear function f is bounded by a function of ¢
by

fltx) =

f(t,x <3eH+1t2+1-—¢t (51)
)] < 2 8+ 1= (1),

which is satisfied a condition (H,). It is easy to check that
function f in (49) is fulfilled the Lipchitz condition with
constant [ = 3/5. Since

p-1 zx+8 m
(105%';') {|"|Sig6’7+l Z| I IOgS) }l~05179201139<1

(2)
we can deduce that the Hilfer-Hardamard nonlocal integro-
multipoint fractional boundary value problem (47), with f
given by (49), has at least one solution on [1,4.5]. In addi-
tion, we observe that Theorem 10 cannot be used in this case
because /0 =~ 1.350489289 > 1
(iii) If f is a non-Lipschitzian function as
et L (X +2x]
tLx)= — T )+ 224, 53
)= g s () 4 (53)

1+ |x|

to claim the existence of boundary value problem (47), with
f given by (52), we can find that

1/9\?2 453
+-(=) +1=— (54)
2 40

Hence, (H;) is satisfied with M = 453/40. Therefore, by

the benefit of Theorem 12, problem (47) with f given by
(52) has at least one solution on [1,4.5].

(iv) If f is a non-Lipschitzian function defined by

—eH 7}626 +1t+1 (55)
t+4a\1+x2 9  2)

H,) holds as

ftx) =

we see that (

el—t

|f(t,x)\sm(x2+1), (56)

by setting p(t) = (e"*)/(t +4) and y(x) =x*+ 1. Then, we
obtain ||p||=1/5 and there exists a constant K€ (
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0.6273106970,1.594106403)  satisfying condition (Hj).
Thus, using Theorem 13, the boundary value problem (47),
with f is given in (54), has at least one solution on [1,4.5]

5. Conclusion

In this paper, we have presented the existence and unique-
ness criteria for solutions for Hilfer-Hadamard fractional
differential equation complemented with nonlocal integro-
multipoint boundary conditions. Firstly, we convert the
given nonlinear problem into a fixed point problem. Once
the fixed point operator is available, we make use of Banach
contraction mapping principle to obtain the uniqueness
result, while the existence results are established by applying
Schaefer and Krasnoselskii fixed point theorems as well as
Leray-Schauder nonlinear alternative. Our results are new
in the given configuration and enrich the literature on
boundary value problems involving Hilfer-Hadamard frac-
tional differential equations.
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Due to applications in almost every area of mathematics, the theory of convex and nonconvex functions becomes a hot area of
research for many mathematicians. In the present research, we generalize the Hermite-Hadamard-type inequalities for (p, h)
-convex functions. Moreover, we establish some new inequalities via the Caputo-Fabrizio fractional integral operator for (p, h)

-convex functions. Finally, the applications of our main findings are also given.

1. Introduction

In the last few decades, the subject of fractional calculus got
attention of many researchers of different fields of pure and
applied mathematics like mechanics, convex analysis, and
relativity [1-3]. Nowadays, the researches in convex analysis
cannot ignore the deep connectivity of both inequalities in
convex analysis and fractional integral operator. Niels Hen-
rik Abel gave birth to fractional calculus. The applications of
fractional calculus can be seen in [4-9]. The first appearance
of fractional derivative had been seen in a letter. The letter
was written to Guillaume de IHopital by Gottfried Wilhelm
Leibniz in 1695.

The fractional calculus techniques can be seen in many
branches of science and engineering. Geometric and physical
interpretation of fractional integration and fractional differ-
entiation can be viewed in [10]. There are different fractional
integral operators in which we use the integral inequalities
(see, for example, [11-16]). The well-known inequality given
by Hermite in 1881 can be stated as follows.

Theorem 1. Let {:L— R be a (p,h)-convex function
defined on the interval L of real numbers and c,d € L with ¢
< d. Then, the following inequality holds:

zh(ll/z)c[(cpJ;dpﬂ“pS dplid’ijp_lc(x)dx (1)

1

< ((e) + C(d))J h(t)dt.

0

The fractional Hermite-Hadamard and Hermite-Hada-
mard inequalities via fractional integral can be seen in [17,
18]. For the history of Hermite-Hadamard-type inequalities,
we refer to the readers [19, 20]. The outstanding applications
of fractional calculus and fractional derivatives and integrals
are given in [21]. Moreover, we refer the readers for a
detailed study [22-27].

In the present article, we generalize the Hermite-
Hadamard-type inequalities for (p,h)-convex functions.
Moreover, we establish some new inequalities via the
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Caputo-Fabrizio fractional integral operator for (p, h)-con-
vex functions. Finally, the applications of our main findings
are also given.

This paper is organized as follows: in Section 2, some
preliminaries are given. In Section 3, we generalized Her-
mite-Hadamard via Caputo-Fabrizio for (p, h)-convex func-
tions. In Section 4, we give some results related to Caputo-
Fabrizio, and in Section 5, some applications to special
means are given.

2. Preliminaries

We will start with some basic definitions related to our work.
Definition 2 (convex function) [28]. Let { : L — R be an

extended real-valued function defined on a convex set L C
R". Then, the function { is convex on L if

((tc+ (1-t)d) <t{(c) + (1 - 1){(d), (2)

forall c,de L and £ €(0,1).

Definition 3 (p-convex function) [29]. A function { : L=,
d] € R is said to be a p-convex function if

¢t + (1= t)d) P <tl(c) + (1-t){(d) €L,
Ve, deL,te0,1],p#0.

(3)

Definition 4 (h-convex function) [30]. Let h: K — R be a
nonnegative function. We say that { : L — R is an h-con-
vex function or that { € SX(h, L), if { is nonnegative, and
for all Ve, d € L, t € [0, 1], we have

{(te+ (1= 1)d) <h(t){(c) + k(1 - 1){(d). (4)

If inequality (4) is reversed, then ( is said to be h-convex,
ie,{eSV(hL).

Remark 5.

(1) If we take h(t) =t, then (4) reduces to (2)

(2) If the function h has the property: h(t) > ¢ for all ¢
€0, 1], then any nonnegative convex function (
belongs to the class SX(h, L)

(3) If the function h has the property: h(t) <t for all ¢
€[0,1], then any nonnegative convex function ¢
belongs to the class SV(h, L)

Definition 6 ((p, h)-convex function) [31]. A function { : L
=[c,d] — R is called a (p, h)-convex function if

C(te + (1= 1)Pd)"? < h(t)(c) + h(1 - £)¢(d),
Ve, deL, tel0,1].

(5)
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Definition 7 (Caputo-Fabrizio fractional time derivative)
[32]. The usual Caputo fractional time derivative (UFD;)
of order y is given by

1w
DJ¢(t) = )

O T o
with y €[0,1] and d € [-00,t),{ € H' (¢, d), c < d. By chang-
ing the Kernal (¢ —x)" with the function exp (—y(f - x)/(
1-y)) and l/a(l-y) with B(y)/(1—-y), we obtain the
new definition of fractional time derivative:

O R e

1 1

Definition 8 (Caputo-Fabrizio fractional integral) [32]. Let
(eH'(c,d),c<d,y€[0,1]; then, the definition of the left
fractional derivative in the sense of Caputo and Fabrizio
becomes

(@000 - 10 [ ¢ e (TP )ax )

1-vy 1
and the associated fractional integral is

F _1-y y
(P00 = 5ren) + B(ch“")d"’ 9)

where B(y) >0 is a normalization function satisfying B(y)
=B(1)=1.
In the right case, we have

@000 - 12 [ Cemer (P )as o

1-y 1-

and the associated fractional integral is

CE -y y (¢
(c IVC)(’«‘)— W(<t)+ th {(x)dx. (11)

Lemma 9. Let { : L — R be a differentiable mapping on L
,e,d e Lwith c<d. If{' € L,[c, d), then the following inequal-
ity holds:

{(c) +{(d) 1 (4 {(x)
-7 CPJ dx

1—
2 P

&0 Jl (M, (e.d 1)) (1= 2008 (M, (. d5 1)),

2p o
(12)

where M;I(c, d;t)=[t? +(1- t)dp](l/P)—l‘
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3. A Generalized Hermite—-Hadamard-Type
Inequality via the Caputo-Fabrizio
Fractional Operator for a (p, h)-

Convex Function

The double inequality named as Hermite-Hadamard
inequality is considered one of the fundamental inequalities
for convex functions.

Theorem 10. Let a function { : [c,d] SR — R be a (p, h)

-convex function on [c,d] and { € L,[c,d] if y €0, 1]; then,
the following double inequality holds:

1 ¢ +d\1""  2pB(y)
2h(1/2)c[( 2 )} S«y(df’—cp) (&) &)

()0 - 2]
(€0 +¢(d)| hoyar

xI7P{(x).

Proof. Let { be a (p, h)-convex function; then, Hermite-
Hadamard for a (p, h)-convex function is as follows:

1 &+ d\1'" P
2h(1/2)CK 2 )} P

s@@+«@ﬁ

where n(x) =

d
J xP1 (x)dx

1h(t)dt.

0

Since  is a (p, h)-convex function on [c, d], we can write

1 o+ d\1'" r (¢,
st (2] = s

()]

2 b
< 7 fd’ C xPIE (x)dx

el (57)]
: dpzf) o { Jk A )

+ r xP‘l((x)dx] :

k

(15)

Multiplying both sides of (15) with y(d” —¢?)/2pB(y)
and adding (k*'2(1 - y)/B(y)){(k), we have

K2(1-y) y(df =) &4 dP\TYP
By O* 2pB(y)h(1/2)<K > )]

< w y

- B(y) C(k) i B(y)

e ks

)

2pB h(1/2
< 2(1;(_)” k) + - [ kn(x)dx+ rr](x)dx}
[( -7

=<9“WMM+4C590WK[C£;$>TW

(16)

For the proof of the right hand side of the Hermite-
Hadamard-type inequality, we have

1

dpzf)d’ Jj N (x)dx <2 {(C(c) + C(d))J h(t)dt] . (17)

0

Multiplying both sides of (17) with y(d” —c’)/2pB(y)
and adding (K~'2(1 - y)/B(y)){(k), we get

Y& - )
YB(y)

1

h(t)dt.

0

2(1-y)
By()

~@m+«@ﬂ

() (k) + (L) (k) < n(k) +

(18)

By recognizing (18), the proof of the right hand side of
(13) is completed. This completes the proof. O

Remark 11. If we put p=1 and h(t) = ¢, then we will get the
Hermite-Hadamard inequality for convex function.

Theorem 12. Let {,0 : LCR — R be a (p, h)-convex func-
tion. If {0 € L,[c, d], then we have the following inequality:

B F F B
S (e 6+ (i) ) - Xty
<2 {M(c, d)Jl hy (£)hy(t)dt + N(c, d)r hy (£)hy(1 - t)dt],

(19)



4
with n(x) = x""P{(x) and B(x) = x'P6(x), where M(c,d) =
(€)0(c) +{(d)6(d), N(c,d) =(c)0(d) +{(d)0(c), and ke |c

,d], B(y) > 0 is a normalization function.

Proof. Since { and 0 are (p, h)-convex functions on |[c, d], we
have

¢t + (1= 1)d)"? <y ()¢ (c) + by (1 - £)¢(d),

10(d).

(20)
O(tc? + (1 - 1)d) " < hy(£)0(c) + hy(1 -

Multiplying both sides of the above inequalities, we have

c(tcP +(1=1)d) POt + (1-1)d") "
hy(£)hy(1)E(€)0(€) + 1y (1 = )y (1 = 1){(d)0(d)
+ Iy ()R (1= 6)8()0(b) + by (1 = )y (£)C(A)(c)-
(21)

Integrating with respect to t over [0, 1] and making the
change of variable, we obtain

ol e
hy(

—cP
J 6(c) +{(d)B(d)] (22)
Lh (), (1 = 1)t ()0(d) + {(d)B(c)),

which implies

dpzf)cp UI: 7 (x)0(x)dx + JI: xplf(x)e(x)dx}
<2 (e[ OO+ N D) o1

(23)

By multiplying both sides with (yc? —d”)/2PB(y) and
adding (kK"~'2(1 - y)/B(y))¢(K)g(k), we have

sl ], 0Bt [ o } EORGLY
ZI:B & {M J; hy (£)hy(£)dt + N(c, d)
(t)h,(1 dt] +

(24)
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Thus,

(1) (k) + (FImP) (k)

yc — df 1
< 29507) [2M(c,d)Lh1(t)h2(t)dt+2N(c, d) (25)
J n(®ha(1- t)dt] + 28;(;)” n(k)B(k),

and with suitable rearrangements, the proof is completed. [

Remark 13. If we put p =1 and h(t) =t in the above theorem,
we get the results for the classical convex function.

Theorem 14. Let {,0 : LCR — R be a (p, h)-convex func-
tion. If {0 € L,[c, d|, then we have the following inequality:

s[5 (5)

ey [T )+ (L) (6]
OB

1

hy (E)hy(t)dt + 2N(c, d)r hy (£)hy(1 - t)dt,

0

< 2M(c, d)J

0 (26)

with n(x) = x'?{(x) and B(x) = x""?0(x), where M(c,d) =
(€)6(c) +¢(d)6(d), N(c, d) ={(c)0(d) +{(d)b(c), and ke [c

,d], B(y) > 0 is a normalization function.

Proof. Since (& +dP)/2=((tc? + (1—1t)d")12) +
+td?)/2) for t = 1/2, we have

(l_t)CP+tdp+tcp+(1_t)dp 1/p
{ )

(1=t

2

<h, G)C(((l - t)c +th)“1’) (27)
hy @c((tcp L (1-0#)'"),

2] (1_t)cp+tdp+tcp+(1_t)dp 1/p
Lot et

<h, G)e(((l —) + th)”P) (28)
+h, G) 0((tcP +(1- t)dp)l/p>.
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Multiplying (2) and (28), we have

(M,
<h, G)hz G) [c(((l —t) + tdp)”f’)e
E (1= 1) +td?) ”P)] +hy G)hz(%)
)

(((+ (1-na@) ")o( (1 + (1~
e (5)0 (2) (640) + by (1~ 0(d)]

a(00(6) + 11~ 00(a)] + 1 5 )15
T (1= 0E(€) + by (@) (1~ D0(0) + by (161

(55 - a7
(=0 +e@)™)] +h, G)hz G)

1- t)dP)”")6<(tcP +(1- t),jp)l/p)]
o (51 (3) 1000 a1 =) 1 =)o)

e (300 (5) 04 00 1, (1= D1 )N, )
(29)

)

Integrating the above inequality with respect to ¢ over |
0, 1] and making the change of variable, one obtains

s (uzf([f;d‘”}”")e(rpﬂ”’)

o

<2Mcdj

t)dt +2N(c, d)J1 hy (£)hy(1 - t)dt.

0 (30)

By multiplying both sides with y(d” —¢?)/2pB(y) and
subtracting (KP'2(1 - y)/B(y)){(k)8(k), we have

(
ZVg (;)Cp) ¢ [CP + dP} 1’1’) ({CP + dP] “P>
k d
- ()/ ) U x)dx + Jk F(x }
- ewe

3 y(d - Cp)
~ 2pB(y)

.Jl hy (E)hy(1 - £)dt

2M(c, d)Jl hy (£)hy (£)dt + 2N(c, d)

0

_2(1-y)
OB F(k)G(k),

5
2)/ dP_CP CP+dP Up Cp+dp 1p
(T (T
5y (S TB) (0 + (FLinf) ()]
(dp —cp)
2pB(y) { (e d)L | (t)hy(1)dt
1 a2y
#N(ed)| moh( t>dt} s (oo
(31)

By multiplying both sides of the above inequality by 2p
B(y)/y(dP — c*), we get the required inequality (28). O

Remark 15. If we put p = 1 and h(t) = ¢ in the above theorem,
then we will get the result for the convex function.

4. Some New Results Related to the Caputo-
Fabrizio Fractional Operator

In this section, firstly we generalize a lemma; then, we prove
our main theorem with the help of this lemma.

Lemma 16. Let { : LC R — R be a differentiable mapping
onL,c,deL withc<d. If{' €L,[c,d] and y € [0, 1], the fol-
lowing equality holds:

P _ & (! _
d . Ie4 J'OMJ(C) d; t)(] _Zt)c’ (MP(C’ d; t))dt - yZ(S;, _};Z) ﬂ(k)
- Ty (a0 (T )
(32)

where k € [c, d] and B(y) > 0 is a normalization function with

1n(x) = (x)/x!P.

