Recent Studies in Almost

Periodicity

Lead Guest Editor: Manuel Pinto
Guest Editors: Marko Kostic and Wei-Shih Du




Recent Studies in Almost Periodicity



Journal of Mathematics

Recent Studies in Almost Periodicity

Lead Guest Editor: Manuel Pinto
Guest Editors: Marko Kostic and Wei-Shih Du



Copyright © 2021 Hindawi Limited. All rights reserved.

This is a special issue published in “Journal of Mathematics.” All articles are open access articles distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original
work is properly cited.



Chief Editor

Jen-Chih Yao, Taiwan

Algebra

SEGIL CEKEN (1), Turkey
Faranak Farshadifar (%), Iran
Marco Fontana (), Italy
Genni Fragnelli(), Italy
Xian-Ming Gu, China

Elena Guardo (1), Italy

Li Guo, USA

Shaofang Hong, China
Naihuan Jing (), USA
Xiaogang Liu, China
Xuanlong Ma (%), China
Francisco Javier Garcia Pacheco, Spain
Francesca Tartarone (), Italy
Fernando Torres (2), Brazil
Zafar Ullah (12, Pakistan
Jiang Zeng (), France

Geometry

Tareq Al-shami(), Yemen
R.U. Gobithaasan (), Malaysia
Erhan Giiler (©), Turkey
Ljubisa Kocinac (), Serbia
De-xing Kong(2), China
Antonio Masiello, Italy

Alfred Peris ("), Spain

Santi Spadaro, Italy

Logic and Set Theory

Ghous Ali ("), Pakistan

Kinkar Chandra Das, Republic of Korea
Jun Fan (), Hong Kong

Carmelo Antonio Finocchiaro, Italy
Radomir Halas, Czech Republic

Ali Jaballah (%), United Arab Emirates
Baoding Liu, China

G. Muhiuddin (%), Saudi Arabia

Basil K. Papadopoulos (), Greece
Musavarah Sarwar, Pakistan

Anton Setzer (), United Kingdom

R Sundareswaran, India

Xiangfeng Yang (), China

Mathematical Analysis

Ammar Alsinai(, India
M.M. Bhatti, China
Der-Chen Chang, USA
Phang Chang ("), Malaysia
Mengxin Chen, China
Genni Fragnelli(»), Italy
Willi Freeden, Germany
Yonggiang Fu (), China

Ji Gao(»), USA

A. Ghareeb (), Egypt
Victor Ginting, USA
Azhar Hussain, Pakistan
Azhar Hussain (), Pakistan
Omer Kisi (9, Turkey
YiLido, USA

Stefan J. Linz (%), Germany
Ming-Sheng Liu ("), China
Dengfeng Lu, China

Xing Lii, China

Gaetano Luciano (), Italy
Xiangyu Meng (), USA
Dimitri Mugnai (), Italy
A. M. Nagy (), Kuwait
Valeri Obukhovskii, Russia
Humberto Rafeiro, United Arab Emirates
Luigi Rarita (i), Italy
Hegazy Rezk, Saudi Arabia
Nasser Saad (%), Canada
Mohammad W. Alomari, Jordan
Guotao Wang ("), China
Qiang Wu, USA

Cetin YILDIZ (), Turkey
Wendong Yang (), China
Jun Ye (), China

Agacik Zafer, Kuwait

Operations Research

Ada Che (), China

Nagarajan DeivanayagamPillai, India
Sheng Du(}), China

Nan-Jing Huang ("), China
Chiranjibe Jana (", India

Li Jin, United Kingdom

Mehmet Emir Koksal, Turkey
Palanivel M (12, India



https://orcid.org/0000-0002-7578-9320
https://orcid.org/0000-0001-7600-994X
https://orcid.org/0000-0003-4702-6155
https://orcid.org/0000-0002-5436-7006
https://orcid.org/0000-0003-2891-1124
https://orcid.org/0000-0002-2156-2569
https://orcid.org/0000-0003-3263-0616
https://orcid.org/0000-0003-1055-0279
https://orcid.org/0000-0003-4987-6962
https://orcid.org/0000-0002-5649-4500
https://orcid.org/0000-0002-7063-1882
https://orcid.org/%200000-0002-8074-1102
https://orcid.org/0000-0003-3077-8772
https://orcid.org/0000-0003-3264-6239
https://orcid.org/0000-0002-4870-7908
https://orcid.org/0000-0003-3289-8954
https://orcid.org/0000-0003-1683-2373
https://orcid.org/0000-0001-5316-3063
https://orcid.org/0000-0001-8451-3484
https://orcid.org/0000-0002-1196-8119
https://orcid.org/0000-0002-5596-5841
https://orcid.org/0000-0001-6519-895X
https://orcid.org/0000-0001-5322-6060
https://orcid.org/0000-0002-9792-9566
https://orcid.org/0000-0002-5221-0574
https://orcid.org/0000-0002-0291-3327
https://orcid.org/0000-0002-5436-7006
https://orcid.org/0000-0002-3755-5320
https://orcid.org/0000-0002-4987-7415
https://orcid.org/0000-0002-6093-0475
https://orcid.org/0000-0003-4501-9269
https://orcid.org/0000-0001-6844-3092
https://orcid.org/0000-0002-7148-0019
https://orcid.org/0000-0001-5028-1363
https://orcid.org/0000-0002-2644-6997
https://orcid.org/0000-0002-5129-848X
https://orcid.org/0000-0003-3381-6690
https://orcid.org/0000-0001-8908-5220
https://orcid.org/0000-0003-4335-6990
https://orcid.org/0000-0002-9530-5098
https://orcid.org/0000-0002-6490-2877
https://orcid.org/0000-0001-7197-8581
https://orcid.org/0000-0002-8302-343X
https://orcid.org/0000-0002-6378-0732
https://orcid.org/0000-0003-2841-6529
https://orcid.org/0000-0002-8133-4058
https://orcid.org/0000-0001-8396-7388
https://orcid.org/0000-0003-0248-9316
https://orcid.org/0000-0002-0252-9712
https://orcid.org/0000-0002-1225-0301

Stanislaw Migorski (), Poland
Predrag S. Stanimirovi¢ (), Serbia
Balendu Bhooshan Upadhyay, India
Ching-Feng Wen (i), Taiwan

K.EC. Yiu(, Hong Kong

Liwei Zhang, China

Qing Kai Zhao, China

Probability and Statistics

Mario Abundo, Italy

Antonio Di Crescenzo (1), Italy
Jun Fan (), Hong Kong
Jiancheng Jiang (), USA

Markos Koutras (%), Greece
Fawang Liu (), Australia

Barbara Martinucci (), Italy
Yonghui Sun, China

Niansheng Tang ("), China
Efthymios G. Tsionas, United Kingdom
Bruce A. Watson (), South Africa
Ding-Xuan Zhou (), Hong Kong


https://orcid.org/0000-0002-3299-9168
https://orcid.org/0000-0003-0655-3741
https://orcid.org/0000-0001-8900-761X
https://orcid.org/0000-0002-7523-4069
https://orcid.org/0000-0003-4751-7341
https://orcid.org/0000-0001-8451-3484
https://orcid.org/0000-0001-9250-2371
https://orcid.org/0000-0001-5160-2405
https://orcid.org/0000-0003-1034-2349
https://orcid.org/0000-0001-8340-4200
https://orcid.org/0000-0001-7033-3845
https://orcid.org/0000-0003-2403-1752
https://orcid.org/0000-0003-0224-9216

Contents

Remotely Almost Periodic Solutions of Ordinary Differential Equations
C. Maulén (), S. Castillo (%), M. Kosti¢ (), and M. Pinto
Research Article (9 pages), Article ID 9985454, Volume 2021 (2021)

Almost Periodic Functions and Their Applications: A Survey of Results and Perspectives
Wei-Shih Du (%), Marko Kosti¢ (2), and Manuel Pinto
Review Article (21 pages), Article ID 5536018, Volume 2021 (2021)

On Semi-c-Periodic Functions
M. T. Khalladi(®), M. Kosti¢ (%), M. Pinto ), A. Rahmani, and D. Velinov
Research Article (5 pages), Article ID 6620625, Volume 2021 (2021)



https://orcid.org/0000-0002-6483-2012
https://orcid.org/0000-0002-9764-4202
https://orcid.org/0000-0002-0392-4976
https://orcid.org/0000-0002-6466-213X
https://orcid.org/0000-0001-8996-2270
https://orcid.org/0000-0002-0392-4976
https://orcid.org/0000-0002-6466-213X
https://orcid.org/0000-0003-3373-6578
https://orcid.org/0000-0002-0392-4976
https://orcid.org/0000-0002-6466-213X
https://orcid.org/0000-0001-8811-4288

Hindawi

Journal of Mathematics

Volume 2021, Article ID 9985454, 9 pages
https://doi.org/10.1155/2021/9985454

Research Article

Hindawi

Remotely Almost Periodic Solutions of Ordinary

Differential Equations

C. Maulén ®,! S. Castillo

,2 M. Kosti¢(®,’ and M. Pinto ©*

IDepartamento de Ingenieri a and Centro de Modelamiento Matemdtico (UMI 2807 CNRS), Universidad de Chile,

Santiago de Chile, Chile

ZDepartamento de Matemdtica, Facultad de Ciencias, Universidad del Bio Bio, Casilla 5-C, Concepcion, Chile
3Faculty of Technical Sciences, University of Novi Sad, Trg D. Obradoviéa 6, 21125 Novi Sad, Serbia
*Departamento de Matematicas, Facultad de Ciencias, Universidad de Chile, Santiago de Chile, Chile

Correspondence should be addressed to C. Maulén; cmaulen@dim.uchile.cl

Received 18 March 2021; Revised 20 April 2021; Accepted 4 May 2021; Published 18 May 2021

Academic Editor: Xiaolong Qin

Copyright © 2021 C. Maulén et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In this paper, we analyze the existence and uniqueness of remotely almost periodic solutions for systems of ordinary differential
equations. The existence and uniqueness of remotely almost periodic solutions are achieved by using the results about the
exponential dichotomy and the Bi-almost remotely almost periodicity of the homogeneous part of the corresponding systems of

ordinary differential equations under our consideration.

1. Introduction and Preliminaries

The notion of an almost periodic function was introduced by
a Danish mathematician H. Bohr around 1925 and later
generalized by many others. Let I = Ror I = [0, 00), let X be
a complex Banach space, and let f: I — X be continuous.
Given £>0, we call 7>0 an e-period for f(-) if and only if

Ift+1)—f®lI<e, tel (1)

by 9(f, ¢) we denote the set of all e-periods for f(-). We say
that f () is almost periodic if and only if, for each € > 0, the
set 9(f,e) is relatively dense in [0,00), which means
that there exists [ > 0 such that any subinterval of [0, co) of
length I meets 9( f, ¢). For further information about almost
periodic functions and their applications, see [1-10].

It is well known that Sarason defined the notion of a
scalar-valued remotely almost periodic function in [11]. The
class of vector-valued remotely almost periodic functions
defined on R" was introduced by Yang and Zhang in [12],
where the authors have provided several applications in the
study of existence and uniqueness of remotely almost

periodic solutions for parabolic boundary value problems
(for some results about parabolic boundary value problems,
one may refer to [13-15] and references cited therein). In
Propositions 2.4-2.6 in [16], the authors have examined the
existence and uniqueness of remotely almost periodic so-
lutions of multidimensional heat equations, while the main
results of Section 3 are concerned with the existence and
uniqueness of remotely almost periodic type solutions of the
certain types of parabolic boundary value problems (see also
[17, 18], where the authors have investigated almost periodic
type solutions and slowly oscillating type solutions for
various classes of parabolic Cauchy inverse problems).
Concerning applications of remotely almost periodic
functions, research articles [19] by Zhang and Piao, where
the authors have investigated the time remotely almost
periodic viscosity solutions of Hamilton-Jacobi equations,
and [20] by Zhang and Jiang, where the authors have in-
vestigated remotely almost periodic solutions for a class
systems of differential equations with piecewise constant
argument, should be mentioned, see [21] and the research
articles [22-29], for more details about the subject.
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The problem of finding (pseudo) almost periodic solu-
tions for certain classes of ordinary differential equations has
been treated by many authors (see e.g., [5, 30-32]). In the
existing literature, we can find numerous results about the
existence, uniqueness, stability, applications in biology, etc.
(concerning the last issue, see, e.g., the research articles by
Xu et al. [16, 33-38] as well as the references cited therein).

The strong motivational point for the genesis of this
paper lies in the fact that, with the exception of [20] by
Zhang and Liang, no one else has applied remotely almost
periodic functions in the theory of ordinary differential
equations. The class of remotely almost periodic functions
is enormously larger than the usually considered class of
almost periodic functions, and the interest for studying
remotely almost periodic solutions of ordinary differential
equations exists. Concerning some practical applications of
our theoretical results obtained, we would like to note that
we specifically analyze here (see Section 3.1) the Chapman-
Richards type equations with external perturbations. It is
well known that the Chapman-Richards functions and
equations have an important role in the mathematical
biology. The Chapman-Richards functions generalize
commonly used growth functions as monomolecular
functions and Gompertz functions, while the Chapman-
Richards equations generalize the logistic equations. The
Chapman-Richards model has been widely applied in
forestry, thanks to its flexibility and many important an-
alytical features.

The organization and main ideas of this paper can be
briefly described as follows. We consider the following
systems of differential equations:

dx

pm = A(t)x (1), (2)
dx—At t t (3)
pri (B)x () + f (1),

where A (t) is a complex-valued matrix of format n x # for all
t € R. After repeating some necessary facts about remotely
almost periodic functions, we consider the notion of
(a, K, P)-exponential dichotomy (see Definition 2) for
equation (2) as well as the notion of exponential bi-almost
periodicity and the notion of integro bi-almost periodicity of
the associated Green’s function G (¢, s) of (2) (see Definition
3 and Definition 4). After that, we introduce the notion of
a-exponentially bi-remotely almost periodicity and the
notion of integro bi-remotely almost periodicity of the as-
sociated Green’s function G(t, s) of (2) in Definition 5 and
Definition 6, respectively. The main results of Section 2,
which also contains several important lemmas needed for
our further investigations, are Theorem 1 and Theorem 2. In
Section 3, we investigate the existence and uniqueness of
remotely almost periodic solutions to (2) and (3). We open
this section with an important theoretical result, Theorem 3,
in which we clarify that, under certain conditions, a unique
bounded solution of (3) is remotely almost periodic; see also
Theorems 4 and 5. Before we proceed to Section 3.1, in which
we analyze the existence and uniqueness of positive remotely

Journal of Mathematics

almost periodic solutions to the Chapman-Richards equa-
tion with external perturbations, we clarify some corollaries,
examples, and technical lemmas. The main result of Section
3.1 is Theorem 6, where we show that, under hypotheses
(H1)-(H3) clarified below, equation (41) has a unique
positive remotely almost periodic solution for small values of
nonnegative real parameter .

Regarding the previous works of authors in this field, we
would like to emphasize that the techniques applied here
were born of the classical monographs on this field [5, 8].
However, we deal with the inherent new problems of the
remotely almost periodic functions, and some of these
problems can be found in [11, 20]. For example, the well-
known notion of bi-almost periodicity of the Green function
for almost periodic system [5] inspired us to introduce and
analyze here the definition of bi-remotely almost periodic
function in the remotely almost periodic systems. Fur-
thermore, we give certain conditions such that the Green
functions satisty the bi-remotely almost periodic property.

We use the standard notation throughout the paper. By
BUC(R: C"), we denote the Banach space of bounded and
uniformly continuous functions f: R — C", equipped
with the sup-norm || - [|; let || - | be a fixed norm in C". We
set N, == {1,...,n}.

To better understand the space of remotely almost pe-
riodic functions, denoted by RAP (R: C"), we will recall the
notion of a slowly oscillating function (the corresponding
space is denoted by SO(R: C") henceforth). A function
f € BUC(R: C")is called slowly oscillating if and only if, for
every a € R, we have that

lim | f(t+a)- f(®)l=0. (4)
|t|—+0c0

Now, we recall the notion of a remotely almost periodic
function (see, e.g., [12]).

Definition 1. A function f € BUC(R: C") is called remotely
almost periodic if and only if € >0 we have that the set

T(f,¢e) = {T € R: limsup||f(t+ 1) - f () <e}, (5)

[t|—+00

which is relatively dense in R.

Any number 7 € T'(f,¢) is called an e-remote-transla-
tion vector of f(-). We know that RAP(R: C") is a closed
subspace of BUC(R: C") and, therefore, the Banach space
itself. If the functions F, (-),...,F;(:) are remotely almost
periodic (k € N), then, for each >0, the set of their
common e-remote-translation vectors s is relatively dense in
R; see, e.g., Proposition 2.3 in [16].

Furthermore, we know that any remotely almost peri-
odic function f: R — R possesses the mean value

= tim 1| £ ©)

+oo f
see e.g., Proposition 2.4 in [39]. A similar statement holds for
vector-valued remotely almost periodic functions
F: R" — X, but we will not use this fact here.



Journal of Mathematics

2. Preliminaries on Exponential Dichotomies

The property of exponential dichotomy will be primordial in
this section, where we are going to give its definition by
considering equations (2) and (3). For the following defi-
nitions and for more details about the subject, we refer to the
research [40] by Coppel.

Definition 2. Let @ (-) be a fundamental matrix of equation
(2). Then, we say that equation (2) has an (a, K, P)-expo-
nential dichotomy if and only if there exist positive constants
a, K>0 and a projection P (P?> = P) such that

IGE s)|<Ke ™ ¢ seR, (7)

where the Green function G(t,s) of (2) is given by
G(t,s) = ©(t)PD!(s) for t>s and G(t,s) = —D(t)[I -
P]®7 (s) for t <s.

The notion of bi-almost periodicity of the Green func-
tion, which has been omitted or less considered for a long
time, plays a crucial role in our study:

Definition 3. We say that the Green function G (¢, s) of (2) is
exponentially by-almost periodic if and only if, for all € >0,
there exist positive real constants a/>0 and ¢>0 and a
relatively dense set T(G,¢) in R such that, for every
T € T(G,¢), we have

—a|t—s|

IG(t+1,5s+17)—G(t,s)| <ece , tseR. (8)

lim sup
|ltl— 00

and, lim sup

|t|—00

Definition 6. Let a > 0. Then, we say that the Green function
G(t,s) of (2) is integro bi-remotely almost periodic if and
only if, for every £> 0, there exist a positive real constant
¢>0 and a relatively dense set T'(G,¢) in R such that, for
every 7 € T'(G, ¢), we have

+00
limsupJ. IG(t+1,s+71)—G(t,s)|ds<ec, teR. (13)

|t|—00 J —00

Definition 4. We say that the Green function G (¢, s) of (2) is
integro bi-almost periodic if and only if, for all >0, there
exist a positive real constant ¢ >0 and a relatively dense set
T (G, ¢) in R such that, for every 7 € T(G, ¢), we have

+00
| e nsen-Godssee, rer O
—00

It is worth noting that the Green function is not im-
mediately integro bi-almost periodic.

Example 1. The next differential equation has an expo-
nential dichotomy:

xt=—-1+b(t)x+1; b(t)>0. (10)
However, the Green function associated to this system is
not bi-almost periodic. The bounded solution, given by

t 1+b d
x(t)=j e L( +b(rdr (11)

—00
is not almost periodic in general if b (-) is not almost periodic
(for example, this can occur if b (-) is almost automorphic but
not almost periodic; see [7], for the notion).
Now, we would like to introduce the following notion:

Definition 5. Let a > 0. Then, we say that the Green function
G(t,s) of (2) is a-exponentially bi-remotely almost periodic
if and only if, for every £>0, there exist a positive real
constant ¢ >0 and a relatively dense set T'(G, ¢) in R such
that, for every 7 € T'(G, ¢), we have

e"‘(t‘s)[G(t+T,s+T)—G(t>$)]'|355> t,seR, t=>s,

(12)

e“(s’t)[G(t+T,s+T)—G(t,s)]"Sec, t,se€R, t<s.

Let us consider now the scalar differential equation
x1(t) = a(t)x (t). We have the following.

Theorem 1. If a(-) is a remotely almost periodic function
with M (a) #0, then, for every >0, there exists 6 >0 such
that, for every v € T (a, §), we have
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t+T t
t J a(r)dr — J a(r)dr
lim supy; o0 J el s+t s ds<e, providedt <sand . (a) <0,

(14)
t+7 t
+00 J a(r)dr — J a(r)dr
lim supj;_,q, J ed s+t s ds<e, providedt>sand . (a)>0.
t
proof. Let .t%(a) < —y<0. Then, it is not difficult to verify
that |exp(_[5a(r)dr)| <Ke "9 for t >, as well as
t+7 t
a(r)dr - J a(r)dr
eLw s <K*(t - s)e """ sup, opla(u + 1) —a(w)l. (15)
Therefore,
t+7 t
t J a(r)dr — J a(r)dr , [
J- el st s ds<K J‘ xe” sup,e ooy la (U — x + 1) —a(u - x)|dx. (16)
-0 0
For every ¢ >0, we set § == K?y~!e. Let us consider first
case t — + 00. Given any sequence (x,) tending to plus
infinity, we have
lim sup la(u-x+1)—a(u—-x)|= lim sup la(u—-x+71)—a(u-x)|. 1
E==400 e (1,00) 0 e (x,500) (17)
Using the reverse Fatou lemma and (17), we obtain that
t+T t
t J a(r)dr - J a(r)dr , [
lim sup J ed s+t s ds<K J xe VHmsup, o Sup,e(oola(u—x+ 1) —a(u - x)|dx<e. (18)
t—00 —0o 0
The proof for case t — — 0o can be given analo- For the sequel, we need the following auxiliary lemma:
gously. Case ./ (a) >0 can be considered analogously as O

well.