Proof. From Lemma 9, we can observe that

Jl M (e, dst)(1-2t)¢" (M, (c,dst))dt

RORGE (dpz_pcp)z (Jk @d“r “_gd>

b - o Xl

By multiplying y(d? — ¢?)*/2pB(y) and subtracting (2(1
—)Ix"PB(y)){(k), we have



6
MJ‘I M7 (e dst)(1-26¢" (M, (c,d; 1)) dt - 2029 pg
2pB(y) Jo P X1PB(y)
_v(@ =) +Ed)  2(1-y) Y ([F4) [ {(x)
I wy aty ( reeere)
_ V(@ =)o) +{(d) | 2(1-y) r ([t d
- 2pB(y) " B(y) n(k) - B(y) <L n(x)dx + Jk ﬂ(x)dx)
(dP CP) (C)Jr(( ) (1—)/) y k
B - (o g o)
_ (0= Y) o
( B(y) e+ B(y) J 14 )
d - ) {(c d
= % _ [(CCFIV”/)(k) + (CFIZU)(k)]‘
(34)
This completes the proof. O

Theorem 17. Let { : L C R — R be a differential mapping on
L and |{'| be (p, h)-convex on [c, d] where ¢, d € L with ¢ < d, p
>0.If{' € L,[c,d) and y € [0, 1), the following inequality holds:

K +¢d)  21-y)
|2 vt
aP— P

<
2p

PB(y)
y(d-a)

[di(e.dp)[¢'(@)] + do(e.d p)[¢ ()],

[(E7¢) (k) + (FTE) (b))

(35)
where
12 (I-2t)h(t)
0 (tor+(1 t)dP) (p)-

112 (1-20)h(1- dt+Jl (2t-1)h(1-1t) it
o (ter+(1 t)d") l/p 2 (ter + (1 - '

i ht
d,(cd,p)= J - Juz ((Zt;)f))dt,

teP + (1

dedp)= |

where k € [c, d] and B(y) > 0 is a normalization function.

Proof.

=
o)
+
~
=
BN
=
|3

D) - B () (T )

y(dF - o)

LS}
=
—_

Hedsn)|(1-20)[[¢" (M,

M
1 ¢ (ter(1- t)df’)”’"

dt
0 ‘ (e (1= 1)) |

126 (h(0)[¢'(0)] + B - t'(d)|))dt

[(ter(1 - 1)) 7

p(ed; t)|dt

zdthUm (1-20h(t)[¢' (c |dt+[1 (2t - Dh(1)[¢' () |dt}

2 o (ter+(1- t)d") 2 12 (tor + (1= t)d?) )

+dp_cp J1/2(1 26)h(1-1)|¢’ d)} +J1 @t-1)h(1-1)[¢'(d |
2 o (ter+ (1-t)ad)tP" w2 (ta? + (1= t)d?) P

dr —a?

<

T 2p [

d(6.d p)[{'(0)] + dy(cd p)[ ()]
(37)

This completes the proof. O
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Theorem 18. Let { : LS R — R be a differential mapping
on L and |{'| be (p, h)-convex on [c,d] where ¢,d € L with c
<d,p>1,and (1/r)+(1/1q) = 1. If ' € L,[c,d] and y € [0, 1
|, the following inequality holds:

c d _ . ) F
&( );5( ) 4 yz(fiif;),) (k) - y(‘l;p(f;) [(SFPT) (k) + () (K]
P _ g , | 1
< d > P( (C,d p))”’( c,d,p)‘( (C)|q+d3(c,d,p)‘( (d)|q> /q’
(38)
where
1-2t
Hledn ( | : 1/p)—1>dt,
h(t)
dy(c.d,p) = ( o) Up)1>dt, (39)

1—t
dy(c, d,p) = ( 1m1>da

where k € [c, d] and B(y) > 0 is a normalization function.

Proof. By a similar argument to the proof of the previous
theorem, by using lemma, the Holder inequality, and con-

vexity of |¢'|, we get

- P 0+ (TTR) 6

1
CPJ Yed;t)|(1- Zt\\( cdt{dt
0

[1-2t P ‘( (ter(1- tdl”)q/"’ u e

Jo (ter(1 - t)d) (ter(1—1)d) D" (ter (1= t)a?) P
e (p(nar @[ +ra-nt'
2p Jo (ter(1—t)d?) (a1 )"

(ter(1 - t)dl’) ()1
Y-zt
o \ (ter(1 - 1)a?) P!

dt dt
) (o(mﬂl tdl’“"’ )

1 (1 Y‘C “’I /g
+Jo ((m(l 1) .

P _
L) (i A @+ ded ) @)7)

{9+8d)  2(1-y)
= + (d” )f(k

2p
d” o
2p

)

i~%

<

(40)
This completes the proof. O

5. Application to Special Means

The applications to special means are also used to confirm
the accuracy of the findings for real numbers ¢, d such that
c#d.

The arithmetic mean of two numbers ¢ and d is defined
as

A=A(c,d)=¥,c,de]R (41)
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The generalized logarithmic mean is defined as

1 _ i+l

L=L=

———reR-[-1,0],te R¢,deR, .
! (r+1)(d_c)re [-1,0),teR¢,deR,c#d

(42)

Now, using the results in Section 4, we have some appli-
cations to the special means of real numbers.

Proposition 19. Let ¢, d € R, ¢ < d; then,

& -
A ) —pLied)| < =

L 14,2l + dy(2d))). (43)

Proof. In the inequality proven in Theorem 17, if we set {(
z)=z* with y=1 and B(y) =B(1) = 1, then we obtain the
result immediately. O

Remark 20. If we put h(t) =t and p=1 in this proposition,
we will obtain this result for the convex function.

Proposition 21. Let ¢, d € R, ¢ < d; then,

n gn n n(dP_CP) n—1 n—1
A ") = pLi(e d)] < == —[dy (2]e"!]) + dy(2ld"])]:

(44)

Proof. In the inequality proven in Theorem 17, if we set {(
z) =z" where n is an even number with y =1 and B(y) =B
(1) =1, then we obtain the result immediately. O

Remark 22. If we put h(t) =t and p =1 in this preposition,
we will obtain this result for the convex function.

6. Conclusion

Convexity is very important for solving optimization prob-
lems. Fractional calculus together with convexity plays an
important role in solving real-life problems. In this paper,
we established several Hermite-Hadamard-type inequalities
in the setting of a fractional integral operator for (p,h)
-convex functions. We also presented some applications in
means. Our results generalized several existing results.
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In this paper, we study the existence of solutions to initial value problems for a nonlinear generalized Caputo fractional differential
inclusion with Lipschitz set-valued functions. The applied fractional operator is given by the kernel k(p, s) =&(p) — &(s) and the
derivative operator (1/&'(p))(d/dp). The existence result is obtained via fixed point theorems due to Covitz and Nadler.
Moreover, we also characterize the topological properties of the set of solutions for such inclusions. The obtained results
generalize previous works in the literature, where the classical Caputo fractional derivative is considered. In the end, an
example demonstrating the effectiveness of the theoretical results is presented.

1. Introduction

Fractional calculus is a field of mathematical analysis that
embraces the integrals and derivatives of functions of any real
or complex order. For the past few decades, this field has been
one of the hand-over-fist sprawling fields of mathematics by
virtue of the amazing findings obtained when researchers
enrolled the fractional operators in their attempts to construe
some problems that arise in nature (see [1-6]). As a matter of
fact, the classical fractional calculus consisted of one main
integral operator, namely, the Riemann-Liouville fractional
integral, and two fractional derivatives, namely, the
Riemann-Liouville and Caputo derivatives. Because of the
penurious number of operators, researchers were compelled
to discover and develop new fractional operators that allow
them to better comprehend the world around them. In the
last 10 years or so, new fractional operators have been intro-
duced and wielded on many occasions. One can touch upon
the operators in [7-13]. It should be noted that some of these
operators are an extension or generalization of the Riemann-
Liouville integrals and Riemann-Liouville and Caputo deriv-

atives that are nonlocal but singular kerneled. The others are
brand-new ones, and they are nonlocal and contain nonsin-
gular kernels.

One of the main applications of advanced fractional cal-
culus is the theory of fractional evolution inclusions since
they are abstract formulations for numerous problems aris-
ing in physics and engineering. Evolution equations and
inclusions are commonly applied to describe the systems
and models that change or evolve over time. Many studies
have investigated the existence and uniqueness of solutions
for fractional evolution problems based on semigroup and
fixed point theories; e.g., Bedi et al. [14] studied the existence
of mild solutions for Hilfer-type fractional neutral impulsive
evolution problems in a Banach space. The same author,
with others in [15], discussed the stability and controllability
results for Hilfer-type fractional evolution equations in a
Banach space. The existence of saturated mild (and global)
solutions of Caputo-type fractional semilinear evolution
problems with noncompact semigroups has been obtained
in Banach spaces by Chen et al. [16]. The authors in [17]
studied the existence of local (and global) solutions and the


https://orcid.org/0000-0002-6269-8833
https://orcid.org/0000-0002-3303-0623
https://orcid.org/0000-0001-9085-324X
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/8162890

uniqueness of a mild solution to fractional semilinear evolu-
tion problems with compact (and noncompact) semigroups
in Banach spaces. Zhou and Jiao [18] considered a class of
nonlocal Cauchy problems for a Caputo-type fractional
neutral evolution problem to investigate the existence and
uniqueness of mild solutions. For differential equations-
inclusions governed by Cauchy conditions or boundary con-
ditions, the issue of importance is to tackle the existence,
uniqueness, and stability of their solutions. These properties
constitute the most essential parts of the analysis of these
equations. There are heaps of papers that went about the
existence, uniqueness, and stability results of differential
equations-inclusions within the scope of a variety of frac-
tional derivatives based on different types of fixed point
techniques. For instance, Abdo et al. [19] have proven the
existence and different types of stability of solutions for -
Hilfer-type fractional integro-problems. The authors in
[20] investigated some existence results of Caputo-type frac-
tional neutral inclusions by using weak topology. The exis-
tence of solutions for a generalized Caputo-type fractional
differential inclusion problem with integral boundary condi-
tions has been studied by Belmor et al. [21]. In [22], the
authors discussed the existence of solutions for a Caputo-
type fractional for higher-order fractional inclusion
problems. Lachouri et al. [23] considered a nonlinear
Hilfer-type nonlocal fractional inclusion problem to prove
the existence results, taking into account the convex and
nonconvex values of the nonlinear term.

Recently, Chen et al. [16] proved the existence of satu-
rated mild solutions and global mild solutions for fractional
evolution equations of the type

{CD"G(P) +do(p)=h(p.a(p)),p =0, )

0(0)=0,€X,

€(0,1), o : D(A)c X —> X is a closed linear operator
and -4/ generates a uniformly bounded C,-semigroup
{T(p)}pso in > and h:[0,00)x XL —> X is the given
function.

In [17], Suechoei and Ngiamsunthorn studied the
following fractional evolution equations:

{ “Difo(p)=o(p) +h(po(p). pe@TL

U(O)=00, (o} GX,

where €D is the &-Caputo FD of order r, € (0,1), o is
the infinitesimal generator of a C,-semigroup of uniformly
bounded linear operators {7 (p)} ., on &, and h : [0,00)

x X — & is the given function.

Motivated by the aforementioned works and inspired by
[17], we consider the following fractional evolution inclusion
involving &-Caputo FD:
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{ Do) ectolp) +f(po(p) pEOTL

0(0)=0y, 0y€X,

where f:[0,Z]x X —> O(X) is a set-valued map (svm)
from [0, ] x 2 to the family of 6(X)c X and X is a
Banach space with the norm ||.|.

The novelty of the present work is choosing a more gen-
eral operator than the classical fractional operators. More
precisely, problem (3) is reduced to a Caputo-type problem,
for &(p) = p; Hadamard-Caputo-type problem, for &(p) =
log (p); and Katugampola-Caputo-type problem, for &(p)
= p?, & > 0. In addition, we describe the topological proper-
ties of the considered solution in the present work.

In this paper, we aim to prove the existence of mild solu-
tions for problem (3) involving the generalized Caputo
derivative using the fixed point theorem (FPT) of Nadler
and Covitz and to characterize the topological properties of
the set of solutions for such inclusions.

The acquired results are more general and cover many of
the parallel problems that contain special cases of function &,
such as [16, 18].

2. Preliminary Notions

2.1. Fractional Calculus (FC). In this portion, we introduce
several basic notions of FC and necessary lemmas that will
be needed in such a study.

Let §* =[0, Z]. Denoted by & = C(J*, X), we have the
Banach space of continuous functions o : §* — I with

lollg =sup {llo(p)[|: p €37} (4)

Let 0,& € C"(S*, R) such that £ is increasing and &' (p)
#0,VpeS”, and

M= sup [T (p)] < co. (5)
pe[0,00)

Definition 1 (see [24]). The &-Riemann-Liouville FI of a
function o of order r, is defined by

()= s | £ @) -E@) o@dv. (6)

Definition 2 (see [24]). The &-Riemann-Liouville FD of order
r, for a function o is given by

. d\"
Dyfo(p) = (E,Ep) %> 1o p), )

where n=[r;]+1, n e N.

Definition 3 (see [13]). The &-Caputo FD of a function o €
C"(3*,R) of order r, is described by

Difa(p) =10 " ol (p), (8)



Journal of Function Spaces

where ol(p) = (18" (p))(dldp))"o(p) and n=[r]+1,
nelN.

Lemma 4 (see [11, 25]). Let r,, 75, > 0. Then,

) 6@ (0) = 2 (8(p) -8
D) £ (0) = 2 () )
)
Lemma 5 (see [13]). If 0 € C"(S",R), r, € (n—1,n), and

€(0,1), then

1D olp) =0(p) -

In particular, given r; € (0, 1), we have

IEDE o(p) =a(p) - o(a). (1)

Definition 6 (see [11]). Let 0, & : [a,00) — R be real-valued
functions. The generalized Laplace transform of o is
defined by

Lo(p)}(w) = | ol (p)dp, forallu. (12

a

Theorem 7 (see [11]). Let r; > 0 and » be a piecewise con-
tinuous function on each interval [a, p] and &(p)-exponen-
tial order. Then,

I¢fa(p)
v

2{ifa(p) (o) = (13)

Definition 8 (see [26, 27]). Let r; €(0,1) and p e C. The
Wright-type function is defined by

& (=»)"
9,.(p)= mZ:O mIl(-r;m+1-r)) (14)
L oG 1) sin (1)
m=0 m' |

Proposition 9 (see [26, 27]). The Wright function 9, is an
entire function and has the properties listed below:

(1) 9, 20 for p=0and [°9, (p)dp=1

) )9, (p)p*dp=T(1+a)/[(1+ar,), for a>~1
3) [3°9,,(p)e™dp=E, (-k), ke C

4 af pY, (p)e**dp=E, , (-k), ke C

Next, we recall some conceptions concerning the semi-
groups of linear operators. For more details, see [28, 29].

For strongly continuous semigroups (i.e., C,-semigroup
{T(p)} ps0 on ), we define the generator

T -
go= lim W, oeX. (15)
By D(¢f), we denote the domain of o, that is,

T -
@(d):{oe&”: lim Mexists}. (16)
p—0" o
Lemma 10 (see [28, 29]). Let {T (p)} ., be a Cy-semigroup;

then, there exist constants € > 0 and a > 0 such that

|7 ()| <Ce™, Vpz0. (17)

Lemma 11 (see [28, 29]). A linear operator o is the infinites-
imal generator of a C,-semigroup iff

(1) o is closed, and D(A) =X

(2) The resolvent set R(H) of o contains R, and for
every A € RY, we have

IR(A, )| < (18)

=]~

where RO\, of) = (A" - of) o = [3 e T (p)odp.

In relation to problem (3), we need the following lemma
which was proven in [17].

Lemma 12. The mild solution of IVPs

{ °D}fa(p) = do(p) +q(p o(p)),

0(0) =0y,

is obtained as

. L r—1 .
a(p) =S5"*(p, 0)00+J §'(v)(E(p) = Ew)"' T (pv)4(v, 0 (v))dv,

0

(20)
where
Csorl;f(P’ U)o’ = J:O ‘971 (9)9((5({3) - E(U>)r16)ad6’
T vy =1, J:O 09, ()7 ((&(p) - (v))"16)dt,
(1)

for0<v<p<Z



Lemma 13 (see [18]). The operators T and " have the
following properties:

(1) For any fixed p>v>0, T and S"* are bounded
linear operators with

|
7750000 7 = gl

"% (p, v)(a)” <AMo]|s

YoeX.

(22)

(2) T and S™F are strongly continuous ¥ p > v > 0; that
is, forevery @ € L and 0<v < p, < p,<Z, we have

Hgn;E(pZ’ v)cr _ gn;f(pp U)O-H 50,

Sr1;5<p2’ v)a _ éan;E(Pl’ U)OH —0,
(23)

as p;— p,

(3) If T (p) is a compact operator Vp > 0, then T (p, v)
and 8" (p, v) are compact for all p,v > 0.

(4) The operators T (p, v) and §"*(p, v) are continu-
ous in the uniform operator topology.

3. Main Results

In what follows, we will utilize the notation 0, ()= {/'
€ O(v): A is compact and convex} for a normed space .
For more information about the svm, we refer the reader

to [30, 31].

Definition 14. A function o € C'(S*, Z) is a solution of (3),
if 3p~ € L'(S*, ) with o~ (p) € f(p, 0)Vp € F* fulfilling the
initial condition

(24)

The first outcome treats the nonconvex f based on the
theorem of Covitz and Nadler [32].