This result can be extended to system (2), where the =~ Lemma 1. Let A(t) be the complex-valued matrix of format
matrix A(t) is diagonal A(t) = diag{a;(t)} and  nxnforallt € R, and let ®(-) be the fundamental matrix of
R (A (a;)) 0, for all i e N,,. (2). The transition matrix ®(t,s) = O ()D" (s) satisfies
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O(t+1,s+71)—D(t,s) = rd)(t,u)(A(u+T)—A(u))(D(u+T,s+T)du,

O(t+1,s+71)—-D(t,s) = JS(D(t,u)(A(u+T)—A(u))d)(u+f,s+7)du,

Proof. We  will consider case t>s only. Set
V(t,s) =®(t+1,5+71)— D(t,s). Then, we have

Vi, =A@+ 1) QU+ 1,5+ 1) - A)D (L, ),

V=AWV () +(At+1)-AM))D(t + 1,5+ 7).

(20)

This simply implies the required equality.

Suppose now that the matrix A (t) is diagonal by blocks
A, (t) and A_(t) so that system (2) can be written as the

system z/ (t) = A, (t)z and yr (t) = A_(¢)y. By @, (t,s) and
@_(t,s), we denote the fundamental matrices associated to

t
IG(t+7,5+ 1) - G(t,s)| <K’e *Y”J||A+(u+r)—A+(u)||du, t>s,

IG(t+ 7,5+ 1) —G(t,s)| < K2 V&Y

Now, we are able to prove some important results of this
section. We start by stating the following theorem regarding
the diagonalization of A(t) into blocks A, (t) and A_(t),
where we assume that all the above estimates are satisfied.

Theorem 2. Let A, and A_ be remotely almost periodic
functions, and let the estimate |G (t, s)|| <Ke M5 ¢t seR,
hold for the associated Green function. Then, for every >0,
there exists 8 > 0 such that, for every T € T(A,,8)NT (A_,J),
we have

+00
lim supj IG(t+71,s+71)—G(t,s)|ds<¢, (22)

|t|—0c0 J -0
and in other words, G(-,-) is integro bi-remotely almost

periodic.

Proof. Applying Lemma 2, we obtain

I IG(t + 1,5+ 1) - G(t, 5)|ds

< r Kle 7 S)J |A, (u+71) - A, (w)]duds
s Jt K7D J [A- (u +7) - A (w)]|duds )
:J K2 _ij |A, (u+71) - A, ()] duds

+00 t+y
+ J K%V J ||A, (u+1)—A_ (u)"duds
0 t

= K*[I, + L,).

providedt > s,
(19)
providedt <s.

the equations for z and y, respectively; then, we have the
following estimates |®, (t —s)]|<Ke **"9 for t>s and
[D_(t,s)| <Ke'™ for t<s, where y>0. Define
G(t,s) = diag(D, (t,5),0) for t=s and G(t,s):=
diag (0, ®_(t,s)) for t <s. Hence, |G (¢, s)|| < Ke V=5l for all
t,seR.

As a straightforward consequence of the previous
lemma, the following holds for the above Green
function. |

Lemma 2. We have

. (21)
[ -a @fan <o

It is clear that

IISJZOe_Vxx sup ||A (u+1)-A (u)“dx (24)

€ (t—x,00)

Since A, (-) are globally bounded, we get the existence of
a finite real constant M, >0 such that I, <M,. Set
8 = (¢/(2K*M,)). Taking into account the reverse Fatou
lemma and the fact that, for every increasing sequence (s,,)
tending to plus infinity, we have

lim sup ”A (u+1)-A, (M)“
ST+ e (5,00)

sup ||A+ (u+1)-A, (u)",

ue (5,,00)

. (25)
= lim
n—+00

and the above simply implies lim sup,__,, I, (t) < (¢/2). For
the asymptotic behaviour, when t — — co, we can use the
estimate
I (1)< J e "x sup ||A (u+1)-A (u)"dx (26)
0

ue (—oo,t

and a similar argumentation in order to show that
limsup,_,_ I, (t) < (&/2). The calculations and argumen-
tation used for I, are similar for I,, which completes the
proof of theorem. O

Remark 1. Suppose that system (2) has an (a, K, P)-expo-
nential dichotomy. If P commutes with the fundamental
matrix © (t) of this system, then it is possible to diagonalise
this system and conclude that the hypothesis of the above
theorem are satisfied; in other words, the associated Green



function will be integro bi-remotely almost periodic. Also, if
system (2) is remotely almost periodic (it means that all
coeflicients of (2) are remotely almost periodic) and expo-
nentially stable at infinity (or at minus infinity, respectively);
then, the associated Green function is integro bi-remotely
almost periodic. As easily proven, this also happens in the
case that there exists an invertible remotely almost periodic
transformation x = S(t)w, w = (z, y) under which the re-
motely almost periodic linear system (2) admits a diago-
nalization into blocks A, (t#) and A_(t) such that the
associated Green function satisfies the already used condi-
tion of exponentially decaying.

3. The Existence and Uniqueness of Remotely
Almost Periodic Solutions to (2) and (3)

We start this section by stating the following result.

Theorem 3. Suppose that f € RAP(R: C") and the ho-
mogeneous system (2) has an (a, K, P)-exponential dichot-
omy and the associated Green function is integro bi-remotely
almost periodic. Then, the unique bounded solution of (3) is
remotely almost periodic.

Proof. Without loss of generality, we may assume that f #0.
By the variation of parameters formula, the unique bounded
solution of (3) is given by

x() = JOO G(t,9)f(s)ds, teR. (27)

Let us show that x (-) is remotely almost periodic. Indeed,
we have

lx(+7) - x (@)l <

ro [G(t+1,s+71)-G(t,8)]f(s+7)ds

+

JOO G, s)[f(s+71)— f(s)]ds

<N fllos - J_ IG(t+1,s+71)-G(t,s)|ds

(oo}
+ j Ke £ (s

(28)

Let £é>0 be given. Since the corresponding Green
function is integro bi-remotely almost periodic, we know

v 2/3)eiv(t+t(”3))

y(t) = ce'™ = 3iy~ 1t

So, this equation does not have a bounded solution on
the real line.
Consider now the scalar linear differential equation:
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that there exists §; >0 such that, for every 7 € T(G, §,), we
have

lim sup J IG(t+1,s+71)—G(t,s)|ds < %"f"oo' (29)

|t|—00 J —00

We also have the existence of a real number &, >0 such
that, for every 7 € T'(f,J,), we have

timsup [~ N f G40 - FOMs<w G0)

|t|—00

Since the operation lim supy, ., is subadditive, this
simply completes the proof with § = min (4}, 6,).

We also have the following result, whose proof can be
omitted. O

Theorem 4. Suppose that f € RAP(R: C") and A(t) is a
triangular matrix for allt € R such that R (M (a;;)) # 0 for all
i € N,,. Then, system (3) has a unique bounded solution which
is remotely almost periodic.

Now, we consider system (3) in which the square matrix
A = A(t) is independent of the time variable t:

x1(t) = Ax(t) + f (1), (31)

where and f € RAP(R: C) for all i e N,,.
We need the following lemma from [39].

Lemma 3. Given a square matrix A, there exists a regular
matrix o having the same order as A such that the matrix
B = a ' Aa is triangular with the diagonal elements being the
eigenvalues of A.

Corollary 1. We have that every bounded solution of system
(31) is remotely almost periodic.

Proof. Keeping in mind Lemma 3, we may assume that Aisa
triangular superior matrix. Applying Theorem 4, we get that
the associated solution is remotely almost periodic. For the
initial solution, we have x (t) = ay (t) € RAP(R: C"). This
ends the proof. O

Example 2. Consider A =iv €i(R~{0}) and the” linear
equation y/ (t) =ivy(t) + g(t), where g(f) = e+ §g o
remotely almost periodic function. The solution is given by

+ 6v—2t(1/3)eiv(t+t(”3)) n 6iv—3eiv (t+t(”3)). (32)

x1(t) = a(t)x(t) + f(t). (33)

For the sequel, we need the following technical lemma
which follows from our foregoing arguments.
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Lemma 4. Let a(t) and f(t) be remotely almost periodic
functions such that R (M (a)) # 0. Then, equation (33) has a
unique remotely almost periodic solution x (t) given by

x(t) = - J:)O e J:a(r)drf(s)ds,

N

x(t) = roo e Jr a(r)drf(s)ds,

provided R (A (a)) > 0,

provided R (4 (a)) < 0.
(34)
Now, let us consider the equation:
zI(t) = A()z () + f(t) +ug(t, z (1)) (35)

We have the following result.

Theorem 5. Let f € RAP(R: R”) and let g(-) be remotely
almost periodic in the first variable and locally Lipschitz in the
second variable. Suppose, further, that the homogeneous
system (2) has an (a, K, P)-exponential dichotomy and the
associated Green function is integro bi-remotely almost pe-
riodic. Then, there exists a positive constant y, such that the
assumption y € [0, y,) implies that the differential equation
(35) has a unique bounded solution which is remotely almost
periodic.

Proof. Consider a unique remotely almost periodic solution
@ (t) of (3). Let r € (0,00) be such that |¢[|<r, and let L>0
denote the corresponding Lipschitz constant. If z (¢) solves
(35), then we set x (t) =z (t) — ¢ (), t € R. It is clear that

Let the Green function of the homogeneous part satisfy
G (¢, s)|| < Ke~ =1, By the variation of parameters’ for-
mula, we have

x(t) = J G(t,s)ug(s,x(s)+¢(s)ds, teR. (37)

Define B(r, 0) to be the closed ball of diameter r and the
center 0 in the space of remotely almost periodic functions;
then, B(r,0) is a complete metric space with the induced
metric. Define the mapping

Ty(t) = J_ G(t,s)ug(s,yv(s) +¢(s))ds, teR(yeB(r,0)).
(38)

We claim that the mapping T: B(r, 0) — B(r, 0) is
well-defined and contracted. It is clear that the mapping Ty
is remotely almost periodic for any y € B(r, 0). Further-
more, we have

Tyl < 2Kpa Y1glle

<2Kua v + + ,0
pex [Ilw Pl it:ﬂglly(s )II] (39)

< 2Krya‘<2r +suplig(s, O)II) <L
seR

provided that u € [0,u) and 2Krpp0 !

(2r + sup lg (s, 0)]1) < 1. For the contraction, we can use the
seR

following calculation:

xt(t) =At)x(t) +ug(t,x(t) +¢(t), teR (36)
Ty, - Ty,| <uKL LX, ey, (5) -, (9)||ds < w2KLa” |y — v - (40)

Therefore, the mapping T: B(r,0) — B(r, 0) has a
unique fixed point, which simply finishes the proof. O

3.1. The Existence and Uniqueness of Positive Remotely Almost
Periodic Solutions. In this section, we analyze the Chapman-
Richards equation with an external perturbation f (-):

x1(t) = x(O)]a®) - b (0] + £ (1), (41)

where 0> 0. Consider the following hypotheses:
(H1) a(t), b(t), and f (t) are remotely almost periodic
functions
(H2) 0<a<a(t)<A, 0<B<b(t)<B,0< f(t)<F
(H3) With w = A" [ -y +DOF] and y = (Bla), we
have 1+ 0)FyM9g a1 <1 and
B(1+0)BO '<1

Remark 2. Suppose that f () >0 for all ¢ € R. Then, we have
xi(t)zx(®)]a() -b®O’ (1)), teR. (42)

This implies that, for each t, € R, we have

() - b (9]d
X(t)2x(fo)ejfo[a ’ o S] S, teR. (43)

Now, we will state the main result of this section.
Theorem 6. Suppose that hypotheses (H1)-(H3) hold. Then,

equation (41) has a unique remotely almost periodic solution
¢* (t) satisfying y~ V9 < ¢* <w™ V9 for all t € R.

Proof. Let u(t) = x %(t). We only consider the positive
solutions of (41), by rewriting this system as follows:

ur (t) = =Ba(tu(t) + 6b(t) — 0u' T (1) F (1), (44)



Let B denote the complete metric space consisting of all
remotely almost periodic functions whose sup-norm belongs
to the interval [w, y]. Given ¢ € B, we consider the following
equation:

t

u(t) =To(t) =10 r_oo e_eL

It can be simply shown that ||T¢|, < (B/«) = y. Fur-
thermore, we have

t

o _ d
QJ» . 0La(u) u[b(s)_q)((ue)/e) (s)f(s)]ds

which is always strictly greater or equal than
A1 (B -y U+9O)E = @, Hence, the mapping T: B — Bis
well-defined. To see that this mapping is a contraction, we
use the following consequence of the mean value theorem
applied to the function x (1499 and by the definition of B,
one obtains

”w(ma)/e) B (p(me)/e)”mSl;gemax{y(ue),wum)}"w_ ol

(48)

and a simple computation yielding that

(49)

ITy - Toly <t Oy 0y g,
af

Therefore, T is a contraction mapping B in B so that T

has a unique fixed point in B, and this point is a unique

remotely almost periodic positive solution of (41). This

simply completes the proof because the unique solution of

our problem is given by ¢* (¢) = [¢(¢)]” (1/6), O

4. Conclusions

This paper investigates the existence and uniqueness of
remotely almost periodic solutions for systems of ordinary
differential equations. Our main contributions are achieved
by using the results about the exponential dichotomy and the
bi-almost remotely almost periodicity of the homogeneous
part of the corresponding systems of ordinary differential
equations. We particularly analyze the Chapman-Richards
equation with external perturbations.
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a(r)dr
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ur (t) = —0a (t)u(t) + 0b(t) - 0 9 (1) F (1) (45)

By Lemma 4, this equation has a unique remotely almost
periodic solution (t), given by

[b(s) _ {00 (s)f(s)]ds. (46)
, _aj a@du. o (47)
SQJ, e ) [B-o (9)f (9)]ds,
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The main aim of this survey article is to present several known results about vector-valued almost periodic functions and their
applications. We separately consider almost periodic functions depending on one real variable and almost periodic functions
depending on two or more real variables. We address several open problems and possibilities for further investigations of almost

periodic functions, quoting more than two hundred references about the subject under our consideration.

1. Introduction

The class of almost periodic functions was introduced by the
Danish mathematician H. Bohr [1] (1925), the younger brother
of the Nobel Prize-winning physicist N. Bohr, and later gen-
eralized by many others. Let I = R or I = [0,00), let X be a
complex Banach space, and let f: I — X be continuous.
Given £>0, we call 7>0 an e-period for f(-) if and only if

If(t+7) - fDl<e

By 9(f, ¢), we denote the set of all e-periods for f(-). We
say that f () is almost periodic if and only if for each € >0,
the set 9( f, €) is relatively dense in [0, 00), which means that
there exists [ > 0 such that any subinterval of [0, c0) of length
I meets 9(f,¢). There are many research monographs
concerning the theory of almost periodic functions and their
applications; at the very beginning, we would like to cite the
important research monograph [2] by Levitan, only.

The class of almost automorphic functions was intro-
duced by the American mathematician Bochner [3]. A
continuous function f: R — X is said to be almost
automorphic if and only if for every real sequence (b,,), there
exist a subsequence (a,,) of (b,) and amap g: R — X such
that

tel (1)

lim f(t+a,)=g(),

_ (2)
Tim g(t-a,) = £ (1),

pointwise for ¢ € R. Any almost periodic function is almost
automorphic, but the converse statement is not true in general
(see the research monograph [4] by N'Guerekata for more
details). The theories of almost periodic functions and almost
automorphic functions are still very active fields of investi-
gations of numerous authors, full of open problems, con-
jectures, hypotheses, and possibilities for further expansions.
As mentioned in the abstract, this survey article aims to
present several known results about vector-valued almost
periodic functions and their applications (there is no need to
say that it would be very difficult to summarize so many
important research results obtained in the theory of almost
periodic functions within only one research report, and be-
cause of that, we feel it is our duty to say that this survey article
does not intend to be exhaustively complete). We divide our
further exposition into two individual sections; in Section 1,
we analyze the almost periodic functions of one real variable
and their applications, while in Section 2, we analyze the
almost periodic functions of several real variables and their
applications. The material is basically taken from the
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introductory part, notes, and appendices to the second and
the third sections of the forthcoming research monograph [5].

2. Almost Periodic Functions of One Real
Variable and Their Applications

From the application point of view, almost periodic
functions of one real variable are much important than the
almost periodic functions of two or more real variables.
There is enormous literature devoted to the study of al-
most periodicity in the time variable and the almost
automorphy in the time variable of solutions for various
kinds of the abstract differential equations of the first
order. The notion of an almost periodic strongly con-
tinuous semigroup was introduced by Bart and Goldberg
in [6], but some particular results concerning the almost
periodicity of individual orbits of strongly continuous
semigroups were already given by Foias and Zaidman [7],
Zhikov [8, 9], and Perov and Hai [10]; also, see the survey
article [11] by Phong as well as the reference list of [12]
and the articles [13, 14] obtained in a collaboration of
Phéng and Lyubich. The notion of an asymptotically al-
most periodic strongly continuous semigroup was in-
troduced by Ruess and Summers [15] in 1986 (see also
[16-18]), while the notion of an (asymptotically) Stepanov
almost periodic strongly continuous semigroup was in-
troduced by Henriquez [19] in 1990. Concerning the study
of the existence and uniqueness of almost periodic so-
lutions of nondegenerate semilinear Cauchy problems, it
seems that the fractional powers of operators have been
employed for the first time by Bahaj and Sidki in [20]. For
the periodic solutions of abstract first-order differential
equations, we refer the reader to the research monographs
[21] by Burton, [22] by Liu, Guerekata, and Minh, and
[23] by Yoshizawa.

The notion of almost periodic cosine operator functions
was introduced by Cioranescu [24] and after that received
considerable attention of many authors. The existence and
uniqueness of almost periodic-type solutions of the (ab-
stract) second-order differential equations have been in-
vestigated in many research articles by now, using the theory
of cosine operator functions or other methods (see, e.g.,
[25-33]). For example, Diagana, Hassan, and Messaoudi
recently analyzed, in [34], the existence of asymptotically
almost periodic mild solutions of the abstract Volterra
integrodifferential equation

u"(t)+A2u(t)—jt gt —)A*u(s)ds = f(t,u(t)), t=0,
(3)

accompanied with the initial conditions u(—t) = u, (t) for
t>0 and u' (0) = u;. The main strategy used is a transfor-
mation of such a system into a first-order linear evolution
equation whose solutions are governed by exponentially
decaying strongly continuous semigroups; an interesting
application was made in the study of Kirchhoff plate
equation with infinite memory. Regarding the abstract
second-order differential equations in Hilbert spaces, it
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should also be noted that the existence and uniqueness of
periodic solutions for the following equations,

u, +(A+yDu(t) = F(tu(t)), t=0,(yeR),
U, + Au(t) = F(tu(t),u' (1)), t=0,
uy, (t) + 20u, (t) + Au(t) = g(t) + F(t,u(t))a, t=0,
(4)

were analyzed by Strashkraby, Vejvoda (1973), Lovicar
(1977), and Masudy (1966), respectively (A is a positive self-
adjoint operator in a Hilbert space H). For more details
about the existence and uniqueness of almost periodic-type
solutions of the abstract first-order Cauchy problems and the
abstract second-order Cauchy problems, we refer the reader
to the reference lists in [5, 12]. We recall the following
problem proposed in [12].

Problem: let a closed multivalued linear operator </ be
the integral generator of a bounded C-cosine function
(C(#));s- Suppose that x € X satisfies that the mapping
t— C(t)x, t >0, is asymptotically Stepanov almost peri-
odic. Is it true that the mapping t — C (t)Cx, t > 0, is almost
periodic?

Chronologically, the study of almost periodic solutions
of the abstract Volterra integrodifferential equations was
initiated by Priiss in [35], Section 11.4, where the author
analyzed the almost periodic solutions, Stepanov almost
periodic solutions, and asymptotically almost periodic so-
lutions of the following abstract integrodifferential equation:

W () = J:O Ay ()t (£ = $)ds + JZO dA, (Shu(t—s) + £ (1),
teR.
(5

Here, A, € L' ([0,00): L(Y, X)), t+— A, (t) € L(Y, X),
t >0, islocally of bounded variation, and X and Y are Banach
spaces such that Y is densely and continuously embedded
into X. Almost immediately after that, Vu [36] investigated
the almost periodicity of the abstract Cauchy problem

W (1) = Au(t) + Jm dBu(Du(t=1) + f(D), teR,
0
(6)

where A is a closed linear operator acting on a Banach space
X, (B(t))s is a family of closed linear operators on X, and
f: R — X is continuous.

It is very difficult and unpleasant to say precisely who
was the first to study the almost periodic solutions of the
abstract fractional differential equations. Recently, Mu,
Zhoa, and Peng [37] investigated the periodic solutions and
S-asymptotically periodic solutions to fractional evolution
equation Dz+u(t) =-Au(t)+g(t), t € R, and its semi-
linear  analogue DLu(t) =-Au(t)+g(t,u(t)), t € R,
where D/, denotes the Weyl-Liouville fractional derivative
of order y € (0,1), A is the infinitesimal generator of an
exponentially decaying strongly continuous semigroup of
operators, and g: R x X — X satisfies certain assumptions
(also, see the article [38] by Agarwal, Andrade, and Cuevas as
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well as the recent articles [39] by Bedi, Kumar, Abdeljawad,
and Khan and [40] by Brindle and Guérékata, where the
authors analyzed S-asymptotically w-periodic mild solutions
for fractional differential equations with Hilfer derivatives
and Riemann-Liouville derivatives). Later, Kosti¢ extended
the results of Mu, Zhoa, and Peng to the abstract fractional
differential inclusion D;V)Jru(t) e—du(t)+g(t), t € R, and
its semilinear analogue

Dl u(t) e —du(t) +g(t,u(t), teR, (7)

ot

L v(t,x) =0,

1 v(tx) =0,

L m(x)v(0, x) = uy (x),

and the following fractional semilinear equation with
higher-order differential operators in the Holder space
X =C*(Q):

' 2 [m(x)v(t,x)] = (A-b)v(t,x) + f (t,m(x)v(t, x)),

( D) [m(x)v(t,x)] = Av(t,x) + bv(t, x),

where &/ is a closed multivalued linear operator satisfying
condition (P); here, we follow the terminology employed in
[41], where we have obeyed the multivalued approach to the
abstract degenerate Volterra integrodifferential equations.
(P) There exist finite constants ¢, M >0 and € (0, 1] such
that Y==Y. ={1eC: RA> —c(|SA|+ 1)} Cp(ef) and
IR(A: @)l<M(1+|A])"F, A € W. The obtained results en-
able one to consider the almost periodic-type solutions of the
following fractional Poisson heat equations,

teR, x €Q,

(t, x) € [0,00) x 0Q),

DJu(t,x) = - Z aﬁ(t,x)Dﬁu(t,x) —ou(t,x)+ f (t,u(t,x)), t>0,x¢€Q,

|l <2m

u(0,x) = uy(x),

See [12] for more details. Let us also recall that Ponce
[42] investigated the bounded mild solutions of the fol-
lowing  nondegenerate  fractional integrodifferential
equation:

D’t/&u (t) = Au(t) + Jt a(t—s)Au(s)ds + f (t,u(t)), teR,
(10)

where A is a closed linear operator, a € L' ([0,00)) is a
scalar-valued kernel, and f (-, -) satisfies some Lipschitz-type
conditions. In particular, almost periodic solutions of (10)
have been analyzed. Abbas, Kavitha, and Murugesu recently
analyzed Stepanov-like (weighted) pseudo-almost auto-
morphic solutions to the following fractional-order abstract
integrodifferential equation:

Dfu(t) = Au(t) + DI f(tu(t), Ku(t)), teR, (11)

where

Ku(t) = J.t k(t—s)h(s,u(s))ds, teR, (12)

8
t>0, x € Q, ®
(t,x) € [0,00) x 0Q),

x € Q),
9)

x € Q.

1 <a <2, Aisasectorial operator with the domain and range
in X, of negative sectorial type w <0, the function k(t) is
exponentially decaying, and the functions
fiRxXxX — Xandh: Rx X — X are Stepanov-like
weighted pseudo-almost automorphic in time for each fixed
element of X x X and X, respectively, satisfying some extra
conditions [43]. For more details about almost periodic-type
solutions of the abstract fractional differential equations, see
the reference list of [12] and the articles [44-48].

As mentioned from the above, many results concerning
the existence and uniqueness of almost periodic-type so-
lutions and almost automorphic-type solutions to the ab-
stract (semilinear) fractional nondegenerate differential
equations have been given recently by numerous authors. In
almost all these results (in the linear setting, the quite ex-
ceptional are some examples and results presented by
Zaidman ([49], Examples 4, 5, 7, and 8; pp. 32-34), which
have been employed by many authors so far, for various
purposes), the basic key is to investigate the invariance of
certain kinds of generalized almost periodicity and gener-
alized almost automorphicity under the actions of the
infinite convolution products



t|—>r R(t—-s)f(s)ds, teR, (13)

and

s JOOR(t—s)f(s)ds, £20, (14)
0

Here, it is commonly assumed that (R(#));s SL(X,Y)is
a nondegenerate strongly continuous operator family be-
tween the Banach spaces X and Y which exponentially or, at
least, polynomially decays as t — + 0co. In [12], we have
investigated the case in which (R(#)),0 S L(X,Y) is a de-
generate strongly continuous operator family which decays
exponentially or polynomially as t — + 0o, but we have
allowed (R(t)),., to have a removable singularity at zero, by
that we basically mean that there exists a number { € (0, 1)
such that the operator family (£*R(t)),, is well defined and
strongly continuous at the point ¢ = 0. The integral generator
of (R(t)).s is not single-valued any longer, and this is the
main reason why we have employed the multivalued linear
approach to the abstract degenerate integrodifferential
equations in [12]. The well-posedness of the abstract de-
generate Cauchy problem,

Bu(t) = f(t) + Jt a(t—s)Au(s)ds, te[0,7), (15)
0

where 0<7<o00, t— f(t), t€[0,7) is a continuous
mapping, a € L}, _([0,7)), and A, B are closed linear oper-
ators, has been thoroughly analyzed in the monograph [41].
We will say just a few words about periodic solutions of
the abstract degenerate Volterra integrodifferential equa-
tions. In [50], Barbu and Favini analyzed the 1-periodic
solutions of the abstract degenerate differential equation
(d/dt) (Bu(t)) = Au(t), t >0, accompanied with the initial
condition (Bu)(0) = (Bu)(1), by using Grisvard’s sum of
operators method and some results from the investigation of
Priiss [51] in the nondegenerate case. The authors reduced
the above problem to v'(t) € &v(t), t>0, v(0) = v(1),
where the multivalued linear operator & is given by
o = AB™'. The main problem is whether the inclusion
1 € p(o/) holds or not; recall that Priiss [51] proved that
lep(A) if and only if 27mZcp(A) and
sup({|| Qrin—A) " Y:ne Z}) <00, provided that A gen-
erates a nondegenerate strongly continuous semigroup.
Applications are given to the Poisson heat equation in
H™'(Q) and L?(Q), as well as to some systems of ordinary
differential equations. On the contrary, Lizama and Ponce
[52] analyzed the existence of 27-periodic solutions to the
following abstract inhomogeneous linear equation:

% (Bu(t)) = Au(t) + Jt a(t—s)Au(s)ds+ f(t), t=0,
(16)

subjected with the initial condition (Bu)(0) = (Bu)(2m).
The authors also considered the maximal regularity of (16) in
periodic Besov, Triebel-Lizorkin, and Lebesgue vector-val-
ued function spaces.
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Concerning the classical theory of partial differential
equations with integer-order derivatives, we would like to
recommend for the reader the references and works quoted
in the introductory part of the fourth section of the
monograph [53] by Ptashnic, where the following have been
especially emphasized:

(1) The w-periodic solutions in time for the linear wave
equation and the following weakly nonlinear wave
equation Uy, (t,x) —u,, (t,x) = ef (t, x, u, u,, Uy,
), t>0,0<x<m, accompanied with the bound-
ary conditions u(t,0) = u(t,m) = 0, were analyzed
by Vejvoda [54] in 1964 (¢ >0 is a sufficiently small
real parameter). If w € 27Q and >0, then the
existence of w-periodic solutions for both classes of
wave equations was proved; on the contrary, if
w ¢ 2mQ and w > 0, then the situation is much more
complicated, and the author proved the existence of
w-periodic solutions for a corresponding linear wave
equation, only, provided that w = 27 and there exist
positive real numbers ¢>0 and y>0 such that
la = (m/k)| > (c/k?).

Only one year later, in 1965, Gavlova investigated the
existence and uniqueness of periodic solutions for
the following weakly nonlinear telegraph equation:
Uy — Uy +2au, +2bu, +cu = h(t,x) +ef (t,u, u,
u,, €), accompanied with the boundary conditions
u(t,0) = u(t,7) =0, where a, b,c € R are certain
constants and e>0 is a sufficiently small real
parameter.

(2) In 1972, Azis and Gorak investigated the existence
and uniqueness of periodic solutions in the time
variable and space variable for the following quasi-
linear  hyperbolic = second-order  equation
Uyy +a(x Y, +b(x, Yuy, +c(x y)u= f(xy, u
Uy, uy); in 1971, Krylovoi and Vejvoda investigated
the existence and uniqueness of w-periodic solutions
in the time variable for the following equation: u,, +
Upox = 96 x) +ef (8, X, U, Uy, Uy, Uy, €), acCOMpa-
nied with the boundary conditions
u(t,0) =u(t,2m) =u,, (t,0) =u,, (t,m) =0.

Six years later, in 1977, Kopachkovoi and Vejvoda an-
alyzed the existence and uniqueness of w-periodic solutions
in the time variable for the following nonlinear equation:
Uy + Uy — 8y [o 2 (6,8) dE = g(t,x) + €2F (1) (£, %),
which appears in the study of beam vibrations with the effect
of elongation. Also, see the important research monograph
[55] by Vejvoda (with Herrmann and Lovicar as
contributors).

Furthermore, the Bohr almost periodic solutions to
boundary value problems for systems of partial differential
equations that arise in solving certain problems for inho-
mogeneous media have been investigated in the research
articles [56] by Berselli and Bisconti, [57] by Berselli and
Romito, and [58] by Vetchanin and Mikishanina. Con-
cerning the existence and uniqueness of Bohr almost pe-
riodic solutions of the Navier-Stokes-type equations, the
reader may consult the reference list of [5].
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The study of differential equations with discontinuous
arguments was initiated by Myshkis [59] in 1977. The
analysis of asymptotically antiperiodic solutions for non-
linear differential first-order equations with piecewise
constant argument carried out by Dimbour and Valmorin
[60] has recently been reconsidered and extended for as-
ymptotically Bloch periodic solutions for nonlinear frac-
tional differential inclusions with a piecewise constant
argument by Kosti¢ and Velinov in [61]. We have analyzed
the following fractional differential Cauchy inclusion with a
piecewise constant argument:

D}'u(t) e du(t) + Aqu([t]) + g(t,u(lt])), t>0; u(0) = uy,

(17)

where & is a multivalued linear operator satisfying certain
assumptions, A, € L(X), g: [0,00) x X — X is a given
function, and D}u(t) denotes the Caputo fractional deriv-
ative of order y, taken in a weak sense. It is also worth noting
that Chavez, Castillo, and Pinto [62] analyzed the existence
of a unique almost automorphic solution for the following
differential equation with a piecewise constant argument:

Yy () =AWy +BOy )+ fEy@), (1), teR,
(18)

where A (t) and B (t) are almost automorphic p x p complex
matrices and f: Rx CP x C — CP is an almost auto-
morphic function satisfying a condition of Lipschitz type.
The study carried out in [62] leans heavily on the use of
results on discontinuous almost automorphic functions,
exponential dichotomies, and the Banach fixed-point the-
orem. The almost periodic solutions of (18) were considered
for the first time by Yuan and Hong in [63]; for more details
about differential equations with a piecewise constant ar-
gument (DEPCA), the reader may consult articles [64] by
Cooke and Wiener, [65] by Shah and Wiener, and [66] by
Wiener, as well as articles [67-73], the list of publication of
Pinto (https://www.zbmath.org/?q=ai(percent/sign)
3Apinto.manuel), and the list of references cited therein.

There is a vast amount of articles in the existing literature
which consider almost automorphic-type solutions for
various classes of integrodifferential equations. Let us only
mention our analysis (the joint work of the second-named
author with Prof. Guérékata [74]) of the following abstract
multiterm fractional differential inclusion:

n-1
Du(t)+ Y AD{u(t) € dDu(t) + f(t), t=0,
i=1
u®0) =u,k=0,...,[a,]-1,

(19)

where n € N\{1}, A,, ..., A,_; are bounded linear operators
on a Banach space X, &/ is a closed multivalued linear
operator on X, 0<a;<---<qa,, 0<a<a, f(-) is an
X-valued function, and Df denotes the Caputo fractional
derivative of order a. Many excellent examples have been
presented in monograph [75] by Diagana; also, see the
following monographs:

(1) [76] by Amerio and Prouse for almost periodic
solutions of functional equations

(2) [77] by Argabright and de Lamadrid for almost
periodic measures

(3) [78, 79] by Baake and Grimm for applications of
almost periodic functions in crystallography

(4) [80] by Bezandry and Diagana for almost periodic
solutions of stochastic differential equations

(5) [81] by Bottcher, Karlovich, and Spitkovsky for
factorization of almost periodic matrix functions
(cf. also article [82] by Bottcher for the issues re-
garding the corona theorem for almost periodic
functions of several real variables and articles [83]
by Boggiatto, Ferandez, and Galbis and [84] by Kim
for issues concerning Gabor systems and almost
periodic functions)

(6) [85] by Chang, Guerekata, and Ponce for Bloch
(p, k)-periodic functions, antiperiodic functions,
and their applications

(7) [86] by Cheban for asymptotically almost periodic
solutions of linear and nonlinear equations

(8) [87] by Emel’'yanov for weakly almost periodic
C,-semigroups

(9) [88] by Hino, Naito, Minh, and Shin and [89] by
Guérékata for spectral analysis of almost periodic
functions and Massera-type theorems [90]

(10) [91] by Hsu for weakly almost periodic functions

(11) [92] by Stamov for almost periodic solutions of
impulsive differential equations (see also research
monographs [93] by Bainov and Simeonov, [94] by
Perestyuk, Plotnikov, Somoilenko, and Skripnik,
[95] by Stamova and Stamov, and [96] by Song,
Gno, and Shi for more details on the subject)

Concerning the existence and uniqueness of almost
periodic-type solutions of inhomogeneous evolution equa-
tions of first order, the notions of hyperbolic evolution
systems and Green’s functions are incredible important; for
more details on the subject, we refer the reader to
Acquistapace [97], Acquistapace and Terreni [98], Chang
and Chen [99], Diagana [75], Khalil [100], Schnaubelt [101],
Zhikov [102, 103], and the list of references in [12]. The
almost periodic- and almost automorphic-type solutions of
the abstract Cauchy problems,

u' (1) = A(u(t) + f (1),
u' () =Au(t) + f (1),

and their semilinear analogues have been investigated in a
great number of research papers. Without going into full
details, we will only refer the readers to research mono-
graphs [75] by Diagana and [12] by Kosti¢, articles [104] by
Baroun, Maniar, and Schnaubelt and [105] by Baroun,
Ezzinbi, Khalil, and Maniar, and the list of references
therein. Concerning the applications of evolution systems in
the theory of the second-order nonautonomous differential

teR,

t>0; u(0) =x, (20)
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equations, mention should be made of paper [106] by
Zakora.

The almost periodic and almost automorphic functions
on time scales and their applications to the abstract Volterra
integrodifterential equations have recently been considered
by numerous mathematicians (for time-scale calculus, we
warmly recommend monograph [107] by Bochner and
Peterson). It would be really troublesome to quote here all
relevant references concerning the almost periodic traveling
wave solutions and the almost automorphic traveling wave
solutions for various classes of nonlinear partial differential
equations. For more details about the above problematic, we
refer the reader to the references cited in [5].

The definitions and basic properties of (w,c)-periodic
and (w, c)-pseudo-periodic functions were introduced and
analyzed by Alvarez, Gémez, and Pinto in [108, 109], mo-
tivated by some known results regarding the qualitative
properties of the solution to Mathieu’s linear differential
equation y" (t) + [a —2gcos2t]y(t) = 0, arising in mod-
eling of railroad rails and seasonally forced population
dynamics (w>0 and ¢ € C\{0}). The linear delayed equa-
tions can have (w,c)-periodic solutions as well (see, e.g.,
[109], Example 2.5). The notions of antiperiodicity and
Bloch periodicity are special cases of the notion of an
(w, ¢)-periodicity, which has also been analyzed in [110].

The authors of [109] analyzed the existence and
uniqueness of mild (w,c)-periodic solutions to abstract
semilinear integrodifferential equation (10). Furthermore,
Alvarez, Castillo, and Pinto analyzed in [108] the existence
and uniqueness of mild (w, ¢)-pseudo-periodic solutions to
the abstract semilinear differential equation of the first order:

u' (t) = Au(t) + f(t,u(t), teR, (21)

where A generates a strongly continuous semigroup. The
authors proved the existence of positive (w, c)-pseudo-pe-
riodic solutions to the Lasota-Wazewska equation with
(w, c)-pseudo-periodic coefficients:

Y (£) = =0y () + h(t)e *D D ¢, (22)

This equation describes the survival of red blood cells in
blood of an animal (see, e.g., Wazewska-Czyzewska and
Lasota [111]). Concerning the applications to time-varying
impulsive differential equations, mention should be made of
article [112] by Wang, Ren, and Zhou; also, cf. article [113]
by Mophou, Guérékata, and Milce and article [114] by Li,
Wang, and Fetkan. For further information about
(weighted) pseudo-almost periodic solutions and (weighted)
pseudo-almost automorphic solutions of various types of
abstract Volterra integrodifferential equations, we refer the
reader to [115-122] and [123-130].

Before we explain the main results and applications of
multidimensional-type functions, we will single out a few
important topics for our readers.

Almost periodic functions of complex variables: the
theory of almost periodic functions of one complex variable,
initiated already by Bohr in the third part of [1], is still very
popular and attracts the attention of many mathematicians
(see, e.g., [131-134]). Suppose that —co<a << + 0o and
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the function f: Q = {z € C: a <Rz < B} — X is analytic.
Then, we say that f () is almost periodic if and only if for any
¢>0 and every reduced strip {z € C: o' <Rz <f'}, where
a<a' <B <P, there exists a number >0 such that each
subinterval of length [ of R contains a number 7 satisfying
the inequality

If(z+it) - f(2)l<e, fora' <Rz<p'. (23)

In particular, this definition implies that, for any fixed
o € (a, p), the function f,(t) = f(o+it), t € R, is almost
periodic. Moreover, the definition implies that the almost
periodicity should be uniform on various straight lines, with
the meaning being clear. The Fourier series of these func-
tions can be obtained from a certain exponential series with
complex coeflicients; the associated series is called the
Dirichlet series of f(-). As for the functions of one real
variable, Bohr’s notion of almost periodicity of f(-) in a
vertical strip Q is equivalent to the relative compactness of
the set of its vertical translates, {f (- + ih): h € R}, with the
topology of the uniform convergence on reduced strips.
Mean motions and zeros of generalized almost periodic
analytic functions have been analyzed by Borchsenius and
Jessen in [135], where the reader can find several important
applications to the Riemann zeta function (also, see [136]
and the references therein for further information about
applications of results from the theory of almost periodic
analytic functions to the Riemann zeta function). For more
details about subharmonic almost periodic functions and
holomorphic almost periodic functions, we refer the reader
to [131, 137-140] and references cited therein.

C™-almost periodic functions: the notion of C-al-
most periodicity was introduced by Adamczak [141] in 1997
and later received great attention of many other authors. In
this article, we will only say a few words about generalized
C™-almost periodic functions and possibilities for further
expansions. Several different classes of Stepanov-like
C_pseudo-almost automorphic functions have been an-
alyzed by Diagana, Nelson, and N’Guérékata in [142]. For
example, let 1< p<oco, let neN, and let f € Lf (I: X).
Then, we say that (see [5] for the notion)

(i) the function f(-) is Stepanov-p-C (" _almost peri-
odic, f € C™ — APSP (I: X) for short, if and only if
for each k=0,1,...,n, we have that
f® e APSP(I: X).

(ii) the function f € L? ([0, 00): X) is asymptotically
Stepanov- p-C™-almost periodic,
f e C" — AAPSP ([0,00): X) for short, if and only
if for each k=0,1,...,n, we have that
f® ¢ AAPS? ([0,00): X). The following defini-
tions have been analyzed in [12].

(iii) the function f(-) is equi-Weyl—p-C(”)-almost pe-
riodic, f €e— cm - ng(I: X) for short, if and
only if for each k=0,1,...,n, we have that
f® ee-WE, (I X).

(iv) the function f(-) is Weyl-p-C™-almost periodic,
fe cm - W‘ZP(I: X) for short, if and only if for
eachk =0,1,...,n, we have that f(k) € ng (I: X).
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(v) the function f (-) is Besicovitch-Doss- p-C ) _almost
periodic, f € C™ — BP(I: X) for short, if and only
if for each k=0,1,...,n, we have that
f® e BP(I: X).

Using the same idea, we can introduce and analyze a
great number of C™-almost automorphic function spaces
[12]. For example, the function

[ee]

Fi) = Z%, teR, (24)

n=1

is C@-almost periodic but not C®-almost automorphic.
Furthermore, for any real-valued function
g € C® — AA(R: C) satisfying inf g" 7 (t) > 0, we have that
the function e

f(r):ZL’f), teR, (25)
n=1

n

belongs to the space CP-AAS! (R: C)\C®-AAS! (R: C);
see, e.g., [142], Example 2.23. It is clear that we can slightly
generalize the notion of all the aforementioned function
spaces by using the definitions and results from the theory of
LP™)_spaces.