Let (0,d) be a metric space induced from the normed
space (o, ].]|). Consider %, : 6(c) x O(c) — R* U {0c0}
defined by
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Z (C, D) = max {supd(E, D), supd(@, 3) }, (25)

zeC deD

where d(C,d) =inf..+d(¢,d) and d(¢, D)= inf; ;d(c d).
Then, (0, 4(0), # ;) is a metric space (see [33]).

Definition 15. A svm §: X —> O04(X) is v-Lipschitz iff
v >0 such that

Z ((B(0), F(p) <vd(0,p), Vo,pel.  (26)

Particularly, if v <1, then § is a contraction.

Theorem 16. Let

P gy 6D €0 @)

and assume that

(AsI) f: " x X — O, (L) such that f(.0): " —
0.,(X) is measurable for any o € X.

(As2) Z 4(f(p0): f(p,0)) < 3(p)llo — al| for (a.e.) all p
€S* and 0,6 € R with 3 € C(F*,R*) and d(0, f(p,0)) < 3

(p) for (a.e.) all pe F~.
Then, (3) possesses at least one solution on F™ if

Pll3lloo < 1- (28)

Proof. At first, to switch problem (3) into a FP, we formulate
F:&— 0O(F) as

B(0)= {6 & : p(p)
. i ' =1 o=t ~

- {S"’f(p, o)y + [ &) -0 "f<p,v>p(v>dv},

(29)

for ™ € #;,,. The solution of (3) is obviously an FP of .
The following are the steps in the proofing process.

By virtue of assumption (Asl) and [34] (Theorem IIL6),
f has a measurable selection, and thus, %;,#J. In the
sequel, we demonstrate that §: & — O(&) defined in
(29) fulfills the assumptions of FPT of Covitz and Nadler.
First, we show that (o) is closed for every o€ &. Let
{u,}:2, € &(0) such that u, — u(n— o) in &. Then,
u € & and there is p~, € #;, such that

u, (p) = 8"(p, 00, + j: &' W)(E(p) W) T (pu)e”, (v)dv,  peS”.
(30)
Accordingly, there is a subsequence g, that converges to

@ in L'(S*, Z) because f has compact values. As an out-
come, "~ € R, and we get
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u,(p) — u(p) = 8" (p, 0)v,

+waﬁw—a»“““@w “(v)dv, Vpe S,

(31)
Hence, u € §(o).

It remains to demonstrate that there is a 8¢ (0,1)
(0= pl3llo) such that

Hy(3(0), &(0)) <0||o — o],

Let 0,0€& and ¢, €F(o).
© 1 (p) € f(p,o(p)) such that

Vo,0e€8. (32

Then, there exists

¢1(P)=c9r‘;E(P>°)‘To+J:5/(”)(5(P)—f(v))" T (po)g (v)dv.

(33)
By (As2), we have
Za(f(p,0).f(p0)) <3(p)llo(p) —a(p)ll-  (34)
So, there exists S(p) € f(p, &) such that
lo™1(p) — <l <3(p)llo(p)—a(p)l, pPeS™.  (35)

As follows, we build a svm x : §* — O(Z), where

x(p)={ceZ g (p) -3l <s(p)llo(p) —a(p)ll}. (36)

From [34] (Proposition I11.4), the svm x(p) N f(p, o) is
measurable. We now select the function ™, (p) € f(p,0)
such that

le™1(P) -0 2 (P <3(p)llo(p) —a(p)], VpeS™. (37)

We define
b1(0)= 5010, + [ ¥ @)(E(p) ~E0) 1T o), Vpe
(38)

As a consequence, we get
[44(0) =401 = || € ©)ER) ~E0) T o)l (o) 0) o
s el e e - g0

(39)

Therefore,
161 = Pallz < PlI3 1l o llo = 01| - (40)

By the analogous relation, obtained by interchanging the
roles of o and &, we get

H 4(8(0),8(0)) < pll3llollo = oll4- (41)

Because $ is a contraction, we conclude that it has a FP,
which is a solution of (3) based on the Covitz and Nadler
theorem. O

Next, we study the topological properties of the set of
solutions of problem (3).

Theorem 17. Assume that

(As3) T (p) is a compact operator for each p > 0.

(Asd) f : S* x X —> O, (X) is a L'-Carathéodory set-
valued map.

(As5) 3¢, € C(S
R") such that

cp,c

R*) and a nondecreasing €, € C(R*

I£(p>0)llo =sup {IIy]l: ¥ €£ (P, 0)} <Ei(P)E:(ll0llg),  V(pr0) €F™ x L.

(42)

Then, the set of solutions of (3) is convex and relatively
compact.

Proof. We consider the operator & defined in (29) and
demonstrate in the following steps that the set of solutions
of (3) is convex and relatively compact in &.

(Step 1) The svm (o) is convex for every o € &.

Let ¢,,¢,€ (o). Then, there exist @™, 07, € Ry,
such that

@@F&“@M%+K€@@m

- E(v))rrlgrlf(p,v)p~i(v)du, i=1,2Vpeg

(43)

Let x € [0, 1]. Then, for every pe S~

ey + (1 =2085](p) = 5™ (. 0)0
[ e - &0 T o) 1)+ (1) 0
(44)
Since f has convex values, %, is convex and [x
©71(p) + (1=20)g™5 (p)] € Ry, Thus, x¢, + (1= 2)¢, € F(0).
(Step 2) ¥(B,) is bounded on bounded sets of §.

For a constant re RY, let B,={o €S : ||o||x<r} be a
bounded set in §. Then, for each ¢ € §(co) and v € B,, there
exists ~ € &, such that

¢(P)=°5’";E(P)0)"0+J & (©)(E(p) — &) T (o) (v)dv.



Under hypothesis (As4) and Lemma 13 (1), for any p
€3, we attain

8" (p.0)lool

P ! -1
[ g wiEe -z

19l < |

T (po) ™ (v) o

1 ‘% r
< Mool + ”FH(riH)(f(‘l) =§(0))".

Thus,
19115 < oo + p||&1 ]| E(T), (47)

where p is defined in (27).

(Step 3) 3 sends bounded sets of & into equicontinuous
sets.

Let 0€B, and ¢ € F(0o). Then, there is a function
@~ € Ry, such that

6(p) = "% (p, o>ao+J E'(0) (E(p) - V)" T (p)g (v)dv.

Let p;, p, € S*, p; <p,. Then,

19(p2) = $(p1) | < || 8" %(pr )0 = "% (py, 0)or |

rl &' ©)E(py) ~E0)" T (ppv)p(v)dv

+

J £0)) T (p0)p(v)dv
J £ (0)(E(py) ~E(0) T (p,0)p(0)dv
-[e E0))" T (py0)p(v)dv

J” E'(0)(E(py) ()T (py0)p(v)dv

<||87# (P2 0)00 — (1, 0)ay |

+ E(0))" T (ppv)p(v)dv

J £ (v)(Epy) -

Al
2| ' = ; 3 ~

+ J EW)EP) - E©)" [T (P v) - T (p0) | p(0)d

=F + I, + I3+ T,

)

1

£ 0)[(E(po) - &))" - Elp)) ~E@))" | T (pp0)p(0)dv

(49)

From Lemma 13, it is obvious that ¥, — 0 as p; —
p, and we get
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VAR "

7y Pt g5 gy
AN NG r
< Nt 10— o)) - (el - 0"

T I(r +1)
(50)
as p, — p,, which yields to .¥, — 0 and .¥; — 0. For

p, =0 and p, € (0, F], it is clear that .7, = 0. Then, for any
0<e<p,, we get

Fi< -7 (py0) | p(v)dv

P1—€ ' 1 .
|| & @ - &0y [ )

0

+

P1 ! -1 B . ~
[ & W) &) [7% 00 - 7 o) o)
Pi=e

< HEIHTZZ(r)

[(E(py) = £(0))" = (&(py) —&(py —€))"]

o)

[E(py) =Py —9)"],

5t

x | sup
O<e<p,

2/%||E1||m22(r)

" (py,0) =

I(ry +1)
(51)
as p, — p, and € — 0, which yields to .7, — 0; thus,
16(p2) = é(p1) || — 0. (52)
Hence, §(B,) is equicontinuous.
(Step 4) We show that for each p € §*, #(p) = { (.50

)(p): 0 €B,} is relatively compact in 2.

Clearly, 7(0) is relatively compact in 2. Let p € §* be
fixed, and for any ¢,6 > 0 and o € B,, define

50)= [ 8,017 ()~ £)"0)ouds
5
g @ (v)dodv
- [ 8,07 (&) -t 0)ouds

PTE® L, -1
+r1j j £ (0)(E(p) - §(v))"09, (0)
8
—&(v)"0 +€16-€"8) " (v)dOdv

(53)
PTE® -1

j £ () (E(p) ~ E(v))" 7109, (0)

(€"8)T ((§(p) —&(v))"0-€"8) ] (v)dOdv

- E(v))”@) 0,d0

)

pe (o »
en7@o)| [ EwEe) )09, 0)
* [T ((§(p) ~&(v))"16-€"8)] " (v)dOdv.
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Then, by the compactness of 7 (¢"8) for €18 > 0, we see
that the set #,5(p) = {(.50)(p): 0 € B, } is relatively com-
pactin X for all €, § > 0. Moreover, for each ¢ € B,, we have
PO 1
1(B0)(p) = (Bes0) ()| =11 JO Lf (V) (E(p) ~ &(v))"17109, (O)T ((E(p)~E(v))"0)@(v)dOdv
e[| € @E(e) - &) 09, )7 (E(p)-E(0) 0)p(o)dody
[ € @) - &) es, (0)7 (Ee)-Ew) 0)p)doo
5
<n JS i & (0)(E(p) ~£(0))" 709, ()7 ((§(p)~§(v))"0)p(v)dOdv
enl e e - £ 68, 07 () 0)a(w)dods
p-¢
L 5
<l |8y )| E(r) < J : £ (v)(E(p) —g(v))mdv> (JO 89, (0)d6> (54)

sl E(r) (J

&' (v)(E(p) - s<v>>’1‘1dv) (j:’ 09, <e>de>

st a0 || € )& - &0 av) (ja 69, @)a6 )

+r1ﬂHl21HmEZ(r) (J

< ] ) & e -5 |

M |[8] & (r)
I'(r+1)

Hence, there are relatively compact sets arbitrarily
close to #(p) for p >0, Therefore, #(p) is relatively com-
pact in .

From the Arzela-Ascoli theorem, $(B,) is relatively
compact in &. Consequently, (o) is relatively compact in
Vo € &. O

4. An Example

Let 2 = L*([0,7]). Consider the following fractional partial
differential inclusions with Caputo derivative (&(p) = p):

112; o
{ D, "o(pv) € 550(pv) + f(po(p.v), pe(0.1),0€ (0,7,

o(p,0)=0(p,m)=0, 0(0,v) =0,

(55)

where r; =1/2 and 9 =1, and we define an operator & by
Ado=c'"" for 0 € D(A), where D(H)={0€X : 0,0 are
absolutely continuous, and 0(0) = o(7r) =0}. Then, & gen-
erates a strongly continuous semigroup {7 (p)},., which

£ (0)E(p) - E(v))“_ldv> (j

E(p)~&(p—€)" —0,

0

00

09, (6)d6>

0
S

69, (0)d6>

0

ase, 0 — 07,

is compact. Furthermore, ||T (p)||<eP<1=.4, p=0.
Let f:[0,1] x R— O(R) defined by

o sin (o(p.7)

o(p,v) — f(p.o(p.)) = |0, s | (s6)

(exp (p?) +2) 15

Clearly, H,(f(p,0),f(p,0)) < 3(p)|lo —a||, where 3(p)
=1/(exp (p?) +2) and d(0, f(p,0)) =1/15< 3(p) for (ae.)
all p €0,1]. Besides, we obtain ||3||., =1/3 which implies
pllall =0.38 < 1. Consequently, all items of Theorem 16
are satisfied. Then, there exists at least one solution of
(10) on [0,1].

Remark 18. Our current results for problem (3) remain true
for the following cases:
(i) Caputo-type inclusion problem: &(p) = p.

(i) Caputo-Hadamard-type inclusion problem: &(p) =
log (p).

(iii) Generalized Caputo-type inclusion problem: &(p)
=pf,p>0.



Remark 19. The obtained results for problem (3) include
the results of Suechoei and Ngiamsunthorn [17]; i.e., prob-
lem (3) is reduced to the considered problem in [17] when

{f(p.a(p))} =h(p,a(p))-
5. Concluding Remarks

We have studied the class of IVPs for generalized Caputo
FDIs with Lipschitz set-valued functions. We obtained the
existence result by using the FPT of Covitz and Nadler. Also,
we characterized the topological properties of the set of solu-
tions. We confirm that our acquired outcomes are new in
the frame of generalized Caputo FDIs with initial conditions
and it greatly contributes to enriching the existing literature
on this theme.

In future works, many cases can be established when one
takes a more generalized operator, for example, y-Hilfer
fractional operator [13]. Further, it will be of interest to
study the existing problem in this article for the Mittag-
Leffler power law [8] and for fractal fractional operators [35].
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This paper presents the nonlinear systems of Volterra-type fractional integro-differential equation solutions through a Chebyshev
pseudospectral method. The proposed method is based on the Caputo fractional derivative. The results that we get show the
accuracy and reliability of the present method. Different nonlinear systems have been solved; the solutions that we get are
compared with other methods and the exact solution. Also, from the presented figures, it is easy to conclude that the CPM
error converges quickly as compared to other methods. Comparing the exact solution and other techniques reveals that the
Chebyshev pseudospectral method has a higher degree of accuracy and converges quickly towards the exact solution.
Moreover, it is easy to implement the suggested method for solving fractional-order linear and nonlinear physical problems

related to science and engineering.

1. Introduction

Fractional calculus has a long history as classical calculus.
The concept of fractional calculus arouse when Leibnitz used
a proper representation d"f/dx" for the nth derivative in his
publications. L’hopital raises a question on the particular
notation on what happens if “n” is a noninteger. It was the
beginning of fractional calculus [1]. Recently, mathemati-
cians focused on fractional calculus due to its numerous
applications in every field of science: viscoelastic materials
[2], economics [3], continuum and statistical mechanics
[4], dynamics of interfaces between soft nanoparticles
and rough substrates [5], solid mechanics [6], and much
more [7-14].

Mathematical formulations solve many problems of
nature with the help of converting the physical phenomena
to the equation form. Differential equations (DEs) are
among those that play the main role in modeling various
phenomena. However, some problems are complex and can-
not be handled with the help of a differential equation. In
this regard, the researchers utilized fractional differential
equations (FDEs) that model the phenomenon more accu-
rately than differential equations having order integers.
Nowadays, FDEs got the importance of real-world modeling
problems: such as electrode-electrolyte polarization [15],
electrochemistry of corrosion [16], circuit systems [17],
optics and signal processing [18], heat conduction [19], dif-
fusion wave [20], control theory of dynamical systems [21],
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fluid flow [22], probability and statistics [23, 24], and so on
(see [25-28])).

The role of fractional integral and integrodifferential
equations is found in every field of engineering and science.
When a physical phenomenon is modeled under the differ-
ential equation, it finally gives a differential equation, an
integral equation, or an integrodifferential equation. Some
applications of these types of equations are nanohydrody-
namics [29], glass-forming process [30], wind ripple in the
desert [31], and drop-wise condensation [32]. The analytical
solution of integral and integrodifferential equations does
not exist in most cases. Even if it exists in certain cases, it
is hard to find. Different numerical methods have been
developed for finding an approximate solution of integral
and integro-differential equations. The most common
among these methods are the Chebyshev polynomials [33],
Haar wavelet [34], triangular function method [35], colloca-
tion method [36], Legendre wavelet operational method
[37], Taylor series expansion method [38], homotopy per-
turbation method [39], reproducing kernel Hilbert space
method [40], Adomian decomposition method [41], Euler
wavelet method [42], variational iteration method [43],
spectral collocation method [44], least square method [45],
homotopy analysis method [46], and differential transform
method [47].

We apply Chebyshev pseudospectral method (CPM) to
solve nonlinear Volterra integro-differential equation sys-
tems in the present work. CPM is a powerful technique for
solving linear and nonlinear problems. The obtained results
show the higher convergence rate of the present technique.
The solution that we get shows that CPM has good agree-
ment with the exact solution. Error analysis reveals the effi-
ciency of the proposed technique that CPM has greater
accuracy than other methods.

2. Definitions and Preliminary Concept

This unit shows the preliminary concept and some essential
definitions taken from fractional calculus and used in our
present research work.

2.1. Definition. The definition for fractional derivative by
Caputo of order « is showed by the following mathematical
expression [48]:

Drj(s) = LJ (=t d, (1)

forn-1<a<n nelN,s>0,jeCn.

2.2. Definition. The fractional derivatives by Jin-Hunan He
are described as [48]

Df(s)
Ds*

ISP (VRS (Y

As=s;—s,—L (51—52)“ ’

(2)

where As does not approach zero.
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2.3. Definition. Xiao-Jun explains derivatives having frac-
tional order as [48]

d%j(s
DSj(sy) = *(s0) = I

where
A%(j(s) = j(s0)) = L(1 + ) A(j(s) = j(s0))- (4)

2.4. Definition. The integral operator by Riemann-Liouville
for order « is [48]

S

1 a-1:
| e (5)

IFj(s) =

The Caputo derivative operator and Riemann-Liouville
integral operator have the following properties

DAI(5) = (5),
o ©
(s =) - 1

sk,SZOn—1<oc<n.

3. Chebyshev Pseudospectral Method (CPM)

The Chebyshev polynomials are defined in the [-1,1]
interval and can be described by the following recurrence
formula:

Rn+1(t) :2”Rn( )_Rnfl(s)’ n=12,-, (7)
where
Ry(s)=1,
(8)
Ri(s)=s

To apply the Chebyshev polynomials in the [0, 1] inter-
val, we define the Chebyshev shifted polynomials R,(s)
which are defined in the manner of Chebyshev polyno-
mials R, (s) by relation

R,(s) =R, (25~ 1). (9)

And the recurrence formula is as follows:

R (s)=2(2s= 1)R,(s) =R,y (s), n=1,2,--  (10)
where
Ko} =1, (1)
Ri(s)=2s-1
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TaBLE 1: Exact versus CPM solution of problem 1 at m = 10.

s Exact j(s) Exact k(s) CPM solution j(s) CPM solution k(s)
0 0.0000000000 1.0000000000 0.0000000000 1.0000000000
0.1 0.1001667500 1.0050041680 0.1001667500 1.0050041680
0.2 0.2013360025 1.0200667556 0.2013360025 1.0200667556
0.3 0.3045202934 1.0453385141 0.3045202934 1.0453385141
0.4 0.4107523258 1.0810723718 0.4107523258 1.0810723718
0.5 0.5210953054 1.1276259652 0.5210953054 1.1276259652
0.6 0.6366535821 1.1854652182 0.6366535821 1.1854652182
0.7 0.7585837018 1.2551690056 0.7585837018 1.2551690056
0.8 0.8881059821 1.3374349463 0.8881059821 1.3374349462
0.9 1.0265167257 1.4330863854 1.0265167253 1.4330863853
1.0 1.1752011936 1.5430806348 1.1752011918 1.5430806343
TaBLE 2: Error comparison of CPM versus other methods of Section 4.1 at m = 10.
s Error(jepy) Error(kcpy) Error(jory) Error(kory)
0 0.0000000000E + 00 0.0000000000E + 00 0.00E + 00 0.00E + 00
0.1 8.2692537238E - 17 1.4541999963E — 17 1.39E-17 0.00E + 00
0.2 9.1822482293E — 16 1.6662883612E — 16 5.27E-16 0.00E + 00
0.3 1.2443994903E - 15 2.2699378388E — 16 4.45E-14 1.11E-15
0.4 1.2607906760E — 15 2.3113111594E - 16 1.05E-12 3.51E-14
0.5 7.2897283903E - 16 1.2454060032E - 16 1.23E-11 5.10E-13
0.6 2.5175064758E — 13 5.5241090380E — 14 9.11E-11 4.55E—-12
0.7 5.8189005235E — 12 1.3209327312E - 12 4.97E-10 2.90E-11
0.8 5.8725732247E — 11 1.3786485036E — 11 2.16E-9 1.44E-10
0.9 3.7796170567E — 10 9.1669608328E — 11 7.90E -9 5.92E-10
1.0 1.8157658168E — 09 4.5450903393E - 10 2.52E-8 2.10E-9
1.5
1
1.4
0.8
1.3 A
0.6
04 1.2 -
02 L1 1
O T T T T T T 1 1~0 ------- T T T T T T 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
CPM CPM

F1GURE 1: The solution graph of example 1. (a) Exact solution and

Exact solution

(b) CPM solution.

Exact solution

FI1GURE 2: The solution graph of example 1. (a) Exact solution and
(b) CPM solution.
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FIGURE 3: CPM and OTM error graph of Section 4.1. W Error (alpha = 0.80)
FIGURE 5: The absolute error graph of Section 4.1 at a different
fractional order.
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FiGUre 4: CPM and OTM error graph of Section 4.1. M Error (alpha = 1)
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FIGURE 6: The absolute error graph of Section 4.1 at a different
fractional order.

A function j(s) € L,[0, 1], in terms of Chebyshev shifted
polynomials described as

9= 3 aki(s) (12)



Journal of Function Spaces

TaBLE 3: Exact and CPM solutions of Section 4.2 at m = 3.

s Exact j(s) Exact k(s) CPM solution j(s) CPM solution k(s)

0.05 0.047500000000000 ~0.002375000000000 0.047500000050000 ~0.002375000000000
0.15 0.127500000000000 —-0.019125000000000 0.127500000100000 —-0.019124999970000
025 0.187500000000000 ~0.046875000000000 0.187500000100000 ~0.046874999940000
0.35 0.227500000000000 -0.079625000000000 0.227500000100000 —0.079624999950000
0.45 0.247500000000000 ~0.111375000000000 0.247500000000000 ~0.111374999900000
0.55 0.247500000000000 —-0.136125000000000 0.247500000000000 —-0.136125000000000
0.65 0.227500000000000 ~0.147875000000000 0.227500000000000 ~0.147875000000000
0.75 0.187500000000000 —0.140625000000000 0.187500000000000 —0.140625000000000
0.85 0.127500000000000 ~0.108375000000000 0.127500000000000 ~0.108375000000000
0.95 0.047500000000000 —0.045125000000000 0.047499999999999 —-0.045125000100000

TaBLE 4: Error comparison of CPM versus other methods of Section 4.2.

s Error (jepy) Error(kcpy) Error(jsoum) Error(kgcy)
0.05 5.0000000000E - 11 0.0000000000E + 00 8.17886E -8 1.71222E-7
0.15 1.0000000000E - 10 3.0000000000E — 11 4.14502E - 8 5.20012E -8
0.25 1.0000000000E - 10 6.0000000000E — 11 3.00945E -9 1.53079E -7
0.35 1.0000000000E — 10 5.0000000000E - 11 5.66834E -8 1.82626E -7
0.45 0.0000000000E + 00 1.0000000000E - 10 3.81977E -8 6.42170E -7
0.55 0.0000000000E + 00 0.0000000000E + 00 3.16220E - 8 6.19236E -7
0.65 0.0000000000E + 00 0.0000000000E + 00 6.05974E - 8 1.37882E -7
0.75 0.0000000000E + 00 0.0000000000E + 00 9.63834E -9 1.53242E -7
0.85 0.0000000000E + 00 0.0000000000E + 00 4.55344E - 8 1.18939E -8
0.95 5.0000000000E — 11 1.0000000000E - 10 8.32363E -8 9.10621E - 8

The Chebyshev shifted polynomials first (m + 1) terms
are considered as

s
n=0 u,

< (ZR()) ¢ Yok | (i)cnﬁn(s))ds:g(s,j)-

(13)
For finding the system of equations, we have

S

j_; (i Cnﬁn(si)> + i Can(si) +J
n=0 n=0 So

(14)
whereas

i —0.5
5= (15)

Pk

I solved the resultant system using maple software,
which provide CPM solution for the given problem.

<Zocnﬁn(si)> du= g(si’j)'

4. Numerical Representation

4.1. Problem. Consider the nonlinear FIDE system having
B.Cs j(0) =0, k(0) =1

i)+ 5 (G5 ) = [ = ko) +koyonde=1,

D*k(s) + sj(s) - JO [(s—1)j(t) + k()] dt = 2s,
(16)

having j(s) = sinh (s), k(s) =cosh (s) as the exact solution
at a=1.

The exact solution and numerical results obtained by
means of the proposed method are shown in Table 1. The
absolute error comparison of our method and those
obtained from OTM is given in Table 2. The behavior of
the exact solution and approximate solution (our method)
of this example when a =1 is presented in Figures 1 and 2
whereas the error comparison of CPM and OTM can be
observed in Figures 3 and 4. The graphical representation
for different fractional order of « is seen in Figures 5 and 6
which confirm that the solution converge to the exact solu-
tion as the value of & converges from the fractional order
to the integer order.
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FiGure 7: The solution graph of example 2. (a) Exact solution and Figure 9: CPM and SCM error graph of Section 4.2.
(b) CPM solution.
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FIGURE 10: CPM and SCM error graph of Section 4.2.
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) i 4.2. Problem. Consider the FIDE system with B.Cs j(0) =
FIGURE 8: The.solutlon graph of example 2. (a) Exact solution and (1) =0, k(0)=k(0)=0
(b) CPM solution.
0 ) sdk [* .
DYj(s) + k(s) + 57 = | (s = 0)k(t) + j(t)k(t))dt = g,(s),
0
S

DK(s) + (s) - L((s ~0)j(t) - K (t) + (1)) dt = g, (5)
(17)
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TaBLE 5: Exact versus CPM solution of Section 4.3 at m = 10.

s Exact j(s) Exact k(s) CPM solution j(s) CPM solution k(s)
0 1.0000000000 —1.0000000000 1.0000000000 -1.0000000000
0.1 1.2051709180 —-1.0051709180 1.2051709180 -1.0051709180
02 1.4214027580 ~1.0214027580 1.4214027580 ~1.0214027580
0.3 1.6498588080 —1.0498588075 1.6498588080 —-1.0498588075
0.4 1.8918246980 ~1.0918246976 1.8918246980 ~1.0918246976
0.5 2.1487212710 —-1.1487212707 2.1487212710 —-1.1487212707
0.6 24221188000 ~1.2221188003 24221188000 ~1.2221188003
0.7 2.7137527070 -1.3137527074 2.7137527070 -1.3137527074
0.8 3.0255409280 ~1.4255409284 3.0255409280 ~1.4255409284
0.9 3.3596031110 —-1.5596031111 3.3596031111 -1.5596031109
1.0 3.7182818280 ~1.7182818284 37182818284 ~1.7182818275
TaBLE 6: Error comparison of CPM versus other methods of Section 4.3 at m = 10.
s Error(jepy) Error(kcpy) Error(jory) Error(kory)
0 0.0000000000E + 00 0.0000000000E + 00 0.00E + 00 0.00E + 00
0.1 8.1999412724E - 17 8.2624090006E — 17 2.22E-16 0.00E + 00
0.2 3.8043301351E-15 3.8490016915E - 15 4.44E-16 6.66E — 16
0.3 1.9076326419E - 14 1.9470658817E — 14 4.55E - 14 4.55E-14
0.4 3.8309289099E — 14 3.9767165526E — 14 1.09E - 12 1.09E - 12
0.5 5.6578756405E — 14 6.0124928716E — 14 1.28E-11 1.28E-11
0.6 3.2264909603E — 13 3.2822178282E—-13 9.57E-11 9.57E-11
0.7 6.8521655232E — 12 6.8380840814E — 12 5.26E-10 5.26E-10
0.8 7.2715580869E — 11 7.2515818424E — 11 2.30E-9 2.30E-9
0.9 4.8186768333E - 10 4.8069973992E - 10 8.49E-9 8.49E-9
1.0 2.3551879379E - 09 2.3502526547E -9 2.73E-8 2.73E-8
X
35 - | o 02 04 0.6 08 1
3 ~1.1
. -1.2 A
2.5
] -1.3
2]
i -1.4 A
1.5 § -1.5 A
. —-1.6
1 T T 1
0 0.4 0.6 1
X -1.7 A
CPM CPM
rrrrrr Exact solution ------ Exact solution

F1GURE 11: The solution graph of example 3. (a) Exact solution and
(b) CPM solution.

FIGURE 12: The solution graph of example 3. (a) Exact solution and
(b) CPM solution.
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with the exact solution (j(s) =s—s% k(s) =s> — %) at a =2,
where

7
gi(s)=2"— =+ —st+ 5 - -2,
6 20 3 18
(s) il s6+194 29 b4 bs—2 "
S)=— — =+ —§"— 25 +5 +65—2.
2= 73R 2

In Table 3, we give the numerical values of the exact
solution and CPM solution for m = 3. The absolute errors
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FIGURE 15: The absolute error graph of Section 4.3 at a different
fractional order.
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FIGURE 16: The absolute error graph of Section 4.3 at a different
fractional order.

obtained by the present method are compared with SCM
in Table 4. We compare the actual and estimated solution
in Figures 7 and 8 which tells us that both the solutions
are quite close to each other. Also, Figures 9 and 10 dis-
play the error comparison of CPM and SCM which verify
that our method is in good agreement with the exact
solution.
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4.3. Problem. Consider the nonlinear FIDE system having
B.Cs j(0) =1, j'(0) =2, k(0) =1, and k' (0) =0

(19)

having j(s) =s+ €, k(s) = s — ¢ as the exact solution.

To solve this example, we implement the method sug-
gested in Section 4 for a =2 with m = 10. The exact solution
and estimated solution by CPM are presented in Table 5.
The absolute error of our method and those obtained from
OTM are given in Table 6. In Figures 11 and 12, it is clear
that the numerical solution of the proposed method is in
good contact with the exact solution. In order to illustrate
the effectiveness of CPM, the error comparison with OTM
is shown in Figures 13 and 14. Also, in Figures 15 and 16,
we can obtain that as o —— 2 the estimated solution
approach to the exact solutions.

5. Conclusion

In this work, we implemented the Chebyshev pseudospectral
method for solving nonlinear fractional integral and integro-
differential equation systems. The proposed technique
reduces this type of systems to the solution of the system
of linear and nonlinear algebraic equations. Special attention
is given to study the convergence of the proposed method.
The results that we get by implementing the suggested tech-
nique are in excellent agreement with the exact solution and
show more accuracy than the solution obtained using other
methods. Also, from the presented figures, it is easy to con-
clude that the CPM error converges quickly as compared to
other methods. The computation work in this article is done
using Maple.
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Recently, many fractional integral operators were introduced by different mathematicians. One of these fractional operators,
Atangana-Baleanu fractional integral operator, was defined by Atangana and Baleanu (Atangana and Baleanu, 2016). In this
study, firstly, a new identity by using Atangana-Baleanu fractional integral operators is proved. Then, new fractional integral
inequalities have been obtained for convex and concave functions with the help of this identity and some certain integral

inequalities.

1. Introduction

Mathematics is a tool that serves pure and applied sciences
with its deep-rooted history as old as human history and
sheds light on how to express and then solve problems.
Mathematics uses various concepts and their relations with
each other while performing this task. By defining spaces
and algebraic structures built on spaces, mathematics creates
structures that contribute to human life and nature. The con-
cept of function is one of the basic structures of mathematics,
and many researchers have focused on new function classes
and made efforts to classify the space of functions. One of
the types of functions defined as a product of this intense effort
is the convex function, which has applications in statistics,
inequality theory, convex programming, and numerical analy-
sis. This interesting class of functions is defined as follows.

Definition 1. The mapping f : [0, 6,] € R — R is said to be
convex if

fAx+(1=N)y) <Af(x) + (1= A)f (), (1)
is valid for all x,y € [0,,0,] and A € [0, 1].

Many inequalities have been obtained by using this
unique function type and varieties in inequality theory,
which is one of the most used areas of convex functions.
We will continue by introducing the Hermite-Hadamard
inequality that generate limits on the mean value of a convex
function and the famous Bullen inequality as follows.

Assume that f:ICR— R is a convex mapping
defined on the interval I of R, where 0, < b. The following
statement:
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holds and known as Hermite-Hadamard inequality. Both
inequalities hold in the reversed direction if f is concave.
Bullen’s integral inequality can be presented as

N (R

where f : I ¢ R — R is a convex mapping on the interval I
of R where «,,0, €I with 0, <0,.

To provide detail information on convexity, let us con-
sider some earlier studies that have been performed by many
researchers. In [1], Jensen introduced the concept of convex
function to the literature for the first time and drew atten-
tion to the fact that it seems to be the basis of the concept
of incremental function. In [2], Beckenbach has mentioned
about the concept of convexity and emphasized several fea-
tures of this useful function class. In [3], the authors have
focused the relations between convexity and Hermite-
Hadamard’s inequality. This study has led many researchers
to the link between convexity and integral inequalities,
which has guided studies in this field. Based on these studies,
many papers have been produced for different kinds of con-
vex functions. In [4], Akdemir et al. have proved several new
integral inequalities for geometric-arithmetic convex func-
tions via a new integral identity. Several new Hadamard’s
type integral inequalities have been established with applica-
tions to special means by Kavurmaci et al. in [5]. Therefore,
a similar argument has been carried out by Zhang et al. but
now for s — geometrically convex functions in [6]. On all of
these, Xi et al. have extended the challenge to m — and (a,
m) —convex functions by providing Hadamard type
inequalities in [7].