Before proceeding further, we also want to mention
research articles [2, 124, 143-147] by the second-named
author as well as to recall the following question proposed in
[12]: is it true that the classes of Besicovitch-p-almost pe-
riodic functions and Besicovitch-Doss-p-almost periodic
functions coincide in vector-valued case (1< p < 00)?

Nemytskii operators between Stepanov almost periodic
function spaces: let p and g be two real numbers belonging to
the interval [1, 00), and let T'> 0. It is said that f: (0,T) x
X — Y is a Carathéodory function if and only if the fol-
lowing holds:

(i) The mapping t — f (¢, x), t € (0,T), is measurable
for any fixed element x € X

(ii) For a.e. t € (0,T), the function f (t,-) is continuous
from X and Y

Now, consider the Nemytskii
N LP((0,T): X) — L1((0,T): Y) by

[V (@] (@)= ft,w®), te(0,T), welLl(0,T):X).
(26)

operator

The well-known result of Lucchetti and Patrone ([148],
Theorem 3.1) states that the Nemytskii operator is well
defined between these spaces if and only if there exist a >0
and b € L?((0,T)) such that, forall x € X and a.e.t € (0,T),
we have

I (&, )l < allx] P9 + b(t). (27)

In this case, the Nemytskii operator is continuous.

Concerning the Nemytskii operator between the spaces
of almost periodic functions AP(R: X) and AP(R:Y), it
should be noted that we have the equivalence of the fol-
lowing statements (see, e.g. Blot, Cieutat, Guérékata, and
Pennequin [149]):

(i) The Nemytskii operator = AP(R: X) —
AP(R: Y) is continuous.

(ii) For each compact set K € X and for each ¢ >0, the
set

{T € R: supsup ||f(t+T)—f(t,x)||Se}, (28)

teR xeK

is relatively dense in R.

(iii) For all x € X, f(-,x) € AP(R:Y), and for each
compact set K< X and for each ¢> 0, there exists
0 >0 such that, for each x;, x, € K and for each
t € R, we have the implication: [x; —x,|<
d=|f(t,x)) - f(t,x,)l<e.

A similar statement holds for the continuity of the
Nemytskii operator between the spaces of almost auto-
morphic functions AA(R: X) and AA(R: Y); see, e.g., the
recent paper ([150], Theorem 2.3) by Cieutat. Several nec-
essary and sufficient conditions clarifying the continuity of
Nemytskii operators between almost periodic and almost
automorphic spaces in the sense of Stepanov approach can
be found in [150], Section 4.

Geometric properties of generalized almost periodic
function spaces of Orlicz type: in his fundamental paper [151],
Hillmann investigated the Besicovitch-Orlicz spaces of almost
periodic functions. After that, numerous mathematicians
working in the field of almost periodic functions have inves-
tigated the geometric properties of generalized almost periodic
function spaces of Orlicz type. Here, we will describe the results
of Morsli and Smaali established in [152] and the results of
Bedouhene, Djabri, and Boulahia established in [153], only; for
more details on the subject, we refer the reader to the list of
references quoted in these papers and [5].

Assume that the function ¢: R x [0,00) — [0, 00)
satisfies the following conditions:

(i) For every t € R, we have ¢(¢,0) =0

(ii) For every t € R, the mapping u+— ¢ (t,u), u>0, is
convex

(iii) ¢ (t+ L,u) = ¢(t,u) forall t e R and u>0
(iv) For every u >0, we have inf, .z (t,u) = ¢ (1) >0

If f: R — [0, +00] is a measurable function, then it is
well known that the function

fl—»p(p (f) =1lim t sup % J_t e(tlf (®)Ddt, f e M(R),

(29)
is convex and pseudo-modular.
In [152], the authors defined the Besico-
vitch-Musielak-Orlicz space associated to ¢ (-,-) by
BY(R) = {f e M(R): lim p, (af) = 0}. (30)
a—0+

We have
B?(R) ={f € M(R): (3a>0), p,(af)<co}. (31)

The space B?(R) is equipped with the pseudo-norm
Ifll, = {k>0: p, (f/k)<1}.



The authors introduced two different types of Besico-
vitch-Musielak-Orlicz spaces of almost periodic functions,
B}, (R) and B, (R), as follows: A function L fiR— Cis
sald to belong to the space BY, ap. (R), resp. B} (R) if and
only if there exists a sequence (f,) of trlgonometrlc poly-
nomials such that, for every k > 0, resp. there exists k > 0 such
that hmnﬁwop (k(f,— f)) =0. Then, we clearly have
BY, (R)C B! (R) C B? (R).

I (¢, 11} = I, then by B (R),
we denote the respective spaces

Let us recall that a function ¢: R x [0,00) — [0, 00) is
strictly convex if and only if ¢ (£, Au + (1 —A)v) <A (t,u) +
(1-Me(t,v) for ae. teR and for all A€ (0,1),
0 <u <v<00.On the contrary, a normed linear space (E, | -
[) is said to be strictly convex if and only if

+
<1

B,, (R), and B' (R),

provided that ||x|| = [yl = 1and x # y.
(32)

It is said that the function ¢(.,-) satisfies the A,-con-
dition if and only if there exist a number k>1 and a
measurable nonnegative function /4 (-) such that Py (h)< o0
and ¢ (t,2u) <ke(t,u) for almost all t € R and all u>h(t).

Let f € B(P _(R). Then, due to [152], Proposition 1, we
have  ¢(.| f (- )_I € B1 (R) so that the limit
limp_,, 12T | . ¢(t, If(t)I)dt always exists and is finite.
The main result of paper is [152], Theorem 1, which states
that the space BY ». (R) is strictly convex if and only if ¢ (-, )
is strictly convex and satisfies the A,-condition.

Ergodicity in Stepanov-Orlicz spaces was investigated in
[153]. Let us recall that a convex function ¢: R — [0, 00) is
said to be an Orlicz function if and only if it is nonde-
creasing, even, and continuous on R and satisfies ¢ (0) = 0
¢ (u)>0 for u>0, and lim,, ¢ (1) = +00. In the newly
arisen situation, we say that the function ¢(-) satisfies the
A,-condition if and only if there exist real numbers k > 1 and
uy >0 such that ¢ (2u) <ke (u) for |u| >u,. For any Orlicz
function ¢: R — [0,00), it can be simply proved that
f € PAP,(R: X) ifand onlyif ¢ (|| fIl) € PAP, (R: X). Here,
PAP; (R: X) stands for the space consisting of all pseudo-
ergodic components, i.e., the bounded continuous functions
®: R — X, such that

lim zlzj 1 ()[1ds = 0. (33)

For any vector-valued measurable function f: R — X,
we define the positive function

x+1
pss (f) = S%EJQ ¢l f (s)lhds. (34)

The Stepanov-Orlicz function space generated by ¢ is
defined by

BS*(R, X) = {f € M(R: X); (3a>0)pg (af) < 0o},
(35)

We know that the vector space BS? (R, X) equipped with
the Luxemburg norm
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x+1

I fllgs = inf{k>0: su{gj SIS (s)ll/k)ds < 1}, (36)

X

is a Banach space. It is also worth noting that the Morse-
Transue space type

BS (R, X) = {f € M(R,X); (3a>0)pg; (af) < 0},
(37)

equipped with the Luxemburg norm, is a closed subspace of
BS?(R,X), which is commonly called the Besico-
vitch-Orlicz class. We know that BS? (R, X) = BS’ (R, X) if
and only if ¢(-) satisfies the A,-condition.

Furthermore, for any p € C, (R), we define the Musi-
elak-Orlicz modular-type space

BSPY (R, X) = {f € M(R: X); (3a>0) sup
xeR

x+1 (38)
: j (L (IR)POds < 1}.

X

For any function f e BS’(R,X), the notion of
BSPY) (R, X)-ergodicity in the norm sense and the notion of
BSPO) (R, X)-ergodicity in the modular sense are introduced
in [153], Definition 3.1, and [153], Definition 3.2, respec-
tively. Due to [153], Proposition 3.4, these concepts are
equivalent.

Let ¢: R — [0,00) be an Orlicz function. In [153],
Definition 3.6, the authors introduced the notions of norm
ergodicity in Stepanov-Orlicz sense, modular ergodicity in
Stepanov-Orlicz sense, and strongly modular ergodicity in
Stepanov-Orlicz sense for a given function f € BS? (R, X).
After that, the authors further explored these notions in
[153], Theorems 3.8, 3.10, and 3.11, and provided several
illustrative examples in [153], Section 4.

Density theorems for almost periodic functions in
Hilbert spaces: in this section, we will inscribe a few relevant
results obtained by Haraux and Komornik in [154]; these
results have been obtained in their investigation of the
oscillatory properties of the wave equation. Denote X the
vector space of all square-integrable functions with zero
mean by X

T
Xy = «lf €Ly (R:C); f(t+T) = f (1), JO f(Hdt = o},
(39)

where T'>0. If the set A={T,,...,Ty} is a given set of
positive real numbers, we define X := Xy +--++ Xp .

If V is a certain collection of complex-valued functions
and I is an interval in R, then we set V; :== {f;: f € V}.In
[154], Theorem 1, the authors proved that there exists a
positive real number T (A) such that, for any interval I R,
we have

X, isdensein L* (I) if and only if |I| < T (A), (40)

where |I| denotes the length of interval I; furthermore, the
orthogonal complement of X, in L?(I) is finite-dimensional
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if |I| = T (A) and infinite-dimensional if |I| > T (A). Suppose
that |I| = T(A) and the orthogonal complement of X; in
L*(I) is p-dimensional for some integer p € N. If P,
denotes the vector space consisting of all complex poly-
nomials of degree <p —1 (also including the zero polyno-
mial), then in [154], Theorem 3(a), it is stated that Y, is dense
in L*(I), where Y := P, | + X; furthermore, Y, = L*(I) if
and only if p =1, which is equivalent to saying that
(P,»/Pj) € Q for 1<i<j<N. Due to [154], Theorem 3(b),
there exists a real-valued function h € L?(I) such that the
functions h, ', - - -, h?~! span X ; furthermore, if we extend
the function A (-) by zero to the whole real line and denote
the obtained function by H(-), then we know that the
function H (-) is a nonzero finite linear combination of Dirac
measures.

Almost periodicity in chaos: in this section, we will only
draw the attention of the readers to the results presented in
the tenth section of the recent research monograph [155] by
Akhmet. In [155], Section 10, the author investigated the
dynamical properties of the following system:

Y =Ay+G(t,y) + H(x(t), teR, (41)

where G: R x R" — R" is continuous in both variables
and almost periodic in variable ¢ uniformly for y € R", the
function H: R”™ — R" is continuous, and all eigenvalues of
the constant n x n real matrix A have negative real parts.
Roughly speaking, if the perturbation part H (x(t)) is
chaotic in a certain sense, then system (41) has the inter-
esting feature of chaos with infinitely many almost periodic
motions. The obtained results are well illustrated with several
numerical tests involving the coupled Duffing oscillators, for
which it is well known that they play an important role in
modeling of the enhanced signal propagation. The most
important notion used in [155], Section 10, is the notion of
the Li-Yorke chaotic set with infinitely many almost peri-
odic motions, which is introduced in [155], Definition 10.1,
for the equicontinuous families of uniformly bounded
functions x: R — A, where A is a nonempty compact
subset of R™. We would like to note here that this notion can
be introduced in the infinite-dimensional setting, even for
other types of chaos such as distributional chaos or mean
Li-Yorke chaos [156].

Almost periodicity in mathematical biology: there exist
numerous research articles concerning almost periodic- and
almost automorphic-type solutions for various classes of
ordinary and partial differential equations appearing in
mathematical biology (see, e.g., the recent article [157] by
Abbas, Dama, Pinto, and Sepulveda, monograph [5], and the
references quoted therein). In this section, we will present
the main details of the investigation [158] carried out by
Ding, Liang, and Xiao and the investigation [159] carried out
by Zhang, Yang, and Wang. The nonlinear functional dif-
ferential equation

p

x' (t) = —ax(t) + m,

n>0, (42)

was proposed by Mackey and Glass [160] for modeling of
hematopoiesis describing the process of production of all

types of blood cells generated by a remarkable self-regulated
system that is responsive to the demands put upon it. The
authors of [158] studied the following modification of (42):

p(x (t-1(t)

— , n>0, (43)
x (t—1(t))

x'(t) = —a(t)x(t) +

where a, p, 7: R — (0, 00) are almost periodic functions,
0<m<1, and [ > 0. The authors of [158] employed a fixed-
point theorem in cones to achieve their aims. The authors of
[159] considered the existence and global exponential
convergence of positive almost periodic solutions for the
generalized model of hematopoiesis, described by the fol-
lowing nonlinear functional differential equation:

S bi (1)

X' (t)=—a()x(t)+ )
i=1

4 m, n>0, (44)

where a,b;,7;;: R — (0, 00) are continuous functions for
i=1,2,...,m; clearly, this equation is a generalization of
(42). This model has been proposed by Gyori and Ladas to
describe the dynamics of hematopoiesis, i.e., blood cell
production. In any reasonable biological interpretation of
model (44), only positive functions x (-) can be accepted as
solutions. The main results of [159] are Theorems 3.1 and 3.2,
in which the authors assumed that a,b;, 7;;: R — (0, 00)
are almost periodic functions for i = 1,2,...,m. Set

- . + - . +
a —%Eﬂga(t),a =supa(t), b, _1?D£bi(t)>0, b;

teR

= sup b, (1),

teR

™ (45)
r = maxsup 7, (t) >0, M, = == M,

1<qsn 4 a
o

at(1+M7})

and suppose that n) " b} <a".

Then, there exists a unique positive almost periodic
solution of (44) in the closed set B*={fc¢
AP(R: R); M, < flloo <M, }. If we denotex™(-) this solu-
tion by x* (), then any solution x (¢; ¢,, ¢) of equation (44)
equipped with the initial condition

x,=¢, 9eC,,9(0)>0, (46)
converges exponentially to x* (t) ast — + 00; see [159] for
the notion and more details.

Interpolation by periodic and almost periodic functions:
the problems of interpolation by periodic and almost pe-
riodic functions were intensively studied by a group of
Polish mathematicians during the 1960s. Probably, the first
fundamental result in this direction was obtained in 1961 by
Mycielski [161], who proved that there exists a sequence (t,,)
of positive real numbers such that, for every sequence (g,) in
{0,1}, there exists a continuous periodic function
f: R — C such that f(t,) = ¢, for all n € N, answering a
question proposed earlier by Marczewski and Ryll-
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Nardzewski. Two years later, this result was extended by
Lipinski in [162], who proved that there exists a sequence
(t,) of positive real numbers such that, for every bounded
real function g(-) defined on the set {t,: n € N}, there exists
a continuous periodic function f: R — C such that
f(t,)=g(t,) for all neN. The essential thing in the
aforementioned results is a rapid increase of the sequence
(t,) as n— +o00: in [161], we concretely have that
t, = (3 +a)", where a> 0. Let us note that Ryll-Nardzewski
showed that, for every sequence (¢,) in {0, 1}, there exists a
continuous periodic function f: R — C such that f (3") =
g, for all n € N as well as that there does not exist a sequence
(t,) of positive real numbers with t, = O(2"), n € N, sat-
isfying the above property. Interpolation by almost periodic
functions was investigated for the first time by Hartman
[163] in 1961 and later reconsidered in a series of his joint
research papers with Ryll-Nardzewski [164-166] during the
period 1964-1967. In [164], the authors analyzed the fol-
lowing properties for the subset A of the real line R (and the
abelian topological groups):

I: A satisfies property I if and only if any bounded,
uniformly continuous function g: A — C can be
extended to an almost periodic function f: R — C

I,: A satisfies property I, if and only if any bounded
function g: A — C can be extended to an almost
periodic function f: R — C

The authors first proved that there are no sequence (¢,)
in {0, 1} and an almost periodic function f: R — C such
that f (n%) = ¢, for all n € N, provided that « >0 is not an
integer; this essentially follows from the equality

1Y, 1 (7
lim Zl f) = Jim I_T fod,  (47)

N—oco —o0 2T

which is valid for these values of number «a > 0. The main
results concerning properties I and I, and extensions to
uniformly continuous almost periodic functions were
proved in [164], Theorems 1 and 2, while the third main
result of this paper, [164], Theorem 3, analyzes a similar
problem for extensions to Stepanov almost periodic func-
tions. In [167], Strzelecki proved that any sequence (t,) of
positive real numbers such that (t,,,/t,)>1+6, neN,
where § > 0 is a fixed real number, has property I; later, this
result was extended in [165], Theorem 5. Interpolation by
Levitan almost periodic functions was considered by
Hartman in [168].

In the list of [5], we have also quoted some references
concerning subjects such as the Bohr compactifications,
almost periodic functions on C*-algebras, semiholomorphic
almost periodic functions, and certain interplays between
the almost periodicity and the representation theory.

3. Almost Periodic Functions of Several Real
Variables and Their Applications

The notion of almost periodicity can be simply generalized to
the case in which I = R". Suppose that F: R" — X is a
continuous function. Then, we say that F(.) is almost
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periodic if and only if for each &> 0, there exists [ >0 such
that, for each t, € R”, there exists 7 € B(ty,[) such that

IF(t+71)-F(tll<e, teR" (48)

This is equivalent to saying that, for any sequence (b,,) in
R", there exists a subsequence (a,,) of (b,,) such that (F (- +
a,)) converges in C, (R": X). Any trigonometric polynomial
in R” is almost periodic, and it is also well known that F (-) is
almost periodic if and only if there exists a sequence of
trigonometric polynomials in R” which converges uniformly
to F(-); let us recall that a trigonometric polynomial in R" is
any linear combination of functions such as t+—— e/t
t € R", where A € R" and (-, -) denotes the inner product in
R". Any almost periodic function F: R” — X is almost
periodic with respect to each of the variables, but the
converse statement is not true since the function
(ty,ty) — cos(tit,), t;, t, € R, is almost periodic with
respect to both variables t; and ¢, but not almost periodic
with respect to (t,,¢,). Furthermore, for any almost periodic
function F(-), we have that, for each £ > 0, there exists [ >0
such that, for each t, € {(t,t,...,t): t € R}, there exists
T € B(t,,[)n{(t,t,...,t): t € R} such that (48) holds. Any
almost periodic function F(-) is bounded, the mean value

1
M(F) = lim —J F(ydt, 49
( ) T—+00 (ZT) s+Kp ( ) ( )
exists, and it does not depend on seR" here,

Kp={t=(t,ty,...,t,) € R": |t;|<T, for1<i<n}. 'The
Bohr-Fourier coeflicient F) € X is defined by

Fy=M(e“*F()), 1eR, (50)

where (-, -) denotes the usual inner product in R”. The Bohr
spectrum of F(-), defined by o (F) := {A € R™: F, #0}, is at
most a countable set.

The almost periodic functions of two real variables are also
investigated by Besicovitch in the classic [169]. Here, we
would like to note that the results established in [169] can be
straightforwardly generalized to the almost periodic functions
of several real variables. For example, if ¢; is a fixed variable
from the set {t;,...,t,}, then the function t,+—
F(t,...,t;...,t,), t; € R, is almost periodic for every fixed

real number t,,...,t,_|,t;,,...,t, so that the mean value
1
M {F(t},... t,)} = lim —
t,»{ (1 n)} Tii>+oo 2Tz
(51)
T;
J F(ty,.. .oty . t,)dt;,
_T.

i

exists. Considering M, {F(t,,...,t,)} as a function of the
variables t,,...,t; 1st;,1- . -»t,, it can be easily shown that it
is almost periodic in R""!. Therefore, we can calculate the
repeated mean value

<Mtj °Mti){F(t1, oot}
(52)
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for any fixed real numbers from the set {t,,.. ., tn}\{t,», tj}. If
we fix these numbers in advance, we can apply ([169],
Corollary, p. 63) to the almost periodic function

F,.j(t,.,tj) = F(tl,...,ti,...,tj,...,t,,), (ti,tj) e R%,
(53)

in order to see that

(Mo oM, )(F (b1 )} = (M oM, )P (61 t,))

(54)

Inductively, we easily get that, for every finite tuple of

different variables (t; ,...,t;), where 1 <i, <i, <--- <ij<n,

and for every permutation o: {i},..., i} — {i;,...,i;}, we
have

(Mt. o °Mtil>{F(t1>---’tn)}

n

- (Mtg(q) o... o1\/1%[(1_1)){17@1, o)k

By AP(R"™: X) and AP, (R": X), we denote, respec-
tively, the Banach space consisting of all almost periodic
functions F: R" — X, equipped with the sup-norm, and its
subspace consisting of all almost periodic functions
F: R" — X such that o (F) € A. As is well known, for every
almost periodic function F € AP, (R": X), we can always
find a sequence (P)) of trigonometric polynomials in R”
which uniformly converges to F (-) on R" and satisfies that
0(P,) €A for all k € N; see, e.g., [170], Chapter 1, Section
2.3. The Wiener algebra APW (R": X) is defined as the set of
all functions F: R" — X such that its Fourier series
converges absolutely;
APW, (R": X) = APW (R": X)n AP, (R": X). It is well
known that the Wiener algebra is a Banach algebra with
respect to the Wiener norm ||F|| =Y, milFyls
F € APW (R": X), as well as that APW (R": X) is dense in
AP (R": X).

The theory of almost periodic functions of several real
variables has not attracted so much attention compared with
the theory of almost periodic functions of one real variable
by now. In the following, we will remind the readers of
several important investigations of multidimensional almost
periodic functions carried out so far:

(55)

1. Problems of Nehari type and contractive extension
problems for matrix-valued (Wiener) almost peri-
odic functions of several real variables have been
considered by Rodman, Spitkovsky, and Woerde-
man in [171], where the authors proved a general-
ization of the famous Sarason’s theorem. In their
analysis, the notion of a half-space in R” plays an
important role: a nonempty subset S CR" is said to
be a half-space if and only if the following four
conditions hold:

(i) R" = Su (=S)
(i) {0} =S8N (=)
(iii)) S+ScS
(iv) a-SCS for >0
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For any half-space S, we can always find a linear
bijective mapping D: R” — R" such that S = DE,,
where E,, is a very special half-space defined on [172],
p- 3190. In [172], Theorem 1.3, Rodman and Spit-
kovsky proved that if S is a half-space and ACS,
0eA, and A+ACA, then AP, (R™ C) and
APW, (R": C) are Hermitian rings. See also [173].

(2) Let us recall that a subset A of R" is called discrete if

and only if any point A € A is isolated in A. By 7/,
we denote the vector space of all finite complex-
valued trigonometric polynomials Y, ,c(1)e™™*
whose frequencies A belong to A. The space of mean-
periodic functions with the spectrum A, denoted by
@, is defined as the closure of the space 7', in the
Fréchet space C(R"). Clearly, AP, (R": C) is con-
tained in €, but the converse statement is not true,
in general. The problem of describing the structure of
closed discrete sets A for which the equality
AP, (R": C) = €, holds was proposed by Kahane in
1957. For more details about this interesting prob-
lem, we refer the reader to the survey article [174] by
Meyer; for more details about mean-periodic func-
tions, see also the lectures by Kahane [175].

(3) In 1971, Basit [176] observed that there exists a

complex-valued  almost  periodic  function
f: R? — C such that the function F: R* — C,
defined by F(x,y)= [ f(t,y)dt, (x,y) € R, is
bounded but not almost periodic. This result was
recently reconsidered by Alsulami in [177], Theorem
2.2, who proved that, for a complex-valued almost
periodic function f: R? — C, the boundedness of
the function F(-) in the whole plane implies its al-
most periodicity, provided that there exists a com-
plex-valued almost periodic function g: R* — C
such that f, (x,y)=g,(x,y) is a continuous
function in the whole plane. This result was proved
with the help of an old result of Loomis which states
that, for a bounded complex-valued function
f: R" — C, the almost periodicity of all its partial
derivatives of the first order implies the almost pe-
riodicity of f(-) itself. Let us observe that the
aforementioned result of Alsulami can be straight-
forwardly extended, with the same proof, to
the almost periodic functions f: R" — C; in actual
fact, if the function f:R" — C 1is almost
periodic, the function F(x,x,,...,%,) =

[o ftxyx)dt, (X xp...0x,) €R® s
bounded, and there exist almost periodic
functions G:R"—C such that
Fo (%1%, 5%,) = (G, (X1, %5, .,x,)  is a
continuous function on R”, for 2<i<n, then the
function F: R" — C is almost periodic.

(4) In [178-183], Khasanov investigated the approxi-

mations of uniformly almost periodic functions of
two variables by partial sums of Fourier sums and
Marcinkiewicz sums in the uniform metric, provided
certain conditions.



(5) In [184, 185], Latif and Bhatti investigated several

important questions concerning almost periodic
functions defined on R” with values in locally convex
spaces and fuzzy-number-type spaces (almost peri-
odic functions defined on R" with values in
p-Fréchet spaces, where 0 < p < 1, were investigated
in [186] by N’Guérékata, Latif, and Bhatti).

Concerning applications made so far, we recall the
following:

(1 )The problem of the existence of almost periodic

solutions for the system of linear partial differential
equations Z Lijuj = fi,1<i<n, on R™, where L;;
is an arb1trary linear partial differential operator on
R™, was analyzed by Sell [187, 188]. He extended the
results obtained by Sibuya, where the author ana-
lyzed the almost periodic solutions of Poisson’s
equation.

(2) The almost periodic solutions of the (semilinear)

systems of ordinary differential equations were an-
alyzed by Fink in [189], Chapter 8, with the help of
fixed-point theorems. Furthermore, Liu Bao-Ping
and Pao investigated the almost periodic plane wave
solutions of certain classes of coupled nonlinear
reaction-diffusion equations [190]; in their approach,
a solution u (¢, x) of such a system, where € R and
x € R", is almost periodic in R™! and satisfies that
u(t, x) is almost periodic in the time variable t € R
and periodic in each spatial variable (see [190],
Theorem 2).

(3) In his doctoral dissertation [191], Alsulami consid-

ered the question whether the boundedness of so-
lutions of the following system of partial first-order
differential equations

us(s,t) = Au(s,t) + f, (s, 1),

(56)
u(s,t) = Bu(s,t) + f(s,t),  (s,8) € R,

implies the almost periodicity of solutions to (56). He
analyzed this question in the finite-dimensional
setting and the infinite-dimensional setting, using
two different techniques; in both cases, A and B are
bounded linear operators acting on the pivot space
X.

(4) In [192-194], Spradlin provided several interesting

results and applications regarding almost periodic
functions of several real variables. The existence of
positive homoclinic-type solutions of the equation

—Au+u=H(t)f (u), (57)

where H () is almost periodic and the first integral of
f(+) satisfies certain superquadraticity and critical
growth conditions, has been analyzed in [194],
Theorem 1.2. The equations of type

&’ Au + H(Hu = f (u), (58)

Journal of Mathematics

arise in the study of the nonlinear Schrddinger
equations (¢>0). A qualitative analysis of solutions
of (58) has been carried out in [193], provided the
almost periodicity of function H (-) and several other
nontrivial assumptions.

(5) The existence and uniqueness of almost periodic

solutions for a class of boundary value problems for
hyperbolic equations were investigated by Ptashnic
and Shtabalyuk in [195] (also, cf. the sixth chapter in
monograph [53] by Ptashnic). In the region D,
(0,T)xR? (T'>0, p € N), they have analyzed the
well-posedness of the following initial value
problem:

L i Z *"u(t, x) 0 (59)
u= g n-2s~_ « a, = YU
5=0]aj=2s ot ox . 0x
o lu
7'_|t:0 = q) (x))
a'{] 1 ' (60)
oty )
Spler = @ (), (1<j<n).

The basic assumption employed in [195] is that
equation (59) is Petrovsky-hyperbolic, i.e., for each
p= (.. p4py) €RP,all A-zeroes of the
equation

Z Z /1271 2s ocl zxz'“‘ugp =0, (6])

s=0|a|=2s

are real. The basic function space used is the Banach
space C% (DP) consisting of all g-times continuously
differentiable functions u (¢, x) in D? that are Bohr
almost periodic in variables x;, x,, . . ., x,,, uniformly
in t € [0,T], equipped with the norm

Mu(t, x)

lull -« 57y == sup sup e
Cs (DP) 0<lsl<q (t,x)eDP ot aX ax;"

(62)
and by C% (RP), the authors designated the subspace
of C% (DP) consisting of those functions which do
not depend on variable t. The existence and
uniqueness of solutions of initial value problems (59)
and (60) have been investigated in the space
C¥(DP), under the  assumption  that
9; (x) € Cy(R?) and r € N is sufficiently large. If
M, = {uy: "kezr } is the union of spectrum of all
functlons ¢, (x),. .., ,,(x), the solutions u (t, x) of
problems (59) and (60) have been found in the form

_ iugx)
u(t,x)_kzzpuk(t)e P, € M, (63)
€

where the functions u (t) satisfy certain conditions
and have the form given in equation ([195], (8), p
670). The uniqueness of solutions of problems (59)
and (60) has been considered in [195], Theorem 1,
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while the existence of solutions of problems (59) and
(60) has been considered in [195], Theorem 2.

(6) The class of vector-valued remotely almost periodic
functions defined on R" was introduced by Yang and
Zhang in [196]. In the same paper, the authors
provided several applications in the study of the
existence and uniqueness of remotely almost peri-
odic solutions for parabolic boundary value prob-
lems. A function F: R" — X is said to be remotely
almost periodic if and only if for each ¢ > 0, the set of
all vectors 7 € R" for which

lim sup

|t|—+0c0

IF(t+1)-F(t)<e (64)

is relatively dense in R” (the vector 7 is called a remotely
e-translation vector of F(-)); furthermore, if @+ QcR™,
then a continuous function F: R" x ) — X is said to be
remotely almost periodic in t € R” and uniform on compact
subsets of Q) if and only if F (-, y) is remotely almost periodic
for each y € Q and is uniformly continuous on R" x K for
any compact subset K € Q). The following statements hold in
the scalar-valued case (see, e.g., [196], Propositions 2.1-2.3):

(i) If F(+), resp. F (+; ), is remotely almost periodic and
the function (0F/ot;(-)), resp. (OF/ot;(-;-)), is
uniformly continuous on R", then the function
(0F/ot;), resp. (OF/ot;(;-)), is remotely almost
periodic, as well (1<i<n).

(ii) If the functions F, (-), ..., Fi (-) are remotely almost
periodic (k € N), then for each ¢ > 0, the set of their
common e-translation vectors is relatively dense in
R".

(iil) If the functions H,(-),...,H(-) are remotely al-
most periodic (k € N) and (H, (t),...,H(t)) € Q
forallt € R, then for every remotely almost periodic
function F: R x Q — C, we have that the function

t— F(H,(t),...,H (1)), teR, (65)
is remotely almost periodic.

In [196], Propositions 2.4-2.6, the authors examined the
existence and uniqueness of remotely almost periodic so-
lutions of multidimensional heat equations, while the main
results of the third section of this paper are concerned with
the existence and uniqueness of remotely almost periodic-
type solutions of certain types of parabolic boundary value
problems.

The boundedness and almost periodicity in time for
certain classes of evolution variational inequalities, positive
boundary value problems for symmetric hyperbolic systems,
and nonlinear Schrodinger equations have been investigated
in the third and fourth section of the important research
monograph [170] by Pankov (for almost periodic properties
of Schrodinger equations and Schrodinger-type operators,
see the reference list of [5]). Spatially, Besicovitch almost
periodic solutions for certain classes of nonlinear second-
order elliptic equations, first-order hyperbolic systems,
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single higher-order hyperbolic equations, and nonlinear
Schrodinger equations have been investigated in the fifth
section of this monograph. For more details about the ap-
plications of Stepanov multidimensional almost periodic
functions and Weyl multidimensional almost periodic
functions, as well as to some interplays between the mul-
tidimensional almost periodic functions, calculus of varia-
tions, and homogenization theory, we refer the reader to
notes and appendices to the third section of [5].

It is worth mentioning that Spradlin constructed, in
[192], an almost periodic infinitely differentiable function
G: R" — R with no local minimum (it can be simply
shown that this situation cannot occur in the one-dimen-
sional case because any almost periodic function
g: R — R must have infinitely many local minima); this
important peculiarity of almost periodic functions of several
real variables was perceived twenty five years ago. The
construction of an almost periodic function G: R" — R
with no local minimum, established in [192], is very com-
plicated, and the proof of the main result of this paper ([192],
Theorem 1.0) contains almost eight pages including some
preliminaries. It can be easily proved, by observing that the
function G(x,y) is strictly positive, that the function
(x,y)—H(x,y) = ng(t,y)dt is bounded and not al-
most periodic in the plane. As already mentioned, the ex-
istence of a complex-valued almost periodic function
H (x, y) with these properties was clarified by Basit (1971)
with very obscure evidence, not including the smoothness of
G (x, y) or its nonnegativity.

At the end of paper [192], Spradlin proposed the fol-
lowing questions:

(1) The almost periodic function F: R* — R con-
structed in the proof of [192], Theorem 1.0, has an
absolute maximum at the point (0,0). Does there
exist an almost periodic function F: R” — R with
no local minimum or maximum?

(2) Does there exist a real analytic almost periodic
function F: R” — R with no local minimum or
maximum?

(3) Is it true that a continuously differentiable almost
periodic function F: R” — R has a critical point?

(4) Does there exist a quasi-periodic function
F: R" — R with no local minimum (local mini-
mum or maximum)?

To the best of authors’” knowledge, all these questions are
still open. Concerning open problems, we also want to re-
mind our readers of article [197] by Basit.

Now, we would like to say something more about the
following intriguing topics.

Multivariate trigonometric polynomials and approxi-
mations of periodic functions of several real variables:
without any doubt, trigonometric polynomials of several real
variables, sometimes also called multivariate trigonometric
polynomials, present the best-explored class of almost pe-
riodic functions of several real variables. Multivariate trig-
onometric polynomials have an invaluable importance in the
theory of approximations of periodic functions of several
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real variables, especially in the two-dimensional case. For the
basic source of information about this subject, the reader
may consult research monographs [198] by Dumitrescu,
[199] by Dung, Temlyakov, and Ullrich, and [200, 201] by
Temlyakov, research article [202] by Temlyakov, and the list
of references quoted in [5].

In this part, we will briefly explain the main results and
ideas of papers [203] by Babayev, [204] by Pfister and
Bresler, and [205] by Kdmmerer, Potts, and Volkmer. If
f: R — R belongs to the space C,, of all real continuous
functions of period 27, then it is well known that the Vallee
Poussin singular integral V (), defined by

1 (2!

e J f(t)COSZkt_Tx dt,

Vi) = k-

(66)
x € R (k eN),

has the property thatlim;_,, V; (x) = f (x), uniformly for
x € R. This result of Vallee Poussin improves the classical
Weierstrass second theorem on the density of trigonometric
polynomials in the spaces of continuous functions. Two-
dimensional Vallee Poussin singular integral V; , (-), de-
fined for each x € R by (k, m € N),

v e 1 ! Cm!
ke \ X5 V) = (2n)? k-1 2m -1
(67)
4 Zkt_x ZkT_y
.Jinf(t,r)cos Tcos 5 dr,
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has been introduced in [203], Definition 2. In the
same paper, the author showed that lim;_
lim,, Vi, (%) = f(x, ), uniformly for (x,y) € R?,
as well as that V, (x, y) is a trigonometric polynomial in
variables x and y, for all k, m € N (see [203], Theorem 2).
For proving the last fact, the author used a lemma clarifying
that the product of two trigonometric polynomials of two
variables is also the trigonometric polynomial of two vari-
ables whose order equals the sum of order of cofactors as
well as that any even trigonometric polynomial T'(x, y), i.e.,
a trigonometric polynomial T (x, y) which satisfies that
T(—x,-y)=T(x,9), T(=x,y)=T(x,y), and T(x,-y) =
T (x; y) identically for (x,y) € R?, may be represented in
the form

T(x,y)=A+ z Z(akl coskx cosly + by cos kx + ¢y cosly),

k=11=1
(x,y) € R?,
(68)

which does not contain the sines of multiple arcs (see [203],
Lemmas 3 and 4). We would like to note that the obtained
results continue to hold in the vector-valued case.

In [204], Pfister and Bresler investigated bounding
multivariate trigonometric polynomials and gave some
applications to the problems of filter bank design. Denote

T} = span{e™V: 1 € [0,27]", k € Z", |k|| = sup,i, || <1}, (e N),
(69)
2k
@y = {iz k=0,1,...,N - 1}, (N € N).
N
P 1Py 00
For any N € N and for any real-valued trigonometric I1Pllo < (73)

polynomial
!

! I
Z Z > Z Cklkz...k”eml> €T}, (70)
ot R Syt

P\ = .
k=lk=—1 k=

i.e, the multivariate trigonometric polynomial P(:) for
which Chydeyyonk, = Cikl,—kz “k, (k|| < I;star denotes complex

.....

conjugation), we define
IPlloo = maxyc (g2, |P (M) and [|Pllys o, = maxAG%IP()L)L
(71)

Then, two well-known results of the approximation
theory state that

1Pl < 1Pl opayoo (1 + 47+ 277 In (21 + 1)), (72)

and in the one-dimensional case,

V1= (QRIN)Y

In [204], Theorem 1, the authors showed that the as-
sumptions N > 2/ + 1 and a = (2I/N) yield the existence of a
positive real constant C};; € [0, (1 —a)” 2] such that

IPloo < CrpllPlinecos P €TY, (74)

and C} IPllyn oo = IPlow = O(In/N), P € T}. In order to
achieve their aims, the authors used the de la Vallee Poussin
kernels and the tensor products of one-dimensional
Dirichlet kernels.

In [205], the authors investigated certain algorithms for
the approximation of multivariate periodic functions by
trigonometric polynomials, which are based on the use of a
single one-dimensional fast Fourier transform and the so-
called method of sampling of multivariate functions on
rank-1 lattices. In their analysis, the authors used periodic
Sobolev spaces of generalized mixed smoothness and
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presented some advantages of their method compared to the
method based on the trigonometric interpolations on
generalized sparse grids. Some numerical results and tests
are presented up to dimension n = 10, as well.

Almost periodic pseudo-differential operators and
Gevrey classes: almost periodic pseudo-differential opera-
tors have been analyzed by numerous mathematicians in-
cluding Coburn, Moyer, and Singer [206], Dedik [207],
Iannacci, Bersani, Dell’Acqua, and Santucci [208], Pankov
[209], Shubin [210-213], and Wahlberg [214]. In this part,
we will present the main ideas and results of research study
[215] by Oliaro, Rodino, and Wahlberg, only. It is well
known that Shubin proved that almost periodic pseudo-
differential operators act continuously on the space of
smooth almost periodic functions as well as that the operator
norm on L? equals that on the Hilbert space B?(R") of
Besicovitch almost periodic functions whose Fourier coef-
ficients are square summable. It is also well known that
Shubin introduced, for every exponent p € [1,00] and for
every real number ¢ € R, the space W’ (R") of almost pe-
riodic functions and proved the continuity of any almost
periodic pseudo-differential operator A: W?(R") —
W2 (R"), with arbitrary ¢ € R, provided that the symbol of
A belongs to the class §7'; (0<d<p<1). In the papers of
Shubin, some regularity results for formally hypoelliptic
almost periodic pseudo-differential operators have been
examined on the space W2 (R") == U,xW?(R").

In [215], the authors sought for ultradistributional an-
alogues of the aforementioned results, working with almost
periodic functions that are Gevrey regular of order s > 1 (the
difference between the real analytic case s = 1 and the pure
ultradistributional case s> 1 should be emphasized here). If
@+ QO cR", then the space of all Gevrey functions of order
s>1, denoted by G°(Q), is defined as a collection of all
infinitely differentiable functions F: R” — C such that, for
each compact set K € R", there exists a finite real constant
Cg >0 such that [D*F (t)| < C}gl‘xlcxls forallt € Kand a € Nj.
It is natural to ask whether an almost periodic function
F: R" — C which belongs to the space G°(Q) obeys the
property of the existence of a global real constant C >0 such
that [D*F (t)| < C**l*lal* for all t € R” and « € NI. An in-
structive counterexample in the one-dimensional setting,
with s > 1, is given in [215], Example 2.1, showing that this is
not true in general: set g, (x):= exp(—xV1=9), x>0,
gs(x)=0, x<0, v (x) =g,(x)g,(1 -x), x€R,
Vs, (%) =y, (nx), x € R, and @, (x) =
YiezWs (x—=2"(2k + 1)), x € R (n € N). It has been shown
that the function

F.(x):= Z n_(lmq)m (x), x€eR, (75)

n=1

is well defined, as well as that the above series is uniformly
convergent in the variable x € R, so that the function F(-) is
actually semiperiodic since the function ¢, (-) is of period
21 (n € N). We also have that F, € G°(R) as well as that
F, ¢ G;,(R); see the notion explained in the following.
Albeit not explicitly constructed in [215], it is our strong
belief that this example can be transferred to the
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multidimensional setting without any serious difficulties, as
well (more to the point, the case s =1 has not been con-
sidered in [215], Example 2.1, and deserves further analyses).

After providing this counterexample, the authors paid
special attention to the analysis of almost periodic functions
F: R" — C belonging to the space G° (R") and obeying the
property that there exists a real constant C >0 such that
|DYF (t)| < CM*l*lgls for all t € R” and « € Ng. The union of
these functions, denoted by G, (R"), is equipped with the
usual inductive limit topology as a union of Banach spaces.
Then, the authors introduced the corresponding classes of
symbols and pseudo-differential operators and continued
their nontrivial analysis; see [215] for more details.

The theory of almost periodic-type functions is far from
being completed, and finally, we would like to mention some
topics that are not very well explored in the existing liter-
ature by now:

(1) Almost anything has been said about the almost
periodic properties and the almost automorphic
properties of various types of fractional integrals and
fractional derivatives of vector-valued periodic
functions (see Area, Losada, and Nieto [216] and
Jonnalagadda [217]).

(2) The notion of c-periodicity and the notion of c-al-
most periodicity require several further investiga-
tions within the theory of vector-valued generalized
functions [218].

(3) Applications of the multidimensional almost peri-
odic-type functions in the classical theory of partial
differential equations and applications of the mul-
tidimensional almost periodic-type functions to the
boundary value problems are still not examined to a
satisfactory extent.