Although fractional analysis has been known since
ancient times, it has recently become a more popular subject
in mathematical analysis and applied mathematics. The
adventure that started with the question of whether the solu-
tion will exist if the order is fractional in a differential equa-
tion has developed with many derivative and integral
operators. By defining the derivative and integral operators
in fractional order, the researchers who aimed to propose
more effective solutions to the solution of physical phenom-
ena have turned to new operators with general and strong
kernels over time. This orientation has provided mathemat-
ics and applied sciences several operators with kernel struc-
tures that differ in terms of locality and singularity, as well as
generalized operators with memory effect properties. The
struggle that started with the question of how the order in
the differential equation being a fraction would have conse-
quences has now evolved into the problem of how to explain
physical phenomena and find the most effective fractional
operators that will provide effective solutions to real-world
problems. Let us introduce some fractional derivative and
integral operators that have broken ground in fractional
analysis and have proven their effectiveness in different
fields by using by many researchers.
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We will remember the Caputo-Fabrizio derivative oper-
ators. Also, we would like to note that the functions belong
to Hilbert spaces denoted by H'(0, 6,).

Definition 2. [8]. Let f € H'(0,6,),0, > 0,, a € [0, 1], then the
definition of the new Caputo fractional derivative is

M(a)

DR (1) =

[FCEE

K

i-a) (1, - s)} ds, (4)

where M(«) is normalization function.

Depending on this interesting fractional derivative oper-
ator, the authors have defined the Caputo-Fabrizio fractional
integral operator as follows.

Definition 3. [9] Let f € H'(0,6,), 0, >0,, a € [0, 1], then the
definition of the left and right side of Caputo-Fabrizio frac-
tional integral is

l-«

(%17) )= 5 S0+ g | s ©)

and

(713) ()= g F0) + g | S0 (@

T
where B(«) is the normalization function.

The Caputo-Fabrizio fractional derivative, which is used
in dynamical systems, physical phenomena, disease models,
and many other fields, is a highly functional operator by def-
inition, but has a deficiency in terms of not meeting the ini-
tial conditions in the special case a = 1. The improvement to
eliminate this deficiency has been provided by the new
derivative operator developed by Atangana-Baleanu, which
has versions in the sense of Caputo and Riemann. In the
sequel of this paper, we will denote the normalization func-
tion with B(a) with the same properties with the M(«)
which is defined in Caputo-Fabrizio definition.

Definition 4. [10] Let f € H'(,,6,), 6, > k,, a € [0, 1], then
the definition of the new fractional derivative is given:

8 D))= T | B,

&Jq

(t,-x%)"

(1-a)

Definition 5. [10] Let f € H'(6,,60,), 0, > ;, a € [0, 1], then
the definition of the new fractional derivative is given:

}dx. (7)

AR D [f(r))) = B—“)irf () {‘“ %} e
(8)

Equations (7) and (8) have a nonlocal kernel. Also, in
Equation (8), when the function is constant, we get zero.
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The associated fractional integral operator has been
defined by Atangana-Baleanu as follows.

Definition 6. [10] The fractional integral associate to the new
fractional derivative with nonlocal kernel of a function f €
H'(x,,0,) as defined:

—y)* Ty,

©)

f‘-%J“U(ﬁ)F% (r1) +

where 0, > 6, and a € [0, 1].

In [11], Abdeljawad and Baleanu introduced the right
hand side of integral operator as follows: the right fractional
new integral with ML kernel of order « € [0, 1] is defined by

(15, ) ) = g F)+
0,
(o=,

Ty

In [9], Abdeljawad and Baleanu has presented some new
results based on fractional-order derivatives and their dis-
crete versions. Conformable integral operators have been
defined by Abdeljawad in [12]. This useful operator has been
used to prove some new integral inequalities in [13].
Another important fractional operator—Riemann-Liouville
fractional integral operators—have been used to provide
some new Simpson type integral inequalities in [14]. Ekinci
and Ozdemir have proved several generalizations by using
Riemann-Liouville fractional integral operators in [15], and
the authors have established some similar results with this
operator in [16]. In [17], Akdemir et al. have presented some
new variants of celebrated Chebyshev inequality via general-
ized fractional integral operators. The argument has been
proceed with the study of Rashid et al. (see [18]) that
involves new investigations related to generalized k-frac-
tional integral operators. In [19], Rashid et al. have pre-
sented some motivated findings that extend the argument
to the Hilbert spaces. For more information related to differ-
ent kinds of fractional operators, we recommend to consider
[20]. The applications of fractional operators have been
demonstrated by several researchers; we suggest to see the
papers [21-23].

The main motivation of this paper is to prove an integral
identity that includes the Atangana-Baleanu integral opera-
tor and to provide some new Bullen type integral inequalities
for differentiable convex and concave functions with the
help of this integral identity. Some special cases are also
considered.

2. Main Results

We will start with a new integral identity that will be used as
proofs of our main findings.

Lemma 7. Let f : [0,,0,] — R be differentiable function on
(8,,0,) with k, < 0,. Then, we have the following identity for
Atangana-Baleanu fractional integral operators:

2(6,-0,)* + (1 - @)2*'T(a) [f(xl) 0, +2f<91 ;ez)}

o
- Z(QL))F” 51 sof 045, (52

0,+0,
+ ((91+92 )/2) 1f(0, ABI@f( ﬂ
1 «  u I+71 -
K T G

I+ 1-
02

+[m-a-rr (5

g >d11

>d
(11)

where a, 7, € [0, 1], I'(.) is the gamma function, and B(«) is
the normalization function.

Proof. By adding I, and I,, we have

1+T16 +1—

! 04 o T
11+12:J (T=7y) _Tl)f,<—2 1 lKz)‘i'fl
0

-1
5 lel)drl.

(12)

1+T16

c[m-a-mr (B

By using integration, we have

I, = J;((l —) = 1%)f! (1 2’1 0, +

1-
! K2> dr,

_((L=m)* = (L +71)12)8, + (1= 7,)/2)0,)dT, |”
(91 _92)/2 1
- KZZ—(XHI :((1 -7 T 1)f<1 +2T1 0, + ! _2T1 K2>d‘l’1

2 2 0,+0

- _ 0)—- = 1 2
61—92f( 2 Kl_ezf( 2 )

1 -
. 2a (1_1_1)0‘71]((1+T1 0, + 1 21

162> dr,

i, —91 0 2
6 6 “_lf<1 +119 211 92) i,
2 (Kl +0, )>
atly (6,+x,)/2 -
e )J (=00 )
arl (6,46,)12 a1
27060&1" f+9, -x)  f(x)dx.
(0,-6)) 2

(13)

Multiplying both sides of (13) identity by (x, —6,)**"/

(2*"1B(a)I(a)), we have



- siar 100+ (52)

(6,-6)"" |
2% 1B(a)(a) '

a (0,+6,)/2 0 el J
- B((X)F((X) JKI (.X— 1) f(x) x
a ©t6)12 19+ 6, ot
" B(a)I(a) L] ( 2 x)
“f(x)dx
(14)

Similarly, by using integration, we get
1+1, 0

IZZJ.O(T?_(I—Tl)“)f’< 3 1-n Kl)d‘fl
_(F = (=) (L +71)12)8, + (1= 7,)/2)8,)dr,|°

- (6,-6,)/2 1
2 (Y, . a_ l+1 1-7
Kz_eljo(rl '+ (1-1)) 1)f< 5 162+72 lxl)d'rl

S

2041 rz ( 6, +6,
_ .
(1, = 0)*" J 6,46, 2

20c+1

o 0,
(9 -0 )“”Je +6,)12

)“— f(x)dx
(6, = %) f(x)dx.

(15)

Multiplying both sides of (13) identity by (8, — «,)*""/
(2*1B(a)I(a)), we get

(62_01)a+1 I
29 1B(a)[(at)

- s (1004 (5%)
. W J ;9) ( 9 ;KZ)“_lf(x)dx

(6, - %) f (x)dx.

(16)

a J %,
B(a)I'(a) J (6,4x,)12
By adding identities (14) and (16), we obtain

MUH’M
251 B(a) [ (@)
(0,-0))" + (1 - @)2°T(a) 6, +6,
- e e (5]

l-—a 0 o (0,+0,)/2 0 el d
B O B ), O s

) ;(_a?f (91 ;92) ) B(a)ar(a) J:1+ez>/z
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i ff:sf;gz“ii;r
2 2 Bla)”
(a)af (a )J (5140, ),2(92 = x)* f(x)dx
aoc <6 ;0) - me)
- < ) (17)

Using the definition of Atangana-Baleanu fractional
integral operators, we get

|- (1 *2” o+ 1506, )ar,
oy,

[ o= a-nr (“’16
- O T e+ pe0) +2 (252
- 1 /J(K1)+AB ry(15%)

)

0o O

+f<l(gl+ez>/2laf (6,) +*°1 o,f (
(18)

Theorem 8. Let f : [0,,0,] — R be differentiable function
on (0,,0,) with k, <0, and f' € L,[0,,0,). If |f'| is a convex
function, we have the following inequality for Atangana-
Baleanu fractional integral operators

20 912;2+_(;1_)£32W”“) [ 50027 (25%)]
0
)

2*1B(a)I (« “ wel€+
-2 Bl [ABI(9,+0Z>/J(91)+‘§§9,I f< !

e
ABIQZf(O +6, >H
e+ lr'e]

a+1

+i =(0, +62)/21 WG

>

(19)

where a € [0, 1] and B(a) is the normalization function.
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Proof. By using Lemma 7, we can write

A CoE ) i a0 2 (5]

O ety (3%)

. 0,+0,
+i6,0,)2 1 (62) + ABIezf( >] ‘

SJ;(I—TI)“ f’(“;‘ 0, + 1_271 62) dr,
+J;T‘f f' (1 +2T1 0, + 1_211 62) dr,
+ET§* f’(lJ;Tl 0, + 1_271 91) dr,
+J.;(1—‘rl)“ f’(“;lez - 191) dr,.

By using convexity of [f'], we get

= _912;2+_(;1_)f+‘32aﬂ”“) [f(m) ere 2 (25%)]

+ Honsanyal F0:) + VL f (9 - )H

< f(l —n)“[l “hife)

0

|+1—T1

@)

+J T‘l"[l +71) }f [+ 7, |f’(92)’:|d‘rl
+JOT [1 +T) 70y + _271 |f’(x1)|}drl
' L [l 0]+ \f’(el)qdﬁ.

(21)

By computing the above integral, we obtain
2(0, —0)%+ (1 - a)2*"'T'(a 9+6

-0,
1 (Kl +6, )

2a+lB T B
- # [ 1(61+92)/2f(9 )+

a o 9 +9
"’fgahtez)/zl f(0,)+4I f( )H

2[ |1 @)+ 1" ©,)]

a+1

>

(22)

and the proof is completed.J0J |

5
Corollary 9. In Theorem 8, if we choose « = 1, we obtain
0,
UKL EE (VS DN T R
0,-0, (02— x1)" Jo,
< | 1)}+|f,(’<2)|
< 5 .
(23)

Theorem 10. Let f : [0,,0,] — R be differentiable function
on (8,,0,) withk,; <0, and f' € L,(0,,0,]. I |f'|" is a convex
function, then we have the following inequality for Atangana-
Baleanu fractional integral operators:

2(0,-0,)" + (1 - a)2** 1 I'(«t) [f(x1)+f(0 )+2f<9 +6, )}

(6,-6,)""
B 2*1B(a)I (ax) |:ABI‘(191+92)/2,)((9 I f<K1 +0, )

(0, - K1)a+1

Aorson ol £(62) ABIe,f<6 +0; )}
_ 2 [l en I )\
" (ap+ 1)? 4

. <3|f’(02)|q + ff’<x1>|q>”q]
. ,

where p~l + g1 =1, a €0, 1], ¢> 1, and B(a) is the normal-
ization function.

(24)

Proof. By using the identity that is given in Lemma 7, we
have

210 91();2+_(;')522“HF(“) )+ 509426 (252)]

_ W {ABI?MZ)/J(GI) . Iaf<xl 10, >

0,+0,
o 91+92/2If(92)+ABI f< )H
! ol (14T l1-1
SJ(l_Tl) f,< 2 -0, + 2 192)
1

0
1+7 1-1
Tf’( 2101+ 2102

1
+




By applying Holder inequality, we have

2(6,-6,)" + (1 - 2)2°'T(a) {f(Kl)ﬂ[(e) f(a +6, )}

(6, -6,)""
_ w |:ABI(Z61+62)IZJ.(9 )+ I f(K‘ +6, >

(6, - "1)06+1
o 9 + 9
+f@1+92)/21 f(6,) + +4P1 f( )} ’

1 1/p 1 _ q 1/q
s([ (1-7 )"dT) ([ ’(”Wwﬁez) d11>
2 2
JO
1 1/p q 1/q
ko dr) ( ( TTig 4 92) drl)
1 1/p q 1/q
Pdrl) ( ( Tt 61) d‘rl)
1 —
(1-1, Pd‘rl) ( (1”19 ﬁel)
0 2

By using convexity of |f'|%,

a)2°! T (a) {f(K1)+f(9) f(e +9)}

+

+

+
N 7N N

(26)
we obtain

2(6,-6,)" +(1-

(6, -6,)""
_ 2°'B(a)['(a) [ e AB K +6,
(62 _ KI)DH—I |: 1(61+92)/2f(9 ) I f( )

o 6 +6
VAR T (0) + AP f( )H

< <J;(l —Tl)apd11>1/"(L[1 AP
*f'w»ﬂdo”ﬂ<J:f%>”" |
1+ Tl . 1/g
(H e L (x |]d )
( der) ( [ 5 1|f (K2)|q
) ()
. (JO {1 +T, I )| + —211 |f’(;<1)|q] drl)uq,

By calculating the integrals that is in the above inequal-
ities, we get desired result.(J0J |

(27)

Corollary 11. In Theorem 10, if we choose « = 1, we obtain

f(0:) +f(62) +
0,

2f((x;+6,)/2) 4 %
-0, (%, _91)2J

q 1/q
dTl) .
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(e
(p+1”~"
NEKD f(9)| .
' (28)

Theorem 12. Let f : [0,,0,] — R be differentiable function
on (0,,0,) with k, <0, and f' €L,[0,,0,). If|f'|" is a convex
function, then we have the following inequality for Atangana-
Baleanu fractional integral operators:

2(6,-6,)% + (1 - a)2** 1 I'(a) {f(m)+f( )+2f(e +6, )}

(6,-0,)
_ 2*B(a)I () { g SO f<K1 +6, )

(Cr Kl)(m

w (0,10,
+. (01+ez)/21 f )+, ,f< )} '

1\ a+3
S<o¢+1) <Z(a+1 a+2) {f |

200+ 3

1 , 1/q
*m'“"zﬂq) N e LAl
l/q
+2(oc+1 a+2) |f ’)
2a+3 , 1
*(WV @)+ m’f ‘)

a+3 g
+<2(a+1 a+2) @I + 2(oc+2 ’f ‘) }
(29)

where a € [0, 1], q > 1, and B(«) is the normalization function.

Proof. By Lemma 7, we get

20 _91()2;_(;_)532““”“) [f(m) rre 2 (252

_ W [AB l<x9 ol (6 I f(Kl +92>

a « 0. +6
+ o1 2l £(65) +A3192f( 12 2)}
1
SJ(I—Tl)af/(l-;T161+1
0
1+71 1-1
f,< > 1"1+ 2 192)

1
+ | t*
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By applying power mean inequality, we get

2(0,-0))% + (1 - )2*'T'(«x) [f(x1)+f(6 )+ 2f<6 +6, )}

(6,-6,)""

2¢*'B(a)I (@) |:AB a LAB <K1 +6, )
-— 2] I“
(62 — Kl)aﬂ (0, +92)/2f( f
0, +
16,46, 1f (02 ABI@J( L ﬂ ‘
1 (1/9)
s(J (1-1,) d‘rl> <J 1-1,)" (“2”91

0

_r (1/q)

19 ) d11> + ( TldT1>

! 1+1 1-1 )q
] 0, + 0
([f( . T,
1 (179)
erq) (Jﬂf’(l”leﬁl
0 0 2
1 -(Xq) /s p1
Ja- dn) ([o=mre (S50,
0 2
1/q
it 9> d11> .
2

+

<
!

(31)

By using convexity of [f'|?, we obtain

2(6, —91()(::_(61)1_)32%1 I'(a) {f(xl) 0+ 2f (9 v 92)}
- w (401t g @125 1 (2522)

W o I (0) 471 f (6 +62)} ‘

S(J;u_n)“dn)lW(Jia—n Fl e

1 )|q] dTl)w . (J;T$d11> o
(el )
o([lree) ([ e
i) (J;“ ‘T”“d“)lw
. (J;(l—‘rl)a[l +2T1 I (6)["+ ]drl)”q.