(4) The Stepanov, Weyl, and Besicovitch classes of
multidimensional almost automorphic functions
have not been analyzed before. See also the recent
research studies [219, 220, 221].

(5) The results about the invariance of certain kinds of
generalized almost periodicity and generalized al-
most automorphicity under the actions of infinite
convolution products (11) and (12) can be simply
transferred to the multidimensional setting. It is not
clear how we can apply these results in mathematical
physics and applied science.

4. Conclusions

In this survey article, we have collected several known results
about vector-valued almost periodic functions, separately con-
sidering the almost periodic functions of one real variable and
the almost periodic functions of several real variables. We have
tried to present the most representative applications of almost
periodic functions to the abstract Volterra integrodifferential
equations in Banach spaces as well as to remind our readers of
some landmarks, pioneering investigations of almost periodic
functions. We have proposed some open problems and per-
spectives for further investigations of almost periodicity.



16

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Acknowledgments

Wei-Shih Du is partially supported by Grant No. MOST 109-
2115-M-017-002 of the Ministry of Science and Technology
of the Republic of China. Marko Kostic is partially supported
by the Ministry of Science and Technological Development,
Republic of Serbia (grant no. 451-03-68/2020/14/200156).
Manuel Pinto is partially supported by FONDECYT
(1170466).

References

[1] H. Bohr, “Zur theorie der fastperiodischen Funktionen I; II;
1I1,” Acta Mathematica, vol. 45, pp. 29-127, 1924.

[2] M. Levitan, Almost Periodic Functions, Springer, Berlin,
Germany, in Russian, 1953.

[3] S. Bochner, “A new approach to almost periodicity,” Pro-
ceedings of the National Academy of Sciences, vol. 48, no. 12,
pp. 2039-2043, 1962.

[4] G. M. N. Guérékata, Almost Automorphic and Almost Pe-
riodic Functions in Abstract Spaces, Kluwer, Dordrecht, The
Netherlands, 2001.

[5] M. Kosti¢, Selected Topics in Almost Periodicity, De Gruyter,
Berlin, Germany, 2021.

[6] H. Bart and S. Goldberg, “Characterizations of almost pe-
riodic strongly continuous groups and semigroups,”
Mathematische Annalen, vol. 236, no. 2, pp. 105-116, 1978.

[7] C. Foias and S. Zaidman, “Almost-periodic solutions of
parabolic systems,” Annali della Scuola normale superiore di
Pisa, vol. 15, pp. 247-262, 1961.

[8] V. V. Zhikov, “On the question of harmonic analysis of
bounded solutions of operator equations,” Doklady Aka-
demii Nauk, vol. 169, pp. 1254-1257, 1966.

[9] V. V. Zhikov, “On a problem of Bochner and von Neu-
mann,” Mathematical Notes, vol. 3, pp. 529-538, 1968.

[10] A. L Perov and T. K. Hai, “Almost periodic solutions of s
homogeneous differential equations in a Banach space,”
Differential Equations, vol. 8, pp. 453-458, 1972.

[11] V. Q. Phéng, Almost Periodic and Stable Semigroups of
Operators, Banach Center Publications, Amsterdam, Neth-
erlands, 1997.

[12] M. Kosti¢, Almost Periodic and Almost Automorphic Type
Solutions to Integro-Differential Equations, de Gruyter,
Berlin, Germany, 2019.

[13] V. Q. Phéng and Y. L. Lyubich, “A spectral criterion for
asymptotic almost periodicity of uniformly continuous
representations of abelian semigroups,” Journal of Soviet
Mathematics, vol. 51, pp. 1263-1266, 1990.

[14] V. Q. Phong and Y. I. Lyubich, “A spectral criterion for
almost periodicity of one-parameter semigroups,” Journal of
Soviet mathematics, vol. 48, pp. 644-647, 1990.

Journal of Mathematics

[15] W. M. Ruess and W. H. Summers, “Asymptotic almost
periodicity and motions of semigroups of operators,” Linear
Algebra and Its Applications, vol. 84, pp. 335-351, 1986.

[16] W.M. Ruess and W. H. Summers, “Compactness in spaces of
vector valued continuous functions and asymptotic almost
periodicity,” Mathematische Nachrichten, vol. 135, no. 1,
pp. 7-33, 1988.

[17] W. M. Ruess and W. H. Summers, “Integration of asymp-
totically almost periodic functions and weak asymptotic
almost periodicity,” Dissertationes Mathematicae, vol. 279,
p. 35, 1989.

[18] W. M. Ruess and W. H. Summers, “Weak almost periodicity
and the strong ergodic limit theorem for periodic evolution
systems,” Journal of Functional Analysis, vol. 94, no. 1,
pp. 177-195, 1990.

[19] H. R. Henriquez, “On Stepanov-almost periodic semigroups
and cosine functions of operators,” Journal of Mathematical
Analysis and Applications, vol. 146, no. 2, pp. 420-433, 1990.

[20] M. Bahaj and O. Sidki, “Almost periodic solutions of
semilinear equations with analytic semigroups in Banach
spaces,” Electronic Journal of Differential Equations, vol. 98,
pp. 1-11, 2002.

[21] T. A. Burton, Stability and Periodic Solutions of Ordinary and
Functional Differential Equations, Academic Press, Orlando,
FL, USA, 1985.

[22] J. H. Liu, G. M. N. Guerekata, and N. V. Minh, Topics on
Stability and Periodicity in Abstract Differential Equations,
Series on Concrete and Applicable Mathematics, Singapore,
2008.

[23] T. Yoshizawa, “Stability theory and the existence of periodic
solutions and almost periodic solutions.” in Applied
Mathematical SciencesSpringer-Verlag, New York, NY, USA,
1975.

[24] 1. Cioranescu, “Characterizations of almost periodic strongly
continuous cosine operator functions,” Journal of Mathematical
Analysis and Applications, vol. 116, no. 1, pp. 222-229, 1986.

[25] W. Arendt and C. J. K. Batty, “Almost periodic solutions of
first- and second-order Cauchy problems,” Journal of Dif-
ferential Equations, vol. 137, no. 2, pp. 363-383, 1997.

[26] A.S. Avakian, “Almost periodic functions and the vibrating
membrane,” Journal of Mathematics and Physics, vol. 14,
no. 1-4, pp. 350-378, 1935.

[27] M. Ayachi, J. Blot, and P. Cieutat, “Almost periodic solutions
of monotone second-order differential equations,” Advanced
Nonlinear Studies, vol. 11, pp. 541-555, 2011.

[28] Y. M. Berezansky, “On generalized almost periodic functions
and sequences, related with the difference-differential
equations,” Matematicheskii Sbornik, vol. 32, pp. 157-194,
1953, (in Russian).

[29] H. R. Henriquez, M. Pierri, and V. Rolnik, “Pseudo
S-asymptotically periodic solutions of second-order ab-
stract Cauchy problems,” Applied Mathematics and
Computation, vol. 274, pp. 590-603, 2016.

[30] A. S. Rao, “On the Stepanov almost periodic solution of a
second-order infinitesimal generator differential equation,”
International Journal of Mathematics and Mathematical
Sciences, vol. 14, no. 4, pp. 757-761, 1991.

[31] S. L. Sobolev, “On almost periodicity for solutions of a wave
equation. I-II1,” Doklady Akademii Nauk, vol. 48, pp. 570-573,
1945.

[32] R. Yuan, “Existence of almost periodic solutions of second
order neutral delay differential equations with piecewise
constant argument,” Science in China Series A: Mathematics,
vol. 41, no. 3, pp. 232-241, 1998.



Journal of Mathematics

[33] S. Zaidman, “Spectrum of almost-periodic solutions for some
abstract differential equations,” Journal of Mathematical
Analysis and Applications, vol. 28, no. 2, pp. 336-338, 1969.

[34] T. Diagana, J. H. Hassan, and S. A. Messaoudi, Existence of
Asymptotically Almost Periodic Solutions for Some Second-Order
Hyperbolic Integrodifferential Equations, Semigroup Forum in
press, Berlin, Germany, 2021.

[35] J. Priiss, Evolutionary Integral Equations and Applications,
Birkhéuser-Verlag, Basel, Switzerland, 1993.

[36] Q.-P. Vu, “Almost periodic solutions of Volterra equations,”
Differential Integral Equations, vol. 7, pp. 1083-1093, 1994.

[37] J. Mu, Y. Zhoa, and L. Peng, “Periodic solutions and S-
asymptotically periodic solutions to fractional evolution
equations,” Discrete Dynamics in Nature and Society,
vol. 2017, Article ID 1364532, 12 pages, 2017.

[38] R. P. Agarwal, B. d. Andrade, and C. Cuevas, “On type of

periodicity and ergodicity to a class of fractional order

differential equations,” Advances in Difference Equations,

vol. 2010, Article ID 179750, 19 pages, 2010.

P. Bedi, A. Kumar, A. Kumar, T. Abdeljawad, and A. Khan,

“S-asymptotically periodic mild solutions and stability

analysis of Hilfer fractional evolution equations,” Evolution

Equations ¢ Control Theory, 2019, in press.

D. Brindle and G.M. N.’. Guérékata, “S-asymptotically w

-periodic mild solutions to fractional differential equations,”

Electronic Journal of Differential Equations, vol. 30, pp. 1-12,

2020.

[41] M. Kosti¢, Abstract Degenerate Volterra Integro-Differential
Equations, Mathematical Institute SANU, Belgrade, Serbia,
2020.

[42] R. Ponce, “Bounded mild solutions to fractional integro-differ-
ential equations in Banach spaces,” Semigroup Forum, vol. 87,
no. 2, pp. 377-392, 2013.

[43] S. Abbas, V. Kavitha, and R. Murugesu, “Stepanov-like

weighted pseudo almost automorphic solutions to frac-

tional order abstract integro-differential equations,”

Proceedings - Mathematical Sciences, vol. 125, no. 3,

pp. 323-351, 2015.

Y. Chang and X. Luo, “Pseudo almost automorphic behavior

of solutions to a semi-linear fractional differential equation,”

Mathematical Communications, vol. 20, pp. 53-68, 2015.

A. Debbouche and M. M. El-Borai, “Weak almost periodic

and optimal mild solutions of fractional evolution equa-

tions,” Electronic Journal of Differential Equations, vol. 46,

pp- 1-8, 2009.

[46] Q. Li, M. Wei, and M. Wei, “Existence and asymptotic
stability of periodic solutions for neutral evolution equations
with delay,” Evolution Equations & Control Theory, vol. 9,
no. 3, pp. 753-772, 2020.

[47] Y. Min and Q. Wang, “Pseudo asymptotically periodic so-
lutions for fractional integro-differential neutral equations,”
Science China Math, vol. 62, pp. 1705-1718, 2019.

[48] Z. Xia, “Pseudo asymptotically periodic solutions of two-term
time fractional differential equations with delay,” Kodai
Mathematical Journal, vol. 38, no. 2, pp. 310-332, 2015.

[49] S. Zaidman, “Almost-periodic functions in abstract spaces,”
in Pitman Research Notes in MathPitman, Boston, MA, USA,
1985.

[50] V. Barbu and A. Favini, “Periodic problems for degenerate
differential equations,” Rendiconti dell’Istituto di Matematica
dell’Universita di Trieste, vol. 28, pp. 29-57, 1997.

[51] J. Priiss, “On the spectrum of C 0 -semigroups,” Transactions
of the American Mathematical Society, vol. 284, no. 2,
pp. 847-857, 1984.

[39

[40

(44

(45

17

[52] C. Lizama and R. Ponce, “Periodic solutions of degenerate
differential equations in vector-valued function spaces,”
Studia Mathematica, vol. 202, no. 1, pp. 49-63, 2011.

[53] B.I. Ptashnic, Ill-Posed Boundary Value Problems for Partial
Differential Equations, Naukova Dumka, Kiev, Ukraina, in
Russian, 1984.

[54] O. Vejvoda, “Periodic solutions of a linear and weakly
nonlinear wave equation in one dimension, I,” Czechoslovak
Mathematical Journal, vol. 14, no. 3, pp. 341-382, 1964.

[55] O. Vejvoda, L. Herrmann, V. Lovicar, and contributors),
Partial Differential Equations: Time-Periodic Solutions,
Martinus Nijhoff Publishers, The Hague, Netherlands, 1981.

[56] L. Berselli and L. Bisconti, “On the existence of almost-periodic
solutions for the 2D dissipative Euler equations,” Revista
Matematica Iberoamericana, vol. 31, no. 1, pp. 267-290, 2015.

[57] L.C.Berselliand M. Romito, “On Leray’s problem for almost
periodic flows,” Journal of Mathematical Sciences, the Uni-
versity of Tokyo, vol. 19, pp. 69-130, 2012.

[58] E. V. Vetchanin, E. A. Mikishanina, and E. A. Mikishanina,
“Vibrational stability of periodic solutions of the Liouville
equations,” Nelineinaya Dinamika, vol. 15, no. 3,
pp. 351-363, 2019.

[59] A. D. Myshkis, “On certain problems in the theory of dif-
ferential equations with deviating argument,” Russian
Mathematical Surveys, vol. 32, no. 2, pp. 181-213, 1977.

[60] W. Dimbour and V. Valmorin, “Asymptotically antiperiodic
solutions for a nonlinear differential equation with piecewise
constant argument in a Banach space,” Applied Mathematics,
vol. 07, no. 15, pp. 1726-1733, 2016.

[61] M. Kosti¢ and D. Velinov, “Asymptotically Bloch-periodic
solutions of abstract fractional nonlinear differential inclusions
with piecewise constant argument,” Functional Analysis and Its
Applications, vol. 9, pp. 27-36, 2017.

[62] A. Chavez, S. Castillo, and M. Pinto, “Discontinuous almost
periodic type functions, almost automorphy of solutions of
differential equations with discontinuous delay and appli-
cations,” Electronic Journal of Qualitative Theory of Differ-
ential Equations, vol. 75, no. 75, pp. 1-17, 2014.

[63] R. Yuan and J. Hong, “The existence of almost periodic
solutions for a class of differential equations with piecewise
constant argument,” Nonlinear Anal, vol. 28, pp. 1439-1450,
1997.

[64] K. L. Cooke and J. Wiener, “Retarded differential equations
with piecewise constant delays,” Journal of Mathematical
Analysis and Applications, vol. 99, no. 1, pp. 265-297, 1984.

[65] S. M. Shah and J. Wiener, “Advanced differential equations
with piecewise constant argument deviations,” International
Journal of Mathematics and Mathematical Sciences, vol. 6,
no. 4, pp. 671-703, 1983.

[66] J. Wiener, Generalized Solutions of Functional Differential
Equations, World Scientific, Singapore, 1993.

[67] E. Ait Dads and L. Lhachimi, “Pseudo almost periodic so-
lutions for equation with piecewise constant argument,”
Journal of Mathematical Analysis and Applications, vol. 371,
no. 2, pp. 842-854, 2010.

[68] K.-S. Chiu and M. Pinto, “Periodic solutions of differential
equations with a general piecewise constant argument and
applications,” Electronic Journal of Qualitative Theory of
Differential Equations, vol. 46, no. 46, pp. 1-19, 2010.

[69] K.-S. Chiu, M. Pinto, and J.-C. Jeng, “Existence and global
convergence of periodic solutions in recurrent neural net-
work models with a general piecewise alternately advanced
and retarded argument,” Acta Applicandae Mathematicae,
vol. 133, no. 1, pp. 133-152, 2014.



18

[70] M. I. Muminov, “On the method of finding periodic solu-
tions of second-order neutral differential equations with
piecewise constant arguments,” Advances in Difference
Equations, vol. 336, 2017.

[71] G. Papaschinopoulos, “Some results concerning a class of
differential equations with piecewise constant argument,”
Mathematische Nachrichten, vol. 166, no. 1, pp. 193-206,
1994.

[72] M. Pinto, “Cauchy and Green matrices type and stability in
alternately advanced and delayed differential systems,”
Journal of Difference Equations and Applications, vol. 17,
no. 2, pp. 235-254, 2011.

[73] R. Yuan, “The existence of almost periodic solutions of
retarded differential equations with piecewise constant ar-
gument,” Nonlinear Analysis: Theory, Methods ¢ Applica-
tions, vol. 48, no. 7, pp. 1013-1032, 2002.

[74] G. M. N. Guérékata and M. Kosti¢, “Generalized asymp-
totically almost periodic and generalized asymptotically al-
most automorphic solutions of abstract multi-term
fractional differential inclusions,” Abstract and Applied
Analysis, vol. 2018, Article ID 5947393, 17 pages, 2018.

[75] T. Diagana, Almost Automorphic Type and Almost Periodic
Type Functions in Abstract Spaces, Springer, Berlin, Ger-
many, 2013.

[76] L. Amerio and G. Prouse, Almost Periodic Functions and
Functional Equations, Van Nostrand-Reinhold, New York,
NY, 1971.

[77] L. N. Argabright and J. G. de Lamadrid, “Almost periodic
measures,” Memoirs of the American Mathematical Society,
vol. 428, 1990.

[78] M. Baake and U. Grimm, “Aperiodic order,” in A Mathe-
matical InvitationCambridge University Press, Cambridge,
UK, 2013.

[79] M. Baake and U. Grimm, “Aperiodic order,” in Crystal-
lography and Almost PeriodicityCambridge University Press,
Cambridge, UK, 2017.

[80] P. H. Bezandry and T. Diagana, Almost Periodic Stochastic
Processes, Springer, Berin, Germany, 2011.

[81] A. Béttcher, I. Y. Karlovich, and I. M. Spitkovsky, Convo-
lution Operators and Factorization of Almost Periodic Matrix
Functions, Birkhduser-Verlag, Basel, Switzerland, 2002.

[82] A. Bottcher, “On the corona theorem for almost periodic
functions,” Integral Equations Operator Theory, vol. 33,
pp. 253-272, 1999.

[83] P. Boggiatto, C. Ferndndez, and A. Galbis, “Gabor systems
and almost periodic functions,” Applied and Computational
Harmonic Analysis, vol. 42, no. 1, pp. 65-87, 2017.

[84] Y. H. Kim, “Representations of almost-periodic functions
using generalized shift-invariant systems in R%,” Journal of
Fourier Analysis and Applications, vol. 19, no. 4, pp. 857-876,
2013.

[85] Y.-K. Chang, G. M. N. Guerekata, and R. Ponce, “Bloch-type
periodic functions: theory and applications to evolution
equations,” 2021.

[86] D. N. Cheban, Asymptotically Almost Periodic Solutions of
Differential Equations, Hindawi Publishing Corporation,
London, UK, 2009.

[87] E. Yu. Emel’yanov, Non-Spectral Asymptotic Analysis of
One-Parameter Operator Semigroups, Birkhduser-Verlag,
Basel, Switzerland, 2007.

[88] Y. Hino, T. Naito, N. V. Minh, and J. S. Shin, “Almost
periodic solutions of differential equations in Banach
spaces,” Stability and Control: Theory, Methods and Appli-
cations, vol. 15, 2002.

Journal of Mathematics

[89] G. M. N.’. Guérékata, Spectral Theory of Bounded Functions
and Applications to Evolution Equations, Nova Science
Publishers, New York, NY, USA, 2017.

[90] J. L. Massera, “The existence of periodic solutions of systems
of differential equations,” Duke Mathematical Journal,
vol. 17, pp. 457-475, 1950.

[91] R. Hsu, Topics on Weakly Almost Periodic Functions, State
University of New York at Buffalo, New York, NY, USA,
1985.

[92] G. T. Stamov, Almost Periodic Solutions of Impulsive Dif-
ferential Equations, Springer-Verlag, Berlin. Germany, 2012.

[93] D. Bainov and P. Simeonov, “Impulsive differential equa-
tions: periodic solutions and applications,” Pitman Mono-
graphs and Surveys in Pure and Applied Mathematics;
Longman Scientific and Technical,vol. 66, 1993.

[94] N. A. Perestyuk, V. A. Plotnikov, A. M. Somoilenko, and
N. V. Skripnik, Differential Equations with Impulsive Effects.
Multivalued Right-Hand Sides with Discontinuities, De
Gruyter, Berlin, Germany, 2011.

[95] 1. Stamova and G. Stamov, Applied Impulsive Mathematical
Models, Springer International Publishing, Berlin, Germany,
2016.

[96] X. Song, H. Gno, and X. Shi, Theory and Applications of
Impulsive Differential Equations, Science Press, Beijing,
China, 2011.

[97] P. Acquistapace, “Evolution operators and strong solutions
of abstract linear parabolic equations,” Differential Integral
Equations, vol. 1, pp. 433-457, 1988.

[98] P. Acquistapace and B. Terreni, “A uniffied approach to
abstract linear nonautonomous parabolic equations,” Ren-
diconti del Seminario Matematico della Universita di Padova,
vol. 78, pp. 47-107, 1987.

[99] Y.-H. Chang and J.-S. Chen, “The almost periodic solutions
of nonautonomous abstract differential equations,” Chinese
Journal of Mathematics, vol. 23, pp. 257-274, 1995.

[100] K. Khalil, “On the almost periodicity of nonautonomous
evolution equations and application to lotka-voltera sys-
tems,” 2020, https://arxiv.org/abs/2007.01143.