(32)

By computing the above integrals, the proof is com-
pleted.00 0

Corollary 13. In Theorem 12, if we choose « = 1, we obtain

2[f(0,) +f(0 )+2f((K1+02)/2)]_ 8 JGZ

(1 1-(1/9) [(2}]( | +’f’(62)|q>”q
2

576, |+>f
q

) 1/q
|
)

e+l @l ]

6
2)]
f'(6))]
)|

)
< '
(2
&

(33)

Theorem 14. Let f : [0,,0,] — R be differentiable function
on (8,,6,) withk, <0, and f' € L,[0,,0,). If |f'|" is a convex
function, then we have the following inequality for Atangana-
Baleanu fractional integral operators:

A {f(m) rrie)+2f ("))

ot (45

a o 0,+06
+f<%1+ez)/21 £(0,)+%15 <%)} ’

AR AN
plap+1) q ’

(34)

where p ' +q =1, a€[0,1], g> I, and B(a) is the normal-
ization function.

Proof. By using identity that is given in Lemma 7, we get

2(0,-6,)"+(1-

@)2" (@) [f(m) w1102 ("5

fe0g
R [ s (5%)

o o 0,+0
+f(Be1+ez)/2I f(6,) +A3192f( : > 2)} '

(1 147 1-1
<| (1-1)" '( Lo + 19)
[l (e 5,

dr,




f,(ln;1161+ 1—21192>
1+7 1-7
f’( 2102+ 2161>

" 1+7 1-7
+J0(1_T1> fl( 5 L0, + 3 : 1>
By using the Young inequality as xy < (1/p)x? + (1/g)y1
2(0,-6,)+ (1—a)2*" 1 (a 0,+0
e w0+ 27 (M5
(0,-6))
21 B(a)I' (@) [4p,a LA4B ek +0,
- Or=r) T [ Lig so,)nf (61) + 11 f(—>
o o 0 +9
+f(%1+ez)/21 f(6,)+*°13 f( )} ‘

1! 1! 1 1- 1
sfj (1-7,)%dr, + J ( T 1192)
Plo 2 2

dr,.

(35)

q
+lj e, + ( TTig 4 62> dr,
PJo
1! 1
+_J “Pdr, + ( 91> dr,
Plo
1 1
o1 J(1—r1 @ gy, + lj I (1”192 - 91>’ dr,
0 qJo

By using convexity of |f'|? and by a simple computation,
we have the desired result.(J0J O

Corollary 15. In Theorem 14, if we choose o = 1, we obtain

fO)+f(0,)+2f((6,+x,)12) 4 (% "
0,-0, (92_K1)2 Jelf( )d
_ 2 el ifey]
S pHp q '

(37)

Theorem 16. Let f : [0,,0,] — R be differentiable function
on (6,,0,) withx; <0, and f' € L,(6,,8,). If |f'| is a concave
for q> 1, then we have

20 _9’2;;_(;;;’22“”““) [f(m) er@) 2 (2%)]

A 00 (52)

a o 0,+0
+ f(%uez)/zl f(92)+ABIG (122>] ’
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,(01(a+3) +0,(a+ 1))

- (5) [ 2a+2)
) <91 (20 + 3) + 92) e (92(22?;5)2; 91) ‘
]’ (38)

2(a+2)
where a € [0, 1] and B(«) is the normalization function.

+

% (KZ((X+ 3)+0,(a+ 1))

2(a+2)

Proof. From Lemma 7 and the Jensen integral inequality, we
have

26, - 0,) + (1 - @)2*" ' I'(«) {f(K1)+f(9) f<e +6, )}

(0,0,
_ w {ABI?&#Z)/J(G )+ f(Kl +0, )

(6, - Kl)aﬂ

a a 6,+6
sl 70 + 1 (255 ‘

< <E(1 —Tl)“d‘l’l)

[o(1 (1 +7)/2)0, + ((1 = 7,)/2)0,)dr,
( jo (1-1,)% T, )
. "‘dr (fo'rl (1+7,)/2)6, +((1—T1)/2)92)d‘[1>'
0 fo 1dT,
o (1 +71)/2)0, + ((1-7,)712)6;)dr,
()

+

([0 s
(

1
(1 _Tl)adﬁ)
0

,<Jz,<1 —1) (1 +7,)/2)0, + (1 -7,
([‘(1)(1 -1,)%dr,

|f

)/2)91)6171)

(39)

By computing the above integrals, we have

Aot o e a0 2 (5]

2 B(a)I () [ ap 1« AB rar K1+ 0,
- W |: 1(91+92)/Zf(61)+::::91[ f(T)

o 9 +9
+f(Bel+ez)/21 F(0,) + ABIezf( >H

< 1 1 (01 (a+3)+0,(a+1)
(a+,1>61{(2a€3)+922(a+2), ¢92(20¢+3)+l91
Sy ) )
f,(KZ(“+3)+61(a+l)>H-

2(a+2)

+

(40)

So, the proof is completed. 00 O
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Corollary 17. In Theorem 16, if we choose « = 1, we obtain

‘f(91)+f(g il +62) i Jij(x)dx
O (59 )
) ()

(41)

Theorem 18. Let f : [0,,0,] — R be differentiable function
on (6,,0,) with x, <0, and f' €L,[0,,0,). If |f'|" is a con-
cave function, we have

20 _912;:_(;1;;’32“””“) s g0+ 2 (25%)]
- 27:;23_(2;9?) 0000+ 25,1 (252)
ABIGJ<6 +6, >H

,(391 + 92> ’ . f’ (302 +91>
4 4

I'=1,a€0,1], and g> 1.

+ (e1+ez>/zI f

J

2
<
(oap+ 1) {
(42)
where p ! +q

Proof. By using the Lemma 7 and Holder integral inequality,
we can write

26, -6,)" + (1 - @)2* T(a) {f(K1)+f(9) 2f<6 +6, )}

(6,0,
_ w |:ABI‘("9]+92)/J(6 f(Kl +0, >

(6, - K1)a+1
a « 0, +0
ol 10+ 1 (255 ’

1 Up sl _
< (L(I—T ) Pdrl) (J '(1 ;Tl * + ! 211 92)
1 1/p q 1/q
(e (L (+“9 ;)] 40)
0
( 1/p q 1/q
) (| (et ) o)
0
1 _
(Fa=rean) "l (““9 %)
0 2

q 1/q
d'rl)

+ 62

+

+

(43)

By using concavity of |f'|? and Jensen integral inequal-
ity, we get

q 1/q
drl) .

f:< R ((1+7,)/2)0, +((1—T1)/2)92)d11> !

fé‘r?drl
30, +0,
4

Similarly,
1
1
[
0

so we obtain

dr, <

>

1- q
T, 91>
2

(30, + 0\ |
f (4

(45)

20 _61();_(;}‘22““”“) s+ 27 (252)]

2971 B(a) I (a - wrf% +0
- @) a(+1)' [AB 0,+0,nf (01)+; +50, 1 f(—l 2)
(0, -1x)
o o 0,+6
ot 10 (M )] ’

)l 7))

00 O

- 2
" (ap 1)t [
(46)

Corollary 19. In Theorem 18, if we choose « = 1, we obtain

f(0)+f(0,)+2f((x,+6,)/2) 4 0,
‘ 0,-9, (k- 0,) L]f(x)dx

) )

< ! [
(D™
(47)

3. Conclusion

In this study, an integral identity including Atangana-
Baleanu integral operators has been proved. Some integral
inequalities are established by using Hoélder inequality,
power-mean inequality, Young inequality, and convex func-
tions with the help of Lemma 7 which has the potential to
produce Bullen type inequalities. Some special cases of the
results in this general form have been pointed out.
Researchers can establish new equations such as the integral
identity in the study and reach similar inequalities of these
equality-based inequalities.
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The main concentration of the present research is to explore several theoretical criteria for proving the existence results for the
suggested boundary problem. In fact, for the first time, we formulate a new hybrid fractional differential inclusion in the ¢-
Caputo settings depending on an increasing function ¢ subject to separated mixed ¢-hybrid-integro-derivative boundary
conditions. In addition to this, we discuss a special case of the proposed ¢-inclusion problem in the non-¢-hybrid structure
with the help of the endpoint notion. To confirm the consistency of our findings, two specific numerical examples are
provided which simulate both ¢-hybrid and non-¢-hybrid cases.

1. Introduction

Arbitrary order calculus theory is considered as an impor-
tant topic of research for all mathematicians, researchers,
engineers, and scientists due to the applicability of men-
tioned theory in several contexts in engineering and applied
science and its flexibility to model different systems and phe-
nomena having memory effects (see, e.g., [1-3] and refer-
ence therein). Several arbitrary order derivatives have been
introduced in the past decade, and the most common of
them are Riemann-Liouville, Caputo, and Hadamard deriv-
atives. Hence, arbitrary order boundary value problems
(BVPs) can be formulated in the framework of different
operators. In the meantime, some recent research investiga-
tions have been conducted with the aid of these operators to
establish the relevant analytical results for proposed BVPs.
For instance, Alzabut et al. [4] investigated the oscillatory
behavior of a kind of fractional differential equations (FDEs)
supplemented with damping and forcing terms by terms of
generalized proportional operators. In [5], Baleanu et al.

modeled an applied instrument in engineering in the context
of a hybrid Caputo FBVP and studied its existence theory.
Also, the same authors [6] established similar results by
means of Caputo and Riemann-Liouville conformable deri-
vation and integration operators. In 2019, Matar et al. [7]
devoted their focus on solvability of nonlinear systems of
FDEs via nonlocal initial value problems by terms of fixed
point methods and after that, Mohammadi et al. [8] utilized
another fractional operator entitled Caputo-Hadamard for
modeling a hybrid FBVP with Hadamard integral boundary
conditions. Zhou et al. [9] presented a fractional antiperiodic
model of Langevin equation and investigated qualitative
aspects of its solutions with the aid of techniques appeared
in functional analysis. Similarly, one can find some papers
on applications of fractional operators [10-13].

In 2017, a generalization of the Caputo fractional opera-
tor known as @-Caputo derivative (¢-CF) was presented by
Almeida [14] in which its kernel is with respect to a given
increasing function ¢. One of the most important advan-
tages of the ¢-CF derivative operator is its ability to produce
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all previous fractional derivatives, and also, it involves the
semigroup property. As a result, ¢-CF derivative is known
as an extended structure of arbitrary order derivative
operators.

To get acquainted with some previous research works
done based on ¢-CF operators so far, we refer to a paper
published by Wahash et al. [15]. In that paper, Wahash
et al. designed a generalized ¢-fractional differential equa-
tion with a simple integral condition as

57 w(z) = h, (2, w(2)),

1 1)
w(0) = v+ dj E(q)u(g)da

0

where z€[0,1], 0* €(0,1), veR,, and d € R, and also,
h, : [0,1]x R, — R, stands for a continuous function
along with & €Ly ([0,1]). The lower-upper solution is a

technique implemented in that article by Wahash et al. in
which they utilized a fixed point method on cones. Further,
lower-upper control maps are provided with respect to the
nonlinear term without a certain monotonicity criterion
[15]. Similarly, by using the newly introduced ¢-CF operator
and its generalizations, several articles have been published
like as [16] in which Almeida et al. considered a FDE via a
Caputo derivative with respect to a kernel function and
reviewed some applications of them. Derbazi et al. [17] used
such a generalized operator to investigate a nonlinear initial
value problem via monotone iterative method. Samet et al.
derived some Lyapunov-type inequalities in relation to an
antiperiodic FBVP involving ¢-Caputo operator [18]. The
analysis of the stability to an ¢-Hilfer impulsive FDE is
another instance of applications of such generalized opera-
tors which was studied by Sousa et al. in [19]. In 2020, Tar-
iboon et al. [20] turned to establishment of existence
theorems to sequential generalized inclusion FBVP, and
then, Thabet et al. [21] achieved to similar findings on a
new structure of the pantograph inclusion FBVP. In a higher
level, Vivek et al. [22] defined generalized ¢-operators in the
context of partial operators and analyzed a PDE in the ¢-
Caputo settings.

With regard to ideas of aforesaid research works, we
consider the following ¢-hybrid fractional differential inclu-
sion in the sense of Caputo represented as

“l (%) € Oz, @ (2)), 2)

supplemented with separated mixed ¢-hybrid-integro-
derivative boundary conditions

S RL U 9B ey iP @"(z)
w7 ()

z=a

2 gurgegte(  @(2)
r =85 Ty IEIED, (m*(z,w*(z))

>
z=T

3)
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where z € [a, T] with a>0, 6* €(1,2), i€ (0,1), u* >0,
my, my € R¥, and s},s; € R*. Two notations %gg)v and
AL JE;);(P stand for the @-CF derivative and the ¢-Rie-
mann-Liouville integral (¢-RLF), respectively. Also, notice
that gi‘)};‘” = (1/¢'(2))(d/dz). Besides, M, : [a, T] x R —>
R is assumed to be a nonzero continuous single-valued
operator, and O : [0, 1] x R — P(R) is assumed to be a
set-valued operator equipped with some required properties.
Notice that by putting N, (z, @*(z)) = 1, the given ¢-hybrid
Caputo fractional differential inclusion BVP (2) and (3) is
transformed into a non-¢-hybrid separated inclusion BVP
presented by

D7 0" (2) € O(z, 0 (2), (z¢€[aT])
m @ (a) = s +m,o*(a),
i 27 7D @t (T) = 53 + iy P T VD P 0* (T,

(4)

Note that by taking into account the authors’ knowledge,
there are no research manuscripts on ¢-CF operators involv-
ing mixed ¢-hybrid-integro-derivative boundary conditions
simultaneously. In addition, this given structure is formu-
lated in a unique and general form in which we can consider
some standard special cases studied before. Here, we derive
some analytical criteria to prove the existence results for
the proposed novel ¢-hybrid fractional differential inclusion
in the ¢-Caputo settings (2) equipped with separated mixed
@-hybrid-integro-derivative boundary conditions (3). The
applied approach to achieve desired purposes is based on
Dhage’s fixed point result. In addition, we discuss the special
case of the proposed ¢-inclusion problem in the non-¢
-hybrid version with the aid of the endpoint notion. We
organize the present manuscript as the following construc-
tion. In Section 2, we briefly collect auxiliary preliminaries
on the ¢@-fractional operators and some required notions
on the multifunctions and related properties. In Section 3,
the existence criteria of solutions for both proposed ¢
-hybrid and non-¢-hybrid BVPs (2)-(4) are derived by two
different analytical methods. To confirm the applicability
of our analytical findings, two simulative numerical exam-
ples are formulated in Section 4 which cover both ¢-hybrid
and non-¢@-hybrid cases.

2. Auxiliary Preliminaries

By continuing the path ahead, we assemble and recall several
auxiliary and fundamental notions in the direction of our
theoretical methods implemented in this paper. The concept
of RLF integral for @* : [0,4+00) — R of order ¢* >0 is
defined as

. Z _ o*-1
@ng (D*(Z)ZJ (z-9)

OW@* (9)dq; (5)
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provided that the integral has finite value [23, 24]. In this
position, let us take n—-1<0* <n in which n=[o*]+ 1.
Regarding a continuous function @* : [0,+00) — R, the
RLF derivative of order p* is defined as

177 @ (z) = (;Z) E%@*(q) g, (6)

provided that the integral has finite value [23, 24]. In the
next step, for an absolutely continuous n-times differentiable
real-valued function ®* on [0,+00), the derivative in the
Caputo settings of order o™ is defined as

%gg*w*(z) — JZ (Z_ q)

o I'(n-0%)

n—-o*-1

“q)dg,  (7)

such that it is finite-valued [23, 24]. Now, let ¢ € €"([a
,b]) be increasing with ¢'(z) > 0,Vz € [a, b]. Then, an inte-
gral in the sense of @-Riemann-Liouville for an integrable
®* : [a,b] — R of order ¢* depending on increasing func-
tion ¢ is defined as

RL FO"5P
I, 0% (z) =

@"(q)dq
(8)

provided that the RHS of above equality involves the
finite value [25, 26]. It is clear that if we take ¢(z) = z, then
¢'(z) =1, and thus by inserting them into (8), we see that
the ¢-RLF integral is converted to the standard RLF integral
given by (5). For a continuous function @* : [0,4+00) — R,
a derivative in the sense of ¢-RL of order o* is given by

1 (aY
I(n-0*)\¢'(z)dz

: Jz<p’(q)(¢(2) — ()" @

a

RL a9 _
ga (D*(Z)_

®"(q) dg,
)

provided that the RHS of above equality exists [25, 26]. If
¢(z) = z, then the @-RLF derivative (9) is converted to the
standard RLF derivative (6). Motivated by such operators,
Almeida gave a ¢-version of the CF derivative as follows:

F(nia*) E(PI (@) (9(z) — ()

: <¢,l(q);;> @"(q) dq,

provided that the RHS of above equality exists [14]. If
¢(z) =z, then the ¢-CF derivative (10) is converted to the
standard CF derivative (7). Some useful properties of the ¢
-CF and ¢-RLF operators can be seen in the following.

D, "0 ()=

(10)

Lemma 1 [14, 24]. Let 0*,Q*, " >0 and ¢ € €"([a, b]) be
increasing with ¢'(z) > 0,Vz € [a, b]. Then,

(il) @ng*;¢(@gjs*;¢w*)(z) - (@yjz*w*;rpw*)(z)

(i2) 7.7, *(p(2) - (@) (y) = (L(B" + 1)/ (0" +

+1)(90y) - 9(a)”

(13) “D; *(9(2) ~9(@) () = (DB + DIT(B' = 0" +
1)) (@) ~p(a)” ", (B >0")

(i4) 92390 G"(F/BQJP s )(Z)
<p)

For instance, we plot the graph of ¢-RLF integral and ¢-
CF derivative of @(z)=(z-1)"° for ¢(z)=2z+3/2 in
Figure 1.

(#2770 (2), o

Lemma 2 [14]. Let n— 1< 0™ < n. Then, for each ®* € !

([a, b)),

82 70 (5900 (5 ~ar(2) - 300 (i) gy,

=
1 d
| (54, rw‘)

In accordance with above lemma, the authors proved
that the series solution for given homogeneous differential

equation (¢®° ?@*)(z) = 0 has such a form

(11)

9= Y K (9(2) ~9(@) =F; + . (9(2) - (@)
Jj=0
+hy(9(2) ~ (@) 44k, (0(2) ~ (@)
(12)

where n—1<0* <n and I~c;,l~cr, ""12:;1 € R [14].

We consider the normed space by notation (28, ||| g )-
Also, we introduce the notations P(2), Pq4(B),
Pas(B), P (W), and P, (W) for the category of all
nonempty subsets, all bounded subsets, all closed subsets, all
compact subsets, and all convex subsets of 2B, respectively.
In the subsequent path, a metric function attributed to
Pompeiu-Hausdorff PH, : P(BW) x P(W) — RU {oo}
is defined by

PH,, (%), &,) = max { sup dag (¢, &), sup %(%bez)},
e €&, e,€8,
(13)

so that dy (&), e,) =inf, .z dyg(e;, ;) and dygle;, &,) =
inf, & deg(es, e;) [27]. We say that O:W— P (W) is
Lipschitzian with constant ¢> 0 if PH, (O(@), O(@3)) <z

dyg (@], @3), Vo7, @; € 2B. Also, 9 is a contraction if ¢ € [0,
1) [27].
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4e+12 - ,
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2e+12 —
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¢-Caputo derivative of the functiom @ (z) = (z-1)6>

for ¢ = z+1.5
le+10 - ¢ -

8e+09 —

6e+09 —

4e+09 —

CDOO'*;(p o)

2e+09 —

0 10 20 30 40 50

FiGURE 1: The RLE-integral and CF-derivative of @(z) = (z - 1)*° for ¢(z) = 2z + 3/2.

We represent the collection of all existing selections of O
at point @* € GR([0,1]) by

(SEL)g o = { % € Z3([0.1]): R(2) € Dz 0" (2)) |, (14)
for almost all z € [0, 1] [27, 28]. We note that @* € 2B is an

endpoint for given set-valued operator O : 2 —> P(2)
whenever we have O(@*) ={@*} [29]. Also, the mapping

O possesses an approximate endpoint property
(APXEndP-property) whenever
inf  sup dy(@],@;)=0, (15)
‘Dremw;ef)((v;‘)

[29]. We need next results.

Theorem 3 (Closed graph theorem [30]). Let L8 be a separa-
ble Banach space, O : [0, 1] x B — P, . () be Fl
Carathéodory and [ | : L ([0, 1]) — By ([0, 1)) be a linear

continuous  map.  Then, [[o(SEL)g : Gyg([0, I]) —
P empere(Ew ([0, 1])) is another operator in Eu([0, 1]) X
Exw([0,1])  with action @*  (][o(SEL)g)(@*)=T](

(SEL)g o) having closed graph property.

Theorem 4 (Dhage’s theorem [31]). Consider the Banach
algebra 2B, and the operators A} : B — B and A} : Ty

— P (2) satisfying the following:

cmp,cvx
(i) A} is Lipschitzian (with I* > 0)
(ii) A3 is compact upper semicontinuous

(iii) 2I'0 < 1 with © = | A} () ||

Then, either (1i)0" ={@* € W | ay@* € A]@*A;®*, t,y
> 1} is unbounded, or (2i) a solution, belonging to 8B, exists
for which ®* € A]@*A;@*.

Theorem 5 (Endpoint theorem [29]). Suppose that (LB, dgy)
be complete and y : R** — R admits the upper semicon-
tinuity via y(z) <z and liminf, | (z—-w(z))>0,Yz> 0.
Besides, we assume that O : B — P ,.,(B) is such that
PH,, (D0}, 00}) <y/(dy(@;,@3)) for each @}, ) €.

Then, an endpoint (uniquely) exists for O iff O involves the
APXEndP-property.

3. New Existence Criteria

In two previous sections, we assembled some auxiliary and
useful notions to achieve our main goals. Now in the follow-
ing, we first establish a required lemma to derive the main
existence results. To do this, we need to consider a sup-
norm given by [|@" ||y = sup,[,;1|@" (2)| on the space LB =
{@*(2): @*(z) € Bx([0,1])}. In this case, the Banach space
(2B, ||||gp) along with the multiplication action defined as
(@] - @5)(z) = @] (z)@;(z) is a Banach algebra for all @}, @;
€W.

Lemma 6. Let h, € 8, a>0, 0*€(1,2), pe(0,1), u* >0,
my, m, € R, and s}, s5 € R*. An element @}, € B is a solu-
tion for given @-hybrid fractional equation

%‘;*“" (272(27((32)(@)> =h,(2), (z€[a, T],0" € (1,2)), (16)

supplemented with separated mixed ¢-integro-derivative
boundary conditions
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S RL gy sp TP @*(2)
w7 ()

Lt AL qutigBey P
=T =S My Ja EDu n

which is given by the following:

"
S

0" () =R, (20" (2)) [m o | @00 ot b (o)

_ mi(e(z) ~¢(a))
m*L(o* +u* — i)

ﬁ’l a r ! ofpt-2
%J ¢ (9)(e(T) ~9(9)” ™ ~“h.(g)dq|.
(18)
so that m* is a positive real constant given as
o (D) = @(@)™ (D)~ p(a)”
L2+u —p) I(1+p7)
(19)

Proof. At first, the element @; is assumed to be a solution for
the hybrid ¢-Caputo differential Equation (16). Then, there

exist 12;, I~cr € R such that

=L 77, (2) + ky + K, (9(2) - 9(a)),
(20)

or more precisely, we have

33 (@) = . (.05(2)) U COEE I (g4

+ko + Ky (p(z) - <p<a>>] :
(21)

In view of the notion of fractional derivative in the ¢-
Caputo framework, we get the following relations for

pe(0,1):

of @)
‘EZEDI P 0
a\M

):rfp (q)(sﬁ(Z)—fp()q)) Chy(q)dg+ K,

a@) ), (0 -1
(22)
saiio [ @2\ _ [0 (@(p(z)-e(q)”
i (%(z,waf(z)))‘L Mo 0%
-+ (9(2) — p(a))"
B CET
(23)

In the following, by taking integral of order y* > 0 in the
¢-Riemann-Liouville settings on both sides of (22) and (23),
we obtain

p(@)” "7,

ﬁng’:¢g®;;w< @; (2) > _ [ ¢'(q )1("(P 2) -

W*(z, (DS(Z)) o* + H* _ 1) *(q) dq

(
(<P(Z) p(a)"
I +1)

a g (D) ) _ [9@0() ~9a)”
T 2, (m*(z, @ (z))) - L T(o* +u* - pt) h,(q)dq
2+ (p(2) @ = (a)) ™ F
+k T —i+2)
(24)

In this step, by considering the first boundary condition
in (17), we find that (72, — 71,)k, = s7 and so

k=~ . (25)

In addition, the second integro-derivative boundary con-
dition given in (17) yields

(26)

In the last step, if we insert the values INc; and l~<: obtained
in (25) and (26) into (21), then we get

S1

05 (2) = . (2. @3 (2)) [m %J%’(q)@(z) — p(@))” . (q) dg

+ 5 (ple) - pla)) - 1alEC

The resultant integral equation confirms that @; satisfies
the mentioned ¢-integral Equation (18), and the proof is
completed. O

Now, by considering Lemma 6, we can present the fol-
lowing definition.

Definition 7. An absolutely continuous function @* : [a, T]
—> R is called a solution function for the ¢-hybrid inclu-
sion BVP in the sense of ¢-Caputo (2) and (3) if there is
%€ ([a, T, R) with %(z) € O(z,@*(z)) for almost all
z € [a, T] which satisfies separated mixed ¢-integro-deriva-
tive boundary conditions



m(aorm) b= (w @)

RS A PG il @*(z)

S R GG P

m7rI D, ( o
(2

z=a

w = AL G PGP @’ (2)
= 53 D
=T =5 Ty a a <92,,(z, @ (2))

>
z=T

(28)
and also
0 @-ea @)L+ s [ e o) wad
+ 2 9(e) - pla) - eI
[ o @i - oty wgage T )

: J ' (@)(e(T) *(P(q))"”“*’zﬁ(q)dq}
(29)

for each z € [a, T].

Now, we are in a position that we can prove the first exis-
tence result about the hybrid ¢-Caputo inclusion BVP (2)
and (3).

Theorem 8. Assume that O : [a, T| x B — P
a set-valued operator and a function M, : [a,
B\ {0} is continuous. In addition, let

(€,) a bounded function x :[a, T] — R* exists such
that for each @}, ®; € L and z € [a, T|

cmp,cvx(m) is
T x W —

M. (2 @;(2)) =N (2, @3 (2))| < x(2)|@; (2) - @3 ()| (30)

(€,) Qs Z'-Caratheodory
(C,) a function Y(z) € Z'([a, T], R") exists such that

Hf)(z, w*)” = sup {|%|.~ % eO(z, @*(z))} <Y(z), (31)

for all @* € W and for almost all z € [a, T|
(C,) a real number € € R exists so that

FI| Y]y
= Y,

where F* = supze[u)T]|§?*(z,
supze[a,T]|X(Z>|’ and

1Yl = [,1Y(q)ldg, x

§ (@M@ | s
=y Lo 1) e e e@)

i l(9(T) = (@)™ L i (9(T) — gp(a)) ™
' Do+ =i+ 1) i Mo +47)
(33)

If x*"II*||Y || 1 < 1/2, then the @-hybrid inclusion BVP (2)
and (3) has at least a solution.
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Proof. For each @* € 28, the collection of all existing selec-
tions of O is defined as

(SEL)g o = {%ez}R([a, T)): %(2) ef)(z,w*(z))}, (34)

for every @* € 28 and for almost all z € [a, T]. Define a set-
valued map & : B — P(LW) by

={eW: T (2)=v"(2)} (35)

VO =R0 0 [+ o e -eta) g

_ my(¢(z) —p(a))
m (0" +p* — )

: L<P'(q)(<P(T) — ()" R(q)dq + %

: J ¢ (@) (e(T) - <P(q))“’“‘*’2?(q)dq}>
(36)

for some % € (SEL)g ,. and for almost all z € [a, T]. It is
obvious that the function y; is a solution to the ¢-hybrid
BVP (2) and (3) if y; is a fixed point of &. Now, define
A7 : B — W by (Aj@*)(z) =N,(z,@*(z)) and A; : B

— P(W) by
(A30")(2)={h" eBW:h"(2)=E"(2)},  (37)
where
Y= ﬁ ' r(clf*) Efl"(q)(w(Z) ~9(a))" ' %(9)dq
S my (p(z) - ¢(a))
e (p(z) —9(a)) - m
T -
[ o @rom - ooy (g
iy ! / ot -2
#w{)l))] ¢ (@)(e(T) - ¢(q)° ™ ~“%(q)dg,

(38)

for some «k € (SEL)g ,. and for almost all z € [a, T]. This
implies & (@*) = (A]@*)(A;®*). We show that both opera-
tors A and AJ satisfy Theorem 4. We at first prove that A]
is Lipschitzian. Let @}, @; € 3. We have
|(A1@;(2)) = (A1@; (2))] = [N (2, @1 (2)) -
<x(2)]@1(2) -

N, (2@ (2))]
@, (2)];
(39)
for all z € [a, T]. Therefore, for all @, @5 € Ty, we get
[AT@F

~AL®; gy < X7 |@7 — @[T (40)
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Hence, A} is Lipschitz with constant I" = y* > 0. In the
current moment, we check the convexity of AJ. For this,
let @], @; € AJ@". Choose «, k, € (SEL)g ,. such that

0 (0)= 5 e |9 @190 -0 R )

_ my(e(z) —¢(a))
m (o +p* = ji)

T _ »” —
: L<p'(q)(¢(T) ~9(9))" " R (@) dq + %

T
-J¢@@U%@@Y”z (@)da, (i=1,2),
(41)

for almost all z € [a, T]. Let 0 <# < 1. Then,

for almost all z € [a, T]. With due attention to the convexity
of O, (SEL)g ,. has convex values. This implies that

K1 (2) + (1 =m)K,(2) € (SEL)g o0 (43)

for almost all z € [a, T]. Therefore, A5@* is convex for each
@* € B. Next, we claim that AJ is completely continuous.
To confirm this claim, we verify that the set AJ(28) is equi-
continuous and uniformly bounded. Firstly, we prove that
A} corresponds bounded sets to bounded sets contained in
2. For a* € R, define the bounded ball B,. = {@* ¢ 2B
:l@*llgg <a*}. For every @* € B,. and & € Aj@*, there
exists a function % € (SEL)g ,. such that

§(2) ﬁqls_rﬁqz ' r(clr*)rﬂ"'(q)(fp(Z)—<p(q))"”‘?(q)dq
3 (o(2) — oy — (9() ~ 9(a))
e 0@ =9 @) = S

: J 9" (@) (9(T) - p(q))” " % (q)dq

PO [ o @)~ ota) " R(a)da|.

(44)

+

for almost all z € [a, T]. Then,

€6)1= ey | ' @002) - 900" Rl@lda + % (9(2) - p(a)

| (9(2) — ¢(a)) o+ 1
Wﬂﬁ;;;fmJ¢WX(> 0(a))" " 1 R(q)ldg
1 (9(2) - 9(a) i
¢ 0 9L o) - o) (o)
+Fa%%;sfwﬂL¢@ )(02) - 0(a)” Y (@)dg
+ 5 g0 -gta) + I~ 90)

i 11" % =)

T _ m —¢(a
'[¢%®@%U*¢WD““”*”%@dq*%?%§%?:£%¥5

SR

!

-waan—wmﬁw*ﬂ>@+

SFWU—W@W 5

|m1_m2|

| (@(T) = p(a))” "+
[ |D(o" +p —p+ 1)

F(O‘*+l) + W(‘P(T>7(P(a))+

Il —g@)™ "
R Iry

(Yl =T IY N5

(45)

where IT* is given in (33). Thus, ||£*|| < IT*||Y|| 41, and so the
set AJ (L) is uniformly bounded. Now, we want to prove that
A corresponds bounded sets to equicontinuous sets. Take
@* €B,., & € Aj@* and choose « € (SEL)g ,. so that

*

1

€)= 1 | 9 @00 - ot R(a) da +

—%%%%;%%%dean—wwﬁW”“ﬂ@@

+£%%?i%?%J¢man—w@f“2%mw

7 (9(2) — p(a))

.
S1

+

~ ~
my —m,

(46)

for almost all z € [a, T]. Let z,, z, € [a, T] with 2z, < z,, Then,

nlp(z:) - 9(z)
*wmwrw-+u i)

) P || [@(22) - (21)]
¢'(9)(@(T) ~9(9)” " #'|(q)|dq +W

)

[ ¢ @M - @)y Ra@a <~ [o'(@
) ol

[

J

bS]

1
I'(o*)
?'(9)(9(z) - 9(q))” 'Y(q)dq+—[( %) = 9(z))]

‘ |
o
e o ()o(1) - 9(a) " Y a)dg
]

7= (9(=z) - p(@)” | Y(@)da+

"(@)(9(T) - ()" ™ *Y(q)dg.