[101] R. Schnaubelt, “A sufficient condition for exponential di-
chotomy of parabolic evolution equations,” in Evolution
Equations and Their Applications in Physical and Life Sci-
ences (Proceedings Bad Herrenalb, 1998), G. Lumer and
L. Weis, Eds., pp. 149-158, Marcel Dekker, New York, NY,
USA, 2000.

[102] V. V. Zhikov, “Abstract equations with almost-periodic
coeflicients,” Doklady Akademii Nauk, vol. 163, pp. 555-558,
1965.

[103] V. V. Zhikov, “Almost periodic solutions of differential
equations in Hilbert space,” Doklady Akademii Nauk,
vol. 165, pp. 1227-1230, 1965.

[104] M. Baroun, L. Maniar, and R. Schnaubelt, “Almost peri-
odicity of parabolic evolution equations with inhomoge-
neous boundary values,” Integral Equations and Operator
Theory, vol. 65, no. 2, p. 169, 2009.

[105] M. Baroun, K. Ezzinbi, K. Khalil, and L. Maniar, “Almost
automorphic solutions for nonautonomous parabolic evolution
equations,” Semigroup Forum, vol. 99, no. 3, pp. 525-567, 2019.

[106] D. A. Zakora, “Abstract linear Volterra second-order integro-
differential equations,” Eurasian Mathematical Journal, vol. 7,
pp. 75-91, 2016.

[107] M. Bochner and A. Peterson, Dynamic Equations on Time
Scales. An Introduction with Applications, Birkhduser Bos-
ton, Boston, MA, USA, 2001.


https://arxiv.org/abs/2007.01143

Journal of Mathematics

[108] E. Alvarez, S. Castillo, and M. Pinto, “(w, c) -Pseudo periodic
functions, first order Cauchy problem and Lasota-Wazewska
model with ergodic and unbounded oscillating production
of red cells. Bound,” Value Problems, vol. 106, pp. 1-20, 2019.

[109] E. Alvarez, A. Gémez, and M. Pinto, “(w, ¢) -periodic functions
and mild solutions to abstract fractional integro-differential
equations,” Electronic Journal of Qualitative Theory of Differ-
ential Equations, vol. 16, no. 16, pp. 1-8, 2018.

[110] E. Alvarez, S. Castillo, and M. Pinto, “(w, ¢)-asymptoti-
cally periodic functions, first-order Cauchy problem, and
Lasota-Wazewska model with unbounded oscillating
production of red cells,” Mathematical Methods in the
Applied Sciences, vol. 43, no. 1, pp. 305-319, 2020.

[111] M. Wazewska-Czyzewska and A. Lasota, “Mathematical
problems of the red-blood cell system,” Applied Mathe-
matics, vol. 6, pp. 23-40, 1976.

[112] J.R. Wang, L. Ren, and Y. Zhou, “Periodic solutions for time
varying impulsive differential equations,” Advances in Dif-
ference Equations, vol. 259, 2019.

[113] G. Mophou, G. M. N. Guérékata, and A. Milce, “An Exis-
tence Result of,periodic mild solutions to some fractional
differential equation,” Nonlinear Studies, vol. 27. , 2020 In
press.

[114] M. Li, J.-R. Wang, and M. Feckan, “Periodic solutions for
impulsive differential systems,” Communications in Math-
ematical Analysis, vol. 21, pp. 35-45, 2018.

[115] E. Ait Dads, K. Ezzinbi, and O. Arino, “Pseudo almost
periodic solutions for some differential equations in a
Banach space,” Nonlinear Anal, vol. 28, pp. 1145-1155, 1997.

[116] J. Blot, P. Cieutat, and K. Ezzinbi, “New approach for
weighted pseudo-almost periodic functions under the light
of measure theory, basic results and applications,” Applicable
Analysis, vol. 65, pp. 1-34, 2011.

[117] J. Blot, P. Cieutat, and K. Ezzinbi, “Measure theory and
pseudo almost automorphic functions: new developments
and applications,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 75, no. 4, pp. 2426-2447, 2012.

[118] A. Coronel, M. Pinto, and D. Septlveda, “Weighted pseudo
almost periodic functions, convolutions and abstract integral
equations,” Journal of Mathematical Analysis and Applica-
tions, vol. 435, no. 2, pp. 1382-1399, 2016.

[119] T. Diagana, Pseudo Almost Periodic Functions in Banach
Spaces, Nova Science Publishers, New York, NY, USA, 2007.

[120] T. Diagana, “Weighted pseudo almost periodic functions
and applications,” Comptes Rendus Mathematique, vol. 343,
no. 10, pp. 643-646, 2006.

[121] T. Diagana, “Existence of almost periodic solutions to some
third-order nonautonomous differential equations,” Elec-
tronic Journal of Qualitative Theory of Differential Equations,
vol. 28, no. 65, pp. 1-14, 2011.

[122] T. Diagana, “Existence of doubly-weighted pseudo almost
periodic solutions to non-autonomous differential equa-
tions,” African Diaspora Journal of Mathematic, vol. 12,
pp. 121-136, 2011.

[123] D. Ji and C. Zhang, “Translation invariance of weighted
pseudo almost periodic functions and related problems,”
Journal of Mathematical Analysis and Applications, vol. 391,
no. 2, pp. 350-362, 2012.

[124] J. Liang, T.-J. Xiao, and J. Zhang, “Decomposition of weighted
pseudo-almost periodic functions,” Nonlinear Analysis: Theory,
Methods & Applications, vol. 73, no. 10, pp. 3456-3461, 2010.

[125] C. Zhang, Pseudo almost periodic functions and their ap-
plications, PhD. Thesis, The University of Western Ontario,
London, UK, 1992.

19

[126] C. Y. Zhang, “Pseudo almost periodic solutions of some
differential equations,” Journal of Mathematical Analysis and
Applications, vol. 181, no. 1, pp. 62-76, 1994.

[127] C. Y. Zhang, “Pseudo almost periodic solutions of some
differential equations, II,” Journal of Mathematical Analysis
and Applications, vol. 192, no. 2, pp. 543-561, 1995.

[128] J. Zhang, T.-]. Xiao, and J. Liang, “Weighted pseudo almost
periodic functions and applications to semilinear evolution
equations,” Abstract and Applied Analysis, vol. 2012, Article
ID 179525, 15 pages, 2012.

[129] L. Zhang and Y. Xu, “Weighted pseudo-almost periodic
solutions of a class of abstract differential equations,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 71,
no. 9, pp. 3705-3714, 2009.

[130] L.-L.Zhangand H.-X. Li, “Weighted pseudo-almost periodic
solutions for some abstract differential equations with
uniform continuity,” Bulletin of the Australian Mathematical
Society, vol. 82, no. 3, pp. 424-436, 2010.

[131] S. J. Favorov, “Zeros of holomorphic almost periodic

functions,” Journal d’Analyse Mathématique, vol. 84, no. 1,

pp. 51-66, 2001.

B. Jessen, “Some aspects of the theory of almost periodic

functions,” in Proceedings of the . Internat. Congress

Mathematicians, pp. 304-351, Amsterdam, Netherlands,

September 1954.

[133] J. M. Sepulcre and T. Vidal, “Almost periodic functions in
terms of Bohr’s equivalence relation,” The Ramanujan
Journal, vol. 46, no. 1, pp. 245-267, 2018.

[134] J. M. Sepulcre and T. Vidal, “Sets of values of equivalent
almost periodic functions,” The Ramanujan Journal, 2021, In
press.

[135] V. Borchsenius and B. Jessen, “Mean motions and values of
the Riemann zeta function,” Acta Mathematica, vol. 80,
pp. 97-166, 1948.

[136] G.Moraand]. M. Sepulcre, “On the distribution of zeros of a
sequence of entire functions approaching the Riemann zeta
function,” Journal of Mathematical Analysis and Applica-
tions, vol. 350, no. 1, pp. 409-415, 2009.

[137] S. Favorov and O. Udodova, “Almost periodic functions in
finite-dimensional space with the spectrum in a cone. pre-
print,” 2019, https://arxiv.org/abs/astro-ph/0701820.

[138] S. Y. Favorov and A. V. Rakhnin, “Subharmonic almost
periodic functions,” Journal of Mathematical Physics,
Analysis, Geometry.vol. 2, pp. 209-224, 2005.

[139] S. Yu. Favorov and A. V. Rakhnin, “Subharmonic almost
periodic functions of slowth growth,” Journal of Mathe-
matical Physics, Analysis, Geometry, vol. 1, pp. 109-127,
2007.

[140] S. Y. Favorov and A. Y. Rashkovskii, “Holomorphic almost
periodic functions,” Acta Applicandae Mathematicae,
vol. 65, no. 1/3, pp. 217-235, 2001.

[141] M. Adamczak, “C® -almost periodic functions,” Com-
mentationes Mathematicae (Prace Matematyczne), vol. 37,
pp. 1-12, 1997.

[142] T. Diagana, V. Nelson, and G.M.N. Guérékata, “Almost
automorphic mild solutions to some classes of nonauton-
omous higher-order differential equations,” Semigroup Fo-
rum, vol. 82, no. 3, pp. 455-477, 2011.

[143] M. Kosti¢, “Weyl-almost periodic solutions and asymptot-
ically Weyl-almost periodic solutions of abstract Volterra
integro-differential equations,” Banach Journal of Mathe-
matical Analysis, vol. 13, pp. 64-90, 2019.

[144] M. Kosti¢, “Asymptotically Weyl almost periodic functions
in Lebesgue spaces with variable exponents,” Journal of

[132


https://arxiv.org/abs/astro-ph/0701820

20

Mathematical Analysis and Applications, vol. 498, no. 1,
Article ID 124961, 2021, In press.

[145] M. Kosti¢, “Multi-dimensional -almost Periodic Type
Functions and Applications,” 2020.

[146] M. Kosti¢ and W.-S. Du, “Generalized almost periodicity in
Lebesgue spaces with variable exponents,” Mathematics,
vol. 8, no. 6, p. 928, 2020.

[147] M. Kosti¢ and W.-S. Du, “Generalized almost periodicity in
Lebesgue spaces with variable exponents, Part II,” Mathe-
matics, vol. 8, no. 7, p. 1052, 2020.

[148] R. Lucchetti and F. Patrone, “On Nemytskii’s operator and
its application to the lower semicontinuity of integral
functionals,” Indiana University Mathematics Journal,
vol. 29, no. 5, pp. 703-713, 1980.

[149] J. Blot, P. Cieutat, G. M. N. Guérékata, and D. Pennequin,
“Superposition operators between various almost periodic
function spaces and applications,” Communications in
Mathematical Analysis, vol. 6, pp. 42-70, 2009.

[150] P. Cieutat, “Nemytskii operators between stepanov almost
periodic or almost automorphic function spaces,” 2019,
https://arxiv.org/abs/1910.09389.

[151] T. R. Hillmann, “Besicovitch-Orlicz spaces of almost peri-
odic functions,” in Real and Stochastic AnalysisWiley,
Hoboken , NJ, USA, 1986.

[152] M. Morsli and M. Smaali, “Characterization of the strict
convexity of the Besicovitch-Musielak-Orlicz space of almost
periodic functions,” Commentationes Mathematicae Uni-
versitatis Carolinae, vol. 48, pp. 443-458, 2007.

[153] F. Bedouhene, Y. Djabri, and F. Boulahia, “Ergodicity in
stepanov-orlicz spaces,” Annals of Functional Analysis,
vol. 11, pp. 1-17, 2019.

[154] A. Haraux and V. Komornik, “Density theorems for almost
periodic functions: a Hilbert space approach,” Journal of
Mathematical Analysis and Applications, vol. 122, pp. 538-
554, 1987.

[155] M. Akhmet, “Almost periodicity, chaos, and asymptotic
equivalence,” Nonlinear Systems and Complexity, vol. 27, 2020.

[156] M. Kosti¢, Chaos for Linear Operators and Abstract Differ-
ential Equations, Nova Science Publishers, New York, NY,
USA, 2020.

[157] S. Abbas, S. Dhama, M. Pinto, and D. Sepulveda, “Pseudo
compact almost automorphic solutions for a family of
delayed population model of Nicholson type,” Journal of
Mathematical Analysis and Applications, vol. 495, no. 1,
Article ID 124722, 2021.

[158] H.-S. Ding, Q.-L. Liu, and J. J. Nieto, “Existence of positive
almost periodic solutions to a class of hematopoiesis model,”
Applied Mathematical Modelling, vol. 40, no. 4, pp. 3289-3297,
2016.

[159] H. Zhang, M. Yang, and L. Wang, “Existence and expo-
nential convergence of the positive almost periodic solution
for a model of hematopoiesis,” Applied Mathematics Letters,
vol. 26, no. 1, pp. 38-42, 2013.

[160] M. Mackey and L. Glass, “Oscillation and chaos in physiological
control systems,” Science, vol. 197, no. 4300, pp. 287-289, 1977.

[161] J. Mycielski, “On a problem of interpolation by periodic
functions,” Colloquium Mathematicum, vol. 8, no. 1, pp. 95-97,
1961.

[162] J.S. Lipinski, “Sur un probléeme de E. Marczewski concernant
les fonctions périodiques,” Bulletin L’Académie Polonaise des
Science, vol. 8, pp. 695-697, 1960, in French.

[163] S. Hartman, “On interpolation by almost periodic func-
tions,” Colloquium Mathematicum, vol. 8, no. 1, pp. 99-101,
1961.

Journal of Mathematics

[164] S. Hartman and C. Ryll-Nardzewski, “Almost periodic ex-
tensions of functions,” Colloquium Mathematicum, vol. 12,
no. 1, pp. 23-39, 1964.

[165] S. Hartman and C. Ryll-Nardzewski, “Almost periodic ex-
tensions of functions, II,” Colloquium Mathematicum,
vol. 15, no. 1, pp. 79-86, 1966.

[166] S. Hartman and C. Ryll-Nardzewski, “Almost periodic ex-
tensions of functions, IIL” Colloquium Mathematicum,
vol. 16, no. 1, pp. 223-224, 1967.

[167] E. Strzelecki, “On a problem of interpolation by periodic and
almost periodic functions,” Colloquium Mathematicum,
vol. 11, no. 1, pp. 91-99, 1963.

[168] S. Hartman, “Remark on interpolation by L-almost periodic
functions,” Colloquium Mathematicum, vol. 30, no. 1,
pp. 133-136, 1974.

[169] A. S. Besicovitch, Almost Periodic Functions, Dover Publi-
cations, New York, NY, USA, 1954.

[170] A. A. Pankov, Bounded and Almost Periodic Solutions of
Nonlinear Operator Differential Equations, Kluwer Aca-
demic Publishers, Dordrecht, Netherlands, 1990.

[171] L. Rodman, I. M. Spitkovsky, and H. J. Woerdeman,
“Contractive extension problems for matrix valued almost
periodic functions of several variables,” Journal of Operator
Theory, vol. 47, pp. 3-35, 2002.

[172] L. Rodman and I. M. Spitkovsky, “Algebras of almost pe-
riodic functions with Bohr-Fourier spectrum in a semigroup:
hermite property and its applications,” Journal of Functional
Analysis, vol. 255, pp. 3188-3207, 2011.

[173] L. Rodman, I. M. Spitkovsky, and H. J. Woerdeman,
“Multiblock problems for almost periodic matrix functions
of several variables,” New York Journal of Mathematics,
vol. 7, pp. 117-148, 2001.

[174] Y. Meyer, “Mean-periodic functions and irregular sam-
pling,” Transactions of the Royal Society, vol. 1, pp. 5-23,
2018.

[175] J.-P. Kahane, Lectures on Mean Periodic Functions, Tata
Institute of Fundamental Research, Bombay, India, 1959.

[176] R. B. Basit, “Generalization of two theorems of M. I. Kadets
concerning the indefinite integral of abstract almost periodic
functions,” Mathematical Notes of the Academy of Sciences of
the USSR, vol. 9, no. 3, pp. 181-186, 1971.

[177] S. M. A. Alsulami, “On the integral of almost periodic
functions of several variables,” Applied Mathematical Sci-
ences, vol. 6, pp. 3615-3622, 2012.

[178] Y. K. Khasanov, “On approximation of almost periodic
functions of two real variables,” Russian Mathematics
(Izvestiya VUZ. Matematika), vol. 12, pp. 82-86, 2010, in
Russian.

[179] Y. K. Khasanov, “Absolute convergence of Fourier series of
almost-periodic functions,” Mathematical Notes, vol. 94,
no. 5-6, pp. 692-702, 2013.

[180] Y. K. Khasanov, “On deviation of harmonic almost periodic
functions from their boundary values,” Vladikavkaz Math-
ematical Journal, vol. 17, pp. 80-85, 2015.

[181] Y. K. Khasanov, “On absolute Cesdro summablity of Fourier
series for almost-periodic functions with limiting points at
zero,” Ufa Mathematical Journal, vol. 8, pp. 147-155, 2016, in
Russian.

[182] Y. K. Khasanov, “On approximation of almost periodic
functions by some sums,” Vladikavkaz Mathematical Jour-
nal, vol. 19, pp. 76-85, 2017, in Russian.

[183] Y. Khasanov, E. Safarzoda, and E. Safarzoda, “On approx-
imation of Stepanov’s almost periodic functions by means of
Marcinkiewicz,” Vestnik Volgogradskogo Gosudarstvennogo


https://arxiv.org/abs/1910.09389

Journal of Mathematics

Universiteta. Serija 1. Mathematica. Physica, vol. 6, no. 6,
pp. 61-69, 2016, in Russian.

[184] M. A. Latif and M. L. Bhatti, “Almost periodic functions
defined on !" with values in fuzzy setting,” Punjab University
Journal of Mathematics (Lahore), vol. 39, pp. 19-27, 2007.

[185] M. A. Latif and M. I. Bhatti, “Almost periodic functions
defined on In with values in locally convex spaces,” Journal of
Prime Research in Mathematics, vol. 4, pp. 181-194, 2008.

[186] G. M. N. Guérékata, M. A. Latif, and M. I. Bhatti, “Almost
periodic functions defined R" on with values in p - Fréchet
spaces, 0 < p<1,” Libertas Math, vol. 29, pp. 83-100, 2009.

[187] G. R. Sell, “Almost periodic solutions of linear partial dif-
ferential equations,” Journal of Mathematical Analysis and
Applications, vol. 42, no. 2, pp. 302-312, 1973.

[188] G. R. Sell, “A note on almost periodic solutions of linear
partial differential equations,” Bulletin of the American
Mathematical Society, vol. 79, no. 2, pp. 428-431, 1973.

[189] A. M. Fink, Almost Periodic Differential Equations, Springer,
Berlin, Germany, 1974.

[190] L. Bao-Ping and C. V. Pao, “Almost periodic plane wave
solutions for reaction diffusion equations,” Journal of
Mathematical Analysis and Applications, vol. 105, no. 1,
pp. 231-249, 1985.

[191] S. M. A. Alsulami, On evolution equations in banach spaces
and commuting semigroups, PhD. Thesis, Ohio University,
Athens, OH, USA, 2005.

[192] G. Spradlin, “An almost periodic function of several variables
with no local minimum,” Rendiconti dell’Istituto di Mate-
matica dell’'Universita di Trieste, vol. 28, pp. 371-381, 1996.

[193] G. Spradlin, “A singularly perturbed elliptic partial differ-
ential equation with an almost periodic term,” Calculus of
Variations and Partial Differential Equations, vol. 9,
pp. 207-232, 1996.

[194] G. Spradlin, “An elliptic partial differential equation with a
symmetrical almost periodic term,” Calculus of Variations
and Partial Differential Equations, vol. 9, pp. 233-247, 1996.

[195] B.I. Ptashnicand P. 1. Shtabalyuk, “A boundary value problem
for hyperbolic equations in a class of functions that are almost
periodic with respect to space variables,” Differentsialnye
Uravneniya, vol. 22, pp. 669-678, 1986, in Russian.

[196] F. Yang and C. Zhang, “Remotely almost periodic solutions
to parabolic inverse problems,” Taiwanese Journal of
Mathematics, vol. 15, pp. 43-57, 2011.

[197] B. Basit, “Some problems concerning different types of
vector valued almost periodic functions,” Dissertationes
Mathematics, vol. 338, 1995.

[198] B. Dumitrescu, Positive Trigonometric Polynomials and
Signal Processing Applications, Springer International Pub-
lishing, Berlin, Germany, 2017.

[199] D. Dung, V. Temlyakov, and T. Ullrich, “Hyperbolic cross
approximation,” in Advanced Courses in MathematicsCRM
Barcelona, Basel, Switzerland, 2018.

[200] V. Temlyakov, Approximation of Periodic Functions, Nova
Science Publishers, New York, NY, USA, 1993.

[201] V. Temlyakov, Multivariate Approximation, Cambridge
University Press, Cambridge, UK, 2018.

[202] V. N. Temlyakov, “Greedy algorithm and m -term trigo-
nometric approximation,” Constructive Approximation,
vol. 14, no. 4, pp. 569-587, 1998.

[203] A. M.-B. Babayev, “Approximations of periodic functions of
two variables by trigonometric polynomials,” Transactions
Issue Mathematics, Azerbaijan, vol. 34, pp. 21-28, 2014.

21

[204] L. Pfister and Y. Bresler, “Bounding multivariate trigono-
metric polynomials,” IEEE Transactions on Signal Processing,
vol. 67, no. 3, pp. 700-707, 2019.