—_—
s 3 s
hS)



The right-hand side of the latter inequalities tends to zero
(independent of @* € B,.) as z; tends to z,. Application of
Arzela—Ascoli theorem gives the complete continuity of Aj.
We here discuss that A has a closed graph, and this finding
implies that AJ is upper semicontinuous. To achieve this

aim, let @ € B,. and £, € (AS@;) with @ — @** and &,
— & We claim that & ¢ (A5@**). For every n>1and &,
€ (A @;), choose ¥, € (SEL)g ,. such that

£(5)= 1gey | 2 @00 - 0(0) R, )
S my (¢(z) —¢(a))
+ 2w (9(2) —9(a)) - (o +p —f)

(48)

for almost all z € [a, T]. It is suffices to find that there is a
member kA* € (SEL)g ,.. so that

E()= ﬁj}p’w)«p(z) — p(@))” kA (q)dg

s m (¢(2) —¢(a))
e (9(2) —¢(a)) - m
: [ 9" (@)(@(T) ~ ()" ™ kn" (9)dq

()~ pla)) [T
" m*I'(0* +p* - I)J

.
51

+

' (9)(@(T) - 9(q))° ™ kA" (q)dq

a

= >

m; —m,

(49)

for almost all z € [a, T]. Define a linear continuous operator
[1: % ([a, T, R) — W=%([a, T], R) as

_ 1y (9(2) —¢(a))
m*I(0* + u* — t)

: [ ¢'(@)(9(T) - p())" 1 %(q)dq

- 0D S| o @01~ ol Rl

.
S

= >

my —m,

(50)
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for almost all z € [a, T]. Hence,

*
S
=

“(Ku(q) = k" (q))dq + =2 (9(2) = 9(a))
- PO [ o' @) (ol - pla)”

L@ )
R s (9(2) ~9(@) [
(Ry(a) ~ () dg + 2P IBOL [

(@)~ 9(a)" (R, (g) -2 () dg | — 0.
(51)
Application of Theorem 3 shows that [[o(SEL)g has a

closed graph. Besides, since &, € [[((SEL)g, ) and @, —
@**, so there exists kA" € (SEL)g ,.. such that

()= 1 | @000 - ota) e (a)dg

: j ¢ (@)(@(T) - p(q))” ** F1en* (g)dq

iy (e(z) —p(a)) (T, EIIPE
+ %j 9’ (a)(9(T) - 9(@))" kA" (g)dg
+ — ST —,

(52)

for almost all z € [a, T]. Hence, Ee (A;@**), and so A pos-
sesses closed graph which implies that AJ is upper semicon-
tinuous. On the other hand, because of the compactness of
values of AJ, it is immediately deduced that A is compact
and upper semicontinuous. Utilizing (€5), we get

0= 13 ()] = sup {|A30°]: 0" € W)
s eM-e@) | s

- |ﬁ11_ﬁ12‘ F(O’* +1) + |ﬁ1*|((P(T)_§D(a))
L Il@(T) = (@)™ ji| (9(T) - p(a)” ™
[’ [D(0" + "~ i+ 1) L +u)

Y || =TT Y.

Put I* = y*. We have OI* < 1/2. Utilizing Theorem 4, we
prove that one of the items (i) or (ii) is possible. First, we check
that the item (i) is not the case. From Theorem 4 and the
assumption (€), consider an arbitrary member @; of X* with
@]l =¢. Then, ay@g(z) € (Aj@;)(A;@5)(z) for all ay > 1.
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Choosing a function % € (SEL)g ,., for each &, > 1, we have
>0

0i(e)= om0 [+ s [ @iete) oty
@da+ 2 (p(2) ~9(a) - ﬁ%ﬁzﬁ%s
T g TP ~0()

9'(@)(@(T) - p(q))” " ' &(q)dq + ~ Tl +p — 1)

—
~ 8

¢ (@) (@(T) - p(q))” ™ % <q)dq}

a

(54)

for almost all z € [a, T]. Thus, one can write

105(2)] aiom*(z, o:;<z>>|{ _si 1

[y —1iy| * T(0%)
'j‘/”(@(‘ﬁ(@“/’(‘l))” “R(9)ldq

oty 2 (@)~ 9(@)
P (s T

' [ ¢ (@)(9(T) = ¢(a))” " ' R(q)|dq

T
 Vmliote) ~ota) (7,
\m\FU +[4 -1)J,

(a))" " (% (9)ldq

< —[I?R (2@ (2)) = N.(2,0) + [N.(2,0)[]

()" "' [%(q)|dq

Iml\(q’(Z) ~¢(a))
|m”|L (07 +p* ~ )

T 7 —¢(a
|/ o @or)~ola) T R(gdg - OO,

L”’H m2|

s

¥ W (9(z) ~ (@) +

J' o' (@)(9(T) - p(@))”* 2% (M &+ F )T Y|

a

(55)
Hence, we get

N Y FIT*
P Lty (56)
-1 XY

which is a contradiction. Hence, the item (ii) indicated in
Theorem 4 is valid. Thus, @* € 2B exists so that @* € (A]@*)
(As@*). In consequence, the operator & has a fixed point.
So the ¢-hybrid inclusion BVP (2) and (3) has a solution,
and this completes the proof. O

Definition 9. An absolutely continuous function @* : [a, T]
—> R is called a solution for the non-¢-hybrid inclusion
BVP (4) in the sense of Caputo if there is ¥ € Z'([a, T], R)
with %(z) € O(z, @*(z)) for almost all ze€[a, T] which
satisfies separated mixed ¢-integro-derivative boundary
conditions

m @ (a) = s + m,0"(a),
in 27 IR 0 (T) = 55 + i, M T D 0 (T),
(57)

7 T
%J 9'(9)((T) - ()" " *R(q)dg,

(58)

for almost all z € [a, T].

For each @* € 28, the collection of all existing selections
of O is defined as

(SEL)g o = {k € Z'([a, T]): X(2) e O(z, @)},  (59)

for almost all z € [a, T|. Define & : 2B — (W) as

(@) = {92 : 9(2) = p(2)), (60)
where
SI 1 ‘ ! o -1=
)= 5+ s [ 9 @0t - ota) Ria)dg
5 i (9(2) - 9(a)
o 0B o) - e e
J (@) (@(T) - o))" R (q)dg
%%é%;%%[¢%Mwﬂ—w@VW”%
- (g)dg % € (SEL)g .

(61)

By making use of endpoints for the multifunction g, we
prove the following theorem.

Theorem 10. Consider O : [a,
valued operator. Let

(€y) v : [0,00) — [0,00) be increasing and upper semi-
continuous with liminf, | (z—y(z)) > 0 and z > y(z),Vz
>0

(Cy) the multifunction O : [a,
integrable and bounded so that O(-,
be measurable for each @* € 28

(€,) a function @ € C([a, T], [0,00

T x W — P, (W) as a set-

T x W — P, (W) be
@) [a T — 2, ()
)) exists such that

23(2)-0';(2)]) e

(62)

PH, g5 (D(z, @), D(z, w’}‘)) < Q(Z)l//(
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for almost all z € [, T| and all @, @', € B, where sup |o(z)|

z€[a,T)
= [lel| and
O I R A (G ) i
T +1)  |m|[(o" +p —j+1)
o (63)
I, | (9(T) — p(a))” ™

— " " Q
TR

(Cy) the operator & given by (60) possesses APXEndP-
property

Then, a solution exists to the non-@-hybrid inclusion
FBVP (4).

Proof. In such an argument, we try to prove the existence of
endpoint to the set-valued operator & : LB — P(L)
defined by (60). To proceed this, we first investigate that &
(@*) is closed for each @* € 2B. By taking into account the
hypothesis (), z — D(z, @*(2)) is a closed-valued measur-
able multifunction for each @* € 28. In consequence, O has
a measurable selection (SEL)g ,. # &. Now, we show that
F(@*) € W is closed for all @* € W. Consider the sequence
(@) - contained in §(@*) with @} — u. For each #, there
exists %, € (SEL)g ,. such that

.
S1 ot -1

v %r(p’(q)(w(z) — p(@)) 1%, (9)dg

’711(¢(Z) -¢(a))
m*I'(o* +u* - )

T
: j ¢ (@)(9(T) - p(@)" ™ 1%, (q)dg

2(9(2) ~ ¢(a)) J’T
T(o* +u*-1)

y = 1y

+ == (p(2) —¢(a)) -

9" (@)(9(T) = 9(9)” ™ %, (q)da,
(64)

for almost all z € [a, T]. Since O is compact multifunction,

we acquire a subsequence (%,,),., tending to ¥ € £ ([a, T)).
Hence, we have % € (SEL)g ,. and

- s [ @ - et Ry

_ my(e(2) —p(a))
m"I(o* +p* — 1)

T .
: j ¢ (@)(@(T) - 9(a))° " % (q)dg

my(¢(2) — ¢(a)) JT

9" (@)(9(T) - p(q))” ™ 7%

(65)

for almost all z € [a, T]. Hence, @* € & which indicates
that & is closed-valued. In addition, &(@*) is bounded for

each @* € 2B since O is compact. Finally, we investigate if IP

Journal of Function Spaces

(@) <y(||@* = @"||) holds. Let @*, @" € W,

H 0 (3(@), &
). Choose %, € (SEL)g 5 such that

and x, € F(@"

_ my(e(2) - p(a))
m (0" +u* — i)

—
o
‘e\
—~
=
—
—~
S
—~
~
~
|
S
—~
=
—
=
Q
+
=
=
)
—
=
~
QU
=

J o' (@)(9(T) - ()" ™ %, (q)da,

(66)

for almost all z € [a, T]. Since

P (0(2,0°),D(8')) <o(2) (¥(@" (9~ @™ (2))) e

(67)

for almost all z € [a, T, so there exists k* € O(z, ®*) such that

[%1(2) - K| < (w(@"

for almost all z € [a, T|. Define the multifunction U : [a, T
— P(BW) given by

A(z) = {k* €W : [%,(2) ~k'| <0(2) (¥(@"(2) —@* (2))) QL }
(69)

Since ¥ and 0 = Q(y/(@* — @"))1/Q** are measurable, thus
we choose %,(z) € O(z, ®*(z)) such that

%1(2) - %a(2)] < (w(@" (2) - 07" (2))) 22,

o)

for almost all z € [a, T]. Select x, € F(®*) such that

R F((ln).r?”@)(?(Z)—¢(q))“*’l?z(q)dq

p(a)) - Th0() ~0(@)
ola) - P2,

"(@)((T) — p(q))” !

%J 9" (@9)(9(T) - 9(q)” " %, (q)dq,

(71)

—
= ~
S

®,(q) dq

+
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for almost all z € [a, T]. Hence, we get

r((lﬁ) JZ‘P'W)(KP(Z) —9(a)” ' [%1(9) ~ K(q)ldq

« 0O [ a)g(r) = gta)”

|| (9(2) — ¢(a))

-[%1(q) —%(q)|dg + W

[ o' @ - o) ) - %(a1dg

L | (@(T) = p(a))” !
Q" T tu -t 1)
e ey L [n|(e(T) — p(a)”
llelly (" =" ge + == iy
eomey L 1 || (9(T) = g(a))” "+
(llo”-a7)) e = [F(o*+1) TRt g -+ 1)
iy | (@(T) — p(a))” P |
+%}HQHW(H@ -0 g
1
o5

1

= T +1) HQHV’(H‘D* c H)

llellv

=0 y(10" - 8'l) s =y(l@" - &)

(72)

This gives ||x, —x,|| <w(||@* = @"||) and shows that P
Hyp (F(@*), F@)) <y(|o* -@7||]) for all @*,0" € BW.

11

Also from (€g), we realize that § has approximate endpoint
property. Application of Theorem 5 gives that & has a unique
endpoint, i.e., there exists @** € 28 such that F(@**) = {@**}.
In conclusion, @** is a solution to the non-¢-hybrid inclusion
BVP (4). O

4. Some Examples

This section involves two different numerical simulation
examples corresponding to the relevant ¢-hybrid and non-
@-hybrid fractional inclusion boundary problems to guaran-
tee the applicability of proved theorems.

Example 1. With due attention to (2) and (3), we design the
Caputo ¢-hybrid differential inclusion BVP as

<g®(l).62;z+2 . @*(z) c
z sin @*(z)/42 + 1/4

_ L sin @ (2) cos@* (@), 3}

(73)

(2+|sinz|)” 4(1+ |cos @*(2)]) 5

supplemented with separated mixed ¢-integro-derivative
boundary conditions

0.8 @ (2)
" \zsin @*(z)/42 + 1/4

1.4;z+2 0.4;z+2
0.8%7 7,7 D, (

z=

@ (2)
z sin @*(z)/42 + 1/4

where z€[0,1], 0* =1.62, 1=0.4, u* =1.4, i, =0.8, 1, =
0.4,s7=1.2,5;=0.9, and ¢(2z) =z +2. We define N, : [0, 1
|xR—R{0} by N, (z,0*(z))=2zsin@*(z)/42+1/4
which is nonzero and continuous. Notice that F* =
SUPc[o,1] IM,(z,0)| = 1/4. Moreover, the function M, is
Lipschitz, that is, for each ¢}, ¢; € R, we have

N, (2, @1 (2)) - N, (2, @, (z))| = |z sin %(22) - @i(ZZ)‘
< g\o;“(z) - @3 (2)]-
(75)

If x(z) =z/42, then X" =sup,,[x(z)|=1/42. Now,
define O : [0, 1] x R — P(R) by

- . sin @*(2) [cos @ (2)| >
,@"(2)) = ’ 5)
DO(z,0°(2)) z[sin z| + 2z 4(|cos @*(z)| + 1) iE

(76)

=12+(04
&=0 +(04) (z sin @*(z)/42 + 1/4>

@’ (2)
= “ (74)
L4242 o Liz42 0" (z
1 =0.9+0477 7 D — ,
zsin @*(z)/42+1/4) |,_,
Since
1¢| < max sin @*(z) |cos @* (z)] N 3] . ]
N z|sin z| +22) " 4(|cos @*(z)| +1) 5]
(77)

therefore, we have

Hf)(z, " (z))” =sup {|7€\ Ke f)(z,ca*(z))} <Y(z)=1.
(78)

Then, [|Y||g, = f(1)|Y(q)|dq = f(l)l -dq = 1. By using above
values, we have IT* = 20.1356266. Also, we can find € with
€ >9.67254. Finally, we have x*IT*||Y| 5 =0.47949 < 1/2.
Thus, all assertions of Theorem 8 are verified. Hence, the ¢
-hybrid Caputo differential inclusion BVP (73) supple-
mented with separated mixed ¢-integro-derivative boundary
conditions (74) has a solution.
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Example 2. With due attention to (4), we design the Caputo
non-¢@-hybrid differential inclusion BVP as

2|@" (2)]
3(12+2)(2+ [@* (2)])

1.42z+3/2

7 2 (2) € |0,

, (79)

supplemented with separated mixed ¢-integro-derivative
boundary

{ (0.73)@" (0) = 0.7 + 0.3@" (0),

1.6:2243/2¢5 o 1224312
D,

0.73%7 gh02:306 g (1) 0.6 40,377 7, @ (1).

(80)
where ¢®, %% denotes the ¢-CF derivative of order
0" =14, z€[0,1], =06, u*=1.6, i, =0.73, m,=0.3,
s;=0.7, s5=0.6, and ¢(z) =2z +3/2. Using these values,
we have m" =0.15516. We consider the Banach space 28
={@*(z): @*(2) € €([0,1],R)} equipped with ||@*||y =
SUP,c(o)|@" (2)[- Now, we define a multivalued map O: o,
1] x W — P(W) by

Dz 0 (2)) = {o, 2|0" () } (81)

36(1/2+2)(2 + |@*(2)])

for almost all z € [0, 1]. We define v : ;[0,00) — [0,00) by
y(z) =2/3,¥z>0. Obviously, liminf,  _ (z-y(z))>0
and y(z) < z for all z > 0. Now, for each @}, @; € 2B, we have

PH,, (D(z 0}(2), O( 05(2)))

< soiis s (91O -G @D sv(lo -3 @) 52,

(82)

where Q** =0.21377 and @ € €([0, 1], [0,00)) is defined
as @(z) =2/12(1/2 + z) for all z. Then, |[Q[| = sup ¢y = 1/3.

Lastly, we introduce & : 8 — P(2B) by

F(@") = {9 € W : there exists k € (S[Eﬂ_)ﬁlw‘s.tﬁ(z) =p(z)Vz €0, 1]},
(83)
in which
0.7 1 z R
PO)= s * T3y ). (@90 ~90) F(a)da

0.6 0.73(¢(2) — ¢(0))
015516( 9(2) ~(0)) - 0.155161'(2.4)

|, o @00 - ota) Rgpdg + 23T HR)

(84)

Thus, all assertions of Theorem 10 are verified. Hence,
the non-¢-hybrid Caputo differential inclusion BVP (79)
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with separated mixed ¢-integro-derivative boundary (80)
has a solution.

5. Conclusion

In the current research study, we derived some theoretical
criteria to prove the existence results to a new ¢-hybrid frac-
tional differential inclusion in the Caputo settings depending
on the increasing function ¢ with separated mixed ¢-hybrid-
integro-derivative boundary conditions. The applied method
to achieve desired purposes is based on Dhage’s fixed point
result. In addition, we discussed a special case of the pro-
posed ¢-inclusion problem in the non-¢-hybrid structure
with the help of the endpoint notion. To confirm the appli-
cability of our theoretical findings, two specific numerical
examples are provided which simulate both ¢-hybrid and
non-¢@-hybrid cases. Hence, this research work can motivate
other researchers in this field to concentrate on various
investigations of different ¢-hybrid structures formulated
by other fractional operators.
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