[205] L. Kimmerer, D. Potts, and T. Volkmer, “Approximation of
multivariate periodic functions by trigonometric polyno-
mials based on rank-1 lattice sampling,” Journal of Com-
plexity, vol. 31, no. 4, pp. 543-576, 2015.

[206] L. A. Coburn, R. D. Moyer, and I. M. Singer, “Csx-algebras of
almost periodic pseudo-differential operators,” Acta Math-
ematica, vol. 130, pp. 279-307, 1973.

[207] P. E. Dedik, “Theorems on the boundedness of almost-pe-
riodic pseudodifferential operators,” Siberian Mathematical
Journal, vol. 22, pp. 361-369, 1981.

[208] R. Iannacci, A. M. Bersani, G. Dell’Acqua, and P. Santucci,
“Embedding theorems for Sobolev-Besicovitch spaces of
almost periodic functions,” Zeitschrift fiir Analysis und ihre
Anwendungen, vol. 17, no. 2, pp. 443-457, 1998.

[209] A. A. Pankov, “Theory of almost-periodic pseudodifferential
operators,” Ukrainian Mathematical Journal, vol. 33,
pp. 469-472, 1981.

[210] M. A. Shubin, “Differential and pseudodifferential operators
in spaces of almost periodic functions,” Matematicheskii
Sbornik, vol. 95, pp. 560-587, 1974.

[211] M. A. Shubin, “Theorems on the coincidence of the spectra of
an almost periodic pseudodifferential operator in the spaces
L*("™) and B*("),” Siberian Mathematical Journal, vol. 17,
pp. 200-215, 1976.

[212] M. A. Shubin, “Pseudodifferential almost-periodic operators
and von Neumann algebras,” Siberian Mathematical Journal,
vol. 35, pp. 103-163, 1976.

[213] M. A. Shubin, “Almost periodic functions and partial dif-
ferential equations,” Uspekhi Matematicheskikh Nauk,
vol. 33, pp. 3-47, 1978.

[214] P. Wahlberg, “A transformation of almost periodic pseudo-
differential operators to Fourier multiplier operators with op-
erator-valued symbols,” Rendiconti del Seminario Matematico
Universita e Politecnico di Torino, vol. 67, pp. 247-269, 2009.

[215] A. Oliaro, L. Rodino, and P. Wahlberg, “Almost periodic
pseudodifferential operators and Gevrey classes,” Annali di
Matematica Pura ed Applicata, vol. 191, no. 4, pp. 725-760,
2012.

[216] I. Area, J. Losada, and J. J. Nieto, “On quasi-periodic
properties of fractional sums and fractional differences of
periodic functions,” Applied Mathematics and Computation,
vol. 273, pp. 190-200, 2016.

[217] J. M. Jonnalagadda, “Quasi-periodic solutions of fractional
nabla difference systems,” Fractional Differential Calculus,
vol. 7, no. 2, pp. 339-355, 2017.

[218] M. T. Khalladi, M. Kosti¢, M. Pinto, A. Rahmani, and
D. Velinov, “c-Almost periodic type functions and appli-
cations,” Nonautonomous Dynamical Systems, vol. 7, no. 1,
pp. 176-193, 2020.

[219] A. Chévez, K. Khalil, M. Kosti¢, and M. Pinto, “Multi-dimen-
sional almost periodic type functions and applications. preprint,”
2020, https://arxiv.org/abs/2012.00543.

[220] A. Chavez, K. Khalil, M. Kosti¢, and M. Pinto, “Stepanov
multi-dimensional almost periodic type functions and ap-
plications,” 2020.

[221] A. Chavez, K. Khalil, M. Kosti¢, and M. Pinto, “Multi-dimen-
sional almost automorphic type functions and applications,”
2021.


https://arxiv.org/abs/2012.00543

Hindawi

Journal of Mathematics

Volume 2021, Article ID 6620625, 5 pages
https://doi.org/10.1155/2021/6620625

Research Article
On Semi-c-Periodic Functions

M. T. Khalladi®,! M. Kosti¢®,> M. Pinto

Hindawi

,> A. Rahmani,* and D. Velinov

'Department of Mathematics and Computer Sciences, University of Adrar, Adrar, Algeria

2Faculty of Technical Sciences, University of Novi Sad, Trg D. Obradoviéa 6, 21125 Novi Sad, Serbia

3Deparmmento de Matemdticas, Facultad de Ciencias, Universidad de Chile, Santiago de Chile, Chile

*Laboratory of Mathematics, Modeling and Applications (LaMMA), University of Adrar, Adrar, Algeria

*Faculty of Civil Engineering, Ss. Cyril and Methodius University, Skopje, Partizanski Odredi 24 P.O. Box 560, 1000 Skopje,

North Macedonia

Correspondence should be addressed to M. Kosti¢; marco.s@verat.net

Received 26 November 2020; Revised 17 January 2021; Accepted 19 January 2021; Published 31 January 2021

Academic Editor: Yongqiang Fu

Copyright © 2021 M. T. Khalladi et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The main aim of this paper is to indicate that the notion of semi-c-periodicity is equivalent with the notion of c-periodicity,

provided that ¢ is a nonzero complex number whose absolute value is not equal to 1.

1. Introduction

The notion of periodicity plays a fundamental role in
mathematics. A continuous function f: I — E, where E is
a topological space and I =R or I = [0, 00), is said to be
periodic if and only if there exists a real number w > 0 such
that f (x + w) = f (x) for all x € I. The notion of periodicity
has recently been reconsidered by Alvarez et al. [1], who
proposed the following notion: a continuous function
f: I — E, where E is a complex Banach space, is said to be
(w, ¢)-periodic (w>0, c € C~{0}) if and only if f(x + w) =
cf (x) for all x € I. Due to ([1], Proposition 2.2), we know
that a continuous function f: I — E is (w, ¢)-periodic if
and only if the function g(-) = ¢/“ f(.) is periodic and
g(x+w)=g(x) for all x eI; here, c79 denotes the
principal branch of the exponential function (see also the
research articles [2, 3] by Alvarez et al., the conference
paper [4] by Pinto, where the idea for introduction of
(w, ¢)-periodic functions was presented for the first time,
and [5, 6] for some generalizations of the concept of
(w, ¢)-periodicity).

In the sequel, by E we denote a complex Banach space
equipped with the norm |- |; C(I: E) denotes the vector
space consisting of all continuous functions f: I — E. A
function f € C(I: E) is said to be c-periodic (c € C~{0}) if

and only if there exists a real number w >0 such that the
function f(-) is (w,c)-periodic. The class of c-periodic
functions extends two important classes of functions:

(1) The class of antiperiodic functions, i.e., the class of
(—1)-periodic functions: in this case, any positive
real number w>0 satisfying f(x+ w)=—-f(x),
x €1, is said to be an antiperiod of f(:). Any
antiperiodic function is periodic, since we can apply
the above functional equality twice in order to see
that f(x +2w) = —f(x) for all x € I.

(2) The class of Bloch (w, k)-periodic functions (w > 0,
k € R), ie., the class of continuous functions
f: I — E satistying f(x+w) = eik“’f (x) for all
x € I. The number w is usually called Bloch period
of f(-), the number k is usually called the Bloch
wave vector or Floquet exponent of f (-), and in the
case that kw = 7, the class of Bloch (w, k)-periodic
functions is equal to the class of antiperiodic
functions having the number w as an antiperiod. If
the function f(-) is Bloch (w, k)-periodic, then we
inductively obtain f (x +mw) = e"*“ f (x) for all
x € I'and m € N, so that the function f(-) must be
periodic provided that kw € Q, but, if kw ¢ Q, then
the function f(-) need not be periodic as the
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following simple counterexample shows: the
function

F(x) =¥ +eV20% xeR, (1)

is Bloch (w, k)-periodic with w = 27 + /27 and k =
\/2 - 1 but not periodic. In ([7], Remark 1), we have
recently observed that any Bloch (w, k)-periodic
function must be almost periodic (see also the re-
search articles [8] by Hasler and [9] by Hasler and
Guérékata, where it has been noted that the Bloch
(w, k)-periodic functions are unavoidable in con-
densed matter and solid state physics).

The notion of almost periodicity was introduced by
Harald Bohr, a younger brother of Nobel Prize winner Niels
Bohr, around 1925 and later generalized by many other
mathematicians. In [10], we have analyzed the following
generalization of the notion of almost periodicity, called
c-almost periodicity (c € C~{0}): let f: I — E be a con-
tinuous function, and let a number € > 0 be given. We call a
number 7> 0 an (€, c)-period for f(-) if and only if || f (x +
T)—cf(x)ll<e for all x € I; by 9.(f,€e) we denote the set
consisting of all (e, ¢)-periods for f (). It is said that f (-) is
c-almost periodic if and only if for each € > 0 the set 9. (f,€)
is relatively dense in [0, c0), which means that for each € >0
there exists a finite real number >0 such that any subin-
terval I' of [0, c0) of length I meets 9, ( f,€). Any c-periodic
function is c-almost periodic and any c-almost periodic
function is almost periodic ([10]); if ¢ = 1, resp. ¢ = —1, then
we also say that the function f(-) is almost periodic, resp.
almost antiperiodic (for the primary source of information
about almost periodic functions and their applications, we
refer the reader to the research monographs by Besicovitch
[11], Diagana [12], Fink [13], Guérékata [14], Kosti¢ [15],
and Zaidman [16]).

In [10], besides the class of c-almost periodic functions,
we have introduced and analyzed the classes of c-uniformly
recurrent functions, semi-c-periodic functions, and their
Stepanov generalizations, where ¢ € C and |c| =1 (the
classes of semiperiodic functions and semi-antiperiodic
functions, i.e., the classes of semi-1-periodic functions and
semi- (—1)-periodic functions, have been previously con-
sidered by Andres and Pennequin in [17], the research article
of invaluable importance for us, and Chaouchi et al. in [7];
the notion of semi-Bloch k-periodicity, where k € R, has
been also analyzed in [7], but it differs from the notion of
semi-c-periodicity analyzed in [10] and this paper). If |c| = 1,
then we know that a function f € C(I: E) is semi-c-periodic
if and only if there exists a sequence (f,) of c-periodic
functions in C(I: E) such that lim, | f,(x)= f(x)
uniformly in I; in this case, a semi-c-periodic function need
not be c-periodic [10]. For example, we have the following
(see ([17], Example 1), ([7], Example 4 and Example 5), and
([10], Example 2.16)): let p and g be odd natural numbers
such that p — 1 = 0(mod g), and let ¢ = "7/ The function

00 e(ix/(an+1))

fl)= Y "y

n=1 n

x € R, (2)
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is semi-c-periodic because it is a uniform limit of
[ (1+2g)...(1+2Ng)]-periodic functions

N e(ix/(2nq+1))

ful= Y

n=1

x € R (N eN). (3)

Our main result, Theorem 1, states that the following
phenomenon occurs in case |c| # 1: if (f,) is a sequence of
c-periodic functions and lim,_, f,, (x) = f (x) uniformly in
I, then f () is c-periodic. Therefore, in this case, any concept
of semi-c-periodicity introduced below coincides with the
concept of c-periodicity (more precisely, in this paper, we
analyze the concepts of semi-c-periodicity of type i (i, ), where
i=1,2 and c € C~{0}; if |c| =1, all these concepts are
equivalent and reduced to the concept of semi-c-periodicity,
while in case |c|# 1, all these concepts are equivalent and
reduced to the concept of c-periodicity).

For any function f € C(I: E), we set || flo, = sup,ell
f(x)|l. The notion of c-uniform recurrence plays an im-
portant role in the proof of our main result [10].

Definition 1. A continuous function f: I — E is said to be
c-uniformly recurrent (c € C~{0}) if and only if there exists a
strictly increasing sequence («,) of positive real numbers
such that lim a, = +oo and

n—+00

lim ”f ( + ‘xn) - Cf()”oo =0. (4)

n—+00

The space consisting of all c-uniformly recurrent func-
tions from the interval I into E will be denoted by UR, (I: E).
If ¢ = 1, resp. ¢ = —1, then we also say that the function f (-)
is uniformly recurrent, resp. uniformly antirecurrent.

Although the notion of uniform recurrence was analyzed
already by Bohr in his landmark paper [18] (1924), the
precise definition of a uniformly recurrent function was
firstly given by Haraux and Souplet [19] in 2004, who proved
that the function f: R — R, given by

ol ./x

f(x) = ;nsm <2n>, x €R, (5)
is unbounded, Lipschitz continuous and uniformly recur-
rent; moreover, we have that f () is c-uniformly recurrent if
and only if ¢ =1 (see [10], Example 2.19(i)). The first ex-
ample of a uniformly antirecurrent function has recently
been constructed in ([10], Example 2.20), where we have
proved that the function g: R — R, given by

g(x) = (sinx) - gisnf(;), x € R, (6)

is unbounded, Lipschitz continuous and uniformly anti-
recurrent. Any c-almost periodic function is c-uniformly
recurrent, while the converse statement does not hold in
general.

For completeness, we will include all details of the proof
of the following auxiliary lemma from [10].
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Lemma 1 (A). Suppose that f € UR.(I: E) and ¢ € C~{0}
satisfies |c| # 1. Then, f = 0.

Proof. Without loss of generality, we may assume that
I = [0, 00). Suppose to the contrary that there exists x,>0
such that f(x,) #0. Inductively, (4) implies

(7)

et - ey - 2L
n(lel-1) B n(lel -1y
provided that k € N and x € [ka,,, (k + 1)a,]. Consider now
case |c| <1. Let 0 <e<cl|lf (xy)ll. Then, (7) yields that there
exist integers k, € N and n € N such that for each k € N with
k>k,, we have || f (x)| < (e/2), x € [ka,, (k + 1)a,]. Then,
the contradiction is obvious because for each m € N with
m>n, there exists keN such that x,+a«, € [ka,,
(k+1Da,], and therefore | f(xy+ a, )l =lclllf (xy)l-
(1/m) — [clll f (xp)| > €, m — + 0o. Consider now case
lel > 15 let n € N be such that || f (x,)ll > (1/(n(|c| - 1))) and
M = max,c (o, Il f (x)]| >0. Then, for each m € N with
m > n, there exists k € N such that o, € [(k - 1)a,,, kat, ], and
therefore || f (x + a,,)Il <1+ [c|M, x € [0, 2a,,]. On the other
hand, we obtain inductively from (4) that

1
xo + kat,)|| = Ielf X)) -—————=
(8)
1
+———— t+o00askeN,
n(lel - 1)
which immediately yields a contradiction. O

2. Semi-c-Periodic Functions

Set S:==Nif I = [0,00), and S :== Z if I = R. In this paper,
we introduce and analyze the following notion with
c € C~{0}.

Definition 2. Let f € C(I: E).
(i) It is said that f (-) is semi-c-periodic of type 1 if and
only if
Ve>03w>0¥meSYx el |f(x+mw)-c"f(x)|<e
9)
(ii) It is said that f (-) is semi-c-periodic of type 2 if and
only if

Ve>03w>0¥m e SYx eI | f(x+mw) - f(x)]<e.
(10)

The space of all semi-c-periodic functions of type i will be
denoted by $&_;(I: E), i = 1,2.

Definition 3. Let f € C(I: E).

(i) Itis said that f (-) is semi-c-periodic of type 1, if and
only if

Ve>03w>0Vm e NVx e ||f(x+ma))—cmf(x)||Ss.
(11)

(ii) It is said that f (-) is semi-c-periodic of type 2, if and
only if

Ve>03w>0¥meNVx el |c " f(x+mw) - f(x)|<e
(12)

The space of all semi-c-periodic functions of type i, will
be denoted by & _;, (I: E), i = 1,2.

The notion of semi-c-periodicity of type 1 has been
introduced in ([10], Definition 2.4), where it has been simply
called semi-c-periodicity. Due to ([10], Proposition 2.5), we
have that the notion of a semi-c-periodicity of type i (i,),
where i = 1,2, is equivalent with the notion of semi-c-pe-
riodicity introduced there, provided that |c| = 1.

Now we will focus our attention to the general case
¢ € C~{0}. We will first state the following.

Lemma 2 (B).

(i) If c| =1 and f: I — E is semi-c-periodic of type 1,
then f(-) is semi-c-periodic of type 2,.

(ii) If c| <1 and f: I — E is semi-c-periodic of type 2_,
then f(-) is semi-c-periodic of type 1,.

Proof. If x €I, w>0, m e N and |c|> 1, then we have
“f(x + mw) — cmf(x)" Ss:>||c_mf(x + mw) — f(x)" <s,

(13)

which implies (i); the proof of (ii) is similar. O

The argumentation contained in the proofs of ([17],
Lemma 1 and Theorem 1) can be repeated verbatim in order
to see that the following important lemma holds true.

Lemma 3 (C). Suppose that |c|<1, resp. |c|>1, and
f: [0,00) — E is semi-c-periodic of type 1,, resp. 2. Then,
there exists a sequence (f,: [0,00) — E), .y of c-periodic
functions which converges uniformly to f (-).

Now we are able to state and prove our main result.

Theorem 1. Let |c|#1,i € {1,2} and f: I — E. Then, f(-)
is c-periodic if and only if f (-) is semi-c-periodic of type i (i,).

Proof. Suppose that the function f (-) is (w, ¢)-periodic. Then,
we have f(x +mw) =c"f(x),xel,meS, so that f(-) is
automatically semi-c-periodic of type i (i,). To prove the
converse statement, let us observe that any semi-c-periodic of
type i is clearly semi-c-periodic of type i,. Suppose first that
lc| > 1. Due to Lemma 2 B(i), it suffices to show that if f(-) is
semi-c-periodic of type 2, then f (-) is c-periodic. Assume first
I = [0, 00). Using Lemma C, we get the existence of a sequence
(fa: (0,00) — E),y of c-periodic functions which



converges uniformly to f (). Let f,(x + w,) =cf,(x), x>0
for some sequence (w,,) of positive real numbers. Consider first
case that (w,) is bounded. Then, there exists a strictly in-
creasing sequence (1) of positive integers and a number w >0
such that limy_,, w, = . Let €>0 be given. Then, there
exists an integer k, € N such that || f (x) - f”k ) <el(2+
2lc|™") for all real numbers x>0 and all integers k> k.
Furthermore, we have

A CER B ACO] B CR T B A O

+\|c* u(xt @)= fu (x)||

+|

fo®) = F)

= ‘|C71f(x + w”k) - Cilf”k(x + w”k)

|

fa )= f) <2(1+1l")

€

(2+2|c|_1)

€,

(14)

for all real numbers x>0 and all integers k>k,. Letting
k— +o00, we get f(x+w)=cf(x)forall x>0.If w>0,
the above yields that f(-) is (w,c)-periodic while the as-
sumption w = 0 yields f = 0orc = 1,1ie, f(-) = 0;in any case,
f () is (w,c)-periodic. Suppose now that (w,,) is unbounded.
Then, with the same notation as above, we may assume that
lim;_,,,,w, = +00. Using the same computation, it follows
that  lim_, e f(-+ ©,) = fllew=0, so that
f € UR.([0,00): E). Due to Lemma 1 A, we get f(-) =0.
Assume now I = R. By the foregoing arguments, we know that
there exists w > 0 such that f (x + w) = cf (x) for all x>0. Let
x <0 and €>0 be fixed. Since f(-) is semi-c-periodic, there
exists w, >0 such that [c™™ f (x + w + mw,) — f(x + w)| <€
and [lc""" f (x + mw,)- cf (x)| <e for all m e N. For all
sufficiently large integers m € N, we have x + mw, >0 so that
cMmf(x+ w+mw,)=c""f(x+mw,), and therefore
I f(x+w)— cf (x)l[<2e. Since € >0 was arbitrary, we get
f(x+w) = cf (x), which completes the proof in case [c| > 1.
Suppose now that |¢c| < 1. Due to Lemma 2(ii), it suffices to show
thatif f (-) is semi-c-periodic of type 1,, then f (-) is c-periodic.
But, then we can apply Lemma 3 again and the similar argu-
ments as above to complete the whole proof. O

Corollary 1. Let ¢ € C~{0}, let i € {1,2}, and let f(-) be
semi-c-periodic of type i (i,). Then, there exist two(ﬁnite real
constants M > 0 and w > 0 such that || f (x)|| < M|c| X tel.

Using ([10], Theorem 2.14) and the proof of Theorem 1,
we may deduce the following corollaries.

Corollary 2. Let f € C(I: E) and c € C~{0}. Then, f(-) is
semi-c-periodic if and only if there exists a sequence (f,) of
c-periodic functions in C(I: E) such that lim,__, f,(x) =
f (x) uniformly in I.
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Corollary 3. Let f € C(I: E) and |c|#1. If (f,) is a se-
quence of c-periodic functions and lim,__, f,(x) = f(x)
uniformly in I, then f(-) is c-periodic.

3. Conclusions

In this paper, the authors have studied the class of semi-
c-periodic functions with values in Banach spaces. In the
case that ¢ is a nonzero complex number whose absolute
value is not equal to 1, the authors have proved that the
notion of semi-c-periodicity is equivalent with the notion of
c-periodicity. For further information concerning Stepanov
semi-c-periodic functions, composition principles for
(Stepanov) semi-c-periodic functions, and related applica-
tions to the abstract semilinear Volterra integrodifferential
equations in Banach spaces, the reader may consult the
forthcoming research monograph [20].
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